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Résumé

Ce travail, & la frontiére de I'analyse et des probabilités, s’intéresse a ’étude de systémes
différentiels a priori mal posés. Nous cherchons, grace a des techniques issues de la théorie des
chemins rugueux et de 1’étude trajectorielle des processus stochastiques, & donner un sens a
de tels systémes puis & les résoudre, tout en montrant que les notions proposées ici étendent
bien les notions classiques de solutions. Cette thése comporte trois chapitres. Le premier traite
des systémes différentiels ordinaires perturbés additivement par des processus irréguliers. Le
deuxiéme concerne ’équation de transport linéaire perturbée multiplicativement pas des chemins
rugueux ; enfin, le dernier chapitre s’intéresse & une équation de la chaleur non linéaire perturbée
par un bruit blanc espace-temps, 1’équation de quantisation stochastique ®* en dimension 3.

Aprés un chapitre introductif sur les théories mises en oeuvre, cette thése se décompose en
trois grands chapitres, chacun avec son propre théme.

Premier chapitre Dans ce premier chapitre, nous cherchons & résoudre des équations diffé-
rentielles ordinaires perturbées par des processus irréguliers, ainsi qu’aux propriétés de régula-
risations que de telles perturbations induisent sur le systéme. Lorsque le champs de vecteur b
est seulement holdérien, il est bien connu que 1’équation § = b(y) n’admet pas une unique solu-
tion. Néanmoins, Davie [20] mais aussi Flandoli et al. [30] montrent que lorsque w suit la loi du
mouvement brownien, et avec des hypothéses de régularité minimale sur b ’équation

d.ili‘t = b(iL't)dt + dwt,

admet une unique solution, dans un sens a préciser.

L’objectif de ce chapitre est d’étendre ce type de résultat & une classe plus générale de
perturbations additives, qui contient notamment les mouvements brownien fractionnaires mais
aussi les processus de Poisson a-stables fortement non dégénérés. Pour ce faire, nous montrons
qu’il est possible de donner un sens & I’équation translatée

t
0, = 0 + / b(6y + wy)du
0

pour une large classe de champs de vecteurs qui peut notamment contenir des distributions.
Sous les bonnes hypothéses sur b nous montrons d’une part I'existence et 'unicité des solutions,
d’autre part leur régularité par rapport aux paramétres de I’équation. Enfin nous nous intéressons
au cas ol w suit la loi du mouvement brownien fractionnaire B, et nous montrons qu'il existe
une unique solution (au sens trajectoires par trajectoires défini par Davie dans [20]) & 1'équation
précédente lorsque b appartient a I'espace de Besov-Holder ng&o avec a > — -

Deuxiéme chapitre Dans ce chapitre nous nous intéressons a I’équation de transport conduite
par un champ de vitesse b faiblement régulier et perturbée multiplicativement par un chemin
rugueux X = (X, X?), pour des conditions initiales ug bornées.

Owu + b.Vu + Vu.dX; = 0.

Lorsque le champ de vecteur b a une faible régularité, ’équation est a priori mal posée, puisque
Vu.dX; n’est pas défini, méme au sens faible. Nous interpréterons 1’équation sous sa forme



i

intégrale
t t
ut(p) — ug(p) = /0 ug(bg- Vo + (div by))dg —i—/o ug(Ve)d X,

ou u(y) = (u,1) désigne le crochet de dualité de u comme distribution. Lorsque X est un
mouvement brownien, et en interprétant fo uq(Vp).dX; comme l'intégrale de Stratonovitch,
Flandoli et al. [30] mais aussi Beck et al. [6] montrent qu’il y a unicité des solutions pour des
champs de vecteur b seulement holdériens d’indice € > 0. Néanmoins, dans le cas de perturbations
pour lesquelles le calcul stochastique classique n’est pas disponible, la méthode adoptée dans les
travaux sus-cités ne fonctionne pas aussi bien.

Pour surmonter cette difficulté, nous nous intéressons a des chemins rugueux. Il est néanmoins
nécessaire dans ce cas de définir une nouvelle notion de solutions.

Le premier travail de ce chapitre est donc de donner une notion raisonnable de solutions,
que nous appellerons les solutions faiblement (ou fortement) controlées par le processus X. Dans
un second temps, nous montrons que de telles solutions faiblement controlées existent pour
des chemins rugueux d’indice 1/2 > ~v > % et des b & croissance linéaire. Dans un troisiéme
temps, grace aux résultats du Chapitre 1 sur les flots d’équations différentielles perturbées, nous
montrons qu’il existe une unique solution pour I’équation de transport rugueuse lorsque X a de
bonnes propriétés. Ces résultats s’appliquent directement au mouvement brownien fractionnaire.
Nous montrons dans cette partie qu’il est notamment possible de considérer des champs de
vecteurs aléatoires.

Troisiéme chapitre Dans ce chapitre nous nous intéressons a I’équation de quantisation sto-
chastique ®* en dimension trois. Cette équation fait partie d’une classe d’équations différentielles
partielles stochastiques qui sont des perturbations non linéaires de I’équation de la chaleur sto-
chastique, i.e.

Ou — Au = f(u) +¢

ou ¢ est un bruit blanc gaussien. Dans notre cas, la perturbation qui nous intéresse est f(z) = =
et la dimension est d = 3. Le bruit blanc étant une distribution, et malgré le caractére régularisant
de T'opérateur de la chaleur, cette équation est mal posée, le terme u? n’ayant pas de sens
classique. Dans le cas de la dimension d = 2, Da Prato et Debussche [17] ont montré comment
interpréter cette équation de facon & ce qu’elle soit bien posée. Ils ont notamment mis en évidence
la nécessité de renormaliser I’équation pour que cette derniére ait un sens.

Dans le cas de la dimension d = 3, Hairer dans son article [50] montre, grace aux structures
de régularité basées entre autre sur la théorie des ondelettes, comment donner un sens & cette
équation de maniére & ce qu’elle soit bien posée. Nous nous proposons de donner une preuve
alternative de ce résultat a l'aide de la théorie développée par Gubinelli et al. dans [44]. Nous
nous appuyons sur les paraproduits de Bony et les distributions para-contrélées, préférant un
travail dans ’espace de Fourier et l'utilisation des blocs de Paley-Littlewood a un travail en
espace direct et 'utilisation d’ondelettes.
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Notations générales

e Tout au long de cette thése, d € N sera utilisé pour la dimension de I'espace R?. Lorsque
la norme sur cet espace n’est pas spécifiée, on considérera toujours la norme euclidienne
usuelle.

o Lorsque (E,dg) et (F,dr) sont des espaces métriques, on note C(E;F') 'ensemble des
fonctions continues de E dans F'. Lorsque il n’y a pas d’ambiguité, on notera C'(E) ou
méme C'.

e Siye (0,1, T € Ry, et (F,|.||r) est un espace de Banach, on note

C'([0,T; F) = {f :[0,T] — R : [f], := supw < —i—oo}

I'ensemble des fonctions holdériennes de [0,7] dans F. Cet espace muni d'une des deux
normes équivalentes suivantes

A=Al 4+ 1 f looo,ry 0w (LI =11l + [ fol

est alors complet. On notera indifférement I'une ou I'autre de ces deux normes || f|.0,77;7-

e L’ensemble des fonctions m-fois différentiables de R? dans R est noté C"™(R% R¥). L'es-
pace des fonctions C a support compact de R? dans R? est noté C (R4, ]Rd/).

e La différentielle sur R est notée D, et si a = (ay,...,aq) € N¢ est un multi-indice et
|a| = a1 + -+ - 4+ a4, on note

olal

o =
8041:1;180621;2 ce 804dgjd

De plus, lorsque f € C'(R? R), on note V.f = (01f,...,04f) le gradient de f, et V2f =
(9;0jf)1<i,j<a la Hessienne de f. Lorsque f € C'(R% RY) le déterminant de la jacobienne
de f est noté Jac f := det((9; f7)1<i j<d)-

e Soit d € N, on note S(R?) I'espace des fonctions de Schwartz et S’(R?) I’ensemble des
distributions tempérées. On notera indifféremment F f ou f la transformée de Fourier d’un
élément f € S'(RY).

e Une fonction f de R% dans R? est lipschitzienne si

| fllLip := sup |f(z) = f(y)l

< 40
TH#Y ’x - y|
Une fonction est localement lispchitzienne si sa restriction a tout compact est lipschitzienne.

. / N . o, e .
e Une fonction f de R? dans R? est a croissance linéaire si

|/ ()]
1+ |z

Il fl|Lin := sup < 400
zeR4

vii



e Soit [s,t] C R% L’ensemble P C [s,]" est une partition de [s,#] si
P=A{(to,...,tn) 5=ty <t;<---<t, =t}
On note |P| = maxo<i<n—1 |[tit1 — til.
e Soit f:[0,7] — F un Banach. On notera de fagon indifférenciée
foe—Js=0fst = for-
e Soit a,b € R. On note a < b ¢'il existe une constante C' > 0 indépendante de a et b telle

que a < Cb. On note a ~ b quand a < b et b < a. De plus pour ¢ > 0 a <. b indique que
la constante C' dépend de c.
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Chapitre 1

Introduction

1.1 Moyennes le long de courbes irréguliéres et régularisation
d’équations différentielles ordinaires

Dans ce chapitre nous étudions les propriétés de régularisation de certains processus irréguliers
sur ’équation différentielle perturbée suivante.

t
Ty = X0+ / b(q, z4)dg + wy. (1.1)
0

Il est bien connu que lorsque w = 0, et lorsque b est seulement bornée, cette équation n’est pas
bien posée. Cependant dans [20], Davie montre que si w suit la loi du mouvement brownien, et
que b: Ry x R* — R est bornée et mesurable, ’équation précédente admet une unique solution
pour presque toutes les trajectoires w. Ce résultat peut étre interprété comme un résultat de
régularisation par le mouvement brownien.

La régularisation par le bruit dans le cadre du mouvement brownien est un sujet assez bien
compris. On pourra consulter par exemple Veretennikov [73], Krylov et Rockner [57], Flandoli,
Gubinelli et Priola [30], Flandoli et Da Prato [18], Zhang [76]. Tous ces travaux s’appuientt
essentiellement sur le calcul d’It6. A laide du calcul de Malliavin, Meyer-Brandis et Proske [64]
arrivent a des conclusions similaires. Le travail récent de Delarue et Diel [23] traite le probléme
d’un champ de vecteur irrégulier, aléatoire, donné par la solution d’une équation de Burgers
stochastique. La notion de solution est cependant faible au sens probabiliste, et liée & un probléme
de martingale mal posé au sens classique. La contribution de Davie & ce sujet est un peu différente
dans la mesure ou le résulte concerne ’équation différentielle ordinaire et non pas I’équation
différentielle stochastique associée. En effet, I'existence et 'unicité des solutions est étudiée dans
I’espace des fonctions continues et non pas dans ’espace des processus adaptés. Cette différence
a été souligné par Flandoli dans [28] qui appelle ce type de solutions les solutions trajectoires par
trajectoires. De ce point de vu, le travail de Davie est uniquement analytique, et un des objectifs
du chapitre est de caractériser les propriétés de régularisations des perturbations, continues ou
non, aléatoire ou non sur la dynamique définie par un champ de vecteurs b irrégulier.

La régularisation par des processus réguliers est un phénomeéne qui se produit aussi dans le
cas d’équations aux dérivées partielles déterministes, par exemple pour ’équation de Kortweg-
de-Vries |42, 3] et pour les équations de Navier-Stokes et d’Euler [4]. Les techniques d’intégration
de Young utilisées dans ce travail sont d’ailleurs essentiellement les mémes que celles employées



dans [42] et s’inspirent de la théorie des chemins rugueux [60, 61, 34|. Récemment, un article
de Hu et Le utilise des techniques similaires & celles présentées dans cette thése, et ce pour des
problémes proches liés aux dynamiques décrites pas des champs de vecteurs holdériens.

Dans deux articles récents Chouk et Gubinelli [14, 15] analysent le phénomeéne de régulari-
sation dans le contexte des équations aux dérivées partielles dispersives modulées par un signal
irrégulier. En particulier, ils considérent des équations de la forme

gtso = Aw%w +N(p)

oll w est une fonction continue arbitraire, A un opérateur linéaire non borné, comme ’opérateur
de Schrédinger i0? oti I'opérateur d’Airy 93, qui agit sur ’ensemble des fonctions périodiques sur
le tore, et ot A/ est une non linéarité polynomiale. Notre travail et celui de Chouk et Gubinelli
sont reliés par les outils utilisés pour analyser les effets de la régularisation par w et notamment
Vopérateur de moyennisation T{® défini pour toute fonction f mesurable f : R — R? par

T f() = /0 fo +w)du.

L’opérateur de moyennisation peut étre interprété formellement comme la convolution entre
le temps local de w et la fonction f. Pour plus de détails on pourra consulter I’Annexe B.

L’observation principale de Davie [20] est que si b : R?% — R? est une fonction bornée, alors
pour presque toute trajectoire brownienne w : [0,7] — R% et pour tout 0 < ¢t < T la fonction
x — T}*b(x) est quasi lipschitzienne, i.e.

ITb(x) — Tb(y)| S | — yllogy/*(1/]a — y)). (1.2)

Ce gain de quasiment un degré de régularité est I'ingrédient essentiel pour prouver l'unicité de
I’équation (1.1) dans le cas de champs de vecteurs b bornés.

Avant de nous intéresser plus particuliérement & ’opérateur de moyennisation et aux équa-
tions différentielles ordianires perturbées, nous allons introduire les espaces de fonctions mis en
jeu dans cette étude.

1.1.1 Préliminaires

Nous allons nous intéresser aux propriétés de 'opérateur de moyennisation pour des fonctions
ou des distributions dont les transformées de Fourier possédent de bonnes propriétés d’intégrabi-
lité : les espaces de Besov-Hoélder. Pour une théorie générale de ces espaces, on pourra consulter le
livre de Triebel [72]. Dans ce chapitre nous n’avons besoin que de peu d’informations sur ces es-
paces de Besov-Hélder. Pour une présentation plus en profondeur de ces espaces, nous renvoyons
a la partie 1.3.1 de cette introduction.

Pour obtenir les propriétés qui nous intéressent 1'idée est de décomposer les éléments de S’ en
somme de fonctions dont les transformées de Fourier sont localisées. Pour cela nous introduisons
deux fonctions de classe C> de R? dans R & support compact et a symétrie radiale, 0 et y telles
que

1. Le support de x est contenu dans une boule B et le support de 6 est inclue dans un anneau

A={eeR:r<|¢| < R).



2. Pour tout k € RY, x(&) + Z];o 6(277¢) = 1.

3. Pour i,5 € N avec |i — j| > 1, suppf(277.) Nsupp#(27%.) = 0 et pour i > 1 suppx N
supp(6(27.)) = 0.

Pour ce qui est de l'existence de telles fonctions, on pourra consulter [5|, Proposition 2.10. On
définit alors les blocs de Paley-Littlewood pour tout f € S'(R%) par

A f=F YxFf) etpour i>0 Af =F Y02 )Ff).

Il est utile de noter que les blocs de Paley-Littlewood d’une distribution f € S’(IR?) sont localisés
dans l'espace de Fourier. Ainsi pour tout i > —1 le bloc A; f est une fonction C*°(R?) et de plus
appartient a tous les espaces LP(R?) pour 1 < p < +o0.

Les blocs de Paley-Littlewood nous permettent de définir les espaces de Besov-Hélder comme
suit.

Définition 1.1.1. Pour a € R on définit I'espace de Besov-Hoélder C*(R%, R™) par

C*(RY,R™) = {f € S'(RY,R™) : |Julla = silpl(?j“I!AjUHOO,Rd) < oo}
P

Lorsque « € (0,1), 'espace de Besov-Holder s’identifie & ’espace des fonctions holdériennes
bornées de R? dans R™, la norme ||.||o étant équivalente & la norme usuelle sur cet espace. De
plus, quand « > 0, les éléments de I'espace C* sont des fonctions continues bornées et non plus
des distributions.

Ces espaces ne suffisent pas cependant pour étudier 7% en tant qu’opérateur. Si on se référe
au résultat de Davie (équation (1.2)), la moyennisation d’une fonction bornée f contre w, i.e.
la fonction T% f ne peut pas appartenir & un espace C%, le module de continuité n’étant pas de
la bonne forme. Afin de surmonter cette difficulté, nous introduisons alors les espaces de Holder
avec poids.

Définition 1.1.2. Soit ¢ : R — R une fonction positive, croissante et continue telle que pour
tout € Ry et tout ¢ > 0 ¢(cx) < Ceytp(z) ot Cpqpy est une constante qui dépend de 9 et de ¢
mais pas de x. Dans la suite la fonction v sera appelée poids.

Soit 0 < @ < 1 et N € n. L’espace de Holder avec poids C*¥ est défini par

Cn—l—a,’g[) — . Rd R™ - o = |an(.%') — an(y)’
{f 2RO e = S a1 ) <

ot D"f est la différentielle n-ieme de f. On définit alors la norme ||f|lniap = [flaw +
S 1o |IDF£(0)] qui rend I'espace C"T*¥ complet.

Pour différentes raisons, ces espaces ne suffisent toujours pas, lorsque w est un processus
stochastique, & définir T% comme un opérateur presque siirement borné. Il sera possible dans ces
espaces d’étudier uniquement les marginales finies dimensionnelles de 'opérateur T% f. Afin de
caractériser T% en tant qu’opérateur aléatoire presque stirement borné, il est nécessaire d’intro-
duire les espaces de Fourier-Lebesgue suivants.



Définition 1.1.3. Soit a € R?, on définit 'espace de Fourier Lebesgue d’indice v, de la maniére
suivante

FLYRYR™) = {f € §'(R%,R™) : Na(f) = /IR [ [EN1f(©)ldg < +oo} :

Muni de la norme N, 'espace FL*(R%, R™) est un espace complet. De plus lorsque a > 0 les
éléments de FL*(R?, R™) sont des fonctions continues qui tendent vers 0 lorsque |x| — +oc0.

Finalement les espaces précédents sont reliés par les inclusions suivantes.

Proposition 1.1.4. Soit o < « et ¥ un poids. Alors les inclusions continues suivantes sont
vérifices
FL*CcC*ccC™.
De plus si o > 0
CY c ¥ c C(RY,R™).

1.1.2 Moyennisation et p-irrégularité

Dans ce chapitre, nous analysons donc le comportement de I'opérateur de moyennisation T
en tant qu’opérateur sur les espaces de Besov-Hélder ou de Fourier-Lebesgue, et ce pour tous les
a € R. Nous allons considérer une classe de perturbations w qui inclut le mouvement brownien
fractionnaire d’indice de Hurst H € (0,1), qui est l'unique processus d-dimensionnel gaussien
centré (Bf!); avec pour fonction de covariance

1
Kn(s,t) = §(|75|2H + (s [t — s2H),

pour tout s,t € R4. On renvoie a4 "annexe A pour des propriétés basiques d’un tel processus.

Comme application des propriétés de moyennisation de w étudiées & travers les propriétés de
T" nous obtiendrons différents résultats d’existence et d’unicité pour 1’équation (1.1), ainsi que
des propriétés sur le flot d’une telle equation et ce pour des champs de vecteurs irréguliers et
éventuellement des distributions.

Le mouvement brownien fractionnaire n’est pas choisi au hasard. Ce processus est assez
simple, et un certain nombre de résultats de régularisation sont déja connus, bien que le calcul
d’It6 ou les techniques de Davie ne puissent pas s’appliquer. On pourra par exemple consulter
Nualart et Ouknine [67, 68]. La possibilité de faire varier 'exposant de Hurst H permet aussi
de considérer différentes échelles d’irrégularités. De plus les propriétés d’invariance en loi du
mouvement brownien fractionnaire vont nous permettre d’étudier effectivement 1'opérateur de
moyennisation 78",

Ainsi, si on s’intéresse aux propriétés de moyennisation du mouvement brownien fractionnaire,
on obtient le résultat suivant

Théoréme 1.1.5. Soit H € (0,1) et p < 1/2H. Il esiste v > 1/2 et un poids ¢ tel que pour
tout a+p > 0 et pour tout f € C*(R%,R), il existe un sous ensemble Ny o C C([0,T),RY), qui
dépend de f et de v, de mesure 0 relativement a la loi du mouvement fractionnaire de dimension
d et d’indice de Hurst H tel que pour tout w ¢ Ny o, on a

1T f = T fllcarow Sw [l fllealt = sl



Si on laisse un instant de coté la régularité temporelle dans le résultat précédent, on constate
que l'opérateur de moyennisation permet de gagner quasiment 1/2H dérivées en espace. Le
résultat du Théoréme 1.1.5 n’est néanmoins pas satisfaisant puisqu’il ne permet pas de montrer
que I'operateur de moyennisation est presque srement borné de C¢ dans C*t7¥. La difficulté
vient du fait que ’ensemble de mesure nulle dépend de f. L’analyse suivante nous donne la clé
pour pallier & cette difficulté. Si f : R — R™ est assez réguliére, on a pour tout 0 < s <t < T

t A~ . t .
(=T f)(x) = / f(wy +z)du = f(&)e® (/ elg'w“du> d¢
s R4 s
Ainsi, si f € FL* et v € [0,1], on a

~

(T f =T ) ()| </d|f(§)l(1+!€|)ad§ sup sup (14 ¢)7"

R ¢ERA 0<s<t<T |t —

S

Ainsi T — T¥ est borné en tant qu'opérateur de FL® dans FL*" si la quantité

p |12 (§) — PF(E)]

OY||\ypv ;= sup  sup (1+ ¢ < 400
H ||WT ceR¢ 0<8<t§T( | ’) ’t — 8‘7
ou
t .
By(6) = [ edu,
0
et de plus

HTtw - T;U||£(FLa;fLa+P) 5 Hq)wnwé’;ﬂt — S‘A/.

Grace a cette observation, I’étude de I'opérateur de moyennisation 7% sur F L® se réduit & I’étude
de la fonctionnelle de moyennisation &%, transformée de Fourier de la mesure d’occupation. Pour
des généralités sur les mesures d’occupation et leurs densité pour les fonctions déterministes et
aléatoires, on pourra consulter 'article de synthése de Geman et Horowitz [37]. Cette remarque
nous incite & introduire la notion suivante.

Définition 1.1.6. Soit p > 0 et v € (0,1]. Une fonction w € L®([0,T]; R?) est dite (p,v)-
irréguliére si

||‘1>w||w;w < +o00.
De plus w est p-irréguliére s’il existe v > 1/2 tel que w est (p,y)-irréguliére.

L’observation précédente peut alors se comprendre comme suit :

Proposition 1.1.7. Soit p > 0, v € (0,1], et w € L*([0,T); RY) une fonction (p,~y)-irrégulicre.
L’opérateur de moyennisation T est borné de FL* dans FLYP et de plus, pour tous s <t €
[0, 7]

113" = T8N o(pre Frovey < @ [yyer [t — 5|7

La valeur 1/2 pour v ne semble pas avoir de signification particuliére, mais grace a des
techniques d’intégration de Young cette régularité temporelle est suffisante pour traiter ’essentiel
des résultats de régularisation de I’équation (1.1) présentés dans ce travail. Le théoréme suivant
montre de plus qu’il est possible de trouver un grand nombre de fonctions p-irréguliéres.



Théoréme 1.1.8. Soit H € (0,1) et p < 1/2H. Alors le mouvement brownien fractionnaire
d-dimensionnel B est presque sirement p—irrégulier. De plus pour v > 1/2 comme dans la
Définition 1.1.6 il existe X > 0 tel que

Elexp(\[®7"[[3)] < +o0.

Le mouvement brownien fractionnaire n’est évidemment pas le seul processus stochastique a
posséder cette propriété. Les processus de Lévy a—stables non dégénérés sont aussi des processus
p—irréguliers. On obtient alors le théoréme suivant dont on trouvera une preuve dans I’Annexe
B.

Théoréme 1.1.9. Soit a € (0,2] et X un processus de Lévy av—stable non dégénéré de dimension
d. Presque siirement pour tout p < 5 le processus X est p—irrégulier.

Outre la définition de l'opérateur de moyennisation, la notion de (p,)-irrégularité semble
prometteuse pour I’étude d’un certains nombre de problémes reliés aux propriétés trajectorielles
des processus. On renvoie & I’Annexe B pour plus de résultats sur cette notion.

1.1.3 Principaux résultats du chapitre

Les résultats exposés sur les propriétés de moyennisation par le mouvement brownien fraction-
naire ou les processus p-irréguliers vont finalement nous permettre d’étudier I’équation suivante.

t
Yu ::1:+/ b(yy)du + wy. (1.3)
0

Deux situations un peu différentes se présentent.

1. Lorsque b € C% ou b € FL® pour un certain a > 0. Dans ce cas I’équation a un sens
naturel, puisque b est une fonction continue bornée. Nous pouvons donc nous interroger
sur 'existence et la régularité du flot d’une telle équation.

2. Lorsque b € C%, ou b € FL® pour a < 0. Dans ce cas la définition méme de I’équation
pose probléme. Nous allons, grace aux propriétés de I'opérateur de moyennisation, donner
un sens raisonnable & cette équation, et étudier dans ce cadre les propriétés d’existence et
d’unicité des solutions.

L’analyse de ces deux situations repose sur une seule et méme technique qui provient de ’heu-
ristique suivante. Pour 0 < £,0 < 1, f € C° et # € C°([0,7T]) et P une partition de [0,77], on

a
T ti
|/ F(By + wy)du — Z/ F(6:, + wy)du

T
/0 F(Ou+wa)du — ST, F(00)

tit1
t
< ) F(Ou —wy) — f(Or, +wy)du
i tit1
tit1
< 1Y / 61, — 0 du
i Yt
< |IflINel5PIE T



Ainsi, pour des f et 6 réguliéres, les sommes de Riemann ) -, 7, o (64,) convergent vers [ f(6,+
wy,)du. 11 est alors naturel de se demander sous quelles hypothéses sur les fonctions f, w et 6
les sommes de Riemann ), T}" tion f(6:,) convergent. Cette question est & mettre en perspective
avec la théorie de l'intégrale de Young [75] et plus généralement la théorie des chemins rugueux
[60, 61, 34, 41].

En adaptant les techniques qui permettent de définir l'intégrale de Young, on peut alors

montrer le théoréme suivant :

Théoréme 1.1.10. Soit o) un poids, 0 < v,6,n < 1 tels que on +~ > 1 et § € C°([0,T)). Si
T f € ([0, T];C (R, RY)) alors il existe I : [0,T]> — R telle que pour tout 0 < s <t < T,

1,0, T f) = Tim T, £(6,).
S7t( f) ‘P partition de[s, t] Z tl’tlJrlf( tZ)
I,P| 50 [ti,tiJrl]CP

De plus pour tout 0 < s <Su <t < T I1(0, TV f) = Ls (0, T ) + I, (0, TV f) et de plus
Ls0(0, T f) = T4 f O] S 1t = s 10139101017 flles (o.r:cnv ey (14)

ou

HwaH G(RdRdy = SUD Sup |Tslf}tf(1‘) - T;f}tf(y”
CHOTRETYRERD) = et aryere |t — s — gl (Jz] + [y])

Comme la fonctionnelle I est la limite de sommes de Riemann, elle peut étre interprétée
comme l'intégrale de 6 le long de 'opérateur de moyennisation T f. Pour cette raison on notera

t
/ TV £(6,) = L (6,7 f).

Cette définition étendue de 'intégrale, et en particulier la borne (1.4), est la pierre angulaire
de I’étude de I’équation (1.3). On comprend désormais l'intérét des processus p-irréguliers dans
ce contexte. En effet, grace a la Proposition 1.1.7, lorsque w est un processus p-irregulier, & > —p
et f € FL! alors TV f vérifie exactement les hypothéses nécessaires a la définition de I'intégrale
de Young non linéaire. De plus, dans le cas o + 1 > 0, toute fonction b € FLT! est continue
bornée. Il est bien connu que dans ce cas ’équation (1.3) admet des solutions continues. Ainsi,
si ¢ est une solution de cette équation, 8 = y — w est une solution de I’équation associée

¢
0, =+ / b(0y + wy)du,
0
et comme b est bornée, 0 est lipschitzienne. Ainsi, 6 est aussi solution de I’équation
¢
O, =z + / T3:,0(6.).
0

Gréace a la borne (1.4), il est alors possible de montrer le théoréme suivant.

Théoréme 1.1.11. Soit p > 0, a > —p tel que a + 3/2 > 0. Soit w une fonction p—irréguliére
et b e FLOV3/2. Alors il existe une unique fonction continue y solution de

t
Y :x+/ b(yy)du + wy,.
0

De plus le flot x — y est localement lipschitzien uniformément en temps.
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Ce théoréme s’applique évidemment au cas du mouvement brownien fractionnaire. Cependant
grace a la méme analyse, et en utilisant le Théoréme 1.1.5 il est possible de relacher quelque peu
les conditions de régularité du champ de vecteurs.

Théoréme 1.1.12. Soit H € (0,1), a > —1/2H tel que a+ 1 > 0. Pour tout b € C**1 et tout
z € RY il existe un ensemble Ny, C C([0,T),R?) qui est de mesure nulle par rapport a la loi
du, mouvement brownien fractionnaire d—dimensionnel d’indice de Hurst H et tel que pour tout
w ¢ Ny il existe une unique solution continue y € C([0,T); R?) a I’équation différentielle (1.3).

Dans le cas a < 0 I’équation n’est pas bien définie, puisque I’évaluation d’une distribution le
long d’une courbe n’est pas possible en général. Cependant, si on se restreint & un sous-espace
adéquat des fonctions continues, il est possible de montrer que cette procédure a bien un sens. Les
éléments de ce sous-espace sont en fait des perturbations additives de w au sens de la définition
suivante.

Définition 1.1.13. L’espace DY des chemins (w, v)-controlés est 'espace
wo_ .RAY . .md
D'y - {y € C([O’TLIR' ) Yy—we C’Y([OvT]aR )}

Pour les chemins controlés il est alors possible de définir 'intégrale d’une distribution b le
long de tels chemins, au sens du théoréme suivant.

Théoréme 1.1.14. Soit b € S'(R%RY) et ¢ un poids, et on suppose que ||T“’b||cy([0’T];Co,¢) <
+o00. Soit k € S(R?) une fonction positive, avec k(0) = 1 et on pose k. = %k (g) Alors pour
tout x € nyu,
t t
/ b(xzs)ds := lim [ (ke *b)(xy)du
0

e—0 0

existe uniformément pour t € [0,T], est indépendant de k et étend la définition standard de
lintégrale pour des b régquliers. De plus, la fonction t — f(f b(zs)ds est holdérienne d’indice 7.

Le théoréme précédent nous permet de donner un sens naturel a I'intégrale fot b(zs)ds. Ainsi
on dira que y € DY est une solution de I'équation (1.3) si

t
Yt —w =T+ / b(ys)ds.
0

pour tout ¢ € [0, T]. Ici encore, la borne (1.4) permet de montrer I’analogue des Théorémes 1.1.11
et 1.1.12.

Théoréme 1.1.15. Soit p > 0, a > —p. Soit w une fonction p—irréguli¢re. Soit b € FL2
Alors il existe une unique fonction contrélée y € DY solution de

t
Yt = x—i—/ b(yu)du + wy,.
0

De plus le flot de I’équation x — y est localement lipschitzienne uniformément en temps.



Théoréme 1.1.16. Soit H € (0,1), a > —1/2H. Pour tout b € C®T' et tout x € R? il existe
un un ensemble Ny, C C ([0, T, le) qui est de mesure nulle par rapport a la loi du mouvement
brownien fractionnaire d’indice de Hurst H et tel que pour tout w ¢ Nj , il existe une unique
solution contrélée y € DY a l’équation différentielle (1.3).

Finalement, quand w est distribuée selon la loi du mouvement brownien fractionnaire, il est
possible d’appliquer ces résultats. On a alors le théoréme suivant.

Théoréme 1.1.17. Soit H € (0,1). Soit o > —1/2H. Soit b € C**? (respectivement CO+3/2 et
a+3/2 > 0). Il existe un ensemble mesurable de l’ensemble des fonctions continues de [0,T] dans
R%, Ny, C c([o, 1], ]Rd) qui est de mesure nulle pour la loi du mouvement brownien fractionnaire
d’indice H, et tel que pour tout w ¢ Nj, et pour tout x € R, il existe une unique solution y € DY
(respectivement a+3/2 > 0 ety € C([0,T),RY)) a ’équation (1.3). De plus le flot correspondant
t,x — y; est localement lipschitzien en espace uniformément en temps. Enfin, l’ensemble N

peut étre choisi comme étant le méme pour tout b € FL? (respectivement o + 3/2 > 0 et
be FLOH3/2),

Lorsque 'on considére I'équation différentielle (1.3) comme une équation différentielle sto-
chastique au sens fort, et que w suit la loi du mouvement brownien fractionnaire, il est possible
de choisir des b € FL+3/2 (ou b € FL*+?) aléatoires et 'unicité persiste. Ceci est une des prin-
cipales raisons de l'introduction des espaces F L. Dans les espaces de Besov-Hélder ce résultat
semble pour 'instant étre hors de portée.

Les deux figures suivantes regroupent I’ensemble des nos résultats sur la régularisation par le
bruit des équations différentielles ordinaires. La premiére (Figure 1.1) concerne les perturbations
p-irréguliéres, la suivante (Figure 1.2) s’intéresse plus spécifiquement au mouvement brownien
fractionnaire.
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FIGURE 1.1 — Averaging ODE for p-irregular perturbations
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FIGURE 1.2 — Averaging ODE for fractional Brownian motion

1.2 Equation de transport linéaire rugueuse.

Dans ce chapitre nous nous intéressons & I’étude de I’équation de transport linéaire suivante

0 X(t) =0, (0, z) = up(z) (1.5)

0
au(t, x) + b(t,x).Vu(t,x) + Vu(t, x)a

ol b est un champ de vecteurs suffisamment régulier et X : [0,7] — R? est a valeur dans R%; on
supposera toujours que Xy = 0. Nous cherchons des solutions pour lesquelles ug est une fonction
bornée ; ainsi ’équation devra étre comprise au sens faible en espace.

Lorsque X = 0, Di Perna et Lyons [27] ont montré I'unicité d’une solution faible dans L>
lorsque le champ de vecteurs b € L([0,T7; T/Vl(l)c1 (Rd)), avec, en outre, des conditions de croissance
au plus linéaire. Beaucoup de résultat ont suivi ce premier travail. On pourra consulter une
synthése partielle des résultats existants dans [2].

Sous des conditions plus faibles pour le champ de vecteurs b, il est bien connu que 1’équation
est mal posée. Cependant, quand on considére I'unicité forte au sens stochastique, I’ajout d’une
perturbation brownienne & I’équation permet d’affaiblir les hypothéses sur le champ de vecteurs
b. Lorsque b € C([0,T];C(RY)) et divb € LP([0,T] x R%),p > 2, il existe une unique solution
faible, comme 1’ont montré Flandoli, Gubinelli et Priola [30, 31]. Dans ce cas la perturbation doit
étre comprise au sens de l'intégrale de Stratonovitch contre le mouvement brownien. La preuve
de leurs résultats est basée sur 'effet de régularisation qu’induit le mouvement brownien sur le
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flot de ’équation caractéristique

Dy(x) = ac—i-/o by(Pq(z))dg + By.

et repose en grande partie sur les outils du calcul stochastique.

Lorsque I’on considére un processus qui n’est pas le mouvement brownien, le calcul stochas-
tique n’est pas forcément disponible. Cependant nous avons montré au Chapitre 2 que lorsque
la perturbation était un mouvement brownien fractionnaire par exemple, le méme phénoméne
de régularisation par le bruit avait lieu. On peut noter que dans un article récent, Beck, Flan-
doli, Gubinelli et Maurelli [6] montrent des effets de régularisation du mouvement brownien sur
I’équation de transport pour des champs de vecteurs plus généraux et sans utiliser le flot de
I’équation caractéristique. Cependant, leur méthode dépend encore fortement de la formule d’Ito
pour les semi-martingales et ne peut pas étre appliquée dans le cas du mouvement brownien
fractionnaire.

Pour utiliser les résultats du Chapitre 2 il convient tout de méme de définir I’équation lorsque
X n’est pas différentiable et que le calcul stochastique n’est pas disponible pour X.

Une premiére idée serait d’approcher le signal X par une suite de signaux (X¢). réguliers, et
de construire une solution de I’équation approchée u®. Ensuite, en utilisant des bornes a priori,
il faudrait faire converger la solution u® vers une fonction u qui serait alors définie comme étant
la solution de I’équation. Cette idée est utilisée par Lyons, Perthame et Souganidis [59] dans un
cadre plus général mais pour un processus X unidimensionnel, et dans un autre contexte par
Caruana, Friz et Oberhauser [11]. Cependant, dans ces deux approches ’équation est remplacée
par un procédé d’approximation, et I’objet limite ne vérifie pas d’équation a priori.

Lorsque l’on s’intéresse a la régularisation par le bruit, cette maniére de procéder ne semble
pas appropriée. En effet, quand on approche le processus X par un processus régulier X¢, les
propriétés de régularisation disparaissent. L’existence de solutions est évidement plus facile, mais
I'unicité semble alors hors de portée. Aprés passage a la limite, il est probable que 'on puisse
retrouver les propriétés de régularisation, mais dans ce cas c’est le sens de 1’équation qui pose
probléme.

Pour donner un sens a 1’équation, puis afin d’étudier les propriétés d’existence et d’unicité
de la solution, ainsi que les effets de régularisation par le bruit, nous nous inspirons d’un travail
récent de Gubinelli, Tindel et Toricella [41]. Dans ce travail, les auteurs utilisent la notion de
chemins controlés introduite par Gubinelli dans [41], et définissent des solutions de viscosité
contrélées pour des équations aux dérivées partielles non linéaires perturbées par un chemin
rugueux d’ordre 2.

Pour donner un sens a ’équation (1.5) nous avons donc besoin d’un chemin rugueux géo-
métrique X, et nous allons donner une notion de solutions faiblement contrélées par X. Nous
montrerons que cette nouvelle notion est une extension de la notion de solution faible au sens
classique du terme. Puis nous montrerons que, sous des conditions raisonnables sur le champ de
vecteurs b, ces solutions sont uniques. Enfin nous étudierons les effets de régularisation par le
bruit. Comme cette théorie est uniquement analytique, il sera de plus possible de considérer des
champs de vecteurs aléatoires dans les effets de la régularisation.
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1.2.1 Chemins rugueux controdlés

Un des principaux ingrédients de I’étude proposée dans ce chapitre repose sur la théorie des
chemins rugueux controélées. Cette théorie permet de décrire 'effet d’un signal irrégulier sur des
systémes différentiels non linéaires. La théorie des chemins rugueux a d’abord été développée par
Lyons et ses co-auteurs; on pourra consulter par exemple [60, 61] et le livre de Friz et Victoir
[34]. A la théorie de Lyons, nous allons préférer la théorie des chemins contrdlés introduite par
Gubinelli [41], dont on pourra trouver une présentation appréciable dans [32].

Lorsque le processus X n’est pas a variations finies, il n’est pas possible de définir directement
une intégrale contre la dérivée, méme faible, de X. La théorie des chemins controlés permet de
surmonter cette difficulté et donne un contexte général dans lequel il est possible de définir une
intégrale contre des processus irréguliers.

Il convient dans un premier temps d’expliciter la notion de processus - ou chemins - irrégu-
liers. Comme le but est d’étudier les équations lorsque le terme X suit notamment la loi d’un
mouvement Brownien fractionnaire, et que les trajectoires du mouvement brownien fractionnaire
sont holdériennes, nous choisirons d’étudier 'intégrale rugueuse dans ce cas. On définit donc les
espaces suivants.

Définition 1.2.1. Soit T' > 0, v € (0, 1], on définit I'espace des fonctions holdériennes sur [0, T
a valeur dans un espace de Banach (F,|.||r) comme

C([0,T],F) =< f:[0,T] - R%: 114,07 == sup M < 400 .
stteor) |t —s[?

De plus [.], définit une semi-norme sur C?([0, 7], RY), et

I £ll+,j0,21 := | fol + [f]+, 10,1
définit une norme sur I'espace C?([0,7],R?), qui, muni de cette norme, est un espace complet.

Remarque 1.2.2. Si on définit [|fle, 0,77 = Subsejo,r] | fellp, on a évidemment || f[ 07 <
I fllso,j0,77 + [f]+,[0,77- De plus, pour tout ¢ € [0, 7]

el < 1fe = fol + [fol < T[Ty jo,m + fol < (LTSl jo,77-

Ainsi || flloo,0,71 + [f]4, 10,77 €t | fl4,j0,7) définissent deux normes équivalentes. Dans la suite nous
utiliserons allégrement 'une ou 'autre de ces deux normes, et nous noterons de fagon indifféren-
ciée ||.[|y,j0,r)- De plus si la notation n’est pas ambigue, nous ne noterons que ||.||,.

Enfin, nous pouvons remarquer deux faits intéressants. Lorsque v = 1, les fonctions concer-
nées sont des fonctions lipschitziennes. De plus, lorsque v > 1, la propriété suivante nous renseigne
sur la forme de telles fonctions.

Proposition 1.2.3. Soit p >0 et f:[0,T] — F. On suppose de plus qu’il existe une constante
C > 0 telle que pour tout s #t € 0,7,

|[fe = fsl < CJt — 5],
Alors pour tout t € [0,T] fr = fo.
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La théorie des chemins rugueux, pour des raisons expliquées plus bas, s’intéresse aussi a des
fonctions holdériennes du carré [0, T')? & valeurs dans un Banach F, qui sont définies de la maniére
suivante :

Définition 1.2.4. Soit "> 0 et u > 0 et (F,||||r) un espace de Banach. On définit ’ensemble
des fonctions holdériennes d’indice p du carré [0, 7] dans F de la fagon suivante

ploT)2 = Sup o }

CL([0,TI*F) =< f:[0,T]* = F : ||| m
sAtefor) It — sl

Muni de la norme ||.||,, (o772, espace Ch ([0, T)?; F) est un espace complet.

Remarque 1.2.5. Contrairement aux fonctions holdériennes sur le segment, |||, (0,772 définit
bien une norme sur C4([0,7]?). De plus si g > 1, les fonctions dans C5([0,7]?) ne sont pas
forcément constantes.

La proposition suivante est 'analogue de la Proposition 1.2.3 dans le cas des fonctions hol-
dériennes sur le carré.

Proposition 1.2.6. Soit f € C4([0,T]%) avec > 1 et telle que fst— fut— fsu =0 alors f = 0.

La propriété suivante est une généralisation des Propositions 1.2.3 et 1.2.6. Cette proposition
donne 'existence d’une application linéaire, dite application de la couturiére (Sewing Map) et
est nécessaire notamment pour construire 'intégrale rugueuse. Comme constaté dans la Propo-
sition 1.2.6, dans le cas de fonctions héldériennes définie sur le carré [0, T)?, il est nécessaire de
s'intéresser aux propriétés de l'application du cube [0, T]? dans F définie par f : [0,7]*> — F,
(s,u,t) = fst — fsu — fut- Nous allons dans en premier temps formaliser cette intuition par la
définition suivante.

Définition 1.2.7. Soit u > 0 et (F,||.|[r) un espace de Banach. Une fonction h : [0,7]3 — F
est dite holdériennes d’indice p si

Hfs utHF
si= sup T <
”fH;L,[O,T] 0<s<u<t<T ‘t o S|u

400
On note alors h € C5([0,T)3, F) .

Nous ne nous intéressons qu’a des fonctions définies sur le carré et le cube. On définit alors
I’espace des fonctions du carré dans F' qui s’étendent en des fonctions héldériennes du cube dans
F' de la maniére suivante.

Définition 1.2.8. Soit u > 0 et (F,||.||r) un espace de Banach. On définit I'espace
ACE :={f:[0,T = F : h:(s,u,t) = for— fsu— fur €C5(0,T]°, F)}

que 'on munit de ||f”AC,§‘ := ||hl[0,773- L’espace ACS munit de la distance engendrée par la semi
norme ||.[[5cu est alors complet.
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Proposition 1.2.9 (Gubinelli, Proposition 1 [41]). Soit u > 1, (F,||.||r) un espace de Banach
et f € ACY. Alors il existe un unique Af € C5([0,T)?, F) tel que

Afs,t - Afs,u - Afu,t = fs,t - fs,u - fu,t-

De plus
A llez o2y S 11 llace-

L’application A est donc linéaire et continue de ACY dans C5([0,T1], F).

La premiére quantité que nous souhaiterions définir dans le cadre d’une théorie de 'intégration
est l'intégrale du processus contre lui méme. L’idée de la théorie des chemins rugueux est de
présupposer ’existence d’une telle quantité, puis de construire une théorie de I'intégration contre
ce processus étendu, le processus lui méme et son intégrale itérée. La définition suivante décrit
donc le cadre dans lequel nous allons travailler.

Définition 1.2.10. Soit 1/3 < v < 1/2. Le couple X = (X, X) est un chemin rugueux d’ordre
vsi X € C7([0,T]; RY), X € C*([0, T)?; Ma(R%)) et si pour tout 0 <t <u<s<T

Xs,t - Xs,u - Xu,t = (Xu - Xs) ® (Xt - XU) = ((X& - X;)(Xg - Xi))oéi,jgd'

De plus, on définit | X ||gy = || X ||y + [| X2y et pour deux chemins rugueux d’ordre v, X et Y,
on définit la distance

drr (X, Y) = [ X = Yllrr = IX = Yl 0,17 + X = Y25, 0,772-

Il est alors possible d’identifier X avec l'intégrale itérée de X, ce qui donne formellement

t
X,y = / (X, — X,) ® dX,.
S

Cette égalité est & comprendre dans le sens suivant : le terme de gauche est la définition pour le
terme de droite et non I'inverse. Quand X est un processus régulier, c’est a dire X € C1([0,T]),
il est toujours possible de définir le relévement naturel de X de la fagon suivante

t
X = (X,X)avecX:/ (X, — X5) ® X,dr.
S

De plus, afin d’approximer les chemins rugueux par des chemins réguliers, nous définissons main-
tenant l'espace des chemins rugueux géométriques, comme étant la fermeture des processus ré-
guliers par la distance des chemins rugueux dg~.

Définition 1.2.11. Soit 1/3 < v < 1/2, un chemin rugueux d’ordre v X est dit géométrique,
et on note X € RY([0, 7)) s'il existe une suite X € C*([0, 7)) telle que

| X — X®[lry =0 0,
ot X°¢ est I'extension naturelle de X¢ en tant que chemin rugueux d’ordre 7.
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Dans toute la suite, nous ne considérerons que des chemins rugueux géométriques. Pour une
étude générale de la différence entre chemins rugueux et chemin rugueux géométriques, on pourra
consulter le travail de Hairer et Kelly [51].

On peut maintenant se demander quels sont les processus stochastiques qu’il est possible de
relever en des chemins rugueux géométriques. Le théoréme suivant nous assure que le mouvement
brownien fractionnaire posséde une telle propriété. Ce résultat peut étre trouvé dans [34, 32].
Il est intéressant de noter que le premier résultat de relévement pour le mouvement brownien
fractionnaire est di & Coutin et Qian [16].

Théoréme 1.2.12. Soit H € (1/3,1/2], (Q, F,P) un espace de probabilité et B un mouve-
ment brownien fractionnaire d-dimensionnel d’indice de Hurst H défini sur (Q, F,P). Presque
surement, BY peut étre relevé en un chemin rugueuz BY = (BH,BH) d’ordre v pour tout
v € (1/3,H). De plus, pour tout 1 < p < 400,

E[|’BHH]7D@([07T])] < 400

et de plus il existe une approzimation lisse B&™ de BH telle que, presque surement, HBH’E —
BH||py — 0 et pour tout 1 < p < 400

E[|B"* — B"|p,] = 0
ot B¢ est le relevement naturel de BT en un chemin d’indice 7.

Nous allons maintenant nous intéresser a la définition de I'intégrale contre un chemin rugueux.
a l'instar du calcul stochastique, ot il n’est possible d’intégrer que des processus progressivement
mesurables, nous devons décrire 'espace des intégrandes. Comme l'intégrale de X contre d.X
est déja définie par la définition méme du chemin rugueux, 'idée est de ne considérer que des
fonctions qui, au premier ordre, ressemblent localement a X. De telles fonctions sont appelées
controlées par X et sont définies comme suit.

Définition 1.2.13. Soit 1/3 < v < 1/2 et X € C7([0,T],R). Une fonction y € C?([0,7],R)
est dite y-controlée par X et on note y € D} ([0,7]; R?) s'il existe v/ € C7([0,T], L(R% R)) et
y# € C37([0,T], R) telles que pour tout 0 < s <t < T

Yo — ys = ys (Xt — Xi) + yfft-

De plus on munit cet espace de la distance

|z — yHD;’(([O,T],]R) = dD}(([O,T},]R) (z,y) = Iz =yl 01 + " — /| ~v,[0,1] T |z# — y#Hv,[O,T]2~

Remarque 1.2.14. La définition précédente s’étend directement aux fonctions héldériennes a
valeur dans R™. On dira qu’une fonction y = (y*,...,y™) : [0,7] — R™ est controlée par
X si chacune de ses coordonnées y° est controélée par X. De plus dans ce cas on note y' =

(YY), ooy™) et y# = (yh#, Ly ).

Muni de cet ensemble de fonctions, il est alors possible de définir 'intégrale rugueuse en
utilisant 'application de la couturiére.
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Théoréme 1.2.15. Soit1/3 <~y <1/2, X € RV ety € D} ([0,T],R). Pour tout 0 < s <t < T,
la limite des sommes de Riemann existe

t
/ yrd X, := lim g Y (Xeiy — X)) + ygi fotiss
s P partition de(s, t] ot P
|’P| 0 [tzvt’le]e

et ne dépend pas du choix de la partition. De plus

t
/ yrd X, —ys (X — Xo) + i Xy | St — 3|37||X||7zv||?JHD}(([0,T],IR)-
S

et Uapplication de D}( dans D}( donnée par

Yy — / yrd X,
0

est linéaire et continue et de plus

/. yrd X,
0

La démonstration de ce théoréme repose sur 'application de la couturiére, c’est & dire la
Proposition 1.2.9.

S (U + [ X l=)llyllpy -
D’Y

X

Démonstration. Soit 0 < s < u < t < T. On note fo; = ys(Xy — Xs) + v, X, ;. Grace aux
propriétés de X, et au fait que y est controlé par X,
SW) = [N — 5y = (X — Xe) @ (Xi = Xu) — (v — U5 Xur — (u — ys)(Xs — Xo)
=~y (X = Xu) = (g — ¥ Xz
Mais
(X — Xu)| < Ny 2y 0,91 X ||, o,7y )5 — w7 [t — ]

et
(Yo — 56) Xt <MY 11X 25 |1 = 5127 [t =] 7.
De plus 3y > 1, ainsi fX(y) € AC4 et grace a la Proposition 1.2.9, il existe un unique AfX (y) €
C7([0, 7], RY) tel que
HAfX(y)st,[o,T]? N HXHRVHZ/HD}(

et
AfX () = AfE () = A (w) = 15 () — £5w) — f5 ).

De plus, ¥ — fX(y) est linéaire en y, et donc y — AfX(y) est linéaire en y. Pour tout
y € DL ([0,T],R) et tout 0 < s < ¢ < T, on définit alors

Lis(y, X) = A3 (y) + £ () = AF () + (X0 — Xo) + X
D’aprés la définition de A et de f, on a directement I(y, X) € D} ([0, 7], R?) et
Iy, X) =y Ly, X)% =y, X + ALK ().
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Donc
1 (y, X))l jo,7),mey S (L4 [[ X[yl Dy,
et par définition de A,

1 (y, X) — ys( Xy — Xs) — 4. X gy

S It = s X v llyllpy

La fonction I posséde une partie des caractéristiques d’une intégrale. Il reste alors & montrer que
cette fonction est bien la limite des sommes de Riemann. Mais on a grace a la définition de f
et de I,

Lipy, X) = Lsu(y, X) = Lig(y, X) = Af3(y) = A (y) — AfS(y)

+1X ) — 5w — X
— 0.

Ainsi, la relation de Chasles est bien vérifiée pour I(y, X). Alors, pour toute partition P de
(0,77, on a

Is,t(yv X) - Z Y, (Xti+1 - th) + y{tixti,tpﬂ = Z Iti,t¢+1 (ya X) - ftifti_;,_l (y)
[tistit1]CP [tisti+1]CP
[ti,ti+1]CP
S PP X R oy -

Ainsi, toute somme de Riemann converge vers I. Il reste donc a définir

t
/ deX’I‘ = S,t(y7X>7
S

ce qui finit la démonstration. O

Remarque 1.2.16. On peut remarquer que quand X € C'([0,7]), du fait de la convergence
des sommes de Riemann, l'intégrale rugueuse contre le relévement naturel X = (X, X) de X et
I'intégrale de Riemann coincident sur I’ensemble des chemins controlés par X.

1.2.2 Principaux résultats du chapitre

Définition et existence des solutions

Nous avons désormais tous les outils pour énoncer les principaux résultats du chapitre. Nous
cherchons donc a étudier ’équation de transport linéaire suivante

ou+bVu+VudX =0  uye L®(RY) (1.6)

lorsque b est une fonction irréguliére en espace et X un processus lui aussi irrégulier, mais
en temps. Avant de traiter d’'un quelconque effet de régularisation di au terme Vu.dX, il est
évidemment nécessaire de définir ce terme. De plus, puisque ug € LOO(IRd), cette équation doit
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s’interpréter au sens faible. Ainsi, on cherche les fonctions v € L>®([0,T] x R?) telles que pour
tout ¢ € C*(RY) I'équation suivante est vérifiée.

ur(p) —us(p) = / ug((divbg)p + bg. V) —i—/ uqg(Vp).dX, ug € Loo(le). (1.7)

ot uy (@) = (us, ) = [ga ue(x)p(x)dx désigne le crochet de dualité de uy sur .

Le terme fst ug(Ve).dX, n’est toujours pas bien défini sous cette forme, mais la théorie des
chemins rugueux contrdlés exposée plus haut nous indique une fagon de définir cette intégrale.
Pour cela, il est nécessaire que t — u; (V) soit controlée pour X. Cette contrainte nous donne
une indication sur la fagon de définir la notion de solutions qui nous intéresse dans ce cas.

Définition 1.2.17. Soit 1/3 < v < 1/2 et X = (X,X) € RY un chemin rugueux géométrique
d’ordre 7. Soit b € L*°([0,T]; Lin(R%)) telle que divb € L®([0,T] x RY) et ug € L®(RY).
Une solution faiblement controlée de 1'équation de transport rugueuse (3.9) avec pour condition
initiale ug est une fonction v € L>®([0, 7] x RY) telle que

1. Pour toute fonction ¢ € C°(R?, R™) la fonction g — u4(p) est controlée par X.

2. Pour toute fonction ¢ € C°(R% R), I'équation suivante est vérifiée

we) = o) = [ u(divh)e+0,.90) + [ u(Vo)0X,

ou l'intégrale fst uqg(Vp).dX, est comprise au sens de l'intégrale rugueuse construite au
Théoréme 1.2.15.

Une fois cette définition donnée, il reste & traiter un certain nombres de difficultés. Dans un
premier temps, il est nécessaire de montrer qu’il existe des solutions faiblement controlées, et que
cette notion étend, en un sens a préciser, la notion de solutions faibles dans le sens classique. Il
convient aussi de montrer que sous des conditions raisonnables, ’équation de transport rugueuse
posséde une unique solution.

Toute 'analyse de cette notion de solutions repose sur I’équation caractéristique associée a
I’équation de transport rugueuse. En effet lorsque b, ug et X sont lisses, 'unique solution u de
I’équation de transport (1.5) est de la forme

up(x) = ug(®; () V(¢ z) € [0,T] x R?
ou @ est le flot de ’équation différentielle ordinaire suivante :
t
Oy(z) =2+ / by(Py(x))dg + Xi.
0

Dans ce cas, un changement de variable permet de donner une forme plus exploitable pour la
fonction ¢ — w(¢p) :

() = /}R (@ (@)ple)dr = /}R o) ()| ac(y () da.
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On rappelle ici que Jac(P¢(x)) désigne le déterminant de la Jacobienne de ®;. Ainsi, pour montrer
que la fonction u(yp) est controdlée par X, il suffit de montrer que la fonction

t = o(Py(2))] Jac(®¢(x))]

est controlée par X, et que sa norme dans D} posséde de bonnes conditions d’intégrabilité en
espace. Cette analyse de la fonction t — ¢(®¢(x))|Jac(P¢(z))| ne dépend pas de I'existence de
solutions faiblement controlées ni d’ailleurs de I'existence du chemin rugueux relatif au processus
X. Ainsi la proposition suivante est vérifiée.

Proposition 1.2.18. Soit 1/3 < v < 1/2 et X € C7([0,T],R%). Soit b € L>([0,T]; Lin(R%))
telle que divb € L*(]0,T] x RY). Ici Uespace Lin désigne lespace des fonctions a croissance
au plus linéaire. On pourra consulter la définition 3.2.10. On suppose de plus que le flot ® de
[’équation

t
Oy(x) =a+ / by(Py(x))dg + Xy
0
est bien défini. Pour tout p € C°(RY),
t = @(Py(x))| Jac(®y(x))|

est bien définie et est contrélée par X. De plus, pour tout N > 0 il existe une constante Cy > 0
qui dépend de ||b]| oo (jo,77;Lin(ra)) | iV 0]l poo jo,r1x ey, T €t de ¢ telle que

lp(@.(2))] Jac(®.(2))llpy, S On (L + [ X[5) Y7 (1 + |2]) .

Grace a cette propriété sur I'évaluation des fonctions test le long du flot, il est possible de
montrer que lorsque X est régulier, les solutions faibles de I’équation de transport sont aussi des
solutions faiblement contrélées, et qu’ainsi la notion de solutions faiblement controlées étend la
notion de solutions faibles. De plus, grace & un argument de compacité, il est aussi possible, en
approchant a la fois le champ de vecteur et le chemin rugueux par des fonctions lisses, de montrer
qu’il existe bien des solutions faiblement controlées.

Théoréme 1.2.19. Soit 1/3 < v < 1/2 et X € RY un chemin rugueuz géométrique d’ordre ~y.
Soit b € L*([0,T); Lin(R%)) telle que divb € L>([0,T] x R?) et ug € L®(R%). Il existe une
solution faiblement controlée a [’équation (3.9) de condition initiale ug.

Unicité

Afin de montrer 'unicité des solutions faiblement contrélées pour ’équation de transport
linéaire, nous utilisons un argument de dualité qui repose sur 'analyse heuristique suivante.
Tout d’abord, comme ’équation est linéaire, pour montrer 1'unicité il suffit de considérer le cas
ug = 0. Ensuite, pour ¢ € C°(R?) et tg € [0,T] si p vérifie 'équation suivante, dite équation de
continuité rétrograde,

Oepi(x) + by(x). V() — (divby) (2)pe(x) + Vpe(x). Xy = 0 Pro () = @(),
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le calcul suivant est alors vérifié

O(ut(pr)) = Opur(pt) + ue(Oept)
_ /}R () + X) V() ()

- /]Rd wg(x)be (). Ve () — (divbe)(z). Ve () + Vi (). Xeda
= 0

Enfin, il suffit de remarquer que

Uty (90) = Ut (pto) - Uo(po) =0.

Ainsi, s’il est possible de résoudre 1’équation de continuité pour une classe de fonction ¢ suffi-
santes, on aura bien uy, = 0 et ce pour tout to € [0, 7.

L’adaptation de cet argument heuristique au cadre de ’équation de transport rugueuse né-
cessite quelques aménagements. En effet, pour utiliser ’heuristique précédente, il est nécessaire
que les solutions de I’équation de continuité rétrograde soient suffisamment réguliéres, en temps
comme en espace. Pour la régularité temporelle, il est alors nécessaire de montrer qu’il existe
une solution fortement controlée & ’équation de continuité rugueuse. Il est néanmoins illusoire
d’espérer qu’un telle solution sera assez réguliére en espace pour pouvoir appliquer la formulation
faible de ’équation de transport rugueuse. Nous allons alors procéder par régularisation. En fait,
la proposition suivante est vérifiée.

Proposition 1.2.20. Soit 1/3 < v < 1/2 et X € RY un chemin rugueux géométrique d’ordre
7. Soit b € L>([0,T]; Lin(R%)) telle que divb € L¥([0,T] x R%) et u une solution faiblement
controlée de ’équation de transport rugueuse avec ug = 0. Soit b € L=([0,T]; C°(R%)) et  le
flot de l’équation

Oy(x) =a+ /Ot by(®y(x))dg + X

Pour p € C®(RY) et ty € [0,T] on définit alors pour tout t < tg

) = () e [ " div )@y )

Alors pour tout t € [0,t], py € C(RY) et de plus

to - -
Uy () = /0 uq((bq - bq)-vﬁq + div(bq - bq)f’q)dQ-

Cette proposition est la pierre angulaire des deux théorémes d’unicité suivants. On approche
le champ de vecteur b par un champ régulier b et on obtient :

Théoréme 1.2.21. Soit 1/3 < v < 1/2 et Xe€ RY un chemin rugueux géométrique d’ordre ~y.
Soit b € L>=([0,T]; L>°(R%) N Lip(RY)) telle que divb € L>®([0,T] x R%). Alors il existe une
unique solution faiblement contrélée a [’équation de transport rugueuse avec condition initiale
ug € LOO(]Rd).
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Comme mentionné plus haut, l'intérét d’une telle théorie est de considérer des processus
irréguliers avec des propriétés de régularisation. C’est typiquement ce genre de processus que
nous avons étudié au chapitre 2. Si on considére alors que X = (X, X) est un chemin rugueux,
et que X est p-irregulier, on a le résultat suivant.

Théoréme 1.2.22. Soit 1/3 < v < 1/2 et 0 < p et —p < « tel que o + 3/2 > 0. Soit
X = (X,X) € RY un chemin rugueuz géométrique d’ordre v, et de plus X est p-irrequlier. Soit
b e FLY3/2 quec divh € FLO3/2. Alors il existe une unique solution faiblement controlée
Iéquation de transport rugueuse avec condition initiale ug € L>°(RY).

Processus stochastiques

Les notions précédentes permettent de définir les solutions de facon trajectorielle. Néanmoins,
dans le cadre stochastique, il est nécessaire d’étendre la notion de solution pour prendre en compte
I’espace de probabilité. On a alors la définition suivante

Définition 1.2.23. Soit 1/3 < v < H < 1/2, (Q,F,P) un espace de probabilité, B =
(BH BH) € R" le chemin rugueux géométrique d’ordre y associé au mouvement brownien frac-
tionnaire B de paramétre de Hurst H tel que défini au Théoréme 1.2.12. Soit b € L>®(Q x
[0, T; Lin(RY)) telle que divb € L>®(Q x [0,T] x R%) et up € L>=(2 x R?). Une solution stochas-
tiquement faiblement controlée de 1’équation de transport rugueuse (3.9) avec pour condition
initiale ug est une fonction u € L>®(Q x [0,T] x R?) telle que presque stirement

1. Pour toute fonction ¢ € C°(R?,R™) la fonction g — u,() est contrélée par B,

2. Pour toute fonction ¢ € Cgo(Rd,R), presque sGrement et pour presque tout ¢ € [0,7]
I’équation suivante est vérifiée

ut(w)—us(w)=/ uq((diqu)so+bq-v<p)+/ uqg(Vep).dBY!

ou l'intégrale f; uq(Vgo).dB,{{ est comprise au sens de l'intégrale rugueuse construite au
Théoréme 1.2.15.

Gréace aux résultats du Chapitre 2, on obtient alors le théoréme suivant.

Théoréme 1.2.24. Soit 1/3 < v < H < 1/2, (0, F,P) un espace de probabilité, BT =
(BH,Bf) € R le chemin rugueuz géométrique d’ordre v associé¢ au mouvement brownien frac-
tionnaire BY de parameétre de Hurst H tel que défini au Théoréme 1.2.12. Alors

1. Pourb e L™®(Qx[0,T]; Lin(RY)) telle que divb € L®(Q x [0, T] x RY) et ug € L=¥(2 x RY)
il existe une solution stochastiquement faiblement controlée.

2. Pour b € L>(Q x [0,T]; Lip(R%) N L®(R%)) telle que divh € L>®(Q x [0,T] x R%) et
ug € L>®(Q x RY), il existe une unique solution stochastiquement faiblement controlée.

3. Pour —1/2H < « et a +3/2 > 0 et pour b € L FL3/2) telle que divh €
L®(Q; FLOF3/2) et ug € L®(Q x RY), il existe une unique solution stochastiquement fai-
blement controlée.
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. Pour a > — eta+1>0etbhc elle que divd € et ug € X )
4. P 1/2H et a+1>0etbe CM tell divb € C) et L=(Q x RY), il
existe une unique solution stochastiquement faiblement controlée.

Remarque 1.2.25. Le point 3 du théoréme précédent permet de considérer des champs de vec-
teur b et des conditions initiales ug aléatoires, ce que des méthodes utilisant le calcul stochastique
ne semblent pas pouvoir obtenir.

Dans le point 4 Du théoréme précédent, pour H = 1/2, on retrouve quasiment les conditions
d’unicité énoncées dans [30].

1.3 Distributions paracontrolées et équation de quantisation sto-
chastique ®* en dimension 3.

Nous consacrons cette troisiéme partie 4 un travail effectué en collaboration avec Khalil
Chouk. Nous étudions 1’équation de quantisation stochastique ®* en dimension trois. Plus pré-
cisément, nous considérons le probléme de Cauchy suivant
Oyu = A —u?

1 T3u —u’ + &€ (1.8)
u(0,z) = up(z)

oit Aps est le laplacien sur le tore tridimensionnel T3, ug est une condition initiale & choisir dans
un espace convenable et £ est un bruit blanc gaussien espace temps.

Formellement, la mesure invariante de I’équation (1.8) est la mesure sur les distributions de
Schwarz associée a la théorie quantique des champs ®* en dimension trois. Cette équation a
été introduite dans le but d’étudier cette mesure invariante par Parisi et Wu [69]. On pourra
consulter le livre de Glimm et Jaffe [40] pour de plus amples détails sur la théorie quantique
des champs. Depuis les années 1980 ce probléme est étudié en physique théorique, on pourra
consulter par exemple [8], [55], et [54], ainsi que les références associées.

Cette équation est aussi reliée au comportement du modéle d’Ising en dimension 3 soumis a sa
dynamique de Glauber au voisinage de la température critique. En dimension 1, Bertini, Presutti,
Riidiger et Saade [9] ont effectivement montré que cette équation décrivait cette dynamique pour
le modéle d’Ising avec une interaction de type Kac. Dans [38] Giacomin, Lebowitz et Marra
donnent des arguments heuristiques pour étendre ce résultat en plus grande dimension. Plus
récemment, Weber et Mourrat [65] ont montré que ce résultat était vrai en dimension 2.

Il convient de noter que pour les dimensions plus grandes que 2, le bruit blanc espace temps est
une distribution assez irréguliére. Malgré la présence de 'opérateur de la chaleur, les potentielles
solutions resteront des distributions. Ainsi, le terme u? n’est pas défini a priori. Une grosse partie
du chapitre sera dédiée a surmonter cette difficulté, afin de donner une formulation raisonnable
de I’équation. Pour ce faire, nous utiliserons la théorie des distributions paracontrolées introduite
par Gubinelli, Imkeller et Perkowski [44].

L’étude mathématique de cette équation a néanmoins connue des avancés considérables ces
derniéres années. Jona-Lasinio et Mitter [55] ont donné une formulation faible de 1’équation en
utilisant une transformation de Girsanov. Albeverio et Réckner ont pour leur part étudié ce
probléme grace aux formes de Dirichlet. On pourra consulter [1| pour une synthése des résultats
utilisant les formes de Dirichlet afin de traiter ce genre d’équations.
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En dimension 2, Da Prato et Debussche [17] ont donné une formulation forte du probléme
en utilisant les produits de Wick et des techniques de renormalisation. Les techniques que nous
présentons dans ce chapitre s’inspirent en partie de ce travail.

Dans un article récent, grace a sa théorie des structures de régularités, Hairer [50] donne
notamment une solution & ’équation (1.8) comme solution d’un probléme de point fixe. Comme
la théorie des distributions paracontroélées, la théorie des structures de régularité est une généra-
lisation de la théorie des chemins rugueux contrélés. Hairer obtient son résultat en généralisant la
notion de fonctions localement holdériennes. 11 lui est alors possible de travailler dans un espace
abstrait, dans lequel les solutions sont construites comme solutions d’un probléme de point fixe. Il
lui reste alors a projeter la solution abstraite dans 1’espace des distributions grace & un théoréme
de reconstruction (Théoréme 3.10 de [50]). Cette approche n’est pas limitée au seul probléme de
I’équation étudiée ici, et s’applique & un grand nombre d’équations singuliéres, comme 1’équation
de KPZ, le modeéle d’Anderson parabolique [50], ’équation de la chaleur stochastique [25] mais
aussi & ’équation de Navier Stokes en trois dimensions conduite par un bruit blanc espace temps
[77]. Pour une introduction aux structures de régularité, on pourra consulter [32, 48, 49].

Nous nous proposons d’appliquer une théorie alternative a la théorie de structures de régula-
rité pour résoudre cette équation par un point fixe. Cette théorie, développée par Gubinelli, Im-
keller et Perkowski [44] est basée sur la décomposition de Paley-Littlewood et les paraproduits de
Bony (voir [10] et [5]). Bien que moins générale que la théorie des structures de régularité, la théo-
rie des distributions paracontrolées a un certain nombre d’avantages. Elle permet, comme nous le
verrons dans la suite, de considérer des objets définis globalement, et s’appuie sur une littérature
déja bien établie. Cette théorie est elle aussi capable de traiter un certain nombre d’équations
singuliéres et notamment toutes celles traitées plus haut, on pourra consulter [77, 35, 44, 43].

1.3.1 Espaces de Besov et Paraproduits de Bony
Bloc de Paley-Littlewood et espaces de Besov

Dans cette section nous donnons quelques éléments de calcul dans les espaces de Besov, de
décomposition de Paley-Littlewood et de paraproduits de Bony. Comme spécifié précédemment,
on pourra consulter [5] pour plus de détails. Dans 1'étude de 1’équation (1.8), nous allons tirer
parti de la décomposition de Paley-Littlewood pour des éléments de S’. L’idée est de décomposer
les éléments de S’ en somme de fonctions dont les transformées de Fourier sont localisées. Pour
cela nous introduisons deux fonctions de classe C* de R? dans R a support compact et & symétrie
radiale, 6 et x telles que

1. Le support de x est contenu dans une boule B et le support de 6 est inclue dans un anneau
A={keR?:r<|k| <R}

2. Pour tout k € RY, x(k) +32,5,0(277k) = 1.

3. Pour i,j € N avec |i — j| > 1, suppf(277.) Nsupp#(27%.) = 0 et pour i > 1 suppx N
supp(f(27.)) = 0.

Pour l'existence de telles fonctions, on pourra consulter [5], Proposition 2.10. On définit alors les
blocs de Paley-Littlewood pour tout f € &'(R9) par

A f = F Y (xFf)etpouri > 0A;f = F L0270 Ff).
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Il convient de noter que les blocs de Paley-Littlewood d’une distribution f € S’(IR?) sont localisés
dans l'espace de Fourier. Ainsi pour tout i > —1 le bloc A; f est une fonction C*(RR%) et de plus
appartient & tous les espaces LP(R?) pour 1 < p < +oo.

Munis de ces blocs de Paley-Littlewood, nous pouvons maintenant introduire les espaces de
Besov.

Définition 1.3.1. Pour 1 < p,q < +oc et a € R on définit I'espace de Besov By, par

1/q

By (R = F € SRY : flullng, = [ 30 20 Aullt, g0 | < +oo

i>—1

avec la modification habituelle pour ¢ = +o0.

Bien que la norme ||.|| By, dépende du choix des fonctions ¢ et x, la topologie induite sur
lespace By, elle, n’en dépend pas et la norme induite par un autre choix de fonctions est une
norme équivalente. De plus I'espace By, muni de sa norme ||.||ga est un espace de Banach. Dans
la suite on s’interessera particulierement a I'espace de Besov-Holder d’indice o, C* := Bg, . Dans
ce cas on notera la norme simplement par ||.||o. Lorsque o € (0,1) cet espace n’est autre que
I’espace des fonctions holdériennes bornées sur R

La fagon dont les blocs de Paley-Littlewood sont construits garantit en fait que la somme
desdits blocs est I'identité sur 'ensemble des distributions tempérées S’. On a en fait le résultat

suivant.

Proposition 1.3.2 (Proposition 2.12 dans [5]). Soit f € ', alors

mf= > Aif 55 f.

i=—1

Démonstration. Pour tout ¢ € S(R?), on a (m,f — f,0) = (f,Tne — @). Ainsi, il suffit de
montrer que m,¢ —° ¢. De plus, comme la transformée de Fourier sur S est un automorphisme,
il suffit de montrer que 7, — @, ce qui est immédiat d’aprés la définition des blocs de Paley-
Littlewood. O

L’étude des propriétés des fonctions dans les espaces de Besov est facilité par les propriétés
des blocs de Paley-Littlewood. La transformée de Fourier de ces derniers étant une fonctions C*°
a support compact, plusieurs inclusions entre espaces sont immeédiates. L’inégalité suivante nous
permet d’en déduire un certain nombre.

Proposition 1.3.3 (Lemma 2.1 dans [5]). Soit B une boule. Il existe une constante C' > 0 telle
que pour tout p < p' € [1,+00], pour toute fonction f € LP et pour tout n = 0

. 11
supp f C AB = sup [|0%ul|; < Ck+1)\n+d<1’ P’>||u||Lp,

|a)l=n

Démonstration. En utilisant une dilatation, il suffit de montrer ce résultat pour A = 1. Soit ¢
une fonction C'*° a support compact égale & 1 au voisinage de B. Comme f = ¢f, on a

0%f =0%gx* f)avecg = ]—"71(q§).
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L’inégalité de Young donne alors

1 11
10%Fll o < 10%gllerll fllze  avee - =14 ——~
r PP

Et de plus
10%gllr < 10%gllze + [0%gll L2 < CII(1 + [1)?0%g] £

avec C' =1+ [pa(1+ |z[*)~?dz. La derni¢re inégalité donne alors
10°g]l - < Cll(id ~Aga)(()g)llr < CFF.
ce qui conclut la démonstration. O

Si on applique la proposition précédente aux blocs de Paley-Littlewood, avec A = 27, p/ =
400, on a le résultat suivant, qui sera trés utile dans la suite lorsque nous travaillerons avec le
bruit blanc.

Proposition 1.3.4. Soit « € R et p,q € [1,+00] alors
d
a_d
By, CcC oy

et
Hf”oe—d/p S HfHBg,q'

Nous finissons cette partie en montrant que les espaces définis plus haut sont pertinents
lorsque 'on travaille avec le bruit blanc. En ce qui concerne la définition du bruit blanc comme
une mesure gaussienne sur l’ensemble des distributions tempérées 8" on pourra consulter [53].

Lemme 1.3.5. Soit & un bruit blanc sur le tore T?. Alors presque sirement, pour tout € > 0
e Cfd/Qfa(Td).

Démonstration. On rappelle que dans L?(£2, S'(T9)) le bruit blanc vérifie I'égalité

§= Y ke

keZd

ot (ex) est la base de Fourier de L?(T4%) et (£(k))gezq une famille i.i.d. de variables gaussiennes
centrées réduites. Ainsi, pour tout x € Td, et pour tout 1 > —1,

E[AL()P] = > 027'k) <2,

|k |~2i

En utilisant 'hypercontractivité gaussienne [53], on obtient

Bl A&l gy = /Td B[ A ()27 2de < 279/2,

et finalement
BIEI® _yys ] < +oo.
PP

Pour d/p < £/2, en utilisant la Proposition 1.3.4, on obtient alors

E[¢]P /5] < +00

ce qui est le résultat attendu. O
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Paraproduits de Bony

Nous introduisons ici I’étude des paraproduits commencée par Bony dans [10]. Dans I’équation
(1.8), il est nécessaire, et c’est 1a une des difficulté de toute étude de cette équation, de définir le
terme u3. Etant donné que u sera & valeur dans &', la difficulté revient ici & « multiplier » deux
distributions. C’est exactement ce & quoi s’intéresse la théorie de Bony.

L’identité de la Proposition 1.3.2 nous permet d’écrire que pour toute distribution f € &',

on a
> Aif =
i>—1
Si on considére maintenant f, g € S’, on peut alors écrire formellement
fa= Y AifAjg=n<(f,9) +mo(f,9) +m(f.9) (1.9)
i7j>_1

ol

T(f,9)= Y, AuNAg) =m=(g Netm(fig) = D AilH)A(9):

i>—1,j>i+1 li—jl<1

La décomposition précédente n’a évidemment pas de sens pour toutes les distributions f et g.
Néanmoins, dans le cadre des espaces de Besov-Holder et sous des conditions assez naturelles, le
calcul précédent a bien un sens.

Théoréme 1.3.6 (Théoréme 2.47 et 2.52 dans [5]). Soit f € L™ et g € C*, a € R. Le terme
m<(f,g) est bien défini et

[7<(f, 9)lla Sa [[fllsollglla-
Si de plusa <0, BeR et f eCh,
70> (f, D lla+s Sas [ fllllgla-

Finalement sia <0 eta+ >0,

Imo(f; Plla < 1 1sl9lla-

Enfin, pour définir la produit «? il faut considérer une succession de décomposition de la
forme (1.9). En effet, lorsqu’on « multiplie » trois distributions f, g et h, on a formellement

fgh - (7T<(fag) +770(f7.g) +7T>(fvg))h

Dans le bon cadre les termes de la forme 7~ (-, h) et 7~ (-, h) seront toujours bien définis. Cepen-
dant les termes de la forme

770(7r<(fa g)? h)

ne le sont pas, et on voudra les comparer a des quantités de la forme fmy(g,h) qui elles seront
bien définies.

Dans un contexte un peu différent, les auteurs de [44] ont obtenu le théoréme suivant qui
permet de commuter les paraproduits.
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Proposition 1.3.7 (Gubinelli, Imkeller, Perkowski [44]). Soit o, 8,7 € R tels que 0 < a < 1,
a+B4+~v>0etB+~<0. On suppose de plus que f € C*, g € CP et h € C7. Alors la quantité

R(fagv h) = 7T0(7T<(f7 g)’ h‘) - fﬂ-O(g? h’)

est bien définie, et de plus

1B(f, 9, W)l sy S [ FllallglislAlly-

L’équation (1.8) est une équation de la chaleur perturbée par un terme non linéaire et un
bruit blanc. Ainsi, sous sa forme de Duhamel (ou forme intégrée, ou forme Mild) cette équation
fait intervenir le noyau de la chaleur (P;)iso0 = (e'*)¢=0. Il est donc naturel d’étudier la fagon
dont le noyau de la chaleur agit sur les objets définis précédemment.

Lemme 1.3.8. Soit « € R et e, > 0. Pour tout f € C* l'inégalité suivante est satisfaite.

||Ptf”a+2n 5 tin”fHaQ H(Pt—s - 1)fHa—26 5 ‘t - S‘EHf”oz

De plus, si a < 1 et B € R, pour tout g € C5,

1Piw<(f; 9) = m<(f, Pig)llatr2n S "I fllallglls-

La commutation entre le paraproduit et le noyau de la chaleur semble assez peu connue, et
nous renvoyons a la fin du Chapitre 4 pour une preuve de ce lemme.
1.3.2 Principaux résultats du chapitre

Dans ce troisiéme et dernier chapitre de cette thése, nous nous intéresserons donc au probléme
de Cauchy suivant

u(0, ) = uo(x)

ou £ est un bruit blanc espace temps, et ou, pour simplifier les notations de cette présentation,
nous prendrons ug = 0. Sous la forme de Duhamel (forme Mild) ’équation devient alors

{ 0w = Apsu — ud + €

uw=X+ I(u?) (1.10)
ot (P;)s=0 est le semi groupe de la chaleur, X = fg dsP;_ & est le processus d’Orsntein-Uhlenbeck
considéré ici comme étant stationnaire et I(f); = — fg dsP;_sfs. Plus précisément, on a

e k1l?|t—s]

B[ X (k1) X (ko) [*] = 5k1+k2=0W
avec X (0) = 0. Grace aux résultats de la partie précédente, on constate que presque siirement
X € C;l/g_d = C([0,T];C~'/279) pour tout § > 0. Ainsi, si u résout I'équation (1.10), u ne
peut pas étre a priori plus régulier que X . Malgré les résultats sur le paraproduit, définir u3
alors pas possible, et une approche différente est nécessaire.

La premiére idée, que ’on pourrait qualifier de naive, est de régulariser le bruit £ en

&= Flek)ék)er,

keZ3

n’est
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ou f est une fonction positive, radiale, lisse et & support compact telle que f(0) = 1, et (ex)x est
la base de Fourier de L?(T?). Dans ce cas, il existe une solution, locale en temps, u® a 'équation
approchée uf = Auf — (uf)? + £, soit avec les notations précédentes

wF = X° + I((uf)3).

La stratégie serait alors de trouver des bornes a priori pour la fonction ¢, puis de montrer qu’il
est possible de passer a la limite lorsque € — 0. Malheureusement, en 1’état, cette méthode ne
peut pas aboutir. Afin d’estimer (u)3, il est nécessaire d’estimer I((u)?), et au vu de 'équation
vérifie par u, (X€)? et (X¢)3. Or un calcul presque immédiat donne

1
E[|Xta|2] = Z Z fEkl 5k2)W5k1+k2:0

kez?3 k1+k2

1 f (@)
e /]R @+ 2™

Obtenir une limite non triviale pour u¢ semble alors illusoire. Néanmoins, et nous le montrerons
dans la suite, bien que (X¢)? ne converge pas il est possible de trouver une limite non triviale
au processus suivant,

(X°)? - B(X®)?],

uniformément en temps et presque stirement dans C, =0 pour tout § > 0.
Il est alors tentant de remplacer ’équation vérifiée par u® par I’équation suivante

8{&6 = Au® — ((U€)3 - Ceug) + 567

ot C. sera choisi convenablement pour que (X¢)? converge. Le méme genre de phénoménes
apparaissant avec d’autres fonctionnelles de X¢, il sera nécessaire de choisir convenablement la
constante C. afin que la solution u® converge elle aussi uniformément en ¢ et presque stirement
dans un certain espace de Besov-Ho6lder. Introduire une telle constante revient dans un certain
sens, & renormaliser la définition du cube (uf)3 en (uf)°%. On notera alors que la fonction u®
vérifie I’équation suivante

u = X¢€ —FI((UE)QB)

et que la limite u vérifie I’équation
u= X+ I(u®).

Le produit renormalisé ¢ ne désigne pas forcément le produit de Wick, et en ce sens la méthode
présentée ici différe de celle de Da Prato et Debussche [17].

La stratégie de preuve est donc la suivante, et est & rapprocher des stratégies développées
dans la théorie de chemins rugueux. Dans un premier temps, nous allons montrer que sous de
bonne hypothéses sur Y et sur certaines fonctionnelles de Y (les termes d’aires de Y'), il est
possible d’utiliser une méthode de point fixe pour résoudre 1’équation

u=7Y + I(u®)
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ou la notation Y désigne non seulement la donnée de Y mais aussi de ses termes d’aire. Dans
un deuxiéme temps, nous allons montrer qu’il est possible de construire une telle distribution
rugueuse a 'aide de X¢, disons X¢, et qu’il existe une distribution rugueuse X de telle sorte que
X¢ — X presque stirement.

Méthode semi-perturbative et distributions paracontrolées.

Afin de prendre en compte les problémes de renormalisation, on s’intéresse donc désormais
non plus & une seule équation, mais a une classe d’équations dyu = Au — u + Cu+ =, ol E
est une distribution a priori réguliére, mais qui nous intéressera en tant que distribution dans

C;5/2_5. Ce qui donne, si on choisit la constante C' = 3a + 90,

u=Y +I(u®) —I((3a+9b)u) =Y + &

1/2—6
T

avec ® = u — Y. Gréace aux propriétés du noyau de la chaleur, ® € C . De plus ® satisfait

I’équation suivante
®=1I(Y3—3aY) +31(®(Y? —a) — 3b(Y + ®)) + 31(%Y) + I(P?) (1.11)
A ce stade, nous constatons qu’il est nécessaire pour la définition de I’équation que les termes
I(Y3—3aY) et (Y?—a)

soient bien définis. Cependant, méme sous cette hypothése, les deuxiémes et troisiémes termes
du membre de droite de I’équation ne sont pas correctement définis. Le paraproduit introduit
dans la section précédente va nous permettre de pousser ’analyse un peu plus loin.

Si on décompose l'équation précédente a 'aide des paraproduits, et qu’on note B-(f,g) =
I(r<(f,g)), la décomposition suivante apparait

O =I(Y?—3aY)+3B(®,Y2—a) +C/*°.

Ainsi, si ® est solution de I’équation, ® posséde forcément une telle décomposition en termes de
régularité croissante (I(Y3 —3aY) € CY/279, B(®,Y? —a) € C%,_‘S et le reste est dans C:?}/z_é).
Nous allons donc a ce stade faire une supposition sur la forme des solutions de I’équation.On
suppose qu'il existe des @' € lew/2_6 et ®# ¢ C;/2—5 telles que

d=I(Y?—-3aY) + B.(9',Y? - a) + 7.

Grace a cette ansatz il est possible de continuer I'analyse de I’équation (1.11). Il s’avére alors
que les termes dans le membre de droite de I’équation (1.11) qui ne sont pas définis sont

I(mo(®,Y? — a)) et I(mo(D?, X)),
Mais il est possible d’exprimer ces termes en fonction des quantités bien définies suivantes
mo(I(Y? = 3a),Y), m(I(Y?—a),Y?>—a)—b et mo(I(Y>—3a),Y?—a)—3bY.

Ainsi, a l'instar de I(Y3—3aY") et (Y2—a) il faut définir un certain nombre d’autres quantités pour
que I’équation ait un sens, et ce malgré ’ansatz. De plus, lorsque nous voudrons appliquer cette
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décomposition & des régularisation du bruit blanc, il sera nécessaire d’introduire une fonction
auxiliaire déterministe ¢ de telle sorte que les quantités introduites précédemment convergent
dans des espaces de distributions en espace et des espaces de fonctions continues en temps.
La définition suivante spécifie les « termes d’aires » qui doivent étre définis de facon & ce que
I’équation (1.11) ait un sens.

Définition 1.3.9. Soit 7' > 0, v > p > 0, on note C7” la fermeture de 'espace C*([0, 7], R)
par la semi norme

s —
lellvp = sup t[ei] +  sup Zher- pS"
t€]0,7] s<telo,T),s#t |t — s

De plus on note C32” = C7([0,T]; C*(RY)).
Pour K = (0,¢',v,p) et 0 < 46’ < ¢ on définit 'espace

0 =128 58l —1=8 48 1/2-6 a8, —5 a8l —8 A8, —1/2-6  Aup
Wr ik = Cp X Cp x Cp XCp " X Cp " xCp x Cp

que I'on munit de sa topologie produit et qui en fait un espace métrique complet. Pour (Y, ¢) €
C([0,T); C(T3)) x C*([0,T];R) et (a,b) € R on définit RY Y € Wy i par

RZ)Y = (Y, Y? —a,I(Y® = 3a), mo(I(Y? = 3a),Y), mo(I(Y? —a),Y? —a) —b—¢
,mo(I(Y3 —3a),Y? — a) — 3bY — 3¢Y, ).

L’ensemble des distributions rugueuses A7 i est alors défini comme la fermeture dans Wr i
de
{RZ,Y. (Y, ) € C([0,T];C(T%)) x C([0, T, R), (a, b) € R?}.

Dans la suite nous dirons que Y s’étend en une distribution rugueuse s’il existe Y € X7 i telle
que la premiére composante de Y soit Y.

Il est enfin possible de définir la notion de produit renormalisé telle qu’évoquée plus haut.
Notation 1.3.10. Soit Y € X7 g, on note alors les composantes de Y
Y = (Y7 Y027 I(Y03)7 WO,O([(YOE))? Y)a 71—0,<>(I(YV<>2)7 YOQ) - ¥, WO,O(I(YOS))? Y<>2) - 3Q0Y7 30)

Grace a cette définition de distributions rugueuses, il est alors possible de formaliser I’ansatz
faite pour avancer dans ’analyse de I’équation.

Définition 1.3.11. Soit Y € X . On définit I'espace D%T des distributions paracontrélées
par Y par

DY ={(@ @) e (/)P 0% =0 - 1(v*) — BL(, Y e ci* ).
L’espace D‘g{,T est un espace affine muni de la semi-norme
1@lpg, . = I@lleryz-s + [12llp172-s + H‘P#Hc;/z—a-

ainsi que de la distance associée d P, Py) = ||®] — D ce qui munit D¢, .. d’une
q g, (21, @2) = [|®1 — Paflpg, » ce q T
structure d’espace métrique complet.
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La définition de tels espaces permet alors de formuler ’équation pour Y € X7 i et ¢ € D‘g{,T
O = I(Y°3) + 3I(P?Y) 4 3I(D o Y°2) + I(D?).

Le terme I(® o Y°?) n’est pas le produit usuel, mais désigne le produit compatible avec la
renormalisation et les composantes de Y.

Remarque 1.3.12. Les conditions analytiques différent 1légérement de celles du chapitre 4, et
ce car nous considérons ici seulement ug = 0.

Dans ces espaces précédemment introduits, il est alors possible de résoudre 1’équation par un
point fixe de Banach pour un temps petit. Nous donnons ici la version sans condition initiale, et
renvoyons au chapitre 4 pour la version générale du théoréme.

Théoréme 1.3.13. Soit F': C(R*;C®(T?)) x R? — C(R*,C') le flot de I’équation

Ou = Apsu — (u3 — (3a+9)u) + =, 0<t < To(E, ¢, (a,b))
Owu = Opourt > T (ug, =, ¢, (a, b))

ou E € C(RY;C%T3)) et To(Z) > 0 est un temps pour lequel la solution u satisfait I’équation.
Soit maintenant z € (1/2,1/3), alors il existe To - X&T — R*T une fonction semi-continue
inférieurement et F : X?(,T — C(RY,C~*(T?)) qui est continue en Y € X%,T et tels que (T, F)
étend (T, F) dans le sens suivant. Pour tout (Z,¢,(a,b)) € C(RF;C®(T?)) x R? avec Y =
—I(Z), on a

TC(E) 2 (CL, b)) > TC(Rf,bY)
F(Z, ¢, (a,b)(t) = F(Rf’bY)(t)pour tout t < TC(RibY).

Il est désormais possible de résoudre I’équation (1.8) quand on considére le bruit blanc gaus-
sien. Puisque le flot F' défini précédemment est continu, il suffit de montrer qu’il existe des
constantes a. et b. et une fonction ¢, de telle sorte Rf: b X* converge vers un élément X € Xr k.

Théoréme 1.3.14. Soit X = —I(&) le processus d’Ornstein Uhlenbeck associé a & le bruit blanc
gaussien espace temps sur le tore T3. Alors il existe deux constantes C5 et C5, une fonction ¢° €
C*®(R4+;R) telle que R('D;CEXE converge en probabilité dans Xt ¢ vers un processus X € Xt .
De plus la premiére composante de X est X.

Ainsi les deux résultats précédents mis bout a bout donnent le théoréme de convergence
suivant, utile pour définir les solutions de ’équation (1.8).

Corollaire 1.3.15. Soit u® la solution de l’équation

Opu® = Au® — ((u°)® — (3CF +9C5)ue) + &5t € [0,T°)
8tu€ = 0; t>1T°

avec &5 une régularisation par convolution du bruit blanc gaussien espace temps sur le tore T3 et

T¢ le temps d’existence de u®. Alors u® converge en probabilité dans C(RT;C~%) vers u = F(X)
pour tout z € (1/3,1/2).
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Chapitre 2

Moyenne le long de courbes irréguliéres
et régularisation d’équations
différentielles ordinaires

Résumé

Nous étudions & I’équation différentielle ordinaire dz; = b(t, z(¢))dt + dw; ot w est une fonction
continue et b un champs de vecteur irrégulier Nous quantifions les propriétés de régularisation
de perturbations w arbitraires sur I’existence et unicité de solutions de cette équation. Pour cela
nous introduisons la notion de (p,~y)-irregularité et montrons quel joue un role fondamentale
dans des phénoménes de régularisation par le bruit.

Lorsque w est distribué suivant la loi du mouvement brownien fractionnaire de paramétre
de Hurst H € (0, 1), nous montrons que presque surement l’équation différentielle admet une
unique solution lorsque b est dans l'espace de Besov-Hélder € Bg‘ofgo, avec a > —1/2H. 1l est
intéressant de montrer que lorsque 1 + a < 0 le champs de vecteurs b est une distribution, nous
fournissons un cadre naturelles pour des solutions dans ce cas.

Résumé

We consider the ordinary differential equation (ODE) dx; = b(t, x¢)dt + dw; where w is a conti-
nuous driving function and b is a time-dependent vector field which possibly is only a distribution
in the space variable. We quantify the regularizing properties of an arbitrary continuous path
w on the existence and uniqueness of solutions to this equation. In this context we introduce
the notion of p-irreqularity and show that it plays a key role in some regularization by noise
phenomenon. When w is sampled according to the law of the fractional Brownian motion of
Hurst index H € (0,1), we prove that almost surely the ODE admits a solution for all b in the
Besov-Holder space Bgofc}o with o > —1/2H. We also investigate the regularity of the flow for
various values of a. Note that when o < 0 the vectorfield b is only a distribution, nonetheless
there exists a natural notion of solution for which the above results apply.
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2.1 Introduction

In [20] A. M. Davie showed that the integral equation
t
Xy = +/ b(s, xs)ds + wy, te0,7T] (2.1)
0

with z,w € C([0, T];R%) and b : R x R — R? bounded and measurable has a unique continuous
solution for almost every path w sampled from the law of the d-dimensional Brownian motion.
This result can be interpreted as a phenomenon of regularisation by noise, in the sense that it is
well known that the same equation without w can show non-uniqueness.

Regularisation by noise in the case of stochastic differential equations (SDEs) driven by
Brownian motion is nowadays a well understood subject: see for example Veretennikov, Krylov
and Roeckner [64], Flandoli, Gubinelli and Priola [30], Zhang, Flandoli and Da Prato [18]. All
these work are essentially based of the use of It6 calculus to highlight the regularising properties
of Brownian paths. Meyer-Brandis and Proske [64] use Malliavin calculus to derive similar
conclusions. Davie’s contribution [20] is more subtle in the sense that it is a result for an ordinary
differential equation (ODE) and not for the related SDE, i.e. the existence and uniqueness of
solutions is studied in the space of continuous paths and not in the more common probabilistic
framework of continuous adapted processes on a given filtered probability space. This has been
clearly pointed out by Flandoli [28] which called these more general solutions path-by-path. In
this respect Davie’s contribution is purely analytical and one of the aim of the present work is to
analytically caracterize the regularisation effect for general continuous perturbation w (whether
random or not) to the evolution dictated by an irregular vectorfield.

Regularisation by “fast” or “dispersive” motions is an interesting phenomenon which appears
also in some deterministic PDE situations, for example for Korteweg-de-Vries equation [42, 3]
and for fast-rotating Euler and Navier-Stokes equations [4]. In particular the technique of Young
integration we employ in the present work is essentially the same used in the paper [42]| to
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study the periodic Korteweg-de-Vries equation and take inspiration in the theory of rough paths
[61, 41, 34].

In a recent paper [14, 15| Chouk and Gubinelli analyse the regularisation phenomenon in
the context of non-linear dispersive PDEs modulated by an irregular signal. In particular they
considered equations of the form

d

S Acptd—Jr/\/'( D, t>0 (2.2)

where w : Ry — R is an arbitrary continuous function, A is an unbounded linear operator (like
the Schrédinger operator i9? or the Airy operator 9% acting on periodic or non-periodic functions)
and N some local polynomial non-linearity with possibly derivative terms. The unifying theme of
this last study and the present one is the fact that the regularising properties of w € C([0, T]; R%)
are analysed in terms of the averaging operator T}* defined as

T f(x / f(z+wy)d z e RY (2.3)

for any measurable functions f : R? — R. Characterising the mapping properties of T% for vari-
ous kind of perturbations w seems very interesting and not straightforward. Mapping properties
of T% for deterministic smooth curves w are, for reasons not related to the regularisation by
noise phenomenon, an interesting subject in analysis: we have in mind, for example the work of
Tao and Wright [71] on LP improving bounds for averages along curves (we thanks F. Flandoli
and V. M. Tortorelli for having pointed us the existence of these results).

The averaging operator can be seen as the convolution against the occupation measure L’ of
the path w defined as

LY (dy) = /O b, ().

Indeed, for continuous b, the following computation holds

Tt“’b(:v):/ b(x + wy,) du—/ du/}Rd x — 1Y)y, (dy) = (bx LY)(x).

The basic observation contained in Davie’s paper [20] is that if b : R — R? is a given
bounded function then for almost every d-dimensional Brownian path w : [0, 7] — R¢ and for all
0 < t < T the function x — T{b(z) has almost Lipschitz regularity (its modulus of continuity is
of the type |z|log"/?(1/|x|)). Morally this is a gain of almost 1 degree of the regularity and one
of the key step to prove uniqueness of the ODE (2.1) for bounded measurable drift b.

In this paper we analyse the behaviour of the averaging operator T in the scale of Holder-
Besov spaces C* = C*(R% R") = Bg‘o’oo(Rd,R") for arbitrary regularity o € R. We consider
a class of perturbations w given by the sample paths of the d-dimensional fractional Brownian
motion (fBm) of Hurst index H € (0, 1), that is the unique centered Gaussian process (Bf);>0
with values on R? and covariance function

E[B{'BJ] = cu(|t + s[> — [t[*" — |s[")
for all t,s > 0.
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As an application of the averaging properties we obtain various existence and uniqueness
results for solutions of the ODE (2.1) and relative flow properties for distributional vectorfield b.

The choice of fBm has the advantage of being a simple process for which many other results
about existence and uniqueness of associated SDE are available |67, 68]. More interestingly,
the approach based on Ité calculus, used in most of the papers on the regularisation effect for
Brownian motion, does not easily extend to the fBm case, nor the explicit computations of
Davie |20]. The freedom in the choice of the Hurst parameter gives us the possibility to explore
the effect of different degrees of irregularity of the perturbation on the regularisation phenomenon
and the quasi-invariance of the law of the fBm will allow us to study the effect of perturbations
on the the averaging properties of the paths.

Returning to the averaging behavior of fBm paths we obtain the following result

Theorem 2.1.1. Take H € (0,1) and p < 1/2H and o > 0. Then there exists v > 1/2 such
that for all f € C*(R%R) there exists a Borel set Ny~ € C(]0, 1],RY) (which depends on f,7)
of zero measure with respect to the law of the d-dimensional fractional Brownian motion (fBm)
of Hurst index H such that for all w ¢ N ., we have

| T2 f = T fllcatow Sw llfllcalt — s[”
forall 0 <s<t<1.

In this statement the weighted space C*? is a subspace of the space of local Besov-Hélder
functions with given grow at infinity described by the weight .

Letting for a moment aside the time regularity, this result shows that the averaging against
fBm paths gains almost 1/2H derivatives in the space variable. Unfortunately the result stated
in Theorem 2.1.1 is not very satisfying since one would really like to have the almost sure
boundedness of T : C* — C*TP¥. The difficulty is, of course, the fact that the exceptional set
N of Theorem 2.1.1 depends itself on the function f. Using the Littewood-Paley decomposition
of Holder—Besov distributions and the scaling of the fractional Brownian motion, the problem
of finding a version of T™ which is almost surely continuous can be related to the following
conjecture:

Conjecture 2.1.2. Let (Bf)i=¢ be a d-dimensional fBm of Hurst index H € (0,1). Let K :
R? — R be a smooth function such that

K@IS0+R)™, [ K@de=0

where N > d can be chosen arbitrarily large. Then

t P
]E(HT(ftHKHIZl(Rd)) =FE l:(/]Rd /0 K(z+ BH)ds dm) ] 5#/2

fort — 4o00.

If the function K has a bounded support the estimation is true as an easy consequence of
our results, however currently we are unable to prove or disprove this conjecture.
On the positive side if we replace C* by the Fourier-Lebesgue spaces FL*P defined as

FLOPRY = {f € SRY s Noy(7) = [ [FOP(1+1€)7dE < o0)
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and let FL* = FL*! then it is easy to see that for 0 < v<1andpeR:

Nowp(Tf =T f)
TW W N ) = atp\tt s
|7 — T’ Fra—sFro+e S No ()

S 2 g [t — s

where ®}(a) = fg etlawr)dr = e=H"a2) T (¢49)) () and where we introduced the norm

DU (a) — BV
||<I>w||wﬂﬁ = sup sup <a>P’ t (a) s (a)| )
r a€R4 0<s<t<T |S — t|’Y

This observation reduces the question of the boundedness of T% to that of the decay of the Fourier
transform a — ®}’(a) of the occupation measure of w (for generalities about occupation measures
and densities for deterministic and random functions see for example the review of Geman and
Horowitz [37]). This suggests to introduce the following novel notion of "irregularity" of the
perturbation w :

Definition 2.1.3. Let p > 0 and v > 0. We say that a function w € C([0,T];R%) is (p,~)-
irregular if
||(I)w||w%w < +o00.

Moreover we say that w is p-irregular if there exists v > 1/2 such that w is (p,y)-irregular.

The time regularity of this Fourier transform, measured by the Holder exponent ~y, will also
be crucial in our analysis. The notion of p-irregularity is also relevant to the boundedness of T%
in other functional spaces, for example we easily see that for all o € IR

T3 f = T3 [l raromay < (12 wer [t = s 1| e (may

where HY(RY) = FL*2 are the usual Sobolev spaces on R? and in general similar inequalities
holds in Fourier-Lebesgue spaces FL*P of arbitrary integrability p € [1,+oc]. However the
notion of p-irregularity seems not enough to control the boundedness of the averaging operator
in Besov spaces.

The limiting value 1/2 for v seems not have any special meaning, as far as the occupation
measure is concerned, however if v > 1/2 we are able to develop a quite simple integration theory
for the averaging operator using Young integral techniques and quite surprisingly it turns out
that this is sufficient for the purpose of this paper. Indeed a proof similar to that of Theorem 2.1.1
gives the existence of (plenty of) perturbations w which are p-irregular :

Theorem 2.1.4. Let (B )i>o be a fractional Brownian motion of Hurst index H € (0,1) then
for any p < 1/2H there exist v > 1/2 so that with probability one the sample paths of B qre

(p,~y)-irregular.

In particular there exist continuous paths which are p-irregular for arbitrarily large p and
thus paths which deliver an arbitrary degree of regularisation. Using well known properties of
support of the law of the fractional Brownian motion [r Jeference it is also possible to show that
there exists p-irregular trajectories which are arbitrarily close in the supremum norm to any
smooth path.

As a direct corollary of Theorem 2.1.4 we have the boundedness of T in the Lebesgue—Fourier
spaces FL:
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Corollary 2.1.5. Let H € (0,1) and p < 1/2H. Then almost surely wrt the law of the fBm of
Hurst index H we have that for all 0 < s <t < T the averaging operator T" is bounded from
FL* to FLYP and satisfy

1T — TN orre Frate)y < Cupqyplt — 8|7
or some constant Cy, ~ , which depends only on w,~y, p. This means that
V5P
TV € C7 ([0, T); L (FL*, FL*P)).

One of the contributions of our work is the observation that the regularity of the occupation
measure of w seems to play a major role in the understanding of the regularising properties of w
in a non-linear context and it would be desirable to understand more deeply the link of the notion
of p-irregularity with the path-wise properties of w, for example linking them to the notion of
true roughness appearing in the literature on densities for differential equations driven by rough
paths [33].

It would also be interesting to study more deeply the notion of irregularity for “generic”
continuous paths (for example in the class of Holder continuous paths). Indeed, set aside the
classic contribution of Geman and Horowitz [37] mentioned above, the authors are not aware of
any systematic study of occupation measures of random processes from the point of view of their
action on spaces of functions or distributions, topic which seems central to our analysis.

An open problem is, for example, understanding what happens if we replace w with a reg-
ularised version w® or with a perturbed version. In this respect we conjecture that if w is
(p,y)-irregular then for any smooth function ¢ € C([0, 1];R?) the perturbed path w? = w + ¢
is still (p,~y)-irregular. In relation to this last problem we have obtained the following general
result:

Theorem 2.1.6. Let p € R and ¢ € CP([0,T); RY) with 1/2 < B < 1. Then if w is p-irregular
the path w? = w + ¢ is (p — 1/2B)-irregular. Moreover for v > 1/2 we have

T4 fll o (o, 21,co+0-1/20) ST83 1T Fllers o, zycotm) [0lles

and in particular if T% € C7 ([0, T]; £ (C*;CoTP¥)) then TV € C7 ([0, T]; £ (C*; C“+p—1/2ﬁ)).

In particular the irregularity property is preserved at the price of a loss at least 1/2 in
regularity (which happens when £ is close to 1).

If w is sampled according to the law of a fBm and if the perturbation ¢ is adapted to the
natural filtration of w then it is possible to exploit the quasi-invariance of the fBm measure wrt
adapted shifts to prove the irregularity of the perturbed path without any loss on the irregularity
exponent:

Theorem 2.1.7. Let BY be a fBm of Hurst index H € (0,1) and let ® : [0,T] — R? be an
Hélder continuous process which is adapted to the natural filtration of W. Then, for allp < 1/2H
almost surely the process W® = W + ® is p-irregular and for any f € C*

W+o
HT M fHC"/([O,T};Ca-&-pﬂ/)) < +0o0

almost surely.

38



The disadvantage of this result is that the exceptional set where the irregularity property
fails depends a-priori on ® and this poses problems in applications to path-wise results valid for
a large class of perturbations (for example smooth and adapted ®).

One of our aims is to apply these results on the averaging properties of paths w and of its per-
turbations to the study of existence and uniqueness of solutions the ODE (2.1) for distributional
b. Two main situation will be considered

1. b € C* (or b € FL®) for some a > 0. In this case b will be a bounded continuous function
and the ODE (2.1) has a natural meaning and allows for continuous solution, we will then
consider the related uniqueness problem and the existence of a Lipshitz flow.

2. beC* (or b e FL%) for some o < 0. In this case even the appropriate meaning to give to the
ODE (2.1) is not clear and we will investigate this problem and the related well-posedness
and continuity issues.

In the case a > 0 we have the following results:

Theorem 2.1.8. Let b € C(RY) and assume that 1Tl o (fo,my,c3/2y < 400. Then for any

zo € R? there eists a unique continuous solution x € C([0,T];RY) of the ODE (2.1) and the
flow map xy — x; of the equation is locally Lipshitz continuous in space uniformly in t € [0, T].

Theorem 2.1.9. Let b € C* and assume that o > 1 —1/2H. Then for any xo € R there exists
a measurable set of perturbations Nz, C C([0,1];R?) which is of zero measure with respect to
the law of the fBm with index H € (0,1) and such that, for all w ¢ N 4, there exists a unique
continuous solution x € C(]0,1];R?) of the ODE (2.1).

As we already remarked, in the case where b € C* for a < 0, the ODE (2.1) is not well
defined since in general the evaluation of the distribution b along a continuous curve is not
possible. However if we take into account a particular class of continuous paths we can show
that this coupling has a meaning. A suitable class of continuous functions is given by a space of
paths which are perturbations of w:

Definition 2.1.10. The space QY of (w,y)-controlled paths is the space
QY = {z € C([0,1;RY) : (z — w) € C7([0,1; RY)}.
Then for controlled paths we can prove the following result.

Theorem 2.1.11. Letb € S'(R% R?) and assume that ]]wa||m([0 Ty co) < 00 Let p € S(RY)
be a positive function with p(0) = 1 and let p.(x) = e~ %p(x/e). Then, for all x € QY,

lim [ (pe*b)(zs)ds =: /0 b(xs)ds (2.4)

e—0 0

exists uniformly in t € [0,T], is independent of p and extends the usual definition of the r.h.s.
for smooth b. Moreover the function t — fot b(xzs)ds is Hélder continuous of exponent 7.
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Theorem 2.1.11 allows to give a natural meaning to fg b(ws)ds for all z € QF and from this
we can say that x € QY is a solutions of the ODE (2.1) if

¢
Ty — W = / b(zs)ds
0

for all ¢ € [0,1]. That is the ODE has a meaning not in the space of all continuous functions, as
it was when b is a function, but in the more restricted space of functions which can be seen as
“not too irregular” additive modifications of w. In this context we have natural generalisations
of the Theorems 2.1.8 and 2.1.9 provided we restrict the space of allowed functions to QY

Theorem 2.1.12. Assume that ||T*b|| (o 1y,c3/2.0) < +00. Then for any o € RY there exists
a unique continuous solution x € QF of the ODE (2.1) and the flow map xo — x; of the equation
is Lipshitz continuous uniformly in t € [0,T].

Theorem 2.1.13. Let b € C*t! and assume that o > —1/2H. Then for any xo € R? there exists
a measurable set of perturbations Nz, C C([0,1];R?) which is of zero measure with respect to
the law of the fBm with index H € (0,1) and such that, for all w ¢ Ny 4, there exists a unique
continuous solution x € QY of the ODE (2.1).

Note that Theorem 2.1.12 and 2.1.13 are applicable also when « > 0. In this case existence
of solutions is simply a result of a compactness argument in C([0, 1]; R?) and given a continuous
solution it belongs necessarily to QY so, in this case, Theorem 2.1.12 and 2.1.13 are natural
generalisations of Theorems 2.1.8 and 2.1.9.

When w is sampled according to the law of the fBm with Hurst parameter H Theorem 2.1.12
give the following corollary

Theorem 2.1.14. Fiz H € (0,1) and assume that b € C*3/2 for some a > —1/2H. Then there
exists a measurable set of perturbations N| C C([0, 1]; R?) which is of zero measure with respect
to the law of the fBm with index H € (0,1) and such that, for all w ¢ ./\/1 and for all o € RY
there exists a unique continuous solution x € QY of the ODE (2.1) and the corresponding flow

map @y : xo — x4 is locally Lipshitz. Moreover the exceptional set Ny can be chosen to be the
same for all b € FL*.

An interesting consequence of Theorem 2.1.14 is the fact that if one consider the ODE (2.1)
as a strong SDE (that is an equation for stochastic processes adapted to the filtration generated
by the process w) and if w has the law of the fBm of index H then we can allow general random
b € FL® and still retain uniqueness under the regularity conditions of the theorem. This was one
of our main motivation to introduce the scale of Fourier-Lebesgue regularities (FL%) . Similar
results for the Besov scale (C*),, are not known since we are not able to prove the corresponding
mapping properties for the averaging operator T%. Note that even in the case of the Brownian
motion this was an open problem [30] since the standard approach using stochastic calculus
cannot be applied in this case. Allowing random b could open the way to the study of a general
class of stochastic transport equations where the drift itself depends on the solution.

The key to obtain these results (the existence part when o < 0 and the uniqueness part for
a > 0 or a < 0) lies in the fact that in all cases the ODE (2.1) is equivalent to an equation of
Young type (YE) of the form

0 = 0o + /0 X (0) (2.5)
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where here X : [0,1] x RY — RY plays the réle of a time-varying, integrated, vector field and
0y = x4 — w; is the perturbation which by the hypothesis z € QY belongs to C7([0, 1]; R%). The
integral operation featuring in (2.5) has to be understood as a natural non-linear generalisation
of the Young intergal [75]| defined as limit of Riemman sums:

¢
/0 de(es) = \1111\130 Z Xti,twrl (etz)
where X, (z) = Xi(x) — Xs(x). In the case of the ODE (2.1) the integrated vector field X
corresponds to the average of the original vector field b given by X(z) = Tj%b(x) for all ¢ € [0, 1]
and 2 € R? Young differential equations of the type (2.5) are used also in [14, 14] to study
the regularisation phenomenon for some non-linear dispersive equations. The theory of such
equations is very similar to the theory for standard Young-type equation but for the sake of the
reader we rederive here the main results in our slightly non standard setting.

This paper is then divided naturally into two parts: in the first we study the non-linear
Young integral and the YE (2.5) and derive the results announced above about existence and
uniqueness for the ODE (2.1). In the second we analyse the averaging properties of fBm sample

paths and apply the results to the study of the regularisation phenomenon for eq. (2.1) driven
by fBm paths.

2.2 Notations

Several functions spaces are involved in the rest of the article. In this section we define those
spaces, and specify some notations.
Let 9, ¢ € D be nonnegative radial functions such that

1. The support of 1 is contained in a ball and the support of ¢ is contained in an annulus;
2. 9(8) + 250 p(277¢) =1 forall € € R

3. supp(¥))Nsupp(p(277-)) = P for i > 1 and if |i—j| > 1, then supp(x(2~%))Nsupp(p(277.)) =
0.

For the existence of ¢ and ¢ see [5|. The Littlewood-Paley blocks are now defined as
A_ju=F YpFu) and forj >0, Aju=F(p(277.)Fu).

The Aju are smooth function with Fourier transform with compact support. We define the
Holder-Besov space C* by

C*(RLR") = B oo (R RY) = {u € SRR : [lulla = 12714 ul)sl0 < 00}

While the norm ||.||, depends on the choice of ¢ and ¢, the space C* does not and each choice
of ¥, correspond to an equivalent semi-norm on C%. If o € Ry — N, then the space C% is
the space of [a] times differentiable functions , whose partial derivatives up to orderer [a] are
bounded, and whose partial derivatives of orderer [a] are (o — [a])-Holder continuous. Note
that we have the following continuous embedding, for o/ < o then C* € C% and |Julo < [|ula-
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When f € C([0,77,C%), we denote abusively || f|lo = super ||u(t,.)|la. When o > 0, the space
C* = BY% . is the space of bounded Holder continuous functions, indeed, for m € N\{0} and

00,00

m — 1 < a <m, when we define [f], = sup,, |f(z) — f(y)|/|z —y|" for v € (0, 1] and
C*={f R = R [|flloo s + [D™ " flm—v < +o00}.

Furthermore |.||o and || f||co + [f]m—a are equivalent norms. We will indifferently use either one
or the other. We will also need some localised Holder spaces described as follows:

Definition 2.2.1. Let v € [0,1). A weight is a continuous non-decreasing function ¢ : Ry — Ry
such that for ¢ > 0, there exists a constant C,, > 0 such that

A v-weight is a weight such that

—(1-v)

x Y(x) — 0.

T—+00
Hence, the weighted Holder spaces are defined in that case as

Definition 2.2.2. Let ¢ a weight and v € (0,1] and V and W two Banach spaces. The -
weighted Hélder space of index v is the space C*%(V, W) defined by

O @)~ f@)lw
W) {f Coo :Ulow = S0 gy + ) = T

with the usual extension when v > 1.

To simplify the notation, we introduce also the following spaces related to time dependent
nonlinear mappings between Banach spaces V and W.

Definition 2.2.3. Let 0 < 7,v < 1 and ¢ a weight. Let I = [0,7] and V and W two Banach
spaces. For alln € N any G: I x V — W we define

[[G]] » = sup sup ‘Gsvt(x) B Gs,t(y)’
R s#t xF#y |t - SW’x - y|”¢(|$’ + ’y‘)

and
‘DnGs,t(O)’

n
G =[D"G + sup
|Gl = 10" Gl + 3 _sup ==

CrmH ([ VW) = {G € L™ (I;CW(V, W)) [Tl — oo} .

When V = W we write C?7*¥(I,V,V) = C?"¥(I,V). Furthermore, when it is not ambiguous
we only use C""¥. When 1) = 1 and there is no ambiguity, we only write C7*.

As stated in the introduction, in order to have estimates for the averaging operator T* which
will not depend on the functions f, we introduce the following Fourier—Lebesgue spaces
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Definition 2.2.4. Let o € R and
Noglf) = [ F P 1+ Iy

and FL¥P(RY) = {f € S'(R?) : No(f) < 0o}. Then N, is a norm on FL¥P(R x R?). When
p =1 we only write FL* and N,.

When a > 0 and f € FL® implies that f is in L; and f is bounded continuous function.
Furthermore if o > 1, f € FL® is globally Lipschitz continuous in the second variable. Further-
more for a € (0,1), f € FL* is globally Holder continuous in the second variable. Note that if
a < 0 the vectorfields are only distributions.

Remark 2.2.5. An easy computation gives FL* C C* for all @ € R, and for « > 0 and ¥ a
weight, C% C C4Y.

It is natural to make some approximations in C* and in FL®. Thought the quantity >, A; f
does not converge in C%, it converges in all € with o/ < a, which gives the following lemma :

Lemma 2.2.6. The sequence (T<nu)n>-1 = (D_;<y Dju)n converges to u in c foralld < a.

Furthermore, for all o, m<n f FLe, f for f € FL“.

Finally if G : [0,7] x R? — R% we let Gs(z) = Gy(x) — Gs(2).

2.3 The non-linear Young integral and Young-type equations

As already said, we intend to study the ODE (2.1) where w : Ry — R? is a continuous
function (with wy = 0) and b : R x RY — R? is a (time-dependent, distributional) vectorfield.
We think w as a very rough function whose oscillations dominate in small time scales the effects
of the integrated vectorfield b. In this situation the function  behaves at small scales very much
like w and the effects of b are seen only via a average over these fast oscillations. All this will
cooks up some regularisation effect which will allow to prove existence and uniqueness even when
the vectorfield b does not enjoys sufficient space regularity.

To highlight the effect of the translations induced by w on the flow of b let us introduce the
change of variables 6; = x; — w; so that the above equation now reads:

t
0; = 6y + / b(ws + 05)ds.
0

If we believe that w oscillate faster than 6 then it seems reasonable to approximate the integral
in the r.h.s. by a sum over a partition tg = 0,...,t, = t of [0,¢] where we have fixed the
parameter at the initial time of each segment:

t n—1l i n—1
/ (s, w5 + 05)ds =~ 3 / (s, w0 + 0u)ds = 3 (T, D)(0r). (2.6)
0 i=0 7t i=0

w w w
where T(", = T} —T".
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Under appropriate conditions the expression on the right hand side of eq.(2.6) will have a
well defined limit as the size of the partition goes to zero and it defines a kind of integral which
we naturally denote by

t
| @ —hmz T 1b)

and will enable us to set up an alternative formulatlon of the above ODE as an integral equation
involving the time-dependent integrated vectorfield Gy = T{’b which is an averaged version of b.
The integral appearing in this equation is a kind of non-linear Young integral [75]|. Existence and
uniqueness of solutions for equations involving Young integrals are by now standard [61, 41, 34|
and easily extended to this context as shown below. In particular the equation

t
0, = 0y —l—/ Gds(gs
0

will have a solution § € C7([0,T],R%) (the space of y-Holder continuous functions on RY)
provided (z,t) — G¢(x) is a y-Holder function of time, locally Lipshitz in space with v > 1/2,
that is

Goi(2) = G ()| S |z —yllt — s"0 (] + [yl)

for all z,y € R? and 0 < s < t < 1. Note that some space regularity is already needed to have
existence (to be compared with the classical setup where bounded vectorfields are sufficient to
existence).
A strategy to prove uniqueness is to consider the difference between a solutions x and a

solution 2’ of a similar equations

t

o =a0+ [ Ghulal)
0

It is the necessary to estimate the difference

(2 — ) — /Gdu 2y) — G (27,)

To deal with such an estimates, we will need an averaged translation operator 7/Gy:(2) =
fst Gau(fu + 2) in order to have an equation on x — 2.

In order for these estimates to be useful we need a way to link the regularity of the original
vectorfield b with its averaged version 73%b along an arbitrary continuous path w.

Theorem 2.3.1. Assume that for o € R, f — TYf is defined on the whole space FL*™ for all
v > 0. Assume also that there exists v > 1/2 such that for all v > 0, there exists a v-weight 1)
such that T™ maps CtY into CV¥. Then there exists a solution 0(xq) € CY([0,T],RY) to the
Young-type equation

(o) = w0 + /0 (T0)(0s(x0))

for any b € C*tY for v such that (1 +v) > 1. Ifb € C**2 (or a+3/2 > 0 and b € C*3/2) this
is the unique y-Holder solution to this equation, and for all t € [0,T], the flow map xo — 04(xo)
1s well defined and locally Lipschitz continuous, uniformly in time.
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Remark 2.3.2. To prove such a theorem, we need the two hypothesis about T%. The first one is
that this application is well defined. This will follow either from the definition of the application
(when o > 0) or from section 2.4. The second one is to prove that 7% maps C* into C7**¥. We
also need a theory of integration for vectorfields in C*'¥. In the next section we will build such
a theory.

When a > —1 the vectorfield b € C**! is continuous and the solutions are simply solutions
to the classical ODE

t
0; = 0 + / b(u, wy, + 0,)du
0

In the case that a < —1 the vectorfield b is a distribution and the previous ODE does not make

sense. In that situation the natural meaning of these solution is the following. Let b, = m<,b
for b € C* then

/Ot bt wy + O )du = /Ot( ) (0s) /Ot(legb)(es)

by continuity of the Young integral and of the averaging with respect to the norm of FLYH!.
Then 6 solves the equation

t
0; = 0o + lim/ by (w, wy, + 0y)du
mJo
where the r.h.s. is well defined for any § € C7([0, 7], RY). At this point we can identify

¢ ¢
/ b(u, wy + 6,)du = lim/ by (w, wy, + 0y)du
0 nJo

and give meaning to the ODE with a distributional drift b.

Remark 2.3.3. When the vector field b is in F L%, the limiting procedure does not depend of
the choice of the sequence. That is the principal reason of the introduction of that spaces.

One of the aims of this paper is to show that the above program can be carried on successfully
in the case of w given by a sample path of a fractional Brownian motion B¥ of Hurst parameter

H e (0,1).
2.3.1 Definition of the Young integral

We define now the Young integral [75, 61, 41| for non linear operators.

Theorem 2.3.4. Let v,p,v > 0 with v+ vp > 1, a v-weight ¢, and V and W two Banach
spaces and I a finite interval on R. Let G € CY"Y(I,V,W) and f € C°(I1,V). Let s,t € I with
s <t. Then the following limit exists and is independent of the partition

t
/ Gdu(fU) = lim ZGtmtiH(fti)

IIpartition of[s, ]

[ =0 !

Furthermore
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1. For all s < u <t with s,u,t € I we have

/ G = / Ga () + / "G,

t
/ Gar(fr) = Gsi(fs) . < CopulGlywslf T 11t = s 2 ([ flloo,)-

3. Foralls <tel and R > 0, the map (f,G) — fst Gar(fr) is continuous as a function of
({g € Cp(Iv V)a ”g”%[s,t] < R} ) ”'Hoo,[s,t}) X (C%Vﬂﬁ(]’ Vi W)7 H'H%WJJ) onto W.

Proof. Let s,t € I with s < t be fixed until the end of the proof. Suppose first that G is
differentiable (in time) and G’ € CY¥(I,V,W) and G € C""*¥. For simplicity, in all the proof
we write ||G|| and [G] instead of ||G|,,» and [G],,.5. Then we define for s <t

¢ ¢
[ Gatt = [ Guthdu = 1u(£.6)
and also define Js((f, G) := Is+(f,G) — Gs+(fs). For u € [s,t] we have

Js,t(fa G) — Js,u(fa G) + Ju,t(f, G) + Gu,t(fu) - (SGu,t(fs)

hence, forn > 1,7 € {0,...,2"} and ] = s + (t — 5)i27",

2" —1 n 2k—1
st f7 Z Jt" N +Z Z th L th, ftk 1) o Gtgi—l’tgi(ftg(i—l)))
k=1 =1

But, as G is smooth, the following computation holds
fi ! !
e, (1O < [ 16U~ Culfp)lwdu

£
N /t UG vl fu = Flw(1ful + | fop D

i

< 2 wlos / It = 221 lloo )l
< 9—(1+vp)n
hence
2m—1
Z Tz, (£,G)| S27"° = 0
and then
oo 2F—1
ot (f.G Z Z |G 1t ftk 1) N Gtgi—lvtlzci(ftlzc(i—1))|w.
k=1 =1
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For k> 1and i€ {1,...,2F — 1}, we have

Goe o (Fis )= Gy (e < IGNthi oy =851 fy | — fus 0S|+ 1

21—1°%2¢ -1 2i—1°"24 2(i—1) 1

S IGIIAD, o g (1 lloo fs.) |8 = s|7H7P27 OFv0k

)

21—2

Hence, the following bound holds

oo 2k—1
Z Z |G 22 17tk ftg; 1) téz 1 tk (fté;(271))|w
k=1 i=1
oo 2kF—1
S (Gl Hfﬂy,[s,t]¢(HfHoo,[s,t])’t — 5Pty Z Z o—(vt+vp)k
k=1 i=1

2—(1/p+'y—1
ST oD

[GILAT s U1 Nlow s, )1t — 817777

The result is proved for smooth G. Let us now G € CV¥(I,V,W) and f as wanted. Let G"
smooth as above such that G¢ ,(fs) — Gs(fs) asn — oo; for all o/ < v limy 00 [|G—G" [y, =
0 and for all n > 0, [|G"|lyve < [|Glyp,p- As Iy is linear in the second variable, we have, for

v <

[Jsa(£,G™) = Jou(£, G w = |Joul£,G" = G™)|w
S [[Gn - Gn+m]]’Y/,V
— 0
n—oo

The sequence (Jg;(f,G™))n is Cauchy in W which is a Banach space. Let say it converges
to Jsi(f,G). Furthermore, the sequence G7%(fs) converges obviously to Gs(fs). Since the
following holds, Is.(f,G") = Je+(f,G™) + GS, (fs) the sequence (Is(f,G™)), converges to a
limit called I, (f,G). Furthermore,

st (f G)Iw Svp [Gullf Do s (Il lloo )t — 5777
S Gl llso)lt — 8772

and so does |Is(f,G) — Gs+(fs)lw. The Chasles property and the triangular inequality are
obvious with the definition of I. Moreover since I(f,G) is linear in G it is easy to see that the
definition does not depend on the particular sequence G".

Let us show that I, ;(f, G) is the limit of Riemann sum. Let Il = {s =ty <t; < ... <t, =t}
a partition of [s,t]. Let

n—1

SH = Z Gti,ti+1 (fti+1)

k=0

the Riemann sum corresponding to this partition. As Gy, .., (ft,01) = Lt 4o (f G) = 4,00 (f G)
the following equality holds

- st f7 thl,tl_‘_l f7
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Hence

n—1

1Sn = Lo (£, Dlw < > et (F. Glw
=0
n—1
S D [t =7
=0
< I 50 0

It remains to show the continuity of the map (f,G) — I(f,G). Take f, f',G,G" and assume
for simplicity that G(0) = G'(0) = 0 then

Li(f,G) = I (f',G") = [Lu(f, G) = Lu(f', G) + Lsu(f', G = G)
and
Li(f,G = G)lw < (G =G )su(fs) = (G—G)s2(0)lw
+[(G = G5 (0)] + | Js2(f, G = G)lw
S NG =Gt = s (fs (| fsl) + 1+ 1t = s["PLf] (1 fllo)
S NG =GNt = s LAY flloo) + 141t = s[PLfT (1 flloo))-
S NG =G = s @+ (£l l)-
Furthermore

IS,t(fv G) - IS,t(f/> G) = GS,t(fS) - Gs,t(f;) + JS,t(fa G) - JS,t(f,7 G)-

We have also

La(f,G) = Lo (f, Dlw - S NG = FllE 1 f lloo + 1 o)t = 5]
H(Ip U llso) + LT UL Nl DG IE = s[5
G = FUEL Sy + N o) = 5]
HULAIZR A L) + 1L IR AL TG — s

By partitioning the interval [s, t] in subintervals [t;, t;1+1] of size 27" and summing up the contri-
butions according to these bounds we obtain an improved estimate

1(£,G) = Ll £ @lw - S NGIIS = FIZb Al + 15120 = 57
UG ) + D16 1))@ - sz

AN

Taking n large enough so that

—vpn Hf - f,HgonZ)(HfHP + Hf,HP) —vp(n—1)
9—vpn <27V
S QAT + 1712 QP — s S

we have

1ot(f, G) = Lo (', B)lw S NGNS = £l + 11002077t = s
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which means that it is possible to choose n such that

|Is,t(f7 G) - Is,t(flv G)|W

/ / (HfH"?ﬁ(Hpr) + Hf’””@/)(”f’”p))‘t _ S‘V’O> u;;Y
S G = FIS _ g P p
S ONGHI = P ULl + L) 1E = s < = Pt 17

S MGIHIS = £l (o + 1 )Y 27072 e = |10 L L) + 115 1L)

and this allows us to infer the continuity of I(f, G). O

1=y
vp

Remark 2.3.5. It is easy to construct a suitable sequence (G")p>1. Let h : R — R be a
compactly supported, smooth positive function with integral 1. Define h,(t) = nh(nt) and
define for allv € V and all t € R

Gr(v) = / h(t — 8)Gs(v)ds = / i (5)Gy_s(0)ds
R R
Then G™ is as wanted. Indeed,

|G?,t(v) - G?,t(w)’W
< [ mal(Gir = Ga)) = Gy = Gy ) el
R

N

(éﬁumu—smv—wmwww+mwm

<Gy

t = s = wly(jo] + |w))

which proves that G € C7"¥(R,V,W)) and that [|G"||y.p < ||Glyr.e- Furthermore G™ is
differentiable and (G")" € CV*¥(R,V,W). As we can chose h, to be a good kernel, all the
properties required on G™ are satisfied.

Definition 2.3.6. The limit functional I defined in the last theorem is obviously an integral
and then we will refer to it as fst Gau(fu)-

Remark 2.3.7. Let ¢ € C'(I,V’) and f € CP(I,V) with v + p > 1, where V and V' are
(finite-dimensional) Banach spaces. Let W =V @ V' and for all z € V, G¢(z) = 2 ® g;. Then
G € CY(I,V,W) and the above integral is the standard Young integral.

Remark 2.3.8. The bound in Theorem 2.3.4 is

t
/ Gdu(fu) - Gs,t(fs)

S [Glywwlt = s L1011 lloo)-

But as [f], < [|flly and || fllce < (14 |I])]|f|ly and 9 is a weight, we also have this other useful
bound

t
/ Gau(fu) = Gs(fs)| S [Clywlt = s I15(1 1)

where the new constant depends on the length of the interval |I| and . In the following, we will
exploit these three bounds indifferently and without further notice.

49



We intend to solve differential equations driven by such G. Thanks to the definition of the
integral and the bound in Theorem 2.3.4, we are able to define the equation, prove the existence
of solutions and give an a priori bound on the norm of the solutions. Here we will use the notion
of v-weight, in order to control the growth of the norm.

Theorem 2.3.9. Let v > 3, v € [0,1) such that y(1+v) > 1 and v a v-weight as in Definition
2.2.1. Let G € Cv¥([0,T],R%) and x € R There exists a solution to the non-linear Young
differential equation

t
91& = 90 + / Gdu(eu)
0

Furthermore, there exists two universal constants Ky and Ko depending on v,v,v¥ and T such
that

1/vy
100l o) < K1 (1 + |G ly0) <2100 (18] + 1)

and
~ - 1/vy
16111007 < KGNV (1 4 |Gl ) 21 (14 160 ).

Proof. Let us first deal with the existence of the solutions. Let to € I = [0,7], K > 0 and
0 < S < T to be specify later. Let J = [to, (to +5) A T] and let us define for all x € V,

Cop ={0 €CT(J) 2 0y = 2, [|0]]4,0 < K}
and

V) = CUJV)
6 = a+ [, Gaulb)

By Theorem 2.3.4 the map ®;, ; is well defined. Furthermore we always have

q)toﬂf :

0] < 101o] + T [0, S 16114,

Hence for s < t € J we have

t
|5((I)to,x(9))8,t < / GdU(9u> - GS,t(QS) + |G8,t(95) - GS,t(O)| + |G8,t(0)’
S
S NGl wplt = sTSTTNO15, s (10]]5,0) + 16572 (105]) + 1)
S NGyl = sT(STTNONS, 2 (10]15,5) + 162720 ([60]) + 1) (2.7)

Now take 0 € Cy, s,

[®t0,.2(0)]y.s < [IGIL(S”O15, 54 (1l6]

v.a) + |2y (|x]) + 1)

But since v < 1 and ¢ i a v-weight,, there exists a constant C,,y such that [|0]]2 ;4 ([|0],,/) <
Cy(1 4+ |z|). Hence, there is a universal constant C' > 0 such that

1@t0,2(O)ly.s = [Pt0,0 ()]s + 2] <[] + ClGIL(S*0],0 + |27 (|]) + 1)
For S such that C||G|,S*Y < 1/2, and for K > 2{|z| + C(|z|"¢(|z]) + 1)}, we have

1Ptz (O)l5.0 < K-
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Then &4 (0) € Cy, o, moreover by the property of the Young integral the map ®y, , is continuous
on Cy, . for the norm ||.||og ity (tg+1)A1)- By its definition Cy, . is immediately a closed convex set
of C%(J). Let us show that ®y, ,(Ct, ) is relatively compact in C°. It is obviously equicontinuous
as || ®4.2(0)|y < K and relatively bounded as |®y, »(0)¢| < |z| + KY(K)(t — t9)?. Hence by
Ascoli theorem @y (Cy, 2) is relatively compact. Thanks to Leray-Schauder-Tychonoff fixed
point theorem, there exists 6% such that 607 = &, ,.(00%) = z + ftz Gau(02"). We then
construct by induction a solution on the whole interval. For n such that n.S < T let §° = §%%o
and 0" = 995" Let us define 60, = 07 if t € [nS,(n+ 1)S]. By an immediate induction, 6 is
solution of the equation 6; = xg + fg G4u(0,) and then is obviously in C7.

We have all the tools to bound the norm of a solution of the equation. Again take to and

S to be specify lated, and 6 a solution of the non-linear Young differential equation. And take
J = [to, (to + S) AT]. We have

t
160, < / Gan(02) = Got(0)| + |Ga(8s) = Go(B1)] + |Gt (6rg) — Gos(0)] + |G (0)]

S 1= sPMGlywp (STIO15,50101,0) + 102" (10k]) + 1)

hence
[6151t0.t0+51) S NGl (S N6, 40 (116

Let S such that C||G||5,.,»S"" < 1, and we have
1611 t0,t0+51 S [10115,2(116

As x — x¥1(x) is sub linear (as before), there exists a constant depending on v and v such that

[7.7) 4 102" (101]) + 1)

7,7) 16t | + CllGlly,0,001"1(101]) + ClG]l,

161l t0.t0+5] Svap L+ 10k0] + |Gl 020" (1015 ) + Gl

There also exists a constant C such that

wto‘yw(’gto’) < C+ ’0t0|

and
1011+, t0,t0+5) < (1 + 1Glly00)100] + CUG 100 + 1) (2.8)

From this we deduce
0] <101 — O | + 101o| ST 101ly,5 + 1016 ] S (L + |Gl 0,0) 08| + (Gl + 1

and then

10lloo,s S (141Gl w0020 + 1G5 0 + 1.
Now let n such that S = T/n and 1/2 < C||G||T*'n" < 1 hence n > T(C||G||)*/*" and we
have for J; = [iT/n, (i + 1)T/n|

19ll0,7 S (L + Gl )Oll oo,y + G

‘%wﬁ +1

and
10]lcc,00 < (1 + (|G|

77V7w)|00’ + HG”%VJP + 1
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Hence ‘ '
[10llco,7; S C* (1 + [|Glly ) (X + [|Gllyw) 00| + |Gy + 1)

and finally
1/vy
18]l 0o 0.77 < K1 (L + |Gl ) 1w (164 + 1)

where K7 and Ko are two universal constants depending on v,y,% and T. From the equa-
tion (2.8), we can deduce, with the same induction argument, that

16

o) < 0ol + CIGIY T((1 + Gl ) 10]lcoo,1) + IGlly + 1)
and the result follows. O

Remark 2.3.10. The bounds on the solutions of the differential equation allows us to get ride
of the v-weight 1. Indeed, we have, for a solution 6 of the non-linear Young equation we have

1/vy
18]l 0o 0.77 < E1 (L + (|Gl w) N0 (16 + 1),

1/v
»y,u,w)K”G”W’L(R + 1). Hence, it is

Then for R > 0, and 6y € B(0, R) [|0]|sc,j0,r) < K1(1 + [|G]
enough to consider the localised norm of G
|Gs.:(0)]

G -G
||G‘|ﬁl, — sup sup ‘ s,t(ﬁﬂ) _ s,t(y)’ + sup
thsel opyeB(0,RGE) [T — Y[V [t —s[T g [t — s

where

1/v
RN = K (14 Gl ) < (R 4 1),

From now we will ourself on bounded G, namely G € C"", and we will extend the results to
C7¥ thanks to the previous remark.
2.3.2 Uniqueness of solutions
Comparison Principle

From now, thanks to remark 2.3.10 we can restrict the study of the properties of the solutions,
their uniqueness and their regularity w.r.t. the parameters for bounded G. Hence, we define the
following space

n
cymt = {G eC™ |Gy = [D"Glyw + > s, D G ()| /|t = 57 < +00} :
k=05 xe

As there will be no ambiguity in the following, we will usually avoid to mention explicitly the b
in the norm on that space. Those spaces are nicer than the whole space C?" as there are natural
embeddings:

Lemma 2.3.11. Let 0 <+ <y <1,0< vV <vand Ge ().

1G]

b b
SIGIR.-

vV~
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Proof. Let z,y € R? s,t € [0,T]. For 0 < v </ < 1, we have

|Gs () — Gs ()] <|G8,t($) — Gyt

|z =y |z =yl
< 2= sPIGL L IGIS )
1-v/ b
S 27— sPGIS,

v v ,
(y)|> ’G&t(l‘) o Gs,t(y”lil/ /v

and the following bound holds

G L2 7)|all; -

'yu’_(

Furthermore, we also have

1
Gat(@) — Gusly)] < / dr[ DGy (r(z — ) + y)l|z — o]
< DG 1ilz — ylit — |7

and
IG5, <21DG5 14,

The general result follows by an easy induction. O

Remark 2.3.12. These embeddlngs allows us to state a result for the existence of the solutions
when G € C'Y’ with 7 > 1. Indeed, as for all v < 1, G € C;"” and ”GH"{V S ”GH«, 1, there exists
a solution (9 and the non-linear Young differential equatlon Furthermore, for all v < 1, there
exists a constant K5 such that

b l/u b 1/u
16llce < (1 4+ 1GI1%,) 2R (160 + 1) S (14 [|GI51) 2GR0 (16o] 4 1).

In fact, a deeper look at the proof of Theorem 2.3.9, allows us to get rid of the v, and state that
there exists a constant K depending on T and -~y such that

1/
[8lloc < (14 [1GI5, ) U0 (1] + 1),
and a similar bound holds for ||6]|,.

In order to study the properties of the solutions of the non-linear Young differential equation,
we intend to compare two solutions #' and 6. In the classical case (when G is differentiable in
time), we would have

t
ol 62 = (0 63) + /0 G, (6Y) — GL(62)du
t
— (o)) + / G (0L — 62 + 02) — G'y(62)du
0
t
= (0(1)—0(2))+/(792G) 0L —6%)d /G’ (0%)d
0
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where (75:G)(x) = fg G! (6% 4+ z)du. Hence §' — 62 solve a differential equation, but with a
translated and averaged function (752G) and a second member. In order to prove some properties
on the solutions, we then have to study this differential equation.

In the case of the Young differential equation, this strategy will be very profitable, we then
have to define the averaged translation and to study some of its properties. Hence, we define the
natural action of the additive group of C* paths on the integrated vectorfields C' € C)"”.

Definition 2.3.13. Let 7, v,p € [0,1] such that v+ pr > 1, G € " and f € C*. We define
the average translation of G' by f, and we write 7;G the following quantity

t
75G (1) +/0 Canlfu+ 7).

Due to the requirements of Young integration, the estimations for the translated integrated
vector-field 77G' show a loss of regularity quantified by the next lemma.

Lemma 2.3.14. Fory+vp>1landy+np > 1, f € CP and G € C;’”Jm we have ;G € CTY
and

75 Gllyw S G

(1 + (1 £115)

Proof. Suppose first that 7+ v < 1 Let 2,y € V and define G(z) = G(z + z) — G(y + z). There
is two bounds for the increments of G.

|Gst(21) = Gsa(22)] S [Clywilt — 5|z — y|" 7

and 3 .
Gsi(21) — Goi(22)] S [Glywiglt — s|7[21 — 22 F7.

Hence, by interpolating these to inequalities

|Gst(21) = Gsi(22)| S [Glywinlt = sz = yl"|21 — 22"
When 2 > n+ v > 1, we have

1
|Gst(21) — Gsi(22)] = /0 dr{DGs(r(z —y) + 21 +y) = DGss(r(z —y) + 22 +y) }.o —y

S [Glywnlt = sz — yllzr — 2o *77

and
Got(21) — Gop(22)| S [Glywnlt — s — y[" T 21 — 22

and again
|C~;8,t(zl) - GS,t(ZZN S HG]]%V—&-n’t = 8|7z —y|"|z1 — 22"
In the two cases, we have B
[Glyn S [Glywnlt = |7z — y[”.

Hence

t
71Gaa() — T4Garly) = / Gaulfu+ ) — Gaulfu +9)

St ) i )
< / Gau(fu) = Gealfe) + Gar(fe)
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Hence,

77Gst(2) = 77 Gt W] S [Glyn(IF15 +1) + |G fo)]
and as |G (fo)| < 2|t = s|[|G|y,0n,

[77Glse < (A +1).
Furthermore
(7 G) s / Gau(fu) = Gut(fo)| + 1Gsp(f) < NGllymlt = sP(IFI5 +1)
and by the embedding of Lemma 2.3.11, the result follows. O

The averaged translation is a suitable tool to control the difference of two non-linear Young
integrals, as soon as we have enough regularity to estimate the integral. The following lemma
state the estimation for generic functions.

Lemma 2.3.15. Let v,v,v/,p € [0,1] such that v+ pv > 1 and v+ pv/ > 1. Let f1, f? € C?,
G € C)"”, and suppose that Tr2G € C)". Then

o SNrp Gl TS = 215 + 1 = %)
00,[0,T

/ Gaul(f)) — Gau(f2)

and

[[/ Canl ) = Ganl 2 >ﬂ <Gl (U — P14+ 17— PIL).

7,[0,T7]

Furthermore when 1 =1 > 0 such that pn+~ > 1 and G € CTV' 1

o ST NG P = £+ 17 = £
00,[0,T°

/ Gau(fy) — Gau(f2)

Proof. 1t is an direct application of the definition of the averaged translation. Let s,t € [0,T],
by definition we have fst Gau(f2) = 7/2Gs1(0). Hence

/S Gaulfh) - / Gl f2)

N

t
/ T2 Gau(fL — f2) — T2Gor(fL — 12)

+|Tf2Gst(f fs)_TfQGst(ON
< TrpGlowlt — s (LY = F21plt — s + £ = f217)

Hence,
‘ Gau(fs) — Gau(f2) S IrpGlyw TV = 215 + 1 = F21I%)]
0 00,[0,T]
and
| [ Gt = ads]  STrpGlls - £1 + 15 - P,
7,[0,7]
For the second part of the lemma, we use the bound of Lemma 2.3.14. O
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We now ready to prove a comparison principle between two solutions. In order to keep a
high degree of generality, we do not use the estimation of the Lemma 2.3.14, but prefer to state
a general assumption for the regularity of the averaged translation of the first vector field.

Theorem 2.3.16. Lety > 5, v € [0,1] such that y(14v) > 1. Let G}, G? € CJ"", 01 (respectively
62) a solution of the non-linear Young differential equation driven by G (respectively by G?).
Suppose that Tp2G' € CV1. Then

1/
16" — 0||oo 0,17 < crel2 G T (162X 1 1)(168 — 6] + |G* — G?|l0).

Proof. Let tg € [0,T], S > 0 and define J = [to, (to + S) A 1]. For s <t € J we have

)

t
50" — %), = / TG (6L — 02) — 72 G, (61 — 62)
"‘TGQG;,t(Q; - 9?) - TGQG;,t(O)
t
4 / (G — C?)aul62) — (G' — G?)us(67)

HG = G)st(07) — (G = G?)st(0)
(G = G?)s(0)

hence,

60" =05l S NGl llyalt — s|7(S70" = 0%] + |65 — 0]
HIG = G2yt = s (ST[O%D; + 1621 +1).

When (] is the universal constant in the previous inequality and for S small enough such that
1 < C1||792GY|4,157 < 3, there exists an other constant Cy such that

1
5(6% — 0%)a] < 51t — 5[ (10 — 61, + S7716% — 62)) + G| G — G2

t—s[7(S7]|6%])% + 1).

’Y,V
Hence
[0 = 6%])y < STN0" = 02||oc,s + C5|G" — G2l (|6%|1% + 1)
and
1 v
160 = 0%locs < (10" = 6lloo,s + 165 = 62]) + CallG" = G2l ST (162 + 1).
Finally

16" — 6%[loc,s < 2105 — 07| + C5[|G" — G2[1,, 87 (16%]15 + 1).
By the same gluing argument as in Therorem 2.3.9, we have

16" — 6*loc < 2516 — 3] + C5l1G" — G2y, ST (1625 + 1)

~

Remind that ; < C1[|72G' 1,157 < 3, and there exists two universal constants (depending on
~v,v,T) ¢1 and cg such that

1/v
16" = 621loe < creI2 G I (168 — 68] + G — G2 (6% + 1)

which ends the proof. O
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Uniqueness of solutions

We prove here the uniqueness of the solutions when G is regular enough using the comparison
principle given in Theorem 2.3.16. In order to use the comparison principle, we ask that the
vector field is regular enough (in space) and as stated in Lemma 2.3.14, we are able to estimate
the averaged translation if we accept a additional loss of space regularity. Furthermore, as we
will use uniqueness results in different context, especially in situation when we will have a priori
regularity properties for the solutions, we will give a pretty general theorem of existence, Theorem
2.3.17, and specialise it in the two following corollaries.

Theorem 2.3.17. Let v > 1/2, v € [0,1] such that v(1 +v) > 1 and G € C}"V. Suppose that
there exists a sequence (G). € C"" such that

i. For ally' <~ and dall, |G — G*||,, — 0.
ii. For alle >0 and ||G*||y, < |G|l

ii. For alle > 0 and all z € RY there exists a unique solution 65 for the equation
t
6i(a) =+ [ Ga(8i())du
0

. For alle >0, 19:G € C;’l and
sup || 79 G|4,1 < +00.
e>0

The solution of the non-linear Young equation driven by G is unique.

Proof. This theorem is a direct consequence of the principle of comparison of Theorem 2.3.16.
Let € R? an initial condition, and let # a solution of the non-linear Young differential equation
with initial condition x. Furthermore let G and 6° as in the hypothesis of the theorem. Take
+ <7/ < v such that (1 4+ v) > 1. Remark that we can apply the comparison principle to ¢
and 6° with 4/ instead of v, and as [|G%||y, < |G|y v S |G|y, We have

~ v /
)KzHGEW )

1 /
161y S NGEIRS (4 (1GE v v (1 ).

vV
’ Kl 1/Uw’
S NG (L4 [1G ) I (1 4 ).

But also

IS5 T9e G 1{7 e e ||V
16(z) — 0°(@)l|oo S ™Gt — ol 16°)1 + 1)

~

/ i l/V’yl - 1/~
S NG A+ (|Gl ) N9 (1 fa]yecIm Gyt — Gl .

As sup. g ||79:G||y,1 < +00, we have [|0(x) — 6°(2)|lcc —e—0 0. As 6° is unique, and since this
convergence holds true for every function 6(z) solution of the equation, the solution is unique. [

We can now use the averaged translation operator to establish uniqueness in the case where
we have a priori informations of the regularities of the solutions 6°.
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Corollary 2.3.18. Lety > 1/2, 6 > 0 and G € C;’Hn. Suppose that there exists a sequence
(G%). € C)M such that

i. Forallv" <~ and all, |G — G®||y1 — 0.
. For alle >0 and ||G®||y,149 < [|Gly,149-

i, For all e > 0 and all € R? there exists a unique solution 6° for the equation
t
0 (x) ==z +/ G5, (05 (z))du.
0

iv. There exists p > 0 such that np + v > 0 and for which for all ¢ > 0, 0°(z) € CP and
Suposg [[6°(2)], < +oo.

Then solution of the non-linear Young equation driven by G is unique.
Furthermore, when the function x — sup,~q |0°(x)||, is locally bounded in time, the flow
(t,x) — 0,(z) of the equation is locally Lipschitz continuous in space, uniformly in time and

1) = 6(w)ll £ exp(C(L+lor(1 + Gl an) + (up [0 W)V IGI o)l = ] + ).

Proof. Condition i., 4. and #ii. are the same of those of Theorem 2.3.17. We only have to prove
that the point . of Theorem 2.3.17 is satisfied. But thanks to Lemma 2.3.14, we know that
T9-G € Cb%l. Furthermore

70 Gill1 S 1G4 (10115 + 1) S 16 1y an((sup 16,7 + 1),
3

and the uniqueness follows by Theorem 2.3.17. Furthermore, for y € R? since ||G%|y145n <
|G|l~,14n, we have

1702 ) G" Il S HG5H%1+77((5218 16]0)" +1) S ||G”%1+n((sglg 16°]1,5)" +1)-
3 3

Since sup.q [|G®||5,1 S ||G]ly,14n We have, thanks to the a priori bounds for the solutions of
Theorem 2.3.9, and Remark 2.3.12, that

16°@)lly S 10llso S (14 [1Glly 1) KUETe0 ™ (fy] 4 1),
which implies
16°(2) = 6°(y)lloo < exp(C(1 + log(L + [|Glly,140) + (S‘;E 16° @) MG T )l = wl (] + 1),
&

the conclusion the easily follows when we let € goes to zero. O

Remark 2.3.19. Suppose furthermore that for all ¢t € [0, 7], z — 65 (x) is differentiable in space.
Then

sup |DO; ()| < exp(C(1 +log(1 + [|Gll5.144) + (Sglg 16°@) )G ) (2] + 1)
3 3
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Finally, we state the more general results of uniqueness, where all the needed informations
are the regularity of G.

Corollary 2.3.20. Let v > %, v € [0,1] such that v(1 + v) > 0 and suppose that G € Cg’yﬂ,
then there exists a unique solution 6(x) for the non-linear Young equation with initial condition
x. Furthermore 0 is locally Lipschitz continuous in space uniformly in time.

Proof. We only have to check the conditions of Corollary 2.3.18 with v = n and v = p. Let G¢ €
C7+7 such that the time derivative (G*)' exists and lies in C;"'*”, and such that [|G®|,14» <
|G|y, 14+ and for all v/ <, |G — G%||4/,14» — 0. In that case, 6°(x) is the solution of

0°(x) = + /0 (G2 (05(a))dr = + /0 L (05()).

As G*F € C; ’Hy, 6% is unique and furthermore 6° is differentiable in space, and the differential is
the solution of the following equation

t
D6 (z) = id+/ D(GS) (6 (z))dr.
0
Thanks to Remark 2.3.12,

b 1/
16°(2) oo + 165 (@)1l S (1 + [GII% )R (2] + 1),

Hence x — sup, ||6°(x)|| is locally bounded in space. All the conditions of the Corollary 2.3.18
are fulfilled, and the result follows. O

2.3.3 Localisation of unbounded vectorfields.

In order to give a complete survey of the question, we need to go back to the weighted spaces
CY*¥ and to state the following theorems in that case.

Let v>1/2, v < 1and y(1 +v) > 1 and ¢ > 0 a v-weight. Let r > 0 and r = K (1 +
||GH271)K2(”G”271)1/7 (r+1), where K7 and K> are define as in Theorem 2.3.9 and depend on . As
we intend to use the averaged translation operator, and since any solution lies in balls of radius
R, we need to localize G on balls B of center 0 and of radius 2R. We then let G| € C;""([0,T], B)

the restriction of G on [0,7] x B. We have of course HG|RHf’W S Y(2R)|| G|y Furthermore,
as all the arguments hold locally, as they do all the estimations for x,y € B(0,r) in the previous
section.

When v = 1, it is necessary to have the existence and a bound for the solution in order to
localised. As this holds only for v < 1, the good hypothesis is that there exists v < 1, z; a
v-weight such that G € CY*¥ N C»¥. In that case, we are again able to localised and to use

the result of the previous section. The following theorem holds:

Theorem 2.3.21. Let v > %, 1>v>0withy(1+v)>1 and ) a weight. Let 1 < V' < v with

V' <1 such that y(1+1') > 1, and ¢/ a v'-weight. Let G € C?V*'¥' NCT"¥. For all x € RY there
exists a solution 6(x) € CY([0,T]) to the equation

Gt(m):x+/0 Gau(00).
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Furthermore, there exists K1 and Ko two constants depending on v,V and v’ such that

1/v~
)K2”GH%V’¢W (1 + ‘:UD

1611 0.1 < Kl GV (L4 Gl
1/ KllG)MY,
Let r > 0, R = Ki||G[[/"7(1 + |Gl ) ' (14 |r]) and B = B(0,2R). Let us take
G eV nermy such that |G|y vy < |Gy, suppose furthermore that for y € B(0,7),
Té(y)G € CVYY where 6 is the solution of the following equation

Buy) =y + / Gau(G).

Then

_ 1/ ~
16(z) — () oo < @(R)e# PN I 0 (|2 — | + |G = Glly)
where o(R) = (R+ 1)y(R).

2.4 Averaging of paths.

We turn now to the study of the averaging operator T% proper. One of our main results is a
proof that fBm paths are p-irregular for any p < 1/2H and as a consequence that the averaging
operator T is bounded from the Fourier-Lebesgue space FL® to C7FL*" for any o € R and
for almost every fBm path w. This result was one of our main reasons to look at the scale of
Lebesgue-Fourier spaces.

For the scale of Besov spaces (C*), we were unable to prove similar results and we limited
ourselves to study the averaged vector-fields T f for fixed f € C.

In this section we will first study the almost-sure irregularity of fBm paths. This study
proceeds in two steps: first we use well known chaining arguments (essentially going back to
Kolmogorov lemma in the form given to it by Garsia—Rodemich and Rumsey) to go from supre-
mum norm to “integral” norms more suitable to probabilistic estimates and then use Hoeffding
inequality to prove these estimates.

The use of Hoeffding replaces what in Davie’s paper [20] are explicit and painful compu-
tations on Brownian motions (relying on the Markov property) and what in other works (e.g.
in [30]) is achieved via stochastic calculus (and thus martingale properties). In the fBm context
neither technique is applicable and explicit computations using Gaussian tools, while possible are
quite cumbersome and moreover we were unable to use them to obtain the exponential square
integrability we show here to be valid. So we think that our observation that discrete martingale
techniques like Hoeffding inequality are useful in the fBm context is one of the interesting points
of our research.

2.4.1 Chaining lemmas

To see the average properties of the fractional Brownian path, we will need some chaining
lemmas, to infer global estimates from point-wise ones.

Lemma 2.4.1. Let X from I? to R such that for all s <u < t

’Xs,t| < ‘XS,U‘ + ‘Xu,t’ andX&S =0

60



And let us define
an_1

Ru(X) =) > 27" exp(u2"| Xpan (kr1)2-n %)
neN k=0
then there exists a constant K > 0 such that for all s < t,

exp(pl Xt [* /It = 51) S [t — 8| Rure (X)

Proof. Let 0 < s < t < 1, n € N the largest n’ € N such that 2=+ < ¢ — s < 277,
By definition of n there exists { such that 1/2" < s < t < (I +1)/2". We can find some
sequences (s)r>1 and (t)k>1 such that (sg) decreases, (t) increases, s; = t; = (20 + 1)/2"FL,
limg oo Sk = S, liMg oot = £, Sk+1 — Sk < 2n+k+1, tht1 — btk < ontktl and 2n+ktk € Z and
2" tks, € 7. Hence [s,t) = Ug>1[Sk+1, Sk) U Ug>1[tk, tk+1) and thanks to the definition of the
sequences, the following inequalities hold for s, but also for t.

First, if spq1 = sk, /1| Xspy1,80] = 0. Now, if spy1 < sz then there exists I € {0,...,n + k}
such that spyq = (2 — 1)/2" T+ 1 and sj, = I,/2"*. Hence

\/E‘Xsk+1,sk| _ 2—(n+k+1)/2 log( (n+k+1)2—(n+k+1) exp(lu2k+n+1 ‘X5k+1,8k |2))1/2
< 2704 k) + log(Ru(X))}/2,
But 2=t < |t — 5| < 27", hence
VIlX sl STt = s[V22752{k 4 log_ |t — s| + log(R,(X))}'/*.
Thanks to the definition of (s)r and (tx)x, we have
\/me,t’ < Z \/mXSkH,Sk‘ + \/thkﬂka‘
k>1
S lt—s"?{1+log_ |t — s| +log(Ru (X))}
Hence,
exp(p| Xse|*/|t —s|) < exp(Klog(l/|t — s|) + K log R, (X))
< It = s Rux(X)
as by Jensen inequality R, (X)® < R,k (X). O

In the following, to approach a point of R% we will use a similar argument. Namely we will
use the graph (27™7%)¢ as a good approximation of R?. Hence we need to have an approximation
of the biggest error we can make using such an approximation. It is well known that for all d
and all m € N, sup,era infyco-myya |z —y| = Vd/2mtt,

Lemma 2.4.2. Let X from R? to R¢ and g such that g > 1, SUP )< vz 9(C " /g(¢) < oo and
with ||g~ ||L1(]Rd) < +o00. Suppose furthermore that the following quantity is finite

Cx = sup | X(C) = X(NN/(2™¢ = ') < +oo.
m €N
¢:22g(¢)/2m>1/2
= ¢l < Vd)2
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Let
=> " > 2@ gy exp(ul X ()P).

neN ¢e(2-n7Z)d

There exists a constant C' > 1 such that

exp(ul X (O)?) £ 9(¢)~ ¢ exp(uK C%)Suc(X).

Proof. Let ¢ € R% and m such that g(¢) ~ 2™. Let ¢’ € (27™7Z)? such that |¢ — ¢’'| < 2-™Vd/2
then
1X(¢) - X(¢)] <Ox2™¢ - (| S Cx.

Furthermore, the hypothesis on g gives us that log(g(¢")) < 1+ log(g(¢)). Hence

VEIX(O < VaIX(Q) - X+ valX ()]

< VRCx + {log(2m27g(¢)g(¢) ™ exp(ul X (¢)2) 12
< VECx + {m +1og(g(¢)) + log(S,.(X))}/?
< VHCx + {1 +1og(g(C)) + log(S. (X)) }/2.

Finally we have

exp(uX(Q)°) < exp(K{uC% + 1 +log(g(¢)) + log S.(X)})
S 9(OF exp(uCC%)Suc(X).

We can think at g as g(¢) = (14 [¢|)4*!.

Lemma 2.4.3. For all § € R and all R > 0 there exists a constant C(S, R) such that for all
("€ B((,R)
A+ 1¢D? = A+ DI < OB, R+ [C) e~ ¢l

Proof. Let us suppose first that |¢’| > || by the choice of ¢’ we have 0 < K1lr|(‘|<| < R. Then

A%
<1+ 1+!<> !
H ¢'I = |<]]

sup | fh(x >|<1+|<\>5 e - ¢

z€[0,R)]

(L1 =@+ 1Dl = (1+[¢h”

N

Where the function f3 is define from [0, R] to R by fs(z) = (1 + z)? We have

[f5@)] = 1B +2)" < IB(A+ R V).

If || > |¢’|, the same computation gives

L+ = @+ (D] Srp L+ D=
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When g — 1 > 0, the result follows. Suppose now that ab — 1 < 0, we have to prove that
(1+1¢)) = (L +[¢"])- When [¢] < 2R, then

A+[¢D/A+C) = 1/(1+2R).

When [{| > 2R

A+ [¢D/A+IC) = A+ ¢ =16 =<D/A+[¢h = 1=[¢" = ¢l/(1+[C]) = 1/2

and the result follows. O

2.4.2 Application of the chaining lemmas, control of the averaging along
curves.

The last lemmas allows us to control the average of a function (or a distribution) along the
curve w. Indeed, to estimate on the quantity f; fu(x 4wy, )du it will be enough to have a control
on simpler quantities. We will apply those lemmas in two similar situation, namely when f € C¢
and when f € FL®. In that case, we will see that it is enough to control ®*.

Averaging property of the occupation measure.

Recall that we already defined ®}"(¢ fo i&wr)dr and

(&) — dY(¢
97 pg = supsup (1 + felye 25,
£€Rd 0<s<t<T |s — ]

Lemma 2.4.4. For all —§ < « there exists a constant a > 0 and v > 0 such that for all A > 0,

[@1(€) = BY(E)] S It — s (1 + [€) ' (1 + log /2 (el K2 (W)

where
Ky(A) = > 272D (1 /)~ exp(A2" (1 + €)% 1Dy n (1 1)2-n (E)):
n,m € N
0<k<g<2" -1
5/ c (2—mZ)(i

Proof. We apply the Lemmas 2.4.1 and 2.4.2 to
Xou(€) = (L+[€DP1@Y )/t — o'/

thanks to Lemma 2.4.3 and the definition of @Y, for all £ € R?, and all ¢ € B (f, \/&/2)
| Xo,t(6) = Xoa(€)] < |1+ 1€D)° = L+ [EDP|1@2, €N/ [t — 5]/

H(L+1€)P DY, () — LN/ It — 5|/
< @+ 1EDPIE = €1+ wllo)|t — 5|
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Here we take ¢ = £, g(¢) = (14 [¢])?T9? such that 8 + Cd > d + 1. With those choices, X,
and g verify the hypothesis of lemma 2.4.2, furthermore Cx < (1 + ||w]|oo)

exp(ul Xt (€)1?) = exp(u(l+[E)* 2L/t - s))
S (L 1EDTHY S (Xor) exp(uCllw]3,)
Now, let apply Lemma 2.4.1 to (1 + |£|)ﬂ<1>w (£), then

(
exp(ul X2 ()) S It — |7 F Ricpu(1 + [€)) @2 (€))

But
2m—1
Riu(L+16D°0(€)) = DD 272" exp(uK 2" @y n (12 (O (1 +[€))
neN k=0
an—1
S (L+[ghety Z Z 27" S0k (Xpa—n (g 1)2-n) exp(RCK [[w][2,)
neN k=0

S A+ 1N expAJwl3) K (M)
When we take the logarithm, we have
DYE)] S 12l = V2 (L4 €)1+ log_ [t — s| + log(L + [€]) + log(exp(MJwl3) K¥ (ap))).
Hence, for all €1,e9 > 0, we have
(DL Seren 7121t = V22114 [€]) 7722 (1 + log(exp(A|w| %) K8 (ap)) ).

Furthermore, by interpolating with the trivial estimates |®, ()| < |t — s], for all —f < a, there
exists v > 1/2, and a constant a > 0 such that

DL€ S It — (1 + (€D (1 + log" > (exp(apl|w]| %) K (ap)))-

Averaging of Besov functions along paths

In this section we analyse the averaging effect of paths on functions belonging to the scale of
Besov spaces (C%),. The computation are mostly the same as for the operator ®. Nevertheless
as we are unable to give an estimate for the whole space C*, the chaining arguments now depends
on the chosen function f.

Lemma 2.4.5. For all —f3 < « there exists v > 1/2 such that for all f € S'(RY), all A > 0 and
all 7,
T2 (A f) ()] S 27|18 flloclt — 57 (14 log! (1 + |]) + log * (K5 (V)

where
K7 5(A) = > 27D (1 4 (2! )~ exp (2" T g gy o (D) () P/ 1A £1120)
n,m € N
1> —1
0<kg<2"—1
z' € (277

and cg is a constant depending only of B and d such that the sum without the exponential is finite.
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Proof. The proof is very similar to the proof of Lemma 2.4.4. We will apply the Lemmas 2.4.1
and 2.4.2 to

X2 () = 22T, (A ) @)/ (| Ai f oot = 5]'/?)
with the convention that X? = 0 when A;f = 0. We have, thank to the definition of T,
T3 (Aif)(@)] < [[Aiflloolt — 5] (2.9)

Furthermore, as the Fourier transform of A; f is compactly supported in an annulus, we have the
trivial estimate

Xea(@) = X S 2PIVASlolt = sz — 2| /1A fl|oo

< 200D — o).

Let us take g;(x) = 2@+81(1 4 |z|)9*! with @ > 1 and a + 8 > 5. Hence, Cy: , S 1. By Lemma
2.4.2, there exists b, ¢ > 1 such that 7

exp(uX5y(@)%) < 2L 2D, (XL,
Now, thanks to Lemma 2.4.1, there exists a’, V', ¢, d’ such that
exp(u| XL (2)]*) < 27 (1 + [2)"[t — |7 K s(d'p).
Hence by taking the logarithm, and by losing a small power of time and on ¢, we have
T3 A f ()] S 200 A flloolt — 8|72 (1 + log! 2 (1 + |a]) + log' 2 (K (d ) (2.10)

Now we interpolate (2.10) and (2.9) and there exists for all & > —/3, there exists p > 0 and
v >1/2

IT(AL) (@)] S 27| Aif lloolt — s[7(1 +og! (1 + |z]) + log (K} g(d'm)))"/

The operator TV

We are now able to define the function 7% f for all f € C* (respectively FL®) for all « > —f3,
as soon as there exists A > 0 small enough such that K}'5(A) (respectively Kg'())) is finite.
As we already mentioned it remains an open problem to study the boundedness of T% as an
operator with range in Besov spaces so we restrict ourselves to study the image of T% f for fixed
f and with w in the support of the fBm law without any attempt to obtain estimates which are
uniform in f. On the contrary, for FL®, the estimate on ®* are good enough to define TV as
an operator on the whole space.

Definition 2.4.6. Let S € R, a > —f and let f € C*. We define

T f (@) = Y TE(Aif) (@) = Jim T (menf)(x)

iz—1
and
Tag(w) = lim - T5h(w)
n I,
g
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As these object are defined by some limiting procedures, it is not straightforward that they
exist. Furthermore, for the consistency of the definition, we must show that when f € FL®
these two limiting procedures gives the same object, and that the limits does not depends of the
choice of sequence (4;). This is the purpose of the following theorem.

Theorem 2.4.7. Let § € R and let o > —f.

i. Suppose that there exists Ay such that KE’(AO) < 4+o00. Then for all g € FL*, T%g exists
and does not depends of the choice of the sequence. Furthermore, for all A < Ag we have

IT39(2)] S |t — " Nalg)(1 +log' 2 KF (V).
Hence, (T5%)oss<t<1 is well define as a family of operators on FL.

1. For f € C* suppose that there exists A\g such that K}”ﬁ()\o) < +oo. Then T™ f exists and the
following bound holds

T fsa(@)] St = 8|7 flla(L+log! (1 + |z]) +log!? K 5(N)).

Furthermore let us suppose that for g € C%, K}’jﬁ()\o) is also finite, then for all A < X\g/2
IT4(f = 9)(@)] S [t =] = glla(l +log"?(1+ [2]) + (K¥5(N) + KZ5(\))

1i. These two limiting procedures are compatible when f € FL%.

Proof. The proof is quite straightforward when g € FL®. Indeed, for h! and h? in FL° N FL®,
we have

T (hy — ha) (x) = / A€ (hy — ho) () exp(i€.x) @2, (€)

Rd
hence
T, (hy — ho) ()| S Nalhy — ho)[t — s|7(1 + log"2 (K} (A)))

and the result of (i) follows.
Let us prove (ii). For f € C* let us show as the quantity T3%(m<nf)(7) converges when
N — 4o00. Indeed, thanks to Lemma 2.4.5, for € > 0 such that —3 < a — ¢ < «, we have

N+M

T8 (ren (@) = T (man i @) S > ITE(AS) ()]
i=N+1

S Corallog'? K 5(X0)) |l flla2”=N.

Hence, (T;f}t(ﬂ‘g N f)(m)) is Cauchy, and then the limit T% f exists. Furthermore we have the

straightforward bound for all A < Ag
T (ren (@) S [t = 7] flla(1+log"?(1 + |2]) + log" /2 (K 5(M0)))

and the same bound holds for N — +o0.
For f and g we have

T4 = 9) @) SNt = s["ILf = glla(1+1og (1 + |2]) + log!2(K}F_ 5(M))),
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but thanks to the definition of the constants, K’ | 5(A) < K75(2X) + K'5(2X), and the result
follows.
For (ii7) let us consider f € FL®, we have

T (men f)(x) = T (renvsm £)(@)| = |T(manf — <N f) ()]
S CstaNa(menf — m<n+mf) 1Og1/2 KZBU()‘O)

and as the sequence (m<y f)n converges in FL® the limit also exists, and of course it is the same.
Furthermore, for two functions in FL*V0,

Toi(men ) () = T (man a0 f) ()] Ssta Na(f — 9)
and the limiting procedure in the FL® case is correct. O

Remark 2.4.8. The definition of T f given above seems to depend on the choice of the
Littlewood-Paley decomposition (4;);. It is indeed the fact. When we will consider w being
a stochastic process, this will lead us to a choice of a version of this averaging process defined
almost surely. In fact, if (&l)z is an other sequence of Littlewood—Paley operators, and K is
the associated integral kernels, we have

[ K]+ log(1 + |.[)(z) < log(1+|$I)+Addylkj(y)||10g(1+Iﬂf—yl)—log(lJrlel

< log(1+ o) + 27 / 2y [29R (2y)dy
]Rd
S 1+log(l+ |z))

Hence, for all @ > —( and for all € > 0 small enough, we have

(TEAN @] < Y IAT A (@)

i~J

< 2—j€”fHa’t_3]VZ/]Rd f(j*(l—l—log(l—i-|-\)+K}fﬁ()\0))(x)

i~vj

< 27 flla(l +log(1 + [a]) + KF5(M0))

which gives the convergence of T"7<y f to a limit we called TwA f, and with the same stochastic
constant K'5(Ao).

In order to apply the results the section related to the Young integral, it is necessary to have
a better understanding of the space regularity of an average function. Thanks to the property
of the operator Tv, as soon as we ask f is regular, this regularity will holds. Furthermore the
definition of T% allows us to differentiate it whenever f is regular enough, and the constant are
finite. Namely we have the following propositions.

Proposition 2.4.9. Letv € [0,1], « > —3, and f € FL* (respectively in C**" ). Furthermore
we suppose that there exists Ao > 0 such that K'(Xo) < oo (respectively K3 5(Ao) < +00). Then
TV f € C)" (respectively TV f € CVV¥ where 1(r) = 1 + log"?(1 + 1) and the following bounds
hold

T2 f (@) = T f ()] S Nagw (D)t = 5| — y|” (1 + log"* K (M)
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(respectively)
T2 f (@) = T f I S 1t = s =yl || Fllacto (2] + [y]) +log!* K& 5(Xo) + log"? K 5(No))
Proof. For f € C*™, and for all 8 < o/ < «
[ TYAif (z) = TYAif(y)]
[ Vs -+ e - ar

< o —yl sup [TYANVf(r(z —y) +y)|
r€(0,1]

< 2 AV flloolz — yllt — s[7(1+ . log'?(1 + |r(z — y) + y|) + K&, 5(No))
rel0,

174N

2OHVY A flloolz — It — (1 +log" > (1 + [a] + [y]) + K& (o))
Furthermore, we also have
TV A f(x) = T Aif ()] S 2N Aif loolt — s7(1 +log"*(1 + [2]) + log"/*(1 + |y|) + K} 5(Mo)),

and by interpolation we have the bound for T%A,;f. The argument of Theorem 2.4.7 gives us
the result. A similar argument holds when f € FL“. O

The next proposition shows that the definition of the averaging operator T is compatible
with the space differential in the Holder spaces.

Proposition 2.4.10. Let r € N%, |r| =7y +....rq, and a > —f. Suppose furthermore that for

f e cotlrl there exists Ao such that K;:U)\T'IfAO()‘O) < 400 (respectively there exists Ao > 0 suc that

KZ(X\) < +oo. Then the derivative 0"T" f is well defined and we have O"T" f =T"0" f.

Proof. First, let us take f € FL*™". For N > 0, the projection m<y is a convolution operator,
hence

T (men f)(@) = T 7N (0" f) ().
But for f € FLOH | 7 (07 f) —=7L* & f, which gives the result for f € FL®. Now take

—B < o' < a. We know that for all f € C¥" 7 NO"f —>Ca/ 0" f, and the result follows for
fece. O

2.5 Averages along Fractional Brownian paths.

2.5.1 Fractional Brownian motion case.

The results of Lemmas 2.4.4 and 2.4.5 show that in order to control the irregularity constant
of fBm paths it is enough to prove that the there exists A > 0 and « € R such that the random
variable eMB"11% K B " (M) is almost surely finite when W is a continuous random path with the
law of the fBm. Then we only have to consider the following two quantities :

exp(A|W]|%,)
exp(A(L + [£)*[@ ()7 /It — ).
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If the expectation of those quantities are bounded independently of s,t,z,w, £ then the expec-
tations of K J’? and eMB" e KB™ () are finite and the variable are finite almost surely. For

exp(A|B||%) it is an application of the well known theorem due to Fernique

Theorem 2.5.1. Let X be a Gaussian process on a Banach space (B, ||.||). Then there exists a
constant p > 0 such that
Elexp(u]| X[*)] < +o0

Remark 2.5.2. This holds for the fractional Brownian motion of Hurst parameter H € (0, 1)
and for the Banach spaces (CH7¢([0,1], R%), ||.[lo,z—<) and for (C([0, 1], R?), [|.]loo,0,1])-

To control the square exponential integrability of @ftH (&) we devised a novel technique based
on an elementary application of Hoeffding inequality for discrete martingale increments. This
bypasses the explicit Gaussian computations or the computations based on Malliavin calculus
usual in the studies involving the fBm. The following theorem then gives general estimates for
additive functionals of the fBm of the form

[ B

where f : [0,1] x R? — R is a measurable and bounded function. Note that the following
theorem suggest in general that such functionals have the same Gaussian deviation behavior of
Brownian martingales.

Theorem 2.5.3. Let BY = (B BH(d)) ¢ d-dimensional fractional Brownian motion of
Hurst parameter H € (0,1) and let f be a function bounded by 1 and such that

Cy:= sup/0 | Pi2rr fu|oodt < 400
where P is the heat kernel on RY. Then for p > 0 small enough independent of f we have

sup E [exp ( / fu(B du
t#s

Proof. The fBm B¥ can be represented as a stochastic integral over a d-dimensional standard
Brownian motion W = (W ... W) defined on the whole R (with Wy = 0):

< 4o00.

(ﬁ—ﬂCﬂ)

Bmm:/‘ua%m—K@wmmW

—00

where K (u,r) = (u — r)f_l/z/l"(H +1/2). We let (F),c be the natural filtration of (W;)icr.
For v < u we have the decomposition

BIO = [ () = KW
= / K (u,7)dW ) + / (K (u,r) — K(0,r))dW®
— WO W

69



where the random variable W% ’( ) | is independent of F, and Wuz(,) is F, measurable. We define
Wi = Ww»W . WD) for j € {1,2} and in the following we will note abusively

Var(W7) = Var(W7(1).

Now we have two cases we have to consider. Suppose first that (t —s)/Cy < 1. Then

ul < |t — s> < |t —s|C

and the result follows in that case. Suppose now that |t — 3]0]71 > 1. Let N € N to be specify
later. For n € {0,..., N}, let us define t, = s+ (t —s)n/N and

Uﬁl mm@—[/n dwﬂ.

Thanks to the previous decomposition of the fractional Brownian motion, we are able to bound
Z,, and to apply Hoeffding’s Lemma to the sum of the martingale increments (Z,)1<n<n. Let

Sy = 27127:—01 Zyp, then
/n dw&wEUh

Let us first estimate the conditional expectation in eq. (2.11) : for all u > 0 we get

‘E Ut Fu(BH)du ]-"S]

] : (2.11)

t
\/]DVaT(W1 )fu( )du

t
< /‘P\/arwl Juloodu < Cf < 400
S

since Var(W, ) = C(u — s)*". But we also have the trivial bound

B[ [ etz

t
’E U Ju(B)du fs] <[t - s2Cy. (2.12)

Next we bound Z,, by decomposing it into three pieces which are easier to estimate. Let

|t — 5]

hence

t t
U, — / BIFu(BI)IF Jdu = [ BUAOVL, + WE,)I7,Jdu
tn
= / VarW ( itn)du
tn+1 i )
N /tn P (! )f“( )du+/t +1PV&r(W;,mf“(thn)d“'
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Hence ¢
n+1
Zn = / Fu(BEYdu + Upyy — U,
t

n

moreover

‘U‘ / ’ Var(W1 fu utn ‘du / ’ Var(W, )fu|oodu Cf < 400

and of course ]ft"“ fu(BI)du| < (t — s)/N which implies that |Z,| < (t — s)/N + C. By the
standard Hoeﬁdiﬁg inequality we obtain

P(ISn| > ) < exp(—20%/((t — s)N~ V2 + NV2Cp)?)
Hence for 0 < v < 1, we have
Elexp(2v|Sx[*/((t = s)N V2 + NY2Cp)))] S /(1 —v) +1
Now, we can chose N = [1 + |t — s|/CY], hence
((t —s)N~V2 4 NY20p) < |t — 5|y,
and thanks to (2.12) we have

exp( / fu(B du

As an immediate corollary we have the wanted result for the p-irregularity constant for the
fractional Brownian motion.

Elexp(CplSn|?/(t — s1Cy))] S 1

/ (It = 5|Cf)>

O

Corollary 2.5.4. For A small enough,

Bexp(A(1 + )" H]@F, (€)2/|t — s]) < C < 400
uniformly in £, t, s.
Proof. When £ < 1, we have

exp(A(L+ )Y H R (€)1t~ sl) < exp(A2/H).
For |£] > 1, we have (1 + |£))YH < |€|YH. But we also have

|Penf(z)] = |Elexp(ié(a + Bf)))|
= exp(—[¢[1*/2),

hence

Cy, ~ €7/,
Finally there exists a constant C' > 0 such that
H H
Eexp(A(L+ [€)VH (22 ()17/t = s) < Eexp(CN®F, (€)1*/(It = 5|Cy,))

and for A small enough, thanks to Theorem 2.5.3 the RHS is bounded by a constant independent
of &, s,t. O
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We are now in condition to prove Theorem 2.1.4 (p-irregularity of the fBm paths for all
p<1/2H).

Proof. (of Theorem 2.1.4) By Lemma 2.4.4 we have

P (&) — 08"
185 o = supsup (1 -+ [ 2SI =2 O <y g2 B i geBE (),
£€R4 0<s<t<1 ‘3 - t"y

Moreover by Theorem 2.5.1 the quantity eMBYI% is almost surely finite and by Corollary 2.5.4
we readily have that
E[KI/ZH()‘)] < +o0

as soon as A is small enough. O

Remark 2.5.5. A byproduct of the proof of Theorem 2.1.4 is that the irregularity constant
||<I>BH ||W{”” is exponentially square integrable, as easily shown: for small A > 0 and all v > 1/2

and p < 1/2H we have
{ >\||<I>W||Wp'v:|
E |e < Ho00.

When we consider the spaces C® instead of FL“ the p-irregularity of the fractional Brownian
path is not enough. Nevertheless Theorem 2.5.3 allows us to give the correct bound for 8" A f
H
in order to define 78" f for any f € C®.

Corollary 2.5.6. Let BY a d-dimensional fractional Brownian motion of Hurst parameter H €
(0,1). There exists A > 0 such that for f € C([0,T];S'(R%)), alli > —1

sup  Elexp(A27/ 7T (A £) (@) P/ ([t — sl Aif]1%,))] < +00
z€ERA i>—1,5%#t

Proof. The function g, = A;fu/||Aif| is bounded by 1. Furthermore, for i > 0, supp g, C 2°A
where A is an annulus. Hence by the Lemma 2.4 page 54 of [5], there exists a constant ¢ > 0

independent of g such that '
| Pz gulloo S exp(— t2H22l)

hence C; S 27/H and the result follows immediately by applying Theorem 2.5.3 to g.
When ¢ = —1, we have

~1f(B du <271t — ||| Ay £11Z

and the result follows. O

The result is exactly the wanted hypothesis of Theorem 2.4.7, but also Propositions 2.4.9
and 2.4.10, depending on the regularity of f. Hence, the averaging operator TBH, or its finite
dimensional marginals depending of the space, is well defined and has the right range for applying
results of the Section 2.3. As this operator is defined almost surely, almost surely (depending of
b when b € C%) the following equation has a solution

t
0, = 6o +/ TVb(6,,)
0
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when b € C%, and Theorem 2.3.9 which guarantees this existence. Furthermore, when b € C**2,
a > —1/2H (or C¥™7T1) there is uniqueness and the flow is Lipschitz-continuous, thanks to the
Corollary 2.3.18. As the set where T"b is not defined does not depend on b when b € FL“, those
results does not depend on b. The uniqueness for b € C**! or b € FL*T! is a more probabilistic
argument and is the subject of the following section.

Remark 2.5.7. If the regularity of b is not enough to guarantee uniqueness by the above
arguments the solution constructed via Theorem 2.3.9 lacks, a priori, measurability with respect
to W. If a measurable solution is needed the fix—point argument of Theorem 2.3.9 has to be
repeated in a space of random processes, for example in LP(Q, C7(]0, 1]; R%)).

2.5.2 Averaging for absolutely continuous perturbations of the fBm

In this section, we analyse the properties of the averaging operator along a path of the form
BH 6™ where 0" is a solution to the approximate equation d” = T(ﬁH b™(6™). In order to do so
we will use a version of the Girsanov theorem for fractional Brownian motion. The results holds
of course for the both considered functions spaces C**t! and FL**T!. We will only give the proof
for b € C**1, and give some comments for the case FLYT!. Let (b"),>1 be a sequence of smooth
vector fields such that |[0"]o < C uniformly in n > 1. By a standard fixed point argument, it is
well known that the following equation

t
X! =g +/ bY(X™)ds + B (2.13)
0

has an adapted solution X™ (to the standard filtration of the fractional Brownian motion).

Here we analyse the averaging constant of X,, and we prove that it satisfy the requirements
of Theorem 2.3.17 implying uniqueness of the limit ODE for b € C**! and convergence of X" to
this unique solution. Furthermore, if we consider, as in Section 2.3.2, the averaged translation by
6" = X" — BH | we only have to check the hypothesis of Theorem 2.3.17. Indeed, if 6 is solution
of

t
0, = 0o + / T2"b(6,)
0

and 6™ is solution of

t
o = 90+/ TB by (om)
0

then 0" + B = X™ and by the averaged translation by 67, as T@nTBHb = T%nb. Then 6 — 6"
is the solution of the following Young equation

t t
(6 0m), = / T3 b(6, — 07) + / TE )
0 0

These considerations are the motivation to introduce the comparison principle based on averaged
translations in the proof of uniqueness in Section 2.3.2.

Below we will take advantage of the absolute continuity of the law of X™ w.r.t. the law of
the fBm B¥ to transfer the averaging properties of the fBM to the stochastic process X™. This
approach is an extension of an observation of Davie [20] to the fBm context.
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A drawback of this approach is that the exceptional set will necessarily depend on the initial
point g and on the vectorfield b. This prevents to easily apply the uniqueness result to the case
of random b and to the analysis of the flow of the ODE.

The computation of the Radon-Nikodym derivative between the law of X™ and the law of BY
will result in a Girsanov transform. For technical reasons we will do this transformation only on
a sub interval [0, T¢ir] C [0,T]. For b™ regular enough, and as X" is regular enough, according to
Nualart and Ouknine [67], there exist a Brownian motion W adapted to the filtration associated
with BY and a probability P,, such that the process (X{)telo, 16, 18 @ fractional Brownian
motion of Hurst parameter H, where

dP,, Tgir 1 [Tair )
= — HYdW,; — = H'|~dt
d]P exp < 0 t t 2 /0 | t |

and where for H > %

t-3 1\ [t Topxy) — sz o (X
HP = —— (25, X7 + <H—>/ CUOXE) s TS g

2 o+l

2 0 (t—s)" T2

2

and for H < %
tH=3

n __ tS — 5 %7Hn n s
H = g ) 60D

Thanks to that Girsanov transform, the almost sure bound for TbB " can be used to estimate TbX"
since P, and P are equivalent.

Lemma 2.5.8. Let 0 > a > —1/2H. There exists a constant A > 0 and a constant C indepen-
dent of n such that for all b € CH== ([0,1];Co*Ht) ncott (R, cH-1/2+=([0,T7)),

E[K} )y (V] < Cy

Until the end of the section, we will only consider K li(ln/Z 0

Xn
K

For simplicity we only write it as

Proof. Let K > 0. By using the notation above

2
EKS (WP = Ep, [Kﬁnu) db ]

dP,

< Ep,[K; " (V)Ep,

dp \2
dp,,

T T
< E[KE"(2)\)Ep, [exp (2 / HI'AW; + / Ht"dtﬂ
0 0

Where we have used that under IP,, X" is a fractional Brownian motion of same Hurst
parameter H. If p is small enough the first term is finite by the above results. To prove the
lemma, it is sufficient to prove that

T T
Ep, [exp (2 / HAW, + / |H,?|2dt>]
0 0
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is bounded by a constant independent of n. As W is a Brownian motion, it is enough to bound

o o [ 0]

The arguments are quite different depending whether H > 1/2 or H < 1/2. First suppose that
H< 3.

. 2
P = |wp ( / b?(X;"”)ds) 0
2
tH_% t 1 g
— t— )2 Hpr(X™)d
R J) 0 D
2
_ l_H tH_l t S
= G : ) 2/(5@—5))(%“1)(75—28)/ bR (X duds
I'(3 —H) 0 0
R e —
(TX"b7)(0)
t
N tQH/(s(t—s))““””lt—25!I(T§”b”)(0)l2ds
0
t
S Hb"lléa(l+log1/2(K5“(A)))2t2H/ (s(t — )~ T2 — 25]s77ds
0
1
<1072 (1 + log (K (V) 20— H) / (u(1 — )"0+ |1 — 2u|u®ds
0

< C(b, H, v, \)(1 +log(K;"(N)))

Hence,

e, oo ([ 17Par)] 5w, 00

< BIEPT (V)]
For A small enough, this quantity is bounded, and the Lemma is proved in this case.

For H > 3, b" is (1 + «)-Hélder continuous and |[b"[|ca+1 < [|b]|ca+1. Furthermore, since
|(b™(0,0)),| is uniformly bounded we have

t 1/2—an(Xn) _ 51/2—an(Xn)
n| < H-1/2 1-2Hn n t t t s\s
AR (t X7+ [ T ds
S AP ok + 17 (0) o) (1 X7 = X +1)

t

U2 [ )RR U2 ) 4 420X ds
0
t

U2 [ ) TR/ 12 4 7)) s
0

75



The first term is bounded by (||b"[|a + [|6™(0)[lco) (| X™(I37*% + 1)t/2~H and is integrable. The
second is bounded by

t
tH_l/Q/O ds(t—s) 7D (122 — g2 (o (X7 = b (8, 0)| 4165 (X 1) = b7 (0)] +2[16.(0) |0 )|

1
S tHl/z“Hl/QH/QH/ (1 —w)~ 20— a2 (0" o+ 187 (0) o) I X 15
0

Sao 20 a4 1570 o) (X NG 4 1) 4+ 110X | -1 2l — s 72F9)
The third term is bounded by

s / (¢ = ) 7D (b (X)) = 0 (X2 + oy (X2) = B2(XD)])| ds
a _1
(1Bl + 10, 0) 111 2) (1X 1% + 123

¢
X / (t —s) (Htz) gz H <\t — s|Hate 4 |t — gf(etDH 5)) ds
0
1
S (16" o+ 107 O) | 11172 + 167 (0) oo ) (I X ™ | 74 + 1)755/0 (1 —w) o= 2y

Finally, we choose 0" such that (||b"[|a + [|6™(0)[| z—1/24¢ + [167(0)[lo0) Sp 1
[HP'| S O (X |75 + 1)t

But under P,,, X™ is a fractional Brownian motion of Hurst parameter H. Thanks to Fernique
theorem, || X™||;;"® is exponentially integrable in P, and the result follows. O

This bound in L' is not enough to use the Theorem 2.3.17, as we need an almost surely,
uniformly in n bound for || 7X"b||o+.1.4. Nevertheless, using the results of section 2.4, we already
know that

exp (CIITX"blenrw) S 1+ K" (V)
We have all the tools to prove the following theorem

Theorem 2.5.9. Assume that b € C*t1. There then there exists X > 0 and sequence of smooth
vectorfields (b™),, such that b — b in CY for all o/ < a and almost surely

K )b = 8"l = 0
which implies uniqueness of the Young equation for b by Theorem 2.3.17.

Proof. By the previous result we have that the L' norm of Kg(" (M) is uniformly bounded in
n. Moreover consider b" such that b" = p, x b where p,(z) = in?exp(—n|z|). Then b" is
smooth, " — bin C1 for all o/ < a by the dominated convergence theorem and there exists a
subsequence which will still denote with 5" such that ||b — b"||o+1 < n 2. On this subsequence

(which depends on b) consider the random variable

D=3 K Wb - "o

n>1
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then
ED = > BIEX Vb - 0", S > n 251

n>1 n>1

so that almost surely D < oo which implies that Kg(” Mo —=0"|arx1 — 0 O
Note that this argument give an exceptional set of zero measure which a priori depends on b
(and on the sequence (b™);,) and of xy. As remarked previously, this fact prevents straightforward

extension of the uniqueness results in C* to random b. Furthermore, it also prevent to consider
the regularity of the flow of the equation by path-wise methods.
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Chapitre 3

Equation de transport linéaire rugueuse

Résumé

Nous nous intéressons a 1’équation de transport linéaire

%u(t,x) +b(t,x) - Vu(t,x) + Vu(t,x) - %X(t) =0, (0, z) = up(x)
ol b est un champs de vecteur assez irrégulier et X est une perturbation héldérienne. En utili-
sant la théorie des chemins rugueux controlés nous donnons un sens a la formulation faible de
I’équation et la résolvons pour des champs de vecteurs réguliers. Lorsque X est un mouvement
brownien fractionnaire nous montrons un phénoméne de régularisation par le bruit, qui permet
de considérer des champs de vecteurs plus irréguliers.

Abstract

We study the linear transport equation

t,x) +b(t,z) - Vu(t,z) + Vu(t,z) - ;X(t) =0, u(0,x) = up(x)

0 ul

ot
where b is a vectorfield of limited regularity and X a vector-valued Hoélder continuous driving
term. Using the theory of controlled rough paths we give a meaning to the weak formulation of
the PDE and solve that equation for smooth vectorfields b. In the case of the fractional Brownian

motion a phenomenon of regularization by noise is displayed.
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3.1 Introduction

In this work we study the driven linear transport equation

au(t, x) +b(t,z) - Vu(t,z) + Vu(t,z) - ;X(t) =0, u(0, ) = up(x) (3.1)
where b : R? — RY is a sufficiently smooth vectorfield and X : [0,7] — R? a vector-valued
driving term (which we always take such that Xy = 0). We consider solutions u and initial
conditions ug which are only bounded functions of space so that the transport equation has to
be understood in the weak sense with respect to the spatial variable.

When X = 0, Di Perna and Lions [27] showed that when b € L([0, T); Wlicl (R%)) with linear
growth condition and divb € L'([0,T] x R?), a unique L™ weak solution exists. Furthermore a
wide range of results follows this one, a partial survey can be found in [2].

Under weaker condition on regularity of the vectorfield b, the equation is known to be ill-posed.
Despite of that, Flandoli, Gubinelli and Priola [30, 31] showed that when b € C([0, T]; C3(R%))
and divbh € LP([0,T] x RY) for p > 2, adding a Brownian perturbation X allows to maintain
uniqueness of L solutions which are strong in the probabilistic sense. In that case the driving
term in eq. (3.1) has to be understood as a Stratonovitch integral against the Brownian motion
X. Their result is based on the regularization effect of the Brownian perturbation on the flow
of the characteristic equation

t
Oy(z) =2 +/ bg(Py(x))dg + X, reR4Lt>0. (3.2)
0
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The key estimates on this regularization effect depends quite heavily on stochastic calculus
techniques and so breaks down easily if we try to apply the same approach to more general
perturbations X, for example a fractional Brownian motion of given Hurst parameter. Note
that in a recent paper, Beck, Flandoli Gubinelli and Maurelli [6] proved directly regularization
properties of the Brownian motion on the transport equation with more general vector fields
without relying on the flow of caracteristics, but they still have to rely on stochastic calculus
tools, in particular the It6 formula for Brownian semi—martingales.

While stochastic calculus is not available for the fractional Brownian motion (fBm), in a recent
paper, Catellier and Gubinelli [13] proved that, at the level of the characteristic equation (3.2), the
same phenomenon of regularization by noise appears for arbitrary Hurst parameter H € (0,1) of
the fractional Brownian motion X. In particular, the phenomenon of regularization gets stronger
as H gets smaller.

In the perspective of this last result it is then interesting to investigate the regularization by
noise phenomenon at the level of the transport equation (3.1). In order to do so we need first to
give an appropriate meaning to the transport equation with non-differentiable driver X.

In a more general setting, Lions, Perthame and Souganidis [59] use the entropy solutions
and the kinetic formulation of scalar conservation laws to overcome the difficulty given by the
rough drivers. On that setting the authors use a one-dimensional irregular path only. For a
multidimensional noise, Caruana, Friz and Oberhauser [11] use Lyons’ theory of rough paths [60]
and the notion of viscosity solutions. These two approaches are based on a common idea. The
irregular signal X is approximaded by a family (X¢).so of smooth functions, and a solution
u® of the approximate equation constructed. Then, using suitable a priori bounds, the authors
show that the solutions converge to a function u which is then defined to be the solution of the
equation. In these approaches the equation is replaced by a limiting procedure and no attempts
are made to investigate the equation satisfied by the limiting object.

This way of proceeding is not very useful in the context of the regularization by noise phe-
nomenon we would like to study. Indeed, as soon as X is replaced by a more regular signal X¢
the regularization phenomenon is lost and there is no hope that the approximate equations have
unique solutions. So while the existence problem is easier, the uniqueness gets out of reach. In
the limit where the regularization is removed one expects to regain uniqueness but then it is the
meaning of the equation which is not clear.

In order to have a well-defined setting in which to discuss the existence, uniqueness and
regularization effect for transport equations we will follow the recent work of Gubinelli, Tindel
and Toricella [46] where they use the theory of controlled rough paths introduced by Gubinelli
in [41] to define controlled viscosity solutions of fully non-linear PDEs with driving signals given
by a general (step—2) rough path, thus filling the conceptual gap left behind in the approach
of Caruana, Friz and Oberhauser [11]. Their approach shows the versatility of the controlled
approach to deal with various problems in rough PDE theory.

In order to do so we need a geometric rough path X and we will define a certain class of
solutions which are controlled, in a weak sense, by the rough path X. Finally, we will show
that this notion of solution is an extension of the classical notion of solutions, which enjoys
uniqueness in a natural class of vectorfields b and that the regularization properties of X can be
used to extend the class of vectorfields for which uniqueness holds, proving for the first time the
regularization by noise result for this class of rough PDEs.

Let us remark that Gubinelli and Jara [45] have already used the controlled path approach

81



in a more probabilistic setting in order to prove regularization by noise results for the Kardar—
Parisi—Zhang equation.

Denoting with us(¢) = (u(t, ), ¢(-)) the pairing of u with a smooth test function ¢ (depending
only on the space variable) we can reformulate the PDE as the infinite set of integral equations

() = uolep) + /O ua(div(baip))ds + /O (V) - dX, (3.3)

for all t > 0 and test functions ¢ in a suitable class. The last integral in the r.h.s. will be
understood as a rough integral for the controlled path s — us(V) w.r.t. the rough path X.

In the controlled path theory, the idea is to ask the integrand to “look like” the driving term,
at least at a first order level. We will ask the pairing of the solutions against test functions to
have this property, and this will lead to the following definition.

Definition 3.1.1 (Definition 3.3.1 below). Let X € C7([0,7]) and b € L*([0,T];Lin(R?))
with divb € L>®([0,7] x R%). Here Lin denote the space of functions with linear growth, as in
definition 3.2.10 below. A function u € L*(]0, T] x R%) is a Weak controlled solution to equation
(3.3) with initial condition ug € L>(R?) and driving term X if for all ¢ € C2°(R?) the pairing
u(yp) is controlled by X in the sense of Definition 3.2.16 and if furthermore Equation (3.3) is
fulfilled, where the term fg us(Vep) - dX; is understood as the controlled rough integral of u(Vy)
against the rough path X.

As it will be shown, this definition is an extension of the classical notion of weak solutions, in
the case where X is smooth. Besides we will show that the same phenomenon of regularization
by noise appears in the case of the fractional Brownian motion, and we will mostly retrieve the
results of Flandoli, Gubinelli and Priola but for a larger class of noises. Moreover as our theory
is completely deterministic we will be able to handle random vectorfield b.

This paper is structured as follows. Section 3.2 is devoted to preliminary results: we recall
some notation for the involved function spaces and we give a short overview of the theory of
controlled rough paths. Then we recall some of the results of [13] for the regularization by non
Brownian noise, and finally we give some standard results about flows and the characteristic
method. Section 3.3 is devoted to the definition of weak controlled solutions and to the proof
of their existence in a general case. Finally in Section 3.4, thanks to a duality method we prove
uniqueness for equation (3.3).

3.2 Preliminaries

In this section we gather some material needed below, in particular we define some relevant
functional spaces and then we give a short introduction to the theory of controlled rough paths
and the controlled integral. For the reader’s sake we explicit also some easy estimates of the flow
of perturbed ordinary differential equations.

3.2.1 Useful functional spaces

We will use the following function spaces to measure the regularity of the objects we consider.
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Notation 3.2.1. In all the following, the notation D" f is for the n—th Differential of a function
f. When f : R* =R, Vf = (01f,...,04f) is the gradient, and V2f = (007 f )1<i,j<d is the
Hessien of f. Furthermore when f : R? — R? we denote by Jac f = det(Df) the Jacobien
determinant of f.

Definition 3.2.2. Let (E,dg) a complete metric linear space and (F, ||| r) a Banach space. For
n € N and 0 < a <1 we define the space of a-Hoélder-continuous functions from E to F' by

n+a _ pnto _ n . _ ||an(x)_an(y)”F
crte =cnt (B, F) = {fEC (B, F): [f]]n-i—a—iig dp(z,9)° <+OO}.

The quantity [f]n+a is only a semi-norm for the space C"**. For zg € F the following quantity
is a norm such that the space C% is complete

1 lzon+asr = [fln+a + Z HDkf(xOWF

k=0
When zg = 0 we only write || f||n+a-

Remark 3.2.3. The space C}(E, F) is the space of Lipschitz continuous functions from E to
F'. To avoid confusion with the space of continuously differentiable functions, we will write this
space Lip(E, F).

Notation 3.2.4. When it is not specified, F is always assumed to be the space R? and |.|r = |.|
the usual Euclidean norm.

Definition 3.2.5. For E and F as before and n < o < n+1, f € C}(E, F) if f € C*(R?) and if
for all k € {0,...,n} [|D*f|loo := supyep |D¥f(y)| < +00. On this space we consider the norm

I£lleg = [fTa + D IID"flloo-

k=0

Remark 3.2.6. We always have || f|lo < || fllce. When E is bounded (i.e. sup,, dp(z,y) <
+00) we also have [|flca < [|fla- In that case, especially when E = [0,7] and dg(s,t) = |t — s|,
we will identify the two norms.

Remark 3.2.7. There is a way to extend the space C;' to nonpositive value of . This is via the
Besov spaces B, ., as it can be found in [5] or [72]. When a' < 0, the results of part 3.2.3 about
the flow of the caracteristic equation are still true, see [13]. Nevertheless, the definition of the
transport equation for such irregular vectorfields seems to be tricky in that case. The method of
Chouk and Gubinelli [14] and [15] does not apply and another definition has to be found. We

postpone the analysis of this situation to a further publication.

Definition 3.2.8. Let v € (0, 1], (E,dg) a complete metric space and (F, ||||r) a Banach space.
We define the space of v-Hélder-continuous functions from E? to F by

CY(E*,F)={feC(E*F): f(x,x) = 0and || f||, :supM < 400 .
TH#Yy dE(1:7y)V
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Unlike the case of the space C*(E, F), ||.||, is a norm on C4. Finally, we introduce some
notations for the usual L? spaces with image in Banach spaces.

Definition 3.2.9. Let p > 1 and F' a Banach space and T' > 0. We define

T 1/p
LP([0,T],F) = {b: 0,T] = F : |[b||p;F := (/0 HbuH’I’,du) < —I—oo}

with the usual modification for p = 4o0.

In order to have existence of global weak solution for the transport equation in the classical
case, the vectorfield must have at most linear growth in the space variable. In order to quantify
that, let us define a space of function with linear growth.

Definition 3.2.10. Let d > 1, the space of functions with linear growth is defined as follows
1 = d d. — &
Lin(F') = { bmeasurable from R® to R? : ||b||jin = T+ < 400 .
oo

Furthermore (Lin(F), ||||Lin) is a Banach space.
Finally let us give three useful notations for the following.
Notation 3.2.11. For a function u of [0, T], we define dus s = us — us the increment of wu.

Notation 3.2.12. We denote with u(p) = (u(-),»(-)) the pairing of v with a smooth test
function ¢.

Notation 3.2.13. Let a,b € R. The write a < b if there exists a constant C' > 0 independent
of a and b such that a < Cb. When a < b and b < a we write a ~ b. Furthermore, the notation
a <. b specifies that the constant C' > 0 depends on c.

3.2.2 Rough path theory in a nutshell

Rough path theory is a way to describe the effects of irregular signals on certain non-linear
systems. It has been first developed by Lyons and his coauthors, see for example [60, 62] and
the book by Friz and Victoir [34]. In order to use this theory to define integrals againts irregular
signals we will use the notion of controlled paths developed by Gubinelli in [41]. An enjoyable
exposition of this theory can also be found in [32]. When the path is not of finite variation,
there is not enough informations to define an integral against its (weak)-derivative. The theory
of controlled rough paths overcomes this problem and gives a general setting for the theory of
integration against irregular paths.

One of the first quantities we would like to define is the integral of the path against itself.
The idea of rough path integration is to presuppose the existence of a first order iterated integral,
and to construct a theory of integration related to that enhanced path (the path and its iterated
integral). This idea leads us to the following definition
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Definition 3.2.14. Let 1/3 < v < 1/2. The pair X = (X, X?) is a rough path of order 7 if
X €C([0,T),RY), X € C37([0, T)%; Mg(R)) and for 0 < s <u <t < T

X — X — X = (Xu — X,) @ (Xp — Xu) = (X5 — XD(X] = XI))o<ij<d-
Furthermore, we define || X ||+ = ||X ||, + [|X][|2y and for two y-rough paths X and Y we define
X =Ygy = dr (X, Y) = [ X = Y5 + [[X = Y2,

The term X can be understood as the iterated integral of X against itself. Formally we have

t
X, = / (X, — X,) ® dX,.
S

In fact, in the last equality, the left hand side is a definition for the right hand side. On the other
hand, when X is a smooth path, for example X € C'([0,7T]), we can always define a natural lift
X to X by

t
X = (X, X)where X, ; = / (X, — X)X, dr.

In order to approximate irregular rough paths by smooth paths, we define the space of geometric
rough paths as the closure of smooth rough paths for the rough path distance. This leads to the
following definition

Definition 3.2.15. Let 1/3 < v < 1/2, a y-rough path X is a geometric rough path, and we
write X € R if there exists a sequence X¢ € C1([0, T]; RY) such that

[ X — X®|lrr —e—0 0
where X¢ is the natural lift of X¢ to a y-rough path.

In all the following we will consider only geometric rough paths. A general discussion about
rough paths and geometric rough paths can be found in [51].

As in the stochastic calculus setting, where we can integrate progressively measurable pro-
cesses only, one has to give a structure to the paths we can integrate. In fact, as the integral of
X against dX is already defined by the definition of the rough path X, the idea is to consider
functions which locally up to the first order look like X. Such functions are called controlled by
X and they are defined in the following definition.

Definition 3.2.16. Let 1/3 < v < 1/2 and X € CY([0,7]). A function y € C([0,T]) is
y-controlled by X, and we write y € D} ([0,77) if

e — ys = Yo Xy — X,) + 37,
with ¥/ € C7 and y# € Cgv. Furthermore, we define the controlled norm of y by

lyllpy = Iyl + 15 lly + ™ 2.

When there is no ambiguity, we will omit the v and say that y is controlled by X.
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The space of controlled paths has a rich algebraic structure. In particular, it is stable by
products. Indeed the following estimate holds.

Lemma 3.2.17 (Gubinelli [41]). Let a,b € DY and a,b € D}.. Then ab € D and ab € Dy, and

lab — @bllcy < lla—ally(lbllpy, + 1Bllpy ) + 116 = bll(llallpy, + llalpy)

Iy — @)l < (lalloy +llallpy + 1elloy + 1Bllog)
%(la = ally + [la" = @'[ly + (16 = bl + 116" = ¥'ll5)
and
I(ab) — @)l < (Illpy, + IblIpy) (lla = ally + lla* —a*|l,)
+(lallpy, + llalpy ) (116 = blly + (167 — 57 ]l,)
Proof. We have
d(ab)st = Odasibs + as0bst + das10bs ¢
= Al Xoubs + asbl Xog + al s + ash¥, + day,0bs
Hence (ab) = a'b+ ab' and (ab)* = aﬁtbs -+ asbﬁt + das10bs; and the same equality holds for
a and b. Finally, we have
§(ab— ab)sy = 8(a — @)s by + (as — ds)0bsy 4 s (by — by) + asd(b — b)sy
which leads to the first inequality. We also have
l(ab) = (@), < lla'b—abll,+ a¥’ —a¥|l,
and with the first inequality it gives the second one. Finally
(ab)ﬁt - (di’)i = (af,ét - dﬁt)bs + Gs,t(bs — 65) + (as — ds}bﬁt
+as (b, — b)) + 0(a — @)s40bas + 65 40(b — b)s
and the last inequality follows. O

Whenever a path is uniformly locally controlled by X, it is globally controlled by X as stated
in the following lemma.

Lemma 3.2.18. Suppose that a : [0,T] — R is uniformly locally controlled by X, that is there
exists a' and a¥ such that for all s,t € [0, T]

ar — as = ay( Xy — Xs) + a‘s#,t
and there exists € > 0 such that for all s,t € [0,T] with |s —t| < € we have

lalpy == sup lar— ag|/|t = s + |aj — al|/|t = s|” + |aZ,| /|t — s|*7 < 400
e s#t,|t—s|<e '

Then a € D}( and we have

lalloy, < (/) alpy, (L4 X [1) + lao| + laj.
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Proof. As for all 0 < s,t < T, a; — as = aly(Xy — Xs) —I—aﬁt, we have for s <u < ¢

as#7t = aﬁu + ait + (5a;7u5Xu,t

hence for s =ty < -+ < t, =t with t;41 — t; < &, we have

n—1 n—1
_ ! _ /
dag s = E 5ati7ti+1 and 5a8,t = E 5at¢,t¢+1

i=0 i=0
and
n—1
as#,t = Z(afiti-&-l + (Sa;fi,tiJrl(SXti:tn)'
i=0
Hence
n—1 n—1
[Sasel < [alpy D (tivr =) S llallpy Y (tinr — )7 S llallpy, (T/e)' 7]t — s
i=0 i=0

and the same holds for daj ;. Finally,

n—1 n—1
afl < S a4 180 6X1 ) < Talpy, [t — 5P+ 1K) Y ftien — tl”
=0 =0
and the result follows. O

Remark 3.2.19. The same proof shows that when a is locally Hoélder continuous, we have

[aly < (T/e)  sup  lar —asl/[t = s].
t#£s,|t—s|<e
The definition of controlled paths and the definition of rough paths allow us to construct a
controlled rough integral as the limit of the Riemann sum. This construction and the properties
are a byproduct of the existence of the sewing map (Proposition 1 in [41]).

Theorem 3.2.20 (Controlled Rough Integral, Gubinelli [41]). Let 1/3 < v < 1/2, X €
RY([0,T]) and let a € D}([0,T]). For all 0 < s < t < T, the following limit of Riemann
sums exists

t X
. /
/ a,d X, = lim E (at, 0K,y + atixti’t”l)
s ‘P partition of[s, t] Lt P
"Pl—)o ['L? l+1]e

and does not depends on the partition. Furthermore,

t
/ 0, dX, — a8 Xos — alXos| S 1t~ 57| X s allpy
S

and the map from D} to D} given by

a—>/'aTer
0

1s linear and continuous and we have

‘ / 0, dX,
0

S T+ [ X=)I Xy, -
)
X
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Let us finally give the equivalent for a function [0,7]?> — F of the classical result which
says that when a continuous function f from [0,7] to F' is such that there exists ¢ > 0 with
\fi — fs| S|t — s|'+€ then f = 0.

Proposition 3.2.21 (Gubinelli [41]). Let u > 1. Let h € C§ such that for all0 < s <u <t <T
hs,t - hu,t - hs,u =0
then h = 0.

Finally in order for this theory to be useful, we need to be able to lift to the space of rough
path the class of signals X we consider. The following theorem gives a whole set of stochastic
processes with such a property. It can be found in [32] and [34]. Note that the first result for
the lift of the fractional Brownian motion is due to Coutin and Qian [16]

Theorem 3.2.22. Let H € (1/3,1/2] and BY a d-dimensional fractional Brownian motion of
Hurst parameter H. For any 1/3 < v < H, almost surely BY can be lifted as a ~y-rough path
B = (BH BH). Furthermore for every 400 >p > 1,

[HBHHRv (o, T])] < +00

and there exists a smooth measurable approzimation B¢ of BH such that B¢ —R+ B almost
surely and for all 1 < p < 400

E[HBHE BH”Rw OT])] — 0,

(Bis — BE=)BH=qr.

s

where B = (B1#,BH¢) with BY = [!

3.2.3 Irregular paths and the fractional Brownian motion

The method of characteristic relies on the regularity of the flow of the characteristic ODE
associated with a transport equation. In order to use the properties of regularization of the
fractional Brownian motion and other (stochastic) processes, let us recall some results of the
first chapter 2. We use the oscillations of specific processes to regularize ordinary differential
systems. The following definition describes the typical function for which a regularization will
occur in perturbed differential systems.

Definition 3.2.23. Let X : [0,7] — R? and p > 0. We say that the function X is p-irregular
if there exists v > 1/2 such that

6™ o = sup sup (1+ |¢])?[t — 5|
s#£t€[0,T) é€Rd

t
/ engqdq‘ < 4o00.
S

This definition is not empty: almost every path of the fractional Brownian is p-irregular.
Furthermore, nondegenerate a-stable Lévy processes also have this property.

Theorem 3.2.24. Let BY be a d-dimensional fractional Brownian motion of Hurst parameter
H € (0,1), then for all p < 1/2H almost surely BY is p-irreqular. Furthermore, for all v > 1/2,
there exists A > 0 such that

Elexp(A|¢7" [fyp)] < +o0.
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The regularization properties of p-irregular paths will occur in Fourier—Lebesgue spaces. The
oscillations of the function ¢ are enough to regularize the differential system in that setting.

Definition 3.2.25. The space of Fourier-Lebesgue function of order o > 0 is defined as

Fo = {r e S@YIIze = [ amimin+ ) < +oo}
Remark 3.2.26. Note that for o > 0, FL* C C;' the space of bounded Holder continuous
functions of index «.

When the vector-field b lies in a Fourier Lebesgue space and X is p-irregular, one has a
regularization property for the perturbed differential equation. When b is regular enough, the
flow has good spatial regularity and furthermore there are good ways of approaching this flow
by a regularized one.

Theorem 3.2.27. Let p > 0, let X a p-irreqular path. Let o > —p and o+ 3/2 > 0. Let
be FLYM3/2. Then for all x € RY there exists a unique solution ®(x) to the equation

By (x) _x+/0 b(®q(2))dq + Xr.

Furthermore, 0y(x) = ®1(x) — Xy is Lipschitz continuous in time. The function 0 is also locally
Lipschitz in space, uniformly in time. Moreover, for any mollification b° of b we write ®° the
flow of the approrimate equation

t
i (z) =2 + / b (@g(w))dg + Xy
0
the following bound holds
[9°(2) = ®(2)[loc < K (26— 0%[| pra+s/2

where the constant K is increasing in |x| and independent of €. The approzimate flow ®¢ is also
differentiable in space and

sup sup |D®;(z)| < K(|z]) < +oo.
e>0 te€[0,T]

Even though the flow of perturbed differential equation does not have the same regularization
properties as p-irregular path, one can look at their averaging properties. This is the purpose of
the following Lemma, and it will be really important in the following.

Proposition 3.2.28. Let f € C*(RY) NFL3/2 b b and ®° as in the previous theorem. For
all t € [0,T) let us define the function

FE () = /0 F(®2(2))dg.

Then Ff is differentiable in space and there exists a constant K (|x|) at most with linear growth
in x| and independent of € > 0 such that

sup [DFy (z)| < K(|z])||fll zra+s/-
te[0,7
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In the case of the fractional Brownian motion, the previous results are not optimal in term of
the regularity of the vectorfields involved in the equation. Indeed, using a Girsanov transform,
one can show that the fractional Brownian motion has regularization properties for ODEs when
b lies in a bigger space of function/distribution. The price for that extension is the loss of the
global character of the averaging property for the fractional Brownian motion, as the exceptional
set here depends on the function.

Theorem 3.2.29. Let H € (0,1), (2, F,P) a probability space and B a d-dimensional frac-
tional Brownian motion on (Q,F,P). Let « > —1/2H and o+ 1 > 0. Let b € Cg‘ﬂ. Then for
all x € R, there exists /\/b@ C F such that ]P(./\/’b,m) = 0 such that for all w ¢ Nb,z there exists a
unique solution of the equation

Oy (w, x) :aﬁ—l—/o b(q)q(w,a:))dq+Bf{(w).

Furthermore for any mollification b of b and for ®° the flow of the approximate equation, for
any x € R?
E[0(2) — ®(2)|2 jo1] —e0 0

and there exists a constant K (|z|) at most with linear growth in |x| such that

sup B[ sup [D®f(2)[*] < K(Jz])* < +oo.
e>0  tel0,T)

The same kind of regularization properties for the flow occur in the context.

Proposition 3.2.30. Let f € CYRY) NC)™ witha+1>0 and a > —1/2H, b, b° and ¢ as
in the previous Theorem.
For all t € [0,T] let us define the function

Fi(x) = /0 £(®5(2))dg.

Then Ff is differentiable in space and there exists a constant K (|x|) at most with linear growth
in |x| and independent of € > 0 such that

E[( sup |DFf(2))%] < K(Jz])?|| flI2s-
te[0,7

3.2.4 Standard theory of flow for additive rough ODE

Our approach for the study of Rough Transport Equations comes mostly from the method
of characteristics. This method requires lots of informations about the regularity of the flow of
the characteristic differential equation linked to the transport equation.

As we intend to give existence results for quite general vectorfields, there will not be any good
notion for the flow. All along this paper, we will proceed by regularization of the vectorfield b
and the perturbation X. Then we will need a priori estimates for such flows, as well as space
and time regularity for that object.

The following Theorem is standard, but we recall the form of the Jacobian determinant of
the flow. All along this subsection, the perturbation X will be a path lying in C? and v € (0, 1].
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Theorem 3.2.31. Let b € L>([0,7]; Lip(R?) N C*(RY)) and X € C7([0,T]). The equation

{ dys = be(ye) +dX; ’ (3.4)

Yo =T

understood in its integral form

¢
yt—x-i-/ bs(ys)ds + Xy — Xo
0

has a unique solution ®(x) € C7([0,T]). Furthermore, in that case, for allt € [0,T], v — . (z)
1s differentiable and its derivative D®, is the unique solution of the linear ordinary differential
equation

Ddy(z) = id—i—/t Dby(®s(x)).DPs(x)ds.
0

In that case, we have

Jac(®(z)) = exp < /0 div bs(cps(x))ds) .

The first assertions are quite standard. The proof of the last assertion relies on the so called
Liouville Lemma, where we take Ay = Dbi(®¢(z)).

Lemma 3.2.32 (Liouville). Let A € C([0,T]; M4(R)) and let B the unique solution in the space
C([0,T); Ma(R)) of the equation

t
Bt = B() +/ AsBst.
0

Then .
det B; = det(By) exp </ tr(As)ds> .
0

Proof. Thanks to the equation, B € C1([0,T], M) and as the determinant is also a C! function
from M4(RR) to R, we have for all ¢ € [0, 7]

(det B;) = tr(*adj(By).By)
tr(*adj(B;)A¢By)
tr(Aj adj(B;)By)
tr(A; det(By) 1)
= det(By) tr(Ay).

where adj(M) is the adjugate matrix of M. The result follows easily. O

In the classical case of the transport equation, the existence of a solution is granted when
the vectorfield b has spatial linear growth. The reminder of this section presents a brief study
of flows when b has linear growth. All these a priori bounds will be useful when we use the
characteristic method to solve the rough transport equation.
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Lemma 3.2.33. Let b € L>([0,T],Lin(R?)) such that the flow ® of the equation (3.4) exists
for allt € [0,T). There exists a constant K (T, ||b||oo:Lin) > 0 such that for all z € R?, ®(z) €
C7([0,T]) and

@@y < K+ |21+ [[X])-

Proof. Letz e RYand 0< s<t<T

|P(2)¢ — P(2)s]
|t — s|7

N

1 t
X0+ = | (@@

) ', (2) - ()
S XD+ Plosan (705 o)+ [ D=2,

By Gronwall’s lemma,

B(2), — D(x)s]
t—sp

< (IX |y + T (1 + [@()])[1b]loosLin) exP(T 1|l lcsLin)
hence

[(2)]y < (IX ]y + T (1 + (@) loo) [Blloitin) exp(T 11Dl csLin) -

It remains to estimate the supremum of ®(z). We have

¢
[@(2)¢| < ||+ [|blloc;Lin <T+/ |¢($)rldr> + [[ X oo,
0
which gives, again by Gronwall’s lemma

12(2)lloo < ([2] + TlIblloc;Lin + [ Xloo) exp(T[|bl[co;Lin)-

The result follows after recalling that || X || S || X5 O

~

Remark 3.2.34. The constant K can be chosen as K(T)||b||oo;rin) = K19(T||b]|oo:Lin) With
g(x) = (2 + 2)e* + = + 1)e”.

As in the standard theory of transport equations, the solutions will involve the inverse of the
flow of equation (3.4). The following lemma gives informations about the equation verified by
this inverse.

Proposition 3.2.35. Let b and X such that that the equations (3.5) and (3.6) below have unique
solution (for all ty € [0,T]):

Oy(z)=x+ /t bg(®y(x))du+ X, te]0,T]. (3.5)
0
and .
L) =y —/0 bro—q (i (y))du — (Xig — Xig—t), T € [0,2] (3.6)

Then for all to € [0,T], @;}1 (x) exists, and @;}1 (x) = Yy, () where 1 is the unique solution of
the equation. Furthermore, ® 1 also verifies the following equation:

o () =2 — /t by_o(®, (2))du — (X7 — X7_y), t€[0,T).
0
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Proof. We have

to—t

Pyyt(r) = x4+ bu(Pu())du + Xp 4

to

= T+ bto_u(fbto_u(m))du + Xto—t

J
J

= By (0) - /0 b (1 () — (X1 — Xpy o)
fot Xt [ b (@) o @)
0
= B(0) = [ boul@ryula))du (X = Xigr)

Hence, since the solution of equation (3.6) is unique, ®,_¢(z) = ¥ (®4,(z)), and we have
w;g (P4, (7)) = x which is the wanted result. As equation (3.6) is of same form as equation
(3.5), we also have @ o ¢f§ = id. Hence <I>,;)1 exists and we have @;)1 = wfg. Furthermore for
s,t € [0,T]

CIDS_,_toCI);lo(I)t_l :<I)to<I)so<I);10Q)t_1 =id.

Hence ®;'o®; ' =0, =&, 10 d;

;1 and ®~! has the semi-group property. Furthermore,

=0 (x) = Op(0p'(z)) — Pr_y(D7} ()
T
= / by (O, (271 (2)))dr + X — X1y
T—t
T
= / br(tl);l_r(x))dr + X7 — X4
T—t

t
_ / by (@ (2))du + X — Xy,
0

and the result follows. O

As in the characteristic method (see Appendix 3.2.5), in the following, we will strongly use
the spatial regularity of the low. When the vector-field b is regular enough, the following result
gives a bound for the norm of the spatial derivative.

Proposition 3.2.36. Let b : [0,7] x R?* — R%, N € N,and b € L>([0,T); CN(R?)). Let
X € CY([0,T]) and @ the flow of the equation

(IDt(:L‘)::U—l—/O by (. (2))dr + Xi.

For allk € {1,...N} and all t € [0,T), the k-th spatial derivative D*®, exists, and there exists
a constant Cy, depending on T || X ||pv and | D¥b||oc:p for all k € {0,...,n} such that

|DE®,(2)| < Cy.
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Proof. The fact that ®; € CV(IR?) is standard. Let us recall the equation verified by the flow

Doy (z 1d+/ Db, ( O, (x)dr.

Hence, the proof of the proposition is quite straightforward. We have to use the equation verified
by D"®(x), where all the other derivatives of ® and all the derivatives of b up to order n appear.
We then prove by induction the wanted bound for |D"®;(z)|, using the bound for the smaller
derivatives of ® and the Gronwall lemma. Ul

Remark 3.2.37. The proof also gives that Cj has exponential growth with respect to || Db||co; 1,00
but polynomial growth wrt the other quantities.

Finally, the heart of the following section will be a smooth approximation of the characteristic
equation of the transport equation by an approximate one. Indeed, when X ¢ C'([0,7]) and
b ¢ C'(R?), the above results about the differentiability of the flow can not be used. The
following result gives the regularity of the flow regarding the perturbation X.

Lemma 3.2.38. Let b € L*°([0,T); CL(R?)) and X,Y € C7. Then
1% (2) — @ ()|, f0,71 < CT, [1Dblloc) X — Y[l o1

where C' is independent of x and nondecreasing in T and ||Db|oo. Furthermore, when b €
L>([0,T]; C2(R%)), we also have

102 () ~ D&Y (@) sy < C(T, | Db, | Do) | X ~ V.
Proof. First, we give an estimate of the difference in supremum norm.
0 ()~ #X @) < %ol [ (@] ()~ b ()l
< OIX =Y, + Dbl / B} (2) — B (2)|dg

By Gronwall’s lemma,
B (2) — 0 (2)] < TV|IX — V|, T IPPl.

Furthermore, we have
t
6% — @ )su(2)] < |O(X = Y)eu| + \Db!oo/ (DX = ")y q(2)| + (@ = @")s()|dg.

Again by Gronwall’s lemma, we get
160X — )5 4(2)] Sryipbj [t = 81X =Yl

which is the first part of the result. Furthermore, as
D& (z) = id + / Dby (9 ()).D® X (x)dq,
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we have
|DOX (2)]| o0 < €T 1PPle
and

D@~ @) < |[

[ (n (@ @) - Db@;”(x))).mf(x)dq‘

/ Db(®) ()).D(®X — @¥)y(z )dq’

t
S IID%0[|9¥ (@) — @Y () |ce™ PP + HDbHOO/ (D@ — @¥)y(x)|dg.
0

Hence
ID(®X = ). (@)oo S8, D28]0c 1X = Yl
Finally,
t
DY — @V)5u(2)] S X Y|t —s| + HDb\oo/ 6D(2% — @), 4(x)|dg,
S
and the result follows by Gronwall’s Lemma. 0

3.2.5 The method of characteristics

We give a proof of the usual characteristic method, and a proof of weak uniqueness thanks
to the dual equation.

Theorem 3.2.39. Let b € L>=([0,7]; CH(RY)), ¢ € L>=([0,T], CH(RY)) and X € C1([0,T]). Let
® the flow of the equation

Dy(z) = x—i—/o b(Dy(x))du + X.

Let ug € CY(RY). There exists a unique strong solution u to equation (3.7) with initial condition
Uugp-
Oiu+ (b+ X).Vu+ cu = 0. (3.7)

Furthermore the solution has the explicit form

(o) = wo(@ (@)oo (- [ t ci@ () ).

Proof. We first prove the existence of such a solution. As b € Lip(R?) N C'(R?), the flow ® and
its inverse are well-defined. Let us define

ug(x) = up(®;* () exp <— /Ot ct_q(@q_l(a:))dq> :
Then u(P¢(x)) = up(x) exp ( fo cq(® dq) and
AW (@y(2)) = —uo(w)er(@y(a)) exp (— / t ctq<<1>;1<x>>dq) — (@4 () (1),
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On the other hand, as b, c € L>=([0,T], C*(R%)), @~ € C*([0,7] x R?) and u € C*([0,T] x RY).
Hence

D(ue(Pe(2))) = Opur(Pe(w)) + Vue(P4(2)). 0y(2) '
= Qu(Pe(z)) + Vue(Pe(2)).(0(Pe(z)) + X).

and therefore
Oy (B4()) + Vg (B4(2)). (b (@) + Xy) = —cu(Po()us(Po ().
We take z = ®; ' (y), and we have
us(y) + be(y)-Vur(y) + ce(y)we(y) + Ve (y) Xy = 0.

Hence, u is a solution of equation (3.7) with initial condition w.
For the uniqueness, let ¢ a solution of equation (3.7) with ¢g = ug and let vi(z) = @i (Py(x)).
Then

I(vr(w)) = —ci(Pe(2))ve ().
We thus have

() = ) = (e (- t ca@)a) = o) exp (- [ t cu(®a(o))da ).
and then ;(z) = us(z) which ends the proof. O

Remark 3.2.40. For ¢ = 0, we have the transport equation. When ¢ = divb, we have the
continuity equation, the dual equation of the transport equation.

Remark 3.2.41. Thanks to the use of Corollary 3.3.6, we see that when b and c are as in the
previous theorem, and uy € C°(R?), and u € C'(RY) is the unique solution of equation (3.7),
then for every multi-index o = (a, ..., aq) € N% and all t € [0, 77,

z— 2%Vu(x) and z— x.Vu(x)
are in L!'(R?) where 2 = 2§ ... 2%
We can now prove the existence and the uniqueness of L°° weak solutions.

Theorem 3.2.42. Letb € L>([0,T]; CH(RY)), divb,c € L*°([0, T, CL(R?)) and X € C1(]0,T)).
Let @ the flow of the equation

Oy (x) = x—l—/o b(Py(x))du + X;.

Let ug € L®(R?). Then there exists a unique weak solution u € L>([0,T] x R%) of equation
(3.8) with initial condition ug

o+ (b+ X).Vu+cu =0, (3.8)

furthermore for almost every t and x,

ws(z) = () () exp <— /O t cT_q(CDq_l(:L‘))dq) .
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Proof. Let ¢ € C°(RY), and let us define

A0 (2) = o(Dry_o(x)) exp ( /t * (div, — cq)(i)q_t(x))dq) _

Hence, ¢ is the unique strong solution of the equation
A+ (b4 X).Vu+ (divh — c)u = 0

such that cpig (x) = ¢(z). Furthermore, thanks to the previous remark and since ¢ € C2°, all the
following computations are allowed. Let us define as before

t

w(z) = uo(®;(z)) exp <— /0 cT_q(<I>q_1(ac))dq> .

We have
wle) = [ g w)en (= [ (@ @)a) oo

uo(a) i (a)de

d

(R
T~ g

to
) dzug(z) (99020 (z)dg + uo(¢p)
0

= - diEUO(fL‘)/ O(bq($) + Xq)-VSOq(x) + (div bg(z) — ¢4(2))pq(z)dq + uo(p)
R4 0

to X
= [0 [ dmugo,+ %) Ve + ivh, - o) + o)

Hence, by definition, u is a weak solution of Equation (3.8). Furthermore, for a weak solution v
with initial condition 0, by testing against ¢ we have

V(@) = Vi (re) — vo(0)

= ; dqvq((bq + Xq)-v‘»@to + (div bg — Cq)SOto) + Uq(@q) - UO(SOq)
= 0.

And this is true for all p € C2°(R?), hence uy, (z) = 0 for almost all 2. As the equation is linear,
the result is proved. O

3.3 Rough Transport Equation, existence of solutions.

In order to deal with the multiplicative perturbation of the classical transport equation we
need a new notion of solution. When X is a Brownian motion, one can use, as in Flandoli et al.
[30] the Stratonovitch integral to deal with the multiplicative term. As here, we intend to work
with processes such as fractional Brownian motion, which are neither a martingale nor a Markov
processes, there is no way to use classical stochastic calculus.
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In order to replace the stochastic integral we will use controlled rough paths, as presented in
[41] but also in [32]. The way we will require the solution to be weakly controlled by the process
X is to be linked with the way Gubinelli et al. in [46] define controlled viscosity solution of non
linear PDEs. In the following we will focus on rough paths X € R with 1/3 < v < 1/2, since
in that case the controlled rough integrals are quite easy to define. When 1 > v > 1/2, all the
computations are easy as we can consider usual Young integrals.

3.3.1 Weak Controlled solutions, smooth case

We can now focus ourselves on the Rough Transport Equation (RTE). Namely for b €
L>=([0,T]; Lin(R%)) and X € D([0,T]), we want to solve the following Cauchy problem

(3.9)

{ Orur(x) + be(x).Vue(x) + Vur(x).dX: =0
ug € L®(RY) ‘

To deal with the term Vu;(x).dX; which is a priori ill-defined even in the weak sense, we need
to introduce a new notion of solution for equation (3.9).

Definition 3.3.1. Let ug € L*(R%), 1/3 < v < 1/2 and X = (X,X) € R?.We say that
u € L>([0,T] x R%) is a weak controlled solution (WCS) of equation (3.9) with initial condition
ug if for all p € C(RY),

1. we have u(¢) € D% ([0,T]);

2. for all t € [0,T],

t t
ur(p) = uo(p) + /0 us(bs. Vo + div(bs)p)ds + /0 us(Vp)d X s

where the quantity fot us(Vp)dX s is understood as the controlled rough integral of u(Vy)
against dX.
Remark 3.3.2. Since this definition is true for all ¢ € C°(R%), when u is a weak Controlled
solution to equation (3.9) and ¢ € C°(RY), for all o € {1,...,d}? with |a| = 1, we have

Ourt (0%p) :/ us(bS.V(f)ago)—|—div(bs)(8a<p))d8—|—/ us(V(0%))d X s

and the derivative of u(V¢) as a controlled path is u(V2p). Hence as X is geometric, an
alternative formulation for Definition 3.3.1 can be:

1. For all p € C*(RY), u.(Vy) € DY ([0,T)), with u () = u.(Ve).

2. There exists a remainder R? : [0,T]> — R such that |Rs:(p)] < [t — s|>7 and for all
0 < s <t < T the following equation is verified

t
1
Susil) = [ ua(by:To+ diviby)elda + 0 (V) Xes + 5us(VH0) X + Ruali).
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Thanks to the definition of the rough integral (see Theorem 3.2.20 above) these two definitions
are equivalent. Hence, in the following we will either use one or the other.

However from this second formulation it is clear that the solution u depends only on the first
level X of the rough path X due to the fact that only the symmetric part of the area X ; is
needed to compute the rough integral on the r.h.s. if u(Vip)" = u(V2p) and that this symmetic
part is canonical for geometric rough paths and given by XSE /2.

Whereas this notion of solution is quite different from the classical one, when X is smooth,

the rough integral fg us(Vp)d X is equal to the classical integral fot us(Vp) Xods. In that case,
we have to show that the two notions of weak solutions coincide. This is the purpose of the next
theorem. Using the usual weak solutions (see Section 3.2.5), the unique weak solution can be
written as u;(x) = ug(®; *(z)). In order to prove that this solution is a controlled weak solution,
it will be necessary, thanks to a change of variable, to prove that ¢ — ¢(®4(x)) is controlled
by X and has some good integrability properties. This will be the purpose of the end of the
subsection.
Theorem 3.3.3. Let b € L>=([0,T]; Lip(R%) N CY(RY)) with divb € L>([0,T]); CH(RY)), uo €
L®(RY) and X € C*([0,T]). Let 1/3 <y < 1/2 and X be the natural lift of X into the space
RY. Then there exists a unique weak controlled solution u to equation (3.9) with initial condition
ug. For almost every t € [0,T] and almost every x € R% we have

ur(2) = uo(®; ' (x))
where ® is the flow of equation (3.4).
Here, as X is smooth, equation (3.9) can be understood in the weak sense as the classical
transport equation

{ Dpu(w) + bi(w)-Veuy(z) + Vu() X = 0 (3.10)

up € L=(RY)

Thanks to the hypothesis, and thanks to the usual characteristic method, the function
(t,x) — uog(®;(x)) is the unique weak solution of equation (3.10). In order to show that
this solution is a weak controlled solution, the following Lemmas are needed. The whole method
relies on a Taylor expansion of the function t — ¢(®.(z)).
Lemma 3.3.4. Let b € L>([0,T], Lin(R%)) and X € CY(RY) such that the flow ® and its inverse
&~ exist. There exists (T, ||b]|oo:Lin, | X ||ly) > 0, such that for all0 < s <t < T with [t—s| <,
allr € [0,1], all test functions 1 € C°(R4,R™) and all N € N, there exists a constant Cy > 0
such that

D(r@(x) + (1= 7)@s(2)) (1 + [2])Y < Cny.

Proof. Let € > 0 to be specified later and s,t € [0,T] with |t — s| < e. Thanks to Proposition
3.2.35, where we set y = ®4(z)

[W(r®y(z) + (1= r)@s(x)|(1+ 2V = [0(r® (@ () + (1 —r)y)|(1+ |2 ()Y
< @+ DN (@d( @ (y) — y) +y)-

Furthermore, applying Lemma 3.2.33,

[D¢(2; ' (y) — vl @5 (y) — v
It — s["[|®(y)

Ke"(1+ y)(1+ 1 X]4)-

NN
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If |y| < 1, then for e < (2K (1+ || X|,))~/7,
(25 (y)) —yl <1
and r®,(®;1(y)) + (1 —r)y € B(0,2), so that

Lo ([yD[(r@d( @ () + (1 =)yl +[yD™Y S sup [9(2)].

B(0,2)
When |y| > 1 and e < 27%7(K (1 + || X|,)) "7, we have

[©4(®5 " () —yl < lyl/2

and [r®; (5 (y)) + (1 —7)y| > |y|/2. Now let us take Cy, > 0 such that [1p(2)] < Cy/(142|2)Y
We have

Leg(o,1) ([yD [0 (r(@4(@5 7 (y) — ) + )] (14 2/r@ (D (y) + (L =)y~

(1+ )™

Since ®~! satisfies the same type of equation as ®, thanks to Lemma 3.2.33, for € as before,

S
S

(T+]z)) <1+ |25 (y) — vl + [yl <201+ |y))

and finally
[$(r(@e(2) — @s()) + @s(2))] S (1 + )
which ends the proof. O

Remark 3.3.5. We can choose ¢ = 27%/7(K (14 ||X||,)) /7 where K is the constant of Lemma
3.2.33.

An immediate corollary gives an estimate of the growth of the function ¢(®(.)).

Corollary 3.3.6. Let b and ® as in the previous lemma and let p € C’é’o(]Rd, R™). Then for all
t€[0,T] and all N € N, z — (1 + |z|)Np(®y(x)) € L®(RY).

Proof. Let 0 =tg < t; < --- < tpq1 =t such that |t;y1 —t;| < e where € > 0 is chosen as in the
previous lemma and n is chosen as small as possible. Hence

(1 + ) Yeo(@e ()] < (1+ |z)™ ( )| + Z (P, (z @(%(@)!)

< (L4 |2V (Z/ dr|Deo(r(®r, ,, ( )—%(iﬂ))+‘1>ti(x))|!‘1>ti+1($)—<I>t¢(93)+|30(96)|>

—_

<(n+1)<-.

™

O

Finally, thanks to Lemma 3.2.18, we are able to give some estimates for the 7 and D} norms

of (P (z)).
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Corollary 3.3.7. Let b as in Lemma 3.3.4, and ¢ € C°(R%,R™), then ¢(® (x)) € DX ([0,T)).
Furthermore for all N > 0, we have

—-N
lo(@.(2)) ]y S (1 + X [) (1 + |a])
and the implicit constant on the right hand side is nondecreasing in all the parameters.

Proof. Let € > 0 as in Lemma 3.3.4 and |t — s| < e and N > 0. If C denotes the constant of
Lemma 3.3.4, we have

o(Pi()) — p(Ps(2))] = / dr D (r(®y(z) — @5(x)) + 5(2)). (P (2) — Ps(2))
C|®.(2)ll5(1 + )=+t — o],

CK(1+ [ X[5) (@ + Jz)) N[t = s

<
<

Hence, thanks to Lemma 3.2.18, we have
T -N
lo(@.(@)lly < ZCna (1 + [|X ) B+ [2]) 7

Thanks to Remark 3.3.5 we can choose ¢ = 272/YK /7 we finally have
(@ (@)l < TCN e K11+ (| X )7 (1 4 )Y,

To end the proof, we just have to remember that K and C41 are nondecreasing in the param-
eters. O

Lemma 3.3.8. Let b and X as in Lemma 5.3./ and with divb € L®(R%). For all ¢ € C*(RY),
u(Vy) € DY is controlled by X and there exists a constant Cp(p) which is nondecreasing in
16]|Lin, || div b||so and T' such that

|u(V9) by, < Cp(@)lluolloo(1 + X [1,) /7.

Proof. We first rewrite u(¢) in a more suitable way. We use Theorem 3.2.31 and Lemma 3.2.35
and we have

w(Ve) = [ w@)Vele)da
— / uo(q);l(:z:))Vgp(w)dx
R4
_ /}R (1) Vip(@o()) | Jae (@ (1))

Thanks to Lemma 3.2.17, we know that when a,b are controlled by X, the product ab is also
controlled by X and furthermore HabHD} S ||a||D} ||b||D}(. Hence, in order to prove that u(Vy)

is controlled it is enough to prove that for all z € R%, ¢t — V(®(x)) and t + |Jac(®y(x))]
are controlled, with good estimates in x for the controlled norms of those two functions. Since
everything is smooth here, we can apply Theorem 3.2.31 and we have

| Jac(®y(x))] = exp < /0 ' (div b)(<I>q(x))dq> .
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Hence
| Jac(®(x))] < exp(T|| div b]|oo)-

Furthermore
| Jac(®(x))] — [ Jac(®s(2))]] <[t — sl[| div bl exp(T[ div bl ),
hence | Jac(® (z))| € DY, its derivative is zero and its recaller is itself, and we have
[ Jac(®.(2))llpy, S (1+ || divblloo) exp(T'| divdlloo).

We need a bit more work to handle V(@ (z)). Thanks to Corollaries 3.3.6 and 3.3.7, for all
N > 0 we already have

IV(®.(2)) 1y + V(@ (2))lloo S (1 + [1X 1) 71+ [2) .
Moreover

Vo (@i(x)) — Vo(Ps())
= DQSO((IDS(x))-(Xt - Xs)

1
+ /0 drD?p(r(®(z) - By()) + () — D2p(@4()).(X, — X)

1 t
rD?*o(r(®y(z) — ®y(z s\x)). \Lq(T
+/Osto<<<I><> ¢<>>+®<>>Lb<¢<>>dq
= Ve(®.(2)). Xs + V(@ (2))F,.
Thanks to Corollary 3.3.7,
ID?p(®@ ()]l S (1 + | X[|5) Y7 (1 + J]) 7.
#

st

Next, thanks to Lemma 3.2.18, it is enough to control the local norm of (s,t) — Vo (® (x))
when we choose € as in Lemma 3.3.4. By Lemma 3.2.33, we already know that,

[ b@utea] € K= o0+ o) (0l 1)

hence it is enough to bound fol drD?p(r(®(z) — ®s(x)) + P4(z)). But thanks to Lemma 3.3.4,
this quantity is bounded by (1 + |z|)~(N+1). Furthermore

1
/O dr(D%o(r(®y(x) — By (x)) + By (2)) — D2o(®, (). (X, — X,)

1 1
_ / dr / dqD3o(rg(,(x) — By(2)) + Dy (2)).(B(x) — Do(2)).(Xi — Xs)
0 0
and again thanks to Lemmas 3.2.33 and 3.3.4 we have

sup (1+z))™  sup  [Ve(@.(2)F, /]t — 5| < +o0.
z€R4 s#t,|t—s|<e
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Furthermore, since & ~ ((1 4 || X||,)K)~'/7 thanks to Remark 3.3.5, thanks to Lemma 3.2.18 we
have
IVe(®.(2)lpy S (L + ]z~ (1 + X)) 1.

As all the previous constants are nondecreasing with respect to ||b||1in, so is the implicit constant
in this last inequality. Hence, when we put this inequality and the inequality for | Jac(®(x))|
together, we have

IVe(®.(x)) Jac(®.(2)) I py, < Onip(IbllLin, | divbllec) (1 + J2) ™ (1 + | X |l,) 7 (3.11)

where the constant C' is nondecreasing in T, ||b||Lin and || div b||oo. Finally as

u (V) = /duo(a:)Vgo(q)t(x))Jac(@t(x))dx,
R
the function (V) is controlled by X and
IVip(@.(x)) Jac(®.(2)) Iy, < C(T, Xy, [8l|Lin, || divdlloc, 0, D, D@, D*0)fug]|oc-
where the constant C' is the constant of Equation (3.11) with N =d + 1. O

Remark 3.3.9. The last proof shows gives that for all ¢ € C°(R?), u(¢) € CY(R?) with the
bound

lu(®)|ly < C(T, ||uollsos 6] 0o,Lin, ) (1 + HX||'Y)1+1/’Y’

Hence, for all ¢ € [0,T], us(1)) has a meaning as a continuous function of ¢.

The last proof, and particularly Equation (3.11) gives us the following corollary

t 5.
Corollary 3.3.10. Let gy € C°(R%). For all z € R? the function t — po(®y(x))elo v 0(Pa(2))dg
is controlled by X. Furthermore v — H(,O()(q).(w))np} is decreasing faster than any polynomial
and

o (®.(@))llpy, o,m) (1 + [21) ™V [l oo ety < C(T, [Blloo,Lins p0, Dpo, Do) (1 + || X]|) !4/,

Remark 3.3.11. In fact, to prove that u(Vy) is controlled by X we do not need @g € C°(R9),
but only g € C3(RY) with z — (1 + |2])T2(|Vo(x)| + |D?*¢(x)| + |D3p(x)]) € L=®(RY).

When we test (t,z) — uo(®; ! (x)) against smooth compactly supported function ¢, thanks to
a change of variable, proving that u(¢p) is controlled by X is equivalent proving that ¢ — ¢(®(x))
is controlled by X and has good integrability properties, which is what the previous lemmas have
just achieved. We are now able to prove Theorem 3.3.3.

Proof of Theorem 3.5.3. Let us first consider the weak solution u of equation (3.10) (see Sec-
tion 3.2.5). We have shown that for all p € C2°(RY), u(y) € C7([0,T]) and u(Vy) € D} ([0,T7),
hence [;us(V)dX, is well defined as a rough integral. Furthermore, for ¢ € [0, 7]

ur(div(brp)) = /]Rd dau(z)(be(z). V() + o(x) div by (x) )dz
= /}Rd ug () (b (Pe()).Vo(Pi(x)) + o(Pi(x)) div by (P (2)))| Jac( Py (x))|dz
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and as | Jac(®y(x))| < el dVbllT and | Jac(®; ! (2))| < el divoleT

ue(div(bep))] < [lugflce! VPI=T /}Rd |(0:(D4(2)).Vip(@1(2)) + p(Pi()) div by (P4()))|dx

< ol ST [ dafby(2).Vip(a) + () div bo) da
R
Seve lluolloollbllscirine® =T ([1b]l oo, Lin + || div bl o)

Hence u(div(b.V)) € L*(]0,T]) and fot dsus(bs. V) is well-defined for all t € [0,7]. As u is a
weak solution of (3.10), for all ¢ € C2°(R%) and all f € C°([0,T]), the smooth functions with
compact support in [0, 77,

wo(9) fo — ur(fr) + / ' (ut«o) - / e (5o Vg div(b,))ds — / t us<w>Xsds) fudt =0

and since fot us(Vip) Xods = fg us(Vp)d X5, thanks to Lemma 3.3.8, we have

/OT <ut(90) —uo(p) — /Ot us(div(bsp))ds — /ot us(v¢)dxs> ftdt —0.

But t = w(p) —up(p) — fg us(div(bsp))ds — fot us(Vp)dX s is a continuous function, thanks to
Remark 3.3.9, Lemma 3.3.8 and the previous computation. Hence, for every t € [0, 7],

ur (i) — o () — /0 s (div(Bagp))ds — /0 us(V)d X, = 0

and u is a WCS of equation (3.9).
We will show that it is unique. Let v a WCS to eq. (3.10). Then, we have for all f € C$°([0,T7)
and all p € C°(RY),

/[)Tvt(ﬁp)ftdt_ /OT (1}0(90)4- /0 un(div(beg))ds /0 Cos(V1) Xsds> fdt

hence .

—v(0:f @ @) = vo(fo @ @) + v(div{(b+ X)(f @ ¢)}) = 0.
As this equation is linear, and thanks to the density of the linear span of C2°([0,T]) ® C°(R%)
into C2°([0, 7] x RY), for all ¢ € C2°([0,T] x RY),

—0(9) — vo(1(0,.)) + v(div{(b+ X)ip}) = 0
Hence, v is a weak solution of equation (3.10). By Section 3.2.5, v = u and uniqueness holds for
the weak controlled solutions in the smooth case. O
3.3.2 Existence of a weak controlled solution

We now have all the tools to deal with the Rough Transport Equation. We are looking for
weak controlled solutions. Here we will no longer suppose that X is smooth. As usual in such
a setting, we will approximate X and b in a smooth way, and use the a priori bounds of the
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previous part to obtain compactness. In the case where X is a stochastic process, in order to
have gsolution which are measurable in w, the result will be a bit more subtle and stated in the
next subsection. Furthermore, we give the entire proof in the deterministic case as it is quite
straighforward relying on a standard compactness argument.

Theorem 3.3.12. Let § < v < 1/2, b € L>([0, T]; Lin(R%)) with divb € L>([0,T]; L>(R?))
and let X € RY([0,T]). Then there exists a weak controlled solution v € L>([0,T] x R?) to
equation (3.9).

Proof. As X € R7([0,T]), there exists a sequence (X°). = (X, X%). € RY([0,T]) with X, =
fst X¢ — X2dX¢ such that X € C*(R%) and | X — X¢||g» — 0. We can also approximate b by
b° such that b* € L>([0, T]; Lip(R?) N CY(RY)) and divb* € L=([0,T]; C}(R%)). Let us consider
the weak Rough solution u® of the equation dyu® + b°.Vus + XF = 0 with u§ = up. Thanks to
Theorem 3.3.3, we know that for all ¢t € [0, 7] and all ¢ € C2°(RY)

t t
ug (@) = uo(p) +/0 ui(bi.Vgp)ds%—/() uf (Vp)dXE. (3.12)

The strategy here is to extract a subsequence such that each term from the previous equality
converges. First let us show that there exists u € L>([0,T] x R%) and a subsequence &, such
that

ut" w_—*L1> u
This is nearly straightforward since uf(z) = uo((®°); *(z)) and ||uf||pe < |Juo||z. Hence (uf)-
is relatively compact for the weak-star topology of L', and we take a subsequence (g,) and

u € L>([0,T] x R%) such that u" wrlh Furthermore, for all ¢ € C2°(R?), we have

c w—xL1([0,T
un () L OTD, )

But thanks to Remark 3.3.9, we know that u®(¢) € C7([0,7]) and that

/

[us (@)l < C(T, uolloo, 16 loo,Lin: ©) (1 + | X=]|5) H1/7
C(T, [uo|loos [1blloo,Lins @) (1 + [| X [|4) 7
+o0.

VAR AN

We can apply Arzela-Ascoli to u®(y), and there exists I(u, ¢) € C([0,T]) such that, for another
subsequence (£,,) of (g,), (u"(¢)) converges uniformly to I(u, ). Hence we have u(yp) = I(u, )
and u(yp) € C7([0,7]). The same strategy works for fg us(div(bSp))ds up to extraction of an
other subsequence. Hence, for all ¢ € C°(IR?), there exists another subsequence, let us denote it
again by (ey) such that (f;us"(div(b5".V))ds) converges uniformly to [; us(bs.V)ds. Thanks
to Lemma 3.3.8, as sup,~g || X0,y + [|6°|loc,Lin + || div b°]|sc < 400 we have

sup S (Ve)llpy., < +oc.
e>0

Hence, u®(Vp) is bounded in the space DY., uniformly in e. It is possible to apply the Arzela-
Ascoli theorem to u®(V), (uf(Vp)) and (u®(Vy))#, and there exists u(Vyp) € D% such that

u= (Vi) 25 u(Vyp).

105



Furthermore, thanks to the definition of the rough integral (see Theorem 3.2.20 above) and the
comparison between controlled paths (see Lemma 3.2.17), we know that

/ uEn(Vp)dxer < / s (V)d X .
0 0

Hence the last term in equation (3.12) converges. Finally we have shown that v € L>([0, T] xR%)
is such that for all p € C®(R?), u(V) is controlled by X and for all ¢ € [0, T],

t t
w(e) = wle) + [ wb Vs + [ u (VX

and u is a weak controlled solution to equation (3.9). O

3.3.3 Existence of a measurable weak controlled solution

The proof of the previous theorem strongly relies on Arzela-Ascoli theorem and compactness
in continuous functions. Nevertheless, since we are working with pathwise arguments, these
extractions do not guarantee the limit to be measurable in w. The following definition is a
refinement of Definition 3.3.1 in the case we are working with a rough path lift of a stochastic
process. The subsequent theorem proves that such solutions exist in that case.

Definition 3.3.13. Let 1/3 < v < 1/2, (2, F,P) a probability space and X a continuous
stochastic process on (€, F,P) such that almost surely X lifts to a Rough Path X € R([0,T7)
in a measurable way. Let b € L>(Q x [0, T]; Lin(R%)) and ug € L=(Q x RY).

In that setting, a (Stochastic) weak controlled solution of the Rough Transport Equation
with initial condition ug is a function u € L>(Q x [0, T] x R%) such that almost surely, u(y) €
D}([0,T)) for all p € C°(RY) and almost surely, for almost all ¢ € [0, 7],

ur(i0) = uo(ip) + /0 tg(div(byp))dg + /0 ug(V)dX,,

where that last integral is understood as the controlled rough integral of u(V¢) against dX.

Theorem 3.3.14. Let b,ug and X as in the last definition. We also assume that for a smooth
measurable approzimation X of X and all 1/3 < v < 1/2 and all 400 > p > 1, E[|| X —
X|%,,] 0.

Then there exists a Stochastic weak controlled solution for the Rough Transport Equation with
wniatial condition ug.

The proof is quite similar to the one in the deterministic case. The only - but significant
- difference is that we can no longer apply naively the Arzela-Ascoli theorem. As before we
will use a weak-*-compactness theorem to identify a limit. In order to find a Holder continuous
version of this limit, we will use a sequence of partitions (here the dyadic numbers) and Riemann
sums. The end of the proof will be devoted to prove the convergence of each term to the wanted
quantities.
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Proof. Let (X¢) the smooth approximation of X. Let k& : R — R? a smooth mollifier, i.e.
ke CP(RY), k=1for |z| <1and k=0 for |z| > 2, and k.(z) = S%k (%). Let b° = k. *b, hence
b* € L®(Q x [0,T); C*(R%) N Lin(RY)) and for all Y € L'(Q)

E[[[6° = 0| o (fo,7);Lin(ra) Y] — 0
and ||b€HLOO(QX[O,T];Lin(]Rd)) < HbHLOC(QX[O,T];Lin(]Rd))' Furthermore div b* ALOO(QX[O’T]X]Rd) div b,

i.e. for all f € LY(Q x [0,T] x R%),

E

E / div by (x)ft(x)da:dt]
[0,7] x R4

and || div b || Lo (0,77 xRe) S [ iV Ol oo (x [0,7)x RA) -

Let ®¢ the flow of the approximate equation ®5(z) = x + fO b3 (@5 (z))dg + X§ and (@)1
inverse. We know, thanks to Theorem 3.3.3, that u§(z) = uo((q)E) L(x)) is a weak controlled
solution of the approximate Rough Transport Equation with initial condition wug, i.e. for all
o € OX(RY), t — uf(¢) is controlled by X¢ almost surely, and for all s < ¢ € [0, T],

/[0 T]x R4 div bf (x)ft(fz)dxdt
X

t t
() — uS(p) = / “ (div(b5p))dg + / U (V)X
First, as up € L>®( x R%),

[[u[[ oo (Qx[0,T]xR4) S < Jluolloo-

Hence there exists a subsequence abusively denoted again by (uf), and u € L>=(Q x [0, T] x R%)
such that for all Y € LY(Q), f € LY([0,T]), » € L'(RY)

[/ dt/Rd e d:cftth] - E [/ /Rd w(z)p(z)dz f,dtY | .

Let us find a weakly continuous version of the limit u. Let us define for n > 0 the points of
the dyadic partition of [0,7] by ¢} = iT27". We denote by II,, = {t]' : i € {0,...,2"}} and by
IT = Up>110,. As II is countable and for all ¢ € II

[uf [l oo (xmey < fuolloo < +o0,

there exists a subsequence of (u¢), denoted again by (u¢) such that for all ¢ € II there exists @; €
L= (QxR%) such that u§ — 1i; weakly in L= (QxR?). Furthermore, for all ¢ € II, [Ge]l oo (xme) <

||U0HL°<>(Qde)~
Furthermore, let us recall that thanks to Lemma 3.3.8, u®(p) € D}{E almost surely and since
Lo (2x[0,T);Lin(R4)) =X Lo (22x]0,T);Lin(R4)) RY X RY
[16°]] < [[bll and || X®[rs < || X]]
I (@)llpy. S Kebauo(L+ X [lR2) 177,
We have, for all s,¢ € II, all ¢ € C°(IR?), since () — @is(¢) € L¥(S2), for all p > 1
E[(0us (1)) (35, (0)) P71 = E[(8%s,4()) ).
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But, by Hélder’s inequality,
E[0ugi () (Sts(0)P71] < B[(5is ()]~ PPE[(5ugy ()]
Sp B8t (i0)) P/ PV — 5]

Hence

E[(8%s,:(9)*] Sp Koo luoll|

t — s|2P. (3.13)
Hence, for t € [0, T, (tx)k, (tx)x € IIN such that ty — ¢ and # — ¢, (i, (p) — tg, (p))k converges
to zero in LP(Q). Furthermore (i, (¢))x is Cauchy in L?P(Q). We call its limit @(¢). Note
that it is independent of the sequence in II. Since ||t (¢)|| L) < [[uoll Lo (xra) 1@l L1 (Ra), DY
the dominated convergence theorem, the bound in Equation (3.13) holds for all s,¢t € [0,T].
Hence, thanks to the usual Kolmogorov continuity Theorem, almost surely for all v < ~, @(p) €
¢ ([0, 7)) and for all E[||a(p)|5,] < +oo for 1 < p < +oo.

Let us take f € C°([0,T]), Y € L9(Q) for 1 < ¢ < 400 and, ¢ € CX(RY). As for every

point s € II, @s(¢) = us(y), and thanks to Riemann sum estimates, where we define

2"—1 2"—1

S, ) =27" > frtia(p)and Su(e, f) = 27" > frum(p)
=0 =0
we have

'E Ji T(Uf(@)—ﬂt(w))ftth” < x|/ Tﬁui(so)dt—s;(eo,f)hw] (3.14)
HB((S3 (e, £) — Sule Y]
v | [ fantoat - 5. Nl

£ llscllwoll oo @xmay BIY 127"
2" —1

IS o2 D Elufn(9) — un (9)Y]]
=0

Hll flloo2™ " El(sup flu” (@)l + ally) Y]]

N

Letting € go to zero and n go to infinity, we have

E [ /0 ! ftut(cp)th} _E [ /0 ' ftﬂt(go)th] .

hence almost surely and for almost all ¢t € [0,7] w(p) = ui(¢). Since it is also true for all
¢ € C®(R?%), we have shown that there exists a version @ of the weak limit u such that @ €
L>®(2 x [0,T] x RY) and

u(p) € LP(€;C7((0,17)).

From now on we will consider only this version and denote it by u.
Thanks to the hypothesis on b and b%, we know that for all p € C°(R4), div(b°¢) — div(byp)
strongly in L'([0,T] x R¢). Hence, for all t € [0,7]

t T t
| witaivttienao = [ aq [ dmito)divtie)100@ — [ i)
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where the convergence is weak in L>°(Q2). Furthermore, since the following bound holds

||U§(div(bf160)) HLOO(QX 0,17 < [|uo ||(Q><]Rd) | div b<P||Loo(Qx[o,T];L1(Rd))a

by the dominated convergence theorem we have

t t
[ itantgonda =0T [ v,

In order to prove that u is a weak controlled solution of the Rough Transport Equation, it
remains to show that the last term [;ug(Ve)d X5 converges weakly in L>(€; D'([0,T])) where
D' is the set of distributions on [0,T] to [;ue(Ve)dX,. In order to do that, it is necessary to
show that u(V) is controlled by X. Thanks to the last construction, for all m € N and all
¢ € C®(RYR™) and all ¢t € I, uf(yp) converges to u(p) weakly in L>°(Q) and furthermore
t — (i) is almost surely in €Y' ([0, T7]) for all 4/ < ~, and |u(p)|| v € LP(S2) forall 1 < p < +o00.
Hence, this holds for Vi and V2p when ¢ € C°(R?%). Furthermore, thanks to Lemma 3.3.8,
w (V) = u (V).

For all s <t € M and all Y € LY() for ¢ > 1, we have XY € L'(2), and the following
computation holds

’E[UZ(V‘P)XE,tY] - E[“S(V‘P)X&tY” < ’E[ui(vw)X&tY] - E[“S(V(P)XS,tY”
FE[us (V)| X5 — Xo Y]
S B (Ve) X Y] — Elus (Vo) X Y|
+E[| XS, — X,4P]PE[Y |91,

Since E[|| X — XH%W,] —re—0 0 and [ug (V)| < [[uoll g xray Vel 1 may, for all 1 < p < +o0
and all s,t € II, ug(p) X5, converge weakly in LP(Q) to us(¢)Xs¢. The same computation holds
for u(V2)Xg, and us(V3) X, and us(Vi0)XE, and us(VZ0) X .

Furthermore, for all s,t € 11

15 (Ve) = uf (Vo) — u (Vo) — ug(V2p) X5,
Hence 75 (V) = 75+(Vp) weakly in LP for all 1 < p < +oc and we have for all Y € LI(£2),
E(rs1(Ve) = (u(Ve) — u(Ve)s) — us(V29) X5 )Y] = 0.
Hence, almost surely for all s,t € II,
u(Ve) — u(Ve)s = us(Ve) Xop + 151(Vep).

thanks to the same limiting procedure, the previous equation is true for all s,¢ € [0, T]. Further-
more, by the same computation, we also have that for all s,¢ € [0, 7.

Ellrs:|™] <p It — 5|7

Therefore, by Kolmogorov’s continuity theorem, r,; € C?Y'. Hence, almost surely u(V) is

7'-controlled by X and [[u(Vy)|| ., € LP(Q) for all 1 < p < +oo0.
X
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For alln > 0, k > n and all t € N>, I, there exists if € {0,..., 2%} such that t = tfk. Then
t

we define
k

k-1
SHVont) = LG (ToI0XGy gy, 0y (TP
1=

and Sk (V,t) as the same quantity for u and X. Thanks to the definitions of u, we know that
S;(Ve,r) converges weakly in all LP(§2) for 1 < p < 400 to Sp(Ve,r). Furthermore, thanks to

the estimates for the rough integrals, and since Hua(VgO)HD}(/6 S (141X |l ) 17, we have

t
/0 ué(Vso)dXZ—Si(Vso,t)‘ S (V) gy X 2™
S 0+ [ X gy )> M7 27D

and

t
/0 uq<w>dxq—sk<w,t>' S (V) 1 X N2,

Hence, for all 1 < ¢ < 400, and Y € L4(9),

‘E [( /O (V)X — /O t uq(ch)qu> y]

¢ p
s B [ /0 u(Vip)dXg = Sp(Ve,t) } Y 0y + IEI(SE(Ve, t) = Su(Ve, 1) Y]IP

p

p
+B | [ 1Y

As e — 0 and k — +0o0, the right hand side of the previous inequality goes to zero, and for all
tell, fot ug (V)d X g converges weakly to fot uq(Vp)d X, in LP(Q2) for all 1 < p < 4o00.
Furthermore, as for all t € [0, 7]

t
/0 ug (Vp)d X

t
[ ual1ax; - sVt
0

S (L4 10 (TPl ) (14 1)) S (1 X )

H'D')‘/(8

and the same kind of bound holds for ‘ fg uq(Ve)dX,4|. By a similar computation to (3.14), for

all 1 < p < +oo,al Y € LIY(Q) and all f € C°([0,T]),

T t T t
E [/0 ft/0 uz(ch)dXZth} —E [/0 ft/o uq(ch)quth} .

Hence all terms of the approximate equation converge and we have, for all test functions f and
Y

’ T ¢ ¢
B[ (ule) - wle) - [ wldivt,oio - [ (o)X, ) paey] o
0 0 0
Almost surely and for almost all ¢ € [0, 7],
¢ ¢
ut(¢) = uo(ep) —I—/O uq(div(bqgo))dq—i—/o uq(Ve)dX,.

Hence, u € L>®(Q2 x [0,T] x R?) is a weak controlled solution of the Rough Transport Equation
driven by X. O
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3.4 Uniqueness of weak controlled solutions

In order to prove the uniqueness of weak controlled solutions, we will use a duality argu-
ment. Indeed, we will suppose that everything is smooth, and that v is a strong solution of the
Continuity Equation

dtp + div(b)y + b/Vep + Vip. X =0 (3.15)

with ¢ € C®(RY) for all t € [0,7], we have for any weak solution of the rough transport
equation, using the Leibniz rule on u:(¢) = (ug, ¥¢),

Op(ut(r)) = Opur(the) + ue(0s(¢r))
= w(div(behy)) + ur (Vo) Xy — ue(div(bapy) — Vipe Xy)
= 0.
Hence us (1)) = up(bg). As the equation is linear, it is enough to prove uniqueness when ug = 0,
then u:(¢):) = 0. The trick here is to solve equation (3.15) backward, such that for any fixed
© € O®(R%) and any t € [0, T], there exists a solution of the equation (3.15) such that 1; = ¢.
Of course such a strategy comes at a price. When X is not smooth, equation (3.15) does

not make sense. Hence we will need to give a suitable notion of strong solution for the Rough
Continuity Equation

o) — a(z) + / div(bgtby) (x)dg + / iy (2)dXy = 0. (3.16)

As the test functions for the weak controlled solution of the Rough Transport Equation need
to be in C®°(RY), we need to construct smooth compactly supported solution for the Rough
Continuity Equation. Since we want to consider b with poor regularity, this will not be possible.
We will proceed by regularization of b, and we will need some convergence lemmas.

3.4.1 Existence of strong solutions for the rough continuity equation

We have to define what are strong solutions for the Rough Transport or Continuity equation.
Following the definition of weak controlled solutions, we give the following definition. Note here
that in all the following part we will not allow linear growth for the vectorfield. This is only
a technical issue, since the regularization argument for the flow works only if we have bounded
vectorfields.

Definition 3.4.1. Let b,c € L®([0,T],L®(R%), + < v <1 and X = (X,X) € RY([0,T)) a
~-rough path. A strong controlled solution with initial condition ug of the Rough Equation

Opu(x) 4+ be.Vug(x) + cp(x)ug(z) + Vue(z).dX, =0, u(0,2) = ug(x),
is a function u € CY([0, T]; C*(R%)) N L>=([0, T] x R?) such that
1. For all z € RY, the function ¢ — Vuy(z) is controlled by X.

2. For all z € R? and all s <t € [0,T], the following equation is satisfied
t t
ut(x) — ug(x) —I—/ be(z).Vug(x) + cq(z)uq(x)dg +/ Vug(z)dX,=0
where the last integral is the rough integral of Vu () against dX.
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As for the weak controlled solutions, when u; € C’g, we can replace condition 2 by the
following one.

e There exists a function R%(z) : [0,7]? — R such that R%(x) € CSV([O, T)) and
t
1
ut(x)—us(x)—i—/ (bq(x).qu(x)—l—cq(ac)uq(:c))dq+Vus(ac).Xs7t+§V2u5(x)X§f+R?7t(x) =0

In order to prove the existence of strong controlled solution (SCS) for the Rough Continuity
Equation (RCE) we will proceed as for the weak solutions. Namely we will approximate X and
show that classical solutions (see Subsection 3.2.5) are controlled solutions for the approximate
equation, and then remove the approximation. Nevertheless, in order to have an explicit form,
we cannot use a compactness argument anymore, and we will have to control all the objects in
order to make them converge. As we focus on regular b only, standard argument will be used.

The three following lemmas are quite similar to Lemmas 3.3.4, Corollary 3.3.7 and Lemma
3.3.8, but since we are working with bounded function b we will give an easier proof.

Lemma 3.4.2. Let b € L>=([0,T]; L°(R%)) and X € CY(RY) such that the flow ® of the equation

t
Dy (z) :CL'+/0 by(Py(x))dg + Xi.

Let ¢ € C.(RY) a continuous function with compact support. Then for all s,t € [0,T] and all
r € [0,1]
x = o(r(Py(z) — Ps(x)) + Ps(z)) has compact support .

Furthermore if supp ¢ C B(0, Ry),then supp o(r(®.(.) — ®s(.)) + ®4(.)) C B(0, R) where R =
Ry +2T7(||bl[ o + 1 X]5)-

Proof. As b€ L>([0,T], L>(R%)), we have for all z € R? and all s <t € [0, 7]
@ () — 2| < Tblloc + T7(|1 X]]5
But, thanks to the equation, we also have
|[@1(2) = @5(2)| < T[blloc + T X[]5-
Hence for all r € [0, 1], s,t € [0, T,
r(®(z) — @s(2)) + Ps(2) € B, 2(T[|blloc + TV X]15))-

Let R, > 0 such that suppy C Bf(0,R,), for all # € R? such that |z| > R, + 2(T||bllec +
1X1),
By (x, 2(T[blloc + T X1l5)) N By (0, 2(T[blloc + T 1 X 1)) = 0.

And
suppx — ¢(r(P¢(x) — Ps(x)) + Ps(x)) C By (0, Ry 4 2(T[|blloc + T7([X]]5))-

which ends the proof. O
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Lemma 3.4.3. Letb and X as in Lemma 3.4.2. Let ¢ € CH(RY,R™) a continuous differentiable
Junction with compact support. Then t — p(P(z)) € C7([0,T]), and furthermore

lo(®.(2)lly ST ([[blloe + XN ID¢ll 00 L (0,) (%)
where R = Ry, + 2(T'||bl|oc + T7||X||y) and Ry is such that supp ¢ C Bf(0, R,).

Proof. As b is bounded, we have ||®||y <7 ||b]|oc + || X||y. As usual we consider the increments,
and with the previous lemma we have

1
o(®i(2)) — (®s(x))] < /0 dr[De(r(®:(x) — 5(2)) + @5(2))||Pi(x) — Ps()]
St (1Bl + XTI Dl s, 0,7 ()-
O

Those two previous lemmas guarantee that the function ¢t — ¢(®;(x)) is controlled by X and
furthermore give a estimate on the controlled norm. Indeed, the following lemma holds.

Lemma 3.4.4. Let b and X as in Lemma 3.4.2. Let ¢ € C2(RY,R™), then t — p(Py(x)) €
D} (RY), and furthermore

p(2.()) = Dp(®.(x))
and for R as in the previous lemma, we have
le(®.(2) Dy, (o) < CA+ [ Xly)Lp(0,R) (2)-

The proof is quite similar to the one where b has linear growth. Nevertheless, as it is easier,
we present it.

Proof. We already know that ¢(® (x)) € C7([0,T7]). Let us compute the increments,

p(Pi(x) —@(®s(z)) = Do(Ps(x)) Xt

1

T /0 dr{Dp(r(®,(x) — B(2)) + By (x)) — Dip(®4(x))}. Xos
1 t

n /0 ArD(r(@.(a) — 0u(2) + @), [ by(y(2)da

Thanks to the previous lemma, we also know that Dy(® (x)) € C?. Furthermore, thanks to
Lemma 3.4.2, we have

1 t
/0 drDp(r(®s(x) — ®s(x)) + @s(w))-/ bq(q’q(l’))d@’ < [1D@lloo L, (0,7) (%)t = s[[[b]]co-

where R = Ry + 2T7(|b]loc + | X[). And finally

1
/O dr{Dp(r(®s(z) — @s(x)) + Ps(x)) — Dp(Ps(2)) }- Xt
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1,1
/0 /0 drdg{D?*p(rq(®,(z) — ®s(x)) + ®4(z)).(Ps(z) — Dy(z)). Xst

<D oo [IX 11 T (1blloe + 1X11) L, 0, (2) It = 57

Putting all together, we have the wanted result

le(@.(@))llpy < CT X Iy bllo, 2lloos 1Dellso, D% @lloo) L5, (0,8 (),

where the constant C' is nondecreasing in all the parameters. and so is R. OJ

In order to prove that there exist strong controlled solutions to equation (3.16), we will
approximate the rough path X. Hence, we need some regularity for the controlled norm of the
potential solutions of the equations. The following lemma gives us the regularity w.r.t. the rough
path norm of X and Y of the controlled test functions.

Lemma 3.4.5. Let b € L®([0,T]; C}(RY)), X,Y € C7 and ®X,®Y the associated flows. Let
¢ € C3(RY). Then

le(@F (2)) = (@7 (@)l < CIX = Y[+ 1Y 1l) (1 + [1X]5) L5y 0,7 (2)

and

lo(@X (2))* — (@ (€))7 ll2y < CIIX = Yy (L + Y1) (L + [ X1l4) s, 0,7) (@),

where the two constants C = C7(||b]loos || Db||oos [|€]l0os [PP|lsos | D?*@lloos |P3¢llec) and R =
Rr(||bloo, | X |4, 1Y [l4) are nondecreasing in all the parameters.

Proof. We already know that the two functions o(®X(z)) and ¢(®Y (x)) are controlled by X
and by Y respectively and that

p(2X(2)) = Dp( (2))

and

1 t
p(@X (2)# = / drDop(r8(@X) () + X (). / by(®X (2))dg
0 s

1,1
2 X X X
+/O /0 drdgD p(rqd(P5,) () + @5 (7)).0(P5,) (7). Xs s

and the same holds for ¢(®Y (z)) when we replace X by Y. Hence
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3(Dp(@ (2)) — Dp(@7 (x)))s,t

)

1
_ / drD?p(rd(@X)(z) + 0 (2)).6(0,) (x)

1
- /0 drD?p(ré(@Y,)(x) + ®Y (x)).6(2Y,)(x)

- | L4 D28 (@) (@) + 9 (2)5(@F — 7). (e)
0

+/0 (D*p(rd(®)(z) + @5 (2)) — D*p(rd(®y,)(2) + @5 (x))).0(25,) (2)

_ / 1 ArD2p(r6(@%))(z) + X ()).6(0% — &Y), ()
0

1,1
—I—/ / drqu?’cp(q(r(S(CI)X — @Y)s,t + CI"SX(J:) — cI>sy(ac)) + r(SCIJZt(x) -+ @f(x))
0o Jo

(r6(@% = V) + O (z) — B (2)).6(] ) (2)
= A1+ A

Following the proof of Lemma 3.4.2 and with the estimations of Lemma 3.2.38, there exists
R > 0 nondecreasing in all the parameters such that

| A1] < C(T 1D ¢lloo, | D*¢llsc, 1 Dbllss, [1Blloc) X = ¥ ll4 15,0, (@)t = s,

where C' is nondecreasing with respect to the parameters. The same kind of bound holds for A,
and we have
[Ag| < Clt = 8| X = Yl 1, 0,m) (@)X = Yl (1+ Y ])-

Let us turn now to the remainder. We decompose it into five terms:
p(@% ()%, — p(®Y (2))¥, = B1 + By + By + By + Bs,

where

1 t

Bi= [ arDprs(@X)(@) + (@) [ (@ (2) = by (@) (@),

. t

B, = /0 drD p(ré(®3,)(x) + 3 (z)) — De(ré(P),)(z) + ‘I’z(x))/ by(®y (x))dg,

1,1

B3 = /0 /o drdgD?*o(rqs(92,)(x) + 3 (2)).0(3;) () (X = Y)ay,
1 1

By = /0 /0 drqu2<p(rq5(<I>§t)(:c) + X (x)).6(0% — q)Y)s,t(m)‘Y:s,ta

1 1
Bs = /0 /0 drqu2g0(7“q5(<I>§t)($) + 0N (z)) — DZSD(qus(‘I)Zt)(fE) + <I>f($))5(<1>§t)(x)Yst

The analysis of those five terms being exactly the same as the analysis of the terms A; and As,
the result follows easily. O
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Lemma 3.4.6. Let b € CH(RY), X,Y € C([0,T]) and ®* and ®Y the associated flows. Let
c € CHRY) and

) = e ([ @ enaa) K (@) = exp ([ ea@) (eaa)

1 (@) = K (@) [Lip < (T, 1Db]los, lle], [ Velloo) 1X = Yl

Then

Furthermore, if b € CZ(R?) and ¢ € CZ(RY), we have
IVEX (2) = VEY (2)l|Lip < O(T, |Dblloo, | D?0lsc, llell, | Vellso, 1D elloc) [ X = Y]l

Finally the two constants are nondecreasing with respect to all the parameters.

Proof. As Ki'(z) = Kg(y) = 1, we only have to control the increments of the difference. Let
x € R% s,t € [0,T]. Thanks to Lemma 3.2.38, we have

exp (/t cq(@gf(x))dq> — 1‘

co@ @) oo | t (@} (e)da) | KXo
S

6K = K )su(@)] < K (2) = K (2)]

o

t
s
s
0

_l’_

< Tl / cg(@X (x))dg —/ cq(q>3j(;p))dq’ 1t — sllelloc
0
t
Tl / cq(®X ())dg — / cq(‘sz(a:))dq‘ T

S C[Dblloss [lellos, [[Velloo, THE = ]| X =Yl

Furthermore, as
VKX (z / Veg (DX (2)).D®) (2)dgK[ (z),

we only have to prove the bound for L;¥ (z fO Vg (P ( )).Dq);( (x)dg. We have, again thanks

to Lemma 3.2.38,

|6(LX — LY)g4(

/ Vg (DX (2)).(DR (z) — D@}I’(x))dq’

/ (Vey (@ (2)) — Veg (@Y (2))).D8Y <x>dq\
< = sl Velloal X = ¥y + It — sl D%Cllocl X — ¥,

~

where the constant depends on T, || Db/, ||D?b]|00, ||¢lloo @and ||Ve||oo, Which proves the result.
O

We have gathered all the tools to prove the existence of strong controlled solutions if the
initial condition and the the two functions b and ¢ are regular enough.
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Theorem 3.4.7. Let b € L>=([0,T); C3(RY)), c € L>=([0,T); C3(R%)), 1/3 <y < 1/2, X € R7
and @y € C3(RY). Let ® the flow of the equation

t
Bil) = o+ [ b(@0) + X
0
and &~ its inverse. The function

()~ ) = @ (e (| t i@ ()

is a strong controlled solution to equation (3.16). Furthermore the function x — |[Vip.(z)|py is
compactly supported.

Proof. Let us take a smooth approximation X" = (X", X") of X such that X7 — X. By the
characteristic method (see Subsection 3.2.5) we already know that

(t,) = 9] (2) = o((@M); () exp | — [ cr—q((@")g " (2))dg
0

satisfies the following equation
t t t
wl@) = 02(e) + [ 0@ Veg@a+ [ elvg@ia+ [ Tope)Xgde =0, (317)

Let us define ¢!'(z) = o((®"); (z)) and K7 (z) = exp (— st ct_q((w);l(g;))dq). Then
Vil(z) = Vei(z) K () + VK] (2)¢] (2)

= V@o(@”){l(w))-D@")Zl(ﬂ«")K?(w)—1/1?(37)/0 Verg((27)5 " ()).(27); " (2)dg,

and since (®7)7! satisfies equation

(@) () = 7 — /0 b ()7 (2))dg — X,

the function t — Vo ((®"); *(x)) is controlled by X7, thanks to Lemma 3.4.4. Furthermore,
t = D(@");(z) € Lip([0,T])

and this function is controlled by X", with (D(®")"!(z)) = 0. As ¢ € C}(z), t = K]'(z) €
Lip(RY) NL=(R?) and t — [; Vei—g((27); 1 (2)).D(@");(z)dg € Lip(R?) N L®(R?). The same
arguments hold for X, and ¢ — v(x). Hence, ¢"(x) and 1 (z) are controlled respectively by X"
and X. Furthermore, thanks to Lemmas 3.4.5 and 3.2.38:

V! (2) = Vo ()]l
< Veo((@M) (@) = Voo (@7 (@) L (ID(@")7 (@) 1y + D27 (2)l]5)
+(IVeo (@) (2))ller + Vo (@7 (2)) len) [ D(@7); (2) — DD ()]l
S AHIXNy +IXTDX = X Lp,pn (@),

~
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Where R" is nondecreasing w.r.t. || X/, and || X7||y. As (D(®7)"}(x)) = 0 and (D®~1(z)) =0,
we also have, thanks to Lemma 3.2.17
IVer@) ~ V@)l S Layoan@IX — X7+ IX ], + X))
and
le"(@)% = @.(@) |y S Lpy0,mm @)X = XL+ X ]y + 1X7]4)%,
where the radius R" is nondecreasing with respect to ||X|| and ||X"|. Furthermore, since
K"(z),K(x) € Lip(]0,T]) and VK"(x),VK(z) € Lip([0,7T]), and thanks to Lemmas 3.4.6

and 3.2.17, and since [|X"||, < || Xy, there exists R > 0 depending on || X, ||Db|lec and T'
and a constant C' depending on b, ¢, pg, T and || X||, such that

17 (x) = w.(@)lly + 97 (@) =) |y + [97(@)F = 9. (2)7 ]2y < CIX = X"y 1g,(0,r)(@)-

Furthermore, X —¢ X", hence, by the definition of the rough integral and the comparison
between controlled path (see Theorem 3.2.20 and Lemma 3.2.17), for all s,¢ € [0, T,

/ V(). XJdg =0 Vibs(2). X + VW ).XEF+ RUy(@)

and
\Rfﬁt(iﬁ)’ St = s g, 0,m) ().

It remains to show that the other terms of Equation (3.17) converge to the right quantities.
But, thanks to Lemma 3.2.38, we know that (®7); (z) — ®; ! (x) and D(®"); }(z) — D®; *(z),
hence, as ¢g, Vg, ¢ and V¢ are continuous,

] (z) = Ye(x) and Vo) (z) — Vb ().
Furthermore
[bg (). Vi () + cq(2)g ()| S (L + [ X7 Lp,(0,r) (),

hence
/ o). VU0 () + g0 (x)dg — / 2).V90(z) + o ) ()dg

and

| o)) + cq<x>wq<a:>dq\ <1t~ 5[, o (@),

Finally all the quantities converge and we have

t
() — Ys(x) + / by(2).Vipg(x) + cq(@)hg(x)dg + Vips(z). X ¢ + %sz(m).XSf + R;/it(:n) =0
with
t
o) = ol @) ex (= [y @),
which ends the proof. O

If ¢ = 0 in the last theorem, we have the existence of a strong controlled solution for the
Rough Transport Equation. When ¢ = div b, it is a solution for the Rough Continuity Equation.
This result gives us the good dynamic to solve the Rough Transport Equation by a duality
argument. Indeed, as stated before, we will be able to test weak controlled solution against good
test functions, i.e. the solution of the Rough Continuity Equation with an approximate vector.
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3.4.2 TUniqueness for the rough transport equation

As the Transport Equation is linear, it is enough to prove uniqueness when ug = 0. We would
like to use the standard duality argument to prove that in that case the only solution is zero. As
we need to test the weak controlled solution against smooth compactly supported functions, it
is not possible to do it directly. The idea is to approximate the vectorfield b with a smooth one,
and hence to show that the error we make by such a trick goes to zero when the regularization
goes to zero.

3.4.3 The fundamental Lemma

Lemma 3.4.8 (Fundamental Lemma). Let 1/3 < v < 1/2, X = (X,X) € R? be a geometric
rough path, b € L®([0, T]; Lin(R%)) be two vector spaces such that b € L>([0,T]; C°(R%)) with
divb € L>=([0,T]; L*(R%)). Let ® the flow associated to X and b, and let R the radius of the
ball of Lemma 3.4.2 associated to b and X.

Let u € L>®([0,T] x RY) a weak controlled solution of the Rough Transport Equation with
ug = 0, and

G () = / " (div D) By (2))dr

Then

, . - : ~ ¢
[uto (0)| S [ulloo sup / daf|div(b = b)g| + |(b— b)g(@)[](| D4y o ()| + VG, (2))).
qG[O,to] Bf(O,R)

Proof. Let o € C2° and b € C¢°. For all t € [0,T] we define,

Jot o — () = wo(d; (@) exp [— /0 (divd)(®, ! (x))dq| € C(RY).

By Theorem 3.4.7, Yis a strong controlled solution of the Rough Continuity Equation.
Furthermore, thanks to the definition of R, for all n € N

t — D"y(z) € DY ([0,T7)
and .
1D (x)llpy, Sn 1, (0,i) (%)

Since V4 (z) € DV([0,T]) and the function z — ||V, (z)|lp([o,77) is compactly supported, we
have

Ut(%) - us(ws) = (ut - us)(";s) + us(r&t - 1;) + (ut - US)(rL/;t - 1[]5)

t
_ / g (b.V s + (div b)s)dg + us (V). Xys + %us(v%s).xff

t
- / s (0.Vihy + (div b)ihs)dq — us(Vahs). Xy + %us(v%)ng

3 ~ ~ ~ ~ ~ ~
—i—/ ug(b.(Vhy — Vbg) 4+ (div b) (v — 1bs))dq + us(Vihy — Vbg). X 4
+Rs,ta
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where |Rs:| < |t — s37.
But
us(Vihy — Vbs) = —ug(V21s). Xt + Ry

and all the rough terms cancelled. Finally we have

w(@) —uld) = [ u(0-D.98)d+ [ v -5
+ [ w090 = Vi) + [ (@b~ d)dg
+ / (g — 103) (5.0, + (div D), )dg + Rer.

Furthermore

t t
/ uq(b.(Vpr — qu))dQ‘ SeTebIXll HUIloo/ t—q|"dg St —s't7,
S S

t ~ ~
[ b= dyag| < e s,
and since b.Vy, + (divb)i, € C2(R?) and u is a WCS
(g = us) (0-Vebg + (div b)) S g — s
Hence, we have the following decomposition

t ~ ~ ~ ~ ~
mw@—ug%):/ﬁ%«wJ»V%+dw@—mmmm+Rw
where | R, ;| < |t — s/37. But, thanks to the last equation,
5Rr,s,t =0

and the Lemma 3.2.21 gives

Rey =0.

Finally, we have
t ~ ~ ~ ~
w(l) = un) = [ (6= B.95,+ div(b ~ Bi)dg
S
¢
— [ walaiv{, - 5,)3)da (3.18)
S
As Equation (3.9) is linear, in order to prove the uniqueness of the solutions, it is enough to prove
it when up = 0. As stated above, we need backward solutions of the Continuity Equation. When

b is bounded smooth, for ¢g € C°(RY),  — @o(x) = po(Py, (2)) exp (fgo (div Bq)(ti)q(x))dq) is
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smooth, compactly supported and i is a solution of the Rough Continuity Equation. Furthermore
Yo () = wo(z), and

) =l e | " (div )@y )

Hence, we can choose t = t( in (3.18) and s = 0, and we have

to o
Uty (o) = /0 uq(div[(bg — bg)1q])dg.

We can split the right hand side into three parts

to o
A= [ vl ),

t= [ [ dug (@)~ Do)V an(Biy5)- Dby o) exp / @B @) ) o

and

As= [ da [ dwuy(a)in(e)— D), / V(div b (Br—y (). DPr—y ).

Let us recall that |1, ()| < [l@o]lee exp(T|| divl~)||oo)]le(0 ) (z) where R is nondecreasing in
T, | X |, and ||b]|co. Hence

A1 < JullseT Sup/ der|div by — div byl 15 o 7 ().
q€el0,T] JRA

For A we will use the same trick: as |Vo(®;_4(z))| < HV@OHoo]le(O fz) (), we have

A S sup [ dalby(a) By (@)] 15 1y 0| DBiy )]
q€[0,1] J R4

The same holds for Az, and we have

As] < sup / dalby () — By(@)| L 0.5 (@)
qE[O,T] R4

Once put together, this gives the wanted result. O

Remark 3.4.9. In fact, the proof gives us a decomposition of u4(pg) as the follows:

o) = liyi(a s ([ " (div 6)(@,+())da

and every weak controlled solution of the Rough Transport Equation verifies
to
uty (o) = /0 uq(div[(bg — bg)tg])dg.
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3.4.4 Strong uniqueness

In the case of the fractional Brownian motion, a phenomenon of regularization by noise will
occur. But even without any regularization, we have the following theorem.

Theorem 3.4.10. Let b € L>=([0,T]; L>°(R%) N CY(RY)), 6 > 0 and divb € L>=([0,T] x R%),
1/3 <y <1/2 and X € RY([0,T)). There exists a unique weak controlled solution with uy €
L*(R?) to the Rough Transport Equation.

Proof. As b € L>=([0,T]; Lin(R%)), and since divb € L>=([0,T] x R?) and X € R7, there exists
a weak controlled solution. Furthermore, b is locally Lipschitz continuous in the second variable
and b has linear growth in the second variable. It is well-known that there exists a unique solution
® to the equation

—:r+/b x))dq + X,.

Furthermore, ® is differentiable in space, and its spatial derivative satisfies the following equation
D®(z) =id+ / Dby ( O, (x)dg.

Furthermore, for for r > 0 and x < r

ID®;(2)] < sup €SPreBHIX oot Tlblo) |Dbq(y)|
q€(0,77

In order to prove uniqueness, with the notations of Remark 3.4.9, we only have to check that
there exists a sequence b° € C*°(R?) such that

s ()] = ] [ wataivis, - 5)5Daa] > (3.19)

Let k € C*(RY% R) a mollifier,i.e. k > 0 such that [.,k(z)dz = 1 and k(z) = k(—z). Let
ke(x) = Eidk:(x/e) and b° = k. xb. Hence, b° € C}°(R H?Z Wlth | div b°||co < || divd||co. Let us
recall, thanks to Lemma 3.3.8 and since ¢ € C* and b* e C°(RY) N Lin(RY), for all ¢ € [0,T],
z — o(®5(x)) € CX(RY) and since [|b||oo < ||b]|oo, for all N € N, there exists R > 0 independent
of & such that for all ¢ € [0, T,

supp o (@3 ()| < B(0, R).
Furthermore, as b* € O, for all t € [0, T], ®§ € C*(R?) and for x < R

sup sup |DPS(z)] < sup eMPreBEHIX oo+ Tibloe) PPa®l,
=>0 1€[0,7] 4€[0.7]

Furthermore, as b € L>([0, T]; C(R%) N L= (R%)), by localization

supe” ! sup |bg () — b3 ()| < +oc.
e>0 g€[0,T),z€ B(0,R)
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In order to prove the theorem when divb € L>®(RR%), we need to use an approximation argument.
As all the function are localized in a ball of radius R, let > 0 and let § € C*°([0, T] x R%) such
that [|(6 — u)]lB(()’R) ”Ll([oﬂ"]xﬁd) < 7. We have

to to
o - )
0 0

S 10— |l oo (jo,71x B0, R) I VOl oo (0,71 x B(0, R)) -
On the other hand, we have

to
;s
0

But

[ datyfa) (@, — 55 @)
B(0,R)

| deve, (@), - )@ 0)
B(0,R)

/ dw(ug(x) — Oq(x)) div((b(z) — ba(fﬂ))%(@)‘
B(0,R)

S llu = 0| oo jo,71x B0, R)) | div((bg — b5)¥e) | Lo (j0,11x B0, R))-

1 g0, (%) div((by — b))02) () < & 1 ™ Pleeorind) (A5 () + A5(x) + A5(x)),

where
AT = [(div by — div by) (2) || ( P, —g (2))[LB(0,r) () < 11 div byl oo (0,77 x R4
A5 = |bg() — by ()| V(@i _g (@) | DPF, _o ()| Lp(0,r)(2) S sup (b1 p(o,r)ll Loo(me)

q€[0,T
and
to
Az = !bq(x)—bf,(m)\lw(@foq(l’))\/ Vdiv b*(®7_,(2))[DP7_,(2)|drlpo,r) (z)

q

S osup [[(bg — b)Lp(o,r)V div 6" (27(.)) |l

q,m€[0,T
S L

since [[(bg — b7)1p(o,r)llec S € and [V divd®(@7(.))1po,r)ll < 1/e. Hence

to
s
0

Finally thanks to Remark 3.4.9,

/ da(ug(z) — bg(z)) div((b(z) — b°(x))vg(z))
B(0,R)

N2

e (9)] < /0 dq /B o A0) = 0a(2)) A (0) = V@) )

to
+/ dg
0
<

S o0+ 16 =0 zeeo,11x B0, R) VO Lo (j0,71x B0, R)) -

[ datyfa) (@, — 55 @)
B(0,R)

Now ¢ goes to zero, and s, (¢) = 0 for all ¢ € C°(R?), which is exactly the wanted result. [
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Remark 3.4.11. If b € Lin(R?) the last argument does not work. Indeed, we were not able to
prove that in that case the the functions x — @(®5(z)) is compactly supported. In order to fix
that, one solution might be to localize the function b before mollifying it. Let 6 € C2° (R%) such
that O(z) =1 for |z| < 1 and (z) = 0 for || > 2. For r > 0 let us define 6, (z) = 6(z/r) and

by () = ke * (bg0r).

In order to complete the duality argument in Lemma 3.4.8 we would have to test v against ¢"0,.
In that procedure other remainder terms should appear.

Corollary 3.4.12. With the hypothesis of the previous theorem, for ug € C’g’(le) there exists
a unique strong controlled solution w to the Rough Transport Equation. Furthermore, for all

(t,z) € [0,T] x R, us(z) = up(®; ().

Proof. Thanks to Theorem 3.4.7, for ug € C3(R?) we know that (t,2) — ug(®; *(z)) is a strong
controlled solution, and then a weak controlled solution. But the previous theorem guarantees
that there is only one weak controlled solution. O

3.4.5 Regularization by noise

In the paper by Catellier and Gubinelli [13], as we presented in Section 3.2.3, if the process
X is p-irregular, a phenomenon of regularization occurs. Indeed, for less regular vectorfields b
the flow of the equation exists, and furthermore its averaging properties are nice. We will give
two different results: for a general p-irregular path, and for the fractional Brownian motion.

General p—irregular paths

Theorem 3.4.13. Let 3 <v <1, X = (X,X) € R7([0,T]), p > 0 such that X is p-irregular.
Let o > —p such that a+3/2 > 0 and b € FL*t3/2(RY) and divb € FLV3/2. Let ug € L®(RY).
There ezists a unique weak controlled solution to the Rough Transport Equation with initial
condition ug.

Proof. Thanks to Theorem 3.2.27, the flow ® of the equation

t
Oy(z) =x+ / b(®4(x))dg + X
0
exists. Furthermore, we know that for a mollification b° of b such that ||b — b°|| zpa+s/2 — 0,

sup  sup  |D®L(z)| < +oo.
€>0 t€[0,T],zeR4

As a+3/2>0,
[b() = b»)| S & = y|* "2 bl £ paaa.

Hence b € Lin(RY), divh € L®°(R%) and there exists a weak controlled solution of the Rough
Transport Equation. Finally for all ¢ € [0, T], thanks to Proposition 3.2.30 the function

(G0 — / " (div %) (@5, (x))dg
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is differentiable and

sup  sup (GE)ZO(’$|) < K(|2|)Not1(div b).
€>0 g<to€[0,T]

Thanks to Lemma 3.4.8, it is enough to prove that

A= sup [ Lpom)@lbe) - F@I(DF, @) + VG @) 0
q€l0,T) JR4

and

Be = sup / Lg,(0,8:)(2)| divb(z) — div b*(2)|(| D5, _o(2)] + [V (G7) (2)]).
ec[0,7] JRA

Since a+3/2 > 0, b € CP([0,T]), R < R where R° and R are the radii defined in Lemma 3.4.2,

and |[b — b°[|c — 0. Furthermore, thanks to Theorem 3.2.27, (|D®5 _,(z)| + |[V(G®)ko(x)]) <

K(|z|) uniformely in €. Hence A, — 0. Furthermore, div b = k. * (div b) and since o +3/2 > 0,

divb® - div b¢, and then the result follows. O

As the proof of the last theorem is pathwise, one can prove the following corollary where b
and ug are random and X a generic continuous and p-irregular stochastic process which lifts into
R and with good approximation properties in LP(€2).

Corollary 3.4.14. Let p > 0, o > —p such that 3/2+«a >0 and 1/3 <~y < 1.2. Let (2, F,P)
a probability space, X a continuous stochastic process on (Q, F,P) such that X is almost surely
p-irreqular and almost surely X lifts in a measurable way to X € RY. Suppose furthermore that
for any smooth approzimation X® of X and any 1 < p < 400, E[|X® — X|%,] — 0.

Let b € L®(Q x RY), divb € L=®(Q x R?) such that almost surely b(w,.) € FL*"3/2 and
divb € FLYT3/2. Let ug € L®(Q x R?).

There exists a unique Stochastic weak controlled solution u € L>®(Q x [0,T] x R?) of the
Rough Transport Equation with initial condition uyg.

Proof. The existence of such a solution is proved in Theorem 3.3.14. For the uniqueness result,
remark that the lift X of X and the functions b and ug satisfy the conditions of the last theorem
almost surely. Hence, the solution is unique. O

Remark 3.4.15. For H € (0,1), —a < p < 1/2H with o + 3/2 > 0, the fractional Brownian
motion BY satisfies the hypothesis of the last theorem. The last result allows us to take random
vectorfields.

Fractional Brownian motion, the hoélder continuous case

The last proofs, and in particular the proof of the Lemma 3.4.8 relies on the existence of a
flow for the characteristic equation associated to the vectorfield b and the path X. In order to
prove uniqueness, a uniform bound on the differential of the flow for regularized vectorfields b is
also needed. In [13], the authors use a Girsanov transform for the fractional Brownian motion in
order to extend the space of vectorfields, namely from FL® to C?, the space of Holder continuous
function.
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Theorem 3.4.16. Let H € (1/3,1/2] and a > —1/2H with a+1 > 0. Let (Q, F,P) a probability
space and BY o d-dimensional fractional Brownian motion of Hurst parameter H associated to
the probability space and BY its natural lift. Let b € C?JFI(IRd) with divb € C?H(Rd), and
ug € L®°(RY). There ewists a unique Stochastic weak controlled solution u of the Stochastic
Rough Transport Equation driven by B with initial condition ug.

Proof. The existence holds thanks to Theorem 3.3.14.

Let —1/2H < o' < a such that o/ +1 > 0. Let b° a mollification of b. We know that
b — bl — 0. Let g € C°(RY) a test function and the radius R associated to the flow ®°
and go. As RS = Ryy + 2T e + B oo < R = Ry + 2T|[blloc + | B [l. Hence, when
ug = 0, we have, thanks to the Lemma 3.4.8,

uo(po)| S (b = b%loo + [ divd — divd*|[)

X / dzlp,o,r) () sup (|ID®;_,(2)] +[V(G)L(x)]). (3.20)
Rd q€[0,to]

Furthermore, thanks to Theorem 3.2.29 and Proposition 3.2.30,

E[1p,(0,r)(2) S[%I‘t) ](!D‘I’fofq(w)\ +V(G)e(2)))] £ BlLg, 0,8 ()] K (|x)).
q€|0,to
But
E[15, (0.7 ()] = P(Rgy + T[|blloc + | B7 o > |2])

and thanks to Fernique’s theorem [19], exp(2||BY ) € L'(Q) for all p > 1, so that by the
inquelaity of Markov

E[1g,(0,r)(2)] < exp(—2|z|).

Hence

B[, (0,r)(2) s ](ID‘PZ)_q(w)I +[V(G)P (@)])] < exp(—|z)) K ()

and

/lle(o,R)(ﬂﬁ) sup (|D®f,_,(«)] + [V(GF)P (x)|)dz € LH()
qe[())to]

and is finite almost surely. By letting € go to zero in (3.20), almost surely |ug(¢o)| = 0, which

ends the proof. O

Remark 3.4.17. In the Brownian case H = 1/2, we have b € C°(R%) and divb € C*(R?) for
all € > 0, which is almost the optimal regularity under uwhivh uniqueness is known in [30].
Furthermore, as proved in Friz and Hairer [32] and Gubinelli [41], when we choose the lift as
the Stratonovitch lift, the stratonovitch integral and the rough integral coincides. Hence, in the
Brownian case, the notion of solution are quite similar.
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Chapitre 4

Distributions paracontrolées et
équation de quantisation stochastique
®* en dimensions 3

Résumé

La théorie des distributions paracontrolées & été introduite récemment par Gubinelli, Imkeller
et Perkowski [44]. Nous utilisons cette théorie pour montrer I'existence et 'unicité de solutions
locales en temps & I’équation de quantisation stochastique renormalisée <I>§ sur le tore de dimen-
sions trois. Cette méthode est une alternative a la théorie des structures de régularités développé
par Hairer|[50].

Abstract
We prove the existence and uniqueness of a local solution to the periodic renormalized <I>§1 model

of stochastic quantisation using the method of controlled distributions introduced recently by
Imkeller, Gubinelli and Perkowski [44].
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4.1 Introduction
We study here the following Cauchy problem

{ (%u = AT:S’LL - U3 —f-f (4 1)

u(0,z) =u’(x) €T

where ¢ is a space-time with noise such that ng &(x)dr = 0 ie. it is a centered Gaussian
space-time distribution such that

El§(s, 2)€(t,y)] = 0(t — s)0(x — y)

and u : Ry x T? — R is a space-time distribution which is continuous in time. We write this
equation in its mild formulation

t
uw=Pu’ — /0 Pi_o(us)3ds + Xy (4.2)

where P, = e'2 is the Heat flow and X; = f(f P,_s£sds is a the solution of the linear equation :
6tXt == A’]T?’Xt + f, XO = 0. (43)

Moreover X is a Gaussian process and as we see below X € C([0, T],C~1/27¢(T?)) for every € > 0
where C* = BS,  is the Besov-Holder space. The main difficulty of the equation (4.1) comes
from the fact that for any fixed time ¢ the space regularity of the solution u(t, z) cannot be better
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than the one of X;. If we measure spatial regularity in the scale of Holder spaces C¢ we should
expect that u(t,z) € C%(T?) for any a < —1/2 but not better. In particular the term u? is not
well defined. A natural approach to give a well defined meaning to the equation would consist
in regularizing the noise in £° = £ % p® with p® = 5*3,()(;) a smooth kernel and taking the limit
of the solution u® of the approximate equation

Bput = Auf — (uF)3 + €°. (4.4)

Since the non-linear term diverges when £ goes to zero, an a priori estimate for the wanted
solution is hard to find. To overcome this problem we have to focus on the following modified
equation

Ot = Auf — (uf)? — Corrf) + €° (4.5)

where C; > 0 is a renormalization constant which diverges when € goes to 0. We will show that
we have to take Cz ~ 2 + blog(e) + ¢ to obtain a non trivial limit for (uf)? — C..

Therefore this paper aims at giving a meaning of the equation (4.2) and at obtaining a (local
in time) solution. The method developed here uses some ideas of [47] where the author deals
with the KPZ equation. More precisely we use the partial series expansion of the solution to
define the reminder term using the notion of paracontrolled distributions introduced in [44]. A
solution of this equation has already been constructed in the remarkable paper of Hairer [50]
where the author shows the convergence of the solution of the mollified equation (4.5).

The stochastic quantization problem has been studied since the eighties in theoretical physics
(see for example [55] and [54] In [8] and the references about it in [50]).

From a mathematical point of view, several articles deals with the 2-dimensional case. Weak
probabilistic solutions where find by Jona-Lasinio and and Mitter in [55] and [54]. Some other
probabilistic results are obtain thanks to non perturbative methods by Bertini, Jona-Lasinio and
Parrinello in [8]. In [17] Da Prato and Debussche found a strong ( in the probabilistic sense)
formulation for this 2d problem.

In a recent paper, Hairer [50] gives a fixed point solution to the 3-dimensional case thanks
to his theory of regularity structures. Like the theory of paracontrolled distributions, Hairer’s
theory of regularity structures is a generalization of rough path theory. Hairer gets his result by
giving a generalization of the notion of pointwise Holder regularity. With this extended notion,
it is possible to work on a more abstract space where the solutions are constructed thanks to
a fixed point argument, and then project the abstract solution into a space of distributions via
a reconstruction map. The regularity structures approach is quite general and can treat more
singular models.

In the approach of the paracontrolled distribution developed in [44] by Gubinelli, Imkeller
and Perkowski, on the other hand, it is the notion of controlled path which is generalized. This
allows us to give a reasonable notion of product of distributions. Since all the problems treated
by the theory of paracontrolled distributions can be solved by using the theory of regularity
structures, asking whether or not the opposite is true is a legitimate (and reasonable) question.
The following theorems are a piece of the answer.

We will proceed in two steps. In an analytic part we will extend the flow of the regular
equation,

Ouy = Auy — u® + 3au + u + £
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with (a,b) € R? and ¢ € C([0,T],C%(T?)) to the situation of more irregular driving noise &.
More precisely we will prove that the solution u is a continuous function of (u°, Rf »X) with
R?, X =(X,X? - a,I(X? - 3aX),m(I(X? - 3aX), X),

mo(I(X? —a), (X% —a)) —b— o, mo(I(X® — 3aX), (X% - a)) — 3bX — 30X, ) (4.6)

where X; = fot P_s&ds, mo(.,.) denotes the reminder term of the paraproduct decomposition
given in (4.2.3) and I(f); = fot P, _,fds. This extension is given in the following theorem.

Theorem 4.1.1. Let F : CY(T?) x C(R*,C%(T3)) x R x R — C(R*,CY(T3)) the flow of the
equation

Opur = Ay — uj + 3aug + 9wy + &, t € [0,Tc(u’, X, (a,b))]

Ouy =0, t> TC(UO,X, (a7 b))

u(0,z) = ul(z) € C1(T?)
where € € C(RT,CYT?)) and Tc(u®, €, (a,b)) is a time such that the the equation holds for
t <Tc. Nowletz € (1/2,2/3), then there exists a Polish space X, called the space of rough distri-
bution, Te : CT*xX — RT a lower semi-continuous function and F : C"*x X — C(R™, C—*(T3))
continuous in (u®,X) € C~*(T3) x X such that (F,T) extends (F,T) in the following sense :

TC'(U07 57 (a7 b)) Z TC(U(J’ Rf,bX)
and ~ ~
F(u®, & a,b)(t) = F(u’, R?,X)(t), for all t < Tc(u”, R?,X)

for all (u%,€, ) € CY(T?) x C(R*,CO(T?)) x C=([0,T)), (a,b) € R? with X; = [} dsP,_s& and
where Ry, is given in the equation (4.6).

In a second part we obtain a probabilistic estimate for the stationary Ornstein Uhlenbeck
(0.U.) process which is the solution if the linear equation (4.3) and this allows us to construct
the rough distribution in this case.

Theorem 4.1.2. Let X be the stationary (O.U.) process and X¢ a space mollification of X.
There ezists two constants C5,C§5 =70 +00 and a function ¢° € C*(RY) such that Rgf C§X5

converge in LP(Q, X') to some X € X. Furthermore the first component of X is X.
In the setting, the Corollary below follows immediately.

Corollary 4.1.3. Let £ a space time white noise, and & is a space mollification of & such that :
& = Feh)Ek)es
k#0

with f a smooth radial function with compact support satisfying f(0) = 0, let X the stationary
(0.U.) process associated to &, X the element of X given in the Theorem (4.1.2) and u® € C~7
for z € (1/2,2/3) then if u® is the solution of the mollified equation :

Ou§ = Auf — (uf)® + 3C5u + 905w, + &, € [0,T°

atut = 0, t> T°

u(0, ) = (u°)*(x)
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We have the following convergence :
limu® = F(u®,X)
€

where the limit is understood in the probability sense in the space C(R*,C™%).
The proofs of those two theorems are almost independent, but we need the existence and the

properties of the rough distribution, specified in the Definition 4.2.9, to prove the first theorem.

Plan of the paper. It is the aim of Section 4.2 to introduce the notion spaces of paracontrolled
distributions where the renormalized equation will be solved. In Section 4.3 we prove that for a
small time the application associated to the renormalized equation is a contraction, which, by a
fixed point argument, gives the existence and uniqueness of the solution, but also the continuity
with respect to the rough distribution and the initial condition. The last Section 4.4 is devoted
to the existence of the rough distribution for the (O.U.) process.

4.2 Paracontrolled distributions

4.2.1 Besov spaces and paradifferential calculus

The results given in this Subsection can be found in [5] and [44]. Let us start by recalling
the definition of Besov spaces via the Littelwood-Paley projectors.
Let x, 0 € D be nonnegative radial functions such that

1. The support of x is contained in a ball and the support of 6 is contained in an annulus;
2. x(8) + 2550 0(277¢) = 1 for all £ € RY;
3. supp(x)Nsupp(§(277.)) = P fori > 1 and supp(9(277.))Nsupp(6(277.)) = ) when |i—j| > 1.

For the existence of x and 6 see [5], Proposition 2.10. The Littlewood-Paley blocks are defined

as
A_ju = F 1 (xFu) and for j > 0,Aju=F HO(279.)Fu).

We define the Besov space of distribution by
Byg=que S'(RY); ||u||qu‘q = Z 209%| | Ajul|d, < +oo
j>-1

In the sequel we will deal with the special case of C* := BY, , and write ||u||o = ||u||pg, . We
hold the following result for the convergence of localized series in the Besov spaces, which will
prove itself useful.

Proposition 4.2.1. Let (p,q,s) € [1,+]? x R, B a ball in R? and (u;);>—1 a sequence of
functions such that supp(u;) is contained in 27 B moreover we assume that

Bpags = |[(27°|ujllLr)jz—1]],s < +00
thenwu =73, quj € By, and ||ul|ps, < Epg,s-
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The trick to manipulate stochastic objects is to deal with Besov spaces with finite indexes
and then go back to space C®. For that we have the following useful Besov embedding.

Proposition 4.2.2. Let 1 < p; < py < 4oo and 1 < q < go < +00. For all s € R the space
s—d(L—-L

Bs - is continuously embedded in Bp, ¢,"" **

P1,q1 ; in particular we have ||ul|,_a < ||ulBg -
p

Taking f € C* and g € C? we can formally decompose the product as

fg = 7T<(f,g) +7T0(fag) +7T>(fvg>
with

m(f,9) =79, 1) =Y D AifAjgi molfi9) =D D AifAg.

j>—1li<j—1 Jz—1]i—jl<1

With these notations the following results hold.
Proposition 4.2.3. Let o, B € R

o [Im<(f,9)lls < |Ifllsllgllp for f € L> and g € C°

o llm(f,9)llats S |Ifllollglls for 8<0, f €C* and g € C?

o [|[70(fs D)llats S || fllallglls for e+ B8 >0 and f € C* and g € CP

On of the key result of [44] is a commutation result for the operator m~ and .
Proposition 4.2.4. Let o, 3,7 € R such that a < 1, a+ S+ >0 and B+~ < 0 then

R(f,z,y) = mo(m<(f,2),y) — fmo(z, y)
is well-defined when f € C%, x € C® and y € CV and more precisely
R(fs 2 Y)llatpry S [ 1ol |25yl

We finish this Section by describing the action of the Heat flow on the Besov spaces and a
commutation property with the paraproduct . See the appendix for a proof.

Lemma 4.2.5. Let 0 > 0 and a € R then the following inequality holds

1
1Pt fllavo S llfllas 1(Pems = D) flla—2e S 1t = 5| fla

for f € C¥. Moreover if a < 1 and f € R we have

1
1Bim<(f, 9) = m<(f, Peg)lla+proo S w5l llallglls

for all g € CP.

In the following, we will extensively use some space-time function spaces. Let us introduce
the notation
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Notation 4.2.6.
C¥ = c((0,7],¢°%)

For f € C’g we introduce the norm

1flls = sup |[felles = sup || fells
te[0,7) t€[0,T]

and by
o .= ¢ ([0, T],C%(T?)).

Furthermore, we endow this space with the following distance

dog(fig) = sup W ZDe=U=alls | 0ye o
t#s€[0,7T] |t — s t€[0,7]

4.2.2 Renormalized equation and rough distribution

Let us focus on the mild formulation of the equation (4.1)
u=U+X+Iu)=X+d (4.7)

where we remind the notation I(f)(t) = —fot P, fsds, X = —I(¢) and ¥y = P’ for v €
C~*(T3). We can see that a solution u must have at least the same regularity as X. Yet thanks
to the definition of I, as & € C([0,T],C~%/%27¢), for all € > 0, we have X € C([0,T],C~1/27¢).
But in that case the non-linear term u3 is not well-defined, as there is no universal notion for the
product of distributions. A first idea is to proceed by regularization of X, such that products of
the regularized quantities are well-defined, and then try to pass to the limit. Let us recall that
the stationary O.U process is defined by the fact that (Xt(k))teR,keZ3 is a centered Gaussian
process with covariance function given by

e~k |t—s|

K2

E [Xt(k)Xs(k')} = Spw—o

and X;(0) = 0. Let X¢ = fg P,_4&5ds more precisely € = f(ek)E(k) where f is a smooth radial
function with bounded support such that f(0) = 1. Then we have the following approximated
equation

©F = U7 + I((X°)%) + 3I((9°)°X°) + 3I(D°(X°)?) + I((®°)%)
for ® = I((u®)3) 4+ ¢ which is well-posed. Then an easy computation gives for (X*¢)?

Z Z f(ekr)f 87€2)|k |25k1+k2 -0

keZ3 k1+ka=k
k 2
ZW ) /f )(1+ |2)~2dz

and there is no hope to obtain a finite limit for this term when e goes to zero. This difficulty has
to be solved by subtracting to the original equation these problematic contributions. In order to
do so comnsistently we will introduce a renormalized product. Formally we would like to define

X? = X* - E[X?]
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and show that it is well-defined and that X2 € Cr 10 for § > 0. More precisely we will defined
(X%) = (X°) ~ E[(X*)?

and we will show that it converges to some finite limit. The same phenomenon happens for X3
and other terms, and we have to renormalize them too. This is the meaning of Theorem 4.1.2.
We remind the notation of that theorem

Notation 4.2.7. Let C and C§ two positives constants (to be specified later). We denote by
<X5)<>2 (XE)2
I((X®)%) = I((X° ) —301X%)
oo (1((X%)%%), (X%)*?) = mo(1((X7)*)(X7)*?) — C5
oo (1((X%)%%), (X7)%%) = mo(1((X*)*?)(X®)*?) — 3C5X".
Remark 4.2.8. In all the sequel the symbol ¢ does not stand for the usual Wick product, also it
looks like it, but for renormalized product, where we have subtracted only the diverging quantity
in the expression of the stochastic processes. It can be seen as a product between the usual one

and the Wick one. When in Section 4.4 we use the usual Wick product (see [53] for its definition
and its properties) we use the usual notation :: .

To include such considerations and notations in the approximated equation, we need to add
a renormalized term

° = U + I((X®)?) + 3I((®°)2X®) + 3I(D°(X)?) + I((D°)?) — C°I(D° + X°)
= U° + T((X®) = 3C5X®) 4 3I((D°)?XE) + 3I(D°((X)? — CF) — 3C5(D° + X)) + I((9°)3)

with C¢ = 3(C{ — 3C%). Then the approximated equation is given by

@ = WF + I((X°)°3) + BI((9°)2X7) + BI(D7 o (X7)?) + I((2°)%) (4.8)

where

I(®° o (X©)%?) := 3I(D°((X®)% — CF)) + 9C5I(D° + X°)
Then our goal is obtain a uniform bound for the solution ®°. For that we proceed in two steps

1. In a first analytic step we build an abstract fix point equation which allows us to extend
continuously the flow of the regular equation given by

{ O =I(X? - 3aX) + 31(2*X) + 3 {I(X* — a)) — 3bI(® + X)} + I(®*) + 49)

(X, T, (a,b)) € CL(T?) x CH(T?)) x R?

to a space X of a more rough signal X which satisfies some algebraic and analytic assump-
tions (see (4.2.9) for the exact definition of X).

2. In a second probabilistic step we show that the stationary (O.U) process can be enhanced
in a canonical way in an element X of X.
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We will give the exact definition of the space X

Definition 4.2.9. Let T > 1, v,p > 0. We denote by 6%’) the closure of the set of smooth
functions C*°([0,T],R) by the semi-norm :

st —
lpllvp = sup ||+ sup |7p5|'
t€[0,T] t,sel0,T);se |t — S|

For 0 < 44’ < 0 we define the normed space Wr
Wi = C%’,—1/2—5 » C:(;’,—1—5 y 0;’,1/2—5 « 05 —5 Cé —5 C —-1/2-6 6;/)
with K = (8,8",v,p) equipped with the product topology . For (X, ) € C([0,T],C(T3)) x
C*>([0,T)), and (a,b) € R? we define RibX € Wrk by
R X =(X,X*—a,I(X* - 3aX),m(I(X* - 3aX),X),
mo(I(X? —a),(X* —a)) —b— o, mo(I(X>® - 3aX), (X% —a)) — 3bX — 30X, ).
The space of the rough distribution A7 - is defined as the closure of the set
{B2X, (X.0) € C0.T1,C(T%) x C=(0,T1). (a,b) € B2}
in Wr k. For X € X we denote its components by
X = (X, X2 I(X®3), mo (1(X ), X), moo (I (X %), X°%) — 0%, oo (1(X°3), X°%) — 30X X, 0%).
For two rough distributions X € X7 i and Y € X i we introduce the distance :
drk(Y,X) =ds 15 6(Y, X) +dsr_1-5(Y°%, X°%) + dsr 1 jo_s(I(Y?), 1(X %))
+dy 1 jo-s(mo(1(Y*?),Y), mo(1(X?), X))
T dy 1 s(moo(T(Y2), Y°2) — 0¥ mou(I1(X%), 0X2) — ) (4.10)
+dyr _1_5(moo(I(Y*)Y?) — 30" Y, moo (I1(X )0, X?) — 30* X)
+ 19" =  llup-
with K = (6,8, p,v) € [0,1]* and we denote by ||X||rx = dr (X, 0).

Remark 4.2.10. As we see in the Section (4.4), the term mo(I((X®)?) — C§, (X¢)? — Cf) — C5
where X¢ is a mollification of the O.U process does not converge in the space C(S =% On the other
hand it converge in a explomve norm and more precisely there exit a functlon ©° € COO([O T])

such that ¢ =79 ¢ in OF” and mo(1((X%)?) — Cf, (X)? — C%) — C5 — ¢° converge in C -
for all 0 < &' < 4/4.

For X € X we can obviously construct I(X°?) o X°? using the Bony paraproduct in the
following way

I(X<>2) <>X<>2 — 7_‘_<(I(X<>2),X<>2) + 7T>(I(X02),X02) + WOQ(I(XOQ),XO2)

and a similar definition for I(X°3) ¢ X°2. In the sequel we might abusively denote X by X if
there is no confusion, and the rough path terminology we denote the other components of X by
the area components of X.
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4.2.3 Paracontrolled distributions and fixed point equation

The aim of this Section is to define a suitable space in which it is possible to formulate an fixed
point for the eventual limit of the mollified solution, to be more precise let X € X then we know
that there exist X¢ € CH(T?), a%,b° € R and ¢° € C*°([0,T]) such that lim._,q RY. . X® = X.
Let us focus more intently on the regular equation given by :

D = I((X®) — 3a°X®) + 3{I(P°((X®)* — a%)) — Bb°I(X° + ®°)} + 3I((°)°X°) + I((D°)%)

where we have omitted temporarily the dependence on the initial condition. If we assume that
®° converge to some ® in C/27% we see that the regularity of X is not sufficient to define
I(P2X) = lime 0 I((®%)2X®) and I(® o X°?) := lim. o [(®*((X®)? — a®)) + 3b°[ (X + ®°). To
bypass this problem we remark that

° = I((X®)? = 3a°X®) 4 3[ (1 (9%, (X°)? — aF)) + (®°)*

then if we impose the convergence of (®°)* to some ® in C:?}/ 7 we see that the limit ® should
satisfy the following relation

= I(X°) + 3I(n< (D, X°?)) + D%

This is the missing ingredient which allows to construct the quantity I(®2X) and I(® o X°?)
and to solve the equation

d = I(X3) + 31(P%X) + 3I(P 0 X°?) + & (4.11)
Notation 4.2.11. Let us introduce some useful notations for the sequel

Bx(f,9) = I(m>(f,9)), Bo(f,g9) = I(mo(f,9)) and B<(f,g) =I(r<(f.9))

As we observed in the beginning of this Section to deal with the difficulty of defining the
products of distributions, we use the notion of controlled distribution introduced in [44].

Definition 4.2.12. Let X € X and z € (1/2,2/3). We say that ¢ € leﬂ/zfz is controlled by X if
d = I(X°%) + B.(P, X°?) + ®F

such that
14+0+2 Ytz Ktz
19t = sup (E5 510 s + #4512 oy + 5710 )
te|0,
|} — @]
T osup s Tt Tollaz2b oy
(5,4)€[0,T]2 it — s
and ] — @]
z+c — _ n+z
9/ llzrr = sup s ISR sup 17|, < oo
(s,0)€[0,T]2 |t — s t€[0,T]

with L := (6,7, k,a,b,c,d,n) € [0,1]%, z € (1/2,2/3) and 2d < ¢, 2b < a. Let us denote by D%X
the space of controlled distributions, endowed with the following metric

dp (@1, 2) = [|] — By + ||@F — @l 7
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for &1, Py € D;Lg and the quantity

@

o = [ ®1llpy | = dpr(®1, (X)),

In the following we will omit L when its choice is clear.

We notice that the distance and the metric introduced in this last definition do not depend
on X. More generally for ® € Drﬁ? v and ¥ € D% y we denote by dwin(z,6)min(r;,1) (P, ¥) the
same quantity. We claim that if & € D)L( for a suitable choice of L then we are able to define
I(® o X°?) and I(®2X) modulo the use of X.

Let us decompose the end of this Section into two parts, namely we show that I(®o X°2) and
I(®%X) are well-defined when ® is a controlled distribution. We also have to prove that when
® is a controlled distribution, ¥ + I(X®3) + 3I(®2X) + 31(® o X°?) + I(®?) is also a controlled
distribution. All those verifications being made, the only remaining point will be to show that
we can apply a fixed point argument to find a solution to the renormalized equation. This is the
aim of Section 4.3.

4.2.4 Decomposition of [(®2X)

Let X e X and ¢ € DS%T? a quick computation gives :
I(®%X) = I(I(X°3)2X) + I((6%)2X) 4 2I(0*I(X°%) X)

with
0" = B(®', X°?) 4+ &F.

Using the fact that ® € DE 1 and that 1(X°3) € lew/%é we can see that the two terms I((6%)2X)

and I(0*I(X°3)X) are well defined. Let us focus on the term I(X°3)2X which, at this stage, is
not well understood, then a paraproduct decomposition of this term give us that

I(XP)2X = 2mo(m< (1(X*), 1(X*?)), X) + mo(mo(I(X°%), [(X?)), X)
+ (LX), X) + 7 (1(X*)?, X)

We remark that only the first term of this expansion is not well understood and to overcome this
problem we use the Proposition (4.2.4), indeed we know that

R(I(X%), 1(X*?), X) = mo(m< (L(X*?), [(X*)), X) — [(X**)mo(1(X*?), X)
is well defined and it lies in the space Cilp/ 273 Jue to the fact that X € X

Remark 4.2.13. We remark that the "extension" of the term I(®2X) is a functional of "(®, X) €
DL x X" and then we use sometimes the notation I(®2X)[®, X] to underline this fact.

Proposition 4.2.14. Let z € (1/2,2/3), ® € DL, and assume that X € X. Then the quantity
I(®2X)[®,X] is well-defined via the following expansion

I(®2X)[®, X] := I(I(X°3)%X) + I((6°)2X) + 20 (#*I(X°*) X)

with
0" = B_(®', X°?) 4 o*

137



and
I(XP)?X = mo(I(X®), (X)X + 2me (m< (1(X?), (X)), X)
+ 275 (T (1(X93), I(X°3)), X) + 2I(X3)mo(I(X°%), X) + 2R(I(X°3), I(X®?), X)
(4.12)
where

R(I(X*), 1(X*), X) = mo(m< (I(X*), (X)), X) = I(X*)mo(I(X*%), X))

1s well-defined by the Proposition /.2.4. And there exists a choice of L such that the following
bound holds

T,V,p,5,6’)3

2
11@2)(@, X |10 S T (||@llpg +1) (1+ 1
for @ >0 and 6,8, p,v > 0 small enough depending on L and z. Moreover if X € C(T?) then
1(9°X)[®, R? X] = I(9°X)

Proof. By a simple computation it is easy to see that

t

IB<(@", X) (Bl < /ds(t—s)(”H”)/zH‘I’;Hn\|X§2H—1—r
0

<rn T1/2_r/2_ﬁ/2_Z/2||¢/H*,2,THX<>2||717’I"

~T,

for v,k > 0 small enough and 1/2 < z < 2/3. A similar computation gives

HB<(q>’,X°2)(t)Hl/2+7 S

~

t
/ ds(t — )~/ 80| X2 -,
0

~

t
<n,r,z H(I)/H*,Q,THXOQH—l—T/ dS(t o 8)—(3/2-5—74-7“)/28—(/@-&-2)/2
0
SATOEREANR @ || 1| | X2 1y

for v, 7,k > 0 small enough. Using this bound we can deduce that
t
11(0)?X)(Dll+s S / ds(t — )" G2 (02 X 1 ja-g
0

t
S [ date = o) DI GE 68 12
SLo H(I)HE,L,T(HXQz”—l—r + 1 X212 + 1)°
¢

X / ds(t — 5)~(B/24048) g=(1/24r+7+22)/2

0
Sppe 7O 01 L (1X 1+ 1IX 212 + 1)

for v, 5,6 > 0 small enough and 2/3 > z > 1/2. Hence we obtain that

S[lépT]t(H‘S“)/QI!I((Qﬁ)QX)(t)HHs SeT@IE L (11X |1 + [1X [ 21j2-p + 1)
telo,
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for some 61 > 0 depending on L and z. The same type of computation gives

ts[l(l]pT]t(”z)/g\IHI((Gﬁ)QX)(t)IIH See TN Lr(1X 2 -1 + 1K 2125 + 1)
€0,

and

i d t2EERDRI0) X))l 21y Stz TR (1X 2 o1 + [1X |1 25 + 1)
€10,

with 62 and 63 two non negative constants depending only on L and z. To complete our study
for this term, we have also

109> X)(t) = T((0)* X)()la—20 S 1o + 12
with

t
1L, = ' / duP,_,(6%)2X,

S

/ du(Py_y — Ps_u)(0%)%X,
0

2 _
) Ist_’

a—2b a—2b

Let us begin by bounding I :
LS (t— ) /0 Qul [Py (09) X, o
t
S (=) [ duls —u) W6 X o
0

ST sPlDIE (11X + 11X -1/2-5 + 1)°

with 6, > 0 depending on L and z. Let us focus on the bound for I?,

st ~o

t
Bs [ (¢ =)y 0 R Xy

t
SJL,z H(I) E,T(HX<>2H—1—7’ + HXHfl/Zf,B + 1)2/ du(t _ u)*(1/2+a72b+ﬁ)/2u*(1/2+n+’y+2z)/2
s

and

t
/ du(t _ u)7(1/2+a72b+,6’)/2u7(1/2+n+’y+2z)/2

1
= (t— 3)3/4(a2b+,5)/ da(1 — 2)~(W/2Fa=240) (g 4 (¢ — g))~(1/2Hrtn+22)/2
0

1
Strmap (t— S)Z(a2b+5)/281/22+(n+’y)/2/ da(1 — x)7(1/2+a72b+,3)/2x73/4+l.
0

Then using the fact z < 1 and choosing [, x,y,b > 0 small enough we can deduce that

t
/ du(t . u)f(1/2+a*2b+5)/2u*(1/2+I€+’Y+22)/2 SL 705 (t _ S)bsf(z+a)/2

S

with 05 > 0. This gives the needed bound for I». Finally we have

T((62X)(t) = T((692X)(8)]]ae
sup S(z+a)/2\\ ((0°)2X)(1) ((b) )(s)l 2 < 951012 (11X 2|1+ || X |12 g+ 1)
(s.1)e0.T] [t —s]
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hence
(02 X)) [ear So T2 (11X o1 + 1 X 2125 + 1)

The bound for ||1(#*1(X3)X)||x1.7 can be obtained by a similar way and then, according to the
hypothesis given on the area I(X°3)X and the decomposition of I(I(X®3)2X), we obtain easily
from the Proposition 4.2.4 and the Proposition 4.2.3 that

I(I(X)? o X1 S TO(1+ [[mo(1(X%), X))

§'—1/2—p T |\I(XO3)||6/,1/2—,; + \|X‘|5',—1/2—p)3

for 3p < &’ small enough, which gives the wanted result. O

4.2.5 Decomposition of I(® o X°?)

Let us apply the controlled structure to the mollified equation. As in that case the equation
is well-posed, we have

[(9°) = &° where T'(9°) = I((X®)°®) + 3I(D°(X°)°?) + 3I((®°)*X°) + I((®°)?)
with of course ®° controlled by X<
O = I((X®)%) + B((9°)', (X°)*?) + (&°)".
By a direct computation we also have
I(®°(X%)%%) =B (9%, (X)) + Bo(1((X%)*), (X)*?) + Bo(B<((9%)', (X*)*%), (X*)*?)
+ Bo((9°)F, (X°)%%) + Bx (@, (X°)%).

Indeed, thanks to the Bony paraproduct, the first and the last terms in the r.h.s are well defined.
The only problem is to define By(.). By an analysis of the regularity, the structure of controlled
distribution for T'¢(®°) appears, and we have I'*(®°)’ = 3®° hence (®°) = 3®°. Furthermore,
Bo(I((X*#)°?), (X*#)°?) does not converge, and we need to renormalize it by subtracting 3C51(X¥¢).
We have to deal with the (ill-defined) diagonal term.

X(@')(t) = Bo(B<((2°)', (X%)*%), (X7)°)(¢)
= [[asmaml [ dop (@), (X9, (X9
Thanks to the properties of the paraproduct, we decompose this term in the following way
(X5)=°((2%))(#) = /Ot dsP—s(®°),mo(1((X)*)(s), (X°)37)
# [ asre [ ao(@, - @ Nm(E) Pl (X)2)
# [ s [ domR (@0 009 (002
+ [asre [ R(@ P02 00)2)

4
= > (x)iq)
=1
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with
R;—O’(f7 g) = Psfaﬂ-<(f7 g) - 7T<(f7 Psfag)v R2(fvgvh) = 7r0(77<(f,g),h) - fﬂ-o(g’ h)

Here again, to have a convergent quantity we need to renormalize (X¢)>! by C§ fot P (9°), =
C51(®°). Hence, the approximated equation must be

[(®°) = o°
with )
[(®%) =T°(P%) 4+ 9C5(P° + X°).

The same computation holds for the renormalized equation, and we have

I(®0X?) = B(®, X°%)+Boo(I(X°%), X°?)+ By o(B<(®', X°%), X°%)+ By(®*, X°*)+ Bx (¥, X°?).

Indeed, thanks to the Bony paraproduct, the first and the last terms in the r.h.s are well-defined.
The only problem is to define By(.). The term in ®#X°? is also well-defined as ®f € C:1F+5. The
term Boo(I(X°3), X°?) is also well-defined by Definition 4.2.9. So we only have to deal with the
diagonal term

t S
X(®')(t) = Boo(B< (¥, X°%), X?)(t) = / dsP;_ 5700 < / daPsaw<(q>;,X;>2),X§2>
0 0

Thanks to the properties of the paraproduct, we decompose this term in the following way

t t s
dsP;_ @7 o (1(X°%)s, X5%) + / dsP,_, / do(®), — ®)mo (X2, Py_ o X5?)
0 0

x@) = [

0

t s t s
+ / dsP,_, / domo(RL__(®], X2%), X2%) + / dsP,_ / R*(® Py ,X2% X%
0 0 0 0

4
= Z X*'(t)
i=1
where

Ri—o‘(fa .g) = PS—U']T<(f7 g) - 7T<(f7 PS—UQ)? Rz(fvgah) = 7r0(7r<(f,g),h) - f7T0(9, h)

and f, g, h are distributions lying in the suitable Besov spaces for R! and R? to be defined. Before
starting to bound the term X°, let us give a useful lemma to deal with the explosive Holder type
norm.

Lemma 4.2.15. Let f a space time distribution such that supejo 7y tr+272)| £, < +oo then
the following bound holds

@) = 1) ($)lla-2b

‘t — 8|b ~b,a,z,r

TH sup t(T+Z)/2HftH7"
te[0,T]

sup
s,t€[0,T7]

witha+2<2, z4+r<2,a—r<2,0<ab<1andf >0 isa constant depending only on
a,r,b,z.
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Proof. By a simple computation we have

I(f)(t) = I(f)(s) = Iy + I,
with

s t
Islt = (Ptfs - 1)/ dupsfufu and Is2t = / dupt*“fu'
0 s

Using the lemma (4.2.5) the following bound holds

t
g lla—2v S \t—sl”/ du(t —u) @72y =02 gup (2| £, < oo,
t€[0,T]

To handle the second term we use Holder inequality,

1-b
—(a—2b—r)  (2+7)
112 la—20 S It = s[° </ du(t —u) 200w 2<“’>> sup tHD2| fi]] < oo
tel0,T

which ends the proof. O
The following proposition gives us the regularity for our terms.

Proposition 4.2.16. Assume that X € X there exists a choice of L such that for all z €
(1/2,2/3) the following bound holds

X @) li0 S T+ (X 17,5) ]| @[ |2,
where K € [0,1]*,0 > 0 are two small parameters depending only on L and z.

Proof. We begin by estimate the first term of the expansion (4.2.5)

t
XN @) (B)]145 < /0 ds(t — s)"HHVD | @ mo o (1(X2)(5), X&) — @ ||y

+(sup o¥lpl]) / s(t — 5)~ (2 gt |
c€[0,1]

S @ 27 (1(X2), X2) = X| o + I “log | +1)
T

t
X/ ds(t — 5)_(1+5+77/2)/28—(n+l/+z)/2
0

Sp.p TP ez ([Imoo (1(X ), X ) — ™| 2 + Sup o Ylog 1 +1)
ocl0

for v, 1,0 > 0 small enough and with ¢; > 0 depending on L. Hence

ts[tOmT]t(”“z PN @) (Olhs Srie T (oo (1(X2), X°2) = X[y + up ]J”I% |+ 1)
€10,
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Let us focus on the second term. We have

t S
1X°2(@) (1) 145 < / ds(t — 5)"(1+9-0)/2 / Ao |[(®!, — &))mo(Pao X22, X22)]|5

t s
S /0 ds(t — 8)(“”)/2/0 do(s — o) "2, — B ||e—aal | X2,

t S
,SL,ﬁ,p H‘I’/H*Q,THXQzHQTlp/ ds(t — S)(1+6/o’)/2/ do(s — 0),1,p/2+da,(c+z)/2
0 0

t
gL’@p H‘I’/H*Q,THXQQHQTlp/ ds(t — S)*(1+57,3)/23*(P+c72d+z)/2
0

|X<>2H2

SL,BW T02||(I)/| |*,2,T Ci;l,p

for 5 = min(c — 2d,p) > 0 and all ¢,d,p > 0 small enough, z < 1 and 02 > 0 is a constant
depending only on L and z. Using the Lemma 4.2.5 we see

[|Re— o (2, X I125 S (5 — o)~ EF 72|00 ||| X521

for all 8 > 0, 8 < 1/3 small enough. By a straightforward computation we have

1X°%(@") ()]145 < /Ot ds(t — )~ (H0=R2 /0 dol|mo(R; o (@5, X5%), X2l
S /Ot ds(t — 5)~(H0R2 /0 dol| Ry o (@, X5) 14261 X || -1-
<X 12 a2y / ds(t — 5)"05-2 / do(s — o)+ 22
T 0 0
S IXIE sl 'l 2y /0 ds(t — 5)"(0F0-9)/25 @8- n+2)/2

< TO(X |9y
T

where 03 > 0 is a constant depending on L and z, 0 < 8 < 1n/3 small enough and z < 1. To
treat the last term it is sufficient to use the commutation result given in the Proposition (4.2.4),
indeed we have

IR} (@, Po—o X3%, X ly-38 Snp s~ TH%(s U)_(Q_B)/QHX°2H§;1—¢3H‘I”H*,z,T

for 0 < 8 < n/3 small enough and then

t s
!|X°’4((I)/)(t)||1+5 SU,B ”X<>2||2T1B|(I)/||*72,T/0 dS(t _ 5)—(1+5—7]+3ﬁ)/2/0 do—s—(”]-‘rZ)/Q(S _ O.)—(Q—ﬁ)/Q

t
S0 XN ool [ ds(e = )7 (H00m 2ot

STIX sl |lezr
T
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for 84 > 0 depending on L and z < 1 and 5,1, > 0 small enough. Binding all these bounds
together we conclude that

s D)X (D145 SLaT’(1+ 11X |g1mr + |lm00 (LX), X2) — ¥ |1
te|0,

+ sup "o )29 |[w 2.1
t€[0,T]

for 8 > 0 depending on L and z. The same arguments gives

Sup (T @)Dl Sre T Koo+ Ion(T0X2), X = oo
S k)
+ sup 7] )19 |lx2,r
te[0,7)
and

Sup D RIX@) (Ol LT+ [1X 2|10 + 1m0 (1(X?, X2) — X |01
€\0,

+ sup 17| )2 @[« 27
te[0,T

To obtain the needed bound we still need to estimate the following quantity

S(H! Yo (H
sup e [1XO(@)(1) — X SI))(S)Ha—zb_
(s,)€[0,T]2 |t — s

To deal with is we use the fact that X*¢(®') = I(f*) with
fH(s) = Pimoo(1(X)(5), X77), f2(s) = / do(®), — ®{)mo(X*, Pso X5?)
0
and s s
Fis) = / domo(Ry_o (@5, X5%), X3%),  fi(s) = / R* (@, P o X2, X$7).
0 0

By a easy computation we have

L7 O)llysa S s~ 2@ |z (L + (o0 (1(X %), X2) = ¥ | Ly + s )it [)?
tel0,

172()l—a S N M2 X212 g4

X/O dO‘(S . O_)—1+d/20_—(c+z)/2 <. ed Sd/Q—(c+z)/2||q)/||*72’T||X<>2||_1_d/4

~Z,C,y

172 lznsz S 1|, [1X 2121,

y /s ds(s B U)_1+77/9S—(77+z)/2 < 3_(11n+gz)/2Hq),H*2T ’X<>2H2
0

—1-n/9
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with v > 0 depending only on L, and a similar bound for f* which allows us to conclude by the
Lemma (4.2.15) that we have

z+a )(<> @l t —)(<> (p, S _
wp 3 KOO =X @M g
(s,)€[0,7]2 |t — s
for some p >0, # > 0 and 7, ¢,d > 0 small enough and z € (1/2,2/3). O

We are now able to give the meaning of I(® o X°?) for a & € DEL.

Corollary 4.2.17. Assume that X € X and let ® € DE then for z € (1/2,2/3) and for a suitable
choice of L the term I(® o X°?)[®,X] is defined via the following expansion

I(® o X)) [®,X] := BL(®, X°?) + Bx(®, X°%) + Boo(I(X°), X°%) + X°(®') + By(®*, X°%)
And we have the following bound

[1Bo(@%, X[, + |1 B> (2, X)Lz S Tl @/ irl [ X210

for some 0,p > 0 being a non-negative constant depending on L and z. Moreover if a,b € R,
X € CL(T3) and p € C°°([0,T)]) then we have that

I(® 0 X°?)[®,R?, X] = I(®(X* —a)) + 3bI(X + D)
for every ® € DRf,bX'

Proof. We remark that all the term in the definition of I(® o X°?) are well-defined due to the
Proposition 4.2.16 and the definition of the paraproduct, and we also notice that

t
|| Bo(®%, X%)()[145 5/0 ds(t — s)" /D201y 5| | X2 150
t
S ||‘I’ﬁ!|*,1,T||X°2||016/2/ ds(t — 5) "0/ 2= (0+2)/2
T 0
< 87(3/2(”2)/2"(I)ﬁH*,LTHXOQHC—l—BM
T

which gives easily

sup. 10 B0, X0l S T
tel0,T

X2 .
| ”ch 5/2

for 6 < 1/2. By a similar computation we obtain that there exists § > 0 depending on L and z
such that

sup /22 By (@F, X% (1)1 + sup 12| By(®F, X%)(1)).
te[0,T7] t€[0,T

S T | X2 o1
T
To obtain the needed bound for this term we still need to estimate the Holder type norm for it.
We remark that
10 (D%, XI5z S s~ T2 |08 14511 X 1672
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and then as usual we decompose the norm in the following way
Bo(®}, X°2)(t) — Bo(®4, X*) = I, + I,

with . .
IL = (P_s—1) / duP,_,mo(®f, X%, I = / duP;_,mo (P, X22).
0 S

A straightforward computation gives

123 a2 S 1]

t
X gnlt = s [ du(t = )22 1022
0

ST — 2@ [ 11| | X 2] 1072
T

For I? we use Hélder inequality which gives

2 t a=26—-5/2 1464z 1-b
1,7/ | X HC;(;/Q / du(t —u)” 2070 ¢ 20-0))
S

< T(l—a—5/2—z)/2|t o S|b”q)ﬁ

HIs2tHa—2b St— 3|qu)ﬁ

*,1,T |X02| |c’;—5/2

for a,d > 0 small enough and z < 1. We have obtained that

[1Bo(®F, X°)|[u1,r S T"||<I>ﬁy|*,1,T||X°2||C;1,5/2
for some § > 0 depending on L and z. The bound for the term B (®, X°?) is obtained by a
similar argument and this ends the proof. O
Remark 4.2.18. When there are no ambiguity we use the notation I(® o X°?) instead of
I(® o X°?)[®, X].

4.3 Fixed point procedure

Using the analysis of I(® o X°?) and I(®2X) developed in the previous Section, we can now
show that the equation

® = I(X) +31( o X°?) 4+ 3I(P2X) + (D) + T

admits a unique solution ® € D¥ for a suitable choice of L and z € (1/2,2/3) via the fixed point
method. We also show that if u® is the solution of the regularized equation and ®¢ is such that
u® = X© + ®° then d(®°, ®) goes to 0 as e. Hence, by the convergence of X¢ to X we have the
convergence of u® to u = ® + X. Let us begin by giving our fixed point result.

Theorem 4.3.1. Assume that X € X and u® € C7*(T3) with z € (1/2,2/3) and L such that the
bounds of Propositions 4.2.14 and /.2.16 are satisfied. Let ® € D}Lg and U = Pu® then we define
the application T : DSIE,T — C7%(T3) by

D(®) = I(X®) + 3I(® o X°?) + 31(®%X) + I(P%) + ¥
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where I(® o X°2) and I(®2X) are given by the Corollary (4.2.17) and the Proposition (4.2.14).
Then I'(®) € Dslg’ for a suitable choice of L and it satisfies the following bound

IT(@)[ | SN r,r + 1) (L + 1Kl + (1] -2). (4.13)
Moreover for ®1, P9 € D5L§ the following bound hold

dr.r (D(®1),T(®2)) ST%dr,r (@1, P2) (|| @112 + |2z + D1+ X7 + [|u”]]-2)°
(4.14)

for some 6 >0 and K € [0,1])® depending on L and z. We can conclude that for this choice of L
there exist T' > 0 and a unique ® € D§L§T such that

® =T(D) = I(X°3) + 31(D? 0 X°?) 4 3I(®>X) 4+ I($>) + V. (4.15)

Proof. By the the Corollary (4.2.17) and the Proposition (4.2.14) we see that I'(®) has the needed
algebraic structure of the controlled distribution more precisely

[(®) =30, I(®)f =3B (P, X%%) + X°(®') + 3Bo(P*, X°2) + 3I(P?X) + I(®3) + ¥

and I'(®) € C;*. To show that I'(®) € DL and obtain the first bound it remains to estimate
||®||x.2...7 and ||T(®)F||x1,07- A straightforward computation gives

1@l S [ITX)(0)]ln + [ B(®', X2) (0]l + (1],

SIX2)]y + @1

t
‘*72,THXO2H—1—?7/ ds(t _ 8)—(1+2n/2)/28—(n+z)/2 + t_(n—i_z)Hq)ﬁH*,l,T
0
S (1@l + DX |1y + XDy + 1)gmint/2=Grt2)/22(e272),
Then for 0 <n < k and n < 1/2 and z € (1/2,2/3) small enough we see that

ts[%pﬂ tm A2 )], < T(||® |7 + 1)(|\X°2HC;1717 + ||I(X<>3)HC; +1).
€|0,

We focus on the explosive Holder type norm for this term, indeed a quick computation gives
@0 — s|le—2a S [1T(X?)(E) = T(X*)(5)| |24
+[IB<(®, X2)(t) = B (@', X2)(5) o2 + [| 2] — BEle—2a-

Let us estimate the first term in the right hand side. Using the regularity for I(X°3) we obtain
that for d > 0 small enough and ¢ < 1/2

I1(X%)(8) = LX) (5)|le—2a S [t — 8[| 1(X*?)

d,c—2d-

Then we notice that the increment appearing in second term has the following representation
B<(‘I’/7X02) =I(f)

with f = 7-(®, X°?). To treat this term it is sufficient to notice that

[1fell-1-5 S NRHINIX 15 S ¢ 2)10] L L)1 X215
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and then a usual argument gives
[B<(®, X°?)(t) = B<(®', X°*)(s)l[c—2a S T°[t — st |®| |, L0l X?|| 2125
for some 6 > 0 and ¢, > 0. For the last term we use that
10 = @2|e2a S |t — Pt~ 20|, p S TP — s 4D g

for ¢ — 2d < a — 2b, d < b and then ¢ < a which gives :

[0} D, d
p 47 /”,’d < PO 4 11X gz + || X2 1ms)(L + [ ] r2).
s,t€[0,T

Hence the following bound holds
IT(®) |2, S TP A (X |g.e-20 + X P[-1-5) (1 + [[@]}a,7)- (4.16)

We need to estimate the remaining term T'(®)*. Due to the propositions (4.2.14),(4.2.16) and
the corollary (4.2.17) it only remains to estimate the following terms I(®3) and ¥. In fact a
simple computation gives

JRZIP Ty | |

Let us focus to the term I(®3). We notice that
t
11(2%)()]]145 < / ds(t — s)" 023201012 1 (|| X1 + 1)°
0

for 6,k > 0 small enough and z < 2/3 and we obtain the existence of some 6 > 0 such that

sup t D2 1(D) (1) 145 S T[] a1
t€[0,T)]

A similar argument gives

sup /D2 1@ (1) |12y + sup 5TV I@3) (1) S TO|DI Lo (1+ (| X2 1-p)%,
te[0,T] t€[0,T

Let us remark that
0|l S e300 | 1 (1 4[] X | -1p)?

and then as usual to deal with the Hélder norms we begin by writing the following decomposition
11(@2)(t) = 1(D%)(8)l[e—2a S Lt + Loy

with .
S
IL=(P_s—1) / duPs_,®3, and I = / duP,_,®3
0 s

For I' is suffice to observe that
S
Z3lla 5 e =l | duts =)0 2D 21 X2y
ST emm=3REEm g — sl |01 (1 + ]| X°2])1,)?
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for n,c¢ > 0 small enough, z < 2/3. To obtain the second bound we use the Holder inequality
and then

1-d
12 < e ot ([ iz )

s

al [ Ce2ay _3Gip\ T ) )
<t /cmu—u>22du<2w> 1]27(1+ | X°2]| 1)
S
< |t — s 202 | B 1 (1 4+ | X9y, )P

for ¢,n,d > 0 small enough and z < 2/3. We can conclude that there exists # > 0 such that

I(®3 I o
Sutps(erc)/QH ( )( )|t_(s|d)( )|| 2d < TOHQ)H (1 + HX<>2H_1_p)3

and then we obtain all needed bounds for the remaining term and we can state that

I0(2)*

for some K € [0,1]* depending on L and this gives the first bound (4.13). The second esti-
mate (4.14) is obtained by the same manner.
Due to the bound (4.13) for 73 > T > 0 small enough, there exists Ry > 0 such that

Bgr, = {<I> € DE 1 ||®]lr < RT} is invariant by the map I'. The bound (4.14) tells us that
I is a contraction on Bpg,, for 0 < T5 < Ti small enough. Then by the usual fixed point

ST@ller + 1P+ Xz + [[u]]-2)°

theorem there exists ® € D& 1, such that I'(®) = ®. The uniqueness is obtained by a standard
argument. 0

A quick adaptation of the last proof gives a better result (see for example [41] and the
continuity result theorem). In fact the flow is continuous with respect to the rough distribution
X and with respect to the initial condition v (or uY).

Proposition 4.3.2. Let X and Y two rough distributions such that || X||r K, HYHTK < R,
z € (=2/3,-1/2), u% and uy two initial conditions and ®* € DTX X and ®Y € DTY v the two

unique solutions of the equations associating to X and Y, and Tx and Ty there respectwe living
times. For T* = inf T'x, Ty the following bound hold

1% — Y|+ 3y S drn (@, @7) Sk dra(X,Y) + [uk — uy| -
for every T < T*, where d is defined in Definition 4.2.12 and d is defined in Defintion 4.2.9.

Hence, using this result and combining it with the convergence Theorem (4.4.3) , we have
this second corollary, where the convergence of the approximated equation is proved.

Corollary 4.3.3. Let z € (1/2,2/3), u® € C™* and denote u® the unique solutions (with life
times T¢) of the equation
8tu€ — Auf — (u€)3 4+ O + 56

where £° is a mollification of the space-time white noise & and C* = 3(C{ — 3C%5) with (C5) and
C5 are the constant given by the Definition 4.4.2. Let us introduce u = X + ® where ® is the
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local solution with life-time T > 0 for the fixed point equation given in the Theorem /.3.1. Then
we have the following convergence result

P(dpe (9%, ®) > A) —zy0 0

for all X > 0 with T* = inf(T,T°) and ®° = u® — X° EDXET

4.4 Renormalization and construction of the rough distribution

To end the proof of existence and uniqueness for the renormalized equation, we need to prove
that the O.U. process associated to the white noise can be extend to a rough distribution of
X. (see Definition 4.2.9). As explained above, to define the appropriate process we proceed
by regularization and renormalization. Let us take a a smooth radial function f with compact
support and such that f(0) = 1. We regularize X in the following way

= Zf(5k)Xt(k)ek
k0

and then we show that we can choose two divergent constants C{, C5 € RT and a smooth function
©® such that R‘PE CEX‘E := X® converge in X. As it has been noticed in the previous Sections,
without a renormalization procedure there is no finite limit for such a process.

Notation 4.4.1. Let kq,....k, € Z> we denote by ki,.n = Z?:l ki, and for a function f we
denote by ¢ f the increment of the function given by d fs = fi — fs

Definition 4.4.2. Let
Cf =E [(X°)?]

and

cGs=2 Y |f (k1) [?|f (eka)|?

oo PR (A + a2 + Tk 2P2)
Notice that thanks to the definition of the Littlewood-Paley blocs, we can also choose to write
C5 as

W s f(eky) f(eka)
CS =2 Z Z 9<2 Z‘k172|)9(2 ]|k1,2‘) ) ) ) ) N
11 kA0t k1 2[Rz (1R ]? + [k2]? + [K1.2]?)

Let us define the following renormalized quantities
(XE)OQ (Xa)Q
I((X®)%) = I((x* ) —301X%)
oo (1((X7)%%), (X7)%) = mo(1((X*)%?), (X7)*%) — C5
o0 (T((X%)%%), (X%)?%) = mo(1((X7)%%), (X°)%) = 3C5 X°.
Then the following theorem holds.
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Theorem 4.4.3. For T > 0, there exists a deterministic sequence ¢° : [0,T] — R, a deter-
ministic distribution ¢ : [0,T] — R such that for all 5,8 ,v,p > 0 small enough with v > p we

have

1@l o = supt”[oe] +  sup glee= ool o
t o<s<t<T [t —s[P

and the sequence ©° converges to o for that norm, that is
l¢® = @lliwr — 0.
Furthermore there exists some stochastic processes
X2 ec(o,T],c7170)

1(X°%) e ¢% ([0, T], c1/2~9-2¢")
mo(1(X°%),X) € ¢¥([0,T],c0~2)
o0 (1(X°%), X*%) — o € C7 ([0, 7],
oo (1(X°%), X°%) — 3pX € € ([0, T],c~H/*7072%),

Moreover each component of the sequence X® converges respectively to the corresponding com-
ponent of the rough distribution X in the good topology, that is for all 8,8 > 0 small enough, and
allp > 1,

X — Xe LP(Q,C%([0,T),c~179-39=3/2py)

(4.17)
(Xs)<>2 N X<>2 in Lp(Q,C(S,([O,T],C_1_5_35,_3/2p)) (4 )

I((X5)%3) — I(X°%) in LP(Q,C% ([0, T),C1/?~0-39'=3/2py) (4.19)
To(I((X%)%3), X¥) — mo(1(X®3), X) in LP(Q,C% ([0, T],C 030" =3/2pY) (4.20)

700 (T((X%)°2), (X9)2) — ¢° = moo(1(X*?), X*%) — @ in LP(Q,C7 ([0, T],C~°73973/2r))  (4.21)

71_()<>(I((‘Xs)<>3)7 (XE)OQ) - 3(,0€X N TF()O(I(XQS),XOZ) in Lp(Q7C6’([07T]7C71/275735’73/2p))
(4.22)

Remark 4.4.4. Thanks to the proof below (especially in Subsection 4.4.5 and 4.4.6) we have
the following expressions for ¢° and .

1027 |k12|) 10277 [k1a)|| f (ek1) f (k)] 2 2 9
P=- exp (—t(|k1]* + [ka|® + |k1 + K
Pt Z Z |k1|2\k2\2(\k1\2+|k2|2+|k1+k2|2) p( (| 1| | 2| | 1 2| ))
[i—j| <1 k17#0,k27#0

and

0" k12D 102 oz - :
pr=— exp (—t([k1]” + [ka|” + [k1 + k2[7)) -
A 2 PP Rl b FaP) )

We split the proof of this theorem according to the various components. We start by the
convergence of X¢ to X. Then we also give a full proof for X°2. For the other components we
only prove the crucial estimates.
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4.4.1 Convergence for X

We start by an easy computation for the convergence of X

Proof of (4.17). By a quick computation we have that
0(X = X% = (flek) — )0 X (k)ex

k
and then

1 — e~ IkP2l—s|
E[|AS(X — X =2 > |f(ck) - 1I2T Shyp c(e)290 P — |
k£ 0;|k|~20

for h, p > 0 small enough, and c(e) = >~ o |k|=37°| f(ek)—1]2. The Gaussian Hypercontractivity
gives

E [|]A¢0(X — X°)stl[7,] Sp/ E [JAg8(X — X*)at(@)P]" dx Sy c(e)P|t — s|/220/2C o),
T3
for p > 1. We obtain that
B 100X = XNl yarp s | S clele =o'
BP’P
Using the Besov embedding (Proposition 4.2.2) we get

E 18X = X)all?

C-1/2—p—h=3/p

| S eyt — 52
and by the standard Garsia-Rodemich-Rumsey Lemma (see [36]) we finally obtain :

E |:HX - Xa‘|Ch70([O,T]’C—I/Q—h—p—S/p):| S C(&)p

for all h > 6 > 0, p > 0 small enough and p > 1. Moreover we have Xy = X§ = 0 and then
using the fact that c(g) —57° 0 we obtain that

lim || X* — X|| cB=1/2=8=3/p =0
e—0 )
for all 0 < ¢’ < 46/3 and T > 0. O

4.4.2 Renormalization for X?

To prove the theorem for X°? we first prove the following estimate, and we use the Garsia-
Rodemich-Rumsey lemma to conclude.

Proposition 4.4.5. Let p > 1, 0 > 0 small enough, then the following bound hold

SupE [[[8g8(X)7I[, ] Spo It — 52202

and
E[l1a, (8(x*)% = 8(X)E )] Spo Cle &)t — 52022001+

with C(e,e’) — 0 when |e — &'| — 0.
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Proof. By a straighforward computation we have

Var(Aq((Xf — X9XD) = > 0(2 279K Y flekn) f(eka) f(eRY) f(ekb)

k. k' €73 kio=kik},=k' (4.23)
X (I + I3)erep

where (ex) denotes the Fourier basis of L?(T?) and

) . _ _ o 1 — e—lkallt—s]
Ly =B [(Ry(kr) = X (k) (Xelk]) = X)) | B [ X o) Xo(h) | = 2001ty Bty = o

12 = B [(Xu(hn) = X)) X (k)| B [ (K (k) — X, () X, (ko)

s 5 (1 — e~ IkPPlt=sly(1 — g=Ikal?lt=s])
= Ok1=kL Ok =k2 |k‘1|2|]€2|2

Injecting these two identities in the equation (4.23) we obtain that

1—6 |k1‘ ‘t S|

_.l_
[k 2lke2 Z

(1 — e~ IkPlt=sly(1 — e=Ik2Plt=s]

Var(A,((Xf — X5)X5)) S Z

P Pt e
k1a=k =
2= Fa=k (4.24)
Z ]__e |k1‘ ‘t S|
: |k|~2¢ [y |2 V@‘Q
k1a=k
We have
1— e*|k1‘2‘t*3| 0 _ 0 _
Z o1 |2 k2 |2 St — sl Z ey | 72720 kg2
|| ~20 1Rz kEZ3:|k|~20 k1a=k
k1o=k, k1| <|ka|
S|t _ S|9 Z |/€1|_2+26V€2‘_2 + Z ’k1’_2+29|/€2|_2
|k|~29 k1 o=k, |k|~29 k1 o=k
[k1]<|k2| |k1]> k2|

,§|t—s|922q(1+26) Z|k1|—3—20+z|k2|—3—4e < 400

and then by the Gaussian hypercontractivity we have
E[l14,0(x)21175,] = /1r (Var (5(X9)) ()¢ 5 |t — s[PP22001520),
For the second assertion we see that the computation of the beginning gives
Var((8¢((X] = X9)XZ) — (X] = X5)X?)) S |t — 2210790, &)
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where

Clee) = 3 (k)T (Eka)l? = |F( ) L) B KI5 | 75720 1120 0

ki2=k

by the dominated convergence theorem. Once again the Gaussian hypercontractivity gives us
the needed bound. O

Using the Besov embedding 4.2.2 combined with the standard Garsia-Rodemich-Rumsey
lemma (see [36]) the following convergence result holds.

Proposition 4.4.6. Let 6,6, p > 0 small enough such that p < 0/2 and p > 1 then the following
bound hold

E [I1(X9)% = (X522 oy o110 1-avtam-s-20) | Sops Cle,€')P

and due to the fact that (X§)°? = 0 and (X°%)o = 0 we see that the sequence (X¢)°? converges
in L?P(Q, C9/2=,([0,T),C~1=3/CP)=0=39)) to random field noted by X°2.

4.4.3 Renormalization for I(X?)

As the computations are quite similar, we only prove the equivalent of the L? estimate in
proposition (4.4.5). Furthermore we only prove it for a fixed ¢ and not for an increment.

Proof of (4.19). By a simple computation we have that

T((X5)%3) (/ F(X)*3)(k)e |k2ts|d5> o

keZ3

and then
N2 gt
|:’A I Xt 03 ] _6 Z |9 (Ik |2 H ’f(gk;)’ / dS
kez? i=1,..,3 kil 0
k123=Fk
% /s doe— Uk +lk2>+ks|?)|s—a|—[k|* (|t—s|+[t—0])
0
—Zw 279k)PES (k),

where

k‘ t s
== 3 I \f‘z ; /ds/o doge— (k1 Pk +ks[?)|s—o |~ [K[2(jt—s|+|t~0)

k123=k,k;#01i=1,..,3

]. ¢ s 2 2 2 2
< bt [ as | dge (kPRI s~ ol kl%]t—s|
DY \knzrkz%w/o / e

k123=Fk
max;—1,..3 |ki|=|k1]
oL % T St e (O el )
ST T B R '

k123=k
max;—1,..3 |ki|=|k1]

ko
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We have used that

t S t S
ds [ dgem Uil sisPlsol kPt < L [T [T g oo g e
0 0 | ka2elk P Sy 0

for p > 0 small enough. Using again the Gaussian hypercontractivity we have
B [||ag1(0xp) )] 2, ] 5 272072
and then the Besov embedding gives

sup  E [[[1((X7)*)11/2-p-s/p] < +00-
t€[0,T],e

The same computation gives

sup E|II((XE 03 e 03 _>|€/f€|~>00
e B I = 1oy

and this gives the needed convergence. O

4.4.4 Renormalization for my(1(X®), X)

Here, we only prove the L? estimate for the term I(X°3)X instead of mo(I(X°3), X) since
the computations in the two cases are essentially similar. We remark that in that case we do not
need a renormalization.

Proof of (4.20). We have the following representation formula
B 84 (HOe)%7) 0] = B2 06 ()6 + 185016 +1875(004)
with

k 2
n=23% I ’f’; ’2’ /ds/ dore—k123 2 (1t=s|+Hlt=o)= (1 [+ ka2 >+ ks[2) [s—o]

kiosa=ki=1,..,4

1 t 5 2 2 2 2
S Z ds | doelFr2sl?(t=sl+lt—c))= (k1 [*+[k2|*+[ks|*)|s—0
~ k1|2 k2|2 |ks3 |?|ka|? /0 /0

k1234=k

max;=1,2,3 |ki|=|k1]

= 111 (1) (k) + I (t)(F)

and
8 S 1 t " doe kst Hli—ol)— (k1 [+ kal2 Hks )]s o]
I (1) (k) < > 1 2[Rz 2R3 2R 2 o ds i doe
k1234=k
maXi:ll,z?g ke | =k
|k123]<|Kal
< 1 5 1
S ST
il ko k3, k1, max |k |=|k1| [ [P k2| k3|2 K123

AN

1 1 < [k 9
2 3+p 3+p 3+p
Z kzkk oo 32Tk [+ oazs]
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for p > 0 small enough. Hence we obtain the needed result for I7. We can treat the second term
by a similar computation, indeed

1 t s 2 2 2 2
5 (0 (k) < 3 /d / dore—F12s 2 (1t=slHt—ol) = (1k 2+ ka|+ s|?)|s—o]
L0 < =
k1234=k
max;—1,23 |ks|=|k1|
|k123]>| k4]
ol I N Y Il ) 1 I
k2,k3,ka

with p > 0 small enough; this gives the bound for I5. More precisely we have I5(t)(k) < |k| 72+
for p > 0 small enough. Let us focus on the second term I5(¢)(k) which is given by

k} 2
Bk =3 H |f(eki)] / ds/ dore— Tkt [Pzl s | (ks [2+{ka )t —s| —(lka [Pk~ [2) [t =

|2
kio=ki=1
k3,ka
< ¥ 1 /td /td (b 2-+lkal2) =]~ (Va2 —o]
S ge
~ 1— 2 2
= Rl kPR ks PRl o o
12=
max;=1,2 |k;|=|k1]
ks3,ka
2
t
Sp% 212/ dse— (ks Hk—ks[?)]t—s|
H | 2= P o
3
2

1 1 1
o i S
o7 R k;kmw—kgw ° kP

and we obtain the bound for I5. We notice that

t t
I5(t) Z H ‘f\k 2 / ds/o dge—(lkl\2+|k2\2)|S—0|—(|k+k3\2+|’€3\2)It—8\—(\k4|2+\k+k4\2)\t—0|
kio=k1=1
k3,k4
= I5(t)(k)
We have

sup B [ (1((X%)X%) ()] Spr 22047
te[0,T],e

which is the wanted bound. O

4.4.5 Renormalization for 7y(I(X®?), X°?)

We only prove the crucial estimate for a renormalization of 7o (I((X®)%, (X¢)°2)). We recall
that since all the other terms of the product I(X¢)°2 ¢ (X¢)°? are well-defined and converge to
a limit with a good regularity, only this term need to be checked.
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Proof of (4.21). Let us begin by giving the computation for the first term. Indeed a chaos
decomposition gives

—mo(I((X)°*)(t), (XE)”) =

SN0 D 0@ k)02 [kaal)

k€Z3 |i—j|<1 k123a=k

t
/ dse™F12l*1=sl %2 () X2 (ko) X (k3) X (Ka) < e

+4Z Z Z 9 |l<;12| (2 J|k2( 3\)|f ak;2| /dse (k12> +|k2]?) |[t— S‘|k| 2 Xs(kl) (ks)

keZ3 |i—j|<1 kiz=k,k2
1 — e~ (k1P +lk2 > +k12])t

+2 27 k12])0(27 |k k) 2|f(eka)|?
Z Z |k12])0 |k12|)| f (k) |7| f (ek2)| o1 [2[k2 |2 (JFr |2 + [K2|? + [k12]?)

|L _]|<1 k1,ko

where :: denotes the usual Gaussian Wick product. Let us focus on the last term
1— e*(\k1|2+\k2|2+\k12|2)t
k1 Pk P (k1 |? + |K2]? + [K12]?)

= > D 0@ k)02 k)| |f (k)| £ (ko)

[i—7|<1 k1,k2

= C5+15(1)

where I5 is defined below. Moreover is not difficult to see that

27" k12)0(27[k12])
lim C5 = +00.
= ZJZKMZk ’k1’2|k2 ([k1[? + k2] + |K12]?)

To obtain the needed convergence we have to estimate the following term

=3 3 3T 0@ k)02 |ksal) /Otdse'm'”” XE (k) X2 (ko) X (kg) X (ka) : e

keZ3 |i—j|<1 ki2sa=k

=57 3 ST 0@ (kB2 ko)) F (ko)

keZ3 |i—j|<1 ki13=k,k2

t
x / dse—(kralHka)lt=sl 12 22 (1) R (g
0

and

) k)2 ko) |2 — (|1 |24k |2+ k12 |2)t
Z Z 0(2 " k12)0(2~ ]|k12‘)’f<5 1)2\ ]f(;t 2)\26 : g
IS ks a2 [ka 2 ([t [2 + ka2 + Tkr2 )

We notice that for the deterministic part we have the following bound

1
Ig(t) < ¢t=P E 5 5 5 5 I <t P § ’k2’7472p’k1’72 < 4P
~ +p ~ ~pP
k1,ka, k1| <|k2| [or P2 P (Jea|* + [R2l* + [Rraf) k1,ka,lk1|<|k2|

and then the dominated convergence gives for p > 0

sup t°|I5(t) — I3(t)] =70 0
t€[0,T]
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with
e~ ([k11?+|k2 > +[k12])t

= 2 2 0 a0 el e B o+ T

[i—7|<1 k1,k2

and this gives the bound for the deterministic part. Let us focus on I{(¢) and I5(t). A simple
computation gives

—1 J i’ 5’ q 2 ‘f 5kl)|2
E [Ag|I5(t) —22 Z Z k12])0(277 |k3a)0(27" |K12)0(277 [kaa|)0(277|K]) HW

keZ3 i~vjri' gl k1a3a=k =1

t t
x/ / dsdoe— k2l (t=sl o)~ (k1 + k2 )]s o
23 S 0 a0 a2 ia)B frsa )02 q|k|2H'f€’”)'
|2

keZ3 irvjrt'~j' ki23a=k
t t
X/ / dsdae— (k122 H1Es ka2t~ (ko >+ ks |+ ka ) t—o]
j —3’ i’ —q 2 |f Ekl
+2) Y Y 02 ki2)B(2 7 [kaa )02 [Raal 0277 Ras])O(27 K] H TE

keZ3 i~ gii' ~j' ki12za=k

t t
X/ / dsdoe— (k122 H k2l [E=s|—(kral?+ ks ) [t—o| k1 | s—o|

3
=I5 ;)
j=1

Let us begin by treating the first term. As usual by symmetry we have

I5 4 (t) Z Z Z 0(279|k[)0(27" |k12|) H‘kﬂ 2/ / dsdoe1k2l* (lt=s|+[t—o|)—|kz|?|s—0|

keZ3 q<i k123
< et <l
max;—1,... 4 |ki|=|k2|
4
Yy Z 0 k)0 ko)) T Il 2/ / dsdoe— k2l (t=slHt—o])—lk2[2]s—o|
kez3 q<i =l
al< Pl gl <l
maxy—1,... 4 |ki|=|ka|

.....

= AS(t) + A5(t).

We notice that if max;—q, 4 = |k1| then |k| < |k, then

AS(t Z k|~ 1+2n9(2 9k Z |k1|—3—77/3’k3’—3—77/3|k4|—3—n/3Zg—i@—n) < g3
kez3 =k qsi
\k1|<|k’2| \ks|<|k4\
max;=1, .4 |ki|=|k2]

,,,,,

where we have used

t t
1
dsdoe— P t=sils—a)—lkPlo=cl < o L
I a2 ka2
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By a similar argument we have

A%(t) 5 Z |k|—1+4n0(2—q|k|) Z ]k1]_3_’7|k2|_3_77|k3|_3_” 22—1'(2—77) 5 t?725q77
kez3 k1234=k q<i
|k1|<|k2],|ks|<|ka]
max)—1,... 4 |ki|=|ka|

.....

and then sup, I11(t) < 72597, Let us treat the second term I§5(t). we have

4
o) S > S 0@TIRDO ka0 lkaal) T ] Ikl 72
keZ3 q<ing ki234=k i=l
[k1|<Ik2l, k3| <|kal
max;—1,...4 |ki|=|kz|
t t
x/ / dsdge—“kw\"’ﬂkl\2+Ikzl2>|t—s|—<\k34\2+|k3|2+\k4|2>|s_a|
N k|~ 279k)O(2 7 k1a|)O(27 7|
Nk§3| ‘ q; Z ( | |) ( | 12‘) ( | 34‘)|k1|2|k2|3+3’7|k3|2|k4|2|k34|2*’7
\k1\<|k2| \ka\<|k4|
maXj=1, 4|k1|—‘k‘2‘
< $n94(2+4n) Z 9—i(2—n) Z 1|73 < g5,
qsd !

We have to treat the last term in the fourth chaos. A similar computation gives

a5 > D > 0@ k0@ ks )02 [k1a )02 kas )02~ k)2

keZ3 q<ing;qSi ~j’ ki2sa=k

t t
X/ / dsdoe (k2P HE2[) [t=s| = (kral? +ka ) t—o]

4

—i —J i - 1

S>> > o o ka0 sl k) T
=1

keZ? q<il ~j’ ki234=k
[ka|<|ka2l,|k1|<[ks]

t t
X/ / dsdoe— k2l [t=sl=Ik1al* [t =0

1
< ¢12- q(2—n) 279 k|) .
Z | ‘ Z |k‘1|2|k2|4_”|k3|2|k4|2

keZ3 ki234=k
[ka|<|k2l|,|k1[<|ks]|

We still need to bound the sum

D 1
2 PR PP
[ka|<|k2l|,|k1|<|ks|

for that we notice that when |ks| < |ka| we can use the bound

1
K1 || ko |* =1 ko3| | Ky

2 Sl ] L B Y el o

and in the case |ka| < |k3| we can use that

1
K1 [2[ o] 4= k3] | Ky

B L Y Y ] 1Y i P e ) Y e 2 el [
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where we have used that |ks| < |k2| and then we can conclude that sup, I5 5(t) < 72577, This gives the
needed bound for the term lying in the chaos of order four; in fact, we have

supE [A |15 (¢)°] < 72597
€

Let us focus on the term lying in second chaos.

E [|A,I5(t Z Z Z (27" k12))0(27 [ka(—5)[)0 (27" [k1a)0(277 [Ka(—3))
keZ3 q<ing,q<i' ~j’ kiz=k,k2,k4
4 2 gt gt
X H |f|(]ikil2)|/ dsdoe— (k12 +lka|*)[t—s|=(|k1a|*+|ka|*) [t—0| k1 |*|s—0]|
i—1 l o Jo

+> Y > 02 k1a])0(2 ka5 02 [k3a )02 ka3

keZ? q<ing,q<il ~j' k1a=k,k2,ka

2
H |f|5’“|l2| / / disdore—(TEral-+ ka2 +{x 2)]t= sl (1kas [+l |+ [ks[?) [t =]
Ky

= 12,1( )+ 15 5(t).

We treat these two terms separately. In fact, by symmetry, we have

IFIORD DY ST 0@k k2 )02 ka5 )02 [k1a )02 [ka(_s)))

kezZ3 q<ing;q<il~j! kiz3=k
k2 ,ka,|k1|<|ks]

2
H |f|€’€|12| / / dsdoe— kil k) lt—sl (k1 Hkal)lt—o]
ky

SN T RITITY T 02 k)02 hal) Y V| T k| T g R g T2 ey |72

[k|~q g, k1,k2,ka
< 9a(2+m) Z 9= (i+i")(1-2n) < ymo3an

q<i,i’

which gives the first bound. The second term has a similar bound, indeed

50y Y S h k)6 21|k4|H‘f€’”'

k 2
keZ® g<i,g<i! kra=k,ka,ka, k1| <|ks] [kl

t t
X/ / dsdoe— (k122 Hk2|) [t=s|~(lksal+1ks2)[t—o| < mo3an

which ends the proof. O

4.4.6 Renormalization for my(I(X°?), X?)
Here again we only give the crucial bound, but for I(X°3) o X°? instead of mp.(I(X°3), X°2).

Proposition 4.4.7. For all T > 0, t € [0,T], §,6' > 0 and all > v > 0 small enough, there
exists two constants and C > 0 depending on T, 8,6" and v such that for all ¢ > —1,

B[] A (F((X7)°%)(X7)°2 — BC5 XF) 2] < Crooel+),

160



Proof. Thanks to a straightforward computation we have
~I((XD)H) (X2 = 1V + 1P + 1

where

(1) ek d56—|k1+k2+k3\ [t—s]| . Xe(k‘l)Xs(kJQ) (kg) 6(]454)X€(k5):
t t
k#0 k12345 = k
ki #0

—|ks|?[t—s|
1(2 —GZek Z /dse kitkoths|?t—s|C " e Fleks)? : X2 (ky) X2 (ko) XE (ky) -

k#0 k3, ki2a =k

ki #£0
and
F(ek1)* F(€R2)® _ (hetbrthoa 24k [P+ o ) t—s| ¢
-6 d 1tFR2 1 2 SIXC(k
Ze"f/o s Z EEEE € s (k)
k0 Je1 70,k #£0
Hence,

— (I((X5)°) (X)) - 3C5X5) = I((X5)°)(x5)°2 1)
+ (@Y — 1Y)+ (I — 3C5(1)X7) +3(C5 — C5(1)) X;

where we remind that

ce 3 f(ek) f(ekz)

27 a2 1o (k1 2 + ka2 + [kt + ko l?)

k1#0,k270

and where we have defined

R S D S Rl

2
k0 k170,ka#0 k1|2 ko
and
628 = /t ds Me_“kl‘i'kQPHM\2+|k2\2)|t—8\
2 2 )
O ky#0,ka#0 k1|2 k2

Hence for ¢ > —1,

E[|A(I((X5)*)(X5)*? = 305X5)1%) S EllA(LM) 2] + E[AGIP) 2] + B AL (1Y — 1))
+FE(|A(IY — C5(0) X012+ C5 — C5() P E[|AX{ ).
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Terms in the first chaos. Let us first deal with the "deterministic" part, here C5 — C5(t). An
obvious computation gives for all & > 0, |C5 — C5(t)> <s 1/t*. Furthermore, E[|A,X{[2] < 29,
hence for all &' > 0,

G5 = G5 ElIAXE P S 27/t

Let us deal with E[|Aq(lt(3) - I~t(3))|2]. For k # 0 we define
ap(t —s) = Z Me—ummmm|2+us2|2>|t—s|
) PEEE
L0 k2 #0
such that

E[|A, (1Y — I

E{

— / dsds > erepf(27k)0(27%)
(0.4 k#0

2]
kE#0

xay,(t — s)ag(t —5)E[(X (k) — X7 (k) (X (k) — X7 (R))]

s

/0 S 02 h)ean(t — 5)(XE(k) — X (k)
k

But

E[(XS(k) — X{ (k) (Xs(k) — X5 (k)] = o, S (5’“)2((;Isf§|\k\2 e L

f(ek)? _
< 6k__kW|k!2"|t—sr”/21t—sr"/2.

Hence
(3) _ 73)y2 5 flek)? t ) 2
E[A(17 = L)) 5 ) 0(27"%) 2= (/ dsl|t — s|"/ ak(|t—5|)>
k40 0
and
t . T
/ dslt — s|"2ap(jt —s)) = ) / dst — 3‘77/26—(|/€+k1+k22+|k12+|k22)|t—sW
0 b £0 V0 L
ko #0
t
S Z |k1|_3_n/|k2|_3_n,/ ds|t — s|~1HO/2=1) < yn/2=n
ki1 #0 0
ko #0

for n/2 —n' > 0. Then we have
E[j A, (1 — 7)) < 2004202
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We have furthermore

B[, - c5x0)) = 3 LE po-apyzn 1y

2
= Ik
with
t 2 2
f(€l€1) f(€k2) - 2 2)t—s|f — 2|t—s - 2|t—s
bk(t):/o 50 LRI - thaicaigemtitafli= ottt

k1 #0
ko £ 0

Using that
|e—\k1+k2+kl2|t—8| _ e—|k1+kzl2|t—8|| < |t — s|"|k|"(|k| + max{|k1], [k2|})"

we have the following bound

/ > T ko T K| (K| + max{ [k, ko[ })7 ¢ — 5|72 2)

k1 #0
ka #0

We can suppose that max{|ki|, |ka|} = |k1| as the expression is symmetric in ki, k2, then if
(k| > [Fal,
by (t) < ¢ /2=1"/2) | 20

for n —n'/2 —n"/2 > 0. Furthermore if |k1| > |k|, and ' > 7 then

bi(t) <t /2=1"/2) | Z ey | 7300 =) | oo | =307 < 0= /220" 12) g

k1 #0
ko #0

Hence, there exists 6 > 0 and v > 0 such that

E[|A, (I - 305 X7)7) < #0201,

Terms in the third chaos. Let us define cx, 1, (t — ) = 325 4 f|zf‘2 e (kathaths[* +{ks|*) [t —s]
such that

=6 Y o / sy (= 5) 5 X () Xoha) X5 (k)
k# 0,k #0
k124 =k

But for all suitable variables we have

E[: X5 (k1) XS (ko) X5 (ka) o2 X2 (k1) X5 (ko) X7 () ]
2 2 2
2%, f(fk'lz) o (€k22) o f(€k32) o= (k2 ka?)|s—3]
1=—F1 |]{?1| 2=—Kk3 ’k ’ 3=—K3 |k3|
fog, AR fERP RS s ol (=
1=—k1

[l 2 TRem R g2 The= ke 2
« o= Ik1215=3] —(Jkal?) £
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and by an easy computation the following holds E[\Aq(It(Q))P] — B + E?? with

t s
EtQ’l - 2/ dS/ ds Z qk; ? H f|k’ |2 Ck1,k2 (t - S)Ck1,k2 (t - 5)67(‘k1|2+‘k2|2)|876‘|
0 0

kk; 0
ki2a =k
and
21 t s f(ek;)?
E} —2/ ds/ ds 027k ] | i
0 0 k#0,k; #0, i M
k124 = k

X Cly ko (t - S)Ckl,k4 (t - 5)67“61|2‘87§|67|k4|2|t7§‘ei|k2‘2‘tis|'

In EtZ’l, we have a symmetry in ki, ko, hence we can assume that |ki| > |ka|. Furthermore,
we have ¢, i, (t —s) S|t — s\_HTn and cg, g, (t—35) S|s — E]_HTW If we assume that |ki| > |k4]
and that /2 —n > 0, then

t s
21 < Sl — 5|5 |5 — 5~ 1H0 /2w —ap)? 1
E < /Ods/o ds|t —s|” 2 |s — 5 Z 0(27 %) PR TAEIE

k#0,ki #0,
ki2a =k

< $994(2+n")

< OIS

k#0 ko ks

for n” > n'. When |ky| > |k1] it is almost the same computation.
In E“, we can assume that |ka| > |k4l, so

Et272 f, /ds/ ds 9(2*(1]{)2“{:1’73+n’|k2|73+n’|k4|2’t ’ 1+7 |S—5] 1+¥
k;ﬁo ki #0,
ki2a =k
|k2| S |kal
< 49 Z 9(27qk)2’k‘—1+nu’k1’73+n/|k2|73+n/‘k4‘2max(’kiblfnu §t62q(1+n”)
k#0,k; #0,
k124 = k

that we decompose as in the previous term whether |ki| > |ky4| or |kq| > |k1].

Terms in the fifth chaos. For all suitable variables, we have
E[: X (k1) X (ka) X (ks) X5 (ka) X7 (Ks) =2 X2 (k1) X (h2) X (k3) X (ka) X () <]

_z e |31 (1k1|* +lk2|* +|ks|)

5
f(Eki)2 —|s=3|(|k1|?+]|k2]?) = |t—s||ks|> = [t—3] | ka|?
+72H7,51“:7%151@:7%251@3:%451@4:7%351@5:%5e ls=51(1k1|*+lk2|*) = [t —sllks|" — [t =5l ka]®

f(ﬁk‘)2 —|s—3]||k1|%—|t—s|(|k2|?+|ks|?) = [t—3|(|ka|>+|k5 |?
+36H _l 5k1:—E15k2:—E45k3:—E55k4:—E35k5:—E26 [s=3|[k1|* = [t—s|(|k2|*+|ks|*) —[t=5|(|ka|*+|k5|%)
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Then
E[|A ] = BN + B + B

with
5
Etl’1:12/ dsdso(27%)* ) H
[0,6)2 Pl

k
k12345 = k

—Vmsl lt=sle —(lk1[2+k2|>+|k3]?)|s—3]|

5
EM =172 / dsds
! [0,4]2 2 1_11 |Ki |2

k
k12345 = k
o~ (F123[2+[ks[*)[t—s| o= (|k124] >+ [a|?) [t=5] o —|s—5[ (|1 |* +[ k2 |*)
and
L3 t t 5
B =0 [as [as Y H W
0 0 k£ 0,k #0 =1
k12345 = k
— (k123 +lk2 2+ k3 |*)t—s| ,— (|k145]>+ ks >+ |ka|?) [t—5| ,—|s—3]|k1|?
e e e
id est

BN = e (k123 P+ k2 >+ ks |?)[t—s] o= (|k1as >+ ks |+ |ka |*) [t—35] ,—[s—5] |1 |

Estimation of Et1 1. Let us rewrite it in a form better to handle

3 2
1,1 — 2 fle FEL)™ _pie—s| —(u 2+l +13]2)s—5
E, :12/ dsds Z 27k) H n |2 H |l|Z2 e~ 1P It=s] o= (12 +[l2|*+]i3]?)|s—3]
(0,412 k k%0 i1
ki+ke+1l=k
li+l+ilz=1
ki #0,l; #0
Thanks to the symmetries of this term, we can always assume that |k1| = max(|k;|) and I} =
max(|l;]).

For [ = 0, we have

dsds o2 T L 2 (P2 P+ )]s
/[O,t]2 Z H ki |2 H |l \2

kk#0 =1
ki+ ko =k
li+1l2+13=0
ki #0,1; #0
5/ dsds > 07Uk kTN BT OS T [lof T I T s — 57
[0,t]2 k£0 ko7#0 127#0,13#0

SQQ(QJrW)t'
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Let us assume that |I| = max(]l[, |k1]); as we have the following estimate |I;|~1 < |I|~!, the
following bound holds

/ dsds Yy 07k ([Rallkal) TR = slls = 8]) Tl I 70T
[0,t] k0 kerks # 0
lo, 13 # 0

< 194(2+n)

The case in which |k;| = max(|l|,|k1|) is quite similar, and the conclusion holds for E;**

Estimation of Et1 2. This term is symmetric in k1, k9 and in ks, k4. Hence, we can assume
that |k1| > |k2| and |ks| > |k4| First let us assume that |ks5| = max{|k;|}. Then

ES Y 279k) /ds/ ds(|t — s||s —s])~ "

k
k12345 = k
X [on| T2 oo | 2 ke | T2 kg | 72 g | ) g (1)
SOMERUEED VI

k12345 = k

< n9(2+1')q

for n small enough.
Then assume that max{|k;|} = |k1|

Bty 0@k k| el s P k|7 [k |

k
k12345 = k
/ds/ ds|t — s| 717 |s — 57147
< ¢ 279k) |k| 1+””|/<:| —3—n"
k
k12345 = k

« |k3‘—7/2+(2n+n”+n’)/2|k4|—7/2+(2n+n”+n’)/2|k5|—3—n”

< 99(2+1)q
For max{|k;|} = |ks]

ST 02 ey |7 72 ks T e | 72 s

k
k12345 = k
< 49 Z 9(27qk)2|k1|73+n+1/4’k2’73+1/4’k‘71+77"k4’73+1/4|k5|73+1/4 < +99(2+n")q
k
k12345 = k
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hence there exists > 0 and v > 0 such that
Et172 5 t52(2+u)q‘
Estimation of Etl’g. Let us deal with this last term. Here the symmetries are in ko, k3 and

k4, k5. Then we can suppose that |ko| > |ks| > and |k4| > |k5|. Furthemore, the role of ks, k3
and ky4, k5 are symmetrical, then we can assume that |ki| > |k4]

5

ki)?

E}? :/ dsds ) 9(2%)2Hf(li 2)

(0,42 k£ 0,k #0 i1 i
k12345 = k

x e~ (ks |* +lka|* +[ks|*)[t=s| o — (1145 [ +]ks [+ ka|*) [t—5] o —[s—5] [k |2
If |k1| = max(|k;|) then

5/[ . dsd§(|t—8||t—§|)_1+n Z 9(2_%)2|k|_1+"(lk2]|k3||k‘3||k4\)_7/4+3’7/4
0,t

k0, ki #0
k12345 = k

< 94(2+m)yn

If ’kQ’ = max(\l@]) then

<2 / t / Cdsds(t = slls — )T ST 0@ ) Ry ] g )00
0 0

k£0k; £0
k12345 = k

< $m9a(2+n)

4.A A commutation lemma

We give the proof of the Lemma 4.2.5. This proof is from Gubinelli, Imkeller and Perkowski,
and can be found in the first version of [44] and also in [70] Lemmas 5.3.20 and 5.5.7. In fact we
give a stronger result, and apply it with ¢ (k) = exp(—|k|?/2).

Lemma 4.A.1. Let o« < 1 and B € R. Let ¢ € S, let u € C®, and v € CB. Then for every
e > 0 and every § > —1 we have

)
lp(eD)m<(u,v) — T<(u; p(€D)V)|[atp+5 S € ° lullallvlls,

where
o(D)u = F 1 (oFu).
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Proof. We define for j > —1,

Jj—2
Si—1u = Z Au

i=—1

p(eD)me(u,0) — 1< (u, p(eD)0) = Y (p(eD)(Sj1uldjv) — Sj1uljp(eD)v),

j>—1

and every term of this series has a Fourier transform with support in an annulus of the form
27 A. Lemma 2.69 in [5] implies that it suffices to control the L® norm of each term. Let 1) € D
with support in an annulus be such that ¥» =1 on A. We have
@(eD)(Sj-1uljv) — Sj1uljp(eD)v
= (©(277)p(e))(D)(Sj-1uljv) = Sj—1u((277-)p(e))(D)Ajv
= [(@(277)p(e))(D), Sj-1u]Ajv,
where [(¢(277-)¢p(e-))(D), Sj—1u] denotes the commutator. In the proof of Lemma 2.97 in [5], it

is shown that writing the Fourier multiplier as a convolution operator and applying a first order
Taylor expansion and then Young’s inequality yields

1 (277)(e))(D), Sj—1u] Ajvl| o
S Y I F @) 1078l e | Agv oo (4.25)

nEN:|n|=1

Now F~L(f(277)g(e")) = 29 F~1(fg(e27-))(27-) for every f, g, and thus we have for every multi-
index 7 of order one

" F A (@27 )p(e)) o
<27 FH(@M) (27 )p(e)pr + el FH (277 )8 ()|
— 27| F L (0")p(e27 ) |1 + el F (16070 (e2-)) ||
S 2+ |- DEF @) )l +ell(L+ |- )*F (@0 p(e2)) |
— 2797 ((1 = DY@ ) (2)) |aoe + €| F (1 = AV (G2 )
< 279(1 = AY(@)pe2 )1 +el| (1 — A WO (20))] 1, (4:26)

where the last step follows because 1) has compact support. For j satisfying €2/ > 1 we obtain

2" F (e (277N S (e+279) (2 Y 11070(e27) | oo (supp(w)): (4.27)
n:ln|<2d+1

where we used that ¢ and all its partial derivatives are bounded, and where L (supp(%))) means
that the supremum is taken over the values of 97 (e27-) restricted to supp(y). Now ¢ is a
Schwartz function, and therefore it decays faster than any polynomial. Hence, there exists a ball
Bs such that for all = ¢ Bs and all || < 2d + 1 we have

|07 p(@)] < Ja 7210 (4.28)
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Let jo € N be minimal such that 2706 4N Bs = () and €20 > 1. Then the combination of (4.25),
(4.27), and (4.28) shows for all j > jo that
11277 )p(e))(D), Sj—1u] Ajo]| o

SE+27)ED* Y 107027 )z suppen 2’ ulla2 7P |lolls

n:|n|<2d+1
< (e +277)(e27)%4 (e29) 7241093 (== B) |1y || o ||v]| 5
S (14 (€29) e 2790 |y o o] 5.

Here we used that o < 1 in order to obtain [|07Sj_1ul/e S 2707 ||u||fe. Since €27 > 1, we
have shown the desired estimate for j > jo. On the other side Lemma 2.97 in [5] implies for
every j > —1 that

lp(eD), Sj—1ulAjvllL S € ronx 10781l o= [ A0 e S €270 Jufl a0l -

Hence, we obtain for j < jo, i.e. for j satisfying 2/¢ < 1, that
llp(eD), Sj-1u]Ajol e S (£27) F0e 227 ||y [lo]| g S 62794 Ju o],

where we used that 4 > —1. This completes the proof. O
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Annexe A

Mouvement brownien fractionnaire

We first give a definition of the fractional Brownian motion, and then prove the Fernique
theorem and its spatial regularity.

Definition A.0.2. Let H € (0,1). The fractional Brownian motion (fBm) of Hurst parameter
H is a centered gaussian process B such that for all s, € Ry

1

HpH 2H 2H 2H

E[By Byl = S (It + ™ — [t = s[™).

A d-dimensional fBm is a d-dimensional Gaussian process such that Bf = (B! ... BH4)
where the B are independent fractional Brownian motion of Hurst parameter H.

This process was first introduced by Kolmogorov in 1940 [56] and first studied by Mandelbrot
and Van Ness [63]. A broad literature has been devoted to the study of several aspect of this
process. Here, we only want to give the first and easiest properties of the fractional Brownian
motion.

Proposition A.0.3. Let H € (0,1) and B a fractional Brownian motion. The following
properties holds.

1. Self-similarity. For A\ > 0, the following equality holds (A" B);~0 =£ (BH)i=o.

2. Stationary of the increments. For s < t, the following equality holds Bff — BH =L Bl ~
N(0, |t — s|2H).

Thanks to these two properties, we can deduce the support of the Law of the fractional
Brownian motion. The following proposition holds.

Proposition A.0.4. Let H € (0,1), and BY a fractional Brownian motion of Hurst parameter
H. There exists a random variable L > 0 such that for all T € Ry, almost surely, for all € > 0,
B ¢ cH=¢([0,T)]) such that

Blexp(L?)] < +o0

and for all € > 0, there exists a constant depending on € > 0 such that

1B ||¢n-- < C.T* log!/?(1+ T)L.
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Remark A.0.5. We can choose

C. = Csupz < log'/?(x).

r>1
where C is a universal constant.

Proof. Let B a d-dimensional fBm of Hurst parameter H € (0,1). Let 0 < s <t,and [ > 0. We
have
E(IB{ = BJ Y] = |t = sP"'B(B{' '] = |t — s[*"2'T(1 + d/2)/T(d/2).

For T'e Ry, n € N and k € N let us define ¢} = k27", Let us define
+00 400
N =300 2k PN BEL - BHPT ),
n=0 k=1
We have

“+00 +o00

5 )\l2anT_2H H ol
EKO)] = S5 27k Z E(BY_ — BP
n=0 k=1

XX R ANT(1+d)2)
=27 k2z T(d/2)

n=0 k=1
But we have

2T (1 + d/2)

I 2N + d/2)Hd/2-1/2=1=d/2ly=1=1/2

~ @2 <1 + 2dl>l (l + g)d/g (11 +d/2)) 2

Hence, for A < 1, E[K(\)] = Cg < +oo and is independent from 7.

Now we choose T > 0 and we want to evaluate the divergence of the Holder norm of B¥ on
the whole interval [0, 7]. Let 0 < s < t < T. First, we assume that t%s < 1. Let n > 0 such
that 72-("+D <t — s <T27". Let k € {0,...,2""! — 1} such that. We have

s <TE2™H) <t < T(k +1)2- (D)

We can now construct the two sequences (t;); = (tn+z+1) and (s;) = (szi—f—i-&-l)’ with ko = k{, = k,
such that t; 2 t, tix1 —t; < T2~ (42 and s; N\, s and s; — s;41 < T2~ ("T42) Hence, as
ki = 27 (it g ontitl) o o(ntitl) < 42(n+i+1) and the same holds for k], we have

ANP2BE - B < N2> B - Blf|+|Bf - B
120
S ZTHQ n+l+2)1Og1/2{24H(n+Z+2)T2HK(A)}

120

< T Z 9 HHH2) 09 4y i+ log, (T) + log K }/?

7

Sl+1’
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But, as 27" < |t — s| and n < log(T'/|t — s|), we have

‘ T 1/2
\F)\|BtH—Bf|,§|t—s|HTHZ2_ZH <1+i+logu|+log+T+logK(A)> .
- -

(2

Hence, we have

1
Bl — BH| < AV2|t — s/ TH (1 + log!/? Tt log"/> T + log!/? K()\)>

and by losing a small power of |t — s| we have
1B — BH| <. X712t — 5|17 H 10g/2(1 4+ T) (1 + log? K())).

which ends the proof.
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Annexe B

Processus (p, v)-irréguliers, quelques
résultats

In this Appendix, we investigate a bit further the notion of (p, v)-irregular path introduced in
Chapter 2 We first remind some of the defininition and basic properties of (p,y)-irregular paths,
and we give useful applications of this notion. Finally we prove that non-degenerate a-stable
Levy processes are also p-irregular.

B.1 Definition and first properties

Let us remind the definition of (p, v)-irregular paths.

Definition B.1.1. Let p > 0 and v > 0. We say that a function w : [0,7] — R% is (p,~)-
irregular if

PY _ v
12 [[e == sup  sup <a>p‘ () HOI < 400

a€R? 0<s<t<T s —t7

where ¢} (a) = ge“a’w”dr.
Moreover we say that w is p-irregular if there exists v > 1/2 such that w is (p, y)-irregular.

Modulation of function toward irregular paths When w is an irregular path, the follow-
ing straigntforward method will give plenty of application to control the regularity of different
transformation of the path. It relies on Young Integration as first developped by Young in [75]
and developped for example in Chapter 2.

Definition B.1.2. Let w a E valued (p,¥)-irregular path. For all f € L([0,T];R) we define
the modulation of f by ®* and we note ®" f the following quantity.

t .
(B F), (€)= / e £ du,

S

This definition allows us to compute the irregularity of a the modulated path. As before, we

define |} f(a) — ' f(a)|
a) — a

O fllyppr = sup  sup (14 |a]) P 5

| bz acRd 0<s<t<T( lal) |t — s|7
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Proposition B.1.3. Suppose that f € C*([0,T];R) with v+ v > 1 then O™ f is (p,y)-irreqular,
furthermore
18 F s < (1 T I (L + €)%y

Proof. The proof is a direct application of the usual estimates for the Younf Integral. Let us
recall that for two functions f € C%([0,T];R) and g € C¥([0, T]; R) with v+ v > 1 we can define
the Young integral of f against dg as the limit of the Riemann sums Y f,(g¢ gt,). In that
case, the following bound holds

i+1

6
SIE=s" 1 flsllgll

t
/ fsdgs — fs(gt - gs)

The proposition is straignforward with this bound. Indeed, as v + v > 1, the following compu-
tation holds

@Y fse(§)] = e’ du
< |fs [t = s+ 1D TP e + [ Il (X + (€)@ e[t — 5|7
< (Moo + TYIf 1) (X A+ [ED PR e[t — s]7.
and the result follows. O

Regularity of irregular paths The name for this notion, p-irregularity has to be quastionned.
Usualy one try to quantifu the regularity of a process. But here the quantity H<I>w||W;w measure
indeed the irregularity of the process w in the sens of the following proposition, due to Chouk
and Gubinelli [14].

Proposition B.1.4 (Chouk & Gubinelli, Theorem 1.2 in [14]). Let w a 0-Hélder continuous
function on [0,T], and p,v > 0 such that v+ >1 and p > (1 —~)/6. Then

|2 g0 = +00.

Proof. Let us suppose that w is (p,~y)-irregular. Then for all 0 < s < ¢ < T we have

t
eia(t . S) _ / eia(lfwu) zawudu _ (I)wtf( )

with f; = e’@(1=%t) " Furthermore, for all 0 < n < 1, the Holder norm of f verified the following
bound

1 £llens < a™llwllgs

Now thanks to the hypothesis we can chose a n > 0 such that 1 > n > L0 with p >mn. We can
apply B.1.3, and we have

[t = s =le(t = s)| S [t = s|"(1+ [al)" 212" e |-
This is obviously wrong for large |a|, and this allows us to conclude that [[®*|lq.» = +00. [

176



In fact, such a proposition gives an upper bound for the regularity of a (p,y)-irregular path.
Indeed, if w is (p, y)-irregular and is -Holder continuous then § < (1 —+)/p, and this justify the
name for such a notion.

When we add an smooth additive perturbation to a d-hélder continuous function, the regu-
larity of such a function does not change. One can wondered if such a property is still true when
dealing with p-irregular functions. In fact even when we consider a really smooth perturbation
of an irregular path, we are not able to prove that the translated path have still the same regu-
larity. The following proposition is the best we are able to prove concerning the translation of
an irregular path.

Proposition B.1.5. Let (p,7) € R2 and w : [0,T] — R¢ a p-irregular path. Let ¢ € Lip(R%)
then w + ¢ is (p — 0,7)- irreqular for all 1 = 6 > 0 such that 6 +~v > 1.

Proof. Let § as in the hypothesis. Hence f : u — €'*%u is a 6-Holder continuous function and and
we have || f||s < |al®||¢|lLip- The result follows by Proposition B.1.3 which gives the result. [

Change of time formula The comportement of the (p, v)-irregularity towards change of time
can also be investigate thanks to Proposition B.1.3.

Proposition B.1.6. Let w : [0,T] — R? a (p,v)-irregular path. Let ﬁ > B > % then
w? 1w — wys is (p,yB) irregular and

B
12 e S 112 ppme-

Proof. We have

t
3 (¢) = / exp(i€ wys )du

)

= 5/ exp(i€.wy)v 1/B=1qy
= (Df)ss,5(E)

where f, = %1)1/5_1. Hence, thanks to Proposition B.1.3, as 0 < % —1<1, fecCYB1 and
1/6—1+~y>1

@O < 19V lt” = A+ €D UIF oo + TN £1l)
S 9% et — s (1 + [€)7

and the result follows. O

B.2 Some applications for (p,~y)-irregular paths

This notion of (p, 7)-irregular path seems to be really powerful in order to treat a wide range
of problem. We give different applications of this notion.
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B.2.1 Existence of local time

The notion of (p,~)-irregular path allows us ta specify the existence of the local of the path
whenever p is big enough.

Lemma B.2.1. Let p > 0, v € (0,1] and w € L>([0,T],R?) a (p,7) path. If 2p > d the local
time 0¥ of w ewists and £y(z) = F~1(®¥)(x) in L2(RY).

Proof. The occupation measure of the path w is well-defined as L;(A) = f(f 14(wy)du. Further-
more, as a distribution we have L;(€) = ®¥(¢). Moreover, as w € L°([0,T];R?), there exists
a compact set K C R? such that for almost all u € [0,7] w, € K. Hence, for any Borel set
A C R? we have

Li(A) — Ly(A) = / t 1a(wy)du = / t L ang (wy)du.

By Cauchy—Schwarz inequality and Plancherel formula, we have

| Li(A) — Ls(A)|

‘ / dgm@@z‘it(s)]

L knallz2 |52

1/2
LAl 19 [yyee [t — 5|7

N

As 2p > d, ||| 12 < +oo and this implies that L; is absolutely continuous toward the Lebesgue
measure. Set ¢, = dL;/dz € L'(R?) the Radon derivative of L;, then, by definition, for all
f e L*(RY)

[ rwaas= [ s

and

t
/]Rd ey (z)de =L / el wudy = O (€)

0
which ends the proof. O

The same kind of argument allows us to state wether or not ¢* is continuous in space.

Lemma B.2.2. For w as in the previous Lemma; the local time £ is continuous if 2p > 2d and
s continuously differentiable if 2p > 2d 4 1.

Proof. If 2p > 2d we have that [|(1 + [£>)¥4/20¥(€)|| 2 < 400 for some small € > 0 so £,
belongs to HY/%+e/ 2(R%) and by Sobolev embedding also to C° for some small § > 0. A similar
argument give the second statement. O

Some similar computation allows us to state the existence of the intersection local time for
to irregular path. We define the intersection measure of w and wy as

wh,w? Lt 1 2
L’ (A):/ / 14(w, — w;)dudv
0o Jo
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As before, if we suppose that w! and w? are bounded measurable, for any Borel set A and for
K C R? a compact set such that wl —w? € K for all u,v € [0, 7], we have

1

) = [ aTnr©er ©or (-6,

This leads us to the following Lemma about the existence of the intersection local time gw'w?

the Radon derivative of the intersection measure

)

Lemma B.2.3. Let us suppose that w', w? € L=([0,T];R%). Let p1,v1 > 0 and pa,y2 > 0 such
that w' is (p1,v1)-irreqular, and w? is (p2,7y2)—irreqular. If p1 + p2 > d the intersection local
time of w' and w? exists.

1 2
Proof. As before, we have, as a distribution F(I;" ") = @fl(ﬁ)q)%”?(—f). Hence, by the same
computation the Radon derivative of the intersection measure exists. O

B.3 Stochastic processes as (p,vy)-irregular paths

Let us give here a proof of the (p,y)-irregularity gor the strongly non-degenerate alpha stable
Levy processes. Let us first remind what we called an alpha-stable Levy process.

Definition B.3.1. Let o € (0,2]. A strongly non-degenerate d-dimensional a-stable Lévy
process X is a Lévy process such that

Blexp(i X0)] = exp (-C [ lealav(n)

where there exists two constants ¢; and ¢y such that

e < / Enldu(n) < ealé]”.
qd—1

Proposition B.3.2. Let a € (0,2] and let X a non-degenerate d-dimensional «-stable Lévy
process. There exists A > 0 small enough, depending only on the law of X such that

sup Elexp(A(1 + ]{\)O‘]@ﬁ(f)ﬁ/\t —s))] < Cy < o0
s#£t€[0,T),£eR4

where Cy is independent of s,t,&.

Proof. Let v the measure associated measure on the sphere $¢~1. We have

Blesp(i X)) = exp (-C [ lealav(n).
As usual let us define

t .
®X(6) = [ Fdu,

As X is a self-similar with stationary increments process, we have

1
(ngt(f) :‘C' (t _ S)eiE-Xs/ el‘(t—s)l/aglxudu'
0
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in order to prove the (p,~)-irregularity and to have the gaussian tails for the norm, we will
control all the moment of ®X.
1
/ e“Kudy
0

where the ¢; = £1. In order to use the independence of the increment of X, we rearrange the
sum such that

Ellef (O] =E

2p 1 A "
= / duy ... dugylE [eZC'ZFI €quJ}
0

Elof, O] = Y / dus .. duy, B [ T35 (g = Xo)] (B.1)
! 0€G2p AP
where for o € Ggp, af Zl 0Eo() and A% = {(u1, ... ugp) : 0 <y < -+ < ugp < 1}. Hence,

as X has independent increments,

2p—1
EH@{((C)FP] = Z duy ... dug, H E [ ¢ (Xujy X“j)}
0'662 Azp
= Z / duy ... dugpexp C’Z\a"\a/ I¢.n|*dv(n) (ujp1 — uj)
0€G,, Y A% d—1

We are looking for an upper bound for E[|®{ (¢)|??]. As we have in the worst case lag;| = 0 and
’agj+1‘ =1, and f$d71 |C-77’ady(77) =z Cl‘daa we have

p

E[|®:(0)*] < (2p)!/A2 duy ... dugy exp —C’|C|a2(u2j—u2j_1)

p
= (2p)! dvy ... dvg, exp —C’|C|O‘Zu2j,1

A2p
u p
= @ (/1 du/ dvexp(—é’]dav)>
(p,> (Gl
Hence, for ¢ = (t — s)'/*¢, we have
2|t — s|?
Bl < ZHZ ey
(2p)!ft — |
pICrlgler

When [£| < 1 we also have
2p)!
B[|D4(6) %) < [t — 57 < (]5)|t s
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hence

2p)!
B[, ,(6)[*] < (éfp)!u (1)

Finally we have

A?P(2p

Elexp(A(1 + \§|)a|©§t(f)’2/’t — )] < Z C‘P(p!)); < F0

p=0

for A small enough which depends only on v. Hence

SliI;E[eXp()\(l +IEM)@TE /It — s])] < +oo.

O

Corollary B.3.3. Let « € (0,2] and let X a non-degenerate d-dimensional a-stable Lévy process.
Then fro all p < § X is almost surely (p,~y)-irregular for all p < o and v > %

Proof. This is an direct corollary of the third part of the Chapter 2, since || X || oo (jo,7)) < +00
almost surely. O

Remark B.3.4. In fact, in the demonstration of Proposition B.3.2 the independence of the
increments is not needed. In Equation (B.1) we do not need an equality but only the inequality.
For example if X is a gaussian process, we have

B [ S 050X _ [e<l2 Var(S37 a7 (600~ X)) 2

Hence, one only need to have

2p—1 2p—1
Var [ Y [af[(Xuypy — Xuy) | =Cp Y |af| Var(Xy,,, — Xu,). (B.2)
j=1 j=1

and it will allows to prove the (p, v)-irregularity, but not the gaussian integrability of the quantity
of proposition B.3.2. As the last inequality is fulfilled for the fractional Brownian motion, this
is a cheap way to prove the p-irregularity of fractional Brownian motion paths. The property
of Equation (B.2) is called Local non-determinism in Berman sense. It has been introduced by
Berman in [7]. A very good survey about this notion can be found in [74].
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Résumé

Ce travail, & la frontiére de I'analyse et des probabilités, s’intéresse a ’étude de systémes
différentiels a priori mal posés. Nous cherchons, griace & des techniques issues de la théorie des
chemins rugueux et de 1’étude trajectorielle des processus stochastiques, & donner un sens a
de tels systémes puis & les résoudre, tout en montrant que les notions proposées ici étendent
bien les notions classiques de solutions. Cette thése se décompose en trois chapitres. Le premier
traite des systémes différentiels ordinaires perturbés additivement par des processus irréguliers
éventuellement stochastiques ainsi que des effets de régularisation de tels processus. Le deuxiéme
chapitre concerne ’équation de transport linéaire perturbée multiplicativement par des chemins
rugueux ; enfin, le dernier chapitre s’intéresse a une équation de la chaleur non linéaire perturbée
par un bruit blanc espace-temps, 1’équation de quantisation stochastique ®* en dimension 3.

Mot clés Integrale de Young, Chemins Controlés, Regularization by noise, Mouvement brow-
nien Fractionaire, Equation différentielles stochastiquess, Equation différentielles partielles sto-
chastiques, Chemins rugueux, Paraproduits, Espaces de Besov, Bruit blanc, Equation de quan-
tisation stochastique.

Abstract

In this work we investigate a priori ill-posed differential systems from an analytic and proba-
bilistic point of view. Thanks to technics inspired by the rough path theory and pathwise study
of stochastic processes, we want to define those ill-posed systems and then study them. The
first chapter of this thesis is related to ordinary differential equations perturbed by some irreg-
ular (stochastic) processes and the effects induced by the regularization of such processes. The
second chapter deals with the linear transport equation multiplicatively perturbed by a rough
path. Finally, in the last chapter we investigate the stochastic quantization equation ¢* in three
dimensions.

Keywords Young integral, Controlled Path, Regularization by noise, Fractional Brownian
motion, Stochastic differential equation, Partial stochastic differential equation, Rough path,
Paraproducts, Besov spaces, White noise, Stochastic quantisation equation.
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