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Organisation de la thése

Une partie importante des travaux présentés dans ce mémoire consiste & proposer de
nouvelles procédures d’estimation en statistique pour données fonctionnelles permettant
d’obtenir des estimateurs adaptatifs dont les propriétés sont étudiées d’un point de vue
non-asymptotique. Une implémentation pratique des estimateurs est également proposée.
Un autre aspect de ces travaux de thése a été de s’intéresser & des problemes d’optimisation
en adaptant au cadre fonctionnel la méthodologie des surfaces de réponse.

Le chapitre 1 est un chapitre introductif présentant le contexte scientifique de la thése
et ses principales contributions.

Nous présentons dans le chapitre 2 une procédure d’estimation adaptative dans le cadre
du modéle linéaire fonctionnel. Les estimateurs proposés sont des estimateurs par projection
dont la dimension est sélectionnée par un critére des moindres carrés pénalisé.

Le chapitre 3 est consacré & un travail réalisé en collaboration avec Gaélle Chagny
(LMRS) sur l'estimation de la fonction de répartition d’une variable Y conditionnellement
a une variable fonctionnelle X. Nous nous intéressons ici & des estimateurs & noyau et
nous proposons un critére de sélection de la fenétre dans l'esprit de la méthode dite de
Goldenshluger- Lepski.

Le chapitre 4 est consacré a la méthode des surfaces de réponse, communément uti-
liste dans l'industrie, pour développer des plans d’expériences guidés dans des contextes
multivariés. Nous motivons et proposons une maniére d’étendre cette méthode & un cadre
fonctionnel.

Nous présentons dans 'annexe A la théorie de la perturbation qui est un outil indispen-
sable pour prouver les résultats principaux du chapitre 2.

Enfin, 'annexe B donne les énoncés des inégalités de concentration utilisées tout au long
de la these.

Les chapitres 1, 2, 3 et 4 peuvent étre lus indépendamment les uns des autres.
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CHAPITRE 1

Contexte scientifique et contributions

Nous présentons dans ce chapitre le domaine statistique dans lequel s’insére cette thése
ainsi que les principaur résultats présentés dans la suite du manuscrit. Le contexte scien-
tifique est celui des données fonctionnelles, plus précisément nous nous intéresserons 4 des
problemes d’estimation dans des modéles liant une variable d’intérét réelle Y et une cova-
riable fonctionnelle X. Dans Uobjectif de proposer des méthodes d’estimation adaptatives
dans un cadre non-asymptotique, nous nous sommes appuyés sur des outils de sélection de
modéle et de sélection de fenétre que nous présentons dans la section 1.2. Le premier travail
de cette theése porte sur une procédure d’estimation dans le cadre du modéle linéaire fonc-
tionnel défini en section 1.83. Nous présentons ensuite les problématiques liées & l'estimation
des fonctionnelles de régression en section 1.4 et la méthode des surfaces de réponses en
section 1.5. Les contributions de cette thése sont décrites en sections 1.83.4, 1.4.2 et 1.5.3.
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3 1.1. Données fonctionnelles

1.1 Données fonctionnelles

L’analyse des données fonctionnelles (Ramsay et Silverman, 2005 ; Ferraty et Vieu, 2006 ;
Ferraty et Romain, 2011) a connu un intérét croissant durant les vingt derniéres années,
intérét motivé par de nombreuses applications. En effet, les progrés techniques récents per-
mettent d’enregistrer des données sur des grilles de plus en plus fines. Typiquement, les
données sont récoltées sous la forme suivante (X;(ti1),..., Xi(tip))i<i<n OU (tit, ..., tip)
est une suite ordonnée (par exemple une discrétisation temporelle) et n la taille de ’échan-
tillon.

L’apport de l'analyse des données fonctionnelles consiste & traiter ce type de données
comme une séquence de réalisations (X;)i<i<, d'une variable aléatoire a valeurs dans un
espace de fonctions et observée & certains instants. L’intérét de cette approche est double :
d’une part, il est assez fréquent que p soit trés grand (p >> n) ce qui rend ce type de données
treés difficiles (voire impossibles) & traiter avec les méthodes classiques de la statistique
multivariée. D’autre part, il arrive souvent en pratique que les données ne soient pas récoltées
sur la méme grille, par exemple lorsque certaines observations sont manquantes. L’analyse
des données fonctionnelles offre un cadre théorique et numérique utile pour résoudre ce genre
de probléme.

Les applications pratiques de cette approche sont de plus en plus nombreuses, parmi
les plus récentes, nous pouvons citer : ’étude d’électroencéphalogrammes (Di et al., 2009),
Panalyse des mouvements en biomécanique (voir par exemple Sgrensen et al. 2012), I’étude
de I’évolution des taux d’intéréts au cours du temps (Laurini, 2014), I'étude des audiences
télévisuelles (Cardot, Cénac et Zitt, 2012), des profils de croissance (Sauder et al., 2013)....
L’analyse des données fonctionnelles ne se limite pas & étudier des quantités évoluant au
cours du temps : par exemple des données spatiales (Rakét et Markussen, 2014) peuvent
également étre considérées.

Nous nous intéresserons ici uniquement & la modélisation et & I’étude du lien entre une
variable aléatoire fonctionnelle X et une variable aléatoire réelle Y. La variable X sera

supposée a valeurs dans un espace de Hilbert séparable (H, (-, ), ||-||), ¢’est-a-dire un espace
vectoriel muni d’un produit scalaire (-, -}, complet pour la norme associée ||z|| = \/(z,x) et

admettant un sous-ensemble dénombrable dense (nous renvoyons aux chapitres IT1.6 et V.1
de Brezis (2005) pour plus de précisions sur ces notions). Typiquement H = L2(I) pour I
un intervalle de R ou un espace de Sobolev. Nous passons donc du cadre fini-dimensionnel
de la statistique classique & un cadre infini-dimensionnel. La plupart des outils et notions
classiques de statistique multivariée se généralisent au cadre fonctionnel, sous réserve de
prendre certaines précautions.

1.1.1 Notions d’espérance et de covariance

Soit (€2,.4,P) un espace de probabilité. Nous munissons I'espace H de sa tribu borélienne
B(H). Dans la suite X désignera une variable aléatoire a valeurs dans H, c’est-a-dire une
application mesurable X : (2, A) — (H, B(H)). Nous noterons Py la loi de X.
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Espérance

Si E[|| X ||]] < 400, nous pouvons définir l'espérance de X comme la quantité suivante :

E[X] = /QX(w)dIP’(w). (1.1)

L’intégrale de Lebesgue n’étant pas définie pour des fonctions & valeurs dans des espaces de
dimension infinie, I'intégrale écrite ici est ce qu’on appelle I'intégrale de Bochner de X par
rapport & la mesure P. Elle est définie de maniére analogue & I'intégrale de Lebesgue, ¢’est-a-
dire par approximation de X par des fonctions « simples » (pour plus de détails voir Dunford
et Schwartz 1958, Chapitre 1I1.2). Notons ici que nous définissons ainsi un élément de H.
L’espérance définie de cette maniére a de bonnes propriétés, notamment, pour tout f € H,

E[(X, f)] = (E[X], ),
ce qui implique, en choisissant f = E[X], que
[E[XT]] < E[f|X]]],

et
IELXT[” < E[J1 X7,

Nous dirons que X est centrée lorsque E[X] = 0.

Une autre maniére possible de définir 'espérance de X, lorsque cela a du sens, est de
prendre 'espérance « point a point » de X. Bien que ces deux notions d’espérance soient de
nature complétement différente, elles coincident souvent. Par exemple, lorsque H = L2(I),
avec I un intervalle de R, ¢'il existe une application mesurable X : 2 x I — R telle que, pour
tout w € , X (w) est la classe dans L?(I) de I'application ¢ — X(w, t), nous pouvons définir
m(t) = [ X(w,t)dP(w) I'espérance « point a point » de X, qui est bien de carré intégrable
dés que E[|| X]|] < oo et vérifie

E[X] =m p.p. (1.2)

Covariance

La notion de covariance se généralise également. La spécificité du cadre fonctionnel par
rapport au cadre multivarié est que la covariance de X prend la forme d’un opérateur et
non d’une matrice.

Nous supposerons dans toute la suite que E[||X[|?] < +o00. Nous définissons 1’ opérateur
de covariance de X de la fagon suivante

T:feHwE[(X,f)X]. (1.3)

De maniére analogue & la matrice de covariance dans le cadre vectoriel qui est symétrique
et positive, 'opérateur I' est auto-adjoint et positif, c’est-a-dire que pour tous f,g € H,

(T'f,g) = (f,Tg) et (U'f, f) > 0.
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Il est de plus compact (Bosq, 2000, pp. 36-37) ce qui le rend diagonalisable (Brezis, 2005,
Théoréme VI.11). Nous noterons (1;);>1 ses fonctions propres (qui forment une base de
Hilbert de H) et ();)j>1 les valeurs propres associées, rangées dans l'ordre décroissant.
Notons que, comme I' est positif, toutes ses valeurs propres sont positives également et, de

plus
E[IX[1P) = Y E[X, )% = > A
Jj=1 Jj=1

Comme E[|| X||?] < 400, nous avons également > j>1 A < +oc et Iopérateur I' est donc un
opérateur ¢ trace (Simon, 2005, Chapitre 3) ou nucléaire (Bosq, 2000, p.35).
La connaissance de cet opérateur donne un certain nombre d’informations sur la variable

X = (X s = > /A, (1.4)

j=1 Jjz1

X, en particulier

avec & 1= (X, 1;)/1/A;j lorsque A; > 0, la convergence de la série ayant lieu en norme || - ||.
Lorsque X est centrée, la suite (§;)j>1 définit une suite de variables aléatoires centrées,
réduites et non-corrélées. L’écriture de X sous la forme (1.4) s’appelle la décomposition de
Karhunen-Loéve de X.

A partir d’'un échantillon Xi,...,X, de méme loi que X, nous pouvons définir une
version empirique de 'opérateur de covariance

T,:feHro i;g,xgxi. (1.5)

Cet opérateur I'), est de rang | fini donc également compact, et auto-adjoint. Il est ainsi

diagonalisable, nous noterons (wj )j>1 ses fonctions propres et ()\ )j>1 ses valeurs propres. La

suite de valeurs propres ()\ )j>1 est nulle & partir d’un certain rang Jy :=rg(I',) +1 < n+1.
D’autres propriétés des opérateurs I' et I',, seront données dans la Section A.1.1.

Analyse en Composantes Principales (ACP)

L’objectif de 'analyse en composantes principales est de détecter les sous-espaces de
dimension finie de H qui « capturent » le plus d’information sur la variable X.

Le premier travail portant sur I’ACP fonctionnelle est celui de Dauxois, Pousse et Romain
(1982), de nombreux travaux ont suivi (voir Hall 2011 et les références citées). De méme
qu’en statistique multivariée, le premier intérét de PACP est de fournir un outil pour vi-
sualiser la répartition des données (Ramsay et Silverman, 2005, Section 8.3) mais ’ACP
est également tres utilisée pour réduire la dimension des données par exemple en régression
linéaire fonctionnelle (nous y reviendrons par la suite dans la section 1.3 et le chapitre 2).

De maniére analogue a I’ACP multivariée, nous définissons une base orthonormeée (1););>1
de H par récurrence. L'objectif étant de trouver un espace Sy := Vect{u1,..., 9} de di-
mension k minimisant en moyenne la distance L2 entre X et sa projection sur Sj. Supposons
que nous ayons déterminé tq, ..., 1y, alors, notons I X = Z§:1<X7¢j>¢j la projection
orthogonale de X sur Vect{v1,..., ¥},

¢k+1 € arg minfe[HIE [HX - HkX - <X7 f>f||2] ’
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sous la contrainte (1yy1,1;) = 0 pour tout j < k et ||[¢p41]| = 1. L’espace H étant séparable,
la famille (1y)r>1 ainsi définie est donc au plus dénombrable. Nous pouvons vérifier égale-
ment que (¢)r>1 est formée des fonctions propres de 'opérateur de covariance I' rangées
par ordre décroissant suivant les valeurs propres associées. Remarquons ici qu’il y a une
légére ambiguité dans la définition de i, en effet, si ¥, vérifie la définition alors — la
vérifie également, nous connaissons donc seulement la base de ’ACP & un signe prés.

Il est possible, sous certaines conditions, que la base de fonctions propres de I' soit connue
méme si 'opérateur de covariance lui-méme est inconnu, c’est le cas par exemple des données
circulaires (Comte et Johannes, 2010) c’est-a-dire lorsque X € L%([a,b]), X(a) = X (b) et
X stationnaire au second-ordre. Toutefois, dans le cas général, la base (1)j);>1 est inconnue
du statisticien. Dans ce cas-1a, nous en définissons une version empirique en prenant les

fonctions propres (@) o de l'opérateur de covariance empirique. La convergence et la
jz

normalité asymptotique de tels estimateurs ont été étudiées par exemple par Dauxois, Pousse

et Romain (1982), Hall et Hosseini-Nasab (2006) et Cardot, Mas et Sarda (2007) souvent sous

la forme d’une étude de la convergence des projecteurs sur les espaces Vect {12)\1, . ,TZK}

ou Vect {@Ej} vers leur équivalent théorique. De récents travaux (Hilgert, Mas et Verzelen,

2013 ; Mas et Ruymgaart, 2014) ont porté également sur ’étude du comportement de tels
projecteurs a taille d’échantillon fixée. S’appuyant sur ces travaux, nous avons montré des
résultats de controles de ces projecteurs, présentés en Annexe A (voir par exemple Lemme 18
p. 165).

Il est & noter que, si les courbes de I’échantillon sont peu réguliéres, les estimateurs
(@j)jgl le seront également, c’est la raison pour laquelle des versions lissées de tels esti-
mateurs ont été définies (Rice et Silverman, 1991 ; Lee, Zhang et Song, 2002 ; Ramsay et
Silverman, 2005).

1.1.2 Une classe importante de processus : les processus gaussiens

Nous nous arrétons ici sur une classe importante de processus que sont les processus
gaussiens. Un processus X : I — R est dit gaussien si, pour tout & € N* pour tous
t1,...,txg € I, le vecteur (X(t1),...,X(tx)) est gaussien. De maniére plus générale, un
élément X de l'espace de Hilbert H est dit gaussien si, pour toute forme linéaire A € H*,
AX est une variable gaussienne. Ces deux définitions peuvent concorder lorsque cela a un
sens, par exemple, si X est un processus gaussien sur I, alors la classe de X dans L2(I) est
gaussienne (voir Ibragimov et Rozanov 1978, sections 1.2 et 1.4).

Lorsque X est un processus gaussien, les coefficients (£;);>1 apparaissant dans la dé-
composition de Karhunen-Loeéve (1.4) de X sont indépendants.

Le processus gaussien le plus connu est sans aucun doute le mouvement brownien stan-
dard qui vérifie, de plus, les trois propriétés suivantes.

— La fonction ¢ — X (t) est presque sirement continue.

— L’espérance de X est nulle et E[X (¢) X (s)] = min{s, ¢} pour tous s,t € I.

- X(0)=0ps.

La décomposition de Karhunen-Loéve du mouvement brownien standard restreint a [0, 1]
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Mouvement brownien Pont brownien Processus plus régulier
(W(t))ecpo,ny (B(t))teo,1] X(t) = & + V2& sin(—mt/2)
1,6 ~N(0,1)

B()
00

FiGURE 1.1 — Exemples de processus gaussiens.

est connue précisément (voir Ash et Gardner 1975, pp. 41-42) :

X0 = VED 6™,
j=1

la convergence ayant lieu presque stirement dans L2([0,1]) et uniformément. Nous nous
baserons sur cette décomposition pour simuler une large classe de processus X (incluant le
mouvement brownien) dans les chapitres 2, 3 et 4.

La décomposition de Karhunen-Loéve du pont brownien B(t) := W (t)—tW (1) (MacNeill,
1978 ; Deheuvels, 2007) est donnée par :

By = Y g V2T,

™
i>1 J

1.1.3 La question de la densité

Une des difficultés a traiter des données fonctionnelles réside en ’absence de mesure uni-
versellement acceptée comme mesure de référence en dimension infinie. En d’autres termes,
il n’y a pas d’équivalent fonctionnel de la mesure de Lebesgue, ce qui ne permet pas de
définir la notion de densité aussi aisément qu’en dimension finie.

Par exemple, il ne peut pas exister de mesure non triviale localement finie invariante
par translation en dimension infinie. En effet, supposons que u soit une telle mesure, alors il
existe une boule B de rayon ¢ > 0 telle que u(B) < +o00. Comme H est de dimension infinie,
nous pouvons trouver une suite de boules (Bj;) jen disjointes deux a deux et de mémes rayons
telles que UjeN* B; CB L. Comme p est invariante par translation, toutes ces boules ont
meéme mesure, ce qui est contradictoire avec le fait que p(B) < +oo sauf si p = 0.

Delaigle et Hall (2010) ont proposé de définir une notion de log-densité a partir de la

1. Nous pouvons voir par exemple que, lorsque (e;);>1 est une base hilbertienne de H et z¢ est le centre
de la boule B, la suite (B;);>1 des boules ouvertes de centre zo + dej/(2v/2) et de rayon §/4 convient. Ce
résultat, trés proche du théoréme de Riesz, est vrai pour tout espace vectoriel normé de dimension infinie et
peut également étre démontré, de maniére plus technique, sans faire appel a la notion de base hilbertienne.



Chapitre 1. Contexte scientifique et contributions 8

densité de (53‘)3':1,..'71( pour un certain K. Cette définition donne un sens par exemple & la
notion de mode et fournit un outil supplémentaire pour visualiser les données.

Il existe des exemples particuliers de familles de processus dont les lois sont absolument

continues par rapport & une certaine mesure, qui sert ainsi de mesure de référence. Par
exemple, la loi du mouvement brownien translaté Wy, défini par Wg(t) := W (t) + F(t)
avec W le mouvement brownien sur [0, 1] et F' une fonction continue telle que F'(0) = 0,
est absolument continue par rapport a la loi du mouvement brownien si (et seulement
si) la fonction F' appartient a ’espace de Dirichlet, c¢’est-a-dire qu'’il existe une fonction
f € L%([0,1]) telle que F(t) = f(f f(s)ds. Ce résultat est connu sous le nom de théoréme de
Cameron-Martin (voir Morters et Peres 2010, Chapitre 1).
Lorsque le processus X est supposé appartenir a une telle famille, la densité de X par rapport
4 la mesure de référence est bien définie et il est possible de I'estimer. Dans ce cadre-1a, des
estimateurs & noyau ont été étudiés par Dabo-Niang (2004) puis généralisés par Dabo-Niang
et Yao (2013) pour Iestimation de la densité de processus spatiaux (X;,i € (N*)V) avec
N > 1.

1.2 Méthodes adaptatives en statistique non-paramétrique

Le coeur de cette thése porte sur des problémes de sélection d'un estimateur § dans
une famille d’estimateurs {5y, A € A}. Par exemple, le paramétre A peut étre la dimension
du sous-espace de projection lorsque 1’on considére des estimateurs par projection ou une
fenétre si 'on considére des estimateurs a noyau ou de maniére plus large recouvrir un
ensemble d’estimateurs de différents types. De maniére heuristique, on dit qu'une méthode
de sélection est adaptative si elle sélectionne un estimateur de maniére “optimale”, dans un
sens & préciser, quels que soient les parametres (inconnus) du modéle.

Différentes méthodes existent. Sous le nom d’agrégation (Nemirovski, 2000 ; Yang, 2003 ;
Tsybakov, 2008) est regroupé un ensemble de méthodes consistant & définir un estimateur
5 := Y yea 025\ comme combinaison linéaire d’éléments de la famille {5),A € A} (A est
supposée finie) qui s’appelle ici dictionnaire. L’élément 6 est ensuite souvent sélectionné par
minimisation sous contrainte d’un risque pénalisé. Différents types de pénalité ont été intro-
duites : pénalisation ¢y ou BIC (Schwarz, 1978), pénalisation ¢; (LASSO, Tibshirani 1996),
pénalisation ¢y (régression ridge, Hastie, Tibshirani et Friedman 2009), elastic net (Zou et
Hastie, 2005),... Une autre grande classe de méthodes consiste a sélectionner un estima-
teur par validation croisée (Stone, 1974 ; Allen, 1974 ; Geisser, 1975). Cela consiste a diviser
I’échantillon en deux parties : un échantillon d’apprentissage sur lequel les différents esti-
mateurs sont calculés et un échantillon de test qui permet d’estimer le risque de chaque
estimateur. La procédure est éventuellement répétée avec un grand nombre d’échantillons
d’apprentissage. Cette méthode est trés utilisée, notamment car elle s’adapte facilement a
des contextes variés. Toutefois, peu de résultats théoriques existent sur cette méthode (voir
Arlot et Celisse 2010 pour un état de I'art). Récemment, des travaux permettant d’évaluer,
d’un point de vue non-asymptotique, la qualité d’un estimateur sélectionné par validation
croisée ont été proposés, dans des contextes d’estimation de densité (Celisse, 2008 ; Arlot et
Lerasle, 2012) et de régression (Arlot, 2008).

Lorsque les estimateurs de la famille {s\, A\ € A} sont de méme nature, 'objectif peut
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étre de sélectionner un seul estimateur. La méthode de sélection de modeéle par contraste
pénalisé et la méthode plus récente de Goldenshluger et Lepski (2011) consistent toutes deux
a sélectionner le paramétre A € A par un critére imitant la décomposition biais-variance du
risque de 'estimateur. Nous développons plus en détail le principe de ces deux méthodes
dans la suite de cette section.

1.2.1 Sélection de modéle

La méthode de sélection de modéle par contraste pénalisé développée par Barron, Birgé
et Massart (1999) (voir également Massart 2007) permet de définir, dans des contextes
variés, des estimateurs adaptatifs. Nous nous intéresserons ici & un exemple particulier :
celui de la régression a design aléatoire.

Un exemple illustratif : la régression a design aléatoire scalaire

Pour mieux comprendre cette méthode, nous laissons de c6té pour un moment les don-
nées fonctionnelles et nous nous intéressons au modéle de régression & design aléatoire étudié,
dans un cadre général, par Baraud (2002) :

Y =s(X) +e,

ou X est une variable aléatoire & valeurs dans [0, 1], s : [0,1] — R une fonction inconnue &
estimer et € un terme de bruit supposé centré et indépendant de X. L’objectif est d’estimer
s & partir d’un échantillon {(Y;, X;),i =1,...,n} de copies de (X,Y).

Soit (¢;)j>1 une base de L2([0, 1]) a partir de laquelle nous construisons une famille d’es-
paces d’approximation ou modeéles {Sy, := Vect {¢1,...,¢p,, },m=1,...,N,}, avec N,, un
entier positif et pour tout m, dim(S,,) = Dy,. Soit s, lestimateur des moindres carrés sur
S, c’est-a-dire I’élément de S, minimisant le contraste des moindres carrés

1 n
A Y; — t(X;))2.
y Hn;( (X))

La qualité de I'estimateur 5, dépend fortement de la dimension D,, qui peut étre ainsi
vue comme un parameétre de lissage. Lorsque D,, est trop petite, 'espace S, dans lequel
est défini 'estimateur est de petite dimension et tous les éléments de cet espace sont, en
général, éloignés de la fonction & estimer : 'estimateur est biaisé. En revanche, lorsque D,
augmente, la variance de 'estimateur augmente.

L’objectif est donc de sélectionner Pestimateur de la famille {s,,,m = 1,..., N, } réalisant
le meilleur compromis biais-variance, c’est-a-dire, pour le risque L2, 5,,+ avec

m* e arg minm:LwNnE ”S - /S\mHiQ([O,l])] P

ott [[t]201y) = Jo £*(w)du.

L’estimateur 3,,+, que l'on appellera oracle, est le meilleur estimateur qu’il est possible
de sélectionner, au sens du risque 2. II est incalculable en pratique (car s est inconnu) et
I’objectif est donc de définir un critére capable de sélectionner un estimateur Sp, ayant des
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performances similaires & celles de oracle.
Dans un premier temps, regardons la décomposition suivante du risque L2, obtenue grace
au théoréme de Pythagore :

E [Hgm - SHI2L2([(),1]) = llsm — 3”112,2([0,1]) +E [Hgm - Sm”iz([o,u) )

avec s, la projection orthogonale de s sur Sy,.

Le premier terme représente I’erreur minimale que 1’on commet en approchant s par un
élément de Sy, il peut donc étre vu comme un terme de biais. Lorsque s appartient & un
certain sous-espace JF, de LL2([0,1]) composé de fonctions de régularité a2 nous pouvons

majorer ce terme de la facon suivante :
2 -2
l|s — SmHHﬁ([oJ]) <CD,™,

avec C' une constante positive (qui pourra varier d’une ligne a l'autre dans la suite de ce
chapitre).

Le second terme peut étre vu comme un terme de variance. Sous certaines hypothéses
portant sur la densité de la loi de X et sur la base (¢;);>1, vérifiées par exemple par des
bases locales comme des bases d’ondelettes ou d’histogrammes, nous avons

0_2

o 2
E ||8m — 5m||]]_‘2([071])} <CDy n’
avec C' une constante positive.

Ces deux résultats permettent de majorer le risque de l'estimateur par
~ 2 2 02
Ell[$m = sllf2qopl < € (D;l “+ Dmn> :

La meilleure dimension possible est donc de I'ordre de D,, ~ nt/2ot1) ot dépend du para-
metre inconnu a.

L’objectif est de définir un critére de sélection de la dimension imitant le comportement
biais-variance du risque de l'estimateur. La théorie nous permet de connaitre 'ordre de
grandeur du terme de variance. En revanche, le terme de biais dépend de quantités inconnues
en pratique. L’idée de la sélection de modéle est d’estimer le biais en utilisant le contraste ~,,,
ici le contraste des moindres carrés, appliqué a 'estimateur. La dimension est sélectionnée
en minimisant le critére

'Yn(gm) + 502%7
n
ol £ > 0 est une constante universelle c’est-a-dire qu’elle ne dépend pas des paramétres
du modéle. La calibration de ce paramétre x est un probléme important en pratique, mais
bien documenté a présent dans les contextes de régression usuels, nous renvoyons a Birgé
et Massart (2007) et Baudry, Maugis et Michel (2012). Remarquons que si on fixe k = 2
le critére de sélection de la dimension est trés proche du critére C), de Mallows (1973). La
quantité ko2 D,,/n est appelée pénalité.

2. Par exemple F, peut étre une boule (pour la norme de Besov) de l'espace de Besov Ba, 2,00, nOUS
renvoyons & DeVore et Lorentz (1993) et Birgé et Massart (2000) pour des définitions et des énoncés précis.
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L’estimateur sélectionné sz vérifie 'inégalité suivante (Baraud, 2002, Théoréme 1.1) :

D 1
i~ 2 . 2 2m
Bllsn - slqon) < € (i, {ls =l 02 22b 4 1) )
Le risque de 'estimateur sélectionné est donc équivalent, & une constante multiplicative prés,
au risque de oracle. I’inégalité (1.6) est appelée inégalité-oracle. Elle est non-asymptotique
et permet notamment de montrer que I'estimateur S5 a la méme vitesse de convergence que

lestimateur oracle, ¢’est-a-dire n=2¢/(2a+1)

Si F, vérifie également

inf sup E [Hfs\_ 3”]]3([0,1])] > Op~20/(2a+1)
S s€Fa

ou 'infimum est pris sur tous les estimateurs de s que ’on peut calculer & partir de I’échan-
tillon {(X;,Y;),i =1,...,n}, on dit alors que n 2%/ a1 et 1a vitesse optimale au sens du
risque minimaz (que Pon appellera plus briévement par la suite vitesse minimaz). Comme
Pestimateur 55 atteint cette vitesse il est dit adaptatif au sens minimaz.

Les techniques présentées ici sont trés générales et peuvent s’appliquer a des contextes
statistiques extrémement variés : recherche de courbes principales dans un nuage de points (Fischer,
2013), données censurées (Brunel, Comte et Guilloux, 2013), prédiction de séries tempo-
relles (Alquier et Wintenberger, 2012), estimation de graphe (Giraud, Huet et Verzelen,
2012),... De nombreux autres contrastes que les contrastes de type moindres carrés peuvent
étre considéres, par exemple des contrastes de type log-vraisemblance (Massart, 2007), dans
ce cas-la la méthode de sélection de modele par contraste pénalisé englobe le critére de
sélection d’Akaike, pour un choix particulier de la pénalité.

Une des limitations de cette méthode est qu’elle s’applique uniquement lorsque la famille
d’estimateurs {5y, A € A} est obtenue par minimisation d’un contraste (moindres carrés,
log-vraisemblance,...), ce qui n’est pas le cas, par exemple, des estimateurs a noyau.

1.2.2 Sélection de fenétre
Estimation adaptative & noyau d’une densité

Récemment, Goldenshluger et Lepski (2011) ont proposé une méthode adaptative de
sélection de fenétre pour l'estimation de la densité d’une variable aléatoire multivariée. Le
critére de sélection proposé est basé lui aussi sur une imitation de la décomposition biais-
variance mais le biais est, cette fois-ci, estimé en introduisant un estimateur intermédiaire.
Présentons briévement une meéthode inspirée de celle de Goldenshluger et Lepski (2011),
dans un contexte plus simple que celui de l’article original : celui de 'estimation d’une
densité d’une variable aléatoire univariée X a partir d'un échantillon { Xy, ..., X,,} composé
de copies de X. Nous nous intéressons a 'estimateur de Parzen-Rosenblatt :

- 1 ¢
sn(t) =~ > Ku(t— X),
=1
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ou Kp(u ) := (1/h)K (u/h) avec K un noyau c’est-a-dire une application de R dans Ry telle
que [p K(u)du = 1.
Si I’on s’intéresse au risque lié 4 la distance IL?(R), la décomposition biais-variance s’écrit
ici
E I3 — sliZ)| = Is — EBulIZag) +E [I5h — EGll2q)

Nous pouvons voir facilement que
/Kht—u u)du = Kp, * s(t) /K s(t — hu)du,

o * désigne le produit de convolution. Comme [, K(u)du = 1, le biais de l'estimateur 5,

s’écrit donc )
|IE[s1] — s\\iz(R) :/ (/ K(u)(s(t — hu) — (t))du) dt.

Supposons que s est S-holdérienne avec 8 < 1, c’est-a-dire que |s(u) — s(v)| < Cglu — v|?
et que [p [ul’ K (u)du = M < 400, alors

Is — B If2 ) < CHMEH™.

Encore une fois, 'ordre du biais est inconnu?. Pour la variance on obtient plus simplement

. R,
E (15— BElEace| < o [ KPu)du = — 22,

ce qui permet de définir un estimateur de la variance de la fagon suivante

N L 7
= /{77
nh
ici k est une constante universelle. L’originalité de la méthode réside dans la facon d’estimer

le biais par

A(h) = Kp 8 — 8 Ifam — V(H))
(h) hg}_gﬂ(ll h* Sh = w2 gy ()>+

o H, est la collection de fenétres choisie. L’heuristique d’un tel choix pour l'estimateur
du biais est la suivante : si §p estime s alors Kj, * Sy estime E[s,] = Kj, * s donc || K}, *
Sh — Swllis (r) estime le biais de I'estimateur Sh, on retire un terme V' (h') de Pordre de la
variance pour tenir compte de la variabilité de I'estimateur 5p/. Le méme calcul est répété
pour toutes les valeurs de A’ possibles.

Finalement la fenétre est sélectionnée de la maniére suivante
h = arg miny, 4, {A(h) +V(h)}.

Ce critére est une version simplifiée du critére de Goldenshluger et Lepski (2011) qui

3. Pour des fonctions $-holdériennes avec f > 1, la majoration du biais est identique, & une constante
multiplicative prés, si le noyau K est suffisamment régulier (Tsybakov, 2009, proposition 1.2 et définitions
1.2 et 1.3).
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s'écrit de maniere plus générale. L'estimateur s; sélectionné vérifie une inégalité de type
oracle pour le risque L? et atteint la vitesse minimax sur de larges classes de fonctions. La
méthode proposée s’applique également & des risques P généraux ainsi qu’a des variables
a valeurs dans R?, nous renvoyons a P’article original pour plus de précisions.

Cette méthode a été adaptée & d’autres cadres statistiques que celui de ’estimation de la
densité (voir par exemple Doumic et al. 2012; Bertin, Lacour et Rivoirard 2013 ; Comte et
Lacour 2013). De plus, I'idée d’utiliser des estimateurs auxiliaires (c’est-a-dire ici K, * Sp)
dans la définition du critére s’est révélée extrémement féconde. Cette idée a tout d’abord été
reprise pour des problémes de sélection de la dimension d’estimateurs par projection (Comte
et Johannes, 2012; Bertin, Lacour et Rivoirard, 2013; Chagny, 2013b). Elle se place ici
comme une alternative a la méthode de sélection de la dimension par contraste pénalisé et
nous expliquerons en détail dans la section 1.4.2 comment nous avons mis a profit ces idées
pour la sélection de fenétre dans un contexte ol 'espérance de I'estimateur ne s’écrit pas
comme un produit de convolution.

FElle a également été adaptée & la sélection de paramétres plus complexes, par exemple
le paramétre 6 € R? du modéle single-index Y = g(fz') 4 ¢ (Lepski et Serdyukova, 2014) ou
des poids pour des estimateurs linéaires c’est-a-dire dont ’espérance dépend linéairement
de la fonction & estimer (Goldenshluger et Lepski, 2013a).

1.3 Modéle linéaire fonctionnel

Les résultats du chapitre 2 se placent dans le cadre du modéle linéaire fonctionnel que
nous présentons dans cette section.

1.3.1 Définition du modéle

Le modéle linéaire fonctionnel introduit pour la premiére fois par Ramsay et Dalzell
(1991) et défini dans sa forme actuelle par Cardot, Ferraty et Sarda (1999) suppose qu’il
existe une dépendance linéaire entre Y et sa covariable X. Plus précisément nous supposons
que

Y =(8,X)+e, (1.7)

ou B est un élément de H appelé fonction de pente et € une variable aléatoire centrée,
indépendante de X, de variance finie 0. Nous appellerons ¢ le terme de bruit. Nous disposons
d’un échantillon {(X;,Y;),i =1,...,n} suivant le modeéle (1.7) et I'objectif est d’estimer la
fonction .

1.3.2 Problémes inverses et identifiabilité

En multipliant les deux cotés de I'équation (1.7) par X (s) et en prenant ’espérance,
nous voyons que la fonction 5 est solution de ’équation

r8=E[YX] =g (1.8)

ou I' est U'opérateur de covariance de X défini par (1.3). L'opérateur I" doit donc étre
inversé pour pouvoir retrouver 8 & partir de g. La fonction & estimer [ est donc solution
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d’un probléme inverse.

Notons que le modéle linéaire fonctionnel est identifiable si et seulement si 1’équa-
tion (1.8) admet une unique solution, c’est-a-~dire lorsque Ker(I') = {0} ce qui revient a
supposer que

21, A =0} =0, (1.9)

ol (Aj);>1 est la suite des fonctions propres de I'opérateur I'.

En effet, montrons dans un premier temps que cette condition est nécessaire : supposons
qu’il existe un entier Jy tel que \j, = 0. Soit 9, une fonction propre de I' associée a la
valeur propre \j, nous avons I'yj, = 0, or

<FwJ0ﬂ ¢J0> = E[<X7 ¢J0>2]7

ce qui implique que (X, ,) = 0 p.s. Donc si § vérifie I’équation (1.7) alors 5 + 1), vérifie
aussi cette équation et le modéle n’est pas identifiable.

Montrons maintenant que la condition (1.9) est suffisante. Soient 8 et 5’ des éléments de
H vérifiant équation du modele (1.7), alors 3 et 3’ vérifient également 1’équation (1.8). En
particulier T'(8 — ') = 0, ce qui implique que 8 — 8’ € Ker(T') et 8 = ' dés que (1.9) est
vérifiée.

Selon Hadamard (1902), un probléme inverse doit vérifier les propriétés suivantes pour
étre bien posé : il existe une solution, cette solution est unique et stable dans le sens ol
elle dépend des données de maniére continue. Or, sous la condition (1.9), opérateur T est
injectif et il est bien possible de l'inverser en posant

F_lifﬁz <f ¢]>w]’

j>1 Aj

mais cet inverse n’est pas un opérateur continu et n’est pas défini pour tout f € H* En
particulier, la condition de stabilité n’est pas vérifice : le probléme (1.8) est donc mal posé.

Considérons maintenant la version empirique de (1.8) :
1 n
= EZYiXi =7 (1.10)
i=1

L’opérateur I',, étant de rang fini, il n’est pas inversible. Toutefois, il peut arriver que
I’équation (1.10) admette une solution, lorsque g € Im(I'),). Cependant, certaines valeurs
propres de I’ opérateur I',, étant trés proches de 0, le probléme inverse reste mal conditionné

et la solution B a une trés grande variance (un exemple de réalisation de 6 est donné dans
la Figure 1.2 a titre illustratif).

Toutes les procédures d’estimation de la fonction 5 consistent & régulariser le probléme
inverse (1.10). Notre cadre présente donc des similarités avec les travaux réalisés dans la
communauté statistique des problémes inverses (voir Cavalier 2011 pour un récent état de
Part) qui consistent a estimer une fonction § en observant une image bruitée Y = AfS + ¢

4. Notons toutefois que Popérateur I'"* est défini sur ensemble Uj>1 Vect{e1,...,1%s} qui est dense dans
H et d’autre part qu’il peut-étre obtenu comme limite ponctuelle d’opérateurs continus donc mesurables (une
telle suite est donnée dans I’Annexe A, équation (A.2), p.160) ce qui implique qu’il est lui-méme mesurable.
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FIGURE 1.2 — Solution de T',8 = §, n = 10 000, B3(t) = exp(—(t — 0.3)2/0.05) cos(4xt), X
est le mouvement brownien sur [0, 1] et € ~ old(—+/3,1/3) avec o2 = 0.01.

par un opérateur A. Cependant, les travaux réalisés dans ce contexte ne se transposent pas
a notre cadre car l'opérateur A est soit supposé connu, soit les vecteurs propres de A sont
supposés connus et ses valeurs propres observées de maniére bruitée par un bruit indépendant
de ¢ (Cavalier et Hengartner, 2005), or cette derniére hypothése n’est pas réaliste dans le
cadre du modeéle linéaire fonctionnel.

L’estimateur B-spline proposé par Cardot, Ferraty et Sarda (2003) s’obtient par mini-
misation du critére des moindres carrés pénalisé

LS (X 4 P
=1

sur 'espace des splines f définies sur [0, 1], de degré ¢ a k intervalles égaux, avec m < ¢
un entier et p > 0 un paramétre de lissage. D’autres critéres similaires ont été proposés,
avec d’autres bases, comme la base de Fourier (Ramsay et Silverman, 2005; Li et Hsing,
2007) ou la base de 'ACP (Reiss et Ogden, 2007), ou d’autres pénalités (Crambes, Kneip et
Sarda, 2009). Toutes ces procédures, qui mettent en jeu des pénalités de type £2, consistent
& régulariser le probléme inverse an = g avec la méthode de Tikhonov.

Une autre grande classe de méthodes d’estimation pour la fonction § est la classe des
estimateurs par projection. Cela consiste a restreindre la matrice '), & un sous-espace de H
de dimension finie souvent assez petite. Cette base peut étre fixe, par exemple la base de B-
splines considérée par Ramsay et Dalzell (1991) ou la base de Fourier (Comte et Johannes,
2010) ou encore une base orthonormée générale (Cardot et Johannes, 2010). De nombreux
travaux portent également sur des estimateurs par projection définis sur la base de 'ACP
(voir section 1.1.1). L’estimateur des moindres carrés dans cette base s’écrit simplement de
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la fagon suivante

FPCR

(1.11)
7j=1

ol m est un nombre entier, qui joue le méme roéle ici que le paramétre de lissage p défini
plus haut. Le comportement asymptotique de cet estimateur est bien connu : par exemple
les convergences faibles en probabilité et p.s. ont été établies par Cardot, Ferraty et Sarda
(1999) puis Cai et Hall (2006) ont montré des bornes supérieures et inférieures pour l’erreur
de prédiction sur une courbe fixée x, enfin Hall et Horowitz (2007) ont étudié la vitesse de
convergence et les propriétés d’optimalité de cet estimateur pour la norme 2. Des versions
lissées ont également été introduites par Cardot, Ferraty et Sarda (2003).

1.3.3 Probléme du choix de la dimension des estimateurs par projection

Toutes les procédures citées dans le paragraphe précédent reposent sur le choix d’au
moins un paramétre de lissage : le paramétre p ou le nombre m de fonctions de base inter-
venant dans la définition de I’estimateur. Les choix optimaux théoriques de tels parameétres
dépendent de quantités inconnues en pratique comme la régularité de 8 ou la vitesse de
décroissance des valeurs propres (\;)j>1. Par exemple, si I'on considére I'estimateur par
composantes principales défini par (1.11), le paramétre m minimisant I’erreur de prédiction
<A§5PCR) — B,x)? sur une courbe fixée z = Zj>1 xj1); telle que x5 < C1j77, v > 1/2 est
de Vordre de n'/(@t26=1) oy ¢ > 1 est tel que C’Q_lj*a <A\ < O™ % et b>1/2 est tel que
8= Zj21 Bjib; avec B; < Csj~° (on supposera ici a + 1 > 27).

En pratique, ces paramétres sont, la plupart du temps, sélectionnés par validation croisée
(Cardot, Ferraty et Sarda, 2003 ; Hall et Hosseini-Nasab, 2006 ; Crambes, Kneip et Sarda,
2009). Récemment, des procédures d’estimation adaptatives de la fonction de pente /5 ont
été proposées. Cai et Yuan (2012) ont établi, dans un contexte d’espace de Hilbert a noyau
reproduisant, une procédure de sélection du paramétre de lissage p pour la méthode de
régularisation développée par Ramsay et Silverman (2005), I'estimateur ainsi sélectionné
atteint la vitesse de convergence optimale sur de larges classes de fonctions 8. Une procédure
adaptative de sélection de la dimension pour I'estimateur par projection défini par Cardot et
Johannes (2010) a également été développée par Comte et Johannes (2010) avec des outils
de sélection de modéle (voir section 1.2.1) puis généralisée en 2012 par les mémes auteurs
par une méthode inspirée de Goldenshluger et Lepski (2011). Leurs estimateurs vérifient une
inégalité de type oracle et atteignent la vitesse de convergence minimax pour des risques L2
pondérés.

1.3.4 Contributions du chapitre 2

Dans ce contexte, le premier travail de thése a consisté & définir une procédure de sélec-
tion de la dimension pour des estimateurs par projection dans le modéle linéaire fonction-
nel (1.7). L’objectif était de choisir un bon espace d’approximation pour notre estimateur et
nous nous sommes donc intéressés a la base de I’ACP. Dans le cas ou les fonctions propres
(1j)j>1 de l'opérateur de covariance I' sont connues, nous avons défini un estimateur des
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B)

. . alK )
moindres carrés By, ~’ sur Iespace

Sm = Vect{wl, e ,me},

de dimension D,,, avec (Dy,)m>1 une suite strictement croissante de nombres entiers na-
turels non nuls (des précisions supplémentaires sur le choix de D,, seront données dans
le chapitre 2, section 2.2.2, p. 34). Ce premier travail a permis de se familiariser avec les
problématiques d’estimation et de sélection de la dimension dans le modéle linéaire fonc-
tionnel et d’identifier les points délicats pour le passage d’une base fixe 4 une base aléatoire.

PCR)

L’extension & Pestimateur des moindres carrés B,(n sur ’espace aléatoire

§m = Vect{'l/b\la ) 7’(;Dm}

engendré par les fonctions propres de 'opérateur de covariance empirique I'y,, s’est faite
dans un second temps.

Dans le chapitre 2, nous avons pris le parti de présenter les résultats pour les deux

estimateurs BanB) et BAT(f PCR)

en paralléle, d’une part dans le souci d’éviter les répétitions,
mais surtout pour donner un éclairage sur le passage délicat d’une base connue (fixe) & une

base aléatoire. Nous espérons ainsi appuyer sur les points clés de notre contribution.

Nous fixons une dimension maximale Dy, et sa version empirique Dg (nous ne ren-
n

trons pas ici dans les détails, un peu techniques, des définitions de N, et Nn qui peuvent
étre trouvés dans la section 2.2.2, p.34). Nous sélectionnons ensuite un estimateur dans la

~

famille {B&KB), m=1,... ,]\Afn} ou la famille {BgPCR),m =1,..., Nn} par minimisation

du critére pénalisé
. = o D
crit(m) := Y (Bm) +m§n7’”, (1.12)

oil 52, est un estimateur de la variance du bruit o2,

n

5= > (Y (B
=1

et v, le contraste des moindres carrés

n

T f o 3 (= U X))

i=1

La forme usuelle de la pénalité en régression est /WZDT’” (voir par exemple Baraud 2002 ;
Massart 2007). Cependant cette pénalité dépend de la variance du bruit qui est, en pratique,
souvent inconnue, d’ott 'introduction de I’estimateur plug-in 52,. Remarquons que Baraud,
Giraud et Huet (2009) ont également introduit un critére multiplicatif trés similaire pour
sélectionner la dimension d’estimateurs par projection dans le modéle de régression gaussien,

lorsque la variance du bruit est inconnue.

Pour évaluer les performances de 'estimateur obtenu, nous nous intéressons a l'erreur
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de prédiction, c’est-a-dire & la quantité
E | (Var — EYia|Xnsa]) (X1, Y Xo, V)| = ITV2(B = B)|? =: |3 — B3
nt1 — EYn1[Xna] ) (X0, Y1), (X, Yo) | = [[TV5(8 = B)|I7 = |18 = Bt

ot (X141, Ynt1) est une copie de (X,Y') indépendante de I’échantillon et i}n+1 = (E, Xnt1)-

Nous montrons dans un premier temps (Proposition 1, p. 36) que les deux estima-
teurs obtenus vérifient une inégalité de type oracle pour la version empirique ||5 — BH%n =

HF}/Z(B — B)||? de T'erreur de prédiction. Cette inégalité de type oracle s’écrit

E 2(KB) _ 2 < inf E . 2 02 + HﬁHQ

1B — g, | <o it R[5 -TBI3,] +pentm)} + TP ) (113)
pour ’estimateur BanB) (ici M,, est la collection d’indices dans laquelle est choisi m et I1,,
Popérateur de projection sur S,) et

m=1,...,Np, n

E [HB};PCR) - BH%J <C ( inf {E [||B - ﬁmﬁll%n} + pen(m)} + 02+H5H2> ’
(1.14)

FPCR) (avec I, Popérateur de projection sur ’ensemble aléatoire §m)

pour 'estimateur 37(%

11,
[I£1I7
avec grande probabilité, nous obtenons une inégalité de type oracle pour ’estimateur B,%K

(Equation (2.10) du théoréme 1, p.37) :

En montrant que, pour tout pp €]0,1[, pour tout m = 1,..., Ny, supscg, < po

B)

E (185 - 8IR] < & <mmM (118 = MBI + pen<m>)) P2 )

L’extension de ces résultats a estimateur 3UPCR)

défini sur des bases aléatoires pose cer-
2
tains problémes techniques : tout d’abord le terme sup 1ed I,

, , 112
que sup seg, . ””ffH”FQ”. En effet, supcg, % est la plus grande valeur propre de la matrice
I r

((anj, Ui) /A //\j)\k)l <j k<D dont les coefficients sont des moyennes de variables aléatoires
indépendantes, ce qui permet de borner cette quantité directement avec une inégalité de type

est plus difficile & controéler

2
Bernstein (Lemme 22, p.180). En revanche, ’aléa présent dans le terme sup es H“ff”HFQ”, qui
m T
dépend du spectre de la matrice ((F@, $k>/ X]Xk> , est plus difficile & controler.
1<j,k<Dm

D’autre part, le terme de biais de I'inégalité (1.15) s’obtient aisément en constatant que

E 18 -1nBlE,] =118 — W7,

mais cette égalité n’est plus vraie si I’'on remplace le projecteur I1,,, par sa version empirique
I1,,. L’inégalité suivante (Inégalité (2.11) du théoreme 1, p.37)
~(FPCR : o~ G5
BB - 511 < C iy (BIIS - ol +penm)) ) + 2 (110

n
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n’a donc pu étre prouvée qu’avec 'aide des outils puissants de la théorie de la perturbation
présentés en Annexe A et au prix d’hypothéses supplémentaires, notamment sur la fonction
a estimer.

A l'aide des deux inégalités oracles (1.15) et (1.16) nous montrons (Théoréme 2, p.38)

une majoration de la vitesse de convergence de l'erreur de prédiction des deux estimateurs
A(KB) _, A(FPCR)

B, et B
Cardot et Johannes (2010) ce qui implique que nos deux estimateurs sont optimaux au sens

. La vitesse ainsi obtenue coincide avec la borne inférieure déterminée par

minimax.

Nous nous sommes ensuite intéressés aux propriétés numériques de ces deux estimateurs.
Dans la section 2.4.3 p.42, plusieurs meéthodes (calibration par simulations, heuristique de
pente et détection de saut de dimension) sont comparées pour la calibration de la constante
k apparaissant dans la définition du critére (1.12). Les deux estimateurs sont ensuite étu-
diés dans différents contextes dans la section 2.4.5 p.47. Nous nous focalisons ensuite sur
Pestimateur BgPCR). Dans la section 2.4.6, notre méthode de sélection de la dimension
est comparée & deux critéres de validation croisée fréquemment utilisés dans la littérature.
Les résultats obtenus nous permettent d’affirmer que notre méthode présente de sérieux
avantages, tant du point de vue du temps de calcul, que du point de vue de la stabilité des

estimateurs obtenus.

1.4 Estimation des fonctionnelles de régression

Nous nous intéresserons ici & des modéles statistiques ol trés peu d’hypothéses sont faites
sur la relation entre Y et X. Dans un premier temps, nous allons nous concentrer sur le
modéle de régression non-paramétrique fonctionnel sur lequel portent ’essentiel des travaux
théoriques existant dans la littérature sur des modéles non-paramétriques avec covariable
fonctionnelle. Ce modéle s’écrit

Y=m(X)+e¢
ot m est une fonction de H — R et € un terme de bruit supposé indépendant de X. L’objectif
est d’estimer la fonction m & partir d’'un échantillon {(X;,Y;),i = 1,...,n} de copies de
(X,Y).

Dans un second temps, nous nous intéresserons & ’estimation de la fonction de répartition
de Y sachant X =z
Fo(y) =P(Y < y|X =x)

qui est I'objet des travaux présentés dans le chapitre 3.

1.4.1 Fléau de la dimension

Les estimateurs connus de la fonction de régression m sont des estimateurs de type
Nadaraya-Watson :
. P Kp(d(X;,1))Y;
ip(z) = Zzzl n(d(Xi, z)) i
Zizl Kh(d(Xi7 ZL‘))

ou K est un noyau, d une semi-norme sur H et K (t) := (1/h)K(t/h).
Le premier travail portant sur la fonction de régression dans le cadre fonctionnel est celui
de Ferraty et Vieu (2002). La semi-norme d est ici une semi-norme basée sur les dérivées

(1.17)
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dm(f,9)? = [ (f(m) (t) — g™ (15))2 dt avec m un entier et f(™ la dérivée m-éme de f. La
fenétre h et l'entier m sont sélectionnés par validation croisée. La convergence ponctuelle
de cet estimateur est prouvée. Cette procédure a été ensuite généralisée & des données
dépendantes et avec des semi-normes générales par Ferraty et Vieu (2004) et Benhenni,
Hedli-Griche et Rachdi (2010) lorsque le design est fixe, puis lorsque la variable Y est
également fonctionnelle (Lian, 2012). Une version robuste a été définie par Crambes, Delsol
et Laksaci (2008).

Cet estimateur est convergent pour la convergence uniforme presque compléte (Ferraty,
Laksaci, Tadj et al., 2010). En revanche, la vitesse de convergence de ces estimateurs est
souvent assez lente.

En effet, la variance de lestimateur (1.17) est fonction de U'inverse de la probabilité de
petite boule *(h) = P (d(X,z) < h), typiquement de 'ordre de \/Inn/(ny®(h)) pour un
risque non quadratique (voir par exemple Ferraty, Laksaci et Vieu 2006, Théoréme 3.1).
C’est donc le comportement asymptotique de ¢*(h) quand h — 0 qui détermine la vitesse
de convergence de 'estimateur my,.

Lorsque H est de dimension finie, ot lorsque le rang de Popérateur T est fini (c’est-a-dire
que X peut s’écrire presque stirement comme combinaison linéaire aléatoire d’un nombre fini
d’eléments de H) la probabilité de petite boule décroit typiquement & vitesse polynomiale
vers 0 c’est-a-dire p(h) ~p_o Ch? avec p = rg(I'). En revanche, lorsque rg(T') = 400,
h™Pp(h) =50 0 pour tout entier p > 0 (Mas, 2012, Corollaire 1). A titre illustratif, lorsque
X est le pont brownien sur [0, 1], p(h) ~p—0 cexp (—#) (Li et Shao, 2001, Proposition 6).

Autrement dit, plus X évolue dans un espace de dimension élevée et moins I’on trouvera
d’observations autour de 0. Cela implique que la variance de Iestimateur my, diverge trés
vite vers +oo lorsque h — 0. Comme le biais est en général polynomial, par exemple de
lordre de h?, il ne décroit pas assez vite vers 0 pour compenser suffisamment le terme de
variance, ce qui explique la vitesse de convergence trés lente des estimateurs & noyau.

Toutefois, le probléme n’est pas lié au choix de 'estimateur mais & la complexité du
probléme posé. En effet, les bornes inférieures prouvées par Mas (2012) indiquent qu’aucun
estimateur de la fonction de régression (4 noyau ou non) ne peut atteindre une vitesse de
convergence polynomiale lorsque X évolue dans un espace de dimension infinie.

1.4.2 Contributions du chapitre 3

Dans le chapitre 3, en collaboration avec Gaélle Chagny (LMRS), nous proposons une
procédure d’estimation adaptative pour la fonction de répartition FX : y — P(Y < y|X)
d’une variable réelle Y conditionnellement & une variable fonctionnelle X. Nous nous inté-
ressons & 'estimateur de type Nadaraya-Watson proposé par Ferraty, Laksaci et Vieu (2006)
et Ferraty, Laksaci, Tadj et al. (2010) défini par

So oy e Ly Kn(d(Xi, 7))
Fralb) 1= i?:l Kp(d(Xi, )

ou Kp(u) = (1/h)K(u/h).
Pour contourner le fléau de la dimension, de nombreux auteurs (voir par exemple Ferraty,
Laksaci et Vieu 2006 ; Delsol 2010 ; Geenens 2011) ont proposé de prendre une semi-norme
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basée sur les projections
p
d2 (x,2) Z - ,€5) 2
7=1

avec (e;)j>1 une base hilbertienne de H. Notons que cela rev1ent a projeter X dans I’espace
Vect{ei,...,ep}. Pour plus de simplicité, nous noterons Fh = F g lorsque d(z, 2’) = ||z —2/||
et Fy, = Fﬁidp.

L’objectif initial de ce travail était de proposer une méthode de sélection simultanée de
la fenétre h et de la dimension de 'espace d’approximation p et d’associer la méthode de

Goldenshluger et Lepski (2011) aux méthodes de réduction de la dimension en statistique
pour données fonctionnelles.

Dans une premiére étape nous avons cherché & mieux comprendre le comportement du
risque de l'estimateur en fonction de p et h. Nous nous sommes intéressées & un risque

B 155 - 7o) =& | [ ([ (- 7)) o).

avec X’ une copie de X indépendante de I’échantillon et B un sous-ensemble borné de H. Le
gl

intégré

premier résultat (Théoréme 3, p.79), obtenu a "p = +00”, c’est-a-dire avec d(z,2’) = ||z —z
exhibe une décomposition biais-variance de la forme suivante

s , 1
EIFY - FYIb1p(x)| < C (n% +
1B = FY|1s(x)] < —)
ou (3 est l'indice de régularité de la fonction x — F?® (on suppose ici que cette fonction
est [S-holdérienne). Ce résultat est cohérent avec ceux obtenus par Ferraty, Laksaci et Vieu
(2006, Théoréme 3.1) en terme de convergence presque compléte.

Concernant I'estimateur calculé & partir de la semi-norme d,, nous obtenons la majora-
tion suivante (Proposition 2, p.87) :

=~v/ / 1
e e el L D e ol
i>p P

avec pp(h) = P(dy(X,0) < h) et 0]2- = Var((X,e;)), pour tout j > 1. Nous avons ici un

B

terme de biais supplémentaire (Z par rapport aux résultats de Ferraty, Laksaci et

2
i>p %5
Vieu (2006, Théoréme 3.1) qui est di a la perte d’information lors de 'étape de projection.
Cette différence dans les résultats est liée a une différence dans les hypothéses de régularité
imposées a la fonction x — F*. Nous supposons (hypothése Hp, p.79) que pour tous x, 2’ €
H

|F* = F"|lp < Clle = /|1,

avec C' une constante positive; tandis que 'hypothése (H2) de Ferraty, Laksaci et Vieu
(2006) revient & supposer que, pour tout y dans un sous-ensemble de R et pour tous z,z’
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dans un sous-ensemble de H,
[F™(y) = F*(y)| < Cdy(x,2")".

Or, cette hypothése (H2) de Ferraty, Laksaci et Vieu (2006) fait intervenir le paramétre p
d’estimation et ne permet donc pas de comparer les propriétés des estimateurs ﬁff » lorsque
p varie. D’autre part, remarquons que cette hypothése (H2) est, de maniére implicite, une
hypothese de réduction de la dirr}ension puisque, si I'on prend = # &’ avec (z,e;) = (2/,¢;)
pour tout j < p, alors F*¥ = F* ; F* ne dépend donc que de la projection de x dans un
espace de dimension finie connue du statisticien (puisque le parameétre p ainsi que la base
(ej)j>1 interviennent dans la définition de I’estimateur). Une hypothése de type Hp nous
paraissait donc plus réaliste.

Une fois ces deux majorations obtenues, nous nous sommes concentrées dans une seconde
étape sur la détermination d'une procédure de sélection de la fenétre h de I'estimateur ﬁff .
L’objectif était d’adapter a notre cadre la méthode de Goldenshluger et Lepski (2011). L’ab-
sence de définition de la densité d’une variable aléatoire fonctionnelle ne permet pas d’écrire
le biais d’un tel estimateur sous la forme d’'un produit de convolution. Une problématique
trés similaire se pose dans des contextes de sélection de modéle lorsque ’on cherche & sélec-
tionner un estimateur dans une famille {s,,,m = 1,..., N,,} d’estimateurs par projection sur
des modeéles (Sy,)m=1,..n,. Lorsque les modéles sont emboités (c’est-a-dire que Sy, C Sy
lorsque m < m'), Comte et Johannes (2012) et Chagny (2013b) ont proposé des procédures
adaptatives de sélection de la dimension de I'espace d’approximation via une adaptation de
la méthode de Goldenshluger et Lepski (2011) mettant en jeu des estimateurs auxiliaires
de la forme S,,an. Par analogie, nous nous sommes inspirées de ces travaux pour définir
un estimateur auxiliaire de la fonction de répartition conditionnelle de la forme ﬁ;fvh,. La
fenétre h est donc sélectionnée par minimisation du critére

~

crit(h) = A(h) + V(h),

ou
In(n) . . n
~ k—— si @(h) #0 N 1
V(h) = "n(h) avec $(h) = — > 1qx,1<h}s
400 sinon, i=1

est un estimateur de la variance et

~ ~y ax |2
0 = g (|5 - ] -

17(h/)>

+

estime le biais.

L’estimateur FX¥ ainsi obtenu atteint la méme vitesse de convergence que 'oracle (Théo-
réeme 4, p.82 et tableau 3.1 lignes a) et b)) & une perte logarithmique preés.

Nous nous sommes ensuite concentrées sur l’estimateur ﬁ fip' Une premiére étape a été
de déterminer les vitesses de convergence de cet estimateur. A cette étape nous flimes assez
surprises de constater que la majoration (1.18) ne permettait, au mieux, c’est-a-dire en
choisissant bien les parameétres d’estimation (h,p) ainsi que la base (e;);>1, que d’atteindre
la vitesse de convergence de 'estimateur ﬁ;”f, ce qui est en contradiction avec les arguments
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présentés par Geenens (2011) et Delsol (2010).

Les bornes inférieures que nous avons ensuite prouvées (Théoréme 6, p.85, voir aussi la
ligne c¢) du tableau 3.1) ont permis d’établir que les vitesses de convergence de l'oracle F jy
étaient en réalité optimales au sens minimax et donc que I'estimateur F ;’L’ip ne pouvait pas
converger 3 une vitesse supérieure. Grace a ce résultat, nous pouvons également affirmer que
notre estimateur ﬁg atteint cette vitesse minimax soit de maniére exacte, il est dans ce cas-
la adaptatif, soit & une perte logarithmique prés, suivant le comportement de la probabilité
de petite boule ¢(h) au voisinage de 0.

Notons que la méthode de sélection de la fenétre ainsi que les résultats concernant
I’estimateur ﬁﬁx sont également valables lorsque H est de dimension finie. Par exemple,

lorsque H = R, nous retrouvons la vitesse minimax de Uordre de n~=28/(28+d),
Des résultats similaires sont obtenus avec un risque ponctuel

~ ~ 2
B (1Fe - oip] = | [ (Free) - row) ).
D
ol xo est un élément de H.

1.4.3 Perspectives : modéles avec contrainte structurelle

Les arguments présentés dans la section précédente tendent & mener vers la conclusion
que le modéle de régression non-paramétrique est trop général pour pouvoir définir des
estimateurs suffisamment efficaces. D'un autre coété, le modeéle linéaire, présenté dans la sec-
tion 1.3, peut étre trop restrictif pour certaines applications. D’ou 'intérét de se placer dans
des modéles plus généraux qui toutefois ont 'avantage d’échapper au fléau de la dimen-
sion comme le modéle linéaire généralisé ou le modeéle & direction révélatrice unique (connu
également sous le nom de single-index). A notre connaissance, les travaux permettant de
définir des estimateurs adaptatifs pour ces modéles sont encore inexistants, ce qui fournit
des perspectives logiques pour la suite de ce travail que nous détaillerons & la fin de ce
manuscrit.

Modéle linéaire généralisé

Le modéle le plus simple dans ce cadre est le modéle linéaire généralisé qui s’écrit de
maniére classique de la facon suivante

g(EY[X]) = a+ (8, X),

ol g : R — R est une fonction connue, monotone et inversible, la fonction de lien, et o € R
et B € H sont des parameétres inconnus & estimer. Une autre maniére d’écrire ce modéle est
la suivante

Y=g (a+(8.X)) +e,

ou ¢ est un terme de bruit. Cette définition regroupe plusieurs types de modéles comme
le modeéle de régression logistique (g(t) = In(¢/(1 — t))) ou le modeéle linéaire fonctionnel
(g(t) =t). Un des premiers travaux sur le modéle linéaire généralisé fonctionnel est celui de
James (2002) qui propose une procédure basée sur l'algorithme EM. Miiller et Stadtmiiller
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(2005) ont ensuite proposé une procédure d’estimation de la fonction [ par projection dans
une base orthonormée de I et minimisation d’une fonction de score. Cardot et Sarda (2005)
ont généralisé la procédure d’estimation préalablement proposée dans le contexte du modeéle
linéaire fonctionnel (Cardot, Ferraty et Sarda, 2003) et prouvé des vitesses de convergence
pour le risque 2. Un certain nombre de travaux a porté uniquement sur le modéle logistique,
la fonction 3 étant estimée par exemple par une approche de réduction de la dimension basée
sur 'ACP (Escabias, Aguilera et Valderrama, 2004, 2005 ; Aguilera, Escabias et Valderrama,
2006, 2008) éventuellement associée a une étape de lissage (Aguilera, Aguilera-Morillo et
al., 2011 ; Aguilera-Morillo et al., 2013). Des extensions de ce modéle & un nombre plus
important de covariables ont été considérées, par exemple par James et Silverman (2005) et
Li, Wang et Carroll (2010).

Modéle single-index

La définition du modéle single-index est tout & fait analogue a celle du modéle linéaire
généralisé excepté que la fonction de lien g est ici également inconnue. Ce type de modéle
a été développé dans des contextes ou la covariable est multivariée (Ichimura, 1993 ; Newey
et Stoker, 1993 ; Delecroix et Hristache, 1999 ; Bouaziz, 2010), comme intermédiaire entre
les modéles non-paramétriques sujets au fléau de la dimension et les modéles linéaires gé-
néralisés qui peuvent étre trop restrictifs pour certaines applications. Ce modéle & encore
été trés peu étudié lorsque la covariable est fonctionnelle : & notre connaissance, seuls deux
travaux (Ait-Saidi et al., 2008 ; Chen, Hall et Miiller, 2011) se placent dans ce contexte.
En particulier, Chen, Hall et Miller (2011) ont montré que l'erreur quadratique moyenne
de leur estimateur atteint une vitesse de convergence polynomiale. Bien que 'ordre exact
de la vitesse soit inconnu, ce résultat est encourageant pour continuer ’étude des modéles
single-index.

Une généralisation du modéle single-index consisterait & supposer que la dépendance
de Y par rapport & X dépend non pas de la projection de X sur une seule droite (3, X)
de I'espace H mais sur un sous-espace de dimension finie de H. Une premiére maniére de
considérer cette relation est de supposer l'existence de m éléments (5, ..., 8, de H et d’'une
fonction ¢ : R™ — R inconnue tels que

Y =g({61,X), -, (Bm, X)) + &

Ce modéle, bien qu’évoqué dans I'introduction de ’article de Chen, Hall et Miiller (2011),
n’a pas été étudié, probablement en raison de sa complexité. En revanche, des versions
additives de ces modéles, qui peuvent étre vues comme des généralisations fonctionnelles du
modeéle de projection pursuit (Friedman et Stuetzle, 1981),

m

Y =3 g;((8,X) +e

Jj=1

ont été considérées par exemple par Chen, Hall et Miiller (2011) sous le nom de multiple-
index model ou par James et Silverman (2005), dans un contexte paramétrique, sous le nom
de functional adaptive model. Cependant, il n’existe pas, & ce jour, de résultat théorique sur
ces modéles lorsque la covariable est fonctionnelle.
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1.5 Surfaces de réponse

La méthode des surfaces de réponse a été introduite pour la premiére fois par Box et
Wilson (1951) dans l'objectif de déterminer des conditions optimales pour des expérimenta-
tions en chimie : minimiser le cofit de 'expérimentation ou maximiser la pureté du produit
obtenu en trouvant la bonne combinaison de facteurs (température, pression, proportion des
réactifs,...). Son but est donc d’étudier le lien entre une ou plusieurs variables explicatives
(z1,...,24) € R? et une variable réponse Y € R et en particulier de trouver les valeurs des
variables explicatives pour lesquelles la variable réponse est minimale (ou maximale). Cette
méthode a été et est toujours trés largement utilisée dans 'industrie.

1.5.1 Principe de la méthode : optimisation séquentielle

Le principe de la méthode est de trouver les conditions d’expérimentation optimales
en réalisant un nombre restreint d’expériences. Le point de départ est une certaine région
de I’espace R? (les conditions d’expérimentation actuelles que I'on cherche & optimiser par
exemple) dans laquelle on réalise une série d’expériences, en suivant un plan d’expériences
choisi a 'avance. Les observations ainsi obtenues nous permettent d’avoir une certaine idée
&) = E[Y |z, ..
cette connaissance pour estimer la direction de plus forte descente (ou de plus forte crois-

de la forme de la surface y = m(zxy,... ., Tp| dans cette région. On utilise
sance suivant que l'on cherche & maximiser ou minimiser m) de cette surface. Le long de
cette direction, une série d’expériences est effectuée jusqu’a un point de R% ou la réponse est
considérée optimale. Une série d’expériences est ensuite réalisée autour de ce point permet-
tant soit de définir une autre direction de descente, soit d’affiner la position de 'optimum.
La figure suivante, extraite de Montgomery (2009), illustre le déroulement de la méthode.

|
|
Region / ~<——— Region of
of the ' operability
optimum forthe
/ / process
/ /
;/ ’,' /

{ y, Contours
/" Pathof 7 of constant
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Le principe est resté globalement inchangé depuis les travaux de Box et Wilson (1951).
Les principales améliorations ont été faites sur deux aspects : la modélisation de la surface
dans la région considérée et le choix du plan d’expériences, c’est-a-dire des points ot l'on
réalise les expériences.



Chapitre 1. Contexte scientifique et contributions 26

La maniére classique de modéliser la forme de la surface dans la région d’intérét est de
considérer des modéles de régression polynomiaux, souvent de degré 1

d
Y:Oé—i-Zﬂjl‘j-i-E,
j=1

avec a € R, (B1,...,B;) € R et e ~ N(0,1), ou de degré 2

d d
Y=a+ Zﬁjxj + Z BjkTjTk + €,

j=1 Gk=1

avec 31 € R pour tous j,k = 1,...,d. Plus récemment, des modeles plus complexes ont été
considérés, comme des modéles linéaires généralisés (voir les références citées dans Khuri
2001) ou des modéles non-paramétriques (Facer et Miiller, 2003), de fagon & améliorer 1’es-
timation de la surface y = m(z1,...,xq), en particulier lorsque la fonction m est réguliére.
Notons que plus le modeéle est complexe et plus le nombre d’expériences & réaliser pour
estimer ses parameétres correctement est important.

De fagon analogue au choix du modéle de régression, le choix du plan d’expériences doit
répondre & deux critéres antagonistes : d’'une part le nombre d’expériences & réaliser doit
étre le plus petit possible de facon & minimiser les cofits, d’autre part ’estimation de la
surface doit étre la plus précise possible. Les plans d’expériences classiques sont les plans
factoriels, les plans composites centrés (CCD) et de Box-Benhken. De nombreux autres plans
d’expériences existent, nous renvoyons a Georgiou, Stylianou et Aggarwal (2014) pour les
avancées les plus récentes sur ce sujet et & Khuri et Mukhopadhyay (2010) pour un état de
I’art et la description des plans les plus classiques.

1.5.2 Motivations pour une adaptation & un contexte fonctionnel

La méthode des surfaces de réponse s’est révélée extrémement utile dans de nombreux
domaines. Plus récemment, avec le développement de codes de calcul qui peuvent étre trés
consommateurs en temps, cette méthode a été étendue aux expérimentations numériques
(Sacks et al., 1989) et a été largement utilisée dans 'industrie, par exemple pour optimiser
la conception de produits manufacturés, comme des circuits électriques (Bates et al., 1996)
ou des pales de rotor (Lee et Hajela, 1996).

Cependant, aucune méthode n’existe pour optimiser une variable de sortie lorsqu’une
des covariables est une fonction ou une courbe. Or les besoins sont réels tant du point de
vue de 'optimisation de sorties de codes de calcul que de résultats d’expériences physiques.

Par exemple, la probabilité de défaillance de la cuve d’un réacteur nucléaire lors d’un
accident de perte de réfrigérant primaire est liée & I’évolution de la température, de la
pression et de Ueffusivité thermique (qui mesure la capacité du matériau a échanger de la
chaleur avec son environnement par contact) dans le cceur du réacteur. Ces paramétres sont
controlés par 'injection d’eau froide dans le circuit primaire. Une meilleure compréhension
de ce lien permettrait d’améliorer la procédure & suivre pour minimiser les dégats causés
par ce type d’accident.

Hormis les applications industrielles, il est possible d’envisager d’autres applications,
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comme des applications médicales.

1.5.3 Contributions du chapitre 4

Dans le chapitre 4, nous proposons donc une adaptation de la méthode des surfaces de
réponses pour des problémes d’optimisation d’une variable de sortie y en fonction d’une
variable fonctionnelle x € H.

La clef de la méthode est la définition de plans d’expériences pour variables fonction-
nelles. Nous considérons une méthode souple basée sur la réduction de la dimension per-
mettant d’exploiter les bonnes propriétés des plans d’expériences multivariés classiques.
Etant donné une famille orthonormeée (p;)1<j<q de H et un plan d’expériences multiva-
rié (x;,1 = 1,...,n) avec, pour tout 7, xX; = (Xi1,...,%X;4) € R? nous générons un plan
d’expériences fonctionnel (z;,i =1,...,n) de la facon suivante

d
€T; = E Xi,jgpj-
Jj=1

L’algorithme proposé est directement inspiré de la version classique, multivariée, de la
méthodologie des surfaces de réponse.

1. Génération d’un plan d’expériences fonctionnel (121(0)

région de l'espace et réalisation des expériences correspondantes (les résultats sont
notés (Yi(o),i =1,...,n0)).

,i=1,...,n9) dans une certaine

2. Estimation des paramétres d’'un modeéle d’ordre 1 : Y = a+ (8, x) + ¢ (avec o € R et
B € H) a l’aide de I’échantillon ((wgo)’ Yi(o)),i =1,...,n) obtenu a I’étape 1, et calcul
d’une direction de descente.

3. Optimisation le long de la direction de descente.

4. Reéalisation de nouvelles expériences autour du point optimal et estimation des coeffi-
cients d’'un modéle d’ordre deux Y = a + (5, x) + (Hx,x) + ¢ (avec « € R, 5 € H et
H : H — H un opérateur auto-adjoint) pour affiner la localisation du minimum.

Nous testons ’algorithme sur deux exemples de données simulées. Les résultats sont
encourageants et mettent en évidence I'importance d’un choix approprié de la base (¢;);>1.
Deux bases data-driven, c’est-a-dire générées & partir d’un échantillon d’apprentissage, sont
considérées : la base de 'ACP et la base PLS. La base PLS qui semble la mieux adap-
tée & notre contexte puisqu’elle permet de prendre en compte la corrélation entre X et Y
(contrairement a la base de ’ACP qui ne dépend que de X), donne de trés bons résultats
a condition que ’échantillon d’apprentissage soit bien choisi. La question du choix de la
dimension d est également étudiée d'un point de vue pratique : nous constatons que 1’algo-
rithme fonctionne d’autant mieux que la dimension d est grande. Cela est dd, d’une part
a une meilleure exploration de 'espace H, d’autre part, au fait que nous faisons croitre le
nombre d’expériences réalisées avec la dimension ce qui accroit la précision de ’estimation
des modéles. La contrainte sur la dimension est donc plutdt liée au nombre d’expériences
qu’il est possible de réaliser.

Nous appliquons ensuite la méthode de génération d’un plan d’expériences a des données
transmises par le CEA Cadarache, issues de résultats d’'un code de calcul. Ces données
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sont composées de courbes de température, de pression et d’effusivité thermique observées
lors d’une simulation numérique d’accident de perte de réfrigérant primaire. Nous sommes
en mesure de fournir un plan d’expériences & partir de ces données. La perspective de ces
travaux est de générer un échantillon afin de pouvoir estimer la direction de plus forte pente.
L’objectif final est de minimiser la probabilité de défaillance de la cuve lors de 'accident.






CHAPITRE 2

Prédiction dans le modéle linéaire
fonctionnel : point de vue de la
sélection de modéle

L’objectif de ce chapitre est de proposer des résultats non-asymptotiques pour des esti-
mateurs adaptatifs de la fonction de pente dans le modéle linéaire fonctionnel.

Nous définissons dans un premier temps un estimateur des moindres carrés sur l’espace
engendré par les fonctions propres de l'opérateur de covariance I'. Le choiz d’un tel espace
est motivé par ses propriétés d’optimalité (voir section 1.1.1).

Cependant, dans des contextes généraux, cette base est inconnue du statisticien et doit
étre estimée. La procédure classique consiste & prendre les fonctions propres de lopérateur
de covariance empirique I'y,. L’estimation par moindres carrés sur cet espace, qui est donc
ici un espace aléatoire, est connue sous le nom de régression en composantes principales.

Pour ces deuzx estimateurs, nous proposons une procédure de sélection de la dimension
par minimiasation d’un critére pénalisé. Nous montrons que les deux estimateurs sélectionnés
vérifient une inégalité-oracle pour Uerreur de prédiction.

Les propriétés numériques des deuz estimateurs sont étudiées.

Les résultats de ce chapitre ont fait 'objet de deux travaux soumis :

— Brunel, E., Mas. A. et Roche, A. (2013). Non-asymptotic Adaptive Prediction in Functional
Linear Models, HAL : hal-00763924, arXiv : 1301.3017.

— Brunel, E. et Roche, A. (2012). Penalized contrast estimation in functional linear models with
circular data, HAL : hal-00651399, en révision.
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2.1 Introduction

We recall that the Functional Linear Model (FLM) assumes a linear dependence between
a real-valued response Y and a functional predictor X belonging to an infinite-dimensional
separable Hilbert space (H, < -,- >,|| - ||) given by

Y =< B,X > e, (2.1)

where ¢ stands for a centered noise term with unknown variance o2 and is independent of
X and 8 € H is an unknown function to be estimated. We suppose the random variable X
to be centred as well and that E [|| X||?] < +oc.

2.1.1 Motivation

Functional linear models have proven their ability to make accurate predictions in many
practical situations (see e.g. Cardot, Crambes, and Sarda 2007, for ozone peak prediction
; Cho et al. 2013, for prediction of electricity consumption ; Bayle, Monestiez, and Nerini
2014, for application to environmental data).

All the estimators of the slope function § existing in the literature rely on the choice
of at least one tuning parameter (the smoothing parameter appearing in the penalized
criterion or the dimension of approximation space) which influences significantly the quality
of estimation. Optimal choice of such parameters depends generally on both unknown
regularities of the slope function § and the predictor X (see e.g. Cai and Hall, 2006;
Crambes, Kneip, and Sarda, 2009; Cardot and Johannes, 2010 and also Section 1.3 p.13)
and the parameters are usually chosen in practice by cross-validation.

Until the recent work of Comte and Johannes (2010), nonasymptotic results providing
adaptive data-driven estimators were missing. Comte and Johannes (2010) propose to select
the dimension of the orthogonal series estimator introduced first by Cardot and Johannes
(2010) by minimization of a penalized contrast criterion under the assumption that the
data X is circular in IL2(]0, 1]) that is to say X (0) = X (1) and X is second-order stationary.
Their results are generalized in Comte and Johannes (2012) to non-circular data. The
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dimension is selected by means of a stochastic penalized contrast criterion emulating Lepski’s
method (Goldenshluger and Lepski, 2011). Both resulting estimators are completely data-
driven and achieve optimal minimax rates for general weighted L2-risks. However, the
quality of an estimator B of the slope 8 can also be evaluated in terms of prediction. Some
of the literature focus on prediction error (Crambes, Kneip, and Sarda, 2009; Cardot and
Johannes, 2010) which is defined by

E [(?nﬂ ~ElVi X)) (X0, Vi), <Xn,Yn)] = [TY2B - B> =:11B - B,
= Y N(B- B (2.2)
i>1

This quantity (2.2) defines a norm on H denoted by | - ||% as soon as A; > 0 for all j > 1.
Since this assumption on the positivity of the eigenvalues (\;);>1 is necessary for the model
to be identifiable (see Section 1.3.2, p.13), we suppose in the sequel that it is verified.

The approach of Comte and Johannes (2010, 2012) do not recover prediction error since
their dimension selection criteria depends on the weights defining the risk. For prediction
error these weights are the eigenvalues of the covariance operator I', which are unknown in
practice.

Another approach is proposed by Cai and Yuan (2012) who develop a data-driven choice
of the tuning parameter of the roughness regularization method (Ramsay and Silverman,
2005) by estimating directly the optimal order of the estimation parameter. The function to
estimate (3 is supposed to lie in a reproducing kernel Hilbert space (RKHS). The mean excess
risk of their estimator is shown to attain the optimal rate of convergence which depends
both on the covariance operator associated to X and on the reproducing kernel. However,
the limitation of their method is to require that the kernel of the associated RKHS is known
which amounts to suppose that the regularity of the function to estimate 8 is known.

The motivation of this work is to propose an entirely data-driven procedure to select the
adequate dimension D,, for least-squares estimators defined on both approximation spaces
Sp,, (when it is known) and S D,, and to give non-asymptotic results in terms of prediction
error.

2.1.2 Organisation of the chapter

The estimation procedures are presented in Section 2.2. The resulting estimators are
proved to satisfy an oracle-type inequality and to attain the optimal minimax rate of conver-
gence for the risk associated to the prediction error for slope functions belonging to Sobolev
classes in Section 2.3. In Section 2.4, a simulation study is presented including a comparison
with cross-validation. The proofs are detailed in Section 2.5 and in Appendix A.

2.2 Penalized contrast estimation of the slope function

2.2.1 Least-squares estimation

In this section we fix a dimension D,, and define estimators in both spaces S,, =
span{¢1,...,¥p,,} (when the eigenfunctions (¢;);>1 of I' are known) and
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S = span{,....¥p,,}.

Case where the eigenfunctions of I' are known

We define — in case that this definition makes sense — the least squares estimator B\ﬁnKB)

of B in S, by:

BEB) = arg mingcg Yo (f); (2.3)
where
1 n
Mm(f) =~ > Y- < f,X>)% (2.4)
=1

The function f = Z]D:"i a;1; minimizes the contrast v, on Sy, if and only if the vector

(a1, ...,ap, ) € RPm minimizes the convex function

2
n

D
1 m
F(tl,...,tpm) ::E E Y, — E tj <1/Jj,Xi>
i=1 j=1

on RP™ . Let us define the matrix

EI;m = (<anjawk>)1§j7kgp (2-5)

m

and the vector .

1 n
gm—<nZYi<¢y,Xz>> )
i=1 1<j<Dm,
we have:
VF(t) = —2gm + 2P,
with t = (t1,--- ,tp,,) € RPm.

Therefore, we have existence and uniqueness of the least squares estimator B,(nKB) on Sy,
if and only if the matrix ®,,, is invertible. In that case, the estimator is given by:

o~

D
BIEB) = Z ;i
j=1
with o = @;ﬂgm.

Case where the eigenfunctions of I' are unknown — Functional Principal Com-
ponent Regression (FPCR)

Define g := (1/n) >, Y;X; the cross-covariance between Y and X and

D ~ 7

BgPCR) = 9% > ,X-j >1Zj. (2.6)
j

3

.
Il
—



Chapitre 2. Prédiction dans le modéle linéaire fonctionnel 34

We can see easily that (2.6) is the unique minimizer of the least-squares contrast ~,, defined
by Equation (2.4) if A, > 0.

In the sequel, when a property applies to both B&KB) and Ey(f PCR)
these estimators by ﬁm. In the next section, we define a model selection criterion to select

we denote simply

an estimator in the family { Bm, m € M\n} where M\n is a data-driven model collection.

2.2.2 Model selection criterion

We give here some additional details on the link between m and the dimension of S,
denoted by D,,. In all the chapter, the sequence (Dy,)n>1 is an increasing sequence of
positive integers. For the estimator B(FPCR)
B(KB) it could be useful to restrict the admissible dimensions: for instance when X is

, we set D,,, = m. However, for the estimator

second-order stationary and X (0) = X(1) almost surely (circular data), the space S, is
spanned by the Fourier basis and it seems more appropriate to set D,, = 2m + 1. For
this reason, and also to keep unified notations for both estimators E(FPCR) and B(KB), we
choose the general notation D,,.

Since the theoretical results are true if the maximal dimension we can consider satisfies
some constraints depending on the sequence (\;);>1 (which is unknown), we define empirical
maximal dimensions.

Let € >4 and 0 > 0 and s,, := %(1 —1/4/In(n)),
N{FPCR) . — max {N € N*, Dy < min{20y/n/In3(n),n/0(1 + 26)} and XDN > 5n} ,

where we recall that (X]) j>1 are the eigenvalues of the empirical covariance operator I'y,.
We also define,

N, := max {N € N*, Dy < min{20y/n/In3(n),n/0(1 4+ 28)} and Ap, > n2} .

—~ —~ (FPCR
We set M&FPCR) = {1, . ,Nn( )} and M,, :={1,..., N, }.
The dimension selection criterion is very similar for both estimators: we define
mEB) .= arg min, ¢ v, (crit(m))
mFPOR) . — arg min o (crit(m))
where D
crit(m) := v (Bm) + pen(m) = v,(Bm) <1 +0(1+ 5);) : (2.7)
-2 D

peni(m) = 6(1 + 06

m n )
and 72, is a plug-in estimator of the noise variance o2 defined by

n

1 ~ ~
~2 2
= Yi— s X = Tn\Pm)-
= g Vi < B Xi ) = 20(B)
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B\T(HKB) of B\(FPCR)

We replace Bm by either m where required.

Then, we propose the following estimators of the function

E(KB) = B\g((ff);)lé
gEPCR) ggfjgc@)

where

G = ﬂ {QXm 25n}

meMy,

with Xm the smallest eigenvalue of </I\>m We simply write B when a property applies to both
estimators.

Remark that Baraud, Giraud, and Huet (2009) also propose a multiplicative criterion for
model selection purpose in the Gaussian regression framework with unknown noise variance.

Translated to our context, with our notations, this consists in taking 2, = - %(Bm)

For the FPCR estimator, a major difference appears here with classical model selection
device. Indeed, they are always carried out with fixed and known model collections. Here
we handle random bases and this is the source of additional problems related to the conver-
gence of (possibly random) projectors associated to these finite-dimensional spaces. Other
difficulties come from the non-linear dependency between the coefficients of our estimator
in the basis (%, e Jm) and the basis itself. Solving these problems requires specific tools.
Here we have used tools from perturbation theory. The presentation of this theory as well
as the proofs relying on it are given in Appendix A.

2.3 Upper-bound for the prediction error

2.3.1 Assumptions

Recall that (Aj,1;);>1 denote the eigenelements of the covariance operator I'. We first
suppose that all the eigenvalues (););>1 are distinct, consequently Ay > Ao > .... This
assumption may be relaxed but at the price of technical difficulties.

We can control the risk under four additional assumptions:

H1 There exists p > 4 such that 7, := E[|¢[’] < +o0.
H2 There exists b > 0 such that, for all £ € N*,

< X, >% 01
— < /b,

supE
jeN

J

In order to deal with random approximation spaces {gm, m &€ M\n}, we will need in addition
the two following assumptions
H3 For all j # k, < X,1; > is independent of < X, 1)y, >.

H4 There exists a constant v > 0 such that the sequence (j\; max{In'*(j),1})
decreasing.

j>1 18
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Assumption H1 is standard in regression, it is verified for most of the standard distri-
butions (uniform, normal,...). Assumption H2 is necessary to apply exponential inequal-
ities, it is verified for Gaussian processes. Assumption H3 is also classical and we know
from the Karhunen-Loeve decomposition of X that it is true for Gaussian processes too
(see Ash and Gardner 1975, Section 1.4). Moreover, note that for every general random
variables X € H, the random variables < X,; > and < X, 1, > are uncorrelated since if
J#k, El< ¢, X; >< ¢y, X; >] =< T, >= 0. The assumption H4 on the sequence
(j)\j max{In'*7(5), 1})j>1 allows to avoid more restrictive hypotheses about spacing con-
trol between eigenvalues as usually made in the literature (see Cai and Hall, 2006, Hall and
Hosseini-Nasab, 2006, Hall and Horowitz, 2007).

2.3.2 Oracle-type inequality for the empirical risk

We define an empirical semi-norm naturally associated to our estimation problem by

1 n
I£1E, = ITL/2f)% = - z; < f,X; >2 forall feH.
1=

In a first step, in Proposition 1, we prove that our estimators verify an oracle type
inequality for the risk associated to this semi-norm whatever the regularity of the slope
function 8 and the decreasing rate of the covariance operator eigenvalues are.

For all m, we denote by II,, the orthogonal projection operator on S, and by ﬁm the
orthogonal projection operator on §m

Proposition 1. Suppose that Assumption H1 is fulfilled. We have, if n > 2,

n

~KB) a2 ) /P + |82
B3 ~plf,) < C( inf {E [l ~nblf,] +pen(m)} + 2= ) (28)
and

_ R 2/p 2
E[|FEFOR — g2, ) < ' (mgg {Bl18 — TLnBI2,] + pen(m) } + *”5”> . (29)

n

where D
pen(m) := 0(1 4 8)o? =2,
n
is the theoretical version of pen(m), M,, :={1,..., N,} the theoretical version of M\n, and

C,C" > 0 depend only on 6, p and §.

2.3.3 Oracle-type inequality for the prediction error

In this section, we derive an oracle-inequality for the risk associated to the prediction
error. For BUFPCR) this oracle-inequality is obtained at the price of additional assumptions.
One of them is to suppose that 3 is in an ellipsoid of H, denoted WX, and depending on
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two real numbers r, R > 0,

Wi=qfeH, Y j < [ >*< R
j>1

In the case where H = L2([0, 1]) and (¢/;)j>1 is the Fourier basis, a function 3 belongs to
WE if it is sufficiently "smooth”. More precisely, for any even integer r = 2k € N*, g € WE
if and only if:

— the (k — 1)-th derivative of g, B#=1) is absolutely continuous;

— there exists L > 0 such that ||| < L;

—forall j=1,...,k—1, 9(0) = gU)(1).

This result is due to Tsybakov (2009, Lemma A.3).

We also need to precise the decreasing rate of the sequence (\;);>1. Usually in functional
linear regression, this rate is supposed to be polynomial (see for instance Cai and Hall 2006;
Crambes, Kneip, and Sarda 2009; Cai and Yuan 2012) but more regular processes may be
considered. That is the reason why, following Cardot and Johannes (2010) or Comte and
Johannes (2010), we also consider exponential rates.

(P) Polynomial decrease. There exists two constants a > 1 and c¢p > 1 such that, for
all j > 1
i< N <epj™

(E) Exponential decrease. There exists two constants a > 0 and cg > 1 such that for
all j > 1
cEl exp(—j*) < Aj < cpexp(—j9).

Theorem 1. Suppose that both assumptions H1 and H2 hold, if E[|| X|*] < +oo,

~ 2/p 2
B3 - 51f] < €1 iy (18— 1R + pen(m)) ) + LD 0,10

where the constants C1 > 0 and Cy > 0 do not depend on 3 or n.

Suppose that, in addition, assumptions H3 and H4 hold and that the decreasing rate of
(A\j)j>1 is given by (P) or (E). Suppose moreover that 3 € W and that, in the polynomial
case (P), a+1r/2 > 2. We have, if n > 6:

B(IFTOR — gl < 0 ( iy (BIS - Bndl)+pent)) ) + S 2

me n

where the constants C1 > 0 and C% > 0 do not depend on (3 or n.

IfIIE,
[ fIR
which is equal to the minimal eigenvalue of a random matrix. The proof of Inequality (2.11)

Inequality (2.10) is obtained from Inequality (2.8) by a control of the quantity inf ;¢ g

follows the same idea. However, additional difficulties come from the randomness of the
space Sy,.

I£1E, . . I£12,
is harder to control than inffcg
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— For the non-random projector II,,, we have

n

> (B =T, Xi)?| =118 — T BlI2-

=1

1

n

E 16— Lg% ] = E [

This property is no longer true for I, since, in general, E |(5 — ﬁm,B,X1>2 +

E [Ilﬁ - ﬁmﬁn%}. The upper-bound on E [HB — 0,812, | is obtained in Lemma 19 in
Appendix A p.170. )

Remark 1: The condition a + r/2 > 2 is verified as soon as a > 2 without condition
on the regularity parameter r of the slope 8. Note that if X is a Brownian motion, \; =
772(j — 0.5)72 (Ash and Gardner, 1975). Hence, Assumption (P) is verified with a = 2
and Assumption H4 is verified with e.g. v = 1. Hence, the assumptions of Theorem 1 are
fulfilled regardless the value of r.

2.3.4 Convergence rates

As a consequence of the oracle-inequality given in Theorem 1, we derive uniform bounds
on the risk of our estimators on the ellipsoids WE.

Theorem 2. Assume that the assumptions of Theorem 1 are fulfilled. For all v > 0 and
R>0:

Polynomial case. If (P) holds:

sup B[ — B[R] < Cpn(e+n)/tr+), (2.12)
BeEWE

Exponential case. If (E) holds then:

sup E[[|5 — B|3] < Cpn~(Inn)V/e, (2.13)
BeEWE

with Cp and Cg independent of n.

Remark 2: In the case where the noise ¢ is Gaussian, the bounds (2.12) and (2.13)
coincide, up to the multiplicative constants, with the minimal bounds given by Cardot and
Johannes (2010). Similar rates are obtained by Cai and Yuan (2012) for the excess risk
which is very close to the prediction error.

2.4 Numerical results

2.4.1 Sample simulation

In order to provide a method of simulation of the curve X, we start from the Karhunen-
Loéve decomposition of X,

X =) <X >,

j>1
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where we recall that the convergence of the series takes place in || - ||

The sequence (< X, 1; >);>1 is a sequence of uncorrelated and centred random variables
with variance E[< X, v; >2] =< T'ip;,¢; >= \;.
We are taking up the idea of Hall and Hosseini-Nasab (2006) to simulate X using a truncated
version of its Karhunen-Loéve decomposition at a rank J € N*:

J
X (1) = /A&t (2.14)
j=1

This allows to explicitly choose the eigenvalues of the operator I' and, in particular, to study
the influence of the decreasing rate of (\;);>1 on the quality of estimation. The rank J has
to be chosen sufficiently large such that )
the sequel, we take J > 100.

We simulate a Gaussian process, then here ({;)1<j<s is a standard normal Gaussian

j>J Aj s negligible with respect to E‘jjzl Aj. In

vector.

In the following, we set H = LL2(]0, 1]) and, except in Section 2.4.5, we will consider the
following family of basis:

WiVt € 10,1 -+ V2sin(n(j — 0.5)0), for all j > 1.

This choice of basis functions corresponds to the family of eigenfunctions associated to the
Brownian motion (see Ash and Gardner 1975), hence we can simulate a Brownian motion
by taking \; = (j — 0.5) 7272

In order to study the effect of the estimation of the eigenfunctions on the quality of

KB) and E(FPCR)

estimation, we will compare both estimators E ( and simulate circular data.

We consider the Fourier basis:
(2) — (2) . 2 . .
Y1 =1, by 1t €[0,1] = V2cos(2mt) and ¢y 1t € [0, 1] — V2sin(27t).

In the following, we set, for i = 1,2,
X0 =3 g ).
j=1

Examples of simulated curves are given in Figure 2.1.

To match with what happens for real data, the random function X is discretized and
we treat the sequence (X (t1),...,X(tp)) with p € N* (hereafter p = 100 and t; := % for
all j=1,...,p).

Then Y; is obtained directly from its definition and the scalar product is approximated
by the trapezoidal rule

Yi = <B,Xi>+e

1 [ B)X (1) + BE)X(L,) =
p—1 2

%
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Figure 2.1: realisation of X following (2.14).

with & ~ old([-V/3,V/3]) and o2 = 0.01.
We mainly test two slope functions

B1(z) = In(152% 4+ 10) + cos(4nz) (Cardot, Ferraty, and Sarda, 1999)

and
Bo(x) = ¢~ (2=0:3)%/0.05 cos(4rx).

2.4.2 Estimation of the PCA basis

In practice, the calculation of E(KB) does not cause difficulties, it is made following

the procedure explained in Section 2.2.1 where we fix D,, = 2m + 1. For E(F PCR)

, we
take D,, = m and the procedure, detailed in Section 2.2.1, is relatively similar but the
calculation of the PCA basis is a practical problem. Recall that the aim is to estimate the

eigenfunctions (1@) j>1 and the eigenvalues (X]) j>1 of the empirical covariance operator

1 n
Lp:fe ;ZU? Xi) Xi.

=1

While the empirical covariance operator can be explicitly calculated, the calculation
of its eigenfunctions is a real difficulty. The usual method (see Ramsay and Silverman
2005, Section 8.4.2) consists in reducing the problem to a finite-dimensional linear algebra
problem by calculating the eigenfunctions and eigenvalues of the restriction of I';, to a finite-
dimensional space.

For that purpose, we choose a finite orthonormal family of function of H, here an his-
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togram basis with bin width 1/(p — 1):

ej =P =11y, 000 forj=1,...,p—1,

where (t;);j—1,..p—1 is the discretisation grid used for X. With this choice of basis, this
approach is very similar to the discretisation approach described in Ramsay and Silverman
(2005, Section 8.4.1).

The matrix
I':= (< Tpej,ex >)1§j,k§p—1

coincides with the restriction of I'j, to the space span{ej,...,e,—1}. Let (Xj)lgjgpq (resp.
(Vi,...,Vp—1)) the eigenvalues (resp. eigenvectors) of the matrix I', we estimate the value of

o~

Y; for j=1,...,p—1 at a point ¢t € [0, 1] in the following way :

p—1
Di(t) == > (Vj)wen(?).

k=1

Figure 2.2 presents the result of the estimation of the eigenfunctions, we remark that,
forall j =1,...,8, we estimate accurately either 1[1](-1) or —w](-l) (since the eigenfunctions are
defined up to the multiplication by -1).

=1 =2 j=3 =4
v 0 0
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Figure 2.2: Estimation of wj(.l) for j = 1,...,8. Black dotted curve: plot of wj(-l), blue
curve: plot of @;1), red curve: plot of —1/p\§1), n = 1000, \; = j73.
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2.4.3 Calibration of the constant ~ appearing in the penalty
Recall the definition of B :

~ ~ ~ S C
BUEB) — ﬁgff;) and PR — ﬁ,(?iipc%

(KB)

where m minimizes the criterion

crit BB (m) = v, (BEP) + k5
and mFPCR) minimizes
crit "POR) (1) = 4, (B POR)) 4 kg

It is important to fix accurately the value of x in both criteria since it influences the com-
plexity of selected models. We study several methods of calibration for «: one is a method
based on simulations and Monte-Carlo study and the others are based on slope heuristics.

Calibration by simulations

We start from the principle that the value of k should not depend on the law of X, or the
law of the noise ¢, or 5 or n. The ideais then to plot IE[HE—BH% as a function of «, for different
values of n (n = 200, n = 500, n = 1000), (A;);>1 and S (81 and S3(t) := (t—0.2)(t —0.5)).
For each set of parameters and each value of k, the risk E[HE— B3] is approximated by the
mean of N = 500 Monte-Carlo replications of the random variable ||3 — 3]/

From the results presented in Figure 2.3 we deduce that the optimal constant « should
lie between 2 and 4.

The final goal is to select a dimension which is as close as possible to the oracle dimension.
We compare numerically the dimension selected by the criterion and the optimal dimension
m* defined by

m* = argminme,/\/(n{nﬁ - ﬁmHIQ“}

This definition differs from the usual definition of oracle given in the introduction (Sec-
tion 1.2.1, p.9) but is more adapted to numerical contexts since it does not involve an
expectation. We call m* the pseudo-oracle (or sometimes oracle for brevity of notation).

We decide to study the quantity m —m* which is called hereafter distance to the oracle.
The closer the distance to the oracle is to 0, the better it is. A negative distance suggests
that we over-penalize and hence that s is too large and a positive distance that x is too
small.

Figure 2.4 indicates that for small values of x (k < 2.5) the criterion is unstable. This
instability is no longer perceptible when x > 3.5, then in the sequel we fix kK = 4. Similar
considerations allow us to fix k = 4 for B = B(KB).

Slope heuristics

Alternatives to calibration by simulation, called slope heuristics, have been introduced by
Birgé and Massart (2007). It is based on two principles, supported by theoretical arguments.
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Figure 2.3: Calibration of k. Each figure represents the approximation of E[|8 — 1]

depending on « for different combination of n, (A;);>1 and 5. Left-hand side: 5 = B(KB>,

right-hand side: E = E(F PCR) - Legend: for /\g-P) : black curves: n = 200, red curves:
)

n = 500, green curves: n = 1000; for A;E : dark blue curves: n = 200, light blue curves:

n = 500, pink curves: n = 1000; )\gj) = )\gj_l = (2)72 on the right-hand side, /\g-P) =72
on the left-hand side, Ay, = A7) | = e~% on the right-hand side, A" = e~2/. For fi, the
curves are solid, for (3, the curves are dotted. The values of each curve are first divided by
their maximum, this does not change the behaviour of the curve but make the figures more

visible.
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Figure 2.4:  Distribution of the distance to the oracle over 500 estimators of S for different
values of k, n = 1000, X = X1, g = gFPCR),

The first principle is the existence of a minimal penalty that is a penalty defined such that
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the complexity of estimators defined with lighter penalty explodes while estimators defined
with a higher penalty have a reasonable complexity. The second principle is that the ideal
penalty is equal to twice the minimal penalty. The method has then been developed and
extended to various statistical models both in a theoretical and practical point of view (see
Baudry, Maugis, and Michel 2012 for a recent overview). The two main methods — slope
estimation method and the dimension jump method — are implemented in the package R
Capushe (Brault et al., 2012).

To understand the dimension jump method, let us detail the arguments leading to the
first principle that is the existence of a minimal penalty. We give only here the arguments
necessary to understand the basis of the slope heuristic method and we refer to Birgé and
Massart (2007), Arlot and Massart (2009), Verzelen (2010), and Lerasle (2012) for details
and theoretical validation in different contexts. Hence the following is purely heuristic and
we de not pretend to make a proof. For simplicity, we suppose in this section that the noise
variance o? is known, in that case the penalty is written

D
pen(m) = ko? —= (2.15)
n
17 (FPCR) . -
Let pen,;,(m) := v,(II,,8) — (Bm >, we see that pen,;, is a minimal penalty.

We assume here that pen,;,, can be written in the form mminazDTm (in practice it is only close
to a quantity which can be written on this form). Indeed, we can describe what appears for
the FPCR estimator with the following heuristics.

— Suppose that pen(m) < pen,y;, (m), then 7, ( (FPCR))

pen(m) < v, (I, B). If n is
large, we have fyn(ﬁmﬁ) ~E [fyn(HmB)} ~ 0%+ || B —11,,, 8|3 since this last quantity is
decreasing we see that the criterion to select m will be decreasing too and will select
the most complex model.

— Now suppose that pen(m) > pen,;,(m), for instance suppose that there exists o > 1
such that pen(m) = apen,;,(m), the criterion to select m is then written

. (AgPCR)> + pen(m) = (AgPCR)) +am, ( w3 — BUFPCR) )

the first term is a bias term which stabilizes when m grows while the second is a
variance term which explodes when m grows. The criterion will not select too complex
models.

The same reasoning is true for E(KB) replacing ﬁm by I,

This argument tells us that a complexity jump is expected around the minimal penalty.
Then, if we detect the value of k for which this jump occurs, we can detect the value of
the minimal penalty, and the optimal one follows from the second principle. Figure 2.5
illustrates the method.

For the slope estimation method, recall that the second principle states that the optimal
penalty is pen,, = 2pen,;,(m), we have:

penyy (1) = 2(vn ([nB) — 7 (8)) + 2(7(B) — ¥ (Bm)),

the first term, which is a bias term, stabilizes when m is sufficiently large, for this values
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Figure 2.5: Illustration of dimension jump method § = f2, n = 1000, X = X with
\j = j 2 (Capushe).

we have pen, (m) = mothQDn—m ~C — 27n(§m). Then, for m sufficiently large, the scatter

plot of (JQDT’", —vn(ﬁm))m follows approximately a line of slope Kopt/2 = Kmin Which can
be estimated by linear least-squares regression.

Figure 2.6 illustrates the slope estimation method. In particular, the left-hand plot

~
he poi 2Dm d the fitted 1 li
represents the points (022, —v,,(8,,))m and the fitted least squares line.
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Figure 2.6: Illustration of the slope estimation method, 8 = f2, n = 1000, X = X with
Aj = j 2 (Capushe).
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Comparison of calibration by simulation and slope heuristics

B<F PCR) when the con-

We compare, in this section, the performances of the estimator
stant  is fixed, as recommended above, to kK = 4 or estimated by slope heuristics.

The results given in Table 2.1 suggest that the estimators are more stable when « is fixed
to k = 4. The performance of the estimators obtained with the three methods (fixed constant
(k = 4), slope estimation and dimension jump) are almost identical when the sample size
is large enough (n = 1000). The slope estimation method seems to behave better than the
dimension jump method when the sample size is small but calibration by simulation behaves
better than the two above for small sample sizes. From the considerations above, we choose
to fix kK = 4 in the sequel.

Aj B1 B2
n = 200 n = 500 n = 1000 n = 200 n = 500 n = 1000
j72 k=4 12.5 +0.4 6.0 +0.2 3.65 +0.08 | 4.9 + 0.3 1.90 +0.09 0.91 +0.05
DDSE 73 £2 36 £2 4.3 £0.7 8 +1 4.0 £0.6 1.6 +£0.2
Djump 100 +20 11 £5 3.6 £0.1 6.2 0.4 2.6 0.2 1.3 £0.1
j_3 k=4 6.9 +0.3 3.2 £0.1 1.83 £0.05 5.4 £0.3 1.8 0.2 0.84 +0.04
DDSE 15.4 £0.6 8.2 0.5 2.3 £0.2 5.0 £0.3 2.0 £0.2 1.08 +0.08
Djump 51 +4 13 +3 1.89 +0.09 6.5 £0.5 2.7 £0.3 1.4 +0.2
e’ k=4 4.9 +£0.3 2.02 +£0.09 1.08 +0.05 4.9 £0.2 1.9 0.1 0.79 +£0.05
DDSE 5.1 +0.3 2.1 £0.1 1.11 +0.05 4.5 +0.2 2.0 £0.1 0.94 +0.06
Djump 53 +3 27 +3 4+2 7.2 £0.9 3.7 £0.7 1.6 +£0.5

Table 2.1:  Mean prediction error and 95% confidence interval (x107*) over 500 Monte-
Carlo replications of 3(FPCR)  First line, dimension selected with the penalty (2.15), with
k = 4 and o2 known, DDSE: slope estimation method, Djump: dimension jump method.

2.4.4 Effect of the random term 72, in the penalty

We want to know what is the effect of the estimation of the noise o2 on the quality of

A(FP
estimation. We then compare the mean prediction error of the estimator B p FECR 12) where

A(FPCR) 2 D

MR ¢ argming,_; n,n (ﬁm ) + Kot —,
seenydi¥n n

with our estimator B(Ffjgf ,%), which is selected by minimization of

o (BFPER) 4 2, O,
n

where

We fix k = 4 in both cases.
As we can see on the Table 2.2, the mean prediction error is quasi identical for both

estimators [3’ ffff ) and ,6 F?ECR - Moreover, Table 2.3 shows that both criteria selects the
2

same dlmensmn in most cases. Then, even if the estimator &;,, is not a good estimator of
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Aj B1 B2
n=200 n=500 n=1000 | n=200 n=500 n=1000

72 | U [ 126 404 6.1 £0.2  3.65 £0.08 | 5.0 £0.3 2.0 £0.1 0.93 £0.05

mFPCR) |1 123 £04 6.0 £0.2  3.59 +£0.08 | 5.1 £0.3 2.0 £0.1 0.93 £0.05

i3 | TR | 69403 33401  1.85+0.05 | 5.5 +0.3 1.9 40.1 0.88 +0.04

mIPCR) | 68 +0.3  3240.1 1.86 +0.05| 53 +0.3 1.9+0.1 0.88 +£0.04

e | mITPCR [ 49402 2054009 1.11 4£0.05 | 4.9 0.2 2.0 +0.1  0.86 +0.05

mEPCR) | 49 +£0.2  2.05 +£0.09 1.10 +£0.05 | 4.9 £0.2 2.0 £0.1 0.86 +0.05

Table 2.2: Mean prediction error and 95% confidence intervals (x10~%) calculated on 500
estimators.

Aj b1 B2
n=200 n=500 n=1000|n=200 n=500 n=1000
2 7 85 91 87 97 98
j3 84 91 94 91 97 98
eJ 91 96 97 91 96 97
Table 2.3: Proportion of samples (in %) such that m(FPCR) = ﬁz,(,FPCR), calculated on 500

estimators.

o2 (especially when m is small), the criterion with random penalty behaves well.

2.4.5 Comparison of estimators 3B) and SEFFCR)
Circular data context

To see the effect of estimation of eigenfunctions, we compare both estimators in a circular
dala context.

First remark that, with the choice of the Fourier basis ( j(z))jZl the random function
X @ satisfies the assumptions of circular data (X®)(0) = X (1) and X® is second-order
stationary) as soon as J is odd and Ao = Aoy for all k.

The rank J must be chosen sufficiently large so that Ay is negligible with respect to A;.
We fix J = 101 in the following.

Figures 2.7 and 2.8 show that both estimators seem to be satisfactory. The boxplots of
the last line indicate that the estimator E(KB) has better performances than the estimator
E(FPCR) which was to be expected.

Non-circular data

In figures 2.9 and 2.10, we see that the FPCR estimator B(FPCR) seems to have bet-
ter performances than E(KB). The dimension selection criterion, which is adapted to the
context where the model is spanned by the eigenfunctions of the covariance operator (or
their empirical counterpart), is not effective for the estimator B<K B) _ which is defined on
the Fourier basis — when the curve X is not periodic. We see here the advantage of taking
a data-driven basis: consistently with the theoretical results, the estimation procedure is
efficient regardless the law of X.



Chapitre 2. Prédiction dans le modéle linéaire fonctionnel 48

Aoj=Xoji1 = (27)72 Ay =gy = (20)70 0 Ay =Koy =e Y

BKB)

B(FPCR)

Figure 2.7: Estimation of 81, X = X@ (circular data). First line: plots of 10 independent
realisations of 355 (in red). Second line: plots of 10 independent realisations of f(FFCHR)
(in green). In both lines 8 is plotted in black. Third line: comparison of mean squared
prediction error over 1000 Monte-Carlo replications of S55) and gUFPCR)  n = 1000.

2.4.6 Comparison with cross validation

We compare our dimension selection criterion with two cross validation criteria fre-
quently used in practice. The first method consists in minimizing

> i (Yi - Yi)?

GOVim) = )

where Y; := fol Bum (t)X;(t)dt and H,,, is the classical hat matrix defined by Y = (Y1,..., Y,) =
H,, Y. This criterion has been proposed in a similar context by Marx and Eilers (1996) and
in the context of Functional Linear Models by Cardot, Ferraty, and Sarda (2003). The
second one consists in minimizing the criterion

_ 1y o))
Cvim == 3 (=¥

=1
which has been proposed in the framework of Functional Linear Model by Hall and Hosseini-
Nasab, 2006. Here Yi(_l) is the value of Y; predicted from the sample {(X},Y}),j # i}. Note

that an immediate drawback of this criterion is that it requires a much longer CPU time
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E (FPCR)

Aoj = Aojp1 = (25) 73
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Figure 2.8: Estimation of Sz, X = X @) (circular data). First line: plots of 10 independent
realisations of 355 (in red). Second line: plots of 10 independent realisations of S(FFCHR)
(in green). In both lines 3 is plotted in black. Third line: comparison of mean squared
prediction error over 1000 Monte-Carlo replications of S55) and gUFPCR)  n = 1000.

than the GCV criterion or our penalized criterion.

Aj B B2

2 n = 200 n = 500 n = 1000 n = 200 n = 500 n = 1000
crit 12.5 +0.4 5.8 +0.2 3.51 +0.08 4.7 +£0.3 1.89 +£0.09 0.89 +£0.05
GCV 80 +2 55 +2 47 £2 80 +2 55 +2 47 £2
(MY 12.2 +0.5 5.6 £0.2 3.34 £0.09 5.7 £0.4 2.2 £0.2 1.08 4+0.06

j_3 crit 6.6 0.3 3.2 +0.1 1.83 +0.06 | 5.4 +0.3 1.8 £0.1 0.88 +£0.04
GCV 18.4 +0.5 12.6 +0.3 9.3 £0.2 18.5 £0.5 12.7 +0.3 9.5 £0.2
(MY 7.3 £0.4 3.3 £0.2 1.78 £0.07 | 5.1 0.4 2.0 £0.2 1.05 £0.08

e’ crit 4.7 +0.2 2.03 £0.08 1.11 +0.05 | 4.9 +0.2 1.82 £0.09 0.77 +0.05
GCV 5.8 £0.3 2.67 £0.09 1.45 £0.05 6.0 £0.3 2.7 £0.1 1.40 4+0.05
CvV 4.8 +0.3 2.05 £0.09 1.10 +0.05 | 4.6 +0.3 1.8 £0.1 0.87 +0.05

Table 2.4: Mean prediction error (x10~%) and approximated 95% confidence interval (cal-
culated from 500 independent samples of size n = 1000).

According to Figure 2.11 and Table 2.4, performances of our estimator seem to be quite
similar to the functional PCR estimator with dimension selected by minimization of the
CV criterion. Conversely, the GCV criterion selects systematically the highest dimensional
model which leads to poor performances.
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BKB)

B(FPC’R)

Figure 2.9: Estimation of 81, X = X (). First line: plots of 10 independent realisations of
BUB) (in red). Second line: plots of 10 independent realisations of SEFCHR) (in green). In
both lines 3 is plotted in black. Third line: comparison of mean squared prediction error
over 1000 Monte-Carlo replications of SEE) and gEPCR) = 1000.

2.4.7 Comparison with the pseudo-oracle

The purpose of this section is to compare the different methods of dimension selection
previously considered with the pseudo-oracle dimension.

We first compare the distance to the oracle of our method with slope heuristics methods.
The histogram in Figure 2.12 suggests that the slope estimation methods and the jump
dimension method tend to select higher dimensions — that is to say to under-penalize — and
have the disadvantage of being slightly unstable. Then we compare with cross-validated
criteria. The criterion C'V seems to have a behaviour very similar to slope heuristic methods,
as shown in Figure 2.13. Conversely, setting k = 4, the dimension selected by our criterion is
usually slightly lower than the pseudo-oracle, which means that it over-penalizes. As shown
in Figure 2.4, this problem can be solved by choosing a smaller value of x (e.g. kK = 2) but
at the price of the stability of the estimator.

We also look at the ratio to the pseudo-oracle that is to say the quantity
. [ 18 - Ball2 ]
18— B 112

the results are given in Table 2.5 and confirm findings discussed above.
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Figure 2.10: Estimation of f3, X = X ), First line: plots of 10 independent realisations of
BUB) (in red). Second line: plots of 10 independent realisations of S PCR) (in green). In
both lines 3 is plotted in black. Third line: comparison of mean squared prediction error

over 1000 Monte-Carlo replications of E(KB) and E(FPCR). n = 1000.

Aj B B2
n = 200 n = 500 n = 1000 n = 200 n = 500 n = 1000
j_2 crit 1.43 +0.04 1.33 £0.03 1.33 £0.03 1.32 £0.06 1.27 +£0.05 1.13 +0.03
GCV 9.7 £0.2 13.0 0.4 19.6 +0.7 28 +2 47 +£3 76 +5
CV 1.40 +£0.06 1.27 +0.03 1.25 +0.03 1.6 +£0.2 1.51 £0.09 1.44 £+0.08
DDSE 1.7 £0.1 1.5 £0.1 1.45 +0.09 2.3 £0.4 2.2 +£0.4 2.4 +0.6
Djump 1.48 +0.06 1.34 +0.04 1.30 +0.04 1.7 £0.2 1.7 +£0.2 1.6 0.2
j73 crit 1.44 +£0.05 1.42 +0.04 1.45 £+0.04 2.1 +£0.2 1.41 +£0.07 1.33 +0.06
GCV 4.3 +0.2 5.9 £0.3 7.9 £0.3 7.8 £0.6 12.3 +0.8 18 £+2
CvV 1.56 £0.08 1.43 +£0.06 1.39 +0.05 1.8 +0.2 1.7 £0.2 1.6 £0.2
DDSE 2.0 +£0.2 1.8 +0.1 1.7 £0.2 2.7 £0.3 2.5 +0.3 2.4 +0.3
Djump 1.51 +0.06 1.47 +0.05 1.46 +0.06 1.9 +0.2 1.8 +£0.2 1.8 +0.2
e’ crit 1.43 £0.06 1.37 £0.04 1.40 +0.05 2.0 +0.2 1.7 £0.1 1.26 +0.05
GCV 1.80 £0.07 1.90 £0.08 1.91 £0.07 2.4 £0.2 2.7 +£0.2 2.7 £0.2
(6AY% 1.42 4+0.06 1.40 +£0.07 1.40 +0.06 1.8 +0.2 1.6 +0.2 1.5 £0.1
DDSE 1.34 +£0.04 1.41 +0.06 1.43 +£0.05 1.8 +0.2 1.7 £0.2 1.66 +0.08
Djump 8 +2 6 +2 6 +3 2.7 £0.4 3 +1 3 +2

Table 2.5: Mean ratio to the pseudo-oracle and 95% confidence interval calculated from 500

samples.
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Estimation of 31
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Figure 2.11: Left: comparison of estimators Bm when m is selected by minimization of
our penalized criterion or the CV criterion. Right: comparison with the GCV criterion.
n = 2000, \; = j 3.

2.4.8 Addition of a noise on the covariate X

In this section, we seek to observe how the quality of the estimate degrades by the
addition of a noise on the covariate X. We do not calculate the estimator with the sample
{(X;,Y;),i = 1,...,n} as above but with the sample {(W;,Y;),i = 1,...,n} where W; is
defined by

Wi(t;) == Xi(t;) + di,

where (t;)_g = {(j —1)/(p — 1)}}_; and {6;j,i = 1,....,n,j = 1,...,p} is an i.i.d. sequence
of centred normal random variables with variance

Var(&ivj) = O’?.

This definition corresponds to that given by Li and Hsing, 2007 and also by Crambes,
Kneip, and Sarda, 2009 which have adapted their estimator in the specific case of noisy data
from an estimator of the variance ag. This new estimator reaches the same convergence rate
as the one proposed when the data is not noisy provided p is quite large compared to n.
They compared the two estimators on a real dataset, their results show a slight advantage
for the estimator taking into account the measurement error on the Xj;(t;).

Here we keep the same estimator and the aim is to study its behaviour for different noise
levels. Figure 2.14 represents the effect of adding different levels of noise on a realisation of
the variable X. On Figure 2.15, we can see that, for the smallest noise levels (og = (0.001
and O'g = 0.01), the performances of the estimator are very close, which suggests that the
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Figure 2.12: Histogram of distances to the oracle calculated from 500 independent samples

of size n = 2000 with our criterion when x = 4 with known noise variance o2 (crit kv) or
unknown noise variance (crit uv) or when « is calibrated with the slope estimation method
(DDSE) or dimension jump method (Djump) (£, A = j3).
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Figure 2.13: Histogram of distances to the oracle calculated from 500 independent samples
of size n = 2000 with our criterion with known variance (crit kv) or unknown variance (crit
uv) and with cross-validated methods (81, A = j~3).
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Figure 2.14: Effect of different levels of noise. Black: a realisation of the variable X, red:
a realisation of the corresponding variable W.

estimation is very stable under small perturbations of X. These results are confirmed by
the Monte-Carlo study presented in Figure 2.16.

However, it could be interesting to complete this numerical study by theoretical results.
An adaptation of the estimate in presence of strong noise (Figure 2.14 — right), as pro-
posed by Crambes, Kneip, and Sarda (2009), could also improve significantly the quality of
estimation.
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Figure 2.15: Estimator calculated under different noise levels (n = 1000): dotted line :
function to estimate, green line: estimator calculated from non-noisy data, orange line:
estimator calculated when : ag = 0.001, red: ag = 0.01, maroon: O'g =0.1.
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Figure 2.16: Boxplot of prediction errors for 500 Monte-Carlo realisations of B( under

different noise levels, estimation of 81, n = 1000.

2.5 Proofs

2.5.1 Control of the random penalty

We give here a first lemma allowing to control the randomness in the definition of the
penalty.

Lemma 1. Under Assumption H1, set k := 0(1 + 0), we have, for all m € ./T/l\n, when
E _ B(FPCR)

Ex [(5e(m) — pen(m)] < 53~ Tinfl. (2.16)

where Ex is the conditional expectation with respect to X = (X1,...,X,) and

Ex|(pen(m PR — pen(mFPem))] < “Ex[2Dgrron va(ln8 - BFPO)]
n
FJDA(FPCR)
_Nn 2
b (VVar(@®) + 28lre) . (217
with vy, 1t € H— %Z?:l ei(t, X;).
The same inequalities hold for B = BEB)  replacing L, by I, and M,, by M,,.

Proof. By definitions of 52, = %(@(fPCR)) and B,(fPCR), we have 62, < 'yn(ﬁmﬁ), then

Ex[pen(m) — pen(m)] = 5 Ex[5%, — %] < 57 Bx (i) — 0?].
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Now, by independence of &; with < 5 — ﬁmﬁ, X; > and by definition of Y; = (8, X;) +¢

EX[Vn(ﬁmﬁ) - 02] = IEX %Z(Y;_ < ﬁmﬁaXz >)2 - 02]
=1

1< ~ ~
= Ex |- e~ 26 <f—Tmf Xi >+ <~ B X; >% —
=1

1< N ~
= Ex |- <f—Mnp X; >?| =Ex[[|8 — LIt ]
=1

and Equation (2.16) follows.
Likewise, set 6% := 1 3% | 2 since 372%(“,01%) =15 Y- (BEFPCR) x))2,

(m(FPC’R)) ( (FPCR) )]

= —EX[DA(FPCR) (02 — U%(FPCR))]

D rror) _ A(FPCR) y 2
- ;w FERCR. xi)

Ex [pen pen(m

= (EX[DA<FPCR) (0® —5%)] — Ex

3=

+Ex

2D rrer) - (FPCR)
— B — , Xi
— ) &5 )

=1

IN

<EX[D77L(FPCR) (02 _ 52)] + 2Ex |:D,’/7>L(FPCR) Up </8 — g(FPCR)>})
<E [DA(FPCR)(0'2 _ 52)] + 2Ex |:DA(FPCR) vn(B — Hmﬁ)}>

+— Ex [DA<FPCR> Vn (ﬁm/B - ZﬂFPCR)ﬂ ;

IN
SIa3=

where v, : t — %Z?:l g;(t, X;). By Cauchy-Schwarz’s Inequality, we have

Ex[Darrer (02 — %)) < DA(FPCR)EX[(UQ — )2

1/2
1 - 2 2\ (2 2
= DA(FPCR) ﬁ 'Zl EX[(Q —0 )(Ej — 0 )]
1,)=
V. 2
= DA(FPCR) aI'TSE )

Next, since the g;’s are independent of the X;’s and by consequence of ﬁm, we have:

~

Ex[Dprrcmva(8 —TmB)] < DgwrenEx[vy(8 —n8)]

1/2
DA(FPCR) n ~ ~
S I — Z EX[€i1€i2 < /8 - HM/BJX’il >< 6 - Hm67Xi2 >]
n i1,i2=1
D"‘(FPC R) ~ D&r
< 2 oR[|8 - B3, 1% < N GBIl

v a



Chapitre 2. Prédiction dans le modéle linéaire fonctionnel 58

since D’\(FPCR) depends only on X. O

2.5.2 Proof of Proposition 1

Proof. We start here with the proof of Inequality (2.9). We provide in a first step an oracle-
inequality conditionally to X = {X1,..., X,,} allowing to use classical model selection tools.
We follow mainly the sketch of proof of Baraud (2000, Corollary 3.1) for regression on a

fixed design with adaptation in order to take into account the randomness of both penalty

and dimension collection M,, (for BEFFPCR).

We first prove Inequality (2.9).

The following proof is based on contrast decomposition and the control of the remaining
empirical process. More precisely, by definition of m, for all m € M,

3 (BFOR) 4 BER() < 5 (ETD) + pen(m)

and by definition of ﬂ (FPCR),

’Yn(gr(;fPCR)) < ’Yn(ﬁmﬁ)v
then N
'Yn(ﬁ(FPCR)) - 'Yn(HmB) < 56\11(771) - ﬁl(fﬁ)
Moreover
Yu(BFPCR)Y — oy ([1,0B) = |18 — BFFCR|Z — |18 — B2 + 20, (ﬁmg _ g(FPcR)) ,
with
1 n
= *Zé‘i <t,X;>.
n <
=1
Then,
18 — BEPCRR < || — L B3, + Deni(m) — pen(im) + 2v,(BFFOR —11,,8).  (2.18)

The first step is to replace the random function pen by its empirical counterpart pen, this
can be done by using the results of Lemma 1 p.56 directly in Equation (2.18):

~ Dy,
Ex[llf — BFPOR|2 | < (1+

v |2

Now, remarking that, since n > 2,

Dygrren < 20\/n/Inn < (20/VIn¥22) v

and, in addition by Assumption H1 and Hoélder’s inequality Var(e?) = E[e*] < E[e?]?/? =

>Hﬂ i, 8], + Ex[pen(m) — pen(i)]

. - - D ~(rpcr)
m> un(ﬁ(FPCR) - Hmﬁ)} + K N (x/Var (e2) + 2||ﬁ||1“o*>
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Tg/p and 2||B|lro < ||B||2 + o2. This gives us the following result

Xl = BrPem|2 | < (1+ Do >\B 812, + Ex[pen(m) — pen(i)]

2/p

1Ex [2 <1 4 M?) v (BEPCR) _ ﬁmﬁ)] M, (2.19)

where k :=60(1+ 0) and C' > 0 is a universal constant.

o~

Then the last step consists in controlling the empirical linear process v, on S,y -
Remark that for all 6 > 0, for all m € M,,,

20, (BEPCR) _10,,8) < ||/3 FPOR) 11,83, +0 sup va(f), (2.20)

fesﬁ’b\/m
Ifllr,=1

since for all z,y € R and 0 >0, 2xy < 02?4 6y
Let p(m, m’) = (149) me 2, remark that pen(m) + pen(m’) > 6p(m,m’). Then, since
>4 and N, < n/x, gatherlng equations (2.19) and (2.20) we obtain:

<1 _ ‘;) Ex [HE(FPCR) _ 5“12%] < <2 + 3) 18 — ﬁmBH%n

~

+2pen(m) + 20Ex sup  v2(f) — p(m,m)

fegﬁz\/m
I, =1 +

Then the last step is to bound the variations of SUP g v2(f) (which can be seen as a
Ifllrn,=1

variance term) around p(m,m’) and the result comes from Lemma 2 detailed below and the
fact that o2 = E[e?] < E[eP]¥/P = Tg/p:

me

~ R 2/p
Ex [I3FF0R — g2, SC(mi}l\{llﬁ—ﬂmﬂll%ﬁrpen(m)} W“) (221)

where C' > 0 depends only on 6, p and 4.

Now, we must replace M\n by its non random counterpart M,. First, we have

Ex 3770 ~ I}, | 10y, ggrren,

2/p
§C<mng1n {18~ ThBI, +pen(m) } + ”5’;)

~(FPCR)

since M,, C Mn if N, < Nj Now, the case N, > ]/\?,(LFPCR) deserves further
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attention. In that case, there exists m € M,, such that m > ]VSLFPCR). However
18 = Mgrrem Blf, +pen(NSFOR) < %7 N < B4 >* +pen(m)
.7'>Dﬁ7(lFPCR)
0(1+ 5)02
+2 27D oy — D)
< > N < B9 >? +pen(m),
j>D]\A]7(lFPCR)
and
Dy,
Yoo N<Ba > = B-TBIE, + D> A< B>
3>D o (rPoR) J=Dgrpcr)tl

< |18 =TnBI2, + sallB]1*.
The last inequality comes from the fact that, for all j € {DN(FPCR) +1,...,Dn,}, we have,
by definition of N,, and since (D,,) is an increasing sequence, j < min{204/n/1n(n),n/(8(1+

20))}. Hence, by definition of Z\AD(LFPCR), Xj < $,. Therefore, as s, = % (1 — 1/1n2 n) <

2/n?%, we get
18 -1 2 NEPCR) < 15 _ L. 8|2 2[|8]1% 999
green BlIE, + pen(NV, ) < I8 = mBllr, + pen(m) + —5—, (2.22)

and we obtain, for all m € M,, since ||B]|% < p(I')||B||* (where p(T) is the spectral radius
of T that is, in our context, its maximal eigenvalue):

2/p 2
_ . 0,
Ex |6 - B IR, | < © (Hﬁ — L83, + pen(m) + n”“) |

The proof is completed by taking expectation on both sides of the last inequality.
We turn now on the proof of Inequality (2.8). Following the line of proof of Inequal-
7(5 PCR) by 6&1{3) ) 1L, by II,,, and M,, by M,,, we obtain

ity (2.21), replacing g
2
. wn%w”)

B [I35E) - g2, 15] < © (mmﬂg {18 = MBI, + pen(m)} + 12

where C' > 0 depends only on 6, p and J. Moreover, since B<KB) = 0 on the set GE,
= .,
E IS5~ 8l 1,0] < 18I°P (") .
The conclusion comes from Lemma 7. O

For sake of clarity, Lemma 2, which is the key of the previous result, is given below.
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Lemma 2. Suppose that Assumption H1 is fulfilled. Let p(m,m’) = 2(1 —1—5)%02, then
for all m € M,,

C(p,d
Z Ex sup  v2(f) — p(m,m’) < (p )02.
m/e/a,\n fESme/ n
Ifllrn=1 "

The result also holds replacing ./T/l\n by M,, and §m by Sp,.

Proof of Lemma 2. The proof of this lemma relies mainly on a result of Baraud (2000) given
in Appendix B (Proposition 4, p.181). First denote by fx := (< f, X1 >,...,< f, X, >) and
€ := (e1,...,en). Remark that v,(f) = fk&/n and that, by usual properties of orthogonal
projectors

/

o'e 1 1 _ \1/2 r \1/2
sup v(f)= sup — = — sup d'e = —(I;,, (¢)'Il;, & =— (g, 2
f€8m ! €S, T " aesm VA ( ’ ) \/ﬁ( ’ ) 7
e, =1 olo=n olo=l

where 5, denotes the subspace of R™ defined by
S = {a e R", df e §m, a:fx}
and IIg  is the orthogonal projector onto Sp,.

Then, by Assumption H1, applying Proposition 4, p.181 in Appendix B with A= ITg,,
we obtain, for all z > 0,

D
Px |n sup v2(f) > Dpo® +20°\/Dpz + o’z | < C(p)o’pr—/W;,
fe§m P
£, =1

where Px stands for the probability given X. Then for all § > 0 remark that v/D,z <
8D, + 61z we obtain

2
Px | sp 200204022 L4070 | < (p)D*%'
f€8m n P
I fllr, =1
Set
Qme/ = sup U’?],(f) _p(m7m,)

f€§m\/m/
(Tt .
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We have, for all m,m’ € M,

“+o0
Ex [Qme’] = / Px (Qm\/m’ > t) dt
0
O'p too dt O'2 1—p/2
< C(p)m / oy - < C'(p, 5);Dmv%- (2.23)
0 <t+ 7gvm’(1+5))

Now remark that, since (D,,) is strictly increasing and D; > 1, we have ﬁn <D 5,

mGJT/l\n
1-p/2 _ 7 pl-»p/2 2—p/2
Y Dyl SNaDPP < DEPE <,

mE/T/l\n

since p > 4. Hence Inequality (2.23) ends the proof. O

2.5.3 Proof of Theorem 1

Proof. The core of the proof relies on the bounds on the empirical risk given in Proposition 1.
It remains to replace the empirical risk by the risk associated to the prediction error in order
to obtain the final oracle-inequality. For this, we first introduce the following family of sets:

Am {VF €S, IFIE < poll FIE, }5 (2.24)

Bn = {vf€SmlfIR < pollfI3, }- (2:25)

where pg > 1 is a constant. The following equalities hold:
EIF%P — g3 = E[IBD - glf1ay, | +E[IFE - slR1,e |,

E[IBFFCR —plIf] = E |50 Bl

{AM(LFPCR) NAN,, }]

B gl ]
R(FPCR) == Nn
where, for a set A, we denote by AL its complement.
Lemma 3 (for the estimator SFPCR)Y and Lemma 4 (for BEB)) given below allows to
bound the second terms of these equalities. Thus the end of the proof will be devoted to
upper-bound the first terms.

We start with the proof for the upper-bound on E

B(FPCR) —BlI21 . R )
| HF {AN(FPCR)WAML}

We first prove that, for all m =1,..., Ny,

[ERR Bllrl{A < Vool B — B,

A]\A]7(LFPCR) mANn}

ool = WnBllr,, + 18 — Wl (2.26)
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Indeed, if ]@(ZFPCR) > Ny, forallm=1,..., ]TG(ZFPCR) (and hence for all m = 1,..., Ny,),
2(FPCR) _ 1 < |IBFPCR) _{j 1~
. e {Eﬁ(FPcR) ﬂﬁz\m} = 17 milr ANLFPCR)

BTl
< VRIBFTD — Blr, + yAyll8 ~ TmBlr, + 116 = HnBlr.

where the last inequality comes from the fact that, for all m < J@SFPCR), §m C §]\7(ch3)
and BFPOR) 11,8 € Sorpem and the definition of Arrer. Now, if N{7 < N,
we have §]’\7(FPCR) C §Nn~ Hence, for all m =1,..., Ny,

FFPCR) _gnq | < |BFPCR) _ g
18 Bllr {Aﬁ(ppcmmwn} <5 Alria,,

and the same reasoning than the one of the case NT(LFPCR) > N, holds, remarking that here
BUFPCR) _ 11,8 € Sy... Then Inequality (2.26) is true in both cases.

By Proposition 1, forall m=1,..., Ny,:

Z(FPCR) 2 a2 Tz?/p + 18]I
E[|BTCR — 312, ] < C(p.0.6) ( E[I18 = TnBIR, | + pen(m) + =
and by Equation (2.26)
E [|FFFCR — )21 (s | = Cw.0.6.00) (BB - Tnpl?,]
Am(lFPCR)ﬂANn}
2/p 2
~ T +
FE[|8 — Ti,0 B3] + pen(m) + n‘””) .
With Lemma 19 p.170 we have (under H1, H2 and H4) that
T 2 i 2 Dy,
E[I8 - TnBl, | <4E[I8 - TmBl}] + =,
This implies, for all m =1,..., Ny,
2/p 2
~ ~ T+
TN L B8 — FbI7] + pengm) + 1Y
ANT(lFPCR) ﬂANn} n

with C' > 0 independent of 5 and n.

The upper-bound on E [H BEB) _ BlIE1a Nn} comes from similar arguments. The follow-
ing inequality, verified for all m =1,..., Ny,

1BE) = Blir1ay, < vpolB5?) = Blir, + v/poll8 = TnBlir, + 18 = Bl
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g(FPCR)

is obtained as Inequality (2.26) for . Now Proposition 1 implies that

/P + W)

n

E[I5%D - g1, < C(p.6,0) (E (18 = wBI12,] + pen(m) +

Moreover, since

we have

E[IB5P — Blriay, | <C (IIB — TL ) + pen(m) +

n

/P + w)

with C' > 0 independent of 8 and n.
Finally, with Lemma 3 and Lemma 4 below, we obtain inequalities (2.10) and (2.11) of
Theorem 1. O

Lemma 3. For oll € H, under assumptions H2, H3 and HJ and if the decreasing rate
of the sequence (\j)j>1 is giwven by (P) or (E) we have:

HE(FPCR)

<Ca+ism),

—flr1
{ACA(FPCR) A%," }

with C > 0 independent of 5 and n.

Proof. First recall that with Equation (2.6) and as Y; =< 5, X; > +¢;, for all m € /T/l\n

Birrem iiz_j SROUES I WIN

)‘J
where 5 R
Tl e~ < Xi i >~
R 1= Zﬁ : &i =1
7=1 =1 J
Then

AL

c
A(FPCR) VAR,

N(FPCR)

IIE(FPCR)—BH%{ - } < 2B || Hgerrem - 6Hr{

N Ua%, |
TL

C C
A N(FPCR) VAR, }

+2E ||| R, (FPCR)HF {

2m ((AC AC
< 218IRP (A% erem UAY, ) + 2E | | Rpceren 21 (3 oo, )
(FPCR) ~“Np

The first term can be easily bounded using the results of Lemma 20 in Appendix A, p.172.
Then we focus on the second term, the idea is to bound the quantity ||Rgrror) |0 by
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|Rsrper) || which can be written simply,

E ||| Rprrom|lF1 - < p(D)E || Rprrer [*1 -
{A FPCR)UA%M} {AAFPCR)UAEn}
D_ (rPcR)
= p(D)E Z < Rgwren), §; > 1{Ac A }
j=1 'r(LFPCR) Nn

Now remark that, since Xj > sy, for all j < Dgrrer) (as Dayrrer) < DA(FPCPO) and
Dy rrcr) < D]vy(LFPCR) < 204/n,

D_ D ~ 2
(FPCR) PCR) n
" -~ 1 < X, ¢j >
Z < Rgrpcry,; >° < Z (n Z gif
j=1 j=1 =1 J
D - 2
~(FPCR) n
" 1 < X, >
1 iy ¥y
S D D e L ey~
j=1 =1 )\j
20| /7 n 2
<

_ 1 < X; 121\ >
1 Z Z S A Y R
“n n “i \/:\T 1{Aj>0}'
J

j=1 i=1

Then we have, by independence of ¢; with X; and A’\(FPCR),

D_ (rPcR) 2 QOL\fJ n

< X; w
2 iz
Ex Zl <RA(FPCR);¢j < 77,2 Sp Z Z {)\j>0}
J:
) mwm ~
_ 07 <I'nyj, 95 > o’
= X T g S s 20V,
j=1 j
then
E || Rpreen |71 < 20p(1) Z-s7 1P (A% rrem UAY, ).
{AE (FPCR)UK[I:\I”} B vn" Nn "

Now from Lemma 20 in Appendix A (p.172) we have

where C' > 0 is independent of 3 and n and by definition of 5, = (2/n%)(1—1/1n%n) we get

C AC
A (FPCR) UA

E |||R5 (FPCR)HF { } SC'n_9/2,
N7l
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where C" is a constant.

Finally
EIBUPCR —Blrty oy | <O (I8 a2,
{AﬁT(LFPCR) UAR, }
where C®) > 0 does not depend on /3 nor on n. O

Lemma 4. Under Assumption H2, if E[(3, X1)*] < 400, there exists a constant C' depend-
ing only on po, K, ¢ and v such that:

C/
= (El< 6, X1 >V + |B]3 + 1)

B[5X5) — pliR1,4, ] <
Proof. First, by triangular inequality,
~ ~ 2
BT — gt | < 22 [ ([ +16i) 1, |

- 215:“

First, for any function f = Z]-D:Nl” ajp; € 8\{0}, if G is verified

n

E%KB)HE L, ] + 2|83 (A%, ). (2.27)

£, = Oy > Ay, ala > s, 02,

where we recall that Oy, = ((Cntjs ¥r))1<jr<p, and that

XNn is the smallest eigenvalue of o N, - Moreover,
Dn,,
17 = Ajej < p(D)aa
j=1

Sn

Then || f]|3 < MHf||12ﬂ". Now, taking f = 85B) and remarking that, since 35B) = 0 on

el
E||35P) 1, | =E||35P| 1
P oAk | T B Ak NG|
we obtain:
~ 29(T -
E [HB(KB)H%:[AB } < ME [Hﬁ(KB)Hl%nlAB } . (2.28)
Nn, ,5” Nn,
Now, since B,E,LKB) is a mean-square-type estimator, the vector ((B,(VLKB),XQ, cee (Ey(nKB), X))

can be seen as the orthogonal projection (w.r.t the Euclidean scalar product on R™) of the
vector (Y1,---,Y,) on the subspace {((f, X1), -, (f, Xn))', f € Sm}. Since the squared
empirical norm || - || corresponds to the Euclidean norm up to the multiplicative factor 1/n,
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we deduce that:

n

STBED), X)) = n|| BED|E, < ST V2, for all m,

i=1 i=1
as the norm of the vector (Y7,---,Y,)" is larger than the norm of its projection. Hence

n

Z<E(KB)’XZ,>2 _ an(KB)H%n < ZY?'

i=1 i=1

Then, we can use that Y; = (8, X;) + ¢; and have:

IBEBNE < 2|3, + = Zs

By gathering the last inequality and inequalities (2.27) and (2.28), we obtain:

(8. + 2554

+2/|813P (2%, )

8o
S

n

B[P — plR1,g | <

The ¢;’s are independent of the X;’s, and the set A%(KB) depends only on the X;’s so that:

L (Z ) 1] ~ o (a4,

On the other hand, by Cauchy-Schwarz Inequality, we have:

E[I812,1, | < BB P (aS,)
_ <71LIE[<B,X1>4]+n_1 4>1/2 P (af,)

< (e it ) 7 (a,)

As P (A%/n) <,4/P (A%ﬂ) and s, < 2, we get:

8, /P (Al
I = m(mmmw,xnwwm

Sn

p(BIE + p(T)o® + IBIIE) -

B[P — Blp1,;,

Lemma 5 below ends the proof. ]
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Lemma 5. Under Assumption H2, for all pg > 1,
p(a%,) < <.
n

where C' > 0 depends only on pg and b.

Proof. By definition of Ay, :

Al i ||f||%n<p_1
Ne ) resna oy 1F12 10

Now remark that

112 o deya o dARey Ay
i 5 = inf = inf — z
fesn, Moy [ fIIE aeRPNa\ {0} VAN, O oeRPN\ [0} o
1/22-1 y1/2\ 71 1
= p(ANPORIANY) = p(uRh)
where Ay, is the diagonal matrix with entries (A1, ..., Ap, ), we recall that </I\>N" = ((Tny, wk>)1§j,k§DNn

and we denote by

— = - Fn E
3%k ) 1<jk<Dy,,

Now remark that p(\I/R[i)_l is the smallest eigenvalue of Wy, ; this implies that
1—p(Ty )t < pI —Ty,),

then applying Lemma 6 given below, with m = N, and t =1 — pal, we get

_1y-1 _ B
P(ak,) = P(1-p(0a) "> 10" <B(o(I—Un) > 1 pp")
—1 2
2 n (1—py)
S 2DN" exp <_D]2V7L 3b ’
and the conclusion follows from the fact that Dy, < QOW. 0

Lemma 6. Define, for m € N*, the matrix

(Totl, m))
U, = | i Tk . (2.29)
< VA Ak 1<j,k<Dm

If Assumption H2 is verified, for all t > 0,

t2
P(p(Wp — ) > t) < 2D exp <_l;123b> . (2.30)
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Proof. Define, for j,k=1,..., Dy, :

k) _ < W5, Xi > < iy, Xi >

N VIR v

we have, for all, j, k, E [ZZ.(j’k)} = 01 and then

U, — [ = <711 z:; Z00 _ g [Zi(j”“)D

The aim is then to use Bernstein’s Inequality to control p(¥,, — I).

1<j,k<Dm

First remark that the trace of a matrix is equal to the sum of its eigenvalues (counted
according to their algebraic multiplicities), then:

p(I—U,)2 < tr ((\Ifm - 1)2) = tr (U — 1) (T — 1)), (2.31)

as ¥, — I is symmetric. The last term of the inequality is equal to the sum of the squared
coefficients of W, — I.
Hence, by (2.31) :

1<5,k<Dm i=1
This gives:
1 o\
P(pUp-D)>1) < B[ 3 (23209 E[zﬁ’f)]) p
1</k<Dpm \" =1
2
1 i & ik t2
<P {(n Z8" - & 2§ >]> > =
1<4,j<Dpm, =1 m
2
N (G0) &
(n 209 -E[209] | > =
=1 m

(2.32)

A
i
W\
S
3
]
Af\

By Cauchy—Schwarz inequality and Assumption H2,

” w2] g [ ] [ e
Var (20Y) <E [Zi(]’ ) ] <p |20 R [} < 2

x2 X2
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and, for all £ > 2,

1/2
<Xi7 ¢j>2£
)\Z

B (|20 ] <E
J

, 2071/2
E|Ee 7] e 2 82,
AL 2

Then, we can apply Bernstein’s Inequality with v> = 2b and by = b (see Lemma 22 in
Appendix B p.180) to the sequence Z{]’k), e ZT(LJ’k), forall j,k =1,..., D,,. We obtain, since
D, >1,

2
()
P(p(Uy, —I) >t) <2D% exp | ————2—

2
7 < 2D2 exp n .
20+ bp—-

D2 3

This concludes the proof. O

Lemma 7. If Assumption H2 is fulfilled, then
P (é[:> < C/n4,

where C' > 0 only depends on b.

Proof. We have, by definition of G
P (EE> < Y (D<) (2.33)
meMy
Let W,, the matrix defined in Equation (2.29), p. 68, we have
U, = A2, A2
Then, let ji,, be the smallest eigenvalue of ¥,,,, we prove in a first step that

fim < Ap! A (2.34)

If [iy, = 0, then (2.34) is true since A, > 0 (the matrix ®,, is positive). Otherwise, we have
fm > 0 and )

ﬁm =p (\Ij;zl) )
since all the eigenvalues of W,, are non negative (for a matrix A, we denote p(A) =
max {|\|, A eigenvalue of A}). Since @} is symmetric and positive, we have

Nt = (@) = 1125111 = 1AL 2T AL 2 < AR 118 = Mg,

where, for a D, by Dy, squared matrix A, |||A|l| = sup,erom {zAz'/za’}. This implies
(2.34).
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From (2.34) and (2.33), we deduce that

P(G) < 3 Pl <Apisn/2) < 3 P(lim < Aph6n/2).
meM,, meMy, ’

Now, remark that, for all m € M,,, since )\B}nsn/Z <n72s,/2=1-1/y/In(n) <1,

fim < Ap-sn/2 = 1—[im>1—A\p! 5,/2
= 1= fim| > |1 = Ap) 80/2] = p(1 = Wp) > |1 = AP 5,/2] = 1/4/In(n).
Hence,

P(éc) < 3 P (p(l— W) > Vinn).

meMy

And applying Lemma 6, we have, since, for all m € M,,, D,,, < Dy, < 20y/n/(In(n))3

—| n n3/2 n(n 2
P (GC) < ) 200w (_Bbln(n)Dﬁl> = 116:(?10))9/2 P <_(112(00)2 ) '

mEMn

2.5.4 Proof of Theorem 2

Let us start with the polynomial case (P). By Theorem 1, we have, for all § € W,

- _ 1
(FPCR) _ p)12] < . . 2 1
B[ — g1 < & iy (015 - TonsIR] + pentim)) + 1),
and )
B3~ g1 < o iy (EI15 ~ T8I+ pen(m) + 7 )
with Cf, Cy independent of 8 and n. First remark that since 8 € WE,

Ef|5 ~ TmBIE] = D Aj < B4y >*< D™ 37 7 < By >*< RED
=1 52 Dm

We can see that it is possible to define a sequence of integers (m.),en+ such that
e/t < Dy < Ot/ and Dy < N, for all n € N, (2.35)
with ¢, C' two positive constants. Now, considerations above lead us to

__atr
sup E[”B - Hm;ﬁ”%] < C'n atr+l |
BEWS

and
* )y —_atr_
pen(my) < C"n~ a1,
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This leads to the expected bound:
E[||3EB) - g|2] < 0@ p—ati,

with €7, C” and C'®) some positive constants.
We deal now with SUFPCR) the idea is the same but the bias is more complex. By
Lemma 18 p.165:

= In® D +1 max{(1—7r —a—r
E (18- nslR] < 218~ W8l + 0 PP Y (oo
9
+021n anlle+(a—T)+—2(l)++2’

n2

with C1,Cy > 0, independent of 8 and n and, for all @ € R, ()4 = max{«,0}. Then taking
m = m,, as in Equation (2.35) allows to obtain the same rate provided that a +r/2 > 2.
The exponential case (E) is treated similarly taking ¢In'/®n < Dy < C'nt/%n.
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3.1 Introduction

We are interested in explaining the relationship between a random variable X € H and
a scalar quantity Y. The link between the predictor X and the response Y is classically
described by regression analysis. However, this can also be achieved by estimating the
conditional distribution function of the variable Y which permits to visualize the entire
conditional distribution of ¥ given X (whereas the regression function gives only the con-
ditional expectation). The target function we want to recover is the conditional cumulative
distribution function (conditional c¢.d.f. in the sequel) of Y given X defined by

F(y) :=P(Y <y|X =z), (z,y) € HxR. (3.1)

To estimate it, we have access to a data sample {(X;,Y;),i = 1,...,n} distributed like the
couple (X,Y).

Remark 3: We give here some precision about existence and uniqueness of the function
F*(y). For all y € R, the random variable P(Y < y|X) is (X )-measurable (where o(X) is
the o-field generated by X). Hence, there exists a function ® : H x R — [0, 1] such that:

— z +— ®(z,y) is measurable;
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- O(X,y) = F¥(y) ps.

The quantity ®(z,y) is uniquely defined as soon as z is in the support of X.

It can be shown that the Dynkin’s m — A theorem implies that the map y — ®(z,y) is
measurable for all  in the support of the random variable X, the proof is very similar to
the proof of Fubini’s theorem.

When z is not in the support of X we can set the values of ®(z,y) in the most suitable
way. For instance, if, ® is continuous on int(Supp(X)) x R! we can extend it by continuity
on Supp(X) x R2. And if the support of X is convex (which is the case for instance when
X is a Gaussian process since the support of X is the closure of a vector space), we can
define, for all (x,y) € H x R, ®(z,y) = ®(nx,y) where 7 is the projection on the support
of X.

We denote F*(y) = ®(x,y).

3.1.1 Motivation

The pioneering works on conditional distribution when the covariate is functional are the
one of Ferraty and Vieu (2002) and Ferraty, Laksaci, and Vieu (2006), completed by Ferraty,
Laksaci, Tadj, et al. (2010). Kernel estimators, which depend on a smoothness parameter,
the so-called bandwidth, are built to address several estimation problems: regression func-
tion, conditional c.d.f., conditional density and its derivatives, conditional hazard rate, con-
ditional mode and quantiles. A lot of research has then been carried out to extend or adapt
the previous procedures to various statistical models. For instance, the estimation of the re-
gression function is studied by Rachdi and Vieu (2007), Ferraty, Mas, and Vieu (2007), and
Dabo-Niang and Rhomari (2009). The case of dependent data is the subject of the works of
Masry (2005), Aspirot, Bertin, and Perera (2009), Laib and Louani (2010), and Dabo-Niang,
Kaid, and Laksaci (2012) under several assumptions (a-mixing, ergodic or non-stationary
processes). Robust versions of the previous strategies are proposed by Crambes, Delsol, and
Laksaci, 2008; Azzedine, Laksaci, and Ould-Said, 2008; Gheriballah, Laksaci, and Sekkal,
2013. Most of this literature focuses on asymptotic results (almost-complete convergence,
asymptotic normality,...). Bias-variance decompositions are provided. However, few papers
tackle the problem of bandwidth selection: Rachdi and Vieu, 2007 and Benhenni, Ferraty,
et al., 2007 have studied global or local cross-validation procedures which are shown to
be asymptotically optimal in regression contexts. Recently, a Bayesian criterion has been
investigated from a numerical point of view by Shang, 2013.

The main goal is to define a fully data-driven selection rule for the bandwidth h, which
satisfies nonasymptotic adaptive results. The criterion we propose draws inspiration from
both the so-called Lepski method (see the recent paper of Goldenshluger and Lepski 2011)
and model selection tools. We also study minimax rates under several assumptions on the
decreasing rate of the small ball probability ¢(h) = P(d(X,0) < h) to 0. The case of
projection semi-norms, which have been widely studied is also considered.

1. int(Supp(X)): interior of the support of X
2. Supp(X): closure of the support of X
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3.1.2 Definition of the estimator with a fixed bandwidth

To estimate the c.d.f. defined by (3.1), we consider

Kp(d(X;,x))
> iy Kn(d(Xj,2))’

ZWh )1{y,<yy where W () := (3.2)

for any (x,y) € H x R, with d a general semi- metric on the Hilbert space H, K, : t —
K(t/h)/h, for K a kernel function (that is [ K(t)dt = 1) and h a parameter to be chosen,
the so-called bandwidth. We focus on the metric assoc1ated to the norm of the Hilbert space

d(z,2') = ||z — 2|, =2 €H. (3.3)

It has been pointed out (see e.g. Ferraty, Laksaci, and Vieu 2006) that, when the data
is high or infinite-dimensional, the convergence rate is quite slow with this choice of semi-
norm. To bypass this curse of dimensionality problem, some researchers (see e.g. Masry
2005; Ferraty, Laksaci, and Vieu 2006; Geenens 2011) have suggested replacing the norm ||-||
in the definition of the estimator (3.2) by a semi-norm. The case of projection semi-norms
has received particular attention. In that case the estimator can be redefined this way

K (dp(Xi )
> =1 Kn(dp( X5, @)’

ZWM 2)1iy,<y) with Wi (z) = (3.4)

where d2(z,2') := L (e — 2',ej)? and (e;)j>1 is a basis of H. Defining this estimator
amounts to project the data into a p-dimensional space.
3.1.3 Considered risks

We consider two types of risks for the estimation of (x,y) — F*(y). Both are mean
integrated squared error with respect to the response variable y.
The first criterion is a pointwise risk in x, integrated in y:

E[I1F7 - Fol3)

for a fixed x¢ € H, D a compact subset of R and

113 = /D f(t)2dt

keeping in mind that the Hilbert norm of H is ||.||. We also denote by |D| := [, dt the
Lebesgue measure of the set D.

Next, we introduce a second criterion, which is an integrated risk with respect to the
product of the Lebesgue measure on R and the probability measure Py of X, defined by

B IR - P )] =& | [ [ (Fro) - ) dues@)]. e9)

where X’ is a copy of X independent of the data sample and B is a subset of H.
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The motivation for studying the two risks is twofold. First, in practice, we can either be
interested in the estimation of FX»+1 where X,, 41 is a copy of X independent of the sample
or we can be interested in estimating the c.d.f conditionally to X = zg where zq is a point
chosen in advance. For instance, for the spectrometric dataset, presented in Section 3.6.4,
the aim is to understand the repartition of the fat content Y given a new spectrometric
curve X’ which, as we can assume logically, follows the same distribution as X. Hence,
in that context, studying the distribution of Y given X = zg, where zg is a deterministic
curve of H has a limited practical interest. Such an approach is rather classical in functional
linear regression (Ramsay and Silverman, 2005; Cardot, Ferraty, and Sarda, 1999) where
either prediction error on random curves (Crambes, Kneip, and Sarda, 2009) or prediction
error over a fixed curve (Cai and Hall, 2006) are considered. Second, integrated risks have
been relatively unexplored in non-parametric functional data analysis. Indeed, there is no
measure universally accepted as the Lebesgue measure in finite-dimensional setting (see
e.g. Delaigle and Hall 2010; Dabo-Niang and Yao 2013). The only measure at hand is the
probability measure of X.

3.1.4 Organisation of the chapter

In Section 3.2, we provide a bias-variance decomposition of the estimator (3.2) in terms
of two criteria, a pointwise and an integrated risk. The bandwidth A is shown to influence
significantly the quality of estimation. In Section 3.3, we define a bandwidth selection
criterion achieving the best bias-variance trade-off. Rates of convergence of the resulting
estimator are computed in Section 3.4. Consistently with the previous works, the rates we
obtain are quite slow, but we also prove lower bounds showing that these rates are optimal.
The results are also shown to be coherent with lower bounds computed by Mas (2012) for the
estimation of the regression function. Properties of the estimator defined with a projection
semi-metric are investigated in Section 3.5. We show that this method does not improve the
convergence rates of the Nadaraya-Watson estimator since the lower bounds are still valid.
In order to understand what is going on, we briefly study a bias-variance decomposition of
the risk of this estimator. Finally, the proofs are gathered in Section 3.7.

3.2 Integrated and pointwise risk of an estimator with fixed
bandwidth

3.2.1 Assumptions

Hereafter, we denote by ¢® the shifted small ball probability:
¢"(h) =P(|X —z|| <h), h>0, z€H.

We write (h) instead of ¢*(h). If X’ is a random variable, X' is the conditional small
ball probability: X (h) = Px/(||X — X’|| < h), where hereafter the notation Py (resp.
Ex:, Vary/) stands for the conditional probability (resp. expectation, variance) given X'.
For simplicity, we assume that the curve X is centred. We also consider the following
assumptions. The first one is related to the choice of the kernel, the two following are
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regularity assumptions for the function to estimate and the process X.
Hg The kernel K is of type I (Ferraty and Vieu, 2006) i.e. its support is in [0, 1] and
there exist two constants cx, Cx > 0 such that

CK]'[O,I} S K S CKl[O,l]'

Hp There exists 8 €0, 1] such that F' belongs to the functional space Fg, the class of
the maps (z,y) € H x R — F*(y) such that:
— for all x € H, F* is a c.d.f;
— there exists a constant Cp > 0 such that, for all z, 2’ € H

IF* — F™||p < Cplle —2'||°.
H, There exist two constants c,,Cy, > 0 such that for all h € R, for all zy € B,

cop(h) < @™ (h) < Cpp(h).

Assumption Hp is quite classical in kernel methods for functional data (see Ferraty,
Laksaci, and Vieu 2006; Burba, Ferraty, and Vieu 2009; Ferraty, Laksaci, Tadj, et al. 2010).
We are aware that this is a strong assumption but alleviate it in a functional data context
requires a lot of technical difficulties and it is still, to our knowledge, an open problem.

Assumption Hp is an Holder-type regularity condition on the map x — F*. This type of
condition is natural in kernel estimation. It is very similar to Assumption (H2) of Ferraty,
Laksaci, and Vieu (2006) or Assumption (H2’) of Ferraty, Laksaci, Tadj, et al. (2010). Note,
however, that, since both considered risks are integrated with respect to y, no regularity
condition on the map y — F*(y) is required here. A similar phenomenon appears for the
estimation of the c.d.f when the covariate is real: for instance, the convergence rate given
by Brunel, Comte, and Lacour (2010, Corollary 1) only depends on the regularity of F' with
respect to x. For instance if Y = m(X) + ¢, where m is a function and € a real random
variable independent of X we have F*(y) = P(m(x) + e < y) = F.(y — m(z)) where F_ is
the cumulative distribution function of €. Hence the regularity properties of F'* with respect
to « depend on the regularity of both m and F;: if F; is $i-holderian and m is Ba-holderian
with 8 = (102, we can verify easily that Hp is verified.

Assumption H,, is very similar to assumptions made by Ferraty, Laksaci, and Vieu 2006;
Burba, Ferraty, and Vieu 2009; Ferraty, Laksaci, Tadj, et al. 2010. This condition H,, is rea-
sonable, since the class of Gaussian processes fulfill it provided that B is a bounded subset
of H. Indeed the upper bound is verified with C, = 1 thanks to Anderson’s Inequality (An-
derson, 1955) (see also Li and Shao 2001, Theorem 2.13 or Hoffmann-Jgrgensen, Shepp,
and Dudley 1979, Theorem 2.1, p.322) and from Hoffmann-Jergensen, Shepp, and Dudley
(1979, Theorem 2.1, p.322) we know that the lower bound is verified with ¢, := e R/
where R := max{||z|, = € B} .

3.2.2 Upper bound

Under the assumptions above we are able to obtain a non-asymptotic upper bound for
the risk:
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Theorem 3. Suppose assumptions Hx and Hr are fulfilled. Let h > 0 be fized.

(1) For all xo € H we have

E HﬁxO—FfEO leo(npy 1 (3.6)
h p|~ ngp@o(h) )’

where C > 0 only depends on ck, Ck, |D| and Cp.
(i) If, in addition, Assumption H, is fulfilled,

o , 1
E ||FY - FX 11%13()(’)} <C <h25 + vw(h)> , (3.7)

where C' > 0 only depends on ck, Ck, ¢y, Cyp, |D| and Cp.

The first term of the right-hand-side of inequalities (3.6) and (3.7) corresponds to a bias
term, and the second is a variance term, which increases when h goes to 0 (since ¢™(h)
and ¢(h) decrease to 0 when h — 0). Note that the upper bounds are very similar to the
results of Ferraty, Laksaci, and Vieu (2006, Theorem 3.1) and Ferraty, Laksaci, Tadj, et al.
(2010, Corollary 3). However, we do not have an extra-Inn factor in the variance term.

We deduce from Theorem 3 that the usual bias-variance trade-off must be done if one
wants to choose h in a family of possible bandwidths. The ideal compromise h* is called
the oracle, and is defined by

~ 112
h*:argmhinE[HF,f( _FX Dlg(X’)]. (3.8)

It cannot be used as an estimator since it both depends on the unknown regularity index
of F' and on the rate of decrease of the small ball probability ¢(h) of X to 0. The challenge
is to propose a fully data-driven method to perform the trade-off.

3.3 Adaptive estimation

In this section, we focus on the integrated risk. We refer to Remark 4 below for the
extension of the results for the pointwise criterion.

3.3.1 Bandwidth selection

We have at our disposal the estimators F}, defined by (3.2) for any h > 0. Let #H,, be
a finite collection of bandwidths, with cardinality depending on n and properties precised
below. For any h € H,,, an empirical version for the small ball probability p(h) = P(|| X <
h) is

-~ IR
k) = > Lapi<n- (39)
=1
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For any h € H,, we define

3In(n) .. .
—~ s ~wr 12 A~ ~ K—— if o(h 0
A(h) = max (HFgf ~ B —V(h’)) Ty ={ "2 7 (3.10)
h'eHn D .
+ +o0o otherwise,

where k is a constant specified in the proofs which depends neither on h, nor on n, nor
on FX'. The quantity IA/(h) is an estimate of the upper bound for the variance term (see
(3.7)) and A\(h) is proved to be an approximation of the bias term (see Lemma 12). This
motivates the following choice of the bandwidth:

h= argmingcq, - {A\(h) + V(h)} .
The selected estimator is }?ﬁ.

This selection rule is inspired both by the recent version of the so-called Lepski method
(see Goldenshluger and Lepski 2011) and by model selection tools. The main idea is to
estimate the bias term by looking at several estimators. Goldenshluger and Lepski (2011)
propose to first define "intermediate” estimates F }f(};, (h,h' € Hy,), based on a convolution
product of the kernel with the estimators with fixed bandwidths. However, this can only
be done when the bias of the estimator is written as the convolution product of the kernel
with the target function. Since it is not the case in our problem, we perform the bandwidth
selection with ﬁ}f(,;/ = ﬁ,ff/’h, in (3.10). This is analogous to the procedure proposed by
Chagny (2013b) or Comte and Johannes (2012) for model selection purpose. Thus, V' (h)
can also be seen as a penalty term. We also refer to the phD of Chagny (2013a, p.170)
for technical details leading to this choice. Finally, let us notice that a criterion based on
the maximum h V A’ also appears in Kerkyacharian, Lepski, and Picard, 2001, and more
recently, similar ideas are used in Goldenshluger and Lepski, 2013b.

3.3.2 Theoretical results

To prove our main results, we consider the following hypothesis, in addition to the
assumptions defined in Section 3.2.1.

Hj The collection H,, of bandwidths is such that:

Hy its cardinality is bounded by n,
Hyy for any h € Hy,, ¢(h) > Cyln(n)/n, where Cp > 0 is a purely numerical constant
(specified in the proofs).

Assumption Hpy; fixes the size of the bandwidth collection: compared to the assumptions
of Goldenshluger and Lepski (2011), we consider a discrete set and not an interval, which
permits to use the classical tools of model selection theory in the proofs. We now state the
following result.

In practice, it is impossible to verify Assumption Hpo since the function ¢ and the
constant Cy are unknown. However, this difficulty can be circumvented by introducing a
random collection of bandwidths H,, verifying, for all h € H,, o(h) > 2Co In(n) /n where
% and Cy are some estimators of ¢ (see Equation (3.9)) and Cp. However, since it would
complicate the understandability of proofs, we choose to keep Assumption Hj,.
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Theorem 4. Assume Hy, H,, Hr, Hy and that n > 3. There ewist two constants ¢c,C > 0
depending on ck, Ck, ¢y, Cyp, |D|, Cp such that

sup E [Hﬁﬁxl - X

2
1B(X’)] < ¢ min {h% ;- () } L& (3.11)
FeFgs D n

heHn ne(h)

The optimal bias-variance compromise is reached by the estimator, which is thus adap-
tive with respect to the unknown smoothness of the target function F. FEven if Equa-
tion (3.11) is not strictly speaking an oracle-inequality, it shows that the selected bandwidth
h is performing as well as the unknown oracle h* defined in (3.8), up to the multiplicative
constant ¢, up to a remainding term of order 1/n which is negligible, and up to the In(n)
factor. This extra-quantity also appears in the term V'(h). Usually, when integrated risks
are considered, there is no logarithmic loss due to adaptation (Brunel, Comte, and Lacour,
2010; Goldenshluger and Lepski, 2011), then further work is necessary to see if it is possible
to improve Inequality (3.11). Nevertheless, we prove in Section 3.4 that it does not affect
significantly the convergence rates of the estimator which is optimal in the minimax sense
in most of the cases.

The proof of Theorem 4 is mainly based on model selection tools, specifically concen-
tration inequalities. A specific difficulty comes from the fact that the variance term in (3.7)
depends on the unknown distribution of X, through its small ball probability. Thus, the
penalty term V(h) = kIn(n)/(ne(h)), which may have been classically defined cannot be
used in practice. This explains why we plug (3.9), an estimate for (k) in V (k). However,
for the sake of clarity, we begin the proof by establishing the result with v(h) replaced by
its theoretical counterpart V(h) = xln(n)/(np(h)).

Remark 4: We could build an adaptive estimator for the pointwise risk. To do so, replace
®(h) in (3.10) by ™ (h) = Z?:l 1{Hero||)§h}/” and X’ by z in the definition of A(h).

3.4 Minimax rates

In this section, we compute the convergence rate of the oracle ﬁh* with h* defined by
(3.8), the rate of the selected estimator ﬁﬁ, and prove lower bounds for the conditional
c.d.f. estimation problem under various assumptions on the rate of decrease of the small
ball probability of the covariate X.

3.4.1 Small ball probabilities

The computation of the oracle h*, as well as the computation of the minimum in the
right-hand-side of (3.11) require to fix conditions on the rate of decrease of the small ball
probability ¢(h). The choice of the assumptions is crucial and determines the rates of
convergence to zero of our estimators. We consider in the sequel one of the three following
hypothesis which allow to understand how the small ball probability decay influences the
rates (see Section 3.4.2) and which are frequently used in the literature. We describe below
large class of processes for which they are fulfilled.
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Hx There exist some constants c¢1, C7 > 0 such that ¢*°(h) satisfies one of the following
three agsumptions, for any h > 0.
Hx 1, There exist some constants 71,72 € R, and a > 0 such that
c1h" exp(—cah™%) < ¢ (h) < C1h"? exp(—cah™®);
Hx p There exist some constants 1,72 € R, and a > 1, such that
c1h" exp(—ca In“(1/h)) < ¢ (h) < C1h"2 exp(—c2 In*(1/h));
Hx p There exists a constant v > 0, such that c;hY < ™ (h) < C1R7,
where we set x¢g = 0 if we consider the integrated risk.

Such inequalities are heavily connected with the rate of decrease of the eigenvalues of
the covariance operator I' : f € H — I'f € H with I'f(s) = (f, Cov(X,X5)). Recall the
Karhunen-Loéve decomposition of the process X, which can be written

X ="V Ani, (3.12)

Jj=1

where (1;);>1 are uncorrelated real-random variables, (A;);>1 is a non-increasing sequence
of positive numbers (the eigenvalues of I') and (;);>1 an orthonormal basis of H. When
X really lies in an infinite dimensional space, the set {7 > 1, A; > 0} is infinite, and under
mild assumptions on the distribution of X, it is known that ¢(h) decreases faster than any
polynomial of h (see e.g. Mas 2012, Corollary 1, p.10). This is the case in Assumptions
Hx 1 and Hx ;. Moreover, the faster the decay of the eigenvalues is, the more the data
are concentrated close to a finite dimensional space, and the slower ¢(h) decreases.

For example, when X is a Gaussian process with eigenvalues ();); such that c¢j 2% <
N < Cj7% a > 1/2 (¢,C > 0), Assumption Hy g is satisfied with v = 72 = (3 —
a)/(2a —1), co = a(2a/(2a — 1))=Y and o = 1/(a — 1/2) (Hoffmann-Jgrgensen, Shepp,
and Dudley 1979, Theorem 4.4 and example 4.5, p.333-334). This classical situation of
such polynomial decay covers the example of the Brownian motion, with a = 1 (see Ash
and Gardner 1975 or Section 1.1.2, p.6). More generally, if X is defined by a random
series X = ijl j~20Z;, for variables Z; with a c.d.f. regularly varying at 0 with positive
index, one can also define 1,72, and « such that Hx r is fulfilled (see Dunker, Lifshits,
and Linde 1998, Proposition 4.1 p.11 and also Mas 2012, (19) p.9). The second case Hx y
typically happens when the eigenvalues of the covariance operator exponentially decrease
(see Dunker, Lifshits, and Linde 1998, Proposition 4.3 p.12). In the case of a Gaussian
process with cexp(—2j)/j < A\j < Cexp(—2j)/j, we have co = 1/2 and o« = 2 in Hx nr
(Hoffmann-Jgrgensen, Shepp, and Dudley, 1979, Theorem 4.4 and example 4.7, pp. 333 and
336).

Finally, it also results of the above considerations that Hx r only covers the case of finite
dimensional processes (the set {j, A\; > 0} is finite, that is the operator I' has a finite rank).
This is the extreme case of Hx n (with @« = 1, 77 = 72 = 0). Nevertheless, even if our
main purpose is to study functional data, the motivation to keep this case is twofold. First,
we show below that our estimation method allows to recover the classical rates (upper and
lower bounds) obtained for c.d.f. estimation with multivariate covariates. Then, processes
which fulfill Hx r can still be considered as functional data since the finite space to whom
X belongs is unknown for the statistician.
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Hxp, Hx v Hx
(lower rate) (medium rate) (fast rate)
a Rates for Fj- _98/a o __28
" (upper bounSS) (n(r)) 77 | exp <_ cz/ﬁa 'l (n)> no
(b)  Rates for }?ﬁ —28/a 28 1.1/a 0 \ "
(upper bounds) (Inn)) exp o/ ™ (n) 1n(n))
(¢)  Minimax risk o < 28 1.1 > _ 28
In(n))~28/ | exp | =22 Im'/*(n 28+
(lower bounds) (In(n)) p ey’ (n) e

Table 3.1: Rates of convergence of the oracle estimator (line (a)) and the adaptive estimator
(line (b)). Minimax lower bounds (line (c)).

3.4.2 Convergence rates of kernel estimators

We now compute the upper bounds for the pointwise and integrated risks of the estima-
tors, under the previous regularity assumptions.

Theorem 5. (a) Under the assumptions of Theorem 3, the convergence rates of the point-
wise risk E[||F — F* 2], and the integrated risk E[||FX — FX'|%] of the oracle Fj-
are giwen in Table 3.1, line (a).

(b) Under the assumptions of Theorem 4, the convergence rates of the integrated risk
E[HFE "~ FX'|215(X")] of the estimator F; are given in Table 3.1, line (b).
For both cases, the upper bounds are given up to a multiplicative constant, and for the
different cases Hx 1, Hx yv, and Hx F.

Let us comment the results. The faster the small ball probability decreases (that is the
less concentrated the measure of X is), the slower the rate of convergence of the estimator
is. In the generic case of a process X which satisfies Hx , the rates are logarithmic, which
is not surprising. It reflects the "curse of dimensionality” which affects the functional data.
Similar rates are obtained by Ferraty, Laksaci, and Vieu (2006) (section 5.3) in the same
framework, and by Mas (2012) for regression estimation (section 2.3.1). However, we show
that the results can be improved when the process X is more regular, although still infinite
dimensional. Under Assumption Hx s, the rates we compute have the property to decrease
faster than any logarithmic function. Assumption Hy r is the only one which yields to the
faster rate, that is the polynomial one.

Remark 5: We thus obtain various rates, depending on the regularity assumptions on X.
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This phenomenom also occurs in a deconvolution model: the rates for the kernel estimators
are logarithmic if the noise is “supersmooth” and the signal to recover “ordinarysmooth”,
but can be improved by considering the case of a "supersmooth” signal, to recover at least
rates which are intermediate between logarithmic and polynomial (see e.g. Lacour 2006;
Comte and Lacour 2010).

We have already noticed that our adaptive procedure leads to the loss of a logarithm
factor (see the comments following Theorem 4). Nevertheless, by comparing line (a) to line
(b) in Table 3.1, we obtain that the adaptive estimator still achieves the oracle rate if Hx r,
or Hx pr are fulfilled. The loss is actually negligible with respect to the rates.

3.4.3 Lower bounds

We now establish lower bounds for the risks under mild additional assumptions, showing
that the estimators suggested above attain the optimal rates of convergence in a minimax
sense over the class of conditional c.d.f. F3 (defined in Section 3.2.1). The results for the
integrated risk are obtained through non-straightforward extensions of the pointwise case.

Theorem 6. Suppose that Hx is fulfilled, and that n > 3.

(i) The minimaz risk inf z suppe 7, Ep[||F0 — F||2] is lower bounded by a quantity pro-
portional to the ones in line (c) in Table 3.1.

(7i) Assume moreover that B contains the ball {x € H, ||z|| < p} where p > 0 is a constant
to be specified in the proof, and that there exist two constants co, Cy > 0 such that, for
all h > 0, for oll x € B,

w(h) >0 and cap(h) < ¢*(h) < Cap(h). (3.13)

Then the minimaz risk inf 5 suppe 7, Ep[|FX — FX'|315(X")] is also lower bounded
by a quantity proportional to the ones in line (c) in Table 3.1.

For both cases, the infimum s taken over all possible estimators obtained with the data-
sample (X;,Y:)i=1,.n. In (1), Ep is the expectation with respect to the law of {(X;,Y;),i =
1,...,n} andin (i), Ep is the expectation with respect to the law of {{(X;,Y;),i=1,...,n}, X'}
when, for oll i =1,...,n, for all x € H, the conditional c.d.f. of Y; given X; = x is F*.

Theorem 6 proves that the upper bounds of Theorem 5 cannot be improved, not only
among kernel estimators but also among all estimators, under assumptions Hx ;, and Hx /.
The estimator F; is thus both adaptive optimal in the oracle and in the minimax senses.

The computations are new for conditional c.d.f. estimation with a functional covariate.
Under Hx r, with v = 1, the lower bounds we obtain are consistent with Theorem 2 of
Brunel, Comte, and Lacour (2010) or Proposition 4.1 of Plancade (2013) for c¢.d.f. estimation
with a one-dimensional covariate, over Besov balls. In the functional framework, the results
can only be brought close to those of Mas (2012) (Theorem 3) for regression estimation.
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3.5 Impact of the projection of the data on finite-dimensional
spaces

We have seen in Section 3.4.2 that, when X lies in an infinite dimensional space (assump-
tions Hy ns and Hy 1), the rates of convergence are slow. This "curse of dimensionality”
phenomenon is well known in kernel estimation for high or infinite dimensional datasets.
The introduction of the projection semi-metrics d,, leading to the estimators (3.4), has thus
been proposed in order to circumvent this problem. Defining such estimators amounts to
project the data into a p-dimensional space. Indeed, this permits to address the problem of
variance reduction since ¢, (h) := P (dp(z,0) < h) ~p_0 C(p)h? and then the variance is of
order 1/(nhP). Notice that, even if the variance order of magnitude are the same, the situa-
tion here is different from Assumption Hx r with v = p: Hx r amounts to suppose that the
curve X lies a.s. in an unknown finite-dimensional space (see Section 3.4.1) whereas, here,
the data are projected into a finite-dimensional space but may lie in an infinite-dimensional
space.

A first thing we can say is that, under our regularity assumption Hp, Theorem 6 remains
true and the convergence rate of the risk of ﬁhm cannot be better than the lower bounds
given in Table 3.1, line (¢). This implies that, in our setting, the estimator ﬁhm cannot
converge at significantly better rates than our adaptive estimator ﬁﬁ even if the couple of
parameters (p, h) is well chosen. Precisely, as shown in Proposition 2 below, project data
also adds an additional bias term which compensates for the decrease of the variance.

3.5.1 Assumptions

In order to state the result, we need the following assumptions.
pr There exist two constants c,, C, > 0 such that for all h € R, for all p € N*,

copp(M1B(X') < 0 (M1B(X') < Copp(h)1p(X') as.,

where X’ is an independent copy of X and gof(h) = Pxs (dp(X,X') < h).
H¢ Let & := (X, ej)/0j where 0; := Var((X, e;)). One of the two following assumptions
is verified:
H gnd the sequence of random variables (§;);>1 is independent and there exists a con-
stant C¢ such that, for all j > 1

E|¢] < Ce
Hé’ there exists a constant C¢ such that, for all j > 1,

5] < Ce as.

Remark that Assumption H slo is the equivalent of Assumption H,, replacing d by d,. If X isa
Gaussian process, the vector ((X,e1),..., (X, ep)) is a Gaussian vector and Assumption H,
is also verified provided that B is bounded. Assumption Hg”d is true if X is a Gaussian
process and (e;);>1 is the Karhunen-Loéve basis of X (see (3.12) above, and also Ash and
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Gardner 1975) and Assumption H, é’ is equivalent to suppose that X is bounded a.s. We are
aware that both assumptions H, g”d and H é’ are strong since in most cases the Karhunen-Loéve
basis is unknown. We give here Proposition 2 below in the only aim of better understanding
the bias-variance decomposition of the risk when the data are projected. A further study
would be needed to obtain weaker assumptions but this is beyond the scope of this work.

3.5.2 Upper bound

Proposition 2. Suppose assumptions Hi, Hp and H¢ are fulfilled. Let h > 0 and p € N*
be fized.

(i) For all xo € H we have

B B
~ 2 1
z0 o 28 2 A2
sl - ol <o (Ser) (o) + g |
J>p i>p

(3.14)

where C > 0 only depends on Cg¢, B3, ck, Ck, |D| and Cp.

(it) If, in addition, Assumption H, is fulfilled,
B
~yrs / 1
E [HF,ffp PR <o | hP [ o]+ , (3.15)
’ nep(h)

J>p
where C'> 0 only depends on C¢, B, ck, Ck, ¢y, Cyp, |D| and Cp.

We have additional bias terms compared to Ferraty, Laksaci, and Vieu (2006) and
Ferraty, Laksaci, Tadj, et al. (2010). This is due to the fact that our regularity assumption
Hp (see Section 3.2.1) is here different from Assumption (H2) of Ferraty, Laksaci, and Vieu
(2006) or Assumption (H2') of Ferraty, Laksaci, Tadj, et al. (2010). Our assumption is
expressed with the norm of H whereas their assumptions are expressed with the semi-norm
used in the definition of the estimator (here dp). Remark that, with projection semi-norms,
the assumptions of Ferraty, Laksaci, and Vieu (2006) and Ferraty, Laksaci, Tadj, et al.
(2010) imply that the function F** only depends on ((z,e;))i<j<p. Indeed, if we take = and
z’ such that (x,e;) = (2/,¢e;) for j =1,...,p (but (z,e;) # (2, e;) for a j > p), both (H2)
and (H2) imply that F*(y) = F* (y) for all y. Our assumption is then less restrictive.

Remark 6: Notice that the estimator (3.4) is not consistent when p is fixed. This is also
noted by Mas (2012) in a regression setting (see Remark 2, p.4). It is coherent with the
fact that we loose information when we project the data. Indeed, suppose that the signal
X lies a.s. in (span{eq,...,ep})t, then dy(X;,z) = > i(w,ej)? as. and FY (y) =

LS, Liy,<yy if Kp ( > (=, ej>2> # 0 and 0 otherwise. The bias of such an estimator
is then constant and non null as soon as there exists F*(y) # P(Y < y) on a subset of D of
positive Lebesgue measure. Hence, if p < +00, the resulting estimator is not consistent as

soon as there exists a j > p such that o; > 0.
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3.5.3 Discussion

The rates obtained can be compared to the lower bounds given in Table 3.1 in the
Gaussian case under assumptions Hx p and Hx ps.

3.5.3.1 Comparison with the rates obtained under Assumption Hy r

We start from the Karhunen-Loéve decomposition of X defined in (3.12). For a Gaus-
sian process, the variables n; are independent standard normal, (A;);>1 is a non-increasing
sequence of positive numbers and (¢;);>1 a basis of H. If A,;1 = 0 and Ay > 0 and if the
law of (1, ...,m,) is non-degenerate then Assumption Hx p is fulfilled. Two cases may then
occur.

— If e = £ for all j, then 0']2- = E[(X,e;)?] = E[(X,¢;)?] = \j and o; = 0 for

j > 7. Then from Inequality (3.15), with a good choice of (p, h), the integrated risk
is upper bounded by C'n~28/(28+7) which fits with the lower bound. According to
Inequality (3.14), the pointwise risk is penalized by the term Zj>p<xg, e;)? and the
minimax rate is attained only if z¢ € span{ei,...,e,}.

— However, if the basis (e;);>1 is not well-chosen for instance if e; = 1; for j ¢ {v,v+1}

(I >0), ey = 1y41 and e44; = 1)y, the integrated risk of the estimator is upper bounded
by Cn~28/(B+7+) whereas the minimax rate is n=28/(28+7) It seems that ﬁh,p can
not attain the minimax rate in that case.

3.5.3.2 Comparison with rates obtained under Assumption Hx

Thanks to Proposition 2, we are able to obtain the rate of convergence for the estimator.

Corollary 1. Suppose that the assumptions of Proposition 2 are fulfilled and that (&1,...,&p)
admits a density f, with respect to the Lebesgue measure on RP which is continuous in a
neighbourhood of 0 and verifies

fp(0) > 0.

Assume also that there exist 6 > 1, ¢ > 0 such that Zj>p 0']2- < cp 20+l

(i) Then, for all xg € H such that there exist &' > 1, ¢ > 0 such that Zj>p(xo,ej>2 <

!
dp~¥*1 we have

R ln(n) B(1—2min{4,6'})
To _ pxol|2 <
E ||Fh,p F HDi| C <1n(ln(n))> )

for a well-chosen bandwidth h and a good choice of p, and where C' > 0 is a numerical
constant.

(i) We also have
~ 7 ’ ln(n) 6(1_26)
E||FX —FX 3| <C | —2—
[H h.p HD] =C <ln(ln(n))) ’

for a well-chosen bandwidth h and a good choice of p, and where C' > 0 is a numerical
constant.
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If ¢j72¢ < Aj < Cj~2¢ for two constants ¢, C > 0, then Assumption Hx pr is fulfilled
with a = 1/(a — 1/2), the estimator converges with the minimax rate if § = a (adding the
condition ¢’ > a for the pointwise risk). The conclusion is similar to Paragraph 3.5.3.1: if
ej = £1); for all j > 1 (recall that this condition is unrealistic since in most cases the basis
(1) j>1 is unknown) then we can choose p and h such that the minimax rate is achieved, up
to a logarithmic factor, for the integrated risk and the pointwise risk under an additional
condition on xg. Otherwise, we do not know if the minimax rate can be achieved.

3.6 Numerical study

3.6.1 Simulation of (X,Y)

We simulate X in the following way
J
X(t) =Y V/A&e(t) + &,
j=1

where ();).., is a sequence of positive real numbers such that

Z)\j < +00,

j=1

Jz1

(&);>0 is a sequence of i.i.d. standard normal random variables and
P;(t) == V2sin(r(j — 0.5)t).

We can note that the simulated process X is Gaussian and takes values almost surely in a
finite-dimensional space. Hence, Assumption Hy r (see section 3.4.1) is verified for v = J.
However, if J is chosen sufficiently large such that ) .. ; A; is negligible with respect to

Z}'le Aj (for instance J = 150), we have

J>J

J
X () =Y VA& ) = > Ai(t)
j=1

j>1

and X has a behaviour very similar to the one of an infinite-dimensional process. In par-
ticular,
Njo=37%

corresponds to a Brownian motion, which verifies Assumption Hx 1, and
— 2
Aj=e /]

corresponds to a process verifying Assumption Hx pr. We consider four examples of such
processes represented in Figure 3.1.
We generate samples following the two models below:

Example 1 (regression model) Y = (3, X)2 + ¢ with 8(t) = sin(4nt) and ¢ ~ N(0, 0?),
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Nj=j%and J=2 (Hxp,v=23) Nj=j%and J =10 (Hxr, v=11)
~ \\\\\\ - // //// <
Nj=e % /jand J =150 (Hx ) Nj=j2and J =150 (Hxr)

Figure 3.1: Realisations of X.
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where ¢ is independent of X and ¢? = 0.1. With this model, the cumulative distribu-
tion function of Y given X =z is

FH(y) = @((y — (B,2)*) /o),

where ®(2) =P(Z < z) for a Z ~ N(0,1);

Example 2 (Gaussian mixture model) The conditional distribution of ¥ given X = x
is 0.5V (8 — 4]|z||,1) + 0.5AN (8 + 4||x|[,1). Then the cumulative distribution function
of Y given X = x we seek to estimate is

F2%(y) := 0.50(8 — 4||z||) + 0.5®(8 + 4/|z|]).

3.6.2 Choice of simulation parameters
Choice of kernel

We choose the uniform kernel (which satisfies Assumption Hy)

1 ifte]0,1]
0 otherwise.

K(t) = {

Collection of bandwidth

The idea is to define a collection H,, of the form
Hy :={C/k,k=1,... knax} -

We see that, with our definition of K, it is unnecessary to consider a bandwidth h which is
greater than max{||X; —z¢||,s = 1,...,n}. Indeed, for all h > max{||X; —xz¢|,i =1,...,n}
we have Kj,(||X; — zo]) = 1 and Fy(y) = 23" | 11y.<,y. Then we set C' = max{||X; —
xoll,i=1,...,n}.

We want to ensure that @(h) is not too small in order to fulfill Assumption Hpy and
also to avoid instabilities in the calculation of ‘A/(h) Then we choose kmax so that, for all
h e H,,

Inn
p(h) > —.
ph) = —
We can check that this is verified if C/kmax is the quantile of order Inn/n of {||X;||,i =
1,...,n}, this is the choice we make in the following.

Calibration of &

The parameter x appearing in the bandwidth selection criterion influences the quality
of estimation. Indeed, recall that

~ Inn
h € arg min {Ah + k— },
heH ( ) ngo(h)
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Example 1 (regression) Example 2 (Gaussian mixture)
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Figure 3.2: Plot of approximated mean risk with respect to . Black curves: Hx r with
v =2, red curves: Hx p with v = 10, green curves: Hx p and blue curves: Hx 1, n = 500.

where A(h) estimates the bias of Fj, and n@(h) is the order of the variance of F},. Roughly
speaking:

— If k is small, then A(h) is the most influential term. Since this term tends to decrease
with h, we select small bandwidths;
— If K is large, the reverse occurs: we select large bandwidths.

We perform a Monte-Carlo study for different values of x. For each set of param-
eters and each value of k, the risk E HﬁEX/ — FX'||3)| is approximated by the mean of

N = 50 Monte-Carlo replications of the random variable Hﬁg "~ FX3. We fix D :=
min;—;  ,{Y;}, max;—1 ,{Y;}] and B is chosen sufficiently large in order to ensure that
X’ € B in all the simulation study. In the light of the results represented in Figure 3.2, we
fix k = 4. However, we see here that the calibration of the constant  is a real problem.
Data-driven calibration tools developed in model selection contexts, such as slope heuristic
(see section 2.4.3, p.42), could be very useful here. However, this kind of tool has not been
developed yet in our bandwidth selection context.

3.6.3 Results

We see on Figure 3.3 that the estimation is quite stable for the regression model (exam-
ple 1) and that the estimator we select is not far (and sometimes is identical) to the oracle
(Figure 3.4). However we see in figures 3.5 and 3.6 that the estimation is harder for the
Gaussian mixture model in the cases Hx r with v = 10 and Hx 1, since our criterion select
models with a too small h. Note that our bandwidth selection criterion behaves better in
the cases Hy r and Hx .
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Aj =j72 and J =2 (HX,F, v= 2) /\j =j72 and J =10 (HX,F7 v = 10)

1.0

0.8

0.6

0.4

0.0

y y

)\j = j_2 and J = 150 (HX,L)

0.8
I

0.4
I

0.2

0.0
I

-0.2 0.0 0.2 0.4 0.6

Figure 3.3: Plot of I?}ALMO calculated from 10 independent samples (red curves) where xg is
a copy of X, n = 500. The dotted black curve represents F1@0,
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Nj=j2and J=2 (Hxp,v=2) Nj=j2and J =10 (Hx p, v = 10)

T T T T
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 -0.2 0.0 0.2 0.4 0.6

Nj=e % /jand J =150 (Hx m) Nj=j2%and J =150 (Hxp)

500. The red

731,70
h*

Figure 3.4: Plot of ﬁ;m for all h € H, (gray curves), n

/\17x0

and the green curve is the pseudo-oracle where h* =

of

curve represents

arg minhE?-ln {HF;JUO — Flzo
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Figure 3.5: Plot of ﬁ;xo calculated from 10 independent samples (red curves) where xg is
a copy of X, n = 500. The dotted black curve represents F%0,
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Aj=j%and J =2 (HxF, v = 2) Nj=j2and J =10 (Hx r, vy = 10)

y y

Nj=e%/jand J =150 (Hx ) Nj=j%and J =150 (Hxp)
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Figure 3.6: Plot of ﬁimo for all h € H, (gray curves), n = 500. The red

~ . 2,1
curve represents F;% and the green curve is the pseudo-oracle 7% where h* =

of

. 2
argmin, ey {HFh,xo _ 20
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Figure 3.7: Curves of the sample (left). The colors of each curve is defined by its corre-
sponding fat content (right)

3.6.4 Application to spectrometric dataset

The data we study, available online?, are recorded on Tecator Infratec Food and Feed
Analyzer. For each unit ¢ (i = 1,...,n, with n = 215), we observe one spectrometric
curve X; which corresponds to the absorbances of a piece of chopped meat measured at 100
wavelengths ranging between 850 and 1050 nm. The aim is to study the link between a
spectrometric curve of a chopped meat and its fat content. For each curve X;, we denote
by Y; the corresponding fat content.

These data have been widely studied, mainly in regression contexts (see Ferraty and
Vieu (2002, 2006) and Ferraty, Mas, and Vieu (2007)).

In a first step, the data are centred. Then we apply our estimation procedure. We
choose ten curves m((f) = X(i(()J)) (7 € {1,...,10}) randomly in the sample. For each curve

x(()j ) we estimate the conditional distribution of Y given X = x((f ) using the information of

{(X:,Y;),1 # i(()j)}. The results are given in Figure 3.8. We see that when Y(; is small (blue
0

~(F)
curves), the estimated conditional distribution function y — Fg ® is strongly increasing in

the interval [0, 10], which indicates that our estimator detects that ¥ must be small with
large probability. Conversely, when Yi@ is large (red curves) the estimated conditional

distribution function faster increases in the interval [30,50]. These results indicate that our
estimators are able to capture the repartition of ¥ given X = zy when z( is taken in the
sample.

3. http://www.math.univ-toulouse.fr/ ferraty/SOFTWARES/NPFDA/


http://www.math.univ-toulouse.fr/~ferraty/SOFTWARES/NPFDA/

Chapitre 3. Estimation a noyau de la f.d.r. conditionnelle 98

1.0

0.8

0.6

F
0.4

0.2

0.0

0 10 20 30 40 50

~ ()
Figure 3.8: Plot of FSO , for j = 1,...,10. The color of each plot is defined by the fat
content Yig) as represented in Figure 3.7 — right.
0

3.7 Proofs

We will mainly focus on the proof of the results for the integrated risk (since it is the one
for which adaptation results are provided), and only highlight the differences when choosing
the pointwise criterion.

We denote by Ex/ (resp. Px/, Varxs) the conditional expectation (resp. probability,
variance) given X’. We also introduced the classical norm ||.|[z¢(g) of the space LI(R) of
integrable functions (the notation will be used with ¢ = 2 and ¢ = 00).

Recall that Kj,(z) := h"'K(h™'z). Assumptions Hx and H, imply that, for all [ > 1,

B g () 1(X") < Bxe [ KL(d(X, X)) 15(X) < h I Mip(h)15(X") a5 (3.16)
where my; := clK% and M := C%C’W. These inequalities are useful in the sequel.

3.7.1 A preliminary result

One of the key arguments in the proofs of Theorems 3, 4, and Proposition 2 is the control
of the deviations (in probability and expectation) of the process Ry, for x € H, defined by

XZaX )) . !/

fo=X

) ZIEX/ Kh x,xy T
R} = (3.17)

Xl,:c ) . .
E , if € H is fixed.
E Kh )]

The following lemma establishes the result which is useful to control the integrated risk of
the estimators. The proof can be found below.
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Lemma 8. Assume Hg and Hy,. For any n > 0, on the set {X' € B}, the following
wmequality holds a.s.

/ 20(h
Py (‘RhX - 1‘ > n) <gexp | —elh) (3.18)
2 (@ + %)
m3 mi
Moreover, assume also Hy,, and denote by Vr(h) = krln(n)/(np(h)), we have a.s.
’ 2 4M, 64CF\ 1
Ex/ [((Rgf - 1) - VR(h)) } < min <222K> —, (3.19)
+ mi’ mi ) n
for any a > 0, as soon as kg > max(4Maa/m3,32C%a?/m3Cy).
Fiz a point xy € H. Then Inequality (3.18) becomes
2, xo h
P(|R — 1] > ) < 2exp __ et (h) (3.20)
Ck 4 Ckn
2 (7 + 7)
K

3.7.1.1 Proof of Lemma 8

To prove Inequality (3.18), the guideline is to apply Bernstein’s Inequality (see Lemma 22
P. 180), for the conditional probability ]P)X’; with E = Kh<d(XZ,X/))/EX/ [Kh(d(X“XI))],
and R;X '—1=5,(T)/n (recall that we consider here conditional expectation and probability
with respect to X’). Let us compute the quantities v and by involved in the inequality. First,
on the set {X’ € B}, Inequality (3.16) implies that

o1 Exr [KR(d(Xy, X"))] h2Mop(h) My 1
VarX’(Tl) < IEX’ [Tl] - (EX’ [Kh(d(Xl,X/))])Q < (h_lmlw(h))Q - m% QO(h) -

Similarly, for [ > 2,

15 i 1 Ex [Kj(d(X1, X))
- ;EX, DTz’ } = Exs [‘Tﬂ } = (Ex [Kh(d(leX'))Dl
WMip(h) My 1

(h(hymy)t — mh @~ (h)’

<

By splitting M; = C’%Cﬂp = MQC?27 the last upper bound can be written

1 o My, 1 C2 1 -
=Y Ex || == i — V22,
3 D E O

with bg = Cx/(m1p(h)). We now apply the first inequality of Lemma 22, this complete the
proof of Inequality (3.18). The proof may be adapted easily to demonstrate Inequality (3.20).
For Inequality (3.19), we follow the same strategy as Comte and Genon-Catalot (2012), pages
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20-21. First

Ex [((R;f’ - 1)2 - VR(h)>+] _ /OOOPX/ (((Rh' - 1)2 - VR(h)>+ > u> du

/OOIP’X/ <’RhX' - 1‘ > m) du

0

< 2min {/Ooo exp <—”(“ Z;Rm))) du,
[ )

IN

4by
thanks to Inequality (B.1). Now,

(a4 Va(h) m3 mikn
492 a

which leads to

oo V h _7n2r€ > &) 2
/0 exp <_7”L(U‘ZU2R())) du = n 0% /0 exp (—n@(h)&u) du,
4My 1 1

m% nltrrmi/AM2 w(h) ’

<

Since, by Assumption Hy,, ¢(h) > Cyln(n)/n, we obtain

/OOeXp <_”(U+VR(’1))> < ANy )
0

402 = Com% ln(n)n”Rm%/4M2 )

and the last upper bound is smaller than (4Ms/Com?)/n® as soon as kg > 4Msa/m?. For
the other integral, we begin with a lower bound for ny/u + Vg(h)/4by,

ny/u+ Ve(h) > mlmp(h)\g < /Va(h) + \/ﬁ) 7

4bg - 4Ck
mq my
= 1 h) 4+ ———np(h ,
1 VERYIN B + gV
ml\/Co

420K

m100
44/2Ck

Y

VRRI(n) + In(n)v/a,
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by using ¢(h) > Cyln(n)/n another time. Thus,

/mexp <_W+VR<h>> oo /wexp <_mlcoln<n> ﬂ> "
4b, -
0 0 0

420K
64C% [ 1
= m%Cg/o sexp(—s)ds —
In?(n)n 420K
. 64C% 1 - 64C% 1
- miC? miVCovrr — m2CE n®’

In?(n)n  4V2Cx

as soon as kg > 320%(042/711%00. This ends the proof of Lemma, &.

3.7.2 Proof of Theorem 3
3.7.2.1 Main part of the proof of the Inequality (3.7)

Following Ferraty, Laksaci, and Vieu (2006) and Ferraty, Laksaci, Tadj, et al. (2010),
we define

_ EKa(d(X, X))
nIEX/ [Kh (d(X17 X,))] .

EX(y) == Y Wi (X1 y<yy, where Wi (X) (3.21)
=1

We also have R := "7, W}(Ll) (X') (see Definition (3.17)). First, notice that since ﬁ,f(' <1
and FX <1 as.,

E ||FX — FX ||2D1{RhX’<1/2}1B(X,)}

IN

2B [ (113 + 1P 15) 1y 21y 18X

4|D|P ({RhX’ < 1/2} n{x’e B}) .

IN

Now, with P({RY" < 1/2} n{X’ € B}) < P({|RY — 1| > 1/2} N {X' € B}) and with
Lemma 8 we get

ma C

<

ot 76" ™) < ey

E ||F;f( _ FX ||%)1{R§/<1/2}13(X/>] < 8|D|exp <_8

where C' = 64|D]e_1MQ/mT27W. The last inequality comes from the bound ze™® < e 1,
x> 0.

We must now control E [Hﬁ,f(' — FYX'|31p(X)
We thus have,

Lipxrsy sy |- Recall that FY' = FX'/RY

f ! ’ -~ ! -~ ! 2
E[IEY = FY DX sy )| < 12E [HFK —Ex [Fif]HDmx')]

)

Z 1B(X’)] : (3.22)

+12E [HIEX, [ﬁh ] — FX

+12E [(1 —Rff’)Q HFX
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The first and third terms are variance terms, bounded by Lemmas 9 and 10 proved below.
The second one is a bias term, controlled by Lemma 11.

Lemma 9. Under Assumptions Hi and H,, on the set {X' € B},

By ||FX —Ex [EX]|] ] < —
X! [H ho ™ X/[ h } D] <|D ’mincp(h)

Lemma 10. Under Assumptions Hx and H,,

E [(Rh’ - 1)2 1B(X’)} <
Lemma 11. Under Assumption Hp,
e - [7][] <
This ends the proof of Inequality (3.7). The scheme can easily be adapted to prove (3.6).

0

3.7.2.2 Proof of Lemmas 9 and 10 (upper bounds for the variance terms)

Proof of Lemma 9 By Fubini’s Theorem

2] - /DEX’ [(Fi{'(y)Ex/ [ﬁ,ff/(y)Dz] dy
= /DV‘CWX' (ﬁi{/(y)) dy.

Since, for all y € D, ﬁ,f(l(y) is a mean of independent and identically distributed random
variables (conditionally to X’), we have, on the set {X' € B},

D

Dl

e [lA e [BL] = 5[ (e i)

Ex: [Kp (d(X1, X"))]
= Y [(EX/[Kh(d(Xl,X/))])

By [Hﬁ,ﬁf —Ex [

X, X)) }<1D|M2 1
~— n m?e(h)’

where the last inequality comes from Inequality (3.16).

Proof of Lemma 10 Since Ex [RhX/} =1, remark that,

E[(Rf/—l)ng(X’)} - E[Varxl (RhX/) 1B(X’)}

— %E [Varxf (Exﬁ}}ggi}fggm) 1B(X/)] :
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and the result comes also from Inequality (3.16).

3.7.2.3 Proof of Lemma 11 (upper bound for the bias term)

First remark that, for y € D, a.s.
Ex: B )] = nBx [E WD (X)L 1X0] | = nEx [V ()P ()]
: w DN X' | —_ X!
and since nEx/ |W, (X")F* | = F*,

F¥(y) —Ex/ [Ef('(y)} = nEx/ [Wél)(X’) (FX/(y) ~ FXl(y))} :

Then,

IA

E [HFX —Ey {ﬁ,ff] HZ] n’E [EX/ [W,(LI)(X’)

‘FXl _FX

o]

C2n’E [IEX/ [W,ﬁ”(x’) o= X’HB] 2} . (3.23)

IN

by Hp. Now, since K is supported on [0, 1], if d?(X1, X') = || X1—X'||?> > h then W}El)(X’) =
0,
/ -~ ! 2 = 2
E [HFX —Eyx [F,ff]HD] < C3n’E [EX/ [Wél)(x’)hﬂ } .
But Ex/ [V[N/,EI)(X’)} = 1/n, which ends the proof:

E [HFX —Ex [FY]

2
< C3h28,
L o<

3.7.3 Proof of an intermediate result for Theorem 4: the case of known
small ball probability

This section is an introduction to the proof of Theorem 4: we first deal with the toy
case of known small ball probability. It is thus possible to define a selection rule by h =
argming ey {A(h) +V(h)}, with

’ —V(h')> . (3.24)
D +

Compared to the data-driven criterion (3.10), the variance term V'(h) is deterministic here.
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Assume that Hy, H,, Hp, Hp and Hyy hold. The pseudo-estimator F\B is such that

Axl X/
E [HFh _F

j)lB(X’)] < cmin {hw + Tlf;((nh))} + % (3.25)

where ¢ and C are constants which depend on ck, Ck, ¢y, Cy, |D|, and Cp.

The proof of such inequality is simpler than Theorem 4, and is a good illustration of
the model selection tools required to deal with a data-driven selected bandwidth. To prove
Theorem 4, we will then come down to Inequality (3.25).

Main part of the proof of Inequality (3.25)

Let h € H, be fixed. We start with the following decomposition for the loss of the
estimatorFif(/:

~ 2 ~ e 112 ~ |12 ~ 2
X/ X/ X/ X/ X' X/ X' X'
i R L I LA I L)

D

The definitions of A(h), A(h) and then the one of h enable to write

IA

2
IO
3 HFh Frn ’

3 (A(h) +V (h)) +3 (A (h) + V(h))
6 (A(h) + V(h)).

D D

N

Besides, the quantity ||ﬁ}f(’ — FX'|| is the loss of an estimator with fixed bandwidth h and
has already been bounded (see Theorem 3 Inequality (3.7)). Hence we obtain

2 1

15(X")| <6E [A(h)15(X")] +6V(h) +3C ( h* + —— 3.26
1000 < 68 (G0 + 0V +30 (124 )L (320
where C' is the constant of Theorem 3 (Inequality (3.7)). The remainding part of the proof
is the result of the lemma hereafter, the proof of which is postponed to the following section.

E [Hﬁ}f _ X

Lemma 12. Let h € H, be fizred. Under the assumptions of Theorem 4, there exist two
constants C' and C such that,

Gy

E[A(h)15(X")] < C1h* + . (3.27)

The constant Cy depends on Cy, |D|, Ma, my and Ck and the constant Cy only depends on
Ch.

Applying Inequality (3.27) in (3.26) implies Inequality (3.25) by taking the infimum over
h € H,.
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Proof of Lemma 12 (Upper bound for A(h))

Fix h, I’ € H,. We define the set Qpr = {RY >1/2} N {RY,,, > 1/2} and split

2
D (19’“"“ + 192,}1’) ’

Recall that we write the estimator ﬁ,f(/(y) = ﬁh /(y)/RhX/, with l?’,f« defined by (3.21) and
R’ by (3.17). We split again

2
A~ ~x7 ~ ! Sx7
HFh/ _Fh\/h’ I S HFh/ _Fh\/h’

2

X! X! 2 F’ff/(/ ﬁlff/,h’ a T b
| = BSw|| 10, = | — 22| 1, < 4T+ B + T + Thow )
b Ry Ry ’
D
where
1 ""’X/ ~X/ 2
T;Lz/ == HRhXI, (F r ]EX/ |:Fh/ ])HD 1Qh,h”
2
b |1 X/ X!
Tiyw = RX (Fhvh’ —Ex [Fhvh'D‘ Lo,
hVh! D (328)
1 ~X/ ~X/ 2
s =g o ) e
= (g~ ) [ [
wWh =\ 5x7 T BxT X' |y Qe
Ry Rpy p
Thus, by subtracting V' (h') and taking the maximum over h' € H,,, we obtain
A(h B T v 3.29
0 = ([|B = B, - vew)) (3.20)
V(K V(K
< max (4T} — vir) + max (4T, — (%)
Wer, 3 ). wenn 3 ),
~ V(n
+ max <4Th\/h’ — ( ))
W eHn 3 ).

2
b 1Q;hl .

It is not necessary to subtract V' (k') to the last two terms: we show below that the first one
is of the order of the bias h?® and the second one is directly negligible. We now deal with
each of the terms involving in (3.29) on the set {X' € B}.

/\X/ v/
4 max By + max (HFh FX,,

¢ Upper bound for the term depending on By, ;,. We first use the definition of the set
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Qy, 5, and split the term to obtain the bias terms:

max By < 4 max

o 1112
E {FX] _E /[FX ]H
W e, wer, I X LTh XCTevR [ p

) 1112
Ex [Fh, ] — By [F,ff,h] HD since By = 0 if i/ > h
2

L)

8 | max Ch C% (W% 4+ CER?P | < 16CHKP, (3.30)
'EHnp
h'<h

= 4 max
heHn
W <h

-~ / ! 2 / -~ /

8 HE [FX] _ X H HFX _E ,[FX }

hr%%ji{ x| Ep o X' | Fhvn
h'<h

IN

IN

thanks to Lemma 11.

e Upper bound for the term depending on 192 . It is the second term which does
not depend on V(R'):

2

D) '

nX'
tor,,) < 2 1o, (155

2
~y! ~y!
max HF}?/( _Ffff/h’
h'eHn D

Thus, since |F' (y)] < 1 and (ﬁ)f;h(y)‘ <1,

1Qc B(X )] <4|D| > P(9, N{X €B}).

E [max (HFh/ Fth'
h'eHn

h'eHn

Moreover,
| 1
P(Qf, N{X'eB}) < P <{th < 2} N{X' e B}) +P ({thh, 2} N{xX’ e B})

< P({‘Rh/ - ‘ }ﬂ{X’eB})+P({‘Rh,vh—1‘ }m{X’eB})

Thus we apply Inequality (3.18) of Lemma 8, with n = 1/2:

' hVH
g P(Qﬁh/ﬁ{X/EB}) < g 2exp —L() + 2exp —M
) My Ck Mo Ck
heEHn heHn 8 ( + 2m1> 8 ( + 2m1)

Recall now that thanks to Hy,, ¢(h) > Cyln(n)/n for all h € H,,, with Cy > 16(Ma/m?3 +
Ck/2my). Use also Hp, to deduce

Z P(Qf, N{X"eB}) < 4xnxn 8<’T§ W) <é.
W EHn "
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Thus, we have proved that

16|D|

2 /
D1%,> 1(X)| < == (3.31)

/\X/ v/
e g (|5 - B

e Upper bound for the term depending on fhﬁ/. The definition of this term implies
that

’ / 2
-~ RX /_R)(/ ~=x/
Tow = (hvh h > B [ES]

2
1o
X DX/ ‘ h,h!
Rh/ Rh\/h’ D

16 (R = 1) B[R],

/ / 2
16|D| (RhX\/h’ — Ry )

32| D {(Rth’h, . 1)2 + (Rﬁ’ _ 1)2} ,

using that E [ﬁ ,ff/lh,} < 1. We roughly bound the supremum over h’ € H,, by a sum over h’

IN

IN

IN

and use the last inequality:

E [hr/ré% <4fhvh/ - V(?)h/)>+ 1B(X/)] < 4 Z E [(Thvh’ - Vi;b/)>+ 1B(X/):|
<4y E[<32|D|{(Ri<vlh/—1>2

+ (R - 1)2} - Vl(g’))+ 15(X")

< 4 h;nﬂ«: [(32\1}] (R~ 1)2 = V;Z/)L 1B<X/):|
+ h;{nE [(32\D| (Rﬁ’ - 1)2 - Vézl)>+ 1B(X/)]
ool 28] ]

S (G e

heHn

Then, Inequality (3.19) of Lemma 8 (with a = 2) proves that, on the set {X’ € B}, a.s.,

, 2 AM, 64C2\ 1
Ex/ K(Rgi —1) —VR(h’)> ] < min <m2266;f<>
+ 1

—
my n

with Vg(h') = krln(n)/(np(h')) and kg > max(8Ms/m?,128C% /m3Cp). Choosing x >
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768|D|k g in the definition of V(') (see (3.24)) leads to V(R')/768|D| > Vr(h'), and hence
we also have

’ 2 V(W) . [4Ms 64C%\ 1
X/ . _ N < K\ =
) E K(Rh 1) 768|D]>+1B(X )] —mm< m2 md ) n

heHn 1

thanks to Assumption Hp,. Since p(h) < @(hV h'), V(I') > V(h V 1), the other term is
bounded as follows

| (=) =g o] <= (8 )Ty ) 1000

and same computations allow to deal with it. We thus deduce that

~ n 4My 64C2\ 1
E [max (4Th\/h’ _ )> IB(X’)] < 256|D|min <22, 2K> —. (3.32)
h eHn, 3 n mj mi n

e Upper bound for the terms depending on T}, or T,ll’,. First, by definition of €y, 5,
T < 4| FY —Ex/[F{¥']||%. Furthermore, noticing that Fi¥ belongs to L'(D) N L?(D), we
have: )
= sup (Fy —Ex/[F)),6)b, (3.33)
teSp(0,1)
where Sp(0,1) is a dense countable subset of the sphere {t € L'(D) N L?(D),|t|p = 1}
(such a set exists thanks to the separability of L?(D)). Indeed, Cauchy-Schwarz inequality

implies that, for all t € Sp(0,1)

Hﬁ,g,f’ CEx[FX]

-~ ! -~ ! -~ ! -~ ! 2
(Y~ ExlFE 0% < ||FY - Bl -

Now let (t,)nen+ such that, for all n € N*, t,, € Sp(0,1) and

jd / =~ ! -~ / =~ / 2
tn —norioe (B = Exo B )/ | B~ Ex[FY

D )

=~ / =~ ’ jd / jnd / 2
we have (Fjy — Ex/[FiX |, tn)% —ntoo HF,f,( —Ex/[F¥ ]HD which concludes the proof of

(3.33). Moreover, we write the scalar product <f}f,(' — Ex [ﬁi,(,],leB(X/) = Up(t), for
t € Sp(0,1), where

Unn(t) = %Ziﬂt,h(Xz’, Vi) — Exv [¢1n(X5, Y5)] (3.34)
i=1

with ¢y (X5, Yi) = E}ﬁ%j&i}f;@))] (1o ) 01B(X').

Consequently,

V()
3

E [max <4T,f, —

o o) ] <105

heHn

( sup uz,h«t)—vi’;')):]g(x)].

teSp(0,1)
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We use the following lemma, which permits to control the empirical process defined by
(3.34).

Lemma 13. Under the assumptions of Theorem 4, for &y > max(3528C%|D|/M2Co,12),
there exists a constant C > 0 (depending only on my, My, 0y, Cy and |D|) such that

D|M; 1
E sup V?Lh(t)—650’ |2 2 In(n) 1(X")| < g
heHn, tegD(O,l) ’ ml n@(h) + L

Choosing k > 2883q|D|Ms/m? in the definition of V(1) (see (3.24)) leads to V (k') /48 >
680|(D|Ma/m?)In(n)/(np(h)). This proves that

E [max <4T,g, - V(h/))+1B<X’)] 16¢ (3.35)

B EHn 3 -~ n

Recall finally that V (k') > V(h V 1), similar computations allow to also obtain the same
bound for Elmaxy ey, (477, — V(h’)/3)+].

Gathering Inequalities (3.30), (3.31), (3.32), and (3.35) in Inequality (3.29) completes
the proof of Lemma 12.

Proof of Lemma 13 (concentration of the empirical process)

The aim is to control the deviations of the supremum of the empirical process v,
defined by (3.34). Since it is centred and bounded, the guiding idea is to apply Talagrand’s
Inequality (Lemma 24 p. 180).

We first compute H”, M" and v”, involved in Lemma 24.
~ For MV, let t € Sp(0,1), z € H and y € R be fixed. By the Cauchy-Schwarz

Inequality,
|KnllL=m _ |D|Ck
< |D|||t < = MY
[Yen(z,y)l < (D HDmlh—1<p(h) S e(h) 1
thanks to (3.16).
— For HY, recall that
) 2 My 1 )
Bx | s 2,00 = B [[BY - Be B[] <1010 s = )
t€Sp(0,1) D mi np(h)

a.s. on the set {X’ € B} with the same computation as for the variance term, see
Lemma 9.
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— For v¥, we also fix t € Sp(0,1), and compute,
Varx: (¥ n(X1,Y1)) < Ex/ W?,h(Xlayl)] ,

2 2 /
( / 1y1<yt(y)dy) K (d(X1, X)) 15(X").
D (

= Ex Eyr [Kp(d(X1, X'))])?

The integral is controlled with the Cauchy-Schwarz Inequality: ([, 1y, <yt(y)dy)?
|D|||t]|%, = | D|, and the other quantity has already been bounded: we obtain

|D| Mo
m3o(h)

c |D|Ms 1 . )
xp [ -2
m?  ne(h) P\ 76

L CRIDE_ 1 (_1wwf¢w>}
212

Varx: (¢ (X1,Y7)) <0 =

Then, Lemma 24 gives, for § > 0,

E

IN

teSp(0,1)

( sup ui,h<t>—2<1+25><H">2> 15(X')
+

e
C2(8) m2 n22(h) Y JDICx

We choose 6 = JpIn(n), for a Jp large enough, and given below. We compute the order
of magnitude of the last upper bound, using Assumptions Hj, and Hyp,. Recall that they

imply Y pcq. 1/@(h) <n?/Coln(n) and Y, o5, 1/¢*(h) < n?/CF In?(n). First,

> e (g P e
X —_—— _=
e ne(h) P\76 n”‘sO/6 an50/6 Un(n) = Con’
as soon as g > 12 since we can reasonably assume n > 3. Then, C(dgIn(n)) = /1 + doIn(n)—

1>1,if 6gIn(n) > 3, that is In(n) > 3/dp. This is satisfied since dp > 12 and n > 2. Hence

1 1 1
202 (3) Z 200 exp (—M (60 In(n))~/ 00 In(n

heH'n

\/WCK\/i>

1

(1) Xp( 212V

N
31\3‘ —_
(]

AS)

\/WCK\/i>

1 1
2 2 P “@< 21vﬁ”/wﬂz)ck‘ 7”)

_o_ V/CoM3¥g 1 _ \/CoMysy 41 1
= n 21,/2|D[Cg E < n 21W2IDICk < ,

e ¢ (h) = C21n%(n) an

as soon as /CoMady/(211/2|D|Ck) — 1 > 1 that is dy > 3528C%|D|/CoMs with C' > 0



111 3.7. Proofs

depending only on mi, M, dg, Cy and |D|. This shows that

<=, (3.36)

s1Q

ZE[( sup y,%,h(t)_2(1+2501n(n))(m)2> 15(X’)
heH

tGSD(O,l) +

for (H)? = |D|(Ma/m3)/(ng¢(h)) and C > 0 depending only on my, Ma, &, Co and |D].
Since

D|Ms In(n
2(1 + 28 In(n)) (H)? < 65 WL% 2 W((h)),

Inequality (3.36) is also satisfied when we replace 2(1+28q In(n)) (H")? by this upper bound.
Thus, the proof of Lemma 13 is completed.

3.7.4 Proof of Theorem 4

Let A be the set

A:m{

hEHTL

1),

We split the loss function of the estimator

We will argue as follows: first, on the set A, @(h) is close to p(h), and we use the same
arguments as for (3.25). Second, the probability of the set A¢ is negligible. Let us prove

FX’

P HFX FXH (1a + 1ac).

these two claims.

e Upper bound for HF\,;X/ — FX'|215. Tt follows from the same arguments as in the
beginning of the proof of Inequality (3.25) (see Section 3.7.3), that

N 1112 ~ -~ ~ /12
HFA _ X H 1a < 6A(h)+6V(h)+3HF,f( _FX H 1a
h D D

Note that
~ ~rt ~rt 2 ~
A = max {HFh ~EX T v+ (V(h’) - V(h’))}
W eHn, V(h)<oo D +
< max {H ol - V(h/)} +omax (v - V)
WEeHn, V(W)<oo WEHn, V(W)<oo +

< A(h) + max <V(h’) - v(h'))+.

We obtain the following decomposition:



Chapitre 3. Estimation a noyau de la f.d.r. conditionnelle 112

2
f ! X/
HFE r

(3.37)

2 ~X’ X'’
1< {6A(h)+6V(h)+3HFh L

6 max (V(h') - V(h’)>+ +6 (V(h) - V(h))} 1n.

For i/ € H,,, such that V(') < oo, we have

N Son In(n) 1 3 1
VIR Vi) =r=y (¢<h'>‘2@<h'>>'

But on the set A, for any b/ € Hy,, |[p(h') — o(h)] < ¢(I')/2. In particular, we thus have

~

P(h') —(h') < p(h')/2, that is §(h') < (3/2)p(h'). This proves that V(h') — V(h') < 0,
and hence

W) -V(H)) =o.
g (V0 =700 =0
Moreover, on A, we also have, for h € H,,, ¢(h) — p(h) < ¢(h)/2, that is 2/p(h) > 1/p(h).
Thus,

P - v = (3o L) < W5 v,

Gathering the two bounds in (3.37) leads to

~ s /112 ~ 5/ /12
HF{ _pX HD 1A§6A(h)+8V(h)+3HF,§f _FX

D .

We thus obtain, like in the proof of Inequality (3.25),

X’ x'[|? / 28 1
- < — .
EU S - F HDlAlB(X) <8V(h)+3C|h +mp(h)

e Upper bound for HﬁEX/ — F¥X'||315c.  We roughly bound

) 12 ~ 12 e
‘ X' pX H Tpe <2 ’FAX ) +HFX 1ae < 4[D|1ne.
h D h D D
It remains to control P(A°):
¢ ~ o(h)
P < 3 P (1w - el = ).
heHn
1 « w(h
= 2P ( =2 Haoxo<n — B Lo xy<n ]| 2 (2 )> -
heHn =1

We apply Bernstein’s Inequality (Lemma 22), with T; = 14 x,)<n} and n = ¢(h)/2. Since
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0<T; <1, weset bg=1, and v> = Var(T}) = ¢(h)(1 — ¢(h)). We derive

B ne?(h)/8
25:“®< ﬂ@ﬂ—ww»+¢WM)

heHn

o E () 2 Z ()

heHn

P(A°)

IN

We thus obtain

E |

thanks to Assumptions Hy; and Hps. Taking Cy > 24, we have nl=Co/12 < =1 which ends
the proof.

s /112 ne(h) _
X / 1-Cp/12
Fﬁ F H 1pc1p(X )] < 8D|h§ exp< 1 > < 8|D|n ~H0/2=,

(]

3.7.5 Proof of Theorem 5
Proof of (a)

We have to compute the convergence under three regularity assumptions (Hx r, Hx m
and Hx ), and for the two criteria (pointwise and integrated). It follows from (3.6) and
(3.7) of Theorem 3 that the risk of the estimator is bounded, up to a multiplicative constant,
by

R(h) = 1% +1/(ng™ (h)),

with xg = 0 for the integrated risk. To obtain the convergence rates, it is thus sufficient to
compute the bandwidth A which minimizes the bound R(h) when assuming Hx, or at least
to choose it well.

Convergence rate under Assumption Hx ; With the lower bound on ¢™ of Hx r,
the quantity R(h) and thus also the risks are upper bounded by a quantity with order of
magnitude

R(h) :=h?% 4 h ™7 exp (c2h™®) nt.
Choosing the bandwidth hg such that

1 1 -1/«
e (o)
C2 C2

with & := ¢y ' (y/a + 28/a) ends the proof, since R(hg) has the announced order.
(]

Convergence rate under Assumption Hx  or Hx p First assume Hy ps. The risk
is bounded (up to a multiplicative constant) by the quantity

R(h) = h® + n~th ™ exp (coIn®(1/h)).
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Choosing
1 —(a+1)/a e\
ho=exp|—|—Inn—c, (26 —71)In"“n ,

Co +

leads to what we want to prove, that is
2
R(hg) < Cexp (—1*/6; In'/e n> : (3.38)
C2

Indeed, if n > exp <c;/(17a)(25 — 'yl)i/(afl)), we have

1 —(a «a
—lnn—cz( 0/ (28 —y)In/*n >0
2

and
C2

1/a
ho = exp (— <1lnn—cz(a+1)/CY (25—71)1111/0‘71> > .

Now, let s, := exp (?/ﬁa In'/® n), we have
Ca

26 1/a
hi = exp (2/ﬁaln1/°‘n (1 — (1 — C;I/Q(Qﬁ — 'yl)lnl/o‘fl) / >> — oo 1,

using that,
— o _ 1 — 6% — —
(1= /(28 =) /> )t = 1 — V(28 — 1) "/ I+ o(In/2 o).
«

Then hgﬁ < C'sy. We deal similarly with the second term of R(h),

n~thy ™ exp(ca In®(1/h))

Sn

1/a
~ oo (e (1 (15 )))

—n—oo 1,

which leads to (3.38), and ends the computation of the rate under Hx /.

When assuming Hx g, the optimal i can be computed: the one which minimizes R(h) =
h?% + h=7 has the order n'/(2#+7) and immediatly gives R(h) < Cn~28/(28+7),

O

Proof of (b)

The proof comes down to the proof of (a) since Theorem 3 gives a bound of the risks of
F; with the form miny, R(h) (R(h) defined in the proof of (a)). The computation of the (a)
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bound for this minimum has thus been done in the previous section.

3.7.6 Proof of Theorem 6
Proof of (i), under Assumption Hx

The proof is based on the general reduction scheme described in Section 2.2 of Tsybakov
(2009). Let zg € H be fixed and 7, = (In(n))~?/ the rate of convergence. We define two
functions Fy and F1, called hypotheses, such that

(A) Fj belongs to Fp, for | =0, 1,
(B) || F5° — F°||% > cry, for a constant ¢ > 0,

(C) K(P$™,PF") < « for a real number o < oo (which does not depend on z), where
IF’%@” (resp. IP’?”) is the probability distribution of a sample (X, Yp)i=1,...n (resp.
(X1,i, Y1,i)i=1,....n) for which the conditional c.d.f. of Yp; € R given Xo; € H (resp. of
Y1, given X ;) is Fy (resp. F1). K(P,Q) is the Kullback-Leibler divergence between
two probability distributions P and Q: K(P,Q) = [In(dP/dQ)dP if P << @, and
K(P,Q) = +oo otherwise.

Once these functions Fy and Fy, verifying (A), (B) and (C), are constructed (which is
done in the next paragraph), we can see that the proof is complete. Indeed, remark that,
for all estimator £ constructed with the sample {(X1,Y1),...,(Xy,Yy)}, for all F € Fpg,
we have, by the Markov Inequality,

Er [I1F% = P2} = SruPr (| F™ = Folh > Sra),

where we recall that Ep (resp. Pp) is the expectation (resp. probability) with respect to
the law of {(X1,Y1),...,(Xn,Ys)} when, for all i = 1,...,n, the conditional expectation of
Y; given X; = ¢ is F®0. Moreover, Hypothesis (A) implies that

sup P (HF\IO — FIOHQD > Em) > max Pp <Hﬁx° — F?”OH%) > Em) )
FeFs 2 7=0,1 J 2

Now, let ¥* be the minimum distance test defined by

Pr = argminj:o,lllﬁxo - F;COHQDa
if, for j = 0,1, ¥* # j, then

[F™ — Fo|1f > |F* — F{°, |5 (3.39)
Then by the triangle inequality

[ = FPollh = B2, = Fo D — 1 = Fy2)15

ero — |1 — 77|13,

Y



Chapitre 3. Estimation a noyau de la f.d.r. conditionnelle 116

where the last inequality comes from Hypothesis (B) and Equation (3.39). Consequently

. - = c
Yt £ = [ FT _Fj%”%) > an-
Then,
~ Is .
Pr (15 = Ffol% > Sra) 2 Pr(s” # )
and

inf max Pr (Hﬁ“ —F|p 2 grn) > inf max P (v # ),

)

where the second infimum is taken over all tests 1) calculated from the sample {(X1,Y7),...,(Xn, Yn)}
(we recall that a test is a measurable application from (H x R)™ to {0,1}). Then, the fol-
lowing theorem, together with Hypothesis (C) allows us to conclude the proof.

Theorem 7. (Tsybakov, 2009, Theorem 2.2 (iii), p.90) Let Py and Py be two probability
measures on a measurable space (E,B). If there exists a real number oo < 0o such that

K(P§",P{") < a,

then
inf max Pp (¢ # j) > max{e”*/4; (1 — \/a/2)/2},

¥ j=0,1

where the infimum is taken over all tests.

In the sequel, we define Fy and F} and check the three conditions (A), (B) and (C).

Construction of F and F; and of the associated samples For (z,y) € H x R, let
F§ be the c.d.f. of the uniform distribution on D, that is F§(y) = ﬁlyep + 1yssup D-
Choose a real random variable Yy with a uniform distribution P4, on the compact set D,
and take any process X on H, independent on Yj, with distribution Px verifying Hx ..
For the second function, set

Eﬂwzfmw+L%H(W¢f”>/ywmw

where
— ¢ :R — R is a non-zero continuous function with support D with [ ¥ (t)dt = 0,
~ H :Ry — R, is a function supported on [0;1] such that |H(u) — H(v)| < |u — v/,
for any (u,v) € RZ,
— L is a real number such that 0 < L < 1/(supn€N*{775}|D|||KHL°°(R)H¢HL00(R)),
— 7 is a non-negative real number such that

Cc
m > cyrn and 020" (n,) < (7) (3.40)

for two constants ¢(g)y > 0 and ¢y > 0.
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From Hx p, a positive number 7, for which the properties above hold is given by

nn — a)Inlnn
o= (227 @ )ty .

We also choose a variable Y7, such that, for any « € H, the conditional distribution of
Y] given Xy = x is characterized by the c.d.f. F}’. The notation IP; is the distribution of
(X0, Y1).

Checks of the conditions (A) to (C)

Check (A): belonging to the space Fg For any x € H, the function Ff is a c.d.f. by
construction (it does not depend on x and is simply the c.d.f. of the uniform distribution
on D), and ||Fy — F¢'||> = 0 (2,2’ € H). Thus, Fy belongs to Fj.

Let x € H be fixed. The function y — F(y) is continuous, with limit 0 when y goes to
—oo (recall that D is a bounded set), and 1 when y goes to +oo (soince Jr¥(t)dt = 0). If
y ¢ D, (FF)'(y) = 0 (the support of ¢ is included in D) and if y € D,

" 1 T—x 1
(FEY) = i+ i (”“”) 90 2 57— L o [ gey > 0.

thanks to the definition of L above. Thus FY is increasing, and F} is a conditional distri-
bution function. Moreover, for any z,2’ € H, denoting by I, = [, (Y w(t)dt)*dy,

Mn n

o5, (lz—zol ' =zl \* _ 5 1128
I¢ " — " §L1¢H$*I‘H s
n n

IN

h
)

=

thanks to the regularity property of the function H. Therefore, F; also belongs to Fg.

Check (B): condition on the loss |[F;° — F{°||% We have, thanks to the lower bound
for ny,
1Fy — F5olh = L2  H?(0) Iy = L2 H?(0)Lye(cyra-

Check (C): Upper bound for the Kullback divergence K(PZ", P") In a first step,
we prove that the measure Py is absolutely continuous with respect to Py, and compute the
Radon-Nikodym derivative. First, notice that

F) = [ o)+ L (”””‘“”) b(b)dt

Tin



Chapitre 3. Estimation a noyau de la f.d.r. conditionnelle 118

Therefore, keeping in mind that [, ¢ (t)dt = [, 1(t)dt = 0, the conditional distribution of
Y1 given Xy = x admits a density with respect to the Lebesgue measure on D given by

g0 = (i + oot (P20 w) 1060

We can thus compute the distribution P; of the random couple (Xo,Y1). For any test
function ® on H x R,

/H B y)dPi(ey) = E[B(X0. )] = E[E (X0, Y1)|X0]

[@ (2, Y1) Xo = 2] dPx, (z)

E
H </R ®(, y)fi”(y)dy> dPx, (z)

. 1
= [ el (51000 ) dudes, @
_ / ®(z, y)|D|fF (y)dPo (x, y).
HxR

Consequently, P; << Py, and dP;/dPy(z,y) = |D|f{f(y). This enables to compute the
Kullback information

K@) = [ (B = [ w(DI6) e,
= 5| [ w(0w) 5]
i (2550) ) G (5520 )

Noting that In(1 + u) < u for every u > —1, we obtain

N Y e

n

/D |D| (LnﬁH (”XO?;Q:OH) w(y)>2dy]

D Tin

| DIL 02 11 2y | 1 e )P (11 X0 = ol < 710)
= |IDIL* P11 oy | H | o ) 07 (1),

+E

IN

by using successively that fR y)dy = 0 and that the support of H is [0;1].

Thus, thanks to the definition of 7, we get K (P1,Py) < ]D\LQ\WH%Q(R) HH”%OO(R)C(C)/TL,
and finally,
K(PF", PE") = nK (P1,Pg) < ‘D|L2”7/}”i2(R)HHH%OO(]R)C(C)a
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which completes the proof of (C).

Proof of (i), under Assumption Hx s or Hx p

The proofs exactly follow the same scheme as for (i) under Hx . The only difference is
the choice of the sequence (1), (see (3.41)).

— Under Hx yr, we set m, = exp ( ?/ﬁu In'/> > and replace the previous choice (3.41)
of 1, by 1 = exp(—(c; ' Inn — (aH /a(2ﬂ + 72) InY/® n)1/@) 1t verifies both of the
required conditions (3.40).

— The case Hx r is the extreme case o = 1 in Hx pr. We set n,, = nt/28+7) and attain
the lower bound r,, = n~28/(26+7),

Proof of (ii)

The risk (3.5) is an integral w.r.t the measure Px ® Py, where Py, is the uniform
distribution on the set D. The tools defined to prove (i) are useful and we refer to it. But it
cannot be straightforwardly adapted, since for an integrated criterion, two hypotheses are
not sufficient. We focus on the case of Assumption Hx , (the switch to Assumption Hx ar
and Hx r is the same as in (i)). Denote by 7, = (In(n))~2%/¢ the rate of convergence again.
We must build a set of functions (F,,),eq, where €2, is a non-empty subset of {0, 1} and
my, is a positive integer which will be precised later, such that:

(A’) F, belongs to Fg, for all w € §y,,
(B) for all w,w’ € Q,, w #w', E [HFj{/ - Fﬁ/H%lB(X’)} > cry, where ¢ > 0 is a constant,

(C") for all w € Q,, P, is absolutely continuous with respect to Py and

Z K(P®™, ]P>®” < ¢ In(Card(2,,))

Card weQ

for a real number ¢ €]0,1/8[, where PZ" is the probability distribution of a sample

(Xw,i» Yoi)i=1

We follow the same steps as previously : first we show that the proof is complete if we are

able to find a set of functions (F,,),eq, verifying hypotheses (A’), (B’) and (C’) and second
we explicit the construction of such a set.

Suppose that the family (F,)weq, verifies (A’), (B’) and (C’). With arguments and

notations similar than the ones of the proof of (i) (p.115), we obtain

n for which the conditional c.d.f. of Y,,; given X, ; is given by F,,.

77777

7

inf sup Ep ||FY — FX||3] >

Painf sup P (/ |F* — B2 3dPy(x) > Sr )
F FerFg 2"

F FeFg

M\n

where Er (resp. Pr) denotes the expectation (resp. the probability) with respect to the
law of {(X;,Y;),i = 1,...,n, X’} when, for all i = 1,...,n, for all z € H, the conditional
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cumulative distribution of Y; given X; = x is F* and the second infimum is taken over all
tests with Card(£2,,) hypotheses calculated from the sample {(X;,Y;),i = 1,...,n}. Then
the result comes from the following theorem which can be deduced from Tsybakov (2009,
Theorem 2.5, p.99).

Theorem 8. Suppose that there exists a set Qp such that Card(Q,) > 2 and a family
(F)wen,, of elements of Fg such that, for a real number s > 0,
~ For all w,w' € Q,, w# ',

E|IFY - £ I1h1s(X)] = 2s.
— For all w € Qy, P, is absolutely continuous with respect to Py and there exists a real
number ¢ €]0,1/8[ such that

1

Card(Q),,) > K(BE",PE") < (In(Card(f)).

weQn

Then

it sup P ([ 1F = F2pdrs(a) = 5)
F FE]"ﬁ B

- Card(2,,) 1—920— 26 >d >0
14 /Card(Q,) In(Card(2,)) | — ’

with ¢ = %(7/8 —1/(2In2)).

Construction of the set of hypotheses F,, and of the associated samples

The first function (x,y) — F{(y) is defined as in the proof of (i). For all w =
(Wi, ..y Wm,) € {0,117 let

Y on T —T
W =W+l [ oody w (”’“”) ,
—o° k=1

Tin

where H, L, and (n,), are introduced in the proof of (i) (a good choice of 7, is (3.41)),
1 : R — R is a non-zero continuous function with support D such that wa(t)dt = 0 and
Hd)HiQ(R) < In(2)/(64C2| D|||H || 2(r)c(c)) (where Ca appears in Assumption (3.13), p.85
and ¢y in (3.41)) and with ; = V2sup,cn-{nn}e;, for all j > 1, where (e;);>1 is an
orthonormal basis of L2([0, 1]).

We also choose a variable Y,,, such that, for any « € H, the conditional distribution of
Y, given X = x is characterized by the c.d.f. F¥. The notation P, is the distribution of
(X,Y,).

Remark that the definition of (x;);=1,. m, implies that,

geeey

H <’$_xk||> H <‘x_%”> =0 for all x € H, as soon as j # k. (3.42)
Tn n
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Indeed, suppose that H(||x —xzk||/n,) # 0, since H is supported on [0, 1], we have ||z — x| <
Nn. Now remark that, as (ej);>1 is an orthonormal basis, for all j # k, ||z; — xx]]* =
2suppen+ 1m0} (Ilej|I” — 2(ej, ex) + llexl?) = dsup,ene{nz}. Then |z — ;]| > ||z — 2kl —
|z — 2]l = 2suppen-{mm} — M > 1 and H(|lz — 2| /ny) = 0.

Checks of the conditions (A’) to (C’)

Check (A’) We have already checked that Fj belongs to F3. Let w € {0,1}" be fixed.
To prove that F? is non increasing (x € H fixed), as for F}, we bound,

(F9) () = W_LUEHHHLOO(R)HwHLW(R)

\Y]

1
— L sup {02 HH| o) 1P| Lo ) > O,
|D| neN*

for y € D, thanks to Property (3.42) and the definition of L above. Thus, as F} in the proof
of (i), F,, is a conditional distribution function, and we also similarly obtain F,, € Fp.

Check (B’) For all w,w’ € {0,1}™n,

2
’ ’ U X/—l'
EIFY — FY 1h1s(X)] = L2 1,E (Zwk—w;)H (”’“”)) 15(X)| |

el Tin

with I, defined in the proof of (i). From Property (3.42), we get:
’ ’ X/ — T
E [HFj( ~ FX 515X ] L2 I¢Z V2R [HQ (”n’“H) 1B(X’)] .

Now set cy := min, ,<1/2 H(z), since H is continuous and H(z) > 0 for all x € H, such

that ||z]| < 1, we have cg > 0 and
X' — x| [ X" — |
B |z (1=l g x E|H? (2 —E0) 10, 1p(X’
[ ( o B(X') o {Ix=zal oy o) B(X')
P ({1 X" =zl < mn/2} N {X' € B}).

Now recall that, by definition, ||x|| = v2sup,en{n.}, and that B contains the ball of
H centred at 0 and of radius p. Then, as soon as, p > (1/2 + v/2) sup,,en{nn}, we have
{IX" = il < mn/2} € {IIX']] < p} € {X' € B}. Then, since ||| < p, we also have
x € B and we can apply Condition (3.13) to get a lower bound on the shifted small ball
probability P (|| X" — zk|| < nn/2) = ™% (nn/2). We get

v

v

E [H2 <W> 1B(X/)] > cireae(nn/2),

and
EIFY — Y I515(X)| 2 L2cean? Lup(na/2)r (w,e),
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where r is the Hamming distance on {0,1}™" defined by r(w,w’) = >0 11y, 44, Now,
from Varshamov-Gilbert bound (Lemma 2.7 of Tsybakov 2009), there exists a subset €, of
{0,1}™ such that

, for all w,w’ € Q,w # W', and Card(Q,) > 2mn/8, (3.43)

mp
>7
() 2

Then fix m,, := [@(n,/2)"!] where |-| is the integer part. For all w # ', by definition of
Tn

/ / 1
E|IFY ~ B 1h1(X)] = S L2chean? Limnp(n/2) >

—_

ch%{CQ')"n.

0
oo |

Check (C’) We also prove that the measure P, is absolutely continuous with respect to
Py, with derivative dP,,/dPy(z,y) = |D|f(y) and dP,(z,y) = fZ(y)dydPx (x), like in the
proof of (i). Arguing again as in (i), we get

i [ v dwaE[H2<”X%ka>]

< mn|D‘L27772LBH¢HL2(R)||HHL<>O(R)P(||X — x| < )

K(Py,Po)

IN

Now, arguing again as in Check (A’), we can apply Assumption (3.13) and get that P(||.X —
il < mp) < CoP(| X < mp) = Ca(ny). Thanks to the definition of 7, we now obtain (as

in (1))
K (BE",P§™) < Comun| DIL2 |97y | H |7 o gy 10

Finally, condition (3.43) on the cardinal of €2,, leads to m,, < (8/1n2)In(Card(£2,)), which
completes the proof of (C’), and at the same time the proof of all the lower bounds.

3.7.7 Proof of Proposition 2
Main part of the proof

The proof starts like the proof of Theorem 3. For Inequality (ii), we first bound E[||ﬁ i -
FX'%1 (rY <12y 1B(X)] by C/(nipp(h)), with d replaced by dy in the definition of RYX'. For

E[||ﬁ,f(/ - FX,||%1{R};5/21/2}13(X’)] we obtain the splitting (3.22). Lemmas 9 and Lemmas

10 remain valid (by replacing again d by d,, in every terms, and by using H_, instead of H,).
This first part is also easily adapted to the proof of Inequality (i).

The difference lies in the control of the bias term. We substitute to Lemma 11 the
following result, the proof of which can be found below. This ends the proof.

Lemma 14. Suppose that Assumptions Hp and He are fulfilled. Then

B
e e ) <c [+ (£

Jj>p
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and

E [HW0 ~E|F]

el (Za) +(Swwe?] |,

Jj>p Jj>p

where C' > 0 only depends on Cp, 3, and Cg.

Proof of Lemma 14

Let us begin with the first inequality (integrated risk). Like in the proof of Lemma 11,
we also obtain (3.23). Then,

/272

B[ e [B])] < btk |Be |00 | B0n )+ ek - 6

Jj>p

where 5](1) = ((X1,€5) — py)/0j and & == ((X1,e;j) — p15)/0; are the standardized versions
of (X1,e;) and (X', e;). The same arguments as in Lemma 11 lead to

8/27 2

2 (1 1
2] < choe o [0 (104 ot -

e[ e [
J>p

Now, firstly, for all a,b > 0, (a + b)%/%2 < (2max{a,b})?/? < 26/2(aP/? + b5/?) and secondly
Ex [I/IN/,SI)(X’)} = 1/n. We thus obtain

/ =~ ’ 2
E HFX _E [FXH <
|: X h’p D =~
B/2]?
27103 | 1% 4+ n?E |Exr (WX [ Y o2(el” — ¢))? . (3.44)
J>p
Under Assumption H, g , the results come from the following bound
8/2]? 8
= 1 2 1
E|Ex |WV(X) [ Y o2l — ¢ <47 (N o? =

i>p Jj>p
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Under Assumption H, g”d, remark that

8/27 2
E|Ex W (X) | Y03 - &)
i>p
8/27 2
— 2
= E EX’ |:W}(L1)(X/)} EX’ ZO’?(fj(l) —55-)2

i>p

/272
R DIAC ok

Jj>p

IN

Now applying Lemma 15 below with n; = 5](-1) — f;- and Cy = 2505, we get

/2] 2 B
1
BN\ -] | <27t (X a7

Ji>p Jj>p

and the result comes from Inequality (3.44). The proof of the first inequality of Lemma 14
is completed.

For the second inequality (pointwise risk), the only difference is that, from (3.23), we
rather use

B/2
X1 —20]” = df,(Xlafﬂo)-i-Z(Ujfj—<950,€j>)2
J>p
B/2 B/2
< 3P (Xy,wo) +277 | D a3z | 4292 D (w0.e)”
J>p J>p

The final bound then follows similarly.

Lemma 15. Let (n;)j>1 a sequence of real random variables and (0j);>1 a sequence a real
numbers verifying, for 8 > 0,

ZO‘? < 4ocoandVj>1, E {nﬂ < Cuy,
j=1
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for a constant Cay > 1, then, for allp e N

B/2 B/2

Bl (X)) <o (X

i>p i>p

Proof of Lemma 15 First suppose that 5/2 € N*, we have

2
2,2 —
doomi | = > Iledn
i>p J1senjp/2>pl=1

and, by a classical generalization of Holder’s Inequality

A2 8/2 B/2 B2 B2
2 9 _ 2 2
E Zajnj - Z ngzE Hnjl = Z H JZH [nﬂ}
j>p Ji,-jg2>pl=1 =1 Jis-dg/2>p =1 =
8/2 o
2 2
< Cu Y e <ou (D d
Jisesdgy2>pl=1 Jj>p

Now suppose that 8 € QN]0, 4o00|, we can write without loss of generality that 3/2 = p/q
with p € N* and ¢ > 1 (if ¢ = 1, 8/2 € N*). Then the function z — 21/ is concave and by
Jensen’s Inequality:

B/2 p11/q B/2 B/2

Bl (Xem) | <m|(Xem] | <ar(S] <on (X

Jj>p Jj>p Jj>p Jj>p

The case 8 > 0 follows immediately from the fact that Q is dense in R.

3.7.8 Proof of Corollary 1

The proof is based on the same ideas as the ones used to prove Theorem 5 in Section
3.7.5. We begin with the result (ii) (integrated risk).

Proof of (ii)

Thanks to Proposition 2 (ii), the risk of the estimator is bounded by h%% + (2 j>p sz)ﬁ +

n_1¢;1(h), up to a multiplicative constant. Remark that

oz, ..., zp)dx,

wp(h ==J/1
p( ) {XGRP, Y07 x2<h2}
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where f, is the density of (&1,...,§,). By noticing that

h

B e e— b
\/ Z§:1 032‘

P
x € R?, Zo?a:?ﬁhQ DYxEeRP |z <
j=1

we get

op(h) > 2php/[ fp(hx1,. .. hay)dx > ch?,
0

(22,02 )

where ¢ only depends on Zj>1 0]2- and f,(0) and p. With the assumption on o, we thus
obtain the following upper bound for the risk, up to a constant R(h,p) := h28 4 ph1=20) 4
¢ Pn~'hP. We then compute the partial derivatives

Z—J;(h,p) = 2B8R¥1 — pePp TP

Z—R(h,p) = B(1—20)p?1=290=1 _In(ch)cPn " h7P.
p

If (h*,p*) is the minimizer of R we have g—g(h* p*) = 0, which leads to

o 1/2B+pY)
- (P - 1/(284p")
20

Moreover, for all p € N*,

w —p* N 28/(28+p%)
_—— pc?
N e

—p,—1 p*C_p*
+c n < 25

o 28/26+9)
<PC ”> Y 28/084p) 4 8020

n—28/2B+p") 4 (p*)ﬁ(1*25)

n P/ (26+p7)

) —p*/(28+p™)

2

—p —1(pc?
+c 'n (Qﬁ

P/ (28+),

> —p/(26+p)

and this last bound has the order n—28/(28+p) +p5(1_25). Choosing h = (pc_p/Qﬁ)l/(wﬂ?) n~1/(26+p)
and p = [In(n)/(d —1/2)Inln(n) — 24] gives the result.

Proof of (i)

We deduce from Proposition 2 (ii), from the assumption .. (zo.€;) < C 3 ;. 0]2-, and
from the left-hand-side inequality of H,, that the risk is upper bounded by h2ﬁ+(2j>p 0]2.)54_
n~ o 1(h), up to a multiplicative constant. Thus, the reasoning is the same as for (ii).

O






CHAPITRE 4

Méthodologie des surfaces de réponse

et données fonctionnelles

L’objectif de ce chapitre est d’adapter au cadre fonctionnel la méthodologie des surfaces

de réponse qui consiste, dans sa version classique, a trouver les valeurs des covariables

T1i,...,%q, qui sont des parameétres d’une certaine expérience, pour laquelle la valeur de la

réponse Y (le résultat de l'expérience) est optimale. Cette optimisation se fait en réalisant

des expériences supplémentaires qui peuvent étre cotiteuses et doivent donc étre limitées en

nombre. Nous présentons dans un premier temps la version classique, multivariée, de la

méthodologie des surfaces de réponse. Nous motivons et proposons ensuite une ezxlension

de la méthode des surfaces de réponse pour l'optimisation d’une variable réponse dépendant

d’une covariable fonctionnelle. Cette nouvelle méthode est basée principalement sur la géné-

ration de plans d’expériences dans un espace fonctionnel. Une étude numérique des méthodes

proposées est ensuite présentée incluant une application & des données réelles.
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4.1 Introduction

Response Surface Methodology (RSM) was introduced by Box and Wilson (1951) with
the goal of identifying optimal conditions for experiments in chemistry. The target was to



129 4.1. Introduction

minimize the cost of experimentation or maximize the purity of the product obtained by
finding the right combination of factors (temperature, pressure, proportion of reactants, ...).
Then, its purpose is to find the values of explanatory variables (x1,...,z4) € R? for which
the response variable is optimal Y € R. This method has been and is still widely used in
the industry.

4.1.1 Response Surface Methodology for multivariate covariate

We first present the guidelines of RSM in its natural context which is the optimization
of a real response depending on d > 2 real covariates.

4.1.1.1 Sequential Optimization

Suppose we want to find the values of (z1,...,24) € R — where R is a given region
of RY — minimizing an unknown function m : R — R. We assume here that, for all
(21,...,2q) € R we observe Y (x1,...,24) =: Y such that E[Y |z1,...,2,] = m(z1,...,24q).

The principle of the method is to find the optimal experimental conditions by performing
a limited number of experiments. We choose a starting point X[() JeR (existing conditions
of experimentation that we try to optimize for example) and perform a series of experiments
around this point. The obtained observations allow us to have some idea of the shape of
the surface of y = m(xy,...,2,) in this region. This knowledge is used to estimate the
direction of the steepest descent of the surface. Along this direction, a series of experiments
are carried out until a point where the response is considered optimal is reached. Another
series of experiments may then be realized around this point and the results give another
direction of descent, or can be used to refine the position of the optimum.

More precisely, we start the algorithm by choosing a set of points, called design points,
(XZ(.O)) = (x§01)7 .. 7371('(2), around the initial point x(()O) and we obtain the

i=1,...,ng ’ ™/ a=1,...,n0

. 0
corresponding responses (YZ( )) )
i=1,...,n0

The obtained data ((w(.o), Y. O)) i=1,... ,n()) are fitted, typically with a polynomial

3 3

model of the type A ‘
Y = Z ﬂjlm7jdl‘J11 “e (L‘ild +e. (4-1)

0<51..-.Ja<p
Jit...+3ja=p

(0)

Since the points of the design are supposed to be fairly close to the point x”, a justification

(0)

of using this model comes from the Taylor expansion of the function m around x;~’ given

) = () 35 2 ) o) .-

COS T () (o) () o (),

1<j1,-,Jq<d

forall x = (z1,...,24) in the interior of R (here we suppose that m is p-times differentiable).
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Figure 4.1: Evolution of yield in the direction of steepest descent (Montgomery, 2009).

In particular, remark that (810..0,-..,080,..01) is the gradient

/
(g—;’”l” (x(()o)> ,...,g—g‘"‘i <x80)>> of m at the point X(()O). Note that the usual assumptions on
the noise €1,...,&,, in particular the assumption of homoscedasticity, are not necessarily

verified. However, if the design and the degree p of the model are well chosen, we can

‘x — xéo)‘ p) is negligible and that the
noise is homoscedastic. We also suppose that e1,...,e, are independent and normally
distributed.

suppose that the influence of XEO) in the term o(

Once an appropriate model is chosen, least-squares estimators le,...,jd of the coefficients
Bijr,....jq in the model (4.1) are calculated, which gives an idea of the shape of the response
surface around Xéo).

A second-step is to carry out a series of experiments in the direction of the steepest
descent —(31,0...,0, .. ,307“,,071) until the response begins to rise. By way of illustration, the
following figure shows the evolution of performance along the path of the steepest ascent
(here we want to maximize the yield of a chemical reaction as a function of reaction time
and temperature). The maximum yield seems to be reached at the tenth step.

(1)

At the end of this step, we obtain a new point x;’. The experimenter may decide

either to generate new experimental conditions (xgl) ) around xél) and define another

i=1,...,n1
steepest descent direction or to stop and possibly refine optimization using a model of highest

degree (typically quadratic p = 2).
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4.1.1.2 Experimental design in Response Surface Methodology

A key issue in Response Surface Methodology is the choice of the experimental design
at each step, that is to say the sequences {xgk),i = 1...,n;}. The aim is to choose it so
as to get as close as possible to the surface y = m(x1,...,24) while minimizing the number
of experiments to perform. This question is still an open problem, we refer to Georgiou,
Stylianou, and Aggarwal (2014) and references therein for a complete list of methods used.
We will focus here on the most traditional experimental designs.

First-order designs. First-order designs are the experimental designs traditionally used
when the considered model is a linear model ((4.1) with p = 1). The most frequently
employed are factorial designs.

The 2¢ factorial design is the simplest. For each explanatory variable z1,...,zq, we
choose two levels (coded by +1 and —1) and we take all the 2¢ combinations of these two
levels (see Figure 4.2).

0) T2 4 0
X9 xg)
.——.
‘ﬁL
0 7
xé) Z1 Tro I1

xg()) *—7) (0)

Figure 4.2: 27 factorial designs for d = 2 and d = 3.

If d is large, it may be impossible to achieve the 2¢ factorial experiments. The fractional
factorial design keeps only a certain proportion (e.g. a half, a quarter, ...) of points of a 2¢
factorial design. Typically, when a fraction 1/(2P) is kept from the original 2¢ design, this
design is called 2977 factorial design. The points removed are carefully chosen, we refer e.g.
to Gunst and Mason 2009 for more details.

Second-order designs. Second-order designs are those used when it is desired to ap-
proach the surface using a quadratic model ((4.1) with p = 2). As the number of parame-
ters to estimate is larger, it is necessary to generate more points. Traditional second-order
designs are factorial designs, central composite designs and Box-Behnken designs.
— 3% or 3977 factorial designs are similar to 2¢ and 2¢7P factorial designs but with three
levels (+1, —1 and 0).
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— Central Composite Designs (CCD) are obtained by adding to the two-level factorial
design (fractional or not) two points on each axis of the control variables of both sides
of the origin and at distance o > 0 (see Figure 4.3 for the case d = 2 and d = 3).
In order to verify some additional properties (see next section Design Properties), we
also add ng copies of the origin.

Z2
(0) ®
(0)
X2 Xl
—a= (0 =O[ Ll;
X0
(0) (0)
X3 Xy
L ]

Figure 4.3: Central Composite Designs for d = 2 and d = 3.

— Boz-Behnken Designs (BBD) are widely used in the industry. It is a well-chosen subset
of the 3¢ factorial design. Figure 4.4 represents the construction of Box-Behnken
design for d = 3. Box-Behnken designs are not used when d = 2. For d > 4, we refer
to Myers, Montgomery, and Anderson-Cook (2009, p. 7.4.7).

For all these designs, some or all points may be replicated, this may allow the design to
verify some additional properties (see next section) and perform lack-of-fit tests (Brook and
Arnold, 1985, pp. 48-49).

4.1.1.3 Design Properties

The major difference appearing here with more traditional statistical contexts is that
we can choose the values of the covariates (the design) for which experiments are done.
Given the example of polynomial models (4.1), the aim is to choose the design so that the

coefficients of the model (8}, ... j,)0<ji....ju<d are estimated as effectively as possible. There
JitAja=d
are different ways of conceiving the properties a design should have and therefore there

are different criteria used in the literature. We focus on the most classical: orthogonality,
rotatability and alphabetic optimality.
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Figure 4.4: Box-Behnken Design for d = 3.

Orthogonality. In order to motivate the introduction of the notion of orthogonality, sup-
pose that we are in the k-th step and that the following linear model is verified:

& & E)) J1 k) Jd k) .

VP S <x§’1)> (xgd)) +e® (=1, m).
0§]17]dSp
Jit...+Jja=p

This model can classically be rewritten in a matrix form
y®) = x*) gk) 4 k)

k k k
where Y& = (/P v Fy, g0 = (53(‘1.)..,jd)ogjl...,jdsw
Jiktia=d

k) _ (k)) 7! (k)74
X _<(””1) e \Tid i=1,...mk, 0<ji....ja<p
n+t...+jga=p

and e¥) = (5§k), . ,5%]2))’.

We suppose that e is centered, that its components are uncorrelated with same vari-
ance ai. The least-squares estimator of 5 is equal to

3" = (ch)’X(k))‘l X (0)'y (k)
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~(k
and is a random vector of mean E [ﬁ( )} = B(k) and variance-covariance matrix given by

v (37) = s[(37-9) (37 9)]
_ (X<k>’X<k>)*1 x®)'g [guc)e(k)’} x (k) (X(M’X(k))*

— o2 <X<k>’x(k>> !

1

Then, if we can choose the design so that the matrix X *®)'X () i diagonal, the estimated
coefficients are uncorrelated. If, in addition, the noise € is supposed to be Gaussian, the

vector B(k) is also a Gaussian random vector with independent components. This makes it
easier to test the significance of the components of B%) in the model.

We can verify that 27 factorial designs are orthogonal first-order designs. However,
fractional designs have to be constructed carefully in order to keep the orthogonality prop-
erty, for instance {(1,1),(1,—1)} is a 227! design but is not orthogonal. Orthogonality for
second-order designs is even harder to verify, we refer to Box and Hunter (1957) for general
criteria applied to factorial and fractional factorial designs. Central Composite Designs are
orthogonal if

Y

a:\/\/F(F+2d+no)—F
2

where F'is the number of points of the initial factorial design (see Myers, Montgomery, and
Anderson-Cook 2009).

Rotatability. To motivate the introduction of rotatability, we investigate the properties
of the predicted response at a point x = (1,...,zq) € R%:

G0 = £, (x)B"

where f,(x) := ((mﬁ’“))]l . (:E((jk)yd) . It is easily seen that
0<j1--3a<p
Ji+...+ja=p

E[50)® | = £,60/8"

and that i

Var((x) ™) = o2, (x) (XO'XD) 7, (x).

A design is said to be rotatable if Var(7(x)*)) depends only on the distance between x
and the origin. This means that the variance of the response is unchanged under any rotation
of the coordinate axes. We refer to Box and Hunter (1957) for conditions of rotatability.

Since f1(x) = (1,z1,...,24), we see that all first-order orthogonal designs are also
rotatable. This is not the case for second-order designs, for instance a CCD design is
rotatable if o = F'/4 which means that a CCD design can be rotatable and orthogonal
only for some specific values of ng and F. Box-Behnken designs are rotatable for d = 4
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and d = 7. Some measures of rotatability have been introduced (Khuri, 1988; Draper and
Guttman, 1988; Draper and Pukelsheim, 1990; Park, Lim, and Baba, 1993) in order to
compare rotatability of designs.

Alphabetic optimality. This kind of optimality criterion considers some aspects of the
variance of estimated model parameter B The most important is the D-optimality criterion
which maximizes the determinant of the matrix X(®)'X®), A justification of such a criterion
is to minimize the volume of the confidence region for 3.

Another classical criterion is the G-optimality criterion which minimizes the maximal
value of Var(y(x)) over x € R.

D-optimal and G-optimal designs may be generated by computers and are used as
alternatives to classical designs when they are not available (this is the case for instance
when the region R is constrained).

Other criteria are A-optimality minimizing the average variance of the estimated coef-
ficients or E-optimality maximizing the minimal eigenvalue of the matrix XHE'XE® - We
refer to Pazman (1986) for more details.

4.1.2 Motivating example: temperature, pressure and heat transfer tran-
sients in a nuclear reactor vessel

An hypothetical cause of nuclear accident is the loss of coolant accident (LOCA). This
is caused by a breach on the primary circuit. In order to avoid reactor meltdown, the safety
procedure consists in incorporating cold water in the primary circuit. This can cause a
pressurised thermal shock on the nuclear vessel inner wall which increases the risk of failure
of the vessel (see Figure 4.5).

The parameters influencing the probability of failure are the evolution over time of
temperature, pressure and heat transfer. Obviously, the behavior of the reactor vessel during
the accident can be hardly explored by physical experimentation and numerical codes have
been developed, for instance by the CEA !, reproducing the mechanical behavior of the vessel
given the three mentioned parameters (temperature, pressure, heat transfer). Figure 4.6
represents different evolution of each parameter during the procedure depending on the
value of several input parameters. The colors of each curve depends on the corresponding
margin factor (MF) which decreases when the probability of failure of the nuclear reactor
increases.

The aim is to find the temperature transient which minimizes the risk of failure. With
that objective in mind, the idea is to adapt RSM in a functional context.

4.1.3 Organization of the chapter

We introduce in Section 4.2 an adaptation of RSM to functional data. Then, the methods
we propose are studied numerically in Section 4.3. Finally, the Design of Experiments
methods are applied to the CEA dataset in Section 4.4.

1. Commissariat & ’énergie atomique et aux énergies alternatives http://www.cea.fr/
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Figure 4.5: Diagram of a nuclear reactor. The primary circuit is in green.
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Figure 4.6: Evolution of temperature, pression and heat transfer. Red: MF < 1, orange:
1< MF <2 yellow: 2 < MF < 3, green: 3 < MF <6, light blue: 6 < MF < 7 and dark
blue MF > 7. Source: CEA.

4.2 Response Surface Methodology for functional data

We propose in this section an adaptation of Response Surface Methodology for functional
data. The originality of the method is to provide functional designs of experiments.

4.2.1 Algorithm

Algorithm 1 is directly inspired by classical RSM procedures. The methods to generate

the design and to calculate the least-squares estimators are detailed in sections 4.2.2 and
4.2.3 below.
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Algorithm 1: Response Surface Algorithm
(0)

Initialization : Choose a starting point xz ;
for k=0,..., knax do

Generate a new set of experimental conditions : {x(lk), s x%’?} around the

starting point l'(()k) ;

Obtain the corresponding responses : {Yl(k), . 7Yn(,]f)};
Approximate the response surface using a linear model
AR (B*) :c(k)) + ™ the least-squares estimator (%) indicates the

% i 7
direction of steepest-descent;

Select a point ac(()kﬂ) = mék) — a,ﬁﬂf) (ag > 0) in the direction of steepest descent;

end

(kmax)

We can stop the algorithm here and return x . Or we can try to improve the
optimization by fitling a second-order model as follows;

M bV kIIl' X kIIl X

Generate a new set of experimental conditions : {xg & ), e x%knix)} around the
: kmax

point l‘é ) ;

Obtain the corresponding responses : {Yl(k’“a"), ... ,Y(k"“‘")};

Mkmax

Approximate the response surface using a quadratic model

Y;(kn)ax) : + <5(kmax)7x§k“‘“")> + %(Hxl(k’“‘“), a:gkm‘“)> + egkm“") and obtain

least-squares estimators (Qg,,,. B(kmax)’ fj)’
Result: z* := —H 1 3Fmax)

:ak

max
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4.2.2 Generation of a functional design of experiment
General principle

We propose a method of dimension reduction coupled with classical multivariate designs.
The main idea is the following: suppose that we want to generate a design around z¢ € H,
we choose an orthonormal basis (¢;);>1 of H, a dimension d and a d-dimensional design
{xi,i=1,...,n} ={(i1,...,2iq),i=1,...,n} around 0 € R? and we define a functional
design {z;,i =1,...,n} verifying

d
T =T+ E Ti5Pj-
Jj=1

The advantage of such a method is its flexibility: all multivariate designs and all basis
of H can be used. Then, by choosing an appropriate design and an appropriate basis, we
can generate designs satisfying some constraints defined by the context.

Choice of basis

The choice of the basis has a significant influence on the quality of design. According
to the context, it is possible to use a fixed basis such as Fourier basis, spline basis, wavelet
basis, histogram basis...

However, if we have a training sample {(X;,Y;),i =1,...,n}, it may be relevant to use
the information of this sample to find a suitable basis. The data-driven bases existing in
the literature are.

— The PCA basis (see Section 1.1.1) which is the basis of H verifying

1 < . 1
o D OIXi - HaXi|* = min {n 21 1 Xi — HdXiHZ} :
1=

i=1

where I, is the orthogonal projector on span{¢i,..., s} and the minimum on the
right-hand side is taken over all orthogonal projectors on d-dimensional subspaces of
H. More details on the computation of the PCA basis can be found in Section 2.4.2.

— The PLS basis (Wold, 1975; Preda and Saporta, 2005) which permits to take into
account the interaction between X and Y. It is computed iteratively by the procedure
described in Algorithm 2. For theoretical results on the PLS basis in a functional
context see Delaigle and Hall (2012) and references therein.

4.2.3 Least-squares estimation and design properties

Remark that all the properties described in Section 4.1.1.3 for multivariate designs de-
pend on the considered model (in particular its order p) and on the estimation method of the
coefficients of the model (least-squares). In general functional contexts, the data lie in an
infinite-dimensional space, and least-squares estimation methods can not be used without
regularization (see Section 1.3.2, p.13 in Chapter 1). Then the properties of the design must
also depend on the regularization method chosen to estimate the coefficients of the model.
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Algorithm 2: practical implementation of PLS basis (Delaigle and Hall, 2012, Section
A.2)

Data: Training sample {(X;,Y;),i=1,...,n}
Initialization :

1 « 1
X0=x,--Yx, Y%=y, - -Yy

for j=1,...,ddo

Estimate ¢; by the empirical covariance of Xi[j*l] and Yi[jfl]:

TR
=1

zn:YZ-U*” Xl
=1

Fit the models Y;” ! = g;(xV ™" o) + Wl and X7 = 5;(xP 7 o)) + W
by least-squares that is

Bj — ZYi[j_l] (XZ-D_H, 90j>/Z<Xi[j_1]’ <Pj>2
=1 i=1

and

~

0y = D (X o xS x Y )
=1 i=1

Define X 1= XV~ — (xV1 05 and v = v0 1 = B(xF7Y o)) the
residuals of the two fitted models;
end
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However, the designs generated by the method proposed in Section 1.3.2 lie in a finite-
dimensional subspace span{y1,...,@q} which is known by the user. This simplifies both
estimation procedures and extension of notions of orthogonality, rotatability and optimality
of design to our functional context. We focus on first-order and second-order designs but
the same reasoning applies to more complex models.

First-order model

For our functional design, we suppose that {(x;,Y;),i = 1,...,n} verifies a first-order
model
Yii=a+ (B,z;) +e;, fori=1,...,n,
with « € R, g € H.

Now recall that, for all i =1,...,n, ©; = g + 2?21 x; j;, then the first-order model
can be rewritten

d
Yvi :a+<ﬁ7x0>+zxz,]<ﬁ7¢]> + &4, for i = 17"'an'
j=1

This model is a first-order multivariate model and switching to notations of Section 4.1.1.3
it can be written

Y=X3+¢
with design matrix
1 11 --- T1d
1 zo1 To,d
X =
1 =1 ... zpg

and coefficients 3 = (a + (8, x0), (B, p1),---, (B, pq))’. Then least-squares estimates of the
model parameters can be obtained directly and it is easily seen that all first-order properties
of the multivariate design {x,i = 1,...,d} are also verified by the functional design.

Second-order model

Now we can see that a similar conclusion holds for the second-order model, which can
be written here

1
Yii=a+ (B,z;)+ §<H$uﬂ?z> +eg, fori=1,...,n, (4.2)

where o € R, f € H and H : H — H is a linear self-adjoint operator. Then, by definition of
T = T + Z;»lzl z; j; we have

d d

1 1
E=a+<5,$o>+*<Hﬂﬁo,$o>+§ zi5 ((B, @) + (Hzo,05)) + 5 E zi 2 1 (Hpj, or) + €
2 = 2 5
= ], =
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This model is a second-order linear model for the data {(x;,Y;),7i = 1,...,n} and all second-
order properties of {x;,i = 1,...,n} extend to the functional design {z;,i =1,...,n}.

4.3 Numerical experimentation

In this section, we set H = L2([0, 1]) and R = H (unconstrained minimization).

4.3.1 Functional designs

We use here the functions cube, ced and bbd of the package rsm (Lenth, 2009) of R
to generate respectively 2 factorial designs, Central Composite Designs (CCD) and Box-
Behnken Designs (BBD).

Functional designs with Fourier basis

In this section, we set 1 = 1 and for all j > 1, for all ¢ € [0, 1],
©2;(t) = V2 cos(2mjt) and @94 1(t) = V2sin(2mjt).
The curves of the generated designs are given in Figure 4.7.

Factorial 27 design CCD BBD

Figure 4.7: Functional designs with the Fourier basis (d = 5). Gray thick line: 29 = 0, red
lines: points of the original 2¢ or 3¢ (for BBD) factorial design (see Section 4.1.1.2 p.131),
green dotted lines: points added to the factorial design (for CCD). The colors of curves
match the colors of points of figures 4.2, 4.3 and 4.4.

Functional design with data-driven bases

We simulate a sample {X1,...,X,} consisting of n = 500 realizations of the random
variable y
X(1) ="/ A&(0),
j=1

with J =50, \j = e 7, (&j)j=1,...,7 an i.i.d. sequence of standard normal random variables

and v;(t) := V/2sin(7(j — 0.5)t).
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Factorial 27 design CCD BBD

u
% -4 2 0 2 4 &

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Figure 4.8: Functional designs with the PCA basis associated to {X;,i =1,...,n} (d =5).
The legend is the same as the one of Figure 4.7.

The PCA basis only depends on {X;,i = 1,...,n}. In contrast, we will need to
simulate the corresponding values of Y in order to calculate the PLS basis. In order
to see the influence of the law of Y on the PLS basis we define two training samples

{(Xi,Yi(j)),i - 1n} for j = 1,2 with

mj(x) := ||z — f;||?, where

fi(t) = cos(4nt) 4 3sin(nt) + 10,
f2(t) = cos(8.57t) In(4t* 4 10)

and £1,...,&p, i.i.d. ~N(0,0.01).

The curves of the design generated by the PLS basis (Figure 4.9) are much more irregular
than those generated by the PCA basis (Figure 4.8). However, remark that the designs
generated by the PLS basis (Figure 4.9) of the two samples show significant differences,
which illustrates that the PLS basis effectively adapts to the law of Y.

4.3.2 Response surface algorithm

As an illustration, we run Algorithm 1 on the two examples given above. We use here
the PLS basis calculated from the training sample {(Xj, Yi(])),i =1,...,n} with j=1or
j = 2. The aim is to approach the minimum f; of m; : z € H— |z — f;]*.

We use the training sample a second time to determine the starting point of the algo-
rithm. We take
.Z‘(()O) = Xz

where iy, := argmin;_; ,{Yi}.

min

The dimension is set to d = 8.
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Factorial 27 design CCD BBD

X

X
0
Xy

X

Xt
0
X

Figure 4.9: Functional designs with the PLS basis of the training sample {(Xi,)/i(j),i =
1,...,n}, j =1 (first line) and j = 2 (second line), d = 5. The legend is the same as the
one of Figure 4.7.

Approximation of f; = cos(4nt) 4+ 3sin(wt) + 10.

Descent step. We generate a factorial 2¢ design (Figure 4.9 — left) (azgo), e ,.%‘7(1%)) (here

no = 2%) and we fit a first-order model
d
O a0+ S A0 4
j=1

to estimate the direction of steepest-descent. We realize two series of experiments on
the direction of steepest descent. The first one (Figure 4.10- top left) allows us to
suppose that the optimal value of «ag is between 0.4 and 0.6 and the second one to fix
ap = 0.50. We set m(mél)) = :1580) — apBO.

The value of m at the starting point was m(x(()o)) =70.4+0.1. At this step, we have
m(a:(()l)) = 6.33 x 1073 4+ 1075 and we have done only 2¢ + 24 = 280 experiments to
reach this result.

We fit a first-order model once again with a 2¢ factorial design and find that the norm
of B is very small (||B(1)|| < 0.02) compared to HB(O)H = 16.8 £+ 0.1 which suggests
that we are very close to a stationary point. We also note that the p-value of the
Fisher’s test Hy : 551) =...= ﬁc(ll) = 0 against H; : 35 € {1,.. .,d},ﬁj(l) = 0 is very
close to 1 which tends to confirm this assertion.

Final step. To improve the approximation, we fit a second-order model on the design

points given by a Central Composite Design (Figure 4.9 — center). The matrix H at

this step is an estimation of the matrix of the restriction to the space span{e1,..., @4}

of the Hessian operator of m at the point xél). All the eigenvalues of H are greater
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Figure 4.10: Results of experiments on the direction of steepest descent for the estimation
of fi. z-axis: ag, y-axis: response Y = my (x(()o) — aoﬁ(o)) + €.

than 1.96>0, this suggests that we are close to a minimum. We set :z:(()Q) = —ﬁ_lg(l)
and we have m(a:éz)) :=5.45x 1073+ 107°. The CCD with d = 8 counts 280 elements
then we have realized 280 experiments for the descent step plus 280 for the final step,
this rises to 557 the total number of experiments performed. Figure 4.11 represents
the different results.

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.11: Result of optimization algorithm. Black curve: 3:(()0), orange curve: :U(()l), red

(2)

curve: ry ©, green curve: fl-

Approximation of fy(t) = cos(8.57t) In(4t? + 10)

We have here m(x((]o)) = 2.88+0.01.
We follow the same steps as in the previous paragraph. Figure 4.12-left represents the
evolution of the response along the direction of steepest descent. Here, since the response
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is noisy, refining the result without doing a too large number of experiments seems to be
difficult. Then, we fix ag = 0.5 and x(()l) = x(()o) - aOB@. We have m(x(()l)) = 1.99 4 0.01.
At this step, we have improved the response of about 31%. This is not as important
as the improvement of the first step of estimation of f; but that is significant. This is
probably due to the fact that the PLS basis is not optimal for generating good designs for
the approximation of fo. This fact highlights the importance of a good choice of basis and
indicates that even a data-driven basis can not be optimal if the training sample is not well
chosen.

This time, the p-value of the Fisher’s test Hy : 5§1) =...= 5&1) = 0 against H; : Jj €
{1,.. .,d},ﬁj(-l) # 0 is very small (< 2 x 10™%) which indicates that we are not close to a
stationary point. Then, we try to improve the response doing a second descent step. How-
ever, the result of Figure 4.12-right seems to indicate that we will not improve significantly
the response along this path.
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Figure 4.12: Results of experiments on the direction of steepest descent for the estimation
of f. Left-hand side: first direction (—3(?), right-hand side: second direction (—3M).

We fit a second-order model and set xé2) = —H13®. We have m(x(()z)) =2.01+0.01,
compared to the result of the first step, we have not improved the response, probably because
we are far from the stationary point.

4.3.3 Choice of basis

In this section, we compare the three bases proposed in Section 4.3.1 by a Monte-Carlo
study.

We generate ng = 50 training samples of size n = 500 and compare the results of the
first descent step when the design is generated by the Fourier basis, the PCA basis and the
PLS basis. The starting point is the same: :1:(()0) = for imin = argmin;_; _,,{Y;} (then
for the Fourier basis the training sample is only used to set the starting point). The results

Tmin

are given in Figure 4.14. We see immediately that the PLS basis seems to be a better choice
than the PCA one. However, the choice between the PLS basis and the Fourier basis is less
clear and depends on the context.
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Figure 4.13:  Result of optimization algorithm. Black curve: :L'((]O), orange curve: l'(()l), red

(2)

curve: x; ~, green curve: fo.
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4.3.4 Choice of dimension d

Figures 4.15 and 4.16 show that, except when the design is generated by the PCA basis
for the approximation of fi, the percentage of improvement increases when the dimension
increases. Then, being aware that the number of experiments increases exponentially with
the dimension, the user has to choose it as large as possible.

4.4 Data-driven experimental design for CEA dataset

The aim of this section is to generate a factorial design for the temperature, pressure and
heat transfer transient given in Figure 4.6. Since the PLS basis has given good results in
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simulations, we focus on this basis. We first generate the basis, whose three first components
are plotted in Figure 4.17. This figure gives us some hints on the important features of the
curves : for instance, we see that the behaviour of the temperature curves at the beginning
and at the end of the simulation seems to have little influence on the margin factor since
the three elements of the PLS basis are close to 0 in 0 and 5000. Conversely, the influence
of the heat transfer on the margin factor is greater at the beginning of the simulation and
seems to be negligible at the end.

Then, for each quantity considered (temperature, pressure, heat transfer) we define the
starting point of the algorithm. We choose the element for which the margin factor is
maximal (Figure 4.18).

For temperature and heat transfer, we generate a 2° factorial design around these initial
curves. As some design points of the 2° factorial design generated around the initial heat
transfer curve took negative values (which can not correspond to the physic since the heat
transfer is always positive), we remove it and keep only the design points of the 2° factorial
design which are always positive. The resulting design is a 2! fractional factorial design.

If the final aim is to optimize margin factor with experiences involving variation of the
three parameters (temperature transient, pressure transient and heat transfer transient), it
is possible to generate a design by taking all the combination of the three designs represented
in Figure 4.19. Since the number of combinations is large (2°+5t% = 16384), it could be
useful to choose d = 3 and have only 231312 = 256 experiments to do in order to generate
the sample.

At this step, we are not able to estimate a direction of steepest ascent since the com-
putation code allowing to obtain the margin factors corresponding to the curves of the
design generated is not public. Then, an immediate perspective of this work is to obtain
the complete sample and run Algorithm 1 on these data.
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function of the dimension d.
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Figure 4.18: Initial temperature curve (a), pressure curve (b) and heat transfer curve (c).
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Figure 4.19: Factorial 2° design around the initial curves given by Figure 4.18 (a) tempera-
ture, (b) pressure. For heat transfer (c), the curve with negative values have been removed
(fractional factorial 2°~! design).
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Au cours de ce travail de thése nous avons exploré des problématiques trés diverses sur
deux aspects : d’une part la nécessité de prendre en compte la spécificité des données fonc-
tionnelles, liée & leur caractére infini-dimensionnel, ce qui nous a amené i nous questionner
sur la réduction de la dimension et & explorer des outils spécifiques comme la théorie de
la perturbation. D’autre part, dans I’objectif de proposer des procédures de sélection de
modéle ou de fenétre, nous avons adapté & ce contexte les idées de Birgé et Massart pour la
sélection de modéle, et de Goldenshluger et Lepski pour la sélection de fenétre, ce qui nous a
permis d’obtenir des estimateurs adaptatifs dont le risque est contrélé a taille d’échantillon
finie.

Une problématique centrale dans ces travaux de thése est la question de la réduction de
la, dimension. Dans chaque chapitre, cette question s’est posée et la réponse est de nature
différente selon les contextes que nous avons considérés.

Dans le chapitre 2, nous avons premiérement constaté que I'estimation de la fonction
de pente dans le modéle linéaire fonctionnel était un probléme inverse mal posé. Dans
ce cadre-1a, projeter les données dans un espace de dimension finie bien choisi permet de
régulariser ce probléme inverse et d’obtenir des estimateurs satisfaisants. Une fois ce constat
établi, se pose la question du choix de ’espace d’approximation qui recouvre en réalité deux
problématiques : la question du choix de la base d’approximation et la question de la sélection
de la dimension de I'espace.

De nombreux travaux ont traité du choix de la base d’approximation, que ce soit pour
des problématiques liées a I'analyse des données fonctionnelles (voir par exemple Ramsay
et Silverman 2005, Chapitre 3) ou de maniére générale (DeVore et Lorentz, 1993). Lorsque
la nature des données est connue, il est possible de définir des bases appropriées, comme
la base de Fourier lorsque les données sont périodiques. Une autre solution est de définir
une base "data-driven", comme la base de 'ACP, ce qui permet d’exploiter I'information
de I’échantillon pour limiter la perte d’information lors de ’étape de projection. Une fois la
base sélectionnée, la question de la sélection de la dimension se pose avec une importance
particuliére et, jusqu’a trés récemment, peu de travaux traitaient de la sélection de la di-
mension en particulier d’un point de vue théorique. Dans la lignée des travaux de Comte
et Johannes (2010), nous avons adapté la méthode de sélection de modeéle avec contraste
pénalisé au cadre fonctionnel. L’apport principal de nos travaux est de considérer non plus

3

des bases fixes mais une base aléatoire, la base de 'ACP. Cette extension n’a pu se faire
qu’avec laide de la théorie de la perturbation permettant de controler les projecteurs aléa-
toires de maniére non-asymptotique. D’un point de vue pratique, la méthode de sélection
de la dimension a montré des avantages par rapport aux méthodes usuelles de validation
croisée, tant du point de vue du temps de calcul que du point de vue de la stabilité de
I’estimateur final.

Bien que la question de la réduction de la dimension n’est pas la question centrale
du chapitre 3, elle a été une des principales motivations a l'origine de ce travail. En effet,
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rappelons la définition de 'estimateur de type Nadaraya-Watson de la fonction de répartition
conditionnelle F*(y) = P(Y < y|X = z) défini par Ferraty, Laksaci et Vieu (2006) et
Ferraty, Laksaci, Tadj et al. (2010),

oy it Kn(d(@, Xi)Lyi<y
Sy Kn(d(z, X3))

(4.3)

avec d une pseudo-distance sur HL.

11 a été proposé, par exemple par Ferraty, Laksaci et Vieu 2006 ; Geenens 2011 de choisir
des distances associées & des semi-normes de projection (d(z,z’) = ||II,(x — 2’)|| avec II,
un projecteur sur un espace de dimension finie Sp,) dans 'objectif de contourner le fléau
de la dimension. L’hypothése était que ’on pouvait obtenir, par ce biais, des estimateurs
convergeant a une vitesse plus rapide que celle de Uestimateur (4.3) avec d(z,2’) = ||z — 2|
Remarquons que cela consiste & projeter les données dans 'espace S,. Un des objectifs
initiaux de ce travail était donc de s’intéresser a ces semi-normes, et plus précisément de
sélectionner de maniére adaptative les deux paramétres d’estimation : la dimension p et la
fenétre h. Au fur et & mesure de ce travail, il est apparu en réalité que, sous des hypothéses
assez larges, lorsque la fenétre h est bien choisie, la vitesse de convergence de 'estima-
teur (4.3) avec d(z,2') = ||z — /|| est optimale (cf. Tableau 3.1, p.84), ce qui implique
qu’aucun estimateur ne peut converger a une vitesse plus rapide. Une analyse de la décom-
position biais-variance de l'estimateur basé sur les semi-normes de projection montre que
la variance est effectivement fortement réduite mais qu’en revanche le biais est augmenté a
tel point que ces estimateurs ne peuvent atteindre la vitesse de convergence optimale que
lorsque la base de I'espace d’approximation est bien choisie et que p tend vers I'infini & une
certaine vitesse, ce qui pose des problémes pratiques importants. Dans ce contexte, il semble
donc que I’étape de projection des données dans un espace de dimension finie donne des
estimateurs moins performants.

Dans le chapitre 4, 1a réduction de la dimension est vue comme une maniére d’adapter au
cadre fonctionnel des méthodes existant dans un cadre multivarié. Nous voyons, cependant,
que la question du choix de la base d’approximation est, ici encore, une question centrale. En
effet, rappelons que nous voulons optimiser une fonction différentiable y = m(x) observée
de maniére bruitée (c’est-a-dire que, pour tout x, nous pouvons observer y = m(x) + € avec
€ un bruit aléatoire). Nous partons d'un point xy et nous souhaitons estimer la direction de
plus forte pente, donnée par le gradient de m en g que nous noterons m'(xg). Pour cela,
remarquant que, pour tout z, m(z) = m(zo) + (m'(zo),x — xo) + o(||z — zol|), I'idée est
de choisir des points (2;)i=1,...n, proches de x, d’obtenir les résultats (y;)i—1,..n, correspon-
dants et d’estimer m’(xg) par une régression linéaire de y; par rapport a x;. Nous avons
la possibilité de choisir (z;)i=1,... n, €t nous proposons le choix suivant : z; = xg + d;, avec
d; des points d’un espace de dimension finie S;. Un tel choix implique que 'estimateur de
m’(xg) obtenu est également dans l'espace Sy, et donc que 'espace Sy définit en quelque
sorte un nombre restreint de directions d’optimisation. L’étude numérique du chapitre 4,
nous indique que le choix de cet espace influence de maniére importante le résultat de I'op-
timisation. Lorsque nous disposons d’un échantillon d’apprentissage, nous pouvons utiliser
Iinformation de ’échantillon pour générer ’espace S;. La régression PLS, qui permet de
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générer une base tenant compte de la variabilité de Y par rapport a =, donne de bons
résultats.

Une des perspectives de cette thése serait de s’intéresser & des modéles de régres-
sion plus souples que le modéle linéaire fonctionnel mais pour lesquels nous pouvons espé-
rer définir des procédures d’estimation convergeant a vitesse polynomiale. Les résultats de
Mas (2012) montrent que ce n’est pas possible dans le cadre du modeéle de régression non-
paramétrique. Nous considérons donc des modéles intermédiaires en ajoutant une contrainte
structurelle sur la fonction de régression.

Dans une premiére étape nous nous intéressons au modéle linéaire généralisé, que nous
écrivons de la maniére suivante :

Y = fla+ (B8, X)) +e, (4.4)

avec € un terme de bruit centré, de variance o2, indépendant de X, f : R — R une fonction
supposée connue, o un nombre réel et 5 un élément de H. Nous disposons d’un échantillon
de {(X;,Y:), i =1,...,n} verifiant I’équation (4.4) et Pobjectif est d’estimer les paramétres
(o, B).

Nous supposons que les conditions sont réunies pour que le modéle soit identifiable.

Une premiére motivation pour s’intéresser & ce modéle est d’ordre théorique, avec I’ob-
jectif de définir une procédure d’estimation adaptative pour le parameétre §, inexistante a
ce jour a notre connaissance. D’autre part, la compréhension des problémes liés & la non-
linéarité du modéle serait un premier pas pour considérer des modéles plus généraux, comme
le modéle single-index, ot la fonction g est supposée inconnue.

Nous nous intéressons ici a des estimateurs par projection (Qy, Bm) définis par minimi-
sation du contraste des moindres carrés

1 n
Y : (a,b) € R x H — ﬁZ(Yi—f(a— (b, X;)))? (4.5)
i=1
sur 'espace R x Sy, avec Sy, := Vect{¢1, ..., vp,, } un espace d’approximation de dimension

D,,, défini & partir d’une base orthonormée fixe (¢;);>1 de H.

Les premiéres simulations réalisées sur cet estimateur semblent donner de bons résultats
représentés dans la figure 4.20, la base choisie est ici la base de Fourier. Sur les deux exemples
présentés, un des estimateurs de la famille {B\m, m = 2,5,11,17} semble donner des résultats
satisfaisants.

La question ici est de trouver un critére pour sélectionner la dimension D,,. L’idée est
d’utiliser un critére de type moindres-carrés pénalisé, généralisant la procédure définie dans
le chapitre 2. Pour cela, afin de déterminer la forme de la pénalité, nous souhaitons étudier
la décomposition biais-variance de ’estimateur. Le probléme principal est lié a la majoration
de la quantité

B | LS @+ B, X)) — S0+ (B X)) (4.6)

indispensable pour obtenir 'ordre de la variance de l’estimateur (nous notons ici 8, € Sy,
la projection de 8 sur S,,).
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FIGURE 4.20 — Estimation de B1(t) := In(15t> + 10) + cos(4nt) (4 gauche) et de Ba(t) :=
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(bleu). Ici g(t) = t3 et X est le mouvement brownien sur [0,

10 (a gauche), 02 = 0.001 (&
Dy, = 11 (vert) et D,, = 17
1].

La non-linéarité pose ici un probléme important. En effet, remarquons que les estimateurs

(Qm, Bm) peuvent, de maniére équivalente, étre obtenus en minimisant la quantité

sur 'ensemble

S =

- 1 ¢
Tnurr Z (Y — u(X;))?
i=1

Dp,
f:H—>R3aeRand (by,....bp,,) € RP™ tels que f(z) =g [ a+ > bj(z,¢;)
j=1

Sous cette écriture, nous voyons que la méthode d’estimation que nous proposons revient &

minimiser le contraste des moindres carrés usuel en régression non-paramétrique mais sur

un espace d’approximation qui, cette fois-ci, est non-linéaire. En effet, comme nous ’avons

fait en régression linéaire fonctionnelle, nous pouvons ramener le probléme de majoration
de la quantité (4.6) au probléme de majoration de

ou B, est l'intersection de la boule unité de R™ avec l'ensemble des éléments (yi, ...

E sup
y=(y1,-yn) €Bm ™ 1]

(4.7)

ayn),

de R™ tels qu'il existe f, [’ € Sy, vérifiant y; = f(X;) — f'(X;), pour tout i. La quantité (4.7)
est liée & la topologie de I’ensemble B,,,. Lorsque g est la fonction identité, ’ensemble B, est

la boule unité du sous-espace vectoriel S,,, de dimension D,,, et nous pouvons majorer cette

quantité par D,,02/n. La question qui se pose est donc d’adapter ce résultat en présence

de non-linéarité.

Des espaces d’approximation non-linéaires se retrouvent également dans les modéles de
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réseaux de neurones tels que définis par Barron (1994) sous la forme
Dm
> g o({aj,x) +b;) + g0
j=1

avec aiy,...,ap,, € R*. g0, g1, . .. ,9D,,,b1,-..,bp,, € R satisfaisant des contraintes que nous
ne détaillerons pas ici. En introduisant une notion de dimension métrique, généralisant,
entre autres, les travaux de Barron (1994) sur les modéles de réseaux de neurones, Birgé et
Massart (1998) ont pu majorer des quantités de type (4.7) en présence de non-linéarité, ce
qui pourrait constituer une piste pour débloquer le probléme de majoration de la variance
de notre estimateur.

Une deuxiéme motivation & I’étude des modéles linéaires généralisés est d’ordre pra-
tique. Une discussion est en cours avec Lars Lau Rakét et Stefan Sommer du département
d’informatique de I'université de Copenhague dans I'objectif de définir une procédure pour
diagnostiquer des troubles du déficit de Pattention avec hyperactivité (TDAH) a partir de
données d’'TRM fonctionnelle. Ces données, qui sont des images 3D du cerveau, prises toutes
les 1.5 & 6 secondes peuvent étre vues comme des données fonctionnelles dans le sens o ce
sont des fonctions de [0, 7] x [0, 1]¢, avec d = 2 ou 3, vers R, que nous pouvons par exemple
considérer comme étant des éléments de L2(]0, 7] x [0, 1]¢, R).

Ce type de données nécessite un traitement approprié, il est par exemple nécessaire de
supprimer les décalages éventuels liés a la maniére dont les images sont enregistrées (reca-
lage). D’autre part, les zones ayant un intérét particulier sont des zones ou un changement
rapide en temps a lieu, il faut donc en tenir compte dans la méthode d’estimation des
parameétres du modeéle. Une collaboration avec un chercheur du laboratoire BRAINIlab, dé-
pendant du département de neurosciences et pharmacologie de I'université de Copenhague,
est envisagée dans I'objectif de mieux comprendre la spécificité du probléme considéré et
d’adapter en conséquence 4 la fois le modéle et la méthode de prédiction. Nous envisageons
pour le moment un modele de type logit.

Outre les perspectives que nous venons d’évoquer, des axes de recherches faisant suite
aux travaux de cette thése sont envisageables.

— D’autres bases "data-driven”, définies, par exemple, a partir de versions régularisées
de PACP (Ramsay et Silverman, 2005, Chapitre 9), pourraient étre considérées que
ce soit dans le chapitre 2, de maniére théorique, ou dans le chapitre 4.

Les résultats du chapitre 2 pourraient étre étendus a la base PLS (Preda et Saporta,
2005), qui a donné des résultats numériques satisfaisants dans le chapitre 4. L’intérét
pratique de cette base est de prendre en compte la variation de Y par rapport & X, ce
qui n’est pas le cas de la base de I’ACP qui est calculée uniquement a partir des Xj.
Toutefois, cet avantage pratique complique I'étude théorique des estimateurs définis
sur la base PLS car cela interdit tout raisonnement basé sur un conditionnement par
rapport & X, qui constituait une des clefs des résultats du chapitre 2.

Une autre perspective du chapitre 2 serait de considérer d’autres méthodes d’estima-
tion de la fonction de pente comme la régression ridge (Cardot, Ferraty et Sarda,
2003 ; Ramsay et Silverman, 2005) consistant a définir un estimateur minimisant le
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critére
n

D Y= (£, X))+ pll £

=1

1
n
Pour cette méthode d’estimation, le parameétre p est un paramétre de lissage jouant le
meéme role que la dimension D,, pour les estimateurs par projection. Une procédure de
sélection basée sur une adaptation de la méthode de Goldenshluger et Lepski (2011)
pourrait étre envisagée dans ce cadre-la.

Les résultats du chapitre 3 pourraient étre étendus & d’autres problémes d’estimation
que celui de la fonction de répartition conditionnelle comme celui de la fonction de
régression, de la densité conditionnelle ou de la fonction de hasard conditionnelle.

La présence de censure sur Y ou de dépendance pourrait également étre considérée.
Une autre perspective du chapitre 3 serait d’explorer plus précisément la question
de la semi-norme des estimateurs a noyaux. Nous avons établi que le remplacement
de la norme dans le noyau par une semi-norme projective ne pouvait pas améliorer
la vitesse de convergence de l'estimateur. Ce résultat est basé sur une hypothése de
type Holder faisant intervenir la norme L2. Or, dans certaines situations, la norme
L2 n’est pas la bonne norme & considérer, par exemple lorsque I’échantillon contient
des courbes mesurées & des temps différents, deux courbes de I’échantillon peuvent
avoir une distance L? importante mais représenter le méme processus. Partant de ce
constat, il semblerait logique de considérer une semi-norme permettant de considérer
deux courbes dont I'une est légérement déformée par rapport a 'autre comme égales,
une telle définition dépendrait bien stir du contexte. Geenens (2011) propose un tel
exemple de semi-norme dans 'objectif de faire de la reconnaissance automatique de
signature.

Ce type de modélisation pourrait nous permettre de contourner le fléau de la dimen-
sion. En effet, si 'on peut établir que chacune des courbes de I’échantillon est une
déformation paramétrique aléatoire d’une certaine forme moyenne (Charlier, 2011) et
que l'on peut tenir compte de cette déformation dans la définition de ’estimateur,
il pourrait étre possible d’obtenir des estimateurs & noyau convergeant a des vitesses
plus rapides.



ANNEXE A

Théorie de la perturbation :
application au controle des
projecteurs aléatoires

L’objectif de la théorie de la perturbation est de comprendre le comportement des élé-
ments propres d’un opérateur obtenu en “perturbant” (dans un sens a préciser) un autre
opérateur. Cette théorie a été initialement développée par Rayleigh pour calculer les fré-
quences naturelles et les modes d’un systéme en vibration par comparaison avec ceur d’un
systeme plus simple, et par Schrédinger pour des applications en mécanique quantique (voir
Uintroduction de Kato 1995 et les références qui y sont citées). Elle s’est ensuite révélée étre
un outil puissant en statistique pour contréler les déviations des valeurs et vecteurs propres
d’un opérateur ou d’une matrice de covariance empirique par rapport ¢ ceur de sa version
théorique (voir par exemple Koltchinskii et Giné 2000 ; Zwald et Blanchard 2005 ; Cardot,
Mas et Sarda 2007; Crambes et Mas 2012). Nous présentons la théorie dans un premier
temps, puis nous lappliquons pour démontrer les résultats de contréle non-asymptotique des
composantes principales de ’échantillon sur lesquels sont basés les résultats du chapitre 2.

A.1 Mathematical tools

A.1.1 Operator theory

Let us first recall some notions of operator theory.

Definition 1. (Rudin 1973, Chapter 4 or Brezis 2005, Chapter VT)
Let (H, || - ||, (-,-)) be a Hilbert space.
— An operator T : H — H is said to be self-adjoint, if for all z,y € H,

(Tz,y) = (z,Ty).

— An operator T : H — H s said to be compact if the closure of the image by T of the
open unit ball of H is compact.

— An operator T : H — H is said to be Hilbert-Schmidt if there exists an orthonormal
basis (e;);>1 of H such that

Z | Te;]|* < +oc.
i>1
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If an operator T' is Hilbert-Schmidt, the quantity >, |Te;||? is independent of the
basis (e;)j>1 and we can define a norm

1Tl = D ITes]>
=1

For our purpose, the interest of the Hilbert-Schmidt norm is twofold. First this norm is
associated to a scalar product

(T, T s =Y (Te;, T'e;)
Jj>1

and the space of all Hilbert-Schmidt operator equipped with this scalar product is a Hilbert
space. Second, this norm may be easier to calculate than the more classical operator norm
|| - |lo defined by

T
[T = sup L2

and the two norms are linked with the following relationship:

I lloo <1+ [l s

(for more details see Bosq (2000, Chapter 1.5)). Recall that the space of all bounded linear
operators equipped with the operator norm is a Banach space.

We admit here that all Hilbert-Schmidt operators are compact. We can find arguments
and references for a proof of this result in Brezis (2005, p. 99).

We also recall the spectral theorem for self-adjoint compact operators.

Theorem 9. (Brezis 2005, Théoréme VI.11, see also Halmos 1963) Suppose that H is sep-
arable. Let T be a self-adjoint compact operator. Then H admits an orthonormal basis of
eitgenvectors of T.

Examples: Both operators
I':felH— E[(f, X)X]

and
T, : ! i( £ X)X
n:feEH— — , X)X
i
are self-adjoint. Moreover, since I'y, is a finite-rank operator, the image of the unit ball of
I',, is a finite-dimensional bounded set. Then the closure of its image is a compact set and
I',, is a compact operator.
It can also be seen that I' is a Hilbert-Schmidt operator as soon as E [||X||?] < +oo,
which implies that I' is a compact operator. Then, by Theorem 9, there exists a basis
(1j)j>1 of H (resp. (Jj)jzl) of eigenfunctions of I' (resp. I'y). As a consequence, both
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operators can be written in a spectral form

D:fe Y N(fy) and Tyt f e Y (£, ), (A1)

j=1 Jj21

where (\;);>1 and ()\ )j>1 are the eigenvalues of I' and I'), (sorted in decreasing order).
Recall that the inverse of T' is not a bounded operator and that T',, has no inverse (this can
also be seen from Equation (A.1) since Xj =0 for j > n), we can define pseudo-inverses of
both operators in the following way

rt: f Zf%zp] nd T - fr—>Z

1150y (A.2)

with K a positive integer. The sums need to be finite to ensure that both I'f and ),
are continuous and well-defined for all f € H. These pseudo-inverse operators are also
finite-rank then compact and self-adjoint for all K > 0.

Another consequence is that, for all z ¢ {\;,j > 1} (resp. z ¢ {/):j,j > 1}) the operators
(21 =T)~1, (2I-T)"Y2, (vesp. (21 —T,,)" Y, (21 —T,,)~"/?) are well-defined and self-adjoint.
For instance, since, for all j > 1, (21 — F)_l/QQ,Z)j = (/2 — Aj) "1 ¢; we have, for all f € H,

fw>
(20 =T)"Y2F =N () (2] —T) V2, =Y 20

A.1.2 Integration of Banach space valued functions

Let @ be a subset of C and E a complex Banach space equipped with a norm || - ||g. We
briefly define in this section the integration of continuous functions f : Q — FE in a general
framework. Then, in Section A.2, we will apply this definition to the particular case where
E is the space L(H) of bounded operators from H to H equipped with the operator norm.

Let E* be the dual space of F, that is the space of all bounded — for the operator norm
— linear maps from E to C.

Definition 2. (Rudin, 1973, Definition 3.26) Suppose that E* separate points that is to say
that Az = Ay for oll A € E* implies x = y. Let f : Q — E be a continuous function such
that, for all A € E*, Af is integrable. If there exists y € E such that, for all A € E*,

Ay:/QAf(z)dz

y:/f@w

The existence of fQ z)dz comes from Rudin (1973, Theorem 3.27) under the assump-
tions that @ is a compact Hausdorff space and the closure of the convex hull of f(Q) is

then we define

compact.
We can also define the notions of integrability and integral for E-valued functions as
a limit of integrals of "simple” functions, generalizing the procedures used to define these
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notions for R-valued functions (Bochner integral see e.g. Dunford and Schwartz 1958). Both
definitions coincides (see Dunford and Schwartz 1958, Section I11.6.20).

Remark 7: The definition allows us to extend without much difficulty the classical theo-
rems of complex analysis (Cauchy formula, residuals theorem,...) to E-valued functions.

A.1.3 Recalls on classical complex analysis

We recall that a path is a piecewise continuous differentiable function v : [a,b] — C
where [a,b] € R is an interval. We denote supp(y) := {v(¢),t € [a,b]} and recall that the
integral of a continuous function f : supp(y) — C with respect to v is defined by

b
/ f(Q)d¢ = / v () f((t))dt.

We then recall the definition of the index of a complex number z with respect to a closed
path ~.

Theorem 10. (Rudin, 1987, Theorem 10.10) Let v be a closed path. For all z ¢ supp(7),

define
| :
ndy = 2in / ¢—

Then Ind, is an integer-valued function on C\supp(y) which is constant in each con-
nected component of C\supp(y) and which is 0 on the unbounded connected component

of C\supp(7).

The index Ind, (2) essentially counts the "number of times v winds around 2”. For simple
paths, like the rectangular one (Figure A.1) or the circular one (Figure A.2), Ind,(z) simply
takes values in {0,1}.

v
2\
5Dm/2
0 )‘Dm-i-] )\Dm e Al 2M1
-2\

Figure A.1: Rectangular contour.

More precisely, for the rectangular path

Ind,(z) = { & HA0m —0p,,/2 <Rez < 2\ and |Im 2| < 2\
T 1 0 otherwise )
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p
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0 Ap

Figure A.2: Contour made of disjoint circles.

and for the circular path (see Rudin 1987, Theorem 10.11, p.204),

. 1 if\)\j—z]<6j/2foraj€{1,...,Dm},
Ind,(2) = { 0 otherwise

Indeed, if v is the circular path, the connected components of (C\supp( ) are the open
disks D(A;j,0;) of center A\; and radius ; for j = 1,..., D, and (C\U m D(Nj,8;). If
z € D(Aj,05) for a j = 1,...,Dyp, (in other words if \z — A < 65), then since Ind, is
constant in D();,d;), we have:

dt = 1.

1 d 1 [t 2imge*m
Ind,(2) = Ind, (\;) = — / ¢ _ e

2 0 C— )\J - ﬂ 0 )\] + (5]‘62th — )\J
If z € C\ UD’” D()\;,0;), then it follows from Theorem 10 that Ind,(z) = 0. The proof for
the rectangular path is very similar.

We also recall the Cauchy Formula and the Residue Theorem.

Theorem 11. (Rudin, 1987, Theorem 10.15, p.207) Suppose v is a closed path in a convez
open set Q and f is holomorphic in Q. If z € Q\supp(y), then

£(2) Tndy (2) = 5 C_Z

Theorem 12. (Rudin, 1987, Theorem 10.42, p.224) Suppose that f is a meromorphic func-
tion in Q. Let S be a set of points in Q at which f has poles. If v is a closed path in Q\S
such that

Indy(2) =0 for all z ¢ Q,

then

AES

where Res(f, \) = c_1 in the Laurent series expansion of f about the point \,

f2)= > (=AY

jz—k
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A.2 Reformulation of random projectors with an integral

The aim of this section is to prove the following proposition, which is a key element in
the proofs of lemmas 18, 19 and 20. This very important result allows us to write, on a set
of high probability, the difference between theoretical and empirical projectors as an explicit
function of the operators I and I'),. In the following, we need three assumptions (we keep
here the notations of Chapter 2):

H2 There exists b > 0 such that, for all £ € N*,

supE [

. 2/
<X ST et
jeN N -

J
H3 For all j # k, < X,1; > is independent of < X, 1)y, >.

is

H4 There exists a constant v > 0 such that the sequence (jA; max{ln'*7(j), 1})j>1

decreasing.
Proposition 3. Let v be either the rectangular path given by Figure A.1 or the union (for
Jj=1,..., Dy,) of the circular paths 02 of center \j and radius §;/2 := min{\j—Xj 411, \j—1—
A;}/2 represented in Figure A.2. There exists a set Ay, such that
P (.A%) < 2exp(—c*In’n),

where ¢* > 0 depends on the sequence (\;)j>1 and

M= a)la, = 5 [ RPQU-TQ' TOR?Odta, (A3
(=ma, = 5= [ REOU-TETQRZQdcLa,, (A4
O -Thia, = 5 [ (RPOU-TEQ' TORP QdoLs, (A5)

where ﬁm is the orthogonal projector on Vect {@/1;1, . ,TZJ\Dm }, I1,, is the orthogonal projector

on Vect{in,...,¥p,.}, T; is the orthogonal projector on Vect{zzj}, 7j is the orthogonal
projector on Vect{1;}, TT and T}, are defined in Equation (A.2), p.160 and

T(¢) = RY*(Q)(T'y — T)RY2(¢) and R(¢) = (I —T)~ 1.

Proof. First remark that, if E is the space of all the endomorphisms of H, then, for all
g,k > 1, the map A} := A € E > (Ayj,4y) is in E* and we can easily verify that, for all
AA € E,

AjgA=A; A forall j,k>1=AA=AAforall A € E*.

Since II,, is the orthogonal projector on span {1, ...,¥p, } and, for both contours, for
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all j, Ind,(\;) = 1;<p,,, we have

1 d
It = Indy ()15 = % / C—C)\j%’
v

and

1

I S S ,L -l
" 2im ), (- )\ AJ”‘“Qm A(CI L),

where I : x € H +— z is the 1dent1ty operator. Then
m 20m ~ ’ ’

by definition of f (CI —T)7'd¢. Now the aim is to write similarly the random projector

II,,. This can be done if, for all j < Dy, )\ is in the interior of ~.
We introduce the set A, defined by

Dm 5 A
Ap = ﬂ {’/\j —Ajl < 2} ﬂ{ sup  [[T'(2)]lo < \/ﬁlnn}, (A7)

j=1 z€supp(7)

where for all k > 1, a = >, ‘)\iij)\ﬂ + g‘—: and we recall that T(¢) = RY2(¢)(T',, —
J

D)R'2(¢).
We see that, on the set A,, following the same ideas as those of the proof of Equa-
tion (A.6), we also have that,

N 1
i, = — I-T,)7'd,
/7<< e

24
since |X] — Aj| < 0;/2, for all j > 1 implies that Indv(xj) = 1;<p,,- Remark that

CI-D)=(I-Ty)™" = (I-T,) O —¢I— (T, —¢D)(CI-T)7!
= (I -Tn)'RQTORYA(0). (A8)

Moreover I — T'(¢) is invertible on the set A, for all ¢ € supp(y) (its minimal eigenvalue is
greater than 1 — p(T'(¢)) > 1 — ||T(¢)||cc > 1/2), and that

(I-T(¢)™" = R™V2(Q)(¢I —Tn) " R7Y2(0),

or equivalently
(¢I =Tn)~ = RY2(OU = T(¢)"'RY(0).
Then Equation (A.8) becomes

(CI—T)"' = (¢TI —Tn)™t = RYV2(Q)(I - T(O) T (Q)RY*(¢),
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and Equation (A.3) follows. Equation A.4 follows with a very similar proof.
For Equation (A.5), the proof is the same, once we have remarked that, for all j > 1,

f = L AL L S
My = )\jInd’Y()‘j)d]] = QiW[yC(C—Aj)dC¢]7

where the last equality comes from Cauchy’s Formula (Theorem 11) applied to the function
f:CH%Withz:)\j.
Now the proof is complete using the results of Lemma 16 hereafter. O

Lemma 16. Suppose Assumption HZ2 is fulfilled. There exists ¢* > 0 depending only on
the sequence (A\j)j>1 and on b such that

P (A%) < 2exp(—c*In?n).

This result is a straightforward application of lemmas 13 (with ¢ = a;Inn/\/n) and 14 of
Mas and Ruymgaart (2014) (remarking that in our case k < N, < 20,/—5—). Both lemmas

In®n

relies on a Bernstein type inequality for Hilbert-valued random variables (Lemma 23 p.180)

and the minimax theorem for compact operator eigenvalues.

A.3 Upper-bound on the distance between empirical and the-
oretical projectors

We need a preliminary lemma which is a direct corollary of Hilgert, Mas, and Verzelen
(2013, Lemma 10.1).

Lemma 17. If Assumption H/ is verified, then for all k € N* :
ap < C(y)kIn(k +1).

Lemma 18. Let r,R > 0 and 3 € WE. Suppose that assumptions H2, H3 and H} are
fulfilled. If (X\;)j>1 decreases at polynomial rate (P) then

3 9
E[ffinf - a8 < 0P p max{0ni2-amr) | W0 (e 2042
n n
and if (X\j)j>1 decreases at exponential rate (E)
3
B[[inf ~ Bl < 0o 22, 00

with C1 > 0, Cy > 0 and C3 > 0 depending on v, R and on the sequence (\j);>1 but are
independent of m and n.

Proof. By Proposition 3, with v the circular contour (Figure A.2)

E[||Tn — B3 45] < 2/ BIRP(AS) < C|IBIIE /%,
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with C independent of 8, n and m and

(i — T B)1a, = 1An2 = Z/ RY?(2) [T = T (2)] "  T(z)RV? (2) Bd=.
Remark that (I — T(2))"'T(z) = T(2) + (I — T(2))~'T?(z), then
1An (ﬁm - Hm) = An + Bna
with

= 14,5~ Z/ zI )T, —T) (2] — F)’l] dz,

D,
B, 1A"2W22/39 zI D) 21— T ()] T(z)Q(zI—F)_l/Q]dz.

We first deal with A,,. For all j > 1,

(AnB ) = 3 BulAntin, ) = T, S / 57 {0 = D),

k>1 k>11=1

where f; := (8,1;). By the Residue Theorem

1 d¢ Aj%)‘k ?fj:l#kf
%r/Q oy ) won HE=1AT
0 otherwise
Then
A = ey, ) & B _ |
< n57¢1> — 1An Z ﬁlngm<<Fn - F)¢k7¢]> + Z ﬁ1]>Dm<(Fn _ P)wkh ¢j> )
k>Dp Y k = N ;

Now remark that, by independence of (X, ;) and (X, ) for j # k and (X;,,1;) and
<Xi27¢j> if il 7é ’iQ, we have

AjA
E [((Ty — T)bg, vy (T — D)j, ¥k, = Tk {k1=ko=k}-

Then

Dp,
E[<Anﬁ>w]> ] = ]_An ()\ 1{]>Dm} Z )\ _)\k +)\ 1{]>Dm}z Akﬂ_)\ ) ) s

k>Dm
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projectors

E [ 4.B81F] = | Y Ai(AnB, 1)

j>1
D
< = E 2 E
_nAﬂﬁ7 Q —A
j=1  k>Dmn

For the first term remark that

k>Dm, k>Dp,

A2 Ak
2 o\ G| 4

)\kﬁk

2

for the second since j < Dy, +1 < k, we have A\, < Ap,, 41 < Ajand A\j — A\ > \j — Ap,, 41,

we obtain

DTn m

E [[l4nB]7] ZA

VA Dy,

D> " In*(D,, + 1)

(1-r)
SC(Dm +In3 (Dm+1)+

n

T B

k>Dpm

)\Dm+1> )

(A.9)

as soon as (\j);>1 decreases exponentially or polynomially with C' > 0 depending only on
R, r, a and I'. The last line comes from the inequality A\; < Cj~ 1 Lemma 17 the fact that
g€ WR implies that 8; < Cj~ 17" for a constant C' > 0 and that Z] mi T In? (5 + 1) <

C'In®(D,, + 1)Dm( ")+ for a constant C’ > 0.

We turn now to B,

1BnB1a,lIE

ST BEY Z/ (RY2(Q)[1-T ()"

k>1

We have, since RY/ 2(¢) is self-adjoint,

(RO U =TI ' TQ?RY2(Q)Bw) = (T T ()]~

T (¢)* R (¢) B, vw)dC

2

. (A.10)

YT (¢ RV (¢) B, RY2 (¢) ).

We denote by 5° := ZjZI jr/25j1/)j ; as B is in WX, the quantity ||3°| is finite and bounded
by R. Moreover we denote by P, the diagonal compact operator defined by P.v; = j -/ ij,

we remark that § = P.3°. We have

RYV2(Opr = (CI = T) 2y, =

1
V(= Ak

(s
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Then,

(RY2 () [T = T ()] T ()2 RY2 (C) B, )|
Svf:mWLT@Y%JNMi%W@Mwa

Now on the set A, by definition, we have for all ¢ € €;:

(T =T(¢) Y. <2and |T(Q)]l. < %lnn.

Moreover, the eigenvalues of the operator RY2(¢)P, are {k~"/2(C — \)~Y/2,k > 1} then,
for all, ¢ € 09);:

|R2P | = supfk21¢ = Y20, (A11)
oo k>1
Now remark that, for all &k > j, for all ¢ € 9€;,

IC— Ak| > Aj —6;/2 = Ay

and
BTG = Ml TR < RO 02 - N) TR < R

since the sequence (k~"/2(\; —§;/2 — )\k)_l/z)k>j is decreasing and A\; — \j11 > §;. For
k=34, |C— M| = 0;/2 (09 is the circle of center \; and radius &;/2), hence k~"/2|¢ —
M| 7Y% = j*’"/26j_1/2. Then, from Equation (A.11), we deduce that

|R72R]| < s (7721 = el 712,
°© T 1<k<;

Now, for k=1,...,7, we have
€= Akl = Ak — X5 = 6;/2 = (A — A))/2,

since A\ — A; > 0; (by definition of §;) implies that %__A?/Q =1-0;/2( N —Aj)) > 1/2.

Then we have
1/2, /2 Ak 1/2 1/2 . —pj2\1/2 5—1/2
max su AR ———— D Vi B W
{1<k<€1{ g <>\k - Aj) } ;Y 7 }

1/2 —1/2; —r/2
a.’” su A k ,
T ine { k }

IN

o],

IN

where we recall that a; = Zk# I/\)\fikAkl + ;\TJ
J
Now, in the polynomial case (P),

|[R2@R|_ < il sup (ko) <t 2alf2jtenie, (A12)
00 1<k<j
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Then Equation (A.10) becomes:

3/2

R2
1BaBla 2 < =S [S il [ 22
2
3/2
< — b\ J 12 S(a—r)4/2 "9 7
< ﬂ_zgk ;n n2n j o

where Dj, = |A\j — Xg| if j # k and Dj,j = §; (remark that, for all z € 09, |z —
k| > Dj/2). By Cauchy Schwarz’s Inequality and by Lemma 17 which states that a; <
Cj In(j +1) (with C' > 0 depending only on I')

|1BnB1la, |} < 2C°CEHR an Z/\ Z]3+a )4 2az

k>1 J=1

Now > 45y )\ij_Ji =a; <(Cj In(j+ 1), then

In
| BB14, ||} < 2C3C3HR? n( n) Zl j3Ha=)+-2a Z]
J
Remarking that, for all @ € R, S0 k% < ¢o In(j + 1) 5D+ we get

1 9

2 02T (s —oa) . 40
1BnfBla,llt < C' = (4+(a=r)+—2a)4+2

with C’ > 0 depends only on R, 7, a, ', cp and Cp.
Gathering with (A.9) we obtain the expected result.
In the exponential case (E) we have, by Lemma 17,

|[R2OR|_ < a)® sup {22 < 0 Pt A1) 2 (A1)
1<k<j

and following the same scheme as for the polynomial case (P), we get

R2 ) -3/21n3/2 ]_1_1 . . 7_‘_5
||Bnﬁ1AnH12“ < 03?2)% J ( )ln2(n) el /2] /2_"%

k>1 j=1 n Dijy
In’(n) Dm, Dm,
L = I W S
k>1 =1 j=1
In” n 2m ) c"
< O > i +1) < —,
j=1

since both series 3+, 457" and > i1 j2Inj are convergent (here C’, C" are two pos-
itive real numbers depending only on R, r, a, I, cg and CEg). 0
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A.4 Empirical and theoretical bias terms

Lemma 19. Suppose that assumptions H2, H3 and HY are fulfilled and that 3 € WE
with v, R > 0 such that, in the polynomial case (P), either a + r/2 > 2. Then for all
m=1,...,Ny:

. . D,,
E[||8 — Lnpl},] < 4E[||8 — ILnBl7] + o= (A.14)

where C' > 0 is independent of B and m.

Proof. First imagine that the random projectors in the equation above are replaced by non
random one. It is elementary to see that

E I8~ Bl | = 18 - MBI

~ 2
and that consequently to get (A.14) it is enough to show that both E [H (Hm — Hm> ﬁHF]

and E [H <Hm . ﬁm)

first bound was proved asymptotically in Cardot, Mas, and Sarda (2007) and non-asymptotically
in Crambes and Mas (2012, Proposition 20) in a slightly more general framework. Specifi-

cally these authors get
. 2 Dy*A
B (1) | < 420
r n

where A does not depend on m and n. The only point left is to prove the same sort of

~ 2
e[ -1.) )
1%
In a first step remark that

1t =) 8], = =) (1B ) 8 (B = 1) 8) + (1 — 1) ]

and that it is enough to focus on the first term and to prove the bound for

B e =1 (1t = 1) 8],

after a Cauchy-Schwartz’s Inequality coupled with the fact that H (Hm - ﬁm> BH <25 -

2
. } are bounded, up to a multiplicative constant, by D,,/n. The

bound for

Now by Proposition 3

(0 1) (1, — T, ) AL, = Z /8 (= DR (O =T Q) T (O 31,
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Hence, by definition of A, [|[(I — T(¢))  oolu, <2 and [|T(O)|leola, < aJ\}Iin then

B (=) (1 ~T0n) 5] 1.0
D

32/89 [ =1 B2 O 1T @l 14] | B2 €0 8| ¢

S“”Z i o 122 @] ] 2 e -0 R ] 10 e

Recall that, by equations (A.12) and (A.13)

|R2 () Py

o0

< C’lajl»/zj(“_r)+/2 in the polynomial case (P)
C’gajl»/zj_"/era/2 in the exponential case (E)

(the definitions of 5 and P, are given in the proof of Lemma 18). Then, in the polynomial
case (P),

e 0 )
< Inn HBOHZag/Q a— r)+/2/ \/IE [H(I‘n_I‘)Rl/Z (C)HZSlAn}dC (A.15)

and in the exponential case (E)

: [H =) (T~ 1) 1.0

Inn HBOHZa:s/z r/2eya/2/ \/[E[H(Fn_I‘)Rl/z Ol 1An}dC~ (A.16)

Treating E [H(Fn —T')RY/? (C)st} with computations similar to those carried previously
we get, for all { € 0€);

/ .
C'a;
n 7

s e, <

with C" = Tr(T') max{1,b — 1}. Putting into Equation (A.15) we obtain

31 1) ()10 < 0 s,
j=1

for the polynomial case (P) and, from Equation (A.16)

[0 () 1] < 0 35,
j=1

for the exponential case (E).
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Considering again two cases related to the rate of decrease for the eigenvalues we see
first that for an exponential decay the term above is bounded up to a constant by (lnn)/n.
since §; < \j < Cpre". Secondly in case of polynomial decay we get :

£ (- )10 < 2"

D
= D
8 i e
=1 "
using the fact that 6; < \; < Cpj~* and that a +1r/2 > 2.
Thus the proof is finished by Lemma 16:

[ aly

" 1| <lsEpt) < S0
r, Ayl = r n/ = n2

A.5 Upper-bound on P (ﬁ%(ﬁcm>

The aim of this section is to bound the probability of A%(chm-

Lemma 20. Under assumptions H2, H3 and H4 and if the decreasing rate of (X\j)j>1 is
given by (P) or (E),
P (AE’\\[(FPCR) U A[]:Vn> < C/n6a

with C > 0 independent of n and we recall that, for all m > 1,

~

B = {91 € S IS < pollf113, }
Proof. First remark that
P <AE¢,§LFPOR> U 3?%) =P ({AE@(LFPCR) U ﬁgvn} N {N{POR < Nn}>
Now, if ﬁéFPCR) < N,, then S\N(FPCR) C §Nn and ANn C AN(FPCR), hence
3E%FPCR) - Agvn
Then

P (8% rrem UAY, )

IN

P (A, N{NFFOR < N, }) + P (NFPOR > N, )

P (A%, ) +P(NFFOR > N,) .

IN

The second term of this equality is bounded by Cn~6 by Lemma 21. It remains to bound
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the first term which can be written the following way:
~ HR
Ag\, =< inf n <oty
" {fs 1712
D,

Let f = Zj:1 Oéj’(//;j € §Nn: we have a.s.

Dy,
17, = D Ao = [Anal3,
j=1

D,
where | - |3 is the norm of RPN» defined by |z|3 = Z z? for all z = (1, oy @Dy ) € RPNn

7=1
and Xn is the diagonal matrix with entries {\/ Xl, . \/XDNn }

Moreover
Dy,

IFIE =" oD, TV24,) = o/ Uya,
]7k:1

where ¥, is the symmetric and positive-definite matrix

W, = (205, T2

1<j,k<Dn,

Then,

IR, _ Rna}  Anal} |80 20 03

IFIE oW Y202 W %02
Now

2 1 —1/2%9 1, —1/2
v, 2Ny -

jes H!];Hrwgnz ER%I\{o}a Tl © — min{\, A eigenvalue of W, /2R2w, /2.
€SNy, r o " 2

On the set A, we have for all, j = 1,..., N,, Xj > (0. Hence the matrix Kn is invertible,

therefore ||f|]2
- -1 ~ ~
nt = (PR =B e A
S, T

where, for a matrix A, p(A) = max{|\|, A is a complex eigenvalue of A} denotes the spectral
radius of A. We have then

P (ﬁ%mcm N {ﬁn < Nn}) < P(Ap N {p(A; WA > pod) + P(AD). (A.17)

By Lemma 16 in Section A.2 (p. 165), ]P’(Anﬂ) < C/nS, with C depending only on I' and
b. Thus it remains to control the spectral radius of AW, A1,
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We define a linear (random) application O from RP¥n to H by:

Dny,
O:a=(o,..,apy ) — Z a;th;.

j=1
We denote by O* the adjoint of O, which is the linear map from H to RP~N» defined by:
O™« f=r ((f.¥i)1<j<Dn, )-

We can check that OO* = ﬁDNn and V,, is the matrix of the linear map O*I'O in the
standard basis of RN».

It is known that the spectral radius of an operator is equal to the spectral radius of its
adjoint, then,

p(AY 0, ALY = p(L,1OTOL,Y) = p(TY20L, L, 0T ?), (A.18)

where /jn denotes the linear endormorphism of RP¥» whose matrix in the standard basis
is Ap. Denote by Ily, the orthogonal projector onto Sy, = span{t1,...,%p, }. Moreover,

let 't (resp. FL) the pseudo-inverse of operator T' (resp. T') on Sy, (resp. S,), defined by

DNn ] DNn A' .
rif=>)" U’;M%‘ and T f = “’waﬂ{xpo}. (A.19)
J J

Jj=1 Jj=1
We have I'V/2ITY/2 =TIy and OL;20* =T}, then,
Fl/QOEA;lE;lO*Fl/Q _ Fl/QI‘LI‘l/Q _ I‘l/Q(I‘T + FL _ FT)Fl/Q =y, + Fl/Q(F:r1 _ FT)FI/Q’
and by Equation (A.18)
p(A WAL = Ty, + TY2(), = T2 g < 14 P21, = THT2) o,

where || - ||oo denotes the usual operator norm.
Now

P(An O {p(A5 005 Y) > po}) < P (A 0 (TS = THV2) o > 9~ 1}).

Let « be the contour defined by Figure A.1 with m = N,,.
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We have by Proposition 3 and the fact that (I-T(2)) 7T (2) = T(2)+(I-T(2))"1T?(2),

rt/? [FL - FT} /21y, = 1An2i / 1rl/QRl/Q(z) [I —T(2)] ' T(2)RV?(2)T/2dz
1T o z

(A.20)
— lA,f/ 1rl/QR(z) (T, = I) R(2)I'Y%dz
2im ),z
+1 An% L2 R0 (1= T(a)  T2(2) RY2()T 24z, (A21)
T
A

Now, we consider separately the two decreasing rates of the A;’s.

Exponential decrease : cexp(—j%) < \; < Cexp(—j*), with a > 0. By Equa-
tion (A.20) and the fact that ||(I — T(2)) " !||oc < 2, on the set A,

1
R
T

_ 1 2
<w s (T ()] [ o TR dsta,
Y

zey oo

For z € supp(7), the eigenvalues of the operator T''/2R'/2(z) are
{A;/z(z — )25 > 1}, then

ol = {525

< j>1 Lz — Al
and

2
dz

2)\1/5[)
S C+2/ Nn, d’LL - S Cl,
0 ].+'U/

/1
¥ |71

where C' and C’ are independent of n and the last inequality comes from the fact that in

‘Fl/le/Q(Z)

o0

the exponential case, there exists a constant ¢ > 0 such that épy /Apy, > c. Then by
definition of A,

P (A, 0 {20, = THE 2o > oo~ 1)) < P(C’ sup H|T(Z>Hoo]>7f(f70—1)>

z€supp(7)
= 0 if n is sufficiently large.

The result comes from the fact that Dy, < 204/n/In’n.
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Polynomial decrease : cj~* < \; < Cj~% a > 1. Denote by T1 and T3 the two terms
of Equation (A.21) i.e.

_ 1 1/2 _ 1/2
o=l [y DV2R(:) (T, — 1) BTz,
T, = 1An1/ L2 RI20) (1 = T(2)] 7 T2(2) RV ()T 2d.
2 y 2

First we control 75, the proof in the exponential case leads us to:
2
Tl < sup (1T @IE] [ o[ em e e
oo

and

ADy, du

L \lp1/2 pry2 2 /00y,
— HI‘ R (Z)H dz < C+
¥ 2l o0 0 /Oy, =00y, )2 + 0%, w2VT+u?

1 2M\1/6p A d
con [ g [P py
0 ADy, — 0Dy, 1 \/<)\DNn —0py, )2+ 05, VI T2
2>\1/5DN7L du
§1+C+/ M < ¢'(Dy,),
1 V14 u? (D)
with C,C’” > 0 independent of n. Then by definition of A,

P([[T2floc > (0 —1)/2)

IA

P (¢ s [IT (IE] > 7l - 1)/2)

zEy
= 0 if n is sufficiently large.

Now, we can calculate explicitly the term T7:

k>1

By the Residue Theorem

L if j £k, j <Dy, and k < Dy,

Ry
1/ dz - m if j < Dn, <k

0 otherwise
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Then
Dn,, Dx,,
T, = -1g, ) ———m ~D)mi+ > > (L — )
k=1 Aj Ak j=1 k>Dy,, VA )‘_)‘k
ik
Dx,,
+ > Z 7 (Tn — D)
j>Dy,, k=1 VA >"“_ j)
DNn DNn

T / /"
3 +z( = ﬁrsj):mz,
jv";:kl )\
J

where s; := Zk>DN )\‘/X 7. The term I' disappears because 7;I'm, = 0 if j # k.

We control separately the operators T} and 7;. We have:

Dy, 2
T2 < ) (Tibp,vhg)® = > ( Zg,, ) :

p,q=>1 p,q=1
p#q
where we recall that 5;” = (Xi,Y¥p)/\/Ap- Then
/ Dy, pO . 1)2
P([|[Tillc > (po —1)/4) < Z Z > 16
p,g=1
pF£q
& po—1
< l (@) ¢(3) £o— &
- Z P ( n ng fq 4DN .
p,q=1 i=1 "
p#q

For all p # ¢, the sequence of random variables {5§,i)§[§i),i =1, ,n} is independent and
centred and by assumptions H2 and H3,

E prfq’m] < m!bmila

then Lemma 23 and the condition Dy, < 204/n/In®n implies

—1
P(To0 > 2 < 2Dy Zexp [ —C| - ) < Chn 5,
1 DN”

with C] = Wﬁi)/‘l) and C} depends only on b and py.

We deal now with the operator 77, we can rewrite it as an array of independent random
variables with values in H, the set of the Hilbert-Schmidt operators of H equipped with the
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usual norm [ Tl4g = 55, gy (T, 1), i

n Dn,

- ZZ<SJX®\/, \FX®S] ) ZZZ,

=1 j=1

where, for all f,¢g € H, the operator f ® g is defined by f® g : h — (f,h)g. In order
to apply the exponential inequality for centred Hilbert valued random variable recalled in
Appendix B (Lemma 23, p. 180), we have to find two constants B and ¢ such that

E[|Zil7s) < (ml/2) B2 2.

We compute first HZ,||%{S

D A2 N2
)wp,w =X Y o (904)

p=1 ¢>Dn,

DNn
Zihs <2 3 (3 ( Lx

p,g>1 j=1

Now, by assumptions H2 and H3,

m m 1/2
E(|Zlns] < E[l|Z%s]"

1/2
Du, /

S DD M | e R
P15--Pm=1q1,....qm>Dn,, j= 1 pj

Dy, m/2

< (S F

p=1 ¢>Dn,

)\2
q
Oy—agz and

2 1/2
c=b (ZDN” Y g>Dn ()\/\7/\)2) and obtain, with the condition Dy, < 204/n/In®n,

-1 -1
P17l > 250 <P (I lus > 270 ) < 2o () < g
N7L

where C7 := (po — 1)%/(20b? + v/20b(po — 1)/4), CY depends only on pg and § where § > 0
depends only on the sequence (\;);>1 and verifies, for all p < Dy,

We apply then Lemma 23 with B? = 2b? Z]?:Nl” > y>Dn

)\2
Z m < DNn5/2

q>Dny,

Then the proof is finished with the results of Lemma 21 below. O

Lemma 21. If Assumption H2 is fulfilled and n > 6, then

P(N{PER > N,y < On™0,
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with C independent of 5 and n.

Proof. The sequence (\;);>1 being non-increasing we have

P(Ny(tFPCR) > Np) <Py, 41> )‘Dﬁ(ppcm) <P <{>‘DNH+1 > )‘Dﬁwpcm} N An> +P (.A%) ,

where A, is defined by Equation (A.7) in Section A.2. Then by definition of A,,

~ 5DN(FPCR)
ADy,+1 2 AD]\AG(LFPCR) NA, CApy, +1 2 )\Dﬁ’r(lFPCR) i 0,

AD
§(FPCR) n

2 .
N > s, and 5DN(FPCR) < —2—— < %—. Thus the proof is

finished by Lemma 16. O

: -2
since )\DN"+1 <n 7, )‘DX



ANNEXE B

Inégalités de concentration

La magorité des preuves présentées dans cette thése est basée sur des inégalités de concen-
tration. Nous présentons dans cette section les énoncés de ces résultats.

B.1 Bernstein’s Inequality

B.1.1 For real random variables

Lemma 22. (Birgé and Massart, 1998, Lemma 8) Let T, Ts, . .., T, be independent random
variables and Sp(T) = > |(T; — E[T}]). Assume that, there exist v > 0 and by > 0 such
that

1 < 0 5
Var(Ty) < o® and Ve > 2, - ;:1 E [|Ti|€} < §U2b€ 2
Then, for n > 0,
2
nn-/2
9 _ e
o < v? + b077> 7

2
2min {exp <—ZZ2> , €Xp (—ZZ)) } . (B.1)

B.1.2 For Hilbert-valued random variables

R
3
W
3
N———
A

IN

Lemma 23 (Bosq (2000)). Let X1,...,X, be centred independent random wvariables lying
in a separable Hilbert space H. If, for some constants v and by, we have for all £ > 2,

n I

S E[ixl] < S
2

=1

Then, for allm > 0,

n

>

i=1

2
n

B.2 Control of linear empirical processes: Talagrand’s In-

equality and some corollaries

Lemma 24. [Talagrand’s Inequality] Let &1, ...,&, be i.i.d. random variables, and define

vn(r) = L350 1(&) — E[r(&)], for v belonging to a countable class R of real-valued mea-

T n
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surable functions. Then, for § > 0, there exists a universal constant C such that

(S“p (vn ()" - c(é)(H”)?)J < ¢ {n exp <_g”<H”>2)

reER i

(MY)? 1 nHY
g <‘MC<MMf> } ’

with, C(0) = (vV14+0—1) A1, ¢(§) = 2(1 4 26) and

E

sup ||7]|pe < MY, E [sup |1/n(7“)|] < H”, and sup Var(r (&)) <"
reR reR reR

Lemma 24 above is a classical consequence of the Talagrand Inequality given in Klein
and Rio (2005): see for example Lacour (2008, Lemma 5, p. 812).

The following result of Baraud (2000) relies mainly on Talagrand’s Inequality coupled
with a moment inequality similar to Rosenthal’s Inequality.

Proposition 4 (Baraud 2000, Corollary 5.1). Let Abea non-negative and symmetric matric
with at least a non-zero coefficient and € = (e1,...,&,)" a random vector in R™ with i.i.d.
centered components. Assume that 0® = E[e?] < 400 and set

Ce) =V &' Ae.

For all p > 2 such that E[|e1|P] < oo, we have, for all z > 0,

R — _ tr(A)
P (Cz(e) > tr(A)o” + 207/ p(A)tr(A)z + 0% p(A) x) = Ay

where C > 0 depends only on p and 7, := E[|e1|P]/oP.
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Modélisation statistique pour données fonctionnelles : approches
non-asymptotiques et méthodes adaptatives

Résumeé : L’objet principal de cette thése est de développer des estimateurs adaptatifs
en statistique pour données fonctionnelles. Dans une premiére partie, nous nous intéressons
au modéle linéaire fonctionnel et nous définissons un critére de sélection de la dimension
pour des estimateurs par projection définis sur des bases fixe ou aléatoire. Les estimateurs
obtenus vérifient une inégalité de type oracle et atteignent la vitesse de convergence minimax
pour le risque lié & Verreur de prédiction. Pour les estimateurs définis sur une collection de
modéles aléatoires, des outils de théorie de la perturbation ont été utilisés pour controler
les projecteurs aléatoires de maniére non-asymptotique. D’un point de vue numérique, cette
méthode de sélection de la dimension est plus rapide et plus stable que les méthodes usuelles
de validation croisée. Dans une seconde partie, nous proposons un critére de sélection de
fenétre inspiré des travaux de Goldenshluger et Lepski, pour des estimateurs & noyau de la
fonction de répartition conditionnelle lorsque la covariable est fonctionnelle. Le risque de
Pestimateur obtenu est majoré de maniére non-asymptotique. Des bornes inférieures sont
prouvées ce qui nous permet d’établir que notre estimateur atteint la vitesse de convergence
minimax, & une perte logarithmique prés. Dans une derniére partie, nous proposons une
extension au cadre fonctionnel de la méthodologie des surfaces de réponse, tres utilisée dans
I'industrie. Ce travail est motivé par une application & la sireté nucléaire.

Mots clés : données fonctionnelles, estimateurs adaptatifs, régression, sélection de modele,
méthode de Goldenshluger-Lepski, méthodologie des surfaces de réponses.

Statistical modeling for functional data: non-asymptotic approaches and
adaptive methods

Abstract: The main purpose of this thesis is to develop adaptive estimators for functional
data. In the first part, we focus on the functional linear model and we propose a dimension
selection device for projection estimators defined on both fixed and data-driven bases. The
prediction error of the resulting estimators satisfies an oracle-type inequality and reaches
the minimax rate of convergence. For the estimator defined on a data-driven approximation
space, tools of perturbation theory are used to solve the problems related to the random
nature of the collection of models. From a numerical point of view, this method of dimension
selection is faster and more stable than the usual methods of cross validation. In a second
part, we consider the problem of bandwidth selection for kernel estimators of the conditional
cumulative distribution function when the covariate is functional. The method is inspired
by the work of Goldenshluger and Lepski. The risk of the estimator is non-asymptotically
upper-bounded. We also prove lower-bounds and establish that our estimator reaches the
minimax convergence rate, up to an extra logarithmic term. In the last part, we propose an
extension to a functional context of the response surface methodology, widely used in the
industry. This work is motivated by an application to nuclear safety.

Keywords: functional data analysis, adaptive estimators, regression, model selection,
Goldenshluger and Lepski’s method, response surface methodology.
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