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Chapter 1

Introduction

Several recent worldwide demographical and sociological changes have led to im-
portant new challenges in healthcare industry. With the democratization of health
related information, population has become ever more aware and active in health
related activities. Because of this increased awareness, the expectations regarding
the health services have also increased. Furthermore, the recent technological and
scientific advancements have led to a general increase in life expectancy which have
created a population shift.

On the other side, inherit randomness, complexity of operations, highly expen-
sive and scarce resources are most commonly known problems encountered in health
care systems which makes the system more difficult to manage. Those difficulties
have also given rise to a shortage of available resources. In particular, "hospital net-
works" have emerged as a new organizational form designed to face those challenges;
specifically by better linking the different entities of the health system to surge co-
operation, improve knowledge sharing, assure effective access to health and better
stand against the inefficiency and inadequacy of healthcare resources ([Bravi 2012]).
The main objective of this study is to develop innovative tools that take into ac-
count all players of the network and improve a network of hospitals from various
perspectives.

In this thesis, by being motivated from the challenges in perinatal networks, we
address design and flow control of a stochastic healthcare network where there exist
multiple levels of hospitals, resources and different types of patients. Patients are
supposed urgent; thus can be rejected and overflow to another facility in the same
network if no service capacity is available at their arrival. Rejection of patients
due to lack of service capacity is a common phenomenon in overflow networks. We
approach the problem from both strategic and operational perspectives and develop
state of the art methodologies in order to evaluate the performance of such a com-
plex system and improve the efficiency (rejection rates) in network. The developed
methodologies are being synthesized under the project COVER, an ongoing project
stems from the collaboration with perinatal network of Nord Hauts-de-Seine, with
an ultimate aim of being applied to the real perinatal network.
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Scientific Challenges and Objectives

1. Improve the Design of a Stochastic Network: Regarding the continuous
change, high uncertainty and variability of healthcare networks, health authorities
constantly face important and difficult strategic decisions of how to design or adjust
healthcare networks. In this thesis, this challenging issue is addressed via developing
a decision-aid tool to determine the locations and capacities of healthcare facilities
that ensures a minimum service level in the network.

3. Better Control the Patient Flow of a Stochastic Overflow Network:

Strategic level perception mainly ensures enough capacity to allow patients to be
treated in their preferred hospitals. However at the operational level in loss net-
works, a patient rejected from a facility may overflow to another facility in the same
network. Therefore, a hospital may receive both its own patients and overflow pa-
tients from other hospitals. In such a healthcare network where there exist different
types of arrivals, employing the dynamic admission control strategies increases flex-
ibility in the allocation of resources among different arrival types. In this thesis,
we investigate optimal patient admission control policies in order to improve the
control of patient flow and the control of rejection rates in the network.

2. Evaluate the Performance of a Stochastic Overflow Network: In
an overflow loss network, the most important performance measures are consid-
ered as the rejection probabilities in each hospital and overflow probabilities among
hospitals. In order to evaluate the performance of a stochastic overflow network
and propose to-the-point solutions regarding the bottlenecks, it is important to be
able to quantify the performance measures, determine the most loaded hospitals
and the highest rejected patient groups. In this thesis, we developed approximation
methodologies to quantify dispatching probabilities between hospitals. Furthermore,
a realistic performance evaluation is achieved via a simulation model constructed to
accurately represent a perinatal network.

This thesis is composed of seven chapters. The research strategy adopted in this
thesis is described in the following as represented in Figure 1.1.

Chapter 2 presents background information about healthcare networks in France,
particularly on our primary application area: perinatal networks, along with discus-
sion of current challenging issues of perinatal networks. Furthermore, a comprehen-
sive review of recent studies on healthcare networks is provided. Finally, the global
contribution of this study is stated in relation to the body of work in literature.

Chapter 3 focuses on strategic location and capacity planning of a pure-loss hier-
archical network. A nonlinear location and capacity planning model is developed to
minimize the total cost of changes while keeping the service level (admission rate) of
all service units above some given level. Different linearization models of Erlang-loss
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function and their properties are proposed. Linearization transforms the nonlinear
model into compact mixed integer programs solvable to optimality with standard
solver. Application to a real-life perinatal network is then presented.

Chapter 4 presents some approximation methodologies in order to evaluate the
performance of an overflow-loss network considering the presence of overflows from
one hospital to another. Several approximation methods are proposed for different
possible overflow structures in a network; forward routing and feedback routing.
Diversified numerical examples are provided to evaluate the effectiveness of the ap-
proximation methodologies.

Chapter 5 focuses on operational management of an overflow-loss network. Con-
sidering the presence of overflows, a hospital may receive both its own patients and
overflow patients from other hospitals. In such systems where there exist different
types of arrivals, there might also exist different priorities. In this chapter we study
optimal admission control policies via Markov Decision Processes on different size
networks. For smaller size networks, we provide the structural properties of optimal
admission control policy. For big scale networks, we propose a near-optimal heuris-
tic policy whose performance is evaluated by an LP model developed to compute a
tight upper-bound on the problem.

Chapter 6 presents a joint "agent-based" "discrete-event-system" simulation
model of a stochastic hierarchical overflow-loss perinatal network (Hauts-de-Seine).
Our main objective is to represent a perinatal network accurately with an adequate
detail level in order to evaluate the performance measures (rejection probabilities)
and more importantly evaluate the strength of the optimal results of our analytical
models considering the numerous underlying assumptions.

Finally, Chapter 7 concludes the thesis by summarizing the key results and dis-

Figure 1.1: Research Strategy
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cussing the final output of this thesis, the project COVER along with the prospective
research directions.
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Introduction

Plusieurs changements démographiques et sociologiques récents à travers le monde
ont conduit à de nouveaux défis importants dans le secteur de la santé. Avec la
démocratisation des technologies de l’information liées à la santé, la population en
général est devenue de plus en plus consciente et active dans les activités liées à la
santé. En raison de cette prise de conscience, les attentes concernant les services de
santé ont également augmenté. En outre, les récents progrès technologiques et sci-
entifiques ont conduit à une augmentation générale de l’espérance de vie, entraînant
ainsi une augmentation globale de la demande en soins.

D’autre part, la complexité des traitements médicaux, les flux de patients, la mise
en oeuvre de ressources coûteuses et rares sont les problèmes les plus couramment
rencontrés dans les systèmes de soins, et rendent l’organisation plus difficile à gérer.
Ces difficultés ont également donné lieu à une pénurie de ressources disponibles.
En particulier, "les réseaux hospitaliers" ont émergé comme une nouvelle forme
d’organisation concue pour relever ces défis, en particulier par une meilleure articu-
lation entre les différents organismes du système de santé et une coopération entre
professionnels de santé permettant également d’améliorer le partage des connais-
sances, d’assurer un accès effectif à la santé et de mieux résister aux inefficacité et
l’insuffisance des ressources de soins de santé ([Bravi 2012]). Dans cette thèse, notre
objectif principal est de développer des outils innovants qui prennent en compte tous
les acteurs du réseau et d’améliorer l’organisation général d’un réseau d’hôpitaux
sous différentes perspectives.

Cette thèse est motivée par une collaboration avec le réseau de périnatalité 92
Nord (Île de France) et vise à améliorer l’organisation global du réseau de mater-
nité du territoire pour une meilleure prise en charge des femmes enceintes ou ayant
récemment accouché. Nous nous intéressons en particulier à un réseau de santé
stochastique hiérarchique sans attente où plusieurs types d’hôpitaux, des ressources
multiples et différents types de patients entrent en interaction. Les patients sont con-
sidérés comme urgents et peuvent donc être rejetés vers un autre établissement du
même réseau si la capacité d’accueil du service de soins est insuffisante à leur arrivée.
Le rejet des patients en raison d’une capacité insuffisante est un phénomène courant
dans le réseaux de soins. Nous abordons le problème sous deux angles, stratégique
et opérationnel, et nous développons des méthodes innovatrices afin d’évaluer la
performance d’un système aussi complexe et d’améliorer l’efficacité (taux de rejet)
du réseau.

Cette thèse se décompose en sept chapitres. La stratégie de recherche adoptée
est décrite ci-après et illustrée Figure 1.

Dans le chapitre 2, nous proposons une présentation générale des réseaux de soins
en France, en particulier sur notre domaine d’application principal: les réseaux de
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périnatalité. Une discussion est également proposée sur les problèmes récurrents
liés à ce type de réseaux. En outre, un examen complet des études récentes sur les
réseaux de soins est fournie. Enfin, la contribution globale de cette étude est mise
en avant par rapport à l’ensemble des travaux de la littérature.

Dans le chapitre 3, nous nous concentrons sur la localisation stratégique et la
planification de la capacité d’un réseau hiérarchique de soins sans attente. Un
modèle de localisation non linéaire et un modèle de planification de capacité sont
développés pour minimiser le coût total de changements tout en gardant le niveau
de service (taux d’admission) de toutes les unités de service ci-dessus d’un certain
niveau donné. Différents modèles de linéarisation de la fonction Erlang-loss et leurs
propriétés sont proposés. La linéarisation transforme le modèle non-linéaire en pro-
grammes mixtes en nombres entiers que nous pouvons résoudre optimalement avec
les solveurs standards. Une application concrète au réseau périnatal est également
présentée.

Dans le chapitre 4, nous présentons plusieurs méthodes d’approximation pour
évaluer la performance d’un réseau avec perte et débordements d’un hôpital à l’autre.
Différentes structures de débordement possibles dans un réseau sont examinées.
Plusieurs exemples numériques sont fournis pour évaluer l’efficacité des méthodes
d’approximation.

Dans le chapitre 5, nous nous concentrons sur la gestion opérationnelle d’un
réseau de soins avec perte sans attente. Compte tenu de la présence de déborde-
ments, un hôpital peut recevoir à la fois ses propres patients et les patients provenant
d’autres hôpitaux. Dans ces systèmes où il existe différents types d’arrivées, il pour-
rait également exister des priorités différentes. Dans ce chapitre, nous étudions
les politiques de contrôle d’admission optimales via les processus de décision de
Markov sur des réseaux de tailles différentes. Pour les réseaux de petite taille,
nous fournissons les propriétés structurelles de la politique de contrôle d’admission
optimale. Pour les réseaux d’envergure, nous proposons une politique heuristique
pseudo-optimale dont la performance est évaluée par un modèle de programmation
linéaire développé pour calculer une borne supérieure pour ce problème.

Dans le chapitre 6, nous présentons un modèle de simulation mixte multi-agents
et à événements discrets d’un réseau périnatal stochastique hiérarchique sans attente
(Hauts-de-Seine). Notre objectif principal est de modéliser un réseau périnatal avec
un niveau de détail suffisant pour évaluer les indicateurs de performance (probabilité
de rejet, coût de prise en charge), et surtout d’évaluer la robustesse des résultats
optimaux de nos modèles analytiques présentés dans les chapitres précédents, en ten-
ant compte des nombreuses hypothèses sous-jacentes ignorées jusqu’à maintenant.

Enfin, une conclusion générale de la thèse est présentée dans le chapitre 7 avec un
résumé des principaux résultats et une discussion sur les apports de cette recherche
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et de son application via le projet COVER. Plusieurs perspectives de recherche fu-
tures sont également proposées.
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2.1 Healthcare Networks in France

Healthcare networks bring together a wide range of public and private actors (hospi-
tals, specific service units, healthcare professionals and managers) at local or regional
level that seek for management effectiveness, decisional efficacy and coordination.
The healthcare network system encourages and improves knowledge sharing (work-
ing experience) among healthcare professionals and clinicians. The system has also
been proved to increase quality of care, the spread of innovations and the adoption
of new clinical practices ([Grenier 2004]).

Healthcare networks in France are composed of multiple private and public hos-
pitals. They provide tailored support for individuals in terms of health education,
prevention, diagnosis and treatments. Preserved by law since 2002, the networks
are one of the main mechanisms for coordinating actors (health, social and medico-
social) involved in the patient pathway.([www.sante.gouv.fr ])
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In metropolitan France, there are 643 networks funded by an amount of 167
million euros by Regional Intervention Fund (FIR) representing approximately 2500
professionals. Table 2.1 presents the categories of Healthcare Networks in France.

Table 2.1: Category of Health Care Networks in France (Activity Report of FIQCS
2010)

Name of the Field Total Number of

HC Networks

Gerontology (Gérontologie) 120

Palliative care/nursing (Soins Palliatifs) 95

Diabetology (Diabétologie) 65

Addiction (Addictologie) 42

Support for Teens

(Prise en charge des adolescents) 38

Cancer (Cancérologie) 37

Handicap 35

Perinatal (Périnatalité) 32

Pathology (Poly pathologie) 29

Cardiovascular (Cardiovasculaire) 23

Obesity (l’obésité) 21

Respiratory Diseases

(Pathologies respiratoires) 21

Neurology (Neurologie) 18

Infectious Diseases (Maladies infectieuses) 17

Distress (Douleur) 10

Precariousness (Précarité) 9

Nephrology (Néphrologie) 6

Rare Diseases (Maladies rares) 5

Mental Health (Santé Mentale) 4

Rheumatology (Rhumatologie) 1

Others 15

TOTAL 643

The law of 21 July 2009 on the reform of the "hospital, patients, health and terri-
tories" (loi HPST, Hôpital, Patients, Santé, Territoire) created the Regional Health
Agencies-ARS (Agences Régionales de Santé) as pillars to reform the health system.
The Regional Health Agencies are responsible for ensuring a unified control of re-
gional health, better meet the needs of the population and improve the efficiency of
the system ([www.ars.fr ]). They are also responsible for prevention activities con-
ducted in the regions and of providing care based on the needs of the population.
Furthermore, the agencies ensure a more coherent and effective approach to health
policies pursued in an area, organize coordination, and allow greater fluidity of care
pathway to meet the needs of patients. However, constantly changing environment
and demographics, inherit randomness in health care systems (random, seasonal
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arrivals of patients and service times), complexity of operations and diverse patient
flows, lack of coordination and cooperation among hospitals and lack of integration
between different components of the system make the regional health control quite
challenging.

This thesis is stimulated of the challenges that the healthcare networks and
subsequently ARS encounters (detailed in the following sections). This study is
motivated notably from the "Perinatal Network of Hauts-de-Seine" in France and
it is realized under collaboration with ARS of Ile-de-France and partially supported
by Agence National de Recherche (ANR-11-TECS-010-04) and National Natural
Science Foundation of China (No.71131005). Our ultimate objective is to provide
innovative tools that take into account all players of the network and improve the
system as a whole.

In the following section, we provide descriptive information about perinatal net-
works (perinatal care, structure of maternity facilities and patient flows) along with
the specific characteristics of Perinatal Network of Hauts-de-Seine. In section 2.3
the critical points and difficulties observed in the network are summarized. Section
2.4 presents a comprehensive literature review of studies developed with an aim to
improve health care delivery networks. Finally section 2.5 sets our study in relation
to the body of work in literature and clarifies our global contribution to the area.

2.2 Description of Perinatal Networks and Maternity

Facilities

Perinatal care consists of the period immediately before and after birth. The tar-
get patient groups are pregnant women in delivery phase and newborn infants. In
perinatal networks, maternity facilities provide different services to different group
of patients with different criticality levels.

Obstetrics Care Unit (OB) provides labor services to women. Childbirth
is a process achieved through broadly either a caesarean-section (C-section) or a
vaginal delivery. Although there might exist numerous complications and relatively
different procedures, i.e., induced vaginal deliveries, roughly it can be assumed two
distinctive patient flows for pregnant women in an OB. In an OB, there exist An-
tepartum, Labor&Delivery Rooms (LDR), Operating Rooms (OR), Post Anesthesia
Care Unit (PACU) and Mother Baby Rooms (MB). Women receives vaginal delivery
in a Labor&Delivery Room (LDR) whereas C-sections are conducted in OR rooms.
Women recover from anesthesia after their C-sections in the Post Anesthesia Care
Unit (PACU).

Neonatal units are part of perinatal networks. Different neonatal service units are
established according to the level of complexity of care required.
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Basic Neonatal Care Unit provides medical care to newborn infants who have
mild illness expected to resolve quickly or who are recovering after intensive care.
The principal patient group is commonly newborn infants with a gestational age
greater than 34 weeks or weight greater than 1800 g, or with chronic lung disease
needing long-term oxygen and monitoring.

Special Neonatal Care Unit provides medical care to newborn infants who
are moderately ill with problems expected to resolve quickly or who are recovering
after intensive care. The principal patient group is newborn infants with a ges-
tational age of 32 weeks (or greater), or a weight of 1500 g (or greater) or with
chronic lung disease needing long-term oxygen and monitoring. Resuscitation (arti-
ficial respiration, cardiac massage) and stabilization of ill infants before transfer to
an appropriate care facility is also provided in this unit.

Neonatal Intensive Care Unit (NICU) provides intensive care for extremely
ill newborn infants with <1500g and <32 weeks’ gestation. NICUs have the capabil-
ities to provide mechanical ventilation and advanced respiratory support, access to
a full range of pediatric medical subspecialists, advanced imaging (including com-
puted tomography, magnetic resonance imaging and echocardiography), pediatric
surgical specialists and pediatric anesthesiologists (capable of surgical repair of se-
rious cardiac malformations).

Remark 1: In this study, for simplification reasons, we consider basic and special
neonatal care unit as one unit, and assume that there exist 2 type of neonatal care
unit in a network; basic+special and NICU.

In a perinatal network, maternity facilities differ according to the type of neona-
tal service they provide. In a maternity facility, all service units interact inherently
with each other as women in labor who need obstetrics services may subsequently
require basic neonatal or NICU services for their newborn babies.

A total of 602 public and private maternity hospitals (of which 37% are run
privately) cover the French metropolitan territory, with the majority of them being
a branch of a public hospital or private clinic. In 2007, only 4% of this total was
performing fewer than 300 births a year ([Baray 2012]). Maternity facilities show a
nested hierarchical network structure (a system of different types of interacting facil-
ities). In a nested hierarchy, a higher-level facility provides all the services provided
by a lower-level facility. Three levels of maternity facilities can be distinguished
among the country’s total number of 602 facilities:

Level 1 Maternity Facilities: Small clinics composed of Obstetrics Unit
(OB) (without neonatal units) where labor is held but no special neonatal service
is provided. They provide service to pregnant women at low risk, defined as those
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with a singleton pregnancy, not hospitalized during pregnancy, anticipating a safe
delivery with birth weight to be 2.5 kg or more, a gestational age of 37 weeks or
more, generally women who had no medical risk factors. Level 1 type maternity
facilities account for the majority of admissions. In France, there exist 303 level-1
type facilities.

Level 2 Maternity Facilities: Middle-sized clinics contain Obstetrics Unit
and basic and/or special neonatal care unit where both obstetrics and neonatal ser-
vices are provided. Pregnant women at medium risk and babies born premature
at 33 weeks requiring special care but not tremendously expensive treatment are
accommodated in those facilities. Level 2 facilities can be classified as 2A and 2B
according to the type of neonatal care provided. Level 2A maternity facilities pro-
vide basic neonatal care whereas Level 2B facility provide both special and basic
care. In France, there exist 223 Level 2 type facilities.

Remark 2: Based on previous remark, since in this study we didn’t consider
basic and special neonatal care separately, we neither break down level 2 facilities
into level 2A and 2B. Instead we work with general level 2 maternity facilities.

Level 3 Maternity Facilities: Maternity hospitals located mostly in big cities
and centralized locations offer all type of services: Obstetrics, basic+special neona-
tal care and neonatal intensive care services. Those hospitals are specialized in
monitoring pathological pregnancies (e.g. severe hypertension, diabetes). Pregnant
women at medium-high risk and premature infants with gestational age smaller than
33 weeks are cared in that type of facilities. NICUs where those highly critical new-
borns are cared, are only located at Level 3 Maternity Hospitals. In France, there
exist 76 Level 3 type hospitals.

Figure 2.1: Breakdown of French maternity hospitals by type (from [Baray 2012])



14 Chapter 2. Healthcare Networks & Literature Review

Patients may have various flows in the maternity facilities according to different
needs they may have. In an OB unit, there exists broadly two patient flows based on
the type of delivery, vaginal (labor) or Caesarian, with significantly different service
times. Patient flow can be summarized as below:

(i) Vaginal deliveries are sent to a "labor and delivery room (LDR)" to give birth,
and then to "postpartum" to recover from the delivery.
(ii) Women receiving a C-section are sent to an "operating room (OR)". After C-
section procedure, women recover from anesthesia in the "post anesthesia recovery
unit (PACU)". Finally, they are taken to "postpartum/mother baby rooms" to
recover fully before leaving the hospital. Women having C-section are expected to
stay longer in the hospital compared to the women having vaginal delivery.
(iii) The newborn infants who need special care are transferred to either basic or
intensive care neonatal units according to the criticality of their health status.

2.2.1 Perinatal Network of Hauts-de-Seine

Hauts-de-Seine Perinatal Network is one of the regional healthcare networks in Ile-
de-France (IDF) in France. It is located in the health area 92, French administrative
district (départment) Hauts-de-Seine. It is the most crowded area after the central
Paris in IDF (75). Hauts-de-Seine Perinatal Network is divided into two networks;
Nord and Sud. In this study we mainly focus on the "Nord" part which is composed
of 14 communes (lowest level of administrative division in France). The approxi-
mate number of pregnant women calculated in 2012 for Nord and Sud are 13000
and 10000 respectively. The representation of the network is presented in Figures
2.2 and 2.3.

In Hauts-de-Seine Nord there exist 6 public, 4 private maternity facilities. In
this study, we focus on only public facilities due to their non-lucrative nature. It is
a nested hierarchical network where there exist one type-3 (Hopital Louis Mourier),
three type-2 (CMC Foch, CH Neuilly Courbevoie, Hopital Franco-Britannique) and
two type-1 (Cash de Nanterre, Hopital Beaujon) public maternity facilities provid-
ing at most 3 level of services to different class of patients. Even though CMC
Foch is a type 2 hospital, due to its proximity to highly populated areas, the bed
occupancy is higher in this hospital compared to the type 3 regional hospital (Louis
Mourier) which is located in fairly more rural part of the department. It is also
important to mention that Nord Hauts-de-Seine Perinatal Network receives high
number of patients originated from the neighboring departments such as central
Paris (77), Hauts-de-Seine Sud (92 Sud), Seine-Saint-Denis (93), Val-d’Oise (95)
and Yvelines(78).
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Figure 2.2: Perinatal Network Hauts-de-Seine Nord

Figure 2.3: Perinatal Network Hauts-de-Seine Sud
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2.3 Difficulties and Challenges in Perinatal Networks

As in many other countries, the number of maternity units in France has been re-
duced regularly since the 1970s ([Bréart 2003]). This trend is associated with several
factors. One of the main motives of closures is the common belief that delivery in
small or less specialized units with a low delivery volume is considered to be less
safe (even though not a proved fact), thus the government merges resources in more
centralized units by closing the small structures. Another provoking factor is the
shortage of resources (a common problem in most healthcare networks) such as in-
sufficient number of gynecologists, obstetricians and midwives, inadequate levels of
equipment. Furthermore, government policies aiming to reduce the costs of health
service provision can be named as another reason to closures ([Pilkington 2008]).

The closure rates of maternity facilities differ according to the region and its
characteristics (urban or rural area, population demographics, migration etc.). Fig-
ure 2.4 presents the geographic variations in closure rates during 1998-2003. The
closures are not uniform across France and they varies with a rate between 0-36%.

Figure 2.4: Rate of closure of maternity facilities in France by administrative regions
1998-2003 (from [Pilkington 2008])

Table 2.2 presents the existing number of health care facilities in France in years
2001-2010 (INSEE) while pointing out the different closure tendency associated with
the type of facilities. It is observed that most of the hospitals that are chosen to be
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Table 2.2: Change in number of HC facilities in France 2001-2010
Hospital Types Number of Healthcare Facilities

2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

Regional Hospitals

(CHR/CHU)

29 29 29 29 29 29 29 29 29 29

Central Hospitals 530 523 518 515 504 499 498 490 485 498

Central Hospitals

specialized on

psychiatry

89 89 87 87 87 88 86 87 87 87

Local Hospitals 344 345 342 341 347 343 340 331 319 290

Other Facilities 19 22 21 22 20 18 19 17 17 14

Total Public 1011 1008 997 994 987 977 972 954 937 918

closed are local and central hospitals while the number of regional hospitals stays
still. Along with hospital closures, the number of hospital beds also diminished
during those years. Table 2.3 presents the amount of downsize in hospital beds at
different type of hospitals. Regardless of the type of hospital, there is a tendency of
downsizing in France hospitals.

Table 2.3: Change in number of hospital beds in France 2001-2010

While hospitals are being closed and hospital beds are downsized, there has been
a quadratic increase of the bed occupancy rates in hospitals with the effect of ris-
ing population and increased usage of healthcare resources in time. It is studied in
[Royston 2009] that hospital admission refusals (rejection rates) rise gradually with
bed occupancy. Running a hospital close to 100% bed occupancy is not possible
without turning patients away.
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Figure 2.5: Evaluation of Number of Hospital Beds in France

Those closures or mergers improved perinatal care in terms of quality of ser-
vice. However they also had negative consequences in the sense that accessibility
decreased, especially in rural areas, and increased distance to hospitals limit preg-
nant women’s access to maternity facilities and danger the life of both women and
baby([Pilkington 2008]).

The biggest risk associated with closures can be defined as the reduction in
the accessibility of maternity services. This risk is higher for the women from so-
cially disadvantage backgrounds which may contribute to social inequalities ( [At-
tar 2006]). Moreover, as in all medical specialties that involve management of life-
threatening emergencies, rapid access is crucial also in perinatal and neonatal care
in order to avoid accidental deliveries outside of hospitals, and avoid the risk of
maternal and neonatal morbidity ([Gulliford 2002]). A recent study [Zeitlin 2004]
shows that only about half of all babies hospitalized in large NICUs were born in
the adjoining maternity unit. In other words, a large proportion of babies were born
in lower-level maternity units in France and transferred to the NICUs by ambulance
after birth ([Zeitlin 2004]). Transportation after birth is known to increase the risk
of mortality and morbidity. One possible reason of this problem is the lack of evalu-
ation of pregnancy and the risk level of baby before birth, and not being able to refer
the woman to the appropriate facility before the time of delivery. The other reason
can be defined as lacking of efficient resource planning and efficient distribution of
scarce resources among NICUs according to the needs of the region.

In networks, lack of organization, cooperation and coordination may lead to
inefficiently allocated resources and unproductive policies. In perinatal networks,
considering that most of the pregnant women and newborn babies needing special
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care are urgent, unavailability or inadequacy of necessary resources, inefficient dis-
tribution of capacity may lead to rejection and diversion of patients to other facilities
even to other regions. This diversion may cause long travel distances which might
give rise to fatal occurrences. Rejection can seriously affect the health state of the
person and increase the risk of morbidity, and needed to be kept under control.
Therefore, "rejection probability" is considered to be an important performance
measure in this work as it is in most of the loss systems in literature. An improve-
ment in rejection rates means better accessibility and increased effectiveness in the
network.

Independent of closures and mergers, in most of developed countries neonatal
care units suffer from extremely high rejection rates. In WHO report 2010, re-
jection rates in NICU units in Europe is approximated around 25-30%. Random
arrivals, highly variable and long length of stays and insufficient number of avail-
able resources are the fundamental reasons to this crisis. Moreover, in NICUs the
necessary equipment ( neonatal cots) are very expensive and management wants to
keep them highly utilized, which also increases the rejection probability ([Asaduzza-
man 2010]). Therefore in a system where resources are very expensive thus scarce,
it is very important how we manage them, how we distribute them among hospitals
and which policies we employ.

"Rejection" problem described for perinatal networks are not only specific to
perinatal networks but also a very common problem of most of the health care
networks whose target patient group require urgent care, and cannot wait. Those
problems and challenges in perinatal networks created the motivation to launch this
research study. "Hauts-de-Seine Perinatal Network" is chosen as the main applica-
tion field for demonstrating the results of the developed methodologies. However,
the proposed methodologies are kept sufficiently general so that they can also be
applied to any other stochastic hierarchical loss service networks.
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2.4 Literature Review on Managing Healthcare Networks

This section reviews the body of work in operations research which is devoted to
health care delivery networks from a broad perspective. The difficulty in measuring
quality and value of outcomes due to the highly stochastic and complex nature of
health care services, the multi-objective nature of decisions due to the existence of
several decision makers (multi-hospitals, multi-departments, physicians, nurses, ad-
ministrators,etc.), third party payment mechanisms for diagnoses and treatments led
to the development of many different methodologies, interdisciplinary studies, quan-
titative and also qualitative studies focused on improving the efficiency of healthcare
networks.

We scoped various topics likely to be relevant to healthcare networks to be used
as part of the literature search strategy. In addition, we identified further cross
cutting issues such as cooperation, coordination, integration as being potentially
relevant to the study. In our final search strategy we looked for articles in the sub-
ject areas of:

- Health Care Networks
- Multi-Hospitals/Units
- Cooperation/coordination/integration
- Delivery/Logistic
- Decision support tools
- Operations Research
- Optimization
- Resource management

In literature many studies have been conducted and many tools have been devel-
oped and applied in order to improve the quality and access on health care delivery
networks. The body of work can be classified in 3 major sections.
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2.4.1 Strategic Location of Healthcare Facilities

One of the most crucial strategic decision that can be given in order to improve
quality and efficiency of care in a network is the location of facilities. Location of
healthcare delivery facilities and services mostly focuses on objectives such as ease
of access and/or speed of access, as well as a need for achieving low cost. They can
be applied in national (territorial), regional or local network levels.

Research on facility location field is abundant. Some main stream models (P-
median models ([Hakimi 1964]) , covering models ([Schilling 1993]) , maximal cov-
ering models ([ReVelle 1986]) developed for solving facility location are frequently
used in healthcare applications. Facility location problems are mostly NP-hard.
Therefore heuristic models and lagrangian relaxation techniques are widely used
when the algorithms built are not efficient or unable to compute an optimal solu-
tion in reasonable time, which is commonly the case in big complex multi-facility
location problems. Hierarchical models capture variations in the facilities network,
deploy a complex formulation and often require heuristic models to obtain a solution
([Şahin 2007]).

Location models are reviewed by many authors by being classified regarding
different aspects. Pierskalla ([Pierskalla 1994]) reviewed applications of operations
research in healthcare delivery by focusing on location selection and capacity plan-
ning. Daskin ([Daskin 2005]) reviewed the location problem as a critical element
of strategic planning. He summarized those mainstream models and their recent
variations according to static, dynamic and stochastic nature of the time compo-
nent. For respecting the broad perspective of the analysis, a comprehensive review
of facility location models is not presented here. In the following, we introduce the
new challenges and improvements in the field by presenting some recent interesting
location-allocation studies in healthcare.

Griffin ([Griffin 2008]) addressed the problem of improving the effectiveness
of Community Health Centers (CHCs) which are built to provide family-oriented
healthcare services for people living in rural and urban medically underserved com-
munities. The authors developed an optimization model to determine the best
location and number of new CHCs in a geographical network, what services each
CHC should offer at which capacity level. In the model, the weighted demand cov-
erage of the needy population is maximized subject to budget and capacity of each
facility and service. The model application to the state Georgia demonstrated that
optimizing the overall network can result in improvements of 20% in several mea-
sures such as the number of encounters, service of uninsured people, and coverage
of rural counties. The proposed model is used to analyze policy questions such as
how to serve the uninsured.

Siddhartha and Cote ([Syam 2010]) developed a cost minimization model to or-
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ganize the network of specialized health care services such as traumatic brain injury
(TBI) treatment. The model is applied to one of the Department of Veterans Af-
fairs’ integrated service networks. In the application, they analyzed the effect of
some critical factors: (1) degree of centralization of services, (2) the role of patient
retention as a function of distance to a treatment unit, and (3) the geographic den-
sity of the patient population. Those factors are investigated with respect to the
trade-off between the cost of providing service and the need to provide such service.
They showed that all three factors are useful to decision-makers in selecting loca-
tions.

Zhang ([Zhang 2010]) presented a methodology to design the network of Pre-
ventive healthcare whose aim is to reduce the frequency of life-threatening illnesses
by protection and early detection. The level of participation in preventive health-
care programs is a critical determinant in terms of their effectiveness and efficiency.
In order to improve accessibility and maximize participation, authors developed a
bilevel nonlinear optimization model and solved the convex problem by the gradient
projection method and a Tabu search algorithm. The model is used to analyze an
illustrative case, a network of mammography centers in Montreal, and a number of
interesting results and managerial insights are discussed, especially about capacity
pooling.

Essoussi ([Essoussi 2009]) studied the case of the centralization of medical sup-
plies in a French health care network. He analyzed the potential gains of such
cooperative scheme through multi criteria optimization approach associated to an
integrated inventory-location-allocation problem. A procedure of three steps is sug-
gested to solve the whole problem.

Rodriguez et al.([Rodriguez-Verjan 2012]) studied the healthcare at home (HAH)
facility location-allocation problem considering the decisions of locating facilities in a
region, assignment of demand to HAH companies, authorization for delivering some
specific care and allocation of resources. To tackle this problem authors proposed
a multi-period, multi-resource, multi-facility location-allocation problem. Instances
derived from real case study (HAH network of Rhone-Alps region) are solved using
branch and bound procedure.

Locating public services for moving (nomadic) population groups is a difficult
challenge as the locations of the targeted populations seasonally change. In [Ndi-
aye 2008], the population groups are assumed to occupy different locations accord-
ing to the time of the year, i.e., winter and summer. A binary integer programming
model is formulated to determine the optimal number and locations of primary
health units for satisfying a seasonally varying demand. This model is successfully
applied to the actual locations of 17 seasonally varying nomadic groups in the Mid-
dle East. Computational tests are performed on different versions of the model in
order analyze the tradeoffs among different performance measures.
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2.4.2 Capacity Planning in Healthcare Delivery Networks

In a scarce resource environment, determining necessary capacity in order to deal
with the fluctuating demand in the region or optimal allocation of the existing ca-
pacity among hospitals, services, different class of patients, etc. is clearly significant
for dealing with healthcare networks.

In a health care network structure, capacity planning models usually focuses
on decisions such as determining the number of resources (beds, nurses, staffing
levels, staff skill mix, etc.) necessary to meet a certain demand ([Ahmed 2009],
[Lavieri 2009]), resource allocation for a particular service within a multi-hospital
network for control of specific diseases ([Earnshaw 2002]), infectious diseases and im-
munization programs ([Brandeau 2003]), resource allocation among different levels
of the health services ([Santibáñez 2009]), different disease types in a hospital net-
work ([Govind 2008], [Flessa 2000]), resource/budget allocation among geographic
areas ([Horev 2004]); different regions of a country, urban versus rural areas, or
developing countries ([Flessa 2000]).

The most fundamental measure of hospital capacity is the number of inpatient
beds. Recently Govind ([Govind 2008]) examined a network of hospitals in a pre-
defined geographical area to determine the bed capacity that each hospital in the
network should devote to different disease classes to maximize speed of access to
care. They considered the spatio-temporal pattern of disease incidence in the area
of focus. Their model incorporated the driving distance, rather than crow-flight
distance, to a healthcare facility, as well as driving speeds on different types of
roads in determining the speed of access. Santibanez ([Santibáñez 2009]) developed
a multi-period mathematical programming model to provide options for configuring
the system, specifically the location of clinical services and allocation of bed capacity
across the services in hospitals. The decisions in the model are based on population
access, critical mass standards, and clinical adjacencies. They applied their model
on a real large-scale network with 12 hospitals with multiple services.

The other major component of hospital capacity is workforce, particularly nurses.
Nurses are the chief caregivers and have a significant impact on clinical outcomes
([Aiken 2002]). In addition, nursing costs consist of a big portion of hospital bud-
gets. There have been many articles on the use of optimization models to determine
nurse staffing ([Kwak 1997], [Green 2002]). In terms of strategic workforce planning,
Lavieri ([Lavieri 2009]) proposed a linear programming hierarchical planning model
that determines the optimal number of nurses to train, promote to management and
recruit over a 20 year planning horizon to achieve specified workforce levels.

Another important element of hospital capacity is planning extremely expensive
machines such as the Magnetic Resonance Imaging Devices (MRIs). For such spe-
cialized services 100% utilization is tried to be achieved in the operating policies.
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Very recently Mahar et al. ([Mahar 2011]) addressed the problem of allocating such
specialized medical services in a multi-hospital network. The authors developed
a nonlinear optimization model to determine where to locate specialized capacity
across a capacitated hospital network taking into account both cost and patient ser-
vice levels. The model minimizes total cost of fixed operating and variable cost of
maintaining each specialized capacity, penalty cost of unmet demand at a location,
and transportation cost of diverting demand between facilities while also enforcing
a target level of patient service. Their results showed that aggregating demand
across hospitals and allocating specialized services to a subset of hospitals rather
than all hospitals in the system can yield cost savings due to enabling reduction
of the necessary number of MRI machines, however it could also lead to increased
travel distances for patients.

From an analytical perspective, the capacity planning models involve complex
dynamics therefore mathematical optimization models are used quite frequently
where the models attempt to explicitly represent the functioning of the system,
resulting in large linear and integer models with many variables and constraints.
Simulation models are also widely used in capacity planning in order to gain in-
sights to guide strategies and decisions. Simulation is quite useful to mimic the
behavior of a health care network in order to evaluate its performance and analyze
the outcome of different scenarios. A combined use of simulation and optimization
is also proposed in [De Angelis 2003].
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2.4.3 Decision Support Tools for managing Healthcare Delivery
Networks

The quantitative models developed with operational research tools are strong but
challenging to be understood and used by decision makers. Due to the complexity
of healthcare operations, distinctiveness of patient pathways and differences among
structures, it is challenging to come up with some generic models which can be used
by all players in the healthcare network; though necessary in order to standardize
the operations, improve information flow and cooperation, and increase the quality
of service; moreover critical in public-health emergencies (bioterrorist attacks, dis-
ease outbreaks, pandemics, etc.) where the decisions should be given urgently or
frequently.

There have been some efforts in literature to develop electronic web-based in-
tegrated decision support tools aiming to help decision makers, managers, health
professionals on operational or medical decision making, standardizing operations
and managing information flow among different units in healthcare systems. Some
of them focus on managing integrated care delivery networks that are developed to
be implemented in multiple sites/hospitals to facilitate information flow and strate-
gic decision making.

Bhargava et al. ([Bhargava 1999]) classified Decision Support Systems (DSS)
broadly according to their specialized areas. Data driven DSS organize and ana-
lyze large volumes of data using database queries and online analytical processing
(OLAP) techniques. Model-driven DSS represent decision models through opti-
mization, stochastic modeling, simulation, statistics and logic modeling and provide

Table 2.4: Decision Support Tools in existing Literature
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analysis support. Communication driven DSS link multiple decision makers over
space and time. Knowledge driven DSS assist decision makers in the selection of
alternatives, such as medical expert systems and scenario generators. Document
driven DSS integrate a variety of storage and processing technologies to provide
document retrieval and analysis.

For University of Pittsburgh Medical Center in partnership with the Pennsylva-
nia National Guard, Roth et al. ([Roth 2009]) developed a comprehensive web-based
healthcare-related electronic disaster management system called PrepLink which
can be deployed in multiple sites in a region or more broadly. With PrepLink,
emergency and healthcare workers can access timely information related to pub-
lic health, safety, planning, preparation, and can communicate rapidly, share team
plans across disparate locations through password-protected private pages. The sys-
tem stores multiple key documents and contains asset inventories, a GIS, patient
tracking, and a command-and-control module.

Recently, for tactical and strategic operational planning of a catastrophe in-
cluding biological, chemical, radiological incidents, natural disasters or a disease
outbreak, Eva Lee et al. ([Lee 2013]) designed and implemented a decision support
tool called RealOpt. It combines mathematical modeling, large-scale simulation
and linked them with automatic graph-drawing tools and a user-friendly interface.
Operational research technology is integrated into a powerful decision support and
data management tool. For this work, an OR team worked together with public
health experts at the US Centers for Disease Control and Prevention (CDC) in or-
der to address the fundamental challenges:

- distribution of medical supply
- determining locations of dispensing facilities
- optimal facility staffing and resource allocation
- routing of the population
- dispensing methods

RealOpt has been used by over 6,500 public health and emergency directors in
US covering all states, plus many international users. RealOpt has been applied
in hundreds of trainings and vaccination events, including anthrax preparedness, as
well as seasonal flu and H1N1 vaccination events. CDC experts stated that “RealOpt
is the first system that looks at the design of strategic planning and operational re-
sponse on the ground. It gives policy makers a tool to assess their capabilities
for handling large-scale medical emergencies and how they might handle scenarios
ranging from local public health emergencies to a situation of national magnitude”
(Media Newswire 2008).

For disaster management, several simulation tools have been developed and made
publicly available. Recently, Stein et al. ([Stein 2012]) developed a user-friendly,
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comprehensive, flexible resource modeling tool, the AsiaFluCap Simulator, to sup-
port decision makers involved in a pandemic management to test and compare dif-
ferent pandemic scenarios and assess their impact on health care resource capacity.
The tool consists of an epidemiological model combined with a resource model con-
taining 28 health care resources, a graphical user interface, and a link to export
simulation results to GIS software for creating illustrative maps for geographic anal-
ysis of distribution of resources. The tool is developed in Microsoft Excel Â c©
(Microsoft Corporation, Redmond, WA) and using the programming language VBA
(Visual Basic for Applications). The simulator is freely available at www.cdprg.org
and especially useful for developing countries where resources are limited and man-
agement is needed on reallocation of regional resources.

Shuurman et.al. ([Schuurman 2008]) created a web-based graphical user inter-
face (wGUI) in order to improve evidence-based decision making of health policy
makers about service reallocations and hospital closures in rural areas in Canadian
province of British Columbia. It provides information about the geographical area
around a service, the total number of people in each existing or hypothetical ser-
vice area as well as percentages of the population not served within the specified
road travel time. The tool supports decisions about hospital closures, openings and
service reallocations in rural and remote regions based primarily on the criterion of
serving the largest possible population within certain (maximum acceptable) travel
time.

Charfeddine et al. ([Charfeddine 2010]) proposed a framework for integrated
agent-simulation modeling of the population with specific chronic disease (chronic
obstructive pulmonary disease (COPD)) in a large region and the network (health-
care delivery network in Quebec, Canada). There are two main differentiating facets
of the integrated model they proposed: characterization of population demand and
modeling healthcare delivery network. Demand for healthcare services is expressed
deeply through the stochastic modeling of the health state evolution of each person
(represented as an agent) in a population of potential and actual patients, where
the implications of this evolution generates the demand in terms of patient needs
for healthcare and their frequency. In modeling healthcare delivery network part,
the organization and functioning of the healthcare delivery network is captured with
an adequate detail level. Objective is to assess the current organization of networks
and the impact of possible changes.

Réseau Santé is a live, open, voluntary and collaborative mapping tool of
healthcare delivery networks in the Quebec province (Canada) proposed by [Mon-
treuil 2011]. Such platform provides (i) organizational mapping (overview of actual
organizations, identification of organizational issues), (ii) epidemiological mapping
(helping to identify and explain the relations between viral or bacterial communities,
their human hosts), and (iii) logistical mapping (highlighting patient and resource
flows through the network, providing an overview of actual flow patterns, identifying
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Figure 2.6: Platform "Réseau Santé"

and analyzing constraints and logistical issues). Target users are healthcare profes-
sionals, managers of healthcare structures, patients and public, and researchers. The
platform is available and provides a wide range of information to the public.

For managing chronic diseases, Cunnich et al. ([Cunich 2011]) introduced a new
decision-support tool for specifically prostate cancer screening (ALProst) which is
grounded in multi-criteria decision analysis (MCDA) framework. With interviews,
individual weights for different criteria are set and performance output of each de-
cision on each criterion is analyzed. For each decision option, an expected value
algorithm calculates a score. Given the uncertainty and tradeoffs between bene-
fits and harms for prostate cancer screening, this tool seeks for a risk reduction in
prostate cancer-specific mortality through helping general practitioners to consider
multiple factors while giving complex decisions.

Javitt et al. ([Javitt 1994]) used a computer-modeling system, called PROPHET

(PROspective Population Health Event Tabulation), which analyzes events and
costs incurred during the lifetime course of irreversible chronic diseases such as
diabetes. They proposed a cohort model which combines features of decision trees,
Markov processes and Monte Carlo simulation techniques. The model describes in-
dividuals whose progress is updated in two-monthly time steps; disease progression
and mortality rates depend on age and disease severity. It uses data from several
databases and studies and incorporates them.

In England, Dr. Mike Stein ([Stein 2006]) created an innovative communication
tool, The Map of Medicine, for improving the knowledge management and im-
prove quality in clinics network. Map of Medicine provides access to detailed clinical
information for proper monitoring of clinical pathway of patients and the recovery of
the most detailed information instantly as needed. It also facilitates the standard-
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ization of practices, minimization of risk and variation in the Treatment of patients
across the health system, efficient use of resources and resource planning across a
healthcare system. Being deployed within the Connecting for Health program, it is
the largest healthcare IT program in the world. The Map of Medicine is currently
utilized in 79 National Health Service (NHS) organizations in England.
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2.5 Positioning and Scientific Contribution of this study

in service network literature

In this thesis, various fundamental challenges in a stochastic overflow-loss hierar-
chical network are addressed. We focused on problems from both strategic and
operational levels. In chapter 3, a strategic facility location and capacity problem
is addressed. We developed a nonlinear location & capacity planning model that
captures the stochasticity in each hospital. Linearization of this model is achieved
in such a way that its LP version becomes capable to solve big scale territorial prob-
lems in a reasonable time which is a practice rarely achieved in location planning
literature. After setting the necessary capacity in chapter 3 without considering
overflows, in chapter 4 we developed new approximation methodologies to evaluate
the performance of the existing network in terms of the rejection and overflow prob-
abilities between hospitals. In chapter 5, we proposed optimal admission control
policies for different size of networks in order to better utilize the scarce resources
in hospitals such that total profit is maximized. Finally, we generated a compre-
hensive simulation model that allows us to examine the proposed analytical models
and evaluate the performance of the system more realistically.

In parallel to those research studies, we aimed to combine all methodologies de-
veloped in this thesis in a decision support tool foreseen under the project named
"COVER". The main objective of COVER project consists in proposing a collabo-
rative decision aid platform in order to assist health system managers to effectively
plan strategic and operational decisions of a healthcare network and evaluate the per-
formance of their decisions. This project was founded by Saint-Etienne Métropole
in 2010 to allow the development of a web platform and its connection with decision
aid and simulation tools developed in this thesis. In this way, the COVER platform
allows the health care professionals and hospital managers to access scientific tools
designed to improve the efficiency of the health care network that they are working
in.

To summarize, we approached the problems of a "stochastic overflow-loss service
network" from various possible perspectives. We developed state-of-the-art method-
ologies by merging operational research tools such as queuing theory, mathematical
programming, markov decision processes, agent-based and discrete-event-simulation
that have been mostly used disjointedly in the literature. To the best of our knowl-
edge, managing overflow-loss hierarchical networks considering dependencies, coop-
eration, as well as overflows among units has not been considered in the existing
literature.
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2.6 Résumé du chapitre

Dans ce chapitre, nous proposons une revue de littérature sur les réseaux périnatals
(périnatalité, la structure des services de maternité et les flux de patients) ainsi que
les caractéristiques spécifiques du réseau périnatal des Hauts-de-Seine. Ensuite, les
points critiques et les difficultés observées dans le réseau sont résumées. La Section
2.4 présente une revue exhaustive de la littérature d’études développés dans le but
d’améliorer les réseaux de prestation de soins de santé. Enfin, la section 2.5 définit
notre étude par rapport à l’ensemble des travaux dans la littérature et clarifie notre
contribution globale à la région.

Dans de nombreux pays, dont la France, les réseaux périnatals ont subi de
profonds changements concernant la centralisation des naissances dans les grandes
unités [Pilkington 2008]. De nombreux services de maternité avec moins de nais-
sances par an sont fermés et beaucoup d’autres ont opté pour une fermeture de leur
bloc opératoire pour éviter les problèmes de qualité et de sécurité dus à un faible
volume d’activités de chirurgie. Afin d’assurer la qualité et la sécurité des soins,
il est recommandé dans [Vallancien 2006] de suivre des consignes de sécurité pour
fermer les petits services, et notamment un seuil d’activités (2000 chirurgies par an
pour une salle d’opération et 500 naissances par an pour un service de maternité).
En conséquence, le nombre de services de maternité en France passe de 1369 en 1975,
à 1010 en 1985, 814 en 1996, 779 en 1997, 576 en 2007, 520 en 2011 [IGAS 2013].
Le nombre de lits d’obstétrique est divisé par 2. De 1997 à 2008, on comptait 196
services de maternité fermés et 568 opérations de réorganisation des services de ma-
ternité (fusion, la réduction des effectifs). Cependant, une telle échelle de réduire
les effectifs ont donné lieu à de nombreux problèmes tels que le manque d’accès aux
soins obstétriques [Nesbitt 1997], les grossesses faiblement suivies principalement
dans les régions rurales du pays, l’augmentation des taux de natalité à l’hôpital, et
le risque finalement plus élevé de mortalité néonatale que la mortalité et la morbidité
[Blondel 2011]. La réduction des effectifs des unités de service et ses effets associés
est encore un débat en cours aujourd’hui. Les chiffres ci-dessus montrent que les
autorités sanitaires françaises font constamment face à des décisions stratégiques et
opérationnelles importantes et difficiles sur la façon de régler et de gérer les réseaux
de périnatalité.

Dans les réseaux, le manque d’organisation, la coopération et la coordination
peut conduire à une utilisation sous-optimale des ressources allouées et à des poli-
tiques improductives. Dans les réseaux de périnatalité, étant donné que la plupart
des femmes enceintes et des nouveau-nés nécessitant des soins spéciaux sont ur-
gents, l’absence ou l’insuffisance des ressources nécessaires, la répartition inefficace
des capacités peut entraîner le rejet et le détournement des patients vers d’autres
établissements, même dans d’autres régions. Cette déviation peut causer de longues
distances à parcourir et pourrait donner lieu à des accidents mortels. Le rejet peut
sérieusement affecter l’état de santé de la personne et accroître le risque de morbidité



32 Chapter 2. Healthcare Networks & Literature Review

qui doit être maintenu sous contrôle. Par conséquent, "la probabilité de rejet" est
considéré comme une mesure de performance importante dans ce travail car il est
utilisé dans la plupart des systèmes sans attente de la littérature. Une amélioration
du taux de rejet signifie une meilleure accessibilité et une plus grande efficacité dans
le réseau.

Dans cette thèse, divers défis fondamentaux dans un réseau hiérarchisé stochas-
tique sans attente sont abordés. Nous nous concentrons sur les problèmes de niveau
stratégique et opérationnel. Dans le chapitre 3, la partie stratégique, nous avons
développé un modèle de planification de capacité & de localisation non linéaire qui
tient compte des phénomènes aléatoires dans chaque hôpital. La linéarisation de ce
modèle est réalisé afin d’obtenir une version linéaire capable de résoudre des prob-
lèmes de grande taille (échelle d’un département) en temps raisonnable. Dans le
chapitre 4 nous avons développé de nouvelles méthodes d’approximation pour éval-
uer les performances du réseau existant en termes de rejet et de transferts entre
les hôpitaux. Dans le chapitre 5, nous avons proposé des politiques de contrôle
d’admission optimales pour différentes tailles de réseaux afin de mieux utiliser les
ressources limitées dans les hôpitaux au moyen du profit total qui doit être max-
imisé. Finalement, nous générons un modèle de simulation complet qui nous permet
de tester des modèles analytiques proposés et d’évaluer la performance du système
de façon plus réaliste.

Parallèlement à ces études, nous avons cherché à combiner toutes les méthodes
développées dans cette thèse dans un outil d’aide à la décision prévu dans le cadre
du projet intitulé "COVER". L’objectif principal du projet COVER consiste à
proposer une plate-forme collaborative d’aide à la décision afin d’ aider les gestion-
naires du système de santé afin de planifier efficacement les décisions stratégiques
et opérationnelles d’un réseau de soins de santé et d’évaluer la performance de leurs
décisions. Ce projet a été financé par Saint-Étienne MÉtropolé en 2010 pour per-
mettre le développement d’une plateforme web et son lien avec les outils d’aide à
la décision et les outils de simulation développés dans cette thèse. De cette façon,
la plate-forme COVER permet aux professionnels des soins de santé et les gestion-
naires d’hôpitaux d’accéder aux outils scientifiques visant à améliorer l’efficacité du
réseau de soins de santé.

Pour résumer, nous avons abordé les problèmes d’un "réseau de service déborde-
ment perte stochastique" à partir de différents points de vue possibles. Nous avons
développé des méthodologies state-of-the-art de la fusion des outils de recherche
opérationnelle comme la théorie des files d’attente, la programmation mathématique,
les processus de décision de Markov, la simulation multi-agents et à événements dis-
crets, le plus souvent utilisé de manière disjointe dans la littérature. D’après état de
l’art, la gestion des rejets dans les réseaux sans attentes stochastiques hiérarchiques
avec dépendances et coopération n’ont pas été pris en compte dans la littérature
existante.
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3.1 Introduction

In many countries including France, perinatal networks have undergone various dra-
matic changes regarding centralization of births in larger units [Pilkington 2008].
Many maternity services with fewer child-births per year are closed and many oth-
ers have their operating room closed to avoid quality and safety problems due to
small volume of surgery activities. In order to ensure the quality and safety of care,
it is recommended in [Vallancien 2006] to close small services below some safety-
threshold of activities (2000 surgeries per year for an operating theatre and 500
births for a maternity service). As a result, the number of maternity services in
France changes from 1369 in 1975, to 1010 in 1985, 814 in 1996, 779 in 1997, 576 in
2007, 520 in 2011 [IGAS 2013]. The number of obstetric beds is divided by 2. From
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1997 to 2008, there were 196 maternity services closed and 568 maternity service
reorganization operations (merging, downsizing). However, such scale of downsize
gave rise to many problems such as poor access to obstetric care [Nesbitt 1997],
weakly monitored pregnancies mainly in the rural parts of the country, increase of
birth rate out of hospital, and eventually higher risk of neonatal mortality and mor-
bidity [Blondel 2011]. Downsizing service units and its associated effects is still an
ongoing discussion today.

The above numbers show that French health authorities constantly face impor-
tant and difficult strategic decisions of how to adjust the perinatal network, i.e.
location of maternity services and capacity/demand allocation. This work aims at
developing a decision-aid tool to match locations and capacity of maternity services
with demographic changes.

Given the continuous change, high uncertainty and variability of perinatal net-
works [Harper 2002], location and capacity planning are essential but challenging
activities that need to be dealt with from many different perspectives under a rigor-
ous analysis. For example, in health care networks, conventionally there is a strong
relationship among the hospitals located in the same network in terms of resource
transfer and distribution of the demand. Nevertheless, this is often ignored in most
cases as capacity decisions are taken independently of the other hospitals in the
network. In addition to that, health care networks often face random arrivals and
stochastic service times which make the network a stochastic system and capacity
planning a delicate and complex issue.

Nevertheless, most health authorities are using methods based on ratios and tar-
get bed occupancy rates, often using the same target occupancy rates for different
sized units. However, these methods fail to consider the variability in hospitaliza-
tion demands over time [Nguyen 2005]. A preliminary work [Pehlivan 2012] has
been developed for planning capacity in a stochastic hierarchical network of hospi-
tals where we studied the ways to determine capacity planning without changing
the existing infrastructure in the network. However, capacity decisions in network
are long-term strategic decisions which should be considered along with the network
design decisions. During a long planning horizon, network may require new facilities
or it may be necessary to close some others due to demographic changes. With that
perspective, in this paper we are motivated to extend our preliminary work in or-
der to incorporate network planning decisions such as opening new/closing existing
service units and eventually hospitals.

This paper proposes a general framework of nested hierarchical service networks
to capture the specific features of perinatal networks. In a nested hierarchy, a higher-
level facility provides all the services provided by a lower-level facility. A customer
requiring a certain level of service will additionally require all lower-level services.
Customers arrive randomly from different demand zones and are assigned to differ-
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ent facilities to be served. Customers are supposed urgent and are lost if no service
capacity is available at their arrival. Rejection of customers due to the lack of ser-
vice capacity is the common phenomenon in overflow networks. Pure loss queues
are used and each service unit in a facility is modeled as either an M/G/c/c or
M/M/c/c pure loss queuing system from which the analytical relationship between
service capacity and customer acceptance rate is obtained by Erlang Loss formula.

We propose a multi-period, multi-facility, multi-service mathematical optimiza-
tion model for the periodic service unit location and capacity decisions in order
to ensure a minimum desired customer acceptance rate in each service. Service
unit location and service capacity decisions are adjusted dynamically to match the
forecasted demand changes over space and over time. The mathematical model in-
cludes service level constraints expressed in nonlinear Erlang loss formula. Various
linearization approaches of the nonlinear constraints are proposed using a point-
wise representation, maximum offered load functions and minimum service capacity
functions. Linear regressions of these latter functions are used for efficient approx-
imation of large-scale problems. Structural properties of these linearization models
are proved.

The above mathematical models are applied to the perinatal network in Hauts-
de-Seine in Paris, France. The mathematical models and sensitivity analysis show
how to match demographic changes by adjusting neonatal services of each hospital
and their staffed-beds.

The original contributions of the paper can be summarized as follows: (i) a new
nested hierarchical service network model covering our real perinatal network as a
special case, (ii) a mathematical programming model for service unit location and
capacity planning under service level constraints, (iii) new linearization approaches
and their properties of the Erlang-loss function which defines the service level, (iv)
application to a real-life perinatal network to best meet demographic changes.

The remainder of this paper is organized as follows. Section 3.2 reviews the re-
lated capacity planning and facility location literature and defines our contribution.
Section 3.3 formally defines hierarchical service networks. Section 3.4 proposes a
mathematical model for service unit location and service capacity planning. Section
3.5 proposes different approaches for linearization of the customer acceptance rate
constraints and establishes their properties. Section 3.6 presents the application to
the perinatal network. Finally, conclusion and future research directions are given
in Section 3.7.
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3.2 Literature review

This section is a review of service facility location and capacity planning models
most relevant to our study. As this chapter is mainly motivated by healthcare ap-
plications, a special attention is given to the models in healthcare literature.

Within the area of facility location, the problem of maximizing the use of or
access to service networks has been often addressed by considering travel distances
or capacity utilization. Verter and Lapierre [Verter 2002] examined the optimal
number and locations of preventative health facilities by using the maximal cover-
ing location problem to maximize the number of potential patients who can utilize
the facilities. Griffin et al. [Griffin 2008] investigated a variation of the maximal
covering location problem whereby the location and services offered at each location
are determined. Stummer et al. [Stummer 2004] determined the location and size
of medical departments. Galvao et al. [Galvão 2006] studied hierarchical location
of perinatal facilities in municipality of Rio de Janeiro by incorporating capacity
constraints. Tanonkou et al. [Tanonkou 2008] proposed a Lagrangian relaxation
approach for a stochastic distribution network with random demand and random
supply lead times. The problem consists in determining distribution center (DC)
opening/closing and customer zones to DC assignment in order to minimize the to-
tal cost related to DC opening, transportation, running inventory and safety stocks.
Recently Mahar et al. [Mahar 2011] developed a nonlinear optimization model to
determine where to locate specialized capacity across a medical network’s capaci-
tated hospitals and take into account both cost and patient service levels. For a
review of service facility location planning, the reader is referred to [Daskin 2005].
Facility location models are big size models working on regional level where it is
common to develop heuristics in order to solve the problems in a reasonable amount
of time. In our work we were able to introduce some modifications in the model and
solve the model to optimality in a reasonable time.

Capacity decisions in a healthcare setting can be considered at various lev-
els: Unit ([Ridge 1998, Kim 1999, Gorunescu 2002, Asaduzzaman 2010]), Hospital
([Harper 2002, Cochran 2006], [Li 2008]) and Regional Network ([Flessa 2000, Stum-
mer 2004, Govind 2008, Santibáñez 2009, Günes 2009, Syam 2010]). In this work, we
focus on location and capacity decisions for regional network, by considering more
uncertainty than previous models. There have been some works taking into account
stochastic variability in long-term demographics [Stummer 2004, Santibáñez 2009].
We consider this long-term uncertainty as well as daily stochastic arrivals and ser-
vice times at the unit level. Furthermore, existing regional models primarily focus
on location of facilities and allocation of monetary resources whereas we give more
detailed operational capacity decisions such as staffed-beds.

There are various methodologies used in the literature in order to optimize these
capacity planning decisions. At the unit/hospital level, the most common method is
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simulation-based optimization ([Kao 1981, Ridge 1998, Kim 1999, Harper 2002]) due
to its ability to capture the complex nature of the system. However, a tremendous
amount of data is required to create a meaningful simulation. This data generally
is not obtainable for a multi-facility environment.

The other most commonly used method is queuing theory which is particularly
useful for modeling patient flows and determining the minimum capacity require-
ments in stochastic systems. It also allows capturing the stochastic nature of arrivals
and service times that is typical in healthcare systems [Bretthauer 1998]. There are
several works that use queuing theory, but all consider only either the unit or hospi-
tal level. They also focus only on operational aspects and do not consider strategic
long-term decisions such as changing demographics through the years as we do.
In one early work combining queuing and optimization, Bretthauer et al. [Bret-
thauer 1998] proposed a methodology to model a blood bank and an outpatient
clinic as a network of queuing stations. An optimization/queuing framework is used
to minimize the capacity cost required to achieve a target level of customer service
(waiting time). The resulting nonlinear model can only be solved using branch and
bound and other approximation techniques. In this paper, we use the refused ad-
mission probability as the service level indicator and we are able to linearize our
problem to a mixed integer program that can be solved efficiently. Gorunescu et al.
[Gorunescu 2002] introduced a queuing model (M/PH/c) where the mean bed occu-
pancy and lost patient probabilities are obtained and used to determine the number
of beds required to achieve a target acceptance probability. We use the same deriva-
tion for lost patient probabilities, but we use a mathematical optimization model
to optimize the number of staffed-beds in the network whereas Gorunescu et al.
[Gorunescu 2002] focused on the bed capacity of a single hospital. Li et al. [Li 2008]
integrated the model of Gorunescu et al. [Gorunescu 2002] with a multi-objective
bed allocation model. The results from queuing model are used to construct a multi-
objective model within a goal programming framework that takes into account the
resource conflicts between departments of a hospital.

There are several other queuing models in health care; their focus is on the
analysis of the queuing model itself considering special properties such as overflow
networks or the blocking property. Asaduzzaman et al. [Asaduzzaman 2010] pro-
posed a queuing model to determine the number of beds at all care units for any
desired overflow and rejection probability in a neonatal unit, but does not consider
the interaction with obstetrics units. Cochran and Bharti [Cochran 2006] combined
queuing theory and simulation to balance bed utilization across an obstetrics hospi-
tal and minimize the blocking of beds. They considered obstetrics and neonatal unit
within a hospital and passage probabilities between them but, did not consider the
interaction between the maternity facilities at the network level. We believe that
these interactions between the units and among the hospitals within the network
should not be ignored. Therefore, we focus on the dependency between service units
in a hospital and also the interaction among hospitals within a network structure.
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3.3 Hierarchical Service Networks

Consider a hierarchical service network offering a set of S services to customers

within specialized service units located in a set I = {1, 2, ..., I} of facilities. The
set S of services is indexed by integer s with s ∈ {1, 2, ..., S}. Service s is said to
be of higher level than another service s′ with s′ < s. For simplicity, we will call a
specialized unit for service s in a facility i the service s of facility i and denote it as
(i, s). Customers are all from a given region partitioned into some demand zones to
be precised later.

Assumption 1: There are S types of customers with nested hierarchy defined as
follows. A customer requiring service s also requires all lower-level services. A cus-
tomer of type-s is a customer requiring services 1, 2, . . . , s. Hence a type-1 customer
requires only service 1 while a type-S customer requires all services. Further, there
is a one-to-one correspondence between the set of services and the set of customer
types and the same index will be used for simplicity.

Assumption 2: All services of a customer are met by service units of the same
facility. As a result, a type-s customer can only be assigned to facilities with all
service units s′ with s′ = 1, 2, . . . , s. This assumption also implicitly assumes the
nested hierarchy of facilities.

Remark 1: In our perinatal application, facilities are hospitals, service units are
obstetric units (OB), neonatal units and neonatal intensive care units (NICU). Cus-
tomers are pregnant women where the newborns are considered as the extension of
woman. Services include obstetric care (s = 1), neonatal care (s = 2) and neonatal
intensive care (s = 3). A type-3 woman needs type-1 obstetric care for herself and
both type-2 and type-3 neonatal cares for her baby. Commonly a newborn treated
in NICU goes through neonatal unit as well after an initial critical phase. Assigning
each woman and her baby to the same hospital is a reasonable assumption. The
strict hierarchy among different services can be replaced by a less restrictive as-
sumption of a customer-dependent subset of services for each customer. The model
can be easily extended and the results still hold.

Remark 2: Assumption 1 also implies that one pregnant woman gives birth to
one baby. Although it holds for most pregnant women, it is just an approximation
of the real case and extension to multiple births needs to bulk arrivals that are not
considered in this paper.

Assumption 3: Each service unit s of a facility i has a number cis of identical
servers called service capacity. It can be modified over time by opening/closing of
the unit, by purchasing additional servers, by downsizing unneeded servers or by
transferring some servers to another facility.
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Remark 3: For the strategic capacity planning of our perinatal network, rather
than determining the optimum number of each type of resources, we utilize the con-
cept of staffed-beds. Pre-defined ratios among resources are usually required in
healthcare. A staffed-bed is the combination of physical equipment (bed) with an
appropriate coverage of nurses and physicians [Dexter 2001]. In our applications,
typical ratios are 5 beds per nurse in an obstetric unit and 2 beds per nurse in NICU.

Remark 4: The location and capacity planning decisions (closing/opening, trans-
fer, etc.) are realistic in our perinatal application. As mentioned in Section I, there
have been regularly maternity services closed or restructured in France since 1975.
Most often, staff personnel are not fired but transferred as many French maternity
services are public. While some regions in France have their population reduced,
other regions have seen significant increase of their population and opening or up-
grading maternity services becomes necessary to ensure equal access to cares of the
entire French population.

Assumption 4: Each facility i has some existing and potential service units s.
Each existing service unit (i, s) can be closed during the planning horizon but cannot
be reopened. Each potential service unit (i, s) can be opened during the planning
horizon but cannot be closed again. Let IS be the set of all services units (i, s) in
all facilities, ISo the set of existing ones and ISc the set of potential ones. Further,
(i, s+ 1) ∈ IS implies (i, s) ∈ IS and (i, s+ 1) ∈ ISo implies (i, s) ∈ ISo.

Remark 5: We consider in this paper a planning horizon of 5 to 10 years. For
such a time horizon, it is not reasonable to close an existing (open a new) maternity
service and reopen (close) it later. If an existing type-1 hospital i can be upgraded
by opening type-2 and type-3, then service units (i, 1), (i, 2), (i, 3) are all in IS. If
the hospital cannot be upgraded, then IS contains only (i, 1). Similar restrictions
apply for potential hospitals. The last part of Assumption 4 is a natural consequence
of Assumption 1 and 2. It defines different types of facilities.

Assumption 5: For each customer type, the service region is partitioned into
different demand zones. Each demand zone-k of a customer type-s corresponds to
a geographic territory for a customer type-s and all customers (of type-s) from the
demand zone are assigned to exactly one facility. Let K be the set of all demand
zones for all customer types and Ks be the set of demand zones of type-s customers
with K = Us∈SKs. As a result, two customers of different types from the same
geographic location belong to different demand zones.

Remark 6: In the perinatal application, the motivation of different zone-partitions
for different types of patients is due to significant difference in arrival rate and num-
ber of service units. The number of type-1 patients is significantly higher than that
of type-3 patients. Further there are fewer type-3 NICU while each facility has a
type-1 obstetric unit. As a result, each type-3 NICU is expected to cover a much
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larger territory than a basic type-3 obstetric unit. For these reasons, different terri-
tory partitions are used for type-3 and type-1 patients such that each demand zone
has a meaningful annual demand. This partition into different demand zones for
different services allows easy modeling of demand demographic changes in space and
in time.

Assumption 6: Customers of each demand zone-k arrive according to an indepen-
dent Poisson process of rate dk. Upon the arrival of a zone-k customer corresponding
to type-s and assigned to facility i, s new demands each corresponding to a service
s′ ≤ s are generated simultaneously. Each new demand s′ is accepted if a server
in service unit (i, s′) is available and it is rejected if all servers in (i, s′) are busy.
The service time of any demand in a service unit is a random variable of arbitrary
distribution which depends on the type of the customer generating the demand.

Remark 7: Poisson arrivals are often observed in systems without appointments
but with arrivals controlled by nature such as birth delivery [Brandeau 2004]. Fur-
thermore, in stochastic systems, the coefficient of variation (CV) of length of stay
(LOS), which is defined as the ratio of the standard deviation to the mean, is typ-
ically close to one, satisfying the usage of negative exponential distribution as a
service time assumption.

Remark 8: Since patients of perinatal networks are urgent, they should not be
allowed to wait. Therefore, inadequate capacity in a hospital results in the patient
being deferred to another facility which may cause long travel distances to a non-
preferred hospital. In other words inadequate capacity in a unit results in rejection
of the patient which might cause fatal occurrences so that rejection probability

is considered to be an important performance measure in this work as it is in most
of the pure loss systems in literature.

Remark 9: In the perinatal application, assumption 6 implies that the three
demands (OB, NICU and basic neonatal service)all needed for a type-3 woman can
be accepted or rejected independently. This assumption is reasonable if “rejected"
demands can still be accommodated in the same hospital by undesirable over ca-
pacity such as adding a third bed in a double room. This assumption does not
hold if rejected demand cannot be handled in the same hospital. In this case the
woman should be transferred to a less preferred hospital and all her demands be
met in this new hospital. Extension to this latter case is not addressed in this paper.

Remark 10: In our perinatal application, the service time for the type-1 obstetric
care is not the same for all women. Service times in OB of women can change a lot
depending on if the birth is caesarian /vaginal. NICU babies from type-3 women
stay longer than basic neonatal.

Remark 11: Under assumption 6, for a service unit with two types of customers
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needing its service with arrival rate λi, service times Xi and service rate µi =

1/E[Xi], the service unit is an M/G/c/c queue with total arrival rate λ = λ1 + λ2,
service time X equal to Xi with probability λi/(λ1 + λ2) and average service rate
µ = 1/E[X]. The total offered load a = λ/µ is given by a = a1 + a2.

Since the system considered in this paper is stochastic, capacity requirements
cannot be set deterministically. It is known from the literature that queuing theory
is a suitable modeling technique when the system considered is stochastic [Asaduz-
zaman 2010]. Thus, in order to better evaluate the uncertainty in capacity require-
ments, we utilize queuing theory to obtain a performance measure which sets an
analytical relationship between the capacity and service level in each hospital. This
performance measure is set as “rejection rate" originated from Erlang loss function
which is commonly interpreted as a good service level indicator and important for
quality of care [De Bruin 2010].

Under on-going assumptions, each service unit (i, s) is an Erlang loss system,
i.e. an M/G/c/c queue with Poisson arrivals, general service time distribution, c

identical servers and no waiting room. The arrival rate is the total rate of demands
generated by customers assigned to facility i and requiring service s. The service
time distribution is the probability combination of the service times of all these
customers. The rejection probability at service unit is insensitive to service time
distribution [Cochran 2006, De Bruin 2010] and is given by the Erlang loss function:

B(c, a) =
ac/c!∑c

k=0 a
k/k!

where λ is the total arrival rate of demands for the service unit, µ the average service
rate of the service unit, a = λ/µ the so-called offered load which is the sum of loads
offered by each type of customers, and c the number of servers of the service unit.
By convention, B(c, 0) = 0, ∀c ≥ 0. This Erlang loss function holds even if service
time at a service unit depends on the type of customer trigger the demand, i.e. even
if the last part of Assumption 6 does not hold. However, in this case, the average
service rate depends on the demand zone-to-facility assignment.
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3.4 Capacity Planning And Service Units location

In this section, we consider the problem of selecting the set of service units to open
or keep open and the service capacity of each open service unit in order to meet
demand changes of different demand zones subject to service level constraints. A
multi-period model is proposed in this section.

The decision options available over time include: opening a potential service unit
in a facility, closing an existing service unit, purchasing new servers for a service
unit, firing servers of a service unit, transferring servers from one service unit to
another. Service re-location and capacity planning decisions are not taken consec-
utively but simultaneously according to the changing demand demographics in the
network.

Each service unit is associated with the following costs: fixed opening cost, fixed
closing cost, fixed operation cost which correspond respectively to construction cost,
inconvenience cost of closure and maintenance/infrastructure cost. Capacity plan-
ning is associated with the following costs: cost of purchasing new servers, cost of
firing existing servers, cost of transferring a server from a service unit to another,
holding cost of a server or equivalently salary cost, patient assignment costs which
depend on customers’ preferences.

The problem consists in determining service unit relocation and capacity plan-
ning decisions over a multi-period time horizon in order to minimize the total costs
over the planning horizon such that the rejection probability for each service unit
and for each period is below a given service-dependent target and each demand zone
is served by a facility within a limited distance.

The problem is formally defined by the following notation.

Sets and Indices

T set of time periods indexed by t = {0, 1, ..., T}

I set of facilities indexed by i, j = {1, 2, ..., I}

S set of services indexed by s = {1, 2, ..., S}

IS set of all existing and potential service units indexed by (i, s) ⊆ I × S

ISo set of existing service units initially open ISo ⊆ IS

ISc set of potential service units initially closed ISc = IS − ISo

Ks set of demand zones of type-s customers
K set of all demand zones indexed by k = Us∈SKs

Ik set of facilities that can serve zone-k customers Ik ⊆ I



3.4. Capacity Planning And Service Units location 43

dkt demand rate of zone k in period t

µks service rate of any service unit (i, s) for each demand generated
by zone-k customers

bkst service-s load offered by zone-k customers in period t,
i.e. bkst = dkt/µks

cis0 initial number of servers of service unit (i, s)

LBis minimum number of servers of service unit (i, s)

UBis maximum number of servers of service unit (i, s)

αs target rejection probability of service s

Costs

OCis Fixed Opening Cost of service unit (i, s)

SCis Shutdown Cost of service unit (i, s)

FCis Fixed operation cost per time period of service unit (i, s)

PCs Unit purchasing cost of a type-s server
HCs Per period holding cost or salary cost of a type-s server
DCs Downsizing cost for firing a type-s server
TCijs Transfer cost of server s from facility i to facility j

eki unit assignment cost of a zone-k customer to facility i

Decision Variables

δist binary variable equal to 1 if service unit (i, s) is open in period t

xkit binary variable equal to 1 if demand zone k is assigned to facility i in period t

nist number of servers of service unit (i, s) purchased in
period t

zist number of servers of service unit (i, s) fired in period t

yijst number of servers transferred in period t from service unit (i, s) to (j, s)

Auxiliary Variables

cist number of servers of service unit (i, s) in period t

aist total offered load of of service unit (i, s) in period t

Objective function to minimize

min
∑

(i,s)∈ISc

OCisδisT +
∑

(i,s)∈IS0

SCis(1− δisT )

+
∑

t∈T

∑

(i,s)∈IS

(PCsnist +DCszist +HCscist + FCisδist)

+
∑

t∈T

∑

i,j∈I|(i,s)∈IS&(j,s)∈IS

TCijsyijst +
∑

k∈K

∑

i∈I

ekixkit
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Constraints

∑

i∈Ik

xkit = 1, ∀k ∈ K, t ∈ T (3.1)

xkit ≤ δist, ∀(i, s) ∈ IS, t ∈ T, k ∈ Ks (3.2)

aist =
∑

k∈Ks∪Ks+1...∪KS

bkstxkit, ∀i ∈ I, t ∈ T (3.3)

cist = cis(t−1) + nist − zist −
∑

j

yijst +
∑

j

yjist, ∀(i, s) ∈ IS, t ∈ T (3.4)

zist +
∑

j

yijst ≤ cis(t−1), ∀(i, s) ∈ IS, t ∈ T (3.5)

cis(t−1) + nist +
∑

j

yjist ≤ UBis, ∀(i, s) ∈ IS, t ∈ T (3.6)

LBisδist ≤ cist ≤ UBisδist, ∀(i, s) ∈ IS, t ∈ T (3.7)

δi(s+1)t ≤ δist, ∀(i, s) ∈ IS, s 6= S, t ∈ T (3.8)

δist ≤ δis(t−1), ∀(i, s) ∈ IS0, t ∈ T (3.9)

δist ≥ δis(t−1), ∀(i, s) ∈ ISc, t ∈ T (3.10)

B(cist, aist) ≤ as, ∀(i, s) ∈ IS, t ∈ T (3.11)

nist, zist, yijst, cist ∈ N, δist, xkit ∈ {0, 1} (3.12)

Constraints 3.1-3.3 are demand “assignment" constraints. Constraint 3.1 ensures
that each demand zone is assigned to only one facility covering it. Recall that the
service region is partitioned into demand zones for each customer type and hence
each demand zone corresponds to a combination of a geographic zone and a cus-
tomer type. With constraint 3.2, a demand zone is assigned to a facility having
appropriate service unit. According to assumption 1 and 2, constraints 3.3 define
the total offered load of each service unit (i, s) to be the sum of loads of all demands
generated customers assigned to facility i and of types equal to or higher than s.
Constraint 3.4 is the flow balance equation for the number of servers of each service
unit. It takes into account purchased servers, fired servers, servers transferred out
and servers transferred in. Constraint 3.7 sets upper and lower bounds for the ca-
pacity of each service unit depending on whether it is opened. Constraint 3.8 is a
direct consequence of assumption 2 on the nested hierarchy of facilities and ensures
that opening a service s+1 in a facility implies the opening of service s in the same
facility. Constraints 3.9-3.10 are direct consequences of Assumption 4 and guarantee
that if a service is closed, it will not re-open again throughout the planning horizon
and vice versa. Constraint 3.11 sets an upper bound for the rejection probability
for each service unit in the network.

Constraint 3.5 and 3.6 provide stronger formulation and are satisfied for opti-
mal solutions of the problem. Constraint 3.5 ensures that the total number of fired
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servers and servers transferred out does not exceed the number of servers in the pre-
vious period as, otherwise, some servers will be fired or transferred out immediately
after they are purchased or transferred in, leading to higher total cost. Constraint
3.6 holds as the cost structure ensures that either the capacity increases through
purchasing and transfer in or the capacity decreases through firing and transfer out,
i.e. either nist +

∑
j yjist = 0 or zist +

∑
j yijst = 0.

Constraints 3.8 is redundant as it is ensured by constraints 3.1-3.3 and the re-
jection probability constraints 3.11.

The problem under consideration is NP-hard as the classical capacitated facil-
ity location problem is a special case with one type of service and one time period
and fixed capacities, i.e. ci = LBi = UBi. In this case, the rejection probability
constraints reduce to classical capacity constraints λi ≤ Ai for some Ai such that
B(ci, Ai) = α.

Remark 12: In this paper, the service rate µks does not depend on the facility i to
which a demand is assigned to. All results of this paper still hold if this rate depends
on the facility by using the service rate µkis and the offered load bkist = dkt/µkis.

Remark 13: If µks = µs ∀k, s which holds for our perinatal application, the
offered load constraint 3.3 can be replaced by the following more compact ones:

DiSt =
∑

k∈K
S

dktxkit, ∀i ∈ I, t ∈ T

Dist =
∑

k∈Ks

dktxkit +Di(s+1)t, ∀(i, s) ∈ IS, s 6= S, t ∈ T

aist = Dist/µs ∀(i, s) ∈ IS, t ∈ T

where Dist is the total arrival rate of (i, s) in period t.
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3.5 Linearization of the mathematical model

This section presents different methods for linearization of the mathematical model
of the previous section. The main nonlinear constraint is the rejection probability
constraint B(cist, λist/µis) ≤ αs. The first method relies on a point-wise represen-
tation of the rejection probability formula B(c, a) for all possible values of capacity
c and offered load a. The second method uses the maximum admissible offered load
for any given capacity c. The third method relies on the minimum required capacity
for any given offered load a. Some linear approximations will also be given.

Note that the second and third methods lead to more compact and stronger
linearized models than the point-wise representation. Nevertheless we still introduce
the point-wise representation linearization as it serves the basis for other methods
and can be used if the service level constraint is replaced by a service-level-dependent
criterion.

3.5.1 Linearization by point-wise representation

Rejection probability formulation (Erlang loss function) utilized in the constraint
3.11 gave rise to a highly nonlinear mathematical model. The first linearization
requires the following assumption.

Assumption 7: All offered loads bkst from all demand zones for all services and for
all periods are integer multiple of some base offered load ∆. Let L =

∑
k,s,t bkst/∆.

The first linearization uses the following additional variables:

qclist binary variable equal to 1 if cist = c and aist = l∆.

Constraint 3.11 is equivalently replaced by the following constraints:

cist =

UBis∑

c=LBis

L∑

l=0

cqclist

aist =

UBis∑

c=LBis

L∑

l=0

l∆qclist

UBis∑

c=LBis

L∑

l=0

qclist ≤ 1

UBis∑

c=LBis

B(c, l∆)qclist ≤ αs

With the rejection probability constraint being replaced by their linearization
constraints, the capacity planning and service unit location model is converted into
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a linear mix integer program called Model 1. However the four sets of constraints
above makes the whole enumeration of the rejection probabilities at all values of
possible arrivals and capacity which is computationally demanding. Furthermore,
certain combinations of c and l resulting in rejection probabilities greater than αs

are not feasible for the problem and can be eliminated. This awareness prompts
a room for improvement and leads us to redefine the linearization constraints by
eliminating the redundant parts.

3.5.2 Linearization by maximum admissible offered load

The second linearization method leading to Model 2 relies on the concept of max-
imum admissible offered load a(c, α) with respect to a given capacity c and a given
rejection probability target α that is defined as follows:

B(c, a(c, α)) = α

Since B(c, a) is strictly monotone in c and in a, a(c, α) is well defined. Further the
following holds:

B(c, a) < α, ∀a < a(c, α)

The second linearization uses the following additional variables:

qcist binary variable equal to 1 if cist = c

and replaces the rejection probability constraint 3.11 by the followings:

cist =

UBis∑

c=LBis

cqcist

UBis∑

c=LBis

qcist ≤ 1

aist ≤

UBis∑

c=LBis

a(c, αs)qcist

With these modifications in rejection probability constraints, the model has
gained some important desirable qualifications. Due to the fact that we do not
enumerate all of the rejection probabilities defined with all possible arrivals and ca-
pacity, the number of necessary computations and memory held have been decreased
drastically. The model is still linear and less demanding in terms of number of de-
cision variables. Furthermore the assumption of integer arrivals is no more needed.

In our healthcare application, capacity c (number of staffed-beds in each service
in each hospital) is upper bounded and desired rejection probability is commonly
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Figure 3.1: Maximum admissible offered load vs. capacity

smaller than 10%. Maximum admissible offered load a(c, α) is one-dimension vector
for each α. Figure 3.1 gives the maximum admissible offered load for different
rejection probability of 10%, 5% and 1%.
Each offered load function can be closely approximated with a linear regression with
R2 ∼= 1:

a(c, 0.1) ≈ 1.0572× c− 4.1648

a(c, 0.05) ≈ 0.9674× c− 4.5263

a(c, 0.01) ≈ 0.8531× c− 5.1443

It is also observed that the function a(c, α) is convex and the linear approxima-
tion oscillates between underestimation and overestimation and the error is bigger
for smaller c and α. Another interesting remark is that a(c, α) tends to be linear
in c. This result will be confirmed in our asymptotic analysis which proves the
following asymptotes:

a(c, 0.1) = 1.111× c− 10 + o(1/c)

a(c, 0.05) = 1.053× c− 20 + o(1/c)

a(c, 0.01) = 1.010× c− 100 + o(1/c)

Asymptotic behavior allows us to manage quite big size problems such as the
capacity or location planning of hospitals in entire city or even in a country. In
addition to that, asymptotic expansions may also provide us the upper and lower
bounds for the capacity planning in medium size problems.
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Asymptotic behavior of the function is not suited for our capacitated healthcare
network where the capacity has both lower and upper bounds (L, U). On the other
side, linear fit to a curve may over/underestimate the maximum admissible offered
loads, where the rejection probability constraints may not hold exactly.

In this paper we use instead an optimal linear approximation â(c, α) of maximum
admissible offered load a(c, α) in order to minimize the total deviation in the range of
interest (L, U) while ensuring the rejection probability target α i.e. B(c, â(c, α)) ≤

α. More specifically,

min
x,y

U∑

c=L

a(c, α)− â(c, α)

subject to

â(c, α) ≤ a(c, α), ∀c ∈ {L,L+ 1, ..., U}

â(c, α) = x ∗ c+ y

With a range (L,U) = (10, 80) and a service-level target α = 0.05, the following
linear approximation is obtained:

aist ≤ 0.9829cist − 4.5461 · δist

This modification in the constraints allows us to eliminate all additional decision
variables. We will call this linearization method linear approximation of maxi-

mum admissible offered load. Note that this linear approximation can also be
considered as a tangent line of the maximal admissible load function.

3.5.3 Linearization by minimum admissible capacity

The third linearization method leading to Model 3 relies on the concept of minimum
admissible capacity c(a, α) with respect to a given offered load a and a given rejection
probability target α that is defined as follows:

c(a, α) = min{c|B(c, a) ≤ α}

Since B(c, a) is strictly monotone in c and in a, the following holds:

B(c, a) < α, ∀c > c(a, α)

The third linearization needs assumption 7 and uses the following additional vari-
ables:

qlist binary variable equal to 1 if aist = l∆.
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Figure 3.2: Minimum admissible capacity vs. offered load

and replaces the rejection probability constraint 3.11 by the followings:

aist =
L∑

l=0

l∆qlist

L∑

l=0

qlist ≤ 1

cist ≥

L∑

l=0

c(l∆, αs)qlist

Figure 3.2 gives the minimum admissible capacity for different rejection proba-
bility of 10%, 5% and 1%. The following observations are made: c(a, α) is almost
concave in a and asymptotically linear with the following asymptotes:

c(a, 0.1) = 0.9a+ 9 + o(1/a)

c(a, 0.05) = 0.95a+ 19 + o(1/a)

c(a, 0.01) = 0.99a+ 99 + o(1/a)

The previous linear approximation approach is extended to determine the linear

approximation ĉ(a, α) of minimal admissible capacity that ensures the service
level target. As for the maximum admissible offered load, for the practical range of
healthcare application, linear approximation is preferred to these asymptotes. This
leads to the following linear approximation of the rejection probability constraints
for α=0.05:

cist ≥ 1.0246aist + 4.7009 · δist
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3.5.4 Properties of maximum offered load and minimum capacity

The purpose of this section is to investigate the properties of the maximum admis-
sible offered load function a(c, α) and the minimum admissible capacity function
c(a, α). Note that c(a, α) takes integer values and is not even continuous in a and
a(c, α) is defined on integer points of c. To avoid these inconveniences, we adopt
the usual extension of the Erlang loss function to real capacity c called continued

Erlang loss function defined as follows [Jagerman 1974]:

B(c, a)−1 = a

∫ ∞

0
e−ay(1 + y)cdy (3.13)

The continued Erlang loss function B(c, a) has the following properties.

Theorem 1. (i) The continued Erlang loss function B(c, a) is equal to the usual
Erlang loss function at integer point of c, (ii) it is strictly decreasing in c and strictly
increasing in a, (iii) B(c, a)−1 is jointly log-convex and hence jointly convex in c and
a.

As a result, a(c, α) and c(a, α) can be extended to all positive real c as follows:

B(c, a(c, α)) = α

B(c(a, α), a) = α

The definition of a(c, α) is the same as above but that of c(a, α) differs. c(a, α)

can now be any positive real and the minimal admissible capacity of Section 3.5.3
is just the integer greater or equal to the real c(a, α).

Theorem 2. a(c, α) is increasing in c and in α and c(a, α) is increasing in a and
decreasing in α.

Theorem 3. a(c, α) is convex in c and c(a, α) is concave in a for any given α.

Theorem 4. c(a, α) = (1− α)a+ (1− α)/α+ o(1/a), for all α > 0.

Theorem 5. a(c, α) = (1− α)−1c− 1/α+ o(1/c), for all α > 0.

Theorem 6. B((1− α)a, a) > α, ∀a > 0, ∀α < 1.

From the asymptotes, the concavity, convexity and Theorem 6, the following
bounds of maximum offered load and minimum admissible capacity can be derived:

(1− α)a < c(a, α) < (1− α)a+ (1− α)/α

(1− α)−1c > a(c, α) > (1− α)−1c− 1/α

a(c, α) ≥ a(c0, α) + (a(c0 + 1, α)− a(c0, α))(c− c0)
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for all c ∈ N, c0 ∈ N . The bounds of c(a, α) determined with continued Erlang
loss function can be converted into integer-valued bounds and hence can be used to
bound the minimum admissible capacity defined with usual Erlang loss function.

This section ends with the formal proofs of all above results.

Proof of Theorem 1. (i) is from Theorem 3 and (iii) from Theorem 19 of
[Jagerman 1974]. From 3.13, B(c, a) is strictly decreasing in c for c ≥ 0 and
B(c, a) < B(0, a) = 1. The proof of the monotonicity in a needs Theorem 15
of [Jagerman 1974] which gives:

∂B(c, a)

∂a
= {

c

a
− 1 +B(c, a)}B(c, a), ∀a > 0

which implies that ∂B(c, a)/∂a > 0 if c ≥ a. If c < a, from Lemma 2 of [Jagers 1986],
aB(c, a) > a− c which implies c/a− 1 +B(c, a) > 0 and ∂B(c, a)/∂a > 0. Q.E.D.

Proof of Theorem 2. Obvious as B(c, a) is strictly decreasing in c and strictly
increasing in a. Q.E.D.

Proof of Theorem 3. Since α is given, we use notation a(c) and c(a) for simplicity.
For all c, c′ > 0 and θ ∈ [0, 1], from the joint convexity of B(c, a)−1 :

B(θc+ (1− θ)c′, θa(c) + (1− θ)a(c′))−1

≤ θB(c, a(c))−1 + (1− θ)B(c′, a(c′))−1 = 1/α

which, together with the monotonicity of B(c, a)−1 in a, implies a(θc+ (1− θ)c′) ≤

θa(c) + (1 − θ)a(c′) and proves the convexity of a(c). Consider now any a, a′ > 0

and θ ∈ [0, 1]. Similarly

B(θc(a) + (1− θ)c(a′), θa+ (1− θ)a′)−1

≤ θB(c(a), a)−1 + (1− θ)B(c(a′), a′)−1 = 1/α

which, together with the monotonicity of B(c, a)−1 in c, implies c(θa+ (1− θ)a′) ≥

θc(a) + (1− θ)c(a′) and proves the concavity of c(a). Q.E.D.

Proof of Theorem 4. For notation simplicity, let α = 1−α. Consider the capacity
c = αa+ w. Let x = 1/a. Hence,

q ≡ a/c = (α+ wx)−1 (3.14)

1/c = x(α+ wx)−1 (3.15)
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For all a > 2, w/α, q > 1/(1− α/2) > 1, from Theorem 13 of [Jagerman 1974],

B(c, a)−1 = B(c, qc)−1 =

q

(q − 1)
−

q

(q − 1)3
1

c
+

(2q2 + q)

(q − 1)5
1

c2
+ o(1/c2) (3.16)

Substituting 3.14 and 3.15 into 3.16 and then taking Taylor expansion lead to:

q

q − 1
=

1

α
+

w

α2
x+

w2

α3
x2 + o(x2)

q

(q − 1)3
1

c
=

α

α3
x+

(
w

α3
+

3αw

α4

)
x2 + o(x2)

2q2 + q

(q − 1)5
1

c2
=

2α+ α2

α5
x2 + o(x2)

As a result,

B(c, a)−1 =
1

α
+

(
w

α2
−

α

α3

)
x

+

(
2α+ α2

α5
+

w2

α3
−

w

α3
−

3αw

α4

)
x2 + o(x2)

This leads to:

B(αa+ w, a)−1 =
1

α
+

(
w −

α

α

)
1

α2a
+ o(1/a)

B(αa+ w0, a)
−1 =

1

α
+

α

α5a2
+ o(1/a2)

∀w 6= w0 ≡ α/α. As a result, for large enough a,B(αa + w, a) > α for all
w < w0 and B(αa + w0, a) < α. Since B(αa + w, a) is strictly decreasing in
w, c(a, α) = αa+ w0 + o(1/a) which completes the proof. Q.E.D.

Proof of Theorem 5. Let a = c/α−w/α. Hence, B(c, c/α−w/α) = B(αa+w, a).
From the proof of Theorem 4, for large enough c, i.e. large enough a,B(αa+w, a) >

α for all w < w0 ≡ α/α and B(αa+w0, a) < α which implies B(c, c/α−w/α) > α

for all w < w0 and B(c, c/α−w0/α) < α. Since B(c, c/α−w/α) is strictly decreas-
ing in w,α(c, α) = c/α− w0/α+ o(1/c) which completes the proof. Q.E.D.

Proof of Theorem 6. From Lemma 2 of [Jagers 1986], aB(c, a) > a − c which
implies B((1− α)a, a) > α. Q.E.D.
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3.6 Optimization of a perinatal network

This section presents an application of the previous results to the optimization of
the perinatal network of maternity facilities in the department North Hauts-de-
Seine, France which is known as the most populated region in Ile-de-France after
central Paris. The perinatal network is represented in Figure 3.3 where light (dark)
color symbolizes population rise (decrease) in the corresponding commune. The net-
work contains 6 public facilities (H0, H3, H4, H5, H8, H9). Four potential facilities
(H1, H2, H6, H7) are considered.

This case study is partially supported by Agence Régionale de Santé (ARS), the
regional health authority which provided us certain information and data. Unfortu-
nately, data required for the study is tremendous due to the large-scale of the work,
and sometimes hard to quantify (i.e. cost structure). Therefore, we must make
certain assumptions or conduct some sensitivity analysis in order to determine the
reasonable parameter settings for our case study.

Initially, key characteristics about the network and key assumptions in the case
study are determined. Afterwards we discuss the results of DOE (design of experi-
ments) for cost parameters. Finally, the results are presented.

3.6.1 Key Characteristics and Assumptions

In this application, servers are staffed-beds. Bed capacities, cis0 (current number of
beds), lower bounds (LB) and upper bounds (UB) of the 10 hospitals are given in
Table 3.1.

North Hauts-de-Seine department is composed of 14 population centers. In this
study, we consider 21 demand zones for different patient types. Type 1 patients are
higher in number and can be treated in all hospitals. All 14 real population centers
are considered as the demand zones for type-1 patients (needing only OB). However,
type-2 and 3 patients are lower in number and are covered by fewer hospitals. We
gathered the patients in neighboring population centers who are covered by the same
hospital set and generate demand zones: demand zones 15-19 for type-2 patients
(needing OB and neonatal) and demand zones 20-21 for type-3 patients (needing
OB, neonatal, and NICU). Different demand zones for different patient types are
represented in Figure 3.4.

Each demand zone is covered by a set of hospitals but has different preferences
for each hospital in this set. The order of preference of each hospital is extracted
from the arrival data of previous years. The demand zones, associated patient type,
the hospitals covering them and the demand scenario used in the case study are
presented in Table 3.2.
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Figure 3.3: North Hauts-de-Seine Perinatal Network

Table 3.1: Maternity Facilities and Bed Capacities

For all OB units in each hospital, ARS provided us yearly arrival and LOS data
of each pregnant woman and their domicile information. By assuming no seasonality
within the year, we were able to compute daily offered load of each population center
and each hospital in the network. ARS also provided the ratio of neonates requiring
basic and intensive care, from where the offered load of neonates requiring basic and
intensive care are computed.

In order to reach a realistic demand scenario, we analyzed the studies conducted
by national statistics authorities such as INSEE (National Institute of Statistics
and Economic Studies) and ATIH (Technical Agency of Information on Hospital-
ization) in France and come up with a realistic prospective demand scenario that
represent the changing demographics in Hauts-de-Seine. In the forecasted data of
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Table 3.2: Demand Zones and Demand Scenario

the department, a prospective migration is observed at some certain communes and
additionally it should be noted that 58% of the population in the department is
between the ages of 20-59. Therefore, in our demand scenario an increase of 2% for
some communes and a decrease of 1% for some other communes are considered to
model the migration in population while we let the total demand increase gradually.
This leads to a demand evolution over a time horizon of 10 years with a yearly
time period. This prospective demand evolution forecasted for each demand zone
throughout the planning horizon is presented in Table 3.2.

In related literature [Gorunescu 2002, Asaduzzaman 2010, Li 2008], the desired
value of acceptance probability in maternity facilities is defined as 95%. Therefore,
we set the upper bound for rejection rate as 0.05 for all patient types (both women
and neonates).

3.6.2 Setting Cost Parameters with DOE

Cost parameters are one of the most important parameters to set. The objective
function of our model is composed of different cost items. This makes the model
highly sensitive to the cost structure.

We obtained costs of the beds (PCs) themselves from the average price of each
bed type on the market. Holding cost for a staffed-bed (HCs) is based on actual
staff salaries and the pre-defined relationship between human resources and a bed
(ratios of human resources (i.e., midwives, obstetricians, nurses, and pediatricians)
for each bed is provided by ARS). However, true costs for downsizing (DC), trans-
fer (TR), fixed cost of keeping a structure open (FC), and closing costs (SC) are
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Figure 3.4: Representation of demand zones for type 1, type 2 and type 3 patients,
respectively from left to right

unknown. They are mostly related with the inconvenience of different stakeholders.
They may take on different values depending on the perspective and preferences
of different stakeholders, eventually result in different outputs. In order to have
a rigorous understanding of the model behavior in terms of the cost structure, we
conducted design of experiments for the most difficult to set cost items.

The details of DOE are given in Appendix A. In this paper we only present the
main results. When FC is low and DC is high, more services are kept open whereas
when FC is high and DC is low more services get downsized and closed. Other
than those intuitive results, as FC and DC are both low, even though it is cheap
to keep services open due to small FC, it is observed that the model tends to close
services and downsize resources in order to decrease holding cost which constitutes
the biggest portion of the total cost. On capacity planning side, there is often a
tradeoff between downsizing and transferring resources. FC does not have a crucial
effect on the number beds downsized neither has a direct effect on the number of
beds transferred.

In the remaining of our perinatal network case study, the cost structure pre-
sented in Table 3.3 is used. All costs are given in some standardized money units
and we assume that all maternity facilities have identical cost structure while cost
values are differentiated according to the type of services. The motivation for this
cost structure is explained below.

Setting DC: In healthcare networks, downsizing resources is not a good strat-
egy considering that most of the human resources are highly educated, experienced,
scarce, thus too expensive to downsize. DC is one time cost and directly linked with
holding cost such that when a staffed-bed is cut-off, holding cost of this resource is
also eliminated for the rest of the planning horizon. Therefore, in order not to let
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any downsize, we set DC regarding the relation DCs ≥ HCs · T .

Setting TR: Transfer is possible in the network only if the following relation
holds: TRs ≤ DCs + PCs. So TR is set to its medium level in DOE setting.

Setting FC: It was observed from DOE study that setting FC on the extremi-
ties (too high or too low) leads some unrealistic configurations. So it is kept at its
medium level.

Setting SC: Even though downsizing is not desirable, it is possible to close
structures in healthcare. It is a one-time cost incurs for each unit closed and works
in the opposite direction of FC which incurs periodically for every unit kept open.
SC should be set much bigger than FC for a feasible solution. Once FC is defined
it is easy to define SC, therefore it is set in relation with FC.

Setting OC: Opening cost stems from the construction costs of a facility which
should be set quite high for not letting the model open a structure for a demand
that can be handled within the existing structure.

Unit assignment costs (eki) are set according to the preference ranking of each
demand zone. While the most preferred hospitals have no assignment cost, as the
preference ranking increase, the cost increases exponentially (0, 10, 40, 90,...). This
cost is set after a sensitivity analysis where we compared the percentage contribution
of assignment costs compared to the total cost, and the unit assignment costs are
set to keep this percentage contribution in a meaningful range.

Table 3.3: Cost Data
Costs Obstetrics (s=0) Neonatal(s=1) NICU(s=2)

Purchase Cost (PC) 1 3 7

Holding Cost (HC) 7 10 20

Decrement Cost (DC) 100 150 200

Transfer Cost (TR) 15 20 40

Fix Cost (FC) 30 30 30

Shutdown Cost (SC) 200 200 200

Opening Cost (OC) 1000 1000 1000

Remark 14: Holding cost incurs at each period for each staffed-bed hold in
each hospital. Compared to other costs, the total holding cost is enormously big
which makes other capacity decisions insensitive to the decision process. In order to
balance the effect of cost items, we choose to work with a modified RHC (relative
holding cost) where the emphasis is mostly on the new invested resources. For this
purpose, the lower bound of Theorem 6 for the capacity is subtracted from the total
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holding cost and introduced in the objective function instead of regular holding cost:

RHC =
∑

t∈T


 ∑

(i,s)∈IS

HCs · cist −
∑

s∈S

HCs · αs

∑

k∈Ks

bkst




3.6.3 Comparison of linearization models

A test instance is developed with the demand scenario of Table 3.2 and the cost
structure of Table 3.3. Five different capacity planning and service unit relocation
models where constraint 3.11 is replaced by the linearization models presented in
Section 3.5 are coded in C++. For model comparison purposes, the proposed test
instance is solved with all 5 models using CPLEX 12.5 on a computer supporting
at most 2.67 Ghz processor with 6GB RAM.

Due to huge memory requirements, piecewise linearization model (Model 1) could
not reach any solution whereas all other linearization models are able to find op-
timum solutions. Comparisons of models are presented in Table 3.4. The total
cost of the exact optimum solution is 16340. Even though linearization models 2
and 3 (maximum offered load a(c, α) and minimum capacity c(a, α)) are able to
find the optimum value, the proposed capacity planning (demand assignments and
capacity decisions) differs slightly in that they point out alternative solutions. In
terms of CPU time, linearization model 2 performs slightly better than model 3.
On the other side, both of the linear regression approximations of the two models
reach their optimum solution though in quite long time and the optimum values
they found overestimate the real optimum as expected. This is consistent with the
observation of Section 3.5 that linear approximation “Max Load" is a tangent line
to the max load curve and at some parts underestimate the values of “maximum
admissible load for a certain capacity". Likewise, linear approximation “Min Cap"
is a tangent line to the min required capacity curve and overestimates the values of
“minimum capacity required for a certain amount of arrival". Note that the opti-

Table 3.4: Linearization Model Comparison
Model Total Cost Optimality Gap CPU time

Linearization (Max Load) 16340 0% 19.53 min

Linearization (Min Cap) 16340 0% 20.82 min

Linear Approximation 16455.8 0% 136 min

(Max Load) 16455.9 0.30% 113 sec

16458.9 0.50% 28 sec

16505 1% 20 sec

Linear Approximation 16465.8 0% 259 min

(Min Cap) 16465.9 0.30% 113 sec

16475.9 0.50% 30 sec

16481 1% 11 sec
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mality gap is with respect to the optimal solution of the linear approximation model.

Further, in linear approximation models, near optimum solutions with optimal-
ity gap of less than 0.5% are reached very fast, however it takes quite long time to
reach the optimum. To better understand this convergence, Table 3.4 presents CPU
time needed to reach various optimality gaps. Even in a very small gap (0.3%), both
approximations are able to get quite close to their optimum in reasonable CPU time.

To summarize, linearization by maximum offered load proves itself to be the
most appropriate model and is used in remainder of our case study. It is able
to find the optimum solution in a reasonable CPU time. On the other side, linear
approximation models are quite fast however they overestimate the optimum. Those
approximation models are appropriate in bigger instances where they can even reach
the optimum.

3.6.4 Sensitivity analysis

This subsection considers three scenarios: (i) the base scenario with demand sce-
nario of Table 3.2 and cost structure of Table 3.3, (ii) the base scenario but with
very high transfer cost TC, (iii) the base scenario but with higher acceptance rate of
99% for neonatals and NICUs. The goal of the base scenario is to better understand
the detailed capacity planning decisions. Scenario (ii) is considered to understand
the value of collaboration between different hospitals through bed transfer. Scenario
(iii) is considered to investigate the impact of rejection probabilities.

The optimum capacity planning for NICUs, Basic Neonatals, and OBs of the
base scenario is presented in Figures 3.5, 3.6 and 3.7 respectively where the dashed
bars represent number of staffed-beds transferred and black bars represent number
of staffed-beds purchased at each period.

In the current system there is only one NICU providing service in the network
and it has limited capacity. As the total demand increases gradually, at some point
in the planning horizon, demand for NICU exceeds the total capacity that is possi-
ble to be kept in the existing hospital. Therefore in order to maintain the required
service level, capacity increment by new investments becomes an inevitable action
to take. Thus, a new NICU unit (H6) is launched at period 8. Since NICU units
imply other lower level services, the decisions on NICUs force some other decisions
on OBs and basic neonatal units in the network. Consequently, model proposes to
launch a type-3 hospital (H6) in the increasing population area (south of the region).

In basic neonatal units, with some minor transfers between units, the capacity is
balanced and existing neonatal units are able to meet their own demand until period
8 where a new basic neonatal unit is forced to be opened along with the opening of
H6. Furthermore, in the beginning of the time period, the model proposes to close
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Figure 3.5: Optimal Capacity Planning for NICU

Figure 3.6: Optimal Capacity Planning for Basic Neonatal Units

the basic neonatal unit of H5 (which consists the lowest number of staffed-beds and
is located next to a decreasing population area) and transfer its resources for the
sake of centralization.

As expected, the biggest changes in capacity planning and investments are pro-
posed for basic neonatal and NICUs rather than OBs. Bed capacity in OBs is almost
sufficient for the demand changes in the first half of the planning horizon. With the
cooperation in the network (transfer of resources) existing OBs meet their service
level requirements without having the need to make new investments almost until
the last period of the planning horizon. The migration in department is clearly
observable in the capacity changes in the network.

With the presence of the randomness, it is well-known that bigger structures
and centralized resources perform better. If hospitals in perinatal network were not
capacitated, our model would choose to increase the capacities of the most preferred
existing units while closing the least preferred ones and making necessary resource
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Figure 3.7: Optimal Capacity Planning for Obstetric Units

transfers instead of opening new structures and making new investments. However
when the facilities are capacitated, opening new structures is an indispensable de-
cision.

Scenario 2 with very large transfer cost TC is considered to quantify the impact
of network cooperation via resource mobility or transfer. Big TC eliminates the

Figure 3.8: Network with cooperation vs. without cooperation



3.6. Optimization of a perinatal network 63

possibility of sharing (transferring) resources among hospitals. With large TC, it is
no more profitable to close an existing facility since its cost cannot be compensated
by other decisions such as downsizing or transferring. The model has to make new
investments in order to ensure the desired service level, which results in increasing
holding cost, presented in Fig 3.8. Detailed results and plots can be found in Ap-
pendix B.

Scenario 3 with higher service level of 99% acceptance rate for neonatal cares
and NICUs is used to investigate the impact of higher service level. Seeking higher
service level for neonates whose health conditions are generally highly critical is
natural and a higher service level would provide an exponential improvement in
their health states. It is a known fact that NICUs are the bottlenecks of the system
due to their lack of capacities. With the increased service level, a new NICU unit
is opened in scenario 3 at the beginning of the planning horizon. Higher investment
and more transfers are needed to ensure a higher service level, leading to higher
increment and holding costs. The much higher service level of 99% acceptance rate
for the most critical patients is obtained with an additional 18% expenses in the
network. Fig. 3.9 compares different cost items. Detailed results and supporting
plots can be found in Appendix C.

Figure 3.9: Costs vs. Service Level
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3.7 Conclusion

This paper proposed a dynamic capacity planning and service unit location of a
stochastic hierarchical service network where we consider simultaneously location
(opening/closing) and service capacity decisions (increase, decrease, transfer) in or-
der to ensure a minimum desired customer acceptance rate for each service unit in
each facility. Poisson arrivals and random service times are handled by modeling
each service unit in each facility as an Erlang loss system. A multi-period, multi-
facility, multi-service optimization model is proposed where service levels are given
by nonlinear Erlang loss formula.

We were able to linearize the nonlinear model by various linearization models
which allow us to solve big size problems to optimality in a reasonable time. Struc-
tural properties of these linearization models are proved.

The best performed linearized model is applied to a real-life perinatal network.
Different decision scenarios are tested in order to evaluate the importance of the
model decisions and their effect on the total cost. Cooperation among players (in
this work by transferring resources) in a hierarchical network proves its importance
by resulting in significant cost savings. Finally we tested the model to quantify the
amount of expense related with necessary changes in the network structures and ac-
cordingly capacity reorganization if a higher service level is needed for some services.

The scope of the numerical experiment of this paper is limited to prove the
applicability and compare performances of the different linearization models. Re-
alizing extensive numerical experiments on perinatal networks is out of the scope
of this work, however quite necessary for a prospective real life application. Future
research can be pursued in several directions. Detailed statistical analysis and ex-
tensive numerical experiments especially with different regional configurations and
different demand scenarios are needed in order to investigate how location and ca-
pacity planning decisions depend on these parameters.

In this work, the stochastic aspect is characterized by Poisson arrivals and ran-
dom service times which were shown in the literature reasonable assumptions for
modeling maternity services. Further, we assumed a gradual annual demand changes
over the planning horizon encouraged from the fact that demographic changes are
often slow on a planning horizon of 5 to 10 years. The extension of our model to
longer horizon of 20 to 50 years would lead to significant uncertainties in demand
and an interesting future research direction that can be addressed by robust opti-
mization or stochastic programming.

In this work demands are assumed urgent and are lost if they are rejected at
their assigned facility. This assumption is reasonable for the purpose of this paper,
i.e. for location and capacity planning decisions at strategic level to ensure that each
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facility has enough capacity to accommodate its assigned customers at some service
level. It is however not acceptable at daily operational level where patients rejected
from their own hospital are not lost but overflow to another hospital. Real-time
admission and overflow control of patients in a hierarchical network is an interesting
and rich research area which we consider as a future work.
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3.8 Résumé du chapitre

Ce chapitre traite de la planification de la capacité dynamique et de la localisation
des services de soins d’un réseau. Dans cette optique, nous proposons un nouveau
modèle de réseau de services hiérarchique dans lequel les deux installations et les
clients ont une hiérarchie imbriquée. Une installation de niveau supérieur fournit
tous les services fournis par un dispositif de niveau inférieur. Un client exigeant un
certain niveau de service aura en outre besoin de services de niveau inférieur. Une loi
de Poisson décrit les arrivées des clients, et des durées de service aléatoires sont pris
en compte. Chaque unité de service est modélisée comme un système d’Erlang-loss
et le niveau de service défini comme étant la probabilité de l’acceptation du client
est déterminée par la fonction dite d’Erlang-loss. Le problème de la localisation et
de la planification des capacités consiste à déterminer quand et où pour ouvrir ou
fermer une unité de service, la capacité de l’unité de service et de la répartition
des demandes d’installations . Un modèle de programmation non linéaire est pro-
posé pour la minimisation du coût total tout en maintenant le niveau de service de
l’ensemble des unités de service supérieures à un certain niveau donné. Différents
modèles de linéarisation de la fonction Erlang-loss et leurs propriétés sont proposées.
La linéarisation transforme le modèle non-linéaire en programmes mixtes en nom-
bres entiers pouvant être résolu à l’optimalité avec les solveurs standards en temps
raisonnable. Une application à un réseau périnatal est ensuite présenté.

L’étude de cas est motivée par notre collaboration avec le réseau de périnatalé
dans les Hauts-de-Seine, près de Paris, France. Il s’agit d’un réseau d’installations
de maternités de différents types où au plus trois niveaux de services (obstétrique,
réanimation néonatale et néonatalité soins intensifs) sont fournis. Tous les établisse-
ments fournissent le niveau le plus bas des soins: services d’obstétrique. Les types
de services de maternité diffèrent selon le niveau de service fourni. Le réseau mon-
tre une propriété hiérarchique imbriquée où un établissement de niveau supérieur
fournit tous les services fournis par un établissement de niveau inférieur. Chaque
hôpital a un nombre limité de lits pour chaque service. Du fait des changements
démographiques , le réseau périnatal est confronté au problème de la réinstallation
de ses services en périnatalité et de l’ajustement de sa capacité pour répondre à la
demande changeante. Les modèles mathématiques du présent document tiennent
compte des différentes options telles que l’ouverture ou la fermeture d’une unité
de service, l’expansion des capacités, la réduction et le transfert des ressources hu-
maines. Les modèles sont utilisés pour aider les manageurs à prendre des décisions
afin de minimiser le coût global du réseau sans dégrader le niveau de service.
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4.1 Introduction

In a loss hospital network, due to scarce resources, not enough beds and high vari-
ability, there is inevitably rejections and overflows. As discussed in the strategic
capacity and location planning of a hospital network presented in chapter 3, in
order to ensure the patients to be admitted to their 1st preferred hospitals, it is nec-
essary to make extremely expensive investments on beds which should be supported
with experienced human workforce; most of the time even not feasible to provide.
Therefore, in such a resource-scarce system there always exist some patients not be-
ing accepted to their preferred hospitals and overflow to other hospitals, sometimes
even more than once.

In such an environment, it is important to be able to quantify the amount of over-
flows among hospitals, determine the most loaded hospitals and the highest rejected
patient group in order to propose to-the-point solutions regarding the bottlenecks.
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For that, one needs to be able to evaluate the rejection rates in each hospital for
each arriving patient group in an overflow loss network.

The purpose of our study in this chapter is to develop methods (performance
analysis tools) for approximating the blocking probability of each arrival stream

in each station (hospital) in order to evaluate the performance of an overflow loss
network. Blocking probability estimation in a multi hospital loss network where a
patient can overflow more than once involves two key issues. First, overflow streams
do not follow a Poisson distribution, so Erlang-loss formula cannot be employed for
loss calculation. An overflow stream has a higher variance than a Poisson stream,
thus one-moment characterization is generally not accurate. Secondly, overflow
streams might be statistically correlated. In our approximation method, we ad-
dress the first issue by characterizing each incoming and outgoing overflow stream
as Interrupted Poisson Process (IPP). The correlations among streams in each sta-
tion are managed by using a binomial moment approximation method which allows
us to compute blocking probability for each stream separately.

We consider two systems with different overflow structures. First considered
network is denoted as "Acyclic Overflow Loss Network" where the overflows flow
along one direction, such that customers overflow from lower-tiers to higher-tiers.
For performance evaluation of such a system, our approximation method is based
on a binomial moment matching of IPP characterization of non-Poisson arrivals.
Second considered system assumes the existence of feedback overflows where two
hospitals may overflow to each other. For this network, several efforts are realized
to evaluate highly correlated/interdependent blocking probabilities. Several meth-
ods are proposed on a small network structure.

The remainder of this chapter is structured as follows. In section 4.2, we provide
a comprehensive literature review on performance evaluation in overflow loss net-
works and discuss our contribution to this field. In section 4.3 and 4.4, the considered
systems are described and proposed methodologies are presented. The numerical
analysis and comparison with other methods are presented in Section 4.5. Finally,
concluding remarks and directions for future research are presented in Section 4.6.

4.2 Literature Review

In literature, there have been numerous efforts to model and analyze blocking prob-
abilities in overflow loss networks; most of the studies on this area mainly belong
to telecommunication networks literature. There is also a significant body of litera-
ture on overflow models for ambulance location called hypercube models. Small size
overflow networks are usually modeled as multi-dimensional Markov processes and
analyzed with queuing theory. However, as system grows, the state space increases
gradually and the modeling remains unmanageable with Markov processes. Approx-
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imations therefore play an important role in estimation of blocking probabilities.

The simplest approach is Erlang’s Fixed point approximation (EFPA). The main
idea behind, is to combine all streams arriving to a server into a marginal stream
and compute the blocking probability by using the well-known Erlang Loss formula.
The overflow of each arriving stream is then decomposed imposing the computed
blocking probability on each one. EFPA is well-known to be inaccurate for overflow
loss networks because it characterizes the traffic offered by any stream as if it were
a Poisson process even though an overflow process arrives with a higher variability
(a greater peakedness) compared to a Poisson process ([Wong 2007]). Furthermore,
it ignores the possible statistical dependence among servers while computing the
being busy probability of each server. Various strengthened EFPA are developed
and introduced in literature ([Wong 2007]).

Wilkinson [Wilkinson 1956] studied loss systems and described the parameters to
characterize an overflow stream as mean and variance. With "equivalent random

method", he introduced the concept of peakedness, which is not sufficient for a
complete characterization of an overflow stream, yet it has been found to be useful
in many applications. Peakedness of a stream is defined as variance-to-mean ratio of
the distribution of the number of busy servers on an infinite server group processing
this traffic with an exponential service time [Fredericks 1980]. The peakedness of a
Poisson stream is 1, while the peakedness of an overflow stream is always greater than
1. With equivalent random method, the parameters (mean load (a′) and peakedness
z′) of an overflow stream which originates from a system where a Poisson stream
with mean load a = λ/µ fed to a station with N number of exponential servers can
be calculated as

a′ = a ∗B(N, a)

z′ = 1− a′ +
a

N − a+ a′ + 1
> 1

where B(N, a) is the Erlang Loss probability

Hayward in 1959 used the peakedness concept to estimate the blocking probabil-
ities in a system where the arrivals are overflow streams. He developed "Hayward

approximation" which can be seen as a scaling of Erlang’s loss formula taking
into account the variability of the incoming overflow stream [Chevalier 2003]. An
overflow incoming stream with mean load a and peakedness z arriving to a station
with N servers can be approximated by a Poisson traffic stream with intensity a/z

and peakedness 1 arriving to a station with N/z servers. That is, Hayward ap-
proximation estimates the blocking probability of an overflow incoming stream with
B(N, a, z) B(N/z, a/z, 1). [Fredericks 1980] developed a natural extension to the
Hayward approximation for estimating blocking in a more general system and deter-
mination of quantities of interest other than blocking. They showed that Hayward
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approximation underestimate blocking for light load.

Neal Scott ([Neal 1971]) extended the "equivalent random method" to take
into account the correlation among arriving streams. He considered multiple stations
with finite servers and additionally two infinite server stations in parallel. Finite
server stations receive various independent groups of customers and the arrivals
finding all servers busy in a station overflows to other stations and eventually to the
two infinite server stations. This system is modeled as Markov system of equations
which consist infinite set of equations. Neal showed that it suffices to know the vari-
ous moments of the distribution of the number of busy servers on two infinite server
stations (L1, L2). He used two-dimensional binomial-moment generating function
to calculate the necessary moments from where he was able to assess the correla-
tion between L1 and L2, thus the correlation between two overflow streams of the
system. Our proposed method is motivated from this extension.

Recently Chevalier et al. ([Chevalier 2003]) evaluate the performance of a call
center with different class of calls where the customer who finds all lines busy
leaves the system. They mainly developed their algorithm around the approxi-
mation method proposed by Hayward and extended by Fredericks. The overflow
calls arriving to a pool of servers are aggregated and an aggregated blocking prob-
ability is computed in each station by using Hayward’s approximation of blocking.
Finally, they evaluate the system performance by computing the system out rejec-
tion probability.

Afterwards, Franx et al. ([Franx 2006]) addressed a multi-class blocking sys-
tem where different class of jobs flow through stations according to a fixed overflow
policy. First time in literature, authors were interested in the individual block-
ing probabilities of each class. They approximated each inter-overflow time with a
hyperexponential distribution and they proposed an approximation method to cal-
culate the higher moments and eventually the blocking probabilities for each class.

Most recently Huang et al. ([Huang 2008]) developed an approximation method
(MOA) for loss calculation in hierarchical networks with many arrivals sharing a
common server group. Their approximation method is based on blocking probabil-
ities matching to calculate the variances of each arriving stream.

Until here, we summarize the studies considering peakedness and overflow stream
characterization. On the other side, there are some studies based on estimating the
busy fractions of each server in order to evaluate system performance. In [Lar-
son 1974], Larson studied the behavior of a multi-server queuing system with dis-
tinguishable servers and proposed an approximation hypercube (AH) model which
estimates the fractions of time a server is busy(ρi) and dispatching probabilities
(fim) (probability a customer type m is assigned to server i) assuming one server
at each station and exponential service times. The approximation is derived by
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treating server workloads as being independent and adjusting this error through a
correction factor Q(N, ρ, k − 1) which is a function of number of servers N , traffic
intensity ρ and server preference k. Then, they defined "dispatching probability"
as the probability of (k − 1) busy servers followed by an idle server when sampling
at random without replacement from the identical servers:

fim = Q(N, ρ, k − 1)(1− ρi)

k−1∏

l=1

ρaml

where amk is kth preferred server of customer m. Larson’s approximation procedure
is derived by noting ρi = Ri.τ where Ri is the total arrival rate assigned to server
i (Ri =

∑
m λmfim) and τ is service time. Two equations are combined to give an

iterative procedure for determining busy fractions ρi.

In [Jarvis 1985], Jarvis extended the AH model to allow average service times to
depend on the server and customer location. Recently Budge et al. ([Budge 2009])
extended the algorithm by allowing multiple servers at a station. They introduce a
new correction factor based on random sampling of stations.

In the first part of the study, we consider an acyclic network with several sta-
tions with multiple servers, and several customer groups (Poisson and/or overflow
streams) arriving to each station where two customer groups arriving to the same
station may split and overflow to different stations. In such an overflow loss system,
there exist three key issues. First, as in all overflow loss systems, overflow streams
have higher variability than Poisson streams and Erlang-loss formula cannot be used
for the blocking probability calculation. To address this issue, we characterize each
overflow stream as an Interrupted Poisson Process (IPP) which allows us to assume
a Markovian system.

Second, the multiple customer streams arriving to one station share the common
server capacity of this station, thus overflow characterization of each of those streams
is not evident and resultant overflow streams are statistically correlated. The most
of the existing studies ([Chevalier 2003] and [Fredericks 1980]) consider one arrival
stream to a station and estimate one blocking probability for that stream. The un-
derlying theory in those studies is the equivalent random theory which is not useful
for analyzing correlated overflows. Recently Huang et al. [Huang 2008] addressed
this correlation by developing an approximation algorithm to compute variance of
each overflow stream separately yet still considering one blocking probability. More-
over, in their approximation all incoming streams are assumed Poisson and Erlang-
loss probability is utilized for blocking probability matching. To the best of our
knowledge, the only existing study that analyzes each overflow stream individually
and calculates a blocking probability for each is the work of [Franx 2006]. Indepen-
dently from this work, we further address this problem on multi-class systems with
more complex overflow routing. We develop an approximation method (BinomIPP)
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built upon a markovian system with IPPs and binomial moment matching mainly
motivated from Neal’s extention ([Neal 1971]). With the proposed methodology,
we estimate the blocking probability perceived by each customer group (each arrival
stream separately) at each station in an overflow network, from where more accurate
overflow stream characterization could be achieved.

Third, there might exist correlation among stations mainly dependent on the
overflow structure (routing rules) among stations in the network. In an acyclic net-
work where lower tiers are overflowing to higher ones, this type of correlation is
expected to be quite low, thus in the proposed method we focus on each station
separately assuming independency.

In the second part of the study, we consider a feedback (cyclic) overflow loss
network where customers may overflow to any station in the network (forward and
backward routings are allowed). In such a system, in addition to the two key source
of errors existing in an acyclic overflow network (described above), there exists also
high correlation among stations that has never been considered before in the liter-
ature to the best of our knowledge. For a small size instance, we proposed some
approximation methodologies and an iterative version of BinomIPP for evaluating
the performance of such a system.
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4.3 Methodology for Acyclic Overflow Network

In this section, we consider an acyclic overflow loss network where customers may
overflow from lower-tiers to higher-tiers regarding a forward routing (no backward
overflow is considered). This type of routing is commonly observed in our appli-
cation field (perinatal networks) where patients overflow from small hospitals to
generally bigger and centralized ones.

Consider a loss network which is composed of I number of stations each with Ni-
servers (Ni > 1). Each station i is fed by an independent Poisson arrival stream (λi)
which is called "offered stream". A stream rejected from a station (and overflows
to another station) is called "overflow stream". An offered stream may overflow
several times to different stations. An arriving customer finding all Ni-servers busy
in a station i overflows to another station according to a forward routing rule. The
structure of an example network with a forward routing rule is illustrated in Figure
4.1.

Figure 4.1: Representation of an Acyclic Overflow Loss Network

It is important to note that two customer groups arriving to the same station do
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not have to overflow to the same station (see H4 in Fig 4.1). Due to this property,
we need to follow each stream separately but in relation with other streams since
they share the common server capacity.

In such a system we want to calculate the blocking probability of each stream
in each station where there might exist more than one incoming overflow streams
which are more variable than Poisson. In the following subsections, we describe the
proposed methodology. First, we describe how to approximate an arriving overflow
stream as an IPP process. Second, we present our methodology to estimate blocking
probabilities and other entities of interest (higher moments) for each stream. And
finally, we describe how we use the three moment matching method for characterizing
the outgoing overflow stream of each incoming stream.

4.3.1 Approximating overflow streams with IPP

An Interrupted Poisson Process (IPP) can be defined as a Poisson Process with a
random on/off switch which is alternately turned on for an exponentially distributed
time (1/γ) and then turned off for another independent exponentially distributed
time (1/w). In literature, in many studies, IPP is considered as a simple and accurate
method for approximating overflow traffic. Approximation is obtained by matching
either the first two or three moments of an interrupted poisson process to those of
an overflow process ([Kuczura 1973]).

Let, λ be the Poisson arrival rate, (1/γ) be the mean on-time, (1/w) be the
mean off-time of the random switch, 1/µ be the mean service time (it is normalized
(µ = 1) in this study). Let the IPP stream offered to an infinite server station. Let
random variable l denotes the number of busy servers in infinite server station. From
distribution of l, one can obtain the parameters; mean offered load to the infinite
server station (a) and variance of this stream (v) which together characterize an
overflow process match of IPP.

Figure 4.2: Representation of an IPP stream

Let the state of the system described by (l, α) where α is the state of the switch
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taking on the value of 1 or 0 according to whether the process is on or off. System
is illustrated in Fig 4.2.

The balance equations for the stationary state probabilities are:

(λ+ γ)p(0, 1) = wp(0, 0) + µp(1, 1)

(λ+ γ + lµ)p(l, 1) = wp(l, 0) + (l + 1)µp(l + 1, 1) + λp(l − 1, 1) l ≥ 1

(w + lµ)p(l, 0) = γp(l, 1) + (l + 1)µp(l + 1, 0) l ≥ 0

We are interested in the moments of the distribution f(L) of the number of busy
servers in the infinite server station. In [Kuczura 1973] these system of equations
are solved and the factorial moments of L are given as:

B(1) = E(L) =
λw

(w + γ)

B(2) = E((L(L− 1))/2! ) =
λ2

2!

w

(w + γ)

w + 1

(w + γ + 1)

B(3) = E((L(L− 1)(L− 2))/3! ) =
λ3

3!

w

(w + γ)

w + 1

(w + γ + 1)

w + 2

(w + γ + 2)

From the 1st and the 2nd moment of f(L), the overflow stream mean (a) and
peakedness (z), that can approximate the input IPP process, can be defined as:

a = E(L)

z =
V ar(L)

E(L)
= 1 + a

(
(w + 1)

(w + γ + 1)
−

w

(w + γ)

)
> 1

Above we compute the parameters of an overflow process (a, z) from its IPP
process defined with (λ, γ, w). In this study we need to proceed the opposite way
such that we need to define IPP parameters of a known overflow stream (a, z).
In this, we have three parameters (λ, γ, w) to choose so that IPP gives the best
approximation to the overflow process. For that, we used Rapp’s approximation
given in [Kuczura 1973] as:

λ = az + 3z(z − 1)

w =
a

λ

(
(λ− a)

(z − 1)
− 1

)

γ =

(
λ

a
− 1

)
w
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4.3.2 Approximation of Blocking Probabilities with BinomIPP

In the proposed approach, each station is treated independently. We call the pro-
posed approximation methodology BinomIPP which is applied to each station
consecutively starting from the lower-tiers. The developed method is based on a
Markov Process where overflow arrival streams are approximated with IPPs. In the
following, we describe our proposed methodology focusing on one station regarding
its both Poisson and IPP arrivals.

Figure 4.3: Representation of methodology on one station

Consider a service system i which consists a station N with Ni number of servers
and an artificial station L where there are infinite number of servers. The ar-
rivals to station N is generated by m independent streams with a load intensity of
A1, A2, ...Am and peakedness z1, z2, ...zm where z > 1. Arrival streams with z > 1

(higher variability than Poisson), are defined as interrupted poisson processes (IPPs)
each with an on/off switch (as described in the previous section). A customer arrival
can occur only when the switch is on.

If a customer from any group finds all servers busy in station N, then s/he is
served by one of the servers in station L. All rejected patients from station N will
be served in station L.

We define this system as a multidimensional Markov Chain with a state space
(p1, p2, ..., pm, n, l) where pm is binary parameter {0, 1} denoting the random switch
is on(1) / off(0) for each IPP stream (am, γm, wm). n and l denotes the number of
busy servers in station N and L respectively. For simplifying the presentation of the
equations, we consider that there are m = 3 incoming arrival streams (one Poisson
and two IPPs) to the considered station. The balance equations for this system can
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be written as:

For 0 6 n < Ni

P (1, 1, n, l)(a1 + γ1 + a2 + γ2 + λ+ n+ l) = P (0, 1, n, l)w1 + P (1, 0, n, l)w2

+ P (1, 1, n− 1, l)(a1 + a2 + λ) + P (1, 1, n+ 1, l)(n+ 1) + P (1, 1, n, l + 1)(l + 1)

(4.1)

P (1, 0, n, l)(a1 + γ1 + w2 + λ+ n+ l) = P (0, 0, n, l)w1 + P (1, 1, n, l)γ2

+ P (1, 0, n− 1, l)(a1 + λ) + P (1, 0, n+ 1, l)(n+ 1) + P (1, 0, n, l + 1)(l + 1) (4.2)

P (0, 1, n, l)(w1 + a2 + γ2 + λ+ n+ l) = P (1, 1, n, l)γ1 + P (0, 0, n, l)w2

+ P (0, 1, n− 1, l)(a2 + λ) + P (0, 1, n+ 1, l)(n+ 1) + P (0, 1, n, l + 1)(l + 1) (4.3)

P (0, 0, n, l)(w1 + w2 + λ+ n+ l) = P (1, 0, n, l)γ1 + P (0, 1, n, l)γ2

+ P (0, 0, n− 1, l)(λ) + P (0, 0, n+ 1, l)(n+ 1) + P (0, 0, n, l + 1)(l + 1) (4.4)

Similar relations hold on the boundary of the state space

For n = N

P (1, 1, N, l)(a1 + γ1 + a2 + γ2 + λ+N + l) = P (0, 1, N, l)w1 + P (1, 0, N, l)w2

+ P (1, 1, N − 1, l)(a1 + a2 + λ) + P (1, 1, N, l − 1)(a1 + a2 + λ) + P (1, 1, N, l + 1)(l + 1)

(4.5)

P (1, 0, N, l)(a1 + γ1 + w2 + λ+N + l) = P (0, 0, N, l)w1 + P (1, 1, N, l)γ2

+ P (1, 0, N − 1, l)(a1 + λ) + P (1, 0, N, l − 1)(a1 + λ) + P (1, 0, N, l + 1)(l + 1)

(4.6)

P (0, 1, N, l)(w1 + a2 + γ2 + λ+N + l) = P (1, 1, N, l)γ1 + P (0, 0, N, l)w2

+ P (0, 1, N − 1, l)(a2 + λ) + P (0, 1, N, l − 1)(a2 + λ) + P (0, 1, N, l + 1)(l + 1)

(4.7)

P (0, 0, N, l)(w1 + w2 + λ+N + l) = P (1, 0, N, l)γ1 + P (0, 1, N, l)γ2

+ P (0, 0, N − 1, l)(λ) + P (0, 0, N, l − 1)(λ) + P (0, 0, N, l + 1)(l + 1)

(4.8)

where P (p1, p2, n, l) is the probability of being in state (p1, p2, n, l).

The above balance equations are quite difficult to solve due to the existence of
an infinite set L. Furthermore, instead of an explicit solution of above equations,
being able to calculate various moments of the random variable l is sufficient for
us to proceed and characterize the overflow streams. As proposed in ([Neal 1971]),
moments of the random variable l can be obtained by using a binomial-moment
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generating function which can be defined as:

B(p1, p2, ..., pm, n;x) =
∞∑

l=0

P (p1, p2, ..., pm, n, l)(1 + x)l (4.9)

and binomial moments are defined as:

Bl(p1, p2, ..., pm, n) =
∞∑

k=l

(
k

l

)
P (p1, p2, ..., pm, n, k) (4.10)

Thus, lth moment of f(L): distribution of the number of busy servers in the
infinite server station can be written as:

Bl = E

(
L

l

)
=
∑

p1

∑

p2

...
∑

pm

∑

n

Bl(p1, p2, ..., pm, n)

=
∑

p1

∑

p2

...
∑

pm

∑

n

∞∑

k=l

(
k

l

)
P (p1, p2, ..., pm, n, k)

For l = 1 (1st moment) : B1 = E
(
L
1

)
= E(L)

For l = 2 (2nd moment): B2 = E
(
L
2

)
= E

(
(L(L− 1))

2!

)

For l = 3 (3rd moment) : B3 = E
(
L
3

)
= E

(
(L(L− 1)(L− 2))

3!

)

From moment information, several properties of overflow streams can be achieved.
From the 1st and 2nd moment, mean (a) and variance (v) and consequently peaked-
ness (z) of the outgoing overflow streams can be calculated as in the following:

a = B1

v = 2B2 +B1 −B2
1

z =
(2B2 +B1 −B2

1)

B1

However, in order to incorporate correlation among streams, we want to charac-
terize the outgoing overflow stream of each arrival stream separately, yet considering
their dependency. For that, different moments for each stream is required to be ex-
tracted from the above equations.

Relations for binomial moments are obtained by multiplying both sides of above
state balance equations by (1 + x)l and summing on l. The complete derivation
is given in Appendix D. Eventually the following finite system of equations are
achieved:
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For 0 6 n < Ni

Bl(1, 1, n)(a1 + γ1 + a2 + γ2 + λ+ n+ l)

= Bl(0, 1, n)w1+Bl(1, 0, n)w2+Bl(1, 1, n− 1)(a1+a2+λ)+Bl(1, 1, n+1)(n+1)

Bl(1, 0, n)(a1 + γ1 + w2 + λ+ n+ l) = Bl(0, 0, n)w1 +Bl(1, 1, n)γ2
+Bl(1, 0, n− 1)(a1 + λ)

+Bl(1, 0, n+ 1)(n+ 1)

Bl(0, 1, n)(w1 + a2 + γ2 + λ+ n+ l) = Bl(1, 1, n)γ1 +Bl(0, 0, n)w2

+Bl(0, 1, n− 1)(a2 + λ)

+Bl(0, 1, n+ 1)(n+ 1)

Bl(0, 0, n)(w1 + w2 + λ+ n+ l) = Bl(1, 0, n)γ1 +Bl(0, 1, n)γ2
+Bl(0, 0, n− 1)(λ) +Bl(0, 0, n+ 1)(n+ 1)

For n = N

Bl(1, 1, N)(γ1 + γ2 +N + l) = Bl(0, 1, N)w1 +Bl(1, 0, N)w2

+Bl(1, 1, N − 1)(a1 + a2 + λ)

+Bl−1(1, 1, N)(a1 + a2 + λ)

Bl(1, 0, N)(γ1 + w2 +N + l) = Bl(0, 0, N)w1 +Bl(1, 1, N)γ2
+Bl(1, 0, N − 1)(a1 + λ) +Bl−1(1, 0, N)(a1 + λ)

Bl(0, 1, N)(w1 + γ2 +N + l) = Bl(1, 1, N)γ1 +Bl(0, 0, N)w2

+Bl(0, 1, N − 1)(a2 + λ) +Bl−1(0, 1, N)(a2 + λ)

Bl(0, 0, N)(w1 + w2 +N + l) = Bl(1, 0, N)γ1 +Bl(0, 1, N)γ2 +Bl(0, 0, N − 1)(λ)

+Bl−1(0, 0, N)(λ)

For l = 0; with the addition of following constraint,
∑

p1

∑

p2

∑

n

B0(p1, p2, n) = 1

B0(p1, p2, n) is the probability of being in state (p1, p2, n) and the above finite equa-
tions have an exact solution.

From the state probabilities of system being full (p1, p2, N), the blocking prob-
ability for each arriving stream can be calculated. System rejects a customer from
IPP(i) stream only if there is an arrival (switch is on with pi = 1) when the system
is full (n = N). Whereas a customer from Poisson stream is rejected whenever
system is full (n = N). The blocking probabilities for each arriving stream can be
written as:
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• Blocking probability experienced by Poisson stream:
B0 =

∑
p1

∑
p2
B0(p1, p2, N)

• Blocking probability experienced by IPP stream 1:
BIPP1

0 =
∑

p2
B0(1, p2, N)

• Blocking probability experienced by IPP stream 2:
BIPP2

0 =
∑

p1
B0(p1, 1, N)

For l = 1, the mean outgoing (overflowed) load of each incoming stream can be
written as:

• Mean blocked arrivals of Poisson stream:
B1 = λ

∑
p1

∑
p2
B0(p1, p2, N) = λB0

• Mean blocked arrivals of IPP1 stream:
BIPP1

1 = a1
∑

p2
B0(1, p2, N) = a1B

IPP1
0

• Mean blocked arrivals of IPP2 stream:
BIPP2

1 = a2
∑

p1
B0(p1, 1, N) = a2B

IPP2
0

In addition to the 1st order moments, we can also obtain higher order moments
for each stream by using a very useful equation that can be obtained by summing
all equations up (through 1-8). From recursive equations, we can obtain higher
moments for each stream as:

• For Poisson stream: lBl = λ
∑

p1

∑
p2
Bl−1(p1, p2, N)

• For IPP1 stream : lBIPP1
l = a1

∑
p2
Bl−1(1, p2, N)

• For IPP2 stream : lBIPP2
l = a2

∑
p1
Bl−1(p1, 1, N)

Several moments for each arrival stream m at station N can be computed by
solving the presented finite system of linear equations recursively. By using moment
relations, outgoing overflow stream of each incoming stream of station N can be
characterized as described.

Remark: Computational complexity is a well-known drawback in Markov mod-
eling. As the state space increases, the required number of computations increases
exponentially and the problem easily becomes too complex to solve. Compared
to other Markov modulated processes on this field in literature, our modeling has a
strong point in considering one station at a time. Furthermore, IPP arrivals are rep-
resented in binary states. Except the r.v. n corresponds to the number of servers in
the considered station, the rest of the r.v.s take binary values. The computational
complexity of this Markov Chain is O(2mN). Binary representation allows us to
obtain a computable MC even though we consider numerous arrival streams (high
dimension MC).
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4.3.3 Three Moment Matching

After an arrival is rejected from a station, s/he may seek for admission in another
station. Formally, a rejected traffic (outgoing overflow stream) from a station N

might be an incoming stream for another station M, thus should be characterized
as an IPP process. In previous subsections, the three moments of an IPP process
(λ, γ, w) are presented and we described our BinomIPP methodology from where
we can compute several moments of outgoing overflow stream. For characterizing
this outgoing overflow stream as an IPP process, we match the moments of the two
processes (see Fig. 4.4).

Figure 4.4: Characterization of an outgoing overflow stream

Thus, all incoming and outgoing overflow streams are defined as IPPs whose pa-
rameters are computed based on three-moment match. However it is important to
note that, it is not always possible to achieve a one-to-one match in the 3rd moment,
where it is taken as close as possible.

The proposed methodology is employed repetitively starting from the lower-tier
station to higher-tier station following the order of overflows. For each station, the
incoming streams are characterized as IPPs (except Poisson arrivals), the blocking
probabilities and three moments are calculated via the proposed methodology, the
outgoing overflow streams are characterized by using 3MM (three moment match-
ing). We call this proposed methodology BinomIPP.
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4.4 Methodology for Feedback Overflow Loss Network

In this section, we consider an overflow loss network where customers may overflow
to any hospital such that both forward and backward overflows are allowed. Due
to the overwhelming overflow relations among stations, in this section we build the
theory and applications on a small network with 3 stations for facilitating the pre-
sentation and comprehension of the developed methodologies.

Consider a simple loss network which is composed of three stations each with
Ni-servers (Ni > 1). Each station i is fed by an independent Poisson arrival stream
(λi). A customer, finding all Ni-servers busy in station i, overflows to stations
j ∈ I − i within a given routing rule until she is accepted. A customer is rejected
to out of network only if all servers in all stations are busy. The structure of an
example network designed with a specific routing rule is illustrated in Figure 4.5.

Figure 4.5: Representation of a 3 station Feedback Overflow Loss Network

Such a system where two stations can divert patients to each other involves some
key issues which make its analysis highly complex. In the network with acyclic for-
ward routing, it was possible to disregard the dependency among hospitals (each
hospital was treated independently) while considering only the dependency among
the arrival streams of each station thanks to the one direction routing. However, in
the current system there exist a high correlation among both the arrival streams in
each station and among the stations themselves.

For the evaluation of such a system and estimation of the rejection rates as-
sociated with each stream in each hospital, we worked on several approximation
methods ranging from simplistic approaches to sophisticated ones. First, we pro-
posed a simple yet very crude approach assuming Poisson arrivals and one-moment
approximation of rejections based on well-known Erlang Loss formula. Second, we
came up with a new approach where we aggregate some stations and employ some
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probabilistic rules to define the dispatching probabilities between stations. Thirdly,
we extended our BinomIPP method to an iterative BinomIPP method. In addition
to the developed approximations, we also applied Fredericks and Chevalier approx-
imation in order to assess its performance on such a correlated network.

Remark: The algorithms developed are highly dependent on the overflow routing
rules defined among stations. We consider the following routing rule in remaining
part of the study.
Station i overflows to station j then station k
Station j overflows to station i then station k
Station k overflows to station i then station j

4.4.1 A simple one-moment iterative approach

This simple method considers one combined offered load arriving to each station
and proceeds through iteratively estimating blocking probabilities by using Erlang
loss function.

Let ait be the offered load to each station i at iteration t where for t = 0, ai0 = λi.
Bit be the Erlang-Loss blocking probability in station i where

Bit(ait, Ni) =
(aNi

it )/Ni!∑Ni

n=0(a
n
it)/n!

Thus, by assuming independency among stations being full, iterative equations
are defined as (with normalized service rate µ = 1):

ait = λi

+ λjBj(t−1)(aj(t−1), Nj)

+ λkBk(t−1)(ak(t−1), Nk)Bj(t−1)(aj(t−1), Nj)

ajt = λj

+ λiBi(t−1)(ai(t−1), Ni)

+ λkBk(t−1)(ak(t−1), Nk)Bi(t−1)(ai(t−1), Ni)

akt = λk

+ λjBj(t−1)(aj(t−1), Nj)Bi(t−1)(ai(t−1), Ni)

+ λiBi(t−1)(ai(t−1), Ni)Bj(t−1)(aj(t−1), Nj)

At each iteration t, the offered load to each hospital and consequently blocking
probability estimations are updated till they converge.

This approach is crude in the sense that it considers neither the higher vari-
ability of overflow arrivals nor the possible statistical dependence between stations.
Furthermore, it works with combined arrival traffic in each hospital therefore we
cannot analyze each stream separately.
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4.4.2 Aggregation Approach

We consider a three station overflow loss network to describe the aggregation ap-
proach. This approach proceeds via an iterative Markov Chain process. Each time,
we focus on one station (i ∈ I) by leaving it alone while the other two stations (sta-
tion j, k ∈ I − i) are merged and are behaved as one aggregated station (see Figure
4.6). While station i is focused, the dispatching probabilities from station j to i

(fji) and from station k to i (fki) are approximated by imposing some probabilistic
selection rules inside the aggregated station.

Figure 4.6: Aggregated Approach iteration focusing on hospital i

Three Markov Chain processes are constructed; each focusing on (leaving out) a
different station i = {1, 2, 3} where the state space is S = {(nfocus, naggregated). For
a 3 station network, we obtain three Markov modeling each with state space:

S = {(ni, njk) : 0 6 ni 6 Ni, 0 6 njk 6 Nj+Nk} ∀i = {1, 2, 3} and j, k ∈ I−i.

where ni is the number of busy servers in station i and njk is the number of busy
servers in the aggregated station. Finite set of equations of Markov Chain (i) can
be written as:

(λi + λj + λk)P (0, 0) = P (0, 1) + P (1, 0)

(λi + λj + λk + ni)P (ni, 0)

= λiP (ni − 1, 0) + (ni + 1)P (ni + 1, 0) + P (ni, 1) ∀0 < ni < Ni

(λi + λj + λk + njk)P (0, njk)

= [λj(1− fji(njk − 1)) + (λk(1− fki(njk − 1))]P (0, njk − 1) + P (1, njk)

+ (njk + 1)P (0, njk + 1) ∀0 < njk < Nj +Nk
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(λi + λj + λk + ni + njk)P (ni, njk)

= [λj(1− fji(njk − 1)) + (λk(1− fki(njk − 1))]P (ni, njk − 1)

+ [λi + λjfji(njk) + λkfki(njk)]P (ni − 1, njk)

+ (ni + 1)P (ni + 1, njk) + (njk + 1)P (ni, njk + 1) ∀0 < njk < Nj +Nk

(λi + λj + λk +Ni)P (Ni, 0) = P (Ni, 1) + λiP (Ni − 1, 0)

(λi + λj + λk +Njk)P (0, Njk)

= P (1, Njk) + [λj(1− fji(Njk − 1)) + (λk(1− fki(Njk − 1))]P (0, Njk − 1)

(λi + λj + λk + ni +Njk)P (ni, Njk)

= [λj(1− fji(Njk − 1))(λk(1− fki(Njk − 1))]P (ni, Njk − 1)

+ (λi + λj + λk)P (ni − 1, Njk) + (ni + 1)P (ni + 1, Njk) ∀0 < ni < Ni

(λi + λj + λk +Ni + njk)P (Ni, njk)

= [λi + λj(1− fji(njk − 1)) + λk(1− fki(njk − 1))]P (Ni − 1, njk)

+ (λi + λj + λk)P (Ni, njk − 1) + (njk + 1)P (Ni, njk + 1) ∀0 < njk < Nj +Nk

(Ni +Njk)P (Ni, Njk)

= (λi + λj + λk)P (Ni − 1, Njk) + (λi + λj + λk)P (Ni, Njk − 1)

From the results of each Markov Chain (i), steady state probabilities associated
with the focused station i (P (ni): probability of having ni number of busy servers
in station i) can be obtained.

The key issue in such modeling is determining the rate of overflow from each
station (j, k) in aggregated set to station i. We have the higher level information
of busy servers in the aggregated set (njk), but we don’t know how many of these
busy servers belong to station j or k. In order to better approximate the overflow
load arriving to station i from individual stations in aggregated set, we employ a
probabilistic selection rule to estimate the being full probability of each station.
Therefore, the dispatching (blocking) probabilities from station j to i (fji(njk)) and
from station k to i (fki(njk)) are introduced in the MC equations to approximate
the flow from these stations. The determination of these probabilities is based on a
marginal distribution and a correction factor which is presented in the following.

Calculation of dispatching probability fji(njk):

The underlying assumption is that when station j has all servers busy, its cus-
tomers overflow to station i. If the total number of busy servers of aggregated
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station does not exceed the total number servers of station j (njk < Nj), station j

cannot be full in any case, thus fji = 0.

fji(njk) = 0 ∀njk < Nj

However, if njk > Nj , there is a possibility that station j is full. This is possible
only if station j has nj = Nj number of busy servers and station k has the rest of
the busy servers (nk = njk −Nj). We define this possibility as in the following:

fji(njk) =
P (nj = Nj)P (nj = Nj , nk = njk −Nj)

∑Nj

δ=max(njk−Nj)
P (nj = δ)P (nj = δ, nk = njk − δ)

∀njk 6 Nj

where P (nj) is the marginal distribution of having nj number of beds occupied in
station j which is updated at the end of each iteration. The distribution of total
number of busy beds to station j and k is highly dependent on the relationship be-
tween these two stations. We incorporate this relation to the whole system through
a correction factor based on the joint probability of having nj number of beds oc-
cupied in station j while there is nk = njk − nj number of beds occupied in station
k which is denoted with P (nj , nk = njk − nj).

For calculation of the joint probabilities of stations k and j, with other words in
order to incorporate the relation between those stations into the dispatching proba-
bilities, a two state MC is constructed whose state space is (nj , nk). In this phase, we
ignore the existence of station i and consider only the relation between the remain-
ing stations j and k. Therefore, in MC we assume there is a full interaction between
station j and k in order to incorporate their routing relations that we couldn’t take
into account before. Marginal probability of P (nj = Nj) is initially defined as an
Erlang loss probability and updated in the end of each iteration of main Markov
Chain (j) where the station j is the focused one.

Calculation of dispatching probability fki(njk):
The underlying assumption is that when station k has all servers busy, its cus-

tomers first overflow to station j and then to station i. Therefore, for having an
overflow stream from station k to i, the aggregated station needs to be completely
full. Thus, the diversion probabilities from station k to station i can be defined as:

fki(njk) = 0 ∀njk < Nj +Nk

fki(njk) = 1 ∀njk = Nj +Nk
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Algorithm 1 Iteration Algorithm for Aggregation Approach
Step 1. Initialize:

t := 0

for all ∀i = {1, 2, 3} and ∀j, k ∈ I − i do

f0
ji(njk) and f0

ki(njk) are initialized by using Erlang Loss formulas to calculate
P (nj = Nj) and P (nk = Nk)

MC(ni, njk) is solved and steady state probabilities P 0(ni) are obtained.
Step 2. t := t+ 1

for all ∀i = {1, 2, 3} and ∀j, k ∈ I − i do

f t
ji(njk) and f t

ki(njk) are are computed with P t−1(nj) and P t−1(nk) steady
state probabilities obtained at iteration (t− 1).
MC(ni, njk) is solved and steady state probabilities P t(ni) are obtained.

Step 3.

if steady state probabilities P t(ni), ∀i = {1, 2, 3} are converged then

Stop

else

Go to step 2.

Remark: Numerical results indicate that this method computes very close results
to the exact values. However, even though the method performs well for 3 station
network, it is not evident how to extend the method in managing the aggregated
station and the dispatching probabilities when higher number stations are involved.
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4.4.3 Iterative BinomIPP

For 3 hospital fullfeedback overflow implementation, BinomIPP is required to be
considered iteratively. BinomIPP has already a recursive algorithm that is to solve
for each station consequtively. Due to the consideration of feedback overflows, this
recursive algorithm is required to be employed iteratively until the convegence is
achieved. The system considered is composed of 3 stations each with a Poisson ar-
rival stream. The algorithm of iterative BinomIPP is presented as in the following:

Algorithm 2 Iteration Algorithm for BinomIPP
Initialization

For each station i, j, k = {1, 2, 3} where i 6= j 6= k

Equivalent random method is employed independently to each station
Mean and variance of overflow streams in each station are computed.
Overflow streams are characterized with Rapps approximation and defined as IPPi

with (ai, γi, wi), IPPj and IPPk

Iteration Steps

Step 1:

Choose station i

BinomIPP is employed to calculate the moments of each arrival stream λi ,
IPPj , IPPk

Overflow streams are characterized with 3MM and defined as IPPi ,IPP ′
j and IPP ′

k

Step 2:

Choose station j

BinomIPP is employed to calculate the moments of each stream λj , IPPi, IPP ′
k

Overflow streams are characterized with 3MM and defined as IPPj ,IPP ′
i

The third overflow of station k (IPP ′′
k ) is rejected to out of network.

Step 3:

Choose station k

BinomIPP is employed to calculate the moments of each stream λk , IPP ′
i , IPP ′

j

Overflow stream IPPk is characterized with 3MM.
The third overflows of station i and j (IPP ′′

i and IPP ′′
k ) are rejected to out of

network.
Step 4:

If Blocking probabilities are converged
Stop

Else

Go back to step 1.
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4.5 Computational Results

In this section, we evaluate the performance of proposed methodologies and compare
them with the performance of existing well performing methodologies over a set of
instances.

For the implementation of methodologies, two sets of instances are created re-
garding different overflow structures; acyclic overflow and feedback overflow respec-
tively. In addition to that, several traffic intensities are considered for each instance
set to assess performance alterations of methodologies under different system load.

Acyclic Overflow:

First instance set considers a loss network composed of six hospitals where forward
routing is employed (Fig. 4.7). As mentioned before, this type of routing is the
most commonly observed overflow structure in healthcare networks such that pa-
tients commonly overflow from smaller hospitals to larger centralized ones.

Figure 4.7: Acyclic Network Test Instance
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Table 4.1: Test Data for the Acyclic Instance
Station i Number of

Servers (Ni)

Arrival Rates(λi)

Light Load Medium Load Heavy Load

1 5 4 10 15

2 10 9 15 20

3 25 20 28 60

4 20 18 22 40

5 25 22 24 60

6 40 30 35 80

We consider six stations and six different customer groups associated with each
station. The routing structure for each customer group is observable in Fig 4.7. Dif-
ferent traffic intensities are introduced to represent light, medium and heavy load.
Test Data is presented in Table 4.1. For comparison purposes, both the proposed
method BinomIPP and the well-performing existing method Chevalier & Fredericks
(C&F) are implemented on the test instances. The results of approximation meth-
ods are compared with the results of a discrete event simulation model (SIM) in
order to evaluate the accuracy of estimation procedures. Since we are dealing with
probabilities (possible to be very small) in order to increase the precision of the
simulated model, we consider a 99% CI around loss probabilities. Thus, simulation
outputs can be seen as exact results for most of the cases.

Our performance indicators are the blocking probabilities computed for each ar-
rival stream in each station i. There exist 6 stations and 13 blocking probabilities
which are represented as in the following:

Piout denotes the blocking probability of major stream i from station i

(Poisson arrival)
Pjiout denotes the blocking probability of stream j from station i

Pkjiout denotes the blocking probability of stream kj from station i

(stream rejected from station k and j previously)
Pmkjiout denotes the blocking probability of stream mkj from station i

(stream rejected from stations m, k and j previously)

The blocking probabilities for each arrival stream in each hospital (all perfor-
mance indicators) computed with BinomIPP, C&F and SIM are presented in Tables
4.2, 4.3, 4.4 and Figures 4.8, 4.9, 4.10 respectively for heavy, medium and light load.
The % relative differences of BinomIPP-SIM and C&F-SIM are presented in Figure
4.11 for all intensity of load.

From all Tables 4.2, 4.3, 4.4, it can be observed that BinomIPP outperforms
C&F in all cases and additionally BinomIPP computes very close results to the ones
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of simulation (small % rel. errors) for 1st blocking probabilities (Piout) of a system
under any intensity of load. However, as the number of overflow experienced by
a stream increases, the overflow load tends to decrease while its variability, thus
peakedness increases. This disturbs the precision of the approximation and % rel-
ative errors start to increase. From the comparison of Table 4.2(heavy load) and
Table 4.4 (light load), it can be observed that both BinomIPP and C&F approxi-
mates better for heavy load case compared to light load case. This is because, in
light load case, an arrival stream already carry a light load, so its overflow load can
get very small even it might tend to zero. Considering that in such a light load case
one station receives both its normal Poisson load and a very small overflow load with
a high variability (which are considered together in blocking probability estimation)
deteriorates the precision of the approximation. However this is not the case for
heavy load system. Besides, it is very important to note that the comparisons are
made with simulation, run under 99% CI setting which gave rise to very small half-
length values around (0.005%-0.01%). For heavier load cases, simulation outputs
can be considered as exact results whereas under lighter load cases, especially for
higher order probabilities the computed half-lengths are not ignorable compared to
the very small estimated mean. Thus, even though the % relative errors for higher
order probabilities (P456, P1246) are computed very high (see Table 4.4), absolute
deviation from simulation results is quite small (the simulation error is also big for
such small-probability overflow events). Therefore, we can claim that this situation
is a natural consequence of working with very small numbers.

As mentioned before, for stations receiving both a Poisson stream and various
incoming streams already overflowed several times (such as station 6), the results
tend to degrade more compared to others. For example in station 6, there is a
Poisson arriving stream with a relatively high load compared to incoming overflow
streams carrying small loads (there is even one overflowed already three times, thus
carrying a load almost zero). Due to the fact that loads and variability of streams
fed to this station have a large range, the precision of the approximations degrades.
The system considered in light load case, gets effected from this situation more than
the heavy load system since the loss load tends to zero very quickly in light load
case. But still the absolute error remains tiny considering the percentage of rejec-
tions. (see Table 4.4).

On the other side, independent from the intensity of traffic, it is observed that
C&F method overestimates the first rejection probabilities of a Poisson arrival
stream (Piout), while underestimates the higher order overflow stream rejections
(Pmkjiout). This is possibly related with the fact that method combines all arrivals
and computes one blocking probability for the aggregated load. Since we are working
with very small numbers, this observation is presented better in Figure 4.11 where
% relative errors are given. In terms of accurate estimation, BinomIPP seems to
better differentiate the arriving streams, thus there is no tendency observed towards
either over or under estimation.
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Table 4.2: Comparison of Methods in Acyclic Network with Heavy Load

Figure 4.8: Comparison of resulting blocking probabilities obtained from different
methods under heavy load acyclic network
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Table 4.3: Comparison of Methods in Acyclic Network with Medium Load

Figure 4.9: Comparison of resulting blocking probabilities obtained from different
methods under medium load acyclic network
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Table 4.4: Comparison of Methods in Acyclic Network with Light Load

Figure 4.10: Comparison of resulting blocking probabilities obtained from different
methods under light load acyclic network
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Figure 4.11: Comparison of Percentage Errors of BinomIPP and C&F relative to Simulation results computed for Light, Medium
and Heavy load acyclic network respectively
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Feedback Overflow:

This instance addresses a smaller network composed of three stations with feed-
back (backward and forward) overflow where a customer can be rejected out of
network only if all stations are full. Test Data (arrival rates, number of servers
and routing structure) is presented in Table 4.5. In the test instance we consid-
ered a load of medium intensity. On this instance, we evaluate the performance of
proposed approximations: simple one-moment iterative approach (Model 1), aggre-
gation approach (Model 2), iterative BinomIPP (Model 3) and the existing approach
Chevalier&Fredericks (Model 4). The results of approximation methods are com-
pared with the exact results which are obtained from the three state Markov Chain
modeling of the considered instance. The performance indicators are blocking prob-
abilities computed for each arrival stream in each station.

Table 4.5: Test Data for Feedback Overflow Network
Arrival Rates Number of Servers Routing

Station 1 8 10 {1, 2, 3}

Station 2 4 5 {2, 1, 3}

Station 3 4 5 {3, 1, 2}

Exact results, the results obtained from each methodology and % relative errors
for each method obtained from the comparison with exact results are presented in
Table 4.6

Numerical results for this specific instance indicates that the aggregated ap-
proach (Model 2) computes much better estimates compared to the other method-
ologies. The proposed method performs quite well such that % relative errors are
close to zero for most of the blocking probabilities. The highest error is computed
as 3.3% for the blocking probability of station 3. Due to the presumed routing rule,
station 3 receives the last overflow loads which are very light and highly variable
compared to its own Poisson load. This might deteriorate the approximation.

As mentioned before, model 1 is a very crude approach working with the com-
bined load arriving in each station. It works on each station and one aggregated
incoming stream to each station. Therefore, it computes the 1st blocking probabili-
ties of each station whereas it is not possible to follow each arrival stream. Further-
more, as observed in Table 4.6, the model overestimates the blocking probability
for each station. This error mainly originates from Poisson arrival assumption. On
the other side, since the model does not consider each stream separately and higher
order overflows, correlation among streams do not affect the results much. As the
load gets heavier, the model starts to perform better such that the load of overflow
streams gets heavier and deviation from Poisson decreases. Again as the load gets
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lighter, the model starts to perform better such that the load of overflow streams
tends to zero and for lighter load and in a combined load analysis a very small
overflow load remains ignorable, thus Poisson originated error is smaller. Therefore,
the approximations for light load case are better.

On the other side, neither model 3 nor model 4 achieved good performance on a
feedback overflow routing case. This is mainly because both models perform weak in
terms of estimating the correlations among the stations (BinomIPP considers each
station independently). It is observed from this particular instance that both meth-
ods overestimate the 1st blocking probability and underestimate the higher order
blocking probabilities.

Table 4.6: Results obtained from each methodology for feedback overflow network
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4.6 Conclusion

In this chapter we focus on the problem of evaluating blocking probabilities in an
overflow loss network, thus performance of the network. We consider two different
overflow loss network structure: "Acyclic overflow loss network" where the cus-
tomers may overflow from lower-tiers to higher tiers following a forward routing rule
and "Feedback (cyclic) overflow loss network" where a customer may overflow to
any station such that both forward and backward overflows are allowed (a customer
leaves the system if all stations are full). For both systems, several approximation
methodologies are proposed and tested.

For "Acyclic overflow loss network", we proposed an approximation methodology
(BinomIPP) which is based on IPP defined overflow streams and binomial moment
matching. The accuracy of the proposed method is verified by the presented sim-
ulated data on three numerical instances where three different intensity of offered
traffic are considered. Furthermore, the method is compared against an existing
well-performing approximation method: Chevalier&Fredericks. The numerical re-
sults indicate that our new approximation BinomIPP offers better estimates than
C&F and quite close estimates to simulation for each test instance. We claim that
the success of the new approximation is due to its ability to discard Poisson error
with IPP characterization of overflow streams and consider correlation of streams by
estimating moments of each arrival stream separately regarding their dependency.
For "Feedback (cyclic) overflow loss network", we proposed three approximation
methodologies: simple one-moment approach, aggregated approach and an iterative
BinomIPP. Those methods are tested on a three-station loss network. Numerical
results demonstrated that the aggregated approach outperforms the other methods
for this specific instance considered. However, the method is based on a two state
Markov Chain computation in the aggregated state. As the problem size gets bigger
(for higher number of stations), a scalability problem arises, thus it is required to
develop a more sophisticated probabilistic selection rule. As a future work, we will
focus on this problem and develop an approximation methodology that handles the
scalability problem and yields good estimates in such complex networks.
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4.7 Résumé du chapitre

Dans ce chapitre, nous nous concentrons sur le problème de l’évaluation des proba-
bilités de blocage dans un réseau sans attente, ainsi ses performances. Nous consid-
érons deux structures de réseau différentes: un "réseau de perte acyclique", où les
clients peuvent être rejetés depuis un niveau inférieur vers un niveau supérieur en
suivant une règle de routage vers l’avant et "(cyclique) réseau avec perte cyclique
et feedback" où un client peut être rejeté vers n’importe quelle station de manière
à ce les flux de rejet sont autorisés dans les deux sens (un client quitte le système
si toutes les stations sont pleines). Pour les deux systèmes, certaines méthodes
d’approximation sont proposées et testées.

Pour les réseaux acycliques, nous avons proposé une méthode d’approximation
(BinomIPP) qui est basée sur les flux de débordement définis IPP et "binomial
instant" correspondants. La précision de la méthode proposée est vérifiée par les
données simulées présentées sur trois exemples numériques où trois différentes in-
tensités de trafic sont jugés. En outre, la méthode est comparée à une méthode
d’approximation performante existant: Chevalier & Fredericks 4.2. Les résultats
numériques indiquent que notre nouvelle mèthode BinomIPP de rapprochement
offre de meilleures estimations que C&F et les estimations assez proches de simu-
lation pour chaque instance de test. Nous avancons l’hypothèse suivante: la qual-
ité de la nouvelle approximation est due à sa capacité à éliminer l’erreur due à
l’approximation de Poisson en utilisant la caractérisation IPP des flux de rejet et
considère une corrélation de flux grâce à l’estimation des moments de chaque flux
d’arrivée séparément, selon leur dépendance.

Pour les réseaux cycliques, nous avons proposé trois méthodes d’approximation:
une approche simple, l’approche agrégée et une approche BinomIPP itérative. Les
méthodes sont testées sur un réseau de trois stations sans attente. Les résultats
numériques ont démontré que l’approche agrégée surpasse les autres méthodes de
cette instance spécifique considérée. Cependant, la méthode est basée sur un calcul
de la chaine de Markov à deux états dans l’état agrégé. Comme la taille du problème
devient de plus en plus importante (pour un plus grand nombre de stations), un
problème d’évolutivité se pose, il est donc nécessaire de développer une règle de
sélection probabiliste plus sophistiquée. En guise de perspective, nous allons nous
concentrer sur ce problème et élaborer une méthodologie d’approximation qui peut
résoudre le problème de l’évolutivité et des rendements de bonnes estimations dans
des réseaux complexes.
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5.1 Introduction

In the previous chapters a location and capacity planning model is constructed and
for our application field, perinatal network, the necessary amount of capacity is
defined in each hospital in order to ensure a target minimum rejection probability
valid and identical for all patients in the network. While doing that, regarding the
strategic level of work, no overflow was considered in the system such that a pa-
tient who is rejected once is rejected to outside of network, got lost. Strategic level
mainly ensures enough capacity to allow patients to be treated in their most pre-
ferred hospitals. However at the operational level in loss networks, it is commonly
observed that a patient rejected from a facility may overflow to another facility in
the same network. Therefore, a hospital may receive both its own patients and
overflow patients from other hospitals. In such systems where there exist different
types of arrivals, dynamic admission control strategies are commonly used in order
to increase flexibility in the allocation of resources among different arrival types
[Lerzan Örmeci 2001]. A dynamic admission policy may decide to admit/reject a
patient dependent on the current congestion level of the system upon arrival consid-
ering the type of the patient such that by rejecting a patient, system can provide an
idle server in anticipation of future arriving prioritized patients who would otherwise
be lost.

In this chapter we address an admission control problem in a multi-server loss
network of hospitals where each hospital is fed by a major (Poisson) arrival stream
of its own patients and non-Poisson arrival stream(s) of patients overflowed from
other hospitals. A controller (bed manager) who has complete knowledge of the
number of occupied beds at each hospital decides to accept or reject each arrival
stream. An amount of reward is gained when a patient is accepted to a hospital
depending on the source of the patient. In this study major (Poisson) arrivals are
prioritized over overflowed ones. Our objective is to find the optimal policy that
maximizes the total discounted rewards. In this work, for simplification purposes,
we conduct our study on one type of patient (pregnant women) and consider only
bed resources as servers in each unit. As also assumed in the rest of the thesis, each
patient is served by one server with an exponential service time, identical for each
class of patient and at each hospital.

Our research strategy evolves from simple networks to complicated ones. On sim-
ple networks, optimal solutions and proofs of optimality are provided while those
results and their implications are used to come up with some near-optimal solution
strategies in complicated networks.

In section 5.3, we start with a simple multi-server loss queue of one hospital which
receives different types of patients. Patients arrive with a Poisson distribution and
their service time is exponential. We studied the admission control problem among
different class of arrivals where the optimal policy is proved to be of threshold form.
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This problem is one of the first problems that is studied in Markov Decision Process
(MDP) literature, yet we present our methodology and our results in here because
it generates the basis for methodologies developed for more complicated systems.

In section 5.4, we consider a 2 hospital network where each hospital is fed by
their own patients (major Poisson arrival) and an overflow stream originated from
the other hospital whenever the hospital gets full. For 2 hospital case, we prove that
the optimal control policy is a threshold policy by showing the structural properties
of value function. We conduct various numerical studies to analyze the variations of
system parameters and their impacts on the output. Finally, we assess the impact
of employing an admission control policy, the possible improvements that could be
achieved are compared to other policies.

In section 5.5, we consider a hierarchical hospital network with many hospitals
(I>2) where all hospitals are overflowing to 2 target hospitals. The structural prop-
erties obtained for 2 hospital network in section 5.4 are valid for this case, however
additionally there exist overflows from other hospitals that are needed to be consid-
ered. We model this system as MDP by assuming that overflow arrivals are Poisson.
By using value iteration algorithm, optimal admission policy is computed. In order
to assess the performance of MDP optimal policy, we evaluate various scenarios by
using discrete-event-simulation. Simulation strengthened the decision making pro-
cess by incorporating the complexity which cannot be captured by MDP and allow
us to assess the impact of Markovian assumption in a complex healthcare setting.

In section 5.6, we consider a big-scale loss hospital network (I>2) where we let
all kinds of overflow between hospitals. For this case, we construct the global MDP
model, which is recognized as quite complex to solve to optimality due to curse
of dimensionality. Therefore, we propose a near-optimal local control policy and a
linear programming model for computing a tight upper-bound. We assess the per-
formance of local control policy on two numerical studies.
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5.2 Literature Review of Admission Control Policies

In dynamic control problems, Markov Decision Processes (MDP) has been the most
commonly used modeling tool which make it possible to characterize the structure
of optimal policy and/or numerically solve for its parameters. MDPs are strong
sequential decision making tools which can assess the performance of the existing
system and propose an improved system considering the prospective actions even-
tually reward of the system. There is a vast literature on using MDPs on network
structures where either the optimal or near-optimal control policies are pursued.
Many of the related studies are on telecommunication or production network field.
E. Altman [Altman 2002] gives a comprehensive literature review of the models
stand in that area. Here, we briefly discuss the studies on admission control in a
chronological order.

Early works are mostly focused on admission policies of different class of clients
on a single station. Miller [Miller 1969] considers a multi-server queuing system and
multi-class of arrivals with (µ1 = µ2) and r1 > r2. He uses admission control to
maximize the expected average reward, and prove the existence of a threshold type
policy. Lippmann and Ross [Lippman 1971] analyze the optimal admission rule for a
system with one server and no waiting room which receives offers from jobs according
to a joint service time and reward probability distribution (this model is usually re-
ferred to as the streetwalker’s dilemma). Harrison[Harrison 1975] considers a single
server queue and two classes of jobs with different Poisson arrival rates, exponential
service times and rewards. He analyzed the optimal scheduling rule to maximize
the expected service rewards over an infinite horizon and proved the existence of
rm rule; meaning the higher reward arrival will be scheduled first on the single server.

Starting from 80s, dynamic control received increased recognition in the control
of network of queues where there exists more than one station, involving large-scale
systems of interacting components. For smaller networks, researchers examine the
structure of optimal control rules by proving some properties of the value function,
while for larger networks they develop heuristic rules or near optimal policies.

Hajek [Hajek 1984] considers the control of a general two interacting queue sys-
tems that can be either arranged in parallel or in series. In his model, both queues
i receive their own Poisson arrivals at rates Ai whereas a third stream of Poisson
arrivals (A) can be routed to either queue. In such a system, Hajek studied the rout-
ing policies without admission control and used an inductive proof to establish the
existence of a monotonic switching curve. Ghoneim and Stidham [Ghoneim 1985]
studied two exponential servers in series, each with infinite capacity queue. Using an
induction based on value iteration, they established that the optimal value function
is concave in each argument and submodular. Hariharan et al. [Hariharan 1990]
extended the monotonicity properties derived by Davis [Davis 1977] and Hajek [Ha-
jek 1984] in order to control both admission and routing of customers to two queues
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in parallel with infinite capacity and identical server rates. Stidham and Weber
[Stidham Jr 1993] provided a comprehensive survey on optimal control of networks
of queues. Admission control in a network of facilities with more than 2 queues is
commonly approached as a routing problem rather than an admission one (see e.g.,
Delasay [Delasay 2012], Hordijk et al. [Hordijk 1992]). Few papers are encountered
on admission control in networks of more than two queues; however the efforts to
obtain some generalized structural results about the optimal admission policy in
such systems achieve little success as also mentioned by Stidham and Weber.

In this study, we particularly work on loss networks with multi-stations (in par-
allel) each with multi-servers, meaning no room for queues (waiting) other than the
total number of existing servers. In the vast literature of MDPs, control of admis-
sions to loss queues has been studied by few authors, while control of admissions to
loss-network of queues has been studied by fewer.

Carrizosa [Carrizosa 1998] considered a loss system (M/G/c/c) with different
class of arrivals. They presented an optimal static admission control policy where
there exists a preferred class which is determined by a variation of the cµ rule.

Ormeci [Lerzan Örmeci 2001] studied dynamic admission control of two class of
jobs (with different service rates) to a loss queueing system with c identical par-
allel servers. They proved the existence of a preferred class and showed that the
optimal admission policy is of threshold type. In Ormeci [Örmeci 2006], the au-
thors extended the results of Ormeci [Lerzan Örmeci 2001] by considering arrivals
occurring according to a general distribution. We establish the existence of optimal
acceptance thresholds for both job classes and show that under certain conditions
there exists a preferred class.

Ku Jordan is one of the first authors studied admission control problems in loss
networks of queues. In [Ku 1997], they considered a system with two multi-server
loss queues in series. Under appropriate conditions, the optimal admission policy
is shown to be a switching curve. In [Ku 2002], authors considered a system of
multi-server loss-network of queues in parallel and a target loss queue, where cus-
tomers arrive to target queue after service completion in the network of queues.
The target loss queue faces an admission control problem for each arriving stream.
The authors prove that the optimal policy is monotonically decreasing thresholds as
functions of the occupancy of each queue. In [Ku 2006], Ku and Jordan generalized
these results to multi-server loss queues in series with customer classes and proposed
a near-optimal heuristic policy which achieves a close performance to the optimal
policy.

Chang and Chen [Chang 2003] considered a two-stage no-wait tandem queueing
system, in which any customer who finds all servers busy at his destination stage
will be lost. They present a feasible admission control policy, called the new never
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block the old (NNBO) policy and they compare the loss rate under various admis-
sion control policies.

Sheu and Ziedins [Sheu 2010] considered admission and routing controls in a
system of N parallel tandem queues with the objective of minimizing loss. They
presented an asymptotically optimal policy as N goes to infinity.

Zhang [Zhang 2013] studied a two-station tandem queue loss model where cus-
tomers arrive to station 1 according to a Poisson process and after service completion
in station 1, they arrive to station 2. Admission decision needs to be given for arrival
in each station considering the congestion at both stations together. Authors pro-
vided the first analytical result on the long-run average reward optimal admission
control policy for tandem queues with loss.

Loss-networks has been studied in the literature mostly in terms of tandem
queues where a customer visit each queue in an order, and latter queues can be vis-
ited only after service-completion in preceding stations, if the customer is accepted.
On the other side, a customer rejected in any station is lost. To the best of our
knowledge, there is no existing study that considers a network of loss queues in
parallel (providing the same service) where any customer rejected overflow to other
queues and overflowed (external) customers continue to seek for admission in other
stations along with the internal customers of those stations.
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5.3 Admission Control Policy in a single Hospital with

different class of arrivals

5.3.1 Description of the system

We consider one-hospital loss system with N identical and parallel servers (hospital
beds) and multiple arrival streams m > 1. Each patient is served by one bed and
service rates of all patients are independent and exponentially distributed with µ. If
all N servers are occupied, incoming patients are lost. On the other side, admission
of a patient from class-m brings a reward rm to the system where r1 > ri > 0. The
system representation is pictured in Figure 5.1.

Figure 5.1: A representation of a single hospital with many arrivals

5.3.2 MDP Formulation

This system can be modeled as a continuous-time Markov chain, with states x de-
fined as the number of patients (occupied beds) at the considered hospital where the
state space is Ω = {0 6 x 6 N}. Control action space is defined by am(x) = 1(0)

indicates that the control action is to admit(1) or reject(0) a class-m patient arriv-
ing to a single hospital where m = {1, 2, ...,M}. Therefore, the admission control
policy becomes a decision to accept or reject the incoming arrivals, as a function of
the state x and the arrival type class-m.

Our objective is to maximize the total α-discounted reward (0 < α < 1) over an
infinite horizon, over all policies π:

Vπ(X) = lim
T→∞

Eπ

(
T∑

t

R (Xt, Xt+1)α
t|X0 = X

)

where R (Xt, Xt+1) is the reward obtained from a state change from t to t+ 1. Eπ

is the conditional expected reward when a certain policy π is employed given an
initial state of the system. A control policy π∗ is said to be the optimal policy if
Vπ∗(X) = maxπ Vπ(X).



108 Chapter 5. Admission Control Policies in Overflow Loss Networks

In this chapter, we use event-based dynamic programming which focuses on the
underlying properties of the value and reward functions, and allows us to study
many models at the same time. Eventbased dp is defined with event operators,
which can be seen as building blocks of the value function ([Koole 2000]). In this
study our event operators are associated with basic events in the system; arrivals
and departures of patients. Let us denote f(x) a value function and Tf(x) is the
event operator. Operators related to arrivals are TAmf(x), Operators related to
departures are TDf(x).

In this study we employed well-known uniformization ([Lippman 1975]) giving
us an equivalent discrete-time Markov chain by allowing fictitious transitions from
a state to itself. The uniformization rate is taken as γ =

∑
λm + Nµ. Then the

equivalent discrete-time system has parameters pAm = λm/γ , qD = (Nµ)/γ. cor-
responding to the probability of real or artificial type-m arrivals and departures.

The optimality equations of event-based dynamic programming can be written
as in the following:

V (x) = Tf(x) =
∑

m

pAmTAmf(x) + qDTDf(x) (5.1)

TAmf(x) =

{
max{rm + f(x+ 1), f(x)} if x < N

f(x) if x = N

TDf(x) =
x

N
f(x− 1) +

N − x

N
f(x), ∀x ∈ Ω

where Ω = {0 6 x 6 N} and r1 > r2 > ... > ri > 0.

In each state x, the optimal admission control policy decides to accept a patient
if the future expected discounted reward is maximized. With other words, a patient
can be accepted only if the immediate reward obtained from this patient is bigger
than the expected discounted loss caused by future blocking of a patient due to the
acceptance of this current patient. The above optimality equations are solved via
Value Iteration Algorithm (VI) which convergences to the optimal policy if there
exists one. In VI algorithm, we set an initial value to the value function for each
state; V0(x) = 0. Then, in every iteration by choosing the actions bringing the
max reward, Vh(x) is calculated for each state x using the value function optimality
equation 5.1 :

Vh(x) =
∑

m

pAm max{rm + V(h−1)(x+ 1), V(h−1)(x)}

+ qD

(
x

N
V(h−1)(x− 1) +

N − x

N
V(h−1)(x)

)
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This evaluation is done iteratively until the algorithm converges (Vh converges
to V *) which means optimum policy is reached.

Intuitively we can claim that when a hospital has low occupancy, it is expected
that it will accept all arriving patients in order to maximize the immediate reward.
However, when the occupancy increase, starting from some threshold level, it is
expected to reject arrivals bringing less reward in order to reserve some space for the
future arrivals with higher reward. Intuitively, the optimal policy can be interpreted
as a threshold policy consisting of several switching curves for each arrival stream
m above which the corresponding arrivals are rejected.

5.3.3 Structure properties of the Optimal Admission Control Pol-
icy

In this section, we analyze the form of the optimal admission control policy in a
series of theorems. Theorem 1 states that, under appropriate conditions, class-1

arrivals are always accepted and class-m (m > 1) arrivals need to be controlled.
Theorem 2 states that optimal admission policy is of threshold form composed of
M-1 switching curves. In a maximization problem in order to show that a threshold
policy is optimal, we need to show that value function Tf(x) is monotonically non-
increasing and concave. The following properties and lemmas detail the structure
of the value function under optimal policy, using value iteration. Proofs of lemmas
are given in Appendix E.1.

Properties

A. f is a reward function and its values are always positive. f(x) > 0, ∀x ∈ Ω

B. f is a monotonically non-increasing function.
f(x− 1) > f(x), ∀x|··x ∈ Ω, x− 1 ∈ Ω

C. class-1 patients are always preferred over higher class patients.
r1 + f(x+ 1) > ri + f(x+ 1), ∀x ∈ Ω|··x ∈ Ω, x+ 1 ∈ Ω, and r1 > ri, ∀i

D. class-1 patients are always accepted to a hospital as long as the hospital is not
full.
r1 + f(x+ 1) > f(x), ∀x ∈ Ω|··x+ 1 ∈ Ω

E. f is a concave function.
∆f(x) > ∆f(x+ 1), ∀x ∈ Ω|··1 6 x 6 N − 1

where ∆f(x) = f(x) − f(x − 1) denotes the difference between two consecutive
states. In event based dynamic programming, we need to show that the above prop-
erties defined for function f also hold for the operator T .
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Lemma 1: A and C hold for f(x), then both hold for TAmf(x) and TDf(x) from
definitions
Proof. Trivial from definitions. Q.E.D.

Lemma 2: If B and D hold for f(x), then D holds for TDf(x).
The lemma is proved by establishing the inequality
TDf(x+ 1)− TDf(x) > −r1, ∀x ∈ Ω|··0 6 x 6 N − 1

Lemma 3: If E and D hold for f(x), then D holds for TAi
f(x).

It is proved by showing TAi
f(x+ 1)− TAi

f(x) > −r1, ∀x ∈ Ω|··0 6 x 6 N − 1

Lemma 4: If B holds for f(x), then B holds for TDf(x).
It is proved by showing TDf(x+ 1)− TDf(x) 6 0 ∀x ∈ Ω|··0 6 x 6 N − 1

Lemma 5: If B holds for f(x), then B holds for TAi
f(x).

It is proved by showing TAi
f(x+ 1)− TAi

f(x) 6 0 ∀x ∈ Ω|··0 6 x 6 N − 1

Lemma 6: If E holds for f(x), then E holds for TDf(x).
It is proved by showing ∆TDf(x)−∆TDf(x+ 1) > 0 ∀x ∈ Ω|··0 6 x 6 N − 1

Lemma 7: If E holds for f(x), then E holds for TAi
.

It is proved by showing ∆TAi
f(x)−∆TAi

f(x+ 1) > 0, ∀x ∈ Ω|··0 6 x 6 N − 1

Theorem 1. It is optimal to admit type-1 patients to the considered hospital in
every state unless the hospital is full, i.e., a1 = 1 in all states x < N .

Proof is straightforward from Lemma 2 and Lemma 3. Property D holds both for
TAmf(x) and TDf(x), therefore it also holds for Tf(x).

Theorem 2. The optimal admission control policy for type-m patients (m>1 ) is
of (M-1) dimensional threshold form. The optimal policy can be characterized by
a switching curve for each class of patient, i.e., there exists a threshold Cm for a
class-m arrival, such that an arrival from this class is accepted if and only if x < Cm.
Further, Cm ≥ Cm+1.

Proof 2. Theorem is a direct consequence of Lemma 6 and 7. TAmf(x) and TDf(x)

are proved to be monotonically non-increasing and concave functions, therefore the
same properties also hold for Tf(x). Consequently, the optimal policy is of threshold
form. The monotonicity of Cm is a direct consequence of the alphabetic reward
ordering.
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5.4 Admission Control Policy for 2-Hospital

5.4.1 Description of the system

In this section we consider a 2-hospital overflow & loss network. Each hospital is
a loss queue with Ni identical and parallel servers (hospital beds). New patients
arrive at hospital 1 with a Poisson rate of λ1 and at hospital 2 with a Poisson rate
of λ2. Each patient is served by one bed and service rates of all patients are inde-
pendent and exponentially distributed with µ. If all N1(N2) servers of hospital 1(2)
are occupied, incoming patients to hospital 1(2) are deferred to hospital 2(1). Those
deferred patients no longer follow a Poisson distribution and are called overflowed
arrivals. Therefore, a hospital may have at most two arrival streams; new and over-
flowed which from here are called class-1 and class-2 arrivals, respectively. A bed
manager who has complete knowledge of the system decides when to accept/reject
class-1 and class-2 patients. The system representation is pictured in Figure 5.2.

Figure 5.2: Representation of a 2-hospital loss network

Admission of each patient to a hospital brings a reward to the system. In our
application field, perinatal network, patients are urgent and rejecting/deferring a
patient to another hospital might cause long travel distances which can deteriorate
health of both woman and baby. Therefore in this study, class-1 arrivals are pri-
oritized over class-2 arrivals by associating a bigger reward to the acceptance of a
class-1 arrival. (rii > rij)

5.4.2 MDP Formulation

This system can be modeled as a two-dimensional continuous-time Markov chain,
with states x = (x1, x2) defined as the number of patients (occupied beds) at hos-
pital 1 and 2, respectively where the state space is Ω = {(x1, x2) : 0 6 x1 6 N1, 0 6

x2 6 N2}.

Control action space is defined by a 2x2 dimensional mapping matrix with
awj(X) = 1(0) indicates that the control action is to admit(1) or reject(0) a class-w
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patient arriving to hospital i where w = {1, 2} and i = {1, 2}. Therefore, the ad-
mission control policy becomes a decision to accept or reject the incoming arrivals,
as a function of the state x = (x1, x2), the arrival type (class-w), and the hospital
at which the patient is arriving (H1/H2). In some regions of the state space, there
is no admission control such that decisions are already defined inherently:

• When both hospitals are not full (x1 < N1 and x2 < N2), all patients are
accepted to corresponding hospitals

• When both hospitals are full (x = N where x1 = N1 and x2 = N2), all patients
are rejected.

Therefore in our system, dynamic control of admissions is required when one
of the hospitals get full, specifically in the states (x1, N2) where 0 6 x1 < N1 and
(N1, x2) where 0 6 x2 < N2.

An equivalent discrete-time Markov chain allowing fictitious transitions is de-
fined with a uniformization rate taken as γ = λ1 + λ2 + (N1 + N2)µ. Then
the equivalent discrete-time system has corresponding parameters pA1

= λ1/γ ,
pA2

= λ2/γ, qD1
= (N1µ)/γ, qD2

= (N2µ)/γ corresponding to the probability of real
or artificial.type-1 arrival, type-2 arrival, type-1 departure or type-2 departure.

Our objective is to maximize the total α-discounted reward (0 < α < 1) over an
infinite horizon, over all policies π where Vπ∗(X) = maxπ Vπ(X). The optimality
equations of event-based dynamic programming can be written as in the following.

V (x) = Tf(x) = pA1
TA1

f(x) + pA2
TA2

f(x) + qD1
TD1

f(x) + qD2
TD2

f(x)

TAi
f(x) =





max{rii + f(x+ ei), r2 + f(x+ ej), f(x)} if xi < Ni

max{rij + f(x+ ej), f(x)} if xi = Ni, xj < Nj , ∀x ∈ Ω

f(x) if X = N

TDi
f(x) =

xi
Ni

f(x− ei) +
Ni − xi

Ni
f(x), ∀x ∈ Ω

where

ei denotes the ith unity vector Ω = {(x1, x2) : xi ∈ {0, 1, ..., Ni}} and N = N1 +N2

rii : reward of accepting patient i to hospital i
rij : reward of accepting patient i to hospital j where i, j ∈ {1, 2} and rii > rij
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Remark 1: For facilitating proofs, we consider without loss of generality pA1
+

pA2
+ q = 1 where q = (N1 +N2)µ/γ. The departure operator TDi

f(x) are consoli-
dated into TDf(x) :

TDf(x) =
N − x1 − x2

N
f(x) +

x1
N

f(x− e1) +
x2
N

f(x− e2), ∀x ∈ Ω

where TDf(x) =
N1

N TD1
f(x) + N2

N TD2
f(x).

The optimality equation is modified accordingly:

V (x) = Tf(x) = pA1
TA1

f(x) + pA2
TA2

f(x) + qDTDf(x)

Optimal policy can be obtained from solutions of the optimality equation. In
each state X, the optimal admission policy decides to accept a patient if the future
expected discounted reward is maximized. With other words, a patient can be ac-
cepted only if the immediate reward obtained from this patient is bigger than the
expected discounted loss caused by future blocking of a patient due to the accep-
tance of this current patient. The optimality equation is solved via a value iteration
(VI) algorithm which has a fast convergence to the optimal policy. As also men-
tioned in Section 5.3, the convergence of VI algorithm states that there exists an
optimal solution to the admission problem and the form of the optimal policy can
be proved through analyzing the structural properties of the given value function.

When a hospital has low occupancy, it is expected that it accepts all arriving
patients in order to maximize the immediate reward. However, when the occu-
pancy increases, starting from a certain threshold level, it is expected that class-2
arrivals would be rejected in order to provide idle servers (create more possibility
of admission) for class-1 arrivals who will bring more reward in the close future. So
the optimal policy can be intuitively defined as a switching curve for each hospital;
2-dimensional threshold policy.

5.4.3 Structure properties of the Optimal Admission Control Pol-
icy

In this section, we present a sequence of properties and lemmas in order to show the
structural properties of the optimality equation Tf(X), and consequently leading
us to a theorem which characterizes the form of the optimal admission control. We
would like to show that optimality equation Tf(X) is a monotonically decreasing
(non-increasing) and a concave function to be able to conclude that the optimal
policy for our problem is of threshold form.Proofs of all properties are given in Ap-
pendix E.2.

Properties

A. f is a reward function and its values are always positive.
f(x) > 0, ∀x ∈ Ω
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B. f is a monotonically non-increasing function.
f(x− ei) > f(x), ∀x|··x ∈ Ω, x− ei ∈ Ω

C. class-1 patients are always preferred over class-2 patients.
rii + f(x+ ei) > rij + f(x+ ej), ∀x ∈ Ω|··x+ ei ∈ Ω, x+ ej ∈ Ω, ei 6= ej

D. class-1 patients are always accepted to a hospital as long as the hospital is not
full.
rii + f(x+ ei) > f(x), ∀x ∈ Ω|··x+ ei ∈ Ω

E. f is a concave function.
∆if(x) > ∆if(x+ ei), ∀x ∈ Ω|··0 6 xi 6 Ni − 1

where ∆if(x) = f(x) − f(x − ei) denotes the difference between two consecutive
states.

In event based dynamic programming, we need to show that the above proper-
ties defined for function f also hold for the operator T .

Lemma 1: If (A) holds for f(x), then (A) holds for TAi
f(x) and TDi

f(x).
Proof is trivial from definitions.

Lemma 2: If B and D hold for f(x), then D holds for TDi
f(x).

The lemma is proved by establishing two inequalities

TDi
f(x+ ei)− TDi

f(x) > −rii, ∀x ∈ Ω|··0 6 xi 6 Ni − 1

TDj
f(x+ ei)− TDj

f(x) > −rii, ∀x ∈ Ω|··0 6 xi 6 Ni − 1

Lemma 3: If C and D hold for f(x), then D holds for TAi
f(x).

The lemma is proved by establishing the following inequality

TAi
f(x+ ej)− TAi

f(x) > −rij , ∀x ∈ Ω|··0 6 xj 6 Nj − 1

Lemma 4: If C holds for f(x), then C holds for TDf(x).
The lemma is proved by establishing the following inequality

rii + TDf(x+ ei) > rij + TDf(x+ ej), ∀x ∈ Ω|··0 6 xi 6 Ni − 1, 0 6 xj 6 Nj − 1

Lemma 5: If C and D hold for f(x), then C holds for TAi
f(x) .

The lemma is proved by establishing the following inequalities

rii + TAi
f(x+ ei) > rij + TAi

f(x+ ej), ∀x ∈ Ω|··0 6 xi 6 Ni − 1, 0 6 xj 6 Nj − 1

rii + TAj
f(x+ ei) > rij + TAj

f(x+ ej), ∀x ∈ Ω|··0 6 xi 6 Ni − 1, 0 6 xj 6 Nj − 1

Lemma 6: If B holds for f(x), then B holds for TDf(x).
The lemma is proved by establishing the following inequality

TDf(x+ ei)− TDf(x) 6 0, ∀x ∈ Ω|··0 6 xi 6 Ni − 1



5.4. Admission Control Policy for 2-Hospital 115

Lemma 7: If B, C and D hold for f(x), then B holds for TAi
f(x).

The lemma is proved by establishing the two inequalities

TAi
f(x+ ei)− TAi

f(x) 6 0, ∀x ∈ Ω|··0 6 xi 6 Ni − 1 (5.2)

TAj
f(x+ ei)− TAj

f(x) 6 0, ∀x ∈ Ω|··0 6 xi 6 Ni − 1 (5.3)

Lemma 8: If E hold for f(x), then E holds for TDf(x).
Proof by induction
Lemma 9: If B, C, D, E hold for f(x), then E holds for TAi

.
The lemma is proved by establishing the two inequalities

∆iTAi
f(x)−∆iTAi

f(x+ ei) > 0, ∀x ∈ Ω|··1 6 xi 6 Ni − 1

∆iTAj
f(x)−∆iTAj

f(x+ ei) > 0, ∀x ∈ Ω|··1 6 xi 6 Ni − 1

Theorem 1. It is optimal to admit class-1 patients to each hospital in every state
unless the considered hospital is full, i.e., a11 = 1∀x1 < N1 and a12 = 1∀x2 < N2.

Proof. Proof is straightforward from Lemma 2 and Lemma 3. Property (D) holds
for both operators TAi

f(x) and TDf(x), therefore it also holds for Tf(x).

Theorem 2. The optimal policy is characterized by a switching curve for each sta-
tion, i.e., for an overflow arrival to station 2, there exists a threshold C2 in station
2, such that a class 2 arrival in state (N1, x2) is accepted if and only if x2 < C2.
Likewise, there exists a threshold C1 in station 1 such that a class 2 arrival in state
(x1, N2) is accepted if and only if x1 < C1.

Proof. Theorem is a direct consequence of Lemma 6, 7, 8 and 9. TAi
f(x) and TDf(x)

are proved to be monotonically non-increasing and concave functions, therefore the
same properties also hold for Tf(x). Consequently, the optimal policy is of threshold
form.

5.4.4 Sensitivity Analysis of System Parameters

In the previous section, we characterized the optimal admission policy in a two
station multi-server overflow loss system. We found that for fixed parameters
(λ1, λ2, N1, N2, α, µ, r1, r2), the optimal policy is threshold type in both stations
H1 and H2 given by C1 and C2 respectively when the other hospital is full. In this
section, we investigate the variation of these thresholds with variations in the system
parameters.

On a symmetric system where both station has the same number of servers
(N1 = N2), we measure the change in resulting control points C1 and C2 as the
intensity of arrivals change. We feed the two identical stations N1 = N2 = 30 (both
with service time µ = 1) with light, medium, heavy arrival rates; both symmetric
and asymmetric arrival rates are considered. The other parameters kept unchanged
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(α = 0.99, r1 = 2, r2 = 1).

Example 1 demonstrates the change in C1 as the arrival rate λ1 differs on a
symmetric setting where the arrival rate λ2 is kept fixed. Given a fix medium in-
tensity arrival rate to station 2 (λ2 = 30), Fig 5.3 presents the computed control
points C1 when H2 is full, and C2 when H1 is full as the arrival rate λ1 changes from
light to heavy rates. As intuitive, for light arrival rates, station 1 does not need to
employ any control action since there is enough place to serve all class of customers
in H1. Meanwhile, H2 reserves small number of servers to favor its own customers
since its class-1 arrival rate (λ2 = 30) has medium intensity relative to its capacity
N2 = 30. As λ1 increase, H1 starts to reserve some servers for its own raising cus-
tomers, it starts to reject more class 2 customers, thus C1 decreases. Finally when
λ1 gets very high, H1 starts to reject all class 2 arrivals, thus C1 = 0. On the other
side, as λ1 increase, H2 also starts to reserve more, thus C2 decreases monotoni-
cally. However, since arrival rate of its own customers λ2 is fixed, the increase in λ1

has an indirect effect on H2 therefore, H2 do not need to reserve as much as H1 does.

Figure 5.3: Variations in C1 and C2

In Example 2 demonstrates the change in (C1 = C2) under various arrival rate
scenarios for both symmetric (N1 = N2) and asymmetric system (N1 6= N2). Test
data used in this study is presented in Table 5.1.
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Table 5.1: Test Data For Example 2
(λ1, λ2)

light medium heavy mix

load load load load

N1 = N2 = 30 λ1 = λ2 (10,10) (25, 25) (50, 50) -
λ1 6= λ2 (15,5) (30, 20) (60, 40) (50,10)

N1 6= N2 λ1 = λ2 (10,10) (25, 25) (50, 50) -
N1 = 40, N2 = 20 λ1 6= λ2 (15,5) (30, 20) (60, 40) (60,10) and

(10,60)

For (N1 = N2), the control points computed C1 and C2 are presented in the
Figure 5.4 from where for different arrival rates, the change in C1 and C2 can be
observed. For symmetric arrival rates, both control points are equal (C1 = C2). For
light load, C1 and C2 is close to N1 and N2 whereas as arrival rates increase C1 and
C2 decreases and tends to zero (observable on the straight line in Figure 5.4). For
asymmetric arrival rates, the station receives more arrivals compared to the other
station, sets a lower control point; thus rejects more class-2 customers in order to
reserve more space for its own arrivals.

Figure 5.4: Variations in Control Points (C1, C2) with respect to various intensity
arrival rates to symmetric system N1 = N2

For (N1 6= N2), the control points C1 and C2 computed under arrival rates sce-
narios defined in Table 5.1 are presented in the Figure 5.5. Under symmetric arrival
rate scenarios due to asymmetric servers (N1 > N2), station 1 receives lighter load
compared to station 2 which receives a heavier load. As a result, station 2 rejects
more than station 1, thus C2 is computed lower than C1. Therefore the control
points (C1, C2) are mostly located in the lower triangle of the graph. Under heavy
load case, as expected, both stations compute smaller threshold points. Under the
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Figure 5.5: Variations in Control Points (C1, C2) with respect to various intensity
arrival rates to a asymmetric system N1 6= N2

considered scenarios, while C1 does not drop lower than N1

2 , C2 tends to zero. For
light load case, class-2 arrivals are all accepted in both stations, thus (C1 = N1),
(C2 = N2).

Example 3 demonstrates the change in control points (C1, C2) as unit rewards
(R1, R2) are altered. In test scenarios, R2 is fixed to 1 and reward scenarios are
generated by altering R1 values in the range (1 to 6). Two type of arrival rates are
considered: symmetric (λ1 = λ2 = 35) and asymmetric (λ1 = 45, λ2 = 25). The
other system parameters are defined as (N1 = N2 = 30) and α = 0.999 and kept un-
changed. The optimal threshold points that are computed for each reward scenario
(R1, R2) are presented in Table 5.2. The corresponding admission probabilities and
total reward obtained from each reward scenario is presented in Tables 5.3 and 5.4
respectively for symmetric and asymmetric arrivals.

Table 5.2: Variations in control points with respect to different unit rewards
Test Control Points Control Points for

Scenarios for N1=N2=30, λ1=λ2=35 N1=N2=30, λ1=45, λ2=25
R1 R2 C1 C2 C1 C2

1 1 30 30 30 30
2 1 22 22 16 26
3 1 15 15 2 24
5 1 3 3 0 21
6 1 0 0 0 20

From Table 5.2, it is observed that as R1 increases, the control points (C1, C2)
decrease. This result is intuitive due to the fact that class-1 admissions bring more
reward to the system compared to class-2 admissions and as R1 gets bigger this gap
increases. Therefore, it is expected that each station would reserve more capacity



5.4. Admission Control Policy for 2-Hospital 119

for their own arrivals; thus class-1 admissions increase whereas class-2 admissions
decrease (Tables 5.3 and 5.4). It is important to note that, R1 being assigned much
higher values than R2 would quickly end up with rejection of huge percent of class-2

arrivals. In real life, it is hard to justify the over prioritization of a certain group
against some others, especially in a healthcare setting. Therefore, in the rest of the
study we choose to work with the setting R1 = 2, R2 = 1.

Table 5.3: Total reward obtained under different unit rewards in a symmetric arrival
setting

Admission (R1,R2)

Probabilities (1,1) (2,1) (3,1) (5,1) (6,1)

Class-1 p11in 0.638 0.778 0.780 0.780 0.780
Admission Pr. p22in 0.638 0.778 0.780 0.780 0.780

Class-2 p12in 0.170 0.004 0 0 0
Admission Pr. p21in 0.170 0.004 0 0 0

Total Reward 56.58 109.23 163.83 273.05 327.66

Table 5.4: Total reward obtained under different unit rewards in an asymmetric
arrival setting

Admission (R1,R2)

Probabilities (1,1) (2,1) (3,1) (5,1) (6,1)

Class-1 p11in 0.571 0.633 0.633 0.633 0.633
Admission Pr. p22in 0.687 0.898 0.923 0.939 0.942

Class-2 p12in 0.238 0.088 0.057 0.026 0.019
Admission Pr. p21in 0.122 0 0 0 0

Total Reward 56.59 105.81 157.18 260.92 312.97

5.4.5 Performance Evaluation of Optimal Admission Control Pol-
icy

In the previous section we analyzed the system parameters and their variations in-
dividually; explored their effects on the computed optimal control points and their
relations with respect to each other. In this section, we aim to discuss the perfor-
mance of an optimal admission control policy compared to employing no control
policy (accepting all class-2 arrivals) and employing full control policy (rejecting all
class-2 arrivals). Our objective is to measure the total reward difference that we
could obtain by controlling the admission of class-2 customers under light, medium
and heavy load setting.

The total rewards obtained under no control policy, full control policy and opti-
mal control policy for light, medium and heavy arrival rates are presented in Table
5.5 Under light arrival rates, both stations are able to serve almost all of their class-1

patients, thus the number of overflow arrivals (class-2 customers) for both stations
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tends to zero. It can be interpreted that for light load case, since class-2 customers
almost do not exist, there is no observed profit of employing an admission control
policy. Under heavy arrivals, the capacity of stations remains insufficient regarding
heavy load; thus most of class-1 customers ends up with being rejected in both sta-
tions. An optimal admission control would suggest to reserve big portion of capacity
in order to serve more class-1 patients to increase total reward which would result
very close to full control policy (reject all class-2 customers).

Under medium intensity arrivals where the utilization of servers are not ex-
tremely high or extremely low, the optimal control policy performs better compared
to the other policies. In comparison with no control and full control policy, optimal
policy computes 3% and 1% higher total rewards, respectively. For this specific in-
stance where we consider a network with 2 stations, the % relative rewards are not
very distinct. However, as the number of stations interact with each other increase,
it is expected from an optimal policy to yield better results. Regarding this issue,
the reader is referred to the last Section 5.6 of this chapter where a hierarchical net-
work of hospitals is considered on which we study the near-optimal control policies
and its performance evaluation.
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Table 5.5: Comparison of Admission Policies under different arrival intensities
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5.5 A Case Study: Admission Control Policy a Hierar-

chical Overflow Network

5.5.1 Introduction

This section considers admission control policies in a pure-loss hierarchical perinatal
network where there are 2 parallel multi-server (target) hospitals fed by new arriv-
ing patients and overflowed patients from a set of parallel multi-server hospitals. In
this perinatal network setting, we consider the problem of finding an optimal admis-
sion policy that recommends how many beds to reserve in two target hospitals for
each arriving stream in order to maximize total revenue in the system. At first, we
assumed a Markovian system and model the system as a Markov Decision Process
(MDP). By using value iteration algorithm, optimal admission policy is computed.
Afterwards, we evaluate various policy scenarios (including MDP optimal policy)
with a simulation model which strengthens the decision making process by incorpo-
rating the complexity which can not be captured by MDP and we assess the impact
of Markovian assumption in a complex healthcare setting.

This work is studied on Perinatal Network Haute-de-Seine. In the next section,
the contribution aimed with this work is described along with a literature review.
In Section 5.5.3, the considered perinatal network is characterized along with nec-
essary assumptions and case study parameters. In Section 5.5.4, an MDP model
is constructed. Admission control value function is given, and the optimal policy
is found computationally by using the value iteration algorithm. In Section 5.5.5,
by using simulation model, several scenarios are generated around the base scenario
and evaluated. And finally, conclusion is given.

5.5.2 Literature Review

Healthcare networks are special structures where complexity is quite high due to
the fact that "people serve people" meaning people are both the customer and
the supply [Roberts 2011]. In such a complex organization, simulation has found
widespread application in healthcare literature and is also used as a convenient
tool in many studies on healthcare network.[Charfeddine 2010] introduced a global
framework for integrated agent-oriented modeling through the Chronic Obstructive
Pulmonary Disease (COPD) population and healthcare delivery network in Quebec.
[Brailsford 2007] proposed a classification of discrete-event simulation and systems
dynamics in healthcare, based on the level of detail on which the model focuses.
[Miller 2009] utilized simulation to determine the impact of various patient surge
levels on three regional Emergency Departments. Their simulation model pointed
out that handling surge depends largely on the percentage of available inpatient
beds that a hospital staffs and model also identified the occupancy levels when a
hospital should increase in-patient beds.
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On the other side MDP models are strong descriptive models that are able to
evaluate and predict the performance of existing and proposed systems, and thus
are able to improve the design of a system, however requires quite a number of
assumptions. There is a vast literature on using Markov decision processes (MDPs)
to analyze control policies in a network structure. Many of the related studies are
on communication network field. In literature, control of admissions to network
of queues has been widely studied however we have encountered few communica-
tion papers that have considered the admission control of arrivals to loss queues.
[Ku 2002] studied admission control in a multiserver loss queue, where the tar-
get queue faces a choice of how many servers to reserve for each arriving stream.
They seek the control policy on only one target hospital. [Delasay 2012] focused
on optimal routing in a Markovian finite-source, multi-server queueing system with
heterogeneous servers, each with a separate queue. They formulate the problem of
routing as a Markov Decision Process, they demonstrated that the Shortest Queue
policy is optimal when the servers are homogenenous. In our problem, there are
two target hospitals (with new patients and overflow patients arriving from other
hospitals) overflow to each other when one of them gets full. In such a system, we
seek the optimal admission control policies in both hospitals that suggest how many
beds to reserve in which hospital.

The problem of finding an optimal admission policy in such a pure loss healthcare
network setting is quite interesting, and to our knowledge it has not been studied in
the MDP literature. However, MDP models require quite a number of assumptions,
therefore it may not be realistic to use MDP results directly on a healthcare problem
due to its high complexity. Supporting and improving the decision making process
with a simulation model which can better capture the complexity of the healthcare
system is the objective of this study.

5.5.3 Perinatal Network Application

This case study is realized in perinatal network of Hauts-de-Seine in Ile-de-France
where there are 6 maternity facilities; 2 big-sized (H1, H2) and 4 small-sized
(H3, H4, H5, H6). In perinatal network each maternity facility is composed of at
most three types of service units s ∈ {1, 2, 3}; obstetrics units (s = 1) that provide
labor services to pregnant women, basic neonatal units (s = 2) that provide basic
care and neonatal intensive care units NICUs (s = 3) that provide special care for
newborn babies. Inherently, these units interact with each other as women in labor
who need obstetrics unit may subsequently require neonatal or NICU services (this
relation is utilized for computing arrival rates of neonatal services). Maternity facil-
ities differ according to the type of service unit included and patient overflow may
occur only between the same type of service units.

The perinatal network considered in this study is represented in Figure 5.6 Small-
sized hospitals serve only to their own (new) arrivals (class-1 ). Rejected patients
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overflow to one of the target hospitals (H1 and H2) where they are either accepted
or rejected out of network. On the other side target hospitals serve both their own
(new) arrivals (class-1 ) and overflowed arrivals (class-2 ) from small-sized hospitals.
Furthermore, patients of H1, H2 overflow to each other whenever one of them is full.
The overflow stream of H1 (H2) is either accepted in hospital H2 (H1) or rejected
out from network. An optimal admission control policy is required and explored for
each service unit of H1 and H2.

Figure 5.6: Perinatal Network Representation.

5.5.3.1 Parameter Setting of Case Study

This case study is partially supported by Agence Régionale de Santé (ARS), the
regional health authority, provided us certain information and data. Unfortunately,
data required for a simulation study is tremendous due to the large-scale of the
work, therefore we construct the primary simulation model with adequate detail
level. Poisson arrivals are often observed in systems without appointments but with
arrivals controlled by nature such as birth delivery. Therefore, class-1 patients are
assumed to arrive a service unit s in hospital i with a distribution of Poisson(λsi).
For all obstetrics(OB) units in each hospital, ARS provides us yearly arrival data
of each pregnant woman, their domicile and preferred hospital information. By as-
suming no seasonality within the year, we were able to compute daily offered load
of each hospital in the network. ARS also provided the ratio of neonates requiring
basic and intensive care, from where the arrival rate of neonates requiring basic
and intensive care are computed. Furthermore, in heavily stochastic systems, the
coefficient of variation (CV) of length of stay (LOS), which is defined as the ratio
of the standard deviation to the mean, is typically close to one, satisfying the usage
of negative exponential distribution as a service time assumption.
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Servers are staffed-beds which is the combination of physical equipment (bed)
with an appropriate coverage of nurses and physicians. Each service unit s in each
hospital i has multiple identical beds as servers (Nsi) and each patient requires one
bed with an i.i.d exponential service time (µsi) (same for both classes of patients).
Arrival rates and existing bed capacity of each service unit in each maternity facility
is given in Table 5.6 from where the information about the type of hospitals can be
extracted.

Table 5.6: Arrival rates(λsi) and Existing Capacity(Nsi)
OB NEO NICU

Arrivals Capacity Arrivals Capacity Arrivals Capacity
(λ1i) (N1i) (λ2i) (N2i) (λ3i) (N3i)

H1 55 60 24 30 11 8
H2 48 50 12 20 7 5
H3 32 30 15 13 - -
H4 30 28 12 10 - -
H5 35 30 - - - -
H6 27 25 - - - -

5.5.4 Markov Decision Process (MDP) Model

In this section we formulate a general MDP model for admission control of patients
in any of the service networks. In order to model the overflow system as an MDP
process, we assume a Markovian system.

5.5.4.1 Modeling Overflows

Each small-sized hospital can be modeled as an M/M/N/N queue with Poisson
arrivals, exponential service time distribution, N identical beds and no waiting
room. Then, rejection probability is given by the following Erlang loss function:

Bsi =
(λ/µ)N/N !

∑N
k=0

(λ/µ)k/k!
. Under this assumption, overflow rate from service unit s of

a small hospital i is given as ϑsi = Bsiλsi, ∀s = {1, 2}, i = {3, 4, 5, 6} and they
are assumed to be Poisson. Therefore, total overflow rate from small hospitals for
service s is ϑs =

∑6
i=3 ϑsi and is also Poisson.

Remark 1: It is commonly known that overflow arrivals do not follow a Poisson
distribution. This is a big but a necessary assumption in order to be able to use MDP
since Poisson arrivals is an essential requirement in the application of MDP meth-
ods. This approximation signifies the importance of Simulation model to assess and
compare the performance of MDP policy with other policies, consequently evaluate
the impact of Markovian assumption on resulting output. Markovian approximation
and its impact on admission probabilities and total reward is investigated with SIM.
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Remark 2: As mentioned before, no patient overflow is assumed to occur among
different service units. This fact let us to consider the three service networks inde-
pendently(OBs, Neonatals, NICUs). Therefore, a general MDP model is formulated
in the following section which can be used to describe the flow in each service net-
work s.

5.5.4.2 MDP Formulation

Admission of patients to target hospitals (H1, H2) is highly dependent on the num-
ber of occupied beds in both hospitals. Therefore, this system can be modeled as a
two dimensional continuous time Markov Chain model with state X = (x1, x2) ∈ Ω

defined as the number of occupied beds (number of patients) in H1 and H2 respec-
tively where Ω = {x1, x2 : 0 6 x1 6 N1 and 0 6 x2 6 N2} is the state space.

A control action space is defined by a 2x2 dimensional mapping matrix A(X) =

[aki(X)] with aki(X) = 1(0) indicates the control action is to admit (reject) patient
class k = {1, 2} at hospital i = {1, 2} when the system is in state X. There is a
reward of Rk associated with accepting a class-k patient where R1 > R2 so that,
admission of a new patient is rewarded more than the overflow patient. Any class-k

patient rejected from network brings no reward to the system. Some insights:

• aki(X) = 0, ∀k, ∀i at state X = (x1 = N1, x2 = N2): When both hospitals
are full, all arrivals are rejected.

• a1i(X) = 1, ∀i at states xi < Ni : Class-1 patients are always admitted when
the corresponding hospital is not full.

Our objective is to find an optimal control policy π∗ that maximizes the ex-
pected total discounted reward over an infinite horizon. Uniformization results in
an equivalent discrete time Markov chain by allowing fictitious transitions from a
state to itself. Using uniformization, we express the DP optimality equation below.
Therefore, Optimal Value Function for a service network s can be written as:

TV (X) = α
2∑

1=1

(
αi

γ
TAi

V (X) +
ϑ

γ
TOAi

V (X) +
Niµi

γ
TDi

V (X)

)

where γ =
∑2

i=1(λi+Niµi)+ϑ is uniformization rate, α is discount factor 0 < α < 1.

The Arrival operator TAi
models admission control of class-1 patients to hospital

i, j = {1, 2}, where i 6= j,

TAi
V (X) =





r1 + V (X + ei) for xi < Ni

max{r2 + V (X + ej), V (X)} for xi = Ni and xj < Nj

V (X) for X = N
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The Arrival operator TOAi
models admission control of overflow patients from small

hospitals to hospital i, j

TOAi
V (X) =





max{r2 + V (X + ei), r2 + V (X + ej), V (X)} for xi < Ni

max{r2 + V (X + ej), V (X)} for xi = Ni , xj < Nj

V (X) for X = N

The Departure operator TDi
models departures from hospital i = {1, 2}

TDi
V (X) =

xi
Ni

V (X − ei) +
Ni − xi

Ni
V (X) for all X

• ei is the ith unity vector

• ri is the unif. reward parameter where ri = Ri/(β + γ)

An optimal control policy should be chosen in each state to maximize the future
expected discounted revenue as given by the optimality equation.

5.5.4.3 Computation of an optimal policy with MDP

An optimal policy can be obtained by solving the DP value function analytically
however explicit solution of such a function is not trivial. We utilize an efficient
computational algorithm, Structured Value Iteration(VI), to reach the optimal pol-
icy for our case study.

When both of the hospitals are not full, it is intuitive and also proved in sim-
ilar studies in literature that optimal action for class-2 patients is admission to
the hospital which has the minimum number of beds occupied (shortest queue)
proportional to their class-1 patient arrival rates. Therefore, in our case study in
the states X = (x1 < N1, x2 < N2) overflow patients will be accepted to hospital
i (a2i(X) = 1 a2j(X) = 0) if Ni−xi

λi
<

Nj−xj

λj
∀i, j = {1, 2}.

Therefore, optimal admission policy for certain states X = (x1 < N1, x2 < N2)

is already determined. In MDP model, we are interested in finding optimal actions
for the states xi = Ni and xj < Nj (one hospital is full while other is not). With
other words, we seek optimal threshold points at H1 and H2 above which overflowed
arrivals will be rejected.
In the computational study, rewards for different class of patients are defined as
R1 = 10, R2 = 5 and the discount factor(α) is taken very close to 1. The proposed
VI algorithm is given below:

The stationary policy defined in the value iteration algorithm converges to a 2D
threshold based policy which proposes control points x∗1 and x∗2 such that:
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Algorithm 3 Value Iteration Algorithm

Require: πH1: the optimal policy for H1 when H2 is full
πH2 : the optimal policy for H2 when H1 is full

Input: λ,N (given in Table 5.6), µ = 1, R1 = 10, R2 = 5, α = 0.97

1. Initialize:

st ∀X ∈ Ω : 0 6 V0(X) 6 V (X)

t := 0

∀X,πH1
0 (X) = 1, πH2

0 (X) = 1, V0(X) = 0

2. t := t+ 1

for all X ∈ Ω do

Vt(X)

= maxa∈A(X)

{∑2
i=1 α

(
λi

γ TAi
Vt−1(X) + ϑ

γTOAi
Vt−1(X) + Niµi

γ TDi
V t− 1(X)

)}

πH1
t (x1, N2)

= argmaxa∈A(x1,N2){∑2
i=1 α

(
λi

γ TAi
Vt−1(x1, N2) +

ϑ
γTOAi

Vt−1(x1, N2) +
Niµi

γ TDi
V t− 1(x1, N2)

)}

πH2
t (N1, x2)

= argmaxa∈A(N1,x2){∑2
i=1 α

(
λi

γ TAi
Vt−1(N1, x2) +

ϑ
γTOAi

Vt−1(N1, x2) +
Niµi

γ TDi
V t− 1(N1, x2)

)}

3. Compute:
difmin = minl∈Ω {Vt(l)− Vt−1(l)}

difmax = maxl∈Ω {Vt(l)− Vt−1(l)}

if difmax − difmin 6 ε× difmin then

Policy πH1
t (x1, N2) and πH2

t (N1, x2) are optimal for H1 and H2 respectively
Stop

else

Go to step 2.

• accept class-2 patients to H1 while (x1, N2) < (x∗1, N2) and reject while
(x1, N2) > (x∗1, N2)

• accept class-2 patients to H2 while (N1, x2) < (N1, x∗2) and reject while
(N1, x2) > (N1, x∗2)

The value iteration algorithm is solved independently for three service networks
and the optimal policies are found as:

Optimal Policy for Obstetrics (s=1): x∗1 = 58 and x∗2 = 48

Optimal Policy for Neonatals (s=2): x∗1 = 29 and x∗2 = 19

Optimal Policy for NICUs (s=3): x∗1 = 7 and x∗2 = 4

5.5.5 Discrete Event Simulation

In this section we build our simulation model which serves as a practical platform to
generate and evaluate various policy scenarios and strengthens the decision making
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process by incorporating the complexity in the model which can not be captured by
MDP. With the results of those scenarios, Sim model will be able to measure the
impact of crucial Markovian assumption posed in MDP model (Poisson distributed
overflow streams), the impact of different control policies on admission probabilities
and corresponding expected total rewards.

The Sim model is constructed in a commercial software Rockwell Arena 2011.
Results are tested in a computer 2.67 GHz and 6 Go. As simulation output, the
relevant performance indicators are taken as the admission probabilities of each
arriving stream to target hospitals. From admission probabilities, the total reward is
calculated by using the unit rewards per patient R1 and R2. Admission probabilities
are defined in Table 5.7.

Table 5.7: Simulation Output
psi Probability of class-1 patients admitted in service unit s in hospital

i = {1, 2}

psji Probability of class-2 patients rejected from service unit s of hospital
j = {1, 2, 3, 4, 5, 6} and admitted in service unit s of hospital i = {1, 2}

Total Reward for each service network s :

Total Reward = R1 ·

(
2∑

i=1

λsip
s
i

)
+R2 ·




6∑

j=1

λsj

(
2∑

i=1

psji

)


where psji = 0 for i = j

In order to simulate the actual system accurately, some important simulation
parameters are to be determined such as number of replications, replication length
and warm up period. In order to ensure a 95 % confidence interval for perfor-
mance indicators, 20 replications are launched. The minimal amount of replica-

tions n is calculated using the following formula X̄(n) ± tn−1,1−α/2

√
S2(n)

n where
S2(n) is the estimated standard deviation and X̄(n) is the estimated average for
the X1, X2, . . . , Xn values of an indicator for n replications. The value tn−1,1−α/2 is
the critical point of the distribution t with n − 1 degrees of liberty and a covering
equal to 1−α

2 where 1− α = 0.95.

In order to determine run length and warm up period, we have observed the
bed occupancies in the system. Since our model is a pure loss system, there is
no queue, therefore entities in the system do not grow exponentially in time and
simulation model can reach its steady state condition quickly. For each control
policy scenario, SIM model is run with 20 replications, with a run length of 10000
days and with a warm-up period of 100 days. We were able to verify the simulation
model by counting on different methods. Firstly, we monitored the flow of entities
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and confirmed the conformed behavior of the model to the reality. Secondly, we were
able to use Markov Chain modeling for a specific scenario in order to verify the SIM
model. The system under no control policy (all arrivals are accepted unless hospitals
are full) has fewer variables to deal with, therefore we were able to model this system
as a Markov Chain. For that specific case, the exact results of Markov model were
very close to the results obtained from SIM model, set with the parameters above.

5.5.5.1 Computational Results

In this section, we present the SIM model results and comparison with the MDP
optimal policies obtained for obstetric (s = 1) and basic neonatal (s = 2) services.
NICUs are not considered in the simulation runs. In the network only the target
hospitals (H1 and H2) contain NICU units; no external overflow streams (from
small hospitals) occurs, so that no assumption of poisson is needed to be consid-
ered. Therefore, policy proposed by MDP model is optimal.

The optimal policies obtained from MDP model for obstetrics and neonatal ser-
vices are used as base scenarios for SIM model. MDP model gives an optimal
policy of x∗1 = 58 and x∗2 = 48 (base scenario-OB) and x∗1 = 29 and x∗2 = 19 (base
scenario-Neo) respectively for Obstetrics and Neonatal Units in H1 and H2. Several
control policy scenarios are generated around these base scenarios to be tested in
SIM model. Scenarios are determined by modifying the control parameters x∗1 and
x∗2 of base scenario-OB and base scenario-Neo.

Resulting admission probabilities of each scenario and their 95% confidence in-
tervals are given in Table 5.8 and Table 5.9 respectively for Obstetric and Neonatal
units. (All of the policies tested could not be presented here due to page restric-
tions). As x∗1 and x∗2 get smaller, it is expected that admission probabilities of
class-1 patients psi increase while admission probabilities of class-2 patients psji de-
crease since more beds are reserved for class-1 patients.

Figure 5.7 presents Total Rewards calculated for each control scenario simulated
for Obstetrics service network. The maximum total reward is 870 and it is achieved
at the control points x∗1 = 55 and x∗2 = 43. SIM optimal policy provides 7% increase
in the total reward compared to no control policy case. The optimal control points
proposed by SIM model is different than the ones obtained from MDP model as
expected due to Markovian assumption. However, it is important to note that %
difference between total rewards obtained from both policies is not significant such
that total best reward of SIM is 1.5% higher than the one of MDP. Futhermore,
it can be clearly observed from Figure 5.7 that reserving two beds in each hospi-
tal (as proposed by MDP) brings the biggest rise in total reward. Reserving more
beds until reaching the SIM optimal points helps to increase total reward to its max
level but with a declined slope. Additionally, reserving more beds after reaching the
optimal points proposed by SIM does not have any significant effect on total reward.
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Table 5.8: Admission Probabilities computed for various scenarios for Obstetrics
Units

Table 5.9: Admission Probabilities computed for various scenarios for Neonatal
Units

Figure 5.8 presents Total Rewards calculated for each control scenario simulated
for basic neonatal service network. The maximum total reward is 372.5 and it
is achieved at the control points x∗1 = 25 and x∗2 = 18, on the other hand total
rewards obtained from the control scenarios lie in the blue region in Figure 5.8 are
quite close to the attained maximum reward, therefore those policies can all be
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Figure 5.7: Total Rewards obtained for each scenario in Obstetric Units

considered as alternative optimum policies. Again as expected, the optimal control
policies proposed by SIM model are different than the MDP optimal control policy
due to the Markovian assumption. However, % difference between total rewards is
not significant such that the max total reward obtained from SIM is 0.3% higher
than the total reward of MDP optimal policy which is computed as 371.28.

Figure 5.8: Total Rewards obtained for each scenario in Neonatal Units

In general it can be concluded for neonatal units that reserving beds (posing
an admission control policy) do not make a big impact on admission probabilities
(given in Table 5.9), consequently we do not observe a significant % improvement
in total rewards. If we compare the total rewards obtained from the optimal policy
of SIM and no control policy, we can state that % difference does not exceed 1.5%.
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5.5.6 Conclusion

In this section, we considered the problem of finding an optimal admission control
policy for two target hospitals in a pure-loss perinatal network. In order to model
the system analytically, a Markovian assumption was necessary to make. Under this
assumption, the system is modeled as an MDP process and an MDP optimal policy
is computed. Afterwards, simulation model is used to strengthen the decision mak-
ing process by incorporating the complexity in the model which can not be captured
by MDP and measure the impact of Markovian assumptions on total reward. For
that aim, MDP optimal policy is considered as a base scenario and various control
scenarios are generated around the base scenarios and evaluated with the simulation
model. It has been observed that Simulation model proposes to reserve more beds
in both of the hospitals in its optimal scenarios compared to MDP optimal policies.
Final total reward obtained from SIM optimal policies is higher than the total re-
ward obtained from MDP optimal policies. However, the percentage differences are
not always significant changing with the considered instance.

In this study, overflowed patients are assumed to arrive to two target hospitals
and admission control policies are investigated only for those hospitals. Even though
this assumption is realistic for our case study held in a specific perinatal network, in
general in pure-loss networks such as "network of emergency units" overflow arrivals
are not restricted with two target hospitals. For a future work, we believe it is
scientifically interesting to consider a pure-loss healthcare network where overflows
are less restricted as in reality and deal with the problem of finding optimal admission
control policies for all hospitals in the network.
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5.6 Admission Control Policy for I -Hospital Loss Net-

work

5.6.1 System Description

In this section, we extend the 2-hospital loss system to multi-hospital (I>2) loss
network. Consider a healthcare service network where there is a set I = 1, 2, ..., I of
i, j, k, t... ∈ I hospitals offering service to patients in the region.

Figure 5.9: Representation of a I -Hospital Overflow Network

Assumption 1: In the network, patients have the flexibility to choose at which
“facility” to be served according to their preference issues such as proximity, trust-
worthiness, etc. “The facility” which is chosen by a set of patients in the first place
is called “preferred hospital” for that set of patients. And those patients create the
major arrival stream of that hospital. In this work, it is assumed that patient set
i arrive to their most preferred hospital i with an independent Poisson process of
rate λi.

Assumption 2: The service time of a patient in a hospital is a random variable
of exponential distribution and it is same for all patients. No classification among
patients has been considered in terms of service time.
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Remark 1: For our application field, perinatal network, Markovian assumptions
are valid. Poisson arrivals are often observed in systems without appointments but
with arrivals controlled by nature such as birth delivery (Green, 2004). Further-
more, in heavily stochastic systems, the coefficient of variation (CV) of length of
stay (LOS), which is defined as the ratio of the standard deviation to the mean, is
typically close to one, satisfying the usage of negative exponential distribution as a
service time assumption.

Assumption 3: Each hospital i has Ni number of identical servers (beds). Each
server serves one patient at a time.

Assumption 4: Healthcare network considered in this study is an overflow loss
network as presented in Figure 5.9. If all Ni servers of a hospital i is occupied,
incoming patients to hospital i are deferred to other hospitals in the network in
accord with their preferences (will be explained later) or out of network.

Assumption 5: Each patient i has a preference list of facilities Prefi = {i, j, k, ...t}

which is given in a descending order of preference. According to Prefi = {i, j, k, ..., t},
a patient i arriving at hospitals i, j, k, ..., t are called class-1, class-2, class-3,..., class-

I arrival, respectively. As inherent, the first entry in the list is the most preferred
hospital for patient i which is hospital i.

Assumption 6: Acceptance of each patient brings a reward to the system. The
highest reward is associated with the admission of patients to their most preferred
hospitals (class-1 arrivals). As the number of overflow increases (class-w arrivals

w>1 ), the reward obtained from its admission decreases respectively. No reward is
associated with the patients who are rejected to out of network.

Remark 2: In our application field, perinatal networks, deferring a patient to
another hospital may cause long travel distances which consequently might cause
fatal occurrences. Therefore, admission rate of each patient to their 1st preferred
hospital is an important and prioritized performance measure for perinatal networks.

Assumption 7: Any incoming patient arriving to any hospital can be accepted
or rejected at that hospital. The admission decision is given by a controller (bed
manager) in order to maximize the total discounted reward over an infinite horizon.

Assumption 8: If a patient i is not accepted to any of the hospitals listed in
Prefi, the overflowed patient is rejected to out of network with other words the
patient is lost.
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5.6.2 MDP Formulation

In this section, a Markov Decision Process (MDP) formulation is presented for I > 2

loss network. The system can be modeled as a continuous time Markov Chain model
with state x = (x1, x2, ..., xI) defined as the number of occupied beds (number of
patients) in each hospital where Ω = {(x1, x2, ..., xI) : 0 6 xi 6 Ni ∀i ∈ I =

{1, 2, ..., I}} is the state space. Control action space is defined by a IxI dimensional
mapping matrix with aji(X) = 1(0) indicates that the control action is to admit(1)
or reject(0) the patient j ∈ I to hospital i ∈ I where aii denotes the control of class-1

arrivals.

In some regions of the state space, there is no admission control such that decisions
are already defined inherently:

• If none of the hospitals are full (xi < Ni ∀i ∈ I), all patients are accepted to
their most preferred hospitals (aii = 1∀i ∈ I).

• If all hospitals are full (x = N where xi = Ni ∀i ∈ I), all patients are rejected
(aji = 0∀i, j ∈ I).

In the formulations we make use of the following notation and conventions:

• Prefi = {i, j, k, ..., t} denotes the list of hospitals in a descending order of
preference for patient i to visit

• rij : reward associated with acceptance of a patient i to hospital j ∈ Prefi =

{i, j, k, ..., t} where rii > rij > rik > ... > rit > 0

• ei is the ith unity vector.

• Uniformization rate is taken as γ =
∑I

i=1(λi +Niµi) and parameters used in
uniformized model are pi = λi/γ, qi = (Niµ)/γ

Our objective is to find an optimal admission control policy π∗ that maximizes
the expected total α-discounted reward over an infinite horizon. Optimality Equa-
tion of the event-based dynamic programming can be written as:

Tf(x) = α

I∑

i=1

(piTAi
f(x) + qiTDi

f(x))

Arrival operator TAi
models admission control of a patient i.

TAi
f(x) = max{rij+f(x+ej), f(x)} ∀j : j ∈ Prefi = {i, j, k, ..., t}∧0 6 xj < Nj

The Departure operator TDi
models departures of a patient from hospital i ∈ I

TDi
f(x) =

xi
Ni

f(x− ei) +
Ni − xi

Ni
f(x) ∀x ∈ Ω
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Due to the involvement of numerous hospital states (x = (x1, x2, ..., xI)) in each
admission decision, proving the structure of the optimal policy is a challenging task.
Furthermore, the optimal control pattern of the optimal policy is expected to highly
depend on the structure of the overflow routing between hospitals (preference lists).
On the other side, large-scale of the loss network makes the problem quite complex
such that even finding a numerical solution via value iteration algorithm gets com-
putationally demanding very fast as the number of hospitals increases.

Therefore, in the next section we propose a near-optimal heuristic policy to
approximate the optimal policy in large-scale overflow loss networks. The proposed
heuristic is based on a local threshold admission control policy. In order to assess
the performance of the proposed heuristic policy, in subsection 5.6.4 we construct
several LP models that provide upper-bounds to the problem.

5.6.3 Local Admission Control Policy

Local admission policy is built upon the idea of considering each hospital and its all
possible arrival streams locally. Our objective is to obtain optimal control points
for each hospital which indicate how many beds to reserve for each arriving stream
(with other words when to admit/deny each arriving stream). Therefore, an admis-
sion control policy will be determined for each arriving stream in each hospital.

At first, we give the following notation that will be used repeatedly in this section
to explain the proposed policy:

• Prefj = {j, ..i, ..}: List of hospitals in descending order of preference of patient
j. From this list, we can extract the ranking (preference degree) of hospital i
for a patient j.

• wji : the ranking (preference degree) of hospital i for a patient j where wii = 1

and wji > 1

• Pwji
: Overflow probability from hospital j to hospital i.

• rji : reward associated with acceptance of a patient j to hospital i ∈ Prefj .
Reward gets smaller as the ranking of hospital i increases in Prefj , ∀j ∈ I.

rii > rji > rki > ... > rsi > given that wii = 1 < wji 6 wki 6 ... 6 wsi = I

Given assumption 5 in the previous section, each hospital i ∈ I may have various
types of arrival streams:

• A hospital i is always fed by class-1 arrivals (λi)

• A patient j ∈ I− i may overflow to hospital i only if i ∈ Prefj
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• A patient j ∈ I − i may overflow to hospital i ∈ Prefj only if patient j

is rejected from all other hospitals with smaller rankings (higher preference
degrees) than hospital i such that wjs < wji, ∀s ∈ Prefj − i.

Therefore, a hospital i may have a Class-wji arrival overflowed from a hospital
j ∈ I where i ∈ Prefj . Incoming overflow rates λj ∗ Pwji

depends on the ranking
(wji) of hospital i in Prefj and gets smaller as wji increases. The calculation of
overflow rates is given in the next section.

All possible incoming arrival streams to hospital i with arrival rates (λj ∗ Pwji
)

and associated rewards (rji) are presented in Figure 5.10.

Figure 5.10: A representation of the possible incoming streams to a hospital i

With the assumption of Poisson arrivals for overflow streams, each hospital
can be approximated as a 1-hospital multi-arrival stream system addressed early
in this section 5.3. For each considered hospital i ∈ I, state space is determined as
xi : {0 6 xi 6 Ni} number of beds occupied in the hospital. Let,

ARsi= set of patients (of hospital) s ∈ I where hospital i ∈ Prefs

The event-based dynamic-programming optimality equation is given below. By
solving this equation to optimality, we can obtain the local control points for each
arriving stream of hospital i ∈ I:

Tf(xi) = α


 ∑

j∈ARsi

λj ∗ Pwji

γi
TAi

f(xi) +
Niµi

γi
TDi

f(xi)




where γi =
∑

j∈ARsi
λj ∗ Pwji

+Niµi is uniformization rate for each hospital i and
α is discount factor where 0 < α < 1.

The Arrival operator TAi
models admission control of any patient to hospital i
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TAi
f(xi) = min

{
max{rji + f(xi + 1), f(xi)} for xi < Ni

f(xi) for xi = Ni

The Departure operator TDi
models departures from hospital i

TDi
f(xi) =

xi
Ni

f(xi − 1) +
Ni − xi

Ni
f(xi) for all xi

An optimal control policy should be chosen in each state xi to maximize the
future expected discounted revenue as given by the optimality equation. We use the
well-known computational algorithm “Value Iteration” to obtain the optimal policy
in each hospital i.

Calculation of Overflow Rates

Overflowed patients create non-Poisson arrival streams at hospital i. However,
we assume a Markovian system in order to be able to use MDPs. The overflow rates
are calculated based on Erlang Loss Blocking Probability B (λ/µ,N). In this study,
service times are identical for all patients and normalized µ = 1. Thus, from here,
Erlang loss blocking probability is represented as B(λ,N).

Step 1. Calculation of Initial overflow rates
In the 1st step, we assign initial/tentative values to overflow probabilities (Pwji

).
For determining these tentative values we assumed that a patient gets rejected and
overflows only if the visited hospital is full (no consideration of threshold points)
and hospitals are assumed to be independent of each other without overflow among
hospitals. Therefore, a patient j overflows to (visits) hospital i only if her first
preferred hospital (hospital j) and all other hospitals that patient j needs to visit
before arriving to hospital i are full. By assuming independency among hospitals,
we used Erlang loss probability to calculate the blocking of a patient j in a hospital.

Since in the proposed local control policy we focus on one hospital at a time,
below (Table 5.10) we present the computation of overflow probabilities (of all class
of streams) to hospital i. A patient j is used as reference arrival. At every line we
assume that patient j needs to visit one more hospital before arriving to hospital i.
Therefore, all possible arrival classes to hospital i are considered.

If patient j is the class-1 arrival, she visits hospital i as the first hospital (most
preferred hospital), thus no overflow probability incurs. As a class-2 arrival, patient
j arrives to hospital i after she is rejected from its most preferred hospital j, which
is computed by using B(λj , Nj). Similarly, as a class-3 arrival, patient j can arrive
to hospital i, after she is rejected from her most preferred hospital (j) and second
preferred hospital (k).
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Table 5.10: Calculation of Initial Overflow Rates
Possible Class of Ar-

rivals to hospital i

Overflow Rates from hospital j to hospital i

λj ∗ Pwji

Class-1 arrivals (wji = 1) λj

Class-2 arrivals (wji = 2) λj ∗B (λj , Nj)

Class-3 arrivals (wji = 3) λj ∗B (λj , Nj) ∗B (λk, Nk) where wjk = 2

Class-4 arrivals (wji = 4) λj ∗B (λj , Nj) ∗B (λk, Nk) ∗B (λt, Nt)

where wjk = 2, wjt = 3
...

...

Class-I arrivals (wji = I) λj ∗
∏

∀k∈Prefj−i ∗B (λk, Nk)

where wjk = {2, 3, · · · , I − 1}

Step 2. Solving Structured Value Iteration Algorithm

Each hospital i ∈ I− i is focused independently. A VI algorithm (which is devel-
oped in section 5.3 for a single hospital with m-arrivals) is solved for each hospital
i with its several class of arrivals. For each class of arrival, the arrival traffic is
calculated by using the initial overflow rates presented in step 1. Solutions of VI
algorithms give us the local switching (control) points for each stream arriving at
each hospital i.

Step 3. Modification of overflow rates

Using merely “being full probability of a hospital” to calculate overflow rates
may result in underestimated rates. An overflowed patient arriving to a hospital k
is not rejected only when the hospital k is full, but also when hospital k is occupied
more than a certain threshold (different for each class of patient). Thus, in step 3,
we incorporate the pre-defined control points in computation of overflow rates. We
iteratively use the previously computed control points for each hospital in network
to update the overflow rates as presented in Table 5.11

We continue to assume that hospitals are independent of each other. Similar to
step 1, a patient j is used as a reference arrival to hospital i. If patient j is a class-1

arrival, she visits hospital i as the first hospital (most preferred hospital), thus no
overflow probability incurs. As a class-2 arrival, patient j arrive to hospital i after
she is rejected from its most preferred hospital j. No control policy is employed
to patient j in hospital j since she is a class-1 arrival; she gets rejected only if
hospital j is full. Control policies get involve to the computations starting from
class-3 arrivals. As a class-3 arrival, patient j overflows to hospital i, if hospital
j is full and hospital k (the second preferred hospital) is occupied more than a
certain threshold. Patient j arrives to hospital k as a class-2 arrival, thus patient
j is rejected from hospital k only if xk > C2

k . We approximate the probability of
(xk > C2

k) as a conditional probability of “hospital k being occupied more than C2
k

given that hospital j is full”. In the computation of this conditional probability, we
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assumed that there are two class of arriving streams to hospital k; its own class-

1 patients (λk) and class-2 arrivals (patients of hospital j (λj). Therefore, the
computation of blocking probability that hospital k employs for any class of arrival
wjk from hospital j can be defined as:

P
(
C

wjk

k 6 xk 6 Nk|xj = Nj

)
=

∑Nk

C
wjk
k

(λk + λj)
n/n!

∑Nk

n=0(λk + λj)n/n!

where C
wjk

k = control point in hospital k for class-wjk arrivals.

Remark : Blocking experienced by patient j in hospital k is computed by isolat-
ing two hospitals from the rest and assuming that the arrival load of hospital k is
λk+λj . In this approximation, we do not consider the other possible arrival streams
neither to hospital j nor to hospital k from other hospitals (being full possibility of
other hospitals).

Table 5.11: Calculation of Updated Overflow Rates
Type of Arrivals to

hospital i

Overflow Rates from hospital j to hospital i:

λj ∗ Pwji

Class-1 arrivals (wji = 1) λj

Class-2 arrivals (wji = 2) λj ∗B (λj , Nj)

Class-3 arrivals (wji = 3) λj ∗B (λj , Nj) ∗ P
(
C

wjk

k 6 xk 6 Nk|xj = Nj

)

where wjk = 2

Class-4 arrivals (wji = 4) λj ∗B (λj , Nj) ∗ P
(
C

wjk

k 6 xk 6 Nk|xj = Nj

)
∗

P
(
C

wjt

t 6 xt 6 Nt|xj = Nj

)

where wjk = 2, wjt = 3
...

...

Class-I arrivals (wji = I) λj ∗
∏

∀k∈Prefj−i ∗P
(
C

wjk

k 6 xk 6 Nk|xj = Nj

)

where wjk = {2, 3, · · · , I − 1}

Step 4. Iteration
A fix point iteration process is used to improve overflow rates and accordingly

the switching points in an iterative way. In each iteration, the overflow rates are
modified with control points obtained from the previous iteration, the value iter-
ation algorithm in step 2 is solved with modified overflow rates and new control
points are obtained. Finally, with the convergence of the algorithm, we obtain the
control points for each arriving stream of each hospital i in the network suggesting
the bed manager how many beds to reserve for each arriving stream.
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Algorithm 4 Local Admission Policy
1. Initialization:

t := 0

for all i ∈ I do
1.1 Calculate initial P(wji) for all j ∈ I where i ∈ Prefj

1.2 Solve VI algorithm to obtain initial control points [Cclass−w
i ]0 where w =

1, 2, ..., I

2. t := t+ 1

for all i ∈ I do

2.1 Update P(wji) for all j ∈ I where i ∈ Prefj using [Cclass−w
i ](t−1)

2.2 Solve VI algorithm to obtain [Cclass−w
i ]t where w = 1, 2, ..., I

3. Compute:
if [Cclass−w

i ]t − [Cclass−w
i ](t−1) 6 ε then

Stop

else

Go to step 2.

The proposed local control policy is required to be tested computationally and
its performance should be compared against the global optimal policy. For small-
scale network (I < 4), it is possible to solve the global admission control policy to
optimality. However, a big-scale hospital network where each hospital has multiple
servers (more than 30 beds in perinatal network) and different class of arrival streams
becomes a complex problem and easily exceeds the limits of the programs used.
Therefore, in the next section we propose several upper bound formulations in order
to be able to assess the optimality gap of the local admission control policy in
big-scale networks.
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5.6.4 Upper-Bounds of the Optimal Rewards

Several LP models are developed to provide upper-bounds to the problem of ad-
mission control in large-scale loss networks. The best LP model which computes
the tightest upper-bound is presented below and is used to assess the performance
of the proposed heuristic policy. For the sake of the construction of the idea, we
present other developed LP models, including the ones which do not provide good
bounds in Appendix F.

All models presented in Appendix F are tested on some instances and we observe
that in order to obtain a tighter upper bound, we need to better bound the maximum
class-1 load that can be accepted in a hospital i. Below we introduce the best UB
formulation with updated constraints 5.5 and 5.6.

Notation:

G set of the hospitals where i ∈ G = {0, 1, ..., I}

ai arrival load of hospital i, where ai = λi/µ = λi since µ = 1

and a(G) =
∑

i ai
Ni number of beds in hospital i
P (G) global overflow probability if all hospital beds are grouped

in a single hospital where P (G) = B(a1 + ...aI , N1 + ...NI)

Pi isolated overflow probability if each hospital only accepts
its own patients, Pi = B(ai, Ni)

Ai Sum of arrival rates of hospital i and hospitals j ∈ I who may
overflow to hospital i where i ∈ Prefj Ai =

∑
j∈I if i∈Prefj

aj

Ci Possible switching points in hospital i which can take values
between (0, Ni)

rij reward of a patient of hospital i admitted in hospital j

Decision Variable:

xij load of patients of hospital i admitted in hospital j .

Our objective is to maximize the total reward obtained from the accepted load
to each hospital:

UB = max
∑

i∈G

∑

j∈G

rijxij

subject to
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∑

j

xij 6 ai (5.4)

∑

j

xji 6 (1−B(Ai, Ni))Ai (5.5)

xii 6 ai


1−BB


ai, Ai, C


∑

j

xij


 , Ni




 (5.6)

∑

i,j

xij 6 (1− P (G)) a(G) (5.7)

xij > 0 (5.8)

Constraint 5.4 ensures that the total accepted load of patients i to all hospital
cannot bigger than its major load. Constraint 5.5 limits the maximum load can
be accepted at a hospital i. Unlike previous formulation where all system arrivals
(a(G)) are considered, in constraint 5.5 we consider simply sum of the arrivals of
hospitals who may visit hospital i since hospital i is in their preferred hospital list.
Thus, we feed the Ni servers of hospital i with the maximum possible arrival rate
that hospital can receive (Ai), and calculate the admission probability of Ai. The
resulting right-hand-side admission rate gives us the maximum total-accepted-

load to hospital i (including all class of arrivals). From here, aLi denotes the
total-accepted-load to hospital i such that aLi =

∑
j xji.

Constraint 5.6 puts an upper bound to class-1 accepted load at each hospital
assuming that each hospital receives two arrival streams (class-1 and class-2 ) and
the hospital imposes a control policy for the class-2 arrivals. In constraint 5.6, we
find an upper bound for the admission of class-1 patients to hospital i by imposing
control points. Here, we define a pure loss system for each hospital i (ai, Ai, Ci, Ni)
of a single group of Ni servers serving two arrival streams ai and (Ai − ai) with
switching (control) point Ci ∈ {0, 1, ..., Ni}. The arrivals of the stream (Ai − ai) is
the overflow stream and lost for all states Xi > Ci. The arrivals of stream ai (class-1
arrivals) is assumed to be lost at state Xi = Ni. It is a birth-death process with
birth rate equal to Ai or ai depending on state Xi and death rate is equal to Xi.
BB(ai, Ai, Ci, Ni) is the loss probability of stream ai, i.e. stationary probability of
being in state Xi = Ni; πN .

A value is selected for Ci by the model such that the total-accepted-load of hos-
pital i with admission control (ai, Ai, Ci, Ni) will be exactly equal to aLi which is
the total-accepted-load defined in constraint 5.5. Furthermore, we claim that the
control policy Ci chosen by the optimization model actually minimizes the block-
ing rate of ai, therefore maximizes the accepted load of ai to hospital i(xii) among
all policies achieving exactly the same total-accepted-load (aLi). This argument is
proved at the end of this section.



5.6. Admission Control Policy for I -Hospital Loss Network 145

As in some previous models, constraint 5.7 ensures an upper bound on the total-
accepted-load in the network by considering that all hospital beds are grouped in a
single hospital (N(G)) receiving the total arrival rate in the network (a(G)).

The non-linear constraints of UB can be linearized with additional binary vari-
ables defining the select value of C.

yic: auxiliary binary variable for choosing the appropriate control point c = C

A mix-integer linear programming model (UB’) is formulated as follows:

UB′ =
∑

i∈G

∑

j∈G

rijxij

s.t.
∑

j

xij 6 ai (5.9)

∑

i

xji 6 (1−B(Ai, Ni))Ai (5.10)

xii 6

Ni∑

c=0

ai (1−BB(ai, Ai, c,Ni)) yic (5.11)

∑

j

xji 6

Ni∑

c=0

BL(ai, Ai, c+ 1, Ni)yic (5.12)

Ni∑

c=0

yic = 1 (5.13)

∑

i,j

xij 6 (1− P (G)) a(G) (5.14)

xij > 0, yic ∈ 0, 1 (5.15)

where, BL(ai, Ai, c,Ni) is the accepted-load in hospital i with a threshold c and by
convention, BL(ai, Ai, Ni + 1, Ni) = BL(ai, Ai, Ni, Ni)

yic = 1 if the accepted-load BL(ai, Ai, c,Ni) 6
∑

j xji < BL(ai, Ai, c+ 1, Ni).

Compared to the previous upper bound formulations, UB performs much better
in providing a tight upper bound. However, in the construction of UB we rely on
some facts that need to be proved in order to verify that UB provides an upper
bound. The facts and proofs of properties are presented in the following.

Fact : There exists a control policy C minimizes the rejection rate of class-1

arrivals (ai) among all other control policies achieving the same total accepted load
of aL(C).
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Let,
aL1(C) = accepted load of stream a1 with control point C

aL2(C) = accepted load of stream a2 with control point C

aL(C) = aL1(C) + aL2(C)

Property 1: Consider a single loss queue with multiple servers fed by two different
class of arrival streams. Admission of a class-2 patient leads to a reward 1, whereas
admission of a class-1 patient leads to a reward r>1. The optimal admission control
of such a system is a threshold policy C(r) for controlling class-2 arrivals.
Proof 1: Proof of existence of a threshold optimal policy for a single loss queue
with m-class of arrivals is presented in section 5.3. Proof is given in Appendix E.1.

Property 2: As a result of Property 1, C(r) is the control point that maximizes
the total reward, i.e. TR∗ = r.aL1(C(r)) + aL2(C(r)).

Property 3:

(a) As r changes from 1 to infinity, optimal control point changes continuously from
N to 0. For all r 6 r′, C(r) > C(r′)

(b) For r = 1, no control policy exists such that C(1) = N

(c) For some big enough r, optimal control point tends to zero; C(r) = 0

Proof. Easy consequences of Property 2.

Property 4: aL1(C) decreases in C and aL2(C) increases in C. aL1(r) increases
in r and aL2(r) decreases in r.

Property 5: C(r)-policy maximizes aL1 or equivalently minimizes rejection rate
of stream a1 among all policy π such that aL2π > aL2(C(r)) where aLπ = aL(C(r)).

Proof by contradiction. Assume that aL1π > aL1(C(r)). Let TRπ(r) and TR(C(r))

be the total reward of policy π and the optimal reward, respectively.
TRπ(r) = r.aL1π + aL2π > r.aL1(C(r)) + aL2(C(r)) = TR(C(r))

which contradicts the optimality of C(r)-policy and concludes the proof. Q.E.D.
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5.6.5 Numerical Results

In this section, we analyzed the performance of the proposed local optimal policy
on different numerical examples where we consider different size networks and dif-
ferent overflow scenarios. For big size networks, where a global optimal policy is not
computable, the model UB is used to obtain a good upper bound to the problem
which gives an idea about the optimality gap of the local optimal policy.

In our examples, we avoid to use extremely heavy and light arrival loads regard-
ing the results of the previous numerical examples for 2-hospital case in section 5.4.
As explained in detail, for light and heavy loads, the optimal control policy tends to
resemble no control policy or full control policy, respectively. Furthermore, medium
load represents better the realistic system compared to light and heavy load in a
perinatal network.

We generate three instances: 3-hospital overflow network, 6-hospital overflow
network with two different overflow routing. Non-identical hospitals with different
number of servers are considered in order to represent the real system better. In
this section we are interested in observing the performance of the two proposed
methodologies: the local admission policy to compute a near-optimal solution and
UB model to find a tight upper bound. Additionally we analyzed the effect of over-
flow structure on the performance of those methodologies. The results show that
proposed methodologies perform well for the considered instances. These are not
proved facts but they are expected to hold in most cases.

CASE 1: 3-Hospital Loss Network

In this first computational study, we choose to work with a small size network
(a network of three multi-server loss queue) since the dimensionality of the problem
allow us to compute the global optimal policy, and consequently allows us to analyze
the performance of the proposed local control policy. Our objective is to compare the
resulting optimal control points and evaluate the optimality gap and its significance
between the global optimal and local policy. The parameters of the test instance
are presented in Table 5.12.

Table 5.12: Arrival rates, Bed Capacity and Preference List of Hospitals
Hospital i λi Ni Preference list of i

1 14 15 {1, 2, 3}

2 18 20 {2, 3, 1}

3 27 30 {3, 1, 2}

In order to compute the optimal control policies for both MDP models, two
different value iteration algorithms are coded in C++ and solved respectively for
global and local policies. Rewards considered in the study are r1=10, r2=5, r3=2
respectively for the admission of class-1, class-2 and class-3 patients. The discount
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factor is taken very close to 1, in order to better approach reality (α=0.999).

The optimal admission switching points obtained from global and local policy
are presented in the figures below. Figures 5.11, 5.12, 5.13 present the joint optimal
switching points for patients rejected from hospital 1, 2, 3, respectively, under global
(left) and local (right) admission control policy.

Figure 5.11: Optimal switching points for overflowed patients of Hospital 1 under
Global and Local Admission Control Policy

Figure 5.12: Optimal switching points for overflowed patients of Hospital 2 under
Global and Local Admission Control Policy

Figure 5.13: Optimal switching points for overflowed patients of Hospital 2 under
Global and Local Admission Control Policy
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Remark: As a common and expected result of both policies, class-1 arrivals to
a hospital i are always admitted in any state of the system (x1, x2, x3) unless hos-
pital i is full. Therefore, the figures above presents the optimal control points for
overflowed patients of hospital i = {1, 2, 3} when hospital i was full.

The resulting admission probabilities for each arrival stream to each hospital
are calculated under the optimal switching points proposed by both policies. We
compared those results also with the results of no-control-policy (Under no-control

policy, any arrival stream to any hospital will be accepted unless the corresponding
hospital is full.) Total rewards obtained under no-control policy, local control

policy and global optimal policy are presented at Table 5.13. As expected,
the admission probabilities for class-1 patients increase while the ones for class-2
and class-3 decrease under both global and local policy compared to the no-control
policy. Even though the global optimal policy gives the highest total reward, the
difference between global and local policy is not significant. The optimality gap is
quite small (0.04%). This result indicates the possibility of using a local control
policy in a big scale network (more than 3 hospitals) where it is not possible to use
global control policy due to curse of dimensionality.

For this specific instance, the improvement(% relative difference) obtained with
a local control policy is 4.3% compared to no-control policy. It is important to
mention that the results and rewards are highly dependent on the chosen data set
and the gain is expected to be higher as the number of hospitals, number of beds
increase.

Table 5.13: Performance Comparison of Different Control Policies
Admission

probabilities

No-control

Policy

Local

Policy

Global

Policy

Class-1 p11in 0.730 0.836 0.839

Admission p22in 0.775 0.873 0.873

Probabilities p33in 0.838 0.907 0.907

Class-2 p12in 0.169 0.058 0.062

Admission p23in 0.155 0.048 0.049

Probabilities p31in 0.081 0.020 0.022

Class-2 p13in 0.055 0.001 0.000

Admission p21in 0.024 0.000 0.000

Probabilities p32in 0.036 0.000 0.000

TOTAL REWARD 508.9 530.8 531.0

% relative difference 4.30% 4.34%

The proposed local admission control policy gives near-optimal results for 3 hos-
pital case. Biases (possible to occur due to the assumptions and approximations we
have made) seem to be very small for 3 hospital case whereas for a bigger network,
they can easily get bigger and deteriorate the results. Therefore, local policy should
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be tested on a bigger network before we can conclude about the performance and
robustness of the policy.

CASE 2: 6-Hospital Loss Network

In case 2, we address a 6-hospital loss network where we consider a hierarchical
overflow rule between hospitals. The bed capacities, major arrivals to each hospital,
and preference (overflow) list of hospitals is presented in Table 5.14.

Table 5.14: Arrival rates, Bed Capacity and Preference List of Hospitals
Hospital i λi Ni Preference list of Hospital i

1 21 20 {1, 2, 3, 4, 5, 6}

2 24 25 {2, 3, 4, 5, 6, 1}

3 22 20 {3, 4, 5, 6, 1, 2}

4 14 15 {4, 5, 6, 1, 2, 3}

5 20 25 {5, 6, 1, 2, 3, 4}

6 28 25 {6, 1, 2, 3, 4, 5}

Rewards considered in the study are r1=10, r2=5, r3=3, r4=2, r5=1, r6=0.5
for the admission of class-1, class-2, class-3, class-4, class-5 and class-6 patients,
respectively. The discount factor is taken very close to 1, in order to better ap-
proach reality (α = 0.999). Determining a global optimal policy for such a big-scale
hospital network is a complex and computationally demanding problem. Thus, the
local control policy is employed and the resulting local control points for each arrival
stream in each hospital are presented in Table 5.15. For assessing the performance
of local policy, an upper-bound is calculated by using UB proposed in section 5.6.4.

Cw
i = (C1

i , C
2
i , C

3
i , C

4
i , C

5
i , C

6
i ) are the control points in hospital i defined for

class-w patients where w = {1, 2, ...6}. A class-w patient is rejected from hospital i
if xi > Cw

i . Class-1 patients are always accepted unless the hospital is full such that
C1
i = Ni. It can be also observed in Table 5.15 that the control points get tighter

(close to 0) as the number of overflows (class of arrivals) increase.

Table 5.15: Optimal Local Control Points
C1 C2 C3 C4 C5 C6

H1 20 16 11 5 0 0

H2 25 22 17 11 0 0

H3 20 16 11 5 0 0

H4 15 13 8 3 0 0

H5 25 23 20 16 7 0

H6 25 21 16 11 0 0

In order to search for the possible improvements, we employed an experimental
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Table 5.16: Performance Comparison of Different Control Policies
Admission

Probabilities

No-control

Policy

Local Control

Policy

Upper

Bound

Class-1 p11in 0.57 0.81 0.79

Admission p22in 0.63 0.87 0.83

Probabilities p33in 0.55 0.79 0.76

p44in 0.52 0.82 0.77

p55in 0.68 0.93 0.92

p66in 0.62 0.79 0.78

Class-2 p12in 0.21 0.03 0.14

Admission p23in 0.15 0.01 0.06

Probabilities p34in 0.17 0.04 0.14

p45in 0.27 0.09 0.23

p56in 0.15 0 0.06

p61in 0.16 0.02 0.06

Class-3 p13in 0.07 0 0

Admission p24in 0.07 0 0

Probabilities p35in 0.14 0.02 0.02

p46in 0.09 0 0

p51in 0.06 0 0

p62in 0.09 0 0

Class-4 p14in 0.04 0 0

Admission p25in 0.07 0 0

Probabilities p36in 0.05 0 0

p41in 0.04 0 0

p52in 0.04 0 0

p63in 0.04 0 0

TOTAL REWARD 937.95 1093.01 1110.29

%relative difference 16.5% 18.3%

setting around the local control points. The control points for a hospital (C2
i , C

3
i , C

4
i ,

C5
i ) are considered jointly and as one factor (Ci) counting on the fact that they would

most probably increase/decrease together (inherent correlation among them). Each
factor is tested with three levels (Ci − 1, Ci, Ci +1). We use factorial design setting
to generate test scenarios and conduct simulation optimization. The maximum re-
ward is attained once again at local control points proposed by local control policy.
However, it is important to note that the relative difference between rewards of dif-
ferent scenarios is quite small.

The admission probabilities and total rewards are computed by using a sim-
ulation model for no-control policy and local control policy. The 6-hospital
overflow network is modeled in Arena and the simulation model is run with 30
replications each for 10000 days which was sufficient to reach 95% CI. The results
obtained under no-control policy, local control policy as well as an upper-bound are
presented in Table 5.16. The local control policy lead to 16.5% improvement in total
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reward compared to no-control policy. That much increase in reward is significant
for performance of any kind of network, given that there is no cost involved in taking
those control actions.

Furthermore, the relative gap between local policy and the upper-bound is cal-
culated as 1.6%, which is quite small. Therefore, it is possible to conclude that
the proposed UB calculates a very tight upper-bound for the optimal policy and
performance of the local control policy is very close to the optimal control policy.

CASE 3: 6-Hospital Loss Network with Centralized Overflows

We consider a 6-hospital loss network where we consider a centralized overflow
rule between hospitals. Each patient overflows to the bigger and centralized hospitals
as similar to example considered in section 5.5. The bed capacities, major arrivals
to each hospital, and preference (overflow) list of hospitals are presented in Table
5.17.

Table 5.17: Arrival rates, Bed Capacity and Preference List of Hospitals
Hospital i λi Ni Preference list of Hospital i

1 6 5 {1, 2, 3, 4}

2 9 10 {2, 3, 4}

3 19 20 {3, 4}

4 18 20 {4, 3}

5 8 10 {5, 4, 3}

6 5 5 {6, 5, 4, 3}

Rewards considered in the study are r1=10, r2=5, r3=2, r4=1 for the admission
of class-1, class-2, class-3 and class-4 patients, respectively. The discount factor is
taken very close to 1, in order to better approach reality (α = 0.999).

The resulting local optimal control points for each arrival stream in each hospital
are presented in Table 5.18. Hospital 1 and 6 receive only their class-1 patients
and do not receive any overflow patients, thus no admission policy is employed.
Hospital 2 and 5 receive class-1 and class-2 patients (from hospital 1 and hospital
6 respectively), thus they have one control point C2

i to control class-2 arrivals.
Hospital 3 receives class-1 patients (its own patients), class-2 patients (overflowed
from hospital 2 and 4), class-3 patients (overflowed from hospital 1 and 5), and
class-4 patients (from hospital 6). Similarly, hospital 4 receives class-1 patients (its
own patients), class-2 patients (overflowed from hospital 3 and 5), class-3 patients
(overflowed from hospital 2 and 6), and class-4 patients (from hospital 1). Thus,
they have C2

i , C
3
i , C

4
i three control points for controlling class-2, class-3 and class-4

arrivals, respectively.
The admission probabilities and total rewards under no-control policy and local

optimal control policy are computed via simulation. The results are presented in



5.6. Admission Control Policy for I -Hospital Loss Network 153

Table 5.18: Optimal Local control points in each hospital
C1 C2 C3 C4

H1 5 - - -

H2 10 7 - -

H3 20 16 0 0

H4 20 13 0 0

H5 10 8 0 0

H6 5 - - -

Table 5.19: Performance Comparison of Different Control Policies
Admission

Probabilities

No-control

Policy

Local Control

Policy

Upper

Bound

Class-1 p11in 0.64 0.64 0.64

Admission p22in 0.74 0.80 0.80

Probabilities p33in 0.69 0.86 0.83

p44in 0.71 0.87 0.83

p55in 0.79 0.84 0.80

p66in 0.64 0.64 0.64

Class-2 p12in 0.24 0.11 0.19

Admission p23in 0.16 0.01 0.20

Probabilities p34in 0.16 0.03 0.09

p43in 0.15 0.00 0.01

p54in 0.14 0.04 0.20

p65in 0.26 0.13 0.34

Class-3 p13in 0.07 0 0

Admission p24in 0.05 0 0

Probabilities p53in 0.04 0 0

p64in 0.06 0 0

Class-4 p14in 0.02 0 0

Admission Pr. p63in 0.02 0 0

TOTAL REWARD 524.38 550.633 563

%relative difference 5.01% 7.36%

Table 5.19. It is observed that the local optimal control policy lead to 5% improve-
ment in total reward compared to no-control policy. One of the key observation is
that the relative gain obtained from an optimal admission control policy compare
to no-control policy increases as the network gets bigger or the interaction among
hospitals increases. The performance of the local optimal control policy is evaluated
against an upper bound value computed via UB. The relative gap is computed as
2.2 % which can be considered as a fair gap to claim that local policy performs well
in a network with centralized overflows.
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5.7 Conclusion & Future Work

In this chapter we studied the admission control problem in a multi-server loss
network of hospitals where rejected patients may overflow to other hospitals. We
adapted a research strategy evolving from simple networks to big scale networks.
For the systems of “one-hospital with m class of arrivals” and “two-hospital overflow
network”, we showed that the optimal control policy is of threshold form. After-
wards, numerous computational studies are conducted to study sensitivity of system
parameters and the optimal policy behavior rigorously. The effects of number of
servers, identical and distinguishable stations, different arrival intensity and unit
reward variations on the resulting optimal policy are comprehensively analyzed in
an overflow network of two hospitals.

For the big scale overflow loss systems, we developed a near-optimal heuristic
policy built upon the idea of treating each hospital separately, yet considering the
possible overflows from other hospitals. In order to assess the performance of the
proposed heuristic, several LP models are proposed to calculate a good upper bound
on total reward. The last model (UB) evolved through the preceding LPs and prove
itself to be a good performing upper bound model. Several case studies are gen-
erated to measure the effect of different size networks and different overflow rules
on the performance of local policy and UB. As a result of those numerical studies
we were able to highlight a series of key observations. As the system gets bigger
(number of hospitals and the number of servers increase), the improvement obtained
compared to no-control policy increases, besides % relative gap between local opti-
mal and upper bound increases too, yet the gap still can be considered small (2.2%).
The source of the gap is hard to detect since both are approximation methodologies.
However, it is important to note that in a big size network even though the optimal-
ity gap increases as the network gets bigger, the gain obtained from employing an
admission control policy gets much higher compared to small size networks. This re-
sult is indeed intuitive as in bigger size systems the model has more room to improve.

On the other side, it is shown that as the intensity of load gets extremities
(very light or very heavy) the optimal policy becomes closer to either no control or
full control policy. The highest performance is achieved from an optimal admission
policy is when the system is not under or over utilized so that there is an opportunity
to take a control decision. Even though those are not proved facts, they are expected
to hold in most of the cases. In order to better strengthen the final conclusions about
the good performance of proposed models, enlarging the scope of the numerical
analysis where more diverse and bigger systems are analyzed should be considered
as a necessary prospective study.



5.8. Résumé du chapitre 155

5.8 Résumé du chapitre

Dans ce chapitre, nous abordons un problème de pilotage d’admissions dans un
réseau de soins sans attente multi-serveurs où chaque hôpital est alimenté par un
flux de patients (loi d’arrivée de Poisson) et un flux de patients provenants d’autres
hôpitaux (loi d’arrivée différente). Un décideur (gestionnaire de lits) qui a une con-
naissance complète du nombre de lits occupés dans chaque hôpital du réseau décide
d’accepter ou de rejeter chaque flux d’arrivée selon un certain critère. Une "récom-
pense" est obtenue lorsque le patient est admis dans un hôpital en fonction de sa
provenance. Dans cette étude, les principales arrivées suivant une loi de Poisson
sont prioritaires sur celles provenant d’autres hôpitaux. Notre objectif est de trou-
ver la politique optimale qui maximise les récompenses totales remisés. Dans ce
travail, afin de simplifier, nous menons notre étude sur un type de patients (femmes
enceintes) et ne considérons que les ressources en lits comme serveurs dans chaque
unité. Comme nous le supposons également dans le reste de la thèse, chaque pa-
tient est servi par un serveur avec une durée de service exponentielle, identique pour
chaque catégorie de patient et pour chaque hôpital.

Notre stratégie de recherche est présentée de manière progressive, depuis les
réseaux simples jusqu’aux plus complexes. Sur les réseaux de petite taille comme
un hôpital avec m classes d’arrivées et deux hôpitaux dans un réseau sans attente
avec rejet, nous avons montré que la politique de pilotage optimale est de la forme
d’un seuil. Par la suite, de nombreuses études sont effectuées pour étudier la sen-
sibilité des paramètres du système et le comportement optimal de politiques de
rigueur. L’effet du nombre de serveurs, de stations identiques et distinctes, l’intensité
d’arrivées différentes et les variations de fidélité unitaires sur la politique optimale
obtenue est analysée en détail dans un réseau de deux hôpitaux.

Pour les systèmes plus grands, nous avons développé une politique heuristique
quasi-optimale construite sur l’idée de traiter séparément chaque hôpital en tenant
compte des éventuels transferts depuis d’autres hôpitaux. Afin d’évaluer la per-
formance de l’heuristique proposée, plusieurs modèles de programmation linéaire
sont proposés pour calculer une bonne borne supérieure sur la récompense totale.
Le dernier modèle (UB) a évolué à travers les modèles précédents et se révéle être
un bon modèle de la limite supérieure. Plusieurs études de cas sont générés pour
mesurer l’effet des différents réseaux. À la suite de ces études numériques, nous
avons pu mettre en évidence une série d’observations clés. Quand le système de-
vient plus grand (nombre d’hôpitaux et nombre de serveurs importants), l’écart
relatif entre les augmentations liées optimales et supérieures locales, mais encore
peut être considéré comme faible (2.2%). La source de l’écart est difficile à suivre
puisque les deux sont des modèles d’approximation. Cependant, il est important de
noter que dans un réseau de grande taille, même si l’écart d’optimalité augmente à
mesure que le réseau s’agrandit, le gain obtenu d’employer une politique de contrôle
d’admission devient beaucoup plus élevé par rapport aux réseaux de petite taille.
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Ce résultat n’est en effet intuitif que dans les systèmes de plus grande taille, où le
modèle laisse une plus grande place à l’amélioration.

D’autre part, nous avons montré que lorsque l’intensité de la charge devient
extrême (très faible ou très lourde), la politique optimale se rapproche de deux pas
de pilotage ou de la politique de pilotage total. La meilleure performance obtenue
à partir d’une politique d’admission est optimale lorsque le système n’est pas sous
ou surutilisé afin qu’il y ait la possibilité de prendre une décision.
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6.1 Introduction

A simulation model can represent complex systems in a more realistic way compared
to analytical models where usually we have to make several assumptions for the sake
of construction of model and the development of interesting solution methodologies.

In this chapter, we develop a joint “agent-based” “discrete-event-system” simula-
tion model of a hierarchical overflow loss healthcare network (perinatal network of
Nord Hauts-de-Seine). In agent-based part, the health-state evolution of women in
antenatal period (∼9 months phase of pregnancy before childbirth) is modeled by
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quantifying the possible passages between health states via Markov Chain modeling.
The women with resulting health state information generates the arrival of entities
in discrete-event-simulation where the flow of women through obstetrics and consec-
utively the flow of newborns through neonatal service units are modeled. With this
model, we represent the process of mother and babies together which are inherently
highly dependent processes nevertheless commonly modeled separately in literature.
Furthermore, with the addition of modeling health evolution of pregnant women,
the whole process of pregnancy is addressed. To the best of our knowledge, this is
the first effort to combine the health state evolution of patients with the operational
decisions in network such that health state evolution of pregnant women is moni-
tored to determine different types of demand in each commune and each hospital.

Main objective of this chapter is to evaluate the strength of the optimal results
of our analytical models and the validity of underlying assumptions in comparison
with the results obtained from the simulation model which represents the system in
a more accurate way. In this particular study, we focus on operational level deci-
sions. The analytical model proposed in chapter 3 is simplified into a single period
capacity planning model (CP) without considering facility location decisions. By
this way, we obtain two models that both focuses on operational decisions and are
compatible to be compared:
- Analytical capacity planning model (CP): considers a pure loss system (no over-
flows), include Markovian and demand distribution assumptions.
- Simulation model: considers overflows between units and maintain a more accurate
system representation.
After CP is solved to optimality, we search for possible improvements around op-
timal solutions of CP and propose more fit-to-reality solutions through simulation-
optimization approach.

The remainder of this chapter is organized as follows. Section 6.2 reviews the
related literature on simulation studies and defines our contribution. Section 6.3
presents the pregnancy process and patient flows as they are represented in our
simulation model (along with necessary assumptions). We use a big scale hospi-
tal data in order to introduce a close-to-reality experimental setting for perinatal
network Nord Hauts-de-Seine. Section 6.4 presents the input data analysis and re-
sulting experimental setting of the case study. In Section 6.5, the simulation model
is implemented and validated. In Section 6.6, CP model is solved under this ex-
perimental setting and optimal capacity decisions are obtained. Afterwards, several
capacity scenarios are generated around the optimal solution and simulation runs
are realized under both optimal CP solution and the proposed scenarios. Finally,
conclusion and future research directions are given in Section 6.7.
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6.2 Literature Review

In service industry, dicrete-event simulation is considered to be one of the best tools
to analyze real world systems ([Kelton 2000]). Particularly in healthcare systems,
due to their complex and stochastic nature, simulation had found widespread appli-
cation where it is used as a tool to analyze critical parts of healthcare systems such
as facility design (emergency departments, operating rooms, etc.), staff planning
and scheduling and bed capacity management ([Jun 1999], [Augusto 2008]).

Over the last decade, there have been many efforts in developing simulation
models to show decision-makers a realistic reproduction of the healthcare system at
work. [Syam 2010], [Ferreira 1999], [Swisher 2001], [Blasak 2003], [Sinreich 2005],
and [Charfeddine 2010] use simulation models to mimic the behavior of a healthcare
system in order to evaluate its performance and analyze the outcome of different
scenarios. In literature, there have been also some efforts in simulating obstetrics
units as in [Mahachek 1984] and recently [Griffin 2012].

There have also been extensive amount of studies focused on integrated usage of
simulation and optimization models applied to the healthcare sector in recent years.
De Angelis et al. [De Angelis 2003] present a methodology that interactively uses
system simulation and optimization to calculate and validate the optimal configura-
tion of servers in a healthcare facility. In their study simulation is used to estimate
the relationship between input parameters and service performance such that a non-
linear function is estimated from simulated data. The estimated function is used
as objective function in optimization model to calculate and validate the optimal
configuration of servers. Oddoye et al. ([Oddoye 2009]) presents a methodology that
combines simulation and goal programming for healthcare planning in a medical as-
sessment unit (MAU). The simulation model enables different scenarios to be tested
to eliminate bottlenecks in order to achieve optimal clinical workflow. The results
of simulation are analyzed with a goal programming model which employs a multi-
objective perspective. Ahmed et al. ([Ahmed 2009]) integrated simulation with
optimization to design a decision support tool for the operation of an emergency
department unit at a governmental hospital in Kuwait, specifically to determine
the optimal staffing levels required to maximize patient throughput and to reduce
patient time in the system subject to budget restrictions. Instead of dealing with
an approximated mathematical model, they use simulation to evaluate stochastic
objective function and the stochastic set of constraints of the optimization model
which have no analytical form. With combined usage of optimization and simula-
tion, they evaluate the impact of various staffing levels on service efficiency. Instead
of dealing with an approximated mathematical model of the system.

In this study we present a realistic reproduction of the perinatal network with
a comprehensive joint agent-based discrete-event simulation model. Key features
include patient classification, path-based modeling, blocking and overflow, statis-
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tical fitting of LOS, realistic patient distribution (arrivals) to hospitals. With all
those details incorporated in simulation, we could better capture complexity of a
healthcare system compared to an analytical model. Our aim is to bring together
the relative strengths of simulation (capture reality and complexity) and analytical
model (quick solution over a range of criteria). Finally, simulation is used to support
and improve the decision making process initialized by an analytical model.

6.3 Pregnancy Process and Patient Flows

In this section, we describe the pregnancy process and perinatal network modeled
along with our assumptions. Pregnancy process and patient flow in a perinatal net-
work can be described in the following four phases:

Phase 1: Prenatal Period

This phase corresponds to the period before delivery (child-birth) which is known
as the prenatal (antenatal) period and considered to proceed three trimesters ( 9
months) for a healthy pregnancy. In this period each pregnant woman has their
routine medical and nursing care in a hospital or at a private clinic with a gynecolo-
gist/midwife they choose in their network, most likely close to their domicile. In this
period, most of the arrivals to the hospitals/clinics are scheduled arrivals. Each preg-
nant woman is supposed to attain those routine controls once or twice in a month
dependent on the evolution of their pregnancy. Mainly, the resources in the network
are sufficient for this phase. Even though, there might exist some specific bottleneck
resources (i.e. MRI) needed to be tightly scheduled. This phase is quite important
in order to monitor the health evolution of each pregnant woman, already existing
health problems such as pre-diabetes as well as the possible disease developments
such as diabetes gestational, pregnancy-induced hypertension, etc. Monitoring al-
lows us to attach the inherent variability in the progress of pregnancy to possible
health syndromes and eventually better estimate the resource requirements of each
woman throughout pregnancy and be able to direct them to the appropriate hospi-
tals in the end of their pregnancy. From global perspective, monitoring women in
that period let us to better estimate the capacity requirements in each commune as
well as in each hospital in the network.

The assumptions considered throughout the modeling of Phase 1 are given as in
the following:

Assumption 1: Pregnant women may have different criticalities. Furthermore,
there might be changes in their health states throughout the process of pregnancy.
For this simulation study we assume two types of pregnant woman; normal and crit-
ical. In the end of each trimester, classification of woman may change from normal
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to critical with predefined transition probabilities.(see Figure 6.1)

Assumption 2: A woman who has once passed to a critical state is assumed
to stay critical until the end of pregnancy, therefore no transition is foreseen from
critical to normal state.

Assumption 3: Each trimester (except 3rd trimester of critical women) is as-
sumed to proceed 90 days (∼14 weeks). Due to the criticality of patient, early de-
livery (premature birth) is quite common in critical pregnancy, therefore 3rd (last)
trimester of critical women is assumed to proceed 75 days.

Assumption 4: In the beginning of Phase 1, each woman is defined with four
layer information of “domicile, health state, 1st preferred hospital, 2nd preferred hos-

pital”. The 1st and 2nd preferred hospitals of a woman are determined according
to the joint information of domicile and health state of woman. The relations are
extracted by analyzing the historical data, and precised later in detail.

Assumption 5: No critical woman can leave Phase 1 as being assigned to a type
1 hospital where no neonatal services exist. Throughout phase 1, if a normal woman
has passed to a critical state, in the end of phase 1 she will be reassigned to the next
preferred appropriate hospital so that her place of birth is changed accordingly to
her needs.

Phase 2: Patient Flow in Obstetrics

Phase 2 corresponds to the process of child-birth and restoration of women after-
birth in obstetrics unit of a maternity facility.

Assumption 6: Two types of deliveries are considered; caesarean (C-Section) and
vaginal birth (VB) whose service times differ significantly.

Assumption 7: As explained in detail in the section 2.2 in chapter 2 there are
several units through which woman flows in OB such as Triage, Antepartum, Deliv-
ery, PACU, Postpartum. For keeping the model simple due to the big scale of work,
we combined those units and behave as one process block for each type of delivery:
C-section and VB block.

Assumption 8: After the end of Phase 1, each woman arrives to her 1st pre-
ferred hospital for delivery. If a woman is rejected from her 1st preferred hospital,
she overflows to her 2nd preferred hospital pre-defined in the beginning of Phase
1. If the woman is also rejected from 2nd preferred hospital, she is rejected out
of network (lost) such that we assume one overflow for each patient in this study.
Since pregnant women are urgent, it is a reasonable assumption not letting women
overflow more than once.
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Assumption 9: Multiple babies such as twins, triples constitute a small percent-
age of total births (∼1%). For the purpose of simplification, in this study each
woman is assumed to give birth to one baby.

Assumption 10: A normal woman is assumed to give birth to either a healthy
baby or a low/medium risk baby requiring basic neonatal care. No normal woman
is supposed to give birth to a high-risk baby requiring an NICU.

Assumption 11: A critical woman may give birth to a healthy baby, a low/medium-
risk baby requiring basic neonatal care or a high-risk baby requiring intensive neona-
tal care as well as she may have a still-birth.

Phase 3: Patient Flow in Basic Neonatal

Newborn arriving to neonatal unit stays here until s/he completely recovers. Af-
ter recovery, newborn either is transferred to postpartum (if the mother still recovers
in the hospital) or leave the unit.

Assumption 12: After the delivery, if the required neonatal services cannot be
provided by the current hospital due to various reasons (required service is full or
required service unit does not exist in the current hospital) baby is transferred (over-

Figure 6.1: Phases of simulation model
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flows to) to the closest available hospital where neonatal services exist.

Assumption 13: Babies can be transferred to another hospital after birth inde-
pendently of the mother.

Phase 4: Patient Flow in Neonatal Intensive Care Unit

Newborns arriving to NICU stay here until their criticality is over. Commonly
after babies quit NICU, they are deferred to the neonatal unit for a complete recov-
ery. Once a newborn arrives to a fully occupied NICU, it is transferred (overflows)
to the closest NICU in the region. Considering that in our application area, there
exist only one NICU, being rejected from this NICU also means being rejected from
the network (no overflow in network at NICU level).
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6.4 Input Data Analysis

In each hospital in the network, the arrivals of pregnant women and their personal
flow in the hospital is recorded with an adequate detail level. ARS provided us the
big-scale hospital data of each maternity facility in Hauts-de-Seine perinatal network
of the year 2012. In the raw data, it is possible to reach specific information about
each woman such as:

• domicile (address)

• hospital treated

• arrival and departure dates

• woman age

• parental history of pregnancy

• checklist of numerous diseases might be critical for the pregnancy, i.e. pre-
diabetes, diabetes gestational, HTA, rupture utinerine, hemotome, preeclampsy,
eclampsy serious, HELLP, placenta complications, cordon complications, etc.

• type of delivery (C-section, VB)

• newborn LOS in neonatal unit/NICU

• newborn gestational age

6.4.1 Health State Evolution of Pregnant Women

In this study, pregnant women can attain two health states: normal or critical. In
Phase 1, we intend to monitor the health condition of each woman in each trimester
until delivery in order to be able to better forecast the allocation of pregnant women
to the hospitals in network where the women and the newborns can get the right
service. Therefore, it is required to set the health state of each woman in the begin-
ning of pregnancy, define transition rates between health states (normal to critical)
in the end of each trimester during pregnancy.

Figure 6.2: Health Evolution of Pregnant Women in Antenatal Period
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Figure 6.2 presents the three trimesters for normal and critical pregnant women
until child-birth along with the possible transitions between health states.

Women enter the process with a Poisson rate of λ. From the first day of preg-
nancy, it is possible to classify a pregnant woman as critical or normal. Mostly
women with chronic diseases such as chronic hypertension (HTA), pre-diabetes or
women with family history (ATCD), assisted conception, obesity, low pre-pregnancy
body mass index, extreme maternal age (<15, >38) are considered in the risk group
and needed to be closely monitored from the beginning of pregnancy, therefore crit-
ical. From hospital data, we extract the proportion of women suffer from such
conditions and compute the transition probability leading to C1 as p0c = 7.5%.
Complementary probability p0n = 92.5% gives the proportion of women who have
low-risk pregnancy start.

The health state of a woman may change during the pregnancy due to many
changes which pregnancy causes in a woman’s body. In the end of each trimester,
a transition from normal to a critical health state is possible. Multiple pregnancies,
placental abnormalities, feeling stressed (including number of stressful or traumatic
events), high blood pressure can be considered as risk factors which may develop
during the early stages of gestational period (1st trimester) and may give rise to
deterioration of health state or a miscarriage. By classifying normal women who
shows those symptoms in hospital data, transition probability from N1 to C2 is
roughly estimated as p1c = 8%.

During the 2nd trimester, pregnancy itself can trigger some severe complica-
tions like “pregnancy-induced hypertension” which is commonly diagnosed after 20
weeks of gestation. There exist several hypertensive states of pregnancy which are
known as preeclampsia, eclampsia, HELLP syndrome. By classifying women who
had gestational hypertension in hospital data, transition probability from N2 to C3
is roughly estimated as p2c = 7%.

In the last trimester, the most commonly observed risk factor is the development
of gestational diabetes. Women who developed this type of diabetes in the hospital
data give rise to the transition probability of 2.5%.

In the end of phase 1, the percentage of a woman being critical or normal is
calculated as 76% normal, 24% critical.

Remark 1: In this chapter, our ultimate goal is to better set the capacity re-
quirements and better allocate the capacity in maternity facilities throughout the
network. Knowing the percentage of critical patients to normal patients (have dif-
ferent capacity requirements) and their spacio distribution let us to model a more
realistic system and also allow us to direct the patients to the appropriate facili-
ties and accordingly newborns. On the other side, modeling the health-evolution of
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woman “during the pregnancy” and knowing the possible rates of critical and normal
woman in all trimesters/months would be extremely useful to estimate the seasonal
capacity requirements of antenatal period (before delivery), especially for planifica-
tion of scarce resources such as MRI. However, as we focus on capacity planning on
perinatal phase in this study, this is not the scope of this thesis.

Remark 2: The analysis of health-state evaluation employed in this work is a
premature study built-upon the historical data and related literature analysis. This
study is mainly presented here for pointing out the promising idea and the possi-
bility of prompting prospective research directions. Such a multidisciplinary study
requires a comprehensive analysis involving medical expertise and several profes-
sional specializations. For capturing the real evolution, a broad classification of
women is necessary that will cover different criticalities. Furthermore, transition
probabilities should be determined via guidance of a team of health professionals
and through a rigorous analysis of related literature.

6.4.2 Existing Capacity

The current capacity exists in each service unit in each hospital in the network is
presented in Table 6.1. The information about the type of maternity facilities can
be extracted from the existing capacities. In Nord Hauts-de-Seine Network, there
are 2 type-1 (H1 and H2), 3 type-2 (H3, H4 and H5) and 1 type-3 hospital (H6);
represented in Figure 6.3.

Table 6.1: Existing number of staffed-beds in network
H1 H2 H3 H4 H5 H6

Obstetric Unit 25 40 30 35 50 60

Neonatal Unit 0 0 15 15 20 20

NICU Unit 0 0 0 0 0 13

6.4.3 Arrival Rates of Women and Newborns

Arrivals of Pregnant Women:

Women who are cared in perinatal network of Nord Hauts-de-Seine originate
from both the communes of the network itself and also the neighboring departments.
In Figure 6.3, all population centers (the communes of Nord Hauts-de-Seine and
departments in the neighborhood) are represented along with the existing maternity
facilities in the network.



6.4. Input Data Analysis 167

Figure 6.3: Representation of Perinatal Network Nord Hauts-de-Seine

Hospital data provides us the arrival information of each woman to each hospital
in the network. By organizing the data around the information of commune and
hospital treated, the amount of demand generated from each population center and
woman arrival rate to each hospital from each population center are computed. All
rates are presented in Table 6.2.

There are 12665 pregnant women treated in the network in year 2012. No sea-
sonality is encountered in the arrivals to hospitals. Therefore, without loss of gen-
erality daily arrival rates are computed by using a simple division: (total yearly
arrival rates)/365 which is 34.7 for the whole network.

Percentage of arrivals from each population center to each hospital let us to
extract the preference order of hospitals for each population center. It is important
to note that normal and critical woman from the same population center may have
different hospital preferences. While for a normal woman proximity is prioritized, a
critical women may prefer a fully equipped hospital since their newborns may need
NICU services.
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Table 6.2: Distribution of Arrival Rates from Each Population Center to Each Hospital and Overflow Preferences of Women
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Arrivals of Newborns:

A newborn baby is generated after the delivery process of woman is terminated.
Due to assumption 9 (one woman give birth to one baby), after child-birth the entity
for woman continues as the entity for baby. Therefore, arrival rates of newborn
babies are dependent on the arrival rates and service times of woman. Furthermore,
the health state of a newborn can be anticipated through health-state of the mother.
By using the woman-baby match in the hospital data, the health state breakdown
percentages are calculated for newborns and presented in Figure 6.4.

Figure 6.4: Health State Breakdown of Newborns

Considering that there exist 76% normal and 24% critical woman in the system,
the health state ratio of babies in the whole network is presented in Figure 6.5.

A newborn requiring neonatal care yet not admitted to its current hospital, over-
flows to the closest type 2 or type 3 hospital in the network. A newborn requiring
intensive neonatal care yet not accepted to only one NICU in the network, overflows
to the closest type 3 hospital located out of network. There exists only one type 3
hospital in the network which is H5.
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Figure 6.5: Health-state ratio of newborns in the network

6.4.4 Length of Stay (LOS)

In maternity facilities childbirth is achieved through either a caesarean section or a
vaginal birth. LOS of woman received C-section is expected to be longer compared
to the one received vaginal birth (1/µc > 1/µv). Among all pregnant women, C-
section is employed with ∼21%. As computed from hospital data, 18% of normal
women received C-section while the percentage is higher (32%) for critical women.
On the other side, it is observed that service time distributions (for both C-section
and VB) do not significantly differ with respect to the health-state of pregnant
woman.

Patient length of stays are available in each hospital data for both women and
babies. The service time distributions used in simulation study are presented in
Table 6.3.

Table 6.3: LOS Distributions used in simulation study
Service Activity Fit Distribution Mean Min Max

Childbirth (C-Section) GAMMA(5,1.13,0.5) 6.15 0.5 48

Childbirth (Vaginal Birth) GAMMA(9.15,0.496,0) 4.52 0 19

Neonatal Activity Min{63,LOGN(1.66,0.958,0)} 8.1 0 63

NICU Activity Min{100,WEIBULL(10.2,0.752)} 11.94 0 100

where GAMMA (α, β,min), WEIBULL (α, β), lognormal (µ, σ,min)

Remark 3: Weibull and lognormal distributions are truncated with the maxi-
mum observed service time (outlier) in order not to feed the model with extreme,
unrealistic values.
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6.5 Agent-based & Discrete Event Simulation Model Im-

plementation

In this section, we present the implementation, calibration and validation of “agent-
based & DES” simulation model. Phase 1 of the pregnancy process is modeled as an
agent-based simulation where each women entering the system is an agent and each
agent leaves Phase 1 by carrying the joint information of “health state”, “population

center”, “1st preferred hospital”, “2nd preferred (Overflow) hospital” . The flow of
agents in Phase 2, 3 and 4 are modeled as a discrete-event-simulation. Phase 2
(flow of pregnant woman) is a prior process for Phase 3 (flow of low/medium-risk
newborn) and Phase 4 (flow of high-risk newborn) while Phase 3 and Phase 4 are
parallel processes. The simulation model is constructed by using a commercial soft-
ware called AnyLogic.

6.5.1 Performance Measures and Objective

Performance indicators used in this study are the rejection probabilities (αis) from
each unit s (OB, Neonatal, NICU) of each hospital i. Our objective is to find the
minimum total cost solution suggesting a capacity combination which guarantees a
rejection probability α 6 0.05 for each unit in each hospital.

In Step I, a single period capacity planning model (CP) is derived from multi-
period dynamic location & capacity planning presented in chapter 3. In this study,
we focus on only capacity decisions in a single period. Since we do not address
long-term decisions in CP, we didn’t assume any demographic changes in demand
throughout the period, relatively no facility location decisions are considered. Ba-
sically, we adopt a simplified, more operational version of the mathematical model
proposed in 3 with an objective to minimize the total cost (sum of purchase, decre-
ment, holding, transfer and assignment cost) as given in the following:

min
∑

(i,s)∈IS

(PCsnis +DCszis +HCscis)

+
∑

i,j∈I|(i,s)∈IS&(j,s)∈IS

TCijsyijs +
∑

k∈K

∑

i∈I

ekixki

Constraints

∑

i∈Ik

xki = 1, ∀k ∈ K

ais =
∑

k∈Ks∪Ks+1...∪KS

bksxki, ∀(i, s) ∈ IS
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cis = cis0 + nis − zis −
∑

j

yijs +
∑

j

yjis, ∀(i, s) ∈ IS

zis +
∑

j

yijs 6 cis0, ∀(i, s) ∈ IS

cis0 + nis +
∑

j

yjis 6 UBis, ∀(i, s) ∈ IS

LBis 6 cis 6 UBis, ∀(i, s) ∈ IS

B(cis, ais) 6 αis, ∀(i, s) ∈ IS

nis, zis, yijs, cis ∈ N, xki ∈ {0, 1}

CP model is solved to optimality and the optimal capacity decisions for each unit
are obtained.

In Step II, we investigate the possibility to improve over the optimal CP solu-
tion by using the proposed simulation model which can mimic the real system much
better than an analytical model does. We generate several feasible and coherent
scenarios around the optimal solution obtained in Step I, and simulation model is
executed for those scenarios. Among the solutions which satisfy the service level
constraint (α 6 0.05), the one computing the minimum total cost is selected as the
best solution.

Remark 4: The cost structure used in chapter 3 is not suitable for one period
capacity planning model. The transfer cost is modified as in the following Table 6.4,
by taking into account the fundamental relations set between the cost parameters
in Appendix A.

Table 6.4: Cost Data
Costs OB Unit (s=1) Neonatal (s=2) NICU (s=3)

Purchase Cost (PC) 1 3 7

Holding Cost (HC) 7 10 20

Transfer Cost (TR) 5 8 15

6.5.2 Calibration of data

We had to make some strong assumptions in CP model in terms of demand struc-
ture and assignment of demand in order to facilitate the modeling. However, in
simulation model, demand assignments could be handled with less strict and closer
to reality assumptions. Therefore, there exist crucial differences the way we model
the demands in both models which do not let us use the same input data. The
distinctive assumptions of CP and SIM model are presented in Table 6.5.
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Table 6.5: Comparison of Assumptions of CP and Simulation Model
Capacity Planning Model vs. Simulation Model

Demands of pregnant woman, neonatal

baby, NICU baby is defined in the be-

ginning of the process and it is perma-

nent

Demand of pregnant woman is gener-

ated as agents in the beginning of the

model. Baby demands are a function

of women and generated from women

after delivery.

Demand in a demand-zone is inte-

ger(discretized) and is assigned to one

hospital. To increase precision, various

demand-zones are created in one popu-

lation center.

Demand of women is generated in each

population center and is assigned to dif-

ferent hospitals with some probability

of preference.

No overflows, but it is possible to assign

a woman to a less preferred hospital if

it is compromised with capacity costs

Direct assignment to the most preferred

hospital but possible to overflow

Exponential service time distribution Distribution Fit to Data

No consideration of different health

states

Normal/Critical Woman

Distinctive demand structures prevent us to feed the input data of simulation
data directly to MP model. In order to obtain comparable results from simulation
and MP model, it is necessary to convert the input data of simulation in a way to
achieve the necessary precision to acquire comparable results. Therefore, a com-
prehensive study is realized to feed the two models correspondingly correct data
structures such that both model will generate similar percentage of arrivals for each
hospital in the network.

6.5.3 Validation of Simulation Model

In order to simulate the actual system accurately, some important simulation pa-
rameters are to be determined such as number of replications, replication length and
warm up period. In order to determine run length and warm up period, we have
observed the bed occupancies in the system. Since our model is a loss system, there
is no queue, therefore entities in the system do not grow exponentially in time and
simulation model can reach its steady state condition quickly. For each test scenario,
SIM model is run with 50 replications in order to ensure a 95% confidence interval
for performance indicators, with a run length of 25000 days and with a warm-up
period of 500 days.

The simulation model is verified and validated in several ways. By using ani-
mation screen, we monitored the flow of agents and entities along with the relevant
dynamic statistics and graphs. Furthermore, by using statistical approaches, we
verified the accurateness of some important simulation outputs (arrival rates, per-
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centages of newborns, LOS distributions) or performance indicators (rejection rate
of the each type of patient to out of network). The verification is realized by using
the hospital data and the related literature, since it was not possible to observe the
system and collect data regarding the size of the network.

Percentages of Newborn Arrivals to Hospitals

In simulation model, as in reality, process of newborns starts after child-birth.
Newborn arrivals to each hospital are modeled as a function of women arrival and
departure information (arrival rates/ratios to each hospital, LOS distributions, over-
flowed hospital, etc.) by incorporating the mother-baby match ratios (given in 6.4.3).
Due to this inherent dependency, we don’t expect simulation model to make 100%
accurate assignment of babies to hospitals compared to hospital data, but at least
the difference should not be so big. Therefore, in order to claim that simulation
model is assigning close percentage of babies to each hospital, the output of simu-
lation model is compared with the percentages calculated from historical data.

Table 6.6 presents the arrival percentages of women and newborns to each hospi-
tal in comparison with the hospital data (real) values. For women, the distributions
of women to obstetrics units of hospitals are given directly to simulation model.
Therefore the resulting simulated percentages are very close to computed values.
However this is not the case for newborns as expected. For hospitals H4 and H6
the ratios are very close, while there exists some difference in the ratios of H3 and
H5. The fact that we let the women overflow to some other hospitals when the
intended hospital is full, changes the birth place of newborn which eventually cause
the arrival information to deviate from the expected one.

Table 6.6: Arrival Percentages of Women and Newborns to Each Hospital
H1 H2 H3 H4 H5 H6

Sim OB Ratios 11.29% 13.56% 15.60% 15.18% 20.63% 23.75%

Real OB Ratios 11.26% 13.57% 15.58% 15.25% 20.65% 23.70%

Sim Neonatal Ratios - - 14.16% 18.86% 22.92% 44.06%

Real Neonatal Ratios - - 16.49% 18.32% 21.99% 43.19%

Newborn Arrival rates

The total number of newborn baby arrivals should also be validated with respect
to women arrivals. The ratio of total neonatal and NICU baby arrivals to the total
women arrivals were computed as 19.8% and 4.2% respectively from the network
historical data. The ratio intervals for total neonatal and NICU baby arrivals ob-
tained from 50 simulation runs are presented in Table 6.7. It is observed that the
expected ratios computed from hospital data stay in the limits of 95% confidence
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intervals constructed around the mean ratios obtained from simulation runs.

Table 6.7: Ratio of Newborn Arrivals to Total Women Arrivals
Hospital Data Simulation Range

Results of 95% CI

NICU Arrivals 4.20% (4.16%, 4.21%)

NICU+Neonatal Arrivals 19.80% (19.76%, 19.83%)

LOS Distributions

The selected LOS distributions are also verified in terms of if they conform to the
expected mean computed from hospital historical data. We conduct 50 replications
of simulation model and in the end of runs, by using the realizations of LOS dis-
tributions we construct a 95% confidence interval for the mean of each service type
in the network. From Table 6.8, it can be observed that the mean obtained from
hospital data stays in the limits of confidence intervals set for each service type.

Table 6.8: Verification of Input LOS Distributions
Service Type LOS Distribution Mean Std 95% CI

C-Section GAMMA(5,1.13,0.5) 6.15 2.53 (6.143, 6.155)

VB GAMMA(9.15, 0.496, 0) 4.52 1.5 (4.513, 4.537)

Neonatal Min{63, LOGN(1.66, 0.958, 0)} 8.1 8.98 (8.093, 8.16)

NICU Min{100, WEIBULL(10.2, 0.752)} 11.94 15.6 (11.93, 12.09)

System Rejection Rates

Data in hand do not include the information of rejection/transfer of patients.
Only the women served in the hospital find place in hospital data. Therefore,
we consult external trustable information sources and literature for determining
the expected probability of patients not being served in the network and eventu-
ally rejected to out of network, in France. In literature [Asaduzzaman 2010] and
[Beck 2010] estimate neonatal rejection rates in developed countries as; ∼5-7% for
neonatal units and ∼25-30% for an NICU. The rejection probabilities obtained from
the simulation model are ∼0% for pregnant women, ∼5% for neonatal babies, and
∼34% for NICU babies. It can be interpreted that only NICU rejection rate is
computed higher than the one presented in literature. Nevertheless, it is important
to mention that such an augmented rate is reasonable considering the geopolitical
and demographic structure of the department Hauts-de-Seine. This department is
known as one of the most crowded department in Ile-de-France, furthermore it has a
lot of attraction from neighboring departments. Even though the quality of service
is high and the premature birth rates are relatively low 6.3% ([EFC 2010]), the re-
jection rates can become quite high since there exist only one NICU in the network
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which receives an augmented demand for its service. Therefore we believe that the
simulation model accurately represents the real situation in the perinatal network
Nord Hauts-de-Seine.
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6.6 Numerical Results

6.6.1 Optimum Capacity Planning of CP Model

The input data setting for case study is presented in detail in Section 6.4. The
capacity planning model (CP) is solved with CPLEX. Optimal capacity decisions
obtained from the model and the total cost associated with the optimal solution
are presented in Table 6.9. No change in capacity of obstetric units is proposed by
the model which can be interpreted as that the number of existing resources of OBs
is sufficient for the network. For neonatal units, the model proposes "to transfer a
staffed-bed from H3 to H5" and "to invest on new 5 basic neonatal staffed-beds"
and "9 NICU staffed-beds at H6" in order to ensure the desired service level in each
unit (α 6 0.05) in the network.

After the optimum capacity planning is obtained from CP model, simulation
model is executed under this optimal CP capacity setting. The system rejection
probabilities obtained under both model is presented in Table 6.9. It is important
to note that simulation model computes lower system rejection rates (for obstetric
and neonatal service units) compared to CP model under the same optimal CP
capacity setting. The major reason of this result is the consideration of overflows
in simulation model. While, in CP model, a rejected patient is considered as lost,
in simulation model s/he is allowed to overflow to another hospital in the network
where she may be accepted, which indeed drops rejection rates significantly.

Table 6.9: Comparison of SIM and CP results
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On the other side, different than OB or basic neonatal, rejection rate of H6 NICU
(4.98%) is higher than the one computed by CP model (4.78%). This is because
there exists only one NICU in network, which obviously cannot profit from overflow
phenomena. The observed difference mostly stems from the distinctive service dis-
tributions used in CP and simulation models; which are defined as exponential and
weibull respectively.

6.6.2 Simulation-Optimization

Under the optimal CP capacity, simulation model computes significantly smaller
rejection probabilities than targeted maximum level (α = 0.05). Since simulation
model is a better representation of the real system, this result encourages us to claim
that the targeted service level is possible to be guaranteed with fewer numbers of
staffed-beds through less costly capacity decisions.

Motivated from the latter results, the optimal CP solution is taken as the base-
scenario and several coherent scenarios are generated around the base scenario. The
control factors are the number of staffed-beds in each basic neonatal and NICU ser-
vice unit. The values tested are determined from the direction of possible improve-
ment which can be deducted from the Table 6.9. Obstetric units are not considered
in the test scenarios since it is already self-sufficient. A full factorial experimental
design setting is constructed with the values presented in Table 6.10.

Table 6.10: Experimental Design Setting
Control Factors Level 1 Level 2 Level 3 Responses

x32 12 13 14 rej32

Neonatal x42 13 14 15 rej42

Units x52 19 20 21 rej52

x62 23 24 25 rej62

NICU x63 - 22 23 rej63

50 Simulation runs are generated for each of the 162 test scenarios and corre-
sponding rejection probabilities obtained. The scenarios, which satisfy the service
level constraint (5%) in each service unit, are selected and presented in Tables 6.11
and 6.12 along with their associated costs.

Remark : Costs associated with location of facilities such as Opening Cost, Clos-
ing Cost and Fix Cost are discarded since no location (opening/closing) decision is
taken in the optimal CP results. Therefore, Total Costs are computed considering
Purchase Cost, Holding Cost, Transfer Cost and Assignment Cost (corre-
sponds to Overflow Cost in simulation model).



6
.6

.
N

u
m

e
ric

a
l
R

e
su

lts
1
7
9

Table 6.11: Test Scenarios (computing 6 0.05 rejection probabilities) and associated Capacity Costs



1
8
0

C
h
a
p
te

r
6
.

P
e
rfo

rm
a
n
c
e

E
v
a
lu

a
tio

n
o
f
P
e
rin

a
ta

l
N

e
tw

o
rk

v
ia

S
im

u
la

tio
n

Table 6.12: Test Scenarios (computing 6 0.05 rejection probabilities) and associated Capacity Costs (Continues...)



6.6. Numerical Results 181

The 11th scenario in Table 6.11 is the simulation output of optimal capacity
setting proposed by CP whose total cost is computed as 387.4. Among all scenarios,
the minimum total cost is achieved at the 5th scenario which computes 360.1. As we
compare 5th and 11th scenario it can be observed clearly that simulation optimum
basically proposes to transfer two more neonatal staffed-beds instead of purchasing
more neonatal beds as in optimal CP solution. Under this setting the network is
still able to perform a rejection rate below 5% (α 6 0.05). On the other side, it is
observed that the service level desired in NICUs can be obtained with at least 23
NICU staffed-beds.

Another interesting result extracted from simulation study is that it is possible
to validate the expected behavior of CP model defined through its assumptions by
using simulation output, and reversibly simulation model itself. Since CP model
does not consider overflows, it decides on capacity planning simultaneously with
allocation of demand (such that CP might decide to increase the capacity of a pre-
ferred unit in order not to assign patients to a less preferred unit which is penalized
with a higher cost). Then, it is expected from CP optimal to compute the lowest
Overflow cost(Assignment cost) among other scenarios. From Table 6.11, the 11th

scenario (the simulation output of the optimal CP planning) computes the smallest
OV cost (71) which confirms both the validity of CP and simulation model. Optimal
CP scenario proposes to purchase the highest number of basic neonatal beds which
directly increases the model ability of assigning patients to their most preferred hos-
pitals. Consequently, the lowest assignment cost is achieved which is theoretically
expected from a model where no overflows are considered.

In this study, the capacity of obstetric units is not considered as a decision vari-
able since obstetric rejection rate is already very low in each hospital.
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6.7 Conclusion & Futurework

In this chapter, we constructed a joint “agent-based” “discrete-event” simulation
model for representing both health-state evaluation of pregnant women during an-
tenatal period and the flow of women, consequtively flow of babies in a hierarchical
overflow loss healthcare network (perinatal network of Nord Hauts-de-Seine).

From the provided hospital historical data, we conducted a comprehensive input
analysis to determine the realistic parameter setting to feed the model. The same
data is used (with support of related literature) to validate the constructed simula-
tion model regarding several important outputs.

Analytical models are built upon many assumptions. In this chapter we tested
the validity of one of our analytical models (single period capacity planning model),
its ability to represent a perinatal network via the proposed simulation model. For
this purpose, several coherent scenarios are generated around optimum capacity de-
cisions obtained from CP model and run under the same experimental setting. It is
observed that CP model slightly overestimates the required capacity of each neona-
tal unit compared to simulation model; which likely stems from the assumptions
of "no consideration of overflows" and "exponential service times". However, from
the analysis of scenarios, it can be claimed that the analytical model behaves as
intended, its validity is assured.

In this very chapter, we used the simulation model to reproduce the behavior
of the perinatal network with an adequate detail level in order to evaluate its per-
formance by analyzing outcomes of different scenarios. As a future work, analytical
modeling and simulation modeling can be used interactively where simulation model
can easily capture the complexity of the system and its outcomes recursively can
provide the necessary input data for analytical model. In our analytical models,
we attempted to explicitly represent the functioning of the system. As a result of
this, either model got too complicated (i.e., nonlinear functions for rejection prob-
abilities) or we had to make several simplifying assumptions to build the model.
It would be an interesting prospective study to adopt a simpler analytical model
which is solved recursively with the rejection probabilities estimated from simulated
data until the convergence is achieved. This type of modeling would yield quite
realistic results and the solution approach can be adopted to a flexible tool that the
managers can use to evaluate the system performance metrics and making several
operational decisions.

A short term perspective consists in adding antenatal patient pathway flows,
such as visits to the gynecologist, imaging exams, emergency visits in maternity
facilities, etc. As a matter of fact, the same model can be used to predict the
optimal capacity for all resources used in the antenatal phase, using the benefit of
the health state model during pregnancy. Finally, another future work consists in
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focusing on a subset of patients of interest (such as pregnant women with a high risk
of premature delivery) to better size the network in terms of rare resources. The
provided simulation model is flexible enough to achieve such objectives.
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6.8 Résumé du chapitre

Dans ce chapitre, nous avons construit un modèle de simulation unifié “multi-agents”
et “à événements discrets” pour représenter conjointement évaluation de l’état de
santé des femmes enceintes pendant la période prénatale et la modélisation du flux
des femmes dans les différentes structures de soins, ainsi que les flux de bébés (ap-
plication au réseau périnatal Hauts-de-Seine Nord).

D’après les données historiques hospitalières fournies, nous procédons à une anal-
yse des données d’entrée complètes pour déterminer la valeur du paramètre réaliste
pour alimenter le modèle. Les mêmes données sont utilisées (avec l’appui de la lit-
térature connexe) pour valider le modèle de simulation construit sur grâce à plusieurs
indicateurs importants.

Les modèles analytiques sont construits sur de nombreuses hypothèses. Dans ce
chapitre, nous avons testé la validité de l’un de nos modèles analytiques (modèle
de planification de la capacité sur une seule période), sa capacité à représenter un
réseau périnatal via le modèle de simulation proposé. A cet effet, plusieurs scénarios
cohérents sont générés autour des décisions de capacité optimale obtenues à partir
du modèle CP et fonctionnent sous le même cadre expérimental. On constate que
le modèle surestime légèrement la capacité requise de chaque unité néonatale par
rapport aux modèles de simulation, ce qui découle probablement des hypothèses
selon lesquelles nous ne tenions pas compte des transferts entre hôpitaux et nous
considérions des durées de service exponentielles. Cependant, à partir de l’analyse
de scénarios, on peut affirmer que le modèle analytique se comporte comme prévu,
sa validité est assurée.

Dans ce chapitre, nous avons utilisé le modèle de simulation pour reproduire le
comportement du réseau périnatal avec un niveau de détail suffisant pour évaluer
sa performance par l’analyse des résultats des différents scénarios. La modélisation
analytique et la simulation peut être utilisé de manière interactive où le modèle de
simulation peut facilement capturer la complexité du système et de ses résultats de
manière récursive peut fournir les données d’entrée nécessaires pour le modèle ana-
lytique. Dans nos modèles d’analyse, nous avons tenté de représenter explicitement
le fonctionnement du système. À la suite de cela, les deux modèles devenu trop com-
pliqués (par exemple, les fonctions non linéaires pour la probabilité de rejet) ou nous
avons dû faire plusieurs hypothèses simplificatrices pour construire le modèle. Ce
serait une étude prospective intéressant d’adopter un modèle analytique simple qui
est résolu de façon récursive avec les probabilités de rejet estimées à partir des don-
nées simulées jusqu’à ce que la convergence soit atteinte. Ce type de modélisation
donnerait des résultats très réalistes et l’approche de la solution peut être adoptée
à un outil flexible que les gestionnaires peuvent utiliser pour évaluer les indicateurs
de performance du système et faisant plusieurs décisions opérationnelles.



Chapter 7

General Conclusion

7.1 Conclusion

In this thesis, we addressed design, evaluation and flow control of stochastic overflow
healthcare networks where patients get rejected if the required service capacity is
not available at arrival and they may overflow to another hospital or to out of net-
work. By motivated from perinatal networks, we studied several challenging issues
from both strategic and operational perspectives. The proposed methodologies for
each considered problem and possible extensions are summarized as in the following.

One of the most challenging issues of perinatal and particularly neonatal net-
works is the inadequacy of resources and as its natural extension: high rejection
rates. In chapter 3, we proposed a dynamic location & capacity planning model
where we consider simultaneously location (opening/closing) and service capacity
decisions (increase, decrease, transfer) in order to ensure a minimum desired cus-
tomer acceptance rate for each service unit in each facility. The resulting model was
nonlinear due to the utilization of Erlang Loss function to represent stochasticity in
the network. We were able to linearize the nonlinear model by various linearization
models which allow us to solve big size problems to optimality in a reasonable time.
Structural properties of these linearization models are proved.

Due to its strategic context, possibility of overflows between hospitals was kept
out of scope of chapter 3. However, in operational level, overflow of patients in
a hierarchical network is an important feature and creates an interesting and rich
research area, hence constitutes mainly the remaining part of our study.

In Chapter 4, we studied the performance evaluation of overflow loss networks.
Several approximation methodologies are developed for estimating the blocking
probabilities for each arrival stream of each hospital in different overflow routing
structures. We presented a new method called BinomIPP which is based on IPP
characterized arrivals and binomial moment transformation. The proposed method
is shown to outperform existing approaches in an overflow network with forward
routing. The success of the method lies in its ability to overcome Poisson error as
well as correlation error; two type of errors usually manifest themselves in overflow
loss networks. For evaluating the performance of an overflow network with feedback
routing, we presented several efforts, some of which give promising results under
special cases yet development of a generic approximation methodology which per-
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forms robustly well in such type of networks remains as a promising prospective
research idea.

In Chapter 5, we focused on the control of overflows in various size hierarchical
networks with different types of routing structure. We studied optimal admission
control policies via Markov Decision Processes on overflow loss networks with in-
creasing complexities which have not been studied in the existing literature. For
smaller size networks, we provided the structural properties of optimal admission
control policies. For big scale networks, we proposed a near-optimal heuristic policy
(local control policy) whose performance is evaluated by an LP model, developed to
compute a tight upper-bound on the problem. In the end of the section, the prop-
erties of LP formulation are proved so that we could conclude that the proposed LP
computes an upper-bound for the problem. In the light of several numerical exam-
ples, we analyzed the performance of both local control policy and the upper bound
formulation and it is observed that both models perform quite well with respect to
the small % relative gaps computed.

In Chapter 6, we presented the implementation and validation process of a
joint "agent-based" "discrete-event" simulation model of a stochastic hierarchical
overflow-loss perinatal network (Nord Hauts-de-Seine). Our main objective was
to reproduce the behavior of the perinatal network with an adequate detail level
in order to evaluate its performance by analyzing outcomes of different scenarios
and more importantly evaluate the strength of the optimal results of our analytical
models built upon numerous underlying assumptions. In this particular study, we
focused on the analytical model (CP) which was a simplified version of the loca-
tion and capacity model proposed in chapter 3. After fairly identical inputs are fed
into both CP and simulation model, the results are compared. It is revealed that
CP model slightly overestimated the planning of each unit compared to simulation
model optimum, as expected. We concluded the chapter by stating that underlying
assumptions (no overflows, exponential service times) of CP have certainly an im-
pact on the results, yet in small magnitude and in the expected direction.

The development of COVER platform was conducted in parallel with the re-
search project realized in this thesis. All scientific tools developed are included in
a web-platform with a mapping tool based on Google Maps and a user-friendly in-
terface which also includes collaboration tools such as private document sharing to
improve the collaborative performance of the network. Real data is provided by
ARS and the perinatal network from Hauts-de-Seine which is already fed to the
system.

In this thesis, our main motivation source and application area manifested as
perinatal networks. However it is important to note that all scientific tools developed
in this thesis are kept robust enough to be applied in any stochastic hierarchical ser-
vice networks, i.e., emergency units network. Thus, by using the same information
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Figure 7.1: Screenshot of the COVER webplatform user interface

system the proposed models and programs can be applied directly to any depart-
ment of France or any other type of geographical region with different features. We
argue that COVER platform can serve as a decision support tool that would aid
decision makers, healthcare managers, health professionals to better assess the sys-
tem performance and assist them in giving important decisions more efficiently in a
continuously changing and complex environment.

7.2 Perspectives

Several research directions can be determined in the frame of this thesis:

- In this study, the resources in hospitals are generalized as staffed-beds. As a
prospective study, all related scarce hospital resources (gynecologists, nurses, spe-
cific equipment) can be taken into account in capacity planning problem in order to
determine the necessary number individual resources instead of staffed-beds.

- For "Feedback (cyclic) overflow loss network", the aggregated approach per-
formed well in 3-hospital case. However, the method is based on a two state Markov
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Chain computation in the aggregated state and the extension of this method to big
size networks is blocked by a scalability problem. Thus, investigating a more sophis-
ticated probabilistic selection rule for developing a better approximation methodol-
ogy to evaluate "Feedback (cyclic) overflow loss networks" manifests as an interesting
research direction.

- In performance evaluation via simulation, we focused on only capacity plan-
ning problem as an analytical model. The same strategy can be used to optimize
the control policies used in the various hospitals of the network. By constructing a
design of experiment, it is possible to test various scenarios to select the best control
policy for all services taking into account the results from Chapter 5.
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7.3 Résumé de la thèse

Dans cette thèse, nous avons le problème de conception et de pilotage de flux d’un
réseau de soins stochastique sans attente, où les patients sont rejetés vers d’autres
hôpitaux si la capacité de service requis n’est pas disponible à l’arrivée. Une appli-
cation à la périnatalité est proposée. Nous avons étudié plusieurs questions difficiles
du point de vue à la fois stratégique et opérationnel. Les méthodes proposées pour
chaque problème considéré et leurs extensions possibles sont résumés comme suit.

L’une des questions les plus difficiles en lien avec les réseaux périnatals et néona-
tals en particulier est l’insuffisance des ressources et par conséquent : le taux de rejet
élevé. Dans le chapitre 3, nous avons proposé un modèle de planification des capac-
ités dans lequel nous considérons simultanément la localisation (ouverture/fermeture
de structures) et les décisions de la capacité de service (augmentation, diminution,
transfert) afin d’assurer l’acceptation d’un nombre de patients minimum en tenant
compte du coût global du réseau. Le modèle qui en résulte est non linéaire en raison
de l’utilisation de fonctions de Erlang pour modéliser le caractère stochastique du
réseau. Nous avons réussi à linéariser le modèle non linéaire, nous permettent de
résoudre des problèmes de grande taille à l’optimalité dans un délai raisonnable. Les
propriétés structurelles de ces modèles de linéarisation sont prouvées.

Grâce à son cadre stratégique, la possibilité de transferts entre les hôpitaux n’a
pas été abordée dans le chapitre 3. Cependant, au niveau opérationnel, le transfert
des patients dans un réseau hiérarchique est une caractéristique importante, con-
stituant un verrou scientifique intéressant et riche, traité dans la suite de notre étude.

Dans le chapitre 4, nous avons étudié l’évaluation de la performance des réseaux
sans attente avec rejet. Plusieurs méthodes d’approximation sont développés pour
estimer les probabilités de blocage pour chaque flux d’arrivée de chaque hôpital dans
les différentes structures de routage des rejets. Nous avons présenté une nouvelle
méthode appelée BinomIPP, basée sur les arrivées caractérisées IPP et la transfor-
mation de moment binomial. La méthode proposée s’est révélée plus performante
que les approches existantes dans un réseau sans attente avec rejet et avec routage
vers l’avant. Le succès de la méthode réside dans sa capacité à éliminer l’erreur
liée à la loi de Poisson, ainsi que l’erreur de corrélation, deux types d’erreurs qui
se manifestent généralement dans ce type de réseaux. Pour évaluer la performance
d’un réseau sans attente avec rejet et avec routage de feedback, nous avons présenté
plusieurs initiatives, dont certaines donnent des résultats prometteurs dans des cas
particuliers. Le développement d’une méthodologie de générique et robuste con-
stitue une perspective de recherche prometteuse.

Dans le chapitre 5, nous nous sommes concentrés sur le pilotage des rejets dans
les différents réseaux avec différents types de structure de routage. Nous avons étudié
les politiques de contrôle d’admission optimales en utilisant des processus de déci-
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sion markoviens. Pour les réseaux de petite taille, nous fournissons les propriétés
structurelles de la politique de pilotage d’admission optimale. Pour les réseaux
d’envergure, nous avons proposé une politique heuristique quasi-optimale dont la
performance est évaluée par un modèle d’optimisation linéaire, développé pour cal-
culer une borne supérieure de qualité sur le problème.

Dans le chapitre 6, nous avons présenté un modèle de simulation mixte multi-
agents à événements discrets d’un réseau périnatal (Hauts-de-Seine Nord), sa mise
en oeuvre et sa validation. Notre objectif principal consistait à reproduire le com-
portement du réseau périnatal avec un niveau de détail suffisant pour évaluer sa
performance par l’analyse des résultats des différents scénarios et surtout d’évaluer
la solidité des résultats optimaux de nos modèles analytiques construits sur de nom-
breuses hypothèses sous-jacentes. Le modèle se révèle flexible, et permet de modérer
les résultats obtenus précédemment, et permet également de prodiguer des recom-
mandations à destination des gestionnaires de ce type de réseaux de santé.



Appendix A

Design of Experiments (DOE) for

Cost Parameter Setting

DOE is constructed for the three most difficult-to-set cost parameters (FC, DC, TC)
in order to observe their impact on model decisions. Cost parameters are tested at
different values (levels), which are set relative to the predefined relationships with
HC (Section 3.6.2). Tested values for each cost parameter are presented in Table A.1.

Table A.1: DOE Setting
Level 1 Level 2 Level 3 Level 4

s = 1, 2, 3 s = 1, 2, 3 s = 1, 2, 3 s = 1, 2, 3

10,10,10 50,50,50 100,100,100

7,10,20 40,60,100 100,150,200

7,10,20 15,20,40 40,60,100 100,150,200

Main effect plots allow us to point out the most significant cost parameter(s)
for each capacity and facility location decision considered by presenting the pro-
portion between the change in the value of parameter and resulting change in the
corresponding decision. The two cost parameters which have the biggest impact
on facility location decisions are FC and DC as presented in Fig.A.1. On capac-
ity planning decisions, Fig.A.2 points out that there is a trade-off between DC
and TC while FC has an ignorable effect on downsizing decisions. Furthermore,
Fig.A.3 indicates that TC is the most important factor for determining the amount
of transportation in the network whereas FC and DC work in an opposing direction.

Interaction plots allow us to determine a possible correlation among cost pa-
rameters for a corresponding decision. The plots for facility relocation decisions
are presented in Fig. A.4. It can be observed that TC does not have a significant
effect on the closure of services. However there is a compromise between FC and
DC. If FC is chosen too high, (since it is a periodic cost it incurs for each existing
service) it easily dominates the cost structure such that DC or TC do not have any
significant impact on the decisions. However if FC is set too small, then it starts to
have almost no effect on facility relocation decisions.

On the capacity planning side we have two interaction plots presenting the com-
promise between DC and TC in terms of two important decisions in the network:
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Figure A.1: Main effect plots of cost factors on number of services kept open

Figure A.2: Main effect plots of cost factors on number of staffed-beds downsized

Figure A.3: Main effect plots of cost factors on number of staffed-beds downsized
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Figure A.4: Interaction plots of cost factors on number of services kept open (on
facility relocation decisions)

downsizing and transferring resources presented in Fig. A.5 and A.6 respectively.
Intuitively when DC is low, the highest amount of downsize occurs. When DC is at
its highest value (level 3), there is no decrement. Generally TC has a clear negative
correlation with DC in terms of downsized beds such that as TC gets smaller, less
number of beds gets downsized. However, small values of TC (lower than level 2)
do not have any effect on number of staffed-beds downsized.

On the other side in terms of transfer, relation between TC and DC depends on
the tradeoff between holding cost of not-downsized resources and purchase+holding
costs of new resources. Fig.14 presents that for all values of TC smaller level 4,
even if DC is low the model tends to transfer beds rather than downsize them even
though it means paying holding cost for each resource not downsized. However,
when DC is at its highest level, downsizing gets too costly such that more services
are kept open which in turn results in finding less possibility to transfer even if TC
is set its lowest level.
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Figure A.5: Interaction plots of cost factors on number of staffed-beds downsized

Figure A.6: Interaction plots of cost factors on number of staffed-beds transferred



Appendix B

Capacity planning plots for

Scenario 2

The capacity planning plots for Scenario 2 (where no cooperation/transfer is as-
sumed) is given in Fig. B.1, B.2 and B.3 for three service units. It is not any
more profitable to close an existing facility since its cost cannot be compensated by
other decisions such as downsizing or transferring. The model has to make new in-
vestments in order to ensure required service level, thus the number of staffed-beds
purchased is 2 times more than the ones in the base scenario, which results in a
higher holding cost. Furthermore, in a network where cooperation is not possible,
the model chooses to assign patients to their “not primarily preferred” hospitals due
to their idle capacity rather than increase the capacity (by making new investments)
on their preferred hospitals.

Figure B.1: Optimum planning in NICUs (no cooperation)
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Figure B.2: Optimum planning in Basic Neonatals (no cooperation)

Figure B.3: Optimum planning in OBs (no cooperation)
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Capacity planning plots for

Scenario 3

The capacity planning plots for Scenario 3, where service level requirement is 99%
for NICUs and neonatals, is given in Fig. C.1, C.2 and C.3.

Figure C.1: Optimum planning in NICUs (higher service level)

Figure C.2: Optimum planning in Basic Neonatals (higher service level)
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Figure C.3: Optimum planning in OBs (higher service level)



Appendix D

Binomial Moment Transformation

In this appendix, we present the derivation of finite system equations from infinite
system balance equations of multidimensional MC through binomial moment trans-
formation.

We multiply both sides of the MC infinite balance equations (given in subsection
4.3.2) by (1 + x)k and summing on k from 0 to infinity:

For 0 6 n < Ni

∞∑

k=0

P (1, 1, n, k)(a1 + γ1 + a2 + γ2 + λ+ n+ k)(1 + x)k

=
∞∑

k=0

P (0, 1, n, k)w1(1 + x)k +
∞∑

k=0

P (1, 0, n, k)w2(1 + x)k

+

∞∑

k=0

P (1, 1, n− 1, k)(a1 + a2 + λ)(1 + x)k

+

∞∑

k=0

P (1, 1, n+ 1, k)(n+ 1)(1 + x)k +

∞∑

k=0

P (1, 1, n, k + 1)(k + 1)(1 + x)k

(D.1)

Rewriting equation D.1 as:
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Rewriting equation D.1 by using the relation
∑∞

k=l

(
k
l

)
P (1, 1, n, k) = Bl(1, 1, n):
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(a1 + γ1 + a2 + γ2 + λ+ n)Bl(1, 1, n) +
∞∑

k=l

(
k

l

)
kP (1, 1, n, k)

= w1Bl(0, 1, n) + w2Bl(1, 0, n) + (a1 + a2 + λ)Bl(1, 1, n− 1)

+ (n+ 1)Bl(1, 1, n+ 1) +
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(
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l

)
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While the transformation is straightforward for finite variables, for the r.v. l which
can take infinite values, we proceed as in the following:

Note that (l+1)
∑∞

k=l

(
k
l

)
P (1, 1, n, k+1) can be written as

∑∞
k′=l+1

(
k′−1
l

)
P (1, 1, n, k′)

Therefore,
∞∑

k=l

k

(
k

l

)
P (1, 1, n, k)−

∞∑

k′=l+1

(
k′ − 1

l

)
P (1, 1, n, k′)

= lP (1, 1, n, l) +
∞∑

k=l+1

k

(
k

l

)
P (1, 1, n, k)−

∞∑

k=l+1

k

(
k − 1

l

)
P (1, 1, n, k)

= lP (1, 1, n, l) +
∞∑

k=l+1

k

[(
k

l

)
−

(
k − 1

l

)]
P (1, 1, n, k)

From
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)

= l

∞∑

k=l

(
k

l

)
P (1, 1, n, k)

= lBl(1, 1, n)

Then equation D.1 can be written as:

(a1 + γ1 + a2 + γ2 + λ+ n+ l)Bl(1, 1, n)

= w1Bl(0, 1, n) + w2Bl(1, 0, n) + (a1 + a2 + λ)Bl(1, 1, n− 1)

+ (n+ 1)Bl(1, 1, n+ 1)
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With similar transformations the remaining equations for the case n < N can also
be written as:

(a1 + γ1 + w2 + λ+ n+ l)Bl(1, 0, n) = w1Bl(1, 1, n) + γ2Bl(0, 0, n)

+ (a1 + λ)Bl(1, 0, n− 1)

+ (n+ 1)Bl(1, 0, n+ 1)

(D.2)

(w1 + a2 + γ2 + λ+ n+ l)Bl(0, 1, n) = γ1Bl(1, 1, n) + w2Bl(0, 0, n)

+ (a2 + λ)Bl(0, 1, n− 1)

+ (n+ 1)Bl(0, 1, n+ 1)

(D.3)

(w1 + w2 + λ+ n+ l)Bl(0, 0, n) = γ1Bl(1, 0, n) + γ2Bl(0, 1, n)

+ (λ)Bl(0, 0, n− 1) + (n+ 1)Bl(0, 0, n+ 1)

(D.4)

On the boundary space, similar transformations are done:

For n = N the first equation:

(a1 + γ1 + a2 + γ2 + λ+N + l)
∞∑

k=l

(
k

l

)
P (1, 1, N, k)

= w1

∞∑

k=l

(
k

l

)
P (0, 1, N, k) + w2

∞∑

k=l

(
k

l

)
P (1, 0, N, k)

+ (a1 + a2 + λ)

∞∑

k=l

(
k

l

)
P (1, 1, N − 1, k)

+ (a1 + a2 + λ)

∞∑

k=l

(
k

l

)
P (1, 1, N, k − 1) +

∞∑

k=l

(k + 1)

(
k

l

)
P (1, 1, N, k + 1)

(D.5)

Rewriting equation D.5 by using the same relation
∑∞

k=l

(
k
l

)
P (1, 1, n, k) = Bl(1, 1, n)

and the binomial transformation presented in the case before:

(a1 + a2 + λ)

∞∑

k=l

(
k

l

)
P (1, 1, N, k) + (γ1 + γ2 +N + l)Bl(1, 1, N)

= w1Bl(0, 1, N) + w2Bl(1, 0, N) + (a1 + a2 + λ)Bl(1, 1, N − 1)

+ (a1 + a2 + λ)
∞∑

k=l

(
k

l

)
P (1, 1, N, k − 1)
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On the boundary space equation, when n=N, the arrivals are accepted to the infinite
server station that changes its state space from k-1 to k. Thus, there is one extra
term that exists in the boundary space equations which is needed to be transformed
into Binomial moments. If we focus on this term:

(a1 + a2 + λ)

(
∞∑

k=l

(
k

l

)
P (1, 1, N, k − 1)−

∞∑

k=l

(
k

l

)
P (1, 1, N, k)

)

= (a1 + a2 + λ)

(
∞∑

k′=l−1

(
k′ + 1

l

)
P (1, 1, N, k′)−

∞∑

k=l

(
k

l

)
P (1, 1, N, k)

)

= (a1 + a2 + λ)
(
(P (1, 1, N, l − 1) +

∞∑

k′=l

(
k′ + 1

l

)
P (1, 1, N, k′)−

∞∑

k=l

(
k

l

)
P (1, 1, N, k)

)

= (a1 + a2 + λ)

(
P (1, 1, N, l − 1) +

∞∑

k=l

[(
k + 1

l

)
−

(
k

l

)]
P (1, 1, N, k)

)

= (a1 + a2 + λ)

(
P (1, 1, N, l − 1) +

∞∑

k=l

(
k

l − 1

)
P (1, 1, N, k)

)

= (a1 + a2 + λ)

∞∑

k=l−1

(
k

l − 1

)
P (1, 1, N, k)

= (a1 + a2 + λ)Bl−1(1, 1, N)

Then equation D.5 can be written as:

(γ1 + γ2 +N + l)Bl(1, 1, N) = w1Bl(0, 1, N) + w2Bl(1, 0, N)

+ (a1 + a2 + λ)Bl(1, 1, N − 1)

+ (a1 + a2 + λ)Bl−1(1, 1, N)

With similar transformations, the remaining equations for the case n = N can also
be written as:

(γ1 + w2 +N + l)Bl(1, 0, N) = w1Bl(0, 0, N) + γ2Bl(1, 1, N)

+ (a1 + λ)Bl(1, 0, N − 1) + (a1 + λ)Bl−1(1, 0, N)

(D.6)

(w1 + γ2 +N + l)Bl(0, 1, N) = γ1Bl(1, 1, N) + w2Bl(0, 0, N)

+ (a2 + λ)Bl(0, 1, N − 1) + (a2 + λ)Bl−1(0, 1, N)

(D.7)
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(w1 + w2 +N + l)Bl(0, 0, N) = γ1Bl(1, 0, N) + γ2Bl(0, 1, N) + (λ)Bl(0, 0, N − 1)

+ (λ)Bl−1(0, 0, N)

(D.8)
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E.1 For Single Hospital

Proofs are established by using induction on value function operators.

Lemma 2: If B and D hold for f(x), then D holds for TDf(x).

Proof. The lemma is proved by establishing the inequality

TDf(x+ 1)− TDf(x) > −r1, ∀x ∈ Ω|··0 6 x 6 N − 1

which holds as

TDf(x+ 1)− TDf(x) =
x+ 1

N
f(x)+

N − x− 1

N
f(x+1)−

x

N
f(x− 1)−

N − x

N
f(x)

=
x

N
∆f(x) +

N − x

N
∆f(x+ 1) +

1

N
(f(x)− f(x+ 1))

≥
x

N
∆f(x) +

N − x

N
∆f(x+ 1) (by B)

≥ −r1 (by D)

Q.E.D

Lemma 3: If E and D hold for f(x), then D holds for TAi
f(x).

Proof: We need to show

TAi
f(x+ 1)− TAi

f(x) > −r1, ∀x ∈ Ω|··0 6 x 6 N − 1
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which holds for two cases (I) and (II):
For Case (I) where x < N − 1:

TAi
f(x+ 1)− TAi

f(x) = f(x+ 1) + max{ri + f(x+ 2)− f(x+ 1), 0}

− f(x)−max{ri + f(x+ 1)− f(x), 0}

(bymax{a, 0} −max{b, 0} > −max{b− a, 0})

≥ f(x+ 1)− f(x)

−max{2f(x+ 1)− f(x)− f(x+ 2), 0} (by E)
= f(x+ 1)− f(x)− 2f(x+ 1) + f(x) + f(x+ 2)

= f(x+ 2)− f(x+ 1)

≥ −r1

For Case (II) where x = N − 1:

TAi
f(N)− TAi

f(N − 1) = f(N)−max{ri + f(N), f(N − 1)}

if ri + f(N) ≥ f(N − 1):
= f(N)− ri − f(N)

= −ri
≥ −r1

if ri + f(N) ≤ f(N − 1):
= f(N)− f(N − 1)

≥ −r1 (by D)

Q.E.D

Lemma 4: If B holds for f(x), then B holds for TDf(x).
Proof: We need to show

TDf(x+ 1)− TDf(x) 6 0 ∀x ∈ Ω|··0 6 x 6 N − 1

which hold as:

TDf(x+ 1)− TDf(x) =
x+ 1

N
f(x)+

N − x− 1

N
f(x+1)−

x

N
f(x− 1)−

N − x

N
f(x)

=
x

N
(f(x)− f(x− 1)) +

N − x− 1

N
(f(x+ 1)− f(x))

≤ 0 (by B)

Q.E.D

Lemma 5: If B holds for f(x), then B holds for TAi
f(x).

Proof: We need to show

TAi
f(x+ 1)− TAi

f(x) 6 0 ∀x ∈ Ω|··0 6 x 6 N − 1

which holds for two cases (I) and (II):
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For Case (I) where x < N − 1:

TAi
f(x+ 1)− TAi

f(x) = max{ri + f(x+ 2), f(x+ 1)} −max{ri + f(x+ 1), f(x)}

= f(x+ 1)− f(x) + max{ri + f(x+ 2)− f(x+ 1), 0}

−max{ri + f(x+ 1)− f(x), 0}

≤ max{ri + f(x+ 2)− f(x+ 1), 0}

−max{ri + f(x+ 1)− f(x), 0} (by B)
(frommax{a, 0} −max{b, 0} 6 max{a− b, 0})

≤ max{f(x+ 2)− 2f(x+ 1) + f(x), 0}

= max{∆f(x+ 1)−∆f(x), 0} (by E)
≤ 0

For Case (II) where x = N − 1:

TAi
f(N)− TAi

f(N − 1) = f(N)−max{ri + f(N), f(N − 1)}

if ri + f(N) ≥ f(N − 1):
= f(N)− ri − f(N)

= −ri
≤ 0

if ri + f(N) ≤ f(N − 1):
= f(N)− f(N − 1)

≤ 0 (by B)

Q.E.D

Lemma 6: If E holds for f(x), then E holds for TDf(x).
Proof. It is enough to show

∆TDf(x)−∆TDf(x+ 1) > 0 ∀x ∈ Ω|··0 6 x 6 N − 1,

which hold as:

∆TDf(x)−∆TDf(x+ 1)

= 2

(
N − x

N
f(x) +

x

N
f(x− 1)

)
−

(
N − x+ 1

N
f(x− 1) +

x− 1

N
f(x− 2)

)

−

(
N − x− 1

N
f(x+ 1) +

x+ 1

N
f(x)

)

=
N − x

N
((2f(x)− f(x− 1)− f(x+ 1))

+
x

N
((2f(x− 1)− f(x)− f(x− 2)+

1

N
(−f(x− 1)+ f(x− 2)+ f(x+1)− f(x))

=
N − x− 1

N
(2f(x)− f(x− 1)− f(x+ 1)) +

x− 1

N
(2f(x− 1)− f(x)− f(x− 2))

≥ 0 (by E)

Q.E.D
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Lemma 7: If E holds for f(x), then E holds for TAi
.

Proof. It is enough to show:

∆TAi
f(x)−∆TAi

f(x+ 1) > 0, ∀x ∈ Ω|··0 6 x 6 N − 1

which holds for two cases (I) and (II):

For Case (I) where x < N − 1:

∆TAi
f(x)−∆TAi

f(x+ 1) = TAi
f(x)− TAi

f(x− 1) + TAi
f(x)− TAi

f(x+ 1)

= max{ri + f(x+ 1), f(x)} −max{ri + f(x), f(x− 1)}

+max{ri + f(x+ 1), f(x)}

−max{ri + f(x+ 2), f(x+ 1)}

= f(x)− f(x− 1) + max{ri + f(x+ 1)− f(x), 0}

−max{ri + f(x)− f(x− 1), 0}+ f(x)

− f(x+ 1) + max{ri + f(x+ 1)− f(x), 0}

−max{ri + f(x+ 2)− f(x+ 1), 0}

= 2f(x)− f(x− 1)− f(x+ 1)

+ max{ri + f(x+ 1)− f(x), 0}

−max{ri + f(x)− f(x− 1), 0}

+max{ri + f(x+ 1)− f(x), 0}

−max{ri + f(x+ 2)− f(x+ 1), 0}

≥ 2f(x)− f(x− 1)− f(x+ 1)

−max{2f(x)− f(x− 1)− f(x+ 1), 0}

−max{f(x+ 2)− 2f(x+ 1) + f(x), 0}

= 0 (by E)

For Case (II) where x = N − 1:

∆TAi
f(N − 1)−∆TAi

f(N) = TAi
f(N−1)−TAi

f(N−2)+TAi
f(N−1)−TAi

f(N)

= max{ri + f(N), f(N − 1)}

−max{ri + f(N − 1), f(N − 2)}

+max{ri + f(N), f(N − 1)} − f(N)

= f(N −1)−f(N −2)+max{ri+f(N)−f(N −1), 0}

−max{ri + f(N − 1)− f(N − 2), 0}+ f(N − 1)

+ max{ri + f(N)− f(N − 1), 0} − f(N)

= 2f(N − 1)− f(N − 2)− f(N)

+ max{ri + f(N)− f(N − 1), 0}

−max{ri + f(N − 1)− f(N − 2), 0}

+max{ri + f(N)− f(N − 1), 0}

≥ 2f(N − 1)− f(N − 2)− f(N)

−max{2f(N − 1)− f(N − 2)− f(N), 0}

+max{ri + f(N)− f(N − 1), 0}

≥ 0 + max{ri + f(N)− f(N − 1), 0}

≥ 0 (by E)

Q.E.D



E.2. For 2-Hospital 209

E.2 For 2-Hospital

Proofs are established by using induction on value function operators.

Lemma 2: If B and D hold for f(x), then D holds for TDi
f(x).

Proof. The lemma is proved by establishing two inequalities

TDi
f(x+ ei)− TDi

f(x) > −rii, ∀x ∈ Ω|··0 6 xi 6 Ni − 1

TDj
f(x+ ei)− TDj

f(x) > −rii, ∀x ∈ Ω|··0 6 xi 6 Ni − 1

which holds as

TDi
f(x+ ei)− TDi

f(x) =
xi
Ni

∆if(x) +
Ni − xi

Ni
∆if(x+ ei) +

1

Ni
(f(x)− f(x+ ei))

≥
xi
Ni

∆if(x) +
Ni − xi

Ni
∆if(x+ ei) (by B)

≥ −rii (by D)

and

TDj
f(x+ ei)− TDj

f(x) =
xj
Nj

∆f(x+ ei − ej) +
Nj − xj

Nj
∆f(x+ ei)

≥ −rii (by D)

Q.E.D

Lemma 3: If C and D hold for f(x), then D holds for TAi
f(x).

Proof: We need to show

TAi
f(x+ ej)− TAi

f(x) > −rii(= −rjj), ∀x ∈ Ω|··0 6 xj 6 Nj − 1

Case xi 6 Ni − 1, ei 6= ej

TAi
f(x+ ej)− TAi

f(x) = [rii + f(x+ ej + ei)]− [rii + f(x+ ei)] (by C,D)
≥ −rjj (by D)

Case xi 6 Ni − 1, ei = ej

TAi
f(x+ ej)− TAi

f(x) ≥ [f(x+ ej)]− [rii + f(x+ ei)] (by definition, C, D)
≥ −rii (by ei=ej)

Case xi = Ni, xj 6 Nj − 1

TAi
f(x+ ej)− TAi

f(x) ≥ [f(x+ ej)]−max{rij + f(x+ ej), f(x)} (by definition)
≥ min{−rij , f(x+ ej)− f(x)}

≥ −rii (by D)

Q.E.D
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Lemma 4: If C holds for f(x), then C holds for TDf(x).
Proof: We need to show

rii + TDf(x+ ei) > rij + TDf(x+ ej), ∀x ∈ Ω|··0 6 xi 6 Ni − 1, 0 6 xj 6 Nj − 1

which hold as:

TDf(x+ ei)− TDf(x+ ej) =

(
N − xi − xj − 1

N
f(x+ ei) +

xi + 1

N
f(x)

+
xj
N

f(x+ ei + ej)

)
−

(
N − xi − xj − 1

N
f(x+ ej)

+
xi
N

f(x+ ej − ei) +
xj + 1

N
f(x)

)

=
N − xi − xj − 1

N
(f(x+ ei)− f(x+ ej)) +

xi
N

(f(x)

− f(x− ei + ej)) +
xj
N

(f(x+ ei − ej)− f(x))

≥
N − 1

N
(rij − rii) (by C)

≥ rij − rii

Q.E.D

Remark: this property does not hold for TDi
f(x) .

Lemma 5: If C and D hold for f(x), then C holds for TAi
f(x) .

Proof: We need to show

rii + TAi
f(x+ ei) > rij + TAi

f(x+ ej), ∀x ∈ Ω|··0 6 xi 6 Ni − 1, 0 6 xj 6 Nj − 1

rjj + TAj
f(x+ ei) > rji + TAj

f(x+ ej), ∀x ∈ Ω|··0 6 xi 6 Ni − 1, 0 6 xj 6 Nj − 1

which hold as:

TAi
f(x+ ei)− TAi

f(x+ ej) = TAi
f(x+ ei)− (rii + f(x+ ej + ei)) (by C, D)

≥ (rij + f(x+ ej + ei))− (rii + f(x+ ej + ei))

(by definition)
≥ rij − rii

and

TAj
f(x+ ei)− TAj

f(x+ ej) = (rjj + f(x+ ej + ei))− TAj
f(x+ ej) (by C, D)

≥ (rjj + f(x+ ej + ei))− f(x+ ej) (by definition)
≥ 0 (by D)
≥ rji − rjj

Q.E.D
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Lemma 6: If B holds for f(x), then B holds for TDf(x).
Proof. It is enough to show

TDf(x+ ei)− TDf(x) 6 0, ∀x ∈ Ω|··0 6 xi 6 Ni − 1

which hold as

TDf(x+ ei)− TDf(x) =

(
N − xi − xj − 1

N
f(x+ ei) +

xi + 1

N
f(x) +

xj
N

f(x+ ei −

ej)

)
−

(
N − xi − xj

N
f(x) +

xi
N

f(x− ei) +
xj
N

f(x− ej)

)

=
N − xi − xj − 1

N
(f(x+ ei)− f(x))

+
xi
N

(f(x)− f(x− ei))
xj
N

(f(x+ ei + ej)− f(x− ej))

≤ 0 (by B)

Q.E.D

Lemma 7: If B, C and D hold for f(x), then B holds for TAi
f(x).

Proof. It is enough to show

TAi
f(x+ ei)− TAi

f(x) 6 0, ∀x ∈ Ω|··0 6 xi 6 Ni − 1 (E.1)

TAj
f(x+ ei)− TAj

f(x) 6 0, ∀x ∈ Ω|··0 6 xi 6 Ni − 1 (E.2)

(I) holds as:

TAi
f(x+ ei)− TAi

f(x) = TAi
f(x+ ei)− (rii + f(x+ ei)) (by C, D)

= max{∆if(x+ 2ei), rij − rii +∆jf(x+ ei + ej),−rii}

(without term 1 if xi = Ni − 1 and term 2 if xj = Nj)
≤ 0 (by B)

Two cases for (II).

Case xj < Nj ,

TAj
f(x+ ei)− TAj

f(x) = (rjj + f(x+ ei + ej))− (rjj + f(x+ ej)) (by C, D)
≤ 0 (by B)

Case xj = Nj ,

TAj
f(x+ ei)− TAj

f(x) ≤ TAj
f(x+ ei)− (rji + f(x+ ei))

= max{rji + f(x+ 2ei), f(x+ ei)} − (rji + f(x+ ei))

(without term 1 in max if xi = Ni − 1 )
= max{f(x+ 2ei)− f(x+ ei),−rji}

≤ 0 (by B)
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Q.E.D

Lemma 8: If E hold for f(x), then E holds for TDf(x).
Proof: For x ∈ Ω|··1 6 xi 6 Ni − 1,

∆iTDf(x)−∆iTDf(x+ ei) = 2

(
N − xi − xj

N
f(x) +

xi
N

f(x− ei) +
xj
N

f(x− ej)

)

−

(
N − xi − xj + 1

N
f(x− ei) +

xi − 1

N
f(x− 2ei) +

xj
N

f(x− ei − ej)

)
−

(
N − xi − xj − 1

N
f(x+ ei)

+
xi + 1

N
f(x) +

xj
N

f(x+ ei − ej)

)

=
N − xi − xj − 1

N
(2f(x)− f(x− ei)− f(x+ ei))

+
xi − 1

N
(2f(x− ei)− f(x− 2ei)− f(x))

+
xj
N

(2f(x− ej)− f(x− ei − ej)− f(x+ ei − ej))

≥ 0 (by E)

Q.E.D

Lemma 9: If B, C, D, E hold for f(x), then E holds for TAi
.

Proof. It is enough to show:

∆iTAi
f(x)−∆iTAi

f(x+ ei) > 0, ∀x ∈ Ω|··1 6 xi 6 Ni − 1

∆iTAj
f(x)−∆iTAj

f(x+ ei) > 0, ∀x ∈ Ω|··1 6 xi 6 Ni − 1

Consider (I)

∆iTAi
f(x)−∆iTAi

f(x+ ei) = 2TAi
f(x)− TAi

f(x− ei)− TAi
f(x+ ei)

= 2(rii + f(x+ ei))− (rii + f(x))− TAi
f(x+ ei)

(by C, D)
= rii + 2f(x+ ei)− f(x)− TAi

f(x+ ei)

Case xi < Ni − 1

∆iTAi
f(x)−∆iTAi

f(x+ ei) = rii+2f(x+ ei)− f(x)− (rii+ f(x+2ei)) (by C, D)
= 2f(x+ ei)− f(x)− f(x+ 2ei) > 0 (by E)

Case xi = Ni − 1

∆iTAi
f(x)−∆iTAi

f(x+ ei) = rii + 2f(x+ ei)− f(x)

−max{rij + f(x+ ei + ej), f(x+ ei)}
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= min

{
{rii + 2f(x+ ei)− (f(x) + rij + f(x+ ei + ej)) ≡ X

rii + f(x+ ei)− f(x) ≡ Y (without termX ifxj = Nj)

by D, Y > 0. by C,

X ≥ rii + 2f(x+ ei)− (f(x+ ei − ej) + rii + f(x+ ei + ej))

= 2f(x+ ei)− f(x+ ei − ej)− f(x+ ei + ej)

≥ 0 (by E)

which implies ∆iTAi
f(x)−∆iTAi

f(x+ ei) > 0.

Consider (II)

It holds if xj < Nj as ∆iTAj
f(x)−∆iTAj

f(x+ei) = ∆if(x+ej)−∆if(x+ej +ei).
Assume xj = Nj .

∆iTAj
f(x) = TAj

f(x)− TAj
f(x− ei)

= max{rji + f(x+ ei), f(x)} −max{rji + f(x), f(x− ei)}

= f(x)− f(x− ei) + max{0, rji + f(x+ ei)− f(x)}

−max{0, rji + f(x)− f(x+ ei)}

≥ f(x)− f(x− ei)−max{0, 2f(x)− f(x+ ei)− f(x− ei)}

(bymax{0, a} −max{0, b} > −max{0, b− a})

= f(x)− f(x− ei)− (2f(x)− f(x+ ei)− f(x− ei)) (by E)
= −f(x) + f(x+ ei)

Case xi < Ni − 1

∆iTAj
f(x+ ei) = TAj

f(x+ ei)− TAj
f(x)

= max{rji + f(x+ 2ei), f(x+ ei)} −max{rji + f(x+ ei), f(x)}

= f(x+ ei)− f(x) + max{0, rji + f(x+ 2ei)− f(x+ ei)}

−max{0, rji + f(x+ ei)− f(x)}

≤ f(x+ ei)− f(x) + max{0, f(x+ 2ei) + f(x)

− 2f(x+ ei)} (bymax{0, a} −max{0, b} 6 max{0, a− b})
= f(x+ ei)− f(x) (by E)

Case xi = Ni − 1

∆iTAj
f(x+ ei) = ∆iTAj

f(x+ ei)−∆iTAj
f(x)

= f(x+ ei)−max{rji + f(x+ ei), f(x)}

≤ f(x+ ei)− f(x)

As a result, ∆iTAi
f(x)−∆iTAi

f(x+ ei) > 0.

Q.E.D
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Upper bounds

Several upper bound formulations are presented in the following.

A very straightforward upper-bound can be obtained by grouping all hospitals
into a single hospital and merge their individual arrival streams into one arrival
stream with an arrival rate of a(G). Then, we can use the aggregated system block-
ing probability in order to set an upper bound to total accepted load in the total
system. The necessary notation and the LP model of UB1 are defined as in the
following.

Notation:

G set of the hospitals where i ∈ G = {0, 1, ..., I}

ai arrival load of hospital i, where ai = λi/µ = λi since µ = 1

and a(G) =
∑

i ai
Ni number of beds in hospital i
P (G) global overflow probability if all hospital beds are grouped

in a single hospital where P (G) = B(a1 + ...aI , N1 + ...NI)

Pi isolated overflow probability if each hospital only accepts
its own patients, Pi = B(ai, Ni)

rij reward of a patient of hospital i admitted in hospital j

Decision Variable:

xij load of patients of hospital i admitted in hospital j .

The first linear programming model (UB1) which achieves an upper bound is for-
mulated as follows:

UB1 = max
∑

i∈G

∑

j∈G

rijxij
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subject to
∑

j

xij 6 ai (F.1)

∑

i

xij 6 Nj (F.2)

xii 6 ai(1− Pi) (F.3)
∑

i,j

xij 6 (1− P (G))a(G) (F.4)

xij > 0 (F.5)

Our objective is to maximize the total reward obtained from the accepted load
to each hospital. Constraint F.1 ensures that the total accepted load of patients i

cannot bigger than its total arriving load. Constraint F.2 ensures that total load
accepted to hospital j cannot be bigger than the total number of servers in that
hospital regarding 100% utilization of hospital beds. Assuming that patients can
be accepted only to their preferred hospitals, constraint F.3 defines the maximum
amount of class-1 load i that can accepted to a hospital i regarding the isolated
blocking probability. Constraints F.4 sets an upper bound on total number of ac-
cepted load in the whole system by assuming the system is one big aggregated
hospital with one big arrival stream. Constraint F.5 is the non-negativity constraint.

UB1 formulation is updated by introducing the phenomena of subsets of hospitals
and a correction factor for achieve more realistic utilization of beds. The improved
formulation UB2 is given as follows:

UB2 = max
∑

i∈G

∑

j∈G

rijxij

subject to
∑

j

xij 6 ai (F.6)

∑

i

xij 6
1

(1 + 1/a(G))
Nj (F.7)

∑

i,j∈S

xij 6 (1− P (S))a(S) ∀S ⊆ G (F.8)

xij > 0 (F.9)

where P (S) is the global overflow probability if all beds of hospitals in S are
grouped together and only patients of these hospitals are considered, i.e., P (S) =

B(a(S), N(S)), a(S) =
∑

i∈S ai, N(S) =
∑

i∈S Ni. In UB1, we let 100% usage of
hospital beds which is not possible in practice. As there is no queue in the system,
whenever a bed becomes available, the bed remains idle at least till the arrival of
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a patient. The average waiting time is then at least 1/a(G), the waiting time for
arrival of a patient even he is not served by the bed. Note that the average service
time of a patient is normalized to 1. As a result, the constraints F.7 ⊆ F.2.

Constraint F.8 guarantees an upper bound on the total accepted load in S where
all possible subsets (S) of all hospitals (G) are taken into account. For example,
for three hospital case, i.e. G = {1, 2, 3}, there are 7 constraints related to each
nonempty subset S, i.e. {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}. Therefore,
for S = {i}, constraints F.3 ⊆ F.8 whereas for S = {G}, constraints F.4 ⊆ F.8,
and additionally constraints F.8 includes constraints for all other subsets S of G.
Therefore, UB2 computes a tighter upper-bound where UB2 6 UB1.

The two following models further improve the previous ones by bounding total
accepted load of each hospital j with constraint F.11. We observe that the load
accepted in each hospital j is no more than the accepted load of j with all patients
first arrived at j, i.e. the accepted load of the pure loss system with Nj servers and
a(G) offered load.

UB3 = max
∑

i∈G

∑

j∈G

rijxij

subject to

∑

j

xij 6 ai (F.10)

∑

i

xij 6 a(G)(1−B(a(G), Nj)) (F.11)

xii 6 ai(1− Pi) (F.12)
∑

i,j∈S

xij 6 (1− P (G))a(G) (F.13)

xij > 0 (F.14)

The following model UB4 is the updated version of UB3 by introducing the previ-
ously mentioned phenomena of subsets where constraints F.12 and F.13 are replaced
with the constraint F.17

UB4 = max
∑

i∈G

∑

j∈G

rijxij
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subject to
∑

j

xij 6 ai (F.15)

∑

i

xij 6 a(G)(1−B(a(G), Nj)) (F.16)

∑

i,j∈S

xij 6 (1− P (S))a(S) ∀S ⊆ G (F.17)

xij > 0 (F.18)

The following models UB5 and UB6 are two natural extensions to UB4.

UB5 = max
∑

i∈G

∑

j∈G

rijxij

subject to
∑

j

xij 6 ai

∑

i∈G

∑

j∈S

xij 6 a(G)(1−B(a(G), N(S)) ∀S ⊆ G

∑

i∈S

∑

j∈S

xij 6 a(S)(1−B(a(S), N(S)) ∀S ⊆ G

xij > 0

UB6 = max
∑

i∈G

∑

j∈G

rijxij

subject to
∑

i∈S′

∑

j∈S

xij 6 a(S′)(1−B(a(S′), N(S)) ∀S′ ⊆ G, ∀S ⊆ G

xij > 0

All models are tested on some instances and we observe that UB3 improves UB2
(UB3 6 UB2) whereas no significant difference is observed among others such that
UB6=UB5=UB4=UB3. In all of the formulations above, we improve the constraints
in a way to better bound the maximum total load that can be accepted in a hospital
i.
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Liste de Publications

Publications dans des revues internationals

C.Pehlivan, V.Augusto, X.Xie, Dynamic capacity planning and location of
hierarchical service networks under service level constraints, IEEE Transac-
tions on Automation Science and Engineering (TASE) to appear in 2014.

Conférences et communications internationales

Avec actes

Canan Pehlivan, Vincent Augusto, Xiaolan Xie and Catherine Crenn-
Hebert. Multi-period capacity planning for maternity facilities in a perinatal
network: A queuing and optimization approach. IEEE International Confer-
ence on Automation Science and Engineering (CASE), pages 137-142. IEEE,
2012.

Pehlivan, Canan, Vincent Augusto, and Xiaolan Xie. Admission control in
a pure loss healthcare network: MDP and DES approach. WSC 2013 (Winter
Simulation Conference). 2013.

Sans actes

C.Pehlivan, V.Augusto, X.Xie, (2011). Resource Capacity Planning in
Perinatal Neonatal Network,Conference on Operational Research Applied to
Health Services (ORAHS 2011). Cardiff, Wales, 2011.
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In this thesis, by being motivated from the challenges in perinatal networks, we address 

design, evaluation and flow control of a stochastic healthcare network where there exist 

multiple levels of hospitals and different types of patients. Patients are supposed urgent; thus 

they can be rejected and overflow to another facility in the same network if no service 

capacity is available at their arrival. Rejection of patients due to the lack of service capacity is 

the common phenomenon in overflow networks. We approach the problem from both 

strategic and operational perspectives. In strategic part, we address a location & capacity 

planning problem for adjusting the network to better meet demographic changes. In 

operational part, we study the optimal patient admission control policies to increase 

flexibility in allocation of resources and improve the control of patient flow in the network. 

Finally, in order to evaluate the performance of the network, we develop new approximation 

methodologies that estimate the rejection probabilities in each hospital for each arriving 

patient group, thus the overflow probabilities among hospitals. Furthermore, an agent-based 

discrete-event simulation model is constructed to adequately represent our main application 

area: Nord Hauts-de-Seine Perinatal Network. The simulation model is used to evaluate the 

performance of the complex network and more importantly evaluate the strength of the 

optimal results of our analytical models. The developed methodologies in this thesis are 

combined in a decision support tool, foreseen under the project “COVER”, which aims to 

assist health system managers to effectively plan strategic and operational decisions of a 

healthcare network and evaluate the performance of their decisions. 
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Cette thèse porte sur l’étude d’un réseau de soins hiérarchique stochastique avec rejet où les 
patients sont transférés lorsque la capacité de l’hôpital d’accueil n’est pas suffisante. Les 
patients sont alors redirigés vers un autre hôpital, ou hors du réseau. Une application concrète 

sur les réseaux de périnatalité est proposée, et nous avons identifié plusieurs verrous 

scientifiques fondamentaux d’un point de vue stratégique et opérationnel. Dans la partie 
stratégique, nous nous sommes intéressés à un problème de planification de capacité dans le 

réseau. Nous avons développé un modèle de localisation et de dimensionnement non-linéaire 

qui tient compte de la nature stochastique du système. La linéarisation du modèle permet de 

résoudre des problèmes de taille réelle en temps raisonnable. Nous avons développé dans un 

second temps de nouvelles méthodologies d’approximation permettant d’évaluer la 
performance du réseau en termes de probabilité de rejet et de transfert entre hôpitaux. Dans la 

partie opérationnelle, nous avons étudié des politiques de pilotage d’admission optimales 
pour différentes tailles de réseaux de manière utiliser au mieux les ressources hospitalières. 

Finalement, nous avons construit un modèle de simulation couplant multi-agents et 

événements discrets permettant la validation des résultats précédents et l’évaluation de 
performance du système de manière réaliste. 
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