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❘❡♠❡r❝✐❡♠❡♥ts

❏❡ t✐❡♥s t♦✉t ❞✬❛❜♦r❞ à r❡♠❡r❝✐❡r ♠❛ ❞✐r❡❝tr✐❝❡ ❞❡ t❤ès❡✱ ❆♥♥❡ ❇♦✉r❞♦♥✳
❏❡ t✐❡♥s à ❧❛ r❡♠❡r❝✐❡r ♣♦✉r ♠✬❛✈♦✐r ❛❝❝♦♠♣❛❣♥é ♣❡♥❞❛♥t t♦✉t❡ ❝❡tt❡
t❤ès❡✳ ❊❧❧❡ ❛ t♦✉❥♦✉rs ❢❛✐t ♣r❡✉✈❡ ❞✬✉♥❡ ❣r❛♥❞❡ é❝♦✉t❡ ❡t ❞❡ s♦✉t✐❡♥✳ ❏❡
♥✬♦✉❜❧✐❡r❛✐ ♣❛s s❡s ♣ré❝✐❡✉① ❝♦♥s❡✐❧s ❛✈❛♥t ❝❤❛q✉❡ ♣r❡st❛t✐♦♥ ♦r❛❧❡✳ ❏❡ ❧❛
r❡♠❡r❝✐❡ s✐♥❝èr❡♠❡♥t ❡t tr❛✈❛✐❧❧❡r ❛✈❡❝ ❡❧❧❡ ❛ été ✉♥ ✈r❛✐ ♣❧❛✐s✐r✳
❏❡ r❡♠❡r❝✐❡ ❝❤❛❧❡✉r❡✉s❡♠❡♥t ❏❡❛♥✲❍✉❣✉❡s P❛✐❧❧♦❧ ❡t ❙❡r❣❡② P❛♥❝❤❡s❤♥②✐
❞✬❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡ r❛♣♣♦rt❡✉rs ❞❡ ❝❡tt❡ t❤ès❡✳ ❏✬❛✐ ❜❡❛✉❝♦✉♣ ❛♣♣ré❝✐é
❧❡✉rs ♣❡rt✐♥❡♥t❡s r❡♠❛rq✉❡s s✉r ❧❡ ♠❛♥✉s❝r✐t ♠❛✐s s✉rt♦✉t ❧❡✉rs q✉❡st✐♦♥s
❡t r❡♠❛rq✉❡s ❧♦rs ❞❡ ❧❛ s❡ss✐♦♥ ❞❡ q✉❡st✐♦♥s ♣❡♥❞❛♥t ❧❛ s♦✉t❡♥❛♥❝❡ ❞❡
t❤ès❡✳ ❏❡ t✐❡♥s à r❡♠❡r❝✐❡r é✈✐❞❡♠♠❡♥t ❧❡s ♠❡♠❜r❡s ❞❡ ♠♦♥ ❥✉r② q✉✐ s♦♥t
✈❡♥✉s ❛ss✐st❡r à ♠❛ s♦✉t❡♥❛♥❝❡ ❞❡ t❤ès❡✿ P✐❡rr❡ ❚❛r❞✐✈❡❛✉✱ ❏❡❛♥✲▼✐❝❤❡❧
P♦✉✈❡s❧❡✱ ❖❧✐✈✐❡r ●✉❛✐t❡❧❧❛ ❡t s♣é❝✐❛❧❡♠❡♥t à ❩❞❡♥❡❦ ❇♦♥❛✈❡♥t✉r❛ q✉✐ ❛
❢❛✐t ❧❡ ✈♦②❛❣❡ ❞❡♣✉✐s ❇r♥♦ ❡♥ ❘é♣✉❜❧✐q✉❡ t❝❤èq✉❡ ❛❧♦rs ♠ê♠❡ q✉✬✐❧ ét❛✐t
❡♥ ❜éq✉✐❧❧❡s✦
▲♦rs ❞❡ ❝❡s tr♦✐s ❛♥♥é❡s ❞❡ t❤ès❡✱ ❥✬❛✐ ❡✉ ❣r❛♥❞ ♣❧❛✐s✐r à tr❛✈❛✐❧❧❡r ❛✈❡❝ ❧❡s
♠❡♠❜r❡s ❞❡ ❧✬éq✉✐♣❡ ♣❧❛s♠❛s ❛✉ ❧❛❜♦r❛t♦✐r❡ ❊▼✷❈✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉ ❛✈❡❝
❏❛r♦s❧❛✈ ❏❛♥s❦② q✉✐ ♠✬❛ ❜❡❛✉❝♦✉♣ ❛♣♣r✐s ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ❢❛ç♦♥ ❞❡ ❢❛✐r❡
❞❡ ❜❡❧❧❡s ✐♠❛❣❡s ✷❉ ❛✈❡❝ ●♥✉♣❧♦t✦ ❊♥s✉✐t❡ ❛✈❡❝ ❩❞❡♥❡❦ ❇♦♥❛✈❡♥t✉r❛ q✉✐
❡st t♦✉❥♦✉rs très ❡♥t❤♦✉s✐❛st❡s ♣♦✉r r❡❛❧✐s❡r ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s
❝♦♠♣❧❡①❡s ❡t ❡st ✉♥ ✈✐rt✉♦s❡ ❞❡s s❝r✐♣ts ❞❡ ●♥✉♣❧♦t✳ ❊♥✜♥ ❛✈❡❝ ❋❛❜✐❡♥
❚❤♦❧✐♥ ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❞❡ très ❣r❛♥❞❡s ❞✐s❝✉ss✐♦♥s s✉r ❧❡s s✐♠✉❧❛t✐♦♥s ❞❡
str❡❛♠❡r ❡t s✉r ♣❧❡✐♥ ❞✬❛✉tr❡s s✉❥❡ts✦
❏❡ t✐❡♥s ❛✉ss✐ à r❡♠❡r❝✐❡r ❧❡s ♣❡rs♦♥♥❡s ❞✉ ❧❛❜♦r❛t♦✐r❡ ❊▼✷❈ ❞❛♥s ❧❡q✉❡❧
❥✬❛✐ tr❛✈❛✐❧❧é ♣❡♥❞❛♥t ❝❡s tr♦✐s ❛♥s✳ ❏❡ ♥❡ ♣❡♥s❛✐s ♣❛s r❡♥❝♦♥tr❡r ❛✉t❛♥t
❞❡ ❣❡♥s s✐ ❞✐✛ér❡♥ts ✈❡♥❛♥t ❞❡ t❛♥t ❞✬❤♦r✐③♦♥s ❞✐✛ér❡♥ts ❡t ❞❡ ❝❛r❛❝tèr❡s
s✐ ❞✐✛ér❡♥ts✦ ❏❡ ✈♦✉❧❛✐s r❡♠❡r❝✐❡r ❋❛r❛ ❑❛❞❞♦✉r✐✱ ❋r❛♥ç♦✐s ❉♦✐s♥❡❛✉✱ ❋❧♦✲
r❡♥t ❙❛✐♥❝t✱ ▼é❧❛♥✐❡ ❘♦❝❤♦✉①✱ ❏✉❧✐❡♥ ❏❛rr✐❣❡✱ ▼❛① ❉✉❛rt❡✱ ❱✐♥❝❡♥t ▲❡r♦②✱
❉✐❛♥❛ ❚✉❞♦r❛❝❤❡✱ ❙♦r♦✉r ❘❡❢❛❤✐✱ ❆❞r✐❡♥ ▲❡♠❛❧✱ ❈❛r♦❧②♥ ❏❛❝♦❜s✱ ▼é❣❛♥❡
▼❛❝ ❉♦♥❛❧❞✱ ❘❛♣❤❛ë❧ ❇❛✉❞♦✐♥✱ ❏❡❛♥✲❋r❛♥ç♦✐s ❇♦✉r❣♦✐♥✱ ▲❛✉r❡♥t ❚r❛♥✲
❝❤❛♥t ❡t ▼❛r✐❡♥ ❙✐♠❡♥✐ ❙✐♠❡♥✐ ❡t ❡♥❝♦r❡ ♣❧❡✐♥ ❞✬❛✉tr❡s✳✳✳ ❏❡ r❡♠❡r❝✐❡
♣❛rt✐❝✉❧✐èr❡♠❡♥t ♠❡s ❝♦❧❧è❣✉❡s ❞❡ ❜✉r❡❛✉ ❈❧é♠❡♥t ▼✐r❛t ❡t ❆✉ré❧✐❡♥ ●✉②
♣♦✉r ❧✬❡①❝❡❧❧❡♥t❡ ❛♠❜✐❛♥❝❡ ❞❡ tr❛✈❛✐❧ ❞✉ ❜✉r❡❛✉✳
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❊♥ ❞❡r♥✐❡r ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ♠❛ ❢❛♠✐❧❧❡ q✉✐ ❛ été ❞✬✉♥ é♥♦r♠❡ s♦✉t✐❡♥
❡t ♠✬❛ ❜❡❛✉❝♦✉♣ ❡♥❝♦✉r❛❣é s✉rt♦✉t ❞❛♥s ❧❡s ♠♦♠❡♥ts ❞✐✣❝✐❧❡s ♠❛✐s ❛✉ss✐
♣♦✉r ❧❡ ♣♦t ❞❡ t❤ès❡✳

❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ s✉♣♣♦rt❡❞ ❜② ❛ ❣r❛♥t ❢r♦♠ t❤❡ ➱❝♦❧❡ ❉♦❝t♦r❛❧❡ ✧❙❝✐✲
❡♥❝❡s ♣♦✉r ❧✬■♥❣é♥✐❡✉r ✭❊❉ ✷✽✼✮✧ ❢r♦♠ ➱❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✳ ■t ❤❛s ❛❧s♦
❜❡❡♥ ♣❛rt❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❆▲❱❊❖P▲❆❙ ✭❣r❛♥t ❆◆❘✲✵✽✲❇▲❆◆✲✵✶✺✾✲
✵✶✮ ♣r♦❥❡❝t✳



✐
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❆❜str❛❝t

■♥ t❤✐s P❤✳❉✳ t❤❡s✐s✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ✷❉ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦
st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢
♣❧❛s♠❛ ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳
❋✐rst ✇❡ ❤❛✈❡ ✐♠♣r♦✈❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡
✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐♥ ✐♠♣❧❡♠❡♥t✐♥❣ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ ♠♦r❡ ❡❢✲
✜❝✐❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r
❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✳ ❋♦r t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐✲
❡❧❡❝tr✐❝✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡✱ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
✐s ❛t ❛ s♠❛❧❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ✇❤❡r❡❛s t❤❡ ♥❡❣❛t✐✈❡
❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❜st❛❝❧❡ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✳ ❲❡ ❤❛✈❡ s❤♦✇♥
t❤❛t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ t❤❡ ❛♠♣❧✐✲
t✉❞❡ ❛♥❞ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♠❛② r❡✐❣♥✐t❡
♦r ♥♦t ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❋♦r ❛ ♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t✱ t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ ♣♦t❡♥✲
t✐❛❧ r❡❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❛❢t❡r t❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r
♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ❛♥❞ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ❛ ♣♦s✐✲
t✐✈❡ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♠ t❤❡ ❞✐❡❧❡❝tr✐❝ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡✳
❈♦♥✈❡rs❡❧②✱ ❢♦r ❛ ♥❡❣❛t✐✈❡ ✈♦❧t❛❣❡✱ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞
♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥
♦♥ t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ❛♥❞ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ❛ ❞♦✉❜❧❡ ❤❡❛❞❡❞
❞✐s❝❤❛r❣❡✳ ❚❤❡ ♠✐♥✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ t♦ ❤❛✈❡ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥
✐s ❧❡ss ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢♦r ❛ ♥❡❣❛t✐✈❡ ✈♦❧t❛❣❡ t❤❛♥ ❢♦r ❛ ♣♦s✐t✐✈❡ ♦♥❡✳
❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✇✐t❤ ❡①♣❡r✐♠❡♥ts ❤❛s s❤♦✇♥ t❤❛t ✐♥
❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ s❤❛r♣ ♣♦✐♥t ❛♥❞ ❛ ❤✐❣❤ ♦✈❡r✲✈♦❧t❛❣❡✱ ❛
s✐♥❣❧❡ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ✐s ♦❜s❡r✈❡❞✳ ❆ ❣♦♦❞ ❛❣r❡❡♠❡♥t ♦♥ t❤❡
❞✐s❝❤❛r❣❡ ❞✐❛♠❡t❡r ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t② ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞✳ ❲✐t❤ ❛
❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ✐♥ t❤❡ ❣❛♣✱ t❤❡ s✐♠✉❧❛t❡❞ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ✐s ❢❛st❡r
t❤❛♥ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ❛❣r❡❡♠❡♥t✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ s❡✈❡r❛❧ ♣❤②s✐❝♦✲❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐s❝❤❛r❣❡s ✐♥ ❞✐❡❧❡❝tr✐❝ t✉❜❡s ❛t
❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❋♦r ❛ He − N2 ♠✐①t✉r❡✱ ✇❡ ❤❛✈❡ ♣✉t ❢♦r✇❛r❞ t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ t❤r❡❡ ❜♦❞② r❡❛❝t✐♦♥s✳ ▲❛st✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s
♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ❞✐s❝❤❛r❣❡s ✐♥ He− N2 ❛♥❞ ❛✐r ✐s ❞✐s❝✉ss❡❞✳
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❘és✉♠é

❉❛♥s ❝❡tt❡ t❤ès❡ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♥✢✉❡♥❝❡ ❞❡ s✉r❢❛❝❡s ❞✐é❧❡❝tr✐q✉❡s
s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❞é❝❤❛r❣❡s à ♣r❡ss✐♦♥ ❛t♠♦s♣❤ér✐q✉❡✳
❚♦✉t ❞✬❛❜♦r❞✱ ♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s ✷❉ ré❛❧✐sé❡s ❞❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s ❛✈♦♥s
♦♣t✐♠✐sé ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✉ ❝♦❞❡ ❞❡ ❞é❝❤❛r❣❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s s❝❤é♠❛s
♥✉♠ér✐q✉❡s ♣❡r❢♦r♠❛♥ts ❡t ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣❛r❛❧❧é❧✐s❛t✐♦♥✳ ◆♦✉s ❛✈♦♥s
❡♥s✉✐t❡ ét✉❞✐é ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥❡ ❞é❝❤❛r❣❡ ❞❛♥s ❧✬❛✐r
à ♣r❡ss✐♦♥ ❛t♠♦s♣❤❡r✐q✉❡ ❞❛♥s ✉♥❡ ❣é♦♠étr✐❡ ♣♦✐♥t❡✲♣❧❛♥ ❛✈❡❝ ✉♥ ♣❧❛♥
❞✐é❧❡❝tr✐q✉❡ s✉r ❧❛ ❝❛t❤♦❞❡✳ P♦✉r ✉♥❡ ❞é❝❤❛r❣❡ ❞❡ s✉r❢❛❝❡ ♣♦s✐t✐✈❡✱ ❧❡
❢r♦♥t ❞❡ ❧❛ ❞é❝❤❛r❣❡ s❡ s✐t✉❡ à ✉♥❡ ❢❛✐❜❧❡ ❞✐st❛♥❝❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✐é❧❡❝✲
tr✐q✉❡ ❛❧♦rs q✉❡ ❧❡ ❢r♦♥t ❞✬✉♥❡ ❞é❝❤❛r❣❡ ♥é❣❛t✐✈❡ ❡st s✉r ❧❛ s✉r❢❛❝❡✳ ❊♥✲
s✉✐t❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♥✢✉❡♥❝❡ ❞✬✉♥ ♦❜st❛❝❧❡ ♣❧❛♥ ❞✐é❧❡❝tr✐q✉❡ s✉r ❧❛
❞②♥❛♠✐q✉❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥❡ ❞é❝❤❛r❣❡✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ s❡❧♦♥
❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ ❞✐é❧❡❝tr✐q✉❡✱ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❧❛ ♣♦❧❛r✐té ❞❡ ❧❛ t❡♥s✐♦♥
❛♣♣❧✐q✉é❡✱ ✉♥❡ s❡❝♦♥❞❡ ❞é❝❤❛r❣❡ ♣❡✉t s✬✐♥✐t✐❡r ♦✉ ♣❛s ❞❛♥s ❧✬❛✐r ❞❡rr✐èr❡ ❧❡
❞✐é❧❡❝tr✐q✉❡✳ P♦✉r ✉♥❡ ❞é❝❤❛r❣❡ ♣♦s✐t✐✈❡ ✐♥✐t✐é❡ à ❧❛ ♣♦✐♥t❡✱ ❧❡ ♣r♦❝❡ss✉s ❞❡
ré✲❛❧❧✉♠❛❣❡ ❡st ❞û à ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❛♣rès ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡
❧❛ ♣r❡♠✐èr❡ ❞é❝❤❛r❣❡ ❡t ❧❛ s❡❝♦♥❞❡ ❞é❝❤❛r❣❡ ❡st ✉♥❡ ♦♥❞❡ ❞✬✐♦♥✐s❛t✐♦♥ ♣♦s✲
✐t✐✈❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ♣♦✉r ✉♥❡ ❞é❝❤❛r❣❡ ♥é❣❛t✐✈❡ à ❧❛ ♣♦✐♥t❡✱ ❧❡s ❝❤❛r❣❡s ❞❡
s✉r❢❛❝❡ ♥é❣❛t✐✈❡s ❞é♣♦sé❡s s✉r ❧❛ s✉r❢❛❝❡ s✉♣ér✐❡✉r❡ ❞✉ ♣❧❛♥ ❞✐é❧❡❝tr✐q✉❡
♦♥t ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧❡ ♣r♦❝❡ss✉s ❞❡ ré✲❛❧❧✉♠❛❣❡ ❡t ❧❛ s❡❝♦♥❞❡ ❞é❝❤❛r❣❡
❡st ✉♥❡ ❞é❝❤❛r❣❡ ❛✈❡❝ ❞❡✉① ❢r♦♥ts ♣♦s✐t✐❢ ❡t ♥é❣❛t✐❢✳ ▲❡ ♠✐♥✐♠✉♠ ❞❡ t❡♥✲
s✐♦♥ ♥é❝❡ss❛✐r❡ ❛✉ ré✲❛❧❧✉♠❛❣❡ ❞✬✉♥❡ ❞é❝❤❛r❣❡ ❡st ♣❧✉s ❢❛✐❜❧❡ ❡♥ ✈❛❧❡✉r
❛❜s♦❧✉❡ ♣♦✉r ✉♥❡ ♣♦❧❛r✐té ♥é❣❛t✐✈❡ q✉❡ ♣♦s✐t✐✈❡✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ré✲
s✉❧t❛ts ❛✈❡❝ ❧❡s ❡①♣ér✐❡♥❝❡s ❛ ♠♦♥tré q✉❡ ❞❛♥s ✉♥❡ ❣é♦♠étr✐❡ ♣♦✐♥t❡✲♣❧❛♥
❛✈❡❝ ✉♥❡ ♣♦✐♥t❡ ✜♥❡ ❡t ✉♥❡ t❡♥s✐♦♥ très é❧❡✈é❡✱ ✉♥❡ s❡✉❧❡ ❞é❝❤❛r❣❡ ❞❡
❢♦r♠❡ ❝♦♥✐q✉❡ ❡st ♦❜s❡r✈é❡✳ ❯♥ ❜♦♥ ❛❝❝♦r❞ ❡st ♦❜t❡♥✉ s✉r ❧❡ ❞✐❛♠ètr❡ ❞❡
❧❛ ❞é❝❤❛r❣❡ ❡t s❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥✳ ❆✈❡❝ ✉♥ ♦❜st❛❝❧❡ ♣❧❛♥ ❞✐é❧❡❝✲
tr✐q✉❡ ❡♥tr❡ ❧❡s é❧é❝tr♦❞❡s✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ré✲❛❧❧✉♠❛❣❡ ❡st ♣❧✉s r❛♣✐❞❡
❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s q✉❡ ❞❛♥s ❧❡s ❡①♣ér✐❡♥❝❡s✳ P♦✉r ❛♠é❧✐♦r❡r ❧❛ ❝♦♠✲
♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s ❡①♣ér✐❡♥❝❡s✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♥✢✉❡♥❝❡ ❞❡ ♣❧✉s✐❡✉rs
♣r♦❝❡ss✉s ♣❤②s✐❝♦✲❝❤✐♠✐q✉❡s✳ P♦✉r ✜♥✐r✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❛ ❞②♥❛♠✐q✉❡
❞❡ ❞é❝❤❛r❣❡s à ♣r❡ss✐♦♥ ❛t♠♦s♣❤ér✐q✉❡ ❞❛♥s ❞❡s t✉❜❡s ❞✐é❧❡❝tr✐q✉❡s✳ P♦✉r
✉♥ ♠é❧❛♥❣❡ He−N2✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ré❛❝t✐♦♥s à tr♦✐s
❝♦r♣s✳ ❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ❞✐❛♠ètr❡ ❞✉ t✉❜❡
s✉r ❧❛ str✉❝t✉r❡ ❞❡s ❞é❝❤❛r❣❡s ❞❛♥s ✉♥ ♠é❧❛♥❣❡ He− N2 ❡t ❞❛♥s ❧✬❛✐r✳
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✐

✐

✐

✐

✐

✐

▲✐st ♦❢ ♣✉❜❧✐❝❛t✐♦♥s

❚❤r❡❡ ❛rt✐❝❧❡s ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s t❤❡s✐s✿

• P❡❝❤❡r❡❛✉✱ ❋✳✱ ❏✳ ❏á♥s❦ý ❛♥❞ ❆✳ ❇♦✉r❞♦♥ ✭✷✵✶✷✮✱ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡
r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ ❛✐r ❛t ❛t♠♦✲
s♣❤❡r✐❝ ♣r❡ss✉r❡✳ P❧❛s♠❛ ❙♦✉r❝❡s ❙❝✐✳ ❚❡❝❤♥♦❧✳✱ ✷✶ ✭✺✮✱ ✵✺✺✵✶✶

• P❡❝❤❡r❡❛✉✱ ❋✳✱ ❛♥❞ ❆✳ ❇♦✉r❞♦♥✱ ■♥✢✉❡♥❝❡ ♦❢ ♣♦❧❛r✐t② ❛♥❞ ✈♦❧t❛❣❡
♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ ❛✐r ❛t
❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ■♥ ♣r❡♣❛r❛t✐♦♥ ❢♦r ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣✲
♣❧✐❡❞ P❤②s✐❝s✳✱ ✭✷✵✶✸✮

• P❡❝❤❡r❡❛✉✱ ❋✳✱ P✳ ▲❡ ❉❡❧❧✐♦✉✱ ❏✳ ❏á♥s❦ý✱ P✳ ❚❛r❞✐✈❡❛✉✱ ❙✳ P❛sq✉✐❡rs
❛♥❞ ❆✳ ❇♦✉r❞♦♥✱ ▲❛r❣❡ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ♦❢ ❛♥ ❛✐r ❞✐s✲
❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✳ ❙✉❜✲
♠✐tt❡❞ t♦ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❧❛s♠❛ ❙❝✐❡♥❝❡✱ ✭◆♦✈❡♠❜❡r ✷✵✶✸✮
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✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ①✐ ✖ ★✶✶
✐

✐

✐

✐

✐

✐

❈♦♥t❡♥ts

❆❜str❛❝t ✈

❘és✉♠é ✈✐✐

■♥tr♦❞✉❝t✐♦♥ ✶

■ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✼

✶ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✾
✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✷ P❤②s✐❝❛❧ ♠♦❞❡❧ ❢♦r ❛✐r str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝

♣r❡ss✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✸ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✭▲❉❈✮ ✳ ✳ ✶✶
✶✳✹ ❙t✉❞✐❡❞ ❣❡♦♠❡tr✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✶✳✺ Pr♦♣♦s❡❞ str❛t❡❣② t♦ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ❛♥❞

❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✳ ✳ ✳ ✳ ✳ ✸✶

✷ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✿
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✸✸
✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✷✳✷ ❈♦♠♣❛r✐s♦♥ ▼❯▼P❙✴P❛❙t✐❳ ✭❖P❊◆▼P✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✷✳✸ ❚❤❡ ▼P■✲❖P❊◆▼P ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ✐♥ t❤❡ ❍❨P❘❊

❧✐❜r❛r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✹ ❙❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✷✳✺ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✿
❉r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✹✾
✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✸✳✷ ✶❉ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
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❈ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r
❞✐s❝❤❛r❣❡ ✷✶✸

❉ ❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ♦♥ ❑✉✲
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✐

✐

✐

✐

✐

✐

①✐✈ ❈♦♥t❡♥ts

❧✐❦♦✈s❦②✬s t❡st✲❝❛s❡ ✷✷✶

❘❡❢❡r❡♥❝❡s ✷✸✺



✐

✐
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✐

✐
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■♥tr♦❞✉❝t✐♦♥

❋r❛♠❡✇♦r❦ ❛♥❞ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s

■♥ ♣❧❛s♠❛ ❛ss✐st❡❞ ❝❛t❛❧②s✐s ❢♦r ✢✉❡ ❣❛s tr❡❛t♠❡♥t ♦r ❝❤❡♠✐❝❛❧ s②♥t❤❡✲
s✐s✱ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝❛t❛❧②st s✉♣♣♦rts ❛r❡ ✉s❡❞✳ ❚❤❡s❡ s✉♣♣♦rts ❛r❡
❡✐t❤❡r r❛♥❞♦♠ ♦r ♦r❣❛♥✐③❡❞ t✇♦ ♣❤❛s❡ ♠❡❞✐❛ s✉❝❤ ❛s ♣❡❧❧❡ts✱ ♠♦♥♦❧✐t❤s
♦r ♣♦r♦✉s ♠❡❞✐❛ ✭❑✐♠ ✷✵✵✹✮✱ ✭❇❡❝❦❡r ❡t ❛❧✳ ✷✵✵✻✮✳ ❚❤❡♥ ✐♥ t❤❡ ♣❧❛s♠❛
r❡❛❝t♦rs ✉s❡❞✱ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❞✐s❝❤❛r❣❡s ✐♥t❡r❛❝t ✇✐t❤ ♠❛♥② ♦❜st❛✲
❝❧❡s ❛♥❞ ❤❛✈❡ t♦ ♣r♦♣❛❣❛t❡ ✐♥ ♠✐❝r♦❝❛✈✐t✐❡s ❛♥❞ ♣♦r❡s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞
♠❛t❡r✐❛❧s✱ ❛s s❤♦✇♥ ❢♦r ❛ ♠♦♥♦❧✐t❤ ✐♥ ❋✐❣✉r❡ ✶✳ ❲❤✐❧❡ t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ❡①✲
t❡♥s✐✈❡ st✉❞✐❡s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ r❡❛❝t♦rs ✭▼✐③✉♥♦ ❡t ❛❧✳
✶✾✾✷✮✱ ✭❖❣❛t❛ ❡t ❛❧✳ ✶✾✾✾✮✱ ✭■❜✉❦❛ ❡t ❛❧✳ ✷✵✵✶✮✱ ✭❑✐♠ ✷✵✵✹✮✱ ✭❍❡♥s❡❧ ❡t ❛❧✳
✷✵✵✾✮✱ ❧✐tt❧❡ ✐s ❦♥♦✇♥ ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❞✐s❝❤❛r❣❡s
✐♥ ❝♦♠♣❧❡① t✇♦✲♣❤❛s❡ ♠❡❞✐❛ ✭❍❡♥s❡❧ ❡t ❛❧✳ ✷✵✵✼✮✱ ✭❍❡♥s❡❧ ❛♥❞ ❚❛r❞✐✈❡❛✉
✷✵✵✽✮✱ ✭❇❤♦❥ ❛♥❞ ❑✉s❤♥❡r ✷✵✵✽✮✳

❋✐❣✉r❡ ✶✿ ▲❡❢t ✿ ❢❛❝❡ ✈✐❡✇ ♦❢ ❛ ♠♦♥♦❧✐t❤ ♦❢ ❝♦r❞✐❡r✐t❡✳ ❘✐❣❤t ✿ ▲✐❣❤t ❡♠✐ss✐♦♥
❢r♦♠ ♣❧❛s♠❛ ✜❧❛♠❡♥ts ❝r❡❛t❡❞ ✐♥ ❛ ❤♦♥❡②❝♦♠❜ ♠♦♥♦❧✐t❤ ♦❢ ❝♦r❞✐❡r✐t❡✱ ✇✐t❤ ✶
♠♠2 ❝❤❛♥♥❡❧ s❡❝t✐♦♥✳ ✭❚❛r❞✐✈❡❛✉ ❡t ❛❧✳ ✷✵✵✺✮

▼♦st ♣❛rt ♦❢ t❤✐s P❤❉ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡
❆◆❘ ❆▲❱❊❖P▲❆❙ ✭✷✵✵✾✲✷✵✶✸✮ ♣r♦❥❡❝t ✐♥✈♦❧✈✐♥❣ ❢♦✉r ❢r❡♥❝❤ r❡s❡❛r❝❤
❧❛❜♦r❛t♦r✐❡s✿ ▲P●P ✭❯♥✐✈✳ P❛r✐s ❙✉❞✮✱ ❊▼✷❈✱ ▲❙P▼ ✭❯♥✐✈✳ P❛r✐s ✶✸✮
❛♥❞ ▲▼❙▼❊ ✭❯♥✐✈✳ ▼❛r♥❡ ❧❛ ✈❛❧❧é❡✮✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣r♦❥❡❝t ✇❛s
t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥
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✷ ■♥tr♦❞✉❝t✐♦♥

t✇♦✲♣❤❛s❡ ♣♦r♦✉s ✭r❛♥❞♦♠✮ ❛♥❞ ♠♦♥♦❧✐t❤ ✭♦r❣❛♥✐③❡❞✮ s②st❡♠s✳ ❋♦✉r ❦❡②
q✉❡st✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ♣r♦❥❡❝t✿

• ❲❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t s❤♦✉❧❞ ❜❡ ❢✉❧✜❧❧❡❞ t♦ ✐♥s✉r❡ ❞✐s✲
❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ♠❛t❡r✐❛❧s s✉❝❤ ❛s ♠♦♥♦❧✐t❤s✱ ♣❡❧❧❡ts✱ ❢♦❛♠s✱
♠✐❝r♦✲♣♦r♦✉s s♦❧✐❞s ❄

• ❍♦✇ ❞✐s❝❤❛r❣❡s ♣r♦♣❛❣❛t❡ ✐♥ t❤❡s❡ ♠❛t❡r✐❛❧s ❄

• ❆t ✇❤❛t ❡①t❡♥t ❝❛♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛❝❝❡ss t❤❡ ✐♥t❡r♥❛❧ ♣♦r♦s✐t② ♦❢
t❤❡s❡ s♦❧✐❞s ❄

• ❍♦✇ ❞♦ t❤❡ ♠❛t❡r✐❛❧ ♣❤②s✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✭♣♦r❡ s✐③❡ ❞✐str✐❜✉t✐♦♥✱
❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✱ t❤❡r♠❛❧ ♣r♦♣❡rt✐❡s✮ ❛✛❡❝t t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣✲
❛❣❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❄

❚♦ ❛❞❞r❡ss t❤❡s❡ ❝♦♠♣❧❡① q✉❡st✐♦♥s✱ t❤❡ str❛t❡❣② ♦❢ t❤❡ ♣r♦❥❡❝t ✇❛s t♦
♣r♦❝❡❡❞ ❢r♦♠ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ s♠❛❧❧ ❡❧❡♠❡♥✲
t❛r② str✉❝t✉r❡s ♦r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ str✉❝t✉r❡s ❢♦✉♥❞ ✐♥ s✉❝❤ ♠❡❞✐❛✱ ❡✳❣✳✱
❝❛♣✐❧❧❛r②✱ ❞❡❛❞✲❡♥❞ ❝❛✈✐t②✱ t✇♦✲❝♦♠♣❛rt♠❡♥t ❝❛✈✐t②✱ ❡t❝✱ t♦ ♠♦r❡ ❝♦♠♣❧❡①
r❛♥❞♦♠❧② ❞✐str✐❜✉t❡❞ str✉❝t✉r❡s ✭♣♦r♦✉s✱ ❢♦❛♠✮ ♦r ✇❡❧❧ ♦r❣❛♥✐③❡❞ ♠❛❝r♦✲
s❝♦♣✐❝ ❛ss❡♠❜❧② ♦❢ s♠❛❧❧ str✉❝t✉r❡s ✭♠♦♥♦❧✐t❤✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤✐♥ t❤❡ ❆▲❱❊❖P▲❆❙ ♣r♦❥❡❝t t❤❡ ❊▼✷❈ ❛♥❞ ▲P●P ❧❛❜✲
♦r❛t♦r✐❡s ❤❛✈❡ st✉❞✐❡❞ t✇♦ s✐♠♣❧✐✜❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ❝❤♦s❡♥ t♦ r❡♣r❡s❡♥t
t❤❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ s♠❛❧❧ ✈♦❧✉♠❡s ❛♥❞ ✐♥
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦❜st❛❝❧❡s ❛s s❤♦✇♥ ✐♥ ❛ ♠♦♥♦❧✐t❤ ✐♥ ❋✐❣✉r❡ ✶✿

• ❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♥ ❛ ❝❛♣✐❧❧❛r② ❞✐❡❧❡❝✲
tr✐❝ t✉❜❡✳ ❚❤❡ ❣♦❛❧ ✇❛s t♦ ❛♥❛❧②③❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡
❝❛♣✐❧❧❛r② t✉❜❡ ✭✐♥t❡r♥❛❧ ❞✐❛♠❡t❡r ❛♥❞ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t✮✳

• ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ✇✐t❤ ❛ ♥♦♥✲♣♦r♦✉s ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✳
❚❤❡ ❣♦❛❧ ✇❛s t♦ st✉❞② t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡
✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛♥❞ ❛ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ ✐ts ♣r♦♣❛❣❛t✐♦♥ ❛s ✐♥ ❛ ♠♦♥♦❧✐t❤ ❝❡❧❧ ✭❋✐❣✉r❡ ✶✮ ❛♥❞ t♦ ✐❞❡♥t✐❢②
t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ ❞✐s❝❤❛r❣❡ ♠❛② r❡✐❣♥✐t❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝
♦❜st❛❝❧❡✳

❋♦r t❤❡s❡ t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t
❛t ❊▼✷❈ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛t ▲P●P✳
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■♥tr♦❞✉❝t✐♦♥ ✸

❋✐rst✱ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵❀ ❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✶❀ ❏á♥s❦ý ❛♥❞ ❇♦✉r❞♦♥
✷✵✶✶❜✮ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ str✉❝t✉r❡ ♦❢ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
❛✐r ❞✐s❝❤❛r❣❡s ✐❣♥✐t❡❞ ❜② ❛ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞ ❝♦♥str❛✐♥❡❞ t♦ ♣r♦♣❛❣❛t❡
✐♥ ❝❛♣✐❧❧❛r② t✉❜❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✶✮ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ❛
❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ st✉❞② ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s ❢♦r ❣❧❛ss
t✉❜❡s ✇✐t❤ r❛❞✐✐ ✐♥ t❤❡ r❛♥❣❡ 37.5 − 300 µ♠✳ ❲❤❡♥ ❝♦♠♣❛r✐♥❣ ❡①♣❡r✐✲
♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛t ▲P●P ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✱ ❢♦r s♠❛❧❧ t✉❜❡
r❛❞✐✉s✱ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✇❛s ❢♦✉♥❞ t♦ ❜❡ q✉✐t❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥s✐❞❡ t❤❡
t✉❜❡ ❛♥❞ t♦ ❜❡❝♦♠❡ t✉❜✉❧❛r ✇❤❡♥ t❤❡ t✉❜❡ r❛❞✐✉s ✐s ✐♥❝r❡❛s❡❞✳ ❊①♣❡r✐✲
♠❡♥t❛❧❧②✱ ❛ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t② ✐♥ t❤❡ t✉❜❡
✐s r❡❛❝❤❡❞ ❢♦r ❛ t✉❜❡ r❛❞✐✉s s❧✐❣❤t❧② ❧❡ss t❤❛♥ ✶✵✵ µ♠✳ ❋♦r ❛ t✉❜❡ r❛❞✐✉s
♦❢ ✶✵✵ µ♠✱ t❤❡ ❞✐s❝❤❛r❣❡ ✈❡❧♦❝✐t② ✇❛s ❢♦✉♥❞ t♦ ❜❡ t❤r❡❡ t♦ ❢♦✉r t✐♠❡s
❤✐❣❤❡r t❤❛♥ t❤❡ ✈❡❧♦❝✐t② ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t t✉❜❡✳ ✭❏á♥s❦ý ❛♥❞ ❇♦✉r❞♦♥
✷✵✶✶❜✮ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝❤❛r❣✐♥❣ ♦❢ t❤❡ ✐♥♥❡r t✉❜❡ s✉r❢❛❝❡
❛♥❞ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ✐s ✈❡r② ❡✣❝✐❡♥t t♦ ❝❤❛r❣❡ t❤❡ t✉❜❡
s✉r❢❛❝❡ ❞✉r✐♥❣ ✐ts ♣r♦♣❛❣❛t✐♦♥✳

❖♥❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤✐s P❤❉ ✇♦r❦ ✇❛s t♦ st✉❞② t❤❡ s❡❝♦♥❞ s✐♠♣❧✐✜❡❞
❝♦♥✜❣✉r❛t✐♦♥ ❝❤♦s❡♥ ✐♥ t❤❡ ❆▲❱❊❖P▲❆❙ ♣r♦❥❡❝t✿ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♥
❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛✐r ❞✐s❝❤❛r❣❡ ✇✐t❤ ❛ ♥♦♥✲♣♦r♦✉s ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡s❡ st✉❞✐❡s ❛r❡ ❛❧s♦ ♦❢ ✐♥t❡r❡st ❢♦r ❤✐❣❤
✈♦❧t❛❣❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥❞❡❡❞✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥s❡rt✐♥❣ ❛♥ ✐♥s✉❧❛t✲
✐♥❣ s♦❧✐❞ ♠❛t❡r✐❛❧ ❜❡t✇❡❡♥ ♠❡t❛❧❧✐❝ ❡❧❡❝tr♦❞❡s r❡s✉❧ts ✐♥ ❛♥ ✐♥❝r❡❛s❡ ♦❢
t❤❡ ❜r❡❛❦❞♦✇♥ ✈♦❧t❛❣❡ ♦❢ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ✭◆❛✐❞✉ ❛♥❞ ❑❛♠❛r❛❥✉
✷✵✵✹❀ ▲❡❜❡❞❡✈ ❡t ❛❧✳ ✷✵✵✺✮✳ ◆✉♠❡r♦✉s ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦s ❤❛✈❡ ❜❡❡♥
❝❛rr✐❡❞ ♦✉t t♦ ✐♠♣r♦✈❡ t❤❡ ✐♥s✉❧❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❤✐❣❤ ✈♦❧t❛❣❡ s②s✲
t❡♠s ✐♥ ✈❛r②✐♥❣ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❜❛rr✐❡r ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❣❛♣ ♦r t❤❡ r❛t✐♦ ♦❢
♣❡r♠✐tt✐✈✐t✐❡s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t s♦ ❢❛r✱ ♠♦st ♠♦❞❡❧s
✉s❡❞ ✐♥ t❤✐s ✜❡❧❞ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦r✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ❛♥❞ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ✐♥ t❤❡ ❣❛♣ ✭❆❜❞❡❧✲❙❛❧❛♠ ❡t ❛❧✳ ✶✾✾✽❀ ❆❜❞❡❧✲❙❛❧❛♠ ❡t ❛❧✳ ✷✵✵✶❛❀
❆❜❞❡❧✲❙❛❧❛♠ ❡t ❛❧✳ ✷✵✵✶❜✮✳ ❚❤❡♥ ✉s✉❛❧❧②✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛❝t✐♥❣ ❛s ❛♥ ❛①✐❛❧ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥str❛✐♥t
✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥s✉❧❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ❣✐✈❡♥
s②st❡♠✳

❘❡❝❡♥t❧②✱ s♣❛t✐❛❧❧② ❝♦♥✜♥✐♥❣ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ♣❧❛s♠❛s t♦ ❞✐♠❡♥s✐♦♥s
♦❢ ✶ ♠♠ ♦r ❧❡ss ❤❛s ❛❧s♦ ❛♣♣❡❛r❡❞ t♦ ❜❡ ❛ ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤ t♦ t❤❡
❣❡♥❡r❛t✐♦♥ ♦❢ st❛❜❧❡✱ ❣❧♦✇ ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❢♦r ✈❛r✐✲
♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❜✐♦♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✭❊❤❧❜❡❝❦



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✹ ✖ ★✶✽
✐

✐

✐

✐

✐

✐

✹ ■♥tr♦❞✉❝t✐♦♥

❡t ❛❧✳ ✷✵✶✶❀ ▲❡❡ ❡t ❛❧✳ ✷✵✶✶✮✳ ❚❤❡s❡ ❧❛st ②❡❛rs✱ ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❜❡❡♥
❞❡✈♦t❡❞ t♦ ♣❧❛s♠❛ ❥❡ts✳ P❧❛s♠❛ ❥❡ts ❛r❡ ❢♦r♠❡❞ ❜② ♣✉❧s❡❞ ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡ ❞✐s❝❤❛r❣❡s ✐♥ r❛r❡ ❣❛s❡s ✭✉s✉❛❧❧② ❤❡❧✐✉♠✮ ✐❣♥✐t❡❞ ✐♥ t❤✐♥ ❞✐❡❧❡❝✲
tr✐❝ t✉❜❡s✳ ❍✐❣❤✲s♣❡❡❞ ♣❤♦t♦❣r❛♣❤s ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ ♣❧❛s♠❛
❥❡t ✐s ❝♦♠♣♦s❡❞ ♦❢ ❞✐s❝r❡t❡ ♣❧❛s♠❛ ❜✉❧❧❡ts tr❛✈❡❧✐♥❣ ✇✐t❤ ✈❡❧♦❝✐t✐❡s ✐♥ t❤❡
r❛♥❣❡ 106−108 ❝♠ s−1 ♦✈❡r ✉♣ t♦ s❡✈❡r❛❧ t❡♥t❤s ♦❢ ❝❡♥t✐♠❡t❡rs ✐♥ ❛♠❜✐❡♥t
❛✐r ✭❚❡s❝❤❦❡ ❡t ❛❧✳ ✷✵✵✺❀ ▲✉ ❛♥❞ ▲❛r♦✉ss✐ ✷✵✵✻❀ ❙❛♥❞s ❡t ❛❧✳ ✷✵✵✽❀ ▲✉
❡t ❛❧✳ ✷✵✶✷✮✳ ✭◆❛✐❞✐s ✷✵✶✵❜❀ ◆❛✐❞✐s ✷✵✶✶❜✮ s❤♦✇❡❞ t❤❛t t❤❡s❡ ❜✉❧❧❡ts ❛r❡
✐♥ ❢❛❝t str❡❛♠❡r ❞✐s❝❤❛r❣❡s ♦r ✐♦♥✐③❛t✐♦♥ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ ❡❛s✐❧②
✐♦♥✐③❡❞ ❤❡❧✐✉♠ ❝♦❧✉♠♥ ❛♥❞ t❤❡♥ ❝♦♥str❛✐♥❡❞ t♦ ♣r♦♣❛❣❛t❡ ♦✉ts✐❞❡ t❤❡ ❞✐✲
❡❧❡❝tr✐❝ t✉❜❡ ✐♥ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ❛ s✉✣❝✐❡♥t ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❤❡❧✐✉♠
✐s ♣r❡s❡♥t✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t r❡❝❡♥t st✉❞✐❡s ♦♥ ♣❧❛s♠❛
❥❡ts ❤❛✈❡ ❛❞❞r❡ss❡❞ ❛❧s♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✳ ■♥❞❡❡❞✱ ❡①✲
♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ❛❢t❡r ❛♥ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ❡①✐t
❢r♦♠ ❛ s♦✉r❝❡ t✉❜❡✱ ✐t ✐♠♣❛❝ts t❤❡ ♦✉t❡r s✉r❢❛❝❡ ♦❢ ❛ s♣❛t✐❛❧❧② s❡♣❛r❛t❡
❛♥❞ ❡❧❡❝tr♦❞❡✲❧❡ss s❡❝♦♥❞ t✉❜❡ ❛♥❞ ♣r♦❞✉❝❡s ❛ ♥❡✇ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ✐♥s✐❞❡
t❤❡ s❡❝♦♥❞ t✉❜❡ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸❀ ▲✉ ❡t ❛❧✳ ✷✵✵✾❀ ❲✉ ❡t ❛❧✳ ✷✵✶✶❀
❏♦❤♥s♦♥ ❡t ❛❧✳ ✷✵✶✶✮✳ ■♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮✱ t❤✐s r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ✇❛s
❝❛❧❧❡❞ ♣❧❛s♠❛ tr❛♥s❢❡r✳ ■♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮✱ ✐t ✇❛s s❤♦✇♥ ✇✐t❤ ✷❉ ♥✉✲
♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t❤❛t ✇❤❛t❡✈❡r t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ♣r✐♠❛r② ✐♦♥✐③❛t✐♦♥
✇❛✈❡ ✐❣♥✐t❡❞ ✐♥ t❤❡ s♦✉r❝❡ t✉❜❡✱ t❤❡ s❡❝♦♥❞❛r② ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ✐❣♥✐t❡❞ ✐♥
t❤❡ tr❛♥s❢❡r t✉❜❡ ✐s ♣♦s✐t✐✈❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❛ ❣♦♦❞ q✉❛❧✐✲
t❛t✐✈❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts ✇❛s ♦❜t❛✐♥❡❞ ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡
❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ tr❛♥s❢❡r t✉❜❡ ✐♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮ ❢♦r ❜♦t❤
♣♦❧❛r✐t✐❡s ♦❢ t❤❡ ♣r✐♠❛r② ❞✐s❝❤❛r❣❡✳ ❙♦ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ r❡✲
s✉❧ts ❢♦r ❞✐✛❡r❡♥t ♣♦❧❛r✐t✐❡s ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢
✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮ ♦❜t❛✐♥❡❞ ✐♥ ◆❡♦♥✳
❋✐♥❛❧❧②✱ ❞✉❡ t♦ t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✭▲❛r♦✉ss✐ ❡t ❛❧✳
✷✵✶✷✮✱ ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣❧❛s♠❛
❥❡t ♦✉ts✐❞❡ t❤❡ t✉❜❡ ✭❙❛❦✐②❛♠❛ ❡t ❛❧✳ ✷✵✶✵❀ ❘♦❜❡rt ❡t ❛❧✳ ✷✵✶✷❀ ❉♦✉❛t
❡t ❛❧✳ ✷✵✶✷❀ ❘❡✉t❡r ❡t ❛❧✳ ✷✵✶✷❀ ◆❛✐❞✐s ❛♥❞ ❲❛❧s❤ ✷✵✶✸❀ ●✉❛✐t❡❧❧❛ ❡t ❛❧✳
✷✵✶✸✮✳ ❘❡❝❡♥t❧②✱ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥t❛❧ ❣r♦✉♣s ✭❆❧❣✇❛r✐ ❛♥❞ ❖✬❈♦♥♥❡❧❧
✷✵✶✶❀ ▼✉ss❛r❞ ❡t ❛❧✳ ✷✵✶✸✮ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ ♠♦r❡ ✐♥ ❞❡t❛✐❧ t❤❡ ✐❣♥✐t✐♦♥
❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡s ✐♥ t❤❡ t✉❜❡ ❛♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥t❡r✲
❛❝t✐♦♥ ✇✐t❤ t❤❡ t✉❜❡ s✉r❢❛❝❡✳ ❚❤❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s P❤❉ ✇❡ ❤❛✈❡ st✉❞✐❡❞
t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡ ✇✐t❤ ♥✐tr♦❣❡♥ ✐♠♣✉r✐t✐❡s ✇✐t❤ t❤❡
s✉r❢❛❝❡ ♦❢ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ✐♥ ❛ t②♣✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✉s❡❞ ✐♥ ♣❧❛s♠❛ ❥❡ts✳
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■♥tr♦❞✉❝t✐♦♥ ✺

❖✉t❧✐♥❡ ♦❢ t❤✐s t❤❡s✐s

❆t t❤❡ ❊▼✷❈ ❧❛❜♦r❛t♦r②✱ t❤❡s❡ ❧❛st ②❡❛rs✱ s✐♠✉❧❛t✐♦♥s ♦❢ ❉❇❉ ❞✐s❝❤❛r❣❡s
✭✐♥ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✭❈é❧❡st✐♥ ❡t ❛❧✳ ✷✵✵✽❀ ❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮ ♦r
✐♥ r✐♥❣✲r✐♥❣ ❣❡♦♠❡tr② ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷✮✮ ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣
❛ s❡q✉❡♥t✐❛❧ ❝♦❞❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s P❤❉ t❤❡s✐s ❤❛s
❜❡❡♥ t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❛♥❞ r♦❜✉st♥❡ss ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
❝♦❞❡✿

• ■♥ ❈❤❛♣t❡r ✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ✢✉✐❞ ♠♦❞❡❧ ✉s❡❞ t♦ s✐♠✉❧❛t❡ ❛✐r ❞✐s✲
❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ■♥ t❤✐s ♠♦❞❡❧✱ ❞r✐❢t ❞✐✛✉s✐♦♥ ❡q✉❛✲
t✐♦♥s ❢♦r ❝❤❛r❣❡❞ s♣❡❝✐❡s ❛r❡ ❝♦✉♣❧❡❞ t♦ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❚❤❡♥
t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤❡ ❡①✐st✐♥❣ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡
❛r❡ ♣r❡s❡♥t❡❞✳

• ■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ❢♦❝✉s ♦✉r ♥✉♠❡r✐❝❛❧ ❡✛♦rt ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞
✉s❡❞ t♦ s♦❧✈❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t✐♠❡✱ ✇❡ ♣r❡s❡♥t ❛♥❞ t❡st t✇♦ ♣❛r❛❧❧❡❧ s♦❧✈❡rs✳ ❚❤❡♥✱ ✇❡ ♣r❡s❡♥t
❛♥❞ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ✧s❡♠✐✲
✐♠♣❧✐❝✐t✧ ♠♦❞❡❧ ❝♦♠♣❛r❡❞ t♦ ❛ ❢✉❧❧✲❡①♣❧✐❝✐t ♦♥❡✳

• ■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ♣r❡s❡♥t ❛♥❞ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t tr❛♥s♣♦rt s❝❤❡♠❡s
❢♦r ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳

• ■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❛ ♥❡✇ ▼P■✲
❖P❊◆▼P ♣❛r❛❧❧❡❧ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✉s✐♥❣ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡♥✱
✇❡ s✉♠♠❛r✐③❡ t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ❝♦❞❡ ✉s❡❞ ✐♥ t❤❡ ❝❤❛♣t❡rs
♦❢ t❤✐s t❤❡s✐s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡s
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✇✐t❤ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s✿

• ■♥ ❈❤❛♣t❡r ✺✱ ✇❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦✲
s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ st✉❞② t❤❡ ♣r♦♣❛❣❛t✐♦♥
❞②♥❛♠✐❝s ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡s ♦♥ t❤❡ ❞✐❡❧❡❝✲
tr✐❝ s✉r❢❛❝❡ ❛♥❞ s♣❡❝✐✜❝❛❧❧② t❤❡ ❞②♥❛♠✐❝s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣✐♥❣✱ ♦❢ t❤❡
s❤❡❛t❤ ❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡s✳

• ■♥ ❈❤❛♣t❡r ✻✱ ✇❡ st✉❞② ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❜st❛❝❧❡ ♦♥ t❤❡ ♣❛t❤ ♦❢ ❛ ♣r♦♣❛❣❛t✐♥❣ ♣♦s✐t✐✈❡
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✻ ■♥tr♦❞✉❝t✐♦♥

❞✐s❝❤❛r❣❡✳ ❚❤❡ ❣♦❛❧ ✐s t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ❜❡❤✐♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝
♦❜t❛❝❧❡✳

• ■♥ ❈❤❛♣t❡r ✼✱ ❢♦r t❤❡ s❛♠❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✱ ✇❡ ♣✉t ❡♠♣❤❛✲
s✐s ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❜❡❤✐♥❞
t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜t❛❝❧❡✳

• ■♥ ❈❤❛♣t❡r ✽✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✇✐t❤
❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞ ♦✉t ❛t ▲P●P ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤
❛ s❤❛r♣ ♣♦✐♥t ❛♥❞ ❛ ❤✐❣❤ ♦✈❡r✲✈♦❧t❛❣❡✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♠♣❛r❡
r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳

• ■♥ ❝❤❛♣t❡r ✾✱ ✇❡ ♣r❡s❡♥t ✜rst r❡s✉❧ts ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐s❝❤❛r❣❡s
✐♥ ❞✐❡❧❡❝tr✐❝ t✉❜❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❲❡ ❞✐s❝✉ss t❤❡ ❞✐s✲
❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞❡t❛✐❧❡❞ ❝❤❡♠✐str② ❢♦r ❛ He − N2 ♠✐①t✉r❡✳
❚❤❡♥✱ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢
❞✐s❝❤❛r❣❡s ✐♥ He− N2 ❛♥❞ ❛✐r✳

❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ♦♥ t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤✐s ✇♦r❦✱
❛♥❞ s✉❣❣❡st✐♦♥s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳



✐
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✐

✐

✐

✐

✐

✐

P❛rt ■

P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥

❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡



✐

✐
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✐

✐

✐

✐

✐



✐
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✐

✐

✐

✐

✐

✐

❈❤❛♣t❡r ✶

P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡

❧❡❣❛❝② ❞✐s❝❤❛r❣❡ ❝♦❞❡

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r❡s❡♥t t❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ✉s❡❞ ❢♦r
❛✐r ❞✐s❝❤❛r❣❡s ✐♥ t❤✐s ✇♦r❦ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡
❞✐s❝❤❛r❣❡ ❝♦❞❡ ♦❢ t❤❡ ❊▼✷❈ ❧❛❜♦r❛t♦r② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s P❤❉
✇♦r❦✳ ❚❤❡♥✱ ✇❡ ♣r❡s❡♥t t✇♦ t②♣✐❝❛❧ ❣❡♦♠❡tr✐❡s st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦ ❛♥❞
♣✉t ❢♦r✇❛r❞ t❤❡ ♥❡❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❝♦❞❡✳
❉✉r✐♥❣ t❤❡ ✜rst ②❡❛r ♦❢ t❤✐s t❤❡s✐s ✐♥ ✷✵✶✵✱ ❛ ♥❡✇ ❝❧✉st❡r ❝❛❧❧❡❞ ✧✐❣❧♦♦✧
✇❛s ♣✉r❝❤❛s❡❞ ❜② ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✳ ❆s ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞
✐♥ t❤✐s P❤❉ t❤❡s✐s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ♦♥ ✧✐❣❧♦♦✧✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ t❤❡
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤✐s ♠✉❧t✐❝♦r❡ ❝❧✉st❡r ❛r❝❤✐t❡❝t✉r❡✿

• ❆❧t✐① ■❈❊ ✽✹✵✵ ▲❳ ♦❢ ✻✽ ♥♦❞❡s ✇✐t❤ t✇♦ ♣r♦❝❡ss♦rs s✐①✲❝♦r❡ ■♥t❡❧
❳❡♦♥ ❳✺✻✺✵ ✭✷✳✻✻●❤③✮ ♣❡r ♥♦❞❡✱ s♦ ✽✶✻ ❝♦r❡s ✐♥ t♦t❛❧ ✇✐t❤ ✷✹●♦ ♦❢
♠❡♠♦r② ♣❡r ♥♦❞❡✳

✶✳✷ P❤②s✐❝❛❧ ♠♦❞❡❧ ❢♦r ❛✐r str❡❛♠❡r ❞✐s❝❤❛r❣❡
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡

❚❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ♠♦❞❡❧ t♦ st✉❞② str❡❛♠❡r ❞②♥❛♠✐❝s ✐♥ ❛✐r ❛t ❛t✲
♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐s ❜❛s❡❞ ♦♥ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥s ❢♦r ❡❧❡❝tr♦♥s ✧❡✧✱
♣♦s✐t✐✈❡ ✧♣✧ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s ✧♥✧✿

∂nk

∂t
+∇ · jk = Sk ; k = e, p, n ✭✶✳✶✮
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✐

✐

✐

✐

✶✵ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

✇❤❡r❡ ♥k ✐s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ s♣❡❝✐❡s k✱ jk ✐s t❤❡ ✢✉① ♦❢ s♣❡❝✐❡s k ❛♥❞
Sk ✐s t❤❡ s♦✉r❝❡ t❡r♠ ♦❢ s♣❡❝✐❡s k ❞✉❡ t♦ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ❛♥❞ ♣❤♦t♦✲
✐♦♥✐③❛t✐♦♥✳ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❝❧❛ss✐❝❛❧ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✈❛❧✐❞
❢♦r ❤✐❣❤❧② ❝♦❧❧✐s✐♦♥❛❧ ♣❧❛s♠❛s✿

jk = µk nk E −Dk ∇ nk ; k = e, p, n , ✭✶✳✷✮

✇❤❡r❡ ❉k✱ µk ❛r❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ ♠♦❜✐❧✐t② ♦❢ s♣❡❝✐❡ k r❡s♣❡❝✲
t✐✈❡❧② ❛♥❞ E ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜❡ t❤❡ s♦✉r❝❡ t❡r♠s ❢♦r ❡❧❡❝tr♦♥s Se✱ ♣♦s✐✲
t✐✈❡ ✐♦♥s Sp ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s Sn✿











Se = (∂tne)chem = (α|We| − η|We| − βepnp)ne + Sph ,

Sn = (∂tnn)chem = −βnpnpnn + η|We|ne ,

Sp = (∂tnp)chem = − (βepne + βnpnn)np + α|We|ne + Sph ,

✭✶✳✸✮

✇❤❡r❡ |We| = |µe E| ✐s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞r✐❢t ✈❡❧♦❝✐t②✱
α ❛♥❞ η st❛♥❞ ❢♦r t❤❡ ✐♦♥✐③❛t✐♦♥ ❛♥❞ ❛tt❛❝❤♠❡♥t ❝♦❡✣❝✐❡♥ts r❡s♣❡❝t✐✈❡❧②✳
βep ✐s t❤❡ r❡❝♦♠❜✐♥❛t✐♦♥ r❛t❡ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ✐♦♥s ❛♥❞ ❡❧❡❝✲
tr♦♥s ❛♥❞ βnp ✐s t❤❡ r❡❝♦♠❜✐♥❛t✐♦♥ r❛t❡ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ❛♥❞
♥❡❣❛t✐✈❡ ✐♦♥s✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✉s❡ t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡♥✱
tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ❛♥❞ s♦✉r❝❡ t❡r♠s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡
❡①♣❧✐❝✐t ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ r❡❞✉❝❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❊✴◆✱ ✇❤❡r❡ ❊ t❤❡ ✐s
t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ◆ ✐s t❤❡ ❛✐r ♥❡✉tr❛❧ ❞❡♥s✐t② ❡q✉❛❧ t♦
✷✳✹✺×1019 cm−3✳ ❆❧❧ r❡❛❝t✐♦♥s r❛t❡s ❛♥❞ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ❛r❡ t❛❦❡♥
❢r♦♠ ✭▼♦rr♦✇ ❛♥❞ ▲♦✇❦❡ ✶✾✾✼✮✳
❚❤❡ Sph t❡r♠ ✐s t❤❡ r❛t❡ ♦❢ ❡❧❡❝tr♦♥✲♣♦s✐t✐✈❡ ✐♦♥ ♣❛✐r ♣r♦❞✉❝t✐♦♥ ❞✉❡ t♦ t❤❡
♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ ✐♥ t❤❡ ❣❛s ✈♦❧✉♠❡✳ ❋♦r t❤✐s t❡r♠✱ ✇❡ ✉s❡ t❤❡ t❤r❡❡ ❣r♦✉♣
❙P✸ ♠♦❞❡❧ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✵✼✮ ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ♦♥ ✭❩❤❡❧❡③♥✐❛❦ ❡t ❛❧✳
✶✾✽✷✮✳ ■♥ t❤✐s ♠♦❞❡❧✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ♣❤♦t♦♥s ❡♠✐tt❡❞ ✐♥ t❤❡ r❛♥❣❡ ✾✽✲
✶✵✷✳✺ ♥♠ ❜② t❤❡ r❛❞✐❛t✐✈❡ ❞❡✲❡①❝✐t❛t✐♦♥ ♦❢ ❤✐❣❤❧② ❡①❝✐t❡❞ st❛t❡s ♦❢ ♥✐tr♦❣❡♥
N2 ❛r❡ ❛❜❧❡ t♦ ♣❤♦t♦✲✐♦♥✐③❡ t❤❡ ♠♦❧❡❝✉❧❛r ♦①②❣❡♥ ✐♥ ❛✐r ✭❩❤❡❧❡③♥✐❛❦ ❡t ❛❧✳
✶✾✽✷✮✳ ■♥ t❤❡ ❙P✸ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ ♠♦❞❡❧✱ t♦ ♠♦❞❡❧ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❞❡✲
♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠✱ t❤r❡❡ ❡✛❡❝t✐✈❡ ✇❛✈❡❧❡♥❣t❤s
❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❡✛❡❝t✐✈❡ ✇❛✈❡❧❡♥❣t❤s✱ ✷ P♦✐ss♦♥✬s
❧✐❦❡ ❡q✉❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ s♦❧✈❡❞ ✇✐t❤ ▲❛rs❡♥✬s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭▲✐✉
❡t ❛❧✳ ✷✵✵✼✮ t❤❛t r❡q✉✐r❡ t♦ ✐t❡r❛t❡ t❤r❡❡ t✐♠❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ♦❢
t❤❡s❡ P♦✐ss♦♥✬s ❧✐❦❡ ❡q✉❛t✐♦♥s✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ✭❈é❧❡st✐♥
✷✵✵✽✮ ❛♥❞ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✵✼✮✳
❋✐♥❛❧❧②✱ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s t♦ st✉❞② str❡❛♠❡r ❞②♥❛♠✐❝s ✐♥ ❛✐r ❛t
❛t♠♦♣s❤❡r✐❝ ♣r❡ss✉r❡ ✐s ❝❧♦s❡❞ ✇✐t❤ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ t❤❛t t❛❦❡s ✐♥t♦
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✶✶

❛❝❝♦✉♥t ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t✐❡s ✭❛✐r ♦r ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧✮✿

∇ · (−ε0εr∇V) = qe(np − nn − ne) , ✭✶✳✹✮

✇❤❡r❡ qe ✐s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❡❧❡❝tr♦♥ ❝❤❛r❣❡✱ εr ✐s t❤❡ r❡❧❛t✐✈❡ ♣❡r✲
♠✐tt✐✈✐t②✱ ε0 ✐s t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ ❢r❡❡ s♣❛❝❡✳

✶✳✸ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡
❝♦❞❡ ✭▲❉❈✮

■♥ ✭❚❤♦❧✐♥ ❛♥❞ ❇♦✉r❞♦♥ ✷✵✶✶✮ ❛♥❞ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮✱ ♣♦✐♥t t♦ ♣♦✐♥t
❛♥❞ ♣♦✐♥t t♦ ♣❧❛♥❡ ❡❧❡❝tr♦❞❡ ❣❡♦♠❡tr✐❡s ✇❡r❡ s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ ❧❡❣❛❝②
❞✐s❝❤❛r❣❡ ❝♦❞❡ ✭▲❉❈✮ t♦ st✉❞② ✷❉ ❛①✐✲s②♠♠❡tr✐❝ ❞✐s❝❤❛r❣❡s✳ ■♥ ✭❈é❧❡st✐♥
✷✵✵✽✮ ❛♥❞ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮✱ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ✇❡r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t
❛s ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ♦r ❛s ❛ t✉❜❡✳ ■♥ s❡❝t✐♦♥ ✶✳✸✳✶✱
✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▲❉❈ ❝♦❞❡ t♦ s♦❧✈❡
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✭✶✳✹✮✳ ❚❤❡♥ ✐♥ s❡❝t✐♦♥ ✶✳✸✳✷✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s t♦ s♦❧✈❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✭✶✳✶✮ ✇✐t❤ ✭✶✳✷✮✳

✶✳✸✳✶ ◆✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

❋♦r str❡❛♠❡r s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❛ ❦❡② ♣❛r❛♠❡t❡r s✐♥❝❡ ✜rst✱
✇✐t❤ t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ tr❛♥s♣♦rt ♣❛r❛♠❡t❡rs ❛♥❞ s♦✉r❝❡ t❡r♠s
❤❛✈❡ ❛ ♥♦♥✲❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ ✐t✳ ❙❡❝♦♥❞✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞❡r✐✈❡❞
❢r♦♠ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ✐♥ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦
❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s✳ ❚❤❡♥✱ ❛ s♠❛❧❧ ❡rr♦r ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡
❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ✐♠♣❧✐❡s ❧❛r❣❡ ✈❛r✐❛t✐♦♥s ♦♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇❤✐❝❤ ♠❛②
❧❡❛❞ t♦ ❝♦♥s✐❞❡r❛❜❧❡ ❡rr♦rs ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♠✲
♣♦rt❛♥t t♦ s♦❧✈❡ ❛❝❝✉r❛t❡❧② P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❡❧❡❝✲
tr✐❝ ♣♦t❡♥t✐❛❧ ❜✉t ❛❧s♦ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡
t❡r♠✳ ■♥❞❡❡❞ ✇✐t❤ t❤❡ t❤r❡❡ ❣r♦✉♣ ❙P✸ ♠♦❞❡❧ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✵✼✮✱
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ s♦❧✈❡ ✶✽
P♦✐ss♦♥✬s ❧✐❦❡ ❡q✉❛t✐♦♥s ✭t✇♦ P♦✐ss♦♥✬s ❧✐❦❡ ❡q✉❛t✐♦♥s ❢♦r ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡
✇❛✈❡❧❡♥❣t❤s ❛♥❞ t❤r❡❡ ✐t❡r❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❢♦r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ✇❡
❝❛❧❝✉❧❛t❡ t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ❡✈❡r② ✺ t✐♠❡ st❡♣s✳ ❲❡ ❤❛✈❡
❝❤❡❝❦❡❞ t❤❛t t❤✐s ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡s✉❧ts ❜✉t ✐♥ t✉r♥ s❛✈❡s
❛ ❝♦♥s✐❞❡r❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳
❚❤r❡❡ ✐♠♣♦rt❛♥t ♣♦✐♥ts ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥
♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✿
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✶✷ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

• ❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡✿ ✐t ❣✐✈❡s t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡
r❡s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❡ ✉s❡ ✐s ♣r❡✲
s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✶✳

• ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿ ❛s ✐t ✐s ❛♥ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥✱ t❤❡ r❡s♦❧✉t✐♦♥
♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ r❡q✉✐r❡s t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❜❡ s❡t✳ ■t
✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✇❤❡r❡ t❤❡
s♦❧✉t✐♦♥ ✐s ❡♥t✐r❡❧② ❣♦✈❡r♥❡❞ ❜② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❞✐s❝✉ss
t❤✐s ♣♦✐♥t ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✶✳

• ❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✉s❡❞✿ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥
❝❛♥ ❜❡ ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣✳ ❲❡ ✇✐❧❧ ♣r❡s❡♥t ❤❡r❡ t❤❡ ❞✐r❡❝t s♦❧✈❡r
▼❯▼P❙ ✉s❡❞ ✐♥ t❤❡ ▲❉❈ ❝♦❞❡✳

❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤♦✉t s✉r❢❛❝❡ ❝❤❛r❣❡s

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♠❡❞✐✉♠ ✇✐t❤ ❞✐✛❡r❡♥t ♣❡r♠✐tt✐✈✐t✐❡s ❜✉t ♥♦ s✉r❢❛❝❡
❝❤❛r❣❡s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② ❛①✐✲s②♠♠❡tr✐❝ ❞✐s❝❤❛r❣❡s ❛♥❞ t❤✉s ❝②❧✐♥✲
❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ✭①✱r✮ ❛r❡ ✉s❡❞ ✇✐t❤ t❤❡ ①✲❛①✐s ❛s ❛①✐s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✳
■♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱ ❡q✉❛t✐♦♥ ✭✶✳✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

−
∂

∂x

(

ǫ
∂V

∂x

)

−
1

r

∂

∂r

(

ǫr
∂V

∂r

)

= ρ(x, r) , ✭✶✳✺✮

✇❤❡r❡ x ❛♥❞ r ❛r❡ ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧ ❝♦♦r❞✐♥❛t❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ǫ = ε0εr ❛♥❞
ρ = qe(np − nn − ne)✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥ ✐s ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ r❡❝t✐❧✐♥❡❛r ❣r✐❞✳ ❚❤❡ ♥♦❞❡s ♦❢ t❤❡ ❣r✐❞ ❛r❡
✐♥❞❡①❡❞ ✇✐t❤ i ❛♥❞ j ✐♥ ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥s r❡s♣❡❝t✐✈❡❧②✱ s✉❝❤ t❤❛t
Vi,j = V (xi, rj)✳ ❚❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝❡❧❧ ✐♥❞❡①❡❞ (i, j) ❛r❡ ❧♦❝❛t❡❞ ❜② xi±1/2

❛♥❞ rj±1/2✱ ✐♥ ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳
❯s✐♥❣ ❛ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞✱ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❊q✳ ✭✶✳✺✮
✐♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❣✐✈❡s t❤❡ ❝❧❛ss✐❝❛❧ ✜✈❡ ❞✐❛❣♦♥❛❧ ❧✐♥❡❛r s②st❡♠✳
▼♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♠❡t❤♦❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐♥ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❈✿

V E
i,jVi+1,j + V W

i,j Vi−1,j + V S
i,jVi,j−1 + V N

i,jVi,j+1 + V C
i,jVi,j = πρi,j∆xi+1/2∆r2j−1/2 ,✭✶✳✻✮

✇✐t❤✿
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✐

✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✶✸



































































V E
i,j = −π∆r2j−1/2

ǫi+1,jǫi,j

ǫi+1,j(xi+1/2 − xi) + ǫi,j(xi+1 − xi+1/2)
,

V W
i,j = V E

i−1,j ,

V N
i,j = −2πrj+1/2∆xi−1/2

ǫi,j+1ǫi,j

ǫi,j+1(rj+1/2 − rj) + ǫi,j(rj+1 − rj+1/2)
,

V S
i,j = V N

i,j−1 ,

V c
i,j = −(V W

i,j + V E
i,j + V S

i,j + V N
i,j ) ,

✭✶✳✼✮

✇❤❡r❡ ∆xi+/2 = xi+1/2 − xi−1/2 ❛♥❞ ∆r2j−1/2 = r2j+1/2 − r2j−1/2✳ ❚❤✐s s②♠✲
♠❡tr✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ r❡s✉❧ts ✐♥ ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡
❞❡✜♥✐t❡ ♠❛tr✐①✳

❉✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ s✉r❢❛❝❡ ❝❤❛r❣❡s

■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡✱ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞❡♣♦s✐t❡❞ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞✉❡ t♦ t❤❡ ✢✉①❡s ♦❢ ❝❤❛r❣❡❞
s♣❡❝✐❡s t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❣r✐❞✱ ❛s ❞❡✲

Dielectric material Air

r

x

❋✐❣✉r❡ ✶✳✶✿ ◆✉♠❡r✐❝❛❧ ❣r✐❞ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ♣❧❛♥❡ ❞✐❡❧❡❝tr✐❝✳ ❚❤❡ s❤❛❞❡❞
❞♦♠❛✐♥ r❡♣r❡s❡♥ts t❤❡ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ r❡❣✐♦♥✳ ❚❤❡ ❣❛s✴❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡
❧✐❡s ❛t xi∗+1/2✳

♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✶✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ♣❡r♣❡♥❞✐❝✲
✉❧❛r t♦ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❛♥❞ t❤❡ ❣❛s✲❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡ ❧✐❡s ♦♥ t❤❡
✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ♥♦❞❡s (i∗, j) ❛♥❞ (i∗ + 1, j)❀ ✐✳❡✳✱ ♦♥ t❤❡ ❡❞❣❡ ❝❡❧❧
(i∗ + 1/2, j)✳ ■♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥
t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✱ ✇❡ ♥❡❡❞ t♦ ❝❤❛♥❣❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
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✐

✐

✐

✐

✐

✶✹ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✶✳✻✳ ❆❧❧ t❤❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐①
❈✳
❋✐♥❛❧❧② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s✱ t❤❡ s♦✉r❝❡
t❡r♠ ρi,jπ∆xi+1/2∆r

2
j−1/2 ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✻✮ ❤❛s t♦ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ρ

′

i,j

♦♥❧② ❛t t❤❡ ♣♦✐♥t (i = i∗, j) ❛♥❞ (i = i∗ + 1, j)✱ s✉❝❤ t❤❛t✿


























ρ
′

i∗+1,j = ρ
′

i∗+1,j +
ǫi+1,jσj(xi+1/2 − xi+1)(π∆r

2
j−1/2)

ǫi,j(xi+1 − xi+1/2) + ǫi+1,j(xi+1/2 − xi)
,

ρ
′

i∗,j = ρ
′

i∗,j +
ǫi,jσj(xi+1 − xi+1/2)(π∆r

2
j−1/2)

ǫi,j(xi+1 − xi+1/2) + ǫi+1,j(xi+1/2 − xi)
.

✭✶✳✽✮

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

❉✐✛❡r❡♥t s❡ts ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✱ ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠ st✉❞✐❡❞✳
❚✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ ❛t t❤❡ ❞♦♠❛✐♥
❜♦✉♥❞❛r✐❡s✳ ❋✐rst✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭∇V ·
n = 0✱ n ❜❡✐♥❣ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡ s✉r❢❛❝❡ ❜♦✉♥❞❛r②✮ ❛♥❞ s❡❝♦♥❞✱
t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ♠♦st❧② st✉❞✐❡❞ ♣♦✐♥t t♦ ♣❧❛♥❡ ❛①✐ s②♠♠❡tr✐❝ ❣❡♦♠❡✲
tr✐❡s ✇✐t❤ ❛ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♥❣ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s✳ ■♥ t❤✐s ❝❛s❡✱ ✐♥
t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ❢♦r ❜♦t❤ t❤❡ s②♠♠❡tr② ❛①✐s ✭r = 0✮ ❛♥❞ t❤❡ ❜♦r❞❡r ♦❢
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✭r =❘lim✮✱ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡
✉s❡❞✳ ❚♦ ♥❡❣❧❡❝t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝❤❛r❣❡s ✐♥s✐❞❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥
♦♥ t❤❡ ❜♦✉♥❞❛r② ❛t r =❘lim✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡
✈❛❧✉❡ ♦❢ ❘lim✳ ❚❤❡♥✱ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡
❝❛rr✐❡❞ ♦✉t ♣r❡❧✐♠✐♥❛r② t❡sts t♦ ❝❛r❡❢✉❧❧② ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ ❘lim✳
❆t t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ ❛♥❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞✳ ❆t t❤❡ ❜♦r❞❡r ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛t
x =❳lim ❛♥❞ ❛❜♦✈❡ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✐s ✉s❡❞✳ ❆t t❤❡ ♠❡t❛❧❧✐❝ ♣♦✐♥t ❡❧❡❝tr♦❞❡✲❛✐r ✐♥t❡r❢❛❝❡s✱ t❤❡ ❣❤♦st ✢✉✐❞
♠❡t❤♦❞ ✐s ✉s❡❞ ✭❈é❧❡st✐♥ ❡t ❛❧✳ ✷✵✵✾✮ t❤❛t ❛❧❧♦✇s t♦ ❛❝❝✉r❛t❡❧② ❞❡s❝r✐❜❡
t❤❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr② ♦❢ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡
❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✳

◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

❯s✉❛❧❧② ❢♦r str❡❛♠❡r s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❞✐s❝r❡t✐③❡❞ ❢♦r♠ ♦❢ P♦✐ss♦♥✬s ❡q✉❛✲
t✐♦♥ ✭❈✳✶✶✮ ✐♥s✐❞❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s s♦❧✈❡❞ ✉s✐♥❣ t❤❡ s②♠✲
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✶✺

♠❡tr✐❝❛❧ s✉❝❝❡ss✐✈❡ ♦✈❡r✲r❡❧❛①❛t✐♦♥ ✭❙❖❘✮ ♠❡t❤♦❞ ✭▼♦rr♦✇ ❛♥❞ ▲♦✇❦❡
✶✾✾✼✮✱ ✭❉✉❝❛ss❡ ❡t ❛❧✳ ✷✵✵✼✮ ❛♥❞ ✭▲✐✉ ❛♥❞ P❛s❦♦ ✷✵✵✻✮✳ ❚❤✐s ♠❡t❤♦❞
❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ❛s ✐t ✐s s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ r♦❜✉st✳ ❍♦✇❡✈❡r✱
t❤❡ ❙❖❘ ♠❡t❤♦❞ ✐s ✇❡❧❧✲❦♥♦✇♥ t♦ ❝♦♥✈❡r❣❡ r❛t❤❡r s❧♦✇❧②✳ ❆s ✐♥ ✭❈é❧❡st✐♥
✷✵✵✽✮✱ ✜rst ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ✐t❡r❛t✐✈❡ ◆❆● s♦❧✈❡r ✭❤tt♣✿✴✴✇✇✇✳♥❛❣✳❝♦✳
✉❦✮ ✇❤✐❝❤ ✐s ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ ❙❖❘ ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡
❤✉❣❡ ♠❡♠♦r② ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ♠♦❞❡r♥ ♠✉❧t✐✲❝♦r❡ ❝❧✉st❡r ❛r❝❤✐t❡❝t✉r❡✱ ❞✐✲
r❡❝t s♦❧✈❡rs ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❞✐s❝r❡t✐③❡❞ ❢♦r♠ ♦❢ t❤❡ P♦✐ss♦♥✬s
❡q✉❛t✐♦♥✳ ❲✐t❤♦✉t ❣♦✐♥❣ ✐♥t♦ ❞❡t❛✐❧s✱ ✇❡ ♣r❡s❡♥t t❤❡ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡ ♦❢
❛ ❞✐r❡❝t s♦❧✈❡r✳ ■❢ ✇❡ r❡✇r✐t❡ ❡q✉❛t✐♦♥ ✭❈✳✶✶✮✿

❆① = ❜ . ✭✶✳✾✮

❲❤❡r❡ ❆ ✐s t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❍❡r❡ t❤❡ ✈❡❝t♦r ① ✐s t❤❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ❛♥❞ ❜
✐s ❛ ✈❡❝t♦r ✐♥ ✇❤✐❝❤ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✐s st♦r❡❞✳
❚♦ s♦❧✈❡ ❡q✉❛t✐♦♥ ✭✶✳✾✮✱ t❤❡ ❞✐r❡❝t s♦❧✈❡r ♣❡r❢♦r♠s t❤r❡❡ st❡♣s✿

• ❆♥❛❧②s✐s✿ ❚❤❡ ♠❛tr✐① ✐s ♣r❡♣r♦❝❡ss❡❞ t♦ ✐♠♣r♦✈❡ ✐ts str✉❝t✉r❛❧
♣r♦♣❡rt✐❡s✳ ❉✉r✐♥❣ t❤❡ ❛♥❛❧②s✐s✱ ❛ s②♠❜♦❧✐❝ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ♣❡r✲
❢♦r♠❡❞✳ ▲❡t ❆pre ❞❡♥♦t❡s t❤❡ ♣r❡♣r♦❝❡ss❡❞ ♠❛tr✐①✳

• ❋❛❝t♦r✐③❛t✐♦♥✿ ❆ ❞✐r❡❝t ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t ❆pre ❂ ▲❉▲T ✳
❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s ♠❡t❤♦❞s t♦ ♣❡r❢♦r♠ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❞✐r❡❝t s♦❧✈❡r✳ ■♥ ▼❯▼P❙ ✭❆♠❡st♦② ❡t ❛❧✳ ✷✵✵✶✮✱ t❤❡ ♠❡t❤♦❞
✐s ❝❛❧❧❡❞ ✧♠✉❧t✐❢r♦♥t❛❧ ❛♣♣r♦❛❝❤✧✳ ■♥ t❤❡ ❞✐r❡❝t s♦❧✈❡r P❛❙t✐❳ ✭P❛❙t✐❳
✷✵✶✷✮✱ t❤❡ ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ✧ ❧❡❢t✲r✐❣❤t ❧♦♦❦✐♥❣✧ ❛♣♣r♦❛❝❤✳ ❆❢t❡r t❤❡
❢❛❝t♦r✐③❛t✐♦♥✱ t❤❡ ❢❛❝t♦r ♠❛tr✐❝❡s ❛r❡ ❦❡♣t ✐♥ ♠❡♠♦r② ❛♥❞ t❤❡② ✇✐❧❧
❜❡ ✉s❡❞ ✐♥ t❤❡ s♦❧✉t✐♦♥ ♣❤❛s❡✳

• ❙♦❧✉t✐♦♥✿ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ▲❉▲T ①pre = ❜pre ✭✇❤❡r❡ ①pre ❛♥❞ ❜pre

❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ tr❛♥s❢♦r♠❡❞ s♦❧✉t✐♦♥ ① ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡
❜ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣r❡♣r♦❝❡ss❡❞ ♠❛tr✐① ❆pre✮ ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤
❛ ❢♦r✇❛r❞ ❡❧✐♠✐♥❛t✐♦♥ st❡♣✿

▲❉② = ❜pre , ✭✶✳✶✵✮

❢♦❧❧♦✇❡❞ ❜② ❛ ❜❛❝❦✇❛r❞ ❡❧✐♠✐♥❛t✐♦♥ st❡♣✿

▲❚①pre = ② . ✭✶✳✶✶✮
❆ ❢♦r✇❛r❞ ❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ s✉❜st✐t✉t✐♦♥ ❛r❡ t❤❡♥ ♣❡r❢♦r♠❡❞
t♦ ♦❜t❛✐♥ ①pre✳ ❚❤❡ s♦❧✉t✐♦♥ ①pre ✐s ✜♥❛❧❧② ♣♦st ♣r♦❝❡ss❡❞ t♦ ♦❜t❛✐♥ t❤❡

http://www.nag.co.uk
http://www.nag.co.uk
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✶✻ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

s♦❧✉t✐♦♥ ① ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❆① ❂ ❜ ✳
❚❤❡ ❝❤♦✐❝❡ t♦ ✐♠♣❧❡♠❡♥t ❛ ❞✐r❡❝t s♦❧✈❡r ✐♥ t❤❡ ▲❉❈ ❝♦❞❡ ✇❛s ♠♦t✐✈❛t❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✿

• ❋♦r r❡❧❛t✐✈❡❧② s♠❛❧❧ ❞♦♠❛✐♥s ✭✐✳❡✳ ❧❡ss t❤❛♥ ✸×106 ♣♦✐♥ts✮ ❞✐r❡❝t
s♦❧✈❡rs ❛r❡ ❢❛st❡r t❤❛♥ ✐t❡r❛t✐✈❡ s♦❧✈❡rs✳

• ❆ ❞✐r❡❝t s♦❧✈❡r ❛❧✇❛②s ❣✐✈❡s t❤❡ ❝♦rr❡❝t s♦❧✉t✐♦♥ ❝♦♥tr❛r② t♦ ❛♥ ❛♣✲
♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❛♥ ✐t❡r❛t✐✈❡ s♦❧✈❡r✳

• ❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ♦♥❧② ♦♥❝❡ ❛♥❞ ❦❡♣t ✐♥ ♠❡♠♦r② ✭✐❢ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠❛tr✐① ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s
❡q✉❛t✐♦♥ ❛r❡ ❦❡♣t ❝♦♥st❛♥t✮✳

• ❆t ❡❛❝❤ t✐♠❡✲st❡♣✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥✳
❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ t❤❡ ✐t❡r❛t✐✈❡ ◆❆● s♦❧✈❡r ✇❛s r❡♣❧❛❝❡❞
❜② ♥❡✇ ❛♥❞ ♠♦r❡ ❡✣❝✐❡♥t ❞✐r❡❝t s♦❧✈❡rs ❧✐❦❡ ❙✉♣❡r▲❯ ✭❚❤♦❧✐♥ ❛♥❞ ❇♦✉r✲
❞♦♥ ✷✵✶✶✮ ❛♥❞ ▼❯▼P❙ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮ ❛♥❞ ✭P❡❝❤❡r❡❛✉ ❡t ❛❧✳ ✷✵✶✷✮✳
■♥ t❤❡ ▲❉❈ ❝♦❞❡✱ ✇❡ ✉s❡❞ t❤❡ s❡q✉❡♥t✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t s♦❧✈❡r
▼❯▼P❙✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t✱ ✐♥ t❤❡ ▲❉❈ ❝♦❞❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts
♦❢ t❤❡ ♠❛tr✐① ❆ ❞♦ ♥♦t ❝❤❛♥❣❡ ✐♥ t✐♠❡ ❛s t❤❡② ❞❡♣❡♥❞ ♦♥❧② ♦♥ ❣❡♦♠❡tr②
❛♥❞ ♣❡r♠✐tt✐✈✐t✐❡s s♦ t❤❡ ✜rst t✇♦ st❡♣s ❝❛♥ ❜❡ ❞♦♥❡ ♦♥❧② ♦♥❝❡ ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❚❤❡♥✱ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ✇❡ ♦♥❧② ♥❡❡❞
t♦ ♣❡r❢♦r♠ t❤❡ s♦❧✉t✐♦♥ st❡♣✳

✶✳✸✳✷ ◆✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ ❞r✐❢t✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥
❡q✉❛t✐♦♥s

▼❛♥② ♣r♦❜❧❡♠s ❤❛✈❡ t♦ ❜❡ ♦✈❡r❝♦♠❡ t♦ s♦❧✈❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s
✭✶✳✶✮ ✇✐t❤ ✭✶✳✷✮ ❛♣♣❧✐❡❞ t♦ str❡❛♠❡r s✐♠✉❧❛t✐♦♥s✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡
t❤❛t ♠♦st ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ✐♥s✐❞❡ t❤❡ ✐♦♥✲
✐③✐♥❣ ✇❛✈❡ ♦❢ ❛ ✈❡r② ❢❛st ✈❛r✐❛t✐♦♥ ✐♥ s♣❛❝❡ ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s✳
❚❤❡♥✱ t♦ s♦❧✈❡ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛♣♣❧✐❡❞ t♦ str❡❛♠❡r s✐♠✉❧❛✲
t✐♦♥s✱ ❛ s✉✐t❛❜❧❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❤❛s t♦ ❝♦♠♣❧② ✇✐t❤ t✇♦ r❡q✉✐r❡♠❡♥ts✿
❛ s✉✣❝✐❡♥t ❛❝❝✉r❛❝② ❢♦r ❡①❛❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❣r❛❞✐❡♥ts ❛♥❞
❞❡♥s✐t② ♣♦s✐t✐✈✐t②✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✜rst✱ ✇❡ ♣r❡s❡♥t ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞s ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡
t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡♥ ✇❡ ♣r❡s❡♥t t❤❡ ✐♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡❧✲
●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡
▲❉❈ ❝♦❞❡✳
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✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✶✼

❋✐♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞s

❋✐♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❛r✲
t✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t♦ ❜❡ s♦❧✈❡❞✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡s❡ ♠❡t❤♦❞s
❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦rt❡❞ ♣❤②s✐❝❛❧ q✉❛♥t✐t② ✭❋❡r③✐❣❡r
❛♥❞ P❡r✐❝ ✷✵✵✷✮✳ ❋♦r str❡❛♠❡r s✐♠✉❧❛t✐♦♥s✱ t❤✐s ♣r♦♣❡rt② ✐s ❡ss❡♥t✐❛❧ ❜❡✲
❝❛✉s❡ ✐t ✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t t♦ ❝♦♥s❡r✈❡ t❤❡ ❝❤❛r❣❡ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡
str❡❛♠❡r s✐♠✉❧❛t✐♦♥✳ ■♥ ✜♥✐t❡ ✈♦❧✉♠❡ ✭♦r ❝♦♥tr♦❧ ✈♦❧✉♠❡✮ ♠❡t❤♦❞s✱ t❤❡
❞♦♠❛✐♥ ✐s s✉❜❞✐✈✐❞❡❞ ✐♥t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s♠❛❧❧ ❝♦♥tr♦❧ ✈♦❧✉♠❡s ❜② ❛
❣r✐❞✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✉s❡ ♦♥❧② str✉❝t✉r❡❞ ❣r✐❞s✳ ❋♦r t❤✐s t②♣❡ ♦❢ ❣r✐❞ ♦♥❡
❝❛♥ ✇♦r❦ ❡✐t❤❡r ✇✐t❤ t❤❡ ♥♦❞❡s ❝❡♥t❡r❡❞ ✐♥ ❝♦♥tr♦❧ ✈♦❧✉♠❡s ♦r ✇✐t❤ t❤❡
❢❛❝❡s ❝❡♥t❡r❡❞ ❜❡t✇❡❡♥ ♥♦❞❡s ✭❋❡r③✐❣❡r ❛♥❞ P❡r✐❝ ✷✵✵✷✮✳ ❇♦t❤ ❛♣♣r♦❛❝❤❡s
❤❛✈❡ t❤❡✐r ♦✇♥ ❛❞✈❛♥t❛❣❡s✱ ❛♥❞ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ❤❛✈❡ ✉s❡❞ ♥♦❞❡✲
❝❡♥t❡r❡❞ ❣r✐❞s✱ ❛s t❤❡② ❛r❡ ✉s❡❞ ♠♦r❡ ❢r❡q✉❡♥t❧② ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❋❡r③✐❣❡r
❛♥❞ P❡r✐❝ ✷✵✵✷✮✳

❚❡♠♣♦r❛❧ s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤

■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s t♦ s♦❧✈❡ ❛ ❞r✐❢t✲❞✐✛✉s✐♦♥✲
r❡❛❝t✐♦♥ ❡q✉❛t✐♦♥ ✭❍✉♥❞s❞♦r❢❡r ❛♥❞ ❱❡r✇❡r ✷✵✵✸✮ ❛s✿

∂n

∂t
+∇ · j = S . ✭✶✳✶✷✮

■♥ t❤❡ ▲❉❈ ❝♦❞❡✱ ✇❡ s♣❧✐t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✷✮ ✐♥t♦✿

∂n

∂t
=S , ✭✶✳✶✸✮

∂n

∂t
=−∇ · j . ✭✶✳✶✹✮

❇② ❞♦✐♥❣ s♦✱ ✇❡ s♦❧✈❡ ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❝❤❡♠✐str②
s♦✉r❝❡ t❡r♠ ✭❡q✉❛t✐♦♥ ✭✶✳✶✸✮✮ ❛♥❞ t❤❡♥ ✇❡ s♦❧✈❡ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛✲
t✐♦♥ ✭❡q✉❛t✐♦♥ ✭✶✳✶✹✮✮✳ ❚♦ s♦❧✈❡ ❡q✉❛t✐♦♥ ✭✶✳✶✹✮✱ ✇❡ ✜rst ✐♥t❡❣r❛t❡ ✐t ♦✈❡r
t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t Ωi,j ♦❢ t❤❡ ❝❡❧❧ (i, j)✿

∂n̄i,j

∂t
+

1

Ωi,j

∫

Ωi,j

∇ · jdΩ = 0 , ✭✶✳✶✺✮

✇❤❡r❡ ✇❡ ❞❡✜♥❡ n̄i,j ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ n(x, r, t) ♦✈❡r Ωi,j✿

n̄i,j =
1

Ωi,j

∫

Ωi,j

n(x, r, t)dΩ . ✭✶✳✶✻✮
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✐

✐
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✐

✶✽ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

❯s✐♥❣ t❤❡ ●❛✉ss✲❖str♦❣r❛❞s❦② t❤❡♦r❡♠ ♦♥❡ ♦❜t❛✐♥s✿

∂n̄i,j

∂t
+

1

Ωi,j

∫

∂Ωi,j

j · ndΣ = 0 , ✭✶✳✶✼✮

✇❤❡r❡ dΣ ♠❡❛s✉r❡s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ s✉r❢❛❝❡ ♦❢ t❤❡ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s ❛♥❞ n

✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r✳ ❉❡❝♦♠♣♦s✐♥❣ t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧ ♦♥
t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝❡❧❧✱ ♦♥❡ ♦❜t❛✐♥s✿

∂n̄i,j

∂t
+

1

Ωi,j

(

F x
i+1/2 + F x

i−1/2 + F r
j+1/2 + F r

j−1/2

)

= 0 , ✭✶✳✶✽✮

✇❤❡r❡ Fx
i±1/2 ❛♥❞ Fr

j±1/2 ❛r❡ ❝♦♥✈❡❝t✐✈❡ ❛♥❞ ❞✐✛✉s✐♦♥ ✢✉①❡s✳ ❚❤❡ ♠❛✐♥
♣r♦❜❧❡♠ ✐♥ s♦❧✈✐♥❣ ❡q✉❛t✐♦♥ ✭✶✳✶✽✮ ❝♦♥❝❡r♥s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✢✉①❡s
❛t t❤❡ ✐♥t❡r❢❛❝❡s ♦❢ t❤❡ ❝♦♥tr♦❧ ✈♦❧✉♠❡✳ ■♥❞❡❡❞✱ t❤❡s❡ ✢✉①❡s ♦♥❧② str✐❝t❧②
❞❡♣❡♥❞ ♦♥ t❤❡ ✭✉♥❦♥♦✇♥✮ ✈❛❧✉❡s ♦❢ t❤❡ ❞❡♥s✐t✐❡s ❛t t❤❡ ✐♥t❡r❢❛❝❡s ❛♥❞
♥♦t ♦♥ t❤❡ ✭❦♥♦✇♥✮ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡♥s✐t② ni,j ✐♥s✐❞❡ t❤❡ ❝♦♥tr♦❧ ✈♦❧✲
✉♠❡✳ ❚❤✉s✱ t❤❡ ❞✐✣❝✉❧t② ✐s t♦ ❡①♣r❡ss t❤❡ ❞✐✛❡r❡♥t ✢✉①❡s ❛s ❛♣♣r♦①✐♠❛t❡
❢✉♥❝t✐♦♥s ♦❢ ni,j✳ ❆❢t❡r t❡♠♣♦r❛❧ ✐♥t❡❣r❛t✐♦♥✱ ❡q✉❛t✐♦♥ ✭✶✳✶✽✮ ❜❡❝♦♠❡s✿

n̄k+1
i,j = n̄k

i,j −
∆t

Ωi,j

(

F x
i+1/2 + F x

i−1/2 + F r
j+1/2 + F r

j−1/2

)

. ✭✶✳✶✾✮

■♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ✈♦❧✉♠❡s Ωi,j ❛♥❞ t❤❡ s✉r❢❛❝❡s Σi+1/2,j ❛♥❞
Σi,j+1/2 ❛r❡ ❣✐✈❡♥ ❜②✿

Σi+1/2,j = π
(

r2i,j+1/2 − r2i,j−1/2

)

,

Σi,j+1/2 = 2πri,j+1/2

(

xi+1/2,j − xi−1/2,j

)

,

Ωi,j = π
(

r2i,j+1/2 − r2i,j−1/2

) (

xi+1/2,j − xi−1/2,j

)

.

✭✶✳✷✵✮

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❞✐✛✉s✐♦♥ ✢✉①❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②
✇✐t❤ ❞r✐❢t ✢✉①❡s ✐♥ t❤❡ ✐♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡✳ ❋♦r
♦t❤❡r s❝❤❡♠❡s✱ ❞✐✛✉s✐♦♥ ❛♥❞ ❞r✐❢t ✢✉①❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ s❡♣❛r❛t❡❧②✳

■♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡ ❢♦r ❞r✐❢t✲❞✐✛✉s✐♦♥
✢✉①❡s

❚❤❡ ♦r✐❣✐♥❛❧ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✾✻✾ t♦ ♦❜✲
t❛✐♥ s❡❧❢✲❝♦♥s✐st❡♥t ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ ❝❛rr✐❡r
tr❛♥s♣♦rt✱ ❝❛rr✐❡r ❣❡♥❡r❛t✐♦♥✱ ❛♥❞ s♣❛❝❡✲❝❤❛r❣❡ ❜❛❧❛♥❝❡ ✐♥ s❡♠✐❝♦♥❞✉❝✲
t♦r ❞❡✈✐❝❡s ✭❙❝❤❛r❢❡tt❡r ❛♥❞ ●✉♠♠❡❧ ✶✾✻✾✮ ❚❤✐s ♠❡t❤♦❞ ✐s ❡ss❡♥t✐❛❧❧②
❛ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ❢♦r ✈❛r✐❛❜❧❡s ✐♥ ❝♦♥✈❡❝t✐♦♥✲❞♦♠✐♥❛t❡❞ ♣r♦❜❧❡♠s
t❤❛t ❡♠♣❧♦②s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✜tt✐♥❣ t❡❝❤♥✐q✉❡✳ ❖♥❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✶✾

t❤✐s s❝❤❡♠❡ ✐s t❤❛t ✐t ❝❛❧❝✉❧❛t❡s ❞r✐❢t ❛♥❞ ❞✐✛✉s✐♦♥ ✢✉①❡s ❛t t❤❡ s❛♠❡
t✐♠❡✳ ❚❤❡ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ♠❡t❤♦❞ ❤❛s t❤❡ ✈❡r② ✐♠♣♦rt❛♥t ♣r♦♣❡rt②
♦❢ ♠♦♥♦t♦♥✐❝✐t②✱ ❜✉t ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤✐s ♠❡t❤♦❞ ✐s ❛❝❝✉r❛t❡ ♦♥❧②
✐❢ t❤❡ ♣♦t❡♥t✐❛❧ ❞r♦♣ ❜❡t✇❡❡♥ t♦ ❛❞❥❛❝❡♥t ♥♦❞❡s ✐s ♠✉❝❤ ❧❡ss t❤❛♥ t❤❡ ❡❧❡❝✲
tr♦♥ t❡♠♣❡r❛t✉r❡ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮✳ ❋♦r ♣r♦❜❧❡♠s ✐♥ ❣❛s ❞✐s❝❤❛r❣❡s✱ ✐t
✐s ♥❡❝❡ss❛r② t♦ ✉s❡ ✜♥❡ ❣r✐❞s t♦ s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❜❡❝♦♠❡s ✈❡r② ❡①♣❡♥s✐✈❡✳ ■♥ ✶✾✾✺✱ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮
♣r♦♣♦s❡❞ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡①♣❧✐❝✐t ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧
♠❡t❤♦❞ t❤❛t ✐♠♣r♦✈❡s t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❝❤❡♠❡ s✐❣♥✐✜❝❛♥t❧②
✇✐t❤♦✉t r❡q✉✐r✐♥❣ t❤❡ ✉s❡ ♦❢ ❛ ✜♥❡ ❣r✐❞✳ ❑✉❧✐❦♦✈s❦②✬s ❜❛s✐❝ ✐❞❡❛ ✐s t♦ ♣✉t
❛ ♣❛✐r ♦❢ ✈✐rt✉❛❧ ♥♦❞❡s✱ ♦♥❡ ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❝❡❧❧ ✐♥t❡r❢❛❝❡ ✇❤❡r❡ t❤❡
✢✉① ❤❛s t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✭❋✐❣✉r❡ ✶✳✷✮✳
❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ✈✐rt✉❛❧ ♥♦❞❡s ✐s ❝❤♦s❡♥ t♦ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤

xk xL xR

❋✐❣✉r❡ ✶✳✷✿ P♦s✐t✐♦♥ ♦❢ ✈✐rt✉❛❧ ♥♦❞❡s xL ❛♥❞ xR✳ ❚❤✐s ❋✐❣✉r❡ ✇❛s r❡♣r♦❞✉❝❡❞
❢r♦♠ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮

t♦ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ✇❤✐❝❤ t❤❡ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ♠❡t❤♦❞ ✐s ❛❝✲
❝✉r❛t❡✳ ❉❡♥s✐t✐❡s ❛t ✈✐rt✉❛❧ ♥♦❞❡s ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥
♦❢ t❤❡ ❞❡♥s✐t② ❜❡t✇❡❡♥ t✇♦ ❣r✐❞ ♥♦❞❡s✳ ❚❤❡♥✱ ❜❛s❡❞ ♦♥ t❤❡ ❞❡♥s✐t✐❡s ❛t
t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s✱ t❤❡ ✢✉① ❛t t❤❡ ❝❡❧❧ ❡❞❣❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛❝❝✉r❛t❡❧②
✉s✐♥❣ t❤❡ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ s❝❤❡♠❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✐♥
t❤❡ ♦r✐❣✐♥❛❧ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ♠❡t❤♦❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❛ss✉♠❡❞ t♦
❜❡ ❝♦♥st❛♥t ❜❡t✇❡❡♥ t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s✳ ❑✉❧✐❦♦✈s❦② ❤❛s ♣r♦♣♦s❡❞ ❛ ♠♦r❡
❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✢✉①✱ ✐♥ ✇❤✐❝❤ t❤❡ ✜❡❧❞ ✐s ❛ss✉♠❡❞ t♦ ✈❛r②
❧✐♥❡❛r❧② ❜❡t✇❡❡♥ t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s✳ ■♥ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮✱ ✐t ✇❛s s❤♦✇♥
t❤❛t ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❧✐♥❡❛r ✜❡❧❞ ♣r♦✜❧❡ ❤❛s ❛ ♠✐♥♦r ✐♥✢✉❡♥❝❡ ♦♥ t❤❡
r❡s✉❧ts ♦❜t❛✐♥❡❞ ♦♥ ❛ s✐♠♣❧✐✜❡❞ t❡st✲❝❛s❡✳ ■♥ t❤❡ ✐♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡r✲
●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡✱ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✈✐rt✉❛❧
♥♦❞❡s ✐s ❡ss❡♥t✐❛❧✱ ❛♥❞ ❑✉❧✐❦♦✈s❦② ❤❛s ♣r♦♣♦s❡❞ ❛ ❝r✐t❡r✐♦♥ ✇✐t❤ ❛ ❝♦♥✲
st❛♥t ❢❛❝t♦r ✇❤✐❝❤ ❤❛s t♦ ❜❡ s❡❧❡❝t❡❞ ǫISG✳ ❲❤❡♥ ǫISG ❝❤❛♥❣❡s ❢r♦♠ ✵
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✷✵ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

t♦ ✶✱ t❤❡ s❝❤❡♠❡ tr❛♥s❢♦r♠s ❢r♦♠ ❛ ✈❡r② ❛❝❝✉r❛t❡ ❜✉t ❞✐s♣❡rs✐✈❡ ♦♥❡ t♦
❛ ❧❡ss ❛❝❝✉r❛t❡✱ ❞✐✛✉s✐✈❡ ❜✉t ♠♦♥♦t♦♥✐❝ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ❛❧❣♦r✐t❤♠✳
❚❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ♦❢ t❤✐s ♣❛r❛♠❡t❡r s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❡①♣❡r✐♠❡♥t❛❧❧②✱ ❛♥❞
❑✉❧✐❦♦✈s❦② s✉❣❣❡sts t❤❛t ❛ ✈❛❧✉❡ ♦❢ ✐♥ t❤❡ r❛♥❣❡ [0.01, 0.04] ❣✐✈❡s ❣♦♦❞
r❡s✉❧ts ✐♥ ♠♦st ❝❛s❡s✳ ❋♦r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t✐❡s ❛t t❤❡ ✈✐r✲
t✉❛❧ ♥♦❞❡s✱ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮ ❤❛s ♣r♦♣♦s❡❞ t✇♦ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡s✿
❡①♣♦♥❡♥t✐❛❧ ❛♥❞ ❧♦❝❛❧ ❝✉❜✐❝ s♣❧✐♥❡ ♣✐❡❝❡✇✐s❡ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❆❢t❡r ❤❛✈✐♥❣
❝❤❡❝❦❡❞ ❜♦t❤ ✐♥t❡r♣♦❧❛t✐♦♥s✱ ❛♥❞ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✉s❡ t❤❡ ❧♦❝❛❧ ❝✉❜✐❝
s♣❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥ t❤✐s ✇♦r❦✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ s❝❤❡♠❡ ❢♦r♠✉❧❛t✐♦♥
❣✐✈❡♥ ✐♥ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮✳
●✐✈❡♥ t❤❡ ♣❛r❛♠❡t❡rs ❛t t❤❡ t✇♦ ♥♦❞❡s ❦ ❛♥❞ ❦✰✶ ♦❢ t❤❡ ❜❛s✐❝ ♠❡s❤✱ ✇❡
❝❛❧❝✉❧❛t❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s hv ✉s✐♥❣✿

hv =
√

ǫISGDk+1/2hk / |Wk+1 −Wk| , ✭✶✳✷✶✮

✇❤❡r❡ hk = xk+1 − xk ✱ Wk = (Wk+1/2 −Wk−1/2)/2 ❛♥❞ Dk+1/2 ✐s t❤❡
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ ✱ Wk+1/2 = −µE t❤❡ ❞r✐❢t ✈❡❧♦❝✐t② ❞❡✜♥❡❞ ❛t
k+1/2✳ ■❢ hv ≥ hk✱ F x

i+1/2 ✐s ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ❙❝❤❛r❢❡tt❡❧✲●✉♠♠❡❧
s❝❤❡♠❡✿

F x
i+1/2 =

Dk+1/2

hkI0
(nk − eαnk+1) , ✭✶✳✷✷✮

✇❤❡r❡✿

I0 =
eα − 1

α
,

α =
µhkEk+1/2

Dk+1/2

.
✭✶✳✷✸✮

■❢ hv < hk✱ t❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s xL ❛♥❞ xR
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❧♦❝✐t✐❡s✿

xL,R =
xk + xk+1

2
∓
hv
2
,

WL,R = Wk+1/2 ∓
1

2
∆Wv where,

∆Wv =
hv
hk

(Wk+1 − (Wk) .

✭✶✳✷✹✮

❚❤❡♥ ✇❡ ❞❡✜♥❡ ❞❡♥s✐t✐❡s nL ❛♥❞ nR ❛t t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s ✉s✐♥❣ t❤❡ ❧♦❝❛❧
❝✉❜✐❝ s♣❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♦♥✳
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✷✶

❚❤❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❧✐♥❡❛r ❜❡t✇❡❡♥ t❤❡ ✈✐rt✉❛❧ ♥♦❞❡s✳ ■♥ t❤✐s ❝❛s❡ F x

i+1/2 ✐s
❣✐✈❡♥ ❜②✿

F x
i+1/2 =

{Dk+1/2

hvI1
[nL − eαv (1 + αvβv)nR] ,

Dk+1/2

hvI
′

1

[

e−α
′

v
(

1 + α
′

vβ
′

v ,
)−1

nL − nR

]

,
✭✶✳✷✺✮

✇❤❡r❡ ✿

αv =
hvWL

Dk+1/2

; βv =
WR −WL

2WL

,

I1 = −
α2
v + 2αvβv
α3
v

+
eαv

α3
v

, (α3
vβv + α2

v + 2αvβv − 2α2
vβv) ,

✭✶✳✷✻✮

❛♥❞✿

α
′

v =
hvWR

Dk+1/2

; β
′

v =
WR −WL

2WR

,

I
′

1 =
α

′2
v + 2α

′

vβ
′

v

α′3
v

−
e−α

′

v

α′3
v

(α
′3
v β

′

v + α
′2
v + 2α

′

vβ
′

v + 2α
′2
v β

′

v) .

✭✶✳✷✼✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ✐♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ✭■❙●✮
s❝❤❡♠❡ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ✶❉✳ ❲❡ ❤❛✈❡ ❛❞❛♣t❡❞ ✐t t♦ ✷❉ ❜② s♣❧✐tt✐♥❣
t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠ ✐♥t♦ t✇♦ ✶❉ ♣r♦❜❧❡♠s ✐♥ t❤❡ ① ❛♥❞ r ❞✐r❡❝t✐♦♥s✱
r❡s♣❡❝t✐✈❡❧②✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞✱ ✇❡ ❛❧t❡r✲
♥❛t❡ t❤❡ ♦r❞❡r ❜❡t✇❡❡♥ t❤❡ ① ❛♥❞ r ❛①❡s ✐♥ t✇♦ s✉❝❝❡ss✐✈❡ t✐♠❡ st❡♣s✳
❚❤❡ ✐♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ s❝❤❡♠❡ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞
t♦ s❡✈❡r❛❧ ✷❉ str❡❛♠❡r s✐♠✉❧❛t✐♦♥s ❜② ❑✉❧✐❦♦✈s❦② ❬✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❛✮✱
✭❑✉❧✐❦♦✈s❦② ✶✾✾✺❜✮✱ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✼✮❪ ❛♥❞ ❛❧s♦ ♦t❤❡r ❛✉t❤♦rs ❬✭▲✐✉ ❛♥❞
P❛s❦♦ ✷✵✵✹✮✱ ✭▲✐✉ ❛♥❞ P❛s❦♦ ✷✵✵✻✮✱ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮✱ ✭❏á♥s❦ý ❡t ❛❧✳
✷✵✶✶✮ ❛♥❞ ✭❚❤♦❧✐♥ ❛♥❞ ❇♦✉r❞♦♥ ✷✵✶✶✮❪✳

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t s✐♠♣❧✐✜❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❢♦r ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥s ❛t t❤❡ s✉r❢❛❝❡s ♦❢ ♠❡t❛❧❧✐❝ ❡❧❡❝tr♦❞❡s✳ ❖♥ t❤❡
❣r♦✉♥❞❡❞ ❡❧❡❝tr♦❞❡ ✭♠♦st❧② ❛ ♣❧❛♥❡ ✐♥ t❤✐s ✇♦r❦✮ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞ ❢♦r ❛❧❧ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✢✉①❡s✳ ❆t t❤❡ ❤✐❣❤ ✈♦❧t✲
❛❣❡ ❡❧❡❝tr♦❞❡ ✭♠♦st❧② ❛ ♣♦✐♥t ✐♥ t❤✐s ✇♦r❦✮✱ ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡ ✐♦♥s ❛♥❞
❡❧❡❝tr♦♥s ✢✉①❡s ✭Ja

p✱ J
a
n ❛♥❞ Ja

e r❡s♣❡❝t✐✈❡❧②✮ ❛r❡ ❣✐✈❡♥ ❜②✿

Ja
p = np min(0, µp E · na).na ,
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✐

✐

✐

✐

✷✷ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

Ja
n = nn min(0, −µn E · na).na ,

Ja
e = −neµeE, if E · na > 0 or ∇.Ja

e = 0 if E · na < 0 ,

✇❤❡r❡ E ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ na ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r
❛t t❤❡ ❛♥♦❞❡ s✉r❢❛❝❡✳ ❆t ❡❛❝❤ ❣❛s✲❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡✱ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛r❡
♦❜t❛✐♥❡❞ ❜② t✐♠❡ ✐♥t❡❣r❛t✐♥❣ ✢✉①❡s ♦❢ ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s
❛t t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✭Jd

p✱ J
d
n ❛♥❞ Jd

e r❡s♣❡❝t✐✈❡❧②✮ ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❜②✿

Jd
p = np min(0, µp E · nd).nd ,

Jd
n = nn min(0, −µn E · nd).nd ,

Jd
e = ne min(0, −µe E · nd).nd − γ Jd

p ,

✇❤❡r❡ nd ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r ❛t ❛ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞
γ ✐s t❤❡ s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❡❧❡❝tr♦♥s ❜② ✐♠♣❛❝t ♦❢ ♣♦s✐t✐✈❡
✐♦♥s✳ ■♥ t❤✐s st✉❞②✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t γ = 0.1✳ ❚❤✐s ❤✐❣❤ ✈❛❧✉❡ ✐s ❛
✇❛② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t r♦✉❣❤❧② ♦t❤❡r s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❛s
s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❜② ♣❤♦t♦❡♠✐ss✐♦♥ ♦r ❜② ✐♠♣❛❝t ♦❢ ❡①❝✐t❡❞
s♣❡❝✐❡s✳
❋♦r t❤❡ ♦♣❡♥ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞✿

Jb
p = np min(0, µp E · nb).nb ,

Jb
n = nn min(0, −µn E · nb).nb ,

Jb
e = ne min(0, −µe E · nb).nb ,

✇❤❡r❡ nb ✐s t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥ ❞✐r❡❝t❡❞ t♦✇❛r❞s ✐t✳

✶✳✸✳✸ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥

■♥ t❤❡ ❡①♣❧✐❝✐t ▲❉❈ ❝♦❞❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ s✐♠♣❧❡ ✜rst✲♦r❞❡r ❊✉❧❡r t✐♠❡
✐♥t❡❣r❛t✐♦♥ ❢♦r ❞r✐❢t✲❞✐✛✉s✐♦♥ ✢✉①❡s ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✶✽✮ ❛♥❞ t❤❡ ♣❤♦t♦✲
✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ❛♥❞ ❛ ❢♦✉rt❤✲♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ✭❋❡r③✐❣❡r
❛♥❞ P❡r✐❝ ✷✵✵✷✮ ❢♦r t❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✐str② s♦✉r❝❡ t❡r♠s ✐♥
❡q✉❛t✐♦♥ ✭✶✳✶✸✮✳ ❋♦r t❤❡ t❡♠♣♦r❛❧ s♣❧✐tt✐♥❣✱ ❛ 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣
♠❡t❤♦❞ ✇❛s ✉s❡❞✿ U t+∆t = CD∆t R∆t U t✱ ✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡
t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t + ∆t r❡s♣❡❝t✐✈❡❧②✳ CD∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡
❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❛♥❞ t❤❡ ❝❤❡♠✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥
t❤❡ ❞✉r❛t✐♦♥ ∆t✳
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✷✸

❚✐♠❡ st❡♣

❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ st❡♣ ✐♥ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t s✐♠✉❧❛t✐♦♥s✱ ❛s ✐♥
✭❱✐t❡❧❧♦ ❡t ❛❧✳ ✶✾✾✹✮✱ ✇❡ ❤❛✈❡ t♦ ❢♦❧❧♦✇ t❤❡ ❢❛st❡st ❞②♥❛♠✐❝s ❣✐✈❡♥ ❡✐t❤❡r
❜② ❞r✐❢t✱ ❞✐✛✉s✐♦♥ ♦r ❝❤❡♠✐str②✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ st❛❜❧❡ ❛♥❞ ❛❝❝✉r❛t❡
s✐♠✉❧❛t✐♦♥ ✇❡ ❡✈❛❧✉❛t❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ st❡♣s✿
❚❤❡ ❞r✐❢t ❞②♥❛♠✐❝s t✐♠❡ st❡♣ ∆tc✿

∆tc = ♠✐♥

[

∆xi
vx(i,j)

,
∆rj
vr(i,j)

]

, ✭✶✳✷✽✮

t❤❡ ❞✐✛✉s✐♦♥ ❞②♥❛♠✐❝s ∆td t✐♠❡ st❡♣✿

∆td = ♠✐♥

[

(∆xi)
2

Dx(i,j)

,
(∆rj)

2

Dr(i,j)

]

, ✭✶✳✷✾✮

t❤❡ ❝❤❡♠✐str② ❞②♥❛♠✐❝s ∆tI t✐♠❡ st❡♣✿

∆tI = ♠✐♥

[

nk(i,j)

Sk(i,j)

]

. ✭✶✳✸✵✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❢r♦♠ ❛ ❞✐❡❧❡❝tr✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐❢ t❤❡
❧♦❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❤❛♥❣❡s✱ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ t❛❦❡s s♦♠❡
t✐♠❡ t♦ r❡❧❛① t♦✇❛r❞s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡ st❡♣
❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✐♠❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s t♦ ❛❧✐❣♥ t❤❡♠✲
s❡❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ s♦ ∆tDiel ✐s
❞❡✜♥❡❞✿

∆tDiel = ♠✐♥

[

ε0
qeµe(i,j)ne(i,j)

]

. ✭✶✳✸✶✮

❚❤❡ ❣❡♥❡r❛❧ t✐♠❡ st❡♣ ∆t ✐s t❤❡♥ ❞❡t❡r♠✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦✿

∆t = ♠✐♥ (Ac∆tc, Ad∆td, AI∆tI , Adiel∆tDiel) ;

Ac = 0.5, Ad = 0.5, AI = 0.25 and Adiel = 0.5 .
✭✶✳✸✷✮

✶✳✹ ❙t✉❞✐❡❞ ❣❡♦♠❡tr✐❡s

■♥ t❤✐s P❤❉ r❡♣♦rt✱ ✇❡ ♠❛✐♥❧② st✉❞② t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥t t♦ ♣❧❛♥❡ ❡❧❡❝✲
tr♦❞❡ ❣❡♦♠❡tr✐❡s ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ♣❧❛❝❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦
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✷✹ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✳
❚❤❡ s❤❛r♣❡r ✐s t❤❡ ♣♦✐♥t ❛♥❞ t❤❡ ❧❛r❣❡r ✐s t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✱ t❤❡
❤✐❣❤❡r ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠❡s❤ ♣♦✐♥ts t♦ ❝❛rr② ♦✉t s✐♠✉❧❛t✐♦♥s✳ ■t ✐s ✐♥✲
t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❞♦❡s ♥♦t r❡q✉✐r❡
❛♥② s♣❡❝✐✜❝ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡s❤ ♣♦✐♥ts ✐♥ t❤❡ ❛①✐❛❧ ❞✐r❡❝t✐♦♥✳
❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ r❛❞✐❛❧ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡✱ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳
■♥ ♦r❞❡r t♦ ♣r❡s❡♥t ❛♥❞ ❞✐s❝✉ss t❤❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❛♥❞ ❝❤❛♣t❡rs ✷ t♦ ✹✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t✇♦ t❡st✲❝❛s❡s
✇✐t❤♦✉t ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳

✶✳✹✳✶ ❚❡st✲❝❛s❡ ✶ ✭❚❈✲✶✮✿ ✺ ♠♠ ❣❛♣ ✇✐t❤ ❛ ♣♦✐♥t t♦
♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ st✉♠♣ ♣♦✐♥t ❡❧❡❝tr♦❞❡

Interelectrode
gap=5mm

Hyperboloid point         

x

rGrounded plane

Air

❋✐❣✉r❡ ✶✳✸✿ ❉✐s❝❤❛r❣❡ s❡t✲✉♣ ❢♦r t❤❡ ❚❈✲✶✳

❚❤❡ s✐♠✉❧❛t❡❞ ❣❡♦♠❡tr② ♦❢ ❚❈✲✶ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✳✸ ❛♥❞ ✐s ❛ ♣♦✐♥t
t♦ ♣❧❛♥❡ ❡❧❡❝tr♦❞❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ st✉♠♣ ❤②♣❡r❜♦❧♦✐❞ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ♦❢
✻✹✼ µ♠ ♦❢ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡✳ ❆ ❝♦♥st❛♥t ♣♦s✐t✐✈❡ ✈♦❧t❛❣❡ ♦❢ Ua = 13 ❦❱
✐s ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ✐s ♦❢ ✵✳✺ ❝♠✳
❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ ❞❡♥s✐t② ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ♦❢ ne,p = 104 cm−3✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✶ ❝♠ × ✶✼ ❝♠ ✇✐t❤ ❛ ❈❛rt❡s✐❛♥ ❣r✐❞✳
❋♦r 0 ≤ x ≤ 0.5 ❝♠✱ ❛♥ ❛①✐❛❧ ♠❡s❤ s✐③❡ ♦❢ 5 µ♠ ✐s ✉s❡❞ ❛♥❞ t❤❡♥ ❢♦r
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✷✺

0.5 ≤ x ≤ 1 ❝♠✱ t❤❡ ♠❡s❤ s✐③❡ ✐♥❝r❡❛s❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❣❡♦♠❡tr✐❝ ♣r♦✲
❣r❡ss✐♦♥✳ ❘❛❞✐❛❧❧②✱ ❢♦r 0 ≤ r ≤ 0.3 ❝♠✱ ❛ ♠❡s❤ s✐③❡ ♦❢ 5 µ♠ ✐s ✉s❡❞
❛♥❞ ❢♦r 0.3 ≤ r ≤ 17 ❝♠ t❤❡ ♠❡s❤ s✐③❡ ✐♥❝r❡❛s❡s ❛❧s♦ ❛❝❝♦r❞✐♥❣ t♦ ❛
❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥✳ ❚❤✐s ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t r❡q✉✐r❡❞ ❛ ❣r✐❞ s✐③❡ ♦❢
nx × nr = 1287× 1000 s♦ ✶✳✷✽✼×106 ♣♦✐♥ts✳
❚❤✐s s✐♠✉❧❛t✐♦♥ ✇❛s ❞♦♥❡ ✇✐t❤ t❤❡ ▲❉❈ ❝♦❞❡ ✉s✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧
❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥
✶✳✸✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ❛♥♦❞❡ t✐♣
✐s ❡q✉❛❧ t♦ ✶✷✵ ❦❱✳cm−1 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳
❋✐❣✉r❡ ✶✳✹ s❤♦✇s t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛t t❂✵✳✽✱ ✸✳✻ ❛♥❞ ✻✳✵ ♥s✳ ❆t

❋✐❣✉r❡ ✶✳✹✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ str❡❛♠❡r ❞✐s✲
❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❢♦r ❚❈✲✶✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✵✳✽✱ ✸✳✻✱ ✻✳✵ ♥s

t❂✵✳✽ ♥s✱ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐s ♦❜s❡r✈❡❞ ❛t t❤❡
♣♦✐♥t ❛♥♦❞❡✳ ❆s t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡
♣❧❛♥❡✱ ✐t r❡❛❝❤❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❛t t❂✸✳✻ ♥s ✇❤❡r❡
t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ❡q✉❛❧ t♦ ✵✳✷ ❝♠✳ ❆t t❂✸✳✻ ♥s✱ t❤❡ ♠❛❣♥✐✲
t✉❞❡ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ✶✶✵ ❦❱✳cm−1 ❛♥❞ t❤❡
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✷✻ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐♥ t❤❡ ❝♦♥❞✉❝t✐✈❡ ❝❤❛♥♥❡❧ ✐s ne = 3 × 1013 cm−3 ❛♥❞
✐♥❝r❡❛s❡s t♦ ne = 1×1014 cm−3 ❝❧♦s❡ t♦ t❤❡ ❛♥♦❞❡ ♣♦✐♥t✳ ■t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♥♦t❡ t❤❛t ❜❡❤✐♥❞ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✱ ✐♥ t❤❡ ❝♦♥❞✉❝t✐✈❡ ❝❤❛♥♥❡❧
❛♥❞ ❝❧♦s❡ t♦ t❤❡ ❛♥♦❞❡ ♣♦✐♥t✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❣♦❡s t♦
q✉✐t❡ ❧♦✇ ✈❛❧✉❡s ∼ ✼ ❦❱✳cm−1✳ ❚❤❡ ❞✐s❝❤❛r❣❡ ✜♥❛❧❧② ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡
♣❧❛♥❡ ❛t tc❂✻✳✵ ♥s✳

❚❤❡ ❣❡♥❡r❛❧ t✐♠❡ st❡♣ t❤r♦✉❣❤♦✉t t❤❡ s✐♠✉❧❛t✐♦♥ ✐s ❛❧♠♦st ❝♦♥st❛♥t ❛♥❞
❡q✉❛❧ t♦ ∆t = 5.10−12 s✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ ❤❡r❡ t❤❛t ❛❧❧ t❤❡ ❞✐❢✲
❢❡r❡♥t t✐♠❡ st❡♣s ✭❡q✉❛t✐♦♥s ✭✶✳✷✽✮ t♦ ✭✶✳✸✶✮✮ ❛r❡ ❡q✉✐✈❛❧❡♥t ❞✉r✐♥❣ t❤❡
♣r♦♣❛❣❛t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ❛r❡ ♦❢ t❤❡ s❛♠❡ t✐♠❡
s❝❛❧❡✳ ❚❤❡♥ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ r❡q✉✐r❡❞ ❢♦r t❤✐s s✐♠✉❧❛t✐♦♥
✭t❂✹ ❤♦✉rs✮ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r ✇✐t❤ t❤❡ ▲❉❈ ❝♦❞❡✱ t❤❡ ♦♥❧② ✇❛② ✐s t♦
✐♥tr♦❞✉❝❡ ♣❛r❛❧❧❡❧ ♣r♦t♦❝♦❧s ✐♥t♦ t❤❡ s❡q✉❡♥t✐❛❧ ❞✐s❝❤❛r❣❡ ❝♦❞❡✳

▼❯▼P❙ s♦❧✈❡r ✐♥ ▲❉❈ ❝♦❞❡

■♥ t❤❡ ▲❉❈ ❝♦❞❡✱ ❛s ♠❡♥t✐♦♥❡❞ s❡❝t✐♦♥ ✶✳✸✳✶✱ ✇❡ ✉s❡ t❤❡ s❡q✉❡♥t✐❛❧ ✐♠✲
♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t s♦❧✈❡r ▼❯▼P❙ ✭❆♠❡st♦② ❡t ❛❧✳ ✷✵✵✶✮ t♦ s♦❧✈❡
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮✱ ✭❏á♥s❦ý ❛♥❞ ❇♦✉r❞♦♥ ✷✵✶✶❜✮
❛♥❞ ✭P❡❝❤❡r❡❛✉ ❡t ❛❧✳ ✷✵✶✷✮✳

▼❡♠♦r② ✉s❡❞ ❋❛❝t♦r✐③❛t✐♦♥ ✭▼❯▼P❙✮ ❙♦❧✉t✐♦♥ ✭▼❯▼P❙✮ ❖♥❡ t✐♠❡✲st❡♣
▼♦ ✭s✮ ✭s✮ ✭s✮
✻✻✹ ✻✹✳✶✷ ✶✳✷✼ ✺✳✼✻

❚❛❜❧❡ ✶✳✶✿ ▼❡♠♦r② ✉s❡❞ ❜② ▼❯▼P❙ s♦❧✈❡r✱ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❢❛❝✲
t♦r✐③❛t✐♦♥ ✇✐t❤ ▼❯▼P❙ s♦❧✈❡r✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ ▼❯▼P❙
s♦❧✈❡r ❛♥❞ t❤❡ t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ✭s♦❧✈✐♥❣ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞
t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ❡❛❝❤ ❝❤❛r❣❡❞ s♣❡❝✐❡s ✇✐t❤♦✉t ♣❤♦t♦✲
✐♦♥✐③❛t✐♦♥✮ ❢♦r ❛ ❣r✐❞ s✐③❡ ♦❢ nx × nr = 1287× 1000 ✐♥ ❚❈✲✶✳

■♥ ❚❛❜❧❡ ✶✳✶✱ ❢♦r ❚❈✲✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠❡♠♦r② r❡q✉✐r❡❞ ❜② ▼❯▼P❙
s♦❧✈❡r ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✇✐t❤ t❤❡ ▼❯▼P❙
s♦❧✈❡r✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ ▼❯▼P❙ s♦❧✈❡r ❛♥❞ t❤❡
t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ✭t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♦❧✉t✐♦♥ ❢♦r P♦✐ss♦♥✬s
❡q✉❛t✐♦♥ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤♦✉t t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ ❝♦♥tr✐❜✉t✐♦♥✮✳ ■♥ s❡❝t✐♦♥ ✶✳✸✳✶✱ ✇❡ ❤❛✈❡
❡①♣❧❛✐♥❡❞ t❤❛t t❤❡ ✜rst st❡♣ t♦ ❝♦♠♣✉t❡ ❛ s♦❧✉t✐♦♥ ✇✐t❤ ❛ ❞✐r❡❝t s♦❧✈❡r ✐s



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✷✼ ✖ ★✹✶
✐

✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✷✼

t♦ ❛♥❛❧②③❡ ❛♥❞ t❤❡♥ ✐♥ ❛ s❡❝♦♥❞ st❡♣✱ t♦ ❞♦ ❛ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐①❆
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t
t❤❡ ♠❡♠♦r② ✉s❡❞ ❜② ▼❯▼P❙ t♦ st♦r❡ t❤❡ ❢❛❝t♦r✐③❡❞ ♠❛tr✐❝❡s ✐s q✉✐t❡
❤✐❣❤ ✭✻✻✹ ▼♦ ❢♦r ✶✳✷✽✼ ×106 ♣♦✐♥ts✮ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛s t❤❡ ❞♦♠❛✐♥ s✐③❡
♦r t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥❝r❡❛s❡s✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t ✇✐❧❧ ✐♥❝r❡❛s❡
❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✳
❲❡ ❛❧s♦ st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✸✳✶✱ t❤❛t ✐♥ t❤❡ ▲❉❈ ❝♦❞❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢
t❤❡ ♠❛tr✐① ❆ ❞♦ ♥♦t ❝❤❛♥❣❡ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❙♦ ✇❡ ❝❛♥ ♠❛♥❛❣❡ ✐♥
t❤✐s ❝❛s❡ t❤❡ ✻✹✳✶✷ s r❡q✉✐r❡❞ ❢♦r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❆ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✱ ✶✳✷✼
s ❛r❡ r❡q✉✐r❡❞ ✇❤✐❝❤ r❡♣r❡s❡♥t ✷✷✪ ♦❢ t❤❡ t✐♠❡ r❡q✉✐r❡❞ ❢♦r ♦♥❡ t✐♠❡✲st❡♣
✭✺✳✼✻ s✮ ✇❤❡r❡ P♦✐ss♦♥ ❛♥❞ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ❡❛❝❤
❝❤❛r❣❡❞ s♣❡❝✐❡s ❛r❡ s♦❧✈❡❞ ✭✇✐t❤♦✉t ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥✮✳ ■♥ t❤❡ ▲❉❈ ❝♦❞❡✱
✇❤❡♥ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡
t❡r♠✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t t♦ st♦r❡ ✐♥ ♠❡♠♦r② ✼ ❢❛❝t♦r✐③❛t✐♦♥s ✭✶ ❢♦r
P♦✐ss♦♥ ❛♥❞ ✻ ❢♦r t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ✭✷ ♣❡r ✇❛✈❡❧❡♥❣t❤✮✮
✐s ✹✳✻ ●♦ ❛♥❞ t❤❡ t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ✐♥❝r❡❛s❡s ❢r♦♠ ✺✳✼✻ t♦ ✷✽✳✻
s ✭✼ ❢❛❝t♦r✐③❛t✐♦♥s ❜✉t ✶✾ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❧✐❦❡
❡q✉❛t✐♦♥s✮✳
❚❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t ❢♦r ❚❈✲✶ ✐s ❧♦✇ ✭∼ ✺ ●♦✮ ❛♥❞ ✐s ❜❡❧♦✇ t❤❡
♠❛①✐♠✉♠ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ♣❡r ♥♦❞❡ ✭✷✹ ●♦ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✮✳
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✷✽ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

✶✳✹✳✷ ❚❡st✲❝❛s❡ ✷ ✭❚❈✲✷✮✿ ✶✵ ♠♠ ❣❛♣ ✇✐t❤ ❛ ♣♦✐♥t t♦
♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ s❤❛r♣ ♣♦✐♥t ❡❧❡❝tr♦❞❡

Cathode plane

Air
Interlectrode 
gap=10mm

Rod anode
Ua=30kV

x

r

❋✐❣✉r❡ ✶✳✺✿ ❉✐s❝❤❛r❣❡ s❡t✲✉♣ ❢♦r ❚❈✲✷✳

❚❤❡ s✐♠✉❧❛t❡❞ ❣❡♦♠❡tr② ♦❢ ❚❈✲✷ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✳✺ ❛♥❞ ✐s ❝❧♦s❡ t♦
t❤❡ ❣❡♦♠❡tr② ✉s❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts ❛t ▲P●P✳ ■t ✐s ❛ ♣♦✐♥t t♦ ♣❧❛♥❡ ❣❡♦♠✲
❡tr② ✇✐t❤ ❛ s❤❛r♣ r♦❞ ❛♥♦❞❡ ♦❢ ✺✵ µ♠ ♦❢ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡✳ ❆ ❝♦♥st❛♥t
♣♦s✐t✐✈❡ ✈♦❧t❛❣❡ ♦❢ Ua = 30 ❦❱ ✐s ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞ t❤❡
✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ✐s ♦❢ ✶ ❝♠✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ ❞❡♥s✐t② ♦❢ ❝❤❛r❣❡❞
s♣❡❝✐❡s ♦❢ ne,p = 104 cm−3✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✷ ❝♠ × ✷ ❝♠
✇✐t❤ ❛ ❈❛rt❡s✐❛♥ ❣r✐❞✳ ❆ ✧✜♥❡✧ ♠❡s❤ ✐s ✉s❡❞✿ ❋♦r 0 ≤ x ≤ 1 ❝♠✱ ❛♥
❛①✐❛❧ ♠❡s❤ s✐③❡ ♦❢ 10 µ♠ ✐s ✉s❡❞ ❛♥❞ ✐s r❡✜♥❡❞ t♦ 1 µ♠ ❝❧♦s❡ t♦ t❤❡ ❛♥♦❞❡
t✐♣✳ ❚❤❡♥ ❢♦r 1 ≤ x ≤ 2 ❝♠✱ t❤❡ ♠❡s❤ s✐③❡ ✐s ✐♥❝r❡❛s❡❞ ❢r♦♠ 1 µ♠ t♦
30 µ♠✳ ❘❛❞✐❛❧❧②✱ ❢♦r 0 ≤ x ≤ 0.5 ❝♠ ❛ ♠❡s❤ s✐③❡ ♦❢ 5 µ♠ ✐s ✉s❡❞ ❛♥❞
✐s r❡✜♥❡❞ t♦ 1 µ♠ ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❛♥❞ ❢♦r 0.5 ≤ x ≤ 2
❝♠✱ t❤❡ r❛❞✐❛❧ ♠❡s❤ s✐③❡ ✐s ✐♥❝r❡❛s❡❞ ❢r♦♠ 5 µ♠ t♦ 30 µ♠✳ ❚❤✐s ❧❡✈❡❧ ♦❢
r❡✜♥❡♠❡♥t r❡q✉✐r❡❞ ❛ ❣r✐❞ s✐③❡ ♦❢ nx×nr = 3353×1725 ♦r ✺✳✽×106 ♣♦✐♥ts✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❛ ❤✐❣❤ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua = 30 ❦❱ ❛t t❤❡
s❤❛r♣ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ✐♥ ❚❈✲✷✱ ❤❛s r❡q✉✐r❡❞ t♦ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡
♠❡s❤ s✐③❡ ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t ❢r♦♠ 5 µ♠ t♦ 1 µ♠ ✐♥ ♦r❞❡r t♦ ❛❝❝✉r❛t❡❧②
❝♦♠♣✉t❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ s❤❛r♣ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❈♦♠♣❛r❡❞
t♦ ❚❈✲✶✱ t❤✐s ❧❡❛❞s t♦ ❛ s✉❜st❛♥t✐❛❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♥✉♠❜❡r ♣♦✐♥ts ❢r♦♠
✶✳✺ t♦ ✺✳✽ ×106 ♣♦✐♥ts✳
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✷✾

❚❤❡ ❞②♥❛♠✐❝s ♦❢ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❛r❡
s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✳✻✳
❆t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ t❤❡ ❧❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❡q✉❛❧ t♦ ✷✳✷ ▼❱✳cm−1✳

❋✐❣✉r❡ ✶✳✻✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ str❡❛♠❡r ❞✐s✲
❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❢♦r ❚❈✲✷✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✵✳✺✱ ✶✳✺✱ ✸✳✵ ♥s

❈♦♠♣❛r❡❞ t♦ t❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♥ ❚❈✲✶✱ ✐♥ ❚❈✲✷✱ t❤❡ s✐③❡
♦❢ t❤❡ ✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✱ ♦♥ ❋✐❣✉r❡ ✶✳✻✱ ❤❛s ❛ ❧❛r❣❡r
r❛❞✐✉s ♦❢ ✵✳✽ ❝♠✳ ❚❤✐s r❛❞✐✉s ✐s ♥❡❝❡ss❛r② t♦ s❤✐❡❧❞ t❤❡ ❧❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❤❛✈❡ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❡q✉❛❧ t♦ ∼
✶✵✵ ❦❱✳cm−1 ❛t t❂✶✳✺ ♥s✳ ❚❤✐s ✐s ❛♥ ✉s✉❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡✳ ❋♦r t❃✶✳✺ ♥s✱ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s ❛♥❞ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡
❛t tc❂✸✳✵ ♥s✳
■♥ ❚❈✲✷✱ ❛t t❤❡ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✱ t❤❡ ❝❤❡♠✐str② t✐♠❡ st❡♣ ✐s
t❤❡ s♠❛❧❧❡st ♦♥❡ ✭∆tI = 9.10−14 s✮ ❞✉❡ t♦ t❤❡ ❤✉❣❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝✲
tr✐❝ ✜❡❧❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❆s t❤❡ ❞❡♥s✐t② ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ✐♥✲
❝r❡❛s❡s t♦ ne = 1015 cm−3✱ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡ st❡♣ ❞❡❝r❡❛s❡s t♦



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✸✵ ✖ ★✹✹
✐

✐

✐

✐

✐

✐

✸✵ ❈❤❛♣t❡r ✶ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ st❛t✉s ♦❢ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡

❝♦❞❡

∆tDiel = 3 × 10−14 s ❛♥❞ t❤✐s ❧♦✇ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡
st❡♣ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦♥❡ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ✉♥t✐❧
t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡ ❛t tc❂✸✳✵ ♥s✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐t ✇❛s ♥♦t ♣♦ss✐❜❧❡ t♦ ❝❛rr② ♦✉t t❤✐s s✐♠✉✲
❧❛t✐♦♥ ✇✐t❤ t❤❡ ▲❉❈ ❝♦❞❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ t❤❡s✐s✳ ■♥❞❡❡❞✱ t❤✐s
s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ▲❉❈ ❝♦❞❡ ✇♦✉❧❞ r❡q✉✐r❡ ❛t ❧❡❛st ❛ ♠♦♥t❤ ♦❢ ❝❛❧❝✉✲
❧❛t✐♦♥s ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✳ ❆s✐❞❡ ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✱ t❤❡
♠❡♠♦r② r❡q✉✐r❡♠❡♥t ❢♦r t❤✐s s✐♠✉❧❛t✐♦♥ ✇♦✉❧❞ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ✸✵ ●♦✱
✇❡❧❧ ❜❡②♦♥❞ t❤❡ ♠❡♠♦r② ❝❛♣❛❝✐t② ♦❢ ❛ r❡❣✉❧❛r ♥♦❞❡ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r
✭✷✹ ●♦✮✳ ❚♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✻✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡
❧❛t❡st ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s✿

• ❋✉❧❧ ♣❛r❛❧❧❡❧ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦✲
s✐t✐♦♥ ✭❝❤❛♣t❡r ✹✮

• ❋❛st ❤②❜r✐❞ ♣❛r❛❧❧❡❧ ▼P■✲❖P❊◆▼P ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ✭❍❨P❘❊
❧✐❜r❛r②✮ ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠
✭s❡❝t✐♦♥ ✷✳✸✮

• ❊①♣❧✐❝✐t ❯◆❖✸ s❝❤❡♠❡ ✭3rd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✮ ❝♦✉♣❧❡❞ ✇✐t❤
t❤❡ ▼❆❈❍❖ ♦♣❡r❛t♦r ❢♦r t❤❡ s♣❛t✐❛❧ s♣❧✐tt✐♥❣ t♦ s♦❧✈❡ t❤❡ ❝♦♥✈❡❝✲
t✐♦♥ ❡q✉❛t✐♦♥ ✭s❡❝t✐♦♥ ✸✳✷✳✶✮

• ❊①♣❧✐❝✐t 2nd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭s❡❝✲
t✐♦♥ ✸✳✸✳✷✮

• ❊①♣❧✐❝✐t 4th ♦r❞❡r ❘✉♥❣❡✲❦✉tt❛ s❝❤❡♠❡ ❢♦r t❤❡ ❝❤❡♠✐str② s♦✉r❝❡ t❡r♠
✭s❡❝t✐♦♥ ✶✳✸✳✸✮

• 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞✿
U t+∆t = C∆t D∆t R∆t U t✱
✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡ t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t + ∆t r❡s♣❡❝t✐✈❡❧②✳
C∆t✱D∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ t❤❡ ❝❤❡♠✲
✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥ ∆t✳

• ❙❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ✭t♦ r❡♠♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡✲st❡♣
❝♦♥str❛✐♥t ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸✶✮✮ ✭s❡❝t✐♦♥ ✷✳✹✮

❲✐t❤ t❤❡ ❧❛t❡st ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r ❚❈✲✷
t♦♦❦ ✸ ❤♦✉rs ✉s✐♥❣ ✼✷ ❝♦r❡s ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r ✇✐t❤ ❛ ♠❡♠♦r② r❡q✉✐r❡✲
♠❡♥t ♦❢ ❧❡ss t❤❛♥ ✶ ●♦ ♣❡r ❝♦r❡✳
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✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✸✶

✶✳✺ Pr♦♣♦s❡❞ str❛t❡❣② t♦ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✲
✐❝❛❧ ❛❝❝✉r❛❝② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r✲
♠❛♥❝❡s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts
❝❛rr✐❡❞ ♦✉t ❞✉r✐♥❣ t❤✐s P❤❉ t♦ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❝❝✉r❛❝② ❛♥❞ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✿

• ■♥ ❝❤❛♣t❡r ✷✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s♦❧✈❡r ✉s❡❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❲❡ ♣r❡s❡♥t t✇♦ ♣❛r❛❧❧❡❧ s♦❧✈❡rs ❛♥❞ ❝♦♠♣❛r❡
t❤❡✐r ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ t❤❡ s❡q✉❡♥t✐❛❧ ❞✐r❡❝t s♦❧✈❡r ▼❯▼P❙ ✐♠✲
♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ▲❉❈ ❝♦❞❡ ❢♦r t❡st✲❝❛s❡s ❚❈✲✶ ❛♥❞ ❚❈✲✷✳

• ■♥ ❝❤❛♣t❡r ✸✱ ✇❡ ❞✐s❝✉ss t❤❡ ❛❜✐❧✐t② ♦❢ ❛♥② tr❛♥s♣♦rt s❝❤❡♠❡ t♦ ❤❛♥✲
❞❧❡ ❞❡♥s✐t② ❣r❛❞✐❡♥ts ♦❢ s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ❤❡❛❞ ♦❢
❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡✳ ■♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ r♦❜✉st♥❡ss ❛♥❞ ❛❝❝✉✲
r❛❝② ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ ✇❡ ♣r❡s❡♥t ❞✐✛❡r❡♥t tr❛♥s♣♦rt s❝❤❡♠❡s
❛♥❞ ❞✐s❝✉ss t❤❡✐r r❡s♣❡❝t✐✈❡ ♣r♦♣❡rt✐❡s✳

• ■♥ ❝❤❛♣t❡r ✹✱ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❤②❜r✐❞ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡
❝♦❞❡ ✉s✐♥❣ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♣r❡s❡♥t ✐ts ♣❛r❛❧❧❡❧ ♣❡r❢♦r✲
♠❛♥❝❡✳
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❈❤❛♣t❡r ✷

❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥

♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✿ P♦✐ss♦♥✬s

❡q✉❛t✐♦♥

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❖♥❡ ✐♠♣♦rt❛♥t ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ ❡q✉❛t✐♦♥ t♦ s♦❧✈❡ ✐♥ str❡❛♠❡r
❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s ❛t ❛t♠♦s❤❡r✐❝ ♣r❡ss✉r❡ ✐s P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ■♥ t❤❡
❧❛st ❢❡✇ ②❡❛rs✱ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ❧✐❜r❛r✐❡s ♣r♦✈✐❞❡ ❛❝❝❡ss t♦ ♥✉♠❡r♦✉s
♠❡t❤♦❞s t♦ s♦❧✈❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❧✐❦❡ P❊❚❙❝ ✭❇❛❧❛② ❡t ❛❧✳ ✷✵✶✸✮✱
❈❖▼❙❖▲ ✭❈❖▼❙❖▲ ✷✵✵✾✮ ❛♥❞ ❍❨P❘❊ ✭❍❨P❘❊ ✷✵✵✼✮✳ ■♥ ❢❛❝t ♦♥❡
❤❛s t♦ ❝❛r❡❢✉❧❧② ❝❤♦♦s❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♠❡t❤♦❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t②♣❡ ♦❢
♣r♦❜❧❡♠✱ ❞❡s✐r❡❞ s♣❡❡❞ ❛♥❞ ❛❝❝✉r❛❝②✳ ■♥ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ P♦✐s✲
s♦♥✬s ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❛t ❡❛❝❤ t✐♠❡✲st❡♣✳ ❆s t❤❡ t②♣✐❝❛❧ t✐♠❡ s❝❛❧❡ ♦❢
❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝❡♥t✐♠❡t❡r ❣❛♣s ✐s ❛❜♦✉t ❛ ❢❡✇ t❡♥s
♦❢ ♥❛♥♦s❡❝♦♥❞s ✇✐t❤ t✐♠❡✲st❡♣ ✉s✉❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢ 10−14 ✲ 10−12 s✱ t❤❡
♥✉♠❜❡r ♦❢ t✐♠❡✲st❡♣s ✐s ✉s✉❛❧❧② ❤✐❣❤❡r t❤❛♥ 105✳ ❚❤❡♥ ✐t ✐s ❝r✉❝✐❛❧ t♦
❝❤♦♦s❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦ s♦❧✈❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ t❤❛t ✐s ❢❛st ❛♥❞
❛❝❝✉r❛t❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ❝♦♠✲
♣✉t❡r ♦♥ ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡✱ ♦♥❡ s❤♦✉❧❞ ❝❛r❡❢✉❧❧② t❡st t❤❡
♣❡r❢♦r♠❛♥❝❡s ♦❢ ❡✐t❤❡r ❞✐r❡❝t ♦r ✐t❡r❛t✐✈❡ s♦❧✈❡rs t♦ ❝❤♦♦s❡ t❤❡ s♦❧✈❡r t❤❛t
♣r♦✈✐❞❡s t❤❡ ❜❡st s♣❡❡❞✱ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t ❛♥❞ ❛❝❝✉r❛❝② ♣r♦♣❡rt✐❡s✳
❆♥ ♦t❤❡r ♣❛r❛♠❡t❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✐s t❤❡ ❧❡✈❡❧ ♦❢ ♣❛r❛❧❧❡❧✐s♠ ❛✈❛✐❧✲
❛❜❧❡ ♦♥ t❤❡ ❝♦♠♣✉t❡r ✇❤❡r❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡ ❛♥❞ t❤❡ ♣❛r❛❧❧❡❧
❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❝❤♦s❡♥ s♦❧✈❡r✳ ❖♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✱ ✇❡ ❤❛✈❡ t❤❡
♣♦ss✐❜✐❧✐t② t♦ r✉♥ ❡✐t❤❡r s❡q✉❡♥t✐❛❧✱ ♣❛r❛❧❧❡❧ ♠❡♠♦r② s❤❛r❡❞ ❖P❊◆▼P✱
♣❛r❛❧❧❡❧ ❞✐str✐❜✉t❡❞ ♠❡♠♦r② ▼P■ ❛♥❞ ❤②❜r✐❞ ▼P■✲❖P❊◆▼P ❝♦❞❡s✳ ■t
✐s t❤❡♥ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣❛r❛❧❧❡❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ❞✐r❡❝t ❛♥❞
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✸✹ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

✐t❡r❛t✐✈❡ s♦❧✈❡rs ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r ❛♥❞ ❝❤♦♦s❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♦❧✈❡r
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡q✉✐r❡♠❡♥ts✳
■♥ s❡❝t✐♦♥ ✷✳✷✱ ❢♦r t❤❡ t❡st✲❝❛s❡ ❚❈✲✶ ✭♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✳✶✮✱ ✇❡ ✇✐❧❧
❝♦♠♣❛r❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞✐r❡❝t s♦❧✈❡r ▼❯▼P❙ ✉s❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❣❛❝② ❝♦❞❡ ✇✐t❤ ❛♥ ♦t❤❡r
❞✐r❡❝t s♦❧✈❡r ❝❛❧❧❡❞ P❛❙t✐❳✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣✲
❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡ ❧❡❣❛❝② ❝♦❞❡ ❛♥❞ ❛♥ ❖P❊◆▼P ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡ ✇✐t❤
t❤❡ P❛❙t✐❳ s♦❧✈❡r✳ ■♥ s❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛♥ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼●
✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r② ❛♥❞ ✐ts ♣❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡s ♦♥ t❤❡ s✐♠✉❧❛t❡❞ ❞♦✲
♠❛✐♥ ♦❢ ❚❈✲✷✳ ■♥ s❡❝t✐♦♥ ✷✳✹✱ ❛ ✧s❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡✧ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞
t❤❛t ❛❧❧♦✇s t♦ ❝❤♦♦s❡ t✐♠❡✲st❡♣s ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ ✇✐t❤
❛ ❢✉❧❧② ❡①♣❧✐❝✐t ❝♦❞❡ ✇✐t❤ ❛ r❛t❤❡r s✐♠♣❧❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳

✷✳✷ ❈♦♠♣❛r✐s♦♥ ▼❯▼P❙✴P❛❙t✐❳ ✭❖P❊◆▼P✮

❖♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦❞❡ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ♣❛r❛❧❧❡❧ ♣r♦t♦❝♦❧s✳
❋✐rst✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ▼P■ ♣r♦t♦❝♦❧s
r❡q✉✐r❡s ❞❡❡♣ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦❞❡ str✉❝t✉r❡✳ ❚❤❡♥✱ ❛s ❛ ✜rst st❡♣ t♦ ❣r❛❞✲
✉❛❧❧② ✐♠♣❧❡♠❡♥t ♣❛r❛❧❧❡❧✐s♠ ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ ✇❡ ❝❤♦s❡ t♦ ✐♠♣❧❡♠❡♥t
❖P❊◆▼P ♣r♦t♦❝♦❧s ✐♥ ♦✉r s❡q✉❡♥t✐❛❧ ❝♦❞❡ ❛s ✐t ♦♥❧② r❡q✉✐r❡s t♦ ❛❞❞ ❢❡✇
❧✐♥❡s ✐♥ t❤❡ ❝♦❞❡✳ ❆s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✐s t❤❡ ♠♦st
❡①♣❡♥s✐✈❡ ♣❛rt ✐♥ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ ✇❡ ♥❡❡❞❡❞ t♦ ✉s❡ ❛ ❞✐r❡❝t
s♦❧✈❡r ✇✐t❤ ❖P❊◆▼P ❝❛♣❛❜✐❧✐t✐❡s✳
❚❤❡ ❞✐r❡❝t s♦❧✈❡r ▼❯▼P❙ ❤❛s ▼P■ ❝❛♣❛❜✐❧✐t✐❡s ♦♥❧②✳ ❚❤❡r❡❢♦r❡✱ ❛♥♦t❤❡r
❡✛❡❝t✐✈❡ ♣❛r❛❧❧❡❧ ❞✐r❡❝t s♦❧✈❡r P❛❙t✐❳ ✭P❛❙t✐❳ ✷✵✶✷✮ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥
t❤❡ ❝♦❞❡✳ ❚❤❡ P❛❙t✐❳ s♦❧✈❡r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❡st✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✿

• ❚❤❡ s♦❧✈❡r ✐s ❛ ❤②❜r✐❞ ▼P■✲❖P❊◆▼P ❞✐r❡❝t s♦❧✈❡r
• ❲❡ ❝❛♥ ❝❤♦♦s❡ ❡✐t❤❡r t❤❡ ❖P❊◆▼P ✈❡rs✐♦♥ ♦♥❧②✱ ▼P■ ♦♥❧② ♦r t❤❡
▼P■✲❖P❊◆▼P ✈❡rs✐♦♥✳

• ■t ✐s ❡❛s② t♦ ❝♦♠♣✐❧❡✱ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ t♦ ✉s❡
• ❚❤❡ ❧✐❜r❛r② ✐s r❡❣✉❧❛r❧② ✉♣❞❛t❡❞ ❛♥❞ ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ s❝✐❡♥t✐✜❝
❝♦♠♠✉♥✐t②

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♦♥❧② ✉s❡❞ t❤❡ ❖P❊◆▼P ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ s♦❧✈❡r✳ ❚❤✐s
✐s ❛ ✜rst ❦❡② st❡♣ ✐♥ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✳ ■t ✐s ✐♠♣♦r✲
t❛♥t t♦ ♥♦t❡ ❤❡r❡ t❤❛t ✼✵ ✪ ♦❢ t❤❡ ▲❉❈ ❝♦❞❡ ✇❛s ✇r✐tt❡♥ ✐♥ ❋❖❘❚❘❆◆
✼✼ ✇✐t❤ ✐♠♣❧✐❝✐t ✈❛r✐❛❜❧❡s ❞❡❝❧❛r❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❝♦❞❡✳ ❆s ❛ ✜rst st❡♣
❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦❞❡✱ t❤❡ ▲❉❈ ❝♦❞❡ ✇❛s ♣r♦✜❧❡❞ ❛♥❞ ❦❡② ♣❛rts
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✸✺

♦❢ t❤❡ ❝♦❞❡ ✇❡r❡ ♦♣t✐♠✐③❡❞ ❢♦r ❛ ❜❡tt❡r st❛❜✐❧✐t② ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ❖P❊◆▼P ♣r♦t♦❝♦❧s✳

❈♦❞❡ ✇✐t❤✿ ▼❯▼P❙ P❛❙t✐❳
◆❜ t❤r❡❛❞ ✶ ✶ ✷ ✹ ✻

❋❛❝t♦r✐③❛t✐♦♥ ✭s✮ ✻✹✳✶✷ ✷✹✳✽✼ ✷✶✳✺✺ ✶✾✳✾✶ ✶✾✳✹✽
❙♦❧✉t✐♦♥ ✭s✮ ✶✳✷✼ ✵✳✻✹ ✵✳✸✽ ✵✳✷✺ ✵✳✷✷

❖♥❡ t✐♠❡✲st❡♣ ✭s✮ ✺✳✼✻ ✷✳✼✶ ✶✳✼✻ ✶✳✺✶ ✶✳✸✻

❚❛❜❧❡ ✷✳✶✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ▲❉❈ ❝♦❞❡ ✇✐t❤ ▼❯▼P❙ ❛♥❞ t❤❡ ♣❛r❛❧❧❡❧
❝♦❞❡ ✇✐t❤ P❛❙t✐❳ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥✱ t❤❡ s♦❧✉t✐♦♥ ♦❢
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ✭s♦❧✈✐♥❣ P♦✐ss♦♥ ❡q✉❛✲
t✐♦♥ ❛♥❞ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ❡❛❝❤ ❝❤❛r❣❡❞ s♣❡❝✐❡s ✇✐t❤♦✉t
♣❤♦t♦✲✐♦♥✐③❛t✐♦♥✮ ❢♦r ❛ ❣r✐❞ s✐③❡ ♦❢ nx × nr = 1287× 1000 ❢♦r ❚❈✲✶✳

❖♥ ❚❛❜❧❡ ✷✳✶✱ ❢♦r t❤❡ ❚❈✲✶✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡
▲❉❈ ❝♦❞❡ ✇✐t❤ ▼❯▼P❙ ❛♥❞ ❢♦r t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡
✇✐t❤ P❛❙t✐❳✳ ❋✐rst ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡ s♦❧✉t✐♦♥ t✐♠❡ t♦ s♦❧✈❡
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ s❡q✉❡♥t✐❛❧ ❝♦❞❡ ✭✶ t❤r❡❛❞✮ ✇✐t❤ ▼❯▼P❙ ❛♥❞
P❛❙t✐❳✳
❲❡ ♥♦t❡ t❤❛t t❤✐s s♦❧✉t✐♦♥ t✐♠❡ ✐s ❞✐✈✐❞❡❞ ❜② ✶✳✾✽ ✇✐t❤ P❛❙t✐❳ ❝♦♠♣❛r❡❞
✇✐t❤ ▼❯▼P❙✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ✐s ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✉s❡❞ ✐♥
▼❯▼P❙ ❛♥❞ P❛❙t✐❳ ✐♥ t❤❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ st❡♣s ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥ ✶✳✸✳✶✳ ❲❡ ❛❧s♦ ♥♦t❡ ❤❡r❡ t❤❛t ❞✉❡ t♦ t❤❡ ❝♦❞❡ ♦♣t✐♠✐③❛t✐♦♥✱ t❤❡
t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ❢♦r t❤❡ P❛❙t✐❳ ❝♦❞❡ ✐s ✷✳✼✶ s ✇❤✐❝❤ ✐s ✷✳✶✷
t✐♠❡s ❧❡ss t❤❛♥ t❤❡ t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ✇✐t❤ t❤❡ ▼❯▼P❙ ❝♦❞❡✳
❚❤❡♥ ❚❛❜❧❡ ✷✳✶ s❤♦✇s t❤❡ r❡s✉❧ts ❢♦r ✷ t♦ ✻ t❤r❡❛❞s ❢♦r P❛❙t✐❳✳ ❈♦♥s✐❞❡r✐♥❣
♦♥❧② t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✱ t❤❡ s♣❡❡❞ ✉♣ ✐♥❝r❡❛s❡s ❢r♦♠
✶✳✼ ✭✷ t❤r❡❛❞s✮ t♦ ✷✳✾ ✭✻ t❤r❡❛❞s✮ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ s❡q✉❡♥t✐❛❧ P❛❙t✐❳
❝♦❞❡✳ ❖❢ ❝♦✉rs❡ ✐❢ ✇❡ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ▼❯▼P❙ ❝♦❞❡ t❤❡♥ t❤❡ s♣❡❡❞ ✉♣
❣♦❡s ❢r♦♠ ✸✳✸✹ ✭✷ t❤r❡❛❞s✮ t♦ ✺✳✼✼ ✭✻ t❤r❡❛❞s✮✳ ■❢ ✇❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡
t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ✇✐t❤ t❤❡ P❛❙t✐❳ ❝♦❞❡✱ t❤❡ s♣❡❡❞ ✉♣ ✐♥❝r❡❛s❡s ❢r♦♠
✶✳✺✸ ✭✷ t❤r❡❛❞s✮ t♦ ✷ ✭✻ t❤r❡❛❞s✮✳ ❆❣❛✐♥ ✐❢ ✇❡ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ▼❯▼P❙
✈❡rs✐♦♥ t❤❡♥ t❤❡ s♣❡❡❞ ✉♣ ❣♦❡s ❢r♦♠ ✸✳✷✼ ✭✷ t❤r❡❛❞s✮ t♦ ✹✳✷✸ ✭✻ t❤r❡❛❞s✮✳
❖♥❡ ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ ❧❡❢t ♦✉t ♦❢ ❚❛❜❧❡ ✷✳✶ ✐s t❤❡ ♠❡♠♦r② r❡q✉✐r❡✲
♠❡♥t✳ ❚❤❡ P❛❙t✐❳ s♦❧✈❡r✱ ✐♥ t❤❡ ❚❈✲✶✱ r❡q✉✐r❡s ✽✽✻ ▼♦✱ ♠♦r❡ t❤❛♥
▼❯▼P❙ ✭✻✻✹ ▼♦✮✱ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♦♥❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤✐s ♣❛r❛❧❧❡❧ ✭❖P❊◆▼P✮ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤
t❤❡ P❛❙t✐❳ s♦❧✈❡r ❛❧❧♦✇❡❞ ✉s t♦ ❤❛✈❡ ❛ s♣❡❡❞ ✉♣ ♦❢ ∼ ✹ ❝♦♠♣❛r❡❞ ✇✐t❤
t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤ ▼❯▼P❙ s♦❧✈❡r✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❛ s♣❡❡❞ ✉♣
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✸✻ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

♦❢ ✺✳✼✼ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✐s ❛
❝♦♥s✐❞❡r❛❜❧❡ ❛♠♦✉♥t ♦❢ t✐♠❡ s❛✈❡❞ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥
s♦✉r❝❡ t❡r♠ ✭✇✐t❤ ✶✽ P♦✐ss♦♥✬s ❧✐❦❡ ❡q✉❛t✐♦♥s t♦ s♦❧✈❡✮✳ ❚❤❡ ♦♥❧② ❞r❛✇✲
❜❛❝❦ ♦❢ t❤✐s ❝♦❞❡ ✐s t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❡♠♦r② r❡q✉✐r❡❞ ❜② t❤❡ P❛❙t✐❳
s♦❧✈❡r✳ ❲❡ ♥♦t❡ ❤❡r❡ t❤❛t t♦ s✐♠✉❧❛t❡ t❤❡ ❝♦♠♣❧❡t❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s✐♠✲
✉❧❛t✐♦♥ ❚❈✲✶✱ ✇❡ ♦♥❧② r❡q✉✐r❡❞ ∼ ✹✸ ♠✐♥✉t❡s ✇✐t❤ t❤❡ ❖P❊◆▼P ♣❛r❛❧❧❡❧
❝♦❞❡ ✇✐t❤ P❛❙t✐❳ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✹ ❤♦✉rs ✇✐t❤ t❤❡ ▲❉❈ ❝♦❞❡ ✇✐t❤
▼❯▼P❙ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✳
❋♦r t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡rs ✺ ❛♥❞ ✻✱ ✇✐t❤ t❤❡ s❛♠❡ ♣♦✐♥t✲t♦✲
♣❧❛♥❡ ❣❡♦♠❡tr② ❛s ❚❈✲✶ ❛♥❞ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✱ t❤❡ s✐③❡
♦❢ t❤❡ s✐♠✉❧❛t❡❞ ❞♦♠❛✐♥ ✭nx × nr = 1535 × 1000 ♦r ✶✳✺×106 ♣♦✐♥ts✮ ✐s
❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❡ ♦♥❡ ✐♥ t❤❡ ❚❈✲✶✳ ■♥ ❝❤❛♣t❡rs ✺ ❛♥❞ ✻✱ t❤❡ ❛✈❡r❛❣❡
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✇✐t❤ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ▲❉❈ ❝♦❞❡ ✐s ♦♥ ❛✈❡r❛❣❡ ✶✵
❞❛②s✳ ❲✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤ t❤❡
P❛❙t✐❳ ❞✐r❡❝t s♦❧✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✇❛s ❞❡❝r❡❛s❡❞ s✐❣♥✐✜❝❛♥t❧②
t♦ ✷ ❞❛②s✳
❚❤❡ t❡st✲❝❛s❡ ❚❈✲✷✱ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✳✷ ✇❛s r✉♥ ♦♥ t❤❡ ✧✐❣❧♦♦✧
❝❧✉st❡r ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P P❛❙t✐❳ ❝♦❞❡ ✇✐t❤ ✻ t❤r❡❛❞s✳ ■♥ t❤❡
s✐♠✉❧❛t✐♦♥ ♦❢ ❚❈✲✷✱ ✐t t♦♦❦ ✷✳✹✼ s t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♦♥❡ P♦✐s✲
s♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ P❛❙t✐❳ s♦❧✈❡r ✇✐t❤ ✻ t❤r❡❛❞s ❛♥❞ ✹ ●♦ ♦❢ ♠❡♠♦r②
✉s❛❣❡✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✈❡r② ❧♦✇ ✈❛❧✉❡ ♦❢ t✐♠❡✲st❡♣ ✉s❡❞ ❛♥❞ ❡✈❡♥ ✇✐t❤ t❤❡
❖P❊◆▼P ♣❛r❛❧❧❡❧ ❝♦❞❡✱ ✐t t♦♦❦ ❛t ❧❡❛st ❛ ✇❡❡❦ ♦❢ ❝❛❧❝✉❧❛t✐♦♥s✳ ❆s✐❞❡
❢r♦♠ t❤❡ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t ❢♦r t❤❡ ❚❈✲✷
✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤ t❤❡ P❛❙t✐❳ s♦❧✈❡r✱ ✇❛s
♠♦r❡ t❤❛♥ ✸✵ ●♦ ♦❢ ♠❡♠♦r②✳ ❖♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r ✐t ❡①✐sts ♦♥❡ ♥♦❞❡
✇✐t❤ ✼✷ ●♦ ♦❢ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ❜✉t ✐t ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ❤❛✈❡ ❛❝❝❡ss
t♦ ✐t✳ ■♥ t❤❡ ❚❈✲✷✱ t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t ✇✐t❤ ❛ ❞✐r❡❝t s♦❧✈❡r ✐s t♦♦
❤✐❣❤ ❢♦r s✉❝❤ ❛ ❧❛r❣❡ s✐♠✉❧❛t❡❞ ❞♦♠❛✐♥✳ ■t ♠❡❛♥s t❤❛t ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥
♦❢ t❤❡ ❚❈✲✷✱ ✐t ✐s ♥♦✇ ✐♥t❡r❡st✐♥❣ t♦ ✐♠♣❧❡♠❡♥t ❛♥ ✐t❡r❛t✐✈❡ s♦❧✈❡r t❤❛t
r❡q✉✐r❡s ♠✉❝❤ ❧❡ss ♠❡♠♦r② ❛♥❞ st❛rts t♦ ❜❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦♠♣❡t✐t✐✈❡
✇✐t❤ s✉❝❤ ❧❛r❣❡ s✐♠✉❧❛t❡❞ ❞♦♠❛✐♥ ❝♦♠♣❛r❡❞ t♦ ❞✐r❡❝t s♦❧✈❡rs✳

✷✳✸ ❚❤❡ ▼P■✲❖P❊◆▼P ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼●
✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r②

✷✳✸✳✶ ❚❤❡ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ✐♥ t❤❡ ❍❨P❘❊ ❧✐✲
❜r❛r②

❲❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ t❡st ❛♥❞ ✐♠♣❧❡♠❡♥t ✐t❡r❛t✐✈❡ s♦❧✈❡rs ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡
❍❨P❘❊ ✭❍❨P❘❊ ✷✵✵✼✮ ❧✐❜r❛r② ❜❡❝❛✉s❡ ✐t ❢✉❧✜❧❧❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡q✉✐r❡✲
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✸✼

♠❡♥ts✿
• ❊❛s② t♦ ✉s❡ t❤❡ ❤②❜r✐❞ ✭▼P■✲❖P❊◆▼P✮ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❧✐❜r❛r②✳

• ❊❛s② t♦ ❝♦♠♣✐❧❡✱ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ t♦ ✉s❡✳
• ❙✐♠♣❧❡ t♦ t❡st ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ✐t❡r❛t✐✈❡ s♦❧✈❡rs ♣r♦✈✐❞❡❞ ✇✐t❤ t❤❡
❧✐❜r❛r②✳

• ❘❡❣✉❧❛r ✉♣❞❛t✐♥❣ ♦❢ t❤❡ ❧✐❜r❛r②✳
• ❚❤✐s ❧✐❜r❛r② ✐s ❛❧r❡❛❞② ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t②✳

❚❤❡ ♠♦st s✉✐t❛❜❧❡ ✐♥t❡r❢❛❝❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r② ♣❛❝❦❛❣❡ ✐s t❤❡
✧❙❚❘❯❈❚✧ ✐♥t❡r❢❛❝❡ ❢♦r ♦✉r ❛♣♣❧✐❝❛t✐♦♥✳ ❲✐t❤ t❤❡ ✧❙❚❘❯❈❚✧ ✭str✉❝✲
t✉r❡❞✮ ✐♥t❡r❢❛❝❡✱ ✇❡ ❢♦✉♥❞ ❛❢t❡r t❡st✐♥❣ ❛❧❧ t❤❡ ❝♦♠♣❛t✐❜❧❡ ✐t❡r❛t✐✈❡ s♦❧✈❡rs
❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r②✱ t❤❛t t❤❡ ❙▼● s♦❧✈❡r✱ ✇✐t❤♦✉t ♣r❡❝♦♥✲
❞✐t✐♦♥❡r✱ ✇❛s t❤❡ ♠♦st r♦❜✉st ❛♥❞ ❢❛st❡st s♦❧✈❡r ❛✈❛✐❧❛❜❧❡✳ ❲❡ ♥♦t❡ ❤❡r❡
t❤❛t ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ ❚❈✲✷✱ t❤❡ s♦❧✈❡r
❙▼● ❝♦♥✈❡r❣❡❞ ❢♦r ❛ ♠✐♥✐♠✉♠ t♦❧❡r❛♥❝❡ s❡t ❛t Tolmin = 10−15✳ ❲❡ ❛❧s♦
♣♦✐♥t ♦✉t t❤❛t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐♠✉❧❛t❡❞ ❣❡♦♠❡tr② t❤✐s ♠✐♥✐♠✉♠ t♦❧✲
❡r❛♥❝❡ ❝❛♥ ✈❛r② ❛♥❞ s♦ ❛❢t❡r ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❣❡♦♠❡tr②✱ ✐t ✐s
♥❡❝❡ss❛r② t♦ r❡❝❤❡❝❦ t❤✐s ♠✐♥✐♠✉♠ ✈❛❧✉❡✳
■♥ ❋✐❣✉r❡ ✷✳✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♥❡r ✐t❡r❛t✐♦♥s ❛♥❞ ✪ ♦❢ ❡rr♦r
❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❢♦r ❛ ❣✐✈❡♥
t♦❧❡r❛♥❝❡ ❚♦❧ ❜❡t✇❡❡♥ 10−14 ❛♥❞ 10−5 ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥
❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ t♦❧❡r❛♥❝❡ Tolmin = 10−15 s❡t ✐♥ t❤❡ ❙▼●
s♦❧✈❡r ✇✐t❤♦✉t ♣r❡❝♦♥❞✐t✐♦♥❡r✳
❆s t❤❡ t♦❧❡r❛♥❝❡ ✐♥❝r❡❛s❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♥❡r ✐t❡r❛t✐♦♥s ✐♥ t❤❡ ❙▼●
s♦❧✈❡r ❞❡❝r❡❛s❡s ❜✉t ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ✪ ♦❢ ❡rr♦r ✐♥❝r❡❛s❡s✳ ❋r♦♠
Tol = 10−14 t♦ 10−5✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐♥ t❤❡ ❙▼● s♦❧✈❡r ❞❡✲
❝r❡❛s❡s ❢r♦♠ ✶✾ t♦ ✶ ✐t❡r❛t✐♦♥s ✇❤✐❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❡rr♦r ✐♥❝r❡❛s❡s
❢r♦♠ 3.38× 10−8 t♦ 2.90 ✪✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✪ ♦❢ ❡rr♦r ❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ✐t❡r❛t✐♦♥s ❢♦r t❤❡ ❚❈✲✷✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ t♦❧❡r❛♥❝❡ ♦❢ Tol = 10−8 ❢♦r t❤❡
❙▼● s♦❧✈❡r ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✭✐t❡r ❂ ✹✮
❛♥❞ ❛ ✈❡r② r❡❛s♦♥❛❜❧❡ ❧❡✈❡❧ ♦❢ ❡rr♦r ✭✵✳✶✷ ✪✮✳ ■t ✐s ♥♦✇ ✐♠♣♦rt❛♥t t♦ ❜❛❧✲
❛♥❝❡ ❤❡r❡ t❤❡ ✪ ❡rr♦r ❛❝❝❡♣t❛❜❧❡ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❖♥ ❋✐❣✉r❡
✷✳✷✱ ✇❡ s❤♦✇ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ s❡q✉❡♥✲
t✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❙▼● s♦❧✈❡r ❛♥❞ ✪ ♦❢ ❡rr♦r✳ ❆s t❤❡ t♦❧❡r❛♥❝❡ s❡t ❢♦r
t❤❡ ❙▼● s♦❧✈❡r ✐♥❝r❡❛s❡s ❢r♦♠ 10−14 ❛♥❞ 10−5✱ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ t❤❡
s♦❧✉t✐♦♥ ❞❡❝r❡❛s❡s✳ ■❢ ✇❡ ❝❤♦♦s❡ ❛ t♦❧❡r❛♥❝❡ ♦❢ Tol = 10−8 t❤❡♥ t❤❡ t✐♠❡
r❡q✉✐r❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s♦❧✉t✐♦♥ ✐s ✺✳✻✽ s✳ ❲❡ ♠✉st ♣♦✐♥t ♦✉t t❤❛t t❤❡
♠❡♠♦r② r❡q✉✐r❡♠❡♥t ✐s ✈❡r② ❧♦✇ ❛♥❞ ✇❡❧❧ ✉♥❞❡r ✶ ●♦ ♦❢ ♠❡♠♦r② ✉s❛❣❡✳
■t ✐s ♦❜✈✐♦✉s t❤❛t ✺✳✻✽ s t♦ ❝♦♠♣✉t❡ ❛ s♦❧✉t✐♦♥ ✐s q✉✐t❡ t✐♠❡ ❝♦♥s✉♠✲
✐♥❣✳ ❲✐t❤ t❤❡ ❖P❊◆▼P ♣❛r❛❧❧❡❧ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✉s✐♥❣ t❤❡ ❞✐r❡❝t s♦❧✈❡r
P❛❙t✐❳✱ ✐t t♦♦❦ ✷✳✹✼ s t♦ ❝♦♠♣✉t❡ ❛ s♦❧✉t✐♦♥ ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤
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SMG (HYPRE) Tolerance

SMG inner iterations
Average % error on the axis of symmetry

❋✐❣✉r❡ ✷✳✶✿ ◆✉♠❜❡r ♦❢ ✐♥♥❡r ✐t❡r❛t✐♦♥s ❛♥❞ ✪ ♦❢ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡
♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❢♦r ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡ s❡t ✐♥ t❤❡ ❙▼●
s♦❧✈❡r ✇✐t❤♦✉t ♣r❡❝♦♥❞✐t✐♦♥❡r ❢♦r t❤❡ ❚❈✲✷ ✇❤❡r❡ nx × nr = 3353× 1725
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SMG (HYPRE) Tolerance

Time to compute the solution
Average % error on the axis of symmetry

❋✐❣✉r❡ ✷✳✷✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ s❡q✉❡♥t✐❛❧
✈❡rs✐♦♥ ♦❢ t❤❡ ❙▼● s♦❧✈❡r ❛♥❞ ✪ ♦❢ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ♣♦t❡♥t✐❛❧ s♦❧✉✲
t✐♦♥ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❢♦r ❛ ❣✐✈❡♥ t♦❧❡r❛♥❝❡ s❡t ✐♥ t❤❡ ❙▼● s♦❧✈❡r ✇✐t❤♦✉t
♣r❡❝♦♥❞✐t✐♦♥❡r ❢♦r t❤❡ ❚❈✲✷ ✇❤❡r❡ nx × nr = 3353× 1725



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✹✵ ✖ ★✺✹
✐

✐

✐

✐

✐

✐

✹✵ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

✻ t❤r❡❛❞s✳ ❚❤❡♥✱ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✇❡ ♣r❡s❡♥t t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡
▼P■ ❛♥❞ ▼P■✲❖P❊◆▼P ✈❡rs✐♦♥s ♦❢ t❤❡ ❙▼● s♦❧✈❡r✳

✷✳✸✳✷ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❍❨P❘❊ s♦❧✈❡r✿ ▼P■ ♦♥❧②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡ ▼P■ ♣❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❙▼●
s♦❧✈❡r✳ ■♥ t❤❡ ▼P■ ♦♥❧② ✈❡rs✐♦♥ ♦❢ t❤❡ ❙▼● s♦❧✈❡r✱ t❤❡ ✉s❡r ❤❛s t♦ ❞✐✈✐❞❡
t❤❡ s✐♠✉❧❛t❡❞ ❞♦♠❛✐♥ ❛♥❞ ❝r❡❛t❡ s✉❜✲❞♦♠❛✐♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r
♦❢ ❝♦r❡s r❡q✉✐r❡❞ ✭✇✐t❤ ♦♥ ❡❛❝❤ ❝♦r❡ ❛ ▼P■ ♣r♦❝❡ss✮✳ ❚❤❡ ♣❛r❛❧❧❡❧ ❝❛♣❛❜✐❧✲
✐t✐❡s ♦❢ t❤❡ ❙▼● s♦❧✈❡r ✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r② ❛r❡ q✉✐t❡ ❡❛s② t♦ ✉s❡✳ ❚❤❡
♦♥❧② r❡q✉✐r❡♠❡♥t ✐s t♦ ♣r♦✈✐❞❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠❛tr✐① ❝♦♠✐♥❣ ❢r♦♠
t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ t♦ t❤❡ ✧❙❚❘❯❈❚✧ ✐♥t❡r❢❛❝❡✳
❖♥ ❋✐❣✉r❡ ✷✳✸✱ ✇❡ s❤♦✇ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡
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Number of MPI processes

Solution time of Poisson’s equation with SMG solver

❋✐❣✉r❡ ✷✳✸✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t♦ ❝♦♠♣✉t❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❙▼●
s♦❧✈❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷ ✇❤❡r❡ nx×nr =
3353× 1725

❙▼● s♦❧✈❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷✳ ❆s
✇❡ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s✱ ✇❡ s❡❡ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ t✐♠❡
r❡q✉✐r❡❞ t♦ s♦❧✈❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✇✐t❤
❥✉st ✹ ▼P■ ♣r♦❝❡ss❡s✱ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ ❛ s♦❧✉t✐♦♥ ✐s ❛❧♠♦st t❤❡ s❛♠❡
❛s t❤❡ t✐♠❡ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡ ✇✐t❤ P❛❙t✐❳
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Number MPI processes

Speed-up of the SMG solver

❋✐❣✉r❡ ✷✳✹✿ ❙♣❡❡❞✲✉♣ ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❙▼● s♦❧✈❡r ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷ ✇❤❡r❡ nx × nr = 3353× 1725

❖♥ ❋✐❣✉r❡ ✷✳✹✱ ✇❡ ♣r❡s❡♥t t❤❡ s♣❡❡❞✲✉♣ ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡
❙▼● s♦❧✈❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷✳ ❆s
t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ✐♥❝r❡❛s❡s✱ ✇❡ s❡❡ ❛ ❣❡♥❡r❛❧ ✐♥❝r❡❛s❡ ♦❢ t❤❡
s♣❡❡❞✲✉♣✳ ❋♦r ✼✷ ▼P■ ♣r♦❝❡ss❡s✱ t❤❡ s♣❡❡❞✲✉♣ ✐s ❡q✉❛❧ t♦ ✶✷✳✹✳

✷✳✸✳✸ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❍❨P❘❊ s♦❧✈❡r✿ ▼P■✲❖P❊◆▼P

■♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r② t❤❡r❡ ✐s ❛❧s♦ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✉s❡ t❤❡ ❤②❜r✐❞
▼P■✲❖P❊◆▼P ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■❢ ♦♥❡ ✇♦✉❧❞ ✉s❡ ✷ ▼P■ ♣r♦❝❡ss❡s ❛♥❞ ✷
❖P❊◆▼P t❤r❡❛❞s ♣❡r ▼P■ ♣r♦❝❡ss✱ ♦♥❡ ✇♦✉❧❞ r❡s❡r✈❡ ✹ ❝♦r❡s ♦♥ ✶ ♥♦❞❡
❛♥❞ ❛ss✐❣♥ ✷ ▼P■ ♣r♦❝❡ss❡s ♦♥ t✇♦ ❝♦r❡s ❛♥❞ ✐♥ t✉r♥ ❧❛✉♥❝❤ ✷ ❖P❊◆▼P
t❤r❡❛❞s ♣❡r ▼P■ ♣r♦❝❡ss ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✹ ❝♦r❡s r❡s❡r✈❡❞✳
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✹✷ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

▼P■ × ❖P❊◆▼P P♦✐ss♦♥ ▼P■ × ❖P❊◆▼P P♦✐ss♦♥
✭s✮ ✭s✮

✶✷①✶ ✷✳✽✽ ✼✷①✶ ✵✳✺
✻①✷ ✶✳✺✼ ✸✻①✷ ✵✳✺✸
✹①✸ ✶✳✹✾ ✷✹①✸ ✵✳✹
✸①✹ ✶✳✼ ✶✽①✹ ✵✳✺✸

❚❛❜❧❡ ✷✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✐♠❡ ❢♦r ❝♦♠♣✉t✐♥❣ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r ❛
❣✐✈❡♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▼P■ ♣r♦❝❡ss❡s × ❖P❊◆▼P t❤r❡❛❞s ❂ ✶✷ ❛♥❞ ✼✷ ❝♦r❡s
✇✐t❤ t❤❡ ❙▼● s♦❧✈❡r ❢♦r t❤❡ ❚❈✲✷ ✇❤❡r❡ nx × nr = 3353× 1725✳

■♥ ❚❛❜❧❡ ✷✳✷✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✐♠❡ ❢♦r ❝♦♠♣✉t✐♥❣ P♦✐s✲
s♦♥✬s ❡q✉❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▼P■ ♣r♦❝❡ss❡s × ❖P❊◆▼P
t❤r❡❛❞s ❂ ✶✷ ❛♥❞ ✼✷ ❝♦r❡s ✇✐t❤ t❤❡ ❙▼● s♦❧✈❡r ❢♦r t❤❡ ❚❈✲✷✳ ■♥ t❤❡ ✜rst
❝♦❧✉♠♥ ✐♥ ❚❛❜❧❡ ✷✳✷✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❙▼● s♦❧✈❡r
♦♥ ✶✷ ❝♦r❡s✳ ❲❡ ❤❛✈❡ t❡st❡❞ ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ▼P■ ♣r♦❝❡ss❡s
× ❖P❊◆▼P t❤r❡❛❞s ❢r♦♠ ✶✷ ▼P■ ♣r♦❝❡ss❡s t♦ ✸ ▼P■ ♣r♦❝❡ss❡s ❛♥❞ ✹
❖P❊◆▼P t❤r❡❛❞s ♣❡r ▼P■ ♣r♦❝❡ss✳ ❲❡ s❤♦✇ ❤❡r❡ t❤❛t ❢♦r ✶✷ ❝♦r❡s t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✹ ▼P■ ♣r♦❝❡ss❡s×✸ ❖P❊◆▼P t❤r❡❛❞s s♦❧✈❡s P♦✐ss♦♥✬s
❡q✉❛t✐♦♥ ✐♥ ✶✳✹✾ s ✇❤❡r❡❛s ✇✐t❤ ✶✷ ▼P■ ♣r♦❝❡ss❡s ✐t t❛❦❡s ✷✳✽✽ s✳
■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❢♦✉♥❞ t❤❛t ✇✐t❤ ✼✷ ▼P■ ♣r♦❝❡ss❡s✱ t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ t✐♠❡ ✐s t❤❡ ❢❛st❡st ✇✐t❤ t❤❡ ❙▼● s♦❧✈❡r ♦♥ t❤❡ ❚❈✲✷✳ ■♥ ❚❛❜❧❡ ✷✳✷✱
✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥✿ ✷✹ ▼P■ ♣r♦❝❡ss❡s ×✸ ❖P❊◆▼P t❤r❡❛❞s
s♦❧✈❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✐♥ ✵✳✹ s ❝♦♠♣❛r❡❞ t♦ ✵✳✺ s ✇✐t❤ ✼✷ ▼P■ ♣r♦❝❡ss❡s✳
❚❤✐s ♠❡❛♥s t❤❛t ♦♥ t❤❡ ❚❈✲✷ ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s ❛✈❛✐❧❛❜❧❡✱
✇❡ ❝❛♥ ❞❡❝r❡❛s❡ ❢✉rt❤❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❜② ❛❞♦♣t✐♥❣ ❛♥ ❤②❜r✐❞
▼P■✲❖P❊◆▼P str❛t❡❣②✳
❯s✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❙▼● s♦❧✈❡r ✇❡ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞
t❤❡ s♦❧✉t✐♦♥ t✐♠❡ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢r♦♠ ✷✳✹✼ s ✇✐t❤ t❤❡ ❞✐r❡❝t s♦❧✈❡r
P❛❙t✐❳ t♦ ✵✳✹ s ✇✐t❤ t❤❡ ✐t❡r❛t✐✈❡ ❙▼● s♦❧✈❡r ✭❚❛❜❧❡ ✷✳✷✮ ✐♥ t❤❡ ❚❈✲✷
✭s❡❝t✐♦♥ ✶✳✹✳✷✮✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛♥ ❡✣❝✐❡♥t ✐t❡r❛t✐✈❡ ❤②❜r✐❞ ▼P■✲
❖P❊◆▼P s♦❧✈❡r ❙▼●✳ ❲✐t❤ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s s♦❧✈❡r ✇❡ ❤❛✈❡
s♦❧✈❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❡♠♦r② r❡q✉✐r❡♠❡♥t ❛♥❞ ❞❡❝r❡❛s❡❞ s✐❣♥✐✜❝❛♥t❧② t❤❡
t✐♠❡ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ s❡❝t✐♦♥
✶✳✹✳✷✱ ✇❡ ❛❧s♦ ♠❡♥t✐♦♥❡❞ t❤❛t ✐♥ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ♠♦❞❡❧✱ t❤❡ ❞✐❡❧❡❝tr✐❝
r❡❧❛①❛t✐♦♥ t✐♠❡✲st❡♣ ✐♠♣♦s❡s ❛ q✉✐t❡ ❧♦✇ ✈❛❧✉❡ ❢♦r t❤❡ ❝❤♦s❡♥ t✐♠❡✲st❡♣
❞✉r✐♥❣ ♠♦st ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛ s✐♠✲
♣❧❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ t❤❛t ❛❧❧♦✇s t♦ ❝❤♦♦s❡ ❛ t✐♠❡✲st❡♣ ♦♥❡ ♦r❞❡r ♦❢
♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ ✇✐t❤ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ❝♦❞❡ ❢♦r t❤❡ ❚❈✲✷✳
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✹✸

✷✳✹ ❙❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ❢♦r P♦✐ss♦♥✬s ❡q✉❛✲
t✐♦♥

✷✳✹✳✶ ✧❙❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ ❚❈✲✷ ✇✐t❤ ❛ ❢✉❧❧②
❡①♣❧✐❝✐t ❝♦❞❡ t❛❦❡ ❛t ❧❡❛st ♦♥❡ ✇❡❡❦✳ ■♥❞❡❡❞ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❞❡♥s✐t② ♦❢
❡❧❡❝tr♦♥s ne = 1 × 1015 cm−3✱ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡✲st❡♣ ✐s t❤❡
s♠❛❧❧❡st ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡✲st❡♣ ❛♥❞ t❤❡♥ t❤❡ ❣❡♥❡r❛❧ t✐♠❡✲st❡♣ ✐s ❧✐♠✐t❡❞
t♦ ♦♥❧② ∆t = ∆tDiel = 3× 10−14 s✳
■♥ ♦r❞❡r t♦ ❝✐r❝✉♠✈❡♥t t❤✐s ❝♦♥str❛✐♥✐♥❣ t✐♠❡✲st❡♣ ❧✐♠✐t❛t✐♦♥ ❜② t❤❡ ❞✐✲
❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡✲st❡♣ ♣r♦❜❧❡♠✱ ❞✐✛❡r❡♥t ❛✉t❤♦rs ✭❱❡♥t③❡❦ ❡t ❛❧✳
✶✾✾✸✮✱ ✭❍❛❣❡❧❛❛r ❛♥❞ ❑r♦❡s❡♥ ✷✵✵✵✮✱ ✭▲✐♥ ❡t ❛❧✳ ✷✵✶✷✮ ❛♥❞ ✭❱✐❧❧❛ ❡t ❛❧✳
✷✵✶✸✮ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ t❤❛t ❝❤❛♥❣❡s t❤❡ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳

✷✳✹✳✷ ✧❙❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ✐s t♦ ✉s❡ t❤r♦✉❣❤♦✉t t❤❡ ❝♦❞❡ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t + ∆t✿

−(∇Vt) = Et → −(∇Vt+∆t) = Et+∆t . ✭✷✳✶✮

❆s ✐♥ ✭❱❡♥t③❡❦ ❡t ❛❧✳ ✶✾✾✸✮ ❛♥❞ ✭❍❛❣❡❧❛❛r ❛♥❞ ❑r♦❡s❡♥ ✷✵✵✵✮✱ t❤❡ ♥❡t
❝❤❛r❣❡ ❞❡♥s✐t② ✐s ♣r❡❞✐❝t❡❞ ❛t ❛ ❢✉t✉r❡ t✐♠❡✳ ❇❛s❡❞ ♦♥ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✿

ε0∇ · (εr∇V(t+∆t)) = −

[

ρt +∆t
∂ρ

∂t

]

. ✭✷✳✷✮

❈❤❡♠✐str② s♦✉r❝❡ t❡r♠s ❞♦ ♥♦t ❝r❡❛t❡ ❛♥② s♣❛❝❡ ❝❤❛r❣❡ ❛♥❞ s♦ ❜❛s❡❞ ♦♥
t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✿

∂ρ

∂t
= ∇ ·

[

∑

i

|qe|
(

µt
i n

t
i E

t+∆t −Di ∇ nt
i

)

]

. ✭✷✳✸✮

❆t t❤❛t ♣♦✐♥t ✇❡ s✐♠♣❧✐❢② ❡q✉❛t✐♦♥ ✭✷✳✸✮ ✐♥ ✇❤✐❝❤ ✇❡ ♥❡❣❧❡❝t t❤❡ ❞✐✛✉s✐♦♥
♣❛rt ❛s ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✭▲✐♥ ❡t ❛❧✳ ✷✵✶✷✮ ❛♥❞ ✭❱✐❧❧❛ ❡t ❛❧✳ ✷✵✶✸✮ ❛♥❞ s♦
❡q✉❛t✐♦♥ ✭✷✳✸✮ ❜❡❝♦♠❡s✿

∂ρ

∂t
= ∇ ·

[

∑

i

|qe|
(

µt
i n

t
i E

t+∆t
)

]

. ✭✷✳✹✮
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✹✹ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

❆♥❞ t❤❡♥ ✇❡ ❝♦♠❜✐♥❡ ❡q✉❛t✐♦♥s ✭✷✳✹✮ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✮✿

ε0∇·(εr∇V(t+∆t)) = −

[

ρt +∆t∇ ·

[

∑

i

|qe|
(

µt
i n

t
i E

t+∆t
)

]]

. ✭✷✳✺✮

❆❢t❡r s♦♠❡ r❡✇r✐t✐♥❣✱ ♦♥❡ ♦❜t❛✐♥s✿

∇ · (ε
′

∇V(t+∆t)) = −ρt , ✭✷✳✻✮

✇✐t❤✿

ε
′

= ε0εr +
∑

i

∆t|qe|
(

µt
i n

t
i

)

, ✭✷✳✼✮

♦r✿

ε
′

= ε0εr +∆tσconduc . ✭✷✳✽✮

❇② ✐♠♣❧✐❝✐t❧② s♦❧✈✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ t❤❛t ✇❛②✱ ✇❡ ❛❝t✉❛❧❧② ❝❤❛♥❣❡ t❤❡
❝♦♥❞✉❝t✐✈✐t② ♦❢ t❤❡ ❛✐r ❣❛♣ t♦ ❝♦♠♣❡♥s❛t❡ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ♥❡t ❝❤❛r❣❡
❞❡♥s✐t② ❞✉❡ t♦ ❞r✐❢t ✭❱❡♥t③❡❦ ❡t ❛❧✳ ✶✾✾✸✮ ❛♥❞ ✭❱✐❧❧❛ ❡t ❛❧✳ ✷✵✶✸✮✳ ❚❤❡
♦♥❧② ❞r❛✇❜❛❝❦ ♦❢ t❤❛t s❝❤❡♠❡ ✐s t❤❛t✱ ✐♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s
❡q✉❛t✐♦♥✱ t❤❡ r❡s✉❧t✐♥❣ ♠❛tr✐① ✇✐❧❧ ❝❤❛♥❣❡ ❛t ❡❛❝❤ t✐♠❡✲st❡♣✳ ❯s✐♥❣ ❛
❞✐r❡❝t s♦❧✈❡r ❧✐❦❡ ▼❯▼P❙ ✭❆♠❡st♦② ❡t ❛❧✳ ✷✵✵✶✮ ✇♦✉❧❞ r❡q✉✐r❡ t♦ ❞♦
t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❛t ❡❛❝❤ t✐♠❡✲st❡♣✳ ❚❤❡♥ ❢♦r t❤✐s ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡
✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❡✣❝✐❡♥t ♣❛r❛❧❧❡❧ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ✐♥ t❤❡ ❍❨P❘❊
❧✐❜r❛r② ✭❍❨P❘❊ ✷✵✵✼✮✳

✷✳✹✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s❡♠✐✲✐♠♣❧✐❝✐t ❛♥❞ t❤❡ ❢✉❧❧
❡①♣❧✐❝✐t ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t✇♦
❝♦❞❡s ❢♦r t❤❡ ❚❈✲✷✳ ❚❤❡ ✜rst ❝♦❞❡ ✐s ❢✉❧❧② ❡①♣❧✐❝✐t✿ P♦✐ss♦♥✬s ❛♥❞ t❤❡
❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ❡①♣❧✐❝✐t❧② ❛♥❞ ❛❧❧ t❤❡ ♣❤②s✐❝❛❧ t✐♠❡✲
st❡♣s ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✭❡q✉❛t✐♦♥s ✭✶✳✷✽✮ ✲ ✭✶✳✸✶✮✮✳
■♥ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ ❝♦❞❡✱ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ ❛❧s♦ s♦❧✈❡❞
❡①♣❧✐❝✐t❧② ❜✉t ✇❡ s♦❧✈❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ ♠❡t❤♦❞
♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳ ■♥ t❤✐s ❝♦❞❡ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❤❛r❛❝t❡r✲
✐st✐❝ t✐♠❡✲st❡♣s ✭❡q✉❛t✐♦♥s ✭✶✳✷✽✮ ✲ ✭✶✳✸✵✮✮ ❡①❝❡♣t t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥
t✐♠❡✲st❡♣ ∆tDiel✳ ❚♦ ✐♠♣❧❡♠❡♥t t❤✐s ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ✇❡ ✉s❡❞ t❤❡
❡✣❝✐❡♥t ♣❛r❛❧❧❡❧ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r② ✭s❡❝t✐♦♥ ✷✳✸✮✳
❖♥ ❋✐❣✉r❡ ✷✳✺✱ ✇❡ ♣r❡s❡♥t t❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡✲st❡♣ ❢♦r t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✹✺

10-14

10-13

10-12

0 0.5 1 1.5 2 2.5 3

∆
t[

s]

t [ns]

Semi-implicit scheme
Full explicit scheme

❋✐❣✉r❡ ✷✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t✐♠❡✲st❡♣ ❜❡t✇❡❡♥ ❛ ❢✉❧❧ ❡①♣❧✐❝✐t s✐♠✉❧❛t✐♦♥ ❛♥❞ ❛
s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡✧ ♦♥ t❤❡ ❚❈✲✷✳

❝♦❞❡ ❛♥❞ ❢♦r t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ ❝♦❞❡✳ ■♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱
❛s ✐♥ s❡❝t✐♦♥ ✶✳✹✳✷✱ t❤❡ ❝❤♦s❡♥ t✐♠❡✲st❡♣ ✐s t❤❡ ❝❤❡♠✐str② t✐♠❡✲st❡♣ ∆tI ✐♥
❜♦t❤ s✐♠✉❧❛t✐♦♥s✳
❲❡ r❡❝❛❧❧ ❤❡r❡ t❤❛t✱ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❛ ❝♦♥st❛♥t ✈♦❧t✲
❛❣❡ ♦❢ Ua = 30 ❦❱ ✐s ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥♦❞❡✳ ❉✉❡ t♦
t❤❡ ❤✐❣❤ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ t❤❛t ✐♥❞✉❝❡s ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞
♦❢ ✷✳✷ ▼❱✳❝♠−1✱ ❛♥❞ t❤❡ q✉✐t❡ ❧♦✇ ✐♥✐t✐❛❧ ❞❡♥s✐t② ❢♦r ❝❤❛r❣❡❞ s♣❡❝✐❡s
✭ne,p ❂ 104 cm−3✮✱ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ✐s t❤❡ ❢❛st❡st ♣❤②s✲
✐❝❛❧ ♣r♦❝❡ss ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❆s t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② r❡❛❝❤❡s ❛ s✉✣✲
❝✐❡♥t❧② ❤✐❣❤ ✈❛❧✉❡ ✭ne ≃ 1014 cm−1✮ ❛t t = 2.9× 10−10 s✱ ✐♥ t❤❡ ❢✉❧❧②
❡①♣❧✐❝✐t s✐♠✉❧❛t✐♦♥✱ t❤❡ ♠✐♥✐♠✉♠ t✐♠❡✲st❡♣ ✐s t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ ♦♥❡
∆tDiel✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡✱ ❛t t❤❛t t✐♠❡
♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝❤♦s❡♥ t✐♠❡✲st❡♣ ✐s t❤❡ ❝♦♥✈❡❝t✐♦♥ ♦♥❡ ∆tc✳ ❋♦r
t > 2.9× 10−10 s✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❝❤♦s❡♥ t✐♠❡✲st❡♣s ❜❡t✇❡❡♥ t❤❡ t✇♦
❝♦❞❡s st❛rts t♦ ✐♥❝r❡❛s❡ ❛♥❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧
s❝❤❡♠❡ t❤❡ ❝❤♦s❡♥ t✐♠❡✲st❡♣ ✐s ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ t❤❡
s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ♠♦❞❡❧✳
❖♥ ❋✐❣✉r❡ ✷✳✻✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡

❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❢♦r t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ❝♦❞❡ ❛♥❞ t❤❡
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✹✻ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥
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Semi-implicit scheme at t=2.5 ns
Full explicit scheme at t=2.5 ns

❋✐❣✉r❡ ✷✳✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ♦❢ ❛ ❢✉❧❧② ❡①♣❧✐❝✐t s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛
✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ❛t t❂✷✳✺ ♥s ♦♥ t❤❡ ❚❈✲✷✳

✧s❡♠✐✲✐♠♣❧✐❝✐t✧ ❝♦❞❡ ❛t t❂✷✳✺ ♥s✳ ❲❡ s❡❡ t❤❛t ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✱ t❤❡
♣❡❛❦ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❤❡❛❞ ♦❢ t❤❡ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s✳ ❇✉t ✐❢ ✇❡
♠❛❦❡ ❛ ③♦♦♠ ♦♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✇❤❡r❡ x ∈ [0.2 cm : 0.4 cm]✱
✇❡ s❡❡ ♦♥ ❋✐❣✉r❡ ✷✳✼✱ ✇✐t❤ t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤✐s
♣❡❛❦ ✐s s❧✐❣❤t❧② ❝❧♦s❡r ✭✶✳✸ ✪✮ t♦ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✭❧♦❝❛t❡❞ ❛t x = 0cm✮
t❤❛♥ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❢✉❧❧ ❡①♣❧✐❝✐t s✐♠✉❧❛t✐♦♥✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ s❡❡ t❤❛t ✐♠♣❧❡♠❡♥t✐♥❣ t❤✐s ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ❛❧✲
❧♦✇s t♦ ❝❛rr② ♦✉t s✐♠✉❧❛t✐♦♥s ✇✐t❤ t✐♠❡✲st❡♣s ✶✵ t✐♠❡s ❤✐❣❤❡r t❤❛♥ ✐♥
s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ❢✉❧❧② ❡①♣❧✐❝✐t ♠♦❞❡❧ t❤❛t r❡s✉❧t❡❞ ✐♥ ❛ ♠✐♥♦r ❞✐✛❡r❡♥❝❡
♦❢ ✶✳✸ ✪ ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❞✉r✐♥❣ ✐ts ♣r♦♣❛❣❛t✐♦♥✳
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
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Semi-implicit scheme at t=2.5 ns
Full explicit scheme at t=2.5 ns

❋✐❣✉r❡ ✷✳✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ♦❢ ❛ ❢✉❧❧ ❡①♣❧✐❝✐t s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ ✧s❡♠✐✲
✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ❛t t❂✷✳✺ ♥s ③♦♦♠❡❞ ♦♥ x ∈ [0.2 cm : 0.4 cm]✳

✷✳✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ✐♠♣r♦✈❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡
❞✐s❝❤❛r❣❡ ❝♦❞❡ ❜② ❝❤❛♥❣✐♥❣ t❤❡ s❡q✉❡♥t✐❛❧ ❞✐r❡❝t s♦❧✈❡r ▼❯▼P❙ ✇✐t❤
t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐r❡❝t s♦❧✈❡r P❛❙t✐❳✳ ❲❡ ❛❧s♦ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞
❖P❊◆▼P ♣r♦t♦❝♦❧s ✐♥ t❤❡ r❡st ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✳ ❲❡ ❤❛✈❡ s❤♦✇♥
t❤❛t ✉s✐♥❣ t❤✐s ♥❡✇ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤ t❤❡ P❛❙t✐❳
s♦❧✈❡r✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ s♣❡❡❞✲✉♣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ t❤❡ t❡st✲❝❛s❡ ❚❈✲✶ ❜②
❛ ❢❛❝t♦r ♦❢ ✺✳✼✳
■♥ t❤❡ t❡st✲❝❛s❡ ❚❈✲✷✱ ✇✐t❤ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ♣❛r❛❧❧❡❧ ❖P❊◆▼P ✇✐t❤ t❤❡
P❛❙t✐❳ s♦❧✈❡r✱ ✇❡ ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡ ❧✐♠✐t✐♥❣ t✐♠❡✲st❡♣ ✇❛s t❤❡
❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ ♦♥❡ ∆tDiel ❛♥❞ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r② r❡q✉✐r❡❞
✇❛s t♦♦ ❤✐❣❤ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ t♦ r✉♥ ♦♥ ❛ r❡❣✉❧❛r ♥♦❞❡ ♦♥ t❤❡ ✧✐❣❧♦♦✧
❝❧✉st❡r✳ ❲❡ ❤❛✈❡ s♦❧✈❡❞ t❤❡ ♠❡♠♦r② ♣r♦❜❧❡♠ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❞✐r❡❝t
s♦❧✈❡r P❛❙t✐❳ ✇✐t❤ ❛♥ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ✐♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r②✳ ❲❡
❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣❛r❛❧❧❡❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❙▼● s♦❧✈❡r ✇❛s q✉✐t❡ ❢❛st
❛♥❞ r❡q✉✐r❡❞ ❧❡ss t❤❛♥ ❛ ✶ ●♦ ♦❢ ♠❡♠♦r②✳ ❈♦✉♣❧❡❞ ✇✐t❤ t❤❡ ❢❛st ✐t❡r❛t✐✈❡
s♦❧✈❡r ❙▼●✱ ✇❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t ❛ s✐♠♣❧❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ❛❧✲



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✹✽ ✖ ★✻✷
✐

✐

✐

✐

✐

✐

✹✽ ❈❤❛♣t❡r ✷ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥

❧♦✇s✱ ✐♥ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ t♦ r❡♠♦✈❡ t❤❡ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❧✐♠✐t✐♥❣
❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡✲st❡♣ ∆tDiel✳ ❲✐t❤ t❤❡ r❡s✉❧t✐♥❣ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧
❝♦❞❡✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ s✐♠✉❧❛t❡ t❤❡ ❚❈✲✷✱ ✇✐t❤ ❛ t✐♠❡✲st❡♣ ✇❤✐❝❤ ✐s ♦♥❡
♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ t❤❡ ❢✉❧❧② ❡①♣❧✐❝✐t ❝♦❞❡✳
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❈❤❛♣t❡r ✸

❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥

♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✿

❉r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▼❛♥② ❞✐✣❝✉❧t✐❡s ❛♣♣❡❛r ✇❤❡♥ ♦♥❡ tr✐❡s t♦ s♦❧✈❡ ❛ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛✲
t✐♦♥✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ str❡❛♠❡r ❞✐s❝❤❛r❣❡s✱
✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ❤✐❣❤❧② ♥♦♥✲❧✐♥❡❛r ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❝♦✉♣❧❡❞ ✇✐t❤
st✐✛ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝❤❡♠✐str② s♦✉r❝❡ t❡r♠s ✭❡q✉❛✲
t✐♦♥ ✭✶✳✶✸✮✮✳ ❲❡ ❛❧s♦ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠✉❧t✐s❝❛❧❡ ♥❛t✉r❡ ♦❢
str❡❛♠❡r ❞✐s❝❤❛r❣❡s✳ ■♥ t❤❡ ❤❡❛❞ ♦❢ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡✱ ❛ tr❛♥s♣♦rt
s❝❤❡♠❡ ♥❡❡❞s t♦ ❤❛♥❞❧❡ ❞❡♥s✐t② ❣r❛❞✐❡♥ts ♦❢ s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳
❆♥❞ s♦ t❤❡ ❝❤♦s❡♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ♥❡❡❞s t♦ ❜❡ s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡
❜✉t ❛❧s♦ r♦❜✉st t♦ ❡①❛❝t❧② ❞❡s❝r✐❜❡ t❤❡s❡ ❞❡♥s✐t② ❣r❛❞✐❡♥ts ❛♥❞ ❡♥s✉r❡ t❤❡
♣♦s✐t✐✈✐t② ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s✳
■♥ t❤✐s ❝❤❛♣t❡r✱ ✐♥ s❡❝t✐♦♥ ✸✳✷✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛♥❞ ❝♦♠♣❛r❡ t✇♦ ✶❉ ❝♦♥✲
✈❡❝t✐♦♥ s❝❤❡♠❡s t❤❡ ❯◆❖✸ ❛♥❞ t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚ s❝❤❡♠❡s✳
❚❤❡♥ ✐♥ s❡❝t✐♦♥ ✸✳✸✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ♦♥ t❤❡ t❡st✲❝❛s❡
❚❈✲✷ ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤❡ ▲❉❈ ❝♦❞❡ ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡✳
❋✐♥❛❧❧② t❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ s❝❤❡♠❡s ❢♦r str❡❛♠❡r s✐♠✉❧❛t✐♦♥s
✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳
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✺✵ ❈❤❛♣t❡r ✸ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ ❉r✐❢t✲❞✐❢❢✉s✐♦♥ ❡q✉❛t✐♦♥s

✸✳✷ ✶❉ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡s

✸✳✷✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❯◆❖ s❝❤❡♠❡s

◆✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ ❛♥ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✐s ♥♦t♦r✐♦✉s❧② ❞✐✣❝✉❧t✳ ❆s ♦❢
②❡t✱ ♥♦ ✧♣❡r❢❡❝t s❝❤❡♠❡✧ ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ s♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥ ❛❝❝✉r❛t❡❧②
✐♥ ✐ts ❞✐s❝r❡t❡ ❢♦r♠✳ ■♥ ✭▲❡♦♥❛r❞ ✶✾✾✶✮✱ ✐t ✐s st❛t❡❞ t❤❛t ❡✈❡♥ t❤❡ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ s❝❛❧❛r ❛❞✈❡❝t✐♦♥ ❛t ❝♦♥st❛♥t ✈❡❧♦❝✐t② ✐s ❛ s✐♠♣❧❡ ♣r♦❜❧❡♠ ❜✉t
s✉r♣r✐s✐♥❣❧② ❞✐✣❝✉❧t t♦ s♦❧✈❡✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♦❜st❛❝❧❡ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ❛❞✈❡❝t✐♦♥ s❝❤❡♠❡s ❛r❡ ♥✉♠❡r✐❝❛❧ ♦s❝✐❧❧❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤✲♦r❞❡r
s❝❤❡♠❡s ❧✐❦❡ t❤❡ ✭▲❛① ❛♥❞ ❲❡♥❞r♦✛ ✶✾✻✵✮ s❝❤❡♠❡✳ ❖♥❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡s ♦❢ ❞✐✛❡r❡♥t ♦r❞❡r ✐s t❤❡✐r ✐♥❤❡r❡♥t ♥✉♠❡r✐❝❛❧
❞✐✛✉s✐♦♥✳ ❚❤❡ ✜rst✲♦r❞❡r ✉♣str❡❛♠ ✭❯P❲■◆❉✮ s❝❤❡♠❡ ✐s ✇✐❞❡❧② ❦♥♦✇♥
t♦ ❜❡ t♦♦ ❞✐✛✉s✐✈❡ ❛♥❞ ✉s✐♥❣ ❤✐❣❤❡r ♦r❞❡r s❝❤❡♠❡s t❡♥❞s t♦ r❡❞✉❝❡ t❤❡
♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✳ ❍♦✇❡✈❡r ✐♥ ✭▲❡♦♥❛r❞ ✶✾✾✶✮✱ ✐t ✐s st❛t❡❞ t❤❛t t❤❡
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ ❜❡❝♦♠❡s ♥❡❣❧✐❣✐❜❧❡ ❛s s♦♦♥ ❛s t❤❡
♦r❞❡r ♦❢ t❤❡ s❝❤❡♠❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ t❤✐r❞ ♦r❞❡r✳ ■♥❝r❡❛s✐♥❣ t❤❡ ♦r❞❡r
♦❢ t❤❡ s❝❤❡♠❡s t♦ ♦r❞❡rs ❤✐❣❤❡r t❤❛♥ t❤❡ t❤✐r❞ ♦r❞❡r ♦♥❡ ✐s ✉s❡❧❡ss ✐❢ t❤❡
♣❤②s✐❝❛❧ ❞✐✛✉s✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s❛♠❡ ♠♦❞❡❧ ✭▲✐ ✷✵✵✽✮✳ ❙♦ ✐t s❤♦✉❧❞
❜❡ ❡♥♦✉❣❤ t♦ ❝❤♦♦s❡ ❛♥ ❛❞✈❡❝t✐♦♥ s❝❤❡♠❡ ♦❢ ♦♥❡ ♦r❞❡r ❤✐❣❤❡r t❤❛♥ t❤❡
r❡❛❧ ❞✐✛✉s✐♦♥✳ ❆s ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ✉s❡ ❛ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ ❢♦r ❞✐✛✉s✐♦♥
✭s❡❝t✐♦♥ ✸✳✸✳✷✮✱ ✇❡ ✇✐❧❧ ✉s❡ ❛t ♠❛①✐♠✉♠ ❛ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❢♦r ❞r✐❢t✳
■t ✐s ❛❧s♦ ♣♦✐♥t❡❞ ♦✉t ✐♥ ✭▲✐ ✷✵✵✽✮ t❤❛t ❛ ❤✐❣❤❡r ❛❝❝✉r❛❝② s❤♦✉❧❞ ❜❡ ❛❧s♦
♦❜t❛✐♥❡❞ ❜② ❜❡tt❡r r❡s♦❧✉t✐♦♥✳ ❲❡ ✇✐❧❧ ❜r✐❡✢② ♣r❡s❡♥t ❤❡r❡ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞
t❤❡ ❯◆❖✸ s❝❤❡♠❡ t❤❛t ✐s ❡①t❡♥s✐✈❡❧② ❞❡s❝r✐❜❡❞ ✐♥ ✭▲✐ ✷✵✵✽✮✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ❛ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡ ✐s ✐ts ❛❜✐❧✐t② t♦

❜❡ ♦s❝✐❧❧❛t✐♦♥ ❢r❡❡✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡ s✐t✉❛t✐♦♥
❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✸✳✶ ✇❤❡r❡ ❛t t❤❡ ♣♦✐♥t ✧❥✧ t❤❡ ❛✈❡r❛❣❡ ❞❡♥s✐t② ✐s ❡q✉❛❧
t♦ ✵ ❛♥❞ ❛t t❤❡ ♣♦✐♥t ✧❥✰✶✧ t❤❡ ❛✈❡r❛❣❡ ❞❡♥s✐t② ✐s ❡q✉❛❧ t♦ ✶✳ ■t ✇✐❧❧
❜❡ s❤♦✇♥ ❤❡r❡ ❤♦✇ t❤❡ ❞✐✛❡r❡♥t s❝❤❡♠❡s ❜❡❤❛✈❡ ✐♥ t❤✐s s✐t✉❛t✐♦♥ ✇❤❡r❡
t❤❡ ✢♦✇ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♥♦♥✲❞✐✈❡r❣❡♥t✳ ■♥ t❤✐s ✶❉ ❝❛s❡✱ t❤❡ ✈❡❧♦❝✐t② ✐s
❝♦♥st❛♥t ❛♥❞ ❛ss✉♠❡❞ ♣♦s✐t✐✈❡✳
■t ✐s ✐♠♣♦rt❛♥t ❤❡r❡ t♦ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❝❡❧❧ ♥♦t❛t✐♦♥ ✐♥✐t✐❛❧❧② ❣✐✈❡♥ ❜②
✭▲❡♦♥❛r❞ ✶✾✾✶✮ ❛♥❞ ❛❧s♦ ✉s❡❞ ✐♥ ✭▲✐ ✷✵✵✽✮✳ ❆t ❛ ❣✐✈❡♥ ❝❡❧❧ ❢❛❝❡✱ ✧❥✰✶✴✷✧
✇✐t❤ ❛ ✈❡❧♦❝✐t② uj+1/2 ❤❡r❡ ♣♦s✐t✐✈❡✱ ❛ ❝❡♥tr❛❧ ✭❈✮ ❝❡❧❧ ✐s ❞❡✜♥❡❞ ❛s t❤❡
❞♦♥♦r ❝❡❧❧ j ✇❤❡♥ uj+1/2 ≥ 0✳ ❚❤❡ ❞♦✇♥str❡❛♠ ❝❡❧❧ ✭❉✮ ✐s t❤❡ ❝❡❧❧ t❤❛t
r❡❝❡✐✈❡s t❤❡ ✢✉① ✭❝❡❧❧ j+1 ✇❤❡♥ uj+1/2 ≥ 0✮✳ ❙♦ t❤❡ ❝❡❧❧ ❧♦❝❛t❡❞ ❛t j−1
♥❡①t t♦ t❤❡ ❝❡♥tr❛❧ ❝❡❧❧ ❛t t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ✐s t❤❡ ✉♣str❡❛♠ ❝❡❧❧ ✭❯✮ ✇❤❡♥
uj+1/2 ≥ 0✳ ■♥ t❤❡ s❛♠❡ ✇❛② ✐❢ uj+1/2 ≤ 0✱ t❤❡ ✉♣str❡❛♠ ❝❡❧❧ ✐s ❧♦❝❛t❡❞
❛t j + 2✱ t❤❡ ❝❡♥tr❛❧ ❝❡❧❧ ✐s ❧♦❝❛t❡❞ ❛t j + 1 ❛♥❞ t❤❡ ❞♦✇♥str❡❛♠ ❝❡❧❧ ✐s
❧♦❝❛t❡❞ ❛t j✳ ❆❧❧ s✉❜s❡q✉❡♥t ❢♦r♠✉❧❛t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤✐s ✉♣str❡❛♠✲
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✺✶

❋✐❣✉r❡ ✸✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ s✐① ❝❧❛ss✐❝❛❧ ❛❞✈❡❝t✐♦♥ s❝❤❡♠❡s ❢♦r ✐♥t❡r♣♦❧❛t✐♦♥
♦❢ t❤❡ ▼❋ ✭♠✐❞ ✢✉①✮ ✈❛❧✉❡ ♦❢ ❛ st❡♣ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❋✐❣✉r❡ ✇❛s t❛❦❡♥ ❢r♦♠ ✭▲✐
✷✵✵✽✮

❝❡♥tr❛❧✲❞♦✇♥str❡❛♠ ✭❯❈❉✮ ♥♦t❛t✐♦♥✳ ❚♦ ❛❝❝♦✉♥t ❢♦r ✐rr❡❣✉❧❛r ❣r✐❞s✱ t❤❡
✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ❝❡❧❧ ❝❡♥t❡r ❝♦♦r❞✐♥❛t❡ ❛♥❞ ❛ ❣r❛❞✐❡♥t
♥♦t❛t✐♦♥ GAB ✐s ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ❛♥② t✇♦ ❝❡❧❧s ❆ ❛♥❞ ❇ ❛s✿

GAB ≡
(ψA − ψB)

(xA − xB)
. ✭✸✳✶✮

❚❤❛t ✐s s②♠♠❡tr✐❝❛❧ ✐♥ t❤❡ ♦r❞❡r✐♥❣ ♦❢ t❤❡ t✇♦ ❝❡❧❧s✱ t❤❛t ✐s GAB = GBA✳
❆♥② ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡ ✇✐❧❧ ✉s❡ s♦♠❡ ❢♦r♠ ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ t♦ ❝❛❧❝✉❧❛t❡ ❛♥
✐♥t❡r♣♦❧❛t❡❞ ❞❡♥s✐t② ❛t ❡❛❝❤ ❝❡❧❧ ❢❛❝❡ ❝❛❧❧❡❞ ♠✐❞✲✢✉① ✭▼❋✮ ♣♦✐♥t✱ ✇❤✐❝❤
✐s |u|∆t/2 ✉♣str❡❛♠ ❢r♦♠ t❤❡ ❝❡❧❧ ❢❛❝❡ ♦r (∆x − |u|∆t) /2 ❞♦✇♥str❡❛♠
❢r♦♠ t❤❡ ❞♦♥♦r ❝❡❧❧ ❝❡♥t❡r ✭▲✐ ✷✵✵✽✮✳

ψMF
j+1/2 = ψn

C + 0.5s❣♥(uj+1/2) (∆x − |u|∆t)GC , ✭✸✳✷✮

✇❤❡r❡ ψn
C ✐s t❤❡ ❝❡♥tr❛❧ ✭♦r ❞♦♥♦r✮ ❝❡❧❧ ✈❛❧✉❡ ❛t t✐♠❡ ❧❡✈❡❧ n r❡❧❛t✐✈❡ t♦

t❤❡ j + 1/2 ❢❛❝❡ ✈❡❧♦❝✐t② uj+1/2✱ s❣♥✭u✮ ✐s t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥ ❛♥❞ GC t❤❡



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✺✷ ✖ ★✻✻
✐

✐

✐

✐

✐

✐

✺✷ ❈❤❛♣t❡r ✸ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ ❉r✐❢t✲❞✐❢❢✉s✐♦♥ ❡q✉❛t✐♦♥s

s❡❧❡❝t❡❞ ❣r❛❞✐❡♥t ❢♦r t❤❡ ❝❡♥tr❛❧ ❝❡❧❧✳ ❖❢ ❝♦✉rs❡ t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ✈❛❧✉❡
✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ t❤❡ ❝❡♥tr❛❧ ❝❡❧❧ ✈❛❧✉❡ ✇❤❡♥ t❤❡ ❈✉rr❡♥t ♥✉♠❜❡r ✭♦r ❈❋▲
♥✉♠❜❡r✮ ❛♣♣r♦❛❝❤❡s ✉♥✐t② ♥♦ ♠❛tt❡r ✇❤❛t ❝❡♥tr❛❧ ❣r❛❞✐❡♥t ✐s ✉s❡❞ ✐♥
❡q✉❛t✐♦♥ ✭✸✳✷✮✳ ❚❤❡ ✉♣❞❛t❡❞ ❝❡❧❧ j ✈❛❧✉❡ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❝♦♥s❡r✈❛t✐✈❡
✢✉① ❢♦r♠ ❛s✿

ψn+1
j = ψn

j +
(

uj−1/2ψ
MF
j−1/2 − uj+1/2ψ

MF
j+1/2

)

∆t/∆xj . ✭✸✳✸✮

▲❡t ✉s ♥♦✇ r❡✈✐❡✇ s♦♠❡ ♦❢ t❤❡ s❝❤❡♠❡s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✳✶ ❛♥❞ s❡❡ ❤♦✇
t❤❡s❡ s❝❤❡♠❡s ✐♥❞✉❝❡ ❛ ♥♦♥③❡r♦ ✢✉① ♦r ♥♦t✿

{

UPWIND scheme :

GC = 0 ⇒ Fj+1/2 = 0 .
✭✸✳✹✮

{

Lax−Wendroff scheme ✭▲❛① ❛♥❞ ❲❡♥❞r♦✛ ✶✾✻✵✮:

GC = GDC ⇒ Fj+1/2 6= 0 .
✭✸✳✺✮

{

Fromm scheme ✭❋r♦♠♠ ✶✾✻✽✮:

GC = GDU ⇒ Fj+1/2 6= 0 .
✭✸✳✻✮











Roe scheme ✭❘♦❡ ✶✾✽✺✮:

GC = ♠✐♥ (|GDC |, |GCU |) ✇❤❡♥ GDCGCU > 0 ,

♦t❤❡r✇✐s❡ GC = 0 ⇒ Fj+1/2 = 0 .

✭✸✳✼✮







Takacs scheme ✭❚❛❦❛❝s ✶✾✽✺✮:

GC = GDC −
(∆xD+|uj+1/2|∆t)
1.5 sgn(uj+1/2)

(

GDC−GCU

xD−xU

)

⇒ Fj+1/2 6= 0 .
✭✸✳✽✮

■♥ ❛❧❧ t❤❡ s❝❤❡♠❡s ❧✐st❡❞ ❤❡r❡✱ ♦♥❧② t❤❡ ❘♦❡ s❝❤❡♠❡ ✇✐❧❧ ♣r♦❞✉❝❡ ❛ ③❡r♦
✢✉① ✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦♥ ❋✐❣✉r❡ ✸✳✶✳ ■♥ t❤✐s s❝❤❡♠❡✱ t❤❡ ♠✐♥✲♠♦❞ s❝❤❡♠❡ ✐s
✉s❡❞ ♦♥❧② ✐♥ t❤❡ ♠♦♥♦t♦♥❡ r❡❣✐♦♥ ❞❡✜♥❡❞ ❜② GDCGCU > 0✳ ❖✉ts✐❞❡ t❤❡
♠♦♥♦t♦♥❡ r❡❣✐♦♥✱ t❤❡ ❣r❛❞✐❡♥t ✐s s✐♠♣❧② s❡t t♦ ③❡r♦ ✭❯P❲■◆❉ s❝❤❡♠❡✮✳ ■♥
✭▲✐ ✷✵✵✽✮✱ t❤❡ ❛✉t❤♦r ❡①t❡♥❞❡❞ t❤❡ ♠✐♥✲♠♦❞ s❝❤❡♠❡ ♦✉ts✐❞❡ t❤❡ ♠♦♥♦t♦♥❡
r❡❣✐♦♥ ✐❢ t❤❡ s✐❣♥ ♦❢ t❤❡ ❧♦❝❛❧ s✐❞❡ ❣r❛❞✐❡♥t GDC ✐s ✉s❡❞ ✇❤✐❝❤ ❣✐✈❡s t❤❡
❢♦❧❧♦✇✐♥❣ s❡❝♦♥❞ ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ s❝❤❡♠❡ ❯◆❖✷✿

UNO2 : GC = s❣♥(GDC) ♠✐♥ (|GDC |, |GCU |) . ✭✸✳✾✮



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✺✸ ✖ ★✻✼
✐

✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✺✸

❆♥❞ ✐❢ ✇❡ ♣✉t ❡q✉❛t✐♦♥ ✭✸✳✾✮ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✷✮✿

ψMF
j+1/2 = ψn

C+0.5 (ψn
D − ψn

C) (∆x − |u|∆t) ♠✐♥ (|GDC |, |GCU |) . ✭✸✳✶✵✮

❚❤❡ s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ✐s ❛s ▲✐ ♣✉t ✐t ✐♥ ✭▲✐ ✷✵✵✽✮ t❤❡
s✐♠♣❧❡st s❡❝♦♥❞✲♦r❞❡r ♥♦♥ ♦s❝✐❧❧❛t♦r② s❝❤❡♠❡✳ ❚❤❡ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡
❯◆❖✸ ✐s✿

❯◆❖✸: GC =



































GDC −
(∆xD+|uj+1/2|∆t)
1.5 sgn(uj+1/2)

(

GDC−GCU

xD−xU

)

,

❢♦r |GDC −GCU | < 1.2|GDU | ;

2 s❣♥(GDC) min (|GDC |, |GCU |) ,

❢♦r GDCGCU > 0 ;

s❣♥(GDC) ♠✐♥ (|GDC |, |GCU |) , ♦t❤❡r✇✐s❡.

✭✸✳✶✶✮

■♥ t❤✐s s❝❤❡♠❡✱ t❤❡ ❚❛❦❛❝s s❝❤❡♠❡ ✐s ✉s❡❞ ✐♥ t❤❡ ❧✐♠✐t❡❞ ♠♦♥♦t♦♥❡ ③♦♥❡
❞❡✜♥❡❞ ♦♥ ❛♥ ✐rr❡❣✉❧❛r ❣r✐❞ ❜② |GDC − GCU | < 1.2|GDU | ❛♥❞ ♦✉ts✐❞❡
t❤✐s ❧✐♠✐t❡❞ r❡❣✐♦♥ ❜✉t st✐❧❧ ✐♥ t❤❡ ♠♦♥♦t♦♥❡ r❡❣✐♦♥✱ t❤❡ ❯◆❖✷ s❝❤❡♠❡
♠✉❧t✐♣❧✐❡❞ ❜② ✷ ✐s ✉s❡❞✳ ❖✉ts✐❞❡ t❤❡ ♠♦♥♦t♦♥❡ r❡❣✐♦♥✱ t❤❡ ❯◆❖✸ s❝❤❡♠❡
r❡t❛✐♥s s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛❝② ❜② ✉s✐♥❣ t❤❡ ❯◆❖✷ s❝❤❡♠❡✳
❚❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s t❤✐r❞ ♦r❞❡r ❛❝❝✉r❛t❡✱ ♥♦♥✲♦s❝✐❧❧❛t♦r② ✭♣r❡s❡r✈❡❞ ♣♦s✲
✐t✐✈✐t② ♦❢ t❤❡ ❞❡♥s✐t② s♦❧✉t✐♦♥✮✱ ✇r✐tt❡♥ ❢♦r ✉♥✐❢♦r♠ ❛s ✇❡❧❧ ❛s ❢♦r ♥♦♥✲
✉♥✐❢♦r♠ ♠❡s❤ ❛♥❞ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✱ ❡①tr❡♠❡❧② ❡❛s② t♦
✐♠♣❧❡♠❡♥t ✐♥ ❝♦❞❡s✳

✸✳✷✳✷ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚ s❝❤❡♠❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ 3rd ♦r❞❡r ◗❯■❈❑❊❙❚ s❝❤❡♠❡ ✭▲❡♦♥❛r❞
✶✾✾✶✮ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ ❯▲❚■▼❆❚❊ ✢✉① ❧✐♠✐t❡r ✇❤✐❝❤ r❡s✉❧ts ✐♥
❛ ♥♦♥ ♦s❝✐❧❧❛t♦r② s❝❤❡♠❡ ❝❛❧❧❡❞ t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚✳ ❲❡ ❜r✐❡✢②
♣r❡s❡♥t t❤❡ ❣❡♥❡r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ s❝❤❡♠❡ ✇✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s
❛s ✐♥ ✭❉✉ ✷✵✵✵✮✳ ▼♦r❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❉✉ ✷✵✵✵✮✳ ❚❤✐s s❝❤❡♠❡
✇❛s ✉s❡❞ ✐♥ str❡❛♠❡r ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s ✐♥ ✭❇❡ss✐èr❡s ❡t ❛❧✳ ✷✵✵✼✮✳
❲❡ r❡✇r✐t❡ ❤❡r❡ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❛s ✐♥ ✭❉✉ ✷✵✵✵✮✿

ψn+1
j = ψn

j −
(

cj+1/2ψ
MF
j+1/2 − cj−1/2ψ

MF
j−1/2

)

, ✇✐t❤ cj±1/2 = uj±1/2∆t/∆xj .

✭✸✳✶✷✮
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✐

✐

✐

✐

✐

✐

✺✹ ❈❤❛♣t❡r ✸ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ ❉r✐❢t✲❞✐❢❢✉s✐♦♥ ❡q✉❛t✐♦♥s

❲✐t❤ t❤❡ ◗❯■❈❑❊❙❚ s❝❤❡♠❡✱ ψMF
j+1/2 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

ψMF
j+1/2 = ψ2

j+1/2 −
(1− c2j+1/2)

6
[

1 + s❣♥(cj+1/2)

2

(

ψn
j+1 − 2ψn

j + ψn
j−1

)

+
1− s❣♥(cj+1/2)

2

(

ψn
j+2 − 2ψn

j+1 + ψn
j

)

]

,

✭✸✳✶✸✮

✇❤❡r❡✿

ψ2
j+1/2 =

1

2

[(

ψn
j+1 + ψn

j

)

− cj+1/2

(

ψn
j+1 − ψn

j

)]

. ✭✸✳✶✹✮

❚❤❡♥ ✇❡ ✉s❡ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✉♥✐✈❡rs❛❧ ❧✐♠✐t❡rs s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✳✶✿

j+1/2 ❢❛❝❡ ▲♦❝❛❧ ❥✰✶✴✷ ❧✐♠✐t❡rs ❢♦r ψMF
j+1/2

✈❡❧♦❝✐t② ♠♦♥♦t♦♥✐❝✐t② ✉♣♣❡r ❧✐♠✐t❡r ❧♦✇❡r ❧✐♠✐t❡r
uj+1/2 ψupper ψlower

uj+1/2 > 0 ψn
u ≤ ψn

c ≤ ψn
d ψlim ψn

c

uj+1/2 > 0 ψn
d ≤ ψn

c ≤ ψn
u ψn

c ψlim

uj+1/2 < 0 ψn
u ≤ ψn

c ≤ ψn
d ψn

c ψlim

uj+1/2 < 0 ψn
d ≤ ψn

c ≤ ψn
u ψlim ψn

c

❚❛❜❧❡ ✸✳✶✿ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✉♥✐✈❡rs❛❧ ❧✐♠✐t❡rs

✇❤❡r❡ ψlim ✐s ❞❡✜♥❡❞ ❛s✿

ψlim = ♠✐♥

[

ψn
d ,
♠✐♥

(

cj−1/2ψ
n
u , cj−1/2ψ

n
c

)

+ ψn
c − ψn

u

cj+1/2

]

.

❲❤❡r❡ t❤❡ s✉❜s❝r✐♣ts ❯✱ ❈ ❛♥❞ ❉ ❛r❡ t❤❡ s❛♠❡ s✉❜s❝r✐♣ts ❛s ❞❡s❝r✐❜❡❞ ✐♥
s❡❝t✐♦♥ ✸✳✷✳✶ ❛♥❞ ψMF

j+1/2 ✐s ❝❤♦s❡♥ ❛s ❢♦❧❧♦✇s✿

ψMF
j+1/2 = ♠❛①

(

ψlower,♠✐♥
(

ψupper, ψ
MF
j+1/2

))

. ✭✸✳✶✺✮

■♥ ❝♦♥❝❧✉s✐♦♥ ✇❡ ❤❛✈❡ ❛ t❤✐r❞ ♦r❞❡r ❛❝❝✉r❛t❡ s❝❤❡♠❡ t❤❛t ✐s ♥♦♥ ♦s❝✐❧❧❛t♦r②
❜✉t ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✳✶ ❛ ❧♦t ♦❢ ❝♦♥❞✐t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❝❤❡❝❦❡❞ ❜② t❤❡
❯▲❚■▼❆❚❊ ❧✐♠✐t❡r✳ ❚❤❡s❡ ♥✉♠❡r♦✉s t❡sts r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✣❝✐❡♥❝② ♦❢ t❤❡ s❝❤❡♠❡✳



✐
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✐

✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✺✺

✸✳✷✳✸ ✶❉ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ❝♦♥✈❡❝t✐♦♥ t❡st ❝❛s❡

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ t❡st ❝❛s❡ ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣r♦✜❧❡
❝♦♠♣♦s❡❞ ♦❢ ❛ ●❛✉ss✐❛♥ ✇❛✈❡✱ ❛ sq✉❛r❡ ✇❛✈❡✱ ❛ tr✐❛♥❣✉❧❛r ✇❛✈❡ ❛♥❞ ❛♥
❡❧❧✐♣s❡ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s✳ ❚❤✐s ✐s ❛ ❞✐✣❝✉❧t t❡st ❝❛s❡ ❜❡❝❛✉s❡ ✐t
✐♥❝❧✉❞❡s ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛s ✇❡❧❧ ❛s s♠♦♦t❤ ♣♦rt✐♦♥s ♦❢ ❝✉r✈❡s ❛♥❞ ❡①tr❡♠❛✳
❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ u0(x) ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ x ∈ [−1 : 1] ❛s ✭t❛❦❡♥
❢r♦♠ ✭❉❛r✉ ❛♥❞ ❚❡♥❛✉❞ ✷✵✵✹✮✮✿































u0(x) = ❡①♣(−❧♦❣(2)(x+ 0.7)2/0.0009) ; ✐❢ − 0.8 ≥ x ≥ −0.6

u0(x) = 1 ; ✐❢ − 0.4 ≥ x ≥ −0.2

u0(x) = 1− |10(x− 0.1)| ; ✐❢ 0 ≥ x ≥ 0.2

u0(x) = (1− 100(x− 0.5)2)1/2 ; ✐❢ 0.4 ≥ x ≥ 0.6

u0(x) = 0 ; ♦t❤❡r✇✐s❡ .

✭✸✳✶✻✮

❲❡ ✇✐❧❧ t❡st ❤❡r❡ t❤r❡❡ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡s✿ t❤❡ ❯P❲■◆❉ s❝❤❡♠❡✱ t❤❡
❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚ s❝❤❡♠❡ ✉s❡❞ ✐♥ ✭❇❡ss✐èr❡s ❡t ❛❧✳ ✷✵✵✼✮ ❛♥❞ t❤❡
❯◆❖✸ s❝❤❡♠❡ ✭▲✐ ✷✵✵✽✮✳
❋✐❣✉r❡ ✸✳✷ ✭❛✮✱✭❜✮ ❛♥❞ ✭❝✮ ♣r❡s❡♥ts ❢♦r ✷✵✵✱ ✽✵✵ ❛♥❞ ✶✻✵✵ ♣♦✐♥ts r❡s♣❡❝✲
t✐✈❡❧② t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t s❝❤❡♠❡s ❛❢t❡r ✶✵ ♣❡r✐♦❞s✳
❋✐❣✉r❡ ✸✳✷ s❤♦✇s ❝❧❡❛r❧② ❤♦✇ ❞✐✛✉s✐✈❡ t❤❡ ❯P❲■◆❉ s❝❤❡♠❡ ✐s✳ ❆❢t❡r ✶✵
♣❡r✐♦❞s✱ ❡✈❡♥ ♦♥ t❤❡ ✜♥❡st ♠❡s❤ ♦❢ ✶✻✵✵ ♣♦✐♥ts✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥
♦❢ t❤✐s s❝❤❡♠❡ ❤❛s ❝♦♠♣❧❡t❡❧② ❡r❛s❡❞ t❤❡ ✐♥✐t✐❛❧ ♣r♦✜❧❡✳ ■t ✐s ❤♦✇❡✈❡r
❝❧❡❛r t❤❛t t❤✐r❞ ♦r❞❡r s❝❤❡♠❡s✱ t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚ ❛♥❞ ❯◆❖✸
s❝❤❡♠❡s ❛r❡ ❛❜❧❡ t♦ ❜❡tt❡r r❡♣r♦❞✉❝❡ t❤❡ ✐♥✐t✐❛❧ ♣r♦✜❧❡ ♦✈❡r ✶✵ ♣❡r✐♦❞s✳
❲❡ ❛❧s♦ s❡❡ t❤❛t ♦♥ t❤❡ ✷✵✵ ♣♦✐♥ts ♠❡s❤✱ t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚
s❝❤❡♠❡ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ t❤❡ ❯◆❖✸ s❝❤❡♠❡✳ ❆s t❤❡ ♠❡s❤ ✐s r❡✜♥❡❞✱
✇❡ s❡❡ t❤❛t t❤❡ ❯◆❖✸ s❝❤❡♠❡ t❡♥❞s t♦ ❜❡ ❛s ❣♦♦❞ ❛s t❤❡ ❯▲❚■▼❆❚❊
◗❯■❈❑❊❙❚ s❝❤❡♠❡✳ ❋✐❣✉r❡ ✸✳✸ s❤♦✇s t❤❡ s❛♠❡ r❡s✉❧ts ❛s ❋✐❣✉r❡ ✸✳✷ ❜✉t
❢♦r ✶✵✵ ♣❡r✐♦❞s✳ ❲❡ ♥♦t❡ t❤❛t ❛❢t❡r ✶✵✵ ♣❡r✐♦❞s✱ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥
t❤❡ s❝❤❡♠❡s ✐s ❡✈❡♥ ♠♦r❡ ♣r♦♥♦✉♥❝❡❞✳ ■t ✐s s❤♦✇♥ ❤❡r❡ t❤❛t t❤❡ ♥✉♠❡r✲
✐❝❛❧ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s ❛ ❜✐t ❤✐❣❤❡r t❤❛♥ t❤❡ ❯▲❚■▼❆❚❊
◗❯■❈❑❊❙❚ s❝❤❡♠❡✳

■♥ ❚❛❜❧❡ ✸✳✷✱ t❤❡ ❛✈❡r❛❣❡ ✪ ♦❢ ❡rr♦r ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ♣r♦✜❧❡ ❛♥❞ t❤❡
❈P❯ t✐♠❡ ✭✐♥ s✮ ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❯P❲■◆❉ s❝❤❡♠❡✱ t❤❡ ❯▲❚■▼❆❚❊
◗❯■❈❑❊❙❚ s❝❤❡♠❡ ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ♠❡s❤❡s ❢♦r
✶✵ ❛♥❞ ✶✵✵ ♣❡r✐♦❞s✳ ■t ✐s ❝❧❡❛r ❤❡r❡ t❤❛t t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚
s❝❤❡♠❡✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❡s❤✱ ✐s t❤❡ ♠♦st ❛❝❝✉r❛t❡
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✐

✐

✐

✐

✐

✐

✺✻ ❈❤❛♣t❡r ✸ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ ❉r✐❢t✲❞✐❢❢✉s✐♦♥ ❡q✉❛t✐♦♥s

0

0.2

0.4

0.6

0.8

1

1.2

u 0

Initial profile
UPWIND

QUICKEST ULTIMATE
UNO3

(a) 200 points

0

0.2

0.4

0.6

0.8

1

1.2

u 0

Initial profile
UPWIND

QUICKEST ULTIMATE
UNO3

(b) 800 points

0

0.2

0.4

0.6

0.8

1

1.2

-1.0 -0.5 0.0 0.5 1.0

u 0

Initial profile
UPWIND

QUICKEST ULTIMATE
UNO3

(c) 1600 points

❋✐❣✉r❡ ✸✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❯P❲■◆❉ s❝❤❡♠❡✱ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚
s❝❤❡♠❡ ❛♥❞ ❯◆❖✸ s❝❤❡♠❡ ♦♥ ❛ ♠❡s❤ ♦❢✿ ✭❛✮ ✷✵✵✱ ✭❜✮ ✽✵✵ ❛♥❞ ✭❝✮ ✶✻✵✵ ♣♦✐♥ts✳
❚❤❡ ❈♦✉r❛♥t ♥✉♠❜❡r ❂ ✵✳✺ ❛♥❞ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ❛❢t❡r ✶✵ ♣❡r✐♦❞s✳

◆✉♠❡r✐❝❛❧ ◆✉♠❜❡r ❆❢t❡r ✶✵ ♣❡r✐♦❞s ❆❢t❡r ✶✵✵ ♣❡r✐♦❞s
s❝❤❡♠❡ ♦❢ ♣♦✐♥ts ❊rr♦r ✭✪✮ ❈P❯ t✐♠❡ ✭s✮ ❊rr♦r ✭✪✮ ❈P❯ t✐♠❡ ✭s✮

❯P❲■◆❉
✶✻✵✵ ✷✸✳✻ ✵✳✺ ✸✷✳✸✸ ✺✳✵✸
✽✵✵ ✷✽✳✷ ✵✳✶✸ ✸✸✳✹ ✶✳✷✼
✷✵✵ ✸✷✳✶ 1.2 10−2 ✸✹✳✺ 8.4 10−2

◗❯■❈❑❊❙❚
✶✻✵✵ ✵✳✽✽ ✸✳✺ ✶✳✾✻ ✸✺✳✵✶
✽✵✵ ✶✳✽ ✵✳✾ ✸✳✽ ✾✳✵
✷✵✵ ✼✳✽ 6.0 10−2 ✶✼✳✷ ✵✳✻✹

❯◆❖✸
✶✻✵✵ ✵✳✾✶ ✷✳✵ ✷✳✵✸ ✷✵✳✹✶
✽✵✵ ✶✳✾ ✵✳✺ ✹✳✵ ✺✳✶
✷✵✵ ✽✳✺ 3.2 10−2 ✶✾✳✻ ✵✳✸✹

❚❛❜❧❡ ✸✳✷✿ ❝♦♠♣❛r✐s♦♥ ♦❢ ❡rr♦rs ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t
s❝❤❡♠❡s ❢♦r ❛ ❈♦✉r❛♥t ♥✉♠❜❡r ❂ ✵✳✺✳ ✭❈❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ❞♦♥❡ ♦♥ ❛ ❯❇❯◆❚❯
❱❡rs✐♦♥ ✶✷✳✵✹ ✻✹ ❜✐ts ✇✐t❤ ■♥t❡❧ ❈♦r❡ ✐✼✲✷✻✸✵◗▼ ❈P❯

s❝❤❡♠❡✳ ❇✉t ❛❝❝✉r❛❝② ✐s ♥♦t t❤❡ ♦♥❧② ❝r✐t❡r✐♦♥ t♦ ❝♦♥s✐❞❡r t♦ ❝❤♦♦s❡ ❛
s❝❤❡♠❡✳ ❚❤❛t ✐s ✇❤② ✇❡ s❤♦✇ ✐♥ t❤✐s t❛❜❧❡ ❛❧s♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✺✼
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(a) 200 points
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(b) 800 points
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(c) 1600 points

❋✐❣✉r❡ ✸✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❯P❲■◆❉ s❝❤❡♠❡✱ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚
s❝❤❡♠❡ ❛♥❞ ❯◆❖✸ s❝❤❡♠❡ ♦♥ ❛ ♠❡s❤ ♦❢✿ ✭❛✮ ✷✵✵✱ ✭❜✮ ✽✵✵ ❛♥❞ ✭❝✮ ✶✻✵✵ ♣♦✐♥ts✳
❚❤❡ ❈♦✉r❛♥t ♥✉♠❜❡r ❂ ✵✳✺ ❛♥❞ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ❛❢t❡r ✶✵✵ ♣❡r✐♦❞s✳

♦❢ ❡❛❝❤ s❝❤❡♠❡✳ ❚❤❡ ❯P❲■◆❉ s❝❤❡♠❡ ✐s t❤❡ ❧❡ss ❡①♣❡♥s✐✈❡ ❜✉t t❤❡ ❛✈✲
❡r❛❣❡ ✪ ♦❢ ❡rr♦r ✐s t♦♦ ❤✐❣❤ ♦♥ ❛♥② ♠❡s❤✳ ❚❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚
s❝❤❡♠❡ ✐s t❤❡ ♠♦st ❛❝❝✉r❛t❡ ❜✉t ✐t ❤❛s ❛❧s♦ t❤❡ ❤✐❣❤❡st ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st
❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ ❧✐♠✐t❡r t❤❛t ✐♥❞✉❝❡s ❛ ❧♦t ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❝❤❡❝❦s ✭s❡❝t✐♦♥
✸✳✷✳✷✮ ✭▲✐ ✷✵✵✽✮✳ ❚❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s ❧❡ss ❛❝❝✉r❛t❡ t❤❛♥ t❤❡ ❯▲❚■▼❆❚❊
◗❯■❈❑❊❙❚ s❝❤❡♠❡ ✭❯◆❖✸✿ ✶✾✳✻ ✪ ❛♥❞ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚✿ ✶✼✳✷
✪ ♦♥ t❤❡ ❝♦❛rs❡r ♠❡s❤ ❛❢t❡r ✶✵✵ ♣❡r✐♦❞s✮ ❜✉t t❤❡ ❞✐✛❡r❡♥❝❡ s❡❡♠s q✉✐t❡
s♠❛❧❧✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❖❢
❝♦✉rs❡ t❤❡ ❯P❲■◆❉ s❝❤❡♠❡ ❛❧✇❛②s ❣✐✈❡s ♣♦s✐t✐✈❡ ❞❡♥s✐t② s♦❧✉t✐♦♥✳ ❲❡
❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚ s❝❤❡♠❡ ♠❛② ❣✐✈❡ ✈❡r②
s♠❛❧❧ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ✐♥ t❤❡ ❝♦♠♣✉t❡❞ ❞❡♥s✐t② ✇❤❡r❡❛s t❤❡ ❯◆❖✸ s❝❤❡♠❡
❛❧✇❛②s ❣✐✈❡s ♣♦s✐t✐✈❡ ❞❡♥s✐t② ✈❛❧✉❡s✳
❚♦ ❝♦♥❝❧✉❞❡ ♦♥ t❤✐s s✐♠♣❧❡ t❡st ❝❛s❡✱ ✇❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ ❤❡r❡ t❤❡
❛❞✈❛♥t❛❣❡s t♦ ❝❤♦♦s❡ t❤❡ ❯◆❖✸ s❝❤❡♠❡✳ ■t ✐s t❤✐r❞ ♦r❞❡r ❛❝❝✉r❛t❡✱ ✐ts
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐s r❡❛s♦♥❛❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❯▲❚■▼❆❚❊ ◗❯■❈❑✲
❊❙❚ s❝❤❡♠❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s ✈❡r② ❡❛s② t♦ ✐♠♣❧❡♠❡♥t
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✺✽ ❈❤❛♣t❡r ✸ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ ❉r✐❢t✲❞✐❢❢✉s✐♦♥ ❡q✉❛t✐♦♥s

❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥ ❛❧✇❛②s ❣✐✈❡s ♣♦s✐t✐✈❡ ❞❡♥s✐t② ✈❛❧✉❡s✳

✸✳✸ ✷❉ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ s❝❤❡♠❡s

✸✳✸✳✶ ✷❉ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❯◆❖✸ s❝❤❡♠❡

❆s st❛t❡❞ ✐♥ ✭▲✐ ✷✵✵✽✮✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✶❉ s❝❤❡♠❡ t♦ ✷❉ s❝❤❡♠❡
✐s str❛✐❣❤t❢♦r✇❛r❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ✶❉ s❝❤❡♠❡ s✐♠✉❧t❛♥❡♦✉s❧② t♦ ❡❛❝❤ ♦❢
t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥s ❜❡❢♦r❡ ✉♣❞❛t✐♥❣ t❤❡ ♥❡①t t✐♠❡ ❧❡✈❡❧ ✈❛❧✉❡s✳ ❇✉t t❤✐s
♠❡t❤♦❞ ♠❛② ❧❡❛❞ t♦ r❡❞✉❝❡❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✱ |µx| + |µr| < 1.0 ✇❤❡r❡
µx = vx∆t/∆x ❛♥❞ µr = vr∆t/∆r ❛r❡ t❤❡ ❝♦✉r❛♥t ♥✉♠❜❡r ❢♦r t❤❡ ① ❞✐✲
r❡❝t✐♦♥ ❛♥❞ r ❞✐r❡❝t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❛ t✐♠❡ s♣❧✐tt✐♥❣
❛♣♣r♦❛❝❤ ✐s ❛♣♣❧✐❡❞ ❛♥❞ t❤❡ ✶❉ s❝❤❡♠❡ ✐s ❛♣♣❧✐❡❞ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❛❢t❡r t❤❡
♦t❤❡r✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s r❡❧❛①❡❞ t♦ ♠❛①(|µx| , |µr|) < 1.0✳ ❇✉t
✐t r❡s✉❧ts ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ t✐♠❡ s♣❧✐tt✐♥❣ ❡rr♦r✳ ❚♦ ❛✈♦✐❞ t❤❡ t✐♠❡ s♣❧✐tt✐♥❣
❡rr♦r✱ ✐♥ ✭▲❡♦♥❛r❞ ❡t ❛❧✳ ✶✾✾✻✮ t❤❡ ❛✉t❤♦rs ❝♦♥str✉❝t❡❞ ❛ ♠✉❧t✐❞✐♠❡♥✲
s✐♦♥❛❧ ❛❞✈❡❝t✐✈❡✲❝♦♥s❡r✈❛t✐✈❡ ❤②❜r✐❞ ♦♣❡r❛t♦r ✭▼❆❈❍❖✮ t♦ ❡①t❡♥❞ ❛ ✶❉
❛❞✈❡❝t✐♦♥ s❝❤❡♠❡ t♦ ✷❉ ✇✐t❤ ♣r❡s❡r✈❡❞ ❝♦♥st❛♥❝②✳ ❆s ❢♦r♠✉❧❛t❡❞ ✐♥ ✭▲✐
✷✵✵✽✮✱ t❤❡ ♦♣❡r❛t♦r ✐s s✐♠✐❧❛r t♦ t❤❡ t✐♠❡✲s♣❧✐tt✐♥❣ ❛♣♣r♦❛❝❤ ❡①❝❡♣t t❤❛t
t❤❡ ♠✐❞✲✢✉① ✭▼❋✮ ✈❛❧✉❡ ❢♦r t❤❡ s❡❝♦♥❞ ❞✐♠❡♥s✐♦♥ ψ∗MF ✐s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤
❛ t❡♠♣♦r❛r② ❛❞✈❡❝t✐✈❡✲❢♦r♠ ✉♣❞❛t❡ ♦❢ t❤❡ ✜rst ❞✐♠❡♥s✐♦♥❛❧ ψ∗ ✉s✐♥❣ t❤❡
❝❡❧❧ ❝❡♥t❡r ✈❡❧♦❝✐t②✿

ψ∗
i,j = ψn

i,j+
(

ψMF
i−1/2,j − ψMF

i+1/2,j

) (

ui−1/2,j + ui+1/2,j

)

∆t/2∆xi . ✭✸✳✶✼✮

■♥ ♦r❞❡r ❢♦r t❤❡ ▼❋ ✈❛❧✉❡s ❢♦r ❜♦t❤ ❞✐♠❡♥s✐♦♥s t♦ ❜❡ ✐♥t❡r♣♦❧❛t❡❞ ❢r♦♠
t❤❡ s❛♠❡ ❝♦♥st❛♥t ✜❡❧❞✱ t❤✐s t❡♠♣♦r❛r② ✉♣❞❛t❡ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✼✮ ✐s ✉s❡❞✳
❚❤❡ ✜♥❛❧ ✉♣❞❛t❡ ♦❢ t❤❡ ❝❡❧❧ ✭✐✱❥✮ ✈❛❧✉❡ ✐s ❣✐✈❡♥ ❜②✿

ψn+1
i,j = ψn

i,j +
(

ui−1/2,jψ
MF
i−1/2,j − ui+1/2,jψ

MF
i+1/2,j

)

∆t/∆xi

+
(

vi,j−1/2ψ
MF
i,j−1/2 − vi,j+1/2ψ

MF
i,j+1/2

)

∆t/∆yj .
✭✸✳✶✽✮

❲❡ ♠✉st ♣♦✐♥t ♦✉t t❤❛t ❜② ❝♦♥str✉❝t✐♦♥ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
♦♥ ❡✐t❤❡r ✉♥✐❢♦r♠ ♦r ♥♦♥ ✉♥✐❢♦r♠ ♠❡s❤✳

✸✳✸✳✷ ✷❉ ❉✐✛✉s✐♦♥ ✢✉①❡s

■♥ t❤❡ ✐♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡r✲●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤❡ ▲❉❈✲
❝♦❞❡✱ ❞✐✛✉s✐♦♥ ❛♥❞ ❞r✐❢t ✢✉①❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❍♦✇❡✈❡r✱
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✺✾

❞✐✛✉s✐♦♥ ✢✉①❡s ❛r❡ ✉s✉❛❧❧② ❝❛❧❝✉❧❛t❡❞ s❡♣❛r❛t❡❧② ❢r♦♠ ❞r✐❢t ✢✉①❡s ❛♥❞
❡q✉❛t✐♦♥ ✭✶✳✶✾✮ ✐s t❤✉s s♣❧✐tt❡❞ ✐♥t♦ t✇♦ ❡q✉❛t✐♦♥s✿ ♦♥❡ ✇✐t❤ ❞r✐❢t ✢✉①❡s
✭❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❯P❲■◆❉ ♦r ❯◆❖✸ s❝❤❡♠❡✮ ❛♥❞ ❛ s❡❝♦♥❞ ♦♥❡ ✇✐t❤
❞✐✛✉s✐♦♥ ✢✉①❡s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ ❝❧❛ss✐❝❛❧ s❡❝♦♥❞✲♦r❞❡r ❝❡♥tr❛❧✲
❞✐✛❡r❡♥❝❡ s❝❤❡♠❡✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ✢✉①❡s ✐♥ t❤❡ ❢♦r♠✿

FD
i+1/2,j(k) = Dk

i+1/2,j

n̄k
i,j − n̄k

i+1,j

xi+1,j − xi,j
Σi+1/2,j ,

FD
i,j+1/2(k) = Dk

i,j+1/2

n̄k
i,j − n̄k

i,j+1

ri,j+1 − ri,j
Σi,j+1/2 .

✭✸✳✶✾✮

✸✳✸✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ tr❛♥s♣♦rt s❝❤❡♠❡s ♦♥ t❤❡ ❚❈✲✷
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ISG scheme, fine grid at t=2.5 ns
UNO3 scheme, fine grid at t=2.5 ns

❋✐❣✉r❡ ✸✳✹✿ ❆①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ✜♥❡
♠❡s❤ ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡ ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❛t t❂✷✳✺ ♥s ♦♥ t❤❡ ❚❈✲✷✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ t❤❡ ✷❉ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ■❙● ❛♥❞ ❯◆❖✸
s❝❤❡♠❡s ♦♥ t❤❡ ❚❈✲✷✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❚❈✲✷ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥
✶✳✹✳✷✱ ✇❡ ❤❛✈❡ s❤♦✇♥ r❡s✉❧ts ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ str❡❛♠❡r ♦♥ ❛ ✧✜♥❡✧
♠❡s❤ ✭1 µ♠ ♦❢ ♠❡s❤ s✐③❡ ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✮ r❡q✉✐r❡❞ ❢♦r ❛ s✉❢✲
✜❝✐❡♥t r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳
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ISG scheme, coarse grid at t=0.05 ns
UNO3 scheme, coarse grid at t=0.05 ns

❋✐❣✉r❡ ✸✳✺✿ ❆①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ ❛ ❝♦❛rs❡ ♠❡s❤
✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡ ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❛t t❂✵✳✵✺ ♥s ✐♥ t❤❡ ❚❈✲✷✳

❖♥ ❋✐❣✉r❡ ✸✳✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝✲
tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ✧✜♥❡✧ ♠❡s❤ ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡ ❛♥❞ ❯◆❖✸ s❝❤❡♠❡ ❛t
t❂✷✳✺ ♥s✳
❋✐❣✉r❡ ✸✳✹ s❤♦✇s t❤❛t t❤❡ ❛①✐❛❧ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣❡❛❦ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥
t❤❡ str❡❛♠❡r ❤❡❛❞ ✐s ❛❧♠♦st t❤❡ s❛♠❡ ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✳ ■❢ ✇❡ ❝♦♠♣❛r❡
t❤❡ ❣❡♥❡r❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❜❡t✇❡❡♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✱
t❤❡r❡ ✐s ❛❧♠♦st ♥♦ ❞✐✛❡r❡♥❝❡✱ ✇✐t❤ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ t✐♠❡ r❡q✉✐r❡❞ ❢♦r t❤❡
str❡❛♠❡r ❞✐s❝❤❛r❣❡ t♦ ❝r♦ss t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❛♥❞ ✐♠♣❛❝t t❤❡ ❝❛t❤✲
♦❞❡ ♣❧❛♥❡ ❛t tc❂✸✳✵ ♥s ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✳
❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛♥❞ t✐♠❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥✱ ✐t ✐s ✐♥t❡r❡st✐♥❣
t♦ ❤❛✈❡ ❛ tr❛♥s♣♦rt s❝❤❡♠❡ t❤❛t ❝❛♥ ♣r♦✈✐❞❡ t❤❡ s❛♠❡ ❛❝❝✉r❛❝② ✇✐t❤ ❛
r❡❞✉❝❡❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✳ ❙♦ ✇❡ ❞❡✜♥❡ ❛ ✧❝♦❛rs❡✧ ♠❡s❤ ❛s ❢♦❧❧♦✇s✿ ❢r♦♠
0 ≤ x ≤ 1 ❝♠✱ ❛♥ ❛①✐❛❧ ♠❡s❤ s✐③❡ ♦❢ 20 µ♠ ✐s ✉s❡❞ ❛♥❞ ✐s r❡✜♥❡❞ t♦ 2 µ♠
❝❧♦s❡ t♦ t❤❡ ❛♥♦❞❡ t✐♣✳ ❘❛❞✐❛❧❧②✱ ❛ ♠❡s❤ s✐③❡ ♦❢ 5 µ♠ ✐s ✉s❡❞ ❛♥❞ ✐s r❡✜♥❡❞
t♦ 1 µ♠ ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✳ ❚❤✐s ❧❡✈❡❧ ♦❢ r❡✜♥❡♠❡♥t r❡q✉✐r❡❞
❛ ❣r✐❞ s✐③❡ ♦❢ nx × nr = 1659 × 1725✳ ❖♥ ❋✐❣✉r❡ ✸✳✺✱ ✇❡ ♣r❡s❡♥t t❤❡
❛①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡ ❛♥❞
t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❛t t❂✵✳✵✺ ♥s ❢♦r t❤❡ ❚❈✲✷ s✐♠✉❧❛t✐♦♥ ♦♥ t❤❡ ✧❝♦❛rs❡✧
♠❡s❤✳ ❚❤✐s ❋✐❣✉r❡ ✐♥❞✐❝❛t❡s t❤❛t ❡✈❡♥ ♦♥ t❤❡ ✧❝♦❛rs❡✧ ♠❡s❤✱ t❤❡ ♣❡❛❦
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ISG scheme, coarse grid at t=0.05 ns
UNO3 scheme, coarse grid at t=0.05 ns

❋✐❣✉r❡ ✸✳✻✿ ❆①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✜❡❧❞ ♦♥ ❛ ❝♦❛rs❡ ♠❡s❤ ✇✐t❤ t❤❡
■❙● ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❛t t❂✵✳✵✺ ♥s ③♦♦♠❡❞ ♦♥ x ∈ [0.99 cm : 1 cm] ✳

♠❛❣♥✐t✉❞❡ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡ ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡
❛r❡ ❛❧♠♦st ❛t t❤❡ s❛♠❡ ❛①✐❛❧ ❧♦❝❛t✐♦♥✳ ❖♥ ❋✐❣✉r❡ ✸✳✺✱ ✇❡ s❡❡ t❤❛t ❝❧♦s❡
t♦ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛t ① ❂ ✶ ❝♠✱ s♦♠❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ♣r❡s❡♥t ✇✐t❤
t❤❡ ■❙● s❝❤❡♠❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ♥♦ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ♦❜s❡r✈❡❞
✇❤❡♥ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s ✉s❡❞ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✳
❖♥ ❋✐❣✉r❡ ✸✳✻✱ ✇❡ ③♦♦♠❡❞ ♦♥ x ∈ [0.99 cm : 1 cm] t♦ t❛❦❡ ❛ ❝❧♦s❡r ✈✐❡✇
♦♥ t❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❞✐✣❝✉❧t✐❡s
♦❢ t❤❡ ❝✉❜✐❝ s♣❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♦♥ s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤❡ ■❙● s❝❤❡♠❡ ♦♥ t❤❡
❝♦❛rs❡r ♠❡s❤✳ ❚❤✐s ❧❡❛❞s t♦ ❧❡ss ❛❝❝✉r❛t❡ ✢✉① ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❡q✉❛t✐♦♥
✭✶✳✷✺✮ ❛♥❞ ♦s❝✐❧❧❛t✐♦♥s ✐♥ t❤❡ ♥❡t ❝❤❛r❣❡ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡
♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✭✶✳✹✮✳ ❚❤✐s ✐♥ t✉r♥ ✇✐❧❧ ✐♥❞✉❝❡ s♦♠❡ ♦s❝✐❧❧❛t✐♦♥s ✐♥
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳
❖♥ ❋✐❣✉r❡ ✸✳✼✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ ❛ ✧❝♦❛rs❡✧ ❛♥❞ ✧✜♥❡✧ ♠❡s❤ ✇✐t❤ t❤❡ ■❙● ❛♥❞ t❤❡ ❯◆❖✸
s❝❤❡♠❡ ❛t t❂✷✳✺ ♥s ③♦♦♠❡❞ ♦♥ x ∈ [0.25 cm : 0.35 cm] ✇❤❡r❡ t❤❡ ♣❡❛❦s
♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛r❡ ❛①✐❛❧❧② ❧♦❝❛t❡❞✳ ❆t t❂✷✳✺ ♥s t❤❡ ✈❛❧✉❡s ♦❢ ♣❡❛❦s ♦❢
❡❧❡❝tr✐❝ ✜❡❧❞ ❛r❡ ✈❡r② ❝❧♦s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❞❡♠♦♥str❛t❡ ❤❡r❡ t❤❛t
✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ❯◆❖✸ s❝❤❡♠❡ t❤❡ ♣r♦✜❧❡s ❝♦♠✐♥❣ ❢r♦♠ ❡✐t❤❡r
t❤❡ ✧❝♦❛rs❡✧ ♦r t❤❡ ✧✜♥❡✧ ♠❡s❤ ❛r❡ ❛❧♠♦st ✐❞❡♥t✐❝❛❧✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇
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✻✷ ❈❤❛♣t❡r ✸ ✲ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡

❝♦❞❡✿ ❉r✐❢t✲❞✐❢❢✉s✐♦♥ ❡q✉❛t✐♦♥s

50000

60000

70000

80000

90000

100000

110000

120000

0.25 0.26 0.27 0.28 0.29 0.3 0.31 0.32 0.33 0.34 0.35

E
to
t
[V
.c
m
-1
]

x [cm]

ISG scheme, fine grid at t=2.5 ns
ISG scheme, coarse grid at t=2.5 ns
UNO3 scheme, fine grid at t=2.5 ns

UNO3 scheme, coarse grid at t=2.5 ns

❋✐❣✉r❡ ✸✳✼✿ ❆①✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ ❛ ❝♦❛rs❡ ❛♥❞ ✜♥❡
♠❡s❤ ✇✐t❤ t❤❡ ■❙● ❛♥❞ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❛t t❂✷✳✺ ♥s ③♦♦♠❡❞ ♦♥ x ∈ [0.25 cm :
0.35 cm]✳

t❤❛t t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤❡ s❛♠❡ ♣r♦✜❧❡ ✇✐t❤ ❧❡ss
♣♦✐♥ts ♦r ✇✐t❤ ❛ ❧♦✇❡r r❡s♦❧✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ s✐♠✉✲
❧❛t✐♦♥s ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡✱ t❤❡ ♣❡❛❦s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛r❡ ♥♦t ❛①✐❛❧❧②
❛t t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ❛♥❞ t❤❡✐r ♠❛❣♥✐t✉❞❡ ❛r❡ ♥♦t ❡①❛❝t❧② t❤❡ s❛♠❡✳ ❖♥
❛ ✧❝♦❛rs❡r✧ ♠❡s❤✱ t❤❡ ❧♦ss ♦❢ r❡s♦❧✉t✐♦♥ ✐♥❞✉❝❡s ❛ ❧♦✇❡r ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞
s❧✐❣❤t❧② s❧♦✇s ❞♦✇♥ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥
✇✐t❤ ■❙● ♦♥ t❤❡ ✧✜♥❡✧ ♠❡s❤✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ ♦♥ ❛ ✶❉ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ❝♦♥✲
✈❡❝t✐♦♥ t❡st ❝❛s❡✱ t❤❛t t❤❡ t❤✐r❞ ♦r❞❡r ❯◆❖✸ s❝❤❡♠❡ ✐s ❛s ❛❝❝✉r❛t❡ ❛s
t❤❡ t❤✐r❞ ♦r❞❡r ❯▲❚■▼❆❚❊ ◗❯■❈❑❊❙❚ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡ ✇✐t❤ ❛ ❧♦✇❡r
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐s
♥♦♥ ♦s❝✐❧❧❛t♦r② ❛♥❞ ❛❧✇❛②s ❣✐✈❡s ♣♦s✐t✐✈❡ ❞❡♥s✐t② ✈❛❧✉❡s✳ ❇② ❝♦♥str✉❝t✐♦♥✱
t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❝❛♥ ❜❡ ✉s❡❞ ♦♥ ✉♥✐❢♦r♠ ❛♥❞ ♥♦♥ ✉♥✐❢♦r♠ ♠❡s❤❡s✳
❚♦ s♦❧✈❡ t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✐♥ ♦✉r ❞✐s❝❤❛r❣❡ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡
s♣❧✐tt❡❞ t❤❡ r❡s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥ ♣❛rt ✇✐t❤
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✻✸

❛ ❝❧❛ss✐❝❛❧ s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛t❡ s❝❤❡♠❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ♣❛rt✳ ❚❤❡♥✱ ✇❡
t❡st❡❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ♦♥ t❤❡ ✷❉ t❡st✲❝❛s❡ ❚❈✲✷
❛♥❞ ❝♦♠♣❛r❡❞ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✇✐t❤ t❤❡ ■❙● s❝❤❡♠❡✳
❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ✉s❡ ♦❢ t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐♥❝r❡❛s❡s t❤❡ ❣❡♥❡r❛❧
r♦❜✉st♥❡ss ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❛♥❞ s♦ t❤❡ ❯◆❖✸
s❝❤❡♠❡ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ ✷❉ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ♠♦❞❡❧❧✐♥❣✳
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✐

❈❤❛♣t❡r ✹

❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞

♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢ t❤❡ ♥❡✇

❞✐s❝❤❛r❣❡ ❝♦❞❡

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❤②❜r✐❞ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡
t❤❛t ✐♥t❡❣r❛t❡s t❤❡ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✷ ✭s❡❝t✐♦♥
✷✳✸✮ ❛♥❞ t❤❡ ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡ ❯◆❖✸ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✸ ✭s❡❝t✐♦♥
✸✳✷✳✶✮✳ ■♥ s❡❝t✐♦♥ ✹✳✷ ✇❡ ♣r❡s❡♥t t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ str❛t❡❣② ❢♦r
t❤❡ ❝♦♠♣❧❡t❡ ▼P■✲❖P❊◆▼P ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❝❛rr② ♦✉t ❛ ♣❡r✲
❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ▼P■ ♦♥❧② ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❛ ♣❡r❢♦r✲
♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ▼P■ ❖P❊◆▼P ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦❞❡✳ ■♥ s❡❝✲
t✐♦♥ ✹✳✸✱ t♦ s✉♠♠❛r✐③❡✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
❝♦❞❡ ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ✉s❡ ✐♥ t❤❡ ❞✐✛❡r❡♥t ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✳

✹✳✷ ❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❤②❜r✐❞ ♣❛r✲
❛❧❧❡❧✐③❛t✐♦♥ ✭▼P■✲❖P❊◆▼P✮

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡ ❢✉❧❧② ♣❛r❛❧❧❡❧✐③❡❞ ❞❡✲
✈❡❧♦♣❡❞ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✱ ❛♥ ❖P❊◆▼P
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❤❛s ♦♥❧② ❛ ❧✐♠✐t❡❞ ❝❛♣❛❜✐❧✐t② t♦ s♣❡❡❞ ✉♣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥
❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ s❤❛r❡❞ ♠❡♠♦r② t❤r❡❛❞s ♦♥ ❛ ♥♦❞❡ ♦♥ ✧✐❣❧♦♦✧
✐s ❧✐♠✐t❡❞ t♦ ✶✷✳ ❙♦ ❢♦r t❤❡ s♠❛❧❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛s ❢♦r t❤❡ ❚❈✲✶✱
t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s s✉✣❝✐❡♥t✳ ❇✉t ❢♦r ❧❛r❣❡r s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥ ❛s
❢♦r ❚❈✲✷✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ✉s❡ ♠♦r❡ ✐♥✈❛s✐✈❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦❞❡ str✉❝✲
t✉r❡ t♦ ❡①t❡♥❞ t❤❡ ♣❛r❛❧❧❡❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❝♦❞❡✳
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✻✻ ❈❤❛♣t❡r ✹ ✲ ❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢

t❤❡ ♥❡✇ ❞✐s❝❤❛r❣❡ ❝♦❞❡

■♠♣❧❡♠❡♥t✐♥❣ ❖P❊◆▼P ♣r♦t♦❝♦❧s ✐♥ ❛ s❡q✉❡♥t✐❛❧ ❝♦❞❡ ❞✐❞ ♥♦t r❡q✉✐r❡ t♦
❝❤❛♥❣❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦❞❡✳ ❇✉t ❢♦r ❛♥ ▼P■✲❖P❊◆▼P ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ ✇✐t❤ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ❝❤❛♥❣❡ t❤❡ str✉❝t✉r❡
♦❢ t❤❡ ❝♦❞❡ ❛♥❞ t❤❡♥ t❤❡ ❝♦❞❡ ✇❛s ❝♦♠♣❧❡t❡❧② r❡✇r✐tt❡♥✳
❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s t♦ ✉s❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❤❡r❡ ♦♥ ❡❛❝❤
▼P■ ♣r♦❝❡ss ❛ s✉❜ ❞♦♠❛✐♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❣r✐❞ ✐s ❛ss✐❣♥❡❞✿

• ❈❤♦♦s❡ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❛♥❞ ❛❞❥✉st t❤❡ ♠❡s❤ ✐♥ ♦r❞❡r
t♦ ❤❛✈❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❜❛❧❛♥❝✐♥❣ ✇♦r❦❧♦❛❞ ♦♥ ❡❛❝❤ s✉❜ ❞♦♠❛✐♥✳

• ❈r❡❛t❡ t❤❡ ♠❡s❤ ✜rst ❛♥❞ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■
♣r♦❝❡ss❡s r❡q✉❡st❡❞✱ ❝r❡❛t❡ ❡❛❝❤ s✉❜ ❞♦♠❛✐♥ ✭❜❛❧❛♥❝❡ ♦❢ ✇♦r❦❧♦❛❞
♥♦t ❛ss✉r❡❞✮✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ s❡❝♦♥❞ str❛t❡❣② t❤❛t ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡
❣r✐❞ ❛♥❞ t❤❡♥ t❤❡ ▼P■ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝r❡❛t❡s t❤❡ s✉❜ ❞♦♠❛✐♥ ❢♦r ❡❛❝❤
▼P■ ♣r♦❝❡ss✳ ❖❢ ❝♦✉rs❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ♦♣t✐♠❛❧ ❧♦❛❞ ❜❛❧❛♥❝❡ ♦♥ ❡❛❝❤
▼P■ ♣r♦❝❡ss❡s ✇✐t❤ t❤✐s str❛t❡❣②✳ ❉♦✐♥❣ s♦ ✇❛s ❛❧s♦ ♠♦t✐✈❛t❡❞ ❜② t❤❡ r❡✲
s♦✉r❝❡s ❛✈❛✐❧❛❜❧❡✳ ❖♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r✱ ❢r♦♠ ❛ r✉♥ t♦ ❛♥ ♦t❤❡r✱ ✇❡ ♠❛②
♥♦t ❤❛✈❡ ❛❝❝❡ss t♦ ❛❧❧ t❤❡ r❡s♦✉r❝❡s r❡q✉✐r❡❞ ❢♦r ❛♥ ♦♣t✐♠❛❧ s✐♠✉❧❛t✐♦♥
r✉♥✳ ❲✐t❤ t❤❡ s❡❝♦♥❞ str❛t❡❣②✱ ✇❡ ❛r❡ ♥♦t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ r❡s♦✉r❝❡s
❛✈❛✐❧❛❜❧❡ ❛♥❞ t❤❡ s✐♠✉❧❛t❡❞ ❞♦♠❛✐♥ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ❝❤❛♥❣❡❞ ✇❤✐❝❤
❣✉❛r❛♥t❡❡s t❤❛t ✇❡ s✐♠✉❧❛t❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❣❡♦♠❡tr② r❡❣❛r❞❧❡ss ♦❢ t❤❡
r❡s♦✉r❝❡s ❛✈❛✐❧❛❜❧❡✳
❲❡ ♠✉st ♣♦✐♥t ♦✉t ❤❡r❡✱ t❤❛t ✇r✐t✐♥❣ ❛ ❢✉❧❧ ▼P■✲❖P❊◆▼P ❝♦❞❡ ❢♦r
str❡❛♠❡r ❞✐s❝❤❛r❣❡s ✇❛s ❞♦♥❡ t❤❛♥❦s t♦ t❤❡ r❡♠❛r❦❛❜❧❡ s✐♠♣❧✐❝✐t② t♦ ❤❛♥✲
❞❧❡ t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❍❨P❘❊
❧✐❜r❛r②✳ ❇❡❢♦r❡ s❤♦✇✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❝♦❞❡ ✇❡ ❣✐✈❡ ❞❡t❛✐❧s ♦♥
t❤❡ ❝♦❞❡ ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s t♦ s✐♠✉❧❛t❡ t❤❡ ❚❈✲✷✿

• P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ✭❙▼● s♦❧✈❡r
✇✐t❤ Tol = 10−8✮ ✇✐t❤ ♦r ✇✐t❤♦✉t t❤❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ ✭s❡❝✲
t✐♦♥ ✷✳✹✮

• ❊①♣❧✐❝✐t ❯◆❖✸ s❝❤❡♠❡ ✭3rd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✮ ❝♦✉♣❧❡❞ ✇✐t❤
t❤❡ ▼❆❈❍❖ ♦♣❡r❛t♦r ❢♦r t❤❡ s♣❛t✐❛❧ s♣❧✐tt✐♥❣ t♦ s♦❧✈❡ t❤❡ ❝♦♥✈❡❝✲
t✐♦♥ ❡q✉❛t✐♦♥ ✭s❡❝t✐♦♥ ✸✳✷✳✶✮

• ❊①♣❧✐❝✐t 2nd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭s❡❝✲
t✐♦♥ ✸✳✸✳✷✮

• ❊①♣❧✐❝✐t 4th ♦r❞❡r ❘✉♥❣❡✲❦✉tt❛ s❝❤❡♠❡ ❢♦r t❤❡ ❝❤❡♠✐str② s♦✉r❝❡ t❡r♠
✭s❡❝t✐♦♥ ✶✳✸✳✸✮

• 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞✿
U t+∆t = C∆t D∆t R∆t U t✱
✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡ t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t + ∆t r❡s♣❡❝t✐✈❡❧②✳
C∆t✱D∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ t❤❡ ❝❤❡♠✲
✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥ ∆t✳
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✻✼

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❝♦❞❡ ✇✐t❤♦✉t t❤❡
♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ❝❛❧❝✉❧❛t✐♦♥✳

✹✳✷✳✶ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❝♦❞❡ ✇✐t❤ ▼P■ ♦♥❧②
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Total one iteration

❋✐❣✉r❡ ✹✳✶✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t♦ ❝♦♠♣✉t❡ P♦✐ss♦♥✱ ❞✐✛✉s✐♦♥✱ ❝♦♥✈❡❝t✐♦♥
❛♥❞ ❝❤❡♠✐str② ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ t✐♠❡ ❢♦r ❛ ❝♦♠♣❧❡t❡ t✐♠❡✲st❡♣ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷ ✇❤❡r❡ nx × nr = 3353× 1725

■♥ ❋✐❣✉r❡ ✹✳✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t♦ ❝♦♠♣✉t❡ P♦✐ss♦♥✱
❞✐✛✉s✐♦♥✱ ❞r✐❢t ❛♥❞ ❝❤❡♠✐str② ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ t✐♠❡ ❢♦r ❛ ❝♦♠♣❧❡t❡ t✐♠❡✲
st❡♣ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷✳
❋✐❣✉r❡ ✹✳✶✱ s❤♦✇s t❤❛t ♥♦ ♠❛tt❡r t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ✉s❡❞✱ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ✐s t❤❡ ♠♦st ❡①♣❡♥s✐✈❡ ❡q✉❛t✐♦♥ t♦ s♦❧✈❡✱
❢♦❧❧♦✇❡❞ ✐♥ ♦r❞❡r ❜② t❤❡ ❝❤❡♠✐str②✱ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳
■❢ ♦♥❧② ♦♥❡ ▼P■ ♣r♦❝❡ss ✐s ✉s❡❞✱ ✐t t❛❦❡s ✶✼✳✵✺ s ❢♦r ♦♥❡ t✐♠❡✲st❡♣✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ ✼✷ ▼P■ ♣r♦❝❡ss❡s ❛r❡ ✉s❡❞✱ ✐t ✇✐❧❧ ♦♥❧② t❛❦❡ ✵✳✻✸ s ❢♦r
♦♥❡ t✐♠❡✲st❡♣✳ ❖♥ ❋✐❣✉r❡ ✹✳✷✱ ✇❡ ♣r❡s❡♥t t❤❡ s♣❡❡❞✲✉♣ ❢♦r P♦✐ss♦♥✱ ❞✐✛✉✲
s✐♦♥✱ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❝❤❡♠✐str② ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ s♣❡❡❞✲✉♣ ❢♦r ❛ ❝♦♠♣❧❡t❡
t✐♠❡✲st❡♣ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷✳ ❲❡
❝❛♥ s❡❡ t❤❛t t❤❡ ❣❡♥❡r❛❧ s♣❡❡❞✲✉♣ ✐s ✐♥❝r❡❛s✐♥❣✳ ❋♦r ✼✷ ▼P■ ♣r♦❝❡ss♦rs✱



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✻✽ ✖ ★✽✷
✐

✐

✐

✐

✐

✐

✻✽ ❈❤❛♣t❡r ✹ ✲ ❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢
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❋✐❣✉r❡ ✹✳✷✿ ❙♣❡❡❞✲✉♣ ❢♦r P♦✐ss♦♥✱ ❞✐✛✉s✐♦♥✱ ❝♦♥✈❡❝t✐♦♥ ❛♥❞ ❝❤❡♠✐str② ❡q✉❛✲
t✐♦♥s ❛♥❞ t❤❡ s♣❡❡❞✲✉♣ ❢♦r ❛ ❝♦♠♣❧❡t❡ t✐♠❡✲st❡♣ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢
▼P■ ♣r♦❝❡ss❡s ❢♦r t❤❡ ❚❈✲✷

t❤❡ ♠♦st s❝❛❧❛❜❧❡ ♣❛rt ✐s t❤❡ s♣❡❡❞✲✉♣ ♦❢ ❝❤❡♠✐str② ✭✹✽✳✺✮ ❞✉❡ t♦ t❤❡ ❢❛❝t
t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s s✐♠♣❧② ❧♦❝❛❧ t♦ ❡❛❝❤ ❝❡❧❧ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r
t❤❡ r❡st ♦❢ t❤❡ ❝♦❞❡✳ ❚❤❡ s♣❡❡❞✲✉♣ ♦❢ ❞✐✛✉s✐♦♥ ♣❛rt ✭✸✹✳✻✮ ✐s t❤❡ s❡❝♦♥❞
♠♦st s❝❛❧❛❜❧❡ ♣❛rt ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢♦❧❧♦✇❡❞ ❜② t❤❡ t❤❡ s♣❡❡❞✲✉♣ ♦❢ ❝♦♥✲
✈❡❝t✐♦♥ ♣❛rt ✭✸✵✳✼✮ ♦❢ t❤❡ ❝♦❞❡✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥
✐s t❤❡ ❧❡ss s❝❛❧❛❜❧❡ ♣❛rt ✇✐t❤ ❛ s♣❡❡❞✲✉♣ ♦❢ ✶✷✳✹✳
❖♥ ❋✐❣✉r❡ ✹✳✶✱ ✇❡ s❡❡ t❤❛t ♠♦st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐s s♣❡♥t
✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ❙♦ ✐t ✐s ✉♥❞❡rst❛♥❞❛❜❧❡ t❤❛t
t❤❡ ❣❡♥❡r❛❧ s♣❡❡❞✲✉♣ ♦❢ t❤❡ ❝♦❞❡ ✐s str♦♥❣❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❝❛❧❝✉❧❛✲
t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❚❈✲✷ ✇✐t❤
nx×nr = 3353× 1725 = 5.78× 106 ♣♦✐♥ts ❛♥❞ ✼✷ ▼P■ ♣r♦❝❡ss❡s✱ ✐t ♦♥❧②
t❛❦❡s ✵✳✻✸ s t♦ ❞♦ ♦♥❡ t✐♠❡✲st❡♣✳

✹✳✷✳✷ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❝♦❞❡ ✇✐t❤ ▼P■✲❖P❊◆▼P

■♥ t❤❡ ❍❨P❘❊ ❧✐❜r❛r② ✭❍❨P❘❊ ✷✵✵✼✮✱ t❤❡r❡ ✐s ❛❧s♦ ❛ ✈❡rs✐♦♥ ✇✐t❤ ▼P■✲
❖P❊◆▼P ❝❛♣❛❜✐❧✐t✐❡s✳ ■t ✇❛s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ✇r✐t❡ ❛ ❤②❜r✐❞ ✭▼P■✲



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✻✾ ✖ ★✽✸
✐

✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✻✾

❖P❊◆▼P✮ ❝♦❞❡✳ ❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ ♦❢ ❋✐♥❡✲
❣r❛✐♥ ✭❋●✮ ❢♦r t❤❡ ❖P❊◆▼P ♣❛rt ♦❢ t❤❡ ❝♦❞❡ ✇❤❡r❡ ✇❡ ♦♥❧② s❤❛r❡ t❤❡
✇♦r❦❧♦❛❞ ❜❡t✇❡❡♥ t❤r❡❛❞s ✐♥ ♣❛r❛❧❧❡❧ ❧♦♦♣s ✇✐t❤ t❤❡ ✧❉❖✧ ❞✐r❡❝t✐✈❡✳ ❆♥
❡✈❡♥ ♠♦r❡ ✐♥tr✉s✐✈❡ ❛♣♣r♦❛❝❤ ❝❛❧❧❡❞ ❋✐♥❡✲❣r❛✐♥ ✭❈●✮ ❡①✐sts ❜✉t ✐t ✐♥tr♦✲
❞✉❝❡s ♠♦r❡ ❝♦♠♣❧❡①✐t② ❛♥❞ r❡q✉✐r❡s ❛ ❤✐❣❤ ❛♠♦✉♥t ♦❢ ❞❡❡♣ ❝❤❛♥❣❡s ✐♥ t❤❡
❝♦❞❡ str✉❝t✉r❡ ✭❝♦♠♣❛r❛❜❧❡ t♦ ❝❤❛♥❣✐♥❣ ❛ s❡q✉❡♥t✐❛❧ ❝♦❞❡ t♦ ❛ ▼P■ ♦♥❧②
✈❡rs✐♦♥✮✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② t♦ ❞♦ ❤②❜r✐❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐s ❤♦✇ t❤❡ ♣r♦❣r❛♠♠❡r
❤❛♥❞❧❡s t❤❡ ▼P■ ❝❛❧❧s ✐♥ ❛ s❤❛r❡❞ ♣❛r❛❧❧❡❧ r❡❣✐♦♥ ♦❢ t❤❡ ❝♦❞❡✳ ❚❤❡r❡ ❡①✐sts
t❤r❡❡ ❧❡✈❡❧s ♦❢ ♠✉❧t✐✲t❤r❡❛❞✐♥❣ s✉♣♣♦rt ❢♦r t❤❛t✿

• ▼P■ ❚❍❘❊❆❉ ❙■◆●▲❊✿
❖♣❡♥▼P ❝❛♥ ♥♦t ❜❡ ✉s❡❞

• ▼P■ ❚❍❘❊❆❉ ❋❯◆◆❊▲❊❉✿
▼P■ ❝❛❧❧s ❤❛✈❡ t♦ ❜❡ ♠❛❞❡ ♦✉ts✐❞❡ ❖P❊◆▼P s❤❛r❡❞ ♣❛r❛❧❧❡❧ r❡❣✐♦♥
♦r ✐♥ ❖P❊◆▼P r❡❣✐♦♥ ❜✉t ✐♥❝❧♦s❡❞ ✐♥ MASTER r❡❣✐♦♥ ✭♦♥❧② t❤❡
♠❛st❡r t❤r❡❛❞ ✐s ❛❧❧♦✇❡❞ t♦ ♠❛❦❡ ❛ ▼P■ ❝❛❧❧✮

• ▼P■ ❚❍❘❊❆❉ ▼❯▲❚■P▲❊✿
◆♦ r❡str✐❝t✐♦♥s

❊✈❡♥ t❤♦✉❣❤ t❤❡ ▼P■ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r ❛❧❧♦✇s ▼P■
❚❍❘❊❆❉ ▼❯▲❚■P▲❊ s✉♣♣♦rt✱ ✇❡ ❢♦✉♥❞ ❛❢t❡r tr✐❛❧s ❛♥❞ ❡rr♦r t❤❛t ♦♥❧②
✐♥ ✐♥❝❧♦s❡❞ MASTER r❡❣✐♦♥ ✇❡ ❝♦✉❧❞ s❛❢❡❧② ♠❛❦❡ ▼P■ ❝❛❧❧s✳

▼P■ ① ❖P❊◆▼P P♦✐ss♦♥ ❉✐✛✉s✐♦♥ ❈♦♥✈❡❝t✐♦♥ ❈❤❡♠✐str② ❚♦t❛❧
✭s✮ ✭s✮ ✭s✮ ✭s✮ ✭s✮

✶✷①✶ ✷✳✽✽ ✵✳✸ ✶✳✹✶ ✶✳✵✼ ✺✳✽✺
✻①✷ ✶✳✺✼ ✵✳✷✾ ✵✳✺✼ ✷✳✶ ✺✳✹✼
✹①✸ ✶✳✹✾ ✵✳✶✼ ✵✳✹✸ ✶✳✶✷ ✹✳✷✺
✸①✹ ✶✳✼ ✵✳✷✶ ✵✳✺✶ ✶✳✽✸ ✺✳✺✻

❚❛❜❧❡ ✹✳✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✐♠❡ ❢♦r ❝♦♠♣✉t✐♥❣ P♦✐ss♦♥✱ ❞✐✛✉s✐♦♥✱ ❝♦♥✈❡❝✲
t✐♦♥ ❛♥❞ ❝❤❡♠✐str② ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ❢♦r ❛ ❣✐✈❡♥
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▼P■ ♣r♦❝❡ss❡s × ❖P❊◆▼P t❤r❡❛❞s ❂ ✶✷ ❝♦r❡s ❢♦r ❛ ❣r✐❞ s✐③❡
♦❢ nx × nr = 3353× 1725 ✐♥ ❚❈✲✷✳

■♥ ❚❛❜❧❡ ✹✳✶✱ ❢♦r ✶✷ ❝♦r❡s ❛✈❛✐❧❛❜❧❡ ✭♦♥❡ ♥♦❞❡ ♦♥ ✧✐❣❧♦♦✧✮ ✇❡ ❝♦♠♣❛r❡ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❝♦❞❡ ❜❡t✇❡❡♥ ✶✷ ▼P■ ♣r♦❝❡ss❡s ❛♥❞ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
▼P■ ♣r♦❝❡ss❡s ❛♥❞ ❖P❊◆▼P t❤r❡❛❞s✳ ❲❡ s❤♦✇ ❤❡r❡ t❤❛t ❜❡tt❡r ♣❡r❢♦r✲
♠❛♥❝❡s ❛r❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ✇❡ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❖P❊◆▼P t❤r❡❛❞s
♣❡r ▼P■ ♣r♦❝❡ss✳ ❚❤❡ ❜❡st ❝♦♠❜✐♥❛t✐♦♥ ✐♥ t❤✐s ❝❛s❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥
✉s✐♥❣ ✹ ▼P■ ♣r♦❝❡ss❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ✸ ❖P❊◆▼P t❤r❡❛❞s ♣❡r ▼P■ ♣r♦✲



✐
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✐

✐

✐

✐

✐

✐

✼✵ ❈❤❛♣t❡r ✹ ✲ ❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢

t❤❡ ♥❡✇ ❞✐s❝❤❛r❣❡ ❝♦❞❡

❝❡ss✳ ❲❡ ♣♦✐♥t ♦✉t ❛❧s♦ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❖P❊◆▼P t❤r❡❛❞s
♣❡r ▼P■ ♣r♦❝❡ss t♦ ✈❛❧✉❡s ❤✐❣❤❡r t❤❛♥ ✸ ❞❡❝r❡❛s❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
❝♦❞❡ ✐♥ ❣❡♥❡r❛❧✳ ❚❤✐s ✐s ❞✉❡ ♠❛✐♥❧② t♦ t❤❡ ❋✐♥❡ ●r❛✐♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

▼P■ ① ❖P❊◆▼P P♦✐ss♦♥ ❉✐✛✉s✐♦♥ ❈♦♥✈❡❝t✐♦♥ ❈❤❡♠✐str② ❚♦t❛❧
✭s✮ ✭s✮ ✭s✮ ✭s✮ ✭s✮

✼✷①✶ ✵✳✺ 1.79 10−2 6.65 10−2 ✵✳✶✶ ✵✳✻✸
✸✻①✷ ✵✳✺✸ 2.68 10−2 ✵✳✶✾ ✵✳✶✼ ✶✳✵✺
✷✹①✸ ✵✳✹ 3.18 10−2 7.61 10−2 ✵✳✷✵ ✵✳✽✻
✶✽①✹ ✵✳✺✸ 4.67 10−2 ✵✳✶✹ ✵✳✸✽ ✶✳✷✽

❚❛❜❧❡ ✹✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✐♠❡ ❢♦r ❝♦♠♣✉t✐♥❣ P♦✐ss♦♥✱ ❞✐✛✉s✐♦♥✱ ❝♦♥✈❡❝✲
t✐♦♥ ❛♥❞ ❝❤❡♠✐str② ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ t♦t❛❧ t✐♠❡ ❢♦r ♦♥❡ t✐♠❡✲st❡♣ ❢♦r ❛ ❣✐✈❡♥
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▼P■ ♣r♦❝❡ss❡s ① ❖P❊◆▼P t❤r❡❛❞s ❂ ✼✷ ❝♦r❡s ❢♦r ❛ ❣r✐❞ s✐③❡ ♦❢
nx × nr = 3353× 1725 ✐♥ ❚❈✲✷✳

■♥ ❚❛❜❧❡ ✹✳✷✱ ✇❡ s❡❡ t❤❛t ❝♦♠❜✐♥✐♥❣ ▼P■ ♣r♦❝❡ss❡s ❛♥❞ ❖P❊◆▼P t❤r❡❛❞s
❞❡❝r❡❛s❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦❞❡ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ✼✷ ❝♦r❡s ❛r❡ ✉s❡❞✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ▼P■ ♦♥❧② ✈❡rs✐♦♥ ✐s ❢❛st❡r t❤❛♥ ❛♥② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▼P■✲
❖P❊◆▼P ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s✳

✹✳✸ ❈♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ❢♦r
t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s

❉✉r✐♥❣ t❤✐s t❤❡s✐s t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇❛s ❣r❛❞✉❛❧❧② ♣❛r❛❧❧❡❧✐③❡❞
t♦ ✐♠♣r♦✈❡ ✐ts ♣❡r❢♦r♠❛♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✇✐t❤ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s✲
❝❤❛r❣❡ ❝♦❞❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ s✐♠✉❧❛t❡ t❤❡ ❚❈✲✷ ✇✐t❤ ❛ ❣r✐❞ s✐③❡ ♦❢ nx×nr =
3353× 1725 ✐♥ ❧❡ss t❤❛♥ ✸ ❤♦✉rs ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✇❡❡❦ ♦❢ ❝❛❧❝✉❧❛t✐♦♥s
r❡q✉✐r❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✇✐t❤ P❛❙t✐❳✳
❉✉r✐♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ❤❛✈❡ ✈❛❧✐❞❛t❡❞ t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ❝♦❞❡✱ ✐♥
♣❛rt✐❝✉❧❛r ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝❛s❡ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ♣♦s✲
✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡
❣❡♦♠❡tr② ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✳ ■♥ ❆♣♣❡♥❞✐① ❉✱ ✇❡ ♣r❡s❡♥t t❤❡ ✈❛❧✐❞❛t✐♦♥
♦❢ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡✳ ❆s ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ s❡✈❡r❛❧ ✈❡r✲
s✐♦♥s ♦❢ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❞✉r✐♥❣ t❤✐s t❤❡s✐s✱ ✇❡ s✉♠♠❛r✐③❡ ❤❡r❡
t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ❝♦❞❡ ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✿

• ❈❤❛♣t❡r ✺ ❛♥❞ ✻✿ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡ ✐♥
❛ ♣♦✐♥t t♦ ♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ♦♥ ✐ts ♣❛t❤✱ ✇❡



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✼✶ ✖ ★✽✺
✐

✐

✐

✐

✐

✐

P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✼✶

✉s❡❞ t❤❡ s❡q✉❡♥t✐❛❧ ❧❡❣❛❝② ❝♦❞❡✿

✕ ❋✉❧❧ ❡①♣❧✐❝✐t ❝♦❞❡
✕ ▼❯▼P❙ s♦❧✈❡r ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥
s♦✉r❝❡ t❡r♠

✕ ❊①♣❧✐❝✐t ■♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡❧✲●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡ ❢♦r t❤❡
❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥

✕ 4th ♦r❞❡r ❘✉♥❣❡✲❦✉tt❛ s❝❤❡♠❡ ❢♦r t❤❡ ❝❤❡♠✐str② s♦✉r❝❡ t❡r♠
✕ 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞✿ U t+∆t = CD∆t R∆t U t✱
✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡ t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t + ∆t r❡s♣❡❝✲
t✐✈❡❧②✳ CD∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❛♥❞
t❤❡ ❝❤❡♠✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥
∆t✳

✕ ❆✈❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✿ ✶✵ ❞❛②s✳
❈❤❛♣t❡r ✺ ❛♥❞ ✼✿ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡ ✐♥
❛ ♣♦✐♥t t♦ ♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ♦♥ ✐ts ♣❛t❤✱ ✇❡
✉s❡❞ t❤❡ ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❝♦❞❡✿

✕ ❋✉❧❧ ❡①♣❧✐❝✐t ❝♦❞❡
✕ P❛❙t✐❳ s♦❧✈❡r ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ s♦✉r❝❡
t❡r♠

✕ ❊①♣❧✐❝✐t ■♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡❧✲●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡ ❢♦r t❤❡
❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥

✕ ❊①♣❧✐❝✐t 4th ♦r❞❡r ❘✉♥❣❡✲❦✉tt❛ s❝❤❡♠❡ ❢♦r t❤❡ ❝❤❡♠✐str② s♦✉r❝❡
t❡r♠

✕ 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞✿ U t+∆t = CD∆t R∆t U t✱
✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡ t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t + ∆t r❡s♣❡❝✲
t✐✈❡❧②✳ CD∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❛♥❞
t❤❡ ❝❤❡♠✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥
∆t✳

✕ ❆✈❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✿ ✷ ❞❛②s ✇✐t❤ ✻ ❖P❊◆▼P t❤r❡❛❞s✳
❈❤❛♣t❡r ✽✿ ❋♦r t❤❡ ❝♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇✐t❤ s✐♠✉✲
❧❛t✐♦♥s ♦❢ ❛ ♣♦s✐t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡ ✐♥ ❛ ♣♦✐♥t t♦ ♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤
❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ♦♥ ✐ts ♣❛t❤✱ ✇❡ ✉s❡❞ t❤❡ ❤②❜r✐❞ ♣❛r❛❧❧❡❧ ✭▼P■✲
❖P❊◆▼P✮ ❝♦❞❡✿

✕ ❙❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ✭t♦ r❡♠♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡✲
st❡♣ ❝♦♥str❛✐♥t ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸✶✮✮

✕ ❍❨P❘❊ ✭❙▼● s♦❧✈❡r✮ ❧✐❜r❛r② ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ♣❤♦t♦✲
✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠

✕ ❊①♣❧✐❝✐t ❯◆❖✸ s❝❤❡♠❡ ✭3rd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✮ ❝♦✉♣❧❡❞



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✼✷ ✖ ★✽✻
✐

✐

✐

✐

✐

✐

✼✷ ❈❤❛♣t❡r ✹ ✲ ❉♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ str❛t❡❣② ♦❢

t❤❡ ♥❡✇ ❞✐s❝❤❛r❣❡ ❝♦❞❡

✇✐t❤ t❤❡ ▼❆❈❍❖ ♦♣❡r❛t♦r ❢♦r t❤❡ s♣❛t✐❛❧ s♣❧✐tt✐♥❣ t♦ s♦❧✈❡ t❤❡
❝♦♥✈❡❝t✐♦♥ ❡q✉❛t✐♦♥

✕ ❊①♣❧✐❝✐t 2nd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡ ❢♦r t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥
✕ ❊①♣❧✐❝✐t 4th ♦r❞❡r ❘✉♥❣❡✲❦✉tt❛ s❝❤❡♠❡ ❢♦r t❤❡ ❝❤❡♠✐str② s♦✉r❝❡
t❡r♠

✕ 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞✿
U t+∆t = C∆t D∆t R∆t U t✱
✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡ t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t+∆t r❡s♣❡❝t✐✈❡❧②✳
C∆t✱D∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ t❤❡
❝❤❡♠✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥ ∆t✳

✕ ❆✈❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✿ ✶✷ ❤♦✉rs ✇✐t❤ ✼✷ ▼P■ ♣r♦❝❡ss❡s✳
■♥ ❝❤❛♣t❡r ✾✱ ✇❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡s
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❞✐❡❧❡❝tr✐❝ t✉❜❡s✳ ❚❤❡ ❞❡t❛✐❧❡❞ ♣❤②s✐❝❛❧
♠♦❞❡❧ ❢♦r ❤❡❧✐✉♠ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳

• ■♥ ❛✐r✱ ❛❧❧ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s st✉❞✐❡❞ ✭❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ ❝❤❡♠✲
✐str②✮ ❛r❡ ❛❧♠♦st ♦♥ t❤❡ s❛♠❡ t✐♠❡s❝❛❧❡ t❤❛t ✐s ✇❤② ❡①♣❧✐❝✐t s❝❤❡♠❡s
✇❡r❡ ✉s❡❞ ✐♥ ❛✐r ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✳

• ■♥ ❤❡❧✐✉♠✱ t❤❡ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ❤❛✈❡ ❞✐✛❡r❡♥t t✐♠❡s❝❛❧❡s✳
✕ ■♥ t❤❡ ❝❤❡♠✐str② ♠♦❞❡❧ ✉s❡❞ ❢♦r ❤❡❧✐✉♠✱ ❢❛st r❡❛❝t✐♦♥s ✐♠♣♦s❡
q✉✐t❡ ❧♦✇ ❝❤❡♠✐str② t✐♠❡✲st❡♣ ✐♥ t❤❡ ♦r❞❡r ♦❢ ∆td = 10−16s✳
❋♦r str❡❛♠❡r ❞②♥❛♠✐❝s t❤❛t ♥❡❡❞s t♦ ❜❡ st✉❞✐❡❞ ♦♥ ✺✵ ♥s
t✐♠❡s❝❛❧❡✱ t❤❡ 4th ♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ s❝❤❡♠❡ ✐s ♥♦t r❡❧❡✈❛♥t
❛♥②♠♦r❡ ❛♥❞ t❤❡ ✐♠♣❧✐❝✐t 5th ♦r❞❡r ❘❆❉❆❯✺ s♦❧✈❡r ✭❍❛✐r❡r
❛♥❞ ❲❛♥♥❡r ✶✾✾✻✮ ✇❛s ✉s❡❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✲
✐str② s♦✉r❝❡ t❡r♠✳

✕ ❚❤❡ ❡❧❡❝tr♦♥ ❞✐✛✉s✐♦♥ ✐♥ ❤❡❧✐✉♠ ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ ✐♥ ❛✐r
❝♦♠♣❛r❡❞ t♦ t❤❡ ❡❧❡❝tr♦♥ ♠♦❜✐❧✐t②✱ s♦ ✐t r❡q✉✐r❡s ❛ ✜♥❡r ♠❡s❤
s✐③❡ ❢♦r ❜❡tt❡r r❡s♦❧✉t✐♦♥✳ ❇✉t ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✷✾✮✱ t❤❡ ❞✐✛✉s✐♦♥
t✐♠❡✲st❡♣ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ♠❡s❤ s✐③❡ ❛♥❞ s♦
t❤❡ ❞✐✛✉s✐♦♥ t✐♠❡ st❡♣ ✐s ✐♥ t❤❡ ♦r❞❡r ♦❢ ∆td = 10−15s✳ ❋♦r
❧♦♥❣ t✐♠❡s❝❛❧❡ st✉❞②✱ ✇❡ ❝❤❛♥❣❡❞ t❤❡ ❡①♣❧✐❝✐t 2nd ♦r❞❡r s❝❤❡♠❡
❢♦r t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ t♦ t❤❡ ❡①♣❧✐❝✐t 4th ♦r❞❡r ❘❖❈❑✹ ✭❆❜✲
❞✉❧❧❡ ✷✵✵✶✮ s♦❧✈❡r ✇✐t❤ ❞②♥❛♠✐❝ ✐♥♥❡r t✐♠❡✲st❡♣✳

✕ 1st ♦r❞❡r ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ♠❡t❤♦❞✿
U t+∆t = C∆t D∆t R∆t U t✱
✇❤❡r❡ U t ❛♥❞ U t+∆t

1 ❛r❡ t❤❡ s♦❧✉t✐♦♥ ❛t t ❛♥❞ t+∆t r❡s♣❡❝t✐✈❡❧②✳
C∆t✱D∆t ❛♥❞ R∆t st❛♥❞s ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✱ ❞✐✛✉s✐♦♥ ❛♥❞ t❤❡
❝❤❡♠✐str② ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥ ∆t✳

✕ ❙❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ✭t♦ r❡♠♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡✲
st❡♣ ❝♦♥str❛✐♥t ✭✶✳✸✶✮✮

✕ ❍❨P❘❊ ✭❙▼● s♦❧✈❡r✮ ❧✐❜r❛r② ❢♦r P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ♣❤♦t♦✲
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P❛rt ■ ✲ P❤②s✐❝❛❧ ♠♦❞❡❧✱ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡

❞✐s❝❤❛r❣❡ ❝♦❞❡
✼✸

✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠
✕ ❊①♣❧✐❝✐t ❯◆❖✸ s❝❤❡♠❡ ✭3rd ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✮ ❝♦✉♣❧❡❞
✇✐t❤ t❤❡ ▼❆❈❍❖ ♦♣❡r❛t♦r ❢♦r t❤❡ s♣❛t✐❛❧ s♣❧✐tt✐♥❣ t♦ s♦❧✈❡ t❤❡
❝♦♥✈❡❝t✐♦♥ ❡q✉❛t✐♦♥

✕ ❆✈❡r❛❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✿ ♦♥❡ ❞❛② ✇✐t❤ ✹ ▼P■ ♣r♦❝❡ss❡s
❛♥❞ ✶✷ ❖P❊◆▼P t❤r❡❛❞s✳
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P❛rt ■■

■♥✢✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s

♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢

❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝

♣r❡ss✉r❡
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✐

✐

✐

✐

✐

❈❤❛♣t❡r ✺

❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝

♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡

❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♦♥

t❤❡ ❝❛t❤♦❞❡

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❇❡❢♦r❡ st✉❞②✐♥❣ ✐♥ ❝❤❛♣t❡rs ✻✱ ✼ ❛♥❞ ✽ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❧❛❝✐♥❣ ❛ ❞✐❡❧❡❝tr✐❝
♣❧❛♥❡ ♦❜st❛❝❧❡ ✐♥ t❤❡ ♣❛t❤ ♦❢ ❛ ♣r♦♣❛❣❛t✐♥❣ ❞✐s❝❤❛r❣❡✱ ❛s ❛ ✜rst st❡♣ ✐♥
t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡
♣❧❛♥❡✳ ❆s ❛ r❡❢❡r❡♥❝❡✱ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❝❛t❤♦❞❡
❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡ ✭❈❉❇❉✮ ❝♦♥✜❣✉r❛t✐♦♥✳
■♥ ❙❡❝t✐♦♥ ✺✳✷ ✇❡ ♣r❡s❡♥t t❤❡ st✉❞✐❡❞ s❡t✲✉♣ ❛♥❞ t❤❡ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✺✳✸✱
✇❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♠♣❛❝t ♦❢ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ♦♥ t❤❡
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❡♥ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t②
❛♥❞ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ■♥ ❙❡❝t✐♦♥ ✺✳✹✱ ✇❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♠♣❛❝t
♦❢ ❛ ♥❡❣❛t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ✇❡ ❝♦♠♣❛r❡
s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡
❞✐s❝❤❛r❣❡s✳
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

✺✳✷ ❙t✉❞✐❡❞ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♠♦❞❡❧
❢♦r♠✉❧❛t✐♦♥

❚❤❡ ❈❉❇❉ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❚❤❡ ❛♥♦❞❡ ✐s ❛♥
❤②♣❡r❜♦❧♦✐❞ ♣♦✐♥t✱ ❛♥❞ ✐ts s❤❛♣❡ ✐s ❣✐✈❡♥ ❜②✿

(x

a

)2

−
(r

b

)2

= 1, ✭✺✳✶✮

✇❤❡r❡ a = 0.5 ❝♠ ❛♥❞ b = 0.18 ❝♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛❞✐✉s ♦❢ ❝✉r✲
✈❛t✉r❡ ♦❢ ❘c = b2/a =✻✹✽ µ♠✳ ❚❤❡ ❛♥♦❞❡ t✐♣ ✐s ❧♦❝❛t❡❞ ❛t ✺ ♠♠ ❢r♦♠ ❛
❣r♦✉♥❞❡❞ ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✭x = 0 ❝♠✮✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r
t❤❛t ❛ ❝♦♥st❛♥t ✈♦❧t❛❣❡ ♦❢ ❯a = ±✶✸ ❦❱ ✐s ❛♣♣❧✐❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✳ ❲❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t❤✐❝❦♥❡ss ∆ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ ♦❢ ✐ts ♣❡r♠✐tt✐✈✐t② εr ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ■t ✐s
✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ s❛♠❡ ❛♥♦❞❡ s❤❛♣❡✱ ❣❛♣✱ ❞✐❡❧❡❝tr✐❝ ❝❤❛r❛❝t❡r✲
✐st✐❝s ❛♥❞ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r r❡✐❣♥✐t✐♦♥ st✉❞✐❡s ✐♥ ❝❤❛♣t❡rs
✻✲✼ t♦ ❝♦♠♣❛r❡ ✇✐t❤ ❈❉❇❉ r❡s✉❧ts✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ✈❛r✐❡❞ ∆ ✐♥
t❤❡ r❛♥❣❡ 176− 1000 µ♠ ❛♥❞ εr ✐♥ t❤❡ r❛♥❣❡ 1− 2✳ ❋♦r ∆ = 176µ♠✱ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ ❛s t❤✐♥ ❛♥❞ ❢♦r ∆❂✶ ♠♠ ❛s t❤✐❝❦✳

Δ

Interelectrode
gap=5mm

Hyperboloid point         

Dielectric layer

Air

x

r

Grounded plane
=xdiel

❋✐❣✉r❡ ✺✳✶✿ ❙✐❞❡ ✈✐❡✇ s❝❤❡♠❛t✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ∆✳ ❚❤❡ ❛①✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✐s xdiel❂∆✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣t❡r ✹✱ t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r
❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✇✐t❤ t❤❡ ▲❉❈ ❝♦❞❡✳ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ ✐♠♣r♦✈❡❞
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✼✾

❙❝❤❛r❢❡tt❡❧✲●✉♠♠❡❧ s❝❤❡♠❡ ✇✐t❤ ǫISG = 0.1✳ ■♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮ ✐t
❤❛s ❜❡❡♥ ❝❤❡❝❦❡❞ t❤❛t t❤✐s ✈❛❧✉❡ ❤❛s ❛ ✈❡r② s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡s✉❧ts
❜✉t ❛❧❧♦✇s t♦ r❡♠♦✈❡ s♠❛❧❧ ♦s❝✐❧❧❛t✐♦♥s ♦♥ s♦♠❡ ❝❛s❡s ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦
s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❧♦✇❡r ✈❛❧✉❡s ♦❢ ǫISG✳ ❆t ❡❛❝❤ ❣❛s✲❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡✱
s✉r❢❛❝❡ ❝❤❛r❣❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② t✐♠❡ ✐♥t❡❣r❛t✐♥❣ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✢✉①❡s
t♦ t❤❡ ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ❛♥❞ ✇❡ ❤❛✈❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ s❡❝♦♥❞❛r②
❡♠✐ss✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❜② ✐♦♥ ❜♦♠❜❛r❞♠❡♥t ✭✇✐t❤ ❛ s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥
❝♦❡✣❝✐❡♥t ♦❢ γ = 0.1✮✳ ❚❤❛t r❡❧❛t✐✈❡❧② ❤✐❣❤ ✈❛❧✉❡ ✐s ❛ ✇❛② t♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t r♦✉❣❤❧② ♦t❤❡r s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❛s ♣❤♦t♦❡♠✐ss✐♦♥ ❛♥❞
s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❜② ✐♠♣❛❝t ♦❢ ♠❡t❛st❛❜❧❡ ♠♦❧❡❝✉❧❡s✳ ❋✐✲
♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ❛ ❧♦✇ ✉♥✐❢♦r♠ ❞❡♥s✐t② ♦❢
104 ❝♠−3 ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ✐♥ t❤❡ ❛✐r ❣❛♣ ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r✳ ❆❧❧ ♦t❤❡r ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✶✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✶ ❝♠ × ✶✼ ❝♠ ✇✐t❤ ❛ ❈❛rt❡s✐❛♥ ❣r✐❞✳ ■♥
t❤❡ ❛①✐❛❧ ❞✐r❡❝t✐♦♥✱ ❝❧♦s❡ t♦ ❞✐❡❧❡❝tr✐❝✴❛✐r ✐♥t❡r❢❛❝❡s✱ ❛ ♠❡s❤ s✐③❡ ♦❢ ✶ µ♠
✐s ✉s❡❞ ❛♥❞ t❤❡♥ t❤❡ ♠❡s❤ s✐③❡ ✐s ✐♥❝r❡❛s❡❞ ❢♦❧❧♦✇✐♥❣ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡s✲
s✐♦♥ ✉♣ t♦ ✺ µ♠ ❛♥❞ ✐s ❦❡♣t ❝♦♥st❛♥t ✐♥ t❤❡ ❣❛s ❣❛♣ ❛♥❞ ❝❧♦s❡ t♦ t❤❡
❡❧❡❝tr♦❞❡s✳ ■♥ t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥✱ ❛ ♠❡s❤ s✐③❡ ♦❢ ✺ µ♠ ✐s ✉s❡❞ ❢r♦♠ t❤❡
❛①✐s ♦❢ s②♠♠❡tr② ✉♣ t♦ r = 0.3 ❝♠ ❛♥❞ t❤❡♥ t❤❡ ♠❡s❤ ❢♦❧❧♦✇s ❛ ❣❡♦♠❡tr✐❝
♣r♦❣r❡ss✐♦♥ ✉♥t✐❧ r = 17 ❝♠✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❢♦r t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ♦♥
❋✐❣✉r❡ ✺✳✷✱ ✇✐t❤ ❛ ✶✼✻ µ♠ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡✱
t❤❡ ❣r✐❞ ✐s nx × nr = 1535× 1000✳

✺✳✸ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ✐♥ ❛
♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ t❤❡ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡

❋✐rst ✇❡ ❝♦♥s✐❞❡r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ∆ = 176µm✳
❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡
✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❂ ✹✳✺✱ ✻ ❛♥❞ ✾✳✽ ♥s ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ✇✐t❤
εr = 2 ❛♥❞ ❚❛❜❧❡ ✺✳✶ ❣✐✈❡s s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✲
✐❝s✳ ❲✐t❤ ❛♥ ✐♥✐t✐❛❧ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ ❯a = +13 kV✱ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ✐s ✐❣♥✐t❡❞ ❛t τignition = 0.8 ♥s ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t ❛♥❞ ♣r♦♣❛❣❛t❡s
❛①✐❛❧❧② ✐♥ t❤❡ ❣❛♣ ❛s s❤♦✇♥ ❛t t = 4.5 ♥s ✐♥ ❋✐❣✉r❡ ✺✳✷✳ ❆s t❤❡ str❡❛♠❡r
❢r♦♥t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❛✐r ❣❛♣✱ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡
❛①✐s ✐s ✶✵✹ ❦❱ ❝♠−1 ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s ✷✳✽×1013 ❝♠−3✱ ✇❤✐❝❤
❛r❡ t②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r str❡❛♠❡r ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳
❆s ❛❧r❡❛❞② ♥♦t❡❞ ✐♥ ✭❈é❧❡st✐♥ ❡t ❛❧✳ ✷✵✵✽❀ ❇❛❜❛❡✈❛ ❛♥❞ ❑✉s❤♥❡r ✷✵✶✶✮✱
✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t s❡❝♦♥❞❛r② ♣r♦❝❡ss❡s ❛t t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❤❛✈❡
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

❋✐❣✉r❡ ✺✳✷✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r
❯a = +13 kV✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t②
✐s εr = 2✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞
❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 4.5✱ 6 ❛♥❞ 9.8 ♥s✳ P❡❛❦ ✈❛❧✉❡s ♦❢ t❤❡ s❝❛❧❡s ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢ ✶✺✵ ❦❱ ❝♠−1 ❛♥❞ 1015 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✳ P❡❛❦
✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r ❛♥❞
❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✽✶

❛ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❞✉r✐♥❣ ✐ts ♣r♦♣❛❣❛t✐♦♥
✐♥ t❤❡ ❣❛s ❣❛♣ ✉♥t✐❧ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ❝❧♦s❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❆t
t❂ ✺✳✾ ♥s✱ t❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ t❤✐s t✐♠❡ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t τimpact ✭❚❛❜❧❡
✺✳✶✮✳ ❲❡ ♦❜s❡r✈❡ ❤❡r❡ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
✐s ❞✐r❡❝t❡❞ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡ ❛♥❞ s♦ ❡❧❡❝tr♦♥s ♠❛✐♥❧② ❞r✐❢t t♦✇❛r❞s t❤❡
❤❡❛❞ ♦❢ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ❞r✐❢t t♦✇❛r❞s t❤❡ s✉r❢❛❝❡
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❆s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ tr❛✐❧✐♥❣ ❝♦♥❞✉❝t✐✈❡ ❝❤❛♥♥❡❧ ♦❢
t❤❡ str❡❛♠❡r ✐s ♠✉❝❤ ❧❡ss t❤❛♥ ✐♥ t❤❡ str❡❛♠❡r ❤❡❛❞✱ ✇❤❡♥ t❤❡ str❡❛♠❡r
str✐❦❡s t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ♠♦st ♦❢ t❤❡ ❛♣♣❧✐❡❞ ♣♦t❡♥t✐❛❧ ✐s tr❛♥s❢❡rr❡❞ t♦
t❤❡ r❡s✉❧t✐♥❣ s❤❡❛t❤ ❛t t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❋✐❣✉r❡s ✺✳✸ t♦ ✺✳✺ ✭t♦♣ ❋✐❣✉r❡s✮ s❤♦✇ t❤❡ ❛❜s♦❧✉t❡
✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ✐ts ❧♦❝❛❧ ❞✐r❡❝t✐♦♥ ❛t t❂✺✳✾ ✭τimpact✮✱ ✻✳✶ ❛♥❞
✾✳✽ ♥s✳ ❋♦r t❂τimpact+0.2 ♥s ❂ ✻✳✶ ♥s✱ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❤❡❛t❤
♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✐s ♦❢ ✸✺✵ ❦❱ ❝♠−1 ❢♦r ❛ s❤❡❛t❤ t❤✐❝❦♥❡ss ♦❢ ✷✾ µm
❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❤❛s ❛ ♣❡❛❦ ✈❛❧✉❡ ♦❢ ✶✼✺ ❦❱ ❝♠−1✳
❆❢t❡r t❤❡ ✐♠♣❛❝t✱ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r✲
❢❛❝❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦s ✭❈é❧❡st✐♥ ❡t ❛❧✳ ✷✵✵✽❀ ❇❛❜❛❡✈❛ ❛♥❞
❑✉s❤♥❡r ✷✵✶✶❀ P❛♣❛❣❡♦r❣❤✐♦✉ ❡t ❛❧✳ ✷✵✵✾✮✳ ❆s ✇❡ ✉s❡ ❛♥ ❛①✐s②♠♠❡tr✐❝
❛♣♣r♦❛❝❤✱ t❤❡ ❝♦♠♣✉t❡❞ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❤❛s ❛ ❞✐s❦
s❤❛♣❡ ✇✐t❤ ❛ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡✿ ❛ ❤✐❣❤ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥
✐ts ❢r♦♥t ✭♣❡❛❦ ✈❛❧✉❡ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✶✽✹ ❦❱ ❝♠−1 ❛t t❂ ✾✳✽
♥s✮ t♦ ❡♥❛❜❧❡ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞✱ ❛
❧♦✇ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ✐ts ❝❤❛♥♥❡❧ ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡s ✺✳✸ t♦ ✺✳✺✳ ❚❤✐s
❤✐❣❤ ✈❛❧✉❡ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t ❛❢t❡r t❤❡ ✐♠♣❛❝t ♦❢
t❤❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ❡❧❡❝tr♦♥s ❛❜❧❡
t♦ ❞r✐❢t t♦✇❛r❞s t❤❡ str❡❛♠❡r ❤❡❛❞ ❛r❡ t❤❡ ♦♥❡s ❧♦❝❛t❡❞ ❝❧♦s❡ t♦ t❤❡ r❛❞✐❛❧
❡❞❣❡ ♦❢ t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ❝❧♦s❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❡♥✱ ❛s t❤❡ r❛❞✐❛❧
❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥❝r❡❛s❡✱ ✐t ❜❡❝♦♠❡s t❤❡ ❢r♦♥t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ t❤❛t ❛❧❧♦✇s
t❤❡ r❛❞✐❛❧ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✭❢r♦♠ t❂✻✳✶ ♥s t♦ t❂✾✳✽
♥s ♦♥ ❋✐❣✉r❡s ✺✳✹ t♦ ✺✳✺ ✭t♦♣ ❋✐❣✉r❡s✮✮✳ ■♥ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t
❛t t❂✾✳✽ ♥s✱ t❤❡ ♣❡❛❦ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❧♦❝❛t❡❞ ❛t ✸✻✳✺µm ✐♥
❤❡✐❣❤t ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ✭❙♦❧♦✈✬❡✈ ❡t ❛❧✳ ✷✵✵✽✮✳
❆s s❤♦✇♥ ♦♥ ❋✐❣✉r❡s ✺✳✹ t♦ ✺✳✺✱ ❜❡❤✐♥❞ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❤❡❛❞✱ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❞✐r❡❝t❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛s ❛❧r❡❛❞②
♦❜s❡r✈❡❞ ✐♥ ✭❇❛❜❛❡✈❛ ❛♥❞ ❑✉s❤♥❡r ✷✵✶✶✮✳ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡s ✺✳✹ t♦
✺✳✺ s❤♦✇ t❤❛t ❞✉r✐♥❣ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥❝r❡❛s❡s✳ ❋♦r t❂✾✳✽ ♥s✱ t❤❡ ♣❡❛❦ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ♦❢ ✷✵✵ ❦❱ ❝♠−1✳ ❋♦r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❋✐❣✉r❡
✺✳✷✱ t❂✾✳✽ ♥s ❝♦rr❡s♣♦♥❞s t♦ τimpact ✰ ✸✳✾ ♥s ✭❚❛❜❧❡ ✺✳✶✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
t♦ st✉❞② s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝s✱ ✇❡ ✇✐❧❧
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

Ua=+13 kV

Ua=-13 kV

t=5.9 ns

t=5.7 ns

❋✐❣✉r❡ ✺✳✸✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥ t❤❡
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❯a = +13 kV ✭t♦♣ ❋✐❣✉r❡✮ ❛t t❂✺✳✾ ♥s ❛♥❞ ❯a =
−13 kV ✭❜♦tt♦♠ ❋✐❣✉r❡✮ ✇✐t❤ ∆ = 176µm ❛♥❞ εr = 2 ❛t t❂✺✳✼ ♥s✳ ❈r♦ss✲
s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡
❛rr♦✇s r❡♣r❡s❡♥t t❤❡ ❧♦❝❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r t❤❛♥ ✾✵ ❦❱ ❝♠−1

❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✽✸

Ua=+13 kV

Ua=-13 kV
t=5.9 ns

t=6.1 ns

❋✐❣✉r❡ ✺✳✹✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥ t❤❡
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❯a = +13 kV ✭t♦♣ ❋✐❣✉r❡✮ ❛t t❂✻✳✶ ♥s ❛♥❞ ❯a =
−13 kV ✭❜♦tt♦♠ ❋✐❣✉r❡✮ ✇✐t❤ ∆ = 176µm ❛♥❞ εr = 2 ❛t t❂✺✳✾ ♥s✳ ❈r♦ss✲
s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡
❛rr♦✇s r❡♣r❡s❡♥t t❤❡ ❧♦❝❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r t❤❛♥ ✾✵ ❦❱ ❝♠−1

❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

Ua=+13 kV

Ua=-13 kV

t=9.8ns

t=12.4ns

❋✐❣✉r❡ ✺✳✺✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥ t❤❡
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❯a = +13 kV ✭t♦♣ ❋✐❣✉r❡✮ ❛t t❂✾✳✽ ♥s ❛♥❞ ❯a =
−13 kV ✭❜♦tt♦♠ ❋✐❣✉r❡✮ ✇✐t❤ ∆ = 176µm ❛♥❞ εr = 2 ❛t t❂✶✷✳✹ ♥s✳ ❈r♦ss✲
s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡
❛rr♦✇s r❡♣r❡s❡♥t t❤❡ ❧♦❝❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r t❤❛♥ ✾✵ ❦❱ ❝♠−1

❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✽✺

❝♦♠♣❛r❡ r❡s✉❧ts ❛❢t❡r t❤❡ s❛♠❡ ❞❡❧❛② ❛❢t❡r ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✱ ❛t
t❤❡ t✐♠❡ τs = τimpact ✰ ✸✳✾ ♥s✳ ❆s t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ str❡❛♠❡r ♣r♦♣❛✲
❣❛t❡s✱ ✐t ❝❤❛r❣❡s t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✇✐t❤ ♣♦s✐t✐✈❡ ❝❤❛r❣❡s✳ ❋✐❣✉r❡ ✺✳✻✭❛✮
s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✉♣ t♦
t❂✶✻ ♥s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❋✐❣✉r❡ ✺✳✷✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s s❤♦✇ t❤❡
r❛❞✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t Rfront ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♣❡❛❦ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✮ ❛t t❂ ✾✳✽ ❛♥❞ ✶✻ ♥s✳ ❆t t❂✾✳✽ ♥s✱ ✇❡
❤❛✈❡ Rfront ❂✵✳✷ ❝♠ ❛♥❞ ❛t t❂✶✻ ♥s✱ Rfront ❂✵✳✸✶ ❝♠✳ ❲❡ ♥♦t❡ t❤❛t t❤❡
♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✐♥❝r❡❛s❡s ❜❡❤✐♥❞ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t ❛♥❞ ❛s
♣r♦♣♦s❡❞ ❜② ✭❆❦✐s❤❡✈ ❡t ❛❧✳ ✷✵✶✶✮✱ t❤❡ ❧♦❝❛❧ ❞②♥❛♠✐❝s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣✐♥❣
❜❡❤✐♥❞ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❝❤❛r❣✐♥❣ ♦❢ ❛
❧♦❝❛❧ r❡s✐st♦r✲❝❛♣❛❝✐t♦r ❝✐r❝✉✐t ❡❧❡♠❡♥t✳ ❆s t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ s♣r❡❛❞s
❛❧♦♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝✱ ❋✐❣✉r❡ ✺✳✻✭❛✮ s❤♦✇s t❤❛t t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡
✐♥❝r❡❛s❡s ❛♥❞ ❡①♣❛♥❞s r❛❞✐❛❧❧② ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❋♦r t❤❡ ❝♦♥❞✐t✐♦♥
♦❢ ❋✐❣✉r❡ ✺✳✻✭❛✮✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✐s ❝❧♦s❡
t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❛♥❞ ❞❡❝r❡❛s❡s ❛s r ✐♥❝r❡❛s❡s✳ ❈❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡
❛①✐s✱ ❛❢t❡r t❤❡ str❡❛♠❡r ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✱ ❋✐❣✉r❡ ✺✳✻✭❛✮ s❤♦✇s t❤❛t
t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✐♥❝r❡❛s❡s r❛♣✐❞❧② ✉♣ t♦ ❛❜♦✉t ✶✷ ♥s ❛♥❞ t❤❡♥ ✐♥❝r❡❛s❡s
♠✉❝❤ s❧♦✇❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛t t❂ ✾✳✽ ♥s✱ ❋✐❣✉r❡ ✺✳✻✭❛✮ s❤♦✇s t❤❡ r❛❞✐❛❧
♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❢♦r t❤❡ s❛♠❡ t✐♠❡ ❛s
t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❋✐❣✉r❡ ✺✳✷✳ ■t ✐s
✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t t❂✾✳✽ ♥s
❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦❢ ✵✳✼✹ ♥❈ ✭❚❛✲
❜❧❡ ✺✳✶✮✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❜❛s❡❞ ♦♥ t❤❡ r❛❞✐❛❧ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❧♦❝❛t✐♦♥
♦❢ t❤❡ ♠❛①✐♠✉♠ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t✳ ❲❡
❤❛✈❡ ❝♦♠♣✉t❡❞ t❤✐s ✈❡❧♦❝✐t② ❢♦r r ≥ 0.1 ❝♠✱ ✇❤❡♥ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
❤❛s ❛ st❛❜❧❡ ♣r♦♣❛❣❛t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ ❜✉t ❢♦r r ≤ 0.3 ❝♠ t♦ ❝❛❧❝✉❧❛t❡ t❤❡
✈❡❧♦❝✐t② ✐♥ t❤❡ ✜♥❡ ♠❡s❤ ❛r❡❛✳ ❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡
❞✐s❝❤❛r❣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛❞✐❛❧ ♣♦s✐t✐♦♥ r ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❋✐❣✉r❡
✺✳✷✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✐s ❛❜♦✉t ✺×✶✵7 ❝♠ s−1 ❛t r = 0.11 ❝♠ ❛♥❞
❞❡❝r❡❛s❡s ❛s t❤❡ ❞✐s❝❤❛r❣❡ ❡①♣❛♥❞s r❛❞✐❛❧❧② ❞♦✇♥ t♦ ✶✳✻×✶✵7 ❝♠ s−1 ❛t
r = 0.3 ❝♠✳ ❙✐♠✐❧❛r ✈❛❧✉❡s ♦❢ s✉r❢❛❝❡ str❡❛♠❡r ✈❡❧♦❝✐t② ♦♥ ❛ ❞✐❡❧❡❝tr✐❝ ✇❡r❡
❢♦✉♥❞ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❞✐❡❧❡❝tr✐❝ ❣❡♦♠❡tr② ✐♥ ✭❈é❧❡st✐♥ ❡t ❛❧✳ ✷✵✵✽✮ ❛♥❞
✐♥ ♣❧❛♥❡✲♣❧❛♥❡ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡s ✭❇❛❜❛❡✈❛ ❛♥❞ ❑✉s❤♥❡r ✷✵✶✶✮✱
✭P❛♣❛❣❡♦r❣❤✐♦✉ ❡t ❛❧✳ ✷✵✵✾✮✳ ❚❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✈❡✲
❧♦❝✐t② ❛s ✐t ♣r♦♣❛❣❛t❡s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❤❛s ❜❡❡♥ ❛❧s♦ ♦❜t❛✐♥❡❞ ✐♥
✭P❛♣❛❣❡♦r❣❤✐♦✉ ❡t ❛❧✳ ✷✵✵✾✮✳ ❚♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢
t❤❡ ❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t s✐♠✉❧❛t✐♦♥s
✐♥ t❤❡ ❧✐♠✐t ❝❛s❡ ✇✐t❤ εr = 1✳ ❚❛❜❧❡ ✺✳✶ s❤♦✇s t❤❛t t❤❡ ✐❣♥✐t✐♦♥ t✐♠❡ ✐s t❤❡
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡
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(b)

❋✐❣✉r❡ ✺✳✻✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢♦r t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❯a = +13 kV✳ ❚❤❡
❞✐❡❧❡❝tr✐❝ t❤✐❝❦♥❡ss ✐s ∆ = 176µm ✇✐t❤ εr = 2 ✭❛✮ ❛♥❞ εr = 1 ✭❜✮✳ ❚❤❡ ❛rr♦✇s
✐♥❞✐❝❛t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t ❛t t = 9.8 ♥s ✭❛✮ ❛♥❞ t = 9.1
♥s ✭❜✮ ❛♥❞ ❢♦r ❜♦t❤ ❝❛s❡s ❛t t = 16 ♥s✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✽✼

s❛♠❡ ❛s ❢♦r εr = 2 ❛♥❞ t❤❛t t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡
✐s s❧✐❣❤t❧② ✐♥❝r❡❛s❡❞ ❛s εr ❞❡❝r❡❛s❡s✳ ■♥❞❡❡❞✱ ❢♦r ❛ ✜①❡❞ ❣❡♦♠❡tr②✱ t❤❡
✐♥❝r❡❛s❡ ♦❢ εr✱ ✐♥❝r❡❛s❡s t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡
✇❤✐❝❤ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ εr✳ ❋♦r ❛ s♣❤❡r❡✲♣❧❛♥❡ ❣❡♦♠❡tr②✱ ❛♥ ❛♥❛❧②t✐❝❛❧
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐s ❣✐✈❡♥ ✐♥ ✭❉✉r❛♥❞
✶✾✻✻✮✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ♣❧❛♥❡ ❢♦r ❛ s♣❤❡r❡✲❝❛t❤♦❞❡
♣❧❛♥❡ ❣❛♣ ♦❢ ✺ ♠♠✱ ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡
✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ❛❧s♦ ✐♥❝r❡❛s❡s ❛s t❤❡ ♣❡r♠✐tt✐✈✐t② εr ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✐♥❝r❡❛s❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❛✐r
❣❛♣ ✐♥❝r❡❛s❡s ❛s εr ✐♥❝r❡❛s❡s ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ s❧✐❣❤t❧② ❢❛st❡r ♣r♦♣❛❣❛t✐♦♥
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ❛✐r ❣❛♣✳ ❋✐❣✉r❡ ✺✳✻✭❜✮ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢
t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✇✐t❤ εr = 1✳
❲❡ ♥♦t❡ t❤❛t t❤❡ ✐♥❝r❡❛s❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s
✐s s❧♦✇❡r t❤❛♥ ❢♦r εr = 2✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r✲
❢❛❝❡ ❝❤❛r❣❡s ❛t t = τs ✭❚❛❜❧❡ ✺✳✶✮ ✐♥❝r❡❛s❡s ❛s εr ✐♥❝r❡❛s❡s✳ ❋♦r εr = 2✱
❛t t = 9.8 ♥s t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ❧♦❝❛t❡❞ ❛t Rfront = 0.2 ❝♠
✭❋✐❣✉r❡ ✺✳✷✮✳ ❋♦r εr = 1✱ ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
✐s ❛t t❤❡ s❛♠❡ r❛❞✐❛❧ ♣♦s✐t✐♦♥ ❛t t = 9.1 ♥s✳ ❋♦r t = 16 ♥s✱ ❢♦r εr = 2✱
Rfront = 0.31 ❝♠ ❛♥❞ ❢♦r εr = 1✱ Rfront = 0.37 ❝♠✳ ❋✐❣✉r❡s ✺✳✻ ✭❛✮ ❛♥❞ ✭❜✮
s❤♦✇ t❤❡ r❛❞✐❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡s ❢♦r t❤❡s❡ t✐♠❡s ❢♦r ❜♦t❤ ✈❛❧✉❡s ♦❢ εr✳ ❲❡
♥♦t❡ t❤❛t t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❜❡❤✐♥❞ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
❢r♦♥t ✐s s♠❛❧❧❡r ❢♦r εr = 1 t❤❛♥ ❢♦r εr = 2✳ ❚❤✐s s❡❡♠s t♦ ✐♥❞✐❝❛t❡ ❛
❢❛st❡r ❧♦❝❛❧ ❝❤❛r❣✐♥❣ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜② t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❛s
εr ✐♥❝r❡❛s❡s✳ ❋♦r ❛ ✜①❡❞ ❣❡♦♠❡tr②✱ ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ✐♥❝r❡❛s❡ ♦❢
εr r❡s✉❧ts ✐♥ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❤❡❛t❤ ♦✈❡r t❤❡ ❞✐❡❧❡❝✲
tr✐❝ s✉r❢❛❝❡ ❛❢t❡r t❤❡ str❡❛♠❡r ✐♠♣❛❝t✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ✭❇❛❜❛❡✈❛ ❛♥❞
❑✉s❤♥❡r ✷✵✶✶✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛s εr ✐♥❝r❡❛s❡s✱ t❤❡ ❝❤❛r❣❡ ❞❡♣♦s✐t❡❞
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❤❛s t♦ ❜❡ ❤✐❣❤❡r t♦ s❤✐❡❧❞ t❤❡ ❤✐❣❤❡r ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ s❤❡❛t❤✳
❋✐❣✉r❡ ✺✳✼ ❝♦♠♣❛r❡s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢♦r εr = 1 ❛♥❞
εr = 2✳ ❲❡ ♥♦t❡ t❤❛t t❤✐s ✈❡❧♦❝✐t② ✐♥❝r❡❛s❡s ❛s εr ❞❡❝r❡❛s❡s✱ ❛s ❛❧r❡❛❞②
♦❜s❡r✈❡❞ ❢♦r ❛✐r ❞✐s❝❤❛r❣❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤✐♥ ❞✐❡❧❡❝tr✐❝ t✉❜❡s ❛t ❛t♠♦✲
s♣❤❡r✐❝ ♣r❡ss✉r❡ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵❀ ❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✶✮✳ ❋✐❣✉r❡s ✺✳✻
❛♥❞ ✺✳✼ s❤♦✇ t❤❛t t❤❡ ❢❛st❡r ❧♦❝❛❧ ❝❤❛r❣✐♥❣ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛s εr
✐♥❝r❡❛s❡s✱ ❝♦rr❡s♣♦♥❞s t♦ ❛ s❧♦✇❡r ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝✳

❚♦ ❢✉rt❤❡r st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ εr✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t s✐♠✉❧❛t✐♦♥s ✇✐t❤
εr = 1 ❛♥❞ ✷ ❢♦r ❛ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ∆ = 1 ♠♠✳ ❆s
❢♦r t❤❡ t❤✐♥ ❝❛s❡✱ ❚❛❜❧❡ ✺✳✶ s❤♦✇s t❤❛t ❢♦r ❛ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✱ t❤❡ ✐♠♣❛❝t
t✐♠❡ ❞❡❝r❡❛s❡s ❛s εr ✐♥❝r❡❛s❡s ❛♥❞ t❤❛t t❤❡ t♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐t❡❞
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

εr ✶ ✷ ✷ ✶ ✷
∆✭µ♠✮ ✶✼✻ ✶✼✻ ✸✺✷ ✶✵✵✵ ✶✵✵✵

εr/∆ ✭♠−1✮ ✺✻✽✵ ✶✶✸✻✵ ✺✻✽✷ ✶✵✵✵ ✷✵✵✵
τignition ✭♥s✮ ✵✳✽ ✵✳✽ ✵✳✼ ✵✳✽ ✵✳✼
τimpact ✭♥s✮ ✻✳✶ ✺✳✾ ✺✳✼ ✺✳✼ ✹✳✼

τs❂τimpact✰✸✳✾ ✭♥s✮ ✶✵ ✾✳✽ ✾✳✻ ✾✳✻ ✽✳✻
Rfront ✭❝♠✮ ❛t t = τs ✵✳✷✸ ✵✳✷✵ ✵✳✷✷ ✵✳✷✼ ✵✳✷✻
Q+

t ✭♥❈✮ ❛t t = τs ✵✳✶✾ ✵✳✼✹ ✵✳✷✾ ✹✳✺×✶✵−3 ✹✳✽×✶✵−2

❚❛❜❧❡ ✺✳✶✿ ❋♦r t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❯a = +13 kV✿ ■♥✢✉❡♥❝❡
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t❤✐❝❦♥❡ss ✭∆✮ ❛♥❞ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ♦♥ τignition✱ t❤❡ ✐❣♥✐t✐♦♥ t✐♠❡
♦❢ t❤❡ ❞✐s❝❤❛r❣❡✱ τimpact✱ t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✱
τs = τimpact + 3.9 ♥s✱ Rfront t❤❡ r❛❞✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t ❛t
τs ❛♥❞ Q+

t ✱ t❤❡ t♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t τs✳

♦♥ t❤❡ s✉r❢❛❝❡ ❛t t = τs ✐♥❝r❡❛s❡s ❛s εr ✐♥❝r❡❛s❡s✳ ❋✉rt❤❡r♠♦r❡✱ ❋✐❣✉r❡ ✺✳✼
s❤♦✇s t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐♥❝r❡❛s❡s ❛s εr ❞❡❝r❡❛s❡s✳
❚❤❡♥✱ ❚❛❜❧❡ ✺✳✶ ❛♥❞ ❋✐❣✉r❡ ✺✳✼ ❛❧❧♦✇ ❛❧s♦ t♦ ❝♦♠♣❛r❡ ❞✐s❝❤❛r❣❡ ❝❤❛r❛❝t❡r✲
✐st✐❝s ❢♦r ❛ ❣✐✈❡♥ εr ❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ∆✳ ❆s ❡①♣❡❝t❡❞✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢
∆ ❢♦r ❛ ❣✐✈❡♥ εr✱ ❞❡❝r❡❛s❡s t❤❡ t✐♠❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝✲
tr✐❝✳ ■♥❞❡❡❞✱ ❢♦r ❛ ❣✐✈❡♥ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✱ ❛s ∆ ✐♥❝r❡❛s❡s✱ t❤❡ s✐③❡ ♦❢ t❤❡
❛✐r ❣❛♣ ❞❡❝r❡❛s❡s ❛♥❞ t❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s t♦ ♣r♦♣❛❣❛t❡ ♦♥ ❛ s♠❛❧❧❡r
❞✐st❛♥❝❡ ❜❡❢♦r❡ ✐♠♣❛❝t✐♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡
t❤❛t✱ ❛s ∆ ✐♥❝r❡❛s❡s✱ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡
❞❡❝r❡❛s❡s ❛s ✐t ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ∆✳ ❈♦♥✈❡rs❡❧②✱ ❛s t❤❡ ✐♥t❡r❡❧❡❝✲
tr♦❞❡ ❣❛♣ ✐s ✜①❡❞✱ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❛✐r ❣❛♣ ❛♥❞ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢
t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐♥❝r❡❛s❡ ❛s ∆ ✐♥❝r❡❛s❡s ❛♥❞ t❤❡♥✱ t❤❡ t✐♠❡ ♦❢
✐♠♣❛❝t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❞❡❝r❡❛s❡s✳ ❚❛❜❧❡ ✺✳✶ s❤♦✇s
t❤❛t t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ❛t t = τs
❞❡❝r❡❛s❡s ❛s ∆ ✐♥❝r❡❛s❡s ❢♦r ❛ ❣✐✈❡♥ εr✱ ❛♥❞ t❤❡♥ ❛s t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ❞❡❝r❡❛s❡s✳ ❚❤❡♥✱ t♦ st✉❞② ♠♦r❡ ♣r❡❝✐s❡❧②
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
❞②♥❛♠✐❝s✱ ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ r❛t✐♦ εr/∆ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s st✉❞✲
✐❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❛❞❞❡❞ r❡s✉❧ts ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
♦❢ εr = 2 ❛♥❞ ∆ = 352 µ♠ ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ t❤❡ r❛t✐♦ εr/∆
❛s t❤❡ ❝❛s❡ εr = 1 ❛♥❞ ∆ = 176 µ♠✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ ♦♥ ❋✐❣✉r❡
✺✳✼ t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐s ❡q✉❛❧ ❢♦r t❤❡s❡ t✇♦ ❝❛s❡s✱
❛❣r❡❡✐♥❣ ✇✐t❤ t❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ ✭❆❦✐s❤❡✈ ❡t ❛❧✳ ✷✵✶✸❛✮ ✇❤❡r❡ t❤❡
s✉r❢❛❝❡ str❡❛♠❡r ✈❡❧♦❝✐t② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❛t✐♦ εr/∆✳ ❋✉rt❤❡r♠♦r❡✱
❢♦r ❛❧❧ ❝❛s❡s st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤❛t t❤❡ ✈❡❧♦❝✐t②
♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✽✾

1

2

3

4

5

6

7

8

0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3

v
[1

07
cm

.s
-1
]

r [cm]

∆=1mm εr=2
∆=1mm εr=1

∆=352µm εr=2
∆=176µm εr=2
∆=176µm εr=1

❋✐❣✉r❡ ✺✳✼✿ ❋♦r t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❯a = +13 kV✿ ■♥✢✉❡♥❝❡
♦❢ t❤❡ t❤✐❝❦♥❡ss ✭∆✮ ❛♥❞ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ✈❡❧♦❝✐t②
♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t✳

❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ❛♥❞ ❞❡❝r❡❛s❡s ❛s ✐ts ❝❛♣❛❝✐t❛♥❝❡ ✐♥❝r❡❛s❡s✳
❈♦♥✈❡rs❡❧②✱ ❚❛❜❧❡ ✺✳✶ s❤♦✇s t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ❜② t❤❡
s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛t t = τs ✐s ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♠♣❛r❡ t❤❡
t✇♦ ❝❛s❡s ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ t❤❡ r❛t✐♦ εr/∆✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❛♠♦✉♥t
♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ❤✐❣❤❡r ❢♦r t❤❡ ❝❛s❡ εr = 2 ❛♥❞ ∆ = 352 µ♠ t❤❛♥ ❢♦r
t❤❡ ❝❛s❡ εr = 1 ❛♥❞ ∆ = 176 µ♠✳ ❚❤❡s❡ r❡s✉❧ts s❡❡♠ t♦ ✐♥❞✐❝❛t❡ t❤❛t
❢♦r t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ t❤❡ s✉r❢❛❝❡
❝❤❛r❣✐♥❣ ✐s ❤✐❣❤❡r ❢♦r ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥
❝♦♥t❛❝t ✇✐t❤ t❤❡ ❞✐s❝❤❛r❣❡✳ ❋♦r ❛ ♣❧❛♥❡✲♣❧❛♥❡ ❉❇❉ ✐♥ ♥✐tr♦❣❡♥ ❛t ❛t♠♦✲
s♣❤❡r✐❝ ♣r❡ss✉r❡✱ ✭●♦❧✉❜♦✈s❦✐✐ ❡t ❛❧✳ ✷✵✵✻✮ ❛❧s♦ ✈❛r✐❡❞ t❤❡ t❤✐❝❦♥❡ss ❛♥❞
♣❡r♠✐tt✐✈✐t② ♦❢ ❞✐❡❧❡❝tr✐❝s ♦♥ ❡❧❡❝tr♦❞❡s t♦ ❝♦♠♣❛r❡ ❝❛s❡s ✇✐t❤ t❤❡ s❛♠❡
❝❛♣❛❝✐t❛♥❝❡✳ ❚❤❡✐r st✉❞② ✇❛s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❞✐s❝❤❛r❣❡
❤♦♠♦❣❡♥❡✐t② ❛♥❞ t❤❡♥ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ♦✉rs✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♥♦t❡ t❤❛t t❤❡② s❤♦✇❡❞ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ❤♦♠♦❣❡♥❡✐t② ❞❡♣❡♥❞s ♦♥ t❤❡
♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ❞✐s❝❤❛r❣❡✱ ❢♦r t❤❡ s❛♠❡
✈❛❧✉❡ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝s ♦♥ t❤❡ ❡❧❡❝tr♦❞❡s✳
❋✐♥❛❧❧②✱ ❢♦r ❛❧❧ ❝❛s❡s st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ❚❛❜❧❡ ✺✳✶ s❤♦✇s t❤❛t ✇❤❡♥
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ✐♥❝r❡❛s❡❞ ❡✐t❤❡r ✐♥ ✐♥❝r❡❛s✐♥❣ εr ❢♦r ❛
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

❣✐✈❡♥ ∆✱ ♦r ❢♦r ❛ ❣✐✈❡♥ εr ✐♥ ❞❡❝r❡❛s✐♥❣ ∆✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s
✐♥❝r❡❛s❡s✳ ❚❤✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t s✉r❢❛❝❡ ❝❤❛r❣✐♥❣ s❧♦✇s ❞♦✇♥ t❤❡ s✉r❢❛❝❡
str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛❢t❡r t❤❡ ✐♠♣❛❝t ♦❢ ❛ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡
✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✱ t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ st❛rts
t♦ s♣r❡❛❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣❡ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
✇✐t❤ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s✳ ❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t ❜② ✐♥❝r❡❛s✐♥❣ t❤❡
❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✭❡✐t❤❡r ❜② ✐♥❝r❡❛s✐♥❣ ✐ts r❡❧❛t✐✈❡ ♣❡r✲
♠✐tt✐✈✐t② ♦r ❞❡❝r❡❛s✐♥❣ ✐ts t❤✐❝❦♥❡ss✮✱ ♠♦r❡ ❝❤❛r❣❡s ❛r❡ ❞❡♣♦s✐t❡❞ ❛♥❞ t❤❡
r❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐s ❞❡❝r❡❛s❡❞✳

✺✳✹ ❙t✉❞② ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ♦❢
t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②✲
♥❛♠✐❝s ❛♥❞ str✉❝t✉r❡

❚♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r ❛ ♣♦s✐✲
t✐✈❡ ♣♦❧❛r✐t②✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s ✐♥ ❛ ❈❉❇❉
❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❛ ♥❡❣❛t✐✈❡ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ ❯a = −13 kV ❛t
t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳
❋✐❣✉r❡ ✺✳✽ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡
✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❂ ✹✳✺✱ ✺✳✼ ❛♥❞ ✾✳✻ ♥s ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✇✐t❤ εr = 2 ❛♥❞ ❚❛❜❧❡ ✺✳✷ ❣✐✈❡s s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
❞②♥❛♠✐❝s✳ ❲✐t❤ ❛♥ ✐♥✐t✐❛❧ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ ❯a = −13 kV✱ ❛ ♥❡❣❛t✐✈❡
str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐s ✐❣♥✐t❡❞ ❛t τignition = 0.5 ♥s ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t ❛♥❞
♣r♦♣❛❣❛t❡s ❛①✐❛❧❧② ✐♥ t❤❡ ❣❛♣ ❛s s❤♦✇♥ ❛t t = 4.5 ♥s ✐♥ ❋✐❣✉r❡ ✺✳✽✳
❋✐rst ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣✲
♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❜❡❢♦r❡ ✐t
✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ■♥ ❚❛❜❧❡ ✺✳✷ ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤
εr = 2✱ ✇❡ ✜rst ♥♦t❡ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ✐s ✐❣♥✐t❡❞ ❢❛st❡r ✭✵✳✺ ♥s✮ ❢♦r ❛
♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ t❤❛♥ ❢♦r ❛ ♣♦s✐t✐✈❡ ♦♥❡ ✭✵✳✽ ♥s✮✳ ❋♦r ❛ ♥❡❣❛✲
t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✽✱ ✇❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❣❛♣✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ str❡❛♠❡r
❤❡❛❞ ✐s ❡q✉❛❧ t♦ ✽✵ ❦❱ ❝♠−1✳ ❋♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❜✉t ❢♦r ❛ ♣♦s✐t✐✈❡
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢
t❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r ❤❡❛❞ ✐s ❤✐❣❤❡r ❛♥❞ ❡q✉❛❧ t♦ ✶✵✹ ❦❱ ❝♠−1✳ ■t ✐s
✇❡❧❧ ❦♥♦✇♥ t❤❛t ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ str❡❛♠❡rs ❤❛✈❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝✲
t❡r✐st✐❝s ✭❘❛✐③❡r ✶✾✾✶✮✳ ■♥❞❡❡❞✱ ❛ ♥❡❣❛t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s
✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛s t❤❡ ❞r✐❢t ✈❡❧♦❝✐t② ♦❢ ❡❧❡❝tr♦♥s✱ ✇❤❡r❡❛s ❛ ♣♦s✐✲
t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✾✶

❋✐❣✉r❡ ✺✳✽✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❛♥
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ ❯a = −13 kV✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm
❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t② ✐s εr = 2✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 4.5✱ 5.7 ❛♥❞ 9.6 ♥s✳ P❡❛❦ ✈❛❧✉❡s ♦❢ t❤❡
s❝❛❧❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢ ✶✺✵ ❦❱ ❝♠−1 ❛♥❞ 1015 ❝♠−3✱
r❡s♣❡❝t✐✈❡❧②✳
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❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

❤✐❣❤❡r ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s r❡q✉✐r❡❞ ✐♥ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❤❡❛❞✱ ✐♥ ❝♦♠♣❛r✐s♦♥
t♦ ❛ ♥❡❣❛t✐✈❡ ♦♥❡✱ t♦ s✉st❛✐♥ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥✳ ❋♦r t❤❡
s♠❛❧❧ ✺ ♠♠ ❣❛♣ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❚❛❜❧❡ ✺✳✷ s❤♦✇s t❤❛t t❤❡ ❞✉r❛✲
t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ❜❡❢♦r❡ t❤❡ ✐♠♣❛❝t ✐s ❛❜♦✉t
t❤❡ s❛♠❡ ✇✐t❤ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ τimpact❂✺✳✼ ♥s ❛♥❞ ❢♦r t❤❡ ♣♦s✐t✐✈❡
❝❛s❡ τimpact❂✺✳✾ ♥s✳

❯a ✶✸ ❦❱ ✲✶✸ ❦❱ ✶✸ ❦❱ ✲✶✸ ❦❱
εr ✶ ✶ ✶ ✶

∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✵✵✵ ✶✵✵✵
τignition ✭♥s✮ ✵✳✽ ✵✳✺ ✵✳✽ ✵✳✺
τimpact ✭♥s✮✮ ✻✳✶ ✺✳✾ ✺✳✼ ✺✳✷

τs❂τimpact✰✸✳✾ ✭♥s✮ ✶✵ ✾✳✽ ✾✳✻ ✾✳✶
Rfront ✭❝♠✮ ❛t t = τs ✵✳✷✸ ✵✳✶✾ ✵✳✷✼ ✵✳✷✸
Qt ✭♥❈✮ ❛t t = τs ✰✵✳✶✾ ✲✶✳✻✾ ✰✹✳✺×✶✵−3 ✲✶✳✶✽

❯a ✶✸ ❦❱ ✲✶✸ ❦❱ ✶✸ ❦❱ ✲✶✸ ❦❱
εr ✷ ✷ ✷ ✷

∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✵✵✵ ✶✵✵✵
τignition ✭♥s✮ ✵✳✽ ✵✳✺ ✵✳✼ ✵✳✹
τimpact ✭♥s✮✮ ✺✳✾ ✺✳✼ ✹✳✼ ✹✳✶

τs❂τimpact✰✸✳✾ ✭♥s✮ ✾✳✽ ✾✳✻ ✽✳✻ ✽✳✵
Rfront ✭❝♠✮ ❛t t = τs ✵✳✷✵ ✵✳✶✻ ✵✳✷✻ ✵✳✷✷
Qt ✭♥❈✮ ❛t t = τs ✰✵✳✼✹ ✲✶✳✾✸ ✰✹✳✽×✶✵−2 ✲✶✳✼✺

❚❛❜❧❡ ✺✳✷✿ ❋♦r t❤❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t❤✐❝❦♥❡ss
✭∆✮✱ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ❛♥❞ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✭❯a✮ ♦♥ τignition✱ t❤❡
✐❣♥✐t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✱ τimpact✱ t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝✱ τs = τimpact + 3.9 ♥s✱ Rfront t❤❡ r❛❞✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡
str❡❛♠❡r ❢r♦♥t ❛t τs ❛♥❞ Qt✱ t❤❡ t♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t
τs✳

❖♥ ❋✐❣✉r❡ ✺✳✽ ❛t τimpact❂✺✳✼ ♥s✱ t❤❡ ♥❡❣❛t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ ✐s st♦♣♣❡❞✳ ❋✐❣✲
✉r❡s ✺✳✸ t♦ ✺✳✺ ✭❜♦tt♦♠ ❋✐❣✉r❡s✮ s❤♦✇ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ♥❡❣❛t✐✈❡
❞✐s❝❤❛r❣❡ ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t t❂✺✳✼ ✭τimpact✮✱ ✺✳✾ ❛♥❞ ✶✷✳✹ ♥s✳
■♥ t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡✱ t❤❡ ❡❧❡❝tr♦♥s ❛r❡ t❤❡ ♦♥❡s t❤❛t ♠❛✐♥❧② ✐♠♣❛❝t t❤❡
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t❤✉s ❞❡♣♦s✐t✐♥❣ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s✳ ❲❡ ❤❛✈❡ ♦❜✲
s❡r✈❡❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ t❤❛t ❛t t❂τimpact✰✵✳✶ ♥s✱ t❤❡ ♥❡❣❛t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ❤✐❣❤ ❡♥♦✉❣❤ t♦ r❡✈❡rs❡ t❤❡ ❡❧❡❝✲
tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ❛❧❧♦✇✐♥❣ ♦r ♥♦t ❡❧❡❝tr♦♥s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✾✸ ✖ ★✶✵✼
✐

✐

✐

✐

✐

✐

P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✾✸

t♦ ❜❡ r❡❧❡❛s❡❞ ✐♥t♦ t❤❡ ❣❛s ♣❤❛s❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞r✐❢t ✈❡❧♦❝✐t② ❝❛❧❝✉✲
❧❛t❡❞ ❛t t❤❡ ❛✐r✴❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡✳ ❲❡ ❢♦✉♥❞ t❤❛t ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉
❝♦♥✜❣✉r❛t✐♦♥✱ ✇✐t❤ ❜♦t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ s❤❡❛t❤ ✐s ❢♦r♠❡❞ ✈❡r②
r❛♣✐❞❧② ❛♥❞ ❛t t❂τimpact + 0.2 = 5.9 ♥s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s
♦❢ s②♠♠❡tr② ✐s ✈❡r② ❧♦✇ ✭ ❊❁ ✶❦❱ cm−1✮ ❝❧♦s❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳
❚❤❡♥✱ ❛t t❂5.9 ♥s✱ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ r❛❞✐❛❧ ❡❞❣❡ ♦❢ t❤❡ s♣❛❝❡
❝❤❛r❣❡ ✐♥❝r❡❛s❡s ✐♥ ❛♠♣❧✐t✉❞❡ ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡ st❛rt ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦♣❛✲
❣❛t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❋✐❣✉r❡s ✺✳✹ t♦ ✺✳✺ ✭❜♦tt♦♠
❋✐❣✉r❡s✮ s❤♦✇ t❤❛t ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡✱ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠
✈❛❧✉❡ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✐♥ t❤❡ r❛❞✐❛❧ ❢r♦♥t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ❛t t❤❡
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ✭●✐❜❛❧♦✈ ❛♥❞ P✐❡ts❝❤ ✷✵✵✵❀
❙♦❧♦✈✬❡✈ ❡t ❛❧✳ ✷✵✵✽✮✳ ■♥❞❡❡❞✱ ❛s s♦♦♥ ❛s t❤❡ r❛❞✐❛❧ ❢r♦♥t ♦❢ t❤❡ ♥❡❣❛t✐✈❡
❞✐s❝❤❛r❣❡ ♠♦✈❡s r❛❞✐❛❧❧②✱ t❤❡ s❤❡❛t❤ ✐s ❢♦r♠❡❞ q✉✐❝❦❧② ❥✉st ❜❡❤✐♥❞ t❤❡
❢r♦♥t ❞✉❡ t♦ t❤❡ r❛♣✐❞ ❛♥❞ s✐❣♥✐✜❝❛♥t ❞❡♣♦s✐t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❛t ❝❤❛r❣✐♥❣ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❝❤❛r❣✐♥❣
♦❢ ❛ ❧♦❝❛❧ r❡s✐st♦r✲❝❛♣❛❝✐t♦r ❝✐r❝✉✐t ❡❧❡♠❡♥t ✭❆❦✐s❤❡✈ ❡t ❛❧✳ ✷✵✶✸❜✮✳ ■❢ ✇❡
❝♦♠♣❛r❡ t❤❡ str✉❝t✉r❡s ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡s ❞✉r✐♥❣
t❤❡✐r st❛❜❧❡ ♣r♦♣❛❣❛t✐♦♥ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✭✐✳❡✳ ❛t t❂✾✳✽ ♥s ❛♥❞
t❂✶✷✳✹ ♥s✱ ♦♥ ❋✐❣✉r❡ ✺✳✺✱ ✇❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡✱ t❤❡ ♠❛①✐♠✉♠
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ❡q✉❛❧
t♦ ✲✸✸ ❦❱ cm−1 ✇❤❡r❡❛s ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡✱ t❤❡ ♠❛①✐♠✉♠ ❛❜s♦❧✉t❡ ✈❛❧✉❡
♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❡q✉❛❧ t♦ ✶✽✹ ❦❱ ❝♠−1 ❛♥❞ ✐t ✐s ❧♦❝❛t❡❞ ❛t
✸✻✳✺µm ✐♥ ❤❡✐❣❤t ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳
❆s t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s✱ ✐t ❝❤❛r❣❡s t❤❡ ❞✐❡❧❡❝✲

tr✐❝ s✉r❢❛❝❡ ✇✐t❤ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s✳ ❋✐❣✉r❡ ✺✳✾✭❛✮ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉✲
t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✉♣
t♦ t ❂ ✶✻ ♥s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❋✐❣✉r❡ ✺✳✽✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s s❤♦✇
t❤❡ r❛❞✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t Rfront ✭❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❡❛❦ ♦❢ t❤❡ r❛❞✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✮ ❛t t❂ ✾✳✻ ❛♥❞ ✶✻ ♥s✳
❲❡ ♥♦t❡ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✐♥❝r❡❛s❡s
✐♥ t✐♠❡ ❛❧♦♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t
t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✐♥❝r❡❛s❡s ❢❛st❡r t♦ ❤✐❣❤❡r
✈❛❧✉❡s ❢♦r ❛ ♥❡❣❛t✐✈❡ ❈❉❇❉ t❤❛♥ ❢♦r ❛ ♣♦s✐t✐✈❡ ♦♥❡✳ ❋♦r ∆ = 176µm ❛♥❞
εr = 2✱ ❛t t❂τimpact✰✵✳✶ ♥s❂✻ ♥s ♦♥ ❋✐❣✉r❡ ✺✳✻✭❛✮✱ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡
♦❢ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✐s ❡q✉❛❧ t♦ ✰✷✳✼✵ 10−3 ♥❈ ❝♠−2

✐♥ t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡ ✇❤❡r❡❛s ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ ♦♥ ❋✐❣✉r❡ ✺✳✾ ✭❛✮✱ ❛t
t❂τimpact✰✵✳✸ ♥s❂✻ ♥s t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡
❞❡♥s✐t② ✐s ❡q✉❛❧ t♦ ✲✷✸ ♥❈ ❝♠−2✳ ■♥ ❚❛❜❧❡ ✺✳✷✱ ❛t τs❂τimpact✰✸✳✾ ♥s✱ ❢♦r
∆ = 176µm ❛♥❞ εr = 2✱ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ❤✐❣❤❡r ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ Qt❂✲
✶✳✾✸ ♥❈ t❤❛♥ ❢♦r t❤❡ ♣♦s✐t✐✈❡ ♦♥❡ ✇❤❡r❡ Qt❂✰✵✳✼✹ ♥❈✳



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✾✹ ✖ ★✶✵✽
✐

✐

✐

✐

✐

✐

✾✹
❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

0

5

10

15

20

25

30

35

40

45

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

σ
-
[n

C
.c

m
-2
]

r [cm]

∆=176 µm, εr=2

t=16.0 ns
t=14.0 ns
t=12.0 ns
t=9.6 ns
t=9.0 ns
t=8.0 ns
t=6.0 ns

(a)

0

5

10

15

20

25

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

σ
-
[n

C
.c

m
-2
]

r [cm]

∆=176 µm, εr=1

t=16.0 ns
t=14.0 ns
t=12.0 ns
t=9.8 ns
t=9.0 ns
t=8.0 ns
t=7.0 ns

(b)

❋✐❣✉r❡ ✺✳✾✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡
s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❯a =
−13 kV✳ ❚❤❡ ❞✐❡❧❡❝tr✐❝ t❤✐❝❦♥❡ss ✐s ∆ = 176µm ✇✐t❤ εr = 2 ✭❛✮ ❛♥❞ εr = 1
✭❜✮✳ ❚❤❡ ❛rr♦✇s ✐♥❞✐❝❛t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❛t
t = 9.6 ♥s ✭❛✮ ❛♥❞ t = 9.8 ♥s ✭❜✮ ❛♥❞ ❢♦r ❜♦t❤ ❝❛s❡s ❛t t = 16 ♥s✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✾✺

❲❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ r❛❞✐❛❧ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❢♦r
♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✱ ❚❛❜❧❡ ✺✳✷ s❤♦✇s t❤❛t ❢♦r εr❂✷ ❛♥❞
∆ = 176µm✱ t❤❡ ♠♦r❡ ❝❤❛r❣✐♥❣ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ❧♦❝❛t❡❞ ❛t
Rfront = 0.16 ❝♠ ❛t t❂τs ✇❤❡r❡❛s ✐♥ t❤❡ ❧❡ss ❝❤❛r❣✐♥❣ ♣♦s✐t✐✈❡ ❝❛s❡✱ t❤❡
♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ❧♦❝❛t❡❞ ❛t Rfront = 0.20 ❝♠✳ ❙♦✱ ✐♥
❛❣r❡❡♠❡♥t ✇✐t❤ ✭●✐❜❛❧♦✈ ❛♥❞ P✐❡ts❝❤ ✷✵✵✵✮✱ ❛♥❞ ❛s ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥
❙❡❝t✐♦♥ ✺✳✸ ❢♦r ❛ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❤✐❣❤❡r ✐s t❤❡
❛♠♦✉♥t ♦❢ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ s❧♦✇❡r ✐s t❤❡
r❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✳
❖♥ ❋✐❣✉r❡ ✺✳✾ ✭❛✮ ❛♥❞ ✭❜✮✱ ✇❡ ♦❜s❡r✈❡ ❢♦r ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ✐♥❝r❡❛s❡s ✇❤❡♥ t❤❡
r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② εr ✐♥❝r❡❛s❡s ❢r♦♠ ✶ t♦ ✷✳ ❆s ❡①♣❡❝t❡❞✱ ❋✐❣✉r❡ ✺✳✾ ✭❛✮
❛♥❞ ✭❜✮ s❤♦✇s t❤❛t ❛t τs✱ Rfront ❞❡❝r❡❛s❡s ❢r♦♠ ✵✳✶✾ ❝♠ t♦ ✵✳✶✻ ❝♠ ✭❚❛❜❧❡
✺✳✷✮ ❛s εr ✐♥❝r❡❛s❡s ❢r♦♠ ✶ t♦ ✷✳ ❋✐❣✉r❡ ✺✳✶✵ s❤♦✇s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ εr ❛♥❞

1

2

3

4

5

6

7

8

0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3

v
[1

07
cm

.s
-1
]

r [cm]

∆=176µm εr=2 Ua = -13kV
∆=1mm εr=2 Ua = -13kV

∆=176µm εr=1 Ua = -13kV
∆=1mm εr=1 Ua = -13kV

❋✐❣✉r❡ ✺✳✶✵✿ ❋♦r t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❯a = −13 kV✿ ■♥✢✉✲
❡♥❝❡ ♦❢ εr ❛♥❞ ∆ ♦♥ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t✳

∆ ♦♥ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t ❢♦r Ua❂✲✶✸ ❦❱✳ ❲❡ ♦❜s❡r✈❡
t❤❛t ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ ∆✱ ✇❤❡♥ εr ✐♥❝r❡❛s❡s ❢r♦♠ ✶ t♦ ✷✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡
r❛❞✐❛❧ ✈❡❧♦❝✐t② ❞❡❝r❡❛s❡s✳ ❋✐❣✉r❡ ✺✳✶✵ ❛❧s♦ s❤♦✇s t❤❛t ✇❤❡♥ t❤❡ t❤✐❝❦♥❡ss
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ∆ ❞❡❝r❡❛s❡s ❢r♦♠ ✶ ♠♠ t♦ 176µm ❢♦r ❛ ❝♦♥st❛♥t εr✱ t❤❡
r❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❞❡❝r❡❛s❡s✳ ❚❤❛t ❞❡❝r❡❛s❡ ❝❛♥ ❜❡
r❡❧❛t❡❞ t♦ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡
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❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

✈❛❧✉❡✮ ❢r♦♠ ✲✶✳✶✽ ♥❈ t♦ ✲✶✳✻✾ ♥❈ ❛t τs ❢♦r εr❂✶ ✭❛♥❞ ❢r♦♠ ✲✶✳✼✺ ♥❈ t♦
✲✶✳✾✸ ♥❈ ❢♦r εr❂✷✮✳
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0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3

v
[1

07
cm

.s
-1
]

r [cm]

∆=176µm εr=2 Ua = -13kV
∆=1mm εr=2 Ua = -13kV

∆=176µm εr=2 Ua = 13kV
∆=1mm εr=2 Ua = 13kV

❋✐❣✉r❡ ✺✳✶✶✿ ❋♦r t❤❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❯a ♦♥ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ❢r♦♥t ❢♦r εr❂✷ ❛♥❞
∆ = 176µm − 1 mm✳

❋✐❣✉r❡ ✺✳✶✶ s❤♦✇s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❯a

♦♥ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢♦r εr❂✷ ❛♥❞ ❢♦r ❛ t❤✐❝❦♥❡ss
♦❢ ∆ = 176µm ✲ ✶ ♠♠✳ ❆s ❡①♣❡❝t❡❞✱ ❋✐❣✉r❡ ✺✳✶✶ s❤♦✇s t❤❛t ❢♦r r ≤ 0.3
❝♠✱ ❢♦r ❛ ❣✐✈❡♥ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ✐♥ t❤❡
❝❛s❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐s ❧❡ss t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✳

■♥ ❚❛❜❧❡ ✺✳✷✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛t τs❂τimpact✰✸✳✾ ♥s ✭✐✳❡✳ ❢♦r t ≤ 8 t♦ ✶✵
♥s✮✱ ♠♦r❡ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ❛r❡ ❞❡♣♦s✐t❡❞ ❢♦r ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
t❤❛♥ ❢♦r ❛ ♣♦s✐t✐✈❡ ♦♥❡✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❛❧s♦ st✉❞✐❡❞ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡✲
t✇❡❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣✐♥❣ ❢♦r ❞✐s❝❤❛r❣❡s ♦❢ ❜♦t❤ ♣♦❧❛r✐t✐❡s
❢♦r t> 10 ♥s✳ ❚❛❜❧❡ ✺✳✸ s❤♦✇s t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t τs ❛♥❞
t❂✶✺ ♥s ❛♥❞ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢
❝❤❛r❣❡s ✐♥❝r❡❛s❡s ❢r♦♠ t❂τs t♦ t❂✶✺ ♥s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥❝r❡❛s❡ ♦❢
s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s✲
❝❤❛r❣❡ ❝♦♠♣❛r❡❞ t♦ ❛ ♥❡❣❛t✐✈❡ ♦♥❡✳ ❆t t = τs✱ ♠♦r❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✾✼

❯a ✶✸ ❦❱ ✲✶✸ ❦❱ ✶✸ ❦❱ ✲✶✸ ❦❱
εr ✶ ✶ ✶ ✶

∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✵✵✵ ✶✵✵✵
τs❂τimpact✰✸✳✾ ✭♥s✮ ✶✵ ✾✳✽ ✾✳✻ ✾✳✶
Qt ✭♥❈✮ ❛t t = τs ✰✵✳✶✾ ✲✶✳✻✾ ✰✹✳✺×✶✵−3 ✲✶✳✶✽
Qt ✭♥❈✮ ❛t t❂✶✺ ♥s ✰✶✳✹✶ ✲✸✳✹✷ ✰✼✳✶✹×✶✵−2 ✲✷✳✻✶
❘❛t❡ ♦❢ ✐♥❝r❡❛s❡ ✼✳✹✷ ✷✳✵ ✶✺✳✾ ✷✳✷

❯a ✶✸ ❦❱ ✲✶✸ ❦❱ ✶✸ ❦❱ ✲✶✸ ❦❱
εr ✷ ✷ ✷ ✷

∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✵✵✵ ✶✵✵✵
τs❂τimpact✰✸✳✾ ✭♥s✮ ✾✳✽ ✾✳✻ ✽✳✻ ✽✳✵
Qt ✭♥❈✮ ❛t t = τs ✰✵✳✼✹ ✲✶✳✾✸ ✰✹✳✽×✶✵−2 ✲✶✳✼✺
Qt ✭♥❈✮ ❛t t❂✶✺ ♥s ✰✷✳✾✻ ✲✸✳✾✺ ✰✵✳✽✹ ✲✹✳✶✸
❘❛t❡ ♦❢ ✐♥❝r❡❛s❡ ✹✳✵ ✷✳✶ ✶✼✳✺ ✷✳✹

❚❛❜❧❡ ✺✳✸✿ ❋♦r t❤❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t❤✐❝❦♥❡ss
✭∆✮✱ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ❛♥❞ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✭❯a✮ ♦♥ Qt✱ t❤❡ t♦t❛❧
s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t τs ❛♥❞ ❛t t❂✶✺ ♥s ❛♥❞ ♦♥ t❤❡ r❛t❡ ♦❢
✐♥❝r❡❛s❡ ♦❢ t♦t❛❧ ❝❤❛r❣❡ ❜❡t✇❡❡♥ Qt ❛t t❂✶✺ ♥s ❛♥❞ t = τs✳

✈❛❧✉❡✮ ❛r❡ ❞❡♣♦s✐t❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❝♦♠♣❛r❡❞
t♦ ❛ ♣♦s✐t✐✈❡ ♦♥❡✳ ❇✉t ❢r♦♠ τs t♦ t❂✶✺ ♥s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛❜s♦❧✉t❡
✈❛❧✉❡ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ❝❤❛r❣❡s ✐♥❝r❡❛s❡s ❛t ❛ ❞✐✛❡r❡♥t r❛t❡ ❢♦r ♥❡❣❛t✐✈❡
❛♥❞ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❢♦r ∆❂✶ ♠♠
❛♥❞ εr❂✷✱ t❤❡ ❛♠♦✉♥t ♦❢ t♦t❛❧ ❝❤❛r❣❡s ❛❝❝✉♠✉❧❛t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r✲
❢❛❝❡ ✐♥❝r❡❛s❡s ❜② ❛ ❢❛❝t♦r ♦❢ ✶✼✳✺ ❢♦r t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡ ✭❢r♦♠ ✰✹✳✽×✶✵−2 ♥❈
t♦ ✰✵✳✽✹ ♥❈✮ ✇❤❡r❡❛s ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ t❤❡ ❛♠♦✉♥t ♦❢ t♦t❛❧ ❝❤❛r❣❡s
✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥❝r❡❛s❡s ♦♥❧② ❜② ❛ ❢❛❝t♦r ♦❢ ✷✳✹ ✭❢r♦♠ ✲✶✳✼✺ ♥❈ t♦ ✲
✹✳✶✸ ♥❈✮✳ ❘❡s✉❧ts s❤♦✇ t❤❛t✱ t❤❡ ❧♦✇❡st ✐s t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s
✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❛t τs ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠♦st ♣♦s✐t✐✈❡ ❝❛s❡s✮✱ t❤❡
❤✐❣❤❡st ✐s t❤❡ r❛t❡ ♦❢ ✐♥❝r❡❛s❡ ❢r♦♠ τs t♦ t❂✶✺ ♥s✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❛♠♦✉♥t
♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s ❛❧r❡❛❞② ❤✐❣❤ ✭|Qt|❃✶ ♥❈✮ ❛t τs
✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠♦st ♥❡❣❛t✐✈❡ ❝❛s❡s✮✱ t❤❡ r❛t❡ ♦❢ ✐♥❝r❡❛s❡ ✐s ❧♦✇✳
❚❤❡♥✱ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❢♦r t > 15 ♥s✱ t❤❡ ❛❜s♦❧✉t❡
✈❛❧✉❡ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ❜② ❡✐t❤❡r ❛ ♣♦s✐t✐✈❡ ♦r ❛
♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐♥ ❛ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐❧❧ ❜❡ ♦❢ t❤❡ s❛♠❡
♦r❞❡r✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ✭●✐❜❛❧♦✈ ❛♥❞ P✐❡ts❝❤ ✷✵✵✵❀ ❙♦❧♦✈✬❡✈ ❡t ❛❧✳ ✷✵✵✽✮✳
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✾✽
❈❤❛♣t❡r ✺ ✲ ❙t✉❞② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛

❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡

✺✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r ❞✐s✲
❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ t❤❡ ❝❛t❤♦❞❡ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡
✭❈❉❇❉✮ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ❛♥❞ ❛ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

• ❋♦r ❛ ♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ❛ ♣♦s✐t✐✈❡
❞✐s❝❤❛r❣❡ ✐❣♥✐t❡s ❛♥❞ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❣❛♣✳ ❆❢t❡r t❤❡ ✐♠♣❛❝t ♦❢
t❤❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❛ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
st❛rts s♣r❡❛❞✐♥❣ ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣✐♥❣ ✐t
✇✐t❤ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢
t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛✲
♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ❛♥❞ ❞❡❝r❡❛s❡s
❛s t❤✐s ❝❛♣❛❝✐t❛♥❝❡ ✐♥❝r❡❛s❡s✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡
❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ❜② t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡
✐s ♥♦t ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐✲
❡❧❡❝tr✐❝ ❧❛②❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞
✐♥❝r❡❛s❡s ❛♥❞ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ s❧♦✇s ❞♦✇♥ ❛s t❤❡
❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥❝r❡❛s❡s ❡✐t❤❡r ✐♥ ✐♥❝r❡❛s✐♥❣ t❤❡
♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❢♦r ❛ ❣✐✈❡♥ ❧❛②❡r t❤✐❝❦♥❡ss✱ ♦r ❢♦r ❛
❣✐✈❡♥ ♣❡r♠✐tt✐✈✐t② ✐♥ ❞❡❝r❡❛s✐♥❣ t❤❡ ❧❛②❡r t❤✐❝❦♥❡ss✳

• ❋♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ❛ ♥❡❣❛t✐✈❡
str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡s ❛t t❤❡ ♣♦✐♥t ❛♥❞ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❣❛♣✳
❆❢t❡r t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✱ ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ st❛rts
s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣✐♥❣ ✐t ✇✐t❤ ♥❡❣❛t✐✈❡ s✉r✲
❢❛❝❡ ❝❤❛r❣❡s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❞✐s❝❤❛r❣❡ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ♦❢ ❛ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✳
■♥❞❡❡❞✱ ❢♦r ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✱ t❤❡ ❞✐s❝❤❛r❣❡ ❤❡❛❞ ✐s ♦♥ t❤❡
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ s❤❡❛t❤ ✐s ❢♦r♠❡❞ ❞✐r❡❝t❧② ❜❡❤✐♥❞ t❤❡ ❢r♦♥t
✇❤❡r❡❛s ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❝❛s❡✱ t❤❡ r❛❞✐❛❧ ❢r♦♥t ✐s ❧♦❝❛t❡❞ ❛t
❛ s♠❛❧❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡
s❤❡❛t❤ ✐s ♠✉❝❤ s❧♦✇❡r✳ ■♥ t❤❡ st✉❞✐❡❞ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❡ ❤❛✈❡
s❤♦✇♥ t❤❛t ❢♦r t ≤ 8 t♦ ✶✵ ♥s✱ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♥❡❣❛t✐✈❡
s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐s ❧❡ss t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❛ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
❞✉❡ t♦ ❛ ❤✐❣❤❡r ❛♠♦✉♥t ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡✲
♣♦s✐t❡❞✳ ❲❤❡♥ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥❝r❡❛s❡s ❢♦r
❛ ❣✐✈❡♥ ❧❛②❡r t❤✐❝❦♥❡ss ✭♦r ❢♦r ❛ ❣✐✈❡♥ ♣❡r♠✐tt✐✈✐t② ✇❤❡♥ t❤❡ ❧❛②❡r
t❤✐❝❦♥❡ss ❞❡❝r❡❛s❡s✮✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡
✈❛❧✉❡✮ ✐♥❝r❡❛s❡s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝❤❛r❣✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❞✐s❝❤❛r❣❡s ❞❡❝r❡❛s❡s ✐♥ t✐♠❡ ❛♥❞ ✐♥ t❤❡ st✉❞✐❡❞ ❈❉❇❉ ❝♦♥✜❣✉r❛✲
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✾✾

t✐♦♥✱ ❢♦r t > ✶✺ ♥s✱ t❤❡ ❛♠♦✉♥t ♦❢ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ❜② ❛ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ t❡♥❞s t♦ ❜❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮
❛s t❤❡ ♦♥❡ ❞❡♣♦s✐t❡❞ ❜② ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✳
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❈❤❛♣t❡r ✻

❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢

r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ ❛✐r

❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝

♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝

♣❧❛♥❡ ♦❜st❛❝❧❡

✻✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ♦❜st❛❝❧❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ♣❛t❤ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ❞✐s❝❤❛r❣❡✳ ❚❤❡ ♦❜✲
❥❡❝t✐✈❡ ♦❢ t❤✐s st✉❞② ✐s t♦ ✜♥❞ ❝♦♥❞✐t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♠❛②
r❡✐❣♥✐t❡ ❜❡❤✐♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✳ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ s❛♠❡ ❣❡♦♠❡tr②
♦❢ ❡❧❡❝tr♦❞❡s ❛s ✐♥ ❝❤❛♣t❡r ✺ t♦ ❝♦♠♣❛r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♦♥ t❤❡ ❝❛t❤♦❞❡ ♦r ✐♥ t❤❡
❣❛♣✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐♥ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♣r❡s❡♥t❡❞ ♥✉♠❡r✐❝❛❧
st✉❞✐❡s✱ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ st✉❞② ✇❛s ❝❛rr✐❡❞ ♦✉t ❛t t❤❡ ▲P●P ❧❛❜♦r❛t♦r②
✐♥ ❖rs❛② ✭❋r❛♥❝❡✮✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr② ❛♥❞ t❤❡
❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥t ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✽✳
❚❤❡ st✉❞✐❡❞ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ❛♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ♠♦❞❡❧ ❛r❡ ❞❡✲
s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✷✳ ■♥ ❙❡❝t✐♦♥ ✻✳✸ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♣❧❛❝❡❞ ✐♥
t❤❡ ♣❛t❤ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❜❡t✇❡❡♥ ❡❧❡❝tr♦❞❡s ✐s st✉❞✐❡❞✳ ❚❤❡♥✱ ✐♥ ❙❡❝t✐♦♥
✻✳✹✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t✇♦ ❝❧♦s❡❧② s♣❛❝❡❞ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
❞②♥❛♠✐❝s ❛♥❞ r❡✐❣♥✐t✐♦♥ ✐s ❞✐s❝✉ss❡❞✳
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

✻✳✷ ❙t✉❞✐❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♠♦❞❡❧

❚❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✳ ❚❤❡ ❡❧❡❝tr♦❞❡ ❣❡♦♠❡tr②
❛♥❞ t❤❡ ♠❡s❤ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❝❤❛♣t❡r ✺✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r
t❤❛t ❛ ❝♦♥st❛♥t ✈♦❧t❛❣❡ ♦❢ Ua❂✰✶✸ ❦❱ ✐s ❛♣♣❧✐❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢
t❤❡ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✳ ❆s ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❛♥ ❡❧❡❝tr✐❝❛❧❧② ✢♦❛t✐♥❣
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♣❧❛♥❡ ❝❛t❤♦❞❡✱ ✐s ♣♦s✐t✐♦♥❡❞ ❜❡t✇❡❡♥ t❤❡
❡❧❡❝tr♦❞❡s✳ ■♥ ❙❡❝t✐♦♥ ✻✳✸✱ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t❤✐❝❦♥❡ss ∆ ♦❢
t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐ts ♣❡r♠✐tt✐✈✐t② εr✱ ✐ts ❛①✐❛❧ ♣♦s✐t✐♦♥ xdiel ✐♥ t❤❡ ❣❛♣
❛♥❞ ✐ts ♦♣❛❝✐t② t♦ r❛❞✐❛t✐♦♥ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡
❤❛✈❡ ✈❛r✐❡❞ ∆ ✐♥ t❤❡ r❛♥❣❡ 176 − 1000 µ♠✱ xdiel ✐♥ t❤❡ r❛♥❣❡ ✵✳✶✺ ❝♠ −
✵✳✸✺ ❝♠ ❛♥❞ εr ✐♥ t❤❡ r❛♥❣❡ 1 − 5✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✻✳✹✱ t❤❡ r❡✐❣♥✐t✐♦♥
❞②♥❛♠✐❝s ❜❡❤✐♥❞ t✇♦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳

Δ
Interelectrode
gap=5mm

Hyperboloid anode

xdiel
Dielectric layer

Cathode plane

13kV

Air

Air
x

r

❋✐❣✉r❡ ✻✳✶✿ ❙✐❞❡ ✈✐❡✇ s❝❤❡♠❛t✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ∆✳ ❚❤❡ ❛①✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✐s xdiel✳

❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r
✹✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ▲❉❈ ❝♦❞❡✳ ❆❧❧ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ✐♥
❝❤❛♣t❡r ✶✳
■♥ s❡❝t✐♦♥ ✻✳✸✱ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ✜rst ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♦♣❛q✉❡ t♦ r❛❞✐❛✲
t✐♦♥✳ ❚❤❡♥✱ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ✐s ❝❛❧❝✉❧❛t❡❞ s❡♣❛r❛t❡❧② ✐♥ t❤❡
t✇♦ ❛✐r ❞♦♠❛✐♥s ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥✲
❞✐t✐♦♥s ❢♦r t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ❛r❡ ✉s❡❞ ❛t ❡❛❝❤ ❞✐❡❧❡❝tr✐❝✲❛✐r
✐♥t❡r❢❛❝❡✳ ❚♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♦♣❛❝✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥
t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡♥ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✵✸

✐s tr❛♥s♣❛r❡♥t t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❡♠✐ss✐♦♥ ❧❡❛❞✐♥❣ t♦ t❤❡ ❛✐r ♣❤♦t♦✐♦♥✐③❛t✐♦♥✳
❋♦r t❤✐s ❝♦♥❞✐t✐♦♥✱ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s tr❛♥s♣❛r❡♥t✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ❢♦r ❛✐r ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡
✇❤♦❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❜❡t✇❡❡♥ ♠❡t❛❧❧✐❝ ❡❧❡❝tr♦❞❡s✳
❋✐♥❛❧❧②✱ ❢♦r ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❛s✲
s✉♠❡❞ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ❛ ❧♦✇ ✉♥✐❢♦r♠ ❞❡♥s✐t② ♦❢ 104 ❝♠−3 ♦❢ ❡❧❡❝tr♦♥s
❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ✐♥ ❛✐r ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳

✻✳✸ ❙t✉❞② ♦❢ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ ❞✐s✲
❝❤❛r❣❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡

✻✳✸✳✶ ❘r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❜❡❤✐♥❞ ❛ t❤✐♥ ❛♥❞ ♦♣❛q✉❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❝❧♦s❡ t♦ t❤❡ ❣r♦✉♥❞❡❞
❡❧❡❝tr♦❞❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❢♦r ❛
t❤✐♥ ✭∆ = 176µm✮ ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ εr = 2 ❧♦❝❛t❡❞ ❝❧♦s❡
t♦ t❤❡ ❝❛t❤♦❞❡ ❛t xdiel = 0.15 ❝♠✳ ❋✐rst✱ ❋✐❣✉r❡ ✻✳✷ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ ✐♥✐t✐❛❧ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s✳ ❆s ❡①♣❡❝t❡❞ t❤❡
▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❞❡❝r❡❛s❡s r❛♣✐❞❧② ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ✭✐✳❡✳ ❢r♦♠ t❤❡
♣♦✐♥t t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✮ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡s ❧✐♥❡❛r❧② ✐♥ t❤❡ ❞✐✲
❡❧❡❝tr✐❝ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ t❤❡ ❝❛t❤♦❞❡✳
■♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥

✺✳✸ ✇✐t❤ t❤❡ s❛♠❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❛♣♣r♦❛❝❤✐♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝❧♦s❡ t♦ t❤❡
❛♥♦❞❡✱ ❞❡❝r❡❛s❡s t❤❡ s✐③❡ ♦❢ t❤❡ ✜rst ❛✐r ❣❛♣✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s s❧✐❣❤t❧② t❤❡
▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t✳ ■♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ t❤❡
▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♥❡❛r❧② ✉♥✐❢♦r♠ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❛♥❞ ❤❛s
❛ ♠❛❣♥✐t✉❞❡ ♦❢ ✶✸✳✹ ❦❱ ❝♠−1 ✇❤✐❝❤ ✐s ❜❡❧♦✇ t❤❡ ❜r❡❛❦❞♦✇♥ ✜❡❧❞ ✐♥ ❛✐r
❛♥❞ t❤❡♥ ✐s t♦♦ ❧♦✇ t♦ ✐❣♥✐t❡ ❛ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❋✐❣✉r❡ ✻✳✸
s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t = 4.9, 6.3 ❛♥❞ 7 ♥s✳ ❆s ❡①♣❡❝t❡❞✱ ❋✐❣✉r❡ ✻✳✸ s❤♦✇s
t❤❛t ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐s ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞ ♣r♦♣❛❣❛t❡s
❛①✐❛❧❧② ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ t♦✇❛r❞s t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❆s t❤❡ str❡❛♠❡r ❢r♦♥t
❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ✜rst ❛✐r ❣❛♣✱ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❞✐s✲
❝❤❛r❣❡ ❛①✐s ❤❛s ❛ ♠❛❣♥✐t✉❞❡ ♦❢ ✶✶✹ ❦❱ ❝♠−1 ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s
✹✳✶ ×1013 ❝♠−3✳ ❚❤✐s ✜rst str❡❛♠❡r ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ ❛t t = 4.9 ♥s✳
❆s t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ❛♣♣r♦❛❝❤❡s t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ ✐♥ t❤❡ ❛✐r ❣❛♣ ❜❡❧♦✇ t❤❡
❧❛②❡r ✐♥❝r❡❛s❡s✳ ❚❤❡♥ ❛✈❛❧❛♥❝❤❡s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ s❡❡❞ ❡❧❡❝tr♦♥s✱ ❛♣♣❡❛r
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s✳ ❆t t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t✱
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡
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Laplacian potential
Potential with only surface charges

Total potential

❋✐❣✉r❡ ✻✳✷✿ P♦t❡♥t✐❛❧ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ❢♦r t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②
✇✐t❤ ❛ t❤✐♥ ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.15 ❝♠✳ ❚❤❡ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞
✐ts ♣❡r♠✐tt✐✈✐t② ✐s εr = 2✳ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❛t t = 0 ♥s✱ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❛t
t = τreigni = 6.3 ♥s ❛♥❞ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② s✉r❢❛❝❡
❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t = τreigni✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✵✺

❋✐❣✉r❡ ✻✳✸✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛
t❤✐♥ ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.15 ❝♠✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t② ✐s εr = 2✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s
Ua❂✰✶✸ ❦❱✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞
❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 4.9✱ 6.3 ❛♥❞ 7.0 ♥s✳ P❡❛❦ ✈❛❧✉❡s ♦❢ t❤❡ s❝❛❧❡s ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢ ✶✺✵ ❦❱ ❝♠−1 ❛♥❞ 1015 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✳ P❡❛❦
✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r ❛♥❞
❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

t❤❡ ♣❡❛❦ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❥✉st
❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ♦❢ ✸✳✵×105 ❝♠−3 ❛♥❞ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡
♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ✾✵ ❦❱ ❝♠−1✳ ❆❢t❡r ✐♠♣❛❝t✱ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ st❛rts
t♦ s♣r❡❛❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛s ♦❜s❡r✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ❢♦r t❤❡
♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✳ ❆t t = 6.3 ♥s✱ t❤❛t ✐s t♦ s❛② ✶✳✹ ♥s ❛❢t❡r t❤❡
✜rst ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t✱ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❜❡❧♦✇
t❤❡ ❞✐❡❧❡❝tr✐❝ ❤❛s ✐♥❝r❡❛s❡❞ ✉♣ t♦ ✸✳✵×1012 ❝♠−3 ✇✐t❤ ❛ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡
♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✼✽ ❦❱ ❝♠−1 ❛♥❞ ✇❡ ♦❜s❡r✈❡ ✐♥ ❋✐❣✉r❡ ✻✳✸ t❤❡ st❛rt
♦❢ t❤❡ ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❢r♦♠ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡✳ ❚❤✐s t✐♠❡ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ r❡✐❣♥✐t✐♦♥ t✐♠❡
τreigni ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡
s❡❝♦♥❞ ❛✐r ❣❛♣✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥
❞❡♥s✐t② ♦♥ t❤❡ ❛①✐s ❛r❡ ♦❢ ✽✺ ❦❱ ❝♠−1 ❛♥❞ ✶✳✷×1013 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②
✭❚❛❜❧❡ ✻✳✶✮✳ ❇❡❤✐♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t✱ ❋✐❣✉r❡ ✻✳✸ s❤♦✇s t❤❛t t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ✐s s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ✐♥ t❤❡ ✐♦♥✐③❡❞ ❞✐s❝❤❛r❣❡ ❝❤❛♥♥❡❧ ❛♥❞ ✇❡ ❝❛♥
❝♦♥s✐❞❡r t❤❛t t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞
♣r♦♣❛❣❛t✐♥❣ ❛①✐❛❧❧② t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✐s ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s✲
❝❤❛r❣❡✳ ■♥ ❋✐❣✉r❡ ✻✳✸ ❛t t = 7 ♥s✱ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❤❛s ❛ ❝♦♥❡ s❤❛♣❡
✇✐t❤ ❛ ❧❛r❣❡r r❛❞✐✉s ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ■♥❞❡❡❞✱
❞✉❡ t♦ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ ♣♦s✲
✐t✐✈❡ s♣❛❝❡ ❝❤❛r❣❡ ✐♥ ✐ts ❞✐s❝❤❛r❣❡ ❢r♦♥t✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♥♦r♠ ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ✐♥❞✉❝❡❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❆s t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ♣♦s✐t✐✈❡ s♣❛❝❡ ❝❤❛r❣❡ ✐♥ ✐ts
❢r♦♥t ♠♦✈❡s r❛❞✐❛❧❧② ❛♥❞ s♦ ❞♦❡s t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❜❡❧♦✇ t❤❡
❞✐❡❧❡❝tr✐❝✳ ❚❤❡♥✱ ❛s t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s ❛①✐❛❧❧② t♦✇❛r❞s t❤❡
❝❛t❤♦❞❡✱ ✐ts r❛❞✐✉s ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❜❡❝♦♠❡s
❧❛r❣❡r t❤❛♥ t❤❡ r❛❞✐✉s ♦❢ ✐ts ❢r♦♥t ✐♥ t❤❡ ❣❛♣ ❛♥❞ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡
❤❛s ❛ ❝♦♥❡ s❤❛♣❡✳ ❚❤❡ s❡❝♦♥❞ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❛rr✐✈❡s ❛t t❤❡ ❝❛t❤♦❞❡
❛t t = 7.5 ♥s ❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ t✐♠❡ ♦❢ ❛rr✐✈❛❧ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
❛t t❤❡ ❝❛t❤♦❞❡ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡ τconnect ✭❚❛❜❧❡ ✻✳✶✮✳
❆s ❛ r❡❢❡r❡♥❝❡✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❙❡❝t✐♦♥ ✶✳✹✳✶ ✭t❡st✲❝❛s❡ ✶✮
s✐♠✉❧❛t✐♦♥s r❡s✉❧ts ❢♦r t❤❡ s❛♠❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✇✐t❤♦✉t ❛♥② ❞✐❡❧❡❝tr✐❝
❧❛②❡r✳ ■♥ t❤✐s ❝❛s❡ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t❡s ❢r♦♠ t❤❡ ♣♦✐♥t ❛♥♦❞❡
t♦ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✐♥ τconnect = 6 ♥s✳ ❆s ❡①♣❡❝t❡❞✱ ♣❧❛❝✐♥❣ ❛♥ ♦❜st❛❝❧❡
♦♥ t❤❡ str❡❛♠❡r ♣❛t❤ s❧♦✇s ❞♦✇♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡
✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳ ❋♦r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❋✐❣✉r❡ ✻✳✸✱ ❋✐❣✉r❡ ✻✳✹✭❛✮
s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤
❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❋♦r t ≥ τimpact = 4.9 ♥s✱ ✇❡ ♥♦t❡ t❤❛t t❤❡
✜rst ❞✐s❝❤❛r❣❡ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣❡s ✐t
✈❡r② ✇❡❛❦❧② ✇✐t❤ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s✳ ❆s ♦❜s❡r✈❡❞ ❢♦r t❤❡ ♣♦s✐t✐✈❡
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❡①♣❛♥❞s r❛❞✐❛❧❧② ❛s t❤❡
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
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❋✐❣✉r❡ ✻✳✹✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥
❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ t❤✐♥
❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.15 ❝♠ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡✳ ❚❤❡
t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t② ✐s εr = 2 ✭❛✮ ❛♥❞
εr = 5 ✭❜✮✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

s✉r❢❛❝❡ str❡❛♠❡r ♣r♦♣❛❣❛t❡s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❈♦♥✈❡rs❡❧②✱
❋✐❣✉r❡ ✻✳✹✭❛✮ s❤♦✇s t❤❛t t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❜♦tt♦♠ ❞✐✲
❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐♥❝r❡❛s❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ r❛♣✐❞❧② ❛❢t❡r τimpact✳ ■♥❞❡❡❞✱
❛s t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ❛♣♣r♦❛❝❤❡s ❛♥❞ ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝✱ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝❧♦s❡ t♦ t❤❡ ❛①✐s ✐♥❝r❡❛s❡s ❛♥❞ t❤❡♥ ❛✈❛❧❛♥❝❤❡s
♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ s❡❡❞ ❡❧❡❝tr♦♥s✱ ❛♣♣❡❛r ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❝❧♦s❡ t♦ t❤❡
❞✐s❝❤❛r❣❡ ❛①✐s✳ ❆s ❡❧❡❝tr♦♥s ❛r❡ ♠✉❝❤ ♠♦r❡ ♠♦❜✐❧❡ t❤❛♥ ✐♦♥s✱ ❡❧❡❝tr♦♥s
❞r✐❢t t♦✇❛r❞s t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞ ❛r❡ st♦♣♣❡❞ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡
❛♥❞ t❤❡♥ ❝❤❛r❣❡ ✐ts ❜♦tt♦♠ s✉r❢❛❝❡ ♥❡❣❛t✐✈❡❧②✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡
t❤❛t ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥s ♦♥ ♦♣♣♦s✐t❡ ♣♦❧❡s ♦❢ ❛ ❞✐✲
❡❧❡❝tr✐❝ ♣❛rt✐❝❧❡ ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ✭❇❛❜❛❡✈❛ ❡t ❛❧✳ ✷✵✵✻✮ ❞✉r✐♥❣
t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛✐r str❡❛♠❡r ✐♥t❡rs❡❝t✐♥❣ ✇✐t❤ ❛
♣❛rt✐❝❧❡✳ ❋✐❣✉r❡ ✻✳✹✭❛✮ s❤♦✇s t❤❛t ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s
✐♥❝r❡❛s❡ ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❛♥❞ ❡①♣❛♥❞ r❛❞✐❛❧❧② ❛s t✐♠❡ ✐♥❝r❡❛s❡s✱ ❞✉❡ t♦
t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳
❊❧❡❝tr♦st❛t✐❝❛❧❧②✱ ❞❡♣♦s✐t✐♥❣ ❛ ❞✐s❦ ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✉♣✲
♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐♥❝r❡❛s❡s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ ❛✐r ❣❛♣ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ❛♥❞ t❤❡♥ ♠❛②
❡♥❤❛♥❝❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✳ ❈♦♥✈❡rs❡❧②✱ ❞❡♣♦s✐t✐♥❣ ❛ ❞✐s❦ ♦❢ ♥❡❣❛t✐✈❡
❝❤❛r❣❡s ♦♥ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐♥❝r❡❛s❡s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢
t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡ ❛♥❞ ❞❡❝r❡❛s❡s ✐ts ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✇❤✐❝❤ ♠❛②
♣r❡✈❡♥t r❡✐❣♥✐t✐♦♥✳ ❋✐❣✉r❡ ✻✳✷ ❝♦♠♣❛r❡s t❤❡ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉✲
❧❛t❡❞ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t ♦♥❧② s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ❛t τreigni = 6.3 ♥s✱ ❛♥❞ t❤❡ t♦✲
t❛❧ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ❛t t❂τreigni✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ s♠❛❧❧ ❛♠♦✉♥t ♦❢
❞❡♣♦s✐t❡❞ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t❤❡ r❡✐❣✲
♥✐t✐♦♥ t✐♠❡ ✐♥❞✉❝❡s ❛ s♠❛❧❧ ♣❡❛❦ ♦❢ ♥❡❣❛t✐✈❡ ♣♦t❡♥t✐❛❧ ♦❢ −473 ❱ ❛t t❤❡
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❝❛t❤♦❞❡ s✐❞❡ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡s s❧✐❣❤t❧②
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❍♦✇❡✈❡r✱ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ ✭✽✼✽✵ ❱✮ ❛t t❤❡ s❛♠❡ ❛①✐❛❧ ♣♦s✐t✐♦♥✱ ✇❡ ♥♦t❡
t❤❛t t❤❡ ❞❡❝r❡❛s❡ ♦❢ ♣♦t❡♥t✐❛❧ ❞✉❡ t♦ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ❛❧♠♦st ♥❡❣❧✐❣✐❜❧❡
❛♥❞ t❤❡♥ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢
t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❤❛✈❡ ❛ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s✲
❝❤❛r❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❋✐❣✉r❡ ✻✳✷ s❤♦✇s t❤❛t ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r
✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❞✉❡ t♦ t❤❡ s♣❛❝❡ ❝❤❛r❣❡s ✐♥ t❤❡ str❡❛♠❡r
❝❤❛♥♥❡❧✱ t❤❡ ✈♦❧t❛❣❡ ❞r♦♣ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ✐s s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞ ✐♥
❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ✐♥✐t✐❛❧ ▲❛♣❧❛❝✐❛♥ ✈♦❧t❛❣❡ ❞r♦♣✳ ❚❤❡♥ ❛t t❤❡ t✐♠❡ ♦❢
r❡✐❣♥✐t✐♦♥✱ ❋✐❣✉r❡ ✻✳✷ s❤♦✇s t❤❛t t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ✈♦❧t❛❣❡ ❞r♦♣ ✐♥ t❤❡
✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ s❡❝♦♥❞ s♠❛❧❧ ❛✐r ❣❛♣✱ ✇✐t❤ ❝❧♦s❡
t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✼✽ ❦❱ ❝♠−1✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✵✾

❆s ❛t t = τreigni = 6.3 ♥s✱ t❤❛t ✐s t♦ s❛② ✶✳✹ ♥s ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r ✐♠✲
♣❛❝t ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
❛①✐s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❤❛s ✐♥❝r❡❛s❡❞ ✉♣ t♦ ✸✳✵×1012 ❝♠−3✱ ✇❡ ♦❜s❡r✈❡
✐♥ ❋✐❣✉r❡ ✻✳✸ t❤❡ st❛rt ♦❢ t❤❡ ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡✳ ■t ✐s
✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝
✐♥ t❤✐s ❝❛s❡✱ ✐s ❞✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧ r❡❞✐str✐❜✉t✐♦♥ ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r
♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ❛♥❞ ♥♦t ❞✉❡ t♦ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥
♦♥ t❤❡ t✇♦ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ st♦♣♣❡❞
s✐♠✉❧❛t✐♦♥s ❛t t = 8 ♥s✱ s❤♦rt❧② ❛❢t❡r t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛t
t❤❡ ❝❛t❤♦❞❡✳

✻✳✸✳✷ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ ❛♥ ♦♣❛q✉❡ ❞✐✲
❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛♥❞
r❡✐❣♥✐t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛♥❞ r❡✐❣♥✐t✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t
s✐♠✉❧❛t✐♦♥s ❢♦r εr = 1, 2 ❛♥❞ ✺ ❢♦r t❤❡ s❛♠❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
✭∆ = 176µ♠✮ ❛♥❞ t❤❡ s❛♠❡ xdiel = 0.15 ❝♠ ❛s ✐♥ s❡❝t✐♦♥ ✻✳✸✳✶✳ ❚❛❜❧❡ ✻✳✶
s❤♦✇s t❤❛t t❤❡ ✐♠♣❛❝t✱ r❡✐❣♥✐t✐♦♥ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ t✐♠❡s ✐♥❝r❡❛s❡ s❧✐❣❤t❧②
❛s εr ❞❡❝r❡❛s❡s✳ ■♥ t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✱ ❢♦r ❛ ✜①❡❞ ❣❡♦♠❡tr②✱
t❤❡ ✐♥❝r❡❛s❡ ♦❢ εr ✐♥❝r❡❛s❡s t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ t❤❡
❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ✇❤❡♥
t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ❧♦❝❛t❡❞ ❛t s♦♠❡ ❞✐st❛♥❝❡ ✭xdiel > ∆✮ ❢r♦♠ t❤❡ ❝❛t❤✲
♦❞❡ ♣❧❛♥❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✜rst ❛✐r
❣❛♣ ✐♥❝r❡❛s❡s ❛s εr ✐♥❝r❡❛s❡s ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ s❧✐❣❤t❧② ❢❛st❡r ♣r♦♣❛❣❛t✐♦♥
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ❛♥❞ t❤❡♥ ❛♥ ❡❛r❧✐❡r ✐♠♣❛❝t ♦♥ t❤❡
❞✐❡❧❡❝tr✐❝✳ ❆❢t❡r t❤❡ ✐♠♣❛❝t✱ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ st❛rts s♣r❡❛❞✐♥❣ ❛❧♦♥❣ t❤❡
✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣✐♥❣ ✐t✳ ❋♦r t ≥ τimpact =✹✳✺ ♥s✱ ❋✐❣✉r❡
✻✳✹✭❜✮ s❤♦✇s t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r εr = 5✳ ❆s ❢♦r εr = 2 ✐♥ ❋✐❣✉r❡ ✻✳✹✭❛✮✱ ✇❡ ♥♦t❡ t❤❛t ❢♦r
t ≥ τimpact✱ t❤❡ ❛♠♦✉♥t ♦❢ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ✐♥❝r❡❛s❡s ✭✐♥
❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❛♥❞ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❆s ❢♦r t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✲
✉r❛t✐♦♥✱ ❋✐❣✉r❡ ✻✳✹✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❛t✱ ❛s εr ✐♥❝r❡❛s❡s✱ t❤❡ ❛♠♦✉♥t ♦❢
♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐♥✲
❝r❡❛s❡s ❢❛st❡r t♦ ❤✐❣❤❡r ✈❛❧✉❡s✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦r t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡
♦❢ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ❝❧♦s❡ t♦ t❤❡ ❛①✐s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r✲
❢❛❝❡✱ ❜✉t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ εr ✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t ♦♥ t❤❡ ❛♠♦✉♥t
♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❣❡s t❤❛♥ ♦♥ ♥❡❣❛t✐✈❡ ♦♥❡s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✐♥❝r❡❛s❡s
✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❞✉r✐♥❣ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡
♦❜s❡r✈❡❞ t❤❛t t❤✐s ✐♥❝r❡❛s❡ ❜❡❝♦♠❡s st❡❡♣❡r ❛s t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♠♦✈❡s
❝❧♦s❡r t♦ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✳ ❆t t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡ τconnect = 7 ♥s ❢♦r
εr = 5✱ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✉♣
t♦ ✶✽ ♥❈ ❝♠−2 ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s✱ ✐♥❝r❡❛s❡s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱
❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❋✐❣✉r❡ ✻✳✹✭❜✮ s❤♦✇s ❛ st❡❡♣ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡ ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ εr st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡
❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t ❛t t❤❡ t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥✱ t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ ❛♥❞
♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s
t♦♦ ❧♦✇ t♦ ❡①♣❧❛✐♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❚❤❡♥✱ ✐♥ ❛❧❧ st✉❞✐❡❞
❝❛s❡s✱ t❤❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❞✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧ r❡❞✐s✲
tr✐❜✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r ✐♠♣❛❝t ♦♥ t❤❡
✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛s ♦❜s❡r✈❡❞ ❢♦r εr = 2 ✐♥ s❡❝t✐♦♥ ✻✳✸✳✶✳ ❚❛❜❧❡ ✻✳✶
s❤♦✇s t❤❛t t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐♥ t❤❡ ❞✐s❝❤❛r❣❡
❢r♦♥t ✇❤❡♥ ✐t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❞❡❝r❡❛s❡ ❛s εr ❞❡✲
❝r❡❛s❡s✳ ❋♦r εr = 2 ❛♥❞ ✺✱ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ t❤❡ ♣❡❛❦
❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ✐♥ t❤❡ r❛♥❣❡ 88 − 101 ❦❱ ❝♠−1 ❛♥❞
t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s ✐♥ t❤❡ r❛♥❣❡ 1.2− 2.2× 1013 ❝♠−3✱ ❛♥❞ t❤❡♥ t❤❡s❡
❞✐s❝❤❛r❣❡s ❛r❡ ♣♦s✐t✐✈❡ str❡❛♠❡rs✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r εr = 1✱ t❤❡ r❡✐❣♥✐t❡❞
❞✐s❝❤❛r❣❡ ✐s ❛ ✇❡❛❦❡r ✐♦♥✐③❛t✐♦♥ ❢r♦♥t ♣r♦♣❛❣❛t✐♥❣ ❛①✐❛❧❧② ✇✐t❤✱ ✐♥ t❤❡
♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❛ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✼✺ ❦❱ ❝♠−1 ❛♥❞ ❛♥
❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦❢ 7.4× 1012 ❝♠−3✳

❚♦ ❢✉rt❤❡r st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ εr ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✱ ✇❡ ❤❛✈❡
❝❛rr✐❡❞ ♦✉t s✐♠✉❧❛t✐♦♥s ❢♦r ❛ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
✭xdiel = 0.24 ❝♠✮✱ ❝❧♦s❡r t♦ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❚❛❜❧❡ ✻✳✶ s❤♦✇s t❤❛t✱
❛s ♦❜s❡r✈❡❞ ❢♦r xdiel = 0.15 ❝♠✱ ❢♦r xdiel = 0.24 ❝♠ t❤❡ t✐♠❡s ♦❢ ✐♠♣❛❝t✱
r❡✐❣♥✐t✐♦♥ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ ✐♥❝r❡❛s❡ ❛s εr ❞❡❝r❡❛s❡s ✇✐t❤ ❢♦r t❤❡ ❝❛s❡ εr = 1✱
♥♦ ♦❜s❡r✈❡❞ r❡✐❣♥✐t✐♦♥ ✇✐t❤✐♥ t❤❡ ✶✹✳✼ ♥s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ❞✐s❝❤❛r❣❡✳
❋✐❣✉r❡ ✻✳✺✭❛✮ ❝♦♠♣❛r❡s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ✉♣✲
♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❢♦r t❤❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ εr ❢♦r xdiel = 0.24 ❝♠✳ ❲❡
♥♦t❡ t❤❛t t❤❡ ✈❡❧♦❝✐t② ✐♥❝r❡❛s❡s ❛s εr ❞❡❝r❡❛s❡s ❛s ♦❜s❡r✈❡❞ ❢♦r t❤❡ ♣♦s✐t✐✈❡
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✳ ❋✐❣✉r❡ ✻✳✺✭❜✮ s❤♦✇s t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ ♣♦s✐t✐✈❡
❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✇❤❡♥ ❢♦r ❜♦t❤ ✈❛❧✉❡s ♦❢ εr t❤❡ s✉r❢❛❝❡ ❞✐s✲
❝❤❛r❣❡ ❢r♦♥t ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ❧♦❝❛t❡❞ ❛t Rfront = 0.2 ❝♠
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t = 7.1 ♥s ❢♦r εr = 5 ❛♥❞ ✻✳✾ ♥s ❢♦r εr = 2✳ ❆s
❢♦r t❤❡ ♣♦s✐t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ s❧♦♣❡ ♦❢ ❞✐❡❧❡❝tr✐❝
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✶✶
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(b)

❋✐❣✉r❡ ✻✳✺✿ ✭❛✮ ❘❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ♦♥ t❤❡ ✉♣♣❡r
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛❞✐✉s ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✭∆ =
176µ♠✮ ❧♦❝❛t❡❞ ❛t xdiel = 0.24 ❝♠ ✇✐t❤ εr = 1, 2 ❛♥❞ ✺ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✭xdiel = 176 µ♠✮ ❢♦r εr = 2✳ ✭❜✮ ❘❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ ❜♦t❤ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ❢♦r t❤❡ s❛♠❡ r❛❞✐❛❧ ♣♦s✐t✐♦♥ ✭Rfront = 0.2 ❝♠✮
♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ εr = 2 ❛♥❞ ✺ ❧♦❝❛t❡❞
❛t xdiel = 0.24 ❝♠✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳
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✶✶✷
❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

εr ✶ ✶ ✷ ✷
∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✼✻ ✶✼✻

xdiel ✭♠♠✮ ✶✳✺ ✷✳✹ ✶✳✺ ✷✳✹
τimpact ✭♥s✮ ✺✳✶ ✸✳✽ ✹✳✾ ✸✳✺
τreigni ✭♥s✮ ✼✳✸ ✲ ✻✳✸ ✾
δτreigni ✭♥s✮ ✷ ✲ ✶✳✹ ✺✳✺
τconnect ✭♥s✮ ✽✳✽ ✲ ✼✳✺ ✷✵

Esg
max✭❦❱ ❝♠−1✮ ✼✺ ✲ ✽✽ ✹✽
nsg
e,max ✭❝♠−3) ✼✳✹×1012 ✲ ✶✳✷×1013 ✷×1012

εr ✺ ✺ ✺ ✺t

∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✼✻ ✶✼✻t

xdiel ✭♠♠✮ ✶✳✺ ✷✳✹ ✸✳✺ ✸✳✺t

τimpact ✭♥s✮ ✹✳✺ ✸✳✸ ✷ ✷
τreigni ✭♥s✮ ✺✳✽ ✻ ✲ ✷✳✺
δτreigni ✭♥s✮ ✶✳✸ ✷✳✼ ✲ ✵✳✺
τconnect ✭♥s✮ ✼✳✵ ✶✷✳✽ ✲ ✼✳✶

Esg
max✭❦❱ ❝♠−1✮ ✶✵✶ ✼✺✳✹ ✲ ✶✶✶
nsg
e,max ✭❝♠−3) ✷✳✷×1013 ✽✳✼×1012 ✲ ✸✳✻×1013

❚❛❜❧❡ ✻✳✶✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ❛♥❞ ❛①✐❛❧ ♣♦s✐t✐♦♥ ✭xdiel✮ ♦❢ ❛
t❤✐♥ ✭∆ = 176 µ♠✮ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t τimpact✱ t❤❡ r❡✐❣♥✐t✐♦♥
t✐♠❡ τreigni✱ t❤❡ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② δτreigni = τreigni − τimpact✱ t❤❡ t✐♠❡ ♦❢ ❞✐s❝❤❛r❣❡
❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❝❛t❤♦❞❡ τconnect✱ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ E

sg
max ❛♥❞ ❡❧❡❝tr♦♥

❞❡♥s✐t② n
sg
e,max ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✇❤❡♥ ✐t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞

❛✐r ❣❛♣✳ ❆❧❧ ❝❛s❡s ❛r❡ ❢♦r ❛♥ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❡①❝❡♣t t❤❡ ❧❛st ❝♦❧✉♠♥✱
✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t t ✐s ❢♦r ❛ tr❛♥s♣❛r❡♥t ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛s ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥
✶✳✷✳ ❚❤❡ s②♠❜♦❧ ✧✲✧ ✐s ✉s❡❞ ❢♦r ❝❛s❡s ✇✐t❤ ♥♦ r❡✐❣♥✐t✐♦♥ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t❡❞
t✐♠❡✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳

s✉r❢❛❝❡ ❝❤❛r❣✐♥❣ ❜❡❤✐♥❞ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s st❡❡♣❡r ❢♦r εr = 5
t❤❛♥ ❢♦r εr = 2✳ ❚❛❜❧❡ ✻✳✷ ❝♦♠♣❛r❡s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r
❢r♦♥t ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❛♥❞ t♦t❛❧ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r✲
❢❛❝❡ ❝❤❛r❣❡s ❛❢t❡r t❤❡ s❛♠❡ t✐♠❡ ❞❡❧❛② ❛❢t❡r ✐♠♣❛❝t ✭♥❛♠❡❧② ❛t t = τs
❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✸✮✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ❞❡♣♦s✐t❡❞ ♣♦s✐t✐✈❡
❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥❝r❡❛s❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❛s εr ✐♥❝r❡❛s❡s✳
❈♦♠♣❛r✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t t❂τs ✐♥ ❚❛❜❧❡ ✻✳✷
❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t xdiel = 0.24 ❝♠ ❛♥❞ ✐♥ ❚❛❜❧❡ ✺✳✶ ❢♦r t❤❡ ♣♦s✐t✐✈❡
❈❉❇❉✱ ✇❡ ♥♦t❡ t❤❛t t❤✐s ❛♠♦✉♥t ✐s ♠✉❝❤ ❤✐❣❤❡r ❢♦r t❤❡ ❈❉❇❉ ❝♦♥✜❣✉✲
r❛t✐♦♥✳
❖♥ ❋✐❣✉r❡ ✻✳✺✭❛✮✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❢♦r
t❤❡s❡ t✇♦ ❝❛s❡s ❛♥❞ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♠♦r❡ s✐❣♥✐✜❝❛♥t ♣♦s✐t✐✈❡ ❝❤❛r❣✐♥❣ ♦❢
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✶✸

εr ✶ ✷ ✺
∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✼✻

xdiel ✭♠♠✮ ✷✳✹ ✷✳✹ ✷✳✹
τs❂τimpact✰✸✳✾ ✭♥s✮ ✼✳✼ ✼✳✹ ✼✳✷
Rfront ✭❝♠✮ ❛t t❂τs ✵✳✷✸ ✵✳✷✷ ✵✳✷✵
Q+

t ✭♥❈✮ ❛t t❂τs ✶✳✹×✶✵−3 ✸✳✷×✶✵−3 ✷✳×✶✵−2

Q−
t ✭♥❈✮ ❛t t❂τs ✶✳✽×✶✵−4 ✽✳✻×✶✵−3 ✵✳✶✵

❚❛❜❧❡ ✻✳✷✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ♦♥ t❤❡ t♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t
τs = τimpact + 3.9 ✭♥s✮ ❢♦r ❛ t❤✐♥ ✭∆ = 176 µ♠✮ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t
xdiel = 0.24 ❝♠✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳

t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❢♦r t❤❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ s❧♦✇❡r
♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ✐♥
❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥ ✺✳✸✳

✻✳✸✳✸ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t❤✐♥ ❛♥❞ ♦♣❛q✉❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛♥❞
r❡✐❣♥✐t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r xdiel ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ❋✐❣✉r❡ ✻✳✻ s❤♦✇s t❤❡ ❞✐str✐❜✉✲
t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢♦r
xdiel = 0.15, 0.24 ❛♥❞ ✵✳✸✺ ❝♠ ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ εr = 5✳ ❲❡
❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ❛t t❤❡ s❛♠❡ t✐♠❡ ♦❢ t = 7 ♥s✱ ✇❤✐❝❤ ✐s τconnect ❢♦r t❤❡
❝❛s❡ xdiel = 0.15 ❝♠✳ ❆s ❡①♣❡❝t❡❞✱ ❋✐❣✉r❡ ✻✳✻ ❛♥❞ ❚❛❜❧❡ ✻✳✶ s❤♦✇ t❤❛t
t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ♦❢ t❤❡ str❡❛♠❡r ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ✐s t❤❡ s♠❛❧❧❡st
❢♦r t❤❡ ❞✐❡❧❡❝tr✐❝ ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ ♣♦✐♥t ✭xdiel = 0.35 ❝♠✮ ❛♥❞
t❤❡♥ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ st❛rts s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡
❡❛r❧✐❡r ❢♦r t❤✐s xdiel t❤❛♥ ❢♦r t❤❡ ♦t❤❡rs✳ ❇❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✇❡
♥♦t❡ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ■♥❞❡❡❞✱ ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡
❝❛t❤♦❞❡ ✭xdiel = 0.15 ❝♠✮✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✷✱ ✇❡ ♦❜s❡r✈❡ ✶✳✸ ♥s
❛❢t❡r t❤❡ ✐♠♣❛❝t✱ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡
❞✐❡❧❡❝tr✐❝ ❛♥❞ ✐ts ❢❛st ♣r♦♣❛❣❛t✐♦♥ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡ ✇✐t❤ ❛ ❝♦♥♥❡❝t✐♦♥
t✐♠❡ ♦❢ ✼ ♥s✳ ❆s t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ♣❧❛❝❡❞ ❝❧♦s❡r t♦ t❤❡ ♣♦✐♥t ❛s ❢♦r
xdiel = 0.24 ❝♠✱ t❤❡ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ✐♥❝r❡❛s❡s ✉♣ t♦ ✷✳✼ ♥s ❛♥❞ ✇❡ ♦❜s❡r✈❡
t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ✇❡❛❦ ♣♦s✐t✐✈❡ str❡❛♠❡r ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ✭❛①✐❛❧ ✈❛❧✲
✉❡s ♦❢ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
❛s ✐t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❛r❡ ♦❢ ✼✺✳✹ ❦❱ ❝♠−1 ❛♥❞
1013 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✮ ✇❤✐❝❤ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡ ❛t ✶✷✳✽ ♥s✳ ❋✐♥❛❧❧②✱
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

❋✐❣✉r❡ ✻✳✻✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ✭xdiel✮ ♦❢ t❤❡ t❤✐♥ ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳ ❈r♦ss✲
s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t
t = 7.0 ♥s✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t②
✐s εr = 5✳ P❡❛❦ ✈❛❧✉❡s ♦❢ t❤❡ s❝❛❧❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢
✶✺✵ ❦❱ ❝♠−1 ❛♥❞ 1015 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r t❤❡
❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r ❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✶✺

❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.35 ❝♠✱ ✇❡ ❤❛✈❡ ♥♦t
♦❜s❡r✈❡❞ ❛♥② ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❞✉r✐♥❣ t❤❡ ✶✻ ♥s
s✐♠✉❧❛t❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡♥ t❤❡s❡ r❡s✉❧ts s❤♦✇✱ t❤❛t ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡
❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✱ t♦ ❤❛✈❡ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥
✐♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✱ ✐t ✐s ♠♦r❡ ❡✣❝✐❡♥t t♦ ♣❧❛❝❡ t❤❡ ♦❜st❛❝❧❡
❝❧♦s❡r t♦ t❤❡ ♣❧❛♥❡ ❝❛t❤♦❞❡ t❤❛♥ t♦ t❤❡ ♣♦✐♥t ❛♥♦❞❡✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ♣❧❛❝✐♥❣ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ ✜①❡❞ ✈❛❧✉❡s
♦❢ t❤✐❝❦♥❡ss ❛♥❞ ♣❡r♠✐tt✐✈✐t② ❛t ❞✐✛❡r❡♥t ❛①✐❛❧ ♣♦s✐t✐♦♥s ❝❤❛♥❣❡s t❤❡ s✐③❡
❛♥❞ t❤❡♥ t❤❡ ❝❛♣❛❝✐t❛♥❝❡s ♦❢ t❤❡ ❛✐r ❣❛♣s ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝✳
❈♦♥✈❡rs❡❧②✱ ✐t ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❋♦r ❛
♣❧❛♥❡✲♣❧❛♥❡ ❣❡♦♠❡tr②✱ t❤❡ ❛①✐❛❧ ♣♦s✐t✐♦♥ ♦❢ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❜❡t✇❡❡♥ ❡❧❡❝✲
tr♦❞❡s ❤❛s ❛❧s♦ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡
❣❛♣✳ ❯s✐♥❣ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ❢♦r ❛ s♣❤❡r❡✲♣❧❛♥❡
❣❡♦♠❡tr② ✭❉✉r❛♥❞ ✶✾✻✻✮ ✇✐t❤ ❛ ✺ ♠♠ ❣❛♣ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛ t❤✐♥ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡r ❜❡t✇❡❡♥ ❡❧❡❝tr♦❞❡s✱ ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢
t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐♥❝r❡❛s❡s ♦❢ ♦♥❧② ❛❜♦✉t 10% ❛s t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✐s ♠♦✈❡❞ ❢r♦♠ xdiel = 0.15 t♦ 0.35 ❝♠✱ ❝❧♦s❡r t♦ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳
❚❤❡♥✱ t❤✐s ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐s
t♦♦ s♠❛❧❧ t♦ ❡①♣❧❛✐♥ t❤❡ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ♦❜s❡r✈❡❞ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
❞②♥❛♠✐❝s ❢♦r t❤❡ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳

εr ✺ ✺ ✺ ✺t

∆✭µ♠✮ ✶✼✻ ✶✼✻ ✶✼✻ ✶✼✻t

xdiel ✭♠♠✮ ✶✳✺ ✷✳✹ ✸✳✺ ✸✳✺t

Q+
t ✭♥❈✮ ✽✳✼×10−3 ✶✳✼✾×10−2 ✸✳✼✼×10−2 ✵✳✶✶

Q−
t ✭♥❈✮ ✵✳✹✹ ✽✳✻✼×10−2 ✸✳✹✷×10−3 ✵✳✽

❚❛❜❧❡ ✻✳✸✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ✭xdiel✮ ♦❢ t❤❡ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤
εr = 5 ♦♥ t♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t t = 7.0 ♥s✳ ❆❧❧ ❝❛s❡s ❛r❡ ❢♦r ❛♥ ♦♣❛q✉❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❡①❝❡♣t t❤❡ ❧❛st ❝♦❧✉♠♥✱ ✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t t ✐s ❢♦r ❛ tr❛♥s♣❛r❡♥t
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛s ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳

❋♦r t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua❂✰✶✸ ❦❱ st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❛ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ✐s r❛♣✐❞❧② ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞ ♣r♦♣❛❣❛t❡s t♦✇❛r❞s
t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✇❤❛t❡✈❡r t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳
❆❢t❡r t❤❡ ✐♠♣❛❝t✱ ♦♥ t❤❡ ❛①✐s✱ t❤❡ ✈♦❧t❛❣❡ ❞r♦♣ ✐s ✈❡r② ❧♦✇ ❢r♦♠ t❤❡ ♣♦✐♥t
❡❧❡❝tr♦❞❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡♥ ♠♦st ♦❢ t❤❡ ✈♦❧t❛❣❡
❞r♦♣ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ■❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ❝❧♦s❡r t♦
t❤❡ ❛♥♦❞❡✱ t❤❡ ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ✐s st♦♣♣❡❞ ♠♦r❡
r❛♣✐❞❧② ❛♥❞ t❤❡♥ ❛s t❤❡ s✐③❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❧❛r❣❡r✱ ✐ts ❝❛♣❛❝✐t❛♥❝❡
✐s ❧♦✇❡r ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s s♠❛❧❧❡r✱ ✇❤✐❝❤ ✐s
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡
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❋✐❣✉r❡ ✻✳✼✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ✭xdiel✮ ♦❢ t❤❡ t❤✐♥ ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ♦♥ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t
t = 7.0 ♥s✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t②
✐s εr = 5✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱✳

❧❡ss ❢❛✈♦r❛❜❧❡ ❢♦r r❡✐❣♥✐t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s
❝❧♦s❡r t♦ t❤❡ ❛♥♦❞❡✱ ✐❢ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❧❛②❡r ✭❛s
❢♦r xdiel = 0.24 ❝♠ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ xdiel = 0.15 ❝♠✮✱ ✇❡ ♥♦t❡ t❤❛t t❤✐s
s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐s ❛♥ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ✇✐t❤ ❧♦✇❡r ✈❛❧✉❡s ♦❢ ♣❡❛❦ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✳ ❚❤❡♥✱ ✇❤❡♥ t❤❡ ❧❛②❡r ✐s ❝❧♦s❡r t♦ t❤❡ ❛♥♦❞❡✱
t❤❡ ✜rst ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❝❝✉rs ❡❛r❧✐❡r ❜✉t ✐t ✐s ♠♦r❡ ❞✐✣❝✉❧t
❢♦r t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ t♦ r❡✐❣♥✐t❡ ❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ r❡✐❣♥✐t❡❞
❞✐s❝❤❛r❣❡ ❛rr✐✈❡s ❧❛t❡r ❛t t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✳ ❋✐❣✉r❡ ✻✳✼ s❤♦✇s t❤❡ r❛❞✐❛❧
♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛t t = 7.0 ❢♦r t❤❡
❞✐✛❡r❡♥t xdiel ❛♥❞ ✈❛❧✉❡s ♦❢ t♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✻✳✸✳
❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥
t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ❧♦✇✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❤✐❣❤❡st ❛♠♦✉♥t ♦❢
♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s t❤❡ ❝❧♦s❡st
t♦ t❤❡ ❛♥♦❞❡ ♣♦✐♥t✳ ■♥❞❡❡❞✱ ❛s t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡
♦❝❝✉rs ❡❛r❧✐❡r ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ❝❧♦s❡r t♦ t❤❡ ♣♦✐♥t✱ t❤❡ s✉r❢❛❝❡
❞✐s❝❤❛r❣❡ ❢♦r xdiel = 0.35 ❝♠ ❤❛s t❤❡ ❧❛r❣❡st r❛❞✐❛❧ s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ✉♣♣❡r
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡♥ t❤❡ ❤✐❣❤❡st ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s
❛t t = 7.0 ♥s✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ❤✐❣❤❡st ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s
✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♦❜t❛✐♥❡❞ ❢♦r
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✶✼

t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✳ ■♥❞❡❡❞✱ ❛t
t = 7.0 ♥s✱ ❢♦r xdiel = 0.15 ❝♠✱ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐s ❛❧♠♦st ❝♦♥♥❡❝t❡❞
t♦ t❤❡ ❝❛t❤♦❞❡ ✇❤❡r❡❛s ❢♦r t❤❡ t✇♦ ♦t❤❡r ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ♠✉❝❤ s❧♦✇❡r✳
❋♦r ❛ ✜①❡❞ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua = +13 ❦❱✱ ✇❡ ❤❛✈❡ ♣✉t ❢♦r✇❛r❞ t❤❛t
✐t ✐s ❡❛s✐❡r t♦ ♦❜t❛✐♥ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✇✐t❤ ❛♥
♦❜st❛❝❧❡ ✇❤✐❝❤ ✐s ❝❧♦s❡r t♦ t❤❡ ♣❧❛♥❡ ❝❛t❤♦❞❡ t❤❛♥ t♦ t❤❡ ♣♦✐♥t ❛♥♦❞❡✳
■❢ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ✇❡ ❤❛✈❡
❛ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✇❤♦❧❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✱
t❤❛t ✐s t♦ s❛② ✇❡ ♦❜t❛✐♥ t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳ ❚❤❡♥
r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇♦r❦ s❤♦✇ t❤❛t t❤❡ ❜r❡❛❦❞♦✇♥ ✈♦❧t❛❣❡ ♦❢ t❤❡
✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐♥❝r❡❛s❡s ✐❢ t❤❡ ♦❜st❛❝❧❡ ✐s ❝❧♦s❡r t♦ t❤❡ ♣❧❛♥❡
❝❛t❤♦❞❡ t❤❛♥ t♦ t❤❡ ♣♦✐♥t ❛♥♦❞❡✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t
✇✐t❤ ❡①♣❡r✐♠❡♥ts ❢♦r ❤✐❣❤ ✈♦❧t❛❣❡ ❛♣♣❧✐❝❛t✐♦♥s r❡✈✐❡✇❡❞ ✐♥ ✭▲❡❜❡❞❡✈ ❡t ❛❧✳
✷✵✵✺✮✳

✻✳✸✳✹ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♦♣❛q✉❡ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛♥❞ r❡✐❣✲
♥✐t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t❤✐❝❦♥❡ss ∆ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❛♥❞ r❡✐❣♥✐t✐♦♥✳ ❋✐❣✉r❡ ✻✳✽ s❤♦✇s t❤❡
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
❢♦r ∆ = 176µm ❛♥❞ ✶ ♠♠✱ ✇✐t❤ εr = 5 ❛♥❞ xdiel = 0.24 ❝♠✳ ❲❡ ❝♦♠♣❛r❡
t❤❡ r❡s✉❧ts ❛t t❤❡ s❛♠❡ t✐♠❡s ♦❢ ✾ ❛♥❞ ✶✵✳✺ ♥s✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ τreigni
❛♥❞ τconnect ❢♦r ∆ = 1 ♠♠✳ ❚❛❜❧❡ ✻✳✹ ❣✐✈❡s t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♠♣❛❝t✱
r❡✐❣♥✐t✐♦♥ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ t✐♠❡s ❢♦r t❤❡ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t
xdiel = 0.24 ❝♠ ❢♦r εr = 5 ❛♥❞ ❛❧s♦ ❢♦r εr = 1 ❛♥❞ ✷✳ ■♥ ❝♦♠♣❛r✐♥❣
r❡s✉❧ts ✐♥ ❚❛❜❧❡s ✻✳✶ ❛♥❞ ✻✳✹ ❢♦r xdiel = 0.24 ❝♠✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ t✐♠❡ ♦❢
✐♠♣❛❝t ❞❡❝r❡❛s❡s ❛s ∆ ✐♥❝r❡❛s❡s ❢♦r εr = 2 ❛♥❞ ✺✱ ❛♥❞ r❡♠❛✐♥s ❝♦♥st❛♥t
❢♦r εr = 1✳ ❋♦r ❛ ❣✐✈❡♥ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ t❤✐❝❦❡r
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ εr > 1 ✐♥ t❤❡ ❛✐r ❣❛♣✱ ✐♥❝r❡❛s❡s t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡
✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ✐♥❝r❡❛s❡s ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ s❧✐❣❤t❧② ❢❛st❡r ♣r♦♣❛❣❛t✐♦♥
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛♥❞ t❤❡♥ ❛♥ ❡❛r❧✐❡r ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❚❤❡♥✱ ❢♦r
εr = 5✱ ❋✐❣✉r❡ ✻✳✽ s❤♦✇s t❤❛t ❛t t = 9 ♥s t❤❡ ✜rst str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐s
♠♦r❡ s♣r❡❛❞❡❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐♥ t❤❡ t❤✐❝❦ ❝❛s❡ t❤❛♥ ✐♥
t❤❡ t❤✐♥ ❝❛s❡✳ ❈♦♥✈❡rs❡❧②✱ ❚❛❜❧❡s ✻✳✶ ❛♥❞ ✻✳✹ s❤♦✇ t❤❛t ❢♦r εr = 2 ❛♥❞ ✺✱
❛s ∆ ✐♥❝r❡❛s❡s✱ t❤❡ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ✐♥❝r❡❛s❡s ✭❢♦r εr = 5✱ ❢r♦♠ ✷✳✼ ♥s ❢♦r
∆ = 176 µ♠ t♦ ✻✳✹ ♥s ❢♦r ✶ ♠♠✮✳ ❋♦r εr = 1✱ ✇✐t❤ ❛ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✱ ♥♦
r❡✐❣♥✐t✐♦♥ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✇✐t❤✐♥ t❤❡ ✶✺✳✼ ♥s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ❞✐s❝❤❛r❣❡✳
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

❋✐❣✉r❡ ✻✳✽✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❢♦r t✇♦ t❤✐❝❦♥❡ss❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
∆ = 176µm ❛♥❞ 1mm ✇✐t❤ xdiel = 0.24 ❝♠✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s Ua❂✰✶✸ ❦❱
❛♥❞ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s εr = 5✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 9 ❛♥❞ ✶✵✳✺ ♥s✳ P❡❛❦
✈❛❧✉❡s ♦❢ t❤❡ s❝❛❧❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢ ✶✺✵ ❦❱ ❝♠−1 ❛♥❞
1015 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ❤✐❣❤❡r ❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✶✾

■♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ❢♦r εr = 2 ❛♥❞ ✺✱ t❤❛t t❤❡ r❡✐❣♥✐t❡❞
❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♠♦r❡ ❞✐✛✉s❡ ❛♥❞ ✇❡❛❦❡r ❢♦r t❤❡ t❤✐❝❦
❞✐❡❧❡❝tr✐❝ ❧❛②❡r t❤❛♥ ❢♦r t❤❡ t❤✐♥ ♦♥❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r εr = 5✱ ✐♥ t❤❡
♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ♦♥ t❤❡ ❛①✐s✱ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡
❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢ ✻✶ ❦❱ ❝♠−1 ❛♥❞ 4.6× 1012 ❝♠−3 ✐♥ t❤❡ ❞✐s❝❤❛r❣❡
❢r♦♥t ❢♦r t❤❡ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❛♥❞ ✼✺ ❦❱ ❝♠−1 ❛♥❞ 1013 ❝♠−3 ❢♦r
t❤❡ t❤✐♥ ❝❛s❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ s✐③❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣
❞❡❝r❡❛s❡s ❛s ∆ ✐♥❝r❡❛s❡s✱ ❚❛❜❧❡ ✻✳✹ s❤♦✇s t❤❛t ❢♦r εr = 2 ❛♥❞ ✺✱ t❤❡
❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❝❛t❤♦❞❡ ✐s ♦❜s❡r✈❡❞ ❡❛r❧✐❡r ✐♥ t❤❡ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝ ❝❛s❡
t❤❛♥ ✐♥ t❤❡ t❤✐♥ ♦♥❡✳ ■♥❞❡❡❞✱ ❛s ∆ ✐♥❝r❡❛s❡s✱ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡
✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐♥❝r❡❛s❡s ❛♥❞ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡ ♦❢ t❤❡
❞✐s❝❤❛r❣❡ ❞❡❝r❡❛s❡s✳ ❋♦r εr = 5 ✐♥ ❋✐❣✉r❡ ✻✳✽✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✇❡❛❦
✐♦♥✐③❛t✐♦♥ ❢r♦♥t ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ✈❡r② ❢❛st ❢♦r t❤❡ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✱
✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦❢ 9 × 107 ❝♠ s−1✱ ❛❜♦✉t ✸ t✐♠❡s ❢❛st❡r t❤❛♥
❢♦r t❤❡ t❤✐♥ ❝❛s❡✳ ❋✐❣✉r❡ ✻✳✾ s❤♦✇s t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s
♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛t t = 9 ❛♥❞ ✶✵✳✺ ♥s ❛♥❞ ❚❛❜❧❡ ✻✳✺ ❣✐✈❡s
❛t t = 9 ♥s t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s✳ ❆t t = 9 ♥s✱ ❛s t❤❡
s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ✐s ♠♦r❡ s♣r❡❛❞❡❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❢♦r t❤❡
t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✐s ❛❧s♦ ❤✐❣❤❡r
❛♥❞ ♠♦r❡ ❡①♣❛♥❞❡❞ r❛❞✐❛❧❧② t❤❛♥ ❢♦r t❤❡ t❤✐♥ ❞✐❡❧❡❝tr✐❝✳ ❈♦♥✈❡rs❡❧②✱ ♦♥
t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥
❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ✐s s♠❛❧❧❡r ❢♦r t❤❡ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝ t❤❛♥ ❢♦r t❤❡ t❤✐♥ ♦♥❡ ❛s
❛t t = 9 ♥s✱ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❢♦r t❤❡ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ✐s ❛❧r❡❛❞② r❡✐❣♥✐t❡❞
✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✳ ❇❡t✇❡❡♥ ✾ ❛♥❞ ✶✵✳✺ ♥s✱ ✇❡
♥♦t❡ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s
✐s s♠❛❧❧ ❢♦r ❜♦t❤ ✈❛❧✉❡s ♦❢ ∆✱ ❜✉t ✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t ❢♦r ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❝❤❛r❣❡s✳ ■♥❞❡❡❞✱ ❜❡t✇❡❡♥ ✾ ❛♥❞ ✶✵✳✺ ♥s✱ t❤❡ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❝❤❛r❣❡s ✐♥❝r❡❛s❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ♣❛rt✐❝✉❧❛r❧② ❝❧♦s❡ t♦ t❤❡ ❛①✐s ❞✉❡ t♦
t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝✳

■♥ ❛❧❧ ❝❛s❡s st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s t❤✐♥✱ ✇❡
❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝ ❜❡❢♦r❡ r❡✐❣♥✐t✐♦♥ ✐s t♦♦ ❧♦✇ t♦ ❡①♣❧❛✐♥ t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣✲
♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❋♦r t❤❡ t❤✐❝❦ ❝❛s❡ ♦❢ ❋✐❣✉r❡ ✻✳✽✱ ❋✐❣✉r❡ ✻✳✾
s❤♦✇s t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡ ❛❢t❡r t❤❡ ✐♠♣❛❝t ✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t✳ ❲❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❛t✱ ❛t
t❤❡ r❡✐❣♥✐t✐♦♥ t✐♠❡ ✭✾ ♥s ✐♥ t❤✐s ❝❛s❡✮✱ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❞✐❡❧❡❝tr✐❝
❢❛❝❡s ❡♥❤❛♥❝❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❢
✶✷✳✺ ❦❱ ❝♠−1 ✇❤✐❝❤ ✐s ❧❡ss t❤❛♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ t♦t❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞
✭✹✽✳✷ ❦❱ ❝♠−1✮✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡♥ ✐♥ t❤❡ t❤✐❝❦ ❝❛s❡✱ s✉r❢❛❝❡ ❝❤❛r❣❡s ❤❛✈❡
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

εr ✶ ✷ ✺
∆✭µ♠✮ ✶✵✵✵ ✶✵✵✵ ✶✵✵✵

xdiel ✭♠♠✮ ✷✳✹ ✷✳✹ ✷✳✹
τimpact ✭♥s✮ ✸✳✽ ✸✳✵ ✷✳✺
τreigni ✭♥s✮ ✲ ✶✹ ✾
δτreigni ✭♥s✮ ✲ ✶✶ ✻✳✹
τconnect ✭♥s✮ ✲ ✶✺✳✾ ✶✵✳✺

Esg
max✭❦❱ ❝♠−1✮ ✲ ✹✼ ✻✶
nsg
e,max ✭❝♠−3) ✲ ✷✳✼ ×1012 ✹✳✻ ×1012

❚❛❜❧❡ ✻✳✹✿ ❋♦r ❛ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❢ ∆ = 1 ♠♠✱ ✐♥✢✉❡♥❝❡
♦❢ ♣❡r♠✐tt✐✈✐t② ✭εr✮ ❢♦r ❛♥ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.24 ❝♠
♦♥ t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t τimpact✱ t❤❡ r❡✐❣♥✐t✐♦♥ t✐♠❡ τreigni✱ t❤❡ r❡✐❣♥✐t✐♦♥ ❞❡❧❛②
δτreigni = τreigni−τimpact✱ t❤❡ t✐♠❡ ♦❢ ❞✐s❝❤❛r❣❡ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❝❛t❤♦❞❡ τconnect✱
t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ E

sg
max ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② n

sg
e,max ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t

✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❚❤❡ s②♠❜♦❧ ✧✲✧ ✐s ✉s❡❞ ❢♦r t❤❡ ❝❛s❡ εr = 1
❛s ♥♦ r❡✐❣♥✐t✐♦♥ ✐s ♦❜s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t❡❞ t✐♠❡✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s
Ua❂✰✶✸ ❦❱✳

εr ✺ ✺
∆✭µ♠✮ ✶✼✻ ✶✵✵✵

xdiel ✭♠♠✮ ✷✳✹ ✷✳✹
Q+

t ✭♥❈✮ ✺✳✸×10−2 ✵✳✻✹
Q−

t ✭♥❈✮ ✵✳✸✵ ✶✳✹×10−2

❚❛❜❧❡ ✻✳✺✿ ❚♦t❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t t = 9 ♥s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❋✐❣✉r❡ ✻✳✾✳

♦♥❧② ❛ s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐✲
❡❧❡❝tr✐❝ ❛♥❞ r❡✐❣♥✐t✐♦♥ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧ r❡❞✐str✐❜✉t✐♦♥ ❛❢t❡r
t❤❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ ✐♥
❋✐❣✉r❡ ✻✳✾ t❤❛t ❢♦r ❛ ❣✐✈❡♥ t✐♠❡✱ ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥s
♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦❢ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡
r❛t❤❡r ❝❧♦s❡✳ ❚❤✐s ✐s ❛❧s♦ ❝❧❡❛r❧② ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡s ✻✳✹✱ ✻✳✺ ❛♥❞ ✻✳✼✳ ❆s
♠❡♥t✐♦♥❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❢♦r ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝✱ t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥
♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❢♦❧❧♦✇s t❤❡ r❛❞✐❛❧ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s✲
❝❤❛r❣❡ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❛ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✱
❋✐❣✉r❡ ✻✳✾ s❤♦✇s t❤❛t ❛t ❛ ❣✐✈❡♥ t✐♠❡ t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ s✉r✲
❢❛❝❡ ❝❤❛r❣❡s ✐s ❧❡ss t❤❛♥ t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝✱ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❤❛s ❛ ♠♦r❡
❝②❧✐♥❞r✐❝❛❧ str✉❝t✉r❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❝♦♥❡ s❤❛♣❡ ♦❜s❡r✈❡❞ ❢♦r ❛ t❤✐♥
❞✐❡❧❡❝tr✐❝✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✷✶
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❋✐❣✉r❡ ✻✳✾✿ ❘❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ❋✐❣✉r❡ ✻✳✽✳

✻✳✸✳✺ ❙t✉❞② ♦❢ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❜❡❤✐♥❞ ❛
t❤✐♥ ❛♥❞ tr❛♥s♣❛r❡♥t ❞✐❡❧❡❝tr✐❝ ❧❛②❡r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s tr❛♥s♣❛r❡♥t t♦ t❤❡
♣❛rt ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ r❛❞✐❛t✐♦♥ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❛✐r ♣❤♦t♦✐♦♥✐③❛t✐♦♥✳
❲❡ ♣r❡s❡♥t r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇✐t❤ εr = 5
✐s ❧♦❝❛t❡❞ ❛t xdiel = 0.35 ❝♠✱ ❢♦r ✇❤✐❝❤ ♥♦ r❡✐❣♥✐t✐♦♥ ✇❛s ♦❜s❡r✈❡❞ ✇❤❡♥
t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♦♣❛q✉❡ ✭❋✐❣✉r❡ ✻✳✻ ❛♥❞ ❚❛❜❧❡ ✻✳✶✮✳ ❋✐❣✉r❡ ✻✳✶✵ s❤♦✇s
t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t = 2✱ 2.5 ❛♥❞ 6.0 ♥s✳ ❚❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✻✳✶ ❣✐✈❡s
t❤❡ ✐♠♣❛❝t✱ r❡✐❣♥✐t✐♦♥ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ t✐♠❡s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ t✐♠❡ ♦❢
✐♠♣❛❝t ✐s t❤❡ s❛♠❡ ✭✷ ♥s✮ ❢♦r t❤❡ tr❛♥s♣❛r❡♥t ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②✲
❡rs✳ ❋✐❣✉r❡ ✻✳✶✵ s❤♦✇s t❤❛t ❛t t = 2 ♥s t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❜❡❧♦✇ t❤❡
❞✐❡❧❡❝tr✐❝ ❤❛s s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡❞ ✭♣❡❛❦ ✈❛❧✉❡ ♦❢ ✶✳✵✷ ×1010 ❝♠−3✮ ❞✉❡
t♦ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❞✉r✐♥❣ t❤❡ ✜rst
❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ❛t t = τreigni = 2.5 ♥s ✐♥ ❋✐❣✉r❡ ✻✳✶✵✱
t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② r❡❛❝❤❡s ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛ ♣❡❛❦ ✈❛❧✉❡ ♦❢ ✶✳✵✺×1013 ❝♠−3 ✇✐t❤ ❛ ♣❡❛❦
❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✽✹ ❦❱ ❝♠−1 ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❡ st❛rt ♦❢ t❤❡ ❛①✐❛❧ ♣r♦♣❛✲
❣❛t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❢r♦♠ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t♦✇❛r❞s
t❤❡ ❝❛t❤♦❞❡✳ ❚❤✐s s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐s ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ✇✐t❤✱ ♦♥ t❤❡
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

❛①✐s✱ ❛ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✶✵✾ ❦❱ ❝♠−1 ❛♥❞ ❛♥ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦❢ ✸✳✹
×1013 ❝♠−3 ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❛s ✐t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞
❛✐r ❣❛♣✳ ❆s ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✶✱ t❤❡ s❡❝♦♥❞ str❡❛♠❡r ✐❣✲
♥✐t❡❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❤❛s ❛ ❝♦♥❡ s❤❛♣❡ ✇❤✐❝❤ ✐s ♠♦r❡ ❝❧❡❛r❧② s❡❡♥
✐♥ ❋✐❣✉r❡ ✻✳✶✵ ❛s t❤❡ s✐③❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❧❛r❣❡r✳ ❚❤✐s ❞✐s❝❤❛r❣❡
♣r♦♣❛❣❛t❡s r❛♣✐❞❧② ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❛♥❞ ✐♠♣❛❝ts ❛t t = 7.1 ♥s t❤❡
❝❛t❤♦❞❡ ♣❧❛♥❡✳ ■❢ ✇❡ ❝♦♠♣❛r❡ ✇✐t❤ ♦t❤❡r ❝♦♥❞✐t✐♦♥s st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦
✇✐t❤ ❛ t❤✐♥ ♦♣❛q✉❡ ❧❛②❡r ✇✐t❤ εr = 5✱ ✇❡ ♥♦t❡ t❤❛t t❤✐s ✐s t❤❡ s❤♦rt❡st
❝♦♥♥❡❝t✐♦♥ t✐♠❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ ❤♦✇❡✈❡r✱ t❤❛t ✐t ✐s ✶✳✶ ♥s ❧♦♥❣❡r
t❤❛♥ t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡ ✇✐t❤♦✉t ❛♥② ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡
❣❛♣✳ ❋✐❣✉r❡ ✻✳✶✶ s❤♦✇s t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥s ♦♥ ❜♦t❤ ❢❛❝❡s
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t = 2.5✱ ✻ ❛♥❞ 7.0 ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥
❛s ❋✐❣✉r❡ ✻✳✶✵✳ ❆t t = τreigni = 2.5 ♥s✱ t❤❡ r❡✐❣♥✐t✐♦♥ t✐♠❡✱ ❛s ❛❧r❡❛❞②
♦❜s❡r✈❡❞ ❢♦r t❤✐♥ ♦♣❛q✉❡ ❧❛②❡rs✱ t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s
✈❡r② s♠❛❧❧ ❛♥❞ t❤❡♥ ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✳
❆s ❡①♣❡❝t❡❞✱ ❞✉❡ t♦ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r
❣❛♣ ❞✉r✐♥❣ t❤❡ ✜rst str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ s✉r✲
❢❛❝❡ ❝❤❛r❣❡s st❛rts ❡❛r❧✐❡r ❢♦r ❛ tr❛♥s♣❛r❡♥t ❞✐❡❧❡❝tr✐❝ t❤❛♥ ❢♦r ❛♥ ♦♣❛q✉❡
♦♥❡ ❛♥❞ t❤✐s ♠❛② ♣r❡✈❡♥t r❡✐❣♥✐t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛t t = τreigni = 2.5 ♥s✱
t❤❡ ❛♠♦✉♥t ♦❢ ❞❡♣♦s✐t❡❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s r❛t❤❡r s♠❛❧❧ ❛♥❞ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t② ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✈♦❧✉♠❡
❛r❡ ❤✐❣❤ ❡♥♦✉❣❤ t♦ r❡✐❣♥✐t❡ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❛♠♦✉♥t
♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥❝r❡❛s❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ r❛♣✐❞❧② ❛s t❤❡
s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥❝r❡❛s❡s ✇❤✐❝❤
❡♥❤❛♥❝❡s t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡ r❡❛❝❤❡s ❛t t = 7 ♥s ❛ ✈❛❧✉❡ ♦❢ ✶✶ ♥❈ ❝♠−2✱ ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡
❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❣❡s ♦❜t❛✐♥❡❞ ❛t t = 7 ♥s ❢♦r ❛❧❧ t❤✐♥ ❛♥❞ ♦♣❛q✉❡
❞✐❡❧❡❝tr✐❝ t❡st✲❝❛s❡s ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✳✶✳ ❚❛❜❧❡ ✻✳✸ s❤♦✇s t❤❛t ❛t t = 7 ♥s✱
t♦t❛❧ ❛♠♦✉♥ts ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛r❡ ♠✉❝❤ ❤✐❣❤❡r
✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❢♦r t❤❡ tr❛♥s♣❛r❡♥t t❤❛♥ ❢♦r t❤❡ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧♦✲
❝❛t❡❞ ❛t t❤❡ s❛♠❡ ❛①✐❛❧ ♣♦s✐t✐♦♥✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ s❤♦✇ ❝❧❡❛r❧② t❤❛t
t❤❡ r❛❞✐❛t✐♦♥ ❡♠✐tt❡❞ ❜② t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ♠❛② ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♥✢✉✲
❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢
❝❤❛r❣✐♥❣ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✷✸

❋✐❣✉r❡ ✻✳✶✵✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤
❛ t❤✐♥ ❛♥❞ tr❛♥s♣❛r❡♥t ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.35 ❝♠ ❢♦r ❛♥ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ♦❢ Ua❂✰✶✸ ❦❱✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ∆ = 176µm ❛♥❞ ✐ts
♣❡r♠✐tt✐✈✐t② ✐s εr = 5✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 2✱ 2.5 ❛♥❞ 6.0 ♥s✳ P❡❛❦ ✈❛❧✉❡s ♦❢ t❤❡ s❝❛❧❡s ♦❢
❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢ ✶✺✵ ❦❱ ❝♠−1 ❛♥❞ 1015 ❝♠−3✱ r❡s♣❡❝✲
t✐✈❡❧②✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝
❛r❡ ❤✐❣❤❡r ❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳
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❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡
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❋✐❣✉r❡ ✻✳✶✶✿ ❘❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ❛t t = 2.5✱ ✻ ❛♥❞ 7.0 ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✻✳✶✵✳

✻✳✹ ❙t✉❞② ♦❢ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❜❡✲
❧♦✇ t✇♦ ♣❛r❛❧❧❡❧ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❧❛❝✐♥❣ t✇♦ t❤✐♥ ❛♥❞ ♦♣❛q✉❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ✇✐t❤ εr = 5 ❛t xdiel,1 = 0.24 ❝♠ ❛♥❞ xdiel,2 = 0.15 ❝♠ ♦♥
t❤❡ ❞✐s❝❤❛r❣❡ ♣❛t❤✳ ❋✐❣✉r❡ ✻✳✶✷ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥
❞❡♥s✐t② ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t = 5.6 ❛♥❞ 8.9 ♥s✳
❚❤❡ ✜rst str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ✐♠♣❛❝ts t❤❡ ✜rst ❧❛②❡r
❧♦❝❛t❡❞ ❛t xdiel,1 = 0.24 ❝♠ ❛t t = 3.2 ♥s✱ t❤❛t ✐s t♦ s❛②✱ ✵✳✶ ♥s ❡❛r❧✐❡r
t❤❛♥ ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ♦♥❡ ♦♣❛q✉❡ ❧❛②❡r ❛t t❤✐s ♣♦s✐t✐♦♥✳ ■♥❞❡❡❞ t❤❡
♣r❡s❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ t❤✐♥ ❧❛②❡r ✐♥❝r❡❛s❡s s❧✐❣❤t❧② t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡
✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ❛♥❞ t❤❡♥ t❤❡ ✜rst str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts
s❧✐❣❤t❧② ❡❛r❧✐❡r t❤❡ ✜rst ❧❛②❡r ✇❤❡♥ t✇♦ ❧❛②❡rs ❛r❡ ♣r❡s❡♥t✳ ❆❢t❡r t❤❡
✐♠♣❛❝t✱ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ st❛rts t♦ s♣r❡❛❞ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ✜rst
❞✐❡❧❡❝tr✐❝ ❛♥❞ ❛t t = 5 ♥s ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ st❛rts t♦ ♣r♦♣❛❣❛t❡ ❛①✐❛❧❧②
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❢r♦♠ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✜rst ❞✐❡❧❡❝tr✐❝ ❧❛②❡r t♦✇❛r❞s
t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐❡❧❡❝tr✐❝✳ ❚❤✐s s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐s ❛
str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✇✐t❤✱ ♦♥ t❤❡ ❛①✐s✱ ❛ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ✾✻ ❦❱ ❝♠−1

❛♥❞ ❛♥ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦❢ ✶✳✹✻×1013 ❝♠−3✱ ✇❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❚❤✐s s❡❝♦♥❞ str❡❛♠❡r ❞✐s❝❤❛r❣❡
✐♠♣❛❝ts t❤❡ s❡❝♦♥❞ ❧❛②❡r ❛t t = 6.2 ♥s ❛♥❞ st❛rts t♦ s♣r❡❛❞ ♦♥ t❤❡ ✉♣♣❡r
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✷✺

❋✐❣✉r❡ ✻✳✶✷✿ ❉②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤
t✇♦ t❤✐♥ ❛♥❞ ♦♣❛q✉❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ❧♦❝❛t❡❞ ❛t xdiel = 0.24 ❝♠ ❛♥❞ xdiel =
0.15 ❝♠ ❢♦r ❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua❂✰✶✸ ❦❱✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ ❜♦t❤ ❞✐❡❧❡❝tr✐❝
❧❛②❡rs ✐s ∆ = 176µm ❛♥❞ t❤❡✐r ♣❡r♠✐tt✐✈✐t② ✐s εr = 5✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s
♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 5.6 ❛♥❞
8.9 ♥s✳ P❡❛❦ ✈❛❧✉❡s ♦❢ t❤❡ s❝❛❧❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛r❡ ♦❢
✶✺✵ ❦❱ ❝♠−1 ❛♥❞ 1015 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✳ P❡❛❦ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r t❤❡
✜rst ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ✜rst ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛r❡ ❤✐❣❤❡r ❛♥❞ ❣✐✈❡♥ ✐♥ t❤❡
t❡①t✳
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❋✐❣✉r❡ ✻✳✶✸✿ ❘❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ t✇♦ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡rs ❛t t = 8.9 ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✻✳✶✷✳

s✉r❢❛❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐❡❧❡❝tr✐❝✳ ❆t t = 8 ♥s✱ ❛ t❤✐r❞ ❞✐s❝❤❛r❣❡ st❛rts t♦
♣r♦♣❛❣❛t❡ ❛①✐❛❧❧② ✐♥ t❤❡ t❤✐r❞ ❛✐r ❣❛♣ ❜❡❧♦✇ t❤❡ s❡❝♦♥❞ ❞✐❡❧❡❝tr✐❝ t♦✇❛r❞s
t❤❡ ♣❧❛♥❡ ❝❛t❤♦❞❡✳ ❆s t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❝r♦ss❡s t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ t❤✐r❞
❛✐r ❣❛♣✱ t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ✐s ♦❢ ✶✵✻ ❦❱ ❝♠−1 ❛♥❞ t❤❡
❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s ♦❢ ✷✳✾✼×1013 ❝♠−3✳ ❚❤❡♥ t❤✐s t❤✐r❞ ❞✐s❝❤❛r❣❡ ✐s ❛❧s♦ ❛
str❡❛♠❡r ❞✐s❝❤❛r❣❡✳ ❋✐❣✉r❡ ✻✳✶✷ s❤♦✇s t❤❛t ❢♦r ❜♦t❤ ❞✐s❝❤❛r❣❡s r❡✐❣♥✐t❡❞
❜❡❧♦✇ t❤❡ t✇♦ ❝❧♦s❡❧② s♣❛❝❡❞ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs✱ t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡s❡
❞✐s❝❤❛r❣❡s ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ✐s r❡❧❛t❡❞ t♦
t❤❡ r❛❞✐❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❧❛②❡r✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ t❤✐r❞ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ❛t t = 9.1 ♥s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦
❝♦♠♣❛r❡ t❤✐s ❝♦♥♥❡❝t✐♦♥ t✐♠❡ ✇✐t❤ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢♦r ♦♥❡ ❧❛②❡r✳ ❆s
s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✶✱ ❢♦r ♦♥❡ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.24 ❝♠✱ t❤❡ ❝♦♥♥❡❝t✐♦♥
t✐♠❡ ✐s ✶✷✳✽ ♥s ❛♥❞ t❤❡♥ ❛ s❡❝♦♥❞ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.15 ❝♠✱ ❛❧❧♦✇s
t♦ s♣❡❡❞ ✉♣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡
❣❛♣ ♦❢ ✸✳✼ ♥s✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ♦♥❡ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.15 ❝♠✱
t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡ ✐s ♦♥❧② ♦❢ ✼✳✸ ♥s ❛♥❞ t❤❡♥ ♣❧❛❝✐♥❣ ❛ s❡❝♦♥❞ ❧❛②❡r ❛t
xdiel = 0.24 ❝♠ s❧♦✇s ❞♦✇♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ✇❤♦❧❡
✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ♦❢ ✶✳✽ ♥s✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡ ❞✐s❝❤❛r❣❡
❞②♥❛♠✐❝s ✇✐t❤ t✇♦ ❝❧♦s❡❧② s♣❛❝❡❞ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ❛♥❞ ✇✐t❤ ❛ t❤✐❝❦
❞✐❡❧❡❝tr✐❝✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ❝❛s❡ st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✷✼

t❤❡ ✜rst ❧❛②❡r ✐s ❧♦❝❛t❡❞ ❛t xdiel = 0.24 ❝♠ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤✐s
s✉r❢❛❝❡ ❛♥❞ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ✶✳✵✼✻ ♠♠✳ ❚❤❡♥
t❤✐s t❡st✲❝❛s❡ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❛ t❤✐❝❦ ❞✐❡❧❡❝tr✐❝
✇✐t❤ ∆ = 1 ♠♠✱ εr = 5 ❛t xdiel = 0.24 ❝♠✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t
t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡ ✐♥ t❤❡ t❤✐❝❦ ❝❛s❡ ✐s ✶✵✳✺ ♥s✱ ✇❤✐❝❤ ✐s ✶✳✹ ♥s ❧♦♥❣❡r
t❤❛♥ ❢♦r t❤❡ ❝❛s❡ ♦❢ t✇♦ ❧❛②❡rs✳ ❋✐❣✉r❡ ✻✳✶✸ s❤♦✇s t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ t✇♦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ❛t t = 8.9 ♥s✱ ❞✉r✐♥❣
t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ t❤✐r❞ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳ ❲❡ ♥♦t❡
t❤❛t✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ r❛❞✐❛❧ s♣r❡❛❞✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ t❤❡ ✜rst ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel,1 = 0.24 ❝♠ ✐s ❧❛r❣❡r
t❤❛♥ ♦♥ t❤❡ s❡❝♦♥❞ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel,2 = 0.15 ❝♠✳ ❲❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦t❛❧ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❧❛②❡rs ❛t t = 8.9 ♥s✱ ✇❤✐❝❤ ❛r❡
♦❢ ✰✵✳✶✹ ♥❈ ❛♥❞ ✲✵✳✾✾ ♥❈ ♦♥ t❤❡ ✜rst ❧❛②❡r ❛♥❞ ✰✶✳✼✸×10−3 ♥❈ ❛♥❞ ✲
✵✳✶✾ ♥❈ ♦♥ t❤❡ s❡❝♦♥❞ ❧❛②❡r✳ ❚❤❡♥✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡
❛♥❞ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ✐s t❤❡ ❤✐❣❤❡st ❢♦r t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❙✐♠✐❧❛r r❡s✉❧ts ❤❛✈❡
❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ s❡✈❡r❛❧ ♣❛rt✐❝❧❡s ♣❧❛❝❡❞ ♦♥ t❤❡
str❡❛♠❡r ♣❛t❤ ❜② ✭❇❛❜❛❡✈❛ ❡t ❛❧✳ ✷✵✵✻✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❢♦r
♦♥❡ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.24 ❝♠✱ ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✺✱ t❤❡ ❛♠♦✉♥t ♦❢
♣♦s✐t✐✈❡ ❝❤❛r❣❡s ❛t ✾ ♥s ✐s ♠✉❝❤ ❧❡ss t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ t✇♦ ❧❛②❡r
❝♦♥✜❣✉r❛t✐♦♥ ❛t t = 8.9 ♥s✳ ❚❤❡♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s❡❝♦♥❞ ❧❛②❡r ❜❡❧♦✇ t❤❡
✜rst ♦♥❡ ❛❧❧♦✇s t♦ ❝❤❛r❣❡ ♠♦r❡ ❡✣❝✐❡♥t❧② t❤❡ ✜rst ❧❛②❡r✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r
t❤❡ ❝❛s❡ ♦❢ ♦♥❡ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel = 0.15 ❝♠✱ ❚❛❜❧❡ ✻✳✸ s❤♦✇s t❤❛t ❛t
t = 7 ♥s✱ t❤❡ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡
✈❛❧✉❡✮ ✐s ❛❧r❡❛❞② ❤✐❣❤❡r t❤❛♥ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t t = 8.9 ♥s
❢♦r t❤❡ t✇♦ ❧❛②❡r ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡♥✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
s❡❝♦♥❞ ❧❛②❡r✱ ❛❜♦✈❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ❧❛②❡r✱ ❞❡❝r❡❛s❡s t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❧❛②❡r ❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳

✻✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢
❛ ♣♦s✐t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡
♦❜st❛❝❧❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

• ■♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ t❤❡ ✐♥t❡r✲
❡❧❡❝tr♦❞❡ ❣❛♣✱ t❤❡ ✜rst ❛✐r ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ✐s st♦♣♣❡❞
✐♥ ✐ts ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜✲
st❛❝❧❡ ❛♥❞ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❉❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐ts ♣❡r♠✐tt✐✈✐t②✱ ✐ts t❤✐❝❦♥❡ss
❛♥❞ ✐ts ♦♣❛❝✐t② t♦ r❛❞✐❛t✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡
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✶✷✽
❈❤❛♣t❡r ✻ ✲ ❙t✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡

❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

♦❜st❛❝❧❡

♠❛② r❡✐❣♥✐t❡ ♦r ♥♦t ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ❝❧♦s❡ t♦ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✱ ♦r ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r ✐s t❤✐♥ ❛♥❞ tr❛♥s♣❛r❡♥t t♦ r❛❞✐❛t✐♦♥✱ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐s ❛
♣♦s✐t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♥❣ ❢r♦♠ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡r t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡✳ ❖t❤❡r✇✐s❡✱ ✐♥ ❛❧❧ ♦t❤❡r ❝❛s❡s ✇✐t❤
r❡✐❣♥✐t✐♦♥ s❤♦✇♥ ✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐s ❛ ✇❡❛❦❡r
✐♦♥✐③❛t✐♦♥ ❢r♦♥t✳ ❙✉r❢❛❝❡ ❝❤❛r❣❡s ❛r❡ ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡
❣❛♣✳ P♦s✐t✐✈❡ ❝❤❛r❣❡s ❛r❡ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡✳ ❚❤❡
❛♠♦✉♥t ♦❢ ❞❡♣♦s✐t❡❞ ❝❤❛r❣❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡r✱ ✐ts ♣❡r♠✐tt✐✈✐t②✱ ✐ts t❤✐❝❦♥❡ss ❛♥❞ ✐ts ♦♣❛❝✐t② t♦ r❛❞✐❛t✐♦♥✳
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇
t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧ r❡❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✐♥✲
t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ❛❢t❡r t❤❡ ✜rst ♣♦s✐t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡
✜rst ❛✐r ❣❛♣✳ ❲❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡
t✇♦ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❤❛s ❛ s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ r❡✐❣♥✐t✐♦♥✳

• ❋✐♥❛❧❧②✱ ✇✐t❤ t✇♦ ❝❧♦s❡❧② s♣❛❝❡❞ t❤✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ✐♥ t❤❡ ❞✐s❝❤❛r❣❡
♣❛t❤✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ❛ s❡r✐❡s ♦❢ ❞✐s❝❤❛r❣❡ s♣r❡❛❞✐♥❣✴r❡✐❣♥✐t✐♦♥ ❢♦r
❡❛❝❤ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❇♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ❛r❡ ❝❤❛r❣❡❞
❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✱ ✇✐t❤ t❤❡
❤✐❣❤❡st ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮
❢♦r t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✇❤✐❝❤ ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳
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❈❤❛♣t❡r ✼

■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞

❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

✼✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❝❤❛♣t❡r ✻✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❢♦r ❛ ❝♦♥st❛♥t ♣♦s✲
✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✳ ■♥ t❤✐s
❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ ❛ ✜①❡❞ ♣♦s✐✲
t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❜❡t✇❡❡♥ ❡❧❡❝tr♦❞❡s✱ ❛♥❞ ✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡
♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢
t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❜st❛❝❧❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡
t❤❛t t❤❡s❡ ❧❛st ②❡❛rs✱ st✉❞✐❡s ♦♥ ♣❧❛s♠❛ ❥❡ts ❤❛✈❡ ❛❞❞r❡ss❡❞ ❛❧s♦ t❤❡ q✉❡s✲
t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✳ ■♥❞❡❡❞✱ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
s❤♦✇ t❤❛t ❛❢t❡r ❛♥ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ❡①✐t ❢r♦♠ ❛ s♦✉r❝❡ t✉❜❡✱ ✐t ✐♠♣❛❝ts
t❤❡ ♦✉t❡r s✉r❢❛❝❡ ♦❢ ❛ s♣❛t✐❛❧❧② s❡♣❛r❛t❡ ❛♥❞ ❡❧❡❝tr♦❞❡✲❧❡ss s❡❝♦♥❞ t✉❜❡
❛♥❞ ♣r♦❞✉❝❡s ❛ ♥❡✇ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ✐♥s✐❞❡ t❤❡ s❡❝♦♥❞ t✉❜❡ ✭❳✐♦♥❣ ❡t ❛❧✳
✷✵✶✸❀ ▲✉ ❡t ❛❧✳ ✷✵✵✾❀ ❲✉ ❡t ❛❧✳ ✷✵✶✶❀ ❏♦❤♥s♦♥ ❡t ❛❧✳ ✷✵✶✶✮✳ ■♥ ✭❳✐♦♥❣
❡t ❛❧✳ ✷✵✶✸✮✱ t❤✐s r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ✇❛s ❝❛❧❧❡❞ ♣❧❛s♠❛ tr❛♥s❢❡r✳ ■♥ ✭❳✐♦♥❣
❡t ❛❧✳ ✷✵✶✸✮✱ ✐t ✇❛s s❤♦✇♥ ✇✐t❤ ✷❉ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t❤❛t ✇❤❛t❡✈❡r
t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ♣r✐♠❛r② ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ✐❣♥✐t❡❞ ✐♥ t❤❡ s♦✉r❝❡ t✉❜❡✱
t❤❡ s❡❝♦♥❞❛r② ✐♦♥✐③❛t✐♦♥ ✇❛✈❡ ✐❣♥✐t❡❞ ✐♥ t❤❡ tr❛♥s❢❡r t✉❜❡ ✐s ♣♦s✐t✐✈❡✳ ■t
✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❛ ❣♦♦❞ q✉❛❧✐t❛t✐✈❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts
✇❛s ♦❜t❛✐♥❡❞ ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ tr❛♥s❢❡r
t✉❜❡ ✐♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮ ❢♦r ❜♦t❤ ♣♦❧❛r✐t✐❡s ♦❢ t❤❡ ♣r✐♠❛r② ❞✐s❝❤❛r❣❡✳
❙♦ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t ♣♦❧❛r✐t✐❡s ♦♥ t❤❡ r❡✐❣✲
♥✐t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✇✐t❤ t❤❡ r❡s✉❧ts
♦❢ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮✳
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✶✸✵ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

■♥ ❙❡❝t✐♦♥ ✼✳✷✱ ✇❡ ♣r❡s❡♥t t❤❡ st✉❞✐❡❞ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ❛♥❞ t❤❡ ❞✐s❝❤❛r❣❡
♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✼✳✸✱ ❢♦r ❛ ♣♦s✐t✐✈❡ ♣♦❧❛r✐t② ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱
✇❡ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡
❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✱
✇❡ ❣♦ ✐♥t♦ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢
r❡✐❣♥✐t✐♦♥ ❢♦r ❛ ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t② ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳

✼✳✷ ❙t✉❞✐❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♠♦❞❡❧

❚❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❝❤❛♣t❡r ✻ ❛♥❞ s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✻✳✶✳ ■♥ ❝❤❛♣t❡r ✻✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s
❢♦r ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✈♦❧t❛❣❡ ♦❢ Ua = +13 ❦❱ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t
❡❧❡❝tr♦❞❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞②
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛♥❞ ✐ts ♣♦❧❛r✐t② ♦♥ t❤❡
❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ❲❡ ❝♦♥s✐❞❡r ✈❛r✐❛t✐♦♥s ♦❢ Ua ✐♥ t❤❡ r❛♥❣❡ ✶✸ t♦ ✶✽ ❦❱
❢♦r ♣♦s✐t✐✈❡ ♣♦❧❛r✐t② ❛♥❞ ❢r♦♠ −9 t♦ −15 ❦❱ ❢♦r ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t②✳ ❋♦r ❛❧❧
s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❢❡r❡♥❝❡
❛ s✐♠✉❧❛t✐♦♥ t✐♠❡ ♦❢ tlimsim = 16 ♥s✳ ■❢ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ✐♥ t❤❡ s❡❝♦♥❞
❛✐r ❣❛♣ ❜❡❢♦r❡ tlimsim✱ s✐♠✉❧❛t✐♦♥s ❛r❡ st♦♣♣❡❞ ❛❢t❡r t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡
r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ■❢ t❤❡r❡ ✐s ♥♦ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡
s❡❝♦♥❞ ❛✐r ❣❛♣ ❜❡❢♦r❡ tlimsim✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s st♦♣♣❡❞ ❛t tlimsim✳
■♥ ❝❤❛♣t❡r ✻✱ ✇❡ ❤❛✈❡ ✈❛r✐❡❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❤✐❝❦♥❡ss ∆ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r✱ t❤❡ ❛①✐❛❧ ❧♦❝❛t✐♦♥ ♦❢ ✐ts ✉♣♣❡r s✉r❢❛❝❡ xdiel ❛♥❞ ✐ts ♣❡r♠✐tt✐✈✐t② εr✳
■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r ✜①❡❞ ✈❛❧✉❡s ♦❢ ∆ = 176µ♠✱ xdiel =✵✳✸✺ ❝♠
❛♥❞ εr = 5✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛s ♠❡♥t✐♦♥❡❞
✐♥ ❝❤❛♣t❡r ✹✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❡①♣❧✐❝✐t ♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡
✇✐t❤ t❤❡ P❛❙t✐❳ s♦❧✈❡r✳ ❆❧❧ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r
✶✳ ❚❤❡ ♠❡s❤ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❝❤❛♣t❡r ✺✳
❋♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞
✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✹ ❛♥❞ ❛s ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞
✐♥ ❙❡❝t✐♦♥ ✼✳✹✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ✐♥ s♦♠❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♥❡❣❛t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ❤✐❣❤ ❡♥♦✉❣❤ ✭✐♥ ❛❜s♦❧✉t❡
✈❛❧✉❡✮ t♦ r❡✈❡rs❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛❧❧♦✇✐♥❣ ♦r ♥♦t ❡❧❡❝tr♦♥s ❞❡♣♦s✐t❡❞
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t♦ ❜❡ r❡❧❡❛s❡❞ ✐♥t♦ t❤❡ ❣❛s ♣❤❛s❡ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ❞r✐❢t ✈❡❧♦❝✐t② ❝❛❧❝✉❧❛t❡❞ ❛t t❤❡ ❛✐r✴❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ✐♥✢✉❡♥❝❡
♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❞✐❡❧❡❝tr✐❝✴❛✐r ✐♥t❡r❢❛❝❡ ♦♥ t❤❡ r❡s✉❧ts ✇✐❧❧
❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✳
❆s ✐♥ ❝❤❛♣t❡r ✻✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞✱ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ❛ ❧♦✇ ✉♥✐❢♦r♠
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✸✶

❞❡♥s✐t② ♦❢ 104 ❝♠−3 ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ✐♥ ❛✐r ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳

✼✳✸ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❛ ♣♦s✐t✐✈❡
✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ♦♥
t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝✲
tr✐❝ ❧❛②❡r

Ua τigni τimpact tI Kmax
I Emoy(tI) τrei τ planeconnec

❦❱ ✭♥s✮ ✭♥s✮ ✭♥s✮ ✭❦❱✳cm−1✮ ✭♥s✮ ✭♥s✮
✰✶✸ ✵✳✽ ✷✳✵ ✷✳✻ ✶✼✳✼✷ ✸✷ ✲ ✲
✰✶✹ ✵✳✼ ✶✳✼ ✷✳✹ ✷✶✳✺ ✸✺✳✷ ✲ ✲
✰✶✺ ✵✳✻ ✶✳✹ ✷✳✵ ✷✻✳✻✺ ✸✽ ✹✳✺ ✶✶✳✾
✰✶✻ ✵✳✺ ✶✳✷ ✶✳✼ ✸✷✳✸✺ ✹✵✳✾ ✸✳✹ ✼✳✺
✰✶✽ ✵✳✹ ✵✳✾ ✶✳✸ ✹✺✳✺ ✹✻✳✻ ✷✳✶ ✹✳✺

❚❛❜❧❡ ✼✳✶✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua ♦♥
τigni✱ t❤❡ t✐♠❡ ♦❢ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ τimpact✱
t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ♦❢ t❤❡ ✜rst ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ tI t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧
Kmax

I ✐s r❡❛❝❤❡❞✱ Emoy(tI) t❤❡ ❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ❛t t = tI ✱
τrei t❤❡ t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❛♥❞
τ
plane
connec✱ ✐ts t✐♠❡ ♦❢ ✐♠♣❛❝t ❛t t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✳

■♥ ❝❤❛♣t❡r ✻✱ ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel =✵✳✸✺ ❝♠ ❛♥❞ ❛♥ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ♦❢ Ua = +13 ❦❱✱ ♥♦ r❡✐❣♥✐t✐♦♥ ✇❛s ♦❜s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ ✶✻ ♥s
s✐♠✉❧❛t❡❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② ❢♦r t❤✐s ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua ✐♥ t❤❡ r❛♥❣❡ ✶✸ ❦❱ t♦ ✶✽ ❦❱
♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✳ ❋♦r Ua = 18 ❦❱✱ ❋✐❣✉r❡ ✼✳✶ s❤♦✇s t❤❡
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
❛t t = 0.9✱ ✷✳✶ ❛♥❞ ✹✳✺ ♥s ❛♥❞ ❚❛❜❧❡ ✼✳✶ ❣✐✈❡s s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡
❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛t τigni = 0.4 ♥s✳ ❚❤✐s ✜rst ❞✐s❝❤❛r❣❡
♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❣❛♣ ❛♥❞ ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t τimpact = 0.9 ♥s✳
❚❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ st❛rts t♦ s♣r❡❛❞ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r✳ ❆s ❡①♣❡❝t❡❞✱ ✇❡ ♥♦t❡ ✐♥ ❚❛❜❧❡ ✼✳✶ t❤❛t τigni ❛♥❞ τimpact ❞❡❝r❡❛s❡ ❛s
t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐♥❝r❡❛s❡s✳
❆s t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ❛♣♣r♦❛❝❤❡s t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❋✐❣✉r❡ ✼✳✶ s❤♦✇s
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✶✸✷ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋✐❣✉r❡ ✼✳✶✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✭∆ = 176µm ❛♥❞
εr = 5✮ ❧♦❝❛t❡❞ ❛t xdiel = 0.35 ❝♠✳ ❆ ♣♦s✐t✐✈❡ ✈♦❧t❛❣❡ Ua = 18 kV ✐s ❛♣♣❧✐❡❞ ❛t
t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 0.9✱ ✷✳✶ ❛♥❞ ✹✳✺ ♥s✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✸✸

t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
❛♥❞ ✐♥ t❤❡ ❛✐r ❣❛♣ ❜❡❧♦✇ t❤❡ ❧❛②❡r ✐♥❝r❡❛s❡s✳ ❚❤❡♥ ❛✈❛❧❛♥❝❤❡s ♦r✐❣✐♥❛t✐♥❣
❢r♦♠ s❡❡❞ ❡❧❡❝tr♦♥s ❛♣♣❡❛r ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡
❛①✐s✳ ❋✐❣✉r❡ ✼✳✶ s❤♦✇s t❤❛t ❢♦r Ua = 18 ❦❱✱ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s
❥✉st ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t τrei = 2.1 ♥s✳ ❚❤✐s s❡❝♦♥❞ ❞✐s❝❤❛r❣❡
❤❛s ❛ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❛♥❞ ♣r♦♣❛❣❛t❡s ❢r♦♠ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡ t♦✇❛r❞s t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✳ ❲❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❝r♦ss❡s
t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❛t t = 3.8 ♥s✱ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❡❛❦
❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦♥ t❤❡ ❛①✐s ❛r❡ ✾✼ ❦❱ ❝♠−1 ❛♥❞
2× 1013 ❝♠−3✱ r❡s♣❡❝t✐✈❡❧②✳ ❇❡❤✐♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ❛s ✐t ♣r♦♣❛❣❛t❡s✱
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ✐♥ t❤❡ ✐♦♥✐③❡❞ ❝❤❛♥♥❡❧ ❛♥❞ ✇❡
❝♦♥s✐❞❡r t❤❛t t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ❛
♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡✳ ❋✐❣✉r❡ ✼✳✶ s❤♦✇s t❤❛t t❤✐s s❡❝♦♥❞ ♣♦s✐t✐✈❡
str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦♥♥❡❝ts ❛t t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ ❛t τ planeconnec = 4.5 ♥s✳
❚❤✐s ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ✐s ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❞②♥❛♠✐❝s ♦❢
♣❧❛s♠❛ tr❛♥s❢❡r ♦❜s❡r✈❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ♣♦❧❛r✐t② ✐♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮
❛♥❞ ❝❛❧❧❡❞ t♦♣✲❞♦✇♥ ♣r♦❝❡ss✳
❋✐❣✉r❡s ✼✳✷ ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s
♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✼✳✶✳ ❋♦r t ≥ τimpact = 0.9 ♥s✱ t❤❡ ✜rst
♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣❡s
✐t✳ ❆s ❡①♣❡❝t❡❞✱ ❋✐❣✉r❡ ✼✳✷ ✭❛✮ s❤♦✇s t❤❛t t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡
✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✐s ❞✉❡ t♦ ♣♦s✐t✐✈❡ ✐♦♥s ❞❡♣♦s✐t❡❞ ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✐♥❝r❡❛s❡s
s❧♦✇❧② ✐♥ t✐♠❡ ❛♥❞ ❤❛s ♦♥❧② ❛ ♣❡❛❦ ✈❛❧✉❡ ♦❢ 0.1 ♥❈ ❝♠−2 ❛t t = τrei✳ ■♥ t❤❡
s❡❝♦♥❞ ❣❛♣✱ ❛s ❛✈❛❧❛♥❝❤❡s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ s❡❡❞ ❡❧❡❝tr♦♥s ♦❝❝✉r✱ ❡❧❡❝tr♦♥s
✇❤✐❝❤ ❛r❡ ♠✉❝❤ ♠♦r❡ ♠♦❜✐❧❡ t❤❛♥ ✐♦♥s✱ ❞r✐❢t t♦✇❛r❞s t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞
❛r❡ st♦♣♣❡❞ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ❛♥❞ t❤❡♥ ❝❤❛r❣❡ ✐ts ❜♦tt♦♠ s✉r❢❛❝❡
♥❡❣❛t✐✈❡❧②✳ ❚❤❡♥✱ ❋✐❣✉r❡ ✼✳✷ ✭❜✮ s❤♦✇s t❤❛t ❢♦r t ≥ τimpact✱ ❛ ♥❡❣❛t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡ ✐s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ✐♥❝r❡❛s❡s
✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ r❛♣✐❞❧② t♦ r❡❛❝❤ ❛ ♣❡❛❦ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ 6.5 ♥❈ ❝♠−2

❛t t = τrei✳ ❋✐❣✉r❡s ✼✳✷ ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❛t ❢♦r t ≥ τimpact = 0.9 ♥s✱
♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥❝r❡❛s❡ ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❛♥❞
❡①♣❛♥❞ r❛❞✐❛❧❧②✱ ❞✉❡ t♦ t❤❡ s✉r❢❛❝❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ♦♥ t❤❡ ✉♣♣❡r
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳
❚♦ ❝❤❡❝❦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❋✐❣✉r❡ ✼✳✸ ❝♦♠♣❛r❡s t❤❡ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ♦♥
t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❛t t = 0 s✱ ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t ♦♥❧② s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ❛t t = τrei✱ ❛♥❞ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧
❝❛❧❝✉❧❛t❡❞ ❛t t = τrei✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❞❡♣♦s✐t❡❞ s✉r❢❛❝❡
❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t❤❡ r❡✐❣♥✐t✐♦♥ t✐♠❡ ✐♥❞✉❝❡s ❛
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✶✸✹ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

s♠❛❧❧ ♣❡❛❦ ♦❢ ♥❡❣❛t✐✈❡ ♣♦t❡♥t✐❛❧ ♦❢−1.76 ❦❱ ❛t t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
♦♥ t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ s✐❞❡ ❛♥❞ t❤❡♥ s❧✐❣❤t❧② ❞❡❝r❡❛s❡s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❍♦✇❡✈❡r✱ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t♦t❛❧
♣♦t❡♥t✐❛❧ ✭✶✻✳✷ ❦❱✮ ❛t t❤❡ s❛♠❡ ❛①✐❛❧ ♣♦s✐t✐♦♥✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❞❡❝r❡❛s❡
✐♥ ♣♦t❡♥t✐❛❧ ❞✉❡ t♦ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ❛❧♠♦st ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❡♥ ♦♥❡ ❝❛♥
❛ss✉♠❡ t❤❛t s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
❤❛✈❡ ❛ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ s❡❝♦♥❞
❛✐r ❣❛♣✳ ❲❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ ❝❛s❡s ✇✐t❤
❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✭✐✳❡✳ ❢♦r Ua ≥ 15 ❦❱✮ ✐♥ ❚❛❜❧❡ ✼✳✶✳ ❋♦r
Ua = 18 ❦❱✱ ❋✐❣✉r❡ ✼✳✸ s❤♦✇s t❤❛t ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r ✐♠♣❛❝t ♦♥ t❤❡
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❞✉❡ t♦ t❤❡ s♣❛❝❡ ❝❤❛r❣❡s ✐♥ t❤❡ str❡❛♠❡r ❝❤❛♥♥❡❧✱ t❤❡
✈♦❧t❛❣❡ ❞r♦♣ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ✐s s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥
✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ▲❛♣❧❛❝✐❛♥ ✈♦❧t❛❣❡ ❞r♦♣✳ ❚❤❡♥ ❛t t❤❡ t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥✱
❋✐❣✉r❡ ✼✳✸ s❤♦✇s t❤❛t t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ✈♦❧t❛❣❡ ❞r♦♣ ✐♥ t❤❡ ✇❤♦❧❡
✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❚❤❡♥✱ ❢♦r ❛♥ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ♦❢ Ua = 18 ❦❱✱ ❋✐❣✉r❡ ✼✳✶ s❤♦✇s t❤❛t ❛t t = τrei = 2.1 ♥s✱ t❤❛t ✐s t♦
s❛② ✶✳✷ ♥s ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r ✐♠♣❛❝t ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❛
s❡❝♦♥❞ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞
✐♠♣❛❝ts t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ ❛t t = τ planeconnec = 4.5 ♥s✳ ❚❛❜❧❡ ✼✳✶ s❤♦✇s t❤❛t
❢♦r Ua ≥ 15 ❦❱✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ r❡✐❣♥✐t✐♦♥ t✐♠❡ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡
❛♥❞ ✐ts ❝♦♥♥❡❝t✐♦♥ t✐♠❡ ❛t t❤❡ ❝❛t❤♦❞❡ ❞❡❝r❡❛s❡ ❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
✐♥❝r❡❛s❡s✳
❚♦ st✉❞② ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡

r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel =✵✳✸✺ ❝♠✱
✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ KI ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❡❝♦♥❞
❛✐r ❣❛♣ ✭✐✳❡✳ l = xdiel −∆✮ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s✳ ■♥ ❛♥ ❛tt❛❝❤✐♥❣ ❣❛s ❛s
❛✐r✱ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ ✐s ❣✐✈❡♥ ❜② ✭❘❛✐③❡r ✶✾✾✶✮✿

KI =

∫ l

0

[

α

(

E

N
(x)

)

− η

(

E

N
(x)

)]

dx ✭✼✳✶✮

✇❤❡r❡ α ✐s t❤❡ ✐♠♣❛❝t ✐♦♥✐③❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ η ✐s t❤❡ ❛tt❛❝❤♠❡♥t ❝♦✲
❡✣❝✐❡♥t✳ ❇♦t❤ ❝♦❡✣❝✐❡♥ts ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❧♦❝❛❧ r❡❞✉❝❡❞ ❡❧❡❝tr✐❝
✜❡❧❞ E/N (x)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ▼❡❡❦✬s ❝r✐t❡r✐♦♥✱ ✐❢ KI = KMeek ≃ ✶✽
t♦ ✷✶✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❛✈❛❧❛♥❝❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s s✉❝❤ t❤❛t t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ♦❢ ✐ts s♣❛❝❡ ❝❤❛r❣❡ r❡❛❝❤❡s ❛ ✈❛❧✉❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞✳
❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤✐s ❝r✐t❡r✐♦♥ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ✐♥✐✲
t✐❛❧❧② ❢♦r ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❡①t❡r♥❛❧ ✜❡❧❞ ✇✐t❤ ♥♦ ❞✐❡❧❡❝tr✐❝ ❜♦✉♥❞❛r✐❡s✳ ❆s
s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼✳✶✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❤✐❣❤❧② ♥♦♥
❤♦♠♦❣❡♥❡♦✉s✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✸✺
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❋✐❣✉r❡ ✼✳✷✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s σu
❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡
❝❤❛r❣❡s σb ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r t❤❡ s❛♠❡
❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✼✳✶✳
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✶✸✻ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s
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❋✐❣✉r❡ ✼✳✸✿ ❆❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ❢♦r t❤❡ s❛♠❡
❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✼✳✶✳ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❛t t = 0 ♥s✱ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❛t
t = τrei = 2.1 ♥s ❛♥❞ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② s✉r❢❛❝❡
❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t = τrei✳

♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ Emoy ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✿

Emoy =

∣

∣

∣

∫ l

0
Ex (x) dx

∣

∣

∣

l
✭✼✳✷✮

❋♦r ❛❧❧ ❝♦♥❞✐t✐♦♥s st✉❞✐❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ♥♦t❡❞ t❤❛t ❞✉r✐♥❣
t❤❡ ✜rst str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ✈❛❧✉❡ ♦❢ KI ✐♥❝r❡❛s❡s ❛♥❞ r❡❛❝❤❡s
❛ ♣❡❛❦ ✈❛❧✉❡ ❛t t✐♠❡ t = tI ✳ ❚❤❡♥✱ t❤❡ ❝♦❡✣❝✐❡♥t KI ❞❡❝r❡❛s❡s✱ ❛❧❧
t❤❡ ♠♦r❡ r❛♣✐❞❧② t❤❛t ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r✳ ❚❛❜❧❡ ✼✳✶ s❤♦✇s t❤❛t✱ ❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐♥❝r❡❛s❡s✱ t❤❡ ✈❛❧✉❡
♦❢ tI ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ Kmax

I ✐♥❝r❡❛s❡s✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ✜❡❧❞ Emoy(tI) ✐♥❝r❡❛s❡s ❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
✐♥❝r❡❛s❡s✳ ❋♦r ❛❧❧ st✉❞✐❡❞ ✈♦❧t❛❣❡s ✐♥ t❤❡ r❛♥❣❡ ✶✸ t♦ ✶✽ ❦❱✱ ✇❡ ♥♦t❡ t❤❛t
Emoy(tI) ✐s ❤✐❣❤❡r t❤❛♥ 30 ❦❱ ❝♠−1✱ t❤❡ ❜r❡❛❦❞♦✇♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❛✐r✳
❍♦✇❡✈❡r✱ ❚❛❜❧❡ ✼✳✶ s❤♦✇s t❤❛t ♥♦ r❡✐❣♥✐t✐♦♥ ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣
❢♦r Ua < 15 ❦❱✳ ❋♦r ❛❧❧ st✉❞✐❡❞ ✈♦❧t❛❣❡s✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♣❡❛❦ ✈❛❧✉❡ ♦❢
Kmax

I ✐s r❡❛❝❤❡❞ ❜❡t✇❡❡♥ ✵✳✹ ❛♥❞ ✵✳✼ ♥s ❛❢t❡r t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥
t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❛❜❧❡ ✼✳✶ s❤♦✇s t❤❛tKmax

I > KMeek ❢♦r Ua >
13 ❦❱✱ ❜✉t t♦ ♦❜s❡r✈❡ ❛ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣✱ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
❤❛s t♦ ❜❡ ✐♥❝r❡❛s❡❞ t♦ ✈❛❧✉❡s ❤✐❣❤❡r t❤❛♥ 15 ❦❱✳ ❙♦ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s
st✉❞✐❡❞✱ ❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ Kmax

I = K lim,+
I ≃ 26 ❤❛s t♦ ❜❡ r❡❛❝❤❡❞ t♦

♦❜s❡r✈❡ t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✸✼

✼✳✹ ■♥✢✉❡♥❝❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ ♦♥
t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣✲
♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❢♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❢♦r ❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua ✐♥ t❤❡ r❛♥❣❡ −15
t♦ −9 ❦❱✳ ❋✐❣✉r❡ ✼✳✹ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞

❋✐❣✉r❡ ✼✳✹✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✭∆ = 176µm ❛♥❞
εr = 5✮ ❧♦❝❛t❡❞ ❛t xdiel = 0.35 ❝♠✳ ❆ ♥❡❣❛t✐✈❡ ✈♦❧t❛❣❡ Ua = −15 kV ✐s ❛♣♣❧✐❡❞
❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t = 1.0✱ ✸✳✹ ❛♥❞ ✽✳✷ ♥s✳
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✶✸✽ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t = 1, 3.4 ❛♥❞ 8.2 ♥s ❢♦r ❛♥
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua = −15 ❦❱ ❛♥❞ ❚❛❜❧❡ ✼✳✷ ❣✐✈❡s s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ ♥❡❣❛t✐✈❡
str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛t τigni❂ ✵✳✸ ♥s✳ ❚❤✐s ✜rst ♥❡❣✲
❛t✐✈❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❣❛♣ ❛♥❞ ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t
τimpact = 1 ♥s✳ ❚❤❡♥ t❤❡ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ st❛rts t♦ s♣r❡❛❞ ♦♥ t❤❡ ✉♣♣❡r
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❞②♥❛♠✐❝s ❛s ✐♥ t❤❡ ♥❡❣❛✲
t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳ ❚❛❜❧❡ ✼✳✷ s❤♦✇s t❤❛t ❛s
|Ua| ❞❡❝r❡❛s❡s✱ ❛s ❡①♣❡❝t❡❞✱ τigni ❛♥❞ τimpact ✐♥❝r❡❛s❡✳ ■❢ ✇❡ ❝♦♠♣❛r❡ ❜♦t❤
♣♦❧❛r✐t✐❡s ❢♦r |Ua| = 13 t♦ ✶✺ ❦❱✱ ✐♥ ❚❛❜❧❡s ✼✳✶ ❛♥❞ ✼✳✷✱ ✇❡ ♥♦t❡ t❤❛t t❤❡
t✐♠❡s ♦❢ ✐❣♥✐t✐♦♥ ❛♥❞ ✐♠♣❛❝t ❛r❡ s❤♦rt❡r ❢♦r ❛ ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t②✳
❋✐❣✉r❡s ✼✳✺ ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❡ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥✲
s✐t✐❡s ❛♥❞ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t
t = τimpact = 1 ♥s ❛♥❞ t = 2 ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ❋✐❣✉r❡ ✼✳✹✳
❆t τimpact = 1 ♥s✱ t❤❡ ✜rst ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
❛♥❞ ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❧♦✇ ❞❡♥s✐t✐❡s ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s
❛r❡ ♦❜t❛✐♥❡❞ ✇❤❡r❡❛s ❛ q✉✐t❡ ❤✐❣❤ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞
✭❛❜♦✉t ✶✺✵ ❦❱❝♠−1✮ ✐s r❡❛❝❤❡❞✳ ❚❤❡♥✱ ❛ s❤❡❛t❤ ❢♦r♠s ❛♥❞ ❛t t = 2 ♥s✱
❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼✳✺ ✭❜✮✱ ❛ ❧♦✇ ✭❡✈❡♥ s❧✐❣❤t❧② ♥❡❣❛t✐✈❡ ✐✳❡✳ ❞✐r❡❝t❡❞
t♦✇❛r❞s t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ ♦✈❡r ❛❜♦✉t ✶✵ µ♠ ❛❜♦✈❡ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r✲
❢❛❝❡✮ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❤✐❣❤ ❞❡♥s✐t✐❡s ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s
❛r❡ ♦❜t❛✐♥❡❞ ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡
s❤❡❛t❤ ❢♦r♠❛t✐♦♥ ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t✳ ❋✐rst ❛t τimpact = 1 ♥s✱
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❞✐r❡❝t❡❞ t♦✇❛r❞s t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛s s❤♦✇♥ ♦♥ ❋✐❣✲
✉r❡ ✼✳✺✭❛✮✱ ❛♥❞ t❤❡♥ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ✭♠♦st❧② ❡❧❡❝tr♦♥s ✇❤✐❝❤ ❛r❡ ♠✉❝❤
♠♦r❡ ♠♦❜✐❧❡ t❤❛♥ ♥❡❣❛t✐✈❡ ✐♦♥s✮ r❛♣✐❞❧② ❛❝❝✉♠✉❧❛t❡ ♦♥ t❤❡ ✉♣♣❡r s✉r✲
❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❖♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ ❞✉❡ t♦ t❤❡ ❧❛r❣❡
❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r✲
❢❛❝❡✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ❛ r❡✈❡rs❛❧ ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤✐s ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡✳ ❉✉❡ t♦ t❤✐s ✜❡❧❞ r❡✈❡rs❛❧ ❛t t❤❡ ❛✐r✴❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡✱ ✐♥ t❤✐s
❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ t❡st❡❞ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡❧❡❝tr♦♥s ❛s ✐♥
t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✹✮✳ ❋✐rst✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞✲
❡r❡❞ t❤❛t ❡❧❡❝tr♦♥s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦
❜❡ r❡❧❡❛s❡❞ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ❜❛s❡❞ ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡✐r ❞r✐❢t ✈❡❧♦❝✐t② ❛t
t❤❡ ✐♥t❡r❢❛❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛❢t❡r t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✜rst
♥❡❣❛t✐✈❡ str❡❛♠❡r ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❛♠♦✉♥t
♦❢ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s r❛♣✐❞❧② ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ❛①✐❛❧
❡❧❡❝tr✐❝ ✜❡❧❞ r❛♣✐❞❧② ❝❤❛♥❣❡s ♦❢ s✐❣♥ ❛♥❞ ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ✭❛♥❞ t❤❡♥ ✐s
❞✐r❡❝t❡❞ t♦✇❛r❞s t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✮ ♦♥ ❛ t❤✐❝❦♥❡ss ♦❢ ✶✵✲✶✺ µ♠ ❛❜♦✈❡
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❡ r❡✈❡rs❡❞ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡❛❝❤❡s ❛♥ ❛❜s♦❧✉t❡
✈❛❧✉❡ ♦❢ ❛❜♦✉t ✶✺✵ ❦❱ ❝♠−1✳ ❉✉❡ t♦ t❤✐s ❤✐❣❤ ✈❛❧✉❡✱ ♣♦s✐t✐✈❡ ❝❤❛r❣❡s
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✸✾

❞r✐❢t t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t♦ r❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡♣♦s✐t❡❞
♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❛♥❞ t❤❡♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞❡❝r❡❛s❡s t♦ ✈❡r② ❧♦✇
✈❛❧✉❡s✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✐t t❛❦❡s ❛❜♦✉t ✶ ♥s t♦
♦❜t❛✐♥ t❤❡ s❤❡❛t❤ ❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✳ ❙❡❝♦♥❞✱ ✇❡ ❤❛✈❡
❛❧❧♦✇❡❞ ❡❧❡❝tr♦♥s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t♦ ❜❡ r❡❧❡❛s❡❞ ✐♥t♦
t❤❡ ❣❛s ♣❤❛s❡ ❞✉❡ t♦ t❤❡ ✜❡❧❞ r❡✈❡rs❛❧✱ ❜❛s❡❞ ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡✐r ❞r✐❢t
✈❡❧♦❝✐t② ❛t t❤❡ ✐♥t❡r❢❛❝❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ✐♥ ❧❡ss
t❤❛♥ ✵✳✺ ♥s✱ ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡
♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦
t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❞❡❝r❡❛s❡s r❛♣✐❞❧② t♦ ✈❡r② ❧♦✇ ✈❛❧✉❡s✳ ❚❤❡♥ ✐t
✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✇✐t❤ ❜♦t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛t t = 2 ♥s✱
✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦✜❧❡s ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s ❛♥❞ ❛①✐❛❧ ❡❧❡❝tr✐❝
✜❡❧❞ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼✳✺ ✭❜✮✳ ■t ✐s ✐♠♣♦rt❛♥t t♦
♣♦✐♥t ♦✉t t❤❛t✱ t❤❡ ❝❤♦✐❝❡ ♦❢ ♦♥❡ ♦❢ t❤❡s❡ t✇♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛s ❛
♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳
❆s t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ❛♣♣r♦❛❝❤❡s t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ❋✐❣✉r❡ ✼✳✹ s❤♦✇s
t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞
✐♥ t❤❡ ❛✐r ❣❛♣ ❜❡❧♦✇ t❤❡ ❧❛②❡r ✐♥❝r❡❛s❡s✳ ❚❤❡♥ ❛✈❛❧❛♥❝❤❡s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠
s❡❡❞ ❡❧❡❝tr♦♥s ❛♣♣❡❛r ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t
t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳ ■♥❞❡❡❞✱ ❢♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝✲
tr♦❞❡✱ ❡❧❡❝tr♦♥s ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ❞r✐❢t t♦✇❛r❞s t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ ❛♥❞
t❤❡♥ ❋✐❣✉r❡ ✼✳✹ s❤♦✇s t❤❛t ❛t t = τrei = 3.4 ♥s ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ✐♥ t❤❡
s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❛t ❛ s♠❛❧❧ ❞✐st❛♥❝❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❋✐❣✉r❡s ✼✳✻
✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ♦❢ t❤❡
❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❢r♦♠ t = 2 t♦
✽ ♥s✳ ❋♦r t < τrei = 3.4 ♥s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐♥❝r❡❛s❡s
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ✇❤✐❝❤ ♠♦✈❡s ❢r♦♠ t❤❡ ✈✐❝✐♥✐t②
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r t♦✇❛r❞ t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✱ ✐♥ ❛ s❧♦✇❧② ✈❛r②✐♥❣
❡❧❡❝tr✐❝ ✜❡❧❞✳ ❆t t = 3.4 ♥s✱ t❤❡ ♠❛①✐♠✉♠ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s ❧♦❝❛t❡❞ ❛t
x = 0.27 ❝♠ ❛♥❞ ✐s ♦❢ 2.1 × 1011 ❝♠−3✳ ❋♦r t ≥ 3.4 ♥s✱ ♦♥ ❋✐❣✉r❡s ✼✳✹
❛♥❞ ✼✳✻✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ❞♦✉❜❧❡ ❤❡❛❞❡❞
❞✐s❝❤❛r❣❡✱ ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥ts✳ ❚❤❡ ♣♦s✐t✐✈❡ ❞✐s✲
❝❤❛r❣❡ ❢r♦♥t ♣r♦♣❛❣❛t❡s t♦✇❛r❞s t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳
❚❤✐s ❞✐s❝❤❛r❣❡ ❤❛s ♦♥❧② ❛ s♠❛❧❧ ❞✐st❛♥❝❡ t♦ ❞❡✈❡❧♦♣ ❛♥❞ ✐♠♣❛❝ts t❤❡ ❞✐✲
❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t τ dielconnec❂ ✻✳✹ ♥s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡
❢r♦♥t ✐s r❛t❤❡r s♠♦♦t❤ ❛s ✐t st❛rts ♣r♦♣❛❣❛t✐♥❣ ❛♥❞ ❜❡❝♦♠❡s s❤❛r♣❡r ❛s
✐t ❝♦♠❡s ❝❧♦s❡r t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✇✐t❤ ❛t t = 6 ♥s ❛ ♣❡❛❦ ❡❧❡❝tr✐❝
✜❡❧❞ ♦❢ ❛❜♦✉t ✽✽ ❦❱ ❝♠−1 ❛♥❞ ❛ ♠❛①✐♠✉♠ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦❢ t❤❡ ♦r❞❡r
♦❢ 4×1012 ❝♠−3 ❜❡❤✐♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t✳ ❚❤❡ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
♣r♦♣❛❣❛t❡s t♦✇❛r❞s t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ ❛♥❞ ✐♠♣❛❝ts ✐t ❛t τ planeconnec❂ ✽✳✷ ♥s✳
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✶✹✵ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣❡❛❦ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❜❡❤✐♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐♥❝r❡❛s❡
❛s t❤❡ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s t♦✇❛r❞ t❤❡ ❣r♦✉♥❞❡❞ ❡❧❡❝tr♦❞❡✳ ❆t
t = 8 ♥s✱ ❥✉st ❜❡❢♦r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❛t t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✱ t❤❡ ♣❡❛❦ ❡❧❡❝✲
tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ♦❢ ❛❜♦✉t ✼✾ ❦❱ ❝♠−1 ✇✐t❤ ❛
♠❛①✐♠✉♠ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦❢ t❤❡ ♦r❞❡r ♦❢ 9.6× 1012 ❝♠−3 ❜❡❤✐♥❞ t❤❡ ❞✐s✲
❝❤❛r❣❡ ❢r♦♥t✳ ❚❛❜❧❡ ✼✳✷ s❤♦✇s t❤❛t ❢♦r |Ua| ≥ 13 ❦❱✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ t✐♠❡s
♦❢ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❢r♦♥ts ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❣r♦✉♥❞❡❞
♣❧❛♥❡ r❡s♣❡❝t✐✈❡❧②✱ ❞❡❝r❡❛s❡ ❛s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
✐♥❝r❡❛s❡s✳ ■♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮✱ ❢♦r ♣❧❛s♠❛ tr❛♥s❢❡r ✇✐t❤ ❛ ♥❡❣❛t✐✈❡
♣♦❧❛r✐t② ♦❢ t❤❡ ✜rst ✐♦♥✐③❛t✐♦♥ ✇❛✈❡✱ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ✐s ❞❡s❝r✐❜❡❞ ❛s
❛ ❜♦tt♦♠✲✉♣ ♣r♦❝❡ss✳ ■♥ t❤❡✐r ❝♦♥❞✐t✐♦♥s✱ t❤❡ s❡❝♦♥❞ ❣❛s ❣❛♣ ✐s ❜❡t✇❡❡♥
t✇♦ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs✳ ❚❤❡② ♦❜s❡r✈❡ t❤❛t ❛✈❛❧❛♥❝❤❡s ✐♥ t❤❡ tr❛♥s❢❡r ❝❤❛♥✲
♥❡❧ st❛rt ❢r♦♠ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❛ ♣♦s✐t✐✈❡ ✐♦♥✐③❛t✐♦♥ ✇❛✈❡
♣r♦♣❛❣❛t❡s t♦ t❤❡ t♦♣ ✇❛❧❧ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ♦❢ t❤❡ tr❛♥s❢❡r t✉❜❡✳ ■♥ ♦✉r
❝♦♥❞✐t✐♦♥s✱ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❜❡t✇❡❡♥ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ ❛ ❣r♦✉♥❞❡❞
♣❧❛♥❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜s❡r✈❡ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞♦✉❜❧❡
❤❡❛❞❡❞ ❞✐s❝❤❛r❣❡ ✇✐t❤ ♦♥❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ♣r♦♣❛❣❛t✐♥❣ t♦✇❛r❞s
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ♣r♦♣❛❣❛t✐♥❣ t♦✇❛r❞s
t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s st✉❞②✱ ❛s ✐♥ ✭❳✐♦♥❣ ❡t ❛❧✳ ✷✵✶✸✮✱ ✇❡
♥♦t❡ t❤❛t t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ✐s ❞✐✛❡r❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦❧❛r✐t②
♦❢ t❤❡ ✜rst ✐♦♥✐③❛t✐♦♥ ✇❛✈❡✳

Ua τigni τimpact tI Kmax
I Emoy(tI) τrei τ dielconnec τ planeconnec

❦❱ ✭♥s✮ ✭♥s✮ ✭♥s✮ ✭❦❱✳cm−1✮ ✭♥s✮ ✭♥s✮ ✭♥s✮
✲✾ ✵✳✾ ✸✳✼ ✶✵✳✽ ✶✳✾ ✷✸✳✷ ✲ ✲ ✲
✲✶✶ ✵✳✻ ✷✳✶ ✸✳✼ ✻✳✼ ✷✼✳✸ ✲ ✲ ✲
✲✶✸ ✵✳✹ ✶✳✹ ✷✳✷ ✶✹✳✷✺ ✸✷✳✺ ✶✷ ✷✶✳✽ ✶✽✳✽
✲✶✹ ✵✳✹ ✶✳✷ ✶✳✽ ✶✽✳✾ ✸✺✳✶ ✹✳✺ ✶✵ ✶✶✳✽
✲✶✺ ✵✳✸ ✶✳✵ ✶✳✺ ✷✹✳✶ ✸✼✳✼ ✸✳✹ ✻✳✹ ✽✳✷

❚❛❜❧❡ ✼✳✷✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua ♦♥
τigni✱ t❤❡ t✐♠❡ ♦❢ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ τimpact✱ t❤❡
t✐♠❡ ♦❢ ✐♠♣❛❝t ♦❢ t❤❡ ✜rst ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❧❛②❡r✱ tI t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ Kmax

I ✐s
r❡❛❝❤❡❞✱ Emoy(tI) t❤❡ ❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ❛t t = tI ✱ τrei t❤❡
t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ τdielconnec✱ t❤❡
t✐♠❡ ♦❢ ✐♠♣❛❝t ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ τ

plane
connec t❤❡ t✐♠❡ ♦❢

✐♠♣❛❝t ♦♥ t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✳
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❋✐❣✉r❡ ✼✳✺✿ ❆①✐❛❧ ♣r♦✜❧❡s ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t✐❡s ❛♥❞ ♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝
✜❡❧❞ ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t t = τimpact❂ ✶ ♥s ❛♥❞ t = 2 ♥s ❢♦r
t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ❋✐❣✉r❡ ✼✳✹✳
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❋✐❣✉r❡ ✼✳✻✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ ❛①✐❛❧ ♣r♦✜❧❡s ♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ♦♥ t❤❡
s②♠♠❡tr② ❛①✐s ❛♥❞ ♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❢♦r t❤❡ s❛♠❡
❝♦♥❞✐t✐♦♥s ❛s ❋✐❣✉r❡ ✼✳✹✳
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❋✐❣✉r❡ ✼✳✼✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢
♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s σu ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡s σb ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r t❤❡
s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ❋✐❣✉r❡ ✼✳✹✳
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✶✹✹ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋✐❣✉r❡s ✼✳✼ ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢
s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥
❛s ❋✐❣✉r❡ ✼✳✹ ❢♦r t = 2 t♦ ✼ ♥s✳ ❋♦r t ≥ τimpact = 1 ♥s✱ t❤❡ ✜rst ♥❡❣❛t✐✈❡
❞✐s❝❤❛r❣❡ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ st❛rts t♦ ❝❤❛r❣❡
✐t✳ ❆s ❡①♣❡❝t❡❞✱ ❋✐❣✉r❡ ✼✳✼ ✭❛✮ s❤♦✇s t❤❛t t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ♦♥ t❤❡ ✉♣✲
♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ✐s ❞✉❡ t♦ ❡❧❡❝tr♦♥s✱ ❞❡♣♦s✐t✐♥❣ ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❋♦r t ≥ 2 ♥s✱ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡
♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ✐s ♦✉t ♦❢ ❛①✐s ❛♥❞ ♠♦✈❡s r❛❞✐❛❧❧② ❢♦❧❧♦✇✐♥❣
t❤❡ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❆s
❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✹ ♦♥ ❋✐❣✉r❡s ✺✳✹ t♦ ✺✳✺
✭❜♦tt♦♠ ❋✐❣✉r❡s✮✮✱ t❤❡ ❢r♦♥t ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ✐s ❧♦❝❛t❡❞ ♦♥ t❤❡ ❞✐✲
❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛s ✐t ♠♦✈❡s r❛❞✐❛❧❧②✳ ❆t t = 3 ♥s✱ s❤♦rt❧② ❜❡❢♦r❡ τrei = 3.4
♥s✱ t❤❡ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡
❤❛s ❛ ♣❡❛❦ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ✶✼✳✸ ♥❈ ❝♠−2✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✈❛❧✉❡
♦❢ t❤✐s ♣❡❛❦ ❞❡❝r❡❛s❡s ❛s t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ ❡①♣❛♥❞s r❛❞✐❛❧❧②
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❖♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ ♦♥ ❋✐❣✉r❡ ✼✳✼ ✭❛✮✱ ✇❡
♥♦t❡ t❤❛t ❢♦r t = 2 ♥s t♦ ✹ ♥s✱ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡
❞❡❝r❡❛s❡s ❛♥❞ t❤❡♥ ❢♦r t > 4 ♥s✱ ✐t ✐♥❝r❡❛s❡s✱ s❧♦✇❧② ❛t ✜rst ❛♥❞ t❤❡♥ ♠♦r❡
r❛♣✐❞❧② ❛s t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ♦❢ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ r❡❛❝❤❡s t❤❡
❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✉♣♣❡r
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♥❡❣❛t✐✈❡
❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥ ♦♥ ❋✐❣✉r❡ ✺✳✾✳ ■♥ t❤❡ ♥❡❣❛t✐✈❡ ❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✱
t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ❛❧✇❛②s ♦♥ t❤❡ ❛①✐s ♦❢ s②♠✲
♠❡tr②✳ ❖♥ ❋✐❣✉r❡ ✼✳✼ ✭❜✮✱ ♦♥ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ ✇❡ ♥♦t❡ t❤❛t✱
❞✉r✐♥❣ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡✱ ❛ s♠❛❧❧✱ ❛❧✲
♠♦st ♥❡❣❧✐❣✐❜❧❡✱ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐ts ❛♥❞ ❛❝❝✉♠✉❧❛t❡s ✐♥ t✐♠❡
❞✉❡ t♦ ♣♦s✐t✐✈❡ ✐♦♥s ❞r✐❢t✐♥❣ t♦✇❛r❞s t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞ st♦♣♣❡❞ ❜②
t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✳
❚♦ ❝❤❡❝❦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡

❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❋✐❣✉r❡ ✼✳✽ ❝♦♠♣❛r❡s t❤❡ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞
♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛①✐s ❛t t = 0 ♥s✱ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❛t t = τrei = 3.4 ♥s
❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② s✉r❢❛❝❡ ❝❤❛r❣❡s
❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t = τrei✳ ❲❡ ♥♦t❡ t❤❛t
t❤❡ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢
t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥❞✉❝❡s ❛ ♣❡❛❦ ♦❢ ♥❡❣❛t✐✈❡ ♣♦t❡♥t✐❛❧ ♦❢ −6 ❦❱ ❛t t❤❡ s✉r❢❛❝❡
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♦♥ t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡ s✐❞❡✳ ❖♥ ✜❣✉r❡ ✼✳✽✱ ❛t t❤❡ s❛♠❡
❛①✐❛❧ ❧♦❝❛t✐♦♥✱ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❤❛s ❛ ✈❛❧✉❡ ♦❢ −13.7 ❦❱✳ ❚❤❡♥✱ ❋✐❣✉r❡
✼✳✽ s❤♦✇s t❤❛t ✐♥ t❤✐s s✐♠✉❧❛t✐♦♥✱ t❤❡ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡
✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛❝❝♦✉♥ts ❢♦r ✹✼✳✼✪ ♦❢ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧
❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t t❤❡ t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥✳ ❈♦♠✲
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Laplacian potential
Potential with only σ
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❋✐❣✉r❡ ✼✳✽✿ ❆❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s ❢♦r t❤❡ s❛♠❡
❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✼✳✹✳ ▲❛♣❧❛❝✐❛♥ ♣♦t❡♥t✐❛❧ ❛t t = 0 ♥s✱ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❛t
t = τrei = 3.4 ♥s ❛♥❞ ♣♦t❡♥t✐❛❧ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② s✉r❢❛❝❡
❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t t = τrei✳

♣❛r❡❞ t♦ r❡s✉❧ts s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✼✳✸ ❢♦r ❛ ♣♦s✐t✐✈❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ✜rst
❞✐s❝❤❛r❣❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t✐♥❣ t❤❡ ✉♣♣❡r s✉r❢❛❝❡
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✱ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❤❛✈❡ ❛ ♥♦♥ ♥❡❣❧✐❣✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦♥
t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳
❚♦ st✉❞② ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥
t❤❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel =✵✳✸✺ ❝♠✱
✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ ❛s ✐♥ ❙❡❝t✐♦♥ ✼✳✸ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ KI ❛♥❞ Emoy

♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ♦♥ t❤❡ s②♠♠❡tr② ❛①✐s✳ ❋♦r ❛❧❧ ❝♦♥❞✐✲
t✐♦♥s st✉❞✐❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ♥♦t❡❞ t❤❛t ❞✉r✐♥❣ t❤❡ ✜rst str❡❛♠❡r
♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ✈❛❧✉❡ ♦❢ KI ✐♥❝r❡❛s❡s ❛♥❞ r❡❛❝❤❡s ❛ ♣❡❛❦ ✈❛❧✉❡ ❛t t = tI ✳
❚❤❡♥✱ t❤❡ ❝♦❡✣❝✐❡♥t KI ❞❡❝r❡❛s❡s✱ ❛❧❧ t❤❡ ♠♦r❡ r❛♣✐❞❧② t❤❛t ❛ s❡❝♦♥❞ ❞✐s✲
❝❤❛r❣❡ r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❚❛❜❧❡ ✼✳✷ s❤♦✇s t❤❛t✱ ❛s |Ua|
✐♥❝r❡❛s❡s✱ t❤❡ ✈❛❧✉❡ ♦❢ tI ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ Kmax

I ✐♥❝r❡❛s❡s✳ ❋♦r
❛❧❧ st✉❞✐❡❞ ✈♦❧t❛❣❡s✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✜rst
❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛t t = τimpact ❛♥❞ t❤❡
t✐♠❡ ♠♦♠❡♥t tI ✇❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥t KI r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠✱ ❞❡❝r❡❛s❡s
❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐♥❝r❡❛s❡s✳ ❋♦r Ua = −13 t♦ −15 ❦❱✱ ✐t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♣♦✐♥t ♦✉t t❤❛t t❤✐s t✐♠❡ ❞✐✛❡r❡♥❝❡ ✐s ♦❢ ❛❜♦✉t 0.5 t♦ 0.8 ♥s✱ ❝❧♦s❡ t♦
✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢♦r Ua = 13 t♦ ✶✺ ❦❱ ✐♥ ❚❛❜❧❡ ✼✳✶✳ ❚❛❜❧❡ ✼✳✷ s❤♦✇s t❤❛t
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ✜❡❧❞ Emoy(tI) ✐♥❝r❡❛s❡s ❛s t❤❡ ❛♣♣❧✐❡❞
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✶✹✻ ❈❤❛♣t❡r ✼ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

✈♦❧t❛❣❡ ✐♥❝r❡❛s❡s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t ❛ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡
s❡❝♦♥❞ ❣❛♣ ✐s ♦❜s❡r✈❡❞ ❢♦r |Ua| ≥ 13 ❦❱✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥❞✐t✐♦♥s
✐♥ ✇❤✐❝❤ Emoy(tI) ✐s ❤✐❣❤❡r t❤❛♥ 30 ❦❱ ❝♠−1✱ t❤❡ ❜r❡❛❦❞♦✇♥ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ ❛✐r✳ ❚❛❜❧❡ ✼✳✷ s❤♦✇s t❤❛t t♦ ♦❜t❛✐♥ ❛ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ❛♥❞
t❤❡♥✱ t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✱ ❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡
♦❢ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ K lim,−

I ≃ 14 ❤❛s t♦ ❜❡ ♦❜t❛✐♥❡❞✳ ❆s s❤♦✇♥ ♦♥
❋✐❣✉r❡ ✼✳✹ ❢♦r Ua = −15 ❦❱✱ t❤❡ r❡✐❣♥✐t❡❞ ❞♦✉❜❧❡ ❤❡❛❞❡❞ ❞✐s❝❤❛r❣❡ ✐s
✇❡❛❦❡r t❤❛♥ ❛ ❞♦✉❜❧❡ ❤❡❛❞❡❞ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✵✼✮✳ ❚❤❡♥✱ ❛s ❡①♣❡❝t❡❞✱ t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡
♦❢ t❤❡ ✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ t♦ ❤❛✈❡ ❛ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ K lim,−

I ✐s
❧❡ss t❤❛♥ KMeek✳
❋✐♥❛❧❧②✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ♦♥ t❤❡
❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ✇❤♦❧❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✳ ❲❡ ♥♦t❡ t❤❛t
t❤❡ ❜r❡❛❦❞♦✇♥ ✈♦❧t❛❣❡✱ ❢♦r t❤❡ st✉❞✐❡❞ ❣❡♦♠❡tr② ✐s ❛❜♦✉t |Ua| = 13 ❦❱
✐♥ ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t② ❛♥❞ ✐s ❤✐❣❤❡r ❛♥❞ ❛❜♦✉t Ua = 15 ❦❱ ❢♦r ❛ ♣♦s✐t✐✈❡
♣♦❧❛r✐t②✳ ❚❤✐s ❜r❡❛❦❞♦✇♥ ✈♦❧t❛❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛✲
t✐✈❡ ♣♦❧❛r✐t✐❡s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✐♥ ❤✐❣❤ ✈♦❧t❛❣❡
❛♣♣❧✐❝❛t✐♦♥s ❬✭▲❡❜❡❞❡✈ ❡t ❛❧✳ ✷✵✵✺✮ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥❪✳ ■♥t❡r❡st✐♥❣❧②✱
✇❡ ♥♦t❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s
❛ ❣♦♦❞ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ r❡✐❣♥✐t✐♦♥ ❢♦r ❛ ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t②✳ ■❢ t❤❡ ❛✈❡r❛❣❡
❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ r❡❛❝❤❡s t❤❡ ❜r❡❛❦❞♦✇♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❛✐r✱
r❡✐❣♥✐t✐♦♥ ✐s ♦❜s❡r✈❡❞✳ ❈♦♥✈❡rs❡❧② ❢♦r ❛ ♣♦s✐t✐✈❡ ♣♦❧❛r✐t②✱ t❤❡ r❡s✉❧ts ♦❢
❚❛❜❧❡ ✼✳✶ s❤♦✇ t❤❛t ❡✈❡♥ ✐❢ t❤❡ ❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣ ✐s
❤✐❣❤❡r t❤❛♥ t❤❡ ❜r❡❛❦❞♦✇♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❛✐r✱ ♥♦ r❡✐❣♥✐t✐♦♥ ♠❛② ❜❡ ♦❜✲
s❡r✈❡❞✳ ❇❛s❡❞ ♦♥ t❤❡ ❞✐✛❡r❡♥t ✈♦❧t❛❣❡s✱ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ♠✐♥✐♠✉♠
✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ t♦ ❤❛✈❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✭♦r ❜r❡❛❦❞♦✇♥
♦❢ t❤❡ ✇❤♦❧❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✮ ❢♦r t❤❡ st✉❞✐❡❞ ❣❡♦♠❡tr② ✐s
K lim,−

I ≃ 14 ❢♦r ❛ ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t② ❛♥❞ ✐s ❤✐❣❤❡r ❛♥❞ ❡q✉❛❧ t♦K lim,+
I ≃ 26

❢♦r ❛ ♣♦s✐t✐✈❡ ♣♦❧❛r✐t②✳

✼✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦❧❛r✐t② ❛♥❞
❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ s✉♠✲
♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

• ❋♦r ❛ ♣♦s✐t✐✈❡ ♦r ❛ ♥❡❣❛t✐✈❡ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱
✜rst✱ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡s ❛t t❤❡ ♣♦✐♥t ❛♥❞ ♣r♦♣❛❣❛t❡s t♦✲
✇❛r❞s t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✳ ❚❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ✜rst str❡❛♠❡r ❞✐s✲
❝❤❛r❣❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳ ❆❢t❡r t❤❡ ✐♠♣❛❝t ♦♥ t❤❡



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✶✹✼ ✖ ★✶✻✶
✐

✐

✐

✐

✐

✐

P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✹✼

❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣❡s ♣♦s✐t✐✈❡❧② ♦r ♥❡❣❛t✐✈❡❧② ❞❡♣❡♥❞✐♥❣ ♦♥
✐ts ♣♦❧❛r✐t②✳ ❖♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❛ s✉r❢❛❝❡
❝❤❛r❣❡ ✇✐t❤ ❛♥ ♦♣♣♦s✐t❡ ♣♦❧❛r✐t② ✐s ❞❡♣♦s✐t❡❞✳ ❲❤❡♥ ✇❡ ❝♦♠♣❛r❡
r❡s✉❧ts ❢♦r ❛ ♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ✇❤❡r❡
t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧ r❡✲
❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ❛❢t❡r t❤❡ ✜rst str❡❛♠❡r ♣r♦♣✲
❛❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣ ❛♥❞ t❤❛t s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥
❜♦t❤ ❢❛❝❡s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❤❛✈❡ ❛ s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ r❡✐❣♥✐t✐♦♥✱
❝♦♥✈❡rs❡❧②✱ ❢♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s
❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❤❛✈❡ ❛ s✐❣♥✐✜✲
❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✳

• ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐t✐♦♥ ♦❢ ❛✐r ❞✐s❝❤❛r❣❡s
❜❡❧♦✇ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ✈♦❧t❛❣❡ ❛♣✲
♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❋♦r ❛ ♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ✐❢ ❛
❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐t ✐s ❛ ♣♦s✐t✐✈❡ ✐♦♥✐③❛✲
t✐♦♥ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♠ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t♦✇❛r❞s
t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✳ ❋♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ✐❢ ❛ ❞✐s❝❤❛r❣❡
r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐t ✐s ❛ ❞♦✉❜❧❡ ❤❡❛❞❡❞ ❞✐s❝❤❛r❣❡
✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥ts✳ ❚❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡
❢r♦♥t ♣r♦♣❛❣❛t❡s t♦✇❛r❞s t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ ♥❡❣✲
❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t t♦✇❛r❞s t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡✳

• ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ t❤❡ ❝♦♥❞✐t✐♦♥s t♦ ♦❜t❛✐♥ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣✲
♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣✱ t❤❛t ✐s t♦ s❛② t♦ ❤❛✈❡ ❜r❡❛❦❞♦✇♥ ✐♥ t❤❡
✇❤♦❧❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦❧❛r✐t② ♦❢ t❤❡ ❛♣✲
♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ♠✐♥✐♠✉♠
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ t♦ ❤❛✈❡ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐s ❧♦✇❡r ✐♥ ❛❜s♦❧✉t❡
✈❛❧✉❡ ❢♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ t❤❛♥ ❢♦r ❛ ♣♦s✐t✐✈❡ ♦♥❡✳ ❋♦r t❤❡
❣❡♦♠❡tr② st✉❞✐❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♠✐♥✐♠✉♠
✐♦♥✐③❛t✐♦♥ ✐♥t❡❣r❛❧ t♦ ❤❛✈❡ r❡✐❣♥✐t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❛❜♦✉t
✶✹ ❢♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛♥❞ ♦❢ ❛❜♦✉t ✷✻ ❢♦r ❛ ♣♦s✐t✐✈❡
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳
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❈❤❛♣t❡r ✽

❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧

❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦♥ t❤❡

r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

✽✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❆▲❱❊❖P▲❆❙ ♣r♦❥❡❝t✱ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t
t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛t ▲P●P ✇✐t❤ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ♦❢
❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳
❋✐rst ✐♥ ❙❡❝t✐♦♥ ✽✳✷✱ ✇❡ ♣r❡s❡♥t t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t ✉♣ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧
♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✽✳✸✱ ✇❡ ❝♦♠♣❛r❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤♦✉t t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡
♦❜st❛❝❧❡✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✽✳✹✱ ✇❡ ❝♦♠♣❛r❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐✲
❝❛❧ r❡s✉❧ts ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡
❣❛♣✳ ■♥ ❙❡❝t✐♦♥ ✽✳✺✱ ✇❡ ❞✐s❝✉ss t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
t♦ ✐❞❡♥t✐❢② ♣❤②s✐❝♦✲❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s t❤❛t ❝♦✉❧❞ ✐♠♣r♦✈❡ t❤❡ ❡①♣❡r✐♠❡♥✲
t❛❧✴♠♦❞❡❧❧✐♥❣ ❝♦♠♣❛r✐s♦♥✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✽✳✻ ✇❡ ♣r❡s❡♥t ❛ ♥✉♠❡r✐❝❛❧
st✉❞② ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ♦♥ t❤❡
r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s✳

✽✳✷ ❊①♣❡r✐♠❡♥t❛❧ s❡t ✉♣ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧
❞❡s❝r✐♣t✐♦♥

❋✐❣✉r❡ ✽✳✶ s❤♦✇s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✉s❡❞ ✐♥ t❤❡
❡①♣❡r✐♠❡♥ts ❛t ▲P●P✳ ❚❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ✐s ❛ s❤❛r♣ ❛♥♦❞❡ ✇✐t❤ ❛ r❛❞✐✉s
♦❢ ❝✉r✈❛t✉r❡ ♦❢ 50 µ♠✳ ❆ s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡ ✐s s❡t ❛t ✶ ❝♠ ❢r♦♠ t❤❡
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✶✺✵❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

t✐♣ ♦❢ t❤❡ ❛♥♦❞❡✳ ❆ ♣♦s✐t✐✈❡ sq✉❛r❡ ✈♦❧t❛❣❡ ♣✉❧s❡ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣♦✐♥t
❡❧❡❝tr♦❞❡✳ ❚❤❡ ♠❛①✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua r❛♥❣❡s ❢r♦♠ ✶✻ ❦❱ t♦ ✸✵ ❦❱✳
❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❤❛s ❛ r✐s❡ t✐♠❡ ♦❢ trise = ✷ ♥s ❛♥❞ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡
♣✉❧s❡ ✐s ❡q✉❛❧ t♦ tpulse = ✷✵ ♥s✳
■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss ∆ ✐s ♣❧❛❝❡❞ ✐♥ t❤❡

xdiel

Dielectric layerΔ

Segmented 
cathode plane

Air

Air

Interlectrode 
gap=10mm

Rod anode
Applied voltage Ua

x
r

εr

Ring holder of 
the dielectric layer

❋✐❣✉r❡ ✽✳✶✿ ❊①♣❡r✐♠❡♥t❛❧ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ❛t ▲P●P✳

✐♥t❡r✲❡❧❡❝tr♦❞❡ ❛t ❛ ❞✐st❛♥❝❡ xdiel ❢r♦♠ t❤❡ ❝❛t❤♦❞❡✳ ❉✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝
❧❛②❡rs ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✭●❧❛ss✱ ❆❧✉♠✐♥❛✱ ❚❖P❆❙ ✳✳✳✮ ❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦♥
t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ♦❢ t❤❡✐r ❧♦❝❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ xdiel ❛♥❞
t❤❡✐r t❤✐❝❦♥❡ss ∆ ✇❛s ✐♥✈❡st✐❣❛t❡❞✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr② ✐s ♣r❡s❡♥t❡❞ ♦♥
❋✐❣✉r❡ ✽✳✶ ✇✐t❤ t❤❡ ♣♦✐♥t ❛♥♦❞❡ ♦♥ t❤❡ t♦♣ ❛♥❞ t❤❡ s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡ ♦♥
t❤❡ ❜♦tt♦♠ ✇❤❡r❡❛s ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ✐s ♦♥ t❤❡ ❜♦t✲
t♦♠ ❛♥❞ t❤❡ s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡ ♦♥ t❤❡ t♦♣✳ ❆r♦✉♥❞ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱
❛ ❞✐❡❧❡❝tr✐❝ r✐♥❣ ✐s ✉s❡❞ t♦ ❤♦❧❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡
❣❛♣✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t ❢♦r r❡✐❣♥✐t✐♦♥ st✉❞✐❡s✱ t❤❡ ❡①♣❡r✐♠❡♥ts
❛r❡ s✐♥❣❧❡ s❤♦t✳ ❆s ❞✐❛❣♥♦st✐❝s✱ ❝✉rr❡♥t ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ t❤❡ s❡❣♠❡♥t❡❞
❝❛t❤♦❞❡ ❛r❡ ❝♦✉♣❧❡❞ t♦ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ ❛♥ ■❈❈❉ ❝❛♠✲
❡r❛✳

❚❤❡ s✐♠✉❧❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✺✶

xdiel

Dielectric layerΔ

Cathode plane

Air

Air

Interlectrode 
gap=10mm

Rod anode
Applied voltage Ua

x

r

εr

❋✐❣✉r❡ ✽✳✷✿ ❙✐♠✉❧❛t❡❞ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr②

✽✳✷ ❛♥❞ ✐s ❝❧♦s❡ t♦ t❤❡ ❣❡♦♠❡tr② ✉s❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❛♥♦❞❡ ✐s ❛
500 µ♠ r♦❞ ❡♥❞❡❞ ❜② ❛ s❡♠✐✲s♣❤❡r❡ ✇✐t❤ ❛ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ 50 µ♠✳
❚❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✐s ❧♦❝❛t❡❞ ✶ ❝♠ ❢r♦♠ t❤❡ t✐♣ ♦❢ t❤❡ ❛♥♦❞❡✳ ■♥ t❤❡ ❛✐r
❣❛♣✱ ✇❤❡♥ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ✐s ❝♦♥s✐❞❡r❡❞✱ ✐ts ❧♦❝❛t✐♦♥ xdiel✱ ✐ts t❤✐❝❦♥❡ss
∆ ❛♥❞ ✐ts r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② εr ✇✐❧❧ ❜❡ ❣✐✈❡♥✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡
❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦t s❡❣♠❡♥t❡❞✳
❲❡ ❤❛✈❡ ❛❧s♦ ♥❡❣❧❡❝t❡❞ t❤❡ ❞✐❡❧❡❝tr✐❝ r✐♥❣ ❤♦❧❞❡r ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✷ ❝♠×✼ ❝♠✳ ❋♦r 0 ≤ x ≤ 1 ❝♠✱ ❛♥ ❛①✐❛❧ ♠❡s❤
s✐③❡ ♦❢ 10 µ♠ ✐s ✉s❡❞ ❛♥❞ ✐s r❡✜♥❡❞ t♦ 1µ♠ ❝❧♦s❡ t♦ t❤❡ ❛♥♦❞❡ t✐♣ ❛♥❞
❝❧♦s❡ t♦ t❤❡ ❛✐r✴❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡s✳ ❚❤❡♥ ❢♦r 1 ≤ x ≤ 2 ❝♠✱ t❤❡ ♠❡s❤
s✐③❡ ✐s ✐♥❝r❡❛s❡❞ ❢r♦♠ 1 µ♠ t♦ 30 µ♠✳ ❘❛❞✐❛❧❧②✱ ❛ ♠❡s❤ s✐③❡ ♦❢ 5 µ♠ ✐s ✉s❡❞
❛♥❞ ✐s r❡✜♥❡❞ t♦ 1 µ♠ ❝❧♦s❡ t♦ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❛♥❞ ❢♦r 0.5 ≤ r ≤ 2
❝♠✱ t❤❡ r❛❞✐❛❧ ♠❡s❤ s✐③❡ ✐s ✐♥❝r❡❛s❡❞ ❢r♦♠ 5 µ♠ t♦ 30 µ♠✳ ❚❤✐s ❧❡✈❡❧ ♦❢
r❡✜♥❡♠❡♥t r❡q✉✐r❡❞ ❛ ❣r✐❞ s✐③❡ ♦❢ nx × nr = 3062 × 2400✳
❖t❤❡r ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ✭❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t✐♠❡✲st❡♣ ❝❛❧✲
❝✉❧❛t✐♦♥✮ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❝❤❛♣t❡r ✶✳ ❆s ♠❡♥t✐♦♥❡❞ ❛t t❤❡
❡♥❞ ♦❢ ❝❤❛♣t❡r ✹✱ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✉s✐♥❣ ❞♦♠❛✐♥ ❞❡✲
❝♦♠♣♦s✐t✐♦♥ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❛❧❧ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳
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✶✺✷❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

✽✳✸ ■❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡
✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✿ ❝♦♠✲
♣❛r✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥ts

✽✳✸✳✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

16 kV

19 kV

22 kV

Very filamentary

Filamentary

2 or 3 impacts

Only one impact
 cone shape

Applied voltage Ua

❋✐❣✉r❡ ✽✳✸✿ ❊①♣❡r✐♠❡♥t❛❧ ♣✐❝t✉r❡s s❤♦✇✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛♣✲
♣❧✐❡❞ ✈♦❧t❛❣❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡ ✇✐t❤♦✉t ❛
❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✳ ❈r❡❞✐ts ▲P●P
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✺✸

❆s ❛ ✜rst st❡♣ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ✐❣♥✐t❡❞ ❛t t❤❡ ❛♥♦❞❡ ✇❛s st✉❞✐❡❞✳ ❋✐❣✲
✉r❡ ✽✳✸ s❤♦✇s t❤❛t ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua ❛t t❤❡
♣♦✐♥t ❛♥♦❞❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ✜❧❛♠❡♥ts ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❞❡❝r❡❛s❡s✳
■❢ Ua ❃ ✷✷ ❦❱✱ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ❛ s✐♥❣❧❡ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡
✐s ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✳
❋♦r Ua❂ ✷✽ ❦❱✱ ❋✐❣✉r❡ ✽✳✹ s❤♦✇s ♦♥ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts t❤❛t
t❤❡ ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s Dexp

max ∼ ✽ ♠♠✳ ❇② ❝✉rr❡♥t
♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t② ✐♥ t❤❡ ❛✐r ❣❛♣ ✇❛s ❡s✲
t✐♠❛t❡❞ t♦ ❜❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ vexp = 2.6− 3.2 108 cm.s−1✳
■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✉s✐♥❣ ❛ ✷❉ ❛①✐✲
s②♠♠❡tr✐❝ ❝♦❞❡✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t s✐♠✉❧❛t✐♦♥s ♦♥❧② ❢♦r
Ua ❃ ✷✷❦❱✱ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡ ✐s ♦❜s❡r✈❡❞✳

❋✐❣✉r❡ ✽✳✹✿ ❊①♣❡r✐♠❡♥t❛❧ ♣✐❝t✉r❡s s❤♦✇✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ❛ s✐♥❣❧❡ ❝♦♥✐❝❛❧ ❞✐s✲
❝❤❛r❣❡ ✇✐t❤ ❛ ♠❛①✐♠❛❧ ❞✐❛♠❡t❡r ♦❢ ∼ ✽ ♠♠ ❢♦r Ua❂ ✷✽ ❦❱✳ ❈r❡❞✐ts ▲P●P

✽✳✸✳✷ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

❋✐rst✱ ❋✐❣✉r❡ ✽✳✺ s❤♦✇s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❆s
✐♥ ❡①♣❡r✐♠❡♥ts✱ ❛ r✐s❡ t✐♠❡ ♦❢ ✷ ♥s ✐s ✉s❡❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ r❡s✉❧ts ❛r❡
♣r❡s❡♥t❡❞ ❢♦r ❛ ♠❛①✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua❂ ✸✵ ❦❱✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱
t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t ❢♦r t❃✸ ♥s✳ ❆s ✐♥✐t✐❛❧ ❝♦♥✲
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✶✺✹❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋✐❣✉r❡ ✽✳✺✿ ❆♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ❛♥♦❞❡ ♣♦✐♥t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳

❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ❛ ✉♥✐❢♦r♠ ♣r❡✐♦♥✐③❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐t✐✈❡
✐♦♥s ✐♥ t❤❡ ❛✐r ❣❛♣ ✇✐t❤ ❛ ❞❡♥s✐t② ♦❢ 104cm−3✳
❋✐❣✉r❡ ✽✳✻ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡

✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❂✶✳✼✱ ✸✳✶ ❛♥❞ ✹✳✼ ♥s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦
♥♦t❡ t❤❛t t❤❡ t✐♠❡ ♦❢ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ τigni ✐s ❡q✉❛❧ t♦ ✵✳✾ ♥s ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua = 12 kV✳ ■t ♠❡❛♥s t❤❛t t❤❡ ❞✐s✲
❝❤❛r❣❡ ✐s ❛❧r❡❛❞② ✐❣♥✐t❡❞ ✶✳✶ ♥s ❜❡❢♦r❡ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ❛♥♦❞❡
r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ Ua = 30 kV✳ ❖♥ ❋✐❣✉r❡ ✽✳✻ ❛t t❂ ✶✳✼ ♥s✱
✇❡ s❡❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ s♣❤❡r✐❝❛❧ ❞✐s❝❤❛r❣❡ t❤❛t st❛rts t♦ ♣r♦♣❛❣❛t❡
t♦✇❛r❞s t❤❡ ♣❧❛♥❡ ❝❛t❤♦❞❡✳ ❆t t❂ ✸✳✶ ♥s✱ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ❧♦❝❛t❡❞
✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❣❛♣✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❛t t❂ ✸✳✶ ♥s✱ t❤❡
❞✐s❝❤❛r❣❡ r❡❛❝❤❡s ✐ts ♠❛①✐♠❛❧ ❞✐❛♠❡t❡r ♦❢ Dsim

max = ✽ ♠♠✳ ❉✉❡ t♦ t❤❡
s♠❛❧❧ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♣♦✐♥t ❛♥❞ t❤❡ ❤✐❣❤ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ t❤✐s
❧❛r❣❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s r❡q✉✐r❡❞ t♦ s❤✐❡❧❞ t❤❡ ❤✐❣❤ ❧❛♣❧❛❝✐❛♥
❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ❛♥♦❞❡ t✐♣ ✭Eanode = ✷✳✷ ▼❱✳cm−1 ✇❤❡♥ t❤❡ ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ✐s ❡q✉❛❧ t♦ Ua = 30 kV✮✳
❋♦r t❃ ✸✳✶ ♥s✱ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② t♦✇❛r❞s
t❤❡ ❝❛t❤♦❞❡ ❛♥❞ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥✲
❝r❡❛s❡s ❢r♦♠ ✾✵ ❦❱✳cm−1 ❛t t❂ ✸✳✶ ♥s t♦ ✶✹✹ ❦❱✳cm−1 ❛t t❂τplaneconnec = ✹✳✼
♥s ✇❤❡♥ t❤❡ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✺✺

❋✐❣✉r❡ ✽✳✻✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ❢♦r t❤❡
❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✽✳✺✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✶✳✼✱ ✸✳✶✱ ✹✳✼ ♥s

■❢ ✇❡ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ s✐♠✲
✉❧❛t✐♦♥s vnum✱ ✇❡ ♦❜t❛✐♥✿

vnum =
d

τ planeconnec − τigni
= 2.6× 108 ❝♠✳s−1, ✇❤❡r❡ ❞❂✶ ❝♠ , ✭✽✳✶✮

✇❤✐❝❤ ✐s ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥ts✳
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✐

✐

✐

✐

✐

✶✺✻❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❈✉rr❡♥t ❝❛❧❝✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥✱ t❤❡ ❝✉rr❡♥t ✢♦✇✐♥❣ t❤r♦✉❣❤ ❛♥
❡♥❝❧♦s❡❞ ✈♦❧✉♠❡ ✭❞❡❧✐♠✐t❡❞ ❜② t❤❡ s✉r❢❛❝❡ S✮ ✐♥ t❤❡ ❛✐r ❣❛♣ ✐s ❝♦♥s❡r✈❡❞
❢♦❧❧♦✇✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭♠♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✮✿

∫∫

S

J · dS = 0 , ✭✽✳✷✮

✇❤❡r❡ t❤❡ t♦t❛❧ ❝✉rr❡♥t ❞❡♥s✐t② J ✐s ❞❡✜♥❡❞ ❛s✿

J = jc + ǫ0
∂E

∂t
, ✇❤❡r❡ jc = qej ✭✽✳✸✮

✇❤❡r❡ jc ✐s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ j ✐s t❤❡ ✢✉① ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❛♥❞ qe ✐s
t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❡❧❡❝tr♦♥ ❝❤❛r❣❡✳
❇② ✐♥t❡❣r❛t✐♥❣ J ♦✈❡r ❛ s✉r❢❛❝❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ①✲❛①✐s ♦❢ s②♠♠❡tr②✱
✇❡ ♦❜t❛✐♥ t❤❡ ♥❡t ❝✉rr❡♥t ■ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✽✳✼✳

❋✐❣✉r❡ ✽✳✼✿ ❉✐s❝❤❛r❣❡ ❝✉rr❡♥t ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡✲
♦♠❡tr② ✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳

❖♥ ❋✐❣✉r❡ ✽✳✼✱ ✇❡ s❡❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝✉rr❡♥t ❢r♦♠ ■❂✵✳✹ ❆ t♦ ■❂✼ ❆
❛t t❂✶✳✸ ♥s✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐s ❞✉❡ t♦ t❤❡ ❝❛♣❛❝✐t✐✈❡ ❝✉rr❡♥t ✐♥❞✉❝❡❞ ❜②
t❤❡ ❢❛st ✐♥❝r❡❛s✐♥❣ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ❛♥♦❞❡ ♣♦✐♥t✳ ■t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♥♦t❡ t❤❛t ♦♥ ❝✉rr❡♥t ❝❛❧❝✉❧❛t✐♦♥✱ t❤❡r❡ ✐s ♥♦ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ❛t t❤❡
✐❣♥✐t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ τigni❂✵✳✾ ♥s✳ ❚❤❡ ❝✉rr❡♥t ✐s ❛❧♠♦st ❝♦♥st❛♥t
❢r♦♠ t❂✶✳✸ ♥s t♦ t❂✶✳✻ ♥s ✇✐t❤ ❛ s♠❛❧❧ ✐♥❝r❡❛s❡ ❛t t❂✶✳✻ ♥s✳ ❲❡ r❡❝❛❧❧
❤❡r❡ t❤❛t t❤❡ ✈♦❧t❛❣❡ ✐s st✐❧❧ ✐♥❝r❡❛s✐♥❣ ❜❡t✇❡❡♥ t❂✶✳✸ ♥s ❛♥❞ ✶✳✻ ♥s✳ ❚❤✐s
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✺✼

♠❡❛♥s t❤❛t t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ❝r❡❛t❡❞ ❜② t❤❡ ✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s s✉✣❝✐❡♥t❧②
str♦♥❣ t♦ s❤✐❡❧❞ t❤❡ ❧❛♣❧❛❝✐❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✳ ❚❤❡♥ ❢♦r
t❃✶✳✻ ♥s✱ t❤❡ ❝✉rr❡♥t ❞❡❝r❡❛s❡s ✉♥t✐❧ t❂✸✳✺ ♥s t♦ ❛ ✈❛❧✉❡ ♦❢ ■❂✸✳✼ ❆✳ ❚❤✐s
❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s ✜♥✐s❤❡❞ ✐ts r❛❞✐❛❧
❡①♣❛♥s✐♦♥ ❛♥❞ st❛rts t♦ ♣r♦♣❛❣❛t❡ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡✳ ❋♦r t❃✸✳✺ ♥s✱ t❤❡
❝✉rr❡♥t st❛rts t♦ s❧♦✇❧② ✐♥❝r❡❛s❡ t♦ ❛ ✈❛❧✉❡ ♦❢ ■❂✹✳✽ ❆ ✉♥t✐❧ t❂τplaneconnec =
✹✳✼ ♥s ✇❤❡♥ t❤❡ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐s
❞✉❡ t♦ t❤❡ s❧♦✇ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
❢r♦♠ ✾✵ ❦❱✳cm−1 ❛t t❂ ✸✳✶ ♥s t♦ ✶✹✻ ❦❱✳cm−1 ❛t τplaneconnec = ✹✳✼ ♥s✳ ❆❢t❡r
t❤❡ ✐♠♣❛❝t✱ ❋✐❣✉r❡ ✽✳✼ s❤♦✇s ❛ ❢❛st ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝✉rr❡♥t ❞✉❡ t♦ t❤❡
❝♦♥❞✉❝t✐✈❡ ❝❤❛♥♥❡❧ ❡st❛❜❧✐s❤❡❞ ❜❡t✇❡❡♥ t❤❡ ❛♥♦❞❡ ♣♦✐♥t ❛♥❞ t❤❡ ❝❛t❤♦❞❡
♣❧❛♥❡✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s st♦♣♣❡❞ s❤♦rt❧② ❛❢t❡r t❤❡ ❝♦♥♥❡❝t✐♦♥
t♦ ❛✈♦✐❞ t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ s♣❛r❦ r❡❣✐♠❡✳

❖♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✇✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

❚♦ ❝♦♠♣❛r❡ ✇✐t❤ ❡①♣❡r✐♠❡♥ts ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐❝❛❧
❡♠✐ss✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✳ ■♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✱ t❤❡ ❡♠✐ss✐♦♥
s♣❡❝tr✉♠ ♦❢ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐s ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❞♦♠✐♥❛t❡❞
❜② t❤❡ ❡♠✐ss✐♦♥ ❢r♦♠ t❤❡ s❡❝♦♥❞ ♣♦s✐t✐✈❡ ❜❛♥❞ ♦❢ ♥✐tr♦❣❡♥✿

◆2(❈
3Πu) → ◆2(❇

3Σ+
g ) + ❤ν , ✭✽✳✹✮

■♥ t❤✐s ✇♦r❦✱ ❛s ✐♥ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✶✵✮✱ ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ t✐♠❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❬◆2(❈

3Πu)❪ ✉s✐♥❣ ❛ ❢♦✉rt❤ ♦r❞❡r ❘✉♥❣❡✲
❑✉tt❛ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡
t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡ ◆2(❈

3Πu) ✐s s♦❧✈❡❞ s✐♠✉❧t❛♥❡♦✉s❧②
✇✐t❤ str❡❛♠❡r ❡q✉❛t✐♦♥s✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t♦ r❡❝♦r❞ t❤❡ ♦♣t✐❝❛❧ ❡♠✐s✲
s✐♦♥ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✽✳✹✱ t❤❡ ■❈❈❉ ❝❛♠❡r❛ ✐s ♦♣❡♥❡❞ ❢♦r ✶✵ ♥s ❛♥❞ s♦ t♦
❝♦♠♣❛r❡ ✇✐t❤ ❡①♣❡r✐♠❡♥ts✱ t❤❡ s✐♠✉❧❛t❡❞ ❡♠✐ss✐♦♥ ✐s t✐♠❡ ✐♥t❡❣r❛t❡❞ ♦♥
t❤❡ ✇❤♦❧❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ✭❢r♦♠ t❂✵ ♥s t♦ t❂✹✳✽ ♥s✮✳ ❆❢✲
t❡r ❝♦♠♣✉t✐♥❣ t❤❡ ❛①✐❛❧❧② s②♠♠❡tr✐❝ ✐♥t❡♥s✐t②✱ ❛ ❞✐r❡❝t ❆❜❡❧ tr❛♥s❢♦r♠❛✲
t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ▼♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♠♦❞❡❧ ❛r❡ ❣✐✈❡♥ ✐♥
❆♣♣❡♥❞✐① ❇✳ ❋✐❣✉r❡ ✽✳✽ s❤♦✇s t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✭❆❜❡❧ tr❛♥s✲
❢♦r♠❡❞ t✐♠❡ ✐♥t❡❣r❛t❡❞ ♦✈❡r ✹✳✽ ♥s✮ ✷P ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t②✳ ❈♦♠♣❛r✐♥❣
❋✐❣✉r❡ ✽✳✽ ❛♥❞ ❋✐❣✉r❡ ✽✳✹✱ ✇❡ ♥♦t❡ t❤❛t ✇❡ ♦❜t❛✐♥ q✉❛❧✐t❛t✐✈❡❧② t❤❡ s❛♠❡
❝♦♥✐❝❛❧ s❤❛♣❡ ✇✐t❤ t❤❡ s❛♠❡ ♠❛①✐♠❛❧ ❞✐❛♠❡t❡r ♦❢ ✽ ♠♠✳
■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ ❢♦r t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✉s❡❞ ✐♥ t❤❡
❡①♣❡r✐♠❡♥ts ✇✐t❤ ❛ s❤❛r♣ ♣♦✐♥t ✭50 µ♠ ♦❢ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡✮ ❛♥❞ ❛♥ ❛♣✲
♣❧✐❡❞ ✈♦❧t❛❣❡ ❤✐❣❤❡r t❤❛♥ ✷✷ ❦❱✱ ✐♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s ❛ ❝♦♥✐❝❛❧
❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ✐s ♦❜s❡r✈❡❞✳ ❆ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥ts
❛♥❞ s✐♠✉❧❛t✐♦♥s ✐s ♦❜t❛✐♥❡❞ ♦♥ t❤❡ ♠❛①✐♠❛❧ ❞✐s❝❤❛r❣❡ ❞✐❛♠❡t❡r ❛♥❞ t❤❡
❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t②✳
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✶✺✽❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋✐❣✉r❡ ✽✳✽✿ ❙♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧❧② t✐♠❡✲✐♥t❡❣r❛t❡❞✲♦✈❡r✲✹✳✽✲♥s
❆❜❡❧✲✐♥t❡❣r❛t❡❞ ✷P ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr② ✇✐t❤♦✉t ❛
❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✳

✽✳✹ ■❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡
✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✿ ❝♦♠♣❛r✲
✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥ts

✽✳✹✳✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜✲
st❛❝❧❡

■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss
❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✱ ❝✉rr❡♥t ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ t❤❡ s❡❣✲
♠❡♥t❡❞ ❝❛t❤♦❞❡ ❛r❡ ❝♦✉♣❧❡❞ t♦ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳
■♥ ❝✉rr❡♥t ♠❡❛s✉r❡♠❡♥ts✱ s❡✈❡r❛❧ ♣❡❛❦s ✭✉s✉❛❧❧② ✹✮ ♦❢ ❝✉rr❡♥t ❛r❡ r❡❝♦r❞❡❞✳
❚❤❡ ✜rst ♣❡❛❦ ♦❢ ❝✉rr❡♥t ✐s t❛❦❡♥ ❛s t❤❡ r❡❢❡r❡♥❝❡ t✐♠❡ t1✳ ❚❤✐s ✜rst ❝✉r✲
r❡♥t ♣❡❛❦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛♣❛❝✐t✐✈❡ ❝✉rr❡♥t ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s✐♥❣



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✶✺✾ ✖ ★✶✼✸
✐

✐

✐

✐

✐

✐

P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✺✾

✈♦❧t❛❣❡ ❛♥❞ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✳ ❚❤❡ s❡❝♦♥❞
♣❡❛❦ ♦❢ ❝✉rr❡♥t ♦❝❝✉rs ❛t ∆t1−2 ∼✻ ♥s ❢r♦♠ t❤❡ ✜rst ♣❡❛❦✳ ■t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♥♦t❡ t❤❛t t❤✐s s❡❝♦♥❞ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ✐s ❛❧♠♦st ♦❢ t❤❡ s❛♠❡ ❛♠♣❧✐t✉❞❡
❛s t❤❡ ✜rst ♦♥❡✳ ❲✐t❤ ❛ ❤✐❣❤ s♣❡❡❞ ❝❛♠❡r❛✱ ♥♦ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✐♥ t❤❡
s❡❝♦♥❞ ❛✐r ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❛♥❞ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s
♦❜s❡r✈❡❞ ❢♦r t❤✐s s❡❝♦♥❞ ♣❡❛❦✳ ❚❤❡♥✱ ❛ t❤✐r❞ ❝✉rr❡♥t ♣❡❛❦ ✐s ♠❡❛s✉r❡❞ ❛t
∆t1−3 ∼✶✸ ♥s ❢r♦♠ t❤❡ ✜rst ♣❡❛❦ ♦❢ ❝✉rr❡♥t✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ t❤✐r❞
❝✉rr❡♥t ♣❡❛❦ ✐s ❛❧♠♦st t❤❡ s❛♠❡ ❛s t❤❡ ✜rst ♦♥❡ ❛♥❞ ❛❣❛✐♥ ❛t t❤❛t t✐♠❡✱
♥♦ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❆t t❤❡ ❢♦✉rt❤ ♣❡❛❦
♦❢ ❝✉rr❡♥t ❛t ∆t1−4 ∼✶✽ ♥s✱ t❤❡ ❝✉rr❡♥t ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ✐s ❤✐❣❤❡r t❤❛♥
t❤❡ ♣r❡✈✐♦✉s ♦♥❡s✳ ❋✐❣✉r❡ ✽✳✾ s❤♦✇s t❤❛t ❢♦r t❤✐s ❢♦✉rt❤ ❝✉rr❡♥t ♣❡❛❦✱
t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♦❢ ❛ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ st❛rt✐♥❣ ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ ✐♠♣❛❝t✐♥❣ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s r❡❝♦r❞❡❞✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣
❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♥♦t
r❡❝♦r❞❡❞ ❜② t❤❡ ❝❛♠❡r❛ ❞✉❡ t♦ t❤❡ ♦❜str✉❝t✐♦♥ ❜② t❤❡ ♦♣❛q✉❡ r✐♥❣ ❤♦❧❞❡r
✭❋✐❣✉r❡ ✽✳✶✮✳
❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s t❤✐❝❦✱ t❤❡

Segmented cathode

Dielectric plane

❋✐❣✉r❡ ✽✳✾✿ ❖♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t ✇✐t❤ ❛ ■❈❈❉ ❝❛♠❡r❛ ❛t ∆t1−4 ∼✶✽
♥s s❤♦✇✐♥❣ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢
t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ ✐♠♣❛❝t✐♥❣ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡✳ ❈r❡❞✐ts ▲P●P

r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ❝❡♥t❡r❡❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✳ ❖✉t ♦❢ ❛❧❧ t❤❡
♠❛t❡r✐❛❧s t❡st❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ t❤✐❝❦❡st ❞✐❡❧❡❝tr✐❝ ❧❛②❡r st✉❞✐❡❞
✐s ♦❢ ❚❖P❆❙ ♣♦❧②♠❡r ✭∆❂✶ ♠♠✮ ✇✐t❤ ❛ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② εr = 2.2✳
❚❤❡♥ t♦ ❝♦♠♣❛r❡ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✇❡
s✐♠✉❧❛t❡ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss ∆❂✶ ♠♠ ✇✐t❤ ❛ r❡❧❛t✐✈❡ ♣❡r♠✐t✲
t✐✈✐t② εr = 2.2✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐s ♣❧❛❝❡❞ ❛t ✵✳✺
❝♠ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✭✐✳❡✳ xdiel❂ ✵✳✺ ❝♠ ✐♥ ❋✐❣✉r❡s ✽✳✶ ❛♥❞ ✽✳✷✮✳
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✶✻✵❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋✐❣✉r❡ ✽✳✶✵✿ ❊①♣❡r✐♠❡♥t❛❧ ❞❡❧❛②s ∆texpdelay ❜❡t✇❡❡♥ t❤❡ ✐❣♥✐t✐♦♥ ❛t t❤❡ ♣♦✐♥t ♦❢
t❤❡ ❞✐s❝❤❛r❣❡ ❛♥❞ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❝❛t❤♦❞❡ ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❢♦❧❧♦✇✲
✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♠❡t❤♦❞♦❧♦❣② ❢♦r t❤❡ ❚❖P❆❙ ♣♦❧②♠❡r ❞✐❡❧❡❝tr✐❝ ♦❢ ✈❛r✐♦✉s
t❤✐❝❦♥❡ss ∆ ∈ [50 µm : 1000 µm] ❧♦❝❛t❡❞ ❛t xdiel❂ ✵✳✺ ❝♠✳ ❈r❡❞✐ts ▲P●P

❋♦❧❧♦✇✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♠❡t❤♦❞♦❧♦❣② ✇❤✐❝❤ ❝♦✉♣❧❡❞ ❝✉rr❡♥t ❛♥❞ ❡♠✐s✲
s✐♦♥ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ❢♦✉rt❤ ❝✉rr❡♥t ♣❡❛❦✳ ❚❤❡ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ✜rst ❞✐s✲
❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡
❝❛t❤♦❞❡ s✉r❢❛❝❡ ∆t1−4 ✐s ❝❛❧❧❡❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ∆texpdelay

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐❣✉r❡ ✽✳✶✵ ♣r❡s❡♥ts r❡✐❣♥✐t✐♦♥ ❞❡❧❛②s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua =∈ [30.8 kV : 32 kV] ❢♦r ❚❖P❆❙ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs
♦❢ ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss❡s✳ ❋♦r ∆❂✶ ♠♠✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛②
✐s ∆texpdelay ❂ ∆t1−4 ∈ [18 ns : 24 ns]✳

✽✳✹✳✷ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛✲
❝❧❡

❲❡ ♣r❡s❡♥t ❤❡r❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐♥ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❡①♣❡r✐♠❡♥t❛❧ ❣❡✲
♦♠❡tr② ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥✱ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss ∆❂✶ ♠♠ ❛♥❞ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✲
✐t② εr = 2.2 ✐s ❧♦❝❛t❡❞ ❛t xdiel❂ ✵✳✺ ❝♠✳ ❆s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡
❛ss✉♠❡❞ ❛ ✉♥✐❢♦r♠ ♣r❡✐♦♥✐③❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥s ✐♥ ❜♦t❤ ❛✐r
❣❛♣s ✭❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✮ ✇✐t❤ ❛ ❞❡♥s✐t② ♦❢ 104cm−3✳
❋♦r ❛ ♠❛①✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua = 30 kV ✇✐t❤ ❛ r✐s❡ t✐♠❡ ♦❢ trise❂✷



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✶✻✶ ✖ ★✶✼✺
✐

✐

✐

✐

✐

✐

P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✻✶

❋✐❣✉r❡ ✽✳✶✶✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ❢♦r t❤❡ ❛♣✲
♣❧✐❡❞ ✈♦❧t❛❣❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✽✳✺✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✷✳✻✱ ✹✳✾✱ ✻✳✺ ♥s

♥s ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡ ✭❋✐❣✉r❡ ✽✳✺✮✱ ❋✐❣✉r❡ ✽✳✶✶ s❤♦✇s t❤❡ ❞✐str✐✲
❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t
t❂✷✳✻✱ ✹✳✾✱ ✻✳✺ ♥s✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✐s s✐♠✐❧❛r t♦ t❤❡ ♣♦s✲
✐t✐✈❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡rs ✻ ❛♥❞ ✼✳ ❋♦r t❤❡
❝♦♥❞✐t✐♦♥s ♦❢ ❋✐❣✉r❡ ✽✳✶✶✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r
❞✐s❝❤❛r❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛t τigni = 0.9 ♥s✳ ❚❤✐s ✜rst ❞✐s❝❤❛r❣❡
♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❣❛♣ ❛♥❞ ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❛t τimpact = 2.6 ♥s✳
❚❤❡♥ t❤❡ ❞✐s❝❤❛r❣❡ st❛rts t♦ s♣r❡❛❞ ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
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✶✻✷❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❧❛②❡r✳ ❆t t❤❡ s❛♠❡ t✐♠❡ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ✐♥❝r❡❛s❡s✳ ❆t τrei❂✹✳✾ ♥s✱
❛ s❡❝♦♥❞ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ✐s ✐❣♥✐t❡❞ ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ♦♥ t❤✐s ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠✲
❡tr② t❤❡ t✐♠❡ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ❛♥❞ t❤❡ t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥
✐s s♠❛❧❧✿ τrei − τimpact❂✷✳✸ ♥s ❛♥❞ ❝♦♠♣❛r❛❜❧❡ t♦ ❞❡❧❛②s ❢♦✉♥❞ ✐♥ ❚❛❜❧❡
✻✳✶ ✭✐♥ ❝❤❛♣t❡r ✻✱ ❙❡❝t✐♦♥ ✻✳✸✳✷✮✳ ❋✐❣✉r❡s ✽✳✶✷ ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❡ t✐♠❡
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❋✐❣✉r❡ ✽✳✶✷✿ ❚✐♠❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s
σu ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ♥❡❣❛t✐✈❡ s✉r✲
❢❛❝❡ ❝❤❛r❣❡s σb ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r t❤❡
s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✽✳✶✶✳

❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡s ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❜♦t❤ ❢❛❝❡s ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ❋✐❣✉r❡ ✽✳✶✶✳ ❆s t❤❡ ✜rst ♣♦s✐t✐✈❡
❞✐s❝❤❛r❣❡ s♣r❡❛❞s ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✱ t❤❡ ✉♣♣❡r
s✉r❢❛❝❡ ✐s ❝❤❛r❣❡❞ ♣♦s✐t✐✈❡❧② ❜② ♣♦s✐t✐✈❡ ✐♦♥s ❛♥❞ ✐ts ❜♦tt♦♠ s✉r❢❛❝❡ ✐s
❝❤❛r❣❡❞ ♥❡❣❛t✐✈❡❧② ♠♦st❧② ❜② ❡❧❡❝tr♦♥s ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s✳ ❆s ✐♥ ❝❤❛♣t❡rs
✻ ❛♥❞ ✼✱ ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s t♦♦ ❧♦✇
❛t τrei❂✹✳✾ ♥s t♦ ❤❛✈❡ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡♥✱ t❤❡
✐♥❝r❡❛s❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡
♣♦t❡♥t✐❛❧ r❡❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ❛❢t❡r t❤❡ ✜rst ♣♦s✐t✐✈❡
str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✱ ❢♦r t❃✷✳✻ ♥s✱ ✇❡ ♦❜s❡r✈❡ ❛♥ ❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s
❡❧❡❝tr✐❝ ✜❡❧❞ ✇❤✐❝❤ ✐s ≥ ✺✵ ❦❱✳cm−1✱ ❤✐❣❤❡r t❤❛♥ t❤❡ ❜r❡❛❦❞♦✇♥ ✜❡❧❞✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❞❡♥s✐t② ✐♥❝r❡❛s❡s r❛♣✐❞❧② ❞✉❡ t♦
✐♦♥✐③❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❚❤❡♥ ❛t t❂✹✳✾ ♥s✱ ❛ s❡❝♦♥❞
♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡s ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞
✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡ ❛t τ planeconnec = 6.5 ♥s✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✻✸

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr②✱ t❤❡ ❞②✲
♥❛♠✐❝s ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ❢❛st ✭♦♥❧② τplaneconnec − τrei❂✶✳✻ ♥s✮✳ ■❢
♥♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❝❛t❤♦❞❡
♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❛♥❞ t❤❡ t✐♠❡ ♦❢ ✐❣♥✐t✐♦♥ ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡
❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✱ ✇❡ ♦❜t❛✐♥✿

∆tnumdelay = τplaneconnec − τigni = 5.6 ns . ✭✽✳✺✮

❈♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡❧❛②s ∆texpdelay ❂ ∆t1−4 ∈ [18 ns : 24 ns]✱
t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡❧❛② ∆tnumdelay❂ ✺✳✻ ♥s ✐s ♠✉❝❤ s❤♦rt❡r✳

❈✉rr❡♥t ❝❛❧❝✉❧❛t✐♦♥ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

❋✐❣✉r❡ ✽✳✶✸ s❤♦✇s t❤❡ ❝❛❧❝✉❧❛t❡❞ ❝✉rr❡♥t ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣♦✐♥t✲t♦✲
♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳ ❆s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥

❋✐❣✉r❡ ✽✳✶✸✿ ❉✐s❝❤❛r❣❡ ❝✉rr❡♥t ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡✲
♦♠❡tr② ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡

✇✐t❤♦✉t t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✱ t❤❡ ✜rst ♣❡❛❦ ♦❢ ❝✉rr❡♥t ✐s ❞✉❡ t♦ t❤❡ ❝❛♣❛❝✲
✐t✐✈❡ ❝✉rr❡♥t ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✳ ❚❤❡♥
❛ s❡❝♦♥❞ ♣❡❛❦ ♦❢ ❝✉rr❡♥t r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ♦♥
t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛t τimpact = 2.6 ♥s ✐s ♦❜s❡r✈❡❞✳ ■t ✐s
❞✉❡ t♦ t❤❡ ❝❤❛♥❣❡ ♦❢ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ t❤❛t
✐s st♦♣♣❡❞ ✐♥ ✐ts ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❛♥❞ st❛rts t♦
s♣r❡❛❞ r❛❞✐❛❧❧② ♦♥ ✐ts s✉r❢❛❝❡✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ♥♦ ❝✉rr❡♥t
♣❡❛❦ ✐s ♦❜s❡r✈❡❞ ❛t t❤❡ t✐♠❡ ♦❢ r❡✐❣♥✐t✐♦♥ τrei❂✹✳✾ ♥s✳ ❆❢t❡r t❤❡ ✐♠♣❛❝t
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✶✻✹❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

♦♥ t❤❡ ❝❛t❤♦❞❡ ❛t τ planeconnec = 6.5 ♥s✱ ❋✐❣✉r❡ ✽✳✶✸ s❤♦✇s t❤❛t t❤❡ ❝✉rr❡♥t
✐♥❝r❡❛s❡s ❛♥❞ r❡❛❝❤❡s ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ✻✳✹✺ ❆ ❛t t❂✼✳✽ ♥s✳ ■♥❞❡❡❞
❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✱ t❤❡r❡
✐s ♥♦ ❝♦♥❞✉❝t✐✈❡ ❝❤❛♥♥❡❧ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞ t❤❡ ❝❛t❤♦❞❡ ❛♥❞
t❤✉s t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❧✐♠✐ts t❤❡ ❝✉rr❡♥t ✐♥❝r❡❛s❡ ❛t t❤❡ ❝❛t❤♦❞❡✳ ■t ✐s
✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✇❡ ❤❛✈❡ st♦♣♣❡❞ t❤❡ s✐♠✉❧❛t✐♦♥ ❛t t❂✽ ♥s✱ r❛♣✐❞❧②
❛❢t❡r t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❛t t❤❡ ❝❛t❤♦❞❡✳

❖♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡

❋✐❣✉r❡ ✽✳✶✹ s❤♦✇s t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ✷P ❡♠✐ss✐♦♥
✐♥t❡♥s✐t②✳ ❚❤✐s ✐♥t❡♥s✐t② ✐s ❆❜❡❧✲✐♥t❡❣r❛t❡❞ ❛♥❞ t✐♠❡ ✐♥t❡❣r❛t❡❞ ♦✈❡r t❤❡
❞✉r❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞
t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✭✐✳❡✳ ♦✈❡r ✻✳✻ ♥s ✐♥ t❤✐s ❝❛s❡✮✳
❲❡ ♥♦t❡ t❤❛t t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✜rst ❞✐s✲

❋✐❣✉r❡ ✽✳✶✹✿ ❙♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ✷P ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ✭t✐♠❡✲
✐♥t❡❣r❛t❡❞✲♦✈❡r✲✻✳✻✲♥s ❆❜❡❧✲✐♥t❡❣r❛t❡❞✮✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✻✺

❝❤❛r❣❡ s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐s ❤✐❣❤ ✭1015−16 ❘❛②❧❡✐❣❤✮✳
■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♠❛①✐♠❛ ♦❢ ✐♥t❡♥s✐t② ❛r❡ ♠❛✐♥❧②
❧♦❝❛t❡❞ ❝❧♦s❡ t♦ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ ❝❧♦s❡ t♦ t❤❡ ♣♦✐♥t
❛♥♦❞❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ✐♥
t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❛t ❧❡❛st ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧❡ss ✭1014 ❘❛②❧❡✐❣❤✮
t❤❛♥ t❤❡ ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣✳ ❚❤❡ s✐♠✉❧❛t❡❞ ♦♣t✐❝❛❧
❡♠✐ss✐♦♥ ❢r♦♠ t❤❡ ✜rst ❛✐r ❣❛♣ ✐s s❤♦✇♥ ❤❡r❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❡♠✐ss✐♦♥
✐♥t❡♥s✐t② ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣s✱ ❡✈❡♥ t❤♦✉❣❤ ✐♥
t❤❡ ❡①♣❡r✐♠❡♥ts t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ❢r♦♠ t❤❡ ✜rst ❛✐r ❣❛♣ ✐s
♦❜str✉❝t❡❞ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ r✐♥❣ ❤♦❧❞❡r✳

✽✳✺ ❉✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❡①♣❡r✐✲
♠❡♥ts ❛♥❞ s✐♠✉❧❛t✐♦♥s

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r t❤❡ s❛♠❡ ✈♦❧t❛❣❡ ❝♦♥❞✐✲
t✐♦♥s ✇✐t❤ ❛ ✶ ♠♠ t❤✐❝❦ ❚❖P❆❙ ❧❛②❡r ❧♦❝❛t❡❞ ❛t xdiel❂ ✵✳✺ ❝♠✱ t❤❡ ❡①♣❡r✐✲
♠❡♥t❛❧ ❞❡❧❛② ∆texpdelay = ∈ [18 ns : 24 ns] ✐s ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ t❤❡ s✐♠✉❧❛t❡❞
♦♥❡ ∆tnumdelay❂✺✳✻ ♥s✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ❡①♣❡r✐♠❡♥t✴♠♦❞❡❧❧✐♥❣ ❛❣r❡❡♠❡♥t✱ ✐♥
t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ ✜rst t♦ ❛♥❛❧②③❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ❞✐✛❡r❡♥t ❝✉rr❡♥t
♣❡❛❦s ♠❡❛s✉r❡❞ ❛♥❞✱ s❡❝♦♥❞ t♦ ❞✐s❝✉ss ✇❤✐❝❤ ♣❤②s✐❝♦✲❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s
❝♦✉❧❞ ❜❡ ♠✐ss✐♥❣ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳

❛✮ ❆♥❛❧②s✐s ♦❢ t❤❡ ❝✉rr❡♥t ♣❡❛❦s ♠❡❛s✉r❡❞✿
■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❛ s❡❝♦♥❞ ♣❡❛❦ ♦❢ ❝✉rr❡♥t
✐s ♠❡❛s✉r❡❞ ❛t ∆t1−2 ∼✻ ♥s✱ ❝❧♦s❡ t♦ t❤❡ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ♦❜t❛✐♥❡❞ ✐♥ t❤❡
s✐♠✉❧❛t✐♦♥ ❛t ∆tnumdelay❂✺✳✻ ♥s✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ♥♦ ❡♠✐ss✐♦♥ ✐s r❡❝♦r❞❡❞
❛t ∆t1−2 ∼✻ ♥s✳ ❍♦✇❡✈❡r ❋✐❣✉r❡ ✽✳✶✹ s❤♦✇s t❤❛t t❤❡ s✐♠✉❧❛t❡❞ ❡♠✐ss✐♦♥
✐♥t❡♥s✐t② ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s q✉✐t❡ ❧♦✇✳ ❚❤✐s ❧♦✇ ❡♠✐ss✐♦♥ ✐♥t❡♥✲
s✐t② ❝♦✉❧❞ ♠❛②❜❡ ❡①♣❧❛✐♥ ✇❤② ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❝❛♠❡r❛ ✐s ♥♦t ❛❜❧❡
t♦ r❡❝♦r❞ t❤❡ ❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ♦❢ ❛ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❛t ∆t1−2 ∼✻ ♥s✳
❚❤✐s ❝♦✉❧❞ ♠❡❛♥ t❤❛t t❤❡ s❡❝♦♥❞ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ♠❡❛s✉r❡❞ ✐♥ t❤❡ ❡①♣❡r✐✲
♠❡♥ts ❝♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♠♣❛❝t ♦❢ ❛ ✜rst r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡
❝❛t❤♦❞❡ s✉r❢❛❝❡✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛❢t❡r t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ♦♥
t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ t❤❡ ❞✐s❝❤❛r❣❡ s♣r❡❛❞s ♦♥ t❤❡ ❞✐✲
❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❡①♣❛♥❞s r❛❞✐❛❧❧② t♦✇❛r❞s t❤❡ r❛❞✐❛❧ s✉r❢❛❝❡s ✭♠❡t❛❧❧✐❝
❛♥❞ ❞✐❡❧❡❝tr✐❝✮ ♦❢ t❤❡ ♣❧❛s♠❛ r❡❛❝t♦r✳ ❚❤❡♥✱ ❞✉❡ t♦ ❝❤❛r❣❡ ❛❝❝✉♠✉❧❛✲
t✐♦♥ ♦♥ t❤❡ ❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦❢ t❤❡ r❡❛❝t♦r✱ ✇❡ s✉❣❣❡st t❤❛t
t❤❡ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ ❝✉rr❡♥t ♣❡❛❦s ❝♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t
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✶✻✻❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❝♦♥s❡❝✉t✐✈❡ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥s✳ ❆❢t❡r ❡❛❝❤ r❡✐❣♥✐t✐♦♥ ❡✈❡♥t✱ t❤❡ ❞✐❡❧❡❝✲
tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ✐s ❝❤❛r❣❡❞ ♠♦r❡ ❛♥❞ ♠♦r❡ ♥❡❣❛t✐✈❡❧② ♦♥ ✐ts ❜♦tt♦♠
s✉r❢❛❝❡✳ ▼❛②❜❡ ❢♦r t❤❡ ❢♦✉rt❤ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ✇❤✐❝❤ ♦❝❝✉rs ❛t t❤❡ ❡♥❞
♦❢ t❤❡ ✈♦❧t❛❣❡ ♣✉❧s❡✱ t❤❡ s✉❞❞❡♥ r❡❧❡❛s❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛❝❝✉♠✉❧❛t❡❞
❛❢t❡r t✇♦ ♣r❡✈✐♦✉s r❡✐❣♥✐t✐♦♥ ❡✈❡♥ts ❝♦✉❧❞ ❜❡ ❤✐❣❤ ❡♥♦✉❣❤ t♦ ❡①♣❧❛✐♥ t❤❡
r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❡♠✐ss✐♦♥ r❡❝♦r❞❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳

❜✮ ❆❞❞✐t✐♦♥❛❧ ♣r♦❝❡ss❡s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✿
■♥ t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡
✐♥✐t✐❛❧ ❧❡✈❡❧ ♦❢ s❡❡❞ ❝❤❛r❣❡s ✐♥ ❛✐r ✐s 104 cm−3✳ ❋♦r t❤❡ ❛✐r ❣❛♣ ❛❜♦✈❡ t❤❡
❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥❞✉❝❡❞ ❜② t❤❡ s❤❛r♣ ♣♦✐♥t✱
✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❛t ❛ ❧♦✇ ✈❛❧✉❡ ♦❢ 104 cm−3 ❛❧❧♦✇s t♦ ❛❝❝✉r❛t❡❧②
s✐♠✉❧❛t❡ t❤❡ ❞✐s❝❤❛r❣❡ ✐❣♥✐t✐♦♥ ❛t t❤❡ ♣♦✐♥t✳ ❋♦r t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛✲
t✐♦♥ t♦✇❛r❞s t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ ✐s t❤❡ ❦❡②
s♦✉r❝❡ t❡r♠ ❛♥❞ t❤❡ ❧♦✇ ❧❡✈❡❧ ♦❢ s❡❡❞ ❝❤❛r❣❡s ♦❢ 104 cm−3 ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡
✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳
❆s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✽✳✶✶✱ ❛❢t❡r t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ✐♠♣❛❝t ♦♥ t❤❡ ✉♣✲
♣❡r ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ✉♥✐❢♦r♠ ❛♥❞ ❤✐❣❤❡r t❤❛♥ t❤❡
❜r❡❛❦❞♦✇♥ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❚❤❡♥✱ ❡✈❡♥ ✇✐t❤ ❛ ❧♦✇ ♣r❡✐♦♥✲
✐③❛t✐♦♥ ❞❡♥s✐t② ♦❢ 104 cm−3 ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣✱ ❛ ❢❛st r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss
✐s ♦❜s❡r✈❡❞✳ ❙♦ ✜rst✱ ✇❡ ❤❛✈❡ q✉❡st✐♦♥❡❞ t❤❡ ✈❛❧✉❡ ♦❢ 104 cm−3 ❢♦r s❡❡❞
❝❤❛r❣❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❢♦r ♦✉r ❝♦♥❞✐t✐♦♥s✳
❆s t❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ s✐♥❣❧❡ s❤♦t✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st ❢❡✇ ♠✐♥✉t❡s ❜❡t✇❡❡♥
❡❛❝❤ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♣✉❧s❡✳ ■♥ ✭P❛♥❝❤❡s❤♥②✐ ✷✵✵✺✮✱ ✐t ✐s ♣♦✐♥t❡❞ ♦✉t t❤❛t
❞✐✛❡r❡♥t ❦❡② ♣❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s ♦❝❝✉r ✐♥ t❤❡ ♣♦st✲❞✐s❝❤❛r❣❡
❛❢t❡r t❤❡ ❡♥❞ ♦❢ ❛ ✈♦❧t❛❣❡ ♣✉❧s❡✿

• ❋✐rst ❛t ✸✵✵ ❑✱ ❡❧❡❝tr♦♥s q✉✐❝❦❧② ❛tt❛❝❤ t♦ O2✿

e + O2 + O2 → O−
2 + O2, ✇✐t❤ ∆t1 = 20 ns . ✭✽✳✻✮

• ❚❤❡♥✱ t❤❡ ✐♦♥✲✐♦♥ ❞✐ss♦❝✐❛t✐✈❡ r❡❝♦♠❜✐♥❛t✐♦♥ ♦❢ O−
2 ❛♥❞ O+

4 ♦❝❝✉rs✿











O−
2 + O+

4 → O2 + O2 + O2 ,

O−
2 + O+

4 +M → O2 + O2 + O2 + M , ✇✐t❤ ▼❂ N2✱ O2 ,

∆t2 = 10− 100 ns .

✭✽✳✼✮

• ❚❤❡♥ ✐♦♥ ❞✐✛✉s✐♦♥ ❧♦ss❡s ❛t t❤❡ r❡❛❝t♦r s✉r❢❛❝❡s ❛♥❞ t❤❡ ❝❛t❤♦❞❡
❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✿ ∆t3 = 80 ms✳



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✶✻✼ ✖ ★✶✽✶
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✐

✐

✐
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✻✼

❆❝❝♦r❞✐♥❣ t♦ ✭P❛♥❝❤❡s❤♥②✐ ✷✵✵✺✮✱ ❛❢t❡r ❛ ❢❡✇ s❡❝♦♥❞s✱ t❤❡ ❧❡✈❡❧ ♦❢ s❡❡❞
❝❤❛r❣❡s ✐s ∼ nn,p = 104 cm−3✳ ❋♦r ❛ ❧♦♥❣❡r t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉✲
t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♣✉❧s❡s✱ t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ✐♦♥s t♦ t❤❡ r❡❛❝t♦r s✉r❢❛❝❡s
❞❡❝r❡❛s❡s t❤❡ ❧❡✈❡❧ ♦❢ s❡❡❞ ❝❤❛r❣❡s t♦ ❧♦✇❡r ✈❛❧✉❡s✳
❋✐rst✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡ ✉s❡❞
ne,p = 104 cm−3✱ t❤❛t ✐s t♦ s❛② ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ❛♥ ✐♥st❛♥t❛♥❡♦✉s ❞❡t❛❝❤✲
♠❡♥t ♦❢ ❡❧❡❝tr♦♥s ❢r♦♠ ♥❡❣❛t✐✈❡ ✐♦♥s ❛s s♦♦♥ ❛s ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞✳
❋♦r ❛♥ ✐♥✐t✐❛❧ ❞❡♥s✐t② ♦❢ s❡❡❞ ❝❤❛r❣❡s ♦❢ nn,p = 104 cm−3✱ ❛s t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❜❡❝♦♠❡s r❛♣✐❞❧② ❤✐❣❤❡r t❤❛♥ E ≥ ✺✵ ❦❱✳cm−1 ✐♥ t❤❡ s❡❝♦♥❞ ❣❛♣✱ ✇❡
❤❛✈❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ✜♥✐t❡ ❞❡t❛❝❤♠❡♥t r❛t❡ ❛s ✐♥ ✭❚❤♦❧✐♥ ❛♥❞
❇♦✉r❞♦♥ ✷✵✶✸✮✱ t❤❛t t❤❡ ❞❡❧❛② ✐♥❞✉❝❡❞ ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❜② ❞❡✲
t❛❝❤♠❡♥t ✐s ❛t ♠❛①✐♠✉♠ ♦❢ ❛ ❢❡✇ ♥❛♥♦s❡❝♦♥❞s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s st✉❞✐❡❞
✐♥ t❤✐s ✇♦r❦✳ ❙♦ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ❡✛❡❝t ✐s t♦♦ s♠❛❧❧ t♦ ❡①♣❧❛✐♥ t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛②s✳
❙❡❝♦♥❞✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠✐♥✉t❡s ❜❡t✇❡❡♥ ❝♦♥s❡❝✉t✐✈❡
✈♦❧t❛❣❡ ♣✉❧s❡s✱ ❛❝❝♦r❞✐♥❣ t♦ ✭P❛♥❝❤❡s❤♥②✐ ✷✵✵✺✮✱ t❤❡ ❧❡✈❡❧ ♦❢ s❡❡❞ ❝❤❛r❣❡s
✐s nn,p < 104 cm−3 ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❆s ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥✱ ✐♥ t❤✐s
✇♦r❦✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❧✐♠✐t ❝❛s❡ ✇✐t❤ ♥♦ s❡❡❞ ❝❤❛r❣❡s ✐♥ t❤❡ s❡❝✲
♦♥❞ ❛✐r ❣❛♣✳ ❆s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ❞✐r❡❝t❡❞ t♦✇❛r❞s
t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ❡❧❡❝tr♦♥s ✐♥
t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s t❤❡ ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡ s✉r❢❛❝❡✳ ❚♦ t❡st t❤❡ r❡✐❣♥✐✲
t✐♦♥ ❞②♥❛♠✐❝s ✇✐t❤ t❤✐s ❤②♣♦t❤❡s✐s ✇❡ ♣r❡s❡♥t s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✇✐t❤ ❛t
t❂✵ ♥s ♥♦ ✐♥✐t✐❛❧ s❡❡❞ ❝❤❛r❣❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❛♥❞ ✇✐t❤ ❛♥ ❡❧❡❝tr♦♥
❡♠✐tt❡❞ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ ✭❛✈❡r❛❣❡❞ ❞❡♥s✐t② ♦✈❡r ❛ ❝②❧✐♥❞❡r ♦❢ ✶✵✵×✶✵✵
µ♠✮ ❛t t❂τe❂✶✻✳✺ ♥s✱ ❝❧♦s❡ t♦ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐s
♦❜s❡r✈❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳
❋✐❣✉r❡ ✽✳✶✺✱ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦✲

❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❂✶✽✱ ✶✾✳✹✱ ✷✷✳✽ ♥s✳ ❆s ✐♥ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s✱ ✇❡ ♥♦t❡ t❤❛t ❛❢t❡r t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ✉♣♣❡r
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s
❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❤✐❣❤❡r ✭E ≥ ✺✵ ❦❱✳cm−1✮ t❤❛♥ t❤❡ ❜r❡❛❦❞♦✇♥
✜❡❧❞✳ ❚❤❡♥ ❛❢t❡r t❤❡ ❡❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ❛t t❤❡ ❝❛t❤♦❞❡ ❛t t❂τe❂✶✻✳✺ ♥s✱
✇❡ ♦❜s❡r✈❡ ❛t t❂✶✽ ♥s✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐♥ t❤❡ s❡❝♦♥❞
❛✐r ❣❛♣ ❛s ❡❧❡❝tr♦♥s ❞r✐❢t t♦✇❛r❞s t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✳ ❆t t❂✶✾✳✹ ♥s✱ ❛
❞♦✉❜❧❡ ❤❡❛❞❡❞ ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❤❡❛❞
♣r♦♣❛❣❛t✐♥❣ t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❤❡❛❞ ♣r♦♣❛❣❛t✲
✐♥❣ t♦✇❛r❞s t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✳ ❆t t❂τ planeconnec❂✷✷✳✽
♥s✱ t❤❡ ♣♦s✐t✐✈❡ ❤❡❛❞ ✐♠♣❛❝ts t❤❡ ❝❛t❤♦❞❡ ❛♥❞ ✵✳✶ ♥s ❧❛t❡r t❤❡ ♥❡❣❛t✐✈❡
❤❡❛❞ ✐♠♣❛❝ts t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✳ ■t ✐s ✐♠♣♦rt❛♥t
t♦ ♥♦t❡ t❤❛t ❢♦r 16.5 ≤ t ≤ 22.8 ♥s✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐s ✈❡r②
❧♦✇ ❛♥❞ ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳
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✐

✐

✐

✐

✐

✶✻✽❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋✐❣✉r❡ ✽✳✶✺✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳ ❆t t❂✶✻✳✺
♥s ❛♥ ❡❧❡❝tr♦♥ ✐s ❡♠✐tt❡❞ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ ✭❛✈❡r❛❣❡❞ ❞❡♥s✐t② ♦✈❡r ❛ ❝②❧✐♥❞❡r ♦❢
✶✵✵×✶✵✵ µ♠✮✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞
❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✶✽✱ ✶✾✳✹✱ ✷✷✳✽ ♥s



✐

✐
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✐

✐

✐

✐

✐

P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✻✾

■♥ t❤✐s s✐♠✉❧❛t✐♦♥✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ✐s ❡q✉❛❧ t♦∆tnumdelay❂✷✶✳✾ ♥s
t❤❛t ✐s t♦ s❛② ✐♥ t❤❡ r❛♥❣❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡❧❛②s∆texpdelay ∈ [18 ns : 24 ns]✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✇✐t❤ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛t t= τe❂✶✻✳✺
♥s ❛♥❞ t❤❡ t✐♠❡ ♦❢ ✐♠♣❛❝t ♦♥ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ τ planeconnec❂✷✷✳✽ ♥s✱ t❤❡ ❞✉✲
r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡
s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ∆ele = 6.3 ♥s✳
❆s t❤✐s s✐♠♣❧✐✜❡❞ t❡st ❝❛s❡ ❤❛s ❣✐✈❡♥ ♣r♦♠✐s✐♥❣ ✜rst r❡s✉❧ts✱ ✐♥ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ t♦ ❝❛rr② ♦✉t ❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❝❡ss❡s
t❤❛t ❝♦✉❧❞ ❡①♣❧❛✐♥ ❛♥ ❡❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡✳

✽✳✻ ■♥✢✉❡♥❝❡ ♦❢ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❛t t❤❡ ❝❛t❤✲
♦❞❡ s✉r❢❛❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s t❤❛t ❝♦✉❧❞ ❛❧❧♦✇ ❛♥
❡❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t✇♦ ❡♠✐s✲
s✐♦♥ ♣r♦❝❡ss❡s ❛r❡ ♣✉t ❢♦r✇❛r❞✿

❛✮ ❚❤❡ t❤❡r♠✐♦♥✐❝ ❡♠✐ss✐♦♥ ♣r♦❝❡ss✳
❚❤❡ ❝✉rr❡♥t ❞❡♥s✐t② JR−S ❬❆✳cm−2❪ ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s ❝❛❧❝✉❧❛t❡❞
✇✐t❤ t❤❡ ❘✐❝❤❛r❞s♦♥✲❙❝❤♦tt❦② ❡q✉❛t✐♦♥ ✭▼✉r♣❤② ❛♥❞ ●♦♦❞ ❏r ✶✾✺✻✮✿

JR−S = A1 exp

(

−
φ− F 1/2

kT

)

✇✐t❤ ❋ ∝ βEcath , ✭✽✳✽✮

✇❤❡r❡ φ ✐s t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ✐♥ ❡❱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡♥❡r❣② r❡q✉✐r❡❞ ❢♦r
❛♥ ❡❧❡❝tr♦♥ ❛t t❤❡ ❡♥❡r❣② ❋❡r♠✐ ❧❡✈❡❧ t♦ ❜❡ r❡❧❡❛s❡❞ ♦✉ts✐❞❡ ♦❢ t❤❡ ♠❡t❛❧❧✐❝
❝❛t❤♦❞❡ ❛♥❞ β ✐s t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ❝❛t❤✲
♦❞❡ s✉r❢❛❝❡ Ecath ✭t❤❛t r❡♣r❡s❡♥ts ♠✐❝r♦s❝♦♣✐❝ r♦✉❣❤♥❡ss ❛t t❤❡ ❝❛t❤♦❞❡
s✉r❢❛❝❡✮✳ ❚❤❡ t❤❡r♠✐♦♥✐❝ ❡✛❡❝t r❡♣r❡s❡♥ts t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❢r♦♠
❛ ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐♥❞✉❝❡❞ ❜② t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❝❛t❤♦❞❡
s✉r❢❛❝❡ ✭❤❡r❡ ❚❂✸✵✵ ❑✮✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❡①t❡r✐♦r ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡
❝❛t❤♦❞❡ s✉r❢❛❝❡ ❧♦✇❡rs t❤❡ s✉r❢❛❝❡ ❜❛rr✐❡r ❛♥❞ ✐♥❝r❡❛s❡s t❤❡ ❡♠✐ss✐♦♥ ❝✉r✲
r❡♥t✳

❜✮ ❚❤❡ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss✳
❚❤❡ ❝✉rr❡♥t ❞❡♥s✐t② JF−N ❬❆✳cm−2❪ ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s ❝❛❧❝✉❧❛t❡❞
✇✐t❤ t❤❡ ❋♦✇❧❡r✲◆♦r❞❤❡✐♠ ❡q✉❛t✐♦♥ ✭▼✉r♣❤② ❛♥❞ ●♦♦❞ ❏r ✶✾✺✻✮✿

JF−N = A2 exp

(

−
B2φ

3/2

F

)

✇✐t❤ ❋ ∝ βEcath , ✭✽✳✾✮
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✐

✐

✐

✐

✶✼✵❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

❋♦r ✜❡❧❞ ❡♠✐ss✐♦♥✱ t❤❡ ❡❧❡❝tr♦♥s t✉♥♥❡❧ ❡❛s✐❧② t❤r♦✉❣❤ t❤❡ ✜❡❧❞ ❞❡❢♦r♠❡❞
s✉r❢❛❝❡ ❜❛rr✐❡r✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡
♣♦s✐t✐✈❡✲✐♦♥ ❜♦♠❜❛r❞♠❡♥t ❛t t❤❡ ❝❛t❤♦❞❡ ✇❛s ✉s❡❞ ✐♥ ♥❡❣❛t✐✈❡ str❡❛♠❡r
s✐♠✉❧❛t✐♦♥s t♦ ❞❡♠♦♥str❛t❡ t❤❡ r♦❧❡ ♦❢ t❤❡ ✜❡❧❞✲❡✛❡❝t ❡♠✐ss✐♦♥ ✐♥ ❜♦t❤
t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡❣❛t✐✈❡ ❝♦r♦♥❛s ✭❘❡❡ss ❛♥❞ P❛✐❧❧♦❧ ✶✾✾✼❀
P❛✐❧❧♦❧ ❡t ❛❧✳ ✷✵✵✷✮✳

■♥ t❤✐s ✇♦r❦✱ ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② 18 ns ≤ ∆texpdelay ≤ 24 ns✱
✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t s✐♠✉❧❛t✐♦♥s ❞✉r✐♥❣ ❛ t♦t❛❧ s✐♠✉❧❛t✐♦♥ t✐♠❡ ♦❢ tsimu❂✷✹
♥s✳ ❆t t❂✵ ♥s✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ♥♦ s❡❡❞ ❝❤❛r❣❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳
■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❡♠✐t ♦♥❡ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤✲
♦❞❡ s✉r❢❛❝❡✱ ✇❡ ❤❛✈❡ ✐♥t❡❣r❛t❡❞ ✐♥ t✐♠❡ t❤❡ ✢✉① ♦❢ ❡❧❡❝tr♦♥s ❡♠✐tt❡❞ ❛t t❤❡
❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐♥❞✉❝❡❞ ❜② t❤❡ t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s✳

β φ
✸ ❬❡❱❪ ✸✳✺ ❬❡❱❪ ✸✳✽ ❬❡❱❪ ✹ ❬❡❱❪

✷✷✵ ✸✳✶ ♥s ✸✳✾ ♥s ✹✳✽ ♥s ✻✳✷ ♥s
✷✵✵ ✸✳✸ ♥s ✹✳✺ ♥s ✻✳✾ ♥s ❃ ✷✹ ♥s
✶✽✵ ✸✳✼ ♥s ✻✳✵ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s
✶✻✵ ✹✳✸ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s
✶✹✵ ✻✳✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s
✶✷✵ ❃ ✷✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s
✶✵✵ ❃ ✷✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s ❃ ✷✹ ♥s

❚❛❜❧❡ ✽✳✶✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ φ ❛♥❞ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
❢❛❝t♦r β ♦♥ t❤❡ t✐♠❡ τe r❡q✉✐r❡❞ ❢♦r ❛♥ ❡❧❡❝tr♦♥ t♦ ❜❡ ❡♠✐tt❡❞ ❛t t❤❡ ❝❛t❤♦❞❡
s✉r❢❛❝❡ ❜② t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ♥♦t❛t✐♦♥ ❃ ✷✹ ♥s st❛♥❞s
❢♦r ❝❛s❡s ❢♦r ✇❤✐❝❤ τe ✐s ❧♦♥❣❡r t❤❛♥ t❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡ ♦❢ tsimu❂✷✹ ♥s✳

❲❡ ❤❛✈❡ ✈❛r✐❡❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ φ ∈ [3 eV : 4 eV ] ✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ ✉s✉❛❧ ✈❛❧✉❡s ❢♦r ♠❡t❛❧❧✐❝ ❡❧❡❝tr♦❞❡s✳ ■♥ ✭❘❡❡ss ❛♥❞ P❛✐❧❧♦❧
✶✾✾✼✮✱ ❛ ✈❛❧✉❡ ♦❢ β❂✶✷✵ ❢♦r t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r ✇❛s ✉s❡❞✱ ❛❧❜❡✐t ✐t
✇❛s ❢♦r ❛ ♣♦✐♥t ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡✳ ◆❡✈❡rt❤❡❧❡ss ✐♥ ✭▲✐tt❧❡ ❛♥❞ ❲❤✐t♥❡②
✶✾✻✸✮✱ ✐t ✇❛s ❢♦✉♥❞ t❤❛t ❡✈❡♥ ♦♥ ❛ ♣♦❧✐s❤❡❞ ✢❛t ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡✱ s♠❛❧❧
♣♦✐♥t ❧✐❦❡ str✉❝t✉r❡s ♦❢ ✷ µ♠ ✐♥ ❤❡✐❣❤t ✇❡r❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❢♦✉♥❞ ❛♥❞ ❛
✈❛❧✉❡ ♦❢ β❂✶✵✵ ✇❛s ❞❡✜♥❡❞ ❛s ❛♥ ❛❝❝❡♣t❛❜❧❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r✳ ❆s ✐♥
t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❛ s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡ ✐s ✉s❡❞✱ ❛♥❞ s♦ ✐t ✐s q✉✐t❡ ❞✐✣❝✉❧t
t♦ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ β✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ✈❛r✐❡❞ t❤❡
❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r β ∈ [100 : 220]✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞
t❤❛t t❤❡ ❝❤♦s❡♥ ✈❛❧✉❡s ♦❢ φ ❛♥❞ β ❛r❡ ❝♦♥st❛♥t ♦♥ t❤❡ ❡♥t✐r❡ ❝❛t❤♦❞❡
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✐

✐
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✼✶

s✉r❢❛❝❡✳
■♥ ❚❛❜❧❡ ✽✳✶✱ t❤❡ t✐♠❡ t♦ ❡♠✐t ❛♥ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s
❣✐✈❡♥ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ φ ∈ [3 eV : 4 eV ] ❛♥❞ β ∈ [100 : 220]✳ ❋♦r
❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ φ❂✸ ❡❱✱ ✇❡ ♥♦t❡ t❤❛t ✇❤❡♥ t❤❡ ✈❛❧✉❡
♦❢ β ❞❡❝r❡❛s❡s ❢r♦♠ ✷✷✵ t♦ ✶✹✵✱ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❡♠✐t ❛♥ ❡❧❡❝tr♦♥
✐♥❝r❡❛s❡s ❢r♦♠ τe❂✸✳✶ ♥s t♦ ✻✳✹ ♥s✳ ❲❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ β ❜❡❝♦♠❡s ❧❡ss
t❤❛♥ ✶✷✵✱ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❡♠✐t ❛♥ ❡❧❡❝tr♦♥ ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧②
❛♥❞ ❜❡❝♦♠❡s ❧❛r❣❡r t❤❛♥ τe > 24 ♥s✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥
τe < 7 ♥s ❛♥❞ τe > 24 ♥s ♦❝❝✉rs ❢♦r ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ β ❛s φ ✐♥❝r❡❛s❡s ❢r♦♠
✸ t♦ ✹ ❡❱✳ ❋♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ β❂✷✷✵✱ ✇❡ s❡❡ t❤❛t ✇❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
✇♦r❦ ❢✉♥❝t✐♦♥ ✐♥❝r❡❛s❡s ❢r♦♠ ✸ ❡❱ t♦ ✹ ❡❱✱ τe ✐♥❝r❡❛s❡s ❢r♦♠ ✸✳✶ ♥s t♦ ✻✳✷
♥s✳ ❆s β ❞❡❝r❡❛s❡s ❛♥❞ ✐s ❜❡t✇❡❡♥ ✷✵✵ ❛♥❞ ✶✹✵✱ ✇❡ ♦❜s❡r✈❡ ❛ tr❛♥s✐t✐♦♥
❜❡t✇❡❡♥ ❝♦♥❞✐t✐♦♥s ✇✐t❤ τe < 7 ♥s ❛♥❞ ✇✐t❤ τe > 24 ♥s✳ ❲❡ ♥♦t❡ t❤❛t t❤❡
tr❛♥s✐t✐♦♥ ♦❝❝✉rs ❛t ❧♦✇❡r ✈❛❧✉❡s ♦❢ φ ❛s β ❞❡❝r❡❛s❡s✳ ❋♦r β ≤ 120✱ ✇❡
❤❛✈❡ τe > 24 ♥s ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ φ ∈ [3 eV : 4 eV ]✳

β φ
✸ ❬❡❱❪ ✸✳✺ ❬❡❱❪ ✸✳✽ ❬❡❱❪ ✹ ❬❡❱❪

✷✷✵ Ne❃✶ Ne❃✶ Ne❃✶ Ne❃✶
✷✵✵ Ne❃✶ Ne❃✶ Ne❃✶ Ne = 2.1 10−1

✶✽✵ Ne❃✶ Ne❃✶ Ne = 5.1 10−2 Ne = 6.8 10−4

✶✻✵ Ne❃✶ Ne = 8.6 10−2 Ne = 7.3 10−5 Ne = 6.0 10−7

✶✹✵ Ne❃✶ Ne = 5.2 10−5 Ne = 1.8 10−8 Ne = 7.7 10−11

✶✷✵ Ne = 7.6 10−3 Ne = 3.4 10−9 Ne = 3.4 10−13 Ne = 6.5 10−16

✶✵✵ Ne = 2.4 10−7 Ne = 1.4 10−14 Ne = 2.5 10−18 Ne = 4.9 10−21

❚❛❜❧❡ ✽✳✷✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ φ ❛♥❞ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
❢❛❝t♦r β ♦♥ t❤❡ t✐♠❡ r❡q✉✐r❡❞ ❢♦r ❛♥ ❡❧❡❝tr♦♥ t♦ ❜❡ ❡♠✐tt❡❞ ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡
❜② t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ♥♦t❛t✐♦♥ Ne❃✶ st❛♥❞s ❢♦r ❛ ❝❛s❡
✇❤❡♥ ❛♥ ❡❧❡❝tr♦♥ ✐s ❡♠✐tt❡❞ ❛t t❤❡ ❝❛t❤♦❞❡ ❢♦r t❁tsimu❂✷✹ ♥s✳

■♥ ❚❛❜❧❡ ✽✳✷✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥s ❛❝❝✉♠✉❧❛t❡❞ ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡
❛t tsimu❂✷✹ ♥s ✐s ❣✐✈❡♥ ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❚❛❜❧❡ ✽✳✶✳ ❋♦r ❛ ✜①❡❞
✈❛❧✉❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ φ❂✹ ❡❱✱ ✇❡ s❡❡ t❤❛t ✇❤❡♥ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
❢❛❝t♦r ❞❡❝r❡❛s❡s ❢r♦♠ β❂✷✵✵ t♦ ✶✵✵✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥s ❛❝❝✉♠✉❧❛t❡❞
❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ❞❡❝r❡❛s❡s ❢r♦♠ Ne = 2.1 10−1 t♦ Ne = 4.9 10−21✳
❋♦r φ❂✹ ❡❱✱ ❜② ❥✉st ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ β ❢r♦♠ ✷✵✵ t♦ ✷✷✵✱ ❛♥ ❡❧❡❝tr♦♥
✐s ❡♠✐tt❡❞ ❛t τe❂✻✳✷ ♥s✳ ❋✐♥❛❧❧②✱ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡s ✽✳✶ ❛♥❞
✽✳✷ s❤♦✇ t❤❛t t❤❡ t✐♠❡ τe t♦ ❡♠✐t ❛♥ ❡❧❡❝tr♦♥ ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s
str♦♥❣❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ β ❛♥❞ φ✳
❚♦ ❜❡ ❝❧♦s❡ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ∆texpdelay ∈
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✐
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✐

✐
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✶✼✷❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

[18 ns : 24 ns]✱ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❤❛s t♦ ♦❝❝✉r ❛t τe < tsimu ❂ ✷✹ ♥s✳
■♥ ❚❛❜❧❡ ✽✳✶✱ t❤❡ ♦♥❧② ❝♦♥❞✐t✐♦♥s t♦ ❡♠✐t ❛♥ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r✲
❢❛❝❡ ✇✐t❤ τe < 24 ♥s✱ ❣✐✈❡ ❛♥ ❡♠✐ss✐♦♥ t✐♠❡ τe ∈ [3.1 ns : 6.9 ns]✳ ❆s ❛❢t❡r
t❤❡ ❡❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s
❝❧♦s❡ t♦ t❤❡ ♦♥❡ ♦❜s❡r✈❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✶✺✱ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❛♥❞
♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✐s ♦❢ ❛❜♦✉t
∆ele = 6.3 ♥s✳ ❚❤❡♥ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❛t t❤❡ ♠❛①✐♠❛❧ s✐♠✉❧❛t❡❞ r❡✐❣♥✐✲
t✐♦♥ ❞❡❧❛② ✐s ♦❢ ❛❜♦✉t ∆ele✰τmax

e ❂✻✳✸✰✻✳✾ ♥s ❂✶✸✳✷ ♥s✳ ❚❤✐s r❡✐❣♥✐t✐♦♥
❞❡❧❛② ✐s ❧♦♥❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ss✉♠✐♥❣ ❛♥ ✉♥✐❢♦r♠ ♣r❡✐♦♥✐③❛✲
t✐♦♥ ♦❢ 104cm−3 ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ✭∆tnumdelay❂ ✺✳✻ ♥s✮✱ ❜✉t ✐s st✐❧❧ s❧✐❣❤t❧②
s❤♦rt❡r t❤❛♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ∆texpdelay ∈ [18 ns : 24 ns]✳

❉✉r✐♥❣ t❤❡ ♣r❡❧✐♠✐♥❛r② t❡sts ❝❛rr✐❡❞ ♦✉t ✐♥ t❤✐s ✇♦r❦✱ t♦ ❜❡tt❡r ✉♥❞❡r✲
st❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❛t t❤❡ ❝❛t❤♦❞❡ ♦♥ t❤❡ ❞✐s✲
❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ❛ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ♥♦ ✐♥✐t✐❛❧ ❝❤❛r❣❡s
✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ ❛♥❞ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❡❧❡❝tr♦♥ ✢✉①❡s ❛t t❤❡ ❝❛t❤✲
♦❞❡ s✉r❢❛❝❡ ❞✉❡ t♦ t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❢♦r φ❂✹ ❡❱
❛♥❞ β❂✶✵✵✳ ❘❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✽✳✷ s❤♦✇s t❤❛t ❢♦r φ❂✹ ❡❱ ❛♥❞
β❂✶✵✵✱ t❤❡ ❛♠♦✉♥t ♦❢ ❡❧❡❝tr♦♥ ❛❝❝✉♠✉❧❛t❡❞ ❛t tsimu❂✷✹ ♥s ✐s ❡q✉❛❧ t♦
Ne = 4.9 10−21✱ t❤❛t ✐s t♦ s❛② ♠✉❝❤ ❧❡ss t❤❛♥ ♦♥❡ ❡❧❡❝tr♦♥✳ ❆s ✐♥ t❤✐s
✇♦r❦ ✇❡ ✉s❡ ❛ ✢✉✐❞ ♠♦❞❡❧ ❢♦r t❤❡ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✱ t❤✐s t❡st✲❝❛s❡ ✐s
t❤❡r❡❢♦r❡ r❛t❤❡r ♥♦♥ ♣❤②s✐❝❛❧✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ♣r♦♣♦s❡ t♦ ♣r❡s❡♥t ❤❡r❡
❜r✐❡✢② t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❝❛s❡ ❛s ✐t ✐s s❧✐❣❤t❧② ❞✐❢✲
❢❡r❡♥t ❢r♦♠ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ♦❜t❛✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❋✐❣✉r❡
✽✳✶✻ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s
♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❂✶✾✱ ✷✵✱ ✷✶✳✼ ♥s ❢♦r φ❂✹ ❡❱ ❛♥❞ β❂✶✵✵✳ ❉✉❡
t♦ t❤❡ ❤✐❣❤ ❡❧❡❝tr✐❝ ✜❡❧❞ ✭❤✐❣❤❡r t❤❛♥ t❤❡ ❜r❡❛❦❞♦✇♥ ✜❡❧❞✮ ✐♥ t❤❡ s❡❝✲
♦♥❞ ❛✐r ❣❛♣ ❢♦r t❃ ✷✳✻ ♥s ✭❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✽✳✶✶✮✱ s♠❛❧❧ ❛♠♦✉♥t ♦❢
❡❧❡❝tr♦♥s ❡♠✐tt❡❞ ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ♣r♦❞✉❝❡ ❛✈❛❧❛♥❝❤❡s ❛♥❞ ❞r✐❢t t♦✲
✇❛r❞s t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❚❤❡r❡❢♦r❡ ❛t t❂✶✾ ♥s✱ ❋✐❣✉r❡ ✽✳✶✻
s❤♦✇s ❛♥ ✐♥❝r❡❛s❡ ♦❢ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡
❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡✳ ❆t t❂✷✵ ♥s✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ✇❡❛❦ ✐♦♥✐③❛t✐♦♥
✇❛✈❡ ❝❧♦s❡ t♦ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ✇❤❡r❡ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ✐♥❝r❡❛s✐♥❣ ❢r♦♠ ✻✵ t♦ ✾✵ ❦❱✳cm−1✳
❚❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s t♦✇❛r❞s t❤❡ ❝❛t❤♦❞❡ ❛♥❞ ✐♠♣❛❝ts ✐ts
s✉r❢❛❝❡ ❛t t❂τplaneconnec =✷✶✳✼ ♥s✱
❚❤♦s❡ r❡s✉❧ts ❝❧❡❛r❧② s❤♦✇ t❤❛t ❡✈❡♥ ✐♥ t❤✐s ❡①tr❡♠❡ ❝❛s❡ ✇✐t❤ ✈❡r② ❧♦✇
✢✉①❡s ♦❢ ❡❧❡❝tr♦♥s ❛t t❤❡ ❝❛t❤♦❞❡✱ ❛s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ✭E ≥ ✺✵ ❦❱✳cm−1✮ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ❜r❡❛❦❞♦✇♥ ✜❡❧❞✱ t❤❡ ❡❧❡❝✲
tr♦♥ ❞❡♥s✐t② ✐♥❝r❡❛s❡s r❛♣✐❞❧② ✉♣ 1013 cm−3✱ ❛♥❞ t❤❡ r❡✐❣♥✐t✐♦♥ ♦❢ ❛ ✇❡❛❦
❞✐s❝❤❛r❣❡ ✐s ♦❜s❡r✈❡❞✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✼✸

❋✐❣✉r❡ ✽✳✶✻✿ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡✳ ❚❤❡ ❡♠✐s✲
s✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s ❞✉❡ t♦ t❤❡ t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞
❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ✇❤❡r❡ φ❂✹ ❡❱ ❛♥❞ β❂✶✵✵✳ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✶✾✱ ✷✵✱ ✷✶✳✼ ♥s
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✶✼✹❈❤❛♣t❡r ✽ ✲ ❈♦♠♣❛r✐s♦♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s

✽✳✼ ❈♦♥❝❧✉s✐♦♥ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t✴♠♦❞❡❧❧✐♥❣
❝♦♠♣❛r✐s♦♥

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❆▲❱❊❖P▲❆❙ ♣r♦❥❡❝t✱ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡
st✉❞✐❡❞ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ❛♥❞ ❝♦♠♣❛r❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❣❡♦♠❡tr② ❛♥❞ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✿

• ❲✐t❤♦✉t ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✱ ❡①✲
♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ❢♦r ❛ ♠❛①✐♠✉♠ ✈♦❧t❛❣❡
♦❢ ❛❜♦✉t ✸✵ ❦❱ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✱ ❛ s✐♥❣❧❡ ❝♦♥✐❝❛❧ ❞✐s✲
❝❤❛r❣❡ ✐s ✐❣♥✐t❡❞✳ ❲❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t② ♦❢
t❤❡ ❞✐s❝❤❛r❣❡ t♦ ❝r♦ss t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❛♥❞ ❢♦✉♥❞ ❛ q✉✐t❡
❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❆
❣♦♦❞ ❛❣r❡❡♠❡♥t ♦♥ t❤❡ ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♦♥ ❡①✲
♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t❡❞ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❤❛s ❛❧s♦
❜❡❡♥ ♦❜t❛✐♥❡❞✳

• ❲✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✱ ✐♥ t❤❡ ❡①✲
♣❡r✐♠❡♥ts✱ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♦❝❝✉rr❡♥❝❡
♦❢ ❛ ❝✉rr❡♥t ♣❡❛❦ ✭✉s✉❛❧❧② t❤❡ ❢♦✉rt❤ ♦♥❡✮ ❛t t❤❡ s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡
❝♦✉♣❧❡❞ ✇✐t❤ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ r❡❝♦r❞❡❞ ✇✐t❤ ❛ ❢❛st ❝❛♠❡r❛✳ ❯s✐♥❣
t❤✐s ♠❡t❤♦❞♦❧♦❣②✱ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ t✐♠❡ ❞❡❧❛② ❜❡✲
t✇❡❡♥ t❤❡ ✐❣♥✐t✐♦♥ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡ ❛♥❞ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❝❛t❤♦❞❡
♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ∆texpdelay ∈ [18 ns : 24 ns]✳
❈♦♥✈❡rs❡❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss
✐s ❢❛st❡r ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ❞❡❧❛② ♦❢ ∆tnumdelay❂✺✳✻ ♥s✳

❚♦ ✐♠♣r♦✈❡ t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ✜rst ❛
♥❡✇ ✐♥s✐❣❤t ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛♥❞ s❡❝♦♥❞ ✇❡
❤❛✈❡ st✉❞✐❡❞ ✇❤✐❝❤ ♣❤②s✐❝♦✲❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s ❝♦✉❧❞ ❜❡ ♠✐ss✐♥❣ ✐♥ t❤❡
s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ t✇♦ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s ❛r❡✿

• ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♠❛②❜❡ t❤❡ s❡❝♦♥❞ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ♠❡❛s✉r❡❞ ✐♥
t❤❡ ❡①♣❡r✐♠❡♥ts ❛t ∆t❂✻ ♥s✱ ❝♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♠♣❛❝t ♦❢ ❛
✜rst r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❝❛t❤♦❞❡✳ ■♥❞❡❡❞✱ t❤✐s r❡✐❣♥✐t✐♦♥ ❞❡❧❛②
✐s ❝❧♦s❡ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡❧❛② ♦❢ ∆tnumdelay❂✺✳✻ ♥s✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥s
t❤❡ ♦♣t✐❝❛❧ ✐♥t❡♥s✐t② ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝
♣❧❛♥❡ ✐s ✇❡❛❦✳ ■t ♠❛② ❡①♣❧❛✐♥ t❤❡ ❞✐✣❝✉❧t② ❢♦r ❛ ❤✐❣❤ s♣❡❡❞ ❝❛♠✲
❡r❛ t♦ ❞❡t❡❝t ✐t✳ ❲❡ s✉❣❣❡st t❤❛t s✉❝❝❡ss✐✈❡ ❝✉rr❡♥t ♣❡❛❦s ♦❜t❛✐♥❡❞
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✼✺

✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❝♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ s✉❝❝❡ss✐✈❡ r❡✐❣♥✐t✐♦♥ ❡✈❡♥ts
❞✉r✐♥❣ t❤❡ ✈♦❧t❛❣❡ ♣✉❧s❡ ❞✉❡ t♦ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡
❞✐✛❡r❡♥t ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦❢ t❤❡ r❡❛❝t♦r✳

• ❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t ♥♦ ♠❛tt❡r t❤❡ ❧❡✈❡❧ ♦❢ s❡❡❞ ❝❤❛r❣❡s ✐♥ t❤❡
s❡❝♦♥❞ ❛✐r ❣❛♣✱ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ♦❝❝✉rs ❞✉❡ t♦ t❤❡ ❤✐❣❤ ✈❛❧✉❡
♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ✐♥✈❡st✐✲
❣❛t❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❢r♦♠ t❤❡ ❝❛t❤♦❞❡
✐♥ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ✇✐t❤ ♥♦ ✐♥✐t✐❛❧ s❡❡❞ ❝❤❛r❣❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r
❣❛♣✳ ❲❡ ❤❛✈❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞ ❡♠✐ss✐♦♥
♣r♦❝❡ss❡s ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t t❤❡ t✐♠❡ t♦
r❡❧❡❛s❡ ❛♥ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s ❣r❡❛t❧② ✐♥✢✉❡♥❝❡❞ ❜②
t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡ φ ❛♥❞ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥
❢❛❝t♦r β✳ ❋♦r t❤❡ s❡t ♦❢ ✈❛❧✉❡s ❢♦r φ ❛♥❞ β st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡
❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ t✐♠❡ t♦ r❡❧❡❛s❡ ❛♥ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡
s✉r❢❛❝❡ ✐s ❛t ♠❛①✐♠✉♠ ♦❢ ✻✳✾ ♥s ❛♥❞ t❤❡♥ t❤❡ ❞❡❧❛② ❢♦r t❤❡ r❡✐❣♥✐t✐♦♥
♣r♦❝❡ss ✐s ❛t ♠❛①✐♠✉♠ ♦❢ ∆tnumdelay❂✶✸✳✷ ♥s✱ s❧✐❣❤t❧② s❤♦rt❡r t❤❛♥ t❤❡
❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥ ❞❡❧❛② ∆texpdelay ∈ [18 ns : 24 ns]✳
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❈❤❛♣t❡r ✾

❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞

♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ❤❡❧✐✉♠ ❛♥❞ ❛✐r

❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝

♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡

✾✳✶ ■♥tr♦❞✉❝t✐♦♥

❋r♦♠ ❝❤❛♣t❡rs ✻ t♦ ✽✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡ ❛✐r ❞✐s❝❤❛r❣❡ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ♣❧❛❝❡❞ ♦♥ t❤❡ ♣❛t❤ ♦❢
t❤❡ ❞✐s❝❤❛r❣❡✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡
✐s ❛♥ ❛①✐❛❧ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ❚❤❡s❡ ❧❛st ❢❡✇ ②❡❛rs✱
✇✐t❤ ♠❛♥② ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ♦♥ ♣❧❛s♠❛ ❥❡ts✱ ❛ ❧♦t ♦❢
❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❢♦❝✉s❡❞ ♦♥ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡s
✐♥ r❛r❡ ❣❛s❡s ✭♠♦st❧② ❤❡❧✐✉♠✮ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❞✐❡❧❡❝tr✐❝ t✉❜❡s
❛♥❞ t❤❡♥ ✐♥ ❛♠❜✐❡♥t ❛✐r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❛ r❛❞✐❛❧ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳
■♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡
✐♥ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❛♥❞ t❤❡♥ ✐♥ ❛♠❜✐❡♥t ❛✐r ❢♦r ♣❧❛s♠❛ ❥❡ts✱ ✐t ❤❛s ❜❡❡♥
s❤♦✇♥ t❤❛t ❛ s✐♠♣❧❡ ❝❤❡♠✐❝❛❧ ♠♦❞❡❧ ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤ ♦♥❧② ♦♥❡ t②♣❡ ♦❢
♣♦s✐t✐✈❡ ❤❡❧✐✉♠ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ✭◆❛✐❞✐s ✷✵✶✵❛❀ ❏á♥s❦ý ❛♥❞ ❇♦✉r❞♦♥
✷✵✶✶❛❀ ❇♦❡✉❢ ❡t ❛❧✳ ✷✵✶✸✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦r❞❡r t♦ ❣♦ ❢✉rt❤❡r ❛♥❞
❝❛rr② ♦✉t q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❡①♣❡r✐♠❡♥ts✱ ❛ ♠♦r❡ ❝♦♠♣❧❡①
❝❤❡♠✐str② ♥❡❡❞s t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥❝❧✉❞✐♥❣ s❡✈❡r❛❧ ❤❡❧✐✉♠ ✐♦♥s✱ ❡①❝✐t❡❞
❍❡ ❛t♦♠s ❛♥❞ ♥✐tr♦❣❡♥ ✐♦♥s ❛♥❞ ❡①❝✐t❡❞ st❛t❡s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ✐♠♣✉r✐t✐❡s✳
❙♦ ❢❛r✱ t❤❡r❡ ✐s ♥♦ r❡❢❡r❡♥❝❡ ❦✐♥❡t✐❝ s❝❤❡♠❡ ❢♦r ❛ He − N2 ♠✐①t✉r❡ ❢♦r
♣❧❛s♠❛ ❥❡t st✉❞✐❡s ❛♥❞ ❞✐✛❡r❡♥t ❝❤❡♠✐❝❛❧ ♠♦❞❡❧s ❛r❡ ✉s❡❞ ✭◆❛✐❞✐s ✷✵✶✶❛❀
❇r❡❞❡♥ ❡t ❛❧✳ ✷✵✶✷❀ ❨♦✉s✜ ❡t ❛❧✳ ✷✵✶✷✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

♣r❡✈✐♦✉s ✇♦r❦s ♦♥ ❤✐❣❤ ♣r❡ss✉r❡ ❣❛s ❧❛s❡rs ✭P♦✉✈❡s❧❡ ❡t ❛❧✳ ✶✾✽✷✮ ♦♥
He−N2 ♠✐①t✉r❡s ❤❛✈❡ ♣✉t ❢♦r✇❛r❞ t❤❛t t❤r❡❡ ❜♦❞② P❡♥♥✐♥❣ ✐♦♥✐③❛t✐♦♥ ❛♥❞
❝❤❛r❣❡ ❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳
❚❤❡s❡ r❡❛❝t✐♦♥s ❛r❡ ❛❜s❡♥t ♦❢ t❤❡ ❦✐♥❡t✐❝ s❝❤❡♠❡s ✉s❡❞ s♦ ❢❛r ❢♦r He −
N2 ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s ✐♥ t✉❜❡s ❛♥❞ ♣❧❛s♠❛ ❥❡ts✳ ❚❤❡♥✱ ✐♥ t❤✐s ✇♦r❦✱
✇❡ ♣r♦♣♦s❡ t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡s❡ t❤r❡❡✲❜♦❞② r❡❛❝t✐♦♥s ♦♥ t❤❡
❞②♥❛♠✐❝s ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ♦❢ ❞✐s❝❤❛r❣❡s ✐♥ ❛ He − N2

♠✐①t✉r❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❚❤✐s ✇♦r❦ ✐s ❛ ✜rst st❡♣ t♦✇❛r❞s t❤❡
❞❡r✐✈❛t✐♦♥ ♦❢ ❛ r❡❢❡r❡♥❝❡ ❦✐♥❡t✐❝ s❝❤❡♠❡ ❢♦r He−N2 ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥s
❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❢♦r ♣❧❛s♠❛ ❥❡t ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✾✳✷ ✇❡
♣r❡s❡♥t t❤❡ ❞✐s❝❤❛r❣❡ ♠♦❞❡❧ ✉s❡❞ ❢♦r ❛ He−N2 ♠✐①t✉r❡✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥
✾✳✸✱ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✐♥ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ✇✐t❤ ❛♥❞
✇✐t❤♦✉t t❤❡ t❤r❡❡ ❜♦❞② P❡♥♥✐♥❣ ✐♦♥✐③❛t✐♦♥ ❛♥❞ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s
❛r❡ ❞✐s❝✉ss❡❞✳
❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ r♦❧❡ ♦❢ t❤❡ r❛❞✐❛❧ ❝♦♥str❛✐♥t ✐♥❞✉❝❡❞ ❜② t❤❡
❞✐❡❧❡❝tr✐❝ t✉❜❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ❛♥❞ ❞②♥❛♠✐❝s✱ ✐♥ ❙❡❝t✐♦♥ ✾✳✹✱
✇❡ ♣r♦♣♦s❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ✜❧❧❡❞
❡✐t❤❡r ✇✐t❤ ❛ He − N2 ♠✐①t✉r❡ ♦r ✇✐t❤ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❚❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s ♦♥ t❤❡ ❛✐r ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ✐s ❞✐s❝✉ss❡❞✳

✾✳✷ ❉✐s❝❤❛r❣❡ ♠♦❞❡❧ ❢♦r ❛ ❞✐s❝❤❛r❣❡ ✐♥ ❛ He−

N2 ♠✐①t✉r❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ st✉❞✐❡❞ ❣❛s ✐s ❝♦♠♣♦s❡❞ ♦❢ ❤❡❧✐✉♠
✇✐t❤ ♥✐tr♦❣❡♥ ❛❞♠✐①t✉r❡✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ❛❞♠✐①t✉r❡ ✐s ❡q✉❛❧ t♦ χimp =
NN2/N0 = 10−3 ✇❤❡r❡ N0❂ 2.45×1019 cm−3 ✐s t❤❡ ♥❡✉tr❛❧ ❤❡❧✐✉♠ ❞❡♥s✐t②✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✸ ♣♦s✐t✐✈❡ ✐♦♥s ✭He+✱ He+2 ❛♥❞
N+

2 ✮✱ ✶ ❡①❝✐t❡❞ s♣❡❝✐❡ ✭He∗✮ ❛♥❞ ❡❧❡❝tr♦♥s✳ ❋♦r t❤❡ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥✱
❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❛r❡ ❝♦✉♣❧❡❞ t♦ P♦✐ss♦♥✬s ❡q✉❛✲
t✐♦♥✳ ❚❤❡ ❦✐♥❡t✐❝ s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s s❤♦✇♥ ♦♥ ❚❛❜❧❡ ✾✳✶ ❛♥❞
✇❛s ✉s❡❞ ✐♥ ✭❩❤❛♥❣ ❛♥❞ ❑♦rts❤❛❣❡♥ ✷✵✵✻✮ ❢♦r ❛ st✉❞② ♦♥ ❛ ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡ ❣❧♦✇ ❞✐s❝❤❛r❣❡ ✐♥ ❤❡❧✐✉♠ ✇✐t❤ s♦♠❡ ♥✐tr♦❣❡♥ ✐♠♣✉r✐t✐❡s✳ ■♥ t❤✐s
❦✐♥❡t✐❝ s❝❤❡♠❡✱ r❛t❡ ❝♦❡✣❝✐❡♥ts ❢♦r t❤r❡❡ ❜♦❞② ❝❤❛r❣❡ tr❛♥s❢❡r ❛♥❞ P❡♥✲
♥✐♥❣ r❡❛❝t✐♦♥s ❛r❡ t❛❦❡♥ ❢r♦♠ ✭P♦✉✈❡s❧❡ ❡t ❛❧✳ ✶✾✽✷✮✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡
❤❡❧✐✉♠ ✐♦♥✐③❛t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s t❛❦❡♥ ❢r♦♠ ✭▼❛r✐➣ ❡t ❛❧✳ ✷✵✵✺✮✳ ❚❤❡ ♥✐tr♦✲
❣❡♥ ✐♦♥✐③❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ✐♠♣❛❝t ❡①❝✐t❛t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢
❤❡❧✐✉♠ ❛♥❞ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❇❖▲❙■●✰
✭❍❛❣❡❧❛❛r ❛♥❞ P✐t❝❤❢♦r❞ ✷✵✵✺✮ ✇✐t❤ ❝r♦ss s❡❝t✐♦♥s ❢r♦♠ ✭▼♦r❣❛♥ ✷✵✶✶✮ ❢♦r
He ❛♥❞ N2✳ ❋♦r t❤❡ ❡❧❡❝tr♦♥ ✐♠♣❛❝t ❡①❝✐t❛t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❤❡❧✐✉♠✱ t❤❡
t♦t❛❧ ❡①❝✐t❛t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✐s ✉s❡❞✳ P♦s✐t✐✈❡ ✐♦♥ ♠♦❜✐❧✐t✐❡s µHe+❂✶✵✳✵✱
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✼✾

µHe+2
❂✶✼✳✺ ❛♥❞ µN+

2
❂✷✵ cm2V−1s−1 ❛r❡ t❛❦❡♥ ❢r♦♠ ✭❊❧❧✐s ❡t ❛❧✳ ✶✾✼✻✮✳

❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ✐♦♥s ✐s ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ❊✐♥st❡✐♥ r❡❧❛t✐♦♥ ✇✐t❤
t❡♠♣❡r❛t✉r❡ ❚❂✸✵✵ ❑✳

Pr♦❝❡ss ❘❡❛❝t✐♦♥s ❘❛t❡ ❝♦❡✣❝✐❡♥t
❉✐r❡❝t ✐♦♥✐③❛t✐♦♥ He + e− → He+ + 2e− ❢✭❊✴◆✮

N2 + e− → N+
2 + e− ❢✭❊✴◆✮

❊①❝✐t❛t✐♦♥ He + e− → He∗ + e− ❢✭❊✴◆✮
He+ ❝♦♥✈❡rs✐♦♥ He+ + 2He → He+2 +He 1.5× 10−31[cm6s−1]
❙t❡♣✇✐s❡ ✐♦♥✐③❛t✐♦♥ He∗ +He∗ → He+ +He + e− 8.7× 10−10[cm3s−1]

He∗ +He∗ → He+2 + e− 2.03× 10−9[cm3s−1]
❉❡✲❡①❝✐t❛t✐♦♥ He∗ + e− → He + e− 2.9× 10−9[cm3s−1]
P❡♥♥✐♥❣ ✐♦♥✐③❛t✐♦♥ He∗ +N2 → He + N+

2 + e− 7.6× 10−11[cm3s−1]
He∗ +N2 +He → 2He + N+

2 + e− 3.3× 10−30[cm6s−1]
❈❤❛r❣❡ tr❛♥s❢❡r He+2 +N2 → N+

2 + 2He 1.1× 10−9[cm3s−1]
He+2 +N2 +He → N+

2 + 3He 1.36× 10−29[cm6s−1]

❘❡❝♦♠❜✐♥❛t✐♦♥ He+ + e− + e− → He + e− 8.0× 10−20(Tg

Te
)4[cm6s−1]

He+2 + e− → He + He 9.0× 10−9[cm3s−1]
N+

2 + e− → N+ N 2.0× 10−7[cm3s−1]

❚❛❜❧❡ ✾✳✶✿ ❑✐♥❡t✐❝ s❝❤❡♠❡ ❢♦r ❛ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡ ✇✐t❤ ♥✐tr♦❣❡♥ ✐♠♣✉r✐t✐❡s
t❛❦❡♥ ❢r♦♠ ✭❩❤❛♥❣ ❛♥❞ ❑♦rts❤❛❣❡♥ ✷✵✵✻✮✳ ❚❤❡ r❛t❡s ♦❢ t❤❡ t❤r❡❡ ✜rst r❡❛❝t✐♦♥s
❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ t❡①t✳ Te ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❊✐♥st❡✐♥ r❡❧❛t✐♦♥ ❢♦r ❡❧❡❝tr♦♥s✳

❋♦r t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ ♠♦❞❡❧ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ ✭❏á♥✲
s❦ý ❡t ❛❧✳ ✷✵✶✷✮ ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ♦❢ ✭◆❛✐❞✐s ✷✵✶✵❛✮✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t
t❤❡ ✐♦♥✐③✐♥❣ r❛❞✐❛t✐♦♥ ❡♠✐tt❡❞ ❜② ❡①❝✐t❡❞ ❤❡❧✐✉♠ s♣❡❝✐❡s ✐s ❛❜s♦r❜❡❞ ❜②
♥✐tr♦❣❡♥ ♠♦❧❡❝✉❧❡s ♦❢ t❤❡ ❛❞♠✐①t✉r❡ ❛♥❞ ✐♦♥✐③❡ t❤❡♠✳ ❍❡r❡ t❤❡ ✐♦♥✐③✐♥❣
r❛❞✐❛t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❡①❝✐t❛t✐♦♥ r❛t❡ ♦❢ ❤❡❧✐✉♠
❛t♦♠s ❜② ❡❧❡❝tr♦♥ ✐♠♣❛❝t ✇✐t❤ ❛ ❢❛❝t♦r ♦❢ ✵✳✵✶✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡
❛❜s♦r♣t✐♦♥ ❧❡♥❣t❤ ♦❢ r❛❞✐❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ♥✐tr♦❣❡♥ ❛❞♠✐①t✉r❡
❛s 1/λphion = N0χimpσphion✱ ✇❤❡r❡ ❢♦r t❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥ ❝r♦ss s❡❝t✐♦♥✱
❛ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢ σphion = 3× 10−17 cm2 ✐s ✉s❡❞✳ ❚❤❡ ♣❤♦t♦✲✐♦♥✐③❛t✐♦♥
s♦✉r❝❡ t❡r♠ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙P✸ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❛ss✉♠✐♥❣ ♦♥❧② ♦♥❡ ❛❜s♦r♣t✐♦♥ ❧❡♥❣t❤ ✭✐♥st❡❛❞
♦❢ ✸ ❢♦r ❛✐r✮✳ ❚❤❡ ❝♦❞❡ ✉s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹ ✐♥
❙❡❝t✐♦♥ ✹✳✸✳
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

✾✳✸ ❉②♥❛♠✐❝s ♦❢ ❛ He−N2 ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦✲
s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡

❚❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✾✳✶✳ ❚❤✐s ❣❡♦♠❡tr② ✐s ✈❡r② ❝❧♦s❡
t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✲✉♣ ✉s❡❞ ✐♥ ✭❆❧❣✇❛r✐ ❛♥❞ ❖✬❈♦♥♥❡❧❧ ✷✵✶✶✮✳ ■♥
✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷✮✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s ❞✐s❝❤❛r❣❡ ✇❛s s✐♠✉❧❛t❡❞ ✇✐t❤ ❛
♠♦r❡ s✐♠♣❧❡ ❦✐♥❡t✐❝ s❝❤❡♠❡ t❤❛♥ ✐♥ ❚❛❜❧❡ ✾✳✶✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡
t♦ ❝❛rr② ♦✉t s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤❡ ❦✐♥❡t✐❝ s❝❤❡♠❡ ♦❢ ❚❛❜❧❡ ✾✳✶ ❛♥❞ ✐♥ ♣❛r✲
t✐❝✉❧❛r t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤r❡❡ ❜♦❞② ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ ❛♥❞ P❡♥♥✐♥❣
r❡❛❝t✐♦♥s ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳
❖♥ ❋✐❣✉r❡ ✾✳✶✱ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ✭εr = 4✮ ✜❧❧❡❞ ✇✐t❤ t❤❡ He − N2 ♠✐①✲
t✉r❡✱ ❤❛s ❛♥ ✐♥♥❡r r❛❞✐✉s ♦❢ ✵✳✷ ❝♠✱ ❛ t❤✐❝❦♥❡ss ♦❢ ✵✳✶ ❝♠ ❛♥❞ ✐s ♣❧❛❝❡❞
❢r♦♠ ①❂✵ ❝♠ t♦ ✸✳✺ ❝♠✳ ❋♦r ①❁✵ ❝♠ ❛♥❞ ①❃✸✳✺ ❝♠✱ t❤❡ ❤❡❧✐✉♠ ❝❤❛♥♥❡❧
✐s s✉rr♦✉♥❞❡❞ ❜② ❛✐r ✭εr = 1✮✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡
❤❡❧✐✉♠✲❛✐r ♠✐①✐♥❣ ♦✉ts✐❞❡ t❤❡ t✉❜❡ ❤❛s ❛ s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
❞②♥❛♠✐❝s ✐♥s✐❞❡ t❤❡ t✉❜❡ ❛♥❞ ❝❧♦s❡ t♦ t❤❡ t✉❜❡ ❡①✐t✳ ❆ ❤✐❣❤ ✈♦❧t❛❣❡ r✐♥❣
❡❧❡❝tr♦❞❡ ✐s ♣❧❛❝❡❞ ❢r♦♠ ①❂✸✳✵ t♦ ✸✳✷ ❝♠ ❛♥❞ ❛ ❣r♦✉♥❞❡❞ r✐♥❣ ❡❧❡❝tr♦❞❡
✐s ♣❧❛❝❡❞ ❢r♦♠ ①❂✵✳✸ ❝♠ t♦ ✵✳✺ ❝♠✳ ❚♦ ❡♥s✉r❡ ❛s ✐♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷✮
t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ❞❡❝r❡❛s❡s ❞♦✇♥ t♦ ③❡r♦ ❢❛r ❢r♦♠ t❤❡ s❡t✲✉♣✱ ❣r♦✉♥❞❡❞
♣❧❛♥❡s ❛r❡ ♣❧❛❝❡❞ ❛t ✺ ❛♥❞ ✼✳✺ ❝♠ ❢r♦♠ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❡❞❣❡s ♦❢ t❤❡
t✉❜❡ r❡s♣❡❝t✐✈❡❧②✳ ❆s ✐♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷✮✱ t❤❡ s✐♥❣❧❡ ✈♦❧t❛❣❡ ♣✉❧s❡

-

❋✐❣✉r❡ ✾✳✶✿ ❙❝❤❡♠❛t✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ❢♦r t❤❡ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡ ✇✐t❤
♥✐tr♦❣❡♥ ✐♠♣✉r✐t✐❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳

✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✭❆❧❣✇❛r✐ ❛♥❞ ❖✬❈♦♥♥❡❧❧ ✷✵✶✶✮ ✐s ❛♣♣r♦①✐♠❛t❡❞
❜② ❛ s✐♥✉s♦✐❞❛❧ ✈♦❧t❛❣❡ ♣✉❧s❡ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ✈♦❧t❛❣❡ ♦❢ Umax = 6 kV
❛♥❞ ❛ ❤❛❧❢ ♣❡r✐♦❞ ♦❢ ✸✳✺ µs✳
❚❤❡ ❣r✐❞ ✉s❡❞ ✐♥ t❤✐s st✉❞② ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ✭❏á♥s❦ý ❡t ❛❧✳
✷✵✶✷✮ ✇✐t❤ ❛ ♠❡s❤ s✐③❡ ♦❢ ✷✵ ❛♥❞ ✶✵ µ♠ ✐♥ t❤❡ ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥s✱
r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✭❢r♦♠ ①❂✵ t♦ ✻ ❝♠
❛♥❞ ❢r♦♠ r❂✵ t♦ ✵✳✵✷✵✺ ❝♠✮✳ ❖✉ts✐❞❡ ♦❢ t❤✐s ❞♦♠❛✐♥✱ t❤❡ ♠❡s❤ s✐③❡ ✐s
❡①♣❛♥❞❡❞ ✉s✐♥❣ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ✉♥t✐❧ r❡❛❝❤✐♥❣ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✽✶

t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✭❢r♦♠ ①❂✲✺ t♦ ✶✶ ❝♠ ❛♥❞ ❢r♦♠ r❂✵ t♦ ✶✵ ❝♠✮✳
❆s ❛ r❡s✉❧t✱ ❛ ❣r✐❞ ✇✐t❤ nx × nr❂✸✶✶✹×✷✼✻ ❝❡❧❧s ✐s ✉s❡❞✳
❆ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ✐s ✉s❡❞ ❛t t❤❡ r❛❞✐❛❧
♦♣❡♥ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❆t ❡❛❝❤ ❣❛s✲❞✐❡❧❡❝tr✐❝ ✐♥t❡r✲
❢❛❝❡✱ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦❜t❛✐♥❡❞ ❜② t✐♠❡ ✐♥t❡❣r❛t✐♥❣ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✢✉①❡s
t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ s✉r❢❛❝❡ ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ✇❡ ❤❛✈❡ ❛❧s♦ ❝♦♥✲
s✐❞❡r❡❞ s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ❛t t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ s✉r❢❛❝❡ ❜②
✐♦♥ ❜♦♠❜❛r❞♠❡♥t ✭✇✐t❤ ❛ s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ γ = 0.1✮✳ ❆s
✐♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷✮ ❛ ✉♥✐❢♦r♠ ✐♥✐t✐❛❧ ❞❡♥s✐t② ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐t✐✈❡
✐♦♥s He+ ♦❢ ninit❂109 cm−3 ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ❛ss✉♠✐♥❣ t❤❛t s❡✈❡r❛❧
❞✐s❝❤❛r❣❡s ❤❛✈❡ ♦❝❝✉rr❡❞ ❜❡❢♦r❡ t❤❡ s✐♠✉❧❛t❡❞ ♦♥❡✳

❋✐❣✉r❡ ✾✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ He − N2 ❞✐s❝❤❛r❣❡ ❢♦r Umax = 6 kV✳
❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ♣r♦✜❧❡ ♦❢ ❛①✐❛❧ ❡❧❡❝✲
tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ ♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✐♥♥❡r s✉r❢❛❝❡
♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✵ ♥s✳
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✸✿ ❘❡s✉❧ts ❛t t❂✺✵✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳

❋✐❣✉r❡s ✾✳✷ t♦ ✾✳✼ s❤♦✇ ❢♦r t❂✵✱ ✺✵✵✱ ✼✺✵✱ ✶✵✵✵✱ ✶✵✺✵ ❛♥❞ ✶✸✵✵ ♥s t❤❡
❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ t❤❡ ♣r♦✜❧❡ ♦❢ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥
t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ t❤❡ ♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✐♥♥❡r s✉r✲
❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t②
❢♦r Umax = 6 kV✳ ❆t t❂✵ ♥s ♦♥ ❋✐❣✉r❡ ✾✳✷✱ ✇❡ ♦❜s❡r✈❡ ♦♥ t❤❡ ♣r♦✜❧❡
♦❢ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② t❤❛t t❤❡r❡ ✐s ❛ ♠✐♥✐♠✉♠
♦❢ ✲✶✳✺ ❦❱ ❝♠−1 ❛♥❞ ❛ ♠❛①✐♠✉♠ ♦❢ ✶✳✺ ❦❱ ❝♠−1 ♦♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t
❡❞❣❡s ♦❢ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ❡❧❡❝tr♦❞❡ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ♦♥ ❋✐❣✉r❡ ✾✳✸ ❛t
t❂✺✵✵ ♥s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛t t❤❡ ❛①✐❛❧ ❧♦❝❛t✐♦♥s ♦❢ t❤❡s❡ ♣❡❛❦s ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞✱ ✹ ✐♦♥✐③❛t✐♦♥ ❢r♦♥ts ❛r❡ ✐❣♥✐t❡❞ ✐♥s✐❞❡ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡✳ ❚✇♦ ♣♦s✐✲
t✐✈❡ str❡❛♠❡r ❞✐s❝❤❛r❣❡s ❛r❡ ✐❣♥✐t❡❞✿ ♦♥❡ ♣r♦♣❛❣❛t✐♥❣ t♦ t❤❡ ❧❡❢t t♦✇❛r❞
t❤❡ ❝❛t❤♦❞❡ r✐♥❣ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♣r♦♣❛❣❛t✐♥❣ t♦ t❤❡ r✐❣❤t t♦✇❛r❞ t❤❡
❝❛t❤♦❞❡ ♣❧❛♥❡ ♦♥ t❤❡ r✐❣❤t s✐❞❡✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t✇♦ ✇❡❛❦ ♥❡❣❛t✐✈❡ ❢r♦♥ts
✐❣♥✐t❡❞ ❜❡❧♦✇ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ t❤❛t ♣r♦♣❛❣❛t❡ t♦✇❛r❞ ❡❛❝❤ ♦t❤❡r✳ ❇❡❧♦✇
t❤❡ ♣♦✇❡r❡❞ r✐♥❣✱ ♦♥ ❋✐❣✉r❡ ✾✳✸✱ ✇❡ ♦❜s❡r✈❡ ❛ ❤✐❣❤ ❞❡♣♦s✐t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡



✐

✐

✏❚❤❡s❡❴✈❡rs✐♦♥❴❥✉r②✑ ✖ ✷✵✶✹✴✸✴✸ ✖ ✶✻✿✷✷ ✖ ♣❛❣❡ ✶✽✸ ✖ ★✶✾✼
✐

✐

✐

✐

✐

✐

P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✽✸
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✺✿ ❘❡s✉❧ts ❛t t❂✶✵✵✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳
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❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✽✺

❋✐❣✉r❡ ✾✳✻✿ ❘❡s✉❧ts ❛t t❂✶✵✺✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✼✿ ❘❡s✉❧ts ❛t t❂✶✸✵✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✽✼

s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✐♥♥❡r ❞✐❡❧❡❝tr✐❝ t✉❜❡ s✉r❢❛❝❡ ✇✐t❤ ❛ ♣❡❛❦ ✈❛❧✉❡ ♦❢
✲✷ ♥❈ ❝♠−2✳ ❆t t❤❡ s❛♠❡ t✐♠❡ ❛s ✐♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷✮✱ ❛ ❞❡♣❧❡t✐♦♥
③♦♥❡ ♦❢ ❡❧❡❝tr♦♥s ✐s ❢♦r♠❡❞ ❜❡❧♦✇ t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣ ❛♥❞ t❤❡ ✈♦❧✉♠❡ ♦❢
t❤✐s ③♦♥❡ ✐♥❝r❡❛s❡s ✐♥ t✐♠❡✳ ❋✐❣✉r❡ ✾✳✹ ❛t t❂✼✺✵ ♥s s❤♦✇s t❤❡ ♣r♦♣❛❣❛t✐♦♥
♦❢ t❤❡ t✇♦ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥ts ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ♣♦✇❡r❡❞ r✐♥❣✳
❇♦t❤ ❞✐s❝❤❛r❣❡ ❢r♦♥ts ❤❛✈❡ ❛ r❛t❤❡r ❤♦♠♦❣❡♥❡♦✉s r❛❞✐❛❧ str✉❝t✉r❡ ✇✐t❤ ❛
♣❡❛❦ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❡q✉❛❧ t♦ ❊❂✶✵ ❦❱ ❝♠−1

❛♥❞ ❛ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❡q✉❛❧ t♦ ne = 1012 cm−3✳ ❆s ✐♥ ✭❏á♥s❦ý ❡t ❛❧✳
✷✵✶✷✮✱ t❤❡ ❛♠♦✉♥t ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ✐♥❝r❡❛s❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❛♥❞ ❛s ❛ r❡✲
s✉❧t ❞✉r✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♠♦st ♦❢ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐s ❞✐str✐❜✉t❡❞ ✐♥
t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡✳
❖♥ ❋✐❣✉r❡ ✾✳✺ ❛t t❂✶✵✵✵ ♥s✱ ✇❡ ❝❧❡❛r❧② ♦❜s❡r✈❡ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ♥❡❣❛t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡✲
❧♦✇ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ t♦ ❛ ✈❛❧✉❡ ♦❢ ✽ ♥❈ ❝♠−2 ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮✳ ❇❡t✇❡❡♥
t❂✼✺✵ ♥s ❛♥❞ t❂✶✵✵✵ ♥s✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♥❣ t♦✇❛r❞s
t❤❡ ❝❛t❤♦❞❡ r✐♥❣ ❛rr✐✈❡s ❝❧♦s❡ t♦ t❤❡ ❝❛t❤♦❞❡ ✐♥ t❤❡ r❡❣✐♦♥ ✇✐t❤ ✈♦❧✉♠❡s
❞❡♣❧❡t❡❞ ♦❢ ❡❧❡❝tr♦♥s✳ ❉✉❡ t♦ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠✱ s♦♠❡ ❡❧❡❝✲
tr♦♥s ❛r❡ ❝r❡❛t❡❞ ✐♥ t❤❡s❡ ❞❡♣❧❡t❡❞ ✈♦❧✉♠❡s ❛s t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s✱
❜✉t ✇❡ ♥♦t❡ ♥❡✈❡rt❤❡❧❡ss t❤❛t t❤❡ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ s❧✐❣❤t❧② ❝❤❛♥❣❡s
❢r♦♠ t❂✼✺✵ t♦ ✶✵✵✵ ♥s✳ ❆t t❂✶✵✵✵ ♥s✱ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐s ❧♦❝❛t❡❞ ♦♥
t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱ ✇❤❡r❡ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
✐s t❤❡ ❤✐❣❤❡st✳
❆t t❂✶✵✺✵ ♥s ♦♥ ❋✐❣✉r❡ ✾✳✻✱ t❤❡ ♣♦s✐t✐✈❡ ❢r♦♥t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ❜❡❧♦✇
t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐♥❝r❡❛s❡s ❛♥❞
t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ✐♠♣❛❝ts t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣
✭❞✉❡ t♦ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❡✛❡❝t ❜❡t✇❡❡♥ t❤❡ ♣♦s✐t✐✈❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
❛♥❞ t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣✮✳ ❇❡❧♦✇ t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣✱ t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡
❜❡❝♦♠❡s t✉❜✉❧❛r ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t ♣r♦♣❛❣❛t✐♥❣ t♦
t❤❡ r✐❣❤t ♦✉ts✐❞❡ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❤❛s st✐❧❧ ❛ r❛t❤❡r ❤♦♠♦❣❡♥❡♦✉s r❛❞✐❛❧
str✉❝t✉r❡✳ ❖♥ ❋✐❣✉r❡ ✾✳✼ ❛t t❂✶✸✵✵ ♥s✱ ✇❡ ♦❜s❡r✈❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣ ❛♥❞ ❛t
t❤❡ s❛♠❡ t✐♠❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✭✐♥ ❛❜s♦❧✉t❡
✈❛❧✉❡✮ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ♣♦✇❡r❡❞ r✐♥❣✳ ❆t t❂✶✸✵✵ ♥s✱
✇❡ ♦❜s❡r✈❡ t❤❛t ❛❢t❡r ✐♠♣❛❝t✐♥❣ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ❣r♦✉♥❞❡❞
r✐♥❣✱ t❤❡ ❢r♦♥t ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s r❡✲❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡ ❛①✐s ♦❢ s②♠♠❡✲
tr②✳ ❋♦r t>✶✸✵✵ ♥s t❤✐s ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t❡s t♦✇❛r❞ t❤❡ ❣r♦✉♥❞❡❞ ♣❧❛♥❡
♦♥ t❤❡ ❧❡❢t ✐✳❡✳ ❛❢t❡r t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣✳ ❋✐❣✉r❡s ✾✳✽ t♦ ❋✐❣✉r❡ ✾✳✶✵ s❤♦✇
❝r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ He+✱ He+2 ✱ N

+
2 ❛♥❞ He∗ ❞❡♥s✐t② ❛t t❂✼✺✵✱ ✶✵✺✵

❛♥❞ ✶✸✵✵ ♥s✳ ❆t t❂✼✺✵ ♥s✱ ❋✐❣✉r❡ ✾✳✽ s❤♦✇s t❤❛t He+ ✐♦♥s ❛r❡ ♣r♦❞✉❝❡❞
✐♥ t❤❡ ❢r♦♥ts ♦❢ t❤❡ t✇♦ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡s ❛♥❞ ❛r❡ q✉✐❝❦❧② ❝♦♥✈❡rt❡❞ t♦
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✐

✐

✐

✐
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✶✽✽
❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✽✿ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ He+✱ He+2 ✱ N+
2 ❛♥❞ He∗ ❞❡♥s✐t✐❡s ❛t

t❂✼✺✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✽✾

❋✐❣✉r❡ ✾✳✾✿ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ He+✱ He+2 ✱ N+
2 ❛♥❞ He∗ ❞❡♥s✐t✐❡s ❛t

t❂✶✵✺✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳
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✐

✐

✐

✐

✐

✐

✶✾✵
❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✶✵✿ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ He+✱ He+2 ✱ N+
2 ❛♥❞ He∗ ❞❡♥s✐t✐❡s ❛t

t❂✶✸✵✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✾✶

He+2 ✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t He∗ ✐s ♣r♦❞✉❝❡❞ ♠❛✐♥❧② ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t
✇❤❡r❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❤✐❣❤ ❛♥❞ t❤❡ He∗ ❞❡♥s✐t② ❞❡❝r❡❛s❡s s❧♦✇❧② ❜❡✲
❤✐♥❞ t❤❡ ❞✐s❝❤❛r❣❡ ❢r♦♥t✳ ❆t t❂✶✵✺✵ ♥s✱ ❋✐❣✉r❡ ✾✳✾ s❤♦✇s t❤❛t t❤❡ ♠❛✐♥
❢♦r♠❛t✐♦♥ ❛r❡❛ ♦❢ N+

2 ✐♦♥s ✐s ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❝❤❛♥♥❡❧✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ♦❢
N+

2 ✐♦♥s ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ P❡♥♥✐♥❣ ✐♦♥✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❆t t❂✶✸✵✵ ♥s✱
❋✐❣✉r❡ ✾✳✶✵ s❤♦✇s ❛♥ ✐♥❝r❡❛s❡ ♦❢ He∗ ❞❡♥s✐t② ❝❧♦s❡ t♦ t❤❡ t✉❜❡ s✉r❢❛❝❡
❜❡❧♦✇ t❤❡ ❣r♦✉♥❞❡❞ ❝❛t❤♦❞❡ r✐♥❣✳ ❚❤✐s ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❞✐r❡❝t ❡①❝✐t❛t✐♦♥
♣r♦❝❡ss ✐s ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ✐♠✲
♣❛❝t✐♥❣ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇ t❤❡ ❝❛t❤♦❞❡ r✐♥❣ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✼✳
■♥ ❛ s❡❝♦♥❞ st❡♣ t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t❤r❡❡ ❜♦❞② r❡❛❝t✐♦♥s✿

• P❡♥♥✐♥❣ ✐♦♥✐③❛t✐♦♥✿ He∗ +N2 +He → 2He + N+
2 + e− ✱

• ❈❤❛r❣❡ tr❛♥s❢❡r✿ He+2 +N2 +He → N+
2 + 3He ✱

✇❡ ❤❛✈❡ s✐♠✉❧❛t❡❞ t❤❡ ❞✐s❝❤❛r❣❡ ✇✐t❤♦✉t t❤❡s❡ t✇♦ r❡❛❝t✐♦♥s✳ ❋✐❣✉r❡ ✾✳✶✶
s❤♦✇s ✐♥ t❤✐s ❝❛s❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ He+✱ He+2 ✱ N

+
2 ❛♥❞ He∗ ❞❡♥s✐t✐❡s

❛t t❂✶✵✺✵ ♥s✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t r❡♠♦✈✐♥❣ t❤r❡❡ ❜♦❞② P❡♥♥✐♥❣
❛♥❞ ❝❤❛r❣❡ tr❛♥s❢❡r r❡❛❝t✐♦♥s ❤❛s ♥♦ ♠❛❥♦r ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
str✉❝t✉r❡ ❛♥❞ ❞②♥❛♠✐❝s ✐♥s✐❞❡ t❤❡ t✉❜❡✳ ■❢ ✇❡ ❝♦♠♣❛r❡ r❡s✉❧ts ❛t t❂✶✵✺✵
♥s ♦♥ ❋✐❣✉r❡s ✾✳✾ ❛♥❞ ✾✳✶✶✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✇✐t❤♦✉t t❤❡s❡ t❤r❡❡ ❜♦❞② r❡✲
❛❝t✐♦♥s✱ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐s s❧✐❣❤t❧② s❧♦✇❡r✳ ❚❤❡s❡ r❡s✉❧ts ❝❧❡❛r❧②
s❤♦✇ t❤❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤r❡❡ ❜♦❞② ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ ❛♥❞ P❡♥✲
♥✐♥❣ r❡❛❝t✐♦♥s t♦ ❣♦ t♦✇❛r❞s q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❡①♣❡r✐♠❡♥ts✳
❈✉rr❡♥t❧② ❞✐✛❡r❡♥t r❡s❡❛r❝❤ ❣r♦✉♣s ❛r❡ ♠❡❛s✉r✐♥❣ He∗ ❞❡♥s✐t✐❡s ✐♥ ❥❡ts
❛♥❞ ❝❧♦s❡ t♦ t❤❡ t✉❜❡ ❡①✐t✳ ■♥ ❛ ❢✉t✉r❡ ✇♦r❦✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦
✐♥✈❡st✐❣❛t❡ ✐♥ ❝✉rr❡♥t ❦✐♥❡t✐❝ s❝❤❡♠❡s ✉s❡❞ ✐♥ ♣❧❛s♠❛ ❥❡t s✐♠✉❧❛t✐♦♥s t❤❡
✐♥✢✉❡♥❝❡ ♦❢ r❡❛❝t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❞✐✛❡r❡♥t ❡①❝✐t❡❞ st❛t❡s ♦❢ He ❛♥❞ ❛❧s♦ He∗2✳
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✶✶✿ ❈r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇s ♦❢ He+✱ He+2 ✱ N+
2 ❛♥❞ He∗ ❞❡♥s✐t② ❛t

t❂✶✵✺✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷ ❜✉t ✇✐t❤♦✉t t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤r❡❡ ❜♦❞② P❡♥♥✐♥❣ ❛♥❞ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s✳

✾✳✹ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s ♦♥ t❤❡ str✉❝✲
t✉r❡ ♦❢ ❛✐r ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡s✲
s✉r❡

■♥ ❙❡❝t✐♦♥ ✾✳✸✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ r❛t❤❡r ❤♦♠♦❣❡♥❡♦✉s
He− N2 ❞✐s❝❤❛r❣❡ ✐♥s✐❞❡ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ✇✐t❤ ❛♥ ✐♥♥❡r r❛❞✐✉s ♦❢ ✷ ♠♠✳
❚♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ r❛❞✐❛❧ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ♦♥
t❤❡ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ❝♦♠♣❛r❡ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s
♦❢ ❛ ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ❛♥❞ ✐♥ He−N2 ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❢♦r t❤❡ s❛♠❡
✐♥♥❡r t✉❜❡ r❛❞✐✉s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛✐r ❞✐s❝❤❛r❣❡
s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ s❛♠❡ ❣❡♦♠❡tr② ❛s ✐♥ ❙❡❝t✐♦♥ ✾✳✸✱ ❡①❝❡♣t t❤❛t ❛ ❧♦♥❣❡r
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✾✸

-

❋✐❣✉r❡ ✾✳✶✷✿ ❙❝❤❡♠❛t✐❝s ♦❢ t❤❡ s❡t✲✉♣ ✇✐t❤ ❛ ❧♦♥❣ ❞✐❡❧❡❝tr✐❝ t✉❜❡✳

t✉❜❡ ✐s ❝♦♥s✐❞❡r❡❞✳ ❋♦r ❝❧❛r✐t②✱ t❤❡ ❞✐s❝❤❛r❣❡ s❡t✲✉♣ ✉s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s
s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✾✳✶✷✳ ❆ ♠❡s❤ s✐③❡ ♦❢ ✶✵ ❛♥❞ ✺ µ♠ ✐♥ t❤❡ ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧
❞✐r❡❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧② ✐s ✉s❡❞✱ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥
✭❢r♦♠ ①❂✵ t♦ ✻ ❝♠ ❛♥❞ ❢r♦♠ r❂✵ t♦ ✵✳✵✷✵✺ ❝♠✮✳ ❖✉ts✐❞❡ ♦❢ t❤✐s ❞♦♠❛✐♥✱
t❤❡ ♠❡s❤ s✐③❡ ✐s ❡①♣❛♥❞❡❞ ✉s✐♥❣ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ✉♥t✐❧ r❡❛❝❤✐♥❣
t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✭❢r♦♠ ①❂✲✺ t♦ ✶✶ ❝♠ ❛♥❞
❢r♦♠ r❂✵ t♦ ✶✵ ❝♠✮✳ ❆s ❛ r❡s✉❧t✱ ❛ ❣r✐❞ ✇✐t❤ nx × nr❂✻✶✶✹×✹✽✶ ❝❡❧❧s ✐s
✉s❡❞✳ ❚❤❡ ❝♦❞❡ ✉s❡❞ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✾✳✸✳ ❋♦r ❛✐r✱ t❤❡ s♦✉r❝❡
t❡r♠s ❛♥❞ tr❛♥s♣♦rt ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r ✶✳
■♥ ♦r❞❡r t♦ ✐❣♥✐t❡ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ✐♥s✐❞❡ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡✱ ✐♥ ❝♦♠♣❛r✐✲
s♦♥ t♦ ❤❡❧✐✉♠ ✐♥ s❡❝t✐♦♥ ✾✳✸✱ ✇❡ ❤❛✈❡ ✐♥❝r❡❛s❡❞ t❤❡ ✈♦❧t❛❣❡ t♦ Ua = 40 kV
t♦ ❤❛✈❡ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr② ❤✐❣❤❡r t❤❛♥ ✸✵ ❦❱ ❝♠−1

✭|Eaxis| =✸✻ ❦❱ ❝♠−1 ❛t t❂✵ ♥s ❢♦r Ua = 40 kV✮✳ ❋♦r ❛✐r s✐♠✉❧❛t✐♦♥s✱
✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳ ❋✐❣✉r❡s ✾✳✶✸ t♦ ✾✳✶✼ s❤♦✇
❢♦r t❂✵✱ ✶✵✱ ✷✵✱ ✺✵ ❛♥❞ ✶✵✵ ♥s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞✱ t❤❡ ♣r♦✜❧❡ ♦❢ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱
t❤❡ ♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡
❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✳ ❆t t❂✶✵ ♥s✱ ❋✐❣✉r❡ ✾✳✶✹
s❤♦✇s t❤❛t t✇♦ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡s ❛r❡ ✐❣♥✐t❡❞ ♦♥ ❜♦t❤ ❡❞❣❡s ♦❢
t❤❡ ❛♥♦❞❡ r✐♥❣ ❝❧♦s❡ t♦ t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡✳ ❆t t❤❡
s❛♠❡ t✐♠❡✱ ✇❡ ♦❜s❡r✈❡ ❛ ❤✐❣❤ ❞❡♣♦s✐t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ✭|σ−

max|❂✶✸✳✷ ♥❈ ❝♠−2✮✳ ❆t
t❂✺✵ ♥s ♦♥ ❋✐❣✉r❡ ✾✳✶✻✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ♣♦s✐t✐✈❡ s✉r✲
❢❛❝❡ ❛✐r ❞✐s❝❤❛r❣❡ ❜❡t✇❡❡♥ t❤❡ r✐♥❣ ❡❧❡❝tr♦❞❡s ✐s ❡q✉❛❧ t♦ ✷✾✼ ❦❱ ❝♠−1 ❛♥❞
t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s ❡q✉❛❧ t♦ ✸✳✸✼ 1014 ❝♠−3✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡
t❤❛t ✐♥ t✐♠❡ ❢♦r t❂✶✵ t♦ ✶✵✵ ♥s✱ ❢r♦♠ ❋✐❣✉r❡ ✾✳✶✹ t♦ ❋✐❣✉r❡ ✾✳✶✼✱ ♥❡❣❛t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ✐♥❝r❡❛s❡s
✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ t♦ r❡❛❝❤ |σ−

max|❃✹✵ ♥❈ ❝♠−2 ❛t t❂✶✵✵ ♥s ❛♥❞ ❛s s♦♦♥
❛s t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡ r❡❛❝❤❡s t❤❡ ❣r♦✉♥❞❡❞ r✐♥❣✱
❛ ❤✐❣❤ ❛♠♦✉♥t ♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❣❡s ❛r❡ ❞❡♣♦s✐t❡❞ ✭|σ+

max|❃✹✵ ♥❈ ❝♠−2 ❛t
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✶✾✹
❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✶✸✿ ❋♦r ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ✐♥ ❛ t✉❜❡ ✇✐t❤ ❛ ✐♥♥❡r r❛❞✐✉s ♦❢ ✵✳✷ ❝♠
❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua = 40 kV✱ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇ ♦❢ ❛❜s♦❧✉t❡
✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ♣r♦✜❧❡ ♦❢ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱
♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❛♥❞ t❤❡
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✵ ♥s✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✾✺

t❂✶✵✵ ♥s✮ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ s✉r❢❛❝❡ ❜❡❧♦✇ t❤❡ ❝❛t❤♦❞❡ r✐♥❣✳ ■t ✐s
✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❞✉r✐♥❣ ❛❧❧ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s✱ t❤❡ ♣♦s✐t✐✈❡
❞✐s❝❤❛r❣❡s ♣r♦♣❛❣❛t❡ ♦♥❧② ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ s♦ ✇✐t❤ ❛♥ ✐♥♥❡r
t✉❜❡ r❛❞✐✉s ♦❢ ✵✳✷ ❝♠ ❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ Ua = 40 kV✱
t❤❡ ✐❣♥✐t❡❞ ♣♦s✐t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s ❤❛✈❡ ❛ t✉❜✉❧❛r str✉❝t✉r❡✳ ■♥ ❙❡❝t✐♦♥
✾✳✸✱ ❢♦r ❛ He − N2 ♠✐①t✉r❡✱ ❢♦r ❛ ❧♦✇❡r ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ t❤❡ ❞✐s❝❤❛r❣❡ ✐s
s❤♦✇♥ t♦ ✜❧❧ ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s❧② t❤❡ t✉❜❡✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡
t❤❛t t♦ ❝r♦ss t❤❡ ✷✳✺ ❝♠ r✐♥❣✲r✐♥❣ ✐♥t❡r❡❧❡❝r♦❞❡ ❣❛♣✱ ✐t t❛❦❡s ♦♥② ∼ ✶✵✵ ♥s
❢♦r ❛ ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ✇❤❡r❡❛s ✐♥ ❛ He− N2 ♠✐①t✉r❡ ✐t r❡q✉✐r❡s ∼ ✶ µs✳

❋✐❣✉r❡ ✾✳✶✹✿ ❘❡s✉❧ts ❛t t❂✶✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✶✸✳
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✶✺✿ ❘❡s✉❧ts ❛t t❂✷✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✶✸✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✾✼

❋✐❣✉r❡ ✾✳✶✻✿ ❘❡s✉❧ts ❛t t❂✺✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✶✸✳
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❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✶✼✿ ❘❡s✉❧ts ❛t t❂✶✵✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✶✸✳

■♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵✮ ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤ t❤❡ ♣♦✐♥t ❡❧❡❝✲
tr♦❞❡ s❡t ✐♥s✐❞❡ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡✱ ✐t ✇❛s s❤♦✇♥ t❤❛t ❜② ❞❡❝r❡❛s✐♥❣ t❤❡
✐♥♥❡r r❛❞✐✉s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❢r♦♠ ✸✵✵ µ♠ t♦ ✶✵✵ µ♠✱ t❤❡ str✉❝t✉r❡
♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝
t✉❜❡ ❝❤❛♥❣❡❞ ❢r♦♠ t✉❜✉❧❛r t♦ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡
✐♥✈❡st✐❣❛t❡❞ ✐❢ s✐♠✐❧❛r ❝❤❛♥❣❡s ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ✐♥s✐❞❡ ❛ ❞✐❡❧❡❝tr✐❝ t✉❜❡
❢♦r ❛ r✐♥❣✲r✐♥❣ ❡❧❡❝tr♦❞❡ ❣❡♦♠❡tr② ✇❤❡♥ t❤❡ t✉❜❡ r❛❞✐✉s ✐s ❞❡❝r❡❛s❡❞✳
❋✐❣✉r❡s ✾✳✶✽ ❛♥❞ ✾✳✶✾✱ s❤♦✇ ❛t t❂✵ ❛♥❞ ✶✵ ♥s✱ ✜rst s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢
t❤❡ ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ❢♦r ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua = 60 kV ❢♦r ❛♥
✐♥♥❡r t✉❜❡ r❛❞✐✉s ♦❢ ✷✵✵ µ♠✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❤❛s ❜❡❡♥ ✐♥❝r❡❛s❡❞
❢r♦♠ Ua = 40 kV to 60 kV✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡
❛①✐s ♦❢ s②♠♠❡tr② ❤✐❣❤❡r t❤❛♥ ✸✵ ❦❱ ❝♠−1 ✭❢♦r Ua = 60 kV✱ ❛t t❂✵♥s✱
|Eaxis| =✹✼ ❦❱ ❝♠−1✮✳ ❆t t❂✶✵ ♥s✱ ❋✐❣✉r❡ ✾✳✶✾ s❤♦✇s t❤❛t ❜② ❞❡❝r❡❛s✲
✐♥❣ t❤❡ ✐♥♥❡r t✉❜❡ r❛❞✐✉s✱ t✇♦ ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ ❛✐r ❞✐s❝❤❛r❣❡s
❛r❡ ✐❣♥✐t❡❞ ✐♥ t❤❡ t✉❜❡ ❛t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ❛♥❞ ♣r♦♣❛❣❛t❡
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✶✾✾

❛✇❛② ❢r♦♠ t❤❡ ♣♦✇❡r❡❞ r✐♥❣✳ ❆t t❂ ✶✵ ♥s✱ ❚❤❡ ♠❛①✐♠✉♠ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ❡q✉❛❧ t♦ ✻✷✵ ❦❱ ❝♠−1 ❛♥❞ t❤❡ ♠❛①✐♠✉♠
❡❧❡❝tr♦♥ ❞❡♥s✐t② ✐s ❡q✉❛❧ t♦ ✶✳✾✸ 1015 ❝♠−3 ❝❧♦s❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳
❚❤❡s❡ ✜rst r❡s✉❧ts s❡❡♠ t♦ s❤♦✇ t❤❛t ✐❢ t❤❡ t✉❜❡ r❛❞✐✉s ✐s ❛❞❛♣t❡❞ t♦ t❤❡
st✉❞✐❡❞ ❣❛s✱ ❤♦♠♦❣❡♥❡♦✉s ❞✐s❝❤❛r❣❡ ✐♥ t✉❜❡s ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r
❣❛s❡s t❤❛♥ r❛r❡ ❣❛s❡s ✉s❡❞ s♦ ❢❛r ✐♥ ♣❧❛s♠❛ ❥❡ts✳ ❚❤❡s❡ ✜rst r❡s✉❧ts ♦♥ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s ♦♥ t❤❡ ❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ❝♦✉❧❞ ❜❡ ❛❧s♦ ♦❢
✐♥t❡r❡st t♦ ♦♣t✐♠✐③❡ t❤❡ str✉❝t✉r❡ ❛♥❞ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛❝t✐✈❡ s♣❡❝✐❡s ✐♥
❝✉rr❡♥t ♣❧❛s♠❛ ❥❡ts ✉s✐♥❣ r❛r❡ ❣❛s❡s✳

❋✐❣✉r❡ ✾✳✶✽✿ ❋♦r ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ✐♥ ❛ t✉❜❡ ✇✐t❤ ❛ ✐♥♥❡r r❛❞✐✉s ♦❢ ✷✵✵ µ♠
❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ Ua = 60 kV✱ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✈✐❡✇ ♦❢ ❛❜s♦❧✉t❡
✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ♣r♦✜❧❡ ♦❢ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦♥ t❤❡ ❛①✐s ♦❢ s②♠♠❡tr②✱
♣r♦✜❧❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ t✉❜❡ ❛♥❞ t❤❡
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛t t❂✵ ♥s✳
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✷✵✵
❈❤❛♣t❡r ✾ ✲ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛

❤❡❧✐✉♠ ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛ ❞✐❡❧❡❝tr✐❝

t✉❜❡

❋✐❣✉r❡ ✾✳✶✾✿ ❘❡s✉❧ts ❛t t❂✶✵ ♥s ❢♦r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❋✐❣✉r❡ ✾✳✶✽✳
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P❛rt ■■ ✲ ■♥❢❧✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

❞②♥❛♠✐❝s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✷✵✶

✾✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐❣♥✐t✐♦♥ ❛♥❞
♣r♦♣❛❣❛t✐♦♥ ♦❢ He − N2 ❛♥❞ ❛✐r ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ ❛
❞✐❡❧❡❝tr✐❝ t✉❜❡ ✇✐t❤ ❛ r✐♥❣✲r✐♥❣ ❡❧❡❝tr♦❞❡ ❣❡♦♠❡tr② ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s
❢♦❧❧♦✇s✿

• ■♥ ❛ He−N2 ♠✐①t✉r❡✱ ✐♥ t✉❜❡s ✇✐t❤ ❛ ✐♥♥❡r r❛❞✐✉s ♦❢ ✷ ♠♠✱ t✇♦ ♣♦s✐✲
t✐✈❡ ❞✐s❝❤❛r❣❡s ✐❣♥✐t❡ ❛t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ❛♥❞ ♣r♦♣❛❣❛t❡
❛✇❛② ❢r♦♠ ✐t✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✇❤❡♥ t❤r❡❡ ❜♦❞② P❡♥♥✐♥❣ ❛♥❞
❝❤❛r❣❡ ❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s s❧✐❣❤t❧② ❢❛st❡r✳ ■t ✇♦✉❧❞ ❜❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦
✐♥✈❡st✐❣❛t❡ ❢✉rt❤❡r t❤❡ ❝❤❡♠✐str② ♦❢ He−N2 ♠✐①t✉r❡s t♦ ❣♦ t♦✇❛r❞s
q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥ts ✐♥ t✉❜❡s ❛♥❞ ♣❧❛s♠❛ ❥❡ts✳

• ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t♦ ❤❛✈❡ ❛ ❞✐s❝❤❛r❣❡ ✇✐t❤ ❛ r❛t❤❡r ❤♦♠♦❣❡♥❡♦✉s
r❛❞✐❛❧ str✉❝t✉r❡✱ ❛ ✐♥♥❡r t✉❜❡ r❛❞✐✉s ♦❢ ✵✳✷ ❝♠ ✐s ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r ❛
He−N2 ♠✐①t✉r❡✳ ■♥ ❛✐r✱ ❛ ♠✉❝❤ s♠❛❧❧❡r ❞✐s❝❤❛r❣❡ r❛❞✐✉s ♦❢ ✷✵✵ µ♠
✐s r❡q✉✐r❡❞✳ ❆s ❡①♣❡❝t❡❞ t♦ ✐❣♥✐t❡ ❛ ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ✐♥ t❤❡ s❛♠❡
❣❡♦♠❡tr② ❛s ❢♦r ❛ He − N2 ♠✐①t✉r❡✱ ❛ ♠✉❝❤ ❤✐❣❤❡r ✈♦❧t❛❣❡ ♥❡❡❞s
t♦ ❜❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✇❡r❡❞ r✐♥❣✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡
♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ ❛✐r ✐s ❢❛st❡r ✭∼ ✶✵✵ ♥s✮ t❤❛♥ t❤❡ ♦♥❡ ✐♥ ❛
He−N2 ♠✐①t✉r❡ ✭∼ ✶ µs✮ t♦ ❝r♦ss t❤❡ ✷✳✺ ❝♠ r✐♥❣✲r✐♥❣ ✐♥t❡r❡❧❡❝tr♦❞❡
❣❛♣ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦✳
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❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s t❤❡s✐s

■♥ t❤✐s P❤✳❉✳ t❤❡s✐s✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦ st✉❞②
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❞✐s✲
❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳
✷❉ s✐♠✉❧❛t✐♦♥s ♦❢ str❡❛♠❡r ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛r❡ ❦♥♦✇♥
t♦ ❜❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡✳ ■❢ ♥♦t ♦♣t✐♠✐③❡❞✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❝❛♣❛❜✐❧✲
✐t✐❡s ♦❢ ❛ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❛r❡ r❛♣✐❞❧② ❧✐♠✐t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ s✐♠✲
✉❧❛t✐♦♥ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s♣❡❝✐❡s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡♥✱ ✐♥ t❤✐s ✇♦r❦
✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ♠♦❞❡r♥ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐♥t♦ t❤❡ ❡①✐st✐♥❣
s❡q✉❡♥t✐❛❧ ❞✐s❝❤❛r❣❡ ❝♦❞❡ t♦ ✐♥❝r❡❛s❡ ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✳ ■♥ ❛
str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ ❜❛s❡❞ ♦♥ ❛ ✢✉✐❞ ♠♦❞❡❧✱ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s
❢♦r ❡❛❝❤ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❛r❡ ❝♦✉♣❧❡❞ ✇✐t❤ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✳ P♦✐ss♦♥✬s
❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❛t ❡❛❝❤ t✐♠❡✲st❡♣ ❛♥❞ ✐s t❤❡ ♠♦st ❡①♣❡♥s✐✈❡ ❡q✉❛t✐♦♥
t♦ s♦❧✈❡ ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❆s ❛ ✜rst st❡♣✱ ✇❡ ❤❛✈❡
✐♥tr♦❞✉❝❡❞ ❖P❊◆▼P ♣r♦t♦❝♦❧s ✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❛
♣❛r❛❧❧❡❧ ❖P❊◆▼P ❞✐r❡❝t s♦❧✈❡r P❛❙t✐❳ ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥✬s
❡q✉❛t✐♦♥✳ ❇② ❞♦✐♥❣ s♦✱ ✇❡ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡
♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❢♦r s♠❛❧❧ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥s ✇❤❡r❡ t❤❡ ❛♠♦✉♥t ♦❢
♠❡♠♦r② r❡q✉✐r❡❞ ❜② t❤❡ ❞✐r❡❝t s♦❧✈❡r r❡♠❛✐♥s ♠♦❞❡r❛t❡✳ ❍♦✇❡✈❡r✱ t❤❡
♠❡♠♦r② r❡q✉✐r❡❞ ❜② t❤❡ ❞✐r❡❝t s♦❧✈❡r ✐♥❝r❡❛s❡s ✈❡r② r❛♣✐❞❧② ✇✐t❤ t❤❡ s✐③❡
♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥ ❛♥❞ r❛♣✐❞❧② ❡①❝❡❡❞s t❤❡ ♠❡♠♦r② ❛✈❛✐❧❛❜❧❡ ♦♥ ❛
r❡❣✉❧❛r ♥♦❞❡ ♦♥ t❤❡ ✧✐❣❧♦♦✧ ❝❧✉st❡r ✉s❡❞ t♦ ❝❛rr② ♦✉t t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♣r❡✲
s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚♦ ❛✈♦✐❞ t❤✐s ❧✐♠✐t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♣❛r❛❧❧❡❧
▼P■✲❖P❊◆▼P ✐t❡r❛t✐✈❡ s♦❧✈❡r ❙▼● ❢r♦♠ t❤❡ ❍❨P❘❊ ❧✐❜r❛r②✳ ❋✐♥❛❧❧②✱
✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ♥❡✇ ❤②❜r✐❞ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ✉s✐♥❣ ❞♦✲
♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❤✐❝❤ ❝♦♥s✐❞❡r❛❜❧② ❞❡❝r❡❛s❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡
♦♥ ❧❛r❣❡ s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥s✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛
s✐♠♣❧❡ ✧s❡♠✐✲✐♠♣❧✐❝✐t✧ s❝❤❡♠❡ t♦ r❡♠♦✈❡ t❤❡ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
r❡❧❛①❛t✐♦♥ t✐♠❡✲st❡♣✳ ❚❤✐s ❤❛s ❛❧❧♦✇❡❞ t♦ ❞❡❝r❡❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡
❜② ❛t ❧❡❛st ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✐♠♣r♦✈❡❞ t❤❡ ♥✉♠❡r✐❝❛❧
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s❝❤❡♠❡ ✉s❡❞ ❢♦r t❤❡ tr❛♥s♣♦rt ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s t♦ ✐♥❝r❡❛s❡ t❤❡ r♦❜✉st✲
♥❡ss ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡✳ ■♥❞❡❡❞ ✐♥ t❤❡ ❤❡❛❞ ♦❢ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡✱
❛ tr❛♥s♣♦rt s❝❤❡♠❡ ♥❡❡❞s t♦ ❤❛♥❞❧❡ ❞❡♥s✐t② ❣r❛❞✐❡♥ts ♦❢ s❡✈❡r❛❧ ♦r❞❡rs ♦❢
♠❛❣♥✐t✉❞❡✳ ❆♥❞ s♦ ✇❡ ❤❛✈❡ t❡st❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❛ s✐♠♣❧❡ ♥♦♥ ♦s❝✐❧✲
❧❛t♦r②✱ ♣♦s✐t✐✈✐t② ♣r❡s❡r✈✐♥❣ t❤✐r❞ ♦r❞❡r ❝♦♥✈❡❝t✐♦♥ s❝❤❡♠❡ ❝❛❧❧❡❞ ❯◆❖✸
✭▲✐ ✷✵✵✽✮✳ ❲❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❯◆❖✸ s❝❤❡♠❡ ✐♥❝r❡❛s❡s t❤❡
❣❡♥❡r❛❧ r♦❜✉st♥❡ss ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❝♦♠♣❛r❡❞ t♦ t❤❡
■♠♣r♦✈❡❞ ❙❝❤❛r❢❡tt❡❧✲●✉♠♠❡❧ ✭■❙●✮ s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦❞❡✳
❘❡❝❡♥t❧②✱ ✐♥ ✭❉✉❛rt❡ ❡t ❛❧✳ ✷✵✶✷✮✱ ❛❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ✇✐t❤
❛❞❛♣t✐✈❡ t✐♠❡✲s♣❧✐tt✐♥❣ s❝❤❡♠❡s ❝♦✉♣❧❡❞ ✇✐t❤ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡s♦❧✉t✐♦♥
✭❆▼❘✮ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛❧❧♦✇ ❛ s✐❣♥✐❢✲
✐❝❛♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ■♥ ❢✉rt❤❡r st✉❞✐❡s✱ ✐t ✇♦✉❧❞
❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♠♣❧❡♠❡♥t t❤❡s❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s t♦ s✐♠✉❧❛t❡ ❧❛r❣❡r
s✐♠✉❧❛t✐♦♥ ❞♦♠❛✐♥s ❛♥❞ ❡✈❡♥ ❝❛rr② ♦✉t ✸❉ ❞✐s❝❤❛r❣❡ ❝❛❧❝✉❧❛t✐♦♥s ❛s ✐♥
✭▼♦♥t✐❥♥ ❡t ❛❧✳ ✷✵✵✻❀ P❛♥❝❤❡s❤♥②✐ ❡t ❛❧✳ ✷✵✵✽❀ ❑♦❧♦❜♦✈ ❛♥❞ ❆rs❧❛♥❜❡❦♦✈
✷✵✶✷✮✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ✜rst✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❞②♥❛♠✲
✐❝s ♦❢ ✐♠♣❛❝t ❛♥❞ s♣r❡❛❞✐♥❣ ♦❢ ❛♥ ❛✐r ❞✐s❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
♦♥ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ✐♥ ❛ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇❤❡r❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s
♣❧❛❝❡❞ ♦♥ t❤❡ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✭❈❉❇❉ ❝♦♥✜❣✉r❛t✐♦♥✮✳ ❋♦r ❛ ♣♦s✐t✐✈❡ ✭♦r
♥❡❣❛t✐✈❡✮ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ ❛ ♣♦s✐t✐✈❡ ✭♦r ♥❡❣❛t✐✈❡✮
❞✐s❝❤❛r❣❡ ✐❣♥✐t❡s ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡ ❛♥❞ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❣❛♣✳ ❆❢t❡r
t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝✱ t❤❡ ♣♦s✐t✐✈❡ ✭♦r ♥❡❣❛t✐✈❡✮ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡
st❛rts s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ ❝❤❛r❣✐♥❣ ✐t ✇✐t❤ ♣♦s✐t✐✈❡ ✭♦r
♥❡❣❛t✐✈❡✮ s✉r❢❛❝❡ ❝❤❛r❣❡s✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ s♣r❡❛❞✐♥❣ ♦♥
t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥
t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ♦❢ ❛
♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✳ ❋♦r ❛ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❞✐s❝❤❛r❣❡✱ t❤❡ ❞✐s❝❤❛r❣❡
❤❡❛❞ ✐s ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ s❤❡❛t❤ ✐s ❢♦r♠❡❞ ❞✐r❡❝t❧② ❜❡❤✐♥❞
t❤❡ ❢r♦♥t ✇❤❡r❡❛s ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❝❛s❡✱ t❤❡ r❛❞✐❛❧ ❢r♦♥t ✐s ❧♦❝❛t❡❞
❛t ❛ s♠❛❧❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡
s❤❡❛t❤ ✐s ♠✉❝❤ s❧♦✇❡r✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❧❛❝✐♥❣ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡
✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛♥ ❛✐r ❞✐s✲
❝❤❛r❣❡ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s st✉❞② ✇❛s t♦ ✜♥❞
❝♦♥❞✐t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ♠❛② r❡✐❣♥✐t❡ ❜❡❤✐♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝
♦❜st❛❝❧❡✳ ■♥ t❤❡ s❛♠❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ❛s ✐♥ t❤❡ ❈❉❇❉ ❝♦♥✜❣✉✲
r❛t✐♦♥ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ♣❧❛❝❡❞ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❛♥❞ ✇✐t❤ ❛
♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✱ t❤❡ ✜rst ♣♦s✐t✐✈❡ ❛✐r ❞✐s✲
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❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t ✐s st♦♣♣❡❞ ✐♥ ✐ts ❛①✐❛❧ ♣r♦♣❛❣❛t✐♦♥ t♦✇❛r❞s t❤❡
❝❛t❤♦❞❡ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡ ❛♥❞ s♣r❡❛❞s ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐ts ♣❡r♠✐tt✐✈✐t②✱
✐ts t❤✐❝❦♥❡ss ❛♥❞ ✐ts ♦♣❛❝✐t② t♦ r❛❞✐❛t✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛ s❡❝♦♥❞
♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ ♠❛② r❡✐❣♥✐t❡ ♦r ♥♦t ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❲❡ ❤❛✈❡ s❤♦✇♥
t❤❛t ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡ s♣r❡❛❞✐♥❣ ♦♥ t❤❡ ✉♣♣❡r ❞✐❡❧❡❝tr✐❝
s✉r❢❛❝❡✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r
✐s t♦♦ ❧♦✇ t♦ ❤❛✈❡ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ❛♥❞ ✐♥ ❢❛❝t t❤❡
❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ ♣♦t❡♥t✐❛❧
r❡❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣ ❛❢t❡r t❤❡ ✜rst ♣♦s✐t✐✈❡ str❡❛♠❡r
♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ❛✐r ❣❛♣✳
❈♦♥✈❡rs❡❧②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ✐❣♥✐t❡❞ ❛t t❤❡ ♣♦✐♥t✱ ✇❡
❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ✉♣♣❡r s✉r✲
❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦♥ t❤❡ ❞✐s❝❤❛r❣❡
r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss✳ ❲❡ ❤❛✈❡ ❛❧s♦ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ r❡✐❣♥✐✲
t✐♦♥ ♦❢ ❛✐r ❞✐s❝❤❛r❣❡s ❜❡❧♦✇ ❛ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦❧❛r✐t② ♦❢
t❤❡ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❡❧❡❝tr♦❞❡✳ ❋♦r ❛ ♣♦s✐t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱
✐❢ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s ❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐t ✐s ❛ ♣♦s✐t✐✈❡ ✐♦♥✐③❛✲
t✐♦♥ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ❢r♦♠ t❤❡ ❜♦tt♦♠ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ t♦✇❛r❞s t❤❡
❣r♦✉♥❞❡❞ ♣❧❛♥❡✳ ❋♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✱ ✐❢ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t❡s
❜❡❧♦✇ t❤❡ ❞✐❡❧❡❝tr✐❝ ❧❛②❡r✱ ✐t ✐s ❛ ❞♦✉❜❧❡ ❤❡❛❞❡❞ ❞✐s❝❤❛r❣❡ ✇✐t❤ ♣♦s✐t✐✈❡
❛♥❞ ♥❡❣❛t✐✈❡ ❞✐s❝❤❛r❣❡ ❢r♦♥ts✳ ❲❡ ❤❛✈❡ t❤❡♥ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ♠✐♥✲
✐♠✉♠ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ t♦ ❤❛✈❡ ❛ ❞✐s❝❤❛r❣❡ r❡✐❣♥✐t✐♦♥ ✐s ❧♦✇❡r ✐♥ ❛❜s♦❧✉t❡
✈❛❧✉❡ ❢♦r ❛ ♥❡❣❛t✐✈❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ t❤❛♥ ❢♦r ❛ ♣♦s✐t✐✈❡ ♦♥❡✳

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❆▲❱❊❖P▲❆❙ ♣r♦❥❡❝t✱ ✇❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ ♦✉r ♥✉✲
♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛t ▲P●P ❧❛❜♦r❛t♦r②✳
❋✐rst ✇❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ r❡s✉❧ts ✐♥ t❤❡ ♣♦✐♥t✲t♦✲♣❧❛♥❡ ❣❡♦♠❡tr② ✇✐t❤♦✉t
❞✐❡❧❡❝tr✐❝✳ ■♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ ✐♥ s✐♠✉❧❛t✐♦♥s✱ ❢♦r ❛ ♠❛①✐♠✉♠ ✈♦❧t❛❣❡ ♦❢
❛❜♦✉t ✸✵ ❦❱ ❛♣♣❧✐❡❞ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡✱ ❛ s✐♥❣❧❡ ❝♦♥✐❝❛❧ ❞✐s❝❤❛r❣❡ str✉❝✲
t✉r❡ ✐s ♦❜s❡r✈❡❞✳ ❆ ❣♦♦❞ ❛❣r❡❡♠❡♥t ♦♥ t❤❡ ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r ♦❢ t❤❡
❞✐s❝❤❛r❣❡ ❛♥❞ ✐ts ♣r♦♣❛❣❛t✐♦♥ ✈❡❧♦❝✐t② ✐s ♦❜t❛✐♥❡❞✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱
✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❜st❛❝❧❡ ✐♥ t❤❡ ✐♥t❡r✲❡❧❡❝tr♦❞❡ ❣❛♣✱ t❤❡ r❡✐❣♥✐✲
t✐♦♥ ♣r♦❝❡ss ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❝✉rr❡♥t ♣❡❛❦ ✭✉s✉❛❧❧②
t❤❡ ❢♦✉rt❤ ♦♥❡✮ ❛t t❤❡ s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡ ❝♦✉♣❧❡❞ ✇✐t❤ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥
r❡❝♦r❞❡❞ ✇✐t❤ ❛ ❢❛st ❝❛♠❡r❛✳ ❯s✐♥❣ t❤✐s ♠❡t❤♦❞♦❧♦❣②✱ ❡①♣❡r✐♠❡♥t❛❧ r❡✲
s✉❧ts s❤♦✇ t❤❛t t❤❡ t✐♠❡ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ ✐❣♥✐t✐♦♥ ❛t t❤❡ ♣♦✐♥t ❛♥♦❞❡
❛♥❞ t❤❡ ✐♠♣❛❝t ♦♥ t❤❡ ❝❛t❤♦❞❡ ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ✐s ✐♥ t❤❡ r❛♥❣❡
♦❢ ∆texpdelay ∈ [18 ns : 24 ns]✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t
t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ✐s ❢❛st❡r ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ❞❡❧❛② ♦❢ ∆tnumdelay❂✺✳✻ ♥s✳
❚♦ ✐♠♣r♦✈❡ t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
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✷✵✻ ❈♦♥❝❧✉s✐♦♥

♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❜❡❤✐♥❞ ❛ ❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ✜rst ❛
♥❡✇ ✐♥s✐❣❤t ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛♥❞ s❡❝♦♥❞ ✇❡
❤❛✈❡ st✉❞✐❡❞ ✇❤✐❝❤ ♣❤②s✐❝♦✲❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s ❝♦✉❧❞ ❜❡ ♠✐ss✐♥❣ ✐♥ t❤❡
s✐♠✉❧❛t✐♦♥s✿

• ❋✐rst✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♠❛②❜❡ t❤❡ s❡❝♦♥❞ ♣❡❛❦ ♦❢ ❝✉rr❡♥t ♠❡❛✲
s✉r❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❛t ∆t❂✻ ♥s✱ ❝♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♠✲
♣❛❝t ♦❢ ❛ ✜rst r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ♦♥ t❤❡ ❝❛t❤♦❞❡✳ ■♥❞❡❡❞✱ t❤✐s r❡✐❣✲
♥✐t✐♦♥ ❞❡❧❛② ✐s ❝❧♦s❡ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❞❡❧❛② ♦❢ ∆tnumdelay❂✺✳✻ ♥s✳ ■♥ t❤❡
s✐♠✉❧❛t✐♦♥s t❤❡ ♦♣t✐❝❛❧ ✐♥t❡♥s✐t② ♦❢ t❤❡ r❡✐❣♥✐t❡❞ ❞✐s❝❤❛r❣❡ ❜❡❧♦✇
t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ✐s ✇❡❛❦✳ ■t ♠❛② ❡①♣❧❛✐♥ t❤❡ ❞✐✣❝✉❧t② ❢♦r ❛ ❤✐❣❤
s♣❡❡❞ ❝❛♠❡r❛ t♦ ❞❡t❡❝t ✐t✳

• ❙❡❝♦♥❞✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ♣r♦✲
❝❡ss❡s ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ ✐♥ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ✇✐t❤ ♥♦ ✐♥✐t✐❛❧ s❡❡❞
❝❤❛r❣❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳ ❲❡ ❤❛✈❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
t❤❡r♠✐♦♥✐❝ ❛♥❞ ✜❡❧❞ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡✳ ❲❡
❤❛✈❡ ❢♦✉♥❞ t❤❛t t❤❡ t✐♠❡ t♦ r❡❧❡❛s❡ ❛♥ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡
s✉r❢❛❝❡ ✐s ❣r❡❛t❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❡t❛❧❧✐❝
❝❛t❤♦❞❡ φ ❛♥❞ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r β✳ ❋♦r t❤❡ s❡t ♦❢ ✈❛❧✉❡s
❢♦r φ ❛♥❞ β st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ t✐♠❡
t♦ r❡❧❡❛s❡ ❛♥ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ✐s ❛t ♠❛①✐♠✉♠ ♦❢
✻✳✾ ♥s ❛♥❞ t❤❡♥ t❤❡ ❞❡❧❛② ❢♦r t❤❡ r❡✐❣♥✐t✐♦♥ ♣r♦❝❡ss ✐s ❛t ♠❛①✐♠✉♠
♦❢ ∆tnumdelay❂✶✸✳✷ ♥s✱ s❧✐❣❤t❧② s❤♦rt❡r t❤❛♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡✐❣♥✐t✐♦♥
❞❡❧❛② ∆texpdelay ∈ [18 ns : 24 ns]✳

❚♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t✲♠♦❞❡❧✐♥❣ ❝♦♠♣❛r✐s♦♥✱ ✜rst✱ ✐t ✇♦✉❧❞ ❜❡
♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❡①❛❝t ❣❡♦♠✲
❡tr② ♦❢ t❤❡ r❡❛❝t♦r t♦ s✐♠✉❧❛t❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡ ❞✐✛❡r❡♥t
❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ♦❢ t❤❡ r❡❛❝t♦r ❞✉r✐♥❣ t❤❡ ✈♦❧t❛❣❡ ♣✉❧s❡✳ ❚❤❡♥✱ ❛❢t❡r
❡st✐♠❛t✐♥❣ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡s❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❜❡t✇❡❡♥ ♣✉❧s❡s✱ ✇❡
❝♦✉❧❞ ❜❡tt❡r st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛t t❤❡ ❜❡❣✐♥✲
♥✐♥❣ ♦❢ ❛ ✈♦❧t❛❣❡ ♣✉❧s❡ ♦♥ t❤❡ r❡✐❣♥✐t✐♦♥ ❞②♥❛♠✐❝s ❜❡❤✐♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝
♦❜st❛❝❧❡✳
❙❡❝♦♥❞✱ ✐t ✇♦✉❧❞ ❜❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ ❝❛rr② ♦✉t ❛❞❞✐t✐♦♥❛❧ ❡①♣❡r✐♠❡♥t❛❧
st✉❞✐❡s ✇✐t❤ ❛ ♥♦♥✲s❡❣♠❡♥t❡❞ ❝❛t❤♦❞❡ ❛♥❞ ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧ ❢♦r t❤❡
❝❛t❤♦❞❡ t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s ❢r♦♠ t❤✐s s✉r❢❛❝❡✳
❆❞❞✐t✐♦♥❛❧❧②✱ ✐t ✇♦✉❧❞ ❜❡ ✈❡r② ✐♥t❡r❡st✐♥❣ t♦ ❞❡✈❡❧♦♣ ❛♥ ❤②❜r✐❞ ♣❛rt✐❝❧❡✲
✢✉✐❞ ❝♦❞❡ t♦ ✐♥✈❡st✐❣❛t❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡♠✐ss✐♦♥ ♣r♦❝❡ss❡s
❛t t❤❡ ❝❛t❤♦❞❡ s✉r❢❛❝❡ ♦♥ t❤❡ ✐❣♥✐t✐♦♥ ♦❢ ❛ ❞✐s❝❤❛r❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ❛✐r ❣❛♣✳
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❈♦♥❝❧✉s✐♦♥ ✷✵✼

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐s❝❤❛r❣❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤✐♥
❞✐❡❧❡❝tr✐❝ t✉❜❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❋✐rst✱ ✐♥ ❛ He − N2 ♠✐①t✉r❡✱
✐♥ t✉❜❡s ✇✐t❤ ❛ ✐♥♥❡r r❛❞✐✉s ♦❢ ✷ ♠♠✱ t✇♦ ♣♦s✐t✐✈❡ ❞✐s❝❤❛r❣❡s ✐❣♥✐t❡ ❛t
t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♣♦✇❡r❡❞ r✐♥❣ ❛♥❞ ♣r♦♣❛❣❛t❡ ❛✇❛② ❢r♦♠ ✐t✳ ❲❡ ❤❛✈❡
s❤♦✇♥ t❤❛t ✇❤❡♥ t❤r❡❡ ❜♦❞② P❡♥♥✐♥❣ ❛♥❞ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s ❛r❡
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s s❧✐❣❤t❧② ❢❛st❡r✳ ■t
✇♦✉❧❞ ❜❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ ✐♥✈❡st✐❣❛t❡ ❢✉rt❤❡r t❤❡ ❝❤❡♠✐str② ♦❢ He −
N2 ♠✐①t✉r❡s t♦ ❣♦ t♦✇❛r❞s q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①♣❡r✐♠❡♥ts ✐♥
t✉❜❡s ❛♥❞ ♣❧❛s♠❛ ❥❡ts✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t♦ ❤❛✈❡ ❛ ❞✐s❝❤❛r❣❡ ✇✐t❤
❛ r❛t❤❡r ❤♦♠♦❣❡♥❡♦✉s r❛❞✐❛❧ str✉❝t✉r❡✱ ❛ ✐♥♥❡r t✉❜❡ r❛❞✐✉s ♦❢ ✵✳✷ ❝♠ ✐s
✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r ❛ He − N2 ♠✐①t✉r❡✳ ■♥ ❛✐r✱ ❛ ♠✉❝❤ s♠❛❧❧❡r ❞✐s❝❤❛r❣❡
r❛❞✐✉s ♦❢ ✷✵✵ µ♠ ✐s r❡q✉✐r❡❞✳ ❚❤❡s❡ ✜rst r❡s✉❧ts s❡❡♠ t♦ s❤♦✇ t❤❛t ✐❢
t❤❡ t✉❜❡ r❛❞✐✉s ✐s ❛❞❛♣t❡❞ t♦ t❤❡ st✉❞✐❡❞ ❣❛s✱ ❤♦♠♦❣❡♥❡♦✉s ❞✐s❝❤❛r❣❡ ✐♥
t✉❜❡s ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r ❣❛s❡s t❤❛♥ r❛r❡ ❣❛s❡s ✉s❡❞ s♦ ❢❛r ✐♥
♣❧❛s♠❛ ❥❡ts✳ ❚❤❡s❡ ✜rst r❡s✉❧ts ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s ♦♥ t❤❡
❞✐s❝❤❛r❣❡ str✉❝t✉r❡ ❝♦✉❧❞ ❜❡ ❛❧s♦ ♦❢ ✐♥t❡r❡st t♦ ♦♣t✐♠✐③❡ t❤❡ str✉❝t✉r❡ ❛♥❞
t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛❝t✐✈❡ s♣❡❝✐❡s ✐♥ ❝✉rr❡♥t ♣❧❛s♠❛ ❥❡ts ✉s✐♥❣ r❛r❡ ❣❛s❡s✳
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✐

✐

✐

✐

✐

✐

❆♣♣❡♥❞✐① ❆

❈✉rr❡♥t ❝❛❧❝✉❧❛t✐♦♥

■♥ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ❝♦❞❡✱ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡
❝✉rr❡♥t✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ ❛ q✉✐t❡ s✐♠♣❧❡ ✇❛② t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ❝✉rr❡♥t st❛rt✐♥❣ ❢r♦♠ t❤❡ ❝❤❛r❣❡ ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ❆✳✶✿

∂ρ

∂t
+∇ · jc = 0 , ✇❤❡r❡ jc = qej , ✭❆✳✶✮

✇❤❡r❡ ρ ✐s t❤❡ ♥❡t s♣❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❛♥❞ jc ✐s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ j ✐s
t❤❡ ✢✉① ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s ❛♥❞ qe ✐s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❡❧❡❝tr♦♥ ❝❤❛r❣❡✳
❚❤✐s ❡q✉❛t✐♦♥ s✐♠♣❧② st❛t❡s t❤❛t ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥❡t s♣❛❝❡
❝❤❛r❣❡ ❞❡♥s✐t② ✐s ♦♥❧② ❞✉❡ t♦ ❛ ❝✉rr❡♥t ♦❢ ❝❤❛r❣❡ ✐♥ ❛♥❞✴♦r ♦✉t ♦❢ ❛ ♣♦✐♥t✳
❲❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥✿

ǫ0∇ · E = ρ . ✭❆✳✷✮

❚❤❡♥ ❡q✉❛t✐♦♥ ❆✳✶ ❜❡❝♦♠❡s✿

ǫ0∇ ·
∂E

∂t
+∇ · jc = 0 . ✭❆✳✸✮

■❢ ✇❡ ✐♥t❡❣r❛t❡ ❡q✉❛t✐♦♥ ❆✳✸ ♦♥ ❛♥ ❡♥❝❧♦s❡❞ ✈♦❧✉♠❡ ✇❡ ❤❛✈❡ t❤❡♥✿

∫∫

V

∫
(

ǫ0∇ ·
∂E

∂t
+∇ · jc

)

dV = 0 . ✭❆✳✹✮

❋r♦♠ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❡q✉❛t✐♦♥ ❆✳✹ ❜❡❝♦♠❡s✿

∫∫

S

(

ǫ0
∂E

∂t
+ jc

)

· dS = 0 , ✭❆✳✺✮
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✷✶✵

✇❤❡r❡ dS r❡♣r❡s❡♥ts t❤❡ ♦✉t✇❛r❞ ♣♦✐♥t✐♥❣ ♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡ s✉r❢❛❝❡
t❤❛t ❜♦✉♥❞s t❤❡ ❡♥❝❧♦s❡❞ ✈♦❧✉♠❡ V ✳ ❊q✉❛t✐♦♥ ❆✳✺ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿

∫∫

S

J · dS = 0 , ✭❆✳✻✮

✇❤❡r❡ t❤❡ t♦t❛❧ ❝✉rr❡♥t ❞❡♥s✐t② J ✐s ❞❡✜♥❡❞ ❛s✿

J = jc + ǫ0
∂E

∂t
. ✭❆✳✼✮

■♥ ❡q✉❛t✐♦♥ ❆✳✼✱ jc r❡♣r❡s❡♥ts t❤❡ ❝♦♥❞✉❝t✐✈❡ ❝✉rr❡♥t ♣❛rt ❛♥❞ ǫ0 ∂E∂t r❡♣✲
r❡s❡♥ts t❤❡ ❝❛♣❛❝✐t✐✈❡ ❝✉rr❡♥t ♣❛rt✳
■❢ t❤❡ ✈♦❧✉♠❡ ❝❤♦s❡♥ ✐s ❛ sq✉❛r❡ ❜♦① ✇✐t❤ t✇♦ s✐❞❡s st❛rt✐♥❣ ❢r♦♠ t❤❡
①✲❛①✐s ♦❢ s②♠♠❡tr② ❛♥❞ ❡♥❞ ❛t t❤❡ r❛❞✐❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❞♦✲
♠❛✐♥✱ t❤❡♥ ❡q✉❛t✐♦♥ ❆✳✼ ♠❡❛♥s t❤❛t ❛❧❧ t❤❡ ❝✉rr❡♥t ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡
❞❡✜♥❡❞ sq✉❛r❡ ❜♦① ✐s ❝♦♥s❡r✈❡❞✳ ❚❤❡♥ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ t♦t❛❧ ❝✉rr❡♥t
❞❡♥s✐t② J ✭❡q✉❛t✐♦♥ ❆✳✼✮ ♦♥ ❛ s✉r❢❛❝❡ ❙ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ①✲❛①✐s ♦❢
s②♠♠❡tr②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ♥❡t ❝✉rr❡♥t ■✳
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✐

✐

✐

✐

✐

✐

❆♣♣❡♥❞✐① ❇

❖♣t✐❝❛❧ ❡♠✐ss✐♦♥ ❝❛❧❝✉❧❛t✐♦♥

❯s✉❛❧❧② ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✱ ✇❡ s♦❧✈❡
✷❉ ❛①✐✲s②♠♠❡tr✐❝ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥s ❢♦r ❝❤❛r❣❡❞ s♣❡❝✐❡s ❝♦✉♣❧❡❞ ✇✐t❤
P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❛s ✷❉ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥
❞❡♥s✐t② ❛♥❞ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❍♦✇❡✈❡r✱ t♦ ❝♦♠♣❛r❡
✇✐t❤ ❡①♣❡r✐♠❡♥ts✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥ ♦❢ t❤❡
❞✐s❝❤❛r❣❡✳
❚❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛ str❡❛♠❡r ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✐♥ t❤❡
✈✐s✐❜❧❡ s♣❡❝tr✉♠ ✐s ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❡♠✐ss✐♦♥
❢r♦♠ t❤❡ s❡❝♦♥❞ ♣♦s✐t✐✈❡ ❜❛♥❞ ♦❢ ♥✐tr♦❣❡♥✿

N2(C
3Πu) → N2(B

3Πg) + hν ✭❇✳✶✮

❚✇♦ ♦t❤❡r ❜❛♥❞s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ ✜rst ♣♦s✐t✐✈❡ ❜❛♥❞ ♦❢ ♥✐tr♦❣❡♥
❛♥❞ t❤❡ ✜rst ♥❡❣❛t✐✈❡ ❜❛♥❞ ♦❢ t❤❡ ♥✐tr♦❣❡♥ ✐♦♥ ◆+

2 ✿

N2(B
3Πg) → N2(A

3Σ+
u ) + hν ✭❇✳✷✮

N+
2 (B

2Σ+
u ) → N+

2 (X
2Σ+

g ) + hν ✭❇✳✸✮

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s [N2(B
3Πg)]✱ [N2(C

3Πu)] ❛♥❞ [N+
2 (B

2Σ+
u )]

✐s ❣✐✈❡♥ ❜② ❛ s②st❡♠ ♦❢ t❤r❡❡ ❖❉❊s✳ ❲❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ t❤❡s❡ ❖❉❊ ✐♥ t❤❡
❞✐s❝❤❛r❣❡ ❝♦❞❡ ❛♥❞ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ❡①♣❧✐❝✐t❧② ✇✐t❤ ❛ ❢♦✉rt❤ ♦r✲
❞❡r ❘✉♥❣❡✲❑✉tt❛ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❡s❡
❖❉❊s ❢♦r ❡①❝✐t❡❞ st❛t❡s ✐s s♦❧✈❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ t❤❡ str❡❛♠❡r ❡q✉❛✲
t✐♦♥s✳ ❚❤✐s ❣✐✈❡s ❛ ❢✉❧❧ t✐♠❡✲❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ❡♠✐ss✐♦♥s ✐♥ t❤❡
♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ str❡❛♠❡r ♣r♦❝❡ss❡s✳ ❆❧❧ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ t❤r❡❡ ❜❛♥❞
s②st❡♠s ❛r❡ t❛❦❡♥ ❢r♦♠ ✭▲✐✉ ❛♥❞ P❛s❦♦ ✷✵✵✹✮ ❛♥❞ ✭❇♦♥❛✈❡♥t✉r❛ ❡t ❛❧✳
✷✵✶✶✮✳
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡t❡❝t❡❞ ✐♥t❡♥s✐t✐❡s ♦❢ ❧✐❣❤t ❢♦r t❤❡ t❤r❡❡ ❜❛♥❞s ❛r❡
❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❛❞✐❛t✐✈❡ ❞❡❡①❝✐t❛t✐♦♥ r❛t❡s ♦❢ t❤❡ ❡①❝✐t❡❞
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✐

✐

✷✶✷

st❛t❡s ✭❑♦③❧♦✈ ❡t ❛❧✳ ✷✵✵✶✮✿

Ik = TkAknk, ✭❇✳✹✮

✇❤❡r❡ k ✐s ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❡①❝✐t❡❞ s♣❡❝✐❡s N∗
2(k)✱ ❆N∗

2(k)
✐s t❤❡ ❊✐♥st❡✐♥

❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❡①❝✐t❡❞ s♣❡❝✐❡ N∗
2(k) ❛♥❞ Tk ✐s ❛ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t✱

✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♦♣t✐❝❛❧ s②st❡♠ ❛♥❞ t❤❡ s❡♥✲
s✐t✐✈✐t② ♦❢ t❤❡ ❞❡t❡❝t♦r✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ tr❛♥s♠✐ss✐♦♥
❝♦❡✣❝✐❡♥ts Tk ❢♦r t❤❡ t❤r❡❡ st✉❞✐❡❞ ❜❛♥❞s ❛r❡ ❡q✉❛❧ t♦ ✶✳ ❚❤❡ ♥✉♠❜❡r
♦❢ ♣❤♦t♦♥s ❡♠✐tt❡❞ ♣❡r s❡❝♦♥❞ ❢r♦♠ ❛ ✈♦❧✉♠❡ ❡❧❡♠❡♥t δV i = 2πriδziδri✱
✇❤❡r❡ ri ✐s r❛❞✐❛❧ ❞✐st❛♥❝❡ ❛♥❞ δzi ❛♥❞ δri ❛r❡ t❤❡ ❛①✐❛❧ ❛♥❞ r❛❞✐❛❧ s✐③❡s
♦❢ ❝❡❧❧ i✱ ✐s

N i
ph,k = AknkδV

i. ✭❇✳✺✮

■❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ♦❜s❡r✈❡❞ ❛❧♦♥❣ ❛ ❧✐♥❡ ♦❢ s✐❣❤t✱ t❤❡ ♠❡❛s✉r❡❞ ♦♣t✐❝❛❧
❡♠✐ss✐♦♥ ✐♥t❡♥s✐t② ♦❢ ❡❛❝❤ ❜❛♥❞ ❛t ❛ ❣✐✈❡♥ t✐♠❡ ✐s ❣✐✈❡♥ ❜②✿

Ψk = 10−6

∫

L

Ik dl, ✭❇✳✻✮

✇❤❡r❡ Ik ✐s ✐♥ ❝♠−3s−1✱ l ✐s ✐♥ ❝♠ ❛♥❞ t❤❡ ✐♥t❡♥s✐t② Ψk ✐s ✐♥ ❘❛②❧❡✐❣❤s✱ ❛♥❞
t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❛❧♦♥❣ t❤❡ ♦♣t✐❝❛❧ ♣❛t❤ L✳ ■♥ t❤✐s ✇♦r❦✱ ❛s
✐♥ ✭P❛s❦♦ ❡t ❛❧✳ ✶✾✾✼✮ ❛♥❞ ✭▲✐✉ ❛♥❞ P❛s❦♦ ✷✵✵✹✮✱ t❤❡ ❡✛❡❝ts ♦❢ r❛❞✐❛t✐✈❡
tr❛♥s❢❡r ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ❛♥❞ t❤❡ ♦❜s❡r✈❡r ❛r❡ ♥♦t t❛❦❡♥
✐♥t♦ ❛❝❝♦✉♥t✳ ■♥ ❊q✉❛t✐♦♥ ✭❇✳✻✮✱ t❤❡ ✐♥t❡♥s✐t②✱ Ik✱ ✐s ❛♥ ❛①✐❛❧❧② s②♠♠❡tr✐❝
❢✉♥❝t✐♦♥ ♦❢ ❝②❧✐♥❞r✐❝❛❧ r❛❞✐✉s f(r)✳ ❚❤❡♥ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥t❡♥s✐t② Ψk ❢♦r
❛ ❤♦r✐③♦♥t❛❧ ❧✐♥❡ ♦❢ s✐❣❤t ✭♥❛♠❡❧② ❛ ❧✐♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❞✐s❝❤❛r❣❡
❛①✐s✮✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♣❡r❢♦r♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✭❇✳✻✮ t❛❦✲
✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❛❞✐❛❧ ♣r♦✜❧❡ ♦❢ Ik❀ t❤✐s ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❞✐r❡❝t ❆❜❡❧✬s
tr❛♥s❢♦r♠❛t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❡❛❝❤ ❜❛♥❞ ✐s t✐♠❡ ✐♥t❡❣r❛t❡❞ ♦♥
t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❝❛♠❡r❛ ❣❛t❡s ✉s❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts ✭t②♣✐❝❛❧❧② ❛ ❢❡✇
♥❛♥♦s❡❝♦♥❞s✮✳
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❆♣♣❡♥❞✐① ❈

❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s

❡q✉❛t✐♦♥ ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r

❞✐s❝❤❛r❣❡

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡✱ ❛ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ✐s ♣r❡s❡♥t
✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛s ❣❛♣✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❛t t❤❡r❡ ❛r❡ t✇♦ r❡❣✐♦♥s ✐♥ t❤❡ ✐♥t❡r❡❧❡❝tr♦❞❡ ❣❛♣ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t ❡❧❡❝✲
tr✐❝ ♣❡r♠✐tt✐✈✐t✐❡s ✭t❤❡ ❣❛s ✈♦❧✉♠❡ ❛♥❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧✮✳ ❋✉rt❤❡r✲
♠♦r❡✱ ❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ s♦♠❡ ❝❤❛r❣❡s ♠❛② ❜❡ ❞❡♣♦s✐t❡❞
♦♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ✐♥t❡r❢❛❝❡ ✇✐t❤ t❤❡ ❣❛s✳ ❋♦r ❛❧❧ t❤❡ ❞✐✛❡r❡♥t ✈❡r✲
s✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❝♦❞❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ✇❡ ✉s❡❞ t❤❡ s❛♠❡
❛♣♣r♦❛❝❤ ❛s ✐♥ ✭❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✵❀ ❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✶❀ ❏á♥s❦ý ❡t ❛❧✳ ✷✵✶✷❀
❈é❧❡st✐♥ ❡t ❛❧✳ ✷✵✵✽❀ ❈é❧❡st✐♥ ✷✵✵✽✮✳ ❲❡ st❛rt❡❞ ❢r♦♠ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢
t❤❡ ❡❧❡❝tr✐❝ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ D✿

∇ ·D = ρ , ✭❈✳✶✮

✇❤❡r❡ D = ε0E + P ❛♥❞ P ✐s t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧✳
❋♦r ❧✐♥❡❛r✱ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ❞✐❡❧❡❝tr✐❝ ♠❡❞✐❛✱ D = ǫE ≡ ε0εrE
✇❤❡r❡ εr ✐s t❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ✇❤✐❝❤ t❤❡♥
❧❡❛❞s t♦ s♦❧✈❡✿

∇ · (ǫ(−∇V)) = ρ , ✭❈✳✷✮

❚❤❡♥✱ ✇❡ ✐♥t❡❣r❛t❡ ❡q✉❛t✐♦♥ ❈✳✷ ♦✈❡r t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t Ωi,j ♦❢ t❤❡ ❝❡❧❧
(i, j)✿

∫

Ω

∇ · (ǫ(−∇V))dΩ =

∫

Ω

ρdΩ . ✭❈✳✸✮
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✐

✐

✐

✐

✐

✐

✷✶✹

❯s✐♥❣ t❤❡ ●❛✉ss✲❖str♦❣r❛❞s❦② t❤❡♦r❡♠ ♦♥❡ ♦❜t❛✐♥s✿
∮

Σ

(ǫ(−∇V)) · ndΣ = Ωi,jρ , ✭❈✳✹✮

✇❤❡r❡ dΣ ♠❡❛s✉r❡s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ s✉r❢❛❝❡ ♦❢ t❤❡ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s ❛♥❞ n

✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r✳ ▲❡ts ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ ❞✐✲

Dielectric material Air

r

x

❋✐❣✉r❡ ❈✳✶✿ ◆✉♠❡r✐❝❛❧ ❣r✐❞ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ♣❧❛♥❡ ❞✐❡❧❡❝tr✐❝✳ ❚❤❡ s❤❛❞❡❞
❞♦♠❛✐♥ r❡♣r❡s❡♥ts t❤❡ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ r❡❣✐♦♥✳ ❚❤❡ ❣❛s✴❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡
❧✐❡s ❛t xi∗+1/2 ❛♥❞ ê ✐s t❤❡ ✉♥✐t ✈❡❝t♦r ❞✐r❡❝t❡❞ t♦✇❛r❞s ✐♥❝r❡❛s✐♥❣ x✳

❡❧❡❝tr✐❝ ♣❧❛♥❡ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❧♦❝❛t❡❞ ❛t xi+1/2 ❛s ✐♥ ❋✐❣✉r❡ ❈✳✶✱
❛❧t❤♦✉❣❤ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤✐s ❝❛s❡ ✐s ♥♦t✳
■t ♠❡❛♥s t❤❛t t♦ ❝♦♠♣✉t❡ t❤❡ ✢✉① ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ❣♦✐♥❣ ❢r♦♠ t❤❡ ❝❡❧❧ i, j
t♦ i + 1, j t❤r♦✉❣❤ t❤❡ s✉r❢❛❝❡ Σi+1/2,j✱ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
❥✉♠♣ ♦❢ ♣❡r♠✐tt✐✈✐t② ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ❧♦❝❛t❡❞ ♦♥ t❤❡
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝✳ ❚❤❡♥ t❤❡ ✢✉① ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ✢♦✇✐♥❣ t❤r♦✉❣❤
t❤❡ ❡❛st ✐♥t❡r❢❛❝❡ ♦❢ t❤❡ ❝❡❧❧ i, j ✐s ❡q✉❛❧ t♦✿

fi+1/2,j(E) = ǫ1Ei+1/2,jΣi+1/2,j

✇❤❡r❡ Ei+1/2,j =
Vi,j − Vi+1/2,j

xi+1/2,j − xi,j
, ✭❈✳✺✮

❚♦ ❝♦♠♣✉t❡ t❤❡ ✢✉① ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❡q✉❛t✐♦♥ ❈✳✺✱ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♣♦t❡♥t✐❛❧ Vi+1/2,j ❧♦❝❛t❡❞ ❛t i+1/2, j✳ ❚♦ ❝❛❧✲
❝✉❧❛t❡ ✐t✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❛t ❢r♦♠ ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❥✉♠♣
❝♦♥❞✐t✐♦♥ ❢♦r ♥♦r♠❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❊ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡ ♦❢ t✇♦ ❞✐❡❧❡❝tr✐❝s ♦❢
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✐

✐

✐

✐

✐

❆♣♣❡♥❞✐① ❈ ✲ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r ❛

❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡
✷✶✺

♣❡r♠✐tt✐✈✐t② ǫ1 ✭❞❡✜♥❡❞ ✐♥ ❝❡❧❧ i, j✮ ❛♥❞ ǫ2 ✭❞❡✜♥❡❞ ✐♥ ❝❡❧❧ i + 1, j✮ ✜rst
✇✐t❤♦✉t s✉r❢❛❝❡ ❝❤❛r❣❡s σ ❧♦❝❛t❡❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞✐✲
❡❧❡❝tr✐❝s ✐s✿

− ǫ1E1 + ǫ2E2 = 0 , ✭❈✳✻✮

✇❤❡r❡ E1❂ ✲E1ê✱ E2❂ ✰E2ê ❛♥❞ ê ✐s t❤❡ ✉♥✐t ✈❡❝t♦r ❞✐r❡❝t❡❞ t♦✇❛r❞s
✐♥❝r❡❛s✐♥❣ x ♦♥ t❤❡ ❡①❛♠♣❧❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ❈✳✶✳
❉✐s❝r❡t❡ ❢♦r♠ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✉s✐♥❣ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐✛❡r❡♥❝❡s ✐s✿

− ǫ1

(

Vi − Vi+1/2

xi+1/2 − xi

)

+ ǫ2

(

Vi+1/2 − Vi+1

xi+1 − xi+1/2

)

= 0 . ✭❈✳✼✮

❙♦❧✈✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ Vi+1/2 ♦♥ t❤❡ ✐♥t❡r❢❛❝❡✱ ✇❡ ♦❜t❛✐♥✿

Vi+1/2 =

[

ǫ1Vi(xi+1 − xi+1/2) + ǫ2Vi+1(xi+1/2 − xi)

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

. ✭❈✳✽✮

❇② ❝♦♠❜✐♥✐♥❣ ❡q✉❛t✐♦♥ ❈✳✽ ❛♥❞ ❈✳✺✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✢✉① ♦❢ ❡❧❡❝tr✐❝
✜❡❧❞✿

fi+1/2,j(E) = Σi+1/2,j
ǫ2ǫ1(Vi − Vi+1)

ǫ2(xi+1/2 − xi) + ǫ1(xi+1 − xi+1/2)
, ✭❈✳✾✮

✇❤❡r❡ Σi+1/2,j = π∆r2j−1/2 = π(r2j+1/2 − r2j−1/2)

■❢ ✇❡ r❡❢♦r♠✉❧❛t❡ ✐t✿
fi+1/2,j(E) = V E

i,j(Vi+1 − Vi) , ✭❈✳✶✵✮

✇❤❡r❡ V E
i,j = −π∆r2j−1/2

ǫi+1,jǫi,j
ǫi+1,j(xi+1/2 − xi) + ǫi,j(xi+1 − xi+1/2)

■❢ ♥♦✇ ✇❡ ❝♦♠♣✉t❡ ❛❧❧ ✢✉①❡s ♦❢ ❡q✉❛t✐♦♥ ❈✳✹ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡r❡
✐s ❛ ❥✉♠♣ ♦❢ ♣❡r♠✐tt✐✈✐t② ❛t ❡❛❝❤ ❝❡❧❧ ✐♥t❡r❢❛❝❡✱ ✇❡ ❝❛♥ ❤❛✈❡ ❛ ❣❡♥❡r❛❧✐③❡❞
❡①♣r❡ss✐♦♥✿

V E
i,jVi+1,j + V W

i,j Vi−1,j + V S
i,jVi,j−1 + V N

i,jVi,j+1 + V C
i,jVi,j = πρi,j∆xi+1/2∆r2j−1/2 ,

✇✐t❤✿
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✐

✐

✐

✐

✐

✷✶✻



































































V E
i,j = −π∆r2j−1/2

ǫi+1,jǫi,j

ǫi+1,j(xi+1/2 − xi) + ǫi,j(xi+1 − xi+1/2)
,

V W
i,j = V E

i−1,j ,

V N
i,j = −2πrj+1/2∆xi−1/2

ǫi,j+1ǫi,j

ǫi,j+1(rj+1/2 − rj) + ǫi,j(rj+1 − rj+1/2)
,

V S
i,j = V N

i,j−1 ,

V c
i,j = −(V W

i,j + V E
i,j + V S

i,j + V N
i,j ) ,

✭❈✳✶✶✮

✇❤❡r❡ ∆xi+/2 = xi+1/2 − xi−1/2 ❛♥❞ ∆r2j−1/2 = r2j+1/2 − r2j−1/2✳

❉✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✇✐t❤ s✉r❢❛❝❡ ❝❤❛r❣❡s

■❢ t❤❡r❡ ✐s ❛ ❞❡♣♦s✐t✐♦♥ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ♦♥ ❛ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✇❡ ❛❧s♦
♥❡❡❞ t♦ t❛❦❡ ✐t ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❥✉♠♣ ❝♦♥❞✐t✐♦♥ ❢♦r ♥♦r♠❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞
❊ ♦♥ t❤❡ ✐♥t❡r❢❛❝❡ ♦❢ t✇♦ ❞✐❡❧❡❝tr✐❝s ♦❢ ♣❡r♠✐tt✐✈✐t② ǫ1 ✭❞❡✜♥❡❞ ✐♥ ❝❡❧❧ i, j✮
❛♥❞ ǫ2 ✭❞❡✜♥❡❞ ✐♥ ❝❡❧❧ i + 1, j✮ ✇✐t❤ s✉r❢❛❝❡ ❝❤❛r❣❡s σ ✐♥ ❈✳❝♠−2 ❧♦❝❛t❡❞
❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞✐❡❧❡❝tr✐❝s ✐s✿

− ǫ1E1 + ǫ2E2 = σ , ✭❈✳✶✷✮

✇❤❡r❡ E1❂ ✲E1ê✱ E2❂ ✰E2ê ❛♥❞ ê ✐s t❤❡ ✉♥✐t ✈❡❝t♦r ❞✐r❡❝t❡❞ t♦✇❛r❞s
✐♥❝r❡❛s✐♥❣ x ♦♥ t❤❡ ❡①❛♠♣❧❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ❈✳✶✳
❉✐s❝r❡t❡ ❢♦r♠ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✉s✐♥❣ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐✛❡r❡♥❝❡s ✐s✿

− ǫ1

(

Vi − Vi+1/2

xi+1/2 − xi

)

+ ǫ2

(

Vi+1/2 − Vi+1

xi+1 − xi+1/2

)

= σ . ✭❈✳✶✸✮

❙♦❧✈✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ Vi+1/2 ♦♥ t❤❡ ✐♥t❡r❢❛❝❡✱ ✇❡ ♦❜t❛✐♥✿

Vi+1/2 =

[

ǫ1Vi(xi+1 − xi+1/2) + ǫ2Vi+1(xi+1/2 − xi)

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

.

+

[

σ(xi+1 − xi+1/2)(xi+1/2 − xi)

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

✭❈✳✶✹✮

■❢ ♥♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✢✉① ♦❢ ❡❧❡❝tr✐❝ ✜❡❧❞✿

fi+1/2,j(E) = Σi+1/2,j
ǫ2ǫ1(Vi − Vi+1)

ǫ2(xi+1/2 − xi) + ǫ1(xi+1 − xi+1/2)
, ✭❈✳✶✺✮

−

[

σ(xi+1 − xi+1/2)(xi+1/2 − xi)

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

Σi+1/2,j ✭❈✳✶✻✮



✐
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✐

✐

✐

✐

✐

✐

❆♣♣❡♥❞✐① ❈ ✲ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r ❛

❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡
✷✶✼

■♥❝❧✉❞✐♥❣ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦♥ t❤❡ ❧❡❢t
❤❛♥❞ s✐❞❡ ♦❢ ❈✳✶✶ ❜✉t ✐t ✇✐❧❧ ❛❞❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ s♦✉r❝❡ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡s σ ♦♥❧② ❛t t❤❡ ♣♦✐♥t (i = i, j)
❛♥❞ (i = i+ 1, j)✱ s✉❝❤ t❤❛t✿



























ρ
′

i∗+1,j = ρ
′

i∗+1,j +
ǫi+1,jσj(xi+1/2 − xi+1)(π∆r

2
j−1/2)

ǫi,j(xi+1 − xi+1/2) + ǫi+1,j(xi+1/2 − xi)
,

ρ
′

i∗,j = ρ
′

i∗,j +
ǫi,jσj(xi+1 − xi+1/2)(π∆r

2
j−1/2)

ǫi,j(xi+1 − xi+1/2) + ǫi+1,j(xi+1/2 − xi)
.

✭❈✳✶✼✮

❲❤❡r❡ ρ
′

i,j ❂ ρi,jπ∆xi+1/2∆r
2
j−1/2✳

❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s
❛t t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥t❡r❢❛❝❡

❆s ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✐r❡❝t❡❞ ♦✉t✇❛r❞ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐♥✲
t❡r❢❛❝❡ s♦ ♦♥ ❋✐❣✉r❡ ❈✳✶✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♠♣✉t❡❞ ✐s E2✿

E2 =

(

Vi+1/2 − Vi+1

xi+1 − xi+1/2

)

, ✭❈✳✶✽✮

❚❤❡♥ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Vi+1/2 ❢r♦♠ ❡q✉❛t✐♦♥ ❈✳✶✹ ✐♥ ❡q✉❛t✐♦♥ ❈✳✶✽✿

E2 =

(

1

xi+1 − xi+1/2

)[

σ(xi+1 − xi+1/2)(xi+1/2 − xi)

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

+

(

1

xi+1 − xi+1/2

)[

ǫ1Vi(xi+1 − xi+1/2) + ǫ2Vi+1(xi+1/2 − xi)

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)
− Vi+1

]

,✭❈✳✶✾✮

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r E2✿

E2 =

[

σ(xi+1/2 − xi) + ǫ1Vi − ǫ1Vi+1

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

. ✭❈✳✷✵✮

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❞❡✈❡❧♦♣♠❡♥t✱ ✐❢ E1 ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✐r❡❝t❡❞ ♦✉t✲
✇❛r❞ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡ ✐ts ❡①♣r❡ss✐♦♥ ✐s✿

E1 =

[

−σ(xi+1 − xi+1/2) + ǫ2Vi − ǫ2Vi+1

ǫ1(xi+1 − xi+1/2) + ǫ2(xi+1/2 − xi)

]

. ✭❈✳✷✶✮

❲❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ❞✐✛❡r❡♥t ✈❡r✐✜❝❛t✐♦♥ t❡st✲❝❛s❡s t♦ ✈❛❧✐❞❛t❡ t❤❡ ❝❛❧❝✉✲
❧❛t✐♦♥ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥ ♦✉r ❝♦❞❡✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ r❡s✉❧ts ♦❢ t✇♦
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✐

✐

✐

✐

✐

✐

✷✶✽

❛❝❛❞❡♠✐❝ t❡st✲❝❛s❡s✿
■♥ t❤❡ ✜rst t❡st ❝❛s❡✱ ❋✐❣✉r❡ ❈✳✷ ♣r❡s❡♥ts t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❛①✲

❋✐❣✉r❡ ❈✳✷✿ ❚❡st ❝❛s❡ ✶✳ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❛ ❣❛♣ ✇❤❡r❡
❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❢ εr❂✺ ❛♥❞ t❤❡ t✇♦ s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ✉♥✐❢♦r♠❧②
❝❤❛r❣❡❞ ♦♥ t❤❡ ❧❡❢t ✇✐t❤ σ❂ ✽ ♥❈✳❝♠−2 ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✇✐t❤ σ❂ ✲✽ ♥❈✳❝♠−2 ✳

✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❛ ❣❛♣ ✇❤❡r❡ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❢ εr❂✺ ❛♥❞ t❤❡ t✇♦
s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❛r❡ ✉♥✐❢♦r♠❧② ❝❤❛r❣❡❞ ♦♥ t❤❡ ❧❡❢t ✇✐t❤ σ❂ ✽
♥❈✳❝♠−2 ❛t ①❂ ✵✳✹ ❝♠ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✇✐t❤ σ❂ ✲✽ ♥❈✳❝♠−2 ❛t ①❂
✵✳✻ ❝♠✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❣✐✈❡s ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❡q✉❛❧s t♦ Ex =
+σ/ε0εr = 18070.545 V.cm−1 ✐♥ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ❛♥❞ ✵ ❡❧s❡✇❤❡r❡✳ ❆s
❝❛♥ ❜❡ s❡❡♥ ♦♥ ❋✐❣✉r❡ ❈✳✷✱ t❤❡ ❡❧❡❝tr♦st❛t✐❝ s♦❧✉t✐♦♥ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ♦✉r
❞✐s❝❤❛r❣❡ ❝♦❞❡ ❣✐✈❡s ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉✲
t✐♦♥✳
❋✐❣✉r❡ ❈✳✸✱ s❤♦✇s ❛♥♦t❤❡r ❛❝❛❞❡♠✐❝ t❡st ❝❛s❡ ✇❤❡r❡ t❤❡ ❛①✐❛❧ ❡❧❡❝✲

tr✐❝ ✜❡❧❞ ✐s ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❢ εr❂✶ ❛♥❞ ✐ts r✐❣❤t s✉r✲
❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ✉♥✐❢♦r♠❧② ❝❤❛r❣❡❞ ✇✐t❤ σ❂ ✽ ♥❈✳❝♠−2 ❛t ①❂
✵✳✺ ❝♠✳ ❆s ✐♥ t❤❡ ✜rst t❡st ❝❛s❡✱ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♦✉r
❞✐s❝❤❛r❣❡ ❝♦❞❡ ❣✐✈❡s t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ❛s t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✇❤❡r❡



✐

✐
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✐

✐

✐

✐

✐

✐

❆♣♣❡♥❞✐① ❈ ✲ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ P♦✐ss♦♥✬s ❡q✉❛t✐♦♥ ❢♦r ❛

❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡
✷✶✾

❋✐❣✉r❡ ❈✳✸✿ ❚❡st ❝❛s❡ ✶✳ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❛①✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ❛ ❣❛♣ ✇❤❡r❡
❛ ❞✐❡❧❡❝tr✐❝ ♣❧❛♥❡ ♦❢ εr❂✶ ❛♥❞ ✐ts r✐❣❤t s✉r❢❛❝❡ ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ✐s ✉♥✐❢♦r♠❧②
❝❤❛r❣❡❞ ✇✐t❤ σ❂ ✽ ♥❈✳❝♠−2 ❛t ①❂ ✵✳✺ ❝♠✳

Ex(x > 0.5 cm) = +σ/(2ε0) = 45176.36 V.cm−1 ❛♥❞ Ex(x < 0.5 cm) =
−σ/(2ε0) = −45176.36 V.cm−1✳
❚❤❡s❡ t✇♦ ❛❝❛❞❡♠✐❝ t❡st✲❝❛s❡s ❞❡♠♦♥str❛t❡ t❤❡ ❛❝❝✉r❛t❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡s ✐♥ ♦✉r ❝♦❞❡✳
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✐

✐

✐

✐
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✐

✐

✐

✐

✐

✐

❆♣♣❡♥❞✐① ❉

❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡

▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡

♦♥ ❑✉❧✐❦♦✈s❦②✬s t❡st✲❝❛s❡

■♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡ ✉s❡ ♦❢ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❢♦r
str❡❛♠❡r s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✹✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜✲
t❛✐♥❡❞ ✉s✐♥❣ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮ ❢♦r t❤❡ s❛♠❡ ♣♦✐♥t✲
t♦✲♣❧❛♥❡ ❝♦♥✜❣✉r❛t✐♦♥✳

▼♦❞❡❧ ❞❡s❝r✐♣t✐♦♥

❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❤②♣❡r❜♦❧♦✐❞ ❛♥♦❞❡ ❛r❡

(x

a

)2

−
(r

b

)2

= 1, ✭❉✳✶✮

✇❤❡r❡ a = 1 ❝♠ ❛♥❞ b = 0.18 ❝♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛❞✐✉s ♦❢
❝✉r✈❛t✉r❡ ♦❢ ❘c = b2/a =✸✷✹ µ♠✳ ❚❤❡ ❛♥♦❞❡ t✐♣ ✐s ❧♦❝❛t❡❞ ❛t ✶ ❝♠ ❢r♦♠
❛ ❣r♦✉♥❞❡❞ ♠❡t❛❧❧✐❝ ❝❛t❤♦❞❡ ♣❧❛♥❡ ✭x = 0 ❝♠✮✳ ❆ ❝♦♥st❛♥t ✈♦❧t❛❣❡ ♦❢
❯a =✶✸ ❦❱ ✐s ❛♣♣❧✐❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥ ❛t t❤❡
♣♦✐♥t ❛♥♦❞❡✳
❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ s❛♠❡ tr❛♥s♣♦rt ♣❛r❛♠❡t❡rs ❛♥❞ r❡❛❝t✐♦♥s r❛t❡s ❛s ✐♥
✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✳ ■♥ t❤❡ ✇♦r❦ ♦❢ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✱ t❤❡ ♣❤♦t♦✐♦♥✐❛t✐♦♥
s♦✉r❝❡ t❡r♠ ✐♥ ❛✐r ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛♥ ♦♣t✐♠✐③❡❞ ✐♥t❡❣r❛❧ ❛♣♣r♦❛❝❤ ❜❛s❡❞
♦♥ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ✭❩❤❡❧❡③♥✐❛❦ ❡t ❛❧✳ ✶✾✽✷✮✳ ■♥ ♦✉r ✇♦r❦ ✇❡ ❤❛✈❡
✉s❡❞ t❤❡ ❙P✸ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ ♠♦❞❡❧ ❞❡✈❡❧♦♣♣❡❞ ✐♥ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✵✼❀
❈é❧❡st✐♥ ✷✵✵✽✮✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❙P✸ ♠♦❞❡❧ ❛♥❞ t❤❡ ♠♦❞❡❧ ✉s❡❞ ✐♥
✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮ ✇❛s ❝❛rr✐❡❞ ♦✉t ✐♥ ✭❇♦✉r❞♦♥ ❡t ❛❧✳ ✷✵✵✼✮ ❛♥❞ r❡s✉❧ts
s❤♦✇ t❤❛t ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❛r❡ ✐♥ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t✳
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✷✷✷

■♥ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✻×✶✳✶ ❝♠2 ❛♥❞ ✐s
❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ❣r✐❞ nx × nr = 134× 640✳ ❚❤❡ str❡❛♠❡r ❤❡❛❞ ✐s ❝♦✈❡r❡❞
❜② ❛ ♠♦✈✐♥❣ ✇✐♥❞♦✇ ✇✐t❤ ❛♥ ✉♥✐❢♦r♠ ✜♥❡ ❣r✐❞ ✭≈ ♦❢ ✹✵✵ ❝❡❧❧s✮ ✇✐t❤ ❛
❝❡❧❧ s✐③❡ ♦❢ ✻✳✸ µ♠ × ✽ µ♠✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ ✜①❡❞ ❣r✐❞✳ ❖✉r
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇❛s ✻×✶✵ ❝♠2 ❞✐s❝r❡t✐③❡❞ ♦♥ ❛ ✜①❡❞ r❡❝t✐❧✐♥❡❛r
❣r✐❞ ✇✐t❤ nx ×nr = 1328× 1267 ❝❡❧❧s✳ ❚❤❡ ❣r✐❞ ✐s ❈❛rt❡s✐❛♥✱ ✇✐t❤ ❛ ✜①❡❞
❝❡❧❧ s✐③❡ ♦❢ ✶✵ µ♠ ✐♥ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ str❡❛♠❡r ♣r♦♣❛❣❛t❡s✳ ❇❡②♦♥❞
t❤✐s r❡❣✐♦♥ ✭✐✳❡✳ x ∈ ❬✶✳✷✱✻❪ ❝♠ ❛♥❞ r ∈ ❬✶✳✶✱✶✵❪ ❝♠✮✱ t❤❡ ❣r✐❞ ❡①♣❛♥❞s
❛❝❝♦r❞✐♥❣ t♦ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥✳ ❆s ✐♥ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✱ ❛ ♥❡✉tr❛❧
♣❧❛s♠❛ s♣♦t ✐s ♣❧❛❝❡❞ ❛t t❤❡ ❛♥♦❞❡ t✐♣ t♦ ✐♥✐t✐❛t❡ str❡❛♠❡r ❢♦r♠❛t✐♦♥✿

np(x, r)|t=0 = ne(x, r)|t=0 = n0 ❡①♣

[

−
r2

σ2
r

−
(x− x0)

2

σ2
x

]

, ✭❉✳✷✮

✇❤❡r❡ x0 = a− σx✱ σx❂ ✵✳✵✷✺ ❝♠ ❛♥❞ σr❂ ✵✳✵✶ ❝♠✳ ❆t t❂✵ t❤❡r❡ ❛r❡ ♥♦
♥❡❣❛t✐✈❡ ✐♦♥s✳ ❚❤❡ ✐♥✐t✐❛❧ ♠❛①✐♠✉♠ ❞❡♥s✐t② ✐s n0❂ ✶✵14 ❝♠−3✳
❋♦r t❤✐s s✐♠✉❧❛t✐♦♥ ✇❡ ✉s❡❞ ✶✷ ▼P■ ♣r♦❝❡ss❡s ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ✇❛s
❝❛rr✐❡❞ ♦✉t ✐♥ ❧❡ss t❤❛♥ ♦♥❡ ❤♦✉r ❢♦r ❛ s✐♠✉❧❛t✐♦♥ t✐♠❡ ♦❢ ✷✸ ♥s✳

❘❡s✉❧ts

❚❤❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ❉✳✶ s❤♦✇s t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ♦✉r ▼P■✲
❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❛♥❞ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ❉✳✶ s❤♦✇s t❤❡
r❡s✉❧ts ♦❢ ❋✐❣✉r❡ ✷ ✐♥ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✳ ❋✐❣✉r❡ ❉✳✶ s❤♦✇s t❤❡ ❝♦♥t♦✉r
❧✐♥❡s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❋♦r
❜♦t❤ ♣❛♥❡❧s ✐♥ ❋✐❣✉r❡ ❉✳✶✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤
t❤❡ r❡s✉❧ts ♦❢ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮✳ ■♥ ✭❈é❧❡st✐♥ ✷✵✵✽✮✱ t❤❡ s❛♠❡ ❝♦♠♣❛r✐s♦♥
✇❛s ❝❛rr✐❡❞ ♦✉t t♦ ✈❛❧✐❞❛t❡ t❤❡ ❧❡❣❛❝② ❞✐s❝❤❛r❣❡ ❝♦❞❡ ❛♥❞ t❤❡ ❝♦♠♣❛r✐✲
s♦♥ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ❉✳✷✳ ❚❤❡r❡ ❛r❡ s♦♠❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ r❡s✉❧ts ❛s
♣♦✐♥t❡❞ ♦✉t ✐♥ ✭❈é❧❡st✐♥ ✷✵✵✽✮ ❛♥❞ ✐t ❝❛♥ ❜❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇❡ ✉s❡ ❛
❞✐✛❡r❡♥t ♠♦❞❡❧ ✭❙P✸ ♠♦❞❡❧✮ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ s♦✉r❝❡ t❡r♠✳
❆s ✐♥tr♦❞✉❝❡❞ ✐♥ ✭❈é❧❡st✐♥ ✷✵✵✽✮ t❤❡ ❣❤♦st ✢✉✐❞ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ ❛❝❝✉✲
r❛t❡❧② ❞❡s❝r✐❜❡ t❤❡ r❡❛❧ ❣❡♦♠❡tr② ♦❢ t❤❡ ❛♥♦❞❡ ♣♦✐♥t ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤✐s ✇♦r❦ ❜✉t ♥♦t ✐♥ ✭❑✉❧✐❦♦✈s❦②
✶✾✾✽✮✳ ❋✐♥❛❧❧②✱ t❤❡ tr❛♥s♣♦rt s❝❤❡♠❡ ✉s❡❞ ✐♥ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s✲
❝❤❛r❣❡ ❝♦❞❡ ✐s ❞✐✛❡r❡♥t ✇❤❡r❡ ✐♥ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮ ❛♥❞ ✭❈é❧❡st✐♥ ✷✵✵✽✮
t❤❡ ♠♦❞✐✜❡❞ ❙❝❤❛r❢❡tt❡❧✲●✉♠♠❡❧ s❝❤❡♠❡ ✭❈❤❛♣t❡r ✶✮ ✐s ✉s❡❞ ✇❤❡r❡❛s ✐♥
♦✉r ❝♦❞❡ ✇❡ ✉s❡ t❤❡ ❡①♣❧✐❝✐t t❤✐r❞ ♦r❞❡r ❯◆❖✸ s❝❤❡♠❡ ❢♦r ❝♦♥✈❡❝t✐♦♥ ❛♥❞
❛♥ ❡①♣❧✐❝✐t s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡ ❢♦r ❞✐✛✉s✐♦♥ t❤❛t ✐♥❝r❡❛s❡❞ t❤❡ r♦❜✉st♥❡ss
❛♥❞ ❛❝❝✉r❛❝② ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠♦❞✐✜❡❞ ❙❝❤❛r❢❡tt❡❧ ●✉♠♠❡❧ s❝❤❡♠❡ ♦♥
❝♦❛rs❡r ♠❡s❤ ✭❈❤❛♣t❡r ✷✮ ❛s ✉s❡❞ ✐♥ t❤✐s ❡①❛♠♣❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❤❛✈❡ ❛
❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ✭❑✉❧✐❦♦✈s❦② ✶✾✾✽✮ ✭❋✐❣✉r❡ ❉✳✶✮ ❛♥❞ ✭❈é❧❡st✐♥ ✷✵✵✽✮
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❆♣♣❡♥❞✐① ❉ ✲ ❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ▼P■✲❖P❊◆▼P ❞✐s❝❤❛r❣❡ ❝♦❞❡

♦♥ ❑✉❧✐❦♦✈s❦②✬s t❡st✲❝❛s❡
✷✷✸

✭❋✐❣✉r❡ ❉✳✷✮ t❤✉s t❤✐s t❡st✲❝❛s❡ ✈❛❧✐❞❛t❡ t❤❡ ✉s❡ ♦❢ t❤❡ ▼P■✲❖P❊◆▼P
❞✐s❝❤❛r❣❡ ❝♦❞❡✳

❋✐❣✉r❡ ❉✳✶✿ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ ✐s♦❝♦♥t♦✉rs ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ t❤❡
♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❂✺✱ ✶✶✱ ✶✼ ❛♥❞ ✷✸ ♥s✳ ❋♦r t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✱
t❤❡ ✐s♦❝♦♥t♦✉rs ❣♦ ❢r♦♠ 1011 t♦ 1014 ❝♠−3✱ ✇✐t❤ ❛ ♠✉❧t✐♣❧✐❡r st❡♣ ♦❢ 100.5 ❝♠−3✳
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▲♦✇ t❡♠♣❡r❛t✉r❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ♣❧❛s♠❛ s♦✉r❝❡s ❢♦r ♠✐❝r♦✲
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✷✷✽ ❘❡❢❡r❡♥❝❡s

❜✐❛❧ ❞❡❝♦♥t❛♠✐♥❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞ P❤②s✐❝s ✹✹ ✭✶✮✱
✵✶✸✵✵✷✳ ✭♣✳ ✹✮

❊❧❧✐s✱ ❍✳✱ ❘✳ P❛✐✱ ❊✳ ▼❝❉❛♥✐❡❧✱ ❊✳ ▼❛s♦♥✱ ❛♥❞ ▲✳ ❱✐❡❤❧❛♥❞ ✭✶✾✼✻✮✳
❚r❛♥s♣♦rt ♣r♦♣❡rt✐❡s ♦❢ ❣❛s❡♦✉s ✐♦♥s ♦✈❡r ❛ ✇✐❞❡ ❡♥❡r❣② r❛♥❣❡✳
❆t♦♠✐❝ ❉❛t❛ ❛♥❞ ◆✉❝❧❡❛r ❉❛t❛ ❚❛❜❧❡s ✶✼ ✭✸✮✱ ✶✼✼ ✕ ✷✶✵✳ ✭♣✳ ✶✼✾✮

❋❡r③✐❣❡r✱ ❏✳ ❛♥❞ ▼✳ P❡r✐❝ ✭✷✵✵✷✮✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❡t❤♦❞s ❢♦r ❋❧✉✐❞ ❉②✲
♥❛♠✐❝s✳ ❙♣r✐♥❣❡r ▲♦♥❞♦♥✱ ▲✐♠✐t❡❞✳ ✭♣✳ ✶✼✱ ✷✷✮

❋r♦♠♠✱ ❏✳ ❊✳ ✭✶✾✻✽✮✳ ❆ ♠❡t❤♦❞ ❢♦r r❡❞✉❝✐♥❣ ❞✐s♣❡rs✐♦♥ ✐♥ ❝♦♥✈❡❝t✐✈❡
❞✐✛❡r❡♥❝❡ s❝❤❡♠❡s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s ✸ ✭✷✮✱ ✶✼✻ ✕
✶✽✾✳ ✭♣✳ ✺✷✮

●✐❜❛❧♦✈✱ ❱✳ ❛♥❞ ●✳ P✐❡ts❝❤ ✭✷✵✵✵✮✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❞✐❡❧❡❝tr✐❝ ❜❛r✲
r✐❡r ❞✐s❝❤❛r❣❡s ✐♥ ❣❛s ❣❛♣s ❛♥❞ ♦♥ s✉r❢❛❝❡s✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿
❆♣♣❧✐❡❞ P❤②s✐❝s ✸✸ ✭✷✵✮✱ ✷✻✶✽✳ ✭♣✳ ✾✸✱ ✾✺✱ ✾✼✮

●♦❧✉❜♦✈s❦✐✐✱ ❨✳ ❇✳✱ ❱✳ ❆✳ ▼❛✐♦r♦✈✱ P✳ ▲✐✱ ❛♥❞ ▼✳ ▲✐♥❞♠❛②❡r ✭✷✵✵✻✮✳
❊✛❡❝t ♦❢ t❤❡ ❜❛rr✐❡r ♠❛t❡r✐❛❧ ✐♥ ❛ t♦✇♥s❡♥❞ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡ ✐♥
♥✐tr♦❣❡♥ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞
P❤②s✐❝s ✸✾ ✭✽✮✱ ✶✺✼✹✳ ✭♣✳ ✽✾✮

●✉❛✐t❡❧❧❛✱ ❖✳✱ ❊✳ ❋♦✉❝❤❡r✱ ❆✳ ❙♦❜♦t❛✱ ❛♥❞ ❆✳ ❘♦✉ss❡❛✉ ✭✷✵✶✸✮✳ ❙♣r❡❛❞✲
✐♥❣ ♦❢ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ♣❧❛s♠❛ ❥❡t ♦♥ ❛ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡✳ ❇✉❧✲
❧❡t✐♥ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ P❤②s✐❝❛❧ ❙♦❝✐❡t② ✺✽✳ ✭♣✳ ✹✮

❍❛❣❡❧❛❛r✱ ●✳ ❛♥❞ ●✳ ❑r♦❡s❡♥ ✭✷✵✵✵✮✳ ❙♣❡❡❞✐♥❣ ✉♣ ✢✉✐❞ ♠♦❞❡❧s ❢♦r ❣❛s
❞✐s❝❤❛r❣❡s ❜② ✐♠♣❧✐❝✐t tr❡❛t♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❡♥❡r❣② s♦✉r❝❡ t❡r♠✳
❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s ✶✺✾ ✭✶✮✱ ✶ ✕ ✶✷✳ ✭♣✳ ✹✸✮

❍❛❣❡❧❛❛r✱ ●✳ ❛♥❞ ▲✳ P✐t❝❤❢♦r❞ ✭✷✵✵✺✮✳ ❙♦❧✈✐♥❣ t❤❡ ❜♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥
t♦ ♦❜t❛✐♥ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ❝♦❡✣❝✐❡♥ts ❛♥❞ r❛t❡ ❝♦❡✣❝✐❡♥ts ❢♦r
✢✉✐❞ ♠♦❞❡❧s✳ P❧❛s♠❛ ❙♦✉r❝❡s ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ✶✹ ✭✹✮✱ ✼✷✷✳
✭♣✳ ✶✼✽✮

❍❛✐r❡r✱ ❊✳ ❛♥❞ ●✳ ❲❛♥♥❡r ✭✶✾✾✻✮✳ ❙♦❧✈✐♥❣ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲
t✐♦♥s ■■✱ ✷♥❞ ❊❞✐t✐♦♥✱✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✳ ✭♣✳ ✼✷✮

❍❡♥s❡❧✱ ❑✳✱ ❩✳ ▼❛❝❤❛❧❛✱ ❛♥❞ P✳ ❚❛r❞✐✈❡❛✉ ✭✷✵✵✾✱ ✽✮✳ ❈❛♣✐❧❧❛r② ♠✐✲
❝r♦♣❧❛s♠❛s ❢♦r ♦③♦♥❡ ❣❡♥❡r❛t✐♦♥✳ ❚❤❡ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧
✲ ❆♣♣❧✐❡❞ P❤②s✐❝s ✹✼✳ ✭♣✳ ✶✮

❍❡♥s❡❧✱ ❑✳✱ ❱✳ ▼❛rt✐✟s♦✈✐t✟s✱ ❩✳ ▼❛❝❤❛❧❛✱ ▼✳ ❏❛♥❞❛✱ ▼✳ ▲❡✟st✐♥s❦ý✱ P✳ ❚❛r✲
❞✐✈❡❛✉✱ ❛♥❞ ❆✳ ▼✐③✉♥♦ ✭✷✵✵✼✮✳ ❊❧❡❝tr✐❝❛❧ ❛♥❞ ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
❛❝ ♠✐❝r♦❞✐s❝❤❛r❣❡s ✐♥ ♣♦r♦✉s ❝❡r❛♠✐❝s✳ P❧❛s♠❛ Pr♦❝❡ss❡s ❛♥❞ P♦❧②✲
♠❡rs ✹ ✭✼✲✽✮✱ ✻✽✷✕✻✾✸✳ ✭♣✳ ✶✮

❍❡♥s❡❧✱ ❑✳ ❛♥❞ P✳ ❚❛r❞✐✈❡❛✉ ✭✷✵✵✽✮✳ ■❝❝❞ ❝❛♠❡r❛ ✐♠❛❣✐♥❣ ♦❢ ❞✐s❝❤❛r❣❡s
✐♥ ♣♦r♦✉s ❝❡r❛♠✐❝s✳ P❧❛s♠❛ ❙❝✐❡♥❝❡✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ✸✻ ✭✹✮✱
✾✽✵✕✾✽✶✳ ✭♣✳ ✶✮

❍✉♥❞s❞♦r❢❡r✱ ❲✳ ❛♥❞ ❏✳ ●✳ ❱❡r✇❡r ✭✷✵✵✸✮✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
t✐♠❡✲❞❡♣❡♥❞❡♥t ❛❞✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥✲r❡❛❝t✐♦♥ ❡q✉❛t✐♦♥s✱ ❱♦❧✉♠❡ ✸✸✳
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❘❡❢❡r❡♥❝❡s ✷✷✾

❙♣r✐♥❣❡r✳ ✭♣✳ ✶✼✮
❍❨P❘❊ ✭✷✵✵✼✮✳ ❤②♣r❡✿ ❛ ❧✐❜r❛r② ♦❢ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ♣r❡❝♦♥❞✐t✐♦♥♥❡rs✳

❤tt♣✿✴✴✇✇✇✳❧❧♥❧✳❣♦✈✴❝❛s❝✴❧✐♥❡❛r s♦❧✈❡rs✴✳ ✭♣✳ ✸✸✱ ✸✻✱ ✹✹✱ ✻✽✮
■❜✉❦❛✱ ❙✳✱ ❚✳ ◆❛❦❛♠✉r❛✱ ❚✳ ▼✉r❛❦❛♠✐✱ ❍✳ ❑♦♥❞♦✱ ❑✳ ❨❛s✉♦❦❛✱ ❛♥❞

❙✳ ■s❤✐✐ ✭✷✵✵✶✮✳ ◆♦✈❡❧ ♣❧❛s♠❛ r❡❛❝t♦r ✉s✐♥❣ ❤♦♥❡②❝♦♠❜ ❝❡r❛♠✐❝s
❞r✐✈❡♥ ❜② ❛ ❢❛st s✐✲t❤②r✐st♦r ❢♦r ❡♥✈✐r♦♥♠❡♥t❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥
P✉❧s❡❞ P♦✇❡r P❧❛s♠❛ ❙❝✐❡♥❝❡✱ ✷✵✵✶✳ PPP❙✲✷✵✵✶✳ ❉✐❣❡st ♦❢ ❚❡❝❤✲
♥✐❝❛❧ P❛♣❡rs✱ ❱♦❧✉♠❡ ✷✱ ♣♣✳ ✶✶✶✽✕✶✶✷✶ ✈♦❧✳✷✳ ✭♣✳ ✶✮

❏á♥s❦ý✱ ❏✳✱ ◗✳ ❚✳ ❆❧❣✇❛r✐✱ ❉✳ ❖✬❈♦♥♥❡❧❧✱ ❛♥❞ ❆✳ ❇♦✉r❞♦♥ ✭✷✵✶✷✮✳ ❊①✲
♣❡r✐♠❡♥t❛❧ ✲ ♠♦❞❡❧✐♥❣ st✉❞② ♦❢ ❛♥ ❛t♠♦s♣❤❡r✐❝✲♣r❡ss✉r❡ ❤❡❧✐✉♠ ❞✐s✲
❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛ t❤✐♥ ❞✐❡❧❡❝tr✐❝ t✉❜❡✳ ✭♣✳ ✺✱ ✶✼✾✱ ✶✽✵✱ ✶✽✶✱
✶✽✼✱ ✷✶✸✮

❏á♥s❦ý✱ ❏✳ ❛♥❞ ❆✳ ❇♦✉r❞♦♥ ✭✷✵✶✶❛✮✳ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❤❡❧✐✉♠ ❞✐s❝❤❛r❣❡ ✐❣✲
♥✐t✐♦♥ ❛♥❞ ❞②♥❛♠✐❝s ✐♥ t❤✐♥ t✉❜❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❆♣♣❧✐❡❞
P❤②s✐❝s ▲❡tt❡rs ✾✾ ✭✶✻✮✱ ✶✻✶✺✵✹ ✕ ✶✻✶✺✵✹✳ ✭♣✳ ✶✼✼✮

❏á♥s❦ý✱ ❏✳ ❛♥❞ ❆✳ ❇♦✉r❞♦♥ ✭✷✵✶✶❜✱ ✼✮✳ ❙✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣♦s✐t✐♦♥ ✐♥s✐❞❡
❛ ❝❛♣✐❧❧❛r② ❣❧❛ss t✉❜❡ ❜② ❛♥ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❞✐s❝❤❛r❣❡ ✐♥ ❛✐r✳
❚❤❡ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ✲ ❆♣♣❧✐❡❞ P❤②s✐❝s ✺✺✳ ✭♣✳ ✸✱ ✷✻✮

❏á♥s❦ý✱ ❏✳✱ P✳ ▲✳ ❉❡❧❧✐♦✉✱ ❋✳ ❚❤♦❧✐♥✱ P✳ ❚❛r❞✐✈❡❛✉✱ ❆✳ ❇♦✉r❞♦♥✱ ❛♥❞
❙✳ P❛sq✉✐❡rs ✭✷✵✶✶✮✳ ❊①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡ ♣r♦♣✲
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❧❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛ ❝❛♣✐❧❧❛r② t✉❜❡ ✐♥ ❛✐r ❛t ❛t✲
♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞ P❤②s✐❝s ✹✸ ✭✸✾✮✱
✸✾✺✷✵✶✳ ✭♣✳ ✸✱ ✺✱ ✶✶✱ ✶✻✱ ✷✶✱ ✷✻✱ ✼✾✱ ✽✼✱ ✶✾✽✱ ✷✶✸✮
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♦❢ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ❢♦r s❡♠✐❝♦♥❞✉❝t♦r ❛♥❞ ❣❛s ❞✐s❝❤❛r❣❡ s✐♠✉❧❛✲
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▲❡❜❡❞❡✈✱ ❙✳✱ ❖✳ ●❡✢❡✱ ❛♥❞ ❨✳ P♦❦❤♦❧❦♦✈ ✭✷✵✵✺✮✳ ❚❤❡ ❜❛rr✐❡r ❡✛❡❝t ✐♥
❞✐❡❧❡❝tr✐❝s✿ t❤❡ r♦❧❡ ♦❢ ✐♥t❡r❢❛❝❡s ✐♥ t❤❡ ❜r❡❛❦❞♦✇♥ ♦❢ ✐♥❤♦♠♦❣❡✲
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❲❡❛t❤❡r ❘❡✈✐❡✇ ✶✸✻ ✭✶✷✮✱ ✹✼✵✾ ✕ ✹✼✷✾✳ ✭♣✳ ✺✵✱ ✺✶✱ ✺✷✱ ✺✸✱ ✺✺✱
✺✼✱ ✺✽✱ ✷✵✹✮

▲✐♥✱ ❑✳✲▼✳✱ ❈✳✲❚✳ ❍✉♥❣✱ ❋✳✲◆✳ ❍✇❛♥❣✱ ▼✳ ❙♠✐t❤✱ ❨✳✲❲✳ ❨❛♥❣✱ ❛♥❞ ❏✳✲❙✳
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❘❡❢❡r❡♥❝❡s ✷✸✶

▲✐tt❧❡✱ ❘✳ ❛♥❞ ❲✳ ❲❤✐t♥❡② ✭✶✾✻✸✮✳ ❊❧❡❝tr♦♥ ❡♠✐ss✐♦♥ ♣r❡❝❡❞✐♥❣ ❡❧❡❝tr✐✲
❝❛❧ ❜r❡❛❦❞♦✇♥ ✐♥ ✈❛❝✉✉♠✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s ✸✹ ✭✽✮✱ ✷✹✸✵
✕ ✷✹✸✷✳ ✭♣✳ ✶✼✵✮

▲✐✉✱ ◆✳✱ ❙✳ ❈é❧❡st✐♥✱ ❆✳ ❇♦✉r❞♦♥✱ ❱✳ P✳ P❛s❦♦✱ P✳ ❙é❣✉r✱ ❛♥❞ ❊✳ ▼❛r♦❞❡
✭✷✵✵✼✮✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ r❛❞✐❛t✐✈❡
tr❛♥s❢❡r ❛♥❞ t❤❡ ❤❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥s t♦ st✉❞✐❡s ♦❢ str❡❛♠❡rs ✐♥ ✇❡❛❦
❡❧❡❝tr✐❝ ✜❡❧❞s✳ ❆♣♣❧✐❡❞ P❤②s✐❝s ▲❡tt❡rs ✾✶ ✭✷✶✮✱ ✷✶✶✺✵✶✳ ✭♣✳ ✶✵✮

▲✐✉✱ ◆✳ ❛♥❞ ❱✳ P✳ P❛s❦♦ ✭✷✵✵✹✮✳ ❊✛❡❝ts ♦❢ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ ♦♥ ♣r♦♣❛✲
❣❛t✐♦♥ ❛♥❞ ❜r❛♥❝❤✐♥❣ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ str❡❛♠❡rs ✐♥ s♣r✐t❡s✳
❏♦✉r♥❛❧ ♦❢ ●❡♦♣❤②s✐❝❛❧ ❘❡s❡❛r❝❤✿ ❙♣❛❝❡ P❤②s✐❝s ✶✵✾✳ ✭♣✳ ✷✶✱ ✷✶✶✱
✷✶✷✮

▲✐✉✱ ◆✳ ❛♥❞ ❱✳ P✳ P❛s❦♦ ✭✷✵✵✻✮✳ ❊✛❡❝ts ♦❢ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ ♦♥ s✐♠✐❧❛r✲
✐t② ♣r♦♣❡rt✐❡s ♦❢ str❡❛♠❡rs ❛t ✈❛r✐♦✉s ♣r❡ss✉r❡s ✐♥ ❛✐r✳ ❏♦✉r♥❛❧ ♦❢
P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞ P❤②s✐❝s ✸✾ ✭✷✮✱ ✸✷✼ ✕ ✸✸✹✳ ✭♣✳ ✶✺✱ ✷✶✮

▲✉✱ ❳✳ ❛♥❞ ▼✳ ▲❛r♦✉ss✐ ✭✷✵✵✻✮✳ ❉②♥❛♠✐❝s ♦❢ ❛♥ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
♣❧❛s♠❛ ♣❧✉♠❡ ❣❡♥❡r❛t❡❞ ❜② s✉❜♠✐❝r♦s❡❝♦♥❞ ✈♦❧t❛❣❡ ♣✉❧s❡s✳ ❏♦✉r♥❛❧
♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s ✶✵✵ ✭✻✮✱ ✵✻✸✸✵✷✳ ✭♣✳ ✹✮

▲✉✱ ❳✳✱ ▼✳ ▲❛r♦✉ss✐✱ ❛♥❞ ❱✳ P✉❡❝❤ ✭✷✵✶✷✮✳ ❖♥ ❛t♠♦s♣❤❡r✐❝✲♣r❡ss✉r❡
♥♦♥✲❡q✉✐❧✐❜r✐✉♠ ♣❧❛s♠❛ ❥❡ts ❛♥❞ ♣❧❛s♠❛ ❜✉❧❧❡ts✳ P❧❛s♠❛ ❙♦✉r❝❡s
❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ✷✶ ✭✸✮✱ ✵✸✹✵✵✺✳ ✭♣✳ ✹✮

▲✉✱ ❳✳✱ ◗✳ ❳✐♦♥❣✱ ❩✳ ❳✐♦♥❣✱ ❏✳ ❍✉✱ ❋✳ ❩❤♦✉✱ ❲✳ ●♦♥❣✱ ❨✳ ❳✐❛♥✱ ❈✳ ❩♦✉✱
❩✳ ❚❛♥❣✱ ❩✳ ❏✐❛♥❣✱ ❛♥❞ ❨✳ P❛♥ ✭✷✵✵✾✮✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ ❛♥ ❛t♠♦✲
s♣❤❡r✐❝ ♣r❡ss✉r❡ ♣❧❛s♠❛ ♣❧✉♠❡✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s ✶✵✺ ✭✹✮✱
✵✹✸✸✵✹✳ ✭♣✳ ✹✱ ✶✷✾✮

▼❛r✐➣✱ ❉✳✱ ▼✳ ❘❛❞♠✐❧♦✈✐➣✲❘❛❞❡♥♦✈✐➣✱ ❛♥❞ ❩✳ ▲✳ P❡tr♦✈✐➣ ✭✷✵✵✺✮✳ ❖♥
♣❛r❛♠❡tr✐③❛t✐♦♥ ❛♥❞ ♠✐①t✉r❡ ❧❛✇s ❢♦r ❡❧❡❝tr♦♥ ✐♦♥✐③❛t✐♦♥ ❝♦❡✣✲
❝✐❡♥ts✳ ❚❤❡ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ❉✲❆t♦♠✐❝✱ ▼♦❧❡❝✉❧❛r✱ ❖♣✲
t✐❝❛❧ ❛♥❞ P❧❛s♠❛ P❤②s✐❝s ✸✺ ✭✷✮✱ ✸✶✸ ✕ ✸✷✶✳ ✭♣✳ ✶✼✽✮

▼✐③✉♥♦✱ ❆✳✱ ❨✳ ❨❛♠❛③❛❦✐✱ ❍✳ ■t♦✱ ❛♥❞ ❍✳ ❨♦s❤✐❞❛ ✭✶✾✾✷✮✳ ❆❝ ❡♥❡r❣✐③❡❞
❢❡rr♦❡❧❡❝tr✐❝ ♣❡❧❧❡t ❜❡❞ ❣❛s ❝❧❡❛♥❡r✳ ■♥❞✉str② ❆♣♣❧✐❝❛t✐♦♥s✱ ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ✷✽ ✭✸✮✱ ✺✸✺✕✺✹✵✳ ✭♣✳ ✶✮

▼♦♥t✐❥♥✱ ❈✳✱ ❲✳ ❍✉♥❞s❞♦r❢❡r✱ ❛♥❞ ❯✳ ❊❜❡rt ✭✷✵✵✻✮✳ ❆♥ ❛❞❛♣t✐✈❡ ❣r✐❞
r❡✜♥❡♠❡♥t str❛t❡❣② ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ str❡❛♠❡rs✳ ❏♦✉r✲
♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s ✷✶✾ ✭✷✮✱ ✽✵✶ ✕ ✽✸✺✳ ✭♣✳ ✷✵✹✮

▼♦r❣❛♥✱ ❲✳ ✭✷✵✶✶✮✳ ▼♦r❣❛♥ ❞❛t❛❜❛s❡✳ ❤tt♣✿✴✴✇✇✇✳❧①❝❛t✳▲❛♣❧❛❝❡✳✉♥✐✈✲
t❧s❡✳❢r✴✳ ✭♣✳ ✶✼✽✮

▼♦rr♦✇✱ ❘✳ ❛♥❞ ❏✳ ❏✳ ▲♦✇❦❡ ✭✶✾✾✼✮✳ ❙tr❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛✐r✳ ❏♦✉r✲
♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞ P❤②s✐❝s ✸✵ ✭✹✮✱ ✻✶✹✳ ✭♣✳ ✶✵✱ ✶✺✮

▼✉r♣❤②✱ ❊✳ ▲✳ ❛♥❞ ❘✳ ●♦♦❞ ❏r ✭✶✾✺✻✮✳ ❚❤❡r♠✐♦♥✐❝ ❡♠✐ss✐♦♥✱ ✜❡❧❞
❡♠✐ss✐♦♥✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥✳ P❤②s✐❝❛❧ r❡✈✐❡✇ ✶✵✷ ✭✻✮✱ ✶✹✻✹✳
✭♣✳ ✶✻✾✮
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✐

✐

✐

✐

✷✸✷ ❘❡❢❡r❡♥❝❡s

▼✉ss❛r❞✱ ▼✳ ❉✳ ❱✳ ❙✳✱ ❖✳ ●✉❛✐t❡❧❧❛✱ ❛♥❞ ❆✳ ❘♦✉ss❡❛✉ ✭✷✵✶✸✮✳ Pr♦♣✲
❛❣❛t✐♦♥ ♦❢ ♣❧❛s♠❛ ❜✉❧❧❡ts ✐♥ ❤❡❧✐✉♠ ✇✐t❤✐♥ ❛ ❞✐❡❧❡❝tr✐❝ ❝❛♣✐❧❧❛r②✲
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ s✉r❢❛❝❡s✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿
❆♣♣❧✐❡❞ P❤②s✐❝s ✹✻ ✭✸✵✮✱ ✸✵✷✵✵✶✳ ✭♣✳ ✹✮

◆❛✐❞✐s✱ ●✳ ✭✷✵✶✵❛✮✳ ▼♦❞❡❧❧✐♥❣ ♦❢ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛t♠♦s♣❤❡r✐❝✲
♣r❡ss✉r❡ ❤❡❧✐✉♠ ♣❧❛s♠❛ ❥❡ts✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞
P❤②s✐❝s ✹✸ ✭✹✵✮✱ ✹✵✷✵✵✶✳ ✭♣✳ ✶✼✼✱ ✶✼✾✮

◆❛✐❞✐s✱ ●✳ ✭✷✵✶✶❛✮✳ ▼♦❞❡❧❧✐♥❣ ♦❢ ♣❧❛s♠❛ ❜✉❧❧❡t ♣r♦♣❛❣❛t✐♦♥ ❛❧♦♥❣
❛ ❤❡❧✐✉♠ ❥❡t ✐♥ ❛♠❜✐❡♥t ❛✐r✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞
P❤②s✐❝s ✹✹ ✭✷✶✮✱ ✷✶✺✷✵✸✳ ✭♣✳ ✶✼✼✮

◆❛✐❞✐s✱ ●✳ ❛♥❞ ❏✳ ❲❛❧s❤ ✭✷✵✶✸✮✳ ❚❤❡ ❡✛❡❝ts ♦❢ ❛♥ ❡①t❡r♥❛❧ ❡❧❡❝tr✐❝
✜❡❧❞ ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦❧❞ ♣❧❛s♠❛ ❥❡ts✲❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ st✉❞✐❡s✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞ P❤②s✐❝s ✹✻ ✭✾✮✱
✵✾✺✷✵✸✳ ✭♣✳ ✹✮

◆❛✐❞✐s✱ ●✳ ❱✳ ✭✷✵✶✵❜✮✳ ▼♦❞❡❧❧✐♥❣ ♦❢ str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ✐♥
❛t♠♦s♣❤❡r✐❝✲♣r❡ss✉r❡ ❤❡❧✐✉♠ ♣❧❛s♠❛ ❥❡ts✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣✲
♣❧✐❡❞ P❤②s✐❝s ✹✸ ✭✹✵✮✱ ✹✵✷✵✵✶✳ ✭♣✳ ✹✮

◆❛✐❞✐s✱ ●✳ ❱✳ ✭✷✵✶✶❜✮✳ ▼♦❞❡❧❧✐♥❣ ♦❢ ♣❧❛s♠❛ ❜✉❧❧❡t ♣r♦♣❛❣❛t✐♦♥ ❛❧♦♥❣
❛ ❤❡❧✐✉♠ ❥❡t ✐♥ ❛♠❜✐❡♥t ❛✐r✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❉✿ ❆♣♣❧✐❡❞
P❤②s✐❝s ✹✹ ✭✷✶✮✱ ✷✶✺✷✵✸✳ ✭♣✳ ✹✮

◆❛✐❞✉✱ ▼✳ ❛♥❞ ❱✳ ❑❛♠❛r❛❥✉ ✭✷✵✵✹✮✳ ❍✐❣❤ ❱♦❧t❛❣❡ ❊♥❣✐♥❡❡r✐♥❣✳ ♣✉❜✲
❧✐s❤❡❞ ❜② ❚❛t❛ ▼❝●r❛✇✲❍✐❧❧ ✸r❞ ❡❞✐t✐♦♥✳ ✭♣✳ ✸✮
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