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Résumé

Nous considérons le mouvement brownien branchant qui est un objet mathé-
matique modélisant I’évolution d’une population. Dans ce systéme, les individus
se déplacent indépendamment selon des mouvement browniens et se divisent in-
dépendamment a taux 1 en deux individus. Nous nous intéressons a la position la
plus a droite (resp. a gauche) au temps s, qui est définie comme le maximum (resp.
le minimum) des positions des individus vivants a ce temps-la. D’apres Lalley et
Sellke [101], chaque individu apparu dans ce systéme aura un descendant attei-
gnant la position la plus a droite. Nous étudions ce phénomene quantitativement,
en estimant le premier instant ou chaque individu vivant a I’instant s a eu un tel
descendant.

Nous étudions ensuite la marche aléatoire branchante en temps discret qui est
un systéme analogue dans lequel les marches aléatoires sont indexées par un arbre
de Galton-Watson. On définit de la méme facon la position la plus a droite et celle
la plus a gauche a la génération n. Nous considérons le chemin reliant la racine
a la position la plus a gauche. Nous montrons que cette marche, convenablement
renormalisée, converge en loi vers une excursion brownienne normalisée.

Dans la derniere partie de cette theése, nous nous placons "dans un cadre avec
un critere de sélection". Etant donné un arbre régulier dont chaque individu a
N enfants, nous attachons a chaque individu une variable aléatoire. Toutes les
variables attachées sont i.i.d., de loi uniforme sur [0,1]. La sélection intervient
de la facon suivante : un individu est conservé si le long du chemin le plus court
le reliant a la racine, les variables aléatoires attachées sont croissantes ; les autres
individus sont éliminés du systeme. Nous étudions le comportement asymptotique
de la population dans le processus lorsque N tend vers I’infini.

Mots-clefs : Marche aléatoire branchante ; mouvement brownien branchant ; ex-
cursion brownienne ; sélection.
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Abstract

We consider branching Brownian motion which is a mathematical object mo-
deling the evolution of a population. In this system, particles diffuse on the real
line according to Brownian motions and branch independently into two particles
at rate 1. We are interested in the rightmost (resp. leftmost) position at time ¢,
which is defined as the maximum (resp. minimum) among the positions occupied
by the particles alive at this time. According to Lalley and Sellke [101], every
particle born in this system will have a descendant reaching the rightmost position
at some future time. We study this phenomenon quantitatively, by estimating the
first time when every particle alive at time s has had such a descendant.

We then study an analogous model the branching random walk in discrete
time, in which random walks are indexed by a Galton-Watson tree. Similarly, we
define the rightmost and the leftmost positions at the n-th generation. We consi-
der the walk starting from the root which ends at the leftmost position. We show
that this work, after being properly rescaled, converges in law to a normalized
Brownian excursion.

The last part of the thesis concerns the evolution of a population with selec-
tion. Given a regular tree in which each individual has N children, we attach to
each individual a random variable. All these variables are i.i.d., uniformly dis-
tributed in [0, 1]. Selection applies as follows. An individual is kept if along the
shortest path from the root to the individual, the attached random variables are
increasing. All other individuals are killed. We study the asymptotic behaviors of
the evolution of the population when N goes to infinity.

Keywords : Branching random walk ; branching Brownian motion ; Brownian
excursion ; selection.



Table des matieres

1 Introduction 5
1.1 Définitiondesmodeles . . . . . . .. .. ... e 6
1.1.1  Processus de branchement . . . . .. .. .. ... ... .......... 6
1.1.2  Processus de branchement avec mutations neutres . . . . . . . . .. .. .. 8
1.1.3  Mouvement brownien branchant . . . . . . ... ... ... ... .. 10
1.1.4 Marche aléatoire branchante . . . . . . . ... ... ... ... ...... 12
1.1.5 Percolation accessible sur ’arbre . . . . . . . ... .. ... ... ..., 15
1.2 Nosrésultats . . . . . . . . . . e 16
1.2.1 La partition allélique du processus de branchement avec mutations neutres 16
1.2.2  Les temps d’atteinte de la position la plus a droite dansle BBM . . . . . . 18
1.2.3 La marche allant a la position la plus a gauche danslaBRW . . . . . . .. 21
1.2.4  La population des individus accessibles via un chemin croissant . . . . . . 23
1.2.5 Perspectives . . . . . . . . . e e 25
2 Convergence rate of the limit theorem of a Galton-Watson tree with neutral mutations 29
2.1 Introduction . . . . . . . . .. e e e e e e 29
2.2 The model of the treeof alleles . . . . . . ... ... ... ... ... .. ..... 31
2.3 The construction fromarandomwalk . . . . ... ... ... ... ... ... .. 34
2.4 Therate Of CONVEIZENCE . . . . . .« . v v v ittt e e e e e e et e 36

3 Waiting times for particles in a branching Brownian motion to reach the rightmost
position 43
3.1 Introduction . . . . . . . . . . .. e 43
3.1.1 Themodel . . ... ... . . . . .. e 43
3.1.2 Themainproblem . .. ... ... ... ... ... ... ... 44
3.1.3 Themainresults . . . .. . . . . . . . . ... . . e 45



Table des matiéres

3.2
33
34
3.5

The behavior of the rightmost position . . . . . . . ... ... ... ........ 46
The case of two independent branching Brownian motions . . . . . . . ... ... 52
Proof of Theorem 3.1.1 . . . . . . . . . . . .. .. . . 55
Proof of Theorem 3.1.2 . . . . . . . . . . . . . . 59
3.5.1 Thelower bound of Theorem 3.1.2 . . . .. ... .. ... ... ..... 59
3.5.2 The upper bound of Theorem3.1.2 . . . . . ... ... ... .. ..... 63

Scaling limit of the path leading to the leftmost particle in a branching random walk 75

4.1 Introduction . . . . . . . . .. e e 75
4.2 Lyons’ change of measures via additive martingale . . . . . . ... ... ... .. 77
4.2.1 Spinal decomposition . . . . . . . . . ... 77
4.2.2 Convergence in law for the one-dimensional random walk . . . . . . . .. 78
4.3 Conditioning on the event {I, < 3logn—z} ... ..... ... .. ....... 83
4.4 Proof of Theorem4.1.1 . . . . . . . . .. ... 93
Increasing paths on N-ary trees 99
5.1 Introduction . . . . . . . . .. 99
5.1.1 Themodel . . .. .. .. . ... 99
5.1.2 Mainresults . . . . . . .. e 100
5.2 Phasetransitionat 0 =e . . . . . . . . ... e 102
5.2.1 The generating functionof Zy . . . . .. ... oL 102
5.2.2 Coupling with a branching process . . . . . . . .. ... ... ... .... 103
5.3 Proofof Theorem 5.1.3 . . . . . . . . . . . . . ... ... 107
5.3.1 Typical accessiblepaths . . . . . . .. ... ... ... ... .. ..., 107
5.3.2 Proofof TheoremS5.1.3 . . . . . . . .. ... ... ... .. ... ... . 113
5.4 Proof of Theorem 5.1.4 . . . . . . . . . . . . . . . 119
54.1 Thesecondmomentof Zygn . . . . . . . ..o 119
542 Convergenceinlawof Zyny . . . . . . .. ..o 121



Chapitre 1

Introduction

Cette these concerne principalement le modele de la marche aléatoire branchante (BRW), ainsi
que son analogue a temps continu : le mouvement brownien branchant (BBM). Dans la théorie
des probabilités, les marches aléatoires branchantes, qui modélisent 1’évolution d’une population,
généralisent les processus de branchement usuels en ajoutant un élément spatial aux individus. Un

processus de sélection peut aussi intervenir, basé sur ces éléments spatiaux.

Ce travail se décompose en quatre chapitres (Chapitres 2-5), formés chacun d’un article indé-
pendant. Le Chapitre 2, basé sur Chen [55], étudie un processus de branchement avec mutations
neutres en regroupant les individus selon leurs alleles. Le Chapitre 3 (Chen [57]) basé sur 1’étude
du mouvement brownien branchant binaire, donne une compréhension quantitative d’un phéno-
mene intéressant (découvert par Lalley et Sellke [101]) qui dit que chaque individu apparu peut
avoir a un instant futur un descendant qui occupe la position la plus a droite. Le Chapitre 4 (Chen
[56]) porte sur les marches aléatoires branchantes a temps discret, et concerne 1’historique des in-
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1.1. Définition des modéles

dividus atteignant les positions extrémales. Le Chapitre 5, qui se concentre sur un modele venant
de I’évolution en biologie, décrit des comportements d’une population en présence d’une sélection

forte.

Nous introduisons maintenant les modeles a temps discret et continu qui sont I’objet d’études
de cette these, et donnons une breve revue de la littérature sur le sujet, avant d’énoncer les résultats

obtenus dans cette theése.

1.1 Définition des modeles

1.1.1 Processus de branchement

Le premier processus de branchement étudié est le processus de Galton-Watson, qui a été in-
troduit par Sir Francis Galton en 1873, puis étudié par Galton et Watson [70] (voir Kendall [92]
pour un récit détaillé). Néanmoins, le travail de Bienaymé [33] en 1845 sur ce sujet a été remarqué
par Heyde et Seneta [82] et ce processus s’écrit parfois le processus de Bienaymé-Galton-Watson.
Un processus de Galton-Walton (Z,),>o s’intéresse a I’évolution d’une population dans laquelle
chaque individu produit indépendamment un nombre aléatoire identiquement distribué d’enfants.
On définit Z,, le nombre d’individus présents a la génération n pour tout n > 0. La loi du nombre

d’enfants est appelée loi de reproduction, qui permet d’obtenir celle du processus (Z,),>0.

Etant donné la loi de reproduction du processus P = (pk) >0 la distribution de (Z")n>0 peut

6



Chapitre 1. Introduction

étre caractérisée de la maniere suivante :
Zy
Zo=1 et Zy1=)Y Xin (1.1.1)
i=1

ou {Xim; i,n > 0} est une famille de variables aléatoires i.i.d. de loi P. La fonction génératrice de
la distribution P est définie par y(s) := Y=o prs* = E[s%1]. Récursivement, E[s%] = y*(s) = yo
---oy(s). En étudiant la fonction y, on comprend des propriétés du processus (Z,). Par exemple,
la probabilité de survie, qui s’exprime par

P(Z, > 0, Vn > 0) = lim P(Z, > 0), (1.1.2)

n—oo

est la plus petite solution dans I'intervalle [0, 1] de I’équation y(s) = s. Ce résultat nous donne
un critere d’extinction de la population : le processus s’éteint presque slirement si et seulement si
Y «>0kpr < 1. En conséquence, on peut classer les processus de Galton-Watson en trois groupes :

surcritique, critique ou souscritique, selon que Y ;~okpy > 1, =1 ou < 1.

Notons aussi que Z,/E[Z,] est une martingale positive, dont la limite peut étre non triviale
dans le cas surcritique. Cela nous amene au théoréeme de Kesten-Stigum [94], qui dit que cette
limite est non dégénérée si et seulement si E[Z;1ogZ;]| < eo. Dans le cas ot E[Z10gZ;] = o0, on a
Z,/E[Z,] — 0 presque siirement lorsque n — oo. La bonne renormalisation de Z,, telle qu’une limite
non dégénérée existe a été trouvée par Seneta [131] et améliorée par Heyde [81]. On peut consulter
les livres d’ Athreya et Ney [22] et d’Harris [79] pour les résultats généraux sur le comportement

du processus de Galton-Watson.



1.1. Définition des modéles

Dans un contexte a temps continu, on peut construire un processus de branchement (Z; ),>o dans
lequel chaque individu se divise indépendamment a taux 3 > 0 (c’est-a-dire que chaque individu
survit un temps exponentiel de parameétre 8 et est remplacé par ses enfants a I’instant de mort) en
des enfants dont le nombre suit la 1oi P = (py)i>0-

Ajoutant des éléments au modele nous donne des variations du processus de branchement qui
contiennent plus de parametres. Par exemple, nous pouvons attacher un fype a chaque individu et
faire en sorte que les descendants évoluent en fonction des types de leurs ancétres. Le processus de
branchement est ainsi enrichi. Par exemple, un type peut désigner un allele et le processus enrichi
modélise I’évolution d’une population via mutation d’alleles.

En faisant agir I’élément spatial, le type d’un individu reflete sa déplacement et le systeme
s’étend dans un espace vectoriel (R par exemple). On crée ainsi le mouvement brownien branchant
(BBM) et la marche aléatoire branchante (BRW) sur R. En un sens plus général, le type attaché
a un individu peut étre un vecteur dans R} x R dont la premiere coordonnée désigne 1’age de
son parent a la naissance de cet individu et la seconde désigne son déplacement dans I’espace.
On obtient alors un processus de Crump-Mode-Jagers (Biggins [36, 37]) dans lequel les individus
peuvent également se déplacer au cours de leur vie. Le BBM devient un exemple particulier de ce

processus.

1.1.2 Processus de branchement avec mutations neutres

Dans ce modele, chaque type correspond a un allele, et nous nous intéressons d’un nombre
infini d’alleles (voir [22] pour un modele de types finis). Nous nous donnons pour commencer un

8



Chapitre 1. Introduction

processus de Galton-Watson partant de plusieurs ancétres. Supposons qu’un enfant peut tre soit
un clone, qui est du méme type (allele) que son parent, soit un mutant, qui est, d’un type différent
de celui de son parent et de celui de tout le reste de la population. Chaque mutant, possede un
allele (type) distinct, et donne naissance a son tour, a des clones de lui-méme et a de nouveaux
mutants selon la méme loi que celle de son parent. Autrement dit, les mutations sont neutres pour la
dynamique de la population. Nous utilisons un vecteur aléatoire & = (£(¢), (M) 3 valeurs dans 72,
pour décrire respectivement le nombre d’enfants clonaux et celui d’enfants mutants d’un individu.
La loi de reproduction du systeme entier est donnée par §(+) = 5(0) +& (m) Dans le cas ol chaque
mutation surgit indépendamment avec probabilité fixée p € (0, 1), sachant §(+) =/, é(m) est une

variable binomiale de parametre (¢, p).

Nous pouvons aussi interpréter ce modele comme celui d’une population dans un environne-
ment spatial, dans lequel un individu soit occupe la méme position que son parent, soit immigre
vers une nouvelle position. Ce cadre a été beaucoup €tudié dans la littérature (Aldous et Pitman
[13], Crump et Gillespie [58], Griffiths et Pakes [72], Bertoin [31], Nerman [121], Taib [132]),
ainsi que ses variations (Aldous et Pitman [14], Liggett-Schinazi-Schweinsberg [104], Schinazi et

Schweinsberg [130]).

Dans ce modele, la population est décomposée en groupes (=sous-familles) d’individus ayant
le méme allele. Cela aboutit a une partition allélique du systeme qui est li€e a certains processus
de coalescence (Ewens [63], Kingman [97], Basdevant et Goldschmidt [24], Dong-Gnedin-Pitman

[60]).



1.1. Définition des modéles

1.1.3 Mouvement brownien branchant

Nous considérons le mouvement brownien branchant sur R, qui évolue selon le mécanisme sui-
vant. On démarre avec une particule a I’origine. Chaque particule se déplace selon un mouvement
brownien indépendamment du reste du processus. Les particules meurent a taux 3 et sont rempla-
cées au méme endroit par de nouvelles particules dont le nombre suit la distribution P = (py)r>0-

On s’intéresse au cas surcritique ol };> (kpy > 1.

Soit .4/(¢) la collection des particules qui sont vivantes a ’instant 7, et soit X,,(z) la postion a
I’instant 7 de la particule u € .4(¢). La position de la particule la plus a droite (a gauche, resp.) au
temps ¢ est notée par R(r) = max,c_y ;) Xu(t) (L(t) = min,e_y(;) Xu(t), resp.).

Soit u(x,7) = P(R(r) > x). On voit aisément que cette fonction est une solution de I’équation

aux dérivées partielles suivante :

—u+F(u), (1.1.3)

ou F(u) = B(1 —u— y(l —u)). Cette équation, dite, F-KPP, a été introduite par Fisher [68] et
Kolmogorov-Petrovskii-Piskounov [98]. Elle est un outil important dans I’étude du comportement
asymptotique du BBM. Par exemple, en utilisant les résultats de Kolmogorov et al. [98] sur I’onde
progressive des solutions de 1’équation F-KPP, on a trouvé que la position la plus a droite est

asymptotiquement linéaire :

lim w =+/2Bm, p.s., (1.1.4)

t—oo

oum := Y >okpr — 1. McKean [120] a utilisé le calcul stochastique pour estimer I’ordre de gran-
deur de R(t) — \/2Bmt al’aide de I’équation F-KPP (1.1.3). Récemment, 1’équation F-KPP a aussi

10



Chapitre 1. Introduction

été utilisée pour étudier le processus vu de la position extrémale, prouvant ainsi une conjecture
de Lalley et Sellke [101] (Arguin-Bovier-Kistler [19, 20, 21], Aidékon-Berestycki-Brunet-Shi [6],

Brunet et Derrida [49]).

Notons que le BBM est un modele de I’évolution de la population. C’est également intéressant
d’ajouter un critere de sélection au modele en éliminant des individus peu favorisés par I’envi-
ronnement. Par exemple, on ajoute une barriere linéaire de pente p et on tue les particules qui
tombent au-dessous de cette barricre. Kesten [93] a montré qu’il y a extinction presque slirement
sip > \/2[)’_m et survie avec probabilité strictement positive sinon. Le temps d’extinction a été
étudié par Harris et Harris [74], Kesten [93] et Berestycki-Berestycki-Schweinsberg [28]. Nous
citons également Berestycki et al. [27, 29] pour le cas presque-critique ou p = \/M avec
€ 1 0, et Harris et al. [77] pour le BBM dans une bande. Etant donné p > +/2Bm,’estimation de la
taille de la population a été réalisée dans Neveu [122], Aldous [12] et Maillard [114]. De plus, dans
le cas critique, une barriere du seconde ordre en O(tl/ 3) telle que le systéme survive a été décrite
par Jaffuel [89] (voir aussi Roberts [127]). La compréhension de ce modele a été obtenue princi-
palement grace a la technique dite la décomposition en épine qui consiste a exhiber, a I’aide d’un
changement de probabilités, une branche particulierement importante (épine dorsale) dans le BBM
(voir Harris et Roberts [78] par exemple). En plus, cette technique probabiliste a été appliquée pour
I’analyse des ondes progressives de 1’équation F-KPP (Harris et al. [75], Harris [76], Kyprianou

[100]).

Un exemple intéressant avec un critere de sélection relatif, est le N-BBM. On démarre avec
N particules qui évoluent indépendamment selon le méme mécanisme. Deés que le nombre de

11



1.1. Définition des modéles

particules dépasse NV, on ne garde que les N particules les plus a droite et on tue toutes les autres.
C’est un modele 1ié a ’équation F-KPP avec un bruit ou une coupure. On peut se référer aux
travaux récents de Brunet et al. [50, 51], de Bérard et Gouéré [25], et de Maillard [112, 113, 115].

Des variations inhomogenes du BBM sont aussi considérées en supposant que le taux ins-
tantané de branchement pour une particule située a x est donné par B(x) > 0, ou B(-) est une
fonction continue intégrable (Lalley et Sellke [102, 103]), ou en supposant que les mouvements
browniens réalisés par les particules sont de variance or(f) dépendant du temps (Fang et Zeitouni

[65], Maillard et Zeitouni [116], Mallein [117], Bovier et Hartung [43]).

1.1.4 Marche aléatoire branchante

Nous définissons une marche aléatoire branchante sur R de la fagon suivante. A I’instant n = 0,
il y a un individu a 1’origine, appelé la racine. A I’instant n = 1, cet individu meurt et donne
naissance a la premiere génération d’individus dont les positions sont données par un processus
ponctuel .% sur R. A Pinstant n = 2, chaque individu de la premiére génération meurt et donne
naissance a des enfants dont les positions par rapport a leur parent sont données par une copie
indépendante de .Z. Le processus continue indéfiniment (s’il n’y a pas d’extinction) par itérations
successives et chaque individu se reproduit indépendamment des autres. On note T I’arbre généa-
logique des individus, |u| la génération d’un individu u € T et V(u) sa position. En particulier,
{V(u);|u| = 1} suitlaloi de .. On définit aussi la position la plus a gauche (la position minimale)
de la génération n par I, := infy,_, V (u).

Remarquons que la distribution de la BRW dépend totalement de celle de .Z’. Nous introduisons

12



Chapitre 1. Introduction

la transformée de Laplace-Stieltjes du processus ponctuel £ :

@@y:E[z:a“} Wt € (—o0, o). (1.1.5)
xe¥

Nous définissons aussi ¥(z) := log®(¢), qui est convexe. Pour chaque ¢ tel que W(¢) est finie,

W,(t) = Yju|=n e~ tV(W)=n¥() estune martingale, appelée la martingale additive.

L’étude des marches aléatoires branchantes est beaucoup poussée via des équations fonction-
nelles similaires a 1’équation F-KPP ou via des outils probabilistes. Parallelement a (1.1.4), Big-
gins [34], Hammersley [73], Kingman [95] ont montré que sous I’hypothese W(¢) < oo pour certain

t > 0, conditionnellement a la survie, P-p.s.,

I
lim =2 =v,, (1.1.6)
n—eo
ou
W(r
vc::—infﬁ:—sup{aER:sup<ta—‘P(t)) <0}. (1.1.7)
>0 ¢ >0

Biggins [35] a donné une condition nécessaire et suffisante pour 1’existence d’une limite non dé-
générée de la martingale additive W, (), qui généralise le théoreme de Kesten-Stigum. Ce résultat
a été redémontré par Lyons [109] en appliquant la décomposition en épine. C’est une méthode
tres utile et bien développée (voir Lyons et al. [110] et Biggins et Kyprianou [39] par exemple).
En particulier, dans le cas frontier (suivant Biggins et Kyprianou [40]) ot ¥(1) = ¥/(1) =0, la
martingale additive W, (1) = Yju|=n e Vi converge presque stirement vers 0. La normalisation de
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cette martingale W,,(1) a été obtenue par Biggins et Kyprianou [38], Hu et Shi [87], Aidékon et Shi

[10], puis améliorée par Hu [83].

Le point de vue qui consiste a considérer la limite non dégénérée de la martingale additive
comme un point fixe d’une transformation linéaire a été développé a de nombreuses reprises
(Durrett et Liggett [62], Liu [105], Biggins et Kyprianou [38, 40], Hu [84], Alsmeyer et Meiners

[15, 16]).

Le modele de la marche aléatoire branchante avec une courbe absorbante a aussi ét€ beaucoup
étudié. La probabilité de survie du systeéme avec une barriere linéaire a été obtenue par Biggins
et al. [41], Derrida et Simon [59], Gantert et al. [71], Bérard et Gouéré [26]. Dans le cas ou le
systeme s’éteint, la vitesse d’extinction sous des conditions supplémentaires a été considérée par
Aidékon et Jaffuel [8]. Egalement, la taille de la population totale a été étudiée dans les travaux

d’Aidékon [3], d’ Addario-Berry et Broutin [1] et d’Aidékon et al. [7].

Les marches aléatoires branchantes sont étroitement liées avec d’autres objets mathématiques,
par exemple avec la marche aléatoire en milieu aléatoire sur un arbre. Dans ce modele, le marcheur
se déplace dans un potentiel donné par une marche aléatoire branchante sur I’axe réel. Beaucoup de
résultats fins sur cette marche aléatoire en milieu aléatoire sont obtenus grace a la compréhension
du potentiel (Hu et Shi [85, 86], Aidékon [5], Faraud et al. [66], Andreoletti et Debs [17, 18]). On
signale également les cascades multiplicatives de Mandelbrot, qui interpretent les branchements
d’un point de vue plus analytique, voir les travaux de Kahane et Peyriere [91], de Mauldin et

Williams [118], et de Waymire et Williams [133].
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1.1.5 Percolation accessible sur I’arbre

Ce modele provient de 1’étude de I’évolution en biologie. Nous nous donnons un arbre ou un
hypercube qui représente 1’espace des génotypes. Le type attaché a un individu (représentant un gé-
notype) dans cet espace désigne son adaptabilité aux circonstances, qui est souvent décrite par une
variable aléatoire. Par exemple, Kingman [96] a introduit le modele House of Cards, dans lequel
il suppose que toutes les adaptabilités sont des variables 1.1.d. C’est un modele sous I’hypothese
nulle selon Franke et al. [69]. D’apres un certain critere de sélection, des individus (génotypes)
plus favorisés par 1’environnement sont conservés et notés accessibles. Nous nous intéressons a

I’évolution des individus (génotypes) accessibles.

Dans notre cadre, I’espace des génotypes est donné par un arbre N-aire enraciné et les adap-
tabilités attachées aux individus sont des variables aléatoires i.i.d., de distribution continue. Un
individu (génotype) est noté accessible et conservé si le long de son chemin ancestral, les variables
attachées sont croissantes. Tous les autres individus (génotypes) sont inaccessibles. Nowak et Krug
[123] ont appelé ce modele la percolation accessible sur un arbre. Davantage de modeles ont été

introduits dans Aita et al. [11] et Franke et al. [69].
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1.2 Nos résultats

1.2.1 La partition allélique du processus de branchement avec mutations

neutres

Dans la premiere partie de cette these, on suppose toujours que §(+) est de moyenne 1 et de
variance finie. On démarre avec a ancétres ayant le méme allele et suppose que chaque mutation
surgit indépendamment avec probabilité p. La loi du systéme est notée par P4. Le systéme s’éteint
p-s.

La partition allélique est établie de la maniere suivante. Nous ajoutons des marques sur les
arrétes entre les individus et leurs enfants mutants. Il est alors commode de dire qu’un individu
est de type k-ieéme si son chemin ancestral contient exactement £ marques. On note 7 le nombre
d’individus de type k-ieme et M; le nombre de mutants de type k-ieme, ajoutant que les mutants
de type 0-ieme sont les ancétres, autrement dit, P; (Mo = a) = 1.

En regroupant les individus selon leurs alléles, nous construisons ’arbre d’alleles : o =
{y;u € U} ot U= Ugez, NFU{@}. Nous définissons o7 := Tp, qui est la taille de la sous-
famille sans mutation. Nous énumérons ensuite les M| sous-familles (générées respectivement par
les mutants du premier type) dans 1’ordre décroissant de leurs tailles, avec la convention que les
sous-familles de la méme taille sont rangées uniformément au hasard. Nous notons .27; la taille
de la j-ieme sous-famille du premier type, en ajoutant que 27; = 0 pour j > M;. Nous complétons
alors la construction par itération. Nous aussi définissons le degré externe d’un individu u € U dans
I’arbre d’alleles par d,, := max{j,.a/,; > 0}.
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Les résultats de Bertoin [32] sont les suivants. Sous PY, { (T, My 1);k € Z. } est une chaine de
Markov dont la distribution est notée par . ({(Tx,Mi+1);k € Z.},P}). Soient a(n) ~ nx et p(n) ~
cn~! ol ¢, x sont deux constantes strictement positives. Soit 62 la variance de §(+). Lorsque n tend
vers 1’infini,

2 ({2 Tion™ M1 )ik € 2 1P ) = (e, cZisn )ik €24}, (1.2.1)

ol (Zy;k € Z) est un processus de branchement a 1’espace d’état continu et temps discret (CSBP,

voir Jifina [90]) avec Zy = x/c, de la mesure de reproduction

v(dy) =

2
c cy
T (523 ) 1o
De plus, au sens des marginales finies-dimensionnelles,

£ ({ <n—2%,n—1du>;u € U}’PZ((Z))) = {(.%,,c.%,);u € U},

ot (Z,;u € U) est un CSBP indexé par I’arbre de la mesure de reproduction v dont la population

initiale suit la loi suivante :

P(Zp € dy) x (cy—x)*
= CXp\ — 2 (y>0)-
dy V21o2y3 20°y

Nous observons que (% — %) = 0 pour chaque u# € U. Nous considérons le taux de cette

convergence et obtenons le résultat suivant :

17



1.2. Nos résultats

Théoréme 1.2.1. Soient p(n) = = +o0(—~-) et a(n) ~ nx. Alors lorsque n — o,

=y

n

T; cl, M n
< ({ (n_];7\/%(_2k - i ))»k € Z+}7]P)Ia)((n))) — {(Zk—HaJVc(Z]::ll));k S Z+}7

n n

ou {(N ,(k),t > 0);k € N} est une série de mouvements browniens i.i.d. qui est indépendante de
{Zisk € Zy }.
De plus, soit {(y,(u) ,t > 0);u € U} une collection de mouvements browniens i.i.d. qui est indé-

pendante de toutes les autres variables aléatoires, on a

% ({(%,ﬁ(%—i—”)),uéﬂ},l@g%) — {(%,yﬁ%);ueﬁj},

au sens des marginales finies-dimensionnelles.

En effet, grice a la reconstruction de la loi de I’arbre d’alleles par une marche aléatoire sur R
(voir par exemple la section 6.2 dans Pitman [124]), nous établissons ce théoreme central limite en

utilisant le principe d’invariance de Donsker.

1.2.2 Les temps d’atteinte de la position la plus a droite dans le BBM

La deuxi¢me partie de ce travail concerne le mouvement brownien branchant binaire avec § =
1. Notons le processus par X(s) := {X,(s),u € A (s)}, Vs > 0. Les positions extrémales sont
données par

R(s) = u?})((s) Xu(s), L(s)= uergli/?s) Xu(s).
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Reppelons que presque stirement, R(z)/t — /2. Ensuite, 1’étude aprofondie de Bramson [44,
45], en utilisant beaucoup de techniques probabilistes, a démontré la convergence en loi de R(¢) —
m(t) oum(t) :=~/2t — 23% logz. La limite de cette convergence, d’apres Lalley et Sellke [101], peut
étre représentée par un décalage aléatoire de la distribution de Gumbel. Les fluctuations suivantes
ont été obtenues initialement par Hu et Shi [87] dans un context a temps discret et été reprouvées

pour le BBM par Roberts [128] :

R(t) — V2t 1 R(t) — V2t 3
lim supM =——, et liminfM = ——,P-ps. (1.2.2)
15w y/2logt 2 == \/2logt 2
Nous nous intéressons a un phénomene qui a été mis en avant par Lalley et Sellke [101]. Ils
ont démontré que chaque particule née dans ce processus aura, dans 1’avenir, un descendant qui

occupe la position la plus a droite. Autrement dit, la position la plus & gauche R(+) n’est pas occupée

exclusivement par les descendants d’un petit nombre de familles au cours du temps.

Nous donnons une description quantitative de ce phénomene. Pour chaque particule u € A4/ (s)
vivante a I’instant s, le temps d’attente tel que cette particule # a un descendant atteignant la

position la plus a droite est

Ty ::inf{t >0:R(t+s) = max XV(I—FS)},
u<v,

veN (t+s)

ou u < v désigne que v est u elle-méme ou un descendant de u.

Notons £(s) € .4 (s) la particule située la plus a gauche a I’instant s.
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Théoreme 1.2.2. P-presque siirement, on a

log T
lim —226) _ g, (1.2.3)

§—r00 S

Cependant, la particule la plus a gauche n’est pas celle qui "traine les pieds" dans I’ensemble
A (s). Compte tenu des positions de toutes les particules vivantes au temps s, ainsi que leurs

évolutions, nous obtenons le résultat principal suivant.

Théoreme 1.2.3. Soit O, := max,c_y (s) Tu- P-presque siirement, on a

m log O

=2+4+2V2>4. (1.2.4)

s—o0 §

En effet, la preuve du théoreme révele que le plus grand T, pour u € 4 (s) est atteint par
une particule située a une position autour de —(2 — v/2)s qui survit longtemps et qui se déplace
vers la gauche aussi loin que possible. Un tel résultat est obtenu parce que le temps d’attente
d’une particule est influé par des facteurs multiples. Le point de départ X, (s) pour u € A (s)
en est un, par exemple. En plus, un individu u € .4'(s) qui produit immédiatement beaucoup de
descendants pourrais avoir un descendant "extraordinaire" facilement. Cet événement favorise la
chance de réduire le temps d’attente 7,. Ainsi, si un individu part d’une position a gauche, produit
peu d’enfants et se déplace vers la gauche, son temps d’attente serais beaucoup plus long que les
autres.

C’est assez naturel de poser des questions similaires pour les marches aléatoires branchantes.
Dans ce cas-1a, nous supposons des conditions de moments pour les déplacements. Soit P =
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(pr)i>o0 la loi de nombre d’enfants. Si pg = p; = 0, la population explose rapidement; c’est la
particule située la plus a gauche qui nous fournit le plus grand temps d’attente. Si pg = 0 < pjy,

nous obtenons des résultats similaires a ceux du BBM.

1.2.3 La marche allant a la position la plus a gauche dans la BRW

Dans la troisieme partie, nous travaillons sur la marche aléatoire branchante. Nous nous concen-
trons sur le cas ot ¥(1) = W/(1) = 0 et ¥(0) > 0. Sous cette hypothése, la probabilité de sur-
vie est strictement positive. Tel que nous avons indiqué au-dessus, la martingale additive W,, :=
L ju|=n eV converge presque srement vers 0 lorsque n — oo. En conséquence, I, — o p.s. Rap-
pelons aussi que I,/n — 0 p.s. (v. = 0 dans (1.1.7)).

Le seconde ordre de I, a été étudié par McDiarmid [119], puis a été trouvé séparément par Hu
et Shi [87] et par Addario-Berry et Reed [2], et est prouvé égal a % logn en probabilité. Notons qu’il
existe des fluctuations p.s. ([87]). Dans [2], les auteurs ont estimé 1’espérance de I, et ont démontré,
sous des hypotheses convenables, la tension de 7, autour de sa moyenne. Bramson et Zeitouni [46],
via des équations récursives, ont obtenu la tension de 1, autour de sa médiane %logn + 0(1), sous
des hypotheses sur la queue distribution de .. Dans un cas tres particulier ou les déplacements
sont i.i.d. et admettent une densité log-concave, Bachmann [23] a prouvé la convergence en loi de
I, autour de sa médiane. Puis, Aidékon [5], en exclusant le cas ou la loi de .Z est supportée par
un sous-groupe discret de R (lattice), a généralisé ce résultat et a prouvé que 1,, — %logn converge
en loi vers un décalage aléatoire de la distribution de Gumbel, comme un analogue a celui de
Bramson [45] pour le BBM. Par la suite, Madaule [111] a étudié le processus a temps discret vu
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de la position extrémale.

Nous considérons la branche partant de la racine qui va a la position la plus a gauche a I’instant
n. La racine de ’arbre T est notée par e. Pour chaque noeud u € T\ {e}, nous écrivons [[e,u] =
{e,uj,..., Ujy| = u} pour le chemin le plus court connectant la racine e et u (chemin ancestral de
u), avec |ug| = k pour tout 1 < k < |u|. Ainsi, u; est ’ancétre de u a la k-ieme génération.

Si I, < oo, c’est-a-dire, si la marche aléatoire branchante survit jusqu’a la génération n, on note
m{") un sommet choisi uniformément dans I’ensemble {u:|u| =n,V(u) =1,} des particules qui

réalisent la position la plus a gauche a I’instant n. Soit [[e,m,(,") | ={e=: mé"),mgn), . ,mfl")} le

(n) () |

chemin ancestral de m,, *. Nous considérons la trajectoire suivie par m,,

(In(K):0 < k < n) = (V(m{"):0 < k < ). (1.2.5)

Evidemment, ,,(0) = 0 et I,,(n) = I,. En utilisant la décomposition en épine a ’aide de la martin-

gale W,,, nous arrivons au résultat principal suivant.

Théoreme 1.2.4. Supposons que

o2 ::E[ Y v(w?le VW] € (0,00), (1.2.6)
lu|=1
et que
E[X (log, X)*] < oo, E[Xlog X] < oo, ! (1.2.7)

1. log, y:=log (max(y, 1)), Vy € R,
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o X := Y, _ e VW) ot X = /=1 V(u) e V2

Iu((sn])

La trajectoire renormalisée (==
o°n

;0 < < 1) converge en loi vers une excursion brownienne

renormalisée (e5;0 < s < 1).

(n)

Ce résultat implique que la trajectoire suivie par la particule m,, ’, avant de terminer en bas au
bout de n étapes, monte et reste longtemps a une hauteur de I’ordre /n. On rappelle un résultat de
Fang et Zeitouni [64] et de Faraud et al. [66] qui dit qu’il existe p.s. une branche restant toujours

1/3
au-dessous de bon!/3 jusqu’a I’instant n, ou b, := (3717262/2> . Signalons aussi que dans [6],
pour le modele du BBM, les auteurs ont prouvé que la trajectoire a temps reversé suivie par la
particule la plus a gauche converge en loi vers un certain processus stochastique non dégénéré.

Notre approche est inspirée par celle d’ Aidékon [4] dans lequel la convergence en loi de I, —
%logn est obtenue en supposant que . est non-lattice. Dans ce travail, la conclusion est valable a

la fois pour .Z lattice et non-lattice.

1.2.4 La population des individus accessibles via un chemin croissant

(N)

Dans la derniere partie de cette these, on étudie un arbre N-aire, 7'/, dont la racine est &. Pour

chaque sommet o € TW)

, hous attachons une variable aléatoire continue, notée x. Supposons que
toutes ces xg, O € T™W) sont i.i.d. Comme précédemment, on note |c| la génération de o et o;

(pour 0 < i < |o|) son ancétre a la génération i. Le chemin ancestral de ¢ est [&, o := {op :=

,01, - ,0g| i= c}. Un sommet o est dit accessible et gardé dans I’arbre si le long de son chemin

2. y+ :=max(y,0), Vy € R.
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ancestral, les variables attachées sont croissantes, autrement dit,

o accessible & xg < xg < --- < Xg. (1.2.8)

On enléve tous les autres sommets. On dit aussi que le chemin [&, 6] est accessible si ¢ est

accessible. Pour tout k > 1, soit @y := {6 € TWV) : |6| = k, & accessible}. Nous définissons :

Zvi= ), Lioeap,)-
|o|=k

La distribution explicite de x5 ne change pas celle de Zy ;. On suppose que les variables attachées
suivent la loi uniforme sur Iintervalle [0, 1]. Nowak et Krug [123] ont étudié¢ P[Zy ,,(y) > 1] ol
m(N) dépend de N. Berestycki, Brunet et Shi [30] et Hegarty et Martinsson [80] ont considéré un

modele similaire mais sur un hypercube N-dimensionnel.

Nous notons I’entier | aN | par oN dans cette partie, et nous nous intéressons au comportement
de Zy qn avec o > 0 et N grand. Pour tout x € [0, 1], nous définissons Py(-) := P(:|xz = x). Les

résultats obtenus sont les suivants.

Théoreme 1.2.5. Soit 6(at) := a(1 —loga) pour o > 0.

(i) Si a € (0,e), Po-presque sirement,

0(ct) > 0. (1.2.9)
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(i) Sio=e,

P, [ZN,QN > 1} — N2V (1) Jorsaue N — oo, (1.2.10)

ou on(1) est une série de réels qui tend vers zéro.

(iii) Sia > e,
log Py [ZN,OCN > 1}

lim v =6(at) <0. (1.2.11)

On observe donc que la population accessible augmente d’abord rapidement, et que’elle dimi-
nue a partir de la génération N. Vers la génération critique eN, la population s’éteint rapidement.

En particulier, on obtient une convergence en loi pour & = 1 (Théoreme 5.1.4 du Chapitre 5).

1.2.5 Perspectives

Dans 1’étude des marches aléatoires branchantes dans le cas ot W(1) = W/(1) =0 et ¥(0) >

0, la martingale dérivée D, = ¥,/ V (u)e”"

a été introduite. Sous 1I’hypothese (1.2.6), cette
martingale converge p.s. vers une limite Do, € [0,°0) qui satisifait I’équation suivante (cascade de

Mandelbrot, voir Liu [106, 107] par exemple) :
DL Y e Vpl), (1.2.12)
luj=1

ou, conditionnellement a {V (u);|u| = 1}, D sont des copies indépendantes de Do, (Théoreme
5.1 dans [39]). Je m’intéresse a une condition nécessaire et suffisante pour que cette limite D ne
soit pas triviale. Pour cela, j’introduis une martingale positive en ajoutant une barriere a la BRW :
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D,S“) = Yju=n RV (u) + a)e_v(”)1(v(uk)z—a,vk§n), ol & > 0 et R(-) est la fonction de renouvel-
lement d’une marche aléatoire centrée et de variance finie sur R. Notons que sur {inf,cpV (u) >
—a}, {Dw >0} = {Dgoa) = limpe DY > 0} p.s. Biggins et Kyprianou [39] ont étudié la condi-

(@

tion optimale pour la trivialité de Do~ et celle de D.. en utilisant une décomposition en épine

via la martingale D,(qa). Aidékon [4] a prouvé que la condition (1.2.7) est suffisante pour que D,S“)
converge en L', donc est suffisante pour que D.. soit non dégénérée. Je pense que (1.2.7) serait
aussi une condition nécessaire et voudrais obtenir un résultat analogue a celui de Ren et Yang

[125] pour le BBM. Je m’intéresse également au lien entre le comportement de D., et 1I’évolution

du processus (V (u),u € T).

J’ai considéré I’historique de I'individu situé a la position la plus a gauche dans la BRW dans
cette these. Je m’intéresse aussi a I’historique d’autres individus. Par exemple, je veux considé-
rer les variables V(u) := max,c[, , V (v) et estimer les nombres Y, —, Ly wy<nry OB Y € (1/3,1).
Considérons une marche aléatoire en milieu aléatoire (RWRE) (X,,),>0 sur un arbre qui part de la
racine et évolue dans un potentiel donné par la BRW (V(u),u € T). Sachant I’environnement (le
potentiel), la probabilité que X,, a visité un noeud u € T avant de retourner a la racine est liée a la

u|eV(”). A partir de cette idée, Faraud et al. [66] ont démontré la conver-

valeur ZLLL eV(”k), donc a
gence p.s. de max;<, |X,|/(logn)? dans le cas o min,c(o 1] ¥(¢) = 0 et P'(1) > 0, en étudiant le
comportement asymptotique de min,—, V(u). Je pense que 1’étude des trajectoires dans la BRW

pourrait aider a comprendre le comportement de la RWRE Xj,.

Je m’intéresse également a la marche aléatoire branchante dans un contexte inhomogene ou
la loi de reproduction . change au fil du temps. Le premier et le seconde ordres de la position

26



Chapitre 1. Introduction

maximale (la position la plus a droite) ont été étudiés dans [65, 116, 117] dans un cadre particulier.
Ce modele inhomogene est 1ié a celui de fractales aléatoires €tablies d’'une maniere récursive tel
que les vecteurs contractants ne sont pas identiquement distribués a chaque étape. La dimension
de Hausdorff de ces fractales aléatoires a été démontrée par Liu, Wen et Wu [108] en étudiant des
martingales associées. Je veux étudier d’autres propriétés géométriques de ces fractales a 1’aide de
la BRW inhomogene.

Sur la sélection de I’accessibilité sur un arbre N-aire, la probabilité de survie dans le cas critique
oll o = e est de I’ordre N—3/2tov(1) ot o (1) < O((logN)~'/2). Je veux I’améliorer en précisant
ce oy(1). Dans ce cas critique, je me demande aussi si un théoréme de type Yaglom pourrait
étre prouvé. Je m’intéresse également a la généalogie de la population accessible, qui reste un
probléme ouvert actuellement. De plus, 1a loi du systeme peut €tre obtenue par une marche aléatoire
branchante avec une barriere. Je souhaiterais continuer 1’étude a partir de ce point de vue.

Notons que nos résultats dans le Chapitre 5 restent valables en remplagant 1’arbre N-aire TV
par un arbre de Galton-Watson .7 dont la loi de reproduction est poissonienne de parameétre N.
Je m’intéresse aussi a 1’accessibilité sur d’autres arbres de Galton-Watson ou sur des graphes plus

généraux.
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Chapitre 2

Convergence rate of the limit theorem of a
Galton-Watson tree with neutral mutations

The results in this chapter are contained in [55].

Abstract. We consider a Galton-Watson branching process with neutral muta-
tions (infinite alleles model), and we decompose the entire population into sub-
families of individuals carrying the same allele. Bertoin [32] describes the asymp-
totic shape of the process of the sizes of the allelic sub-families when the initial
population is large and the mutation rate small. The limit in law is a certain conti-
nuous state-space branching process (CSBP). In the present work, we obtain a
Central Limit Theorem, thus completing Bertoin’s work.

Keywords. Branching process ; Lévy-Itd6 decomposition ; Donsker’s invariance
principle ; Skorohod’s representation.

2.1 Introduction

We consider a Galton-Watson process (see [22]), that is, a population model with asexual
reproduction such that at every generation, each individual gives birth to a random number of
children according to a fixed offspring distribution and independently of the other individuals in
the population. In this paper, we are interested in the situation where a child can be either a clone,
that is, of the same genetic type as its parent, or a mutant, that is, of a new genetic type different

from its parent. We stress that each mutant has a distinct allele and in turn gives birth to clones of
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itself and to new mutants according to the same statistical law as its parent, even though it bears a
different allele. In other words, we are working with an infinite alleles model where mutations are
neutral for the population dynamics.

To simplify the model, we decompose the entire population into clusters ( :sub-families) of
individuals having the same allele. This partition will be referred to as the allelic partition. Its
statistics have been studied in the paper [31]. However, our main purpose here is to investigate
asymptotical behaviors in law when the size of the population is large (typically as the number
of ancestors is large) and mutations are rare. As shown in [32], under some conditions, a non-
degenerate limit exists and is conveniently described in terms of a certain continuous state-space
branching process in discrete time ( :CSBP [90]).

Let us show a rough idea of the above. We consider a fixed reproduction law which is critical
and has finite variance, and assume that the Galton-Watson process starts from n ancestors with the
same genetic type. We also suppose that neutral mutations affect each child with probability 1/n.
Recall that such a Galton-Watson process becomes extinct after roughly n generations, and that the
total population is of order n? . So there are only a few mutations at each generation and thus about
n different alleles ; furthermore the largest allelic sub-family is of order n* and the allelic type of
mutants from this sub-family( :outer degree) is of order n. It is natural to consider the asymptotic
features of the rescaled size of the allelic partition.

We use the universal tree U, which is the set of finite sequences of integers( with @ as the root)
to record the genealogy of alleles, and define the tree of alleles as a random process (<7, d) on U,
such that each allele represents a vertex of U and that the values at vertices are given by the sizes
of the corresponding allelic sub-families and the outer degrees, with the convention that the sizes
are ranked in decreasing order for each sibling.

When the size of ancestors is of order n and the rate of mutations is of order 1/n, we denote by
(of (n) g (”)) the corresponding tree of alleles. Then Bertoin’s result [32] is that as n goes to infinity,
n~2e/™ and n='d™ converge in law towards the same limit (removing a constant factor). The

limit describes the genealogy of a CSBP in discrete time, whose law only depends on the variance

of the offspring distribution of the Galton-Watson process. This led us to consider \/n (n‘zd (n) —

nld(”)) , which we prove converges in law to a "normal" distribution with mean zero, whose

variance is given by the CSBP.
The plan of this paper is as follows. In section 2.2, we present precisely the model and our
limit theorems. In section 2.3, we construct the probability structure of the tree of alleles from the

random walk. In section 2.4, we prove our central limit improvement of the limit theorems based
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on the constructions of Section 2.3.

2.2 The model of the tree of alleles

Our basic data is provided by a pair of non-negative integer-valued random variables

& =(£9,6m),

which describes the number of clone-children and the number of mutant-children of a typical
individual. We are interested in a special situation where mutations affect each child according
to a fixed probability p and independently of the other children (in other words, the conditional
distribution of &™) given &(©) + &(M) = ¢ is binomial with parameter (¢, p)). We define :

g =gl 4 glm),
whose law is noted by n(t). We assume that
E[E)] =1 and Var(£(F)) = 62 € (0,00).

We further implicitly exclude the degenerate cases when £(©) = 0, or &™) = 0. For every
integer a > 1, we denote by P, the law of a Galton-Watson process with neutral mutations, starting
from a ancestors carrying the same genetic type and with reproduction law given by that of § =
(E(0) gm)y,

Moreover, we use the notation IP5 for the probability measure under which the Galton-Watson
process has a ancestors and the mutation rate is p. .Z(-,IP}) then refers to the distribution of a
random variable or a process under P%.

We now take into account mutations by assigning marks to the edges between parents and their
mutant children. Since we are interested in the genealogy of alleles, it is convenient to say that an
individual is of the k-th type if its genotype has been affected by k mutations, that is if its ancestral
line comprises exactly k£ marks. We denote by 7}, the total population of individuals of the k-th type
and by M, the total number of mutants of k-th type, with the convention that mutants of the 0-th
type are the ancestors, i.e. P,(My = a) = 1. (FIGURE 2.1 gives a sample of such trees.)

In order to describe the genealogy of allelic sub-families as random processes indexed by the

universal tree, we introduce the set of finite sequences of positive integers

U:= | J N,
keZ,
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2.2. The model of the tree of alleles

where N = {1,2,---} and N = {@}. We recall some standard notations in this setting : if u =
(uy,--- ,u) is a vertex at level k > 0 in U, then the children of u are uj = (uy,--- ,u, j) for j € N.
We also denote by |u| the level of the vertex u, with the convention that the root has level 0, i.e.
0] = 0.

By taking advantage of the natural tree structure of U, we construct a process &7 = (,;u € U)
from the given Galton-Watson process with neutral mutations, to record the genealogy of allelic
sub-families together with their sizes. (The allelic partition of the sample tree of FIGURE 2.1 is
referred to in FIGURE 2.2.)

First, ofp = Ty is the size of the sub-family without mutation. Then recall that M; denotes the
number of mutants of the first type. We enumerate the M, allelic sub-populations of the first type
in the decreasing order of their sizes, with the convention that in the case of ties, sub-populations
of the same size are ranked uniformly at random. We denote by .27; the size of j-th allelic sub-
population of the first type, agreeing that «7; = 0 if j > M;. We then complete the construction at
the next levels by iteration in an obvious way. Specially, if %7, = 0 for some u € U, then .7, ; = 0 for
all j € N. Otherwise, we enumerate in the decreasing order of their sizes the allelic sub-populations
of type |u| + 1 which descend from the allelic sub-family indexed by the vertex u, and then <7, is
the size of this j-th sub-family. We call the process &7 = (.<7,;u € U). We define the outer degree

of the tree of alleles .« at some vertex u € U as
d, :==max{j>1: 4, > 0},

where we agree that max @ = 0. In words, d,, is the number of allelic sub-populations of type |u|+ 1
which descend from the allelic sub-family indexed by the vertex u ; in particular, dy = M.
We observe that

Tk: Z %andeH = Z du.
|u|=k |lu|=k

We construct a tree-indexed random process in the following definition.

Definition 2.2.1. Fixx > 0 and v a Lévy measure on (0,00) with [(1Ay)v(dy) < eo. A tree-indexed
CSBP with reproduction measure v and initial population of size x is a process (Z,;u € U) with
values in R and indexed by the universal tree, whose distribution is characterized by induction

on the levels as follows :
1. Zy=xa.s.;
2. for every k € Z, conditionally on (Z,;v € U, |v| < k), the sequences (Z}) jen for the ver-

tices u € U at generation |u| = k are independent, and each sequence (2,;) jen is distributed
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as the family of the atoms of a Poisson random measure on (0,0) with intensity %, v, where
atoms are repeated according to their multiplicity, ranked in the decreasing order, and com-

pleted by an infinite sequence of 0 if the Poisson measure is finite.

It follows from the definition that (E| u=kZusk € Z+) is a CSBP in discrete time, with repro-
duction measure Vv and initial population of size x.

We now present the following two statements, which have been obtained by Bertoin [32].
Proposition 2.2.2. If we consider the regime
a(n) ~ nx and p(n) ~ cn™! where c,n are some positive constants, (2.2.1)

then, as n — oo, the following convergence in law holds :

n

2 ({0 Tin M)k € 2L PI ) = {(Zir, cZen ik € 20}, (222)
where (Z;k € Z) is a CSBP in discrete time with reproduction measure

2
Q) dy, y>0,

C
\/2mo2y3 P (_202

v(dy) =

and initial population of size x/c.

Theorem 2.2.3. In the regime (2.2.1), the rescaled tree of alleles (n=>.</,,u € U) under Pg ((Z))
converges in the sense of finite dimensional distributions to the tree-indexed CSBP (%,;u € U)
with reproduction measure v given in Proposition 2.2.2 and random initial population with inverse

Gaussian distribution :

P(Z € dy) x (cy—x)?
= €XpPy — 2 (>0)-
dy \/21o2y3 20°y

More precisely, if we also take into account the outer degrees (d,;;u € U), then the joint conver-

gence in the sense of finite dimensional distributions also holds :

&z <{ (nfz%,n*du);u e U},Pg(ﬁj))) — {(%,cc@i);u c IU}.

ey dy

From Theorem 2, it is immediate that ( e &) == 0 for any vertex u. Then a natural idea is

to study the rate of the convergence, which brings out our main result.
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Theorem 2.2.4. We assume that p(n) = £ + 0(#2) and a(n) ~ nx, then as n — o,

n

T T, M .
f({(n—g,\/ﬁ(—k— fl“));kem},ﬁ’g’én}) = {(Zk+17</‘{-(zi:l)>;kEZ+}y

n2

where {N. (k);k € N} is a sequence of independent standard Brownian motions which is inde-
pendent of {Zy;k € 7 }.
Furthermore, assuming that {}’<”);u € U} is a family of i.i.d. standard BM’s which is inde-

pendent of all random variables mentioned above, we have
D o €y A\ p(n) @) \.
o ({ (G VARt =S e U}vﬂ”aw = { (2l Juevy,

in the sense of finite dimensional distributions. The law of { Z,;;u € U} is described in Theorem 2.

Remark 2.2.5. If we only assume that p(n) ~ cn~" and a(n) ~ nx, the convergence in law holds

for & ({ <5_'2¢, (M\/‘{”M)) ke Z+},PZ((Z))). Similarly, the convergence in the sense of finite

dimensional distribution holds for £ ({ (‘%, (Mﬁ» u € U},]P’Z((Z))).

To prove this theorem, we borrow the key idea from Bertoin [32], by means of the connection

between random walks and branching processes.

2.3 The construction from a random walk

We consider a sequence {&, = (géc),éém));n € N} of i.i.d. random variables distributed as
& = (E(9) (M) and then the random walk starting from a > 1 and with steps &(¢) — 1,

S,((C) :=a—|—§1(0)~|—---—|—§k(c)—k, keZ,.

We still use the notation PP, for the law of (S,(:);k € Z4 ). We define the first hitting times for this

random walk

Indeed, the hitting times ¢(-) are such that ¢(0) < (1) < --- since the random walk S°) cannot
make negative steps larger than —1. On the other hand, the assumption that E[E (C)] < 1 implies
that S,((c) — —oo as k goes to infinity. Hence ¢(j) < o a.s.
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Define

Let Ty := ¢(0), M; := £(0) and define for every k € N by an implicit recurrence :

Tot+-+Ti = ¢(Mi++M);
v v ” Nk
Myt Mgy = S0+ + M) = g™,
1

It turns out that for every a > 1, the chains { (T, My, ):k € Z, } and {(Ty, M1 ):k € Z, } have
the same distribution under P, (See Section 2 of [32].)

More generally, we can apply the sequence (&,) to construct a random process («7/,d’) indexed
by the universal tree U. To start with, («7’,d") fulfills the following requirements. First, if <7/ =0
for some u € U, then d/, = 0 and szfu’ = 0 for all j € N. Second, for every vertex u € U such that
] >0,

d,=#{jeN:4,; >0},

which is called the outer degree of .7’ at u, is a finite number and <7 ;> 0if and only if j < d,.
We set o7, = (0) and dj, = £(0). Then, define the increments

A()=¢(j)—c(j—1)and 6(j) :=2(j) -Z(j—1), Jj=L

For vertices at the first level, {(szfj/ , d}); 1 < j <dj} is given by the rearrangement of the sequence
{(X(}),08())); 1 < j<dp} in the decreasing order with respect to the first coordinate A () with
the usual convention in case of ties. We may then continue with vertices of the next levels by an
iteration which should be obvious. (For instance, the random walk corresponding to FIGURE 2.1
is shown in FIGURE 2.3.)

We say that under P,, the two processes indexed by the universal tree, (7,,d,) and (<7,,d)
have the same distribution. (See, e.g. Section 2 of [32].)

Based on the construction from a random walk, we build the following strategy to prove our
main theorem.

Let (ﬁk(ﬂ;k € N) be a sequence of i.i.d. copies of §(+), then we consider a random walk
(S,(cn);k € Z ) started from a(n) defined by

S,(Cn) =a(n)+ 61(+) +- ék(ﬂ —k.
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By Donsker’s invariance principle and Skorohod’s representation, we may suppose that with pro-
bability one
limn~1s") = x+ 0B, 2.3.1)

n—oo [n?t]
where (B;;t > 0) is a standard Brownian motion and the convergence holds uniformly on every
compact time-interval.
For every fixed n, we now decompose each variable 51.(“ as the sum éi(ﬂ = J;i(c”) - éi(mn> by
using a Bernoulli sampling ; that is conditionally on &fﬂ =1, ?,‘l.(m") has the binomial distribution
with parameter (/, p(n)). We use independent Bernoulli samplings for the different indices i so that

the pairs (éi(cn) , éi(mn)) are i.i.d. and have the same law as & under PP(")_ If we define

S]((mn) — gl(mn)_{_.”_{_ék(mn)7
S(C”) = a(n) +é(cn) 4. +g(cn) k=g g c7
k T 1 k — Yk k ’ +-
Then, as n — oo,
(mn) (cn)
S S
{LZ’JM} s <ct,x+ B, —ct), 2.32)

n n

where the convergence holds a.s., uniformly on every compact time-interval.

We denote by (¥ (k);k € N) the natural filtration generated by the sequence (ék(cn),ék(mn);k €
N). With a little abuse of notation, we still use 6, X, A, 0, T,M, o/ and d’ to represent, respectively,
the corresponding random variables associated with (ﬁk(cn) , §k(m");k eN).

For any y > 0, let 7, := inf{t > 0 : ct — 6B, > y}. It follows immediately from (2.3.2) that %
converge almost surely to 7,. Note that (7,;y > 0) is a subordinator with no drift and Lévy measure

¢~ !v where v is defined in Proposition 2.2.2.

2.4 The rate of convergence

The construction from the random walk has been used by Bertoin to obtain his theorems in

[32], and is still useful to investigate the rate of convergence of cn 2.9/ —n~'d = 0.

Proof of Theorem 2.2.4 : Let us continue with the settings of the random walks. Still, with pro-

bability one, we have the joint convergence (2.3.2). For simplification, we first discuss cn™>Ty —

(mn)
N
n~'Mj, which is distributed as ¢5%) — 0 with n~2¢(0) — 1, a.s.

n n

(mn) (cn)
. 2 S 2 2 .
We write X,(mn) =4/n (c@ — M) and Yt(cn) = % for convenience.
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Let us admit for the moment the following joint convergence :
x™ ¥, 20 = {Ber,x+ 0B, —ctit > 0}, 2.4.1)

where B is the BM given in (2.3.1) and f is another BM independent of B. The proof of (2.4.1)
will be presented later.
Recall that (0) is a hitting time of the random walk S (en) 1t is sufficient to say that

(Vale. s~

n?2  n’’'n?

) = (X00)2:6(0)/n?) = (Bes, 7o) £ (VT zo),

where < means the equivalence of distribution.
Conditionally on (Ty, M, ), precisely given M; = b(n) ~ bn with b a positive constant, we consi-

der the random walk with steps é(c") — 1 started from O and obtain that
T v : (mn)
1 = ¢(b(n)) — ¢(0) and M = S

which are independent of ¢(5(0)).
(2.4.1) ensures that conditionally on M = b(n),

T, My T,
(\/ﬁ(c_z - _)7 ?) = (Bc (Thypx—Tx)» Thtx — TX)

n
d
= \/ Tb—b—x =/V Tb +x )

- ()
In addition, we observe that \/ﬁ(cr% — A%) = Z,f(:bg('(g; 1 <C/ . \/%" ) is independent of 4 (5(0)).

It follows that .4} M and M @) are independent normal variables and that they are both independent
of the subordinator 7. Finally, by the construction of (Ty, M), we get :

Tk Ty My . (n) (k+1).
D%({(;’\/ﬁ(?_ n )>’k€Z+}7Pg(n) — Zk"'l”/I/CZkH k€L o

This proves the first part of Theorem 2.2.4.

For any b > 0, we set a Poisson point process on (0, o0) with intensity be~!v. Let (0 (b), 2z (b),- - -)
stand for the sequence ranked in the decreasing order of the atoms of such a Poisson point process.
Theorem 2.2.3 tells that, conditionally on dp = b(n) ~ bn, the joint convergence in the sense of

finite dimensional distributions can be obtained, that is

g{ ((”Zi u "l = 1);1?5((:;} — {(al(b),cal(b)>, (x(b).con(v)). }
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We observe that

= o h g g\ 7
\/,—,(Cﬁ_l‘ﬁ):z’(C_J__J)’ ﬁ:Zn*%fj’.

j=1

When given M; (or dg), { ], d;31 < j < M,} is given by the rearrangement of the sequence
{A(j),8(j);1 < j <M} in the decreasing order with respect to the first coordinate. Meanwhile,
{\/ﬁ(c% — @), %;1 < j <M} is actually {X,S,m") —X,STI"),tj —tj 13tg <t <+ <ty } where
[ty =n26 ()1 < j < dy).

Recall that given n~'djy = b(n) ~ bn, then n~2g(d})) — Ty, a.s.. Theorem 2.2.3 leads to the fact
that the rearrangement of the sequence {¢; —#;_1;1 < j <dj} in the decreasing order converges in
law to the rearrangement of the family of jump sizes {(7, — 7,—);x <y < x+ b} in the decreasing
order which can be viewed as {¢ (b) > op(b) > --- }.

Furthermore, the joint convergence (2.4.1) tells us that {th,mn) —X,(irin),t =ty <t <--- <
tdé,} is asymptotically corresponding to {fz, — Br,_, 7y — Ty—;x <y < x+ b}. The independence
between 8 and B ensures that conditionally on {7, — 7y_;x <y < x+ b}, these ny — ﬁfy_ are
independent central normal variables with variance 7, — T,_.

Then the rearrangement of the family {thmn) — X,STT),I i—ti—ito < <o < ldg,} in the de-
creasing order of the second coordinate converges in the sense of finite dimensional distributions
to {ﬁfg(b), oy (b);k > 1} where (B®),k > 1) is a sequence of i.i.d BM’s which is independent of
{ou(b),an(b), - }.

That is to say, under the probability IP’Z ((Z)) , conditionally on dj = b(n) ~ bn,

{\/ﬁ (c—zj - —f) << dé} = {ﬁfé}b)v%(’?);f 2 1}

in the sense of finite dimensional distributions.

Since (&’,d") 4 («7,d), the general branching property of the tree of alleles (see [32]) can be
applied to entail Theorem 2.2.4.

It finally remains to prove (2.4.1). We first check the convergence of finite-dimensional dis-
tributions. The independence and stationarity of the increments of (X (mn) 'y (C")) follow from the

(on) g (mn)y

independence and identical distribution of (&

gence for (Xs(lm ") , Ys(lcn)) with one fixed 51 € (0, 1]. Let us compute the Fourier transforms :

i>1. We thus only need to check the conver-

Agn) = E [exp (i/'Lle(lmn) +iu1Ys(lc")>} ,
where A; and u; are two real constants and i := /—1.
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‘”

As p(n) = £ +o(—~) and a(n) ~ nx, we have

n\/ﬁ
[n=s1 | |n%s1 2 %]

(n) . a(m) . c c , © 5
log(A - AR S N a(1
og(A;”) i — =~ ?:1 Mi—5 3 P2 A =53 JE:I, u? +o,(1)

cllzsl qulzsl

— i x—icuys) — —

1

with 0,(1) — 0 as n — oo. In fact, the weaker assumption that p(n) ~ cn™' cannot ensure this

convergence. Hence A(ln) —E [exp (i/'Ll Bes, )} E [exp (iul (x+ 0By, — csl)ﬂ )

It remains to verify the tightness of (X,(mn),Y,(C") ;0<7r<1).Wetake 0 <5 <r<r<1,then

we estimate

rsre)i= B | o™ 1) - ™) 2 ™ ) - e x|

Let F(t,r) := E [H (x ™)y ey _ (xmn) yen)y HZ} . Then

%]

Ftr) = E 1(/{% <5,£m">—§>)2 +E n—i(k ) <¢,§°">—1>)2

n [n2r]+1 =[n%r|+1

In view of the distribution of (& (™) &(")) we obtain that

n’t| — |n’r n?t| — |n?r ?

F(i.r) = “Jn#(czmm%p(n)(l—p(n»%(%@m)—cm)
n’t| — |n’r n’t] — [n’r ’

+ “Jn—zu(oz<1—p<n>>2+p<n><1—p<n>>)+(%pw) .

If |n%t| — |n%s| > 2, we have antJ;—ztner <2(t—s) and % <2(t—s). If |n’t| — |n%s] <1,
then [n%t| — [n?r] = 0 or [n*r| — |n?s] = 0. Therefore, we can find a constant C > 0 such that

[(r,s,t) = F(t,r)F(r,s) < C[t —s]*.
By application of Theorem 13.5 in [42], we conclude the convergence (2.4.1). [

Note that under the assumption that p(n) ~ cn~! and a(n) ~ nx, we can prove that the following

conjoint convergence in law holds :
(2™ Xm0 = {Burx+ 0B, —ctit = 0},
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p(n) |t =51

where %(mn) = > . Following the same arguments as above, we obtain the conclu-

sion in Remark 2.2.5.
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6,0 8,4 9,4 12,0
1st mutation 2nd mutation
3,0 50 7.0 11,4
/
1st mutation
2,0 4,0 10,
1st mutation
10

FIGURE 2.1 — The Galton-Watson process with neutral mutations. The symbols (), 0, &, >, #
represent the different alleles. At the same time we enumerate all the vertices.
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a3

0,1

0,5

FIGURE 2.2 — The tree of alleles corresponding to the process in FIGURE 2.1. The number of each
vertex represents the total size of the cluster of its allele.

< Ty

FIGURE 2.3 — The associated random walk with the origin tree shown in FIGURE 2.1.
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Chapitre 3

Waiting times for particles in a branching
Brownian motion to reach the rightmost
position

The results in this chapter are contained in [57].

Summary. It has been proved by Lalley and Sellke [101] that every particle born
in a branching Brownian motion has a descendant reaching the rightmost position
at some future time. The main goal of the present paper is to estimate asymptoti-
cally as s goes to infinity, the first time that every particle alive at the time s has a
descendant reaching the rightmost position.

Keywords. Branching Brownian motion, rightmost position.

3.1 Introduction

3.1.1 The model

We consider a branching Brownian motion (BBM) on the real line R, which evolves as follows.
Starting at time ¢ = 0, one particle located at O, called the root, moves like a standard Brownian
motion until an independent exponentially distributed time with parameter 1. At this time it splits
into two particles, which, relative to their birth time and position, behave like independent copies
of their parent, thus moving like Brownian motions and branching at rate 1 into two copies of
themselves. Let .4 (¢) denote the set of all particles alive at time ¢ and let N(¢) := #.4(¢). For any
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v e A (1) let X, (r) be the position of v at time 7 ; and for any s < 7, let X, (s) be the position of the
unique ancestor of v that was alive at time s. We define

R(t) := ug})g[)Xu(t) and L(t) := uern}l%t)Xu(t),
which stand for the rightmost and leftmost positions, respectively.

The positions of the extremal particles of a BBM, R(¢), have been much studied both analyti-
cally and probabilistically. Fisher [68] and Kolmogorov et al. [98] introduced the F-KPP equation
to which u(x,7) := P(R(¢) > x) is a solution. The work of [98] on the traveling wave solutions to
the F-KPP equation actually implies that R() /t converges almost surely to /2. Bramson [44] [45]
showed that R(¢) — v/2t + (3/2v/2)logt converges in law. These results hold as well for a wide
class of branching random walks under mild conditions : see for example Biggins [34], Addario-
Berry and Reed [2], Hu and Shi [87], Aidékon [4]. In particular, we state the following fact, which
is first given by [87] for branching random walks, and is recently proved by Roberts [128] :

R(t) — /2t 3

litrgglf W = — m almost surely; 3.1.1)
R(t) — /2t 1
lim sup M = ———= almost surely. (3.1.2)
1300 log? 2V2

In [101], Lalley and Sellke showed the following interesting property : every particle born in
a BBM has a descendant reaching the rightmost position at some future time. Such a particle was
thought of having a prominent descendant "in the lead" at this time. This property is in agreement
with the branching-selection particle systems investigated in the articles [47], [48] and [25]. These
papers bring out the fact that the extremal positions of a branching system on the line cannot always
be occupied by the descendants of some "elite" particles.

In the present work, we give some quantitative understanding of this behavior, and precisely
speaking, about how long we have to wait so that every particle alive at time s has a descendent

that has occupied the rightmost position.

3.1.2 The main problem

Let us make an analytic presentation for our problem. For any s > 0 and each particle u € .4/ (s),

the shifted subtree generated by u is
NU(t) = {vEJV(H—s),uSv}, Vi >0, (3.1.3)
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where u < v indicates that v is a descendant of u or is u itself. Further, for any v € A4™(¢), let
X, (1) ==X, (t +5) — Xy (s), (3.1.4)

be its shifted position. We set R" () := max,¢_yu(;) X}/ (t) and L*(¢) :=min,¢_yu(y) X,/ (¢). Moreover,
Let {% it > 0} be the natural filtration of the branching Brownian motion. The branching property
implies that, given .Z;, {R"(-);u € .4 (s)} are independent copies of R(-). Moreover, we denote by
F Y the sigma-field generated by the shifted subtree started from the time s rooted at u.

For every u € 4 (s), let

Tor=inf{t > 0: R(t +5) = Xu(s) + R*(1)}. (3.1.5)

The random variable 7, stands for the first time that started from time s, the particle u has a des-
cendant reaching the rightmost position in the system. It is the object in which we are interested.
We define

®; := max T,, (3.1.6)
uce N (s)

which represents the first time when every particle in .4 (s) has had a descendant occupying the
rightmost position.

According to Lalley and Sellke [101], for any s > 0, P[®; < | = 1. Since @y — o almost
surely as s — oo, we intend to determine the rate at which ®; increases to infinity.

3.1.3 The main results

To estimate ®; = max,¢_4 () Tu, an intuitive idea consists in saying that, the further a particle
is away from the rightmost one, the longer it has to wait for a descendant to be located on the
rightmost position. We thus first focus on the leftmost particle. Let /(s) be the leftmost particle
alive at time s. By (3.1.5), 7y, is defined as the shortest time needed for /(s) to wait to have a

descendant occupying the rightmost position.

Theorem 3.1.1. The following convergence holds almost surely,

m log Té(s)

s—yo0 §

=4, (3.1.7)

However, the leftmost particle is not the one who "drags the feet" of the whole population
A (s). By considering the positions of all particles alive at time s, as well as their evolutions, we

obtain our main result as follows.

45



3.2. The behavior of the rightmost position

Theorem 3.1.2. The following convergence holds almost surely,

1
lim 19895

)

—242V2>4. (3.1.8)

Remark 3.1.3. The proof of the theorems will reveal that the largest T, for u € N (s) is achieved
by some particle located at a position around —(2 — \/2)s which does not split until time s -+ %s

and moves towards to the left as far as possible.

The rest of this paper is organized as follows. Section 3.2 is devoted to discussing the behaviors
of the extremal position R(+), which leads to two propositions. In Section 3.3, we consider the case
of two independent branching Brownian motions and state another proposition. We prove Theorem
3.1.1 in Section 3.4 by means of these propositions. Finally, in Section 3.5, we prove Theorem
3.1.2.

3.2 The behavior of the rightmost position

In this section, we study the behaviors of R(-) by comparing R(t) with m(z) := /2t — ﬁi log?.
We recall Proposition 3 in Bramson’s work [44]. It is shown that forall 0 <y < t1/2 and ¢ >2,

there exists a positive constant ¢ which is independent of ¢ and y, such that
P [R(t) > m(t) +y} < c(1+y)?exp(—v2y). (3.2.1)

Therefore, with ¢ := ¢+ 1, we get the following inequality, which will be applied several times in

our arguments.

Fact 3.2.1 (Bramson [44]). Foranyt > 2 andy < \/1,
2 _ 1
P|R(t) > m(t) +y| < e (1 —|—y+> eV, (3.2.2)

with y4 := max{y,0}.

Let (By;s > 0) be a standard Brownian motion on R. For any ¢ > 0, let C([0,7], R) be the space
of continuous functions on [0, 7], equipped with the uniform topology (see Chapter 2 of Billingsley
[42]). We state the following lemma, which can be found in several papers (e.g. [110] [78]). It is

also of frequent use.
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Lemma 3.2.2 (many-to-one). For eacht > 0 and any measurable function F : C([0,1], R) — R,

El Y F(Xus)se [O,I])] =¢'E [F(Bs,s € [o,z])] : (3.2.3)
ue N (t)
where, for each u € A (t) and s € [0,t], X, (s) denotes the position, at time s, of the ancestor of u.

Let us present the following inequality as well, which is Equation (57) in [44].

Fact 3.2.3. For any s > 1 and any a > 0,

2
s s a s a
(1= )y 5ge e (= 5;) sEIB 2 a <\ aTew (- 5;).

It immediately follows that

2
P[B, < —a] = P[B, > a] < \/;exp (— a—). (3.2.4)

Moreover, if a = a.s with some constant ¢ > 0, we have

P[B; < —as] =P[Bs; > as| = exp{ — (%2 —l—os(1)>s}, (3.2.5)

where 05(1) — 0 as s goes to infinity.

We define, for any y > 0,
T(y):= inf{t > 1;R(t) —m(t) >y}.

Because of (3.1.2), one immediately sees that P [T(y) < 00} =1 for any y > 0. Moreover, T (y) T o

almost surely as y 1 co.

Proposition 3.2.4. The following convergence holds almost surely,

lim logT(y) _ V2. (3.2.6)
y—eo Y

Proof. First, we prove the lower bound.
Let 2 <y <+/t, and set




3.2. The behavior of the rightmost position

Clearly, A= [{T'P [R(s) >m(s)+y— 1} ds. Hence,

2 r+1

A = /1y P[R(s)>m(s)—|—y—l}ds+/y P[R(s)>m(s)—|—y—1}ds

2
2

y t+1
< / E[ ) I(Xu(s)>m(s)+y1):|ds+/2 P[R(S)>m(S)+y—1}dS-
1 ue N (s) Y

By the many-to-one lemma and by (3.2.4),

2

v? v
/1 El L 1(xu(s>>m(s>+y—1)}dS:/1 eP[Bs>m(S)+y—1}ds

ue N (s)
F —(m(s)+y—1)
< _ . 2.
< /1 m(s)+y—leXp{ F +s}ds (3.2.7)
Note that for m(s) = v/2s — 23% logs with s € [1,y?], the inequalities
— —1)?
m(s)+y—12>+/2s and exp( (m(s)z—l—y ) +5) < §3/2e=V20-1) (3.2.8)
s

hold. Plugging them into the integration of (3.2.7) yields that

»? g2
/ E{ L 1<xu<s>>m<s>+y_1>] ds< [ e V0 Nas < cpyte VP, (329)
1 ueN (s) 1V2s
which is then bounded by cztyze_ﬁy as y < v/t. Meanwhile, by the inequality (3.2.2),
141 t+1 JIyi3 N,
/2 P|:R(S) > m(s)+y— 1] ds < /2 c1y?e VETV2ds < cpyPe VTV, (3.2.10)
y y

Combining (3.2.9) with (3.2.10), we have

A< estyle V. (3.2.11)

with ¢3 > 0 a constant independent of (y, 7).
On the other hand,

A > E

t+1
/1 L(R(s)>m(s)+y—1)ds; T () <t

= /;IP[TU) € dr]E

t+1
/] 1(R(s)>m(s)+y—l)ds)T(y) =r|.
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Conditionally on the event {7 (y) = r < t}, the rightmost particle in .4"(r), denoted by , is located
at m(r) +y. Started from the time r, @ moves according to a Brownian motion and splits into two

after an exponential time. By ignoring its branches, we observe that {R(s +r) > [m(r)+y]+

[V2s—1]>m(s+r)+y— 1} is satisfied as long as the Brownian motion realized by @ keeps
lying above v/2s — 1. Hence, given {T(y) = r < t},

t+1 t+1—r ‘ “
/1 I(R(S)>m(s)+y_])ds >t /0 1(B$>ﬁs_1)ds >min{l,7T",

where >; denotes stochastic dominance and T_(Iﬂ) :=inf{r > 0;B; < V2t — 1}.

These arguments imply that

\/5)}

A = JiPIT() € drlE[min{1,7"?)] 61
= cp3P[T(y) <1],
where c13:=E [min{l, Tf;ﬁ)}} € (0,00). Compared with (3.2.11), this tells us that
P[T(y) < t} <estyle VP for2 <y < i, (3.2.13)
where ¢5 := 72 € (0,00).

Taking ¢ = ¢V2(1-8) with § € (0,1) yields that

s

P[T(k) < VHI-8)] < o,
k

I
—_

According to the Borel-Cantelli lemma,

logT
liminfog—(y) > \/5, almost surely,

yoee oy

proving the lower bound in the proposition.

To prove the upper bound, we recall that
R'(t) = max{X(t);v e /(1) }, uc N (s).

Obviously, R*(t);u € A (s) are i.i.d. given .%;, and are distributed as R(z).

We fix a, € (0,y) and define the measurable events

Y = {L(ay) > —2ay;N(ay) > exp (%ay> },

r = Zlﬂ{T(y)>eﬁy(l+3)}.
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Then,

P|70)> /050 <p[sf] +p[min{r0) > 200 )] .
<P {N(ay) <exp <%ay>} +P [L(ay) < —2ay] +P[Z]‘ 2.

S
4+21x/§
enough so that 2eV2(1438) < pV2y(148) _ ay, we have

We choose a, = y =: 01y from now on to evaluate P[X]. Since X; € #,, for y large

P[ZL?“J < Iy H P[Ru(”) <m(ay+r)+y—Xuay),Vr < V2 (149) —ay‘fay]
uc.N (ay)
eay/Z
< P|R(F) <m(r) +y+2a,+V2a, Vr e |eVP1+28) 2,vD(1439)
y y y

euy/Z
< P{R(r) <m(r)+ Llogr,Vr € [eﬁY(”é‘s),zeﬁY(Hé(s)H _

V2

At this stage, it is convenient to recall the proof of Proposition 15 of [128], saying that there
exists a constant ¢’ > 0 such that for y large enough,

P [Elr € [eﬁy(1+%5),2e‘/§y(”%5)] :R(r) >m(r) + Llog r] > >0.
V2

Thus, IP’[Z} < (1) < exp(—c'e®/?),

It remains to estimate ’[N(ay) < exp(%ay)] and P[L(ay) < —2ay]. On the one hand, the bran-
ching mechanism tells us that for any s > 0, N(s) follows the geometric distribution with parameter
e~ (for example, see Page 324 of [120]). It thus yields that P[N(a,) < exp(Lay)] < e%7/2. On
the other hand, as shown in Proposition 1 of Lalley and Sellke [103], for any p > /2 and s > 0,

1>
P[L(s) < —us] - P[R(s) > /.Ls} < p~'2ms) 2 exp (—s(7 . 1)) (3.2.15)
Consequently, (3.2.14) becomes that
P [T(y) > eﬁﬂ“‘”} < /24 om0 | exp(— /) (3.2.16)

< ¢ e /2.
By the Borel-Cantelli lemma again, we conclude that almost surely,

logT
limsup og—(y) < \/5,
y—roo y

which completes the proof of the proposition. [
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For o >0 and 8 > 0, set
plz,0,B) i=P|3r < e R(r) < m(r) - Bz|.

Proposition 3.2.5. There exists a positive constant Cy, independent of (., 3,z), such that for any
z>z(a,B),

p(z,0,B) < Crexp (—6ﬁ—j§). (3.2.17)

Proof. 1t follows from (3.1.1) that as z — oo,
plz,a,B) = IP’[EIr <e%:R(r) <mf(r) —Bz] — 0.
Hence, there exists zo (¢, B) large enough, such that for all z > zo(, B),
P [ar <% R(r) < m(r) — Bz/Z} <1/2. (3.2.18)
For any b, < ¢%%, we have
p(z,a,B) <P {Elu € N (b;),s.t. ?%ibr:Xu(s) <V2b, - Bz/Z}
+P [{ar <% R(r) < m(r) — Bz} N {L(bz) > \/2b, — ﬁz/z}] . (3.2.19)

On the one hand, by the many-to-one lemma,

s<b,

P [Elu e AN (b.),s.t. minX,(s) < V2b, — ﬁz/Z} < E

Z 1(mins§bzXM(S)<\/§bZ_BZ/2)]
ue N (b;)

= e”zp{rgians </2b, —Bz/Z} .

On the other hand, by simple observations,
P {{ﬂr <e®:R(r) <m(r)— [32} N {L(bz) > \/2b, — ﬁz/Z}}
< ]P’[ ﬂ {Elt < e% st R(t) < m(r) —Bz/Z}

ue N (b;)

= E

I1 IP’[EIt <e% s.t.R(t) <m(t) — ﬁz/Z}

ue N (b;)
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where the last equality follows from the branching property. Going back to (3.2.19), one has

p(z,a,B) < e>P n;ians <V/2b, —ﬁz/Z} +E
$50z

[T P [3; <% 5.1, R(t) < m(t) Bz/z]] :

ue N (b;)

Let b, = 6\%& Then, by (3.2.18), for all z > z(a, B) := max{zo(e, B), },

s < o o] o=[(6)"]

2
< cre e < Crex (—ﬁ),
>~ 7 =~ (1exp 6\/§
with C| := ¢7 + 1, which completes the proof of the proposition. [

Corollary 3.2.6. For any 6 € (0,1), there exists some s(6) > 1, such that for all s > s(0),

P[R(s) <V2(1— S)S] < Crexp (— 125;5). (3.2.20)

Proof. Since we always have m(s) — 8s/2 > v/2(1 — §)s when s is sufficiently large,
P {R@) <V2(1 - S)S} <P lflr < e :R(r) <m(r) — &/2} .

which by Proposition 3.2.5 is bounded by Cj exp ( — %Sﬁ) for all s large enough. O

3.3 The case of two independent branching Brownian motions

We consider two independent branching Brownian motions, denoted by X4(-) and X?(-). Sup-
pose that P[X4(0) = 0] = P[X?(0) = z] = 1 with z > 0, where X*(0) and X5(0) represent the
position of the roots, respectively. We write RA(-) (R?(-), respectively) for the position of right-
most particle of the BBM XA (-) (XB(), respectively). We define, for any y > 0,

TA(y) = inf{r > ;R (1) > m(t) +y};
T8(y) = inf{t > L;RB(t) > m(t) +y}.

Let 74> be the first time when the rightmost point of X4 exceeds that of X5 i.e.,
TA>B = 74>B(2) .= inf{r > 0;RA(r) > RB(1)}.
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We immediately observe that the distribution of 74>5(z) merely depends on the parameter z. Ac-
tually, we can take another pair of independent standard BBM’s (both rooted at the origin), namely,
X/(-) and X (-). Their rightmost positions are denoted by R!(-) and R/ (), respectively. For any
positive z, let

T (z) :=inf{r >0:RI(t) —R" (1) > z}.

Then T4>B(z) is distributed as .7 (z). Besides, z — .7 (z) is increasing.

Proposition 3.3.1. The following convergence holds almost surely,

im 267 _ 5 3.3.1)
700 z
Proof. Forany 6 € (0,1),
P{ﬂ(z) < eﬁz(l—S)} _ ]P[TA>B(Z) < eﬁz(l—ﬁ)} < p1+pa,
where

pp = P [Ht < eVE(1-0) ot RB(t) < m(t)+2— 6z/2} :

pr = P HT*‘>B < eﬁz““”} N {RB(t) > m(t) + (1 - 8/2)z, Vi < eﬁz(l—&}] .

Clearly, p; =P [Ht < V2(-9) g4, R(t) <mf(t)— 5z/2] = p(z,v/2(1 —8),8/2). By Proposition

3.2.5, forall z > z(0),
0z
<Ciexp| — .
P10 P( 12\@)

At the same time, we notice that
{TA>B < eﬂz(1—5>} N {RB(t) > m(t)+(1—8/2)z,Vr < eﬂz(l—f”} -

{az < eV=E1-0) . RAG) > RB(t) > m(r) + (1 —5/2)z} C {TA<(1 —5/2)z> < eﬁz(l—(”}.
(3.3.2)

This yields that
P2 < P{T((l — 6/2)z> < eﬁz(lﬁ)] < C5Z26762/ﬂ,

because of the inequality (3.2.13).
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As aresult,
P {ﬂ(z) < eﬁz(lﬂ < Cyexp <— ﬁ) +ese 5V < cqexp (- o2 ) (3.3.3)
- - 12v/2 - 12v2)°
for some constant cg > 0 and all z large enough. Thus, by the Borel-Cantelli lemma,
log. 7
liminf og—(z) > /2, almost surely.
7o z
To prove the upper bound, we observe that
P {f(z) > eﬁz(lm} =P [TA>B(Z) > eﬁ“”‘”} < g1+, (3.3.4)

where

g = IP’HTA<z(1+6/2)> >eﬁz(1+5>}u{w‘(z(1+5/z)) <eﬁZH,

g = P{eﬁz <TA <z(1 +6/2)> < eVEHI+0) o TA>B(Z)}.

Notice that T4 (y) is distributed as T (y) for any y > 0. According to the inequalities (3.2.13) and
(3.2.16), there exists &, := 8,(0) > 0 such that ¢; < e %% for z large enough. It remains to estimate
q2:

oV22(148)
A A>B
9 < /eﬂ IP)[T <Z(1—|—5/2)>€dr}PlT >r

T (2(1+8/2)) = r}
oV22(1+48)

< /ﬂ P[TA(Z(l +5/2)) e dr]P{RB(r) > m(r) +z(1 +5/2)] .

By the inequality (3.2.2) again, this tells that

£V22(148)
9@ < /ﬂ P[TA<Z(1+5/2)>Edr}cz(z%-l)ze_ﬁ&ﬂ

< ezt 1)2e V2,
Thus, recalling (3.3.4), we obtain that for all z large enough,
P{Q(Z) > eﬁz(HS)} < €7821—|—Cg(z—|— 1>267ﬁ52/2.

It follows that almost surely limsup, .., % < /2. Proposition 3.3.1 is proved. [
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3.4 Proof of Theorem 3.1.1

Proof. For any k € N and 6 € (0,1/20), we define
N (k) :={ue N (k): X, (k) < —V2(1 —8/2)k}.

In order to study the asymptotic behavior of 7y, for s € R, we first look for a lower bound for
min,c (k) T and an upper bound for max,c_s; (x) Tu-

Recall the definitions (3.1.3) and (3.1.4) of the shifted subtrees. For any particle u € #5(k),
we use X¥(+) to represent the branching Brownian motion generated by u started from the time k.
Meanwhile, we use X'(-) to represent the branching Brownian motion generated by the rightmost
point at time k. Accordingly, the random variable 7"~" is defined to be the first time when u has a
descendant exceeding all descendants of the rightmost particle at time k.

Considering that T">" < 1, for each u € #5(k), one sees that

]P’[ U {fuée‘”‘“‘m‘s)}} < Pl +ph,
VAL

where
P o= IP’[R(k) 3\/5(1—5/2)4,
/
Py = E[l _ Z Lo, Ak(1-103) ]
(R(k)>v2(1-68/2)k) T (Te>r< )
Given .%, the BBM’s X" and X" are independent. Then,

, usr - 4k(1-108)| o
Py < E{ 1 PP =e T }
’ L rw=va-a) | d

— E[ 1 P|.7 (R(k) — X, (k)) < *1100)| 2, }
ue;é(k) (R()=v2(1-8/2)k) [ ‘ ]

By the monotonicity of .7 (+), this gives that

Py < JE{ ) P[9(2\/§k(1—5/2))§e4k(1—105)H
ueNs (k)

- E{ y 1}@[?(2\@(1—5/2))§e4"“—1°5>]

ue Ay (k)

Using the inequality (3.3.3), for all k sufficiently large,

P SE[ y 1]c8exp<—376k(1—5/2)>.

ue N (k)
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Then by the many-to-one lemma and by (3.2.4), we obtain that

Py < eMPBy < —v/2k(1—8/2)]csexp (— 38k (] — 5/2))

P (3.4.1)

where ¢y is a positive constant independent of (J,k).

In view of Corollary 3.2.6, for large k, one has

ok
I < _ o), 342
P1= leXp< 24\/5) (34.2)

Combining (3.4.2) with (3.4.1) yields that for k large enough,

Ok
P U {r, < e4k(l—105)}} < Ciexp (_ _> +e—698k'
ue N (k) 242

By the Borel-Cantelli lemma, almost surely,

logmin T
liminf —o e A5 (k) fu
k—so0 k

> 4(1 - 108), (3.4.3)

which gives the lower bound for min,c ;&) Tu-

To obtain an upper bound for max,c_j; ) Tu, let us estimate P[Uue%(k) {Tu > Hk(1+109) } .
We consider the subtree generated by any particle u € #5(k). Recall that the shifted positions of
its descendants are denoted by

X' (4) =X (-+k) — X, (k) for any v € A (- + k) satisfying u < v,
and that R(-) := max X/ (-). We set T"(y) := inf{t > 1;R*(t) —m(t) > y} for any y > 0, which is
obviously distributed as T (y). Let y = 2v/2k(1 + 8 /2), then
P[ U {== e4k(1+106)}} <41+ +d5, (3.44)
ueAg (k)

where

4 = ]P’_ U ({Tu(y) 2e4k(1+105)}U{Tu(y> Sek})}’

ueNg (k)

¢ = P -L(k) < —\/Ek},

(]/3 — P U {ek < Tu(y) < e4k(1+105) < Tu};L(k) > _\/Ek] )
“ue ANz (k)
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First, we observe that
ueNg (k)

Using the many-to-one lemma for the first term on the right-hand side,
q) < P [Bk < —V2k(1 - 3/2)} P {{T(y) > e4k(1+105)} U {T(y) < ek}} .

According to the inequalities (3.2.4) (3.2.13) and (3.2.16), there exists 84 := d4(6) > 0 such that
q) < e~ % for k large enough. Meanwhile, by (3.2.2), gh <2c(logk+ 12372,
It remains to bound ¢j. Since T*(y) is independent of .7, it follows that

H(14108)

r /.
ueNg (k)€

Given {T"(y) = r} and .%, the event {7, > r} N {L(k) > —+/2k} implies that Uwen (0\{u} {R® (r) +
X, (k) > R“(r) + X, (k) > m(r) +y— v/2k}, whose probability is less than Yove (k)\{u} €1 (1 +(y—
V2k — Xw(k))i> e~V 2%4+V2Xu(k) (see (3.2.2)). This yields that

g3 < E

T"(y)=r, ﬁku .

P [T”(y) € dr] P {ru > r;L(k) > —/2k

Ak(14108)

¢ < El Y /k P[T”(y)Ed’”] ) Cz(y+1)ze_‘/§y+2"+ﬁx“")]
Lue N5 (k) "¢ weN (k)\{u}

IN

Lue A5 (k) weA (k)\{u}

= o+ l)ze_ﬁkaEl Z Z eﬁXW(k)} .
ue N5 (k) we A (k)\{u}

By integrating with respect to the last time at which the most recent common ancestor of u and

o was alive (see e.g. [78] for more details), £ [ZME%(,{) Y wtu e\/in(k)} is equal to

k
2/ eZk_sds/ IED|:BS € dx]IED[Bk < —\/5(1 - 6/2)k By :x]E{eﬁBk
0 R

B, = x] V2 ks

Bs:x}

Y

k
— 2/ estds/ IP[BS S dx]IP[Bk <—V2(1-8/2)k
0 R
where the second equivalence follows from the Markov property of Brownian Motion. We rear-
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range the integration as follows :

k
E| Y y eﬁXW(k)} =2 / e3k—2sE{eﬁBS;Bk§—\/E(I—S/Z)k}ds
ue N5 (k) we N (k)\{u} 0

k
) / e3k—251E[eﬁBke-@Bk—Bs);Bkg—\6(1—5/2)4@
0

< 2/k =25 ,~2(1-8/2)k |:e\6(BkBs):| ds,
0

which is bounded by 210k by simple computation. Thus, g5 < ciok?e=% for some constant
c1o > 0.
Going back to (3.4.4),

]P’[ U {‘L‘u > e4k(1+105)}} < o Ok +2¢>(logk + 1)2k_3/2 + Clokze_5k,
ueNs (k)

for all k sufficiently large.
Therefore, by the Borel-Cantelli lemma,

log max T,
lim sup g ueN5k) n

N3k—soo k

<4(1+4108) almost surely.

We now turn to study {7(,;s > 0}.

On the one hand, for any 6 > 0, we claim that almost surely for s large enough, the leftmost
particle /(s) at time s must have at least one descendant belonging to A#5(|s| +1).

In fact, let us write Yy := {Ju € A (k+1):u ¢ N5(k+1);3s € [k, k+1],X,(s) < —/25+8's}
with 8’ := (/2 —1)§ /2. By the many-to-one lemma, we get that for k > 100/8,

4 542
PIY,| < —er_T,
T = 5kv21
which is summable over k. It follows that
P[Y} infinitely often] = 0. (3.4.5)

In view of (3.1.2), when s is large enough, L(s) always lie below —\/§s + &8’s almost surely. Com-
bining with (3.4.5), we obtain that almost surely for & sufficiently large,

max Té(s) < max T,+ 1.
s€[k,k+1] ueNg(k+1)
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On the other hand, using similar arguments, one can say that almost surely for s sufficiently
large, the leftmost located particle /(s) at time s must come from one particle in A5(|s]). This

gives that almost surely for k sufficiently large,

min Ty > min T, — 1.
selbkrt] = ue i)

Thus we conclude that almost surely,

- log 7y(s)

§—yo0 s

=4, ]

3.5 Proof of Theorem 3.1.2

It suffices to show that almost surely limys o 1°gk®" =24+ 2\/5, as the sequence {@y;s > 0}

1S monotone.

3.5.1 The lower bound of Theorem 3.1.2

This subsection is devoted to checking that : almost surely,

log®
liminf 08Tk > 24 2v/2.
—>00

Proof. For(0 <a< \/i, we define
Zo(k) == {u € N (k); X, (k) < —ak} and Z,(k) := #Z,(k).

ForO0<e < (1—%)/2and0<5< 1, we denote

E, = {Za(k)Zexp[k(l—a—;—s)]},

Dy = {@k <exp|(2+2v2— B)k]}.

Let us estimate P[Dy N Ey].
For any s > 0 and > 0, we write I' = I'(s, ) := {N(s) = 1,L(s) < —Bs}. Similarly, let
I, :={N"(s) =1,L"(s) < —Bs} for every u € 4 (k). Then,

o] <e[( 0 w)os]o[( U n)on]. os

ue %, (k) ue Zy (k)
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By the branching structure, we obtain that

Za(k) .
]PK N rg) ﬂEkl < ]P[(l —IP’[F]) ;Ek] < ¢ Plllexplk(1-F—¢)] (3.5.2)
ue 2, (k)
Clearly, P[I'] = e *P[B; < —Bs]. By (3.2.5), one sees that, for € > 0 small and s large enough,

IP’K N FZ)ﬂEk]§exp{—exp[—s(1+%2+£)+k(1—a—22—8)]}, (3.5.3)

u€ Zy(k)

5 2 & with k sufficiently large.

L ke . 1-
which is bounded by e™* * if we choose s =
+ﬁ +e

2
1-

2
145 ve

It remains to bound Q :=P [(Uue Z,(k) Fu> N Dk] for s = k. Recalling the definition

of O, one sees that for any p € (0,2),

QgIP’{ U {ru<epk}}

ue 2y (k)
K J r ) ( N {e"<n< e<2+2ﬁ5>’<}>] = Q,+Qp (354)
ue %, (k) ue %, (k)
We choose now p = 1 —2¢ and z = (v/2 — 2?—25 T)k Then comparing T%(z) and eP* for
every u € Z,(k) tells us that
Q. < ]P’[ U {T"() < eP"}l +IP>{ U {m<ef*< T”(z)}}. (3.5.5)

ue %, (k) uc %, (k)

It follows from the branching property that the first term of the right-hand side is bounded by
E[Z,(k)]P[T (z) < eP¥], which is ekP[By < —ak]P[T (z) < eP¥] by the many-to-one lemma. In view
of the inequalities (3.2.4) and (3.2.13), one immediately has

k
[ U {T"(z) < epk}} < ek\/k_e"zk/zqepkzze‘ﬁZ < e MK (3.5.6)
ue %, (k)

for some 1 := 1 (&) > 0 small enough.

For the second term of the right-hand side in (3.5.5), we observe that for any u € Z,(k), {7, <
ePk < T“(z)} implies that at time 7, < eP¥, the rightmost position R(k + 1) is exactly equal to
R"(t,) + Xy (k), which is less than m(7,) + z — ak. Hence, the event Ue ) {T < ePk < T(2)}
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ensures that there exists some time r < eP¥ such that the rightmost position R(k+ r) is less than

m(r) +z — ak. This gives that

U {m<e*< T”(z)}] < ]P’{Elr < ePkst. R(k+r) <m(r)+z—ak|. (3.5.7)
ue Z, (k)

Notice that with our choice of p and z, Proposition 3.2.5 can be applied to show that for all k
sufficiently large,

]P’[ U {m<efr< T“(z)}] <e K, (3.5.8)

ue Z, (k)

Combined with (3.5.6), the inequality (3.5.5) becomes Q, < 2e Nk,
As shown in (3.5.4), it remains to study Q. For the particles u € 2% (k) such that N“(s) = 1,

we focus on the subtree rooted at u but started from time k + s. Define
R“(t) := max {Xv(k+s+t) —Xulk+s)ve N (k+s+1),u< v},Vt >0;

and
T“(y) := inf{t > 1;R4(t) > m(r) —I—y},‘v’y > 1.

Since (R*(r),t > 0) is distributed as (R(r),# > 0), T%(y) has the same law as T(y). Let us take
V2x = k(2+2v/2 — §/2). Comparing T"(x) with ek2+2V2-8) yields that

W= {3 © € Z(k), sLN(s) = 1,L°(s) < —Bs, T(x) < ek<2+2ﬂ—6>]

v P {Elu € Zy(k) s.t. N*(s) = 1,L%(s) < —Bs,el! 720k < g, < F242V2-0) o T“(x)}

=1 Qp + Q.
By first conditioning on .%;, ; and then on .7, one has
Qi < E|Z0)|P|T|P|T(x) < @220 (3.5.9)
= P [Bk < —ak} e P [Bs < —BS]IP’[T()C) < ek(2+2ﬁ_3)].
For 0 < £ < min{5/8,(1 —%)/2}, by (3.2.13) and (3.2.4),
Qp < e3£k65xze*ﬂxek(2+2ﬁ*6) < cpkle €k, (3.5.10)
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On the other hand, the event {3u € 2, (k) s.t. N*(s) = 1, L (s) < —Bs, el 28k < 7, < k2H2V2-6)
T"(x)} implies that there exists some time r € [e(! 7280k — k(2+2v2-8) _ 5| such that the rightmost
position R(k+ s+ r) is less than —ak — Bs+m(r) + x. Thus,

Qy = P[Hu € Z,(k) s.t. N*(s) = 1,L4(s) < —Bs, 172k < g, < (k(2+2V2-8) T”(x)}

< P [Elr € [e(l_zg)k,ek(2+2\/§_6) +k], s.t. R(r) <m(r—k—s) +x—ak—ﬁs} :

-2 _2¢
32
1+7+£
g = &(€) > 0. Let § > 8/2¢y, then m(r —k — s) +x — ak — Bs < m(r) — €;k. By Proposition

3.2.5, for k large enough,

By taking a = B = 2 — /2, we obtain s =

k= (\% — €1 )k for some sufficiently small

Qpp < Cre ak/ov2, (3.5.11)
Since Q, < Q1 + Qo it follows from (3.5.10) and (3.5.11) that Q, < ¢ ke + Ce1k/6V2,
Combined with the fact that Q, < 2¢~ X, (3.5.4) implies that
Qr < Qu+Qp <2e M4y kPe &k —|—Cle*6'k/6\/§.
According to the inequality (3.5.1), for 0 < € < §/8, n(€) > 0,0 < (&) < §/8v/2 with § suffi-
ciently small, and for all k£ sufficiently large,

a2

2
P[DNE] < exp[_e(ku—z—e)—sm%+e>)]+Ql

< e e Mk crkPe E + Cle_glk/6‘/§.

Consequently,

ZP[Dk N Ek] < oo,
k

By Borel-Cantelli lemma, P[D; N E} i.0.] = 0. Recall that E} := {Za(k) > exp k(1 -5 — 8)] }
Biggins [35] showed that almost surely,
log Zy(k) ’

a
lim ——~>=1——. 3.5.12
k1—r>£1<> k 2 ( )

Therefore, for any 8§ > 0 small, liminf;_,., long)k > 24 2+v/2 — § almost surely. This implies the
lower bound of Theorem 3.1.2. ]
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3.5.2 The upper bound of Theorem 3.1.2

It remains to prove the upper bound, namely, almost surely,

log Oy

limsup <2422, (3.5.13)

k—ro0

Before bringing out the proof of (3.5.13), let us state some preliminary results first.
For M € N, define
oy = inf{s > O;N(s) =M+ 1}.

Clearly, oy is a stopping time with respect to {-%; s > 0}. Since N(s) follows the geometric
distribution, one sees that for any s > 0, Ploy < 5] = P[N(s) > 1 +M] = (1 —e*)*. Moreover,

oy has a density function, denoted by fjy, as follows :
fu(s) = 1oMe*(1—e )M < 1) Me ™. (3.5.14)

Recall that L(s) = infy,c_y(5) Xu(s). Let L(opm) denote the leftmost position at time 6. Notice that
at time o)y, there are M + 1 particles which occupy at most M different positions. This tells us that

for any s, u > 0,
M 2
_ — _ M —ucs/2
P[L(s) < —us|oy —s} SMIP’[BS < ,us] < llSe , (3.5.15)

where the last inequality holds because of (3.2.4).
Let € € (0,1/2). Forr > 1/€ and 0 < s < r, we set A := A(s,r) > 0 such that s(1+ )“72) =r.
Let

fD(r,?L) = {GM >r— I}U{SI’ <oy <r— l,L(GM) < —A(GM,I”)GM}, (3.5.16)
¥(rA) = {er<oy <r—1,L(oy)>—A(OpM,r)Ou}. (3.5.17)

We have the following lemma, which gives some results of the random vector (o, L(0ar)).

Lemma 3.5.1. (i) There exists a constant c12 > 0 such that
P {q:(m)} < craMPre. (3.5.18)
(ii) There exists a constant c13 > 0 such that

E
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Proof of Lemma 3.5.1. (i) Observe that

P[cp(nx)] < P[GM >r— 1} +]P’[8r§ om <r—1,L(oy) < —A(GM,r)aM]

= /r Su(s ds+/ [ ) < —A(s,r)s
oo r—1

N M
< Meds+
r—1 er A(S,I”)S

_ } fu(s)ds

f/l(s,r)zs/ZMefsds

where the last inequality follows from (3.5.14) and (3.5.15). A few lines of simple computation
yield (3.5.18).
(i1) Let us prove the inequality (3.5.19). By Fubini’s theorem, we rewrite the expectation

E ezoM—ﬁL(cM);‘{f(r,)L) as follows :

[ uls)E e H016) = ~Atss

r—1 oo
= /8 > fur(s) N V2e~ ZX]P{ A(s,r)s <L(s) <x

r —A(s,r)

s|opm = s] ds (3.5.20)

Oy = s] dxds.

For er <s < (r—1), one sees that A(s,r) = \/2(r—s)/s > 1/2/(r—1) > 0. We choose 0 < A9 =

min{1 —+/2/2,/2/(r — 1)} so that

~+oo
V2e~ 2XIP>[ A(s,r)s < L(s) < x|oy :s}dx
7L(s r)s
V2 ~hos V2
< \/_e “dx+ V2e VEP| — A(s,r)s < L(s) < x|oy = s |dx
—A(s,r)s
< (\f s 4 \/_e ZXIP’{ A(s,r)s < L(s) < x|oy = s} dx. (3.5.21)
—A(s,r)s
The last term on the right-hand side of (3.5.21), by a change of variable x = — s, becomes
(s,r)
V2seV2H5p { —A(s,r)s < L(s) < —us|oy = s} du
A(s,r)
< V2seV2HSP {L(s) < —us|oy = s} du
7to
< fse\f“s e M S/zdu,
I us

where the last inequality comes from (3.5.15). Going back to (3.5.20),

A(s,r)
E[z"’” V2L(om), g (m)} < / eZSfM(s)< / ( Vz_sﬁe“ H sy 4+ ol ”)
£ Ao
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By (3.5.14), this is bounded by

r—1 pA(s,r) 2 2 r—1
/ \/Z_SAL exp{(H—\/i,u—“—)s}duds—kM eV2ds.
er Ao u 2 er

Notice that if s < r/2, then A(s,r) = \/2(X — 1) > /2. It follows that

2
max  (1+v2u—Eys=2s<r<v2r (3.5.22)
O<u<A(s,r) 2

Otherwise, /2 < s < r implies A (s,r) < v/2. Hence, maxgy<a(s,r) (1 + V21U — %z)s is achieved
when u = A (s, r), which equals

(14 V2G5, - 280, (”f1 s
2

l(s r)2
2

)r. (3.5.23)

It is bounded by v/2r since max;>( 1+;sz /Zz = /2. Combing the two cases, we obtain that
2
max eH+V2u=tr)s < eV

er<s<r—1;,0<u<A(s,r)

This implies that

r—1 (s,r)
E | g20m— fL(ch) (,,)L)] < / / f’duds—kMreﬁr

< Mzeﬂr \/_ ( )ds—l—Mrefr

er
As A = min{1 —+/2/2,1/2/(r — 1)}, we deduce that E [ezaM—ﬁL(GM);‘P(r,l) < ci3M2r2eV?,
which completes the proof of (i1) in Lemma 3.5.1. 0
Let us turn to prove the upper bound of ®y.

Proof of (3.5.13). For any u € .4 (k) and t > 0, we denote A,(t) := {7, > t}. Then {O > 1} =

Uue/(k)Au (t)
For any 6 € QN (0,1), let

aj:=Vv2—j0, bj:=vV2—(j—1)0,forj=1,....K:=K(8) = |

V2
Fjv

sothat0<aj<\/§f0rallj§K.
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bk} for —eo < a < b < oo,

Let Iy (a,b) := {u € A (k);ak < X,(k) <
Given the event = := { —V2k < L(k) <R(k) < \/ik}, we can write

AR =10, V2)U (| Il~bj=ap)),

1<j<K

U U Au(t)>.

so that
o= am=( U am0)u(
ucA (k) u€l(—6,v2) 1<j<Kucl(~bj,~a;)
Asa consequence,
K
U A@nz|+) P U  A@)nE|. (3.5.24)
J=1 uelk(—hj,—aj)

P {{@k > z} ma} <P Lgk(gﬂ)

We first estimate [P [Uuelk(fe,ﬂ)A“(t) NE
For any particle u € 4 (k), let o5y :=inf{s > 0; N"(s) = 1 +M}. Recall that L*(¢) = min{X, (r +
k) — X, (k);v € A (k+s),u < v} for any r > 0. By the branching property, conditioned on .7,
{031:L"(047) Yue.s (k) are i.i.d. copies of (ou,L(0n))-
Similarly, we define ®“(r,A) := {0}, >r—1}U{er <o}, <r—1,L"(c};) < —A(r,01;)0oi;}
and W(r,A) == {er < o}y <r—1,L"(c}y) > — (04, r)0s }. One immediately observes that

P{ U AM(I)HE}S]P’{ U d)”(r,l)]
uel(—6,v2) uel(—6,\2)
+P U Au(t)ﬂ(CIDM(r,PL)> :} (3.5.25)
Melk(—e,\/j)
Conditioning on .%, yields that
IP[ U @“(n1)| <E Y lewa | =E ) IIP’[CIJ(r,?L)]. (3.5.26)
uel (—6,v2) uel(—0,v2) uel(—6,v/2)
Clearly,
E Y 1| <EN®K)]=¢" (3.5.27)
u€l(—6,v2)
(3.5.28)

It then follows from (3.5.18) that
P[Uuelk(—e,ﬂ) cb“(”,l)] < croMPre "k,
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C
We now choose r = k(1 + ¢€) and set Ag := P[Uuelk(fe,\/i) Au(r) N (q;u(r,;t)> ;E] . Then for all
large enough, (3.5.25) becomes

IP[ U Au(t)mE] < c1aM* ke 4 Ag. (3.5.29)
uel(—6,v2)

C
It remains to estimate Ag. Since (CID"(r, l)) C {o}; <erfU¥*(r,A), we write

m=P[ U A0 (@“(r,?t))c;E} < A+ Ao, (3.5.30)
u€l(—6,v2)
where
A =P U Au)n{oj < sr};E]
MEIk(—e,\/E)
Ay = ]P’[ U Au(t)ﬁ‘P”(r,l);E].
uel(—6,v2)

For any particle u € I;(—0,/2) such that {c}, < €r}, for any y > 1, we define

S'y):= min T'(y)+er 3.5.31
() L min (v)+er (3.5.31)

Recall that A, (f) = {7, > t}. By comparing $%(y) with 7, we obtain that for any 1, € (0,7),

A< IP’[ U {t1§§”(y)§t<ru};z} (3.5.32)
uely(—6,v/2)
+ P[ v {gu(y)>t;GA"/[<£r}]+P[ U {§"(y)<t1}]
uel(~9.2) ueh(~0.2)
= Alg+Ap+Asc.

For & € (0,1) and 6 € QN (0,1), we take y = (V2 +2)k(1 + ), 1; = &, 1 = eV2(1128) A
{o}; < er} implies {N"(er) > M}, P[S“(y) > t;00 < €r|Fpyer] is less than P[T (y) >t — er]M.
Conditionally on % ¢, then by (3.5.27), we get

A < E[ y I]P[T(y) S er}M < P [T(y) > V)" (3.5.33)
u€l(—6,v2)

since r = (14 &)k with € € (0,1/2). By (3.2.16), A, < &k x e=M3Y/3 for k large enough. We take
M= 5% to ensure that A, < ek,
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On the other hand, we observe that

A < ]E{ Y 1(,” (y)<ek)] < efrerp [T(y) < ek} : (3.5.34)
veN (k+er)

By (3.2.13), A1. < ekt esy2e=V2ek Thus Ay, + Aje < 2e* for sufficiently large .
Set Z; := {R(k+er) < 2(k+gr)} N E. Then,

Ag <P [R(k—l— er) > 2(k+ 81’)} +E

Z I(Tu>12§“(y)2t1);31] . (3.5.35)
uEIk(fG,ﬁ)

We define A, .= E [Zuelk(fﬂ V2) 1(ru>t2§“(y)2zl);31} for convenience. On the one hand, P[R(k+
er) > 2(k+¢€r)] < e * because of (3.2.15). On the other hand, we have

Alrest S ]E / 1 Su Edr’)]P |:Tu >r "—‘I‘Jk C9-;¢>1/<t>:|] .
uEIk( 6 \[
Since {S*(y) = r'} c {R*("') > r)+m(r — £r) + y}, the event {7, > '} conditioned on
{S4(y) = '} implies Uyye_y & {u}{ k) + R¥(F) > Xu(k) + L"(er) + m(F — er) +y}. Further,
this set is contained in Uy, s (k) }{ "+ X, (k) + L*(er) +y —2¢er —Xw(k)}. As
&) guarantees that (X (k )—I-L”( r)+ \/_ 2er — X, (k )) < Cyk, the inequality (3.2.2) can be
+

applied to show that

E / IS“ Edr’)]P)|:Tu>r’H1’fk7 :|]
(— 9\/

MGIk
- u “(er —v2er—X,(k
< E / 1 (Su(y)edr’) Z C2(1+C2k)2e ﬂ(x (k)+L" (er)+y—v/2er—X,( ))]
Lueh(— we N (k)\{u}
< clsk%—ﬁy“”ﬂz V2% ()X, (K)) | e_m(w)r

uel(—0,v/2) weA (k)\{u}

where the last inequality follows from the fact that for u € .4"(k), L“(&r) are independent of .7

and are independent copies of L(€r).
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Whereas by the estimation of [E [Zue N3 (k) Lowe A (k)\ {u} eﬁXW(k)] in Section 3.4,

E Z Z eﬁ(xw(k)xu(k))]
ucl(—6,v/2) weA (k)\{u}
k
= 2/ eZk_sds/ IP’ By de] [ \fB" —0k <B; < } [e\/in By :x]
0 R

k
_ 2 / -2 [eﬁB‘v—ﬁBk; _Ok<B < \/§k] ds.
0

Because E [eﬁBs_ﬁBk; —0k < B; < \/ik} < eV20kR [eﬁBS} — ¢V20k+5_ e obtain that

E

Z Z e\/i(Xw(k)—Xu(k))] < 2€3k+\/§9k. (3.5.36)
ucl(—0,v/2) weA (k)\{u}

Besides. & {e\/iL(er)] <E [Zve,/lf(er) eﬁXv(er)] — o287 Aga result,
Atres < c15k’e —V2y+2er o 5 ,3k+V20k+2er

Recall that 0 < 6 < 1, y = (v/2+42)k(1 + 0) and that r = k(1 + €) with k large enough so that
r > 1/e. Hence, Ajyesy < c15kze(1_2‘/§)k for € € (O,g). Going back to (3.5.35), we get Ay, <
e k4 c15k2e(1_2ﬁ)k for all k sufficiently large.

Consequently, (3.5.32) becomes

A <e ¥+ cl5kze(]_2ﬁ)k +2¢ K< ¢1pe 8k, (3.5.37)

It remains to estimate Ay =P [Uuelk(fe ﬁ)AM(I) NY“(r,A); E} where P*(r,A) = {er < o}y <
r—1,L"(c}y) > —2A(0}y,r)os . For any particle u € .4 (k) satisfying ¥*(r,A), define

S“(y):= min T"(y)+ o}y, foranyy > 0. (3.5.38)
veAN (o)

Comparing S(y) with 7 yields that

A < IP’[ U {tl < §”(y) <t< ru} m\P”(r,)L);E}
uelk(—ﬂ,\@)

+]P’[ U {g"(y)>t}ﬂ‘l’”(r,/l)} +1P’[ U {S\M(y)<t1}ﬂ‘1’”(r,7t)]
uelh(—0,v2) ucl,(—08,v/2)
=: Ay +Mop+Ape. (3.5.39)
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3.5. Proof of Theorem 3.1.2

According to the definition of §%(y), one sees that P[S*(y) > 1; W*(r,4)] < P[T(y) >t — ] and
that ]P’[f”(y) < t1; W4(r,A)] < 2MP[T(y) < t1]. Recall that r = (1 + &)k, M = 6/8;, y = (v/2 +
2)k(140), 1, = ek and t = V(1429 For any —co < a < b < oo, by (3.2.16),

E Z 1{§u(y)>t}mw(r,x) = =

ucl(a,b)

] < F X P[T(y) > V2 IHOM < ok, (3.5.40)
Meanwhile, by (3.2.13),

E < e x 2MP[T (y) < 1] < 2csMe™ -, (3.5.41)

Z 1{§u(y)<z1}m\w(r,/1)]

uEIk(a,b)

Hence, takinga = —0 and b = V2 implies that Ay + Ao < e k4 205Me_2k . Let ®, be the event
{maxo<, < R(k+rp) <6k} NE. We get

Ay, <P orgrlriérR(k+r0) > 6k} +E Z 1{11§§”(y)§t<ru}m‘l‘“(r,/l); 32] i (3.5.42)
MGIk(—e,\/i)
By the many-to-one lemma, for k large enough,
]P’[ max R(k+ ro) > 6k] <ek (3.5.43)
0<ro<r

For the second term on the right-hand side of (3.5.42), we need to recount the arguments to estimate
Alrest- Let

A2rest = E Z 1{t1§§”(y)§t<ru}ﬁ‘{’”(r,l); 52] . (3544)
ue[k(_97\/§)
It immediately follows that
A2rest S E Z / Is Su Edr ) I\I/M(rl x [P |:{Tu >r } NE =2 c/’ :| . (3545)
MGIk( 0 \[

Comparing 7, with $%(y) tells that

AZrest S E

Z /1 Su Ed 1‘?”("1)

ME[k

E |:132 e AT 1 (RW(r')>m(r’)fﬂ6}tf]+y+xu(k)*Xw(k)+L”(G[’¢1)) ‘eﬂozka §£:| ] .
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On the event Z, NW*(r,A), we have 1 + ( — V20l +y+ X, (k) — X, (k) —|—L”(GA”,,)) < Czk. Ap-
+
plying the inequality (3.2.2) for R"(r’) yields that

Noreg < E Z 1\yu(r7;L)>< Z C2k2 \[ye\[( ()—Xu(k))ezﬁlﬁ—ﬂL"(O',@)]

u€l(—6,v2) weN (k)\{u}

\/E(XW (k) —Xu (k)) Ele

e

uel(—0,v/2)weA (k)\{u}

= C%kze_ﬁyE 20m— fL(GM) (I’)L)]

by the fact that {o},,L"(0};)} are i.i.d. and independent of .%;. Recall that r = (1 + €)k with
€ € (0,6/3). It then follows from (3.5.36) and (3.5.19) that

Agpest < C%kze_(zﬂ‘/i)k(He) x 23k +V20k o c13M2rZe‘/§r < cl7k4M2e_(ﬁ_1)k. (3.5.46)

Consequently, Ay, <e K41kt M?e ~(V2-Dk,
Therefore, for k sufficiently large, the inequality (3.5.39) becomes

A < e k4 205M€72k +e k4 c17k4M267(ﬁ*1)k < clgMze*Sk. (3.5.47)

Combined with (3.5.37), Ag < ci1ge & + c1gM?e €k, Going back to (3.5.29), we conclude that

P[ U Au(t)ﬂE] < croM?e /2, (3.5.48)
u€h(—6,v2)

To complete the proof we still need to evaluate P [Uue I(=bj,—aj) A,(t)NE|. Recall that for any
particle u € A (k), o}, = inf{s > O; N“(s) = 1+ M} and

D" (nA)={oy>r—1}u{er<oy <r—1,L"(oy) < —A(oy,r)oy},

forany r > 1/€ and A(s,r) = \/2(; — 1) with 0 < s < r. Clearly,

U ann(ema) :]

uEIk(fbj.faj)

IP’[ U Au(t);EISIP’[ U  ®“rna)
ucl( uel(

—bj,—aj) —bj,—aj)

On the one hand,

<E

Y 1

MEIk(—bJ‘,—aj)

IP’[ U @(rnr) P lcp(r,/l)] : (3.5.49)
ucl(

—bj,—aj)
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3.5. Proof of Theorem 3.1.2

2
We now take r = k(1 — %’)(1 +¢€) with € > 0 small so that r < 2k. Recall that a; = v/2 — jO
for1 << L\/TEJ, with 8 € QN (0,1). Then note that each a; is strictly positive. Thus, by the
many-to-one lemma and (3.5.18), (3.5.49) becomes that

P

U cpu(n)b)] < P[-bjk < By < —ajk] x cuM*re”"
uEIk(fbj,faj)

< cpMPre” " PBy < —ajk]
2 2

< C12M2(2k)e—k(1—azj)(1+g)+k<£]]ze_”2jk)7
aj

where the last inequality follows from (3.2.4). P [Uuelk(ijaj)d)”(r,l)] is hence bounded by
C12% ke—V20¢€k/2.

On the other hand, recalling that ¥*(r,A) = {er < o}y <r—1,L"(o};) > —A (0}, r)0i;}, we
deduce that

c

Pl Au(t)ﬂ<<I>”(r,/'L)) B

MEIk(

_bj7_aj)

<A+ A, (3.5.50)

where

Al =P U Au(t)ﬂ{dl'(,l<8r};E],
_MGIk(fbj,faj)

Ay, = P U Au(t)mw(r,z);sl.

_MGIk(—bj7—aj)

Furthermore, by an argument similar to the one used in estimating A;, we have A} < cr0e &k,

Thus,

2M?
IP[ U Au(t);algclz—ﬁe—ﬁ"“/z+c20e—8"+A’2. (3.5.51)
uEIk(

—bj,—aj)) aj
It remains to bound A}. Recall that Si(y) = min,e_yu(gu) T"(y) + Oy with y = (V2+2)k(1+6).
We observe that

N < Pl FO)>0nrA)

_MGIk(fbj,faj)

U {8"0) <u}n¥(nA)

uEIk(fbj,lej)

+P

U {l‘l §§”(y) §t<fu}ﬂ‘P”(r,7L);Ez .
—bj,—aj) i

+ P| max R(k+rp) >6k} +P

LO<ro<r

uEIk(
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In view of (3.5.40), (3.5.41) and (3.5.43),

! —k -2k |, —k .
Ay <e M 42csMe™ +e +E{ Y Ly Gpy<cnynwis M,uz] : (3.5.52)
uEIk(fbj.faj)

We define A, := E[Zuelk(—bﬁ—aj) 1{t1§§“(y)§t<ru}ﬂ‘P”(r7l); Ez]. Thus applying the analogous
arguments to the estimation of Ay, gives that

A/2rest < CZlkzeiﬁyE

Z Z e\ﬁ(XW (k) 7Xu (k))]
uely(—=bj,—aj) we. A (k)\{u}

x [

eZGM_\/EL(GM);\Pu(ryﬁ,)] . (3.5.53)

Once again, by means of integrating with respect to the last time at which the most recent common

ancestor of u and v was alive, E [Zugk(,bj7,aj) Ywen (\ {u} e\@(xw(k)fxu(k))} equals

k
2 / 3 ds / P|B, € dx|E eV —bjk < By < —ajk
0 R

B, — x] E [eﬂBk

B = x]
k
= 2 / P [eﬁBs*ﬁBk;—bjk <B < —ajk} ds
0

k k —ajk \[
= 2/ e 2Sals/ e VP [Bk de]]E[e 2B;
0 —bjk

Bk:Xi|.

Let (bs(x); 0 < s < k) denote a Brownian bridge from 0 to x of length k. Then E [e\sz‘Y

Bk = x]
equals E [eﬁbf(x)], which turns out to be exp(s(k — s+ v/2x) /k). Note that a; > 0 and that b; =
a;j+ 0. This gives that

V2(X, (k) =X, (k
B[] Y Y e ())]
ue]k(fbj.faj) WGJV(k)\{M}

k —aik 2
— 2/ e3k2S+S(kS)/k/ 4 1 exp ( _ x_ _ 2x_|_ \/EE)C) dxds
0 ~bjk 27k 2k k

< z/k 3k—2s+s(k—s) k0K _ ( a?k V2bik—+2a;s)d
< e k—2s+s(k— exp| — =k+ ik — a~s> 55
0 V2mk P 2 ! !

2
which is bounded by v&exp (3k — Yk /2b jk) since [Xexp ( 25+ s(k—s)/k—\2a js> ds

is less than 1. One hence sees that |E [Zuelk(,bﬁ,aj) Yove (k)\{u} eﬁ(xw(k)’xu(k))} is bounded by
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3.5. Proof of Theorem 3.1.2

a2
Ve (1= +V2a))k+V26k _Going back to (3.5.53) and applying (3.5.19),

2
_ ] .
A/2rest < Czlkze (2+2ﬂ)k(1+6)\/%e2k+(1 2+ﬂa,)k+ﬁekcl3M2rzeﬁr

< ek PMPe 2% exp {k[(\/i%— 1)(1 —a§/2) +\/§aj—2\/§} }7

2
4;

as r=k(1—5)(1+¢) with € € (0,%). Observe that

(V2+1)(1—d3/2)+V2a;—2v2 = —ﬂ;l <aj— (2—\@))2 <0. (3.5.54)

We get A, < cok%2M2e2%  and thus for all k sufficiently large,

2rest

Ay < epsM?e %, (3.5.55)
Consequently, by (3.5.51),
2M?
P[Uuak(—bj _aj)Au(t);El < clz_\/%e*ﬂeek/Z+020678k+023M2679k_
) aj

Summing over j € {1,--- ,K = L@J} implies that
K
Y r [ Unel(=bj—a;) Au(f);E} < C(0)M>eEO/2, (3.5.56)
j=1

where C(0) is a positive constant associated with 6 (but independent of k, 6 and M) and k is large
enough.
Going back to (3.5.24), we combine (3.5.48) and (3.5.56) to say that

P [{T(k) > f} N { —V2k < L(k) <R(k) < \/Ek}] < croM2e 2 4 C(0)M2e 0K/

- C16(29)esek/z’

where € QN (0,1),e € (0,9), 5 > 0and r = exp[k(2+2v/2)(1+6)(1+28)] and k is sufficiently
large.

According to the Borel-Cantelli Lemma, we conclude that for any 6 € QN (0, 1) and any 6 > 0,

1
ng®k <2+ 2\/5)(1 +0)(1+26), almost surely.

limsup
k—yoo

This implies the upper bound in Theorem 3.1.2. [
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Chapitre 4

Scaling limit of the path leading to the
leftmost particle in a branching random
walk

The results in this chapter are contained in [56]

Summary. We consider a discrete-time branching random walk defined on the real
line, which is assumed to be supercritical and in the boundary case. It is known
that its leftmost position of the n-th generation behaves asymptotically like % logn,
provided the non-extinction of the system. The main goal of this paper, is to prove
that the path from the root to the leftmost particle, after a suitable normalizatoin,
converges weakly to a Brownian excursion.

Keywords. Branching random walk ; spinal decomposition.

4.1 Introduction

We consider a branching random walk, which is constructed according to a point process .Z
on the line. Precisely speaking, the system is started with one initial particle at the origin. This
particle is called the root, denoted by &. At time 1, the root dies and gives birth to some new
particles, which form the first generation. Their positions constitute a point process distributed as
Z. Attime 2, each of these particles dies and gives birth to new particles whose positions — relative
to that of their parent — constitute a new independent copy of .Z. The system grows according to

the same mechanism.
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4.1. Introduction

We denote by T the genealogical tree of the system, which is clearly a Galton-Watson tree
rooted at @. If a vertex u € T is in the n-th generation, we write |u| = n and denote its position by
V(u). Then {V (u), |u| = 1} follows the same law as .Z. The family of positions (V (u); u € T) is
viewed as our branching random walk.

Throughout the paper, the branching random walk is assumed to be in the boundary case (Big-

gins and Kyprianou [40]) :

E[ y 1} >1, E[l;le—v(ﬂ —1, E[ y V(x)e_v(x)] —0. @.1.1)

lu|=1 |x|=1

For any y € R, let y; := max{y, 0} and log, y := log(max{y, 1}). We also assume the following
integrability conditions :

E[ y v(u)ze*V(W] < o, 4.12)
EX(log, X)?] < o, E[Xlog, X] < oo, (4.1.3)

where

We define I, to be the leftmost position in the n-th generation, i.e.
I, ;== inf{V(u), |u| = n}, (4.1.4)

with inf@ := oo. If I, < oo, we choose a vertex uniformly in the set {u : |u| =n, V(u) = I,} of
leftmost particles at time n and denote it by m"). We let [@, m"] = {@ =: m(()"), mgn), ey m") =
m(”)} be the shortest path in T relating the root & to m™), and introduce the path from the root to
m™ as follows

(Lu(k); 0 <k <n):=(V(m"); 0 <k <n).

In particular, ,(0) = 0 and I,(n) = I,. Let ¢ be the positive real number such that o2 equals
E[Z|u|:1 V(u)ze_v(“)]. For any 7 € (0,), let D(]0,¢],R) be the space of the functions on [0,7]
which are right-continuous and have left-hand limits and we equip D([0,¢],R) with the Skorohod
topology (see Chapter 3 of Billingsley [42]). Our main result is as follows.

Theorem 4.1.1. The rescaled path (I"((yLs\/rg); 0 <s < 1) converges in law in D([0,1],R), to a nor-

malized Brownian excursion (es; 0 <s < 1).



Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

Remark 4.1.2. It has been proved in [2], [87] and [4] that I, is around %log n. In [6], the authors
proved that, for the model of branching Brownian motion, the time reversed path followed by the

leftmost particle converges in law to a certain stochastic process.

Let us say a few words about the proof of Theorem 4.1.1. We first consider the path leading
to m\, by conditioning that its ending point 7, is located atypically below %logn — z with large
z. Then we apply the well-known spinal decomposition to show that this path, conditioned to
{I, < %logn — z}, behaves like a simple random walk staying positive but tied down at the end.
Such a random walk, being rescaled, converges in law to the Brownian excursion (see [61]). We
then prove our main result by removing the condition of /,,. The main strategy is borrowed from
[4], but with appropriate refinements.

The rest of the paper is organized as follows. In Section 4.2, we recall the spinal decomposition
by a change of measures, which implies the useful many-to-one lemma. We prove a conditioned
version of Theorem 4.1.1 in Section 4.3. In Section 4.4, we remove the conditioning and prove the
theorem.

Throughout the paper, we use a,, ~ b;, (n — o) to denote lim,,_,c Z—Z = 1;and let (¢;);>0 denote
finite and positive constants. We write E[f; A] for E[f14]. Moreover, Y := 0 and []p := 1.

4.2 Lyons’ change of measures via additive martingale

4.2.1 Spinal decomposition

For any a € R, let P, be the probability measure such that P,((V(u), u € T) € -) =P((V(u) +
a, u € T) € -). The corresponding expectation is denoted by E,. Let (.%,, n > 0) be the natu-
ral filtration generated by the branching random walk and let %, := V;;>0.%,. We introduce the

following random variables :
Wor=Y e, n>o. (4.2.1)

|u|=n
It follows immediately from (4.1.1) that (W,, n > 0) is a non-negative martingale with respect to
(Z,). It is usually referred as the additive martingale. We define a probability measure Q, on %,

such that for any n > 0,

d@a a
= e"W,. 422
dP, s € Wn ( )

For convenience, we write Q for Q.
Let us give the description of the branching random walk under QQ, in an intuitive way, which is

known as the spinal decomposition. We introduce another point process . with Radon-Nikodym
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4.2. Lyons’ change of measures via additive martingale

derivative ). o e~ with respect to the law of .Z". Under Q, the branching random walk evolves
as follows. Initially, there is one particle wq located at V(wy) = a. At each step n, particles at
generation n die and give birth to new particles independently according to the law of ., except
for the particle w,, which generates its children according to the law of . The particle w, 1 is
chosen proportionally to e~V among the children u of w,. We still call T the genealogical tree
of the process, so that (w,),>0 is a ray in T, which is called the spine. This change of probabilities
was presented in various forms ; see, for example [109], [87] and [54].

It is convenient to use the following notation. For any u € T\ {@}, let % be the parent of u,
and

AV (u) =V (u) =V ().

Let Q(u) be the set of brothers of u, i.e. Q(u) := {v € T: % =%, v# u}. Let § denote the Dirac
measure. Then under Qg, Y= 5Av(u) follows the law of .Z. Further, We recall the following
proposition, from [87] and [109].

Proposition 4.2.1. (1) For any |u| = n, we have

—V(u)

W

e

(4.2.3)

Qa[wn = u’fgn] —

(2) Under Qy, the random variables (Zveg(wn) OV () AV(wn)>, n>1areiid.
As a consequence of this proposition, we get the many-to-one lemma as follows :

Lemma 4.2.2. There exists a centered random walk (S,; n > 0) with P,(So = a) = 1 such that for

any n > 1 and any measurable function g : R" — [0,0), we have

Ea[ Y g(V(m),...,V(un))] =Eu[e (S, .., 8], (4.2.4)

Jul=n
where we denote by &, u]] = {@ =: uo, uy ..., u),| := u} the ancestral line of uin T.

Note that by (4.1.3), S; has the finite variance 6 = E[S?] = E[Y =1 V(u)?e V).

4.2.2 Convergence in law for the one-dimensional random walk

Let us introduce some results about the centered random walk (S,,) with finite variance, which
will be used later. For any 0 < m < n, we define §j,, , := min,<;<,S;, and S, = Sy . Let
(Tk, Hy; k > 0) be the strict descending ladder epochs and heights of (S,; n > 0), i.e., T =0,
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Hy := S and for any k > 1, T :=inf{j > Tj_y : S; < Hy_1}, Hy := S1,. We denote by U(dx)
the corresponding renewal measure on R, in other words, U(dx) = Y;>oP(—H; € dx). Let
R(x) := U([0,x]) for any x > 0. For the random walk (—S,,), we define S Sn and R (x) si-
milarly. It is known (see [67] p. 360) that there exists co > 0 such that

lim @ = ¢p. 4.2.5)
X—0 X
Moreover, it is shown in [99] that there exist C;, C_ > 0 such that for any a > 0,
P, (gn > 0) ~ %R(a); (4.2.6)
P, (S’ > 0) ~ERr (). 4.2.7)
9, = /n

We also state the following inequalities (see Lemmas 2.2 and 2.4 in [9], respectively).
Fact 4.2.3. (i) There exists a constant ¢; > 0 such that forany b >a >0, x> 0andn > 1,
P(S, > —x; Sy € [a—x,b—x]) < ci(1+x)(1+b—a)(1+b)n 2 (4.2.8)
(ii) Let O < A < 1. There exists a constant ¢y > 0 such that foranyb >a >0, x, y>0andn > 1,
Po(Sn € [y+a,y+b],8, > 0,8y, >y) < ca(1+x)(1+b—a)(1+b)n > (4.2.9)

Before we give the next lemma, we recall the definition of lattice distribution (see [67], p.

138). The distribution of a random variable X is lattice, if it is concentrated on a set of points
o+ BZ, with o arbitrary. The largest 8 satisfying this property is called the span of X;. Otherwise,
the distribution of X) is called non-lattice. Recall also that for # > 0, D([0,¢],R) = {f : [0,¢] —
R : Vs € [0,1), f(s) = lim, |5 f(r); and Vs € (0,7],lim, f(r) exists}, equipped with the Skorohod
topology.
Lemma4.2.4. Let (r,),>0 be a sequence of real numbers such that limy_,. 7= =0. Let f : Ry — R
be a Riemann integrable function. We suppose that there exists a non-increasing function f : R, —
R such that | f(x)| < f(x) forany x > 0 and [ ~yxf(x)dx < oo. For0 <A< 1, let F : D([0,A], R) —
[0, 1] be continuous. Let a > 0. .

() Non-lattice case. If the distribution of (S| — So) is non-lattice, then there exists a constant
C1 > 0 such that

freel n n = —a, §[An,n} >y

lim 32K [F(j%;o <s< A)f(Sn —y): S
— CiR(a) / PR (B[P (e:0 < s A)), (4210
x>
uniformly in'y € [0,r,].
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(IT) Lattice case. If the distribution of (S| — So) is supported in (& + BZ) with span B, then for
any d € R,

s
lim 3/ 2F [F(GL—\/J_O <s< A)f(Sn —y+d); S, > —a, Sy =y —d

n—oo

=CiR(a)B ), f(Bj+d)R_(Bj+d)E[F(es;0<s<A)]. (42.11)
JZf—ﬂ

uniformly in'y € [0,r,)N{an+ BZ}.

Proof. The lemma is a refinement of Lemma 2.3 in [4], which proved the convergence in the non-
lattice case when a = 0 and F' = 1. We consider the non-lattice case first. We denote the expectation
on the left-hand side of (4.2.10) by x(F, f). Observe that for any K € N,

X(Faf) = X<F7f(x)1(0§x§1()) +X<F7f(x)1(x>l()>'

Since 0 < F < 1, we have x (F, f(x)1 (x> k)) < X (1, f(x)1(x>)) which is bounded by

Z Ea [f(Sn_y_a); §n ZO, §[An,n} Zy—i—a, Sn S [y+a+j,y+a+j—|—l]]
j=K

Recall that | f(x)| < f(x) with f non-increasing. We get that

X(laf(x)l(x>l()) < Z 7(])Pa |:§n >0, E[An.,n] >y+a, S, € [y+a+]7y+a+]+1]]
jizK

It then follows from (4.2.9) that

(1L f0) ) <26(1+a)( X TR+ ) )n 2 4.2.12)
j>K
Since [y xf(x)dx < oo, the sum ¥ ;> x f(j)(2+ j) decreases to zero as K 1 eo. We thus only need to
estimate ) (F L f (%) Lio<x< K)) . Note that f is Riemann integrable. It suffices to consider x (F s Lo<as K)>
with K a positive constant.
Applying the Markov property at time |An| shows that
Sign|—a
H(roser) = Bl

0 <5 <A) Sy <y+atK,S, 20,8, > v+d
n b}

>0, (4.2.13)

= E, [F(Stzi/;a;O <s< A)‘PK(SLMJ); S| An|
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

where Wk (x) := P, [Sn_ an) Sy+ta+K, S, a2 y+a]. By reversing time, we obtain that
Yk (x) = IP’[§;Z > (=Sm)+(+a—x) > —K} with m :=n— |An].

We define 7, as the first time when the random walk (—S) hits the minimal level during [0, n],
namely, T, := inf{k € [0,n] : =S, = S, }. Define also »(z,{;n) :=P(-S, € [z,z+ ], S, > 0) for
any z, { > 0. Then,

Wk (x) = f P[Tm =k S, > (=Sm)+(+a—x)> —K}
k=0

m (4.2.14)
— kz: E[l{_sk:&:z_[{} X x(x—y—a,S, +K; m—k)] ,
=0
where the last equality follows from the Markov property at time k.
Let y(x) := xe =/ zl(xzo). Combining Theorem 1 of [52] with (4.2.6) yields that
#(z,8;n) :IP’O[ S € z,z+C); S, > 0] c-¢ ( ¢ )+0(n_1), (4.2.15)
’ on '\o/n

uniformly in z € R} and { in compact sets of R ;. Note that y is bounded on R, . Therefore, there
exists a constant ¢3 > 0 such that for any § € [0,K],z>0and n >0,

(1+K)
) < ez ) 42.16
%(Z;Cn)_% n+1 ( )
Let k,, :== |[/n|. We divide the sum on the right-hand side of (4.2.14) into two parts :
m
Z+ Y P[-Si=S5 >-K:x(x—y—a,S +K:m—k)]. (4.2.17)
k=0 k=ko+1
By (4.2.15), under the assumption that y = o(+/n), the first part becomes that
C_ xX—a 1 ki _
(G ) ZE K —Si=S; > —K]| +o(n") Y. P[— S, =5, > —K]
k=0
C. /x—a K
= = R_(u)d -1 4.2.18
Gm"’(aﬁ)/o (Wdu+o(n™"), @2.18)

where the last equation comes from the fact that } 4~ E [Ek_ +K;—=8 =S, > —K] = fOKR_ (u)du
On the other hand, using (4.2.16) for »(x —y —a,S, +K;m— k) and then applying (i) of Fact 4.2.3
imply that for n large enough, the second part of (4.2.17) is bounded by

o 1+K

——P(S, > —-K, —§ —K,0
kk+1C3m+1_k (_k_ ) kE[ 7])
' X 4.2.19)
<cy4 i (1+K) :0(1’1_1)
T e (m1— k)k3/2 )

81



4.2. Lyons’ change of measures via additive martingale

By (4.2.18) and (4.2.19), we obtain that as n goes to infinity,

‘PK(x):O(n—1)+6(nf—mnj)y,<c n—LAn / R (4.2.20)

uniformly in x > 0 and y € [0, r,]. Plugging it into (4.2.13) and then combining with (4.2.6) yield
that

C_ K
— =3/2y, =
X(Fa I(OS)CSK)) O(I’l )+ G(l —A)l’l/() R—(u)du

a Sisn|—a —1
XCD%)Ea[F< LGJ\/_ 10 < S<A>W<ﬁ>)§m20}

Theorem 1.1 of [53] says that under the conditioned probability IP’a( ’SAn > 0) ( ’AA"L ;0 <

r < 1) converges in law to a Brownian meander, denoted by (.#,;0 < r < 1). Therefore,

VA

C_C.R(a |
X(F, Lo<x<k)) ~ 21 —A \/_/ duE (\/Zﬁ///S/A,O <5< A) (

It remains to check that

mE[F(\/K///s/A;OgsgA> (%)] \/gE[F(eS;OgsgA)]. 4.2.21)

Let (R;;0 < s < 1) be a standard three-dimensional Bessel process. Then, as is shown in [88],

-
el (o) (Y

\/_
_ \/gmm[%dmw;ogg) (\AA%)}

— nE 1 ZfiA
_ \/; [me F<R5,0<S<A)]

where the last equation follows from the scaling property of Bessel process. Let (r;0 < s < 1) be

a standard three-dimensional Bessel bridge. Note that for any A < 1, (r;;0 < s < A) is equivalent
2
to (Ry;0 < s < A), with density (1 —A)~3/Zexp(—5 2 ay) (see p. 468 (3.11) of [126]). Thus,

mE[F(\/Z//ZS/A;OSSSA) (%ﬂ \/gE[F(rs;OSSSA)-

Since a normalized Brownian excursion is exactly a standard three-dimensional Bessel bridge, this
yields (4.2.21). Therefore, (4.2.10) is proved by taking C; = \/g G

o

The proof of the lemma in the lattice case is along the same lines, except that we use Theorem
2 (instead of Theorem 1) of [52]. ]
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

4.3 Conditioning on the event {, < 3logn —z}

On the event {/,, < %logn —z}, we analyze the sample path leading to a particle located at the

leftmost position at the nth generation. Forz > 0and n > 1, leta,(z) := % logn — z if the distribution
3 logn—

of £ is non-lattice and let a,(z) := an+ LWJ — z if the distribution of . is supported by

o + BZ. This section is devoted to the proof of the following proposition.

Proposition 4.3.1. For any A € (0,1] and any continuous functional F : D([0,A], R) — [0, 1],

E[F(%;O§S§A>

We begin with some preliminary results.

lim lim sup
17 psoo

I < an(z)} —]E[F(es;O <s< A)] ‘ —0.  (43.1)

For any 0 < A < 1 and L, K > 0, we denote by JzA,K, 1 (n) the following collection of particles :

{u €T:[ul =n, V(u) < a,(z), min V() > —z+K, min V(i) > an(z+L)}. 43.2)

Lemma 4.3.2. For any € > 0, there exists L > 0 such that forany L> Le, n > 1 and z > K > 0,
P(m™ ¢ S 1 (n), In S anl2)) < (X (1 +2-K))e ™. 4.3.3)

Proof. 1t suffices to show that for any € € (0, 1), there exists Lg > 1 such that for any L > Lg, n > 1
andz > K >0,

IP’(EI|u| =n:V(u) <ay(z), u & J?,K,L(”)) < (eK +&(1 +z—K))eiZ. (4.3.4)
We observe that

IP’<3|u| =n:V(u) <ay(z), u §ZJZA’K7L(n)> < P(Hu eT:V(u) < —Z-I-K>

+]P’<E|]u! n:V(u) <ay(z), Orgnklger(uk) > —z+K, Ag}%nv(uk) < an(z+L)> (4.3.5)

On the one hand, by (4.2.4) (i.e., the many-to-one lemma),

IP(EIu eT:V(u) < —z+k> < Y E{ Y Ly +K<mmk<nv(uk)}} (4.3.6)

n>0 lu|=n

= Y E[e’; S, < —z+K<S, ] <e K
n>0
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4.3. Conditioning on the event {I, < %logn -z}

On the other hand, denoting A,(z) := [a,(z) — 1,a,(z)] for any z > 0,

P(3lul =n:V(u) < a(2), min V() > ~2+K, min V() < an(z+1))

- ]P’Z,K<E|\u|:n:V(u)§an(K), min V(i) >0, min V(uk)gan(K+L)>

0<k<n An<k<n
j=K-+{
< P, (EI =n:V(u)€A,(j), min V >0, min V €A €>.
= 42;11( j;( 7—K ‘M‘ n (Lt) n(]) 0<k<n (uk)_ Ang}cgn (uk) n()

According to Lemma 3.3 in [4], there exist constants 1 > ¢5 > 0 and c¢g > 0 such that for any n > 1,
L>0andx,z>0,

P, (Elu €T:[ul =n, V(u) €4,(z), min V() =0, min V(u)e An(z+L)>

<ce(14x)e Le™ 2 (4.3.7)
Hence, combining (4.3.6) with (4.3.5) yields that

P(3lu =2V (u) < an(z), u ¢ S 1))

< KLY Y co(l+z—K)e s emimi
>L0<j<(

< (eK—l—C7 Z e~ (1 +z—K))e’Z,
(>L

where the last inequality comes from the fact that )’ ;> e~ (1765)J < oo, We take L = —cglog€ so
that c7 ) />, e~ < g for all L > L. Therefore, for anyL>L¢e,n>1landz>K >0,

]P’(H]u| —n:V(u) < an(z), u d JZA,KL(n)) < (eK te(l+z— K))e*Z, (4.3.8)
which completes the proof. 0
Recall that wy, is the k-th particle in the spine of T. For b € Z, we define

&= E(z,b) = {Vk<n—b, min V(u)>a(2)} (4.3.9)

uZwk,|u|:n

We note that on the event &, N {I, < a,(z)}, any particle located at the leftmost position must be
separated from the spine after time n — b.

Lemma 4.3.3. For any 1 > 0 and L > 0, there exist K(n) > 0, B(L,n) > 1 and N(n) > 1 such
that for any b > B(L,n), n > N(n) and z > K > K(n),

Q(éﬁf, W € Jgfm(n)) <n(1+L)*(1+z—K)n 32, (4.3.10)
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

We feel free to omit the proof of Lemma 4.3.3 since it is just a slightly stronger version of
Lemma 3.8 in [4]. It follows from the same arguments.
Let us turn to the proof of Proposition 4.3.1. We break it up into 3 steps.

Step (1) (The conditioned convergence of (I”C(FL%); 0 < s <A) for A < 1in the non-lattice case)
Assume that the distribution of . is non-lattice in this step. Recall that a,(z) = 2 logn — z. The

tail distribution of 7, has been given in Propositions 1.3 and 4.1 of [4], recalled as follows.

Fact 4.3.4 ([4]). There exists a constant C > 0 such that

“pu, <an(z))—c) ~0. 4.3.11)

lim lim sup <
Z

17 psoeo

Furthermore, for any € > 0, there exist Ne > 1 and A¢ > 0 such that for any n > Ng and A < 7 <

%logn—AS, .

%]P’(In < an(2)) —c) <e.

For any continuous functional F : D([0,A], R) — [0, 1], it is convenient to write that

Y.(F,z):=E [F (I"C(TL:/’%J)

In particular, if F =1, X,(1,z) = P(I, < ay(z)). Thus,

Sig B (favoze=e)

Let us prove the following convergence for 0 < A < 1,

0<s5<A) 1{,”<an(z)}} . (4.3.12)

I, < an(z)] . (4.3.13)

o n(F,z)
lim 1 D) BIF(e,, 0<s<A ‘:o. 43.14
fim limsup |7 (1) ~EW (e 0 << 8] R

Proof. Foranyn>1,L>0andz> K >0, let
I,(sn)
o\/n

By Lemma 4.3.2, we obtain that for L > Lg,n > 1and z > K > 0,

IL,(F) = I,(F,z,K,L) :=E [F( 0<s< A> 1{m<n>€JZA_K_L(n)}] . (4.3.15)

zn(F,z)—nn(F)( < (eK—|—£(1—|—z—K)>e_Z. (4.3.16)
Note that m") is chosen uniformly among the particles located at the leftmost position. Thus,
V(”Lan )
Hn(F) = E |:uz_n l(uzm(n)7 ue"é[{,L(”))F (G—\/ﬁ,() S h) S A)
1 V(“Lsnj ) }
= E 1 _ A F ( ;0<s< A) i
[Zu_n Lv (=1, %_"n V)=t uelix ()" \ " 6 /n

85



4.3. Conditioning on the event {I, < %logn -z}

Applying the change of measures given in (4.2.2), it follows from Proposition 4.2.1 that

V(wy)
Hn(F):E@{ ¢ L ()t F(V(WL ), 0<s<A>} (4.3.17)
Llul=n LV (w)=1) S NN

In order to estimate I1,,, we restrict ourselves to the event &,,. Define

v (wn) V(WLsnj )
I o F
Q{Z|u|:n1<v<u)—1n) vonmerten (G i o\/n

In view of Lemma 4.3.3, for any b > B(L,n),n > N(n) and z > K > K(n),

An(F):=E 0<s<A>;£n].

IN

‘Hn(F) - An(F)‘ o [ev(wﬁ; Wa € J% (), g;f] (4.3.18)
e in32Q (é"nc, wy € JZAJ(’L(n))

< NI+L2(1+z-K)e

IN

On the event &, N{I, < a,(z)}, An(F) equals

eV(Wﬂ) :|
E 1 _ Fl———0<s<A); &,].
v [Zu>wn_b,|u|—n L=, (V )b € ) < ° )

Let,forx>0,L>0,and b > 1,

O ) -1,)
L1 min V(wg) >0,V (wp) < L}
Z\u\:b l{V (u)=I} 0<k<b

< QX(Or<nk1nbV(wk) >0,V (wp) < L) (4.3.19)

e
frp(x) = EQX{

We choose n large enough so that An < n — b. Thus, applying the Markov property at time n — b
yields that

\%4 W)
An(F) =n*l?e Eq [F( E;\/—J) 0<S<A)be( (Wn—b) —an(z+L));
> i > . 3.
Jmin Vi) > 2K, min V() 2 a4 L), gn] (4.3.20)

Let us introduce the following quantity by removing the restriction to &j, :

V(Wisn))
AV

V() 2 K, min V(w)>a, L]. 4321
odmin Vw2 —z+K, | min  V(w)2an(z+L)]. (4321

AL(F) =2 B [F (=220 <5 < A) fup(V (wa ) — an(z+L));
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

We immediately observe that

A(F) = AL(F)| < 1326 7Q( iV (wa-p) — an(z+ 1),

min V(wg) > —z+K, min  V(w) > an(z+L); ((g’n)C). (4.3.22)

0<k<n—b An<k<n—b

By (4.3.19), we check that
4.3.3 again implies that

A, (F) —A{l(F)’ <n32e Q(w, € JZA’KL(n), (&n)°). Applying Lemma

An(F) —A;(F)‘ <n(1+L>2(1+z—K)e = (4.3.23)
Combining with (4.3.18), we obtain that for any b > B(L,n), z > K > K(n) and n large enough,
‘Hn(F) —Afl(F)‘ <m(1+L>2(1+z—K)e = (4.3.24)

Note that (V (wy); k > 1) is a centered random walk under Q and that it is proved in [4] that f7
satisfies the conditions of Lemma 4.2.4. By (I) of Lemma 4.2.4, we get that

lim A}(F) = o ,R(z—K)e “E[F (5, 0 <5 < §)], (4.3.25)

n—oo0
where o , :=C\ [;~( f1(X)R_(x)dx € [0,00). Thus, by (4.3.24), one sees that for any b > B(L,7)
andz > K > K(n),
limsup [TL,(F) — o ,R(z — K)e “E[F (e;, 0 < s < A)]| <2n(1+L)*(1+z—K)e = (43.26)

n—soo

Going back to (4.3.16), we deduce that for any L > L, b > B(L,n) and z > K > K(1),

limsup |X,(F,z) — (XLbR(Z —K)e “E[F(e5, 0 <5 < A)]’

n—oo

< 2(1+L)*(1+z—K)e *+ <eK+8(1 —l—z—K))e_Z.

Recall that lim,_,. @ = co. We multiply each term by %, and then let z go to infinity to conclude
that

<

5 (F,2) — ol ycoB[F(es, 0 <5 < A)]‘ <om(1+L?+e. 4.3.27)
Z bl

lim sup lim sup
700 n—yoo

In particular, taking F = 1 gives that

4

%P(In <an(z)) — ocgbco‘ <om(1+L)?+e. (4.3.28)

lim sup lim sup
7—° n—yoo
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4.3. Conditioning on the event {I, < %logn -z}

It follows from Fact 4.3.4 that |C — (X[{ ,col <2n(1+ L)+ €. We thus choose 0 < € < C/10 and
0<n <3 2s0that2C>OtL €0 >C/2>0.

(1+L )
Therefore, for any € € (0,C/10),0 < n < (1+L IETEE L=L;and b > B(L¢, M),
. . Zn(F, Z) 4e
limsuplimsup | m————— —E[F(e;,0 <s <A — 4.3.29
imsuplimsup | & 7o) B en0 s <A < e (#:3.29)
which completes the proof of (4.3.14) in the non-lattice case. [

=

Step (1l) (The conditioned convergence of (Ig(\s/nﬁ ;0 <5 <A)forA<1inthe lattice case) Assume

that the law of .Z is supported by a + BZ with span 3. Recall that a,,(0) = an+ 3 LMJ and
that a,,(z) = a,(0) — z. We use the same notation of Step (I). Let us prove

Y. (F,z) _
Fig ElF(e 0<s< A)]‘ ~0. (4.3.30)

Proof. Suppose that z € BZ. Whereas the arguments of Step (I), we obtain that for any L > Lg,
b>B(L,n),z> K > K(n) and n sufficiently large,

BZ3z— p—yoo

% (F,2) —A,If(F)‘ <om(1+L>2(1+z—K)e  + <eK+8(1 +Z—K)>e’z, 4.3.31)
where
AI(F) = A(F,2,K,L,b) := e e Eq [F(M;O <s< A) x
Jeo(VWnp—an(z+L))); min V(wy)>—z+K, min  V(w)>an(z+L))|.

Under Q, the distribution of V(w;) —V(wq) is also supported by o + BZ. Let d = d(L,b) :=

BI%E] — ab + L and A, := n*2e=). Recall that fi, is well defined in (4.3.19), it follows

from (II) of Lemma 4.2.4 that

lim A,Al(F) = of",R(z — K)e “E[F (5, 0 < s < A)]. (4.3.32)

n—soo

where (be =C1BY >0 fLp(Bj+d)R_(Bj+d) €[0,%). Observe that 1 < A, < eP. Combining
with (4.3.31), we conclude that

¥4
limsup limsup | A,Z,(F,z) — o/, coE[F (e5, 0 < s <A)]| <P 2n(1+L) +¢).  (4.3.33)
Z bl

BZ>7—00 n—o°

We admit for the moment that there exist 0 < 69 < ¢10 < o such that Ocil » € [co,c1o] forall L, b

large enough. Then take € < 9, L = L., N = s~—£— and b > B(L¢,n) so that ef (21 (14 L)> +

4eP> 2(1+L )
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

€ JnZa(F.2)
é zrnzn (] 7Z)

€) < coco/2 < @y, ,c0/2 < 2c1oco. Note that g'lgg -
b n ,

that

. We thus deduce from (4.3.33)

Zn F7 4e
limsup lim sup M —E[F(e5, 0 <s<A)]| < W’
CoCp/er —

4.3.34
BZ>z—r00 N0 Zn(lvz) ( )

which tends to zero as € | 0.
It remains to prove that ch p € [c9,c10] for all L, b large enough. Instead of investigating the

entire system, we consider the branching random walk killed at 0. Define
1K= inf{V (u) : |u| = n,V (ux) >0, YO < k < n}, (4.3.35)
and we get the following fact from Corollary 3.4 and Lemma 3.6 of [4].
Fact 4.3.5 ([4]). There exists a constant cy; > 0 such that for any n > 1 and x, z > 0,
P (1" < a,(z)) < 11 (1+x)e ™% (4.3.36)
Moreover, there exists c1p > 0 such that for any n > 1 and z € [0,a,(1)],
PN < a,(z2)) > crpe 2. (4.3.37)

Even though Fact 4.3.5 is proved in [4] under the assumption that the distribution of .Z is
non-lattice, the lattice case is actually recovered from that proof.
Analogically, let m*!"(") be the particle chosen uniformly in the set {u : |u| = n, V(u) =

1K ming<i<, V(1) > 0}. Moreover, let 25l (1, 7) :=TP [I,]fill < an(z)] and ITX(1,7,2,L) :== P [I,’fi” <

an(z), mkth ) ¢ JZA%L(n)} . By (4.3.7) again, we check that for all L > L,

Zﬁill(l,Z) . Hﬁill<1727 ZyL) ‘ (4.3.38)

IN

P[HM = n: V() < ap(2): min V() >0; min V() < an(z+L)}

< ge ~.

Recounting the arguments of Step (1), one sees that for any L > Lg, b > B(L,n), z > K(1) and n
sufficiently large,

’l 5 (1,2,7,L) — A < 2m(1+L)%e 3, (4.3.39)
where
kill kill : 1
. B . > > D,
A" =Eq [f (V(wy, h))’ogrl?glzl—bv(wk) O’Angnkngel—bv(wk) > an(z—i-L)], (4.3.40)
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4.3. Conditioning on the event {I, < %logn -z}

V(w,
e ( b)l{V(wb):Iéd”}

Liu=b I{V(@:I{;l‘”, ming< j<p,V (uj)>0}

For € > 0 and 7 sufficiently large, it has been proved in [4] that

with fill (x) == EQX[ ; ming<<pV(wi) > an(z+L),V(wp) < an(2)|-

Al (1,2,2,L,0) — A" <. 4.3.41)

Recalling the convergence (4.3.32) with K = z and F = 1, we deduce from (4.3.38), (4.3.39) and
(4.3.41) that forany L > Lg, b > B(L,n) and z > K(1),

i(1,2) - ol

limsup
n—soo

<P (217 (1+L)*+ 28) e, (4.3.42)

sinceR(0)=1and 1 <A, < eP. Fact 4.3.5 implies that ¢1p < €*A,P(IN! < g,(z)) < c11eP. Hence,

we obtain that
cio—éP (271(1 +L? +2s> <afl,<efeyy+ef (277(1 L) +2£>. (4.3.43)

Let ¢j9 := c11€P + ¢12 and ¢g := 3c12/4 > 0. For any € < e‘Bc12/12, we take L = L and ] <
€/2(1+L¢)*. Then ¢y > al!, > cg > 0 for b > B(L¢,n). This completes the second step. O

Step (111)(The tightness) Actually, it suffices to prove the following proposition.

Proposition 4.3.6. For any n > 0,

lim limsuplimsup]P’( sup |I,(n—k)—1,| >novn

0—=0 7350 n—oo 0<k<dn

In < ay (Z)) =0. (4.3.44)

The first two steps allow us to obtain the following fact whether the distribution is lattice or

non-lattice.

Fact 4.3.7. There exist constants c13,c14 € (0,00) such that
Z Z

c13 < liminfliminf S P(l, < a,(z)) < limsuplimsup *P(I, < ay(z)) < c14. (4.3.45)

7—00  p—oo 7 7—o0  p—oo I

Proof of Proposition 4.3.6. First, we observe that forany M > 1 and § € (0,1/2),

]P( sup |u(n—k) — L] > So/n, zngan(z))
0<k<én

< P(m,g"> g% (n), I, < an(z)> —|—IP’<In(n —|8n)) > MoVon, I, < an(z)> +x(8,2,n).

where % (8,2,m) i=P(mi) € J1{7, (n), L(n— | n]) < MO/, supoyegy ll(n—k) L] = nov/n).
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

It follows from Lemma 4.3.2 that for any € > 0,if L > L, n > 1and z > 0,
( gJ”z(ngaA@)g(L+a1+@yﬂ. (4.3.46)

Then dividing each term of (4.3.46) by P(1, < a,(z)) yields that

(z)> (4.3.47)

x(8,z,n)
P(l, < an(z)) .

IP’( sup |L(n—k)—
0<k<én

(I+e(l+z))e s
- P(In San(z))

+JP>< W(n—|8n]) > MoV/on

hSaA©)+

On the one hand, by Fact 4.3.7,

. . (1+e(1+2z))e €
limsup lim su < — 4.3.48
D <an(2) 13’ (+:3.48)

On the other hand, Steps (I) and (IT) tell us that forany 1 > 6 > 0and M > 1,

onll,

hmsuphmsup]P’[ (n—1[6n]) > (z)} =Ple;_5 > MV§], (4.3.49)

7—300  n—oo

which, by Chebyshev’s inequality, is bounded by A[;i/f] = ‘EMV TR Consequently,

limsuplimsupIP< sup |L(n—k)— (z)) (4.3.50)

g0 n—reo 0<k<&n

e 2 : x(8,z,n)
< — 4+ — +limsuplimsup —————~—.
o3 M Z—>°<>p n—>oop P(In S an(z))

Let us estimate Y (0,z,n). One sees that

< .
HOwm) E[Z 1{ eJl/z( ):Supo<k<6n|V(unk)—V(”)|ZnGﬁ9V(”n—LS"J)SMG\/&}]

By Lemma 4.2.4, it becomes that
X(6,Z7n) < E[esn;sn < an(z)agn > _Zag[n/Z,n} > dn(Z+L>,
Su—|6n) SMoVén, sup S,k — S| > 176\/_]

0<k<dn
< n3/ze_ZY(6,z,n),

where T(8,2.1) i= P (S, < a1(2), 8, > ~2 Syoy) > an(z+ 1), S, sn) < M0V
SUP<k<5n [Sn—k —Sul = NOV/1, S, 5n <MG\/5n>
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4.3. Conditioning on the event {I, < %logn -z}

Reversing time yields that
T(szun) S P(E; Z _an(0)7 E;/z Z _L7 _Sn S [_Cln(Z), _an(Z+L)]7

sup |—Sk|2nc7\/_,—SL5nJSMG\/Sn—an(Z—I-L)). 43.51)
0<k<én

Applying the Markov property at time | 6n |, we obtain that

Y(8,2,n) = E[®(_SL6nJ)§ S5, > —L,O<S;1<p§ | = Si| > 776\/5} : (4.3.52)

where @()C) = l{xSMG Sn—an(z-i-L)}]Px <§(71/2*6)" > _L’§(7175)n > _an(o)a —Sn— [6n| S [—Cln(Z),
—ay(z +L)]> . Reversing time again implies that

O(x) < 1{x§MGm}P<§(I—5)n >—z—L,
§[n/2,(1—6)n} > an(z—i_ZL)?Sn—LénJ < [x+an(Z+L)ax+an(Z)])'

By (4.2.9), O(x) < c15(14+z+L)(1 +L)(1+Moc+/8n+2L)n"3/2. Plugging it into (4.3.52) and
taking n large enough so that 1 +2L < no v/ dn, we get that

Y32 < ers(1+2)(1+LPn M+ m)oVEIE[S;, = =L, sup | =Si| =m0
0<k<on

Recall that ¥ (8,z,n) < e~n>/?Y(8,z,n). We check that

x(8,z,n) < cise (1 +2)(1+L)*(M+1n)o
XEL| sup (=8¢ =novn|S;, > 0| (VEnP.[s5,>0]). 4353

0<k<én

On the one hand, by Theorem 1.1 of [53], EL[Sup0§k§8n(_Sk) > noy/n

Ssn = 0] converges

to P(supg<y<) As > n/v/8) as n — oo. On the other hand, (4.2.6) shows that v/SnlP, [ggn > 0]
converges to C_R_(L) as n — oo. Therefore,
limsupx(8,z,n) < cise (1 4+ 2)(1 + L)>(M 4+ 1n)6C_R_(L) x P( sup .#, > n/V§).
Going back to (4.3.50) and letting z — oo, we deduce from Fact 4.3.7 that
limsuplimsup]P’< sup |I,(n—k)—1,| >novn
g—roo  n—deo 0<k<dn
2 cis(1+L)2(M+1)0C_R_(L) x P(supy<,<| A5 >1/V5)

£
<424 . (4.3.54)
c;3 M C13

I <a, (z))
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

Notice that P(supy<<| -#s >N/ V/8) decreases to 0 as 8 | 0. Take M > 2/&. We conclude that for
any 0<e<es,

limsuplimsuplimsupP( sup |L,(n—k)—1,| >novn

5—0 Z—roo n—roo 0<k<dn

€
I, < an(z)> Soote @359

which completes the proof of Proposition 4.3.6. And Proposition 4.3.1 is thus proved. [

4.4 Proof of Theorem 4.1.1

Let us prove the main theorem now. It suffices to prove that for any continuous functional
F :D(]0,1],R) — [0, 1], we have

lim
n—oo

E[F(I"g—s\/”‘_lj);ogsgl)} —]E[F(es, ogsgl)Hzo. 4.4.1)

Proof of (4.4.1). Define for A > 0,

ZA={ueT:V(u)>A>maxV(u)}. (4.4.2)

k<|ul

For any particle u € Z°[A], there is a subtree rooted at u. If |u| < n, let

I = VZrLlI}|iVI|1:nV(v).
Moreover, assume m“ is the particle uniformly chosen in the set {|v| =n:v > u,V(v) = I¥}.
Similarly, we write [@,m}] := {@ =: mg§,m{,--- ,m}}. The trajectory leading to m}; is denoted by
{V(m);0 <k <n}. Let wy be the particle uniformly chosen in {u € Z[A] : [u| <n, I} =1,}.
Let % := {max,ec g4 [u| < M, max,c »4)V(u) < M}. Then for any € > 0, there exist M :=
M(A, €) large enough such that P(%/) < . It follows that

’E[F(I”(LS”J);OSSS 1)] —E[F(M;ogsg 1);%,yln—an(o)\ gA/2H

ovn o\n
< e4P[l, —an(0)] >A/2]. (4.4.3)
We then check that forn > M,
I([sn]) ,
E[F<G—ﬁ’° <5 <1):%, L —a,(0)] <A/2] (4.4.4)
_ ]E[ y 1(w)F(M-o<s<1>-% |1n—an(0)y<A/2].
ue Z A] ! Gyn
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4.4. Proof of Theorem 4.1.1

Define another trajectory {V (m¥);0 < k < n} as follows.

= V() if k< ul;
7 (ml) = {V(m;g) I (4.4.5)

It follows that

E[F(’"é“’g);o <5 < 1) %, 11— a,(0)] <A/2] (4.4.6)
V(m“ )
|sn]
= E Ly F(—220 < s < 1) 24, 1L — an(0)| < A/2| +04(1),
Lg%ﬂ< N )i %l —an(0)] < 4/2] +0,(1)

where 0,(1) — 0 as n goes to infinity.

Define the sigma-field %4 := o {(u,V (u),1;);u € Z'[A]}. Note that on Zj, I, = min,c 5[4 I as
long as n > M. One sees that Z3 N {|I, — a,(0)| <A/2} is Y4-measurable for all n large enough.
Thus,

v (m{ )
E[ L Au-onF < c

0 <5< 1), | —a,(0)] < 4/2] 4.47)
ueZ|A]

QI

V(mt )
_ E[ Y o E[}V( G\L/_J 0<s< 1)‘%A,u_coA] Yy, |, — an(0)] <A/2]
uc Z[A]
Further, we notice by the branching property that conditioned on {(u,V (u));u € Z[A]}, the sub-
trees generated by u € Z[A] are independent copies of the original one, started from V (u), respec-
tively. Therefore, given %4 N{|l, —a,(0)| < A/2},
VOmln)
1(M(DA)E|:F<G—\/E,0 S S S 1) ‘gA, u—= COAi|
I(ls(n—lul)])
T [ i DY
(u=wn) o/n— ’M’

where 7, := min{min,¢ o ja)\ {3 Iy — @(0), A/2} — V (u) is independent of 7,_,|. Thus, (4.4.6) be-
comes that

;Ogsgl)

- < an(=ri) | +on(1),

E[F<%;O§SS1>;@A7’In_an(0)‘ SA/Z] (4.4.8)

%a |In _an(0)| SA/2] "'On(l)'

nju] < an(—ru)];
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

The event %4 N {|I, —a,(0)| <A/2} ensures that A/2+M > —r, > A/2. The conditioned conver-
gence has been given in Proposition 4.3.1. We need a slightly stronger version here.

According to Proposition 4.3.1, for any € > 0, there exists z¢ > 0 such that for all z > z,
limsup E[ ( wlsn)) o < 5 < 1) \
e oyn
Thus, for any z > z¢, there exists N; > 1 such that for any n > N,,
’E[ ( nllsn)) o <5 < 1) ’
ovn
Take A = 2z, and K = M. We say that for n sufficiently large,

p [l (o 05 < )ln

In the lattice case, (4.4.11) follows immediately. We only need to prove it in the non-lattice case.
Recall that X, (F,z) = E[F(I”éL\[J),O <s< 1); I, < an(z)} with 0 < F < 1. Then, for any
f>0andz>0,

(@} — E[F(e5,0 < s < 1)]‘ < €. (44.9)

(z)] CE[F(es,0< s < 1)]’ <2e. (4.4.10)

(Z)} —E[F(e;,0<5< 1)]‘ <3e. (4411
[z Ze +K

(F7Z> En(F,Z‘i‘é)‘ (4412)
(17Z) Zn(l,Z—Ff) o
Iy (Fz) — Z(F,zw)‘ Zn(F,Z+€)_Zn(F,z+€)’
- Zn(1,2) .(1,2)  Za(l,z+20)
_ —Zn(l,z)< o(F,2) Zn(F7z+€)’+—Zn(1’Z+€) W(1,2+0) En(l,z)D.
Since 0 < F' < 1, the two following inequalities
_ Ly([sn))
Zn(F,z)—Zn(F,z+€)‘ - E[F( e O<s<1) an(z+£)<1ngan(z)}

< Plan(z+0) <I, < an(z)),

and EFZ“L? < 1 hold. Note also that |X,(1,z4+¢) —X,(1,2)| =P(an(z+¥) < I, <a,(z)). It follows
that

Ia(Fz)  Ea(F,z+Y) Plan(z+1) <In < an(z))

— < 2 4413
Y(l,z)  Z,(l,z+0)1 — P(I, < ay(z)) ( )
2_2P(In < an(Z"‘K))
P(In < an(z))
In view of Fact 4.3.4, we take %logn — Agt > 0 +7z > 7> Ag so that for any n > N/,
< _ / 727( _ /
P(I, < an(z+Y¥)) > (C—€)(z+1)e - C—¢ ot (44.14)

P(I, < an(z)) (C+ezes ~—CHe
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4.4. Proof of Theorem 4.1.1

For &' = Ce/8 > 0, we choose { = £ so that €
Ag <z<3logn—Ag—§,0< < andn> Ny,

c +8,e >1-— % As a consequence, for any

. (F,2) Zn(F,zM)’ - 2(1_ c-¢ —z) <e (4.4.15)

(L2 Za(lz+0)— cref

For € > 0, z¢ can be chosen so that [z¢,z¢ + K] C [Agr, 3logn — Agr] for n > eKN. For any
integer 0 < j < [K/{], let zj 1= ze + jC. Then [z¢,2e + K] C Up<j<rk/¢1[2j,2j+1]- Take Ny =
Maxg< j<[g/¢] {sz,eKNgf}. By (4.4.10) and (4.4.15), we conclude that for any n > N/,

‘E[ ( (LSJ)o<s<1> .

(z)} _E[F(es,0< 5 < 1)]‘

€ [Zs Z€+K] G\/_
Z F; i Z F’ Zn F, .
= Sup M_E[F(% 0<s< 1)]‘ +  sup sup n(F2) _ In(Fz))
0<j<[K/{] Zn(LZj) 0<j<[K/C]2j<z<z)41 ,(1,2) Zn(l,Zj)
< 3e.

We continue to prove the main theorem. Since },c #[4] 1 (4=w,) = 1. we deduce from (4.4.8) and
(4.4.11) that for n sufficiently large,

‘E[F( éts\/’ﬂ) 0<s< )%,II an(0)| < A/2] —E[F(es, 0< 5 < 1)]
< 3eP(Za; | — an(0)| < A/2) +0a(1) + P(Z)) + P(|1, —an(0)] > A/2)

< de+0,(1) +P(|I, — an(0)| > A/2).

Going back to (4.4.3), we conclude that for n large enough,

)E[F( ((;LS\[J) 0<s <1>} E[F(es,ogsgn])gss+211ﬂ>(|1n—a,,(0)|ZA/z)+on(1).

Let n go to infinity and then make € | 0. Therefore,

I
limsup IE[F( n(Lsn))
< limsuplimsup2P(|I, — a,(0)| > z).

Z—ro0 n—yoo

0<s< 1)] _E[F(es, 0< 5 <1)] (4.4.16)

It remains to show that limsup__,, limsup,_,..IP(|1, — a,(0)| > z) = 0. Because of Fact (4.3.7), it

suffices to prove that

limsuplimsupP(Z, > a,(0)+z) = 0. (4.4.17)

70 n—yoo
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Chapitre 4. Scaling limit of the path leading to the leftmost particle in a branching random walk

In the non-lattice case, Theorem 1.1 of [4] implies it directly. In the lattice case, we see that for n

large enough,

IP(InZan(O)—i—z)S]E[ [T (1-®u(zn): %] +e. (4.4.18)
ue Z[A]

with @, (z,n) :=P([,_|,) < an(V(u) —z)). Take A = 2z here. Then it follows from Fact 4.3.7 that
for n large enough and for any particle u € Z[A],

Du(z,n) > c13/2(V (1) — 7)Y W > %v(u)eZ*V(“). (4.4.19)

(4.4.18) hence becomes that

limsupP(l, > an(0) +2) < E[ I1 (1—CEV(u)eZ*V<">);%]+s
oo uc Z[A] 4

< E[exp(—%ez ) V(u)e_v(”)>]+8.

It has been proved that as A goes to infinity, }.,,c 4] V(u)e’v(“) converges almost surely to some
limit D.., which is strictly positive on the set of non-extinction of T, (see (5.2) in [4]). We end up
with

limsuplimsupP(Z, > a,(0)+z) <€, (4.4.20)
7—r00 n—yoo
which completes the proof of Theorem 4.1.1. 0
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Chapitre 5

Increasing paths on N-ary trees

Summary. We consider a rooted N-ary tree. To every vertex of this tree, we at-
tach an i.i.d. continuous random variable. A vertex is called accessible if along
its ancestral line, the attached random variables are increasing. We keep acces-
sible vertices and kill all the others. For any positive constant ¢, we describe the
asymptotic behaviors of the population at the | N |-th generation as N goes to
infinity.

Keywords. Increasing path ; House of Cards.

5.1 Introduction

5.1.1 The model

We consider an N-ary tree TW ), which is rooted at &, so that each vertex in T™) has exactly

()

N children. To every vertex o € T\""/, we assign a continuous random variable, denoted by x. All

these variables x5, 0 € TW) are i.i.d. Let |o| denote the generation of ¢, and o; (for 0 <i < |o]|)

denote its ancestor at generation i. The ancestral line of o is denoted by
[[Qg G]] = {GO = ®7617 . e JGla‘ = 6}7

which is also the unique shortest path relating o to the root &. A vertex ¢ is called accessible if

along its ancestral line, the assigned random variables are increasing, i.e.,
o accessible < xg < xg, < < Xg. (5.1.1)
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5.1. Introduction

This model is called accessibility percolation by Nowak and Krug [123]. We also call [, o] an
accessible path if ¢ is accessible.

The model comes from evolutionary biology, in which both mutation and selection involve. As
the main source of evolutionary novelty, mutations act on the genetic constitution of an organism.
In our setting, each vertex represents one gene type, or genotype. A certain genotype may repro-
duce several new genotypes through mutations. The mechanism of successive mutations hence
gives the structure of trees if we also assume that each mutation gives rise to a new genotype.
Selection involves so that organisms better adapted to their respective surroundings are favored to
survive. We suppose that each genotype (vertex) has an associated fitness value, which is represen-
ted by the assigned random variable. In the strong-selection/weak mutation regime, we assume that
only mutations which give rise to a larger fitness value survive. In this way, the survival mutational
pathways are noted by the accessible vertices. In this paper, we use ‘House of Cards’ model (see
[96]), in which all fitness values are i.i.d. As is explained in [69], it serves as a null model.

A variation of our model by replacing N-ary trees with N-dimensional hypercube has been
considered in [30] and [80]. More models are introduced in [11] [69] to explain evolution via

mutation and selection.

5.1.2 Main results

For any k > 1, let oy := {0 € T™) : |6| = k, o is accessible}. We define
Inj=Y, Voeay,)s Tk>1. (5.1.2)

|o|=k

Let o > 0. For convenience, we let aN represent the integer |@N| throughout this paper. We
are interested in the behavior of Zy 4y. Since we are only concerned with the order of the random
variables, under the assumption of continuity of their law, changing the precise distribution will not
influence the results. Without loss of generality, we assume throughout the paper that the assigned
random variables are distributed uniformly in [0, 1], 1i.e., Vo € TW ), X has the uniform distribution
in [0, 1], which is denoted by U0, 1].

For any x € [0, 1], we introduce the following probability measure :
Py(-) :=P(-|xg = x). (5.1.3)
We now state the main results.
Theorem 5.1.1. There exists a phase transition at & = e under IP.
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Chapitre 5. Increasing paths on N-ary trees

(1) For a € (0,e),

lim P, [ZN o > 1} —1. (5.1.4)
N—soo ’

(2) For o > e,
lim P, [ZN.QN > 1} —0. (5.1.5)
N—o0 ’

Remark 5.1.2. Nowak and Krug [123] showed Py|Zy qn > 1] > 0 when 0 < a < 1. This theorem
is also proven independently by Roberts and Zhao [129] by considering some typical increasing
paths. However, in this paper, we apply a coupling between this model and certain branching pro-
cess which comes from an accessibility percolation based on a Galton-Watson tree. This coupling

may have independent interest.

Theorem 5.1.1 tells us that, for N large, roughly speaking, the population of accessible vertices
survives until the eN-th generation and then dies out. Let us describe the asymptotic behaviors of

the population more precisely by the following theorem.

Theorem 5.1.3. Let 6() := a(1 —log ) for a > 0.
(i) When o € (0,e), the following convergence holds Po—almost surely,

=0(a) > 0. (5.1.6)
(ii) When o = e, we have
P, [ZN,OCN > 1] — N32+on(1) 4o N s oo, (5.1.7)

where {oyn (1) }n>1 is a sequence of real numbers which goes to zero as N — oo.
(iii) When o > e, we have

log Py [ZN,OCN > 1}

Jim N =6(a) < 0. (5.1.8)

This is the principal result in this paper, which gives us a clear picture of the evolution of the
accessible population. In the proof, we generalize the idea in [129] about typical increasing paths
and get more information about the population at the critical generation.

The figure of the limit function 6(a) is shown in FIGURE 5.1 at the end of this chapter.

One sees that the maximum of o — 6(«) is reached at & = 1. We turn to consider Zy gy
when o = 1. Let .Z(X,P,) denote the law of random variable X under P,. The theorem is given

as follows.
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5.2. Phase transition at o0 = e

Theorem 5.1.4. Let A > 0 fixed. Then the following convergence in law holds as N — oo :
Z
D%(M;PA) et xw, (5.1.9)
my N

where W is an exponential variable with mean 1 and my := 11\\’,—1\,]
Remark 5.1.5. A similar result to Theorem 5.1.4 has been given in [30] by considering the acces-

sible paths in the N-dimensional hypercubes. Our proof is mainly inspired by it.

It is possible to replace the N-ary tree by the Galton-Watson tree whose offspring is Poisson
with parameter N, in which case all these results still hold.

The rest of the paper is organized as follows. In Section 5.2, we prove Theorem 5.1.1 by
comparing the model with certain branching process. In Section 5.3 we consider several typical
increasing paths and prove Theorem 5.1.3. Finally, in Section 5.4, we prove Theorem 5.1.4.

Throughout the paper, we use the letter ¢ with subscript to denote a finite and positive constant.

5.2 Phase transition at @ = ¢

5.2.1 The generating function of Zy ;

Note that for any N, k > 1, Zy j = ¥ |5|=k L (et ) = Lio|=k l(xg<xgl <..<xg)- We observe that

E[ZNJ(} = NP(xy < xgy < -+ < Xg) = (kjikl)!, (5.2.1)
since Xz, Xg,,Xq, - - ,Xg are i.i.d. and distributed uniformly in [0, 1]. Moreover,
E, [ZNJ(} = N¥Py(x < Xgy < - <xg < 1) = N"(lz—"‘)k, Vx e [0, 1]. (5.2.2)
More generally, for any 0 < a < b < 1, we define Zy x(a,b) as follows :
Zny(a,b) = Y Vgerg <cxg<p)y VR 1. (5.2.3)

|o|=k

For convenience, we write Zy i (b) for Zy 1 (0,b) and set Zy o(b) = 1. One sees that Zy x(b —a) and
Zy i(a,b) have the same law. Let fk(N) (s,b) be the generating function of Zy 4 (b), i.e.,

fk(N) (s,b) :=E |:SZN.,k(b):| . Vse[0,1]. (5.2.4)
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Chapitre 5. Increasing paths on N-ary trees

For k =1, Zy 1 (b) is a binomial variable with parameter (N,b). So fl(N) (s,b) =[1 —b+sb]V.

For any k > 1, one observes that

Znjr1(B) = ), Lager) Y Lion=0)! (ro<ray < <ro<b): (5.2.5)
lo|=1 |o|=k+1

For all vertices o of the first generation, the variables 1, )} |o|=k+1 1(0;=0) l(xc;<Xa>2<~-<xm§b)
are i.i.d., and given {xs =y < b}, ¥jo|=k+1 L(0,=0) L(tg <y <--<xp<p) 18 distributed as Zy k(y, D). It
follows that for any k > 1 and any b € [0, 1],

- b N
1) = [1-b+ [ aE(ssb0)]
i 0

- b N
— _1—b+/0 fk(N)(s,b—y)dy}

- b N
= [1-b+ /0 fk(N)(s,y)dy] : (5.2.6)

For brevity, we denote the generating function of Zy x under Py by fk(N) (s) instead of fk(N) (s,1).

Immediately,
1 N
fk(i’{(s):[ /0 fk(N)(s,y)dy} COVk> 1. (5.2.7)

This gives that

1 N
Polzns =11 =1- 7@ = 1= [ 1M 0], W=z (5.2.8)

To study the law of Zy, it suffices to study (5.2.6). However, it is quite difficult to investigate
analytically the sequence fk(N), k > 1, from the recursive relation (5.2.6). We thus turn to study the
accessible vertices via their paths. By controlling accessible paths, we get certain sub-trees which

are actually Galton-Watson. In this way, a lower bound for the accessible population is obtained.

5.2.2 Coupling with a branching process

In the same probability space, we introduce accessibility percolation on a Galton-Watson tree as
follows. For A > 0, let 7 be a Galton-Watson tree rooted also at &, whose offspring distribution
is Poisson with parameter A. To each vertex & € .7\ {@}, we attach an random variable Xe,
which is independent of xz. Assume that all these variables xg, & € TN are i.id., following the
law U[0, 1]. Similarly, let [, &]] denote the ancestral line of & in 7. We keep & if the attached
(A)

random variables along its ancestral line [&, ] is decreasing and delete all other vertices. Let D,
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5.2. Phase transition at o0 = e

(A) (

be the number of individuals alive at k-th generation. Let 4, (s,x) denote the generating function

of D,(CA) under P,. Similarly to (5.2.6), we get the following recursive equation.
(A) x
dlgﬁ)l (s,x) = E, |:SDk+l] = exp{ —Ax—I—A/ d,EA) (s,y)dy}, Vk> 1. (5.2.9)
0

In particular, d](A) (s5,x) = exp{Ax(s — 1)}. We also note that d,EA) (5,x) < d,EA) (s,y) if x> y.

We compare the generating functions fk(N) and d,EA) via the following lemma.

Lemma 5.2.1. Forany 0 < A <N and u € [0, 1], we have

fk(N)(s,]%u) <d™(s,u), Vk>1. (5.2.10)
Proof. For N> A > 0andu € [0,1],
M A= (1D D) = gW)
fi (s,Nu)— (1 NLH—Nus) <exp{Au(s—1)} =d;"(s,u). (5.2.11)

Assume that f,EN) (s, %u) < d,EA) (s,u) holds for k > 1. Then,

A0 = 1= By / M y)dy}’v
= 1——u—|— / fk s—v dv]
< exp{ —Au+A/0 fk (s, ]%v)dv},

which is bounded by exp { — AutAfrd™ (s, v)dv}. It follows from (5.2.9) that

N A
fk&i(&ﬁ”) < d]E+)1( ) (5.2.12)
Therefore, by induction on k, we have fk(N) (s, %u) < d,EA) (s,u) for any k > 1. O

With the help of this lemma, we show that with positive probability, there exists at least one

accessible vertex at the a/N-th generation for @ < e.

Lemma 5.2.2. Let o € (0,¢). Forany § € (%,1 A ), there exists some positive constant c(5, &) >
0 such that

ﬁng[ZN av(8) > 1] > ¢(5, ). (5.2.13)
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Chapitre 5. Increasing paths on N-ary trees

Proof. Set K = aN. It follows from (5.2.10) that fora € N, and a < N,

M) (5. 90 < g g ONy @) O
fa (s, e ) <dg (s, X ) <dg (s, a). (5.2.14)

For convenience, we write A(s) = h, y x 5(5) := fCEN) (s, %) and d(s) = @757a(s) =d (s, g), both
of which are generating functions, satisfying A(s) < dA(s) for N > a.
LetJ >0and x € {0,1,---,a— 1} be such that K = aJ + k. Let %}N)(S) be the collection of

vertices o in T™) such that

K+W6<

K+aj+a
< < Xogpgpy S ———

< 8, Ve {0 -1, (5.2.15)

xGK+aj+1

and that
K
0 <xg, <---<x0K§E6. (5.2.16)

where K := |o|. According to the definition of ,%’%N) (8), one sees that

N
Zyx(8) > #87(8)= ¥ L(0<rgy <<ro<E8) D Low=o)l (gemy; (5.2.17)
lo|=x |o|=K
where given {0 < xg, < -+ <xp < g0}, the generating function of ¥j5/—g I(GK:(D)I(O_G@(N)) is
’K

ho---oh=:h. As a consequence,
———
J

P, [ZN,K((S) > 1} > P, [#%,@(5) > 1]

K
> IP’O[ ) 1(0<xwl<-~~<xw§%5)21]ﬂmo[ )3 Low=0)l gz 2 1|0 <Xo <-o+ <Xo < 10
|o|=x |o|=K

= (1-100,28) (1-#(0),

since the generating function of Zy «(£0) = Ljo|=« L0y, < <xp< £5) 18 f,gN) (s, £0). Applying

the inequality (5.2.14) to f,((N) (0, £6) and h, respectively, shows that

P, [ZMK(S) > 1} > (1 —d,(f)(o,é/a))<1 - (ci)"’(())), (5.2.18)

Vo n - . . . -~ (a)
where (d )* := do---od. Going back to the generating function d(s) = d." (s, 0) =Eg/qlsPe ],
J
we see that (a8 /o)
ao/o
Es)o[D) = L2 = (e8/a), (5.2.19)

al
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5.2. Phase transition at o0 = e

where e, := (2’—?)1/ 4, Stirling’s approximation shows that

|
2« 3 wn>1, (5.2.20)

Vn(n/e)"
It follows that e, T e as a T oo. For § > /e, there exists an integer a(8, @) such that ¢,6 /a > 1 for
all a > a(8, a). This implies that

~

d'(1) =Es/q[D] > 1, Va>a(8,a). (5.2.21)

~

Thus, for the Galton-Watson tree whose offspring has generating function d(s), its extinction pro-
bability, denoted by g(a, 6 /), satisfies that

G(a,8/a) = lim (d ) (0) < 1. (5.2.22)
J—00
This tells us that
(1 —(d )OJ(O)> >1-4(a,8/a) = p(a,8/a) >0, VJ>0. (5.2.23)

Moreover, for any a > 0 fixed, we have

B(a,8/a):= inf <1—d,(f)(0,5/oc)>>0, (5.2.24)

0<k<a

as d,(f) are non-trivial generating functions.

Therefore, we end up with

inf  P|Zy.an(8) > 1] > ¢o(8,0) > 0, (5.2.25)
N>a(d,x)

where ¢y(0, @) := B(a(d,a),6/c)pla(d,a),6/a) > 0.
Notice that P[Zy qn(6) > 0] > 0 forany 1 <N <a(d, o). We conclude the proof of this lemma
by taking ¢(§, &) := min; <y<,(5,0)1c0(8, &), P[Zy an(8) > 0]} > 0. O

Now we are ready to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. For 0 < a <e,let 5 € (%,1 A ). Observe that under Py,

INan = Y, Lo<xp<i-8) Y L(61=0) L (1-8<x5y<-<xo<1): (5.2.26)

lo|=1 |o|l=aN
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Chapitre 5. Increasing paths on N-ary trees

For all vertex @ in the first generation, the variables }|5|—qn 1((,1:@)1(1_5<x62<...<x631) are inde-

pendent and distributed as Zy on—1(0). Consequently,

]PO[ZN,aNZO] < PO[ Z Locry<1-6) Z L(61=0) L(1-8<x0y <-cxo<1) ]

|w|=1 |o|l=aN

N
= (]PO[ (0<xp<1-9) Z 101 1 —8<xgy < <xg<1) T O)
|o|=aN

[ —

= <5 +(1-6)Po [ZN,aNfI(S) = 0} >N-

By Lemma 5.2.2, P [zN,aN_l (8) = o] <Py [zN,aN(a) - o} < 1—¢(8,a). Thus,

N
Py [ZN,O[N - 0] < (6 +(1-8) (1 — (8, a))) < B3N (5.2.27)
which converges to zero as N goes to infinity. This tells us that
lim Po[Zy.ay > 1) =1, (5.2.28)
N—oo

which is Part (1) of Theorem 5.1.1.
k
It remains to prove Part (2). Recall that for any Vx € [0,1] and Vk > 1, E, [ZNJ(} = N"%.
Recall also that 6(a) = (1 —loga) for o > 0. Now take k = aN and x = 0. Applying Stirling’s
formula (5.2.20) yields that

(e/OC) e@(a)N
E [z } . 5.2.29
VNN =% TaN T 2an 229

For a0 > e, note that 6 (o) < 0. By Markov’s inequality,

1
IP’[Z 21}@3[2. }g : 5.2.30
0 |ZN,aN 0|ZNaN| < 57 ( )
which converges to zero as N goes to infinity. This completes the proof of Theorem 5.1.1. [

5.3 Proof of Theorem 5.1.3

5.3.1 Typical accessible paths
We begin with two lemmas, which estimate the probabilities of some typical accessible paths.

Lemma 5.3.1. Let {Uj; j > 1} be a sequence of i.i.d. U0, 1] random variables.
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1) Forany1 < j<J-—1,
: i N S
o(j,J)=P U1§---§Uj;UiZj,V1§l§] = —. (5.3.1)
2) Foranye€[0,1)and 1< j </,

— 1
v(j,J,e) = IP>(Ul <. ng;Ui28+(1—£)lT,V1 gigj)

(1+1/0) (I +1—j)

AU (1—¢). (5.3.2)

This lemma slightly generalizes Lemma 2 in [129] which gives that ¢ (j,j+ 1) = (

Proof. According to the assumption, we compute ¢(j,J) directly.

0(j.d) = / / . du1 du;
Jj/IJ(j-1)/
Uit ui-_l 1 uﬁ_z
— - du:--du;
/N/;l [ <U—U! JU—ZN)Lh "
B ju’
giving (5.3.1). We now compute ¥ by using ¢. Notice that when € = ]ﬁ, e+ (1- 8)% = Jj+1
for any 1 <i < j. Hence,
: , J+1—j
SJy——) = J+H1) = ——. 5.3.3
On the other hand, we rewrite y/(j,J,€) as follows :
lll(ja‘]78) = / / du1 a’u]
e+(1—-¢ JT
Take u; = €+ (1 —¢€)v; for all 1 <i < j. By a change of variables,
1 %) . .
I/I(j,J,e):/ / (1—e)dv;--dv; = (1— &) y(j,J,0).
G=1/7 Jo
i (4101
By (5.3.3), we get that w(j,J,0) = w(Jj,J, ﬁ)(l — Jlﬁ) /= % Therefore,
: P (+1/7)/(J+1-)) '
J.e)=(1—¢€)wy(j,J,0) = 1—¢)/, 5.3.4
v(j,J,€) = (1-¢€)y(j,J,0) = AU+ 1) (1-¢) (5.3.4)
as desired. [
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Chapitre 5. Increasing paths on N-ary trees

Following the assumption of Lemma 5.3.1, we define for any 0 < L < K,

AL(K) = {Ul < - <U[(;Uj2

(j—L)+ .
: <7< . 3.
K1 V1< j<K} (5.3.5)

Obviously, P[Ay(K)] = ¢(K,K+1) = - by (5.3.1).

(K+l

Lemma 5.3.2. There exists a positive constant co > 0 such that for any 1 < L < K,

ecoﬁ eK
Plan(k)| < . 5.3.6
Proof. Clearly, P[A;(K)] = w(K,K,0) = (1&}1/1[{ by (5.3.2). By (5.2.20),
VL K
P — = 1. .
P[AL(K)} < gy e L=t (5.3.7)
The fact A1 (K) C A2(K) C --- C AL(K) leads to
L-1
PAL(K)] = Y PA1(K)\Ai(K)]+P[A(K)], 2<L<K. (5.3.8)
i=1
Let us estimate P[A; 1 (K) \ A;(K)]. Observe that
K
PlAi1(K)\Ai(K)] = ), PICix(K)], (5.3.9)
k=i+1
where
U Ug:Uj > I 1< j<k—1;
Cix(K) :{ P s UK vt I3 _ } (5.3.10)
Up < &hiu; > 2ol vkp 1< j< K
It follows from the independence of U;’s that IP[C; x(K)]| = p; kqi x Where
P(Ui < <U< <> I vini <<kt
ik = i+ —1);
Pik 1 KSR j_K+1 SJs ;
k—i j—i—
i = Pl —Z > k+1<j<K
ik <K+1_Uk+l< - <Ug:Uj V +1<j )
Then (5.3.9) becomes that
PlA;41(K) Z Pikdik- (5.3.11)

k=i+1
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We first compute g;  :

Gik = IP’(Ul < <UgiUj >

By (5.3.2), we obtain that

i+2

K+2+4+i—k\K-k
= ) 5.3.12
Bk ( K+1 ) (K—k)\(K—k+i+2) 6-3.12)
It remains to estimate p; ;. One sees that
= <k_i)k19> Uy < <UsU; 2170 v+1< <k—1
Pik = K1 1 k> — l J
k—i\k 1
< —P(D;— 5.3.13
< <K+1> L (Dig-1), ( )
where .
Dij = {U1 < U U; > kJ Nitl1<j <k} k>i> 1. (5.3.14)
Let us admit for the moment the following lemma, whose proof will be given later.
Lemma 5.3.3. For k > i > 1, there exists a constant c1 > 0 such that
ok—ipe1Vi—1+2
- ::IP’(D )< 5.3.15
l/ll,k ik (k—|— 1 —l)kk3/2 ( )
Lemma 5.3.3 implies that
< (i) &
Pik > K+1 k_iul,k—l
e ke—i—leclx/i—l-i-Z
< 5.3.16
- <K+1> (k—1)3/2 ( )
Let us go back to (5.3.11). In view of (5.3.12) and (5.3.16), we see that
PlA;11(K) Z Pik9ik
=i+1
- f <K+2+z—k>K k i+2 ( e >/<e_"_leclvi_“r2 (5.3.17)
Rl K+1 (K—k)!/(K—k+i+2)\K+1 (k—1)3/2 o
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Applying Stirling’s formula (5.2.20) to (K — k)! yields that

. (l—|—2) cl\/7+2 K K—1 e
Ai K Ai K S
[ —H( )\ ( )] (K—|—1) ~ 2k3/2(K—|—i—|—1—k)3/2
\/zeclm+2 €K
< o

(K+1)¥2 (K+ 1K

We then deduce from (5.3.8) that for L > 2,

L1 [3/20c1VI=1+2 K
PlA;(K)] = PlA;,.1(K)\A;(K PlA{(K)] < 3.1
ALKl = X P KN+ PAK)] < 6= — e G319)
which is sufficient to conclude Lemma 5.3.2. O]

We now present the proof of Lemma 5.3.3.

Proof of Lemma 5.3.3. Recall that D; ; = {Ul < ULUy >

D;j C{U; < --- < Ui}, we have for any k > i,

Vi+1 <]<k} Since

Uiy = P<Di,k> < ]P(U] << Uk> = (5.3.19)
By Stirling’s formula (5.2.20), we get that
ek ek i—1\kk eht1-i k
CZorkk T (k1= ik k)27 (k+1—i)3/22

as 1 —z < e *forany z > 0. Take ¢; := max{40,sup;, 1Jrlogl} < oo, Then when k < 2i, we deduce
that
k—i k—i ,c1Vi—1+42
€ logi+1 € €
e < . 5.3.20
i = (k+1—i)kk3/2 T (k+1—0)kk3/2 ( )

It remain to prove the inequality (5.3.15) when k/2 > i > 1. Let y(i) := ¢“'Vi~1*2, According

to Lemma 5.3.1, we have

(1+ l)k ek+1 - ekflfy(l)

k
(k+1)! = U2 = (kg 1= 1)H32 Vk>1, (5.3.21)

Uik = W(kaka O) =

giving (5.3.15) incase i = 1.
We prove (5.3.15) by induction on i. Assume (5.3.15) for some i > 1 (and all k£ > 7). We need
to bound P(D; x) for k > 2(i+1).
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Since Dy y C Dy C -+ Dy_1 x, we have :
Uip1 g —Uig =P <Di+1,k \ Di,k)
k—i+1 k—i — k—i+1’

j itl—1
—itl - k—i

k—i 1 . ]—1 J
=Y PlUI < <UpUgy>—— VI <I<j; <Uy; <
j=1

SUpy ji, V1 <U<k—j— i). (5.3.22)

. ) k—
By the independence of the U;’s, we have u; 1 —u; = Y’ = 1 r,7 kS jx Where

i .
Fijk: = P<U1<---<Ui+j,Ui+€Zk_i+1>V1§€<J;;€—_i§Ui+j<k_fﬁ)
+0—1 o
Sijk: = P(Uiﬂﬂ<---<Uk;JkT5Ui+j+éaV1§£§k_J_l>-
Once again by (5.3.2),
. . . k—i—j
.. A k—i—j+1 1
coo=wlk—i—jk—i—j L V= —— L~ _ 3.2

On the other hand,

J ¢ : J j—1
0 < PlUS - <Ui < —2 Uy > VI<l<j)x e
Tk = (1— DR SN R S A ]) [k—z+1 k—z}

. i+j—1 . .
Jj l _ k—i—j+1
= P << Uiy > = VI<i<j—1
(k—l+1> <U1 ~ _UH-j lvUH—é_ ],v S )(k—l)(k—l+1)

i\ k—i— 4
Ujji+i—1-
k—i+1 (k—i)(k—it+1) -1

This implies that

k—i

Uitk —Uif = Z Ti jkSijk
J=1

- i\ . i+j—1 .
2 i J 1 1 J k—i—j+1

i iivi—1. (5.3.24
= ( ) (k—i j+1)!(k—i+1) =) (—ig 1) it (0329

Z—i
By induction assumption, for any £ >i> 1, u; y < W It follows that

< ¢iy(i) +ki< j )’*H k—i—j+1
HELE = e — ka2 A k=it (k—i)(k—i+1)

eI y(i) k—i—j+1\""/ 1
(k

X — —_— -
i =132\ k=i —i—j+1)!

| /\
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The first term on the right-hand side of this inequality is bounded by

(i) k—i N\k+l—i M
(k—i)kK3/2 <k+ 1— i) = (k—i)kk3/2’ (5.3.25)

ek—i

whereas the second term bounded by

k—i k+1 J—=1afs k—i—j+1
() T (ki e —
~ \k—i (i+j—1)32 (k—i—j+1)!

j=1
k l 1
k+1 Z +j—1)32(k—i—j+1)1/2
20,},() ek—i—l

Vi (k=R
where the last inequality holds as we take k/2 > i+ 1. We obtain that
k—i—14,(: k—i—1
e (i) ( 20) e N B
. A — ) < Vi, .
uH‘Lk R (k—l)kk3/2 +\/; J— (k—l)kk3/2y(l)e (5326)

20
Note that y(i)evi =exp{ciVi—1+2+ %—2} <7y(i+1) if we take c; > 40. Therefore,

ek—i—l ’}/(i + 1)

Uitk S m, Vk Z i+ 1, (5327)

which completes the proof of Lemma 5.3.3. U

5.3.2 Proof of Theorem 5.1.3

We prove for the three cases separately.

Proof of (i) of Theorem 5.1.3. We need to show that for o € (0, ¢), Pp-almost surely,
lim logZy gn/N = 0(1 — )
N—o0

with 0(a) = o(1 —log ). First of all, let us prove the upper bound.

Recall that N 6(c)N
(e/a)*™  e\*
Eo|Z < = i 5.3.28
o] <5 aw = 3van (5329
By Markov’s inequality, for any 6 > 0,
e—SN
> < — < 3.
Po|Zyax > exp{N(6(a) +8)} ] < exp{~N(6(a) +8)}Eo|Zv | < 2 T (6329

113



5.3. Proof of Theorem 5.1.3

which is summable in N. By the Borel-Cantelli lemma, we have Py-almost surely,

logZ
DEEN.GN (). (5.3.30)

lim sup
N—oo N

It remains to prove the lower bound. For any € € (0,1) and any k > 1, let @y ;¢ := {0 €
Ay k3 xg, > €+ (1 —€) 52 V1 < i < k}. We define the following quantities :

IN ke = Z Ligeaye) k=1 (5.3.31)
lo|=k

Clearly, Zy i ¢ < Zy k. Instead of Zy y, we study Zy 4 ¢.
By (5.3.2), we see that for any k > 1 and any € € (0, 1),

(14 1/k)*

D) (1—¢)~. (5.3.32)

Ee [ZN,k.,e} = Nk‘//<kak7£) = N*

Here we take k = aN — 1 with & < e. For any « fixed, let € be small enough so that o < e(1 —€)
and log(1 — €) > —2¢. By Stirling’s formula (5.2.20),

exp{@(oc)N—l— olog(1 — e)N}

Ee|Zvan-1e] 2 ¢ 5.3.33
€ N,aN—1l,e| = C4 (aN)3/2 ( )
For ¢ sufficiently small such that (o) > 3oce and N sufficiently large, we get that
E, [ZN,(XN, 178} > 2exp{6(at)N — 3aeN} > 1. (5.3.34)
By the Paley-Zygmund inequality,
2
Ee [ZN,ocN,s]
P, [ZMN_LE > exp{ ()N — 3aeN}} — (5.3.35)
4 [ N,aN 5]
Let us bound E, [Z]%, aN’E} , which can be written as follows :
2 S
Ee [Zw,g] = Ee [ZN,k,g] +Ee [ Y Y looe WN,“)] (5.3.36)
q=0|oNc’|=¢q
= [ZNM] ZN‘IN N2" 24 21[%(06 ede€|GAG|—q>

where o A ¢’ denotes the latest common ancestor of ¢ and ¢”.
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Recall that @y y ¢ = {0 € Ay ;x5 > €+ (1 —8) L V1 <i <k}. We have

P (G, o' € Dyye

lo Aol :q>

1
= / IP)S <G,Gl 6 MN.,IC,&‘
e+(1—¢e)(g—1)/k

1 i—1
- / IP’(Ul<~--<Uq_1<y;Ui28+(1—e)l—,V1§i<q>
e+(1—€)(g-1)/k k

lo Ao’ = g,xq, =y>dy

- )
x [P(y <Up1 < <UglU>e+(1 —e)’T,vq <i< kﬂ dy.  (53.37)

Observe that
— 1
]P’(y <Upi < <UslUi>e+(1 —e)’T,vq <i< k) <ylk—qk—qe+(1 —g)%).
This implies that

P, (c, o' € Dyye

|0AG’|:q> < ylk—qgk—q,e+(1—¢)- )><1//(kks) (5.3.38)

Combining (5.3.36) with (5.3.38) yields that

ES Z]%’,k,e
< Ee|Zwie +—2N2k W(k—q.k—q.e+(1—)7) x Wik k.e)
1/, N-—1 & Yk—q,k—q,e+(1—¢)})
— K|z (1 E [Z ] ~q k ) 3.
£ i N,k,e_ + € |£N ke Z N l//(k,&‘) (5 3 39)
q=0
where the last equality follows from (5.3.32). By (5.3.2) and (5.2.20),
k1 vk—qk—qg,e+(1—e)l) *= k \3/2 k q
y yo TR i) Z () ) (5.3.40)
- y(k,€) = ‘k—q e(1—¢€)N

Fork=aN —1and a < e(1 — €), we get that for N large enough,

k—1 / k/2
;)Cs(éf (maw)'s qg%(euoiw)”q;m%qyz(euoie))q s

Recall that for € small enough and N large enough, E, [ZN,k,g} > 1. Going back to (5.3.39), we
obtain that for a < e(1 — €) with € close to zero and for all N sufficiently large,

2
Ee [ZI%’,aN—l,e] < (1+4c7)Ee {ZN,aNq,e] - (5.3.41)
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It then follows from (5.3.35) that

|
P, [ZN,(XN,LS > exp{6(a)N — 3oceN}] 2 iy e O, (5.3.42)

For any vertex @ in the first generation, define .27y s ¢ (@) as follows :

[—2
Gy je(0) :={[0] =k+1;01 = 0;x6, < -+ < Xo3X0; > €+ (1 —e)lT,z <i<k+1}.

To bound Po{Zy oy < exp{O(a)N —3aeN}}, we observe that

INan 2 Y, Vap<e) Y Niocohan-1e@) (5.3.43)

lo|=1 |o|=aN
where <xw, Z‘G|:aNI(GGMN’O‘N%E(@)O are i.i.d. Thus,

P, (zN,aN < exp{B(a)N — 3a£N}>

= PO( Y lg<e) ) 1(oewN’aN,1,£(w))<exp{9(a)N—3aeN}>

|o|=1 |o|=aN
N
< PO(I(xw<£) Z I(UGWN,aN—l,s((D)) < exp{Q(a)N—3o¢€N}> .

|o|=aN

(5.3.44)

The fact that Py[0 € @y ¢ (®)|xp < €] =Pe[0 € oy i ¢] implies that given {x, < €}, Yiol=an L(cedy ay 1c(o)
is distributed as Zy gn—1,¢ under P¢. Therefore, we have

Po(ligee) X ocoman o) < Xp{O(@)N ~3aenN} )

|o|l=aN

< 1- s+e]P’0( Z Loean1.(0) <exp{O(a)N — 3068N}‘xw < e)

|o|=aN

— 1- e+s(1 P [ZN,aN,Lg > exp{6(a)N — 3058N}] )

which is bounded by 1 — € + £(1 — cg) because of (5.3.42). Plugging this inequality into (5.3.44)
yields that

N
Py [ZN,aN <exp{0(a)N — SaeN}} < (1 —e+e(l —08)) < ¢~ Nese

which is summable in N. By the Borel-Cantelli lemma, we conclude that for € sufficiently small,

Pp—almost surely,
logZ,
liminf —S2N.eN
N—yoo

>0(a) —3ae, (5.3.45)
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Chapitre 5. Increasing paths on N-ary trees

completing the proof of (i) of Theorem 5.1.3.

Before the proof of Part (ii), we turn to estimate [Py [ZN,OCN > 1} with & > e.
Proof of (iii) of Theorem 5.1.3. The upper bound is easy. By Markov’s inequality and (5.2.29), one

sees that
ee(a)N

2v/aN’

Po [ZN,aN > 1} <Eo [ZN.,(XN} <
It follows that

IOgPQ |:ZN’(XN Z 1}
limsup <6(a) <O. (5.3.46)
N—o0 N

To get the lower bound, we use the fact that Zy ; > Zy ;¢ to get that for any x € [0,1] and any
€€ (0,1),

2
Ex [ZN,k,£i|
]Ex [Z]%l,k,s]

where the second inequality follows from the Cauchy-Schwartz inequality. In this part of proof,

PoZwk 21| 2P| Zwpe 2 1) 2 (53.47)

we take x = 0.
Applying (5.3.32) and Stirling’s formula (5.2.20) gives that for k = aN,

k O ()N
E [z } > > . 5.3.48
OLENEOL = (e 1) = 3(aN+1)32 (:3:48)
On the other hand, in view of (5.3.39), we obtain that
2 N-1 & q
E, [ZNM} <, [ZNJQO] (1 +—— Y M ylk—g.k—q, %)) . (5.3.49)
q=0
By (5.3.2) and (5.2.20), one sees that for k = aN with a > e,
k—1 k—1 k—
- q k—g(1+1/(k—q))"1 k-
Nk qW(k_QJC_CIa_) = N 1 (l_q/k) 1
q;o X q;o h—qt)!
k—1 k-1
e eN\ k—q e
Y e yyY e
q;) 2(k—q)3%\ k EE)Z(k—qW2
Letco: =Y ?2/2 € (0,00). It follows that
k—1 g
Y N“ly(k—q,k—q,7) < co. (5.3.50)

q=0 k
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Plugging it into (5.3.49) shows that

E, [Z}VWO] <E, [ZN,QN,O] (14co). (5.3.51)

According to (5.3.47) and (5.3.48), we obtain that

. | Eo [ZN7aN,o} 2O (@)N 5359
7N oN > } P SR N3 L S — 3.
where ¢y := m Therefore, we conclude that for o > e,
log Py [ZN,(XN > 1}
liminf >0(a), (5.3.53)
N—so0 N

which completes the proof of (iii) of Theorem 5.1.3.

Proof of (ii) of Theorem 5.1.3. Let us estimate Po[Zy v > 1].
For the lower bound, one observes that the inequality (5.3.52) still holds when o = e. As
0(e) =0, we get that
Po[Zn.en > 1] > ey N3/, (5.3.54)

To obtain the upper bound, we introduce the following collections of accessible vertices in
TW) .

j — L
1 (K):={lo|=K:x5 <--- < XoXo; 2> %;Vl <j<K}, 0<L<K. (5.3.55)

Set K = eN and Ly = 2log K. One observes that

k— Lo
K+1

K
vk C Ay (K)U | {Blol=k:xe <+ <xo,Xc <
k=Lo+1

1. (5.3.56)

As a consequence,

K k—L
PO[ZN,eNzl} < Po[ﬂaemo(K)]+ y P0[3|6|:k:xol<~-<x0,x6< 0
k=Lo+1 K+1
¥ [+ ¥ Bl T o1, )
< Ey Ligew (k)| + Eo 1 kLo |5 (5.3.57)
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where the last inequality follows from Markov’s inequality. We first compute the second term on

the right-hand side of (5.3.57), which is

K
k—L
= Y MPlUi<-<Ui<
k—L0+1 K+1
_ Z Nk(k Lo> 1
k=Ly+1 K+1 k‘

By (5.2.20),

K K Lo

F ol % e $ () Srean

k=Lo+1 oEYN |

The inequality (5.3.57) thus becomes that

Py |:ZN,eN > 1] < EO[| |Z’ 1((;6%0(1())} +612N_3/2
o|=K

= NKP[A% (K)] + C12N73/2,

where Az, (K) is defined in (5.3.5). Applying Lemma 5.3.2 yields that

KeCom K ey
Po [ZN,eN > 1] < N K7 (K+1F +caN
eov2logk _ n-3/24ow()

< CISW =

which completes the proof of (ii) of Theorem 5.1.3.

5.4 Proof of Theorem 5.1.4

5.4.1 The second moment of Zy on
Let my(x) := E,[Zy ] for any k > 1 and x € [0, 1]. Recall that

(1 —x)*NkK
k!

We state the following lemma, concerning the second moment of Zy o .

my(x) =

Lemma 5.4.1. For x € [0,1) fixed and 0 < o0 < 2(1 —x), we have

I Ex[(ZMaN)z}_ 2(1—x)
N may()? 2(1—x)—a
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Proof. By (5.3.36),

2 N—1K
Ex[(zN,Q ] = m)+—— Y N* qu(G,G’EMN,k‘IG/\G’IZQ)
q=0

N— 153 (=N (2(k—q)
LT @ g ()

N

= my(x)+

_lk—l
= mg(x) +mg(x)? v Y a(q,x), (5.4.3)
q=0

2k—24)k!k! :
where ay(g,x) := [(lfx)N]q((Zkfc;]))!(qu)!(qu)" Note that if k+1 < 2(1 —x)N,

(k—q)(2k—q)
2(1—x)N(2k—2q—1

ar(q+1,x) = ar(q,x) ] <ar(gq,x), V0<gqg<k. (5.4.4)

Moreover, for g < Vk and k = aN ,

k g[(1—1) (1— L) a  \4 q*
= = 1 —)]. 4.
Take go = (M%W so that (2(106_){))% < N~2. Tt follows from (5.4.4) that
k-1
Y aw(g,x) < kay(qo,x) < ci3aN~', (5.4.6)
a=40

which vanished as N goes to infinity. The dominated convergence theorem implies that for 0 <
o <2(1—x)and k= aN,

L R o ¢  2(l—x)
Ayggoq;)ak(q,x) - q;) (m) T (5.4.7)

Moreover, 1/mgy(x) — 0 as N goes to infinity. We thus conclude that for 0 < a < 2(1 —x),

2
) E(Zvav) ] 201-x) -
Now  man(x)?  2(l—x)—a

2
As a consequence of Lemma 5.4.1, one sees that Ej /y [(%Z—j) ] — e ag N — .
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5.4.2 Convergence in law of Zy v

In this subsection, we investigate Zy . Let {Z;k > 1} denote the natural filtration of the
accessibility percolation on N-ary tree, i.e., Fy := 6{(0,xp);0 € TV |o| < k}.
We introduce the following variables :

O k(%) == Ey [ZN,Nlﬁk] ,and Oy (x) == E, [ZN,N+k\9k} :
Let 6 := Zy y for simplicity.
Recall that my = E¢[0] = 1]\\’]—1\,] We begin with the following lemma.
Lemma 5.4.2. As N goes to infinity then k goes to infinity,

Ovi(A/N)—0
my

g( ,IPMN) 0. (5.4.8)

Proof. We observe that for any z € R and 6 > 0,

PX[QN,]((X) < (Z— 5)mN\§k] —]P)x[‘e — QN,k(X)| > mN5|£Zk] < P [9 < mNz|ﬁk];

Pr[On k(x) < (2+ 8)mn| Fi] + Px[|0 — Oy k(x)| = mn 8| F] = P[0 < myz| F].

Note also that
Var,(0|.%)

P[0 — Oy i (x)| > myS|F] < 757 (5.4.9)
my, 6
Consequently,
Var, (0|7,
Py (O (x) < (z— 8)my] — Py[6 < myz] < Ey [#] ;
my, 0
Var, (0|7,
P[0 < myz] —Py[Oy i (x) < (z+6)my] < E, [x(z—|2k)]
my, 0
Thus, it suffices to prove the following convergence.
E; /v[Var(6].%
lim tim 2 2( Zol_, (5.4.10)
k—yoo N—yoo my
The branching property yields that
Vary(60|.7) = ) v(xs,N—k), (5.4.11)

GEJZ{NJ(

where v(y,L) := Ey[(Zn..)?] — Ey[Zy ]? for any L > 1. Taking the expectation implies that
S
E,[Var,(8|.%)] = Nk/ dymv(y,N— k). (5.4.12)
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By (5.4.3), we have

L1
v(»L) = mL(y)erL(y)zNT1 Y ai(q.y) —me(y)?
q=0

_1L—]

= mL(y)+mL(Y)2NT 2 a(q.y) =
g=1

mL()’)Z
N

Plugging it into (5.4.12) yields that

N—1 1 )
Z aN(qvx) - NmN(x) aN(kax)'
q=k+1

N—-1
N

E,[Var,(0].7)] = my(x)+my(x)?

It follows from (5.4.5) and (5.4.1) that Y an(q,A/N) — 5. Clearly, my(A/N)/my = (1 -
A /NN — e=*. Therefore,
Ey/n[Vary v (0| F)] e

li = 4.1
lim " S (5.4.13)

which vanishes as k goes to infinity. This yields (5.4.10) and completes the proof of Lemma 5.4.2.
]

Lemma 5.4.3. For any k > 0 fixed, we have

A 2
. ]E)L/N[(QNJc(/l/N)2 Ovi(A/N))7| o, (5.4.14)
N—oo mN

Proof. By Jensen’s inequality,
~ 2 2 2
(650 = Owikl) " = (Bulzvwi— Zunl ) <Eu| (Zvwin—Zww) |]. 5:415)
Taking the expectation yields that

B[ (i)~ Ovs(0) | < B[ (Zwwen—zn) . (5.4.16)

which, by the Cauchy-Schwarz inequality, is bounded by

k 2
kZEx [(ZN,NH —ZN,N+H> ] (5.4.17)
i—1
Let L=K+i—1> K. Then,
INL+1—2ZNL = Z (yvo — 1), (5.4.18)
ocayL
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where yo 1= Y |o|=1+1 L (0p=0) | (xo>xo)- It immediately follows that

(ZN,L+1_ZN,L>2: Z (yo —1)*+ Z (Vo —1)(yer — 1)

oCay,L 0#£0',0,0'€aly
L—1
= Z (yg— 1)2—}— Z Z 1(0'70"6537N,L)(y6_ 1)()70/— l), (5.4.19)
GGQ(Z(N’L q:O |G/\G’|:q

where 6 A 0 is, as before, the latest common ancestor of ¢ and ¢’. Note that under P,[-|.Z], y5’s
are independent binomial variables with parameters N and 1 — x¢. Thus, taking E,[-|.%.] on both
sides of (5.4.19) yields that

2
Ee|(Zwin—2ne) [ 72] =21+, (5.4.20)
where
5 o= Y Ex[(yg—l)z‘ﬁL]; (5.4.21)
GEMN’L
L—1
o= Y Y leoeny) N1 —x6) = (N1 —xg) = 1). (5.4.22)
9=0|oN0'|=q

Obviously, (ys — 1) < N%. Hence,
E,[21] < NzEx[ZNL] = NZmL(x) = o(mjz\,). (5.4.23)

Conditioning on the value of x4, yields that

L—1
B = E|Y Y looeonM(l—x6) = N1 —x4) ~ 1)

q=0|oA0’|=¢
N o 0= T ()T (N —x6) — 1)
N ZNZL q/x PR [/y o (L—q—1)! ]
L—1
_ _12 81(q) —28:(q) + 83(q)), (5.4.24)

where

L 2L (=X (N1 —y)la N2
ala): = v [ ,

(L—g+1)!
o y qu N =yttt (1 =y,
Salg): = N "/ Py ( (L—q+1)! ~ (L—gq) )
o y xq‘ (1-y)t\?
&lg): = N "/ dy ) ( L—q)! ) '
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On the one hand,

0<981(q) —2&(q)+8(q) <58(g), Yg=>0. (5.4.25)
On the other hand,
2
61(q) —282(q) + 63(q) < 53(61)0(%)7 Vg < O(logL). (5.4.26)
Thus, (5.4.24) becomes
L—1 ciglogL q2
EfS]< ) 5&(@)+ ) S(@es(sz)- (5.4.27)
g=ci4logL q=0

Notice that 8(q) = m? (x)ar(q,x). Take x = 1 /N and recall that L = N +i — 1. By (5.4.4), for N
large enough so that N+i <2(1—A/N)N, ar(q,x) is non-increasing as g increases. It follows that

) L—1 ciqlogL qz
Bl < mi@( ¥ Sa@o+ Y al@desi)
g=cialogL q=0

logL)?
(Cl“L#aL(Q’x))_

) Cl14 lOgL

< mi(x) (SLaL(c14logL,x) +c1s

1+ O(M)] We can

Note that az(0,x) = 1. By (5.4.5), az(cialogL,x) = (W x

choose a suitable c14 so that a (ci4logL,x) = o(N~!). As a result,
E[Z2] = m2 (x)on(1) = myon(1). (5.4.28)

We return to (5.4.20). Combining (5.4.23) with (5.4.28) implies that

(N) (N)

<ZL+1 _ZL )2
E;L/N[ s } — on(1). (5.4.29)

Therefore, for any k > 1 fixed, we have

Al[grcl)o]El/N[(6N7k(A/N)n_112V5N7k(A/N))2] —0. []

By considering the variables 5N7k(x), we will prove the convergence in law in Theorem 5.1.4

as follows.

124



Chapitre 5. Increasing paths on N-ary trees

Proof of Theorem 5.1.4. In view of Lemmas 5.4.2 and 5.4.3, we only need to prove that the distri-

bution .Z (W, P, /N> converges weakly to an exponential variable of mean et asN goes
to infinity then k goes to infinity.
Clearly, 5N70(x) = my(1—x)N with my = %—7 Define for any k > 0 and u > 0,
Gi(t,x,N) := E, [exp{—ué}v,k(x) /mN}] , (5.4.30)
which is the Laplace transform of @V%A(Ix).

It is immediate that Go(u,x,N) = exp{—u(1 —x)"}. Recursively,

5N,k+1(x)ZEx[ZN,N+k+1}3Zk+1} = ) Ei [ZN,N—O—k‘ng} =) 1(x6>x)5N,k(xG)7 (5.4.31)

CCaN 1 lo|=1

where for [0 =1, 1(;, > §N7k(xo) are i.i.d. It follows that

1 N
Gr1 (,x,N) = [x+/ dka(u,y,N)} . (5.4.32)
X
We define for A, u > 0,

Qo(u,A): = exp{—pe *}; (5.4.33)
Orr1(M,A): = eXp{—/;L (I—Qk(u,y))dy}, Vk > 0. (5.4.34)

Clearly, limy_. Go (K, ]%,,N )= Qo(u,A). We are going to prove that for any k > 0,

, A

lim Gk(u,—,N) :Qk(l't?l) (5.4.35)
N—soo N

Suppose that (5.4.35) holds for k£ > 0. By a change of variables, (5.4.32) becomes that
A N y N
Gist (1, =N :[1—/ ay(1-Gelp.2.M) | 5.4.36
e (b, o N) [ ay(1-Gilw. 3N (54.36)

Because 1 —e™* < zforall z € R, (5.4.30) gives that

N(1=v/N N+k
2 [Zy N+k] /mn = mLN[ ( (N)ji-/k)>!] <pe . (5.4.37)

0< 1_Gk(.u7%7N) < ‘U]E
The dominated convergence theorem implies that

/;LNdy<1 B G"(“’%WND = /:dyo - Qk(u,y)>. (5.4.38)
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It follows that limy_,e Gy41 (U, %\,,N ) = Qk+1(1,X). By induction, we conclude (5.4.35) for any
k> 0.
We write Oy (i, A) = F(ue*) for all k > 0. We check that

1 —-F
Fir1(z) = exp{ _/0 #du}, Fo(z) =e ~. (5.4.39)
Define Ay(z) for z > —1 and z # 0 by
(2’71
Au(e) 1= 25 [1—+Z - Fk(z)] . (5.4.40)

Then we claim that there exists a constant M such that for all £ > 0,
0<A(z) <M, Vz>-—I. (5.4.41)

Indeed, for k =0,

l1+z
which is nonnegative for z > —1, because e¢* > 1+ z. Moreover, since lim,_,0 Ag(z) = 1/(2¢), define

_ (142’ [ ! —Z} , (5.4.42)

Ap(0) := 2% so that Ag(z) is continuous in (—1,0), and that both lim,|_; Ag(z) and lim 4., Ag(2)

exist and are bounded. Hence, there exists M € (0, 0) such that
0<Ag(z) <M, Vz>—1. (5.4.43)

Assume now that (5.4.41) holds at order k. In view of (5.4.39) and (5.4.40),

1 u Ar(u)
Fk+1(Z)—1—+ZeXP{—/O (ru) du}. (5.4.44)

This leads to
1 1 2 u M 1 M 72
N e R | B
T4z = @2 0 (1+u)32k 1+zLl 2k2(142)2

This implies that (5.4.41) holds for k+ 1. In view of (5.4.40) and (5.4.41), we check that

1
lim Fy(z) = 57’ forz > —1. (5.4.45)

k—>o0 1

Recall that Qi (1, A) = F(e=*). Going back to (5.4.35), we let k go to infinity for both sides and
obtain that for any A > 0 fixed,

kN A 1
[e "N } = lim lim Gy(u,—,N)

L F (5440

lim lim E
k—oo N—oo AN

126



Chapitre 5. Increasing paths on N-ary trees

which is the Laplace transform of an exponential variable of mean e, Therefore, we deduce that

as N — oo, p
Z(M,PMN> e h X W, (5.4.47)
my
where W is an exponential variable with mean 1. 0

An analogous argument implies that for 0 < o < 1, started fromx=1—a + %\,, £ <%, IP)x)
A

converges to an exponential distribution of mean e~ .

8(a) = |09(7\1N, an)

FIGURE 5.1 — The curve of o — 6(a) = a(1 —log ).
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