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Résumé (en frangais)

L’objectif principal de cette these est d’étudier d’une part les équations différentielles
doublement stochastiques rétrogrades régies par un mouvement brownien standard et un
mouvement brownien fractionnaire indépendent, ainsi que les équations différentielles par-
tielles stochastiques associées régies par le mouvement brownien fractionnaire. D’autre
part nous avons aussi étudié la régularité, a savoir la continuité de Lipschitz conjointe et
la semiconcavité conjointe, de la solution de viscosité pour une classe générale d’équations
aux dérivées partielles non locales de type Hamilton-Jacobi-Bellman.

Bien que ces deux sujets de recherche mentionnés ci-dessus semblent étre tres différents
a premiere vue, les deux ont en commun que les équations différentielles stochastiques
rétrogrades et les méthodes connexes sont parmi leurs principaux outils.

Dans la premiere partie (les chapitres 1 et 2) nous nous sommes intéressés aux équations
différentielles doublement stochastiques rétrogrades régies par un mouvement brownien
standard et d’un mouvement brownien fractionnaire indépendent. Ce type d’équation
combine la théorie de I’équation différentielle stochastique rétrograde avec celle du mou-
vement brownien fractionnaire. La présentation de cette partie est principalement basée
sur les deux travaux suivants:

1. S. J. et J. A. Lebn, Semilinear Backward Doubly Stochastic Differential Equations
and SPDEs Driven by Fractional Brownian Motion with Hurst Parameter in (0,1/2),

accepté pour publication dans Bulletin des Sciences Mathématiques,
d0i:10.1016/j.bulsci.2011.06.003.

2. S. J., Fractional Backward Doubly Stochastic Differential Equations with Hurst
Parameter in (1/2,1), soumis pour publication.

La deuxieme partie du présent projet de doctorat est consacrée a 1’étude des propriétés
de régularité de la solution de viscosité pour une certaine classe des équations différentielles
partielles-intégrales. Pour cela est utilisé l'interprétation stochastique de ces équations
comme un probléme de controle stochastique dont le fontionnel de cout est défini par une
équation différentielle stochastique rétrograde avec sauts. Cette partie est principalement
basée sur le travail:

3. S. J., Regularity Properties of Viscosity Solutions of Integro-Partial Differential
Equations of Hamilton-Jacobi-Bellman Type, soumis pour publication.

L’histoire des équations différentielles stochastiques rétrogrades remonte a 1973, quand
Bismut [I3] a été le premier a utiliser les équations différentielles stochastiques rétrogrades
linéaires dans son étude sur les systémes de controle optimal stochastique. Les équations
différentielles stochastiques rétrogrades non linéaires généraux sous les conditions de Lips-
chitz ont d’abord été étudiées en 1990 par Pardoux et Peng dans leur article pionnier [R3].



2 CHAPTER 0. RESUME (EN FRANCAIS)

En 1992, Duffie et Epstein [37] ont introduit indépendamment des équations différentielles
stochastiques rétrogrades dans leur étude des problemes dans les modeles d’utilité récursive
en finance. Mais leurs équations représentent un cas particulier de celles étudiées dans
[83]. Soit F = {Fi}icpo,r) la filtration naturelle générée par un mouvement brownien W.
Alors I’équation différentielle stochastique rétrograde non linéaire générale s’écrit comme
suit:

T T
Yi=¢ +/ f(s,Ys, Zs)ds —/ ZsdWg, te€[0,T], (0.1)
t t

ou ¢ est une variable aléatoire de carré intégrable, mesurable par rapport a Fr. Une
solution de cette équation différentielle stochastique rétrograde est un couple de proces-
sus {Y, Zi }1efo,r) adaptés par rapport a IF, vérifiant certaines hypotheses d’intégrabilité.
Pardoux et Peng [83] ont prouvé que sous la condition de Lipschitz sur f, I’équation
différentielle stochastique rétrograde (OC) admet une unique solution adaptée de carré
intégrable.

Depuis les travaux pionniers de Pardoux et Peng, la théorie d’équations différentielles
stochastiques rétrogrades a été étudiée largement et profondement. En bref, il existe
plusieurs options dans cette direction. Nous les expliquerons séparément dans les para-
graphes suivants.

L’un des objectifs majeurs de la recherche a concerné I'affaiblissement des conditions
dans lesquelles une équation différentielle stochastique rétrograde a une solution: Lep-
eltier et San Martin [71] ont étudié les équations différentielles stochastiques rétrogrades
aux coefficients continus avec une croissance linéaire en 1997; en 2001 Bahlali [R] a tra-
vaillé sur les équations différentielles stochastiques rétrogrades multidimensionnelles aux
coefficients localements lipschitziens; les équations différentielles stochastiques rétrogrades
a croissance quadratique sont d’abord étudiées par Kobylanski [61] et [62] dans sa these de
doctorat. Stimulé par ces travaux pionniers, de nombreux auteurs ont travaillé sur ce type
d’équations différentielles stochastiques rétrogrades, et nous mentionnons ici, en partic-
ulier, sans étre exhaustif, les travaux de Lepeltier et San Martin [72] pour des coefficients
superlinéaires quadratiques, de Briand et Hu [4], [I5] pour des conditions terminales non
bornées, de Ankirchner, Imkeller et Dos Reis [6] pour la différentiabilité de solutions, de
Morlais [[78] pour des martingales continues directrices, de Imkeller et Dos Reis [564] pour
des équations & croissance quadratique tronquée, de Delbaen, Hu et Bao [35] de croissance
super-quadratique.

Peng [97] a été le premier & montrer I'interprétation probabiliste des équations différen-
tielles partielles paraboliques via les équations différentielles stochastiques rétrogrades en
1991, connue comme la formule de Feynman-Kac non-linéaire; Pardoux et Peng [85] ont
encore étudié les solutions de viscosité des équations différentielles partielles paraboliques
par l'interprétation comme équation différentielle stochastique rétrograde en 1992.

Antonelli [6] a été le premier a étudier les équations différentielles stochastiques pro-
gressives - rétrogrades pour un petit horizon de temps en 1993; Ma, Protter et Yong [74] en
1994 ont développé un schéma en quatre-étapes pour résoudre les équations différentielles
stochastiques progressives-rétrogrades en utilisant une méthode d’équation aux dérivées
partielles; Hu et Peng [61] ont étudié I'existence et 1'unicité sous des hypotheses de mono-
tonie en 1995.

Citons également qu’El Karoui et al. [40] ont travaillé sur les équations différentielles
stochastiques rétrogrades réfléchies avec une barriere en 1997, qui sont étroitement liées



aux problemes d’arrét optimal. Par ailleurs, ils ont fourni des interprétations probabilistes
aux équations aux dérivées partielles paraboliques avec obstacle. Cvitani¢ et Karatzas
[B1] ont généralisé leurs travaux aux équations différentielles stochastiques rétrogrades
réfléchies & deux barrieres et les ont appliqués aux jeux de Dynkin.

Un autre type d’équations rétrogrades, que sont les équations différentielles doublement
stochastiques rétrogrades, joue un role central dans les deux premiers chapitres de ce projet
de thése, tandis que les équations différentielles stochastiques rétrogrades avec sauts sont
utilisées dans le troisieme manuscrit (voir le chapitre 3). Nous allons les présenter plus en
détail plus tard.

Il est également intéressant de noter qu’, en utilisant les équations différentielles
stochastiques rétrogrades, Peng [88] a défini une espérance non-linéaire, en 1997, appelée
la g-espérance, qui est une généralisation de la notion d’espérance classique. Inspiré par les
travaux sur la g-espérance et les mesures de risque, Peng [90] [91] a défini récemment un
nouveau type d’espérance non linéaire plus générale, appelé la G-espérance, et a développé
un calcul d’It6 sous cette espérance.

Citons aussi que le développement de la théorie des équations différentielles stochas-
tiques rétrogrades a été stimulé depuis ses débuts par ses diverses applications, parmi
lesquelles en particulier ceux en finance (voir par exemple, El Karoui, Peng et Quenez [42]
en 1997, Chen et Epstein [25] en 2002, Hamadeéne et Jeanblanc [46] en 2007), mais aussi
ceux en controle stochastique et théorie des jeux (par exemple, Peng [87], [89], Hamadéne
et Lepeltier [@7], Hamadéne et Zhang [48], El Karoui et Hamadéne [89], Buckdahn et Li
[20], [21], Hu et Tang [67], Peng et Wu [03], Peng et Xu [94], Yong et Zhou [[08]).

Maintenant nous allons introduire les équations différentielles doublement stochas-
tiques rétrogrades. Ce type d’équation, d’abord présenté et étudié par Pardoux et Peng
[84], en 1994, a la forme suivante:

T T T
Y; :£+/ f(S,Y;,ZS)dS—i—/ g(SaYSaZs)\Lst_/ ZdWs, te [O,T],
t t t

ou B et W sont deux mouvements browniens indépendants; l'intégrale stochastique par
rapport a B est une d’Ito6 rétrograde, qui par rapport a W est une d’It6 progessive
classique. Dans [84], les auteurs ont prouvé l'existence et l'unicité des solutions des
équations différentielles doublement stochastiques rétrogrades sous des conditions de Lip-
schitz sur f et g, et il convient de noter que la constante de Lipschitz de g par rapport
a z est requis pour étre inférieur & un. En particulier, par analogie avec la formule de
Feynman-Kac non-linéaire, ils ont donné une interprétation stochastique d’une certaine
classe d’équations difféntielles partielles stochastiques paraboliques en termes de solutions
des équations différentielles doublement stochastiques rétrogrades correspondantes. La so-
lution de I’équation difféntielle partielle stochastique considérée dans [84] a été dans le sens
classique. Bally et Matoussi [] ont appliqué la méthode d’équations différentielles double-
ment stochastiques rétrogrades a I’étude de solutions faibles pour les équations difféntielles
partielles stochastiques en 1999.

En 2001, en appliquant la transformation de Doss-Sussmann, Buckdahn et Ma [22],
[23] ont donné une définition de la solution de viscosité stochastique pour un type par-
ticulier d’équations difféntielles partielles stochastiques régies par un mouvement brown-
ien. La transformation de Doss-Sussmann, qui a été étudiée par Doss [B6] en 1977 et,
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indépendamment, par Sussmann [I03] en 1978, peut étre utilisée pour transformer des
équations différentielles stochastiques en équations différentielles ordinaires trajectorielles.
Pour cela, le coefficient de diffusion doit étre une fonction du processus de la solution
seulement et doit satisfaire a certaines conditions de régularit. Par ailleurs, 'intégrale
stochastique de 1’équation différentielle stochastique doit étre considérée dans le sens
de Stratonovich. En utilisant cette méthode, les auteurs ont réussi a transformer une
équation différentielle doublement stochastique rétrograde non linéaire en une équation
différentielle stochastique rétrograde a croissance quadratique. La relation ainsi obtenue
entre les équations différentielles doublement stochastiques rétrogrades et les équations
différentielles stochastiques rétrogrades a croissance quadratique se reflete aussi dans une
relation correspondante entre les équations différéntielles partielles stochastiques associées
aux équations différentielles doublement stochastiques rétrogrades, et les équations avec
dérivées partielles aux coefficients aléatoires associées aux équations différentielles stochas-
tiques rétrogrades a croissance quadratique. En appliquant ces relations, ils ont défini la
notion de solution de viscosité stochastique, qui était une extension notable de la définition
classique de la solution de viscosité déterministe (voir, Crandall, Ishii et Lions [28]).

L’histoire du mouvement brownien fractionnaire est beaucoup plus ancienne que celle
de la théorie des équations différentielles stochastiques rétrogrades. Kolmogorov a été
le premier d’avoir a travaillé sur ce sujet; notons que le mouvement brownien fraction-
naire a été appelé par lui la “spirale de Wiener” [63]. Apres les travaux statistiques sur
I'inondation du Nil par Hurst [563], aprés lequel le parametre H a été nommé (cependant,
la lettre H a été donnée par Mandelbrot en I'honneur des deux Hurst et Holder), et les
travaux pionniers de Mandelbrot et van Ness [75] sur le calcul stochastique fractionnaire,
le mouvement brownien fractionnaire a attiré de plus en plus de mathématiciens a ce su-
jet. Depuis les années 1990, les modeles portant sur le mouvement brownien fractionnaire
ont trouvé leur place dans les modeles issus du marché financier. L’intérét pour le mou-
vement brownien fractionnaire en la finance s’explique par le fait que, contrairement au
mouvement brownien, le mouvement brownien fractionnaire permet de décrire les effets
de mémoire a long terme lorsque le parametre de Hurst H € (1/2,1), et a courte portée
de dépendance (ou mémoire) quand H € (0,1/2). Ce comportement est assez différent de
celui du mouvement brownien classique dont les accroissements sont indépendants.

Il est bien connu que le mouvement brownien fractionnaire n’est pas une semimartin-
gale, sauf pour le cas H = 1/2. Ainsi, la théorie bien développée du calcul d’It6 ne peut pas
étre appliquée directement ici. En raison de la différence significative entre H € (1/2,1)
et H € (0,1/2), les définitions de l'intégrale stochastique par rapport au mouvement
brownien fractionnaire sont divisées en deux groupes.

Pour H € (1/2,1), dans le cadre du calcul de Malliavin, l'opérateur divergence peut
étre utilisé comme la définition de l'intégrale stochastique, voir Decreusefont et Ustiinel
[83], Ducan, Hu et Pasik-Duncan [B8], Alos, Mazet et Nualart [3], ainsi que Alos et
Nualart [@]. La continuité holdérienne (avec ordre strictement inférieur & H) permet
également de définir une intégrale stochastique trajectorielle. Nous nous référons, par ex-

emple, & l'intégrale généralisée de Riemann-Stieltjes développée par Zahle [T09], [TI0], a
I'intégration dans le cadre de la théorie des trajectoires rugueuses étudiée dans Coutin et
Qian [B0], et aussi a l'intégrale de Russo-Vallois [99], [I00], [I01).

Pour le parametre de Hurst H € (0,1/2) les trajectoires du mouvement brownien
fractionnaire sont plus irrégulieres. Elles n’ont que la propriété de continuité héldérienne



avec l'ordre strictement inférieur & H, c’est a dire, 'ordre est strictement inférieur a 1/2.
Ceci a comme conséquence que la situation est plus compliquée ici. Alos, Ledn, Mazet et
Nualart ont publié plusieurs articles discutant de ce probleme: [0], [2], [3]. L’opérateur
divergence peut étre utilisé pour définir une intégrale stochastique, mais comme il est
montré dans le travail de Cheridito et Nualart [27], le domaine de 'opérateur divergence
ne contient pas le mouvement brownien fractionnaire lui-méme quand H < 1/4. Toutefois,
Cheridito et Nualart [27], et Ledn et Nualart [67] ont généralisé la définition de l'opérateur
divergence et I'ont appelé 'opérateur divergence généralisé. Par ailleurs, ils ont prouvé
que la formule d’It6, la formule de Tanaka ainsi que le théoréme de Fubini sont vrais pour
les mouvements browniens fractionnaires avec n’importe quel H € (0,1/2) dans un cadre
général.

Les équations différentielles stochastiques régies par un mouvement brownien fraction-
naire ont été étudiées par plusieurs auteurs utilisant des définitions différentes de I'intégrale
stochastique. Sans étre exhaustif, citons ici les travaux suivants: Leén et San Martin [68],
Leén et Tindel [6Y] pour H € (0,1/2), Maslowski et Nualart [[76], Nualart et Ragcanu [81]
pour H € (1/2,1), Tindel, Tudor et Viens [I05] pour H € (0,1).

Bender [I1] était le premier en 2001 & réunir deux théories de développements dy-
namiques, celle des équations différentielles stochastiques rétrogrades et celle du mouve-
ment brownien fractionnaire, dans le but d’étudier des équations différentielles stochas-
tiques rétrogrades fractionnaires linéaires, pour lesquelles il a donné des formules de so-
lutions explicites. Hu et Peng [B0] ont été les premiers en 2009 d’étudier les équations
différentiels stochastiques rétrogrades fractionnaires non linéaires. Pour cela ils ont utilisé
la notion d’espérance quasi-conditionnelle introduite par Hu et @ksendal [49]. Nous remar-
quons que l'utilisation de ’espérance quasi-conditionnelle conduit a des conditions assez
restrictives sur les coefficients.

En 2009, Jien et Ma [67] ont étendu la méthode de la transformation de Girsanov
anticipative utilisée dans Buckdahn [I6] au cas du mouvement brownien fractionnaire.
Leurs résultats peuvent étre utilisés pour résoudre les équations différentielles stochastiques
fractionnaires éventuellement anticipatives. Motivé par le travail de Jien et Ma [67], notre
premier chapitre de cette these vise a combiner la théorie des équations différentielles
stochastiques rétrogrades et celle du mouvement brownien fractionnaire d’une maniere
différente que celle de Bender [I1], Hu et Peng [61]. En effet, nous étudions les équations
différentielles doublement stochastiques rétrogrades semilinéaires régies par un mouvement
brownien classique W et par un mouvement brownien fractionnaire B:

t t t
Y, =&+ / f(s,Ys, Zs)ds — / Zs | dWy +/ vsYsdBs, t€0,T]. (0.2)
0 0 0

Ici, les intégrales stochastiques par rapport au mouvement brownien W et au mouve-
ment brownien fractionnaire B sont l'intégrale d’Ito rétrograde et 'opérateur divergence
généralisé, respectivement. Nous soulignons qu’une légere différence existe dans la forme
entre notre équation différentielle doublement stochastique rétrograde fractionnaire et la
plus classique. Nous utilisons une forme de temps inversé. Ainsi, ici la condition termi-
nale habituelle £ se révele étre une condition initiale, mesurable par rapport a la o-algebre
générée par le mouvement brownien.
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Comme dans [57], ou la transformation de Girsanov anticipative a été utilisée pour
transformer les équations différentielles stochastiques fractionnaires éventuellement an-
ticipatives régies par un opérateur divergence (l'intégrale de Skorohod), en équations
différentielles ordinaires trajectorielles, nous appliquons la transformation de Girsanov
a léquation (02) afin d’éliminer lintégrale par rapport a B. Plus précisément, nous
pouvons montrer que I’équation (IT2) et I’équation différentielle stochastique rétrograde
trajectorielle suivante

Y, =¢+ /Otf (s,?sss(Ts), Zses(Ts)) e N(T,)ds — /Ot Z,ldw,, tel[0,T].  (0.3)

sont équivalentes (Pour plus de détails, voir le théoreme B du chapitre 1). Dans le méme
esprit suivant Buckdahn et Ma [22], nous associons a (I4) I’équation différentielle partielle
stochastique semilinéaire régie par le mouvement brownien fractionnaire B:

{ du(t,z) = [Lu(t,z) + f (t,z,u(t, z), Vyu(t,x)o(z))] dt + yu(t, z)dB:, t e [0,T],
u(0,z) = &(z).
(0.4)

par étudier I’équation aux dérivées partielles trajectorielle associée avec (IZ3):

{ %ﬂ(t,x) = [Lu(t,z) + f (t, 2, u(t, 2)er(T3), VL ult, x)a(m)et(ﬂ))efl(Tt)] , tel[0,T7;
u(0,z) = ®(z),

La principale difficulté ici est de prouver la propriété de continuité du champ aléatoire u
définie par I’équation (I2). En effet, u est liée a la solution continue u de I’équation (I3)
par la transformation de Girsanov. Mais, dans le cas général, un champ aléatoire continue
u peut perdre sa propriété de continuité apres la transformation de Girsanov (voir la
remarque T3 dans le chapitre 1). Toutefois, en appliquant un calcul fractionnaire assez
technique et des estimations sur les équations différentielles stochastiques rétrogrades,
nous réussissons a prouver la continuité du champ aléatoire u et nous montrons que c’est
la solution de viscosité de 1’équation différentielle partielle stochastique (I4).

La méthode de la transformation de Girsanov anticipative nous impose de ne traiter
que le cas semilinéaire. Bien que cette approche employée est spécifique pour H € (0,1/2),
on peut, néanmoins, utiliser l'opérateur divergence (au lieu de l'opérateur divergence
généralisé) également pour le cas H € (1/2,1), et les résultats correspondants sont tou-
jours vrais, avec seulement quelques changements mineurs. Mais, en réalité, nous pouvons
faire encore mieux dans le cas de H € (1/2,1): en effet, voici I'intégrale de Russo-Vallois
permet d’envisager un coeflicient non linéaire comme 'intégrand de l'intégrale par rapport
au mouvement brownien fractionnaire B.

Ainsi, au chapitre 2, nous nous occupons des équations différentielles doublement
stochastiques rétrogrades fractionnaires non linéaires avec parametre de Hurst H € (1/2,1):

S S S
ver = o + [ X vz [ g(vieas, - [z Law, se o)
0 0 0
(0.5)
Dans le travail [22], Buckdahn et Ma ont appliqué la transformation de Doss-Sussmann
pour étudier les équations différentielles doublement stochastiques rétrogrades régies par
deux mouvements browniens indépendants. Cela correspond au cas H = 1/2, i.e., le



processus de B dans 1’équation différentielle doublement stochastique rétrograde est un
mouvement brownien, mais l'intégrale stochastique par rapport a ce mouvement brownien
B a été considérée par les auteurs dans le sens de Stratonovich. En conséquence, nous
étendons leur approche aux équations différentielles doublement stochastiques rétrogrades
fractionnaires non linéaires avec le parametre de Hurst H € (1/2,1). Alors l'intégrale
stochastique par rapport au mouvement brownien fractionnaire doit étre remplacée par
une intégrale trajectorielle, et nous prenons celle de Russo-Vallois. En fait, dans leur
papier original [T00], sur la généralisation des intégrales stochastiques classiques, Russo
et Vallois ont défini trois intégrales, appelées les intégrales progressives, rétrogrades et
symétriques, qui sont les extensions correspondantes des intégales d’Ito classiques, d’Ito
rétrogrades et de Stratonovich. Il doit étre remarqué que dans le cas d’'un mouvement
brownien fractionnaire avec le parametre de Hurst H € (1/2,1) en tant qu’intégrateur,
ces trois intégrales coincident. Un nouveau type de la formule d’It6 pour les processus
qui contiennent une intégrale d’It6 par rapport & un mouvement brownien classique W
et I'intégrale Russo-Vallois par rapport au mouvement brownien fractionnaire B, est cru-
cial pour I'application de la transformation de Doss-Sussmann. Cependant, la difficulté
ici est que, contrairement au cas semilinéaire, nous ne pouvons pas trouver un espace de
processus invariants sous la transformation de Doss-Sussmann, auquel les deux proces-
sus de solutions Y et Z appartiennent. C’est aussi la principale différence entre notre
travail et celui de Buckdahn et Ma [22]: dans le cas classique, on peut résoudre directe-
ment I’équation différentielle doublement stochastique rétrograde et obtenir 'intégrabilité
carrée des processus de solutions Y et Z. Mais ici, dans le cas fractionnaire, nous ne pou-
vons pas résoudre directement ’équation (), nous ne pouvons résoudre que I’équation
différentielle stochastique rétrograde trajectorielle associée

UL = (X)") + / Flr, X0, UL Vi) dr — / Vi L dw,. (0.6)
0 0

Mais pour cette équation différentielle stochastiques rétrogrades trajectorielle, nous avons
seulement obtenu le résultat que les processus de solution de U et V' sont de carré intégrable
conditionnellement connaissant le mouvement brownien fractionnaire B, i.e., 'espérance
conditionnelle de I'intégrale du carré de le processus de V est finie presque stirement. Ceci
est lié au fait que I’équation différentielle stochastique rétrograde (@) a une croissance
quadratique en V. Par ailleurs, dans notre étude de ce type d’équation différentielle dou-
blement stochastique rétrograde, on consideére également ’équation différentielle partielle
stochastique fractionnaire associée

{ du(t,z) = [Lu(t,z) + [ (t,z,u(t,x), Vyu(t,z)o(z))] dt + g(u(t,x))dBy, t€[0,T],
u(0,z) = ®(x),

et sa solution de viscosité stochastique. Nous soulignons aussi que notre équation différen-
tielle partielle stochastique est un peu plus générale que celle qui a été prise en compte
dans Maslowski et Nualart [76], ou la fonction f ne dépend que de u, et aussi différente
de celui dans Issoglio [566], ou le mouvement brownien fractionnaire est en fait défini par
rapport au parametre d’espace au lieu du parametre de temps.

Enfin, nous devons aussi souligner que les maniéres dont les solutions de viscosité
stochastiques sont définies dans les Chapitres 1 et 2 sont différentes. Dans les deux cas,
leurs définitions sont étroitement liées aux principales méthodes utilisées pour résoudre
les équations différentielles doublement stochastiques rétrogrades associées. Dans le cas
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du parametre de Hurst H € (0,1/2), c’est la transformation de Girsanov, qui change les
trajectoires de l’échantillon; dans le cas H € (1/2,1), c’est la transformation de Doss-
Sussmann, qui ne les change pas.

La deuxieme partie de cette these, i.e., le chapitre 3, concerne I’étude des propriétés
de régularité, a savoir la continuité de Lipschitz conjointe et la semiconcavité conjointe
dans ’espace et dans le temps, de la solution de viscosité pour les équations différentielles
partielles-intégrales de type Hamilton-Jacobi-Bellman.

Pour cela, I’équation différentielle partielle-intégrale est étudiée a travers son interpré-
tation stochastique comme un probleme de controéle stochastique impliquant des équations
différentielles stochastiques rétrogrades avec sauts. Ces équations rétrogrades avec sauts
ont d’abord été étudiées par Li et Tang [104] en 1994. En utilisant leurs résultats, mais dans
une forme plus générale, Barles, Buckdahn et Pardoux [I0] en 1997 ont étudié la solution
de viscosité de ’équation différentielle partielle-intégrale associée. Dans leur papier, la
solution de viscosité {v(t,z) : t,x € [0,T] x R} de I'’équation différentielle partielle-
intégrale se révele étre lipschitzienne en z, mais seulement 1/2-héldérienne en ¢.

D’autre part, Buckdahn, Cannarsa et Quincampoix [I8] ainsi que Buckdahn, Huang
et Li [I9] ont montré que les solutions de viscosité des équations aux dérivées partielles
paraboliques pas nécessairement non dégénérées (sans et avec obstacles) sont lipschitzi-
ennes conjointements en (¢, z) € [0,7 — 0] x R?, pour tout & > 0, et, en outre, sous des hy-
potheses convenables, ils sont aussi semiconcaves conjointements en (£, z) € [0, 7 — 6] x RY,
pour tout > 0. Soulignons que I'importance de la semiconcavité conjointe provient du
théoréeme d’Alexandrov, en raison de laquelle nous pouvons conclure que la solution de vis-
cosité possede dtdzx presque partout un développement limité d’ordre deux. Par ailleurs,
Cannarsa et Sinestrari [24] ont montré que ces propriétés de régularité sont les optimales
qu’'on peut s’attendre. Par ailleurs, ils ont montré (voir aussi [I¥]) qu’, en général, la
propriété de continuité de Lipschitz conjointe et la semiconcavité conjointe ne peuvent pas
tenir sur tout le domaine [0, 7] x RY.

Soulignons aussi que les travaux [I8], [T9] et [24] ont amélioré non seulement les
résultats déja connus sur la continuité de Lipschitz pour les solutions de viscosité des
équations aux dérivées partielles, mais aussi les résultats anciens sur la semiconcavité. En
effet, la semiconcavité par rapport a x, pour ¢t € [0, 7] fixé, a été déja prouvée par Ishii et
Lions [b4] (par 'intermédiaire d’une approche purement analytique) et par Yong et Zhou
[TOR] (par les estimations stochastiques dans le probléeme de controle stochastique associé).

Dans notre travail, nous étendons les résultats de [I8] et [I9] aux équations différentielles
partielles-intégrales de la forme

%v(t, x) + inf,ep{(L* + BY)v(t,x) + f(t,z,v(t, x), (Dyvo)(t, z),
v(t,x + B(t,z,u,-)) —v(t,z))} =0, (t,z) € (0,T) x RY;
(T, z) = ®(x), r € RY,

ol U est un espace métrique compact, L* est I'opérateur différentielle linéaire de second
ordre

LY%(x) = tr <;00T(t,x,u)Dfmg0(x)> +b(t,x,u) - Dyp(x), @€ 02(Rd),



et B" est l'opérateur différentiel-intégral:
BYo(x) = /E[Sﬂ(ﬂc +B(t,z,u,€)) = @t x) = B(t,x,u,¢) - Dap(x)]II(de), ¢ € Cy(RY).

Nous étendons les approches de [I8] et [19] au cadre de 1’équation différentielle partielle-
intégrale ci-dessus. Pour cela, nous considérons le probleme de controle stochastique as-
socié composé d’une équation progressive controlée et une équation différentielle stochas-
tique rétrograde controlée, toutes les deux régies par un mouvement brownien B et une
mesure aléatoire de Poisson p. Alors que nous adaptons la méthode de changement de
temps pour le mouvement brownien & partir de [IR®] et [19], nous introduisons la trans-
formation de Kulik [65] et [66] pour la mesure aléatoire de Poisson p. La combinaison
de ces outils a la fois permet d’obtenir la continuité de Lipschitz conjointe et la semicon-
cavité conjointe pour la solution de viscosité de I’équation différentielle intégrale-partielle
ci-dessus.

Dans la suite, nous résumons dans une maniere plus précise les principaux résultats
obtenus dans le cadre de ce projet de these:

Principaux Résultats de cette These

Principaux résultats au chapitre 1. Equations doublement stochastiques rétrogrades
semilinéaires et EDP stochastiques régies par un mouvement brownien fractionnaire
avec paramétre de Hurst dans (0,1/2).

Cette introduction ainsi que le chapitre 1 sont basés sur le travail [68] écrit en col-
laboration avec Jorge A. Leén (CINVESTAV-Institudo Politecnico nationale & Ciudad de
México, Mexique), accepté pour publication par le Bulletin des Sciences Mathématiques.

Nous considérons un espace de probabilité complet (2, F, P) sur lequel un mouvement
brownien W et un mouvement brownien fractionnaire indépendant B avec le parametre de
Hurst H € (0,1/2) sont définis. Soit F = Fr la o-algebre générée par W et B, augmentée
par tous les ensembles P-nuls. Par G = {G;}c[o,7] on note la famille de o-algebres G;
générés par {Ws — Wy, s € [t,T]} et {Bs,s € [0,t]}.

Notre objectif est d’étudier I’équation différentielle partielle stochastique semi-linéaire
suivante régie par le mouvement brownien fractionnaire B:

{ du(t, ) = [Lu(t,z) + f (t,x,u(t, x), Vou(t,x)o(x))| dt + yu(t,z)dBy, t € [0,T],
u(0,2) = ®(z),
(0.7)

ou L est 'opérateur différentiel du second ordre
1 * 2
L= itr(aa (x)D3,) + b(x) V.

Les coefficients sont supposés satisfaire les conditions de Lipschitz et v € L?(0,T). Notre
approche est basée sur une interprétation (doublement) stochastique de 1’équation différentielle
partielle stochastique (IZ4) par une équation différentielle doublement stochastique rétrograde.
Nous avons donc d’abord étudié I’équation différentielle doublement stochastique rétrograde
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fractionnaire régie par le mouvement brownien fractionnaire B et un mouvement brownien
indépendant W,

t t t
Yt:§+/ f(s,YS,ZS)ds—/ ZS¢dWS+/ vsY,dBs, te€[0,T].  (0.8)
0 0 0

Voici I'intégrale stochastique par rapport au mouvement brownien W qui est l'intégrale
d’Ito rétrograde, tandis que l'intégrale stochastique par rapport au mouvement brownien
fractionnaire est 'opérateur divergence généralisé.

L’idée principale de notre approche pour résoudre ’équation différentielle doublement
stochastique rétrograde (OR) consiste dans les applications d’une transformation de Gir-
sanov

Ty(w) = w+ /0 (K1) (r)dr,

(La définition de P'opérateur K est donné ci-dessous), avec I'aide de laquelle nous trans-
formons I’équation différentielle doublement stochastique rétrograde fractionnaire en une
équation différentielle stochastique rétrograde trajectorielle dont les coefficients dépendent
des trajectoires de B et qui est régie uniquement par le mouvement brownien W':

Yi=¢+ /01t f (s, Yies(Ty), Zses(Ts)) eTH(T,)ds — /Ot Z,LdW,, telo,T].  (0.9)

En étudiant ’équation différentielle stochastique rétrograde (0T) ainsi que son équation
différentielle partielle associée

{ %@(t,x) = [La(t,2) + f (t,z,0(t, 2)ei(Ty), Vou(t, )0 (v)ed(Ty)) e H(T1)] . t € [0,T);
u(0,z) = (),

(0.10)
nous obtenons la solution de 1’équation différentielle partielle stochastique (7).

Apres avoir expliqué ci-dessus le régime général, nous devenons un peu plus précis.
Pour cela nous introduisons quelques éléments du calcul fractionnaire qui seront utilisés
dans ce qui suit, comme les définitions des dérivées fractionnaires a droite (gauche) et des
intégrales fractionnaires a droite (gauche): Soit 7" > 0 un horizon de temps positif, et soit
f :]0,T] — R une fonction intégrable, et a € (0,1). La dérivée fractionnaire a droite de
f d’ordre « est donnée par

T u
IT_(f)(z) = F(la) / @ f(x))l_adu, for a.a. = €[0,T],

et la dérivée fractionnaires a droite
o 1 f(s) T f(s) = fw)
R e (e AaY A )

Continuons par définir ’espace A;/ 2-H qui est important pour la définition de 'opérateur
divergence généralisé:

A1T/2—H ::{f :Jpr € LQ(O,T) s.t. f(u) = ul/Q_HI%/_z_H <5H_1/2<,0f(3)) (U)}

Nous observons que toutes les fonctions indicatrices Ijg,t € [0,7], appartiennent &
A%F/2_H. L’application de K : A%F/z_H — L%([0,T)), définie par

(K)(s) = CuT(H +1/2)s"2 7 (D2l =1 20(0)) (s), s € [0,7),
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est une isométrie telle que

t
B — / (KIjp.g)(s)dW., ¢ € [0,T).
0

Maintenant, nous pouvons préciser la définition de 'opérateur divergence généralisé
pour notre mouvement brownien fractionnaire.

Définition 0.1. Soit u € L*(Q, F, P; L*([0,T])) Nous disons que u appartient ¢ Dom 6
s’il existe 68 (u) € L?(Q, F, P) tel que

E [(IC*ICDF, U>L2([0,T})] =F [F(SB(u)] , pour chaque F € Sk,

ot Si est Uespace des fonctionnels lisses du mouvement brownien fractionnaire B et DF
est la dérivée de Malliavin de F € Sk (pour les définitions précises de S et DF, le
lecteur est renvoyé au chapitre 1). Dans ce cas, la variable aléatoire 5B(u) est appelée
lopérateur divergence généralisé de u.

Afin d’utiliser 'opérateur divergence généralisé, nous devons imposer I’hypothese suiv-
ante sur v dans ce chapitre:

(H1) ~1jo, appartient & AlT/Q_H7 pour tout ¢ € [0, T].

Cette hypothese a déja été utilisée, par exemple, dans le travail [57] par Leén et San
Martin pour les équations différentielles stochastiques linéaires régies par un mouvement
brownien fractionnaire.

L’outil principal de notre approche est la transformation de Girsanov. Plus précisément,
nous considérons la transformation

At
T: Q= Q, Ti(w) =w +/ (KyLjq)(r)dr, weQ
0
et son inverse
At
A Q= Q, A(w)=w-— / (Kv1jo)(r)dr, w € Q.
0
Nous introduisons également le terme

o= ([ s = 3 [

Un réle important dans notre approche est joué par la quantité

t
/ VsdBs
0

pour laquelle nous prouvons que Elexp{pl;}] < oo, pour tout p > 1. Il permet d’introduire

I; := sup
t€[0,T]

)

Pespace Lé’*(O, T;R x R%) comme I’espace de tous les processus (Y, Z) G-adaptés qui sont
tels que

T
E [exp{p[}}/ (12> + | Z:) dt] < o0, for all p>1.
0

L’importance de ’espace Lé (0, T;R x R?) provient de son invariance par les transforma-
tions de Girsanov T3, Ay, t € [0,7T]. Ainsi, il permet de démontrer le résultat clé suivant:
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Proposition 0.2. Pour tous les processus (Y, Z) € Lé’*(O,T;R x R?) nous avons:
i) (Vi Z4) = (e (1), Zo(T)er (1) € L3M(0,TiR x RY) et
ZZ) (Yt7 Zt) = (Y%(At)é’t, Zt(At)Et) € Lé*(O,T,R X Rd)

Apres la préparation ci-dessus, nous pouvons étudier ’équation différentielle double-
ment stochastique rétrograde fractionnaire (IR) et I’équation différentielle stochastique
rétrograde trajectorielle associée (C9). Notre premier résultat principal concerne la pro-
priété d’intégrabilité de la solution de ’équation différentielle stochastique rétrograde tra-
jectorielle.

Théoréme 0.3. Sous nos hypothéses standards (voir (H8) dans le chapitre 1), I’équation
différentielle stochastique rétrograde

~

t t
Y, = 5+/0 F(3,Vaes(Ty), Zoeo(Ty) ) (Ty)ds —/0 Z,LdW,, te0,T],  (0.11)

posséde une unique solution (f/, 2) € Lé*(O,T;R x RY).
Par ailleurs, il existe une constante positive C telle que,

E < Cexp{2I7}.

~ |2 T, _ 2 5
sup ‘Yt‘ +/ ‘Zt‘ dt|FE
te[0,7) 0

En utilisant les résultats ci-dessus et en appliquant la transformation de Girsanov, nous
obtenons notre deuxieme résultat principal. Il combine I’équation différentielle doublement
stochastique rétrograde fractionnaire et 1’équation différentielle stochastique rétrograde
trajectorielle en montrant que nous obtenons la solution d’une équation en résolvant l'autre
et vice versa.

Théoréme 0.4. 1) Soit (Y, Z) € Lé*(o, T; RxR?) une solution de l’équation différenticlle
stochastique rétrograde (OI). Alors

(Y2, Z4),t € [0,T]} = {(Ye(Ap)er, Ze(Ar)er), t € [0,T)} € LE*(0,T;R x RY)

est une solution de l’équation (O8) avec Y14 € Dom 6B, pour tout t € [0,T].
2) Réciproquement, étant donné une solution arbitraire (Y,Z) € Lé’*(O,T; R x R%) de
équation (OR) avec vY'1g, € Dom 6B, pour tout t € [0,T], le processus

{(Ve Zoepm} = (VT (1), Zu(T)er  (T)hrepy} € L™ (0, TR x RY)
est un solution de ’équation différentielle stochastique rétrograde (OCIT).

La partie restante du chapitre 1 est consacrée a I’équation différentielle partielle stochas-
tique associée. Pour cette fin, nous associons notre équation différentielle doublement
stochastique rétrograde fractionnaire a une équation différentielle stochastique progres-
sive.

Nous désignons par (Xé’x)ogsgt I'unique solution de I’équation différentielle stochas-
tique suivante:

tw__ t,x B t,x
{dXS = —b(Xg")ds — o(X%) L AW, s €[0,4], (0.12)

X" =z eRY,
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que nous associons a ’équation différentielle doublement stochastique rétrograde

S S S
Vi = (X" + / fr, XEE YT 76 dr — / ZEe | dW, + / Y dB,,  (0.13)
0 0 0

s € [0,t]. A partir des résultats de la premiere partie, avec f(s,y,z) := f(s,Xf;m,y, z),
nous obtenons que cette équation a une unique solution (Yt’x , Zt’“) donnée par

(I, 20%) = (VI (Ag)es, 2L (As)es), s € [0,1],

ou (Y, 7)€ Lé*(O, T;R x R?) est 'unique solution de 1’équation

S S
PHe —p(X1%) + / Fr, XE2, Ve, (T,), 7502, (T,))es L (T )dr — / Zte | aw,,
0 0

(0.14)
s € [0,t]. R
Introduisons maintenant un champ aléatoire: @(t,z) = Y;"*, (t,z) € [0, T] x R%. Nous
allons montrer que @ est une solution de viscosité de ’équation différentielle partielle
trajectorielle (I0). Pour cette cause, nous allons d’abord prouver qu’il a une version
continue.

Lemme 0.5. Le processus de {Y{™; (s, t) € [0,T]2,x € R} posséde une version continue.
Par ailleurs, |u(t,z)| < Cexp{I;}(1+ |z]), P-p.s.

Puis nous prouvons que le champ aléatoire u est 'unique solution de viscosité trajec-
torielle de I’équation (OIM).

Théoréme 0.6. Le champ aléatoire u défini par u(t,z) = l/;f’x est une solution de viscosité
de Uéquation trajectorielle (CIM), ot Y5 est la solution de I’équation (ICIA). Par ailleurs,
cette solution u(t,x) est unique dans la classe des champs stochastiques continus u : € X
0,7] x R% — R tels que, pour une certaine variable aléatoire n € LO(FE),

[t 2)| < n(1+ [al), (t,2) € [0,T] x R%, P— p.s.

Afin d’identifier le champ u(t, ) := U(Ays, t, 2)ey, (¢, x) € [0, T] xR? comme une solution
de viscosité stochastique de I'équation (0Z2), nous devons garantir que u a une version
continue. En fait, nous avons un contre-exemple qui montre que, en général, un champ
aléatoire continu, apres notre transformation de Girsanov, peut étre discontinu. Toutefois,
une preuve assez technique en utilisant le forme spéciale de u permet de montrer:

Lemme 0.7. Le champ aléatoire u a une version continue.

Motivé par la relation classique entre des solutions de I’équation différentielle partielle
stochastique (Z2) et I’équation aux dérivées partielles (1) (voir Proposition BT dans
le chapitre 1), nous donnons la définition suivante:

Définition 0.8. Un champ aléatoire continu u : [0,T] x R? x Q'+ R est une solution de
viscosité (stochastique) de léquation (0C2) si u(t, x) = u(Ty, t,x)e; *(Ty), (t,z) € [0,T] x R?

est une solution de viscosité de ’équation trajectorielle (0CIT).

Pour résumer nos résultats, nous pouvons énoncer le théoreme suivant:
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Théoréme 0.9. Le champ aléatoire continu u(t,z) := (A, t, z)er = }/}tt’x(At)z-:t =y
est une solution de viscosité de ’équation différentielle partielle stochastique semilinéaire

(0Z3). Cette solution est unique a l'intérieur de la classe des champs stochastiques continus
@ x[0,T] x R R telle que,

it 2)| < Cexp{3}(1 + |a]), (t,2) € [0,T] x R%, P pas.

pour une certaine constante C' pouvant dependre de .

Principaux résultats au chapitre 2. Equatz’ons différentielles doublement stochas-
tiques rétrogrades avec parametre de Hurst dans (1/2,1)

Ce chapitre est basé sur le manuscrit [69] soumis pour publication.

Apres avoir examiné le cas semi-linéaire de ’équation différentielle partielle stochas-
tique parabolique (IZ2) régie par un mouvement brownien fractionnaire, nous nous intéressons
au cas non linéaire, ce qui signifie que l'intégrand de l'intégrale stochastique est non
linéaire, i.e., I’équation de la forme

dv(t,z) = [Lo(t,z) — f(t, z,v(t, z), a(x)Ta%v(t,w))] dt + g(v(t, x))d By,
(t,z) € (0,T) x R™;  (0.15)
v(0,x) = ®(x), x € R"

Cette équation différentielle partielle stochastique est étudiée par son interprétation stochas-
tique d’une équation différentielle doublement stochastique rétrograde non linéaire régie
par le mouvement brownien fractionnaire B avec le parametre de Hurst H € (0,1/2) et
un mouvement brownien indépendant W:

S S S
ver = o) + [ g Xy 2 [ g(vieas, - [z Law, s o)
0

0 0
(0.16)

La non-linéarité impose que l'utilisation de I’outil du chapitre 1, la transformation de
Girsanov, n’est plus applicable dans ce cas. Par conséquent, nous appliquons la trans-
formation de Doss-Sussmann, qui a été utilisée par Buckdahn et Ma [22] et [23] dans
leur étude des solutions de viscosité stochastiques des équations différentielles partielles
stochastiques régies par un mouvement brownien.

Nous utilisons les mémes notations pour I’espace probabilisé (€2, F, P) et en plus nous
notons par FEZT] = {f[‘Z[fT]}te[O,T} la filtration générée par {W, — Wy, s € [t,T]} et par H
dont la filtration FFX,T] augmenté par la o-algebre générée par {Bs}e(o,7)-

D’abord nous donnons quelques notations qui seront utilisées dans ce qui suit:

Soit C'(H, [0, T]; R™) I’espace des processus continus {¢y,t € [0,7]} a valeurs dans R™
tels que ¢y est Hi-mesurable, ¢t € [0,7T7];

Soit M2(FW, [0, T]; R™) I'espace des processus de carrés intégrables {1y,t € [0,T]} &
valeurs dans R™ tels que ¥; est f[I;YT]—mesurable, te[0,T7;

Soit HF(R) I'ensemble des processus H-progressivement mesurables, qui sont presque
stirement bornés par certaine variable aléatoire ff—mesurable a valeurs réelles;
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Soit ”H%(Rd) Pensemble des processus H-progressivement mesurables v = {y; : t €
[0, 7]} & valeurs dans RY tels que E [fOT |fyt|2dt|f:,5} < 400, P-p.s.

Contrairement a l'utilisation de lopérateur divergence gnéralisé comme l'intégrale
stochastique par rapport au mouvement brownien fractionnaire B dans [68], nous choi-

sissons ici l'intégrale de Russo-Vallois. L’intégrale de Russo-Vallois est définie dans [I00]
comme suit.

Définition 0.10. Soit X et Y deux processus continus. Pour € > 0, nous posons
1 t
I(e,t,X,dY) & / X(s)(Y(s)—=Y(s—¢e))ds, t€]0,T].
€Jo

Alors lintégrale de Russo-Vallois est définie comme la limite uniforme en probabilité
lorsque e — 07, si la limite existe.

Comme notre premier résultat concerne une formule d’It6, qui implique a la fois
I'intégrale d’Ito rétrograde par rapport au mouvement brownien et l'intégrale de Russo-
Vallois par rapport au mouvement brownien fractionnaire.

Théoréme 0.11. Soient o € C(H, [0,T];R) un processus de la forme
t t
at=a0+/ ﬁsds+/ Yo LdW,, e [0,7],
0 0

ot 3 et~y sont des processus H-adaptés tels que IP’{fOT |Bs|ds < +o0} =1 et IP’{fOT [vs|2ds <
+o00} = 1, respectivement. Supposons que F € C%(R x R). Alors l'intégrale de Russo-
Vallois fot g—g(as, Bs)dBs existe pour tout 0 <t < T, et elle vérifie que, P-p.s., pour tout
0<t<T,

tOF tOF
Flag, Bi) =F(ao,0) + / O (s, B,)Byds + / O (s, Byyys L AWV,
0 855 0 856

tor 1 [tO°F
a. SBSdBS_f 57Bs 52d~
| 5y BBy = o | G as Bl

Nous introduisons maintenant la transformation de Doss-Sussmann. Nous désignons
par n le flux stochastique défini comme 'unique solution de I’équation différentielle stochas-
tique suivante:

n(t,y) = y+/0 g(n(s,y))dBs, t €[0,T]. (0.17)

La solution de cette équation différentielle stochastique peut étre écrite comme 7n(t,y) =
a(y, By), ou a(y, z) est la solution de I’équation différentielle ordinaire

9a Z) = (&% z z
Fir 19

Sous des hypotheses appropriées, nous avons que n(t,:) = a(,B;) : R — R est un
difféSomorphisme et nous définissons E(t,y) := n(t,-) "1 (y) = h(y, By), (t,y) € [0,T] x R.
Nous avons les estimations suivantes pour 7 et £.
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Lemme 0.12. [ existe une constante C' > 0 dépendant seulement de la borne de g et de
ses dérivées partielles, telle que pour & =n,E, P-p.s., pour tout (t,y),

66w < Iyl + CIBil, exp{~CIBil} < | &¢| < exp{CIBI},
| 25¢ < exp{CIBI}, |&5¢ < exp{CIBI}.

Soit (Xﬁ’x)og s<t I'unique solution de I’équation différentielle stochastique suivante:

AXE" = —b(XE)ds — o(XE7) L dW,, s € [0,1],

b (0.19)
;=

Voici l'intégrale stochastique fg -} dWs qui est de nouveau considérée comme celle d’Ito

rétrograde. La condition de Lipschitz sur b et o garantit ’existence et 1'unicité de

la solution (X1")g<s<; dans M2(FW [0, T]); R™). Notre objectif est d’étudier équation

différentielle doublement stochastique rétrograde suivante:

S S S
VhT = &(X" )+ /0 fr, XEE YB" 700 dr+ /0 g(Y,"*)dB,— /0 ZL* L dW,, s € [0,t]. (0.20)

Soit (UH*, V%) I'unique solution de I’équation différentielle stochastique rétrograde suiv-
ante:

U = (Xp") + / Flr, X7, Up®, ViT)dr — / VoL dwn, (0.21)
0 0

ou

2
it 2) =g { £ (it gonttz) + oo [T St}

Byn

Nous remarquons qu’en raison de la forme spéciale de f , notre équation différentielle
stochastique rétrograde trajectorielle est une équation différentielle stochastique rétro-
grade & croissance quadratique; ces équations ont d’abord été étudiées par Kobylanski [61]
et [62].

Cependant, contrairement a 1’équation différentielle stochastique rétrograde a crois-
sance quadratique classique, nous ne pouvons pas obtenir I’ intégrabilité carré des proces-
sus de la solution, au lieu que cela nous prouvons le résultat suivant.

Théoreme 0.13. Sous nos hypothéses standards sur les coefficients o, b, f et @, I’équation
(Z1) admet une unique solution (U%* VE%) dans H®(R) x HZ(RY). Par ailleurs, il existe
un processus positif croissant € L°(H,R) tel que

) <. | [ WP < explexp(C sup (B, P - ps,
0 s€[0,t]

pour tout H-temps d’arrét 7 (0 < 7 < t), ou C est une constante choisie de maniére
adéquate. Par ailleurs, le processus (U, V%) est G-adapté.

Maintenant, nous pouvons effectuer la transformation de Doss-Sussmann et obtenir
la solution de I’équation différentielle doublement stochastique rétrograde fractionnaire



17

Théoréme 0.14. Nous définissons une nouvelle paire de processus (UH, VE%) par

0
YT =n(s,Up"), 2% = 7,1 Usm)vie,
ou (UL VH) est la solution de 1’équation différentielle stochastique rétrograde (ICZT).
Alors (Y% Z6%) € HO(R) x HZ(R?) est la solution de I’équation différentielle doublement
stochastique rétrograde (IZ20).

En appliquant la transformation de Doss-Sussmann, nous pouvons également établir le
lien entre les équations différentielles partielles stochastiques suivantes: 1’équation différentielle
partielle stochastique semilinéaire (ICIH) régie par le mouvement brownien fractionnaire
B, et I’équation aux dérivées partielles semilinéaire avec coefficients aléatoires,

{ %u(t,x) = Lu(t,z) — f(t,z,u(t, x),a(ﬂs)Ta%u(t, x)), (t,xz)e (0,T) x R";

u(0,2) = ®(z), x € R™.
Motivé par cette relation, nous définissons la solution de viscosité stochastique de

(IL3).

Définition 0.15. Un champ aléatoire continu 4 : Q' x [0,T] x R™ — R est appelé une

solution de viscosité (stochastique) de l’équation (II3) si u(t,z) = E(t,u(t,x)), (t,x) €

[0,T] x R™ est la solution de viscosité de ’équation (C232).

(0.22)

Bien que la définition ci-dessus peut ressembler & celle de la solution de viscosité
stochastique définie au chapitre 1, elles ne sont pas du méme type. Leurs différences
s’expliquent par les différents outils utilisés dans les chapitres précédents. En effet, alors
que dans le chapitre 1 la transformation de Girsanov change les trajectoires du mouvement
brownien fractionnaire, dans le chapitre 2 la transformation de Doss-Sussmann ne les
change pas.

Enfin, nous donnons une interprétation stochastique pour la solution de viscosité
stochastique de (ICI3) en utilisant la solution de I’équation différentielle doublement stochas-
tique rétrograde fractionnaire (20).

Théoréme 0.16. Le champ stochastique 4 : Q' x [0,T] x R* — R défini par u(t,z) =
a(U}", By) est une solution de viscosité (stochastique) de I’équation différentielle partielle
stochastique (0IH).

Enfin, présentons les

Principaux résultats au chapitre 3. Propriétés de réqularité de la solution de
viscosité pour des EDP-intégrales de type Hamilton-Jacobi-Bellman

Ce chapitre est basé sur le manuscrit [60] soumis pour publication.

Nous considérons ’équation différentielle partielle-intégrale suivante de type Hamilton-
Jacobi-Bellman:

gV(t, x) + fiIellfJ{(ﬁu + BYV(t,x) + f(t,z,V(t,x),(DsVo)(t,z),

ot
V(t,x + B(t,z,u,-)) — V(t,x),u)} = 0;
V(T,z) = ®(z), ( |
0.23
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ou U est un espace métrique compact, L% est 'opérateur différentiel linéaire de second
ordre

1
£ple) = tr (oo (0.0 DEapla) ) + bt Doplo). ¢ € CHRS,
et B" est l'opérateur différentiel-intégral:
BYo(x) = /E[c,0($ +B(t,z,u,€)) = @t x) = B(t, x,u,¢) - Dap(2)]II(de), ¢ € CFRY).

Ici I désigne une mesure finie de Lévy sur 'espace (F,B(F)), ou E = R™"\{0}.

Dans ce chapitre, nous étudions pour I’équation ci-dessus la régularité conjointe (la
continuité de Lipschitz et la semiconcavité) de la solution de viscosité de V(¢,x) en (¢, )
par son interprétation stochastique comme un probléme de contréle stochastique con-
stitué d’'une équation progressive et d’'une équation différentielle stochastique rétrograde
avec sauts. Plus précisément, soit (¢, z) € [0,T] x RY, soit B = (Bs) selt,7] Un mouvement
brownien d-dimensionnel avec la valeur initiale zéro au temps ¢, et soit p une mesure
aléatoire de Poisson avec compensateur dsII(de) sur [t, 7] x E. Nous désignons par FB:+
la filtration générée par B et u, et par UB’“(t,T) I’ensemble des processus de controle
FB:#_prévisibles & valeurs dans U. Il est maintenant évident que I'équation différentielle
stochastique régie par le mouvement brownien B et la mesure aléatoire de Poisson com-
pensée [i:

S S S
xbrw — g [ plr, X0PU w)dr+ | o(r, XE05Y, u,)d B, + B(r, X1 ., e)i(dr, de),
s r r r K
t t tJE

s € [t, T], a une unique solution sous des hypotheses appropriées pour les coefficients. Avec
cette équation différentielle stochastique, nous associons I’équation différentielle stochas-
tique rétrograde avec sauts

T T
vim = (e [ e e g Ut ude - [ Zimag,

- / ' /E Ut () i(dr, de), s € [t, T]. (0.24)

En ce que concerne les hypotheses sur les coefficients, nous nous référons aux hypotheses
(H1) - (H5) dans la section 2 et la section 3 du chapitre 3. De Barles, Buckdahn et
Pardoux [I0] nous savons que 1’équation différentielle stochastique rétrograde avec sauts
(24) ci-dessus a une unique solution de carré intégrable (Y1%u, zZbeu [yteu) En outre,
parce que Y% est FB#-adapté, Y;""" est déterministe. Il résulte de Barles, Buckdahn

et Pardoux [0] ou Pham [95] que la fonction valeur
V(t,z) = inf  YP™", (t,2) €[0,T] x R?
(t) = _nt  YIT (ta) € 0T

est la solution de viscosité de notre équation différentielle partielle-intégrale.

Parce que notre systeme implique non seulement le mouvement brownien B, mais aussi
la mesure aléatoire de Poisson p, la méthode de changement de temps pour le mouvement
brownien seule, ce qui a été utilisée dans [[8] et [19] pour travailler sur les propriétés de
régularité des équations aux dérivées partielles paraboliques du second ordre, n’est pas
suffisantes pour notre approche ici. Nous combinons la méthode de changement de temps
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pour le mouvement brownien avec la transformation de Kulik de la mesure aléatoire de
Poisson (voir [65], [66]). A notre connaissance, 'utilisation de la transformation de Kulik
pour I’étude des problemes de controle stochastique est nouvelle. En raison des difficultés a
obtenir ’estimation de la norme LP des intégrales régies par la mesure aléatoire de Poisson
compensée (voir, par exemple, Pham [05]), nous nous restreindrons au cas d’une mesure
de Lévy avec II(E) < +oo. Le cas le plus général ot [,(1 A |e[*)II(de) < +o0 est resté
encore ouverte.

En appliquant la méthode de changement de temps pour le mouvement brownien B
combinée avec la transformation de Kulik pour la mesure aléatoire de Poisson pu, on obtient
les résultats suivants:

Théoréme 0.17. Soit § € (0,T") arbitrairement fixé. Sous nos hypothéses (H1) et (H2),
la fonction valeur V (-,-) est lipschitzienne conjointement sur [0, T — 8] x R?, c’est a dire,
pour une certaine constante Cs, nous avons que, pour tout (tg, zg), (t1, 1) € [0, T —8§] x R%:

[V (to, zo) — V(t1, 21)| < Cs(|to — t1| + o — 21]).

Théoréme 0.18. Sous les hypothéses (H1) — (HS5), pour chaque § € (0,T), il existe une
certaine constante Cs > 0 telle que, pour tout (tg,x¢), (t1,21) € [0,T — 8] x R?, et pour
tout A € [0,1]:

AV (to, 20) + (1 = NV (t1, 1) — V(Er, 20) < CsA(1 — N)(Jto — t1| + |20 — 21]2),
ot ty = Ao+ (1 — Nty et xx = Azg + (1 — Nzy.
A la fin nous montrons & travers un contre-exemple (voir aussi Buckdahn, Cannarsa

et Quincampoix [I8]) qu’en général, les propriétés ci-dessus de la continuité de Lipschitz
et la semiconcavité ne sont pas valables pour tout I'espace [0, 7] x R?.

Exemple 0.19. Nous étudions le probleme
X =2+ B, selt,T], z€R;

YiT = _E HXtT:c

7| = —Ella+BrliF], selt.T),

sans controle ni sauts. Puis
V(t,x) = Y,/" = —E[jx + Br|],

et, pour x = 0, en rappelant que B est un mouvement brownien avec By = 0, nous avons

V(t,0) = —E[|Br|] = —\/E\/T —t, t€l0,T).

Em’demment, V (-, x) n'est ni lipschitzienne, ni semiconcave en t pour t = T. Cependant,
V' est lipschitzienne et semiconcave conjointement sur [0,T — delta] x R, pour § € (0,T).
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Introduction

The main objective of this dissertation is to study on one hand backward doubly
stochastic differential equations driven by both a standard Brownian motion and an in-
dependent fractional Brownian motion, as well as the associated stochastic partial differ-
ential equations governed by the fractional Brownian motion. On the other hand we also
investigate the regularity properties, namely the joint Lipschitz continuity and the joint
semiconcavity, of the viscosity solution for a general class of nonlocal Hamilton-Jacobi-
Bellman equations.

Although these both research topics mentioned above seem to be very different at first
glance, both have in common that backward stochastic differential equations and related
methods are among the major tools.

In the first part (Chapter 1 and Chapter 2) we are concerned with backward doubly
stochastic differential equations driven by both a standard Brownian motion and a frac-
tional Brownian motion. This kind of equation combines the theory of backward stochastic
differential equations with that of the fractional Brownian motion. The presentation of
this part is mainly based on the following two papers:

1. S. J. and J. A. Lebn, Semilinear Backward Doubly Stochastic Differential Equations
and SPDEs Driven by Fractional Brownian Motion with Hurst Parameter in (0,1/2).
Accepted for publication by Bulletin des Sciences Mathématiques.

2. S. J., Fractional Backward Doubly Stochastic Differential Equations with Hurst
Parameter in (1/2,1). Submitted for publication.

The second part of the present PhD project is devoted to the study of regularity prop-
erties of the viscosity solution for a certain class of integro-partial differential equations.
For this the stochastic interpretation of such equations as a stochastic control problem
which cost functional is defined through a backward stochastic differential equation with
jumps is used. This part is mainly based on the work:

3. S. J., Regularity Properties of Viscosity Solutions of Integro-Partial Differential
FEquations of Hamilton-Jacobi-Bellman Type. Submitted for publication.

The history of backward stochastic differential equations can be traced back to 1973,
when Bismut [[3] was the first to use linear backward stochastic differential equations in
his study of stochastic optimal control systems. General nonlinear backward stochastic
differential equations under Lipschitz conditions were first investigated in 1990 by Pardoux
and Peng in their pioneering paper [83]. In 1992, Duffie and Epstein [37] independently
introduced backward stochastic differential equations in their study of recursive utility
problems in financial market models. However, their equations are a special case of those
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studied in [83]. Let F = {Fi}icpo,r) be the natural filtration generated by a Brownian
motion W. Then the general nonlinear backward stochastic differential equation writes as
follows:

T T
Y, =¢ +/ F(s,Ys, Zs)ds —/ ZdW,, te[0,T), (0.25)
t t

where £ is a square integrable, Fr-measurable random variable. A solution of this back-
ward stochastic differential equation is a pair of F-adapted processes {Y;, Zt}te[o,T} sat-
isfying some integrability assumptions. Pardoux and Peng [83] proved that under the
Lipschitz condition on f, the backward stochastic differential equation (0"23) has a unique
adapted, square integrable solution.

Since the pioneering work by Pardoux and Peng, the theory of backward stochastic
differential equations has been widely and thoroughly investigated. Briefly speaking, there
are several directions in this topic. We explain them separately in the following.

One of the major objectives of the research has concerned the weakening of conditions
under which a backward stochastic differential equation has a solution: Lepeltier and San
Martin [71] studied backward stochastic differential equations with continuous coefficients
with linear growth in 1997; in 2001 Bahlali [§] worked on multidimensional backward
stochastic differential equations with locally Lipschitz coefficients; Backward stochastic
differential equations with quadratic growth were first studied by Kobylanski [61] and [62]
in her PhD thesis. Stimulated by her pioneering work, many authors have worked on
this type of backward stochastic differential equation, and without being exhaustive, we
mention here in particular the works by Lepeltier and San Martin [72] for superlinear-
quadratic coefficients, by Briand and Hu [14], [15] for unbounded terminal conditions, by
Ankirchner, Imkeller and Dos Reis [6] for differentiability of the solutions, that by Morlais
[78] for continuous martingale drivers, that by Imkeller and Dos Reis [564] for truncated
quadratic growth, and finally, that by Delbaen, Hu and Bao [35] for superquadratic growth.

Peng [92] was the first to state in 1991 the probabilistic interpretation for parabolic
partial differential equations via backward stochastic differential equations, known as the
nonlinear Feynman-Kac formula. Pardoux and Peng [85] further investigated viscosity
solutions for parabolic partial differential equations through the backward stochastic dif-
ferential equations interpretation in 1992.

Antonelli [6] was the first to study forward-backward stochastic differential equations
for a small time horizon in 1993; Ma, Protter and Yong [[74] in 1994 stated a four-step
scheme for solving forward-backward stochastic differential equations by using a partial
differential equation method, while Hu and Peng [61] studied existence and uniqueness
under certain monotonicity assumptions in 1995.

Let us also mention that El Karoui et al. [40] investigated reflected backward stochas-
tic differential equations with one barrier in 1997, which are tightly related to optimal
stopping problems. Moreover, they provided a probabilistic interpretation for obstacle
problems associated with parabolic partial differential equations. Cvitani¢ and Karatzas
[81] generalized their work to reflected backward stochastic differential equations with two
barriers and applied them to Dynkin games.
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Another type of backward equations, backward doubly stochastic differential equations,
plays a central role in the first two chapters of this dissertation project, while backward
stochastic differential equations with jumps are used in the third manuscript (see Chapter
3). We will introduce them in more details later.

It is also worth noting that, by using backward stochastic differential equations, Peng
[8%] defined a nonlinear expectation in 1997, called the g-expectation, which is a gener-
alization of the concept of classical expectation. Inspired by the work on g-expectation
and risk measures, Peng [90] [91] recently defined a new type of more general nonlinear
expectation, called the G-expectation, and developed the It calculus based on it.

Let us also mention that the development of the theory of backward stochastic differ-
ential equations has been stimulated from its early beginning by its various applications,
among them in particular those in finance (see e.g., El Karoui, Peng and Quenez [42] in
1997, Chen and Epstein [25] in 2002, Hamadéne and Jeanblanc [46] in 2007), but also
those in stochastic control and game theory (for example, Peng [87], [8Y], Hamadene and
Lepeltier [@7], Hamadeéne and Zhang [48], El Karoui and Hamadene [39], Buckdahn and Li

[20], [27], Hu and Tang [62], Peng and Wu [93], Peng and Xu [94], Yong and Zhou [T0R]).

Now let us introduce backward doubly stochastic differential equations. This type of
equations, first introduced and studied by Pardoux and Peng [84] in 1994, has the following
form:

T T T
Yt=§+/ f<s,Ys,zs>ds+/ g(s,Ys,zsdes—/ Z,dW,, te0,T],
t t t

where B and W are two independent Brownian motions; the stochastic integral with re-
spect to B is the Itd6 backward one, that with respect to W the usual It6 forward one. In
[84], the authors proved the existence and uniqueness of the solutions for backward doubly
stochastic differential equations under Lipschitz conditions on f and g, and it should be
noted that the Lipschitz constant of g with respect to z is required to be less than one. In
particular, in analogy to the nonlinear Feynman-Kac formula, they gave a stochastic inter-
pretation of a certain class of parabolic stochastic partial differential equations in terms of
the solution of the corresponding backward doubly stochastic differential equations. The
solution of the stochastic partial differential equation considered in [84] was in the classical
sense. Bally and Matoussi [d] applied the method of backward doubly stochastic differen-
tial equations in the study of weak solutions for stochastic partial differential equations in
1999.

In 2001, by applying the Doss-Sussmann transformation, Buckdahn and Ma [22], [23]
gave a definition of the stochastic viscosity solution for a special kind of stochastic partial
differential equations driven by a Brownian motion. The Doss-Sussmann transformation,
which was studied by Doss [36] in 1977 and, independently, by Sussmann [I03] in 1978,
can be used to transform special types of stochastic differential equations into pathwise
ordinary differential equations. For this the diffusion coefficient has to be only a function
of the solution process and has to satisfy some regular conditions. Moreover, the stochas-
tic integral in the stochastic differential equation has to be considered in the Stratonovich
sense. By using this method, the authors successfully transformed a nonlinear backward
doubly stochastic differential equation into a backward stochastic differential equation
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with quadratic growth. The thus got relationship between backward doubly stochas-
tic differential equations and backward stochastic differential equations with quadratic
growth, reflects also in a corresponding relationship between the stochastic partial dif-
ferential equations associated with the backward doubly stochastic differential equations,
and partial differential equations with random coefficients associated with the backward
stochastic differential equation with quadratic growth. By applying these relations, they
defined the notion of the stochastic viscosity solution, which was a notable extension of the
classical definition of the deterministic viscosity solution (see, Crandall, Ishii and Lions

[2=]).

The history of the fractional Brownian motion is much longer than that of the theory of
backward stochastic differential equations. Kolmogorov was the first who actually worked
on it, but at that time it was called “Wiener spiral” [63]. After the statistical work on the
flood of Nile river by Hurst [53], after whom the parameter H was named (however, the
letter H was given by Mandelbrot in honor of both Hurst and Hoélder), and the pioneering
work of Mandelbrot and van Ness [75] on the stochastic calculus, the fractional Brownian
motion has been attracting more and more mathematicians to work on. From the 1990s,
models involving the fractional Brownian motion have found their place in the financial
market models. The interest for the fractional Brownian motion in finance stems from the
fact that, unlike the Brownian motion, the fractional Brownian motion allows to describe
long memory effects when the Hurst parameter H € (1/2,1), and short range dependence
(or memory) when H € (0,1/2). This behavior is quite different from that of the classical
Brownian motion which increments are independent.

It is well known that the fractional Brownian motion is not a semimartingale except
for the case H = 1/2. Thus the well-developed theory of It calculus cannot be applied
directly here. Because of the significant difference between H € (0,1/2) and H € (1/2,1),
the definitions of the stochastic integral with respect to the fractional Brownian motion
are divided into two groups.

For H € (1/2,1), within the framework of the Malliavin calculus, the divergence
operator can be used as the definition of the stochastic integral, see Decreusefont and
Ustiinel [33], Ducan, Hu and Pasik-Duncan [3%], Alds, Mazet and Nualart [3], as well
as Alos and Nualart [4]. The Holder continuity (with order strictly less than H) also
allows to define a pathwise stochastic integral. We refer, for instance, to the generalized
Riemann-Stieltjes integral developed by Zéahle [09], [I10], to the integration in the frame
of the rough path theory studied in Coutin and Qian [30], and also to the Russo-Vallois
integral [99], [I00], [I01].

For H € (0,1/2) the paths of the fractional Brownian motion are more irregular. They
only have Holder continuity with order less than H, i.e., the order is strictly less than
1/2. This has as consequence that the situation is more complicated here. Alos, Ledn,
Mazet and Nualart have published several papers discussing this problem: [I], [2], [3].
The divergence operator can be used to define a stochastic integral, but as it is shown
in the paper of Cheridito and Nualart [27], the domain of the divergence operator does
not contain the fractional Brownian motion itself when H < 1/4. However, Cheridito
and Nualart [27], and Leén and Nualart [67] generalized the definition of the divergence
operator and called it the extended divergence operator. Furthermore, they proved that
the It6 formula, the Tanaka formula as well as the Fubini theorem hold true for fractional
Brownian motions with any H € (0,1/2) under the extended framework.
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Stochastic differential equations driven by a fractional Brownian motion have been
studied by several authors using different definitions of the stochastic integral. Without
being exhaustive, let us mention here the following works: Le6n and San Martin [68], Leén
and Tindel [89] for H € (0,1/2), Maslowski and Nualart [76], Nualart and Réagcanu [RT]
for H € (1/2,1), Tindel, Tudor and Viens [105] for H € (0, 1).

Bender [[1] was the first in 2001 to bring together two dynamically developing theories,
that of backward stochastic differential equations and that of the fractional Brownian
motion, by studying linear fractional backward stochastic differential equations, for which
he gave explicit solution formulas. Hu and Peng [50] were the first in 2009 to investigate
nonlinear fractional backward stochastic differential equations. For this they used the
notion of the quasi-conditional expectation introduced by Hu and @ksendal [#9]. We notice
that the use of the quasi-conditional expectation leads to rather restrictive conditions on
the coefficients.

In 2009, Jien and Ma [57] extended the method of the anticipative Girsanov transfor-
mation in Buckdahn [I6] to the fractional Brownian motion case. Their results can be
used to solve possibly anticipative fractional stochastic differential equations. Motivated
by Jien and Ma’s work [57], our first chapter of this thesis aims to combine the theory of
backward stochastic differential equations and that of the fractional Brownian motion in a
different way than that in Bender [1], Hu and Peng [61]. Indeed, we study the semilinear
backward doubly stochastic differential equations driven by a classical Brownian motion
W and a fractional Brownian motion B:

t t t
Y, =¢+ / F(s,Ys, Zg)ds — / Zy | dW, +/ vsY,dB,, te[0,T]. (0.26)
0 0 0

Here the stochastic integrals with respect to the Brownian motion W and the fractional
Brownian motion B are the backward It6 integral and the extended divergence operator,
respectively. We emphasize that a slight difference in the form between our fractional
backward doubly stochastic differential equation and the classical one is that we use a
time-reversed form. Hence, here the usual terminal condition £ turns out to be an initial
condition, measurable with respect to the o-field generated by the Brownian motion.

Like in [67], where the anticipative Girsanov transformation was used to transform
anticipative semilinear stochastic differential equations driven by a divergence operator
(Skorohod integral) into pathwise ordinary differential equations, we apply the Girsanov
transformation to (OZ28) in order to eliminate the integral with respect to B. More pre-
cisely, we can show that equation (I28) and the following pathwise backward stochastic
differential equation

Yi=¢+ /Otf (s,?;es(Ts), ZSaS(TS)) eTY(T,)ds — /Ot Z,LdW,, tel0,T]. (0.27)

are equivalent (For more details, see Theorem B in Chapter 1.) In the same spirit

following Buckdahn and Ma [22], we associate with (OZ2Z8) the semilinear stochastic partial
differential equation driven by the fractional Brownian motion B:

{ du(t,z) = [Lu(t,z) + f (t,z,u(t,x), Vyu(t, z)o(x))] dt + yu(t,x)dBy, t€[0,T],
u(0,z) = &(z).

(0.28)
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by studying the pathwise partial differential equation associated with (I—22):

{ %ﬂ(t,x) = [Lu(t,z) + f (t, 2, u(t, 2)er(T3), VL u(t, x)a(x)et(ﬂ))efl(Tt)] , tel[0,T;
u(0,z) = ®(z),

The main difficulty here is to prove the continuity property of the random field u defined
through equation (CZ@). Indeed, w is related with the continuous solution @ of equation
(27) by Girsanov transformation. But, in the general case, a continuous random field
u may lose its continuity property after the Girsanov transformation (see Remark B-T3 in
Chapter 1). However, by applying some rather technical fractional calculus and estimates
on backward stochastic differential equations, we succeed in proving the continuity of the
random field v and we show that it is the stochastic viscosity solution of the stochastic
partial differential (I2R).

The anticipative Girsanov transformation method imposes us to deal only with the
semilinear case. While this employed approach is specified for H € (0,1/2), we could,
nevertheless, use the divergence operator (instead of the extended divergence operator)
also for the case H € (1/2,1), and the corresponding results still hold true, only with some
slight changes. But, actually, we can do even better in the case of H € (1/2,1): Indeed,
here the Russo-Vallois integral allows to consider a nonlinear coefficient as the integrand
of the integral with respect to the fractional Brownian motion B.

So, in Chapter 2, we deal with nonlinear fractional backward doubly stochastic differ-
ential equations with Hurst parameter H € (1/2,1):

S S S
ver = o + [ srxe vz [ g(vieas, - [z Law, s e o)
0 0 0

(0.29)
In the paper [22], Buckdahn and Ma applied the Doss-Sussmann transformation to study
backward doubly stochastic differential equations driven by two independent Brownian
motions. This corresponds to the case H = 1/2, i.e., also the process B in the backward
doubly stochastic differential equation is a Brownian motion, but the stochastic integral
with respect this Brownian motion B was considered by the authors in the Stratonovich
sense. Accordingly, we extend their approach to nonlinear fractional backward doubly
stochastic differential equations with Hurst parameter H € (1/2,1). For this the stochastic
integral with respect to the fractional Brownian motion has to be replaced by a pathwise
integral, and we take that of Russo-Vallois. In fact, in their original paper [I00], in
generalization of classical stochastic integrals, Russo and Vallois defined three integrals,
called forward, backward and symmetric integrals, which are the corresponding extension
of the classical Ito integral, the Ito6 backward integral and the Stratonovich integral. It
should be noticed that in the case of a fractional Brownian motion with Hurst parameter
H € (1/2,1) as integrator, these three integrals coincide. A new type of It6 formula for
processes which contain both a backward Ito integral with respect to a classical Brownian
motion W and the Russo-Vallois integral with respect to the fractional Brownian motion
B, is crucial for the application of the Doss-Sussmann transformation. However, the
difficulty here is that, unlike the semilinear case, we cannot find a space of processes
invariant under Doss-Sussmann transformation to which both solution processes Y and Z
belong. This is also the main difference between our work and that of Buckdahn and Ma
[22]: In the classical case, one can solve directly the backward doubly stochastic differential
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equation and get the square integrability of the solution processes Y and Z. But here in
the fractional case, we cannot solve directly equation (I'Z9), we only can solve through
the associated pathwise backward stochastic differential equation

vk =Xy + [ Fon X v v - [V Law. (030)
0 0

But for this pathwise backward stochastic differential equation, we only obtain the result
that the solution process U and V are conditionally square integrable knowing the frac-
tional Brownian motion B, i.e., the conditional expectation of the integral of the square
of the process V is finite almost surely. This is related with the fact that the backward
stochastic differential equation (I230) has quadratic growth in V. Moreover, in our study
of the above type of backward doubly stochastic differential equations we also consider
the associated fractional stochastic partial differential equation

{ du(t,z) = [Lu(t,z) + f (t,z,u(t,x), Vyu(t,z)o(x))] dt + g(u(t,x))dBy, t€[0,T],
u(0,z) = &(z),

and its stochastic viscosity solution. We also emphasize that our stochastic partial differ-
ential equation is a bit more general than that was considered in Maslowski and Nualart
[76], where the function f depends only on u, and also different from that in Issoglio [66],
where the the fractional Brownian motion is in fact defined with respect to the space
parameter instead of the time parameter.

Finally, let us also point out that the ways in which the stochastic viscosity solutions
are defined in Chapter 1 and Chapter 2 are different. In both cases their definitions
are tightly related to the main methods used to solve the associated backward doubly
stochastic differential equations. In the case of the Hurst parameter H € (0,1/2), it is the
Girsanov transformation, which changes the sample paths; in the case H € (1/2,1), it is
the Doss-Sussmann transformation, which does not change the sample paths.

The second main part of this thesis, i.e., Chapter 3, concerns the study of regularity
properties, namely, the joint Lipschitz continuity and the joint semiconcavity in space
and in time, of the viscosity solution for integro-partial differential equations of Hamilton-
Jacobi-Bellman type.

For this, the integro-partial differential equation is investigated through its stochastic
interpretation as a stochastic control problem involving backward stochastic differential
equations with jumps. Such backward equations with jumps were first studied by Li and
Tang [T04] in 1994. By using Li and Tang’s results but in a more general form, Barles,
Buckdahn and Pardoux [I0] in 1997 investigated the viscosity solution of the associated
integro-partial differential equation. In their paper, the viscosity solution {v(¢,z) : t,x €
[0, T] x R} of the integro-partial differential equation is shown to be Lipschitz in z but
only 1/2-Holder in ¢.

On the other hand, Buckdahn, Cannarsa and Quincampoix [I¥] as well as Buckdahn,
Huang and Li [19] showed that the viscosity solutions of not necessarily non-degenerate
parabolic partial differential equations (without and with obstacle) are jointly Lipschitz in
(t,z) € [0,T — 9] x R?, for all 6 > 0, and, moreover, under suitable assumptions they are
also jointly semiconcave in (t,x) € [0, T — 6] x R%, for all § > 0. Let us emphasize that the
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importance of the joint semiconcavity stems from Alexandrov’s theorem, due to which we
can conclude that the viscosity solution possesses dtdx almost everywhere a second order
limit expansion. Furthermore, Cannarsa and Sinestrari [?4] showed that these regularity
properties are the optimal ones one can expect. Moreover, they showed (see also [I]]) that,
in general, the joint Lipschitz continuity property and the joint semiconcavity cannot hold
over the whole domain [0, 7] x R%.

Let us also emphasize that the works [I8], [IY] and [Z4] improved not only already
known results on Lipschitz continuity for the viscosity solutions of partial differential
equations but also former results on semiconcavity. Indeed, the semiconcavity with respect
to x, for fixed t € [0, T, was already proved by Ishii and Lions [55] (via a purely analytical
approach) and by Yong and Zhou [I08] (by stochastic estimates in the associated stochastic
control problem).

In our work, we extend the results of [I8] and [IY] to the integro-partial differential
equations of the form

%v(t, x) + inf,ep{ (LY + BY)v(t,x) + f(t,z,v(t,x), (Dyvo)(t, z),
v(t,z + B(t,z,u,-)) —v(t,z))} =0, (t,z) € (0,T) x R%;
'U(T,.%’) = (I)(.%), T € Rd,

where U is a compact metric space, £* is the linear second order differential operator
u 1 T 2 2 md
LY(z) =tr 500 (t,x,u)Di p(x) | +b(t,x,u) - Dyp(x), ¢ € C(R?),
and B" is the integro-differential operator:
BYo(z) = /E[SO(UC +B(t,x,use)) — ot ) = Bt 2, u,e) - Dop(2)]T(de), ¢ € CF (RY).

We extend the approaches of [I8] and [19] to the framework of the above integro-partial
differential equation. For this we consider the associated stochastic control problem com-
posed of a controlled forward and a controlled backward stochastic differential equation,
both governed by a Brownian motion B and a Poisson random measure p. While we
adapt the method of time change for the underlying Brownian motion from [I¥] and [T9],
we introduce Kulik’s transformation [65] and [66] for the Poisson random measure p. The
combination of these both main tools allows to obtain the joint Lipschitz continuity and
the joint semiconcavity for the above integro-partial differential equation.

In the following we summarize in a more precise manner the main results obtained in
the frame of this PhD project:

Main Results in this Thesis

Main results in Chapter 1. Semilinear Backward Doubly Stochastic Differential
Equations and stochastic partial differential equations Driven by Fractional Brown-
ian Motion with Hurst Parameter in (0,1/2).

This introduction as well as Chapter 1 is based on the paper [b8] written in collabo-
ration with Jorge A. Leén (Cinvestav-Institudo Politecnico National a Ciudad, Mexico),
accepted by Bulletin des Sciences Mathématiques.
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We consider a complete probability space (€2, F, P) on which a Brownian motion W
and an independent fractional Brownian motion B with Hurst parameter H € (0,1/2) are
defined. We let F = Fr be the o-field generated by W and B, augmented by all P-null sets.
By G = {Gi}1cpo,r] we denote the family of o-fields G; generated by {W, — Wy, s € [t, T}
and {Bs,s € [0,t]}.

Our aim is to study the following semilinear stochastic partial differential equation
driven by the fractional Brownian motion B:

du(t,z) = [Lu(t,z) + f (t,z,u(t,x), Vyu(t,z)o(x))] dt + yu(t,z)dBy, te€[0,T],
{ u(0,2) = ®(z),
(0.31)
where L is the second order differential operator

L= %tr(aa*(w)Dfm) + (@)Y

The coefficients are assumed to satisfy Lipschitz conditions and v € L?(0,7T). Our ap-
proach is based on a (doubly) stochastic interpretation of the stochastic partial differential
equation (C30) by a backward doubly stochastic differential equation. So we first inves-
tigate the fractional backward doubly stochastic differential equation driven by both the
fractional Brownian motion B and an independent Brownian motion W,

t t t
Y, =¢ +/ f(s,Ys, Zs)ds — / Z | dW, +/ v.Y,dB,, tel[0,T]. (0.32)
0 0 0

Here the stochastic integral with respect to the Brownian motion W is the It6 backward
integral, while the stochastic integral with respect to the fractional Brownian motion is
the extended divergence operator.

The main idea in our approach for solving backward doubly stochastic differential
equation (I232) consists in the applications of a Girsanov transformation

Ty(w) = w+ /0 Kyl (r)dr,

(the definition of the operator K is given below), with the help of which we transform
the fractional backward doubly stochastic differential equation into a pathwise backward
stochastic differential equation which coefficients depend on the paths of B and which is
driven only by the Brownian motion W:

t t
?t=§+/ f(s,?;es(Ts),Zsss(Ts)) es_l(Ts)ds—/ ZsLdw,, te[0,T].  (0.33)
0 0

By studying the backward stochastic differential equation (IZ33) as well as its associated
partial differential equation

{ %ﬂ(t,m) = [La(t,z) + f (t.z,0(t, 2)ei(Ty), Vou(t, z)o(2)e(Ty) e, H(T1)] . t€[0,TT;
u(0,z) = ®(z),

(0.34)
we obtain the solution of stochastic partial differential equation (0=3T).
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After having explained above the general scheme, let us become a bit more precise.
For this we introduce some elements of the fractional calculus which will be used in what
follows, such as the definitions of right- (left-) sided fractional derivatives and right- (left-)
sided fractional integrals: Let T" > 0 denote a positive time horizon, and let f : [0,7] — R
be an integrable function, and « € (0, 1). The right-sided fractional integral of f of order
« is given by

T u
IT_(f)(z) = I‘(la) / @ f(x))l_adu, for a.a. = € (0,77,

and the right—sided fractional derivative

1 (s T () — flu)
Dr-D) = Fr <<T— TR R e d“)'

1/2—H
T

Let us continue with defining the space A which is important for the definition of

the extended divergence operator:

A%F/2_H ;:{f 13 pp € L2(0,T) s.t. f(u) = ul/Q_HIZIF/_Q_H (SH_l/QSOf(3)> (u)}

We observe that all indicator functions Ijg,,t € [0,T], belong to A%,,/ 2

K : AP 5 12([0,T)), defined by

The map

(K)(s) = CuT(H +1/2)s"2 7 (D21 20(0)) (s), s € [0,7),

is an isometry such that

t
B, = / (KIg)(s)dWs, t € [0,
0

Now we can state the definition of the extended divergence operator for our fractional
Brownian motion.

Definition 0.20. Let u € L*(Q,F, P; L*([0,T])). We say that u belongs to Dom 65 if
there exists 6% (u) € L*(Q, F, P) such that

E [(K*KDF, u)LQ([O,T])] =F [F&B(u)] , for every F e Sk,

where Sy is the space of smooth functions with respect to the fractional Brownian motion
B and DF is the Malliavin derivative of F (for the precise definitions of Sk and DF,
the reader is referred to Chapter 1). In this case, the random variable 67 (u) is called the
extended divergence of u.

In order to use the extended divergence operator, we have to impose the following
hypothesis on v throughout this chapter:

(H1) ~1p4 belongs to A%F/Q_H, for every t € [0,T].
Such an assumption has already been used, for instance, in the paper [67] by Leén and San
Martin on linear stochastic differential equations driven by fractional Brownian motions.

The main tool in our approach is the Girsanov transformation. More precisely, we

consider the transformations

At
T::Q—=Q, Ti(w) =w +/ (KyLjq)(r)dr, weQ
0
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and its inverse
At
A Q= Q, A(w) =w— / (KyLjgq)(r)dr, w e Q.
0
We also introduce the term

co=ow ([, - [(@negmrar).

An important role in our approach is played by the quantity 17, := SUPe(o,7] ‘ fg vsd B

for which we prove that Elexp{pl;}] < oo, for all p > 1. It allows to introduce the space
Lé’*((), T;R x R%) as the space of all G-adapted processes (Y, Z) which are such that

T
E [exp{p[}}/ (12 + |Z:%) dt] < oo, for all p > 1.
0

The importance of the space L?G(O, T; R xRY) stems from its invariance under the Girsanov
transformations T}, A, t € [0,7]. So it allows to prove the following key result:

Proposition 0.21. For all processes (Y, Z) € Lé*(O, T;R x R?Y) we have:
i) Vi, Z) == (Ye(To)e; (Th), Z(To)e; (Th) € L (0, T; R x RY) and
i) (Y, Ze) = (Yi(Ay)er, Zi(Ar)er) € L0, T; R x RY).

After the above preparation we can study the fractional backward doubly stochastic
differential equation (I232) and the associated pathwise backward stochastic differential
equation (Z33). Our first main result concerns the integrability properties of the solutions
of the pathwise backward stochastic differential equation.

Theorem 0.22. Under our standard assumptions (see (H8) in Chapter 1), the backward
stochastic differential equation

~

t t
Vi=¢+ /0 F(5,Yaes(Ts), Zoeo(Ty))e3 H(Ty)ds — /O Z, LdW,, te[0,T],  (0.35)

has a unique solution (37, 2) € Lé*(O,T;R x RY).
Furthermore, there exists a positive constant C such that,

E < Cexp{2I}}.

~ 12 T2 5
sup ‘Yt‘ +/ ‘Zt‘ dt|Fr
t€[0,7] 0

By using the above results and applying the Girsanov transformation, we obtain our
second main result. It combines the fractional backward doubly stochastic differential
equation and the pathwise backward stochastic differential equation by showing that we
obtain the solution of one equation by solving the other one and vice versa.

Theorem 0.23. 1) Let (Y,Z) € Lé’*(O,T;R x R?) be a solution of backward stochastic
differential equation (O38). Then

{(Ye, Zo),t € [0,T)} = {(Vi(Ap)er, Ze(Ar)er), t € [0, T} € LE*(0, T; R x RY)

is a solution of equation (IL32) with vY 19y € Dom 6B, for allt € [0,T).
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2) Conversely, given an arbitrary solution (Y, Z) € Lé*(O,T;R x R%) of the equation
(0=32) with vY 1, € Dom 65, for all t € [0,T), the process

(Ve Zohepory} = {(Va(T)ey N(T), Ze(To)e, M (T) e} € L (0, T5 R x RY)
is a solution of backward stochastic differential equation (0Z35).

The remaining part of Chapter 1 is devoted to the associated stochastic partial differ-
ential equation. To this end we shall associate our backward doubly stochastic differential
equation with a forward stochastic differential equation.

We denote by (X&")o<s<t the unique solution of the following stochastic differential
equation:

{ AdXE" = —b(XE)ds — o(XE®) L dW,, s € [0,1],

0.36
X" =z eRY, (0.36)

which we associate with the backward doubly stochastic differential equation
S S S
VhT = ®(X5") + / flr, X0, Y5, Z0%)dr — / ZpT | AW, + / %Y, *dB,, (0.37)
0 0 0

s € [0,t]. From the results of the first part, with f(s,y,z) := f(s,Xé’x,y,z), we get that
this equation has a unique solution (Yt’z, Z t’m) given by

(I, 20%) = (VI (As)es, 207 (As)es), s € [0.1],

where (Y, Z2) € Lé’*(O, T;R x R%) is the unique solution of the equation

S S
T —a(xy) 4 [ X T (1), 2 () e — [ 2 L aw,
0 0

(0.38)
s € [0,¢].
Let us now introduce the random field: u(t,z) = }Aftt’x, (t,z) € [0,T] x R%. We will
show that @ is a viscosity solution of the pathwise partial differential equation (0=34). For
this sake, we first prove that it has a continuous version.

Lemma 0.24. The process {Y:™: (s, t) € [0, T)2, 2 € R?} possesses a continuous version.
Moreover, |u(t,z)| < Cexp{l;}(1+ |z|), P-a.s.

Then we prove the random field u is the unique pathwise viscosity solution of (I=34).

Theorem 0.25. The random field u defined by u(t,z) = 17:’1 is a pathwise wviscosity
solution of equation (I3, where Y% is the solution of equation (IZ3R). Furthermore, this
solution (t, x) is unique in the class of continuous stochastic fields i : Q< [0, T] x R — R
such that, for some random variable n € LO(FE),

lu(t, z)| < n(l+|z]), (t,z) € [0,T] x RY, P-a.s.

In order to identify the field u(t,z) := (A, t, z)es, (t,x) € [0,T] x R? as a stochastic
viscosity solution of (0231), we have to guarantee that u has a continuous version. In fact
we have a counterexample which shows that, in general, a continuous random field after
our Girsanov transformation may not be continuous anymore. However, a rather technical
proof using the special form of u allows to show:
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Lemma 0.26. The random field v has a continuous version.

Motivated by the relation for classical solutions between stochastic partial differential
equation (IZ31) and partial differential equation (IZ34) (see Proposition BT in Chapter
1), we give the following definition:

Definition 0.27. A continuous random field u : [0,T] x R? x Q' + R is a (stochastic)
viscosity solution of equation (OC3T) if U(t, ) = w(Ty, t,x)e; L (Ty), (t,x) € [0,T] x R is a
pathwise viscosity solution of equation (0=34).

Summarizing our results, we can state the following theorem:

Theorem 0.28. The continuous stochastic field u(t,x) = u(Ast,x)er = }A/tt’x(At)st
= Y;t’w 1s a stochastic viscosity solution of the semilinear stochastic partial differential

equation (C3X). This solution is unique inside the class of continuous stochastic field
@:Q x[0,T] x R — R such that,

lu(t, )| < Cexp{I#}(1 + |z|), (t,z) € [0,T] x R:, P — a.s.,

for some constant C only depending on .

Main results in Chapter 2. Fractional Backward Doubly Stochastic Differential
Equations with Hurst Parameter in (1/2,1)

This chapter is based on the manuscript [569] submitted for publication.

After having considered the semi-linear case of the parabolic stochastic partial differ-
ential equation ((C3) driven by a fractional Brownian motion, we are now interested in
the nonlinear case, which means that the integrand in the stochastic integral is nonlinear,
i.e., the equation has the form

dv(t,z) = [Lo(t,z) — f(t,z,v(t,2),0(z) T Lo(t,2))] dt + g(v(t, 2))dBy,
(t,2) € (0,T) x R*;  (0.39)
v(0,2) = ®(x), x € R™.

This stochastic partial differential equation is studied by its stochastic interpretation of a
nonlinear backward doubly stochastic differential equation driven by the fractional Brow-
nian motion B with Hurst parameter H € (0,1/2) and an independent Brownian motion
w:

Ve =S + [ s XY 2 [ g(iaB, - [z L, se o)
0

0 0
(0.40)
The nonlinearity makes the main tool used in Chapter 1, the Girsanov transformation,
nonapplicable in this case. Hence, we apply the Doss-Sussmann transformation, which
was used by Buckdahn and Ma [22] [23] in their study of stochastic viscosity solutions of
stochastic partial differential equations driven by a Brownian motion.
We use the same notations for the probability space (€2, F, P) and in addition we denote
by IF[VKT] = {F[I;YT]}te[O,T} the backward filtration generated by {Wy — W4, s € [¢,T]} and

by H the filtration FEVT] enlarged by the o-field generated by {Bs}c(o17-
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First we give some notations which will be used in what follows:

C(H, [0,T];R™) : the space of the R™-valued continuous processes {¢;,t € [0,T]} such
that ¢; is H¢-measurable, ¢ € [0, T];

M2(EW [0, T]; R™) : the space of the R™-valued square-integrable processes {1, t €
[0,T]} such that 1) is f[‘z[fT]—measurable, te0,T];

HP(R) : the set of H-progressively measurable processes which are almost surely
bounded by some real-valued ff—measurable random variable;

H2.(RY) : the set of all R%-valued H-progressively measurable processes v = {y : t €
[0, 7]} such that E [fOT |’yt|2dt|f:’p3} < +oo, P-a.s.

Unlike our use of the extended divergence operator as the stochastic integral with
respect to the fractional Brownian motion B in [68]|, we choose here the Russo-Vallois
integral. The Russo-Vallois integral is defined in [T00] as follows.

Definition 0.29. Let X and Y be two continuous processes. For € > 0, we set
1 t
I(e,t, X,dY) £ / X(s)(Y(s) —Y(s—¢))ds,
€Jo
Then the Russo-Vallois integral is defined as the uniform limit in probability as ¢ — 07,

if the limit exists.

As our first result we present the following special form of It6’s formula, which involves
both the backward It6 integral with respect to the Brownian motion and the Russo-Vallois
integral with respect to the fractional Brownian motion.

Theorem 0.30. Let o € C(H, [0,T];R) be a process of the form
t t
ap = o +/ ﬁsds+/ vs 4 dWs,  t €[0,T],
0 0

where B and v are H-adapted processes such that P{fOT |Bs|ds < 400} =1 and
]P’{fOT Ivs|2ds < +oo} = 1, respectively. Suppose that F € C*(R x R). Then the Russo-

Vallois integral fg%—g(as,Bs)st exists for all 0 < t < T, and it holds that, P-almost
surely, for all 0 <t <T,

gl gl
F(Oéty Bt) :F(a07 0) + 7(0437 Bs)ﬁsds + / 7(048a Bs)'Ys 1 dW;
0 833 0 8.%'
tOF 1 [tO%F
a. s Bs Bs T a a 9 SvBS s 2 .
+ [ GtanBgan — 5 [ S noias

We introduce now the Doss-Sussmann transformation. We denote by 7 the stochastic
flow defined as the unique solution of the following stochastic differential equation:

n(t,y) = y+/0 g(n(s,y))dBs, t € [0,T].

The solution of such a stochastic differential equation can be written as n(t,y) = a(y, By),
where «(y, z) is the solution of the ordinary differential equation

{ %2 (y,2) = gla(y,2)), z €R,
Oé(y,O) =Y.
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Under appropriate assumptions we have that n(¢,-) = (-, B;) : R — R is a diffeomorphism
and we define £(t,y) = n(t,-) " (y) = h(y, By), (t,y) € [0,T] x R. We have the following
estimates for n and £.

Lemma 0.31. There exists a constant C' > 0 depending only on the bound of g and its
partial derivatives such that for € =n, &, it holds that, P-a.s., for all (t,y),

[6(t.9)] < Iyl + CIBil, exp{~CIBil} < |¢| < exp{CIBil},
| 22¢| < exp{ClB), | 25¢| < exp{ClB).

Let (Xﬁ’x)og s<t be the unique solution of the following stochastic differential equation:

dX" = —b(XT)ds — o(XET) L dWs, s € [0,4],
X' =z

Here the stochastic integral fg -} dWjs is again understood as the backward It6 one. The
Lipschitz condition on b and ¢ guarantees the existence and the uniqueness of the solution
(XE)o<s<e in M2(EW [0, T];R™). Our aim is to study the following backward doubly
stochastic differential equation:

S S S
VI = O(X" )+ / flr, XE® Y " Z5%)dr / g(Y,P")dB,— / ZE L AW, s € [0,t]. (0.41)
0 0 0

We let (U%®, V1) be the unique solution of the following backward stochastic differential
equation:
Ub® = o(X5") + / f(r, Xbe, UL VET)dr — / Ve dw,, (0.42)
0 0
where

0 0?
f(tv x,y, Z) :thy) {f <t7 z, n(ta y)v %n(tv y)Z) + %tl‘ |:ZT6y277(t7 y)Z:| } .

oyl
We notice that due to the special form of f , our pathwise backward stochastic differential
equation becomes a backward stochastic differential equation with quadratic growth; such
equations were first studied by Kobylanski [61] [62].

However, unlike the classical backward stochastic differential equation with quadratic
growth, we cannot obtain the square integrability of the solution processes, instead we
prove the following result.

Theorem 0.32. Under our standard assumptions on the coefficients o,b, f and ®, equa-
tion (Z2) admits a unique solution (UH® VH®) in HP(R) x HZ(RY). Moreover, there
exists a positive increasing process 0 € LO(H,R) such that

Ut <0, E [/ Ve
0

2ds|7—[7} < exp{exp{C sup |Bs|}}, P—as.,
s€0,t]

for all H-stopping times 7 (0 < 7 < t), where C is a constant chosen in an adequate way.
Furthermore, the process (UY*, V%) is G-adapted.

Now we can perform the Doss-Sussmann transformation and obtain the solution of the
fractional backward doubly stochastic differential equation ().
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Theorem 0.33. Let us define a new pair of processes (U, VHE) by

0
Vi = nlo, 0, 2= Do, U,
Ay
where (U, V4%) s the solution of the backward stochastic differential equation (OIZ2).
Then (Y% Z8%) € H(R) x HE(RY) is the solution of backward doubly stochastic differ-
ential equation (OZ).

By applying the Doss-Sussmann transformation, we can also establish the link between
the following stochastic partial differential equations: the semilinear stochastic partial
differential equation ((Z39) driven by the fractional Brownian motion B, and the semilinear
partial differential equation with random coeflicients,

{ gt(u(t,x) = Lu(t,x) — f(t,m,u(t, x),o’(az)Ta%u(t, z)), (t,x) € (0,T) x R"

0,2) = d(x), € R, (0-43)

Motivated by this relation, we define the stochastic viscosity solution of (I=39).

Definition 0.34. A continuous random field @ : ' x[0, T]xR"™ — R is called a (stochastic)
viscosity solution of equation (IC39) if u(t,z) = E(t,u(t,z)), (t,xz) € [0,T] x R™ is the
viscosity solution of equation (0Z3J).

Although the above definition may look similar to that of the stochastic viscosity
solution defined in Chapter 1, they are not of the same type. Their difference explains
by the different tools used in the both chapters. Indeed, while in Chapter 1 the Girsanov
transformation changes the sample paths of the fractional Brownian motion, in Chapter
2 the Doss-Sussmann transformation does not change them.

Finally we give a stochastic interpretation for the stochastic viscosity solution of (IZ39)
by using the solution of the fractional backward doubly stochastic differential equation

Theorem 0.35. The stochastic field 4 : Q' x [0,T] x R* — R defined by u(t,r) =
a(Utt"T,Bt) is a (stochastic) wviscosity solution of stochastic partial differential equation
().

Finally, let us present the

Main results in Chapter 3. Regularity of Viscosity Solutions of Integro-Partial
Differential Equations of Hamilton-Jacobi-Bellman Type

This chapter is based on the manuscript [60] submitted for publication.

We consider the following integro-partial differential equation of Hamilton-Jacobi-
Bellman type:

%V(f, x) + fiIel[fJ{(ﬁu + BV (t,x) + f(t,z,V(t,x), (D Vo)(t, x),
V(t,x + B(t,z,u,-)) — V(t,x),u)} = 0;
V(T,z) = ®(z),
(0.44)
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where U is a compact metric space, L is the linear second order differential operator
Ll(x) =t Lot D? b(t D C%(R?
o) = tr (5007 (6,0, 0) D2p(2) ) + b(t,2,0) - Dapla), 9 € CH(RY),
and B" is the integro-differential operator:

Bf(z) = /E[sO(ﬂﬁ +B(t, 2, u€)) — p(t,x) = B(t,,u,€) - Dap(a)]II(de), ¢ € Cy(RY).

Here IT denotes a finite Lévy measure on a measurable space (E, B(E)), where E = R™\{0}.

In this chapter we study for the above equation the joint regularity (Lipschitz conti-
nuity and semiconcavity) of the viscosity solution V'(t,z) in (¢,z) through its stochastic
interpretation as a stochastic control problem composed of a forward and a backward
stochastic differential equation. More precisely, let (t,2) € [0,T] x R%, B = (B,) selt,T] be
a d-dimensional Brownian motion with initial value zero at time ¢, and let p be a Poisson
random measure with compensator dsII(de) on [t, T] x E. We denote by FZ# the filtration
generated by B and p, and by UPH(t, T) the set of all FB#-predictable control processes
with values in U. It is by now standard that the stochastic differential equation driven by
the Brownian motion B and the compensated Poisson random measure ji:

X;f’x’“:x—i—/ b(r,Xﬁ’x’“,ur)dr—i—/a(r,Xﬁ’m’“,ur)dBr—k// B(r, X0™" ., e)fi(dr, de),
t t tJEB

s € [t,T], has a unique solution under appropriate assumptions for the coefficients. With
this stochastic differential equation we associate the backward stochastic differential equa-
tion with jumps

T T
YER = R+ [ X e 2 U udr — [z aB,

—/T/EUﬁ’x’“(e)[L(dr, de), se€[t,T]. (0.45)

As concerns the assumptions on the coefficients, we refer to the hypotheses (H1)-(H5) in
Section 2 and Section 3 of Chapter 3. From Barles, Buckdahn and Pardoux [IT] we know
that the above backward stochastic differential equation with jumps (0Z3) has a unique
square integrable solution (Y4&u Zt@u [yheuw)  Moreover, since YH%¥ is FB#_adapted,
V""" is deterministic. It follows from Barles, Buckdahn and Pardoux [I0] or Pham [95]
that the value function

V(t,z)= inf Y™ (t,z) €[0,T] x R?
u€UB1(¢,T)
is the viscosity solution of our integro-partial differential equation.

Since our system involves not only the Brownian motion B but also the Poisson ran-
dom measure u, the method of time change for the Brownian motion alone, which was
used in [I8] and [19] to investigate regularity properties of parabolic second order partial
differential equations, is not sufficient for our approach here. We combine the method
of time change for the Brownian motion with Kulik’s transformation of Poisson random
measures (see [65], [66]). To our best knowledge, the use of Kulik’s transformation for the
study of stochastic control problems is new. Because of the difficulty to obtain suitable
LP-estimates of the stochastic integrals with respect the compensated Poisson random
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measure (see, for example, Pham [95]), we have to restrict ourselves to the case of a finite
Lévy measure II(E) < +oo. The more general case where [,(1A]e|?)II(de) < +oo remains
still open.

By applying the method of time change for the Brownian motion B combined with
Kulik’s transformation for the Poisson random measure p, we obtain the following main
results:

Theorem 0.36. Let 0 € (0,T) be arbitrarily fivred. Under our assumptions (H1) and
(H2), the value function V(-,-) is jointly Lipschitz continuous on [0,T — &) x R%, i.e., for
some constant Cs we have that, for all (to,xo), (t1,21) € [0,T — ] x R%:

|V (to, w0) — V(t1,21)| < Cs(|to — t1| + |zo — 21]).

Theorem 0.37. Under the assumptions (H1) — (HS5), for every 6 € (0,T), there exists
some constant Cs > 0 such that, for all (to,zo), (t1, 1) € [0,T — 6] x R%, and for all
A€ 0,1]:

)\V(to,wo) +(1- )\)V(tl,xl) —V(ta,zx) < C(s)\(l — )\)(|t0 — t1’2 + ‘370 — x1|2),
where ty = Atg + (1 — AN)t1 and zx = Azg + (1 — A)zy.

At the end let us show through a counterexample (see also Buckdahn, Cannarsa and
Quincampoix [IR]) that, in general, the above properties of Lipschitz continuity and semi-
concavity do not hold true for the whole space [0, T] x RY.

Example 0.38. We study the problem
XY =g+ B, sc[t,T], zcR;

szt,:v — _E HX;,I

%] = —Ella+BrliF], seltT),
without control neither jumps. Then
V(t,x) = Y," = E[jx + Br|],

and, for x =0, recalling that B is a Brownian motion with By = 0, we have

V(t,0) = —E[|Br|] = —\/E\/T —t, t€l0,T).

Obviously, V(-,x) is neither Lipschitz nor semiconcave in t for t = T. However, V is
jointly Lipschitz and semiconcave on [0,T — 0] x R, for § € (0,T).



Chapter 1

Semilinear Backward Doubly
Stochastic Differential Equations
and SPDEs Driven by Fractional
Brownian Motion with Hurst
Parameter in (0,1/2)

Abstract: We study the existence of a unique solution to semilinear frac-
tional backward doubly stochastic differential equation driven by a Brownian
motion and a fractional Brownian motion with Hurst parameter less than 1/2.
Here the stochastic integral with respect to the fractional Brownian motion is
the extended divergence operator and the one with respect to Brownian mo-
tion is Itd’s backward integral. For this we use the technique developed by
R. Buckdahn [I6] to analyze stochastic differential equations on the Wiener
space, which is based on the Girsanov theorem and the Malliavin calculus, and
we reduce the backward doubly stochastic differential equation to a backward
stochastic differential equation driven by the Brownian motion. We also prove
that the solution of semilinear fractional backward doubly stochastic differ-
ential equation defines the unique stochastic viscosity solution of a semilinear
stochastic partial differential equation driven by a fractional Brownian motion.

Key words: fractional Brownian motion; semilinear fractional backward doubly
stochastic differential equation; semilinear stochastic partial differential equation; ex-
tended divergence operator; Girsanov transformation; stochastic viscosity solution.
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1 Introduction

This chapter investigates semilinear fractional backward doubly stochastic differen-
tial equations (BDSDEs) and semilinear stochastic partial differential equations (SPDEs)
driven by fractional Brownian motion. Fractional Brownian motions (fBMs) and backward
stochastic differential equations (BSDEs) have been extensively studied in recent twenty
years. However, up to now there are only few works that combine both topics. Bender
[TT] considered a class of linear fractional BSDEs and gave their explicit solutions. There
are two major obstacles depending on the properties of fBM: Firstly, the fBM is not a
semimartingale except for the case of Brownian motion (Hurst parameter H = 1/2), hence
the classical 1t6 calculus which is based on semimartingales cannot be transposed directly
to the fractional case. Secondly, there is no martingale representation theorem with re-
spect to the fBM. However, such a martingale representation property with respect to the
Brownian motion is the main tool in BSDE theory. Hu and Peng’s paper [60] overcame
the second obstacle for the case of H > 1/2 by using the quasi-conditional expectation
and by studying nonlinear fractional BSDEs in a special case only.

Nevertheless, there are many papers considering stochastic differential equations driven
by fractional Brownian motion with Hurst parameter H > 1/2 ([12], [77] and references
therein) or H < 1/2 ([68]), or covering both cases ([67]). For the case H < 1/2, one of the
main difficulties is how to properly define the stochastic integral with respect to the fBM.
In the paper of Cheridito and Nualart [27], and then generalized by Leén and Nualart
[67], the authors have defined the extended divergence operator which can be applied to
the fBM for H < 1/2 as a special case. In this chapter we will use such definition for the
stochastic integration with respect to the fBM, and then apply the non-anticipating Gir-
sanov transformation developed by Buckdahn [I6] to transform the semilinear fractional
doubly backward stochastic differential equation driven by the Brownian motion W and
the fractional Brownian motion B:

t t t
Yt=§+/ f(s,Ys,Zs)ds—/ Zs¢dws+/ WYdBs, tel0.T],  (L1)
0 0 0

into a pathwise (in the sense of fBM) BSDE

t t
f@=£+/0 f(s,?;es(Ts),Eses(Ts)) sgl(Ts)ds—/O Z,LdW,, tel[0,T]. (1.2)

More precisely, the solutions (Y, Z) and <}A/, 7 ) are linked together by the following rela-
tions:

(Y3, Z),t € [0,T]} = {(fft(At)&, Z(At)st) te [O,T]}

and
{(%2:) t e 0,11} = {(VuT)e; (1), Z(T)e (1) 1t € (0,71}

where A; and T; are Girsanov transformations. It is worth noting that such kind of method
was also used by Jien and Ma [67] to deal with fractional stochastic differential equations.

It is well known that the solution of a BSDE can be regarded as a viscosity solution
of an associated parabolic partial differential equation (PDE) (cf. [42] [82] and [927]), and
the solution of BDSDE driven by two independent Brownian motions can be regarded as
a stochastic viscosity solution of an SPDE (cf. [22] and [84]). So it is natural to consider
the relationship between the solutions of our fractional BDSDE and the associated SPDE.
We show that the solution of the above fractional BDSDE, which is a random field, is a
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stochastic viscosity solution of an SPDE driven by our fractional Brownian motion. To be
more precise, the random field u(t,z) defined by the solution of a fractional BSDE over
the time interval [0,¢] instead of [0,7], see (E4), will be shown to possess a continuous
version and to be the stochastic viscosity solution of the following semilinear SPDE

{ du(t,z) = [Lu(t,z) + f (¢, z,u(t,x), Viou(t, x)o(x))] dt + yeul(t, z)dBy, t € [0,T], (13)

u(0,z) = O(x).

Taking a Brownian motion instead of the fBM, equation (1) becomes a classical BDSDE,
which was first studied by Pardoux and Peng [84]. The associated stochastic viscosity
solution of SPDE (I=3) (with H = 1/2) was studied by Buckdahn and Ma [?2]. Let us
point out that, unlike [22] considering the stochastic integral with respect to B (H = 1/2)
as the Stratonovich one and using a Doss-Sussman transformation as main tool, we have
to do here with an extended divergence operator (H < 1/2), which compels us to use
the Girsanov transformation as main argument. However, this restricts us to semilinear
equations. We will investigate the general case in Chapter 3, but with a different approach.

The chapter is organized as follows: In Section B we recall some preliminaries which
will be used in what follows: Malliavin calculus for fractional Brownian motion, the defi-
nition of extended divergence operator and the Girsanov transformation. In Section B we
prove existence and uniqueness results for stochastic differential equations driven by a frac-
tional Brownian motion and backward doubly stochastic differential equations driven by a
Brownian motion as well as a fractional Brownian motion. The relationship between the
stochastic viscosity solution of the stochastic partial differential equation (IZ3) driven by
fractional Brownian motion and that of an associated pathwise partial differential equation
is given in Section @.
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2 Preliminaries

The purpose of this section is to describe the framework that will be used in this
chapter. Namely, we introduce briefly the transformations on the Wiener space, appearing
in the construction of the solution to our equations, some preliminaries of the Malliavin
calculus for the fBM, and the left and right-sided fractional derivatives, which are needed
to understand the definition of the extension of the divergence operator with respect to
the fBM.

2.1 Fractional Calculus

For a detailed account on the fractional calculus theory, we refer, for instance, to Samko
et al. [T0Z].

Let T > 0 denote a positive time horizon, fixed throughout our chapter, and let
f:]0,T] = R be an integrable function, and « € (0, 1). The right-sided fractional integral
of f of order « is given by

o L ()
IF_(f)(x) = (o) /z = x)l_adu, for a.a. = €[0,T].
Note that I (f) is well-defined because the Fubini theorem implies that it is a function
in LP([0,T7), p > 1, whenever f € LP([0,T7).

We denote by I$_(LP), p > 1, the family of all functions f € LP([0,T7]) such that

f=17_(p), (2.1)

for some ¢ € LP([0,7]). Samko et al. [I02] (Theorem 13.2) provide a characterization of
the space I%_(LP), p > 1. Namely, a measurable function f belongs to I$_(LP) (i.e., it
satisfies (70)) if and only if f € LP([0,7]) and the integral

)~ ),

vre (u—s)Tra 22)

converges in LP([0,7]) as € | 0. In this case a function ¢ satisfying (Z) coincides with
the right—sided fractional derivative

1 ] T f(s) = f(u
08000~ rr—ay (ea +o | s ) 2

where the integral is the LP([0, T'])-limit of (222). Moreover, it has also been shown in [T0Z]
(Lemma 2.5) that there is at most one solution ¢ to the equation (Z1). Consequently, the
inversion formulae

I$_(D$_f) = f, forall felIf_(LP),

and
D§_(If_(f)) = f. forall f € L'((0,T])

hold.
Similarly, the left—sided fractional integral and the derivative of f of order «, which are
given, respectively, by

Ig (f)(x) = F(la) /OI @ i(z))l—a du, for a.a. z € [0,T],
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and

(DG4 f)(s) = ml_ o (f;j) + a/os Wdu), (2.4)

satisfy the inversion formulae

1§, (DG f) = f, forall f e Ig, (L),

and
Dg, (I§.(f)) = f, forall f e L'([0,T)).
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2.2 Fractional Brownian Motion

In this subsection we will recall some basic facts of the {BM. The reader can consult
Mishura [77] and Nualart [79] and the references therein for a more complete presentation
of this subject.

Henceforth (2, F, P) and W° = {W? : ¢ € [0, T]} are the canonical Wiener space on the
interval [0, 7] and the canonical Wiener process, respectively. This means, in particular,
that Q = Cy([0,T]) is the space of all continuous functions h : [0,7] — R with h(0) = 0,
{WP(w) = w(t),t €[0,T),w € N} is the coordinate process on 2, P is the Wiener measure
on (Q,B(€Q)) and F is the completion of B(Q) = o{W?,s € [0, T]} with respect to P. The
noise under consideration is the process

t
B, = / Ku(t,s)dw?, ¢ e0,T],
0

where Ky is the kernel of the fBM with parameter H € (0,1/2). That is,

H-1 ¢
Ki(ts) = Cn <t> (t—s)H‘l/Qé—(H—m)s%—H/ W3 (- )3 dul

S s

where Cy = \/(172H)6(127}£H7H+1/2). The process B = {B; : t € [0,T]} is an fBM with

Hurst parameter H, defined on (92, F, P), i.e., B is a Gaussian process with zero mean
and covariance function
SNt
Ru(t,9) =E (BB = [ Ku(t,r)Kus,r)dr
0

1
=5 ( 2H L 2H g2 st e [0,T).

Let Hp be the Hilbert space defined as the completion of the space L¢(0,T) of step
functions on [0, 7] with respect to the norm generated by the inner product

<1[0,t]7 1[0’S]>HH = RH(t, S) =F [BtBs] , t,s¢€ [O,T]

From Pipiras and Taqqu [96] (see also [79]), it follows that H g coincides with the Hilbert
space

AlT/2_H ::{f :[0,T] - R:3¢; € L*(0,T) such that
_H1/2—-H _
f(u) — u1/2 H[T/f (SH 1/290]”(3)) (u)}
equipped with scalar product
(f, 9>A1T/2—H = CHI(H +1/2)* (05, 09) 12(0.1)-

So 1jg, > Bt can be extended to an isometry of A%F/ >~H onto a Gaussian closed subspace of

L?(2, F, P). This isometry is denoted by ¢ — B(y). Moreover, by the transfer principle
(see Nualart [79]), the map K : A;/2_H — L?([0,T]), defined by (see (23))

(K)(s) = CuT(H +1/2)s"2 (D2l =1 20(0)) (s), s € [0,7),
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is an isometry such that
T
B(SD) = /O (K@)(S)dWSO and IC]-[O,t] = KH(tv ')1[0,15]7 te {07T]

Using the properties of IC, Cheridito and Nualart [27] have extended the domain of the
divergence operator with respect to the fBM B. This extension of the divergence operator
in the sense of Malliavin calculus holds also true for some suitable Gaussian processes (see
Leén and Nualart [67]). For B, this extension is introduced as follows.

The following result identifies the adjoint of the operator K (see [67]). It uses the
left—sided fractional derivative D, defined in (23).

Proposition 2.1. Let g : [0,t] = R be a function such that u — u'/*~" g(u) belongs to

IéiZ_H(Lq([O,a])) for some ¢ > (1/2 — H)™' v H='. Then, g € Dom K*, and for all
u € 0,77,
(K*g)(u) = Oy (H + 1/2)u DY (512 (5)) (u).

Let S (resp. Sk) denote the class of smooth random variables of the form

F=f(B(#1),-- -, Blen)), (2.5)

where ¢1,...,p, are in AlT/QfH (resp. in the domain of the operator K*K) and f €
C°(R™). Here, Cp°(R") is the set of C°° functions f : R" — R such that f and all its

partial derivatives have polynomial growth.

1/2—H
T

The derivative of the smooth random variable F' given by (E33) is the A —valued

random variable DF' defined by

4(B(901)7 cet 7B(§0n))90i-

Now we can introduce the stochastic integral that we use in this chapter. It is an
extended divergence operator with respect to B.

Definition 2.2. Let u € L*(Q,F, P; L?([0,T)])). We say that u belongs to Dom § if there
exists 6(u) € L*(Q) such that

E [(K*KDF,u)2o1] = E[Fé(u)], for every F € Sk. (2.6)

In this case, the random variable 6(u) is called the extended divergence of u.

Remark 2.3. i) In [67] it is shown that the domain of K*K is a dense subset of AlT/27H.

Therefore, there is at most one square integrable random wvariable 6(u) such that (20)
holds.

(13) In [27%] and [677], it is proven that the domain of 0 is bigger than that of the
classical divergence operator, which is defined by the chaos decomposition approach (see
Nualart [80)).

(797) In Section B and Section B, we use the convention

t
/ usst = (5(u1[07t}),
0

whenever ulpy ; € Dom 6.
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2.3 Girsanov Transformations

In this section we introduce the Girsanov transformations on €2, which we consider in
this chapter.

In what follows, we assume that « is a square-integrable function satisfying the follow-
ing hypothesis:

(H1) ~1j94 belongs to A , for every t € [0,T].

We emphasize that Leén and San Martin [68] (Lemma 2.3) have shown the existence
of square-integrable functions satisfying the above hypothesis.

1/2—H
T

Now, for ¢t € [0, 7], we consider the transformations on € of the form

Ty(w) = w+ /0 (Ko )(r)dr

and "
A(w) =w — /0 (IC’yl[O’t])(r)dr.

Notice that A;T; and T;A; are the identity operator of €2, and that the Girsanov
theorem leads to write

T t
B(p)(Th) :B(go)—i—/o (Kpo)(r)(Ke)(r)dr =B(¢)+/O T (K*K) (r)dr,

for all ¢ € Dom (K*K), and
E[F] = E[F(A;)ed],

co=ow ([~ [(@tegmrar).

We will need the following estimate of the above exponential of the integral with respect
to the fractional Brownian motion:

with

Lemma 2.4. Let v :[0,T] — R, v € L,[0,T] N DE[O,T], for some p > 1/H, where
5 T T
DEO.T) = (5 0.7 > Bl [ ([ platanpas < oo}
x

and we set p(z,t) = M%HM;EQST}. Then there exists a constant C(H,p) only

depending on H and p, such that

t
expi sup / vsd B
0<o<T |Jo

1/
where Gp(0,T,7) == ||| oo, 1] STH=p /2P (fOT (fIT go(x,t)dt)p) "

E

< 2exp {1/2 <C(H,p)Gp(O,T, ¥) + 4\/5)2} .20

Proof: Let 1}, = supg<;<7 | f(f vsdBs|. We denote by p the semi-metric on [0, 7] generated
- 2
by the process [;vsdBs: p*(s,t) = E ‘f; fdeBr‘ . For any § > 0, we denote by N/ ([0,T7],¢)

the minimum number of centers of closed d-balls covering [0, 7], then the Dubley integral
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D(T,¢) is defined by f06|10gN([0,T],r)|1/2d7“. According to Lifshitz [[73] Theorem 1,
P.141, and its corollary, for all r > 4v/2D(T, \/2), we have the inequality

P{I{F>r}<2<1—¢><r_4\/§l)\)(T’/\/2)>>, (2.8)

2
where ®(x) = \/% [ o exp{—y?/2}dy and A\* = sup,¢jo 1) E [(fg %st) }

Since E [exp{[}}] =1+ f0+°° exp{z}P (I} > x)dz, by using the estimate of (ZR) we
have

Elexp{Ir}]

4/2D(T,\/2) +oo
/ exp{z}P(I} > x)dx +/ exp{z}P(I} > x)dx

4v2D(T,\/2)

<exp {4\/§D(T, )\/2)} +2 /+°° exp{z} <1 - (gj — 4V2D(T, )/2) )) dz
4V2D(T,\/2) A

0

=exp {4\/§D(T, )\/2)} + 2/0+OO exp {4\/§D(T, A/2) +9c}
L
(1 " Vor )

<2exp {/\2/2 +4V2D(T, /\/2)} .

exp{—y2/2}dy> dx

Moreover, from Theorem 1.10.6 of Mishura[l77] and its proof we know that
A S Cl (H7 p)Gp(Oa Tv ’Y)

and
D(T7 )‘/2) <y (p)GP(()? T, 7)'

By substituting them to the former inequality, we easily get the wished result. |
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3 Semilinear Fractional SDEs and Fractional Backward Dou-
bly SDEs

3.1 Fractional Anticipating Semilinear Equations

In this subsection we discuss the existence and uniqueness of solutions to anticipating
semilinear equations driven by a fractional Brownian motion B with Hurst parameter
H € (0,1/2). This type of equation was studied by Jien and Ma [67], and since it motivates
the approach in our work, we give it in details.

We consider the fractional anticipating equation

t t
X, =€ —I—/ b(s, Xs)ds +/ vsXsdBs, te€0,T]. (3.1)
0 0

Here £ € LP(Q2), p > 2, and b: 2 x [0,7] x R — R is a measurable function such that:
(H2) There exist v € L*([0,T]), v > 0, and a positive constant L such that

T
|b(w,t,z) — b(w,t,y)| < wlz—1y|, / ndt < L,
0
b(w,t,0)] < L,

for all z,y € R and almost all w € €.
We observe that the above assumption guarantees that the pathwise equation

Ci(z) == —l—/o e HT)b(Ty, s,e5(Ts)Cs(x))ds, t€[0,T],

has a unique solution. Henceforth, we denote it by (.
Now we can state the existence of a unique solution equation (BII):

Theorem 3.1. Under Hypotheses (H1) and (H2), the process

Xt = e1(At, §(Ar)) (3.2)

is the unique solution in L*(Q x [0,T)) of the equation (B), such that ¥X 19 € Dom 9,
for all t € [0,T].

Proof: We first show that the process X given in (B22) is a solution of equation (B).
For this we first observe that X belongs to L?(Q x [0,T]) and we let F' € Sg. Then, by
the integration by parts formula and the Girsanov theorem, together with the fact that

dE(T) _ o, (K*KDF)(Th, t), we have

d

BIFX, - el = EF(T)G(E) - FG(©)] = E | [ S (PT)G()ds

:/0 VsE [(K*KDF)(Ts, 5)Cs(6)] d3+/0 B [F(Ty)es {(To)b(Ty, 5,25(T5)¢s(€))] ds
:/0 (v E[(K*KDF)(s)Xs] + E [Fb(s, Xs)]) ds.

Hence, since 7X1p 4 is square integrable, Definition 222 implies that vX 1}y belongs to
Dom ¢ and the equality in (8) holds, for all ¢ € [0, T].
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Now we deal with the uniqueness of equation (BZW). For this end, let Y be another
solution of equation (B), F' € Sk and t € [0, T]. Then,

EViF(A)] = E[§F(A)] + E

/ tF(At>b<s,Ys>ds} e[ Y (KTKDF(AL) (s)ds

Therefore, the integration by parts formula, Fubini’s theorem as well as the fact that
) — 1y, (K KCDF(A,))(s) yield

E[Y,F]

~Eler(a) - B t 3 (CKDF(A,)) (54

+EVF sYds}— [/t%(/c KDF(A /bsYdsdr}

+E { / Y. (K K DF(AL))(s)ds — / / %(IC*ICD((IC*ICDF(AT))(s)))(r)%stsdr] .
0 o Jo
Hence, by using that Y is a solution of (BII), Definition 222 and the relation
(K*KD((K*KDF(A;))(s)))(r) = (K*KD((K*KDF(A;))(r)))(s),
we obtain .
BYF(A)] = BIEF+ B | [ FAMs Vs
0
Consequently, by using the Girsanov theorem again, we get

Y(Ty)e; ((Ty) = €+ /Ot b(Ty, 5, Ys(Ts))es H(Ts)ds,

which implies that Y};(Tt)et_l(Tt) = ((&). That is, V3 = :(:(A1,&£(Ar)), and therefore the
proof is complete. ]
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3.2 Fractional Backward Doubly Stochastic Differential Equations

In this section we state some of the main results of this chapter. Namely, the existence
and uniqueness of backward doubly stochastic differential equations driven by both a
fractional Brownian motion B and a standard Brownian motion W.

Let {B; : 0 <t <T} be a one-dimensional fractional Brownian motion with Hurst
parameter H € (0,1/2), defined on the classical Wiener space (€, F5, PP) with )/ =
Co([0, T);R), and {W; = (WL, W2,--- W) :0 <t < T} ad-dimensional canonical Brow-
nian motion defined on the classical Wiener space (Q”, F, PW) with Q" = Cy([0, T]; R%).
We put (Q, FY, P) = (0, FB, PBY e (", FW,PW) and let F = F° Vv N, where N is the
class of the P-null sets. We denote again by B and W their canonical extension from '
and Q”, respectively, to Q.

We let ]:% =o{(Wpr —Wst < s <TYWWN, FP = 0{Bs,0 < s <t} VN, and
G = FV. v FP,t € [0, T). Let us point out that 7} is decreasing and F7 is increasing in
t, but g; is neither decreasing nor increasing. We denote the family of o-fields {G; }o<i<T by
G. Moreover, we shall also introduce the backward filtrations H = {H; = .7-"% v FE Feefo,7)
and FW = {f%}te[o,Ty

Let Si denote the class of smooth random variables of the form

F:f(B(SDI)a"'7B(§0n)aW(¢1)a-"7W(1/}m))7 (33)

where @1, ..., @, are elements of the domain of the operator K*KC, 91,..., ¥, € C([0,T],
RY), f € C2(R"™) and n,m > 1. Here, C°(R™™™) is the set of all C*° functions
f:R*"™™ — R such that f and all its partial derivatives have polynomial growth.

The Malliavin derivative of the smooth random variable F' w.r.t. B is the AlT/ 2H_
valued random variable DB F defined by

DPF =3 2L (Ble), . Bl W), W)
i=1 "

and the Malliavin derivative D' F of the smooth random variable ' w.r.t. W is given by

oy

(B((Pl)v ceey B(Son)v W(w1)7 ) W(wm))wz

Definition 3.2. (Skorohod integral w.r.t. B. Extension of Definition Z23.) We say that
u € L2(Q x [0,T]) belongs to Dom §B if there exists a random variable 65 (u) € L?()
such that

E [(K*KDPF,u) 21| = E [F6%(u)], forall F € S.

We call §B(u) the Skorohod integral with respect to B.

Definition 3.3. (Skorohod integral w.r.t. W.) We say that u € L?(2 x [0, T]) belongs to
Dom 6" if there exists a random variable 5" (u) € L?(Q) such that

T
E [ / (DSWF)uSds] =E[Fs" (u)], forall F e Sk.
0

We call 6V (u) the Skorohod integral with respect to W.
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For the the Skorohod integral with respect to W we have, in particular, the following
well known result:

Proposition 3.4. Let u € L*(Q x [0,T]) be H-adapted. Then the Ité backward integral
fOT ug . AWy coincides with the Skorohod integral with respect to W :

T
/ us L AW, = 6% (u).
0

The extension to 2 of the operators T; and A; introduced in subsection E=3 as acting
over (', is done in a canonical way:

Ty(w' ") = (Tw', "), A, ") = (A, W"), for (W, ") eQ=0Q xQ"

We denote by L2 (0,T;R") (resp., L%(0,T;R™)) the set of n-dimensional measurable
random processes {¢,t € [0,7]} which satisfy:

) E Uglgotlzdt] < +o0,
ii) ¢4 is Gy~ (resp., Hy-) measurable, for a.e. t € [0, T].

We also shall introduce a subspace of Lé(O, T;R™), which stems its importance from
its invariance with respect to a class of Girsanov transformations. Recalling the notation

t
/ VsdBs
0

from subsection 223, we define Lé’*(O, T; R xR%) to be the space of all G-adapted processes
(Y, Z) which are such that

I7 := sup
tel0,7

T
E [exp{p[}}/ (|Y,¢|2 + ]Zt|2) dt] < o0, forallp>1.
0

For the space Lé*(O, T;R x R?) we have the following invariance property:

Proposition 3.5. For all processes (Y, Z) € Lé’*(O,T;R x R%) we have:
i) (Y@Zt) = (Yi(T))er ((Th), Zo(T)er (T)) € L2H(0, TR x RY) and
Z'L) (?t,Zt) = (Y;(At)gt, Zt(At)Et) S Lé’*(O,T,R X Rd)

Proof: Since the proofs of i) and ii) are similar, we only prove i):
For the case of (Y, Z), from the Girsanov transformation and Lemma 24 we have

E [exp{pf;}/oT (]fftf + ]Z]Q) dt]
T

E [exp{pLi} (Yi(T)P + |Z/(T) 2)er (1)) dt

E [exp{pI7(A)} (Vi[> + | Ze*)e; '] dt

t
/ vsdBs
0

/OT
i

T
+ sup /0 (v 10.0) () (K71 g,0) (5)ds

0<t<T
0<r<T

< E[exp p sup
0<t<T
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T
<[+ |Zt|2>et1dt]
0

T
< CE oo+ 013} [ (1P + 2P

< 4oo, forallp>1.
Hence, the proof is complete. [ ]

We now consider the following type of backward doubly stochastic differential equation
driven by the Brownian motion W and the fractional Brownian motion B:

t t t
Yt:£+/ f(s,YS,Zs)ds—/ Zs¢dws+/ vsY.dB,, te€0,T]. (3.4)
0 0 0

Here £ € L%Q,f%, P)and f: Q" x [0,T] x R x R R is a measurable function such
that
(H3) i). f(-,t,y,2) is F%—measurable, for all ¢ € [0, 7], and for all (y,2) € R x R%;
(H3) ). f(,0,0) € L(Q x [0,7]);
(H3) iii). There exists a constant C' € R* such that for all (y1, 21), (y2, 22) € R x R%,

[f(ty1,21) = Ft g2, 22)] < Ollyr — 2] + [21 — 22]),  a.e.as.

Remark 3.6. Let us refer to some special cases of the above BDSDE:

i) If v = 0, equation (B4) becomes a classical BSDE (Pardoux and Peng [83]) with a
unique solution (Y, Z) € L2y (0,T;R x RY);

ii) If ¢ € R and f : [0,T] x R x R? — R are deterministic, we can choose Z = 0
and Y € L2(Y x [0,T]) with vY1jgy € Dom(65), t € [0,T], as the unique solution of the
fractional SDE

t t
Y, = £+/ f(s,Ys,0)ds +/ vsYsdBs, t € [0,T],
0 0

which can be solved due to subsection B.
ii1) Pardoux and Peng [84] considered backward doubly SDEs in the case that B and
W are two independent Brownian motions and in a nonlinear framework.

We let € := {w' € V|I;(w') < 0o}, which satisfies PP(Q') = 1 from Lemma 4. We
first establish the following theorem:

Theorem 3.7. For all W' € §~2’, the backward stochastic differential equation

2("‘/7 ) :g + /Ot f (87 ﬁ(wla ')58(T87WI)7 Z\S(w/¢ ')58(T87w,)) 65_1(T87w,)d8
(3.5)

¢
—/ Zs(W', )} dWs,
0

t €[0,T], has a unique solution (?(w’, ), Z(w’, )) € LI2FW (0,T;R x R%).
Moreover, putting (ﬁ(w’,-),Z(w’,~)) := (0,0), for W' € Q'°, the random variable
(ﬁ(w’,w”), Zt(w’,w”)) is jointly measurable in (W',w"), and (?, 2) € Lé’*(O,T;R x R%).
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Furthermore, there ewists a positive constant C (only depending on the L?*-norm of
§ and Kylpy, L2-bound of f(-,0,0) and the Lipschitz constant of f) such that, for all

W e

EY | sup ‘ﬁ(w',.)f+/T(Z(w/,.)fdt < Cexp{2I(W)). (3.6)
] 0

tel0,T

Proof: We put Fy(W',y,2) = f (s,yes(Ts,w'), 2e5(Ts, ")) e5 H(Ts, '), s € [0,T],
(y,2) € R x R W' € . Obviously, N
i) Fs(-,y,2) is Gs-measurable and Fy(u',-,y, 2) is F&V‘/T—measurable, W e s
ii) Fs(w',w”,y, 2) is Lipschitz in (y, z), uniformly with respect to (s,w’,w”);
iii) |Fy(w’,-,0,0)| < C|f(-,,0,0)| exp{L5(w)}.

Using Fj, equation (BH) can be rewritten as follows:

t t
2(w')=g+/ F, (w’,?;(w',),z(wx-)) ds—/ Zo(w', ) LdW,, t€[0,T], o' €. (3.7)
0 0

Step 1: We begin by proving the existence: From the conditions i)-iii) and standard
BSDE arguments (see: Pardoux and Peng [83]) we know that, for all w’ € @', there is

a unique solution (?(wﬂ ), E(w’, )) IS LIQFW (0,T;R x RY). On the other hand, the joint
measurability of Fy with respect to (w’,w”) allows to show that, extended to ' x Q" by
putting (ﬁ(w’,-),Z(w’,-)) := (0,0), w' € ¢, the process (?,2) is H-adapted. Let us

show that (f’, 2) € L%(0,T;R x RY). For this end, it suffices to prove (BH).

~ 2
Let w' € Q' be arbitrarily fixed. By applying Itd’s formula to ‘Yt’ we have at W/,
PV_as.,
~12 o~ ~ A ~ 12
d ’Yt’ — 9v, (Ft (Yt Zt> dt—Z, | th) _ ’Zt’ at.
It follows that at o/, P"-a.s.,

12 t
!
0

~

2 t PN t .
7. ds:§2—|—2/ YSFS<YS,ZS>ds—2/ Y.Z, | dW,
0 0

§§2+/0t <01

Hence, at w’, PV-a.s.,

~12 1 [t 2 5 t
‘Yt\+/ ds < ¢ +/ (01
2 Jo 0

Taking the expectation with respect to PV, we notice that

(/OT ’ﬁ(w’,.)z(w/,))?dt) 1/2]

ST\ /2 T ) 1/2
v, w 7o
sup ‘Yt(w , )’ ]) <E [/ ’Zt(w ,)) dt]) < 400.
t€[0,T] 0

~12 11~
Ys+§Zs

2 t
+ CQ\FS(0,0)12> ds — 2/ Y.Z, | dWs,.
0

Z, Y,

2 t .
- 035;2> ds — 2/ Y, Zs | dW.
0

EW

< <EW
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Consequently, EW [ fot }Afs(w’ , .)Es(w’ ,) 4 dWs} = 0, and by taking the conditional expec-

tation with respect to ]::,]?, we obtain
~ 2 1 [t
B UYt(w’, W3
2 Jo

<EW [£] + /t C1EY [
0

~ 2
Zs(W', )‘ ds}

N 2
Ys(o/, )‘ ] ds + Cyexp{21}(w')}.
Thus, from Gronwall’s inequality, we have

N 2
EW DYt(w’, )‘ ] < (E [{2} + Cyexp {2[} (w’)}) exp{Cit},t € [0,T],
which, combined with the previous estimate, yields
T /. NE: S 2
0

In order to get the estimate (B88), it suffices now to estimate

EY < Cexp{2I}(u")}.

EW [supte[o’ﬂ ‘ﬁ(w’ , )‘2] by using equation (872), Burkhélder-Davis-Gundy’s inequality
and the above estimate,

To prove that (}7, A ) belongs even to Lé((), T; RxR%), we have to prove the uniqueness
in LZ(0,T; R x RY).

Step 2: We suppose that (}71, Z 1) and (?2, 22> are two solutions of equation (BZ7)
belonging to L%(0,T; R x R?) (Notice that L2 (0, T;R x R?) C LZ(0,T; R x R?)). Putting
AY, =Y} — 17;2 and AZ, = /Z\tl — 72, we have

AT, - /0 .(71.2)) - £, (72.22)] ds—/ot AZ, LW, te0.T)

2
, we get that

By applying It6’s formula to ‘A?t
‘o] —op[ [ ot [r (30.2) - 2 (72.22)] 0

and finally from Gronwall’s lemma, we conclude that AY, = 0, AZ, = 0, a.s., a.e.
Step 3: Let us now show that (?,2) is not only in L]%I(O,T;R X ]Rd) but even in

L%(0,T;R x R?). For this we consider for an arbitrarily given 7 € [0,7] equation (B2)
over the time interval [0, 7]:

12 t N
E’AYt’ +EU ’AZS
0

LAz
*5\ s

gE[/Ot [2(Co+03))A?s

t t
Y;:g+/ Fs<}g,zg)ds—/ ZT L dw,, telo,7]. (3.8)
0 0

Let H := ft‘% vV FB t €[0,7]. Then H™ = {H7 }tepo,r) is a filtration with respect to
which W has the martingale representation property. Since Fi(y, z) is G- and hence also
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‘H]-measurable, dt a.e. on [0, 7], it follows from the classical BSDE theory that BSDE
(B) admits a solution ()A/, 2) € L%, (0,7;R x R?). Due to the first step this solution is

unique in L2, (0, T; R x R%). Hence, (fft, /Z\t) = ()A/[, ZZ), dt a.e., for t < 7. Consequently,
(}/}t, Zt) is H{- measurable, dt¢ a.e., for ¢t < 7. Therefore, letting 7 | ¢ we can deduce from
the right continuity of the filtration F? that (17, 2) is G-adapted.

It still remains to prove that <§/}, 2) € Lé*(O, T;R x RY).

Step 4: For the proof that ()A/, 2) belongs to Lé’*(O,T;R x R%) we notice that, by
the above estimates and Lemma P4,

2 2

T /. 12 T s 2
E exp{pf;}/ ( Y| +|Z > dt| = E |exp{pl}}E / ( Yi| +|Z: ) dt}}’?H
0 0
< E[Cexp{(2+p)I}}] < oo, forall p>1.
Hence, the proof is complete. [ ]

Corollary 3.8. The process (}/}, 2) given by Theorem B is the unique solution of equa-
tion (B3) in L (0,T;R x RY).

Now we state the main result of this subsection:

Theorem 3.9. 1) Let (17, 2) € Lé’*(O,T;R x RY) be a solution of BSDE (83). Then

((Ys, Zo),t € [0,T]} = {(?t(At)gt, Z(At)at> e [O,T]} € L% (0, T;R x RY)

is a solution of equation (B4) with vY'1, € Dom 6B, for all t € [0,T).
2) Conversely, given an arbitrary solution (Y,Z) € Lé’*(O,T;R x R%) of the equation
(B34) with vY'1}9 4 € Dom 6B, for all t € [0,T), the process

v 7 — — 2 % X
{(Yt Zt)tem} = {(th)st Y1), Z(T))e, 1<Tt))tem} € L' (0,T;R x RY)

is a solution of BSDE (B3).
From the Theorems B2 and B we can immediately conclude the following

Corollary 3.10. The solution of equation (B4) in Lé’*(O, T;R x RY) exists and is unique.

Proof (of Theorem [EQ): We first prove that, given the solution ()A/, 7 ) of equation (B3),

(Y, Z) defined in the theorem solves (B2). For this we notice that for F' being an arbitrary
but fixed element of S, from Girsanov transformation and from the equation (B3), it
follows

E[FY,— F§|=E [F(Tt)?t - F?o}

t t
—&[rapfo+ r@) [ B (3. 2) as—p@) [ Zosaw - rR).
0 0
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We recall that E [F(Tt) fot Z | dWS} =F [fot DZ/F(Tt)ESds]. Thus, from the fact that
LF(T) = v(K*KDBF) (t,T;), we have

E[FY, - F€]

t
=F [Yo / fys(IC*ICDBF)(s,TS)ds]
0
t PN t t PN
+EU F(T,)F, (YZ> ds—l—/ / v (K*KCDBF)(r, T,)dr F, (YZ) ds}
0 0 Js
t t t
—E[ / DYV F(T,)Z,ds + / / DZV%(IC*ICDBF)(T,Tr)ersds].
0 0 Js

Moreover, from Fubini’s theorem, the definition of the Skorohod integral with respect to
W, and from Proposition B4, we obtain that

t t
E[ / / D;’V%(IC*ICDBF)(T,Tr)ersds]
0 Js
t T
:/ v E [/ DXV(IC*ICDBF)(T,TT)ZSds} dr
0 0

:/t%E [(,C*,CDBF)(T, T,) / 7| dWS] dr.
0 0

Thus, by applying the inverse Girsanov transformation as well as Fubini’s theorem, we
obtain

E[FY, - F¢]
—E Vot F(T,)F, (f/ 2) ds — /Ot DZVF(TS)ESds}
F (f/ 2) dr — / A dWT> ds]
0

=E Uot Ff(s,Ys, Zs)ds} —E [/t DSWFZSds} +E [/Ot VS(IC*ICDBF)(s)YSds] :

0

s

+E [/Ot vs(K*KDPF)(s,T}) <170 + /O

where, for the latter expression, we have used that 17'5 is a solution of (B3). Since Z €
LE*(0,T;R x RY) (€ L&(0, T; R x R%)), it holds

E[/OtDSWFZSds] :E[F/OtZSLdWs}

B[ [ wrprionaa] = e e oo [ revzas |

Consequently,

t

)

holds for all F' € Sj.. From Proposition B3 we know that both, (}/}, 2) and (Y, Z), belong
to Lé’* (0, T;R x R?). Consequently,

t t
Viogo [z [ zolaw.e @ FP),
0 0
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for all ¢ € [0,T]. Moreover, using (88),

r pT
E/o |’Yr1[0,t]<7")Yr‘2dT]
- T - 2
_E/ 77"1[0,t]<r)}/;”(147“) Ezdr:|
LJo
r T - 2
e[ o]
o -
<CE [/ YL, (7)Y exp{I%}dr]
0
T 9 ~ |2 N
<CE / [ lpg(r)|” sup |Yr| exp{Iz}dr
0 re[0,T]

T
<c /O e Lo (0 E [exp{CT5}] dr

T
SC/D ‘7T1[0,t](r)}2dr < 0.

Thus, according to the definition of the Skorohod integral with respect to B we then
conclude 7Y'1jp 1 € Dom 6P and

t t t
/%stBs:Yt—(u/ f(s,n,zs>ds—/ stWS),te[o,T].
0 0 0

Hence Y; = & + [1 f(s,Ys, Zs)ds — [1 Zy | AW, + [i 7 Ysd B, t € [0, 7.

Let us prove now the second assertion of the Theorem. For this end we let (Y, Z) €
Lé’*((),T ;R x R?) be an arbitrary solution of equation (82) and F be an arbitrary but
fixed element of Si-. Then we have

B V()] =Eler(a)] + £ | [ R (5. Vs, z)as] ~ B[y | "zl aw,

w8 [r [ t wrian]

=11 + Iy — I3 + Iy,

where, using the fact that %F(At) = —(K*KDBF(A;))(t) and Fubini’s theorem,

I, =E[¢F] - E [g /O t ys(IC*ICDBF(As))(s)ds] ,

t

neelf tF<A5>f<s,Ys,zs>ds] 5[ [P a6 [ v zasar].

From the duality between the It6 backward integral and the Malliavin derivative D"V
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(recall that Z is square integrable), we get
Tt 1 ot t
I3 =F / Z, DYV F(A,)ds| — E / zZ,DY [ / fyr(/C*/CDBF(Ar))(r)dr] ds]
LJo ] 0

rrt h - t r ’
=E / Z, DYV F(A,)ds| — E / / Zsyr ZV(IC*ICDBF(AT))(r)dsdr]
LJ O i LJO JO
rpt

_r| / t ZSDZVF(AS)ds: _E / o (K*KDBF(A))(s) / ) Zr¢dwrds].

LJO LJO 0

Moreover, from the duality between the integral w.r.t. B and D (observe that Yl €
Dom 6B) we obtain

nee|[ t V(K KD F(A)(6)ds|
-5 s I EDP (K DV E () (1)) (6)7: Yo

t

=) [ / t vsmrc*/CDBF(As))(s)ds] —E [ | e rae) [ SwrdBrds] .

Consequently, using the fact that (Y, Z) is a solution of equation (B3), i.e.,

t t t
Yt=f+/0 f(s,Ys,Zs)ds—/O Zs¢dws+/0 VWYodB,, te0.T),
we obtain that
t t
BWPA)] = Blerl+ B | [ P v zows| - | [ 20V Faga).
0 0

Therefore, by applying Girsanov transformation again and taking into account the arbi-
trariness of F' € Sk, it follows that for all F' € Sy,

E [ /0 t Zs(Ts)ggl(Ts)DSWFds]
=[rle-vianr @+ [ v zme @],

Now, since according to Proposition B3, (Y;(T})e; (Tv), Z¢(Ty)e; H(Ty))
€ LZ*(0,T; R x R%), we have

V(e @ —¢ - [ ' Fs, Vu(T), Zu(T)e (Tu)ds € L2(2, G, P).

Therefore,

Y;f(Tt)&“t_l(Tﬂ =&+ /0 (8, Y5 (Ts), Zs (Ty)) Egl(TS)ds - /0 ZS(TS)ggl(TS) L dWs,

(3.9)
a.s., for all ¢ € [0, T], which means that

(V. 2) = {Yi(T))e; (1), Zo(Ty)er (Ty), t € [0, 7]}

is a solution of equation (B3). Hence, the proof is complete. [
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4 The Associated Stochastic Partial Differential Equations

In this section we will use the following standard assumptions:
(H4) i). The functions o : R — R4 p: R? — R? and ® : R? — R are Lipschitz.

(H4) ii). The function f : [0,7] x R? x R x R% ~— R is continuous, f(t,-,-,-) is

Lipschitz, uniformly with respect to t and f(-,0,0,0) € L?(Q x [0,T7]).
We denote by (X;’w)ogsgt the unique solution of the following stochastic differential
equation:
AxXiT — _p (Xﬁ’”) ds—o (Xﬁ’m> 1AW, sel0,4], 1)
Xb =z e RY '

We note that this equation looks like a backward stochastic differential equation, but due to
the backward It6 integral, the SDE (E71) is indeed a classical forward SDE. Under our stan-
dard assumptions on o and b, it has a unique strong solution which is {}"SM{ }sejo,-adapted.
The following result provides some standard estimates for the solution of equation (B)
(cf. [8H] Lemma 2.7).

Lemma 4.1. Let X"* = {X" s € [0,]} be the solution of the SDE (&T). Then

(i) There exists a continuous version of X“* such that (s,z) — X" is locally Holder
(C*2, for all o € (0,1/2));

(i3) For all ¢ > 1, there exists Cy > 0 such that, for t,t' € [0,T] and z,z" € R%,

B | sup x| < 0410+ o) (12)
0<s<t
e
E| sup ]X;x; ~-xte < q, [(1 Fle|? + 2]t — )92 + |z — x’yq} . (4.3)
0<s<T

With the forward SDE we associate a BDSDE with driving coefficient f: for s € [0, ],
Yie = & (X57) + / £ (r, X0, Y02, 780 dp — / Z6% L dW, + / WYERdB,.  (44)
0 0 0

By Theorem B and Theorem B, the above BDSDE has a unique solution
(Yt’a’, Zt’m) given by

(7, 207) = (VI (A)es, Z7(Aes ) 15 € [0.1),
where, for all ' € €, PV-ass.,
S
T () = [ (X0 T (1) (T, 2 () (o)) & (T
0

+ o (x5°) —/0 70 (W) L AW, s e [0,4].

(4.5)

Pardoux and Peng [83] [84] have studied BSDEs in a Markovian context in which

the driver F,(x,y,z) is deterministic; here, in our framework the driver, for (r,z,y,z) €
[0, 7] x RY x R x RY,

Fr(w’,x,y, Z) =f (7“,$, yET(me,)v ZST(TT,O)/)) gr_l(Ter/)a
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is random but it depends only on B and is independent of the driving Brownian motion
W. In the following we shall define X5", YE" and ZE® for all (s,t) € [0,T]? by setting
X' =2, YO =Y and Zb" =0, for t <5 < T.

We have the following standard estimates for the solution:

Lemma 4.2. For all p > 1, there exists a constant C, € Ry such that for all (t,x),
(t',2") € [0,T] xRY, o’ € Q, PV-a.s.,

~ D t
Yst,:c (w', )‘ + </
0

<Cy (1 + |af?) exp {pLi () } 5

EW

sup
0<s<t

Ztx (1 2 P/
Z, (w,-)’ ds

(4.6)

EW sup
0<s<tAt

i}t,aj (w/ ) _ }/}t/’w/ (w/ )‘p n (/t/\t
S ? S )
0

<Cyexp {pli ()} (lo =27 + (1 + fol? + [2/7) £ — ¢72).

R o ) p/2
7 (@) = 20 ()| ds
(4.7)

Proof: Let us fix any o’ € Q. For p > 2, by applying It6’s formula to ])A@t’x|p, it follows

that, P"-a.s., for s € [0, 1],
- —1) [
‘Y;,x (w/7 ) ’p + p(p ) /
2 0

=[o (x¢7) p+p/os

x (F (w’, XbT Y (o), 28 (o -)) dr+ 28 (o) | dWT) .

dr

Yhe (W) ‘p_Q ‘Z’f’: (') ’2

v )[R )

’p_

Let 0 < s <t <t <T. We take the conditional expectation with respect to Fm on both
sides of the above equality, and we obtain

f/rt,z (w/, )

= P pp—1) [* p—2
o 72 17 o [ |

~ 2
Z,t,’x (w’, )’ dr]]:%]

o ()

P S~ P—2 ~
LF$Z] +—pl;wl[y/$‘);?x(a/,)‘ }cyx(a/j)
0
X F, (wl,Xﬁ’x,ﬁf’x (w/’ ) 727?90 (w/’ )) d7“|.7'—%]

< [[o (xi7)[178] <0 | [ (c,

p(p—1)
4

Vi (o) "’ + G, |xb P

P )|

_l’_

R 2
Zp* (W ')‘ + Gper() >dr’f%] ‘

Thus, from Gronwall’s inequality and (H4) we have

7o @) <0y (B | sup (X017 | 4 exp (o171} )

0<r<s
<C, (1 + |X§’$}p) exp {p[}(w')} .
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Consequently, by using Doob’s inequality, we get from the arbitrariness of p > 1:

EWV [ sup ’}/}Stx (w', -))p] < Cp(1+ |zP)exp {pl%(w’)}.
0<s<t

The first result follows from Burkhoélder-Davis-Gundy inequality applied to
| JE 25 (') L AW, [P (see, e.g. [%]).

Concerning the second assertion, without loss of generality, we can suppose t > t’. Let
0<s<t'<t.

Using an argument similar to that developed by Pardoux and Peng [85], we see that,
for some constants > 0 and C > 0,

BV [[Fee ) =30 |17
0T [/ 8 Ve (@) = T8 ()|
0
<cE" [l (x57) — @ (x{) |17,
L oY [ [ [ @)
0
<CE™ ||o (x07) - @ (x5
) s 2 1/2
 Cexp {plt ()} <E { / dryftv,zt]>
0

wop | [C[7 o) =71 o) anizl|.
0

~

Zt,$ (W/, ) _ Z\ﬁ”aﬂ (UL),7 ) )2 dr|ft17‘l/;t:|

T

t,x t'
xte _ xt

p i ’}/}Tt,x (w/7 ) _ }’;;Htgx/ (Ld/, ) ‘P:| d?"|ftw7t:|

P
|

Ty

t,x t'x’
xto Xt

Consequently, from Gronwall’s lemma and according to Lemma B,

~

’i};,x (w/’ ) _ Y;t,oc (wl’ ) ’p < Cp ’Xz,x o X£l7w/

Vexp {ply (W)}, 0< s <t <t

and

EW sup

0<s<t/

i};t,x (wl, ) N i}-st,z (w/’ ) ’P]

<Cpexp {p[} (w')} ((1 + |z|P + |a:']p) [t — 15/|p/2 + |z — 1:’|p) .

Finally, with the help of the Burkhdlder-Davis-Gundy inequality together with Lemma
24, we deduce that for all p > 2, there exists C, such that

. . t/ R . p/2
2| sup [P0 (o) = VO ()| (/ 27 () - 28 (@) \2d8>

0<s<t! 0
<Cpexp {pl} (w’)} <|93 — 2P+ (1 + |z|P + 2P|t — t/|p/2) )

The case p > 1 follows easily from the case p > 2. This completes the proof of the lemma.
[

We now introduce the random field: u(t,z) = }/}tt’x, (t,x) € [0,T] x RY, which has the
following regularity properties:
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Proposition 4.3. The random field U(t,z) is FB-measurable and we have Y (', ")
~ t,x ~
=V (W) =AW, s, XET), PV eas, 0< s <t <T,w €.

Proof: From Theorem B77 with terminal time ¢, we know that YiTis F, ;/‘{ vV FB-measurable.

Hence u(t,x) = }Zt’x is ]:t‘jtv V FP-measurable. By applying Blumenthal zero-one law we

deduce that 4 is F-measurable and independent of W. The second assertion is a direct
result from the uniqueness property of the solutions of (B) and (E=3)(cf. [42]). ]

Lemma 4.4. The process {Y{"; (s,t) € [0,T]%,z € R} possesses a continuous version.
Moreover, [u(t,z)| < Cexp{l}}(1+ |z|), P-a.s.

Proof: Recall that, for s € [0,¢],

S S
Vi = e(Xg) + / f(r, X0, Ve (1), 2 (Ty) ) e (Tr)dr — / 7t | aw,
0 0

Let 0 <t <t <T, z 2’ € R Then by Proposition B3, we have,
ilt,2) — it o) = B[V} - | FF|
and, thus,
—~ o~ 0 V4
[at,2) e " = |B [7 - 70| 7R

p

)

< CE H?tt,x . }’/\;t’,x’

p oy / ey /
|fﬂ +C‘E [Ytt S |fﬂ

where, P-a.s., by Lemma B2,

A~ ey Yy !
E[}Q‘ﬁ,l’_}ﬁf,l‘

UIFE| < Cexpplr} ((1+1al? + 2/t — ¢ + o - 2'))

and
E '}//\;t/JI B }//\;,’Il‘fﬁ} ‘p
0o »
=\ / [ (s, X0 90 e (1), 207 (1) ) 7 (T) ds|ff]
t
- »
<|E / C (517 £(5,0,0,0) (1+ ‘Xﬁ"‘”' )+ ‘Y” + )Zﬁ“m’ )dsm@]
t
<C(L+ [2'|P)|t — '[P exp{pI}}
p/2

2 At/ /
+ |20

+ CJt —t'|P/? <E

t/
/ <)i}t’,m’
\ s

<C(L+ |2'|7) exp{pI; }|t — t'|P/2.

)

Consequently, for all (¢,z), (¢,2') € [0,T] x R%, p > 1, P-as.,
[t 2) - a(t', o) < Cexplli} ((1+ |l + |2t ¢V + o = a']).
Hence,

B [Ja(t,2) = (e, «)P) < Cp ((1+ [o] + 2|l — 172 + o = 2'P)
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and Kolmogorov’s continuity criterion gives the existence of a continuous version of u. m

Henceforth we denote by L the second-order differential operator:
1
L:= §tr(aa*(m)D§I) +b(z)Vy,

and we consider the following stochastic partial differential equations:

du(t,z) = [L’ﬁ(t,a:) + f(t,z,u(t, z)e(Ty), Viou(t, x)o(x)e (1)) 5;1(Tt)] dt,

t € 0,T]; (4.8)

u(0,z) = ®(x).

and

{ du(t, z) = [Lu(t,z) + f (¢, x,u(t, z), Vyu(t, z)o ()] dt + yu(t, z)dBy, ¢ € [0,T];

u(0,2) = &(x). (4.9)

Our objective is to characterize (t,z) = Y,"" and u(t,z) = U(Ay, t,2)e; = Y;"" as the
viscosity solutions of the above stochastic partial differential equations (E=8) and (£39),
respectively.

Remark 4.5. In fact, equation (ER) is a partial differential equation with random co-
efficients which can be solved pathwisely, and the equation (B9) is a stochastic partial
differential equation driven by the fractional Brownian motion B.

First we give the definition of a pathwise viscosity solution of SPDE (A3R).
Definition 4.6. A real valued continuous random field U : Q' x [0, T] x R? — R is called a
pathwise viscosity solution of equation (BR) if there exists a subset O of O with P’ (ﬁl) =1,
such that for all W' € Q, W(w',-,) is a viscosity solution for the PDE (ER) at o'

For the definition of the viscosity solution, which is a well-known concept by now, we
refer to the User’s Guide by Crandall et al. [P8].

For the proof that u(t, z) is the pathwise viscosity solution of equation (A=), we need
the following two auxiliary results.

Lemma 4.7. (Comparison result.) Let (H3) hold. Let (}/}l(w’, ), 2N W, )) and (Y2(w', "),
72 (w',+)) be the solutions of BSDE (B3R) with coefficients (&1, fi) and (&2, f2), respectively.
Then, if &1 < & and fi < fa, it holds that Y (') < Y2(W',-), t €[0,T), PY-a.s., for
all ' € Y.

Proof: For the proof the reader is referred to the comparison for BSDEs by Peng [89], or
also to Buckdahn and Ma [I6]. (]

Lemma 4.8. (A priori estimate.) Let ' € Q' and let (171, 21) and (?2, 22) be the solu-
tions of BSDE (B3) with coefficients (&1, f1) and (&2, f2), respectively, and put 5?&0)’, )=
Yl(wla ) - YQ(wla ')ﬂ 5€ = 61 - 52 and 5f8(w/7 ) - (fl - fQ)(‘S?Yf(w,a ‘)ES(T&W’)’ Zg(w,7 )
Es(Ts,w’)) e H(Ts,w'). Moreover, let C be the Lipschitz constant of fi. Then there exist
B8 > 5(2 +2) + p2 v >0, > 0, such that PV -a.s., for 0 < s < T, and for all W' € Q,

BY [exp{m — ) o, -ﬂ
. , 1 s . (4.10)
<F [exp{ﬁT}aa + oz [ exp{BT =) sf (P
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w S a? "o / 2
E sup |0Y, (W', )| + 0Z,(w',-)| dr
0

0<r<T

T
< CEW [|55;2+/ |5f,1(w’,-)]2dr}
0
(4.11)

- ~ 2
Proof: Let w' € . By applying It6’s formula to ‘53{;(@/, )‘ exp{B(T — s)}, we obtain

‘6173@/, .)‘2 exp{B(T — 5)} + /O exp{B(T — )} (5 ‘52@/, .)‘2 n ‘52@/, .)D ar
=7 Cexp{B(T — P}V, )2 (!, ) L AW,
o€ exp (T} +2 [ 6, (/) explBIT ~ ey )
x { f (r, YW, )er(Th, o), ZM (o, ~)5T(Tr,w’))
— f2 (r, }Aff(w', Yer (T, '), 23(0./, ~)5T(T,«,w’)) ]dr,

and by taking the expectation with respect to P" on both sides we get, for v > 0, u > 0,
P-a.s.,

B [exp (AT )} o7, )|
+ [ oo (5|7 + o2 ]
< B [aePen(sT)] + B | [ exp(a(T - (@ + A + i) [T |

+89 | [Cexp(5(r = 1)} [B[62. | 12 + g P 2 ]

0

Finally, by choosing 8 > 5(2 + v?) + p?, with v2 > 5, we obtain that P-a.s.,
~ 2
B |exp(A(T - 9} 0T, )]
5 1
<EY oxp(T} o6 + [ exp(BIT — 1)} 1o, e
0

which is exactly (210).
Estimate (BZ101) can be proven by the arguments developed for (£22). ]

Let us now turn to the solutions of our SPQES. The next theorem is one of the main
results of this section. For this let Q' = <w’ € Q'|a(w’, -, ) is continuous ¢ and notice that

in light of Lemma 04, PB(Q) = 1.
Theorem 4.9. The random field u defined by u(w',t,z) = l?tt’x(w’) for allw' € @ is a
pathwise viscosity solution of equation (ER), where Y5%(w',-) is the solution of equation

(E3). Furthermore, this solution u(w’,t,x) is unique in the class of continuous stochastic
fields @ : Q' x [0,T] x R? +— R such that, for some random variable n € L°(FE),

(' t,x)| < (W) (1 + |z)), (t,z) € [0,T] x RY, P(dw')-a.s.
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Remark 4.10. The uniqueness of the solution is to be understood as a P-almost sure
one: let u;(i = 1,2) be such that u;(w') is a viscosity solution of PDE (8) at W', for all
Woe ﬁ; Then, by the uniqueness result of viscosity solution of deterministic PDFEs (see:
Pardouz [83], Theorem 6.14) we know that Gy (w', ) = Ua (', -), for all ' € Y, N QY. In
particular, U, = U, P-a.s.

Proof of Theorem [-3: We adapt the method used in the paper of El Karoui et al.[d?]
to show that @ is a pathwise viscosity subsolution of equation (E8). Recall that the
set = {w € V|IH(w) < +oo} satisfies PB(Q) = 1. We work here on the set Q=
{w’ e Vaw,-,-) is continuous} which satisfies PB(€) =1 in light of Lemma B2,

Now, according to the definition of the viscosity solution, for an arbitrarily chosen
w' € ', we fix arbitrarily a point (¢,x) € [0,7] x R? and a test function ¢ € C;° such
that ¢(t,z) =u (', t,z) and ¢ > U (W, -, ).

For t € [0,7] and h > 0, we have, thanks to the Proposition B3 and equation (£3),

u (W' t,x) =u (w’,t - h,Xffh) + /t .

t
By (w, X07 B, ), 27 ) dr

t
- / h qu’f(w/’ )4 AW
t—
We emphasize that for fixed w’, this BSDE can be viewed as a classical BSDE with respect
to W and we recall that }/}ttfz (W,)=1u (w’,t — h, X:’fh) Now for the fixed o' € ', it
holds that
ot <o (1 X12) + [

t—h

t

t
—/ 74 () L dW,.
t—h

Let <7t’x’h(w’,-),7t’x’h(w’,-)) € L% (t—h,t;R x RY) be the solution of the following

equation evaluated at w': for s € [t — h, ],
Yook () = <t —h, Xff‘h) n / F, (wg Xt FER ) 7 _)> dr
th (4.12)

- / 70 ) L aw,.
t—h

S

—t,z,h

From Lemma 72, it follows that Y, (&', ) > ¢(t,z) = u(W', t,z). Now we put

s
—t,x,h

VW) = VW) = o (6 X0) = | G ma)dr (4.13)
t—h

and B .
Zb (W) = Z0M W) = (Vo) (s, XE9),

s

where G(w', s, ) = 0sp(s, ) — Lo(s,2) — Fs (', @, (s, z), Vap(s, z)o(z)). From the equa-
tions (E12), (E13) and It6’s formula we have

o~ s ~
Yot = / . [Fr (w’, X5 o(r, X0¥) + YW ) + . G(W', s, z)ds,
t— t—
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(Vo) (r, XE®) + Z’f"”(w’, )) — (Orp — Lo)(r, XE®) + G(W, 7, w)} dr

- / ZH (W) L AW,
t

—h

Putting
o(w' 7 h) =F, <W', X070, Xp%) + / G(W', s, 2)ds, (Vapo)(r, XW))
t—h
- (87“(10 - EQO)(T‘, Xﬁz) + G(le r, :E)a

we have [§(w',r, h)] < k(W) ‘Xﬁx —x|,r € [0,#], for some FE-measurable and P5-

integrable  : Q' — RT. From the a priori estimate (2-I0), it follows that

~ 2 to L 2
BV | s [P+ [ |2 ar
t—hSSSt t—h (4 14)
t ) ’
<CEY U |6(w, 7, 1) dr] = hp(w', h).
t—h
where p(w’, h) tends to 0 as h — 0. Consequently, it yields
t ~ ~
2| [ (|Teo] + | ar| = nvped (4.15)
t—h

Furthermore, we have Y;"*(w') = EW [}zt’x(w’, )} =Y [ftt_h 8 (W, h)dr], where

§'(W'r h) = —(0rp — Lo)(r, XP") + G(W', 1, 2) + Fp (W, X27,
~ T ~
p(r Xp") + Y0 (W) + | G, s,2)ds, (Vapo) (r, Xp®) + 230 (W, ).
t—h

From the fact that f is Lipschitz and the estimates (E14) and (E-1H), we get

V(W)

< BW [/tth (18,7, )| + [T (e ) +

Z5 (W, )D dr] = hp(W', h).

Thus, from (ET3) (for s = t) and since ?i’m(w’, ) > ¢(t,x), we obtain
j;t_h G(W',r,x)dr > —hp(w’, h). Consequently, %ftt_h G(W',r,x)dr > —p(w', h). By letting
h tend to 0, we finally get for w’ € {,

G(w',t,x) = Owp(t,z) — Lop(t,x) — F; (w’,x, o(t, ), chp(t,:c)a(:c)) > 0.

Hence u(w',t,x) is a pathwise viscosity subsolution of (ER). The proof of @ being a
pathwise viscosity supersolution is similar.
The proof of uniqueness becomes clear from Remark B1T. ]

In analogy to the relation between the solutions (Y, Z) and (Y, Z) of the associated
BDSDE and the BSDE, respectively, we shall expect that u(t,z) = Y = Y""(A;)ey,
(t,x) € [0,T] x R?, is a solution of SPDE (E=9). This claim is confirmed by
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Proposition 4.11. Suppose that u,u are C%2-stochastic fields over Q' x [0,T] x R? such
that there exist 6 > 0 and a constant Cs, > 0 (only depending on § and x) with: for
te[0,7T], w=u,u,

¢
E [\w(t,x)]2+6 +/ (]Vggw(s,m)]%é + \ngw(s,x)lﬂ‘s) ds] < Csz- (4.16)
0

Then u(t, z) is a classical pathwise solution of equation (E=8) if and only if u(t,z) is a
classical solution of SPDE (E1).

Proof: We restrict ourselves to show u(t, x) solves equation (-9) whenever u solves (E8).
For this, we proceed in analogy to the proof of Theorem BH. Let I’ be an arbitrary but
fixed element of Si-. By using the Girsanov transformation we have

Elu(t,z)F —u(0,z)F]

Eu(As, t,z)er F — u(0, x) F
E[F(Ty)u(t, z) — Fu(0,z)]
E[F(T})u(0,z) — Fu(0, )]

+FE [F(Tt)/o [La(s,x) + f(s,x,ﬂ(s,x)ES(Ts),Vxﬂ(s,x)a(x)aS(Ts))Egl(Ts)] ds} .

As in the proof of Theorem BH we use the fact that $F(T}) = v (K*KDEF)(t,T;) to
deduce the following

Eu(t,z)F — u(0,z)F]
=F {Q(O,x) /tys(lC*ICDBF( W) (s )ds] +E U / Y- (K*KDPF(T})) (r)dr La(s, x)ds}
+ FE [/Ot F(Ty) [Eﬂ(s,a:) + f(s,x,ﬂ(s,x)ES(Ts),Vxﬂ(s,x)a(m)as(Ts))agl(Ts)] ds}

t t i 5 R ~ 3
e Uo / W (KKDPE(T) (r)drf (s, 2, (s, 2)es(13), Vs, x)o (0)es(T1)) <, (Ts)dS].

Thanks to the assumption that u(¢,x) is a pathwise classical solution of equation (A=),
we obtain

Eu(t,z)F —u(0,z)F)

¢
—F [/0 F(Ty) [Lu(s,z) + f(s,2,0(s, 2)es(Ts), Vaii(s, x)o(x)es(Ts))es  (T)] ds}
+E / 'VS(IC*,CDBF(Ts))(S)a(S,:C)ds]
LJo

—F [ /0 F [Cu(s,z) + f(s,2,u(s, x), Veu(s, 2)o(x))] ds]

+E /Ot %(/c*/CDBF)(s)u(s,x)ds] .

Consequently,
E [/Ot fys(/c*/CDBF)(s)u(s,x)ds]
—E [F(u(t,x) —u(0,z) — /Ot [Cu(s, ) + £ (5,2, u(s, z), Vou(s, z)o(z))] ds)} .



68 CHAPTER 1. FRACTIONAL BDSDE AND SPDE WITH H € (0,1/2)

From the integrability condition (EIG) we know that
t
u(t,x) —u(0,z) — / [Eu(s,:v) + f(s, x,u(s, ), qu(s,:c)a(x))] ds € LQ(Q,]-', P).
0

Moreover, 1o qu € L%([0,T] x Q). Indeed,

T T
E [ /0 \w[o,tur)u(r,m)r?dr] - /0 e Lo, (M2 ElJu(r, ) Pldr
T
SCa,x/ o4 (r)]*dr < oc.
0

By Definition B2 we get

E [F /0 t*ysu(s,x)st]
=F [F(u(t, x) —u(0,z) — /Ot [Eu(s,x) + f(s,x,u(s,:c),Vmu(s,x)J(x))] ds)] )

It then follows from the arbitrariness of F' € S,’C that

u(t,x) = ®(x) —l—/o [Lu(s,z) + f(s,z,u(s,z), Vou(s,z)o(z))] ds +/0 ~Ysu(s, 2)dBs.

The proof is complete now. ]

Remark 4.12. The regularity of u in the above proposition is difficult to get under not
too restrictive assumptions (like coefficients of class Cf:b, linearity of f in z).

Remark 4.13. Notice that generally speaking, a continuous random field after Girsanov
transformation A; is not necessarily continuous in t any more. We give a simple coun-
terexample:

Let 0 < s < T be fizred and

it z) = (t — s)B, 0<t<s;
) (6 —s)sgn(Bs), s<t<T.

It is obvious that U(t,z) is FP-measurable and continuous in t. But after Girsanov trans-
formation A, it becomes

(t—s) (Bt — fg(lC'yI[Qt])(r)dr) ¢, 0<t<s;

u(t,z) = u(As, t,x)er = { s
(t —s)sgn (Bs — [y (KyIpo)(r)dr) e, s<t<T,

which is not continuous in t on

W' inf <BS/ (Kyl[o’t]) (r)dr) <0< sup <Bs/ (Kyl[o,t]) (r)dr) .
tels,T] 0 tels,T] 0

However, as we state below, the random field u has a continuous version in our case.
To this end we need the following technical result:
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Lemma 4.14. Let v be such that (H1) holds. Then there exist positive constants C' and
q such that for all r,v,v" € [0,T], v </,

< Clv—'|%

T
‘/0 (KL ) (8) (K1 1) (s)ds

Proof: We have

T
‘/0 (KL ) (8) (K1 1) (s)ds

<(/ T(/Cvl[vf,vp?(s)ds)m (/ T(icﬂ[om?(s)ds)

T 1/2
<o ([ i)
0

where the last inequality follows from [68] (Lemma 2.3). Also, by the proof of Lemma 2.3
in [68] and using the notation o = 1/2 — H, we have

(’C'Yl[v’,v])(s)
as® T oy,
:1[1/,1)](3) <¢’Y(S) + F(l — a) /v (7" _ S;/lJra dT)

B as® v %y,
o) i —ay / sy’

:Il(s) + IQ(S).

1/2

(4.17)

Now, applying [68] (Lemma 2.3) again, we obtain

/ " L(9ds = / (9 (10 [0+ s [ ' ] ) as

’_ ’ ’ ’
<o =o' | TP g1 17, < Clo —of |F7D

(4.18)
On the other hand, for m = 1+ 7n and ¢, = m/n, with n small enough, we can write

oy
——d
/v/ (r— st

11/qm YTy ™ d 1fm
lv—wv y (r— s)m(+a) "

<
1/m
_ r\a— lde
= e / (5 ¢nt0720 —r-tas)” dr
() / (r— SyliTa)

mpg—mao (g _ .\m(a—1) 1/m
S /f|¢7|e< prenag

,,«_5) (14+w)

0 1/m

< Clo—o|Vam [ / |6+, (0)|™07" / (r — s)"mFe)pmmatn g _ pyma—1)grdg
< C”U—’Ul l/qm(vl_s)—Qn/m
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T 0 1/m
X [ / |6,(0)[™ 67" / (r — s)metn=lpmmotn(g _ pyme=n=ldrdg

Hence, [68] (Lemma 2.2) gives
v T,*CM,.)/T.
—d
|,
< C|’U _ l/qm(vl o S)—Zn/m

T 1/m
: [/ (65 (O)™07 /I — )T — )7L — v’)ma_”dJ
1/m

T
S e e A Ol (T I

which, together with (B217), implies, for p < é, o

T v
In(s)2ds <Clv — o/ |am
| no2as <co—v] </0
v’ T %p, ¢’
X /0 [ /v |¢7(9)|m0—’7(9s)—1+ma—”de} ds

<Clv — o' [Ham.

1,1 _
and]7+— 1,

_ pm
— 2(1—(ma—n)p) qg

/

e\‘ -

(v — 5)2q’(—a—n/m)d8>

Thus, we get the wished result. [

Lemma 4.15. The random field u(t, z) := U(Aq, t,z)es, (t, ) € [0, T]xR? has a continuous
version.

Proof: In the following, for simplicity of notations, we put

etevy — (7«, X5 P (A )e (Th Ay, Zﬁ’w(Av)s,.(TrAv/)) .

For 0 < v/ <wv < T, we notice that (f/t’x(Av)> is the solution of the BSDE

VE(A,) = @ (ng) + / (08 0?) en Y (T, A, )dr — / Z8(A) L AW, (4.19)
0 0
while (l/}t7“7(AU/)) is the solution of the BSDE
V02 (Ay) = @ (Xé’””) + / f (@;&Iv”’vv’) Y (T, Ay )dr — / Z5(Ay) L AW,
0 0

We set JP = exp{fOT(ICvl[O’v])(s)(lel[O’T])(s)ds}, and we observe that ¢, 1(T,A4,) =

-1

&r

(T3)Jy. Moreover, equation (ET9) can be written as follows:
V(A =2 (X57) + /0

—/ Zb(Ay) L dW,, s e [0, 1],
0

S

£ (Xt (P17(40), 27 (A0)) e (D)) ™) &1 (T3) T
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and a comparison with (BH) suggests the similarity of arguments which can be applied.
So, by a standard BSDE estimate, see, for instance, the proof of Lemma B2, we have

p
E

s [P (4,) 72 (4)
0<s<T

T
<CE [ / \f(@iﬁm’”"’)s;l(TrAv) — F(OL" e (T Ay)
0

Recalling that &, }(T}.A,) = &, }(T,)J? and applying Lemma E14d, we get

p dr] (4.20)

=cr [/OT @) (1) - 5 (T )

+ | (@) — p(ekm ) ) e (T A)

v ’U/p
JU T

{Er_l(TrAv) — &, (T Ay) P = . " (Tr)

T p

T
<Cer?(T,) /0 (K110.0)) () (KL 0, (3)ds — /0 (K100)(8) (K110, ()l

(4.21)

p

=Ce, P(T}) < CerP(T) v —o'|™.

T
/0 (K1) () (KL ,9) ()l

On the other hand,

(@) = gk (T Ay)
(|Per @] + |20 len(TrA) = & (T AP (T A)
T
( e {- [ oo p s} -1

(|7 ] + |2 an]) o - o).

IN
Q

p (4.22)

Q Q

?rt’x (Av)| + /Z\;E’x(Av

~—

IN

Plugging estimates (221) and (B=22) into the equation (E=20), Lemma B2 yields that

p
E

sup ‘ﬁt’x(Av) - }//\:st’I(Av’)
0<s<T

<CE [ / " (150t ()P + [T

<C(1+ |z|?) ’v —v/|pq.

’ + Z\ffx (Av)

p) dr} ‘v — v"pq

For the latter inequality we have used the following estimate of Z , which proof will be
postponed until the end of the current proof.

P
Lemma 4.16. There exists a constant Cy, such that E [SUPogng ] < Cp(1 + |z|P).
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We continue our proof of Lemma BET3: According to the proof of Lemma B= we have

E| swp [9074) -4 | =B |B \FE ] o 4,

~ o~
sup ‘Yst T Y'st,r
0<s<T s€[0,T7]

: (E )1/2 (B[ @)

<C ((U+[al + [Pt = 0P + |z — ')

~ ~ 2p
7o

sup ’}/St T Yst,m
s€[0,T7]

Hence, by combining the above estimates we obtain

p

B| sup |71 () - T17(4,)

0<s<T

<o <E

<C ((1+1al +[2'P) (= ¢/ + o = o' [P9) + |2 — 2P

Sl Sl p
sup ‘Yst T AY) = YET (AN | + E

0<s<T

s (71 (4,)  T1(4,)
0<s<T

Consequently, from the Kolmogorov continuity criterion we know the process

{YE"(Ay);s,t,v € [0,T],z € R?} has an a.s. continuous version. From Lemma T4 we
have that &, is continuous in ¢. It then follows that u(t,z) = ¥;""(A;)e; has a version
which is jointly continuous in ¢ and . ]

Proof of Lemma .10: For simplicity we suppose all the functions ®, f, o, b are smooth. For
the proof of the general case, the Lipschitz functions have to be approximated by smooth
functions with the same Lipschitz constants. We define (Y"*, Z"*) to be the solution of
the equation

S

YT =0/ (X" )V X" + / [Fo(Eer (D) Va XE™ + fL(ELYE" + fL(E1) 25 dr

0
_/ ZL" | AW,
0
(4.23)
where =/, = (7’, XY e (T, Zﬁ’xar(Tr)> and
t t
Vo Xpt =1 - / Vo XU (X7) ds — / Vo X0 (X07) L dWs, r e [0,1]. (424)

With the arguments used in the proof of Lemma 4.2, we get

T p/
sup IY§’$|p+< / |Z§$|2ds>
0

0<s<T

2

E < O(1+ |zP). (4.25)

By arguments which by now are standard, it can be seen that the processes X te Yo and
Z%® are Malliavin differentiable with respect to W, and thus, for s <u <t < T,

S
DYyhe =o' (X" DY xb* — /0 DV Zbte | dw,
(4.26)

S
+ [ [rEnet @bl xie 4 £ @Dl Ve + 20D 2] ar
0
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On the other hand, from the equation, for § < s <u < T,

S S
Yo=Y+ / f(r, Xi’f,Y:%r(Tr),Zi’wTr)) e, H(T)dr — / Zp® | AW,
6 6

u (4.27)
+ [ [mEe @Dl X + @D T+ e Dl 2] an,
From the above three equations (B=23), (E=28) and (2=21) and the relation
DY (X1") = Vo XU (Vo XP") o (X17) (4.28)

(see: Pardoux and Peng [84]), we obtain that, for s <u <t < T,
DIV = Y (V,X07) o(XL7),

20" = Y (Vo X0) o (X07),

Finally, from standard estimates for (224) and from the estimate (E=23), we get

E | sup ‘Zﬁz
0<s<T

<E | sup [YL*]" sup |VIX§"”‘_p sup |o(XL")["
[0<s<T 0<s<T 0<s<T

p

r 1/a 1/q2 1/g3
<FE | sup ‘X’ff‘pql E | sup ‘Vchﬁ’x}_p% E | sup |U(X§’I)}pq3
[ 0<s<T 0<s<T 0<s<T
SCP(I + ’x‘p),
where 1/q1 + 1/g2 + 1/q3 = 1, with ¢1,¢2, 93 > 1. The proof is complete. [

The above proposition motivates the following definition:

Definition 4.17. A continuous random field u : [0,T] x R? x Q' + R is a (stochastic)
viscosity solution of equation (B39) if and only if u(t,z) = w(Ty, t, x)e;  (Ty), (t,x) € [0, T] x
R? is a pathwise viscosity solution of equation (ES).

As a consequence of our preceding discussion, we can formulate the following statement:

Theorem 4.18. The continuous stochastic field u(t,z) = (A t,x)e = }A/tt’m(At)st =
Ytt’x is a stochastic viscosity solution of the semilinear SPDE (B9). This solution is

unique inside the class Cf of continuous stochastic field @ : Q' x [0,T] x R — R such
that,

[u(t,2)| < Cexp{I3}(1+ [a]), (t,2) € [0,7] x R, P — a.s,

for some constant C only depending on .
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Remark 4.19. 1) It can be easily checked that @ € C’f if and only if (u(Ag, t,x)e) € Cf
if and only if (a(T},t,x)e; *(Ty)) € CE.
2) As a consequence of the preceding theorem we have that u(t,z) = Ytt’z is the unique (in

C’f ) stochastic viscosity solution of SPDE (89). This extends the Feynman-Kac formula
to SPDFEs driven by a fractional Brownian motion.

We conclude the main theorems of Section 8 with the following relation diagram, which
shows the mutual relationship between fractional backward SDEs and SPDEs:

u(t,x) : wviscosity solution of (ER) &L u(t,x) : wviscosity solution of (E9)

! !

(Y, Z) : solution of BSDE (B3) &L (Y,Z) : solution of BDSDE (£)

where 'GT"’ stands for 'Girsanov transformation’.

Finally, in order to illustrate how our method works, we give the example of a linear
fractional backward doubly stochastic differential equation.

Example 4.20. We let d =1 and f(s,z,y,2) = flo + f2y + f32, where the coefficients
L f2 and f3 are bounded and deterministic functions. The associated fractional backward
doubly stochastic differential equation is linear and writes:

S S S
Y = ®(Xp") + / (F1 X707+ FEYS0 4 fR207) dr — / Zpt | AW, + / %Y dB;.
0 0

0
(4.29)
After Girsanov transformation, it becomes

S S
vir—a(x) + [ (A + T 22 ar - [ 2 Law.
0 0

and has the following solution:

}//\'Stvfc =FEg [/ <f7}Xﬁ’$5;1(TT) exp {/ fgdu}> dr
0 r

+ exp {/ f,?dr} (X" F v ftB] ,
0

where Eq is the expectation with respect to QQ = exp { fg f3dw, — % (f ( ff’)er} P. Accord-
ing to Theorem [ZQ, the solution of (I=29) is then

Y = Eg [gs/ <f7}X7’f’””sr_1(TrAs) exp {/ fﬁdu}) dr
0 r

+ e5exp {/ f,?dr} D(XH") ]-"SV}Z v ]-"tB].
0




Chapter 2

Fractional Backward Doubly
Stochastic Differential Equations
with Hurst Parameter in (1/2,1)

Abstract: We first state a special type of Ito formula involving stochastic
integrals of both standard and fractional Brownian motions. Then we use
Doss-Sussman transformation to establish the link between backward dou-
bly stochastic differential equations, driven by both standard and fractional
Brownian motions, and backward stochastic differential equations, driven only
by standard Brownian motions. Following the same technique, we further
study associated nonlinear stochastic partial differential equations driven by
fractional Brownian motions and partial differential equations with stochastic
coefficients.

Key words: fractional Brownian motion, backward doubly stochastic differential
equation, stochastic partial differential equation, Russo-Vallois integral, Doss-Sussman
transformation, stochastic viscosity solution.
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1 Introduction

In this chapter, we deal with BDSDEs for which the integrand of the integral with
respect to the fBM is not necessarily linear with the solution process, and the Hurst
coefficient H is supposed to belong t o the interval(1/2,1). Unlike the more irregular case
H < 1/2, the stochastic integrals with respect to an fBM with H > 1/2 can be defined
in different ways. So they can be defined with the help of the divergence operator in the
frame of the Malliavin calculus, see Decreusefont and Ustiinel [33] and Alds et al. [3]
(Notice that the Wick-It6 integral defined in Duncan et al. [B¥] coincides with the first
one). They can also be defined pathwise as generalized Riemann-Stieltjes integral (see
Zahle [M09] and [110]) or with the help of the rough path theory (see Coutin and Qian
[80]). For a complete list of references we refer to the two books by Biagini et al. [I7] and
Mishura [I77].

Our approach to BDSDEs with an fBM is inspired by the work of Buckdahn and Ma
[22]. In their study of stochastic PDEs driven by a Brownian motion B the authors of
[22] used BDSDEs driven by B as well as an independent Brownian motion; the integral
with respect to B is interpreted in Stratonovich sense. This allowed the application of the
Doss-Sussmann transformation in order to transform the BDSDE into a BSDE without
integral with respect to B. On the other hand, the pathwise integral with respect to
the fBM plays a role which is comparable with that of the Stratonovich integral in the
classical theory. Nualart and Rascanu [81] used the pathwise integral to solve (forward)
stochastic differential equations driven by an fBM. For some technical reasons (such as
the lack of Holder continuity, see Remark B12), we shall make use of the Russo-Vallois
integral developed by Russo and Vallois in a series of papers ([I00], [00], [T00], etc.).
Under standard assumptions which allow to apply the Doss-Sussmann transformation, we
associate the BDSDE driven by both a standard Brownian motion W and an fBM B, for
s €10,t],

S S S
vt = (e + [ pnxem v v+ [ gUinas, - v paw,® )
0 0 0
with the BSDE driven only by the Brownian motion W,

S S
Vi = &(X") +/ flr, Xte e Z5%)dr — / Zte | dW,, s € [0,1]. (1.2)
0 0

Here f will be specified in Section 4; it is a driver with quadratic growth in z. We
point out that the classical BDSDEs were first studied by Pardoux and Peng [84] and
our BSDE () is a quadratic growth BSDE, which was studied first by Kobylanski [G1].
In the works of Pardoux and Peng [84] and Buckdahn and Ma [22], i.e., when the Hurst
parameter H = 1/2, one can solve the BDSDE directly and get the square integrability of
the solution process. However, in the fractional case (H # 1/2), to our best knowledge,
there does not exist a direct way to solve the BDSDE (ITl), and as it turns out in Theorem

2
dr is bounded by an a.s.

B2, we can only get that the conditional expectation of fot ‘Zﬁz

finite process. This is also the reason that instead of using the space of square integrable
processes, we use the space of a.s. conditionally square integrable processes (see the
definition of the space H2(R?) in Section 2).

1. fot - | dWj indicates that the integral is considered as the 1t6 backward one.
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A celebrated contribution of the BSDE theory consists in giving a form of probabilistic
interpretation, nonlinear Feynman-Kac formula, to the solutions of PDEs (see, for instance,
Peng [97], Pardoux and Peng [85]). As indicated in Kobylanski [61], the quadratic growth
BSDE () is connected to the semilinear parabolic PDE
{ ut,x) = Lu(t,z)— f(t,z,ut,z),0@)” Zult,z), (tz)e (0,T)xR" (1.3)
u(0,2) = ®(z), x € R, '

where £ is the infinitesimal operator of a Markov process. Hence, it is natural for us to
consider the form of equation (I=3) after Doss-Sussmann transformation and we prove that
it becomes the following semilinear SPDE

du(t,z) = [Lu(t,z) — f(t, 2, u(t,2),0(x)T Zu(t,z))] dt + g(u(t,z))dB,,
(t,z) € (0,T) x R™; (1.4)
u(0,z) = ®(z), z € R".

We emphasize that this chapter can not be considered as a generalization of Chapter
1. The reason is that, firstly, the Hurst parameters are distinct; secondly, the stochastic
integrals with respect to the fBM are of different types.

We organize the chapter as follows. In section 2, we recall some basic facts about
the fBM with Hurst parameter H € (0,1/2), we give the general framework of our work,
and we recall the definition of the backward Russo-Vallois integral as well as some of its
properties. In section 3 we prove a type of It6 formula involving integrals with respect
to both standard and fractional Brownian motions, which will play an important role
in the following sections. We perform a Doss-Sussmann transformation in Section 4 to
transform a nonlinear BDSDE () into a BSDE () and show the relationship between
their solutions. In particular, we show that BSDE (I2) has a unique solution (Y% Z6%),
and the couple of processes (UH*, V%) associated with (Y%, Z4%) by the inverse Doss-
Sussmann transformation is the unique solution of BDSDE (IT). Finally, the stochastic
PDE associated with BDSDE () is briefly discussed in Section 5.
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2 Preliminaries

2.1 Fractional Brownian Motion and General Setting

In this subsection we recall some basic results on the fBM and the related setting. For
a more complete overview of the theory of fBM, we refer the reader to Biagini et al. [1Z]
and Mishura [7].

Let (', F,P’) be a classical Wiener space with time horizon T > 0, i.e., ' =
Co([0,T]; R) denotes the set of real-valued continuous functions starting from zero at time
zero, endowed with the topology of the uniform convergence, B(€') is the Borel o-algebra
on ' and P’ is the unique probability measure on (Q,B(€')) with respect to which the
coordinate process W (w') = w'(t), t € [0,T], " € ' is a standard Brownian motion. By
F' we denote the completion of B(€') by all P’-null sets in Q'. Given H € (1/2,1), we
define

t
By = / KH(tvs)dWL?? te [OaTL
0

where Ky is the kernel of the fBM with parameter H € (1/2,1):

t
Kg(t,s) = CHsl/z_H/ uf =12y — s)H=32qu,

S

with Cy = \/(2H—1)ﬁ(2£{2H,H—1/2)' It is well known that such defined process B is a one-

dimensional fBM, i.e., it is a Gaussian process with zero mean and covariance function

Ry(t,s) =E[BB,| = - (" + s — |t — s|), s,t€[0,7).

N =

We let {W; : 0 <t <T} be the coordinate process on the classical Wiener space
(Q", F" P") with Q" = Co([0,T]; R?), which is a d-dimensional Brownian motion with
respect to the Wiener measure P”. We put (Q, F°,P) = (@, F,P) @ (", F",P") and
let F = FOV N, where A is the class of the P-null sets. We denote again by B and W
the canonical extensions of the fBM B and of the Brownian motion W from ' and Q”,
respectively, to €.

We let “F[‘Z[,/T} = o{Wr — Wt < s <T}VN, FP = 0{B,,0 < s < t} VN, and
G = F[I;YT] vV FP,t €[0,T)]. Let us point out that FKT} is decreasing and 72 is increasing
in ¢, but G; is neither decreasing nor increasing. We denote the family of o-fields {G; }o<i<7
by G. Moreover, we also introduce the backward filtrations H = {H; = f[‘ffT] \% .7-"%3 Feefo,m)

Finally, we denote by C(H, [0, T]; R™) the space of the R"-valued continuous processes
{4, t € [0,T]} such that ¢; is Hi-measurable, t € [0,7], and M2(FW [0, T]; R™) the
space of the R™-valued square-integrable processes {iy,t € [0,T]} such that 1)y is .F[‘;VT]—
measurable, ¢ € [0,T]. Let HF(R) be the set of H-progressively measurable processes
which are almost surely bounded by some real-valued f?—measurable random variable,
and let H%(Rd) denote the set of all R%-valued H-progressively measurable processes vy =

{7 :t €]0,T]} such that E [fOT |'Yt|2dt|.7:75} < 400, P-as.
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2.2 Russo-Vallois Integral

In a series of papers ([99], [[00], [M0T], etc.), Russo and Vallois defined new types
of stochastic integrals, namely forward, backward and symmetric integrals, which are
extensions of the classical Riemann-Stieltjes integral, and in fact these three integrals
coincide, when the integrator is a fBM with Hurst parameter H € (1/2,1). Here we
will mainly use the backward Russo-Vallois integral in this chapter. It turns out to be a
convenient definition for stochastic integral with respect to our fBM B.

Let us recall some results by Russo and Vallois which we will use later. In what follows,
we make the convention that all continuous processes {X;,t € [0, T]} are extended to the
whole line by putting X; = Xy, for t < 0, and X; = Xy, for ¢t > T.

Definition 2.1. Let X and Y be two continuous processes. For e > 0, we set

I(e,t, X,dY) & i/o X(s)(Y(s) = Y(s — £))ds,

C.(X,Y)(t) & é /O (X(s) — X (s — &) (Y(s) — Y(s —2))ds, t € [0,T].

Then the backward Russo-Vallois integral is defined as the uniform limit in probability
as € — 0%, if the limit exists. The generalized bracket [X,Y] is the uniform limit in
probability of C.(X,Y) as € — 07 (of course, again under the condition of existence).

We recall that (cf. Protter [07]) a sequence of processes (Hp;n > 0) converges to a
process H uniformly in probability if

lim P sup |H,(t)—H(t)]>a] =0 for every a> 0.
n—oo tE[O,T]

In [I07] (Theorem 2.1) Russo and Vallois derived the It6 formula for the backward Russo-
Vallois integral.

Theorem 2.2. Let f € C*(R) and X be a continuous process admitting the generalized
bracket, i.e., [X, X] exists in the sense of Definition 2. Then for every t € [0,T], the
backward Russo-Vallois integral fg (X (s))dX(s) ewists and

1

fX(®)) =f(X(0))+/O F1(X(5))dX(s) - 2/0 F(X(s)d[X, X](s),

for every t > 0.

We list some properties of Russo-Vallois integral, which will be used later in this
chapter.

Proposition 2.3. (1). If X is a finite quadratic variation process (i.e., [X, X] exists and
(X, X]r < 400, P-a.5.) and Y is a zero quadratic variation process (i.e., [Y,Y] exists and
equals to zero), then the mutual generalized bracket [X,Y| exists and vanishes, P-a.s.

(2). If X and Y have P-a.s. Hoélder continuous paths with order a and (3, respectively,
such that o> 0, >0 and a+ 3 > 1, then [X,Y] = 0.

(3). We assume that X and Y are continuous and admit a mutual bracket. Then, for
every continuous process {H (s) : s € [0,T]},

/. H(s)dC.(X,Y)(s) converges to / H(s)d[X,Y](s).
0 0
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The following proposition, which can be found in Russo and Vallois [99], states the
relationship between the Young integral (see Young [T07]) and the backward Russo-Vallois
integral.

Proposition 2.4. Let X,Y be two real processes with paths being P-a.s. in C* and CP,

respectively, with a >0, 8 > 0 and oo+ 8 > 1. Then the backward Russo-Vallois integral
fd YdX coincides with the Young integral fO YdWXx.
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3 A Generalized Ito Formula

In this section we state a generalized It6 formula involving an Itd6 backward integral
with respect to the Brownian motion W and the Russo-Vallois integral with respect to
the fBM B. It will play an important role in this chapter. It is noteworthy that this Ito
formula corresponds to Lemma 1.3 in the paper of Pardoux and Peng [84] for the case of
an fBM with Hurst parameter H = 1/2, i.e., when B is a Brownian motion.

Theorem 3.1. Let o € C(H, [0,T];R) be a process of the form
t t
o = ag + ﬁsds+/ vs 4 dWs,  t €[0,T],
0 0

where B and v are H-adapted processes and P{fOT |Bs|ds < 00} =1 and
]P’{fDT Ivs|2ds < —|—oo} = 1, respectively. Suppose that F € C%(R x R). Then the Russo-
Vallois integral fo By (as, Bs)dBs (defined as the uniform limit in probability of é fg(Bs —

BS,E)%I;(QS, Bs)ds) exists for 0 < t < T, and it holds that, P-almost surely, for all
0<t<T,

Flan B) =F(ao.0) + [ G B)ads+ [ O (an B Lt

toF t9’F
sBs Bs_* sy s 52 .
|y (s Be)d 2082<a )slds

Proof: Step 1. First we suppose F € CZ(R x R) (i.e., the function F is twice continuously
differentiable and has bounded derivatives of order less than or equal to two) and there is
a positive constant C' such that fOT |Bs|ds < C and fOT |vs|2ds < C. Tt is direct to check
that

(3.1)

t

1
F(oy, By) — F(ap,0) = ig% z (F(as, Bs) — F(as—e, Bs—¢))ds.
0

For simplicity we put aqp s 2 oy —a(os — as_) and B s 2 By —a(Bs — Bs_.), for any
a€[0,1], s €[0,T], e > 0. We have
F(a57 Bs) - F(Oésfsa Bsfs)

oF oF

:(045 - 04575)%(043, Bs) + (Bs - Bsfs)aiy(as, Bs)

62

o a..2 (aa687Baas)(1 - a)da

- (as - as—a)

62

-2 s s— BS_BS— a 9 a,g,S»
(s — as—)( e) 0 3$3y(a £

Bycs)(1 —a)da
192

ay?
By applying the stochastic Fubini theorem, we get that

t
i/o (s — as,g)g—i(as,Bs)ds

I ’ OF
_/ ( Brdr +/ sfyr L dW;, > o — (o, Bs)ds
(r+e)A (r+e)nt
/ / ﬁr aF (as, Bs)dsdr + — / / ’YrgF‘(a& Bs)ds | dW,.
x

— (BS — BS_E)Q (Oéa,a,& Ba,e,s)(l - a)da‘
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Since 1 [/ (rre)nt aF(ozs, s)ds is H;-measurable and converges to ‘g—f(ar, B,) when € — 0,

it follows that, thanks to the continuity of 8 — (o, By),

t 1 (’I‘+€)/\t 8F 8F
tiy s | s (E | GrtenBots = Grlan ) | ar
1 [Nt o OF r
<3%T€5}épﬂ f/ %(as,Bs)ds—%(ahBr) |Br]dr =0, in probability.

Thus, in virtue of the boundedness of %—i, by the Dominated Convergence Theorem,

2

t 1 (r+e)At OF OF
lim E - — (v, Bg)ds — — (v, By dw,| | FB
50 tes[lé%] /0 7 (e/,, ox (@ Jds Oz (a V)4 r
[ 1 (r+e)Nt OF
<lmE | sup / —(as,Bs)ds— ar, |*dr| FE
e—0 TE[O,T] 13 81’

=0, P —a.s.

Ox
an H-(backward) Brownian motion.) Thus, we get

07

(Recall that (% fT(HE)At 9 (g, Bg)ds — %(O‘T’ Br)) o is H-adapted and W. — Wy is
re

.1t OF b OF b oF
;E}%g 0 (as _asfe)%(asts)dS— 0 B'r%(a'mBr)dT“r/o VT%(aTaBT‘)\I/dM/;W (33)

uniformly in probability. We notice that the generalized bracket of « is the same as the
classical one, i.e., [, als = [ |7,|*dr, s € [0,T]. We also have

1/t 1o2F
/ (045 - as—s) ( Qg5 Ba,a,s)(l - a)dads
0 0

9.2
=0 Ox (3.4)
1 2, OF
:278 . (as - as—s) 02 (am s)ds + Aa,t7 te [07T]7
where
1 [t L/79F 0*F
Aoy = E/0 (s — a5_5)2/0 <8$2(aa75,s,Ba7g75) — 8m2(ozs,Bs)> (1 —a)dads.

Proposition 233 yields that

1 [ O*F
% (as —as_g)za 5 (as, Bs)ds converges to / e == (s, Bs)d[a, afs
and the continuity of 2 8 9°F o and B implies that A ; converges to zero. A similar argument
shows that
1 [ L 9’F
5/0 2(045 —as—¢)(Bs — Bs—a) ) M(Oﬂa,as; Ba,e,s)(l - a)dads

and the term

1 [ Lo2F
- BS_BS— a s’Ba s 1- dad
- [ [ GO Bue (1~ a)dads
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converge in probability, respectively, to

. 82 F . 82 F
; m(as,Bs)d[a, B]s and ; M(QS’BSM[B’B]S'
However, these both latter expressions are zero due to the fact that H € (1/2,1) and
Proposition 223 (Observe that the fBM has Holder continuous paths of any positive order
less than H almost surely).
Combining the above results with (82), (B33) and (B4), we see that

.1t oF aF
ig}%g o (Bs - Bs—a)@(QSaBQdS - F(ataBt) - F Ct(], / as’ )ﬁsds

/ (0 B)re L dWs+ 2 [ ZE (0 B lds
8 S PYS 2 0 a 2 Sy S ’78 9

uniformly in ¢ € [0,77], in probability. Consequently, the integral fo (as, Bs)dBg exists
in Russo-Vallois” sense (Recall Definition ECT) and we get the It formula (8) for F €
CZ(R x R).

Step 2. Now we deal with the general case that

T T
IP’{/O |Bs|ds < oo} = IP{/O I7s|2ds < oo} = 1.

For each n € N, we define a sequence of H-stopping times by 7, = sup{t < T :
j;T |55]ds+j;T [7s|?ds > n} V0, so we know that the processes {87 := B, 1(,, 7(t),t € [0, 7]}
and {v" = Y1}, m(t),t € [0,T]} satisfy fOT |8%ds < n and fOT\*yQPds < n, P-as.
Furthermore, as n — oo, 7, — 0, P-a.s. We consider the Ito formula for the process
af = ap+ f(f pBirds + fot v | dWs,t € [0,T]. Thanks to the result of Step 1, we have that,
for every n € N,

F(a}, By) =F(,0 /8 B”ds—l—/ ay (o, Bs)dBs

to2F
S nBS 82 .
/a By W= 5 [ Sz Bl s

Since o converges to a uniformly in probability on [0, T], by letting n — oo in the above
equation, we deduce that the limit

LOF ‘10F
lim —(af,Bs)dBs = lim lim | ——(al, Bs)(Bs — Bs_¢)ds
n—00 0 8y n—ooe—0 Jg € 8:1/
. 1 oOF
:gl_I}% y £ Oy (0437 Bs)(Bs - Bsfs)ds

exists, it is the Russo-Vallois integral f ¢ 85 as, Bs)dBs and it equals to

LoF

F(at,Bt) —F(Oé0,0)— 8
0

(Oés, 5sd3 - / a Oés, )’75 ~L dW

t92F

9 0 w(a& Bs)hs|2d5'
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Step 3. Finally we consider the case F' € C2(RxR). We let {¢n} nen be a sequence of
infinitely differentiable functions with compact support such that ¢ (z) = z for {(x1, x2) :
max(|z1], |z2]) < N}, N € N. We set Fy(z) = F(pn(z)), so that Fy(z) € CZ(R x R) for
every N > 0. We notice that Fiy(a., B.) and F(a., B.) coincide on the set Qy = {w € Q:
SUPg< <t |0ts| < N,supgegey |Bs| < N} and that Q = |Jy~, Qn. Due to Step 1 and Step
2, for every N, we have a

Fn(at, Bt) =Fn(ao,0 / oF N (o, B 5sd3+/ oF N (v, Bs)d B
OF to’F
/ N (as, Bs)ys 4 dWg — 2 5 év(ozs,Bs)\’ySIst, t€[0,T7].
0

Therefore, for every N, it holds on 2y that

F(at)Bt O507 / 8 OZS, /Bsd5+/ 8 Oés,
+ [ St a1 [T @ B, vef0.1)

Finally, by letting IV tend to 400, we get the wished result. The proof is complete. ]
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4 Doss-Sussmann Transformation of Fractional BDSDE

In what follows, we use the following hypotheses:
(H1) The functions o : R — R™*% and b : R® — R™ are Lipschitz continuous.

(H2) The function f : [0,T] x R® x R x R? — R is Lipschitz in (x,y, z) € R” x R x R?
with |£(t,0,0,0)| < C uniformly in ¢ € [0,7], the function g : R” — R belongs to C3(R)
and the function ® is bounded.

We fix an arbitrary ¢ € [0,7] C RT. Let (X&")g<s<; be the unique solution of the
following stochastic differential equation:

AdXL" = —b(XE")ds — o(XE") L dW,, s € 0,1],
X7 =,
Here the stochastic integral fg - | dWy is again understood as the backward It6 one.

The condition (H1) guarantees the existence and uniqueness of the solution (X7*)o<s<
in M2(FW,[0,T);R"). Our aim is to study the following backward doubly stochastic
differential equation:

Ut :@(Xgﬂ”)Jr/ f(r, Xﬁ@,Uﬁ@,v;m)dH/ g(Uﬁ7””)dBr—/ ViT LdW,, s € 0,4, (4.2)
0 0 0

We emphasize that the integral with respect to the fBM B is interpreted in the Russo-
Vallois sense, while the integral with respect to the Brownian motion W is the It6 backward
one. If B is a standard Brownian motion, equation () coincides with the BDSDE which
was first studied by Pardoux and Peng [84] in 1994 (apart of a time inversion).

Before we investigate the BDSDE (B72), we first give the definition of its solution.

Definition 4.1. A solution of equation (E32) is a couple of processes (U™, Vst’x)se[&t] such
that:

1)' (Ug’z, Vst@)sé[o,t] € /H?O(R) X H?(Rd);

2). The Russo-Vallois integral fdg(Uﬁ’x)dBT is well defined on [0, t];

3). Equation (B22) holds P-a.s.

Unlike the classical case, the lack of the semimartingale property of the fBM B gives an
extra difficulty in solving BDSDE (B22) directly. However, the work of Buckdahn and Ma
[22] indicates another possibility to investigate this equation: by using the Doss-Sussmann
transformation. Let us develop the idea. We denote by 7 the stochastic flow which is the
unique solution of the following stochastic differential equation:

n(ty) =y + / g(n(s,4))dBs, t € [0,T), (4.3)

where the integral is interpreted in the sense of Russo-Vallois. The solution of such a
stochastic differential equation can be written as n(t,y) = a(y, By) via Doss transformation
(see, for example, Zahle [I10]), where a(y, z) is the solution of the ordinary differential
equation

{ 82 (y,2) = gla(y,2)), z €R, (4.4)
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By the classical PDE theory we know that, for every z € R, the mapping y — a(y, z) is a
diffeomorphism over R and (y, z) — «a(y, ) is C?. In particular, we can define the y-inverse
of a(y,z) and we denote it by h(y, z), such that we have a(h(y,2)) =y, (y,2) € R x R.
Hence, it follows that

bl 22 G ) =1 and (b1 2).2) + o (2.2 5 (0:2) =
Therefore
-1
5209 = = (G2(0..9)) 5021, = ~ 5 ()ao)

As a direct consequence we have that also n(t,-) = a(-, By) : R — R is a diffeomorphism
and, thus, we can define £(t,y) := n(t,-) " (y) = h(y, By), (t,y) € [0,T] x R. Moreover, by
the It6 formula (Theorem B), we have

0

0
= —h(y,B)dB; = ——
(y t) t dy

dg<t7y) = dh(yaBt> 9z

E(t,y)g(y)dBy, t € [0,T],

i.e., the process £ satisfies the following equation:

E(ty) =y — /0 i}as,y)g(y)st, te 0.1 (4.5)

Furthermore, we have the following estimates for n and £.

Lemma 4.2. There exists a constant C' > 0 depending only on the bound of g and its
partial derivatives such that for € =n, &, it holds that, P-a.s., for all (t,y),

69| < Iyl +CIBil, exp{~CIBil} < | ¢| < exp{CIB},
|25¢| < exp{CIBAI}, | Z5¢| < exp{CIBil}.

Proof: The first three estimates are similar to those in Buckdahn and Ma [22]. So we only
prove the last one. For this end we define (6, y, z) = a(y, 0z), for (0,y, z) € [0,1] x RxR"™.
It follows from (24) that

0
1(0,,2) =y + /O (9(y(r, 9, 2)), 2)dr.

By differentiating this latter equation, we obtain,

aeay 7(0,y,2) = %(7(97%2)) (3*7(9 ))3 (’7(9,3/,2))2%(9,@/,,2)
+354(7(0,9,2))252(0,y, 2) 53 (0,9, 2); (4.6)
%(anv Z) =0,

and from the variation of parameter formula it follows that

Tt = [ o] [ el (256w n: (D)

62 oy 0%y
+3 8 2( (U Y,z )) 8y(u7y72)8y2(u7y72)>du'
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Thus, by using the first three estimates of this Lemma, we get

83 83
o) = |l Bo| < explCIB)
Hence we have completed the proof. [ ]

Lemma B2 plays an important role in the rest of the chapter thanks to the following
lemma.

Lemma 4.3. For any C € R, we have

exp ¢ C sup |Bs|
s€[0,7

Proof: The proof is similar as Lemma 2.4 in [68] (and even easier), so we omit it. [
We denote by ' the subspace of €' such that

E

< 00.

Q=W eQ: sup |Bs|<oop.
s€[0,7T

It is clear that P'(€) = 1.
We let (Y4% Z5%) be the unique solution of the following BSDE:

S S
ver o)+ [ xim vin e [z L, )
0 0

where

t __ ! t £y, 2ot L r O t
f( 7$7yvz) _W {f<7x777( 7y)787y77( ,y)2)+2 I‘|:Z 873/277( 7y)Z:|}

This BSDE, studied over Q = Q' x Q" and driven by the Brownian motion W, (w) =
W, (W") = W’ (r), r € [0,T], can be interpreted as an w’-pathwise BSDE, i.e., as a BSDE
over ", considered for every fixed w’' € ). However, subtleties of measurability make us
preferring to consider the BSDE over €0, with respect to the filtration H. We point out
that the coefficient f has a quadratic growth in z, while the terminal value is bounded.
BSDEs of this type have been studied by Kobylanski [61]. We state an existence and
uniqueness result for this kind of BSDE, but with a slight adaptation to our framework.
For this we consider a driving coefficient GG satisfying the following assumptions:

(H3) The coefficient G : Q x [0,T] x R x R? is measurable, for every fixed (y, z),
progressively measurable, with respect to the backward filtration H and G is continuous

in (t,y,2);

ere exists some real-value -Imeasurable random variable : — suc
H4) Th i l-valued FR ble rand iable K : ' — R such
that |G(t,y, 2)] < K(1+ |2]*).

(H5) There exist real-valued ff—measurable random variables C' > 0, ¢ > 0, and
FE ® B([0, T))-measurable functions k, l. : Q' x [0,T] — R such that

‘%(t,y,z) < k(t) + C|z|, for all (¢,y,z2), P—a.s.,

0z

oG
6—y(t, y,z) < 1.(t) +€|z|?, for all (t,y,2), P — a.s.
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Remark 4.4. Due to the Lemmata -3 and -3, the function f in the equation (E7)
satisfies (H3) — (H5). In particular, K = exp{C'sup,c(o 11 |Bi|} for C € R appropriately
chosen.

Adapting the results by Kobylanski [61] (Theorem 2.3 and Theorem 2.6), we can state
the following:

Theorem 4.5. Let G be a driver such that hypotheses (H3)-(Hb5) hold and let & be a real-
valued Ho-measurable random variable, which is bounded by a real-valued fﬁ—measumble
random variable. Then there exists a unique solution (Y,Z) € H¥®(R) x HA(R?) of BSDE

¢ ¢
Yt:§+/ G(S,YS,Zs)ds—/ Zs | dWs, t € 10,T). (4.8)
0 0

Moreover, there exists a real-valued fﬁ—measumble random variable C' depending only on
esssup(y )« |Ye(w',w")| and K, such that

T
E [/ |ZS|2ds\f75] <C, P—as.
0

Remark 4.6. The conditional expectation E []]-"75] is here understood in the generalized
sense: if € is a nonnegative Ho-measurable random variable,

E[(|F7] = lim 1 E[§ An|FF](< o)

is a well defined ff—measumble random variable. If £ is not nonnegative we decompose
§=¢r-¢7, ¢ = max{¢, 0}, & = —min{¢, 0} and we put E[¢|FF] = E[¢*|FF]-E[¢~|FF]
on {min{E[¢*|FE], B[~ |FE]} < oo}.

Proof of Theorem F-J: We observe that the Brownian motion W possesses the (backward)
martingale representation with respect to the backward filtration H, i.e., given an Hg-
measurable random variable £ such that E [§2|.7:75] < 00, P-a.s., there exists a unique
process v € H%(R?) such that

T
ng[ﬂ}—YE]_/O Yr 4 AWy, P —a.s.

This martingale representation property allows to show the existence and uniqueness of a
solution of (A8) when G is of linear growth and Lipschitz in (y, z). Combining this with
the approach by Kobylanski [G1] allows to obtain the result stated in Theorem E73. |

By using Theorem EZ3, we are now able to characterize more precisely the solution of
BSDE (2=32).

Theorem 4.7. Under our standard assumptions on the coefficients o,b, f and &, BSDE
(E22) admits a unique solution (Y%, Zb%) in H(R) x HZ(RY). Moreover, there exists a
positive increasing process 6 € L°(H,R) such that

,
i <0, B | [128 st < expfesplC sup 1B}, P-as.
s€|0,

for all H-stopping times 7 (0 < 7 < t), where C is a constant chosen in an adequate way.
Furthermore, the process (Y4*, Z4%) is G-adapted.
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Proof: Due to Theorem I8, equation (E=7) has a unique solution (Y5* Z5%) in H°(R) x
HZ(RY).

Step 1. In order to give the estimates of (Y4% Z4%), we proceed as in Lemma 5.3
in [22]. In particular, we can show that there exists an increasing positive process 6 €
LO(FE [0,T)) such that P-a.s., |[Y&*| < 6,,0 < s <t < T. This process () can be chosen
as the solution of the following ordinary differential equation

dé, k4
— exp{C sup |B,[|}(1+6,); 6(0) = [®(XE7)],

ds 0<r<t

for some suitably chosen real constant C, i.e.,

0s = (|O(X5")| + 1) exp {exp {C sup \Br\} s} -1

0<r<t

Indeed, for M > 0, let ¢pr(y) be a C* function such that 0 < ppr <1, ppr(y) =1 for
ly| < M and @y (y) = 0 for |y| > M + 1. Defining a new function f™ by fM(t,z,y,z) £
f(t,z,y, 2)on(y) we see that the function fM also satisfies conditions (H3)-(H5). Ac-
cording to Theorem B, there exists a unique solution (Y M1 ZM4T) of equation (E27)
with f being replaced with f. The stability result in Kobylanski [61] shows that, when
M — 400, there exists a subsequence of Ytz
bility. Therefore, following Buckdahn and Ma’s approach and slightly adapted, we only
need to prove that y M g uniformly bounded by 6s. We apply the Tanaka formula to

Y Mtz t0 get that

converging to Y%* uniformly in proba-

S
Y| X+ [ s (Y0) P 0 Y 200y
0

— / sgn (Y,M00) ZMbT | AW, + Ly — Ly,
0

for a local-time-like process L such that L, = 0 and Ly = fst 1{Y1M,t,z:0}dLr. Now we

define a new function 1 (y) by letting ¢(y) = e*¥ — 1 — 2Ky — 2K?y?, for y > 0, and
Y(y) =0 for y < 0, where K is the bound in Remark 4. Then we apply the It6 formula

to w(‘YSM’m‘ —6,) and get

w (‘nM,t,x

— 95)
_ /s ¢/ (’YTM’t’z‘ _ er) sgn
0

X (YrM’t’x) <)EM (r, Xbe y M ZTM,t,z) —exp{C sup |By|}(1+ 9r)> dr (4.9)
0<u<t :

_ /S 1/)/ (‘Y;M,t,;r‘ o 07“) sgn (Y;M,t,z) Zi\/],t,x ! AW, + /S 17[), (‘Y;M,t,ac| _ er) drL,
0 0

1 ° " Mit,x Mta|?
g [ (] o) |z ar

The property of ¢ shows that [; 1/ <‘Y}M’t’$

- er) dL, = [34/ (=6,)dL, = 0. We also
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have
o (] = ) sem
(o) (4 X0 0 2300) —exp(C sup (BN +6,) ) do
< [T (] = o) (1 (p(V10) V00| = 6,) + K| Z0) i
Since 9" — 2K¢' > 0, we get from equation (&9) that
0 (VA = 0) <K [0 (V0] ) (pr A1) 0| - 6,) dr
- [ = o) sen () 2300 L aw,

Thus, we deduce that
E [ (|Y7] = 0) | Hs]

SE |: K/S d}/ (‘Y;M,t,ac| _ er) (@(Y;’Myt’x) ’Y;M,t,x‘ _ 01") dr
0

Hs] |
From the definition of 1) we get that ¢/(y) = 2K ((y) + 2K%y?). Hence, we have

E [w (‘nM,t,x

—0,)| Hs]
<E| / 219 (|0 = 6,) (o (V,M000) [V — 6,)
0

+ AR (|YMEE |~ 6,)  dr

There also exists a K such that Y3 < K Y (y), for all y € R. Consequently, we get that

E [ [V = 0s) | 7]

§2K2(M+\|0HOO7[0¢]+2K2R')/ E [¢ (|;Y5%| = 6,)| H] dr.
0

M,t,
Yg x

Finally, the Gronwall inequality shows that 1) ( — 6’5) =0, for any s € [0, t], P-a.s.

M.t
Y:Sv7x

Therefore, < 0, for any s € [0, t], P-a.s.

Step 2. We apply the It formula to eaysm, with a being a real-valued .7-}9 -measurable
random variable to be determined later, and we obtain

s S
anSt,ac :ea¢(Xé’x)+/ aanSf”(r’Xﬁ,x,Y;t@’Zﬁ,x)dr_/ %CLZ@GY:’w’Zﬁ’x‘QdT
0 0
S
_/ aanTtﬂ Zﬁ’widWr
0
ad(X5) ° L aY, o |yt (2 ° ay; "
< a7 4 =50 +lalK ) e Yo Tdr + - falKe®dr
0 0

S
aY,'® ot
—/ ae Z0 L dW.
0
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Let ((w') 1= esssupg g xqr YA (W, w")|(< +00,w’ € ). Hence, by taking the conditional
expectations E[-|H;] on both sides, we deduce that for any H-stopping times 7 € [0, T,

(30" - i) ticm | [ parje
2
- <1a2 . !a\K> E {/ |7, 2dr HT}

2 0

-
<E [e“‘b(Xé’z) L +/ \a|Ke“K?7Ids

We can choose a = 4K such that 1 2a —|a|K = 4K? and we get, keeping in mind that here

K is a random variable bounded by exp{C'sup,cjo4 |Bs|} (C € RT is a real constant, see

Remark @72),
2+ 4K%t
} < (KQ) 8K < oxp {exp{C’ sup \st}} (4.10)

[/ \Z””]er
s€[0,t]

Step 3. Let us show that the process (Y%, Z%®) is not only H- but also G-adapted.
For this we consider for an arbitrarily given 7 € [0, t] equation (E=7) over the time interval
[0, 7]:

Z12dp

S S
Vi = o(X5") +/ f(r, X0 vhe, Zbe) dr —/ Zb L dW,, sel0,7].  (4.11)

0 0
Let H] : .7-" VFE, t€[0,7]. Then H™ = {H] };c[0,- is a backward Brownian filtration
enlarged by a o- algebra generated by the fBM B, which is independent of the Brown-
ian filtration. Thus, with respect to H”, the Brownian motion W has the martingale
representation property. Since f (r,x,y, z) is G- and, hence, also ‘H]-measurable, dr a.e.
n [0, 7], it follows from the classical BSDE theory (or Theorem B7H) that BSDE (A1)
admits a unique solution (Y**7,Z5*7) € HX(R) x HZ(RY). On the other hand, also

(K«t’x’T,Zﬁ’w’T) is a solution of (EZ7). Hence, <}/T‘t’m7 Zﬁm) = (Et’x’Tyzﬁ’x’T)a dr a.e.,

for t < 7. Consequently, (Et’x,Zﬁ’x) is HI- measurable, dr a.e., for r < 7. Therefore,

letting 7 | ¢ we can deduce from the right continuity of the filtration F? that (Y%7, Z:7)
is G-adapted. ]

rel0,7]

Remark 4.8. We remind the reader that the bound we get in (E10) is only P-a.s. finite,
but not square-integrable. As a matter of fact, it is hard to prove directly that Zb* is a
square-integrable process, which constitutes the main reason that we use instead the space
HZ(RY). Hence, the major difference between our work and Buckdahn and Ma [22] is
In the classical case, a priori we can solve the BDSDE in the first step to get the square
integrability of Z, but in the fractional case, there is not a direct way to solve the BDSDE.

Now we are ready to give the main result of this section by linking the BSDEs (£22)
and (E20) with the help of the Doss-Sussmann transformation.

Theorem 4.9. Let us define a new pair of processes (UM*, V%) by

UL = s, V), V= Do, vim) 200,
dy
where (Y%, Z%) is the solution of BSDE (B22). Then (U%*, V1%) € HX(R) x HZ(RY) is

the solution of BDSDE (B22).
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Remark 4.10. The above theorem can be considered as a counterpart of Theorem 3.9 in
Jing and Leon [58] for the semi-linear case when H < 1/2. However, since we use here a
different Hurst parameter H and a different type of stochastic integral with respect to fBM
B, the above theorem obviously does not cover the result in [58].

Proof of Theorem F=9: The fact that (U, V%) € HX(R) x HZ(RY) follows directly from
Theorem B4 and Lemma B, In order to prove the remaining part of the theorem, we
just have to apply the It6 formula (Theorem B) to a(Ys™”, By), noticing (Y™, By) =
1(s,Y:™), to obtain that, for (s,z) € [0,#] x R?, the Russso-Vallois integral [; g(Up")d B,
exists and

—1
vt =)+ [ Ratt )| (oatrv) ) {7 (rxem s i)

9 t,xy 7t 1 Lt O t,xy ot t
T T - T »T T _ gt 4.12
S Y ZE) + S [(ZT T Vi) ZE | bdr = 20 LA, | (412
L[ t 0 t,xy 7t t
—— | tr (22T Z5n(r, VI 25| dr + a (Y,"*, B, )dB,.
2 Jo 2
Consequently,

U™ = ®(X°) + / flr, X%, UB*, VAR dr + / g(UF")dB, — / VAT L dW,. (4.13)
0 0 0

The proof is complete. ]
Now we close this section by a simple example to illustrate the idea of the above
procedure.

Example 4.11. Let us consider the linear case ( for simplicity of notations we omit the
superscript (t,x)):

{ AU, = U,dB, + f(Us, V,)ds + Vs | dW,, s € [0,4];

Uy = 2(X5") (1

It is elementary to show that a(y, z) = ye®. Hence, the solution (U, V') of equation (E14)
is given by Us = YseBPs and V, = ZyePs, where (Y, Z) is the solution of

{YO_ Jz( o, Zo)ds + Z, L dW,, s € [0,4]; (4.15)

).

and the function f is defined by f(y,x) = e Bt f(yePt, zeBr). Obviously f is Lipschitz
n (y,z) as far as f is Lipschitz. By following a classical Malliavin calculus method (see,
e.g., Pardouz and Peng [84]), we can get that Z is P-a.s. uniformly bounded and, thus, the
process {Ys, s € [0,t]} is (1/2 — e)-Holder continuous in s, for all e € (0,1/2). Therefore,
we have, for every r,s € [0,t], almost all ' € ',

Uy = Us| = [YrePr — Ve |
<V [locleBr — ¢B] + €lBl]Y; — V)

<exp{ sup ]Bu\}||YHOOC(w’)]r—s|O‘—|—exp{ sup |By |} C(w ')]r—s|1/2_a,
0<u<t

<u<t
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where we can choose « to be in (1/2,H). That is to say, we can choose 0 < e < o —1/2
and get that the process {Us, s € [0,t]} has a-Hélder continuous paths. Hence, instead of
using the Russo-Vallois integral with respect to the fractional Brownian motion in equation
(BTA) we can use the classical Young integral. Furthermore, thanks to Proposition 23,
these two integrals coincide.

Remark 4.12. In the latter example, the Young integral and the Russo-Vallois integral
coincide. Unfortunately, the Holder continuity seems to be very hard to deduce in the
general, nonlinear case. As a consequence, we have to work with the more general Russo-
Vallois integral.
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5 Associated Stochastic Partial Differential Equations

In this section we discuss briefly the relationship between an associated SPDE and a
PDE with stochastic coefficients. For simplicity, we only show the relationship for the
case of classical solutions. For a complete discussion of the case of (stochastic) viscosity
solutions, one can proceed by adapting the approaches in Buckdahn and Ma [22] and
Chapter 1.

Let £ be the second order elliptic differential operator:

R S VTN A o PN
L= 27;32::1(00 )”(:C)axi&cj + ;bz(m)f)xi’

which means that it is the infinitesimal generator of the Markovian process {Xﬁ’x, s € [0,t]}
defined by equation ().
Our aim is to study the following semilinear SPDE driven by the fBM B:

dv(t,z) = [Lo(t,z) — f(t,z,0(t,2),0(z) T Lo(t,2))] dt + g(v(t, 2))dBy,
(t,z) € (0,T) x R™; (5.1)
v(0,2) = ®(x), x € R™.

In the case that B is a Brownian motion (an fBM with Hurst parameter H = 1/2), it is
well known (see, Pardoux and Peng [84], Buckdahn and Ma [22]) that the random field
v(t,z) == UP" solves (60) (in the viscosity sense if the coefficients are Lipschitz, and in
the classical sense if the coefficients are C}), where U%® is the solution of BDSDE (£22).
Thus, it is natural to raise the following question: Can we also solve the SPDE (511) driven
by the fBM B, by studying the properties of the solution of its associated BDSDE (£=2)7
The answer is positive. Indeed, by applying the Doss-Sussmann transformation, we will
show that the PDE:

du(t,z) = (Lu(t,:p) - f(t,x,u(t,x),U(:L‘)Ta%u(t,x))) dt, (t,z) € (0,T) x R™;
U(O,$) = ‘b(l‘), x € R,
(5.2)
is transformed into SPDE (B), where we recall that

[tz y,2) = (;yn(uy)) h {f(t,w, n(t,y), ;yn(t,y)Z) + %Tr [zg;n(ty)zT} } :

We also observe that following a similar argument as in Kobylanski [61], under some
smoothness assumptions, u(t,z) := Ytt’w, (t,z) € [0,T] x R™ is the solution of equation
(62), where Y%? is the solution of BSDE (2-7).

First we give the definition for the classical solutions of equations (51) and (52).

Definition 5.1. We say a stochastic field w: Q' x [0,T] x R™ = R is a classical solution

of equation (B) (resp., (B2)), if w € C@ﬁ“ and satisfies equation (B) (resp., (B2)).
We have the following proposition.

Proposition 5.2. Suppose that u is a classical solution of equation (52), then u(t,x) =

n(t,u(t,x)) = a(u(t,z), By) is a classical solution of SPDE (). The converse holds

also true: Every classical solution U of equation (B) defines a classical solution u(t,z) =
E(t,u(t,x)) of equation (B2).

2. C]g},? is the space of FZ-adapted processes u(t, z) which are continuous in ¢ and C? in .
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Proof: The claim that a(¢t, x) € C’§§ follows from the regularity property of the functions
« and u and the fact that u is FP-adapted. Moreover, we first observe that @(0,2) =
n(0,u(0,z)) = u(0,x) = ®(x), and we apply the It6 formula to @(¢, x) to obtain:

da(t, x) :gya(u(t,x),Bt) (Lu(t,x) —f (t,x,u(t, x),a(x)Taaxu(t,x))> dt

+ aaOé(’U,(t, .II), Bt)dBt

= laayoz(u(t, x), By)Lu(t,x) — f<t, x,n(t,u(t,z)), ann(t’ u(t, x))a(@T (5.3)

2
aiu(t,x)) - %Tr [U(J:)T;Eu(t, x)aa?ﬂn(t,u(t,x))gpu(t, z)TJ(:U)] ]dt

+ 2Oé('LL(?f, .'IZ‘), Bt)dBt

We notice that

%ﬁ(t,w) = %[a(u(t,m),Bt)] = (883/0[) (u(t,x),Bt)aﬁu(t,x),

X

;;a(t,x) :a%u(t,:c) <§;a> (u(t,z), Bt) (ai“(t@))T
2

+ (550 W) B it o)

Thus, by substituting the above relations into (533), we can simplify the equation (B33)
and we get

da(t,x) = [Lﬁ(t,:v) — f (t,a:,ﬁ(t,x),a(:v)T(,ia(t,:UO} dt + g(a(z,t))dB;. (5.4)
Consequently, @ is a solution of SPDE (6). The proof of the converse direction is analo-
gous. The proof is complete. ]

In order to summarize, we have constructed a solution of SPDE (Bl) with the help
of the fractional BDSDE (E=2), by passing through the quadratic BSDE (EZ2) and the
associated PDE (52) with random coefficients:

Thm. 9 .
fract. BDSDFE (B2) = quadratic BSDE (B-0)
4
fract. SPDE (B1) @2 ppp (B2) (with random coef ficients).

Proposition B2 shows that, in the case of a classical solution, the Doss-Sussmann
transformation establishes a link between PDE (62) and SPDE (B-T). This motivates us to
give the following definition of the stochastic viscosity solution. For the cases H € (0,1/2],
the reader is referred to Buckdahn and Ma [22], Jing and Ledn [568]. For the classical
definition of the viscosity solution, we refer to Crandall et al. [28].

Definition 5.3. A continuous random field @ : Q' x [0,T] x R™ — R is called a (stochastic)
viscosity solution of equation (B) if and only if u(t,z) = E(t,u(t, x)), (t,x) € [0,T] x R™
is the viscosity solution of equation (B2).
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By following a similar argument as that developed in the proof of Theorem 4.9 in Jing
and Leén [B8], our preceding discussion leads to the following theorem:

Theorem 5.4. The stochastic field @ : Q' x [0, T]xR" — R defined by a(t, z) £ a(Y;"", B;)
is a (stochastic) viscosity solution of SPDE (B).



Chapter 3

Regularity Properties of Viscosity
Solutions of Integro-Partial
Differential Equations of
Hamilton-Jacobi-Bellman Type

Abstract: We study the regularity properties of a certain class of integro-
partial differential equations of Hamilton-Jocobi-Bellman type with terminal
condition, which can be interpreted through a stochastic control system, com-
posed of a forward and a backward stochastic differential equation, both driven
by a Brownian motion and a compensated Poisson random measure. More pre-
cisely, we prove that, under appropriate assumptions, the viscosity solution of
such equations is jointly Lipschitz and jointly semiconcave in (¢,z) € A x R?,
for all compact time intervals A excluding the terminal time. Our approach is
based on the method of time change for the Brownian motion and on Kulik’s
transformation for the Poisson random measure. It extends earlier works by
Buckdahn, Cannarsa and Quincampoix (2010) and by Buckdahn, Huang and
Li (2011) on regularity properties for viscosity solutions of Hamilton-Jacobi-
Bellman partial differential equations without and with obstacle.

Keywords: backward stochastic differential equations; Brownian motion; Poisson
random measure; time change; Kulik transformation; Lipschitz continuity; semiconcavity;
viscosity solution; value function.

MSC 2000: 35D10, 60H30, 93E20.
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1 Introduction

We are interested in the regularity properties of the viscosity solution for a certain class
of integro-partial differential equations (IPDEs) of Hamilton-Jacobi-Bellman (HJB) type.
In order to be more precise, let us consider the following possibly degenerate equation:

0
aV(t,x) + &Iellfj{(ﬁu + BV (t,z)+ f(t,z,V(t z), (D Vo)(t, x),

Vit,z + p(t,z,u,-)) — V(t,x),u)} =0;
V(T,z) = ®(z), o
1.1

where U is a compact metric space, L is the linear second order differential operator
Ll(x) =t Lot D? b(t -D C% (R4
¥ .T) = 20-0- ( 71‘7“) xx@(x) + ( ,SL‘,U) I@(‘T)’ ¥ € ( )7
and B" is the integro-differential operator:

Bfo(z) = /E[so(fv +B(t,z,u€)) — p(x) = B(t,x,u,e) - Dap(a)T(de), @ € Cy(RY).

Here, II denotes a finite Lévy measure on £ = R"\{0}. Our main results say that, under
appropriate assumptions, for all § > 0, the viscosity solution V is jointly Lipschitz and
jointly semiconcave on [0,T — §] X R?, i.e., there is some constant Cj such that

|V (to, zo) — V(t1,21)| < Cs(|to — t1] + |zo — z1),

AV (to, w0)+(1=A)V (t1, 1) < V (Ao, m0)+(1=A)(t1, 1)) +CsA(1=N)([to—t1|*+|mo—21]?),

for all (to, o), (t1, 1) € [0, T — 6] x RE. The joint semiconcavity of V stems its importance
from the fact that, due to Alexandrov’s theorem, it implies that V has a second order
expansion in (t,z), dtdz-a.e. Such expansions are important, for instance, for the study
of the propagation of singularities.

Although, at least for PDEs of HJB type, the regularity of the solution of strictly
elliptic equations (with oo? > al, for a > 0) has been well understood for a long time,
the joint regularity (Lipschitz continuity and semiconcavity) in (¢,z) for the viscosity
solution of such equations, for which oo’ is not necessarily strictly elliptic, have been
studied only recently. However, under suitable hypotheses, the Lipschitz continuity and
the semiconcavity of V (¢, z) in = as well as the Holder continuity of V' (¢, x) in ¢ has already
been known for a longer time. As concerns the semiconcavity of V(¢,z) in z, a purely
analytical proof was given by Ishii and Lions [65]; for a stochastic proof the reader is
referred, for example, to Yong and Zhou [I08]. Concerning the Lipschitz continuity of V'
in x and the Holder continuity in ¢ (with Holder coefficient 1/2), we refer, for example,
to Pham [95]. Krylov [64] suggested the joint Lipschitz continuity of V(¢,x) on (¢,x).
However, counterexamples show that, in general, one cannot get the Lipschitz continuity
or semiconcavity in (£,x) for the whole domain [0, 7] x R?. In Buckdahn, Cannarsa and
Quincampoix [I8], it was shown that the viscosity solution of PDEs of HJB type (with
B = 0) is Lipschitz and semiconcave over [0,T — §] x R? for § > 0. In Buckdahn, Huang
and Li [19], these results were extended to PDEs with obstacle. The approach in [I¥]
and [[Y] consists in the study of the viscosity solution V' with the help of its stochastic
interpretation as a value function of an associated stochastic control problem; it uses,
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in particular, the method of time change, which was translated to backward stochastic
differential equations (BSDEs) in [1Y].

In this chapter we study the joint regularity of V (¢, x) in (¢,z) through the stochastic
interpretation of the above HJB equation as a stochastic control problem composed of a
forward and a backward stochastic differential equation (SDE). More precisely, let (¢,z) €
[0, 7] x RY, B = (By) se[t,7) be a d-dimensional Brownian motion with initial value zero at
time ¢, and let u be a Poisson random measure on [t,T] x E. We denote by F the filtration
generated by B and y, and by UP#(t,T) the set of all F-predictable control processes with
values in U. It is by now standard that the SDE driven by the Brownian motion B and
the compensated Poisson random measure fi:

S S S
Xt =t [bln X ude s [ ot X B+ [ X or.de),
t t tJE
(1.2)

s € [t,T], has a unique solution under appropriate assumptions for the coefficients. With
this SDE we associate the BSDE with jumps

T T
YER = (X [ X Y 2 U udr — [z aB,

S

T S
—/ /EUﬁ’w’“(e)ﬂ(dr,de), s € [t,T). (1.3)

(As concerns the assumptions on the coefficients, we refer to the hypotheses (H1)-(H5)
in Section 2 and Section 3.) From Barles, Buckdahn and Pardoux [M0] we know that the
above BSDE with jumps (I=3) has a unique square integrable solution (Y5%u, zZt@u {jte.u),
Moreover, since Y44 is F-adapted, Yf’m’u is deterministic. It follows from Barles, Buck-

dahn and Pardoux [0] or Pham [95] that the value function
Vt,z)= inf Y™ (t,2) €0,T] x R? 1.4
(ha) =t VI () €0 (1.4

is the viscosity solution of our IPDE.

Since unlike [IR] and [[9], our system involves not only the Brownian motion B but also
the Poisson random measure p, the method of time change for the Brownian motion alone
is not sufficient for our approach here. So we combine the method of time change for the
Brownian motion by Kulik’s transformation for Poisson random measures (see, [65] [66]).
To our best knowledge, the use of Kulik’s transformation for the study of stochastic control
problems is new. Because of the difficulty to obtain suitable LP-estimates of the stochastic
integrals with respect the compensated Poisson random measure (see, for example, Pham
[@5]) we have to restrict ourselves to the case of a finite Lévy measure II(E) < +o00. The
more general case where [,,(1 A |e|?)II(de) < +oo remains still open.

This chapter is organized as follows. In Section 2 we introduce our main tools, i.e.,
the method of time change for the Brownian motion and Kulik’s transformation for the
Poisson random measure, with the help of which we study the joint Lipschitz continuity
for the viscosity solution of the IPDEs of HJB type. This method of time change for the
Brownian motion combined with Kulik’s transformation is extended in Section 3 to the
study of the semiconcavity property for the viscosity solution of IPDE (). The proof of
more technical statements and estimates used in Section 3 is shifted in the Appendix.
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2 Lipschitz Continuity

In this section, we prove the joint Lipschitz continuity of the viscosity solution of a
certain class of integro-differential Hamilton-Jacobi-Bellman (HJB) equations.

Let T be an arbitrarily fixed time horizon, U a compact metric space, £ = R4\ {0} and
B(E) be the Borel o-algebra over E. We are concerned with the integro-partial differential
equation of HJB type (). The coefficients

b:[0,T] xRIxU - RY, 0:[0,T] x REx U =R 5:[0,T] xR x U x E — RY,

f:[0,T] xREx R xR x L?(E,B(E),I;R) x U - R and ®:RY =R

are bounded continuous functions which satisfy the following conditions:
(H1) There exists a constant K > 0 such that, for any & = (s;,v;) € [0,7] x R4, u €
Ui=1,2,

1/4
b(Ers 1) — b2, w)] + [0 (Ersa) — o2, u)] + ( [ B u.e) - e e>|4n<de>>
<K(|s1 — s2| + |y1 — v2|).

(H2) The function f is Lipschitz in (¢, z,y, 2z, p), uniformly with respect to u € U, and the
function @ is a Lipschitz function.

The integro-PDE (I), as is well-known by now (see, for instance, [[0]), has a unique
continuous viscosity solution V(¢,z) in the class of the continuous functions with at most
polynomial growth.

Let {BY}s>0 be a d-dimensional Brownian motion defined on a complete space (1, F1,
P1), and 7 be a Poisson random measure defined on a complete probability space (Qg2, Fa,
Py). We introduce (2, F,P) as the product space (2, F,P) = (Q1, F1,P1) ® (Qo, F2,P2) =
(1 x Q9, F1 ® Fa,P; @ Py). The processes B and 7 are canonically extended from
(Q1, F1, Py) and (Qg, F2, P2), respectively, to the product space (2, F,P). We denote the
compensated Poisson random measure associated with n by 7, i.e., 7(dt,de) = n(dt, de) —
dtII(de). We assume throughout this paper that the Lévy measure II is a finite measure
on (E,B(E)).

We define the process {Bs}s>¢ by putting

B,=BY- B, sc|tT], (2.1)

so that {Bs}s>¢ is a Brownian motion beginning at time ¢ with B; = 0. Furthermore,
we denote by p be the restriction of the Poisson random measure n from [0,7] x E to
[t,T] x E, and by [i its compensated measure.

We put

FB =o{B,,r€[t,s]}VNp,, F'=0c{u((t,r] x A):AcB(E),r <[t s]} VNp,,

and
Fs=(FB @ FEYV N, s¢€lt,T),

where Np,, Np, and Np are the collections of the null sets under the corresponding prob-
ability measure.
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Let us also introduce the following spaces of stochastic processes over (2, F,P) which
will be needed in what follows. By S%(t,T;R?%) we denote the set of all F-adapted cadlag
processes {Ys;t < s < T} such that

sup |Yi?| < o0.

1Y ls2(,7rey = E
t<s<T

Let L2(¢,T;R?%) denote the set of all F-predictable d-dimensional processes {Z; : t < s <

T} such that
1/2

T
1 Z |2 t,7rey = <E [/t |Zs|2ds}> < oo0.

Finally, we also introduce the space L2(t, T} i, R) of mappings U : Q x [0,T] x E — R
which are F-predictable and measurable such that

U 2 e, rs,m) = ([//\U )PII(de)d ])1/2<oo.

Let us now consider the following stochastic differential equation driven by the Brow-
nian motion B and the compensated Poisson random measure fi:

Xﬁ’x’“—x—l—/ b(r, X} ur)dr—i—/ o(r, X" u,)dB, +// Br, Xp 2" uy, e)fi(dr, de),
t

(2.2)
s € [t,T], where the process u : [t, T]x§2 — U is an admissible control, i.e., an F-predictable
process with values in U; the space of admissible controls over the time interval [¢,T] is
denoted by UP#(t,T). The following theorem is by now classical:

Theorem 2.1. Assume the Lipschitz condition (H1). For any fized admissible control
u(-) € U(t,T), there exists a unique adapted cadlag solution (Xﬁ’x’")se[tﬂ € S%(t, T;RY)
of the stochastic differential equation (22).

We associate SDE (222) with the backward stochastic differential equation

}/St,x,u _ @(thu / f Xtacu thu Zta:u Utacu ur)d'r—/ thudB

//Utx“ f(dr,de), set,T). S

Then from Barles, Buckdahn and Pardoux [I0], Tang and Li [I04], we know that this
BSDE has a unique solution

(vhou gheu gtewy e S2(¢ T:R) x L2(t, T; RY) x L2(t, T; i, R).

Notice that Y;**" is F-measurable, hence it is deterministic in the sense that it coincides
P-a.s. with a real constant, with which it is identified. Thus, we have

T
}/tt,x,u ) |:Ytt,x,u} - |:/ f(T, Xﬁ,x,u’ YTt,a:,u’ Zﬁ,m,u7 U;ﬁ,x,u’ ur)dr + ‘I)(X;«’Lu) ]
t
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As usual in stochastic control problems, we define the cost functional J(¢,x;u) associated
with u € UBH(0,T) by setting J(t, z;u) := Y;"™", and the value function is defined as
follows:

— ; . d
V(t,z) = uc)@l{gi(t’T)J(t,m,u), (t,x) € [0,T] x R®.

It is well known by now that V = {V(¢,z) : (t,x) € [0,T] x R%} is a continuous viscosity
solution of the HJB equation (). Moreover, V is the unique viscosity solution in the
class of continuous functions with at most polynomial growth (see: [95], [T06]).

Our main result in this section is the following theorem.

Theorem 2.2. Let 6 € (0,T) be arbitrary but fized. Under our assumptions (H1) and
(H2), the value function V (-,-) is jointly Lipschitz continuous on [0,T — 6] x R%, i.e., for
some constant Cs we have, for all (to, zo), (t1, 1) € [0,T — §] x R4:

|V (to, w0) — V(t1,21)| < Cs(|to — t1| + |zo — 21]).

Remark 2.3. In general we cannot expect to get the joint Lipschitz continuity over the
whole domain [0,T] x RY. In [18] is given an easy counterexample: We study the problem

XY =g+ B, sc[t,T], z€R;

}/st,x - _FE HX;:E

7] = —Elle+Brl|lF], seltT),
without control neither jumps. Then
V(t,2) =Y," = —E[lz + Brl],

and, for x = 0, recalling that B is a Brownian motion with B, = 0, we have

V@m_—mwﬂ_—¢?ﬁuutemjy

Obviously, V(-,x) is not Lipschitz in t for t = T. However, V is jointly Lipschitz on
0,7 — 4] x R, for d € (0,T).

Let us introduce now Kulik’s transformation in our framework. The reader interested
in more details on this transformation is referred to the papers [65] and [66].

Let to,t; € [0,7T] and let, for ¢t = to, u be the Poisson random measure which we have
introduced as restriction of n from [0,7] x E to [tg,T] x E. With the help of p we define
now a random measure 7(u) on [tg, T] x E. Denoting by

T [tl,T] — [to,T]

the linear time change

—Os—ty), s€t, T,

—¢
T(s) =to+ 7

we put
T(p)([t1, 8] X A) := u([r(t1),7(s)] x A), t1 <s<T, A € B(E).
_ T—=to

Observing that 7 = 7(s) = 7=, we put
T -t
=ln(7)=1 .
=) = (=)
From Lemma 1.1 in Kulik [65] we know that, for all {sy, - ,sp,} C [t1,T], Ay, -+, Ay, €

B(E) and all Borel function ¢ : R" — R*, we have
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Lemma 2.4.
Elo(r(p)([tr, s1] x Av), -+, 7(p)([t1, sn] x An))]

=K [pT‘p(n([tla 51] X Al)v T an([tla Sn] X Aﬂ))] )

where
pr = exp{yn([t1, T] x E) — (t1 — to)II(E)}.

For the convenience of the reader we sketch the proof. However, we restrict to a special
case (n = 1), the proof of the general case n > 1 can be carried out with a similar argument
and can be consulted for the more general case II(E) = 400 in [B3].

Proof: (for n = 1). Observing that for Ay = F\Ay,
([t s1] x A1), n(ls1, T x A1) and - p([t, T] < Ag)

are independent Poisson distributed random variables with the intensities (s —t1)II(A;),
(T — s1)II(A1) and (T — ¢1)II(Ay), respectively, we have

Elpro(n([t; s1] x A1))]

_{ S (k) exp{k + 4L — (b — o)TI(A)}x

k>0

<enp(—(7 - aia = IOOR (= op )

k! I

X { > " exp{ym — (t1 — to)II(A2)} exp{— (T — t1)TI(Az)}

m>0

:Il X IQ.

(T — t)TI(Ag))™ }

m!

But, taking into account the definition of v and that of 7(s;) we have
I = k T (A}~ (LT nay)
1 =9 > (k) exp{—(T — to)II( g T4 (s1—t)I(Ay) | px
k>0
1/ (Tt !
X {Zl' ((T—h) (T - Sl)H(A1)> }

>0
={ S (k) exp{~(T — 1) H(A1)} 37 (((s1) — o) TI(AD)* } exp{ (T — 7(s1))II(A1)}
k>0
=" o) expl—(r(s1) — t0)TH(A} 5 ((r(s1) — 10) T(A1))"
k>0

—Elp(r(u)([t1,51] x A1)

In analogy to the computation for I, but now with ¢ = 1, we get that I = 1. Conse-
quently,

Elpro(n([tr; s1] x A1)] = Elp(r(p)([tr, 1] x A1))]-

Hence the proof is complete. [
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From the above lemma we have, for all n > 1, {s1,---,s,} C [t1,T], A1, -+, A, €
B(E) and ¢ : R™ — R* Borel function,

Elp(n([t1, s1] x Av), -+ n([tr, sn] x Ap))]
=E[pro(n([t1, s1] x A1), ,0([t, sa] X Ap))
x exp{—yn([t1, T] x E) + (t1 — to)I1(E)}]
=E[o(7(1)([t1, 1] x A1), -+, n([t1, 50) X An))
x exp{—7(p)([t1,T] x E) + (t1 — to)TI(E)}]
=E [gr(7 (1) ([t1, 51] X A1), n([t1, sn] X An))],

for g, = exp{—7(u) ({11, T] x E) + (t1 — to)TI(E)}.
This allows to show that under the probability measure Q, = ¢.P, the point process
7(1) defined over [t1,T] x E, has the same law as the Poisson random measure 7 restricted
to [t1,T] x E, under P. Consequently, under Q, = g,P, 7(n) is a Poisson random measure
with compensator dsII(de).
We use the same time change 7 : [t1,T] — [to, T] in order to introduce the process

1
\ﬁBT(t)a t e [ty,T].
We observe that W = (W}),cpy, 77 is a Brownian motion under the probability P but
also under Q, = ¢,P (Indeed, B and g, are independent under P), and W and 7(u) are
independent under both P and Q,.
Let € > 0. From the definition of the value function V,

Wi =

Vit 5 - inf J(t ) ) )
(to, o) ueuég(tmﬂ (to, zo,u)

we get the existence of an admissible control u® € UB#(tq, T') such that
J(to, zo, u’) < V(tg,z0) + €.

We define
ut(t) = u¥(7(t)), t € [t1,T).

Then, obviously, u! € Y7 (t1,T), i.e., u' is a U-valued process predictable with respect
the filtration

FTW = oW, r(w) ([t 5] x A), s € [t1,8], A € B(E)} VNp, te[t,T),

generated by W and 7(u).
Let now X0 = {X 0}5 €lto,T] be the solution of the forward equation

X0 = ot [ b, X2, r>dr+/ o, X0 )aB+ [ [ B X2 et de), (2:3)
to to

s € [to,T], under the probability P, and let X! = {Xl}set 7] be the solution of the

equation

Xl =+ b(r X! T)dr+/ o(r, Xt ub)dw, +/ / B(r, XL ul e)r ( ) "(dr, de),
t t
1 ' (2.4)
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s € [t1,T], under probability measure Q,. Notice that the compensated Poisson random
measure f under P is of the form

f(ds,de) = p(ds,de) — dsII(de), (s,e) € [to,T] x E,
while the compensated Poisson random measure for 7(u) under Q; has the form
@)Qf(ds,de) = 7(p)(ds,de) — dsll(de), (s,e) € [t1,T] x E.

We employ the BSDE method to prove the Lipschitz continuity of the value function
V. For this we associate the above SDEs with the following BSDEs with jumps:

T
:@(X%)Jr/ flr, x2,72, 20 U0 ul)dr —/ ZdB, / /UO fi(dr, de), (2.5)

€ [to, T], under probability P, and

T
Y;:@(X}H/ fer,xt vtz ul T)dr—/ ZYaw, — / /U1 drde)
’ ’ (2.6)
s € [t1,T], under probability Q,. From [I0], we know the above two BSDEs have unique

solutions (Y0, Z°, U%)= (Y2, Z0,UQ)scpy ) and (Y1, Z4,UY) = (Y}, Z1,Ud)seppy 1y ve-
spectively. While Y is adapted and Z9 and U? are predictable with respect to the filtra-
tion generated by B and u, Y! is adapted and Z! and U! are predictable with respect
the filtration generated by W and 7(u). Thus, Ytg and Y;i are deterministic, and from the
definition of the cost functionals we have

V- = Jltpania®) e < Vitwao) (= it Jtnawi)). @0

and

Yﬁ = J(tl,xl;ul) 2 V(tl,l’l) <: inf J(tl,l’l;u)) . (2.8)
we€ldWor () (t1,T)
Here we have used that the stochastic interpretation of V' does not depend on the special
choice of the underlying driving Brownian motion and the underlying Poisson random
measure with compensator dsII(de). In order to show the Lipschitz property of V in
(t,z), we have to estimate

V(to,l‘o) — V(tl,l‘l) ZJ(t(),SL‘Q;’LLO) — J(tl,axl;ul) — &
A

However, in order to estimate the difference between the processes Y and Y'!, we have to
make their both BSDEs comparable, i.e., we need them over the same time interval, driven
by the same Brownian motion and by the same compensated Poisson random measure. For
this reason we apply to SDE (24) and BSDE (28 ( ) the inverse time change T4 (o, T) —
[t1,T]. So we introduce the process X! = {X! }se[to 1) by setting XJ = Xl,l( ). We also

observe that W -1(,) = \TT'B’" and uT,l(r) =0, 1 € [to, T]. Obviously, X' € S2(to, T;R)

is the unique solution of the SDE

)A(:Sl = X1+ / b(T_l('f'),)}},U71_71(T))d7'_1(7“) + / 0‘(7'_1(7”),)?:,Uql_fl(r))dWT—l(,,’)

to to
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/to/ Bl (), Xo o upes (r)ve):@)@T(dT”(r%de)
= x1+/ Zb(r(r), X}, Tdr—i—/to r), X1, u?)dB,

/to / Bl (), Xpou, )(ﬂ(dr,deH (1—i> H(de)dr)_ (2.9)

This time change in equation (24) makes the processes X° and X! comparable. More
precisely, we have

Lemma 2.5. There exists some constant Cs, only depending on the bounds of o, b, 3, their
Lipschitz constants, as well as on II(E) and 6, such that, for all t € [ty, T,

0o w1|?

E| sup ‘Xs - X! |A

t<s<T

< Cs <\t0 —t1* + | X7 - th|2> :
For the proof of this lemma we need the following estimates gotten by an elementary

straightforward computation (see [I¥], [19]).

Lemma 2.6. There is a constant Cs only depending on § > 0, such that for all r € [ty, T,
we have

1
‘1 — %’ + |77 ) = |+ ’1—\@‘ < Cslto — t1].

Proof (of Lemma Z4): By taking the difference between the SDEs (E23) and (29) and
after the conditional expectation of the supremum of its square, we get from Lemma 28
and the assumptions on the coefficients, for s € [¢,T7,

E XV - Xx!

~r2‘ﬂ]
= |- XM\ vxsw-;« 0. B

[ ez e |- 1

[ (oo xtu - }a( o). X)) ap

sup
rel(t,s]

II(de)dw

+ sup
relt,s

+ sup
relt,s]

/ / (v, X0, u),e) — B(r 7 (v), X}, ul, )> fi(dv, de)
([(‘l_i‘ﬂfl(v)—vh‘xg_fq
-

12 s _
< Cé<’XtO_XtI‘ +|t0—t1!2)+05/E“X3—X5
t

Finally, from Gronwall’s inequality, we have

< C‘XE—)N(,}‘ +CE

+CE

+ ‘T_l(v) — v‘ + ‘XS — )?1}

2
|7

E [ sup ’XE - X! < Cs (\to — b1 + X7 —)N(t1|2) :

s€t,T)
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Hence the proof of Lemma P73 is complete now. [

After having made comparable X and X! by the time change of X', we make now

Y? and Y! comparable. For this we put }71 = YTl 1(s)? Zsl = \}ZTl 1(s) and (71 =
Ul iy s € [to, T). Then (Y1, Z1,U") = (Y}, Z1, U} )eptor) € S%(to, T; R)XL2(to, T; RY) x

L2(t, T; ji, R) is the solution of the BSDE

T~
(X1 / SN ), XY, VFZE U ul)dr —/ ZdB,

/ / U} < (dr,de) + <1 - > H(de)dr) , 5 € [to, T},

with respect to the same filtration F as (Y9, 2%, U°).
For the above BSDE, we have the following a priori estimates which can be proven by
a straight-forward standard argument:

(2.10)

Lemma 2.7. Under hypothesis (H2), there exists some constant Cs, only depending on
the bounds of o,b, 3, their Lipschitz constants, as well as on II(E) and 6, such that,

w2 [
s€ft,T) t

Now we can state the key lemma for proving the joint Lipschitz continuity of V.

d

(2.12)

E dr + II(de)dr|Fi| < Cs < 400, te€ [to,T].

(2.11)

Lemma 2.8. Under our standard assumptions (H1) and (H2), we have

~ T 2 T
E | sup |YSO—Y81|2—|—/ dr—l—/ /
s€[t,T) t t E

<Cs (Jto— a2 + X0 = X12), t € [to,T).

~ ~ 2
70— 7} - Url(e)‘ T(de)dr

Proof: First we notice that, for s > t,
YY) -V} =0(X9) — ®(X})

o (7 X2V, 20,020 = L1 00, RETAVAZL T ) ) o
_/S (20— 2!)a, - // (09(c) — T} (e)) i, de)
/ / <1_> (e)drTI(de).

We apply It6’s formula to |[Y? — 1751|2 and, using the boundedness and the Lipschitz con-
tinuity of ® and f, as well as Lemma 28, we deduce that

- T 2 T
\YSO—YS1|2+/ dr—i—/ /

< @(X%)—@(XT +O/ ‘XO XL dr+C’/ —V1Pdr

~ ~ 2
20— 7} - Uﬁ(e)’ TI(de)dr
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_Q/ST (YTO—?:> <ZQ_Z}) dB, + Clto — t1)?
(207 (w0 - 02 +
+C\to—t1!2/ST< 2+/E

By taking the conditional expectation on both sides, using Lemma P, the a priori estimate
(213) and Gronwall’s lemma, we obtain, for tg <t < s < T,

- T 2 T
E[|Y30Y51|2+/ d?“+/ /
s E

S

W@»JE@ﬁ)mw@@

21

ﬁﬁ(e)r H(de)) dr.

7207 U9(e) — ﬁ}(e)f T1(de)dr

5
<Cs (’to —t1* + | X7 - )~(t1|2) :
Then the Burkholder-Davis-Gundy inequality allows to show that

9 T
dr+/ /
t JE

<Cs (Jto — ta? +1X0 = X}, 1€ [to, 7],

T
E[mm|w%4ﬁﬁ+l 7 -7

~ 2
U%(e) — U}(e)‘ T(de)dr
s€t,T)

|

The proof is now complete. |
Now we are ready to give the proof of Theorem P22

Proof of Theorem Z3: By taking t = ¢ in (Z13), we have
YO -V = Y0 - VAP
<Cs (Ito — 62 + 1X5, = X ?) = Cs (Ito — a* + X5, - XA )
=Cs (|to — t1]* + |vo — 1]?) -
Therefore, from (277) and (Z3), we get that
V(to, CL'()) — V(tl, .’El)
2J(t0,x0;u0) — J(tl,xl;ul) —€
V)T e

> — Cs(|to — ti| + |xo — z1]) — &,

for some Cys only depending on § but not on (tg, zo), (t1,21) € [0, — §] x RZ. Thus, from
the arbitrariness of €, we deduce that

V(t0,$0) — V(tl,xl) > —C5(|t0 — t1’ + |.7)0 — x1|)

Symmetrical argument yields the converse relation. Consequently, the joint Lipschitz
continuity of V over [0,T — 6] x RY, ]
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3 Semiconcavity

We study in this section the semiconcavity property of the viscosity solution V' and
to extend for this the method of time change and Kulik’s transformation used in the
preceding section.

For the semiconcavity property, we need more assumptions on the coefficients:

[0, T] x REx R x RY x L2(E, B(E), II; R), uniformly with respect to u € U, i.e., there exists
a constant C' > 0, such that, for any & £ (t1,21,y1,21,01), &2 £ (t2, x2, Y2, 22, p2) in

[0, 7] x R x R x RY x L?(E,B(E),I;R), and A € [0,1], u € U,
Af(€r,u) + (1= A) f(&2,u) — fF(AG + (1 — A)é2,u)

<OMN1-)) (\tl —tof? + |21 — 22|* + |y1 — w2l + |21 — 22 +/ Ip1(e) — p2(€)|2H<d€)> :
B

(H4) The first-order derivatives V;;b, V;,0 and V.5 of b, 0 and § with respect to
(t,z) exist and are continuous in (¢,z,u) and Lipschitz continuous in (¢, ), uniformly
with respect to wu.

(H5) There exist two constants —1 < C; < 0 and C2 > 0 such that, for all (¢,§) :=
(t,2,9,2) € [0,T] x REx R x RY, w € U, and p,p’ € L*(E, B(E),II;R),

Ft.6,pu) — f(t, €9, u) S/(p(e) —p() P (e)TI(de),

E

where {75"P¥ (e) }eo,r) s a measurable function such that, for every t € [0, T7,

Cr(1 A le]) < AE"PP (e) < Co(1 A Je]).

Our main result in this section is the following:

Theorem 3.1. Under the assumptions (H1) — (HS5), for every 6 € (0,T), there exists
some constant Cs > 0 such that, for all (to, o), (t1,21) € [0,T — 8] x R%, and for all
A€0,1]:

)\V(to,l‘o) + (1 — )\)V(tl,l‘l) — V(t)\,x,\) S C(;)\(l — )\)(‘to - t1’2 + ‘JJO - .’L‘1|2),
where ty = Atg + (1 — N)t1, 25 = Axg + (1 — V).

Remark 3.2. Again as in the case of the Lipschitz continuity, we cannot hope, in general,
that the property of semiconcavity holds over the whole domain [0,T] x R%. Indeed, let us
consider the example given in the preceding section (Remark 2Z23). In particular, we have
gotten there that

2
V(s,0) = E[®(X;")] = E[-|Br — B[] = —\/;\/T —s5, s€0,T].
However, it is easy to check that this function V is not semiconcave in [0,T] x R?, but it

has this semiconcavity property on [0,T — §] x R%, for all § > 0.

The proof of Theorem B will be based again on the method of time change. But
unlike the proof of the Lipschitz property, we have to work here with two time changes. In
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order to be more precise, for given § > 0, (tg,zo), (t1,21) € [0,T — 6] x R?, let us consider
the both following linear time changes:

T —t
75 [t T = [ta, T), 7ilt) =ty + T_;‘(t—ti),
(2

with the derivatives 7; = -, P, tet,T), i=0,1.
For t = ty, we let B = {Bs}ct,, 7] be a Brownian motion starting from zero at ty:
Bi, = 0. Then {W! = \ﬁBﬂ s)}selt;,7) 1s a Brownian motion on [t;, T, starting from zero

at time t;, ¢ = 0, 1. For ¢ = ty, let u(dr,de) be our Poisson random measure on [ty,T] x E
under probability P. Then 7;(u),7 = 0,1, defined as the Kulik transformation of pu,

73 (1) ([tis ti + 8] X A) = p(ftx, 7t + 5)] x A),0< s <T —t;,A € BE

is a new Poisson random measure but under probability Q;, where

oo (2 e o).

We denote the corresponding compensated Poisson random measures under P and @Q; by

—~—

@ and 7;(p), i = 0,1, respectively:
f(ds,de) = p(ds,de) — dsII(de), (s,e) € [ta,T] x E,

and
( )(ds,de) = 7i(p)(ds, de) — dsII(de), (s,e) € [t;,T] x E.

Let us now fix an arbitrary u* € UB#(ty,T) (Recall the definition of UB+#(ty, T)).
Then, obviously, u’ = u;\i(s),s € [t;, T], is an admissible control in UWwmin) (t;, T) with
respect to W* and 7;(u).

We let {Xé\}se[tk,T] be the unique solution of the SDE,

XS)‘::E)\—i—/b(r X, T)dr—i—/ o(r, X}, u})dB, —l—/ /B (r, X, u}, e)i(dr, de), (3.1)
tx

[

€ [ta,T]. We also make use of the unique solution {X?}sc, 7 of the following SDE,

S —_~
X! = xi—i—/ b(r, X, r)dr—i—/ o(r, Xk ul)dWi+ / /6 r, X0 ul,e)ri(p)(dr, de), (3.2)
ti
ENS [ti,T], 1=0,1.
As in the preceding section, we associate the forward equations (Bl) and (B2) with

BSDEs. Let (Y, 2} U/\)se[tA 7] and (YZ ZE Ul )se[tl 71, ¢ = 0,1, be the unique solutions
of the BSDEs

T
@:@(X%)Jr/ flr, XYM 20 UM ud)dr / ZMB, — //UA fi(dr, de),
€ [tx, T, and

T
:<I>(X%)+/ flr, XY Z8 UL, T)dr—/ ZLAW) — //U )(dr, de),
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s € [ti, T], respectively. Then from the adaptedness of the solutions YA and Y? with
respect to the filtrations generated by (B, i) and (W?, 7;(u)), respectively, we know that
Yti and Yti are deterministic and equal to the cost functionals .J(ty, zx; u?) and J(t;, z;; u'),
respectively.

For the proof of the Theorem B it is crucial to estimate AY,) 4+ (1 — \)Y;} — th, for
A € (0,1). Since the processes Y, V! and Y* are solutions of BSDEs over different time
intervals, driven by different Brownian motions and different Poisson random measures,
we have to make them comparable with the help of the inverse time change.

In a first step we carry out this inverse time change for the forward equations. For this
end we introduce the time-changed processes: X’ = Xz,l( ) 8 € [ta,T],7=0,1. Then we

have, for ¢ =0, 1,

X! ::ci+/ ~b(r EuM)dr + XE u))dB,
t>\7—2( H(r), X7, up) t“ﬁ( ), Xy, up)

[ om0k (s (- ) e

Comparable with Lemma P23 but now with arbitrary power p > 2, we can show

(3.3)

Lemma 3.3. Let p > 2. Then there exists a constant Cs,, depending only on the bounds
of 0,b, B, their Lipschitz constants, II(E), ¢ as well as p, such that, for all t € [ty,T],

E | sup ‘XS— s| | Ft

t<s<T

~ ~. 1P
< Cs,p (’X? - th‘ +lto — t1|P) . (3.4)

Moreover, in addition to Lemma B33, which gives a kind of “first order estimate”, we
also have the following kind of “second order estimate”. For this we introduce the process
A=AX04 (1= )Xt

Lemma 3.4. Let p > 2. There exists a constant C), s depending only on the bounds of
o,b, B, their Lipschitz constants, IL(E), § and p, such that, for all t € [ty,T],

P ‘ft]
(3.5)

~ p ~ ~ 4 |2p
<Cps | X = X7+ Cpsr1 =) <|to — %+ | X - x| ) -

E | sup ‘X’? - x)

t<s<T

For the proof of the both above lemmata the reader is referred to the Appendix.

After having applied the inverse time changes to the forward equations, let us do
it now for the BSDEs. Thus, for i = 0,1, we introduce the processes Y = Y:fl(s),
Z; £ \/%Z:i—l(s)’ and ﬁsz =S U:i—l(s)’ s € [tx,T]. Obviously, (Y*, Z*,U?) and ()71,21,(7’)
belong to S?(ty, T;R) x L2(ty, T; RY) x L2(ty, T; i, R), and

T T
. . 1 -
Vi=0(Eh)+ [ 20 RV RZL O - [ Zias,

/ /U’ < (dr,de) + (1—j> H(de)dr), s € [t, 7.

With the help of standard BSDE estimates we can show



112 CHAPTER 3. REGULARITY OF HJB EQUATIONS

Lemma 3.5. Forp > 2, there exists some constant C), only depending on p and the bounds
of the coefficients f,®, such that, for all s € [t\,T], i = 0,1,

. T _ p/2 T . p/2
E ! sup |YP + </ |Zﬁ]2dr) + (/ / |U;(e)|2n(de)dr)
s<r<T s s E
T p/2 T p/2
sup |[YAP + </ ZT),‘|2dr) + (/ / \U,f‘(e)|2H(de)dr>
s<r<T s s E

As the proof uses simple BSDE estimates which by now are standard (see, for instance,
[76]), the proof is omitted. N N N

Recall that we have defined X /\~: AX?+(1—X) X!, In the same manner, we introduce
the processes Y* = \Y? 4 + (1 -NYH ZX =XZ°+ (1 =XN)Z" and U* = AU® + (1 — N\ UL
Then we get that (Y’\, Z, U’\) € S2(ty, T;R) x L2(ty, T; RY) x L2(ty, T} i, R) is the unique
solution of the following BSDE

Y;*:A@()?%)Hl—mcb(ﬁ)—/ ZMB, - //U’\ fi(dr, de)
T
1—
+/ [Af(0 ), X0, Y0, \/72°,0°, u} +—f( P, XLV Az U ud) | dr

/ / [ (1 - ) UPe) + (1= A) (1 - 711) Ul(e )] (de)dr, s € [y, T].

In analogy to Lemma B=3 we have for the associated BSDE the following statement,
which proof is postponed in the Appendix:

Fs| < Cy,

and

E .| <G,

Lemma 3.6. For all p > 2, there exists a constant Cs depending only on the bounds of
o,b, B, their Lipschitz constants, II(E), 6 and p, such that, for any t € [tx, T,

o -5 ([ 1-2fa) ([ [
t<s<T t

< 05 (1K~ XIP + o — ta]”)

ZO

E Fi

e)‘2 H(de)ds) ’

Our objective is to estimate

AT A
For this end some auxiliary processes shall be introduced. So let us introduce the increasing
cadlag processes N B

Ap = |to —t1| + sup | X0 — X,

Se[t)\’t]

and B
B:= sup |XJ - X7, te[taT).
SE[tA,t]
For some suitable C and Cs which will be specified later, we also introduce the increasing
cadlag process
Dy = CB; 4+ CsA\(1 = NA2, t € [ty, T].

We can obtain easily from the Lemmata BZ3 and B4 the following estimate for D;.
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Corollary 3.7. For any p > 2, there exists a constant C, such that
E[|Ds|P|F] < Cp|Del?,  for all s, t € [ty,T), with t<s.
We observe that, in particular,
E[|Drl?] < Cy(lto — ta]? + leo — 21]?) < 40, p>2.
We let (}A/)‘, 2)‘, ﬁ)‘) € S%(ty, T;R) x L2(ty, T; RY) x L2(ty, T fi, R) be the unique solu-

tion of the following BSDE,

T T
VA= (X%) +Dp— / Z2B, — / / U e)fi(dr, de)
s E

S

T
+/ |:f(7’,X7f\,Y;>\—DT,Z7%\,U)\ UA)+CDT
s

T

~ ~ ~ ~ ~ 2
+C =) (o - 6P (14+1237) +120 - ZiF) + [ [0%e) - TFe) H(de>] dr,
E

s € [tx, T]. The process Y stems its importance from the fact that it majorizes Y in a
suitable manner. More precisely, we have

Lemma 3.8. 173‘ < }A/;’\, P-a.s., for any s € [tx, T).
For a better readability of the paper, also this proof is postponed to the Appendix.

In addition to Lemma B8, we also have to estimate the difference between Y* and Y.
For this we introduce the process ?Z\ =Y> — Dy, t € [ty, T], and we identify (?)‘, ZA UM
as the unique solution of the BSDE

v o (X%) +/ [f(r,Xﬁ,Yt,Z,%,Uﬁ,u,%ch)r
+ A=) (to — ta? (14| Z22) + 120 - Z}2)
" " 2 T __ T, T
- / U,?(e)—U,}(e)) H(de)]dr— / ZMB, — / / UXe)f(dr, de) + / dD,,
E s s JE

S
s € [ta, T]. We observe that we have the following statement, which proof is given in the
Appendix.

Lemma 3.9. Fort € [ty,T], we have

Al [T o2 [ Aoy |2
E | sup ’YS -Y; +/ Z) — 7 ds—l—/ / Ui(e) — U; (e)’ p(ds, de) | F
SE[t,T] t t JE
SC(;DE.

(3.6)

Now we are ready to give the proof of Theorem Bl
Proof of Theorem [Z1: We know from the stochastic interpretation of the viscosity solution
V as value function (see (I4)) that, for any A € (0,1) and € > 0, there exists an admissible
control process u* € UP#(ty, T) such that Yti < V(tx,x)) + . On the other hand, using
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again (I4), but now for I/{Wi’”(“), we obtain: V (t;, x;) < Yti, 1 =0,1. From the Lemmata
B and B we deduce that

AV (tg,xo) + (1 = NV (t1, 1)

Y + (1= )Yy,
A4 (- VT =T
V) =Y, + D,

Y\ + CsDy,

V(ta,xx) + CsBy, + CsA(1 — N A7 +e

V(tr,22) + CsA(L = N)([to — t1]* + |zo — 21/?) + ¢

INIACIN A

Here we have used that Dy, = CBy, +CsA(1— )\)AL?A and By, = 0. From the arbitrariness
of €, it follows that

)\V(to,l‘o) + (1 — )\)V(tl,ﬂfl) < V(t)\,CE)\) + 05)\(1 — )\)(|t0 — t1’2 + ‘l‘o — 561|2).

Hence, the semiconcavity of V is proved. ]

4 Appendix

The appendix is devoted to the proof of the Lemmata B23-89.
First we give the following lemma, which will be used in what follows. It can be checked
by a straightforward computation and, hence, its proof is omitted.

Lemma 4.1. There exists some positive constant Cs only depending on T and § such that,
for s € [tx, T,

73(5) = 79+ | = 7|+ 1= — =l < Galto -t

1 1 1
)\‘1—\/;0 +(1—A)‘1—ﬁ < g M1 =Nlto ~ ],

1 1 1
A= )+ =N = )| < AL - Vi - 1P

Moreover, for all s € [ty, T,
M-Sy = - 1) =2 ) a9 (- ) = s
70 71 A

We begin with the proof of Lemma B=3.
Proof of Lemma [Z3: Let us put
AB(re) = Blrg (), X7 e) = Blry (), X o),

for (r,e) € [tx, T] x E, and consider, for ¢ € [ty, T],

M, = //A,Bre (dr,de), s € [t,T).
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Since Af is bounded and predictable, M is a p-integrable martingale, for all p > 2. We
deduce from It6’s formula that,

Ns := ]Mslp—/ / (|M, + AB(r, e) [P — |M, [P — p| M, [P~2 M, AB(r,e)) II(de)dr, s € [t,T],
t JE

is a martingale with N; = 0 (see, Fujiwara and Kunita [44]). Moreover, since 3 is Lipschitz
n (¢, z), uniformly with respect to (u,e),

|M, + AB(r,e)[P — | M, [P — p|M,[P~2 M, AB(r,e)
<Cy (1AB(r, )P |M, P72 + |AB(r, o))
<Cp (1K = X2+ 157 (1) = 77 () 2) 1Mo =2 4 XD = XHP o+ I () = 77 () P
<Cyp (1K = X2+ lto — 12) M P72+ | X2 = KPP+ Jtg — 1 ?) -
It follows that, for s € [t, T,
E(|M.JP|F
= E [/t/E (|M, + AB(r,e)[P — |My|P — p| M, [P~2M,AB(r¢)) H(de)dr}}"t]

< B[ [ (182~ R +1t0 - 0P) L2 4 T2 - TP -+t — 1) a7
< O, [/t (yfé}? ~XYP 4t — tl\p) dr’]—}] +C,E [/t \M,,|Pdr’ft] ,
and from Gronwall’s inequality we obtain
EIMLPIA] < GE | [ (12 - R+l -0l el se Tl @)

Noticing that, for any ¢y <t <wv < T,
X0 - x}
- ~ v /1 1
= R [ (F00 R - 0, L) ) ar
t 70 T1
v 1 1
+/ <a X0 u)) — ——=o(r X! ) >dB + M, 4.2
NG (15 (r), M- T (1 (), ) (4.2)

// ((1_) Blrg (), Xy e) - <1—:1)5(71 ()Xi,ur,e))n(de)dr,

we get, by a standard argument (Recall that II(F) < co) and Lemma BT, the existence
of a constant Cs ), such that

E[sup 5(,3_ ]
t<v<s
0 v1l? (11 1 0 ¥l P
< C5P‘Xt_Xt’ + GE - = — ‘X,,—Xr dr| |F:
’ t 70 1
s 1 2 p/2
Cs B ‘550—551 d F
+ o,p (/t < +’\/7_>1 r r r t
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+CspE [|M[" | Fi) + Csplto — ta]”.

Thus, taking into account (E=T), we obtain

p
4

~ ~ . |P s
X?—X,}’ +|t0—t1|p)+C’5,p/ ]E[sup
t

t<ov<r

X0

E[sup

t<v<s

< C5,p ( 5(/79 - Xg

P
}ft] dr, s € [tx, T,
and, finally, Gronwall’s lemma yields that

E

sup ‘Xg - X!
t<o<T

p
7

< Csp (1K = X} + 1o — 1)

The proof is complete now. ]

Let us now prove Lemma B4:
Proof of Lemma [54: We observe that, for s € [ty,T],

X -x)

_ ) A v O 1-A -1 v1 A\ A A

- . b( To ( ) XT’ 7) . b(Tl (T)7erur) b(T‘,XT,U,,.) dr
tx \70 1

+/S<\/\FG(TO (r), X2, T)—G—l\_F,l)\a( L), X u)) —o(r, X)) u))dB
[ (M) R o)+ (- BT 0, KL de) = Bl X2 k) )

//( (1-) Brg (r), KO, u, >+<1_A><1—j1>5< Y KL, ))H(de)dr,

(4.3)

Taking into account that, as a consequence of the assumptions on the coefficients, we
have on one hand that the functions b, o, 5 but also —b, —o, —3 are semiconcave in (¢, z),
uniformly with respect to u and (u, €), respectively, and that, on the other hand, )\(1—%) =

—(1=X(1- T—ll) = /\7(} A) (to — t1) (see Lemma B71), we deduce

A o 1- A
?Ob( ()Xru 7")+ 7

[Ab(r (), XD ) + (1= Wb (1), K2 ) = b(r, X )

+‘A(11>b< ) R + (-0 (5= 1) ol ), B )

70 T1

b (r), X ud) = b(r, X7 )

< CoA(1—)) (lto—t112+ ]553—)?% [tx, T

2 ~
>+05\X,%—X3 re

Similarly, we get

' 9. X2d) + o), KL d) - ol X, )

Y 12 v A
< CsA(1—\) <|t0—t1|2+‘X}3—X} )+05’X7, — XM, 7€ [ta, T),
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and

INB( (), X2 e) 4+ (1= VB (), K o) = B0 X))

ry Yro ro Yry

< CsA(1—=)) <|to —t|* + ]55? - X}

>+05‘X?—Xﬁ‘ , T E

[tk,Jq'

Moreover, by using again that A(1 — T—lo) =—(1-N(1- %) = ’\J(ﬂl__ti‘) (to — t1), we obtain

1

'A(l—?)m 0 Ry + (10 (1= 2) 670, Kk

70 71

2) , T E [t T).

Consequently, by combining the above estimates with the argument which has lead to
(E20) in the proof of Lemma B33, we get

p
7

~ S~ ~,12
< Csp| X=X+ 51 - W)y <|to—tlr2p+E[/ xo- x|
t

S
—&-C'(;,p/ E [ sup
t t<v<r

and, thus, Lemma B33 yields

<CsA(1 =) <|750 — 1>+ )XE - X}

E[sup )Z'j‘—Xj‘
t<v<s

dr

)

-xf

.F4 dr, t) <t<s<T,

-x

E{sup
t<v<s

Fi
~ p ~ ~ . 12p
< Cop | X=X+ G = V) <|t0 — % + | %P - X} >

S
+C§7p/ E [ sup
t t<v<r

Hence, Gronwall’s inequality gives

= p
Xp - X

.74 dT, tA S tf;s S T.

~ P ~ P ~ ~1|2p
E | sup ‘Xﬁ ¢ ‘}} < Cs, ‘Xﬁ — Xﬁ‘ +C5,(A(1—A))P (|t0 e ‘Xf - th‘ ) :
t<s<T
The proof of Lemma B4 is complete. |

We prove now the analogue estimates for our BSDEs stated in Lemma B8.
Proof of Lemma EA: We notice that, for t)y < s <t < T,

vy -y
=0 (XP) — &(X})

+/ST<71f(o X7 YOﬁZOU?7T—if(Tl ), X, Yl\fZlUrl,r) r
_/ST(Z 21 dB, // UO )) fi(dr, de)
A e

(4.4)
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By applying Ito’s formula to \1750 — }751\2, we get from the boundedness and the Lipschitz
continuity of f that, for ¢ty < s<t<T,

- - T 2 T
|@—KW+/ m+/g/

~ ~ 2
70 _ 7 —W@Mmmr

g‘ﬁi%—@@ﬂ’+cm—nﬁ+c/‘X04W m+c/ — Y 2dr
T ~ ~ ~ ~
= [ (-7 (22~ 2t)aB,
T 7 ~ 2 ~ 2
Ho—tf? [ ( [ [ (o] + o] ) o) ar

/ / ( 1) (0%e) - Tke)) + ~r(6)—(77}(e)‘2) fi(dr,de).  (4.5)

Then taking the conditional expectation and applying Gronwall’s inequality and the
Burkholder-Davis-Gundy inequality we obtain from the Lemmata B and B33 (Recall also
the arguments given in the proof of Lemma B4) that

70— 7} E]

- 2
E Ul e)‘ II(de)dr

sup Iio—?;1!2+/ dr+/ /
t

t<r<T
~ ~. 12
55@Gﬁ—ﬂ¢+m4ﬁ)tﬂmﬂ

In particular, we have

~ ~ ~ ~ 2

To-wr <o (R =% th-uP). teln
Consequently, from Lemma B4, we have, for p > 2,

~ ~ ~ ~. P
E[mm|whdﬁwf gq%pf—xﬂ-um—mwyteuhﬂ. (4.6

t
t<r<T

From (E3), by using that fi(drde) = pu(drde) — II(de)dr, we get also that

/S dr—i—//

g‘yi%—¢aﬂ‘+CM—mP+c/‘X0;W
2 [ (70 (- 7)am,
+\to—m2/T( 2+ [ (o] + o] ) e ) ar

/ | (70 =72) (520 - 0e)) ) atar.de).

Hence, by applying Lemma B=3 and Burkholder-Davis-Gundy’s inequality, we obtain from
the above inequality that
2 5 T
dr> + <
S

(f

70— 7}

A )‘ w(dr,de)

m+0/ — Y 2dr

E Z0 - 7!

ft]

_.ﬁj(eAQ;mdr,de)>2
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~ ~ T, ~ 12~ ~1|2 i
< c((x?—xg‘p+to—t1|P)+CE[</ Yo _yi|zo - 2 dr>
S

T o~ 12~ - 2 i
([0 [[7e-5 oo - e naraa) |7

s E

1 T 2 g
< c(];zg_;?g)mto_tl\p)+E{o sup |70~ 71" (/ P _ 7 dr)
s<r<T 2 s
b
1 T " 2 2

+5 ( / / —U,}(e)‘ ,u(dr,de)) ]—"t]. (4.7)

s E

Combining (A8) and (B=7), we get
_ _ T, _ 9 p/2
E[ sup [V — VP + </ z0 -7} dr)
s<r<T s
T N 9 p/2
([ |-l waraa) 7]
s E
< (IR - X+t —nl). (4.8)

In order to replace in the left-hand side of (2=8) the term

IE(/T/E U%(e) — Ul(e) zu(dr,de))p/Q }‘t]
b
y E| ! U%(e) — U(e) 2H(de)dr " .Ft_,
(] )
we make the following estimate _
E </T/ - ﬁ}(e)fn(de)dr)m 7
< (1 [/ / —UY( )‘ I(de)dr ft]
I [/ 0 e)[ w(ar, de) ft].

Let us denote by N the Poisson process Ny = pu([ta,s] x E),s € [tx,T], with intensity
II(E), the associated sequence of jump times by 7; = inf{s > ¢, : Ny = i},i > 1, and by
pi:{m < T} — E st u({(m,pi)}) =1 on {r; < T}, the associated sequence of marks.
We observe that

Ul e)) (dr,de)

/T/E 02(e) = U} @) uldr.de) = 3 |O8 () = T} ()|
) (] L

Ul (e) ’2 p(dr, de)>p/2 .

< (Z U? (pi) — UL (pi)

i>1
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d

Consequently, from the previous estimate we get

(L

—Ule) ‘2 H(de)dr) "

~ T
< e FE| [ [ |7 - )| w7
s E
- T 9 p/2
< (I(E)T) = (/ / - Url(e)‘ p(dr, de)> Fi| -
s E
This latter estimate allows to deduce from (E=8) the wished result. [

Let us now give the proof of Lemma B3=.
Proof of Lemma B8: First we notice that, for r € [ty,T],

1-—
= S ), R T RE O ) + S 0 ), R VA Z Ol )
70
= A (), X0, Y2 020, 0P ud) + (L= N f (7 (), XL Y, VA 2 U )
t t
—A(1—A)71_t2(f( ), X0 V0 /720,00 ud) — f(r7t(r), XL, VL, /A ZE, UL u

We also observe that, by applying Lemma £,
AWRZ + (- NAZE - 2
~ VA - D2+ (1= N - 12

<AL= V7llZ) = Z + N1 = V7o) + (1= N)(1 = VA)lIZ)|
<CsAML = N)(lto — 01|27 = Z}| + [to — 11| 2]

Thus, by using the estimates from Lemma B, the semiconcavity as well as the Lipschitz
continuity of f, we have
2
)

I < fr, X)NY) 720 + MVTFZEL UM ud) + CsA(1 — )<|1ﬁ0—1ﬁ1\2 <1+

~ ~. |2 ~ ~, 12
+‘X§—X} +|z0 - 2

~ ~ 2
G20 - T H(de>)

~ |2 ~ ~, 12
< f(n XY ZN UM ) 4+ CsA (1 — )(|750—151|2 (1+ 1 )+‘X?-X}

2
+/
E

Finally, by taking into account the Lipschitz continuity of f as well as the definition of
D,, we get

~ 2 ~ ~
+ 7“0_ r + 7(“)_21}

70(c) - ﬁ&(@fnme))

~ ~ ~ 12 ~ ~. 12
I < f(rnX)NY>— Dy, Z)UMu) + CsA(1 — )<|t0—t1|2 (1+‘Z}))+‘X}J—X§

~ 2 ~ ~. 2
+ Y=Y +|Z)-Z) +/E

79(e) — ﬁ}(e)f H(de)> +OD,.
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Moreover, thanks to the semiconcavity of ®, we have
A (X) +(1- 0@ (%) < (%) + CBr + CoA(1 - 1) 43.

By virtue of assumption (H5), we can use the comparison theorem in [98] (Theorem 2.5)

in order to conclude that N
Y <Y, for s € [ty, T

The proof of Lemma B is complete. ]

Proof of Lemma B: For some constant v > 0 which will be specified later, we apply Ito’s
formula to 6'75(7;\ —YM)?2, and we get

de* (V) — V)2
= o (¥

s s s s

- Y:G)\) |:f(57Xs>\7Y27 Z\?a [/j)\ u)\) - f(S7X£\’}/;A7 Zs)\v UA UA) + CDS

FOONL = ) (|t0 —t1]? <1 + 123,1\2) +120 - 55,1!2) +[E

Ud(e) — [751(6)’2 H(de)] ds
12 (Y — Y (ZA - zg) dB, +2(Y>_ —Y) / (ﬁﬁ(e) . Ug(e)) fi(ds, de)
E

2
)ds

2

—2e$ (Y +1Z> -2

— Y2 )dD, + (fy v

+e7%d [?)‘ - Y’\r s € [tx, T
) Ay ]7

s

d

where [?)‘ — Y’\} denotes the purely discontinuous part of the quadratic variation of
S

?/\ —YN
d

[?’\—YA] 3 (A?ﬁ—AY})Q, s € [t T.

ta<r<s
We notice that, for s € [ty, T,

T _ d
/ ed [YA _ Y’\}
s r

= Y e (A?ﬁ - AY))Q

S

s<r<T
= S;T T (/E ((7;\(6) - Uf‘(e)) p({r},de) — ADT>2

e = Ay )2 T
> 1 / / e (0)e) - U2))” utar,de) - €, / (AD,|dD,
s E s

where C., = ¢7T. Hence, by integrating from s € [t),T] to T and taking the conditional
expectation on both sides, we deduce that
2
dr

2 T —\
—HE[/ 677"(7‘1/7,—)/73‘
S

2

Y-y} + (2> -7

vs
€ s s
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AL el g

< EU Qew(y*—w){f(r XNV, 200N ) — f(r, X2, Y2, 20, UM u) + CD,

UA U,f\(e)‘2 w(dr, de)

+CIA =) (Ito — a2 (1+1Z}12) +122 - Z}?)

7%(e) — ﬁ,}(e)f H(de)}dr + /ST 287 (Y2 — Y )dD, + Cy (D — Ds)z‘};] .

E
Then, by a standard argument and from the Lipschitz continuity of f, we get

_ 2 T ~ 2
s |7 — v [/ ('y)Y _yv — 7 )dr
iy AP
/ /ew Ule) — U; (e)} p(dr, de) ]:S]
A oA e sx ooa?
< IECK/ ey, =Y dr—i—z/ ez} - Z;

0 (e) — U;\(e)r T1(de)dr

5]

Dy7 + C(Dr — Ds>2‘fs} :

Iy
+- e’
4 s E

+C’5,7E[ sup ‘?ﬁ‘ -y}
s<r<T

T _ T _ .
D1 =Dr + A1) <\t0 —t)? <1 + / \ZﬁPdr) +/ 120 — Z}Pdr>
/ / U%(e) — Ul e)|*T1(de)dr-

Therefore, by choosing ~« large enough and applying Lemma B3 and Corollary B71, we
have the following estimate:

where

. 2 LR 2 T 2
Vo [ [|z-zfa | ~ 0@ utar.de) fs}
< C(;WIE[ sup ’7,): ~ Y Dyr ]—“5] +C, D2, s € [ty T). (4.9)
s<r<T

From Lemma B@ and Corollary BZ4, we get that for p > 2,
E(|Durl?|F) < C(X — X2 + lto — 1) < CDY. (4.10)

Let 1 < p < 2 and ¢ > 2 be two constants such that % + % = 1. Then we have, for
e >0,

Jilo
2
q

E[ sup ‘?;\ ~ YD
s<r<T

SE[ sup ‘Y —Y/\

s<r<T

A

¢

1
<5Mt+ “Cs5 D%ty <t<s<T
g

<5Mpt + €E |:’_D
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where
P

2] g 722
t<r<T

]:s:|7 h<t<s<T.

Thus, Doob’s inequality allows to show that, since 1 < p < 2,

E

2
sup M2,|F
s€[t,T] ’

2 \# 2
<(375) & ]

2
< (2> "E sup ‘?2 — YS)‘
2-p s€lt,T]

2
|~Ft] , t € [t)\,T].
Therefore, we can deduce from (23) that

2
2 2 \» _
E |Fe| < 0575Dt2 + CsH€ <2> P E [ sup ‘Yi _ YS)\

- s€[t,T)

sup )V? -
se(t,T]

2
| Fe| -

[V

By choosing & small enough such that Cs e (%) < 1, we get

2 2
E |7 | < CsD?.

sup [V -7
s€[t,T]

Hence, it follows easily from (E-9) and (B-10) that

v A "o A ’ 7A Aoyl
E | sup )YS—YS +/ 7>~ 7] ds—i—/ / UMe) - U? (e)’ u(ds, de)| 7
SE[t,T] t t JE
SC(;D?.

The proof of Lemma B is complete now. [
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