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-'!* $'  %"/)* !") 5'* %&#'"A #+ 5%!& :!) $0%:!) %,)"& $'"4)*,)

4)*( !" -'#"& 4'#(#" /) +% $#6+)1 C'!* $)+%A '" % -*'-'(. !") (&*%&.,#)

$''-.*%&#4) /) $'  %"/) -'!* %&&)#"/*) !") $#6+) &'!& )" *.,!+%7

*#(%"& +3%",+) /3'*#)"&%&#'"1 ?" /)!D#< ) +#)!A '" % /.4)+'--. !")

%--*'$0) $'"(&*!$&#4) /) +% $'  %"/) -)* )&&%"& +) /.-+%$) )"&

/)( 4.0#$!+)( /%"( !" )"4#*'"") )"& 0'(&#+)1

 !" #$%&'()*$%

E%"( $) $0%-#&*)A :!# % ()*4# $'  ) !") #"&*'/!$&#'" 8 +% &0<()A '"

% *%--)+. +)( *.(!+&%&( /) +% +#&&.*%&!*) )& +)(  '&#4%&#'"( /) $) &*%4%#+

/) *)$0)*$0)1 2" % (#&!. %!((# +)( '6@)$&#5( /) $)&&) &0<() -%* *%--'*& %!D

6)('#"( /) +3.:!#-) )& $)!D /! +%6'*%&'#*) FGFH91 I% $'"&*#6!&#'" /) +% &0<()

% .&. )D-'(.) /3!")  %"#<*) (!$$#"$&) 8 &*%4)*( +) $'"&)"! /)( /#>.*)"&(

$0%-#&*)(1 J4%"& /) /.&%#++)* "'&*) $'"&*#6!&#'"A "'!( %++'"( #"&*'/!#*) +)(

'!&#+(  %&0. %&#:!)( )" *%--'*& %4)$ "'( /. %*$0)( )& "'( *.(!+&%&(1





 !"#$%&' (

 !"#!$% &'$'()*+%

 !" #$%&'()*%+'$

 ! "#$%&'(! $ %)*( +*' ,! %(-.!/'!( 0*!10*!. (-.*1'$'. 2$'#-2$'&0*!.

.*( 1!. -0*$'&)/. ,&3-(!/'&!11!. )(,&/$&(!. !' 1!. .4.'52!. ")22$/,-.6 0*&

.!()/' *'&1! ')*' $* 1)/7 ,! /)'(! '($8$&19

:$/. */ %(!2&!( '!2%.6 /)*. $11)/. /)*. &/'-(!..!( $*; (-.*1'$'. 0*& .!

'()*8!/' ,$/. 1$ 1&''-($'*(! .! ($2!/$/' < 1$ .'$+&1&'-6 1$ .'$+&1&.$'&)/ !'

1=-'*,! ,* ")2%)('!2!/' ,!. '($>!"')&(!. &..*!. ,!. -0*$'&)/. ,&3-(!/'&!11!.

)(,&/$&(!. $* ")*(. ,* '!2%.9 ?* /&8!$* ,! ")2%)('!2!/' ,!. '($>!"')&(!.6

/)*. $11)/. %(-.!/'!( ,!. (-.*1'$'. /)'$22!/' ,! ?9 @9  $*"#4 .*( 1=*/&A

"&'- !' 1=!;&.'!/"! ,!. .)1*'&)/. !' 0*!10*!. '#-)(52!. ,$/. 1$ 7-)2-'(&!

,&3-(!/'&!11! 0*& /)*. ,)//)/. ,!. (-.*1'$'. .*( 1=$11*(! ,!. '($>!"')&(!. $*

")*(. ,* '!2%.9 B)*( 1$ .'$+&1&'-6 )/ %(-.!/'!($ "! 0*=$ C$&' ?9D9 @4$%*/)8

0*& 7$($/'&..$&' 1=!;&.'!/"! ,!. C)/"'&)/.6 $*>)*(,=#*& $%%!1-!. C)/"'&)/. ,!

@4$%*/)86 $..*($/' 1$ .'$+&1&'- %)*( 1!. -0*$'&)/. ,&3-(!/'&!11!. )(,&/$&(!.

")/'&/*!.6 /)*. ,)//!()/. 1!. %(&/"&%$*; '#-)(52!. 0*& !/ ,-")*1!/'6 !'

/)*. E/&()/. "!''! %(!2&5(! %$('&! %$( 1=-'*,! ,! 1$ ")22$/,$+&1&'- ,!.

.4.'52!.9

:$/. */ ,!*;&52! '!2%.6 /)*. C!()/. */ +(!C ($%%!1 .*( 1$ '#-)(&! ,!.

7($%#!.6 !' )/ %(-.!/'!($ ,!. -'*,!. 0*& (!1&!/' "!''! '#-)(&! $*; .4.'52!.

,=-0*$'&)/. ,&3-(!/'&!11!. )(,&/$&(!.9



 ! "#$%#&' ()&)*+,-'

 ! "#$%#&'($()' *(+ '&,-(.'#/&(+

 ! "#!$%&'() *)$ $+$,'-)$ &./012,%#!$ &%3/()!,%)**)$ 21,#!#-)$ ), !#!4

21,#!#-)$ $1%52!,$ 6

q̇ = X(q) 789:;

q̇ = f(t, q) 7898;

#< X ), f $#!, &/=!%)$ &) O ⊂ R
n
&2!$ R

n
), M ⊂ R× R

n
&2!$ R

n
9

 ! "#--)!") ,#1, &.2>#(& ?2( ?(/$)!,)( *) ,@/#('-) &.)A%$,)!") ), &.1!%4

"%,/9 B* )A%$,) ?*1$%)1($ -2!%'()$ &.)A?(%-)( ") ,@/#('-) "#!!1 $#1$ *) !#-

&) C21"@+4D%?"@%,EF &#!, *2 G#(-) $1%52!,) 6

./)#*01-   !"#$%& '()$%(*+,

-.(* E #/ 01)"$0 20 3"/"$%4 M #/ .#506* 20 R×E  601)7 O #/ .#506* 20

E,7 8/ $./1(2960 :0 1&1*9;0  <7<,  601)7 :0 1&1*9;0  <7=,,4 "50$ :" $./2(*(./

20 !"#$%& C > q(t0) = q04 .? :0 $.#):0 (t0, q0) 01* #/ @:@;0/* 20 M  601)7

q0 01* #/ @:@;0/* 20 O,4 0* f #/0 A./$*(./ $./*(/#0 20 M 2"/1 E  601)7

X 01* $./*(/#0 20 O 2"/1 E,7

-( :" A./$*(./ f  601)7 X, 01* :.$":0;0/* :()$%(*+(0//0 )"6 6")).6* B :"

20#C(9;0 5"6("D:04 (: 0C(1*0 #/0 0* #/0 10#:0 1.:#*(./ ;"C(;":0 B :E@F#"*(./

 <7<,  601)7 <7=,, 601)0$*"/* :" $./2(*(./ 20 !"#$%& C7�

C#--) #! *) "#!$,2,) *) ,@/#('-) &) C21"@+ D%?"@%,E )$, >2$/ $1( *2

$1??#$%,%#! 01) f(t, q(t)) $#%, *#"2*)-)!, *%?"@%,E%)!!) ?2( (2??#(, H *2

&)1A%'-) 52(%2>*)F #! ,(#15) &)1A *)--)$ &2!$ *2 *%,,/(2,1() 01% 2$$1()!,

"),,) ?(#?(%/,/9

2-11-  -.(* :0 1&1*9;0  <7<,7 8/ 1#)).10 F#0 f 0*

∂f

∂q
$./*(/#0 1#6

M = [a, b] ×D ).#6 *.#* q 2"/1 D ⊂ R
n

":.61 :.$":0;0/* :()$%(*+(0/ 0/ q

1#6 [a, b]×D7

 ! ?2$$) H 1! "#(#**2%() 01% 2$$1() 01) *2 ,(2I)",#%() )$, &/=!%) &2!$ RF

$#1$ ")(,2%!)$ "#!&%,%#!$9



 ! ! "#$%#&'($()' *(+ '&,-(.'#/&(+ 01

"#&#22,/&( 0  ! X "# $%$&'() *+,-. )$& ") /01$$) C1
)& 23#4 &3#& /3(21/&

K5 !0 )6!$&) ")$ /37$&17&)$ α > 05 β > 0 &)0 8#) ∀ t ∈ K 37 1 9

∀q ∈ R
n; ‖X(q)‖ ≤ α‖q‖+ β  !"#$

1034$ 0)$ $30#&!37$ (16!(10)$ ")*+,-. $37& ":;7!)$ $#4 R, �

 %& %'('))*+(& (&,-& .(*+ /'0( )& ,1,-23&  !"!$$

4* /('/',+-+'5 ,0+.*5-& 5'0, 6'55& 05 (7,0)-*- ,0( )8+5.*(+*5%& 6805

&5,&39)& /*( (*//'(- *0 -(*:&%-'+(&, 60 ,1,-23&   !";$<  !"!$$" =5 67>5+(*

-'0- 68*9'(6 )* 5'-+'5 68+5.*(+*5%&"

345)/'/#) 0 *<7$)(=0) !7>14!17&.,Ω )$& #7 )7$)(=0) !7>14!17& 23#4 0)

$%$&'() *+,+. $! /?18#) &41@)/&3!4) x(t) 8#! 1 23#4 /37"!&!37 !7!&!10) "17$

Ω 4)$&) 1# /3#4$ "# &)(2$ "17$ Ω, �

6&#%#+/'/#) 0  3!& g #7) A37/&!37 C1
":;7!) $#4 R

n
5 F = {q/g(q) ≤ 0}5

)& f(t, q) "377)4 214 0) $%$&'() *+,+. ":;7!) 23#4 t ∈ R )& x 1# >3!$!71B)

") F ,  #223$37$ 8#) dg(q)f(t, q) < 0 $#4 g−1(0), C034$ F )$& !7>14!17&)

214 412234& 1# $%$&'() *+,+.,�

 4* 67>5+-+'5 &- )* /('/',+-+'5 /(7%76&5-& (&,-&5- .(*+, /'0( )& ,1,-23&

 !";$$"

? /*(-+( 6& )8*//*(-&5*5%& 60 %@*3/ 6& .&%-&0( A 05 >9(7 -*5B&5- &-

)* %'56+-+'5 +5+-+*)& 6&  !";$ )& %'('))*+(& &- )* /('/',+-+'5 ,0+.*5-, *,,0(&5-

C0& )* -(*:&%-'+(& ,&(* %'5-&50& 6*5, 05& ,'0,D.*(+7-7 /'0( 05 -&3/, /&-+-

'0 /'0( )* -'-*)+-7 60 -&3/,"

"#&#22,/&(  DEFG  3!)7& 0) $%$&'() "!H:4)7&!)00) *+,-. $#4 M )& N ⊂ M

#7) $3#$I>14!:&: ") M &)0$ 8#)5 23#4 &3#& q ∈ N 5 X(q) ∈ TqN , C034$ 01

/3#4=) !7&:B410) ") X !$$#) "J#7 23!7& p ∈ N )$& !7/0#$) "17$ N 23#4 t

$#K$1(()7& 2)&!&,�



 ! "#$%#&' ()&)*+,-'

.*#/#'%$%#& 0  !"# K $%& '!$' ()*"+#+ ,&*-+& .& R
n
&# /) ,!%0#"!% X .&

12324 #&/ 5$&

∀t ∈ R, ∀q ∈ K, X(t, q) ∈ TqK
 " q &'# $%& '!/$#"!% .& 12324 .+6%"& '$* $% "%#&*()//& [0, s] #&/ 5$& q0 ∈ K
)/!*' q([0, s]) *&'#& .)%' K3�

 ! !" #$%&'()% *+((,-./%

 !"# $%& &'&()*%& +!**,-./& "- #/&"$(,( ,00,#,1( .,-& $, $2((/#,("#%

&"# $3"-2+2(/ .% &!$"(2!-4 .!-( $3/-!-+/ %&( +!**% &"2( 5

6!--!-&7-!"& "-% 8,#2/(/ M 4 +!--%9%4 .% +$,&&% C14 .% .2*%-&2!- n4 %( "-

&'&()*% +!**,-./ .% $, :!#*%4

q̇ = f(q, u) =
i=1∑

m

uifi(q) ;<=>?

!@ f1, .., fm &!-( .%& +A,*0& .% 8%+(%"#& .% +$,&&% C1 &"# M %( !@

$, +!**,-.% ;,"&&2 ,00%$/% +!-(#B$%? u = (u1, .., um) ,00,#(2%-( C Bm4 $,

D!"$% "-2(/ :%#*/% .% R
m
= E,00%$!-& F"% 0!"# +A,F"% 0!2-( x ∈M %( 0!"#

+A,F"% +!-(#B$% u(.) ∈ L∞([0, 1), Bm)4 $% &'&()*% +!**,-./ ;<=>? .!--%

$2%" C "-% "-2F"% (#,G%+(!2#% *,92*,$% q(.) : [0, T )→M ;,8%+ T ∈ R∪∞)4

-!(/% q(.; q, u(.))4 &!$"(2!- ." 0#!D$)*% .% H,"+A'4

q̇(t) = f(q(t), u(t)), p.p. t ∈ [0, T ), q(0) = q. ;<=I?

 !" #$%&'('$) *$ +$%&'('+%$',-

J- &"00!&% F"% q %&( $% 0!2-( .3/F"2$2D#% ." &'&()*% ;<=K?4 .3!@

X(q) = 0

= L% D"( .% +%((% 0,#(2% %&( .3/(".2%# $, &(,D2$2(/ %- q= L%& (A/!#)*%& F"%

-!"& /8!F"!-& &!-( +!-M"& 0!"# $% 0!2-( .3/F"2$2D#% q = 0= N2 $% 0!2-(

.3/F"2$2D#% -3%&( 0,& $3!#2O2-%4 !- 0%"( +!-&2./#%# $% +A,-O%*%-( .% 8,#2,D$%

&"28,-( y = q − q4 +% F"2 -!"& #,*)-% C /+#2#%

ẏ = X(y + q) = g(y); !@ g(0) = 0



 !"! #$%&'('$) *$ +$%&'('+%$',- ./

 ! "#$$%!"% &'( )*+!,( $'-.*$'-,/0%$%!- 1' 2-'3,1,-* )%2 242-5$%2

)6*/0'-,#!2 ),7*(%!-,%11%2

0)1-'$',-   !"#$%&%'() q = 0 *$ +,+-./) 01234 )+- 5

6 +-7'&)8 +% 9:$( ∀ε > 0 ∃δ > 0 -)& #$)

‖q(0)‖ < δ ⇒ ‖q(t)‖ < ε, ∀t ≥ 0

6 %;+-7'&) +!%& ;!)+- 97+ +-7'&)2

6 7+,/9-:-%#$)/);- +-7'&)8 +!%& )+- +-7'&) )- δ 9)$- <-() =>:%+% -)& #$)

‖q(0)‖ < δ ⇒ lim
t→+∞

q(t) = 0

�

860! )%2 -.*#(5$%2 /0, 9'('!-,- 1' 2-'3,1,-* )%2 242-5$%2 %2- 1% -.*#(5$%

)% 84'&0!#:; )#!- 16*!#!"* %2- 1% 20,:'!-<

23),456*  0 ,79$;:? 9:$( &)+ +,+-./)+ 7$-:;:/)+ 012344

@:%- q = 0 $; 9:%;- *!"#$%&%'() *$ +,+-./) 012342 @:%- $;) A:;=-%:; V :

R
n → R =:;-%;$) *%B"();-%7'&) -)& #$)

32 V )+- *"C;%) 9:+%-%?) +$( D2

12 lim
t→+∞

‖q‖ =∞ ⇒ lim
t→+∞

V (q) =∞

D2 V̇ < 0 pour q 6= 02

7&:(+8 q = 0 )+- E&:'7&)/);- 7+,/9-:-%#$)/);- +-7'&)2 �

=! '0-(% -.*#(5$% )% "#!:%(9%!"%2 )%2 2#10-,#! &#0( 1%2 242-5$%2 >?<@A;

"#!!0 2#02 1% !#$ )% -.*#(5$% )% 8'B'11%; )#!- 16*!#!"* %2- 1% 20,:'!- C

23),456* " 0F>":(./) *)  7@7&&)4

@:%- Ω ⊂ D $; );+)/'&) =:/97=-) )- %;?7(%7;- 97( (799:(- 7$ +,+-./)

012342 @:%- V : D → R $;) A:;=-%:; =:;-%;$) *%B"();-%7'&) )- -)&&) #$)

V̇ (q) ≤ 0 +$( Ω2 @:%- E $;) );+)/'&) *) 9:%;- *) Ω -)& #$) V̇ (q) = 02 @:%-

M &) 9&$+ E(7;* );+)/'&) *) E8 7&:(+ =>7#$) +:&$-%:; #$% =://);=) *7;+

Ω 799(:=>) M #$7;* t→ +∞2 �



 ! "#$%#&' ()&)*+,-'

 !"# $% &'( )!)*'"+!)!,%- $% (.(+/,% 01213- ") '"+#% 4)!)&4 5" +64!#/,%

5% 7.'8")!9 %(+ 5!))4 5')( :;<=2

./)#*01- 2  !" #$%&'()* &)'+ ,"- -$-./0"- ()(1%'.)()0"-  23244

5)6. q = 0 '( &)6(. !789'6,6:+" !' -$-./0"  23;4 ". D ⊂ R
n

'(" "(-"0:,"

9'6 <)(.6"(. ,7)+6=6("3 5)6. '(" >)(<.6)( V : [0,+∞[×D → R <)(.6('"

!6?8+"(.6%:," .", 9'"

;3 W1(q) ≤ V (t, q) ≤ W2(q)3

23 V̇ ≤ −W33

∀t ≥ 0 ". q ∈ D@ )A W1(q)@ W2(q) ". W3(q) -)(. !"'B >)(<.6)(- <)(.6('"-

!8C(6"- &)-6.6*"- -'+ D3 %,)+-@ q = 0 "-. '(6>)+080"(. %-$0&.).69'"0"(.

-.%:,"3 �

 $"( +'#5 %) <>?@ A2 B"#CD%E$ ' 54,!)+#4 5')( :;F= $G4H"E9'$%)&% %)+#%

$G%IE(+%)&% 5%( J!)&+E!)( 5% 7.'8")!9 %+ $' (+'KE$E+4 8!"# $%( 4H"'+E!)(

5EL4#%)+E%$$%( !#5E)'E#%( &!)+E)"%(2

./)#*01- 3  .D8)+/0" !" E'+FG"6,4

5)6. X '( <D%0& !" *"<."'+ <)(.6('" -'+ M 3 56 ," -$-./0" !$(%069'"

 23;4 "-. GAS %' &)6(. O -'+ ,% *%+68.8 M @ %,)+- 6, %!0". '(" >)(<.6)( !"

Lyapunov %' &)6(. O3

M!#,E( $% #4("$+'+ 5% 7.'8")!9- E$ %IE(+% ") '"+#% #4("$+'+- &!))"% (!"( $%

)!, 5% $%,,% 5% N'#K'$'- H"E '(("#% (!"( &%#+'E)%( 6.8!+6/(%( $' &!)9%#*

O%)&% 5%( +#'P%&+!E#%( 9%#( $G!#EOE)%2

4-11- 5  #"00" !" H%+:%,%.4

5)6. φ : R → R '(" >)(<.6)( '(6>)+080"(. <)(.6('" -'+ [0,+∞[3 I(

-'&&)-" 9'" lim
t→+∞

∫ t

0

φ(τ)dτ "B6-." ". C(6"@ %,)+-

lim
t→+∞

φ(t) = 0

�



 !"! #$%&'('$) *$ +$%&'('+%$',- ./

0*11* "  ! "#!$%&'() *+,-./0%#! &%1,()!0%)**) $.%2/!0) 3

r = ė+ αe  !"#$

#4 r )$0 .!) 5#!"0%#! $"/*/%() )0 α )$0 .! $"/*/%() 6#$%0%2)7

8% r ∈ L∞ ∩ L2
)0

lim
t→+∞

r(t) = 0  !"%$

/*#($ e )0 ė "#!2)(9)!0 /$:;60#0%-.);)!0 2)($ 07 �

 !"!# $%&'()*& +,))-./0&

&'() *+, ,-,./0+, 1'002345,6 '3 72)*+)2 4+ *2 ,.289*9,2.9'3 +. 3'3 7*(,

4+ 3'.9'3 4+ ,.289*9.5"

:3 1'3,94/)+ *+ ,-,./0+ 4+ 1'00234+ ,(9;23.

q̇ = f(q, u)  !"<$

'= q ∈ R
n

+,. *>5.2. +. u = (u1, u2, ..., um) ∈ R
m

+,. *2 1'00234+"

?3 7)+09+) )5,(*.2. 2772)2@.6 ,() *+ .-7+ 4+ 1'00234+ 1A'9,9. 7'() (3

,-,./0+6 4'335 72) *+ .A5')/0+ 4+ B)'1C+..6 4'3. *>53'315 +,. *+ ,(9;23. D

23),451* 6 <=>,#(';) &) ?(#"@)00A

B) $:$0';) <C7DA )$0 *#"/*);)!0 /$:;60#0%-.);)!0 $0/E*) 6/( .!) "#;;/!&)

"#!0%!.) $0/0%#!!/%()F /*#($ *+%;/9) &) ">/-.) 2#%$%!/9) &) (0, 0) ∈ R
n×Rm

)$0 .! 2#%$%!/9) &) 0 ∈ R
n
7 �

&'() *+, ,-,./0+, ,23, 45)9;+ 4'335, 72)  !"E$ 9* - 2 (3 )5,(*.2. 4+ F+23G

B27.9,.+ &'0+.6 H(9 *29,,+ *+, 1'349.9'3, 4( .A5')/0+ 4+ B)'1C+.. 93,2.9,G

I29,23.+,"

74,8,+'$',- " <=>,#(';) &) G#;)0A

 ! "#!$%&'() *) $:$0';) &) "#;;/!&) $.%2/!0

q̇ =
m∑

i=1

fi(q)ui  !"E$

#4 q ∈ R
n
)$0 *+,0/0 )0 u = (u1, u2, ..., um) ∈ R

m
)$0 */ "#;;/!&)7 8% m < n

)0 f1(0), ..., fm(0)} $#!0 *%!,/%();)!0 %!&,6)!&/!0F /*#($ %* !+)H%$0) 6/$ &)
"#;;/!&) $0/0%#!!/%()7 �



 ! "#$%#&' ()&)*+,-'

 !" #$%%&'(&)*+*,-

 ! "# $"#%!&'() *) %+%,'-) ./0123 4,5#, &"##4% &)67 4,5,% qi ∈ R
n
),

qf ∈ R
n
), T > 03 %8!* )7!%,) u : [0, T ] → R

m
96! :)(-), &) :5%%)( *84,5, q

&) ./012 &) qi ; qf 3 5*"(% "# &!, 96) *) %+%,'-) )%, $"--5#&5<*)0 =8"6 *5

$"--5#&5<!*!,4 !-:*!96) *8)7!%,)#$) &86#) $"--5#&)0 >8!#?)(%) )%, @56,3

$8)%, ; &!()3 %! *) %+%,'-) #8)%, :5% $"--5#&5<*)3 "# #) :)6, (!)# &!()0

A# 5 6# (4%6*,5, !-:"(,5#, %6( *5 $"--5#&5<!*!,4 &)% %+%,'-)% %5#% &4(!?)

96! #"6% %)(5 6,!*) &5#% #",() ,(5?5!*0

./)#*01- 2  !"##$%&$'()(*+ &,-% ."'"* #"'()/ %"% 0")"%"#/1

2% %"*/ B(q) = (b1(q)b2(q)...bm(q)) )$ #$*.(3/ &- #"&4)/ 3(%+#$*(5-/

q̇ = B(q)u6 &/ &(#/%7("% n ×m8 9% ."'"* #"'()/ /7* 3"##$%&$')/ 7( )/7

3")"%%/7 &/ B(q) /* )/-.7 3."30/*7 &/ :(/ 7-33/77(;7 ;".#/%* -% /%7/#')/

&/ % 3")"%%/7 (%&+</%&$%*/78 �

B"--) *5 $"--5#&5<!*!,4 &86# %+%,'-) *!#45!() )%, ,('% @5$!*) ; ?4(!C)(

; :5(,!( &) $(!,'() &) D5*-5#3 *) ,E4"('-) %6!?5#, #"6% 5%%6() >) *!)# &)

$"--5#&5<!*!,4 )#,() *)% %+%,'-)% #"#F*!#45!()% ), *)6( *!#45(!%4% ,5#G)#,0

./)#*01- 3 =( )/ )(%+$.(7+ $- <"(%* &,+5-()('./ (q, u) &- 7>7*4#/  ?8@1 /7*

3"##$%&$')/6 $)".7 )/ 7>7*4#/  ?8@1 /7* )"3$)/#/%* 3"##$%&$')/ $- <"(%*

&,+5-()('./ (q, u)8 �

 !. /0-$1*2 (23 41&5023

H"6% $"--)#I"#% :5( (5::)*)( 96)*96)% #",!"#% ), &4C#!,!"#% &) <5%)

&) *5 ,E4"(!) &)% G(5:E)% 96! %)("#, 6,!*!%4% :5( *5 %6!,)0 J"6( :*6% &)

&4,5!* "# :)6, %) (4@4()( ; KLMN3 KLON3 KLPN3 ),$00

Q# G(5:E) &) $"#CG6(5,!"# &)% *!)#% 968"# #",) G(ν, ε) )%, &4C#!, :5(

&)67 )#%)-<*)% R

>) :()-!)( )%, *8)#%)-<*) &)% !#&)7)% &)% N #S6&%3 #",4 :5( R

ν = {1, ..., N}



 !"! #$%&'() *)+ ,'-.$)+  /

 ! "!#$%&'! !() *+!,(!'-*! "+./0)!( 1#% /!*%!,) "!#$ ,2#"(3 ,4)5 6./ 7

ε = {(i, j) ∈ ν × ν, j ∈ Ni}

89 Ni !() *+!,(!'-*! "!( %,"!$!( "!( ,2#"( !, *%.%(4, .:!; *! i
eme

,2#"<

 . ,4).)%4, (i, j) :!#) "%/! #,! .//0)! 4# ;4,,!$%4, !,)/! i !) j3 !) 1#!

j ∈ N(i) !) i ,+.66./)%!,) 6.( ,5;!((.%/!'!,) = Nj3 ;! 1#% %'6*%1#! 1#!

(i, j) !) (j, i) ,! 6/5(!,)!,) 6.( ,5;!((.%/!'!,) *. '0'! .//0)!<

>!( ;4,,!$%4,( 5).-*%!( !,)/! *!( ,2#"( (4,) /!?/4#65( ".,( #,!

'.)/%;! A = (aij)3 1#.," .66!**! '.)/%;! "! *%.%(4, 4# '.)/%;! @"A.;!,)!<

>+!() #,! '.)/%;! -%,.%/!3 )!* 1#! (% *! ieme
,2#" 6/!," #,! %,B4/'.)%4,

"! jeme
,2#"3 ;+!() = "%/! j ∈ Ni .*4/( aij = 1 !) (%,4, 0<

8, ,4)! 6./ ∆ *. '.)/%;! "%.?4,.*! )!* 1#! (4, ieme
)!/'! "%.?4,.*

;4//!(64," .# ,4'-/! "! *%.%(4,( 1#! 6!#) 5).-*%/ *! ieme
.?!,) .:!; *!(

.#)/!(< 8, "5C,%! *. '.)/%;!  .6*.;%!,,! L ;4''! (#%)! 7

L = ∆− A DE<FGH

 !"#$%" &

8, ;4,(%"&/! *! ?/.6I! G(ν, ε)3 6/5(!,)5 6./ *. C?#/! E<F3 "! J ,2#"( !)

K ./0)!( 4# ;4,,!$%4,(<  !( '.)/%;!( @"A.;!,)! !)  .6*.;%!,,! .((4;%5!(

1

4
2

3

5

 !"#$% E<F L M$!'6*! "! ?/.6I!

(4,) *!( (#%:.,)!( 7



  !"#$"%& '(%()*+,&

A =




0 0 0 0 1

1 0 0 0 1

0 1 0 0 0

1 0 0 0 0

0 0 0 1 0




; L =




1 0 0 0 −1
−1 2 0 0 −1
0 −1 1 0 0

−1 0 0 1 0

0 0 0 −1 1




 ! "#$%&" '"(# &)*"% '" +,-*."% /

0" +,-*." 12132,$"1&45 67"%& !" +,-*." &"! 8(" !- 6211"#$21 "1&," '"(#

19('% "%& ,46$*,28("5 67"%& : '$," 8(" j ∈ Ni "& i ∈ Nj5 6" 8($ 12(% ,-;<1"

: '$," (i, j) "& (j, i) *,4%"1&"1& !- ;=;" 6.2%"> 0- ;-&,$6" ?'@-6"1&"

-%%26$4" "%& (1" ;-&,$6" %);4&,$8(" *($%8(" aij = aji>

0" '"(#$<;" &)*" '" +,-*." "%& !" +,-*." 2,$"1&4> A7"%& !" +,-*." 2B

!- 6211"#$21 17"%& *-% 146"%%-$,";"1& ,46$*,28("> 0- ;-&,$6" ?'@-6"1&"

-%%26$4" "%& (1" ;-&,$6" 8($ 17"%& *-% 146"%%-$,";"1& %);4&,$8("> A2;;"

21 *"(& !" ,";-,8(", : *-,&$, '" !- '4C1$&$21 '" 6"% '"(# +,-*."%5 8("

&2(& +,-*." 12132,$"1&4 "%& +,-*." 2,$"1&45 "& !" 621&,-$," "%& D-(#>

E&-1& '2114 (1 +,-*." G(ν, η)5 "& A = (aij) %- ;-&,$6" ?'@-6"1&"

-%%26$4"> 0" '"+,43"1&,-1& "& '"+,43%2,&-1& '( kème
19('5 %21& ,"%*"6&$3

F";"1& degentrant(k) =
n∑

i=1

aik "& degsortant =
n∑

j=1

akj> G1 ,";-,8(" H$"1

8(" degsortant(k) ,"*,4%"1&" !" kème
&",;" '$-+21-!" '" ∆ "& $! "%& -(%%$ !"

card(Nk)>

 !"#$%" &

G1 '211" '"(# "#";*!"% '" +,-*."% '" &)*" 2,$"1&4 "& 12132,$"1&4 /

0"% ;-&,$6"% -'@-6"1&"% ,"%*"6&$F"% %21& !"% %($F-1&"% /

A1 =




0 0 1 1

1 0 0 0

1 0 0 0

0 0 1 0




; A2 =




0 1 1 1

1 0 0 0

1 0 0 1

1 0 1 0




I2(, !" +,-*." -%%26$4 : !- ;-&,$6" -'@-6"1&" A15 21 - degsortant(1) = 25



 !"! #$%&'() *)+ ,'-.$)+  /

1

3
2

4

 !"#$%  ! " #$%&'(% )% *+,'-% .+/%012

1

3

2

4

 !"#$%  !3 " #$%&'(% )% *+,'-% 0.04.+/%012

degsortant(3) = 15 %16!! 7.8+ (% )%*+2 %01+,01 .0 , degentrant(1) = 2 %1

degsortant(3) = 25 %16!!

90 +%&,+:8% ;/%0 :8% (, &,1+/6% ,<<.6/2% ,8 *+,'-% 0.04.+/%012 %<1

1.8=.8+< <>&21+/:8%5 6% :8/ /&'(/:8% :8% degsortant() = degentrant()!

?, &,1+/6% ?,'(,6/%00% %<1 (, &,1+/6% 6(2 ),0< (, <1,;/(/<,1/.0 )%< <><4

1@&%< %0 A.+&,1/.0! #0 %B%1 </ .0 6.0</)@+% 80 *+,'-% G(ν, η)5 %1 A <,

&,1+/6% C)=,6%01% ,<<.6/2%5 .0 '%81 %$1+,/+% 80% &,1+/6% ?,'(,6/%00% L )%

G!

#1 </ .0 6.0</)@+% (% <><1@&% )/B2+%01/%( <8/D,01 E

ẋ = u = −Lx F !GGH



 ! "#$%#&' ()&)*+,-'

 !" #$! x ∈ R
n

! u = (u1, u2, ...., un) ∈ R
n
%

&' (!)*(#$! #$!+ ,- .' /(!'0 12*#$! ui 3 /*( + !""! ,451(-(* 1.))! ,$- 

ui = −
n∑

j=1

aij(xi − xj) 67%879

14!, /.$(#$.- ,- .' /(!'0 s = (s1, s2, ...., sn) ∈ R
n

1.))! ,."$ -.' 0!

67%889+ "!, si, ∀ i ∈ {1, 2, .., n} ,! ,$-:(.' ,!".' "!, 1.''!;-.', 0.''5!, /*(

"* )* (-1! A% <.'1 "* )* (-1! =*/"*1-!''! L *,,$(! #$! "!, xi 0! 7%889 *-!' 

$'! 1!( *-'! 1.))$'-1* -.' /(5>05?'-! 05, "! 05/*( %

=4$' 0!, /(-'1-/*$; @(*/2! "4*(A(! 1.$:(*' % B4!, $' @(*/2! .(-!' 5 #$-

1.)/.( ! $' 'C$0 #$- '! /(!'0 $'! -'D.()* -.' 04*$1$' *$ (! 'C$0 0$

@(.$/!+ 14!, 3 0-(! ,- 145 *- "! kme
'C$0 *".(, "* kme

"-@'! 0! "* )* (-1!

*0E*1!' ! !, '$""!% <!, (5,$" * , .' 5 5 0.''5, /*( F!- G!'H8IJ ,$( 1!

 K/! 0! @(*/2! #$- ,.' "!, ,$-:*' , L

.-//- !  ! "#!$%&'() *) +(,-.) G(ν, η)/ x = (x1, x2, ...., xn) ∈ R
n
)0

L *, 1,0(%") 2,-*,"%)!!) ,$$#"%3) 4 G ,*#($ *)$ ,$$)(0%#!$ $5%6,!0)$ $#!0

375%6,*)!0)$ 8

9: G )$0 5! ,(;() "#56(,!0 )0 *) kme
!<5& !=, -,$ &) "#!!)>%#! ,6)" *)$

,50()$ !<5&$:

?: G )$0 5! ,(;() "#56(,!0 )0 *, kme
*%+!) &) *, 1,0(%") L )$0 !5**):

@: 2)$ "#1-#$,!0)$ si, ∀ i ∈ {1, 2, .., n} &) s $#*50%#! &) A?:99B

"#!6)(+)!0 ,$C1-0#0%75)1)!0 0)* 75) lim
t→+∞

si(t) = sk(0):

D: 2) kème
!<5& )$0 *) $)5* !<5& 0)* 75) K ∈ Ni, ∀ i ∈ ν:

&' 1.',-0M(! p 'C$0,% &' :!$ #$! ,!, 'C$0, 5 *A"-,,!' $'! 1!( *-'!

1.''!;-.' /(505?'-! !' (! !$; ! 1.':!(@!' :!(, $'! /.,- -.' 05,-(5!% &'

1.',-0M(! #$! 1!  ! /.,- -.' 05,-(5! ! "! (p + 1)ème
'C$0% =!  25.(M)!

,$-:*' 0.''5 /*( F!- G!' H8IJ+ 5'.'1!(* "* 1.':!(@!'1! *,K)/ . -#$!

01)#*2/- 3 E#%0 G(ν, η) 5! +(,-.) )0 A = (aij) ∈ R
(n+1)×(n+1)

$,

1,0(%") F&G,")!0)/ 0)* 75) ai(p+1) = 0 ∀ i ∈ {1, 2, .., p + 1}/ ,*#($ *)$
si, ∀ i ∈ {1, 2, .., p} p -()1%'()$ "#1-#$,!0)$ &) s $#*50%#! &) A?:99B -#5(
x ∈ R

(n+1)
"#!6)(+)!0 ,$C1-0#0%75)1)!0 6)($ 5!) -#$%0%#! &) (3H3()!") sr

$% )0 $)5*)1)!0 $% G )$0 5! ,(;() "#56(,!0:



 !"! #$%&'()*$%  +

,-$.$)*/*$% 0  !"#$%& '($) (* +%,"-$..)./#01234

5(%# 6. -$"78. 9%$.:# G 9;($9$. n< 6" *(/:#%(/ =9%,"-$..)./#= ΦG : Rn → R

.,# >/. *($). ?>"9$"#%?>. ",,(:%@. A 6" )"#$%:. ,B)@#$%?>. ,.)%C9@D/%.

7(,%#%E.

P (G) =
1

2
(Dout(G) +Din(G)− A(G)− A(G)T ).  !"#$%

+. 76>,< P (G) .,# 6" )"#$%:. 9> -$"78. )%$(%$ Ĝ< .,#<

P (G) = L(Ĝ) =
1

2
(L(G) + L(G̃)).  !"#&%

,-$.$)*/*$% + 1234 5(%# G >/ -$"78. ":B:6%?>. 9;($9$. n "E.: n0 =,%/F,=

.# (/ ,>77(,. ?>. ,., ,()).#, ,(/# %/9.&@, ,.6(/ 6.>$ 7$(*(/9.>$G

5% G "9).# >/. 7$(*(/9.>$ >/%?>. "6($, ΦG .,# 9@:$(%,,"/#. 6. 6(/- 9. 6"

#$"H.:#(%$. 9. q̇ = L(G)q

 !" #$%&'()*$%

'( ) *+,--. /)(- 01 02)3.4*1 5 .(4*6/,.*1 71- 6,4.7- 8)42+8)4.9,1-: 7.+-

1--1(4.177181(4 5 7) -4);.7.4+ 14 5 7) -4);.7.-)4.6( /<,( -=-4>81 /1 0688)(/1

14 7) (64.6( /1 0688)(/);.7.4+ 36,* ,( -=-4>81 -)(- /+*.?1" @) 0688)(A

/);.7.4+ 760)71 ), -1(- /1 B)78)( ) +4+ +C)7181(4 .(4*6/,.41 36,* 71 7.A

(+)*.-+ 4)(C1(4 /<,( -=-4>81 (6( 7.(+).*1" @) 06837+81(4)*.4+ 5 01- 6,4.7-

36,* 7<+4,/1 /1 -4);.7.4+: 6( ) .(4*6/,.4 7) (64.6( /1 C*)321 /1 06((1D.6(

.(.4.)7181(4 ,4.7.-+ /)(- 7<+02)(C1 /1- .(E6*8)4.6(- /)(- 71- *+-1),D .(A

E6*8)4.9,1-" F4)(4 /6((+ 9,1 02)9,1 )C1(4 -1*) 06(-./+*+ -6,- E6*81 /1

(G,/: (6,- )?6(- /6((+ 9,179,1- 1D18371- /<)337.0)4.6( -,* 7) 06((1D.6(

/1 37,-.1,*- (G,/- ?.) 7) 8)4*.01 @)37)0.1((1"





 !"#$%&' (

 !"#$!%#&' ()*' "+,#-*./

,&.&'01/

 !" #$%&'()*%+'$

 !" #!$%&'()!" ()! *+,& $,&"'-./! '$' $,&"'"#!&# 0 "#12'*'"!/ *1 3,"'#',&

-) /,2,# 31/ /133,/# 0 )&! 3,"'#',& -! /454/!&$!6 "1&" $%!/$%!/ 0 "#12'*'"!/

*+,/'!&#1#',& -) /,2,#7 8,&$!3#)!**!9!&#6 $,99! '* !"# '&-'()4 -1&" :;<=$!*1

/!>'!&# 0 -,&&!/ 1) >4%'$)*! 0 $,991&-!/ *!" 3/,3/'4#4" -+)&! /!9,/()! ?

1$$/,$%4! ? -! 51@,& '991#4/'!**! 1) >4%'$)*! -! /454/!&$!7 8!##! 133/,$%!

!"# $*1""'()!9!&# )#'*'"4! -1&" *! $1" -+133*'$1#',&" -! #A3! $,&>,' -! >4%'B

$)*!"6 ,C *! >4%'$)*! -! #D#! ")'# )&! #/1E!$#,'/! "1&" 3,'&# -! /!2/,)""!9!&#7

 1 $,991&-! -) >4%'$)*! ",)" *! 9,-.*! FG7;<H "!/1 $,&"'-4/4! !# 1 51'#

*+,2E!# -! &,92/!)"!" /!$%!/$%!" -,&# ,& 3!)# $'#!/ :;<6 ;;6 <6 I=7

JD9! !& *+12"!&$! -+,2"#1$*!6 $,991&-!/ )& "A"#.9! &,& %,*,&,9!

3,)/ *+19!&!/ -+)&! $,&KL)/1#',& -! -431/# 0 )&! $,&KL)/1#',& -+1//'>4!

&+!"# 31" )& 3/,2*.9! 1'"4!7 M& !N!#6 '* &+!O'"#! 31" 1)E,)/-+%)' -! 94B

#%,-! L4&4/1*! 3!/9!##1&# -! /4",)-/! *! 3/,2*.9! 3,)/ &+'93,/#! ()!*

"A"#.9! &,& %,*,&,9! :;=7 P!" 94#%,-!" 1&1*A#'()!" ",&# $,&&)!" "!)*!B

9!&# 3,)/ $!/#1'&!" $*1""!" -! "A"#.9!" F>,'/ :;Q= !# :;I= 31/ !O!93*!H7 R,)/

*!" 1)#/!"6 ,& &! -'"3,"! ()! -! 94#%,-!" &)94/'()!"7 M& ,)#/!6 *1 3/4"!&$!

-+,2"#1$*!" /!&- *!" 94#%,-!" 1&1*A#'()!" '&133*'$12*!" 0 -!" "A"#.9!" &,&

%,*,&,9!" :;S= :;T=7

 ! 2)# -! $! $%13'#/! !"# -! $,&"#/)'/! )&! $,991&-! ()' 51'# -43*1$!/

)& >4%'$)*! -! "1 3,"'#',& '&'#'1*! E)"()+0 "1 3,"'#',& K&1*!6 "1&" #!&'/

$,93#! -! ",& ,/'!&#1#',&6 ")/ )&! ")/51$! $,&#!&1&# -!" ,2"#1$*!"7 U&

&,#!/1 O6 *+!&"!92*! -!" ,2"#1$*!"7



 ! "#$%&#'%() *+,) $-.%/,01 .(0()231

 !"#$ %&&!#" '!()*)"$ + "#!,-$# ,($ '!..%(/$ #01,2*3#$ ),# 2% ),#4%'$

/$ (%-*1%"*!( &#*-0$ /$ O5 6$""$ '!..%(/$ 7!,$ ,( /!,82$ #92$5 :22$ $)"
'!()"*",0$ /;,($ &%#"*$ <%""#%'"*-$< =,* %)),#$ 2% '!(-$#1$('$ -$#) 2$ &!*("

/0)*#0 $" /;,($ &%#"*$ #0&,2)*-$ &!,# 0-*"$# 2;$()$.82$ O> "!," '$'*> )%()
&%))$# &%# /$) 4!('"*!() "$)") =,* '?%(1$(" /$ 4!#.$ /$ 2% '!..%(/$ '?%=,$

4!*) =,$ 2$ -0?*',2$ /0"$'"$ ,( !8)"%'2$ $" )%() ),*-#$ /$) "#%7$'"!*#$) /$

#040#$('$) &#0/0@(*$)5

A%() '$ '?%&*"#$> !( /0-$2!&&$ ,($ %&&#!'?$ %(%2B"*=,$ 10(0#%2$> &!,#

0"$(/#$ "!,"$ '!..%(/$ =,* 4%*" '!(-$#1$# 2% &!)*"*!( -$#) 2$ &!*(" /0)*#0>

$( "$(%(" '!.&"$ /$ 2;$()$.82$ O5 C( &#!2!(1$#% '$""$ %&&#!'?$ &!,# 2$
'%) /;,( )B)"3.$ /B(%.*=,$5

 !" #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 2'+.3%4

$'50,

 !"#$ !87$'"*4 $)" /;0"$(/#$ 2$ &#!823.$ /$ )"%8*2*)%"*!( &!,# *('2,#$

2% #01,2%"*!( $( &#0)$('$ /;,($ &$#",#8%"*!(5 6$'* $)" (0'$))%*#$ &!,# 2%

(%-*1%"*!( $( &#0)$('$ /;,( !8)"%'2$5

A%() '$ "#%-%*2 (!,) &#!&!)!() ,($ %&&#!'?$ %(%2B"*=,$ &!,# 2$) )B)D

"3.$) '!..%(/0)> =,* )$ 8%)$ ),# 2% "?0!#*$ /, EB%&,(!-5  !,) %22!()

'!('$-!*# ,($ 4!('"*!( =,;!( %&&$22$#% <4!('"*!( #01,2%"#*'$<> =,* %)),#$

2% '!("#92$ /$) "#%7$'"!*#$) %, '!,#) /, "$.&) %-%(" 2% '!(-$#1$('$ -$#) 2$

&!*(" /0)*#05

A%() 2% ),*"$ !( -% "#%-%*22$# ),# R
n
&!,# n ≥ 25

 !"!# $%&'()*+ ,+ -./'0(0-/.0&1 +. %234(/.0&1 ,+- -5-6

.)*+- ,+ 7&**/1,+

A%() 2% 2*""0#%",#$ /$,F "B&$) /$ )B)"3.$) '!..%(/0) )$ /*)"*(1,$(">

2$) )B)"3.$) %-$' $" )%() /0#*-$)GHIJ5



 !"! #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 2'+.3%$'40, "5

 !"!6!6 7./0(%$'*+ 1,) )8)$93,) 1, 2*33%+1, )%+) 1.-':,)

 !" "#"$%&!" "'(" )*+,-!" ".($ )!" "#"$%&!" /,(*',+!" !( 0.&&'()! !$

"1*0+,-!($ !( 2*(*+'/ ".3" /' 4.+&! "3,-'($! 5

q̇ =
m∑

i=1

fi(q)ui 6789:

.; q ∈ R
n
!$ u = (u1, u2, u3, ..., um)

T ∈ R
m
< +!=+*"!($!($ +!"=!0$,-!&!($

/1*$'$ !$ /' 0.&&'()! )3 "#"$%&!8

>( 0.(",)*+'($ P 3(! &'$+,0! $!/ ?3! "!" 0./.((!" ".($ 4.+&*!" ='+ /!"

4.(0$,.(" fi < /! "#"$%&! 6789: "1*0+,+' '/.+" ".3" /' 4.+&! 0.&='0$! 5

q̇ = P (q)u 678@:

A/3",!3+" $+'-'3B )'(" /' /,$$*+'$3+! "! ".($ ,($*+!""*" '3 =+.C/%&!

)! "$'C,/,"'$,.( )! 0! $#=! )! "#"$%&! )! 0.&&'()!< ).($ (.$'&D

&!($ /! +*"3/$'$ )! A.&!$ EFFG8 H! +*"3/$'$ '""3+! ?3!< ", /!" -!0$!3+"

f1(0), f2(0), f3(0), ..., fm(0) ".($ /,(*',+!&!($ ,()*=!()'($" '/.+" /! "#"$%&!

678@: (! -*+,I! ='" /!" 0.(),$,.(" )3 $J*.+%&! )! Brockett 6KJ*.+%&! L: <

0! ?3, ,&=/,?3! ?31.( =!3$ ='" '-.,+ 3( +!$.3+ )1*$'$ "$'$,.((',+!< =.3+ /'

"$'C,/,M'$,.( '"#&=$.$,?3! )3 "#"$%&!8 H!$$! 0.(),$,.( ).((*! ='+ Pomet

!"$ -*+,I*! ='+ /' =/3" ='+$ )!" "#"$%&!" 0.&&'()*" "'(" )*+,-!"8 N,(",<

.( -' "1,($*+!""!+ !( =+!&,!+ /,!3 ='+ 3(! 0/'""! )!" "#"$%&!" "'(" )*+,-!"

?3, ".($ "$'C,/,"'C/! ='+ 3( +!$.3+ )1*$'$ ,("$'$,.((',+!8

 ' /., )! 0.&&'()! ?3! (.3" '-.(" )*-!/.==*! !"$ ).((*! ='+ /! $J*.D

+%&! "3,-'($8

;<.*-93, 6=  !"# D ⊂ R
n
$% &%'&()*& +$" ,!%#"&%# *-.+$"*")/&0 1%

,!%'"23/& q $%& '!*$#"!% 2$ '4'#3(& 56078 &# V : R
n × [0,+∞[→ R *9

:!%,#"!% 2& ;49<$%!= 9''!,".& > *9 :!%,#"!% ua(q, t) ∈ R
m
? +$" '9#"':9"# *&'

"%.@9*"#.' '$"=9%#&' A

α1(q) ≤ V (q, t) ≤ α2(q)

∂V

∂t
+
∂V

∂q
P (q)ua(q, t) ≤ −α3(q)

6787:



 ! "#$%&#'%() *+,) $-.%/,01 .(0()231

 !" #$! %&$'  &$ (q, t) ∈ D × [0,+∞[( α1( α2 ! α3 )&*  '&+) ,&*- +&*)

-&* +*$!) ./0*+!) %&)+ +1!) )$' D2

3"&') %&$' *4+5%&' ! #$!""! ,&*- +&* ν : Rn → R -&* +*$! )$' D( "6 "&+ .!

-&556*.!

u = ua(q, t) + ν[[(
∂V

∂q
)tP (q)]t]⊥  !"#$

'!*. "! )7) 85! 9:2;< $*+,&'5/5!* 6)75% & +#$!5!* ) 6="! !* $*

%&+* -+="!2 �

"('#'%() >&+ S ∈ R
n
2

(S)⊥ ! (S)t ./)+?*!* '!)%!- +1!5!* $* 1!- !$' &' @&?&*6" A S ! "!  '6*)B

%&)/ .! S2

451,$1 %&'(& )*((+ ,-. /' 0*(1&2*( ). C76%$*&1 V 3+425. /.6 1*()27

&2*(6  !"!$8 '/*46 /' 1*99'(). ua 4.() /. 6:6&;9.

q̇ = P (q)ua(q, t)

-(20*49+9.(& '6:9<&*&2,-.9.(& 6&'=/."

%( -&2/26'(& /' 9>9. 0*(1&2*( ). C76%$*&1 <*-4 /. 6:6&;9.  !"?$ '3.1

/' /*2 ). 1*99'().  !"#$ <4*<*6+. <'4 /.  @/&'85! DE8 6*-6 /@A:<*&A;6.

,-. P (q)P T (q) .6& 2(3.462=/. <*-4 &*-6 q ∈ R
n
8 *( *=&2.(& B

V̇ =
∂V

∂t
+ (

∂V

∂q
)tP (q)u

=
∂V

∂t
+ (

∂V

∂q
)tP (q)[ua + ν[[(

∂V

∂q
)tP (q)]t]⊥]

=
∂V

∂t
+
∂V

∂q
P (q)ua

 !"C$

,-2 3+425. /' ).-D2;9. <'4&2. ).6 2(+E'/2&+6 )'(6  !"!$"

F@*G <*-4 q 6*/-&2*( )- 6:6&;9.  !"?$8 6*-6 /' 1*99'().  !"#$8 /' 0*(1&2*(

<4*<*6+. V 3+425. /.6 2(+E'/2&+6 B

α1(q) ≤ V (q, t) ≤ α2(q)

∂V

∂t
+
∂V

∂q
P (q)(ua(q, t) + ν[[(

∂V

∂q
)tP (q)]t]⊥) ≤ −α3(q)

 !"H$



 !"! #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 2'+.3%$'40,  5

 !"#$ %& '(')*+& ,-./0 '"1' %2 3"++245& ,-.60 &') 2%"7' 1489"7+:+&4)

2'(+;)")8<1&+&4) ')2=%&. �

>1''8$ ;"17 %& 32' 5!&?8')&43& 5!14 7&)"17 5!:)2) ')2)8"44287&$ "4

;7";"'& 14 7:'1%)2) '8+8%287&$ 5"44: ;27 %& )@:"7*+& '18A24) B

67.*-83, 55  !"# D ⊂ R
n
$% &%'&()*& +$" ,!%#"&%# *-.+$"*")/&0 1% ,!%'"2

34/& ua(q) $%& ,!((5%3& '#5#"!%%5"/& +$" '#5)"*"'& *& '6'#4(& 7809: 5$#!$/

3$ ;!"%# 3-.+$"*")/& &# V *5 <!%,#"!% 3& =65;$%!> 5''!,".& ? q̇ = P (q)ua0

@*!/' ;!$/ %-"(;!/#& +$&**& <!%,#"!% ν A R
n → R ,!%#"%$& '$/ DB *5 *!" 3&

,!((5%3&

u = ua + ν[[(
∂V

∂q
)tP (q)]t]⊥ ,-.C0

<5"# ,!%>&/C&/ 5'6(;#!#"+$&(&%# *&' '!*$#"!%' 3$ '6'#4(& 7809: >&/'

*-.+$"*")/&0 �

9-,0:,  !2;7*' %&' 5"44:&' 51 #D.!/4(& EE %& '(')*+& ,-./0 &')

2'(+;)")8<1&+&4) ')2=%& ;27 %2 %"8 5& 3"++245& ua. >%"7' 5!2;7*' %&

)@:"7*+& 5& D17EF&8% ,G@:"7*+& H0 $ 8% &?8')& 14& 9"43)8"4 5& I(2;14"A

V 2''"38:& 21 '(')*+& q̇ = P (q)ua.

J&38 4"1' 5"44& <1&

V̇ = (
∂V

∂q
)P (q)ua < 0.

K4 1)8%8'24) %2 +L+& 9"43)8"4 5& I(2;14"A ;"17 %& '(')*+& ,-./0 2''"38: M

%2 %"8 5& 3"++245& ,-.C0$ ;7";"':& 524' %& #D.!/4(& EE$ '"1' %!@(;")@*'&

<1& P (q)P T (q) &') 84A&7'8=%&$ "4 2="1)8) M B

V̇ =
∂V

∂q
P (q)u

=
∂V

∂q
P (q)[ua + ν[[(

∂V

∂q
)tP (q)]t]⊥]

=
∂V

∂q
P (q)ua < 0

,-.N0
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 !"# $!%&'() *+ ,-."'(/+ $+  !"#$%&'0 *+) )"*1,2"3) $+ 456780 )"1) *%

9"//%3$+ 456780 9"3:+';+3, :+') *% &")2,2"3 $.)2'.+6 �

<"//+ +=+/&*+ &"1' 9+ ,-."'(/+ "3 &+1, &'+3$'+ *+ )>),(/+ $!1329>9*+

$"33.+ &%' (A.17)0 %&'() 13 9-%3;+/+3, $+ :%'2%?*+ +, 13 ?"19*%;+ )1' *%

9"//%3$+ *+ )>),(/+ "3 "?,2+3, *+ )>),(/+ .@12:%*+3, )12:%3, A

ẋ1 = u1

ẋ2 = u2

ẋ3 = x1u2

456B8

<!+), 13 )>),(/+ )%3) $.'2:+ @12 )!.9'2, )"1) *% C"'/+ q̇ = P (q)u0 "# q =

(x1, x2, x3)
t
0 u = (u1, u2)

t
+,

P (q) =




1 0

0 1

0 x2


 456DE8

<+ )>),(/+ $!1329>9*+ +), 132C"'/./+3, %)>/&,",2@1+/+3, ),%?2*2)%?*+0

)+*"3 F"/+, GHHI0 /">+33%3, 13 C++$?%9J 23),%,2"33%2'+ ua(q, t) = (u1, u2)

u1 = x2 sin t− (x1 + x3 cos t)

u2 = −(x1 + x2 cos t)x1 cos t− (x1x2 + x3)
456DD8

@12 +), %))"92. K *% C"39,2"3 $+ L>%&13": V &"1' *+ 9%) 3"3M%1,"3"/+

)12:%3,+

V (t, q) =
1

2
(x1 + h(t, x2, x3))2 +

1

2
x22 +

1

2
x23 456D78

%:+9 h(t, x2, x3) = x2 cos t

N*"') *+ ,-."'(/+ DE0 %O'/+ @1+ )"1) *% *"2 $+ 9"//%3$+ )12:%3,+

ũ1 = x2 sin t− (x1 + x3 cos t)− ν(q, t)(x2(1 + cos2 t+ x3) + x1)

ũ2 = −(x1 + x2 cos t)x1 cos t− (x1x2 + x3) + ν(q, t)(x1 + x2 cos t)

456D58

*+ )>),(/+ 456B8 '+),+ 132C"'/./+3, %)>/&,",2@1+/+3, ),%?*+ K *!.@12*2?'+0

F"1' 3!2/&"',+ @1+**+ C"39,2"3 )9%*%2'+ ν6 L% C"39,2"3 '.;1*%,'29+0 &+1,

P,'+ ),%,2"33%2'+ "1 23),%,2"33%2'+0 9"//+ "3 *!% :1 $%3) *% $./"3),'%,2"3



 !"! #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 2'+.3%$'40,   

 ! "#$%&'() *%+,- $&$.

/+ $")+ 0  1+, 21 ,%!, ,)*"-%+ ,!-31+")0 *), &$,!2"1", 4%!& 2), ,5,"'(),

*%((1+ $, 13)*  $&-3),.

 !"!5!" 6./0(%$'*+ 1,) )7)$83,) 1, 2*33%+1, %9,2 1.-'9,)

6), ,5,"'(), 13)*  $&-3),0 ,%+"  ), ,5,"'(), 7!- ,%+" 18+), )+ *%+"&92)

)" 7!- ,:$*&-3)+" ,%!, 21 ;%&() ,!-31+") <

q̇ =
m∑

i=1

fi(q)ui + g(q)
=>.?@A

%B q ∈ R
n
)" u = (u1, u2, u3, ..., um)

T ∈ R
m
0 &)4&$,)+")+" &),4)*"-3)()+"

2:$"1" )" 21 *%((1+ )  ! ,5,"'().

C+12%D-7!)()+" 1!E *1,  ), ,5,"'(),  ) *%((1+ ) ,1+,  $&-3),0 %+ *%+,-F

 '&) P !+) (1"&-*) ")2 7!) ,), *%2%++), ,%+" ;%&($), 41& 2), ;%+*"-%+, fi 0

2) ,5,"'() =>.?@A ,:$*&-" 12%&, ,%!, 21 ;%&() *%(41*") ,!-31+") <

q̇ = P (q)u+ g(q) =>.?GA

H1+, 2) *1, %B *) ,5,"'() )," ,"1I-2-,1I2) 41& !+) *%((1+ ) -+,"1"-%++1-&)0

2) &$,!2"1" ,!-31+" )," ,-(-21-&) J *) 7!:%+ 1 ;1-" 4&$*$ )(()+".

:;.*-83, 5"  !"#$% q &$# '!(&%"!$ )& '*'%+,# -./0123 V : Rn×[0,+∞[→
R (4 5!$6%"!$ )# 7*48&$!9 4''!6":# ; (4 5!$6%"!$ ua(q, t) ∈ R

m
3 <&" '4%"'54"%

(#' "$:=4("%:' '&"94$%#' >

α1(q) ≤ V (q, t) ≤ α2(q)

∂V

∂t
+
∂V

∂q
(P (q)ua(q, t) + g(q)) ≤ −α3(q)

=>.?KA

%#( <&# 8!&? %!&% (q, t) ∈ D × [0,+∞[3 α13 α2 #% α3 '!$% %?!"' 5!$6%"!$'

6!$%"$&#' ):@$"#' 8!'"%"9#' '&? D/

A(!?' 8!&? $B",8!?%# <&#((# 5!$6%"!$ ν : Rn → R3 (4 (!" )# 6!,,4$)#

u = ua(q, t) + ν[[(
∂V

∂q
)tP (q)]t]⊥ =>.?LA
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 !"# $! %&%'()! *+,-./ 0"123 )4)!"' 5%&)6'3'170!)!"' %'58$! !" 0"

631"' 918$!, �

451,$1  ! "#$%&$ $'( )! *+*$ ,%$ -$))$ .% (/01#2*$ 345 6%'($ 17 -/!78$

)$ '9'(2*$ :;<=> "!# :;<3?>5 $( )! .$%@A2*$ -17.A(A17 .$ :;<;> "!# -$))$ .$

:;<3B>< �

C1%# )$ -!' .$ )! '(!DA)A'!(A17 .% '9'(2*$ :;<3?> "!# %7$ -1**!7.$ '(!E

(A177!A#$ ua ($) ,%$ V $'( )! F17-(A17 .$ :&560"3; !''1-A0$5 )$ #0'%)(!(

#$'($ )$ *+*$ ,%$ -$)%A .% (/01#2*$33< GH$'( I .A#$ ,%$ )! -1**!7.$ :;<J>

'(!DA)A'$#! !'9*"(1(A,%$*$7( :;<3?><

 67686 9)'15:5-'#'%() *1; 0(%; *1 /(33#)*1; '5(,$-1;

 $' -1**!7.$' .1770$' "!# )$' (/01#2*$' :3453353=> !''%#$7( )! "1''AE

DA)A(0 .$ -/!78$# )$ -1*"1#($*$7( .$' '1)%(A17' .$ :;<=> $( :;<3?> (1%( $7

8!#.!7( )! -17&$#8$7-$ &$#' )! "1'A(A17 .0'A#0$<

K!7' )$' (/01#2*$' "#0-0.$7('5 17 !"$#L1A( ,%$ -$' )1A' .$ -1**!7.$'

'$ .0-1*"1'$7( $7 %7 ($#*$ !((#!-(AF ,%H17 71($ ua $( %7 ($#*$ #08%)!($%#5

.1770 "!#

ur = ν[[(
∂V

∂q
)tP (q)]t]⊥

M 71(0 !%''A ,%$ -$ ($#*$ ur $'( )$ "#1.%A( .H%7$ $@"#$''A17 A''%$ .$

)! .0#A&0$ "!#(A$))$ .$ )! F17-(A17 .$ :&560"3; $( .H%7$ F17-(A17 ,%H17

!""$))$#! .!7' )! '%A($ .% *!7%'-#A( N<3"9'13"  4=0$5' 19!N< G$(($ .$#7A2#$

"$#*$( .$ -17(#O)$# )$ -1*"1#($*$7( .$' (#!6$-(1A#$' .% '9'(2*$ .% (9"$

:;<=> $( :;<3?>5 (1%( $7 -17'$#&!7( )! -17&$#8$7-$ &$#' )! "1'A(A17 .0'A#0$<

GH$'( I .A#$ ,%$ )! "#1"#A0(0 .$ -17&$#8$7-$ $'( 1D($7%$ A7.0"$7.!**$7(

.% ($#*$ ur<

K!7' )! )A((0#!(%#$5 )! ")%"!#( .$ (#!&!%@ '17( .$'(A70' I -17'(#%A#$

%7$ -1**!7.$ ua ,%A !''%#$ )! '(!DA)A(0 .% '9'(2*$ !%(1%# .H%7$ "1'A(A17

.0'A#0$< K!7' 71(#$ -!'5 17 '%""1'$ ,%$ )! '(!DA)A'!(A17 $'( 8!#!7(A$ "!# )$

"#$*A$# ($#*$ ua5 $( 17 7$ 'HA7(0#$''$#! ,%H!% -17(#O)$ .$' (#!6$-(1A#$' !%

-1%#' .% ($*"'< G$(($ 71%&$))$ -1**!7.$ &! +(#$ !''%#0$ "!# )! <3"9'13"



 !"! #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 2'+.3%$'40,  5

 !"#$%& '() ν 

!"##$%&'( ) #*+($', %" -&*.$ /0 (1(,2.$ 3

q̇ = X (q, ν) 45 678

&9 q ∈ R
n

$, %" -&':,;&' (:"%";*$ ν $(, %" *+,(&'+,  !"#$%& '() 

<&0* %$( (1(,2.$( ("'( /+*;=$(> /?"#*2( %$( ,@+&*2.$( 46A>668> &' " 3

q̇ = P (q)[ua(q) + ν[[(
∂V

∂q
)tP (q)]t]⊥] = X (q, ν) 45 6B8

&9 ua $(, 0'$ :&.."'/$ /$ (,"C;%;(",;&' /&''+$ <&0* %$ :"( ;'(,",;&''";*$

X ($*" $' -&':,;&' /$ (q, ν, t)  

D0((; #&0* %$( (1(,2.$( "=$: /+*;=$(> /?"#*2( %$ ,@+&*2.$ 6A &' " 3

q̇ = P (q)[ua(q) + ν[[(
∂V

∂q
)tP (q)]t]⊥] + g(q) = X (q, ν) 45 EA8

F&..$ &' %$ :&'(,",$> :$( '&0=$"0G (1(,2.$( (&', $' -&':,;&' /$ %?+,",

q $, %" -+,(&'+,  !"#$%& '() ν H0; ($*, ) :&',*I%$* %$ :&.#&*,$.$', /$(

(&%0,;&'( "0 :&0*( /0 ,$.#( 

 !"!" #$%&'('$% )*+ ,- .$%/('$% +01*,-(+'/2 3$*+ ,405'6

(272%( &4*% 2%)278,2 &2 3$'%()

J"'( :$,,$ ($:,;&'> &' /&''$ 0'$ :&'/;,;&' (0* %" *+,(&'+,  !"#$%& '()

ν> #&0* H0$ %$( ,*"K$:,&;*$( /0 (1(,2.$ 45 678 +=;,$', 0' $'($.C%$ /$

#&;',( O #&0* '?;.#&*,$ H0$%%$ :&'/;,;&' ;';,;"%$ :@&;(; 
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45(6(7%'%() !  ! "#!$%&'() *) $+$,'-) ./01234 56% 78#*6) &9!$ R
n
0

:#6( ϕ : E ⊂ R
n → F ⊂ R "#!,%!6) ), A 6! )!$)-;*) "#-<9",4 #! &7=!%,

*>)!$)-;*) &)$ <#%!,$ ? 78%,)( @

O = {c ∈ R
n/ ϕ(c) ∈ A} = ϕ−1(A)

A% <#6( 6! )!$)-;*) N &) R
n\O B)!,#6(9!, OB4 ">)$, ? &%() <#6( 6! 7*7C

-)!, x &) ∂O #! 9 ∀ U ∈ Vx %!,)( N )$, !#! 8%&)4

%* )D%$,) 6!) E#!",%#! ν ,)* 56)

ϕ(b+ τX (b, ν)) ∈ CF (A
◦)  !"#$%

<#6( ,#6, b ∈ N ∪ O ), ,#6, τ ∈ [0, 1]
9*#($ #! 94

10 F#6,)$ *)$ "#6(;)$ %!,7G(9*)$ q(t) &) X (q, ν) %$$6) &) q0 = q(t0) ∈
N ∪ ∂O 78%,) O◦

H0 $% X )$, *#"9*)-)!,C*%<$"I%,J%)!!) $)6*)-)!, $6( N ∪ ∂O4 9*#($ *9
"#6(;) %!,7G(9*) &) X (q, ν) %$$6) &) q0 = q(t0) ∈ R

n\O◦ ()$,) &9!$
R

n\O◦0
�

451,$1

&' () *+,- .-,/'+0 12 *21+,0 /+ 12 3(1,-'() +) -(,- 0.+1 T > 04 () 3,55(3+

6,7() -02*2'11+ 3,0 ,) ')-+0*211+ [0, T ] 6,7() 3,8/'*'3+ +) 3(,39')-+0*211+3

[tk, tk+1] /+ 1():,+,0 ;(<<,)+ h =
T

n
5(,0 -(,- +)-'+0 n > 04 2*+; tk = kh

5(,0 k = 0, . . . , n4 +- t0 = 0 " =) ;()3'/>0+ ,)+ 3,'-+ ?)'+ (yk)k=0,...,n /.?)'+

520 12 0+12-'() /+ 0.;,00+);+ @ yk+1 = yk+λhX (yk, νk) 5(,0 k = 0, . . . , n−1
+- y0 = q0 ∈ N ∪ ∂O4 +- () 255+11+ qn : [0, T ] → R

2
12 A();-'() 2B)+

520 <(0;+2, -+1 6,+ qn(tk) = yk 5(,0 -(,- k ∈ N  '"+ qn(tk + λh) =

yk + λhX (yk, νk)4 λ ∈ [0, 1]% "

C.<()-0()3 520 0.;,00+);+ 6,+ 12 3,'-+ (yk) .*'-+ O◦ 5(,0 k = 0, . . . , n−1 @

=) 2 y0 ∈ N ∪ ∂O 21(03 /7250>3 17DE5(-D>3+ /+ 12 50(5(3'-'()4 '1 +F'3-+ ,)+

2551';2-'() ν 6,' *.0'?+

ϕ(y0 + λhX (y0, ν0)) ∈ CFA
◦



 !"! #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 2'+.3%$'40,  5

 ! ν(yk) = νk " #$ k = 0, . . . , n− 1

%& !

ϕ(y1) ∈ CFA
◦ ⇒ y1 ∈ CO◦

'( ) y1 ∈ CO◦ )* $+ 



y1 ∈ N ∪ ∂O
ou

y1 ∈ C(N ∪ O)
,-  ( .+/ %)(+ *. "$.0-.$ 1)+  ! y1 ∈ N ∪ ∂O )* $+ %&)"$2+ *) "$ 3

" +-/- ( "$414%.(/.  ( ) y2 ∈ CO◦5 ,-  ( .+/ %)(+ *. %.#6-20. 1)+

)* $+ y2 = y1 + λhX (y1, ν1)  ! h ≪ 1 $.+/. %)(+ C(N ∪ O)  # .(/$.

%)(+ N ∪ ∂O 7 1. 8#- -0"*-8#. 8#. y2 $.+/. )#++- %)(+ CO◦5 9.1- .+/

%: )# ;)-/ 8#. +-  ( +#"" +. ")$ *&)<+#$%. 8#. y2 ∈ O◦ )* $+ -* .6-+/.

#( r > 0 /.* 8#. B(y2, r) ⊂ O◦5 '$ +-  ( 1 (+-%2$. #( y ∈ B(y2, r)  ( )#$) =

‖y − y2‖ = ‖y − y1 − λhX (y1, ν1)‖ < r

>( ")++)(/ ? *) *-0-/. 8#)(% λ → 0 ./ +#-/. ? *) 1 (/-(#-/4 %. *) ( $0.7

 (  </-.(/ ‖y − y1‖ ≤ r 1. 8#- -0"*-8#. 8#. B(y2, r) ⊂ B̄(y1, r) ./ % (1

B(y2, r) ⊂ B(y1, r) 5 '$ 1 00. 1.+ %.#6 < #*.+ + (/ %. 0@0. $)A ( .**.+

(. ".#B.(/ @/$. 8#. 1 (; (%#.+ % (1 1.1- -0"*-8#. 8#. y1 ∈ O◦ 1. 8#-

1 (/$.%-/ *&CA" /C2+. %# +.1 (% 1)+5

'( +#"" +. 8#. yk ∈ CO◦7 0 (/$ (+ 8#. yk+1 ∈ CO◦ =

'( ) yk ∈ CO◦ )* $+




yk ∈ N ∪ ∂O
ou

yk ∈ C(N ∪ O)

,-  ( .+/ %)(+ *. "$.0-.$ 1)+  ! yk ∈ N ∪ ∂O )* $+ %&)"$2+ *) "$ " +-/- (

"$414%.(/.  ( ) yk+1 ∈ CO◦5 ,-  ( .+/ %)(+ *. %.#6-20. 1)+ )* $+

yk+1 = yk + λhX (yk, νk)  ! h ≪ 1 $.+/. %)(+ C(N ∪ O)  ! .(/$. %)(+

N ∪ ∂O D1 00. 1. 8#- "$412%.E7 1. 8#- -0"*-8#. 8#. yk+1 $.+/. )#++- %)(+

CO◦5



 ! "#$%&#'%() *+,) $-.%/,01 .(0()231

 !"# $% &'()* (yk) ⊂ CO◦ *) qn(t) ∈ CO◦ +"', )"') t ∈ [0, T ]- .*/( *&) 0,%(
+"', )"') n *) ($ *&) 1(*2 /"22'* 34!%+,5& $* &/6*7% 4!8'$*,9 :'* $% &'()*

(qn(.)) /"20*,;* '2(<",7=7*2) &', [0, T ] 0*,& $% &"$')("2 4' &>&)57* 3?-@A9

(&&'* 4* q0 ∈ N ∪ ∂O /!*&) B 4(,* t→ q(t)-

."77* CO◦ *&) <*,7= %$",& ($ ,*&)* 0,%( B $% $(7()* :'* q(t) ∈ CO◦
+"', )"') t ∈ [0, T ]- .*/( *&) 0,%( +"') )"') T > 0C 4!"# $% /"',1* (2)=;,%$*

4' &>&)57* 3?-@A9 =0()* O◦-
D%(2)*2%2) &( *2 +$'& $* /6%7+ 4* 0*/)*', X (q, ν) *&) $"/%$*7*2)

$(+/6()E(*2 &', N∪∂OC 4!%+,5& $* )6=",57*@ 4* .%'/6> F(+/6()E $% &"$')("2
*&) '2(:'* 4%2& N ∪ ∂O-  !"#C &( '2* /"',1* (2)=;,%$* γ(t) 4* X (q, ν)C
(&&'* 4* q(t0) ∈ R

n\O◦C /"'+* N %$",& γ(t) ,*&),*(2)* 4%2& N C 0% G),*

/"2<"24' %0*/ $!'2* 4*& /"',1*& (&&'*& 4* N ∪ ∂OC /* :'( (7+$(:'* :'*
γ(t) ,*&)* 4%2& Rn\O◦- �

 %2& '2 +,*7(*, )*7+&C 2"'& 0*,,"2& /"77*2) '2* %++$(/%)("2

:'%&(H4(,*/)* 4* $!%++,"/6* +,=&*2)=* 4%2& $* )6=",57* @@ 2"'& +*,7*) 4*

<"',2(, '2* +,*7(5,* <%7($$* 4* $"(& 4* /"77%24* +*,7*))%2) 4!%))*(24,*

/*) "1I*/)(<-

 ! "##$%&'(%)* '+ ,-,(./0 '10*(2345%&+$0

."77* %++$(/%)("2 B /* :'( +,=/54*C 4%2& /*))* &*/)("2 "2 0% /"2&(4=,*,

$* 7"45$* 3J-K@9 4' 0=6(/'$*C &%2& $!",(*2)%)("2 *2 +,*7(*, )*7+&- .*/(

+*,7*) %$",& 4!%&&(7($*, $* &>&)57* /(2=7%)(:'* 4* $!'2(/>/$* B '2 7"45$*

$(2=%(,* ,*$(= B $% +"&()("2 4' 0=6(/'$*-  !"# $!%++*$$%)("2 :'!"2 ,*),"'0*

4%2& $% $())=,%)',* "# $!"2 +%,$* &"'0*2) 4! !"#$-

F* 7"45$* 4* $!%;*2) *&) 4"22=* +%, $!=/,()',* &'(0%2)* L

q̇ = u 3?-KK9



 ! ! "##$%&'(%)* '+ ,-,(./0 '10*(2345%&+$0  6

 !"# q = (x, y) "$ u = (v, w) %&'$ ( '% R2
)

*" +,$ "%$ (" #&'%$-,.-" ,'" #&// '(" 0,. 1 .$ (234 #"- 4" !25.#,4"

-"3-2%"'$2 3 - 4" /&(64" #.'2/ $.0," 78)99: ( '% ,' "'!.-&''"/"'$ 34".'

(;&+%$ #4"%) <4,%.",-% $- ! ,= &'$ 2$2 -2 4.%2% ( '% #"$$" (.-"#$.!" 3&,-

-2%&,(-" 4" 3-&+46/" (&'$ &' 3",$ #.$"- >?@A) *"% $- ! ,= 0,. &'$ 2$2 -2 4.%2%

$- .$ '$ 4;"=.%$"'#" (" #" $B3" (" #&// '(" %&'$ $-6% -2#"'$%C ( $ '$ ("

2005C "$ %&'$ 3-.'#.3 4"/"'$ -2 4.%2% 3 -  !"#$%& '%(#)" ( '% >?DA)

E&$-"  33&-$ #&'%.%$" F #&'%$-,.-" ,'" #&// '(" 0,. -2%&,$ 4"% G 3-&+46/"%

%,.! '$% H

?) I .-" #&'!"-J"- 4" %B%$6/" !"-% 4 3&%.$.&' (2%.-2")

9) K!.$"- ,' "'%"/+4" (" 3&.'$% 0,. -"3-2%"'$" 35B%.0,"/"'$ ("% &+%L

$ #4"% ( '% 4" 34 ')

8) M&'$-N4"- 4" #&/3&-$"/"'$ (" 4 $- O"#$&.-" "' 1 #" (" 4;&+%$ #4"C ("

1 P&' 0,;"44" /.'./.%" 4 $- O"#$&.-" (;2!.$"/"'$) M"#. 1"- 4;&+O"$

(;,'" 2$,(" 34,% (2$ .442" ,4$2-.",-"/"'$)

G) M&'%$-,.-" ,'" #&// '(" 0,. ';"%$ 3 % (2Q'." 3 - .'$"-! 44"%C #;"%$ F

(.-" 0,. '" #5 'J" 3 % (" 1&-/" #5 0," 1&.% 0," '&$-" %B%$6/"  ! '#"

( '% 4" 34 ') * #&// '(" ("!- .$ R$-" -2J,4.6-" ( '% 4;"%3 #" 0,.

'" #&'$."'$ 3 % 4;&+%$ #4")

S '% #" 0,. %,.$ &' ! $- .$"- 3 - 4" # % %./34" (;,' %",4 &+%$ #4"C "'%,.$" 4"%

-2%,4$ $% %"-&'$ J2'2- 4.%2% ( '% 4" # % (" 34,%.",-% &+%$ #4"%) M"% ("-'."-%

%&'$ #&'%.(2-2% Q="% ( '% 4" 34 ')

 ! !" #$%&'()&*($+ ,* -.(*,/,+* 012+ $3)*&%',

 ! !7!7 8)&'$%,'(%)* 9:+* );,('&$0

S '% #"$$" %"#$.&' &' ! (2Q'.- 4;"'%"/+4" ("% 3&.'$% 0," 4" !25.#,4"

(&.$ 2!.$"-) T' %,33&%" 0," 4;&+%$ #4" "%$ ( '% 4" 34 ' "$ 3",$ R$-" "'$&,-2

3 - ,' #"-#4" #"'$-2 "' ,' 3&.'$ OC (" - B&' r) T' '&$" 4;"'%"/+4" ("%

3&.'$% F 2!.$"- 3 -

O =
{
c ∈ R

2/ ‖c−O‖ ≤ r
}



 ! "#$%&#'%() *+,) $-.%/,01 .(0()231

 !"#$%&'() *)+% $) ,-*(&'). / (!01%-.0)+. ,+ ').'() $+**"$- 23)4 50.) 6+)

() 7-80'+() &**."'8) (!"#$%&'() 09*(06+) &+$$0 6+) (& *"$0%0"1 q &**."'8)

+1 *"01% 6+!"1 () 1"%).& Oq '"99) (!0((+$%.) (& 2:+.) ;<4=>4 Oq .)*.-$)1%)

() *"01% ,!01%).$)'%0"1 )1%.) () ').'() )% (& ,."0%) 6+0 ?"0:1) O / q4 @) 6+0

)3*(06+) 6+) Oq ,-*)1,.& ,)$ '"".,"11-$ ,+ 7-80'+()A ,!"B C

Oq = O + r
q −O

‖q −O‖ ;<4D<>

"B ‖.‖ )$% (& 1".9) )+'(0,0)11)4

C

O

Oq

 !"#$% <4= E F1 7-80'+() / (!)1'"1%.) ,!+1 "#$%&'()

G01$0 Oq )$% (& *."?)'%0"1 ,) q $+. () ').'() ')1%.- )1 O4 H+&1, q $)

,-*(&')A Oq $) ,-*(&') &+$$0 %"+% )1 .)$%&1% $+. () ').'()4 G21 ,!&$$+.).

+1) 1&70:&%0"1 $&1$ '"((0$0"1 &7)' (!"#$%&'()A () 7-80'+() ,)7.& -70%). Oq &+

'"+.$ ,+ %)9*$4

"('#'%()

5&1$ (& $+0%) (& 1"%&%0"1 (.)⊥ )$% ,-210) '"99) $+0% C

$0 "1 *.)1, A ∈ R
2
,) '"9*"$&1%) (a, b) &(".$ (A)⊥ ∈ R

2
,) '"9*"$&1%)

(−b, a)4



 ! ! "##$%&'(%)* '+ ,-,(./0 '10*(2345%&+$0 67

 ! !7!8 93%(0/0*( :;+* )<,('&$0

 !""#$%&' ()# $# *+,%-./#00 !'')-# $! 1,2%/"%'3*3%& 1# $! 2%//!&1#

1) '4'*./# 567889 '#$%& :

u = ua + ur 5678;9

%< ua = (va, wa) #'* )&# 2%//!&1# ()3 !'')-# $! 2%&=#->#&2# !'4/"*%*3()#

1#' '%$)*3%&' 1) '4'*./# 567889 =#-' $! "%'3*3%& 1,'3-,# #*

ur = ν(∇V )⊥

#'* $! "!-*3# ()3 3&*.>-# $! ?%&2*3%& -,>)$!*-32#7 @#**# 1#-&3.-# "#)*

3&*#-=#&3- "%)- ,=3*#- )& #&'#/A$# 1# "%3&*'7

B!&' 2# 2+!"3*-#C %& 2%&'31.-# $! "!-*3# ua 2%//# ,*!&* $# >-!13#&*

1D)&# ?%&2*3%& "%*#&*3#$$# V : Rn → R+C 1,E&3# "%'3*3=#C "-,2,1,# 1) '3>&#

/%3&'7 F& ?!3*C '3 %& 2+%3'3# V 2%//# ?%&2*3%& 1# G4!")&%= "%)- $# '4'*./#

 !" #$%&'()" :

q̇ = −λ∇V (q) 5678H9

*#$ ()# λ ∈ R
∗
+C %& ! !$%-' $! 2%&=#->#&2# !'4/"*%*3()# I $D%-3>3&# "%)-

∇V (q) 6= 0 #* ∀ q 6= 07 @# ()3 "-%)=# ()# ua = −λ∇V (q) -#&1 $# '4'*./#
567889 !'4/"*%*3()#/#&* '*!A$# !) =%3'3&!># 1# $D%-3>3&#7

G# '4'*./# !=#2 $! ?%&2*3%& -,>)$!*-32# 'D,2-3-! !$%-' :

q̇ = −λ∇V (q) + ν(∇V (q))⊥ = X (q, ν) 5678J9

%< λ ∈ R
∗
+C V : Rn → R+C 1,E&3# "%'3*3? *#$ ()# ∀ q 6= 0 %& ! ∇V (q) 6= 0

"%)- 7

BD!"-.' $# *+,%-./# 00C 2# '4'*./# #'* !'4/"*%*3()#/#&* '*!A$# I $D%-3>3&#7

B!&' $# -#'*# 1) *-!=!3$ %& 2%&'31.-#C $# '4'*./# 5678J97 K%)- $# 2+%3L

!1,()!* 1# $! ?%&2*3%& -,>)$!*-32# νC %& "-%"%'# $# *+,%-./# ')3=!&*7



 ! "#$%&#'%() *+,) $-.%/,01 .(0()231

4.-(5631 78  !"#$% q &$# '!(&%"!$ )& '*'%+,# (3.26) "''&# )# q0(x0, y0)-

V =
‖q‖2
2

#% L (. /!$0%"!$ )12$"# '&3 R %#( 4&# '. 0!&35# 3#631'#$%.%"7# #'%

(. )3!"%# 4&" 6.''# 6.3 (#' )#&8 0#$%3#' C #% O 3#'6#0%"7#,#$% )# (. 0"5(# #%

)# (9!5'%.0(#:

;(!3' 6!&3

ν = −sign([y0 − L(x0)][Cx −Ox])

‖q −Oq‖
 !"#$%

<. '!(&%"!$ q 713"2# (#' )#&8 .''#3%"!$' '&"7.$%#' =

>: q 17"%# Oq

?: q 0!$7#3@# .'*,6%!%"4&#,#$% 7#3' C:

�

&' ()*+,-.' /001,' 21' 3' 4*)5613' *45(' 37+80(/63' 9' 6':(,' O; (+1(

': 6+:0',4/:( 1:' 950(/:6' 9' 0*61,5(* 21' 37+: <,*650' ': 5:(,+9150/:( 1:'

4/3'1, 9' r; '( /(('5:( 3/ 6583' C"

=+1, 9*.+:(,', 6' ()*+,-.' +: / 8'0+5: 975:(,+915,' 21/(,' 3'..'0 65

9'00+10"

91331 :  !"% (# '*'%+,# AB:?C-B:?DE %#( 4&# V =
‖q‖2
2

:

 . %3.$'/!3,.%"!$ #$ 0!!3)!$$1#' 6!(."3#' #'% )!$$1# 6.3 (9#863#''"!$ '&"F

7.$%# =

ρ̇ = −λρ
θ̇ = − sign([y0 − L(x0)][Cx −Ox])

|
√
(ρ cos θ −Ox)2 + (ρ sin θ −Oy)2 − r|

 !"#>%

�

;51,$1 ?' 0@0(-.'  !"#A;!"#$% ('3 21' V =
‖q‖2
2

07*6,5( 6+..' 015( B

ẋ = −λx+ sign([y0 − L(x0)][Cx −Ox])

‖q −Op‖
y

ẏ = −λy − sign([y0 − L(x0)][Cx −Ox])

‖q −Op‖
x

 !"#C%

D: <,':/:( 3'0 6++,9+::*'0 <+3/5,'0 (ρ, θ) ('33'0 21' B

x = ρ cos θ

y = ρ sin θ
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 !  " # $ %&'()*"! +*' '*++,'! - t ," ,.!( "! /

ẋ = −θ̇ρ sin θ + ρ̇ cos θ

ẏ = θ̇ρ cos θ + ρ̇ sin θ

0 12( (3+#(12 124(#  5($! 2" 3*!'(6 (") '$(.# 124," ",! F  "!' 

(ẋ, ẏ)  ! (ρ̇, θ̇)7 8" 32#!(+#(*"! F−1 +*' q̇  !  " 69*": *"! # $ 6,,'%,""& $

6*'!&$( "" $  " +,#*(' $; ," ,.!( "! # $<$!=3 >?7@AB7 0 124(# C*##*(!

%&3,"!' '7 �

70//0 8  !"#$% q &$# '!(&%"!$ )& '*'%+,# -./012./034 %#( 5&# V =
‖q‖2
2

"''&# )# q0 #% C(Cx, Cy) #'% (6!7"8"$# )& 7#9+7#/ :(!7'

(y0 − L(x0))Ox = 〈q0/O⊥〉 >?7?DB

#%

sign〈q0/O⊥〉 = sign〈q/O⊥〉 >?7?EB

�

9:0+30

F" 6,33 "6 +*' %&3,"!' ' (y0 − L(x0))Ox = 〈q0/O⊥〉7
F" *

〈q0/O⊥〉 = −x0Oy + y0Ox

= Ox(y0 −
Oy

Ox

x0)

G*69*"! 12 L  $! #* C,"6!(," *$$,6(& - #* %',(! 12( H,(:" O(Ox, Oy) -

#4,'(:(" C; *#,'$ L(x) =
Oy

Ox

x7 F"  " %&%2(! 12 〈q0/O⊥〉 = Ox(y0−L(x0))7
F" +*$$ 3*("! "*"! +,2' %&3,"!' ' #* % 25(=3 +*'!( %2 # 33 7

G( ," 6,"$(%=' # $<$!=3 &12()*# "! - >?7@AB %,""& +*' # # 33 I; ,"

' 3*'12 12 θ; 12(  $! #4*":# 12 C*(! q *) 6 #49,'(J,"!*# ;  ! 12( + 2!

K!' 6',($$*"! ,2 %&6',($$*"! ; 6 #* %&+ "% % #* 6,"%(!(," ("(!(*# q(t0)7

F" 6,"$(%=' α #4*":#  "!' #* %',(! L; 12( ' #( O - C >,'(:(" %2

' +=' B;  ! #4*5 9,'(J,"!*# >),(' #* L:2' ?7@B  ! θ0 #* )*# 2' % θ - t07

M4*+'=$ #* 6("&3*!(12 %,""& +*' # # 33 I; ," ' 3*'12 124(# < * 4



  !"#$%"&$'( )*+( #,-$.+/0 -'/'(120

C

O

α

θ

q

 !"#$%  !" # $%& '()*%& θ %+ α

,'& -.&&/0*%& &%*.( *' 1'2/'+/.( 3% θ

41er !" &/ Cx ≥ Ox

5%67 ,'& &% 3/&+/()6%(+ 8

9! :/ y0 ≥ L(x0);

θ̇ =
−1

|
√
(ρ cos θ − ox)2 + (ρ sin θ − oy)2 − r|

≤ 0; '*.2& θ ≤ θ0!

<2 .( %&+ 3'(& *% ,'& .= y0 ≥ L(x0) ,% >6/ /?-*/>6% >6% θ ≤ θ0 ≤ α!

5@.= -.62 +.6+ /(&+'(+ t *@A+'+ q(t) %&+ '6 3%&&6& 3% L; ,% >6/ -2.61%

>6% y ≥ L(x)!

"! :/ y0 ≤ L(x0);

θ̇ ≥ 0 '*.2& θ ≥ θ0; .2 y0 ≤ L(x0)

,% >6/ /?-*/>6% >6% θ ≥ θ0 ≥ α ,% >6/ -2.61% >6% q %&+ '6 3%&&.6& 3%

L &@%(&6/+ y ≤ L(x)!

42eme
 !" &/ Cx ≤ Ox

5% ?B?%; 3%67 ,'& &% -2A&%(+%(+ 8

9! :/ y0 ≥ L(x0);

θ̇ ≤ 0 %+ %( 6+/*/&'(+ *' ?B?% 3A?.(&+2'+/.( 6+/*/&A% -'2 1er !"  !

.( +2.61% >6% y ≥ L(x)!
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 ! "# y0 ≤ L(x0)$

%& '(#)*&+ ,* -.-% /0-*123% 4(% 2%,,% (+#,#'0% 56(1 ,% 2eme
 !" 82

6& 67+#%&+ y ≤ L(x)!

8%' 4(*+1% 2*' 0+(/#0' 5%1-%++%&+ /% 26&2,(1% 4(% '# ,* 26&/#+#6& #&#+#*,%

)01#9%$ y0 ≥ L(x0)$ ,% 26-561+%-%&+ /% ,* '6,(+#6& '%1* 26&'%1)0 *( 26(1'

/( +%-5'! 8:%'+ ; /#1% y ≥ L(x)$ '#&6& y ≤ L(x)! 8%,* 516()% 4(%

sign(〈q0/O⊥〉) = sign(〈q/O⊥〉)

! �

90//0 :  ! "#!$%&'() ε > 0 *)+ ,-) ε < ‖O‖ )* q -!) $#+-*%#! &- $.$*'/)
012345123672

 ! 8

〈q/O〉 > 0 <=!= >

9#-( q 8998(*)!8!* : +8 "#-(#!!)

N = {q ∈ R
2/ r < ‖q −O‖ < ε}

�

;<0+30

?& * q ∈ N /:6@

r < ‖q −O‖ < ε

⇔ r2 < ‖q‖2 − 2〈q/O〉+ ‖O‖2 < ε2

⇔ ‖q‖2 + ‖O‖2 − r2

2
> 〈q/O〉 >

‖q‖2 + ‖O‖2 − ε2

2

61 ε < ‖O‖$ /:6@ 〈q/O〉 > 0

�

90//0 = ;) "<8/9 &) =)"*)-($ f 5 &>?!%) 98( @

f(q) = X (q, ν(q)) = −q + sign(〈q0/O〉)
‖q −Oq‖

q⊥ <=!==>

)$* +%9$"<%*A%)! $-( N = {q ∈ R
2/pour ε < ‖O‖ on a r < ‖q − O‖ < ε} #B

r )* ε $#!* &)$ $"8+8%()$ $*(%"*)/)!* 9#$%*%C$2 �
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451,$1

 ! "#$%&# "' f (!$ $!(()$* + q ',* ")--#' (!$

∂f

∂q
= I + A(q)

).

A(q) =
sign(〈q0/O⊥〉)
(‖q −O‖ − r)2




y(x−Ox)

‖q −O‖ −(‖q −O‖ − r) +
y(y −Oy)

‖q −O‖
(‖q −O‖ − r)− x(x−Ox)

‖q −O‖ −x(y −Oy)

‖q −O‖




'* I ',* /-' 0!*$%1' %"'-*%*# (2 × 2)2 ")-1 f '*

∂f

∂q
,)-* 1)-*%-/', ()/$

*)/* q ∈ N 2 1' 3/% %0(4%3/' 3/' f ',* 4)1!4'0'-*  %(15%*6%'--' ,/$ N 7
�

8'&'-)-, 0!%-*'-!-* + 4! "'0)-,*$!*%)- "/ *5#)$90':; <

451,$1  ' 15)%= $'4!*%&'0'-* ,%0(4' "' 4! >)-1*%)- "'  ?!(/-)&

V =
‖q‖2
2

($)/&' 4! ,*!@%4%*# !,?0(*)*%3/'0'-* 4' ,?,*90' A;7BCD !/ ()%-* C(0, 0)2 ,%

)- (),'

u = ua = −q

E- /*%4%,!-* 4! 0F0' >)-1*%)- "' 4?!(/-)& V 2 4' *5#)$90':; 0)-*$' 3/' 4'

,?,*90' #*'-"/' ,/%&!-* G

q̇ = −q + ν(∇q)⊥ = −q + νq⊥ = X (q, ν)

,*!@%4%,' !,?0(*)*%3/'0'-* !/,,% 4' ,?,*90' A;7BCD !/ ()%-* C(0, 0)2 ()/$

3/'43/' ,)%* 4! >)-1*%)- ,1!4!%$' ν7

H- (!,,' 0!%-*'-!-* + 0)-*$'$ 3/' 4' 15)%= "' ν !,,/$' 4I#&%*'0'-* "'

4I)@,*!14'7

J!-, /- ($'0%'$ *'0(, %4 >!/* 0)-*$'$ 3/' ()/$ *)/* q !((!$*'-!-* + 4!

1)/$)--' N = {q ∈ R
2/r < ‖q −O‖ < ε}2 3 &#$%K' 4I%-#L!4%*# ,/%&!-*'

‖q −O + τX (q, ν)‖ > r
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 ! "

‖q −O + τX (q, ν)‖2 = ‖q −O‖2 + τ 2‖X (q, ν)‖2 + 2τ〈q −O/X (q, ν)〉

#"$%"!& '() ‖X (q, ν)‖2 = (1 + ν2)‖q‖2
)& '()

〈q −O/X (q, ν)〉 = 〈q −O/− q + νq⊥〉
= −‖q‖2 + 〈O/q〉 − ν〈O/q⊥〉

= −‖q‖2 + 〈O/q〉 − sign(〈O⊥/q0〉)
‖q −Oq‖

〈O/q⊥〉

= −‖q‖2 + 〈O/q〉+ |〈O⊥/q〉|
‖q −Oq‖

(d′après le lemme6)

≥ −‖q‖2 (d′après le lemme7)

*! *+&,)!& -*!$

‖q −O + τX (q, ν)‖2 ≥ ‖q −O‖2 + [τ 2(1 + ν2)− 2τ ]‖q‖2

 ! $*!#&"&) -)(. $"#/ #)0*! 0) #,1!) -) τ 2(1 + ν2)− 2τ 2

3, τ 2(1 + ν2)− 2τ ≥ 0 $4)#& 5 -,6) τ ≥ 2

1 + ν2
/ "0*6#

‖q −O + τX (q, ν)‖2 ≥ ‖q −O‖2 > r2

⇔ ‖q −O + τX (q, ν)‖ > r

$) '(4,0 7"00",& -89*!&6)6:

3, τ 2(1 + ν2)− 2τ ≤ 0 $4)#& 5 -,6) '() τ ≤ 2

1 + ν2
/ "0*6#

‖q −O + τX (q, ν)‖ ≥ ‖q −O‖ − τ‖X (q, ν)‖
≥ ‖q −O‖ − 2

1 + ν2
‖X (q, ν)‖

 ! #",& '() q ∈ N "0*6#

r < ‖q −O‖ < ε



 ! "#$%&#'%() *+,) $-.%/,01 .(0()231

 !"# $% &'$()& 0 < δ < ε− r )&% *+&

r < ‖q −O‖ ≤ ε− δ

⇔ 0 < ‖q −O‖ − r ≤ ε− δ − r = ε1

⇔ 1

|‖q −O‖ − r|2 >
1

ε21

⇔ 1

‖q −Oq‖2
>

1

ε21

⇔ ν2 >
1

ε21
= ε2

⇔ 2

1 + ν2
<

2

1 + ε2
= ε3

 !"#

‖q −O + τX (q, ν)‖ ≥ ‖q −O‖ − ε3‖X (q, ν)‖
⇔ lim

ε3→0
‖q −O + τX (q, ν)‖ ≥ lim

ε3→0
‖q −O‖ − ε3‖X (q, ν)‖

⇔ ‖q −O + τX (q, ν)‖ ≥ ‖q −O‖ > r

,& *+$ -"+( ./01-& 2 3,.$.& *+& ‖q−O+τX (q, ν)‖ > r4 5"+. )"+) τ ∈ [0, 1]
&) 5"+. )"+) q ∈ N )&% *+& ε ∼ r + δ6

7- /

‖q + τX (q, ν)−O‖ > r

/%".( 5"+. ∀ P ∈ O *+$ 5.3(&-)& %&  $(*+&  & ,&-).& O &)  & ./8"- r

P 6= q + τX (q, ν)
⇔ q − P 6= −τX (q, ν)

 !"#  !/5.1( %/ 5."5"($)$"- 9 %/ :"-,)$"- ν  "--3& 5/. ;<6=>? /((+.&

*+& %/ ,"+.@& $-)3A./%&  & X (q, ν) $((+&  & q(t0) ∈ N &()  /-( N &-

)&05( (+B(/00&-) 5&)$)4 5+$( &%%& .&)"+.-&  /-( %/ C/.$3)3 R
2\O6 D-

5%+(4  !/5.1( %& %&00& E4 "- / X (q, ν) &() %$5,F$)G$&--& (+. N 4  !"# %/

5."5"($)$"- 94 /((+.& /+(($ *+& )"+)& ,"+.@& $-)3A./%&  & X (q, ν) $((+&  &
q(t0) ∈ R

2\O .&()&  /-( R
2\O6 �

H!3)/5& (+$C/-)& ,"-($()& 2 C3.$I&. %& ,"05".)&0&-)  + C3F$,+%& /+ C"$J

($-/A&  & %!"@()/,%&6 K&  &.-$&. C/ L).& )./$)3  /-( %/ 5."5"($)$"- (+$C/-)&

&) (&./ (+$C$&  !+-& &'5%$,/)$"-  3)/$%%3&6
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89)#),%(%)* :  !" #!$% !&"!'()!" K !* H #+,&-!" ./0 1

K =
{
q(x, y) ∈ R

2\‖q −O‖ > r} ∩ {q(x, y) ∈ R
2 y ≥ L(x)

}

H =
{
q(x, y) ∈ R

2\‖q −O‖ > r} ∩ {q(x, y) ∈ R
2 y < L(x)

}

"2&* -&3/0-/&*" ./0 0/..20* /$ "4"*5'! 6789:;789<= *!) >$! V =
‖q‖2
2

8
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 !"#$%  ! " #$% $&%$'(#$% )&*+,)+&-% . $- /

890+30 0& +

〈q0/O〉 = (y0 −
Oy

Ox
x0)Ox = (y0 − L(x0))Ox

12+3,4% #$ #$''$5 0& +

sign(〈q0/O〉) = sign(〈q/O〉)

1267 %) y0 ≥ L(x0) 8 t0 +#6,% y ≥ L(x) 369, ∀t ≥ t0: ;,$%3$<-)*$'$&- %)

y0 < L(x0) +#6,% y < L(x)=!
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 !""# $% &'()*+,%-. /0*,% 1!% $/ ")$!&#)2 q 3% 2)&*% "4"&+,% (5#&%*/ !2

6%*6$%7 1!# %2&)!*% $8)9"&/6$%7 3% 6%2&*% O %& 3% */4)2 r7 6% $/ 6)2:*,% 1!%

‖q −O‖ > r *%"&% 5*/# /! 6)!*" 3! &%,;"< =% 1!8#$ >/$$/#& 3(,)2&*%*< �

=%&&% ;*);)"#&#)2 /0*,% 1!% $%" /?%2&"7 @ $8%26)2&*% 3% $8)9"&/6$% %&

"%$)2 $%!*" ;)"#&#)2" #2#&#/$%"7 6')#"#""%2& !2 6'%,#2 6)!*" ;)!* $8(5#&%*

&)!& %2 6)25%*?%/2& 5%*" $/ 6#9$%< =8%"& @ 3#*% 1!% "# $8/?%2& %& @ 3*)#&% 3%

$/ $#?2% ;/""/2& ;/* $% 6%2&*% 3% $8)9"&/6$% %& $/ 6#9$%7 #$ *%"&% &)!A)!*" @

3*)#&%< B%";%6&#5%,%2&7 3/2" $% 6/" 6)2&*/#*%7 #$ *%"&% @ ?/!6'%<

 ! !" #$% &' ()*%+'*,% -.%/$0)'%

C/2" 6%&&% ;/*&#% )2 6'%*6'% @ ?(2(*/$#"%* $%" *("!$&/&" 3)22(" ;$!" '/!&

3/2" $% 6/" )! $% 5('#6!$% "% 3(;$/6% 3/2" !2 %25#*)22%,%2& 6)2&%2/2&

;$!"#%!*" )9"&/6$%"<

D2 "!;;)"% 1!% 6%" )9"&/6$%" ")2& "!0"/,,%2& %";/6(" ;)!* 1!% $%"

5('#6!$%" ;!#""%2& "% >/!:$%* %2&*% 6%" 3%*2#%*"< D2 */;;%$$% 1!% 6'/1!%

)9"&/6$% %"& %2&)!*( ;/* !2 6%*6$% 1!# $!# %"& 6#*6)2"6*#&<

D2 2)&% ;/* Oi $% i
ème

6%2&*% 3! 6%*6$% 6#*6)2"6*#& 1!# %2&)!*% $% ième
)9"E

&/6$%< p %"& $% 2),9*% 38)9"&/6$%" 3/2" $8%";/6% 3% 2/5#?/&#)2<

Li %"& $/ >)26&#)2 /"")6#(% @ $/ 3*)#&% 1!# *%$#% $% 6%2&*% C 3% $/ 6#9$%7 "!;E

;)"(% $8)*#?#2% 3! *%;+*% &%**%"&*%7 %& $% ;)#2& Oi<

D2 6)2"#3+*% !2% >)26&#)2 ϕi 3(:2#% 6),,% "!#&% F

ϕi : E = R
2 7→ F = [0,+∞[

c → ‖c−Oi‖

D2 3(:2#% $% ième
%2"%,9$% @ (5#&%* ;/*

Oi = ϕ−1i (A = [0; ri[)

 :2 3% *(?!$%* $%" &*/A%6&)#*%" /! 5)#"#2/?% 3%" )9"&/6$%" %& ?/*/2&#* $/

6)25%*?%26% 3% $/ >)*,/&#)2 2)!" /5)2" $% *("!$&/& "!#5/2&<
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854)9./0 7:  ! "#!$%&'() *) $+$,'-) (3.26) ,)* ./) V =
‖q‖2
2
0 1*#($

$#/$ *1 2#!",%#! (34/*1,(%") $/%51!,) 6

ν =

p∑

i=1

ψ([y − Li(x)][Oix − Cx])

‖q −Oiq‖
 !"!#$

#7 ψ(p) =
p

|p|+ 1
8#/( ,#/, p ∈ R ), Li )$, *1 2#!",%#! 1$$#"%3) 9 *1

&(#%,) ./% :#%4!) *) ")!,() C &) *1 "%;*) ), *) ")!,() Oi &/ i
ème

#;$,1"*)0 *1

$#*/,%#! q 53(%<) *)$ &)/= 8(#8(%3,3$ $/%51!,)$ 6

>? ‖q −Oi‖ > ri0 ∀ i ∈ 1, .., p ), ∀ q0 @#($ *)$ #;$,1"*)$?

A? q "#!5)(4) 1$+-8,#,%./)-)!, 5)($ C?

�

%& '( )&*+,-.)+/ -/.0 1/22/3 4,.+ -52,&*+/+ 6/ *75,+82/"

;0//0 <  ! "#!$%&'() *) $+$,'-) (3.26) ,)* ./) V =
‖q‖2
2
0 ), β *B1!4*)

)!,() X (q, ν) ), q⊥0 #! 1
ν√

1 + ν2
= cos(β)  !"!9$

�

=90+30 :/ 3;3*82/ (3.26) */1 <./ V =
‖q‖2
2

&,.3 -,&&/ 1=5<.(*),&

3.)'(&*/

q̇ = −q + νq⊥ = X (q, ν)

,> ν /3* -,&&5/ 4(+  !"!#$"

%& (

‖X (q, ν)‖ =
√
1 + ν2‖q‖  !"!?$

-=(.*+/ 4(+*

〈X (q, ν)/q⊥〉
‖q‖2 = ν

⇔ ‖X (q, ν)‖
‖q‖ cos β = ν

 !"!@$
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 ! β "#$ %&'()%" "($*" X (q, ν) "$ q⊥+ ,'* - (#./0"($ 1&'2*3# 45+567 "$ 45+5879
 (  :$;"($ %&.)'%;$. #0;<'($" =

ν√
1 + ν2

= cos(β) 45+5>7

�

41331 56  ! "#!$%&'() *) $+$,'-) (3.26) ,)* ./) V =
‖q‖2
2
0 ), β *12!3*)

)!,() X (q, ν) ), q⊥0 2*#($ %* )4%$,) /! )!$)-5*) N )!,#/(2!, Oi ,)* ./) 6#/(

,#/, q ∈ N #! 2

7 7% 〈q/O⊥i 〉 > 0 2*#($

X (q, ν) ∼ ̟(q)q⊥

7 7% 〈q/O⊥i 〉 < 0 2*#($

X (q, ν) ∼ −̟(q)q⊥

#8 ̟(q) =
√
1 + ν2�

891,$1 ?( #" *'22* -@'($ 10 ième  :#$'-%"  ( '0*'

lim
‖q−Oi‖→ri

ν = lim
‖q−Oi‖→ri

p∑

j=1

ψ(〈q/O⊥j 〉)
‖q −Ojq‖

= lim
‖q−Oi‖→ri

[

p∑

j 6=i

ψ(〈q/O⊥j 〉)
‖q −Ojq‖

] + lim
‖q−Oi‖→ri

ψ(〈q/O⊥i 〉)
‖q −Oiq‖

A&'2*3# -" /0; 2*.-31"  ( - (#$'$" $* ;# -'# /0; #" *.B3*"($ C %' 2 #;$; ( 10

<.@;-0%" 2'* *'22 *$ C %' 1* ;$" Li =

7 D; 2 0* ‖q −Oi‖ → ri  ( ' 〈q/O⊥i 〉 > 0 '% *#

lim
‖q−Oi‖→ri

ν = lim
‖q−Oi‖→ri

ψ(〈q/O⊥i 〉) lim
‖q−Oi‖→ri

1

‖q −Oiq‖
= +∞

E" /0; ;F2%;/0" 1&'2*3# %" %"FF" G /0"

lim
‖q−Oi‖→ri

cos(β) = lim
‖q−Oi‖→ri

ν√
1 + ν2

= 1

A& !

lim
‖q−Oi‖→ri

β = 2kπ ∀k ∈ Z
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 !"#$ %"&'$ (%#)*'$ +# ,$"& -.')'$

∀ε > 0 ∃η1 > 0 tel que |‖q −Oi‖ − ri| < η1 alors |β − 2kπ| < ǫ

 !+/ 0!$1)2&$#.$  $

N1 = {q ∈ R
2/ri < ‖q −Oi‖ < ri + η1}

3+(($ β $2& 0!%#40$ $#&'$ X (q, ν) $& q⊥ %0+'2  !%,'*2 .$ 5") ,'-.* $6

)0 $1)2&$ "#$ 7+#.&)+# '-$00$ ̟ ,+2)&)8$ &$0 5"$

lim
‖q−Oi‖→ri

‖X (q, ν)−̟(q)q⊥‖ = 0

9-&$'()#+#2 (%)#&$#%#& ̟6 +# %

lim‖q−Oi‖→ri ‖X (q, ν)−̟(q)q⊥‖2 = 0

⇔ lim‖q−Oi‖→ri ‖X (q, ν)‖2 +̟(q)2‖q⊥‖2 − 2̟(q)‖q⊥‖‖X (q, ν)‖ cos β = 0

⇔ lim‖q−Oi‖→ri [(1 + ν2) +̟(q)2 − 2̟(q)
√
1 + ν2]‖q‖2 = 0

⇔ lim‖q−Oi‖→ri(̟(q)−
√
1 + ν2)‖q‖2 = 0

:;<;=>

 !+/ ̟(q) =
√
1 + ν2 5"%# q ∈ N1 < 3$ 5") #+"2 '%(*#$ ? -.')'$

5"$ ,+"' &+"& q ∈ N1

X (q, ν) ∼ ̟(q)q⊥

7 @) ,+"' ‖q − Oi‖ → ri +# % 〈q/O⊥i 〉 < 06 %0+'2 %8$. 0% (A($ ,'+.- "'$

"&)0)2$' "0&-')$"'$($#&6 +# &'+"8$'%

lim
‖q−Oi‖→ri

cos(β) = lim
‖q−Oi‖→ri

ν√
1 + ν2

= −1

9!+/

lim
‖q−Oi‖→ri

β = (2k + 1)π ∀k ∈ Z

B# 2")8%#& 0$2 (A($ -&%,$2 5"$ 0$ ,'$()$' .%2 +# %"'% 5"!)0 $1)2&$

η2 > 0 &$0 5"$ ,+"' &+"& q ∈ N2 = {p ∈ R
2\O/ri < ‖q−Oi‖ < ri+η2}6

+# %

X (q, ν) ∼ −̟(q)q⊥
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4  ! "#$% ‖q −Oi‖ → ri #& ' 〈q/O⊥i 〉 = 0( ')#%*

lim
‖q−Oi‖→ri

ν = lim
‖q−Oi‖→ri

[

p∑

j 6=i

ψ(〈q/O⊥j 〉)
‖q −Ojq‖

] + lim
‖q−Oi‖→ri

ψ(〈q/O⊥i 〉)
‖q −Oiq‖

= lim
‖q−Oi‖→ri

[

p∑

j 6=i

ψ(〈q/O⊥j 〉)
‖q −Ojq‖

]

+#$% ,-* .-$/ ,'* #& "#*-%' N = {q ∈ R
2\ri < ‖q−Oi‖ < ri+min(η1, η2)}(

)- .#0'!&- 1$! -&2#$%- Oi3 �

4& "'**- 0'!&2-&'&2 5 )' .60#&*2%'2!#& .$ 276#%80- 9:3

561,$1 4& ,#&*!.8%- )- *;*280- (3.26) 2-) 1$- V =
‖q‖2
2

( ')#%* )'

,#&<-%=-&,- '*;0"2#2!1$- -*2 '**$%6-3

4& ,#&*!.8%- q ∈ N ( N $& -&*-0>)- .6?&!- "'% )- )-00- 9@3 A'&* &#2%-

2%'<'!) B ,'* *- .!*2!&=$-&2

4  ! 〈q/O⊥i 〉 > 0 ')#%* .C'"%8* )- )-00- 9@

X (q, ν) ∼ ̟(q)q⊥

,#00- #& 2%'<'!) .'&* N ( ')#%* '$ )!-$ .C$2!)!*-% X #& $2!)!*-%'

̟(q)q⊥3

4& ,#&*!.8%- τ ∈ [0, 1[( '!&*!

ϕ(q + τ̟(q)q⊥)2 = ‖q −Oi + τ̟(q)q⊥‖2
= ‖q −Oi‖2 + τ 2̟(q)2‖q‖2 + 2τ̟(q)〈q −Oi/q

⊥〉
= ‖q −Oi‖2 + τ 2̟(q)2‖q‖2 + 2τ̟(q)〈O⊥i /q〉

,- 1$! !0")!1$- 1$- ϕ(q+ τ̟(q)q⊥)2 > r2i "$!*1$- τ̟(q)〈O⊥i /q〉 > 03

D)#%*

ϕ(q + τ̟(q)q⊥) ∈ CFA = [r,+∞[

"#$% q ∈ N -2 〈q/O⊥i 〉 > 0 .C#E .C'"%8* )' "%#"#*!2!#& F #& ' q 6<!2-

2#$2 )-* Oi3

4  ! 〈q/O⊥i 〉 < 0 ')#%* .C'"%8* )- )-00- 9@

X (q, ν) ∼ −̟(q)q⊥
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 !""# !$ %&'(')* +'$, N - '*!&, '. *)#. +/.%)*),#& X !$ .%)*),#&'

−̟(q)q⊥0
1$  !$,)+2&# τ ∈ [0, 1[- '*!&,

ϕ(q − τ̟(q)q⊥)2 = ‖q −Oi − τ̟(q)q⊥‖2
= ‖q −Oi‖2 + τ 2̟(q)2‖q‖2 − 2τ̟(q)〈q −Oi/q

⊥〉
= ‖q −Oi‖2 + τ 2̟(q)2‖q‖2 − 2τ̟(q)〈O⊥i /q〉

 # 3.) )"4*)3.# 3.# ϕ(q+τ̟(q)q⊥)2 > r2i 4.),3.# −2τ̟(q)〈O⊥i /q〉 >
00

5*!&,

ϕ(q + τ̟(q)q⊥) ∈ CFA =]ri,+∞[

4!.& q ∈ N #% 〈q/O⊥i 〉 < 00

6'&  !$,73.#$% 4!.& q ∈ N #% 〈q/O⊥i 〉 ∈ R
∗
- +/'4&2, *' 4&!4!,)%)!$ 8 !$ '

q 7()%# %!.% *#, Oi

 ! ! "#$%&'( )(' *+',%-$-'

9'$,  #%%# ,# %)!$- *#, ,)".*'%)!$, 4&7,#$%7#, )**.,%&#$% *#, &7,.*%'%, 4&7:

 7+#$%,- "!;#$$'$% *# *!<) )#* ='%*'>0

6!.& *#, %&!), 4&#")2&#, ,)".*'%)!$, ,.& *#, ?<.&#, @A0B'-A0B>-A0B C- !$  !$,):

+2&# .$ (7D) .*# +# "!+2*# @50EFC- 3.)  )& .*# +'$, .$ 4*'$-  !$%#$'$% .$

!>,%' *#  )& .*')&#  #$%&7 #$ O(−50, 20) #% .$#  )>*# C 3.) &#4&7,#$%# */!&):

<)$# +. &#42&#0 G$ #H#%- ,'$, %#$)&  !"4%# +# */!&)#$%'%)!$-  #, ,)".*'%)!$,

&#4&7,#$%#$% *#, %&'I# %!)&#, +. (7D) .*# ,!."), J *'  !""'$+# +!$$7# 4'&

*# %D7!&2"# FA- ),,.# &#,4# %)(#"#$% +#, 4!,)%)!$, )$)%)'*#, q10(−140, 50)-
q20(−140, 65) #% q30(50, 60)0 K#, %&!), 4!)$%, &#4&7,#$%#$% *#, 4!,)%)!$, &#,:

4# %)(#"#$% J +&!)%# #% J <'. D# +# *' *)<$# +/73.'%)!$ L(x) =
Oy

Ox

x = −2
5
x-

#% *' %&!),)2"#- #,% .$ 4!)$% ',,#L *!)$%')$ +# */!>,%' *#0

K#, %&!), ?<.&#, @A0B'-A0B>-A0B C "!$%&#$% >)#$ 3.# *#, %&'I# %!)&#, +. (7:

D) .*#- ,!., *'  !""'$+# 4&!4!,7#- 7()%#$% */!>,%' *# %!.% #$  !$(#&<#'$%

(#&, *' 4!,)%)!$ +7,)&7#0 M#, +#.N 4&#")2&#, @A0O' #% A0O>C- 'P&"#$% */)$(':

&)'$ # +#, +#.N 4'&%)#, J +&!)%# #% J <'. D# +# *' *)<$# I!)<$'$% */!>,%' *#

#% *'  )>*#0
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 !" #$%&" '()$!" *+,-./+,-0/+,-12 $!3$4"!5#!5# 6.1%77.58! u !# 6. 9%51#&%5
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le cercle entourant le ou les obstacles

La postion désirée

La trajectoire aprés insertion du contrôle 

La position initiale
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 /" q30 *&', $) *1&-2(!/*)

 !"#$% +,: ; <.=&(.#&%5 8>)5 =4?&1)6! 8.5" )5 36.5 @)& 1%5#&!5# )5 %0"A

#.16!

$4()6.#$&1! ν 8%554! 3.$ *+,BC2 !5 9%51#&%5 8) #!73"/ $!"3!1#&=!7!5# 3%)$

6!" #$%&" 3%"&#&%5" &5&#&.6!" q10/ q20 !# q30, D%77! %5 6! 1%5"#.#! 6. =.$&.#&%5

8! ν $!"#! 3$!"@)! 5)66! @).58 6! =4?&1)6! !"# 6%&5 8! 6>%0"#.16!/ 7.&" @).58

6! =4?&1)6! "! $.33$%1?! 8! 6>%0"#.16!/ %5 $!7.$@)! )5! 3!$#)$0.#&%5 8! 6.

9%51#&%5/ @)& $!"#! 0%$54!/ !# 1! 6. ."")$! 6>4=&#!7!5# 8! 6>%0"#.16!,
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 !"#$ %&' ('##' )**+"(,' '-# .)-$' -&+ /' ("0*"+#'0'!# 1& (,)0*- 1'
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 0" (ux, uy, ν) #$%& q30 ,$). (+ ,2$/3*!0,+

 !"#$% 234 5 6'- 7)+8)#8"!- 1' /) 9"!(#8"! +$:&/)#+8(' ν '# 1' /) ("00)!1'

u '! 9"!(#8"! 1& #'0*-

7'(#'&+ 78-;<;78- 1' /=".-#)(/'> /'- ?:&+'- @23A)>23A.B -80&/'!# /'- (,)0*-

1' 7'(#'&+ 8--&- 1'- *"8!#- 7"8-8!- 1' /=".-#)(/'3 C! +'0)+%&' .8'! %&' ('

(,)0*- 1' 7'(#'&+- !' ("&*'!# *)- /=".-#)(/'3

D"&+ /'- -80&/)#8"!- @23E)>23E.B> "! ) ("!-81$+$ -8F ".-#)(/'- $*)+*8//$- 1)!-

/' */)! '# %&)#+' ):'!#- 1' *"-8#8"!- 8!8#8)/'- 18G$+'!#'-3 H'(8 *'+0'# 1'

#'-#'+ /) ?).8/8#$ 1' /) ("00)!1' 1"!!$' *)+ /' #,$"+I0' JK3 C! ("!-#)#'

%&' /'- 7$,8(&/'- (,"8-8--'!# 1' %&'/ (L#$ 1"!# 8/- 7"!# $78#'+ /=".-#)(/' *)+

+)**"+# < /) 1+"8#' %&8 M"8!# /' *"8!# 1$-8+$ )& ('!#+' 1' /=".-#)(/' ("!('+!$3

N!?!> 8/- ("!7'+:'!# 7'+- /) *"-8#8"! 1$-8+$'3

D"&+ /' ()- "O /) *"-8#8"! 8!8#8)/'- q0 '-# 1' (""+1"!!$ (−100, 55) > "! )
-80&/'+ 1)!- /) ?:&+' @23PB /) 9"!(#8"! +$:&/)#+8(' )--"(8$' '! 9"!(#8"! 1&

#'0*-3 C! ("!-#)#' /) 7)+8)#8"! 1' ('##' 9"!(#8"! '! *+$-'!(' 1'- ".-#)(/'-
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 !"#$%  !7 # 80)9%'.210%& 1&&/%& ,% : +2&1.123& 131.1)4%& ,1;<0%3.%& +2/0 /3

-<(1'/4%

%. 4% &%3& =/5%44% +0%3, +2/0 45<-1.%0!
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 !"#$%  !" # $% &'()*+'( ,-./0%*,+)1 ν 1( &'()*+'( 2/ *1345 2%(5 01 )%5

q0(−100, 55)

 !" #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 12+%3

4'50,

$1 3'2601 )+(-3%*+7/1 41,31* 21 )'(*,801, 015 9+*15515 4'/, %**1+(2,1

/(1 9+*1551 2-5+,-1! :%+5 7/%(2 0% 9+*1551 2/ 9-;+)/01 15* *,65 .,%(21<

)1 *=41 21 3'2601 (1 5/>* 40/5< )?15* 4'/,7/'+ '( % ,1)'/,5 %/ 3'2601

2=(%3+7/1< 7/+ )'(*,%+,131(* %/ 3'2601 )+(-3%*+7/1< 515 )'33%(215

5'(* 215 &',)15 '/ 215 %))-0-,%*+'(5!

@%(5 )1**1 51)*+'(< '( 9% %(%0=51, 01 )'(*,801 2?/(1 &',3%*+'( )'(5*+A

*/-1 2?%.1(*5 ,-.+5 4%, /( 3'2601 2=(%3+7/1! B1)+ 15* +(*-,155%(* C

,-%0+51, )%, 0?/( 215 4,'D06315 4'/, 015 5=5*6315 2=(%3+7/15 15* 7/?+0 15*

2+>)+01 21 *,'/91, /(1 0'+ 21 )'(*,801 1( &'()*+'( 21 0% )'(2+*+'( +(+*+%01

7/+ 41,31* %/E 5'0/*+'(5 2/ 5=5*631 2?-9+*1, 015 )'00+5+'(5 %91) /( 'D5*%)01

FE1 *'/* 1( )'(91,.1%(* 91,5 0% 4'5+*+'( 2-5+,-1!
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 !"!# $%&'() *+,-./()01

 !"# $%& &'&()*%& +% ,!-(#.$% +" +%"/0)*% !#+#% !- 1 23-3#1$%*%-( #%4

,!"#& 5 $60-(32#1(%"# +!"7$% 8!"# (#1-&9!#*%# $% 8#!7$)*% +'-1*0:"% %-

"- 8#!7$)*% ,0-3*1(0:"% :"0 %&( 8$"& 91,0$% 5 *1-08"$%# ;" $% -!*7#% +%

(<3!#0%& 188$0:"3%& 5 ,% ('8% +% &'&()*%&=

>% 8#!7$)*% #%-,!-(#3 %- "(0$0&1-( $60-(32#1(%"# +!"7$% %&( :"% &0 !- 1 "-

&'&()*% +'-1*0:"% (!(1$%*%-( 1,(0!--3? 0$ +%;0%-( &!"& 1,(0!--3 ,6%&( 5

+0#% :"% $% -!*7#% +63(1(& &%#1 &"83#0%"# 1"/ 1,(0!--%"#& %( &0 !- $6"(0$0&%

8!"# "- &'&()*% &!"& 1,(0!--3 $% +%2#3 +% &!"& 1,(0!--%*%-( ;1 &6188#!4

9!-+0#= @% 8$"&? $% -!*7#% +63(1(& +" &'&()*% &%#1 *"$(08$03 81# +%"/ ,%

:"0 ,!*8$0:"% $1 #%,<%#,<% +6"-% $!0 +% ,!-(#.$%= A6%&( 8!"# ,%$1 :"6!- 1

%" #%,!"#& 5 "-% 1"(#% *3(<!+% :"0 8#3&%#;% $% -!*7#% +63(1(& %( +61,(0!-4

-%"#& (!"( %- (#1-&9!#*1-( -!(#% &'&()*% +6"- &'&()*% +6!#+#% deux %- "-

&'&()*% +6!#+#% un=

B!(#% (#1;10$ %&( 71&3 &"# $% $%**% &"0;1-( C

41331 55  !"# $%&'()#"!* +, -!*#./$, 0("1)*#, 2

ë = f(e, ė, u) DE=FGH

!3 e ,0# (* 0-)$)"., '(" .,4.&0,*#, $%&#)# ,# u $, -!*#./$,5

 %"$ ,6"0#, u '(" 7)"# -!*1,.8,. )09:4#!#"'(,:,*# 1,.0 0 $) 0!$(#"!* +,

$%&'()#"!* 0("1)*#, 2

ṙ = f(e, ė, u) + αė avec r0 = ė0 + αe0 DE=FIH

;,$ '(, r ∈ L∞ ∩ L2
< )$!.0 e ,# ė -!*1,.8,*# )09:4#!#"'(,:,*# 1,.0 05

�

671,$1 J- 1 ṙ = f(e, ė, u) + αė 1;%, r0 = ė0 + αe0

K- 0-(32#1-( ,%((% 3:"1(0!- 81# #188!#( 5 1" (%*8& t !- !7(0%-( C

r = ė+ αe+ r0 − (ė0 + αe0)

@6!L

r = ė+ αe



 !"! #$%&'(')%$'*+ ,$ -./0(%$'*+ 1, (% 12+%3'40, 56

 !"# $%" &$ '($ #)" *$ +)(&,-#$ u .'" /0"& +)(1$,2$, r 1$, 0 &$# .'$ r ∈ L∞∩L2

0#), *!03,4 #$ #$55$ 67 )( 0 e $& ė +)(1$,2$(& 0 853&)&".'$5$(& 1$, 09

�

:$ *$,("$, #$55$ ()'  $,& ; &,0( /),5$, #$  8 &45$ *8(05".'$ $( '(

 8 &45$ +"(<50&".'$ 01$+ #$ 5=5$ ()5>,$ *!<&0& $& *!0+&")(($', 9

?!$%$53#$  '"10(& "##' &,$ #$ #$55$ 3,<+<*$(& @

 !"!6!6 78,39(,

A)"& #!<.'0&")( *$ +)(&,-#$ *$ *$'%"45$ ),*,$  '"10(&$ @

ẍ = (ẋ+ βx)u− βẋ = f(x, ẋ, u)

BC β $ &  &,"+&$5$(& 3) "&"1$9 D!03,4 #$ #$55$ EE7 )( +)( "*4,$ #!<.'0&")(

*$ 3,$5"$, ),*,$  '"10(&$ @

ṙ = f(x, ẋ, u) + βẋ = [(ẋ+ βx)u− βẋ] + βẋ

)C r0 = ẋ0 + βx0

F)'& +0#+'# /0"&7 )( )>&"$(&

ṙ = ru

A" )( 3,$(* #0 /)(+&")( *$ ?803'()1  '"10(&$

V = r2/2

A0 *<,"1<$ 30, ,033),& ; t $ &

V̇ = r2u

G( 3,$(0(& u = −17 *!03,4 #$ &H<),45$ *$  &0>"#"&< *$ ?803'()1 )( *<*'"&

lim
t→+∞

r(t) = 09

*$ 3#' )( 0

∫ +∞

0

r2(s)ds = −
∫ +∞

0

V̇ ds < +∞
*!)C r ∈ L27 *!0'&,$ 30,& )( 0 V $ & 3) "&"1$ *<+,)"  0(&$ *)(+ 0 ≤ V ≤
V (t0) +$ .'" "53#".'$ .'$ r ∈ L∞9

D!03,4 #$ #$55$ 3,<+<*$(& )( 0

lim
t→+∞

ẋ(t) = 0 et lim
t→+∞

x(t) = 0.
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 !"!# $%&'()*+ ,+ -./'0(0-/.0&1 +. ,+ %234(/.0&1- ,+-

-5-.)*+- ,+ 6&**/1,+ ,4 -+6&1, &%,%+

 !""# !$ %&' (')* +!,- %#. ./.*0"#. 1)$2"'*)3,#.4 5'$. 1#**# .#1*)!$

!$ 6' 2*#$5-# %# +-!7%0"# 5# .*'7)%).'*)!$ 5#. ./.*0"#. 5/$'")3,#.4 ',

+-!7%0"# 5# .*'7)%).'*)!$ #* 5# -28,%'*)!$ 5#. *-'9#1*!)-#.: ;$ 1!$.)50-# %#

./.*0"# 5# 1!""'$5# .,)6'$* <

q̈ = A(q̇, q) + B(q)u =>:?@A

!B q ∈ R
n
#* u = (u1, u2, .., um)

t ∈ R
m
:

C!. -2.,%*'*. .# -2.,"#$* 5'$. 1# *D2!-0"# <

4.-(5631 78  !"# q $!%&#"!' () *+,-./0 !' 1!'$"(23) %) $4$#25) ()

1!'#36%) (& 73)5")3 !3(3) 8

Ṙ = A(q̇, q) + B(q)u+ αq̇

R0 = q̇0 + αq0
=>:?>A

9:)1 R(r1, r2, ..., rn)
t ∈ R

n
0 q(x1, x2, ..., xn)

t ∈ R
n
0 u(u1, u2, ..., un)

t ∈ R
m

)$# %9 1!559'() )# α > 0,

 !"# V )$# %9 ;!'1#"!' () <497&'!: 9$$!1"=) > %9 1!559'() u = ua #)%%)

?&)

k1‖R‖2 ≤ V (R, t) ≤ k2‖R‖2
V̇ (R, t) ≤ −k2‖R‖2

=>:??A

@%!3$0 7!&3 #!&#) ;!'1#"!' $19%9"3) ν0 %9 1!559'() 8

u(R, t) = ua(R, t) + ν(R, t)[[(
∂V

∂R
)tB(q)]t]⊥ =>:?EA

3)'( %) $4$#25) *+,-./ &'";!35=5)'# 9$457#!#"?&)5)'# $#9A%) > %B!3"C"'),

�

951,$1 F!,. %' 1!""'$5# u = ua #* %#. 1!$5)*)!$. =>:??A .!,").#. G

%' (!$1*)!$ 5# H/'+,$!6 '..!1)2# V 4 %# ./.*0"# =>:?>A #.* ,$)(!-"2"#$*

'./"+*!*)3,#"#$* .*'7%# G %&!-)8)$#:

I&!B4 5&'+-0. %# *D2!-0"# =J@A4

u(R, t) = ua(R, t) + ν(R, t)[[(
∂V

∂R
)tB(q)]t]⊥
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 !"# $! %&%'()! *+,-./ 0"123 )4)!"' 5%&)6'3'170!)!"' %'58$! 9 $:3 1;1"!,

<! 6$0%= #:56 (% $!% >3"#1'13"% *+,--/ 3" 5 V !%' #4> 31%%5"'= #:3?

V (q, t) ≤ V (q0, t0)

!' 3" 5 k1‖R‖2 ≤ V (q, t) >! 701 1)6$170!

‖R‖2 ≤ V (q0, t0)

k1

65 >3"%470!"'= R ∈ L∞, @$3 %

ri = ẋi + αxi ∈ L∞ ∀ i ∈ {1, , 2.., n}

A" 5 50%%1 V̇ ≤ −k2‖R‖2 5$3 %

∫ +∞

t0

|ri|2 ≤
∫ +∞

t0

‖R‖2 ≤ 1

k2
(V (t0)− lim

t→+∞
V (t)) <∞

@$3 %

ri ∈ L2 ∀ i ∈ {1, , 2.., n}

B"  4%0)4= 3" 5 ' 30C4 70!

ri ∈ L2 ∩ L∞ et lim
t→+∞

ri = 0 ∀ i ∈ {1, , 2.., n}

5$3 % #:56 (% $! $!))!DD= 3" 38'1!"'

lim
t→+∞

q = 0

E! 70:1$ 25$$51' #4)3"' ! , �

 !"! #$%&'()*'+$% ,-)%. *$//0%,. (12)30'(+*. &'04+5

3+&0%'.

F31' 0" C4G1>0$! )3#4$1%4 65 0" %&%'()! #0 %!>3"# 3 # ! *)3#($! #&H

"5)170!/ #0 '&6! I

q̈ = u *+,-./

3? q = (x, y) ∈ R
2

!%' $5 63%1'13" !' u ∈ R
2

$5 $31 #! >3"' J$! 701

>3  !%63"# 9 $5 %3))! #!% 23 >!% !K! >4!% %0 $! %&%'()!,
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 ! "#!$%&'() *+) ") ,-.%"+/) "%("+/) &0!$ +! )!,%(#!!)1)!2 *+% "#13#(2)

+! $)+/ #4$20"/)5 #! !#2) $0 3#$%2%#! %!%2%0/) )! 2)13$ t = t0 30( q0 )2 #!

"#!$%&'() *+) /0 3#$%2%#! 6!0/) )$2 /7#(%8%!) &+ ()3'() 2)(()$2()9

:#+( $) &-3/0")( &7+!) 3#$%2%#! %!%2%0/) q0 ; +!) 3#$%2%#! 6!0/) qf 5 %/ )<%$2)

+!) %!6!%2- &) 2(0=)"2#%()$5 0>0!2 &)$ "#13#(2)1)!2$ &%?-()!2$ 0+ "#+($

&+ &-3/0")1)!29 @%!$% %/ )$2 2('$ &%A"%/) &) "#!2(B/)( +! ,-.%"+/) $#+$ +!

1#&'/) &>!01%*+) 3#+( C0%() &-3/0")( /) ,-.%"+/) )!2() &)+< 3#$%2%#!$

2#+2 )! ()$3)"20!2 *+)/*+)$ "(%2'()$ $+( /) "#13#(2)1)!2 )!2() /7%!$20!2 t0

)2 tf 9

 !"!" #$%&'()*+' , -./01)'2'%) 3.$45)6(-'

D)22) $)"2%#! ,%$) ; "#!$2(+%() +! "#!2(B/) 3#+( *+) /) 1#&'/) &>!0E

1%*+) 3+%$$) "#!,)(8)( )! -,%20!2 +! #4$20"/) 6<) "#!!+ &70,0!") &0!$ +!

)$30") 2D9

F#$ (-$+/202$ $#!2 3(-$)!2-$ 30( /) 2.-#('1) $+%,0!29

4.-(5631 7  ! "#!$%&'() *) $+$,'-) &) $)"#!& #(&() ./0123 ,)* 45) q0 =

(x0, y0) )$, *6 "#!&%,%#! %!%,%6*)0 7#%, L(x) *89456,%#! &) *6 &(#%,) 45% :6$$)

:6( *) ")!,() &) *6 "%;*) C = (Cx, Cy) ), *8#;$,6"*) O = (Ox, Oy)0

<) "#!,(=*) $5%>6!, ?

u = −(b+ α)q̇ − αbq + ν(q̇ + αq)⊥ GH9IJK

#@ ν )$, 5!) A#!",%#! (9)**) ), b 5! :6(6-',() ;%)! "B#%$%C A6%, "#!>)(D)( q

6$+-:,#,%45)-)!, >)($ C .<8#(%D%!) &5 ():'()30

�

851,$1  ! "#!$%&'() /) $>$2'1)

Ṙ = u+ αq̇ avec α > 0 GH9ILK

/0 "#110!&)

u = ua = −bR− αq̇ avec b > 0
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 !"# $! #! "%! &'&()*! +&'*,(-(%./!*!"( &(+01! 2 13- %4%"!5 -" , !"#

$-**! 6-"$(%-" #! 7'+,/"-8 +&&-$%9!

V =
‖R‖2
2

:!((! 6-"$(%-" 89 %;! 1!& $-"#%(%-"& <=>??@5 +1- & #3+, )& 1! (A9- )*! BC 1+

$-**+"#!

u = −bR− αq̇ + ν(
∂V

∂R
)⊥ = −(b+ α)q̇ − αbq + ν(q̇ + αq)⊥

6+%( $-"8! 4! 139(+( #! "-( ! &'&()*! 8! & 1! ,-%"( $%01!>

�

D" ,1/& #! 1+ $-"8! 4!"$!5 E" , -,-&! 1+ $-"F!$(/ ! &/%8+"(!  !1+(%8! 2

1398%(!*!"( #! 13-0&(+$1!>
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)!") D /0%"#%67/% .%# 1-&($3/%# .% $,"1%*?%* 1%*# 3"% $,"E?3*!)(," .-#(*-%+
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1%- !)-%($:5 6%  %  %/3,"#$% ( 0$ 2% ;+$! /%- 1%!,"<!%- (,,)%- %, !+=+ "#$%
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(**+! /+,-"- % . (1(* %! 2(  3)+!"% 1%- 4!(*3%-  +$ % %, 2( 8$-"+,,(, (0%/

2% *!+=2<7% 1% - (="2" ) 1$ -H- <7% 7$2 "I(4%, - ?AB ?6B5

'( 1%$:"<7% - !( )4"%  !(" % 2% /(- 1% 1)*2(/%7%, 1)/%, !(2"-) 19$,%

8+!7( "+,5 6%  H*% 1% 1)*2(/%7%, 8(" ", %!0%,"! 2( 1"- (,/% %, !% 2%- 0)3"I

/$2%-5 J, ( *$ /+,- !$"!% $,% /+77(,1% #$" 8(" %, +$!%! 2( /"=2% *(! $,%

8+!7( "+, 19(4%, - (0%/ 29)0" %7%, 19$, +=- (/2% 1(,- 2% *2(, % 19)0" %!

2%- /+22"-"+,- %, !%- 2%- 0)3"/$2%-5

K *!)-%, C +, /+,-"1<!% n 0)3"/$2%- #$" ,(0"4$%, 1(,- $, *2(, % +L 2(

/",)7( "#$% 1$ ime 0)3"/$2% %- 1)/!" *(! M

q̇i = ui, i ∈ N = {1, ..., n} ND5@O

(0%/ qi = (xi, yi) ∈ R
2
!%*!)-%, % 2( *+-" "+, % ui = (uxi

, uyi) ∈ R
2
%- 

2( 0" %--% #$" %- ($--" 29%, !)% 1% /+77(,1% 1% 29(4%, i5
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J, !(**%22% #$% 2% -H- <7% 1$ *!%7"%! +!1!% #$" !%4!+$*% 2( /",)7( "#$%

1% n 0)3"/$2%- -9%:*!"7% *(! M

q̇ = u ND5PO

+L q ∈ R
2n

%- 29) ( % u ∈ R
2n

%- 2( 2+" 1% /+, !Q2%5
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9.:+'$'*+ ;  !"#$%&'$ (")*+(*",-. Ω $#, /" $"#$%&'$ (")*+(*", 01/+ '$

#2#,3%$ ẋ = f(x) #( 45*6/$ ,+*7$4,1(+$ x(t) 6/( * 01/+ 41"8(,(1" ("(,(*'$

8*"# Ω +$#,$ */ 41/+# 8/ ,$%0# 8*"# Ω.

<=.*->6, 87 91(, q ∈ Ω ⊂ R
2n

.

:" 41"#(83+$ '$ #2#,3%$ 8(;<+$",($' 8/ 0+$%($+ 1+8+$  =.>-.

:" #/001#$ 6/$ 01/+ u = ua?

Ω = {q ∈ R
2n/0 ≤ V (q) ≤ p}

$#, /" $"#$%&'$ (")*+(*", 0*+ +*001+, q̇ = ua?

1@ V : R2n → R+ $#, ,$''$ 6/$
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ua ≤ 0.
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V̇ =
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∂q
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%!" "!%%&"' C t 8*.,*-' D

V̇ =
∂V

∂q
q̇

=
∂V

∂q
ua −

∂V

∂q
M⊗ I2




F⊥1
0

0

0

F⊥n




EF0GH

&I Fi =




(
∂V

∂q
)xi

(
∂V

∂q
)yi


 .

M *)' /-* 9!'",<* 8,!=&-!2* 8&-' 2*) '*"9*) )&-' 2*) <&9%&)!-'*) 8* ν =

[ν1(q), ν2(q), ...νn(q)]0

J! 9!'",<* <&""*)%&-8!-'* C M⊗ I2 *)' 8&--:* %!" D

M⊗ I2 =




A1 0 . . .

0
0

0

0

0

0

0

0

0

0 0 An


 o Ai =

(
νi 0

0 νi

)

J! K/!-',':

∂V

∂q
M⊗ I2




F⊥1
0

0

0

F⊥n


 =

n∑

i=1

F t
iAiF

⊥
i = νiF

t
i F

⊥
i = 0



 !"! #$%%&'() (*+)',-&./0*) 1$2- 2' 1-$3.4%) () -)'()567$208"

 !" #$%&'()*%+ ,

V̇ =
∂V

∂q
ua ≤ 0

-.$/

Ω = {q ∈ R
2n/0 ≤ V (q) ≤ V (q0)}
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q̇ = u 567N;

!1*# q = [q1, q2, ..., qn] ∈ R
2n
*+ u = [u1, u2, ..., un] ∈ R

2n
7
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ua = (ua1, ua2, ..uan)
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&=-)#0 $- ,!$3/-0 /-0 0!"0 020#3,-0 456>86
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ui = uai 456?8

#=

uai = −(‖ qi − C ‖2 −l2)(qi − C) 456@8

3#2( ,#2,) "#!&%,%#! %!%,%*.) &*!$ Ω: #= Ω ⊂ R
2n
<

Ω = {q ∈ R
2n/l ≤‖ qi − C ‖≤ K}

>*%, "#!-)(+)( .)$ $#.2,%#!$ &2 $4$,'0) 5678: 67?9 -)($ .@)!$)0A.) M #=

M = {q ∈ Ω/ ‖ qi − C ‖= l}

), K ≥‖ qi0 − C ‖7

�

A& $B,!)0#(&#1!) $- /& .(!.!01#1!) ? -0# '&0B- 0"( /- #CB!(3,- $- A&D&//-6

E/ -0# )B+-00&1(- $%1)#(!$"1(- :"-/:"-0 /-,,-0 .!"( F&+1/1#-( /& #G+C-6 H&)0

/- /-,,- >I9 )!"0 $B,!)#(!)0 :"- Ω -0# ") -)0-,'/- 1)*&(1&)# .!"( /-

020#3,- 4567956@86 A- /-,,->J ,!)#(- /& ,&)13(- $- #(!"*-( /& F!)+#1!)

$B+(!100&)#- &$B:"&#- K )!#(- .(!'/3,-6 L1)&/-,-)#9 /- /-,,- >5 )!"0

$B#-(,1)- /- ./"0 =(&)$ -)0-,'/- 1)*&(1&)# M 9 :"1 -0# /%-)0-,'/- $%B:"1/1'(-

$- )!#(- 020#3,-6
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:)%%) ;<  !"#

Ω = {q ∈ R
2n/l ≤‖ qi − C ‖≤ K}

$%&'() *!+(#"!, -) ./012/034 '(" 5!66),5) -&,* Ω 7)*#) &( 5!(7* -( #)68*

-&,* Ω2 5090-0 Ω )*# (, ),*)6:+) ",;&7"&,# 8!(7 +) *<*#=6) ./012/0340 >,

8+(*2 +?),*)6:+) Ω )*# 5!68&5#0 �

=-)27)  ! "#$$%"& '#& q0 ∈ Ω  ! "#$%&'()#$% *+ ,#$"!&#$

S(qi) = (‖ qi − C ‖2 −l2) -./01

2+ '()&3( ' S(qi) !#4! +4 *#$5 ' *+ !)+6 "!#&) -./78./91  %! '#$$( 

:+)

Ṡ(qi) = 2 < q̇i, qi − C >= 2 < ui, qi − C >

= −2(‖ qi − C ‖2 −l2) ‖ qi − C ‖2
-./;<1

+*#)%

Ṡ(qi) = −2S(qi)(S(qi) + l2) -./;;1

:+) "#$%(=4 $!

S(qi)

S(qi) + l2
=

S(qi0)

S(qi0) + l2
exp(−2l2(t− t0)) -./;>1

?#@@ S(qi0) =‖ qi0 − C ‖2 −l2 ≥ 0  %! " *+ :+)" =4 qi0 ∈ Ω +*#)%

S(qi) =‖ qi − C ‖2 −l2 ≥ 0 ⇔ ‖ qi − C ‖≥ l. -./;A1

BC+4!) :+)!8 %#&! F (qi) ! ** =4 D

F (qi) =‖ qi − C ‖2 -./;.1

2+ '&E() $!& ** ' F :+) )+::#)! F t  %! D

Ḟ (qi) = 2 < q̇i, qi − C >= 2 < ui, qi − C >

= −2(‖ qi − C ‖2 −l2) ‖ qi − C ‖2≤ 0
-./;G1

+*#)% F  %! '(")#&%%+$! :+) )+::#)! F t8

'C#H

‖ qi − C ‖≤‖ qi0 − C ‖≤ k -./;71



 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

 !"#$ % $& q0 ∈ Ω  !"#$ q ∈ Ω% '( )*& &+,!&)*( )*( Ω ($- &./ #& .- , #

# ,,"#-  * $0$-1+( '&.2+ -&)*( 3456%45785 �

6-00- 78  ! "#$$%"& '#& q (& )%*$%"+!,&" -&" "%-#,.%!" (& (4.6, 4.8) &,

%! $%"& -+ /%!),.%! )+!(.(+,& "#.0+!,& 1

V (q) =
n∑

i=1

(‖ qi − C ‖2 −l2) 3459:8

2+ (.345&!,.&--& (& V $+5 5+$$%5, 6 t &", !47+,.0& "#5 Ω8

9/-,$- ; <2#&/2( <( V -"*-  * !".= <( ! -# >('-"&#( <* $0$-1+( 34568

 /(' ! !"& <( '".-#?!( <"..2 , # ! @#","$&-&". : ($- '"++( $*&-

V̇ (q) =
n∑

i=1

< q̇i, qi − C >

= −
n∑

i=1

(‖ qi − C ‖2 −l2) ‖ qi − C ‖2
345978

".  q0 ∈ Ω% <A ,#1$ !( !(++( 9B Ω ($- *. (.$(+C!( &./ #& .- , #

# ,,"#- D !A2)* -&". (4.6, 4.8)%  !"#$ q ∈ Ω <A"E (‖ qi − C ‖2 −l2) ≥ 0

'( )*& &+,!&)*(

V̇ (q) ≤ 0 3459F8

�

6-00- 7:  ! "#$$%"& '#& q (& )%*$%"+!,&" -&" "%-#,.%!" (& (4.6, 4.8)

+-%5"

M = {q ∈ Ω/ ‖ qi − C ‖= l}

&", -& $-#" 75+!( &!"&*9-& .!0+5.+!, (+!" E = {q ∈ Ω/V̇ = 0}

9/-,$- ".  

V̇ (q) = −
n∑

i=1

(‖ qi − C ‖2 −l2) ‖ qi − C ‖2= 0
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 !"#$

E = {‖ qi − C ‖= l} =M %&'()*

+,-$.,/ q ∈ Ω
0"-1 q0 ∈M /1 S(qi) =‖ qi −C ‖2 −l22 34 +#5$ ! +#/,6/ 3, !/77/8(  !"#$

S(qi)

S(qi) + l2
=

S(qi0)

S(qi0) + l2
exp(−2l2(t− t0)) %&'(8*

9"77/ q0 ∈M  !"#$ S(qi0) = 0 9/ .,- -7+!-.,/ S(qi) =‖ qi−C ‖2 −l2 = 0

34":2

q ∈M

; # 9"<$=.,/<1 M /$1 !/ +!,$ ># <3 /<$/7?!/ -<6 #- <1 3/ E' �

@ -<1/< <1 <",$  6"<$ 1",$ !/$ ",1-!$ +",# 3=7"<1#/# !/$ #=$,!1 1$ 3/

! ;#"+"$-1-"< A'

9-)27)  !"#$#%&'&#( )* 0/!"< !/$ #=$,!1 1$ 3"<<=$ + # !/ B/77/ 8(2

B/77/ 8C2 B/77/ 8&2 Ω /$1 -<6 #- <1 + # # ++"#1 %&'D2&'E* /1 V̇ ≤ 0

$,# Ω  !"#$ $/!"< !/ 1F="#57/ 3/ B 0 !!/2 9F .,/ $"!,1-"< .,-  37/1 +",#

9"<3-1-"< -<-1- !/ 3 <$ Ω 9"<6/#>/ 6/#$ M ., <3 t → ∞2  6/9 M 3=G<-/

+ # !/ B/77/ 8&2 !/ +!,$ ># <3 /<$/7?!/ -<6 #- <1 3/ E = {q ∈ Ω/V̇ = 0}'
�

H< 9"<9!,$-"<2 "<  3"<<= 3 <$ 9/11/ + #1-/ ,</ 9"77 <3/ ua =

[ua1 , ua2 , ..., uan ]2 3"<<=/ + # ! ;#"+"$-1-"< A2 .,- I -1 9"<6/#>/# 9F .,/

 >/<1 3/ ! I"#7 1-"< 6/#$ ,< 9/#9!/ 1# 3,-$ <1 !4"?J/91-I /1 .,- /<1",#/ ! 

9-?!/2 /1 9/9- =1 <1 $ <$  ,9,</ -<I"#7 1-"< $,# !/$ 9""#3"<<=/$ 3/ !/,#$

+"$-1-"<$'

; # ! $,-1/ "< 6 + $$/# K !4=! ?"# 1-"< 3/ ! 9"77 <3/ #=+,!$-6/ $1 L

?-!-$ <1/'

 !"!# $%&'()*+(,%& -. /0 +%110&-. )23*/',4.

M"77/ "< !4 +#=9-$= 3 <$ !/ 3=?,1 3/ 9/ 9F +-1#/2 !/ I -1 3/ 1#",6/#

! 9"77 <3/ $1 ?-!-$ <1/2 +/#7/1 34N1#/ =1/<3,/ 3 <$ ! 9"<9/+1-"< 3/ ! 



 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

 !"#$%!" &'()*+$&%#,-

.+"/ *, $0'!&12, /)%3+"$ "!)/ 4!""!"/ )", #!22+"4, 5)% +//)&, *+

#!"3,&(,"#, 4, #0+5), +(,"$ 3,&/ )" 6!%"$ 4) #,&#*,7 #!"/%4'&' #!22, )"

,"/,28*, +$$&+#$% 7 #,"$&' 6+& *+ #%8*,7 ,$ 49'3%$,& )" !8/$+#*, 4+"/ *, 6*+"-

621(/70- 8!  !"# $%&'(&)*$&

Ω = {q ∈ R
2n/l ≤‖ qi − C ‖≤ K}

+' ,!'("-./& n 01&'#( )!-2$"(2( 30/ $& (4(#.)& 56789: -2;'"& -0'( Ω7  !"#

q0 = (x0, y0) &(# $0 3!("#"!' "'"#"0$& < t = t0: &# !' ,!'("-./& L $0 =!',#"!'

0((!,"2& < $0 -/!"#& >!"1'0'# $& ,&'#/& -& $0 ,"*$& C < O7 O &(# $& ,&'#/& -?

,&/,$& @?" &'#!?/& $%!*(#0,$&7 A$!/( $0 ,!))0'-& (?"B0'#&

ui = uai + νi(qi − C)⊥ :;-<<=

!C

uai = −(‖ qi − C ‖2 −l2)(qi − C) :;-<>=

&#

νi = −
sign([yi0 − L(xi0)][Cx −Ox])

‖qi −Oqi‖
(‖ qi − C ‖2 −l2) :;-<;=

3!?/ #!?#& ,!'-"#"!' "'"#"0$& -0'( Ω: =0"# ,!'B&/1&/ $&( (!$?#"!'( -&

5678:67DD:67DE:67D69 B&/( M !C

M = {q ∈ Ω/ ‖ qi − C ‖= l}

&# K ≥‖ qi0 − C ‖7 F# $& ième
01&'# 2B"#& $& 3!"'# -4'0)"@?& Oqi7

�

9/-,$-: ?" +

Ω = {q ∈ R
2n/l ≤‖ qi ‖≤ K}

= {q ∈ R
2n/0 ≤‖ qi ‖2 −l2 ≤ K2 − l2}

= {q ∈ R
2n/0 ≤ V (q) ≤ p}

:;-<@=
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 !"#$%& '( '())(*+ (, '())(*- Ω (&, ./0"$."/, (, V̇ ≤ 0 #"$ $"##1$,

234563478 (,

∂V

∂q
= q − C &9.,( "9 ,:;1$%)( *< '(& &1'9,.1/& =(& &>&,%)(&

2345634++634+-634+38 (, 234563478 "##$1?:(/, '( )@)( (/&()A'(6 =!"9,$( #"$,

=!"#$%& '" #$1#1&.,.1/ < '" &1'9,.1/ =( 234563478 ?1/0($B( 0($& M "'1$& '(

&>&,%)( 2345634++634+-634+38 ?1/0($B( 0($& M 6 C9. /!(&, "9,$( C9( '( ?($?'(

=( ?(/,$( C (, =( $">1/ r4

D"?:"/, C9!1/ )"/.#9'( =(& )1=%'(& =!"B(/,& C9. /( ,.(//(/, #"& ?1)#,(&

=(& "9,$(& "B(/,& =( '" E1$)",.1/&6 '" F9&,.G?",.1/ =( '" G"A.'.,; =( '" ?1)H

)"/=( $;#9'&.0( ν =1//;( #"$ 234+38 (&, '" )@)( C9( ?(''( =1//;( #"$ '"

=;)1/&,$",.1/ =9 ,:;1$%)( *- =9 IJKLMNOP 34

�

K#$%& ./F(?,.1/ =( '" ?1))"/=( ./,$1=9.,( #"$ '( ,:;1$%)( #$;?;=(/,6

'(& ,$"F(?,1.$(& =9 &>&,%)( 23458 1A;.&&(/, Q 9/ #$./?.#( ;/1/?; #"$ '( ?1H

$1''".$( &9.0"/, R

#$-$..&/-) "  ! "#$!%& '&( "&)* &!(&+,'&( K &- H ./0

K = {q ∈ Ω/y ≥ L(x)}

H = {q ∈ Ω/y < L(x)}
12 L(x) &(- "#$!%& )'-#0%&)0&+&!-3 4&( &!(&+,'&( (1!- %!5/0%/!-( ./0

0/..10- /) (6(-7+& 893:;93<<;93<=;93<9>3

�

:-)27)! K#$%& ./,;B$",.1/ =( '" ?1))"/=( &,"A.'.&"/,( ="/& '( )1=%'(

234586 '" ?./;)",.C9( =( '!"B(/, i &!;?$., ?1))( &9., R

q̇i = (‖ qi ‖2 −l2)(−qi + νiq
⊥
i ) 234+58

1S νi (&, =1//;( #"$ 234+384

P/ 9,.'.&"/, '(& ?11$=1//;(& #1'".$(& (ρi, θi)6 #19$ '( &>&,%)( #$;?;=(/,6 1/

1A,.(/, '( &>&,%)( =.T;$(/,.(''( &9.0"/, R

ρ̇i = −(ρ2i − l2)ρi

θ̇i = νi
234+<8



 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

 ! "#$%&% θi '()'$*(+%( "#&+,"( (+%'(

−→
Cqi (% "#- './ +%&"(0

1 22(  + "( 3 +*%&%( 4&+* 560789 "( 3 2) '%(2(+% 4( θi 4()(+4 4: *.,+(

4( "& ;:&+%.%$ [yi0 − L(xi0)][Cx −Ox]0

<+ .+%' 4:.% &:**. "( '$(" α= ;:. '()'$*(+%( "#&+,"( (+%'( L (% "#- './ +%&"(0

<+ 3 +*%&%( 4 3&* >

?1er !" *. Cx ≥ Ox=  +  @%.(+% 7 3&*

67 *. yi0 ≥ L(xi0)

θ̇i = − ρ2i − l2

|
√
(ρi cos θi −Ox)2 + (ρi sin θi −Oy)2 − r|

≤ 0= &" '* θi ≤ θi00

A#&:%'( )&'%= 3 22( yi0 ≥ L(xi0)= 3( ;:. .2)".;:( ;:( θi ≤ θi0 ≤ α= &" '*

∀ t= "#$%&% q(t) '(*%( 4&+* "( )"&+ *:)$'.(:' 4$B+.( )&' L 3( ;:. 2 +%'( ;:(

yi ≥ L(xi)0

87 *. yi0 ≤ L(xi0) &" '* θ̇i ≥ 0= )&' 3 +*$;:(+% θi ≥ θi0= (+ )":*

yi0 ≤ L(xi0) 3( ;:. .2)".;:( ;:( θi ≥ θi0 ≥ α 30C04 q '(*%( 4&+* "& )&'%.(

.+D$'.(:'( 4$B+.( )&' L 3( ;:. 2 +%'( y ≤ L(x)0

?2me
 !" *. Cx ≤ Ox

E.2."&.'(2(+%=  + & 4(:F 3&*0

97 *. yi0 ≥ L(xi0)= θ̇i ≤ 0 (%  + :%.".*( "& 2G2( )'(:H( 4 ++$( )&' 1/  D

1er !"=  + %' :H( ;:( yi ≥ L(xi)0

:7 *. yi0 ≤ L(xi0) * :* "& 2G2( &+&"I*( 4( 87?1er !"= &" '* yi ≤ L(xi)0

1(* 6 3&* 4#$%:4(*= &J'2(+% ;:( *. yi0 ≥ L(xi0) 5'(*)0 yi0 < L(xi0)9 &" '*

yi ≥ L(xi) 5'(*)0 yi < L(xi)9 K :' % :% t ∈ [0,+∞[0

L.+&"(2(+%=  + 3 +3":% ;:( K (% H * +% .+H&'.&+%* )&' '&)) '% &: *I*%M2(

560N=6077=607O=607690

�

P( 3 ' ""&.'( )'$3$4(+% &**:'( ;:#(+ :%.".*&+% "& 3 22&+4( &4$;:&%( 4 +?

+$( )&' "( %-$ 'M2( 7Q 3-&;:( H$-.3:"( 4( "& D '2&%. + $H.%('& "# @*%&3"(

4: @ + 3R%$0
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 !"!" #$%&'() *)( +,(-&.%.(

 !""# $!%&'"()*!% +#, '-,./)(), )0-!'*1.#, +!%%-#, ./)-'*#.'#"#%)2

!% ,*"./# ,!., 3()/(4 /#, )'(5#$)!*'#, *,,.# +# 6789:2 (;'<, *%5#$)*!% +# /(

/!* +# $!%)'=/# 678>>278>?278>7:8 @!.' $#/( !% $!%,*+<'# .%# A!'"()*!% +# 9

(B#%), *%*)*(/#"#%) -;(';*//-, +(%, /# ;/(%2 1.* %(C*B.#%) +(%, .% #,;($#

$!%)#%(%) .% !4,)($/#8

D( ,*"./()*!% #,) +!%%-# ;(' /( &B.'# 78E8 F(%, $#))# ,*"./()*!% !% $!%,)()#

4*#% 1.# /#, 9 (B#%), -C*)#%) /G!4,)($/#2 )!.) #% $!%C#'B#%) C#', .%# ;!,*)*!%

(. C!*,*%(B# +# /( $*4/#8  #/( "!%)'# 4*#% /G#H$($*)- +. '-,./)() +!%%-

;(' /# )0-!'<"# >I8 J.,,* !% '#"('1.# 1.# $0(1.# C-0*$./# -C*)# /G!4,)($/#

,#/!% ,( ;!,*)*!% *%*)*(/ ;(' '(;;!') K /( +'!*)# '#/*(%) /# $#%)'# +# /G!4,)($/#

$*'$./(*'# #) /( $*4/#2 /#, $!";!')#"#%), $!%&'"#%) /#, '-,./)(), +!%%-, ;('

/# $!'!//(*'# ?8
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initial conditions
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 !"#$% 78E L M*"./()*!% +# /( A!'"()*!% (C#$ .%# $!""(%+# +-$#%)'(/*,-#

 !""# !% ( ;/.,*#.', C-0*$./#, K /( A!*, 1.* $*'$./#%) +(%, /G#,;($#2

+(%, $#))# ;(')*# !% ( ;. +!%%- .%# $!""(%+# '-;./,*C# ;(' '(;;!')
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 !" #$%&'()*+ *& ,!- .'-& (#"/*01*0 &#!% )*% '1*"&% 2* )' .#03'&-#" /*0%

!" *"%*3$)* *"&#!0'"& )' (-$)*+ -(- #" )4' 50-% !" (*0()* (*"&06 *" C7

8*)' ' .'(-)-&6 )' &9(:* '!&0*3*"& #" %*0' '3*"6  26&*03-"*0 )' 5#%-&-#"

2* (#"/*01*"(* 5#!0 (:',!* /6:-(!)*7 ;'0 (#"%6,!*"&+ )' (#35)*<-&6 2!

50#$)=3* (0#-& %*)#" )* "#3$0* 24'1*"&%7

>4'3$-1!?&6 ,!- 0*%&* *%& 24*" &*"-0 (#35&* 2*% -"&*0'(&-#"% *"&0*

)*% '1*"&%+ (* )' ('!%* !" 50#$)=3* 2* %@"(:0#"-%'&-#" *& 246/-&*3*"&

2* (#))-%-#" *"&0* )*% 2-A60*"&% '1*"&% 2* )' .#03'&-#"7 >' 06!%%-&* 2*

)' .#03'&-#" %!%(-&* !"* 6(:'"1* 24-".#03'&-#"%7 B#!% 6/#,!*0#"% (*

50#$)=3*+ 5'0 )' %!-&*+ *& )*% %#)!&-#"% '%%#(-6%  )46/-&*3*"& 2* (#))-%-#" *&

)46(:'"1* 24-".#03'&-#"% *"&0* )*% '1*"&% 2! 3C3* 10#!5*7

 ! "#$%&' (' )*++',-*+ $..*)-/ 0 1$ +$2-3$4

5-*+ (67+' 8*#9$5-*+ (6$3'+5.

>4-"&*0'(&-#" *"&0* )*% 0#$#&% *& )' 506%*"(* 2* (#"&0'-"&*% (#33!"*%

&*))*% ,!* )46/-&*3*"& 2* (#))-%-#"% #! )* 3'-"&-*" 2* .#03'&-#" "6(*%%-&* )'

50-%* *" (#35&* 2*% (#33!"-('&-#"% *"&0* )*% 2-A60*"&% /6:-(!)*%7

>' &#5#)#1-* 2*% 10'5:*% 2* (#33!"-('&-#" *%& &0=% -35#0&'"&* 5#!0 )' %&'D

$-)-%'&-#" *&E#! )* (#"&0F)* 24!"* .#03'&-#"7 G'"% )' 5)!5'0& 2*% %-&!'&-#"%+

)*% 6(:'"1*% 24-".#03'&-#"% %#"& "6(*%%'-0*% '!< (#"&0F)*!0% )#('!< 5#!0

#$&*"-0 2*% -".#03'&-#"% 2*% 0#$#&% /#-%-"%+ /#-0* 2*% -".#03'&-#"% 1)#$')*%

)-6*%  )' .#03'&-#"7 H6"60')*3*"&+ #" %!55#%* !"* (#33!"-('&-#" 5'0.'-&*

%'"% 5*0&* "- 26)'-7 G'"% (* &0'/'-) #" "* %4-"&60*%%*0' 5'% '!< #!&-)% 2*

(#33!"-('&-#"% 3'-% %*!)*3*"&  )4*<-%&*"(* 2*% )-*"%7 8*% )-*"% 2#-/*"&

C&0* '!%%- %#)-2*% 2* .'I#" ,!4-) "4@ '-& 5'% 2* (#!5!0* 24-".#03'&-#"% '!

(#!0% 2! &*35% 3C3* *" 506%*"(* 24!" #$%&'()* ,!- %65'0* )*% '1*"&%7

>' ,!*%&-#" ,!4#" %* 5#%* 2'"% (* &@5* 2* 50#$)=3* *%& )' %!-/'"&* J

(#33*"& 5*!&D#" 2-%5#%*0 )*% )-*"% -"&*0D'1*"&% *& )*% )-3-&*0 '! 3-"-3!3+



 ! ! "#$%&' (' )*++',-*+ $..*)-/ 0 1$ +$2-3$4-*+ (56+'

7*#8$4-*+ (5$3'+4. 9:

 !"# $%%&'()#& "( *"% *'&(  #+,'- . /+(+#$0&1&(% "(& ,!(2&#3&(,& 2&#- "(

 !'(% !" 2&#- "(& ,!(43"#$%'!( 3+!1+%#'5"&6

7$ #+ !(-& 8 ,&%%& 5"&-%'!( 9$'% $  &0 8 0$ %:+!#'& )&- 3#$ :&-6 ;&%%&

%:+!#'& &-% %#<- "%'0'-+& )$(-  0"-'&"#- )!1$'(&- (!%$11&(% )$(- 0&

)!1$'(& )='(9!#1$%'5"& &% %!"% ,& 5"' &-% &( #&0$%'!( $2&, 0=+%")& )&-

#+-&$">6 ;&%%& %&,:('5"& $ 2"& 0& ?!"# ,&- )&#('<#&- $((+&- &( #!*!%'5"& &%

 0"-  #+,'-+1&(% )$(- 0$ ,!11"($"%+ %#$'%$(% 0$ ,!11$()& )& 9!#1$%'!(-6

@( &A&%B 0$ %:+!#'& )&- 3#$ :&- &-% "( !"%'0 '1 !#%$(% )$(- 0=$($0C-& )&

-%$*'0'%+ )="(& 9!#1$%'!(6 @00&  &#1&% )& #& #+-&(%&# 0&- '(%&#,!((&>'!(-

&(%#& )&- #!*!%- &% &(  $#%',"0'&# 0&- +,:$(3&- )='(9!#1$%'!(-6 7$ %! !0!3'&

)="( 3#$ :&  &#1&% )=+%")'&# 0$ -%$*'0'%+B 1$'- $"--' 0$ ,!11$()$*'0'%+

)" -C-%<1&6 D0 &-% +3$0&1&(%  !--'*0& )="%'0'-&# ,&%%& %:+!#'&  !"# ,:!'-'#

"( ,!(%#E0&"# $  #! #'+ 8 0$ ,!(43"#$%'!( )& 0$ 9!#1$%'!(B -='0 &>'-%&6

F$(- 0$ 0'%%+#$%"#&B !(  &"% %#!"2&#  0"-'&"#- &>&1 0&- )=$  0',$%'!( )&

0$ %:+!#'& )&- 3#$ :&-  !"# 0$ 9!#1$%'!( 6 F$(- GHIJB "( 3#$ :& !#'&(%+

#& #+-&(%& "(& 9!#1$%'!( )=$3&(%- )!(% 0&- )C($1'5"&- -!(% )!((+&-

 $# )&- -C-%<1&- K')&(%'5"&-L 0'(+$'#&- 8 %&1 - '(2$#'$(%6 M( ,#'%<#& &-%

)+2&0!  + 8  $#%'# )&- 2$0&"#-  #! #&- )" 7$ 0$,'&( )" 3#$ :&  !"#

)+%&#1'(&# 0=&A&% )& 0$ %! !0!3'& )&- ,!11"(',$%'!(- -"# 0$ -%$*'0'%+6 F$(-

GHNJB 0&- 2+:',"0&- +,:$(3&(% )&- '(9!#1$%'!(- -&0!( "( 3#$ :& (!( !#'&(%+B

- +,'4+ 8 0=$2$(,&6 7$  #&"2& 1!(%#& 5"="(& -%$*'0'-$%'!(  $# #&%!"# )=+%$%

&-% %!"?!"#-  !--'*0& -' 0& 3#$ :& )& ,!11"(',$%'!( &-% ,!((&,%+6 F&  0"-B

0& %$"> )& ,!(2&#3&(,& 2&#- 0$ 9!#1$%'!( &-% )+4('  $# 0$  0"-  &%'%& 2$0&"#

 #! #&  !-'%'2& )" 7$ 0$,'&( )" 3#$ :&6 D0 &-% +3$0&1&(%  !--'*0& )=+%")'&#

0&  #!*0<1& )& ,!!#)'($%'!( )$(- 0& ,$)#& )&- 9!(,%'!(- )& 7C$ !"(!2

GHOJ6 7=:C !%:<-&  #'(,' $0& &-% 5"& ,:$5"& #!*!% $ '()'2')"&00&1&(% "(&

9!(,%'!( )& 7C$ !"(!26 F&- ,!()'%'!(- -"P-$(%&- -!(% $0!#- )+)"'%&-

 !"# 5"='0 &>'-%& %!"?!"#- "(& 9!(,%'!( )& ,!(%#E0& )& 7C$ !"(!2  !"# 0$

9!#1$%'!( )& #!*!%-6 ;&%%& 9!(,%'!( &-% "(& -!11&  !()+#+& )&- 9!(,%'!(-

'()'2')"&00&- )& ,:$5"& #!*!%6

7&- %:+!#'&- +%$*0'&- )$(- ,& -&(- (!"- $')&#!(- &% (!"- -&#2'#!(%



 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

 !"#$%&' ()* %&)+* )+"') %)* ,!-&./%)* "0/" )+ !,&"#+" %)* 0$*"#.%)* )"

#"")&1+#+" %20$3)."&4 *#+* .0%%&*&0+*5

6#+* .)"") 7#'"&)8 0+ .0+*&(9') /+) 40':#"&0+ () n #1)+"* ;/& .&'./%)

(#+* /+ )*7#.) .0+")+#+" /+ 0$*"#.%)5

<+ */770*) ;/) .-#;/) ,!-&./%) () %# 40':#"&0+ )*" -0%0+0:) )" *#

.&+!:#"&;/) *2)=7'&:) .0::) */&" >

q̇i = ui ?@5ABC

0D qi = (xi, yi) )" ui = (vi, wi)5

E0/' /+) 40':#"&0+ () ,!-&./%)* %) *F*"9:) (),&)+" >

q̇ = u ?@5AGC

0D q = [q1, q2, ..., qN ] ∈ R
2N

)" u = [u1, u2, ..., un] ∈ R
2n

H) :I:) 7'0$%9:) ;/) (#+* %) .#* (2/+ *)/% ,!-&./%) *) 70*) &.& :#&* )+

+0:$') 7%/* 1'#+(5

J0::)+" .0+*"'/&') /+) %0& () .0+"'K%) ;/& 4#&" .0+,)'1)' /+) 40':#L

"&0+ ,)'* /+) 70*&"&0+ (!*&'!) 0/ (#+* +0"') .#* /+) .0+M1/'#"&0+ (!*&'!)

"0/" )+ !,&"#+" %)* 0$*"#.%)*8 )" !"#$%&**#+" /+) .0::/+&.#"&0+* )+"') %)*

(&N!')+"* #1)+"* () %# 40':#"&0+ O

6#+* +0"') .#* 0+ ,# !"#$%&' /+) .0::/+&.#"&0+ #1)+"L#1)+" )" #1)+"L

0$*"#.%)5 E%/*&)/'* "'#,#/= 0+" !"! !"#$%&* (#+* .) *)+* 0+ 7)/" .&")' PAQR8555

6#+* .) .0+")=") &%* /"&%&*)+" %)* ()/= "F7)* (/ 1'#7-)8 0'&)+"! )" +0+L

0'&)+"!5 J) ()'+&)' )*" ()*"&+! 70/' /+) .0++)=&0+ *#+* *)+* .2)*" 70/';/0&

(#+* %)* (!:0+*"'#"&0+*8 %)* .0++)=&0+* *0+" %)* (&*"#+.)* )+"')* %)* #1)+"*5

<+ +0") #/**& .) "F7) () .0++)=&0+ )*" "'9* /"&%&*!) 7/&*;/) *# :#"'&.) H#L

7%#.&)++) )*" *F:!"'&;/) )" 70*&"&,) (2#7'9* %) "-!0'9:) (/ .)'.%) () S)'*L

10'&+ PBAR5 60+. 0+ 7)/" 4#.&%):)+" )="'#&') %# 40+."&0+ () HF#7/+0,5 E0/'

%) 1'#7- 0'&)+"! 7)/" () "'#,#/= ;/& *2&+"!')**)+"  .) "F7) () .0++)=&0+

7/&*;/)8 .0+"'#&'):)+" #/ 1'#7- +0+L0'&)+"!8 *# :#"'&.) H#7%#.&)++) +2)*"



 ! ! "#$%&' (' )*++',-*+ $..*)-/ 0 1$ +$2-3$4-*+ (56+'

7*#8$4-*+ (5$3'+4. 9:

 !" "#$%&'()*+, -. /0*&(/("+ "*'&-*&  -*' *. 1% /!2+$+.& 2-$ -'&!.& *.

/+!1+' -* *. 1% /!2+$+.& 3(%'!'23("%4 5!' 2-."%)*+.& (/ # ! *. -'1'+  -*'

/+ "*(6( 1+ /+!1+', +7 8 "( -. ! 9 !:+.&", /0!:+.& ; +"& /+ /+!1+' /+ "*(6( 6! "+

<!('+ "-*" <-'$+ 1+ = /!&--.= /+ > "*(& 9 +& /+ &'-(" "*(& ;, -. !  +//+ 2+/!

*. 1% /!2+$+.& 3(%'!'23()*+4

?!." .-&'+ &'!6!(/ -. 6! "0(.&%'+""+' !* 1% /!2+$+.& 10*.+ <-'$!&(-. )*(

%&!@/(+ *. :'! 3 -'(+.&%4 A-&'+ !  -'& +"& 1+ 2-$@(.+' 2+ &# + 1+ 1% /!B

2+$+.& !6+2 /0%6(&+$+.& 10-@"&!2/+ +& 2-.6+':+' 6+'" *.+  -"(&(-. +& *.+

2-.C:*'!&(-. 1%"('%+"4

?!." /! "+2&(-. "*(6!.&+ -. "0(.&%'+""+ !* 2!" -D /+" !:+.&" %&!@/(""+.& *.+

2-$$*.(2!&(-. !6+2 /0-@E+2&(< "+*/+$+.&4 F-$$+.& (/"  +*6+.& "+ 1% /!B

2+' 1!." *. +.6('-..+$+.& 3-"&(/+, "+  -"(&(-..+' +&  '-1*('+ *.+ <-'$+

:%-$%&'()*+ !*&-*' 1+ /! 2(@/+ G

 ! !" #$%%&'()*+($' *,-'+./)(01-.

H/ "0!:(& 1+ &'-*6+' *.+ /-( 1+ 2-$$!.1+ 1("&'(@*%+ u )*( "&!@(/("+ 23!)*+

!:+.& &-*& +. %6(&!.& /0-@"&!2/+4 ?0!*&'+  !'&, )*!.1 /! <-'$!&(-. !  '-23+

/! 2(@/+, (/ <!*& )*0+//+ '+" +2&+ *.+ 2-.C:*'!&(-. 1%"('%+ !*&-*' 1+ /0-@E+2&(<4

I! 2-.C:*'!&(-. C.!/+ 1% +.1 1+ /0!  /(2!&(-. )*+ 1-(& '%!/("+' /+ :'-* +

10!:+.&"4 A-&'+ !  '-23+ "+ @!"+ !*""( "*' /! &3%-'(+ 1+" :'! 3+"  -*'

%&!@/(' /! 2-..+7(-. +.&'+ /+" !:+.&"4 J. +7+$ /+ 10(.&+'2-..+7(-. +.&'+ /+"

!:+.&" +"& 1-..%  !' /! C:*'+ K4> )*( (//*"&'+ /+ :'! 3+ =*.(&B1+ &3= L -*'

 /*" 1+ 1%&!(/ -.  +*& 2-."*/&+' M;NOP4 I! C:*'+ K49 $-.&'+ *. :'! 3+ =*.(&B

1+ &3 Q(&3 -.+ "(.R=4 F0+"& 2+ 1+'.(+' )*( +"&  '(" +. 2-."(1%'!&(-.  -*'

'%"-*1'+ /+  '-@/S$+ 10(.&+'2-..+7(-. +.&'+ /+" %/%$+.&" 1+ /! <-'$!&(-.4

I! '% -."+ T 2+&&+ )*+"&(-. +"& @!"%+ "*' /+ &3%-'S$+ "*(6!.& 8

;&/*#<8' =>  !"# G(η, ǫ) $% &'()*+,!'"+%#- ./.0"1$+ 1$" (23+# 4$%"#

2+)#* 5"#* !%+ 6"%748 !9 η = {1, ..., n, r} +6# 0:+%6+3;0+ 2+ %!+$26 +#

ε = {(i, j) ∈ η × η/i ∈ Nj} +6# 0:+%6+3;0+ 2:('<#+6= >% 6$))!6+ 1$+ L

+6# 0( 3(#'".+ ?()0(."+%%+ (66!."-+ @ G +# L 0( 1$(%#"#- L⊗ I2=

>% .!%6"2A'+ 0( ."%-3(#"1$+ 6$"B(%#+ C

˙̃q = ũ LK49UP



 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

1

9 8 7 6 5 4

32

sinks

 !"#$%  !" # $% &'()*% +,-./01%)/*+

1

7 3 26 5 4

one sink

 !"#$%  !2 # $% &'()*% +,- 3%,4 -.5%(, 1% )'676-1%,' %/ ,- )('%-/+

 ! q̃ = [q1, q2, ..., qn, qr] ∈ R
2(n+1)

"#$ %" &"'$"() *(+ ' ,$+",$ %"# - #+$+ ,#

." $ (# %"# &/0+'(%"#1 2$ # +$ k = (k1, k2, .., kn, 0) $"% *(" kij = ki − kj "#$

%3 ' ,45()3$+ , ." qi − qj1

63 % + ." ' 773,." #(+&3,$" 8

ũi = −L(q̃ − k)−




h1 0 . . .

0
1

1

1

1

1

1 0 hr


 ⊗ I2




(
(P (G)⊗ I2(q̃ − k))x1

(P (G)⊗ I2(q̃ − k))y1

)⊥

1

1

1(
(P (G)⊗ I2(q̃ − k))xr

(P (G)⊗ I2(q̃ − k))yr

)⊥




8 !29:

9 ! hi =
sign([yi0 − Li(xi0)][Cix −Ox])

‖qi −Oqi‖
"$ P (G) %3 :3$)+''" ;<+#35)""=

7",$; 5+&",  , >) - #+$+ ,?9 @3+$ ' ,&")5") %"# /$3$# &")# %3 ' ,45()3$+ ,



 ! ! "#$%&' (' )*++',-*+ $..*)-/ 0 1$ +$2-3$4-*+ (56+'

7*#8$4-*+ (5$3'+4. 9:

 !"#$!% &' ()#"#*&+%  % ,& -#.,% C /)'/ %* !(#/&*/ Oqi0 �

 !"# $%&!'(#)# *) (+%!#,&) !' -. /'(#!$"/#) 0")10")2 #%2"1(.(23

4' *!'2/$,#) 1) 252(,&) */'%&.(/0") .-)* 1)2 &6&)2 *!'$/(/!'2 $"

12!)$34%78 *!&&) 2"/( 9

˙̃q = −L(G)(q̃ − k) :;3<7=

4' >)"( 2"?$/-/2)# 1) 252(,&) )' $)"@ >.#(/)2 9

˙̃qx = L(q̃x − kx) ˙̃qy = L(q̃y − ky) :;3<<=

!A q̃x = (x1, x2, ..., xn, xr) B q̃y = (y1, y2, ..., yn, yr) B kx = (kx1
, kx2

, ..., kxn
, 0)

)( kx = (ky1 , ky2 , ..., kyn , 0)3

;#*%*.-4-*+ 9 5)#/

V = (q̃ − k)tP (G)⊗ I2(q̃ − k) :;3<;=

)6 P (G) %"/ ,& 7&/$#-%  % 89#"&+$%%4%*/8  )**!% :&$ ,& ;<$):)"#/#)*=>0

?& "),'/#)*  % ;@0AB> -)*(%$+% (%$" ,% :,'" +$&* %*"%4.,% #*(&$#&*/  %

E = {q̃ ∈ R
2(n+1)/V̇ = 0}

= {q̃ ∈ R
2(n+1)/L(G)(q̃ − k) = 0}

:;3<C=

�

;#'62' D" #)E.#$ $) 1. :$):)"#/#)*FB 1. &.(#/*)

P (G) =
1

2
(L(G) + L(G̃)) :;3<G=

)2( 2)&/H$%I'/) >!2/(/-)3

4' *!'2/$,#) 1. J!'*(/!' 0".$#.(/0") 2"/-.'() 9

V = (q̃ − k)tP (G)⊗ I2(q̃ − k) :;3<F=



  !"#$%"&$'( )*+(, -'./"&$'( ), #01$2+3,4 1'3'('/,4

 !"#$

V = (q̃x − kx)
tP (G)(q̃x − kx) + (q̃y − ky)

tP (G)(q̃y − ky)

= Vx + Vy
%&'()*

! +,-.#/01,/!!/ +/ Vx 2 # # 22"#1 3 t /$1

V̇x = −(q̃x − kx)
t(L(G)tP (G) + P (G)L(G))(q̃x − kx)

= −(q̃x − kx)
tL(G)tL(G)(q̃x − kx)−

(q̃x − kx)
tL(G)tL(G̃)(q̃x − kx)

= −(q̃x − kx)
tL(G)tL(G)(q̃x − kx)

= −‖L(G)(q̃x − kx)‖2 ≤ 0

%&'(4*

/0 1/0 01 5"621/ +/ ! 2#"2#,.1. L(G)tL(G̃) = 0 +7 2#8$ 9:;<'

=!"#$

V̇ = V̇x + V̇y

= −‖L(G)(q̃x − kx)‖2 − ‖L(G)(q̃y − ky)‖2 ≤ 0
%&'&>*

5/ ?@, ,62!,?@/ ?@/ 0 ≤ V (q̃) ≤ V (q̃0) +"05 !7/0$/6A!/

Ω = {q̃ ∈ R
2(n+1)/V (q̃) ≤ V (q̃0)} %&'&:*

/$1 !/ 2!@$ B# 0+ /0$/6A!/ ,0C #, 01 2 # # 22"#1  @ $D$186/ %&'(E*' F7 2#8$

!/  !"#$%&' (' )*+*,,'G ! $"!@1,"0 +/ %&'(E* 5"0C/#B/ C/#$ !/ 2!@$ B# 0+

/0$/6A!/ ,0C #, 01 +/

E = {q̃ ∈ R
2(n+1)/V̇ = 0}

= {q̃ ∈ R
2(n+1)/‖L(q̃x − kx)‖2 = ‖L(q̃y − ky)‖2 = 0}

= {q̃ ∈ R
2(n+1)/L(q̃ − k) = 0}

%&'&E*

�

5,//, 67 -. /011#/' 20' ,' 3$*1!' (4$'5 G *(&' 0. 60.4 ('1 ! 74 !

#.' /4.86 *,#$/ ,* &* $45' )*1,*54'..' L(G) *//#54"' * G *(&' 9"$#

5#&&' :*,'0$ 1$#1$' /4&1,' ' /#. :'5 '0$ 1$#1$' *//#54" '/ 1n; '  #0 '/

,'/ *0 $'/ :*,'0$/ 1$#1$'/ /#. 1#/4 4:'/< �



 ! ! "#$%&' (' )*++',-*+ $..*)-/ 0 1$ +$2-3$4-*+ (56+'

7*#8$4-*+ (5$3'+4. 9:

;#'62'  ! "#$%&! '(#!)* G $'+!* ,- ./-! 0(-1. '$-0 2! j ème
-!/,'

$2/#0 )&$3,! !-*#!# '! 2$ j ème
)/2/--! '! L !0* 45#/6 7- '8$,*#! *!#+!

G $'+!* ,- .,-(* '!%*&. $2/#0 2$ +$*#()!  $%2$)(!--! L %#!-' 2$ 9/#+!

0,(:$-*! ;




1 0 · · · 0 −1 0 · · · · · · 0

0
6

6

6

6

6

6

6

6

6 −1 6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6 0
6

6

6

6

6

6

6

6

6

6

6

6

0 · · · 0 1 −1 6

6

6

6

6

6

6

6

6

0 · · · · · · 0 0 0 · · · · · · 0
6

6

6

6

6

6 −1 1 0 · · · · · · 0
6

6

6

6

6

6

6

6

6 0 1
6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6 0

0 · · · · · · 0 −1 0 · · · · · · 0 1




<=6=>?

 ! %/2@-A+! )$#$)*5#(0*(3,! !0* )/++! 0,(* ;

R(λ) = −λ(1− λ)n−1

$2/#0 0 !0* ,-! :$2!,# %#/%#! 0(+%2!6  ! :!)*!,# %#/%#! X = (X1, .., Xn)

$00/)(!# B 0 :5#(C! 2853,$*(/- 0,(:$-*! ;

LX = 0

)! 3,( (+%2(3,! 



X1 = Xj

6

6

6

6

6

6

Xn = Xj

$2/#0 1n !0* 2! :!)*!,# %#/%#! $00/)(5 B 0

�

;#'62' D/,# 2853,$*(/-

˙̃q = L(q̃ − k) <=6==?



 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

 !"#$%& '"  !"#"$%&%"'() '*& &+',-.+/& 0* '!12,"-.+/ #$1310*/-*

3+/4*$5*/- 4*$& '* #',& 5$"/0 */&*67'* ./4"$."/- 0*

E = {q̃ ∈ R
2(n+1)/V̇ = 0} 89:9;<

+=

V = (q̃ − k)tP (G)⊗ I2(q̃ − k) 89:9><

?,.&2,*

∂V

∂q̃
= P (G)⊗ I2(q̃ − k) 89:9@<

"'+$& 0!"#$%& '* &()"!*+,A@ '" '+. 0* 3+66"/0* 89:B< C".- 3+/4*$5*$ '*

&D&-%6* 4*$& E

E = {q̃ ∈ R
2(n+1)/V̇ = 0}

= {q̃ ∈ R
2(n+1)/L(q̃ − k) = 0}

89:9(<

F,"/0 L(q̃ − k) = 0 "'+$& L(q̃x − kx) = 0 *- L(q̃y − ky) = 0:  !"#$%& '*

-,++,A;) '* C".- 2,* '* 5$"#G* 0* L "06*- ,/ H,/.- 0*#-G I.-G +/* &./JH

.6#'.2,* 2,* L "06*- K1$+ ,/* 4"'*,$ #$+#$* &.6#'* *- 1n 3+66* 4*3-*,$

#$+#$* "&&+3.1: 3*'" 5"$"/-. 2,* (qx − kx) *- (qy − ky) &+/- 0*& 4*3-*,$&

#$+#$* 0* L "&&+3.1 L 0 3* 2,. .6#'.2,* 2,!.'& &+/- */5*/0$1 #"$ {1n}:  +/3

q̃i = Cst ∀i alors qi − qj = kij ∀j ∈ Ni 89:9M<

0!+= q = [q1, ..., qn, qr] 3+/4*$5* 4*$& '" 3+/N5,$"-.+/ 01&.$1*:

 !",-$* #"$- */ ./O*3-"/- '" '+. 0* 3+66"/0* 89:BA< 0"/& /+-$* 12,"-.+/

*/ +7-.*/-

q̇r = 0

"'+$&

qr = qr0

*-

q̇i = −
(
xi − xr − (kxi

− kxr
)

yi − yr − (kyi − kyr)

)
− νi


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 ! !" #$%&'$(&)* +&,-$-.+&/01

9. 3+,*2:(. -;',. 1+2&)*%+, 3+,5%5*. < *2+'/.2 ', 3+,*2:(. -%5*2%='> u?

3. @'% 5*)=%(%5. 37)@'. )0.,* *+'* ., )**.%0,),* (;+=A.3*%1 .* >/%*.2 (;+=5*)3(.!

B)2 )%((.'25? ., 3+,/.20.),* /.25 () 3%=(.? () 1+2&)*%+, -+%* 2.5C.3*.2 ',.

3+,60'2)*%+, C2>->6,%. )'*+'2 -. (;+=A.3*%1! 9) 3+,60'2)*%+, 6,)(. ->C.,-

-. (;)CC(%3)*%+,! D7>+2%@'.&.,*? 37)@'. 3+&&),-. -;', )0.,* &+=%(. -.4

/2)%* E*2. 5'=-%/%5>. ., -.'8 C)2*%.5 *.((.5 @'. () 1+2&)*%+, C.2&.* -;>/%*.2

', +=5*)3(. .8%5*),* -),5 5+, .,/%2+,,.&.,* .* () 3)C*'2. -. () 3%=(.! F+'5

C+'/+,5 2>5'&.2 3. *2)/)%( -),5 (. *7>+2G&. 5'%/),*!

621(/70- !8  !"# G(η, ǫ) $% &'()* !'"+%#,- !. η = {1, ..., n, n+ 1} / 0%
1!%2"34'+ L = (lij)ij 5( 6(#'"1+ 7()5(1"+%%+ (22!1",+ 8 G- 9$" (36+# $%

(':'+ 1!$;'(%# !'"+%#, #+59$+ l(n+1)r = 0 ∀ r ∈ η- +# L 5( 9$(%#"#, L ⊗ I2/

 !"# k = (k1, k2, .., kn, 0) #+5 9$+ kij = ki− kj +2# 5( 1!%<&$'(#"!% 3,2"',+ 3+
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 !"#$%  !" # $%&'()*%+, -. ,)/%0)*%+, -. () 1+2&)*%+, )/.3 3+&&',%3)4

*%+,5 /.25 ',. 3+,60'2)*%+, (%,7)%2.

qi − qj !"# $%&&'()"# #*+,'(-"# .

ui = −
n∑

j=1

lij(qi − qj − kij)− li(n+1)(qi − C − ki)− hi(qi − ki)
⊥

8 !9:;

où hi =
sign([yi0 −D(xi0)][Cx −Ox])

‖qi −Oqi‖
and hn+1 = 0 8 !9<;

/%(- $%(,"01"0 2"# 3-'-# )" 45 67 ,"0# 2' $%(81*0'-+%( )93:*+2+;0" '*

,%+#+('1" )" 2' $+;2" C -%*- "( 3,+-'(- Oqi �

;#'62' =, 3+,5%->2. q̃ = [q1, q2, ..., qn, qn+1 = C] = [q, C] ∈ R
2(n+1)

(.

/.3*.'2 ?'% 3+,*%.,* (.5 3+&@+5),*.5 -. () @+5%*%+, -. 3A)?'. /7A%3'(. .*

() 3%B(. C!

=, 5'@@+5. ?'. (. 5C5*>&. 5'%/),*

˙̃q = ũ 8 !9D;
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 !"# ũ = −L(q̃− k) !$ %!$&'()#* +, -!$%.'!$ (* /0,1"$!2 V =
1

2
‖q̃− k‖23

&, ('45#*$.'*+ 1,# #,11!#. ," .*61& t *&.

V̇ = −(q̃ − k)tL(q̃ − k) = −(q̃ − k)t
(Lt + L)

2
(q̃ − k) ≤ −‖q̃ − k‖2min

i∈η
λi

!7 λi *&. "$* 2,+*"# 1#!1#* (*
L+ Lt

2
(8,1#)& +* .95!#)6* (* Courant −

Fisher :

;$ &,'. <"*

L+ Lt

2
*. L !$. +*& 6=6*& 2,+*"#& 1#!1#*& <"' 25#'>*$. +,

1#!1#'5.5 &"'2,$.* ?

|λi − lii| ≤
n+1∑

j=1,j 6=i

|lij|

 !"#$

0 ≤ λi ≤ 2lii

% # lii =
∑n+1

j=1,j 6=i |lij|&
' # %"($)*+)(, V̇ ≤ 0&

-. +,#) / #, $0 "( 0(1)%,) ! !"0 2) %"(,#3!) 45&678 2 ($ !) $9$,:;) 45&6<8

"( "=,0)(, >

ũ = −L(q̃ − k)−




h1 0 . . .

0
&

&

&

&

&

& 0 hn+1


 ⊗ I2(q̃ − k)⊥ 45&6?8

"@

∂V

∂q̃
= q̃ − k  !"#$ !) ,AB"#:;) CD  E#;) *+) !)$ $"!+,0"($ 2)$ 2)+F

$9$,:;)$ 45&6<8 ), 45&<G5&67G5&6C8 %"(H)#I)(, H)#$ M !) /!+$ I# (2 )($);=!)

0(H #0 (, 2)

E = {q̃ ∈ R
2(n+1)/V̇ = 0} = {q̃ ∈ R

2(n+1)/L(q̃ − k) = 0} 45&658

*+ (2 L(q̃ − k) = 0  !"#$ L(q̃x − kx) = 0 ), L(q̃y − ky) = 0&

L  2;), +(  #=#) "#0)(,B  !"#$ 2. /#:$ !) lemme 2) JC?K ! ; ,#0%) L  +(

L)#" %";;) H !)+# /#"/#) $0;/!)  $$"%0B  + H)%,)+# /#"/#) 1n+1 ), ,"+$

!)$  +,#)$ H !)+#$ /#"/#)$ $"(, M / #,0)$ #B)!!) /"$0,0H) & N) *+0 I # (,0 *+)
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(q̃x − kx)  ! (q̃y − ky) "#$! % " & '! ()" *)#*) " % L +(,  "!  $- $%). */)

{1n}0 12#)"

q̃i − k = Cst ∀i alors qi − qj = kij ∀j ∈ Ni 340556

' +(, ,7*2,+( +( q̃ = [q1, ..., qn, qn+1 = C] '#$& )- & )" 2/ '#$8-()/!,#$

%.",). 0

9:/(!) */)! ; ", #$ ,$< '! 2/ '#77/$% 3405=;405>6 %/$" 2 "?"!@7 340A6;

#$ #B!, $!

q̇n+1 = 0 then qn+1 = C

/2#)" 2/ C#)7/!,#$ '#$& )- & )" ($  $" 7B2 &#,",$ % 2/ ',B2 C0 �

 !" #$%&'() *)( +,(-&.%.(

D !! " '!,#$ ) -)#(* 2 " )."(2!/!" % ",7(2/!,#$"0 E#!) B(!  "! % 

7 !!)  $ F(&) 2 " 2#," % '#$!)G2 " *)." $!." %/$" ' 'H/*,!) 0

I " ",7(2/!,#$"  J '!(. "; *)." $! $! % " "'.$/),#" .2.7 $!/,) " * )7 !K

!/$! %:#B" )& ) 2 " %,J.) $!" '#7*#)! 7 $!" %( "?"!@7 ; L "/&#,) '#$& )K

- $'  ! .&,! 7 $! % 2:#B"!/'2 0

M$ '#$",%@) ($ -)/*H G(ε, η) % +(/!) $F(%"N&.H,'(2 " ,$% O." */)

ε = {1, 2, 3, 4}0 I " &.H,'(2 " B2 ( C#$'.; & )!; )#(-  ! B2 ( ', 2 "#$! ) "K

* '!,& 7 $! ,$% O." */) 1; 2; 3  ! 40 I/ 7/!),' 1%</' $! /""#',." L G

 "!

A =


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0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0


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




 ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 2(4()(0-5

 ! "#$% !&#'( ')&*(%* +*,+-"*(&-* ,!+  ! ./%+* 0123 $'(&+* )#*( 4%*  *"

!/*(&" "* "%#5*(& "* '(  ! $!&+#6* 7* 6'((*8#'( '% 97:!6*(&* 7'((-*1 ;(
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"&!)# #"!(&* +-,% "#5* 7'((-* ,!+  * &=-'+<$* >? ,+-"*(&*(& %( 6'$,'+&*@

$*(& "*$) !) * A 6* %# 7B%( C%#7* *( ,+-"*(6* 7B')"&!6 *1 D#(! *$*(&  *"

5-=#6% *" 6'(5*+/*(& 5*+" %(* ,'"#&#'( *& 6'(./%+!&#'( 7-"#+-"1 E'%+ &*"&*+

 ! .!)# #&- 7% 6'(&+F * 6'("&+%#& ,'%+ %(* (!5#/!&#'( "!(" ')"&!6 *"3 '( !

G!#& - '#/(*+  *" ')"&!6 *" 7*" 5-=#6% *"1 H* +-"% &!& ')&*(%* ,!+  ! ./%+*

01I $'(&+* 4%*  ! G'(6&#'( ν = (ν1, ν2, ..., νn)3 ! %( *J*& (-/ #/*!) *3 *(

!)"*(6* 7B')"&!6 *1
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$*# 603"( &0* 5#+ $*&/>/%#+ *0* 40%0*0"#+, C( /0*8#3)#*/# 5# %( 603"('
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%(  3(N#/ 0&3# 5# /4(;$# ()#* R#* .0$/%# 6#3"7#S 2#$ = 3# (N$+ 7# 20$3

78& #3 5#+ 0.+ (/%#+ # +(*+ $*# 2%(*&:/( &0* 5# "0$8#"#* ,

 !" #$%&$'(%)*)%& +,'%) -./0) 12( '%) 3$(4

*2&.$% +) 567.-'0)8 &)(()8&()8 %$% 7$0$4

%$*)8

T0$3 37+0$53# %# 23#"&#3 230.%!"# %9&57# #+ 5# 6(&3# 572%(/#3 %#+ 87'

4&/$%#+ 8#3+ $* /#3/%# ;$& #* 0$3# %( /&.%#, C( %0& 5# /0* 3U%# ;$90* 8(

/0*+ 3$&3# *9#+ 2(+ .(+7# +$3 %# 23&*/&2# 5# + (.&%&+( &0* /(3 /4(;$# 87'

4&/$%# 8( /0*8#3)#3 8#3+ $* 20&* 5$ /#3/%# ;$& /4(*)# +#%0* %( /0*5& &0*
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 ! " #$% &% '(#)*% +,( '*$%-

./*0 '%$# /! +# *" $ 1%0 $% "(,/023% &* .0 !' 4% &56!+#0 #!'% &% 7#8#$$%-

9% "(,/023% !/*1 #11*0% )*% 1 /! %1" &#!1 *! %!1%3:$% Ω  !+#0 #!" 4#0

0#44/0" ; !/"0% 1<1"23% ' !,3#" )*% 0%$#" = ; $# =/03#" /! &% +,( '*$%1 %"

15 $ %> 1"% *!% =/!'" /! V '/!" !?3%!" & @,0%!" #:$% "%$ )*% 1# &,0 +,% 4#0

0#44/0" ; t %1" !,A#" +% 4/*0 "/*"% 1/$*" /! &% !/"0% 1<1"23% &#!1 ΩB #$/01

"/*"% 1/$*" /! )* # 4/*0 '/!& " /!  ! " #$% q0 &#!1 Ω '/!+%0A% +%01 $% 4$*1

A0#!& %!1%3:$%  !+#0 #!" &%

E = {q ∈ Ω/V̇ (x) = 0}

7# CA*0% 5.1 1* +#!"% %>4$ )*% $% "(,/023% &% 7#8#$$%-

q1

q2

qi

Ω

E

 !"#$% D-E F G A*0% %>4$ '#" +% &* "(,/023% &% 7#8#$$%

 !"!# $%&'('%) *+ ,-%./012

8/ %!" *!% ' :$% &% 4/1 " /! A(a, b) &#!1 *! %14#'% &% & 3%!1 /! 2B /!

&,C! % *! '%0'$% '%!"0, %! A %" &% 0#</! l #11%H A0#!& 4/*0 )*% "/*1 $%1

+,( '*$%1 4* 11%!" 1% 4/1 " /!!%0 &%11*1 %" 4%*" %!A$/:%0 $# ' :$%-

I#!1 '% )* 1* " /! &/!!% *!% &%1'0 4" /! 3#"(,3#" )*% &% !/"0% =/03#" /!

&% +,( '*$%1 )* +# %!"/*0%0 $# ' :$%-



 !" #$%&'$(&)* +,-*. /)01$(&)* +. %23&4-5.6 *)*73)5)*81.6

9:": : ;.640&<(&)* +- 6=6(>1.

 !"#$ %&%"'($ $%" )* $*%$(+,$ -$ n ./012),$% 3 -$)4 #!)$% 2!(($ ,$

(!*"#$ ,5 67)#$ 5.28

x

y
i

i

θi

 !"#$% 98: ; <!%1"1!* $" !#1$*"5"1!* -$ ,5 ième ./012),$

=)1 21#2),$*" -5*% )* $*.1#!**$($*" ,1%%$ %5*% !+%"52,$%8 >052)* -?$)4

$%" 25#52"/#1%/ @5# %5 @!%1"1!* qi = (xi, yi) $" %!* 5*7,$ -?!#1$*"5"1!* θiA i

#$@#/%$*"$ ,5 ième ./012),$8

B* #5@@$,,$ ,5 21*/(5"1=)$ -) ième ./012),$ 2!(($ %)1" C





ẋi = ui cos θi

ẏi = ui sin θi , I = {1..N}
θ̇i = wi

D98EF

>!(($ !* @$)" ,$ -1%"1*7)$# -5*% 2$ %&%"'($ 1, *$ %)G" @5% -$ H51#$ 2!*.$#I

7$# ,5 @!%1"1!* -$ 205=)$ ./012),$ 3 )* 2$#2,$ =)1 $*"!)#$ ,5 21+,$ (51% 5)%%1

1, H5)" ,?!#1$*"$# .$#% 2$""$ -$#*1'#$ @!)# 5.!1# )*$ +!**$ 5,,)#$ -$ ,5 "#5J$2I

"!1#$8 K5*% ,$ 25% 2!*"#51#$ !* .5 "#!).$# )*$ "#5J$2"!1#$ %!)% H!#($ %@1#5,$8

<!)# 2$,5 !* 2!*%1-'#$ ,?/=)5"1!* -?$##$)# -$ ,?!#1$*"5"1!* %)1.5*"$ C

ei = θi − θid D98:F
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 !"# θid = arctan(
yi − b

xi − a
) "$% &' ()&" #*+,-.$ "(%-" &' /" 0*-.1*(% & "% &"

!"#%"2-

−→
qiA #*++" *( &" +*(%-" 3 ($ & 4)2-" 5.3

x

y
i

i

q    id

Cible

A

q
i

 !"#$% 567 8 &' ()&" #*+,-.$ "(%-" &' /" 0*-.1*(% & "% &" !"#%"2- qiA

9*%-" $:$%;+" 3"!."(%





ẋi = ui cos θi

ẏi = ui sin θi , I = {1..N}
ėi = wi − θ̇id

<567=

>. *(  --.!" ? %-*2!"- 2(" &*. 3" #*(%-@&" A2. B .% %"(3-" ei !"-$ π "% & 

%- C"#%*.-" 3" #" 3"-(."-$ !"-$ 2( #"-#&" A2. "()&*D" & #.D&"  &*-$ &" !E0.#2&"

! $" 3E,& #"- "( $" 3.-.)" (% "% $' ,,-*#0 (% C2$A2'? 2(" 3.$% (#" D."(

3E%"-+.(E" 3" & #.D&"6 F $"- &" D2% 3" & $"#%.*( $2.! (%"6

 !"!" #$%&'() *) &% +,--%$*)

G! (% %*2% *( 3E4(.% A2"&A2"$ (*% %.*($6 >*."(% qi ∈ R
2
& ,*$.%.*( 32

ième
!E0.#2&" "% ei ∈ R &'EA2 %.*( 3'"--"2- 3" &'*-."(% %.*(6 H( #*($.3;-" &"$

(*% %.*($ $2.! (%"$ I q = (q1, q2, ..., qN) "% e = (e1, e2, ..., eN)6

J" ,-.(#., & -E$2&% % 3" #"%%" , -%." "$% ,-*,*$E , - &" %0E*-;+" $2.! (% "%

A2. $"-  ( &:$E , - & $2.%"6
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932)0:1. ;  !"# Ω $%&'(&)*$& +!),-+# (."/-'#

Ω = {(q, e) ∈ R
2N × R

N/l ≤ ‖qi − A‖ ≤ k, |ei| ≤ c}

0' +!'("123& N .'"+4+$& -/&+ $- +"'5)-#"6.& (5.3)

7$!3(

89 Ω &(# "'/-3"-'# ,-3 3-,,!3# : (5.3)

;9 <- $!" 1& +!'#3=$& (."/-'#& >

ui = −(‖qi − A‖2 − l2) cos ei

wi = −ei + θ̇id
 !"#$

3-)2'& #!.#& (!$.#"!' -4-'# +!))& +!'1"#"!' "'"#"-$& 1-'( Ω :

M = {(q, e) ∈ Ω/‖qi − A‖ = l, e = 0RN}

-/&+ 0RN = (0, 0, .., 0) ∈ R
N

�

<.1$0=-.  <& #?5!32)& +" 1&((.( -((.3& 1&.@ 35(.$#-#( >

A ‖qi − A‖ → l 6.-'1 t → ∞B +%&(# : 1"3& +?-6.& qi +!'/&3C& /&3(

.' ,!"'# 1. +&3+$& +&'#35 &' A &# 1& 3-4!' lB &# 6.& ei → 0 6.-'1

t→∞ +%&(# : 1"3& ‖θi−θid‖ → 0 +& 6." "),$"6.& 6.& +?-6.& /5?"+.$&

(%!3"&'#& +!33&+#&)&'# -. +!.3( 1. #&),( /&3( $%!*D&+#"E9

A #!.#& (!$.#"!' 1& (5.3) 3&(#& #!.D!.3( 1-'( $%-''&-. ΩB +%&(# : 1"3&B

&$$& '& ,-((& ,-( (.3 $- +"*$& 6.-'1 &$$& +!'/&3C& /&3( .' ,!"'# 1.

F+&3+$& -##3-+#"EF 6." &'#!.3& +&##& 1&3'"23&9

%& '()*+,-.&-/*+ '0 -1(*.2)3 ,3 4&,3 ,0. 53 ,3"'+",& 1%"'/-3"-'+& 1& <-G

 -$$&6 7*0. 835& /5 3,- +(83,,&/.3 '9(+*+83. 3- '3 '()*+-.3. 53, -.*/, 53))3,

,0/:&+-, ;

>.11.  ?  !"#

Ω = {(q, e) ∈ R
2N × R

N/l ≤ ‖qi − A‖ ≤ k, |ei| ≤ c}
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 !"#$ %!&"#'!( )$ (5.3) )$ *!()'#'!( '('#'+& )+(% Ω ,$%#$ +" *!",% )" #$-.%

)+(% Ω/ *0$%# 1 )',$ 2"$ Ω $%# '(3+,'+(# .+, ,+..!,# +" %4%#5-$ *'(6-+#'2"$

(!(78!&!(!-$ (5.3)9

�

:()'4)

 ! "#!$%&'() (q0, e0) ∈ Ω )* S(qi) = ‖qi − A‖+ $, &-(%.-) /,( (,//#(* ,0
*)1/$ )$* &#!!-) /,( 2

Ṡ(qi) = −< q̇i, A− qi >

S

= −ui((a− xi) cos(θi) + (b− yi) sin(θi))

S

= −
ui < A− qi,

(
cos(θi)

sin(θi)

)
>

S

"#11) θid )$* 34,!53) 60) 7,%*
−→
qiA ,.)" 348#(%9#!*,3 ,3#($ 34,!53) )!*() 3)$

&)0: .)"*)0($ &0 /(#&0%* $",3,%() /(-"'&)!* !4)$* 60) ei+ &4#; #! ,

Ṡ(qi) = −uiS cos ei
S

= −ui cos ei
)! %!<)"*,!* 3, 3#% &) "#!*(=3) &#!!-) /,( 3) *8-#('1)21 #! #>*%)!* 2

Ṡ(qi) = −(‖ qi − A ‖2 −l2) cos2 ei

⇔ Ṡ(qi)

S(qi)2 − l2
= − cos2 ei

?@A@B

)! %!*-5(,!* ")**) -60,*%#! )!*() t )* t0 #! #>*%)!* 2

∫ S

S0

dh

h2 − l2
=

∫ t

t0

− cos2 eids

⇔ ln(
S − l

S + 1
) = ln(

S0 − l

S0 + 1
) +

∫ t

t0

−2l cos2 eids

⇔ S − l

S + 1
=
S0 − l

S0 + 1
exp(

∫ t

t0

−2l cos2 eids)



 !" #$%&'$(&)* +,-*. /)01$(&)* +. %23&4-5.6 *)*73)5)*81.6

 !"# S = S(qi) "$ S0 = S(qi0)

"$ #%&&" (q0, e0) ∈ Ω  '%() S0 − l ≥ 0 *+%, S(qi) ≥ l #" -,. .&/'.-," -,"

‖ qi − A ‖≥ l

0+ ,$(" / ($ S(qi) ≥ l .&/'.-," -,"

Ṡ(qi) ≤ 0

*+%1 S ")$ *2#(%.)) 3$" / ( ( //%($  , $"&/)  '%()

‖qi − A‖ ≤ ‖qi0 − A‖ ≤ k

4"' 3%,) ( &53" 6 2#(.("

l ≤ ‖qi − A‖ ≤ k

0+ ,$(" / ($ "3 .37"#$ 3$ 3%$(" '%. *" #%3$(8'" wi * 3) '+2-, $.%3 *+"((",(

*" '+%(."3$ $.%3 9 %3 %:$."3$ ;

ėi = −ei
⇔ ei = ei0 exp(t0 − t) ∀t ≥ t0

*+%1 |ei| ≤ |ei0| ≤ c<

=.3 '"&"3$ (q, e) ∈ Ω< >'%() %3 /",$ #%3#',(" -," Ω ")$ .3! (. 3$ / (

( //%($ 6 (5.3)< �

?3 / ))" & .3$"3 3$ 6 '+23%3#2 "$ ' /(",!" *, *",@.5&" '"&&"

9.11.  :  ! "#$$%"& '#& (q, e) &"( "%)#(*%! (5.3) +& ,%!+*(*%! *!*(*-)&

(q0, e0) ∈ Ω.  ! ,%!"*+/0& )- 1%!,(*%! ,-!+*+-(& "#*2-!(& 3

V (q, e) =
n∑

i=1

‖ qi − A ‖ +1
2
e2i

)- +*450&!(*&))& +& V (q, e) $-0 0-$$%0( -# (&6$" t &"( !57-(*2& "#0 Ω

�
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;()'4)

 ! "#$%&#' (!$ $!(()$* + t "' V (q, e) ',* ")--#' (!$ ./'0($',,%)- ,1%&!-*' 2

V̇ (q, e) =
n∑

i=1

< q̇i, qi − A >

‖ qi − A ‖ + (wi + θ̇id)ei

=
n∑

i=1

ui cos e+ (wi + θ̇id)ei

'- $'3(.!4!-* ui '* wi (!$ .'1$, '0($',,%)-, $',('5*%&', )- )6*%'-* 2

V̇ (q, e) = −
n∑

i=1

(‖ qi − A ‖2 −l2) cos2 ei + e2i ≤ 0

"/)7 .' $#,1.*!*8 �

<)**) 8=  ! "#$$%"& '#& (q, e) &"( "%)#(*%! +& (5.3), -.&!"&/0)&

M = {(q, e) ∈ Ω/‖qi − A‖ = l, e = 0RN}

&"( #! &!"&/0)& *!123*2!( $23 32$$%3( 4 (5.3)

�

;()'4)

9)%'-* (q0, e0) ∈ M '* H(qi) = S(qi) − l !&'5 S(qi) 1-' :)-5*%)- "#;-%'

"!-, .'33'<=8

 ! "#$%&#' "' H(qi) (!$ $!(()$* + t ',* ")--#' (!$ 2

Ḣ(qi) = Ṡ(qi) = −(‖ qi − A ‖2 −l2) cos2 ei ≤ 0

"/)1 H ',* "#5$)%,,!-*' 5' >1% %3(.%>1' >1'

0 ≤‖ qi − A ‖ −l ≤‖ qi0 − A ‖ −l = 0

!.)$,

‖ qi − A ‖ −l = 0

?/!1*$' (!$* )-

ei = ei0exp(t0 − t) ∀t ≥ t0
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 !""# (q0, e0) ∈M $%!&' ei0 = 0 ()!*

|ei| = 0

+,-$%#"#-. !-  !- %/# 0/# ', (q0, e0) ∈M $%!&' (q, e) ∈M  # 0/, ,"1%,0/#

0/#M #'. /- #-'#"2%# ,-3$&,$-. 1$& &$11!&. $/ '4'.5"# (,67&#-.,#% (5.3)8�

9)7-!- 7 (#  #' .&!,' %#""#' $,-', 0/# %#/&' 1&#/3#' 3!-. '#&3,& : %$

(7"!-'.&$.,!- (/ .;7!&5"#<=8

90.-%.> (/ :32)0;1.<=?

@)$1&5' %#' Lemme16 #. 17A %# B&,- ,1# ()C-3$&,$- # (# 9$D$%%# -!/' $E&"#

0/# .!/.# '!%/.,!- (# (5.3) 0/, (7"$&&# (# Ω  !-3#&F# 3#&' %# 1%/' F&$-(

#-'#"2%# ,-3$&,$-. (# E = {(q, e) ∈ Ω/V̇ = 0}8
G& !-  !-'.$.# 0/#A ($-' -!.&#  $'A E -)#'. $/.&# 0/# H

E =

{
(‖ qi − A ‖ −l = 0)∨
(cos ei = 0)

}
∧ (ei = 0)

= (‖ qi − A ‖ −l = 0) ∧ (ei = 0) =M

@)$1&5' %# Lemme=I !-  !- %/# 0/# M #'. %# 1%/' F&$-( #-'#"2%#

,-3$&,$-. (# E 1$& &$11!&. : -!.&# '4'.5"# ()70/$.,!-' (,67&#-.,#%%#' ($-'

E8 �

9)/.,%,'$.,!- (/ 1&,- ,1# (),-3$&,$- # (# 9$D$%%# $''/&# %$  !-3#&F#- #

(#  ;$0/# #-.,.7 (# %$ J!&"$.,!- 3#&' /- 1!,-. (/  #& %# #-.!/&$-. %$  ,2%#A

.!/. #- ')!&,#-.$-. 3#&' %)!2K# .,J8 9$ "7.;!(# -# -7 #'',.# 1$' %$ 1%$-,L $M

.,!- (# "!/3#"#-.A -, "N"# %$  !-'.&/ .,!- (#' 1!',.,!-' (#  !-3#&F#- #

(#  ;$0/# 37;, /%# (/ F&!/1#8 B$&  !-'70/#-.A %$  !-3#&F#- # #'. $''/&7#

'#/%#"#-. 1$& %$  !""$-(#8 O/'', %$ %!, (#  !""$-(# 1&!1!'7# J$,. 0/# %$

.&$K# .!,&# '!,.  !-.#-/# ($-' /- $--#$/  #-.&7 #- AA 0/,  !&&#'1!-( : %$

1!',.,!- (# %$  ,2%#8 P# , $''/&# %$ ",-,",'$.,!- (# %$ (,'.$- # : 1$& !/&,&A

(# 1%/'A /-# J!,' %$  !-3#&F#- # #'. $..#,-.#A %#' 37;, /%#' -# &#-.&#-. 1$'

#-  !%%,',!- $3# %$  ,2%#8
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 ! "#$%# &'()%#)')% * +!',-"#" .)# /-&&')0# "+1.!$(2# $%',(!($')%# 3.( '$4

$."# !' /-)2#"5#)/# 0# !' 6-"&'%(-) 2#"$ !' /-)75."'%(-) 0+$("+# '()$( 3.#

!8+2(%#&#)% 08.) -,$%'/!# 0')$ !# 1!')9 :')$ !' $#/%(-) $.(2')%#; -) 1"-1-$#

.)# #<%#)$(-) 0# !8#<1"#$$(-) 0' !' /-&&')0# 0-))+# 1'" !# %=+-">&#?@9

 !" #$%&'()*' +& ,- .*//-'+& 0 ,123)%&/&'%

+1*4(%-.,&

:')$ !# /'0"# 0# /-&&')0# 08.)# 6-"&'%(-) 0# 2+=(/.!#$ )-)4

=-!-)-&#$; 1#. 0# %"'2'.< 0# "#/=#"/=# /# $-)% ()2#$%($ 1-." /-)$%".("#

.)# /-&&')0# 3.( '$$."# $(&.!%')+&#)% !' /-)2#"5#)/# #% !8+2(%#&#)% 0#$

-,$%'/!#$9 A-." !#$ $B$%>&#$ )-) =-!-)-&#$ #% 0')$ !# /'$ 08.) &-)- 2+=(4

/.!# +2-!.')% #) ?:; "+/#&&#)% 0#$ "+$.!%'%$ -)% +%+ +!',-"+$ 1'" C(D-"0

E@FG %"'0.($')% !8#<($%#)/# .) "#%-." 08+%'% $%',(!($')% "+5.!(#"9 H-%"# -,I#/4

%(6 /-)$($%# * %"-.2#" .)# &+%=-0# /-)$%"./%(2# 08.)# /-&&')0# "+1.!$(2#

$%',(!($')%# #% /-)%().# 1-." .) $B$%>&# &.!%(42+=(/.!#$ -1+"')% #) 5"-.1#

#% 0-)% !' /()+&'%(3.# #$% )-) =-!-)-&#9

J7) 08+%#)0"# !#$ "+$.!%'%$ $." !' /-&&')0# "+1.!$(2# $%',(!($')%# -,%#).$

'.< /='1(%"#$ K #% L; )-.$ '!!-)$ 1"#)0"# #) /-&1%# !8-"(#)%'%(-) 0# /='3.#

2+=(/.!# M+3.'%(-) L9@N9 J 1"+$#)%; "'11#!-)$ !# $B$%>&# 3.( ()%>5"# !8#""#."

#) -"(#)%'%(-) O 



ẋi = ui cos θi

ẏi = ui sin θi , i = {1..N}
ėi = wi − θ̇id

ML9PN

-Q

θid = arctan(yi − b, xi − a)

R) 1"#&(#" "+$.!%'% $." !8#<%#)$(-) 0# !' /-&&')0# '%%"'/%(2# #$% 0-))+

1'" !# %=+-">&# $.(2')% O

892*:;/& <<  !"# Ω $%&'(&)*$& +!),-+# (."/-'#

Ω = {(q, e) ∈ R
2N × R

N/Vi =
1

2
[‖qi − A‖2 + e2i ] ≤

1

2
k2, ∀ i ∈ {1, 2, .., N}}



  ! "#$%&#'%() *+,)- .(/0#'%() *- $12%3,4-5 )()62(4()70-5

 ! "#!$%&'() N *!%"+",)$ $),#! ,- "%!./-0%1*) (5.3)2

3,#($

42 Γ = {(q, e) ∈ Ω × R
N/ l ≤ ‖qi − A‖ ≤ k, ∀ i ∈ {1, 2, .., N}} )$0

%!5-(%-!0 6-( (-66#(0 7 (5.3)

82 9- ,#% &) "#//-!&) $*%5-!0) :

ui = (1− νi(qi)e
2
i )
(‖qi − A‖2 − l2)

‖qi − A‖ cos ei

wi = −ei + θ̇id − νi(qi)ei(‖qi − A‖2 − l2) cos2 ei

 !"#$

6#*( 0#*0) ;#!"0%#! $"-,-%() νi< 1*% !=)$0 6-$ )! ;#!"0%#! &) ‖qi−A‖2−
l2< )0 0), 1*)

∫ t

t0

−(1− νei) cos
2 eids )$0 "#!5)(>)!0)<

(-/'!) 0#*0) $#,*0%#! 1*% - 6#*( "#!&%0%#! %!%0%-,) &-!$ Ω 7
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Ṡ = −ui‖qi − A‖ cos e
= −(1− νie

2
i )S cos

2 ei
23)45

*+ νi "6(%# 0,% (" 7!"8#+!" -( S ,9!$% "!#$( %:%#;<( -+=.$("#+(99( (%# 1

/,$+,>9( %.0,$,>9(? -6!@ A

Ṡ
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0)&&#"/% /% 7'#-!$!7#'!)" +'%"/4%:

A)4* #774*%* $# *)-47'%77%( %" #4')&#'!<4%( &D&% 7! $# *+24$#'!)" *%7'%

4" ,*)-$.&% 0$#77!<4%( 7)" !"'+2*#'!)" /#"7 $# 0)&&#"/% *%7'% 4"% 'E06%

/!F0!$%: ;% ,*)-$.&% /%1!%"' 4" 06#$$%"2% <4#"/ )" 73!"'+*%77% = /%7 *)8

-)'7 <4! ),.*%"' %" 2*)4,%: G" # ,4 #,,)*'%* 4"% 7)$4'!)" = '*#1%*7 $#

")'!)" /!'%  !""#$%& '()*+,-.& ,/#0-+-,#$/&: ;# 5)"0'!)" 70#$#!*% >)4#"' 0%

*H$% *%7'% )41%*'% ,)4* <43%$$% !"'.2*% /3#4'*% 7'*#'+2!% /% "#1!2#'!)" '%$$%

<4% $# /9"#&!<4% /34" %"1!*)""%&%"': I $3!774% /% 0%''% '6.7%( ,$47!%4*7

'*#1#4J *%7'%"' %" ,%*7,%0'!1%: G" ,%4' 0!'%*( $# 0)"7'*40'!)" /% 0)&&#"/%

*+,4$7!1% 7'#-!$!7#"'% 7#'!75#!7#"' $%7 0)"/!'!)"7 /)""+%7 ,#* $% 06#,!'*% K

%' ,)4* /!B+*%"'7 &)/.$%7 /% *)-)'7 &)-!$%7: L*)41%* 4" %"7%&-$% 0)"1%J%

0)&,#0' ,$47 ),'!&#$ ,)4* 4" %"7%&-$% /% ,)!"'7 = +1!'%* #1%0 4"% 2+)&+8

'*!% 0)&,$%J%: L*)41%* 4"% 0)"/!'!)" 74* $# 5)"0'!)" *+24$#'*!0% ,)4* <4%

$3+1!'%&%"' /% $3)-7'#0$% 74!1% $# 2+)&+'*!% /% $3%"7%&-$% = +1!'%*: A)4* $%

0#7 /34"% 5)*&#'!)" /% *)-)'7 ")" 6)$)")&%7( 0)"7'*4!*% 4"% 0)&&#"/%

*+,4$7!1% 7'#-!$!7#"'% #774*#"' $# ")" 0)$$!7!)" %"'*% $%7 /!B+*%"'7 #2%"'7

7)47 4" 2*#,6% )*!%"'+:





 !!"#"  

 !"#$%&'(%!) "*+) ,#-%.+$/ 0

1!+/&

 !" #$%&'()*%+'$

 !" "#$%#&'(!" )! *+,,%-)! )!" .&/(*01!" 2 $+0!" !"# 0- )+,%(-!

#$3" %*#(4 !# *+-"#(#0! %05+0$)6/0( 160- )!" 7$(-*(7%08 %8!" )! $!*/!$*/!

)! 1% $+9+#(:0!;  !" $%("+-" :0( "! *%*/!-# )!$$(3$! "+-# ,01#(71!"< %

*+,,!-*& 7%$ 1! 4%(# :0! 1!" .&/(*01!" 2 $+0!" *+-"#(#0!-# )! -+" 5+0$" 1!

,+=!- )! #$%-"7+$# (-)(.()0!1 7$(-*(7%1; >! 710" 1!0$ 0#(1("%#(+- 4$%-*/(#

1!" ,0$" )!" 1%9+$%#+($!" 7+0$ )!" %771(*%#(+-" '$%-) 7091(* #!1" :0! 1!"

"="#3,!" #$%-"7+$# 0$9%(- (-#!11('!-#< !#*; ; ?!" %771(*%#(+-" -&*!""(#!-# 1%

*++$)(-%#(+- )!" 710"(!0$" $+9+#" !# +0.$!-# %(-"( )! -+0.!11! 7!$"7!*#(.!"

)! $!*/!$*/!; >! 710"< 1!" "="#3,!" (""0!" )! *! #=7! )! .&/(*01!" "+-#

:0%1(@&" )! A"="#3,!" *$(#(:0!"A +0 A"="#3,!" 4+$#!,!-# -+-B1(-&%($!"A<

*6!"# 2 )($! :0! 1! 1(-&%$("& #%-'!-# -6!"# 7%" *+,,%-)%91! C-( ,D,!

%"=,7#+#(:0!,!-# "#%9(1("%91!"E< !# $!.D#!-# 0- (-#&$D# #/&+$(:0! 7%$#(B

*01(!$ )%-" 1! )+,%(-! )! 16%0#+,%#(:0! -+-B1(-&%($!; F+0.!-#< (1" "+-#

$!*+--0" "+0" 1! -+, )!" .&/(*01!" -+- /+1+-G,!" !# 1(&" 2 16!8("#!-*! )!

*+-#$%(-#!" -+- (-#&'$%91!";

H *%0"! )! 1% *+,71!8(#& )! *! "="#3,! -+0" -+0" (-#&$!""!$+-" #+0# %0

1+-' )! -+#$! #$%.%(1 2 0- #=7! )! .&/(*01!" :0( !"# 16A0-(*=*1!A;

 ! #$%.%(1 :0( "! #$+0.! )%-" *!##! 7%$#(! !"# 0- $&"0,& )! *! :0( % &#&

4%(# 7%$ H$#0" IJKL !# M%=1! INOL;

P- .% *+,,!-*!$ 7%$ )&@-($ 1! ,+0.!,!-# )60- $+0! :0( $+01! "0$ 0-

71%-;



 ! "#$%&!'()!#* $+,*  %-!.,&/ 0 1#,/'

 !" #$%&'(')* +,)+ -&.++'(')*

 !"#$%&'!"# (") '!() *)'+$,-.) %/!'$)"+-+$!" θ0 1($ '!(.) #-"# 2.$##)3)"+

#(' (" #!. 4.-" +). 1() .- #('5-,) %) ,!"+-,+ )#+ (" 4!$"+ 1(/!" .) "!+)

I(x, y) 6*!$' 72(') 89:;0 )+ .)# '!()# #!"+ $"%&5!'3-<.)#9  )# =>4!+=?#)#

%&7"$##)"+ .) '!(.)3)"+ #-"# 2.$##)3)"+ %) .- '!()9 @" ,!"#$%?') -(##$ ("

')4?') R1 = (
−→
i 1,
−→
j 1) .$& -( 4!$"+ I )+ φ ./-"2.) 1() 5-$+ (" 4!$"+ %) .-

'!() 4-' '-44!'+ A

−→
i 10 %/!B .- *$+)##) )#+ "(..) -( 4!$"+ I %-"# .) ')4?')

R1 9  ).- #) +'-%($+ ,!33) #($+ C

V (I)/R1
= 0 = V (I)/R0

+ w1/0 ∧ ~O1I

= ẋ~i+ ẏ~j + (θ̇~k + ϕ̇(− sin(θ)~i+ cos(θ)~j)) ∧ (−r~k)
= (ẋ+ rϕ̇ cos(θ))~i+ (ẏ + rϕ̇ sin(θ))~j

689:;

!B φ )#+ ./-"2.) 1() 5-$+ (" 4!$"+ %) .- '!() 4-' '-44!'+ A ./-D) %)# -<#,$##)

%( ')4?') R19

 ) 1($ "!(# '-3?") A &,'$') C

{
ẋ+ rϕ̇ cos(θ) = 0

ẏ + rϕ̇ sin(θ) = 0
689E;

(") -(+') 3-"$?') %/&,'$') ,)# &1(-+$!" )#+ .- #($*-"+) C

{
ẋ cos(θ) + ẏ sin(θ) = −rϕ̇
−ẋ sin(θ) + ẏ cos(θ) = 0

689F;

@" ')3-'1() 1() ,) #>#+?3) %$G&')"+$). #/&,'$+ #!(# .- 5!'3) %)

AT (q)q̇ = 0 689H;

+). 1()

AT =

(
cos(θ) sin(θ) 0 −r
− sin(θ) cos(θ) 0 0

)
et q =




x

y

θ

ϕ




689I;



 !"! #$%&'()%&*+ %$% ,$-$%./*+ 0))

x

y

i

j

k i

j
k

1

1

1

q

j

I

O

 !"#$%  !" # $%&'()(*+ ,-*, .'/,,()(*+ 0( '- 1%&(

2( 3&/ *%&, 1-)4*( 5 0/1( 3&( *%+1( ,6,+4)( (,+ ,%&)/, 5 0(, 2%*+1-/*+(,

/*078(*0-*+(, ,&1 '(, 9/+(,,(,! :-*, '- ,(2+/%* ,&/9-*+( %* 9- ,;/*+71(,,(1 5

'- *-+&1( 0( 2(, 2%*+1-/*+(,!

 !" #$%&'()%&*+ %$% ,$-$%./*+

123%)&)$% 4  !"# $% &'&#()* +* ,!%-.$/0#"!% q &!$)"& 1 +*& ,!%#/0"%#*&

"%+23*%+0%#*& &$/ 4*& 5"#*&&*&

AT (q)q̇ = 0.

&6"4 %6*&# 30& 3!&&"74* +6"%#2./*/ 46$%* +* ,*& ,!%#/0"%#*&8 *44* *&# +"#* %!%

"%#2./074* !$ %!% 9!4!%:)*;

:;-814, 2(++( 07<*/+/%* '(, 2%*+1-/*+(, *%* =%'%*>)(, /)8'/3&(*+ 3&( 2(1?

+-/*, )%&9()(*+, ,%*+ /*,+-*+-*7)(*+ /*+(10/+,!  '%1, '- 3&(,+/%* 3&/ ,(

8%,( (,+ 2%))(*+ ,-9%/1 ,/ '(, 2%*+1-/*+(, ,%*+ /*+7.1-@'(, %& *%* A B(

+=7%14)( 0( C1%*7*/&, 178%*0 5 2(++( 3&(,+/%*!



 !!! "#$%&!'()!#* $+,*  %-!.,&/ 0 1#,/'

2-%#134/ 56  !"#$%$&'() *#&+ '$ (,(+-./ 0/ 1#$23'"4+&#$ q5 0/ 0&./$6

(&#$ $5 +/7 8'/9 AT (q)q̇ = 0 /+ B(q) 0/ "4$3 :7/&$ m5 #"+;#3#$47/ < A(q)9

*#&+ 7=473->"/ 0/ ?&/

Lie{b1(q), b2(q), . . . , bm(q), . . . , bp(q)}

0/ 0&./$(&#$ p5 4@/1 m ≤ p ≤ n9 A7#"(5 n− p 1#$+"4&$+/( (#$+ &$+%3"4>7/(9

 ! "#$$%&&% '(% &)#&*+,"% -% ./% %01 %!*%!-"2% $#" &%0 34&4!!%0 %1 &%0

3"435%10 -% ./% /00(%0 -% 3%0 34&4!!%06

.% 3"435%1 -% ./% 0% 3#&3(&% -% &# 7#!/+"% 0(/8#!1% 9

:/ 4! $"%!- -%(; 8%31%("0 bi %1 bj #&4"0 &% 3"435%1 -% ./% -% bi %1 bj %01

[bi, bj] =
∂bj
∂q

bi −
∂bi
∂q
bi

<#/!1%!#!1 4! 8# #$$&/'(%" &% 1524"+7% -% ="4,%!/(0 0(" &% 825/3(&% >

"4(%06 .# 7#1"/3% AT
%01 -4!!2% $#" ?@6AB %1 &# 7#1"/3% 4"154*4!#&% %01

-4!!2% $#" &)23"/1("% 0(/8#!1% 9

B(q) =




cos(θ) 0

sin(θ) 0

0 1

−1
r

0




?@6CB

 ! !41% $#" b1(q) %1 b2(q)D "%0$%31/8%7%!1D &# $"%7/+"% %1 &# -%(;/+7%

34&4!!% -% &# 7#1"/3% B6 .%0 3"435%10 -% ./% /00(%0 -% 3%0 34&4!!%0 04!1 9

b3 = [b1, b2] = (sin θ,− cos θ, 0, 0)T
[b1, [b1, b2]] = 0

b4 = [b2, [b1, b2]] = (cos θ, sin θ, 0, 0)T
?@6EB

 ! 82"/F% '(% Lie{b1(q), b2(q), b3(q), b4(q)} %01 (!% #&*+,"% -% ./% -% -/G
7%!0/4! 4D 2*#&% > 3%&&% -% '6 H477% n = 4 %1 p = 4D -)#$"+0 &% 1524"+7%

-% ="4,%!/(0D /& !)%;/01% $#0 -% 34!1"#/!1% /!12*"#,&% 3% '(/ /7$&/'(% '(% &%

0I01+7% %01 !4!G54&J!47%6

:/ 4! $"%!-D

u1 = rϕ̇

u2 = θ̇
?@6KB



 !"! #$%&'()*+($, %- './,(010'- (2

 !"#$ "% "&'()%' !) *"+,!) +) -"** %+) $.(/ %' 0





ẋ = u1 cos θ

ẏ = u1 sin θ

θ̇ = u2

12345

')! 6.) q = (x, y, θ)T 7#8$)%') !98' ' 6.( $) -"*7"$) +) ! 7"$('("% )' +)

!9 %:!) +9"#()%' '("% )' (u1, u2) $"%' !)$ -"** %+)$ 6.( $"%' #)$7)-'(/)*)%'

! /(')$$) !(%8 (#) )'  %:.! (#) +) ! #".)3

;"**) !9)%$)*&!) +)$ /8<(-.!)$ $) & $) $.# !) *"./)*)%' +)$ #".)$  !"#$

"% / 8')%+#) !) '# / (! 7".# !) $=$',*) unicycle3

 !" #$%&'()*+($, %- './,(010'-

3&4,(+($, 5  !"#$%$&'( )*+*, -$,#*"". /-0 1'23 0*2'4 #"1./'"1-",'4 ',

/*44.1-", .5'",2'&&'6'", 2" $'0,-#" "*6+0' 1' 0*2'4 7*&&'4 -4420-", 4-

4,-+#&#,.8

>% %"') (xm, ym) !9 &$-($$) )' !9"#+"%%8) +. 7"(%' Pm $('.8  . *(!(). +)

!9 ?) +)$ #".)$  ##(,#)$@ θ !9"#()%' '("% +. #"&"'@ r !) # ="% +)$ #".)$@ )'

R ! +($' %-) +) Pm A -< 6.) #".)3 B% #)7#)% %' !)$ 86. '("%$ 123C5@ +)

! $)-'("% C3D@ "% *"%'#)  ($8*)%' 6.) !)$ -"%'# (%')$ +) #".!)*)%' $ %$

:!($$)*)%' +) -< -.%) +)$ #".)$ -"** %+8)$ $98-#(/)%' 0

E7".# ! #".) : .-<)





˙︷ ︸︸ ︷
xm −R sin θ − rϕ̇1 cos θ = 0

˙︷ ︸︸ ︷
ym +R cos θ − rϕ̇1 sin θ = 0

123DF5

E7".# ! #".) +#"(')





˙︷ ︸︸ ︷
xm +R sin θ − rϕ̇2 cos θ = 0

˙︷ ︸︸ ︷
ym −R cos θ − rϕ̇2 sin θ = 0

123DD5



 !"#$%&'()&"* #+,* -$.&/,%0 1 2",0'

 ! "#$ %&#' (&%%! )! '*'+,-! '#$./%+





ẋm −Rθ̇ cos θ − rϕ̇1 sin θ = 0

ẏm −Rθ̇ sin θ − rϕ̇1 cos θ = 0

ẋm +Rθ̇ cos θ − rϕ̇2 sin θ = 0

ẏm +Rθ̇ sin θ − rϕ̇2 cos θ = 0

012345

6% 7!-/7"#! "#!  !' "#/+7!  &%+7/$%+!' %! '&%+ 8/' $%(98!%(/%+!' 8#$'"#!

)/ ($:97!% ! (!' -!-;7!' (! </# =! (! )/ 87!-$,7! !+ )/ +7&$'$,-! !"#/+$&%

!'+ 87&8&7+$&%%!))! >  !))! /''& $9! > )/ (!#?$,-! !+ )/ "#/+7$,-! 9"#/+$&%2

6% 8!#+ (&% &-!++7!@ 8/7 !?!-8)!@ )/ (!7%$,7!  &%+7/$%+!2 6% 7!-/7"#!

/#''$ )A!?$'+!% ! (A#%!  &%+7/$%+!  &-8),+!-!%+ $%+9<7/;)!2 B% !:!+@

C!' (!#? 87!-$,7!' !+ )!' (!#? (!7%$,7!' 9"#/+$&%' (! 012345 %&#' (&%%!%+

7!'8! +$.!-!%+ D

ẋm cos θ + ẏm sin θ −Rθ̇ = rϕ̇1

ẋm cos θ + ẏm sin θ +Rθ̇ = rϕ̇2

0123E5

(A&F

2Rθ̇m = r(ϕ̇2 − ϕ̇1) ⇒ θm =
r

2R
(ϕ2 − ϕ1) + cste 0123G5

 ! $ %&#' 7/-,%! > 9)$-$%!7@ 8/7 !?!-8)!@ )/ ./7$/;)! ϕ2@ $) %! 7!'+! (&% 

"#! (!#?  &%+7/$%+!' $%(98!%(/%+!' "#$ '&%+ )!' (!#? 87!-$,7!' 9"#/+$&%'

(! 0123452 B% 8&'/%+

u =
r

2
(ϕ̇2 + ϕ̇1)

w =
r

2R
(ϕ̇2 − ϕ̇1)

0123H5

&% &;+$!%+ )! '*'+,-! ($:97!%+$!) '#$./%+ D





ẋm = u cos θ

ẏm = u sin θ

θ̇ = w

ϕ̇1 =
1

r
u− R

r
w

0123I5

 &--! )/  &--/%(! (! ϕ1 %A/ 8/' #% <7/%( $%+97J+ (/%' )/ 87/+$"#! /)&7'

&% 8!#+ 9)$-$%!7 )/ (!7%$,7! )$<%! "#$  &77!'8&%( >  !+ 9+/+@  ! "#$ %&#'



 !"! #$%&'( )$*+ ', -$..,/%( 01

 !"#$% & '( ) % *% +,+-#"% .)/' %$-)%* (0""% +1)- 2





ẋm = u cos θ

ẏm = u sin θ

θ̇ = w

345678

*% 9!)- :1% (% "0.#*% %+- *% ";"% :1% (%*1) .<1$% +%1*%  01% (%*! =1+-)>%

*<!??%**!-)0$ .% (% +,+-#"% ?! unicycle5

 !" #$%&'( )$*+ ', -$..,/%(

@$ (0$+).# % 1$ ?0)$- P (x, y) +1 *<!A% ?% ?%$.)(1*!) % & *<!A% .%+  01%+B

?!++!$- ?! *% ?0)$- Pm(xm, ym) -%* :1% 2

x = xm + d cos θ

y = ym + d sin θ
3456C8

d %+- *! .)+-!$(% :1) +'?! % *%+ .%1A ?0)$-+5 @$ 0D-)%$- !*0 + *% +,+-#"%

+1)E!$- 2

ẋ = u cos θ − dw sin θ

ẏ = u sin θ + dw cos θ
3456F8

%$ ? %$!$- 1$ ? %")% D01(*!G%B

(
u

w

)
=




cos θ sin θ

−1
d
sin θ

1

d
cos θ



(
u1

u2

)
345HI8

0$ 0D-)%$- *% +,+-#"% *)$'!) % .% (0""!$.% %$ ?0+)-)0$

ẋ = u1

ẏ = u2

θ̇ = −1
d
u1 sin θ +

1

d
u2 cos θ

345H68

J% +,+-#"% .% (0""!$.% %$ ?0+)-)0$ )++1% .1 ? %")% D01(*!G% *)$'! )K

+!$-B %$ '*)")$!$- *! .% $)# % ':1!-)0$ %$ 0 )%$-!-)0$B ? '+%$-% 1$ (! !(-# %

L0*M$0"%5 N% "0.#*% .% (0""!$.% L0*M$0"% !  %-%$1 *<!--%$-)0$ .% ?*1K

+)%1 + (L% (L%1 + O %9P %- *%+  '9' %$(%+ !++0()'%+5 4>$ .<!D0 .% *% ? 0D*#"%



 !! "#$%&!'()!#* $+,* -%.!/,&0 1 2#,0'

 ! "# $%&&#' !  ()'! *%+&#,-%'. '%)/ 0+1/!',%'/  #'/ "! $2#0-,+! /)-3#',.

"! $#/  ()' &%'%4+%5%, 2%"6'%&!7 8# 0+-/! !' $%&0,!  ! "(%+-!',#,-%' ,+#4

 )-/#', "# '%' 2%"6'%&-! '#,)+!""!  ) &% 9"! /!+# ,+#-,1! #) $2#0-,+! :7

 !" #$%&'()*$%

;! $2#0-,+! 0+%0%/! )'! 3-/-%'  (!'/!&5"!  ! $#+#$,1+-/,-<)!/  ! &% 14

"-/#,-%' #//%$-1!/ #)= />/,9&!/ '%'42%"%'%&!/7 8# /-&0"-$-,1 #00#+!',!  !/

1<)#,-%'/ +1?-//#',!/ "! &%)3!&!',  !/ +%5%,/ &%5-"!/ /)+ +%)!/ &#/<)! "#

$%&0"!=-,1  !/ 0+%5"9&!/  ! $%&&#' !7 @' 0#+,-$)"-!+. -" '(!=-/,! 0#/  !

/%"),-%' ?"%5#"! #) 0+%5"9&!  ! /,#5-"-/#,-%' #/>&0,%,-<)!  ) 0%-',  (1<)-4

"-5+!7 ;!/ $%'/- 1+#,-%'/ $%' )-/!', A !'3-/#?!+ )' %5B!$,-*  ! /,#5-"-/#,-%'

&%-'/ $%',+#-?'#',7



 !"#!$%&'()!*

 !" #$%$&' ()*+' ,$-+./ %$%0/1234$ % 567)6+89 :37 ;</191'+=> :37?

*)6/3< @3<673' -)>+A 3< B<C)7/)<1+ D7/<1/E'+$  !" #$%&"$''()$()

*+),$'$)-$ +) .)"$//&0$)" 12!"$3! ()% 45"+3("&+) 6*&!(789: F %<?

<)0)F %'8+7/)F GHHI$ GJ

 G" #$%$&' ()*+' ,$-+./ %$%0/1234$ K3<23'3*/1 #30/'+ L3036> @3?

3E+7)6/C+ @3<673' M37 N)78+6 @)E647/<8$ .)%&-+) ;889<.=== *+),$>

'$)-$?=@A&B&"&+) +) *+)"'+/< *+335)&-("&+) 4)% 45"+3("&+) F ()<?

E47F B<A/)F GHHI$ GJF !HH

 O" #$%$&' ()*+' ,$-+./ %$%0/1234 5$ #)**)7$ % K3C+' P0>6)1'+ %C3/?

A)<1+ %EE73)12 :37 #4'6/?%8+<6 59>6+*> B<1'4A/<8 N)78+6 @)E64?

7/<8F ;)% #$%&"$''()$() *+),$'$)-$ +) .)"$//&0$)" 12!"$3! ()% 45>

"+3("&+)6*&!(78C:F Q)7R/>F N4</>/)F GHHS$ JH

 T" #$%$&' ()*+' ,$-+./ %$%0/1234 #4'6/?U+2/1'+ @3<>+<>4> V/62 N)7?

8+6 @)E647/<8 %<A @3''/>/3< %C3/A)<1+  ;"A .)"D *+),D +) */&3B&)0
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