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RESUME

Mes travaux concernent deux systémes d’équations utilisés dans la modélisation mathématique
de semi-conducteurs et de plasmas : le systeme d’Euler-Poisson et le systéeme d’Euler-Maxwell.
Le premier systéme est constitué des équations d’Euler pour la conservation de la masse et de la
quantité de mouvement couplées a I’équation de Poisson pour le potentiel électrostatique. Le second
systéeme décrit le phénomene d’électro-magnétisme. C’est un systéme couplé, qui est constitué des
équations d’Euler pour la conservation de la masse et de la quantité de mouvement et les équations
de Maxwell, aussi appelées équations de Maxwell-Lorentz. Les équations de Maxwell sont dues aux
lois fondamentales de la physique. Elles constituent les postulats de base de I’électromagnétisme,
avec 'expression de la force électromagnétique de Lorentz.

En utilisant une technique de développement asymptotique, nous étudions les limites en zéro
du systéeme d’Euler-Poisson dans les modéles unipolaire et bipolaire. Il est bien connu que la limite
formelle du systéme d’Euler-Poisson est gouvernée par les équations de dérive-diffusion lorsque le
temps de relaxation tend vers zéro. Par des estimations d’énergie aux systémes hyperboliques
symétriques, nous justifions rigoureusement cette limite lorsque les conditions initiales sont bien
préparées. Le phénoméne des conditions initiales mal préparées est interprété par 'apparition de
couches initiales. Dans ce cas, nous faisons une analyse mathématique de ces couches initiales en
ajoutant des termes de correction dans le développement asymptotique.

En utilisant les techniques itératives des systémes hyperboliques symétrisables et la technique
de développement asymptotique, nous étudions la limite de relaxation en zéro du systéeme d’Euler-
Maxwell, avec des conditions initiales bien préparées ainsi que 1’étude des couches initiales, dans
le modeéle évolutif bipolaire et unipolaire.

Mots clés : équations d’Euler-Poisson, équations d’Euler-Maxwell, équations de dérive-diffusion,
la limite de relaxation en zéro, couches initiales,...



ABSTRACT

My work is concerned with two different systems of equations used in the mathematical mod-
eling of semiconductors and plasmas : the Euler-Poisson system and the Euler-Maxwell system.
The first is given by the Euler equations for the conservation of the mass and momentum, with a
Poisson equation for the electrostatic potential. The second system describes the phenomenon of
electromagnetism. It is given by the Euler equations for the conservation of the mass and momen-
tum, with a Maxwell equations for the electric field and magnetic field which are coupled to the
electron density through the Maxwell equations and act on electrons via the Lorentz force.

Using an asymptotic expansion method, we study the zero relaxation limit of unipolar Euler-
Poisson system and of two-fluid multidimensional Euler-Poisson equations, we prove the existence
and uniqueness of profiles to the asymptotic expansion and some error estimate. By employing
the classical energy estimate for symmetrizable hyperbolic equations, we justify rigorously the
convergence of Euler-Poisson system with well-prepared initial data. For ill-prepared initial data,
the phenomenon of initial layers occurs. In this case, we also add the correction terms in the
asymptotic expansion.

Using an iterative method of symmetrizable hyperbolic systems and asymptotic expansion
method, we study the zero-relaxation limit of unipolar and bipolar Euler-Maxwell system. For
well-prepared initial data, we construct an approximate solution by an asymptotic expansion up to
any order. For ill-prepared initial data, we also construct initial layer corrections in the asymptotic
expansion.

Keywords : Euler-Poisson equations, Euler-Maxwell equations, drift-diffusion equations, zero-
relaxation limit, initial layer correction,...
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Chapter 1

Préliminaires

L’objet de cette étude et de mettre en oeuvre des outils mathématiques pour 'analyse de modeéles
des plasmas. Selon la structure des dispositifs, le transport de particules peut étre tres différent,
en raison de plusieurs phénomeénes physiques comme la diffusion, la dispersion ou les effets quan-
tiques. Par conséquent, il existe plusieurs modéles mathématiques qui peuvent étre utilisés dans
la modélisation de ces dispositifs.

Le mot Plasma vient du grec et veut dire "ouvrage fagonné”. Le terme "plasma" a été introduit
en 1928 par le physicien américain [.Langmuir. La physique des plasmas étudie les propriétés des
gaz ionisés. Cependant, il est nécessaire de préciser la notion de gaz ionisé lorsque 1’on parle de
plasma. On dit souvent que le plasma est le quatrieme état de la matiere. Cette appellation vient
du fait qu’au fur et & mesure la température d’un corps est augmentée. Il change d’état en passant
successivement de ’état solide a I’état liquide puis a ’état gazeux. Sila température atteint environ
10.000 Kelvin a 100.000 Kelvin, la plupart de la matiére est ionisée : on a alors I’état de plasma.
A une température de 'ordre de 105 Kelvin correspond une énergie d’environ 10 électron-volt,
ce qui est approximativement les énergies d’ionisation. Bien entendu, les plasmas existent a des
températures bien inférieures pour autant que I’on fournisse un processus d’ionisation dont le taux
soit supérieur a celui des pertes.

En préambule a ce travail, nous présentons au chapitre 2 le systéme d’Euler-Poisson qui
modélise un plasma et donnons les différents théorémes obtenus dans les limites de relaxation en
zéro du systéme. Le troisiéme chapitre est consacré a la représentation du systéme d’Euler-
Maxwell. Nous donnons des résultats sur la limite de relaxation en zéro vers le systéme de dérive
diffusion ou les conditions initiales sont bien préparées et mal préparées. La seconde partie est
dédiée a I’étude de la limite de relaxation en zéro du systéme d’Euler-Poisson et est divisée en
deux chapitres. Nous étudierons dans les chapitres 4 et 5 la limite de relaxation en zéro du
systéme d’Euler-Poisson dans les cas unipolaire et bipolaire, respectivement. Nous faisons une
analyse des couches initiales quand les conditions initiales sont mal-préparées en ajoutons des
termes de correction dans le développement asymptotique. La troisiéme partie traitera la limite
de relaxation en zéro du systéme d’Euler-Maxwell, et est divisée en 3 chapitres. Nous aborderons
dans les chapitres 6 et 7 la limite de relaxation en zéro du systéme d’Euler-Maxwell dans
les cas unipolaire et bipolaire, respectivement. Nous faisons une étude des couches initiales en
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ajoutant des termes de correction de sorte qu’ils décroissent rapidement. Nous nous attacherons
particuliérement dans le chapitre 8 a justifier la convergence du systéme d’Euler-Maxwell avec des
conditions initiales mal-préparées ot les termes de correction dans le développement asymptotique
ne sont pas donnés explicitement et ne décroissent pas rapidement.

Dans le chapitre 4, on considére un modéle de fluide multi-dimensionnel de plasma constitué
d’électrons et d’ions, considéré comme un fluide unipolaire (ions fixes) de particules chargés soumis
a un champ électrique donné par I’équation de Poisson. Les électrons sont décrits par leur densité
n(x,t) et leur vitesse u(xz,t). Ces variables macroscopiques vérifient le systéme des équations
d’Euler (conservation de la masse et de la quantité de mouvement) en prenant en compte des
conditions initiales périodiques

o +div(nu) =0, t>0, z€T, (1.0.1)
meOp(nu) + me div(nu @ u) + Vp(n) = nVe — nT_u’ (1.0.2)

ott la fonction p = p(s) représente la pression, ¢ le champ électrostatique et T = (R/Z)¢ le tore.
Dans le modéle unipolaire étudié, les équations décrivant les ions sont adimensionnées de la fagon
suivante : la densité des ions est une fonction donnée n; = b(z), la vitesse des ions est nulle.
Les paramétres physiques m, et 7 représentent respectivement la masse et le temps de relaxation
d’électrons. Le potentiel électrostatique est alors donné par I’équation de Poisson qui s’écrit sous
forme adimensionnée : N

2
— (f) A¢p =b(z) —n, (1.0.3)
o K BTe

nog?
constante de Boltzmann, T, > 0 est la température d’électron, ¢ > 0 la charge d’ion et ng > 0 est

ou \N = est la longueur de Debye, avec gy la permittivité du vide, Kz > 0 est la
la densité moyenne du plasma. Pour simplifier les notations, on a pris L = X’ dans ce chapitre, sans

restreindre la généralité du probléme a longueur de Debye fixée. Cependant, dans de nombreuse
!/

situations physiques le paramétre A = — est trés petit et il est alors indispensable de faire une
analyse asymptotique de modeéle (ce qui correspond physiquement a la limite de quasi-neutre du
plasma, voir [17] pour une présentation physique de ce passage a la limite). Cette analyse a
motivé de nombreux travaux mathématiques pour des modéles simplifiés (par exemple, ions fixes
[23], apparition de mesures de défaut [24], modéles de semiconducteurs |53], modéles stationnaires
[5], [55] et [19]). D’autre part, des résultats ont été obtenus pour des modéles de fluides a la
fois pour les électrons et les ions (solutions ondes progressives [13], théoréme d’existence [12]).
L’adimensionnement décrit ci-dessus (en choisissant m, = 1, N’ = L) conduit a la forme suivante
du systéme d’Euler-Poisson unipolaire :

On + div(nu) = 0, (1.0.4)
O(nu) + div(nu @ u) + Vp(n) =nVe — %, (1.0.5)
— A¢p = b(x) —n, (1.0.6)

12
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auquel on ajoute les conditions initiales suivantes :
n(0,z) = no(z), wu(0,z) =up(x), ze€T. (1.0.7)

Lorsque l'on fait tendre 7 tend vers 0 dans (1.0.4)-(1.0.6), en remplagant u par Tu, on obtient
formellement :

o + div(nu) = 0, (1.0.8)
Vh(n) = V¢ — u, (1.0.9)
— A¢p = b(x) —n. (1.0.10)

Ce dernier systéme est un systéme de dérive-diffusion classique qui admet une solution unique dans

la classe m(¢) = / o(t,.)dz = 0.
T

On utilise la méthode de développement asymptotique on étudie la limite de relaxation en
zéro du systéme (1.0.4)-(1.0.6). Le but de cette méthode est de trouver une solution approchée
du probléme (1.0.4)-(1.0.6) dépendant d'un petit paramétre 7. Cette solution est obtenue sous
forme d’'un développement (appelé "asymptotique”) en fonction du petit paramétre 7. Par des
estimations d’énergie aux systémes hyperboliques symétriques, nous justifions rigoureusement cette
limite lorsque les conditions initiales sont bien préparées. Le phénoméne des conditions initiales mal
préparées est interprété par 'apparition de couches initiales. Dans ce cas, nous faisons une analyse
mathématique de ces couches initiales en ajoutant des termes de correction dans le développement
asymptotique.

Dans le chapitre 5, on considére un modéle de fluide multi-dimensionnel de plasma constitué
d’électrons et d’ions, considéré comme un fluide bipolaire de particules chargées soumis a un champ
électrique donné par I’équation de Poisson. Ce modéle s’ecrit sous la forme suivante :

o, + div(n,u,) =0, (1.0.11)

m, 0y (nyu,) +my, div(n,u, @ u,) + Vo, (n,) = —qn, Vo — M, (1.0.12)
Ty

— A = n; — ne, (1.0.13)

ol v = e,i, ne = ne(t, ), ue = ue(t,x) (respectivement, n; = n;(t,x),u; = wu;(t,x)) sont la
densité et la vitesse des électrons (respectivement, ions) et ¢ est le potentiel électrostatique. Pour
simplifier les notations, on suppose dans ce chapitre que m, = 1 et A = 1, sans restreindre la
généralité du probléme a la longueur de Debye et a la masse des électrons. La limite formelle
du systéme bipolaire (1.0.11)-(1.0.13) quand 7 tend vers zéro donne le systéme de dérive-diffusion

suivant :
o, +div(n,u,) =0, v=e,i, (1.0.14)
Vh,(n,) =—-¢,Vo—u,, v=e,i, (1.0.15)
— A¢p =n; —n., m(¢p) =0. (1.0.16)

Dans ce chapitre, on étudie la limite de relaxation en zéro et les couches initiales du modéle
bipolaire (1.0.11)-(1.0.13) en utilisant la méthode de développement asymptotique en 7 et des
estimations d’energie.

13
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Dans le chapitre 6, nous étudions la limite de relaxation et les couches initiales du systéme
d’Euler-Maxwell dans le modéle unipolaire. Le modéle unipolaire du systéme d’Euler-Maxwell
prend la forme suivante :

On + div(nu) = 0, (1.0.17)

meOyu + me(u - V)u+ Vh(n) = —(E +yu x B) — g, (1.0.18)
YNO,E —V x B = —y(b(z) —nu), —MdivE=n—b(x), (1.0.19)
v0,B+V x E=0, divB=0. (1.0.20)

Les variables n, u, E et B représentent respectivement la densité, la vitesse des électrons, le champ
électrique et le champ magnétique. La fonction p = p(s) représente la pression. Les paramétres
physiques m., A et T représentent respectivement la masse des électrons, la longueur de Debye et
le temps de relaxation. Le paramétre physique v est définit comme suit :

1

’Y: 1/2 7
g ¢

ol € et ¢ représentent respectivement la permittivité du vide et la vitesse de la lumiére.

L’étude de la limite de relaxation en zero (7 — 0) et les couches initiales du systéme (1.0.17)-
(1.0.20) nous permet d’appliquer la théorie de Madja du systéme hyperbolique symétrique et des
estimations d’énergie. Bien que le résultat principal de ce paragraphe ne concerne que le cas ou
les conditions initiales satisfont des conditions de compatibilité, on obtient aussi des résultat de
convergence méme avec des conditions initiales générales. Ainsi, nous sommes en mesure d’étudier
les couches initiales en ajoutant des termes de correction dans le développement asymptotique.

Dans le chapitre 7, on étudie le modéle fluide bipolaire du systéme d’Euler-Maxwell. Le systéme
s’ecrit ainsi :

o, + div(n,u,) = 0, (1.0.21)

my, Oy, + my,(u, - V)u, + Vh,(n,) = ¢ (E + vyu, X B) — &, (1.0.22)
Ty

YN2O,E — V x B = —y(qenete + gnivg), N div E = gone + gini, (1.0.23)

VBV x E=0, divB=0, (1.0.24)

ou v =e,i, ne = ne(t, x), u. = u(t, r) (respectivement, n; = n;(t, x),u; = u;(t,x)) sont la densité
et la vitesse des électrons (respectivement, ions). Pour simplifier les notations, on suppose que
m, =1, A =1 et v = 1. La limite formelle du systéme bipolaire (1.0.21)-(1.0.24) quand 7 tend
vers zéro donne le systéme de dérive-diffusion suivant :

o, +div(n,u,) =0, v=e,i, (1.0.25)

Vh,(n,) =qFE —u,, v=e,i, (1.0.26)

VxE=0, divE=n!—n? (1.0.27)

V x B =0,E+ndu) —nu?, divB =0 (1.0.28)

On étudie la limite de relaxation en zéro et les couches initiales du modéle bipolaire (1.0.21)-(1.0.24)

14
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en utilisant la méthode de développement asymptotique en 7 et des estimations d’energie.

Finalement, le dernier chapitre est consacré a I’étude des couches initiales du systéme (1.0.17)-
(1.0.20) a l'aide d’un développement asymptotique indiqué dans [64]. Dans [64], les auteurs ont
étudié la limite de relaxation du systéme d’Euler-Maxwell unipolaire en utilisant un développement
asymptotique de la forme suivante :

(7wl BT, B = > 7/(n!,7E), B). (1.0.29)

J=0

Ce développement asymptotique présente deux inconvénients majeurs. Premiérement, la conver-
gence n’est pas valide pour m = 0. Deuxiémement, les termes des couches initiales n’ont pas
de décroissance exponentielle. Pour surmonter ces difficultés, nous sommes amenés a ajouter des
termes de correction dans (1.0.29). Bien qu’en ajoutant des termes de correction dans (1.0.29),
les couches initiales ne décroissent pas rapidement, nous avons malgré tout réussi & montrer la
convergence du systéme d’Euler-Maxwell.

15
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Chapter 2

Le systéme d’Euler-Poisson

Dans ce chapitre, nous présentons le systéme d’Euler-Poisson et donnons différents résultats de la
limite de relaxation en zéro du systéme dans les cas unipolaires et bipolaires.

2.1 Présentation des travaux existants

Le systéeme d’Euler-Poisson présente un outil important dans la modélisation mathématique et la
simulation numérique de plasmas [9, 54]. On considére un plasma magnétisé constitué d’électrons
de charge q. = —1 et d’ions de charge ¢; = 1. Le plasma ou le semi-conducteur est décrit par
le systeme d’Euler-Poisson. Il contient des équations d’Euler couplées a une équation de Poisson.
Dans le modéle bipolaire, les équations d’Euler-Poisson sont composées de :

e |’équation de conservation de la masse, ou encore équation de continuité, elle s’écrit :

o, + div(n,u,) = 0, (2.1.1)

e les équations de conservation de la quantité de mouvement, que 1'on appelle aussi
équation de moments :
. mynyUy
my,0p(nyu,) + m, div(n,u, @ u,) + Vp,(n,) = —gn, Vo — ———, (2.1.2)

Ty

et I’équation linéaire de Poisson :
— A¢ = n; — ne, (2.1.3)

ou v =e,i, ne = ne(t, x), u. = u(t, r) (respectivement, n; = n;(t, x),u; = u;(t,x)) sont la densité
et la vitesse des électrons (respectivement, ions) et ¢ est le potentiel électrostatique. Ces derniers
sont des inconnues de = et t, ot z € T et T = (R/Z)? est le tore et le paramétre ¢ > 0 désigne le
temps. La quantité

J, = nyu,



INTRODUCTION

est la densité de courant des électrons et des ions. La fonction p, = p,(s) représente la pression.
Puisque nous ne considérons que le fluide isentropique, I’équation d’énergie du modéle hydrody-
namique est remplacée par une relation pression-densité p, = p,(n,). Dans ce qui suit, la fonction
de pression p, = p,(n,) est supposée suffisamment réguliére et strictement croissante pour n, > 0.
En pratique, la fonction de pression est généralement gouvernée par une loi de type y-loi donnée
par p(s) = c¢s?, o ¢ > 0 et v > 1 sont deux constantes. La température est constante dans le cas
v = 1 qui correspond au flux isotherme. Les paramétres physiques me, 7. (respectivement, m;, ;)
représentent la masse, le temps de relaxation d’électron (respectivement, d’ion) et A est la longueur
de Debye. Ces derniers parameétres sont petits par rapport a d’autres parameétres physiques du
systéme. Il est donc important d’étudier les limites asymptotiques du systéme d’Euler-Poisson
lorsque m, ou 7, ou A tend vers zéro indépendamment.

Quand la solution (n,,u,,®) est assez réguliére, pour n, > 0, '’équation (2.1.2) est équiva-
lente & : "
m, Oy, +my(uy, - V)u, + Vh,(n,) = —q Vo — —, v=ce,i, (2.1.4)

Ty

ou h, est la fonction d’enthalpie qui satisfait :

hy (ny) = /1 Tls) (2.1.5)

S

1
En effet, pour n, > 0, en multipliant I’équation (2.1.2) par —, on obtient :

TZ—:@t(ntu) + % div(n,u, ® u,) + niVVp,,(ny) =—q,Vo— m;ul, (2.1.6)
Alors, compte tenu de 'équation (2.1.1), on trouve évidemment :
%@(nyul,) = —%uy div(n,u,) + m,0uu,. (2.1.7)
Par ailleurs, un calcul simple donne :
M div(n,u, ® u,) = %uy div(nyu,) + my(u, - V)u,. (2.1.8)

ny ny

En combinant (2.1.6)-(2.1.8), on obtient (2.1.4).

Dans la littérature (voir [59]), il existe beaucoup d’études du systéme d’Euler-Poisson station-
naire. Dans [59], les auteurs ont étudié le systéme d’Euler-Poisson stationnaire dans le modéle
unipolaire en ajoutant une condition supplémentaire du flux potentiel. Concernant 'existence
de solutions réguliéres stationnaires d’'une dynamique de gaz, avec un flux potentiel subsonique,
nous renvoyons le lecteur a [22|. Dans [15], différentes approches analytiques du systéme d’Euler-
Poisson stationnaire, avec des conditions aux limites, ont été étudiées par une utilisation explicite
de I’équation de Poisson. L’existence et 'unicité de la solution du systéme unipolaire dans un
espace de dimension 1 avec des conditions aux limites de Dirichlet ont été démontrées par Peng et
Violet dans [59]. Dans [19, 20], les solutions stationnaires transsonique ont été étudiées en utilisant
une méthode de viscosité artificielle. L’existence de telles solutions a été prouvée par le passage a
la limite de la solution approchée du systéme d’Euler-Poisson quand le coefficient de la viscosité
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tend vers zéro. Les solutions non isentropiques dans un espace de dimension 1 ont été étudiées dans
[1]. Dans le cas stationnaire, isentropique, avec des conditions aux limites de Dirichlet, I’existence
et I'unicité de solutions réguliéres du systéme d’Euler-Poisson ont été obtenues dans [15].

Le systéme d’Euler-Poisson évolutif a été largement étudié par de nombreux auteurs. L’existence
globale et la stabilité en temps long de solutions réguliéres ont été obtenues dans |3, 29| quand les
solutions régulieéres sont proches d'un état d’équilibre constant. L’existence de solutions globales
réguliéres proches d’un état stationnaire est prouvée dans [25].

Il est bien connu que la limite formelle du systéme d’Euler-Poisson est gouvernée par les équa-
tions de dérive-diffusion lorsque le temps de relaxation tend vers zéro. Dans I'espace de dimension
1, cette limite a été prouvée dans |51, 36, 37, 3] pour des solutions faibles et globales par la méth-
ode de compacité par compensation. Dans le cas des solutions réguliéres multidimensionnelles et
avec des conditions initiales bien préparées, la limite de relaxation du systéme d’Euler-Poisson
unipolaire en zéro a été justifiée dans [74|. Cette convergence a été justifiée dans un intervalle de
temps indépendant de 7, en utilisant la méthode de développement asymptotique d’ordre zéro et
des estimations d’énergie, voir |13, 12]. En prenant n; = b et u; = 0 et en éliminant les équations
d’Euler pour les ions avec m, = A = 1, on obtient le systéme d’Euler-Poisson unipolaire. En notant
(n,u) au lieu de (ne,u.) et 7 au lieu de 7.. Le systéme d’Euler-Poisson unipolaire prend la forme
suivante :

on, + div(n,u,) =0, (2.1.9)
MmOty + me(ur - V)u, + Vh(n,) = Vo, — %, (2.1.10)
—Abr=b—n.. (2.1.11)

L’échelle de temps habituelle pour étudier le systéme (2.1.9)-(2.1.11) est t = 7€. En utilisant ¢ au
lieu de £ et en prenant m, = 1, le systéme d’Euler-Poisson unipolaire (2.1.9)-(2.1.11) devient :

1
o, + —div(n,u,) =0, (2.1.12)
T
1 1 Vo,  u,
Oy + ;(uT -Vu, + ;Vh(nr) = (2.1.13)
—Ad,=b—n,, (2.1.14)

qui sera complété par les conditions initiales périodiques :

t=0: (n,u)=(ng,ug). (2.1.15)

La limite formelle du systéme (2.1.12)-(2.1.14) quand le temps de relaxation 7 tend vers zéro
donne :

o + div(nu) = 0, (2.1.16)

Vh(n) =Ve¢ —u, (2.1.17)

—Ap=b—n. (2.1.18)
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Il est bien connu que (2.1.16)-(2.1.18) forme un systéme de dérive-diffusion classique. Il implique
la condition de compatibilité suivante :

up = =V (h(no) — o), (2.1.19)

ol ¢q est donnée par :

— Apo =b(z) —ng, m(po) = /T(bo(x)dx = 0. (2.1.20)

Ces conditions de compatibilité (2.1.19)-(2.1.20) ont permis & W.A.Yong de montrer, dans [74],
la convergence dans H*(T) de (n,,ur, ¢;)r>0 vers (n,u, ¢), solution du systéme (2.1.16)-(2.1.18)
quand le temps de relaxation 7 tend vers zéro, pour tout s > % + 1. Plus précisément, il a prouvé
que :

HnT — N, Ur — TU| Hs(T) < A3T2,

ou Az > 0 est une constante indépendante de 7.

2.2 Quelques résultats sur le systéme d’Euler-Poisson

Dans le chapitre 3, nous utilisons la méthode de développement asymptotique et des estimations
d’énergie du systéme hyperbolique symétrique pour étudier la limite de relaxation en zéro et les
couches initiales du systéme d’Euler-Poisson unipolaire. En remplacant v par 7u dans le systéme
(2.1.12)-(2.1.14), ce dernier prend la forme suivante :

o + div(nu) = 0. (2.2.1)
(O + (u- V)u) + Vh(n) = V¢ — u, (2.2.2)
— Ap =b(z) —n. (2.2.3)

Nous remarquons 1’apparition d’un seul parameétre assez petit 727 dans le systéme (2.2.1)-(2.2.3),
qui justifie notre choix de développement asymptotique (2.2.4).

En utilisant la méthode de développement asymptotique et en prouvant 'existence et I'unicité
de chaque terme, nous obtenons le théoréme suivant.

Théoréme 2.2.1 Soient s > % +1, m > 0 deux entiers fizés et (nj,u;) € H*™(T) pour j =
0,1,---,m, avec ng > constante > 0 dans T et satisfaisant les conditions de compatibilité (2.1.19)-
(2.1.20). On pose

n" = ZTanj, ut = TZT2juj, P = ZT2j¢j. (2.2.4)
5=0 §=0 5=0
On suppose qu’il existe une constante C7 > 0 telle que :
(0§, ug) = Y 7 (ny, Tug)lls < CLr*m Y. (2.2.5)
5=0
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Alors il existe un temps T > 0, indépendant de 7, tel que le systéme (2.1.12)-(2.1.14) admette une
solution unique

("0, ¢7) € C([0,T), H*) n CY([0, T], H*Y).

De plus, on a les estimations suivantes :
[(n7 = 0 ()| arsery < Cor® ™0 (0 — ) ()| preemy < Cor™ Y,

et

H (UT - TUO) HLQ(O,Tl;HS('Jl‘)) < C27'2m+37

pour tout t € [0,T], ou Cy est une constante indépendante de T.

Nous abordons aussi dans le chapitre 3 I’étude des couches initiales du systéme d’Euler-Poisson
dans le modéle unipolaire lorsque la condition de compatibilité (2.1.19)-(2.1.20) n’est pas satisfaite.
Dans ce cas, nous proposons un développement asymptotique d’ordre 1 en ajoutant des termes de
correction :

1 1 1
e =) (0 b)), wnr =7y W tup), g =) T+ 0), (2.2.6)
=0 3=0 J=0

ou, (n}, u}, ¢7) sont les termes de couches initiales qui seront déterminés explicitement. Le théoréme
de convergence du développement asymptotique est énoncé comme suit :

Théoréme 2.2.2 Soit s > g + 1. On suppose qu’il existe une constante Cy > 0 telle que
1(ng, ug) — (o, Tuo)||s < Ci7°, (2.2.7)

Alors il existe un temps T > 0 et une constante Cy > 0, indépendants de T, tels que le systéeme
(2.1.16)-(2.1.18) admette une solution unique

(n",u”,¢") € C([0,T), H*) n C'([0, T), H*")
De plus, on a les estimations suivantes :
(0" = nr ) (O)lmsery < Car?, (1" = wr 1) (8) | s (my) < Car,

167 = &r. ) ()| o1y < Cor?
et
| (u" = wr 1) || 200,15 (1)) < Cot?,

pour tout t € [0,T].

Nous avons réussi a donner une seule preuve répondant aux deux théorémes 2.2.2 et 2.2.2.

Dans le chapitre 5, nous étudions la limite de relaxation en zéro et les couches initiales
du systéme d’Euler-Poisson bipolaire en utilisant un symétriseur différent de celui utilisé dans le
chapitre 4.

21






Chapter 3

Le systéme d’Euler-Maxwell

Dans ce chapitre, nous présentons le systéme d’Euler-Maxwell et donnons différents résultats
obtenus de la limite de relaxation en zéro dans les modéles unipolaire et bipolaire.

3.1 Présentation générale des travaux existants

Le systeme d’Euler-Maxwell décrit le phénoméne d’électromagnétisme. Il contient des équations
d’Euler et des équations de Maxwell. Les équations d’Euler sont composées de 1’équation de
conservation de la masse, ou encore équation de continuité, elle s’écrit :

o, + div(n,u,) =0

et des équations de conservation de la quantité de mouvement, que ’on appelle aussi équation des
moments :

m,n,u,

m, 0 (n,u,) +m, div(n,u, @ u,) + Vp,(n,) = qn,(E +u, x B') — (3.1.1)

Ty
Entre 1850 et 1861, James Clerk Maxwell a démontré I'unicité des champs électrique et magnétique
en régime variable et a émis I’hypothése, inconcevable a I’époque, que la lumiére pourrait n’étre
qu'une forme d’onde électromagnétique. J.C. Maxwell a proposé de généraliser la loi d’Ampére
en remplagant le courant j par le courant total j + jp, ce qui a donné la loi de Maxwell-Ampére.
Ajoutant a cela les lois de Gauss, Faraday et de conservation du champ magnétique, on obtient les
équations de Maxwell :

00 ) — Malv X B' = —(genette + giniw;), €9 div E = gene + ging, (3.12)
OB +VxE=0, divB =0, o
ouv =e, i, ¢ =1> 0 est la charge d’ion, ¢q. = —1 est la charge d’électron et les variables n; et

u; (respectivement n, et u.) représentent respectivement la densité et la vitesse des ions (respec-
tivement des électrons). De maniére générale, p, est un terme de pression pouvant dépendre de
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plusieurs quantités selon les contextes. Dans notre cas, p, = p,(n,) est une fonction réguliére et
strictement croissante pour n, > 0. Les variables £ = E(t,x) et B’ = B'(t, x) représentent respec-
tivement le champ électrique et le champ magnétique. Les constantes &g, ji, m; (respectivement
me) et 7, représentent respectivement la permittivité du vide, la perméabilité du vide, la masse
d’ions (respectivement électrons) et le temps de relaxation. Nous rappelons que la vitesse de la
lumiére ¢ et la longueur de Debye X sont définis par :

EQKBT6> 1/2

1
= -2 A/ = (

ou K > 0 est la constante de Boltzmann, T, > 0 est la température d’électron et ng > 0 est la
densité moyenne du plasma ([9], p. 350). Nous définissons également :

1
1/2
A=e = 1z

gy ¢
Alors la longueur de Debye A > 0 & une échelle prés est proportionnelle & \'. Nous remarquons
aussi que 7 — 0 quand ¢ — oo.

Nous introduisons B’ = v B, alors les équations de Maxwell bipolaires sont de la forme suivante :

YNO,E —V x B = —Y(genette + giniu;), N div E = g.ne + q;ni,
v0,B+V xE=0, divB=0, v=e,i.

Quand la solution (n,,u,, £, B) est assez réguliére, pour n, > 0, '’équation (3.1.1) est équiva-
lente a : "
m, 0wy, + my, (uy, - Vu, + Vh,(n,) = q¢,(E +yu, X B) — =, (3.1.3)

Ty

ou h, est la fonction d’enthalpie, qui satisfait :

S

hy(ny) = /ln LAGEN (3.1.4)

Ainsi, le systéme d’Euler-Maxwell peut se réécrire comme suit :

( On,, + div(n,u,) = 0,
U,

my, O, + my(u, - V)u, + Vh,(n,) = q,(E 4+ yu, x B) — —,
T (3.1.5)
YN’OHE —V x B = —(qeneue + gniu;), AN div E = gene + ging,

(v, B+V x E=0, divB=0,

pour tout (¢,z) €]0,00[XT, ou T = (R/Z)? est le tore.
Le systéme (3.1.5) est complété par des conditions initiales périodiques :

t=0 < (n,u, B, B)=(n)gu, Ey,By), v=e,i. (3.1.6)
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La premiére étude du systéme d’Euler-Maxwell avec le terme de relaxation est donnée par
Chen, dans [9], ou l'existence globale de solutions faibles est prouvée dans un espace de dimension
1. Récemment, Peng et Wang ont établi une série de résultats sur des limites du systéme lorsque
des petits paramétres tendent vers zéro (voir [61]-[60]). La limite non-relativiste ¢ — +oo du
systéme et sa convergence vers le systéme d’Euler-Poisson compressible ont été étudiées dans [61].
La convergence du systéme d'Euler-Maxwell vers le systéme d’e-MHD a été prouvée dans [63]. La
limite combinée ¢ — 0 et A — 0 a été étudiée dans [62]. Dans [60], les auteurs présentent une
analyse asymptotique formelle du systéme d’Euler-Maxwell (3.1.5).

Dans la suite, nous rappelons quelques travaux de Peng et Wang concernant le systéme d’Euler-
Maxwell (3.1.5). Dans [01], Peng et Wang ont étudié la limite non-relativiste (¢ — 400 i.e 7 — 0)
du systéme en prenant A = 7 = 1. Le systéme d’Euler-Maxwell unipolaire est de la forme suivante :

( Oin, + div(n.u.) = 0,

1
Optte + (ue - V)ue + Vh(n,) = —(E. + Euc X B.) — U,

1 1 3.1.7
-0iE. —V X B, = —neu,., divE.=b(z)— n,, ( )
c c

1
“0,B.+V x E, =0, divB,=0.

\ C

En effectuant la limite formelle ¢ — +o00 dans le systéme (3.1.7), nous obtenons le systéme d’Euler-

Poisson suivant :
o + div(nu) = 0,

Ou+ (u-V)u+Vh(n) =—-FE,
divE =b(z) —n, VxE=0,
divB=0, VxB=0,

(3.1.8)

avec les conditions initiales suivantes :
(n,u)(0,2) = (ng,up), =z €T.

La limite non-relativiste ¢ — +oo du systéme (3.1.7) donne des conditions de compatibilité sur les
conditions initiales :

Eo=—Vday, By=0, (3.1.9)

ol ¢q est déterminé par :
— Apo = b(x) —ng, m(po) = /gbo(x)dx =0. (3.1.10)
T

Avec les conditions de compatibilité (3.1.9)-(3.1.10), Peng et Wang ont justifié¢ dans [61] la con-
vergence dans H*(T) de (nc, uc, Ee, Be)eso vers (n,u, E, B), solution du systéme (3.1.8) lorsque ¢
tend vers +oo, pour tout s > g Plus précisément, sous les hypothéses (3.1.9)-(3.1.10), on a les
estimations suivantes :

1
Hs(T) §A127 ||BC7EC_B|

1 1
e = 0| gs(my < AIZ’ |t — ul Ho(T) < Alz,
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ou, A; > 0 est une constante indépendante de c.

La limite combinée non-relativiste et quasi-neutralité (y = A\?) du systéme d’Euler-Maxwell
bipolaire a été établie dans [62] avec 7 = O(1). Alors la solution (n},u), E7, BY) satisfait le
systéme suivant :

o) + div(nlul) = 0,
o) + (u) - V)u) + Vh,(n)) = ¢ (E" +yu) x BY) —u),
VO,EY —V x BY = ynlu), ~divE" =n] —n],

VO BY +V x EY =0, divB" =0.

(3.1.11)

La limite formelle du systéme (3.1.11) quand le petit paramétre  tend vers zéro donne le systéme
d’Euler compressible suivant :

(Oin, + div(n,u,) = 0,
Ouy, + (uy - V)u, + Vh,(n,) = ¢ E — uy,

VxE=0, (3.1.12)
divB=0, VxB=0,
L Tl = Te.
Dans [62], avec des conditions de compatibilité sur les conditions initiales, les auteurs ont démontré

la convergence dans H*(T) de (n},u), EY, BY),~o vers (n,,u,, E, B) solution du systéme (3.1.12)
lorsque le petit paramétre v tend vers zéro. Plus précisément, ils ont prouvé les estimations
suivantes :

In) = nullmsmy < A2y, lw) —w|lgs(my < A2y, ||BY,E7 — El|lgs(m) < A2,

ol As > 0 est une constante indépendante de ~.

3.2 Quelques résultats sur le systéme d’Euler-Maxwell

Dans le chapitre 5, nous nous intéressons I’étude de la limite de relaxation et des couches initiales
du systéme d’Euler-Maxwell unipolaire en utilisant la méthode de développement asymptotique.
L’échelle de temps habituelle pour étudier le systéme d’Euler-Maxwell (3.1.5) est ¢ = 7&. En
prenant m = A = v = 1 et en utilisant ¢ au lieu de &, le systéme d’Euler-Maxwell unipolaire prend

la forme : )

1
o + — div(nu) = 0,
T

1 1
B+ =(u-V)u+ -Vh(n) = —= - Z2=Z - =
T T T T T (321)
GE—IvxB="" dvE—b-n
T

T

1
O,B+-VxE=0, divB=0.
T
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En remplagant u par 7u et B par 7B dans (3.2.1), nous obtenons le systéme suivant :

o + div(nu) = 0,

2 (u+ (u-V)u) + Vh(n) = —E — 7*u x B — u,
OE -V xB=nu, divkE=0b-—n,
0,B—VxE=0, divB=0,

Nous remarquons I'apparition d'un seul paramétre assez petit "72” dans le systéme précédent, qui
justifie notre choix de développement asymptotique (3.2.2)-(3.2.3).

Nous utilisons la méthode de développement asymptotique et aprés avoir prouvé l’existence et
I'unicité de chaque terme du développement asymptotique, nous obtenons le théoréme suivant.

Théoréme 3.2.1 Soient s > 2, m > 0 deux entiers fizés et (nj,u;, E;, B;) € H*™(T) pour

j=0,1,--- ,m, avec ny > constante > 0 dans T et satisfaisant les conditions de compatibilité.
On pose
ne = Zsznj, ul' = TZTQjUj, (3.2.2)
3=0 §=0
EM = Z TR g M) gl pmo— Z B (3.2.3)
§=0 §=0

On suppose qu’il existe une constante Cy > 0 telle que :

|(ng, ug, Eg, Bf) — ZT2j(nj,Tuj, E;, 7B))|s < Cpr2mt, (3.2.4)
=0

Alors il existe un temps T > 0 et une constante Cy > 0, indépendants de T, tel que le systéeme
(8.2.1) admette une solution (n™,u”, E™, BT) unique et réquliére. De plus on a les estimations
suivantes :

wro(ry < Cr?mt)]

[(n™ = n)(#)]

I(E™ = E7)(1)]

am) < Cor? D |0 — u) (1)

He+1(T) S 0272(m+1), ||(BT o B:_n)(t” 2(m+1)

Hs+1(T) S 027'

et
1(u™ = 7u®) || 2201y me () < Com™™ T3,

pour tout t € [0, 7.

Nous abordons aussi dans le chapitre 6 I’étude des couches initiales du systeme d’Euler-Maxwell
unipolaire quand les conditions de compatibilité ne sont pas satisfaites. Dans ce cas, nous proposons
un développement asymptotique d’ordre 1 en ajoutant des termes de correction :

1 1
nor = D0 4 nd), ey =7 >0 7 (W 4 i), (3.2.5)

j=0 7=0
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1 1

Ep=) (B +E)+7E;, By=71) (B +Bj) (3.2.6)
=0 j=0

o, (nJI, uJI', E}, B}) je{o,1} sont les termes de couches initiales qui seront déterminés explicitement.

Alors, le théoréme du développement asymptotique est donné comme suit :

Théoréme 3.2.2 Soit s > g On suppose qu’il existe une constante C3 > 0 telle que
|| (TLS, US, E8—7 B(7]—) - (TL(), TUg, EOa TBO)”S S C’37_2- (327)

Alors il existe un temps T > 0 et une constante Cy > 0, indépendants de 7, tel que le systéeme
(8.2.1) admette une solution unique et réguliére qui satisfait les estimations suivantes :

N0 =)Dl < Cor®s N7 = wr )@y < Car?,

I(ET = ¢rr) ()| gesrry < Ca?, |[(B™ = Brp) ()|l ms(ry < Cyr?
et
| (w" = wr. 1) || 200,15 (1)) < Cyt?,

pour tout t € [0,T].

La justification rigoureuse de la limite de relaxation en zéro du systéme d’Euler-Maxwell unipo-
laire est effectuée dans une seule preuve. Nous utilisant les techniques du systéme hyperbolique
symétrique et des estimations d’énergie pour justifier rigoureusement cette limite.

Dans le chapitre 7, nous étudions la limite de relaxation en zéro et les couches initiales du
systéme d’Euler-Maxwell bipolaire en utilisant un symétriseur différent a de celui utilisé dans le
chapitre 6.

Dans [64], les auteurs ont étudié la limite de relaxation du systéme d’Euler-Maxwell unipolaire
en utilisant un développement asymptotique de la forme :

(n ul E™ BI') = ZTj(nj,Tuj,Ej,Bj). (3.2.8)

J=0

Ce développement asymptotique présente deux inconvénients majeurs. Premiérement, la conver-
gence n’est pas valide pour m = 0. Deuxiémement, les termes des couches initiales n’ont pas
de décroissance exponentielle. Pour surmonter ces difficultés, nous sommes amenés a ajouter des
termes de correction dans (3.2.8). Bien qu’en ajoutant des termes de correction dans (3.2.8), les
couches initiales ne décroissent pas rapidement, nous avons malgré tout réussi dans le chapitre 8
a montrer la convergence du systéme d’Euler-Maxwell.
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Chapter 4

Initial layers and zero-relaxation limits of
one-fluid Euler-Poisson equations

Abstract. In this chapter we consider zero-relaxation limits for periodic smooth
solutions of the time-dependent Euler-Poisson system. For well-prepared initial data,
we construct an approximate solution by an asymptotic expansion up to any order.
For ill-prepared initial data, we also construct initial layer corrections in an explicit
way. In both cases, the asymptotic expansions are valid in a time interval indepen-
dent of the relaxation time and their convergence is justified by establishing uniform
energy estimates.

Keywords : Euler-Poisson equations, drift-diffusion equations, zero-relaxation limit, initial layer
correction

4.1 Introduction

The Euler-Poisson system plays an important role in mathematical modeling and numerical sim-
ulation for plasmas and semiconductors [9, 54]. This work is concerned with initial layer analysis
and relaxation limits of smooth solutions of the compressible Euler-Poisson system. We consider
a plasma or semiconductor consisting of electrons of charge q. = —1 and a single species of ions of
charge ¢; = 1. Denoting by n., u. (respectively, n;, u;) the scaled density and velocity vector of the
electrons (respectively, ions) and by ¢ the electric potential. They are functions of the time ¢ > 0
and the position z € R?. Throughout this chapter, we restrict to the case of periodic functions.
Then z € T, with T = (R/Z)? being the d-dimensional torus.

The two-fluid isentropic Euler-Poisson system consists of a set of nonlinear conservation laws
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for density and momentum coupled to a Poisson equation. It reads :

Ong + div(naue) = 0,

O (natia) + div(nats @ uy) + Vpa(ne) = —gana Vo — naua7 (4.1.1)

Ta
_Agb = Nj — N,

for a = e,i and (t,x) € (0,00) x T, where ® stands for the tensor product, p, = pa(n,) is the
pressure function which is supposed to be smooth and strictly increasing for n, > 0, and 7, > 0 is
a small parameter for the momentum relaxation time.

For smooth solutions with n, > 0, the second equation of (4.1.1) is equivalent to

Oytia + (e - Vtia + Vha(ng) = —qaVé — -2, (4.1.2)

Ta

where ”-” denotes the inner product of R? and the enthalpy function h, is defined by

ha(na) = /1n LACFN (4.1.3)

In the plasma when the ions are non-moving and become a uniform background, by letting n;, = b,
u; = 0 and deleting the Euler equations for ions, a one-fluid Euler-Poisson model is formally
derived. Replacing (ne,u.) by (n,u) and 7. by 7, the one-fluid isentropic Euler-Poisson system

becomes
o + div(nu) = 0,

Ouu+ (- V)u+ Vh(n) = Vo — g (4.1.4)
—Ap=>b—n,

where b also stands for the doping profile in the semiconductor and in general it depends only
on x. Since we consider periodic smooth solutions, b is supposed to be periodic and smooth. It
is well-known that in the zero-relaxation limit the two-fluid Euler-Poisson system doesn’t present
additional difficulties compared to the one-fluid Euler-Poisson system. That is why we only deal
with the one-fluid model in what follows.

The usual time scaling for studying system (4.1.4) is t = 7€. Rewriting still £ by ¢, then system
(4.1.4) becomes (see [51, 30, 34] etc.)

1
O + —div(nu) =0,
T
1 1 \Y
Owu+ —(u-V)u+ =Vh(n) = Ve _ %, (4.1.5)
T T T T
—A¢ = b(z) —n,
for t > 0, x € T. It is complemented by periodic initial conditions :

t=0: (n,u)=(ndug). (4.1.6)

In problem (4.1.5)-(4.1.6), ¢ is not determined in a unique way. To avoid this, we add a contraint
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condition

m(¢) < /T (-, z)dz = 0. (4.1.7)

System (4.1.5) has a nice structure in the study of the zero-relaxation limit 7 — 0, as mentioned
in [74]. Tts local existence of smooth solutions is a well-known result due to Kato [38] for symmetric
hyperbolic systems. Indeed, the Poisson equation in (4.1.5) gives estimate

V| ms(ry < Clln — bl s (r). (4.1.8)

Then, regarding V¢ as a function of n, (n, u) satisfies a symmetric hyperbolic system in which V¢
appeared on the right hand side of (4.1.5) is a low order term. Moreover, estimate (4.1.8) implies
that ¢ € C([0,T), H*™(T)) as soon as n € C([0,T), H*(T)) for some T > 0 and s > 0.

The global existence and the long time stability of smooth solutions have been obtained in
[1, 3, 29] when the solutions are close to a constant equilibrium. The long time stability of smooth
solutions near a stationary potential flow was given in [25].

The zero-relaxation limit 7 — 0 of the Euler-Poisson system (4.1.5) has been extensively
studied by many authors. It is known that its limit is the classical drift-diffusion system. For
one dimensional global weak solutions, this limit was first analyzed in [51, 36, 37, 34] by the
compensated compactness method. For the result in two-fluid Euler-Poisson system we refer to
[56] or [15, 44] by assuming the L> bounds of weak solutions with respect to 7. In multidimensional
case with well-prepared initial data which mean that compatibility conditions are fulfilled, the zero-
relaxation limit was justified in [74] in a time interval independent of 7, by establishing uniform
energy estimates like those of [13, 12] together with an argument on the time extension of smooth
solutions. Recently, this last result has been extended to the non-isentropic Euler-Poisson system

(see [72]).

The goal of this chapter is to justify the zero-relaxation limit 7 — 0 to problem (4.1.5)-(4.1.7)
by the method of asymptotic expansions. Assuming that the initial data admit an asymptotic
expansion, we construct an asymptotic expansion for smooth solutions and prove its convergence
up to any order for well-prepared initial data. In particular, we obtain the result in [74] in which
the expansion corresponds to zero order. For ill-prepared initial data, the above convergence
result is not valid because of the formation of initial layers. In this case, we construct initial layer
corrections and prove the convergence of the asymptotic expansion of zero order. In both cases,
the convergence rates are given.

This chapter is organized as follows. In the next section, we derive asymptotic expansions of
solutions and state the convergence result to problem (4.1.5)-(4.1.7) in the case of well-prepared
initial data. Section 3 is devoted to the analysis of initial layers in the case of ill-prepared initial
data. We construct the initial layer corrections which exponentially decay to zero and state the
convergence result. The proof of both two asymptotic expansions is given in the last section. For
this purpose, we prove a more general convergence theorem which implies those in both cases of
well-prepared initial data and ill-prepared initial data.

We introduce some notations which will be used in the sequel of this thesis. Let Q C RY
be an open domain, where d = 3 in chapter 6, 7 and 8. When 2 is bounded, we denote by
|©2| the Lebesgue measure of Q. Note that when = T, we have |T| = 1. For a multi-index
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a= (o, ,aq) € N we denote :

|
oy 0

IZW with |Oé|:()él++oéd
1 d

For an integer s > 0 and a real number p > 1, || - ||, stands for the norm of the Sobolev space
W#P(Q) defined by :

Wer(Q) = {f; 97 f € LP(Q), Vla| < s}.
We denote also H*(Q) = W#*(Q), and by || - || and || - ||« the norms of L*(Q) and L>(Q),
respectively.

The following lemmas are needed in the proofs of theorems of this thesis.

Lemma 4.1.1 (Moser-type calculus inequalities, see [/5, 50]) Let s > 1 be an integer and Q = R?
or Q =T. Suppose u € H*(Q), Vu € L>(Q) and v € H*1(Q) N L>(Q). Then for all multi-index
a € N® with 1 < |a| < s, we have 0% (uv) — ud®v € L*(Q) and

107 (wv) — wdgv]| < Cs([|Vullool D 0| + 1D ull 0]l

where
ID%ull = Y [|05ull, VseN.
la|=s
Moreover, if s > 1+ 4% A € Ci(G) and V € H*(Q,G) where G C R", then the embedding
Hs7 Q) — L>=(Q) is continuous and we have :

[wv]ls—1 < Cullulls—al[olls—1,

105 (uv) = udzvl| < Cullullsl|v]ls-1,  V]af <s.

and
[A(VO)], < CllAl(L+ V).

Lemma 4.1.2 (Poincaré inequality, see [11]) Let 1 < p < oo and Q C R? be a bounded connected

open domain with a Lipschitz boundary. Then there exists a constant C > 0 depending only on p
and € such that
| — uql|zr@) < Cl|Vullre@), Vue W2 (Q), (4.1.9)

where

7l
ug = — [ u(x)dzx
° =] )

is the average value of u over ).

Proposition 4.1.1 (Local ezistence of smooth solutions) Let s > 1+ % and (nj, ul) € H*(T) with
ng > kK, for some given constant kK > 0, independent of 7. Then there exist T7 > 0 and a unique
smooth solution (n™,u”, ¢") to Cauchy problem (4.1.5)-(4.1.7) defined in the time interval [0,T7),
with

() € C(0.77), H(T)) N € (0.7), H*(T)),
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o7 € C((0,17), H™(T)) n C*([0,17), H*(T)).

4.2 Case of well-prepared initial data

4.2.1 Formal asymptotic expansions

We seek an approximate solution (n,,u,, ¢,) to system (4.1.5) under the form of an asymptotic
expansion of a power series in 7. From the second equation of (4.1.5), we have formally u, — 0 as
7 — 0. Then the first term of the asymptotic expansion of u, should be equal to zero. Moreover,
if we replace u by Tu, then system (4.1.5) becomes

o + div(nu) = 0,
72(0pu+ (u- V)u) + Vh(n) = V¢ — u,
—A¢p =b(z) —n,

in which the only small parameter is 72. This suggests the following asymptotic expansion for both
the initial data and the solution :

(nr,ur)(0,2) =Y 7™ (ny,7uy)(x), x€T, (4.2.1)
=0
(e, 6:)(t ) = Y 7 (), 70/, @) (t,x), t>0, z€T, (4.2.2)
Jj=0

where (n;,u;);>0 is sufficiently smooth given data with ny > constant > 0 in T.
Now it needs to determine the profiles (n’,u’, ¢’) for all j > 0. Substituting expansion (4.2.2)
into system (4.1.5), (4.1.7) and identifying the coeflicients in power of 7, we obtain
om® + div(n®u®) = 0,
Vh(n®) = V¢ — P, (4.2.3)
—A¢" =b—n" m(¢°) =0,

and for j > 1,

( J
o’ + Z div (nkuj_k) =0,

k=0

—1
j—1 J ko j—1-k 100N, 1k o (4.2.4)
O™+ 3 (WP V) TR £ V(B (000 + B (0¥ )eyo)) = VT —
k=0

| A¢ =nd, m(¢f) =0,
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where h® = 0 and A/~ ((n*),<;_1) is defined for j > 2 by

h(ZTjnj):h( )+ h'(n ZTJTL] ijhj () r<ion)-

§>0 j>1 >2

From (4.2.3) and (4.1.6) we deduce that (n°, ¢°) solves a classical drift-diffusion system :

on® — div (n°V ) =
t ("9 (h(n") = ¢))) t>0, zeT (4.2.5)
_A¢O =b— nO’ m(¢0> =
with an initial condition :
n’(0,x) =ny, z€T. (4.2.6)
The existence of smooth solutions to problem (4.2.5)-(4.2.6) can be easily established, at least
locally in time. See for instance [54]. Then u° is determined by
= —V(h(n") — ¢°). (4.2.7)
from which we get the zero-order compatibility condition :
= —V(h(no) — o), (4.2.8)
where ¢¢ is determined by
—Apg=b—ny inT and m(¢y) =0. (4.2.9)

The profile (n, u?, ¢7) for j > 1is determined by induction in j. Assume that (n*, u*, ¢k)0<k<j_1
is smooth and determined in previous steps. Then, from (4.2.4) (n’, ¢’) solves a linearized system
of drift-diffusion equations :

O — div (n°V (K (n)nd — ¢7)) + div (n/u°)
= fI((VF,0,V*,0,V*,0,0,VF, 02VF)och<jr), ¢>0, xz€T (4.2.10)
A =nl, m(¢) =0,

with an initial condition :
n’(0,z) =n;(z), €T (4.2.11)

and v’ is given by

W = V(¢ — B ()0 — W (n*)ies1)) — <8tu3 1+Z V)1 k) (4.2.12)

where f7 is a given smooth function and V* = (n*, u*, ¢*). Thus, from (4.2.12) we get the jth-order
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compatibility conditions for j > 1 :

u]- = V(¢] — h/<710)nj — hjfl((nk)kgj,l)) — <8tuj71|t:0 =+ Z(Uk . V)Ujflfk), (4213)

where ¢; is determined by
A¢p;=n; inT and m(¢;) =0. (4.2.14)

We conclude the above discussion in the following result.

Proposition 4.2.1 Assume that for each j > 1 the initial datum (n;,u;) is sufficiently smooth,
with ng > constant > 0 in T, and well-prepared, i.e. the compatibility conditions (4.2.8) and
(4.2.13) hold. Then there exists a unique asymptotic expansion up to any order of the form (4.2.2),
i.e. there exist Ty > 0 and a unique smooth solution (n?,u’,$’) in the time interval [0, T3] to
problems (4.2.5)-(4.2.7) and (4.2.10)-(4.2.12) for j > 1. Moreover, n® > constant > 0 in [0, T}] x
T. In particular, the formal zero-relazation limit T — 0 of the Euler-Poisson system (4.1.5) is the
classical drift-diffusion system (4.2.5) and (4.2.7).

4.2.2 Convergence results

Let m > 0 be a fixed integer and (n™,u”,¢") be the exact solution to problem (4.1.5)-(4.1.7)
defined in the time interval [0, 77). We denote by

('l o) = (0l Tl ) (4.2.15)

Jj=0

an approximate solution of order m, where (n’,u’, ¢’ )o<;j<m is constructed in the previous subsec-
tion. The convergence of the asymptotic expansion (4.2.2) is to establish the limit (n”,u”, ¢7) —
(™ u @) and its convergence rate as 7 — 0 in a time interval independent of 7, when
(n™,u”,¢7) — (n,u™ ™) at t = 0. For m = 0, this result was proved in [71]. Now we consider

a more general case m > 0.

From the construction of the approximate solution, we have

1
o' + —div(nl'ul") = R™,
T

O + ~(u - V) + —Vh(n") = f _ U g (4.2.16)

7—2
SAGT = b -, m(el) =0,

where R'™ and R]'™ are remainders. It is clear that the convergence rate depends strongly on the
order of the remainders with respect to 7. Since the profile (n’, u’, ¢"),>¢ is sufficiently smooth, a
straightforward computation gives the following result.

Proposition 4.2.2 For all integer m > 0, the remainders R)"™ and R]"™ satisfy

sup ||RZ™(t,)||s < Cou® ™D sup ||RT™(, ) ||s < Cppm®™ Y, (4.2.17)
0<i<Ty 0<i<Ty
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where C,, > 0 is a constant independent of T.

The convergence result of this section is stated as follows of which the proof is given in section
4.

Theorem 4.2.1 Let m > 0 and s > 1+ £ be any fived integers. Let (nj,u;) € H*T(T) for
j=0,1,---,m, with ng > constant > 0 in T satisfying the compatibility conditions (4.2.8) and
(4.2.18) for j > 1, respectively. Suppose

m
H ng, ug) 2723 nj, TU;) ‘ < Cyr2mt), (4.2.18)
7=0

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent
of T, such that as 7 — 0 we have T{ > T) and the solution (n",u”,¢") to the periodic problem

(4.1.5)-(4.1.7) satisfies
|(n™ = nZ" u” —u) ()|, < Cor?™Y, Ve [0,TY]

and
l67®) = o7 @)l < Cor*™*Y, Ve e[0T

Moreover,

T __ ., m 2m+3
H“ Uz HL2(0,T1;H5(’]I‘)) < Gt :

4.3 Case of ill-prepared initial data

4.3.1 Initial layer corrections

In Theorem 4.2.1, compatibility conditions are made on the initial data. These conditions are
restrictions on the initial data since u; should be determined in terms of n; for all j > 0. If these
conditions are not satisfied, the asymptotic expansion (4.2.2) cannot generally converge for ¢ > 0
because the approximate solution cannot satisfy the prescribed initial conditions. In this section,
we consider the case of the so called ill prepared initial data by adding an initial layer correction
in the asymptotic expansion.

To avoid tedious computation, we only consider a zero-order asymptotic expansion in the case
that condition (4.2.8) is violated, i.e.

(e v(ébo - h(no))-

We seek a simplest possible form of an asymptotic expansion such that its remainders are at least
of order O(7). Let the initial data of an approximate solution (n,,u,,¢,) have an asymptotic
expansion of the form

(nrur) |, o = (no, Tug) + O(72). (4.3.1)
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In general, an asymptotic expansion including initial layer corrections is of the form :
(nrs e, ¢r)(t ) = (0%, 7u’,¢") (¢, 2) + (n, Tuf, ¢7) (2, )
+73((n', Tut, @") (¢, 2) + (np, Tup, ¢7) (2, 2)) + O(T?), (4.3.2)

where z = t/72 € R is the fast variable and the subscript I stands for the initial layer variables.
A direct computation shows that we may take

(nlau17¢lau}) = 07

since this expansion gives the remainders of order O(7), which is the case of well-prepared initial
data for m = 0. Then we propose the following ansatz :

(e, tr, &7) (8, 2) = (n°, 70, 6°)(t, @) + (0, 7uf, ¢) + 7°(n7,0, 1)) (2,2) + O(7%). (4.3.3)

Obviously, (n° u®, ¢°) still satisfies the drift-diffusion system (4.2.5) with (4.2.7). It is easy to
see that the asymptotic expansions (4.3.1) and (4.3.3) imply that

n°(0,z) + 190, 2) = no(x), u°(0,z) + 10, z) = uy(z), (4.34)

which give the initial values of n} and u9. It remains to determine the initial-layer profiles
(ng,up, ¢7), nj and ¢;.

Putting expression (4.3.3) into system (4.1.5) and using (4.2.5) and (4.2.7), we have
nY =0, ¢)=0 and O.ul+u}=0. (4.3.5)
Equation nY = 0 means that there is no zero-order initial layer on variable n. Therefore, (4.3.4)

gives

n°(0,x) = ng(x). (4.3.6)
From the third equation of (4.3.5) together with (4.3.4), we obtain

u)(z,2) = uj(0,2)e* = (up(z) — u’(0,2))e . (4.3.7)
Similarly, the second order initial layers n} and ¢} satisfy
d.nj(z,z) + div (n°(0, 2)uj(z,2)) = 0 (4.3.8)

and
A¢i(z,x) = ni(z,2), m(o}) = 0. (4.3.9)

Let n; be an arbitrary smooth function and let n}(0,z) = ni(x). Together with (4.3.7), we have
ni(z,z) =ni(z) — div (n(0, z) (uo(z) — u’(0,2))) (1 — e7%). (4.3.10)

Thus, the initial layer profiles (n?, u?, ¢%), n} and ¢! are completely determined by (4.3.5), (4.3.7),
(4.3.9) and (4.3.10). They are periodic and smooth functions of (z, x).
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4.3.2 Convergence results
Let
(nT,h uT,I? ¢T,I)<t7 JJ) = (noa Tuou ¢0)<t7 JJ) + ((07 Tu?? 0) + 7'2(71}, 07 ¢})) (t/7-27 1:) (4311)

By the construction above, we have

( 1
atn’r,[ + = div(nT,[uTJ) = RrrTsz
T
1 1 - VQZST’[ Ur 1 1
3tu7,1 + ;(UTJ : V)Uq—,[ + FVh(TLT’[) = - - -2 + Ru 5 (4312)
- A¢T,I =b— n:r, m(¢7’,]) = 07
 t=0: (nﬂ],uﬂ) = (no +72n1,7u0),

where the expressions of the remainders R}, ; and R ; are given by
R;’I = 0, (no + T2n}) + div ((no + 72n7) (u’ + u?))
= O.np + div(nu)) + 77 div (ng(u® + uf))
= div ((n°(t, ) — n°(0,2))u)(z,z)) + 72 div (n(u’ + u)))
and
Ry = 7(0(u® +ud) + (W’ +u)) - V(' + 1))
(VO + b — (6 + 726]) + (0 + )

T

= %(V(h(no) —¢") + uo) + %(@u? +u) + %V(h(no +7n7) — h(no))
+ 7 (0 + (W +u)) - V(' +u))) +7Vr

1
= 70+ (W’ +u)) - V(' + 1)) +7Ve; + ;V(h(no + 7°n3) — h(n?)).

For R, there is n € [0,t] C [0,71] such that
n’(t,x) —n"(0,2) = tdn°(n, x) = 7220m°(n, ).
Noting that function z —— ze™* is bounded for z > 0, from
o’ = — div(n"u)
and (4.3.7) we deduce from that

div ((no(t,x) —n%(0,2))ul(z, :c)) = 0(7?).
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Thus
RYT = O(7?).

For R7, it is clear that
h(n® 4+ 7%n;) — h(n®) = O(7?),

which implies that
R>T = O(7).

Thus, we obtain the following estimates on the remainders.

Proposition 4.3.1 For given smooth data, the remainders R} ; and R;, ; satisfy

sup ||RTI(t, )]s < C72, sup |RZI(t, )]s < Cr, (4.3.13)

0<t<Ty 0<t<Ty

where C' > 0 is a constant independent of 7.
The convergence result with initial layers can be stated as follows.

Theorem 4.3.1 Let s > 1+ g be a fized integer. Let (ng,ug) € H*TY(T) with ng > constant > 0
in T. Suppose

H (n§ — no, uf — Tu) H < Oy7?, (4.3.14)

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent
of T, such that as T — 0 we have T] > 11 and the solution (n",u”, ¢") to the periodic problem

(4.1.5)-(4.1.7) satisfies
H(nT — Ny, U — uTJ)(t)”S < Cy?, Vte[0,Ty]
and
[67(t) = ¢r1(1)]],,, < Cor®, Vi e[0,T1]

Moreover,

Hu ) < Oy,

.
uTvIHL2(O,Tl;HS('JI‘

4.4 Justification of asymptotic expansions

4.4.1 Statement of the main result

In this section, we justify rigorously the asymptotic expansions of solutions to the periodic problem
(4.1.5)-(4.1.7) constructed in section 4.2 and 4.3. To this end, we prove a more general convergence
result which implies both Theorems 4.2.1-4.3.1.
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Let (n”,u",¢") be the exact solution to (4.1.5)-(4.1.7) and (n,,u,,¢,;) be an approximate
periodic solution defined on [0, 7}], with

(nﬂ UT) S C([07 Tl]? HS+1(T)) N Cl([07 Tl]v HS(T)>7
¢, € C([0,Ty], H**(T)) N C*([0, Ty], H(T)).

We define the remainders of the approximate solution by

1
RT = O, + —div(n,u,),
T

: X . (4.4.1)
Suppose
—A¢p, =b—n,, (4.4.2)
sup |ln-(t,)||s < C1,  sup Ju-(t, )]s < Cim, (4.4.3)
0<t<T) 0<t<T
| (nd = n-(0, ), uy — Tu.(0,-)) HS < Oy (4.4.4)
sup R (¢, 0)]ls < Gyt sup | R(t,)lls < O, (4.4.5)
0<t<T 0<t<T)

where A > 0 and C7 > 0 are constants independent of 7.

Theorem 4.4.1 Under the assumptions above, there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T{ > Ty and the solution (n",u”,¢") to the periodic problem

(4.1.5)-(4.1.7) satisfies
(™ = neu” —ur)(8)||, < Cor™™, Vi€ [0,Th]

and

|67(t) — o-(1)]|,,, < Com™*', Vie[0,Th].

Moreover,

T

Hu ) < Oyr™M2,

— Ur HL2(0,T1;HS(’]1‘)
It is clear that Theorem 4.4.1 implies Theorems 4.2.1-4.3.1. In particular, A = 2m + 1 with

m > 0 in section 2 and A = 1 in section 3. The next subsection is devoted to the proof of Theorem
4.4.1.

4.4.2 Proof of the main result

By proposition 4.1.1, the exact solution (n™,u”,¢") is defined on a time interval [0,77) with
T7 > 0. Since n™ € C([0,77), H*(T)) and the embedding from H*(T) to C(T) is continuous, we
have n™ € C([0,77) x T). From assumption nj > x > 0, we deduce that there exist a constant
Cp > 0 and a maximal existence time 75 € (0,77], independent of 7, such that § < n"(t,z) < Gy
for all (¢,z) € [0,77) x T. Then we define 77 = min(71,75) > 0 so that the exact solution and
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the approximate solution are both defined in the time interval [0,77). In this time interval, we
denote by

(NT,UT,®7) = (n" —ny,u” — ur, " — ¢r). (4.4.6)
Obviously, (N7,U™, ®7) satisfies the following problem :

( 1 1
@NT—l—;((UT—i—uT) V>NT+;(NT+n7)d1VUT
1

T

1 1
OUT + — (U7 +ur) - V)UT + —H(N7 +n,) VN

(N"divu, + (U - V)n,) — RI,

(4.4.7)

T

1 / T / U T
= —;(V@T + (U™ - V)u, + (W(NT+n,) — W (n:))Vn,) — — — Ry,
AD™ = N7, m(®7) =0,
([ t=0: (N7,U")=(n} —n.(0,),u) —u(0,)).

N7 ny — n.(0, -
. R RCUAY
ur uf — u,(0,-)

ul n’et
Ai(nTauT): ) Z:]-a 7d7

R(nT)e; ully

Set

Hy(WT) = —(U7-V)n, = N7 div u,
(WT) = < (U - V)u, — (h’(NT—FnT) — h’(nT))VnT ) )

0 0 Ry,
Hy(®7) = < vor > Hy(WT) = ( o ) R = < e >

where (e;,--- ,e,4) is the canonical basis of R?, y; denotes the ith-component of y € R? and I; is
the d x d matrix. Thus problem (4.4.7) for unknown W7 can be rewritten as

d
1 1 1
OWT + - Z Ai(nT uT) 0, WT = = (Hy(WT) + Hy(@7)) + ﬁHg(Wr) — R, (4.4.8)

, T
=1
in which 7 and W7 are linked by the Poisson equation
AP"T = N7, (4.4.9)

The initial condition of (4.4.8) is
t=0: W™ =W (4.4.10)
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It is not difficult to see that equation (4.4.8) is symmetrizable hyperbolic with symmetrizer

o (nT)fl 0
= ( 0 (W), ) |

which is a positively definite matrix when 0 < § <n” = N7 +n, < Cy. Then

Ai(n" u") = Ap(n")Aj(n",u") = u] Ag(n") + D, (4.4.11)

which is symmetric for all 1 < i < d, where each D; is a constant matrix

0 e
ne(2 )

The existence and uniqueness of smooth solutions to (4.1.5)-(4.1.7) is equivalent to that of
(4.4.8)-(4.4.10). Thus, using standard arguments, in order to show Theorem 4.4.1, it suffices to
establish uniform estimates of W™ with respect to 7.

In what follows, we denote by C' > 0 various constants independent of 7 and for a € N¢,
W7 = 0SWT etc. The main estimate of solutions is contained in the following lemma.

Lemma 4.4.1 Under the assumptions of Theorem 4.4.1, for allt € (0,T7), as T — 0 we have
T 1 ! T ! T T
WO+ 5 [ I @Ide <0 [ (W@ + W (@8)de + €7, (2
Proof. For a € N with |a| < s, differentiating equations (4.4.8) with respect to z yields
1
oW + — Ai(n",u")0,, W1
tVY o + T lzl (TL u ) i’ a

1 1 1
= 0y Hi(W7")+ =07 Hy(®7) + 07 Hs(W") — O R”
T T T

(2

d
+% (Ai(n”,u") 0, W] — 0%( A (0", u”)0,,WT)). (4.4.13)
=1

Multiplying (4.4.13) by A¢(n”) and taking the inner product of the resulting equations with W7,
by employing the classical energy estimate for symmetrizable hyperbolic equations, we obtain

d 2
7 (Ao(n" )W, W) — = (Ao(n")0S Hs(WT),W])

2 2 2
= = (Ao(n)ILHL (W), W) + = (Ao(n")08 Ha(@7), W) + = (JE, W)

+ (div A (n", u" )W, W) — 2(As(n")OSR™, W), (4.4.14)
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where (-, -) is the inner product of L*(T),
d
T5 ==Y Ao(n7) (05 (Ai(n™,u")dp, W) — Ai(n", 0703 (02,W7))
i=1

and

div A, (n",u") = 9, A9(n") + = > 0p, Ay(nT 7). (4.4.15)

ﬁ

Let us estimate each term of equations (4.4.14). First, Ay(n") being positively definite, we have
(Ao(n)W, W) = CHWT|%, (4.4.16)

Moreover, a direct computation gives

T\ Qo T T TTTT T K T2
— (Ap(n)OCHs(WT),W2) = (n"UZ, UZ) > §HUaH : (4.4.17)
Since
W7 Ag(n")OSH(WT) = =KW (n")NZOS((U™ - V)n, + N7divu,)
—n"UL- 08 ((UT - V)u, + (W (N™ +n;) — K (n;))Vn,),

by Lemma 4.1.1 and (4.4.3) for u,, we get

2 T (63 T T C T T T T
—(Ao(n) (W), W) < —(INTILTlls + T INTIE + 7lU75)
€ T T
< SIUTIE+ Gl (4.4.18)

Here and hereafter, ¢ denotes a small constant independent of 7 and C. > 0 denotes a constant
depending only on €.

For the term containing Hs(®7), we have

2 2
2 (Aol 05 Ha7),W3) = == [ (/7)) VU da,
T T
From the Poisson equation (4.4.9), we have
A®T = N7,

which implies that
VO < CIINGII < CIINT[s

It follows that

2 T\ Qo T T O T T € T T
—(Ao(n7)O; Hx(@7), W) < —[INTI U7 [ls < SUTIE + CelWTIL (4.4.19)
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Now we consider the estimate for the term containing J7. Let us first point out that a direct
application of Lemma 4.1.1 to J? does not yield the desired result. We have to develop the terms in
the summation of J7 to see the appearance of terms U™ or UT +u,. By the definition of A;(n™, u7),
we have

0% (As(n™, u7) D, W) — Ai(n,u7)0% (0, W)

6;}((UT + uT)ﬁmNT) — (UT + uT)iag‘ﬁxiNT
a (W' (N7 +n,;)0,N7e;) — W (N +n;)020,,Ne;

O (N7 +n,);0,,U7 - €t) — (N™ +n,)050,,UT - €
+ :
0;’“((UT + uT)ZaxZUT) - (UT + uT)iﬁgamiUT

Then,
( o(n7) (02 (Ai(n™,u") 0, W) — Ay(n™,u")02 (0, W), W)
= (") (02

T

(U +ur)i0p,N7) — (U + u,);000,,NT) N

+ (W 07)) (0 (U7 + ur)i00UT) = (U™ + 1, ),020,, U7 UL

+ (n7) YO (N7 + ny),0p, U™ - €) — (N7 +n,) 328, U" - ) NI

+ (W) (02 (W(NT +n.)0,, N7e;) — W' (N7 + n,) 020, N7e;) UL
= Ju+ Ji + Jig + Jua.

Noting (4.4.3) for u, and applying Lemma 4.1.1 to each term on the right hand side of the above
equation gives

9
[Jir + Jio| < C(r + U)W < ~ 0TS+ Cor (IWTIS + 1IW7E),

9
| Jis + Jua| < CAAINTI)INTINUT s < OIS+ Cor (I + W)

This implies that
2 T T 6 T T T
202 WD) < SI07E + e+ ). (1.4.20)

Using the expression of Ag(n”), we have obviously,
—2(Ao(n")OSRT,W]) = —2/ (") "'NZOSR] + (W (n")) 'ULOS Ry dx
T
Then (4.4.5) implies that

— 2(Ag(n")O2 R, WT) < CIWT| + 7_%||UT||§ 4 OO, (4.4.21)
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Finally, for i = 1,--- ,d, it follows from (4.4.11) and (4.4.15) that
divA,(n",u”") = (4 ) Yo" + — Z@ (u] Ao(n

= (AO) (n7)(On” + ;VnT ) + ; divu”Ag(n")

Using the first equation of (4.1.5), we deduce that

: T T divu” T T T
divA,(n",u") = - (Ao(n") —n (Ao),(n ).
Noting
ggnT:NT+nT§CO, w=U"4+u, u,=0(T),

we obtain from the continuous embedding H*~!(T) — L*>°(T) that
| divuT|loe < C|| div(UT 4+ ur)||s—1 < C(|UT||s + 7).
Therefore,
. T T 1 T
| div A, (n",u") ||l < C(1+ ;HU Is)-
Thus,
(div A, (n",u")WI,WI) < > ||UT||2 +C(WTI2+ WD), (4.4.22)
Together with (4.4.14) and (4.4.17)-(4.4.22), we obtain, for all |a| < s,

d

T T K T Ce - - -
7 (Ao(nYWE W) + S UL < — [O712 + Ce (WIS + W) + Cer® 0.

Integrating this equation over (0,¢) with ¢t € (0,77) C (0,71) and summing up over all |o| < s,
taking € > 0 sufficiently small such that the term including Ce||U7||?/72 can be controlled by the
left hand side, noting (4.4.16) and condition (4.4.4) for the initial data, we get (4.4.12). 0

Proof of Theorem 4.4.1. For ¢t € (0,77), let

t
o) = O (IWT Q2 + W (€DI) ds + 00
Then it follows from Lemma 4.4.1 that
W2 <yt / U7 (€)|]2de < y(t), Yte (0,T7) (4.4.23)

and
v () = C(IW @12 + W7 @)I2) < Cult) + ().
with
y(0) = O,
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A straightforward computation yields
y(t) < Ol < oA Ch -y e [0, T7).

Therefore, from (4.4.23) we obtain

t
W @)lls < Vylt) < O™, / IUT @2 < w°y(t) < Cr*™2, Wi e [0,17].
0

By a standard argument on the time extension of smooth solutions, we obtain 73 > Ti, i.e.
T™ = T;. Then T7 > T;. This gives the uniform estimate for (n”,u"). The uniform estimate for
¢” follows from the Poisson equation A®™ = N7. This finishes the proof of Theorem 4.4.1. O
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Chapter 5

Initial layers and zero-relaxation limits of
two-fluid Euler-Poisson equations

Abstract. The Euler-Poisson system consists of the balance laws for electron
density and current density coupled to the Poisson equation for the electrostatic
potential. The limit of vanishing relaxation time of this multidimensional system
with both well- and ill-prepared initial data on the two spaces case is discussed in
this chapter. We study, by means of asymptotic expansions, the zero-relaxation limit.
For this limit with well-prepared initial data, we show the existence and uniqueness of
an asymptotic expansion up to any order. For general data, an asymptotic expansion
up to order 1 of the relaxation limit is constructed by taking into account the initial

layers. Finally, we justify the convergence by establishing uniform energy estimates.

5.1 Introduction

The Euler-Poisson system arises in semiconductors or plasma physics to study the time evolution of
charged fluids. It can be obtained from the Boltzmann equation for charged particles, i.e. electrons
and ions (or holes in semiconductors), see [35, 54|. It consists of the balance laws for the electron
(ion) density and for the current density for electron (ion), coupled to the Poisson equation for the
electrostatic potential. More precisely, we consider the (scaled) hydrodynamic equations for the
electron density n, with charge ¢. = 1, the density n; of the positively charged ions with charge
¢; = +1, the respective velocities u., u; and the electrostatic potential ¢;

on, + div(n,u,) = 0,
mynyty

m, O (nyu,) + my, div(n,u, ®u,) + Vp,(n,) = —q,n, Vo — —— (5.1.1)
Ty
—-A2A¢ = n; — ne,
where v = e, 4, and we use the notation 0, = 9/0t. They are functions of d-dimensional position
vector z € T and time ¢ > 0, where T = (R/Z)? is the torus. Throughout this chapter, we restrict
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ourselves to the case of periodic functions. This system is complemented by initial conditions for
the variables n, and wu,, which are periodic in z.

In the above equations, p, are the pressure functions, usually given by p,(n,) = a?n)*, where
a, > 0 and v, > 0 are constants. In this work, we only assume that p, is smooth and strictly
increasing. The (scaled) physical parameters are the particle mass m,,, the relaxation time 7, and

the Debye length .

In the literature, there are many mathematical works devoted to the Euler-Poisson system,
both on well-posedness and on different kinds of limit problems. Here we mention only a few of
them. In the stationary case, Degond and Markowich [16] discussed the existence and uniqueness
of solutions in the subsonic case, while Gamba [19] studied the same problem in the transonic
case. The existence of global smooth solutions in the multidimensional case is proved in [3]. For
asymptotic limits in multi-dimensional problems for a potential flow, we refer to [58, 65, 70]. In
the time evolution case, Zhang [76], Marcati and Natalini [51] and Poupaud et al [67] got the
global existence of entropy solutions of the Cauchy problem using the compensated compactness
argument. The relaxation limit of the Euler-Poisson system to the drift-diffusion equations, which
has been studied in [51], has been solved in [34, 36, 37| for weak entropy solutions. The same limit
has been studied in [77] in a one-dimensional domain, proving the decay of the initial layer which
develops for initial data not in equilibrium. For smooth solutions, Luo et al [18], Hsiao and Yang
[30] and Li et al [17] investigated the asymptotic behaviour of solutions to the Cauchy and initial
boundary value problem, respectively.

In addition to the relaxation limit (7;. — 0) mentioned above, there are also two other kinds
of relevant singular limit problems, that is, the quasi-neutral limit (A — 0) and the zero mass
limit (m./m; — 0). The quasi-neutral limit in the Euler-Poisson system has been analysed for
transient smooth solutions by Cordier and Grenier 1] in the one-dimensional case (see also [70]
for sign-changing doping profile) and independently in [66, 71| in the multi-dimensional case.

In this chapter we consider smooth periodic solutions to the Euler-Poisson system (5.1.1). Then
for smooth solutions with n, > 0, the second equation of (5.1.1) is equivalent to :
myu, ,
my, Oy, + my, (u, - V)u, + Vh,(n,) = —¢, Vo — . Vv=e,l1, (5.1.2)

v

where ”-” denotes the inner product of R? and the enthalpy function h,(n,) is defined by :
Ny /
hy(ny) = / LAGFN (5.1.3)
1

Since p,(n,) is strictly increasing, so is h,(n,). Thus, h,(n,) has an inverse n, = n,(h,).

We study the zero-relaxation limit 7, — 0 for v = e, 7 with m, = m; = A = 1. For simplifying
the notations, we assume that ; = 7. = 7. To perform the limit 7 — 0 we introduce a time scaling :

t=r7E. (5.1.4)
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Using still ¢ by £, the Euler-Poisson system (5.1.1) becomes (see |51, 30, 3] etc.) :
L.
o, + —div(n,u,) =0,
T
1 1 \Y v =e.q
825“1/ + _(uu : v)uu + _Vhl/(nl/) = _QV_¢ - u_za v &b <515)
T T T T
_A¢ = N; — N,
for t > 0, x € T. It is complemented by periodic initial conditions :
t=0: (n,u)=(n,g,1u,) (5.1.6)

In problem (5.1.5)-(5.1.6), ¢ is not determined in a unique way. To avoid this, we add a restriction

condition :
) ! / (-, (5.1.7)

By the Poincaré inequality (see Lemma 4.1.2), for all integer s > 0 the Poisson equation in system
(5.1.5) with (5.1.7) gives the estimate :

Vo s (ry < Clni — nel

H(T)- (5.1.8)

Then, regarding V¢ as a function of n. and n;, (n,,u,) for v = e, i still satisfy a symmetric
hyperbolic system in which V¢ on the right hand side of (5.1.5) is a low order term. Moreover,
estimate (5.1.8) implies that ¢ € C([0,T), H*"(T)) as soon as n, € C([0,T), H*(T)) for some
T > 0 and all integer s > 0.

In this chapter, we will show the zero-relaxation limit 7 — 0 to problem (5.1.5)-(5.1.6) for both
well- and ill-prepared initial data on T. As a first step, we will construct an asymptotic expansion
for smooth solutions and prove its convergence up to any order for well-prepared initial data.
For ill-prepared initial data, the above convergence result is not valid because the approximate
solution cannot satisfy the prescribed initial conditions. In this case, we construct initial layer
corrections and prove the convergence of the asymptotic expansion of zero order. In both cases,
the convergence rates are given.

This chapter is organized as follows. In section 2, we derive asymptotic expansions of solutions
and state the convergence result to problem (5.1.5)-(5.1.6) in the case of well-prepared initial data.
Section 3 is devoted to the initial layer analysis in the relaxation limit. We construct the initial
layer corrections which exponentially decay to zero and state the convergence result. Finally, in the
last section, we also show the justification of both two asymptotic expansions. The justification
is given by using another symmetrizer different from that used in chapter 4. For this purpose,
we prove a more general convergence theorem which implies those in both cases of well-prepared
initial data and ill-prepared initial data.

Proposition 5.1.1 (Local ezistence of smooth solutions) Let s > 1+ % and (n]q,ul,) € H*(T)
with nj,q > K, for some given constant > 0, independent of T. Then there exist TT >0 and a
unique smooth solution (nl,ul, ¢™) to Cauchy problem (5.1.5)-(5.1.6) defined in the time interval
[0,T7), with

(ny.up) € C([0,17), H(T)) N C*([0, 1Y), H*1(T)),
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o7 € C((0,17), H™(T)) n C*([0,17), H*(T)).

5.2 Preliminaries

In this section, we write the hydrodynamical models as symmetrizable hyperbolic systems and

review the convergence-stability lemma from [15].

Now we write (5.1.5) as a symmetric hyperbolic system. To do this, we set :

po(h) = plu (n,,(h,,)) :

Then, for smooth solutions, (5.1.5) is equivalent to :

/

(p,,(h,,))_1 <5’thl, + %(u,, . V)h,,) + % div(u,) =0,

Vo _u

1 1
8tuu+;(uu'v)u'/+;vh’/:_q - 72’ t>0,zeT

—A¢ =n;(h;) —ne(he), v=e,i.

( t=0: (h,,,u,,) = (hv<nzt,0)7uz,0)7

with the following initial datas :

t=0: (hy,u,) = (hV(nZ,O)aUzT/,O)J

d
h\ 1 n\ 1 0
8t <uy) + ; ;Al(hy,uy)axl <UZ,) = ﬁ (—T(],,V(Zﬁ) .

Here the coefficients have the following structure :

or

A’i<hl/7 uzz) = Aal<hy)cz + (uu : €f)ld+17

Ag(hy) = diag(ﬁ, ).

each C; is a constant symmetric matrix,

and the first element C}* in the first row of C; is zero,

(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)

where I;, denotes the unit matrix of order k£ and (eq,...e4) is the canonical basis of R?. Thus,

(5.2.3) is a symmetrizable hyperbolic system with Ay the symmetrizer.

Remark 5.2.1 Although (5.2.3) is of the form of the systems studied in [/0], it is essentially
different from them. In fact, a crucial assumption in [/0] is that the coefficients A; and the
symmetrizer Ay depend on the unknown W = (h,,u,) only through TW, that is, A; = A;(tW) and

Ag = Ao(tW). This assumption is obviously not satisfied by our present system (5.2.3).
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The local-in-time existence theory for periodic IVPs (initial-value problems) of first-order sym-
metrizable hyperbolic systems can be well applied to (5.2.3). Moreover, we recall the convergence-
stability lemma in [10] for general singular limit problems of IVPs for quasi-linear first-order sym-
metrizable hyperbolic systems depending (singularly) on parameters in several space variables :

d
U+ AU U, =Q(U,7)
U(Jc,(%)jl: Uz, ).

(5.2.5)

Here 7 represents a parameter in a topological space, A;(U,7)(i = 1,2,--- ,d) and Q(U, 1) are
sufficiently smooth functions of U € G C R", and U(z,7) is a given initial-value function. For
simplicity, we assume that U(z, ) is periodic in x.

Assume U(z,7) € Gy CC G for all (x,7) and U(.,7) € H® with s > d/2 + 1 an integer.
Fix 7. According to the local existence theory for IVPs of symmetrizable hyperbolic systems (see
Theorem 2.1 in [50]), there is a time interval [0,77] so that (5.2.5) has a unique H®-solution :

U™ € (C[0,T7], H*).

Define
Ty =sup{ly >0: U" € C[0,17], H*}. (5.2.6)

Namely, [0,77) is the maximal time interval of H*® existence. Note that 73 depends on G and
may tend to zero as 7 goes to a certain singular point, say 0.

In order to show that lim__ 77 > 0, which means the stability (see [13, 50]), we make the
following assumption.

Convergence assumption. There exists T} > 0 and U, € LOO([O, T\, H S) for each 7, satisfying :

J{U-(t,2)} cc G,

x,t, T

such that for ¢t € [0,77 = min{Ty, T3 }),

sup |U7 (¢, %) — U (t, 7)| = o(1),
t.x

sup |U7 (£,) = Us (£, )], = O(1).

as 7 tends to the singular point.

With such a convergence assumption, we are in a position to state the following fact established
in [10].

Lemma 5.2.1 Suppose U(z,7) € Gy CC G for all (z,7), U(.,7) € H® with an integer s > d/2+1,
and that the convergence assumption holds. Let [0,T5) be the maximal time interval such that
(5.2.5) has a unique H*-solution : U™ € C([0,17), H®).
Then

TQT > T3
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for all T in a neighborhood of the singular point.

Thanks to Lemma 5.2.1, our task is reduced to finding a U, (¢,x) such that the convergence
assumption holds. Below, we will use this lemma with G replaced by its compact subsets.

5.3 Case of well-prepared initial data

5.3.1 Formal asymptotic expansions

We look for an approximate solution (n],u], ¢") to system (5.1.5) under the form of a power series
in 7. From the momentum equations for u], it is easy to see that the leading terms in u] should
be equal to zero. For convenience we replace u], by 7u;, and still denote the latter by ;. In this
case, the Euler-Poisson system (5.1.5) is rewritten as :

o, + div(n,u,) = 0,
72 (0w, + (uy - V)u,) + Vh(ny) = —¢, Vo —u

—Ap=n;—n,, z€T, v=e,ri,

in which the only small parameter is 72. This suggests the following asymptotic expansion for both
the initial data and the solution :

(ny,’ra UV,T)(Oa ZL‘) = ZTQj(nV,ja Tuu,j)<w)7 T e Ta v=e, iv (531)

320

where (n,,;, 4, ;);>0 is sufficiently smooth given data with n, o > constant > 0 in T. Then we make
the following ansatz :

(M rs Uy s 01 ) (E, ) 27_2] nd,Tul, @) (t,x), t>0, x€T, v=e,i. (5.3.2)

7>0

Now it needs to determine the profiles (n?,u, ¢’) for all j > 0. Substituting expansion (5.3.2)
into system (5.1.5), we obtain a series of equations verified by the profiles (nf,u?, $7); > 0

1. The leading profiles (n2, u%, ¢°) satisfy the following system :

ond + div(ndul) =0,
Vh,(nY) = —¢,V¢® —ul, v=e,i, (5.3.3)
—A¢° =n} —ng, m(¢°) =

Then (n?, nf, ¢°) satisfies the classical drift-diffusion equations :

{ Om? — div (ndV (h, (nd) + ¢,¢°)) =0, v=e,i,

t>0, zeT (5.3.4)
—A¢Y =n) —nl, m(¢°) =0,
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with the initial conditions :
nY(0,z2) =n,o(z), €T, v=e,i. (5.3.5)

For smooth initial data n, g satisfying nyo > 0 in T, the periodic problem (5.3.4)-(5.3.5) has
a unique smooth solution (n?, nY, ¢°) in the class m(gbo) = 0, defined in a time interval [0, 7]
with 77 > 0. The solution satisfies n, > 0 and n; > 0 in [0, 73] x T. Finally, we obtain from
the second equation of (5.3.3) that :

Ug == —V(hy(ng) + qubo)) v = 672.' <536)

This implies that the initial data wu, is not arbitrary. They should be given in terms of n, .
Precisely :
U0 = =V (h(nu0) + ¢.¢0), v=e,i, (5.3.7)

where ¢ is determined by :

—Apg=mn;0—neo iInT and m(¢g) =0. (5.3.8)
Thus we need compatibility type conditions (5.3.7)-(5.3.8) for the initial data of the leading
terms (n%, u%, ¢Y).

. For j > 1, the profiles (nJ, ul, ¢/) are obtained by induction. Assume that (n%, u*, ¢*)o<r<;j1
are smooth and already determined in previous steps.
Then (n/,u’,¢’) satisfy the linear system :

/

(f“)tn{;—l—div( Oul 4+ niul) Zdlv R~ k , v=e,i,
i1 , ~(5.3.9)
Opui—1 + Zu VUl R+ V(R (no)nd + B () k<jo1)) = —a Ve —
k=0 '
(| —A¢ =n] —nl, m(¥)=0

where A, = 0 and k) ((nf)r<;j_1) is defined for j > 2 by :

b (3 7 = o)+ K0 S 7+ 3 (s ). v = e

j=>0 7>1 j>2

Therefore, in the class m(¢/) = 0, (n?,u?, ®”) solve a linearized drift-diffusion system :

Omd, — div [nOV (R}, (nd)nd + q,¢7) — ndul]
= fj((Vl,k, @tVVk, 8$Vl,’“, 8,5835\/'“ 0%V )Oﬁkﬁj—l)v t>0, ze€ T, v =e,n1, (5310)

LA A 4

together with the initial conditions :

n?(0,2) =n,;(x), €T, v=ei. (5.3.11)
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5.3. CASE OF WELL-PREPARED INITIAL DATA

Finally, u/ are given by :

=V~ ad? — () — 7 (e 1) (atuwa Viu ). (5312

where f7 is a given smooth function and V¥ = (n¥ u*). Thus, the following compatibility

conditions should be imposed :

uy; = V(=aqd; —h,(no)n; — b (nug)k<i-1))

J—1
- <0tu,{_l|t:0 + Z(uyk . V)u,,yj_l_k>, v=e,i, (5.3.13)
k=0
where ¢; is determined by :
—A¢;=n;;—n.; inT and m(¢;) =0. (5.3.14)

Proposition 5.3.1 Assume that the initial data (n, j,u, ;)j>0 are sufficiently smooth, with
Ny > constant > 0 in' T and satisfy the compatibility conditions (5.3.7)-(5.3.8) and (5.5.13)-
(5.8.14). Then there exists a unique asymptotic expansion up to any order of the form
(5.3.2), i.e. there exist Ty > 0 and a unique smooth profiles (nd,u,$");>¢ in the time
interval [0,T1] to problems (5.3.4)-(5.5.6) and (5.3.10)-(5.3.12) for j > 1. In particular,
the formal zero-relazation limit 7 — 0 of the two-fluid Euler-Poisson system (5.1.5) is the

bipolar drift-diffusion system(5.3.4) and (5.5.6).

5.3.2 Convergence results

Having constructed the formal approximation (n})', u;, @) of the hydrodynamical model (5.2.3),
let m > 0 be a fixed integer and (n],ul, ") be the exact solution to problem (5.1.5)-(5.1.6) defined
in the time interval [0, 77). We denote by :

m
m m my __ 25 (0] 7 Vi _ .
(nl/,T7 ul/,T’ (b‘r ) - § T (nw TU, ¢ )7 v=e (5315)
Jj=0
an approximate solution of order m, where (nJ, ul, ¢’)o<;<m are constructed in the previous subsec-

tion. The convergence of the asymptotic expansion (5.3.2) is to establish the limit (n],u], ¢™) —
(nyt,up,, #7') and its convergence rate as 7 — 0 in a time interval independent of 7, when

v, T) 'V, T?

( Ty, U’¢T) ( TT’UZ,LT7 :_n) at t =0.
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5.3. CASE OF WELL-PREPARED INITIAL DATA

From the construction of the approximate solution, for (¢,x) € [0,73] x T we have :

1
ot 4+ —div(n)tu,') = Ry™
T

1 1 Vo™ ),
O, + S (D, - V)l + SVh, () = —gr — BT 4 g, (5:3.16)
’ T ’ ’ T ’ T T

=A¢l =n" —nl, m(e]') =0, v=eri,

2T

or
1 1 R™
pV(h‘zT/n‘r)_l (ath:;n‘l' + _(uzT/n‘r ’ v)hIT/nT) + = dlv(uzr/nT) = —,
’ X ST ’1 T ’ um7ﬁ} (5.3.17)
ull + = (ulty -Vl + VA = —Lygm — 2T g g
K 7— b b 7— b 7— 7— 17

where ). = h,(n},) and, R}, R7"™ are remainders. It is clear that the convergence rate depends
strongly on the order of the remainders with respect to 7. Since the profile (nf,u’, ¢’);50 is
sufficiently smooth, a straightforward computation gives the following result.

Proposition 5.3.2 Let the assumptions of Proposition 5.53.1 hold. Then for all integers m > 0,
the remainders R)™ and R™ satisfy :

sup ||[Ry™(t,)||s < Con2 Y sup |R™(t,)|ls < Cou™™ Y, v =4, (5.3.18)
0<t<Ty 0<t<Ty

where C,, > 0 is a constant independent of T.

We prove in the section 5 the validity of the approximation (anT, Uy, @) under some regularity

assumptions on the given data and an existence result. The main result of this section is stated
as follows :

Theorem 5.3.1 Let m > 0 and s > 1 —1—% be any fived integers. Let (n,;,u, ;) be sufficiently
smooth functions for j =0,1,--- ,m, with ng > constant > 0 in T and satisfying the compatibility
conditions (5.3.7) and (5.5.13) for j > 1, respectively. Suppose

m

H(n;m Uyo) — Z TQj(”vm TUy,;)

Jj=0

‘gqﬁwm,u:a@ (5.3.19)

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent
of T but dependent on T} < oo and the solution (nl,ul,¢") to the periodic problem (5.1.5)-(5.1.6)
satisfies :

sup || (ng — o ul —wl (L, )|, < Cor?m Y

o v Uy v
and
sup [[(¢7 — &) (¢, )|, < Cor® ™.
t€[0,T1]
Moreover,

< 027_2m+3‘

T m
H“v UV,THLZ(O,Tl;HS(T))—
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5.4. CASE OF ILL-PREPARED INITIAL DATA

5.4 Case of ill-prepared initial data

5.4.1 Initial layer corrections

In the discussion of the limit in section 3, the compatibility conditions are made on the initial data.
These conditions are restrictions on the initial data, since u, ; should be determined in terms of
n,; for all j > 0. If these compatibility conditions do not hold, the phenomenon of the initial
layers occurs. In this section, we consider the case of the so called ill prepared initial data by
adding an initial layer corrections in the asymptotic expansion.

To avoid tedious computation, we only consider a zero-order asymptotic expansion in the case
that condition (5.3.7) is violated, i.e.

Uy,0 # _v(hu(nu,(]) + qu¢0)7 v=e, .

We seek a simplest possible form of an asymptotic expansion such that its remainders are at least
of order O(7). Let the initial data of an approximate solution (n, ,,u,r, ;) have an asymptotic
expansion of the form :

(nw,uw)‘(O, x) = (Ny0, TUyp) + 0(7'2), v=e,i, (5.4.1)

where (n,,0,u,0) are given smooth functions. We want to construct an asymptotic expansion of
the approximate solution (n, ;,u, -, »,) up to order 1. Then we may take the following ansatz of
the form :

(TLZ,’T, Uy, (bT)(tv x) = (ngu Tuga (bO)(tv x) + (ng,la TUBJ, ¢9>(27 l’)

+ 7_2((7111/’ Tuzln ¢1)(tv ZL’) + (ni,lv Tuzlz,la ¢})(z7 I)) + O<T4)7 (542)

where z = /7% € R is the fast variable and the subscript ”I” stands for the initial layer variables.
A direct computation shows that we may take :

(ni,u},,gbl,uij) =0, v=e,i,

since this expansion gives the remainders of order O(7), which is the case of well-prepared initial
data for m = 0. Then we propose the following ansatz :

(nl/,’ra U’V,T) ¢T)(t> J;) = (TLB, TUB» ¢0)(t7 $) + (ng,b TUBJ’ gb?)(z, :E)

+T2(ni7[, 0,05)(z, 1) + 0(74), v =e,i. (5.4.3)
Substituting the expression (5.4.3) into the problem (5.1.5), we have :

1. The leading profiles (n2, u2, ¢°) are determined by two-fluid compressible Euler-Poisson sys-
tem (5.3.4)-(5.3.6). The smooth solutions (n2, u2, ¢7) is defined in the time interval [0, 7}] in
the class m(¢°) = 0, without any compatibility conditions. From (5.3.6) we have :

ul(0,.) = =V (hy(n,0) + @u00), v =e,i, (5.4.4)
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5.4. CASE OF ILL-PREPARED INITIAL DATA

where ¢ is given by (5.3.8). From the asymptotic expansion (5.4.1) and (5.4.3), it is easy to
see that :

np(0,2) +n7,(0,2) = nyo(x), uy(0,2) +up (0,2) = up(z), v=e,i, (5.4.5)

which give the initial values of n? ; and u? .

0

2. The leading correction terms (n)) ;,

uy) 1, ¢7) satisfy the following equations :

ng’l =0, ¢Y=0 and (LuSJ + uSJ =0, v=e,i. (5.4.6)

Equation ng ; = 0 means that there is no zero-order initial layer on variable n,. Therefore,
(5.4.5) gives :

n(0,z) = n,o(x), v=e,i. (5.4.7)
From the third equation of (5.4.6) together with (5.4.5), we obtain :

ugvl(z, x) = ugvl(O,x)e_z = (u,,,g(a:) — ug(O,x))e_z, v=e,li. (5.4.8)
The second order correction terms (n,, ;, ¢;) satisfy :

Ol 1 (z,2) + div ()0, )ul (2. 2)) =0, v =e,i (5.4.9)

and
— AG(z,w) = nly(z,2) 0l (2,2), m(6h) = 0. (5.4.10)

Let n,,1 be an arbitrary smooth function and let n, ;(0, ) = n,,1(x). Together with (5.4.8),
we have :

ny,1(z,x) = nyy () — div (np (0, ) (uyo (@) — up(0,2))) (1 —e™?), v=e,i. (5.4.11)

Thus, the asymptotic expansion is constructed up to order 1 for general initial data.

Proposition 5.4.1 Assume that the initial data (n, g, u,0) are sufficiently smooth with n, >
0 in T. Then there exists a unique asymptotic expansion up to order 1 of the form (5.4.3),
in which the correction terms are determined by (5.4.6), (5.4.8), (5.4.10) and (5.4.11).

5.4.2 Convergence results

Let

(1] il e 61t ) = (0, 7l ) (1, 2) + (0,700, 0) + (0, 0.6D) (t/7%,2). (5.412)
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5.4. CASE OF ILL-PREPARED INITIAL DATA

By the construction above, we have :

( 1
diny, ;4 = div(ny u, ) = R},
b 7— b 9 17
1 1 Vol ul
a I (. I - hl/ I = —q, vT _ TUT RT,I
ity r (U r VU + =V () = —g— o T (5.4.13)
- Aqbﬂl' = niI,T - néﬂ" m(¢71') = 07
\ t = O . (nl{,T, uiﬁ) = (ny’o + 7'2711,’1, Tul,’()),
or
1 1 R™!
po (B @l + = (ul - V)RL) + = div(ul,) = —
b bl 7— b 3 7— 9 n
. . ;T (5.4.14)
u
Ol + = (ul - Vil + =i = ~Lvgl T 4 R
’ T ’ ’ T ’ T ’ T v

where h} . = h,(n! ) and the expressions of the remainders R}’ and R}’ are given by :

R = 9, (ng + 7'27111,71) + div ((ng + Tinl,’I)(ug + uBJ))

Ny

= azni,[ + diV(ngUS,I) + 72 div (”11/1(“8 + US,I))
= div ((nd(t,2) = nB(0, 2))ul (=,2) ) + 72 div (nd, (ud + )
and
Ryy = 7(0u(uy + ) + (w) + ) - V(g +u) )

+ =(V(ho(nd + 7700 1) + @(8° + 7°¢1)) + (uf) +ul ;)

R R

1 1 1

= ;(V(h,,(ng) +¢,¢") +uy) + ;(azu‘;,] +ud;) + ;V(h,,(ng +7%n),) = hy(n)))
1

= 7(0uuy, + (uy 4+ uy ;) - V(uy + up ) + 7V + ;V(h,,(ng +7°n,, ;) — hu(n,)).

Now we establish error estimates for (R}!, R};"). For R}, thereis n € [0,t] C [0, T3] such that :
nd(t,x) — nl(0,x) = ton’(n, x) = 7220, (n, x).
Since function z —— ze~* is bounded for z > 0, from
o’ = —div(ndu?),

it follows from (5.4.8) that :

(ng(t, x) — nS(O,az))ugJ(z,x) = O(7?).
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Thus
Ry =0(7%).

Finally, for R]!, we have :
R, (n® + TinljJ) — h,(n2) = O(7?).

v

Then
R;VI = O(7).

From the previous discussions on the remainders, we obtain the following error estimates.
oy . . - N .
Proposition 5.4.2 For given smooth data, the remainders Rn’f and R;I satisfy

sup R4, <O swp R, < O, (5.4.15)

0<t<Ty 0<t<Ty

where C' > 0 s a constant independent of T.
The convergence result with initial layers can be stated as follows.

Theorem 5.4.1 Lets > 142 be a fived integer and (n,0,u,0) € H**(T) withn, g > constant > 0
in T. Suppose

H (7,0 — w0, Upy — Uuyg) ’ < 477, (5.4.16)

where Cy > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent
of T, such that as T — 0 we have T{ > T, and the solution (n],ul,d") to the periodic problem

(5.1.5)-(5.1.6) satisfies

sup ||(n] —nl . ul —u,)(t, )HS < Cy7?,

0<t<T S <
and
sup |[(¢7 — ¢L)(t, )|, < Cor?, Wt e[0,T]
0<t<Ty
Moreover,

r H 3
”uv Yzl L2015 (T)) < Gor”.

5.5 Justification of asymptotic expansions

5.5.1 Statement of the main result

In this section, we justify rigorously the asymptotic expansions of solutions (n],u],¢”) to the
periodic problem (5.1.5)-(5.1.6) constructed in section 3-4. We prove a more general convergence
result which implies both Theorems 5.3.1-5.4.1. As a consequence, we obtain the existence of

exact solutions (n7,ul, ¢”) in a time interval independent of 7. To justify rigorously the asymptotic
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expansions (5.3.15) and (5.4.12), it suffices to obtain the uniform estimates of the smooth solutions
to (5.1.5) with respect to the parameter 7.

Let (nl,ul,¢"), (hl,ul,¢") be the exact solution to (5.1.5) and (5.2.1) (respectively) with
initial data (n],u7), (h.(n] ), u] ) (respectively) and (n,-, U, ¢;) be an approximate periodic
solution defined on [0, 7}], with

(Mur unr) € C([0, ], H*(T)) N C*([0,T1], H*(T)),

¢, € C([0,T1], H*(T)) n C* ([0, T1], H*1(T)).

We define the remainders of the approximate solution by :

n

1
R} = 0m,;+ — div(n,  uy,-),
T

1 . " (5.5.1)
R}, = Oty + =(tpr - Vs + =V (hy(nr) + qu67) + —2-.
T T T
Suppose
— Apr =n7 — Ner, (5.5.2)
sup || (t,)|s < Ci,  sup |luy.(t, )]s < Ch, (5.5.3)
0<t<T) 0<t<T
H (nZO - nVﬂ'(Oa ')v UZ,O - UV,T(()? )) HS < 017—)\+1> (5'5'4)
sup [|R7,, (¢, -)[ls < G, sup || R], (¢, )|l < it (5.5.5)
0<t<T, 0<t<T

where A > 0 and ' > 0 are constants independent of 7.

Theorem 5.5.1 Let A\ > 0. Under the above assumptions , there exists a constant Cy > 0,
independent of T, and the solution (n],ul,¢") to the periodic problem (5.1.5)-(5.1.6) satisfies :

sup [|(n), =m0 — ung) ()|, < Cor™ (5.5.6)
0<t<T
and
sup ||(¢7 — ¢2)(t, )], < Com (5.5.7)
0<t<T
Moreover,
||u,§ - uVﬂTHLQ(O,TuHS(’]I‘)) < Gy,

It is clear that Theorem 5.5.1 implies Theorems 5.3.1-5.4.1. In particular, A\ = 2m + 1 with
m > 0 in section 3 and A = 1 in section 4. The next subsection is devoted to the proof of Theorem
5.5.1.

5.5.2 Proof of the main result

By proposition 5.1.1, the exact solution (n],u],¢") of system (5.1.5) is defined on a time interval
[0,77) with 77 > 0. Since n], € C([0,77), H*(T)) and the embedding from H*(T) to C(T)
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is continuous, we have n; € C ([O,Tf ) x T). From assumption n},, > x > 0, we deduce that
there exists a maximal existence time 77 € (0,77], independent of 7, where the symmetrizable
hyperbolic system (5.1.5) with initial data (5.1.6) has a unique H®-solution (n],u], ¢™) with values
(a,2b) x R™ x R. Since n}, € ([0,77), H*) has a positive lower bound, there are two positive
numbers x and Cj such that :

k<h,(n,) <2C, V(t,z)el0,T5] xT, v=e,i.

Similarly, the function ¢t — || (R, (n])(t,-),u" (¢, ))||s is continuous in C([0,77)). From (5.5.3),

v

the sequence (||(n}(0, ), u7(0, '>>||5)T>0 is bounded. Then there exists 77 € (0,77 ) and a constant,
still denoted by Cp, such that :

| (ho (n)(t, ), up(t, ) ||, < Co, VEE€ (0,T§], v=e,i. (5.5.8)

Thus the symmetrizable hyperbolic system (5.2.3) has a unique H®-solution (h7,u]) with values

v v

in (k,2C)) x R® = G. Thanks to Lemma 5.2.1, it suffices to prove the error estimate in Theorem
5.5.1 for t € [0,77 = min{73,77}). In this time interval, we denote by :

(HyTa Ulja q)T) - (hV,T - h:;, Uy, r — UZ;, ¢7‘ - ¢T)
= (hy(nyr) — hy(n)), tpr —ul, &r — P7). (5.5.9)

To this end, we set :

HT hy(n,-(0,.)) — hy(n], 0
W, = » Woo= (e 0,) o) . PL(W)) = 7
Ur ’ Uy (0,.) — uj -U7

) 0 [ W(n.)R;,
Py, (07) = , R = .
—q, VO I,

Obviously, the error W satisfies :

vy v

d
T 1 T T T 1 T 1 T T T
W + - ;_1 Ai(hT,ul)0,, W = ﬁFL,,(WV) + ;(FQ’V@ )+ F3,(W])) + R, (5.5.10)

where A; is given by (5.2.4), ®7 is linked by the Poisson equation :

AD™ = N7 — N7, (5.5.11)
and
: D,
Fy,, (W) = Z[Az{h; uy) = Ai(hurs )] (axluy77> .
i1 x; Yu,T
The initial condition of (5.5.10) is :
E=0 : W =W, (5.5.12)
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We remember that the system (5.5.10) is symmetrizable hyperbolic with symmetrizer :

Ao(hT) = diag(m, ]d).

The existence and uniqueness of smooth solutions to (5.1.5)-(5.1.6) is equivalent to that of
(5.5.10)-(5.5.12). Thus, using standard arguments, in order to show Theorem 5.5.1, it suffices to
establish uniform estimates of W, with respect to 7.

In what follows, we denote by C' > 0 various constants independent of 7, for o € N, W=
0w, F = 0gF; fori = 1,2,3 and R}, = 05 R]. etc. We differentiate the equation (5.5.10) with
respect to x for a multi-index « satisfying |o| < s to get :

vy v

d
1
oW’ - E A;(hT ul)0,, WT
t y,a+ T p ( u ) il vo

1

1
= SFLOVD) + —(F5(@7) + F5, (W) + FLL, (W) + Rl (5.5.13)
where,
d
Fy, (W) =Y (Ai(h, ul)0s, Wy, — 05 (Ai(h], u])0s, W),
=1

For the sake of clarity, we divide the following arguments into lemmas :

Lemma 5.5.1 Under the conditions of Theorem 5.5.1, we have

i(WT

2 2 coro
dt V,Oc?AO(hZ)Wl:OL) + _QHUlj,auz < _HUIZa”HFQD:VH + _/ ’ div uuHWu,a‘zdx (5514)
T T T JT

C
+ W UES N+ IFE) + 2(A5 R0 W)

v, v,a

where (-, -) is the inner product of L*(T), and C is a given generic constant depending only on the
range [k, 2Cy] of h7.

Proof. Since matrices A] = Ag(h]) and AJA;(h],u]) are symmetric, we multiply (5.5.13) by

v

A7 and taking the inner product of the resulting equations with W

v,
energy estimate for symmetrizable hyperbolic equations, we obtain :

by employing the classical

d

d T T T 1 T T T T
(W0 AW + — Zl (W) ATATW,)

2 T o T T 2 [ a T a T a T T
- ﬁ (AOFLV(WV )7 Wl/,a) + ; (AO [F2,V((I> ) + F3,V(WV) + F47V(WV )]7 Wl/,a)

+ (div Az (b, u )Wy,

W;y.) +2(A3R] . W, ), (5.5.15)

v,a?
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where div A, (h],u]) is given by :

v I/
v l/

div A, (h7,ul) = 9,A7 + Za (ATAT). (5.5.16)

Let us estimate each term of equations (5.5.15).

Recall from (5.2.4) that
Ag:diag( Sl 14).

It is obvious that :

2 T T T —2 T
ﬁ(AOFLV(WV )7 Wl/,a) = ?HUI/,QH2 (5517)
and 5 5
;(ASFQ(TV((DT)’W;a) < ;HU;QHHFQO:VH (5518)
On the other hand, since h], takes values in the compact [k, 2Cy], we get :
2 T (634 T T C T [e%
;(AOF?),I/(WV )7 Wy,a) < ?HWV,OLH ||F3,l/”' (5519)
Moreover, we use the relation in (5.2.4) and the h,-equation in (5.2.3) to compute :
1
div A, (h],up) = 8 Ao(h]) + = D s, (Ao(h]) Ai(h], u))
T3
1< 1<
/ T T T T
= (o) (h) (0uhy, + — ;( €)0nhy) + — ;&“( el) Ao(h])
diV uz; T T T
= T (Ao(h’u> - pV(hu)A6<hy))
Thus, we have :
C
(div A-(h, u) )W), W] ,) < ?/|divul||WJ’a|2dx. (5.5.20)
T

Finally, using the periodicity of the initial data, the second term of left side of the equation (5.5.15)
vanish, which finish the lemma. O

For the right-hand side of the inequality in Lemma 5.5.1 we have the following claim.

Lemma 5.5.2 Under the conditions of Theorem 5.5.1. Then, for T < 1, we have :

1 : T T T T
- [ Vi aZliwz, Pae < ST+ CLOIWE IR+ W),
2(ATRL 0 W) < s IUZ 12 + CIW |2 + Cr0s,
’ T

1 T [e3% € T T T
—NUZMES N < 2 NUZIE + Co(ETIES + N HE ).
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1 T Je! € T T T
_||W1/,a”||F3,V|| < _2||Ul/ ||§ + CE(HWV ||§ + ||Wy ||;1)7
T oT

1 €
WLl | < —

Here and hereafter, € denotes a small constant independent of T and C. > 0 denotes a constant
depending only on €.

IUZIS + C (WIS + IWITS).-

Proof. Recall that :
u, = Uy, — U, Uy, =0(7). (5.5.21)

d
Thus, for s > B + 1, we use the continuous embedding H*~(T) < L*(T) to obtain :
| divu| < Clldiv(uy,, —UJ)[ls—1 < CO|U]]s + 7).
Therefore,
1 : T T |2 1 T T2
— [ ldivu][[W7 Pde < C(1+ = [[U7[[) WIS
T JT T
E T T T
< F|IUVH§+CE(HWVH§+HWV|\§)~

Thus,
1 ) €
- [ Idiva Wz Pds < 1072+ CLIEIE + W) (5.5.22)
T

Using the expression of A, we have obviously :

2(AGR;, 0. Wi o) = 2((pu () H o by (n0 )0 RY) +2(U) 0, 02 RY).

v,

Together with (5.5.5) and the fact that the function h] take values in the compact set [k, 2C)] we
have the following estimate :

2(AFRE 0 Wia) < CEIWI 2+ S IUZ |2 + Cer®0+0), (5.5.23)

v,a

2
Next we estimate —||U; ||| Fs,||. Since
7— bl )

ol
1

ny(hl) —ny(hy,) = H,f/ n,(h,. —oH))do
0

and the convexity of [k, 2C;] gives :
hy.(t,x) —cH)(t,x) € [k, 2Co),

for all (t,z,0) € [0,77 = min{7Ty,T1}) x T x [0,1] and 7 > 0, it follows from Lemma 4.1.1 and
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(5.5.8) that :

1
1B = (b)) |l < CIHL o / i (hys — o HY)do

S

1

< CO|HI|w / I (b — o HD) | odo
1

< Il [ (14 e = o[ (5520)
0

< CIH o (1+ [HZ]2)

< ClH iy (1 + 1HII2).

In the last inequality we had used also the boundedness of ||h, - ||s.
From the Poisson equation (5.5.11), we have :

~AD] = 9ENT — OENT,

which implies that :
[VZI < (IN7lls + INZls)-

Thus, we deduce that :

Uz MEL < SIozINT L + V7))
< SIS Nulhor) = ma (D), )
< YUz MA e+ 1Z12)
< IUZ I+ C(IHD 2 + L 2).

1
Now we turn to estimate —|| W ||[|F5,|| with the help of the Lemma 4.1.1. From (5.2.4) we
7— b K

have :
Al — Ai(hy 7 uyr) = ((uzt : 61;) — (U - eg))]d-i-l + ((AS)_I - A(;1<hV,T))Oi~

Since C}M' = 0 as in (5.2.4) and
(A7)~ = Ayt (hr) = diag (pu(R]) — pu(Pur), 0),

it is clear that :

hl/,‘l’

ul/,T

((Az)—)il - Aal(hz/,T»Ci ( > = (pu(h;) - pl/(hl/,T))O<|uV,T’)'

We use the same fashion as that used for (5.5.24), we have :

v ) = BT e < I g (1 I ). (5.5.25)
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Thus, we use the Lemma 4.1.1, the boundedness of ||(h, -, 4, +)|ls+1 and (5.5.21), (5.5.25) to
conclude that :

d
HF?,OjuH < CZH( VTaUVT) H H( Uw)'€§|||a|
i=1
+CZHPV (hy) = po () 1 | O, () ||
< C||U5H|a| +CT(L+ [ HYDIH |s-

Thus, obviously we have :

1
“IWESL I < S IUZ 12+ C (WS 12 + W11 (5.5.26)
1 .
Finally, we estimate —H o IIEE, || Since we have :
d
By = 30 (- e @) = (] - )2 W7),)
i=1
d
+ 3 (A0 G0 W)a — (A7) C0 )., ),
i=1

due to the Lemma 4.1.1 and (5.5.8), F, can be bounded as :
17l < C Z (I - )l lD" 00 W + D% - )10 o

rey (I ((45) o) lacll D* 00, UZ | + 1D (- € 1102,U 1
=1

< Cllugls[W s + Csllon (RIS NT s
< C(m +NTZ I s + Co(L + IR IDNTT Il
< COs(r+ TSI s + Co(L + [ H I T |-
Thus, we have :
%IIWZQHIIFEVII < IO + C-(IWE I + W11 (5.5.27)
This completes the proof. O

Proof of Theorem 5.5.1.

Substituting the estimates in Lemma 5.5.2 into inequality in Lemma 5.5.1 yields :

d

at J

v,a

T T 1 T T T
Ao(hu)wu,a) + ﬁHUu,aHz < CTQ()\JFI) + C(HWV Hg + ||W1/ ‘|;1)
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Integrating this equation over (0,¢) € (0,77) C (0,7}), noting,

CHWIP < (W Ao(h) W) ,) < ClIWI*

and condition (5.5.4) for the initial data we obtain :

t
Wrall* + / 1074 (©)]?dg < CT7* ”l“rC/ (IO + I (E)I15) dé

0

Summing up the last inequality over all a satisfying |a| < s, we get :
W7+ [ @ik < onrte s vo [ wi@R + w6529
For t € [0,77], let
= C/Ot (W2 + W (©)]5)dg + CT .
Then it follows from (5.5.28) that :
WO <uo. % [ W@l <y, vee T (5.5.29)

and
y'(t) = C(IW; O+ W7 @0)5) < Cyt) +y°(1),
with
y(0) = CTy 70D,

Applying the nonlinear Gronwall-type inequality in Lemma 4.1.2 to the last inequality yields :
y(t) < CTyr? DT vt e [0,77).
Therefore, from (5.5.28) we obtain :

t
IWE@ < VD < o [ Uz ©IRds < (o) < or,
0

for any t € [0,77]. Thus gives the uniform estimate for (n],u7). The uniform estimate for ¢~

follows from the Poisson equation —A®™ = N7 — N]. By Lemma 5.2.1, we obtain 75 > T i.e
T7 =Ty. Then 77 > T;. This finishes the proof of Theorem 5.5.1. O
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Part 111

The zero-relaxation limits of Euler-Maxwell
systems






Chapter 6

Initial layers and zero-relaxation limits of
one-fluid Euler-Maxwell equations

Abstract. In this chapter we consider zero-relaxation limits for periodic smooth
solutions of Euler-Maxwell systems. For well-prepared initial data, we propose an
approximate solution based on a new asymptotic expansion up to any order. For
ill-prepared initial data, we construct initial layer corrections in an explicit way. In
both cases, the asymptotic expansions are valid in time intervals independent of the
relaxation time and their convergence is justified by establishing uniform energy

estimates.

6.1 Introduction

Euler-Maxwell equations appear in the modeling of plasmas under conditions on the frequency
collision of particles. One example is the modeling of ionospheric plasmas. For a magnetized
plasma composed of electrons and ions, let n. and u, (respectively, n; and u;) be the density and
velocity vector of the electrons (respectively, ions), F and B’ be respectively the electric field and
magnetic field. Theses variables are functions of a three-dimensional position vector € R? and
of the time ¢ > 0. The fields F and B’ are coupled to the electron density through the Maxwell
equations and act on electrons via the Lorentz force. In this chapter, we consider the periodic case
in a torus T = (R/Z)3.
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In vacuum, variables (n,,u,, F, B) satisfy a two-fluid Euler-Maxwell equations (see [0, 9, 68]) :

(Oyn, + div(n,u,) =0,

m, 0 (n,u,) +m, div(n,u, @ u,) + Vp,(n,) = qn,(E +u, x B') — m,,n,,u,,7

T (6.1.1)

<C:OatZ? - Malv x B' = _<q6neue + anzuz)a €o divE = QeNe + @iy,
| 0,B'+V xE=0, divB =0,

for v = e,i and (t,x) € (0,00) x T, where ® stands for the tensor product and p, = p,(n,) is
the pressure function which is sufficiently smooth and strictly increasing for n, > 0. In (6.1.1) the
physical parameters are the charges of the electron q. = —¢ and of the ion ¢; = ¢ > 0, the electron
mass m, > 0 and the ion mass m; > 0, the momentum relaxation times 7, > 0 and 7; > 0, and the
vacuum permittivity €9 > 0 and the vacuum permeability g > 0. Recall that the speed of light ¢
and the Debye length )\ are defined by

50KBT6> 1/2

1
= (cop0) "2, N —_(
¢ = (gopto) g

where K > 0 is the Boltzmann constant, T, > 0 is the temperature of the electron, and ng > 0
is the mean density of the plasma ([9], p. 350). Let us define

1

1/2

A=g" y= 12
e e

Then A > 0 is a scaled Debye length since it is proportional to \’. Remark that v — 0 as ¢ — oc.

Let us introduce a scaling for the magnetic field B’ = vB. Then the scaled two-fluid Euler-
Maxwell equations are written as :

(Oyn, + div(n,u,) =0,

mydi(nyu,) + my div(n,u, @ u,) + Vo, (n,) = gy (E +yu, x B) — =222

4 T (6.1.2)
’y)‘QatE - V X B = _’y(QEneue + Qiniui)7 )\2 leE = (eMe + qi"n;,

(10 B+V x E=0, divB=0, v=e,i.

For smooth solutions with n, > 0, the second equation of (6.1.2) is equivalent to

my, Oy, + my(u, - Vu, + Vh,(n,) = ¢.(E + qu, X B) — ml,u,,7 (6.1.3)

Tv

where - denotes the inner product of R? and the enthalpy function h, is defined by

hy(n,) = /1 ! mds, v =e,i. (6.1.4)

S

Since p, is sufficiently smooth and strictly increasing on (0, +00), so is h,,.

In the plasma when the ions are non-moving and become a uniform background with a given
stationary density, by letting n; = b, u; = 0 and deleting the Euler equations for ions, a one-fluid
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Euler-Maxwell model is formally derived. For simplifying the discussion, in the sequel we take
q = 1. Replacing (ne,u.) by (n,u), me by m and 7. by 7, the one-fluid Euler-Maxwell equations

read : )

om + div(nu) = 0,

mu
moyu +m(u-V)u+ Vh(n) = —FE —yux B — —,
S : ( ) ) ! T (6.1.5)
YNOE —V x B =vnu, MdivE =b—n,
| 10B+V xE=0, divB=0,
for (t,x) € (0,00) x T. It is complemented by periodic initial conditions :
t=0: (nu,E,B)=(nj,ul, Ej, Bf). (6.1.6)

The given function b depends only on x. This is compatible with system (6.1.5). Indeed, we have
om = —div(nu) = —0,(\*div E) = ;n — O;b,

which implies that 9;b = 0. Moreover, since we consider periodic smooth solutions, b is supposed
to be sufficiently smooth and periodic.

In (6.1.2) the physical parameters m,,, 7,, v and A? can be chosen independently of each other
according to physical situations. They are very small compared to the physical size of the other
quantities. Therefore, it is important to study the limits of system (6.1.2) or (6.1.5) as these pa-
rameters go to zero. The formal asymptotic limits of the two-fluid Euler-Maxwell equations (6.1.2)

have been investigated in [60]. In the one-fluid Euler-Maxwell equations (6.1.5), the non-relativistic
limit v — 0, the quasi-neutral limit A — 0 and the limit of their combination v = A — 0 have
been rigorously justified in [61], [03] and [62], respectively. The results show that these limits of

(6.1.5) are respectively a compressible Euler-Poisson system, an electron magnetohydrodynamics
system and incompressible Euler equations. The justifications are valid for smooth periodic so-
lutions in time intervals independent of the parameters v and A\. We mention also that in the
two-fluid Euler-Maxwell equations the non-relativistic limit can be justified in a similar way [73],
however, the justifications of the quasi-neutral limit and the combined limit v = A — 0 are still
open problems. For the kinetic version of the above limits in Vlasov-Maxwell equations, we refer
to [8] for the combined limit and to [7] for the non-relativistic limit.

Another interesting problems rely on the limit of the mass ratio between electrons and ions
in system (6.1.2). Since the electron mass is much smaller than the ion mass, for fixing the idea
we let m; = 1. Then we may consider the zero-electron mass limit m. — 0 and the combined
limit m, — 0 with 7., 7, — 0 in (6.1.2). The formal equations of limits can be easily derived
(see Appendix), however, the mathematical justification of these limits is a quite open problem.
We leave these problems for a future investigation. On this topic, we refer to [2| for a rigorous
justification of the electron mass limit in Euler-Poisson equations.

In what follows, we only consider the one-fluid Euler-Maxwell system (6.1.5), which is sym-
metrizable hyperbolic in the sense of Friedrichs [15]. Its local existence of smooth solutions is a
well-known result due to Kato [38]. The global existence and the long-time stability of smooth
solutions have been recently obtained in [(4] when the solutions are close to a constant equilibrium.
In a simplified one dimensional Euler-Maxwell system, the global existence of entropy solutions
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has been studied in [11] by the compensated compactness method.

In this chapter, we are interested in the zero-relaxation limit 7 — 0 of system (6.1.5) under
the conditions m = O(1), v = O(1) and A = O(1). We assume, throughout this chapter, that
m =~ = A = 1. The usual time scaling for studying the limit 7 — 0 is ¢ = 7¢. Since ¢ = 0 if and
only if # = 0, this change of scaling does not affect the initial condition (6.1.6). Rewriting still #
by t, system (6.1.5) becomes (see [60, 61])

( 1
om + —div(nu) = 0,
T

1 1
du+ —(u-Vyu+=-Vh(n) = —— - —— — —,

T T T T T (617)
GE—1vxB="" dvE—b—n

T T

1
AB+ -V xE=0, divB=0.
\ T

Remark that the time scaling t = 7¢ may reveal the long-time asymptotic behavior of solutions.
Indeed, t = t'77! = O(r7 ) for fixed ¢ > 0. Then for a fixed time 7T; > 0, a local-in-time
convergence for system (6.1.7) on the time interval [0, T}| means the convergence for system (6.1.5)
on a long-time interval [0, 7y7!]. On the other hand, as 7 — 0, a convergence error O(7") with
r > 0 implies a rate O(t~") of the long-time asymptotics (see (6.4.8) in Remark 6.4.2).

For m > 1, the authors of [(4| proposed an asymptotic expansion to (6.1.7) of the form :
(', E7 B =Y 7 (0!, ol B, BY).
=0

They established the convergence in Sobolev spaces of the solution (n™,u”, E™, B7) of (6.1.7) to
(n, ™, E™, B) with order O(7™) when the initial data are well-prepared and the initial error
has the same order. Here the well-prepared initial data mean that compatibility conditions hold.
Unfortunately, this result cannot deal with the case of ill-prepared data and the case m = 0 of the
well-prepared initial data in which the error disappears. The goal of this chapter is to improve the
above result in two directions.

First, we propose a different asymptotic expansion to (6.1.7) of the form :

(™ u™ E™ B) = ZTQj(nj,Tuj,Ej,TBj), (6.1.8)

j=0

where the first order profile (n°, u°, E°) satisfies a drift-diffusion system, as shown in [64]. The
motivation of this expansion is the following consideration. If we replace u by 7u and B by 75,
then system (6.1.7) becomes

o + div(nu) = 0,

?(u+ (u-V)u) + Vh(n) = —E — 7*u x B — u,
OE -V xB=nu, divkE=0b-—n,

0,B -V x E=0, divB =0,
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in which the only small parameter is 72. With expansion (6.1.8), for m > 0 we prove the conver-
gence of the solution (n™,u”, E™, B7) of (6.1.7) to (n™,u™, E™, B™) with a higher order O(72(m+1)
when the initial data are well-prepared and the initial error has the same order. This includes
the case m = 0. In the proof of the result, we have to treat the order of the remainder R3™ for
variable B. Indeed, there is a loss of one order for RZ™ in comparison with those for variables n,
v and E. This is overcome by introducing a correction term into E" so that the new remainder
for B becomes zero without changing the order of the other remainders.

Second, for ill-prepared initial data, the above convergence result is not valid because the
approximate solution cannot satisfy the prescribed initial conditions. In this case, we construct
initial layer corrections with exponential decay to zero and prove the convergence of the first order
asymptotic expansion. The analysis shows that there are no first order initial layers on variables
n, E and B. However, we have to consider the second order initial layer corrections to obtain the
desired order of remainders.

The zero-relaxation limit 7 — 0 in the Euler-Poisson system was extensively studied by many
authors. See [01, 36, 37, 34, 45, 44, 3 74, 27] and the references therein. Remark that the
Euler-Maxwell system and the Euler-Poisson system are essentially different due to the coupling
terms and to the difference between Poisson equation and Maxwell equations. Finally, assuming
T. = T; = T, so that the change of scaling of time is possible, the zero-relaxation limit 7 — 0 in the
two-fluid Euler-Maxwell system can be carried out in a similar way. Indeed, here the essential point
in the proof is that the equations for w, are dissipative. Then we may treat the energy estimates
of the Euler equations for both v = e,7 in a similar way to the one-fluid case. In Appendix, we
give a formal description of the zero-relaxation limit in the two-fluid Euler-Maxwell equations and
write down the limit equations. For avoiding the tedious calculations, the rigorous justification of
the limit is omitted.

Lemma 6.1.1 (See [01]) Let s > 0 be an integer and f € H*(T) and g € H*(T). Then problem
VxB=f divB=g, divf=0, m(g)=0 (6.1.9)

has a unique solution B € H*Y(T) in the class m(B) = 0, where
m(B) —/de.
T

Proposition 6.1.1 (Local existence of smooth solutions, see [78, 50]) Let s > 3 be an integer and
(nd,ud, Ef, Bf) € H*(T) with nj > K for some given constant k > 0, independent of 7. Then there
exist TT > 0 and a unique smooth solution (n”,u™, E™, BT) to the periodic problem (6.1.5)-(6.1.6)
defined in the time interval [0, T7), with (n",u”, E™, B) € C*((0, T7]; H**(T))NC ([0, T7]; H*(T)).

This chapter is organized as follows. In the next section, we derive asymptotic expansions of
solutions and state the convergence result to problem (6.1.6)-(6.1.7) in the case of well-prepared
initial data. In particular, we add a correction term to derive desired error estimates. In section 3
we consider the asymptotic expansions in the case of ill-prepared initial data by constructing initial
layer corrections which exponentially decay to zero. The justification of both the two asymptotic
expansions is given in the last section. For this purpose, we prove a more general convergence
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theorem which implies the convergence of both expansions. Finally, in Appendix, we consider the
formal derivation of the combined zero-electron mass and zero-relaxation limits.

6.2 Case of well-prepared initial data

6.2.1 Formal asymptotic expansions

In this section we consider the zero-relaxation limit 7 — 0 in problem (6.1.6)-(6.1.7) with well-
prepared initial data. Based on the discussion on the asymptotic expansion, we make the following
ansatz for both the approximate solution and its initial data :

(e, tr, Er, B,)(0,2) = > 7%(nj, Tu;, Bj, 7B;)(x), €T, (6.2.1)
=0
(e ur, Er, Br)(t x) = ZTZj(nj,Tuj, Bl B (t,z), t>0, €T, (6.2.2)
720

where (nj,u;, Ej, Bj);>0 are given sufficiently smooth data with ng > constant > 0 in T. The
validity of expansions (6.2.1)-(6.2.2) is discussed in section 4 (see Theorem 6.4.1).

Now let us determine the profiles (n?, v/, E7, B7) for all j > 0. Putting expression (6.2.2) into
system (6.1.7) and identifying the coefficients in powers of 7, we see that (n/,u’, E?, B7);>q are
solutions of the following systems :

om® + div(nu®) = 0,
Vh(n®) = —(E° +u°),

6.2.3
VxE'=0, divE’=b-n°, (6:2.3)
V x B® = 9,E° — n%u°, divB® =0,
and for j > 1,
( J
o’ + Z div (nkuj’k) =0,
k=0
j—1
('9tuj_1 + Z(Uk . V)Uj_l_k + V(h’(no)nj + hj_l ((nk)kgj_l))
k=0
(6.2.4)

7j—1
=—-F — g ub x BITTR
k=0

VxE =—-9,B ! divE = —n/,

j
V x B) = 0,F7 — anuj_k, div B’ =0,

\ k=0
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where h° = 0 and A/~ is a function depending only on (n*)<x<;_1 and is defined for j > 2 by

with
co=hn"), ca=0n"n' =00 +r (")), Vi>2.

In (6.2.3), equation V x E° = 0 implies the existence of a potential ¢° such that E° = —V¢°.
Then (n°, ¢°) solves a classical system of drift-diffusion equations :

On® — div (nV ) =
o OW( (h(n") = 7)) = t>0, z€T (6.2.5)
—A¢’ =b—n°,
with the initial condition :
n(0,7) =ng, x€T. (6.2.6)

The existence of smooth solutions to problem (6.2.5)-(6.2.6) can be easily established, at least
locally in time. The solution ¢° is unique in the class m(¢") = 0. See for instance [54]. Then
(u®, EY) are given by

= -V (h(n") = ¢), E®=-V¢". (6.2.7)

Since (n° u®, EY) are known, B° solves the linear system of curl-div equations of type (6.1.9) in
the class m(B%) = 0. More precisely, using V x E° = 0 and formula

V xV x BY=vVdivB® - AB°,

we obtain

AB =V x (n°°) inT and m(By) = 0.

From (6.2.7) and the fourth equation of system (6.2.3) we get the first order compatibility
conditions :

ug = —V (h(ng) — ¢), Eog=—Veo, By=B0,.), (6.2.8)

where ¢q is determined by

—Apg=b—ng inT and m(py) = 0. (6.2.9)

For j > 1, the profiles (n/, u’, E?, BY) are obtained by induction in j. Assume that (nk, ub, EF, Bk)
are smooth and have already been determined in previous steps. Equations for B are of curl-div
type and determine a unique smooth B’ in the class m(B’) = 0. Moreover, from div B/ = 0, we de-
duce the existence of a given vector ¢’ such that B/ = —V x 7. Then, equation Vx £ = —9, B!
n (6.2.4) becomes V x (E7 —9yp7~1) = 0. Tt follows that there is a potential function ¢/ such that

0<k<j—

BV = 9pp? ™t — V¢l (6.2.10)
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From (6.2.4) we also get

w = V(¢ - H(n j—hjfl(( k<i-1))
(atuﬂ 14 gy Z V)w 1k ok x Bi1- ’f)) (6.2.11)

k=0
Therefore, in the class m(¢/) = 0, (n?, ¢’) solves a linearized system of drift-diffusion equations :
O’ — div (n°V (K (n%)n? — ¢7)) + div (n’u°)
= (V5 0VF, 0.V, 0,0,VF, 02V )ockejor) + div(n®0? ™), >0, 2€T  (6.2.12)
A¢ =n? + Gy (divey’ ),
with the initial condition :
n’(0,z) =n;j(z), x€T, (6.2.13)

where f7 is a given smooth function and V* = (n* u* ¢*). Problem (6.2.12)-(6.2.13) is linear. It
admits a unique global smooth solution. Then (u/, E7) are given by (6.2.10)-(6.2.11). Thus, we
get the high-order compatibility conditions for j > 1 :

uj = V(¢;—h(no)n; — hj_l((”k)k<j 1))

(B g+ O+Z (ug - V) a1 x BIH0,) ) ), (6:214)

E; = 071(0,.) = Ve;, B;j=DB(0,.), (6.2.15)

where ¢; is determined by

Ag;j =n; + 0(divyy! =g in T and m(¢;) = 0. (6.2.16)
We conclude the above discussion with the following result.

Proposition 6.2.1 Let s > 3 be an integer. Assume (nj,u;, E;, B;) € H*T(T) for j > 0, with
ng > constant > 0 in T, and satisfy the compatibility conditions (6.2.8)-(6.2.9), and (6.2.14)-
(6.2.16) for j > 1. Then there exists a unique asymptotic expansion up to any order of the form
(6.2.2), i.e. there exist Ty > 0 and a unique smooth solution (n,u’, E7, B7);>q in the time interval
0, T1] of problems (6.2.5)-(6.2.7) and (6.2.10)-(6.2.13) for j > 1. Moreover, n® > constant > 0 in
0,71] x T and

(n,w, E7, B7) € C*(0,Ty; H*(T)) N C(0, Ty; H¥(T)), Vj>0.

In particular, the formal zero-relazation limit T — 0 of the Fuler-Mazwell system (6.1.7) is the
classical drift-diffusion system (6.2.5) and (6.2.7).
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6.2.2 Convergence results

Let m > 0 be a fixed integer. We denote by

(n™, u, E™, B™) = ZT2j(nj,TUj,Ej,TBj), (6.2.17)

T T
Jj=0

an approximate solution of order m, where (n/,u?, B/, B?)o<j<,, are constructed in the previous
subsection. From the construction of the approximate solution, for (¢,z) € [0,77] x T we have

div E™ = b —n™, div B™ = 0. (6.2.18)

We define the remainders R7™, R7™ and R™ and Rp™ by

( 1
on + = div(n'ul*) = R;™,
T

1 | Em wm umx BT
ol + = (- V)l + =Vh(nr) = — == — L _Lr 275 prom,
T T T T (6.2.19)

~ 1
OEm — ~V x B = "TIT 4 Ry,
T T

1 - -
OB+ -V x E™ = RE™.
T

\

It is clear that the convergence rate depends strongly on the order of the remainders with respect
to 7. Since the last equation in (6.2.19) is linear, for sufficiently smooth profiles (n’, u’, B, B7);>,

it is easy to see that
RE™ = r2"+19,B™. (6.2.20)

Moreover, a further computation gives

Ry = O(20m0), R = 0200 R = 02, (6:2:21)

In (6.2.20)-(6.2.21), there is a loss of one order for the remainders R7>™ and RZ™. For RT™
this loss will be recovered in the error estimate of convergence due to the dissipation term for w.
However, the situation is different for Rgm since the equation for B is not dissipative. A simple
way to remedy this is to introduce a correction term into E’Tn so that

EP = B 4 P VEM =N "G R 4 2 pre, (6.2.22)
=0

In view of (6.2.18)-(6.2.20), E™*! should be defined by
V x EM'=-9,B™, divE™ =0, m(E"") =0 (6.2.23)

so that the new remainder RZ™ of B satisfies

. 1
Ry 9,Bm + VX El'=0 (6.2.24)
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6.3. CASE OF ILL-PREPARED INITIAL DATA

and we still have
divE" =b—n)", divB!" =0. (6.2.25)

Since the correction term is of order O(72™*1) the orders of the remainders R7,™, R;™ and Ry"
are not changed. Moreover, the correction term does not affect assumption (6.2.28) below.

We conclude the above discussion with the following result.

Proposition 6.2.2 Let the assumptions of Proposition 6.2.1 hold. For all integers m > 0 and
s > 3 the remainders R™, RT'™, RE™ and RE™ satisfy (6.2.24) and

sup [[(Ry™, RE™)(t,)ls < Corm™ ™V, sup |RE™(t,-)[|s < Crr® (6.2.26)
0<t<T) 0<t<T)

where C,,, > 0 is a constant independent of T.
The main result of this section is stated as follows :

Theorem 6.2.1 Let m > 0 and s > 3 be any fized integers. Let the assumption of Proposition
6.2.1 hold. Suppose
divEj=b—nj, divBj=0 in T (6.2.27)

and

m
H(n&US,E&BS) - > 7 (nj, Ty, B, 7B;)
j=0

‘ < Cyr2m+n), (6.2.28)

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T{ > Ty and the solution (n”,u™, E™, BT) to the periodic problem
(6.1.6)-(6.1.7) satisfies

|(n7,u, E7, BT)(t) — (2", ul', EP, BI)(t)||, < Cor®™ ). Vit €[0,Th).

T T

Moreover,

T __ ., m 2m+3
H“ Uz HLQ(O,Tl;HS(’]I‘)) < Gt :

6.3 Case of ill-prepared initial data

6.3.1 Initial layer corrections

In Theorem 6.2.1, compatibility conditions are made on the initial data. These conditions means
that the initial profiles (u/, £, B?)(0,-) are determined through the resolution of the problems
(6.2.3)-(6.2.4) for (n?,u’, E7, B’). Then (uj, Ej, BY) cannot be given explicitly. If these conditions
are not satisfied, the phenomenon of initial layers occurs. In this section, we consider this situation
for so called ill-prepared initial data. We seek a simplest possible form of an asymptotic expansion
with initial layer corrections such that its remainders are at least of order O(7) for variable w.
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6.3. CASE OF ILL-PREPARED INITIAL DATA

Let the initial data of an approximate solution (n,,u., E;, B;) have an asymptotic expansion

of the form :
(nr, ur, ET’BT)|1‘,:O = (no, Tuo, Eo, 7By) + O(7?), (6.3.1)

where (ng, ug, Fo, By) are given smooth functions. Taking into account the expansion in the case
of well-prepared initial data, the simplest form of an asymptotic expansion including initial layer
corrections is
(s ur, Br, B (t,2) = (0 7u’, B° + 2B}, 7B (¢, 1) (6.3.2)
+ ((ng, Tu, By, 7By) + 7 (ng, Tug, E7, 7B)) (2,2) + O(7%),
where z = t/72 € R is the fast variable, the subscript I stands for the initial layer variables and
E! is the correction term defined by (6.2.23) with m = 0. As we will see below, this expansion

is enough to give the remainders at least of order O(7) for variable w, which is the case of well-
prepared initial data for m = 0.

Obviously, (n°,u®, E°, B?) still satisfies the drift-diffusion system (6.2.3). It remains to deter-
mine the initial-layer profiles (n%, 49, E9, BY) and (n},u}, E}, B}). Putting expression (6.3.2) into
system (6.1.7) and using (6.2.3), we obtain

0.nY =0, 0,EY=0, 0,BY+VxE)=0 (6.3.3)

and
d.uf +uf = 0. (6.3.4)

Equations (6.3.3) imply that there are no first order initial layers for variables n, £ and B. There-
fore, up to a constant for variable B, we may take

n"(0,7) = no(z), E°(0,2) = Ey(x) and B°(0,z) = By(x). (6.3.5)
Moreover, expressions (6.3.1) and (6.3.2) for u imply that
u?(0,2) + u%(0, ) = uo(x), (6.3.6)

which determines the initial value of u?, where u%(0,) is given by (6.2.8)-(6.2.9). Together with
(6.3.4), we obtain
u)(z,2) = uj(0,2)e* = (up(z) — u’(0,2))e . (6.3.7)

Similarly, the second order initial layers n} and E} satisfy

ul =0, (6.3.8)
d.nj(z,z) + div (n°(0, 2)uj(z, z)) = 0, (6.3.9)
0.E7(z,z) = n"(0,2)ul(z, x) (6.3.10)
and
0.B}(z,2) + V x Ef(z,7) = 0. (6.3.11)
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6.3. CASE OF ILL-PREPARED INITIAL DATA

Let (ny, E1, By) be smooth functions such that

Ey(z) = —n°(0, 2) (up(x) — u°(0,2))

and
ny =divE,, divB; =0.

Set
(n}v EIla B})(O, (ﬂ) = (nlv E1> Bl)(x)

Together with (6.3.7) and (6.3.9)-(6.3.12), it is easy to obtain
ni(z,z) =ni(z) — div (n(0, ) (uo(z) — u°(0,2))) (1 — e~7),
Ej(z,2) = —n"(0,z) (uo(z) — u’(0,z))e

and

Bi(z,x) = Bi(z) + V x [n%(0,2)(uo(z) — u’(0,z))] (1 — 7).
Finally, from (6.3.13) we have

divE; +n; =0, divB; =0.

(6.3.12)

(6.3.13)

(6.3.14)

(6.3.15)

(6.3.16)

(6.3.17)

Thus, the initial layer profiles (n?, 4%, EY, BY) and (n},u}, E}, B}) are completely determined by
(6.3.3), (6.3.7)-(6.3.8) and (6.3.14)-(6.3.16). They are smooth functions of (z,z) and bounded with

respect to z.

6.3.2 Convergence results
According to the asymptotic expansions above, set

neg(t,r) = n’(t,x) + m2n;(t/7%, x),
t

) =
uT[( ,l’)

( Ot z) + ub(t/72, :z:))
E.(t,z) = E°(t, ) + 7 (El(t x) + B (t/7% :1:))
B (t,x) =7(B°(t,z) + T° B (t/7%, 2)).

Then we have

t=0 : (nr,huT,I; Er1, BT,I) = (Tlo, TUo, E(),TBO) + 77 (nb 0, Ey + EX(0, '),7'31)-

Moreover, equations (6.2.3), (6.2.25) and (6.3.17) imply that

div ET,[ =b— nri, div BTJ = 0.

(6.3.18)

(6.3.19)

(6.3.20)
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6.3. CASE OF ILL-PREPARED INITIAL DATA

Define the remainders R7!, RZ!, Ry and RE' by

( 1
. I
o1+ - div(n ru-1) = R}’

1 1 E.r  u;; u.; X B; i
8tu771 -+ ;(UTJ . V)uﬂ[ + ;Vh(nﬂ) == ol ol ! + Ru’[,

T T (6.3.21)

1 Ny [Ur ] I
8tET,I — =V x BT,I = : — + RE‘ )
T T

1
OB+ -V x E.; = R}
\ T

Using equations (6.2.3), (6.2.23) for (n°,u°, E°, B®, E1) and (6.3.4), (6.3.9)-(6.3.11) for (u%,n}, E}, B}),
we obtain

R;’I = 0 (no + Tzn}) + div ((no + TQn})(uO + u?))
= O.ng + div(n'u)) + 72 div (np(u’ + u)))

= div ((n"(t,z) — n°(0,2))u)(z,2)) + 7> div (nj(u’ + u})),
Ry = 7(0,(u’ +u)) + (u’ +ud) - V(u’ + ud) + (v’ 4+ uf) x (B + 72B}))
1
+ ;(Vh(no +7°n}) + (E° + 7B} + T°E}) + (v’ + 1))

— %(Vh(n“) + E°+ %) + = (0.u) +uf) + %V(h(n0 + 7°n3) — h(n®))

N

+ (0 + (0 +uf) - V(4 uf) + (u° +u) x BY)
+7(E; + E)) + 7 (n" + np) x By

= 7(0u” + (W +u)) - V(u’ + 1)) + (u’ + uf) x B)

1
+ 7'(EI1 + Ecl) + ;V(h(no + TQn}) — h(no)) + 73(n0 + n}) X B},

Ry = O(E°+ 2B} + 72E}) — V x (B® + 72BY) — (n° + 72n}) (u® 4 uf)
— (&EO —Vx BY— nouo) + 8ZE} — nou(}
+ 72 (np(u’ +u)) + 6,E; — V x Bj)

= (n°(0,2) —n°(t,2))u)(z,2) + T*(np(u’ + u)) + O,E, — V x Bj)
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6.3. CASE OF ILL-PREPARED INITIAL DATA

and
1
Ry = 70,(B"+1°B])+ =V x (E°+ 7°E! + 7°E})
T

= SV B+ (2B +V x BY) + (0.8} + V x })
= 0.
Now we establish error estimates for (RZ!, R7', Ry’ RE"). For R7! and R}, there is n €
[0,¢] C [0,T7] such that
n'(t,z) —n°(0,2) = tom°(n, v) = 7220,n°(n, ).
Since function z —— ze™* is bounded for z > 0 and
om® = — div(n®u®)
it follows from (6.3.7) that
(n°(t,z) — n°(0,2))uf(z, ) = O(7?).

Then
R =0(r%) and RY =0O(7?).

Finally, for R7, we have
h(n® + 7n;) — h(n®) = O(7?).

Thus
RI = O(7).

From the previous discussions on the remainders, we obtain the following error estimates.

Proposition 6.3.1 Let s > 3 be an integer. For given smooth data, the remainders RT', RT,
R} and R satisfy

sup [[(Ry',RE')(t-)lls < €72 sup [[RPI(t,)], < O Ry’ =0, (6.3.22)

0<t<Ty 0<t<Ty

where C' > 0 s a constant independent of T.
The convergence result with initial layers can be stated as follows.

Theorem 6.3.1 Let s > 3 be a fized integer and (ng, ug, Ey, Bo) € H*(T) withng > constant > 0
i T. Suppose
divET =b—nl, divBi=0 in T (6.3.23)

and
H (ngﬂ U’ga E(7)—7 B(7)—) - (nOa TUQ, EOa TBO)

< Ci7?, (6.3.24)
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6.4. JUSTIFICATION OF ASYMPTOTIC EXPANSIONS

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T{ > T} and the solution (n",u™, E™, BT) to the periodic problem
(6.1.6)-(6.1.7) satisfies

|(n",u", E", B7) — (n° u,1, E°, B°)(t)||, < Co7?, Vit e[0,Th].

Moreover,

H“T - uTJHL2(o,T1;Hs(1r)) < ot

6.4 Justification of asymptotic expansions

6.4.1 Statement of the main result

In this section, we justify rigorously the asymptotic expansions of solutions (n”,u”, E™, BT) to the
periodic problem (6.1.6)-(6.1.7) developed in section 2-3. We prove a more general convergence
result which implies both Theorems 6.2.1-6.3.1. As a consequence, we obtain the existence of exact
solutions (n”,u”, E™, BT) in a time interval independent of 7. To justify rigorously the asymptotic
expansions (6.2.2) and (6.3.18), it suffices to obtain the uniform estimates of the smooth solutions
to (6.1.7) with respect to the parameter 7.

Let (n7,u™, E™, B7) be the exact solution to (6.1.7) with initial data (nj,ud, EJ, Bf) and
(n,,ur, E-, B;) be an approximate periodic solution defined on [0, 7}], with

(ny, ur, E-, By) € C([0, Ty], H*T(T)) n C*([0, T1], H*(T)).

We define the remainders of the approximate solution by

(

1
Ry = O, + —div(n,u,),
T
1 ]‘ ET T BT T
R = Oy, + = (ur - V), + —Vh(n,) + —= 4 220 U
T T T T T
- (6.4.1)
R, =0,FE, — -V x B, — ——,
-
1
5 =0B,4+-V x E..
\ T
Suppose
divE,=b—n,, divB,=0, (6.4.2)
sup ||<nT7ET7 BT)(tJ )Hs S Cl; sup HU’T(t7 )Hs S ClTa (643)
0<t<Ty 0<t<Ty
| (n§ = nr(0,-),uf — ur(0,-), 5 — E-(0,-), By — B-(0,-)) ||, < G177, (6.4.4)
sup [[(R, RE)(t, )]s < Cir™™, sup |Ri(t,)lls < Ci7*, RE =0, (6.4.5)
0<t<Ty 0<t<Th

where A > 0, 4 > 0 and 0 < a < 1 are constants independent of 7.
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Theorem 6.4.1 Let s > 3 be an integer, X > 0 and 0 < a < 1. Under the above assumptions,

there exists a constant Cy > 0, independent of T, such that as 7 — 0 we have T7 > T} and the
solution (n™,u”, E™, BT) of the periodic problem (6.1.6)-(6.1.7) satisfies

|(n™,u™, E™, BT)(t) = (nr,ur, Er, B) ()|, < Cor™®, Vi€ [0,Th]. (6.4.6)

Moreover,

T

< Oyriatt (6.4.7)

™ = el o 3oy <

Remark 6.4.1 [t is clear that Theorem 6.4.1 tmplies Theorems 6.2.1-6.3.1. In particular, A =
2m + 1, a =1 with m > 0 in section 2 and X\ = a = 1 in section 3, since

I(nr1, Brs Bra)(t) — (n°, E°, B) (1)l = O(7%),

uniformly with respect to t.

Remark 6.4.2 Theorem 6.4.1 holds in the scaled time variable t' = 7t. It can be written down
in the normal time variable t = t'/T. Precisely, since Theorem 6.4.1 is valid for t' € [0,T}], it
is valid for t € [0,Ty77], so that the periodic problem (6.1.5)-(6.1.6) admits a unique solution
(n7,ar, ET, B7) on a long-time interval [0, Ty7=Y] as 7 — 0. This solution satisfies

(a7, 4", E7,B7) € C([0, Tyr— Y], H¥(T)) N C*([0, Ty7~ Y], H~Y(T)).
With the notations of Theorem 6.4.1, we have
(", 4", E7,B7)(t,x) = (n",u”, E", B")(tt, x).
Then estimate (6.4.6) becomes
|7, @, E7, BT)(t) = (nr,ur, By, B)(7t)||, < Cor™™®, Vte[0,Tyir ). (6.4.8)

On the other hand, the change of variable t =t'/T gives

/01HuT(t’)—uT(t’)det/—T/o U @) — wn )| .

Hence, (6.4.7) implies that

Ty 1
/ @) — et |P i < Gyt (6.4.9)
0

6.4.2 Proof of the main result

By proposition 6.1.1, the exact solution (n™,u”, E7, B7) is defined in a time interval [0,77) with
T7 > 0. Since n” € C([0,77], H*(T)) and the embedding from H*(T) to C(T) is continuous, we
have n™ € C([0,77] x T). From (6.4.3)-(6.4.4) and assumption nj > x > 0, we deduce that there
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exist Ty € (0,77] and a constant Cy > 0, independent of 7, such that
g <n"(tx)<Cy V(taz)el0,T7] x T

Similarly, the function t +—— H(nT(t,-),uT(t,-),ET(t,-),BT(t,-))HS is continuous in C([0,73]).
From (6.4.3), the sequence (]|(n7(0,-)7u7(0,-),ET(O,-),BT(O,-))HS)T>O is bounded. Then there
exists T € (0,75 ] and a constant, still denoted by Cy, such that

| (n7(t, ), u™(t,-), E7(t,-), B7(t,"))||, < Co, Vte(0,T5].

Then we define 77 = min(77, 77 ) > 0 so that the exact solution and the approximate solution are
both defined in the time interval [0,77]. In this time interval, we denote by

(NT, U ,F",G")=(n" —n;,u" —u,, E" — E,,B" — B,). (6.4.10)

Obviously, (N7, U7, F7,G7) satisfies the following problem :

( 1 1
ONT + ~((U” + ;) - V)N 4+ (N7 4 ;) div U™

T

= —%(NT diVUT + (UT . V)nr) - Rz—za
U+ %((UT +u,) - VU + %h’(NT +n,) VN
1 v
= (U7 V)ur + (W(NT +07) = B (nr)) Vi, ] = 5

1 (6.4.11)
—~[F"+ (U +u;) x G"+U" x B,] — R,

;
1 1

OF — =V xG ==(NU 4+ Nu, +n,U") =Ry, divF =—N,
T T
1

0,GT+ -V x F" =0, divG™ =0,
T

t=0: (N,U,F,G")= (ng —n.(0,),uf —u-(0,-),
\ Ej — E-(0,-), Bf — B-(0,")).

Set

, ul nTet
Ai<n7—7u7—) = ) L= 172737
R (

nT)e; ulls

[Ep— —(U™-V)n, — N"divu, [y — 0
W(WF) = < —(U™-V)u, — (W(N7 +n;) — h'(n;))Vn, )7 V1) = ( )7
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0 R
H3(WT) = ) R = )
—FT— (U +u,) xGT=U" x B; Ry,

where (ey, 5, e3) is the canonical basis of R?, y; denotes the i component of y € R? and I; is the
3 x 3 unit matrix. Then system (6.4.11) for unknown W7 can be rewritten as

3
1 1 1
OWF +— > Al(n7,uT)0, W = ;(Hl(W]) + Hy(W7)) + EHQ(W]) — R (6.4.12)
=1

It is symmetrizable hyperbolic with symmetrizer

T, T\ _ (7’},7—)_1 0

which is a positive definite matrix when 0 < § <n” = N7 + n, < Cy. Moreover,
Al(n™ ™) = Al (") Al (", u7) = uT Al(n") + D;, (6.4.13)

is symmetric for all 1 < i < 3, where each D; is a constant matrix

0 e
ne(2 )

The existence and uniqueness of smooth solutions to (6.1.6)-(6.1.7) is equivalent to that of
(6.4.11). Thus, in order to prove Theorem 6.4.1, it suffices to establish uniform estimates of W7~
with respect to 7. In what follows, we denote by C' > 0 various constants independent of 7 and
for a € N3, (W7 ,W7,) = 0%(W],W];) etc. The main estimates are contained in the following
two lemmas for W} and W7y, respectively. We first consider the estimate for W7y .

Lemma 6.4.1 Under the assumptions of Theorem 6.4.1, for allt € (0,T7], as T — 0 we have

WF@NE+ 5 [ 0@z < [ (W@ + WO ds+ o0, 6y
Proof. For a € N? with |a| < s, differentiating equations (6.4.12) with respect to z yields
oOWT + = 23: Al(n™, u")0,, W7,
=
1 1
= —[O0H\(WT) + OF Hy(WT)] + 507 Ho(WT) — 07 R

3
> A7, u7)0, Wi, — 03 (Al (0", 070, W) (6.4.15)

=1

\Hl—'

_|_
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Multiplying (6.4.15) by Al(n™) and taking the inner product of the resulting equations with W7,
by employing the classical energy estimate for symmetrizable hyperbolic equations, we obtain

d 2

(AW, W) = = (Ag(n7)02 Ha(WT), W)
2 2

= (A [0\ (WT) + 0 Hs(WT)] W) + = (J2, W) (6.4.16)
+ (div AL(n", u")W],, WT,) = 2(A§(n")OSR™, W],),

where (-, -) is the inner product of L*(T),
ZAI )[02 (AL(n™,u™),, W) — Al (07, u") 0% (00 WT)]

and

div AL(n™,u") = 0,Al(n Z&EZAI n’,u’ (6.4.17)

Let us estimate each term of equations (6.4.16). First, a direct computation gives
— (A (n")ay Hy(WT), Wi,) = (W (n7))7'UZ, UZ) = CH|UZP (6.4.18)
On the other hand, since A}(n™) is a positive definite matrix, we get :
(Ao (n")Wio, W) = CHIW (6.4.19)
Moreover, we use the expression of H;(W7) to compute :
(A ()0 Hy (W7), WF,) = —(n7) N [(U" - V), + N” div ]
— (W(n")7'UL - 05 [(UT - V)ur + (W(NT +n;) — 1 (n.))Vn,].

By Lemma 4.1.1 and u, = O(7), we get

Q

2
= (AL (W), WE) < Z(INT U7+ 7 NI + 7 )
€ \ror i
< ST+ W (6.4.20)

Here and hereafter, ¢ denotes a small constant independent of 7 and C. > 0 denotes a constant
depending only on €.
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For the term containing Hs, we have
2 1 o T
= (A7)0 Hy(W7), W7,)

(W' (n")7'UL, 00 [F™ + (U +u,) x GT+ U x B;])

a)rx

2
T
< SR+ C. [ R + (U7 4 ) < &4 U B

6 T T T T
< SIUTIE+ C (W7 + N7 IEIGTIE)-

Therefore,

2 T (6% T T 8 T T T
= (A5)oR Hy(W™), W) < SIU7IE + Co(IW I + W7 ). (6.4.21)

Now we consider the estimate for the term containing J7. Let us first point out that a direct
application of Lemma 4.1.1 to J? does not yield the desired result. We have to develop the terms in
the summation of J7 to see the appearance of terms U™ or UT +u,. By the definition of Al (n™,u"),

we have
0% (Al (n7,uT)0p, WT) — Al (n",u") 05 (0, W])

0§((UT + UT)ZaIlNT) — (UT + UT)iagamNT
a 92 (W' (N7 +n,)0,N7e;) — W (N +n,)0%0,,Ne;

( O ((NT +1n);0p, U - €l) — (N7 +n,)000,,UT - et >
(U™ +ur)i0p,UT) — (U™ + u,);050,,U7
Then,
(Ap(nT) (D3 (A] (07, u")3y, W) — Aj (n”, u")05 (0, WT)), W)
= (n")7 oS (U™ + ur)i0n, N7) — (UT 4 u,);000,,NT| N,
+ (W) (U 4 un)i@n,UT) = (UT + uy),020,,U7 U7
+ (n") O (N7 +1n.);0,,U7 <€) — (N™ +1n;)050,UT - €f) N,
+ (W(n7)) [0 (W (N7 + 1:)0,, N7e;) — B (NT + )00y, N7e; ] UL
= Jy+ Jio + Jis + Jus.

Noting (6.4.3) for u, and applying Lemma 4.1.1 to each term on the right-hand side of the above

equation gives

9
[Jir + Jio| < O+ U)W < ~NU7IE + Cor (IWTIS + 1IW7IE),
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T T T € T T T
Jis + Jia| < CAFINTI)INTINUTNs < ~O7IE + Cer (WIS + 1IW7IE),

which imply that
2 T T € T T T
;(Jaa W) < ;”U 15+ Co(IWI + W) (6.4.22)

Using the expression of A}(n™), we have obviously,

—2(Ap(nM)OFRT, W) = =2((n") TN, 0FRy) — 2((W'(n") UL, OF RY).

Together with (6.4.5) and with 0 < a <1 yields

(AR W) < CIWT |2+ SO + CrH) 4 02000 (6.4.23)

< O+ SIUTIE + GO

T

Finally, for i = 1,2, 3, it follows from (6.4.13) and (6.4.17) that
13
: I 1 , T N T T TAL (T
div AL(n",u") = (A)) (n")om™ + - El O, [u] A (n7)]
N/ T T 1 T T 1 : T AL/ T
= (A)) (n") (0" + ;Vn -u”) + ;leU Ay(nT).

Using the first equation of (6.1.7), we deduce that

divu”

div AL(n™,u") = . [Al(nT) —n7 (Aé)/(nT)}.

Noting
<n"=N"+4+n,<Cy u =U +u;, u =O0(7),

[N

we obtain

| divu’ |l < C||div(UT 4+ ur)||s—1 S C|UT||s + 7).
Here in the last inequality we have used the continuous embedding H*~!(T) < L°°(T). Therefore,

1
| div AL(n",u")||s < C(1+ ;||UTHs)-
We conclude that

3 T T T T 6 T T T
(div AL (07w W7, WE) < SIU7I + Co (I 2 + 7). (6.4.24)

Thus, together with (6.4.16) and (6.4.19)-(6.4.24), we obtain, for all |a| < s,

d T T T K T 06 T T T a
LA WE) + SN < SEN07 2+ C (W1 + W) + s
Integrating this equation over (0,¢) with ¢t € (0,77) C (0,7}) and summing up over all |o| < s,
taking ¢ > 0 sufficiently small such that the term including ||U7||? can be controlled by the left-
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hand side, together with condition (6.4.4) for the initial data and noting (6.4.19), we get (6.4.14).
O

Now, let us establish the estimate for W7;.

Lemma 6.4.2 Under the assumptions of Theorem 6.4.1, for allt € (0,T7], as T — 0 we have

bl
IWE I < / (55107 @I+ CIW @2+ CIWT (@) de + C**D. (6.4.25)

Proof. For a multi-index o € N? with |a| < s, differentiating the third and fourth equations of
(6.4.11) with respect to x, we have

1 1

HFT — =V x G, ==02(N"U" + N"u, +n,U") — 0%RJ,
g T (6.4.26)

.G+ =V x FT =0,
T

where W, = (F1,Gr) = 92(F7,G7).

By the vector analysis formula :

div(fxg)=(Vxf)-g—(Vxg)-f,

the singular term appearing in Sobolev energy estimates vanishes, i.e,

1 1 1
/(——VXG;-F§+—VXF§-G;)dx:—/div(F;ng)dxzo.
T T T T

-
Hence, using v, = O(7) and (6.4.5), a standard energy estimate for (6.4.26) yields

d T 2 (67 T T (67 T (67 T T (67 T T
W7 |1? < F/T(WN U™)| + 182 (N7u.)| + 188 (n,UT)| )| Fg|da +/T|ax Bl [F]|de

1 T T T a
< ST+ (W72 + W) + O72eo). (6.4.27)

Integrating (6.4.27) over (0,t), with ¢t € (0,77), summing up over « satisfying |a| < s and using
(6.4.4) we obtain the Lemma. O

Proof of Theorem 6.4.1. Let 7 — 0 and € > 0 be sufficiently small. By Lemma 6.4.1 and
Lemma 6.4.2, for t € (0,77] we have

T 1 ! T ! T T a
WO+ 5 [ I @IRde<c [ (I @I+ W @I) d+ 0. (629

o) = O (W72 + W (©)11) de + 020
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Then it follows from (6.4.28) that

W@ < ple), / IR <o), Ve 0.1 (6.4.29)
and
y(1) = (I @I+ W @) < Cule) +52®),

with
y(0) = Cr2 ),

A straightforward computation yields
y(t) < Or2Ha)elt < O2Ata Oyt e [0, T7].

Therefore, from (6.4.29) we obtain

t
IWT(#)|ls < Vyt) < Crte, / 1UT ()2 < T2y(t) < OOt v e [0,T7).
0

In particular, this implies that W7 is bounded in L* (O,TT; HS(T)), sois (n",u",E™,B"). By a
standard argument on the time extension of smooth solutions, we obtain 73§ > T}, i.e. T7 = T}.
This finishes the proof of Theorem 6.4.1. O

Appendix. Formal derivation of combined limits

We give a formal derivation of the combined zero-relaxation and zero-electron mass limits in
system (6.1.2). For simplicity, let 7, = 7. = 7, ¢ = —¢. = 1, m; = 1 and A = v = 1. Then
there are only two parameters 7 and m, in (6.1.2). Similarly to the one-fluid equations, we make
the time scaling by replacing t by ¢/7. We replace also v by 7u. With this simplification, system
(6.1.2) is written as :

(O, n, + div(n,u,) =0, v =e,i,

m,T> (8tu,, + (uy - V)u,,) + Vh,(n,) = q.(FE + Tu, X B) — myu,,
1

atE - _v X B = neue — niuiy d]VE = In’i — n87 (6430)
T

1
OB+ -VxE=0, divB=0.
\ T

There are several situations of limits in view of the two parameters. First, the formal limit

95



6.4. JUSTIFICATION OF ASYMPTOTIC EXPANSIONS

equations in the zero-electron mass limit m, — 0 of (6.4.30) are

(O;yn, +div(n,u,) =0, v=e,i,
Vhe(ne) = —(E + Tu. X B),
(6.4.31)

1
8tE — -V x B= NelUe — MU, divE = n; — Ne,
T

1
O,B+-VxE=0, divB=0,
T

\

in which only the momentum equations for electrons are changed. Up to our knowledge this limit
system has not been analyzed mathematically. Furthermore, replacing B by 7B and letting 7 — 0
in (6.4.31), we obtain the limit equations

(Oyn, +div(n,u,) =0, v=e,i,
Vhe(ne) = Vo = —E,
Vhi(n;) = —u; — Vo, (6.4.32)
— A¢ = n; — ne,

| V X B =nu; —neu. — Ve, divB =0,

from which we deduce relations
Ne = h;1(¢>, U; = —V(hz(nz) + ¢), E = —V¢ (6433)

and a drift-diffusion type system

{ Oyn; — div (0 V (hi(ni) + ¢)) = 0, (6.4.34)

- A(b =N — h;1(¢)7

where h_ ! is the inverse function of h.. Hence, we may determine (n;, ) by (6.4.34) and (n, u;, E)
by (6.4.33). Note that when n, is given, the first equation in (6.4.32) for u,. is an incompressibility-
type condition, which is not sufficient to determine u.. The determination of wu. requires also
another equations which can be derived from a high order asymptotic expansion.

Second, in the zero-relaxation limit 7 — 0 of (6.4.30), still replacing B by 7B, we obtain the
classical drift-diffusion equations :

mudny, = div (n, ¥V (h(n) + 0,6) = 0, v =e,i, (6.4.35)
— A¢ = n; — ne,
together with
myu, = —(Vhy(n,) +¢.,V9), V= et E=-V¢, (6.4.36)
V X B = nju; — neue — Ve, divB =0,

Taking the zero-electron mass limit m, — 0 in (6.4.35)-(6.4.36) we still obtain (6.4.32), which is
also the combined limit system (6.4.30) as (m.,7) — 0. Therefore, the three limits m, — 0 then
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7 — 0,7 — 0 then m, — 0 and (m,, 7) — 0 are formally commutative.

Another interesting limit is m = m; = m, — 0 and m7? = 1. Hence, 7 — +o00. Replace B by
B/, the limit m — 0 and m7% = 1 in (6.4.30) gives equations

Orn, +div(ny,u,) =0, v=e,i,
Oy, + (uy - V)u, + Vh,(n,) = q.(E + Tu, X B),
OE = nou, — nju;, divE =n; — ne,

OB+V xE=0, divB=0.

(6.4.37)

This is still a symmetrizable hyperbolic system for (n,,u,), v = e,i, coupled to a degenerate
Maxwell system. Therefore, it is hopeful to prove a result on the local-in-time smooth solutions
to (6.4.37). However, the justification of the limit is also an unsolved problem.
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Chapter 7

Initial layers and zero-relaxation limits of
two-fluid Euler-Maxwell equations

Abstract : In this chapter we consider zero-relaxation limits for periodic problems
of the two-fluid compressible Euler-Maxwell equations arising in the modeling of
magnetized plasmas. These equations are symmetrizable hyperbolic in the sense of
Friedrichs. For well-prepared initial data, we construct an approximate solution of
the two-fluid compressible Euler-Maxwell equations by an asymptotic expansion up
to any order. For ill-prepared initial data, an asymptotic expansion up to order 1
of the relaxation limit is constructed by taking into account the initial layers. In
both cases, the asymptotic expansions are valid in a time interval independent of
the relaxation time and their convergence is justified by establishing uniform energy

estimates.

7.1 Introduction

We consider a plasma consisting of electrons of charge ¢ = —1 and a single species of ions of
charge ¢; = 1. Denoting by n., u. (respectively, ions) and by E, B the scaled electric field and
magnetic field. They are functions of a three-dimensional position vector z € T and of the time

t > 0, where T = (R/ Z)3 is the torus. The fields E and B are coupled to the particles through
the Maxwell equations and act on the particles via the Lorentz force. The variables satisfy the
scaled Euler-Maxwell system (see chapter 6 and [0, 9, 68]) :

(Oyn, + div(n,u,) =0,

MmO (nyu,) + my, div(nu, ® w,) + Vp,(n,) = gn, (E + yu, x B) — 20
T (7.1.1)

YNOE —V x B = —y(qenote + gniug), N div E = n; — n,,
(70, B+V xE=0, divB=0, v=e,ri,
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for v =e,i and (¢t,z) € (0,00) x T, where ® stands for the tensor product and p, = p,(n,) is the
pressure function. this system is complemented by initial conditions for the variables n,, u,, E
and B, which are periodic in z.

In the system (7.1.1), n; — n. = ¢;n; + gene and ¢n;u; + geneu, stand for the free charge and
current densities and n, (E +~yu, X B) is the Lorentz force for the particle. The two first equations
of (7.1.1) are the mass and momentum balance laws, while the two last equations of (7.1.1) are
the Maxwell equations. Here the energy equations are replaced by the state equations of pressures
P = pu(n,) (v = e, i) which are supposed to be smooth and strictly increasing for n, > 0. Usually,
they are of the form :

po(ny) =d’n), v=e,i.

vty

where v/ > 1 and a, > 0 are constants. In this chapter we consider smooth periodic solutions to
the Euler-Maxwell system (7.1.1). Then for smooth solutions with n, > 0, the second equation of
(7.1.1) is equivalent to

myu,

my, Oty + my,(uy, - V)u, + Vhy,(n,) = ¢, (E + yu, x B) — V=e i, (7.1.2)

where - denotes the inner product of R? and h, is the enthalpy function defined by :

hy, (1) :/1 Mds, v =e,i. (7.1.3)

S

Since p, is strictly increasing on (0, 4+00), so is h,,.

The dimensionless parameters 7, A > 0 and v > 0 can be chosen independently on each other,
according to the desired scaling. Physically, 7,, stands for the momentum relaxation time, A stands
for the scaled Debye length and + can be chosen to be proportional %, where ¢ = (50u0)’% is
the speed of light, with ey, o being the vacuum permittivity and permeability, m. > 0 being
the electron mass and m; > 0 being the ion mass. These parameters are small compared to the
physical size of the known variables. Thus, regarding 7,, 7, A and m, as singular perturbation
parameters, we can study the limits in the system (7.1.1) as these parameters tend to zero. The
limit A — 0 leads to n, = n;, which is the quasi-neutrality of the plasma. Hence, A — 0 is called the
quasi-neutral limit. Also, 7, — 0 and v — 0 are physically called the zero-relaxation limit and the
non-relativistic limit, respectively. For the other physical meaning of the dimensionless parameters
A and v, we refer to 3] for a similar choice of the scaling in the Vlasov-Maxwell equations.

The first mathematical study of the one-fluid Euler-Maxwell equations is due to Chen et al [11],
where the global existence of weak solutions in one-dimensional case is established by the fractional
step Godunov scheme together with a compensated compactness argument. Paper [11] exhibits
also some applications of the model (7.1.1) in the semiconductor theory. Since then a few progress
have been made. In [01, 03], we justify the non-relativistic limit v — 0 and the quasi-neutral
limit A — 0 in multi-dimensional case. The results show that the limit v — 0 is the (one-fluid)
compressible Euler-Poisson system and the limit A — 0 is the electron magnetohydrodynamics
equations. Furthermore, we prove also that the combined non-relativistic and quasi-neutral limit
v = A? is the (one-fluid) incompressible Euler equations [62]. The justification of these limits is
rigorous for smooth periodic solutions in time intervals independent of the parameters v and A.

In this chapter, we are interested in the zero-relaxation limit 7, — 0 of system (7.1.1) under
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the conditions v = O(1), m, = O(1) and A = O(1). We assume, throughout this chapter, that
v =X =m, = 1. For simplifying the notations, we assume that 7, = 7, = 7. The usual time
scaling for studying the limit 7 — 0 is t = 7€. Rewriting still £ by ¢, system (7.1.1) becomes (see
[60, 64])

ony, + %div(n,,u,,) =0,

Uy
)
7—2

1 1
o, + ;(ul, -V)u, + ;Vh,,(n )= . (E +u, X B)

1 1
OHE — =V x B = —(nau, —nw), divE=n; —n,,
T T

v=e,i (7.1.4)

1
OB+ -V xE=0, divB=0.
T

\

Since t = 0 if and only if £ = 0, system (7.1.4) is complemented by periodic initial conditions :

t=0: (n,w,E B)=(nlyu, Ef,Bj), v=ei. (7.1.5)

The Euler-Maxwell system (7.1.4) is nonlinear and symmetrizable hyperbolic for n, > 0 in the
sense of Friedrichs. Then, according to the result of Kato [38], the Cauchy problem or the periodic
problem (7.1.4)-(7.1.5) has a unique local smooth solution when the initial data are smooth.

In this chapter, we propose an asymptotic expansion to system (7.1.4) under the form of a
power series in 7. From momentum equations for v it is easy to see that the leading terms in
u], should be to zero. For convenience if we replace u, by 7u, and B by 7B, then system (7.1.4)
becomes :

o, + dlv( ) 0,

T (@uu )+Vh n, —q,,(E+quB)
OFE —V x B = Ny — Niu;, divE = n; — n,,
0,B—-VxE=0, divB=0,

in which the only small parameter is 72. This suggests that the asymptotic expansion as the form :
m
(nyt,uy, BT, B) ZTQJ (n?,tul, B, 7B7), v =e,i.
7=0

With this expansion for m > 0 we prove the convergence of the solution (n],u], E™, B7) of (7.1.4)
to (n),u,, BT, BY") with order O(7™*') when the initial data are well-prepared and the initial
error has the same order. This includes the case m = 0. In the proof of the result, we have to
treat the order of the remainder R™ for variable B. Indeed, there is a loss of one order for R;™
comparing to variables n,, u, and E. This is overcome by introducing a correction term into E™
so that the new remainder for B becomes zero without changing the order of the other remainders.
For ill-prepared initial data, the above convergence result is not valid because the approximate
solution cannot satisfy the prescribed initial conditions. In this case, we construct initial layer
corrections with exponential decay to zero and prove the convergence of the first order asymptotic
expansion. The analysis shows that there are no first order initial layers on variables n,, £ and B.
However, it is necessary to consider the second order initial layer corrections to obtain the desired
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order of remainders.

This chapter is organized as follows. In the next section, we summarize some basic properties
of our system. In particular, we point out that our system admits a strict convex energy and
is written in the form of a symmetric hyperbolic system. In section 3, we derive asymptotic
expansions of solutions and state the convergence result to problem (7.1.4)-(7.1.5) in the case of
well-prepared initial data. In section 4 we study the initial layers in the case of ill-prepared initial
data. We construct the initial layer corrections which exponentially decay to zero and state the
convergence result. The justification of both two asymptotic expansions is given in the last section.
The justification is given by using another symmetrizer different from that used in chapter 6. For
this purpose, we prove a more general convergence theorem which implies those in both cases of
well-prepared initial data and ill-prepared initial data.

Proposition 7.1.1 (Local ezistence of smooth solutions, see [35, 50]) Let s > 2 be an integer

and (n],o,uy o, E5, By) € H*(T) with nj,, > x for some given constant k > 0, independent of 7.
Then there exist T] > 0 and a unique smooth solution (n],ul, E™, BT) to the periodic problem
(7.1.4)-(7.1.5) defined in the time interval [0,17), with (n},u}, E™,B7) € C*([0,17); H**(T)) N
C([0,77); H*(T)).

7.2 Basic properties of the system

We review some basic properties of the system (7.1.4), which will be used in the proof of our main
theorem. First, it is well known that the constraint equations :

divE =n; —n,, divB=0 (7.2.1)

are compatible with the another equations in (7.1.1). They hold for ¢ > 0 if and only if the
prescribed initial data satisfy (7.2.1) i.e :

div Eo ="N4;0 — Ne,0, div BO = 0. (722)
Second, we remark that our system (7.1.4) admits the following energy balance law :

1 1 .
{ V;invgu " §(|E|2 " |B|2)}t + T ,g;idlv (&, + py(m)u)
1. 1
+- div(E x B) + - Z ol |? = 0, -

v=e,i

where the function &, = &,(n,,u,) is defined as :

1 v
E(ny,u,) = 5]u,,|2 + ®,(n,), d,(n,) = / ]Ln)dn, v =e,i.

772
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Note that we do not use (7.2.1) in deriving (7.2.3). It is easy to see that the total energy
H = Z n,E, + (|E|* + |BJ|*)/2 is a strictly convex function of the conserved quantities 0, :=

(n,, n,,u,,: E, B); for a similar convexity property of the total energy, we refer to [10, 39]. This
total energy can be regarded as a mathematical entropy defined in [11] for symmetric hyperbolic
systems with dissipation (cf. [28, 75]). Also, the potential energy ®,(n,) can be regarded as a
strictly convex function of v, := 1/n,, so that &, is also a strictly convex function of (v, u,).

Finally, we can rewrite (7.1.4) in the form :
= 1
0 j T _ _ .
A (wy,) 0w, + - Zl Al (wy) 0y wy, + EL (w,)w, =0, v=e,i, (7.2.4)
‘]:

where w, = (n,,u,, F, B)" and the coefficient matrices are given explicitly as :

hl,(n,) 0
1 - I+ q,m Tq, 1
Ay(w,) = I ’ Lr(wy) = (nu -n 5) O ’

1 O

he,(n) (uy - &) by, (na,)€

ZAj(wy)gj — nyhy, ()€ (uy - §)I 0 o

Qe O

Here I and O denotes the 3 x 3 identity matrix and zero matrix, respectively, & = (&1, &, &3) € R3,
and () is the skew-symmetric matrix defined by :

0 =& &
Q§ = 53 0 _gl )
& & 0

for £ = (£1,&,&) € R?, so that we have Q¢E' = (£ x E)' (as a column vector in R?) for £ =
(Ey1, By, E3) € R®. Tt should be noted that (7.2.4) is a symmetric hyperbolic system because
A%(w,) is real symmetric and positive definite and A?(w,), j = 1,2, 3, are real symmetric. Also,
the matrix L™ (w,) is nonnegative definite, so that it is regarded as a dissipation matrix.

7.3 Case of well-prepared initial data

7.3.1 Formal asymptotic expansions

In this section we consider the limit 7 — 0 in problem (7.1.4)-(7.1.5) with well-prepared initial
data. Based on the discussion on the asymptotic expansion, we make the following ansatz for both
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the approximate solution and its initial data :

<nV,T7ul/,T7ETJBT)<O7:C> = Zsz(nu,jvTuu,jijaTBj)(x)a T e Ta V= eai7 (731)
Jj=0
(e e, Br, Br)(t ) = Y 7% (), ru), B9 7B7)(t,x), t>0, €T, v=ei, (7.3.2)
7>0

where (n,;,u,;, Ej, Bj);>0 are given sufficiently smooth data with n, o > constant > 0 in T.

Now it needs to determine the profiles (nl, !, £/, BY) for all j > 0. Substituting expansion

v v

(7.3.2) into system (7.1.4), we obtain a series of equations verified by the profiles (nf, u/, E?, B7) ;.

v v

1. The leading profiles (n2, u%, EY, BY) satisfy the following system :

(0,0 + div(nlul) = 0,

Vh,(nl) =q,E° —u,

V x E° =0, divE®=n?—n?,

| V x B = 0,E° 4+ nju) —ndu, divB° =0,

e’e?

v=e,i, (7.3.3)

Equation V x E° = 0 implies the existence of a potential ¢° such that E° = —V¢". Then
(n2,n?, #°) satisfies the classical drift-diffusion equations :

om? — div (n9V (h,(n%) + ¢,¢°)) =0
t (v (B () ) t>0, z€T (7.3.4)
—Ap?=nd —nd v=ei,
with the initial conditions :
nd(0,z) =n,y, €T, v=e,i. (7.3.5)

For smooth initial data n, satisfying nyo > 0 in T, the periodic problem (7.3.4)-(7.3.5) has
a unique smooth solution (n?, nY, ¢°) in the class m(gbo) = 0, defined in a time interval [0, 7]
with 7} > 0. The solution satisfies n, > 0 and n; > 0 in [0, 73] x T. Then (u2, E°) are given
by :

uy ==V (h,(n)) + ¢.¢°), E°=-V¢’, v=e,i. (7.3.6)

Since (nY, 4%, E°) are known, B solves the linear system of curl-div equations of type (6.1.9)in

v v

the class m(B%) = 0. More precisely, using V x E° = 0 and formula :
V x (V x B) = VdivB® — AB,

we obtain :

AB =V x (n2u? —ndu)) inT and m(B°) =0.

6

This implies that the initial data (u,,o, Ey, By) are not arbitrary. They should be given in
terms of n, . Precisely :

U0 ==V (hy(nu0) + @ud0), Eo=—V¢o, Bo=B"0,.), v=e,i, (7.3.7)
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where ¢ is determined by :
— A¢0 = MNi0 — Ne,o inT and m((b()) = 0. (738)

Thus we need compatibility type conditions (7.3.7)-(7.3.8) for the initial data of the leading
terms (nY,uY, E°, BY).

v 1284

. For any j > 1, the profiles (n?,u/, E7, B’) are obtained by induction. Assume that (n®, u* E* B¥)<;.<

vy v vy v

are smooth and already determined in previous steps.
Then (nd,u), 7, B?) satisfy the linear system :

(
Omd, + div (ndud, + niul) Zdlv niul "),
emw1+§: V)ul 4+ (h (nQ)nd + B (n)kej1)
< ' j—1 . A V= 6’ 7,-, (739)
= (B + ) juy x B —
k=0 .
V x BT = —GtBj_l, div BV = n — nJ,
V x Bi = 8tEJ+Zn F—nkd™h), divB’ =0,

\
where h° = 0 and k77! is a function depending only on (n*)<x<;_1 and is defined for j > 2
by :

hl,<27'jn{,) = h,(n%) + K. (n ZTJnJ—i-ZTJhJ 1 k<] 1)
>0 j>1 j>2

Equations for B’ in (7.3.9) are of curl-div type and determine a unique smooth B’ in the
class m(B?) = 0. Moreover, from div B’ = 0, we deduce the existence of a given vector
Y’ such that B/ = —V x ¢7. Then, the equation V x E/ = —9,B7~! in (7.3.9) becomes
V x (B9 — 9pp?=1) = 0. Tt follows that there is a potential function ¢’ such that :

El =09 ' — V¢, (7.3.10)
Therefore, in the class m(¢/) = 0, (n, ¢’) solve a linearized drift-diffusion system :
Ond, — div [ndV (h),(n)nd, + q,¢7) — ndul]

= fI((VE,oVEF, 0,VE, 0,0,VF, 02VF)ock<jor), t>0, €T, v=ei, (7.3.11)

vI)Yxr v

—A¢I =n! —ni — 9,(divepi—),
together with the initial conditions :

n?(0,2) =n,;(x), €T, v=ei. (7.3.12)
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7.3. CASE OF WELL-PREPARED INITIAL DATA

Finally, E’ is given by (7.3.10) and
w o= q (0 + uk xBJ'*Hf) — V(¢ + ki, (np)nd, + BN (nE) k<o)

(a W 1+Z V)it k) (7.3.13)

where f7 is a given smooth function and V¥ = (nk u* ¢*). Problem (7.3.11)-(7.3.12) is
linear. It admits a unique global smooth solution. Thus, we get the high-order compatibility
conditions for j > 1:

g = =V (@ + b (o) + hj_l((”uk)k<j—1)>

+ql,<8tw] Mg+ uww X BT )

-1

<.

- (atug*1|t:0 + 5 (e - Vo1 (7.3.14)
k=0
E; =0p71(0,.) = Ve,;, Bj=DB(0,.), (7.3.15)
where ¢; is determined by :
—A¢pj=n;;—n.; inT and m(¢;) =0. (7.3.16)

Proposition 7.3.1 Assume that the initial data (n, j,w,;, E;, B;)j>o are sufficiently smooth for
j € N, with n,o > constant > 0 in T, and satisfy the compatibility conditions (7.3.7)-(7.3.8) and
(7.8.14)-(7.3.16) for j > 1. Then there exists a unique asymptotic expansion up to any order
of the form (7.3.2), i.e. there exist Ty > 0 and a unique smooth solution (nd,ul, E7, B?);sq in
the time interval [0,T1] of problems (7.3.4)-(7.3.6) and (7.3.10)-(7.3.13) for j > 1. Moreover,
nd > constant > 0 in [0,T1] x T. In particular, the formal zero-relazation limit 7 — O of the

two-fluid Euler-Mazwell system (7.1.4) is the classical drift-diffusion system (7.5.4) and (7.5.6).

7.3.2 Convergence results

Let m > 0 be a fixed integer. We denote by :

(nyu VT,Em BM) = ZTQj(ni,Tui,Ej,TBj), v=e,i, (7.3.17)
=0

an approximate solution of order m, where (nf,u’, B, B?)o<j<m are constructed in the previous

v v

subsection. From the construction of the approximate solution, for (¢,x) € [0,73] x T we have :

div E™ = n™ —n™  div B™ = 0. (7.3.18)

@7 e,
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We define the remainders R}™, R7™ and Rp™ and Ry™ by :

( L. :
oy’ + - div(n’ u)l) = R)™, v =e,i,

m 1 m m 1 m E;r_n Uy’ Uy X B;n .m
atuy,T + _(ul/,T ) v)ulI,T + _VhV(nV,T) =qv - é +q— + Ru; )
T T T T (7.3.19)
atE;'n — -V X BZFTL = _(ngnﬂ'u:;’ - n?LTu?LT) + Rgma
T T 7 T

1 ~ ~
| OB + =V x B = Ry
T

It is clear that the convergence rate depends strongly on the order of the remainders with respect
to 7. Since the last equation in (7.3.19) is linear, for sufficiently smooth profiles (nf, ul, E?, B7) >,
it is easy to see that :

RE™ = 7*™H19,B™. (7.3.20)

Moreover, a further computation gives :
Ry™ = 0(72(m+1))7 RE™ = 0(7_2(m+1))’ RI™ = O(T2m+1). (7.3.21)

In (7.3.20)-(7.3.21), there is a loss of one order for the remainders R;™ and R3™. For R7™ this loss
will be recovered in the error estimate of convergence due to the dissipation term for u,. However,
the situation is different for Rgm since the equation for B is linear. A simple way to remedy this
is to introduce a correction term into E™ so that :

EP = EP 4+ 72 TVEM = N “p ¥ I 4 2D gt (7.3.22)
=0
In view of (7.3.18)-(7.3.20), E™*! should be defined by :
Vx EMt=—-9,B™, divE" =0, m(E™") =0, (7.3.23)

so that the new remainder R;™ of B satisfies :
e 1
Ry 0B+ -V x E™ =0 (7.3.24)
T

and we still have

divE]" =n;" —nl", divB! =0. (7.3.25)
Since the correction term is of order 0(72(m+1)), the orders of the remainders R}, R}™ and Rp™
are not changed. Moreover, the correction term does not affect on assumption (7.3.28) below.

We conclude the above discussion as follows.

Proposition 7.3.2 Under the assumption of Proposition 7.3.1, for all integer m > 0, the remain-
der RG™ satisfies (7.3.24) and the remainders R;™, RT™, Ry™ satisfy :

sup ||(RL™, RE™)(t,)||s < Cum®™ ) sup ||RI™(t, )]s < Cpum®™ (7.3.26)
0<t<Ty 0<t<Ty
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where C,, > 0 is a constant independent of T.

The convergence result of this section is stated as follows of which the proof is given in section
5.

Theorem 7.3.1 Let m > 0 and s > g be any fized integers. Let the assumption of Proposition
7.8.1 hold. Suppose

div By =njq—nl,, divBy =0 in T, (7.3.27)
and
H (nZ,Oa u;07 E(7)—7 B(7)—> B Z 4 (nlajv TUy,j, Ejv TBj) < 017_2(m+1)’ v=e,1, (7328)
=0 °

where Cy > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of

T, such that as T — 0 we have T{ > T\ and the solution (n],u], E™, BT) to the periodic problem

(7.1.4)-(7.1.5) satisfies :
|(n, u), ET, BT)(t) — (nj ., B

v, Yoo Hr o

B’Tn)(t)Hs < Cor? ™MD Yt e [0,Ty], v=e,i.

Moreover,

2m—+3
L2(0,T1:H5(T)) < Cor ;

T m — y
||ul, — Uy, v=e,l.

7.4 Case of ill-prepared initial data

7.4.1 Initial layer corrections

In the discussion of the limit in section 3, the compatibility conditions are made on the initial
data. These conditions means that the initial profiles (u/,, £/, B7)(0, -) are determined through the
resolution of the problems (7.3.3), (7.3.9) for (n},u, E?, B7). Then (u],, Ej, Bj) cannot be given
explicitly. In this section, we consider the case of the so called ill prepared initial data by adding
an initial layer correction in the asymptotic expansion. We seek the simplest possible form of an
asymptotic expansion with initial layer corrections such that its remainders are at least of order
O(r) for variable w,,.

Let the initial data of an approximate solution (n, ,, u, ,, E;, B;) have an asymptotic expansion
of the form :

(Nyr, Uy r, By, BT)} (ny,o, Ty 0, Eo, TBO) +0(T), v=e,i, (7.4.1)

t=0

where (n,,0, U0, Eo, Bo) are given smooth functions. We wand to construct the simplest form an
asymptotic expansion of the approximate solution (n, ,,u,, E-, B;) up to order 1. Then we may
take the following ansatz :

(Nyry Uyry Ery, By ) (L, x) = (nB,T’U,B,EO+T2E61,TBO)(t,SL') (7.4.2)

+ ((ng,h TUBJ, E?a TB?) + 7-2(7111/,[7 TUIIJ,I’ Ella TB})) (Za ZE) + O<T2)7
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7.4. CASE OF ILL-PREPARED INITIAL DATA

where z = t/72 € R is the fast variable, the subscript I stands for the initial layer variables and
E! is the correction term defined by (7.3.23) with m = 0. As we will see below, this expansion
is enough to give the remainders at least of order O(7) for variable w,,, which is the case of well-
prepared initial data for m = 0.

Substituting the expression (7.4.2) into the problem (7.1.4), we have :

1. The leading profiles (nY,u%, E° B%) are determined by the drift-diffusion system (7.3.4)-

vy 'y

(7.3.6). The smooth solution (n2, u2, E°, BY) is defined in the time interval [0, 7}] in the class

1284 1284

m(B%) = 0, without any compatibility conditions. From (7.3.6) we have :

where ¢q is given by (7.3.8).

Now we determine the initial-layer profiles (nf ;, u, ;, EY, BY) and (n},;,u,, ;, E}, B}).
2. The leading correction terms (ny, ;,u) ;, E}, BY) satisfy the following equations :
omy, =0, 0.E} =0, 0.B]+VxXE} =0, v=e,i (7.4.4)

and
Qupp+u) =0, v=e,i. (7.4.5)

Equations (7.4.4) imply that there are no first order initial layers on variables n,, E and B.
Therefore, up to a constant, we may take :

nY(0,z) = n,o(z), E°0,7) = Ey(x) and B°(0,z) = By(z), v =e,i. (7.4.6)
Moreover, expressions (7.4.1) and (7.4.2) for u, imply that :
up(0,2) + up ;(0,2) = upo(z), v=e,i (7.4.7)

which determines the initial value of uy ;, where u}(0,) is given by (7.4.3). Together with
(7.4.5), we obtain :

ugvl(z, x) = ugvl(O,x)e_z = (uyvo(x) - uS(O,x))e‘Z, v =e,i. (7.4.8)

- 1 .1 plopl of
The second order correction terms (n,, ;,u, , E7, By) satisfy :

ull,’l =0, v=e,i, (7.4.9)
0:ny, 1 (2, ) + div (n, (0, 2)uy, ,(2,2)) =0, v =ei, (7.4.10)
0.E1 (2, x) = (0, 2)ug (2, 2) — 07 (0, 2)u (2, ), (7.4.11)
and
0.B}(z,2) + V x Ej(z,7) = 0. (7.4.12)
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Let (n,1, E1, B1) be smooth functions such that :

Ei(z) = —n2(0,2) (teo(x) — u(0,2)) + nf(0, z) (uso(x) — u)(0,2)), (7.4.13)

and
Ni1 — Ne1 = div El, div Bl =0. (7414)

Set
(ni’I,E},B})(O,x) - (nl/,lthBl)(x)v v=e,li.

Together with (7.4.8) and (7.4.10)-(7.4.13), it is easy to obtain :
nil(z, x) =nyq(x) —div (ng(O, z)(uyo(x) — uB(O, x))) (1 — e_z), v=e,i, (7.4.15)

B} (z,2) = = [n2(0,2) (o (@) = ul(0,2)) = nd(0, 2) (wiolw) = ul(0,2)) [ e, (7.4.16)

and

Bi(z,2) = ¥ x [n2(0,2) (ueo(x) — ud(0,2)) = nl(0, 2) (uio(x) — u(0,2)) | (1 = ™)
+B (). (7.4.17)

Finally, from (7.4.14) we have :
divE} +nl;—n;; =0, divB; =0. (7.4.18)
Thus, the asymptotic expansion is constructed up to order 1 for general initial data.

Proposition 7.4.1 Assume that the initial data (n,o,u,.0, Eo, Bo) are sufficiently smooth
with n,o > 0 in T. Then there exists a unique asymptotic expansion up to order 1 of the

form (7.4.2), in which the correction terms are determined by (7.4.4), (7.4.8), (7.4.9) and
(7.4.15)-(7.4.17).
7.4.2 Convergence results

According to the asymptotic expansions above, set :

Ny (t @) = ny(t, @) + *n,,, (/7% @),

Uy (8, @) = 7 (uy(t, @) + uyy, (/7% 2)),

v=e,1 7.4.19
El(t,z) = E°(t,z) + T*(E.(t, )—i-El(t/T z)), ( )
Bl(t,z) = 7(B°(t,z) + 7°B;(t/7°,z)).
Then we have :
t=0: (n.ul., EL Bl = (n,0,Tus0, Eo, 7Bo) + 72 (1,0, By + EX(0,-),7By).  (7.4.20)
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Moreover, equations (7.3.3), (7.3.25) and (7.4.18) imply that :

divEl =n! —nl ., divB!=0. (7.4.21)
By the construction above, we have :
(o 1 Lo o0 1 -
o, .+ —div(n, u,.) =R, v=e,Hi,
k) 7— k) k) v
1 1 Bl wl ul _x B!
alfulI/T + _(UII/T ’ V)UII/T + _Vhl/(nlljﬂ') - qU_T - é + v : + R;I7
T ST ’ T T ’ (7.4.22)

1 1 ]
8tE£—;V><B£:;(nI ul —nl ul )+ RY,

e,T e, T 1, T T, T

1
| OBl + -V x E] = Ry
T

Using equations (7.3.3), (7.3.23) for (n), u,, E°, B°, E;) and (7.4.5),(7.4.10)-(7.4.11) for (u} ;, n,, ;, B, By),
we obtain :
Rﬁf = 0 (ng + 7'27111,7[) + div ((ng + Tzn,il)(ug + uﬁ,,))

= div ((ny(t,2) = ny(0, 2))up(z,2)) + 7 div (n,, (u), + ),

Ry = 7 (0w + ) + () - Vi + ) = gy + ) x (B +7°B))
1
+ —(Vhl,(ng + T2n11,1) — ql,(EO + 7'2Ecl + TQE}) + (ug + uSI))
,7_ ) b
= 7(Quy + (uy + up) ;) - V(uy + up, ;) — qu(uy + uy, ;) x B°)

1
=4y T(E + Ee) + =V (hy (ny + 77n5,1) = o (m)) + 7°() + 1) x By,

Ry = O(E°+7°E!+7°E}) -V x (B"+7°B))
+ (g + g ) (uf + ulp) — (ng + g ) (ug + ug )
= (n(0,2) = nd(t,2))ug (2, 2) + (0] (t, 2) — (0, 2))ug (2, 2)
+7° (7%11(“? + U?,I) - n;I(ug + Ug,]) + @E’g -V X B%)
and

1
Ry = 70,(B°+7°B])+ =V x (E°+ 7°E} + 7°E]})
T

_ %v x B+ 7(0,B° + V x EY) +7(8.B} + V x EY)

= 0.

Now we establish error estimates for (B!, R7/, Ry R, For Ry and R}, there is n €
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[0,¢] C [0,T1] such that :
nd(t,x) — nd(0,2) = tdnd(n,x) = 7220m2(n, ), v =e,i.
Since function z —— ze * is bounded for z > 0 and
on’ = —div(ndu?), v =e,i,
it follows from (7.4.8) that :

(ny(t,z) = np(0,2))up, (2, 2) = O(T?), v =e,i.

Thus
R =0(r%) and R} =0(t%), v=e,i.

Finally, for R!, we have :
ho(ny 4+ 7°n,, ;) — hy(ny) = O(7%), v =e,i.

Then
R =0(1), v=e,i.

From the previous discussions on the remainders, we obtain the following error estimates.

Proposition 7.4.2 For given smooth data, the remainders R;’VI, RZL’VI, Rg] and REI satisfy :

sup H(RZLV[, RBI)(t, INs < Cr2,  sup HRZ’VI(t, Ils < CT, R]TB’I =0, (7.4.23)

0<t<Ty 0<t<Ty

where C' > 0 is a constant independent of T.
The convergence result with initial layers can be stated as follows.

Theorem 7.4.1 Let s > 5/2 be a fized integer and (n,o,u,0, Eo, By) € H*THT) with n,o >
constant > 0 in T. Suppose (7.5.27) holds and

H (n;OJ U’Z,O? E(7)—7 Bg) - (nll,Oa TUy,0, E07 TBO)

<O, v=e,i, (7.4.24)

where C'y > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T{ > T\ and the solution (n],u], E™, BT) to the periodic problem

(7.1.4)-(7.1.5) satisfies : v Uy

| (ny,uy, E7, B7) — (n),u, ., E°, B°) (t)Hs < Cor?, Vte[0,Th], v=e,i.

) 1/77'7

Moreover,
.

H“V - u'{,THLQ(O,Tl;HS(’JI‘)

) < Cor®, v=e,i.
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7.5 Justification of asymptotic expansions

7.5.1 Statement of the main result

In this section, we justify rigorously the asymptotic expansions of solutions (n],u], E™, BT) to the

periodic problem (7.1.4)-(7.1.5) developed in section 3-4. We prove a more general convergence
result which implies both Theorems 7.3.1-7.4.1. As a consequence, we obtain the existence of exact
solutions (n],u], E™, BT) in a time interval independent of 7. To justify rigorously the asymptotic

expansions (7.3.2) and (7.4.19), it suffices to obtain the uniform estimates of the smooth solutions
to (7.1.4) with respect to the parameter 7.

Let (n],uy, E7, B7) be the exact solution to (7.1.4) with initial data (n],,u;,, £F, Bj) and

128} v

(Nw,ry Uy r, E7, By) be an approximate periodic solution defined on [0, 7], with
(Nyrs Uy, By, By) € C([0,T1], HTH(T)) n CH([0, T3], H*(T)), v =e,i.

We define the remainders of the approximate solution by :

(

1
R:LV - atnu,T + - div(ny,ruu,ﬂ')u
T
1 1 E‘r Uy 7+ X BT Uy,
Ry, = Oy r + —(Upr - V)uyr + =Vh,(n,:) — g— — q— + =,
T T T T T (751)
1 1
T:aE’T—_vXBT —\ Mg, r Uy r — TlerslUerr ),
E t n + T(n, Ui, — Te,rlle, )
1
Ry =0,B,+ -V x E,, v=e,l.
\ T
Suppose
divE, =n;; —ne,, divB,=0, v=e,i, (7.5.2)
sup ||(nu,77 ETa BT)(t7 )Hs S 01, sup ||ul/,7(ta )Hs S ClTa (753)
0<t<Ty 0<t<Ty
| (ny,0 = 10 (0,4),up, 0 — un(0, ), E§ — E-(0,-), Bf — B-(0,-)) ||S < Oy (7.5.4)
sup [|(R}, . RE)(t, )|l < Cir* sup R (¢,-)lls < Ci7, RE =0, (7.5.5)
0<t<Th 0<t<Ty

where A > 0 and C; > 0 are constants independent of 7.

Theorem 7.5.1 Let A > 0. Under the above assumptions, there exists a constant Cy > 0, inde-
pendent of T, such that as T — 0 we have TT > Ty and the solution (n],,ul,, E™, BT) of the periodic
problem (7.1.4)-(7.1.5) satisfies :

|(ng,up, E7, BT)(t) = (nurs iy, Br, B2) ()| < Com™, VE€[0,T4], v=e,i. (7.5.6)

v v

Moreover,

6] = e || oo mysrrory < Com 2 v =rei. (7.5.7)
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Remark 7.5.1 [t is clear that Theorem 7.5.1 implies Theorems 7.3.1-7.4.1. In particular, A =
2m + 1 with m > 0 in section 3 and X = 1 in section 5, since

H(TLT’], ETJ7BT,I)(t) - (TLO, EO7B0>(t)||S = 0(7_2)7

uniformly with respect to t.

7.5.2 Proof of the main result

T

By proposition 7.1.1, the exact solution (n],u], E7, B7) is defined in a time interval [0,77) with
T > 0. Since n}, € C([0,17), H*(T)) and the embedding from H*(T) to C(T) is continuous, we
have nj, € C([0,77) x T). From assumption n], > x > 0, we deduce that there exist a maximal
existence time 73 € (0,77] and a constant Cy > 0, independent of 7, such that § < nj(t,z) < Gy
for all (t,x) € [0,75) x T. Then we define 77 = min(77,7y5) > 0 so that the exact solution and
the approximate solution are both defined in the time interval [0,77). In this time interval, we
denote by :

v

(N, U, F",G") = (n, —nyr,u, —u,,, B —E.,B" —B;), v=e,i. (7.5.8)

Obviously, (N7, U7, F™,G™) satisfies the following problem :

I 1
(0N + = (U] + ) - V)N + =(N] + 1) div U]
T

T

1
= —;(le divu,, + (U] - V)n,,) — R},
1 1
oUT + ;((Ulf + ) - VU] + ;h’y(N; +n,,)VN]

— —% [(U; -V)uy,,r + (h;(NJ +ny,.) — h'(nw))VnV’T} — %

1
+¢,~[F"+ (U] +w,;) x G+ U] x B.] — R},
-

OF — %V x GT = %(NJUJ + N Ue r + ne,TUeT)
_% (NJUT + Njuir +n,,U7) — Rp,

v=e,li, (7.5.9)

div F™ = N7 — N7,
1

BGT+ -V x FT =0, divG™ =0,
T

t=0: (N, U F",G")= (nZ,O —n,-(0, -),u;O —u, (0, ),
E§ — E-(0,-), Bf — B-(0,")).

: F Wi,
= . W= Cowr= ).
| . 7 Wi

The existence and uniqueness of smooth solutions to (7.1.4)-(7.1.5) is equivalent to that of

Set
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(7.5.9). Thus, in order to prove Theorem 7.5.1, it suffices to establish uniform estimates of W
with respect to 7. In what follows, we denote by C' > 0 various constants independent of 7 and
for a € N*, (W} 1o, Wi;,) = 93 (W, W};) etc. The main estimates are contained in the following
two lemmas for W7 ; and W7, respectively. We first consider the estimate for W ,.

Lemma 7.5.1 Under the assumptions of Theorem 7.5.1, for allt € (0,77), as 7 — 0 we have :
W@ + / lU7 ()12 dg < / (IWZ©IE + W ©I12) d + ¢, (7.5.10)
Proof. For a € N? with |a| < s, differentiating the two first equations of (7.5.9) with respect to

b, (1)

v

x and multiplying the first resulting equation by , we have :

( h,V(nZ) (0% T 1 T (0% T 1 / T : (6% T
- (@a N+~ (U7 + ) - V)0 Nl,> + —h, (n]) div 97U
h/( ) T T h,( ) (0% T
L) (e )+ 55 0V) - S

0,05U7 + = (U] + wy,r) - V)OSU] + —h;(n;)vagjv; + 00U,
T T T

1 5

== fr(W]) - 0eR],,
\ T i=3

where we put
FrW)) = =02, (U] + uyr) - VINS = (05, (N] + 7)) div]Uy,

[ (W) = =03 (N divu,, + (U] - V),
fs W) = =107, (U] + wr) - VU] = [02, b, () VIN] + g, [07, Uy x | B,
frW)) = =07 (U] - V)wwr + (W (N + nr) = By (n,r)) Vi)
fs W) = (00 F" + 07 (U] + wnr) x G7) + 02U; x Br)

and [, ] denotes the commutator defined by [02, A|B := 0%(AB) — A02B. Note that system
(7.5.11) is a symmetric form which is different from (7.2.4). We multiply the first equation of
(7.5.11) by 0N and we take the inner product of the second equation with 02U. Then, adding
the resulting equations, we obtain :

1 1 1 1 1
OH, + —2]82‘[];]2 +-divQ, =-Ry)"+ =S+ -7 +V), v=e,i, (7.5.12)
T T T T T
where ‘HS, QF, Ry™, S8 and 7™ are defined as :

a . h‘/(T) o NTT arTT|2 o .
He ._2{ (9NT)? +|a$UV|}, v=ei,

b, (n7)

nu

1
Q5 i= S (U] + ) { ZE 22 (GNP + 02U |+ i (n)OR (N + s )ORUS, v = ey
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R e s fro (B gy () 7 1, ) Yomr

v v

1
—5 V(U7 +u)|RU P = V(B (n]) - 92 NJ U,
Sy =IN35 + UL - (JT + f5), v=ei,
17 = NI [T (W) + 2U7 - fs (W), v =ei,

and b (n
yo o= (M) panmaepr 4 geue ooy ).
?/I/Z v v

Integrating (7.5.12) over T, we have :

d 1 1 1 1
— [ Hodx + S ||0SUS||? = =RST + =S+ T2 + V2, v=e,i, (7.5.13)
dt | T2 T T T

where we put :

Ro™ = / ROz, S = / Sedx, T := / Todx, V= / Veda.
T T T T

Here we see that H* is equivalent to the quadratic function |02W7 |2

In the next we estimate each term of the right hand side of equation (7.5.13). First, we use the
expressions of f*(W7) and (f$(W])) to compute :

7= = (0 (W7 +wr) V)N ) = ((UF +uur) - V)N, NS,

— (U] + ) - W)U ) = (U7 + ) - V)RS, UL, )

= (02 (NS + ) div DY) = (V] 4+ ) div 9207, N, )

— (G2 (N + mg) VNS = (N + ) VOENS, UL)

— (8;‘((]3 x B;) — U] x 0B, U;a)

= S+ Ja+ Js + Iy + Js,

where (-, -) is the inner product of L*(T).
Noting (7.5.3) for u,, . and applying Lemma 4.1.1 to each term on the right hand side of the above
equation gives :

[Tt o] < C(r 4 NUZINIWE R < ZNUZIE + Cor (W12 4+ W 1),

[ s+ Ja| < CU+INZUNINZINTZ s < ZIUZ 12+ Cor (W7 12 + W),

T € T T
|J5| < ClIUTIE < ;HUuHi + Cor [ W5,
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Here and hereafter, ¢ denotes a small constant independent of 7 and C. > 0 denotes a constant
depending only on . Which imply that :

1 T 8 T T T ;
~T7 < SIUZIE + C(IWEIE + WS ), v =ei (7.5.14)

Now we consider the estimate for the term R{7. A direct computation gives :

RYT = — (diVA;(nZ,uZ)NT NVT,O[)

v,a0

— DN =

(div(U7 + u,,,)U;,

v,

5 Us)
— (N7 V(h,(n])), U,
= g1+ g2+ g3,

where, / /
divAl(n),ul) = T@t<w> + div (%UZ), v=e,i.

Let us first point out that a direct application of Cauchy-Schwartz inequality to g; does not yield
the desired result. Then we more developed the term of g;, we have :

h/ T / h/ T
div A7(n7,ul) = (_Am)) (rouny + Vnp - up) + )
n; n,

.. o
divu,, v=e,i.

Using the first equation of (7.1.4), we deduce that :

S () e

v 14

div AT(n7,u7) = div ] [

Noting
<n,=N]4+n,,<Cy, u,=U)+u,;, u,,=0(1), v=e,li,

Do 3

we obtain :
| divu |l < C||div(U] + up,)|ls—1 < C|U||s +7), v=e,i.

Here in the last inequality we have used the continuous embedding H* !(T) < L*(T). Therefore,
1] < C(r + TSI INTIZ < ZNUZIE + Com (IWE N2 + W 1),
and
|92 + 95| < C(7 +IUTI)NTZNE + CIN U || < ;HUZH? + Cer (W12 + W15),

Thus,
1 T € T W W .
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For the term S, we use the expressions of (W) and f{(W]) to compute :

( Va7f2 (WT)) ( ua7f4 (WT)) = ( Voua:?[(UT v)nl/,T—i_szdivquT])
( v, a;? [( V)UV,T + (h:/(sz + ny,T) - hi/(nl/,’r>>vnu,7—})-

By Lemma 4.1.1and u, , = O(7), we get

( z/cwf2 (WT>) ( Va7f4 (WT)) S (HNZHSHU;“S_{—THN;—H?+T||Ulj”§)

IN

£
—IUZIIS + Cer WG

Since
T T _ _ -
Upo Ul X B, =0, v=e,i.

Then, we have the following estimate for the term containing f5(W7) in (7.5.12) :

v,a) Y x

2

S EOVD) = = (Ugan O21FT + (U] + ) x G7))

< %HUJH2+C€/ |8§[FT+(U;+uV7T) X GTHQd:c
T

€ T T T T
< SIUZIE + C (WL + NTZIEIGTIE)-

Thus,
1 T € T T T .

Finally, a direct computation gives :

V) = —(h”f;f N7 R — (U 0°RD), v =ei.

Together with (7.5.5) yields :
VI < CIWT|1? + %||U;|y§ + Oy = e (7.5.17)
T
Together with (7.5.13) and (7.5.14)-(7.5.17), we obtain, for all |a| < s,
2 o2 O 12 T4 2(A+1) .
|| ch” _2||U1/,a|| S ?HUuHs—i_OE(”Wst—'— ||W1/||s) +O€T ) vV=e,1.
Integrating this equation over (0,¢) with ¢t € (0,77) C (0,737) and summing up over all |a| < s,

taking ¢ > 0 sufficiently small such that the term including %||U7||? can be controlled by the left
hand side, together with condition (7.5.4) for the initial data, we get (7.5.10). O

Now, let us establish the estimate for W7 ;
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Lemma 7.5.2 Under the assumptions of Theorem 7.5.1, for allt € (0,77), as 7 — 0 we have :
¢
1
WO < [ (GIUE I+ CIWE O + CIWE©O]2) de + O, (7519

Proof. For a multi-index o € N* with |a| < s, differentiating the third and fourth equations of
(7.5.9) with respect to x, we have :

1 1
HFT — =V x G, = =02 (NJ U] + Nuyr +n,,U") — 02RY,
T T

1 v=ei (7.5.19)
0,GL + -V x FT =0,

T

where W[, = (FI,GL) = 0%(F™,G").
By the vector analysis formula :
div(f x g) =(Vx f)-g=(Vxg)-f
the singular term appearing in Sobolev energy estimates vanishes, i.e,
1 1 1 .
/(——VXGZ-FJ—I——VXF;-GZY)CZ:U——/dlv(ngG;)dx—O.
T T T T Jr

Hence, using u,, = O(7) and (7.5.5), a standard energy estimate for (7.5.19) yields :

d T 2 « TTTT lo' T « T T a T T
EHWV,IIOCHQ < ;\/'I[‘ (|8a: (NVUV)| + |am (NVUV,T)| + |aa: (/n'l/,7'Uvu)|)|F1o¢|d’1j + T |a:cRE| |Fa|dx

1 T T T
< 53 IUZIE+ CAWTIE + W) + O, (7.5.20)

Integrating (7.5.20) over (0,t), with ¢t € (0,77), summing up over « satisfying |a| < s and using
(7.5.4) we obtain the Lemma. 0

Proof of Theorem 7.5.1. Let 7 — 0 and € > 0 be sufficiently small. By Lemma 7.5.1 and
Lemma 7.5.2, for t € (0,77) we have :

T 1 ! T ! T T
|M@@M+;;AH@@W%§§OA(mn@wawmc@m)%+o#wm. (7.5.21)

Let
wlt) = (IWZOIE + IWZO)IL) de + 700, v =i
0

Then it follows from (7.5.21) that :

WEOE w5 [ IEEQEE w0, vieOT), v=ei  (152)
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and

u (1) = C(IWE I + W) < Clt) +520)),

with
y(0) = CT2MY -y —e i

A straightforward computation yields
Yy, (1) < CT2O Dt < 20Oyt € [0,T7], v =e,i.

Therefore, from (7.5.22) we obtain :

t
W 0s < Va(t) < O, / 1712 < T2y, (t) < O, i e [0,17).
0

Thus, by a standard argument on the time extension of smooth solutions, we obtain 7 > T3, i.e.

T7 = Ty. This finishes the proof of Theorem 7.5.1.

O
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Chapter 8

A study of initial layers without
exponential decay to zero in a one-fluid
Euler-Maxwell system

Abstract : In this chapter we study the zero relaxation limit and the initial layers
of a one-fluid Euler-Maxwell system. For well prepared initial data the convergence
of solutions is rigorously justified by an analysis of different asymptotic expansions,
which considers all the powers of the small parameter, removing the smallness as-
sumption on the magnetic field. The authors perform also an initial layer analysis
for general initial data which gives an initial layers without exponential decay to zero
and prove the convergence of asymptotic expansions up to first order.

8.1 Introduction

The Euler-Maxwell system plays an important role in the mathematical modeling and numerical
simulation for plasmas and semiconductors. It consists of two nonlinear equations given by the
conservation of density and momentum, called Euler equations, plus a Maxwell equations for the
electric and magnetic fields. This chapter deals with the relaxation limit of compressible Euler-
Maxwell equations, which are problems mentioned in the chapters 6 and 7. Let n and u be the
density and velocity vector of the electric particles in a plasma, E and B be respectively the electric
field and magnetic field. They are functions of a three-dimensional position vector x € T and of
the time ¢ > 0, where T = (R/Z)? is the torus. The fields E and B are coupled to the electron
density through the Maxwell equations and act on electrons via the Lorentz force. The dynamics
of the compressible electrons for plasma physics in a uniform background of non-moving ions with
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fixed density b(z) obey the (scaled) one-fluid Euler-Maxwell system :

( Oin + div(nu) = 0,

m@m—l—m(u-V)u%—Vh(n):—E—fyuxB—@, (8.1.1)
T 1.

YN2OE —V x B=~nu, MNdivE=0b-n,

v, B+V x E=0, divB =0,

\

for x € T. In the above equations, h = h(n) is the enthalpy function, assumed to be smooth and
strictly increasing for n > 0, 7 = nu is the current density and E + vu x B represents the Lorentz
force. We assume that b is smooth function and there is a constant b such that : b(z) > b for all
x € T. The physical parameters ¢ = “lv = (60V0)_%, where ¢y and 1y are the vacuum permittivity
and permeability, A\, 7 and m stand for, the scaled Debye length, the momentum relaxation times
of the system and the electron mass, respectively. They are small compared with the characteristic
length of physical interest.

There have been a lot of studies on the Euler-Poisson equations and their asymptotic anal-
ysis contrarily to the study on the Euler-Maxwell equations. In particular, the convergence of
compressible Euler-Poisson equations to incompressible Euler equations is shown independently in
[66, 71]. The first mathematical study of the Euler-Maxwell equations with extra relaxation terms

is due to Chen et al [11]|, where a global existence result to weak solutions in one-dimensional case
is established by the fractional step Godunov scheme together with a compensated compactness
argument. The paper [11]| exhibits also some applications of the model (8.1.1) in semiconductor

theory. Since then few progress have been made on the Euler-Maxwell equations.

In this chapter, we study the zero-relaxation-time limit 7 — 0 when A > 0, v > 0 and m > 0
are fixed and the initial layers with not exponential decay to zero of a unipolar model for electrons.
For this purpose, we use the method of asymptotic expansions, which considers all the powers of
the small parameter, removing the smallness assumption on the magnetic field. The convergence
of the expansions is achieved through the energy estimates for error equations derived from the
asymptotic expansions and the Euler-Maxwell equations.

In the sequel, we assume that A = v = m = 1. The usual time scaling for studying the limit
T — 0is ¢’ = 7t. Since t = 0 if and only if ¢ = 0. Rewriting still £ by #’, system (8.1.1) becomes

(see [60, 64])

(

1
o + — div(nu) = 0,
T

1 1

ou+ —(u-VYu+=-Vh(n) = —— — —— — —
T T T T T (8.1.2)
1 nu .

OE — -V xB=—, divE=0b(z)—n,

T T

1
OB+-VxE=0, divB=0.
\ T

for t > 0, x € T. It is complemented by periodic initial conditions :

t=0: (n,u,E,B)=(nj,uf, Ef,B). (8.1.3)
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8.2. CASE OF WELL-PREPARED INITIAL DATA

For m > 1, the authors of [(4] proposed an asymptotic expansion to (8.1.2) of the form :
(2w, B B = > 7 (nd, rul, BV, BY). (8.1.4)
=0

They established the convergence in Sobolev spaces of the solution (n™,u”, E™, B7) of (8.1.2) to
(n™ u™ E™ B) with order O(7™) when the initial data are well-prepared and the initial error
has the same order. Here the well-prepared initial data mean that compatibility conditions holds.
Unfortunately, this result does not apply to the case of ill-prepared initial data. The goal of this
chapter is to improve the convergence of system (8.1.2) with the case of ill-prepared initial data
by using the asymptotic expansion as the form (8.1.4).

The remainder of the chapter is arranged as follows. In section 2 we remember the asymptotic
expansions of solutions as the form (8.1.4) and the convergence result to problem (8.1.2)-(8.1.3) in
the case of well-prepared initial data indicated in paper [61]. In section 3 we study the initial layers
in the case of ill-prepared initial data. We add the initial layer corrections in asymptotic expansion
and state the convergence result. For this propose, we give a more general convergence theorem
which implies those in both cases of well-prepared initial data and ill-prepared initial data.

The following lemmas are needed in the proofs of Proposition 8.3.1.

Lemma 8.1.1 (Generalized Holder inequality, see [05]
Let 1 <p;<o0,i=1,---,k, such that

1 1 1 1
—t =t === 1§p<oo.
P1 D2 Pk p

If fi € LP/(R™), for alli=1,---  k then

(/Iflfz---fk\pdx)é gﬁ(/,fi -

Lemma 8.1.2 (See [77]) Let a €]0,1[, C > 0. Let p(t) and m(t) be two nonnegative continuous
functions defined on [0,T]| which satisfy the integral inequality :

Ve [0,T] o(t) < C’+/0 m(s)p(s)¥ds,

then

1

Ve 0,7) ¢ <{c+(1-a) /Otm(s)ds}la

8.2 Case of well-prepared initial data

In this section we recall the asymptotic expansions of solutions as the form (8.1.4) and the conver-
gence result to problem (8.1.2)-(8.1.3) in the case of well-prepared initial data indicated in paper

[04].
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8.2.1 Formal asymptotic expansions

We consider the limit 7 — 0 in problem (8.1.2)-(8.1.3) with well-prepared initial data. From the
momentum equation for «” in (8.1.2), we have formally u” — 0 as 7 — 0. We make the following
ansatz for both the approximate solution and its initial data :

(nr,ur, Er, B2)(0,2) = Y 7(ny, 7u;, Bj, B;)(z), =z €T, (8.2.1)
Jj=20
(e, tr, Er, B,)(tx) = > /(0 7ol B, BY)(t,x), t>0, z€T, (8.2.2)
Jj=20

where (n;,u;, Ej, B;);>o are given sufficiently smooth data with ny > constant > 0 in T.

Now we need to determine the profiles (n?,u’/, E7, B7) for all j > 0. Putting expression (8.2.2)
into system (8.1.2) and identifying the coefficients in powers of 7, we see that (n/,u’, E7, BY) >
are solutions of the following systems :

o + div(nu") =0,
Vh(n®) = —(E° +u°),

8.2.3
VxE"=0, divE’=b-n°, ( )
V x B =0, divB°’ =0,
om' + div(n'u® + n’u') = 0,
V(K (n")n') = —(E" +u° x B +u'),
L 0 4 L (8.2.4)
VXxE =-0,B°, divE = —-n",
V x B! = 9,E° — n%°, divB'=0,
and for j > 2,
( J
om? + Z div (nkuj_k) =0,
k=0
j—2
8tuj_2 + Z(Uk . V)uj_Q_k + V(h'(no)nj + hj_l ((nk)kgj_l))
k=0
j—1
i Zuk < Bk _ o, (8.2.5)
k=0
VxE =-9,B ', divE = —n/,
j—1
V x B =0,F"! — anuj_l_k, div B! =0,
\ k=0

where h° = 0 and A/~ is a function depending only on (n¥)o<j<;_1 and is defined for j > 2 by :

h(ZTjnj) = h(n®) + n'(n°) ernj + ZTjhj_1(<nk)k§j—1).

j>0 j>1 Jj=2
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From equations in (8.2.3), we make take B® = 0 and equation V x E° = 0 implies the existence
of a potential ¢° such that E° = —V¢". Then (n° ¢°) solves a classical system drift-diffusion
equations :

o’ — di 'V (h(n%) — ¢")) =0,
" v (n 0< (") = ¢") t>0, z€T (8.2.6)
—A¢p  =b—n",
with the initial condition :
n’(0,x) =ny, x€T. (8.2.7)

The existence of smooth solutions to problem (8.2.6)-(8.2.7) can be easily established, at least
locally in time. The solution ¢° is unique in the class m(¢") = 0. See for instance [54]. Then
(u®, E°, BY) are given by :

u’ = -V (h(n")—¢"), E°=-V¢’, B’=0. (8.2.8)
From (8.2.8) we get the zero-order compatibility conditions :

up = —V (h(ng) — ¢o), Eo=—Veo, By=0, (8.2.9)
where ¢ is determined by :

—Apg=b—nyg inT and m(¢p) = 0. (8.2.10)

For system (8.2.4), since (n°, u®, E°) are known, B solves the linear system of curl-div equations
of type C1.7 in the class m(B') = 0 . Moreover, V x E! = (0 determines a potential function ¢!
such that E* = —V¢!. Then (n!, ') solves a linearized system of drift-diffusion equations :

al_d' OVh/ 0 1 41 +d 10:07
{ ey (Y (n” = 95) + divin'a’) t>0, zeT (8.2.11)
A¢p" =n",
with the initial condition :
nl(O,:B) =n;, x€eT. (8.2.12)

This linear problem has a unique smooth solution. Then (u!, E') are given by :
u' = -V(K(n")n' —¢'), E'=-V¢" (8.2.13)

Since B! is solved by the fourth equations in (8.2.4). Then, we get the first-order compatibility
conditions :

Uy = —V(h’(no)nl — ¢1), El = _V¢17 B1 = Bl(O, .), (8214)

where ¢; is determined by :

Apy=ny; inT and m(¢;)=0. (8.2.15)

For j > 2, the profiles (n?,u’, E7, B7) are obtained by induction in j. Assume that
(nk,uk, EF, Bk)o <p<j1 A€ smooth and already determined in previous steps. Equations for B’
are of curl-div type and determine a unique smooth B’ in the class m(B’) = 0. Moreover, from
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div B’ = 0, we deduce the existence of a given vector 1)? such that B = —V x 1. Then, the
equation V x E7 = —9,B’~! in (8.2.5) becomes V x (E7 — 9;1p7~1) = 0. Tt follows that there is a
potential function ¢’ such that :

BV = 0p)? ™t — V¢ (8.2.16)

From (8.2.5) we also get :
w = V(¢ =W () — W TH((n")rej)
j—2 j—1

- <8tuj_2 + Ot + z:(u'C V)l TR 4 Z ub x Bj_l_k>. (8.2.17)

k=0 k=0

<

Therefore, in the class m(¢/) = 0, (n?, ¢’) solves a linearized system of drift-diffusion equations :
Om? — div (n°V(K (n")n? — ¢7)) + div (n?u”)
— F((VF,0,V%, 0,VF, 0,0,V 0PVF)oeej1) + div(n®on’™), t>0, €T (8.2.18)
A¢’ =1/ 4 9y(divey ™),
with the initial condition :
n’(0,z) =n;(z), x€T, (8.2.19)

where f7 is a given smooth function and V* = (nk, u*, ).
Problem (8.2.18)-(8.2.19) is linear. It admits a unique global smooth solution. Then (u’, E7) are
given by (8.2.16)-(8.2.17). Thus, we get the high-order compatibility conditions for j > 2 :

wj = V(¢; = (no)n; — W~ ((nk)k<j1))

j—2 j—1
— (atuH]t:O H Y+ ) (s Vugag + Y we x BITURO, .)), (8.2.20)
k=0 k=0
E; = 04’"1(0,.) = Vo, B; =B(0,.), (8.2.21)
where ¢; is determined by :
Ag; =n; + 0(divy’ =g in T and m(¢;) = 0. (8.2.22)

We conclude the above discussion in the following result.

Proposition 8.2.1 Assume that the initial data (n;,u;, E;, B;) are sufficiently smooth for j € N,
with ng > constant > 0 in T, and satisfy the compatibility conditions (8.2.9)-(8.2.10), (8.2.14)-
(8.2.15) and (8.2.20)-(8.2.22) for j > 2. Then there exists a unique asymptotic expansion (8.2.2),
i.e. there exist Ty > 0 and a unique smooth solution (n?,u’, E7, B7) ;> in the time interval [0, T1]
of problems (8.2.6)-(8.2.8), (8.2.11)-(8.2.13) and (8.2.16)-(8.2.19) for j > 2. Moreover, n® >
constant > 0 in [0,71] x T. In particular, the formal zero-relazation limit T — 0 of the Fuler-
Mazwell system (8.1.2) is the classical drift-diffusion system (8.2.6) and (8.2.8).
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8.2.2 Convergence results

Let m > 0 be a fixed integer. We denote by :

B™) = ZTj(nj,Tuj,Ej,Bj), (8.2.23)

j=0

(n™, u™, E™

T ) 1 T )

an approximate solution of order m > 0, where (n?, u?, E7, B7)o< <, are constructed in the previous
subsection. From the construction of the approximate solution, for (¢,x) € [0,7;] x T we have :

div E™ = b —n™, div B™ = 0. (8.2.24)

We define the remainders R, R7™, RE™ and RR™ by :

( 1
o™ + —div(n'ul*) = R;™,
T

1 1 ™oy ulx B
ol + = (u - V)l + =Vh(nr) = — == — L _Lr X7 prom,
T K. T T (8.2.25)

_ 1 . _
gE™ — =V x Bm ="t | frm
T T

. 1 . .
o,BM+ =V x E" = Rp™.
\ T
It is clear that the convergence rate depends strongly on the order of the remainders with respect
to 7. For m = 0, the expressions of R7°, R%°, R’ and R}’ are given by :

R =0, R =u’xB’+ T(@tuo + (u? - V)uo),

REO = 8tE0 - nouo, REO = 3,;BO.
Thus

R =0(1), R =0(1), R =0(1). (8.2.26)
It is clear that we have the convergence of system (8.1.2) if the remainders at least order O(7%)
or equal to zero, with a > 0. But this condition is not verified in (8.2.26). For R7° the loss
of this order will be recovered in the error estimate of convergence due to the dissipation term
u. However, the situation is different for ]:220 and REO, since the equations for £ and B are not
dissipatives. A simple way to remedy this is to introduce a correction terms into £ and B? so
that :
E°=E°+7E! = E° + 1E}, (8.2.27)

B =B+ B! = B+ B! (8.2.28)
In view of (8.2.24)-(8.2.28), E! and B! should be defined by :
Vx E}'=-9,B°, divE! =0, m(E}) =0, (8.2.29)

V x B! =0,E° —n%°, divB!=0, m(B!)=0, (8.2.30)

C
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so that the new remainder R}’ and R} of E and B, respectively satisfies :

e 1 1
R ™ 9,E — -V x BY — =% = 79,E! = O(7), (8.2.31)

T T

7,0 def 0 l 0 __ 1 _
RB = 8tB7— 4+ -V x ET = Tath = O(T) (8232)
T
and we still have

divE? =b—n™ divB?=0. (8.2.33)

For m > 1, a further computation gives :

Ry =0(r"), Ri™=0(™), Rp™=0("), Ry"=0("). (8.2.34)

In (8.2.34), there is loss of one order for the remainder R>™, Rp™ and RE™. For R7™ this loss
will be recovered in the error estimate of convergence due to the dissipation term for u. However,
the situation is different for R}™ and R3™ since the equations for F and B are not dissipatives.
A simply way to remedy this is to introduce a correction terms into R and RZ™ so that

EM = Emppmipmtl g pma2 prt (8.2.35)
_ ZTjEj 4 pmilpmtl 7_m+2Er7L+27

J=0

Bl = B+ "B =N "Bl 4 B (8.2.36)
j=0

In view of (8.2.24)-(8.2.25), (E™*!, E"*, Bm*!) should be defined by :

V X B;n'H = O,E™ — anum—k’ div Bgn-i—l =0, m(BZn-H) =0, (8.2.37)
k=0

Vx EMt=—g,B", divE!! =0, m(E) =0, (8.2.38)

V x Ent? = —9,BM"  divET™? =0, m(ET?) =0. (8.2.39)

so that the new remainder R7™ and REZ™ of E and B, respectively satisfies :

. 1 1
Ry o Em — VX B =l = O(r" ) (82.40)
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8.2. CASE OF WELL-PREPARED INITIAL DATA

and
’ 1
RE™ Y 9Bm 4 Zv x B
T
m—1
1 o .
= _VxE+ ZO 7 (0,B' +V x ) (8.2.41)
J:
+7"(0B™ +V x Bl + 7" (9B +V x BN
= 0
and we still have
divE" =b—n)", divB!" =0. (8.2.42)

Since the correction term is of order O(7™*!), the orders of the remainders R,™ and R™ are not
changed. Moreover, the correction term does not affect on assumption (8.2.46) below.

We conclude the above discussion as follows.

Proposition 8.2.2 Under the assumption of Proposition 8.2.1, for all integer m > 1, the remain-
der RE™ satisfies (8.2.41) and the remainders R'™, RI'™ and RE™ satisfy :

sup |[(RE™, RZ™)(t,)|ls < Cpu™tt, sup ||[RI™(t, )|l < Cou™™, (8.2.43)

0<t<Ty 0<t<Ty

where C,, > 0 is a constant independent of T.

The convergence results of this section is stated as follows.

Theorem 8.2.1 Let s > 2 be any fized integer. Let the assumption of Proposition 8.2.1 hold.

2
Suppose
divEj =b—nj, divBj=0 in T (8.2.44)

and
H (n67 US, ES? Bg) - (n07 TUg, EO) BO)

<Oy, (8.2.45)

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T > T} and the solution (n",u™, E™, BT) to the periodic problem

(8.1.2)-(8.1.3) satisfies :
|(n",u", E7, BT)(t) — (n°,7u’, E° + 7E}, B® + 7B} (t)||, < Cor, Vt€[0,T1]

Moreover,

HuT—TuOHLQ( ) < Oyt

0,71;Hs(T)

Theorem 8.2.2 Let m > 1 and s > g be any fized integers. Let the assumption of Proposition
8.2.1 and (8.2.44) holds. Suppose

H(ng,ug, E;.BY) - > P(ny.uy Ey, By)|| < o, (8.2.46)
=0 °
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8.3. CASE OF ILL-PREPARED INITIAL DATA

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T{ > T} and the solution (n",u™, E™, BT) to the periodic problem
(8.1.2)-(8.1.3) satisfies :

|(n" ", E7, B")(t) — (n',ul', E', BR)(t)||, < Cor™', Vit e [0,T4]

T T 9

Moreover,

T __ ,m m+2
H“ Ur HL2(0,T1;H5(T)) < Gor™

8.3 Case of ill-prepared initial data

8.3.1 Initial layer corrections

In Theorem 8.2.1, compatibility conditions are made on the initial data. These conditions means
that the initial profiles (u/, £/, B?)(0,-) are determined through the resolution of the problems
(8.2.3)-(8.2.5) for (n’,uw/, E7, B7). Then (uj, Ef, Bj) cannot be given explicitly. If these conditions
are not satisfied, the phenomenon of initial layers occurs. In this section, we consider this situation
of so called ill-prepared initial data. We seek a simplest possible form of an asymptotic expansion
with initial layer corrections such that its remainders are at least of order O(7%) or equal to zero,
with a > 0.

We assume that the initial data of an approximate solution (n,,u,, E,, B;) have the asymptotic
expansion with respect to 7 of the form :

(nT, Ur, ET, BT)‘t:O = (’I’LO + T™nq, TUg, EQ + TEl, BO + TBl) + 0(7'2>, (831)

where (ng, ug, Eo, Bo) are given smooth functions. Taking into account the expansion in the case
of well-prepared initial data, the simplest form of an asymptotic expansion including initial layer
corrections is :

(e u)(t,x) = (0 7u®)(t, z) + (0, Tud)(z, 2)

+7((n', Tu')(t,2) + (ng, Tup)(z,2)) + O(7?), (8.3.2)

(B, Br)(t,x) = (E°,B")(t.z)+ (E], B)(z,7)
(B! + 7%, BY)(2) + (BL, B)(2,2)) + O(),  (8.33)
where z = t/7 € R is the fast variable, the subscript I stands for the initial layer variables and E?

is the correction term defined by (8.2.29) with m = 1.

Now it needs to determine the profiles (n/,u/, B/, B7) and (n},w}, Ej, B}) for all j € {0,1}.
Putting expressions (8.3.2) and (8.3.3) into system (8.1.2) and identifying the coefficients in power
of 7, we have :
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8.3. CASE OF ILL-PREPARED INITIAL DATA

1. The leading profiles (n®, u®, E°, B?) satisfy the drift-diffusion system (8.2.3) in which B® = 0,

ie.,
.

on® + div(n’u’) = 0,

Vh(n®) = —(E° +u°),

VxE'=0, divE’=0b-n0, (8.3.4)
BY =0,

t=0: (n°u®) = (ng,up).

The second order profiles (n!,u', B!, B')satisfy the equations in (8.2.4). Since BY = 0, we
may take :
n'=0, u'=0E'=0. (8.3.5)

Then B! is determined by :

divB' =0, V xB'=09,E°—n’. (8.3.6)

Now we determine the initial-layer profiles (n9,u9, EY, BY) and (n},u}, E}, B})

2. The leading correction terms (n%, u?, EY, BY) satisfy :

0,E? —V x BY =0,
0.BY +V x EY =0, (8.3.7)
divEY =0, divB}=0,

ny=0 and u}=—EY (8.3.8)

From the two last equations of (8.3.7) we need :
div EY(0, x) = div BY(0, ) = 0.

Therefore,
div EO =b— No, div B() = 0. (839)

Equation n% = 0 imply that there is not first order initial layer on variable n. Therefore, up

to a constant, we may take
n°(0,2) = no(z). (8.3.10)

Moreover, Equation B® = 0 and expressions (8.3.1)-(8.3.3) for v and F imply that :
u’(0,2) +ud(0,2) = up(x), E°0,2) + EV0,7) = Ey(z), BY0,z) = Bo(z), (8.3.11)

which determines the initial value of u%, EY and BY, where v°(0,-) and E°(0,-) are given by

(8.2.8).
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8.3. CASE OF ILL-PREPARED INITIAL DATA

The second order correction terms (n},ut, E}, B}) satisfy :

J,E} —V x Bt =n°(0, z)ul(z, z),
0.B! +V x E} =0, (8.3.12)
div E} = —n}, divB} =0,

uy = —Ej, (8.3.13)
d.np(z, x) + div (n°(0, z)uj(z,z)) = 0. (8.3.14)
From the two last equations of (8.3.12) we need :
div E}(0,2) = —n;(0,2), div B} (0,z) = 0.
Therefore,

diV E1 = —Ni, le B1 =0. (8315)
Moreover, equations (8.3.5) and expressions (8.3.1)-(8.3.3) for B imply that :

n1(0,z) = ny(x), up(0,2) =wu(z), E}0,z)=E(z), (8.3.16)

BY0,7) + B;(0,2) = By (z), (8.3.17)
which determines the initial value of the second order initial layers.

Since, u? = —EY and with (8.3.10), (8.3.13)-(8.3.14) and (8.3.16), it is easy to obtain that the
equivalent of the Maxwell system (8.3.12) read :

0.E} —V x Bf = —ng(x)EY(z, ),
0.B}+V x E} =0, (8.3.18)
divE} = —n}, divB} =0

and the equivalent of the identity (8.3.14) read :

n7(0, ) = ny(x) + (/ E} (&, x)dE - V)no(x). (8.3.19)
0

Thus, the initial layer profiles (n%,v%, E?, B?) and (n},u}, E}, B}) are completely determined by,
(8.3.7)-(8.3.8), (8.3.12)-(8.3.13) and (8.3.18)-(8.3.19) which not determined with exponential decay
to zero. They are smooth functions of (z,z) and different from the initial layers indicated in
chapters 6 and 7. The proof of the convergence of system (8.1.3) to an asymptotic expansion
containing these initial layers is more complicated compared to an asymptotic expansion containing
initial layers with exponential decay.
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8.3. CASE OF ILL-PREPARED INITIAL DATA

8.3.2 Convergence results

According to the asymptotic expansions above, set

W (t,x) + Tnb(t/7. ),

(0. g(t,7) =
urr(t,x) = 7-( u’(t, x) +ud(t/T, x) + Tup(t/7, ) ), (8.3.20)
E.i(t,x) = E°(t,x) + EV(t/7,2) + TE} (t/7,2) + T°E2(t, x),
( Bri(t,z) = Bi(t/r, ) +7( B'(t, ) + By (t/7,2) ).
Then we have :
t=0: (nes,urs, Erp, Brg) = (no, Tuo, Eo, Bo) + 7(n1, w1, Ev, By). (8.3.21)
Moreover, equations (8.3.4), (8.3.6)-(8.3.7) and (8.3.18) imply that :
div ET,I =b— nrr, div BT,I =0. (8322)
Define the remainders R7?, R7!, Ry and RY by :
( 1
Om.p + —div(n, ru, ;) = R
T
1 1 E.r u;; ur; X B, .
Ot g+ —=(ury - Vur s+ =Vh(n,) = — ol ; — ol L4 R
T1 " Z T T T (8.3.23)
a1§£?7',I — =V x BT,I = nn + R‘gla
T
1
OB+ =V x E.; = Ry
\ T

Using equations (8.3.4), (8.3.6) for (n",u°, E°, B°, B') and (8.3.7)-(8.3.8), (8.3.12)-(8.3.14) for
(w9, EY, BY n}t ul El B}), we obtain :

Ry = 8(n”+ 7np) +div ((n° + mnp)(u® + uf + Tuy))
= O.ng + div(n’u)) + 7 div (n®uj + nj(u® + ) + 7 div(njug)
= div ((n°(t, ) — n°(0,2))u)(z,2)) + 7 div (n"uj + nj(u’ + u)))

+ 72 div(n}u}),
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8.3. CASE OF ILL-PREPARED INITIAL DATA

Ry = 1(0(u® + ud + Tup) + (W +uf + Tup) - V(u® + uf + Tup))
+ (u® +uj + 7Tup) x (B} + 7(B' + By))
+ %(Vh(no +7np) + (E° + EY + TE] + 72E2) + (u” 4+ ul 4 Tuj))
= %(Vh(no) + E°+ %) + %(E? +u) + ;I_V(h(no + 7np) — h(n))
+ Oup + (u” +uy) X By + (B +up)
+ 7 (0’ + up + (u® +uf) - V(U +uf) +up x BY + (u’ +uf) x (B' + Bj) + E)
+ 7 (0" +up) - Vup +up - V(' +up) +up x (B + Bp)) +7°(up - V)ug
= —VxBY+ @ +u)) x BY + %V(h(no +7n}) — h(no))
+ 7(0u” =V x B} + noE} + (v +u7) - V(u® + uf) + up x BY + (u” + uf) x (B' + By) + E?)

+ 72 (W +u}) - Vug +up - V(u® + ) + up x (B + By)) +7°(ug - Vg,

REI = 3t(EO +E)+TE + TQEE) — %V X (B? +7(B* + B})) — (n° + ) (u® + ud + Tuy)
= %(@E? —V x BY) + (8,E° = V x B! —n’u’)
+ 0.E} —n'u] — V x B} — 7(n%u; + ny(u’ 4+ uf)) + 72 (E2 — njuyp)
= (n°(0,z) — n°(t,2))u)(z,2) — 7 (n"uj + nj(u® + u)) + 7*(E2 — nju;)
and
Ry = 0B+ 7(B*+ B})) + %V x (E°+ Ef + TE] + T°E?)

1
— ;(v X B+ (0.B) +V x E0)) 4+ 0.B; + V x E] + 7(0,B' + V x E?)

= 0.

. . I I . . .
Now we establish error estimates for (R7!, R>!, R, R};"). Thus, from the previous discussions on
the remainders, we obtain the following error estimates.

Proposition 8.3.1 For given smooth data, the remainders RY', R»', Ry and Ry satisfy :

sup ||(Ry', R (¢, )]s < C7'2, RE' =0, (8.3.24)
0<t<Ty
sup ||R}I(t, )]s < C (8.3.25)
0<t<Ty

where C' > 0 s a constant independent of T.
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8.3. CASE OF ILL-PREPARED INITIAL DATA

It is clear that the convergence rate depends strongly on the order of the remainders with
respect to 7. In (8.3.25), there is a loss of half order for the remainders R]™, this loss will be
recovered in the error estimate of convergence due to the dissipation term for u.

The convergence result with initial layers can be stated as follows.

Theorem 8.3.1 Let s > 5/2 be a fized integer and (nj,u;, E;, Bj)jeony € H*THT) with ng >
constant > 0 in T. Suppose (8.2.45) holds and

| (n g, B3, B3) = > 7y 75, B, By)

7=0,1

‘ < Cyr'?, (8.3.26)

where C7 > 0 is a constant independent of 7. Then there exists a constant Cy > 0, independent of
T, such that as T — 0 we have T{ > Ty and the solution (n”,u”, E™, BT) to the periodic problem
(8.1.2)-(8.1.3) satisfies :

| (", u, E7, B7) = (n°, urp, E°, B)(t)||, < Car'/?, Vit e€[0,Th).

Moreover,

Hu ) < C'27'3/2.

i
uT7I||L2(0,T1;HS(

Before proving the Proposition 8.3.1 we need to introduce the following lemmas, of which
Lemma 8.3.1 can be found in [68]. For completness, a proof of Lemma 8.3.1 is given in Appendix.

Lemma 8.3.1 Let the following problem :

(8.3.27)
t=0, y=0, Oy=y,

where y = y(t,z) is a real-valued function, t > 0, v € R® and g is assumed to be smooth for the
moment. Then there exist an integer ¢ > 0, independent of g such that the following holds :

ly(D)llee < (141" gll21, (8.3.28)

and
1Dy (t)|loo < (141) " lglls1, (8.3.29)

where D(y) = ( % ) y(t, ).

Corollary 8.3.1 There exist an integer ¢ > 0 such that for all g € W3Y(R3), for all t > 0,

[y()]lse < c(1+1)""|glls1, (8.3.30)

and
[1Dy()lloe < (148" glls1- (8.3.31)
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8.3. CASE OF ILL-PREPARED INITIAL DATA

Proof. Since, we have C$°(R?) is a dense space in W3!(R?). Then we obtain (8.3.30) and

(8.3.31).
Lemma 8.3.2 Let the Mazwell equations in R? :

OFE -V xB=0,
(9tB—|—V><E:0

Additionally one has the initial conditions :
E(t=0)=FE,z), B(t=0)=B(0,x)

and the contraint
divE =0, divB=0.

Then the solution (E, B) of the systems (8.3.32)-(8.5.34) satisfies :
I(E, B))I = II(E, B)(0, )] .t =0,

1B, B)(t)llso < c(1+ 1) (£, B)(O, )|z, >0,

where C' is independent of t.

|

(8.3.32)

(8.3.33)

(8.3.34)

(8.3.35)

(8.3.36)

Proof. It is easy to get an L?-L?-estimate for £ and B. Multiplying both sides of the first equation
of (8.3.32) with E in L? and both sides of the second equation of (8.3.32) with B in L* we end up

with : 14
—_—— 2 pa— pr—
zﬁwmm (Vx B,E) =0,
liwmmM{vXEzn:o
2 dt : '

Adding the last two equations we get :

ICE, B)(®)Il = (£, B)(0, ), t=0.

From the linearized initial value problem (8.3.32), we obtain by differentiation :

O}E+V x (VX E)=0,

and
9}B+V x (V x B) =0.

Using the formula :
A =Vdiv-V x (Vx)

and (8.3.34) we obtain the equations :
BE—-AE=0

and
0}B — AB = 0.
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Then u = (F, B) is the solution of the linear initial value problem :

O*u — Au =0,
with the initial conditions :

u(t =0) = (E(0,2), B(0,2)) =up, u(t=0)=(V xE0,2),Vx B(0,z)) =u.
Let the operator w(t) be defined through :
(w(t)g) (z) == y(t, ),

where y is the solution of the linear initial value problem :

0fy — Ay =0,

y(t=0)=0, Oy(t=0)=gy.
Then u = (F, B) is given by :

u(t) = (w(t)ur) + 9 (w(t)uo),
because the function v(t) defined by :

v(t,z) = 0, (w(t)g) ()

solves the initial value problem :

Ofv — Av = 0,
v(t=0)=g, Ow(t=0)=0;(w(t)g)(t=0)=A(w(t)g)(t=0)=0.
Then from the Corollary 8.3.1 we obtain (8.3.36). O

8.3.3 Proof of Proposition 8.3.1

We know the terms (E?, BY) in system (8.3.7) satisfy the Maxwell system (8.3.32), then from the
Lemma 8.3.2 we have :

17 (2, ) ls + 1B (2, )lls = 1 E70, )lls + 1B (0, )]s, Vs > 0.

Then we deduce that :
(E},BY) € C([0,400[, T), (8.3.37)

with the uniform estimate :
1E? (2, )|ls + 1 B7(z, )lls < K1, Vs >0, (8.3.38)

where K7 > 0 is a constant independent of 7.
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From (8.3.8) and the uniform estimate (8.3.38) we deduce the following estimate of u? :
[uf(z, )]s < Ko, (8.3.39)

where K5 > 0 is a constant independent of 7.

On the other hand we have that the initial layer n} satisfies :

7ma@=muwwlﬁm§@%wwmm

which is non-local with respect to the fast variable z. In order to establish a uniform estimate of
n} with z > 0, we get :

£(z, ) = / EV(t,z)dt, n(z,z)= / BY(t, z)dt. (8.3.40)
0 0
From (8.3.7), it is easy to see that £ and 7 solve the following problem on [0, +00) x T :
[ 0.6(2,2) — V x n(z,z) = EY(0,.),
0.z ) + ¥ x £(2,2) = B0, ).

divé(z,x) =0, divn(z,z) =0,
 z2=0, £=n=0.

Since
div EY(0,z) = div BY(0,z) = 0,

there exist functions ®, ¥ € C([0, 00), H**!(T)) such that :
EY0,7) =V x ®(x), BY0,z)=—-V x ¥(z).
Therefore, £ and 7 satisfy in [0, +00[XT :

[ 0.(£+V(2))(2,2) — V x (n+ ®(2))(2,2) = 0,
0

(
(

(77 + @(1‘)) z,x)+ V % (5 + \I!(x))( ,x) =0, (8.3.41)
divé(z,z) =0, divn(z,z) =0,
s=0, §=n=

\

This yields the energy estimate by differentiation and by multiplying both sides of the first equation
of (8.3.41) with 9%(£ 4+ ¥(x)) in L? and both sides of the second equation of (8.3.41) with 0% (n +
®(x)) in L* :

/T(]ag( z,x)+ U(x )‘ —|—|8°‘( z x)+<I>(:U))‘2)d:c—/qr(‘8§¢)(a:)|2+‘8:?\11(x)}2)dx,

for all z > 0 and o € N? with |a] < s+ 1, from which we deduce a uniform estimates of £ and ¥
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with respect to s. Thus from (8.3.19) and with the last equality we have :
Ini(z, s < K3, Vs >0, (8.3.42)

where K3 > 0 is a constant independent of 7.

Now, we get an estimate for E} and B}. Let

E(z) = %/T (|8§E}(Z,x)|2 + |@§‘B}(z,x)|2)dx and  jo(z,2) = =02 (no(x)E?(z,x)).

We differentiate the system (8.3.18) with 02 (in z) for a multi-index o with |a| < s and we multiply
both sides of the first equation of (8.3.18) with 92E} in L? and both sides of second equation of
(8.3.18) with 9¥Bj in L? we obtain :

()~ (jolz,2), 2B} (z,2)) = 0, (8:3.43)

It is obvious that :
(a2, 2), BNz 2)) < alz JO2ENE, )]

lda(z, ) 1E(2)2,

IN

which imply :

() < nz ) (8344

Applying Lemma 8.1.2 in (8.3.44) we obtain :
et < €0+ g [ il
< 0+ [ 10z (B €.l
Thus, Generalized Holder inequality and Lemma (8.3.2), implies :
et < (8 + Inallr [ 102(ED. BIE, i)
< (8O} + ImalllO8(ES BDO. s [ 1+ 0)ar)

< C(£0)F + lImolla 105 (ES, B0, s, 1n(1 + 2)).
Then we have :
1B} e+ 1B < (1810, )+ B0, ),

+ Il I (S, BR)O, st In(1 + 2)),
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8.3. CASE OF ILL-PREPARED INITIAL DATA

which implies :

N

IEH s+ 1B}z )l € C(C+CIn(1+2)) <C(C+ (1+2)

Then we obtain :
1
187 (2, )ls +11B1 (2, )lls < K772, (8.3.45)
where K, is a constant independent of 7.

From (8.3.13) and using the estimates (8.3.45) we obtain :
lub(z, )l < K572, (8.3.46)

where K5 is a constant independent of 7.

On the other hand, there is n € [0,¢] C [0,7}] such that :
n’(t,x) —n°(0,z) = tom°(n, x) = 720m°(n, x).
From (8.3.8), it is easy to obtain :
(n°(t,z) — n°(0,2))u) = —720,n°(n, 2) E}. (8.3.47)

To complete the proof, we get an estimate for (zE?, 2BY?). From (8.3.7), it is easy to obtain that
(2E?, 2BY) satisfies the following system :

0,(2EY) — V x (2BY) = EY,
0.(2BY) + V x (zE}) = BY, (8.3.48)
divEY =0, divB}=0.

For a € N? with |a| < s, differentiating equations (8.3.48) with respect to x and multiplying both
sides of the first equation of (8.3.48) with 9%(2E?) in L? and both sides of the second equation of
(8.3.48) with 9%(2BY) in L? yields :

L(2) — (05 (==, ) 05 Bz, )) — (06 (=), 05 B (2 0)) =0, (8.3.49)

where,
£(z) = %/T (102 (B3, 2) P + 108 (2 B2z, ) P ) e

It is obvious that : q
SE() < 108 (B B (=, )I€(2) (8.3.50)

Applying Lemma 8.1.2 in (8.3.50) we obtain :

et < o(e0h+ [ (BB E lee)
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Thus, Generalized Holder inequality and Lemma (8.3.2), imply :
1 7
e < Ol [ e (B B)e it

< CURER B alTl [ (1+0)7
< Cllog(E7, B)(0,)||s] T|n(1 + 2).
Then we have :
12E7 (2, )ls + 12B7 (2, )ls < Cl(EY, B0, ) |ls+3,1|T| In(1 + 2),
which implies :

127 (=, )lls + 2B7 (2, )lls < Cln(l+2)

< C(1+2)z.
Then we obtain :
1
12E7 (2, )lls + 12B7 (=, )ls < KeT ™2, (8.3.51)
where Kj is a constant independent of 7.
It follows from (8.3.47) and (8.3.51) that :
(n°(t,z) —n°(0,2))u(z,2) = O(r'/%). (8.3.52)

Thus, from (8.3.39), (8.3.42), (8.3.46) and (8.3.52) we have :
Rp'=0(r'?) and RE =O0O(r'?).

Finally, for R7!, we have

h(n® + 7n}) — h(n®) = O(7).
Then, from (8.3.38)-(8.3.39), (8.3.42), (8.3.45)-(8.3.46) we obtain :

RTT =0(1).

This completes the proof. O

8.3.4 General convergence result

Let (n™,u”, E™, B™) be the exact solution to (8.1.2) with initial data (nj, ul, Ef, Bf) and (n,, u., E;, B;)
be an approximate periodic solution defined on [0, 77], with

(ns,ur, Er, By) € C([0,Ty], H*(T)) N C([0, T)], H*(T)).
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8.3. CASE OF ILL-PREPARED INITIAL DATA

We define the remainders of the approximate solution by :

/

1
R = On, + —div(n,u,),
T
1 ]' ET T BT T
R; = Owur + —(uy - V)u, + =Vh(n,) + — + U X%y u—2,
T T T u T (8.3.53)
Ry = 0,E, — =V x B, — T,
T
1
E =0,B,+ -V x E,.
\ T
Suppose
divE, =b—n,, divB, =0, (8.3.54)
sup |[(n., E, B:)(t,)||s < C1,  sup |u-(t, )]s < Ci7, (8.3.55)
0<t<T) 0<t<T)
| (n§ — n-(0,-), uy —u-(0,-), Ef — E-(0,-), Bf — B-(0,-))]|, < Ci7**, (8.3.56)
sup ||(RT, RL)(t,-)||s < Ci7™,  sup ||RI(t,-)|s < Ci7*, RL =0, (8.3.57)
0<t<Ty 0<t<Ty

where A > 0, C7; > 0 and 0 < a < 1 are constants independent of 7.

Theorem 8.3.2 Let A > 0 and a > 0. Under the above assumptions, there exists a constant
Cy > 0, independent of T, such that as 7 — 0 we have T] > Ty and the solution (n™,u”, E™, B7)
of the periodic problem (8.1.2)-(8.53.3) satisfies :

|(n",u™, E™, BT)(t) = (nr, ur, Er, B;) ()], < Cor™™®, Vit € [0,Th]. (8.3.58)

Moreover,
-

|u < Gyttt (8.3.59)

— Ur HL?(O,Tl;Hs(T))

Remark 8.3.1 It is clear that Theorem 8.3.2 implies Theorems 8.3.1-8.2.2. In particular, A = m
and a =1 with m > 1 in Theorem 8.2.2, and a =0 and A = 1/2 in Theorem 8.3.1.

The proof of Theorem 8.3.2 is given in section 6.4.2 and the proof of Theorem 8.2.1 is similar to
that of Theorem 8.3.2.

Appendix 1 : Proof of Lemma 8.1.2
We define the following function :

G(t)=C —|—/0 m(s)p(s)ds.

Since G is differentiable, we have :

G'(t) = m(t)G(t)*
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8.3. CASE OF ILL-PREPARED INITIAL DATA

Using the assumption ¢(t) < G(t) and the function x — z* is increasing with o > 0, we have :

GG/ (t) < m(1).

We integrate the last inequality from 0 to ¢ gives :

%@{G(t)l‘“—cd‘“}g /0 m(s)ds.

Since o < 1, 1 — a > 0 and the function z — x7-= is increasing, we obtain :

G(t) < {C"" + (1—a) /0 (s)ds}

Which complete the Lemma.

Appendix 2 : Proof of Lemma 8.3.1

From Kirchhoft’s formula says that y defined by :

ta) = 1 [ oo+ )iz
SQ

T 4m

(8.3.60)

is the solution of (8.3.27), where S* = 9B(0,1) denotes the unit sphere in R3. This is easily
checked. From (8.3.60) we obtain :

Moreover

hence

y(t=0) = 0,
4mdPy(t,z) = / g(x +tz)dz + t/ (Vg)(z +tz)zdz,
2 52

Fyt=0) = g.

AnVy(t,x) = /SQ(Vg)(x +tz)dz,

4rdiy(t,z) = 2 /SQ(Vg)(x +tz)zdz +t /52 V{(Vg)(z +tz)z}zdz
S /B o B0+ 4 /B (TRt 1)z
ArAy(t,z) = t/SQ(Ag)(x +tz2)dz = t/SQ{(Ag)(x +t2)z}zdz

= t? / (VAg)(x +tz)zdz + 3t/ (Ag)(z + tz)dz.
B(0,1) B(

0,1)
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8.3. CASE OF ILL-PREPARED INITIAL DATA

This implies
OXy — Ay = 0.

Now we shall prove (8.3.28) and (8.3.29)

First let t > 1 :
< d
- / g(x +tz)dz :/ / —g(z + sz)dsdz
S2 S2 J¢ dS

1.
0 2
= / / (Vg)(z + sz zdsdz-/ / (Vg)(z + sz)szdsdz
S2 t
_ / 273 (Vg)(x + 2)zdz.
|z|>t

This implies
[ stestds <0 [ ()t 2)idz <t gl
S |z|>t

2. Analogously one obtains

t [ (V9)(a+ t2)edz] < gl
S2

and
t [ (Vo) -+ t2)de] < gl
S

Hence we get for t > 1 :
ly()llso + 1Dy (t)lloo <t [lgll2.1.
3. Nowlet 0<t<1:

/g(a:—l—tz)dz = // —g T + sz)dsdz
52 Jt

SZ
= // s—t g(x + sz)dsdz
52 Jt

/|| t (= =1 Z 22j(0;0;9)(x + z)dz.

e
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8.3. CASE OF ILL-PREPARED INITIAL DATA

This implies :

3

1
|t/SQg(x—i—tz)dz| < tZ/ 210.0,9(r + 2)\dz

i,]zl ‘Z|>t
1 3

< 6> [ gl
i,jil |Z‘>1

< gll2,1-

Similarly we obtain :

oo(s_t)Q d3
tz)dz = — tz)dsd
/Sgg(aH— z)dz /52/t 5 ds3g(:ic+ z)dsdz

(2] = 8? <
= — _ Z 2252 (0;0;09)(x + 2)dz.
|z|>t

2025 -
i,5,k=1

This implies
3

|/S2g(:c—i—tz)dz| <c Z

,7,k=1

/| |0,0;0,9(x + z)|dz < c[lg_3, 1.
z|>t

In a similar way we obtain :

t [ (V9)(a+ t2)2dz] < clgl,
S2

and
[ (Vo) -+ t2)d| < clgl.
S

which complete the proof. O
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