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Context

The general framework of the manuscript is the approximation of a real-valued functiorz(x):

z:Q RY I R
X 7' z(x)

called the input parameter space. We suppose that we do not have any information about this
function. Such a function is generally called in the computer experiments literature a black-
box function and it represents the output of a computer code takingx as input parameters.
Computer codes are widely used in science and engineering to describe physical phenomena.
The term Computer Experiments refers to mathematical and statistical modeling using
experiments performed via computer simulations. This kind of experiments is often called
experiments in silico .

To approximate the relation between the input variable x and the response variablez(x),

su cient to build a surrogate model for z(x). Indeed, we also have to make some assumptions
about the space wherez(x) lies.

A legitimate question that we can point out is the necessity to control the numbern of
observations. Indeed, a natural way to know the outputz(x) is to simulate the computer
code with the input variable x. Nonetheless, advances in physics and computer science lead
to increased complexity for the simulators. As a consequence, performing an uncertainty
propagation, a sensitivity analysis or an optimization based on a complex computer code is
extremely time-consuming since it requires a large number of computer simulations. Therefore,
to avoid prohibitive computational costs, a fast approximation of the computer code - also
called surrogate model or meta-model - is built with a restrictedn.

The statistical approach is widely used for the analysis of computer experiments since
there are many sources of uncertainty to consider. We summary them in the following graph.
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Statistical analyses generally deal with the measurement, the modeling and the meta-
modeling errors. The modeling error has two main sources of uncertainty. The rst one
is the mathematical approximation of the phenomena including physical simpli cations and
the second one is the uncertainty about the values of the physical parameters present in
the model. The measurement error represents the uncertainty between the real phenomena
and our observations of the phenomena. Finally, the meta-model error corresponds to the
uncertainty due to the approximation of the code output. Since the meta-models are also
implemented with computer codes, this part includes discretization, truncation and round-o
errors.

We note that the discretization error is due to the transcription of the mathematical
model - generally considering continuous functions - into a discrete model. Furthermore, the
truncation error is due to the fact that computers can only deal with nite approximations
and the round-o error arises because we can only represent a nite number of real numbers
on a machine. We highlight that nowadays, we cannot handle all sources of uncertainty and
thus the ones between the reality and the surrogate model remain unknown.

In this manuscript, we focus on the measurement and on the meta-modeling errors. In
particular, we consider the Gaussian process regression - also called kriging model - as surrogate
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model. It is a useful and very popular tool to approximate an objective function given some
of its observations (see e.gjacks et al., 1989) [Sacks et al., 1989k [Currin et al., 1991],
[Morris et al., 1993, [Laslett, 1994, [Koehler and Owen, 199§ [Schonlau, 1998 [Stein, 1999,
[Kennedy and O'Hagan, 200}, [Santner et al., 2003, [Fang et al., 200§, [O'Hagan, 2004,
[Conti and O'Hagan, 201Q, [Bect et al., 2019 and [Gramacy and Lian, 2013). It corresponds
to a particular class of surrogate models which makes the assumption that the response of
the complex code is a realization of a Gaussian process. A strength of this approach is that
it provides a basis for statistical inference through the Gaussian assumption. It has originally
been used in geostatistics bylrige, 195]] to interpolate a random eld at unobserved locations
(see Matheron, 1963, [Matheron, 1969, [Chiles and Del ner, 1999, [Wackernagel, 2008
[Berger et al., 200] and [Gneiting et al., 201() and it has been developed in many areas such
as environmental and atmospheric sciences. It was then proposed in the eld of computer
experiments by [Sacks et al., 1989h During the last decades, this method has become widely
used and investigated.

We introduce the Gaussian process regression in Pait This chapter is inspired by the
books of Btein, 1999, [Santner et al., 2003 and [Rasmussen and Williams, 200k the reader
is referred to them for more detail about kriging model. In this part, we introduce in Chapter
1 the univariate kriging model, i.e. when the output of the objective function is a scalar. In
this chapter, we present di erent approaches for the kriging model: from the Bayesian one
in Section 1.2 to the original one introduced by [Krige, 195]] in Section 1.5. Furthermore,
throughout Chapter 1 we present some methods to implement and use in practical way the
kriging model. In particular, in Section 1.3 we present classical mathematical tools and recent
advances about model selection in a Gaussian process regression context. Moreover, in Section
1.4 we discuss about covariance kernels which are an important element of kriging model.
Finally, we give in Chapter 1 some theoretical insights about Gaussian process regression.
More speci cally, we deal with spectral representation of a Gaussian process in Sectidn4
and we propose a short introduction to reproducing kernel Hilbert spaces in Sectioh.5.

Then, in Chapter 2, we present kriging models in a multivariate framework. The corre-
sponding method is called co-kriging and is used when the output of the objective function
is a vector with correlated components. First in Section2.1, we extend the Bayesian kriging
equations presented in Sectiorl.2 for the co-kriging models. Second, we present in Section
2.2 the original co-kriging model introduced in the geostatistical literature. We will see that
the Bayesian and the geostatistical approaches are equivalent. Then, in Secti@3 we discuss
about matrix-valued covariance kernels which are an important ingredient of the method with
a non-trivial de nition. Finally, in Section 2.4, we give an example of a co-kriging model
widely used in computer experiments which allows for taking into account the derivatives into
the model building.

Sometimes low- delity versions of the computer code are available. They may be less
accurate but they are computationally cheap. A question of interest is how to build a surrogate
model using data from simulations of multiple levels of delity. The objective is hence to
build a multi- delity surrogate model which is able to use the information obtained from the
fast versions of the code. Such models have been presented in the literatuterfig et al.,
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1999, [Kennedy and O'Hagan, 2000 [Higdon et al., 2004, [Forrester et al., 2007, [Qian
and Wu, 200§ and [Cumming and Goldstein, 2009. We propose in Partll some derivations
and extensions to the model proposed byKlennedy and O'Hagan, 200 and investigated by
[Higdon et al., 2004, [Forrester et al., 2007 and [Qian and Wu, 200§. First of all, we present
this model in Chapter 3 and we deal with some key issues that make di cult to use the
suggested model for practical applications. In particular we propose in section3.3 and 3.6
an original approach for the parameter estimations which is e ective even when the number
of code levels is large. Furthermore, we propose in Sectid4 a Bayesian formulation of the
model which allows to consider prior information in the parameter estimations and integrates
all the uncertainty due to the estimation of the parameters. We also proposed some tricks
to reduce the computational complexity of the model. Comparisons have been performed
between our model and the ones ofennedy and O'Hagan, 200p and [Qian and Wu, 2009
on a academic example in Sectio.5and on an application in Section3.7. They show that our
approach improves the former ones both in terms of prediction accuracy and computational
costs.

Then, in Chapter 4, we suggest another approach to build multi- delity co-kriging models
based on a recursive formulation. With this original formulation presented in Sectiord.2, we
obtain the same performance in terms of prediction accuracy and computational costs as the
model proposed in Chapter3 when we use the suggested improvements. However, it allows
for extending classical results of kriging to the considered co-kriging model. In particular,
we give Universal co-kriging equations in Sectiort.3 which integrate the uncertainty due to
the estimation of some parameters. Moreover, in Sectiod.4 we give computational shortcuts
to compute the cross-validation procedure for the suggested multi- delity co-kriging model.
The e ciency of the recursive formulation of the model is emphasized on an application in
Section 4.5. We also implement this model in a R CRAN package named MuFiCokriging
(http://cran.r-project.org/web/packages/MuFiCokriging ) and present it in Section4.6.
Another strength of the approach presented in Chapter4 is that it allows for obtaining the
contribution of each code level into the total model variance. We use this important property
in Chapter 5 to propose sequential design strategies in a multi- delity framework.

In Chapter 5, we rst propose original kriging-based sequential design strategies in Section
5.1 The novelty is that they take into account the model prediction capability into the
sequential procedure and not only the estimated model variance. Then, we give in Section
5.2 a method to extend the kriging-based sequential design strategies to the multi- delity co-
kriging model. We note that, in a multi- delity framework, the search for the best locations
where to run the code is not the only point of interest. Indeed, once the best locations are
determined, we also have to decide which code level is worth being run. In particular, the
presented extensions take into account the computational time ratios between code versions
and the part of each code into the model's variance. The performance of the given sequential
strategies for kriging and co-kriging models are illustrated on applications in Sectio.3.

In many cases, computer codes have a large numbdrof input parameters. Global sensi-
tivity analysis aims to identify those which have the most important impact on the output.
A popular tool to perform global sensitivity analysis is the variance-based method coming
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from the Hoe ding-Sobol decomposition Hoe ding, 1948] and named as the Sobol method
[Sobol, 1993 Nevertheless, this method requires an important number of simulations. The
codes being often extremely time-consuming, we use a surrogate model to handle with it. We
present in Chapter 6 an original kriging-based global sensitivity analysis. In particular, it
xes important aws present in the pioneering article of [Oakley and O'Hagan, 2004 We
present the principle of their method in Section6.3 and give some improvements for it. Then,
in Section 6.4 we suggest our original approach to perform kriging-based sensitivity analysis.
Finally, the extensions of the two presented methods for the multi- delity co-kriging models
are presented in Sectiorb.5.

We emphasize that in Chapter6 Subsections6.4.3 and 6.5.2 we propose two methods to
generate samples with respect to the kriging and co-kriging predictive distributions on large
data sets. In particular, we avoid numerical issues such that ill-conditioned matrices and high
computational costs.

For many realistic cases, we do not have direct access to the function to be approximated
but only to noisy versions of it. For example, if the objective function is the result of an
experiment, the available responses can be tainted by measurement noise. Another example is
Monte-Carlo based simulators - also called stochastic simulators - which use Monte-Carlo or
Monte-Carlo Markov Chain methods to solve a system of partial di erential equations through
its probabilistic interpretation. Gaussian process regression can be easily adapted to the case
of noisy observations. We deal with the framework of stochastic simulators in Partll .

First, we introduce at the beginning of Part Il , the context of stochastic simulators. The
important point is that in this framework the observation noise variance is inversely propor-
tional to the number of particles used to the Monte-Carlo schemes. Furthermore, the amount
of particles also controls the computational cost of the simulator. Therefore, in that frame-
work, we have an explicit relation between the accuracy of an output and its computational
cost. Another particularity is that an in nite number of code levels of increasing accuracy
can be obtained. In particular, we consider the case of partially converged simulations, i.e.
an accurate code output corresponds to a coarse one after continuing the Monte-Carlo con-
vergence. We show in the introduction of Partlll that using a multi- delity co-kriging model
in such a context is equivalent to use a noisy-kriging considering uniquely the most accurate
simulations.

Then, Chapter 7 deals with the learning curve describing the generalization error of the
Gaussian process regression as a function of the training size. The main result of this chapter
is the proof of a theorem giving the generalization error for a large class of correlation kernels
and for any dimension when the number of observations is large. The theorem is presented
in Section 7.3 and its proof is given in Section7.7. The presented proof generalizes previous
ones that were limited to special kernels or to small dimensions (one or two). From this
result, we deduce in Section7.4 the asymptotic behavior of the generalization error when
the observation error is small. This is of interest since it provides a powerful tool for decision
support. Indeed, from an initial experimental design set, it allows for predicting the additional
computational budget necessary to reach a given desired accuracy. This result is applied
successfully in Sectior7.6 to a nuclear safety problem. Moreover, in Sectior?.5 we deal with
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the optimal resource allocation. If we consider as xed the number of particles for the Monte-
Carlo procedures and the number of simulations, then a question of interest is to nd the
particle repartition on the simulations which minimizes the model uncertainty. We provide a
proposition giving an optimal allocation under restricted conditions. Furthermore, we observe
in Appendix D that this allocation remains e cient in more general cases.

Finally, we address in Chapter8 the problem of global sensitivity analysis for stochastic
simulators. As seen previously, variance-based sensitivity methods require a large number of
simulations. As the computer codes are time-consuming they are generally substituted by a
surrogate model. Therefore, there are two sources of uncertainty in such analysis. The rstone
corresponds to the meta-model error (approximation error) and the second one corresponds to
the error on the sensitivity index estimates of the meta-model (estimation error). To perform
such analysis, we suggest a particular surrogate model in Sectié2 which corresponds to a
Gaussian process regression build from lot of simulations but with a large uncertainty. The
main result of this chapter is a theorem presented in Sectio®.3 which gives su cient condi-
tions to obtain the asymptotic normality for the suggested index estimators. The proof of this
theorem is given in Subsectior8.4. From the theorem, we can derived asymptotic con dence
intervals taking into account the uncertainty of both the meta-model approximation error and
the index estimation error. We illustrate on an example the e ciency of our approach.
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Notations

absolutely continuous,

almost surely,

almost every,

Best Linear Unbiased Predictor,

Cross-Validation,

Integrated Mean Squared Error,

Leave-One-Out,

Monte-Carlo Markov Chain,

Maximum Likelihood Estimate,

Mean Squared Error,

Reproducing Kernel Hilbert Space,

Objective function to be approximated,

input parameter in a subsetQ of RY,

nonempty open subset oRY representing the input parameter space,
number of dimensions of the input parameter space,
number of observations,

the vector of the observed values o£(x) in D.

the n d experimental design set, then lines represent the observation
points in Q,

Gaussian process,

Multivariate or univariate Gaussian distribution,

Gaussian process of meam(x) and covariance structurek(x; x),
the Gaussian vectorZ (D),

covariance function or continuous positive de nite kernel,
covariance vector betweernx and D with respect to k(x; x),
covariance matrix of D with respect to k(x; x),

matrix valued covariance kernel,

correlation kernel,

correlation vector betweenx and D with respect to r(x; x),
correlation matrix of D with respect to r(x; %),
hyper-parameters of the covariance or correlation structure,
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f(x)

Ji
X=X

diag (x)

variance parameter,

vector of regressors of sizp,
regression parameter,

design matrix corresponding to the values of {D),
sample space,

a -algebraon ,

the Borelian -algebra,

a probability on F,

a probability measure onQ,
probability density function,
expectation,

covariance,

equality in distribution,

an equality which acts as a de nition,
indicator function,

the identity matrix,

matrix or vector transpose,

trace of a matrix,

scalar product,

euclidean norm,

Kronecker symbol,

diagonal matrix with diagonal vector X,
convolution operator,

a Hilbert space of real functions,

space of square-integrable functions with respect to the
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Chapter

An introduction to Gaussian process
regression

Let us consider that we are interested in approximating an objective functionz(x) 2 R with

X 2 Q RY from few of its observations and whereQ is a nonempty open set. In our
framework, z(x) represents the output of a code andk represents its input. Furthermore,
we denote byD = fxi;:::;Xpg with x; 2 Q the experimental design set andz" = z(D)
the values ofz(x) at points in D - z" is called the vector of observations. Gaussian process
regression - also called kriging model - is a very popular tool to perform such approximation.
Throughout, the manuscript, we will equivalently use the term kriging model or Gaussian
process regression.

We present in this chapter the Gaussian process regression principle through di erent
approaches. First, we introduce it with a Bayesian paradigm in Sectionl.2. Then, we give
two other approaches: the geostatistical one with the Best Linear Unbiased Predictor (BLUP)
(Subsection1.5.1) and the regularization one with the representer theorem in a Reproducing
Kernel Hilbert Space (RKHS) (Subsectionl1.5.2).

We also deal with two important points controlling the e ciency of the Gaussian process
regression. The rst one is about the model selection (Sectiofh.3) in which we present di erent
ways to estimate the model parameters. The second one is the choice of the covariance kernel
of the Gaussian process used in the model (Sectidnd). Over all, let us introduce in the next
Section 1.1 the so-called Gaussian processes.

1.1 Gaussian processes: a short introduction

Let us consider a probability space( z;Fz;Pz), a measurable spac€S;B(S)) and T an
arbitrary set. A stochastic processZ(x), x 2 T, is a collection of random variables de ned
on( z;Fz;Pz), indexed by T and with values in S. Z(x) is Gaussian if and only if for
any nite collection C T, Z(C) has a joint Gaussian distribution. In our work, we always
haveS= Rand T = Q RY with d an integer representing the dimension of the input
parameter space andQ a nonempty open set. A Gaussian process is completely speci ed by
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24 CHAPTER 1. GAUSSIAN PROCESS REGRESSION

its mean function m(x) = Ez [Z(x)] and its covariance functionk(x; x) = covz (Z(X); Z (%)) =
Ez [(Z(x) Ez[Z()D(Z(%) Ez [Z(x)]].

The mean function m(x) of a Gaussian process represents its trend. In a Gaussian process
regression framework, we usually choose a mean function of the form(x) = fqx) , with

f9%x) = (f1(x);:::;fp(X)) a vector of regressors generally including a constant function and
ap 1 vector of regression parameters.
The covariance functionk(x; x) is a positive de nite kernel, i.e. for all (&)i=1::n 2 R,
N 2 N and distinct (X;)i=1:::n 2 T, it satis es the following property:
X

aak(xi;xj) 0
i =1

consider in the manuscript that k(x; x) is continuous andsup,»t k(x;X) < 1 . The covariance
kernel describes the dependence structure of the Gaussian proc&séx). In our framework,

we often consider kernels of the formk(x; %) = 2r(x;%; ) wherer(x;%; ) is a correlation
kernel parametrized with the vector and 2 is the variance parameter. Furthermore, we
generally consider a stationary kernel, i.ek(x; %) is a function of x x%. Nonetheless, for some
derivations - like in Chapter 7 - we consider any continuous positive de nite kernek(x; x) such

that sup,,t k(x;x) < 1 . The covariance kernel is certainly the most important ingredient

of a Gaussian process regression. Indeed, it controls the smoothness of the Gaussian process
(see Sectionl.5) and thus the regularity of the approximation of the objective function z(x).

A rst example of covariance kernel. A popular covariance kernel is the isotropic
squared exponential one de ned as

KX = Zexp oix X2 (L.1)
wherejj:jj stands for the euclidean norm. It is parametrized by the hyper-parameter which is
called the characteristic length-scale or correlation length. Roughly speaking, represents the
distance for which the observations are strongly dependent. In general, the parameters of the
covariance function are referred to hyper-parameters to highlight that they are parameters of
a non-parametric model. We illustrate in Figure 1.1 some realizations of Gaussian processes
with a squared exponential covariance kernel. We vary the formula of the mean and the
value of the variance parameter 2 and the hyper-parameter . We observe in Figurel.1
that the variance parameter 2 controls the range of variation of the Gaussian process, the
hyper-parameter controls the oscillation frequencies and the mean controls the trend of the
Gaussian process.

1.2 Kriging models : a Bayesian approach

In a kriging framework, we consider that the codez(x) is a realization of a Gaussian process
Z(x). Usually, we consider a Gaussian process with mean of the form(x) = fqx) , with
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0=0.4;s’=1;m(x)=0 q=0.1;s’=1;m(x)=0

Z(x)
Z(x)

q=02;s%=1;m(x)=2x*- 1

z(x)
Z(x)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

X X
Figure 1.1: Realizations of Gaussian processes with squared exponential kernel with di erent
parameter values and trend formulas. The shade area represents the point-wise mean plus
and minus twice the standard deviation. It corresponds to 95% con dence intervals.

fqx) = (f1(x);::: ;fp(x)) and with covariance function k(x; %) = 2r (x; %; ). The mean of
the Gaussian process models the trend of the observations with respect to the input parame-
ters and the covariance structure models the dependence between the di erent values of the

objective function.

1.2.1 Kriging equations

We develop in this subsection the so-called kriging equations. The kriging mean provides
the surrogate model that we use to approximate the objective functiorz(x) and the kriging
variance represents the uncertainty of the model. We derive two types of kriging models. In
the rst one, we consider that the observations are noisy-free. In the second one, we consider
that the observations are tainted by a white noise.
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The noisy-free case

We consider the random vectorZ" := Z(D) which is Gaussian sinceZ (x) is a Gaussian
process. We consider the problem of predicting the random variabl& (x) for any x 2 Q.
Intuitively, we want to use the information contains in Z" to predict Z (x) and thus we consider
the joint distribution of Z(x) and Z" given by:

! ! I
z" F rxy R
where 9 stands for transpose,F = fqD) is the design matrix, r{x) = [r(x;Xi; )i=1:n

.....

Then, the predictive distribution is de ned by [Z(x)jz" = z"; ; 2; ]. The notation
[AjB] stands for the distribution of A conditionally to B. Conditionallyto ; 2; the random
vector (Z(x);Z") is Gaussian. Therefore, conditionally to these parameters, the conditional

distribution [Z(x)jZ" = z"; ; ?; ]is a GaussianN 2(x);s?(x) with :
2x)= f4x) +r)R (" F ) (1.3)
and
PxX)= 21 rR r(x) (1.4)

Equations (1.3) and (1.4) correspond to the Simple Kriging equations, i.e. when al
parameters are considered as known. The kriging mea#(x) is the surrogate mode
that we use to approximate the objective functionz(x) and the kriging variance s?(x)
represents the model mean squared error.

We illustrate in Figure 1.2 some realizations of a conditional Gaussian process distribution.
We see in Figurel.2 that the kriging mean interpolates the observations. This is an important
property of kriging equations. Furthermore, we see that the kriging variance equals zero at
points of the experimental design set. It means that we consider that the model error is null
at these points. It is natural since the model is interpolating.

Then, we see in Equation {.3) that the kriging mean does not depend on the variance
parameter 2. Infact, this parameter - representing the range of variation of the functionz(x) -
has just an impact on the kriging variance (L.4). Furthermore, we see that the kriging variance
does not depend on the observationg". This property can be useful to elaborate strategies
to reduce the model uncertainty. Indeed, we can evaluate the reduction of uncertainty after
adding some points into the experimental design set without simulating new observations.
Nevertheless, this point is also a big aw of the method. Since the Gaussian assumption
cannot be veri ed, the kriging variance can poorly represent the model error. In fact, kriging
variance is more a measure of the distance between the poirtand the points in D than a
measure of the prediction error at pointx. Therefore, conception based uniquely on kriging
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.2: Realizations of a conditional Gaussian process distribution with squared expo-
nential kernel, variance parameter 2 = 1, hyper-parameter = 0:1, regressors function
fqx) = (1;x) and trend parameter = ( 1;1). The thin purple lines represent the realiza-
tions, the crosses represent the observations, the thick blue line represents the kriging mean
2(x) and the shade area represents the meak(x) plus and minus twice the standard deviation
s(x). It corresponds to 95% con dence intervals.

variance could be inappropriate. We present in Chaptels an example of method which uses
the model prediction capability to adjust the kriging variance.

Furthermore, if we denote byY (x) = Z(x) fqx) ,y"=y" F and§(x)="%2(x) fqx) ,
then Y (x) is a Gaussian process with mean zero and the same covariance structureza).
Then we can rewrite Equation (1.3) with the two following forms:

)@ n
$(x) = iYi (1.5)
i=1
with  =[r{x)R 1}, i=1;:::;n and
X
$(x) = iK(X; Xi); (1.6)
i=1
with | = R (" F) . I =1;:10n. These two equations introduce the two other

approaches of the Gaussian process regression. In Equatich%) we notice that the predictor
¥(x) can be viewed as a linear predictor with respect to the observed valugs'. This approach
which refers to the Best Linear Unbiased Predictor (BLUP) is presented in Subsectiod.5.1
Then, in Equation (1.6), we see that the predictor can be written as a linear combination
of the kernel k(x; x) centered onto the points of the experimental design set. This form -
corresponding to the solution of a speci c regularization problem in a Reproducing Kernel
Hilbert Space (RKHS) - is presented in Subsectiori.5.2
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The noisy case

For many cases, we do not have direct access to the function to be approximated but only
to a noisy version of it. For example, if the objective function is the result of an experiment,
the observations are typically tainted by measurement noise. Let us suppose that we want
to approximate an objective functionx 2 Q! f(x) 2 R from noisy observations at points
observations (see Partlll ). We assume an independent Gaussian observation noise with zero
mean and variance #(x). In the computer experiments literature, it is referred as the nugget

e ect. Therefore, we haven observations of the formz; = f (x;) + «(X;i)"i where ("i)i=1::n
are independent and identically distributed with respect to a Gaussian distribution with zero
mean and variance one. As in the noisy-free case, we assume thHgix) is a realization of a
Gaussian procesZ (x) of meanm(x) = fqx) and covariance structurek(x; x) = 2r(x; x; ).

whereK = [K(Xi;Xj)lij =10, =1 2(xi) ij lij =1;:;n and 5 is the Kronecker delta which is
one ifi = j and zero otherwise. Therefore, we have the following joint distribution:
! ! I
Z(o T kex) k) w7
z" F k(x) K+
Then, the predictive distribution [Z(x)jZz" = z"; ; 2; ; ]is still a Gaussian distribution

N 2(x);s?(x) with :
2x)= 1) +kP)K + ) N F) (1.8)

and
?(x) = k(x;x)  kO)(K + ) k(x): (1.9)

We note that in the noisy case, the predictor (.8) can also be viewed as a linear predictor with
respect to the observations or as a regularization problem solution in a RKHS. Furthermore,
the mean2(x) of the predictive distribution no longer interpolates the observationsz" and the
variance s%(x) is not zero at points in the experimental design set. This properties are natural
since there is no sense to interpolate the observations if they are tainted by noise. Moreover,
at a point x; 2 D, the predictive variance cannot equal zero since it takes into account the
observation noise variance. We present in Figurd.3 an example of kriging model in a noisy
framework.
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()

Figure 1.3: Realizations of a conditional Gaussian process distribution with noisy observations
and a squared exponential kernel. The variance parameter equal$ = 2, the hyper-parameter
equals =0:1and the meanm(x) is null. The thin purple lines represent the realizations, the
crosses represent the observations, the thick blue line represents the kriging me#(x) and
the shade area represents the mea#(x) plus and minus twice the standard deviations(x).
Furthermore, the observation noise variance is #(x) = (2 +sin(4 x ))=4.

1.2.2 Bayesian kriging equations

We discuss in this section about the Bayesian approach in Gaussian process regression. In
a Bayesian paradigm the parameters and hyper-parameters of the model are considered as
unknown and are modeled by random variables. The rst objective is to infer from the
observations about the parameters and hyper-parameters. Then the aim is to provide a
predictive distribution integrating the posterior distributions of the parameters and hence
taking into account their uncertainty.

The Bayesian approach has two important strengths. First, it allows for taking into ac-
count all the sources of uncertainty coming from the parameter estimations into the predictive
distribution. Second, it allows for taking into account expert knowledges - through a prior
distribution - into the parameter estimations. For more detail about the Bayesian methods,
the reader is referred to the book of Robert, 2007.

In counterpart, they are two important aws in a Bayesian modeling. The rst one -
perhaps the most important - is that the posterior distributions are sensitive to the prior
distributions given by experts. This aw is even more important that we often restrict the
choice of the prior distributions in order to obtain closed form formulas for the posterior
predictive distributions. Such prior distributions are called conjugate distributions. The
second one is that for general prior distributions, there is no closed form expressions for
the predictive distribution. It is then necessary to perform various numerical integrations
which are usually done with Monte-Carlo Markov Chain (MCMC). These methods could be
computationally expensive and not be suitable for practical applications - this explains the
use of conjugate priors. For more detail about MCMC schemes, the reader is referred to the
book of [Robert and Casella, 200}
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The Je reys law

A question of interest in a Bayesian approach is to describe prior distributions which re ect the
fact that there is no prior knowledge about the parameters. These distributions are called non-
informative. For the non-informative case, we use the improper distributions corresponding to
the Jereys priors [Jereys, 1961]. These laws are based on the Fisher information matrix
[Fisher, 195 which is de ned as the expected value of the observed information.

Let us denote by z" a sample of a random variableZ and f (z"j ) the likelihood of a
parameter =( ;)i=1..4 With respect to z". The observed information matrix is de ned as:

@ .
I( ;2" = log(f (2"j ) :
@ i@ i i =1;:0d
Then, the Fisher information matrix is given by:
@ .
I( )= E log(f (2"} ) :
@ i@ i i =1;:d

where the expectation is taken with respect to the distribution of z" with the parameter
The Jereys prior distribution is given by the density function:

p( )/ [det(1( N> (1.10)

The Je reys prior distribution is a widely used non-informative prior distribution which is
justi ed because the Fisher information is considered as a measure of the information about

contained in the observations. It has the desirable property to be invariant under re-
parameterization of the parameter vector [Je reys, 1946€. Furthermore, the Cramér-Rao
bound states that the inverse of the Fisher information is a lower bound on the variance of
any unbiased estimator of ([Cramer, 1999 and [Rao, 194%). Using a Jereys prior is
equivalent to minimize the impact of the prior distribution.

Let us consider that z" is sampled from a multivariate Gaussian distribution with mean
F and covariance matrix 2R, we have:

n 2" F )R (2" F
|(2;Zn): ﬁ-'-( ) 6( ):
From which we deduce that:
| 2\ — n .
(3= 54
The non-informative Je reys distribution is then given by:

1

p( 21 = (1.11)

Following the same guideline, we nd that:
p( j 2/ 1 (1.12)

We note that an improper prior distribution is not bad if the provided posterior distribution is
proper. Indeed, according to the Bayesian version of the likelihood principle, only the posterior
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[ 16 G ) [p(D %
[§ % N p(bo; ?Vo) 1) )
p(j %/ 1 ©) (4)

Table 1.1: Four di erent cases corresponding to four combinations of prior distributions for
the model parameters.

distributions are of importance (see Robert, 2007 Sections 1.3 and 1.5). Furthermore, from a
practical point of view, Bayesian methods can be applied as soon as the posterior distributions
are proper. We note that some arguments about the advantage of improper prior distributions
are given in [Robert, 2007 Section 1.5.

Bayesian parameter estimation

We describe here the Bayesian estimation of the parameters ; 2) in equations (1.3) and
(1.4). We use a hierarchical speci cation for the model parameters. At the lowest level, we
consider the parameter . At the second level we have the parameter 2 which controls the
distribution of . Atthe top level we have the parameter which controls the distribution of 2
and . Inthe Bayesian literature, we call hierarchical models those coming from this procedure
[Robert, 2007. Throughout the manuscript, we do not consider the hyper-parameter as a
random variable except in Subsectionl.3.1 where we present how to perform a Bayesian
estimation of . Other estimation methods for are described in Subsectiori.3.

Parameter prior distributions. We consider the following informative prior distribu-
tions:
[J%1:=N bg *Vo (1.13)
and
[?1:=1G( ) (1.14)

wherelG(; ) stands for the inverse gamma distribution with density function

e =X
p(x) = ﬁxi,,llp 0
Those prior distributions are commonly used in Bayesian kriging. They allow for obtaining
closed form expression for the predictive distribution. Such priors are called conjugate priors in
the Bayesian literature. In the forthcoming developments, we consider the four cases presented
in Table 1.1.

Parameter posterior distributions. We gave in Table 1.1 the prior distributions of
the parameters. The purpose of this paragraph is to provide their posterior distributions, i.e.
the one conditioned by the observed valueg". The equations derived below can be found in
the book of [Santner et al., 2003. First, let us explain the likelihood of and 2

n 0 n
f(an : 2)_ }(Z F )R 1(2 F )

= p———e 1.15
2 2)n=2" detR 2 2 (1.19)
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The Bayes rules give us the following equation

p( iz" )1 £ 5 Hp( i ) (1.16)

from which we can deduce that the posterior distribution[ jz"; 2] for parameter is the
following one:

[jz2" %= N (A ;A); (1.17)
where:
Al FRIFHVI=2 0 (1&(Q2)
[FR F]=2 (3)&(4)
and
FR 12"+ V,'bgl= 2 (1)&(2)
[FR 1z")= 2 (3)&(4)

Then, the following equality
p( 22" = (2" 5 2p( § Ap( )= | 52")=F(2") (1.18)

leads to the following posterior distribution [ 2jz"] for parameter 2:

[ %z"]=1G( ;Q); (1.19)
where 8
3 2 +(bo Vo+[FR F1 Y Yoo MH+Q (D)
o (o MAVo+[FR F] Y Yo M+ Q @ .
22 +Q O
" Q (4)

with * = (FR 'F) 1(FR 12"),Q =(z"9R ! R !F(FR 'F) FR !z" and

8

% n=2 + Q)
/ n=2 (2) :

3N p=2 + 3)

n p=2 4)

Posterior predictive distribution

We have explained in equations {.17) and (1.19 the posterior distribution of parameters
( ; ?). The purpose of this paragraph is to provide the posterior predictive distribution
[Z(x)jZz" = z"] integrating the parameter posterior distributions.
First, let us integrate the posterior distribution of
Z

pz(x)iz"; %= p(z(x)iz"; ; Hp( jz"; Z)d :

11 A and B are events such thatP (B) 6 0, we haveP (AjB) = P(BjA) P(A)=P(B). The continuous version
of this result is the following one: given two random variables x and y with conditional distribl&ion f (xjy) and
marginal distribution g(y), the conditional distribution of y given x is g(yjx) = f (xjy)a(y)= f (xjy)a(y) dy.
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Straightforward calculations give us that the predictive distribution [Z (x)jZ" = z"; 2] is the
following Gaussian one:
N 2 (x);s°(x) ;

where
2(x)0: fA)A + kYK 1" FA ); . (1.20)
- !
2(yy = 2 Vi FO f(x) A
S2(x)= 2@ f4x) kqx) E K K(x) (1.21)
and

Vol (1)&(2)

i= g 2)&(3)

Equations (1.20) and (1.21) are the Universal Kriging equations. It corresponds t
the Simple kriging ones after integrating the posterior distribution of the regressio
parameter

Now, let us consider the predictive distribution [Z(x)jZ" = z"] after integrating the posterior

distribution of the variance parameter 2. The corresponding probability density function is:
z

p(z(x)iz") = p(z(x)iz"; ?)p( *zMd Z

The calculations are tractable and we nd that [Z(x)jZz" = z"] is the following Student-
distribution 2:
Ti( 52 (x);Q ;5 (X); (1.22)
where 2 (x) is de ned in (1.20,
0 ! 1

L
Q. 0=L@+ 1 ko U OFL oA

F K 1 k(x) (1.23)

and Q and are introduced in Equation (1.19.

The Student-t predictive distribution corresponds to the Universal kriging predictive
distribution after integrating the posterior distribution of the parameter 2. Despite
the fact that we do not have a Gaussian distribution anymore, the surrogate model i
still the mean 2 (x) and the variance Q . (X)=( 2) of the predictive distribution
informs us about the model mean squared error.

’Let us consider a random vector W = (Wyq;:::;Wq)  distributed according to
the  Student-t  distribution Ta(; 5 ), its  probability density function is p(w) =
( +d)=2) 1+iw )° *w ) F9%=dety( )2 )*2( =2). The parameter represents
the degrees of freedom, is the location parameter and  is the scale matrix.
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1.3 Model Selection

We have presented in Subsectiori.2.2 some predictive distributions integrating di erent pa-
rameter posterior distributions. For all cases, we always considered the hyper-parameteras
known. We present in this section di erent methods to estimate it.

1.3.1 Bayesian estimate

Like presented previously (.15 and according to the methodology in Rasmussen and Williams,
2004 p.108, the hyper-parameter controls the prior distributions of and 2. Therefore,
following the same guideline than in Subsectiorll.2.2 we can give a prior distribution p( )
for and estimate its posterior distribution from the observations. We present below the
complete Bayesian scheme. We note that we consider the same prior distributions for the
parameters and 2 than the ones presented in Subsectior.2.2 (see Table1.1). First, as
presented in Subsectionl.2.2, at the bottom level we have:

_f@Ns 3 e 3,

p(z" %) ’
wheref (z"j ; 2; ) is the likelihood (1.15 and p( j 2; ) is the prior distribution of  rep-
resenting our knowledge about the parameter before having observations (see Taldd). The
resulting posterior distribution p( jz"; 2; ) is given by (1.17). Furthermore, p(z"j ?; ) is
given by the following equation:

p( jz"; %) (1.24)

f("; % %),
p( jz"; %)
Second, we can obtain the posterior distribution of ? with the following equality

n; 2. 2;
p(z Jp(’znj)p)( J ); (1.25)

where p( j ) is the prior distribution about 2 (see Table1.1). The resulting posterior
distribution p( 4jz"; ) is given by (1.19 and p(z"j ) is given by

p(z" % JR( %),

piz"j % )=

p( %jz"; )=

z2"j )= .
R T
Finally, we can express the posterior distribution of with the following formula
. p(z"j )p( )
zn - .
P12 = =5

In practice, Monte-Carlo Markov Chain (MCMC) methods are used to estimate p( jz")
[Robert and Casella, 200 We highlight that MCMC schemes only require knowledge of
p( jz") up to a multiplicative constant and thus it is not necessary to evaluatep(z"). Then,
we can integrate the posterior distributions into the predictive distribution. First we integrate
the posterior distribution of  with thze following formula

p(z()jz"; % )= pz(x)iz"; ; % Hp( j2"; % )d
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We obtain a Gaussian distribution with mean (1.20) and variance (1.21). Then we can inte-
grate with respect to 2
z

pz(x)jiz"; )= p(z(x)jz"; % Ip( %z"; )d %

We obtain the Student-t distribution in Equation ( 1.22). Finally, we can integrate the posterior
distribution of : Z

p(z(¥)jz") = p(z(x)jz"; Ip( jz")d :

Nevertheless, the calculations are not anymore tractable and the predictive distribution needs
to be numerically estimated. In general, MCMC schemes are used. These numerical integra-
tions may be di cult and as noted in [ Santner et al., 2003 the choice of the prior distribution
is non-trivial. The reader is referred to the article of Diggle and Ribeiro Jr, 2003 for examples
of prior distributions for

As example, let us consider a 2-dimensional Gaussian procesd$x) with zero mean and a
Gaussian covariance kerngk(x; ¥) = 2exp jj x xj°=(2 ?) where =4 and =0:1. We
sample a realizationZ (x) on 40 points. Then, we consider the parameter as unknown and
we estimate it from the 40 observations with a Bayesian method. We consider the following
improper prior distribution for

1
p( )/ -
Figure 1.4 illustrates the prior and the posterior distributions of . We see that the prior

distribution is far from the real value of (the real value being 0.1). Then, the mode of the
posterior distribution approaches the real value but with a non-negligible uncertainty.

prior distribution
—— posterior distribution

0.20
1

0.15
1

density

0.05
1

0.00
1

T T
0.00 0.05 0.10 0.15 0.20
q

Figure 1.4: Example of prior and posterior distribution for the hyper-parameter for an
isotropic Gaussian covariance kernel in dimension 2.

Figure 1.5 represents the predictive mean and variance in the Bayesian and non-Bayesian
cases. For the non-Bayesian case, we x=0:1. Since, the mode of the posterior distribution
of is close to the real value, the means of the predictive distributions are close. Nevertheless,
the signi cant di erences between the predictive variances re ect that we take into account
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the uncertainty due to the parameter estimation in the Bayesian case. Indeed, we see that in
this case the variance is more important.

g_@b G5

0.8

0.8

(© (d)

Figure 1.5: Posterior predictive distribution for the Bayesian and the non-Bayesian cases in a
2 dimensional example with a Gaussian kernel. The gures ond) & ( ¢) represent the posterior
means, the gures ) & (d) represent the predictive variances, the gures &) & ( b) represent
the non-Bayesian cases and the guresd) & (d) represent the Bayesian cases. We see that the
predictive means are equivalent. This is due to an e cient estimation of the hyper-parameter

. Furthermore, the predictive variance is more important in the Bayesian case since we take
into account the uncertainty due to the estimation of .

1.3.2 Maximum likelihood estimates

The maximum likelihood estimation is a very popular method to estimate parameters. The
drawback of the maximum likelihood estimation is that, contrarily to Bayesian estimation, we
do not have any information about the variance of the estimator (seelJehmann and Casella,
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1999). Nevertheless, in a kriging framework, it is signi cantly less time-consuming than a
Bayesian approach. The multivariate normal assumption foiZ" lead to the following likelihood

for parameters , 2 and
!

_ 1 1(z" F)R Iz F)
T @ 9 deir P 2 2 '

f(z" ;%) (1.26)
The correlation matrix R is denoted byR to emphasize its dependence on. Conditionally
to 2 and , the maximum likelihood estimate (MLE) of is given by:

"= (FR F) 'FFR 12" (1.27)

It corresponds to its generalized least squares estimate. Then we can substitute the valueof
in the likelihood (1.26) and maximize it with respect to 2. Given we obtain the following
MLE for 2
po. (@ FOR A FT) (1.28)
n

Substituting " and "2 for and 2in Equation (1.26), we obtain that the maximum of the
likelihood over and ?is

n .
E )

which depends only on . Therefore, the MLE of can be found by minimizing the opposite
of the log-likelihood given by (up to a constant):

f(z" )=(@2 %) "*(detR ) exp

Lrest( ;2") = nlog("?) +log(det(R )): (1.29)

The opposite of this equation is called the concentrated log-likelihood or the marginal
likelihood. We illustrate in Figure 1.6 an example of L est( ;2z") (1.29 calculated from
the realization of a 2-dimensional Gaussian process of mean zero and covariarge; x) =

2exp 3 L (X0 ¥)2=2 - wherex = (x5x?) 2 R%, x = (x5%%) 2 R?, 1 = 0:1,
> =0:04and 2 =2 - on 150 design points in[0; 1]>. The marginal likelihood has to be nu-
merically minimized with global optimization methods. To have a more e ective optimization,
one can used the derivative of the marginal likelihoogt
Sles(i2) = 0 OOR YT PR

@ 1.,n
—R
@i Y

+Hr R 1/

N

with y"=z" F
Restricted Maximum Likelihood estimate. The restricted maximum likelihood method

was introduced by [Patterson and Thompson, 197)in order to reduce the bias of the maxi-

mum likelihood estimator. The restricted maximum likelihood estimates of the parameters 2

$The proof is straightforward using the derivative of an inverse matrix 2K *= K 1%(K ! and the
one of the log determinant of a positive de nite symmetric matrix @@ logdetK =tr K 1%( where %
is a matrix of element-wise derivatives (see Harville, 1997]).
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Figure 1.6: An example of the opposite of a log-likelihood calculated with 150 obser-
vations samIJoIed from a Gaussian process of zero mean and covariance kerkék; x) =
2exp 3 L (x" ¥)2=2 with 1=0:1, ,=0:04and 2=2.

and consist in maximizing the likelihood of those parameters for a maximum of independent
linear combinations of the observations" and such that all these combinations are orthogonal
to F ,i.e. the mean ofZ". For more detail, the reader could refer to the two reference articles
[Harville, 1974] and [Harville, 1977].

Now, let us consider a matrixC of size(n p) n of rank (n p) such that CF = 0.
The restricted maximum likelihood estimate of 2 and are given by the classical maximum
likelihood estimate but with the transformed data z" = Cz". We note that the restricted
MLE is independent of the choice ofC (see Harville, 1977]). The likelihood of Z" = CZ" is
given by:

D=

1(z")°CR CY 12

. 2.
(@ %) > )

exp (2.30)

" (2 20 P=2" det(CR C9
Maximizing (1.30) with respect to 2 and considering that the estimator is independent to the
choice of C, we have the following restricted maximum likelihood estimate for the variance

parameter:
N N
REML n p : :
Furthermore, substituting 2 with ~3c,,  in the likelihood (1.30), we nd that the restricted

maximum likelihood of can be found by minimizing:

(N p)log(“&em ) +log(det( R )): (1.32)

Marginal likelihood in a noisy case. In a noisy case, we cannot derive a closed form
expression for the estimate of 2. Indeed, in that case the likelihood for , 2, and - see
Equation (1.7) in Subsection1.2.1- is given by

Y2" F )=

exp (2" F )K . +
g

f(z"j; % ; )= (1.33)

2 22 det K 2 +
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parameters 2 and . Thus, we have the following estimate for :

"=(FOK 2o+ 'F)WFOK o+ M (1.34)
The opposite of the marginal likelihood becomes up to a constant
Lrest( ; 2; 2"y = (2" F )O K2 + 1(Zn F)
+ logdet K 2. +
We illustrate in Figure 1.7 an example ofLest(; 2; = 2I;z") calculated from the realiza-

tion of a 1-dimensional Gaussian process of mean zero and covariakg®; x) = 2exp %(Lji +
? y=x - Wherex; x2 R, =0:1, #=0:25and 2 =2 - on 150 design points in[0; 1]. We
note that 2 is supposed to be known.

=
o

T - T
0.00 0.05 0.10 0.15 0.20

Figure 1.7: An example of the opposite of a log-likelihood calculated with 150 obser-
vations sampled from a Gaussian process of zero mean and covariance kerké€k; x) =
2exp %(X % 4 2., with =0:1, 2=0:25and 2=2. The variance parame-

ter 2 is supposed to be known.

1.3.3 Cross-validation estimate

The principle of a cross-validation (CV) procedure is to split the experimental design set into
two disjoint sets, one is used for training and the other one is used to monitor the performance
of the surrogate model. The idea of a CV estimation is then to nd the parameter leading
to the best performance on the test set. A particular case of CV is the Leave-One-Out (LOO)
one wheren test sets are obtained by removing one observation at-a-time. The CV procedure
can be time-consuming for a kriging model - e.g. for the LOO scheme it requires the inversion
of n sub-matrices of sizen 1 - but it is shown by [Rasmussen and Williams, 200 [Dubrule,
1983 and [Zzhang and Wang, 2009 that there are computational shortcuts. We present them
in the remainder of this paragraph.
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Notations: If is a subset of indices infl;:::;ng, then Al is the sub-matrix of
elements of A, a;; is the sub-vector of elements of a, A; ; represents the matrix A
in which we remove the rows of index , a; | represents the vectora in which we remove the
elements of index , A; . jisthe sub-matrix of A in which we remove the rows and columns
ofindex andA; . ;isthe sub-matrix of A in which we remove the rows of index and keep
only the columns of index .

CV for Universal kriging

Let us consider a set of index f 1;:::;ng of length k. We denote by"cy: the errors (i.e.
the real values minus the predicted values) of the cross-validation procedure on the test sy
when we learn the kriging model on the training setD; ;. Furthermore, we denote by %v;
the predictive CV variances at points in D ;. For the proof, we sort the observationsz" such
that is the index of the k last elements ofz". Nevertheless, the presented equations remain
true whatever the order of the observations. First, we consider the variance parameterz,
the hyper-parameter and the regression parameter as known. We are hence in the simple
kriging case. Thanks to the block-wise inversion formuld, we have the following equality:

with A =[R] %, | +[RL % JR] ;,Q "Rl ;[R] "
B°= Q 'R, ;R]* and:

]1

Q=[R][;] [R][; ][R][l; ][R][ E

1
We note that Q = R 1 [ represents the correlation matrix at points in D ; with

respect to the correlation kernel obtained from the distribution of a Gaussian process of kernel
r(x;x9 conditioned by z[‘  at D ;. Therefore, we can deduce that in a Simple kriging case,

the predictive CV variances g, ..g¢ are

%V;:SK: > R 1[;] : (1.35)

“Let us consider T am m matrix, U a m; nmatrix, V.an mmagixand W an n matrix. Let us

consider that T is non-singular, then , Or equivalently, is non-singular if and only if the

w

matix n nQ=W VT !Uis non-singular. In this case, we have:

L, !

T

T U T'+T 'Q *vi ' T 'uQ ‘!

(VAR B Q vt ! Q!
and - |

W Vv _ Q! Q vt !

u T T T QY T Y+T tuQ vt !
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Furthermore, from the block decomposition ofR 1, we have the following equality:
1
1 1(5n - n
R%py R F) =77 Fr
1
Rl (RES 57y Frog

We highlight that the term F(; +[R];, R} | 7 |

mean predictions onD ; of a Gaussian process of meaf(x)® and correlation kernelr (x; x)
conditioned with the observations z[‘ - Thus we can deduce that in a Simple kriging case,

the CV errors "¢y . sk are

Fr 1 represents the kriging

1
"ovisk= R Y. R F ) (1.36)

Second, we suppose the trend parameter as unknown and we have to re-estimate it when
we remove the observations. We emphasize that we are here in a Universal kriging framework.
In a Bayesian case, the posterior mean of when we remove the observations of index
is given by
0 1 - 0 1 :
Fr PIRY S (Fey =IFCPRLS 7 g (1.37)

From the block-wise inverse ofR we can deduce that[R][ 1; = A BQB % To obtain the
cross-validation equations in the Universal kriging case, we just have to estimate the following
quantity:

= Frp Rl RYY Fry Fo Rl G RES F L
with = [F; ]]O[R][ 1; ]F[ ] l. Indeed, from equations (.4) and (1.21), we can deduce
that 2,. = 2,..«* . We have the following equality:
Fio R, yRLY Frg = R TR IF

(1
Therefore, the CV predictive errors and variances in a Universal kriging framework are given
by

cv: = R T Rz" F . (1.38)
and

1 1

R *F [

. o (1.39)

1
R F[]

1
%V; = 2 R + [R 1][:]
1
Fi PRI Fr R '
The term [R][ 1; ] is evaluated with the equality:

REY ;=R p RY R RS ¢
To obtain the CV predictive errors and variances in a Universal kriging framework, we just
have to invert the matrix R once and then invert the sub-matrix [R 1][; j- We note that in
a LOO framework, is reduced to an integer and the computational cost for the inversion of
[R 1][; ] is negligible. In the presented equations, the variance parameter is supposed to be
known. We present in Chapter4 a method to re-estimate it for each removed observations
when we consider its maximum likelihood estimate.
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Leave-One-Out based estimation

In the previous paragraph, we present the predictive errors and variances resulting from a CV
procedure when 2and are xed. We present here a way to estimate them thanks to a LOO
CV technique, i.e. = i with i = 1;:::;n. The opposite of the predictive log probability
at observation z[, when the model is learned with the observationsz[‘ i is given by (up to a

[i]
constant):
n2

L( % ;ZE]) = log (23V;i + % (1.40)
CV;i
where
" - R 1 L R 1 n F
cvii = lii ] z b
and
1 1
éV;i = 2 R 1 li5i ] + [R l][i;i] R lF [i]
1 0
1 1
[Fr qP[RY; % o Fr o R iy ~ R

From Equation (1.40) we can obtained the opposite of the LOO log-predictive probability
Lioo( % 52")=  L( % iz (1.41)

The reader is referred to the books offasmussen and Williams, 200pp122 for an illustration
of this criterion in a robotic application and the article of [Geisser and Eddy, 197pfor a
discussion about it. We note that thanks to the equations (.38 and (1.39), this approach is
as computationally expensive as the classical maximum likelihood one.

We illustrate in Figure 1.6 an example of a LOO log predictive probabilityL oo ( %; ;z")
(1.41) calculated from the realization of a 2-dimensional Gaussian process of mean zero and
covariance k(x;¥) = 2exp i L, (x' ¥)2=2 -wherex = (x}x?) 2 [0;1F, x =
(x1;%%) 2 [0;1%, 1=0:1, »=0:04and 2=2 - on 150 design points in[0; 1].

Another approach to estimate the parameters and 2 has been suggested byBpchoc,
2013. Its principle is the following one. First, noticing that the CV predictive errors (1.389
do not depend on 2, we can estimate by minimizing the following sum - also called the
squared error loss:

"=zargmin "2, : (1.42)
i=1
The LOO CV predictive error (1.38) is denoted by " cy .. to emphasize its dependence on.
Nonetheless, this procedure does not provide an estimate fof and can lead to bad predictive
variances since it does not take care about the LOO-CV predictive variances. To tackle this
issue, Bachoc, 2013 suggests the following estimator for 2:

||2
l X1 LA
A2 = = SV (1.43)

i=1 cvii”



1.4. COVARIANCE KERNELS 43

a2
0.04 0.05 0.06

0.03

0.02

0.01

0.02 0.06 0.10 0.14
1

Figure 1.8: An example of LOO log-predictive probability calculated with 150 observa-
tions sampled from a Gaussian process of zero mean and covariance kerkék; x) =
2exp 3 A (x" ¥)2=2 with 1=0:1, ,=0:04and 2=2.

where %v- _a IS obtained from Equation (1.39):

L b . . ) iho
ORI ROF R PR~ R Rl 1 RaF

This estimator of 2 leads to the following desirable property:

1L o .
n . cv;i;"r2T vy tinz T
i=1
An asymptotic normality and e ciency study of this estimator is proposed by [ Bachoc, 2013.
For the numerical optimization of equations (1.41) or (1.42), it could be worthwhile to consider
their partial derivatives. In a Simple kriging framework (see equations {.36) and (1.35), they
can be deduced from the two following derivatives:

@, _ diagR '&-R 1)
@ Vi SK i=1;::5n - diag(R 1)2 ’
. _ R&ER YN F)
@ Vs« i=1;:5n B diag(R 1)
, diag(R 'ER HR 2" F ).
diag(R 1)2 '

1.4 Covariance kernels

Certainly one of the most important points of a Gaussian process regression is the choice of
the covariance functionk(x; x), x;x 2 Q RY of the Gaussian proces€ (x) modeling the
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objective function z(x). We note that Q is a nonempty open set. We have seen in Sectidnl
that a covariance kernelk(x; x) has to be positive de nite®. This ensures that the covariance
matrix K = [K(Xi;Xj)]ij =1;::n - also called the Gram matrix - is positive de nite for any

.....

Moreover, the covariance kernel can also describe particular relations betweet(x) and
Z(x). As example,k(x; x) is said to be stationary if it is a function of (x x). This means
that it is invariant under any translation in the input space and that the relation between
Z(x) and Z(x) is uniquely determined by the distance betweerx and x. We describe these
kernels in Subsectionl.4.2 Then, in Subsection1.4.3we present some non-stationary kernels.
In particular, we present the fractional Brownian one that we use in Chapter7. Finally, we
deal with the eigenfunction analysis ofk(x; ¥) in Subsection1.4.4.

We highlight that it is easy to build new kernels from other ones thanks to the following
properties ([Rasmussen and Williams, 200§:

1. If ki(x; %) and ko(x; %) are covariance kernels then
K(x; %) = ka(x; %) + ka(X; %)

or
k(x; %) = ka(x; x)ka(X; x)
is a covariance kernel.
2. If f (x) is a deterministic function and R(x; x) a covariance kernel, then

k(x; %) = f (X)R(x; %)f ()

is a covariance kernel.
3. If ki(x; %) and ka(x; %) are covariance kernels such thatR ki(X; z2)ka(z; 2)k1(2; %) dz dz <
1, then 7
k(x;%) = ki(X;2)ka(z; 2)K1(2; %) dz dz

is a covariance kernel. In particular, ifky(z;2) = (z 2) - (x) stands for the Dirac
delta function - anq?the function ky : x 7! k(x; %) is in L%(Q) forall x 2 Q RY, then
we havek(x; %) =  ki(x;u)ki(u;x) du which is the covariance kernel of the following
Gaussian process 7

Z(x)= ki(x;u) dW(u);

where W (u) is a d-dimensional Wiener process (which is equivalently to say formally
that dW (u)=du is a Gaussian white noise).
4. 1f ke (x1; %) and ka(x?; %?) are covariance kernels de ned on di erent spaceX ! and X 2,

then
k(x; %) = ko(xb;xh) + ko(x?;%?)

SWe recall that a kernel k(x; x) is positive de nite if an(E)onIy if forall (a)i=1.::n 2 R, N 2 N and distinct

(Xi)iz1zn 2 Q, we have . aigk(xi;xj) Oand . aigk(xi;x;) =0 if and only if a =0 for all
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or

k(x; %) = ka(x%; xHka(x?; %)

is a covariance kernel de ned on the product spacX® X 2. We named as a tensorised
kernel, a kernel of the formk(x; ¥) = ki(x1; x})ko(x?; ¥?).

1.4.1 Relations between Gaussian process regularities and covariance ker-
nels

To emphasize the importance of the choice ok(x; %), let us introduce the concept of mean
square di erentiability (see [Cramer and Leadbetter, 1967). First, for a xed point x 2 Q a
covariance kernelZ (x) is said to be mean square continuous - or continuous in mean square -
at x if: h i
E (Z(x) Z(x)®
h [

Moreover, we have the following equalitye (Z(x ) Z(x))2 = k(x ;x ) k(x ;x)+ k(x;x)
k(x ;x). Thus, Z(x) is mean square continuous if and only ik(x; %) is continuous at (x; x) =

X

0:

Z(x+ he)) Z(x).
h ;

z{(x) =

with h 2 Rnf0g. The mean square derivative ofZ (x) in the i direction is the Gaussian
process@4x)=@Xx such that

" #
@4x) (i) 2 o
@X Zh (X)

E 0:

Furthermore, @Z4x)=@Xexists if and only if k(x; %) is twice di erentiable at point x = % and
its covariance kernel is@k(x; x)=@x@'. We so have a tight relation between the regularity
of the considered Gaussian process and the regularity of the covariance kerrkgk; x).

In fact, with more assumptions onk(x; %), we can have stronger results about the continuity
of Z(x). Let us consider the following de nition (see [Cramer and Leadbetter, 1967).

De nition 1.1 (continuous almost surely random processes)Let us consider a random pro-
cessZ(x), x 2 Q RY dened on ( z;F;Pz) with values in (R;B(R)). Z is continuous
almost surely onQ if for almost every ! 2 z; x 7! Z¢(x;! ) is continuous onQ.

This de nition is of interest since it means that almost all paths of such random processes
are continuous. Nonetheless, the de nition of continuous almost surely random processes are
not easy for general cases. The following theorem provides a useful criterion for establishing
the existence of versions of stochastic processes with continuous sample paths (selesgndal,
1999).



46 CHAPTER 1. GAUSSIAN PROCESS REGRESSION

Theorem 1.1 (Kolmogorov-Chentsov). Let Z(x), x 2 Q RY, be a random process
dened on ( z;F;Pz) with values in (R;B(R)). Let us suppose that there are three
positive constants( ;";c) 2 (R, )3 such that8(x; x) 2 Q2

EGZ() Z)i] dix i

Then, there is Z(x) a version of Z(x) (i.e. forall x2 Q, Pz Z(x)= Z(x) =1) such
that 20 | 13
8 2[0"= );Eﬁ%) sup JZ(X)—Z(X)J X g<12
(x:%)2Q? X X

X6

This means that the sample ofZ(x) are almost surely Holder continuous with Holder
exponent .

Theorem 1.1 can easily be used in a Gaussian framework. This is highlighted in the
following example.

Example 1.1. Let us consider a stationary Gaussian procesg(x) with mean zero and co-
variance kernel given by 2r(h) whereh = x  x, x; x 2 R9. We have the following equality:

E(Z(x) z(=)? =2 2@ r(h):
Furthermore, from the following equality

E(Z0) Z0)*™ = 5

ML r(hy)"
and the condition r(h) 2 C", we can deduce that9n > d=" such that

on (€221) | -
E (Z(x) Z(x) Snpr bt
Therefore, there is a versionZ(x) of Z(x) which is -Ho6lder continuous almost surely with
2 [0;"=2).

Then, for the unidimensional casex; x 2 Q R, a ner result is given by [Fernique, 1964
on k(x; x) so that Z(x) is continuous a.s.. As stated in the theorem below, this condition is
given in terms of the incremental varianceE (Z(x) Z(%))? .

Theorem 1.?p (Fernique's theorem). If for jx »x ", x;x2 Q R, there is a function
for which ™ E[(Z(x) Z(%))?] (x %), where is nondecreasing on[0;"] and
Z.
W) qu<1-
—p———=du<1;
o u log(1l=u)
then Z(x) has an almost sure continuous version.

The rst proof of this theorem has been presented by[Dudley, 1967. Then, several proofs
have been suggested (se&#rsia, 1977 and [Marcus and Shepp, 197). In particular, [ Marcus
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and Shepp, 197Ppresent a proof for stationary covariance kernel&(x; x) = k(x %), x;*x2 R.
In that case, the condition simply becomes:

2 Pho kW,
o u log(1l=u) '

1.4.2 Stationary covariance functions

In this subsection we consider the cas® = RY and we are interested in stationary covariance
kernels. As presented previously, it corresponds to a covariance kernk(x; x), x;x 2 RY,
function of h = x  x. We will use the notation k(x; x) = k(h). These kernels are widely used
in the framework of computer experiments.

One of their interesting properties is that the regularity of k(h) at h = 0 determines the
smoothness property ofZ(x) in mean square sense. Indeed a Gaussian proceséx) with
covariance k(h) is mean square continuous ifk is continuous ath = 0. Furthermore, the
Gaussian process®Z (x)=@X% ::: @% corresponding to the k" order partial mean square
derivative of Z(x) exists if and only if @<k(h)=@x'1 : :: @x'x exists and is nite at h=0.

Another interesting property of stationary covariance kernels is that they can be repre-
sented as the Fourier transform of a positive measure as stated in the following theorem (see
[Stein, 1999 p.24).

Theorem 1.3 (Bochner's theorem) For any continuous positive de nite function k(h)
from RY into R, there exists a unique probability measure on RY such that
Z
k(hy= &' M™hig (w):
Rd

We note that hi stands for the scalar product. A proof of this theorem is given by
[Gikhman and Skorokhod, 1974 In the case where (dw) has a densityS(w), we call it the
spectral density or power spectrum ofk(h) and we have

z
k(h) = e?! Wihig(w) dw
Rd
and z
S(w) = e 21 Mhikh)dh:
Rd

From the spectral density S(w), we can de ne the following complex representation of the
Gaussian procesZ (x) (see ptein, 1999):
“p___
Z(x) = S(w)e?! WXin, dw; (1.44)

where fi, is the Fourier transform of a Gaussian white noise. Moreover, we can estimate the
integral (1.44) with the following sum:
X9 —
Z(x) S(wy)e* Mixia, (), (1.45)
j=1
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Xh i q_
(Z(X1))1=1 :n = ol wi xii ] Sw)hw, (j): (1.46)
j=1
The main advantage of this method is that it does not require the Cholesky's decomposition
of the covariance matrix K x of Z(x) at points in X with respect to the kernel k(h). In-
deed, a commonly used method to sampl& (x) at points in X is to consider the Cholesky

.....

N (0; 1) and by considering the following equation:
Z(X)=Lx""

Note that Z(x) is considered to be zero-mean. Otherwise, we just have to add the term

We emphasize that we can use a Fast Fourier transform to computel(46) and to sample
Z(x) by considering a tensorised regular grid. This allows for reducing the complexity of the
method.

We present below some examples of stationary covariance kernels. For a more complete
list, the reader is referred to Btein, 1999 and [Rasmussen and Williams, 2006

The Gaussian or Squared Exponential Covariance Function

The isotropic form of this kernel has already be presented in Sectioh.l. It is de ned as

k(h) = exp

Ljjhji*
ST (1.47)

2

where the parameter is the correlation length or characteristic length-scale. Furthermore, it
has the following power spectrum:

2 exp 2 2 Zjwjj?

S(w)= 2
This covariance function is smooth ath = 0 and thus corresponds to Gaussian processes
which are in nitely mean square di erentiable. Moreover, Theorem 1.1 implies that the cor-
responding Gaussian processes are in nitely di erentiable almost surely. Thanks to the point

4. presented in the introduction of Sectionl1.4, we can easily de ne the anisotropic Gaussian

|
X4 i )2
L5 )7 (1.48)
i=1 i

k(h) = exp
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This kernel is widely used in kriging models but can be unrealistic as mentioned inSfein,
1999 due to the strong regularity of the underlying Gaussian processes. A covariance function
as the -Matérn one is in general more appropriate (see below). We illustrate in Figurd.9the
shape of the 1-dimensional Gaussian kernel with di erent correlation lengths and examples of
resulting Gaussian process realizations.

e
— — g=0.1 — gq=0.1
--- g=02 --- =02
© ---- =03
@
©
@
—_
<
x
<
s
N
&
o
o | ~e._.
© T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
h X

(€Y (b)

Figure 1.9: Figure @): the Gaussian kernelk(h) in function of h = x  x with di erent
correlation lengths . Figure (b): examples of corresponding Gaussian process realizations.

The -Matérn covariance function

The isotropic -Matérn covariance function is de ned as follow (seeNlatérn, 1986)
| |

p_—. .- p_—. .-
2! 2 jjhij 2 jihj

k(h)=() ;

(1.49)

where the parameter is the correlation length, the parameter is the regularity parameter,
K is the modi ed Bessel function (JAbramowitz and Stegun, 196% sec 9.6), and is the
Euler-Gamma function. It has the following power spectrum:

24 42 ( 4+ d=22)(2) 2 Lo, (1)
(( o )2) 2 Ly 2 :

A Gaussian proces< (x) with a -Matérn covariance kernel is -Hoélder continuous in mean
square and %Holder continuous almost surely8 %< . Furthermore, for = p+ 1=2 with
p2 N, the -Matérn kernel has the following form

S(w) =

p_ ! p_— 'y
2 jihji  (p+1) X (p+i) 8 jjhijj
@p+1) _ il(p i)

K = pr1=2(h) = exp
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In a Gaussian process framework, two popular -Matérn covariance kernels are the ones for
=38=2and =5=2
| |
P-. .- P-. .-
K aop(hy= 14 N0 o0 Sihi

p ! Po.
= .. e ..2 = ..
P L Y LT Siihij

K== 1 =5

Another special case is the one with = 1=2 which leads to the so-called exponential covariance
function i
iy
kz1(h)=exp =—
This corresponds to the covariance of an Ornstein-Uhlenbeck procesdJfjlenbeck and Orn-
stein, 193(Q). We can also consider anisotropic Matérn covariance kernels as follows with

where [
i P pP— . .
2 1jix" ¥ 2 jx" #
(N i K —————
We illustrate in Figure 1.10 the shape of the 1-dimensional -Matérn kernel with di erent
regularity parameters and a correlation length xedto = 0:2. Examples of resulting Gaussian
process realizations are given.

1.0

I\ — n=1/2
1/ ‘ --- n=3/2
‘ [ == n=5/2

0.8
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k(h)

0.2
Il

0.0
L

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(@) (b)

Figure 1.10: Figure @): the -Matérn kernel k(h) in function of h = x x with a xed
correlation length = 0:2 and di erent regularity parameters . Figure (b): examples of
corresponding Gaussian process realizations.
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The -exponential covariance function

The isotropic -exponential covariance function is de ned as follow
i
kh=exp M o< 2

The positive de niteness of this kernel is proved in fchoeneberg, 1938 Furthermore, for < 2
the corresponding Gaussian processes are not di erentiable in mean square sense whereas for

= 2 they are in nitely di erentiable. Thus, the use of this kernel for practical applications
can be dicult to justify. We illustrate in Figure 1.11 the shape of the 1-dimensional -
exponential kernel with di erent parameters and a correlation length xed to = 0:2
Examples of resulting Gaussian process realizations are given.

1.0
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Figure 1.11: Figure @): the -exponential kernelk(h) in function of h = x  » with a xed
correlation length = 0:2 and di erent parameters . Figure (b): examples of corresponding
Gaussian process realizations.

1.4.3 Non-stationary covariance kernels

There are many ways to construct non-stationary covariance kernels. As an example, as pre-
sented in Rasmussen and Williams, 200|589 Sec.4.4.2 we can cite the dot product covariance
functions which are invariant to a rotation on the inputs about the origin. These kernels are
commonly used in the eld of Geostatistics. Another interesting example is the covariance
function presented in [Gibbs, 1997 which allows for varying the length-scale parameter (x)

in function of x. It is de ned as follows |

Yd : . 1=2 xd Y
o= 20 LS
TP COR ¢ i1 1)+ (%)
where (x) are positive functions onx = (x%;::::x%9). In Chapter 7 we use the following

kernel:
k(x; %)= x? +x2 j x ¢,
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with H 2 (0;1). It corresponds the the kernel of a fractional Brownian motion with Hurst
parameter H. This Gaussian process iS mean square continuous and nowhere mean square
di erentiable. Nevertheless, it is Holder continuous with exponentH ", 8" > 0. Furthermore,

for H = 1=2 it corresponds to the Brownian motion. We illustrate in Figure 1.12 some
realizations of fractional Brownian motions with di erent Hurst parameters.

Figure 1.12: Realization of fractional Brownian motions with di erent Hurst parameters H.

1.4.4 Eigenfunction analysis

We saw in Theorem1.3 that stationary covariance kernels can have a spectral representation
through the Fourier transform of a probability measure. We discuss in this subsection about
an interesting theorem which allows for having a spectral decomposition of covariance ker-
nels k(x; x¥) thanks to its eigenvalues and eigenfunctions decomposition. Let us consider this
theorem below. It is an extension of the Mercer's theoremNlercer, 1909 with a probability
measure and a continuous positive kernek(x; x) satisfying the property sup,q k(x;x) < 1
with Q an nonempty open subset oRY (see Konig, 1986 and [Ferreira and Menegatto, 2009).
Theorem 1.4 (Mercer's theorem). Let us consider a continuous positive kernek(x; x),
;2 Q RY-such that sup,,o k(X;X) < 1 and Q is an nonempty open set - and a
probability measure on Q. The kernel k(x; x) can be written as follows

X
K(x; %) = p p(X) p(*);
p O

where p(X) 2 L2(Q) are the eigenfunctions of the trace class integral operator
z
(Tkf)(x) = kO u)f (u)d (u);

and ( p)p o the corresponding nonnegative sequence of eigenvalues sorted in decreas-
ing order. Furthermore, ( p(X))p o is an orthonormal basis ofL2(Q) and ,(x) are
continuous for all p such that , 6 0.
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We intensively use this theorem in Chapter7 and Chapter 8. In particular, we will see
that the regularity of a Gaussian process is related to the rate of convergence of its eigenvalues
( p)p o- Furthermore, we always consider in the manuscript that is a probability measure
such that (U) > 0 for any nonempty open subsetU of Q RUY.

We will talk in these chapters about degenerate and non-degenerate kernels. To be clear
in the remainder of the manuscript, we de ne this notion below

De nition 1.2.  Let us consider a covariance kernegk(x; x) and its Mercer's decomposition

X
k(x; %) = p p(X) p(%):
p O

If k(x; %) has a innite sequence( p)p o of non-zero eigenvalues, then it is called a non-
degenerate kernel. Otherwise, if it has a nite number of non-zero eigenvalues, it is called a
degenerate kernel.

We see in Chapter7 that the degenerate or non-degenerate property of a covariance kernel
has a strong impact on the rate of convergence of the generalization error of a Gaussian process
regression.

Right now, let us present some particular results about this decomposition.

1. By de nition, the function (x) satis es the following equality
z

p p(X) = k(x;u) p(u)d (u):

2. The orthonormal property of ( p(X))p o implies that
z

a(¥) p(x)d (X) = p=g;

where stands for the Kronecker symbol.

3. We have the following equality:

Z X

k(x;x)d (x) = p<+1;
p O

This shows that the operator Ty is trace class with

X
tr( Ty) = p:
p O

4. For covariance kernels such thak(x; x) = 2 8x, we have8x:
X 2

= p p(X)" = ps
p O p O

2

R
since  2d (u)= 2
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Furthermore, with the Mercer's decomposition, we have the analogous of the complex
representation of a Gaussian process as stated below.

Theorem 1.5 (Karhunen-Loeve decomposition) Let us consider a Gaussian process
Z (x) with covariance kernelk(x; x) and the following Mercer's decomposition

X
k(x; %) = p p(X) p():
p O

Then, Z(x) can be represented through the following form

X _
Z(x)= P p p(X)Zp;

p O

where (Zp)p o are independent and identically distributed random variables with distri-
bution N (0; 1) de ned as
z

P pZp= Z(u) p(u)d (u);

An important property of the Karhunen-Loeve decomposition is that it provides the best
spectral decomposition of a Gaussian process in the sense that it minimizes the total mean
squared error resulting of its truncation as stated in the following proposition.

Proposition 1.1.  Let us consider any orthonormal basig p(X))p o of L2(Q) and the
following decomposition ofZ (x)
x Z
Z(x) = Z(u) p(u)d (u)  p(x):
p O

Then, for a givenp > 0, the basis minimizing

20 1,3
Z x Z

E4@ Z(u) p(u)d (u) p(x)A Sd (x)
pp

is given by( p(X))p o, i.e. the one of the Karhunen-Loeve decomposition. We note that
the functions p(x) for p 0 are unique if and only if the values of , for p 0 are
positive and distinct.

Proof. Let us consider( p(X))p o an orthonormal basis ofL?(Q) and let us denote by

20 7 1,3
X
"}(x)= E4@ Z(u) p(u)d (u) p(x)A 5:
pp
A direct calculation gives that
X ZZ
"2(x) = p(X) q(X) k(u;v) p(u) o(v)d (u)d (v):

p:qa p
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R
Then, by integrating we nd that "2="2(x)d (x) equals:
Z Z
"2 = k(u;v) p(u) p(V)d (u)d (v):
p P

Thus, we want to minimize "2 with the constraint of normalized p(X). Let us consider the
Lagrangien formulation of this problem
ZZ z
k(uv) p(u) p(v)d (Wd (v) 5 pu) pu)d (W) 1 ;
pp

where |, are the Lagrangian multipliers. By di erentiation with respectto  p(u) and setting

the derivatives equal to 0, we nd thatfor p p
z

k(u;v) p(v)d (v)  p p(u)=0;
Le. p(X)= p(x)and p,= pforalp p. O

However, contrary to the complex representation, closed form expressions for such a spec-
tral decomposition is rarely available. The Nystrdm procedure can be used to numerically
approximate the Karhunen-Loeve spectral decomposition of a Gaussian process. This proce-
dure being based on a quadrature numerical integration, it could be an issue to perform it in
high dimension except for tensorised kernels. Indeed, in that case, the approximation can be
performed by consideringd 1-dimensional numerical integrations.

First, let us consider the Karhunen-Loeve decomposition of the 1-dimensional Gaussian
processZ (x), x 2 [0; 1] X p__
Z(x)= p p(X)Zp: (2.50)

p o
To evaluate the Karhunen-Loeve spectral decomposition o (x) we have to solve the following
eigenproblem8p 2 N: 7

p p(X) = k(x;u) p(u)d (u): (1.51)
[0;1]

Let us consider that the measure has a densityf (x). We can consider the following numerical
integration:
Z 1 W
p p(X)= o K(x;u) p(u)f (u)du N . K(x;xi) p(xi)f (Xi); (1.52)
l} 1=

.....

b p=Kn pi (1.53)
where §=( (x1);:::; (xn)), K= pN and [Knlij = K(xj;xi)f (xi). Therefore, §=N
is an estimator for  fori =1;:::;N. It can be shown that FFf:N converges to , when

N !'1 [Baker, 1977.
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Then, the Nystrém method for approximating the pth eigenfunction [Baker, 1977 is given
by:

1
o) =k (1.54)
P
wherekq(x) = (k(x;x;);:::;k(x;xn)). Thus, given a point x, we can sampleZ (x) by consid-
ering the following truncated series:
X
Z(x) ﬁo&;’zp: (1.55)
N RN
p Np p

Second, let us consider the followingl-dimensional Gaussian process 2 [0; 1]°:

Yd o
Z(x) GP(; ki(x";x"): (1.56)
i=1
We note that Z(x) has ad-dimensional tensorised kernel. We have the following Karhunen-
Loeve representation ofZ (x):

Z(x) = o o (X)Zppgs (1.57)

where p, and p, (x) are respectively the eigenvalues and eigenfunctions of the kerrig(x; x).
Thus, to compute a realization of Z(x) we just have to consider the Nystrém approximation
of each kernelkj(x;x) for i = 1;:::;d (i.e. it corresponds to d 1l-dimensional numerical
integrations).

1.5 Kriging models: two other approaches

The kriging equations were presented in Sectiof.2through a Bayesian approach. Nonetheless,
it was not the original approach suggested byHKrige, 1951]. In Subsection1.5.1 we present
this approach based on a linear formulation as presented in Equationl(5). In particular,
we will see that it leads to the same model as the simple and universal kriging one. We
use this result in Chapter 7 to show asymptotic results on the predictive variance in a noisy
kriging framework. Then, in Subsection1.5.2 we present a closely related tool coming from
the regularization theory in a reproducing kernel Hilbert space.

1.5.1 The Best Linear Unbiased Predictor

We present in this subsection the concept of the Best Linear Unbiased Predictor (BLUP). We
still consider the problem of predicting a random variableZ (x), x 2 Q RY from a vector of
observationsz" at points D. We recall that Z(x) is a Gaussian process of meaff{x) and
covariance structurek(x; ¥) modeling the objective functionz(x). First of all, we consider the
parameter known and equal to zero. Let us consider the linear predictor:

2(x) = ag+ a%Z": (1.58)
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h i
We are looking for an unbiased predictor, i.e.E Z(x) = E[Z(x)]. The unbiased property
leads toag = 0. Then, we want to determine the best linear unbiased predictor with respect
to the mean squared errors loss function. Thus, the problem consists in nding the coe cient

a solving h i
minE a%Z" Z(x) 2. (1.59)

We have h i
E a%" Z(x) % = k(xx)+ aka 2a%(x):

which is minimal for a= kqx)K . Thus, the BLUP is given by:
2(x) = kYK 1z" (1.60)
and its mean squared error (MSE) is given by

MSE4(x) = k(x;x) kAx)K *k(x): (1.61)

Considering the observed valuesz", equations (.60 and (1.61) with
k(x; %) = 2r(x; %) are identical to the ones of the Simple kriging {.3) and (1.4).
Furthermore, the Gaussian property of the underlying stochastic procesZ (x) im-
plies that the predictive distributions of the two approaches are identical.

Now, let us assume that is unknown and consider an unbiased linear predictor of the form
2(x)= a%Z": (1.62)

The unbiased property imposes the constraine® = fqx) , 8 ,i.e. F& = f(x). Thus, the

goal is to solve the following constraint optimization problem
( h [
minaE (aZ" Z(x))?

Fl = f(x)
or equivalently

minak(x;x) + aKa 2a%(x)

Fl% = f(x) (1.63)

We can use the method of Lagrange multipliers to minimize the quadratic form in .63
subject to F% = f(x). We aimto nd (a; ) 2 R"*P minimizing the Lagrangian formulation

k(x;x)+ aXa 2a%kx)+2 qF% f(x)):

We can calculate the gradients with respect to(a; ) and set it equal to zero. We nd the
following system of equations

Fh f(x)=0 _
Ka k(x)+F =0
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which leads to
| I

- !

0 FO f(x)
a  F K k(x) ' |
Q QFX 1 f(x) |

K IFQ K ' K 'FQFX ! k(x) ’
with Q = (FX F) 1. Therefore, we nd that
a= K FQf (x)+ K ' K FQFX 1 k(x)
and the resulting predictor is
2x) = f)" + kK t z" " (1.64)
with * = (FXK F) FX 1z". The MSE of the predictor Z(x) in (1.64) is then given by

MSE4(x) = k(x;%) k{x)K k(x)

(00 KOOK FYFK IF) Y0 kYK IF)O (1.65)

Equations (1.64) and (1.65 with k(x;%)= 2r(x;%) are identical to the ones o
the Universal kriging (1.20 and (1.21). Considering the Gaussian property of th
underlying stochastic proces< (x), it gives that the two approaches are equivalent.

1.5.2 Regularization in a Reproducing Kernel Hilbert Space

In this subsection, we present how the Gaussian process regression theory can be related to
the regularization problem in a Reproducing Kernel Hilbert Space (RKHS). First of all, we
introduce some concepts about RKHS and then we present the famous representer theorem
given a general form for the solution of a regularization problem in a RKHS. The forthcoming
developments were inspired by the book of\fahba, 199Q and [Rasmussen and Williams,
2009. We present here a brief introduction to RKHS, for more detail about them, the reader
could refer to the article of [Aronszajn, 195Q or the book of Wahba, 199Q. Furthermore,

for a deep presentation of regularization in a RKHS and the correspondence with Gaussian
process regression, we refer to the thesis ofdzquez, 200p Chapter 3.

Covariance functions and reproducing kernels in Hilbert spaces

X =]0;1], X = S with S the unit sphere,...). For our purpose, we always consider that
X RY but the results presented in this paragraph remain true for more generaX. We saw
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in Section 1.1 that a kernel k(x; %) with x;x 2 X is positive de nite if forany a;;:::;an 2 R,
and distinct x1;:::;Xn 2X,n 2 N, we have
X

agk(xi;xj) O
ijj =1

and P |n1 -1 agk(xi;xj) = 0 if and only if & = 0 for all i = 1;:::;n. Furthermore, we
can de ne a Gaussian procesg (x) with covariance structure k(x; x) if it ful lls the positive

de niteness property. We will see in the forthcoming developments that we can associate the
kernel k(x; x) to a RKHS. Let us consider the following de nition:

De nition 1.3  (Reproducing Kernel Hilbert Space) Let H be a Hilbert space of real functions
f de ned on anindex setX. Then H is called a reproducing kernel Hilbert space endowed with
an inner product h;:iy and normjjf jjy = = H;f iy if there exists a functionk : X X! R
with the following properties:

1. For everyx 2 X, the function ky : x 7! k(x; x) belongs toH.
2. k(x; %) has the reproducing propertyhk,;fig = f(x), 8f 2H.

3. 8x 2 X the evaluation functional ky(x) is a bounded linear functional, i.e. 9M 4 such
that 8f 2H, jf (X)j] Myjifijin.

The form kg (:) for the evaluation functional comes from the Riesz representation theorem.
We note that we have also the propertytky; kxiy = K(X; %). For a given RKHS, the representer
ky(:) of evaluation at x is unique. The converse is true as presented in the following theorem
[Aronszajn, 195Q:

Theorem 1.6 (Moore-Aronszajn theorem) To every RKHS there corresponds a unique
positive de nite function k(x; x) called the reproducing kernel and conversely, given a
positive de nite function k(x; x) we can construct a unique RKHS of real-valued functions
on X with k(x; %) as its reproducing kernel.

Proof. If H is a RKHS, then the reproducing kernel isk(x; ¥) = Hky; k¢in, where for eachx,
%, kx and ky are the representers of evaluation ak and x. Furthermore, k(x; %) is positive

de nite since, for any distinct x1;:::;xn 2 X, a1;:::;a, 2 R, n 2 N, we have:
X] .
aiq k(Xi;Xj) = aiq H(Xi;kleH
ij =1 i =1
= i akeiin O
i=1
.. P n ..2 . - . -
and jj - akyjjg =0 ifand only if & =0 for all i = 1;:::;n. Conversely, givenk(x; x)

we constructH H  as follows. For each xedx 2 X, denote by ky the real-valued function
such that

ke(2) = k(x;:):
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Then, construct a manifold by taking all nite linear combinations of the form

xo
ai kXi;
i=1
for all choices ofn, a1;:::;an 2 R, X1;:::;Xn 2 X with the inner product
X0 X0 _ xo _ xo
h  aky; &Ky in = ag H(xi;kxj iy = K(Xi;Xj)aig:
i=1 i=1 i =1 i =1

The inner-product is well-de ned since k(x; %) is positive de nite. Furthermore, for any f
such that f (x) = = L ajky, (X) we havelky;fiy = f (x). In this linear manifold we have

ifn(x)  FOQj=jhfn  fikxini I fo fliniikin:

Thus, the norm convergence implies the point wise convergence and we can adjoin to this
manifold all the limits of Cauchy sequences of functions in the manifold. The resulting Hilbert
space is the RKHSH with the reproducing kernel k(x; x). O]

In the Hilbert space L2 with the inner product H; giLng Rf (x)g(x) dx, the dirac delta
function is the representer of evaluation. Indeedf (x) = f(u) (x u)du. Nevertheless,
the diract delta function does not belong to L2 and thus L? is not a RKHS. As noted in
[Rasmussen and Williams, 200k kernels are the analogues of dirac delta functions within the
smoother RKHS.

Now let us consider the eigenfunction decomposition of the kernéd(x; x) (see Mercer's
Theorem 1.4 in Section 1.4) with  a probability measure, sup,ox K(x;x) < 1 and k(x; x) is
continuous onX 2 RY - X is a nonempty open set. There exists an orthonormal sequence of
eigenfunctions, ( p(X))p o 2 L2(X) with the corresponding eigenvalueg p), o O sorting
in decreasing order, such that

Z
. K(x; %) p()d ()= p p(x); P O

X
k(x; %) = p p(X) p(%);
p O
Z Z X
k?(x;%)d (x)d (%)= 2<1:
X X b 0
We note that for the caseX = f1,:::;Ng the analogs of the previous equations ar& | =
p p K = and tr(KZ) = iN=1 FZ) where K = [k(i;] )]i;j =1;:5Ns  p = [ p(i)]i: aieN

=diag([ ilizz:on) and  =[ ;]i=1.-=n is orthogonal. We have the following proposition:
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Proposition 1.2. Let us consider a covariance kernek(x; x) with an eigenfunction

decomplgsitionk(x; %) = b0 P p(X) p(*) with respect to the measure . If we consider
f(x)= p ofp p(x), f(x) isin the RKHS H with reproducing kernelk(x; x) if and only
if
X §2
i < l
po P

P
and jjf jj3 = Of[f: p- If £(x) 2H, then we have the equality
Z

fp= . f(x) p(x)d (x); forp suchthat > O:

p

P
Proof. Tp)e collection of functions f (x) with p of§= p < 1 is a Hilbert spaceH with
;u_')f i3 = p Of§= p- We aim to prove that H is a RKHS with reproducing kernel k(x; x) =
p o p p(X) p(x). We have
o, X 22y X
ki = 2 ‘; = 5 20=kx)<1:

p O p O

Thus, kx belongs toH. Furthermore, we have the equalities
fo( p p(X)) _ X

p )

HKyiy = fp p(x) = f(x);

p O

which lead that k(x; %) has the reproducing property. Finally, we show that the evaluation
functional is bounded:

p_ N
X (X)) X f2X
fooj= - e ET T oy

p o P po Ppo

= Jifiiniikxin:
g

We can now consider the RKHS constituted by the functions of the fornf (x) = P p ofp p(X)
with the inner product
2R gy,
H;giy = -, (1.66)
po P
with g(x) = P o 0% p(X). We note that despite the fact that the eigenvalue decomposi-
tion depends on the measure , the inner product is invariant under a change of measure
[Kailath, 1971]. Another view of the RKHS can be obtained from the reproducing kernel map
construction as stated in the following proposition.
Propositjon 1.3. Let us consider a covariance kernek(x;») 8n 2 N, xj 2 X, 2 R,
]‘D(x) = L, ik(x;xj) is in the RKHS H with reproducing kernelk(x; x), and jjfjjﬁ =
bor i k(X))



62 CHAPTER 1. GAUSSIAN PROCESS REGRESSION

P
Broof The collection of functionsf (x) = ,”l ik(x;xj) is a Hilbert spaceH with jjfjja =
ij=1 i jK(Xi;Xj). Furthermore, ky belongs toH and has the reproducing property:

X
K xip = ik(xi;x) = f(x):
i=1
O

We note that we recognize the form of the predictor given in Equation L.6) in Subsection
1.2.1

An example of Reproducing Kernel Hilbert Space in [0; 1]

Let us consider a functionf : [0;1]! R with m 1 continuous derivatives and such that
f (M 2 L2([0;1]) wheref (9 denote theq derivative of f . The Taylor series expansion gives
X 1yq Z, (x um 'l
- Xe@eye V2 Y+ cm) :
f (x) ] q!f ©) . (m D f U (u) du;
g=0
with (x u)+ =(x Wl y o. Furthermore, let us considerAn, the class of functions such
that f@0)=0 ,89=0;:::;m 1 Thenf 2A,, implies
Z,
f(x)=  Gm(x uf™(u)du;
0

whereGn(x  u)=(x u)™ !=(m 1)!. The function G, is the Green's function for the

problem f (M = g. Then, let us denote byH Y, the following space
n 0
HO = f2AL:[0;1]! R, f@©0)=0 8q=0;:::;m 1;f(™ 2 L?([0;1])

R
The collection of functions HY, is a Hilbert space with norm jjfjjﬁPn = 01 f (M (u) 2
Furthermore, let us consider the kernel
Z,
k(x; x) = Gm(x u)Gn(* u)du: (1.67)
0

Denoting kyx = k(x;:) we have
KM (%) = Gm(x  %):
Thus, a simple calculation gives that
Z 1 2 z 1
.. ) _ (m) _ 2 — . .
Jikxlifo = ky"(u) du= (Gm(x u))“ du= Kk(x;x):
m 0 0

Thereforeky is in H%. Furthermore, we have
YA 1 z 1
Hikuipo = FMWkMu)du= F™U)GH(X u)du= f(x)
0 0

and ky has the reproducing property. Finally, it is easy to check that the evaluation functional
if bounded:

. . . e e P—
)= M kxine Jj Flingliksiing = iifiing k(X X):
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Connection with Gaussian processes.

|3et us consider a Gaussian process(x), X 2 X with zero mean and covariance kernet(x; x) =
b0 P o(X) p(%¥). Then, the Karhunen-Loeve representation oZ (x) is given by

X
Z(X) Zp p(Xx);
p O

where (Zp)p o are independent Gaussian random variables with mean zero and variance
such that z
Zp=  Z(X) p(x)d (x): (1.68)

The integral (1.68) is well de ned in quadratic mean [Cramer and Leadbetter, 1967. Nonethe-
less, ifk(x; %) is non-degenerate (i.e., if it has a in nite number of non-zero eigenvalues), then
samples ofZ(x) do not belong to H. Therefore, the assumptionf 2 H and f is a sample
of the Gaussian proces& (x) arqpnot equivalent. To illustrate this statement, let us consider
the degelgerate kernekp(x; %) = pp P p(X) p(*) and the corresponding Gaussian process
Zp(X) =  , pZp p(X). We have

. .2 X- 2 11
E jZp(x) Z(x)j© = p IO(x)'O! 0:
p=p+l

Therefore, Z,(x) tends to Z(x) in mean square sense but
. N X E jZ,j? 1
E jiZpiiz = ———=p+111
p=0 P

However, as noted in Rasmussen and Williams, 200 the posterior mean of the Gaussian
process after observing some data will lie in the RKHS due to the averaging.

Now, let us consider the Hilbeli; spaceZ spanned byZ(x), x 2 X . It is the collection of
random variables of the formZ = i”:1 i Z(x;) with the inner product hWZ1;Z5i = E[Z1Z5]
and all of their quadratic mean limits. First, the equalities

hZ (X);Z(%)i = E[Z(X)Z ()] = K(X; %) = hky; Kyl

show that there is a correspondence between the inner product & and the one ofH. Now
let us consider a bounded linear function inH with representer . Thus, can be written in

the form (x) =limn MW(x) with M(x)= " L, ik(xi;x) . Furthermore, let us de ne Z;
as the L-limit of ., iZ(xj) = 2™, ) converges inH if and only if Z(" converges in
L? . Therefore, if the limit lim, E (Z1 L, iZ(xi))? =0 holds, we have

X X
E[Z1 Z()] =lim iE[Z(xi)Z ()] =1lim ik(xi;x) = (x):
i=1 i=1

Therefore, the Hilbert spaceZ is isomorphic to H with the correspondencesZ (x) Ky,
Z1 and a preserved inner product.
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Regularization problem in a RKHS

Let us consider the following functional:

I(F) = Siitiid + QE"f"); (1.69)
where z" is the observed values of the objective functiore(x) we are approximating, f" =
f(D) = (f(x1);:::;f(xn))%and is a scalar parameter. The termQ(z";f") in (1.69 is a
measure of the distance between the observed valug% and the predicted onesf". Moreover,
the norm jjf jjy in the Hilbert space H represents the regularity of the predictorf. The

purpose of this section is to determine the functionf minimizing (1.69. In a Gaussian
process regression framework, we consider th(z";f") is a squared loss function, i.e.

Q™M= (2" MY f"):

More general forms of loss functions can be found in the book ofAfphba, 199(. Let us
consider the following Theorem:

Theorem 1.7 (Representer Theorem) Let us consider a functionf in a RKHS H with
the reproducing kernelk(x; x). Each minimizer f 2 H of

J(f)= Ejjfjjﬁ +Q(z";f");
has the form

X
f(x)= ik(X; x;):
i=1

Again we recognize the form of the kriging predictor giving in Equation (.6). Theorem
1.7 was rst proved by [Kimeldorf and Wahba, 1977 in the case of squared loss functions.
Now let us consider the following functional

1. . 1
J(f) = EJJfJJﬁ t 5" iM% 1) (1.70)

Theorem 1.7 gives us that the solution of (1.70) has the form f (x) = kqx) " with " =

) = SOMK " SE K M K

= %( "0 K+ %KOK n %(z”)(k "+ 2—1"2(2”)02”;

1.3. The minimum of J( ) with respectto " is given by

A= K+ 2t

Thus, the solution of the regularization problem is given by:

2x) = kqx) K+ & 'z (1.71)
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which is exactly the form of the predictor in a noisy-kriging framework (1.8) with a constant
observation noise variance, i.e. = ?Zl. We can consider two extreme cases for the functional
J(f ) presented in Equation (L.70). First, let us consider the case ?!1 . Thus, J(f ) becomes
J(f) = jjfjjﬁ which means that we only considered the penalization on the regularity of .
We can derive the same calculations as before and we nd that " = 0. If we refer to the
kriging framework, it corresponds to the mean of the Gaussian procegs(x) modeling z(x) in

a simple kriging case. In fact, as presented by}ahba, 199(Q Sec 1.3, this case corresponds
to the one of the generalized linear regression. Then, let us consider the asymptoti€ ! 0
which corresponds to the minimization problemJ(f) = (z" f™M%z" {"). In that case we
nd the following solution for the minimization problem

which corresponds to the predictor
2(x) = kYK 1z": (1.72)

We recognize the form of the predictor obtained in a simple Kriging framework with noisy-free
observations (L.3).

A useful property of RKHS

The Riesz representation theorem tells us that any bounded linear functiorL in H has a
unique representer in H. The powerful property of the reproducing kernelky is that we can
deduce from it. Indeed, we have

(¢) = h;kxig = Lky;

which means that st) can be obtained py applyingL to k.. For example, if we consider
X = RYandLf = f(u)duthen (x)= ke(u)du. Moreover, if we considerX = R, f (x)
and ke(x) di erentiable and Lf = f (x) for somex 2 R, then (%) = Lky(x).

Then we can consider the spacél spanned by and its orthogonal H? . The spacesH
and H”? are two subspaces ofl suchthatH = H H ? and are themselves RKHS. As stated
in [Berlinet and Thomas-Agnan, 2004 Theorem 11, the reproducing kerneky of H is given
by the orthogonal projection of ky on H :

K, = Ky iH—5 = (X):—5: 1.73
o= o g = Wy (1.73)
Furthermore, the relation H = H H 7 implies that the kernel of H? is given by ky k.

We note that the norm jj jjﬁ can be deduced from the following equality
i jif=h; ik = ke Lkyiy

As an application, a very interesting use of this property were suggested byDurrande
et al., 2013 who propose an ANOVA decomposition for the reproducing kernek(x; x). Then,
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this decomposition is used to perform sensitivity analysis in an e cient way. Their approach
is based on the following proposition (seefjurrande et al., 2013 Proposition 1):

Proposition 1.4. Let H be an RKHS with a reproducing kernek(x; x), x; x 2 R, then
H can be decomposed as a sum of two orthogonal RKHS

2
H=H1 Ho;

whereHg is a RKHS of zero-mean functions andH 1 is its orthogonal.

The proof is straightforward IQccording to the previous discussiorhby considering the

bounded linear functional Lf = f (u) du with its representer (%) = Kkg(u)du. By ap-
plying the presented results, the kernel forH 1 is given by ki(x) = (x) (%)5j jjﬁ, i.e:
Z R
Kx(u) du

1 — RR .
ky (%) Ky (u) du k(v:u)dudv'
Then, the reproducing kernel of the orthogonal speace-l'i’ = Hyo - which corresponds to the
collection of functions g such that h;giy = Lg = g(u)du =0, i.e. the space of zero-mean
functions - is given by

kQ(x) = ke(%)  kx(%):

Example of a Gaussian process with zero mean function. Let us consider a 1-
dimensional Gaussian proces& (x), x 2 [0; 1] with zero mean and covariance kernek(x; x) =
exp(j x x=) with = 10. It corresponds to the Ornstein-Uhlenbeck kernel presented in
Subsectionl1.4.2 The advantage of this kernel is that a closed form expression can be given
for Equation (1.73. Indeed, after straightforward calculations, we nd that

2 exp( %) +exp(*1) 2 exp( %) +exp(*-1)

ki(x; %) =
(X %) 2 2242 2exp 1

and the reproducing kernel for the sub-RKHS of zero mean functions is given b°(x; %) =
k(x; %) kY(x;%). We illustrate in Figure 1.13 one realization of a Gaussian process with
covariance kernelk(x; x) and the same realization but with covariance kernek®(x; x).
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S z(x)
— 2°(x)
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Figure 1.13: Example of realizations for the Gaussian process@qx) with covariance kernel

k(x; %) and Z°%(x) with covariance kernelkO(x; ). k°(x; x) is the reproducing kernel of the

sub-RKHS of zero mean functions orf0; 1]. The two realizations are computed thanks to the

Cholesky's decomposition method (see Subsectidn4.2) with the same Gaussian white noise.
We empirically observe that the mean of the realization ofZ°(x) is close to 0, as expected.
Indeed, it equals 3:5:10 ° whereas the one o (x) is 3:1:10 1.
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Chapter

Co-kriging models

In Chapter 1, we have presented how to surrogate an objective functioa(x) with x 2 Q
RY, Q an nonempty open set, andz(x) 2 R. Nevertheless, in practical applications, the
objective function can be multivariate, i.e. its output can lie in RS with s 2 N . We denote

.....

want to approximate a componentz;(x) of z(x) it could be worthwhile to take into account
the other ones(z; (x))jsi-

In this chapter, we are interested in that framework. The component ofz(x) that we want
to predict is generally called the principal component and the other ones are the secondary
components.

In Section 2.1 we present the extension of the kriging model for multivariate functions.
This extension is called co-kriging and was rst developed in geostatistics (se€hilées and
Del ner, 1999] and [Wackernagel, 200P. Then, in Section 2.2 we present the original model
of co-kriging suggested in the geostatistical literature. In Sectior2.3 we deal with the de -
nition of valid covariance kernels for co-kriging models. Finally, in Sectior2.4 we present an
approach in computer experiments using co-kriging models to surrogate the output of a code.
It corresponds to the case where we want to take into account the code output derivatives
into the model.

2.1 Bayesian Kriging models for vectorial functions

Let us suppose that we want to approximate the last componentzs(x) of z(x) by taking
into account the other components(z(x))i=1::=s 1. Analogously to the Gaussian process

69
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V (x; ¥). In a multivariate case, we have

ml(X)1
m(x) = % : X (2.1)
ms(X)
and 1
Kia(X; % 11) 10 Kas(X % 1)
V(x;%) = % : : X (2.2)
Ks1(X; % s1) :if Kes(X; % ss)

where Kjj (X; ¥) = cov(Zi(x);Zj(x); i), i;j =1;::;sand mi(x) = E[Zi(x)], i = 1;:::;
We note that the hyper-parameters j; , representmg the parameters of the covariance kernel
Kij (x; %), can include the variance parameter. For the moment, we consider thaV (x; x) is
a valid matrix-valued covariance function. In fact, its choice is non-trivial since assuring the
positive de niteness of V (x; x) could be an issue. We present in Sectiog.3 how to de ne
admissible covariance structures in a multivariate context. It is though important to note that
V (x; %) is not necessarily symmetric, i.e. we can havi (x; x) 6 k; (x; %). Moreover, as in a
kriging case, we consider that theé™™ component ofm(x) is of the form m;(x) = f{x) ; with
fqx) a vector of functions of sizep;.

2.1.1 Simple co-kriging equations

Let us denote byZ(®) = ((271)%:::;(Z25)9%the values of(Z; (x))i=1 :::s at points in (D )=y .-

..........

whereD' = (x(')'::"xnl) Xj ”') 2 RY, j =1::::;nj,i =1;:::;s. Furthermore, we denote
by z(8) = (z]%;:::;20¢) the values of (z (x))I 1 at pomts in (D Niz1:s and by M) =
My My) the values of (M;(x))i=1:s at points in (D' )I =1:s.  Thus, we haveM; =
fqD') ;:= Fi ; with Fj a matrix of sizen; pj,i=1;:::;

The purpose of the co-kriging model is to predict the vaIue oZs(x) by considering the
known valuesz(®). As in the simple kriging case, the predictive distribution of the simple co-
kriging is given by [Zs(X)jZ® = z(3;( i)iz1s: ( ij )ij =1::s]. Let us consider the following
Gaussian vector

11
s() °() s kss( x) kH) k&)
% g %% Fi E % kls:(x) K:11 K:ls EE ; 2.3)
kss.(x) K.sl e K.ss

with ij (X) - [kSJ (X Xk )]k =1ng o kjS (X) - [ kjs (Xk ’X)]k =1;:5n; andK ij - [klj (X(kl),x|1))]k =1;:5n -

We note that although in general kjj (x; %) 6 K;i (X; %), we have the equalityksj (X) = Kjs (X)
and Kjj = KO. Indeed, the equality cov (Zi(x); Zj(x)) = cov(Zj(x);Zi(x)) implies that
kSJ (x; x) = kJS (x X) and thus kIJ (x) = kJI (x) andKj = K°. Thus, we obtain that the predic-
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and variancess ., (x) given by:

Mz.sk (X) = fAX) s+ kIX)V! 2z MO (2.4)
and
$2_.sk (X) = kss(;x)  K2X)V ¢ Tks(x); (2.5)
wherekf(x) = k2 (x) ::: k&(x) and
1
K Kls
Vs = Ep Lo X (2.6)
Ks1 i1 Kgs

Considering the univariate cases = 1, the predictive mean (2.4) and variance (2.5
are identical to the ones of the Simple kriging {.3) and (1.4).

We note that the matrix V s must be positive de nite. We present in Section2.3 di erent co-
variance structures which ensure this property. Furthermore, the equalityk; (x; %) = kji (%; X)
implies that V s is symmetric. The predictive meanmgz_.sk (X) is the surrogate model for the
component zg(x) of z(x) and the predictive variance s%S;SK (x) represents the model mean
squared error. Like in simple kriging with noisy-free observationsmz..sk (X) interpolates
Zs(x) at points of the experimental design set ands%s;SK (x) equals zero at these points. Fur-
thermore, we can easily integrate a noise variance in the model by considering a nugget e ect
as presented in Subsectiod.2.1in the paragraph The noisy case . In that case, the surrogate
model will not interpolate the observed values anymore.

Example of simple co-kriging
Let us consider the bivariate Gaussian proces§&Z1(x); Z2(x)), x 2 R such that

Zi(x) = ag 1(x) + a2 2(x)

Zo(x)= by 1(X) + by o(x)

where 1(x) and »(x) are two independent Gaussian processes with means zero and covari-
anceski(x; %) and ko(x; %) such that:

"~ kai(x; %) is a5=2-Matérn kernel with variance parameter 2 =1 and characteristic length
scale =0:2,

" Kko(x; %) is a3=2-Matérn kernel with variance parameter 2 =1 and characteristic length
scale =0:3.
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The bivariate stochastic procesgZ1(x); Z2(x)) is Gaussian since it is a linear combination of
the bivariate Gaussian procesg 1(x); 2(x)). We note that the independence ensures the nor-

mality for ( 1(x); 2(x)). Furthermore, (Z1(x); Z2(x)) has zero mean and covariance structure
|

a2ky(x; %) + adko(x; %) arbiki(x; %) + agbpko(X; %)

arlrky(X; %) + azbpka(X; %) BEKa(X; %) + bko(X; %) @)

V(x; %) =

Let us consider the sample oZ1(x) and Z»(x) showed in Figure2.1with a; =1, a, = 4,
bp=0:5and b, = 3.

o
—~ —~
RON RN
— ~ O
N N

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

() (b)

Figure 2.1: Example of sample for the bivariate Gaussian proces¥1(x); Z»(x)) with covari-
ance structure dened in (2.7) with a; =1, a, = 4, b =0:5and bpb = 3 . Figure (a)
illustrates the sample ofZ1(x) and Figure (b) illustrates the sample of Z,(x).

We aim to reconstruct the sample ofZ1(x) from its values at points in D1 = ( 0:20; 0:08;
0:36; 0:64; 0:93) and the sampled values oF »(x) at pointsin D2 = ( 0:20; 0:06; 0:08; 0:22; 0:36; 0:50;
0:64; 0:78; 0:93; 1.07). Figure 2.2 illustrates the predictive mean and con dence intervals ob-
tained for the simple co-kriging equations 2.4) and (2.5). Furthermore, we also illustrate the
predictive mean (1.3) and variance (1.4) of the simple kriging using only the sampled values
of Z1(x) at points in D. We see in Figure2.2 that the con dence intervals of the co-kriging
model are smaller than the ones of the kriging model. Furthermore, they are more relevant in
the co-kriging model since they represent more precisely the real model error. Finally, we see
that the co-kriging mean is more accurate than the kriging one.

2.1.2 Co-kriging parameter estimation

In a co-kriging framework, the hyper-parameters( j )ij =1::;s are considered as known - this
include the variance parameters. We note that the selection methods presented in Sectidr3
can naturally be extended for the co-kriging model. However, they will be in general extremely
computationally expensive. Nevertheless, we will see in Paft that in some particular contexts
we can easily infer from some hyper-parameters about the predictive distribution. In this
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Figure 2.2: Comparison between co-kriging and kriging models. The solid line represents the
co-kriging mean, the dotted line represents the kriging mean, the dashed line represents the
sample ofZ,(x) that we want to approximate. The shade areas represent the mean plus and
minus twice the predictive standard deviation of the co-kriging and kriging models.

We consider here a Bayesian estimate for(® but the maximum likelihood one can be deduced
from it without di culties. First, let us consider the probability density function of the random
vector Z(®)

exp L 20 FO Oy 10 FO ©

p(z®j ) = : (2.8)

(2 )"=2" detV

— P S (s) ; 5 P S P S H
wheren = ;_; nj and F'® is the following ( ;_; ni) (=, pi) matrix

0 1
F, 0 O D 0
0 F, O Dl 0
F&O=FB : = - : :E;
0 ::: 0 Fg1 O
0O :::: 0 0 Fg

We note that p(z(®j ) is the likelihood of parameter (). Then, from the Bayes rule we
have:

p( @jz®) 1 pz®j @)p( ©)

and thanks to the improper Je rey's prior distribution
p( O/ L
we nd that the distribution [ jz®]is

N OO (2.9)
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where
0
&= FO VvV IFO (2.10)

and 0
G = FO v 120 (2.11)

We emphasize that the posterior distribution of parameter () is similar to the one found in
Equation (1.17). In particular, for s = 1 they are identical. We note that the MLE of ()
is given by ©) in (2.11). Furthermore, we can easily extend the result given in Subsection
1.2.2if we consider a Gaussian prior distribution for (9.

2.1.3 Universal co-kriging equations

As presented in Subsectiorl.2.2, we can infer from the posterior distribution of () given in
Equation (2.9) about the predictive distribution of the simple co-kriging which is a Gaussian
with mean given in Equation (2.4) and covariance given in Equation @.5).

Let us integrate the posterior distribution of (%):
Z

P(zs(x)iz¥) = p(zs(x)jz®; O)p( Pjz)d ©:

After direct calculations, it can be shown that the predictive distribution [Zs(x)jZ(®) =
209, ()i =1 5] is Gaussian with mean

Mz, (x) = 100 s + kIOV 1 2 FONE (2.12)
and variance

o |
0 FO T T )

0
s2.(x) = Kss(X; X) f&(x) ~ k9(x) ES v k() (2.13)
S S

where 0 1

0
f(s)(X):% ; E;

0

fs(x)

1
© = F© % 1FO F© % 129 and ", are the ps last components of .

For the univariate cases = 1, the predictive mean (2.12 and variance (2.13 are
identical to the ones of the Universal kriging (.20) and (1.21).

We highlight that closed form formulas can also be derived for the predictive distribution
when a Gaussian prior distribution is considered for (). The universal co-kriging equations
are then similar to the ones presented in Subsectiof.2.2
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2.2 Co-kriging in geostatistics

We present in this section the geostatistical approach to deal with multivariate objective
functions. It is the natural extension to the one presented in Subsectiori.5.1 Similarly to
the Bayesian scheme presented in Sectich1 we want to predict a principal component zs(x)

.....

meanm (x) (2.1) and matrix-valued covariance functionV (x; x) (2.2). Nevertheless, in order
to simplify the equations, we present the bivariate cases = 2. The extension for anys is
straightforward.

2.2.1 Simple co-kriging

Let us consider the bivariate Gaussian proces&Z 1(x); Z2(x)) and the corresponding Gaussian
random vector (Z7;252) where Z" := z;(D'), i = 1;2. Furthermore, we considerM; :=
m(D')= f{D') ; := F; ; whereF; is a matrix of sizen; p;,i=1;2

In a simple co-kriging case, the coe cients( ,)i=1:2 are considered as known. Therefore,
we can suppose them equal to zero without loss of generality. Let us consider that we want to
predict the principal component Z,(x). We consider the following linear unbiased predictor:

X2 X1
25(x) = Zo(xPy+ i zZa(x By = "2)0Z02 + (- M)0zDs; (2.14)
i=1 i=1

.....

coecients "2 and " minimizing

E 200 22() © = kea(x)+var Za(x)
2 k9(x) "+ K9y(x) ™

where
var Za(x) =( ")z " +( ")%Ka M+2( ")°Ky M

kaj (x) = [Kaj (X ) ket s, Kj206) = [k 20605 %) ket o, andKi,-=[ki,-<x<k”;x.‘”)]lk= -----

...............

i;j =1;2. We note that kip(x; %) = kp1(%;x) implies that K 1o = K9, and k1z(x) = ko1(x).
We can derive the mean squared error with respect to "2 and ":. Setting the derivatives
equal to zero, we obtain that the minimum satis es the following system of equations:

( "2)%K 2+ ( ™)Kz = k3,(x)
: 2.15
(™)K ( ™)°K 21 = k3,0 (249
Therefore, we can deduce "2 and "t from the following linear problem:
! ! !
K22 Ko 2 kaa(x) |

K1 Ki1 n K21(x)
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The estimator is thus given by the equation
- ] !
Ko Kap Zy*

Zo(x)= k9 9 2.16
2(x) k32(X)  k31(x) Ko Kot zns ( )
2
and the predictive variances%K(x)z E  Zx(x) Z2(x) is
- !
L (0= kaalix) KGO0 koo K2 R XK g

Ki Ki1 k21(x)

Conditionally to the observed values, the predictive meansZ.16) and (2.4) are iden-
tical when we considerm(x) = 0. Furthermore, the predictive variances @.17) and
(2.5) are identical too. Therefore, the predictive distributions of the Bayesian an
the best linear unbiased predictor are identical.

We have shown that the Bayesian simple co-kriging and the one introduced in the geostatistical
literature give the same predictive distributions in the bivariate case. In fact, the generalization
of this result for any multivariate function is straightforward.

2.2.2 Universal co-kriging

We use in this subsection the same notations as in Subsecti¢h2.2 In a universal co-kriging
context, the coe cients ( ;)i=1:2 are unknown and have to be taken into account in the
constraint of unbiasedness. Let us consider that we want to predict the principal component
Z>(x). We consider the following linear predictor:
X2 X1
Zo0)=  iZaxP)+ iz = ")°z% +( ™)0zhn: (2.18)
i=1 i=1

Like in Subsection2.2.1we want to nd the coe cients "2 and " minimizing
!

2 n2
E 2o 2200 0 = kn(cx)t 2 K00 KUK b
! !
Ko Ko ne
n2\0 n1\0

Furthermore, the constraint of unbiasedness implies that
( "™)%F2 o+ ( "™)F1 1= 120
which is generally translated in geostatistic by the following conditions (see\WWackernagel,
2003)
( ")F2=fx) |

()0, =0 (2.19)
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2
We use the Lagrangian formulation of the problem to minimizeE ~ Z,(x)  Z2(x) under

the constraints (2.19:
2
E Za(x) Za(x) +2 1(F3 "™ f(x))+2 oF) ™,

where ; and » are the Lagrangien multipliers. We obtain the following linear system by

calculating the gradients with respect to( "2; "i; ;1; ;) and setting them equal to zero
l 1 0 1
Koo Ko1 F k22(x)
%K 12 Kiz 0 FOE %) E %kﬂ(x)
F2 0 f2(X)
0 Fi1 0

Let us introduce the following notations:
! ! !
Ko Ko | £ - F2 0 | 22 = z5?

V = y ] -
27 Ky Ko 0 Fy zh

and k9(x) = k9,(x) k3,(x) . After some algebra, we nd that the estimator is given by

Zo(x) = f3x) ", + kKIx)V,t z@ F@" . (2.20)
where
A @ % 1r@ = p@ % 170
= F@ 'V, F@ v,z (2.21)
and ", are thep, rst components of "
2
Then, denoting the predictive variancesﬁK(x)z E  Zx(X) Z2(x) and noticing that
( "2)0 ()0 F@ = {Yx) 0 ,we have:

|
vV, F@ 1 kz(X)

St () = kez0ix)  K3O) 100 0 S0 %vfxx)ii (2.22)

In the bivariate case, the predictive means 2.20 and (2.12 and the predictive
variances @.22 and (2.13 are identical. Therefore, the predictive distributions of
the Bayesian and the best linear unbiased predictor are identical.

For the bivariate case the Bayesian and the geostatistical universal co-kriging provide the same
predictive distribution. Furthermore, this result is directly generalizable for any multivariate
cases.
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2.3 Admissible matrix-valued covariance kernels

In Section 2.1 we have presented the equations of the simple and universal co-kriging which

s 2 N with mean m(x) and matrix-valued covariance matrix V (x; %) such that

Kia(X; % 11) it Kas(X % 1s)
V(x; %)= %b . :
Ks1(X; %, s1) i Kss(X; % ss)

A valid covariance structure V (x; x) must satisfy the condition of positive de niteness. Namely,
for any (D')i=1...s whereD' = (x(l');:::;xﬁ,'i)), xj(”i) 2RYj=1;::::n,i=1;:::;s, the fol-

lowing covariance matrix

0 1
k11(D1;D1; 11) ::: Kkis(D1;Ds; 1s) K1s

1 0K11 D
VS:E@ : : X:?@; :X

Ks1(Ds;D1; s1) ::i: Kss(Ds;Ds; ss) Ksi i Kss

has to be positive de nite. We note that V s is the covariance matrix ofZ(8) = (( z§1)%:::;(z25)9°

positive de niteness of V (x; x). The rst one in Subsection 2.3.1is the approach commonly
used in geostatistics. The second one in Subsectich3.2 uses an extension of the Bochner's
theorem (see Theoreml.3, Subsectionl1.4.2).

2.3.1 Linear transformation of a multivariate Gaussian process

A rst method to de ne admissible matrix-valued covariance kernels V (x; %) is to notice
that any linear transformation of a multivariate Gaussian process is a multivariate Gaussian
process. We derive in this subsection some examples of valid covariance structures using this

property.

Linear model of coregionalization

.....

Xt
Zi(x) = i)
j=1

.....

Xt Xt
cov (Zi(X); Zj (%)) = k GOV ( k(X); k(%)) = k1K (X %)
k=1 k=1
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Therefore, the covariance structure ofZ(x) is

Xt h i
V(x; %) = k ko Kk (X; %);
k=1 iy =1;8
h i
where the matrix | Jk _— is nonnegative de nite since it can be written with the
] = ;:ZZ;S
following form for all k = 1;:::;
0 11 ... 1 Sl 0 1
k k ==+ k k
S N
: : : K k
s 1 ... S s
k k "+ k k K

This approach is referred as the linear model of coregionalization and is frequently used in
geostatistics (see Goulard and Voltz, 1997 and [Wackernagel, 200p. For this model, the
smoothness of any Gaussian processi(x), i = 1;:::;s, is the one of the roughest latent
process j(x),j =1;:::;t such that J' is not zero.

Convolved Gaussian white noise process

As presented in point 3. in the introduction of Section1.4, a Gaussian process can be de ned
with the following form: 7

Z(x)= k(x;u) dW (u);

R
whereW (x) is the Wiener process. FurthermoreZ (x) has the covariance kernel k(x; u)k(u;x) du.
If we considert independent Gaussiar_rg white noise process€®V(x))i=1;:;t, then by apply-

ing the linear operators (Lj W;)(x) = kJ (X; U)W (u)du = ZJ (X),i =250t ] =210,
s 2 N, the following multivariate stochastic process is still Gaussian:

.....

with covariance structure such that
cov Z (x);Zk(¥) = = K (xu)kk(u;x)du:

This technique was suggested byHoyle and Frean, 2005 to deal with multiple output func-
tions. We present below their approach for the bivariate case. Let us consider three indepen—

and (h;(x; x))i=1:2. Then we can de ne the four following Gaussian processes:

z

Vi(x) = h1(x; u)Wy(u) du;
z

Yi(X) = k1(X; u)W>(u) du;
z

Ya(x) = K2(x; u)W2(u) du;
z

Va(X) ha(x; u)W3(u) du:
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We note that the nal multivariate random process (V1(x); Y1(X); Y2(X); V2(x) is Gaussian since
it is a linear transformation of a multivariate Gaussian process. Furthermore, its components
are all independent except forY1(x) and Y2(x) since they come from the same Gaussian white
noiseW3(x). Then, considering two independents Gaussian white noise procesgeg(x))i=1 2,
one can de ne the following bivariate Gaussian process:

Z]_(X) = V1(X)+ Y1(X)+ %"1(X)
Zz(X) = Vz(X)+ Yz(X)+ %"2(X)
where
Z Z
cov(Z1(X); Z1(%) = hi(x;u)hy(u;»)du+  ki(x;u)ky(u; ) du+ f X=X 1
Z Z
cov (Z2(x); Z2(x)) = ha(x; u)ha(u; ) du+  Ka(X; u)ka(U; ) du+ 5 yex;
Z

cov (Z1(x); Z2(x)) k1(x; u)ka(u; %) du:

For some kernels as the squared exponential one, closed form expressions can be obtained for
these integrals (seeBoyle and Frean, 200%).

Gaussian processes with zero mean

Following the work of [Durrande, 2011, we present here another approach than the one pre-
sented in Subsectionl.5.2to deal with zero-mean Gaussian processes. We consider a Gaussian
processZ (x) with mean f4x) and covariance kernek(x; x), x 2 Q RY. Furthermore, we
consider the following linear transformation of Z (x):

Z
LZ (x) = Z(u) du:
Q

Since any linear transformation of a Gaussian process is Gaussian, we have
! ! R
R Z() N R fqx) . R k(xx) g gk(xu)du
Z(u)du fqu) du k(u;x)du k(u;v) dudv

R
and thus the distribution of [Z(x)j Z(u)du = 0] is Gaussian with mean

z Z7Z 1 Z
fqx) k(x;u)du k(u; V) dudv fqu) du

and variance

z zZ Z 1Z
k(x;x) k(x;u)du k(u;v) dudv k(u; x) du:
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2.3.2 Spectral analysis of a multivariate covariance structure

Another approach to ensure the positive de niteness foV (x; x) is to consider the stationary
caseV (x; x) = V (h) with h = x x and the following generalization of the Bochner's Theorem
for multivariate Gaussian processes.

Theorem 2.1 (Multivariate Bochner's Theorem). For any continuous positive de nite
matrix-valued V (h) from RY into RS RS, such that

0 1
kii(h; 11) it kas(h; 1s)

V=8 LK,
Ksi(h; s1) 10 Kss(h; ss)
were exists a unique matrix valued positive nite measure such that V(h) =

e €1 WG (w). Furthermore, if (w) has a spectral densityS(w) - S(w) is non-
negative de nite - with

0311(W; 11) o Sis(w; 1s)1
sw=@ X

Ss1(W; s1) :ii Sss(W; ss)

R . )
where Sjj (w; ) is the power spectrum ok (h; ), thenV (h) = 4 €' Wi S(w) dw.

Therefore, to de ne a valid covariance structureV (h), we have to ensure that8w 2 RY
S(w) 0is nonnegative.

An example of valid covariance structure

The example presented below comes from the article oBjeiting et al., 201Q. Let us consider
the covarianceV (h) such that

kij (h)=(c ¢)(h);
ki (h)=F (F(c)F(g))(h);

whereF stands for the Fourier transform. The spectral density ok;; (h) is S (w) = fi(w)f; (w)
wherefi(w) = F(¢). Therefore, the matrix of the spectral densities is

O fwyaw) 1 faw)fsw) "
sw=® LK = fw)Ew);
fLW)f (W) ot Fs(w)fs(w)
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Valid cross-covariance functions for bivariate random elds

We give here another example inspired by the article ofGneiting et al., 2010. Let us suppose
a bivariate Gaussian proces€ (x) = ( Z1(x); Z2(x)) with covariance structure :

kis(h) = fka(h; a);

kao(h) = Zko(h; 2);

kio(h) = 12 1 2ka(h; 12);

ko1(h) = kuz(h):

with h=x x, x;%x2 RY. Then, we have :
!
s(w) = 2F (ky(h; 1))(w) 12 1 2F (ki2(h; 12))(w)
12 1 2F (kia(h; 12))(w) 2F (ka(h; 2))(w)

To ensure the nonnegative de niteness, the following inequality must be satis ed for all
w2 R

j 12F (kia(h; 12))(W)i* F (ka(h; 1)) (W)F (ka(h; 2))(w): (2.23)
The isotropic Gaussian kernel class. Let us suppose thatky(h; ) = ka(h; )= kio(h; )=
k(h; ) with :
k(h; )=exp ”2 ”2

According to Subsectionl.4.2, we have :
Sw) = F(k(h; )=@2 2% Pexp( 2 * Zjwjj?):
The condition (2.23) becomes8t 0
2 )%exp( 4 25t (D*Pexp( 2 2 f)( H)Pexp( 2 2 Ft):

Therefore, we have to satisfy the following condition to respect the nonnegative de niteness
property 8t O:
( 2 2)d=2
Lo
()¢
This means that # 2 2,+ 2> Oimplies ;=0 and ? 22%,+
(292 5

infexp( 2 %( ¢ 25+ ) (2.24)

0 leads to 2,

NN

The Matérn kernel class. We still consider that ky(h; ) = ka(h; ) = kia(h; )= k(h; ).
As presented in Subsectiorl.4.2 the Matérn kernel class is given by
| |
P .- P—. .-
2! 2 jhi o 2hi
() ’

k(h; )=
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with the power spectrum

2092 +d=2)2) 2 Lo, (1)
s(1) = (( )2 )2 v 2wy :
The condition (2.23 gives that:
2 (1+d=2)( 2+d22)(21)'22) % ( 12°?
12 ( 12+ d=2)? 21222 ( 1)( 2
4 12 2 2 12+d 2 1 d=2 2 2 d=2
. 12 2 1 2 2 2
21222:”% S +4 % “S+4 A S +4 %
1 2 12 1 2

This condition is presented in [Gneiting et al., 2010. It leads the following cases:

1. 12<3(1+ 2)) 12=0.

1 % i3
2. 12=3(1% 2); A >max iz4 )

2 . 12 Q1+ d=2)( 2+ d2)( 12)2( 1+ 2T
12 2 ((12+0d27( )( 2) (412%2

2 251 ' 2% 2 2 1+ d=2)( 2+ d=2) ( 12)?,
1+ 2) 3 (2+d=2)2( 1)( 2)
4, 1o= %( 1+ 2);min %% < §2< max %% ) the minimum is reached for
t=0 (case 3.),orfort!'1 (case 2.), or for:

a1(2 1+ d)+ a2 o+ d) 2ap( 1+ 2+ d)

t= ;
2a1p( 1a1 + ap)t+ appd(ag + ap) 2aiax( 1+ 2+ d)
where:
{ 5 5
a = 5, 2= 5 = — -
2, 2 1+ 2

2.4 Co-kriging models using function derivatives

We introduce in this section a co-kriging model approach commonly used in the eld of
computer experiments. We have seen in the introduction of Sectioi.4 that the mean square

and only if its covariance kernelk(x; x) is twice di erentiable with respect to x'. As the
di erential operator is linear, if the covariance kernels are well de ned, then the multivariate

cross covariances

cov Z(x);@éf) = @g;x); (2.25)
cov @F). @9 @kxx). (2.26)

@k = @ @%@
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with i;j =1;:::;d. Now, let us consider that we want to surrogate an objective functiorz(x)
with a Gau53|an proces< (x) of meanfqx) and covariance kernek(x; ¥) and with respect to
the partial derivatives of z(x) (see [\/Iorris et al., 1993 and [Mitchell et al., 1994]) We denote

j =1;:::;n and by Z the values of @4x)= @k at points in D". Slmllarly, we denote
by z" and z() the values ofz(x) and @(zx) @k at points in D”. The joint distribution of

0 1 11
Z(x) fo(x) k(x;x) kqx) k(l)(x) D k?d)(x)
Z" Fn kO(X) K K (01) L K(Od)
Zh & N F?l) Bk () Kag Kay 1 Kag : (2.27)
Z {4 Fla) kg Koy K@y 0 Kg
where
Fn = fqDM),
(|) = [@O(X) @}4 =1;:n;1=1; ds
K= RO X)) =150
K (on —[@anXJ) @}<]|J =1 mmn=l ids

O .1 0o _ 1
k(X) z F
Zn Fn
oo = BFONR, 5= % (.l’é . F= % F”E
K (g (X N n
(@ (X) 20y Fl
and 0 1
K K (o1 --- K (0d)
v = B Ka Kaog.
K (d0) K (d1) o K (dd)
the predictive distribution is normal with mean:
f0"+hq)v 'z F" (2.28)

where
= FV R OYRY 1z
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and variance I

|
L !
kex) g hix) O B0 0

F vV h(x) (2.29)

The predictive mean is the surrogate model forz(x) and the predictive variance represents
the model mean squared error. Therefore, we can improve the surrogate model afx) by
considering its partial derivatives.

Example of Gaussian process regression using derivatives

Let us considerZ(x) a Gaussian process with mean zero and covariance kerrle{x; x) =
exp (x %)%=22 with =0:1andx 2 [0;1]. The covariance kernelk(x; x) being smooth,
the Gaussian procesZ (x) is in nitely mean square di erentiable. Furthermore, according to
the previous developments we have:

dz _(x % (x %)?
cov Z(x),&(x) = >— exp 52
and dz, . dz 1 )2 ( )2
X % X X
cov (g = 5 g exp o

Now let us condition Z(x) at points D = (0:0;0:2; 0:4;0:7;0:9) with z(D)=( 1;2;6; 2;6)
and (dz=dxX)(D) = (0; 20;40;0;15). Figure 2.3 illustrates the predictive means and con -
dence intervals obtained with a simple kriging and a simple co-kriging using the derivatives.
We see in Figure2.3 that the predictive means are signi cantly di erent between the simple

Figure 2.3: Example of Gaussian process regression using derivatives. The dotted line repre-
sents the kriging mean, the solid line represents the co-kriging using the derivatives. The shade
areas represent the predictive means plus and minus twice the predictive standard deviations.

kriging and the simple co-kriging using the derivatives. Furthermore, the derivatives giving
additional information, the con dence intervals for the co-kriging are naturally smaller than
the ones of the kriging.
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Contributions in Multi- delity
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Chapter

The AR(1) multi- delity co-kriging model

3.1 Introduction

Large computer codes are widely used in science and engineering to study physical systems
since real experiments are often costly and sometimes impossible. Nevertheless, simulations
can sometimes be costly and time-consuming as well. In this case, conception based on an
exhaustive exploration of the input space of the code is generally impossible under reasonable
time constraints. Therefore, a mathematical approximation of the output of the code - also
called surrogate or metamodel - is often built with a few simulations to represent the real
system.

The Gaussian Process regression presented in Chapteiis a particular class of surrogate
models which makes the assumption that prior beliefs about the code can be modeled by a
Gaussian Process. We focus here on this metamodel and on its extension to multiple response
models (see Chapter).

Actually, a computer code can often be run at di erent levels of complexity and a hierarchy
of levels of code can hence be obtained. The aim of this chapter is to study the use of several
levels of a code to predict the output of a costly computer code (se¢ ¢ Gratiet, 2013).

A rst metamodel for multi-level computer codes was built by [Kennedy and O'Hagan,
200Q using a spatially stationary correlation structure. This multi-stage model is a particular
case of the co-kriging one presented in Chaptet. Then, [Forrester et al., 2007 went into more
detail about the estimation of the model parameters. Furthermore,they presented the use of
co-kriging for multi- delity optimization based on the EGO (E cient Global Optimization)
algorithm created by [Jones et al., 1998 A Bayesian approach was also proposed byQjan
and Wu, 2004 which is computationally expensive and does not provide explicit formulas for
the joint distribution of the parameters.

This chapter presents a new approach to estimate the parameters of the model which
is e ective when many levels of codes are available (see Subsecti@r6.1). In particular, it
provides a closed form expression for the posterior distribution of the scale factor which is
new and of great practical interest for accuracy and computational cost. Furthermore, this
approach allows us to consider prior information in the estimation of the parameters. We also

89
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address the problem of the inversion of the co-kriging covariance matrix when the number
of levels is large. A solution to this problem is provided which shows that the inverse can
be easily calculated (see Subsectiof.6.2). Finally, it is known that with a non-Bayesian
approach, the variance of the predictive distribution may be underestimated Kennedy and
O'Hagan, 200Q. This chapter suggests a Bayesian modeling di erent from the one presented
by [Qian and Wu, 200§ which provides an explicit representation of the joint distribution for
the parameters and avoids prohibitive implementations (see Sectio8.4.3.

3.2 Building a surrogate model based on a hierarchy of s levels
of code

the t scalar output z;(x) is modeled byz(x) = Zi(x;! ) whereZ(x;! );! 2 is arealization
of the Gaussian procesZ(x). We will introduce below a consistent set of hypotheses so that
and O'Hagan, 200(Q suggest an autoregressive model to build a metamodel based on a multi-
level computer code. Hence, we have a hierarchy aflevels of code - from the less accurate
to the most accurate - and for each level, the conditional distribution of the Gaussian process

Q RYis a compact subset ofRY representing the input space. Fort = 1;:::;s, Dy

fx(lt); o ;xﬁﬂ)g is the experimental design set at levet containing n; points in Q. Let Z;

t.

If we consider Zs(x), the Gaussian process modeling the most accurate code, we want
to determine the predictive distribution of Zg(Xg), Xo 2 Q given Z = z, i.e. the following
conditional distribution: [Zs(X)jZ = Zz].

We assume the Markov property introduced by Kennedy and O'Hagan, 200

Cov(Zi(x); Zt 1(¥)jZt 1(x))=0 8x 6 x: (3.2)

The property Cov(Z(x);Z: 1(%¥)jZ: 1(x)) = 0, 8x 6 x means that if Z; 1(X) is
known, then nothing more can be learn aboutZ{(x) from any other run of the
cheaper codez; 1(x) for x 6 x.

This assumption leads to the following autoregressive model (see proof in Appendix 1):

Zi(X)= ¢ 1(X)Zt 1)+ (x) t=2;:50s; (3.2)
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a scale factor betweerZ(x) and Z; 1(x). It both represents the correlation degree and the
scale factor between two successive levels of code:

(x) = Cov(Zi(x); Zt 1(x)) .
el var(Z 1(x))

We assumethat ¢ 1(X) = gt 1(X) , ,,t=2;:::;8,wheregy 1(x) = (f1 (x);::5f% 1(x)°
is a vector ofq 1 regression functions - generally including the constant function x 2 Q! 1
-and | 2 R% 1,

Conditioning on parameters ¢, . and ¢, (X) is assumed to be a Gaussian process with
mean f{x) , wherefi(x) is a p;-dimensional vector of regression functions, and with a co-
variance function of the form ky(x; %) = cov( (x); (%)) = 2ri(x % ), where ? is the
variance of the Gaussian process and, are the hyper parameters of the correlation functiorr;.
Moreover, conditioning on parameters 1, ; and i, the simplest codeZ;(x) is modeled as a

Gaussian process with meaid(x) ; and with covariance functionky(x; %) = 2ri(x  x; 1).

2 = ( i2)i= st = ( i)i=l;:::;ta = ( i)izl;:::;t and = ( i 1)i=2;:::;ta is Gaussian with
mean
ElZ«(x)i % 5 5 1=hix) ; (3.3)
| | |
yioo yioo |
hi(x) = () f2(x); () 190051t ¢ 100f 10); FAX) (3.4)
i=1 i=2

and covariance:

0 1
) X 2 A 2
cov(Zi(x);Ze(®%)j % ; ;)= 2@ Z)AT(x % ) (3.5)
j=1 i=j
For each levelt = 2;:::;s, the experimental designD; is assumed to be such thaD;

D: 1. Note that this assumption is not necessary but allows us to have closed form expressions
for the parameter estimate formulas. Furthermore, we denote byR{(D; D)) the correlation
matrix between observations at points inDy and D, 1 k;I s. R(Dk;D))isa(ngk ny)
matrix with (i;j ) entry given by:

ReDi;D)li = rex® x5 0 1 0 m 1§

We will use the notation: R¢(Dk) = R¢(Dk;Dk).

[Kennedy and O'Hagan, 200] present the case wherdt 2 [2;s], : 1(X) = 1 is constant.
Here, we will consider the general model presented in equation8.). We will also propose
a new approach to estimate the coe cients( ; | )t=2:::

which allows us to get information about their uncertainties. In the following section, we
describe the case of 2 levels of code where the scaling coe cienis constant and then we will
extend it for s levels in Section3.6. The general case in which depends onx is addressed in
Appendix A.2.
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3.3 Building a model with 2 levels of code

Let us assume that we have 2 levels of cods(x) and z3(x). From the previous section we
assume that:
Zo)= Za)+ (i x2Q 3.6)
(Z1(X))x2q ? ( (X))x2q

The goal of this section is to build a surrogate model foZ »(x) given the observationsZ = z
with an uncertainty quanti cation. The strategy is the following one. In Subsection 3.3.1we
describe the statistical distribution of the output Z»(Xg) at a new point Xg given the parameters
(15 2 ) (% 3 and( 1; 2) and the observationsz. In Subsection3.3.2we describe the
Bayesian estimation of the parameters( ;; ,; ) and ( %; %) given the observations. As
pointed out at the end of Subsection3.3.2the hyper-parameters( 1; ») are estimated using
a concentrated restricted log-likelihood method.

3.3.1 Conditional distribution of the output

For a point Xo 2 Q we determine in this subsection the distribution of[Z(X0)jZ = z;( 1; 2 );
( 2 2);( 1; 2)]. Standard results for normal distributions (see Chapter2) give that:

[Z2x0)iZ = z:( 15 2 )i( % 31 2] N (mz,(x0);82,(X0); (3.7)
with mean function:
mz,(x) = hqx) +kY)V Yz H ) (3.8)
and variance;
sz,(x)= % i+ 5 KWV k(x); (3.9)
! !
where we have denoted = bz= 1 and whereH is de ned by:

2

fO(X(l) 1

0 1
F1(D1) 0
fO(X(l) g
fO(X(Z)) fO(X(Z) § ;
F1(D2) | F2(D2)

f O(X(Z) ) fO(X(z)

fO(X(J)
with the notation Fi(D;) = % § Furthermore, we havehqx) = ( fJ(x);f9(x)) and:
fO(X(J)

k9x) =Cov(Z2(x);2)

3.10
= 2R1(fxg;D1); 2 2Ry(fxg; Do)+ 3Ry(fxg;D>) (310)
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!
Z
2

The covariance matrix V of the Gaussian vectorZ = can be written :

|
?R1(D1) ?R1(D1;D>)

V =
2R1(D2;D1) 2 2Ri(D2)+ 3R2(D2)

(3.11)

3.3.2 Bayesian estimation of the parameters with 2 levels of code

In this subsection, we describe the Bayesian estimation of the parameter§ i; ,;; 2;
2, 1; 2) for the 2-level model given the observationsZ = z. In particular, we look for
the posterior distribution of ( 1; ,;; 2, %, 1; 2) given the observationsZ = z in the case
in which the prior distribution of ( 1; . ; 2, %, 1; 2) has a special (conjugate) form or a
non-informative form. Due to the conditional independence betwee ;(x) and (x), it is pos-
sible to estimate separately the parameter{ ;; 2; 1) and ( ,;; 3; 2). We rst describe
the posterior distribution of ( ;; %) given jand( ,; %; ) given 2, which can be obtained

in closed forms. We then describe how to estimate; and 5.
Firstly, we consider the parameters( ;; 2; 1). We choose the following non-informative
prior distributions corresponding to the Je reys priors” [ Je reys, 1961]:
IR Y (3.12)
Considering the probability density function of [Z;j ;; 2; 1] and the Bayes formula, the
posterior distribution of [ 1jz1; %; 1]is:

2. 0 1 7 1720 1, p.eoRDy) ooy
[ 4z1; 15 1] N p [FiR1(D1) “Fi1] “[FiR1(D1) “za];[F1 >—Fi © 5 (3.13)

1
whereF 1 := F1(D1). Then, using the Bayes formula, we obtain that the posterior distribution
of [ 2jzy; 1] is:
2, . . Qu,.
[ 11211 1] IG ( %jn11 ?)! (314)
where |G (;Q ) stands for the inverse gamma and the parameters are given by:

B L G &1
%Jnl_ 2

Q1 =(z1 F1™)Ri(D1) Yz1 F17y) s (3.15)

with =y = E  4jz1; % 1 =[F{R1(D1) *Fa] YFIR1(D1) 'z1].
The posterior mean~; of ; with non-informative Je reys priors" [ Je reys, 1961] equals
the maximum likelihood estimate of ;. For the parameter %, the estimate given by the

posterior harmonic average®? = 5 Q; is identical to the one obtained with the restricted
fin1
maximum likelihood method. This method was introduced by Patterson and ThompsonRat-
terson and Thompson, 1971Lin order to reduce the bias of the maximum likelihood estimator.
Secondly, let us consider the set of parameters »; ; %; 2). In order to have closed form
formulas for the posterior distribution of ( ,; ), we estimate them together. The idea to carry

out a joint Bayesian analysis is proposed for the rst time in this chapter and we believe it is
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important. Indeed, if the cheaper code is perfectly known, it can be considered as a regression
function and so will be a regression parameter. In this case, it is clear that a separated
estimation of , and cannot be optimal.

Using the Je rey prior distributions p((; ,)j 3; 2)/ landp( 3; 2)/ i% and the same

methodology as for the posterior distribution of ( ;; %), we nd that:

1
[ Diziiza 3 2l N g [FRoD2) F] [FRoD2) F1;[FRAP2 gy 1

(3.16)
and: o
[ Bizzizai 2] 1G ( gjnyi ) (3.17)
where: 0 1
gina = % Q2 =(z2 FT)RAD2) Yz2 F7); (3.18)

with == E[(; )jz1;22; 3, 2] =[FR2(D2) F] YFR2(D2) !z5]. The design matrix F is
such that F =[z(D;) F3]. Furthermore, the estimate of 3 given by the posterior harmonic

average” = % is the same as the restricted maximum likelihood one.
2in2
The hyper-parameters ; and » are found by minimizing the negative concentrated re-

stricted log-likelihoods:
log (jdet (R1(D1)) j) + (N1 pa)log(™?); (3.19)

log (jdet (R2(D2) j)+ (N2 P2 1)log("%?): (3.20)

These minimizations problems must be numerically solved with a global optimization method.
We use an evolutionary method coupled with a BFGS (Broyden-Fletcher-Goldfarb-Shanno)
algorithm [Avriel, 2003]. The drawback of the maximum likelihood estimation is that, con-
trarily to Bayesian estimation, we do not have any information about the variance of the
estimator in non-asymptotic cases (seeLehmann and Casella, 1998. Nevertheless, Bayesian
estimation of the hyper parameters ; and , are prohibitive and as noted in [Santner et al.,
2003 the choice of the prior distribution is non trivial. Therefore, in this chapter, we will
always estimate these parameters with a concentrated restricted likelihood method.

3.4 Bayesian prediction for a code with 2 levels

The aim of a Bayesian prediction is to provide a predictive distribution for Zs(x) integrating
the posterior distributions of the parameters and hence taking into account their uncertainty.
The forthcoming developments are the extension of the Bayesian kriging presented in Section
1.2.2to the multi- delity co-kriging model.

A Bayesian prediction for a code withs = 2 levels was suggested byJian and Wu, 2009.
Nevertheless, we propose here a new Bayesian approach with some signi cant di erences.
First, we assume that the adjustment coe cient is a regression function whereasian and Wu,
2009 model it with a Gaussian process. Secondly, we use di erent prior distributions for the
parameter estimation. More speci cally, according to the Bayesian estimation of parameters
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previously presented, we use a joint prior distribution for( ,; ) conditioned by 2 whereas
[Qian and Wu, 2009 use separated prior distributions with not conditioned by 2. Then,
we use a hierarchy between the di erent parameters. At the lowest level is the regression
parameter . At the second level is the variance parameter 2 which controls the distribution

of the parameter . At the top level is the parameter which controls the distribution of the
parameters at the bottom levels. It is common to use a hierarchical speci cation of models
for Bayesian prediction as presented inRasmussen and Williams, 2006 This strategy will
allow us to obtain explicit formulas for the joint distribution of the parameters and above all,
to reduce dramatically the cost of the numerical implementation of the complete Bayesian
prediction.

We will also present the case in which we do not have any prior information about the
parameters. As described in the previous section, the hyper parameter is estimated by
minimizing the negative concentrated restricted log-likelihood and it is assumed to be xed
to this estimated value from now on.

3.4.1 Prior distributions and Bayesian estimation of the parameters

Many choices of priors can be made for the Bayesian modeling. Here we study the two following
cases:

(I) Priors for each parameter are informative.
(I1) Priors for each parameter are non-informative.

For the non-informative case (Il), we use the improper distributions corresponding to the
Je reys priors and then the posterior distributions are given in Section 3.3.2 Note that non-
informative distributions are used when we do not have prior knowledge. For the informative
case (I), we will consider the following prior distributions: ' |

[ 4 2] N (b1, 2Va);  [(; 2iza; 31 N 14p, b

[311G (1 1); [ 3z] 1G (2 2)
whereb; 2 RPt, b 2 RM™P2 V isa(ps py) diagonal matrix, V. isa((1+ p2) (1+ p2))
diagonal matrix, v is a positive scalar and 1; 1; 2; 2 > 0. The forms of the priors are
chosen in order to be able to get closed form expressions for the posterior distributions. Note
that there are enough free parameters in the prior distributions to allow the user to prescribe
their means and variances. From the previous prior de nitions, the posterior distributions of
the parameters are:

[z 2 N AR BAD [G Dizizz 3 N pa(A; A)); (3.21)
where: (
Al = f[FIR1(D1) Fe+ VT E i=()
| ( 2[FOR1(D1) 'Fq] 1 i=qn
1 _ [FSR1(D1) *z1+ V,'bi]= 2 i=(l)

C T FORu(DY) z)= 2 i=qn
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A, = | SIFRa(D) 'R+ V 1T i=()
' JIFR2(D2) 'F] 1 =y
_  [FRaD2) 'z2+V b =% i=()
' [FR2(D2) zo)= 2 = (I
and F =[z1(D,) F»]. Furthermore, we have:
gz 16 (I Dy [z 16 (I D, (3.22)
where:
ol = 2 1+(br TPAV1+[FRRy(D1) Fa] Y) b1 T+ Q3 =) .
! ZYR1(D1) ' Ri(D1) Fi(FIR1(D1) Fy1) FIR1(D,) Yzz  i=(1)
Q2= 22+(b DYV +[FR(D2) F1 Y b )+ Q3 i=() .
' Z9[R2(D2) ' Ra(D2) F(FR2(D2) F) FRa(D2) Yz i=()
~1=(':?F21(D(1) 'F1) 'FIR1(D1) 'zy; ‘“=(F°F2(D2) 'F) 'FRa(D2) 'zz;
o W1 i=() B, %t 2 i=()
! b i=(n ! e i (1)

Mixing of informative and non-informative priors are of course possible and easy to imple-
ment. As we will discuss in Subsectior3.4.4 and see in the examples of SectioB.5, the use
of informative priors has minor impact on the mean estimation but may have a strong impact
on variance estimation.

3.4.2 Predictive distributions when » 3 2and 2 are known

As a preliminary step towards the Bayesian prediction carried out in the next subsection, we
give here Bayesian prediction in the form of closed form expressions when the parameters,
, 2 and % are known. The conditional distribution of [Z2(X)jZ = z; ,;; 2 2]is given
by:
[Z2())iZ=2 25 % 31 N i(x); 2% ; (3.23)

where: I 1l

Al 1l ol
i(x)=h%) " +kv t oz o HOTT T
2 2

A(x) = s3,(x)+ g1A g}

and Al and ! are de ned by (3.21). Note that the estimated variance is augmented by the
term g;A 1g? which quanti es the uncertainty due to the estimation of ;. g;isa(l pi1)
vector composed of thep; rst elements of the (1 p;;1  pp) vector g = (g1;92) = hqx)
kqx)V 1H. H is given by (3.3.1). The existence of closed form formulas is important as it
will allow for a fast numerical implementation.
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3.4.3 Bayesian prediction

Before performing the Bayesian prediction we note that - thanks to the explicit joint prior
distribution for , and , the independence hypotheses and the hierarchical speci cation of
the parameters - conditioning on , we have an explicit formula for the following joint density
(see Section3.4.1):

p( 1 25 % Ziziiza)= p( 4 Ziz)p( 2§ 5z0:z2)p( Fiz)p( diz1;z2):  (3.24)

This explicit joint density is an original result which contrasts with [ Qian and Wu, 2009
and which allows us to avoid prohibitive implementation for the Bayesian analysis.

First, we consider the predictive distribution with 2 and 2 known. Considering the con-
ditional independence assumption betweek (X))x2q and (Z1(x))x2q, the probability density
function of [Z2(x)jZ = z; 2; 3] can be deduced from the following integral:

z

Pz2(iznzzr 1 2= Pz0iznza o5 § DRG KZaizz A o (3.25)
R* P2

where p(z2(X)jz1;z2; 2 ; 2; %) is given by (3.23. This integral has to be numerically
evaluated. Since[; ,jz1;z2; 3] has a known normal distribution given by (3.21), we here use
a Monte-Carlo algorithm when the dimension of , and is high, or a trapezoidal quadrature
method when it is low.
Then, we infer from the parameters # and 2. Due to the independence betweef (X))x2q
and (Z1(x))x2q, the probability density function of [Z>(x)jZ = Zz] is:
z
Pz(0iziiza) = plza(x)jzni 22 T 3)p( fizo)p( 3iz1;z2)d £d 3; (3.26)

where p( 2jz;) and p( 3jz1;z;) are given by (3.22). This integral has also to be numerically
evaluated. Since we have a double integration, a quadrature method will be e cient. We
use here a trapezoidal numerical integration, de ning the region of integratiorn inf ; iup]
[ %, 5.1 from Equation (3.22 and such that p( 7 jz1), p( %, Jz1) P( 3, iz1;22) and
p( iup jz1;z») are close to0. This region essentially contains the support of the function. Fur-
thermore, we create a non-uniform integration grid distributed with a geometric progression.
Finally p(z2(x)jz1;z2) is a predictive density function integrating the posterior distribution
of parameters( ,; ; 1 2; 2). We hence have a predictive distribution taking into account

the uncertainties due to the parameter estimations.

3.4.4 Discussion about the numerical evaluations of the integrals

We saw in the previous section that we can obtain an analytical prediction when ,, , # and
2 are known. From this analytical formula, we can have a Bayesian prediction with only two
nested integrations. One of them can be approximated with a quadrature or a Monte Carlo
method, which is not too expensive. The other is a double integration approximated with a
quadrature method which is e cient and not expensive. Therefore, we do not use any Markov
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chain Monte Carlo method and we considerably reduce the time and the complexity of the
method. This allows us to easily build an accurate Bayesian metamodel. Practically, we use
441 integration points to approximate (3.26) and 1000 Monte-Carlo particles to approximate
(3.295. Therefore, we have 441000 call to the predictive density function3.23).

To avoid a prohibitive implementation, another approach has also been proposed ifCpm-
ming and Goldstein, 2009. They adopt a Bayes linear formulation which requires only the
speci cation of the means, variances, and covariances. Seé&dldstein and Woo , 2007] for
further details about the Bayes linear approach. The strength of this method is that its com-
putational cost is low. Nonetheless, since it only focuses on posterior means and covariances,
it does not provide the full posterior predictive distribution.

Finally, we highlight the fact that our Bayesian procedure can be used to perform multi-
delity analysis with more than 2 levels of code whereas the cost of the one presented b@ipn
and Wu, 2009 is too high to allow for such analysis. We illustrate in Section3.7 through an
industrial case the great practical importance of using more than 2 levels of code.

3.5 Academic examples

We will present in this section some co-kriging metamodels using one-dimensional functions
inspired by the example presented byHorrester et al., 2007. For the following examples, we
will use a non-Bayesian co-kriging model i.e. the one presented by Kennedy and O'Hagan,
200Q - but with a Bayesian estimation of the parameters (see SectioB.3.2 and for the second
example we will use a Bayesian co-kriging.

Furthermore, the correlation kernels are assumed to be:

!
(k) (y2°
X: X
re(x® xj('); () =exp O ) 5 5! ) ;
t
wheret;k;l =1;2 1 i n; 1 | nyand the regression functions ard;(x) =1 and

)= x).
Example 1. The aim of this example is to emphasize the e ectiveness of the presented
Bayesian estimation of the parameters (see Sectiof.6.1). We assume that the cheap code
is given by z1(x) = 0:5(6x 2)?sin(12x 4)+10(x 0:5) 5 and the expensive code by
zp(X) = 2z13(x) 20x + 20 . The experimental design set of the cheapest code I3; =
f0;0:1;0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:8; 0:9; 1g and the one of the expensive code 3, = f0; 0:4; 0:6; 1g.
This example is identical to the one-dimensional demonstration presented irFprrester et al.,
2007. Figure 3.1 shows the functionsx 7! zp(x) and x 7! z;(x), the training data for z, and
Z1, the ordinary kriging using only the expensive data and the co-kriging using expensive and
cheap data. p
To validate the model, the Root Mean Squared ErroRMSE = |, (Mz,(X) zz(x))zznT
and Pthe Nash-Sutclie model e ciency coe cient (see [ Nash and Sutclie, 197Q) E =
1 ger(mz0 2x0)* P

F 2
xar (M2,(0 22)" . . . .
compares the residual variance with the total variance. It is also referenced &3, coe cient.

The closerE is to 1, the more accurate the model is.

x2D, 22(X)=nz are computed. The Nash-Sutcli e e ciency
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25(x)

z1(x)

co-kriging
ordinary kriging
Z2

15 +

10 4

oD

Z1

Figure 3.1: Example 1. The co-kriging metamodel is very close to the expensive outpag(:)
and improves signi cantly the ordinary kriging metamodel using the small designD ».

The test set T is composed of a regular grid points sampled fron® to 1 with a grid
step equal to 0:01 and z, is the empirical mean evaluated inT. The estimated RMSE is
5:68 10 2 and the eciency E is 99:98% so we have a prediction error close to 0. The
Bayesian estimates of the parameters of co-kriging are given in Tablg.1. Furthermore, the
estimates of the hyper-parametery 1; 2), calculated by maximizing the concentrated log-
likelihoods (3.19 and (3.20), are "1 = 0:25and ", = 0:80. D; being a regular grid with
a grid step equal to 0.1 andD, being composed of points sampled from 0 to 1, points of
the experimental designs are hence strongly correlated which will imply a smooth surrogate
model.

Regression Coe cient Posterior mean
2
2 (20; 20)
1 3:49
Variance Coe cient Posterior harmonic average
2 3275
2 7:02 10 30

Table 3.1: A co-kriging example with one-variable functions. Bayesian estimation of parame-

ters.

We see that the Bayesian estimation of parameters is very e ective since the estimations
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of parameters and , are perfect. Nevertheless this example does not highlight the strength
of the method since there is a relation betweerzz(X)yxz(0:1; and z1(X)x2(0:1; Which exactly
corresponds to Equation B8.2) with the error » that can be written in terms of the regression
functions f, exactly. Therefore, if the cheap code is well modeled, like in this case, the co-
kriging is equivalent to a linear regression. Moreover, the very small value of? illustrates
this.

Example 2. This example illustrates a case where the non-Bayesian co-kriging underes-
timates the predictive variance whereas the Bayesian one adjusts it. We assume that the
expensive code is given by,(x) =22z1(x) 20x +20+sin(10 cos(5x)) and the cheaper code is
given by z;(x) = 0:5((6x 2)?sin(12x 4))+10(x 0:5) 5. Through the term sin(10 cos(%)),
the expensive code has high frequencies which are not captured by the cheap code and the error

2 is not a simple linear combination of the regression function$,. Therefore, the functions
do not exactly match the model presented in Sectior8.2 and the high frequency discrepancy
makes the problem more challenging. Figure.2 shows the results of kriging and co-kriging
for these two functions. The estimated RMSE is1:05 and the e ciency E is 9357% we

o g
’’’’’ Z1\X
----- co-kriging
104 ordinary kriging

A Zy
o

Figure 3.2: Example 2. The high frequency components of the expensive code are not predicted
since they are not captured by the cheap code and the coarse grid used for the expensive code
cannot detect them either. Nevertheless, the co-kriging improves the ordinary kriging meta-
model since the cheap code allows us to predict the low frequencies of the expensive code
accurately.

still have a good prediction. The Bayesian estimation of the parameters are given in Table
3.2 and we have’\l =0:25and A2 = 0:07. The values of ; and , have been xed according
the following arguments. As the cheap code is the same as the one of the Example 1, we keep
the same estimate for ;. Then, we consider that there are not enough points to carry out a
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signi cant estimate of ,. Therefore, we x the value of ", according to the high frequencies
introduced by the term sin(10 cos(%)).

Regression Coe cient Posterior mean
1:86
2 (18:39; 17:00)
1 3:49
Variance Coe cient Posterior harmonic average
2 32.75.03
2 0:30

Table 3.2: A co-kriging example with one-dimensional functions. Bayesian estimation of
parameters.

Due to the additional term sin(10cos(%)), the estimate of the parameter is less e ec-
tive than in the rst example. This highlights the dependence between and the mean of
(X)x210:13- Furthermore, Figure 3.3 represents the con dence interval at plus or minus twice

154 — 2(x)
44444 co-kriging

A Zp
10 4 95% non-Bayesian confidence interval
————— 95% Bayesian confidence interval

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3: Example 2 without any prior information. The thick dotted line represents the
prediction mean, the thin dotted lines represent the con dence interval at plus or minus twice
the standard deviation in the non-Bayesian case and the dashed lines represent the same
con dence interval in the Bayesian case.

the standard deviation of the predictive distribution in the Bayesian and non-Bayesian cases.
We see that we underestimate the variance of the predictive distribution in the non-Bayesian
case. Its estimate is well adjusted in the Bayesian case.
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We nally consider the case in which we have prior information:

00 1 0 11
2 0:05 0 0
G 2z 2 N BB 20%: 2B 0 aos 0%K: [ %zl 16 G:1)
20 0 0 005

Figure 3.4 shows the result of the Bayesian co-kriging with the given prior information. The
estimated RMSE is 0.79 and the e ciency E is 96:57%, we hence improve the accuracy of
the metamodel. The predictive mean is closer to the true function and the predictive variance
is reduced compared to the non-informative Bayesian case, with the con dence intervals that
still contain the true function. The posterior distributions of the parameters are given in Table
3.3and we have”; =0:25and ", = 0:07.

Regression Coe cient Posterior mean
2:00
2 (20:12, 1981)
1 3:49
Variance Coe cient Posteriori harmonic average
2 32.75
2 0:29

Table 3.3: A co-kriging example with one-dimensional functions and prior information. Pos-
terior distribution of parameters.

15 4 — 2zy(x)
44444 co-kriging
A 7
10 § non-Bayesian confidence interval at 95%
rrrrr Bayesian confidence interval at 95%

Figure 3.4: Example 2 with prior information. The prior information improves the accuracy
of the co-kriging metamodel and the variance of the predictive distribution has decreased.



3.6. THE CASE OF S LEVELS OF CODE 103

3.6 The case of s levels of code

The aim of this section is to perform a multi-level co-kriging with any number of codes. Let us
considers levels of code. The generalization of the previous model is straightforward. Actually,

if we denote by =( 9 D0 =( 15 s 1), 2=( Hiin Hand =( 100 ),
we have:
8x2Q [Zs(x)jiz=1z ;; % 1 N mz(x);s3.(X) ;
where:
Mz (x) = hJ(x) +kJX)Vs'(z Hs) (3.27)
and:
$2.(0)= 2, k(X)Vs Kks(x): (3.28)
Furthermore, the correlation matrix for Dy and =0, 8s 0. The matrix Vs has the form:
OV(lil) T V(lis)l
Vf% : : X: (3.29)
\VACH IR VACES))
The s diagonal blocks of sizen; n; are de ned by:
y1 !
VED = PR(D)+ {1 iR D)+ + f 2 Ry(Dv) (3:30)
i=1
and the o -diagonal blocks of sizen; n. are given by:
0 1
1
vith=@ Avt)Di;D) 1 t<t s (3.31)

i=t
The vector kg(x) is such that ks(x) = (k{(x; D1)%:::;ks(x; D)9 where:
y1
ke(; Dt)%= ¢ 1k 1(x; D)%+ i Z2Ry(x;Dy) 1<t s (3.32)
i=t

Qsl

i=s

Qs 1
i=1

where i =1 andk,(x; D)°= i 2Ry(x; Dy). If we de ne:

0 1
fox{")

Fr(D1) = % : 1 kI s
FAxA))
then the matrix Hg coan be written as: 1
F1(D1)
1F1(D2) Fa2(D2) 0
He = 1 2F1(D3) 2F2(D3) : (3.33)
Qiszll i F1(Ds) Qiszzl i F2(Ds) ::: Fs(Ds)

h3(x) and var(Zs(x)) = 2_ are given by the equations 8.3) and (3.5).
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3.6.1 Bayesian estimation of parameters for s levels of code

we can extend the Bayesian estimation of the parameters to the case sfevels. Note that we
do not assume the independence of, and ; ;. We can obtain a closed form expression for

. 1 1
(¢ 1 izuze 1 AN HPR(Dy) H¢ "HR((Dy) 'z; 2 HR(Dy) 'Hy ;

(3.34)
where Hy = [z; 1(D¢) Fi(Dy)]. Furthermore, if we note ~y = E[( ¢ 1, o)jze;zt 15 t; &),
then we have:

. Qt

"2
where (=(ny pr 1)=2and Qi =(z H{)Ri(Dy) Mz H: ™).

The REML estimator of 2 is A2 = Q=2  and we can estimate by minimizing the
expression:

[tszHZt 1 t] 1G (¢ ) (3.39)

log(idet(Re(D))) + (Nt P & 1)log("?): (3.36)

The generalization of the Bayesian estimation previously presented is important since it shows
that the parameter estimation for a s-levels co-kriging is equivalent in terms of numerical
complexity to the one for s independent krigings.

3.6.2 Reduction of computational complexity of inverting the covariance
matrix Vg

. P P o .
Vgisan( ;N >, nj) matrix, its inverse can hence be di cult to process. We present
in this subsection two propositions to reduce the complexity of the processing of ¢ 1.

Proposition 3.1. Let us consider the covariance matrixVs presented in Equation
(3.29). By sorting the experimental design sets such tha8t = 2;:::;s, Dy 1 =
! 1);:::;xE,tt P nt;x(lt);:::;xﬁft)) = (D; 1nDDy), 8t = 2;::::s the inverse of the
matrix V¢ has the form:
0 ! 1
v 1 0 0 0 )
+ 2 1 1
VSlZ s 1 0 S 1RS§2DS) s 1Rs§2DS) Vll: Rl(Dzl) :
O S 1RS(DS) ! RS(DS) ! 1
(3.37)
; 1 P s 1 P s 1 : 1 ;
with Vo5 an (2o n; -7 n;) matrix and Rs(Ds) - an (ns ns) matrix.

Proof. The proof is proposed with the general form (x) = g¢ 1(x) , , for the adjustment
coe cient. Throughout the proof, we denote by  the matrix element-by-element product
(see AppendixA.2). Let us consider the following sorting procedure:

8t=2;:::;s Dt 1=(D¢ 1nDy;Dy):
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The proof is based on the block-wise inversion formula of the covariance matri¥ s. The
covariance matrix V s can be written with the form:

! 0 v (L:s) 1
_ Vs 1 Us 1 _ . )
Vs= ul2 , ves Us 1_% : g
s 1 V(s Ls)
where Vs 1 is the covariance matrix of the random vector(Z;:::;Zs 1) and Ug ; is the
covariance matrix between(Zi;:::;Zs 1) and Zs. Classical block-inversion matrix formula
gives that
I I
. 1 .
Vs 1 Us = Ve +VhUs 1Q U2 Vit Vv hUs 1Qgt
Ug 1 v (s59) Qslu(s) 1Vsll Qs* '

whereQs = V) U2 ;v L Us ;1. For s>t the following equalities stands:

v (ts)

cov(Zi(Dt);Zs(Ds))

cov(Zi(Dt); s 1(Ds) Zs 1(Ds)+ s(Ds))
cov(Z¢(Dy); s 1(Ds) Zs 1(Ds))

In, s 1(Ds)®  cov(Zi(Dy);Zs 1(Ds))
In, s 1(Ds)® V& D(D;Dy):

Therefore, we have:
v (Lis) 0 \VACS 1)([)1;[)8)
Us 1= %) & = 1p s ln; s l(DS)O
V(s 1;s) V(s 1;s l)(DS 1;Ds)

Denoting that 0

®

V(s 1;s 1)(DS 1;Ds)

are the ns last columns ofV g 1, we obtain that:

° % ves npypy T
: KK

v &S D(Dy;Dy)

Vsl_‘]_US 1 = Vsll% 1P iS:]_lni S 1(DS)0 % :
V(s s Il)(Ds 1,Ds)
0P '

_ 0 S Ini ns) n
= 1Ps 1, s 1(Ds) (=N ns) s
i=1 Ins

Furthermore, we have the equality

Qs = cov(Zs(Dy);Zs(Ds))
cov(ZnZs(D s);zs(Ds))OCOV (ZnZs(Ds);ZnZs(Ds)) cov (ZnZs(Ds);Zs(Dy)) ;
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Zs(Ds)= s 1(Ds) Zs 1(Ds)+ s(Ds)
implies that:

var (Zs(Ds)jZ nZs(Ds)) var( s 1(Ds) Zs 1(Ds)+ s(Dg)jZnZs(Ds))

var( s(Ds)jZ nZs(Ds)) ;

sinceZs 1(Ds) is [Z nZs(D s)]-measurable. Moreover, we have the equality

var(Zs(Ds)jZ nZs(Ds)) = var( s(Ds));

since s(Ds) ? ZnZg(Ds). Therefore, we have:

Qs=var( s(Dy)) = gRs(Ds):
From the previous equality, we deduce that

0

0P
Ve'Us 1Qgt = @( s

( iszlni Ns) ns
1(Ds)1185) Rs(Ds) 1A
2

S

and

oP

|
S Ps Ops 1 .
1 1,10 1 _ C 2tnions) ( f4tniong) ( s4'ni ns) ns
VsiUs 1Qs Ug (Vg7 = ’ = ' (s 1(Ds) sll(Ds)O) Rs(Ds) *
Ors " stni ng) 5

S

Finally, we nd that !
v 1= Wu Wi

S

W(1)2 Wa
where I
OPS 1 Ps 1 OPS 1
( f=xni ns) ( {5 ni ns) (7= ni ns) ns
Wi = 0 b ' (s 1(Ds) s 1(Ds)) Rs(Ds) *.
ns ( iszllni ns) g ’
0 1
Ops 1
_ (" {=y hi_ns) ns .
W= @ o3 raoy A
2
WP, = 0

(Ins s 1(Ds)§) Rs(Ds) !

p
1
ns ( fo Ni Ns) § '

Rs(Ds) !
w,, < Re@s) *

2
S

Furthermore, with the equality V1 = var(Z1(D1)) = #2Ry1(D1) we nd the recursive form
presented earlier in this subsection.

O
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This is a very important result since it shows that we can deduceV ! from Ry(D;) 1,

t =1;::1;s. Therefore, the complexity of the processing oV ¢! is O( ©; nd) instead of

O(( Ly ni)?).

From Equation (3.37) and the Bayesian estimation of parameters presented in Secti
3.6.1, we have shown here that building as-level co-kriging is equivalent in terms o
numerical complexity to build s independent krigings.

We emphasize that, for practical applications, the form @.37) for the inverse ofV g allows
us to perform ne matrix regularization in the case of ill-conditioned problems. Indeed,V

the problem is ill-conditioned, we just have to regularize the matricesR{(D{) which are ill-
conditioned too. Moreover, we can further simplify the problem by considering the proposition
below.
Proposition 3.2.  Let us considerV g the covariance matrix presented in Equation 8.29)
and ks(x) the covariance vector presented in Equation3.32). Then, we have the follow-
ing equality:

0 1

1 O(P-S Yni neg) 1
B s 1V 1Ks 1(X) T %

s 1Rs(Ds) 1Rs(Ds;fXg)
Rs(Ds) Rs(Ds;fxg)

Vs 1ks(X) - (338)

Proof. We know that the vector ks(x) is such that ks(x) = (ky(x; D1)%:::;ks(X; D)% with:
yi o
ki (06 D1)%= ¢ 1(Dr) k¢ 1(x; D)%+ i(¥)  fRu(x; Dy):
i=t

Let us denote by
0 i
L. 0 0
Vst 5 (a9 s 1(D)9 Rs(Ds) ! §

0 (181 s 1(Ds)0) SI‘QS(DS) !
2

S

A =

and 11
0

0
1
B = % (s 1(Ds)ln52) Rs(Ds) §:

S
Rs(Ds) 1!
z

The following equality stands:
ks)Vt= ks(x)A ks(x)B
Let us focus on the termks(x)%A, we have: |

0, . 0.... . 1 0 0
kS(X) A = (kl(X, Dl) yroee 1kS l(X’ Ds 1)() Vs 1 + 0 (s 1(Ds) s 1(Ds)%) Rs(Ds) *
2

S

kS(X;Ds)O 0 (Lng s l(Ds)g) Rs(Ds) *

S
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We note that we have the equality:
(ki (D)% ks 1(6Ds 1)Y= s 100K 1(x):

Indeed, the vector (k,(x; D1)%:::;ks 1(X; Ds 1)9 represents the covariance betwees(x)
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s 100kS 1(x):

Let us return to the term ks(x)A. Noticing that
ks 1(X%; Ds 1)%=( ks 1(X;Ds 1 nDs)° ks 1(X; D¢)9;

we obtain the following equality:

1
kS(X)OA — S 1(X)k2 1(X)Vsll+ 0 ks 1(X; DS)O( s 1(Ds) s 1(%5)0) Rs(Ds)

kS(X;Ds)O 0 (1ng s 1(DS)20) Rs(Ds) !

S

We know that ks(x; Ds)?= s 1(Ds)? kg 1(x; Ds)%+ 2Rgs(x; Ds). Therefore, we can deduce
that:

ks)A = 5 10Kk ;(x)V¢h Rs(xDs) 0 (In, s 1(Ds)) Rs(Ds) *

s 1(X)kg l(X)Vsll 0, (P s Ini ns) (s l(Ds)O Rs(fxg;Ds))Rs(Ds) Lo

Let us focus now on the termks(x)B :
!

0 R<«(D 1
k0B = (k6 DDSiitiks 16D 1)) (5 a@a1R,) R0 * * ke D))
2 5
0_S 1(DS)1915 Rs(Ds) ! ORS(DS) !
= ks 1(x; Dy) 5 + ks (x; D) —22—
S S
D)1 Rs(Dg) !
= Kq 1(x;Dg)° s 1(Ds) ns2 s(Ds)
S
Rs(Ds) !
+ 5 1(Ds)? ke 1(x;Ds)°+ Rs(x;Ds) #

S

Rs(x; Ds)Rg *:
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Finally we obtain:
0 i

0
1
E") s Vs T1ks 1(x) s 1Rs(Ds) 'Rs(Ds;x) S(:

Rs(Ds) 'Rs(Ds;x)

Vg Tks(x) =

O

Therefore, kd(x)V ¢ ! is independent of 2. Sinceky(x)V ;! = Ri(fxg;D1)R1(D1) * does
not depend on 2, by induction, k(x)V ¢! is independent of ? forall 1 i s. We have
just shown here that the co-kriging mean does not depend on the variance coe cients.

3.6.3 Numerical test on the reduction of computational complexity

In the previous section, we have presented a reduction of complexity for the co-kriging model by

We present here a numerical test to highlight the gain of CPU time obtained with this method.
We focus on the case of 2 levels of code with constant regression functions and the following
Gaussian kernel for the 2 levels:

(x  %)?
r(x x; )=exp T

The experimental design set for the cheap code is a regular grid composed rof points
between 0 and 1 and the experimental design set for the expensive code are the rst points

= 5=n, (the parameter is controlled by n, in order to avoid ill-conditioned covariance
matrices). The total number of observations is hencen = n; + n,. Figure 3.5 compares the
CPU time needed to build a co-kriging model with or without reduction complexity.

First, the slope of the two CPU times is close to 3 (the least-squares estimate value is
3.03). The complexity of a matrix inversion beingO(n®), with n the size of the matrix, the
estimate of the slope highlights the fact that it is the matrix inversion which leads the CPU
time. Then, Figure 3.5 emphasizes that the reduction of complexity is worthwhile. Indeed, we
see that the ratio between the two CPU times is approximately a constant equal to 1.93. We
are hence close to the theoretical ratio equal tgn; + nz)3=(n3+ n3)  1:92 which is obtained
when we consider that the CPU time is essentially due to the matrix inversion.

3.6.4 Academic example on the complexity reduction

A 3-level co-kriging metamodel is presented in this section to illustrate the gain of CPU which
can be obtained with the presented reduction of complexity. We focus on the inversion of the
co-kriging matrix V s by comparing the CPU time needed with a direct inversion or by using
the formula (3.37). We assume that the 3 levels of code are given by the followings three
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Figure 3.5: CPU time comparison between 2-level co-kriging models. The triangles represent
the CPU time for the crude co-kriging model and the circles represent the CPU time for the
co-kriging model with the complexity reduction. The gain of CPU time with the reduction
complexity is approximately a factor equal to 1.93.

dimensional functions:

z1(x) = sin(X1); (3.39)
zo(x) = z1(x)+ asin(x)?; (3.40)
z3(x) = z2(x)+ bxdsin(xy); (3.41)
with x = (x1:X2;%3) 2 [ : 13, a=7 andb=1=10. We note that the complex function z3(x)

corresponds to the Ishigami function which is very popular in the eld of sensitivity analysis
[Saltelli et al., 2000. We considernz = 50 observations for the most accurate codes(x),
n, = 200 for the intermediate code andni = 400 for the less accurate code. All experimental
design sets are randomly sampled from the uniform distribution. As presented in Sectio8.2
we consider nested experimental desigrt =2;:::;s Dy Dy 1.

We use a tensorised Matérrb=2 kernel for the three correlation functions:

\d
(% = rio(Xiixi; «i); (3.42)
i=1

with rp(G 6 )= 1+ Poit 4, 5(LD° exp P5it g , t;t2 R and constant regression
functions fi(x) = 1.
The estimates of the hyper-parameters ; are presented in Table3.4.
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Parameter Estimate
™ 0:61 199 204
", 1:.98 026 248
"3 0:23 089 021

Table 3.4: Academic example on the complexity reduction. Estimates of the hyper-parameters
(correlation lengths) for the 3-level co-kriging.

The hyper-parameter estimates show us that; (x) is very smooth in the directionsx, and
X3 re ecting the fact that it depends only on the rst direction x;. Similarly, the bias between
Z(x) and z;(x) only depending on the second directiorxs, it is rough in this direction and
very smooth in the other ones. Finally, the bias betweeres(x) and z(x) is rougher in the
direction x3 than in the directions x1 and x,. This is due to the important impact of x3 on
the third level.

The estimates of the variance, scale and regression parameters are given in TaBI&.

Parameter | Estimate
1 0.0q
. 0:99
2 2:44!
) 0:95
3 0:64
f 0.09
% 1.66
2 6.25

Table 3.5: Academic example on the complexity reduction. Estimates of the variance, scale
and regression parameters for the 3-level co-kriging.

Table 3.5 shows the e ciency of the suggested method for the parameter estimations since
it provides very accurate estimates of ; and ».

To evaluate the accuracy of the co-kriging model, we use a test set of 30,000 points uni-
formly sampled from the uniform distribution. Then, we compute the e ciency E with
the co-kriging predictions and the responses af3(x) on this set. We obtain for the co-kriging
modelE =83:21% we hence have a good accuracy despite the small number of observations
used for the high delity model. Nonetheless, we have a signi cant improvement relatively
to the kriging model since with the same kernel and the same experimental design dBt; we
obtain E = 47:97% which is a very poor accuracy. The hyper-parameter estimate of the
kriging model is = (0:79; 0:14; 0:29), the variance one is*? = 13:66 and the trend coe cient
oneis” =3:89,
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Let us now compare the di erence of CPU time between the co-kriging building with a
crude inversion of the covariance matrixV s and the one with an inversion using the formula
presented in Subsectior3.6.2 The CPU time necessary without the reduction complexity is
CPUcryde = 0:47 whereas the one necessary with the complexity reduction is CRjghe = 0:14.
We hence nd that the CPU time ratio between the two methods approximately equals3:36.
This is not far from the theoretical ratio which equals 650*=(400° + 200° + 50%)  3:80. We
note that the complexity reduction could be of important practical interest. For example,
without it the computational cost of a leave-one-out cross validation procedure will be much
more important (the ratio will still be around 3 in our example). The complexity of this
procedure beingO(n?), the gain of CPU time will be substantial.

3.6.5 Comparison with existing methods on an academic example

We proceed here on a numerical comparison between the suggested model and the ones pre-
sented by Kennedy and O'Hagan, 200D and [Qian and Wu, 200§. The comparison is made
both in terms of RMSE and computational resources. For the comparison, we consider a
2-level co-kriging model with the following functions:

sin(x1) + asin(xz)?
z1(x) + bxﬁsin(xl)

z1(x)

) (3.43)

with x = (x1:X2;%3) 2 [ ; 13, a=7 and b= 1=10. Furthermore, the experimental design
set D for the coarse codez;(x) is composed of 100 points uniformly spread op ; ]° and
the experimental design set for the ne codezy(x) is composed of 50 points randomly extracted
from D1. Then, we consider a test seiX s of 1000 points uniformly spread on[ ; 1. In
order to propose a fair comparison, we use the R-CRAN package approximator.1.2-2 on the
R.2.15.2 platform to implement the model of Kennedy and O'Hagan. This package has been
specially created to compute the equations given byKennedy and O'Hagan, 200 Then,
we use the WinBUGS software version 1.4.3 to implement the model presented b@fan and
Wu, 200§]. It is a software specially dedicated to Bayesian analysis and particularly e cient
to develop Metropolis-within-Gibbs algorithms [Liu, 2001]. Finally, we use the R-CRAN
package MuFiCokriging.1.2 to implement our model. This package computes the mean and
the variance of the predictive distribution presented in Subsection3.4.3 and integrates the
proposed complexity reductions (see Chapte# Section4.6). For the two correlation functions
ri(x;x9 and ra(x;x9% we use Gaussian covariance kernels for the three models
!
2
ri (% x9 = exp ;Xd i xi)” _Z_Xio) ;
i=1 i

and for the model presented by Qian et al. we assume a Gaussian covariance kernel for the
adjustment coe cient. Furthermore, we assume a constant trend for the Gaussian processes
modeling the coarse code and the bias between the two codes.

The correlation parameters and the adjustment parameter of the model presented by

Kennedy and O'Hagan are estimated with a concentrated likelihood method with a joint esti-

.....
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with a classical maximum likelihood estimate. Note that in this model the scaling coe cient
is constant.

The correlation parameters of the model presented by Qian et al. are estimated with a
Bayesian method and the prior for each of them is(2 ;0:1) where stands for the Gamma
distribution. As in [ Qian and Wu, 200§ we consider these parameters as known and xed
to the modes of their posterior distributions. Furthermore, for the Bayesian procedure the
convergence is achieved after 50,000 burn-in iterations and another 100,000 runs are then
generated to compute the posterior distributions as in Qian and Wu, 200g. We note that the
convergence is assessed both visually and with the method of Gewekeejveke et al., 199]L
as presented by Qian et al.. The other parameters are estimated thanks to the Metropolis-
within-Gibbs algorithm with the following parameters for the prior distributions:

Tl )=@2:52142)),
“u =0,

=1,

T(u; osuy )=(1510)),

The reader is referred to Qian and Wu, 2009 for more detail about these parameters. They

re ect that we do not have information about the variance and the regression parameters of
the model. Moreover, the prior information on is such that its mean is centered on 1. We

note that in this model, depends onx. For the Bayesian procedure, the convergence is
reached again after 50,000 burn-in iterations and another 100,00 runs are then generated.

The prediction RMSE of the model presented in Sectior8.4 is compared with the ones of
the models presented by Kennedy and O'Hagan and Qian et al. on 100 di erent experimental
design setsD1 and D, and test setsX st. The resulting RMSEs for the three models are
given in Figure 3.6.

We see in Figure3.6 that the RMSEs of the presented model and the one of Qian et al.
are signi cantly better than the one of the model of Kennedy and O'Hagan. Furthermore,
our model is slightly better than the one of Qian et al. in terms of RMSE. Indeed, we see
that the notches in Figure 3.6 do not overlap. According to [Chambers et al., 1983 p.62,
this means that the di erence between the two medians are signi cant. We note that the
correlation length for the model of Qian et al. and the one obtained with the restricted
maximum likelihood method (see SubsectiorB.6.1) are similar, i.e. around (1:60; 0:45; 1:95)
for 1 and around (0:30; 1:90; 0:30) for ». The dierence of RMSE between the proposed
model and the one of Qian et al. is essentially explained by a less e cient estimation of the
parameter for the model of Qian et al.. Indeed, it varies aroundl:13 whereas the real value
is 1. Moreover, with the estimation method presented in Subsectior8.6.1the parameter is
estimated to be around0:99. This highlights the importance to have an e cient estimation
of this parameter.

Finally, we compare the three methods in terms of computational costs. Figur@.7 illus-
trates the di erent CPU times obtained from the 100 di erent experimental and test sets. We
see in Figure3.7 that there is a signi cant di erence between the model CPU times. Indeed,
the ratio of CPU time between the model of Kennedy and O'Hagan and the presented one is
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Figure 3.6: RMSEs of the presented modé€l_g, the model of Kennedy and O'Hagan, 200D
"ko (see Kennedy and O'Hagan, 200]) and the model of Qian and Wu, 2009 "gan (see
[Qian and Wu, 200§). The numerical comparisons are performed on the 3-dimensional aca-
demic example @.43 with 100 di erent experimental and test sets.

around 10 whereas the one between the model of Qian et al. and the presented one is around
1000. The important di erence between the model of Qian et al. and the other models is
natural since in this model a complex Bayesian scheme is used which is known to be expensive.
The one between the suggested model and the one of Kennedy and O'Hagan can be explained
by the complexity reduction for the covariance matrix inversion.

3.7 Example : Fluidized-Bed Process

This example illustrates the comparison between 2-level and 3-level co-kriging. A 3-level
co-kriging method is applied to a physical experiment modeled by a computer code. The
experiment, which is the measurement of the temperature of the steady-state thermodynamic
operation point for a uidized-bed process, was presented byCJewettinck et al., 1999, who
developed a computer model named Topsim to calculate the measured temperature. The
code, developed for a Glatt GPCG-1, uidized-bed unit in the top-spray con guration, can
be run at 3 levels of complexity. We hence have 4 available responses:

~

T exp: the experimental response.
" T3: the most accurate code modeling the experiment.
" T,: a simpli ed version of T 3.

" T,: the lowest accurate code modeling the experiment.
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Figure 3.7: CPU times for the presented model CPis, the one of Kennedy and O'Hagan
CPUko and the one of Qian et al. CPUyan (note that the scales are di erent). The numerical
comparisons are performed on the 3-dimensional academic exampl&43 with 100 di erent
experimental and test sets. The ratio between CPWp and CPU,g is around 10 and the ratio
between CPUyan and CPUg is around 1000.

The di erences betweenT 1, T, and T 3 are discussed by Dewettinck et al. (1999). The aim
of this study is to predict the experimental responseT ey, given the two levels of codeT 3 and

T 2. We only focus on a 3-level co-kriging usind 3 and T » to predict T exp Since 28 responses
available for each level is not enough to build a nested experimental design relevant for a
4-level co-kriging. The experimental design set and the respons@s;, T2, T3 and Tex, are
given by [Qian and Wu, 2009 who have presented a 2-level co-kriging using exp and T ».
Furthermore, the responses are parameterized by a 6-dimensional input vector presented by
Dewettinck et al. (1999).

3.7.1 Building the 3-level co-kriging

To build the 3-level co-kriging, we use 10 measures Gfeyp (Measures 1, 3, 8, 10, 12, 14, 18,
19, 20, 27 in Table 4 in Rian and Wu, 2009), 20 simulations of T3 (runs 1, 2, 3, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 16, 18, 19, 20, 22, 24, 27) and the 28 simulationsTgfand the input vector

is scaled between 0 and 1. The last 18 measures Dfyp are used for validation. The design
sets are nested such thaD; ; = (D¢ 1nD¢;Dy) fort =2;3 and we use a Matérns=2 kernel
for the three covariance functions. The estimates of the hyper-parameters which represent
correlation lengths of the three covariance kernels are given in Tablg.6.
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Table 3.6: Example:

1] 1.790] 3.988] 1.218] 1.790] 3.595| 0.722
”,11.810| 1.842| 2.008| 1.036| 0.001| 0.345
73 10.890| 0.721| 2.008| 2.952| 1.790| 0.241

uidized-bed process. Estimates of the hyper-parameters (correlation

lengths) for the 3-level co-kriging.

The estimates of hyper-parameters in Table3.6 show us that the surrogate model is very
smooth in the rst four directions. For the fth direction the Gaussian processes modeling
the cheap codeT , and the bias betweenT ¢y and T 3 are very smooth and the one modeling
the bias betweenT 3 and T, is close to a regression. Finally, the model is more oscillating in
the sixth direction in particular for the two biases where correlation lengths are around 0.3.

Furthermore, Table 3.7 gives the estimates of the variance and regression parameters (see
Section 3.6.1).

Regression coe cient | Posterior mean | Posterior Covariance= ?

1] 47.02 0.134 |

L 0:97 0:001 0:034

2 0:1_7 0:034 1610 |

) 0:95 0:003 0:121

3 1:93 0:121 5188
Variance coe cient Q¢ t

2 1032 135

2 5.30 9

2 8.39 4

Table 3.7: Example: uidized-bed process. Bayesian estimation of the variance and regression
parameters for the 3-level co-kriging.

Table 3.7 shows that the responses have approximately the same scale since the adjustment
coe cients are close to 1. Furthermore, we see an important bias betweeil 3 and T > with
3 = 1:93. Finally, the variance coe cients for the biases indicate that they are possibly much
simpler to model than the cheap codeT , as their estimates are smaller.

3.7.2 3-level co-kriging prediction: predictions when code output is avail-
able

The aim of this section is to show that co-kriging can improve signi cantly the accuracy of
the surrogate model at points where at least one level of responses is available.

The predictions of the 3-level co-kriging are here presented and compared with the pre-
dictions obtained with a 2-level co-kriging using only the 10 responses afex, and the 20
responses ofl 3. The predictions for the 2-level and the 3-level co-krigings vs. the real values
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(i.e., the measured temperatureT exp) are shown in Figure3.8. The 3-level co-kriging gives us

X 2-level co-kriging £ 3
+  3-level co-kriging +9|e
0 _|
© *
3 1 +
c
[}
S 5 | *
g ¢ y Va
o X X ¥ X X X
o | *
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T T T T T
35 40 45 50 55

Texp

Figure 3.8: Predictions of the 2-level and the 3-level co-krigings for the uidized-bed process.
The 3-level co-kriging improves signi cantly the predictions of the 2-level one.

the same prediction means as the 2-level co-kriging at the 10 points (points 2, 5, 6, 7, 9, 11,
13, 16, 22, 24) where€T 3 is known. These overlapped points mean thafl », does not in uence
the surrogate model at these points. This follows from the Markov property introduced in
Section 3.2, which implies that the prediction of T eyp is entirely determined by T 3 at these
points. We also note that, in general, the 2-level co-kriging predictions - at points wherd 3

is unknown - are not accurate and the 3-level co-kriging improves signi cantly the prediction
means compared to the 2-level co-kriging. Tabl&.8 compares the 2-level co-kriging with the
3-level co-kriging and summarizes some results about the quality of the predictions on the 18
validation points. Nonetheless, it is important to notice that, in the 3-level case, the output of
the cheapest codeT , is known at the 18 test points. This means that the results of this sub-
section show that the 3-level co-kriging prediction is more accurate than the 2-level co-kriging
prediction at a point where the cheapest respons@ , is available. In the next subsection we
will show that the 3-level co-kriging prediction is more accurate than the 2-level one at a point
where no response is available.
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E RMSE MaxAE
2-level co-kriging 61.23 % 4.24 14.04
3-level co-kriging 98.71 % 0.89 1.98
Average Std. dev. Median Std. dev. Maximal Std. dev
2-level co-kriging 2.90 1.02 5.68
3-level co-kriging 0.90 1.02 1.04

Table 3.8: Example: uidized-bed process. Comparison between 2-level co-kriging and 3-
level co-kriging. Predictions are better in the 3-level case and the prediction variance seems
well-evaluated since the RMSE and the average standard deviation are close.

Figure 3.9 shows the prediction errors of the 2-level co-kriging and the con dence interval
at plus or minus twice the prediction standard deviation. The last 10 prediction errors and
their con dence intervals are the same as those of the 3-level case since it corresponds to
the points where T 3 is known. We see in Figure3.9 that the con dence intervals are well

A Prediction error
—+— Confidence interval at 95%

20

_ aazsﬁﬁ
. A i bdT AT AL AR
Al 2FTF2L2 1T ]
A
é 1‘0 1‘5

Validation point

Figure 3.9: Prediction errors of the 2-level co-kriging and con dence intervals at plus or minus
twice the standard deviation. We see a signi cant di erence between the accuracy of the
predictions means and their con dence intervals for the point whereT 3 is unknown (the 8
rst validation points) and for the ones where it is known (the last 10 validation points).

predicted. Furthermore, we see a signi cant di erence between the accuracy of the prediction
means and their con dence intervals for the point whereT 3 is unknown (the 8 rst validation
points) and for the ones where it is known (the last 10 validation points).
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3.7.3 3-level co-kriging prediction: predictions when code output is not
available

In this subsection, we show that a multi-level co-kriging can signi cantly improve the predic-
tion of a surrogate model at points where no response is available.

We have seen in Sectior8.7.2that the 3-level co-kriging improves signi cantly the 2-level
co-kriging at points whereT 3 is unknown and T , has been sampled. Nevertheless, to have a
fair comparison between these two co-kriging models, we compare their accuracy by applying a
Leave-One-Out Cross-Validation (LOO-CV) procedure at the 10 points whereT ¢y, is known.
This means that we perform for each of these 10 points the following procedure:

1. The experimental and the two code outputs corresponding to the point are removed
from the data set.

2. The 2-level co-kriging method and the 3-level co-kriging method are applied using the
truncated data set in order to give a con dence interval for the experimental output at
the point.

Figure 3.10 shows the result of the LOO-CV procedure for the 2-level and 3-level co-kriging.
We see that the 3-level co-kriging is more accurate than the 2-level one. Indeed, the LOO-CV
RMSE for the 2-level co-kriging is equal to 1.88 whereas it is equal to 1.09 for the 3-level
co-kriging. This shows that the 3-level co-kriging provides better predictions also at points
where no response is available. This highlights the strength of the proposed method and shows
that a co-kriging method with more than 2 levels of code can be worthwhile.

O 3-level co-kriging LOO-CV error
A 2-level co-kriging LOO-CV error
& |+ 3-level co-kriging LOO-CV confidence interval at 95%
2-level co-kriging LOO-CV confidence interval at 95%

A

Residual

s .

o D>

S e
L e

Index

Figure 3.10: Leave-One-Out Cross-Validation predictive errors and variances of the 2-level
and 3-level co-kriging. We see that the con dence intervals are accurate and the precision of
the 3-level co-kriging is signi cantly better than the one of the 2-level co-kriging.
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3.7.4 Comparison with existing methods

In this subsection we carry out a humerical comparison between the proposed model and the
ones of Kennedy and O'Hagan, 200pand [Qian and Wu, 2009 on the Fluidized-Bed Process
example. The comparison is performed similarly to the one presented in Subsecti@®6.5

First we consider a 2-level co-kriging withT ¢xp, as ne level and T, as coarse level. For
the coarse level we randomly extract 20 observations df ; and for the ne level we randomly
extract 10 observations ofT ¢xp such that the experimental design set ofT exp is nested into
the one of T . The other 18 observations ofT ¢y, are used as test sets. We have generated 100
di erent combinations of design and test sets for the numerical comparisons. The comparisons
are also performed thanks to the R CRAN package approximator for the model of Kennedy
and O'Hagan, to the WinBugs software to the one of Qian et al. and to the R CRAN package
MuFiCokriging for the presented method. Like in Subsection 3.6.5 Gaussian covariance
kernels and constant trends are chosen for all the Gaussian processes and constant adjustment
coe cients are taken for the suggested model and the one of Kennedy and O'Hagan. Further-
more, for the Bayesian procedure presented by(Jian and Wu, 2009 we choose the following
parameters for the prior distributions:

Tl s )=@:52152)),
“u =0,

=4,

(us; su; )=@1:;5101),

" (a;h;a;b:a;b)=(2;0:1,2,0:1;2;0:1)

Like in Subsection3.6.5the convergence is reached after 50,000 burn-in iterations and 100,000
additional runs have been generated to compute the posterior distributions.

Figure 3.11 compares the RMSE of the three models evaluated on the 18 test points.
We see in Figure3.11 that the presented model is signi cantly better than the other ones.
Furthermore, contrary to the comparison performed in Subsectior8.6.5 we see that the worst
model is the one of Qian et al.. This is explained by the fact that, as mentioned in their
article at the end of Section 2.4, the model suggested by Qian et al. supposed that the cheap
code is known at a new pointx. If it is not the case, they consider it equal to the prediction
given by a Bayesian model on the cheap code. Nevertheless, in our example, we only have
20 observations in a 6-dimensional input space and the predictions of the cheap code are not
good enough for the method of Qian et al..

Finally, we present in Figure 3.12the computational costs of the three methods. As pointed
out in Subsection3.6.5 the suggested and the Kennedy and O'Hagan's models are signi cantly
less computationally expensive than the one of Qian et al.. Nevertheless, contrary to the
comparison in Subsection3.6.5 the presented model and the one of Kennedy and O'Hagan
are equivalent in terms of CPU times. This is due to the fact that the complexity reduction
for the covariance matrix inversion does not bring signi cant di erences when the number of
observations is very small as in the Fluidized-Bed Process application.
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Figure 3.11: RMSEs of the presented modeél, s, the model of Kennedy and O'Hagan, 200D
"ko (see Kennedy and O'Hagan, 200]) and the model of Qian and Wu, 2009 "gan (see
[Qian and Wu, 2009). The numerical comparisons are performed on the Fluidized-Bed Process
application with 100 di erent experimental and test sets.

3.8 Conclusion

We have presented a method for building kriging models using a hierarchy of codes with di er-
ent levels of accuracy. This method allows us to improve a surrogate model built on a complex
code using information from a cheap one. It is particularly useful when the complex code is
very expensive. We see in our literature review that the rst multi-level metamodel originally
suggested is a rst-order auto-regressive model built with Gaussian processes. The AR(1)
relation between two levels of code is natural and the building of the model is straightforward.
Nevertheless, we have highlighted some key issues which makes it di cult to use this model
in practical ways.

First, important parameters of the model, which are the adjustment coe cients between
two successive levels of codes, were numerically estimated. We propose here an analytical
estimation of these parameters with a Bayesian method. This method allows us to have infor-
mation about the uncertainties of the estimations and above all, to easily use the AR(1) model
and its generalization to the case of non-spatial stationarity. Furthermore, a strength of the
proposed method is that it even works for a code with more than 2 levels since its implemen-
tation is such that the estimations of the parameters of as-level co-kriging is equivalent to the
ones ofs independent krigings in terms of numerical complexity. It is important to highlight
that this method is based on a joint Bayesian analysis between the adjustment coe cient and
the mean of the Gaussian process modeling the di erence between two successive levels of
code.
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Figure 3.12: CPU times for the presented model CPs, the one of Kennedy and O'Hagan
CPUko and the one of Qian et al. CPUyan . The numerical comparisons are performed on
the Fluidized-Bed Process application with 100 di erent experimental and test sets. The ratio
between CPlpian and CPU,g is around 1000 and CPYg and CPUko have the same order
of magnitude.

Second, we have seen that the variance of the predictive distribution of the AR(1) model
could be underestimated. A natural approach to improve this estimation is a Bayesian model-
ing. We propose here a Bayesian co-kriging for 2 levels of code and to avoid computationally
expensive implementation, we suggest another model than the one presented. This new model
is based on a hierarchical speci cation of the parameters of the model. This allows us to have
a Bayesian model including only two nested integrations without Markov chain Monte Carlo
procedure.

Finally, for a non-Bayesian s-level co-kriging, we have proved that building as-level co-
kriging is equivalent to build s independent krigings. This result is very important since it
solves one of the most important key issues of the co-kriging which is the inversion of the
covariance matrix. A 3-level co-kriging example has been provided to show the e ciency of
the presented method.



Chapter

Multi- delity co-kriging model: recursive
formulation

4.1 Introduction

We have developed in ChapteB a co-kriging based surrogate model for multi- delity computer
codes. In fact, the rst multi- delity model in a computer experiments framework has been
proposed by [raig et al., 1999 and is based on a linear regression formulation. Then this
model is improved in [Cumming and Goldstein, 2009 by using a Bayes linear formulation.
The reader is referred to Goldstein and Woo , 2007] for further detail about the Bayes linear
approach. The methods suggested byJraig et al., 1999 and [Cumming and Goldstein, 2009
have the strength to be relatively computationally cheap but as they are based on a linear
regression formulation, they could su er from a lack of accuracy. Another approach is to use
the model of Kennedy and O'Hagan, 200) presented in Chapter3. This method turns out
to be very e cient and it has been applied and extended signi cantly.

The strength of the co-kriging model is that it gives very good predictive models but
it is often computationally expensive, especially when the number of simulations is large.
Furthermore, large data set can generate problems such as ill-conditioned covariance matrices.
These problems are known for kriging but they become even more di cult for co-kriging since
the total number of observations is the sum of the observations at all code levels.

In Chapter 3, we solve two mains issues of the model suggested b¥ehnedy and O'Hagan,
200Q by proposing a complexity reduction for the inverse of the covariance matrices and by
improving the estimation of the model parameters. Despite these improvements, it is hard
to use this model to manage some problems such as sequential design (see Chapjeor
sensitivity analysis (see Chapter6). Indeed, for sequential design we wish to obtain the part
of each code level on the predictive variance. This is not clear with the model oKEnnedy
and O'Hagan, 200(. Moreover, for sensitivity analysis we wish to nely infer from the model
uncertainty about the one of the sensitivity indices. This problem is hard to address by using
the model of Kennedy and O'Hagan, 200] since we are not able to generate samples from
the predictive distribution incorporating the posterior distributions of the adjustment and

123
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regression parameters.

To handle these problems, we adopt in this chapter a new approach for multi- delity
surrogate modeling which uses a co-kriging model but with an original recursive formulation.
An important property of this model is that it provides predictive mean and variance identical
to the ones presented in Kennedy and O'Hagan, 200 and in Chapter 3. Therefore, it has
the same e ciency of the model of Kennedy and O'Hagan, 200] in terms of prediction
accuracy. However, our approach signi cantly reduces the complexity of the model presented
in [Kennedy and O'Hagan, 200) since it divides the whole set of simulations into groups of
simulations corresponding to the ones of each level. Therefore, we will hagesub-matrices to
invert which is less expensive and ill-conditioned than a large one. In fact, the computational
complexity is equivalent to the one obtained in Chapter3 Subsection3.6.2 by using Equation
(3.37 for the inverse of the covariance matrix. Therefore, we keep the advantages of the
improvement presented in Chapter3.

We will see in chapters5 and 6 that the presented formulation allows for dealing e ectively
with sequential design and sensitivity analysis. Furthermore, a strength of our approach is
that it allows to extend classical results of kriging to the considered co-kriging model. The
two original results presented in this chapter are the following ones:

1. First, closed form expressions for the universal co-kriging predictive mean and variance
are given (Section4.3).

2. Second, the fast cross-validation method proposed ibDubrule, 1983 is extended to the
multi- delity co-kriging model (Section 4.4).

Finally, we illustrate these results in a complex hydrodynamic simulator (Sectior4.5).

4.2 Multi- delity Gaussian process regression

In Subsection 4.2.1, we detail our recursive approach to build such a model. The recursive
formulation of the multi- delity model is the rst novelty of this chapter. We will see in the
next sections that the new formulation allows us to nd original results about the co-kriging
model and to reduce its computational complexity.

4.2.1 Recursive multi- delity model

8
2 Zi(x)= t 1(X)Zy 1(X)+ t(x)
Zy 1(X) ? (x) ; (4.1)

>
t 1(x) = gto 1),
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whereZ; 1(x) is a Gaussian process with distributionfZ; 1(x)jz(t =2zt D 0 2,
t(x) is a Gaussian process with mearid{x) , and covariance kernel ?ri(x;x) and Ds
Ds 1 Di.

Here, g; 1(x) is a vector of ¢ 1 regression functions,f;(x) is a vector of p; regression
functions,  is ap;-dimensional vector, | . isaq i-dimensional vector,Z(® = (Zz9;:::;22)°

The nested property of the experimental design sets is not necessary to build the model
but it allows for a simple estimation of the model parameters. Since the codes are sorted
in increasing order of delity it is not an unreasonable constraint for practical applications.
Nonetheless, we present in AppendidB.1 the equations of the multi- delity co-kriging model
when the experimental design sets are not nested.

The unique di erence with the model presented in Chapter3 is that we expressZ(x)
(the Gaussian process modeling the response at lewglas a function of the Gaussian process

Chapter 3 and we have fort =2;:::;s and forx 2 Q:

h i
Zi(x)jz® = O ;2N 2(X);83,(x) ; (4.2)

t 1’

where:

z(X) =t 1X) z )+ FAX) (+rdOR Nzt ¢ 1(Dt) z (DY) Fi ) (4.3

and:
200= 2100 2, 00+ 21 rdx)R ry(x) : (4.4)

The notation  represents the element by element matrix product.R; is the correlation
matrix Ry = (r¢(X;¥)xx2p, and r)(x) is the correlation vector rd(x) = (r{(x; ¥))x2p,. We
denote by (D¢ 1) the vector containing the values of {(x) for x 2 D¢ 1, z(D 1) the vec-
tor containing the known values of Z;(x) at points in D; ; and F; is the experience matrix
containing the values off;(x)° on Dy.

The mean z,(x) is the surrogate model of the response at level, 1 t s, taking
%t(x) represents the mean squared error of this model. The mean and the variance of the
Gaussian process regression at levebeing expressed in function of the ones of leveél 1, we
have a recursive multi- delity metamodel. Furthermore, in this new formulation, it is clearly
emphasized that the mean of the predictive distribution does not depend on the variance
parameters ( ?)i=1:::s. This is a classical result of kriging which states that for covariance

kernels of the formk(x; %) = 2r(x; %), the mean of the kriging model is independent of 2.
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An important strength of the recursive formulation is that contrary to the formulation
suggested in Kennedy and O'Hagan, 200pand in Chapter 3, once the multi- delity
model is built, it provides the surrogate models of all the response&z; (X)) =1 ::-s-

We have the following proposition. We note that we consider here an adjustment coe cient
depending onx. The reader is referred to AppendixA.2 for the details about the predictive
mean and variance of the model presented in Chapte3.

..........

(Dt)t=1:::s With D Ds 1 Di. If we consider the meanmz (x) (3.27) and
the variance s%s(x) (3.28) induced by the model presented in ChapteB and the mean

z(X) (4.3) and the variance %S(x) (4.4) induced by the model 4.1) when we condition
the Gaussian proces<s(x) by the known valueg(® of Z(®) and by the parameters |,

and 2, then, we have:

z5(X) mz(X);

2,00 = s7,(x):

Proof. Let us consider the co-kriging mean of the model presented in Chapte3 for a t-level
co-kriging with t =2;:::;sand ¢ 1(x) = g 1(x) Cq

mz,(x) = hx) ©+ kv 2" He ©);

where ® =( $::0p 90 200 = (29;:::;290 Hy is de ned in Equation (3.33 and h%(x) is
de ned in the following equation:
vio vi ! !
he(x) = i(x) f2(%); () F20050 0 ¢ 100 100 %) ¢ (4.5)
i=1 i=2
We have:
ve ! ve ! !
hex) © = ¢ 1(x) i(x) f2(x); i(x) 00510 () P+ %)
i=1 i=2

= ¢ 1(x)h? 1) ¢V +fAx)

Then, from equations:

y1 o

COV(Zi(X); Z®)j % 5 )= i(X) COV(ZAX);ZL®)i 2% 5 ) (4.6)

i=t0
and: 0 1
Xt by 1
cov(Zy(x); Zy(®)j % ; )= 2@ (x) (A (% %) (4.7)
j=1 i=]
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with t > t, we have the following equality:
kKIoV, 120 = ¢ 100k? 0V L2 Y 2 DY) rd0R, 'z 1(Dy)
+riOR, 2
and with Equation (4.5):
kKPOV tHe O = ¢ 100k? 1)V 4He 1 & Y+ rd0R TFi(DY)

where stands for the element by element matrix product. We hence obtain the recursive
relation:

mz,(x) = ¢ 1(X)mz, ,(X)+ fAX) (+ rdOR [z ¢ 1(D1) 2z 1(Dy) Fi(Dy)
The co-kriging mean of the model 4.1) satis es the same recursive relation and we have
mz,(x) = z,(x). This proves the rst equality of Proposition 4.1:
zs(X) = mz (x):
We follow the same guideline for the co-kriging covariance:
s3,(6 %) = V3,06 %) k) tke(x);
Wherevﬁt(x; %) is the covariance betweerZ;(x) and Z;(x) and s%t(x; x) is the covariance func-

tion of the conditioned Gaussian proces§Z(x)jZz® = z®; : : 2] for the model presented
in Chapter 3. From Equation (4.7), we can deduce the following equality:

2060 = ¢ 1(X) ¢ 1(0)VZ, (6 %)+ VE(X; %);

where %t(x; %) is the covariance function of the conditioned Gaussian proced&;(x)jz® =
z®; ;. ,; 2 of the recursive model ¢.1). Then, from equations (4.6) and (4.7), we have:

10t
KOOV k() = ¢ 209 ¢ 100k 1OV ke 109+ ErOR Hri(x):
Finally we can deduce the following equality:
7 (6¥) = 1) ¢ 100 VZ (%) kY 10OV ke () + £ 1 riOOR ()
which is equivalent to:
2. () = ¢ 1(x) ¢ 10983, (0 + 21 rdx)R, (%) :
This is the same recursive relation as the one satis es by the co-kriging covariance%t(x; %)
of the model (4.1) (see Equation @4.4)). Sinces3 (x;%) = 2 (x;x), we have :
2. (% %) = sZ,(x%):

This equality with x = x proves the second equality of Propositiors.1. O

Proposition 4.1 shows that the model presented in Kennedy and O'Hagan, 2000 and
the recursive model @.1) have the same predictive Gaussian distribution. Our objective in
the next sections is to show that the new formulation ¢.1) has several advantages compared
to the one of Kennedy and O'Hagan, 2000 First, its computational complexity is lower
(Section 4.2.2); second, it provides closed form expressions for the universal co-kriging mean

and variance contrarily to [Kennedy and O'Hagan, 200] (Section 4.3); third, it makes it
possible to implement a fast cross-validation procedure (Sectiod.4).
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4.2.2 Complexity analysis

The computational cost is dominated by the inversion of the covariance matrices. In the

originabapproachl:proposed in Kennedy and O'Hagan, 200) one has to invert the matrix V g
of size' 7, n; >, ni.
Our recursive formulation shows that building a s-level co-kriging is equivalent in terms of

numerical complexity to build s independent krigings. This implies a reduction of the model

corresponds to the size I9f the vecE)zt atlevelt =1;:::;sis less expensive than the inversion

of the matrix Vs of size {_; n; i—1 Ni. We also reduce the memory cost since storing the

.....

cost is thus equivalent to the one obtained with the results given in Chapter3 Subsection
3.6.2

4.2.3 Parameter estimation

We present in this section a Bayesian estimation of the parameter = ( ; ; 2) focusing
on conjugate and non-informative distributions for the priors. This allows us to obtain closed
form expressions for the posterior distributions of the parameters. Furthermore, from the non-
informative case, we can obtain the estimates given by a maximum likelihood method. The
presented formulas can hence be used in a frequentist approach. We note that the recursive
formulation and the nested property of the experimental designs allow for separating the
estimations of the parameters( ; . ,; &)t=1;:s and (15 2).

Like in Chapter 3 Section 3.4, we address two cases in this section

Case(i): all the priors are informative
Case(ii): all the priors are non-informative

It is of course be possible to address the case of a mixture of informative and non-informative
priors. For the non-informative case (ii), we use the Jereys priors Pe reys, 1961]:

. 1 . _ 1
p( 4 DL p(2) S p( s d2t Y Hr L pE D) S (4.8)
1 t

butions as in Chapter 3 Section 3.4:

[ 4 2 N p(b1; 2v);
! I
b V 0
t 1 : 2Vt: '[2 t 1

. : 1). 2 — .
[ t o1 tJZ(t )’ ] N G 1+ Pt by = bt 0 Vt ’
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[211G (1 1);  [22" Y1 1G (¢ o)

with by a vector a sizep;, b, ; a vector of sizeq 1, b, a vector of sizep;, Vi aps p1
matrix, V, ;aq 1 & 1 matrix, V, ap: p matrix, 1, 1, t; +> 0andIG stands for
the inverse Gamma distribution. The posterior distributions are then as follows. We have:

[z A Np( 1 0 [, bz 8 Ng gl c o o (49)
where, fort 1:
< HEH o+ Yoo T (i) < HORY 7o+ Yo'h (i)
t= . R, ? Lot 2 2 L (4.10)
[H Ry H] L (ii) : [H?th] (ii)

with Hy = Fyandfort> 1, H =[Gy 1 (z 1(Dt)18[ ) Fi] where
Gt 1;

is the experience matrix containing the values ofy; 1(x)%in D; and 19
ones. Furthermore, we have fot 1:

& 1 is aq 1-vector of

Qt

[ {291 16 (a5 (4.11)
where:
0 = 2¢+(by AV H[HR MHI Y Yby ")+ Qe (i)
t= "
Qt (i)
with @t =(ze H)R Yz Hi™), 7t =(HR *Hy) HIR, 'z and:
(
By (i)
a = nzt pt2 G 1 (")

with the convention gg = 0.

We highlight that the maximum likelihood estimators for the parameters ; and( , ,; ¢)
are given by the means of their posterior distributions in the non-informative case. Further-
more, the restricted maximum likelihood estimate of the variance parametert2 can also be de-
duced from its posterior distribution in the non-informative case and is given by"tZ;RE,\,IL = %t
Finally, we see that the parameter posterior distributions for the recursive model are iden-
tical to the ones presented in Chapter3 Section 3.4. This strengthen the relation between
the two models. However, we will see in the remainder of this chapter and in the following
chapters that the recursive model bring signi cant advantages compared to the one presented

in Chapter 3.

4.3 Universal co-kriging model

We can see in Equation 4.2) that the predictive distribution of Zg(x) is conditioned by the
observationsz(®) and the parameters |, and 2. The objective of a Bayesian prediction
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is to integrate the parameter posterior distributions into the predictive distribution. Indeed,

in the previous subsection, we have expressed the posterior distributions of the variance pa-
trend parameters ; and (|, 5 ()t=2;:

parameters. Thus, using the Bayes formula, we can easily obtain a predictive distribution
only conditioned by the observations by integrating into it the posterior distributions of the
parameters as presented in ChapteB Section 3.4.

As a result of this integration, the predictive distribution is not Gaussian. In particular, we
cannot have a closed form expression for the predictive distribution. However, it is possible
to obtain closed form expressions for the posterior mea&[Zs(x)jZ(® = z(9] and variance
Var(Zs(x)jz® = z(9).

The following proposition giving the closed form expressions of the posterior mean and
variance of the predictive distribution only conditioned by the observations is a novelty. The
proof of this proposition is based on the recursive formulation which emphasizes the strength
of this new approach. Indeed, it does not seem possible to obtain this result by considering
directly the model suggested in Kennedy and O'Hagan, 2000,

(Dt)t=1:::s With Dsg Ds 1 D,. If we consider the conditional predictive

distribution in Equation (4.2) and the posterior distributions of the parameters given in
equations @.9) and (4.11), then we have fort =1;:::;s:

E[Z:(x)jz® = z20]= hdx) ¢ ¢+ r2)R, Y(zx H¢ ¢ v); (4.12)

with h =% H; = Frand fort> 1, hdx) = gt 1(X)E[Zt 1(X)iZt 1=z 1] fAX)
andH; =[G 1 (% 1(Dt)1g .) Ft]. Furthermore, we have:

Var(Zy(x)jz®" = zW) = ~2  (x)Var(Z 1(><)J'Zl(t U=zt D)
toaiy 1 rOR i) x (4.13)
+ h r?(X)Rt He o h? r?(X)Rt Hy

Proof. Noting that the mean of the predictive distribution in Equation ( 4.2) does not depend
on 2 and thanks to the law of total expectation, we have the following equality:

h [ h h [ [
E Zt(X)jZ(t) = Z(t) =E E Zt(X)]Z(t) = Z(t); t2’ t L Z(t) = Z(t) :

t

From the equations @.3) and (4.9), we directly deduce Equation @.12. Then, we have the
following equality:

var 7z, (x) z9; 2 =(h%x) r ()R, Hy) (hdx) rx)R, H) (4.14)
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The law of total variance states that:

h i
var(Z(x)jz"; ) = E var(hzt(x)jz“); 6o E)iz“); {
+ var E zZy(x)jz%; ;2 z29; 2
Thus, from equations @.3), (4.12) and (4.14), we obtain:
var(Zi(x)iz® = z®; 2) = A2 (xpvar(Zy 1(x)jiz¢ D=2zt D )+ 21 xR, 'rdx)
0
+ hY rfOR He ¢ hY rf0R THy
h (4.15) |
Again using the law of total variance and the independence betwedd Z(x)jz(® = z®; L
and ?, we have: h i
var(Zy(x)jzV) = E var(z{(x))jzV; 2 : (4.16)

We obtain Equation (4.13) from Equation (4.11) by noting that the mean of an inverse Gamma
distribution 1G(a;b) isbHa 1). O]

We note that, in the mean of the predictive distribution, the parameters have been replaced
by their posterior means. Furthermore, in the variance of the predictive distribution, the vari-
ance parameter has been replaced by its posterior mean and the termh? rJ(x)R, He

h? rdx)R, H, % has been added. It represents the uncertainty due to the estimation of
the regression parameters (including the adjustment coe cient). We call these formulas the
universal co-kriging equations due to their similarities with the universal kriging equations
(they are identical for s =1).

An important di erence between the universal kriging predictive variance and the

universal multi- delity co-kriging one is that the latter depends on the observations.
Therefore, the classical methods based on the predictive variance (e.g. sequenfal
design strategies) are not easy. We address this question in Chaptér

4.4 Fast cross-validation for co-kriging surrogate models

The idea of a cross-validation procedure is to split the experimental design set into two disjoint
sets, one is used for training and the other one is used to monitor the performance of the
surrogate model. The idea is that the performance on the test set can be used as a proxy
for the generalization error. A particular case of this method is the Leave-One-Out Cross-
Validation (noted LOO-CV) where n test sets are obtained by removing one observation
at a time. This procedure can be time-consuming for a kriging model but it is shown in
[Dubrule, 1983, [Rasmussen and Williams, 200K [Zhang and Wang, 2009 and Chapter 1
Subsectionl1.3.3that there are computational shortcuts. Our recursive formulation allows us
to extend these ideas to co-kriging models (which is not possible with the original formulation
in [Kennedy and O'Hagan, 2000). Furthermore, the cross-validation equations proposed in
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this section extend the previous ones even fos = 1 (i.e. the classical kriging model) since
they do not suppose that the regression and the variance coe cients are known. Therefore,
those parameters are re-estimated for each training set. We note that the re-estimation of
the variance coe cient is a novelty which is important since xing this parameter can lead
to huge errors for the estimate of the cross-validation predictive variance when the number of
observations is small or when the number of points in the test set is important.

If we denote by g the set of indices of theng; points in D¢ constituting the test set D gt
and ,1 t<s, the corresponding set of indices iD; - indeed, we haveDs Dg 1
D 1, therefore D test D:. The nested experimental design assumption implies that, in the
cross-validation procedure, if we remove a set of points frord s we can also remove it from
D{(,1 t s

The following proposition gives the vectors of the cross-validation predictive errors and
variances at points in the test setD s When we remove them from thet highest levels of
code. In the proposition, we consider that we are in the non-informative case for the parameter
posterior distributions (see Sectiord.2.3) but it can be easily extended to the informative case
presented in Section4.2.3 We note that this result presented for the rst time to a multi-
delity co-kriging model can be obtained thanks to the recursive formulation.

Notations:  If is a set of indices, thenA| . ; is the sub-matrix of elements of A, a
is the sub-vector of elements of a, B|  represents the matrix B in which we remove the
rows of index , C; . jis the sub-matrix of C in which we remove the rows and columns of
index and C; . ;is the sub-matrix of C in which we remove the rows of index and keep
only the columns of index .

(Dt)t=1:::s With D Ds 1 D;. We denote byD s a set made with the
points of index ¢ of Ds and , the corresponding points inDy with 1t s. Then,

if we denote by"z.. _ the errors (i.e. real values minus predicted values) of the cross-
validation procedure when we remove the points @ s from the t highest levels of code,

we have:

"ZS; s AS 1(Dtest) "ZS 1, s 1 Rsl [ < s] = Rsl ZS HS S; s [S]’ (417)

S

Ditest), s 1(Dtest) = gg 1(Dtest)[ s; S]1;:::;qS , and:

1
W|th "Zu: u = 0 When u < t, S; = [Hs]? s]K S[H S][ S] [H S]I(:) S]Kszs(Ds n

Ks= R 5 Rs'y [ o (4.18)

Furthermore, if we note %S. the variances of the corresponding cross-validation proce-
1S
dure, we have:
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2 — A2 2 2 R 1
Zs, s s 1, S(DteSt) Zs 1,5 1 + S; sdlag RS

L

Lo + Vs, (4.19)

1
with s 1. . [HS]([) S]KS[HS][ N '

/\Zs 1 S(Dtest)= gg 1(Dtest) s 1 ot s JJumes ol s S]g.);:::;qs . Os 1(Dtest);
and
» _ z(DsnDwes) [Hsl s , Ks z(DsnDest) [Hsl s . .
5o Ns Ps G 1 DNtain
where 5 =0 whenu <t, nyan is the length of the index vector , Hs =[G 1

(zs 1(Ds')1§s ) Fsland:

1
Vs= U [Hel) |KsHs o Us; (4.20)

1

with Us = [Rsll[ s sl Rs'Hs [&

Proof. Let us consider that ¢ is the index of thek last points of Ds. We denote byD ts; these

points. First we consider the variance and the trend parameters as xed, i.e. t2 = %
and =  andVs =0, ie. we are in the simple co-kriging case. Thanks to the

block-wise inversion formula, we have the following equality:
|

Re'= BAO ;1 ; (4.21)
with A =[Rs] " J+[R Y. R . 3Q *Rsl ., 4Rk
B°= Q *[Rsl,. [RS][ls; , and:
Q=[Rsl ;g Rsl, R, JRs (4.22)
We note that 2(585 Q = 2(;3‘ i) Rg! [l ' represents the covariance matrix of the

points in D (st With respect to the covariance kernel of a Gaussian process of ker%rs(x; X)
(which is the one of ¢(x)) conditioned by the points DsnD ;. Therefore, from the previous
remark and Equation (4.4), we can deduce Equation 4.19.

Furthermore, we have the following equality:

1
Rsl[s; J Rsl Zs Hs s s [l = Zs(Dtest) h(s)(Dtest) s s
Rel, JRsk '

Zs(DsNDest) [Hs]? J s s

: (4.23)

where h9(x) = [ s 1(X) z. ,(x) fIx)]. From this equation and Equation (4.3), we can
directly deduce Equation 4.17) with "z_. = Zs(Dtest)  z.(Dtest)-
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Then, we suppose the trend and the variance parameters as unknown and we have to
re-estimate them when we remove the observations. Thanks to the parameter posterior distri-
bution presented in Section4.2.3 we can deduce that the estimates oftz; cand ¢ when
we remove observations of index; are given by the following equations:

1
S; s = [H S]? S]K S[H s][ S] [H s][o S]K SZS(DS nDtest) (424)
and:
0
2 _ Zs(DsnDtest) [Hs] . s; . Ks Zs(DsnNDst) [Hs] | s . | (4.25)
Sos Ns Ps G 1 Ntain ’ .

with Ks = [Rs]; 15; T

From the equality (4.21), we can deduce thatKs = A BQB?Y from which we obtain
Equation (4.18. Finally, to obtain the cross-validation equations for the universal co-kriging,
we just have to estimate the following quantity (see Equation @.13):

0
hd(Drest) [Rsl . gKsHsl . s hd(Dwest) [Rslj., KsHsl |, :  (4.26)

with = [HY Kg[Hg] . ' The following equality:

S

1

hDes) [Rslp,; gKsHsl | = Rs'g ~ RstHs s (4.27)

allows us to obtain Equation (4.20) and completes the proof. O

We note that these equations are also valid whers = 1, i.e. for kriging model. We
hence have closed form expressions for the equations ofké&old cross-validation with a re-
estimation of the regression and variance parameters. These expressions can be deduced from
the universal co-kriging equations. The complexity of this procedure is essentially determined
by the inversion of the matrices R*! of sizenwst Niest. Furthermore, if we

suppose the parameters of variance and/or trend as known, we do not have to comput«% t
and/or | (they are xed to their estimated value, i.e. tz = % and ¢ = ¢,

see SectioM.2.3) which reduces substantially the complexity of the method. These equations
generalize those of[pubrule, 1983 and [Zhang and Wang, 2009 where the variance t2 [ is
supposed to be known. Finally, the termVj is the additive term due to the parameter posterior
distributions in the universal co-kriging. Therefore, if the trend parameters are supposed to

be known, this term is equal to 0.

Remark: We must recognize that our closed form cross-validation formulas do not allow for
the re-estimation of the hyper-parameters of the correlation functions. However, as discussed
in Subsection4.5.1, Proposition 4.3 is useful even in that case to reduce the computational
complexity of the cross-validation procedure.
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4.5 lllustration: hydrodynamic simulator

In this section we apply our co-kriging method to the hydrodynamic code MELTEM . The
aim of the study is to build a prediction as accurate as possible using only a few runs of
the complex code and to assess the uncertainty of this prediction. In particular, we show
the e ciency of the co-kriging model compared to the kriging one. We also illustrate the
di erence between simple and universal co-kriging and the results of the LOO-CV procedure.
These illustrations are made possible and easy by the closed form formulas for the predictive
mean and variance for universal co-kriging and by the fast cross-validation procedure described
in Section4.4 and 4.3 respectively. Finally, we show that considering an adjustment coe cient
depending onx can be worthwhile.

The code MELTEM simulates a second-order turbulence model for gaseous mixtures in-
duced by Richtmyer-Meshkov instability [Grégoire et al., 200%. Two input parameters X;
and x» are considered. They are phenomenological coe cients used in the equations of
the energy of dissipation of the turbulent ow. These two coe cients vary in the region
[0:5;1:5] [1:5;2:3]. The considered code outputs, calleépsand L, are respectively the dis-
sipation factor and the mixture characteristic length. The simulator is a nite-elements code
which can be run ats = 2 levels of accuracy by altering the nite-elements mesh. The simple
codez;(:), using a coarse mesh, takes 15 seconds to produce an output whereas the complex
codez,(:), using a ne mesh, takes 8 minutes. We usé runs for the complex codez,(x) and
25 runs for the cheap codezi(x). This represents 8 minutes on a hexa-core processor, which
is our constraint for an operational use. Then, we build an additional set ofL75 points to test
the accuracy of the models. We note that no prior information is available: we are hence in
the non-informative case.

4.5.1 Estimation of the hyper-parameters

parameter ; can be estimated by maximizing the concentrated restricted log-likelihood (see
[Santner et al., 2003 and Chapter 1 Section 1.3) with respect to :

log jdet(R)j)+(ne pt & 1)1og  Zrem (4.28)

with the convention ¢p = 0 and g, is the restricted likelihood estimate of the variance
? (see Sectior4.2.3. This minimization problem has to be solved numerically.
It is a common choice to estimate the hyper-parameters by maximum likelihoodgantner

.....

loss function of a Leave-One-Out Cross-Validation procedure (see Sectidn3). Usually, the

complexity of this procedure isO (i, ni)4 . Nonetheless, thanks to Propaositior4.3, it is

reduced toO  ©_; n? since it is essentially determined by the inversions of thes matrices
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Furthermore, the recursive formulation of the problem allows us to estimate the parameters

4.5.2 Comparison between kriging and multi- delity co-kriging

Before considering the real case study, we propose in this section a comparison between the
kriging and co-kriging models when the number of runs, for the complex code varies such
that ny = 5;10;15; 20; 25. For the co-kriging model, we considem; = 25 runs for the cheap
code. In this section, we focus on the outpueps

To perform the comparison, we generate randomly 500 experimental design sef® ,;i;
D1i)i=1:m500 Such that Doy Dy, i =1;:::;500 D1 hasnj points and D 2; hasn; points.

We use for both kriging and co-kriging models a Matérns=2 covariance kernel and we
consider , ; and , as constant. The accuracies of the two models are evaluated on the

test set composed of 175 observations. From them, the Root Mean Squared Error (RMSE) is

P 1=2
computed: RMSE = & 72( 2,(x®)  zp(x!®s!))2
Figure 4.1 gives the mean and the quantiles of probability 5% and 95% of the RMSE

.....

coden; varies. In Figure 4.1, we can see that the errors converge to the same value when
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Figure 4.1: Comparison between kriging and co-kriging wit; = 25 runs for the cheap code
(500 nested design sets have been randomly generated for eaw). The circles represent the
averaged RMSE of the co-kriging, the triangles represent the averaged RMSE of the kriging,
the crosses represent the quantiles of probability 5% and 95% for the co-kriging RMSE and
the times signs represent the quantiles of probability 5% and 95% of the kriging RMSE. Co-
kriging predictions are better than the ordinary kriging ones for smalln, and they converge
to the same accuracy whem, tends to n; = 25.
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tends to n;. Indeed, due to the Markov property given in Section3.2, when D, = D1, only
the observationsz, are taken into account. Furthermore, we can see that for small values of
Ny, it is worth considering the co-kriging model since its accuracy is signi cantly better than
the one of the kriging model.

4.5.3 Nested space lling design

D: 1. Therefore, we have to adopt particular design strategies to uniformly spread the inputs
for all D{. A strategy based on Orthogonal array-based Latin hypercube for nested space-
lling designs is proposed by Pian et al., 2009.

We consider here another strategy for space- lling design, described in the following algorithm,
which is very simple and not time-consuming. The number of points; for each designD; is
prescribed by the user, as well as the experimental design method applied to determine the
coarsest gridD ¢ used for the most expensive codes (see Fang et al., 200§ for a review of
di erent methods).

Algorithm 1 Nested space lling design

.....

2: for t = sto 2do

3 build design D; 1 with the experimental design method prescribed by the user.
4: for i = 1to n{ do

5 nd x' Y2 D i the closest point fromxi(t) 2 D wherej 2 [1;n; 1].

6: remove>ej(t D from D 1.

7 end for

8 Dy 1= D¢ 1[ Dt.

9: end for

This strategy allows us to use any space- lling design method and it conserves the initial
structure of the experimental designD s of the most accurate code, contrarily to a strategy
based on selection of subsets of an experimental design for the less accurate code as presented
by [Kennedy and O'Hagan, 200] and [Forrester et al., 2007. We hence can ensure thaD g
has excellent space- lling properties. Moreover, the experimental desigB; 1 being equal to
D: 1[ D¢, this method ensures the nested property.

We illustrate in the next page the di erent stage of the nested design procedure fos = 2.
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