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Résumeé

Résumeé

Cette thése présente quelques résultats de la théorie des prokifités non commutatives,
et traite en particulier des inégalités de martingales dans des algébsede von Neumann
et de leurs espaces de Hardy associés. La premiéere partie démontre amalogue non com-
mutatif de la décomposition de Davis faisant intervenir la fonction carrée. Les arguments
classiques de temps d'arr"t ne sont plus valides dans ce cadre, et [aeuve se base sur
une approche duale. Le deuxiéme résultat important de cette partie dtermine ainsi le
dual de I'espace de Hardy conditionnehi(M ). Ces résultats sont ensuite étendus au cas
1< p< 2 La deuxiéme partie transfére une décomposition atomique pour les eapes de
Hardy h1(M ) et H1(M ) aux martingales non commutatives. Des résultats d’interpolation
entre les espace#p(M ) et bmo(M ) sont également établis, relativement aux méthodes
complexe et réelle d’interpolation. Les deux premiéres parties carernent des eltrations
discrétes. Dans la troisieme partie, on introduit des espaces de Hdy de martingales non
commutatives relativement a une eltration continue. Les analogues desnégalités de Bur-
kholder/Gundy et de Burkholder/Rosenthal sont obtenues dans ce cadrela dualité de
Fe erman-Stein ainsi que la décomposition de Davis sont également emsférées avec succés
a cette situation. Les preuves se basent sur des techniques d'tdproduit et de L ,-modules.
Une discussion sur une décomposition impliquant des atomes algébrigsi@ermet d’obtenir
les résultats d'interpolation attendus.

Mots-clefs

Algebres de von Neumann, espacels, non commutatifs, martingales non commuta-
tives, espaces de Hardy, fonctions carrées, interpolation.




Non commutative martingale inequalities and applications

Abstract

This thesis presents some results of the theory of noncommutative mbability. It deals
in particular with martingale inequalities in von Neumann algebras, and their associated
Hardy spaces. The erst part proves a noncommutative analogue of the Davis dcompo-
sition, involving the square function. The usual arguments using sbpping times in the
commutative case are no longer valid in this setting, and the proof is baskon a dual ap-
proach. The second main result of this part determines the dual of the enditioned Hardy
spacehi(M ). These results are then extended to the cas& < p < 2. The second part
proves that an atomic decomposition for the Hardy space;(M ) and Hy(M ) is valid
for noncommutative martingales. Interpolation results between the smcesh,(M ) and
bmo(M ) are also established, with respect to both complex and real interpolabns. The
two erst parts concern discrete eltrations. In the third part, we i ntroduce Hardy spaces
of noncommutative martingales with respect to a continuous eltration. T he analogues of
the Burkholder/Gundy and Burkholder/Rosenthal inequalities are obtai ned in this setting
The Fe erman-Stein duality and the Davis decomposition are also sucessfully transferred
to this situation. The proofs are based on ultraproduct techniques aml L ,-modules. A dis-
cussion about a decomposition involving algebraic atoms gives the expeaénterpolation
results.

Keywords

Von Neumann algebras, noncommutativel ,-spaces, noncommutative martingales, Hardy
spaces, square functions, interpolation.
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Introduction

Cette thése s'inscrit dans la théorie des probabilités et de I'itégration non commu-
tative, qui trouve son inspiration dans la physique quantique. L'idée fondamentale sur
laquelle se base cette théorie est de remplacer les fonctions par depérateurs sur un
espace de Hilbert et les mesures par des traces. Les inégalités de niaghles non com-
mutatives et leurs espaces de Hardy associés en particulier sont aueaer de ce travail de
thése. En théorie des probabilités, les interactions entre les #&galités de martingales et
'analyse harmonique sont nombreuses. Burkholder, Davis, Gundy, Dob, Meyer, Neveu
et beaucoup d’autres ont développé dans ce cadre de puissants outilsldaque les trans-
formées de martingales, les fonctions maximales et les temps d’arrqui jouent un role
important dans la théorie des processus stochastiques. Des outifsipplémentaires d'ana-
lyse fonctionnelle et combinatoire sont cependant nécessaires poute@dre les inégalités de
martingales classiques au cadre non commutatif. Par exemple, la plupades arguments de
temps d’'arr"t ne sont plus valides dans ce cadre, et la notion de fonctin maximale ne peut
s’étendre directement a des opérateurs dans la mesure ou, en géaléparler du supremum
d’'une suite d’'opérateurs n'a aucun sens. La théorie des martingaleson commutatives a
connu un développement spectaculaire depuis l'article détermiant [35], et aujourd’hui de
nombreuses inégalités de martingales ont été transférées avec suse@ cas non commuta-
tif. Les techniques développées dans ce domaine permettent parfaibtenir de nouveaux
résultats dans la théorie classique, comme illustré dans [24]. Cesviestigations permettent
également d’enrichir les connaissances sur les®algebres ou les algébres de von Neumann
qui constituent le cadre de la théorie non commutative.

Dans cette introduction, je rappellerai dans un premier temps quégues résultats bien
connus de la théorie classique des martingales a temps discret. Jéintéresserai ensuite a
leurs analogues non commutatifs, en citant les inégalités de martingalesom commutatives
dues a Pisier, Xu, Junge, Parcet, Randrianantoanina, Musat et d'autresLes résultats ob-
tenus avec mes co-auteurs Bekjan, Chen, Yin et Junge et présentéaiks cette thése seront
également détaillés. Ces travaux concernent essentiellementdeespaces de Hardy condi-
tionnels de martingales non commutatives. Dans la derniére partie deette introduction,
j'aborderai I'extension de toute cette théorie aux martingales non commtatives a temps
continu, e ectuée en collaboration avec Junge.

0.1 Théorie classique des martingales a temps discret

Les principaux objets étudiés dans ce travail sont les inégalités de amtingales et leurs
espaces de Hardy associés. En théorie des probabilités classiques, éspaces de Hardy de
martingales sont étroitement liés aux espaces de Hardy de fonctions intduits en analyse
harmonique. Nous rappelons ci-dessous quelques unes de leurs nonlses caractérisations,
gui donneront la trame de I'étude noncommutative. On se référe au live de Garsia [10]
pour la théorie des inégalités de martingales. Considérons un espaceopabilisé ( ,F, U)
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| "
muni d’une eltration croissante (F,)n—o de sousa-algébres deF telle queF = & by Fp .

Soit (En)n— o la suite des espérances conditionnelles associées. Une martingakativement
a la eltration (Fn)n—o est une suite de variables aléatoire$f,)n—o dansL() telle que

En(frn+1)= fn pourtout n 0. (0.1.1)
Pour 1® p®1 , on dit que la martingale f est bornée dand. p() siéfé,=sup,éfné, <

T . A une martingale f = (fn)n—o bornée dansL1() on peut associer sa fonction carrée

1lg 221/2
S(f) = |cFnl :

n

oud,=f,- fn 1, et sa fonction maximale

M(f)=sg‘p Ifnl.

Pour 1® p < 1 , l'espace de Hardy de martingalesH p() est déeni comme I'ensemble
des martingalesf bornées dand_,() telles queS(f) 1 Ly() . On munit cet espace de la
norme

ef éHp() = eS(f )ep

On introduit également I'espace
BMO ()= {f T La() : sup €Enlf - fo.1|?& <1}
n
muni de la norme
&f €gmo () = SUp EEnlf - fo. 1|%8]2
n

Cette terminologie est justieée par le fait que pour un choix approprié de ( ,F,U) et
(Fn)n—o, 'espaceH() peut s’identieer aux espaces de Hardy classiques de la théorie des
fonctions etBMO () a la classe des fonctions a oscillation moyenne bornée introduite par
John et Nirenberg. Fe erman et Stein ont établi la dualité suivante entre ces deux espaces

Hy() ®= BMO() . 0.1.2)

Ce résultat de dualité va jouer un role fondamental dans les travaux prgéentés dans cette
these. L'espace de HardyH,() peut aussi se caractériser a l'aide de la fonction maximale
de la fagon suivante. Soitf une martingale bornée dansL() , on dit que f | HF’)“aX()

siM(f) T Lp() . A l'aide des inégalités de Burkholder-Davis-Gundy, qui établisent que
pour p 1 etune martingale f bornée dansL,() on a

&S(f )&, A &M ()&, (0.1.3)

on déduit queHp() = HF'¥() avec des normes équivalents pout ® p < T . Lacélebre
inégalité maximale de Doob établit que

éM (f)e, ® Qéf &, pourl<p ®T , (0.1.4)
et les inégalités de Burkholder-Gundy démontrent que
éf & A, €S(f)é, pourl<p<T . (0.1.5)

Ces inégalités signieent que pourl<p< 1 |, les espacesip() et HI®() coincident en
fait avec Lp() .
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Les transformées de martingales constituent un outil puissant en probaibité et dans
d'autres domaines de l'analyse. Par exemple, Burkholder a démontréahs [3] que les
transformées de martingales sont de typ€1, 1) faible, ce qui permet de démontrer d’'autres
inégalités.

Dans les travaux de Burkholder et Gundy, un certain nombre de résuhts concernant
la fonction carrée S(f ) ont aussi été obtenus pour la fonction carrée conditionnelle

lg 2172
s(f) = En- 1ldfn?

n

En e et, les inégalités de Burkholder ([4, 5]) établissent le résuht suivant
1@ 2y

e, A edaeh | +es(f)e, pour2@p<i . (0.1.6)

n

La fonction carrée conditionnelles(f ) joue un réle important dans la preuve de Davis des
inégalités (0.1.3) dans le cap = 1 ([7]), dans laquelle apparait la caractérisation suivante
de H{™()

M(f)T Liy() E f se décompose en une somme de deyix martingales
f = g+ h satisfaisants(g) T Li() et  |dha|T Ly() . (O-1.7)

n

Cette décomposition est connue sous le nom de décomposition de Davis.d® note hy()
'espace des martingales dan&1() qui admettent une telle décomposition, les résultats
précédents entrainent

Hi()= hi()= H™() . (0.1.8)

Rappelons que le dual de I'espachi() est bien connu, et décrit comme I'espace appelé
petit bmo (voir par exemple [37]).

D’autres décompositions jouent un role important dans la théorie des mamgales. La
décomposition de Gundy ([12]) permet par exemple d'établir des rédtats de bornitude
(1, 1) faible pour les fonctions carrées et maximales, qui permettent a leutour de retrouver
certaines inégalités citées précédemment.

La décomposition atomique constitue un outil puissant pour démontrer ds résultats
de dualité, d'interpolation et certaines inégalités fondamentales ad fois en théorie des
martingales et en analyse harmonique. Elle a été introduite par Coifman6] en analyse
harmonique et par Herz [17] en théorie des martingales. Les atomes pour les niagales
sont traditionnellement déenis a I'aide de temps d’'arr"t. Dans l'optique d'étendre cette
décomposition au cadre non commutatif, nous mentionnons une approche dérente dans
laquelle la déenition d’atome ne fait pas intervenir la notion de temps d’arr't. En e et,
comme évoqué précédemment, le concept de temps d’'arr"t n’est poliinstant pas claire-
ment déeni dans le cas non commutatif. On dit qu’une fonction F -mesurablea I Ly()
est un atome s’il existen | N et ATF , tels que

() En(a)=0;
(i) {a©0}u A;
(iii) &a&; ® UA)- V2,
Cette notion a été introduite par Weisz dans [50] sous le hom d’atomes siples, puis
étudiée dans [49, 50]. Sous une forme déguisée dans la preuve du Théoréfme de [17],

Herz décompose en atomes l'espace des martingales prévisibieg ) . On rappelle qu’une
martingale f = (f,)n—o est dite prévisible dansL ; s'il existe une suite adaptégU,),~ 1 de
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fonctions croissantes et positives telle qu¢fn| ® U,. 1 pourtout n ~ Oetsup, U, T L1() .
L'espacePy() coincidant avec I'espace de HardyH:() pour les martingales réguliéres,
cela donne une décomposition atomique del;() dans le cas régulier. Cette décomposition
a été étendue au cas général par Weisz dans [49] pour les martingafeslansL () telles
que la fonction carrée conditionnelles(f) T L1() (au lieu de la fonction carréeS(f)).

0.2 Théorie non commutative des martingales a temps dis-
cret

Nous examinons maintenant la théorie évoquée précédemment dans un cachon com-
mutatif, c’est-a-dire lorsqu’on remplace les fonctions par des opéraurs sur un espace de
Hilbert. Aprés avoir décrit la construction des espaces de Hardy danse cadre et cité
certains résultats majeurs de la théorie des martingales non commutates, je détaillerai
les trois points étudiés en particulier dans cette thése dans le cadune eltration discréte,
qui enrichissent la connaissance de ces espaces de Hardy en étudipluts particulierement
leurs versions conditionnelles. Il s'agit de la décomposition de Das, de la décomposition
atomique et de l'interpolation des espaces de Hardy de martingales non conutatives.

Le cadre de la théorie des martingales non commutatives est donné par unegabre
de von NeumannM , c’est-a-dire une sous-algébre involutive unitale préfaiblemenfermée
dans I'espaceB (H) de opérateurs bornés sur un espace de HilbeH . Par souci de simpli-
cité on supposera queM est ¢nie, c’'est-a-dire qu’il existe une tracea normale, «déle et
normalisée. Ainsi(M , &) joue le role de I'espace probabilis¢ ,F,U). Le réle des espaces
Lpo() est alors tenu par les espaces, non commutatifs L,(M ,a) (voir [36]), dont la
norme pour1® p< 1 est simplement déenie par

! " .
éxé, = a(xP) " pour x T Ly(M),

ou |x| = (x%)Y2 désigne le module dex. Pour p= 1 , Lj (M) désigneM muni de sa
norme en tant qu'algebre de von Neumann. On considére également une eHtion crois-
sante (M )~ o de sous-algebres dd , et la suite (E,)n—o des espérances conditionnelles
associées. Armés de ce dictionnaire, on peut facilement déenir unmartingale non com-
mutative en traduisant simplement la condition (0.1.1) dans ce cadre. Ansi on dira qu'une
suite (xn)n—o d’opérateurs dansL 1(M ) est une martingale non commutative relativement
a(Mnp)no si
E.(Xn+1) = Xn pourtout n 0.

Comme évoqué ci-dessus, les notions de fonction maximale et de supmnem d’'une suite
d’opérateurs n'ont pas de sens dans ce cadre. Nous nous intéressons dosseetiellement
a I'espace de Hardy quadratique déeni a partir de la fonction carrée.
Il existe plusieurs maniéres de considérer le carré d'un opératew, par exemple le
2 d dulglx|? = x% I 2 d dule d djoi 2 = xx® Pisi
carré de son modulex| x%, et le carré du module de son adjoint|x%< = xx% Pisier
et Xu ont ainsi naturellement introduit dans [35] deux fonctions carrées, colonne et ligne
respectivement, qui déenissent deux versions colonne et ligneedl'espace de Hardy de
martingales non commutatives
o 1p 221/2- o 1@ 221/2-
Ex8uyem) = ! |dXp | L et éxéyrw) = |dx -
P n p p n p

ol dxn, = Xp - Xn. 1 désigne la suite des di érences de la martingal& = ( X,)n. La version
non commutative des inégalités de Burkholder-Gundy (0.1.5) démontréelans [35] s’énonce
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alors de la maniére suivante

Y 1.1g 221/2. g 221/2. 2 ) R
F max [dxp | Do, |dxS ) si2®p<|
v R p 8
exep Ag, 1.1g" 212 .1g 21/2. 2 . (0.2.1)
g inf : |dyn|? +: |dz9% sil<p< 2
n p n p

ol I'inemum est pris sur toutes les décompositionsdx, = dy, + dz, de dx, en somme
de deux suites de di érences de martingales associées a la m™méretion. Cela retraduit
le phénomene, découvert par Lust-Piquard et Pisier ([29, 30]) en étaldsant la version
non commutative des inégalités de Khintchine, que les inégalités deartingales sont de
natures di érentes suivant que p est supérieur ou inférieur a2. L'espace de HardyH (M )
est alors déeni de la maniére suivante
|
C r i

non = LI S1ep e

p p

Ainsi (0.2.1) signiee que
Hp(M)= Lp(M) avec des normes équivalentes pout < p < T. (0.2.2)

La bornitude (1,1) faible des transformées de martingales a également été établie dans
le cadre non commutatif par Randrianantoanina dans [39], et permet en partialier de
redémontrer (0.2.1) avec une meilleure constante.

En appendice de [35], Pisier et Xu ont décrit le dual de I'espacéi;(M ) comme un
espace de typeBMO, et ont ainsi établi la version non commutative de la dualité de
Fe erman-Stein (0.1.2)

H.(M )®= BMO (M ). (0.2.3)

Junge et Xu ont ensuite étendu cette dualité au cad ® p < 2 dans [24]. On trouve d’autres
caractérisations de I'espacdBMO (M ) dans la version non commutative du Théoréme de
John-Nirenberg démontrée dans [22].

Concernant la fonction maximale, en s’inspirant des espacekp, non commutatifs a
valeurs vectorielles introduits par Pisier ([34]), Junge a traduit la notion de norme L, de
la fonction maximale, et a obtenu la version non commutative de l'inégalié maximale de
Doob (0.1.4)

ésup’ |En(x)|é, ® Qéxé, pourl<p ®T .
n

Il est important de noter qu'ici, ésup,™|Ey(x)|é, n'est qu’une notation, car sup, |En(x)|
n'a pas de sens dans le cadre non commutatif. On peut ainsi déenir a I'die de cette norme
I'analogue non commutatif de I'espace de Hardy maximal, notéd (M ). Cependant, il a
été démontré dans [25] que les espacet (M ) et H"™ (M ) ne coincident pas en général.
Plus précisément,H (M ) Ou (M ). La validité de I'inclusion inverse constitue a ce
jour encore une question ouverte.

Dans l'article [24], Junge et Xu ont étendu (0.2.1) au cas non tracial, et ont dérontré
d’autres inégalités de martingales non commutatives, en particulier’analogue des inéga-
lités de Burkholder (0.1.6) pour2® p < 1

L e 2up (10 L2u2 - 1g L2u2:
exép A édx, &P + ! En- 1|dXn| :p+ : En- 1/dx3] :p. (0.2.4)

n n n
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Dans le m"me esprit que (0.2.1), ces inégalités s’étendent au cds< p < 2 de la maniere
suivante
B 11 @ 21/p g 29 2. A g 2952. 2
x&, A inf gdxSel T+ En. 1]dXS|? 0+ En. 1](dXx))F2 1,
n n P n P
(0.2.5)
ou linemum est pris sur toutes les décompositionsdx, = dxd + dx$ + dx! de dx, en
somme de trois suites de di érences de martingales associées a lame eltration. Junge
et Xu démontrent ainsi un nouveau résultat dans la théorie classique,taune version (1, 1)
faible de ce nouveau résultat en probabilités commutatives a été obtenpar Parcet dans
[32]. En introduisant les fonctions carrées conditionnelles colonnetdigne, les espaces de
Hardy conditionnels

o 1@ 221/2- o 1@ 221/2-
EX€no(m) = En- 1]dXn| Lo BXEym) = En- 1|dx3 )
n P n P
et 'espace de Hardy diagonal
. g 2w
ExEram ) = i édxn €y
les inégalités (0.2.4) et (0.2.5) se reformulent
ho(M ) = Lp(M) avec des normes équivalentes pour<p< 1 . (0.2.6)

Ici on deéenit 'espace de Hardy conditionnel hy(M ) de la m"me maniere que I'espace de
Hardy Hp(M ), en di érenciant les casp< 2etp 2:

ho(M ) = h3(M )+ hS(M )+ hi(M ) Sil®p< 2
P hg(M)RBhS(M)BH (M)  si2®p<]

Dans [40, 41], Randrianantoanina établit les versionq1, 1) faibles des inégalités (0.2.1)
et (0.2.4), (0.2.5), en construisant des décompositions explicites de antingales. Dans le
cas classique, ces décompositions sont basées sur des temps d’agftRandrianantoanina
s'appuie sur les projections de Cuculescu pour décomposer des nmiagales non commuta-
tives. Ces projections constituent un outil présentant certaine propriétés communes avec
les temps d’arr"t qui sont sulsantes pour obtenir des estimations (1, 1) faible. Par des
techniques d’interpolation réelle, Randrianantoanina en déduit cetains ordres maximaux
des meilleures constantes dans les inégalités (0.2.1) et (0.2.4), (0.2.5n exploitant des
techniques de décomposition similaires, Parcet et Randrianantoaninant construit une
décomposition de Gundy non commutative dans [33], qui, comme dans le casaskique,
permet de redémontrer des inégalités de martingales non commutatives

0.2.1 La décomposition de Davis

En combinant (0.2.2) avec (0.2.6), on obtient queH (M ) = hy(M ) pour 1<p < T.
Le résultat principal du chapitre 1 montre que cette égalité est encore vraie dans le cas
p = 1, c'est-a-dire que la premiere égalité de (0.1.8) se transfére aveaceés au cas non
commutatif. Dans les résultats rappelés précédemment, seules slénégalités (1, 1) faible
sont obtenues ([40, 41]), et les techniques d’interpolation ne perment pas d’'en déduire
des résultats pourp = 1, mais uniquement pourl1 < p < 1 . Le chapitre 1 répond
positivement & une question posée dans [41], et peut “tre considéré@mme un analogue
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non commutatif de la décomposition de Davis (0.1.7) faisant intervenir & fonction carrée
au lieu de la fonction maximale. Cependant, la décomposition présengédans le chapitre
1 n'est pas explicite mais démontrée par une approche duale. L'espacaia de H.(M )
est connu et donné par la dualité de Fe erman-Stein (0.2.3), le chainon mnquant était
la description de I'espace dual deh;(M ) comme un espace de typd8M O, analogue de
'espace petit bma. On introduit dans le chapitre 1 les espaceshbmo non commutatifs
suivants : I'espacebmo colonne

bmo° (M )= {xT Lo(M) : sup&E|x- x,|°¢ <1}

muni de la norme

! .
EXEnmac(v ) = Max EE(X)& , SUPER|x - xn[?&!'? ,

'espacebmo ligne
bmd (M )= {xT L(M) : x®I bmd°(M )}

muni de la norme
EXEpmor M) = EXBpmac(m )»

et 'espacebmo diagonal

bmd*(M ) = {di érences de martingales dansij (Li (M ))}

muni de la norme
EX€hmot(m ) = SUP édxn €y .

Dans l'esprit de la dualité classique présentée dans [37], on démostie résultat crucial
suivant.

Théoréeme 0.2.1. On a hy(M )®= bmao(M ) avec des normes équivalentes, ou
bmo(M ) = bmd®(M ) R bmc®(M ) R bmd (M ).

L'établissement de cet analogue conditionnel de la dualité de Fe ermasBtein enri-
chit notre connaissance de I'espac@;(M ), et permet désormais d’'adopter une approche
duale dans certaines questions. En particulier, en observant que deespace8MO (M ) et
bmo(M ) coincident, on démontre alors le résultat principal du chapitre 1.

Théoréme 0.2.2. On aHi(M )= hi(M) avec des normes équivalentes.

Dans le m“me chapitre, ces résultats sont étendus au cak< p < 2. Par une méthode
similaire, on décrit le dual de I'espacen,(M ) comme I'espacel. ,imo(M ) pour %+ p% =1,
déeni de la m“me maniére quebmo. Plus précisément, pour2 < q ® T on introduit les
espaces

Lgmo(M )= {x1 Lx(M) : éSgPJrEnlx - Xnl€g2 < T}

muni de la norme
e . a4 2,12
EX8 emo(m ) = MaxX EE(X)€y, ésup” Ey|x - Xql €2 -
n

Lgmo(M ) = {xT La(M) : x*®I L§mo(M )} et

Lgmo(M ) = hi(M ) B L§mo(M ) B Limo(M ).
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La comparaison des espaces duaux nous permet alors d’améliorer les estiloas d’'une
constante dans I'équivalence des normeld,(M ) et hp(M ) pour 1 <p < 2 données dans
[41]. Plus précisément, Randrianantoanina a obtenu I’estimatiorl‘Jp = O((p- 1) 1) lorsque
p ¥ 1, ou éxép ) ® Up'éx'éHp(M ), et notre approche montre que la constanteU, reste
bornée quandp % 1. Cette approche duale permet également d’a'ner les inégalités (0.2.6)
en séparant les espaces ligne et colonne de la maniére suivante

hd(M)+ hS(M)  pour 1®p<?2

C _
oM)= " Him)sniM)  pour 2@p<i

(0.2.7)

Ces inégalités décrivent plus précisément les relations entre$ espaces de Hardy colonne.
De maniére indépendante et au m™me moment, Junge et Mei ont obtenu lesn""mes ré-
sultats, en décrivant le dual des espacebp,(M ) pour 1 ® p < 2 a l'aide d'une technique
di érente. Cependant la preuve présentée ici aboutit & une meleure constante.

La décomposition de Davis joue un rdle fondamental dans I'étude des inégeds de
Burkholder dans le chapitre 3, qui traite de la théorie des espaces de Hardy de martingales
non commutatives a temps continu. Deux autres approches de la décomogition (0.2.7)
pour 1 ® p < 2 sont aussi introduites dans le chapitre3, dans le but de les transférer au
cas d'une eltration continue. D'une part, en examinant de plus prés ks espaces duaux, une
version plus forte de cette décomposition est démontrée, en remplagt I'espace diagonal
hg(M ) par un espace plus petit appelé%C(M ). On obtient ainsi une décomposition plus
proche de la décomposition de Davis classique (0.1.7). D'autre part,nese basant sur une
adaptation d’'une décomposition de Randrianantoanina ([41]), nous discutonsine autre
variante de cette décomposition dans lecagd <p< 2.

0.2.2 La décomposition atomique

La description du dual de hy(M ) établie dans le chapitrel joue un réle fondamental
dans la version non commutative de la décomposition atomique présentétans le chapitre
2, en permettant d'aborder cette question par une approche duale. Une ation d’atome
non commutatif est d’abord introduite. Plus précisément, dans I'esprit de la théorie des
martingales non commutatives nous déesnissons deux types d’atomes, unersion colonne
et une version ligne. Ces notions sont une traduction directe de la déition d’atome
simple rappelée dans la Section 0.1, en considérant respectivemers supports a droite
et a gauche d’un opérateur. On dira qu'un opérateural Lo(M ) est un (1, 2).-atome s'il
existen I N et une projection e dansM , tels que

() En(a)=0;
(i) r(a) ® e
(iii) €aé, ® a(e)” V2.
Le résultat principal de la premiére partie du chapitre 2 établit que I'on peut décompo-

ser I'espace de Hardy conditionnel a I'aide de ces atomes. Plus pré&sent, si on note
h$®(M ) (respectivement h;® (M )) I'espace atomique dont la boule unité est constituée
de I'enveloppe absolument convexe dB (v ,) €t des(1, 2)c-atomes (resp.(1, 2), -atomes),

on démontre le résultat suivant.
Théoréme 0.2.3. On a h;(M )= hi(M ) avec des normes équivalentes, ol

hi'(M) = hi(M )+ hi* (M )+ hi™(M).
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Comme pour la décomposition de Davis évoquée précédemment, le Tdréme 0.2.3 est
également démontré par une approche duale, similaire a celle déveloge dans le chapitre
1 pour démontrer le Théoreme 0.2.2. L'idée est de décrire le dual de I'pace atomigue
h3(M ) comme un espace de Lipschitz non commutatif, puis de le comparer au duaked
I'espacehi(M ) que nous connaissons désormais comme l'espdmao(M ). Cette méthode
ne donne pas de décomposition explicite, mais en démontre I'existea. La décomposition
de Davis obtenue dans le Théoréme 0.2.2 permet d’en déduire une aéaposition atomique
de l'espaceH (M ).

Dans le chapitre 3, nous discutons un autre type d’atomes, appelés atomes algébriques.
Cette décomposition concerne cette fois le cas ® p < 2. On dit qu’un opérateur x |
L2(M ) est un hg(M )-atome algébrique six se decompose sous la forme

/]
X= h’]anv
n
avec
() En(by) =0 pourtout n  O;
(i) a, T La(M ) pourtout n— O;
(%) .1@ 21/2.
(i)  émes® let: lan|* © : ®Loul= 3+ %
q
n n

Ces atomes, moins “élémentaires” que les précédents, présentesgpendant la particula-

rité de constituer un ensemble absolument convexe, et sont normantsour I espaceLC.mo

lorsque p' est I'indice conjugué dep. Par dualité, on démontre ainsi dans le chapltre3

que l'espace dont la boule unité est constituée de I'enveloppe absohent convexe des
hg(M )-atomes algébriques constitue un sous-espace dense hgeéM ). Plus généralement,
par la m"me approche on décompose des espaces plus grands, appelés esglag colonnes
conditionnels, a I'aide d’atomes agébriques de ce type. Ces nouvelldécompositions nous
fournissent des outils supplémentaires pour étudier les espacds Hardy, et sont immédia-

tement appliquées dans le chapitre3 pour obtenir des résultats d’interpolation.

0.2.3 VL’interpolation des espaces de Hardy

Les premiers résultats d'interpolation des espaces de Hardyl ,(M ) sont apparus dans
l'article de Musat [31], dans lequel elle démontre pour la méthode copiexe d’interpolation

(BMO (M ),H1(M ))yp = Hp(M) pour1<p<T . (0.2.8)

Nous étendons ce résultat au cas des espaces de Hardy conditionrigJéM ) dans le chapitre

2. La méthode utilisée est plus simple et élémentaire que les arguents développés par
Musat, et permet également de retrouver (0.2.8). Il semble que, m“means le cas classique,
cette méthode soit plus simple que les approches connues de térpolation des espaces de
Hardy de martingales. L'idée principale est inspirée par une quasi nore équivalente pour

hp() , 0<p ® 2, introduite par Herz [18] dans le cas classique. En adaptant cette quasi
norme au cadre non commutatif, nous obtenons une nouvelle caractérisationedl’espace

hp(M ) qui s’avere utile pour l'interpolation.

Théoréme 0.2.4. Soitl<p< 1 . Alors

(bma(M ), h1(M )y = hp(M) avec des normes équivalentes.
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La caracterisation de hy(M ) a l'aide de la quasi norme de Herz permet de retrouver
la dualité de Fe erman-Stein obtenue dans le chapitrel avec de meilleures constantes
dans I'équivalence des normesy(M )®et Lyimo(M ) pour 1® p < 2 et % + p% =1. Pour
0<p < 1, cela ouvre une discussion sur I'espace dual dg(M ).

Dans le chapitre 3, nous développons une autre approche de l'interpolation des espaces
de Hardy. L'idée est de complémenter les espaces de Hardy dans des egsaplus grands
qui forment une échelle d’interpolation. Il est bien connu que grace la projection de Stein
on peut complémenter les espaces de Hardy dans les espatgscolonnes pourl < p < [
mais cela n’inclut pas le casp = 1. On introduit alors des espaces intermédiaires, les
espaced.,, colonnes conditionnels, dans lesquels les espaces de Hardy sont commaétés
pour 1 ® p < 1 . La preuve de cette complémentation se base sur une décomposition
des espaced , colonnes conditionnels semblable a la décomposition de Davis disce
dans le chapitre 1, et démontrée toujours par une approche duale. En s’appuyant sur la
décomposition de ces espaces en atomes algébriques, on démontre g@'ilsterpolent.

0.3 Théorie non commutative des martingales a temps continu

Dans le troisieme et dernier chapitre de cette thése, nous considins une -eltration
continue et étudions certains résultats cités précédemment danse cadre. En théorie com-
mutative, les théories des martingales a temps continu et des intégies stochastiques sont
bien développées et connaissent de nombreuses applications. Dans#s non commutatif, il
existe une théorie du calcul stochastique quantique, qui est jugu'a aujourd’hui seulement
au niveau algébrique. Dans la ligne des investigations des martingales hawommutatives
détaillées ci-dessus, le chapitr® se propose d’étudier les martingales non commutatives a
temps continu dans les cadre des algébres de von Neumann enies. L'ext@on des résultats
du cas discret au cas continu présente de nombreuses dilcultés, b théorie développée
dans le chapitre 3 nécessite de puissants outils d’analyse fonctionnelle tels queslailtra-
produits ou les Ly-modules pour les contourner. Le but a long terme de ce projet mené
en collaboration avec Junge est de développer une théorie satisfaisarpeur les semi mar-
tingales, incluant I'étude de la convergence des intégrales stochtitpues. Dans une algébre
de von Neumann, la notion de trajectoire d’'un processus d’opérateura’a pas de sens, et
il est donc impossible de construire les intégrales stochastiquagajectoire par trajectoire,
comme Dellacherie et Meyer le font dans [8]. Il est cependant bien con que la conver-
gence des intégrales stochastiques est étroitement liée a I'etéace du crochet de variation
guadratique [-, -] via la formule

U t U t
figg = fodgs+  gs ds+[f, 0]

Le crochet de variation quadratique peut “tre vu comme la limite en probabilité de la
fonction carrée dyadique suivante

1]
[f.g) = fodo + lim (ft% - ftzkw)(gt%# " Ok )
0®k< 20

C’est pourquoi notre approche consiste a étudier dans un premier taps ce crochet de
variation quadratique, et de traiter ensuite les intégrales stochasgues dans un prochain
travail qui se basera sur la théorie développée dans le chapiti® En probabilités classiques,
'espace de Hardy de martingales a temps continu est déeni par la norme

éf &) = Elf.f Je)5.
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Le chapitre 3 étudie I'analogue non commutatif de cet espaceip() associé a une sltration
continue.

On se place maintenant dans le m™me cadre que dans la Section 0.2, c'é&stire que
I'on considere un algébre de von Neumann «nigM ,a), munie cette fois d’'une eltration
continue (M {){— o de sous-algébres d& . Pour simpliser nous supposerons que I'ensemble
continu des parametres est donné par l'intervalle[0, 1]. Dans I'esprit de la théorie des
martingales non commutatives, on aimerait déenir le crochet[x,x] pour une martingale
X, et poser

Extg, = é[x,x]e 5 et exdy = EX* x%Je
et démontrer I'analogue de (0.2.2) pour cette déenition. Le candidat pour cecrochet non
commutatif est désni par une approche d'analyse non standard. Pour une prtition enie
a={0=tg<ty<---<t, =1} de lintervalle [0,1] et x I M , on considére le crochet
ni z |
Xxla= )

th a
oud?(x) = E(X)-E (x) etpourt = (G =21,---,n),t =t désigne son prédécesseur
dans la partition a. Par convention on posedj(x) = Ep(x). Alors pour p > 2, (0.2.2) donne

'estimation €&[x, x]é]égfg ® cpéxép. Si on considere un ultrasltre U ralnant I'ensemble des

partitions ¢nies de [0, 1], on peut alors déenir

[X, X]U = Ww- I{!l,mU [X, X]éy

ou la limite faible est prise dans I'espace re,exifL »(M ). En analyse non standard, la
limite faible correspond a la partie standard, et il est connu que cat approche coincide
avec la déenition classique du crochet pour des martingales commutates. Cependant,
la norme est seulement semi-continue par rapport a la topologie faibleet on ne peut
pas obtenir les inégalités de Burkholder-Gundy pour une eltration cortinue comme une
simple conséquence de la théorie discréte des espaces de Hardy. NBaims, en se basant
sur I'observation cruciale que les normes ,/, des crochets discretgx, x]Ja sont monotones
ena a une constante prés, on peut démontrer le résultat suivant.

Théoréme 0.3.1. Soient1®p<T1 etxiM . Alors

I
. . . x  SUpy €[X,X]aé 2 pour 1®p<2
X, X A lim &[x, x] A e P 2
élx, ]Uep/Z AU élx, ]aep/2 |nfae[X,X]aep/2 pour 2®p< |
En particulier, cela implique que la norme L, du crochet [x,x]Jy ne dépend pas du
choix de l'ultracltre U, a norme équivalente prés. L’indépendance du crochdk, x]y lui-
m me de l'ultrasltre U sera discutée dans un prochain travail. Ainsi pourl® p< 1 et
x I M on déenit les normes

i .1/2 T w2
exe}ag = e[x,x]uep,2 et exéng = IlarrL\J e[x,x]aep,2 = |I£’L1J EX8yc(a)-
On note Irffg et Hg respectivement les complétions correspondantes. En fait ces deypro-
cédures déenissent le m“me espace :
ﬁg = Hp avec des normes équivalentes poufl ® p < T.

La preuve de ce résultat est basée sur le Théoreme 0.3.1, et suit deuxmpches di érentes
suivant les valeurs dep. Pour 2® p < T , on utilise des arguments de complémentation et le
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casl ® p < 2 est obtenu par dualité, en injectant I-@g dans un gros espace ultraproduit an
d’étudier son espace dual. Nous obtenons de cette maniére un bon candidabur I'espace
de Hardy de martingales non commutatives relativement a la eltration continue (M ¢)get®1.
Nous désirons maintenant établir pour cet espace 'analogue de certainsgéltats présentés
dans la Section 0.2 précédente. Pour cela, on travaille de préférem@avec la déenition de
HF, qui s'avere plus maniable. En particulier, il est possible de cosidérer H5 comme un
sous-espace d'un certain espace ultraproduit qui a une structurele L ,-module. On peut
alors décrire naturellement I'espace dual deHg pourl<p< | comme un espace quotient

d’un espace ultraproduit, noté Hg;, pour %+ 51r = 1. En établissant qu’en réalité, les espaces

Hg et ﬁg coincident on démontre le résultat de dualité suivant.

Théoréme 0.3.2. Soientl<p< 1 et % + % =1. Alors

HH®= HS  avec des normes équivalentes
p p

Pour p = 1, nous étudions le dual de I'espaceH§{ par une méthode similaire. La
déenition de I'espace BMO °© dans ce cas doit “tre abordée avec prudence. Un candidat
naif pour la norme BMO € est donné par

€x€guo © = lim Exguo c(a), OU ExEguo c(a) = SUP ER(|X - X¢- B
a, [}

Cependant, dans notre approche, le fait de ne considérer que les paions enies (alors
gue dans le cas classique, toutes les partitions aléatoires sont congiélés) est restrictif. En
e et, si 'une des normeséxégyo <(a) st *nie, alors x est deja dansM , et il est clair que
nous désirons déenir un espacBMO € plus grand queM . C’est pourquoi on dira qu’un
opérateurx I Lo(M ) est dans la boule unité deBMO € si on peut I'approcher en norme
L, par des éléments de la forme

w-lim xa dansLz(M ) avec lim éxa€gmoc(a) ® 1.
a,u a,u

Cette déenition, cohérente avec les espacelsﬁlfJ évoqués précédemment, permet d'établir
'analogue de la dualité de Fe erman-Stein (0.2.3) dans ce cadre :

(HH)®= BMO ¢ avec des normes équivalentes

Comme conséquence du Théoreme 0.3.2, on obtient qi s'injecte dansL (M ) pour
1<p< 2etdansLp(M ) pour2® p< 1 . Celareste vrai pourp =1, grace a la proprieté
de monotonie. On peut ainsi déenir 'espace de HardyH , par le m"me processus que dans
le cas discret, en considérant la somme des espaces de Hardy coIoHﬁ?et ligne H, dans
L2(M ) pour 1® p < 2, et leur intersection dansLp(M ) pour 2® p < | . C’est par une
approche d’analyse non standard que I'on obtient enalement I'analogue coritiu de (0.2.2),
dans le sens ou I'on démontre dans un premier temps les inégalités deifBholder-Gundy
au niveau des ultraproduits, avant de considérer la limite faible ¢ui correspond a la partie
standard).

Théoréme 0.3.3. Soitl<p< T . Alors

Lp(M )= Hy avec des normes équivalentes.
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Nous examinons également les espaces de Hardy conditionndis. Dans ce cas, on
peut encore démontrer une propriété cruciale de monotonie. En considant le crochet
conditionnel @ \
& x& = B [RX)P

ti a
pour une partition enie a, on déenit les espaces de Hardy conditionneIsE\C et hC de martin-
gales non commutatives relativement a la eltration (M t)0®t®1 On peut alors adapter la
théorie développée pour les espaceb%c et HC aux espaceﬁc et hC pour obtenir de maniére
similaire
ﬁg = hy avec des normes équivalentes poufl ® p < ]

L'analogue conditionnel du Théoréme 0.3.2 est également obtenu. Concernata dualité
de Fe erman-Stein, notons que dans ce cas I'espadend® est plus facile a décrire. En e et,
il sult de considérer les opérateurs x I Lo(M ) tels que

sup EE|x-E (x)|Pg <1
o®Rt®1

Aen d’obtenir I'analogue continu des décompositions (0.2.6) et (0.2.7) pourl < p <
2et1l® p < 2 respectivement, comme annoncé précédemment nous introduisonse
décomposition de Davis plus forte faisant intervenir un autre espacaliagonal hlc M hd
L'intért de cet espace hlc est qu'il présente une certaine propriété de régularité qw perret
d’adapter I'approche d’ analyse non standard développée dans la preuvkl Théoreme 0.3.3.
Le cas2 ® p < | est ensuite démontré par une approche duale. Malheureusement, il
est trés dilcile de décrire directement I'espace dual de notre amlogue continu de I'espace
diagonal hg (ou de héC). C’est pourquoi on introduit une autre variante de la décomposition
de Davis dans le casl < p < 2, qui se base sur une décomposition de Randrianantoanina.
Le but de cette approche est de pouvoir remplacer I’espad% dans la somme par un espace
plus grand K9, dont on sait décrire le duaIJgi. Les analogues continus de (0.2.6) et (0.2.7)
sont *nalement obtenus en posant
|
h = hg+hS+h  pour 1®p<2
P JdB,hCrShr pour 2®p<I

Théoréme (I) 3.4. Soit1®p<T . Alors

hg+h pour 1®p<2
Jchc pour 2®@p<1

(i) Pour 1<p< T ,

() Hp= avec des normes équivalentes.

Lp(M )= hy, avec des normes équivalentes.

Par approximation, on en déduit une nouvelle caractérisation de I'espae BMO °©.

A la en du chapitre 3, en se basant sur les approches introduites dans le cas discret
évoquée précédemment, nous discutons la décomposition des esgade Hardy a l'aide
d’atomes algébriques, et appliquons cette décomposition pour obtenirdnalogue continu
du résultat d’interpolation (0.2.8).

Théoréme 0.3.5. Soitl<p< 1 . Alors

Hp=[BMO ,H]. avec des normes équivalentes.
P
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Cette thése est constituée de trois chapitres, rédigés en anglais. lpgemier chapitre de
la thése présente un article intitulé “A noncommutative Davis’ decomposition for martin-
gales" e ectué au début de ma thése, qui a été publié dans Journal of Lowth Mathematical
Society en2009 Le second chapitre est un travail en collaboration avec Bekjan, Chen et
Yin intitulé “Atomic decomposition and interpolation for Hardy spaces of noncommutative
martingales", qui a été publié dans Journal of Functional Analysis er201Q La théorie des
espaces de Hardy de martingales non commutatives relativement & une 4ation continue
fait I'objet du dernier (et plus conséquent) chapitre, qui est le fruit d'une collaboration
avec Junge et s'intitule “Theory of Hp-spaces for continuous eltrations in von Neumann
algebras".




Introduction

This PhD thesis is part of the theory of noncommutative probability and n oncommutative
integration. This eeld is motivated by quantum physic. The main idea of this theory is
to replace functions with operators on a Hilbert space and measures by #éices. This work
deals with noncommutative martingales, and in particular with their associated Hardy
spaces. In the probability theory, there are many interactions betwen martingale inequal-
ities and harmonic analysis. In classical probability, Burkholder, Davis, Gundy, Doob,
Meyer, Neveu and many others developed powerful tools like martingal&ransforms, max-
imal functions and stopping times, which play an important role in the theory of stochastic
processes. However, additional functional analysis and combinatorial tols are needed to
extend the classical martingale inequalities to the noncommutative stting. For instance,
most of the stopping time arguments are no longer valid in this setting. Moreover, the
notion of maximal function cannot be directly extended to operators, sirce in general
we cannot desne the supremum of a sequence of operators. The theory of noommu-
tative martingales has been rapidly developing after Pisier/Xu’s semnal paper [35], and
nowadays many martingale inequalities have been successfully traferred to the noncom-
mutative setting. The techniques developed in that «eld may yield new results even in the
classical theory, as illustrated in [24]. These investigations also conibute to enrich the
knowledge onC®algebras and von Neumann algebras, which constitute the setting of the
noncommutative theory.

In this introduction, | will erst recall some well-known result s of the classical theory
of discrete time martingales. Then | will consider their noncommutative analogues by
recalling the honcommutative martingale inequalities due to Pisietr Xu, Junge, Parcet,
Randrianantoanina, Musat and many others. The results obtained with my coauhors
Bekjan, Chen, Yin and Junge and presented in this thesis will be dadiled in particular.
This work essentially concerns the conditioned Hardy spaces of noncomrtative martin-
gales. The last part of this introduction deals with the extension of this theory to the
noncommutative continuous time martingales, which is a joint work with Marius Junge.

0.1 Classical theory of discrete time martingales

This thesis mainly studies the martingale inequalities and their asociated Hardy spaces.
In classical probability, the Hardy spaces of martingales are closely rela&d to the Hardy
spaces of functions introduced in harmonic analysis. We recall some ohéir humerous
characterizations, which will give the framework of the noncommutative study. We refer
to Garsia’s book for the theory of martingale inequalities. Let us conside a probability
space( ,F, U) equipped with an increasing eltration (F,)n~ o of a-subalgebras ofF such
that F = & P, F, . Let (En)no be the associated sequence of conditional expectations.
A martingale with respect to the eltration (Fp)n—0o is a sequence of random variables
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(fn)n—oin L1() such that
En(fns1) = fn foralln™ O. (0.1.1)

For 1® p® 1 , we say that a martingale f is a boundedLy() -martingale if &f &, =
sup, éfn €, < T . For a given boundedL 1() -martingale f = (f,)n 0, We may consider its

square function
1@ 2172

S(f) = dal®

n

whered, = f, - fnh. 1, and its maximal function

M(f)=sunp Ifnl.

For 1® p< 1 , the Hardy space of martingalesHp() is deened as the set of bounded
Lp() -martingale f such that S(f) I Lp() . We equip this space with the norm

Let us also introduce the space

BMO ()= {f T La() : sup €Enlf - fn. 1l’& <1}
n

equipped with the norm

éf €amo () = SUP EEnIf - fn- 1?8l

This terminology is justieed by the fact that for an appropriated choice of ( ,F,U) and
(Fn)n—o0, the spaceHp() may be identieed with the classical Hardy space from function
theory and BMO () with the class of bounded mean oscillation functions introduced by
John and Nirenberg. Fe erman and Stein established the following duaty between these
two spaces

Hi() ®= BMO() . (0.1.2)

This duality result will play a fundamental role in the work presented in this thesis. The
Hardy spaceHp() can also be characterized with the maximal function as follows. Lef
be a boundedL () -martingale. We say that f I HI®() if M(f) T Lp() . Using the
Burkholder-Davis-Gundy inequalities, which state that for p 1 and a boundedL () -
martingale f we have

eS(f )&, A éM (f )ép, (0.1.3)

we deduce thatHp() = HgF®() with equivalent norms for 1 ® p < T . The famous
Doob maximal inequality shows that

éM (f)&, ® Qé&f &, forl<p ®T , (0.1.4)
and by the Burkholder-Gundy inequalities we have
éf &y A, eS(f)g, forl<p<T . (0.1.5)

These inequalities mean that forl < p < 1 , the spacesH p() and HF®() actually
coincide with Lp() .
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Martingale transforms are a powerful tool not only in probability but also in several
parts of analysis. For instance, Burkholder proved in [3] that martingale transforms are
of weak type (1, 1), and as application we may deduce other inequalities.

In Burkholder and Gundy’s work, some results for the square functionS(f ) have also
been obtained for the conditioned square function

1 2172

s(f) = En- aldn|?
n
Indeed, the Burkholder inequalities ([4, 5]) establish that
1 21p .
&f &, A ed e  +eés(f)g, for2@p<T . (0.1.6)
n

The conditioned square function s(f ) plays an important role in Davis’ proof of the in-
equalities (0.1.3) forp =1 ([7]), where the following characterization of H"®() appears

M(f)T Li() E f decomposes as a sum of two martingales
f = g+ hsatisfyings(g) | Ly() and  [dhy|T Ly() . (0.1.7)
n
This decomposition is known as Davis’ decomposition. If we denote bj;() the space of
L ;-martingales that admit such a decomposition, then it turns out that

Hi()= hi()= HI¥() . (0.1.8)

Recall that the dual space ofhy() is well-known, and described as the so-called small
bmo (see [37]).

Other decompositions play an important role in the martingale theory. The Gundy de-
composition ([12]) implies for instance the weak type(1, 1) boundedness of the square and
maximal functions, from which we may deduce some of the inequalitiesited previously.

The atomic decomposition is a powerful tool for dealing with duality results, interpo-
lation results and some fundamental inequalities both in martingale thery and harmonic
analysis. Atomic decomposition was erst introduced in harmonic analyss by Coifman
[6]. It is Herz [17] who initiated atomic decomposition for martingale theory. Atoms for
martingales are usually desned in terms of stopping times. In order toextend this de-
composition to the noncommutative setting, let us mention another approat where the
deenition of atoms does not involve the notion of stopping times. Indeed as mentioned
previously, the concept of stopping time is, up to now, not well-dened in the generic
noncommutative setting. An F-measurable functiona | Ly() is said to be an atom if
there existn I N and A TF , such that

() En(a) =0;

(i) {a©0}u A;

(i) éad, ® UA) V2,
Such atoms are called simple atoms by Weisz [50] and are extensively stied by him (see
[49] and [50]). In a disguised form in the proof of TheoremA;j in [17], Herz establishes an
atomic description of the space of predictables martingale®1() . Recall that a martingale
f =(fn)nois said to be predictable inL; if there exists an adapted sequenc€U,),~ 1 of
non-decreasing, non-negative functions such thajf,| ® U,. 1 for all n ~ 0 and sup, U, 1
Li() . SinceP1()= Hi() for regular martingales, this gives an atomic decompaosition
of Hy() in the regular case. Such a decomposition is still valid in the generalase but

for the L -martingales f such that the conditioned square functions(f) I Li() (instead
of the square function S(f )), as shown by Weisz [49].
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0.2 Noncommutative theory of discrete time martingales

We now look at the previous theory in a noncommutative setting, i.e., when we replace
functions with operators on a Hilbert space. After describing the congruction of the Hardy
spaces in this setting and recalling some major results of the theorpf noncommutative
martingales, | will detail the three points studied in this thesis for a discrete eltration.
This work enriches the knowledge of these Hardy spaces, by studyinip particular their
conditioned versions. It deals with the Davis decomposition, the atonic decomposition
and the interpolation of Hardy spaces of noncommutative martingales.

The setting of the theory of noncommutative martingales is given by a von Nemann
algebraM , i.e., a unital weak®closedcealgebra of bounded operators on a Hilbert space
H. For the sake of simplicity we assume thatM is enite, which means that there exists
a normal, faithful and normalized trace 4. Hence(M , a) plays the role of the probability
space( ,F,U). The role of the spacesLy() is then played by the noncommutative
L p-spacesLp(M , &) (see [36]), whose norm is simply given foll ® p < T by

! " .
éxé, = a(|x|P) YW for x | Lp(M ),

where |x| = (x%)Y2 is the usual modulus ofx. For p= 1, Lji (M) is just M itself
with the operator norm. We also consider an increasing eltration (M ,)y—o of von Neu-
mann subalgebras oM , and the associated sequence of conditional expectatior{&,)n—o.
Armed with this dictionary, we may easily desne a noncommutative martingale by simply
translating the condition (0.1.1) in this setting. We will say that a sequence(Xp)n=0o in
L1(M ) is a noncommutative martingale with respect to (M p)n—o if

En(Xn+1) = X, foralln 0.

As said previously, the notions of maximal function and supremum do not tale any sense
in this setting. Hence, we mainly consider the quadratic Hardy space d@ed from the
square function.

There are many ways of considering the square of an operator. For instance we may
look at the square of the modulus|x|? = x% and at the square of the modulus of its adjoint
[X%? = xx® Therefore Pisier and Xu naturally introduced in [35] two square fundions,
namely the column and row square functions, which desne two versios (column and row)
of the Hardy space of noncommutative martingales

. 10 212 o 1o 22V
EXEHgm) = |dxp | . and  éxéyrv) = |dx S =
n n

where dx, = Xp - Xp- 1 denotes the martingale di erence sequence of the martingale
X = (Xn)n. The noncommutative version of the Burkholder-Gundy inequalities proved in
[35] is then stated as follows.

Y 1.1@g 221/2. g 221/2. 2 . ~
F Max ! [dxp | Do, |dx ; if2®@p<|
&xép A, 1.1g" 20, " 1g" 219 2 ., (0.2.1)
g inf : ldyn|?2  © +: dz59% ifl<p< 2
n P n p

where the inemum runs over all decompositionsdx,, = dy, + dz, of dx, as a sum of
two martingale di erence sequences adapted to the same -eltration. Ths conerms the
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phenomenon, discovered by Lust-Piquard and Pisier ([29, 30]) when stying the noncom-
mutative Khintchine inequalities, that the martingale inequaliti es are of di erent nature

according top < 2 or p > 2. The Hardy spaceHp(M ) is then desned by
I

C r
Ho(M ) = H5(M )+ Hy(M ) forl®p<2

HS(M)BHL M) for2®@p<I
Hence (0.2.1) means that
Hp(M)= Lp(M) with equivalent norms for 1<p< T . (0.2.2)

The weak type (1,1) boundedness of martingale transforms was also established in the
noncommutative setting by Randrianantoanina in [39]. In particular, thi s gives a new
proof of (0.2.1) which yields a better constant.

In the Appendix of [35], Pisier and Xu described the dual of the spaceH;(M ) as a
BMO space, which establishes the noncommutative version of the Fe ermai$tein duality
(0.1.2).

H1(M )®= BMO (M). (0.2.3)

Junge and Xu then extended this duality to the casel ® p < 2 in [24]. Other charac-
terizations of the spaceBMO (M ) can be found in the noncommutative version of the
John-Nirenberg Theorem proved in [22].

Concerning the maximal function, inspired by the noncommutative vector-valued L ,-
spaces introduced by Pisier ([34]), Junge translated the notion of thenorm of the maximal
function to the noncommutative setting and obtained the noncommutative version of the
Doob maximal inequality (0.1.4)

ésup’ |En(x)|€p ® Qéxé, for1<p ®T .
n

It is important to note that here é&sup,™ |E,(x)|&p is just a notation since sup, |En(x)|
does not take any sense in the noncommutative setting. With this norm,we may hence
deene the noncommutative analogue of the maximal Hardy space, denoted by pmaX(M ).
However, it was proved in [25] that the spacesH (M ) and H"®(M ) do not coincide in
general. More preciselyH1(M ) Ou §'®(M ). But at the time of this writing we do not
know if the reverse inclusion holds in the noncommutative setting.

Junge and Xu extended in [24] the inequalities (0.2.1) to the non tracial cas, and
proved other noncommutative martingale inequalities. In particular they established the
analogue of the Burkholder inequalities (0.1.6) for2® p < 1

. 1@ 21/p g 221/2. g 221/2.
éxé, A édxneh  +: En- 1/dXn] Do+ En- 1/dxp] © . (0.2.4)
p

n n P n
In the same spirit as (0.2.1), these inequalities extend to the cas& < p < 2 as follows

L 11 (%) ot d 21/p . 1@ 221/2. . 1@ 221/2.
éxé, A inf édxpeh o+ En- 1/dxq] Lo+ En- 1/(dx;)% L
n n P n P
(0.2.5)
where the inemum is taken over all decompositionsdx, = dxd + dx¢ + dx!, of dx, as a sum
of three martingale di erence sequences adapted to the same eltration Junge and Xu then
obtained a new result in the classical theory, and a weak typg1, 1) version of this new
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result in commutative probability was obtained by Parcet in [32]. We may introduce the
conditioned column and row square functions, then deene the conditbned Hardy spaces
o 1o L2V L 1o v
EXene(m) = - En- 1ldXn| o e = En- 1]dxp
n n
and the diagonal Hardy space
. g G2
EXEhy(m ) = ) édxn €,

Hence the inequalities (0.2.4) and (0.2.5) can be written as follows
ho(M )= Lp(M) with equivalent norms for 1<p< 1 . (0.2.6)

Here the conditioned Hardy spacehy(M ) is desned as the Hardy spaceH (M ), by con-
sidering separately the casep < 2andp 2

h3(M )+ hS(M)+ hi(M) for1®p< 2

WMD) ) RRe(M) B ) for 2@ p <

Randrianantoanina establishes in [40, 41] the weak typgl, 1) versions of the inequalities
(0.2.1) and (0.2.4), (0.2.5), by constructing explicit decompositions of matingales. In the

classical case, these decompositions are based on stopping times, and Baanantoanina

uses the Cuculescu projections to decompose noncommutative martjales. These pro-
jections constitute a useful tool sharing some properties with stoping times, which are

sulcient to obtain weak type (1,1) estimates. Using real interpolation techniques, Ran-
drianantoanina deduce some maximal order of the best constants in the imgialities (0.2.1)

and (0.2.4), (0.2.5). By similar techniques of decomposition, Parcet and Ratrianantoan-

ina constructed a noncommutative Gundy decomposition in [33]. As in theclassical case,
this decomposition implies new proofs of some noncommutative martingalénequalities.

0.2.1 The Davis decomposition

Combining (0.2.2) with (0.2.6), we obtain that H,(M ) = hy(M ) for 1<p < T . The main
result of chapter 1 is that this equality still holds true for p =1, which means that the erst

equality of (0.1.8) can be successfully transferred to the noncommutate setting. Note that

only weak type (1, 1) inequalities was obtained ([40, 41]) in the results recalled previouy)

and interpolation techniques only imply results for 1 < p < 1 . Chapter 1 answers
positively a question asked in [41]. This can be also considered as a namemutative

analogue of the Davis decomposition with the square function in place of t maximal
function. However, the decomposition presented in chapted is not explicit but proved by

a dual approach. The dual space oH1(M ) is well-known, and given by the Fe erman-
Stein duality (0.2.3). The missing link was the description of the duwal space ofh;(M ) as
a BMO space, analogue of the smalbmo space. We introduce in chapterl the following

noncommutative bmo spaces:

the column bmo space

bmof(M )= {xT Lo(M) : SupéE|x- xn|°& < 1}

equipped with the norm

EXEpmos(M ) = Max EEy(X)& sHpeEﬂx- xn|?e}?
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the row bmo space
bmd(M )= {xT L(M) : x®I bmd*(M )}

equipped with the norm
éXébmof(M ) = éXCPF«"bmo°(M )

and the diagonalbmo space
bmo?(M ) = {sequences of martingale di erences ity (Li (M ))}

equipped with the norm

In the spirit of the classical duality presented in [37], we show thefollowing crucial result.

Theorem 0.2.1. We haveh;(M )®= bmo(M ) with equivalent norms, where
bmo(M ) = bmd*(M ) R bmc®(M ) R bmd (M ).

This conditioned analogue of the Fe erman-Stein duality enlarges the krowledge of the
spaceh;(M ). This now allows us to use dual approaches in some problems. In partitar,
observing that the spaceBMO (M ) and bmao(M ) coincide, we then prove the main result
of chapter 1.

Theorem 0.2.2. We haveH{(M ) = hy(M ) with equivalent norms.

These results are then extended to the cas& < p < 2 in the same chapter. Using
similar arguments, we describe the dual space df,(M ) as the space. ;imo(M ) for l+ pl =
1, deened similarly to bmo. More precisely, for2<q ® 1 we introduce the spaces

Lgmo(M ) = {xT L2(M) : ésup’Ey|x- Xn[*€q2 < T}

equipped with the norm

éXéLamo(M y = max EE)(X)Eq ) éSlr;lp+ EnIX Xn|2 2

q/2 !
Lgmo(M )= {xT La(M) : x*I L§mo(M )} and
Lgmo(M ) = h§(M ) B L§mo(M ) B Limo(M ).

The comparison of the dual spaces then improves the estimate of a constaim the equiv-
alence of the normsH,(M ) and hy(M ) for 1 < p < 2 given in [41]. More precisely,
Randrianantoanina obtained Up O((p- 1) 1) asp % 1, where éxé&, oM) ® Upeerp(M )
and our approach gives that U, remains bounded asp % 1. This dual approach also
improves the inequalities (0.2.6), by separating the column and row gaces as follows

_ hd(M)+ heM) for 1®p<2
HoM) = him)BrEM)  for 2@p<i (0.2.7)
These inequalities give a more precise description of the relationdiween the column Hardy
spaces. Independently and essentially at the same time, Junge and Mebtained the same
results. They also describe the dual of the spacds,(M ) for 1® p < 2 by using a di erent
method. However, the arguments presented here yield a better catant.
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The Davis decomposition plays a fundamental role in the study of the Birkholder in-
equalities in chapter 3, which deals with the theory of the Hardy spaces of noncommutative
martingales with respect to a continuous eltration. Two other approaches of the decom-
position (0.2.7) for 1 ® p < 2 are also introduced in chapter3, in order to transfer them
to the continuous case. On the one hand, a close look to the dual spacesids a stronger
version of this decomposition. Here the diagonal Hardy spacbg(M ) is replaced with a
smaller diagonal space callecth(M ). We then obtain a decomposition which is closer to
the classical Davis decomposition (0.1.7). On the other hand, we discgsanother variant
of this decomposition in the casel < p < 2, based on a deep result of Randrianantoanina

([41]).

0.2.2 The atomic decomposition

The description of the dual space oth;(M ) established in chapterl plays a crucial role in
the noncommutative version of the atomic decomposition presented in chpter 2. Indeed,
this allows us to adopt a dual approach. We erst introduce a notion of nonconmutative

atom. More precisely, in the spirit of the theory of honcommutative martingales, we
deene two types of atoms, a column version and a row version. These naihs are a
direct translation of the deenition of simple atom recalled in Section 0.1, by considering
respectively the right and left supports of an operator. We say that an opeator al L,(M )

is a (1, 2)c-atom if there exist n I N and a projection e in M , such that

() En(a)=0;
(i) r(a) ®e;
(iii) €aé, ® a(e)” V2.

The main result of the rst part of chapter 2 proves that we may decompose the conditioned
Hardy space by using these atoms. More precisely, if we denote U}{'at(M ) (respectively
h} at(M )) the atomic space whose unit ball is given by the absolute convex hull 0B , (v )
and (1, 2)c.-atoms (resp. (1, 2);-atoms), we show the following result.

Theorem 0.2.3. We haveh;(M ) = h3(M ) with equivalent norms, where
h'(M ) = hi(M )+ hT* (M) + hp™ (M),

As the Davis decomposition discussed previously, Theorem 0.2.3 is algproved by a
dual approach, similar to that developed in chapter1 to prove Theorem 0.2.2. The idea
is to erst describe the dual of the atomic spacehd(M ) as a noncommutative Lipschitz
space. Then we compare it to the dual of the spacé(M ), which is now known to be
the spacebmo(M ). This method does not give an explicit decomposition, but shows that
it exists. The Davis decomposition obtained in Theorem 0.2.2 then imfies an atomic
decomposition of the spaceH 1 (M ).

In chapter 3, we discuss another type of atoms, called algebraic atoms. This decom-
position concerns the casd ® p < 2. We say that an operatorx | L,(M ) is an algebraic
h5(M )-atom if we can write &

X = bhan,
n

with

() Ei(by)=0 foralln O;
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(i) an T La(Mp) foralln™ 0

(%) 5 g 221/ 2.

(iii) éhé ® 1and: lan| . ®1, where
q

n n

+

N[
ol

1
p

These atoms, less “elementary” than the previous ones, already form an abkitely convex
set and are norming for the spaceLgfmo whenp' is the conjugate index ofp. By duality, we
then show in chapter 3 that the space whose unit ball is given by the absolute convex hull
of the algebraichg(M )-atoms is dense irhg(M ). More generally, the same approach yields
a decomposition of larger spaces, called conditioned columinp-spaces, by using algebraic
atoms of the same kind. These new decompaositions give additional tools totgly the
Hardy spaces. They are immediately applied in chapter3 to obtain interpolation results.

0.2.3 Interpolation of Hardy spaces

Interpolation results for the Hardy spacesH (M ) rst appear in Musat's paper [31], where
she proves for the complex method of interpolation

(BMO (M ),H1i(M))yp = Hp(M) forl<p<T . (0.2.8)

We extend this result to the conditioned Hardy spacesh,(M ) in chapter 2. Note that our

method is much simpler and more elementary than Musat's arguments, ath also gives a
new proof of (0.2.8). It seems that even in the commutative case, our metbd is simpler
than all existing approaches to the interpolation of Hardy spaces of martingats. The
main idea is inspired by an equivalent quasinorm forhp() ,0 < p ® 2 introduced by

Herz [18] in the commutative case. We translate this quasinorm to the nonemmutative

setting to obtain a new characterization of hp(M ), 0 < p ® 2, which is more convenient
for interpolation.

Theorem 0.2.4. Let1<p< 1 . Then
(bmo(M ), h1(M ))1p = hp(M) with equivalent norms.

The characterization of hy,(M ) involving the Herz quasinorm gives a new proof of the
Fe erman-Stein duality obtained in chapter 1. This approach improves the constants in
the equivalence between the normsi,(M )®and Lymo(M ) for 1® p < 2 and % + p% =1.
For 0<p < 1, we discuss the description of the dual space dfy(M ).

In chapter 3, we develop another approach of the interpolation of Hardy spaces. The
idea is to complement Hardy spaces in larger spaces which form an integtation scale.
It is well-known that we may complement the Hardy spaces in the colunm L -spaces for

1<p< 1, by using the Stein projection. However, this does not include he casep=1.
We then introduce intermediate spaces, the so-called conditioneadolumn Lp-spaces, in
which the Hardy spaces are complemented fol ® p < T . This complementation result

is based on a decomposition of the conditioned columi.y-spaces similar to the Davis
decomposition discussed in chaptel, still proved by a dual approach. Using the algebraic
atomic decomposition of these spaces, we may show that they form an intpolation scale.

0.3 Noncommutative theory of continuous time martingales

In the third and last chapter, we consider a continuous eltration and study some results
cited previously in this setting. In the classical case, the theoryof stochastic integrals



32 Introduction

and martingales with continuous time is a well-known theory with many applications. In
the noncommutative setting, there exists a theory of quantum stochasc calculus, which
is nowadays only at the algebraic level. In the line of the investigatiors of the noncom-
mutative martingales detailed previously, chapter 3 studies noncommutative martingales
with respect to a continuous eltration in a enite von Neumann algebra. We encounter
many di'culties when extending the results from the discrete case to the continuous one.
Hence, the theory developed here needs powerful tools of functionanalysis like ultra-
products or L p-modules. The long term goal of this project, in collaboration with Junge
is to develop a satisfactory theory for semimartingales, including tle convergence of the
stochastic integrals. In the noncommutative setting, we cannot constuct the stochastic
integrals pathwise as in [8]. It is indeed unimaginable to consider thepath of a process of
operators in a von Neumann algebra. However, it is well-known that the conergence of
the stochastic integrals is closely related to the existence of thgquadratic variation bracket
[-, -] via the formula 0, 0,
fige=  fedgs+ gs ds+[f, gl

Here the quadratic variation bracket can be characterized as the limit inprobability of the
following dyadic square functions

]

[f.9]t = fodo + lim (fren - F NG - Gk ).
0®k< 2

Hence we will erst study this quadratic variation bracket in the sett ing of von Neumann

algebras, and then deal with stochastic integrals in a forthcoming work lased on the theory

developed in chapter3. More precisely, we will focus on theL ,, ,-norm of this bracket by

considering the Hardy spacedH() deened in the classical case by the norm

éf &y,() = €lf. Je)5.
Chapter 3 study the noncommutative analogue of this spaceH () associated to a con-
tinuous eltration.

We now consider the same setting as in Section 0.2, i.e., we take a em@tvon Neumann
algebra(M , &), equipped in this case with a continuous eltration (M {);—¢ of subalgebras
of M . For simplicity, we assume that the continuous parameter set is giverby the interval
[0,1]. In the spirit of the theory of nhoncommutative martingales, we should expect to
deene the bracket [x, x] for a martingale x and then set

con s 1/2 won _ aroce woasll2
exe@g = e[x,x]ep,2 and exe@{) = €[x ,x“]eplz.

Armed with the deenition we may attempt to prove the analogue of (0.2.2). We de*ne
a candidate for the honcommutative bracket following a nonstandard analys approach.
For a enite partition a={0=tg<t;< ---<t, =1} of the interval [0,1]and x T M ,
we consider the enite bracket g
xla=  lE)P,
tl a

where d3(x) = E(x)-E (x) andfort = t; (j =1,---,n), t* = tj. 1 denotes its prede-
cessor in the partition &. By convention we setd3(x) = Ey(x). Then for p > 2, (0.2.2)

gives an a-priori bound €[x, x]a]é;g ® cpéxép. Hence, for a *xed ultraslter U reening the

general net of enite partitions of [0, 1], we may simply deene

[X, X]U = Ww- I{!l,mU [X, X]év
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where the weak-limit is taken in the re,exive space L (M ). In fact, in nonstandard
analysis, the weak-limit corresponds to the standard part and is knownto coincide with
the classical deenition of the bracket for commutative martingales. However, the norm is
only lower semi-continuous with respect to the weak topology and we shdd not expect
Burkholder/Gundy inequalities for continuous eltrations to be a sim ple consequence of
the discrete theory of the Hardy spaces. Yet, using the crucial obseation that the L »-
norms of the discrete bracketg[x, x]y are monotonous up to a constant, we may show the
following result.

Theorem 0.3.1. let1®p<T1 andxTM . Then
I

N o m o . i Supy €[X, X]a€y 2 for 1®p<2

o xlulz AlMEX XIaCo2 A g Tl xlagy,  for 2@p<i
In particular, this implies that the L, ,-norm of the bracket [x,x]y does not depend
on the choice of the ultraelter U, up to equivalent norm. The independence of the bracket
[X,x]u itself from the choice of U will be discussed in a forthcoming work. Hence for

1®p<T1 andx M we desne the norms

1/ 2

= é[x,x]uep,2

.1/ 2

éxé and exéng = Ii‘rrlJ €[X, X]a €
a,

o2 = IIé\nEJ EX8yc(a)-

i
We denote by Ifig and H respectively the corresponding completions. These two process
actually deene the same space:

ﬁg = Hp with equivalent norms for 1® p < T.

The proof is based on Theorem 0.3.1 and follows two di erent approaches aocding to
the value of p. For 2® p < T , we use complementation arguments. The cas@ ® p < 2
is obtained by duality. We embed ﬁg in a larger ultraproduct space in order to study its
dual space. Hence this deenes a good candidate for the Hardy space of noncomtative
martingales with respect to the continuous eltration (M {)oete1. We now want to establish
for this space the analogues of many results cited in Section 0.2. For doindpis, we will use
the deenition of the space HE, which will be more practical to work with. In particular,

we may considerHF as a subspace of some ultraproduct space, which has an,-module
structure. Hence we may describe in a natural way the dual space dﬂg foril<p< 1 as

a guotient space of an ultraproduct space, denoted byigi, for % + p% = 1. Proving that

the spacesHj and ﬁg actually coincide, we show the following duality result.
Theorem 0.3.2. let1<p< 1 and % + p% =1. Then
(Hp)®= Hpi  with equivalent norms

For p=1, we study the dual space ofH§ by a similar method. We have to be careful
when de<ning the spaceBMO €. A naive candidate for the BMO € norm is given by

éxégo © = lim éxégmoc(a), Where éxéguoc(a) = SUp ER(Ix - X¢ 1>l 2.
a, tl a

However, here our restriction to enite partitions (instead of random partitions in the
classical case) is restrictive. Indeed, if one of thé&xégmo ¢(3)’s is *nite, then x is already
in M . Deenitively, we expect BMO © to be larger than M . We will therefore say that
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an elementx I L,(M ) belongs to the unit ball of BMO € if it can be approximated in
L >-norm by elements of the form

w-limxa in La(M) with  lim éxaégmo c(a) ® 1.
a,u a,uU

This deenition, consistent with the spaces ﬁg introduced previously, yields the analogue
of the Fe erman-Stein duality (0.2.3) in this setting:

(H))®= BMO © with equivalent norms.

As a consequence of Theorem 0.3.H ] embeds intoL»(M ) for 1 < p < 2 and into
Lp(M)for2® p <1 . Infact, this still holds true for p =1 by the monotonicity property.
Hence we may de<ne the Hardy spacéd, as in the discrete setting by considering the sum
of the column and row Hardy spaces inL,(M ) for 1 ® p < 2, and their intersection
in Lp(M) for 2 ® p < T . The continuous analogue of (0.2.2) is then obtained by a
nonstandard analysis approach, i.e., we erst prove the Burkolder-Gumly inequalities at
the ultraproduct level, and then take the weak limit (i.e., the standard part).

Theorem 0.3.3. Lletl<p< 1 . Then
Lp(M )= Hp with equivalent norms.

We are also interested in the conditioned Hardy spacesy. In this case, we still have
a crucial monotonicity property, and considering the conditioned bradket
/] .
& x& = E |
th a
for a enite partition a, we deene the conditioned Hardy spaceﬁg and hg of noncommuta-

tive martingales with respect to the eltration (M t)A0®t®1- Then we may adapt the theory
developed for the space$?; and Hj to the spacesAS and hg and obtain similarly that

5 = hg with equivalent norms for 1® p < T.

Moreover, we can prove the conditioned analogue of Theorem 0.3.2. Concermgjnthe
Fe erman-Stein duality, note that in this case the space bmd® is easier to describe. It
is deened as the set of operatorsx I L»(M ) such that

sup 8E|x - x|%¢ <1 .

0®t®1
To obtain the continuous analogue of the decompositions (0.2.6) and (0.2.7) fot<p < 2
and 1 ® p < 2 respectively, as announced previously we need to introduce a singer
Davis decomposition involving another diagonal spaceh%C Il hg. This spaceh%C presents
the advantage that it satisees a certain regularity property, which is useful to adapt the
nonstandard analysis approach developed in the proof of Theorem 0.3.3. The @2 ®
p <1 is then obtained by a dual approach. Unfortunately, we cannot directly describe
the dual spaces of our continuous analogues of the diagonal spad@and hrlf. This is why
we introduce a variant of the Davis decomposition forl < p < 2, based on a deep result of
Randrianantoanina. This new decomposition will allow us to replacehg in the sum with
a larger spaceK 3. We may now describe the dual space ok, and denote it by Jf. The

continuous analogues of (0.2.6) and (0.2.7) «nally follow by setting
I

hy = hg+hS+hy for 1®@p<2

JBRhSBN  for 2®@p<1
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Theorem 0.3.4. Let 1®p<1 . Then
|
. hd+ h¢ for 1®@p<2 . .
o P p i
() Hp JS &R for 2@p<i with equivalent norms.
(i) For 1<p< 1,
Lo(M) = hy, with equivalent norms.

By approximation, we deduce a new characterization oBMO €.
At the end of chapter 3, based on the approaches introduced in Section 0.2 in the
discrete case, we discuss the decomposition of the Hardy spaces intgebraic atoms, and

we use this decomposition to obtain the continuous analogue of the interpation result
(0.2.8).

Theorem 0.3.5. Letl1<p< 1 . Then

Hp =[BMO ,H]. with equivalent norms.
p

This thesis is decomposed into three chapters, written in englis. The erst chapter
presents a paper entitled “A honcommutative Davis’ decomposition formartingales” done
at the beginning of my thesis. It was published in Journal of London Mathematical Society
in 2009 The second chapter is a joint work with Bekjan, Chen and Yin entitled “Atomic
decomposition and interpolation for Hardy spaces of noncommutative martingalg”. It was
published in Journal of Functional Analysis in 201Q The theory of the Hardy spaces of
noncommutative martingales with respect to a continuous eltration is t he subject of the
last (and more substantial) chapter, which is a collaboration with Junge ard is entitled
“Theory of Hp-spaces for continuous eltrations in von Neumann algebras”.






Chapter 1

A noncommutative Davis’
decomposition for martingales

Introduction

The theory of noncommutative martingale inequalities has been rapidly é&veloped since
the establishment of the noncommutative Burkholder-Gundy inequalties in [35]. Many
of the classical martingale inequalities has been transferred to theancommutative setting.
These include, in particular, the Doob maximal inequality in [20], the Burkholder/Rosenthal
inequality in [24], [27], several weak type(1, 1) inequalities in [39, 40, 41] and the Gundy
decomposition in [33]. We would point out that the nhoncommutative Gundy’s decom-
position in this last work is remarkable and powerful in the sense thatit implies several
previous inequalities. For instance, it yields quite easily Randranantoanina’s weak type
(1,1) inequality on martingale transforms (see [33]). It is, however, an open mwblem
weather there exist a noncommutative analogue of the classical Davis’ @emposition for
martingales (see [41] and [32]). This is the main concern of our paper.

We now recall the classical Davis’ decomposition for commutative martigales. Given
a probability space ( ,A,U), let A1, A,,--- be an increasing eltration of a-subalgebras
of A and let Eq, E5, - - - denote the corresponding family of conditional expectations. Let
f = (fn)n—1 be a martingale adapted to this sltration and bounded in L1i() . Then
M(f)=sup|fa]T Li() i we can decomposef as a sumf = g+ h of two martingales
adapted to the same eltration and satisfaying

1¢ 212 & .
s(9) = En-aldga|> T Li() and [dhn | T La() -
n=1 n=1

We refer to [10] and [7] for more information.

We denote by h; the space of martingalesf with respect to (Ap)n—1 which admit
such a decomposition and byH "® the space of martingales such thatM (f) T Li() .
This decomposition appeared for the erst time in [7] where Davis appled it to prove his
famous theorem on the equivalence i 1-norm between the martingale square function
and Doob’s maximal function:

M (f )&, " & S(f)é;
1o 2172 _
where S(f ) = |of |2 . If we denote by H; the space of allL -martingales f such

n 1
that
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S(f) T Ly() , then it turns out that the Hardy space H; coincides with the other two
Hardy spaces:
Hl = h]_ = H{nax.

The main result of this paper is that the equality H1 = h; holds in the noncommutative
case. This answers positively a question asked in [41]. This can be alsonsidered as a
noncommutative analogue of Davis’ decomposition with the square functionin place of
the maximal function. Our approach to this result is via duality. We d escribe the dual
space ofh; as aBMO type space. This is the second main result of the paper. Recall
that this latter result is well known in the commutative case, the resulting dual of h; is
then the so-called smallbmo (see [37]). Combining this duality with that between H; and
BMO established in [35], we otain the announced equalityd; = h; in the noncommutative
setting.

Concerning H"®, it is shown in [25], Corollary 14, that H1 and H"®* do not coincide
in general. More preciselyH; Ou H'®. But at the time of this writing we do not know if
the reverse inclusion holds in the noncommutative setting.

The paper is organized as follows: in Sectiorl we give some preliminaries on non-
commutative martingales and the noncommutative Hardy spaces. Sectior2 is devoted to
the determination of the dual of h1, which allows us to show the equalityH; = h;. This
duality is extended to the casel < p < 2 in Section 3. There we describe the dual ofhy,
and use it to improve the estimation of an equivalence constant in the quivalence of the
norms h, and Hy given in [41].

After completing this paper, we learnt that Junge and Mei obtained the main result
essentially at the same time (see Lemmad..1 of [21]). Note, however, that our proof of one
direction in the duality theorem is di erent from theirs and yield s a better constant (see
Remark 1.3.2).

1.1 Preliminaries

We use standard notation in operator algebras. We refer to [28] and [46] for backgrow
on von Neumann algebra theory. Throughout the paper all von Neumann algebras are
assumed to be enite. Let M be a enite von Neumann algebra with a normal faithful
normalized trace & For 1 ® p ® T , we denote by L,(M ,4&) or simply Lp(M ) the
noncommutative L p-space associated with((M ,&). Note that if p = T, Lp(M ) is just M
itself with the operator norm; also recall that the norm in Ly(M ) (1® p< 1 ) is desned
as
&xép = (A(x|P)H P, xT Lp(M)

where
x| = (x%)Y2

is the usual modulus ofx. We refer to the survey [36] for more information on noncom-
mutative L p-spaces.

We now turn to the deenition of noncommutative martingales. Let (M ,),—1 be an
increasing sequence of von Neumann subalgebras BF such that the union of M ’s is
weak®dense inM . (M ,),—1 is called a eltration of M . The restriction of 4to M , is
still denoted by a. Let E, = E(-|M ) be the trace preserving conditional expectation of
M with respect to M . E, desnes a norm1 projection from L,(M ) onto L,(M ) for all
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1®p®1 ,and E,(x) ~ 0wheneverx ~ 0. A noncommutative martingale with respect
to (M n)n—1 is a sequence = (Xp)p—1 in L1(M ) such that

~

En(Xn+1) = Xn, On 1L

If additionally, x I L,(M ) for somel® p ®1 , then x is called anLy-martingale. In this
case, we set
EXEp = sup ex,Ep.
n 1

If éxép < T , then x is called a boundedL ,-martingale. The di erence sequencedx =
(dxn)n—1 of a martingale x = (xn)n—1 is desned by

dXn = Xp - Xp-1
with the usual convention that xg =0.

We now describe Hardy spaces of noncommutative martingales. Following3p], for
1®p<1 and any nite sequencea = (ay)n—1 in Lp(M), we set

éaéLp(M (5) = - |an|2 L éaéLp(M i) = - |an

n 1 n 1

1y 21/ 2. 1o 221/2:

Then € -& £) (resp. & - & (v ;[-,5)) deenes a norm on the family of enite sequences of

Lp(M). The corresponding completion is a Banach space, denoted byy(M ; (§) (resp.

Lp(M;)). For p = T, we deenelLj (M ;&) (respectively Lj (I\&;L'IZ)) as the Banach

space of the sequences ibj (M ) such that xS, (respectively  x,x%) converge for
n 1 n 1

the weak operator topology. We recall the two square functions introducd in [35]. Let

X = (Xn)n—1 be anL-martingale. We desne

N7, 221/2 1l 221/2
k=1 k=1
If dxT Lp(M ;) (resp. dx T Lp(M ; b)), we set
lg 221/2 1 lg 221/22
S()= o resp. S()=  |dx{d
K1 K1

Then S¢(x) and S;(x) are elements inLp(M ). Note that dx I L,(M ;i) if and only if
the sequenceg(Scn(Xx))n—1 is bounded inL (M ). In this case

Se(x) = lim Scn(x) (relative to the weak®topology for p=T1 ).

n¥al

The same remark applies to the row square function.

let 1® p< 1 . Deene H5(M ) (resp. H;(M)) to be the space of allL ,-martingales
with respect to (M )n—1 such that dx T Lp(M ;) (resp. dx I Lp(M ;(5)), and set

éXéHg(M y = édXéLp(M iE) and éXéH{J(M ) = édXéLp(M ).

Equipped respectively with the previous norms,H5(M ) and H;(M ) are Banach spaces.
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Then we de*ne the Hardy space of noncommutative martingalesas follows:
if1®p< 2,
Hp(M )= Hg(M )+ Hy(M)

equipped with the sum norm
&, ) = inf {8yEem) + €28y m) 1X =y + z,ylH §(M),zTH (M)}

f2@p<1,
Hp(M )= Hi(M)RBHLM)

equipped with the intersection norm

I "
éXéHp(M) = max eerg(M) ) eerE(M) .

We now consider the conditioned versions of square functions and Hardypaces de-
veloped in [24]. Let1® p < 1 . For a enite Lj -martingale x = (Xp)n—1, deene (with
B = B)

o 1o 2\ 2V2
EXEhe(m) = - En- 1(ldxn[?)
n=1
and o 1 L2102
EXEnr(m) = - En- 1(ldxp17)
n=1

Let h5(M ) and hi(M ) be the corresponding completions. Therhi(M ) and hy(M ) are
Banach spaces. We desne the column and row conditioned square functienas follows.
For any enite martingale x = (Xp)n—1in L2(M ), set

lg ) 2172 1lg 5 21/2
Se(x) = En- 1(]dxn[%) and s;(x) = En- 1(ldx31)

n 1 n 1
Then
éxéhg(M) = és¢(x)é, and éXéh{)(M) = €s/(X)Ep.

We also needip(Lp(M )), the space of all sequencea = (an)n—1 in Lp(M ) such that

. te = 2
€aly (LM )) = eanef <
n 1
Set
1p 21/p
Sa(x) = |dXn |5
n 1

We note that
éSd(X)ép = edxe%(Lp(M ) -

Let hg(M ) be the subspace of,(L,(M )) consisting of all martingale di erence sequences.
Following [24], we dee<ne the conditioned version of martingale Hardy spacegas follows:
if l®p< 2
ho(M )= h§(M )+ hS(M )+ hi(M )

equipped with the norm

E€X€En,(m ) = inf {&x ehg(M ) + ex ehg(M y t ex ehb(M )}
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where the inemum is taken over all decompositionsx = x9+ x¢+ x" with x* T h&(M ),k T
{d,c,r};
f2®@p<1,

hp(M ) = h3(M ) B hS(M ) B hi(M )

equipped with the norm

[ "
exehp(M y = max exehg(,\,, ) exehg(M )s exehE(M ) -

Throughout the rest of the paper letters like Up U - -+ will denote positive constants,
which depend only onp and may change from line to line. We will write a, © b, asp % po
to abbreviate the statement that there are two absolute positive consants K1 and K, such
that a

Ki® 2 ®K, for p close topp.

by
1.2 Noncommutative Davis’ decomposition and the dual of
hy

Now we can state the main result of this section announced previously imntroduction.

Theorem 1.2.1. We have
Hi(M )= hy(M) with equivalent norms.

More precisely, if x IH (M),
1 T _
é('éxéhl ® éxéy, ® 6EXEp,.
The inclusion hy(M) p H 1(M ) directly comes from the dual form of the reverse
noncommutative Doob inequality in the case0 < p < 1 proved in [24], which is stated as
follows. For all *nite sequencesa = (an)n—1 Of positive elements inLp(M ),
. g . Uo’ 0] .
) an. ®27P: En- 1(an): .
n 1 p n 1 P

Indeed, applying to p=1/2 and a, = |dx,|?, we obtain for any martingale x in Lo

1@ 5 212 s 2
En- 1(|dXn[%) = En- 1(]dxn [%):
n 1 n 1 V2
1 <12
n |dxn|?;
-1 12
1 :[]Q 21 2.
= 2 dxal®
4 _ 1’

n 1

S0 ES¢(X)€; ® 4és(x)&é;1. Similarly €S;(x)é; ® 4és;(x)é;. On the other hand, we have

.. .. 2 V2
€Sc(x)€r = |dxn ]

-1 12

e 2..1/2

® eldxn|€y,5

w1
= éanél = éSd(X)él.
n 1
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Thus if x T hy(M ), there exists (x9,x¢,x") T h§(M ) x h§(M ) x h{(M ) such that x =
x9+ x¢+ x" and from abovex®, x4 TH §(M ) andx" TH {(M), sox I H 1(M ). Hence we
deduce

ExEyy, ® 48x&n,.

For the reverse inclusion, we will show the dual version. The dual aproach gives also
another proof for the direct inclusion, with a constant 6 instead of4. Recall that the dual
space ofH1(M ) is the spaceBMO (M ) deened as follows (we refer to [35] for details).
Set

BMO ¢(M )= {al Lo(M):supéE,(la-E . 1(a)]?)& <1}
n 1

where, as usualEy(a) =0. BMO ¢(M ) is equipped with the norm

. . 1 - 2 . 21/2
€aégmo cm ) = Sl_J?eEwﬂa- En- 1(@)]9)é
n

Then (BMO (M ), & - &wmo ¢(m)) is a Banach space. Similarly, we de<ne
BMO "(M) = {al Ly(M):a®*iBMO ¢(M )}
equipped with the norm
€atgvo (M) = €a%amo (M )-

Finally, we set
BMO (M )= BMO (M )RBMO "(M)

equipped with the intersection norm

!
eaegnmo (M) =max eaegyo (M) eaegmo M) -

Note that if a, = E,(a), then

1g 2
En(la-En 1(a))= B |da* .

k' n
To describe the dual space ofh;(M ), we introduce similar spacesbmd®(M ) and
bmd (M ). Let
bmo® (M )= {al La(M):supéE(la-En(a)|?)& <1}
n 1

and equip bmd°(M ) with the norm

1 1 L 222
€abpmoc(v ) = Max EE(a)é sygéEn(Ia- En(a)[)é
n

This is a Banach space. Similarly, we deene
bmd (M )= {al Ly(M):a®l bmd(M )}

equipped with the norm
€a€pmor (M) = €a€pmos(M )-
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For any sequencea = (an)n—1 in M , we set

€38y (Li (m) =SUP Eanéi .
n

Let bmd*(M ) be the subspace ofj (Li (M )) consisting of all martingale di erence se-
qguences.
Finally, we set
bmo(M ) = bmd®(M ) B bmd (M ) R bmd®(M )
equipped with the intersection norm

! "
€aCpmo(Mm ) = Max €a€pmoc(M )1 €8€pmo" (M )+ eaebmod(M ) -

Note that bmd®(M ), bmd (M ) and bmo(M ) u L»(M ). As before, we have
1y 2
Er(la-E n(a)]?) = E |day|? .
k>n
For convenience we denotéi §(M ), BMO ¢(M ), h$(M ),bmd*(M ) - - -, respectively, byH§, BMO €, h§, bmc
The relation between the spaceBMO and bmo can be stated as follows.

Proposition 1.2.2.  We have

BMO ¢ = bmd R bmd,
BMO "™ = bmd R bmd,
BMO = bmo.

More precisely, for anyal Lp(M),
T _
€a€ ocrbmo? ® €8€gmo ¢ ®  28a€ 1 crpmot

and similar inequalities hold for the two other spaces.

Proof. Let al BMO €. Then
1@ 2. 1l 2.
=Y lda|®> . ®:E, |dag|?
k>n ! kK n !

and 1y 2.
éda,&f = 66 |da|’6 ®:E, |day|? .
k n

Sinceda; = E(a), taking the supremum over alln ~ 1 we end
Conversely, letal bmd® R bmd”, then
1@ 2. . 1lg 2.
B |daf® . @B |daf? i + édanéf .
k™ n ! k>n !
Taking the supremum over alln ~ 1 we obtain

2
bmo

2

o ® 2eaebmocgbmod :

gaéiy o c ® Bakd . + €aé
Hence P
€aégmo ¢ ® 2628, crpmot -
Passing to adjoints yields
T _
éaébmorﬁbmod ® éaéBMO r ® 2éaébmor Bbmod'

These estimations show that the space8MO and bmo coincide. O
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We have the following duality:
Theorem 1.2.3.  We have (h§)®= bmod" with equivalent norms. More precisely,

() Every al bmd® desnes a continuous linear functional on h§ by

Fa(x) = &(@%), O T La(M). (1.2.1)

(i) Conversely, anyd 1 (h$)®is given as above by somal bmc’.
Moreover i

Similarly, (h})®= bmd and (h;)®= bmo.

Remark 1.2.4. In the duality (1.2.1) we have identieed an element x | Lo(M ) with the
martingale (E,(x))n—1. This martingale is in h and éxéxc ® €xé,. Indeed, by the Holder
inequality, we have

Exeéne = €s¢(X)€1 ® es¢(x)€z = éxéy,

where the last equality comes from the trace preserving property of @nditional expecta-
tions and from the orthogonality in L,(M ) of martingale di erence sequences. As e¢nite
L ,-martingales are dense inh§ and in L2(M ), we deduce thatL (M ) is dense inh§.

Proof. Step 1: We erst show bmd® p (h§)® This proof is similar to the corresponding
one of the duality betweenH; and BMO in [35]. Let al bmc". Deene &, by (1.2.1). We
must show that &, induces a continuous linear functional onh§.

Let x be a *nite L,-martingale. Then (recalling our identiscation between a martingale
and its limit value if the latter exists)

1]
Aa(x) = a(daZdxp).

n 1

Recall that

N7 221/ 2 1¢ 221/2
Sen(X) = B 1]dxy] and  s¢(x) = Bc- 1]dxy]
k=1 k=1

By approximation we may assume that the s; ,(x)’s are invertible elements inM for any
n 1
Then by the Cauchy-Schwarz inequality and the tracial property of & we have

I A(sen(x)Y2da®dxn sen(x)” Y2):
"1’y 26
1/ 2
® &  sen(X)Y?|dan|?scn(x)Y?

e 1y 26
1/ 2
a Se,n(X) 1/2|dxn|25c,n(x)_ vz

e 1n@1 2626 1@

= a Sc,n (X)ldan|2 a Se,n(X)” 1|an|2
n 1 n 1
1ol

|&a(x)]
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To estimate | we setx; = sc1(X) and X, = Sen(X) - Scn-12(X) for n = 1. Then x, |
L1(M pn- 1) and sgn(Xx) = *¢. Using the Abel summation and the modular property of

k=1
conditional expectations, we +nd

, o , 2 @ )
1< = a(sc,n(x)|dan|%) = a(x|dan|%)

Bl1 @ 22 et 1 ,22
= a % |dan|® = & xE-1 |dan|
61 n-k 1g k_12_ n k
® a(*): B 1 |dag |*
K 1 Nk !

® Exénceadd .
To deal with Il erst note that
R 2 2 a8 # 1,3
a (Se,n(X)“ - Sen- 1(X)%)se,n(x) = a (scn(X) - Sen- 1(X))(A + Scn- 1(X)sen(X)”7) -
On the other hand, sincesgn. 1(X)? ® scn(X)?, we nd

€sc,n- 1(X)Se,n(X) 1é|2 = @éscn(Xx) 1Sc,n- 1(X)23c,n(x)_ g
® &scn(X)” sen(X)?sen(x) & =1.

As En- 1(|dxn|%) = sen(X)?- Sen- 1(X)? (With sco(x) = 0) we have

# .9
12 = a k. 1(|an|2)SC’n(X) !
Bl oy $
- - 1
= a (Se,n(X) - Sen- 1(X)(@A + scn- 1(X)scn(X) )
DL 4 $, L
® a'Sen(X) - Sen- 1(X) €1+ Sen- 1(X)Scn(X)” &
N}y 2
® 2a Se,n(X) - Sen- 1(X)
n 1

= 24&(sc(x)) = 2 Exéng
Combining the preceding estimates onl and Il , we obtain, for any enite L,-martingale

X .
’ ([
|8a(X)| ®  2€xEnc€apmos.

I _
Therefore &, extends to an element of(h§)®of norm ® 2éaéyec.

Step 2: Let a1 (h$)®such that 888(neye ® 1. As Lo(M ) pu h§, & induces a continuous
functional & on L»(M ). By the duality (L2(M ))®= Ly(M ), there existsal Ly(M ) such
that .

&(x)= a(@%), &I Lo(M).

By the density of Lo(M ) in h§ (see Remark 1.2.4) we have

€8 ey = sup |a(a%)| ® 1. (1.2.2)
! XI L2(M ) exépe ®1

We will show that al bmo®. We want to estimate
1 2
gaél .« = max éE(a)é? , supéE,|a-E na|’g
n
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Let x I L1(M 1),éx&; ® 1 be such thatéEg(a)g = |a(a%)|. Then by (1.2.2) we have
BE(Q)& ® Exéne = éx&; ® L.

On the other hand note that
1g 2 1y 2
Ela-Ena’=E  |dal® =B B ildad? .

k>n k>n

Fix n 1. Let @
zZ= Sc(a)2 - Sc,n(a)2 = E- 1|dak|2-

k>n
We note that z1T Li(M) for al L(M) and the orthogonality of martingale di erence
sequences irL,(M ) gives

1y 2 1g 2
éz6; = 4(2) = & |dag|> ® & |dag|® = &(|al?) = &aés.
k>n k™1

Let x T L7 (M p),éxé; ® 1. Let y be the martingale desned as follows

I
0 if K®n

Wk = gax ifk>n

By (1.2.2) we have
a(a%y) ® eyeére.
Sincex I L] (M y), we have
1y 2 1@ 2
a daXdy, = & |day |*x
1 61 Z>I"I
a B 1(|dax|*x)
1'gn 2
a B 1(lda|?)x = &(zx).

k>n

a(a%y)

On the other hand, by the deenition of y and the fact that x | L] (M ), we *nd

J
se(y)? = B 1ldyl® = Ex- 1ldayx]|?
% 1 k>n
= Be- 1(x|da[x) = XB. 1(|dac|%)x = xzx.
k>n k>n

Thus 1 2
Eyéne = & (xzx)V? .

Combining the preceding inequalities, we deduce
a(zx) ® a((xzx)Y?).

Sincex is positive, using the Hoélder inequality, we «nd

L 1/22 U201 25 1 2y 120 P
a (xzx) = IxHe(xHezxH O )xH e

1 12 ,
® . xVz R XU 2551/ 2. X X2 , = a(x)V24(zx) V2,
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It then follows that
a(zx) ® a(x),

whence
a(Er(2)x) = a(zx) ® a(x) = éxey. (1.2.3)

Taking the supremum over all x I L7 (M ) with éxé; ® 1, we deduceéE,(z)é ® 1.
Therefore a | bmd® and éaépmee ® 1. This ends the proof of the duality (h§)®= bmd".
Passing to adjoints yields the duality (h})®= bmd.

Step 3: Since enite martingales are dense in eacth$, h] and h{, the density property
needed to apply the fact that the dual of a sum is the intersection of the duals holds.
Thus it remains to determine the dual of h‘f. Since h‘f is a subspace ofth(L1(M ), the
Hahn-Banach theorem gives

(ta(Ly(M )= _ G (L (M)
(h)© (h)©

(h)®=

Let I

b U (Li) ¥ bmd’

(an)n1 O3 (En(an) -En- 1(a@n))n—1

We claim that kerP = (h$)V. Indeed, forai kerP and x i h$ we have

é

Q

g e
élx, aé a(dx%a,) = a(xpan) - a(xp> 1an)
\ n_l 7

e e
a(xpEn(an)) - a(xp: 1En- 1(an))
1
a(dxgEn- 1(an))  for En(an) = En- 1(an)
1

1

I
SIS

O s

Conversely, ifa 1 (h$)Y we x n ~ 1 and desne the martingale x by dx, = En(an) -
En. 1(an) and dxy =0 if m© n. Sincea, | Lj (M) and 4 is enite,

@ -
m 1

sox | h{. Hence
, . K $
0 = é&x,aé= a (E(an) -E n- 1(an))%n
= &(En(an)®En(an)) - a(En- 1(an)%En- 1(an))

= @alEhan-En. 1an|2;

whenceE, (a,) = E,. 1(an). Thus we deduce thata | kerP. Therefore, our claim is proved.
It then follows that (h$)®= bmd’. Hence, the proof of the theorem is complete. O

We can now prove the reverse inclusion of Theorem 1.2.1.
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Proof of Theorem 1.2.1. By the discussion following Theorem 1.2.1, we already knov; p
H1. To prove the reverse inclusion, we use duality. It then sulcesto show (hy)®u (H1)%
To this end, by Theorem 1.2.3 and the duality theorem of [35], we must shey bmopt BMO .
This result is stated in Proposition 1.2.2 , with the equivalence contant 2. Combining
the estimation of Theorem 1.2.3 and Proposition 1.2.2 with the appendix of [35]we obtain
for any al (hy)® :
€€y )= ® 28aégvo ® 28a8yme ® 26a6h, )
and T _ T _ T _

€a€(p,)e® 26a€pmo ® 26aégmo ® 6€aE(H e

Remark 1.2.5. Combining Proposition 1.2.2 and the duality results, we also obtain

Hf=h§+h{ and Hj=hi+hi

1.3 A description of the dual of  h,for 1<p< 2

In this section we extend the duality theorem in the previous secion to the casel<p < 2
Namely, we will describe the dual ofh, for 1 < p < 2. The arguments are similar to
those for p = 1. The situation becomes, however, a little more complicated since he
noncommutative Doob maximal inequality is now involved. On the other hand, the proof
of the duality theorem for 1 < p < 2 is also slightly harder than that in the casep = 1.
This partly explains why we have decided to erst consider the casep=1.

Let us recall the deenition of the spacesLp(M ;G4 ),1® p ®1 . A sequence(Xn)n~1
in Lp(M ) belongs toLy(M ;G ) if (xn)n—1 admits a factorization x, = aynb with a, b1
L2p(M ) and (yn)n—11 G (L7 (M)). The norm of (X,)n—1 is then desned as

&(Xn)n~ 18, M ) = XniggynbéaéZp ﬁyﬁ)éYnéT ébéyp.

One can check that(Lp(M ;G ),€ & (v ;4 )) IS @ Banach space. It is proved in [20] and
[26] that if (Xxn)n—1 is @ positive sequence irLy(M ;G ), then

T @ T | . T
€(Xn)n~18L,(M ;i ) = SUP a(Xnyn) : Yn | Lp;(M ) and : Yn. pi ®1. (1312
n 1 n 1

The norm of Lp(M ;& ) will be denoted by &€sup;, xn&,. We should warn the reader that
ésup;, Xné&p is just a notation since sup, X, does not take any sense in the noncommutative
setting.

Now let 2<q ®1 . We deene the space

*

Lgmo(M ) = )a'l' Lo(M ) : ésup” En(Ja-E n(a)|2)éq,2 <1
n 1

equipped with the norm

1 1 ; 21722
828 ¢mov ) = Max EEy(a)éy , ésy;l)" En(la-E n(a)|*)éy2
n
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Then (Lgmo(M ), & - &L emo(M y) is a Banach space. Similarly, we set
Lgmo(M ) = {a:a%®l Lgmo(M )}

equipped with the norm
a8 1 mom ) = €A% gmo(m )-

Note that if g= T , then Lf mo= bmd® and L{ mo= bmd. For convenience we denote
L§mo(M ), Lgmo(M ) respectively by Lgmo, L gmo.
The following duality holds:

Theorem 1.3.1. Let 1® p < 2 and g be the index conjugate top. Then (h5)®= Lgmo
with equivalent norms.
More precisely,

(i) Everyal Lgmo deenes a continuous linear functional on hg by

8a(x) = 4(@%), O Lo(M). (1.3.2)

(i) Conversely, anya I (h§)®is given as above by somal Lgmo.
Moreover i
U, Y2608 gmo ® 88ab(ng)=® 28861 gmo (1.3.3)

where U, > 0 is a constant depending only onp and U, = O(1) asp % 1, U, ®
CR2- py2asp¥ 2

Similarly, we have (h;)®= Lgmo, and (hy)®= L§moR LimoR hg.

Proof. We show only the duality equality (h5)®= Lgmo. To this end, we will adapt the
proof of the corresponding duality result for Hg in [24] for the erst step. The second one
is adapted from the proof of Theorem 1.2.3.

Step 1: Letal Lgmo and x be a enite Lo-martingale such that €xéne ® 1. Let s
be the index conjugate to%. We consider

. 1a 22p/ 2s . 1¢ 22p/ 2s
8cn(X) = B 1/dX] and  8(x) = Be- 1ldX]
k=1 k=1

Then &.,(x) T Ls(M p) and by approximation we may assume that the & ,(x)’s are
invertible. By the arguments in the proof of the duality between h§ and bmd® in Theorem
1.2.3 we have
el 26126 1 2é
. .1 q . 1/2¢ q . i . ) 1/2
|8a()] ® & " ,-18cn(X)|dag|? & " pm18en(x) Y2 dxn|?Een(x) V2
= |-

To estimate | we set again
I
1 = 8c1(X) o
% = Ben(X) - Bcn-1(X), O 2

. _ (%)
Then x, | Ls(M n-1), %y~ 0and & n(x) = %. Thus
k=1
: é : Lo .. .. ..pls
: X, = €8c(X)és = éxg . ® 1.
k=t S °
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By (1.3.1), we have
g 1 @ 2
12 = a % |dag|?

61 ,1 n k 1 @ 222

= a B 1 |dan|
b_l n k

= a(%E- 1(la- ax- 1/?)
k™1

® esup’ B(la- al’)ey2 = €atlsmo.

To estimate the second term, letB=2/p | (1, 2] and notice that
1- D=1- §:1- 24221

For exed n, we deeney = 8. 1(x)% and z = 8;,(x)®. Sincep/2® 1, we have
y= B 1ldx? |~ ® ° Ex- 1|olxk|22p’2 =z

Note that

Applying Lemma 4.1 of [20], we *nd

a(z7 (20~ yP)z°7")

é) 2a(z- y)
= 24(8en(X)°- fon- 1(x)%).

&(8e,n(X)” V2En- 1]dxn|*Ecn(x) V')

Therefore 1)
12 ® 2 &Ben(X)°- Bon- 1(x)°]
n 1
= 28[(8:(x)°
Sl 20126
= 24 B aldxo)?
n 1

= 2éxé ®2
P
Combining the precedent estimations we deduce that for any eniteL ,-martingale x
T _
-
Thus &, extends to an element of(hg)*with norm ® = 268aé; ¢mo.

Step 2: Let & | (h5)®such that 888(hs)e ® 1. As Lp(M) p hg, & induces a continu-
ous functional & on L»(M ). Thus there existsai L(M ) such that

A(x) = a(@%), O Ly(M).
By the density of L»(M ) in hj we have

P XI L2(M ) xéng ®1



1.3. A description of the dual of hp for 1<p< 2 51

We want to estimate

5 1 , 1y 22. 2

e ae _ . o . + .

€ae{ ¢ ;o = Max eE(a)é;, ‘sup K |day|“ - o
n 1 k>n q 2

Let x I Lp(M 1),éx&, ® 1 be such that €éE(a)éq = |a(a*)|. Then by (1.3.4) we have
EE1(2)8q ® Exéng = éxé, ® 1.
On the other hand for eachn 1 we set

(0]
Zn = Se(@)?- Sen(@?= B 1ldagl®

k>n

Then by (1.3.1) and the dual form of Junge’s noncommutative Doob maximal inegality,
we *nd (recalling that s is the conjugate index ofqg/2)

ésup’ En(zn)€y 2
n %

) Y| . T
= sup A(En(zn)bn) by T LE(M) and : b, ®1
m Nl % i
® Ussup AEn(zn)n) b T LE(M ) and . h: ®1 .
n 1 n 1 s
Note that Us = O(1) ass close to1, so Us remains bounded asq %1 , i.e, asp¥% 1. On
the other hand, Us © s? ass %1 ,i.e,asp% 2. _
Let (bh)n—1 be a sequence ig (M ) such that : b,: ® 1. Lety be the martingale
n 1 s
deened as follows 1g 2
dyk = dak b, k1
k>n

By (1.3.4) we have
a(a%) ® éyén;.

Sinceb, T L{ (M p) forany n— 1, we have

1@ 2 1g lg 22
4a@%) = a  da®lyc =a  |dal®
@ k_gl ] ) kb]_ O ) k>n 5
= a(|day|*n) = a(E- 1/dac|bn)
@ 1k>n n~ 1k>n
= a(znbn)
@_1
= a(En(zn)bn).
n1

On the other hand, by the deenition of y and the fact that b, | L] (M ), we *nd
- 1g 2

) _
se(y)? = Be 1ldy|*=  Bea'dae by -
1 elg b1 1g %8 g @
= B 1 by [da> by = bn Ex- 1(|dak]?) b
kbl k>n k>n k™ 1n,m<k
= bnzmax(n,m)bm-
nm- 1
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We consider the tensor productN = M ¢ B((p), equipped with the trace a ¢ tr, wheretr
denote the usual trace onB((p). Note that

Sb}’z 2 T Sb}’z T
Wo o ge 12 y2€ W 12 g
W hﬂ Zmalx(nm)bm nm 1Wb2 .
s @ T
bnzmax(n,m)bm 0
_ Wn,m_l
= W O
e

1/2

We claim that the matrix Z = h%/ Zmax(n,m)bm is positive. Indeed, we suppose

nm- 1
that M acts on the Hilbert spaceH and we denote byé, -éthe associated scalar product.
For Y=(Y)n—11 (k(H), we have
. g "L
aYs\Qb(H) = eh:%lzzmax(n,m)brléz Yn, Yhé

ng 1 U oo " o
émax(n,m) t%ZYm vbr11/2Ynéa

nm- 1

where the last equality comes from the positivity of the ly,’s. Then the deenition of z,
gives

T\ NG o 1 0 22 2y " 2y A
&Y, 8,1y = e B 1ldac|® BY2Ym .0 2Vee
1 lemax(y 21g 2
= ek. 1|dak|2 Q¥2Ym ) br11/ ZYn é
k1 m<k n<k

The positivity of the conditional expectation implies that each term of the latter sum is
non-negative. Thus, we obtain

&Y, ¥,y 0, OV (p(H),
which proves our claim. Hence

g 1 2
626 ,ny=act(z)= & by?zn'? .

n 1

Since5 = 2—15 +1+ 25, by the Hélder inequality we have

. 1 g 2
7 = Z ¢ e
milbn max(n,m ) Bm o/2 . 1h1 max(n,m)Pm 1,1 Lo 2(N)
SHETP R T ' S 12 T
‘ , B2 0 ...

o ' IR T TAC Wb;” o s

' . “Las(N)' max(nm) I Ly LN

N RETPLY, 1 2.3  -u2
S : 4 27,2 .s

é%l n~ 1e @ ) n 1
= é(En(Zn)hﬂ) h“: '

n"1 n 1 s
Thus N &g €2 @ 12

Eyéne ® aEn(z)ln) 0 bl

n 1 n 1
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Combining the preceding inequalities, we deduce

. g .
A(En(zn)bn) ®: b ®L
n 1 n 1 s
. T
Therefore a | Lgmo and €aé ¢mo ® Us. This ends the proof of the duality (hg)® =
LSmo. O
q

Remark 1.3.2. Junge and Mei obtain in [21] the following inequality
i . . e~ s .I. ~ e e
U, leaeLgm0 ® E8a(ng)= ® 2888 zmo

where Up is the constant in (1.3.3). Note that our lower estimate is the square root of
theirs, and yields a better estimation asp % 2.

The dual space ofH, for 1 ® p < 2 is described in [24] as the spaceqMO (where g
is the index conjugate ofp) desned as follows. Let2<q ®1 , we set
) *

LGMO (M) = "al Ly(M): ésyrlen(Ia-En. 1(8)P)ega<T
n

equipped with the norm

€a€ cmo (M) = eSyIlD Er(la-E n- 1(8)[%)é&y2
n

Similarly, we deesne
LgMO (M) = {a:a%i LgMO (M)},
equipped with the norm
éaéLaMo (M) = éaaiéLaMO (M)-
Finally, we set
LgMO (M) = LSMO (M) BLEMO (M),

equipped with the intersection norm
EX€L Mo (M) = Max €X€ cmo (M) » EX€Limo (M) -

Note that if q = 1 , these spaces coincide with theBMO spaces. For convenience we
denote L{MO (M ),LgMO (M ),L4MO (M) respectively by LgMO ,LgMO ,LqMO .
Theorem 4.1 of [24] establishes the duality(H 5)®= LGMO . Moreover, for anyal LgMO ,

g s I s~ s .Il - e

UpleaeLaMo ® 88a8(1g)=® 2888 gm0

where Up is the constant in (1.3.3).

Remark 1.3.3. The method used in the second step of the previous proof can be adapted
to the duality ’between Hp and LGMO , for 1 < p < 2. This yields a better estimate of
the constant U, given in [24]. More precisely, we obtain by this way a constant of order
(2- p) tasp¥ 2instead of (2- p) 2.

Indeed, let& i (H§)*®such that 888(Hg)= ® 1. There existsal Lo(M ) such that

a(x) = a@%), &I LyM).
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By the density of Lo(M ) in HJ we have

éaé(Hc)oe: sup |é1(a°‘3()| ® 1.
P Xi L2(M ).8x8y @1

In this case, we want to estimate
2.

: . - 1g
¢atfevo = ~SUp'En(la-En-1(a)1%) ), = 1SUP'En  ldad® o
q n"1 q n"1 K n q/2

The triangular inequality in Lq»(M ;i ) allows us to separate the estimation into two

parts as follows

. 1@ 2. ) )

€aé’c\o0 o sup'E, day|> © _+-sup[dan|* = 1+ Il
q n"1 k>n q/2 n~1 q

/]
We adapt the second step of the preceding proof by setting, = |day|? for eachn ~ 1.

k>n
It yields the following estimation of the erst term

| ® Us

where s is the index conjugate to J.
_ QTo gstimate the diagonal term 11 , let (b,)n—1 be a sequence i (M ) such that

b,: ® 1 Lety be the martingale desned as follows
n 1 s

dyc = dach - E k- 1(dagh), & 1.

We have
é(a“i/) ® éyéy 5

Since (da,)n—1 is a martingale di erence sequence, we have

a(@%y) = a(|dan|’tn) - &(dayEy- 1(danby))
w1
= a(|dan |*by) - &(Es- 1(daf)danbn)
% 1
= a(|dan|*bn).
n 1

On the other hand, the triangular inequality in L,(M ; (§) yields

N " N "
€y = &(dyn)n 18 (v iig) ®  danbn -y gyt Bn- a(danbn) -y
The noncommutative Stein inequality implies
N " ! "
¢ En-a(danbn) -0 (u (E) ®Q danbh - (u i)
with Q ® C_Z; (see [24]). Then

L] " .
&yéng ® (1+ Q) danby - Lp(M ;i)
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As before, by the Holder inequality, we nd

A X 2
- daph, 1Ly ) n_1bn|d<’:1n| bh.p/2
Y] .y26eg@g 1 26. @
. a tﬁ/Z|dan|2b;1l/2
el C onlg g n"1
= &(|dan|?hn) - bn: .

n 1 n 1

-1/ 2
® .

Hence o N @ :1/21®
eyeH'c)®(1+ q)) bn.s

n 1 n 1

] , 22
a(|dan|tn) .
Combining the preceding inequalities, we deduce
) ) PR
a(ldan|[“n) ® C(p- 1) < bnl .
n 1 n 1 S
Then
Il = sup’|da,|* ,,® C(p- 1) *Us.
n 1 q
Finally, we obtain

€aé ¢vo ® W2@+ Cc(p- 1y Y2

Sincels ~ s?ass¥1 ,i.e, asp ¥ 2, we have the announced estimatiori]élz(l + C(p-
1) V2" 2- pltaspy 2

For 1<p < 1 , the noncommutative Burkholder-Gundy inequalities of [35] and the
noncommutative Burkholder inequalities of [24] state respectively hat Hy(M ) = Lp(M )
and hp(M ) = Lp(M) (with equivalent norms). Combining these results we obtain the
equivalence of the normsH, and hp. This is stated in Proposition 6.2 of [41]. Here Theorem
1.3.1 allows us to compare the dual spaces &f, and h, for 1 ® p < 2. This dual approach
gives another way to compare the spacesi, and h, for 1 ® p < 2, which improve the
estimation of the constant Up below for1 < p < 2. Indeed, Randrianantoananina obtained
U, = O((p- 1) ) asp % 1 and the following statement gives that U, remains bounded
asp % 1. For completeness, we also include Randrianantoanina’s estimates.

Theorem 1.3.4. Let1<p< 1 . There exist two constantsU, > 0 and (J, > 0 (depending
only on p) such that for any enite Lp-martingale X,

U, "éxén, ® éxén, ® (hexén,.
Moreover
() U~ lasp¥% 1
(i) b®Cpfor2®@p<T ;
i) " lasp% 1
iv) b®c' pror2@p<T .
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Proof. Randrianantoanina stated the estimations (ii ), (iii ), (iv) in [41] without giving the
proof. For the sake of completness we give the proof of these three astations.

() Here we adopt a dual approch. Letl < p < 2 and g the index conjugate to p. Let
al (hp)® Then the triangular inequality in Lq/2(M ;4 ) gives

. . 1y 22.
Catlcyo = Isup’ By |day|* :
n 1 16” 2 q/2
® Isup'E,  [da|® : _+ ésup’ E|dan|?Ey 2
n~ 1 q/2 n"1

k>n
éaéﬁamo + &(Enldan|*)néL,, ,m 4 )

@

Butfor 1® p®1 we have the following contractive inclusion

G(Lp(M ) 1 Lp(M 56 ).

Therefore
&Eld2 by, ) © Gl gy, oy
2/q
® éda&] = éaghy.
n 1 K
Then
2 llzéaé(Hp)oe ® ?%éLqMO
® 2 maX(éaéLgmm éaéLamo, éaéhg)
® 7@ éaé(hp)oe
with U, = O(1) asp % 1, hencel, " lasp¥ 1

(i) The dual version of the noncommutative Doob inequality in [20] gives that br
1®p<1 and for all enite sequences(a,) of positive elements inLp(M ) :

. )] .
p p

n 1 n 1

with ¢, p?> asp % +1 . Applying this to a, = |dx,|? and p/2 we get

Lo 1 (1] 221/2: (7] o 1/2
EXbhe = En-1ldxn© 1 =1 B aldxa]*
P - p - pl/2
n 1 n 1
i 9 2 V2 o
® " Ty |dXn| o2 = Cprz2 €Xens.
n 1

Passing to adjoints we haveéxéh{) ® ' Cp/2 €XeHy, with ' T2 pasp A
On the other hand, we have for2® p® 1 and for any «nite sequence(an) in Lp(M )

g 2 1@ 212
éan&f @ |an| :
n 1 n 1
Indeed, this is trivially true for p=2 and p= 1 . Then complex interpolation yields the

intermediate case2<p< 1 .
It thus\follows that 'édxéq)(i_p) ® éx'éH'c).
Thus U, ® Cpfor2® p< |
(i) Adapting the discussion following Theorem 1.2.1 to the cas® < p < 1, we obtain
this estimate.
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(iv) Suppose2<p< T and éxé, ® 1. We write
|dXn |? = En- 1]dXn|? + (|dXn]? - E n- 1]dXn]?) =1 En- 1]dXn]? + dyn.

The noncommutative Burkholder inequality implies

. g d . e s

: : = éyé
n 1 n pr2 Y IO‘/Z .
. 1o ..p/222/p : lo 221/2: € =
® Q2 edyn€y;  t: En- 1ldyn| Do = Qo I
_ - p/ 2

n 1 n 1

with Q,,Z ® Cpasp¥1 from the proof of Theorem4.1 of [41]. In order to estimate| we

use the triangular inequality in Gy >(L o/ 2) and contractivity of the conditional expectations:
1@ 221p 1@ 22ip
g . p/ 2 o
| = edyéy, ,i,, ®2 eldxa|?€h; =2 | edx&f @2
n 1 n 1
As for the second termll we note that
En- 1ldyn|? = En- 1ldXa|* - (En- 1]dxa[|?)? ® En- 1]dxa|*.

Then Lemma 5.2 of [24] gives the following estimation

: lg 421/2: (%) 4 1/2
1 ® En- 1ldXn| Co= En- 1ldxn|™
- p/2 - p/ 4
n 1 n_1
1. o L (- 4 (p- 910 221 (p- 2202
® En- 1]dxn|: édxnéB
n 1 p/ n 1
® 1.

Combining the preceding inequalities we obtain

éxéﬁg ®1+3Q,,®Cpasp¥%I

Remark 1.3.5. At the time of this writing, we do not know if the orders of growth of Up
and (J, for 2<p< 1 are optimal.






Chapter 2

Atomic decomposition and
Interpolation for Hardy spaces of
noncommutative martingales

Introduction

Atomic decomposition plays a fundamental role in the classical martinga¢ theory and
harmonic analysis. For instance, atomic decomposition is a powerful toofor dealing
with duality theorems, interpolation theorems and some fundamental irequalities both in

martingale theory and harmonic analysis. Atoms for martingales are usually dened in

terms of stopping times. Unfortunately, the concept of stopping times is, up to now, not
well-desned in the generic noncommutative setting (there are someworks on this topic,

see [1] and references therein). We note, however, that atoms can be<ghed without help

of stopping times. Let us recall this in classical martingale theory. Gven a probability

space ,F,1), let (Fy)n—1 be an increasing eltration of a-subalgebras ofF such that

F = a b,F, andlet(E,)n—1 denote the corresponding family of conditional expectations.
An F -measurable functional L, is said to be anatom if there existn| Nand A TF ,

such that

() En(a)=0;
(i) {a©0}u A;
(iii) ead, ® UA) V2

Such atoms are calledsimple atoms by Weisz [50] and are extensively studied by him
(see [49] and [50]). Let us point out that atomic decomposition was erst introduced in
harmonic analysis by Coifman [6]. It is Herz [17] who initiated atomic decompsition for
martingale theory. Recall that we denote byH () the SPace of martingaled with respect

12

to (Fn)n—1 such that the quadratic variation S(f) = g o |dFnl? belongs toL1() ,

and by ?1() the spac% of martingalesf such that the conditioned quadratic variation
12

s(f) = a o En- 1]dFn]? belongs toL;() . We say that a martingale f = (fn)n—1

is predictable in L if there exists an adapted sequencéU,)n—o of non-decreasing, non-
negative functions such that|f,]| ® U,. 1 for all n ~ 1 and such that sup, Uy T L1() .

We denote by P;() the space of all predictable martingales. In a disguised form in the
proof of Theorem Aj in [17], Herz establishes an atomic description oP1() . Since
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P1() = H1() for regular martingales, this gives an atomic decomposition oH () in
the regular case. Such a decomposition is still valid in the general caseut for hi()
instead of H1() , as shown by Weisz [49].

In this paper, we will present the noncommutative version of atoms and pove that
atomic decomposition for the Hardy spaces of noncommutative martingales is val for
these atoms. Since there are two kinds of Hardy spaces, i.e., the columand row Hardy
spaces in the noncommutative setting, we need to deene the correspaling two type atoms.
This is a main di erence from the commutative case, but can be done by ensidering the
right and left supports of martingales as being operators on Hilbert spacesRoughly speak-
ing, replacing the supports of atoms in the above (ii) by the right (reg. left) supports
we obtain the concept of noncommutative right (resp. left) atoms, whichare proved to be
suitable for the column (resp. row) Hardy spaces. On the other hand, da to the noncom-
mutativity some basic constructions based on stopping times for classal martingales are
not valid in the noncommutative setting, our approach to the atomic decompostion for
the conditioned Hardy spaces of noncommutative martingales is via thén; - bmo duality.
Recall that the duality equality (h1)®= bmo was established independently in [21] and in
Chapter 1. However, this method does not give an explicit atomic decompaosition.

The other main result of this paper concerns the interpolation of the conlitioned Hardy
spaceshp. Such kind of interpolation results involving Hardy spaces of noncommuative
martingales erst appear in Musat's paper [31] for the spacesH,. We will present an
extension of these results to the conditioned case. Note that our mettais much simpler
and more elementary than Musat's arguments. It seems that even in the@mmutative case,
our method is simpler than all existing approaches to the interpolaton of Hardy spaces
of martingales. The main idea is inspired by an equivalent quasinorm fotp, 0 <p ® 2
introduced by Herz [18] in the commutative case. We translate this quamorm to the
noncommutative setting to obtain a new characterization of h,, 0 < p ® 2, which is
more convenient for interpolation. By this way we show that (bmo, h;)y, = hp for any
1<p< 1.

The study of the Hardy spaces of noncommutative martingaledd, and hy, in the discrete
case is the starting point for the development of anH ,-theory for continuous time. In a
forthcoming paper by Marius Junge and the third named author, it appears that the
spaceshy are much easier to be handled tharH,. It seems that their use is unavoidable
for problems on the spacesd at the continuous time.

The remainder of this paper is divided into four sections. In Sectbn 1 we present some
preliminaries and notation on the noncommutative L -spaces and various Hardy spaces
of noncommutative martingales. The atomic decomposition of the conditionedHardy
spacehi(M ) is presented in Section2, from which we deduce the atomic decomposition
of the Hardy spaceH1(M ) by Davis’ decomposition. In Section3 we desne an equiv-
alent quasinorm for hp(M ),0 < p ® 2, and discuss the description of the dual space of
hp(M ),0< p ® 1. Finally, using the results of Section3, the interpolation results between
bmo and h; are proved in Section4.

Any notation and terminology not otherwise explained, are as used in [46] for tleory
of von Neumann algebras, and in [36] for noncommutativel ,-spaces. Also, we refer
to a recent book by Xu [53] for an up-to-date exposition of theory of noncommutaive
martingales.
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2.1 Preliminaries and notations

Throughout this paper, M will always denote a von Neumann algebra with a normal
faithful normalized trace 4. For eachO<p ® 1 , let Lp(M ,a) or simply Lp(M ) be the
associated noncommutativel ,-spaces. We refer to [36] for more details and historical
references on these spaces.

For x I Lp(M ) we denote byr (x) and I(x) the right and left supports of x, respectively.
Recall that if x = u|x]| is the polar decomposition ofx, then r(x) = u% and I(x) = uu®
r(x) (resp. 1(x)) is also the least projectione such that xe = x (resp. ex = x). If x is
selfadjoint, r(x) = 1(x).

Let us now recall the general setup for noncommutative martingales. In tle sequel,
we always denote by(M ,,),—1 an increasing sequence of von Neumann subalgebras Mdf
such that the union of M ,’s is w®dense inM and E, the conditional expectation of M
with respect to M .

A sequencex = (Xp) in L1(M ) is called anoncommutative martingale with respect to
(M )n—1 if Ea(Xn+1) = Xp for everyn — 1.

If in addition, all x,’s are inLy(M ) for somel® p ®1 , x is called anL p-martingale.
In this case we set

exep = sqp1 EXn€p.
n

If éxé, < T , then x is called a boundedL ,-martingale.

Let x = (Xn) be a noncommutative martingale with respect to(M ,)n—1. Deene dx, =
Xn - Xp-1 for n = 1 with the usual convention that xo = 0. The sequencedx = (dx;) is
called the martingale di erence sequenceof X. X is called asnite martingale if there exists
N such that dx, =0 for all n ™~ N. In the sequel, for any operatorx I L(M ) we denote
Xn = BEq(x) forn — 1.

Let us now recall the deenitions of the square functions and Hardy space$or noncom-
mutative martingales. Following [35], we introduce the column and rowversions of square
functions relative to a (enite) martingale x = (Xxp):

1 L2202 1¢ ,2u2
Sen(x) = |dX] v Se(x) = |dX| ;
k=1 k=1
and .
1 221/2 1 221/2
Sin (X) = |[dx . S(x)= |dx
k=1 k=1
Let 1 ® p <1 . Deene H5(M) (resp. Hp(M)) as the completion of all enite L,-

martingales under the norm EXng = €Sc(x)ép (resp. EXeny = €S, (x)€p). The Hardy
space of noncommutative martingales is deened as follows: £ ® p < 2,

Hp(M )= H5(M)+ Hy(M )
equipped with the norm ) .
éXéHp =inf éyéHg + éZéH[) )
where the in\mum is taken over ally [H 5(M ) and zTH [(M ) such that x = y + z. For

2®@p<T,
Hp(M )= HE(M ) BH(M )

equipped with the norm ) .
exey, = max 'éxéHg,éxéHE .
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The reason that Hy(M ) is deened di erently accordingto 1® p< 2o0r2® p ®1 is
presented in [35]. In that paper Pisier and Xu prove the noncommutative Burkholder-
Gundy inequalities which imply that Hy(M ) = Lp(M ) with equivalent norms for 1 <p <
]

We now consider the conditioned version oH developed in [24]. Letx = (Xp)n—1 be
a enite martingale in L>(M ). We set

) 221/2 ) 221/ 2
Se,n(X) = Be- 1ldxi . Sc(X) = Bc- aldxy| ;
k=1 k=1
and .
) 221/2 1¢ 221/2
S (X) = Be aldxid®  , si(x) = B 1]dxid
k=1 k=1
These will be called the column and row conditioned square functionsrespectively. Let
O<p< 1 . Deene hg(M ) (resp. h[)(M )) as the completion of all enite Lj -martingales
under the (quasi)norm Ex€ng = ésc(X)€p (resp. Exény = €sy (x)ép). For p= T , we deene

51{’ (M) (resp. hf (M)) as the Banach space of theLi (M )-martingales x such that
1 B 1]dxk|? (respectively ~ - B 1|dxck‘]2) converge for the weak operator topology.
We also needi,(L (M )), the space of all sequencea = (an)n—1 in Lp(M ) such that

1@ 21p

éaéqa(Lp(M ) = éanég <1 if0<p< ] )

n 1

and
€al; (L1 (M) =SLAp éa, & ifp=1.

Let hg(M ) be the subspace of,(L (M )) consisting of all martingale di erence sequences.
We deene the conditioned version of martingale Hardy spaces as follows: B<p < 2,

he(M )= h§(M )+ hS(M )+ hi(M )

equipped with the (quasi)norm

éxeén, = inf EWeng + Eyeng + €28

where the inemum is taken over all w I h§(M ),y T h(M) and z T hi(M) such that
X=w+y+z For2®p<1 ,
hp(M ) = hd(M ) R hS(M ) B h(M )

equipped with the norm

€Xx€p, = max ) 'éxéhg,éxéhg,éxéhb .
The noncommutative Burkholder inequalities proved in [24] state that
hp(M) = Lp(M) (2.1.2)

with equivalent norms for all 1<p< T .
In the sequel, (M ,)n—1 will be a eltration of von Neumann subalgebras of M . All
martingales will be with respect to this eltration.
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2.2 Atomic decompositions
Let us now introduce the concept of noncommutative atoms.

Deenition 2.2.1. al Ly(M) is said to be a(1,2).-atom with respect to (M p)n—1, if
there existn ~ 1 and a projection eI M ,, such that

() Ea(a)=0;
(i) r(@®e
(iii) ead, ® a(e)” V2.
Replacing (i)) by (i)' I(a) ® e, we get the notion of a(1, 2),-atom.

Here, (1, 2).-atoms and (1, 2),-atoms are honcommutative analogues ofl, 2)-atoms for
classical martingales. In a later remark we will discuss the noncommutive analogue of
(p, 2)-atoms. These atoms satisfy the following useful estimates.

Proposition 2.2.2. If ais a (1, 2)c.-atom then
éaéys ® 1 and éaépc ® 1.
The similar inequalities hold for (1, 2), -atoms.

Proof. Let e be a projection associated witha satisfying (i) - (iii) of Deenition 2.2.1. Let
ax = E(a). Observe thatay =0 for k ® n, soday =0 for k ® n. For k n+1 we have

|day |2
|day|?e.

e|day |? [Ec(ed® - E k. 1(ea®]day

daf{E(a€) - E k. 1(ae)]

This gives
elda|? = |day|* = |day|%e

for any k 1. Hence, we obtain
eX(a) = Sc¢(a) = Sc(a)e.
Consequently, the noncommutative Holder inequality implies
éaéyc = aleS(a)] ® 8Sc(a)éréed, = Eaéréed, ® 1.

SinceelM ,, fork~ n+1 we have

eB. 1(lda|?) = B 1(elda]?) = B 1(lda|?)
= B a(/da|?e) = B 1(lda|?)e.
Thus, we deduce
'éaéhg®1.

Now, atomic Hardy spaces are deened as follows.
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Deenition 2.2.3.  We de*ne h‘i’at(M ) as the Banach space of akk I L1(M ) which admit
a decomposition @
X = U ax
k
with for each k, ax a (1, 2)c-atom or an element in L1(M 1) of norm ® 1, and U, I C
satisfying *  |U| < T . We equip this space with the norm

o 9
éx8 ca = inf W],
! k

where the inemum is taken over all decompositions ok described above.

Similarly, we desne hj®(M ) and & Gy

It is easy to see that h‘i’at(M ) is a Banach space. By Proposition 2.2.2 we have the
contractive inclusion hS*(M ) u h$(M ). The following theorem shows that these two
spaces coincide. That establishes the atomic decomposition of the conidined Hardy

spacehj(M ). This is the main result of this section.

Theorem 2.2.4. We have
h$(M )= h{*(M )  with equivalent norms.

More precisely, if x I h§(M )
F=Exg ca ® EXEn: ® EXEcar.
2 1 1 1

Similarly, hi(M) = h&at(M ) with the same equivalence constants.

We will show the remaining inclusion h$(M ) u h$* (M ) by duality. Recall that the
dual space ofh§(M ) is the spacebmd®(M ) desned as follows (we refer to [21] and Chapter
1 for details). Let
bmo° (M ) = )x'l' Lo(M ) :Sup8B|x - xn|%& <1

n 1
and equip bmd°(M ) with the norm

1 2
EXEpmoc = Max EE(X)& , SUpEE,|x - x,|%&l? .
n 1

This is a Banach space. Similarly, we de<ne the row versiobmd (M ). Sincex, = E,(x),
we have

Enlx - xn|? = Enlx|*-| xn|* ® En|x|*.
Thus the contractivity of the conditional expectation yields

We will describe the dual space ofhi""“(M ) as a noncommutative Lipschitz space
deened as follows. We set

*

!C(M)z)x'l' Lo(M):éxé c<1

with 1

"1/22
éxé c = max &E(x)& , sup Xn|?
n 1

!
up a(e)” ¥2a elx -
elP n
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where P, denotes the lattice of projections ofM . Similarly, we desne
1"(M) = )i L2(M ) : x®T 1 (M )*
equipped with the norm
éxeé r = ex%e ..
The relation between Lipschitz space andomo space can be stated as follows.
Proposition 2.2.5.  We havebmd®(M ) =! ¢(M ) and bmd (M ) =! "(M ) isometrically.

Proof. Let x I bmd®(M ). It is obvious that by the noncommutative Hélder inequality we
have, for alln — 1,

! ;
sup a(e)” Y24 elx - xp|2 Y2 ®EE,|x - xn |28V 2.
elP n

To prove the reverse inclusion, by duality we can write

EE\|x - xp|?& = sup “A(y|x - xnl?)"
éyé1®1,yi Ly (M n)

sup a(e)” "a(elx - xn|?),

elP

where the last equality comes from the density of linear combinations omutually disjoint
projectionsin L1(M ). Thus éxé ¢ = éx&ymec, and the same holds for the row spaces. [

We now turn to the duality between the conditioned atomic space hi’at(M ) and the

Lipschitz space! ¢(M ).
Theorem 2.2.6. We haveh‘i’at(M )®=1 ¢(M ) isometrically. More precisely,

(i) Every xi ! ¢(M) deenes a continuous linear functional on h$® (M) by
Tx(y) = ax%), Ol La(M). (2.2.2)

(i) Conversely, eachi i h$*(M )®is given as(2.2.2) by somex 1 ! ¢(M ).
Similarly, h7®(M )®=1 "(M ) isometrically.

Remark 2.2.7. Remark that we have deened the duality bracket (2.2.2) for operators in
L>(M ). This is sulcient for L,(M ) is dense inhi’at(M ). The latter density easily follows
from the decompositionL,(M) = LIM ) Y Lo(M 1), where LM ) = {x T Lo(M) :
Ei(x)=0}.

Proof of Theorem 2.2.6. We erst show ! ¢(M ) u h‘i’at(M )%= In fact we will not need this
inclusion for the proof of Theorem 2.2.4, however we include the proofof the sake of
completeness. Letx | ! ¢(M ). For any (1,2).-atom a associated with a projection e
satisfying (i) - (iii) of Deenition 2.2.1, by the noncommutative Holder inequality we have

“A((X - Xn)®ae)

ée(x - X )O%zéaéz

a(e) Y2'a(elx - xa|2) "2
exe ..

-4(X%)"

@@ @I
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On the other hand, for any al L{(M 1) with éaé; ® 1 we have
|4(x%)| = |&(EL(x)%)| ® BE1(X)& &ad; ® 6xé ..
Thus, we deduce that ) )
-aA(x%)- ® éxé céyéh(l:,at

forall yl Lo(M ). Hence,i x extends to a continuous functional onhi'at(M ) of norm less

than or equal to éxé «.

Conversely, leti i h$* (M )% As explained in the previous remark,L,(M ) u h$®(M )

so by the Riesz representation theorem there existg | L,(M ) such that
1(y)= &x%), Ol La(M).
Fix n~ landletelP . We set

(X- Xn)e
&(X - Xp)eda(e)V/2’

Ye =

It is clear that ye is a (1, 2)c-atom with the associated projectione. Then

$1/2_

i 2
a(elx - xnl%)

..... — . s _ 1

& e |1 (ye)l = la((x - xn)Fe)| = a(e)l?
On the other hand, lety T Li(M 1),éyé; ® 1 be such that éE(x)& = |a(x%)|. Then
EéE(x)& ® éi &. Combining these estimates we obtairéxé < ® &i é. This ends the proof
of the duality (h$*(M ))®=1 ¢(M ). Passing to adjoints yields the duality (h};* (M ))®=
1 T(M). O

We can now prove the reverse inclusion of Theorem 2.2.4.

Proof of Theorem 2.2.4. By Proposition 2.2.2 we already know that

h$® (M) p h$(M). Combining Proposition 2.2.5 and Theorem 2.2.6 we obtain that
(h$*(M ))®= bmd°(M ) with equal norms. The duality between h$(M ) and bmd®(M )
proved in [21] and Chapter1 then yields that (h‘l"at(M )) €= (h§(M ))®with the following
equivalence constants

Féel Xe(hi)m® EXEymoc = 8l Xe(hi,at)os® €1 x€(ng)ee.

This ends the proof of Theorem 2.2.4. O

We can generalize this decomposition to the whole spade (M ). To this end we need
the following deenition.

Deenition 2.2.8.  We set
h'(M) = hi(M )+ hT*(M)+ hp* (M),
equipped with the sum norm

= + +
EXEpan inf EWepg + EYEca + €28 a

where the inemum is taken over allw T hd(M ),y T h$*(M ), andzi h;®(M ) such that
X=W+y+ z
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Thus Theorem 2.2.4 clearly implies the following.

Theorem 2.2.9. We have
hi(M)= h&(M) with equivalent norms.

More precisely, if x T hy(M )
Féexeh:iu ® éxén, ® EXepat .

The noncommutative Davis’ decomposition presented in Chapted states thatH;(M ) =
hi(M ). Thus Theorem 2.2.9 yields thatH (M ) = h&(M ), which means that we can de-
compose any martingale inH,(M ) in an atomic part and a diagonal part. This is the
atomic decomposition for the Hardy space of noncommutative martingales.

2.3 An equivalent quasinorm for hp,0<p ® 2

In the commutative case Herz described in [18] an equivalent quasinornof hy,0<p ®
2. This section is devoted to determining a noncommutative analogue of tis. This
characterization of h, will be useful in the sequel. Indeed, this will imply an interpolation
result in the next section. To desne equivalent quasinorms ofé-éng and é-éq{) forO<p ® 2

we introduce the index classW which consists of sequenceav, } nj n such that {Wﬁ/p i 1}n-|- N
is nondecreasing with eachw, I L7 (M y) invertible with bounded inverse and éwpé; ® 1.
For an L,-martingale x we set
e lgy 2812
Ng(x) =inf & w 2P dx g |?

n 0

and :
2€q2

ely
NpOo=inf & wy 2PldxfR,
n 0
We need the following well-known lemma, and include a proof for theconvenience of
the reader (see Lemmal of [47] for the casef (t) = tP).

Lemma 2.3.1. Letf be a function in C}(R*) andx,y IiM *. Then

101 . 2
af(x+vy)- f(x)= & . fl(x + ty)ydt .

Proof. Note that considering f - f (0), we may assume thatf (0) = 0. We seti ¢(t) =
a(f (x + ty)), for t 1 [0,1]. Then

ity = af'(x+ty)y), &fi [0,1]. (2.3.1)

Indeed, the tracial property of & implies this equality for t = 0 and f(t) = t",n | N,

and we can extend this result for allf polynomials by linearity. A translation argument

gives (2.3.1) for all f polynomials. Finally, we generalize for allf by approximation.

Indeed, we can approximatef ' by a sequence(pn)n—1 of polynomials, uniformly on the
compactssetK = [0,éx& + éyé€ ]. Then the sequence of polynomial{c,) deened by
th(s) = o Pn(t)dt for eachn ~ 1 converges uniformly tof on K. Since (i !qn) converges
toi } uniformly on [0, 1] (by the derivation theorem), we get (2.3.1) by the eniteness of
the trace.

S -
Now writing 1¢(1)- 1¢(0)= Oli } (t)dt we obtain the desired result. O
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Proposition 2.3.2. For O<p ® 2and x| L(M ) we have
1p2u2 . o .
> Np(x) ® exéns ® Ny(X). (2.3.2)

A similar statement holds for hi(M ) and N.

Proof. Note that

elg 2¢y1/2
Ng(x) = ifw a wi 2P By |dxn |2
R n 0 .
e 1@ 261/2
= inf & Wi 2P (sonea (02 Son(X)?)
n o0

Let x I Lo(M ) with éxéns < 1. By approximation we can assume thatx T L7 (M) and
Sc,n(X) is invertible with bounded inverse for everyn — 1. Then {S¢n+1 (X)P} T W; so
é,l (%) 2 2 2 261/2
NS(X) ® a Se.n+1 (X)) “(Sene1 (X)° - Sen(X)?)
n 0
Applying Lemma 2.3.1 with f (t) = tP’2,x + y = Scn+1 (X)? @and X = S¢n(X)? we obtain

a(gner (0P - Sen()) =
1 p# 2 2 1# 2 2%
a 0 2 Sen(X)% + t(sens (X)% - Sen(X)?) % Se,n+1 (X)“ - Sen(x)“ dt

Sa(Sene1 (007 A(Sene1 (% - Sen()9),

2

where we have used the fact that the operator functiona Ovas !

- 1< B- 1®0. Taking the sum over n leads to

is nonincreasing for

2 2

NS(x)2 ® Z4(sc(x)P) = =.
P P p
We turn to the other estimate. Given {w,}| W put

W2/p— 1_ 2/p - 1

lim_ w2P- 1-supw
n¥+1

It follows that {wi ?P} decreases tow! 2P and
%) 2 1 %) 2
a  wl 2P |dxpe |2 awl 2P B |dxns |2
n 0 1 n~o
= & wl Zrs(x)? .

Since + %p the Holder inequality gives

'UH—\
Nl

Bsc(x)8, = ewlr- V2wl2 Wpg (x)e,
® éwllp- 1 2é2p/ @ p) éWl/ 2- 1p SC(X)éZ

é.(W) lp- U Zé(Wl' 2/p SC(X)Z) 1 2'

Now a(w) ® 1; so we have
e lyg 2¢y2
8sc(X)é ® & w 2P dxpeg |2
n 0

for all {wn}1 W. O
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Thus the quasinorm N is equivalent to €€ on L2(M ). SohS(M ) can also be de<ned
as the completion of all *nite L,-martingales with respect to NF‘; for 0<p ® 2. This new
characterization of h5(M ) yields the following description of its dual space.

Theorem 2.3.3. Let 0<p ® 2 and q be determined bya =1- Then the dual space of

1
pé 1@ 2é1/2
h5(M ) coincide with the L o-martingales x for which M §(x) = stdvp a w29 dxp 41 |? <
n 0
T . More precisely,
(i) Every Lp-martingale x such thatMg(x) < 1 deenes a continuous linear functional
on hi(M ) by
ax(y) = a(yx? fory I Lo(M).

(i) Conversely, any continuous linear functionald on hg(M ) is given as above by some
x such thatM &(x) < T .

Similarly, the dual space ofh,(M ) coincide with the L,-martingales x for which Mg (x) =
MS(x<T .
Proof. Let x be such that M g(x) < T . Then x deenes a continuous linear functional on
hS(M ) by &x(y) = a(yx® fory I Lo(M). To see this x {wp} | W. The Cauchy-Schwarz
inequality gives

g 1 2

ayx® = a (dynsawy' 2 PP)(dxneq wy/ 2 1a)®
TQO 2121 @ 2172
® a(wy™ 2P |dyn+1 17) a(wy 29]dxn1]?)
ng 0 2 n o0
12

® awy P ldyne ) Mg(x).

Taking the in\mum over W we obtain a(yx® ® Ng(y)Mg(x).

Conversely, leta be a continuous linear functional onhf(M ) of norm® 1. AsL (M) p
hg(M ), & induces a continuou_s linear functional onL (M ). Thus there existsx | L(M )
such that a(y) = a(yx® fory I L2(M ). By the density of L>(M ) in hg(M ) we have

éé.é(hc)oe = sup |é.(yXG)| ® 1.
P yi L2(M) &yerg@1

Thus by Proposition 2.3.2 we obtain

sup |a(yx3| ® 1. (2.3.3)
yi L2(M ) NE(y)®1

We want to show that M§(x) < T . Fix {ws} | W. Lety be the martingale desned by
dyne1 = dxneawe 29,00 T N. By (2.3.3) we have

1y 2
ayxd = a  wy Mdxpa |’ ®NS(Y)
-0
,1n® L o 221/2
® a W, 99 dXp4 |
n o0
Thus 1 2

2 .
a  wrZdxpa]? ®1, Ofw,}T Ww.
n 0
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Taking the supremum over W we obtain M (x) ® 1.
Passing to adjoints yields the description of the continuous lineardinctionals onh,(M ).
0

Remark that for -1 < 1/q ® 1/ 2, Mg and Mg desne two norms. Let X§ (resp. X{)
be the Banach space consisting of th& >-martingales x for which Mg(x) (resp. Ma(x))

is enite. Theorem 2.3.3 shows that (hi(M ))®= X¢ and (hf(M ))®= X for 0<p ® 2,

1-1_.1

q P’
For -I < 1/g ® 1/ 2, note that M §(x) can be rewritten in the following form. Given

{Wn}n—0oT W we put

— 2/s 2/s \1/2 -
O =(wp” - w,7)" 5 On 1
wherel = 1- %. It is clear that

. T . 119 25122
{on}n—1l G= {hp}n—1;hnl Ls(My),a |hn|2 ®1.
n 1
Then é,l o 2 22
MS(X)ZSUP a |Gn|“En[X - Xnl
G n 1

€12

It is now easy to see that the dual form of Junge’s noncommutative Doob maxnal inequal-
ity ([20]) implies that for g 2,X§ = Lgmo(M ) with equivalent norms, where Lgmo(M )
is deened in Chapter 1.
Similarly, we have X = Lgmo(M ) with equivalent norms.
Thus for 1 ® p ® 2, Theorem 2.3.3 gives another proof of the duality obtained in
1

Chapter 1 betweenhy,(M ) and Lqmo(M ) for %+ 37 1. Note that th%s new proof is r?uch

simpler and yields a better constant for the upper estimate, that is p/2 instead of 2.

For 0<p < 1, Theorem 2.3.3 leads to a erst description of the dual space ohy(M ).
However, this description is not satisfactory. Following the classtal case, we would like to
describe this dual space as the Lipschitz spackg(M ) deened in the previous section as
the dual space oﬂwg'at(M ). Thus the description of the dual space ohy(M ) forO<p< 1
is closely related to the atomic decomposition ohy(M ).

2.4 Interpolation of h, spaces

It is a rather easy matter to identify interpolation spaces between @mmutative or noncom-
mutative L -spaces by real or complex method. However, we need more e orts to esilish
interpolation results between Hardy spaces of martingales (see [19], andsal [52]). Musat
([31]) extended Janson and Jones’ interpolation theorem for Hardy spaces of antingales
to the noncommutative setting. She proved in particular that for 1® q < gx < 1

(BMO (M ),HE(M ) & = HE,(M). (2.4.1)

See also [22] for a di erent proof with better constants. This sectionis devoted to show-
ing the analogue of (2.4.1) in the conditioned case. Our approach is simpler @hmore
elementary than Musat’s and also valid for her situation.

We refer to [2] for details on interpolation. Recall that the noncommutative L ,-spaces
associated with a semiesnite von Neumann algebra form interpolation scale with respect to
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the complex method and the real method. More precisely, fof<x < 1,1® po<p1 ®1
and 1® o, 1, q®1 we have

Lo(M)=(Lp,(M),Lp,(M))x (with equal norms) (2.4.2)
and
Lpg(M)=(Lpo,ge(M),Lp;,qs(M))xq (with equivalent norms) (2.4.3)
where 5 = 1|50X + pil and whereL, (M ) denotes the noncommutative Lorentz space on
(M , ).

We can now state the main result of this section which deals with comg@x interpolation
between the column spacedmd® (M ) and h§(M ).

Theorem 2.4.1. Let 1<p< 1 . Then, the following holds with equivalent norms
(bmo* (M ),hi(M ))1 = hf)(M ). (2.4.4)
P

Remark 2.4.2. All spaces considered here are compatible in the sense that they can be
embedded in thecealgebra of measurable operators with respect t¢M T B(ib(N?)),a¢ Tr) .
Indeed, foreachl ® p< T , h§(M ) can be identised with a subspace ofL,(M € B(i(N?))).
Recall that ht(M ) is also desned as the closure iri_gond(M ; (§) of all enite martingale

di erences in M . Here Lg"”d(M ;(§) is the subspace ofL,(M , (§(N?)) introduced by
Junge [20] consisting of all double indexed sequencésn) such that X, | Lp(M ) for all
kT N. We refer to [35] for details on the column and row spacek,(M , §) and L (M , &).
Furthermore, by the Hoélder inequality and duality, recalling that th e trace is enite, we
have, for1® p<q < 1 , the continuous inclusions

Li (M) 1 bmef(M ) i hé(M ) p hi(M ).

The erstinclusion is proved by (2.2.1). The second one comes from thettird one by duality.
Indeed, it is proved in [24] thatfor 1< p< T and %+ p% =1, we have(h§(M ))®= hS(M ),
and, as already mentioned above, we havéh§(M ))®= bmd° (M ) (see Chapterl). Note
that Li (M) is dense in all spaces above, excetmad®(M ). This implies that bmd®(M )
and h§(M ) are dense inh§(M ) for 1® p<qg <1 .

We will need Wol ’s interpolation theorem (see [51]). This result states that given
Banach spaces; (i =1,2,3,4) such that E1 B E4 is dense in bothE, and E3, and

E>=(E1,E3)x and Esz=(E2E4)s
for some0O< x,a < 1, then
E2=(E1,Es)e and Ez=(E1Es)y, (2.4.5)

where &= 2 and Y= 2+ The main step of the proof of Theorem 2.4.1 is the
following lemma which is based on the equivalent quasinornN 5 of € - & described in the

previous section.

Lemma 2.4.3. letl<p< 1 and0<x < 1. Then, the following holds with equivalent
norms
(hi(M ), h5(M ))x = hg(M), (2.4.6)

1- x
1+

x -1
where S
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Proof. Step 1: We erst prove (2.4.6) inthe casel<qg<p ® 2. As explained in Remark
2.4.2, hg(M ) can be identieed with a subspace of
Lp(M T B(ip(N?))). Thus the interpolation between noncommutative L p-spaces in (2.4.2)
gives the inclusion (h§(M ), hi(M ))x 1 h§(M ).

The reverse inclusion needs more e orts. This can be shown usinghé equivalent
quasinorm Ng of & - €ng deened previously. Let x be an L,-enite martingale such that
€xéne < 1. By (2.3.2) we have

- elp 262 192y
NGO) =inf & wy #jdxna 2 < I
n
Let {w,}I W be such that
1y 2 2
& wy Pdxpn? < T (2.4.7)
n

For¢>0andzl S we deene

%] 1.1 l-z,z_ 1

fe(z) = eXp((;(ZZ- XZ)) dXpsz Wi Ywpt o P2
(1. Lyg 1
= exp(g(z2- ¥)  dxpawn P

n

Then f is continuous onS, analytic on Sg and f¢(x) = x. The term exp(c(z?- x?)) ensure
that f¢(it) andf(1+ it) tend to O ast goes to inenity. A direct computation gives for all
tT R
10 1 ; 22 2,2 10 1- 2/ 22
a  wyold(fo)nea (it)]" =exp(- 2¢(t°+ x))a  wy “]dxne |
n n

By (2.4.7) and (2.3.2) we obtain
s 12212
éf ¢(it)enc ® exp(c) q .

Similarly,
Y 15242

&f (1 + it)éns ® exp(c) q

Thus x = f¢(¥) I (h§(M ), h5(M ))x and
s . 1221/2
EX€(hg (M ),h5(M ) @ exp(c) q ;

’

whence 15247
éXé(h‘i(M ).hs (M )« ® a exehg

Step 2: To obtain the general case, we use Wol ’s interpolation theorem mentiond

above. Let us erst recall that for 1<v,s,q< 1 and 0< O < 1 such that é = 1'TO+ g,
we have with equivalent norms
(he(M ), h5(M ) o= hg(M ). (2.4.8)

Indeed, by Lemma 6.4 of [24], hi(M ) is one-complemented inLg"”d(M ;B), for 1 ®
p <1 . On the other hand, for 1 < p < T the spaceLf,O”d(M , ) is complemented



2.4. Interpolation of hp spaces 73

in Lp(M , §(N?)) via Stein’s projection (Theorem 2.13 of [20]), and the column space
Lp(M ; (§(N?)) is a one-complemented subspace of,(M T B(ip(N?)). Thus, we conclude
from (2.4.2) that, by complementation, (2.4.8) holds.

We turn to the proof of (2.4.6). Step 1 shows that (2.4.6) holds in the casel <p ® 2.
Thus it remains to deal with the case2<p < 1 . We divide the proof in two cases.
Case 1:1<q< 2<p< 1. letqg<s< 2 Notethat 1<q<s<p, so there exist

O<x< land0<&< Llsuchthat;*+ X=1and 2+ 3= 1 By(24.8)we have

hs(M ) = (hg(M ), h5(M ))a.
Furthermore, recall that 1< q<s< 2, so Stepl yields
hg(M ) = (hf(M ), h5(M ).
By Wol 's interpolation theorem (2.4.5), it follows that
hg(M ) = (hi(M ), h5(M ))e,

where&= 755 A simple computation shows that 43¢ + £ =
Case 2:2<qg<p< | . Bya similar argument, we easlly deduce this case from the
previous one and (2.4.8) using Wol 's theorem.

Note that in both cases, the density assumption of Wol ’s theorem is ensued by
Remark 2.4.2. O

'U
ol

Lemma 2.4.4. Letl<qg<p< 1 . Then, the following holds with equivalent norms
(bmd*(M ), hg(M ))% = hg(M ). (2.4.9)

Proof. Applying the duality theorem 4.5.1 of [2] to (2.4.6) we obtain (2.4.9) in the case
1<q<p< T with x= 9. Here we used the description of the dual space daf5(M ) for
1® p<1 mentioned in Remark 2.4.2. O

Proof of Theorem 2.4.1. We want to extend (2.4.9) to the caseq = 1. To this aim we
again use Wol 's interpolation theorem combined with the two previous lemmas. Let
1<q<p< 1 . Then there existsO< &< 1such that 12 + % = % We set x = % Thus
by Lemma 2.4.4 we have

h5(M ) = (bmd* (M ), hg(M )) x.

Moreover we deduce from Lemma 2.4.3 that
hg(M ) = (hg(M ), h5(M ))5.

So Wol ’s result yields
h5(M ) = (bmao*(M ), hi(M ))e,

whereé= —xa .

An easy computation givesé = % and this ends the proof of (2.4.4) [
The previous results concern the conditioned column Hardy space. Weaw consider

the whole conditioned Hardy space, and get the analogue result.

Theorem 2.4.5. Let 1<p< 1 . Then, the following holds with equivalent norms

(bma(M ), 1y (M ))1 = hp(M ).
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The proof of Theorem 2.4.5 is similar to that of Theorem 2.4.1. Indeed, we red the
analogue of Lemma 2.4.3 foh,(M ), and the result will follow from the same arguments.
By Wol ’s result, it thus remains to show that (hy(M ),hp(M ))x = hg(M ) for 1<p ® 2,
where L%+ X = % Recall that for 1 ® p ® 2 the spacehy(M ) is deened as a sum of three

1 p
components

he(M )= hd(M )+ hS(M )+ hi(M ).

We will consider each component, and then will sum the interpolation esults. The fol-
lowing lemma describe the behaviour of complex interpolation withaddition.

Lemma 2.4.6. Let (Ap,A1) and (Bo,B1) be two compatible couples of Banach spaces.
Then for 0< x < 1 we have

(Ao, A1)x+(Bo,B1)x i (Ag+ Bo,A1+ B1)x.
This result comes directly from the deenition of complex interpolation.

Lemma 2.4.7. Let1®py<p1®1 ,0<x < 1. Then, the following holds with equivalent
norms
(hg,(M ), h3 (M )< = hi(M )

— 1-x
= + =
where 5 o o

Proof. Recall that hg(M ) consists of martingale di erence sequences iip(Lp(M )). So
hg(M ) is 2-complemented inty(Lp(M )) for 1 ® p®1 via the projection
I
p. G(Lp(M) h§(M )
. (@)1 O (E(an)-En-1(an))n1

The fact that y(Lp(M )) form an interpolation scale with respect to the complex interpo-
lation yields the required result. O

Proof of Theorem 2.4.5. The row version of Lemma 2.4.3 holds true, as well, by consid-
ering the equivalent quasinorm Ng of é- énr . The diagonal version is ensured by Lemma
2.4.7. Thus Lemma 2.4.6 yields the nontrivial inclusionhg(M ) p (hy(M ), hy(M ))x for
1< p ® 2. On the other hand, by (2.1.1) we haveh,(M) = Lp(M) for 1< p < 1
and (2.2.1) yields by duality the inclusion hy(M ) u Li(M ). Hence (2.4.2) gives the re-
verse inclusion(hy(M ), hp(M ))x 1 hg(M ) for 1< p < T . That establishs the analogue of
Lemma 2.4.3 forhy(M ), and Theorem 2.4.5 follows using duality and Wol ’s interpolation
theorem. O

We now consider the real method of interpolation. We show that the mainresult of
this section remains true for this method. Forl<p< 1 and1®r ®1 , similarly to
the construction of the spaceLgond(M ; §) in Remark 2.4.2 we deene the column and row
subspaces of , . (M ¢ B((p(N?))), denoted by L 55"4(M ; () and L§3"(M ; &), respectively.
Let hS (M ) be the space of martingalesc such that dx | Lg‘}”d(M ;B).

Theorem 2.48. letl1<p< 1 and1® r ® 1 . Then, the following holds with

equivalent norms
(bmo*(M ), hj(M ))%,r = hg,(M). (2.4.10)

This result is a corollary of Theorem 2.4.1.
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Proof. By a discussion similar to that at the beginning of Step2 in the proof of Lemma

2.4.3, using (2.4.3) we can show that forl <v,s,q< 1 ,1®r ®1 and0<O < 1 such

that % = 294 9 we have with equivalent norms

(hG(M ), hs(M ))or = hg,(M). (2.4.11)

We deduce (2.4.10) from (2.4.4) using the reiteration theorem on real and coniex inter-
polations. Let 1<p< T . Considerl<pg<p<pi<1 . There exists0< O < 1 such

that N .
1 1-0 O
= +

P P Pt
By Theorem 4.7.2 of [2] we obtain

(bmd*(M ), hi(M )1 = ((bmd“(M ), hi(M ES (bmd*(M ), hi(M ) 1)or
Then (2.4.4) yields

(bmd(M ), hi(M N =( hgo (M), hg, (M ))o .
An application of (2.4.11) gives
(bmd*(M ), hi(M Nir= ho.r (M).

This ends the proof of (2.4.10). O

Remark 2.4.9. Musat's result is a corollary of Theorem 2.4.1. By Davis’ decomposition
proved in Chapter 1 we haveH;(M ) = h5(M ) + hg(M ) for 1® p < 2. So we can show

the analogue of (2.4.6) forL < p < 2 as follows, for0<x < 1 and 13> + 5= %

Hg(M)

h§(M )+ hg(M)

(h§(M ), hS(M ))x+ (h§(M ), h3(M ))« by Lemmas 2.4.3 and 2.4.7
(h§(M )+ h§(M ), hS(M ) + hS(M ))x by Lemma 2.4.6

(HE(M ), H5(M ).

= 1

On the other hand, recall that for 1® p< 1T , HS(M ) can be identieed with the space
of all Ly-martingales x such that dx T Lp(M ;). Thus we can considerH (M ) as a
subspace oflL,(M ¢ B((p)) and the reverse inclusion follows. Then the same arguments,
using duality and Wol ’'s theorem, yield Theorem 3.1 of [31]. Alternately, we can <nd
Musat's result by desning an equivalent quasinorm for & 'Q*B(M ), 0<p ® 2 similar to N,
as follows o e 1g 2615
Ng() =inf & wl 2P |dx, |2 "€ X8ug(m ).
n

Then all the previous proofs can be adapted to obtain the analogue resultof H5(M ).

Appendix

In Section 2 we established the existence of an atomic decomposition fdni(M ). The
problem of explicitly constructing this decomposition remains open One encounters some
substantial di'culties in trying to adapt the classical atomic constr uction, which used
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stopping times, to the noncommutative setting. Note that explicit decompositions of mar-
tingales have already been constructed to establish weak-type ine@lities ([40, 41]) and
a noncommutative analogue of the Gundy’s decomposition ([33]). In these wds, Cu-
culescu’s projections played an important role and provide a good dustitute for stopping

times, which are a key tool for all these decompositions in the classit case. However,
these projections do not seem to be powerful enough for the noncommative atomic de-
composition and for the noncommutative Davis’ decomposition (see Chaptel).

Problem 2.4.10. Find a constructive proof of Theorem 2.2.4 or Theorem 2.2.9.

Problem 2.4.11. Construct an explicit Davis’ decomposition
Hi(M )= h§(M)+ hi(M)+ h{(M).

It is also interesting to discuss the case oh, for 0<p < 1. We desne the noncommu-
tative analogue of (p, 2)-atoms as follows.

Deenition 2.4.12. LetO<p ® 1. al L»(M) is said to be a(p, 2).-atom with respect to
(M p)n~1, if there exist n ~ 1 and a projection eI M , such that

() En(a) =0;
(i) r(a) ®e;
(i) €a&, ® a(e)V > p,
Replacing (i) by (ii)i I(a) ® e, we get the notion of a(p, 2),-atom.

We deene hi®(M ) and hi® (M) as in Deenition 2.2.3. As for p = 1, we have
h$3 (M) u hS(M ) contractively.
On the other hand, we can describe the dual space dfg'at(M ) as a Lipschitz space.
For B~ 0, we set ) s
pB(M) = "xT La(M):éxé ¢ <

with | "
n lelP ,
By a slight modiecation of the proof of Theorem 2.2.6 (by setting ye = (x- Xn)e )

&(X- Xn)e&pa(e)lr - 1/2
we can show that(hgva‘(M NE= g(M) forO<p ®1, with B=1/p - 1.
At the time of this writing we do not know if hg'at(M ) coincides with hi(M ). The
problem of the atomic decomposition ofh,(M ) for 0 < p < 1 is entirely open, and is
related to Problem 2.4.10.

Problem 2.4.13. Does one haven§(M ) = h$®(M ) for 0<p < 1?

Problem 2.4.14. Can we describe the dual space dﬁg(M) as a Lipschitz space for
O<p< 1?

Another perspective of research concerns the interpolation resultebtained in Section
4. Recall that we deene hf (M) (resp. h{f (M)) as the Banach space of theL; (M )-
martingales x such that ~ ,—; B 1]dx«|? (respectively ~ ~; B 1/dx%?) converge for the
weak operator topology. We seth; (M) = h¢ (M)Rh (M) RN (M). At the time of
this writing we do not know if the interpolation result (2.4.4) remain s true if we replace
bmo(M ) by hy (M).

Problem 2.4.15. Does one havehf (M ), h§(M ))% = hg(M) for 1<p< T 2
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Chapter 3

Theory of Hp-spaces for
continuous eltrations in von
Neumann algebras

Introduction

The theory of stochastic integrals and martingales with continuous timeis a well-known
theory with many applications. Quantum stochastic calculus is also w# developed with
applications reaching into eelds such as quantum optics. In the seting of von Neumann
algebras, many classical martingale inequalities have been reformuladefor noncommuta-
tive martingales with respect to discrete eltrations, see e.g. [35, 2420, 27]. The aim of
this paper is to study martingales with respect to continuous eltrat ions in von Neumann
algebras. Our long term goal is to develop a satisfactory theory for semimamgales, in-
cluding the convergence of the stochastic integrals. In the noncommative setting, we
cannot construct the stochastic integrals pathwise as in [8]. It is uninaginable to consider
the path of a process of operators in a von Neumann algebra. However, it is wetnown
that in the classical case, the convergence of the stochastic integrals closely related to
the existence of the quadratic variation bracket[-, -] via the formula
U t U t
XYt = Xs dYs+ Yo dXs+[X,Y ]

Here the quadratic variation bracket can be characterized as the limit inprobability of the
following dyadic square functions

%)
[X,Y ]t = XoYo + A';R (Xt'%% } xt?’})(Yt'%# ) Ytz'%r)'
0®k< 2n

Hence we will erst study this quadratic variation bracket in the sett ing of von Neumann
algebras, and then deal with stochastic integrals in a forthcoming paperased on the
theory developed here. More precisely, we will focus on thé, ,-norm of this bracket by
considering the Hardy spacedd, desned in the classical case by the norm
exéy, = é[x,x]é;;;
This paper develops a theory of the Hardy spaces of noncommutative martingak with
respect to a continuous eltration. One fundamental application is an interpolation theory
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for these noncommutative function spaces which has already found applitions in theory
of semigroups (see e.g. [21]).

Let us consider a von Neumann algebraM . For simplicity, we assume that M is
nite and equipped with a normal faithful normalized trace &. Fortunately, the theory
of noncommutative Hp-spaces is now very well understood in the discrete setting, e.,
when dealing with an increasing sequencéM ,),—o of von Neumann subalgebras oM ,
whose union is weaRédense inM . We consider the associated conditional expectations
E,.:M% M ,. Inthe noncommutative setting it is well-known that we always encounter
two di erent objects, the row and column versions of the Hardy spaces:

o 1@ 221/2- o 1@ 221/2-
ExBe = | [dn (X)] :p and &xéy; = ! [dn (X9 :p,
n n

where dn(x) = Eq(x) - En. 1(X). Here éxé&, = (&(|x|P))Y? refers to the norm in the
noncommutative L p-space. The noncommutative Burkholder-Gundy inequalities from [35]
say that

Lp(M )= H, with equivalent norms for 1<p< T, (3.0.1)

where the Hp-space is desned by
I
Hp = for 1®p<2

HS+ HJ
HSRBHp for 2®@p<|

TOoOO

Following the commutative theory, we should expect to desne the bracket [x, x] for a
martingale x and then desne
1/2

=é[x,x]'ep,2 and éxé@{)

1/2

e I — s (E .
éxe = €[x ,x“]eplz.

g
Armed with the deenition we may then attempt to prove (3.0.1) for a cont inuous eltration

(M )i—o. For simplicity, we assume that the continuous parameter set is givenby the
interval [0, 1]. We deesne a candidate for the noncommutative bracket following a nonsan-
dard analysis approach. For a enite partiton a = {0 =tg<t; < ---<t, =1} of the
interval [0,1] and x | M , we consider the enite bracket

D a2
X, xJa = [df(x)[%,
th a
where d?(x) = E(x) - E - (x). Then for p > 2, (3.0.1) gives an a-priori bound
é[x,x]a]éll2 ® DBpéxé,. Hence, for a «xed ultraslter U reening the general net of «nite

p/ 2
partitions of [0, 1], we may simply deene

X, x]Ju = w-lim[x, x]a,

where the weak-limit is taken in the re,exive space L (M ). In fact, in nonstandard
analysis, the weak-limit corresponds to the standard part and is knownto coincide with
the classical deenition of the bracket for commutative martingales. However, the norm is
only lower semi-continuous with respect to the weak topology and we shdd not expect
Burkholder/Gundy inequalities for continuous eltrations to be a sim ple consequence of
the discrete theory of Hp-spaces. Yet, using the crucial observation that thel ,; ,-norms of
the discrete brackets[x, x]s are monotonous up to a constant, we may show the following
result.
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Theorem 3.0.1. let 1®p<1 andxIM . Then

|
&[x, x]u€p 2 A lim €[x, xJa€p/ 2 Ao SUPaElXXla&yp  for 1®p<2
a,

infa €x,x]aéy2  for 2®@p<I

In particular, this implies that the L,/ ,-norm of the bracket [x, x]y does not depend on
the choice of the ultraelter U, up to equivalent norm. We will discuss the independence of
the bracket [x, x]y itself from the choice ofU in a forthcoming paper. Hence forl ® p < 1
and x M we deene the norms

Exéa = 8x,xJueY2 and éxéye = lim &[x, x]a8"2 = lim éxéy e :
1 A USpr2 He = Tau T ate2 T g @)
We denote by ﬁg and HJ respectively the corresponding completions. Theorem 3.0.1
shows that actually

ﬁg = Hp with equivalent norms for 1® p < T.

Hence this de*nes a good candidate for the Hardy space of noncommutative mtngales
with respect to the continuous eltration (M {)oet@1. We now want to establish for this
space the analogues of many well-known results in the discrete setiy. For doing this,
we will use the deenition of the space HE, which will be more practical to work with.

In particular, we may consider Hj as a subspace of some ultraproduct space, which has
an Lp-module structure. Then, using ultraproduct techniques, wecan show the following
duality result.

Theorem 3.0.2. Letl<p<T andl+ %=1.Then
(Hp)®= Hpi  with equivalent norms

Note that throughout this paper, following [35] we will consider the anti-linear duality,
given by the duality bracket (x|y) = a(x%). Since no confusion is possible, we will denote
it by (H5)® With this convention, the dual space of a column space is still a colum
space. To prove Theorem 3.0.2, we will need to characterize the spatt¢y as a quotient
spacelég of some ultraproduct space. Forp = 1, we also establish the analogue of the
Fe erman-Stein duality in this setting:

(H)®= BMO ¢ with equivalent norms.

We have to be careful when desning the spac8MO €. A naive candidate for the BMO °©
norm is given by

éxégmo © = lim éxégoc(a), Where éxéguo c(a) = SUp ER(Ix - X¢ %)l 2.
a, tlha

However, here our restriction to enite partitions (instead of random partitions in the
classical case) is restrictive. Indeed, if one of thé&xéguo ¢(a)’s is *nite, then x is already
in M . Deenitively, we expect BMO € to be larger than M . We will therefore say that
an elementx T L»(M ) belongs to the unit ball of BMO € if it can be approximated in
L >-norm by elements of the form

W- Ijm Xa In L2(M ) with Ijm éX‘aéBMO c(a) ® 1.
a,u a,u
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As a consequence of Theorem 3.0. 7 embeds intoLx(M ) for 1 <p < 2 and into
Lo(M)for2® p < | . Infact, this still holds true for p =1 by the monotonicity property.
Hence we may de<ne the Hardy spacéd, as in the discrete setting by considering the sum
of the column and row Hardy spaces inL,(M ) for 1 ® p < 2, and their intersection
in Lp(M) for 2 ® p < T . The continuous analogue of (3.0.1) is then obtained by a
nonstandard analysis approach, i.e., we erst prove the Burkolder-Gumly inequalities at
the ultraproduct level, and then take the weak-limit (i.e., the standard part).

Theorem 3.0.3. Letl<p< 1 . Then
Lp(M )= Hp with equivalent norms.

We are also interested in the conditioned Hardy spaces, deened in the discrete
setting by the norms
1@ 221/2. 1lg 21/|:)
EXEng = En- 1]dn(X)] N éx“éhg and éxéhg = €dn (x)€p
n P n

Then the noncommutative Burkholder inequalities proved in [24] state that
Lp(M ) = hp with equivalent norms for 1<p < [ (3.0.2)

where the hp-space is deened by
|
ho = h%+ h§+ hr[J for 1®p<2
hp 3 hg B hy, for 2®@p<|
A column version of these inequalities, which also holds true fop = 1, have been discovered
independently in [21] and Chapter1.:
I
hd+ h¢ for 1®p<2
C = P p -
Hp hg B hg for 2®@p<| (3.0.3)
In the commutative theory the decomposition for 1 ® p < 2 corresponds to a version of the
Davis decomposition into jump part and conditioned square function. ©n the conditioned
case, we still have a crucial monotonicity property, and consideringhe conditioned bracket

4 A @ a 2
& X& = E- |df (X)|

th a
for a enite partition a, we deene the conditioned Hardy spaces@\g and hg of noncommuta-
tive martingales with respect to the eltration (M {)oete1. Then we may adapt the theory
developed for theH g-spaces toﬁg and hg and obtain that

AS = e

0 o With equivalent norms for 1® p < T.

Moreover, we can prove the conditioned analogue of Theorem 3.0.2. Note that irhis case
the spacebmd’ is easier to describe. It is desned as the set of operatorz I L,(M ) such
that

sup ég|x- x%& <1 .

0®t®1
To obtain the continuous analogue of the decompositions (3.0.2) and (3.0.3) fot<p < 2
and 1 ® p < 2 respectively, we need to introduce another diagonal spacda%,c u hd,
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which yields a stronger Davis decomposition, closer to the classicaine. Then we deduce
the continuous analogues of (3.0.2) and (3.0.3) fo? ® p < 1 by a dual approach.
Unfortunately, we cannot directly describe the dual space of our contimous analogue of
the diagonal spaceh‘p‘. We introduce a variant of the Davis decomposition forl<p < 2,
based on a deep result of Randrianantoanina. This new decomposition will Blw us to
replace hg in the sum by a larger spacng. We may now describe the dual space oK,
and denote it by Jg;. Finally, deening the conditioned Hardy space by
|
ho = hg+ hS+hi  for 1®p<?2

P BRASRA,  for 2@p<T

we obtain the continuous analogue of (3.0.3) and (3.0.2):

Theorem 3.0.4. Let1®p<1 . Then
|
. hd + he for 1®@p<2 . .
C = p p ~
() Hp JS &R for 2@p<1 with equivalent norms.
(i) For 1<p< T,
Lp(M ) = hy, with equivalent norms.

By approximation, we deduce a new characterization oBMO €.

At the end of the paper, we discuss the decomposition of the Hardy spacéstroduced
previously into algebraic atoms, and we use this decomposition to obtain he following
interpolation result.

Theorem 3.0.5. Let 1<p< 1 . Then

Hp =[BMO ,H]. with equivalent norms.
p

The paper is organized as follows. In Section 3.1 we recall some necessprgliminaries
on ultraproduct of Banach spaces in general, and on ultraproduct of von Neumam algebras
in particular. We also discuss the *nite case, and give some background ohp-modules.
The main part of this paper is developed in Section 3.2, where we desnehe Hardy space
Hp of noncommutative martingales with respect to a continuous eltration and transfer
duality results and Burkholder-Gundy inequalities from the discrete setting to this case.
Section 3.3 is devoted to the study of the conditioned Hardy spacels;. It contains di erent
characterizations of this space and some duality results. The Davis dmmposition of the
spaceHg is presented in Section 3.4, where we introduce the diagonal spacb& and hlfl,C for
1® p < 2. In order to pass to the duals in this decomposition, we discuss in $#ion 3.5 a
variant way of considering the sum of two Banach spaces. In our settinghis corresponds
in some sense to focus on the decomposition at the level &f;(M ), and with the help
of Randrianantoanina’s results we extend our continuous Davis decompadsdn to this
stronger sum. At the end of Section 3.5 we obtain the complete Burkholdeinequalities.
We end this paper with a discussion on some algebraic atoms in Section 3.6 high we use
immediately in Section 3.7 to establish the expected interpolationresuls. At the beginning
of each section, we recall the discrete results that we want to reformate in the continuous
setting, and add some details on the discrete proofs.

Throughout this paper, the notation a, A b, means that there exist two positive
constants c and C such that a

c® P ®C.
by
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3.1 Preliminaries

3.1.1 Noncommutative L-spaces and martingales with respect to con-
tinuous eltrations

We use standard notation in operator algebras. We refer to [28, 46] for background on
von Neumann algebra theory, to the survey [36] for details on noncommutative ,-spaces,
and to [13, 48] in particular for the Haagerup noncommutative L ,-spaces. In the sequel,
even if we will deene somelL p-spaces in the type Ill case, we will mainly work with
noncommutative L ,-spaces associated to semienite von Neumann algebras. Let us brie,y
recall this construction. Let M be a semisnite von Neumann algebra equipped with
a normal faithful semienite trace 4. For 0<p ® 1 , we denote byLp(M ,a) or simply
Lp(M ) the noncommutative L ,-space associated wit{M , &). Note thatif p=1T ,L,(M)
is just M itself with the operator norm; also recall that for 0<p < 1 the (quasi) norm
on Ly(M ) is desned by

&xép = (A(x|P)H P, xT Lp(M)

where |x| = (x%)¥ 2 is the usual modulus ofx.
Following [35], for L® p< 1 and a nite sequencea = (ay)n o in Lp(M ) we set
o 1o 212 . oo
€aé (v ig) = |an| - and 8aé (v ;i) = €% (m )

n 0

Then &-&_ (m E) (resp. € - & (v ;U'Z)) deenes a norm on the family of enite sequences of
Lp(M ). The corresponding completion is a Banach space, denoted bly,(M ; (§) (resp.
Lp(M ;). For p = T, we deene Lj (M ;[1521 (respectively Li (M ;) as the Banach
space of the sequences ih; (M) such that = ,-,X3Xn (respectively =~ ,-oXnX$) con-
verges for the weak-operator topology. These spaces will be denoted (M ; (1)) and
Lp(M ; (1)) when the considered sequences are indexed by

Let (M ()0 be an increasing family of von Neumann subalgebras dfi whose union
is weak®dense inM . Moreover, we assume that for allt — 0 there exist normal faithful
conditional expectationsk : M % M . Througnout this paper, we assume that the
eltration (M ()i—o is right continuous, i.e, M = Mg forallt 0. A family x =
(Xt)t-o0 in L1(M ) is called a noncommutative martingale with respect to(M )¢ if

Es(X¢)= xs, O0®s®t.

If in addition all xi’'s are inL,(M ) for somel® p®1 ,then x is called anL p-martingale.
In this case we set
EXEp = sup exEp.
to

If éxé, < T , we say that x is a boundedL p-martingale.

Let x = (X{);~o be a noncommutative martingale with respect to (M {)i—9. We say
that x is a *nite martingale if there exists a ¢nite time T 0 such that x; = xt for all
t — T. In this paper, we will only consider enite martingales on [0,1], i.e., T = 1. In
this case, for a enite partition a = {0 =tg<t; <ty < ---<t, =1} of [0,1] we denote
t* = tj+1 the successor of = tj andt™ = t;. 1 its predecessor, and fot ~ 0 we desne
|
Xt~ Xg fort> 0
di(x) = X0 fort=0

In the sequel, for any operatorx I L1(M ) we denotex; = E(x) forall t ~ 0.
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3.1.2 Ultraproduct techniques
Ultraproduct of Banach spaces

Our approach will be mainly based on ultraproduct constructions. Let userst recall the
deenition and some well-known results on the ultraproducts of Banachspaces. LetU be
an ultraelter on a directed set | . They are sxed throughout all this subsection. Recall
that U is a collection of subsets ot such that

() iU :

(i) If A,B pl suchthat Ap B andATU ,thenBIU;
(i) If A,BTU thenARBTU ;

(iv) If Al ,theneither ATU orl\ ATU.

Let X be a normed vector space. For a family(x;);j; indexed by | in X, we say that
X =1imj y X; is the limit of the X;’s along the ultraslter U if

{iTh : éx- xje<¢}iu forall ¢> 0.

Recall that this limit always exists whenever the family (x;)ij; is in a compact space. IX
is a dual space, then its unit ball is weak&Ecompact, and any bounded family inX admits
a weak=limit along the ultraelter U. If X is re,exive, since the weak-topology coincide
with the weak®topology, we deduce that any bounded family inX admits a weak-limit
along the ultraslter U.

We now turn to the ultraproduct construction. Let us start with the ultraproduct of
a family_ ()r(i)m of Banach spaces. Lety ({X;:i 11} ) be the space of boundedrfamilies
i T X requipped with the supremum norm. We dee<ne the ultraproduct  Xj,
also denoted by ; X/ U, as the quotient spaceiy ({X;:iT1} )/NY, whereNY denotes
the (closed) subspace ofJ-vanishing families, i.e.,

NY={(xi)m T o ({Xiziln}): lim éx;éx; = 0}.

We will denote by (x;)* the element ofr u Xi represented by the family (x;)ii . Recall
that the quotient norm is simply given by

é(Xi)'é = Ii_n& éXié)(i .
I,

If X;j = X forall i, then we denote by (I ;X) the space of boundedX -valued families
and by X the quotient spacei; (I ;X)/NVY, called ultrapower in this case. We refer
to [15, 45] for basic facts about ultraproducts of Banach spaces. 1tXi)ii ,(Yi)iii are
two families of Banach spaces and; : X; % Y; are linear operators uniformly bounded in
i 11 , we can deene canonically the ultraproduct map Ty = (T;)" as

Loy r

Tus x)*  O% (Tixi)’

In the sequel we will often use the following useful fact without ary further reference.

Lemma 3.1.1. Let (X;)iji be afamily of Banach spaces and let = ( x;)" | ' u Xi be such
that éxe’ ,x; =limiyéxiéx, < 1. Then there exists a family (&) T G ({X; i1} )
such that

x=(%) and &&éx <1, Oill
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Proof. Setting |

4 = Xi if éxjéx, <1
' 0 otherwise ’
we get a family verifying é&jéx, < 1for all i I 1 . Moreover, by the deenition of the

limit along the ultraslter U, we havelim; y éx; - %&x, = 0. Indeed, if we denotel =
lim; y éxjéx, < 1, then for any O >0 we have

Ap={iTl :|0-&xiéx,|<O}U .

Observe that for O= 1% > 0, eachi | Agsatisees éxéx, < i+ O= 3 < 1. Hence for
all ¢ > 0, the condition (ii) in the deenition of an ultraslter implies

Ao u{ill :éxiéx, <u{ill :éxj- &éx, <c¢}liu .
2
This shows that (x;)* = (%) and ends the proof. O

We will need to study the dual space of an ultraproduct. For a fqmily of gaaenach spaces
(X1 , there is a canonical isometric embedding) of ' u X Zinto uXi deened by

(3x°Px) = lim (7))

for x®= (x{}" ' pXZand x = (xi)" I ' u Xi. Hence we may identifyr u X Ewith a
ce
subspace of ;X; . These two spaces coincide in the following case.
. i 2
Lemma 3.1.2 ([16]). Let (X;)iii be a family of Banach spaces. Then (X; = (X%
if and only if =~ X; is re,exive.

1 2
. . r I | e
Even in the non re,exive case, the subspace (X Fis “big” in uXi inthe sense

of the following Lemma. This is also a well-known fact of the theory of utraproducts (see
[45], Section1l), we include a proof for the convenience of the reader.

Lemma 3.1.3. Let (Xi)ij beia famil;&of Banach spaces. Then the unit ball orf u XFis
o5}
weak=dense in the unit ball of = X

Proof. We erst prove that for two normed vector spacesX and Y such that Y is a norming
subspace ofX % the unit ball of Y is weak®dense in the unit ball of X € Suppose that
By is not weak®dense inBx «, then by the Hahn-Banach Theorem there existx®l By e
and x I X such that |(x%x)] =1 and forall y I By, |(y|x)| <O, 0<O < 1. SinceY is a
norming subspace ofX ®we have

éxéx = sup |(y|x)| <O.
yl By
Then
1= |(x9x)| ® éx%x «8xéx < O,
which contradicts O < 1. It remains to apply this general result to Xl = szi and
ce

r r . : r
Y = yX& ltsuces to see that X ®is a norming subspace of | X; . Let

x =(x)" 1 yXj. Foreachill ,there existsz®| Bxe such that éxéx, = |(zxi)|.
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Multiplying by a complex number of modulus 1, we can assume thatéxéx, = (z%x;).
Thus

.. ..r — - . . — -
Eéxé =1lim éxijéx. =Ilim (zx;
uXi Ty X i,U( 1xi)

® sup [lim(yfixi)l = sup |(yS )],
ye=(y® iBl o bV yd§Bl

Ui Ui

Ultraproduct of von Neumann algebras : the general case

We now consider the ultraproduct construction for von Neumann algebras. For conve-

nience we will simply consider ultrapowers, but all the following discussion remains valid

for ultraproducts. Itis well-known thatif A is a C®algebra, then A is still a C®algebra.

On the other hand, the class of von Neumann algebras is not closed under uéipowers.

However, according to Groh’'s work [11], we know that the class of the praghls of von

Neumann algebras is closed under ultrapowers. LetM be a von Neumann algebra. Then
u M «is the predual of a von Neumann algebra denoted by

10 2

Moreover, ' u M identiees naturally to a weak ®dense subalgebra oF@PU. As detailed in
[42], we can also se&F as the von Neumann algebra generated by ;M in B( H),
where we have a standardoerepresentation of M over the Hilbert space H. Following
Raynaud’s work [42], for allp > O we can construct an isometric isomorphism

]

which preserves the following structures

« conjugation: p((xM*) = p((x)")%

« absolute values: p((Ixi[)*) =1 p((xi)")I,

r - ') L] . . . .

« M -bimodule structure: p((a&)" - (xi)" - (B)") =(a)" - p((xi)*) - (B)",

« external product: ()" - (¥))) = (%)) q((y)") for £ =2+ ¢,
for all (xi)* T ' Lp(M ), ()" 1 " ULg(M) and (@), (B)" i ' yM. Inthe sequel we
will identify the spaces | Lp(M ) and L,(MFy) without any further reference.
Ultraproduct of von Neumann algebras : the enite case

We now discuss the enite situation. Let M be a enite von Neumann algebra equipped
with a normal faithful normalized trace a. In this case the usual von Neumann algebra
ultrapower is M y = 3 (1 ;X)/1Y, where

Y= {0 TG (15X) ¢ lim &(x%i) = 0}.
According to Sakai ([44]), M y is a *nite von Neumann algebra when equipped with the

ultrapower map of the trace 4, denoted by &, and desned by

au((xi)") = lim a(x;).
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Note that this deenition is compatible with |, and desnes a normal faithful normalized
trace on M y. We may identify M y as a dense subspace df,(M y) via the map x |
My O¥%ay(x - ) T Li(My). Then for x = (x;)* I M y, we have éxé; = lim ; y éx;é;.
Observe that this does not depend on the representing familyx;) of x. Let us de<ne the
map |

g Mu % Li(%y)

(i) 0% (axi -))

We see that this map is well-deened, and it is clear that é4d)(x;)*)é; = lim ; y éx;€;. Hence
by density we can extend@to an isometry from L1(M y) into L1(MFy). SinceL1(M y) is
stable under ¥¥  actions, Theorem 111.2.7 of [46] gives a central projectioney in Py such
that L1(M y) = L1(¥Py)ey. We can see thatey is the support projection of the trace &y.
In the sequel we will identify M  as a subalgebra of¥®,, by consideringM y = MFyey.
More generally we have

Lp(M y) = Lp(¥Py)ey forall O<p ®T . (3.1.1)

The subspacelL ,(M y) can be characterized by using the notion ofp-equiintegrability as
follows. Let us recall the deenition of a p-equiintegrable subset of a nhoncommutative
L p-space introduced in [46] forp = 1 and by Randrianantoanina in [38] for any p.
Desnition 3.1.4. LetO<p< T . Abounded subseK of L,(M ) is called p-equiintegrable
if

nl3|/£p )s(sluPP éenxenép =0

for every decreasing sequence®,), of projections of M which weak&converges to0.
If p=1, we say thatK is uniformly integrable.

Recall that enite subsets of L,(M ) are p-equiintegrable. We will use the following
characterization coming from Corollary 2.7 of [14].

Lemma 3.1.5. Let1® p <1 and (xj)ii be a bounded family inLp(M ). Then the
following assertions are equivalent.

(i) (xi)iii is p-equiintegrable;
(i) TI:%\ SlindiStLp(Xi,TBM )=0;
(iii) TI:%\ Ii|,r61 éxi1(|xi|>T )& =0,
where fora™ 0, 1(a > T ) denotes the spectral projection ofa corresponding to the interval
(T,7).
Observe that (3.1.1) implies that for O<p < T and x T L,(¥Fy)
xT Lp(My) E x = xey.

Moreover, in the enite case, ey corresponds to the projection denoted byse in [43]. Hence
Theorem 4.6 of [43] yields the following characterization ofL ,(M y).

Theorem 3.1.6. LetO<p< T andx i Lp(¥y). Then the following assertions are
equivalent.

(i) xT Lp(M y);
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(i) x admits a p-equiintegrable representing family(x;)ii -

ForO<p< B®T ,sinceM is -nitre we have a contractive inclusion Lé(M ) U Lp(M).
Let us denote bylép U Lé(M ) %y Lp(M) the contractive ultraproduct map of the
componentwise inclusion maps. Note that although the componentwise inalsion maps are

injective, the ultraproduct map FY |s not. However, its restriction to Lé(M u) is injective.
Indeed, using the weak&density of uM in My, we see thatl & is bimodular under the
actlon of M¥y. Hence, ifx T Lg (I@P ) satisees X = Xxey, then F (x) ép(xeu) =

(x)eU I Lp(M y). This shows that Iﬁp Lg (M u) % Lp(M u). Moreover sinceM y is
-nlte the map FY coincides onlL g (M u) with the natural inclusion Lé(M u) K Lp(M v).
We deduce from Theorem 3.1.6 the following description of the spacky(M y), viewed as
a subspace oL (M y).

Lemma 3.1.7. LetO<p< 1 . Then

U 8.8 W
Lo(Mu) = Ig,(Lg(MRy)) P50,
fop

Proof. Letus erstshow that I g,(Lg(¥Fu)) K Lp(M y) for g>p. Letx = (x)’ I La(NFy).
By Theorem 3.1.6, it su ces to prove that the family (X;)ii is p-equiintegrable. ForT > 0
and eachi 11 we have

B, o B 5 8
e 1(xi| > T )& ®éxi|xi|p T rg, ® T*  Exi &8
Taking the limit along the ultraslter U we obtain
|m exi1(|xi| >T )& ® Th ve
(Ixil > T )& S

Sincel- b B < 0, thistends to 0 asT goes tol . We conclude that (x;)iii is p-equiintegrable
by using Lemma 3.1.5. Conversely, letx [ Lp(M y). Since M y is *nite, Lg (M u) is

dense inLp(M y) for all @ > p. Hence for all¢ > 0O there existsy | a(M u) such
that éx - yé& (m,) < ¢. SinceLp(M y) is isometrically embedded into Lo(¥y) and
y = lgp(¥) | | gp(Lg(¥F ), this ends the proof. O

For p= 1, we can translate the notion of uniform integrability in terms of compactness
as follows.

Theorem 3.1.8 ([46]). Let K be a bounded subset of the predud of M . Then the
following assertions are equivalent.

() K is uniformly integrable;
(i) K is weakly relatively compact.

Let us consider I
LML % (My,&)
v X o  (x)

Sinceiy Is trace preserving, this yields an isometric embedding of. ;(M ) into L1(M ).
Hence we get natural inclusions

Li(M) u Li(M y) p La(WPy),
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where L1(¥P) represents the bounded families inL;(M ), L1(M y) corresponds to the
weakly converging families alongU and L1(M ) consists of the collection of the constants
families.

We end this subsection with the introduction of a conditional expedation. We set

E|J=(iu)ce:|\/|u3/4|\/| .

Then Ky is a normal faithful conditional expectation on M . Sincekl, is trace preserving,
forall 1® p® 1 we can extendEy to a contraction from Lp(M y) onto Ly(M ), still
denoted by Ey. Moreover, for 1<p ®1 andx =(x;)* I Lp(M y) we have

Eu(x) = w® ||”H Xi,

where the weak&limit is taken in Lo(M ). Indeed, fory T L,i(M ) and % + ﬁlr =1 we can
write

a(Bu()%F) = a(x%u(y) = lim, a(x{y). (3.1.2)

Note that since in this caselL (M ) is a dual space, the weaRlimit of the x;’s exists for
any bounded family (x;). Hence we may extendgy to Lp(¥Fy) for 1<p ®1 . However
this extension, still denoted by E; in the sequel, is no longer faithful. Forl<p < T , since
Lp(M ) is re,exive, the weak®limit corresponds to the weak-limit. Recall that by Theorem
3.1.8,L1(M y) corresponds to the weakly converging families. Thus (3.1.2) implieshat
for i@ p<T andx=(x)" T Lp(M y) we have

BEu(x) = w- Iii’rlr} Xi.

3.1.3 Ly M -modules

We will use the theory of L ,-modules introduced in [23]. This structure will help us to prove
duality and interpolation results for dilerent Hp-spaces. We may say thal ,-modules are
L p-versions of Hilbert W®modules. LetM be a von Neumann algebra.

Deenition 3.1.9. Let1®p<1 . Aright M -module X is called a rightLp, M -module if
it has an L »(M )-valued inner product, i.e. there is a sesquilinear mapé; -€: X x X %
Lp2(M ), conjugate linear in the erst variable, such that for all x,y I X and allalM

() é&,xé 0, and &,xé=0E x =0,
(i) &, y&= &, xé
(i) é&x,yaé= &,yéa,
and X is complete in the inherited (quasi)norm

1/ 2

éxe = eé&, xee ;.

We call X aright Ly M -module if it has anLj (M )-valued inner product and is complete
with respect to the strong operator topology, i.e. the topology asing from the seminorms

exg = (1 (&, x®Y2, 1M L
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The basic example of such a ri%htLp M -module is é;iven by the columnL,-space
Lp(M ;). Here foralM andx = " ;—geno¢ Xn,Y =  —0€0¢ Yn | Lp(M ;) we
deene the right M -module action by

X-a= eno ¢ (Xpa).
n 0

Then we de<ne the following L ,;o(M )-valued inner product

%) .
Y8 (Mg = Xp¥n I Lp2(M).

n O

Let us mention another important example of Lp,-module. LetE: M % N be a normal
conditional expectation, where N is a von Neumann subalgebra oM . Then for x,y |
Lp(M ) we may consider the bracket

&, Y8 ;v ;) = EXF) T Lya(N),

where E denotes the extension ofe to L,/ »(M ) (see [24] for details on conditional expec-
tations). It is clear that this desnes an L, >(N)-valued inner product, and the associated
L, N -module is denoted byL ,(M ; E). Actually, it is proved in Proposition 2.8 of [20] that
this latter example is similar to the former one. More precisely, ths Proposition shows
that L,(M ;E) is isometrically isomorphic, as a module, to a complemented subspeacof
Lp(N ;). This result have been extended in [23] for anyL , M -module. By Theorem 3.6
of [23], a right M -module X is a right L, M -module if and only if X is a "column sum of
Lp-spaces” in the following sense.

Theorem 3.1.10 ([23]). Let X be a rightL, M -module. Then X is isometrically iso-
morphic, as an Lp-module, to a principal Lp-module, i.e., there exists a set(op)pi | Of
projections in M such that

1

., - g . . i
X )it : Yol elp(M),  Yo¥l Lya(M) .
)

This latter set is denoted by Y,0gpLp(M ) and endowed with the norm &(Yp)pé =
- L U2
: a o o Yo! " In the enite case, if we have a projective system ofL, M -modules in the

sense of the following Corollary with some density property, then wemay represent this
family by using the same set of projections.

Corollary 3.1.11. Let M be a *nite von Neumann algebra. Let(Xp)iepei be a family
of right M -modules such that

(i) XpisanLp M -module forall 1® p®T .

(i) There exists a family of modular maps|lq,,: Xq % Xp for p® gsatisfying Ipp = idx,
andlgp) lrg=lrp for p®q®r.

(iif) The inner products are compatible with the maps|gp, i.e.,
&, Y6ex, = Eqp(X),lqp(y)é,
forp®qgandxyl Xgq.

(iv) 17 p(Xi ) is dense inX, forall 1® p®T .
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Then there exists a set(gp)pi| Of projections in M such that forall 1® p®1 Xp is
isometrically isomorphic, as an L p-module, to Y| gpLp(M ).

Proof. Observe that (iii) implies that the maps 14 are contractive and injective. Indeed,
forp® gand x I Xg, sinceM is enite we have

N . g A .12
€lgp(X)€x, = €dqp(X),lqp(X)8, €y

.z A .1/ 2 iy A .1/ 2

= ee<,xexqep,2®ee<,xa<qeq,2

éXéxq.

For the injectivity, if 14p(X) =0 then @ qp(x),lqp(X)€, =0 in Ly (M ). By (iii), this

implies that &, xé&, = 0 in Lq2(M ), hencex = 0 in X by (i) of Deenition 3.1.9. We now
turn to the proof of the Corollary. We erst apply Theorem 3.1.10 to the Ly M -module
X7 and obtain a set (gp)pi | Of projections in M and an isometric isomorphism ofL p-
modulesd; :Xi %Y gelLi (M ). We may extend this isomorphism to X, by density as
follows. For L®@ p< T andx = 11 p(y) T 17 p(Xi ) we set

8p(x)= a1 () 1Y 1gL7 (M).

Since M is enite, we have a contractive inclusion YgpLi (M) p Y gpLp(M ) and &,
preserves thel ,,»(M )-valued inner product. Indeed, forxy = 17 p(y1),x2 = 17 p(y2) |
I7 p(X7 ), the modularity of & implies

€Ap(X1), 8p(X2)&ygoL,(m) = AT (Y1), 81 (Y2)&, oL (M) = &1, Y2E;
di p(y1), i p(y2)&, Dby (iii)
= &1, X26,-
Hence by the density gssumption (iv) we can extendd, to an isorpetric homomorphism of
L ,-modules onXp to YogpLp(M ). SinceYopLi (M) is dense inY gpLp(M ), by the same

way we can constructabl. Thus we obtain an isometric isomorphism ofL ,-modules &,
which makes the following diagram commuting

X; 00K gpli (M) .
I p id

xpoo—ép/WqDLp(M)

O

In this situation, we may deduce the following results from some wi-known facts on
the column L p-spacesY gpL p(M ).

Corollary 3.1.12. Let M be a *nite von Neumann algebra. Let(Xp)iepei be a family
of right M -modules as in Corollary 3.1.11.

() Let 1®p<T and % + p% =1. Then (Xp)®= X, isometrically.

(i) Let 1®p;<p<p.®] and0<x< 1be such that% = 161" + 2. Then
Xp = [Xpl,sz]x.
Throughout all this paper, we consider a *nite von Neumann algebraM equipped with

a normal faithful normalized trace & and we restrict ourselves to ¢nite martingales on the
interval [0, 1].
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3.2 The Hp-spaces

In this section we study the Hardy spaceH, associated to the continuous -eltration
(M Doet@1. We start by deening the column Hardy spaces F?lg and Hg. Viewing these
spaces as subspaces of some ultraproduct spaces, which havelgamodule structure, the
crucial monotonicity property will imply that these two candidates f or the Hardy spaces
in the continuous setting are in fact equivalent. Then, introducing a third technical char-
acterization Ky of this space, we will obtain the expected duality results. We will also
describe the associate®MO spaces and establish the analogue of the Felerman-Stein
duality in this setting. We will end this section with the study of the Hardy spaceH, and
the analogue of the Burkholder-Gundy inequalities.

3.2.1 The discrete case

Let us erst recall the deenitions of the Hardy spaces of noncommutative maringales in
the discrete case and some well-known results. LM )~ be a discrete eltration of M .
Following [35], we introduce the column and row versions of square furtions relative to a
(*nite) martingale X = (Xp)n~o:

1¢ 221/2 1g 221/2
Se(x) = |dn (x)| and S (x) = |dn (x)F ;
n=0 n=0
where |
_ Xp- Xp-1 forn 1
dn (x) = X0 forn=0

denotes the martingale dilerence sequence. Foil ® p < T we de*ne HS (resp. HJ)
as the completion of all *nite L p-martingales under the norm éxéys = €Sc(x)ép (resp.
Exénr = €5 (x)ép). The Hardy space of noncommutative martingales is deened by
I
o= Hg+Hp for 1®p<2
P7  HSBH]) for 2®@p<I

We now recall some known facts on the column Hardy spaces. Fat® p < 1 , HS
embeds isometrically intoL p(M ; (§) via the map

Y
] HE % 5 LM B)
IZ[ x O3 €n0¢ dn(x) -

n 0

Moreover, the Stein inequality (see [35]) implies that the map

Y
] d_p(M ; B) -3/4 @ HS
D: [ €no¢ an O dn(an)

n 0 n 0

is bounded forl < p < T . Here we denoted,(an) = Es(an) -E n- 1(an) forn — 1, and
do(20) = Eo(ao).

R T _,
Proposition 3.2.1. Letl<p< | . ThenHSis 2Q-complemented inLy(M ;i§), where
Q denotes the constant of the noncommutative Stein inequality.
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Remark 3.2.2. Recall that
Q~ max(p, p)asp¥% lorp%i |,

where pi denotes the conjugate index ofp.

1

Since(Lp(M ;B)) %= Lyi(M ;) isometrically for 5+ o = 1, we deduce the following

duality result.

1
p

el

Corollary 3.2.3. Letl<p< T andi+ 5 =1. Then

(H)®= H5 with equivalent norms.
Moreover, :
( 2Q) Exeh e, ® EXE( )= ® Exéy o

In the sequel, we will always denote the conjugate op by pi.

Remark 3.2.4. Observe that under the above identiscation, for 1 < p < 1T we have
D :qioe. Indeed, fory | Hg and
a= " ,enoCanl Lyi(M ;i) we can write, by the orthogonality of martingale dilerences

11y 24 @ 22 @
(D@y) = a dn(an) dn(y) = a(dn(an)%dn(y))

n n n

@
= a(aqt(y)) = (ali(y)).

n

For the casep =1, in [35] Pisier and Xu described the dual space oH} as aBMO °-
space. This analogue of the Felerman-Stein duality has been extendedybthe erst author
and Xu in [24] to the casel < p < 2 as follows. Recall that for1 ® p® T , we say
that a sequence(Xn)n—o in Lp(M ) belongs toL ,(M ;i ) if (Xn)n~ o admits a factorization
Xn = aynbwith a,bT Lop(M ) and (Yn)n—o I G (L7 (M)). The norm of (Xn)n—o is then
deened as

é(Xn)n*OéLp(M o) T xniggynbéaéZp ﬁygéYnéT éheyp.
It was proved in [20, 26] that if (Xn)n—0 iS a positive sequence irLp(M ;& ), then
) ) 19 ] - . g . T
€(Xn)n~08L, (M ;i ) = SUP a(Xnyn) : yn | Lpi(M ) and : Yni ®1.
n 0 n 0 P
The norm of Lp(M ;i ) will be denoted by ésup;, xn&,. We should warn the reader that

ésup, xn&p is just a notation since sup, X, does not take any sense in the noncommutative
setting. For 2<p ® 1 we de*ne

LEMO = {xT Lp(M) : &éemo <1} ,

where

exéLsmo = esyg E.|X- Xn- 1| €52
n

Here we use the conventiorx. 1 =0. For p=1 we denote this space byBMO €.
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Theorem 3.2.5 ([35, 24]). Let 1® p< 2. Then
(H9)®= LGMO  with equivalent norms.

Moreover, :
l’{) léXéLCI,Mo ® éXé(Hg)oe® ZéXéLCiMo )
p p

where U, remains bounded asp % 1.
Combining the two previous results we obtain

Proposition 3.2.6. Let2<p< T . Then
Hg= LgMO with equivalent norms.

We end this collection of results with the analogue of the noncommutativeBurkholder-
Gundy inequalities proved in [35].

Theorem 3.2.7. Letl<p< 1 . Then
Lp(M )= Hp with equivalent norms.

Moreover,
B, texén, ® exép ® Noéxéy, .
Remark 3.2.8. According to [25] and [40] we know that
By” (p- 1) tasp¥% 1l , By pasp¥%l
N~ lasp% 1 , K~ pasp¥l
In particular, for p=1 we have a bounded inclusiorH1 i L1(M ). Throughout this paper

we will always denote by Q,, Uy, B, and N, the constants introduced previously. We will
also frequently use the noncommutative Doob inequality

ésup’' E,(a)é, ® Qeag, for 1<p ®1 ,al Lp(M),a” 0,
n

and its dual form _ Lz .
En(an): ®Q: a,: fori®p<T,
P n P

n

for any enite sequence(a,)n of positive elements inL,(M ). These inequalities were proved
in [20], and we will always denote byQ and Q respectively the constants involved there.
Recall that @ = Qi for 1® p< 1 . Moreover, we have

Q (p- 1% asp%l , Q 1 asp¥l

3.2.2 Deenitions of Iélg, H§ and basic properties

We «x an ultraslter U over the set of all *nite partitions of the interval [0, 1], denoted by
P.n ([0, 1]), such that for each enite partition a of [0, 1] the set

Us={a' TP ., (0,1]):ap ativu .
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Let us point out that in what follows, all considered partitions will be * nite. We start
by introducing a candidate for the bracket [-, -] in the noncommutative setting. For a |
P.n ([0, 1]) xed and x TM , we deene the enite bracket

g
X, xla= | (X)*

th a

Observe that €[x, x]aep,2 = éx'éHS(é), where Hj(a) denotes the noncommutative Hardy
space with respect to the discrete eltration (M )i 5. Hence the Burkholder-Gundy in-
equalities recalled in Theorem 3.2.7 and the Hélder inequality imply ér each <nite parti-

tion a and x I M

N‘; lexe, ® &[x, x]ae;g ® éxé forl®p< 2 (32.1)
éxé, ® §g[x, x]aep,2 ® Dyéxép for2@p<i o

We deduce that for 1® p < T , ([x,x]Ja)" T p,2(M u). Indeed, we see that the family
([x,x]a)a is uniformly bounded in L, »(M) and in Lg (M) for any B > max(p,2) (by
Dgexég ® Dgéxér ). Hence by Lemma 3.1.7 this means that the associated element in
the ultraproduct is in the regularized part. In particular for x IM and1® p< 1 , we
have ([x,x]a)" | '—azz(M u) for any g > max(p,2). Thus we can apply the condltlonal
expectation By to this element and set

X, xJu = Bu(([x, xJa)")-

Since this bracket is in Lé,z(M ) for any g > max(p,2), itis also in Ly »(M ) and we may
deene
12
exe}ac = €[x, X]Uep/2
Note that for any g~ max(p,2), this coincides with the weak-limit in Lélz(M ), and we

can write
1/2

exe}ac = éw- I|m[x x]aep/2

This deenition depends a priori on the choice of the ultraslter U, and we should write
€ - §5cu. However, we will show in the sequel that in fact this quantity does not depend

P
on U up to equivalent norm. Hence for the sake of simplicity we will omit the power U
and simply denoteé - e}gtic

We also introduce the following natural candidate for the norm of the Hardy space in
the continuous setting. Forx TM and1® p<1 we deene

. U2
exéng = "J‘L e[x,x]aep,2 = “ﬂj EX8c(a)-

The family (&[x, x]aep/z)a is uniformly bounded by (3.2.1), hence the limit with respect
to the ultraslter U exists. Taking the limit in (3.2.1) we get for x TM

N, 'éxg, ® éxéns ® éxé for l®@p< 2

éxé; ® éxéns ® BPpéxg, for2®@p«<i (3.22)

This shows that é - &1 deenes a norm onM . As for é - elac, the norm é - i depends a
priori on the choice of the ultraelter U, but we will show that it does not (up to a constant)
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and hence simply denoteg - &15. Moreover, the properties of the conditional expectation
Ey imply the following estimates for x T M

R lexe, ® éxéug ® éxéy ® éx&;  for l®p< 2
p

éxé, ® exéy ® Exéyg ® Dpéxg, for2@p< | (3.2.3)
p

Herefor2® p < T we used the contractivity of By for the L, ,-norm, and for 1 ® p < 2
we need the following well-known result due to Hansen.

Lemma 3.2.9. Let A be a semienite von Neumann algebra andl' : A %2 A be a trace
preserving, completely positive linear contraction. LetO<p ® 1. Then

T(xP) ® (T(x))P and éxé&, ® ET(x)&,
for each positive elementx | A .

Then (3.2.3) shows thaté - &  deenes a quasinorm onM .
P

Deenition 3.2.10. Let1® p<1 . We de*ne the spacesl*'i‘g and Hg as the completion
of M with respect to the (quasi)normé - &5, and é - Ens respectively.
P

We may check that forx TM and 1® p< 1 , &, x5, = [x x]u extends to an
p

L p/2(M )-valued inner product on K¢, which endowsﬁg with an L, M -module structure.
Hence Theorem 3.1.10 implies thai& - &5 isanormfor1®p<1 .
P

Remark 3.2.11. Note that thanks to (3.2.3), it su ces to consider the completion of
Lo(M) (resp. Lp(M )) for 1® p< 2 (resp. 2® p< | ). Hence we get

Y s Y

I (M) % fori®p<2 I V)

s and H¢ = o
[ Lp(M)ee'aB for2®@p<1 P

€6 ¢
Hp

forl®p< 2

e =
p b for2®@p<1

U
Moreover, for L® p< 2, Lq(M ) is dense inﬁg and Hg for any g > 2.

The crucial observation for the study of the spaceslf!g and Hg is that the Hj(a)-norms
verify some monotonicity properties.

Lemma 3.2.12. let1®p<1 andalP .,([0,1].
() Let 1®@p®2, x1 Lo(M)anda', a. Then

X & 5(a) ® Npeer’g(al)

Hence
Exéng ® SUPEXEyc(a) ® Noexeéns.
a
(i) Let 2® p<T1 . Let at,---,aM be partjtions contained in a, let (Bm)iemem be a

sequence of positive numbers such that ,, Bm = 1, and let x%,--- ,xM T Lp(M).
Then for x = ~ , Bnx™ we have

Lo m om "2

eerg(a) ® Dp. Br[x™, xM am . p/2.

m=1



Chapter 3. Theory of Hp-spaces for continuous filtrations in von
98 Neumann algebras

In particular for x T Lp(M ) and a p a' we have
éXéHﬁ(ai) ® Dpeerg(a)

Hence
B, "éxéys ® |gf EX€5(a) ® exeéns.

Proof. Let 1® p®2,x1 La(M)anda al, Applying the noncommutative Burkholder-

Gundy inequalities to @ )

y=  eo0¢ di(x)
tha

in Lp(B(lp(a))¢M ) for the enite partition al, we get
Ve (B (@M ) ® NoBY&caiya (wayem )-

Here we consider the discrete eltration of B ((p(a)) M given by (B ((p(&))TM )y ai. Note
that

7 O R
Y., ¢ xiv R (ih (AT ) = es0¢ e ¢ dd(df(x)): - .
YEH ¢ (al)(B (i (2)TM ) s s (df (x)) L (B (a3 FB () T )
An easy computation gives that forsi a', t1 a

|

N 3! if t- ®s
d';"(d?(x))= d3 (x) if -t ®s <s®t

0 otherwise

Hence fors| &' exed, only one term does not vanish in the sum overt I & and we get

. g
EYE ¢ iR (ih(ANTM ) = . eso¢ d? (x): = &8y ca.
Y€ (al)(B (i(a))TM ) i 0 ¢ dg (x) Lo (B (ib(aly) &M ) Hg(al)

The result follows from the fact that €y€, | g y,ayem ) = EXEHg(a)-

We now consider2 ® p < T . Let us erst assume that the partitions a™ are disjoint.
Denote &' the union of &%, ---,aM. As above, we apply the noncommutative Burkholder-
Gundy inequalities to

N o |
y= ot Bnd"(xM)
m=1 tl am

in Lp(B(Uz(a"))ffM ) for the enite partition a. We get

€Y€ugays (@M ) ® Po€YE @ m@aTm )
On the one hand, since the partitionsa™ are disjoint we have
. o am o oma2 Y2 m om :
EYEL (B (i(alytMm ) = - o dam Bm|di (x™)] w2 Bm[x™, X ]am-plz
On the other hand,

ZQWQ i A qa™ £y My -
eyeH’g(a)(B(Uz(ai))fM )= . eS,0¢ et,0¢ Emds(dt (X ))

i Am=1 ti am Lp(B((2(2))EB(ip(ah)TM )
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Again, for sl aandmi{ 1,---,M} exed, since a™ u a, only one term does not vanish
in the sum overt I a™, and it is equal to d2(x™). Hence

: \ L2
. o 2.
€YCc(a) (B (w(alTm ) = - y 1E)m|d§(xm)| o
sl am=

By the operator convexity of | - |2 we obtain

: . 212
éXéHg(a) = - Dmdg(Xm)- : ®DpéyéH c(a)(B (p(a))TM )
sia m=1 pr2 P

which yields the required inequality. In the general case, when he partitions are not
disjoint, the result still holds by approximation, thanks to the fac t that the eltration is
right continuous. Indeed, if there exists a common pointt which is both in a™ and a" (for
n © m), then we can replacet by t+ ¢ in a™ (for ¢ small enough), which does not change
the considered norms when passing to the limit ag % O. O

This monotonicity property immediately implies the following cru cial result.

Theorem 3.2.13. For 1 ® p < 1 the spaceHg is independent of the choice of the
ultraelter U, up to equivalent norm.

By deenition, we deduce from the discrete case the following
Lemma 3.2.14. Letl<p< T . Then Hg IS re,exive.

Proof. It su ces to observe that the Hg—norm satisees the Clarkson inequalities. Then we
will deduce that Hg is uniformly convex, so re,exive. Note that for each a, the Hg(a)-

norm satisees the Clarkson inequalities with relevant constants degnding only onp. This

comes from the fact that the noncommutative L ,-spaces do (see [36]), and recall that for
x M we have . o
T — . a .
XChg@) = - i éet'°¢ A (x)- Lp(B(&(2)TM )’

Taking the limit over a yields the desired Clarkson inequalities for theH g—norm. O

3.2.3 Ultraproduct spaces and L,-modules

In this subsection we introduce some ultraproduct spaces and theiregularized versions,
into which we will isometrically embed the Hardy spaces introduce in the previous sub-
section. We will equip these ultraproduct spaces with some.,-module structure. One
of the aim of the regularization process is to getlL ,-module with respect to enite von
Neumann algebras, which will allow us to deduce density results.

We erst deene the ultraproduct of the column L ,-spaces.

Deenition 3.2.15. Let1®p<1 . We de*ne
U
Ro(U)= |, Lp(M;B(a)) and Kj(U)= R(U)-ey,

where - denotes the right modular action ofy on R5(U).
For p=1 we set

LJ
o

RE (W)= LI (M:B@) and Kf(U)= R (U)- ey,
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where the strong operator topology is taken in the von Neumann algebra geatsd by
u B (tk(2))¢M , and coincides with the topology arising from the seminorms
. 1. o . 212 S 10 2,
eYeo=lm a @ [a®I* , for 0=(Q)" T (Wy)e= La(M)
a ti a
The right MPy-module structure of RS(U) is given for x = (xa)* | ' uM and Y=
(%) T RS(U) by , ,
Y-XZ(Ya -Xa)..
It is easy to see that this does not depend on the chosen represengjrfamilies. Moreover,
by Proposition 5.2 of [23], this module action extends naturally from (M to MPy.
Similarly, for Y=(Y%)", O=(Q)" T R5(U) we consider the componentwise bracket
s L g 2. U
&, By = (80, Q0 ) = %OTWO T Lya(M) = Lpa(WRy),
tha U
where Y; = a iagot Ya(t), Q = a iaco¢ Q(t) I Lo(M;iB(a)). This desnes an
L o/ 2(MFy)-valued inner product which generates the norm of@lg(U) and is compatible

with the module action. Hence R5(U) is a right L, ¥Fy-module for 1 ® p ® T . The
regularized spaces will play a crucial role in the sequel. We may egp K 5(U) with an Lp-
module structure over the enite von Neumann M y thanks to the following observation.

Lemma 3.2.16. Let 1® p® 1 . Let Yi RS(U). Then the following assertions are
equivalent.

() YT K§U);
(ii) é?vﬁag(u) I Lp2(M u);
Proof. By (3.1.1), it su ces to show that for YT RS(U) we have
Y=VY-ey E éY’\?ﬁég(U) = é\'(,‘érég(u)eu.
This comes from Deenition 3.1.9 and the fact that ey is a central projection. Indeed, we
can write
Y=Y-eyE Y-(1- ey)=0
EéY-(1- ey),Y-(1- eU)é}ég(U) =0
E (1- eU)O%Y,Yé}ég(U)(l- ey)=0
E é\'(,\'é}ég(u)(l - ey)=0

E 6V, %, = &, Ba ).

Lemma 3.2.16 implies thatKg(U) is anLp M y-module. Moreover, the family

SKIS(U))1®p®1 forms a projective system ofL, M y-modules. Indeed, forl ® p® q ®

I we may consider the contractive ultraproduct of the componentwise mclusion maps
lgp - l@g(U) Ya @S(U). By modularity, this map preserves the regularized spaces, i.e.,
lqp: Kg(U) ¥a KS5(U). Then we observe that the assumptions (i)-(iii) of Corollary 3.1.11
are satiseed. Ip particular, we deduce that the map | 4, is injective on Kg(U). Hence for
1®p®qg®I1 we may identify K5(U) with a subspace ofK j(U). We can prove the
density assumption (iv) of Corollary 3.1.11 by using the p-equiintegrability as follows.
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Lemma 3.2.17. Let1® p<1 . Then Kf (U) is dense inK (V).

Proof. Let YI K5(U), then Lemma 3.2.16 yields thaté\'(,\'é<3(u) I Lp2(M y). Combining
Theorem 3.1.6 with Lemma 3.1.5 we deduce that

Tli/T eéy, Y’fkg(u)l(é\'(, \'ék;(w >T)e, ,my) =0. (3.2.4)
Weset(y = Y- 1(éY,"ér<3(U) ® T). Then
&G, Gréguy = &Y, Vg L&Y, Bk guy ®T) IM
and & | Kf (U). Moreover, by (3.2.4) we have
Y- Orécgu) = &Y 1(&Y, Yg) > T)ékg(u)
667+ 1(6V, B suy > T), V- 1(&Y B guy > T sy 5

AT\ A7 3 JU2 Tyl
EéY-\é(g(U)l(eYvﬁ(g(U) >T)ep/2 321 0.

This ends the proof of the Lemma. O

SinceM y is *nite, we deduce duality and interpolation results from Corollary 3.1.12.
Corollary 3.2.18. Let 1®p<1 . Then
() (K5(U)== KS;(U) isometrically.
(i) Let 1®p;<p<p.®] and0<x< 1be such that% = 1[‘)1" + . Then
Kp(U) =[Kg, (U),Kg,(U)]x  isometrically.

+ 882, y
(i) KSU)= " g&p | ap(RYL) .

Proof. The assertions (i) and (ii) follow directly from Corollary 3.1.12. For (iv) , let B> p
and Y1 Iép(@g(U)). There exists Ol %g(U) such that Y= 15 (9. Then by Lemma 3.1.7

we have
eY’%g(U) = Iﬁp(@v%é(u)) I |ap(L612(rﬁaU)) 3 Lp/2(M U)1

and Lemma 3.2.16 yieldsYT K§(U). Conversely, letYT K5(U). Then by Lemma 3.2.17
we can approximateYin K $(U)-norm by an elementOi K{ (U), which is in Iﬁp(Reg(U))
for all B> p. This concludes the proof of the Corollary. O

The characterization of the regularized spaceK 5(U) given by the assertion (iii) in the
previous Lemma will be the canonical way of deening regularized spacethroughout all
this paper. Moreover, the eniteness ofM y implies

Lemma 3.2.19. let1®p<1T and Yl K§(U). Then
'éYéKg(U) = |(;I;L1p éYéK&(U).
Proof. For Y1 K§(U), we haveé\’(,\’ékﬁ(u) I Ly2(My) by Lemma 3.2.16. SinceM y is

*nite we may write

 aA .1/ 2 e aAY (12 T
€Yy c(u) = ee\(,@’g(u)el_p/z(M o) = Iég})peé(,‘é(rg(u)el_qlzw 0 I(l]g/r)p EYex ¢(u)-
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Let us now introduce the subspaces of these ultraproduct spaces csisting of martin-
gales.

Deenition 3.2.20. Let1®p<1 . We de*ne

LJ
o

ASU)= ©  HE@) and HEU)= 14 (A5U)° B
P u P P apt A '

pop

where I g : ﬁfﬁ(U) Ya ﬁg(U) denotes the contractive ultraproduct of the componentwise
inclusion maps.

Remark 3.2.21. 1. Observe that for1® p < T, H; embeds isometrically intoH 5(U).
Indeed, the mapiy : x IM O% (x)* I H 5(U) is isometric with respect to the norms
€ - &ug and é - éHg(U). By the density of M in HZ we can extendiy to an isometric
embedding ofH into HE(V).

2. Another crucial observation is that thanks to this regularization process, we may

desne By on H5(U) for 1® p< 1 as follows. Let us consider
- .
IS AS() % uLp(M) = Lp(Wy) forl®p<2

uLaM)E Ly(¥By)  for2@p<i

the uItraprpduct map of the componentwise inclusions. ThenJg is bounded of norm
less thanN, for 1 ® p < 2 by the noncommutative Burkholder-Gundy inequalities,
and contractive for 2® p < T . Then by the characterization of Lp(M y) given by
Lemma 3.1.7,J5 sendsAthe regularized spacéij(U) to Lp(M y) for 1® p < 2, and
to Lo(My) for2®p<1 . We can now applyEy to Ly(M y) for 1® p < 2, and to
Lo(M y) for 2® p< 1 . Moreover, we know that the conditional expectation By is
contractive on L,(M y) forall 1® p< 1 . Hence we get a bounded map

Eul IS HE(U) % Lp(My) forl®p<?2

Lo(My) for2®p<i

For convenience, this map will be denoted again by, in the sequel, with | :
HS(U) % Lp(My) for 1® p < 2and By : Hi(U) % Lo(My) for 2@ p < 1 .
Observe that By is faithful on Lp(M y), but not necessarily onH (V).

For 1® p <1, let us consideri = (i4)°, the ultraproduct map of the isometric
inclusions % . .
1 Hg@ %% gp(M;5(3)
e x O% &0 ¢ di(x)
th a
and D = (Djy)", the ultraproduct map of the Stein projections
Y o R
I LpM:B@) % HE@)
Da* aoCa O%  ,d(a) -
th a

Theni : ﬁg(U) ¥ Re5(U) is still isometric, and note that

x = D(i(x)) forx i HS(U).
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Corollary 3.2.18 (iii) yields that i and D preserve the regularized spaces, i.e.,
i tHp(U) % K5(U) and D :Kj(U) % Hg(U).

According to the noncommutative Stein inequality, D is a bounded projection forl < p <
T . Hence we can state the following complementation result.

R T
Lemma 3.2.22. Let1<p< | . Then Hg(V) is 2Q-complemented inK (V).
We deduce from Corollary 3.2.18 (i) the analoguous duality result forH5(U).
Corollary 3.2.23. Let1<p< 1 . Then
(H5(U)®= HEi(U) with equivalent norms
Moreover, i
( Zq))_ 1éXéH;i(U) ® eXG(HB(U))oe® éXéH;i(U)'

Recall that for 1<p < 1 and each partition &, we haveDy = i€ We deduce that for
1<p< 1 , we haveD = i® The following density result, based on Lemma 3.2.17, will be
crucial for proving duality results in subsection 3.2.5.

Lemma 3.2.24. Let 1® p® 2. Then L2(M y) is dense inH (V).

Proof. Let x I H §(U). It su ces to consider x = I g (y) wherey | I‘sf‘é(U) fpr somep > p.
Let p < p1 < B, then we can write x = lp, p | |é,p1(y) = lp,,p(2) wherez I H 5 (U) with
p1 > 1. Hence it su ces to prove the result for 1< p < 2. Indeed, if for all ¢ > 0 we can

nd al Lp(M y) such that &z - agg, w <& then
P1

ex ae@g(u) €lp,p(z a)e}ag(u)®ez aelagl(u) ¢

Now let 1<p ® 2,x I H §(U) and ¢ > 0. Then Y= i(x) I K5(U). By Lemma 3.2.17, for

¢ > 0 there exists OT K (U) such that &Y- (83, <¢. HenceOl Kf (U) u K§(U)

. RS(V)
anda= D(OQ | Ly(M y) satisees
. . | T
éx - ae}ég(u) = eéD(Y)-D (Qe@g(u) ® 2QeY- @‘ég(u) <  2Q¢.
O

Tosumup, fori®p<T , HF embeds isometrically into the L, M y-module K 5(U)
via the map

i1ig tHSHAH S(U) 9 KS(U).
Hence Lemma 3.2.19 still holds true for theH g-norm.

Lemma 3.2.25. Let1®p<1 andxIM . Then
éXéHg = |(i]£/E\péXéHa.
Proof. For x IM i} iy(x) I K§(U) and by Lemma 3.2.19 we can write

hos ey i &t ol s
exépg = €i | 'U(X)e@g(U) Iég/?pel | |U(x)e|a&(u) I&g/?peera.
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Similarly, we can embed isometrically the spacelfrg into some Lp-module. Since we
can considerM as a subspaf:e oM U’(V.i.?. the constant families), K;(U) is in particular a
righ'g_ M -module for1® p<1 . Let Y,AO Kg(U). Lemma 3.2.16 implies that the bracket
év, Qrég(U) is in Lp/2(M y). Hence we may consider

éY’C%g(U) = EU(éY,@éS(U)) I Lpa(M),

where B, denotes the extension of the conditional expectationgy to Ly »(M y). This
bracket desnes anL ,»(M )-valued inner product on K5(U). Let us denote by

_ aa7 \a. a2
eYelég(U) = eéY’Yélag(U)ep/Z
the corresponding norm. Then we desne the associated right. , M -module as follows.

Deenition 3.2.26. Let1®p<T1 . We de*ne

%
1 K

[ k

(U)e'e'éﬁ(u) for l®@p<2
Bén, -
(U) &V for2@p<1

No

R5U) =

To

The mapi! iy deened for x IM by

o 1@ 2.
i iu(x) = &,0 ¢ df(x)

th a

extends to an isometric map S % RS(U). Since the L, M -module R S(U) is super-
re,exive, we deduce

Lemma 3.2.27. Let 1<p< 1 . Then H§ is reexive.

324 A= HS

In this subsection we show that the two candidatesﬁ‘rf, and Hg introduced previously for
the Hardy space of noncommutative martingales with respect to the contimous sltra-
tion (M {)oete1 actually coincide. In particular we will deduce that, up to an equivalent
constant, these spaces do not depend on the choice of the ultrasltet.

Theorem 3.2.28. Let1®p<1 . Then
Hp = ﬁg with equivalent norms.
Theorem 3.2.13 yields immediately

Corollary 3.2.29. For 1® p < 1 the spacelflg is independent of the choice of the
ultraelter U, up to equivalent norm.

For the proof of Theorem 3.2.28, we erst consider the rang2 ® p< 1 , and we show
the following complementation result.

Lemma 3.2.30. Let2®p<1 . Thenthe mapEy!D : F(S(U) ¥ H ¢ is bounded.
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Proof. First note that since K (V) is dense inﬁg(U), it su ces to consider
1y 2

Y= ) aet'o ¢ Ya(t) T KF(U) suchthat &V, = éé\'(,\igég(u)ééjg ® 1.
Then By ! D (V) is well-desned, andx = By | D (Y) = Ey((Xa)"), where
. lg 2.
(xa)” = D(Y) = dr(Va(t) TH ).
th a

On the one hand, the monotonicity Lemma 3.2.12 yields for eacta
EXa€Hg ® DpeXalca) ® C(p),

where C(p) depends onéYéKg(U). We see that(x3)a is uniformly bounded in HE, which is

re,exive by Lemma 3.2.14. Thus the weak-limit in Hg exists and coincides withEy((Xa)®).

Then we may approximate Ey((x3)") by convex combinations of thexy’s in Hf,—norm.

On tf?e f)ther hand, sinceéy, Yéléf,(U) [ Lp/Z(M u) for2® p <'I ] we see thateY,q\é‘ég(U)' =

By (€Y, \éréC(U)) coincides with the weak-limit of the elementséY;, Ya&_ (v ®@) = tia |Va ()]?
p -

in Lp,z(l\/l_.). Then, by considering the weak-limit of the elements(xa, ¢ 3 |Ya&t)|2) in the

spaceH Y Ly »(M ), for ¢ > Owe can end positive numbers(®m)M_; suchthat * , By =1

and partitions at,---,aM satisfying

S : g2
TX - Dmxam.Hc<g and .eY,\qég(U)— B |\@m(t)|.p/2<g. (3.2.5)

m=1 p m=1 th am
. Lot
Applying Lemma 3.2.12 toxym anda =, a™ we get

. : - - 1/2
Dmxam . ® Dp Dm [Xém lxém ]ém .

H5(2) m=1

m=1 p b2

The noncommutative Stein inequality implies

: . & @ am vy 2 V2
Dm [Xam , Xam ]am . = . Dm |dt (Y,;:lm (t))l .
m=1 P2 =1 tiam pr2
1. ¢ [} i . .oy [} i} .
®2:.  Bn |E(Yam ()7 +1 Bm |E- (Yam (1))]
m=1 th am P2 m=1 th am o/
R g -
® 4G P Nam (D% .
m=1  tiam pr2
Hence by (3.2.5) we obtain
Exéyc ® ¢+ DmXamE ®c+ ng DmXamE .
P m=1 Hf) m=1 Hg(a)
N g 12 R i
® ¢+2QGP2: B IYam ()% ®¢+2QP3(c+ &Yes,.  )Y2
P pl2 P §(U)

m=1 ti am

Sending¢ to 0 ends the proof. O

2
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Proof of Theorem 3.2.28 for2® p< 1 . This is a direct consequence of Lemma 3.2.30.
Indeed, it su ces to show that the Hg—norm and the ﬁg—norm are equivalent onL (M ).
Let x I Lp(M), by (3.2.3) we haveéxéy, ® éxéys. To prove the reverse inequality, we

P
write x = By D i} iy(x) and Lemma 3.2.30 yields

éxéng = €Ey D (i} iu(X)éng ® 2QDéi | lu()&gg ) = ZQ,Dgéxé@B.

O

For 1 ® p < 2, we will use a dual approach. The trick is to embedﬁg into a larger
ultraproduct space de<ned as follows. Let us *xq > 2 and in the sequel we will consider
K5 as the completion ofLq(M ). We de<ne the set

I = Pun(Lg(M)) xP.n ([0,1]) x RE,

where P., (Lq(M )) denotes the set of all nite families inLq(M ). Then | is a partially
ordered set by the natural order. We deene an ultraelter V on | as follows. ForG |
P.n (Lg(M)) we deene

Sc={FIP un(Lq(M)) : G2 F}

and consider the slter base onP., (L4(M ))
T={Sg : GIP sn(Lg(M))}.
On RE we consider the elter base given by
wW=1{]04 : 0>0}.

Then the product VIi= T xUxW is a slter base on |, and we considerV an ultraslter
on | reening V'. Let us now ex an elementi = (F,&;,¢) I | . For eachx | F, the
Burkholder-Gundy inequalities applied to eacha for q > 2 yields that the family ([X, X]3)a
is uniformly bounded in Ly,5(M ). Sincel q>(M ) is re,exive, the weak-limit exists and

Bu(([xx]a)") = w-lim[x,x]a in Lg2(M).

The same holds for the <nite family F, i.e., the family ([X, X]a)xi £ IS uniformly bounded in
Lg2(M) Y ---Y Lg2(M). By reexivity, the weak-limit exists and can be approximated
by convex combinations inL 4,-norm. Hence we can end a sequence of positive numbers

BEn(NVD such that 9, By = 1 and «nite partitions &%, ---,a" @ satisfying for all
x1 F
. i) .
Sw-lim[x, x]a - Bm()[x,x]am: <Gg. (3.2.6)
a,u m=1 'ogl2

We may assuinte in additiop that a; is contained in & for all m. We consider the Hilbert
spaceH; = b mjam{t} equipped with the norm

. 10 N~ 221/2
€(Yn,t)1emem (i) ti am €n; = B (i) [Ynt|
m=1 ti am
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Foril® p®1 andill
sequence( Yt ) 1emem (i) ti am in Lp(M ) we have

N ON?

m=1ti am

€mo0¢ €0 Ym,t: =.
Lp(M ;HF)

Thenfor 1® p< 1 we have
(Lp(MSHP)®= Lpi(M 1 H)
via the duality bracket
W) &

(MOL,m HE)L i (M HE) =

m=1 ti am

L 1g0) @

m=1

we consider the column spacé ,(M ;Hf). Recall that for any

. . 221/2:
B (i) [ Yot |

ti am

isometrically,

Dm(i)é-(Y'ror?,th,t)-

Lemma 3.2.31. Let1® p< 2. Then ﬁg embeds isometrically intoIr v Lp(M ;HP).

Proof. By the density of Lq(M ) in ﬁg, it su ces to consider an element x | Lq(M ).

We associatex with & = (&))" |

i =(F,a;,¢) 11 suchthatx| F we set
W) &
A(i) =
m=1 ti am

and &(i) = 0 otherwise. Then we claim that

= O -ur —_ . O . Py —_ e _ . N - —
€€ L v mey =M ERA(DEL  m He) = ew-limx, X]a&,; =

v Lp(M ;Hf) deened as follows. For each index

emo ¢ eo € di' (x),

1/2

éxd,. (3.2.7)

Indeed, for O >0, we observe that fori = (F, a;,¢) such that x | F and ¢”’2 ® Owe have

by the triangle inequality applied to the norm & - egg
o P2 L oeriyaP -
-6w- Ie|1mLJ [X, x]aep,2 -8 E(I)eLp(M HE)T T -6w- I(’:IlnL] [X,x]s€

® " w-lim[x, x]a -
a,u

® “w-lim[x, x]a -
a,u
<¢M2@®0.
This means that

Stx X Pon ([0, 1% 10, FP T p { i 1

ot Capl2
= -ew—gm[x,x]aeplz— :

: Zew-lim X, 15 - & ()&

and (3.2.6)
i) e
/2 , . - pl 2l
ERIEE O™ () B AN GO TR
m=1 ti am pl2
L ON .
Dm(l)[x,x]aimi -
m=1 p/2
B b2
Bm (X, XJap -
m=1 pr2
(1) - pl2

Bm (1)[x, X]am: 02

m=1

Lot )™ < O}
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Since by construction, the setSgy; x P ., ([0,1])x]0, &P]1T xU xW is in the ultraslter
V, we deduce that the set in the right hand side is also inV for all O >0. Thus by the
deenition of the limit with respect to an ultraslter we get

p/ 2

. .0/ p T . LA
Ilm\) e&(l)eLp(M ey = EW- I;!\mu [x,x]aeplz.

This concludes the proof of (3.2.7)r and shows that the map | Lg(M) O% extends to
an isometric embedding of4] into =\, Lp(M ;HF). O

This embedding will be useful to describe the dual space dﬁg

Lemma 3.2.32. Let 1® p< 2. Then
(B (HE)*

Proof. Leti | (ﬁg)wbe a functional of norm less than one. By Lemma 3.2.31 and the
Hahn-Banach Theorem we can extend to a linear functional on =, Lp(M ;H) of norm
less than one, also denoted by . Lemma 3.1.3 implies thati is the weak®limit of elements
Yo in the unit ball of = (Lp(M ;HE))®= " |, Lpyi(M ;HF). For each U, we will prove that
there existszy T Lo(M ) such that

(Yol&) = a(z3k), Ox T Lg(M) and &zu8g)=® ky,

o - r . . - .
where & denotes the elementin , Ly(M ; H) corresponding tox via the embedding given
by Lemma 3.2.31. Then we will setz = w-limzy, where the weak-limit is taken in L»(M )
and we will get an elementz | L»(M ) such that

10 = lim (Yol#) = lim &(z8) = 4z%), OxT Le(M) and &2&ug)e® kp.

Finally we will conclude the proof using the density of Lq(M ) in ﬁg.
We now consider an elementy= (Y(i))* T =y Lyi(M ;Hf) of norm less than one, with

) W) @ .
Y(i) = emo € €o¢ Ymne(i).
m=1 ti am
Fix i =(F,a;,¢) Il and1® m ® M(i). Then Yn(i) := a tam €m0 ¢ €0 ¢ Yt (i) T
Lpi(M ; &B(a™)). We set
Zm(i) = Dam (Ym(i)).
Note that since the partition & is *nite, we have zn (i) T Lyi(M ). Then we consider

7] .
2()=  Bui)zm() T Lyi(M).

m

M (i)

We erst show that &z(i)& ¢, o al) ® kp for & = atp---pa" ", Let sT a. Then for m
p I

*xed, we denote by tm(S) the unique element ina™ satisfying tm(s)” ® s <s ® ty(S).
The operator convexity of the square function| - |? yields

. . 19 . . 2

Elz(i)-Es Z@))? = E- Bn(i)(zm(i)-E s (zm(i)))-
g m

®  Bm(i)Eslzm(i) -E s (zm(i)[%

m

(3.2.8)
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On the other hand we can write

Eslzm(i) - E ¢ (zm ()|
1 1%} am , . -
=B A" (Zm () * + |E,, (5)(Zm (i) - E & (zm(0))]?

t>t m (s),tT am

@ am . . . .
= E |dtI (Ym,t(|))|2 + |E{m(s)(Ym,tm(s)(|)) -Es (Ym,tm(s)(l))l2

t>t m (s),ti am

2

2
® 4Es Nt (D1 + 2BVt (9 (D1 + 2Es Yot (9 (DI

t>t m (s),tT am

o 2 1g 2
® 4E; Y ()? +2Es ¥t ()12

ti am tiam

Then (3.2.8) gives
: . 1 o o gl 1 o -
Eslz(i) -E s (2(1))” ® 4E Bin (i) ¥t ()I* + 2Es Brn (1) [Vt (DI°
mti am mtT am
By the noncommutative Doob inequality we obtain
e2(1)¢le o a)y = €sup” Bslz(i) - E 5 (2()) €y
Sl a;
: 1 2 : 1 g 2
® 4: sup” B Bm (e (DI & +2:sup”Es B (¥ O 2

i Al P i Al P 2
sl a; mti am sl & mtT am

® 6Q/ 7! B (e DI | = 6Quro€¥DEE s e):

mti am

Hence
e e e A2 oy <1/ 2
é2(i)8 ;Mo al) ® 3qi,zev(|)eLpi(M ney) ® 3475, (3.2.9)

In particular, we see that the family (z(i)); is uniformly bounded in L»(M ). We set
z= w-limjy z(i) in L2(M ). By the density of Lo(M ) in Hj we have

éZé(Hc)oez sup |é(Z(PY)|
P Xi L2(M ).8x8y s ®1

Then for x T Lo(M ), éxéys ® 1, Lemma 3.2.12 and (3.2.9) imply
- ’ - .I. -~ I . s s e
|a(z%)| ® |III’\T/1 la(z(H)X)| ® 2 Ii[.r\r) eZ(l)eL;iMo(af)eerg(a;')
I A 1 sy, ne I AA '
®3 24/ Rpexens ® 3 20 R,

P
Hence we getz€ )= ® kp with k, =3 2(%{,22Np. Finally, it remains to check that for all
x| Lq(M), z satisees

VT Lo s = 82%). (3.2.10)
We erst verify that for each i = (F,a;,¢) Il suchthatx | F we have

(YOIRGO) i m 1) Lom 1ey = A(2(1) ).
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For eachm, Remark 3.2.4 implies

. . ] . am "
a(zm (1)%) = &(Dar (Y (1)) %) = &(¥m (i) Fam (x)) = & Ymt ()% (x) -

ti am
Then

0 %0 o o am
az()%) = Bm()a(zn()%) = Bin(1)& Yoot (D (x) = (V(DIA(D).

m=1 m=1 ti a"

By the construction of the ultraelter V this is su cient to show that the limits along V
coincide, and (3.2.10) follows. This concludes the proof of the Lemma. O

Proof of Theorem 3.2.28 for L ® p < 2. By density, it su ces to prove the equivalence of
the norms onL>(M ). This follows from (3.2.3), and we prove the reverse inequality by
duality by using Lemma 3.2.32. O

In the sequel, we will use the deenition of HF to transfer the results from the discrete
case to the continuous setting. Indeed, this construction seems mernatural for taking
the limit in the classical results. However, the duality results and the noncommutative
Burkholder-Gundy inequalities do not follow immediately from the deenition. In particu-
lar, it is not clear a priori that the Hardy spaces introduced previously embed into some
L ,-space.

3.2.5 Duality results

The aim of this subsection is to obtain the analoguous result of Theorem 3.2.3n the
continuous setting. In particular, thanks to the deenition of Hg, this will imply that H
embeds intoLp(M ) for 1<p< 2andinto Lp(M ) for2® p< | . In fact, this also holds
true for p=1. In fact, for 1 ® p < 2 this is a direct consequence of the Lemma 3.2.12.

Proposition 3.2.33. Let 1® p< 2and Xp = {x1 Lp(M) : &xéys <1} . We equip
Xp with the norm € - &,5. Then

(i) Xp is complete.
(i) HF embeds intoLp(M ).
(i) For 1<p< 2, Xp=(Hg)*®with equivalent norms.

Proof. The argument we will use to prove the completeness of the space, relies on the
fact that the discrete Hg(a)—norms are increasing ina (up to a constant) for 1® p < 2,
and on the completeness of the discrete spac%g(a). Let (Xp)n—1 M X~p be a Cauchy
sequence with respect tcé - &4c. Recall that for x | X we haveéxé, ® Nyéxéys. Then
we deduce that(x,)n—1 is also a Cauchy sequence ihp(M ). Hence(Xn)n—1 converges
in Lp(M ) to an elementx | Lp(M ). Since for a enite partition &, the norms & - &, and
é - éHg(é) are equivalent, the convergence is irHg(a) for eacha. It remains to prove
th?t the convergence is also with respect to theH g-norm, and then we will conclude that
x I Xop. Fix ¢ > 0. By th_e Cauchy property with respect to the HS-norm, there exists
No ! N such that for all N ng,

lim é&Xy - Xp€ne < C.
mYal m - Xn€Hg <€
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For a xed partition &, sincexn % x in HS(a) we have
€X - Xn€hg(a) = nl}lg)} EXm - Xn€hHg(a) ® Nme% EXm - Xn€Hg <C.

Note that here ny does not depend on the partition a, hence taking the limit in a we
obtain the required convergence inHg-norm.

The embedding ofHJ into L,(M ) follows directly from the previous point. Indeed, we
can now isometrically embeng into X, which is a subspace ot ,(M ).

We turn to assertion (iii). Let 1<p< 2andx | X,. Fory | Ly(M) and a <xed
partition a, the Hoélder inequality implies

) 2N sows e o J2uz cl@g 212
[a(xF) = - A () (Y)- ®© ldeoal™ - |d¢' (V)

.= éXéHS(a)éyéH ¢ (a)-
ti a tia tia P

.p'

Passing to the limit yields
|é.(X(PY)| ® eerceyeH Ci'

SinceLyi (M ) is dense inHS;, this shows that x | (H o) ©and

pl!

éXé(H gi)oe ® éxéy 5-

Conversely, leti | (HC )®be of norm less than one. Sincé (M) is dense inH, 1 is
represented by an elememx I Lp(M) such that i (y) = &(x%) for all y 1 Lpi(M).
remains to show that exéng < T . For a exed partition &, by Corollary 3.2.3 and the
density of Li(M ) in H§ (a) we get
. I
éXéHg(é\) ® 2q;éXé(H;i(é))oe: Zq) ) SUp |é1(X03/)|
yl Lpi(M).eyéy ;i(a)®1

Fory 1 Lyi(M) with éyéyc s ® 1 we have
p
[Aax%S)| = i (y)| ® éyéH;i ® DpiéyéHgl.(a) ® Byi.
Hence we get -
éXéHg ® Zq)DpiéXé(Hgi)m,
and deduce thatx T X,. O

Since we may consideng as a subspace ng(U), another natural way of describing
the dual space ofHg is to introduce the following quotient space.

Deenition 3.2.34. Llet1® p <1 . We deene the spaceﬁg as the quotient space of
Hg(U) by the kernel of the mapEy. The norm in ﬁg is given by the usual quotient norm

Exé s inf é(xa)’éHg(U) inf lim exaeHC(a)

5 T =g ((xa)) x=Ey((xa)") aU

Recall that by the discussion following the deenition of the spacesl-‘? (V) (see Remark
3.2.21), fori® p< 1 we may desne the mapEy on the Banach spaceHC(U) Since this
map is bounded fromHF(U) to Ly(M ) for 1® p < 2, and to L(M ) for 2® p<T ,itis

clear that (ﬁc, € -€5.) is a Banach space.
P
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Remark 3.2.35. 1. Recall that for 1 ® p < 1 , the conditional expectation B, on
Lp(M y) coincides with the weak-limit in L,(M ). Hence we have

M = {w-lim xa : (xa)’ TH S},
where the weak-limit is taken inL,(M ) if 1® p< 2andinLy(M) if 2®p < T.

2. By deenition, ﬁg embeds intoL,(M ) for 1® p< 2and into L>(M ) for 2® p < T.
Henceﬁg is a subspace oLp,(M ) for 1® p< 2and of Lo(M ) for 2® p < T via
the identiecation .

HS = HE(U)/ kerBy & Ey(HE(U)).

Since for1® p < 2 we may considerL,(M ) as a subspace of ;(U) via the map iy,
and similarly for 2® p< 1 we can sed.»(M ) as a subspace ng(U), the previous

identiecation allows us to consider Fglg as a complemented subspace cHIg(U) for
1®p<T .

This space will be a crucial tool for proving our main result. Indeed it describes
naturally the dual space of H{.

Proposition 3.2.36. Let1<p< T . Then
(HS®= HS  with equivalent norms

Proof. Let x | ﬁgi be such that éxés, < 1. Then there exists (xa)® I H 5(U) such that
pl

é(Xa)'éHg(U) =lim yu éxaéHg(a) < landx = Ey((xa)*) = w-limyy Xa, where the weak-
limitis in Lp(M)if 1<p< 2andinLy(M)if 2® p<T . Hence fory TM we have
a(x%) = lim 5 u &(xgy). Recall that for a *xed partition a the Holder inequality implies

|a(xgY)| ® éxaéy 5 (2)&YEhg(a):
Taking the limit we get
|a(x%)| ® |;m(éxaéH;i(a)éyéHg(a)) = ("gh éXaéH;i(a))(lgTJ y€hc(a)) ® Eyens.
SinceM is dense inH§, this shows that x | (Hf)®and
exe(HB)oe® exe}égl .
Conversely, leti T (HF)®be a functional of norm less than one. SinceH; embeds iso-

metrically into H;(U) via the map iy, by the Hahn-Banach Theorem we can extendi
to a functional on Hg(U) of norm less than one. Then by Corollary 3.2.23 there exists

z=(za)" TH §(U) of norm ® = 2Q, such that
1(y)=(zliuy), OyTH .
Applying thisto yIM we get
1(y)=(zl(y)’) = ”gb a(zgy) = a(x¥),

wherex = Ey(z) is in Ingi. By the density of M in H this proves that i is represented
by x and i
exe@gl ® éZéHgi(U) ® ZQ)EXE‘(HB)OE
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The spaceﬁg actually coincides with the Hardy spaces deened previously.
Proposition 3.2.37. Let1®p<1 . Then

HS = HS

b o With equivalent norms

We need the boundedness of the conditional expectatiof, for 1® p® 2.
Proposition 3.2.38. Let 1® p® 2. Then By : H5(U) % H ¢ is a bounded projection.

Proof. By Lemma 3.2.24 it su ces to consider x = (Xa)" I L2(M y) such that Ex8yg(u) <
1. We can assume that for alla, EXalhs(a) < 1 Then in this case Ey(X) is the weak limit
of the x3’s in L,. Fix a partition al. By Lemma 3.2.12, fora' p a we have

X364 C(éi) ® NpéXaéH §(a) ® Kb

We see that (x3)a_ ai is uniformly bounded in HC(a) Moreover, for all z | HC(a) Il
Lo(M), we havea(z“EU(x)) =lim 3 u a(z%a). Slnce(H C(a )ye= H¢ (a) this means that
Eu(x) is the weak-limit of the x3's for a , alin HC(a) We deduce that

éEJ(X)éHg(éi) ® I;’mu éX‘aéHS(ai) ® Np
Since this holds true for every patrtition al, taking the limit we obtain

O

Proof of Proposition 3.2.37. We erst consider the casel ® p® 2. Lemma 3.2.24 directly
implies that L>(M ) is dense mF’lC Hence it su ces to show that the norms & - &5 and

é - e}ac are equivalent onL>(M ). For x T L(M ) we obviously havex = (|U(x)) =
Eu((x)"), and
exe}ég = - ELn(lzxa).)é(Xa) eH’c)(U) ® e(X) eHg(U) = eerB

Conversely, suppose thatexe}ac < 1. Then there exists (x3)" T H IO(U) such that x =
Bu((xa)") and é(x3)" eHC(U) < 1 Proposition 3.2.38 implies that

exéng = ERu((Xa)")8ns ® Np&(xa) &ngu) ® N

We now turn to the case2<p < 1 . Let us erst show that the norms & - En and é - e}a
are equivalent onLp(M ). Let x I Lp(M ). As previously, we can writex = Ey((x)") and
obtain

éXélég ® éerg.
Conversely, iféxé@g < 1thereexists(xa)* TH §(U) suchthatx = Ey((xa)’) = w-limau xa

and é(Xé).éHB(U) < 1. We may assume that for all a, éxaéHg(a) < 1. The monotonicity
Lemma 3.2.12 yields for eacha

éXaéHg ® DpéxéléHg(a) ® Dp.
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We see that(xa)a is uniformly bounded in HE, which is re,exive by Lemma 3.2.14. Thus

the weak-limit in HF exists and is denoted byy. SlnceLz(M ) is dense |nI-4°|, Proposition
3.2.36 implies that HC embeds intoLo(M ). Theny I H ¢ p U L2(M) and x I Lp(M)
Lo(M ) satisfy a(z‘fy) = &(z%) forall z1 Ly(M). This means that y = x. We deduce
that

Exéns ® Ijm EXalug ® By,

It remains to see that Lp(M ) is dense in HC Since forl ® p < 2, H°| embeds into
Ly (M) by Proposition 3.2.33 (ii), Proposmon 3.2.36 implies that for 2 < p <1 ,Lpy(M)
is weak®dense in(H )%= ﬁc, so dense mF'FC. This ends the proof. O

Finally, combining Proposition 3.2.36 with Proposition 3.2.37 we obtain the epected
duality result.
Theorem 3.2.39. Letl<p< 1 . Then
(Hp)®= Hg  with equivalent norms.

Moreover,
k eerc ®exe(HC)oe® eercl,

T T -

wherekp, = 2Q:Dyi for 1<p< 2andk,= 2QN, for 2@ p<1

Then Proposition 3.2.33 (iii) implies
Corollary 3.2.40. Let1<p< 2 Then Hf= {x1 Lp(M) : éxéys < 1
Remark 3.2.41. At the time of this writing we do not know if this result holds true for
p=1.

Note that Lemma 3.2.22 combined with Remark 3.2.352) shows that ﬁC is comple-
mented in K C(U) for L<p< 1 . Hence another consequence of Theorem 3 2.39is

Corollary 3.2.42. Letl<p< 1 . Then Hp is complemented inK 5(U).

We can deduce from Corollary 3.2.18 (ii) the following interpolation resiuit.

Corollary 3.2.43. Let1<py,po<1 and0<x < 1 be such that% = lpl p><2_
Hg=[Hp, Hp,lx  with equivalent norms

We will show later, in section 3.7, that this result still holds true for p; =1

3.2.6 Fe erman-Stein duality

In this subsection we establish the analogue of the Felerman-Stein dality in the continu-
ous setting. Our approach will be similar to that used in the previous sibsection. Let us
erst introduce the ultraproduct space for 2<p ®1

3 U c >
LEMO (U)= | LEMO(a).

For p= 1 we denote this space byBMO ¢(U). Then as in Remark 3.2.21 we can desne

the ultraproduct map of the componentwise inclusionsJ ig : L’}gMO (U) 34 Ly(¥ey) and
compose byky, by taking the weak-limit in L,. Then we get a bounded map

Eu} 35 : LEMO (U) % Lo(M),
still denoted by Ey.
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Deenition 3.2.44. () Let 2<p< T . We de*ne the spacel MO as the quotient of

L"gMO (U) by the kernel of the mapg,. The norm in L{MO is given by the usual
guotient norm

EXégmo = inf e(xy)"é inf lim éxa€ cmo (a)-

x=w-lim 3 Xa LEMO (U) ~ x=w-lima xa a,U

(i) We de*ne the space BMO ¢ as the space whose closed unit ball is given by the absolute
convex set

- - ——— €€
Bemo © = {x = w-limxa in Ly : Iij 8Xabgmoca) ® 1} .
a,

Then the norm in BMO € is given by
éXeégmo ¢ = inf {C 0 xli CBgMmo C}.

For 2<p < 1 , the boundedness offy on L’EMO (U) immediately implies the com-
pleteness of the spacé_gMO . For p= 1, note that we desned the BMO ®-space in a
slightly dilerent way than for 2<p < | . We need the following general fact to prove
that this deenes a Banach space.

Lemma 3.2.45. Let X be a Banach space and be an absolutely convex subset of
satisfying

(i) B is continuously embedded into the unit ball oKX, i.e., there existsD > 0 such that

B nDBy;

(i) B is closed with respect to the normé - &x .
Then the spaceY whose unit ball isB, equipped with the norm
éxéy =inf{C~ 0 : x| CB}
is a Banach space.

Proof. It is a well-known fact that & - &, deenes a norm. Let q n Xn—1 be an absolutely
converging series inY,&-&y). We may assume thatéx,éy ® Zin foralln— 1. We want to
show that this series converges iy . We erst remark that the series * |, x,, is absolutely
converging, and hence converging, irX. Then there existsx I X such that x = ~ |, Xp,
where the convergence is with respect t@ - & . Thus

NI . 7,
Xn 4 x in X and Xn | B.
n=1 n=1
Indeed, we have
: [0, . & [0

1
Xn. ® EXnéy ® - ®L
n=1 Y n=1 n=1 2
Using (i), this shows that x T B. It remains to see that the convergence also holds for the

norm &é-& . Let ¢> 0. Let Ng be such that2No = ¢ 1. We claim thatforall M >N ~ Ng

YNM = — Xn - Xn | B.
Q n=1 n=1
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Indeed, we have

1 & : 1 & 1 9 1 1 1
éynm Gy = = Xp. ® = Exp ey ® = —®——@® —®1
¢ n=N+1 Y ¢ n=N+1 gn N +1 2" QZN QZNO

Moreover, for N = Ng *xed we have

1 7] 2
Hence (ii) yields that % X - xn | B,ie.,

fx— anY®g forall N~ No.

This proves that the series converges with respect t@ - &y and ends the proof. O

We can now prove that the spaceBMO ¢ deened previously is a Banach space. We
apply Lemma 3.2.45toX = L»(M ) and B = Bgmo <. Then by the deenition of Bgmo -,
it is clear that the condition (i) of the previous Lemma is satiseed. M oreover, since for
x T Lo(M ) and eacha we haveéxé, ® 2exeBMo ¢(a), the condition (i) holds for D = =~ 2.
Hence the construction of the spaceBMO ¢ desnes a Banach space.

Theorem 3.2.46. Let1® p< 2. Then
(Hp)®= LyMO  with equivalent norms

Moreover, i
U, 'exéicmo ® ExEpgye® 28X ¢ Mo -
P P

Proof. For 1 < p < 2, the proof is similgr to that of Proposition 3.2.36. In this case we
use the isometric embeddingy : Hf % H{(U), and by re,exivity of HF(U) we have
3¢ o) 1u cra 2 U Cry\) e u c A R
(R (V) *= U Hp(d) = U(Hp(a)) = 0 LpMO(a) = LiMO (U),

where the constants in the equivalence of the norms come from the disete case, i.e.,

. ([
UplexeL’ép;MO L) ® exe(@g(u))oe® 2exeL,épiMo vy’
For p = 1, the inclusion BMO © p (H$)*follows easily from the discrete case and the
density of Lo(M ) in Hf. For the reverse inclusion we need Lemma 3.1.3. More precisely,
let i I (H$)®be a functlonal of norm less than one. Sincdd§ embeds isometrically into
ﬂC(U) via the map iy, by the Hahn-Banach Theorem we can extend to a functional of
norm less than one ond$ f(U). By Lemma 3.1.3 we see that the unit baII of u(H C(a))Oe3

u BMO ¢(a) is weak®dense in the unit ball of (C vHf@)== (IrEFC(U))Oe Then there

exists a sequencgz’)y, wherez¥ = (z9)* T BMO (U) is of norm less than' 3 for all U,
such that

P (y)=lim (2%iu(y), OyiH §
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Applying thisto y 1 L(M ) we get
F(y) = lim (2°|(y)") = lirp lim a((28)%) =lim a((x%)%),

where xU = By(2Y = W- IlmaU zJ is in BM® ° of norm less than 3. Since for all U we
have ézY¢" L La(M) ® 26zY%' , BMO <(a) ® 6, the sequencegxY)y is uniformly bounded

in Lo(M). Settlng X = W- Ilmux in L, we obtain i (y) = a(x%) for all y T Ly(M).
We can apgroxmate the weak-limit X by convex combinations of thexYs in the L ,-norm.
SincexY 1 3Bgwo ¢ for all U, the conve>f|ty of the unit ball of BMO € implies that any
convex comblnatlon Dmem is still in  3Bgmo . Thus by the deenition of Bgmo -,
we obtain that x | SBBMO c. By the density of Lo(M ) in HY this proves that i is

represented byx and P
éXéBMo c® 3éXé(Hg)oe.

This duality implies the following result.

Corollary 3.2.47. let 2 < p ® 1 . Let (xg)y be a sequence inLo(M) such that
eerLcMo ® 1 for all Uand x = w-limgxg in Lo. Then x | LEMO  with éxé ¢mo ®

20,

Proof. Using Theorem 3.2.46 and the density oL o(M ) in HS;, we can write

pl!

&éemo ® Uy sup la(x*y)].
Y La(M ) &y e ®1
p

Note that for all y i L(M), Eyéns; ® 1we have
T _
|&(x%)| ® limsup |a(xFy)| ® 2lim SUP éxuéLsmo éyéH'c)[ ® 2
0 0

Thus x I LEMO  with &x& ¢mo ®I 20,. O
Combining Theorem 3.2.46 and Theorem 3.2.39 we immediately get the
Corollary 3.2.48. Let2<p< 1 . Then
LgMO = Hf with equivalent norms
Remark 3.2.49.  In particular, we deduce the following properties forLtMO , 2<p < ]
(i) LgMO is independent of the choice of the ultraslter U, up to equivalent norm.
(i) Lp(M) is norm dense inLgMO .
(i) For x T Lp(M ),
Ex€Lomo = |(iqg}}péXéLgM0 A I{!lmU EX€cmo (a)
for every ultraslter U. In particular, up to equivalent norms, LgMO is the comple-
tion of Lp(M ) with respect to the norm limy é - éLgMO(a)-

(iv) The é- & ¢mo (a)-NOrm is decreasing ina (up to a constant).
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Note that for (iii), if x I Lp(M ) the fact that &x& ¢vo A &xéyg combined with Lemma
3.2.25 ensures thatlimq%péxéLgMo exists. Since forq < p <r we have éxéLaMo ®
éxéLgMo ® éxé.cmo , sendingg and r to p we obtain that the limit is in fact equal to
éXéLgMO .

Concerning the casep = 1 , we can also deduce some nice properties f&MO ¢ from
Theorem 3.2.46.

Corollary 3.2.50. (i) BMO € is independent of the choice of the ultraslter U, up to
equivalent norm.

(i) M is weakedense inBMO °.

(i) For xTM
éxégmo ¢ A sup exéemo ® I|m EXEsMO °(a)
2<p< 1

for every ultraslter U.

(iv) The & -&gmo c(a)-nNOrm is decreasing ina (up to a constant).
More precisely, forx TM and a p &' we have

éXésMmo c(ah ® 28xézmo c(a)-

Proof. (i) and (ii) follow directly from Theorem 3.2.46 and Theorem 3.2.13, Proposiion
3.2.33 respectively. Forx IM and2<p < 1, itis trivial that Exésmo ® Exéguo
Conversely, by the density ofM in H§ we have
T _ T _
€xépmo ¢ ®  3exEpcye= 3 sup  JA(x%)].
! yiM eyéy @1

Let ¢ > 0. By Lemma 3.2.25, for eachy | M éyéHc ® 1 there existsp(y) > 1 such that
éyéHc ® 1+c¢. Applylng Theorem 3.2.46 to p(y) + W =1 we get

|a(x°%/)|® 26x6Lc Mo eyénc, ® 2(1+ ¢) sup S ERIV
p(y) 2<p< |

Sending¢ to 0, we obtain
T _
SupéXéLcMo ® éxégmo c ® 6 sup eXELcMo .
p P 2<p< 1
Then by Remark 3.2.49 we deduce

éxégmo ¢ A supexeLcMo A sup I|m exeLcMo(a) ® I|m EXEBMO c(a)-

2<p< | a,u

Finally, (iv) comes from the reversed;monotonicity result for the H £(&)-norms by duality.
But this approach yields a constant 12, which can be improved by a direct proof that
we include below. Letx TM anda p al. Fix ul a' there exists a unique element
s(u) T &, satisfying s(u)” ® u” <u ® s(u). Observe that for b1 B (ip(a))¢M we have
by contractivity of the conditional expectation

EE/|b-E - (D)|°& ® 2(8E/|b%& + ERJ|E,- (D)% ® 48E,(Egy|b®)& ® 48E )b .
Applying this to @ )
b= €0 dg(x) B (lp(a))EM

sl a,s™ s(u)
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we get

' 2. _ 1 @ él’ 22

€Rib-E y- (B“€g(papyem = ‘B |dy (b)] Bl (AN EM

vialvou (G2(2))
) . . 1 g 5 22.
® 48K b€ (g apem = 4" Esq) lds A1 =
sl a,s™ s(u)

Recall that [

@(x) if §$ ®v <v®s

d‘é}l (dg‘(x)) - 0 otherwise

Note that for v i al,v ~ u xed there exists a unique elements(v) i a satisfying s(v)- ®
V- <v ® s(v). Moreover, s(-) is monotonous, i.e.,v  u implies s(v)  s(u). Hence

BBz et & (0= a0t & (),
sl a,s™ s(u)
e N IO N
' Vi alvu v " B(ik(2)) TM ' Vi alvu v M
At the end we showed that for eachu T al,
8EIX - E - (X)[%8} 2 ® 26x&gpm0 c(a),

which yields the required result by taking the supremum overu i a'. O

Remark 3.2.51. At the time of this writing, we do not know if for x M we have
éXEgmo © A I|m éXégmo c(a)-
a,u

We end this subsection with the following characterization of theL ;MO -spaces. Ob-
serve that this characterization also holds true forp = 1 , hence this allows us to consider
the spacesL MO and BMO € in a similar way.

Proposition 3.2.52. Let2<p ®1 . Then the unit ball of LEMO is equivalent to
Bp={xIl La(M) : x= Lz-Il{,Jn XU, I;lmU €Xvégmo (a) ® 1, Oou}.

Proof. For p = T , jt is obvious that Bi W Bgwo . For 2<p < 1, Corollary 3.2.47
implies that By p 2UpBL3Mo . Conversely, let x | BLgMo . It suces to consider
X = W-limyy Xa in Lo with éxaéLgMo(é) ® 1. For a *xed partition a', since theL;MO (a)-
norms are decreasing we have

I;mu éXéiéLgMo(é) ® kpéxéiéLgMO(ai) ® kp.

Moreover, the family (x3)a is uniformly bounded in Lo(M ). Then x is the limitin L,-norm

of convex combinations of thexy’s. Lety = ° , Bnxam be such a convex combination,
then &
IeIlIH éyéLgMo(a) ® . Bm |E|1IT]J EXam éLBMO(é) ® kp.

Hencex I kyBp. O
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3.2.7 The Hardy space H,

The whole theory developed previously for the column spaces still hdk true for the row
spaces. Indeed, by considering the adjoint we get the analoguous ressifor Hj,. In this
subsection we discuss the combination of the column and row Hardy spaceshe start
with the analogue of Theorem 3.2.7 in our setting. Then we discuss brie,ythe spaceH 1,
and give another characterization for this space.

Burkholder-Gundy inequalities

Our aim is to establish the analogue of the noncommutative Burkholder-Gundy inequalities
in the continuous setting. The approach we will use is philosophicallyclose to arguments
from nonstandard analysis. Indeed, we will derive the result for conihuous eltrations

as transfer from enite partitions. More precisely, we will srst pro ve the inequalities for
the ultraproduct spaces and then will transfer it to continuous It rations by applying the
conditional expectation By, which coincides with the weak-limit (this corresponds to the
standard part operation in nonstandard analysis). Let us erst give the natural de<nition

for the Hardy spaceH,.

Deenition 3.2.53. Let1®p<1 . We de*ne
I

b= H:+ H for 1®p<2
P™  HSRH for 2®@p<1

TOTO

r
p
r

p

where the sum is taken inL,(M ) and the intersection in Lo(M ).

Observe that for 2® p < T , by applying the noncommutative Burkholder-Gundy in-
equalities in the discrete case for each partitiora and taking the limit in a we immediately
obtain

&x€p A max(éxéug, exéyr) for x T Lp(M).

This means that b
Lp(M)= Ly(M) ™55 for2@p<T .

However this result is too weak, we would like to prove thatLp(M) = Hg B Hp for
2® p <1 . To obtain this stronger result, we use a dual approach and erst considerthe
casel < p < 2. The Burkholder-Gundy Theorem 3.2.7 for1 < p < 2 in the discrete case
applied to each partition a immediately implies the analoguous result for the ultraproduct
spaces introduced in subsection 3.2.3. Recall that fol < p < 2 we de*ned Jg; : Iflg(U) Ya

Lp(MFy), the (non necessarily injective) ultraproduct map of the componentvise inclusions.

We can similarly considerJI{) : ﬁ{,(U) ¥ Lp(MPy). For the sake of simplicity we will denote
these two maps by the same notationJ, in the sequel.

Proposition 3.2.54. Let 1<p< 2 Then
Lp(NPU) = Jp(HS(U)) + Jp(HBL(U))  with equivalent norms

Moreover,

P
1) exe}ég

3 ® 8Jp(X)ép ® Npéxélég

(U)+ K (U) (U)+ K ()

By the characterization of L,(M y) given in Lemma 3.1.7, we see that the map],
preserves the regularized spaces by mapping 5(U) and Hy(U) to Lp(M y). We can now
state the analoguous result for the regularized spaces.
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Proposition 3.2.55. Let 1<p< 2. Then
Lp(M y) = Jp(Hp(U)) + Jp(Hp(U))  with equivalent norms

Proof. The inclusion Jp(H5(U)) + Jp(HR(U)) 1 Lp(M y) is trivial. Conversely, let x |
Lp(M y) be such that éxé, < 1. Then by Lemma 3.1.7 we can nd a sequenceXn)n~1
such that for eachn, there existsp, > p satisfying

N q :

(i) x= " =1lp,,p(Xn) in Lp(¥Fy).
We may assume in addition that

(i) forall n™ 1, éxnép, < 5.

Indeed, sincel g, p(Xn) I Lp(M y) and M y is «nite, we have

€l p, p(Xn)€p = Iig\ 8l p, q(Xn)€q < o
Q% p

Thus there existsg, > p such that &l | g, (Xn)&q, < 2% If pn ® ¢, then we get the required

estimate, otherwise we replacep, by o, and xp by Ip, g, (Xn) to obtain the assumption.

We can also suppose thap, is not too large, sayp < pn < 2p. We now apply Proposition

3.2.54 to eachx, and p,. For all n ~ 1, there exist x& | ﬁc (U) and x|, 1 ﬁ' (V) such

that

Xn = Jp, (X7) + Jp, (Xp)

and
1

4 C s A L o 1
exne}ac w * exne}g‘1r () ® Bp, EXn€p, <Dp, o
where the last inequality comes from assumption (iii). Thenélp, p(xn)e}ac(u) ® Dy, Zin

and the serlesoI n—1 lpn p(X5) converges intc p(U). We have the similar convergence foxj,
and we set

a ; % ;
x¢ = Ipa.p(X5) TH 5(U) and x' = Ipa.p(Xp) TH (V).

n 1 n 1
On the one hand we have
Loy o) 4 x i Lp(NRY).
n=1

On the other hand, sincely, pi Jp, = Jp 1 lp,,p @nd by the continuity of J,, we can write
forN 1

0] %)) . %] )
I'p, p(Xn) = Ipn p(Ipn (XR)) + I'pn p(Ipn (X))
n=1 n=1 n=1
1y 2 1gy 2
=Jp lpn p(X5) + Jp I pnp(Xn)
n=1 n=1

NI 35(x9) + Jp(x") in Lp(WRy).
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Finally, by the uniqueness of the limit we obtain
X = Jp(x) + Jp(x")

with
Py C-- Py r P
ex eH’cJ(U) + ex eH{)(U) ® p<Sqlip2qu.

O

We can now establish the noncommutative Burkholder-Gundy inequaliies in the con-
tinuous setting.

Theorem 3.2.56. Letl<p< 1 . Then
Lp(M )= Hp with equivalent norms

Proof. For 1<p < 2, we apply By to Proposition 3.2.55. Sincely is bounded onHF(U)
by Proposition 3.2.38, it su ces to observe that the following diagram is commuting

HE(U) — Lo (M ) .
Ey By
HS M)

This diagram is obviously commuting onL », hence everywhere by the density of , in the
considered spaces.

The case2 < p' < T follows by duality. Indeed, by the density of Lo(M ) in both
spacesHp and Hj, for 1 < p < 2, the intersection H5 B H, is dense inHg and Hy,. Then
the dual space of the sum is the intersection of the dual spaces, and Theem 3.2.39 implies
that

(Hp+ Hp)®=(Hp)®B (Hp)®= Hpi BHY

with equivalent norms. Finally, the duality (Lp(M ))®= L,i(M ) and the erst part of the

proof yield the Burkholder-Gundy inequalities for 2 < p' < T . Since the casep = 2 is
trivial, this concludes the proof. O
Fe erman-Stein duality for Hp

Let us describe the dual space oH for 1® p < 2 as follows.
Deenition 3.2.57. Let2<p ®1 . We deene
LoMO = LgMOR L MO,

where the intersection is taken inL,(M ) and the norm is given by the usual intersection
norm | "
éXéLpMO = max éXéLgMO , éXéL{)Mo

For p= 1 we useBMO instead of L MO .
Remark 3.2.58. Observe that by Remark 3.2.49 (jii) we have forx T Lp(M )

éxé  ,mo A ég;ppexeLqMo A I{:ImU EX€L Mo (a) for2<p< 1 .
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Since L2(M ) is dense inHJ and H|, for 1 ® p < 2, we see that the intersection
HpBHp is also dense irH and in Hp. Hence by deenition of Hp and Theorem 3.2.46 we
immediately get the following duality.

Theorem 3.2.59. Let1® p< 2. Then

(Hp)®= LyiMO  with equivalent norms

Another characterization of Hq

We end this subsection with a discussion on the spack ;. For x I L,(M ) we consider
sd = [im ExE |
exe,, p%le €,
Then the inequalities
K 'éxé; ® éxg, ® éxéy

ensure that this desnes a norm onL>(M ). Since theH ,-norm is decreasing inp, the limit
is in fact an inemum, which exists for éxéy is then a decreasing sequence bounded by
below.

Deenition 3.2.60. We de*ne the spaceH; as the completion ofL,(M ) with respect to
the normé - €, .

It is clear that éxéy, ® exe,, for x I Lp(M). We show that these two norms are
actually equivalent by using a dual approach. We «x an ultraelter V on[1,] ) containing
the elter base {]1,1 + %] : n 1}. Note that if (ap)p>1 IS convergent asp ¥ 1, then
limpy,1ap = lim pv ap. We will need the following fact, which is a direct consequence of
Lemma 3.2.25.

Lemma 3.2.61. Let (Xp)p~1 be a uniformly bounded family inL>(M ) and setx =
w-limpy Xp in L. Then
eXG(Hg)oe® I[_!)I:U eXG(Hg)oe

Proof. By the density of L»(M ) in H§ we can write

EXEHeye=  Sup la(x%¥)| =  sup [lim &(xgy)|.
yiL2(M).ey8, @1 yiL2(M).ey8, @1 p.v

For¢> Oandyl L2(M),éyéyc ® 1, by Lemma 3.2.25 there existsp(y) > 1 such that
eyéy ) ® 1+ ¢. Thenfor 1<p ® p(y), Theorem 3.2.39 implies

la(xpy)| ® éxpé(H’c)(y))oeéyéH " ® Exp€(rg)=(1 + ¢).
Sending¢ % 0 and taking the limit in p over V we get the result. O

We can now prove that this new Hardy spaceH 1 coincides with H 1.

Theorem 3.2.62. We have

Hi= H; isometrically.
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Proof. We will prove that (H1)®u (Hj1)®contractively. Then we will get the inequality
ex€,, ® exeéy,. Since the reverse inequality is trivial on L>(M ), we will obtain that
€xe, = éx&y, for x I Lp(M). By the density of Lo(M ) in Hy and Hy, we will get the
required result. Leti T (H1)®be a functional of norm less than one. Observe that we
have an isometric embedding U

iv:H1 % Hp

deened by iyv(x) = (x)" for x | |12(|V| ). §|nce by Lemma 3.1.3, the unit ball of V(H )®is

weak®dense in the unit ball of ~  H, , there exists a sequence’ = (zU) V(Hp)
such that

im &z%8,)=® 1 forall U and i (y) = lim @Yiv(y)), Oyi Hi.
Applying thisto y 1 Lo(M ) we get
N 0 s U i 22U
1 (y) = |Irg m a((z5)%) = |In3 a(z")%),

wherez¥ = w-limy zU in Lo(M ). Note that this weak-limit exists for the family (zU)p is
uniformly bounded in Lz Finally, since the family (zU)U is also uniformly bounded inL»,
we setz = w-limgzY in L2(M ). Then

1(y)= az%), Oyl La(M).

SincelL»(M ) isdense inH1, i is represented byz and it remains to show that z T (H1)®=
(H + H)®= (H))*®R (H})® By the density of Lo(M ) in H{, it su ces to show that
zYT (H$)®with relevant constant independent of U. The row estimate is similar. Lemma
3.2.61 yields ] ]

€2 €Hc)=® I;W €Z;€(H5)=® 1,

and this ends the proof. O

An immediate consequence of Theorem 3.2.62 is that the spa¢é; embeds intoL 1(M ).
This characterization will be useful for some approximation arguments mn the sequel.

3.3 The hi-spaces

In this section we consider the conditioned version of Hardy spaces, anstudy their con-

tinuous analogue. We will follow the same approach as for thed 5-spaces in the previous
section. Since the theory ofhf-spaces is similar to that ofHg-spaces, we will not detail all
proofs and will emphasize on the main dilerences.

3.3.1 The discrete case

As in section 3.2, we start by recalling the deenitions of the conditioned Hardy spaces
of noncommutative martingales in the discrete case and some well-knowresults. Let
(M n)n—o be a discrete eltration. Following [24], we introduce the column and row condi-
tioned square functions relative to a (snite) martingale x = (Xp)n—oin L7 (M ):

1d 221,2 1 221/2
Sc(X) = En- 1]dn (X)] and s(x) = En- 1ldn ()% :
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where by convention we setE ; = E. For 1 ® p < 1 we deene hg (resp. hp) as

the completion of all *nite L; -martingales under the norm exéne = ésc(x)ép (resp.

Exény = €sp (x)€p). Let us also introduce the diagonal spacehg, deened as the subspace
of Up(Lp(M )) consisting of all martingale dilerence sequences. Recall thatp(Ly(M )) is

the space of all sequencea = (an)n—0 in Lp(M ) such that

- 1g 2w
€alyLomy = & <1,
n=0
with the usual modiscation for p= 1 . The conditioned Hardy space of noncommutative

martingales is desned by

I
_ h3+hS+h) for 1®p<2
hp = hllg‘rthlgﬁhrp for 2@p<1
p!>Np > hNp or P
It was proved in [20] that for eachn and 0 < p ® 1 , there exists an isometric right
M -module mapunp : Lp(M ;Ey) ¥ Lp(M p; (5) with complemented range such that

Unp(X)TUng(y) = Ea(x%), (3.3.1)

forall x T Lp(M;E) andy T Lq(M ;E,). More precisely, forO< p < T there exists a
contractive projection Qnp deened from Ly(M ;) onto the image ofunp such that for
all YT Lp(M p; B)

Qnp(Nnp(Y) ® Y. (3.3.2)

For 1<p< 1 we know that
np = Qnpi. (3.3.3)

In the sequel for the sake of simplicity we will drop the subscriptp in unp and Qnp. This
proves that hg isometrically embeds intoL p(M ;'LE(NZ)) via the map

Y
1 hs % g LM ENY)
Ui[ X O3 €n,0 ¢ Un- 1(dn(x))
n 0

Furthermore, hg is a complemented subspace df,(M ;B(N?)) for1<p< T . Indeed, we
can deene a projection
P :Lp(M ;B(N?) % h§

as follows. ForV= neno€ Ya T Lp(M;B(N?), for all n — 0 we haveE,. 1(Ya) |
Lp(M n. 1;8(N)). We may apply the projection Qn. 1 and obtain for eachn an element
yn I Lp(M ) satisfying

Qn- 1(Er- 1(%)) = Un- 1(Yn). (3.3.4)

Then we set

; (]
P(Y)= dn (Yn).
n 0

It is clear that P | u = idhg, i.e., that P is a projection from Ly(M ; (5(N?)) onto hg.
Moreover, we can show that this projection is bounded forl<p< T .

Lemma 3.3.1. Let1<p< T . Then hS is G-complemented inL (M ; U5(N?)).
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q

Proof. Let Y= " eno¢ Y| Lp(M ;§(N?)). First observe that for all n~ 0 we have

En- 1ldn(Yn)I* ® En- 1lynl*. (3.3.5)
Indeed, forn =0, since by conventionE ; = Ey and do(yo) = Eo(Yo), we have

Eoldo(yo)|* = |Eo(Yo)|? ® Eolyol?.

For n 1, we can write
En- 1ldn(Yn)I* = En- 1(IEa (Yn)I? - |E n- 2(¥n)I?)
® En- 1(|En(Yn)1?) ® En- 1(Enlynl?) = En- 1lynl?
Moreover by (3.3.4) and (3.3.2), we have for alln ~ 0

En- 1lynl® = Jun- 1(yn)I* = 1Qn- 1(Bn- 1(%)) I ® [En- 1(Y)I%. (3.3.6)
Combining (3.3.5) with (3.3.6) we obtain
En- 1/da (P(W)I? = En- 1lda(yn)|* ® [En- 1(¥2)]?, On ™ 0. (3.3.7)
The noncommutative Stein inequality implies
) - g 221/22 ) g i 221/2.
€P (V)éng = ! En- 1/dn (yn)| )€ ® ! |En- 1(Ya) 1
n 0 n 0 P
1o o 2ue
® q |Yn| .= queLp(M JE(N2)) -
n 0 P
O

Since(Lp(M ; B(N?))) ®= Lyi(M ; (N?)) isometrically for 1® p< T , we deduce from
Lemma 3.3.1 the following duality result.

Corollary 3.3.2. Let1<p< 1 . Then
(hp)®= h5  with equivalent norms.

Moreover,
G Texéne, ® ExE(noye ® EXére,.
p p p!

Remark 3.3.3. Observe that for 1< p ® T we haveP = u® Indeed, for x | hS and
YT Lyi(M;B(N?) we may write

(P(MIx) = ? a(0hn (Yn) % (x)) = Qn a(yntdn (X))

a(En- 1(ynth (X))

a(Un- 1(Yn)%Un- 1(dn(x))) by (3.3.1)

&(Qn- 1(En- 1)) %Un- 1(dn(x))) by (3.3.4)
= A(E- 1(%) - 1(un- 1(dn(x)))) by (3.3.3)
= 4 &(En- 1(%)Un- 1(dn(x))) = ? &(YoUn- 1(dn(x)))

n n

= (Mu(x)).
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The analogue of the Felerman-Stein duality for the conditioned case was dablished
independently in [21] and Chapterl. For 2<p ® 1 we introduce

Lemo= {xT La(M) : &xégmo < T} ,

where | "
Ex8Lgmo = Max EEy(x)&p , ésup’ Enlx - xn|2ep§2 .
n

For p=1 we denote this space bypmd'.

Theorem 3.3.4. Let1® p< 2. Then
(hp)®= Lyimo  with equivalent norms.

Moreover, i
p P

where (J, remains bounded asp % 1.
Combining these two latter results we obtain

Proposition 3.3.5. Let2<p< T . Then
hg = Lymo with equivalent norms.

Observe that we can extend Lemma 3.3.1 to the casp= 1 in the following sense.
Lemma 3.3.6. Let2<p ®1 . Then P : Lp(M ;(5(N?)) % L§mo is bounded.

Proof. Let Y= 1 neno® Yo T Lp(M ;iB(N2) and x = P(Y). On the one hand, by (3.3.7)
for n =0 we have

o g L@ 2y
eE(x)€p ® eEp(Y0)€p ® EYo€y = €(|Y0|) " € ® . [Yal " = €Y (m B (N2)) -
n 0

On the other hand, note that by (3.3.7), for eachn 0 we have

) , 1y 22 1@y . 22
Enlx- xnl* = By B 1ld(¥)[” ® Eq |Ec- 1(Y

1gn 2 1g ken ,2
® Ey Be- 1I%I° = Eq Y| (3.3.8)
1 @n 2 k>n
®E,  |%I?.
k—0

Sincel< % ®1 , the noncommutative Doob inequality gives

1y ,22. ) - i -
1Yl 2 & Q2 Yl o2 - 2L Mg vey -

P 24 . +
ésup’ Eq|X- Xn|“€y2 ® Isup’ By
n n
k™0

k™0 /
Thus we get

| "
e A o . .1/ 2 A 23 g
eP(Y)eL’c)m0 = éx€Lgmo = Max eB(x)ép, esgp+ B, |Xx- xn|2ep,2 ® max(1, (%,Z)eYeLp(M {E(N2)) -

O]
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We end this subsection with the noncommutative Burkholder inequalties proved in
[24].

Theorem 3.3.7. lLetl<p< 1 . Then
Lp(M ) = hp with equivalent norms.

Moreover,
U, *éxén, ® éxé, ® Qéxén,.

Remark 3.3.8. It is important to note that Q remains bounded ap % 1, i.e., forp=1
we have a bounded inclusiorhy g L1(M ).

3.3.2 Deenitions of F\g, hs and basic properties

As in the previous section, we «x an ultraelter U. For a | P .,([0,1]) and x T M , we
deene the ¢nite conditioned bracket

o va < 2 A(y)]2
& X& = B |di(X)]
th a
(recalling our convention that E;, = Ep). Observe that éé(,xéaé;g = éxéhg(a), where
hg(a) denotes the noncommutative conditioned Hardy space with respect to te discrete

eltration (M )i . Hence the noncommutative Burkholder inequalities recalled in The-
rem 3.3.7 and the Holder inequality imply for each enite partition a and x | M

Qlexey, ® && x&E s ® éx&  forl®p<2

TR . (3.3.9)
® Uexep for2®p< |

Exg, ® éa,x@égﬁg

Then, adapting the discussion detailed in subsection 3.2.2, fox IM and1®p<1 we
may deene

. N ) A e T &) i

&, X8 = By((é, x&)") exeﬁg = e, x&€ 5 and ExEng = I% EXng (a)-
The properties of the conditional expectation & imply the analogue of (3.2.3)

Qléxg ® éxé ® exgy ® exé for il® p< 2
P N ~

exe;, ® éxéag ® @exéns ® Upexép for2®p<| (3.3.10)

Hence é - eag and é - €ng deene two (quasi)norms on M . As for I-flg and Hg, these

(quasi)norms a priori depend on the choice of the ultraslter U. We will show that they
actually do not, up to equivalent norm, and simply denote & - e&g and é - éng.

Deenition 3.3.9. Let1® p< 1 . We deene the spacesﬁg and hg as the completion of
M with respect to the (quasi)normsé eag and é - Eng respectively.

As for RS, we may equipAS with an L, M -module structure and show that & - & is
anormforl®p<T .

Remark 3.3.10. In this case we also have
Y ]Y eehC

Lo (M) ™ forl®p<2
[ C,M)™™  for2@p<i

] M) & fori@p<2
fc = 2(M) orL®p and ht=

C
"L L) for2ep<l
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In the conditioned case we still have some monotonicity properties of ie discrete

norms, but the monotonicity is inversed. That is an important dileren ce with the Hg—
case.

Lemma 3.3.11. Let1®p<1 andaiP .,([0,1]).

() Let 1® p< 2. Let at,---,aM be partitions contained in a, let (Pm)iemem be a
sequence of positive numbers such that ,, B, = 1, and let x*,--- ,xM T Ly(M).
Then for x = ° , Bpx™ we have

o Vo o ) w2
E€XEhe(a) ® 2P Dme(m,xmq,m . .
P m=1 P2

In particular for x I Lp(M ) and a p a' we have

éXéhg(éi) ® 21/p exehg(a)

Hence
|gf EXEng(a) ® Exépg ® 2 P |gf EXEng(a)-

(i) Let 2® p< 1 . Let &l,---,aM be partitions containing &, let (Bm)iemem be a
sequence of positive numbers such that ,, Bm = 1, and let x%, .-+ ,xM T Lp(M).
Then for x = , Bnx™ we have

o 12
éXéhc(é) ® dljg Dmé(m,Xm%m . .
p p m=1 p/ 2

In particular for x T Lp(M ) and a p al we have
o 412, .0
exehg(a) ® dp/ Zexehg(ai).

Hence
& Y% SUpExéne ) ® éxéns ® SUPEXEns z
pl2 aUp X€he (a) X€ne aUp X€hs(a)-

Proof. We srst consider 1 ® p < 2. On the one hand, the operator convexity of| - |? yields

T : aromy-2. . 9 A ymy|2:
ey =0 BT Bmd@™) @0 BnE BT
sl a m m,sl a p
On the other hand, forl® m ® M andt | a™ sxed we denote byl the collection ofs| a
suchthatt™ ® s <s ®t. Then for m exed, jsm It = a. Note thatfor 1® m ® M
andt | a™, we can split up the interval [t ,t] in the subintervals [s™ ,s] with sT I and
by the martingale property (and t© ® s™ ) we have

m ) g 2 1@ . 22
B (" (x™P= & - ") =& B M. (3.3.12)
ST It ST It
Then (3.3.11) implies
%) %) %] 1@ X 2
Bn&™, x"&m = Bn E- Es [dg(x™)[?

m m t.|. am S‘|' |t
|

B (s PmEs [(x™)?,

m,si a



Chapter 3. Theory of Hp-spaces for continuous filtrations in von
130 Neumann algebras

wheretny, (s) denotes the uniquetl a™ whigh satissest” ® s <s ® t. We can rearrange

the set{1,---,M}x a so that M (s- ( becomes an increasing sequence of von
m,s

Neumann algebras. Thus we can apply the dual form of the reverse noncommutise
Doob inequality for 0< § < 1 (Theorem 7.1 of [24]), and obtain

EXE2, 1) ® ° BmEs |d2(x™)?:
hg@) =~ Tm=s 1% pl2
m,sl a
] 1 . ",
® 22 Eim(sy PmEs [2(x™)[%
m,si & p/2
of D i ~ .
=20 Dme(m,Xm%m:

m p/2

We now turn to assertion (ii). In this case, sincea p a™, fort I a and m «xed we denote
by I the collection ofsT a™ suchthatt” ® s <s ®t. Then for m exed, 1t = am
We observe that

, & . R
E- |df (x)? = BmBIE- (df (x™) R (x)).

m,I=1

By Cauchy-Schwarz, we deduce that

e 4 A ()2}
xtg = | B (0D
tlha
: (%) 3 m2:1/2: (%) 2] 2:1/2
®: BBmE- (Id7 (X)) - BBmE- (1A (D)
tT a,m,| tT a,m,| P

_. 9 A /LMy [2Y.
= BnE- (Id7 (x™)[9): .
ti a,m P2

Note that in the erst term the summation over | disappears by usingq (B =1, and in
the second one the summation ovem disappears similarly. Fort I a and m as (3.3.11)
we can write ) @ )
E- (| (x™)%) = E- (1" (x™M)P).

st m
By the dual version of the noncommutative Doob inequality for 1 ® g < 1 , we deduce
that

. . . %] - .
BmE- (IGF(x™?): = BmE- (Id8" (x™M)?):
ti am P2 fiamsim pl2
. 2 2 am o my 2y
= & BmEs (lds (x7)[%) -
ti & m,si Im P
. 9 O o :
® Q! PmEs (1" (x™)):
tiamsiim b2
| ] :
= Pné&™, xMém: .
m=1 p/ 2
This ends the proof. O

The independence (up to a constant) ofh on U follows immediately.
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Theorem3.3.12. For1®p<1 the spacehy is independent of the choice of the ultra-lter
U, up to equivalent norm.

Like for Hg in Lemma 3.2.14, we have the

Lemma 3.3.13. Letl<p< 1 . Then hg IS re,exive.

3.3.3 Ultraproduct spaces and L,-modules

As in subsection 3.2.3, we introduce the conditioned ultraproduct spces and their regular-
ized versions, into which we will isometrically embed the conditoned Hardy spaces de<ned
in the previous subsection. We erst deene the ultraproduct of the column L ,-spaces with
double indices.

Deenition 3.3.14. Let1®p<T1 . We de*ne
o U o
R(U)= LM B@x N) and ki(U) = Re(U) ey,

where the point denotes the right modular action of#y on Foég(U).
For p= 1 , the deenitions of R‘f (U) and kf (U) are similar to that of Rf (U) and K (U).

Then ﬁ‘g(U) is an Lp MFy-module, ki(V) is anLp M y-module and all the results we

proved for RS(U), K 5(U) in subsection 3.2.3 still hold forﬁg(U), kp(U). Let us now de<ne
the subspaces of these ultraproduct spaces consisting of martingales

Deenition 3.3.15. lLet1® p<1 . We de*ne

Ac(u) = v hSa) and hS(U)= Qmé'éﬁw
P uP P . RpUR '
p>p

where Iﬁp X ﬁfﬁ(U) Ya ﬁg(U) denotes the contractive ultraproduct of the componentwise
inclusion maps.

Remark 3.3.16. 1. Observe that for1® p< 1 , the map iy extends to an isometric
embedding fromhg into h5(U).

2. Adapting the discussion of Remark 3.2.2%2), we see that the mapk; is well-desned
and bounded fromhg(U) to L,(M ) (resp. L2(M)) for 1® p < 2 (resp. 2® p < 1),
but not necessarily faithful.

Let us now detail the isometric embedding ofﬁg(U) into ﬁg(U). Fori®p<T1,we
considerU = (uy)®, the ultraproduct map of the isometric inclusions

Y . N
] hg@) % gp(M;B@x N
Yaop x O% &0 ¢ U (df(x))
th a
and P = (Py)", the ultraproduct map of the projections
|

p,. Lo(M;B@xN) % hi@
Y O3 Pa(Y)
deened in subsection 3.3.1. Note that

x = P(U(x)) forx T AS(U).
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Then U : ﬁg(U) Ya ﬁ‘g(U) is still isometric and P is bounded for1<p < 1 . Moreover U
and P preserve the regularized spaces, i.e.,

U:hS(U) % KS(U) and P : KkS(U) % hS(U).

Hence we get the complementation and duality results analoguous to Lemma 322 and
Corollary 3.2.23 for the conditioned spaces. Observe that we have = U%®for 1<p< T .

We still have the following crucial density result for h5(U).
Lemma 3.3.17. Let 1® p® 2. Then Lp(M y) is dense inh5(U).

Proof. The proof is similar to that of Lemma 3.2.24. By the same regularization proces
it suces to consider 1<p< 2 Letx]| h5(U) and ¢ > 0. Then Y=UX) I kp(U). Then
for ¢ > 0O there exists OT kf (U) such that ay- O3ap(U) <¢. HenceOl kf (U) n ks(U)

anda= P(O 1 LM y) satisees

EX - aésg w = = éP(Y) - P(Oés, W) ® q)eY (@ < Op¢.

B He R (U)
O

Tosumup, fori®p<T , hy embeds isometrically into theL, M y-module kj(U) via
the map

Uliv:hg 9% hgU) 31 KS(U).

Similarly, we can embed |sometr|cally the spaceﬁC into the L, M -module RC deened as
follows. For1® p<1 andY,d kC(U) we con3|der theLp,z(M )-valued |nner product

&, Gy = B, Gg) T LoraM),

and the associated norm

_ 1/2
E¥eqe 1) = & G v iz

Deenition 3.3.18. lLet1® p<1 . We de*ne
) KS(U) &V for 1®p< 2
ﬁg(u) - : 2( ) or p

KS(U) B for 2@p<]

The map U | iy desned for x IM by

1 . 2.
Uiiu(x)= €0 ¢ U (df(x))

th a

extends to an isometric embedding oﬁc into RC(U) By super-re,exivity of the L, M -
module RS(U), we deduce

Lemma 3.3.19. Letl<p< 1 . Then ﬁg is re,exive.
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334 fo=hg

In this subsection we show that in the conditioned case the two spa&ﬁg and hg also
coincide. In particular we will deduce that, up to an equivalent congant, these spaces do
not depend on the choice of the ultraelter U.

Theorem 3.3.20. Let1®p<1 . Then

hg = A with equivalent norms.

Theorem 3.3.12 immediately yields

Corollary 3.3.21. For 1 ® p < 1 the spaceﬁg is independent of the choice of the
ultraelter U, up to equivalent norm.

We follow the same approach as in the proof of Theorem 3.2.28. We erst considehe
case2® p< 1 and prove the following complementation result.

Lemma 3.3.22. let2®p<1 . Thenthe mapky | P : ﬁg(U) ¥ hg is bounded.

Proof. First note that since k(U) is dense inﬁg(U), it su ces to consider
1g o2 A 1/ 2
Y= . aew ¢ Ya(t) I kj(U) such that eYeﬁ%(U) = eé(,‘%g(u)eplz ® 1,
where Ya(t) T Lp(M ;). Then By} P(Y) is well-desned, andx = By | P(Y) = Ey((xa)),
where 1g 2.
(xa)" = di(ya(t)) T hg(u).
tha

Recall that for a andt T & exed, y;(t) is desned by
U (Ya(t) = Qe (B (Ya(1))).

Fix a partition ap. On the one hand, Lemma 3.3.11 yields for each , ag
L. L. /2 .. L.
€Xa€hg (a0) ® (%i, 2€Xane(a) ® C(p),

where C(p) depends onéYekg(U). We see that(x3)a is uniformly bounded in the re,exive
spacehg(ao). Thus the weak-limit in hg(ao) exists and coincides withEy((x3)*). Then we
may approximate Ey((x3)") by convex combinations of thexy’s in hg(ao)-norm.

On the other hand, smceeY,\éég(U),l ,Lp,z(M u), eY,%g( )= Elf(eY,\éég(U)) coincides with
the weak-limit of the elements €Yy, a8 (m E@xN) = tia [Ya(t)]? in Lp2(M). Then,
by considering the weak-limit of the elements(xa, = 5 |Ya(t)|?) in the space hg(20) Y
Lp/2(M ), for ¢ > 0 we can +nd positive numbers (Pm)M_, such that * ,,Pn =1 and
partitions a?,---,aM satisfying

¢ : PR ) @ o
TX - PmnXam . <¢ and .e\(,\%g(u)- Bn [Yam (1)] .p/2<g. (3.3.12)

m=1 h§ (20) m=1 ti am
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We erst note that by the operator convexity of |-|? and (3.3.11) we have

2-1/2

hS(a0)

m=1 tl ao m=1 P2
: (%) @ N o 1/2
® PmE,. |62 (xam )|
tl &g m=1 p/2

: (%) @ lg am 22 1/2
=7 T BE B )

ti 4 m=1 SER pl2

: g o lg am 22 1/2

=" TR B GO

tl ag m=1 sim

where form and t T ag, I{" denotes the collection ofs| a™ such thatt” ® s <s ®t.
Applying the dual Doob inequality we get

Y . I B | (0] . “1/2
. . 41/ 2. m .
Boxan:  ®G% B E " (yan ()%
m=1 hj (o) tiapm=1  siIm pl2
N, | %) )
41/ 2. am .
=682 7 By E R (an ()% .
P L p/ 2
m=1 sl am

Moreover, form ands1 a™, by (3.3.7) we have

E | (yar (S)* ® [Es (Yam (9)) .
Then the noncommutative Stein inequality implies

v : . v | @ 12

. . 41/ 2 . v .
Bnxan:  ® G 5Q) B [Yam (8)]% .

m=1 h§ (20) m=1 s am P2

Hence by (3.3.12) we obtain

. . o : gvze: 9 2 2 Y2
€X€hs (a0) ®c+ . . BmXam . s 2o) c+ p,zq,. . Bm S [Yam (S)]°: o2
®c+ d';j;q)(w éYe'a%(U))llz.
Sending¢ to 0 ends the proof. O]

Proof of Theorem 3.3.20. For 2® p < 1 , the proof is similar to that of Theorem 3.2.28

by replacing i and D by U and P respectively. Indeed, we use the fact in this case that
forx IM we havex = B! P! U! iy(x) and éXéag =&u! iU(x)é%%(U). For 1® p< 2,
we will use the same trick as in the proof of Lemma 3.2.32. Let us adapt this arguent
for ﬂg. We «x q > 2 and in the sequel we will considerﬂg as the completion ofL4(M ).

We consider the same index set

| = Puy(Lg(M)) XP oy ([0,1]) x R®
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and construct similarly the ultraslter V on I. As in subsection 3.2.4, for eachi =
(F,ai,¢) Il we can *nd a sequence of positive number@m(i))mz('l) such that g mBPm =1

and nite partitions at,--- ,aiM © containing & and satisfying for all x | F

. 0 .
Sw-limeéx, x & - Pm(i)é,xé&m. <g.
a,u _ "ogl2
m=1
1 2
In this case we consider the Hilbert spaced; = (p i am{t}x N equipped with the

norm _
e ) imh g . 212
€(¥ntj Jiemem (i).ti am ji NEH; = B (i) [Vt |
m=1 tham,ji N
A . : T . v - o nve
Then AF embeds isometrically into , Lp(M ;Hf) via the map x [ Lq(M ) O%& = (&(i))",
where

Y %(I) Q am .
... _F emo® e o€ up (A (x)) ifi=(F, a;,c) suchthatxi F
AQ)= o iam
m=1 tl aj
0 otherwise
We will show that A
(AS)®u (hg) = (3.3.13)
Leti 1 (ﬁg)oebe a functional of norm less than one. We may assume that is given by
an elementY=(Y(i))" Iy Lpi(M ;HF) of norm less than one, with
S R .
Y(i) = em,0¢ €0¢ Yme(i),
m=1 ti a"

where Y (i) | Lpi(M ;B(N)). Fix i =(F,ai,¢) 11 and1® m ® M (i). We set
Zm (i) = Pam (Yn (D)) T Lpi(M),
where Y, (i) := a i am €m,0 ¢ €,0¢ Yt (i) T Lpi(M;38(&™ x N)). Then we consider

@ )
2()= Buli)zm()T Lyi(M).

m

We claim that z(i) is a martingale in Lgi mo(a;). The crucial point here is that by Lemma
3.3.6 the mapPam : Lpi(M ;B(a x N)) % Lmo(af") is bounded for2<p' ®1 . More
precisely, on the one hand, (3.3.7) fom = 0 implies

|Eo(Zm (1)) 1* ® |Eo(¥m,0(i)) 1> ® Eo|¥in,o(i) . (3.3.14)
On the other hand, by (3.3.8) we have for allsT a™ (and in particular forall si & p am)
lg _ 2
Eslzm (i) - E s(zm (i) |* ® Es IVt ()12 (3.3.15)
ti am

The operator convexity of the square function| - |? yields

@ 2 O
|Eo(z(i))[? = - Dm(i)EO(Zm(i)):2® Bm (i) [Eo(zm (1)) 1%,

m m
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and for eachs| & we get

) ) a ) ) 2 @ ) ) )
Eslz(i) -E s(z(i))[* = B~ Bm(i)(zm(i) -E s(zm(i)))- ®  Bm(i)Eslzm(i) - E s(zm (1)) I*.
; " (3.3.16)
Then using (3.3.14) we obtain

lg . 2
Eo(z()?®Ey  Bm(i)|Ymo(i)? ,

m
and the contractivity of the conditional expectation Ey on L, implies
. . . i 1® . v . 22. 1/2 . g . ’ . 2. 1/2
eE(z())€ ® 1B Bm()[Ymo()I® © ,  ®1  Bm(i)[¥n,o()I |
m p'/2 m p'/2
- 9 o M2
®: B (DYt DI = EY()EL (v ;1e)-
mtT am pi/2
Moreover (3.3.15) gives
Es|z(i) - E s(z()) " ® Es B (1) [Ym,e ()1
mti am
By the noncommutative Doob inequality we obtain

. 1 @ .2
esup” Es|z(i) - E 5(2(1)) &2 ® : sup’ Es B (1) [t (DI -
sl a; sl &; miti am p
T, UV
® Qj/ 2. B ()Yt ()70
mti am p/2

= Ql'/zéY(i)éEp;(M HE)-

/12

Hence
ve g e A/ 2\ ey ae
€2(1)€.s;mo(a;) ® max(l, Cgl'/z)eY(l)eLpi(M HE)-

In particular, we see that the family (z(i)); is uniformly bounded in L>(M ). We set
z = w-limjy z(i) in Lo(M ). We claim that z T (h$)®with

- LSS A2 s
628y ®  2max(L G DEE | v ime)- (3.3.17)

By the density of L»(M ) in hg it su ces to estimate |&(z%)]| for all x | Lo(M) with
éxéhg ® 1. Note that

eXEh'c) = ||||:T;l/ exehg(al) (3.3.18)
Indeed, for all O >0 and x | Lo(M ), by deenition of the hg-norm we have
A6={aTP ., ([0,1]) : [Exéng - & Xéne(ay| <O} U .
Hence the setP., (Lg(M )) x Apx REIT xU xW pV , and since

P (La(M)) x Aox REP{iT1 : |exéng - € Xéng(a| < O}
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we deduce that the set in the right hand side is also inV for all Q which proves (3.3.18).
We conclude that for x I Lo(M ) with éxén: ® 1 we have

- ’ . T ~ 1" e - I s s

la(z%)| ® .|j|'|’\7/1 la(z(i)%)| ® 2|i|,r\'/1(ez(|)eLgimo(ai)ef@hg(ai))

P o F— LTI o
= 2(Ii|'n\7 ez(|)eL;|.m0(éi))(I|i’rU exehg(ai)) ® 2max(1, Cg.',z)eYer L Lyi(M He) EXEng
® 2max(1, %) eve’

i/ 2 v Lpl(MHE)"
This proves (3.3.17). Finally, it remains to check that for all x I Ly(M ), z satisees
We erst verify that for each i = (F,a;,¢) Il suchthatx | F we have
(YR L1 (v 1.Lpv ey = A2
Forall 1® m ® M (i), Remark 3.3.3 gives

. . 7 . am "
8(zn()30 = (Pap (o (D) = (D luap 6N = & Ve (0% (6 ()
tiam
Then

Ws(1) W0 & . am "
a(z(i)%) = Bm(i)a(zm(i)%) = B ()& Yot ()% (d" (X)) = (Y()IA()).

m=1 m=1 ti a"

As in the proof of (3.2.10), this is su cient to show (3.3.19). The end of the proof of
Theorem 3.3.20 is similar to that of Theorem 3.2.28. O

In the sequel, we will work with the spacehg.

3.3.5 Duality results

The aim of this subsection is to obtain the analoguous result of Corollary 3.3.2n the
continuous setting. In particular, thanks to the deenition of [13 this will imply that hg
embeds intoL,(M ) for 1<p< 2andinto Lo(M ) for2® p< 1 . We will prove that this
also holds true forp=1. 1n fact, since the monotonicity for hg is inverse to that of Hg,
the injectivity for 2® p< | is a direct consequence of Lemma 3.3.11.

Proposition 3.3.23. Let2® p<1 . Then
(i) {xT Ly(M) : EX€ng < 1} is complete with respect to the normeé - €ns -
(i) hS embeds intoL2(M ).

(i) {xT La(M) : &xén < 1} =(hS)*®with equivalent norms.

Proof. Recall that in the conditioned case, by Lemma 3.3.11 the norms - éng(a) are
increasing ina (up to a constant) for 2® p < 1 . Then the completeness of each discrete
hi(a)-space yields the erst assertion, and (ii) and (iii) follow as in the proof of Proposition
3.2.33. O

We introduce the following Banach space for technical reasons.
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Deenition 3.3.24. Let1®p<1 . We desne the spaceﬁfJ as the quotient space ohf(U)
by the kernel of the mapg;. The norm in ﬁg is given by the usual quotient norm

éxés. =  inf 8(Xa) €ncuy =  inf lim éx3éne(a)-
B ™ e entixa) SO S = NI SXalhga

Remark 3.3.25. By construction, ﬁg embeds intoLp(M ) for 1® p< 2 and in La(M)
for2®@p<T .

Since the deenitions of hg, ﬁg are similar to that of H, Ir"oFg, the duality between the
spaceshg and Hg; still holds true in the conditioned case.

Proposition 3.3.26. Let1<p< 1 . Then

(hg)®= Qgi with equivalent norms

Using this duality, we may show that in the conditioned case the spacehg and ﬁg also
coincide.

Proposition 3.3.27. Let1®p<1 . Then
hg = ﬁg with equivalent norms

In particular, this proves that h§ embeds intoL1(M ). As for the proof of Proposition
3.2.37, we need the following boundedness of the conditional expectatidf, for 1® p® 2.

Proposition 3.3.28. Let 1® p® 2. Then Ky : h5(U) % hg is a bounded projection.

Since in this case the monotonicity is reversed, the proof is sligty dilerent from that
of Proposition 3.2.38, where we used the increasingness &f éHg(a) fori®p® 2.

Proof. We erst consider x = (xa)" I L2(M y) such that Ex€ng(u) = liM a,u EXabhg(a) < 1.
We may assume thatéxaéhg(a) < 1for all &. HenceEgy(x) coincides with the weak-limit

of the x3’s in L. Thus for ¢ > 0 we may nd positive numbers (Byn)M_, such that
nPm =1 and partitions a?,...,aM such that

1%}
eEy(X) - BPmXamé <¢.

m
Then we deduce by Lemma 3.3.11 that
eRy(x)éns ® I Ry(x) - BmXam: + 1 DmXam.
m 2 m hg

® ¢+ BméXam éhg
m

1/p g . .. 1/p
®ct+2 DmeXamehg(am)®(}+2 .
m

Sending¢ % 0 we obtain that for all x I La(M y),
eE_J(X)ehg ® 21/p exeh'c)(u)

We conclude the proof by using the density oL >(M y) in hj(U) given by Lemma 3.3.17. [
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Proof of Proposition 3.3.27. The proof for 1 ® p ® 2 is similar to that of Proposition
3.2.37, by using Lemma 3.3.17 and Lemma 3.3.28. The cage< p < 1 follows by
the duality result established in Proposition 3.3.26 and the re,exivity of hg. Indeed, for
2<p< 1 we have

hs = (Ag)®= (hg)®= RS

with equivalent norms. O

Combining Proposition 3.3.26 with Proposition 3.3.27 we obtain the expectediuality
result.

Theorem 3.3.29. Let1<p< 1 . Then
(hs)®= hg with equivalent norms.
Proposition 3.2.33 then implies the
Corollary 3.3.30. Let2®p<T . Thenhf={x1 La(M) : éxén < 1}

In particular, this shows that for 2 ® p < 1T , Lp(M ) is dense in the space{x |
Lo(M) EXEne < 1} with respect to the norm & - €ng. We also obtain the complemen-
tation of the hg—spaces in the ultraproduct spaceskg(U),Aand deduce that the conditioned
Hardy spaceshg form an interpolation scale for1<p < |

Corollary 3.3.31. Llet1<p< 1 . Then hg is complemented ink5(U).

Corollary 3.3.32. Letl<pi,ppo<1 and0<x< 1 be such that% = 1K')1X + . Then

hg = [hgl, hgz]x with equivalent norms

We will see later, in Section 3.7, that this result still holds true for p; = 1.

3.3.6 Fe erman-Stein duality

This subsection deals with the analogue of the Felerman-Stein dualityfor the conditioned
Hardy spaces. First obse[ve that in the discrete case, the spadegmo is simpler than the
spaceLgMO for 2<p ®1 . Indeed, recall that for a nite partition a and x I La(M)

we have

o —— 2.1/2 L _ b a4 2,12
EX€ cmo (a) = eaug) EIX- Xt | €2 and EX€ gmo(a) = Max eb(x)ép , e?ruf E|X- X¢] €2 -

The crucial point is that the index “ t~ ", which depends on the partition a, does not appear
in the deenition of Lgmo(a). Hence it is natural to introduce the following deenition of
Lgmo in the continuous setting.

Deenition 3.3.33. Let2<p ®1 . We de*ne
Lgmo= {xT L2(M): éxé gmo < 1}

where | "
ExELgmo = Max EEp(x)&p , € sup *Elx - x|?&)5 .
P 0Rt®@1

For p=1 we denote this space bpmd .
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Recall that for a family (Xt)oete1 In Lg(M ), 1® q®T , we deene

eogggl Xt€q = €(Xt)oet@1€L (M ;i (0,17 = INf €aéyq SUP&y: & éheog,

where the inemum runs over all factorizations x; = ay;b with a,bl Lyq(M ) and (y;) |
t (L1 ([0,1])). The spacel ;moobviously does not depend orJ. Note that by Proposition
2.1 of [26] we have

. 2.1/2 _ . 2.1/2
supésup” Eifx - x[%&h5 = & sup *Elx - xi[%&)5,
a tla o®t®1

thus we obtain
eXeLgmo = Slgp éXéLgmo(e‘a)-
Since by deenition & - & gmo(a) is increasing ina, for 2<p ®1 we get

Ex€Lgmo = I|ar’rlJ eXeL'C)mo(é)

for every ultraslter U. This ensures that we really desne a complete space.
We deduce from Proposition 3.3.5 that for2<p< T ,

Lomo= {xT La(M) : &xéns < 1} with equivalent norms.
Proposition 3.3.23 implies
Theorem 3.3.34. Let1® p< 2. Then
(h5)®= Lgimo with equivalent norms

Moreover, :

U, "exéLoimo ® ExE(ng)=®  26XEL s mo. (3.3.20)

Proof. This follows easily from the discrete duality recalled in Theorem 33.4 and Lemma
3.3.11, by using an argument similar to that developed in the proof of Propogion 3.2.33
(iii). O

Moreover, Theorem 3.3.29 yields
Corollary 3.3.35. lLet2<p< 1 . Then
Lgmo= hg with equivalent norms

As a consequence we have the following result, which characterigehe spacelLjmo
similarly to the desnition of LEMO .

Lemma 3.3.36. Let2<p ®1 . Then

(i) The unit ball of Lgmo is equivalent to
Bp={x=w- I{!lmU Xain Lo : Iz!lmU éxaéLﬁmo(é) ® 1}.
More precisely, we have

P
BLgmo H Bp M 2l‘{)BLgmo-
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(ii) Let (xg)y be a sequence inLy(M ) such that éxPéLgmo ® 1 for all Uand x =
w-limyxg in L. Then x I Limo with EXELsmo ® 20,

Proof. It is clear that BLgmo pn B. Conversely, letx = w-limyyXs in L be such that
limyu éxaéLBmo(é) ® 1. By Theorem 3.3.34 and the density ofL,(M ) in hgi we can write

eXeLgmo ® i sup la(x%y)].
yl La(M ),éyéhcl.®1
p

Note that for all y T L(M ), eyene, ® 1 we have

| P e )
[a(x%)| ® Iému laxgy) | ®  2lim €Xa @y gmo(a) &Y ene (a)
au, U N

= 2 LIJTL] éxaéLﬁmo(é) LI{U eyeh’cjl(a) ® 2

N R
Thus x | 2B gmo, and this proves (i). The proof of (i) is similar to that of Corollary
3.2.47. O

3.4 The Davis decomposition and Burkholder inequalities
for 1<p< 2

We continue our investigation of the Hardy spaces of honcommutative martingags in the
continuous setting by studying some decompositions oHy and Hy involving the condi-
tioned Hardy spacehg.

3.4.1 The discrete case

We erst recall the analogue of the Davis decomposition for noncommutative nartingales
in the discrete case, and we discuss a variant of this decomposition. LM ,)n—o be a
discrete eltration.

Observe that by combining the Burkholder-Gundy Theorem 3.2.7 with the Burkholder
Theorem 3.3.7 we get

Hp = h, with equivalent norms for 1<p< T .

By a dual approach, it was proved in [21] and Chapterl that this equality still holds true
for p=1. Moreover, we can show a column version of this equality.

Theorem 3.4.1. Let1®p<1 . Then
|

he+hs  for 1®p<2

H -
heRhs  for 2®@p<]

|§ with equivalent norms

Let us recall brie,y the proof for 1 ® p < 2 (then we will deduce the cas2<p < 1
by duality). The inclusion hg + hg V1 ng is easy, and the reverse inclusion is proved by
duality. More precisely, we can show that

(h3+ h§)®= hG BLSmMop LGMO = (HH®
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A close look at the dual spaces yields a stronger decomposition. Obsertlat for 2 < pi ®
T andx i Lx(M), by the triangle inequality in Lgi/2(M ;0 ) we can write

. . 1y 22. ) .\ ) . . 1y 22.
Lsup” E, A ()= © A ésup” |dn(X)|“€pij2 + ISUp” By [UNC9] .
n 0 K n p/2 n 0 n 0 k>n p/2
Hence we get | B
éXéLgiMO A max.é(dn(X))néLpi(M i) o éXéL;imo . (3.4.1)

Recall that for 2 < pi ®T1 , Lpi(M ;{f ) is deened in [20, 31] as the space of all sequences
X =(Xn)no in Lpi(M ) such that

) 3} o o 2 . 2.2 _ =
e(Xn)n_oeLpi(M ¢ ) = €(|Xnl )n_oeLpi/z(M ) o eﬁyg [Xn| €hij2 < |

Note that a sequencex = (Xp)n—0 in Lpi(M ) belongs toL (M ;if ) if and only if there
exist a | Lpi(M)andy =(yn)n—o M Li (M) such that x, = ypaforall n 0. Moreover,

éxéLpi(M g ) = Inf {ﬁygéynéT éaéyi},

where the inemum runs over all factorizations as above.

Inspired by the duality between L (M ;ty) and Li(M ;& ) proved in [20], we de-ne its
predual spaceL p(M ; if) as follows. Letl® p< 2and i = 1+ % A sequencex = (Xn)n— o
is in Lp(M ; §) if there exist ben T L2(M ) and axn | Lg(M ) such that

(/]

Xn = B @, (3.4.2)
k0

for all n and

o o .
[on ]l La(M), lakn =1 Lg2(M).
k,n” 0 k,n" 0

We equip Lp(M ; ) with the norm

o g o 2u2lg vz |
EXEL (M i) = inf éb n €5 : lay n | Ty

k,n” 0 k,n” 0

where the inemum is taken over all factorizations (3.4.2). In fact this space can be de-
scribed in an easier way.

Lemma 3.4.2. Let 1® p< 2 and % =1+ é Then the unit ball of Ly(M ; §) is the set
of all sequenceglnan)n—o such that

lg __221/2- lp
ébn €5 :
n 0 n 0

21/ 2.
,CU2:

lan] ® 1. (3.4.3)
q

Proof. Itis clear that a sequence(b,an)n—o satis&ying (3.4.3) is in the unit ball of Lp(M ; if).

Conversely, letx = (Xn)n—0 be such thatx, = * |~ “n .n with
le = 2vu2lo ,212:
éb n &5 : l[akn| ; ® 1.

k,n" 0 k,n" 0
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1 212 )
We erst set al, = a «olaknl?> . By approximation, we may assume that theal,’s are

invertible. Then considering
1%}

4 ]
Vin = &pndpn and B = B Vkn,
k=0
we can write X = daL for all n 0. Moreover,
: 1g i 221/2: 1@ 221/2:
|an| o= |ak,n|
no q nk~ 0
and since” o lVknl? =1 we get
%) ; g -0 -2
ene3 = S SV ,
n o no0 ko0
%) :i‘z 2y2:2:1@ 0 2w2:2
® . n br(,n -2- Vik.,n Vk,n
ng0 k0 k=0
= &b 5.
k,n~—0
Hence(aL) and (bL) satisfy (3.4.3). O

Remark 3.4.3. This implies that we have a bounded map

Y

1 Lp(MG) % 5 Lp(M;B)

[ (Bhan)no O €n0¢ han
n o0

Indeed, we can write

[} 1@ 21 2
€n,0¢ bhay = €nn ¢ by eno¢ an
n n n
and the Hélder inequality gives for% =1+ %
SN 2 e L2 le 2y
enot bhay, ®: enn ¢ by enot an. = éb, &5 : lan| :
n p n 2 n a n n

We can now state the following duality. Its proof is similar to the duality between
Lp(M ;lg) and Lpi(M ;G ) in Proposition 3.6 of [20]. The main ingredient is a standard
application of the Grothendieck-Pietsch version of the Hahn-Banach Therem.

Proposition 3.4.4. Let 1® p< 2. Then
(Lp(M ;)%= Lyi(M ;iF ) isometrically.

Let h%c (resp. hLﬁ) be the subspace oL (M ;i) (resp. Lyi(M ;{f )) consisting of all
martingale dilerence sequences.

Lemma 3.45. Let1®p®T .

() For 1®p< 2 h%c is a complemented subspace df,(M ; (f).
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(i) For 2<p ®T , th ¢ is a complemented subspace afp(M ;iF ).
Proof. We erst show that the Stein projection

D((Xn)n=0) = (dn(Xn))n~0

is bounded onL (M ;i) for 1 ® p < 2. Let (xn)n be in the unit ball of Lp(M ;i) and
let x5 = byan be the decomposition ofx, given by Lemma 3.4.2. Then for eachh we can
write

(7]
En(Xn) = un(b)%n(an) = Un (B (K) %Un (an)(k),

n,k
whereun(bB(k) T L2(M ) and us(an)(k) T Lg(M ). On the one hand, the trace preserving
property of the conditional expectation gives
%] /]
Gun(B)(K)& = A(E,(bfn)) = &b éd.
n,k n n
On the other hand, since we have2 ® q < 1 for1® p < 2, the dual form of the Doob
inequality yields

/] . ) . A, .
K% = 2 30 2:
un(a)(k)P: = Elanl’ @ Q2 anl

nk n q/2

Hence(En(xn))n | Lp(M ; () with &(Eq(Xn))n€L v ;i) ® Ocllllg wherec'é,2 " fasq¥l

p ¥ 2. This shows that héc is Zdég-complemented inLp(M ;{§) for L® p< 2.
For the second assertion, the noncom[nutative Doob inequality and the facthat
|En(Xn)|? ® Eq|xn|? immediately imply that hy, < is 2q;§-complemented inLp(M ;). O
~ Combining Proposition 3.4.4 with Lemma 3.4.5 we get the duality betweenh},C and
hlpfc.
Corollary 3.4.6. Let1®p< 2. Then
(héC)Oe: hL;C with equivalent norms
Then (3.4.1) means that for 1 ® p < 2, we have by Corollary 3.4.6
(H)®= LYMO = hic B LGmo = (hl + hé)*™
This yields the following stronger Davis decomposition.
Theorem 3.4.7. Let 1® p< 2. Then
H§ = hge+ hS  with equivalent norms

Remark 3.4.8. 1. Observe that by interpolation between the casepp =1 andp =2
we have a contractive inclusionL (M ;i) p h(Lp(M)) for 1 ® p ® 2. Thus,
considering the martingale dilerence sequences, we get

hFl)C 1 hg contractively for 1® p< 2.

Hence the decomposition of Theorem 3.4.7 is stronger than the usual decomptisn
stated in Theorem 3.4.1.

2. The advantage of working with the spaceshlfl,C is that, since M is ¢nite, they satisfy
the following regularity property

hgi W hi  contractively for 1® p® B < 2,

whereas thehg spacesdo not. However we loose the re,exivity property.



3.4. The Davis decomposition and Burkholder inequalities f or 1<p< 2145

3.4.2 Deenition of diagonal spaces for 1® p < 2 and basic properties

We «x an ultraslter U. For x IM and 1 ® p < 2, whenever the limits exist, we desne
EXEhg = I'ém) EXEng(a) and EX€1c = IlarrgJ EX€1c(a)-

Observe that by interpolation between the casesp = 1 and p = 2 and Remark 3.4.8 we
have

1

ééxép ® ex€y ® éxéhéc.
Henceé - &y and é - éh,§° deene two norms for L® p < 2.
The discrete diagonal norms also satisfy some monotonicity properties.
Lemma 3.4.9. Let1®p<2 xIM andap a'. Then

(|) exehg(a) ® zexehg(él) Hence

'éx'éhg ® sgpéxéhg(a) ® 2'éxéhg.
a

(ii) éXéh,%C(a) ® éxéh%c(ai). Hence

ExEic = SUP EX8y1c ).

Proof. Let a p al. By interpolation between the casesp = 1 and p = 2 we have for
1®p®2andti a

. -2 - 1y A 21
edR(x)gp =1 dd(x): . ®2  &dd(x)eh °,
S'|. It S'|. It

where I; denotes the collection ofs T a' such thatt ® s <s ®t. Thus
éxéhg(é) ® 2éXéhg(a|’).
For (ii), we show that for a p al we have a contractive map
I Lp(M ; (@) ¥ Lo(M; (@),
| b (Xs)si af O% (Xia = Xs

sl It tha
Since forx TM  we have (( d@'(x))si al) = (d2(X))f a, this will yield the required result
for h}f. Let x = (Xs)si al be in the unit ball of Ly(M ;§(a')), then by Lemma 3.4.2 we
may write xs = bsag for all sT a' with

lg  2u2lo L2102
éhsé5 : lag| T ®1,
si al si al q
l1g 2
where% =1+ % Then ( x) = bsas - is of the form (3.4.2) with
i tla
sl It
1o vzl O Luze 1o o 2y21@ ,212:
ébces : las| L= e85 . las] . ®1
ti asi Iy ti asi Iy q si al si al q

Hence ( x) is in the unit ball of Lp(M ;i (a)). O
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Corollary 3.4.10. Let 1® p< 2. Then the normsé - éng and é - éh,ﬁc do not depend on
the choice of the ultraslter U, up to a constant.

Deenition 3.4.11. Let 1® p< 2. We deene
A0 = {xT Lp(M) : éxég <7} and Aoe = {xT Lp(M) : Exépe < 1}

Adapting the proof of Proposition 3.2.33 we can show that these deene two Bnach
spaces. By Remark 3.4.8 (1) we have

ﬁéC u ﬁg contractively for 1® p < 2.

For technical reasons these spaces are too large. Hence we need to idiuce their regular-
ized versions as follows. Note that by the regularity property of the h}f(a)—spaces stated

in Remark 3.4.8 and the fact that ﬁ%c is a subspace ot ,(M ), we have
ﬁéc M ﬁgC contractively for 1® p® g< 2.

Deenition 3.4.12. Let 1® p< 2. We de*ne
N

———88 -
h=LyM)BAS ™ and hi-= ~ Ak
., R
pep
Remark 3.4.13. 1. At this point it is not obvious that the set L,(M ) R ﬁg is non

trivial. We will show later that this deenition of hg actually makes sense.

2. Note that for 1 ® p® 2 we have bounded inclusions
hdp Adp Lp(M) and hiop Ay Lp(M).

Since by Proposition 3.2.33 we have an injective magHg & Lp(M ), this implies
that the natural bounded maps

hSRaHS and hy AaH S

are injectives. Similarly, since Theorem 3.3.29 implies that the natiral map hg s
Lp(M ) is injective, we deduce that the map

hS A6 H ¢

is injective. Hence in what follows we will consider the space$d, héﬁ and hg as
subspaces oH7.

3.4.3 The Davis decomposition for ultraproduct spaces

We use the same approach as in subsection 3.2.7. We will erst prove the & decom-
position for the ultraproduct spaces, then for their regularized vesion. Let us introduce
the ultraproduct spaces and their regularized versions associatedotthe diagonal spaces.
Since the spacesh%C(a) are regular in the sense of Remark 3.4.82), we may deene the
regularized spaces in the same way as we deened the spaddg(U) and hg(U). However,
the diagonal spaceshg(é) are not regular. Hence we will introduce a dilerent de<nition

for the regularized space associated thg.
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Deenition 3.4.14. Let 1® p< 2. We de¢ne

] r N g 8621,
() Rgr(U)=" yLp(M;E@®) and Kge(U)= — 1g,(Re() =,
p>p
wherelaIO : @g(U) Ya F\EI}C(U) denotes the contractive ultraproduct of the componen-
twise inclusion maps.

() AU)=",hk@) and hEU) = 1a,AEU) Few

pep
where | Bp - ﬂgc(U) Ya F%C(U) denotes the contractive ultraproduct of the component-

wise inclusion maps.

i) Ay =" i@ and KL= LM o) BRIU) B,
Remark 3.4.15. 1. Note that for all 1 ® p < 2 we have an isometric embedding
iy : Ak % Ak (L)

deened by iy(x) = (x)* for x I L,(M ). Hence by the deenition of the regularized
spaces this map sends

iy 1 hye % hie(U)  isometrically.

2. The same holds true forhg, i.e., i embeds isometrically intoﬁg(U) and hJ into h§(U)
via the map iy.

3. Adapting the discussion of Remark 3.2.21 we see thdg; is well-desned on héC(U)
and on hj(U) for 1® p< 2.

Since the deenition of hrl)C(U) is more consistent with the other regularized spaces
deened previously than the deenition of hg(U), we will establish the analogue for the
ultraproduct spaces of the Davis decompasition involving the spacéﬂgC.

For 1® p < 2, let us consideri = (i) the ultraproduct map of the isometric inclusions

|
hie (&) ¥ Lp(M ;05(a))
X O%  (dF(X))ti a

and D = (Dy)* the ultraproduct map of the Stein projections
Y . R
] Lp(M (@) % ghpe(a)
Da [ (Xt)ti a O df (xe) -
th a
Then i : ﬁ%C(U) ¥ RJe(V) is still isometric, and for x | ﬁ%ﬂ(U) we havex = D(i(x)). By
deenition we see that i and D preserve the regularized spaces, i.e.,

i hle(U) % KX(U) and D :K(U) % hie(U).

According to Lemma 3.4.5 (i), D is a bounded projection for1 ® p < 2.
The Davis decomposition of Theorem 3.4.7 forl ® p < 2 in the discrete case applied
to each partition a immediately implies the analoguous result for the ultraproduct spacs.
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Proposition 3.4.16. Let 1® p< 2. Then
H(U) = ale (Al (u)) + aS(AS(U))  with equivalent norms

Whereééc : ﬁ%,C(U) Ya IrfoFg(U) andag : ﬁg(U) Ya ﬁg(U) denote the (non necessarily injective)
ultraproduct maps of the componentwise inclusions.

By deenition, the maps ééc and ég preserve the regularized spaces. Hence we can state
the Davis decomposition for the regularized spaces.

Proposition 3.4.17. Let 1® p< 2. Then
HE(U) = a5 (hge(U) + ag(h5(U))  with equivalent norms
Proof. The proof is similar to that of Proposition 3.2.55. Here we need the fact that br
x TH 5(U),
&Y 5 = lim éYés, ..
5 (V) whp G (U)

This follows directly from Lemma 3.2.19 and the isometryi : H5(U) % K 5(U). O

3.4.4 The Davis decomposition for ~ Hp

It now remains to apply the conditional expectation K, to each side of Proposition 3.4.17
to deduce the decomposition of the spaceig. Indeed, as for theHg and the hg—spaces we
have the following boundedness of.

Proposition 3.4.18. Let1® p® 2. Then F; : héC(U) Ya héﬁ is a contractive projection.

Proof. Let x = (xa)* T hi*(U) be such that EXE1e () < 1. We may assume that for alla,
EX€1c(yy < 1. By density, it su ces to consider x = 15,(y) for y = (ya)’ I ﬁéC(U) and
somep > p. For the sake of simplicity in this proof we will forget the notation Iﬁp' and we
simply assume thatx | ﬁéf(U). Note that Ey(x) is the weak-limit of the xa’s in Lg(M ),
and can be approximated by convex combinations inl g-norm. For a exed gartition ao

and ¢ > 0, we can *nd a sequence of positive number¢by,)M_, such that * , By =1,
and partitions al,...,aM containing & such that

. %) .
EU(X)' ‘DmXamé<(;

m
and
exam éhg(am) <(1+ G)éXéagc(U) foral m=1,---,M.
Then we deduce that
N N : 1] : : 1) :
SR (2 @B DmXam.h%f(ao) o Dmxam'hg(ao)

%]
® 2¢|ag| + Bméxam éh:l;c(éo)'

m A
The last inequality comes from the fact that for 1 ® p < 2,z 1 Lp(M ) and ao a *nite

partition we have
éZéth(aO) ® 2|ag|eézép. (3.4.4)
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q

Indeed, by th? ’trlar\gle inequality in hge(ao) we have&zé i,y ® i 5, €di°(2)€,1c 4
We can write  Qdf°(2))si ap = (bsas 5, With

bs = Qvi|d®(2)[P'2 and as = Qqldd(z)|P,

where df‘o(z) = vt|df‘°(z)| is the polar decomposition ofdf‘o(z) and
obtain ) ) ) )
€di® (2)8 1 (4 ® Bv|d2°(2)|P 26,8(d2°(2)|P9 &g ® &d°(2)&, ® 2628,

and (3.4.4) follows. We get by Lemma 3.4.9

%)
éEJ(x)éhg(éo) ® 2|ag|¢ + O}

B €Xam &1c (4m) ® 21A0l¢+ (1 + ¢)exeg.
m a R

Sending¢ to 0 implies that Ey(x) | ﬁéﬂ HenceEy(x) I hye and the same argument gives
6 (X)€1c @ EXEpnc -
]

The same result holds true for the spacehg(U). Since we will need it later in section
3.5, let us state and prove this result here.

Lemma 3.4.19. Let 1® p < 2. Then By : hj(U) % hS is a bounded projection.

Proof. By density, it su ces to consider x = (x3)" | Lo(M U)Bﬁg(U) such that éxéhg(u) <

1. We may assume that for all a, éxaéhg(a) < 1. Then we haveEy(x) = w-limyyXa in

L,. Let us x a partition & and ¢ > 0. We can +nd positive numbers (By)M_; such that
m Pm =1 and partitions at,---,aM containing & such that

. %] .
() - Bmxanl <¢.

m

Note that since a is a enite partition, by the Holder inequality for (p(a;Lp(M )) we have
foryl La(M) \
8yEhg(a) = &7 (YDt ayy(ai vy © a9 eye,,

Where% = 1+ 1 Hence by Lemma 3.4.9 we get

1
7
) ) : @ ; . 9 ;
eRy(X)€naa) ® T Bu(X) - Bmxam: =~ +: . B Xam @)

® clalt + B éxam éhg(a) ®cla’t+2  Dpéxam éhg(am)

m m

® clalve +2.

Sending¢ to 0, we obtain that éEU(x)éhg(a) ® 2 for all &, thus

O

Finally, combining Proposition 3.4.17 with Propositions 3.2.38, 3.3.28 and 3.4.18 &
get













































































































































