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Résumé

Cette theése présente quelques résultats de la théorie des probabilités quantiques et de
I’analyse harmonique a valeurs operateurs. La these est composée des trois parties.

Dans la premiere partie, on démontre la décomposition atomique des espaces de Hardy
de martingales non commutatives. On identifie aussi les interpolés complexes et réels entre
les versions conditionnelles des espaces de Hardy et BMO de martingales non commuta-
tives.

La seconde partie est consacrée a 1’étude des espaces de Hardy a valeurs opérateurs
via la méthode d’ondellettes. Cette approche est similaire & celle du cas des martingales
non commutatives. On démontre que ces espaces de Hardy sont équivalents & ceux étudiés
par Tao Mei. Par conséquent, on donne une base explicite complétement inconditionnelle
pour l'espace de Hardy H;(R), muni d’une structure d’espace d’opérateurs naturelle.

La troisiéme partie porte sur ’analyse harmonique sur le tore quantique. On établi les
inégalités maximales pour diverses moyennes de sommation des séries de Fourier définies
sur le tore quantique et obtient les théoremes de convergence ponctuelle correspondant.
En particulier, on obtient un analogue non commutative du théoreéme classique de Stein
sur les moyennes de Bochner-Riesz. Ensuite, on démontre que les multiplicateurs de
Fourier completement bornés sur le tore quantique coincident & ceux définis sur le tore
classique. Finalement, on présente la théorie des espaces de Hardy et montre que ces
espaces possedent les propriétés des espaces de Hardy usuels. En particulier, on établit la
dualité entre Hy et BMO.

Mots-clefs

Espaces L, non commutatifs, martingales non commutatives, décomposition atomique,
espaces de Hardy et BMO & valeurs opérateurs, ondellettes, tore quantique, series de
Fourier, multiplicateurs de Fourier completement bornés.







Abstract

This thesis presents some results in quantum probability and operator-valued harmonic
analysis. The main results obtained in the thesis are contained in the following three parts:

In first part, we prove the atomic decomposition for the Hardy spaces h; and H1 of non-
commutative martingales. We also establish that interpolation results on the conditioned
Hardy spaces of noncommutative martingales.

The second part is devoted to studying operator-valued Hardy spaces via Meyer’s
wavelet method. It turns out that this way of approaching these spaces is parallel to that
in the noncommutative martingale case. We also show that these Hardy spaces coincide
with those introduced and studied by Tao Mei in [52]. As a consequence, we give an
explicit completely unconditional bases for Hardy spaces Hi(R) equipped with a natural
operator space structure.

The third part deals with with harmonic analysis on quantum tori. We first establish
the maximal inequalities for several means of Fourier series defined on quantum tori and
obtain the corresponding pointwise convergence theorems. In particular, we prove the
noncommutative analogue of the classical Stein theorem on Bochner-Riesz means. Then we
prove that L, completely bounded Fourier multipliers on quantum tori coincide with those
on classical tori with equal cb-norms. Finally, we present the Hi-BMO and Littlewood-
Paley theories associated with the circular Poisson semigroup over quantum tori.

Keywords

Noncommutative L,-spaces, noncommutative martingales, atomic decomposition, operator-
valued Hardy and BMO spaces, wavelets, quantum tori, Fourier series, completely bounded
Fourier multipliers.
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Introduction

L’espace de Hardy est un objet important de I’analyse classique et de la théorie des martin-
gales, et il a beaucoup d’applications a d’autres domaines en mathématique. Si 1l < p < oo,
on a L, = H, avec normes équivalentes par la bornitude de la projection de Riesz. Mais
dans le cas 0 < p < 1, la caractérisation des espaces de Hardy est beaucoup plus com-
pliquée. Coifman a d’abord introduit la notion d’atomes [12] dans ’analyse classique. Une
question naturelle est comment on peux introduire l'espace de Hardy dans le cadre non
commutatif. Notre recherche est basée sur le développment des probabilités quantiques et
de 'analyse harmonique non commutative.

L’un des outils principaux dans ces domaines est la théorie des inégalitées de martin-
gales non commutatives. Cette théorie avait déja été introduite dans les années 70 [17].
Son développement moderne a cependant commencé avec le papier fondateur de Pisier et
Xu [69], dans lequel les inégalités de Burkholder-Gundy et le théoréme de dualité de Fef-
ferman ont été étendus au cas non commutatif. Depuis, de nombreux résultats classiques
ont été transférés avec succes dans le monde non commutatif. Nous renvoyons le lecteur
a un livre récent de Xu [93] pour une exposition mise & jour de la théorie des martingales
non commutatives.

Parallélement & la théorie des inégalités non commutatives, I’analyse harmonique non
commutative a également fait de grands progres grace a des méthodes des espaces d’opérate-
urs et des inégalités de martingales non commutatives. Nous renvoyons le lecteur notam-
ment au travail de Junge-Le Merdy-Xu [37] sur les sémigroupes de diffusion non com-
mutatifs, aux travaux de Blecher et Labuschagne [5, 6, 7] et de Bekjian-Xu [10] sur les
espaces de Hardy non commutatifs définis par des algebres sous-diagonales, aux travaux
de Mei [52] et Chen [11] sur les espaces de Hardy a valeurs opérateurs, aux travaux de
Parcet [62] et Mei-Parcet [54] sur la théorie des Caldéron -Zygmund et Littlewood-Paley
non commutatives.

Cette these est constituée de trois chapitres. Le premier chapitre s’inscrit dans la
théorie des martingales non commutatives. On y démontre la décomposition atomique
des espaces de Hardy de martingales non commutatives. On identifie aussi les interpolés
complexes et réels entre les versions conditionnelles des espaces de Hardy et BMO de
martingales non commutatives. Le second chapitre est consacrée a ’étude des espaces
de Hardy a valeurs opérateurs via la méthode d’ondellettes. Cette approche est simi-
laire & celle du cas des martingales non commutatives. On démontre que ces espaces de
Hardy sont équivalents & ceux étudiés par Tao Mei. Par conséquent, on donne une base ex-
plicite complétement inconditionnelle pour I'espace de Hardy H;(R), muni d’une structure
d’espace d’opérateurs naturelle. Le dernier chapitre porte sur I’analyse harmonique sur le
tore quantique. On établi les inégalités maximales pour diverses moyennes de sommation
des séries de Fourier définies sur le tore quantique et obtient les théoremes de convergence
ponctuelle correspondant. En particulier, on obtient un analogue non commutative du
théoreme classique de Stein sur les moyennes de Bochner-Riesz. Ensuite, on démontre
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que les multiplicateurs de Fourier compléetement bornés sur le tore quantique coincident
a ceux définis sur le tore classique. Finalement, on présente la théorie des espaces de
Hardy et montre que ces espaces possedent les propriétés des espaces de Hardy usuels. En
particulier, on établit la dualité entre Hy; et BMO.

Avant que je présente les résultats principaux. Nous rappelous la définition des espaces
L, non commutatifs. On désigne par M une algébre de von Neumann munie d’une trace
7 normale, fidéle et semifinie. Soient S, = {x € M : 7(s(z)) < oo}, olt s(x) désigne le
support de x. Soit Sy 'espace vectoriel engendré par Sj\'/l. Soient 0 < p < 00 et x € Sy.
On définit ||z||, = (T(‘l"p))% On peut vérifier que || - ||, est une (quasi) norme sur Syy.
L’espace L,(M) est le complété de (M, || - ||,). Par convention, on définit Lo(M) = M,
muni de la norme d’opérateurs.

0.1 Chapitre 1

La décomposition atomique joue un réle fondamental dans la théorie des martingales clas-
siques et de I'analyse harmonique. Les atomes du cas des martingales sont habituellement
définies par des temps d’arrét. Nous rappelons la définition de ces atomes dans la théorie
des martingales classiques. Soient (€2, F,p) un espace probabilisé. Soinet (F,),>1 une
filtration croissante de o-sous-algebres de F telle que F = o( Un fn). On notera (&,)n>1
les espérances conditionnelles associées.

On dit qu’une fonction a € Ly est un atome s’il existes n € N and A € F,, tels que

(i> gn(a) = 0;
(ii)) {a # 0} C A;
(iif) [lalla < p(A)~Y2,

Ces atomes sont appelés atomes simples par Weisz [89], et sont étudiés largement par lui
(voir [88] et [89]). On souligne que la décomposition atomique a d’abord été introduite
par Coifman [12] en analyse harmonique. C’est Herz [27] qui a introduit la décomposition
atomique dans le cas des martingales.

Dans ce chapitre, on va présenter la version non commutative d’atomes et démontrer
la décomposition atomique pour les espaces de Hardy de martingales non commutatives.
Pour x € L1(M), on notera, r(x) et [(x) le support de = & gauche et & droit respectivement.
Rappelons que si x = u|x| est la décomposition polaire de z, alors r(z) = u*u et I(x) = uu*.
r(z) (resp. I(x)) est aussi la plus petite projection e € M telle que ze = = (resp. ex = x).
Si  est auto-adjoint, alors r(x) = I(z). Soit x = (z,,) une martingale uon commutative
relativement a (My,),>1. Définissons dx,, = x, — x,—1 pour n > 1 avec la convention
zo = 0. La suite dz = (dx,,) est appelée la suite des différences de la martingale x. x est
une martingale finie s’il existe N tels que dx,, = 0 pour tout n > N. Dans la suite, pour
x € L1(M), on notera x,, = &,(x) pour tout n > 1.

Nous rappelons la définition des fonctions carrées et des espaces de Hardy pour les
martingales non commutatives. Suite a [69], on introduit les versions de ligne et colonne
des fonctions carrées d’une martingale finie = = (z,,):

Sen@) = (X ldze) ) suw) = (3 ldml?) "
k=1 k=1

et

n

Srnl@) = (X hiil?) ", o) = (S laoif?) "
k=1

k=1
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Soit 1 < p < co. Définissons Hj(M) (resp. Hp,(M)) comme le complété de Iensemble
des martingales L, finies pour la norme |[|lz{j3g = [[Sc(@)lp (resp. ||z|y = [|5:(x)llp). Les
espaces de Hardy de martingales non commutatives sont définis comme suit: Si 1 < p < 2,

Hp(M) = H;, (M) + H,(M),

muni de la norme
%130, = inf {[lyllng + l12ll3 )

ou l'infimum est pris sur tous les opérateurs y € Hg(M) et z € Hy (M) vérifiant z =y + 2.
Pour 2 < p < o0,
My (M) = HE(M) N (M),

muni de la norme

2], = max {{|lz[lg, |2/l }-
La raison pour que Hp,(M) soit défini différemment selon 1 < p < 2 ou 2 < p < 0o est
présentée dans [69]. Dans cet article-1a Pisier et Xu ont montré les inégalités de Burkholder-
Gundy non commutatives, qui implique H,(M) = L,(M) avec normes équivalentes pour
tout 1 < p < oo.

On considere la version conditionnelle de 7, introduite dans [43]. Soit z = (zp)n>1
une martingale finie dans La(M). On pose

n 1/2 0 1/2
Sen(T) = (kzlgklldﬂ?k\Q) , Se(x) = (kzlgkl\dxHQ) ;

et
n 1/2 i 1/2
sen(@) = (3 &aldzil?) 7, se(@) = (X Ealdai?)
k=1 k=1

Ce sont les fonctions carrées conditionnelles de ligne et colonne, respectivement. Soit 0 <
p < oo. Définit hf (M) (resp. h;(M)) comme le complété de 'ensemble des martingales
finies dans Loo (M) pour la (quasi) norme [|z{|lne = [|sc(z)|p (vesp. [[2|lhy = [|sr(2z)]p). Pour
p = oo, nous définissons hS (M) (resp. hL (M)) comme l'espace de Banach constitué
de martingales Loo(M) z telles que 3 j~q Ex—1|dzi|® (respectivement >4~q Ex—1|dx}|?)
converge pour la topologie d’opérateur faible. -

On a besoin aussi de 1'espace £,(L,(M)), I'espace de suites a = (a,)n>1 dans L,(M)
telles que

1/p )
lalle,(z,m) = (Z H%Hﬁ) <oo si0<p< oo,
n>1

et

[allse (Loo (M) = 8UP [[an]loc < 00 sip=o0.
n

Soit hg(/\/l) le sous espace de £, (L,(M)) constitué de suites de différences des martingales.
On définit la version conditionnelle des espaces de Hardy comme suit: Si 0 < p < 2,

hy(M) = hg (M) + hi (M) + hp (M),
muni de la (quasi)norme

(ln, = inf {{Jwllng + lyllng + lIllng
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ol I'infimum est pris sur tous les éléments w € hg(/\/l), y € hi(M) et z € hy(M) vérifiant
r=w+y—+ 2. Pour 2 <p < o0,

hp(M) = h(M) NhE(M) N hE (M),
muni de la norme
[2ln, = max {{|z/lng, [zllng, Iz]lny }-
Les inégalités de Burkholder non commutatives démontrées dans [43] affirment que
hp(M) = Lp(M) (0.1.1)

avec normes équivalentes pour tout 1 < p < co.
Puisqu’il y a deux fonctions carrées, il existe deux types d’atomes dans le cas non
commutatif.

Définition 0.1.1. On dit que a € La(M) est un (1,2).-atome associé a (Mp)p>1, $'il
existe n > 1 et une projection e € M,, tels que

(i) &nla) = 0;
(ii) r(a) <e;
(i) falls < v(c)~/2.
En remplagant (i) par (ii) 1(a) < e, on obtient la notion d’un (1,2).-atome.

Ici, les (1,2).-atomes et (1,2),-atomes sont les analogues non commutatifs des (1,2)-
atomes de martingales classiques, et sont démontrés d’étre adaptés aux espaces de Hardy
de colonne et ligne. De 'autre c6té, a cause de la non-commutativité, certaines construc-
tions basées sur les temps d’arrét dans le cas classique ne sont pas valables dans le cadre
non commutatif, notre approche a la décomposition atomique pour les espaces de Hardy
conditionnelles de martingales non commutatives passe par la dualité hy —bmo. Rappelons
que I'égalité de dualité (h;)* = bmo a été établie indépendamment dans [34] et [61]. Notre
approche n’est malheureusement pas constructive. En résumé, on a le théoreme suivant:

Théoréeme 0.1.2. On a
h1(M) = hi"(M)  avec normes équivalentes.

Plus précisement, si x € hy(M)

1
\ﬁ”‘r”h?t < [Jflny < [l llae-
Remarque 0.1.3. Dans un travail récent [30], G. Hong and T. Mei étendent ce résultat et
établissent la décomposition q-atomique, pour tout 1 < q < oo, en utilisaut leurs inégalité
de John-Nirenberg pour les martingales non commutatives.

L’autre résultat principal de ce chapitre concerne I'interpolation des espaces de Hardy
conditionnelles h,. L’idée principale de notre preuve est inspirée par une norme équivalente
de h,,0 < p < 2 introduite par Herz [28] dans le cas commutatif. On traduit cette
quasi norme au cadre non commutatif afin d’obtenir une nouvelle caractérisation de h,,
0 < p < 2, qui est plus pratique pour l'interpolation. On a le théoreme d’interpolation
suivant:

Théoréme 0.1.4. Soit 1 < p < 0o. Alors
(bmo(M),h1(M))1 =h,(M)  avec normes équivalentes.
P
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0.2 Chapitre 2

Dans ce chapitre, on exploite les ondelettes de Meyer a 1’étude des espaces de Hardy a
valeurs opérateurs. Une base d’ondelettes de La(R) est un systéme orthonormal complet
(wr)rep, ou D désigne I'ensemble des intervalles dyadiques dans R, w est une fonction de
Schwartz vérifiant les proprietés nécessaires dans la construction de Meryer [49], et

o1 T —cr
wr(z) = Rw( 7] ),

ol cy est le centre de I. Les faits importants dont on aura besoin sur la base d’ondelettes
sont I'orthogonalité entre wy différente, ||w|| Lo(r) = 1 et la régularité de w,

max(jw(z)], [w'(x)]) 3 A+ |z))~™,  Ym = 2.

L’analogie entre ondelettes et martingales dyadiques est bien connue. L’observation clef
est le parallélisme suivant:

Z (f,uq)w] ~ dfp,

[]=2—m+1

ou dfy, désigne la n-éme différence de la martingale dyadique f. A l’aide de cette relation et
lorthogonalité de (wr)rep, on peut utiliser la méthode de martingales non commutatives
pour étudier ’analyse harmonique a valeurs opérateurs. Nous remarquons que Mei dans
[52] a établi la theorie des espaces de Hardy a valeur opérateurs par la méthode de la
théorie de Littlewood-Paley; mais notre approche semblerait plus simple que celle de Mei.

Dans ce chapitre, pour simplifier les notations, on désigne N’ = Lo (R)®@M. Comme
dans le cas classique, pour f € Sy, on définit les deux fonctions carrées de Littlewood-
Paley comme suit

)= (> [ wn)l” f’wf 1( x))%. (0.2.1)

1€D ’

)= (3 Wil ) (0:22)

1eD

Pour 1 < p < 00, on consideére
£l = I1Se(H L, v

[l = 15 (F) Iz o00)-

Ce sont les normes. Donc on définit I'espaces H(R, M) (resp. Hj (R, M)) comme le
complété de (S, || - llzg(r,a1)) (resp. (Sar, [| - lagr,Mm))- Nous définissons maintenant
I’espaces de Hardy a valeurs opérateurs comme suit: pour 1 < p < 2,

Hp(R,M) = H; (R, M) + H,(R, M), (0.2.3)
muni de la norme
£, = inf{l|gllag + [|Pllae; : f =g+ h,g € Hy h € Hp}
et pour 2 < p < o0,
Hp(R, M) = Hy (R, M) N H, (R, M), (0.2.4)

muni de la norme

£ 112, = max{[| Fllg, 1 [l }-
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Pour ¢ € Loo(M; L§(R, 1+962)), on pose

c = SUu ’w 025
Iillsaior = sup | 177 2 o) (0.2.5)
et
lellmor = 19" | Ao ®,M)-
Définissons
C C d$
BMO(R,M) = {p € Loo(M; L5(R, m)) lellBmoe < oo}
et 4
's T x
BMO™(R, M) = {p € Lo (M L5(R, =) lielsaior < oo}

Ce sont des espaces de Banach modulo les fonctions constantes. On définit alors
BMO(R, M) = BMO(R, M) N BMO" (R, M).

Comme dans le cas de martingales [43], on peut aussi définir Ly MO(R, M) pour tout
2 <p < oo. Pour p € L,(M; L§(R 71Jr302)), pose

N

(0.2.6)

lelzgamo = [[(= i 2 e

cry Lp Witoo)

I\J\‘d

et

H‘PHL;MO = H‘P*HLgMa
ou I} est I'interval dyadique unique avec la longue 27%*+1 qui contient z. On utilisera la
convention adoptée dans [45] pour la norme de Ly (N lso). Alnsi

H TA I;ﬂg' e wr)l ’ Ly (Nitec) H | wr)” ’ Ly
On féfinit
L MO, M) = {p € Ly(M; I5(R, 75)) el g0 < o0}
et
IR MO, M) = {p € Ly(M; TR, 7)) [l zzvio < oo}
Définissons

LyMOR, M) = LLMO(R, M) N L,MO(R, M).
Remarquons que LS, MO(R, M) = BMO(R, M).
Alors on a les théoremes de dualité et d’interpolation suivants:
Théoréme 0.2.1. On a
(H{ (R, M))* = BMO°(R, M) (0.2.7)

avec normes équivalentes.
De méme, cette dualité est encore vraie entre H] et BMO", entre Hi et BMO avec
normes équivalentes.
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Théoréeme 0.2.2. Soit 1 <p < 2. Ona
(Hp(R, M))* = Ly MO(R, M) (0.2.8)

avec normes équivalentes.
De méme, cette dualité est encore vraie entre Hy et Ly, entre Hp et Ly MO avec
normes équivalentes.

Théoréme 0.2.3. Pour tout 1 < p < oo, on a
(”H;;(R,M))* = H;,(R,M). (0.2.9)
Théoréme 0.2.4. Les résultats suivants sont vrais avec normes équivalent:

iSoitl<g<p<oo, ona

[BMO(R,M),Lq(N)]% = L,(N). (0.2.10)
ii Soitl<qg<p<oo,ona
[7—[1(R,M),Lp(/\/)],4 = Ly(N). (0.2.11)
iii Soit1l <p<oo, ona
[BMO(R, M), H1(R,M)]1 = L,(N). (0.2.12)

Soient Hg(R, M) et BMO‘(R, M) les espace de Hardy et BMO de [52]. On a le

résultat suivant.

Théoréme 0.2.5. On a
BMO(R, M) = BMO“(R, M)

avec normes équivalents. Le résultat similaire est aussi vrai pour [’espace de ligne.Par
conséquent, BMO(R, M) = BMO(R, M) avec norems équivalent.

0.3 Chapitre 3

Soit d > 2 et § = (6;) une matrice d x d skew-symétrique réelle. Rappelons que le tore non
commutatif de dimension d est la C*-algebre universelle, genérée par d vecteurs unitaires
U1,...,Uy vérifiant la relation de commutation suivante

UpU; = 20 U0, G,k =1,...,d. (0.3.1)

Il exist une trace fidele 7 sur Ay. Soit ’]I‘g I’algebre de von Neumann obtenu par la représen-
tation GNS de 7. On dit que Tg est le d-tore quantique associé au 6. Remarquons que si
0 = 0, alors Ag = C(T9) et T4 = Loo(T?), ot T¢ est le d-tore habituel. En conséquce,
un d-tore quantique est une déformation de d-tore habituel, C’est donc nature d’espere
que Tg partage beaucoup de propriétés avec T?. Ce la se passe en effet dans le cas de la
géométrie différentielle, comme montrés dans les travaux de Connes et ses collaborateurs.
Cependant, peu est fait en ce qui concerne I’analyse. A notre connaissance, jusqu’a main-
tenant, seuls le théoréme de convergence de moyenne de séries de Fourier quantiques par
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la sommation de Fejer cubique a été démontré au niveau de C*-algebre (cf. [86, 87]), et
de l'autre coté, 'analogue du tore quantique des inégalités de Sobolev n’a été obtenu que
dans le cas d’espace de Hilbert (cf. [80]). La raison peut étre expliqué par de nombreues
difficultés rencontrées en traitant les espaces L, non commutatifs. Par exemple, le moyen
habituel de montrer les théoremes de convergence ponctuelle est d’établir les inegalités
maximales associées. Mais I’étude des inégalités maximales est une des parties les plus
subtiles et difficiles dans ’analyse non commutative.

Ce chapitre est le premier d’un poject qui a pour but de développer analyse sur le tore
quantique et plus généralement sur les produits croisés to dus des groupes moyennables.
Notre but ici est d’étudier quelques aspects importants de ’annalyse harmonique sur ']I‘g.
Les sujets auxquels nous nous sommes intéressés sont suivants:

i) Convergence de séries de Fourier. On établit les inégalités maximales pour plusieurs
moyennes de sommation de séries de Fourier définies sur le tore quantique et obtient
aussi les théoremes de convergence ponctuelle correspondan. En particulier, on dé-
montre un analogue non commutatif du théoreme classique de Stein sur les moyennes
de Bochner-Riesz.

i) Multipliacteurs de Fourier. On prouve que les multiplicateurs de Fourier compléte-
ments bornés sur le tore quantique sont exactement ceux sur le tore classique avec
cb-normes équales.

iii) Espaces de Hardy et BMO. On présente la dualité entre H; et BMO, et la théorie de
Littlewood-Paley associés au semigrupe de Poisson circulaire sur le tore quantique.

Notre stratégie pour résoudre ces probléemes est de les transférer aux analogues dans le cas
a valeurs opérateurs sur le tore classique. Pour expliquer nos résultats principaux, on a
besoin de quelques notations. Soient 1 <p < ooetx € Lp(']I‘g). r admet une série formelle

de Fourier:
e~ Y Em)U™, (0.3.2)
meZd
ou
g(m) =7(x(U™)"), m € Zd, (0.3.3)

est appelé le m®® coefficient de Fourier de z. L'un des sujets principaux de I’analyse
harmonique est d’étudier dans quel sens la série sur le c6té droit de (0.3.1) converges vers

x. Comme dans le cas classique, on considereles trois types de moyennes de sommation:

1) La moyenne de Cesdaro cubique

m |m. R m
Fylz] = ZZ:d (1 - ]\‘[;’1) . (1 -5 f’l)m(m)U , N>o0. (0.3.4)
mezZL”,
|m|eo<N

2) La moyenne de Poisson cubique

Plz]= Y @(m)ymhum, 0<r<1. (0.3.5)

mezZd

3) La moyenne de Poisson circulaire

Pfz] = Y @(m)rmkum, 0<r<1. (0.3.6)

mezZd
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4) Soit ® une fonction continue sur R% avec ®(0) = 1. Définition

[z] = Y P(em)2(m)U™, &> 0.

mezd

On va toujour imposer la condition suivante sur ®:

D(s) = (s) avec /]Rd p(s)ds = 1;

()] + [(s)] < A(L+s]) ™, Vs € RY,

(0.3.7)

pour certaines A, > 0 (cf. [83, p. 253]).
Ici, |m|, = (Z?zl |mj]p)1/p pour 1 <p < 00, et [m|e = Supy<;<q Myl
Ce qui suit est un de nos resultats principaux:

Théoréme 0.3.1. (1) Soit x € L1(T4). Alors pour tout o > 0, il existe une projection
e € ’]I‘gl telle que

Jsvuz%He N[az]eHoo <a et T(e7)<Cy 5

(2) Soit 1 <p < oo. Alors

2
+ p d
sup” Fylz]|| < Cy———=||z|lp, Yz € Ly(Ty).
||N20 [ ]Hp (p_ 1)2 H ”p P( 0)
Les deux assertions sont encore vraie pour les trois autre moyens de sommation P,., P,
et ®°. Dans le cas ®¢, la constante Cy dépend aussi des deux constantes dans (3.2.1).

Comme d’habitude, les inégalités maximales dans Théoreme 0.3.1 devrait impliquer
les théorémes de convergence ponctuelle. En adaptant les arguments de M. Junge et Q.
Xu [45], on obtient en effet le résultat suivant:

b.a.u.

Théoréme 0.3.2. Soitl <p< oo etx € Lp(Tg). Alors Fy[z] — x lorsque N — co.
Pour2 < p < oo la b.a.u convergence précédente peut étre renforcés par la a.u convergence.
Le résultat similaire est encore vrai st on remplace Fy par les trois autres moyennes de
sommation P, P, et ®°.

Ici x, bau, o signifie que (x,) converge & x bilatéralement presque uniformément
(b.a.u, pour abbrévation) et x,, =% x signifie presque uniformément. Ces notions ont été
introduites par Lance [48] (voir aussi [45] pour les détails).

On peut aussi considérer la moyenne de Cesaro circulaire:

m o m
Fylz] = Z (1 - ]\’H—b1>x(m)U , N>0. (0.3.8)
mez4,
|m|2<N

Cependant, les résultats précédents ne sont plus vrais pour Fy méme dans le cas classique
[83]. En effet, on a besoin de considérer, a la place, la moyenne de Bochner-Riesz d’ordre
«:

Bl = 3 (1—@)a@(m)Um. (0.3.9)

2
|m|2<R R
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Si a > (d—1)/2, le noyau de la moyenne de Bochner-Riesz dans ce cas-la est une identité
d’approximation, on obtient alors les résultats de la convergence de moyenne, des inégalités
maximales et de la convergence ponctuelles. En fait, les (3) dans les Théoremes 0.3.1 et
0.3.2, et le résultat similaire pour la moyenne de Bochner-Riesz avec 'ordre o plus grande
que (d —1)/2, seront démontrés comme une conséquence du cas général concernant une
identité d’approximation déterminée par une fonction continue sur R? avec une condition
supplémentaire sur le comportement asymptotique a l’infini.

Pour le cas a < (d — 1)/2, on a le théoréme suivant, qui est la généralisation du
théoréme de Stein [81] dans le cadre du tore quantique.

Théoréme 0.3.3. Soit 1 <p < oo et a> (d— 1)|% — % . Alors

(1) Pour tout x € L,(T%),

IsuphoBRl, < Clla]ly

(2) limg_o BE[z] = = dans L,(T%).

(3) Pour tout v € L,(T4), B[] bt o si R — oo,

Nous nous tournons vers le second theme de ce chapitre. On discute de multiplicateurs
de Fourier completement bornés sur le tore quantique. Notre motivation vient de la théorie
des multiplicateurs de Fourier sur le tore classique [20, 83].

On définit les multiplicateur de Fourier sur le tore quantique naturellement. Soit
¢ = (Om)mezae. On définit T}, par

Tyx(m) = pmi(m), Ym € 2%,

pour tout z € Tg. On dit que ¢ est un multiplicateur bornée dans L, (resp. c.b. L,
multiplicateur) sur le tore quantique T¢, si 'opérateur Ty extend a une application bornée
(resp. c.b.) dans Ly(T¢). Soient M(L,(T4)) et Mcy,(L,(T4)) I'ensemble des multiplicateurs
bornés et complétement bornés dans Ly, respectivement. On a le théoréme suivant:

Théoréme 0.3.4. Soit 1 < p < oco. Alors Mep(Lp(T4)) = Mep(Lp(Loo(T?))) avec cb-
normes équales.

Le troisieme théme de ce chapitre traite la dualité entre H! et BMO, et la théorie de
Littlewood-Paley associés au semigroupe de Poisson circulaire P, sur le tore quantique.
Pour tout z € T¢, nous définissons

1/2

1 d 2
Go(z) = (/0 S]] (1 - r)ar)
Pour 1 < p < 00, on pose
[zllmg = [2(0)] + [[Ge(@) 1, (29)-

C’est une norme sur Ty (cf. e.g. [37]). On définit I'espace de Hardy colonne HS(Tj)
comme le complété de Tg relativement a cette norme. L’espace de Hardy ligne H;(']I‘g) est
défini comme l’espace de x tel que z* € Hg(Tg) muni de la norme naturelle. Les espaces
de Hardy sont définis comme suit: Si 1 < p < 2,

H,(T§) = H;(T§) + Hy (T)
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muni de la norme de somme
|z]ls, = inf{[|Ge(a)llp, + |G(B)| : ©=a+b,a € Hy(Ty),b € Hy(Tj)},
et si 2 <p < oo,
H,,(T§) = HS(T§) NH,(T§)
muni de la norme d’intersection

[, = max {[|Ge(2)p, [|Gr ()5}

On va aussi travaille avec les espaces de BMO sur ’]I‘g. On pose
BMO®(TY) = {z € Ly(T§) : sup ||B.[|z — P,[2]?] |, < oo}
T
muni de la norme

A 1/2
l#llmnoe = max {[2(0)], sup [B [l — By{a] ]|/},

BMO" (T4) est défini comme I'espace de z tel que z* € BMO®(T%) avec la norme ||z||ppor =
|2*|emoe- The mixture BMO(T4) est I'intersection de ces deux espaces:
BMO(T$) = BMOS(T$) N BMO" (T§)

avec la norme d’intersection.

Les définitions ci-dessus sont motivées par les espaces de Hardy de martingales non
commutative ([43, 69]) et de semigroupes Markovien quantique ([37, 38, 52]). Les résultats
principe de cette partie sont résumés dans le théoréme suivant, qui démontre que les espaces
de Hardy sur Tg possedent les propriétés des espaces de Hardy habituel, comme espéré.

Theorem 0.3.1. i) Soit 1 < p < oo. Alors Hy(T4) = L,(T4) avec normes équivalentes.

ii) L’espace dual de HS(TE) est BMO®(TY) avec normes équivalentes par la parenthése de
dualité
(@, y) = 7(zy"), « € Ly(T§), y € BMO(TH).
La méme assertion est encore vraie pour les deuz types d’espaces.
iii) Soit 1 < p < co. Alors
(BMO(T§), H(T§))1/, = Hy(T§) = (BMO®(T§), HS(T§))1/p

avec normes équivalentes, ou (-, - )ip €t (-, -)
teurs d’interpolation compleze et réelle.

iv) Soit 1 < p < oo et Xog € {BMO(TY), Loo(T$)}, X1 € {H1(Tg), L1(T$)}. Alors
(X0, X1)1/p = Lp(T§) = (Xo, X1)

1/p,p d€note respectivement les fonc-

1/p,p

avec normes équivalentes.







Introduction

Hardy space is an important concept of classical analysis and martingale theory, and it
has many applications to other mathematic field. When 1 < p < oo, by the boundness
of Riesz projection, we have L, = H, isometrically. But in the case of 0 < p < 1,
the characterization of Hj, spaces is much more complicated. To this end, Coifman first
introduced the concept of atoms [12] in the classical analysis. Parallel to this, Herz [27]
proved the atom decomposition of Hardy space of martingale. A natural question is how
we can define Hardy spaces in various noncommutative setting.

This theory had been already initiated in the 1970’s [17]. Its modern period of develop-
ment has begun with Pisier and Xu’s seminal paper [69] in which the authors established
the noncommutative Burkholder-Gundy inequalities and Fefferman duality theorem be-
tween Hy and BMO. Since then many classical results have been successfully transferred
to the noncommutative world (see [43], [46], [52]). We refer to a recent book by Xu [93]
for an up-to-date exposition of theory of noncommutative martingales.

With parallel to the theory of noncommutative inequalities, noncommutative harmon-
ic analysis has also made great advances by using the method of operator space and
noncommutative martingale inequality. We refer the reader notably to the recent work-
s by Junge-Le Merdy-Xu [37] on noncommutative diffusion semigroups, by Blecher and
Labuschagne [5, 6, 7] and Bekjan-Xu [10] on noncommutative Hardy spaces, by Mei [52]
and Chen [11] on operator-valued Hardy spaces, and by Parcet [62] and Mei-Parcet [54]
on noncommutative Caldrén-Zygmund and Littlewood-Paley theories.

This thesis consists of three chapters, which is based on the recent development of
quantum probability and noncommutative harmonic analysis. The first chapter presents
a joint work with T.Bekjan, Z.Chen, M.Perrin, entitled "Atomic decomposition and in-
terpolation for Hardy spaces of noncommutative martingales", which can be viewed as a
part of noncommutative martingale theory. The content of the second chapter is devoted
to the study on theory of vector-valued Hardy spaces. This chapter is a joint work with
G.Hong entitled "Wavelet approach to operator-valued Hardy spaces". The last chapter is
concerned with harmonic analysis on the quantum tori, which is a joint work with Z.Chen
and Q.Xu entitled "Harmonic analysis on quantum tori".

Before we give the main results, we recall the definition of L, spaces. M will always
denote a von Neumann algebra with a normal faithful normalized trace 7. Let S)\LA ={z €
My : 7(s(z)) < oo}, and Sy is the linear expansion of S},. Let 0 < p < co and z € S.

1
Define ||z||, = (7(|z|?))». We can prove that if p > 1, || - ||, is a norm, while p < 1, it is a
p norm.
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0.1 Chapter 1

Atomic decomposition plays a fundamental role in the classical martingale theory and
harmonic analysis. Atoms for martingales are usually defined in terms of stopping times.
Let us recall this in classical martingale theory. Given a probability space (2, F, i), let
(Fn)n>1 be an increasing filtration of o-subalgebras of F such that F = 0( Un ]:n) and let
(En)n>1 denote the corresponding family of conditional expectations. An F-measurable
function a € Lo is said to be an atom if there exist n € N and A € F,, such that

(i) Enla) = 0;
(ii)) {a # 0} C A;
(iif) flaflz < p(A)~12.

Such atoms are called simple atoms by Weisz [89] and are extensively studied by him
(see [88] and [89]). Let us point out that atomic decomposition was first introduced in
harmonic analysis by Coifman [12]. It is Herz [27] who initiated atomic decomposition for
martingale theory.

In this chapter, we will present the noncommutative version of atoms and prove that
atomic decomposition for the Hardy spaces of noncommutative martingales is valid for
these atoms. For x € L,(M) we denote by r(x) and I(z) the right and left supports of
x, respectively. Recall that if z = u|z| is the polar decomposition of x, then r(z) = u*u
and [(x) = wu*. r(z) (resp. l(z)) is also the least projection e such that xe = z (resp.
ex = x). If x is selfadjoint, r(x) = l(z). Let = (x,) be a noncommutative martingale
with respect to (My,)n>1. Define dz,, = z, — z,_1 for n > 1 with the usual convention
that 9 = 0. The sequence dz = (dx,) is called the martingale difference sequence of x.
x is called a finite martingale if there exists N such that dx, = 0 for all n > N. In the
sequel, for any operator x € Li(M) we denote x,, = &,(x) for n > 1.

Let us now recall the definitions of the square functions and Hardy spaces for noncom-
mutative martingales. Following [69], we introduce the column and row versions of square
functions relative to a (finite) martingale x = (z,,):

Sen(x) = (zn: \dxk\2)1/2, Se(z) = (i \dxklz)l/Q;

k=1 k=1

and

Soal@) = (X hiil?) ", o) = (S laoif2) "
k=1 k=1

Let 1 < p < oco. Define Hy(M) (resp. H,(M)) as the completion of all finite L,-
martingales under the norm ||z = [[Sc(@)[p (resp. [|z[#; = [|Sr(2)|[p). The Hardy
space of noncommutative martingales is defined as follows: if 1 < p < 2,

Hp(M) = Hp(M) + Hy, (M)
equipped with the norm

2l = nf {{[yllag + [zl }

where the infimum is taken over all y € Hg(M) and z € H;(M) such that x =y + z. For
2<p< o0,
Hp(M) = H, (M) N H,(M)
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equipped with the norm
[zl = max {{|z[lg, 2]l }-

The reason that #,(M) is defined differently according to 1 < p <2 or 2 < p < oo is
presented in [69]. In that paper Pisier and Xu prove the noncommutative Burkholder-
Gundy inequalities which imply that #,(M) = L,(M) with equivalent norms for 1 < p <
00.

We now consider the conditioned version of #H,, developed in [43]. Let = (zy)n>1 be
a finite martingale in Lo(M). We set

n 1/2 0 1/2
sc,n@):(];sk_lrdm?) : sc(x>=(k§jlsk_1\dxk|2) :

and

n 1/2 0 1/2
sr,n(x):(;sk_lydx,’;|2) , sr(:v):(];gk_ﬂd:rZQ) .

These will be called the column and row conditioned square functions, respectively. Let
0 < p < oo. Define hi(M) (resp. h;(M)) as the completion of all finite Lo-martingales
under the (quasi)norm [|z{[ne = [|sc(z)|[p (resp. [|z([ns = [[sr(z)|p). For p = oo, we define
hS, (M) (resp. hl (M)) as the Banach space of the Lo (M)-martingales x such that
S i1 Ek—1ldzi|? (respectively Si~q Ex—1|dx}|?) converge for the weak operator topology.

We also need £,(L,(M)), the space of all sequences a = (a,)p>1 in Ly(M) such that

1/p )
lalle,(z,m)) = (Z HanH,’j) <oo if0<p< oo,
n>1

and
lalltoo (Loo (M) = sup anlloe if p = oo0.

Let hg(/\/l) be the subspace of £,(L,(M)) consisting of all martingale difference sequences.
We define the conditioned version of martingale Hardy spaces as follows: If 0 < p < 2,

hp(M) = h¥(M) + hS(M) + hr (M)
equipped with the (quasi)norm
[2]ln, = inf {lwllna + [1Yllng + [I2]ln; },

where the infimum is taken over all w € h4(M),y € hS(M) and z € hj(M) such that
r=w+y+z For 2 <p<oo,

hp(M) = hi(M) NhS(M) N7 (M)
equipped with the norm
[(ln, = max {||2[lhg, [z llng, <] }-
The noncommutative Burkholder inequalities proved in [43] state that
hp(M) = Lp(M) (0.1.1)

with equivalent norms for all 1 < p < oo.
Due to the fact that there are two kinds of Hardy spaces, there correspond two kinds
atoms.
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Definition 0.1.1. a € Ly(M) is said to be a (1,2).-atom with respect to (Mp)p>1, if
there exist n > 1 and a projection e € M, such that

(i) &n(a) =0;
(i) r(a) < e
(i) flall2 < m(e) V2.
Replacing (ii) by (i) 1(a) < e, we get the notion of a (1,2),.-atom.

Here, (1,2).-atoms and (1,2),-atoms are noncommutative analogues of (1,2)-atoms
for classical martingales, which are proved to be suitable for the column (resp. row)
Hardy spaces. On the other hand, due to the noncommutativity some basic constructions
based on stopping times for classical martingales are not valid in the noncommutative
setting, our approach to the atomic decomposition for the conditioned Hardy spaces of
noncommutative martingales is via the h; — bmo duality. Recall that the duality equality
(h1)* = bmo was established independently by [34] and [61]. However, this method does
not give an explicit atomic decomposition. In summery, we get following theorem:

Theorem 0.1.2. We have
hy(M) = h§*(M)  with equivalent norms.

More precisely, if x € hy(M)
1
ﬁHxllhy <zl < llzlper-

Remark 0.1.3. A recent work of G.Hong and T.Mei [30] extend this 2-atom decomposi-
tion to the g-atom decomposition, 1 < ¢ < oo, by using the John-Nirenberg inequality for
noncommutative martingale.

The other main result of this chapter concerns the interpolation of the conditioned
Hardy spaces h,. Such kind of interpolation results involving Hardy spaces of noncommu-
tative martingales first appear in Musat’s paper [50] for the spaces H,. We will present an
extension of these results to the conditioned case.The main idea is inspired by an equiv-
alent quasinorm for h,,0 < p < 2 introduced by Herz [28] in the commutative case. We
translate this quasinorm to the noncommutative setting to obtain a new characterization
of h,, 0 < p < 2, which is more convenient for interpolation. By this way we show following
interpolation theorem:

Theorem 0.1.4. Let 1 < p < co. Then, the following holds with equivalent norms
(bmo(M), h1(M))1 = hy(M).

B =

0.2 Chapter 2

In this chapter, we exploit Meyer’s wavelet methods to the study of the operator-valued
Hardy spaces. A wavelet basis of La(R) is a complete orthonormal system (wy);ep, where
D denotes the collection of all dyadic intervals in R, w is a Schwartz function satisfying
the properties needed for Meryer’s construction in [49], and

1 T —cr

wy(r) = Ew(T)’
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where ¢y is the center of I. The central facts that we will need about the wavelet basis
are the orthogonality between different w;’s, ||w||,®) = 1 and the regularity of w,

max(Jw(z)|, [w'()]) 3 1+ [z))™™, Vm > 2.

The analogy between wavelets and dyadic martingales is well known. The key observation
is the following parallelism:

> {fownwr ~ dfn,

jrj=2-n+

where df, denotes n-th dyadic martingale difference of f. With this relationship and the
orthogonality of the (wj);ep, we can use the method of noncommutative martingale to
the operator-valued harmonic analysis. Note that Mei has established the operator-valued
Hardy spaces theory [52], but our approach is much simpler than his.

In this chapter, for simplicity, we denote Lo, (R)®@M by N. As in the classical case,
for f € Sy, we define the two Littlewood-Paley square functions as

)= (> [{fwn)l® “” x))%. (0.2.1)

1€D

=X 7 |;“” 11,( ))%. (0.2.2)

1€eD

For 1 < p < o0, define
1l = 1Se(Hl L, )5

1l = 15-(F) Iz, 00 -

These are norms, which can be seen easily from the space L,(N;¢5(D)). So we define
the spaces Hy(R, M) (resp. Hj(R,M)) as the completion of (Sy, || - [lag(r M) (resp.
(Sns ||+ 745 (R, Mmy)- Now, we define the operator-valued Hardy spaces as follows: for 1 <
p <2,

Hp(R, M) = H, (R, M) + H, (R, M) (0.2.3)

with the norm
£, = inf{l|gllag + [|Pll2e; : f =g+ h,g € Hy h € Hp}

and for 2 < p < oo,
Hp(R,M) = Hg(R,M) N ’H;(R,M) (0.2.4)
with the norm defined as

[ f 113, = max{{[ Fllag, 1/ ]l2}-

For ¢ € Loo(M; L§(R, 142;)), set

lellsmor = sup (= 3 I wn) )2 (0.2.5)
JED |J‘ IcJ
and
lellsaor = l¢* | BAoe M)
Define

dx

BMO(R, M) = {p € Loo(M; L5(R, 1422

) = lellBmoe < oo}
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and

dx
1+ a2
These are Banach spaces modulo constant functions. Now we define

BMO"(R,M) = {¢ € Loo(M; L5(R, ) = lellBrmor < oo}

BMO(R, M) = BMO(R, M) N BMO"(R, M).

As in the martingale case [43], we can also define Li MO(R, M) for all 2 < p < oo.

For Y e Lp(Ma Lc(Ra 11‘22))7 set

S lvun P

cry Lp Witoo)

lellLsmo = H II"” (0.2.6)
and

el mo = [l lLgmos
where I’ denote the unique dyadic interval with length 27k+1 that containing x. We will
use the convention adopted in [45] for the norm in L (N;ls). Thus

ik 5 towPl, > ]

Lp(Niloo) H IFI

IcIy ICI? L%(N)
Again, we can define
LEMOR, M) = {ip € L(M; LR, 1)) Iellzguo < oc}
and
IR MOR, M) = {ip € L(M; IH(R, 1)) [pllzemo < oo}
Define

LyMOR, M) = LLMO(R, M) N Ly MO(R, M).
Note that LS, MO(R, M) = BMO4(R, M).

Then we have following dual and interpolation theorem:
Theorem 0.2.1. We have
(H{(R,M))* = BMO(R, M) (0.2.7)

with equivalent norms.
Similarly, the duality holds between HY and BMO", between Hy and BMO with equiv-
alent norms.

Theorem 0.2.2. Let 1 < p < 2. We have
(Hp(R,M))" = Ly MO(R, M) (0.2.8)

with equivalent norms.
Similarly, the duality holds between H;, and L}, between Hp, and Ly MO with equiva-
lent norms.

Theorem 0.2.3. For any 1 < p < 0o, we have

(Hy (R, M))* = H5 (R, M), (0.2.9)
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Theorem 0.2.4. The following results hold with equivalent norms:
(i) Let 1 < g < p < o0, we have

[BMO(R, M), Ly(N)]2 = Ly(N). (0.2.10)
(ii) Let 1 < ¢ < p < oo, we have
(MR, M), Ly ()] = Ly(N) (0.2.11)
(i) Let 1 < p < oo, we have
[BMO®, M), Ha (R, M]3 = Ly(A). (0.2.12)

We denote the column Hardy space Hg(R, M) and the bounded mean oscillation space
BMO®(R, M) in [52]. We have the following result.

Theorem 0.2.5. We have
BMO(R, M) = BMO*(R, M)

with equivalent norms. Similar results holds for the row spaces. Consequently, BMO(R, M) =
BMO(R, M) with equivalent norms.

0.3 Chapter 3

Let d > 2 and § = (6i;) be a real skew-symmetric d x d-matrix. Recall that the d-
dimensional noncommutative torus Ay is the universal C*-algebra generated by d unitaries
Uy, ..., Uy satisfying the following commutation relation

UpU; = 2" U0y, jk=1,...,d.

There exists a faithful tracial state 7 on Ay. Let ']I'g be the von Neumann algebra in the
GNS representation of 7. ’]I‘g is called the quantum d-torus associated with 6. Note that if
0 =0, then Ay = C(T9) and T¢ = Lo (T¢), where T¢ is the usual d-torus. So a quantum
d-torus is a deformation of the usual d-torus. It is thus natural to expect that ’]I‘g shares
many properties with T¢. This is indeed the case for differential geometry, as shown by the
works of Connes and his collaborators. However, little is done regarding analysis. To our
best knowledge, up to now, only the mean convergence theorem of quantum Fourier series
by the square Fejér summation was proved at the C*-algebra level (cf. [86, 87]), and on the
other hand, the quantum torus analogue of Sobolev inequalities was obtained only in the
Hilbert space case, or equivalently Ly space case (cf. [80]). The reason might be explained
by numerous difficulties one may encounter when dealing with noncommutative L,-spaces.
For instance, the usual way of proving pointwise convergence theorems is to pass through
the corresponding maximal inequalities. But the study of maximal inequalities is one of
the most subtle and difficult parts in noncommutative analysis.

This paper is the first one of a project that intends to develop analysis on quantum
tori and more generally on twisted crossed products by amenable groups. Our aim here is
to study some important aspects of harmonic analysis on ']I‘g. The subject that we address
is three-fold:
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i) Convergence of Fourier series. We will establish the maximal inequalities for various
means of Fourier series defined on quantum tori and obtain the corresponding point-
wise convergence theorems. In particular, we will prove the noncommutative analogue
of the classical Stein theorem on Bochner-Riesz means.

ii) Fourier multipliers. We will prove that L, (1 < p < co) completely bounded Fourier
multipliers on quantum tori coincide with those on classical tori with equivalent cb-
norms.

iii) Hardy and BMO spaces. We will present the H;-BMO and Littlewood-Paley theories
associated with the Poisson semigroup over quantum tori.

One of main strategies for approaching these problems is to transfer them into the corre-
sponding ones in the case of operator-valued functions on the classical tori. To state our
main results we need some notation. Let 1 < p < oo and = € L,(T¢). Then = admits a
formal Fourier series:

z~ Y Rm)U™, (0.3.1)
meZd
where
#(m) = 7(x(U™)*), m e Z4, (0.3.2)

that is called the m-th Fourier coefficient of x. We remark that one of the main subjects
of harmonic analysis on quantum tori, just as with Lo (T?), is to study when and in what
sense the series of the right hand side of (0.3.1) converges to z. As in the classical case,
we will consider mainly three kinds of summation method:

1) The square Cesdro mean

| Ml \ o m
Fyz] = %d (1- ﬁ) (1= Nijl)w(m)(] ., N>0. (0.3.3)
meLs,
o0 <N

2) The square Poisson mean

P.x] = Z Fm)yrmhiom o< r <1 (0.3.4)

3) The circular Poisson mean

Pfz] = Y @(m)r™2um, 0<r<1. (0.3.5)

meZd

4) Let ® be a continuous function on R? with ®(0) = 1. Define

O°[x] = Z O(em)z(m)U™, &> 0.

meZ4

We will always impose the following condition to ®:

O(s) = o(s) with /Rd p(s)ds =1;
()] + ()] < AL+ |s]) ™", Vs € R,

(0.3.6)

for some A, > 0 (cf. [83, p. 253]).
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Here, |m|, = ( ?:1 Im;[P)}/P for 1 < p < 00, and |m|s = SUpy<j<q |myl-
The following is one of our main results:

Theorem 0.3.1. i) Letx € L1(T4). Then for any a > 0 there exists a projection e € T4

such that

sup |leFy[zle]| <o and Heh) < Cdlla;h.

N>0

ii) Let 1 < p <oo. Then

2
< Cy

, < Yz € Ly(T%).

N p

supT Fy|x — ||x]|p,
HNZO [ ]H (p_ 1)2 H ||p
Both statements hold for the three other summation methods P,., P. and ®¢. In the
case of ¢, the constant Cy also depends on the two constants in (3.2.1).

As usual, the maximal inequalities in Theorem 0.3.1 should imply the corresponding
pointwise convergence theorems. By adapting the arguments of M. Junge and Q. Xu [45],
we indeed get the following result:

Theorem 0.3.2. Let 1 < p < oo and x € L,(T4). Then Fy|[x] baw, 2 as N = .
Moreover, for 2 < p < oo the b.a.u. convergence can be strengthened to a.u. convergence.

Similar statements hold for the two Poisson means Py, P, as r — oo as well as for the
mean ®° as e — 0.

Here z, 2%% 7 means that (zy,) bilaterally almost uniformly (b.a.u, in short) converges
to x, while , =% 2 means almost uniform (a.u) convergence, that were both introduced
by Lance [48] (see also [45] for the details).

One may also consider the circular Cesdro mean:

Imf2 \ .
Fxle] = Y (1- 2 )a(m)U™, N>o0. (0.3.7)
meze, N+1
|m[2<N

However, the preceding results fail to hold for Fy even in the classical case [83]. Instead,
one needs to consider the Bochner-Riesz mean of order « :

Balel= 3 ( —‘gf)a@(mwm. (0.3.8)

|m|2<R

If @« > (d —1)/2, the kernel of the Bochner-Riesz mean in this case is an approximation
identity, we can then get the corresponding results associated with the mean convergence,
maximal inequalities and pointwise convergence. In fact, both part (3) in Theorems 0.3.1
and 0.3.2, and the corresponding results concerning the Bochner-Riesz mean with the order
a being greater than (d — 1)/2, will be proved all as a consequence of the more general
case concerning an approximation identity determined by a continuous function ® on R?
with an additional condition on asymptotic behavior at infinite.

For the case a < (d —1)/2, we have the following theorem, which is the generalization
of Stein’s theorem [81] to the quantum tori.

Theorem 0.3.3. Let 1 <p < oo and a > (d —1)|3 — %\ Then
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(1) For any = € L,(T%),

Isupfeso Balzll, < Cpllzlp-

(2) limp—yo0o BE[z] = 2 in Ly(TY).
(3) For any = € L,(T%), B[] bt 2 as R — oo.

Now we turn to the second aspect of the theme in this chapter, discussing the com-
pletely bounded Fourier multipliers on the quantum tori. Our motivation arises from the
classical Fourier multiplier theory on ordinary tori [20, 83].

We may define the Fourier multipliers on the quantum torus in an ordinary way. Let
& = (¢m)meza. We define Ty by

Tyx(m) = pmi(m), Ym € 2%,

for any = € T. We call ¢ a L, bounded multiplier (resp. c.b. L, multiplier) on the quan-
tum torus T¢, if the operator T, extends to a bounded (resp. c.b.) map from L,(T%) into
Ly(T$). Let M(L,(T$)) and My, (L,(T4)) denote the sets of all L, bounded and completely
bounded multipliers respectively. We have the following theorem:

Theorem 0.3.4. Let 1 < p < 0o. Then Mep(Ly(T4)) = Mep(Lp(Loo(T?))) with equivalent
cb-norms.

The third topic of this chapter deals with the H'-BMO and Littlewood-Paley theories
associated with the Poisson semigroup P, on the quantum tori. For any = € Tg define

1/2

Gelx) = (/01 LB fal| (1~ ryar)

For 1 <p < o let
[zllmg = [2(0)] + [[Ge(@) 1, (24)-

This is a norm on T§ (cf. e.g. [37]). We define the column Hardy space HZ(Tz) as the
completion of 'I['g with respect to this norm. The row Hardy space H;(Tg) is defined to be
the space of all x such that z* € Hf,(']Tg) equipped with the natural norm. The mixture
Hardy spaces are defined as follows: If 1 < p < 2,

H,,(T§) = Hj(T§) + H,(T)
equipped with the sum norm
|2|l1, = nf{[|Ge(@)]lp + |G- (®)]| : = = a+b,a € Hy(T§),b € Hy(T§)},

and if 2 < p < oo,
H,,(T§) = H,(T§) N Hj(T)

equipped with the intersection norm
lz]lg, = max {[|Ge(@)lp; [Gr(2)]p}-
We will also study the BMO spaces over Tg. Set

BMO*(Ty) = {w € Ly(T§) : sup||P, [|z = Pr[a]]"]|| , < oo}
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equipped with the norm
~ 27111/2
Jellnror = mas {12(0)] sup [B. [ — B, 2] |2}

BMO'(T4) is defined as the space of all x such that z* € BMO®(T¢) with the norm
|zl|BMor = ||#*||BMoe- The mixture BMO(TE) is the intersection of these two spaces:

BMO(T$) = BMO¢(T%) N BMO" (T¢)

with intersection the norm.

The above definitions are motivated by Hardy spaces of noncommutative martingales
([43, 69]) and of quantum Markov semigroups ([37, 38, 52]). The main results of this part
are summarized in the following theorem which shows that the Hardy spaces on ']I‘gl possess
the properties of the usual Hardy spaces, as expected.

Theorem 0.3.5. i) Let 1 < p < oo. Then H,(T4) = L,(T%) with equivalent norms.

ii) The dual space of H§(T4) is equal to BMO®(T4) with equivalent norms via the duality
bracket
<$7 y> = T(l'y*), T € LQ(Tg)7 (/S BMOC(Tg)

The same assertion holds for the row and mizture spaces too.
iii) Let 1 < p < oo. Then
(BMO“(T), H{(T))1/, = Hy(T§) = (BMO(TF), H{(T§))1/p,

with equivalent norms, where (-, )1y, and (-, - )1/, denote respectively the complex
and real interpolation functors.

iv) Let 1 < p < oo and X € {BMO(TY), Loo(T9)}, X1 € {H1(TE), L1(T)}. Then
(X0, X1)1/p = Lp(T§) = (Xo, X1)

1/p,p

with equivalent norms.






Chapter 1

Atomic decomposition and
interpolation for Hardy spaces of
noncommutative martingales

Introduction

Atomic decomposition plays a fundamental role in the classical martingale theory and
harmonic analysis. Atoms for martingales are usually defined in terms of stopping times.
Unfortunately, the concept of stopping times is, up to now, not well-defined in the generic
noncommutative setting (there are some works on this topic, see [2] and references therein).
We note, however, that atoms can be defined without help of stopping times. Let us recall
this in classical martingale theory. Given a probability space (2, F, u1), let (Fp)n>1 be an
increasing filtration of o-subalgebras of F such that F = 0( Un ]:n) and let (&,)n>1 denote
the corresponding family of conditional expectations. An F-measurable function a € Lo
is said to be an atom if there exist n € N and A € F,, such that

(i) Enla) = 0;
(i) {a# 0} C 4
(i) [lall> < u(A)~72.

Such atoms are called simple atoms by Weisz [89] and are extensively studied by him
(see [88] and [89]). Let us point out that atomic decomposition was first introduced in
harmonic analysis by Coifman [12]. It is Herz [27] who initiated atomic decomposition for
martingale theory. Recall that we denote by H1(Q2) the space of martingales f with respect

1/2
to (Fn)n>1 such that the quadratic variation S(f) = (Zn |dfn|2) belongs to L1(£2),
and by h;(Q2) the space of martingales f such that the conditioned quadratic variation

s(f) = (Zn Sn,1|dfn|2)l/2 belongs to Li(2). We say that a martingale f = (fy)n>1
is predictable in L; if there exists an adapted sequence (A,)n>0 of non-decreasing, non-
negative functions such that |f,| < A,—1 for all n > 1 and such that sup,, A, € L1(Q).
We denote by P;1(Q2) the space of all predictable martingales. In a disguised form in the
proof of Theorem A, in [27], Herz establishes an atomic description of P;(€2). Since
P1(Q) = H1(2) for regular martingales, this gives an atomic decomposition of H;(£2) in
the regular case. Such a decomposition is still valid in the general case but for hy(Q)
instead of H;(Q2), as shown by Weisz [88].
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In this paper, we will present the noncommutative version of atoms and prove that
atomic decomposition for the Hardy spaces of noncommutative martingales is valid for
these atoms. Since there are two kinds of Hardy spaces, i.e., the column and row Hardy s-
paces in the noncommutative setting, we need to define the corresponding two type atoms.
This is a main difference from the commutative case, but can be done by considering the
right and left supports of martingales as being operators on Hilbert spaces. Roughly s-
peaking, replacing the supports of atoms in the above (ii) by the right (resp. left) supports
we obtain the concept of noncommutative right (resp. left) atoms, which are proved to be
suitable for the column (resp. row) Hardy spaces. On the other hand, due to the noncom-
mutativity some basic constructions based on stopping times for classical martingales are
not valid in the noncommutative setting, our approach to the atomic decomposition for
the conditioned Hardy spaces of noncommutative martingales is via the hy — bmo duality.
Recall that the duality equality (h;)* = bmo was established independently by [34] and
[61]. However, this method does not give an explicit atomic decomposition.

The other main result of this paper concerns the interpolation of the conditioned Hardy
spaces h,. Such kind of interpolation results involving Hardy spaces of noncommutative
martingales first appear in Musat’s paper [50] for the spaces H,. We will present an
extension of these results to the conditioned case. Note that our method is much simpler
and more elementary than Musat’s arguments. It seems that even in the commutative case,
our method is simpler than all existing approaches to the interpolation of Hardy spaces
of martingales. The main idea is inspired by an equivalent quasinorm for h,,0 < p < 2
introduced by Herz [28] in the commutative case. We translate this quasinorm to the
noncommutative setting to obtain a new characterization of h,, 0 < p < 2, which is
more convenient for interpolation. By this way we show that (bmo,hy); /p = hp for any
1 <p<oo.

The remainder of this paper is divided into four sections. In Section 1 we present some
preliminaries and notation on the noncommutative L,-spaces and various Hardy spaces
of noncommutative martingales. The atomic decomposition of the conditioned Hardy s-
pace hy(M) is presented in Section 2, from which we deduce the atomic decomposition
of the Hardy space Hi(M) by Davis’ decomposition. In Section 3 we define an equiv-
alent quasinorm for h,(M),0 < p < 2, and discuss the description of the dual space of
hp(M),0 < p < 1. Finally, using the results of Section 3, the interpolation results between
bmo and h; are proved in Section 4.

Any notation and terminology not otherwise explained, are as used in [84] for theory
of von Neumann algebras, and in [70] for noncommutative L,-spaces. Also, we refer
to a recent book by Xu [93] for an up-to-date exposition of theory of noncommutative
martingales.

1.1 Preliminaries and notations

Throughout this paper, M will always denote a von Neumann algebra with a normal
faithful normalized trace 7. For each 0 < p < oo, let L,(M,7) or simply L,(M) be the
associated noncommutative L,-spaces. We refer to [70] for more details and historical
references on these spaces.

For x € L,(M) we denote by r(x) and I(z) the right and left supports of x, respectively.
Recall that if x = ulx| is the polar decomposition of z, then r(z) = v*u and I(z) = uu*.
r(x) (resp. l(z)) is also the least projection e such that xe = z (resp. ex = z). If = is
selfadjoint, r(z) = l(x).

Let us now recall the general setup for noncommutative martingales. In the sequel,
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we always denote by (My,),>1 an increasing sequence of von Neumann subalgebras of M
such that the union of M,,’s is w*-dense in M and &,, the conditional expectation of M
with respect to M,,.

A sequence = = (zp,) in L1(M) is called a noncommutative martingale with respect to
(Mp)n>1 if En(Tnt1) = zy, for every n > 1.

If in addition, all z,,’s are in L,(M) for some 1 < p < oo, z is called an L,-martingale.
In this case we set

HfUHp = sup Hanp
n>1

If ||z, < oo, then x is called a bounded L,-martingale.

Let = (x5,) be a noncommutative martingale with respect to (My,)n>1. Define dz,, =
Xy — Tp—1 for n > 1 with the usual convention that xy = 0. The sequence dz = (dzy,) is
called the martingale difference sequence of x. x is called a finite martingale if there exists
N such that dz,, = 0 for all n > N. In the sequel, for any operator x € L;(M) we denote
xy = Ep(x) for n > 1.

Let us now recall the definitions of the square functions and Hardy spaces for noncom-
mutative martingales. Following [69], we introduce the column and row versions of square
functions relative to a (finite) martingale x = (zy,):

Sen@) = (X ldzel?) ", i) = (3 ldml?) "
k=1 k=1

and

Sente) = (S lasi ), 8u@) = (3 lasi?)””
k=1 k=1

Let 1 < p < oo. Define Hy(M) (resp. H,(M)) as the completion of all finite L,-
martingales under the norm [|z([xg = [[Sc(2)[p (resp. |z|ug; = [|S:(z)|p). The Hardy
space of noncommutative martingales is defined as follows: if 1 < p < 2,

Hp(M) = Hy (M) + H, (M)

equipped with the norm
%130, = inf {lyllng + l12ll3 )
where the infimum is taken over all y € Hg(M) and z € H;(M) such that x =y + 2. For
2 <p<oo,
Hp(M) = Hy (M) N HH (M)
equipped with the norm
12|34, = max {||2[l2g. %[l }-

The reason that #,(M) is defined differently according to 1 < p < 2 or 2 < p < oo is
presented in [69]. In that paper Pisier and Xu prove the noncommutative Burkholder-
Gundy inequalities which imply that #H,(M) = L,(M) with equivalent norms for 1 < p <
00.

We now consider the conditioned version of #,, developed in [43]. Let = (z)n>1 be
a finite martingale in Ly(M). We set

n 1/2 0 1/2
sc,n(m:(kzlsklrdxkﬁ) : sc<x>=(kzlek1\dxk|2) :
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and

n 1/2 e 1/2
sr,n(@:(kzlekldx;ﬁ) , sr(x):(kzzé’klldxﬂ?) .

These will be called the column and row conditioned square functions, respectively. Let
0 < p < oco. Define hi(M) (resp. h;(M)) as the completion of all finite Loo-martingales
under the (quasi) norm |[z|lns = [|sc(z)|[p (vesp. [[z[lny = [[s;(2)l|p). For p = oo, we define
hé (M) (resp. hl (M)) as the Banach space of the Lo (M)-martingales x such that
S i1 Ek—1ldzi|? (respectively S4~q Ex—1|dx}|?) converge for the weak operator topology.

We also need £,(L,(M)), the space of all sequences a = (a,)n>1 in L,(M) such that

1/p .
lalle, iy = (D lanllp) " <00 if0<p < oo,
n>1

and
lallroo (Lo (M) = sup lanl|o  if p = oo.

Let h%(M) be the subspace of £,(L,(M)) consisting of all martingale difference sequences.
We define the conditioned version of martingale Hardy spaces as follows: If 0 < p < 2,

hp(M) = (M) + hS(M) + hy (M)
equipped with the (quasi) norm
[zl = nf {lwllha + 1Yl + [I2]ln; },

where the infimum is taken over all w € h¢(M),y € hy(M) and z € hj(M) such that
r=w+y+z For 2 <p< oo,

hp(M) = h%(M) NhE(M) N h (M)
equipped with the norm
lln, = max {{|2[lng, [z llng, ll]ng }-
The noncommutative Burkholder inequalities proved in [43] state that
h,(M) = L,(M) (1.1.1)

with equivalent norms for all 1 < p < oo.
In the sequel, (My),>1 will be a filtration of von Neumann subalgebras of M. All
martingales will be with respect to this filtration.

1.2 Atomic decompositions

Let us now introduce the concept of noncommutative atoms.

Definition 1.2.1. a € Ly(M) is said to be a (1,2).atom with respect to (My)p>1, if
there exist n > 1 and a projection e € M,, such that

(i) &nla) = 0;

(i) 7(a) < e
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(iii) flall2 < 7(e)7"/2.
Replacing (ii) by (i)’ I(a) < e, we get the notion of a (1, 2),-atom.

Here, (1,2).-atoms and (1, 2),-atoms are noncommutative analogues of (1,2)-atoms for
classical martingales. In a later remark we will discuss the noncommutative analogue of
(p,2)-atoms. These atoms satisfy the following useful estimates.

Proposition 1.2.2. If a is a (1,2).-atom then
lallg <1 and  laflng < 1.
The similar inequalities hold for (1,2),-atoms.

Proof. Let e be a projection associated with a satisfying (i) — (iii) of Definition 1.2.1. Let
ar, = &k(a). Observe that a; = 0 for kK < n, so day =0 for k < n. For k > n + 1 we have

eldap)* = [Ex(ea*) — Er_1(ea*)|dar, = |dag|?
= da}[Ek(ae) — E—1(ae)] = |dag|?e.

This gives
e|dag|? = |dag|* = |day|*e

for any k£ > 1. Hence, we obtain

Consequently, the noncommutative Holder inequality implies
lallzg = leSe(a)] < [1Sc(a)ll2llellz = llall2llell2 < 1.
Since e € M,,, for k > n + 1 we have

e€r1(ldar]?) = Epi(eldar]?) = Ep1(|dar]?)
= 5k71<‘dak’26) = 5k,1(‘dak‘2>€.

Thus, we deduce
allne < 1.

Now, atomic Hardy spaces are defined as follows.

Definition 1.2.3. We define h{"*'(M) as the Banach space of all z € L;(M) which admit
a decomposition
Tr = Z )\kak
k

with for each k, ajx a (1,2).-atom or an element in L;(M;) of norm < 1, and A\ € C
satisfying > |A\x| < co. We equip this space with the norm

e = inf > A,
k

where the infimum is taken over all decompositions of x described above.
Similarly, we define h7*'(M) and || - [yt
1
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It is easy to see that h(f’at(/\/i) is a Banach space. By Proposition 1.2.2 we have the
contractive inclusion h{™ (M) C h§(M). The following theorem shows that these two
spaces coincide. That establishes the atomic decomposition of the conditioned Hardy
space h{(M). This is the main result of this section.

Theorem 1.2.4. We have
h$(M) = h{™ (M) with equivalent norms.

More precisely, if x € h{(M)
Hl’Hh(lﬂvat < |[lz|lhe < HxHhi,at.

Similarly, W (M) = hi7* (M) with the same equivalence constants.

We will show the remaining inclusion h§(M) C h{*"(M) by duality. Recall that the
dual space of h§(M) is the space bmo®(M) defined as follows (we refer to [34] and [61] for
details). Let

bmo®(M) = {x € Lay(M) : sup ||En|z — 2p|?||0e < 00}
n>1
and equip bmo®(M) with the norm
| llomor = max ([[€()]loc , sUP [[Enlz — zal?|22).
n>1

This is a Banach space. Similarly, we define the row version bmo”(M). Since x,, = &,(x),
we have

Enlz — xp)? = Eplz)? — |20]? < En|z]?

Thus the contractivity of the conditional expectation yields
12{|bmos < [|2[|oo- (1.2.1)

We will describe the dual space of hi’at(/\/l) as a noncommutative Lipschitz space
defined as follows. We set

AC(M) = {.%' S LQ(M) : ||$HAc < OO}
with

_ 1/2
||| Ac = max (HSl(az)Hoo , sup sup 7(e) 1/27'(e|x — a:nlz) / ),
n>1eeP,

where P, denotes the lattice of projections of M,,. Similarly, we define
A'(M) = {z € L* (M) : z* € A° (M)}
equipped with the norm
[z][ar = llz" | Ac-

The relation between Lipschitz space and bmo space can be stated as follows.

Proposition 1.2.5. We have bmo®(M) = A°(M) and bmo” (M) = A"(M) isometrically.
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Proof. Let x € bmo®(M). It is obvious that by the noncommutative Holder inequality we
have, for all n > 1,

_ 1/2
wg7w>”%@m—@f>/su&u—xuwz?
eEn

To prove the reverse inclusion, by duality we can write

Hgn’x - mnPHoo = sup ’T(y‘l' - xn‘2>’
Iyl <1, yELT (Mn)
= sup 7’(6)717' elz — xn|2),
e€Pn,

where the last equality comes from the density of linear combinations of mutually disjoint
projections in Lq(M,,). Thus ||z||pc = ||Z]lbmoc, and the same holds for the row spaces. [

We now turn to the duality between the conditioned atomic space hi’at(M) and the
Lipschitz space A¢(M).

Theorem 1.2.6. We have h{™ (M)* = A°(M) isometrically. More precisely,

(i) Every x € A°(M) defines a continuous linear functional on h$™ (M) by
Ca(y) = 7(z"y), Vy € Lo(M). (1.2.2)

(ii) Conversely, each o € h{™ (M)* is given as (1.2.2) by some z € A°(M).
Similarly, hNy™ (M)* = A"(M) isometrically.

Remark 1.2.7. Remark that we have defined the duality bracket (1.2.2) for operators
in La(M). This is sufficient for Ly(M) is dense in h*(M). The latter density easily
follows from the decomposition La(M) = LY(M)@®La(My), where LY(M) = {x € La(M) :
&1(z) = 0}.

Proof of Theorem 1.2.6. We first show A°(M) C h$™(M)*. In fact we will not need
this inclusion for the proof of Theorem 1.2.4, however we include the proof for the sake
of completeness. Let x € A°(M). For any (1,2).-atom a associated with a projection e
satisfying (i) — (iii) of Definition 1.2.1, by the noncommutative Hélder inequality we have

|7‘((x — xn)*ae)}

le(z —zn)*[l2]lall2 1
7(e) V2 [r(elx — xq[?)]
]| pc-

|7 (z"a)|

ININCIA I

On the other hand, for any a € L1(M;j) with [|a||; < 1 we have
[7(z%a)| = [T(&1(2)"a)| < |€1(2)[locllall < [l]|ae.

Thus, we deduce that
(@) < llzllacllyllyen

for all y € Lo(M). Hence, @, extends to a continuous functional on h$™ (M) of norm less
than or equal to ||z c.
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Conversely, let p € h({’at (M)*. As explained in the previous remark, Lo(M) C h({’at (M)
so by the Riesz representation theorem there exists x € Ly(M) such that

e(y) =7(z"y), Vy€ Ly(M).
Fix n > 1 and let e € P,,. We set

(x —xp)e

Y @ = an)elar(e) 2

It is clear that y. is a (1,2).-atom with the associated projection e. Then

lell = le(ye)l = (@ = 2a)"ye)| = 7(61)1/2[7@19: — 2]

On the other hand, let y € Li(M;),|lylli < 1 be such that ||€1(z)|c = |7(2*y)|. Then
I€1(2)]|oo < |l¢p||. Combining these estimates we obtain ||z|[sc < ||¢||. This ends the proof
of the duality (h{™ (M))* = A°(M). Passing to adjoints yields the duality (h]™(M))* =
A" (M). O

We can now prove the reverse inclusion of Theorem 1.2.4.

Proof of Theorem 1.2.4. By Proposition 1.2.2 we already know that

h$*™ (M) C h§(M). Combining Proposition 1.2.5 and Theorem 1.2.6 we obtain that
(h$™(M))* = bmo®(M) with equal norms. The duality between h§(M) and bmo®(M)
proved in [34] and [61] then yields that (h{®(M))* = (h§(M))* with the following equiv-

alence constants
1
%H%H(h;)* < lzllbmoe = lleallpearye < lwzllne)--

This ends the proof of Theorem 1.2.4. a

We can generalize this decomposition to the whole space hy(M). To this end we need
the following definition.

Definition 1.2.8. We set
h§* (M) = h{(M) + hT™ (M) + hT™ (M),
equipped with the sum norm

#llhge = inf {Jwllng + lyllpeer + [12llgra ),

where the infimum is taken over all w € h(M),y € h{* (M), and z € h}*(M) such that
r=w+y+z.

Thus Theorem 1.2.4 clearly implies the following.
Theorem 1.2.9. We have

h1(M) = h§"(M)  with equivalent norms.

More precisely, if v € hy(M)

1
Tl < el < Nl
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The noncommutative Davis’ decomposition presented in [61] state that Hi(M) =
h1(M). Thus Theorem 1.2.9 yields that H;(M) = hi*(M), which means that we can
decompose any martingale in (M) in an atomic part and a diagonal part. This is the
atomic decomposition for the Hardy space of noncommutative martingales.

Remark 1.2.10. At the time of this writing, we do not know how to construct the above
atomic decompositions explicitly. One encounters some substantial difficulties in trying to
adapt the classical atomic constructions to the noncommutative setting.

Problem 1.2.11. Find a constructive proof of Theorem 1.2.4 or Theorem 1.2.9.

To end this section we discuss the case of h, for 0 < p < 1. We define the noncommu-
tative analogue of (p, 2)-atoms as follows.

Definition 1.2.12. Let 0 < p < 1. a € Ly(M) is said to be a (p,2).-atom with respect
to (My)n>1, if there exist n > 1 and a projection e € M,, such that

(i) &nla) =0;
(i) r(a) < e;
(iii) [lallz < 7(e)!/* 1P,
Replacing (ii) by (ii)’ I(a) < e, we get the notion of a (p,2),-atom.

We define h5** (M) and h;*(M) as in Definition 1.2.3. As for p = 1, we have
h&* (M) C h5(M) contractively.
On the other hand, we can describe the dual space of hf;at(./\/l) as a Lipschitz space.
For a > 0, we set
AG(M) = {z € Ly(M) : ||lz][ae < 00}
with
1/2

]| g, = sup sup 7(e) /> 7 (el — wn|?)
n>1ecP,

By a slight modification of the proof of Theorem 1.2.6 (by setting y. = e S‘ZH;f_’Zi;/2,1/p)

we can show that (h%*(M))* = A5 (M) for 0 < p <1, with a=1/p — 1.

At the time of this writing we do not know if h$*'(M) coincides with h$(M). The
problem of the atomic decomposition of h,(M) for 0 < p < 1 is entirely open, and is
related to Problem 1.2.11. We record this problem explicitly here:

Problem 1.2.13. Does one have hj(M) = he*" (M) for 0 <p <17

1.3 An equivalent quasinorm for h,, 0 <p <2

In the commutative case Herz described in [28] an equivalent quasinorm for h,,0 < p <
2. This section is devoted to determining a noncommutative analogue of this. This
characterization of h, will be useful in the sequel. Indeed, this will imply an interpolation
result in the next section. To define equivalent quasinorms of || - [lne and || - ||y for
0 < p < 2 we introduce the index class W which consists of sequences {wy, }n,enr such that

{wg/ P —1}n€ A is nondecreasing with each w,, € L] (M,) invertible with bounded inverse
and |lwy|1 < 1.
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For an Lo-martingale = we set
c : 1-2/p 2 1/2
Ny(x) = 15‘1/f {T( Z w,, “Pldzpy| )}
n>0

and

Ny (= 1nf[ (Zwl 2/p|al33 1 )}

n>0

We need the following well-known lemma, and include a proof for the convenience of
the reader.

Lemma 1.3.1. Let f be a function in C*(RY) and x,y € MT. Then

T(f(z+y) — f(z) = / f(z+ ty)ydt)

Proof. We set o(t) = 7(f(z + ty)), for t € [0,1]. Then ¢'(0) = 7(f'(x)y). Indeed, the
tracial property of 7 implies this equality for f(¢) =t",n € N'. We can extend this result
for all f polynomial by linearity, then for all f by approx1mat10n A translation argument
gives ¢'(t) = 7(f'(z + ty)y),Vt € [0,1]. Writing ¢(1) — ¢(0 fo ¢/ (t)dt we obtain the
required result. ]

Proposition 1.3.2. For 0 < p <2 and x € Lay(M) we have
N2 .
(5) N&(x) < |lzllng < NE(z). (1.3.1)
A similar statement holds for hy (M) and Ny .
Proof. Note that

Ng(x) = i‘al/f [T( Z wi*Q/péfn]dmnH\Q)r/Q

n>0

= it [r( 3wk P (senir (@) — senl@)))] 2,

n>0

Let 2 € La(M) with [z[ln; < 1. By approximation we can assume that x € Lo (M) and
Sen () is invertible with bounded inverse for every n > 1. Then {s¢n4+1(x)P} € W3 so

{ (Z Sent1 ()P 2 (seny1(2)? — Sc,n($)2))}1/2.

n>0
Applying Lemma 1.3.1 with f(t) = /2, x +y = scnr1(2)? and @ = 5., () we obtain

T(Sen+1(2)P — sen(T)P) =

T(/(]l g[sc,n(-%')z + t(sc,n+1(x>2 B chn(x)z)]

T(Sent1 (x)p72(30,n+1 (37)2 - scm(:c)Z)),

p
2

-1 [Sent1 (a:)2 — scm(x)z] dt)
>

(VS

where we have used the fact that the operator function a — a1 is nonincreasing for

—1 < & —1<0. Taking the sum over n leads to
2 2

¢(z)? < Z7(se(x)P) = =.
Np(x)ép(c()) p
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We turn to the other estimate. Given {w,} € W put

WPl = lim w27 = supw?/PL.
n—-+00 n

It follows that {w,lfz/ P1 decreases to w!'=2/? and

T( Z w}z_2/p|d$n+1|2> > T(wl—Q/p Z 5n|d$n+1|2)

n>0 n>0
= T(wl_z/psc(x)Q).

Since 1 = I+ 22;])7’ the Holder inequality gives

p
[se(2)lp [/ 2l 2 s (2)],
[ 2712y 0 w27 Ps ()2

T(w)1/p_1/27‘(w1_2/psc($)2)1/2.

IRVANI

Now 7(w) < 1; so we have
B 1/2
lse(@)llp < [7( 3wy 2Pldwna )]
n>0

for all {w,} € W. O

Thus the quasinorm Ny is equivalent to || -[[ne on La(M). So hj(M) can also be defined
as the completion of all finite Ly-martingales with respect to N for 0 < p < 2. This new
characterization of h7(M) yields the following description of its dual space.

Theorem 1.3.3. Let 0 < p < 2 and % =1- %. Then the dual space of hy(M) coincide

p [7‘( Z w}l_2/q|dl‘n+1|2>]l/2 < 0o. More

n>0

with the Lo-martingales x for which Mg (z) = s

=e

precisely,

(i) Ewery Lo-martingale x such that Mg(:r) < oo defines a continuous linear functional
on hg (M) by
¢x(y) = T(ya®) for y € Ly(M).

(ii) Conversely, any continuous linear functional ¢ on hi(M) is given as above by some
x such that Mg (z) < oc.

Similarly, the dual space of hy(M) coincide with the La-martingales x for which My (x) =
Mg(x*) < oo.

Proof. Let x be such that Mg (x) < oo. Then z defines a continuous linear functional on
he(M) by ¢.(y) = 7(yx*) for y € La(M). To see this fix {w,} € W. The Cauchy-Schwarz
inequality gives

ryat) = Y Ayl (el 2y

n>0
1/2 1/2
< (X rhldyn ) (X Tk 2 dan )
n>0 n>0
1/2
< (X TPy, P)) T M(=).

n>0
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Taking the infimum over W we obtain 7(yz*) < Nj(y) Mg (z).

Conversely, let ¢ be a continuous linear functional on h (M) of norm < 1. As Ly(M) C
he (M), ¢ induces a continuous linear functional on Ly(M). Thus there exists z € La(M)
such that ¢(y) = 7(yz*) for y € La(M). By the density of Ly(M) in h5 (M) we have

18]l (he)+ = sup IT(yz")| < 1.
yELQ(M),llthIC)Sl

Thus by Proposition 1.3.2 we obtain

sup |7 (yz™)| < 1. (1.3.2)
yELa(M),Ng(y)<1
We want to show that Mg (z) < oco. Fix {w,} € W. Let y be the martingale defined by
dyni1 = dzpwn 9 ¥n € N. By (1.3.2) we have

r(ya*) = 7( Y wy M denn ) < No(y)
n>0

T( Z wi_z/q!d:rmrl]?)lm.

n>0

IN

Thus
7'( Z w}L_Q/q|dxn+1|2> <1, Yw,}eW.
n>0
Taking the supremum over W we obtain Mg(z) < 1.

Passing to adjoints yields the description of the continuous linear functionals on hy (M).
O

Remark that for —co < 1/¢ < 1/2, M7 and M, define two norms. Let X (resp. X/)
be the Banach space consisting of the Ly-martingales = for which Mg (x) (resp. M (z))
is finite. Theorem 1.3.3 shows that (hj(M))* = X¢ and (hj(M))* = X7 for 0 < p < 2,
1 1

111,

q p

For —oo < 1/q < 1/2, note that Mg(z) can be rewritten in the following form. Given
{wn }n>0 € W we put

gn = (W2* —wi*)2, ¥n>1

where % = % — =, It is clear that

1
q

(Odzt € G = {{hduziiha € LM o((X [a?)”) <1,

n>1

Then 12
M (z) = SLCl;p [T( Z |gn |2z — xn|2)} .

n>1
It is now easy to see that the dual form of Junge’s noncommutative Doob maximal inequal-
ity ([35]) implies that for ¢ > 2, X7 = Lgmo(M) with equivalent norms, where Lgmo(M)
is defined in [61].
Similarly, we have X = Lymo(M) with equivalent norms.
Thus for 1 < p < 2, Theorem 1.3.3 gives another proof of the duality obtained in [61]
between h,(M) and Lymo(M) for 1% + % = 1. Note that this new proof is much simpler

and yields a better constant for the upper estimate, that is y/p/2 instead of /2.
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For 0 < p < 1, Theorem 1.3.3 leads to a first description of the dual space of h,(M).
However, this description is not satisfactory. Following the classical case, we would like to
describe this dual space as the Lipschitz space AS (M) defined in the previous section as
the dual space of h;**(M). Thus the description of the dual space of h,(M) for 0 < p < 1
is closely related to the atomic decomposition of h,(M).

1.4 Interpolation of h, spaces

It is a rather easy matter to identify interpolation spaces between commutative or noncom-
mutative Ly-spaces by real or complex method. However, we need more efforts to establish
interpolation results between Hardy spaces of martingales (see [32], and also [94]). Musat
([50]) extended Janson and Jones’ interpolation theorem for Hardy spaces of martingales
to the noncommutative setting. She proved in particular that for 1 < ¢ < ¢y < 00

(BMO"(M), Hy(M)) & = H;, (M). (1.4.1)

See also [36] for a different proof with better constants. This section is devoted to show-
ing the analogue of (1.4.1) in the conditioned case. Our approach is simpler and more
elementary than Musat’s and also valid for her situation.

We refer to [8] for details on interpolation. Recall that the noncommutative L,-spaces
associated with a semifinite von Neumann algebra form interpolation scales with respect to
the complex method and the real method. More precisely, for 0 < 6 < 1,1 <pg < p1 < 0
and 1 < qg, q1,q < oo we have

L,(M) = (Lp,(M), Lp,(M))g  (with equal norms) (1.4.2)

and
Lp (M) = (Lpy,go(M), Lp, g1 (M))s,q  (with equivalent norms) (1.4.3)

where % = 1p;09 + p%’ and where L, ,(M) denotes the noncommutative Lorentz space on

(M, ).
We can now state the main result of this section which deals with complex interpolation
between the column spaces bmo®(M) and h§(M).

Theorem 1.4.1. Let 1 < p < co. Then, the following holds with equivalent norms

(bmo®(M), h§(M))1 = hS(M). (1.4.4)

v
Remark 1.4.2. All spaces considered here are compatible in the sense that they can be
embedded in the *-algebra of measurable operators with respect to (M®B(f2(N?)), 7@Tr).
Indeed, for each 1 < p < oo, h%(M) can be identified with a subspace of L,(M®B(l2(N?))).
Recall that hj(M) is also defined as the closure in L;;‘md(M;eg) of all finite martingale
differences in M. Here Lgond(/\/l;eg) is the subspace of L,(M,(5(N?)) introduced by
Junge [35] consisting of all double indexed sequences (x,) such that z,, € L,(M,,) for
all k € N. We refer to [69] for details on the column and row spaces L,(M,(5) and
L,(M,05). Furthermore, by the Holder inequality and duality, recalling that the trace is
finite, we have, for 1 < p < g < oo, the continuous inclusions

Loo(M) C bmo®(M) C hS(M) C hS(M).

The first inclusion is proved by (1.2.1). The second one comes from the third one by duality.
Indeed, it is proved in [43] that for 1 < p < oo and I%—i—l% = 1, we have (h;(M))* = h5, (M),
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and, as already mentioned above, we have (h{(M))* = bmo®(M) (see [61]). Note that
Loo(M) is dense in all spaces above, except bmo®(M). This implies that bmo®(M) and
hg(M) are dense in hy(M) for 1 <p < g < oo.

We will need Wolff’s interpolation theorem (see [90]). This result states that given
Banach spaces E; (i = 1,2,3,4) such that £y N Ey is dense in both Fy and E3, and

E2 = (El, E3)9 and E3 = (EQ, E4)¢
for some 0 < 0,¢ < 1, then
E2 = (E1, E4)g and E3 = (E1, E4)€, (1.4.5)

where ¢ = 1_27?;% and £ = %. The main step of the proof of Theorem 1.4.1 is the
following lemma which is based on the equivalent quasinorm Ny of [| - [|ns described in the
previous section.

Lemma 1.4.3. Let 1 < p < oo and 0 < 0 < 1. Then, the following holds with equivalent
norms

(h§ (M), hy(M))g = hg(M), (1.4.6)

P

16,60 _1
where T —|—p .

Proof. Step 1: We first prove (1.4.6) in the case 1 < ¢ < p < 2. As explained in Remark
1.4.2, h7 (M) can be identified with a subspace of

L,(M®B(¢2(N?))). Thus the interpolation between noncommutative L,-spaces in (1.4.2)
gives the inclusion (hf(M), hf(M))y C hg(M).

The reverse inclusion needs more efforts. This can be shown using the equivalent
quasinorm Ny of || - [[ne defined previously. Let x be an Ly-finite martingale such that
[[lhe < 1. By (1.3.1) we have

1/2 1/2
Nyt = igf [r(Swiaania?)] < (3)
n

Let {wy,} € W be such that

1=2/4)qq, )2 2 1.4.7
(D wn Hldwn ) < (1.4.7)

For ¢ > 0 and z € S we define

1 1—2
1 T +

1_ z_1
fe(z) = exp(5(22—92))2dxn+1wﬁ Twp' P2

1 1
17(17;)275

= exp(e(z? — 6?)) Z dZTp4+1wn

Then f is continuous on S, analytic on Sy and f.(f) = x. The term exp(e(22 —62)) ensure
that fc(it) and f-(1+it) tend to 0 as t goes to infinity. A direct computation gives for all
teR

(S dlfednsa(i0)) = exp(=2e(¢ + )7 (L wi/dansal).

By (1.4.7) and (1.3.1) we obtain

1/2

Il < exple) (3)



1.4. INTERPOLATION OF h,, SPACES 51

Similarly,
) 2\ 1/2
£+ i)l < exp(e) ()

Thus = = f2(6) € (h§(M), h(M))y and
2\ 1/2
Il e < exp(e)(0)

whence

2y 1/2
I#llos g, < () Nl

Step 2: To obtain the general case, we use Wolff’s interpolation theorem mentioned
above. Let us first recall that for 1 < v,s,¢g < co and 0 < n < 1 such that % = 1;—’7 + 1,
we have with equivalent norms

(hy (M), hg(M)y = hg(M). (1.4.8)

Indeed, by Lemma 6.4 of [43], h5(M) is one-complemented in L{"I(M;£5), for 1 <
p < oo. On the other hand, for 1 < p < oo the space Lgond(M;eg) is complement-
ed in L,(M; £5(N?)) via Stein’s projection (Theorem 2.13 of [35]), and the column space
L,(M; £5(N?)) is a one-complemented subspace of L,(M®B(¢2(N?))). Thus, we conclude
from (1.4.2) that, by complementation, (1.4.8) holds.

We turn to the proof of (1.4.6). Step 1 shows that (1.4.6) holds in the case 1 < p < 2.
Thus it remains to deal with the case 2 < p < co. We divide the proof in two cases.
Case 1: 1 < g <2< p<oo. Let g<s <2 Notethat 1 < ¢ < s < p, so there exist
0 <60 <1and0< ¢ <1such that 1;19+§:%and%+%:%. By (1.4.8) we have

hs(M) = (hg(M), by (M))s.

»p

Furthermore, recall that 1 < ¢ < s < 2, so Step 1 yields
hg (M) = (hi(M), h5i(M))s.
By Wolff’s interpolation theorem (1.4.5), it follows that
hg (M) = (hi (M), hy(M))s,

where ¢ = 1727?;% A simple computation shows that % + ]% = %.
Case 2: 2 < q < p < oo. By a similar argument, we easily deduce this case from the
previous one and (1.4.8) using Wolff’s theorem.

Note that in both cases, the density assumption of Wolff’s theorem is ensured by

Remark 1.4.2. O
Lemma 1.4.4. Let 1 < g <p < oco. Then, the following holds with equivalent norms

(bma®(M), hS(M))a = he(M). (1.4.9)

= "p

Proof. Applying the duality theorem 4.5.1 of [8] to (1.4.6) we obtain (1.4.9) in the case
1<g<p<oowithf= ]%. Here we used the description of the dual space of h},(M) for
1 < p < oo mentioned in Remark 1.4.2. ]
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Proof of Theorem 1.4.1. We want to extend (1.4.9) to the case ¢ = 1. To this aim
we again use Wolff’s interpolation theorem combined with the two previous lemmas. Let
1 < g < p < oco. Then there exists 0 < ¢ < 1 such that # + % = %. We set 0 = %. Thus
by Lemma 1.4.4 we have

h (M) = (bmo® (M), hi(M))s.

Moreover we deduce from Lemma 1.4.3 that
hg(M) = (hT (M), hi(M))s.

So Wolft’s result yields
hy (M) = (bmo®(M), hi(M)),

where ¢ = 1_2%%. An easy computation gives ¢ = ;1), and this ends the proof of (1.4.4) O

The previous results concern the conditioned column Hardy space. We now consider
the whole conditioned Hardy space, and get the analogue result.

Theorem 1.4.5. Let 1 < p < co. Then, the following holds with equivalent norms

(bmo(M), h1(M))1 = hy(M).

1
p

The proof of Theorem 1.4.5 is similar to that of Theorem 1.4.1. Indeed, we need the
analogue of Lemma 1.4.3 for h,(M), and the result will follow from the same arguments.
By Wolff’s result, it thus remains to show that (h;(M),h,(M))g = hy(M) for 1 < p < 2,
where % —i—% = %. Recall that for 1 < p < 2 the space h,(M) is defined as a sum of three
components

hp(M) = h¥(M) + hS(M) + hl(M).

We will consider each component, and then will sum the interpolation results. The fol-
lowing lemma describe the behaviour of complex interpolation with addition.

Lemma 1.4.6. Let (Ao, A1) and (Bo, B1) be two compatible couples of Banach spaces.
Then for 0 < 8 < 1 we have

(Ao, A1)e + (Bo, B1)g C (Ao + Bo, A1 + Bi)g.
This result comes directly from the definition of complex interpolation.

Lemma 1.4.7. Let 1 < pg < p1 < 00,0 < 0 < 1. Then, the following holds with equivalent
norms

(5o (M), h5, (M))g = hi(M)

Pl

where L+ = =0 4 0
P Po P1

Proof. Recall that hg(/\/l) consists of martingale difference sequences in ¢,(L,(M)). So
hd(M) is 2-complemented in £,(L,(M)) for 1 < p < oo via the projection

P { lp(Lp(M) —> hil(M)
. (an)n21 = (gn(an) - gn—l(an))n21

The fact that £,(L,(M)) form an interpolation scale with respect to the complex interpo-
lation yields the required result. O
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Proof of Theorem 1.4.5 The row version of Lemma 1.4.3 holds true, as well, by considering
the equivalent quasinorm Ny of || - [ln;. The diagonal version is ensured by Lemma 1.4.7.
Thus Lemma 1.4.6 yields the nontrivial inclusion hy (M) C (hi (M), h,(M))g for 1 < p < 2.
On the other hand, by (1.1.1) we have h,(M) = L,(M) for 1 < p < oo and (1.2.1)
yields by duality the inclusion h;(M) C Li(M). Hence (1.4.2) gives the reverse inclusion
(hi(M), hy(M))g C hg(M) for 1 < p < co. That establishs the analogue of Lemma 1.4.3
for h,(M), and Theorem 1.4.5 follows using duality and Wolff’s interpolation theorem. O

We now consider the real method of interpolation. We show that the main result of
this section remains true for this method. For 1 < p < oo and 1 < r < oo, similarly to
the construction of the space Lgond(./\/l; 45) in Remark 1.4.2 we define the column and row
subspaces of Ly, (M®B(l2(N?))), denoted by L (M; £5) and L (M; €5), respectively.
Let hg . (M) be the space of martingales = such that dx € L;?;ld(M; 05).

Theorem 1.4.8. Let 1 < p < o0 and 1 < r < oo. Then, the following holds with
equivalent norms

(bmo®(M), h§(M))1 , = he . (M). (1.4.10)

1
"

This result is a corollary of Theorem 1.4.1.

Proof. By a discussion similar to that at the beginning of Step 2 in the proof of Lemma
1.4.3, using (1.4.3) we can show that for 1 < v,s,¢ < 00, 1 <r < oo and 0 <7 < 1 such
that % = 1;—" + 1, we have with equivalent norms

(hy (M), hg (M) = hi (M), (1.4.11)

We deduce (1.4.10) from (1.4.4) using the reiteration theorem on real and complex inter-
polations. Let 1 < p < 0co. Consider 1 < pg < p < p1 < 0o. There exists 0 < n < 1 such

that 1 ]
_l-m,
b Pbo b1

By Theorem 4.7.2 of [8] we obtain
(bmo®(M), hi(M))1 ;. = ((bmo®(M), hi(M)) 1, (bmo®(M), hi(M))

1 L)n,r-
P o) Pr1

Then (1.4.4) yields
(bmo“ (M), hi(M))1 ;. = (hp, (M), by, (M) e

P
An application of (1.4.11) gives
(bmo®(M), h§(M))1 ;. = hp . (M).

;,T p,r
This ends the proof of (1.4.10). O

Remark 1.4.9. Musat’s result is a corollary of Theorem 1.4.1. By Davis’ decomposition
proved in [61] we have Hg(M) = hi(M) + hg(/\/l) for 1 < p < 2. So we can show the
analogue of (1.4.6) for 1 < p < 2 as follows, for 0 <@ < land T2 +2 =1

Ho(M)
= hS(M) + hg(M)
= (hi(M),h ( e + (h{(M), hZ(M))e by Lemmas 1.4.3 and 1.4.7
C  (hfM) + hd( ) h (M) + hg(/\/l))e by Lemma, 1.4.6
= (H{(M), Hp(M))o.
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On the other hand, recall that for 1 < p < oo, H;(M) can be identified with the space
of all Ly-martingales = such that dz € L,(M;/5). Thus we can consider Hg(M) as a
subspace of L,(M®DB({3)) and the reverse inclusion follows. Then the same arguments,
using duality and Wolff’s theorem, yield Theorem 3.1 of [50]. Alternately, we can find
Musat’s result by defining an equivalent quasinorm for || [|3¢ (1), 0 < p < 2 similar to Ny,

Np(e) = inf |7 (Zwl 219, 2)] " 2 lalls rg)

Then all the previous proofs can be adapted to obtain the analogue results for H;(./\/l)

as follows

Remark 1.4.10. Recall that we define hS_ (M) (resp. h_ (M)) as the Banach space of the
Loo(M)-martingales = such that 3~ Ex_1|dzy|* (respectively 4~ Ex—1|dz}|?) converge
for the weak operator topology. We set ho (M) = hS (M) N h% (M) N hd (M). At the
time of this writing we do not know if the interpolation result (1.4.4) remains true if we

replace bmo(M) by hso (M).



Chapter 2

Wavelet approach to
operator-valued Hardy spaces

Introduction

In this paper, we exploit Meyer’s wavelet methods to the study of the operator-valued
Hardy spaces. We are motivated by two rapidly developed fields. The firs one is the theory
of noncommutative martingales inequalities. This theory had been already initiated in the
1970’s. Its modern period of development has begun with Pisier and Xu’s seminal paper
[69] in which the authors established the noncommutative Burkholder-Gundy inequalities
and Fefferman duality theorem between H; and BMO. Since then many classical results
have been successfully transferred to the noncommutative world (see [43], [46], [52], [4]).
In particular, motivated by [37], Mei [52] developed the theory of Hardy spaces on R" for
operator-valued functions.

Our second motivation is the theory of wavelets founded by Meyer. It is nowadays
well known that this theory is important for many domains, in particular in harmonic
analysis. For instance, it provides powerful tools to the theory of Calderén-Zygmund
singular integral operators. More recently, Meyer’s wavelet methods were extended to
study more sophistical subjects in harmonic analysis. For example, the authors of [23]
exploited the properties of Meyer’s wavelets to give a characterization of product BMO
by commutators; [57] deals with the estimates of bi-parameter paraproducts.

It is in this spirit that we wish to understand how useful wavelet methods are for
noncommutative analysis. The most natural and possible way would be first to do this
in the semi-commutative case. This is exactly the purpose of the present paper which
could be viewed as the first attempt towards the development of wavelet techniques for
noncommutative analysis.

A wavelet basis of Ly(R) is a complete orthonormal system (wr)rep, where D denotes
the collection of all dyadic intervals in R, w is a Schwartz function satisfying the properties
needed for Meryer’s construction in [49], and

1 T —cy

= — —w ,
G

wr(z)

where ¢y is the center of I. The central facts that we will need about the wavelet basis
are the orthogonality between different wy’s, ||wl|r,®) = 1 and the regularity of w,

max(jw ()], [w'(z)]) 3 1+ |z))™", ¥Ym > 2.
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The analogy between wavelets and dyadic martingales is well known. The key obser-
vation is the following parallelism:

> (fownwr ~ dfn,

jrj=2-r+

where df,, denotes n-th dyadic martingale difference of f. As dyadic martingales are
much easier to handle, this parallelism explains why wavelet approach to many problems in
harmonic analysis is usually simple and efficient. On the other hand, it also indicates that
martingale methods may be used to deal with wavelets. With this in mind, we develop
the operator-valued Hardy spaces based on the wavelet methods in the way which is well
known in the noncommutative martingales case. Then we show that our Hardy and BMO
spaces coincide with Mei’s. In other words, we provide another approach, which is much
simpler than Mei’s original one, to recover all the results of [52].

This paper is organized as follows. In section 1, we will give some preliminaries on
noncommutative analysis, the definition of H,(R, M) with 1 < p < oo and LMO(R, M)
with 2 < ¢ < 0o in our setting. In section 2, we are concerned with three duality results.
The most important one is the noncommutative analogue of the famous Fefferman duality
theorem between H§(R, M) and BMO°(R, M). The second one is the duality between
Hy(R, M) and Ly, MO(R, M) with 1 < p < 2, where we need the noncommutative Hardy-
Littlewood maximal inequality, this is why we consider the case 1 < p < 2 independently.
The last one is the duality between Hp(R, M) and Hj, (R, M) with 1 < p < co. As a
corollary of the last two results, we identify Hg(R, M) and LEMO(R, M) with 2 < ¢ < ooc.
Section 3 deals with the interpolation of our Hardy spaces. In the last section, we show
that our Hardy spaces coincide with those of [52]. So, we can give an explicit completely
unconditional basis for the space Hj(R), when H;(R) is equipped with an appropriate
operator space structure.

We end this introduction by the convention that throughout the paper the letter ¢ will
denote an absolute positive constant, which may vary from lines to lines, and ¢, a positive
constant depending only on p.

2.1 Preliminaries

2.1.1 Operator-valued noncommutative L,-spaces

Let M be a von Neumann algebra equipped with a normal semifinite faithful trace 7 and
St4 be the set of all positive element z in M with 7(s(z)) < co, where s(z) is the smallest
projection e such that exe = x. Let S be the linear span of Sj\'/[. Then any x € Sy has
finite trace, and Sj4 is a w*-dense *-subalgebra of M.
Let 1 < p < co. For any x € Sy, the operator |z[P belongs to S, (|z| = (m*x)%) We
define )
lzll, = (7(|z|))7, V€ Sp.

One can check that ||-||, is well defined and is a norm on Sp4. The completion of (S, ||-||p)
is denoted by L, (M) which is the usual noncommutative L,- space associated with (M, 7).
For convenience, we usually set Lo,(M) = M equipped with the operator norm || - || .
The elements of L,(M,7) can be described as closed densely defined operators on H (H
being the Hilbert space on which M acts). We refer the reader to [70] for more information
on noncommutative L,-spaces.

In this paper, we are concerned with three operator-valued noncommutative L,-spaces.
The first one is the Hilbert-valued noncommutative space L,(M; H¢) (resp. L,(M;H")),
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which is studied at length in [37]. For this space, we need the following properties. In the
sequel, p’ will always denote the conjugate index of p.

Lemma 2.1.1. Let 1 <p < oo. Then
(Ly(M; HO))* = Lyy(M; HO). (2.1.1)
Thus, for f € L,(M;H®) and g € Ly (M; H®), we have
[T(CF gD < Wl vsrey 9l (asmrey

where (,) denotes the inner product of H.
Lemma 2.1.2. Let 1 <py <p <pi <00, 0<0<1, L =1Ly 0 Thepn

[Lpo (M; HS), Ly, (M; H)]g = Lp(M; H). (2.1.2)
A same equality holds for row spaces.

The second one is the /o -valued noncommutative space L,(M;{«), which is studied
by Pisier [65] for an injective M and Junge [35] for a general M (see also [43] and [45] for
more properties). About this one, we need the following property:

Lemma 2.1.3. Let 1 < p < oco. Then
(Lp(M; 61))" = Ly (M; Loo).
Thus, for x = (xn)n € Ly(M;l1) and y = (Yn)n € Ly (M;ls), we have

1> 7 (@nyn)| < 1] L, (msen) 191l (M) (2.1.3)
n>1

The third one is L,(M;£S) for 2 < p < oo, which was introduced in [18] and is related
with the second one by

[(@n)nll L, (Msee,) = ||(|xn|2)n||L%(M;Koo)'
And these are normed spaces by the following characterization
1@n)nll, (i) =, 10f ()l (2o re lallz,a0)-

We need the interpolation results about these spaces (see [50]):

Lemma 2.1.4. Let2<pg<p<p; <00, 0<0 <1, %zlp_—oe—i—p%. Then
[Lpo (M £5,), Lpy (M5 €5)]0 = Lyp(M; £5). (2.1.4)

2.1.2 Operator-valued Hardy spaces

In this paper, for simplicity, we denote Lo, (R)®@M by M. As indicated in the introduction,
one can observe that we have the following operator-valued Calderén identity

f@) = Y (frwnwr(x), (2.1.5)

1eD
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which holds when f € Lo(N). As in the classical case, for f € Sy, we define the two
Littlewood-Paley square functions as

)= (3 [ wnl” f’“” x))%. (2.1.6)
1eD ’

[(f* wr)| 3
(;) 7 x)) : (2.1.7)

For 1 < p < oo, define
[fllmg = 11Se(H) L, )

117 = 15+ (Nl o)
These are norms, which can be seen easily from the space L,(N;£5(D)). So we define
the spaces Hj(R, M) (resp. H (R, M)) as the completion of (Sn,| - HH;(R,M)) (resp.
(S5 ||+ I35 R, Mmy)- Now, we define the operator-valued Hardy spaces as follows: for 1 <
p<2

Hp(R, M) = H (R, M) + H (R, M) (2.1.8)
with the norm
1fll2, = mf{llgllag + IPllzg - fF=9+h,g € Hy,h € My}
and for 2 < p < o0,
Hp(R, M) = Hy (R, M) N H, (R, M) (2.1.9)

with the norm defined as
[ £, = max{[| fll#g, [[fll#}-

We can identify Hg (R, M) as a subspace of L,(N;£5(D)), which is related with the
two maps below.

Lemma 2.1.5. (i) The embedding map ® is defined from Ho(R, M) to L,(N;£5(D)) b

<f7wf>]l

P = . 2.1.10
(= i Do (2.1.10)
(ii) The projection map ¥ is defined from Lo(N;45(D)) to HS(R, M) by
V() =3 [ Lardy - wr. (2.1.11)
e’ | |2
2.1.3 Operator-valued BMO spaces
For ¢ € Loo(M; L§(R ’1+ 7)), set
®llBMOe = Sup o, wr)| 2.1.12
el sup [ |J|I§| (21.12)
and
lellsmor = 19" |BAoe R, M)-
Define

dzx

BMO“(R, M) = {p € Loo(M; L5(R, 1522

) = lellBmos < oo}
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and

dx
"1+ 22
These are Banach spaces modulo constant functions. Now we define

BMO"(R,M) = {p € Loo(M; Ly(R ) : llellBamor < oo}

BMO(R, M) = BMO(R, M) N BMO"(R, M).

As in the martingale case [43], we can also define Ly MO(R, M) for all 2 < p < oo.

For ¢ € L,(M; L5(R, %))’ set

1
%]

> I wn) x| (2.1.13)

Ao = |
Ielizseo = iz 2 .

and
lellLrmo = [l gm0,

where I} denote the unique dyadic interval with length 27k+1 that containing z. We will

use the convention adopted in [45] for the norm in L L (N;2s). Thus

1
|

> Iy wn) )]

Icry

Lp(Nifeo) HSL,1€p+|11:]§| Zk (e, wl)H

[NS]

Again, we can define

dx
LyMOR, M) = {¢ € Lp(M; L(R, W)) lellemo < oo}
and p
T
LyMOR,M) = {p € Lp(M; Ly(R, m)) :lelleamo < oo}
Define

LyMOR, M) = LyMO(R, M) N LLMO(R, M).
Note that LE MO(R, M) = BMO(R, M). It easy to check all the spaces we defined here

respect to the relevant norms are Banach spaces.

2.2 Duality

To prove the first two duality results in this section, we need the following noncommutative
Doob inequality from [35].
Let (€,)n be the conditional expectation with respect to a filtration (N,), of V.

Lemma 2.2.1. Let 1 <p < oo and f € Ly(N). Then
|’S%p+gn(f)||Lp(N) < epll fllz, - (22.1)
Theorem 2.2.2. We have
(H{(R, M))* = BMO*(R, M) (2.2.2)

with equivalent norms. That is, every ¢ € BMQO(R, M) induces a continuous linear

functional I, on HS(R, M) by

W(f) =7 [¢'f, VFes. (2.2.3)



60 CHAPTER 2. WAVELET APPROACH TO OPERATOR-VALUED HARDY SPACES

Conversely, for every | € (H{(R, M))*, there exits a ¢ € BMO(R, M) such that | = L.
Moreover,

¢ Higlsmos < gl < cllellzmos

where ¢ > 0 is a universal constant.

Similarly, the duality holds between H| and BMO", between H1 and BMO with equiv-
alent norms.

In order to adapt the arguments in the martingale case, we need to define the truncated
square functions for n € Z,

n w2 %
Slhe)= (32 3 M)

k=—o00 |[|=2—k+1

Proof. Since Sy is dense in H$(R, M), by an approximation argument, we only need to
prove the inequality

o (DI < cllellisros | fllg

for f € Sy. By approximation we may assume that S, (f)(x) is invertible in M for all
x € R and n € Z. Then we have

NIi=Ir [ ¢ tdal
‘Z / Z (@, wr) wy Z <f,w]/>w1/dl“
[I|=2—n+1 |I’|=2-n+1
tpwr)y Uwr)y o,
Z /I ;”‘H ’I|% I|[/|_22;n+1 ‘I‘% ! ‘
/‘H Py (f, "‘U;I 1,25 ))5
/’|I| —9—n+1 ST}E}IMIFSCW(]C))Q
Z /I| QZHH Wl S;ﬁ(f)>§
Z /II ZZn-H Wﬂlsc’n(f)>2
=A-B.

In the above estimates, the first equality has used the orthogonality of the w;’s on different
levels, the second the orthogonality of the w;’s on the same level and the disjoint of different
dyadic I’s on the same level; the first inequality has used the Holder inequality in Lemma
2.1.1, and the second the Cauchy-Schwarz inequality and the disjointness of different I’s
on the same level.



2.2. DuaLiTy 61

Now, let us estimate A:

=307 [(82,(0) = S SEA)

=327 [(Senlf) = Sen s+ Senr (S
<7 [(Senlf) = Sema DI+ Sens (NS
<2307 [ (Sen() = Sena (1)

= 2 fll3s-

For the first inequality, we has used the Holder inequality and the positivity of Sc,(f) —
Sc,nfl(f)-

The second term is estimated as follows:

w 2
=S [l = ST 5 ol

n>k |I|=2-n+1

:ZTZ(Sc,k(f) ck 1 / Z Z Wﬂl
k J

I n>k|]| 2—n+l

=37 Y [ (Senld) = Seama(1) m 3 Iy wn)?

k ] k [CI]
<> T Ij(Sc,k(f — Ser—1( H]I] ,wINQHOO
k J k IcIJ

< lelmor 37 [ (Ser(h) = Seama ()
k J k

= [lelBator 1 fll2

The fist equality has used the Fubini theorem, the second one the fact that S.,_;(f) and
Sex(f) are constant on the dyadic interval I} = [j27 %1, (j+1)27F+1); the first inequality
has used the Holder inequality and the positivity of Scm( )= Sen-1(f).

Now, let us begin to deal with another direction, i.e. suppose that [/ is a bounded linear
functional on H§ (R, M), we want to find an operator-valued function ¢ in BMO¢(R, M),
such that | = I, and I,(f) = 7 [¢*f for f € Sy. By the embedding operator ® in
(2.1.10) and by the Banach-Hahn theorem, [ extends to a bounded continuous functional
on Li(N;05(D)) of the same norm. Then by the results in Lemma 2.1.1 there exists

g = (91)1ep such that [|g]|z, we5(p)) = [, and

J/Z

1eD

Il[, Vf € Sn.

Now let ¢ = ¥(g), where ¥ is defined as (2.1.11). The orthogonality of the w;’s yields

I3 lownPla =1 21 [ ieaitl < 15 [ lorPl

icJt icJ 12

< |J|H Z |gl| ||LOO(N) < |J|H g1 IHLOO(N;KS(D)V
IcJ
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where the first inequality used the Kadison-Schwartz inequality. Also thanks to the or-
thogonality of the wy’s, we get

un=r[>

I1eD

<f7wf>
1]2

1
2

]lI:T/CP*f

for all f € Sy. Therefore, we complete the proof about H{(R, M) and BMO(R, M).
Passing to adjoint, we have the conclusion concerning H| and BMQO". Finally, by the
classical fact that the dual of a sum space is the intersection space, we obtain the duality
between H;1 and BMO. O

Theorem 2.2.3. Let 1 < p < 2. We have
(H,(R,M))" = Ly MO(R, M) (2.2.4)

with equivalent norms. That is, every ¢ € L;MO(R,M) induces a continuous linear
functional I, on Hg(R, M) by

b(f) =7 [&'f, VI €S. (2.2.5)

Conversely, for every | € (H,(R, M))*, there exists an operator-valued function ¢ €
Ly MO(R, M) such that I =1, and

¢ ' lellze, mo < Nellagys < V2lllig, a0

Similarly, the duality holds between H,, and Ly, between H, and Ly MO with equiva-
lent norms.

We need the following lemma of [43]. We write it down for convenience of the reader
but without proof.

Lemma 2.2.4. Let s,t be two real numbers such that s <t and 0 < s <1<t <2. Let
x,y be two positive operators such that x <y and x'~%,y'=% € Li(N). Then

T/y—s/Q(yt — by < ZT/y—(s+1_t)/2(y )y (D2,

Proof. We need only to prove the first assertion on Hj. Since Sy is dense in Hj (R, M),
by an approximation argument, we only need to prove the inequality

o (NI < cllellze, moll fllg

for f € Sy. By approximation we may assume that S, (f)(x) is invertible in M for all
x € R and n € Z. By the similar principle in the noncommutative martingale case as in
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[43], we have

(£l =1 [ o sdo
‘Z / Z <907w1> wy Z (f,w[/>wpd$’

|[| 2—n+1 |I/|:2—n+1

‘Z / Z <%w11> 1; Z <f7wI’ MLwr g d‘

et M2 e )2

SZ(T/} _Z <f,Iw] ]11’ f))%
1G> <“0’“if>ﬂz|283;?<f>)%

|[| 9—n+1

2 1
. 7_/ Z ‘<()071[UI>’ 115627:Lp(f))2
n |I|:27n+1 ‘ ’
=A-B.

Now we need the above lemma to estimate the first term. Take s = 2 — p and t = 2,
the lemma yields

=37 [(82,00) = SEuna(DSE2)
= S [ SRS ~ S (NS
<2507 [ S AP Sun() = Sea1 (NS P2() (2.2.6)

=23 / Sen(f) = Sem-1(f) SR ()
<22/ 2 (F) =20 fI5e.

The last inequality used two elementary inequalities: 0 < Scn 1(f) < Sen(f) implies
1
SELLL(F) < S2M(F) for 0< p =1 < 15 and 7(SE,L4 (/) < 75201 (£)S2H (1)SZ, 1 ()

c,n—1 c,n—1
The second term can be deduced from the nontrivial duality results in Lemma 2.1.3
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for 1 < p < oo as follows.

w2
:;T/Sz,;p( ckl Z Z Wﬂl

n>k |[|=2-n+1

w 2
=SSN -Snn ;3 % an

k n>k |[|=2-n+1

=Y 1@ (@) ~ S (NE@) T 3 e wn) P
ko

]
|I Icr

D% / SEE) ~ S )@ g 3 Vo)l
k

I1cr;

< IZS ST DLy oy

up — wr)[? H

= leliie, moll £l
P P

The fist equality has used the Fubini theorem, the second one the fact that S.,_;(f) and
S.x(f) are constant on the dyadic intervals with length 27*+1,

For another direction, we can carry out the proof as that in the case p = 1. Suppose
that [ is a bounded linear functional on H(R, M). By the embedding operator ® and by
Hahn-Banach theorem, and the results in Lemma 2.1.1

we can find g = (g1)rep such that ||gllz vy = IlI]l and
> g f’ Dy, v
gr I, f ESN
=

Now let ¢ = ¥(g) defined in (2.1.11), the orthogonality of the wy’s yields

Hsgp I7; |1§r| @, wr)[* I 2/2(N)
1 g1
— lsup* =1
R
I};/ 9181l 00
<
up” IM it 2 a0
<
Hsup I /ngpfgl‘ HL/2
<l > ol 02N
1€D

= |91 f“Lq/zwxs(D))’

where for the first inequality we used the Kadison-Schwartz inequality, and the last in-
equality is (2.2.1). Also due to the orthogonality of the w;’s, we get

_7'/1%% ‘T’Tj ]]_[—T/(p*f,

for all f € Sy. Therefore, we complete the proof about H (R, M) and L;,M(’)(R, M). O
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Instead of using the noncommutative Doob inequality, we will use the following non-
commutative Stein inequality from [69] to prove the duality between the spaces Hps
1 <p<oo.

Let (&,)n be the conditional expectation with respect to a filtration (N,,), of N.

Lemma 2.2.5. Let 1 < p < 0o and a = (an)n € Lp(N;€5). Then there exists a constant
depending only on p such that

1 1
Enan)?)? <G, a2 : 2.2.7
H(@ wl)?], o < pH<;|a|> . (2.2.7)
Theorem 2.2.6. For any 1 < p < 0o, we have
(Hpy(R,M))" =Hy (R, M), (2.2.8)

Proof. By a similar reason as in the corresponding part of the proof of Theorem 2.2.2, we
can carry out the following calculation,

NIi=Ir [ ¢ tdal
Z / Z <<p,w1> wr Z <f,w[/>’w[/d$‘
|[I|=2—7m+1 |I"|=2-n+1
<<p,w1> <f’ >]]_ dx
Z /[| anﬂ ‘I’% ’I| ! ’
Z|f,w1 2|| ZME) 4
jep Ml Lp(RM) = M DL, mm)

Now, we turn to the proof of the inverse direction. Take a bounded linear functional
l € (Hy(R, M))*, by the embedding operator ® and the Hahn-Banach extension theorem, /
extends to a bounded linear functional on Ly(N; ¢5) with the same norm. Thus by (2.1.1),
there exists a sequence g = (gr)r such that

191l L, vgpy) = 1]

and

—T/zp

IeD 2

Now let ¢ = ¥(g) where V¥ is defined in (2.1.11), then applying the Stein inequality (2.2.5)
to the conditional expectation

]l[,Vf S Sj\/’

i =3 |j| [ nwy- 1,

where J is dyadic interval with the same length as I, we get

1
el (.01 1> ||I| grdy - 1r*)2 |, o)
IeD
10> 1€1(g1)] HL (V)
IeD

1
< el (D 1912 e, o)

1€D
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By the orthogonality of the w;’s, we have

/IEZD /«pf

for all f € Sy O

From the proof of the second part of Theorem 2.2.2, Theorem 2.2.3 and Theorem 2.2.6,
we state the boundedness of ¥ as a corollary.

Corollary 2.2.7. (i) Let 1 < p < oo, ¥ is a projection map from Ly(N;5(D)) onto
Hy(R, M) if we identify the latter as a subspace of the former.
(ii) Let 2 < p < oo, ¥ is also a bounded map from Ly(N;£5(D)) to LoMO(R, M).

Theorem 2.2.3 and Theorem 2.2.6 immediately imply the following corollary:
Corollary 2.2.8. Let 2 < p < oco. Then
Hy(R,M) = LLMOR, M), V2 <p<oo
with equivalent norms.

However, for the part Ly MO(R, M) C Hy(R, M), we can give another proof. The
idea is essentially similar to that in [52], the good news is that in our case, the argument
seems very elegant. Now we give the detailed proof.

Proof. Our tent space is defined as

:{f:{fI}IeLp(M;fi(D))i / Z \I\ }
IeD

We claim that every ¢ € Ly MO(R, M) induces a bounded linear functional on T7,

/ QO,’U)[ ]]_ f[ [d.’l?

=S (LR

and [|l,]| < ||¢||L§MO(R7M). The proof is just the copy of the proof of the first part in the
last theorem. Now T is naturally embedded into Ly (N;45(D)) by (f1)r — (ufﬁ]l[)]. So
2

by the Hahn-Banach extension theorem, [, extends to an bounded linear functional on
L,y (N;¢5(D)) with the same norm. Then by the duality between

(Ly (N545(D)))" = Lp(N; £5(D)).
there exists a unique h = (hy)r such that ||h[|1, e (py) < [yl and for f = (f1)r € Ty,

/Zh* I1 41dr.

IeD |2
So we get
<9"’“1”>]1[ .
112
thus,
(,wr)* |1
lpllaes = H(@ FERE

= [1hrllL, weg )y < Nloll-
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2.3 Interpolation

This section is devoted to the interpolation of our wavelet Hardy spaces. The interpolation
results below will be needed in the next section to compare our Hardy spaces with those
of Mei.

Lemma 2.3.1. Let 1 < pg < p < p1 < 0o, we have

[Hyo (R, M), Hy (R, M)]g = Hiy(R, M) (2.3.1)
) 1 . 1 _ 1-6 0
with equivalent norms, where 0 satisfies 5= oo T oo

Proof. The embedding map ¢ yields

[Hy

C C
Po’ /le]a C HP’

On the other hand, it is the boundedness of the projection map ¥ from L,(N;¢5(D)) to
Hy (R, M) stated in Corollary 2.2.7 that yields the inverse direction. O

Theorem 2.3.2. Let 1 < g < p < 00, we have

[BMO“(R, M), H(R, M)]a = HE(R, M) (2.3.2)

9
P
with equivalent norms.

Proof. We will prove the theorem by a general strategy as appeared in [50].
Step 1: We prove the conclusion for 2 < g < p < o0:

[BMO®(R, M), HE(R, M)]a = HE(R, M). (2.3.3)

q
P

The identity can be seen easily from the following two inclusions. On one hand, the
operator ® which in (2.1.10), together with (2.1.2) yields

(S (R, M), Hy (R, M) © Hiy (R, M).

Then by duality and Corollary 2.2.8, we have

LMOR,M) C [BMOC(R,M),LSMO(R,M)]%. (2.3.4)
On the other hand, the operator 7 identifying L; MO(R, M) as a subspace of
L,(Loo(N@B(l2(D)); £5,) defined by
T(e) = (frwn) [ IE| "2 1y (D) @ ex s, (2.3.5)
together with Lemma 2.1.4 yields
[BMOC(R,M),LZMO(R,M)]% C LyMOR, M). (2.3.6)

Step 2: we prove the conclusion for 1 < ¢ < p < oo. This step can be divided into two
substeps.
Substep 21: p > 2. Let p < s < co. By Step 1, we have

[BMO®(R, M), HE(R, M)] 2 = HE(R, M).

EAS]
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On the other hand, by Theorem 2.3.1, we have
[7—[;, HSlo = Hy,

where(and in the rest of the paper) 6 denote the interpolation parameter. Then Wolff’s
interpolation theorem yields the result.
Substep 22: p < 2. Let s > 2, then by Substep 21, we have

[BMO®(R, M), H(R, M)]2 = HE(R, M).

NS

Then together with Lemma 2.3.1, Wolff’s interpolation theorem yields the result.
Step 3: we prove the conclusion for 1 = ¢ < p < co. Take s > max(p,2). By Step 2
and duality [8, Theorem 4.3.1], we get

[HY, Hlo = H,,

-
Then together with Step 2, Wolff’s interpolation yields the conclusion. ]

Remark 2.3.3. If one can directly prove Lemma 2.3.1 for pg = 1, we can prove the above
theorem without the help of Ly MO(R, M) for 2 < p < oo as carried out in [4], where one
needs an auxiliary space.

Theorem 2.3.4. For 1 < p < oo, we have
Hp(R, M) = Ly(N)
with equivalent norms.

Proof. There are several ways to prove this result. One can prove it by the strategy in
[69] together with Stein’s inequality (2.2.5). Here, we just use the fact that L,(M) with
1 < p < o is a UMD space and our (wy); is an complete orthonormal basis. So by
Theorem 3.8 in [31], we have

ey = (8] 3 ey,

=

P 1
Lp<N>) R

Then we complete the proof for 2 < p < oo by Khintchine’s inequalities. Now, let us prove
the case 1 < p < 2. Let f € H,(R, M), then for any € > 0, by the definition of #,(R, M),
there exists a decomposition f = f. + f, such that

[ fellrg @ty + L frllag@aty < [ g @y + €

Take any g € Ly (N), by the results for p’ > 2, the operator valued Calderén identity
(2.1.5) yields

i [afl=1% T /j’]‘w’ owny,

IeD ME
gawl f ,UJ]>
< ‘ Z / < ]l[|
IeD 1)z 1]z
gaw] f ,’UJ]>
+[> 7 / = 1y
IeD 1)z 12

< ISe(@lz,, o 1Se(fe)ll, vy + 15+ L, i 1S (F)ll L, o0
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< ey llgllz, (1f 2 @m0y + €)-

Taking sup and let ¢ — 0, we get the required result.
Finally, we prove the inverse inequality. Let f € L,(N), by duality, we can find
two sequences of functions (F.1); € Ly(N;¢5(D)) and (F,1)r € Lp(N;05(D)) such that
1
Fc,] + FT,I = <fa ’LU]>|I|_5]]_[ and

ICEeD 1l Ly wvieg o)) + IERD 1|z, vy < IF Ly

Let fo = V((Fer)r) and fr = W((F.1)1), by identity (2.1.5), we have f = f. + f,. On
the other hand, by the Stein inequality (2.2.5), we have chHH,C,(R,M) < WFe,D)1ll, (wieg(my)

and ”fr”H;(R,M) < I(Fr0)1lln, (v (o)) So we have found the desired decomposition of
f O

Theorem 2.3.5. The following results hold with equivalent norms:
(i) Let 1 < g < p < o0, we have

[BMO(R, M), Ly(N)]2 = Ly(N). (2.3.7)
(ii) Let 1 < ¢ < p < oo, we have
(1R, M), Ly(N)]; = Ly(N)- (2.3.8)
(i) Let 1 < p < oo, we have
[BMO®, M), Ha (B, M]3 = Ly(A). (2.3.9)

In order to prove this theorem, we need the following result from the theory of inter-
polation. We formulate it here without proof.

Lemma 2.3.6. Let Ay, By, A1, B1 be four Banach spaces satisfying the property needed of
interpolation. Then

[Ag + By, A1 + Bilg D [Ao, Ailg + [Bo, Bile

and
[Ag N By, A1 N Bylg C [Ao, Ai]e N [Bo, Bilp.

Proof. (i) We also exploit the similar but different strategy with that in the proof of
Theorem 2.3.2.

Step 1: we prove the results for 2 < ¢ < p < co. By Theorem 2.3.4, Theorem 2.3.2
and the lemma, we have

[BMOGR, M), L, ()3 € Ly(N)
The inverse direction follows from Lo, (N) € BMO(R, M),

Lp(N) = [Loo(N), Lq(/\/)]%
C [BMOR, M), Ly(N)]

q
p

Step 2: we prove the results for 1 < ¢ < 2 < p < co. By Step 1, we have

[BMO(R, M), Ly(N)]2 = Ly ().

2
p
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Together with
LQ(-/\/) = [LP(N)7 Lq(-/\/)]@v

Wolff’s interpolation yields the conclusion.
Step 3: we prove the results for 1 < g < p < 2. By Step 2, we have
[BMOR, M), Ly(M)]; = Lo(A).
Together with
Lp(N) = [La(N), Lg(N)]o,

Wolff’s interpolation yields the conclusion.

(ii) The results for 1 < ¢ < p < oo can be immediately proved by duality and the
partial results in (). For p = oo, take ¢ < s < 0o, then by Wolff’s argument, we get the
conclusion.

(iii) First, we prove conclusion for p < 2. Then by (i) and (ii), we have

[BMOR, M), Lp(N)]z, = Ly (V)

p/
and

[H1(R, M), Ly (N)] 5, = Lyp(N).

p/
Therefore, we end with Wolff’s argument. Second, the proof for p > 2 is the same. At
last, when p = 2, we can take s > 2, by the results for p # 2 and reiteration theorem in
[8, Theorem 4.6.1], we get

Ly = [Ls, Lolo = [BMO(R, M), Ha (R M)], BMO(R, M), Ha (R, M)] 1 o
= [BMO(R, M), H1(R, M)]y.

2.4 Comparison with Mei’s results

We denote the column Hardy space Hj(R, M) and the bounded mean oscillation space
BMO‘(R, M) in [52]. We have the following result.

Theorem 2.4.1. We have
BMO(R, M) = BMO*‘(R, M)

with equivalent norms. Similar results holds for the row spaces. Consequently, BMO(R, M) =
BMO(R, M) with equivalent norms.

The theorem can be easily seen from the corresponding BMO(R, H)-spaces. However,
we can exploit the idea of [31] to prove our BMO‘(R, M) also coincide with that defined
by the mean oscillation.

Proof. BMO¢(R, M) C BMO*(R, M). Let ¢ € BMO.(R,M). As in [31], fix a finite
interval I C R, and consider the collections of dyadic intervals

(1) D1 :={J € D;2|J| > ||}
(2) Dy :={J € D;2|J| < |I|,2J N2l =0},
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(3) Dy = {J € D;2|J| < |I],2J N 2I # 0}.
Let ay = (p,wy), then we have a priori formal series

o1(z) = ZCLJ[WJ( ) —wy(er)l, ZGJCUJ i =2,3,

JeD, JeD;

where ¢y is the center of the interval I. Denote o5 = ©1 + w2 + 03, by a similar discussion
in [31], we only need to prove:

1
||*/|901(:v)|2dx||M < oo.
11 J1

By scaling we can assume:

SU HZIGJI =1

JcIl

Then we have the following obvious bound for individual terms |jay|| < |J |%
Estimates for ¢y:

g7 | ler@Pael < (S flaslles @) - w(er) e

JeDq
1 _3 dist(I1,J), _
<o [130 Wb+ ) g,
i b

:c[i > |IHJ|_1(1+W>_2]2<OO.

j=0J]e(2—1 29)|1]

Estimates for ¢s:

Iy eoPasl < |I|/ I3 el
< /I (ZnameJ(mn da

1 d’LSt(I J) 212
T2 ]J] 72 (=) P
!II/ /]
dist(I,J), _
= C[Z Z ( |J| ) 2]2 < 0o.
j=1|J|€(2~3-1,2-9)|1|,dist(I,J)>2~1|I|
Estimates for 3:
1
I ) estePaell < 7l 3 lasPl < il 3 Jasfl < o0

JeDs Jc4l

Hence we deduce that:

3
| [ ler@Pdzim < e 301 [ 1gi@)Pdalg < el
1=1

Now turn to the proof of inverse direction BMO(R, M) C BMO(R, M). Let ¢ €
BMO®(R, M). The proof is very similar to that in Mei’s work [52]. For any dyadic interval

I C R, write ¢ = @1 + 02 + @3, where ¢1 = (@ — @ar)x21, 2 = (¢ — Y21)X21c, 3 = Pa2r.
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Thus

> e wnl? <2037 Kenwn) P + D ez, wn)l?)

JcI JCI JCI

Estimates for ¢y:

IS HerwnPI < [ ler@Pdzll < el | o=l < el

JCI

Estimates for s:

IS HerwhPI =113 [ el

Jcl Jcl k=1
[e.9]
< 2%/ w2
u% ,;22’“ [ 1o ey M e
<cQ 5% / — o1l
3 gl [, 1o~ D
e e}
2%/ w2
27773
<c|I 27 / 2’“'
‘| HSOHBMOC;) Z Qk+1Tok] 2/€I|4
< /I
Therefore | 3 ;o7 [{p,ws)|?|| < c|I|, which complete our proof. O

Combined with Theorem 2.2.3 and Theorem 2.3.2, we have the following corollary

Corollary 2.4.2. For 1 <p < 0o, we have
Hy(R,M) = Hg(R, M).
Similar equality hold for H; and H,, and H;, and H.

If M =C, Hi1(R,C) is just the usual Hardy space H;(R) of R. H;(R) also has the
following characterization:

Hi(R) ={f € Li(R): H(f) € L1(R)},

where H is the Hilbert transform of R. For any f € H;(R),

e @y = 1l 2oy + IH (D) 2y

Thus H;(R) can be viewed as a subspace of Li(R) @1 L1(R). The latter direct sum has
its natural operator structure as an L; space. This induce an operator space structure
on Hi(R). Although (wr)sep is a unconditional basis of H;(R), Ricard [75] (see also [76])
proved that H;(R) does not have complete unconditional basis. However, in noncom-
mutative analysis, one can introduce another natural operator space structure on Hj(R)
as follows: S1(H1(R)) = Hi(R, B({2)), where S; is the trace class on ¢3. Then we have
the following result. Note that Ricard [76] obtained a similar result using Hilbert space
techniques.
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Corollary 2.4.3. The complete orthogonal systems (wr)rep of La(R) is a completely
unconditional basis for Hy(R) if we define the operator space structure imposed on Hy(R)

Proof. Fix a finite subset Z C D. Let T.f = > ;czer(f,wr)wr, where e = £1. By the
definition of H{(R, M) (with M = B(¢3)), the orthogonality of (ws)rep yields immediately
that

1T Flleg = || (D2 Wﬂl(@);

e | LiN)

< H( 3 |<f,‘1;’1>\21[(x)>5

1€D

oy = 171

Similarly, the above inequality hold for H] (R, M). Now, let f € Hi(R, M), then for any
€ > 0, there exists a decomposition f = g + h such that

19ll2ee @y + 1Pl 2 @MY < 1l ®oA) + €
Therefore

1Tl omy < N Tegllae oty + 1 Tehlne mom
< Ngllme @t + 1Pl @aty < 1l @m) + €

Let € — 0, we get the result. ]






Chapter 3

Harmonic analysis on quantum
tori

Introduction

The subject of this paper follows the current line of investigation on noncommutative
harmonic analysis. This topic has many interactions with other fields such as operator
spaces, quantum probability, operator algebras, and of course, harmonic analysis. The
aspect we are interested in is particularly related to the recent developments of noncom-
mutative martingale/ergodic inequalities and Littlewood-Paley-Stein theory for quantum
Markov semigroups. Motivated by operator spaces and by using tools from this theory,
many classical martingale and ergodic inequalities have been successfully transferred to
the noncommutative setting (see, for instance, [69, 35, 43, 45, 73, 74, 63, 9, 4, 61]). These
inequalities of quantum probabilistic nature have, in return, applications to operator space
theory (cf., e.g. [67, 33, 40, 41, 42, 91, 92]). Closely related to that, harmonic analysis
on qua ntum semigroups has started to be developed in the last years. This first period
of development of the noncommutative Littlewood-Paley-Stein theory deals with square
function inequalities, Hi-BMO duality and Riesz transforms (cf. [37, 52, 53, 34, 38]). One
can also include in this topic the very fresh promising direction of research on the Calderdn-
Zygmund singular integral operators in the noncommutative setting (cf. [62, 54, 39]). The
concern of the present paper is directly linked to this last direction. Our objective is to
develop harmonic analysis on quantum tori.

Quantum or noncommutative tori are fundamental examples in operator algebras and
probably the most accessible interesting class of objects of study in noncommutative geom-
etry (cf. [14, 15]). There exist extensive works on them (see, for instance, the survey paper
by Rieffel [77] for those before the 1990’s). We refer to [16, 22, 85] for some illustrations
of more recent developments on this topic.

We now recall the definition of quantum tori. Let d > 2 and 6 = (6;) be a real skew-
symmetric d X d-matrix. The d-dimensional noncommutative torus .4y is the universal C*-
algebra generated by d unitary operators Uy, ..., Uy satisfying the following commutation
relation

UpU; = 20,0y, jk=1,...,d.

There exists a faithful tracial state 7 on Ay. Let ’]I‘g be the von Neumann algebra in the
GNS representation of 7. Tg is called the quantum d-torus associated with 6. Note that if
6 =0, then Ay = C(T?) and T¢ = Luoo(T?), where T¢ is the usual d-torus. So a quantum
d-torus is a deformation of the usual d-torus. It is thus natural to expect that Tg shares
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many properties with T¢. This is indeed the case for differential geometry, as shown by
the works of Connes and his collaborators. However, little is done regarding analysis. To
our best knowledge, up to now, only the mean convergence theorem of quantum Fourier
series by the square Fejér summation was proved at the C*-algebra level (cf. [86, 87]),
and on the other hand, the quantum torus analogue of Sobolev inequalities was obtained
only in the Hilbert, i.e., La space case (cf. [80]). The reason of this lack of development of
analysis might be explained by numerous di fficulties one may encounter when dealing with
noncommutative L,-spaces, since these spaces come up unavoidably if one wishes to do
analysis on quantum tori. For instance, the usual way of proving pointwise convergence
theorems is to pass through the corresponding maximal inequalities. But the study of
maximal inequalities is one of the most delicate and difficult parts in noncommutative
analysis.

This paper is the first one of a long project that intends to develop analysis on quantum
tori and more generally on twisted crossed products by amenable groups. Our aim here is
to study some important aspects of harmonic analysis on ’]I‘g. The subject that we address
is three-fold:

i) Convergence of Fourier series. We consider several summation methods on Tg, in-
cluding the square Fejér means, square and circular Poisson means, and Bochner-Riesz
means. We first establish the maximal inequalities for them and then obtain the cor-
responding pointwise convergence theorems. This part heavily relies on the theory of
noncommutative martingale and ergodic inequalities.

ii) Fourier multipliers. The right framework for our study of Fourier multipliers is oper-
ator space theory. We show that for 1 < p < oo the completely bounded L, Fourier
multipliers on ’]Tg coincide with those on T¢.

iii) Hardy and BMO spaces. Based on the recent development of the noncommutative
Littlewood-Paley-Stein theory and the operator-valued harmonic analysis, we define
Hardy and BMO spaces on 'Jl‘g via the circular Poisson semigroup. We show that the
properties of Hardy spaces in the classical case remain true in the quantum setting.
In particular, we get the H;-BMO duality theorem.

One main strategy for approaching these problems is to transfer them to the corre-
sponding ones in the case of operator-valued functions on the classical tori, and then to
use existing results in the latter case or adapt classical arguments. Due to the noncom-
mutativity of operator product, substantial difficulties arise in our arguments, like usually
in noncommutative analysis. One of the subtlest parts of our arguments is the proof of
the weak type (1,1) maximal inequalities for the square Fejér and Poisson means because
of their multiple-parameter nature. This is the first time that noncommutative weak type
(1,1) maximal inequalities are considered for mappings of this nature. Another intricate
part concerns the analogue for ']I‘g of the classical Stein theorem on Bochner-Riesz means.
The proof of the corresponding maximal inequalities is quite technical too. Our study
of Hardy spaces via the Littlewood-Paley theory necessitates a very careful analysis of
various BMO-norms and square functions. The difficulty of this study is partly explained
by the lack of an explicit handy formula of the circular Poisson kernel on T¢ for d > 2.

We end this introduction with a brief description of the organization of the paper. In
Section 3.1 we present some preliminaries and notation on quantum tori. This section also
introduces our transference method. The simple section 3.2 defines the summation meth-
ods studied in the paper and deals with the mean convergence of quantum Fourier series
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by them. Section 4 is devoted to the maximal inequalities associated to these summation
methods. Their proofs depend, via transference, on some general maximal inequalities for
operator-valued functions on R? (or T¢) that are of interest for their own right. These
maximal inequalities are then applied in Section 3.4 to obtain the corresponding point-
wise convergence theorems. Section 3.5 deals with the Bochner-Riesz means. The main
theorem there is the quantum analogue of Stein’s classical theorem. The difficult part is
the type (p,p) maximal inequality for these means. In Section 3.6 we discuss L, Fourier
multipliers on Tg. We show that a Fourier multiplier is completely bounded on the non-
commutative L,-space associated to T4 iff it is completely bounded on L,(T9). In this
case, the two completely bounded norms are equal. Finally, in Section 3.7, we present the
Littlewood-Paley theory on ’]I‘g and define the associated Hardy and BMO spaces using
the circular Poisson semigroup, and show that they possess all expected properties of the
usual Hardy spaces on R%. Our approach is to transfer this theory to the operator-valued
case on T¢ and to use Mei’s arguments in [52] for the R? setting. Since the geometry of T¢
and the circular Poisson kernel are less handy than those of R?, we cannot directly apply
Mei’s results to our case. However, considering functions on T¢ as periodic functions on
R?, we can still reduce most of our problems to the corresponding ones on periodic func-
tions on R?, then adapt Mei’s argument to the periodic case. A good part of this section
is devoted to the study of several BMO-norms and square functions naturally appearing
in this periodization procedure.

3.1 Preliminaries

3.1.1 Noncommutative L, spaces

Let M be a von Neumann algebra and M its positive part. Recall that a trace on M is
a map 7 : My — [0, o0] satisfying:

i) 7(z +y) =7(x) + 7(y) for arbitrary z,y € M4;
ii) 7(Az) = A7(x) for any A € [0,00) and © € M;
iii) 7(z*x) = 7(xx*) for all x € M.

7 is said to be normal if sup,, 7(z,) = 7(sup,, z,) for any bounded increasing net (z) in
M, semifinite if for each z € M4 \{0} there is a nonzero y € M such that y < z and
7(y) < oo, and faithful if for each z € M\{0}, 7(z) > 0. A von Neumann algebra M is
called semifinite if it admits a normal semifinite faithful trace 7. We refer to [84] for theory
of von Neumann algebras. Throughout this paper, M will always denote a semifinite von
Neumann algebra equipped with a normal semifinite faithful trace .

Denote by S the set of all z € M such that 7(supp(z)) < oo, where supp(z) is
the support of x which is defined as the least projection e in M such that ex = x or
equivalently xe = x. Let § be the linear span of S;. Then § is a x-subalgebra of M
which is w*-dense in M. Moreover, for each 0 < p < oo, € S implies |z|P € S; (and so
7(|2P) < o0), where |z| = (z*x)'/? is the modulus of z. Now, we define ||z||, = [T(\x|p)]1/p
for all € S. One can show that || - ||, is a norm on § if 1 < p < 00, and a quasi-norm
(more precisely, p-norm) if 0 < p < 1. The completion of (S, || - ||,) is denoted by L,(M, 1)
or simply by L,(M). This is the noncommutative L,-space associated with (M, 7). The
elements of L, (M) can be described by densely defined closed operators measurable with
respect to (M, 7), like in the commutative case. For convenience, we set Loo(M) = M
equipped with the operator norm. The trace 7 can be extended to a linear functional on
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S, still denoted by 7. Since |7(z)| < ||z]]1 for all x € S, 7 further extends to a continuous
functional on L;j(M).

Let 0 < r,p,q < oo be such that 1/r = 1/p+1/q. If x € L,(M),y € Ly(M) then
xy € L,(M) and the following Holder inequality holds:

lzyllr < llzllpl[yllq-

In particular, if 7 = 1, |7(zy)| < |lzyli < ||zlpllyllq for arbitrary x € L,(M) and y €
Ly,(M). This defines a natural duality between L,(M) and Ly(M) : (z,y) = 7(xy). For
any 1 < p < oo we have L,(M)* = L,(M) isometrically. Thus, L; (M) is the predual M,
of M, and L,(M) is reflexive for 1 < p < co. We refer to [70] for more information on

noncommutative L,-spaces.

3.1.2 Quantum tori

Let d > 2 and 6 = (f;) be a real skew symmetric d x d-matrix. The associated d-
dimensional noncommutative torus Ay is the universal C'*-algebra generated by d unitary

operators Uy, ..., Uy satisfying the following commutation relation

UpU; = ™0 U0y, Gk =1,...,d. (3.1.1)
We will use standard notation from multiple Fourier series. Let U = (Uy,---,Uy). For
m = (my,---,mq) € Z we define

ur=u"...up.
A polynomial in U is a finite sum

T = Z a, U™ with oy, € C,

meZd

that is, o, = 0 for all but finite indices m € Z¢. The involution algebra Py of such all
polynomials is dense in Ay. For any polynomial z as above we define

7(z) = ao,

where 0 = (0,---,0). Then, 7 extends to a faithful tracial state on Ay. Let Tg be the
w*-closure of Ay in the GNS representation of 7. This is our d-dimensional quantum torus.
The state 7 extends to a normal faithful tracial state on ']I‘g that will be denoted again by
7. Recall that the von Neumann algebra ']I‘g is hyperfinite.
Since 7 is a state, Ly(T%) C L,(T$) for any 0 < p < ¢ < co. Any x € L1(T4) admits a
formal Fourier series:
x ~ Z T(m)U™,

mezZd
where

&(m) =7((U™)*z), m ez

are the Fourier coefficients of x. x is, of course, uniquely determined by its Fourier series.
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3.1.3 Transference

We denote the usual d-torus by T¢:
T = {(21,...,2a) ¢ |2j| =1,2; €C, 1 <j <d}.
T? is equipped with the usual topology and group law multiplication, that is,
zow=(21,...,2q) - (w1,...,wq) = (z1w1, ..., z2qwq).

For any m € Z% and z = (z1,...,24) € T¢ let

m mi

— mq
2 =2y ezt

We will need the tensor von Neumann algebra Ny = Loo(Td)®’]1‘g, equipped with the
tensor trace v = [dm ® 7, where dm is normalized Haar measure on T¢. Note that for
every 0 < p < o0,

Ly(No,v) = Lp(Td§ Lp(Tg))~

The space on the right hand side is the space of Bochner p-integrable functions from T¢
to L,(T$). Accordingly, let C(T%; Ay) denote the C*-algebra of continuous functions from
T? to Ay. For each z € T¢, define 7, to be the isomorphism of ']I‘gl determined by

T (U™) = 2"U™ = 2" - 24U - U

It is clear that m, is trace preserving, so extends to an isometry on Lp(']I‘g) for every
0 < p < 0. Thus we have

I (@)llp = lzllp, = € Lp(T§), 0 <p < oo.

Proposition 3.1.1. For any x € L,(T4) the function 7 : z +— 7,(z) is continuous from
T4 to L,(T4) (with respect to the w*-topology for p = 00). If x € Ay, it is continuous from
T to Ay.

Proof. Consider first the case 0 < p < co. Let z € Ly,(T%). Since Py is dense in L,(T%), for
arbitrary ¢ > 0 there is g € Py such that ||z — x¢||, < e. Clearly, m,(xo) is a polynomial
in U of the same degree as xg. Thus, z — () is continuous from T¢ into L,(T%). We
then deduce the desired continuity of Z. The same argument works equally for Ay. The
case of p = oo follows from that of p = 1 by duality. O

The previous result in the case of p = oo implies, in particular, that the map x — &
establishes an isomorphism from Tg into Ny. It is also clear that this isomorphism is trace
preserving. Thus we get the following

Corollary 3.1.2. i) Let 0 < p < co. If & € L,(T%), then & € L,(Np) and || %[, = ||z,
that is, x ~ T is an isometric embedding from L,(T%) into L,(Ny). Moreover, this
map is also an isomorphism from Ag into C(T% Ay).

ii) Let T¢ = {&:x € T¢}. Then T¢ is a von Neumann subalgebra of Ny and the associated
conditional expectation is given by

B(f)(2) = m( [

T

T [f(w)]dm(w)), ze T feNy.

Moreover, E extends to a contractive projection from Ly(Ny) onto Ly(T$) for 1 <p <
0.
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iii) L,(T4) is isometric to Lp(’]/T\g) for every 0 < p < oo.

Our transference method consists in the following procedure:
x € Ly(T4) & € Ly(T4) C Ly(Np).

This allows us to work in L,(Np). Then, in order to return back to Lp(’fg) >~ [,(T4), we
apply the conditional expectation E to elements in L,(Np).

3.2 Mean Convergence

We begin with the mean convergence of Fourier series defined on quantum tori for an
illustration of the transference method described in the previous section. This section also
introduces the summation methods studied throughout the paper. They are the following:

e The square Fejér mean

Fylz]= ) (1—]\‘7m;1)-~-(1—M):%(m)Um, N >0.

mEZY|m|oc <N

e The square Poisson mean

Plal= Y amymhum, o<y <.

meZd

e The circular Poisson mean

P, lz] = Z E(m)rmlgm 0 <r < 1.
mezZd

e Let ® be a continuous function on R? with ®(0) = 1. Define

[z] = Y P(em)2(m)U™, &> 0.

mezd

We will always impose the following condition to &:

O(s) = p(s) with /]Rd p(s)ds = 1;

()] + [(5)] < A(L+s]) ™, Vs € RY,

(3.2.1)

for some A, > 0 (cf. [83, p. 253]).
In the above, z € L;(T$) has its Fourier series expansion: o ~ ¥, <74 #(m)U™, and for
m € 74

d
[mlp = (3 lmyl")'”

Jj=1

with the usual modification for p = co.
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The last summation method contains two special important examples of the function
®. The first one is

D(s) = e 2mlsl and o(s) = cq(1+ |s|2)*(d+1)/2, Vs € RY,

where we have used the standard notation in harmonic analysis that |s| = |s|o denotes the
Euclidean norm of R%. In this case,

[z] = Y e FmhEp(m)um,

meZd

This is the circular Poisson integral P,[z] of z with r = e =27,
The second example arises when a > (d — 1)/2 in the following definition

1—|s|>)>  if <1,
a(s) = { Al s
0 if |s| > 1.

It is well known that

. F(a+1)Ja,  (27|s])
pl(s) = b(s) = 25 , VseR\ {0},

Wa’3’%+oé

where J) is the Bessel function of order A. In this case we obtain the Bochner-Riesz mean
of order a on the quantum torus:

Bala] = 3 (1—%)a§c(m)U’”.

|m|2<R

A fundamental problem is in which sense the above means of the operator x converge
back to z. This problem is partly investigated in this section. Indeed, we have the following
mean convergence theorem.

Proposition 3.2.1. Let 1 < p < oo and x € L,(T%). Then Fy|x] converges to x in L,(T%)
as N — oo. The same convergence holds for P[z], Py[z] as r — 1 and ®*[z] as e — 0.
Moreover, for p = oo these limits hold for any x € Ay.

The proof can be done either by imitating the classical proofs (cf. [83]), or using the
transference argument. The second method is more elegant and simpler. The correspond-
ing results in L,(N\p) are simple and well-known when one writes L,(Np) = L,(T%; L,(T%)),
which reduces the mean convergence in L,(T4) to the corresponding one in the vector-
valued case on the usual torus T¢.

As all these summation methods in the vector-valued case are given by approximation
identities, it is better to state and prove first a general convergence theorem for convolution
operators by an approximation identity in Lp(Td;X ), where X is a Banach space. Here
Lp(Td; X) denotes the Ly-space of Bochner p-integrable functions from T to X.

Let A be a directed set. An approzimation identity on the multiplication group T¢ (as
A = Ao) is a family of functions () )xen in L (T9) verifying the following three conditions:

i) Jraa(z)dm(z) =1 for all A € A.

ii) supyep [leallr < oo
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iii) For any neighborhood V' of the identity (1,...,1) of the group T? we have

/ loaldm(z) = 0 as A = Ao.
Td\V

Recall that for N > 0 an integer, the square Fejér kernel on T¢ is

Fx(z= > (1- ]\|fm—: ’1) (1= ]lf”:f"l)zm. (3.2.2)

meZ, |m|oe <N

For 0 < r < 1, the square and circular Poisson kernels are respectively

P.(z) = Z rmhzm and Pa(z) = Z plmlzm. (3.2.3)

mezd mezZd

It is well known that (Fnx)n>1, (Pr)o<r<1 and (Py)o<r<1 are all approximation identities
on TY. Also, if we write ®¢(s) = ®(es), then ®° = . with ¢.(s) = Eidtp(s) for s € R%. Let

e

K. (s) = Z (s +m), seR<

meZd

K. is periodic, so can be viewed as a function on T?. Then by (3.2.1) it can be proved
that (K:)e>o is an approximation identity on T< such that

(Kex f)(z) = D @(em)f(m)z", f~ D fm)z" (3.24)

mezZd mezZd

(see the proof of Theorem VII.2.11 in [83]).
Let X be a Banach space and let 1 < p < 0o. Suppose that (¢y)xe is an approximation
identity on T?. For any f € L,(T% X) we define the convolution ¢ * f by

(ex 1)) = [ f@ipa(@- )dm(w), V=T
Then for any f € L,(T% X) we have ¢y * f € L,(T% X) and

lex* fllp < [ Fllpllonllr-

The following vector-valued result is well-known. The proof in the scalar case (cf. e.g. [26,
Theorem 1.2.19]) is valid as well in the vector-valued setting without any change. C(T%; X)
denotes the space of continuous functions from T% to X, equipped with the uniform norm.

Proposition 3.2.2. Let X be a Banach space and let 1 < p < 0o. Let (¢x)ren be an
approzimation identity on T. If f € L,(T% X), then

lox* f— fllp = 0as A = Xo.

Moreover, when p = oo the above limit holds for any f € C(T¢; X).

It is now clear that Proposition 3.2.1 immediately follows from Proposition 3.2.2 via
the transference method.
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3.3 Maximal inequalities

In this section, we present the maximal inequalities of the summation methods of Fourier
series defined previously. These inequalities will be used for the pointwise convergence
in the next section. We first recall the definition of the noncommutative maximal norm
introduced by Pisier [65] and Junge [35]. Let M be a von Neumann algebra equipped with
a normal semifinite faithful trace 7. Let 1 < p < co. We define L,(M; ) to be the space
of all sequences x = (25, )p>1 in Ly(M) which admit a factorization of the following form:
there exist a,b € Lgy(M) and a bounded sequence y = (yy) in Lo(M) such that

Tp = aypb, Vn>1.
The norm of z in L,(M;lx) is given by

lllz, (atstoe) = 10F {llallzp SUP [ynloo [1Bll2p},
nz

where the infimum runs over all factorizations of x as above.
We will follow the convention adopted in [45] that ||z 1, (e, ) is denoted by || sup,; xn”p

We should warn the reader that || sup; man is just a notation since sup,, z,, does not make
any sense in the noncommutative setting. We find, however, that H sup, anp is more

intuitive than [|z||z,(re.)- The introduction of this notation is partly justified by the
following remark.

Remark 3.3.1. Let z = (z,,) be a sequence of selfadjoint operators in L,(M). Then
x € Ly(M;ly) iff there exists a positive element a € L,(M) such that —a < z,, < a for
all n > 1. In this case we have

||sup+a:an =inf{[lall, : a € L,(M), —a <z, <a, Vn>1}.
n>1
More generally, if A is any index set, we define L,(M;/ls(A)) as the space of all
x = (xx)xrea in Ly(M) that can be factorized as

xy =ayyb with a,b € Lyp(M), yn € Log(M), Slip lyalloo < o0.

The norm of L,(M;ls(A)) is defined by
[sup*ax|, = inf {llallp sup|lyallcc [bll2p}-
AEA TA=ayxb AEA

It is shown in [45] that « € L,(M;l(A)) iff

sup {|jsup*z,| : J C A, J finite} < oo.
AeJ P

In this case, Hsup/\eA+x>\||p is equal to the above supremum.
The following is the main theorem of this section.

Theorem 3.3.2. i) Letx € L1(T4). Then for any a > 0 there exists a projection e € T4

such that

sup |leFy[zle]| <o and reh) < Cdlla;ll.

N>0
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ii) Let 1 <p <oo. Then

2
p
Isup* Fivlell, < Ca ety ol ¥ € Ly(TH).

N>0 (p—
Both statements hold for the three other summation methods P,., P. and ®¢. In the
case of ¢, the constant Cy also depends on the two constants in (3.2.1).

In the terminology of [45], we can rephrase parts i) and ii) as that the map z +—
(E'n[z]) >0 is of weak type (1,1) and of type (p, p), respectively. Before proceeding to the
proof of the theorem, we point out that its part concerning the circular Poisson mean P,
can be easily deduced from [45]. This is due to the fact that (P,) 0<r<q 18 @ symmetric

diffusion semigroup on Tg. Let us show this latter statement. Define

(cf. [14]). These operators §; commute with the involution of T4 and play the role of the

partial derivatives % on the classical d-torus. Let A = Z;l:l 5]2. Then A is a negative

operator on Ly(T4) and its spectrum consists of the numbers —472|m|3, m € Z%. For any
A > 0, we have

1 1
A =2)7H < sup <<
z€o(—A) ‘)‘ + Z| A
Then by the Hille-Yosida theorem, A is the infinitesimal generator of a semigroup of
contractions on L (T¢). Denote this semigroup by (73). Then T; = exp(tA). It is easy to
check that (7}) satisfies the following properties:

i) T; is a contraction on T¢ : [|T3z||ee < [|2]|ee for all z € TY;

ii) T is positive: Tyz > 0 if x > 0;

iii) 70T} =7 : 7(Tyx) = 7(x) for all z € TY;

iv) Ty is symmetric relative to 7 : 7(T3(y)*z) = 7(y*T¢(2)) for all 2,y € Lo(T%).

Then (T;) extends to a semigroup of contractions on L,(T¢) for every 1 < p < co. This
is the heat semigroup of T4. The circular Poisson means P,[z] is exactly the Poisson
semigroup subordinated to T}, where r = e =27, Then by [45], we get the part of Theorem
3.3.2 concerning the circular Poisson means.

The previous argument does not apply to the three other means. However, we can get
the type (p,p) inequality for Fy and P, again from [45] but not with the right estimate
on the constant C),. Indeed, the square Poisson mean P, is the restriction to the diagonal
(7,...,7) of the following multiple parameter semigroup P,

)

P(Tlv---ﬂ"d)[x] = Z fﬁ(m)rllml‘ . Tllmd|Um.

meZd

By iteration P ., satisfies a maximal inequality on Lp(']l‘fgl) with a relevant constant
controlled by C%??/(p —1)%¢. Tt then follows that the map x ~ (P,[z]), is of type (p,p)
with the same constant. Since each Fejér mean F)y is majorized by P, for an appropriate
r, we deduce that the same maximal inequality holds for F. We cannot, unfortunately,
prove the weak type (1,1) maximal inequality for Fy and P, in this way.
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The rest of this section is essentially devoted to the proof of Theorem 3.3.2. We will
use transference and require the following two theorems which are of interest for their own
right. Recall that M denotes a von Neumann algebra with a normal semifinite faithful
trace 7. Loo(Rd)@M is equipped with the tensor trace v = dx ® 7, where dx is Lebesgue
measure on R%,

Theorem 3.3.3. Let ¢ be an integrable function on RY such that || is radial and radially
decreasing. Let p-(s) = 5% @(£) for s € R and e > 0.

i) Let f € L1(R% L1(M)). Then for any a > 0 there exists a projection e € Loo(RY)@M
such that

1
sup [le(pe * fle|| < and v(e") < CdHSO\hM.
>0 -

ii) Let 1 <p <oo. Then

Hsup e * fl|, < Callelh = )ngHm ¥ f € Ly(R% Ly(M)).

Proof. Let f € L1(R% L1(M)). Without loss of generality, we assume that f is positive.
On the other hand, it is easy to reduce the problem to the case where ¢ is positive too.
Indeed, decomposing ¢ into its real and imaginary parts, we need only to consider each
part separately. Since f > 0, we have

Re(pe) * f < [Re(pe)] * f < [l * f.

This gives the announced reduction. Thus in the sequel we assume that ¢ > 0. First
take ¢ to be of the form ¢ = Y, a1, (a finite sum), where By, are balls of center 0 and
ay, > 0. Then

e * f(s Zak Ip,)e * f(s Zak!BklMsBk( )(5);

where Mp(f)(s) = ﬁfB f(s — t)dt for any ball B centered at 0. We now appeal to
Mei’s noncommutative Hardy-Littlewood maximal weak type (1,1) inequality [52]: For
any a > 0 there exists a projection e € Lo, (RY)®&M such that

v(et) < Cy H];HI

We then deduce that

lle(pe * flelloo < Cad_ og|Brla = Callg|ie, Ve > 0.
k

and |eMp(f)e|loo < c, V ball B centered at 0.

For a general positive ¢, choose an increasing sequence (go(”)) of functions of the previous
form such that ¢(™ converges to ¢ pointwise. Then for any a > 0, there exists a projection
en € Loo(RT)®M such that

£l
«

and  [len (o™ * flenlloo <@, Ve >0,

1
vien) S

Let a be a w*-accumulation point of e,,. Note that

() % f)2en — (e % f)2a = () % £)7 = (pe * £)7)en + (pe )7 (en — a).
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Since @™ — ¢ increasingly, then (gogn)

((pgn) * f)%en weakly converges to (¢g * f)

I£1h
«

* f)% strongly converges to (p. * f)% Hence
3a. Then we deduce

v(l—a) <

and [|(pz % f)¥alloo < lminf || % f)2en o0 < a2

Let e = ]1[1 1}( a), the spectral projection of a corresponding to the interval [l 1]. Note
that 1 —e = ]1[1 1)(1 —a). Then 3(1—e) < 1—a, which implies that 1v(1—e) < v(1—a).
Moreover, letting g(r) = iﬂ[; 3y(r), 7 € (0,1], we have e = eg(a)a and

27

e(we * fle = eg(a)la(p: * f)aleg(a).
Since |leg(a)||co < 2, we deduce that

le(ee * flelloo < 4llalpe * flalloo < 4a.
Therefore the projection e satisfies:

£k
0%

V(eJ‘) < and |le(pe * flelloo < 4, Ve >0.

Thus we get i).

Part ii) is proved by interpolation. It is clear that the map f — (e * f)e>0 is of
type (0o, 00) with constant ||¢[[1. On the other hand, since we have assumed that ¢ > 0,
e x f >0 for f > 0. Thus by the interpolation theorem from [45], we deduce the desired
(p,p) type maximal inequality, i.e., part ii). O

The conclusion of the previous theorem also holds for another family of functions ¢
which satisfy an estimate of multiple-parameter nature.

Theorem 3.3.4. Let ¢ be an integrable function on R that has the following decomposi-
tion: @(s1,-++,84) = v1(s1) - wa(sq), where each pyi satisfies

A

lpr(t)] < A+ vt e R,

for some A,0 > 0. Then the conclusion of Theorem 3.3.8 remains true.

Proof. This proof is much more involved than the previous one. Again, we can assume
that all functions ¢y, are positive. It suffices to show the weak type (1, 1) inequality. Fix
a positive f € Li(R% L1(M)). Let Iy = [-1, 1] and I = {t € R : 2F71 < |¢t| < 2¥} for
k=1,2,.... Also, let I, = [-2F, 2*]. Split R into d! regions of the form [t;,| > --- > |t;,],
where {j1,...,jq} is a permutation of the set {1,...,d}. Then

we * f(s) = Z /t o(t)f(s — et)dt.

> >t
.]d} I |Jd|

By symmetry, it suffices to consider one of these regions, say the one where |yi| > -+ > |yq/.
Let

Fi(s) = / o(t)f(s — et)dt, 5= (s1,..,54) € R
|t1]> > tal
We must show that for any a > 0 there exists a projection e € Lo, (R?)®M such that

B

(07

viet) < and |leFell0 < (3.3.1)
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Using the assumption on ¢ and by change of variables, we have

o0 k1 k‘d—l
LYCED S SED Dl A MR IR U e

k1=0 k2=0 kq=0 Ikl IkZ Ikd
oo ki1 kg1

<ZZ"'Z21€1(1+(5 . kd1+6/ / Fls —et)dt
k1=0 ko=0 > Iiy
oo ki kd—l

< Z Z Z 2—k1(1+5)...2—kd(1+5)/ / f(s — et)dt
k1=0ko=0  kq=0 Ty Iy Iiy
[ele] k:l kd 1 1

DD D I Rl 7 |d/ Flsr— ety 50— 252 Ficgy oo sy — 2k Rigg)dr.
k1=0ko=0 kq=0 k1

Given a function g € Li(R% Li(M)) and a cube @Q C R? centered at 0 and with sides
parallel to the axes put

Mqg(9)(s) = @ /Qg(s —t)dt, seR?

Note that this average function appeared already in the proof of Theorem 3.3.3 but with
balls instead of cubes. For any fixed k = (k1,--- ,kq) with k1 > ko > -+ > kg let

fk(Z172'27"' ,Zd) = f(z1’2k2_klz2’... ’de—klzd)_
Then
1
’I |d Id f( 8t1,82—2k2—k15t2,... Sd— de kletd)dt Id (fk:)(Sl,le k252’ ’le_ded)‘
k1
Thus
[e's) ka_1
Z Z Z 2” (k1+-+kq) 5M (fk)($1,2k17k2327... 72k1*kd3d). (3.3_2)
k1=0 ko= kq=

Now we use again Mei’s noncommutative Hardy-Littlewood maximal weak type (1,1)
inequality which remains true with balls replaced by cubes. For any «j > 0, there exits a
projection ey in Loo(RY)®M such that

V(eé') <Oy ||ka1
af

and lexM,ja (fi)eklloo <, ¥e>0. (3.3.3)
Let T be the mapping
(51,82, ,84) — (s1, 2k1_k232’ .. ’2k1—kd8d)'

T is a homeomorphism of R?, so induces an isomorphism of Le,(R?)®M, still denoted by
T. Then for any g € Lo (RY)®M, we have

/T(T(g)(s))ds — /T(g o T(s))ds = 2% F1 ... gkl /T(g(s))ds.
Let €, = T'(er). Then é is a projection and

v(eg) = 2k2=k . gkazkuy, (ol (3.3.4)
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On the other hand,

Mafgl (fk)(sl, 2k1—k232, - ,le_kdé‘d) = T(Mgfgl (fk))(SI, S9,-- Sd)

and
T(exM.ja (fr)er) = exM_ja (fr)(, 2R o oki—ka g,
1 1

Therefore, by (3.3.3)

|éx M g (fk)(-,le_kQ-,---,2k1_kd-)ékH = |lex M. I (fe)erll, < ox, Ve>0. (3.3.5)

Let o > 0. For each k with k; > k9 > --- > k4 we choose

o = o 2K18/(24)kad(1-1/(24) . gkad(1-1/(2d))

Then

2—(k1+"~+kd)5ak = 2—14715/2 2—”2/(2d) R 2_nd/(2d)7 (336)

where ng = ki — kg,--- ,ng = k1 — kq. Note that all n; are nonnegative integers. Finally,
let e = A\, €. Then e is a projection in Lo, (R)®M, and by (3.3.4), (3.3.3), the definition
of fi and the choice of ay, we have

o0 k‘1 k'd 1

vlet) < D0 3 D0 viEr)

k/'l =0 k2:0 k‘d 0

oo k1 kg1

= Z Z Z 2k2*k1‘,,2kd*kly(e#)

k1=0 k2=0 kq=0

[ee} kl kd—l

< Cy Z Z Z oka—k1 ...de*hw

k1=0 k2—0 Jig=0 Ok

< CdHle Z Z kzo ”f”l

k1=0 ko=

On the other hand, for any £ > 0, by (3.3.2), (3.3.5) and (3.3.6)

oo ki ka1
leFeelloo < 30 37 -0 S omttkald| g ay i (fe) (- 207k o ofihang, |
k1=0 k2=0 kq=0

ka1

oo k
< Z 21: Z 9= (k1t+-+ka)d

E1=0ko=0  kq=0

<a Z Z Z 9~ k10/2 9=n2/(2d) . 9=na/(2d) < o

k1>0n2>0 ng>0
Thus we get the desired estimate (3.3.1), so finish the proof of the theorem. O
We also require the following lemma for the proof of Theorem 3.3.2.

Lemma 3.3.5. Let N be a w*-closed involutive subalgebra of M that is the image of a

normal conditional expectation E. Let (xy,) be a sequence of positive operators in Li(N).
Assume that for any o > 0 there exists a projection é € M such that

L C

sup ||éznélle < a and T(et) < =

n a
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Then there exists a projection e € N such that

2C
sup |[eznelco < 4o and T(et) < —.
n (&%

Proof. Let a = £(€). Then a € N and
s 2lleo = 1€(E;/*)lloo < /2.

As in the proof of Theorem 3.3.3, we then see that e = 1[; 5 1j(a) is the desired projection
in \V. O

Proof of Theorem 8.3.2. We will identify the d-torus T? with the cube I¢ = [0, 1] ¢ R?
(with I = [0, 1]) via (e?™is1 ... 2™sd) < (sq,---,84). Accordingly, Ny = Loo(T)RTY
is viewed as a subalgebra of My = Lo (R)®TY; the associated conditional expectation is
just the multiplication by the indication function Ijs of I¢. Thus ']Tg becomes a subalgebra
of My too. The corresponding conditional expectation is Iy -[E, where E is the conditional

expectation from Ny to T¢ given by Corollary 3.1.2.
Now let us show the weak type (1,1) inequality for the Fejér means. Recall that Fy
is the Fejér kernel on T? given by (3.2.2) and that

Fn(s1,-++,84) = GN(s1) - GN(sa),

where G is the 1-dimensional Fejér kernel. It is a well-known elementary fact that

2 N+1
G < — .
ns) =5 1+ (N + 1)2[s]2
Thus 1
S1 Sd
Fn(sr e s5) S g 1) on(3) = (o) (o),

where 7(s) = (14 [s[?)7 and e = (N + 1)7L. Let x € Li(T¢). Writing x as a linear
combination of four positive elements, we can assume x > 0. Using transference, we have
that # € L1(T4) C L1(Np) and

FN["B](Sl, 78d) — FN*%(Sl, ,Sd)

:/HdFN(Sl — 1,0, 80 —tq) T(ty, -+ ,tg)dt
= /]Rd Fn(s1—t1, -, 8q—ta)Mpa(te, - ,tq) T(t1,- -+ ,tq)dt.

Therefore, we are in a situation of applying Theorem 3.3.4, so for any « > 0 there exists
a projection é € My such that

sup |eFao)lle <o and oet) g Tl _ il
N « «

P

Since = > 0, Fy[x] > 0 for every N. Thus by Lemma 3.3.5, we get the desired weak type
(1,1) inequality for Fyy. Similarly, we show the type (p, p) inequality. The same argument
works equally for the square Poisson means P,.

It remains to show the part of the theorem concerning ®¢ (which contains the circular
Poisson mean PP, as a special case). We will use the convolution formula (3.2.4). Note
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that for maximal inequalities on ®¢ we do not need all conditions on ® and ¢ in (3.2.1).
What we really need here is the last growth assumption on ¢ there:

A

d
|@(S)|§W, SGR .

Then like in the proof of Theorem 3.3.3 we can assume that ¢ is nonnegative. In this
case the kernel K. is nonnegative too. Moreover, replacing ¢ by the function on the right
hand side above, we can further suppose that ¢ satisfies the assumption of Theorem 3.3.3.
Now let = € Ly(T4). Without loss of generality, assume again x > 0. By (3.2.4), for
s=(s1, -+ ,8q) €I we have

:/ K.(s — t) #(t)dt

Z/goas—tvLm) (t)dt

meZd

= /]Id Qe(s —t) E(t)dt + /]Id (s —t+m)z(t)dt .
m#0
The first term on the right can be dealt with in the same way as before for Fiy:

/ Pe(s — 1) Z(t)dt z/ w0 (5 — t)1ga(t) Z(t)dt.
Id Rd

Then by Theorem 3.3.3 for any « > 0 there exists a projection é; € My such that

sehy < 12l g ||é1[/d p(-—t)F(t)dt]er]| <o, Ve>0.
I

~
«

On the other hand, for s,t € I and m # 0 we have

1 Im|, _a—s
Pe(s —t+m) S ;d(l‘*‘?)
Note that ) | ‘
m
Z 57(1 (]. + 7 Z +5 Z |d+5
m##0 1<|m|<5 5<|m|

Hence (recalling that x > 0),

/ pe(s—t+m)Z(t)dt < > ad ’m|)_d_5/ﬂd§c(t)dt§/Hdci(t)dt.
m##0

m#£0 €

The last integral is an operator in L1(T¢) and its Li-norm is less than or equal to that of

x. Thus there exists a projection éo € Tg such that

v(éy) < ”2”1 and Hég[/ﬂd :Tc(t)dt]ég“oo <«

Let é = é1 V é2. Then é is a projection in My, and combining the preceding two parts we
get
x
v(et) < Il and He<I>E Je| <a, Yex>o.
e

We then deduce the weak type (1,1) inequality for ¢ thanks to Lemma 3.3.5. The type
(p, p) inequality is proved similarly. Therefore, the proof of Theorem 3.3.2 is complete. O
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3.4 Pointwise convergence

In this section we apply the maximal inequalities proved in the previous section to study
the pointwise convergence of Fourier series on quantum tori. To this end we first need
an appropriate analogue for the noncommutative setting of the usual almost everywhere
convergence. This is the almost uniform convergence introduced by Lance [48].

Let (xx)xea be a family of elements in L,(M). Recall that (x))xeca is said to converge

almost uniformly to z, abbreviated as zy — =, if for every e > 0 there exists a projection
e € M such that

7(1—¢e)<e and U;\n [(@x — z)elloc = 0.

Also, (z))xen is said to converge bilaterally almost uniformly to x, abbreviated as x bau,
x, if the limit above is replaced by

1i§n lle(zx — z)e|loc = 0.

In the commutative case, both convergences are equivalent to the usual almost everywhere
convergence thanks to Egorov’s theorem. However, they are different in the noncommu-
tative setting.

Theorem 3.4.1. Let 1 < p < oo and x € L,(T4). Then Fy|[x] bty 2 oas N = .
Moreover, for 2 < p < oo the b.a.u. convergence can be strengthened to a.u. convergence.

Similar statements hold for the two Poisson means Py, P, as r — oo as well as for the
mean ®° as e — 0.

Proof. Let x € L1(T%) and € > 0. Let (g,,) and (6,,) be two sequences of small positive
numbers. Then for each m > 1 choose y,, € Ag such that ||x—ym|[1 < Om. Let 2 = 2—ym,
SO T = Ym + Zm- Applying Theorem 3.3.2 to each z,,, we find a projection e,, such that

81]J\1[p lemEN[zm]emlloco < em and T(e%n) < CHzmHlafnl < C’(Sms,;l.

The first inequality implies that

HemzmemHoo < em.
Let e = A\, €m. Then
r(et) < CZémsfnl <€
m
provided &, and J,, are appropriately chosen. On the other hand,

le(Fn[z] — z)elloo < [le(EN[ym] — ym)ello + [[eFN[2mlellco + [lezmelloo
< HFN[ym] - ymHoo + 2em,.

By Proposition 3.2.1,
Hm |[Fy[ym] — ymllec =0
N—o0

for y,, € Ay. It then follows that

limsup ||e(Fn|[z] — x)ellco < 2em.
N—oo
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Whence limy o [|e(Fn[z] —%)e||oc = 0. Therefore, Fiy[x] converges to x b.a.u. The b.a.u.
convergence statements for the other summation methods are proved exactly in the same
way.

Let us turn to the a.u. convergence. Let z € Ly(T4) and € > 0. We can assume
selfadjoint. As in the preceding argument, let = y,,, + 2y, With y,,, € Ag and ||z, ]]2 < Iy
Both y,, and 2, can be chosen selfadjoint. Now applying Theorem 3.3.2 to 2,, we find a
projection e,, such that

sup |lemFn[22 ]emlloo < €m  and  7T(el) < Ceplr(22) < Ce,lo2,.
N

Since the map z — Fy|z] is positive, by Kadison’s Cauchy-Schwarz inequality [47], we
have )
(Ew[2m])” < Enlzm).

Thus
”FN[zm]emHQ < HemFN[zgz]em”oo < Em. (3.4.1)

Let e = A,, €m. Then 7(et) < ¢ for appropriate &, and 6,, and limy || (Fy[x] —2)ells = 0.
Therefore, Fy[z] 2%+ x. The proof of the corresponding statements for P, and P, is the
same.

However, a minor extra argument is required for the mean ®° because the map z +—
®°[z] is not positive in general. So we cannot apply directly Kadison’s inequality to this
map. But what is really missing is the one-sided weak type (1,1) maximal inequality
(3.4.1) for ®° instead of Fy. In order to show this latter inequality, we can assume, as
in the proof of Theorem 3.3.2, that ¢ is nonnegative. Then the kernel K. in (3.2.4) is
nonnegative too. Thus the map z — K_x*Z is positive, so we can apply Kadison’s inequality
to this map. Then as before for Fi, we get the desired inequality (3.4.1) with Fi replaced
by ®°, and then deduce that ®°[z] 2% 2 as ¢ — 0. Therefore, the theorem is completely
proved. ]

3.5 Bochner-Riesz means

As pointed out in section 3.2, when o > (d — 1)/2, the function ® and ¢ associated with
the Bochner-Riesz mean satisfy (3.2.1). Therefore, by Proposition 3.2.1, Theorems 3.3.2
and 3.4.1, we get the following

Proposition 3.5.1. Let a > (d —1)/2 and x € L,(T4) with 1 < p < co. Then

i) lim B[z] =z in L,(T$) (relative to the w*-topology for p = 00).

R—o0

it) [[sup* Byla]|, < [l2ll, for p > 1.
R>0

iii) BR[z] bat o as R — oo

If o is below the critical index (d—1)/2, the above results usually fail even in the scalar
case, see for example [83, VIL.4]. However, we have the following theorem, i.e., Theorem
3.5.2, which is the noncommutative analogue of Stein’s theorem [81] (see also [83, VIL.5]).
Theorem 3.5.2. Let 1 <p < oo and a > (d —1)|3 — %\ Then for any x € L,(T%)

i) ||]s{1;%+3%[95]||p S x|l with the relevant constant depends only p, d and c.



3.5. BOCHNER-RIESZ MEANS 93

ii) Rh_rgo BY[z] = x in Ly(TY).

iii) Bjlx] Lot 0 as R — oo.

Proof. The hard part of the theorem is the maximal inequality i). Assuming this part, it
is easy to show the two others. Indeed, i) implies that for any R > 0

rll| < |sup" Bzl < ||7lp,s T »(Ty).
Bzl < lsup* Belall, < izl ¥ € Ly(T3)

Whence
sup || B, ., < o0

Together with the density of polynomials in L,(T4), this implies the mean convergence
in ii). The pointwise convergence iii) can be proved as Theorem 3.4.1. The only thing
to note is the fact that the type (p,p) maximal inequality in i) implies the corresponding
weak type (p,p) inequality. The details are left to the reader.

The remainder of this section is devoted to the proof of i). We will follow the patten
set up by Stein in the classical setting. The proof is quite technical and complicated, but
essentially everything is based on two main ideas: estimate maximal function and square
function by duality and interpolation.

We will frequently use the duality between L, (T%;¢1) and L,(T%;¢x) (p' being the
conjugate index of p). For the convenience of the reader we recall this duality. Lp/(']I‘g; 4)
is defined to be the space of all sequences y = (y,) in L, (T4) which can be decomposed
as

Yn =D UppUkn, Yn>1
E>1

for two families (up )k n>1 and (Vip)kn>1 in Lgp/((Tg) such that

Z WUty € Ly (T4) and Z VknUkn € Ly (TS).
kn>1 k,n>1

Ly (T¢; ¢1) is equipped with the norm

. 1/2 1/2
Wl ey = inf I D2 wwtrall, 2l Y vhavinlly),
kn>1 kn>1
where the infimum runs over all decompositions of y as above. It is easy to see that if
Yyn, > 0 for all n, then (y,) € Ly (T4 ¢1) iff 3, yn € Ly (T%). In this case, we have
Il e = 13 vl

Let 1 < p’ < co. Then the dual space of Ly (T%;¢1) is L,(T%; ls). The duality bracket is
given by

(z, y) = ZT(xnyn)v x = (zn) € Lp(Tg§EOO)7 y=(yn) € Lp’(Tg%l)‘

n

We refer to [35] and [45] for more information.

For clarity we divide the proof of i) into three steps.
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Step 1. If a € C and Re(a) > %, then for 1 < p < oo,

Isup*BRlall, < llallp, V€ Ly(T§).

To this end, choose § > 0 and 8 € C such that Re(a) > 6 > % and a = 6 + S. We have
the following identity

R
B% = CpsR™> | (R?—»)P~ 11 B, (3.5.1)
0

where Cg s =2I'(6+ 6 +1)/[['(6 + 1)I'(B)]. Let (R,) be a sequence in (0, 00) and (y,) an
element in the unit ball of L, (T4;¢1). Then, for any x € L,(T¢) we have

(5 28, o) | = 1| 17 /0 (R — 2 (B ) |

< |Cf36|/ (1 B 1t25+1|‘ (ZBtR yn>‘dt
< 1G5l [ 10285t supf o Bl
S lzllp,

where we have used Proposition 3.5.1 ii) in the last inequality and the fact that
1
/ (1 = £2)P— 12040 gy — / (1= 2)ReA)-1420+1 gy < o
0

since Re(3) = Re(a) —d > 0 and 6 > 0. By duality we then deduce the desired maximal
inequality.

Step 2. If a > 0, then

H;g%*B%[x]HQ Slzlla, V@ € La(T§). (3.5.2)

We first consider the case of a > 1/2. Choose > 1 such that o = § + 0 with 6 > —1/2.
By (3.5.1)

B = _ 0y sR72AHO) /R (/t Bldr)[(R? — 2)7 =121
o ‘Jo
=Cas /0 (1) Mpydt,
where
M) = 1/{: Bldr and (t) =2(8 — 1)(1 — £*)P 722013 — (26 4 1)(1 — ¢2)P 1420+,
Note that fol lo(t)|dt < co. We will use the following fact that for any (z,) € La(T%; £s)

one has
Hsueran2 ~ sup {‘ Zr(a:nyn)‘ DY € L;(Tg), H2 < 1}
n n
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with universal equivalence constants (see [35, 45]). In what follows, we fix = € Ly(T%) and
always assume that (R,,) is a sequence in (0, 00) and (y,) a sequence of positive elements
in Lo(T4) with || 3, ynll2 < 1. Since

(30 B8, lelon) | = Coallr (3 [ e, (@it}
n . n
< (Cal [ 1eOI|r (3 M) |at

1
S lsupkao i@l [ oo

where we have used duality in the last inequality. We then deduce that

Jsup Bilell, S [sup* M (o)
Now we must show that
H?zl;%+MR Wy Slzlle if 6> -1/2. (3.5.3)

To this end, we again use duality. We have

(3 M, @) | < |7 (30 ME @) | + |7 (3 [ME () = M, ()] )|

< |‘;i%+Mg+l($)||2 + ‘T(ZG%n(x)yn) ,
n

where G%(z) = M%Jrl(SU) — M$(x). Using the following elementary inequality

7 (ab)|? < 7(|alb)r(ja*|b), ¥ a,be TS with b > 0,

we have
(3 G| < (32 16, @) (31, )
Note that
Ghl =] [ 1B - Blaar
< ([ 1B - B < ),
where

) = (7187 - Bl )

-
It then follows that

Z!G‘Z Mym) < 7(G°(x zy < |G ||2szn||2<HG5 2.

Similarly,
(2 [Gh, () ) < 1G22

where

G = (7187 ) - Bl )"

r
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Combining the preceding inequalities, we obtain

+ G (@) 151G () 15

Isup™* M ()|, < [|sup* My ()],
R>0 R>0

We now claim that
max ([|G°(z)|2, |G2(x)]l2) S a2, if &> —1/2.

Indeed, by Parseval’s identity we have

G @)= [ (B el - Bllal )

r

e} 2
:/0 | |Z<R‘(1_ ’7:2|2)5+1_( |m‘2) ‘ 13 ( ’2d7"
mi2s
= Z| /m2|771|§1(1_|771|%)5(17ﬂ

4 2
0 r T T

< llzlf3

because the integral

0o |4 2.5 0
/ m(l_m> dr :/ rO(1 - r2)Pdr < oo
| 1

mlp T4 r2 r
if 6 > —1/2. In the same way, we have
6
G2 (@)l2 < [l]]2-
Hence our claim is proved. Consequently,

Isup ™ Mp(2)|l, < [sup™ Mp" ()], + |22
R>0 R>0

Then by iteration, for any positive integer k we have

lsup* Mp()|l, < [sup™ M (@), + 2|2
R>0 R>0

Now, if we choose k such that 6 + & > (d — 1)/2, then using Step 1, we have

Jsup M5 Gl < lsup* BTl S el
R>0
Therefore, we deduce (3.5.3), and hence (3.5.2) provided o > 1/2.

We now deal with the general case of & > 0. Choose f > 1/2 and § > —1/2 so that

a =+ 6. Then by (3.5.1)

B}%‘HS Cﬂ 1 Bﬁ+5+1 Cﬁ 5R_ (64—5) [/R(R B t2)5_1t26+1B2dt
Cs5+1 ’

— R / ﬁ 1t2(5+1)+1Bd+1dt}
— Cp sR20HD) [/0 (R? — 2)5~142+1 (B _ Bi+1)gt

+/ 2y R’ztz)BEHdt}

éIR + 1.
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We first estimate Ip. By the argument already used above
n

However,
R
1a(@)] = [Casl R0+ [T(R? = )P 125 (B4 ] - B lal)dt|
0
R 1/2
< |Oﬁ75’R—2(5+5) (/ |(R2 - t2)6—1t26+1’2dt)
0
R 1/2
_ 2
x RVPRV2( /O 1B o) — B} [a] )
<G(@)
because the integral

R 1
RI-4(B+6) / (R — t2)5_1t25+1\2dt _ / (1= )5~ 125 2t < oo
0 0

when 8 > 1/2. Similarly,
Ir(2)"| S G(x).

Hence, we deduce

1/2 1/2
[sup *Ta()], S I1G° @)1y *1G2 @) S e
R>0
Next, we estimate the second term IIg. Since
R
n=Cs 6R_2(B+5)/ (R? — 2)8~125+1(1 — R=22) B gt
’ 0
— Oy sR26+9)-2 /R(Rz _2)B2 L gL gy

’ 0

and > 1/2, Il can be dealt with as Bf in the case of & > 1/2. So we conclude that

HSUP+3R 2y S 2.

Therefore, we have finally arrived at

+Bg+6(x) || ||sup+BB+6+1

27 |Css+41]"R>0
+ [[sup™Ir()]|, + [Jsup IR [2]|
R>0 R>0

S
”R‘;% I

S llzll2-

This completes the proof of Step 2.

Step 8. When p is near 1 or oo, the announced result is in fact already contained in Step
1. Moreover, Step 2 gives the desired inequality in the special case of p = 2. The general
case can be deduced from these special ones by applying Stein’s complex interpolation. To
this end, we need first a strengthening of (3.5.2) which allows the order « to be complex,
that is,
"%u%+B%[x]’|2 S lzll2,  « € C, Re(a) > 0. (3.5.4)
>
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This can be reduced to the case of & > 0 by using the argument in Step 1. We omit the
details.

Let 2 € Ly(T¢) with ||z||, < 1 and y = (y,) be a finite sequence in L, (T%) with
HyHLp,(Tg;Zl) < 1. Assume first that p < 2. For any fixed a > (d — 1)(1/p — 1/2) we can

always choose p; > 1,9 > 0 and ay > (d — 1)/2 such that
11—t ¢
a=(1-tay+ta; and -=-——+ —
p 2 p1

for some 0 < t < 1. Define

p(1—2) | pz
Jz) =ule] =
where x = u|z| is the polar decomposition of . On the other hand, by Proposition 2.5 of
[45], there is a function g = (g, ), continuous on the strip {z € C: 0 < Re(z) < 1} and
analytic in the interior such that g(¢) = y and

z€C,

sup max {Hg(is)HLQ(Tg;el), lg(1+ is)||Lp,1 (Tg;h)} < 1.
Fix a sequence (R,) C (0, oo) and § > 0. We define

F(2) = exp (6(z% = 12) Y r (Bl T [£(2)]ga()).-

n

F' is a function analytic in the open strip {z € C : 0 < Re(z) < 1}. By (3.5.4), for any
s € R we have

|F(is)] < exp (— 6(s® + 2))[|(Bpe ™17 (£(is)))
SIIfGs))e S 1.

Similarly, by Step 1 we have

n||L2(’IFg;€OO) ||9(13) HLQ(Tg;gl)

IF(1+1s)| < 1.

Therefore, by the maximum principle we get |F(t)| <1 i.e.,
(> B, lzlyn)| £ 1
n
if 2], n7) < 1. Then by duality and homogeneity, we deduce that

P S ||$Hp» Vze Lp(Tg)-

Isup™ B[]

R>0
The argument for the case of p > 2 is similar once we begin by setting p; = co. Thus the
proof of Theorem 3.5.2 is complete. O

Remark 3.5.3. The previous proof gives a slightly more general result by allowing « to
be complex. Namely, Theorem 3.5.2 remains true under the assumption that Re(a) >

(d—1)|%—%|Withae(Cand1<p<oo.

Remark 3.5.4. Let M be a semifinite von Neumann algebra. Then Theorem 3.5.2 admits
the following analogue for the algebra T?®M with the same proof: Let 1 < p < oo and
Re(a) > (d—1)|3 — ]17| Then

Isup* BELAI, S Wl ¥ £ € Ly(T Ly(M).
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Moreover, B%[f] converges b.a.u. to f as R — oco. Here

BN = Y (1= ) fmyem

|m|2<R

for f € L,(T% L,(M)) with Fourier series expansion

fre X fm)2m,

meza

3.6 Fourier multipliers

It is our intention in this section to study Fourier multipliers in the quantum d-torus Tg.
We will compare (completely) bounded L, Fourier multipliers with those in the usual
d-torus T?. The right framework for this investigation is the category of operator spaces.

We now recall some standard operator space notions and refer the reader to [21] and
[68] for more information. A (concrete) operator space is a closed subspace F of B(H) for
some Hilbert space H. Then E inherits the matricial structure of B(H) via the embedding
M, (E) € M,,(B(H)). More precisely, let M, (E) denote the space of n x n matrices with
entries in F, equipped with the norm induced by B(¢3(H)). An abstract matricial norm
characterization of operator spaces was given by Ruan. The morphisms in the category of
operator spaces are completely bounded maps. Let H, K be two Hilbert spaces. Suppose
that £ C B(H) and F' C B(K) are two operator spaces. A map v : E — F is called
completely bounded (in short c.b.) if

sup [lidm,, ® ullu, (B)—M,. (F) < 00,
n

and the c.b. norm ||ul|¢, is defined to be the above supremum. We denote by CB(E, F))
the space of all c.b. maps from E to F, equipped with the norm || ||o,. This is a Banach
space.

For an operator space E there exists a natural matricial structure on the Banach dual
E* of E so that E* becomes an operator space too. The norm of M, (E*) is that of
CB(E,M,,) (M,, = M,(C)). This is usually called the standard dual of E. We will simply
say the dual of [E since only standard duals are used in the sequel.

We will need the natural operator space structure on noncommutative L,-spaces in-
troduced by Pisier. Let M be a (semifinite) von Neumann algebra on a Hilbert space
H. Then the embedding M C B(H) gives to M an operator space structure. To equip
L1 (M) with an operator space structure, we view L;(M) as the predual of the opposite
algebra M°P instead of M itself. In this way, L;(M) becomes a subspace of the dual
operator space of M°P. This is the natural operator space structure of Li(M). Then
for any 1 < p < oo the operator space structure of L,(M) is defined via the complex
interpolation formula L,(M) = (Lo (M), Ll(./\/l))l/p. We refer the reader to [65, 68] for
more details.

We will use the following fundamental property of c.b. maps between two noncommu-
tative Ly-spaces due to Pisier [65]. Let A/ be another (semifinite) von Nuemann algebra.
Then a map u : L,(M) — Ly(N) is c.b. iff idg, @ u : L,(B(l2)@M) — Ly(B(l2)&N) is

bounded. In this case,

uller = ||ids, ® u : Ly(B(l2)@M) — Ly(B(l2)@N)|.
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Here S, denotes the Schatten p-class, namely, the noncommutative L,-space associated to
B({2) equipped with the usual trace. The readers who are not very familiar with operator
space theory can take this property as the definition of c¢.b. maps between noncommutative
L,-spaces.

Now we turn to Fourier multipliers on quantum tori. Let ¢ = (¢)neze C C. We
define Ty by

Tya(m) = pmz(m), Vm € 29,

for any polynomial z € Py. We call ¢ a bounded L, multiplier (resp. c.b. L, multiplier)
on the quantum torus T4 if T} extends to a bounded (resp. c.b.) map on L,(T%). The
space of all L, multipliers (resp. c.b. L, multipliers) on T¢ is denoted by M(L,(T4)) (resp.
Meb(Lp(T$))), equipped with the natural norm (resp. c.b. norm). When @ = 0, we recover
the Fourier multipliers on the usual d-torus T?¢. The corresponding multiplier spaces are
denoted by M(L,(T%)) and My, (L,(T4)), respectively.

The following remark summarizes some easily checked basic properties of quantum
Fourier multipliers. We only state them for c.b. case, although all of them are equally
valid for bounded multipliers.

Remark 3.6.1. Let 1 < p,p’ < co with % + ;% =1.

L,(T%)) is a Banach algebra under pointwise multiplication.
Lp(T§)) = Meb(Ly (T§))-
Ly(T$)) C Mep(Ly(T4)), a contractive inclusion for 2 < p < g < oo.

b (L2(T$)) = M(L(T$)) = £oo(Z4) with equal norms.

It is well-known that in the classical case Fourier multipliers are closely related to
Schur multipliers. We will exploit such a relation in the quantum case too. To this end
we first recall the definition of Schur multipliers. Let A be an index set. The elements of
B(¢3(A)) are represented by infinite matrices in the canonical basis of f3(A). A complex
function ¢ = (1g) on A X A (or matrix indexed by A) is called a bounded Schur multiplier
on B(l2(A)) if for every operator a = (as) € B(f2(A)), the matrix (isiast) represents a
bounded operator on f2(A). We then denote Mya = ()stas). In this case, My, is necessarily
bounded on B(¢2(A)). More generally, for 1 < p < oo, if My, induces a bounded map on
the Schatten p-class Sp,(¢2(A)) based on lo(A), we call ¢ a bounded Schur multiplier on
Sp(l2(A)). Similarly, we define the completely boundedness of My,

Fourier and Schur multipliers are linked together via Toeplitz matrices. As usual, we
represent ']I'g as a von Neumann algebra on LQ(’]I‘g) by left multiplication. For every x € ']I‘g,
let [z] denote the representation matrix of z on £2(Z?) in the orthonormal basis (U™),,,cz4-
Namely,

[2] = (U™, U™))

m,neZd’

Let 0 be the following d x d-matrix deduced from the skew symmetric matrix 6:
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Then by the commutation relation (3.1.1), we have

2U" =Y 2 URU™ = S a(k)UP - U U - UGt = 3 @ (k)eF Ui,
k k k

where n = (ny,...,ny), k' is the transpose of k = (ki,..., kg) and nfk! denotes the matrix
product. Thus

(2] = (2(m — n)eln?tm=)") . (3.6.1)

m,nezZd

If 6 =0, [z] is a Toeplitz matrix. In the general case, [z] is a twisted Toeplitz matrix.
For ¢ = ((Z)m)mezd S Eoo(Zd), we have

[Toa] = (dm-nd(m—n)emm=m)) = My([a)), (3.6.2)

m,nezd

where émn = ¢m_n. This is the link between the Fourier and Schur multipliers associated
to ¢. This link remains valid for operators x in B(£2)®@T4. In this case, the entries of the
twisted Toeplitz matrix [z] are operators in B({2).

To illustrate the usefulness of the relationship above, let us show the following simple
result.

Proposition 3.6.2. We have
Mep(T8) = Mep(Loo(T?)) = M(Loo(T9))  with equal norms.

Proof. The argument below is standard. Let I's, denote the subspace of B(f3(Z?)) con-
sisting of all twisted Toeplitz matrices of the form (3.6.1). By the preceding discussion,
for any x € ’H‘g we have

1Ts (@)oo = [1To(2) | 5oty = ITo (@)l 56s2)) = 1M5[2] || 322 22)) -
Consequently,
T4 is bounded on ']I‘g < M@‘Foo : I'so — I'g is bounded.

Moreover, in this case,
1Tl = (| Mgl

Considering the vector-valued case where x € B (EQ)@T%, we get the c.b. analogue of the
above equivalence:

Ty is c.b.on T§ = Mq;}roo iscb.onT' and ||Tylch = ||Mq3|1“oo||cb‘

Thus, if M is ¢.b. on B(l3(Z%)), then M ‘ is ¢.b. on Iy, so is Ty on T4.

Conversely, suppose ¢ € M, (T$). Let V = diag(---,U™,---) be the diagonal matrix
with diagonal entries (U™),czq. V is a unitary operator in B(f2(Z%))®T4. For any a =
(@mn)mnezd € B(lo(Zh)), let © = V(a ® 1Td)V* € B((2(Z))®TY, where Ly denotes the

unit of Tg. Then

_ _ —inOmt _
T = (Uma'an n)m,neZd = Z Amnemn @ UTU ™" = Z Amn€mn & € infm um,

m,n m,n

where (e,,,) are the canonical matrix units of B(¢5(Z?)). Since V is unitary, we have

11| 52y zayymme = llallpes@ay)-
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On the other hand,

i —infm! rrm—n *
(idg(ey(zty) ® T)(2) = D m-ntmnemn @ "™ U™ = V(My(a) © 1ya) V™.

It then follows that

Mg (a)llseszay = I1(dpe,zay) @ To) (@) (e, 2z
< HT¢>H0bHxHB(EQ(Zd))@Tg = HT¢chHaHB(£2(Zd))'
Therefore, ¢ is a bounded Schur multiplier on B(f2(Z%)). Considering matrices a =
(@mn)pmneze With entries in B(f2), i.e., a = (Gmn)mneze € B(l2)RB(l2(Z%)), we show
in the same way that M; is c.b. on B(£2(Z%)), so ¢ is a c.b. Schur multiplier on B(f2(Z%))

and || Mgllen < [|To||ob-
In summary, we have proved that

Ty is c.b. on T <= Mg is c.b. on B(lx(Z%)).
Applying this result to the commutative case (6 = 0), we get that
Ty is c.b. on Loo(TY) <= Mg is c.b. on B(lx(Z%)).

Therefore,
Mep(T9) = Mep (Loo(T?))  with equal norms.

However, it is well known that a Fourier multiplier ¢ is bounded on L. (T¢) iff it is the
Fourier transform of a bounded Borel measure 1 on T?. In this case, T} is the convolution
operator by p and its norm is equal to ||u|. Then it is easy to check that Ty c.b. on
Loo(T?). Thus

Mep (Loo (T%)) = M(Loo(T9))  with equal norms. (3.6.3)

Combining the preceding results, we deduce the announced assertion. O

The main result of this section is the following theorem, which extends the first e-
quality in the previous proposition to all 1 < p < co. We point out that the inclusion
Meb (Lp(T?4)) € Mep(L,(T4)) was proved independently by Junge, Mei and Parcet [39].

Theorem 3.6.3. Let 1 < p < 0o. Then Mey(Ly(T4)) = Mep(L,(T9)) with equal norms.

Proof. The inclusion Mep,(Ly(T?)) C My, (Ly(T4)) can be easily proved by transference.
Indeed, let ¢ € Mep(Ly(T?)), and let = € L,(B(¢2)®T$) be a polynomial in U:

x = Z Z(m) U™,
mez?
where only a finite number of coefficients Z(m) are nonzero operators in S,. Let
T(z) = Z F(m)®@U™™, ze T4
meZd

Then & € Ly(T% Ly(B({2)@T§)) and
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where the first Tj is viewed as a multiplier on T? and the second on ’]I‘g. Recall that ']I'g is
hyperfinite, so the algebra B(Eg)@’ﬂ‘g can be approximated by matrix algebras. Therefore,
the complete boundedness of Ty on L,(T¢) implies

P

1T @) 1, pa,1, Beyzrey) < N1PIMe @oranZ 1 L, (ra; 1, sy -

However, by Corollary 3.1.2

—_—

HT¢($) HLP('JTd;Lp(B(b)@Tg)) = [ To(2) HLP(B(€2)®T3)

and
1211z, (re;r, (Beymrg)) = 122, B02)ETY)-
Thus
1T (@) |lp < [ty (T 12]]p-

Whence T is c.b., so ¢ € Meb(Ly(T4)) and ||¢||Mcb(Lp(Tg)) < H¢||Mcb(Lp(Td)).
For the converse inclusion, note that the argument in the second part of the proof of
Proposition 3.6.2 works equally at the level of L,-spaces. Thus we get that

Ty is c.b. on L,(T§) = Mg is c.b. on S, (£2(29)).

Then using Neuwirth and Ricard’s transference theorem [58], we deduce that T} is c¢.b. on
Lp(T%), s0 Mep(Lp(T$)) € Mep(Lp(T9)) contractively.

However, for reason of completeness, we include a self-contained proof in the spirit of
the proof of Proposition 3.6.2 by adapting Neuwirth and Ricard’s argument to the present
setting of twisted Toeplitz matrices. Moreover, this proof does not need the first part
above. Let

Zy ={-N,...,—1,0,1,...,N}* c z%.

(Zy) is a Fglner sequence of Z¢, that is,

lim | ZND(ZN + 1)l

= 74,
N 1z 0, Vne

Define two maps Ay and By as follows:
Ay T4 — BN with 2 — Py([2]),
where Py : B(f2(Z%)) = BUEN) with (amn) = (Gmn)mnezy- And

By : BN - T§  with emn 17T —ind(m—n)"grm-n
N

Here B(ZEZN |) is endowed with the normalized trace. It is easy to check that both Ay, By
are unital, completely positive and trace preserving. Consequently, Ay extends to a
complete contraction from L,(T4) into Lp(B(ElzzN |)), while By a complete contraction
from LP(B(ZQZN‘)) into L,(T%).

We now claim that limy_,. By 0 Ay (2) =z in L,(T4) for any x € L,(T$). It suffices
to consider a monomial z = U*. Then

AN(Uk) _ (einé(m—n)t)

mneZn m—n=~k’
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which implies
By o AN(Uk) _ Z Umfnefiné(mfn)teiné(mfn)t

_|1Znn(Zn + k)]
|ZN]

Then by the F@lner property of Zy, we deduce that limy By o Ay (U¥) = U* in L,(T%).
So the claim is proved.
Now assume that the Schur multiplier M is ¢.b. on S,(02(Z4)). We want to prove that

Ty is c.b. on Ly(T$). For any = € L,(B(l2)®T$),
lid © Ty (@)l 1, (5(62ym7g) = lim [[(id @ By) o (id @ An) (id ® To(@)) ||, 5(42)5m)-
Using (3.6.2), we see that id ® Ay (id ® Ty(x)) = id ® My(id ® An(z)). Thus

14 @ To (@)1, (s(eayzrg) < limsup [id © Ma(id @ An@)I; g, imm07))

< IMgllenllll 1, s, @ma)-

This implies that T} is c.b. on Ly,(T¢) and ||Ty||en < [M][ch, as desired.
In summary, we have proved that

Ty is c.b. on Ly(T4) <= Mg is c¢.b. on Sy (£2(29)).
Applying this result to the case of 8 = 0, we get that
Ty is c.b. on Ly(T9) <= Mg is c.b. on Sy (£2(29)).

Therefore,
Mep (Lp(T3)) = Mep(Lp(T?))  with equal norms.

Thus the theorem is proved. ]
Remark 3.6.4. The preceding proof shows that ¢ is a c¢.b. Fourier multiplier on Lp(']I‘g) iff
¢ is a c.b. Schur multiplier on S,(¢2(Z%)). This is the extension of Neuwirth and Ricard’s

transference result to twisted Toeplitz matrices. We will pursue this subject elsewhere for
more general groups.

Remark 3.6.5. It would be interesting to study thin sets on ']Tg, for instance, A(p)-sets
and Sidon sets. At the level of complete boundedness, Theorem 3.6.3 shows that the
A(p)cb-sets on T are exactly those on T¢. We refer to Harcharras’ thesis [29] for related
results.

Theorem 3.6.3 suggests the following problem:
Problem 3.6.6. Let 2 < p < co. Does one have
M(Ly(T§)) = M(Ly(T?)) ?

We conjecture that the answer would be negative. Indeed, it is negative in the case
of p = oo if one allows the number of generators to be infinite, as shown by the following
remark that is communicated to us by Eric Ricard.
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Remark 3.6.7. Let 6 = (6;;) be the infinite skew matrix such that 0;; = 1/2 for all
k < j. Let Tg° be the associated quantum torus. Now the generators of Ty® is a sequence
U = (U, Us,---) of anticommuting unitary operators:

UU; = —U;Up, Yk #35.

Let ¢ be the indicator function of the subset A = {ex : k > 1} of Z*°, where e, is the
element of Z° whose coordinates all vanish except the one on the k-th position which is
equal to 1. Then ¢ € M(Loo(Tg°)) but ¢ & M(Loo(T>)).

Let us check this remark. Let o = (a) C C be a finite sequence and set
r = Z OékUk.
k

Then by the anticommuting relation we have

x4 xxt = QZ |Oék;|2 + Z @jak(U;Uk + UkU;f) = 22 |ak|2.
% 4k %

It then follows that

Z]loe < V2|2

On the other hand, it is clear that
[#]loe = llzll2 = [la]2-

We then deduce that for any o = (ay;) C C the series >, Uy, converges in Tg® iff o € 4.
In this case, we have

lollz < 1D~ axlil|, < V2lla2.
k

This clearly implies that ¢ is a bounded L., multiplier on Tg°. However, ¢ is not a
bounded L, multiplier on T*. Otherwise, the closed subspace of Lo (T>) generated
by the generators (21, z2,---) would be complemented in Lo (T°). But this subspace is
isometric to £1. It is well known that £ cannot be isomorphic to a complemented subspace
of an Loo-space. This contradiction yields that ¢ & M(Leo(T*)). This example also shows
that
Mep(Loo(T5)) & M(Loo(T57)),

in contrast with equality (3.6.3) in the commutative case.

We end this section by showing the equality Mep(Ly(T%)) = Mep(Lp(T%)) in The-
orem 3.6.3 holds completely isometrically. To this end we first need to equip these s-
paces with an operator space structure. Recall that for two operator spaces F and F
the space CB(E, F') has a natural operator space structure by setting M, (CB(E, F)) =
CB(E,M,,(F)). Then M, (L,(T4)) inherits the operator space structure of CB(L,(T4), L,(T%)).
Let TMc,(Sp(¢2(Z%))) be the subspace of all c.b. Schur multipliers 1) on S, (¢2(Z%)) which
are of the Toeplitz form, i.e., Ymn = Pm—n for some ¢. TMep(S,(l2(Z?))) is also an
operator space via TMep, (S, (f2(Z%))) € CB(S,(£2(Z%)), Sp(£o(Z)).

Proposition 3.6.8. Let 1 < p < oo. Then
Meb(Lp(T§)) = Me (Lp(T?)) = TMep, (S, (£2(Z7)))

completely isometrically, where the last identification is realized by ¢ € Mep (Lp(T?))
¢ € TMep,(Sp(£2(Z))) with Gmn = Gm—n-
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Proof. We require the following elementary fact: Let M be a von Neumann algebra and
u a unitary operator in M, (M). Then for any x € M, (L,(M))

luzu|[n, (L)) = N2 lv (L))

Indeed, this is obvious for p = co. Then by duality, it is also true for p = 1. Finally, by
interpolation, we deduce this equality for any 1 < p < co. Armed with this fact, we can
modify the proof of Theorem 3.6.3 to get the announced assertion. The details are left to
the reader. O

3.7 Hardy spaces

There exist several ways to define Hardy spaces on quantum tori. The resulting spaces
may be different. The approach that we adopt in this section is based on the Littlewood-
Paley theory and real variable method in Fourier analysis. Our Hardy spaces are defined
by square functions in terms of the circular Poisson semigroup P,.. This allows us to
use the recent developments of operator-valued harmonic analysis and noncommutative
Littlewood-Paley-Stein theory.

For any z € ’]I‘gl define

1/2

Gel) = (/01 LB fal| (1~ ryar)

For 1 <p< oo let
[zllmg = [2(0)] + [[Ge(@) 1, (24)-

This is a norm on T¢ (cf. e.g. [37]). We define the column Hardy space Hg(']l‘fgl) as the
completion of T[‘g with respect to this norm. The row Hardy space H;(Tg) is defined to be
the space of all z such that z* € Hg('ﬂ‘g) equipped with the natural norm. The mixture
Hardy spaces are defined as follows: If 1 < p < 2,

H,,(T§) = Hp,(T§) + Hj,(T)
equipped with the sum norm
(|, = inf{lallwg + bl : @ = a+b,a € Hy(T§),b € Hy(T§)},

and if 2 < p < oo,
H,(T§) = Hy(T§) N H(T§)

equipped with the intersection norm
|2lle, = max {||zllng, =/l }-
We will also study the BMO spaces over Tg. Set
BMO*(Tg) = {w € L(Tg) : sup||P, [|z — Pr[a]|*]|| , < oo}
equipped with the norm

A 1/2
l#llmvior = max {2(0)], sup [P, |z — r{a] ][ 1"}
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BMO’(T4) is defined as the space of all x such that z* € BMO®(T¢) with the norm
|z||BMor = ||2*||BMmoe. The mixture BMO(TY) is the intersection of these two spaces:

BMO(T$) = BMOS(T$) N BMO" (T¢)

with the intersection norm.

The above definitions are motivated by Hardy spaces of noncommutative martingales
([43, 69]) and of quantum Markov semigroups ([37, 38, 52]). The main results of this
section are summarized in the following statement which shows that the Hardy spaces on
Tg possess the properties of the usual Hardy spaces, as expected.

Theorem 3.7.1. i) Let 1 <p < co. Then H,(T4) = L,(T4) with equivalent norms.

ii) The dual space of H(T4) is equal to BMO®(T4) with equivalent norms via the duality
bracket
(x, y) = 7(xy"), = € Ly(T§), y € BMO(T]).

The same assertion holds for the row and mizture spaces too.

iii) Let 1 < p < oo. Then

(BMO(T§), Hi(T§))1/, = Hy(T§) = (BMO®(TF), HS(T§))1/p,

with equivalent norms, where (-, - )1/, and (-, -) denote respectively the complex

and real interpolation functors.

1/p,p

iv) Let 1 < p < oo and Xo € {BMO(TY), Loo(T$)}, X1 € {H1(T%), L1(T$)}. Then

(X07 Xl)l/p = LP(Tg) = (X()a Xl)l/p,p

with equivalent norms.

Some parts of this theorem can be deduced from existing results in literature. This is
the case of i) and the complex interpolation equality (BMO(TE), L1(T%)), Ip = L,(T%) in
iv). Let us explain these two points.

According to the discussion following Theorem 3.3.2, the circular Poisson semigroup
(P, )o<r<1 on T4 is a noncommutative symmetric diffusion semigroup in the sense of [45].
We claim that (P,)o<,<1 admits a Markov dilation (as well as a Rota dilation) in the sense

of [37]. Indeed, considering the von Neumann subalgebra T¢ of Ny = Loo(T¢)®T4, which
is the image of Tg under the map x — %, we see that the circular Poisson semigroup on
the usual torus T? extends to a semigroup by tensoring with idTg. By a slight abuse of

notation, we will also use (IP;)p<r<1 to denote the circular Poisson semigroup on the usual

—_~

torus T¢. It is clear that P, ® idpg [Z] = P,[z] for any x € T¢. Since every symmetric
diffusion semigroup on a commutative von Neumann algebra can be dilated to a Markov
unitary group as well as an inverse martingale, (P, ® idTg)0§r<1 admits a Markov/Rota

dilation, so does its restriction to ’]I‘g. Our claim then follows. Therefore, the semigroup
(P, )o<r<1 on T4 satisfies the assumption of [37] which insures the existence of an associated
H-functional calculus. Thus by [37, Theorem 7.6], we get i). On the other hand, the
interpolation theorem of [38] yields (BMO(T4%), Ll(Tg))l/p = L,(T%). We also point out
that the duality result in part ii) could be deduced from a work in progress of Avsec and
Mei [3].
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To prove the remaining parts of Theorem 3.7.1 we will use transference to reduce the
problem to the corresponding one on Ny and then use Mei’s results [52]. An advantage of
this proof is that it also provides an alternative (more elementary) approach to the two
parts already considered in the previous paragraph. Recall that the framework of [52]
is the Euclidean space R%, and the Hardy spaces there are defined by using the Poisson
semigroup on R?. The geometry of R? is simpler than T¢. But what really renders
matters more handy in R? is the explicit compact formula of the Poisson kernel (or its
growth estimates). The situation for T¢ is harder. Although it is claimed in [52] as remarks
that all results there hold equally with essentially the same proofs in the d-torus setting,
this claim is clearly true for T thanks to the explicit simple formula of the Poisson kernel
of T. Howeve r, it would not be so transparent whenever d > 2. As a byproduct of
our proof below of Theorem 3.7.1, we remedy this situation, which constitutes another
advantage of our approach via transference. Finally, it seems that even in the scalar case
there does not exist published references on Hardy space theory on T? for d > 2 via
the Littlewood-Paley theory, although this theory is certainly known as folklore to many
specialists. Our approach provides, in particular, a complete picture of the scalar-valued
Hardy space theory on T¢, exactly parallel to that on R

Convention. For notational simplicity we will denote all circular Poisson semigroups
considered in the sequel by (P;)o<r<1. Thus P, ® idTg will be simply denoted by P,.. This
slight abuse of notation should not cause any confusion in concrete contexts. For instance,
for o € T§, P,[z] € T§ while for f € Ny, P;[f] = P @ idya[f] € Np. On the other hand, Py

will also stands for the circular Poisson kernel on T¢ given by (3.2.3). Thus for f € L1 (Np)
we have (recalling that dm denotes Haar measure on T%)

P,[f](z) = P, % f(2) = /Td P(z - ) f(w)dm(w), =€ T

We will study several BMO norms as well as Hj norms. The notational system for these
norms (or spaces) might look heavy; but everything should be clear in concrete contexts.
We start our analysis with BMO spaces on T with values in a von Neumann algebra M.
For simplicity we will assume that M is equipped with a normal faithful tracial state 7
(M will be T4 in the proof of Theorem 3.7.1) . We start with the BMO space. Let

BMO* (T M) = {f € La(T" Lo(M)) + sup [Pr[|f = Pr[f]]”]|, < oo},
equipped with the norm
I lmsto0r = max {1F(0)ocs stup [P [1f = P, [£1%] /7).

Here the first Loo-norm is the one of M and the second that of L (T%)®M.

We require the following lemma which characterizes BMO¢(T%; M) by the noncommu-
tative analogue of the usual Garsia norm. This lemma is a special case of [38, Theorem
2.9]. But we prefer to present the following elementary proof which was communicated to
us by Tao Mei.

Lemma 3.7.2. For any f € La(T% Ly(M)) we have

sup [P+ {1 = Brl£1) |, = sup B (177 = L1717 (37.)

with universal equivalence constants.
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Proof. First note that

P fP1(2) = [P [FIP(2) = B [|f = P [f1(2)*) (), V2 €T
Thus

sup [[B[|f1%] = [P [f1°]| . = sup sup [[P[|f = Br[f](2)]*](2)]| oy (3.7.2)
0<r<1 0<r<1 zeTd

The right hand side is exactly the analogue of the usual Garsia norm (cf. [25, Corol-
lary VI1.2.4]). For any fixed r and z we have

1B 15 = B LAPY I < 1817 =B A PIEI + I (1B, f ~ B AT,
By Kadison’s Cauchy-Schwarz inequality,

P, [P [f — P [f1(2)][*] < Pra[|f — Bl f1(2)[]-

On the other hand, since P, is subordinated to the heat semigroup on T%, by the subor-
dination formula, one has P,2[g] < 2P,[g] for positive g € L1(T%; L1(M)). Alternatively,
this inequality can be easily checked by (3.7.7) below. Then we deduce that

supsup [P [1f = P, [A] )3’ < (1+v2)supsup [B, [If — B /1) ()

This is the upper estimate of (3.7.1).
The converse inequality is harder. Fix f € Ly(T% Lo(M)). By triangle inequality, we
have

1P 11£12) = 1B LA <[ 1Lf — B A1) - | [f PR

+ P[P, — [P [P L)) \\”2
<||P.[1f - B LA H“
+ B[P [£12] — 1B [ LA

Assuming for the moment the following inequality
2P, ([P, [£]1%) < Bp2[| £1%] + [Pr2[f]]%, (3.7.3)

we get
2B, ([P, [£11°] = [P,2[£]?) < P2l f1%] = [Py [£]%.

Combining the preceding inequalities, we then deduce that

1
sup [, [1£1°) = [B,[fIPIL < sup B (17 = B AP + — sup B 01FP) = B AL

NI

Whence the lower estimate of (3.7.1) with 2 4 v/2 as constant.
It remains to prove (3.7.3). To this end, it is more convenient to work with Q. = P,
for r = e72™. Then we must show

Q:[IQ:[£117] = 1Qae[fI* < QaellfP] = Q:[IQ:[FI], Ve >0. (3.7.4)

Let us write

QUQUIP) -~ 1@l = = [ £l QeI
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Let A be the negative generator of Q.: Q. = e ¢4. Then

%Qa_t[’@ﬁt[f]ﬂ = AQ:—+[|Qer4[f11%]

— Qe [(AQei [ 1) (Qepe [f]) + (Qege[f17) (AQere [ f])]-
For s > 0 let

Fs(g) = _AQSHQS[9”2] + Qs[(A@s[g]*)(Qs[g]) + (@s[g]*)(AQs[g])]
Then for g = Q-4[f] we have

3
QuQ:) — QeI = limy [ @il (gl (3.7.5)
It is easy to check that lim,_,~ F5(g) = 0 (one can use, for instance, (3.7.7) below). Then
© d
Fg)=—| LF,(9)du. 7.
0 =—[" 2R (370

Elementary calculations lead to

d%Fu(g) = A2Qu[|Qu[9]1] — Qu[(A?Qu[g])(Qulg]) + (Qulg]*)(A*Qulg])] — 2Qu[|AQu[g]|?]
= Qu[A%|Qulg]]* - (A%Qu[g]")(Qulg]) — (Qulg]*)(A*Qulg]) — 2| AQu[g][*].
Note that
A=21V/-D,
where D is the Laplacian of T¢:
D= ~ O
=t
So A% = —47°D and
d
QI = (AQulsl")Quls) + (@) (AQulg]) — 87 Y |-l
k=1
Therefore,
L Fulg) = -5 Z Qull 5 Quls]l’) ~ 20 [14Qu ).

Recall that ¢ = Q.4¢[f]. By Kadison’s Cauchy-Schwarz inequality and using the above
equality twice, we obtain

d

d
*%Fu(g) < Qs {8772 ’;Qu{

- Qulb]] ] + 20u[AQUP)] < —Qu[ S Fu(b)],

where h = Qq[f]. Thus by (3.7.6),
Fy(g) < Qc[Fs(h)].

Hence by (3.7.5) and inverting the procedure leading to (3.7.5), we obtain

QIQ: - QeI < lim [ Quer [Pt
s—0 Jo
= [ Q- QPN = Qaell 7] — Qe[QLL)
0

This yields (3.7.4), and (3.7.3) too. Thus the lemma is proved. O
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Although this is not really necessary, it is more convenient to work with the cube
14 = [0, 1]¢ instead of T?. Another reason is that the case of I is closer to that of R%. So
we will identify T¢ with I?, as in the proof of Theorem 3.3.2. The addition in I¢ is modulo
1 coordinatewise, which corresponds to the multiplication in T¢ under the identification
(e2™s1 ... e2msa) ¢y (sq,---,54). Accordingly, functions on T¢ and I¢ are identified too.
Thus Ly,(T% Ly(M)) = Ly(1%; L,(M)).

We will use the following Poisson summation formula (see [83, Corollary VII.2.6]):

P.(z) = Z (s +m) with z=(e2™51 ... ¥™%4) and r=e 2", (3.7.7)
meZzZd
where ¢, is the Poisson kernel on R%:

€
p=(s) = cq (2 + |3]2)(d+1)/2 )

s=(s1, - ,8q) € R

In the sequel, we will always assume that z and s, r and ¢ are related as in (3.7.7). Let

Q:(s) = Y @e(s+m), selk (3.7.8)

meZd

This notation is consistent with that introduced during the proof of Lemma 3.7.2 since
BoA)(2) = QulfI(s) = Qe £() = [ Quls = 017 (et (37.9)

An interval of I is either a subinterval of I or a union [b, 1] U [0, a] with 0 < a < b < 1.
The latter union is the interval [b — 1, a] by the addition modulo 1 of I. So the intervals
of T correspond exactly to the arcs of T. A cube of I% is a product of d intervals. For
f € Li(1% L1(M)) and a cube Q C 1% let

1
fo = @,/Qfds,

where |Q| denotes the volume of . Then we define BMO®(I¢; M) as the space of all
f € Ly(I%; Ly(M)) such that

sup H@/@ |f—fQ]2d5HOO < o0,

QCldcube

equipped with the norm

1 9 1/2
1 lIBMoe = max {| fia| _, sup H@,/QU_JCQ’ dsHoo g

QClI4cube
Here || ||oo denotes, of course, the norm of M.
Lemma 3.7.3. BMO¢(T%; M) = BMO®(I%; M) with equivalent norms.

Proof. Fix f € Ly(T% Ly(M)). Without loss of generality, assume that f(0) = fiu = 0.
By Lemma 3.7.2 and (3.7.9), we need to show

supsup Q= [.f — Q:[/1()[*] ()|, = m>m;4u-mmma (3.7.10)

e>0 sc[d QClI4cube



112 CHAPTER 3. HARMONIC ANALYSIS ON QUANTUM TORI

Let Q be a cube of I?. Let s and e be the center and half of the side length of Q,
respectively. It is clear that

@ lo(t) < Cape(s —t) < CaQ:(s — 1).
Thus .
o 1560 = @) < Ca [ - QAN )

Then

|Q|/ |f fQ’ dt < 4|Q’ |f_@a[f](s)|2dt < 4Cd@€[|f_@£[f](5)|2}(5)'

This yields one inequality of (3.7.10).
To show the converse inequality fix s € I and £ > 0. Consider first the case £ > 1/2.
Then Q.(t) ~ 1 for any ¢ € I. It follows that

Q[If = QU ~ [, If - Q) S [ 19

Whence

H@W—@W@ﬂ@MSWLUWWSW&WMM‘

Now assume € < 1/2. By the proof of Theorem 3.3.2, for any t € I¢

Z pe(t+m) Se S pe(t).
m#0

Consequently,

Q:[If = QUIEPI(5) S [, 0els = 011(8) = QL) Pt

Let Q={tcl? : |t—s|<ec}and Q= {t €1 : |t —s| < 2FFle}. Then
[ eets =010 ~ falPdt = | (s = 17(0) ~ alar

— _ 2
i Z /2’“6<|ts|§2k+1€ pe(s = )| f(t) — foldt

k>0

1 2 2
S J 1O~ fol + X g [ 116) ~ foltar

k>0

The above sums on k are in fact finite sums. By triangle inequality (with Q_1 = @),

/ / k
H|Q1k|/Qk |f - fQ|2H;2 < H|Q1k:|/Qk If - ka|2H;2 +§)||fQj — fa, 1 lloo-

However,

1
||fQj - fQ]’—ngo < H ‘Qj—l‘ /le If = fQj|2HOO

< 2dH\Qlj| /Qj 7= Ja, |, = 21 Tooriaay
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Combining the preceding inequalities, we obtain

E+1

1Q:[1f = fol”1(s)]l . < T Hf”BMOC M) S Hf”BMO" 14; M)
k>0
Finally,
1/2 1/2
1Qe[1f = QLA PN < 21 Qe[lf = folP )2 S I FlImnor ;-
This implies the missing inequality of (3.7.10). O

Remark 3.7.4. The previous proof shows implicitly that the supremum on ¢ in (3.7.10)
can be restricted to 0 < ¢ < 1. In fact, only small values of ¢ are important for this
supremum. Accordingly, only values of r close to 1 matter in the two suprema in (3.7.1).
This property can be also verified by the argument in the proof of Lemma 3.7.6 below.

Functions on T¢ are 1-periodic functions on R%, or equivalently, functions on I¢ can be
extended to 1-periodic functions to R%. For a function f on T¢ (or I%) f will denote the
corresponding 1-periodic function on RZ. Then (3.7.8) implies that Qc[f] is equal to the
Poisson integral of f on R? that will be denoted by ¢.[f]. Let us record this useful fact
here for later reference:

Qelfl = Spa[f] = Pe * .]E on I (3.7.11)
Recall that BMO¢(R%; M) is defined as the space of all locally square integrable functions
Y from RY to La(M) such that

ol vel'ad )

The following lemma shows that the map f — f establishes an isomorphic embedding of
BMO¢(T%; M) into BMO¢(R%; M).

Lemma 3.7.5. For any f € BMO®(T¢; M) we have

[¥]lBMoe = max {||¢l| sup
QCR4cube

HfHBMOC(Td;M) ~ Hf”BMOC(]Rd;M)
with equivalence constants depending only on d.

Proof. Let f € Ly(T%; Ly(M)) with fia = 0. By (3.7.10) and (3.7.11) we have

”fHBMOC(’J[‘d M)~ SUP sup H‘Ps“f 905 ] H
0 seRd

Then the proof of Lemma 3.7.3 shows that the right hand side above is equivalent to
Ilf ||2BMOC (R M) Alternately, one can directly prove that the supremum on the right hand

side in (3.7.10) is equivalent to HfH%MOC(Rd‘M)’ Namely,

1 PO 1 -
w i 1= delas = s [y 17~ Falas]

QCIdcube QCRdcube

Indeed, let Q be a cube in RZ. If |Q| < 1, then by the definition of cubes in I¢ and the
periodicity of f, Q can be considered as a cube in I?. So assume |Q| > 1. Take another
cube R such that Q C R, |R| < 2¢|Q| and the side length of R is an integer k. Then R is
a union of k% cubes of side length 1. Thus by the periodicity of f

£12 2 d+2 2
|Q|/|f fal d8<4|Q|/|f| ds < |R| /m ds =212 [ |fPds,

Therefore, we get the desired equivalence. ]
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Now we turn to the discussion of Hardy spaces. Let 1 < p < co. For f € Loo(T)RM
define

1
GG = ([ |5rdne] a-na) ", ser (3.7.12)
and
1 ey = 1)y + 1Ge(f)lp-

Here the first L,-norm is the one of L,(M) and the second that of L,(T¢%; L,(M)). Com-
pleting Lo (T4)®M under the norm || [mg, we get Hg(']I‘d;M). Like in the BMO case,

we wish to reduce these Hardy spaces to those on I¢. Using the kernel Q. in (3.7.8), for
f € Loo(IHBM let

‘2 1/2

éc(f)(s)_(/om\iga[f](s) cde) | sell (3.7.13)

Let f be the periodic extension of f to R Let éc( f) be the g-function of f defined by
the Poisson kernel ¢,:

w1 d s, 2 1/2 J
CeNs) = (||l Als)] ede) 7, s e (3.7.14)
Thanks to (3.7.11), we have N o
Ge(f) = Ge(f) on 1% (3.7.15)
Thus G.(f) is the periodic extension to R? of G.(f). Let

1f g = Il fuallp + IGe(f)lp-

Here the first L,-norm is the one of L,(M) and the second that of L,(I%; L,(M)). Define
H;;(]Id; M) to be the completion of (La(I9)QM, || [mg)-

Lemma 3.7.6. Let 1 < p < co. Then HZ(']I‘d; M) = Hg(]Id; M) with equivalent norms.

Proof. We first show that in the definition of the Littlewood-Paley function G.(f) in
(3.7.12) only values of 7 close to 1 matter. More precisely, for any 0 < 9 < 1 setting

1 d 2 1/2

Gen(NE) = ( [ |3BAG] @ =rjar) ™

we have

1Ge(H)llp = |G ey (f)lps

where the equivalence constants depend only on d and rg. To this end take any 0 < rg <

r1 < 1 and let ) o
G = ([ g ne)] a-na) "

We claim that

IGe(Hlp = P 1F () - (3.7.16)
nes*m

Writing the Fourier series expansion of P,.[f]:

P f](z) = > 7" f(n)zm,

nezd
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we have

IR = X Ik e

neZ4 n#0

We then easily get the upper estimate of (3.7.16). To show the lower one, for n € Z¢,
n # 0 we have

p d
nlore )z = [ SRz wh dm(w).
Td dr
Let H = Lo((ro, r1); (1 — 7)dr). Tt is clear that for any z € T¢ we have

([ inlore )P0 = ) = F o)

Then by the triangle inequality in the column L,-space Ly,(Ls(T)@M; H¢), we deduce

N < [, (L 1GHDGE 0)l, gdm() " dmtw) = 16y rst, vm)

Thus the claim is proved. Using (3.7.16) twice, we get
d

1GeHly < | ([ el (1= ryar) |+ G (1)

S sup Hf(n)Hp"'HGc,ro( )Hp HGcro( )Hp'
nezZ n#0

Similarly, we show that only small values of € matter in (3.7.13) and (3.7.14). Namely for
0 < g9 < oo letting
- | d 2 1/2 p
Geeo ) = ([ 0N ) T ser

we have
I1Ge(£)llp = 1Geco(F)p-

Now it is easy to finish the proof of the lemma. Indeed, using the change of variables

r=e 2" we get
de

GersNE = 5-( [
< (7 |Euu16)] 2a) " = Geaelio)

Together with the previous equivalences, this implies the desired assertion. ]

= ](5)’262’“(1 - e*%ds)m

We will also need the Lusin area integral function. For o > 1 and z € T%, let D,(2) be
the Stoltz domain with vertex z and aperture « (recalling that |w| denotes the Euclidean
norm):

Do(z) ={weC? : |z —w| <ol —|w|)}

For f € Loo(TH)®M define

s2nE = ()

where the integral is taken over D, (z) with respect to rw € Dy (z) with 0 < r < 1 and
w € T¢ (recalling that dm is Haar measure of T9).

d 2 dm(w)dr )1/2

R [f](rw)] Aot 2 e T, (3.7.17)




116 CHAPTER 3. HARMONIC ANALYSIS ON QUANTUM TORI

Like for the g-function, we will transfer S¢(f) to the usual area integral function on
R?. For B > 0 and s € R let

Ts(s) = {(t,e) ERI x Ry : |t —s| < Be}.

Let f € Loo(I9)®M and f be its periodic extension to RY. Define

i
sne=(/,

=

The following is the analogue of Lemma 3.7.6 for the Lusin square functions.

d 2dtde1/2
dfg@a[f] (t)‘ Eng)

Lo N0 G=) " =57 s).

(3.7.18)

Lemma 3.7.7. Let a > 1 and 3 > 0. Let f € Loo(T)@M. Then

152, masny ey = 152 D, s, 00

with equivalence constants depending only on d and «, 5. Moreover, the norms above are
independent of o and B up to equivalence.

Proof. This proof is similar to that of Lemma 3.7.6. For 0 < rog < 1 we introduce the
truncated Stoltz domain:

Do r(2) = {w € ce . |z —w| < a(l —|w|), ro < |w| < 1}.
Also for g > 0 set
Tpo(s) = {(t,e) ERY xRy @ |t —s| < Be, e < g}

The corresponding truncated square functions are

and
Fnl o) = (/FB (s) i%[~](t)‘2gc—li>l/2'

Then by the reasoning in the proof of Lemma 3.7.6, we have

and a similar equivalence for gf (f). On the other hand, it is easy to see that for any
a>1and 0 < rg <1 there exist 81,82 > 0 and €1,e2 > 0 such that under the change of
variables r = e 72" and w = e 2™

'3 6,(8) CDary(2) Clpyen(s), YVz= e~ 2ms ¢ T,

Conversely, every truncated cone I'g . (s) is located between two truncated Stoltz domains.
Then the argument at the end of the proof of Lemma 3.7.6 implies

SoL(£)(8) S ey (N)(2) S S22, (H)(s):
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whence

H§51

c,e1 (f)HLp(]Id;Lp(M)) S HSa

S0 WD, raryany) S 1522 (DIl gocr, ey

However, standard arguments in harmonic analysis show that
qB ~ || g8
1S A0z, 0 152 D102, 000y

where the equivalence constants depend on d and (1,32 (cf. e.g., [13]). Therefore, we
deduce the first equivalence assertion of the lemma. The second part then follows too. [

Now we can show that the results of [52] remain valid for T too. We state only those
relevant to Theorem 3.7.1. In the following statement, the row and mixture Hardy/BMO
spaces are defined in the usual way, and S.(f) = S?(f), S.(f) = S:(f).

Theorem 3.7.8. i) The dual space of H§(T%; M) coincides with BMO®(T% M) isomor-
phically with the natural duality bracket. The same assertion holds for the row and
maixture spaces.

ii) Let 1 < p < 0o. Then for any f € Loo(TH)RM
I, = IS

with relevant constants depending only on d. Consequently, the two square functions
G. and S, define a same Hardy space.

p

iii) Let 1 <p < co. Then H,y(T% M) = L,(T% L,(M)) with equivalent norms.
iv) Let 1 <p < oo. Then

(BMOS(T% M), H{(T% M)y, = Hy(T% M) = (BMO(T% M), HS(T% M))1 /-
v) Let X € {BMO(T% M), Loo(T% Ly(M))}, X1 € {Hy (T4 M), Li(T M)}, Then
forany 1l <p< oo

(X0, X1)1/p = Lp(THE M) = (Xo, X1)1/pp -

Proof. By the identification T 2 I¢ and Lemmas 3.7.3, 3.7.6 and 3.7.7, it suffices to prove
this theorem with I instead of T¢. The geometry of I¢ is closer to that of R?. However,
what makes our arguments parallel to those of [52] is the use of periodic functions. This
periodization puts the arguments of [52] directly at our disposal. For any function f on
% with periodic extension f to R? by (3.7.15) and (3.7.18), we have

Ge(f) = Ge(f) and  S.(f) = Se(f) on I%

Note that the two square functions on the right are exactly those introduced in [52] by
using the Poisson kernel on R?. The only difference compared with [52] is that the L,-
norm of these square functions are now taken in L,(I%; L,(M)) instead of L,(R%; L,(M)).
In other words, the integral is now taken on I¢ instead of RY. On the other hand, by
Lemmas 3.7.3 and 3.7.5, the map f — f is an isomorphic embedding of BMO®(I%; M)
into BMO¢(R?; M). Tt is now easy to see that the proof of [52, Theorem 2.4] is valid for
periodic functions and integration on I¢. Hence, we get the duality result in part i) and
the equivalence for p = 1 in part ii). In the same way, we prove the periodic analogue
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of [52, Theorem 4.4], which implies the remaining case of ii). The reduction to dyadic
martingales of [52] is clearly available in our present setting. The dyadic decomposition is
now made in I (or equivalently, T?). In this way, we reduce parts iii)-v) to the martingale
case as in [52]. The verification of all details is, however, tedious and lengthy, so it is more
reasonable to skip it here. O

Remark 3.7.9. It is stated in the final remark of [52, Chapter 2] that the relevant con-
stants in part i) above for R? are independent of d. This does not seem true. In fact, all
constants appearing in Theorem 3.7.8 depend on d (and on p too), except those in part iii)
since the semigroup argument described in the paragraph following Theorem 3.7.1 yields
equivalence constants depending only on p. The same comment applies to Theorem 3.7.1
too. However, the constants there are independent of the given skew matrix 6.

Remark 3.7.10. The H;-BMO duality in Theorem 3.7.8 and Lemma 3.7.3 imply that
H$(T9; M) admits an atomic decomposition like in the case of R?. We refer the interested
reader to [52] for more details.

Armed with Theorem 3.7.8 and transference, it is easy to prove Theorem 3.7.1. To
this end we still require the following simple lemma.

Lemma 3.7.11. The map = +— & in Corollary 3.1.2 extends to an isometric embedding
from H;;(']I‘g) into Hg(']I‘d; T4) for any 1 < p < oo and from BMO(T$) into BMO,(T%; T).
Moreover, the images of this embedding are 1-complemented in their respective spaces.

—~—

Proof. The first part follows immediately from the identity P:[Z] = P,[z] for any = €
L1(T¢). Identifying T¢ with T¢, the conditional expectation E from Lo (T4)@T4 onto T¢
extends to a contractive projection from H§(T% T§) onto HS(T§) and from BMO.(T%; T§)
onto BMO,(T%). This yields the second part. O

The proof of Theorem 3.7.1. It is now clear that Theorem 3.7.1 follows immediately from
Theorem 3.7.8 (with M = T%) and Lemma 3.7.11. O

Remark 3.7.12. Since T¢ ¢ BMO(T¢), part ii) of Theorem 3.7.1 implies that Hy(T%) C
L1 (T¢) and
Izl < Cllelln,, ¥ € Hy(T).
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