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Chapitre 1

Introduction

1 Résumé

L’objectif de cette these est ’étude des jeux différentiels stochastiques a information
incomplete. Nous considérons un jeu a deux joueurs adverses qui controlent une diffusion
afin de minimiser, respectivement de maximiser un paiement spécifique. Pour modéliser
I’incomplétude des informations, nous suivrons la célebre approche d’Aumann et Maschler
[3]. Nous supposons qu’il existe des états de la nature différents dans laquelle le jeu peut
avoir lieu. Avant que le jeu commence, I’état est choisi au hasard. L’information est ensuite
transmise a un joueur alors que le second ne connait que les probabilités respectives pour
chaque état.

L’observation frappante pour le modele Aumann-Maschler est ce qu’on appelle le
théoreme Cav u auquel nous nous référons comme la représentation duale dans ce qui
suit. Elle dit que 'on peut envisager un jeu & information incompléte comme un jeu a
information complete, ou le joueur informé, en addition a son controle habituel, peut
controler la dynamique du nouveau jeu avec l'aide de certaines mesures martingale. Cette
représentation peut alors étre utilisée pour étudier des jeux a information incomplete,
avec 'aide de jeux a information compléte. En particulier, elle permet de déterminer des
stratégies optimales pour le joueur informé.

Les idées célebres d’Aumann et Maschler, qui remontent aux années 1960, ont été
largement étudiées dans le cadre de jeux répétés dans les dernieres décennies. Cependant, ce
n’est que récemment que les jeux différentiels a information incompléte furent considérés,
en premier lieu par Cardaliaguet dans [23] et [24]. L’existence et 'unicité d’une fonction
valeur pour les jeux différentiels stochastiques a information incompléte ont ensuite été
données par Cardaliaguet et Rainer dans [28], en utilisant des solutions de viscosité d'une
certaine équation aux dérivées partielles (EDP) complétement non-linéaire. Dans un travail
ultérieur, Cardaliaguet et Rainer [27] établissent dans un exemple déterministe simple, une
représentation duale pour ces jeux en temps continue.

Dans le chapitre 3, nous étendons les résultats de Cardaliaguet et Rainer [27] et
établissons une représentation duale pour les jeux différentiels stochastiques a information
incomplete. Ici, nous utilisons largement la théorie des équations différentielles stochas-
tiques rétrogrades (EDSRs), qui se révele étre un outil indispensable dans cette étude. En
outre, nous montrons comment, sous certaines restrictions, cette représentation permet
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de construire des stratégies optimales pour le joueur informé. Ces résultats sont basés sur
Iarticle :

1. A BSDE approach to stochastic differential games with incomplete information, Sto-
chastic Processes and their Applications, vol. 122, no. 4, pp. 1917 - 1946, (2012).

Dans le chapitre 4, nous donnons, en utilisant la représentation duale, une preuve
particulierement simple de la semiconvexité de la fonction valeur des jeux différentiels a
information incomplete.

2. A note on regularity for a fully non-linear PDE arising in game theory, (2011),
Preprint.

Ce résultat, uniquement basé sur des techniques probabilistes, est nouveau et serait
probablement beaucoup plus difficile a établir du point de vue de la théorie des EDP.

Le chapitre 5 est consacré a des schémas numériques pour les jeux différentiels sto-
chastiques a information incomplete. Nous nous intéressons a la construction explicite
d’une approximation de la fonction valeur. A cette fin, nous donnons un schéma qui est
entierement discrétisé en temps avec I'inconvénient que, comme dans les jeux différentiels
stochastiques ordinaires, seul la valeur, et non les stratégies optimales, peut étre approchée.
Les résultats présentés dans ce chapitre peuvent étre trouvés dans :

3. A probabilistic numerical scheme for stochastic differential games with incomplete
information, arXiv :1111.4136v1, (2011), soumis.

Dans le chapitre 6, nous étudions des jeux d’arrét optimal en temps continue, appelés
jeux de Dynkin, & information incomplete. Nous montrons que ces jeux ont une valeur
et une caractérisation unique par des EDP completement non-linéaires avec obstacles
pour lesquelles nous fournissons un principe de comparaison. Aussi, nous établissons une
représentation duale pour les jeux de Dynkin a information incomplete. Ce chapitre est
basé sur Darticle :

4. On a continuous time Dynkin game with incomplete information, en cours de pré-
paration.

2 La boite a outils mathématiques : EDSR et EDP

2.1 Equations différentielles stochastiques rétrogrades

Bien que déja évoqué dans un travail de Bismut [12] en 1973 Iétude des équations
différentielles stochastiques rétrogrades (EDSRs) commence vraiement en 1990 avec 1’ar-
ticle pionnier de Pardoux et Peng [88]. Dans une série de travaux ultérieurs [89], [91], [92],
[93] et [94] Pardoux et Peng ont posé les bases de I'étude des EDSR et de leurs connexions
a d’autres domaines des mathématiques comme le controle optimal et les équations aux
dérivées partielles. Les années suivantes la théorie des EDSR a connu un développement
considérable et s’est avérée étre un outil tres précieux pour diverses applications, notam-
ment en finance mathématique. Pour cet aspect, nous nous référons a I’étude d’El Karoui,
Peng et Quenez [45].

La base de la théorie des EDSR est le théoreme de représentation des martingales. En
effet soit (§2, (F1)iepo,r], Po) un espace de probabilité filtré, avec les hypotheses usuelles,
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muni d’'un mouvement Brownien B. Si (F;) = o(Bs, s < t), nous avons par le théoreme de
représentation des martingales pour toute variable aléatoire £, Fp-mesurable et de carré
intégrable une décomposition de la forme

T
¢ = El¢|F] + /0 Z.dB., (2.1)

ou Z est un processus adapté de carré intégrable. En appliquant le théoreme de représen-
tation des martingales & la variable aléatoire Fs-mesurable Y := E[¢|F;] nous obtenons
avec (2.1) I’équation suivante :

T
Yy=¢— / Z,dB,. (2.2)

L’équation (2.2) est appelé EDSR linéaire et le couple de processus adaptés (Y, Z) est
appelé la solution de (2.2).

Plus géneralement, on appelle EDSR une équation de la forme

T T
Y, = §+/ f(r,K,Zr)dr—/ ZpdB,, (2.3)

ou le générateur f est une fonction aléatoire donnée, c’est a dire f = f,,(-). Nous remar-
quons que, si f est indépendante de Y, (2.3) se lit comme suit

Y,=E [5 + /STf(r, Z,n)dr‘]-'s} : (2.4)

Sous I'hypothese que f est uniformément Lipschitz, lexistence d’une solution (Y, Z) a
(2.3) a d’abord été démontrée par Pardoux et Peng [88] via un argument de point fixe.
En outre, 'unicité a été établie par un principe de comparaison. Depuis lors, de nombreux
auteurs ont contribué a affaiblir les hypotheses sur le générateur f et sur la donnée finale
¢ (voir par exemple Briand and Hu [16], Delbaen, Hu et Bao [37], Delbaen, Hu et Richou
[38], Kobylansky [67], Lepeltier et San Martin [80]).

Nous tenons également & mentionner que, si la filtration (F;) est plus grande que
o(Bs,s < t), le théoreme de représentation des martingales ne s’applique pas. Au lieu de
cela on peut utiliser la décomposition de Galtchouk-Kunita-Watanabe (voir par exemple
Ansel and Stricker [2]). Elle implique que, pour toute variable aléatoire &, Fp-mesurable
de carré intégrable, nous avons la décomposition

T
€ =BelélFil + | Z.dB.+ N, (2.5)
0
ou Z est un processus adapté de carré intégrable et N est une martingale de carré

intégrable, avec Ny = 0, qui est fortement orthogonal & B. Comme dans El Karoui et
Huang [43] on peut aussi considérer des EDSR de la forme suivante

T T
Y= 6+ / F(r, Yo, Z,)dr — / 7,dB, — (Ny — N) (2.6)

avec un triplet (Y, Z, N) comme solution.
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2.2 EDS progressives-rétrogrades et leur lien avec les EDP

Un cas tres important, d’abord examiné la premiere fois par Peng dans [91], est quand
le générateur f et la donnée finale £ de 'EDSR dépendent d’une équation différentielle
stochastique (EDS)

dX5" = b(s, Xo%)ds + o (s, Xe")dB,  X}" = (2.7)

Pour des fonctions déterministes données f et g, on considere alors I’équation suivante :
. T T
T
ver =g+ [ g X v 2 - [0t X 2B (28)
S S

ol nous avons légerement modifié la derniere intégrale pour des raisons de notation. Le
couple (2.7), (2.8) est appelé EDS progressive-rétrograde (EDSPR).

En supposant une régularité suffisante sur les coefficients, I'existence et I'unicité de
la solution de (2.8) peuvent étre établies grace a la théorie des EDP semi-linéaire. Pour
celles-ci on pourra par exemple consulter le livre de Ladyzenskaja, Solonnikov et Uralceva
[73]. En particulier, si u est une solution lisse de 'EDP

Gu + Str(o0™ (t,w)D2u) + (b(t, ), Dyu) + f(t,@,u, Dyu) = 0
(2.9)
U(T,:E) = g(:ﬂ)a
alors d’apres la formule de 1t0, le couple
YIT = u(s, XE)
(2.10)
Z = Dyu(s, XL")

est une solution de (2.8).

Cette connexion a été d’abord établie par Peng dans [91]. C’est en outre l'idée cen-
trale de ce qu’on appelle le “four step scheme” de Ma, Protter et Yong [82]. Il y est
montré qu’on peut aussi appliquer cette méthode pour trouver des solutions d’EDSPR
entierement couplées, c’est a dire ou les coefficients de 'EDS (2.7) dépendent aussi de
(Ybr Zb%). Lexistence et I'unicité de solutions pour des EDSPR enti¢rement couplées,
c’est a dire du triplet (X4 V4% Z4) sont étudiées dans de nombreux articles au-deld
du cadre Markovien (par exemple Hu et Peng [62], Hu et Yong [63], Pardoux et Tang [90],
Peng et Wu [95]). Pour plus de références nous conseillons le livre de Ma et Yong [83].

D’autre part une question naturelle est de savoir si la solution de 'EDSR (2.8) four-
nit une solution a 'EDP semi-linéaire parabolique (2.9). Peng établit dans [91] cette
généralisation de la célebre formule de Feynman-Kac pour le cas semi-linéaire. En fait,
la fonction u définie par

u(t,z) ==Y (2.11)

est - sous des hypotheéses de régularité sur les coefficients - lisse et une solution classique de
(2.9). Ainsi Peng donne dans [91] une preuve entierement probabiliste de l’existence d’une
solution d’une EDP semi-linéaire. Pour des raisons ultérieures nous remarquons qu’un pas
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modeste mais important dans la preuve est de montrer que u(t,x) est déterministe. Ici,
c’est une conséquence facile de la loi du 0-1 de Blumenthal.

Sous des hypotheses uniquement Lipschitz sur les coefficients, Peng [92] a montré que
u(t, z) résout 'EDP dans un sens plus faible; nommément dans le sens des solutions de
viscosité. Cette notion a été introduite pour I’étude des problemes de controle dans le
début des années 1980 par Crandall et Lions [30]. La référence principale pour la théorie
des solutions de viscosité est la monographie de Crandall, Ishii et Lions [29]. Nous allons
donner dans les chapitres suivants une définition précise des solutions de viscosité pour les
différents cas qui nous intéressent.

Comme dans le cas lisse, la théorie des EDSR donne une preuve probabiliste de ’existence
de solutions de viscosité des EDPs semi-linéaires. Cependant ces solutions de viscosité ne
sont en général pas assez régulieres pour construire comme dans (2.10) des solutions a des

EDSR.

3 Jeux différentiels stochastiques

3.1 Le probléeme

Un jeu différentiel stochastique a somme nulle est en général un jeu, ou deux joueurs
adverses controlent une quantité diffusive, tandis qu’ils s’observent mutuellement. Nous
allons donner ici la forme standard de ce probleme et fixer les notations pour les sections
suivantes.

Pour la description mathématique, il est commode de considérer la dynamique sto-
chastique sur I'espace canonique C([0,7]; R%) muni de la mesure de Wiener Py. Dans la
suite, nous désignons par Bs(wp) = wp(s) 'application coordonnées sur C([0, T]; R?), par
H = (H;) la filtration engendrée par s +— Bj et par (Hy,s)qefe,r) la filtration engendrée par
s+— Bg — B

Pour toutes les données initiales ¢ € [0,7] et x € R%, les joueurs controlent une diffusion
donnée par

t t t
dXg""" = b(s, X" ug, vs)ds + o(s, Xg™""  us, vs)dBs
Xt,:v,u,fu = z
t - 9

ol nous supposons que les controles des joueurs u, v prennent leurs valeurs dans certains
ensembles U, V', respectivement, ou U,V sont des sous-ensembles compacts de certains
espaces de dimension finie. L’objectif des joueurs est respectivement de minimiser ou
maximiser ’espérance du gain

(3.1)

T
J(t,z,u,v) =K [/ I(s, X2V ug vg)ds + g(Xp""Y) | (3.2)
t

ou [ désigne le paiement courant du jeu et g le paiement final. Nous notons que, en général,
les coefficients pourraient étre des fonctions aléatoires.
3.2 Jeux différentiels et jeux différentiels stochastiques via EDP

Les premieres études des jeux différentiels déterministes (ce qui correspond & la situa-
tion, ot 0 = 0 et les coefficients sont des fonctions déterministes) remontent au début des
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années 1940 avec les oeuvres d’Isaacs [64] et Pontryagin [96], [97]. Le principal probleme
pour l'investigation des jeux en temps continu est de spécifier comment les joueurs peuvent
jouer. D’une part ils doivent avoir la possibilité de réagir aux actions de leur adversaire
alors que d’autre part une définition appropriée doit éviter des changements instantanés.
Pour contourner les difficultés qui sont posées par le temps continu, une approche ha-
bituelle consiste a discrétiser le jeu dans le temps (voir par exemple Fleming [49], [50],
Friedman [54], Krasovskii and Subbotin [69], Subbotina, Subbotin and Tretjakov [105],....).
Le résultat du jeu en temps continu est alors la limite du résultat du jeu en temps discret.

Une approche différente pour 1'étude des jeux différentiels déterministes est donnée
par Evans et Souganidis [47] en utilisant la notion de stratégies non-anticipatives mises
en place par Elliot et Kalton [46]. Leur preuve s’appuie largement sur la technique des
solutions de viscosité introduites par Crandall et Lions [30]. Les résultats d” Evans et Sou-
ganidis [47] ont été généralisés par Fleming et Souganidis dans [52] pour le cas des jeux
différentiels stochastiques, ou le systéeme est markovien, c’est a dire les coefficients sont
des fonctions déterministes.

Afin d’éviter les changements instantanés, Fleming et Souganidis [52] laissent les joueurs
jouer des controles contre des stratégies, en utilisant les définitions suivantes :

Définition 3.1. Pour tout t € [0,T] un contréle admissible u = (us)se(,7) pour le joueur
1 est un processus progressivement mesurable par rapport a la filtration (Hys)sep, 1) @ va-
leurs dans U. L’ensemble des contréles admissibles pour le joueur 1 est désigné par U(t).
La définition des controéles admissibles v = (vs)se[t,T] pour le joueur 2 est similaire. L’en-
semble des controles admissibles pour le joueur 2 est désigné par V(t).

Définition 3.2. Une stratégie pour le joueur 1 a linstant t € [0,T] est une application
non-anticipative o : [t,T| x V(t) — U(t), c’est-a-dire que pour tout v,v" € V(t), s € [t,T]

v=21" sur [t s] — a(v) =a) surt,s].

L’ensemble des stratégies pour le joueur 2 est désigné par A(t).
La définition de stratégies 3 : [t, T| xU(t) — V(t) pour le joueur 2 est similaire. L’ensemble
des stratégies pour le joueur 2 est désigné par B(t).

La valeur inférieure du jeu est ici

V7= (t,x) = inf sup J(t,z,a,v), (3.3)
a€A(t) yeV(t)

ou J(t,x,a,v) est associé au couple de controles (a(-,v),v) € U(t) x V(t). De méme,
la valeur supérieure est

Vt(t,z) = sup inf J(t,z,u,p), (3.4)
BeB(t) ueU(t)

ou J(t,z,a,v) est associé au couple de controles (u, 5(-,u)) € U(t) x V(t).
Définition 3.3. On dit que le jeu a une valeur si
V= (t,x) = VT(t ). (3.5)

V(t,z) =V~ (t,x) = VT (t,x) est appelé la valeur du jeu.
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Pour montrer que le jeu différentiel stochastique a une valeur, Fleming et Souganidis
[52] utilisent la théorie des solutions de viscosité. En effet, sous des hypotheses adéquates,
on peut montrer que V' est la solution de viscosité de I’équation de Hamilton-Jacobi-

Isaacs (HJI),

%1: + HY(t, 2, Dyw, D?w) = 0, (3.6)

ot1, pour chaque t € [0,T], z € R? ¢ € RY, A € §¢

H (12,6, 4) = inf sup {<b<t,w7u, 0).€) + Str(o0* (t,u,v)4) + 1(t. ., v>} G
uel yeVv

En outre, par les mémes méthodes, V'~ est une solution de viscosité de

)
8—@: + H(t, 2, Dyw, D?w) = 0 (3.8)

avec

1
H™ (t) ¢, A) = sup inf {<b(t7 T, u, U)a £> + *tl"(UO'*(t, T, u, U)A) + l(ta T, u, U)} : (39)
veV uel 2

Si on suppose maintenant la condition d’Isaacs
H(t,z,&,A) = H (t,x,&, A) = H(t,x,£, A), (3.10)

la propriété de solution de viscosité donne, avec un principe de comparaison pour I’équation
HJI (voir par exemple Crandall, Isshii and Lions [29]), le résultat de Fleming et Souganidis
[52] :

Théoréme 3.4. Pour chaque (t,x) € [0,T] x RY le jeu différentiel stochastique a une
valeur V (t,x) et la fonction (t,z) — V(t,x) est la solution de viscosité unique de

%+H(t,x,DIw,D%w) =0

w(T,z) = g(z). (3.11)

3.3 Jeux différentiels stochastiques via EDSR

L’étude des jeux différentiels stochastiques via la théorie des EDSR a été initiée par
Hamadene et Lepeltier dans [58], [59]. La contribution principale de la théorie des EDSR
consiste en la possibilité de considérer les systemes non-markoviens ou les arguments des
EDP de Fleming et Souganidis [52] ne peuvent pas étre appliqués. Ces idées ont ensuite
été généralisées a d’autres situations dans Hamadene, Lepeltier et Peng [61], El Karoui et
Hamadene [42], Hamadeéne et Lepeltier [60] et Hamadéne et Hassani [57].

En effet, d’apres la définition (3.2), le paiement pour tout (u,v) € U(t) x V(t) peut

étre écrit comme J(t, z,u,v) = E {Yf’x’u’v}, ol YH%UY est la solution de 'EDSR
tru,w t,x,u,v T t,x,u,v T « t,x\ t,x,u,v
Y = (X" + [0 U X Jue, v )dr — [ 0% (r, X 20 dB, (3.12)

avec XHT%V défini comme

t t t
dXg" = b(s, X" ug, vs)ds + o (s, X" us, vs)dBs

X:,:v,u,v = (313)
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Dans Hamadéne et Lepeltier [59] un jeu différentiel stochastique de somme nulle est
considéré, ou le coefficient de diffusion ne peut pas étre controlé par les joueurs, c’est a
dire

o(t,x,u,v) = o(t,x) (3.14)

et o est supposé étre non dégénéré. L'idée de Hamadeéne et Lepeltier [59] est de

considérer le jeu sous une transformation de Girsanov pour découpler la dynamique pro-

gressive du controle. Ensuite, il est possible de construire un couple de controles optimaux

pour les joueurs en utilisant le principe de comparaison pour les EDSR. En inversant la
transformation de Girsanov on obtient alors un point selle pour le jeu.

En fait, de maniere équivalente a I’ EDS (3.13) on peut considérer pour chaque (u,v) €
U(t) x V(t)
dXH" = o(s, X"*)dB,

3.15
X;,x = ( )

sous dP"V = I';"dP avec

ryv=¢ < / b(r, X"ty vr) o™ (1, Xﬁ’z)‘ldBr> : (3.16)
t

ou £ est 'exponentielle de Doléans-Dade. Une fonctionnelle du paiement comme (3.2) peut
alors étre exprimée par

J(t,z,u,v) = Epus [yjmv] (3.17)
ott Y& vésout ' EDSR

YU = g (X [ (10 X vn) bl XET g 0) 207 ) dr
(3.18)

— [Fo*(r, X" 2P dB,

avec le P-mouvement Brownien B.

Comme dans Fleming et Souganidis [52], la condition d’Isaacs, ici trajectorielle, est
supposée :

SUpPyey infUEU {<b(t’ x,u, U)’ §> + l(t7 T, u, U)}
(3.19)

= inf, ey sup, ey {(b(t, z,u,v), &) + U(t, z,u,v)} = H(t,x,§)

et il est possible de définir pour tout t € [0,7], z € R?, ¢ € R? les fonctions (aléatoires)
u*(t, z, &), v*(t,z, &) respectivement, telles que :

H(t,x,&) > (b(t,x,u*(t,z,£),v),&) + U1(t,x,u*(t,z,&),v) forallveV

(3.20)
H(ta Ly 5) < <b(t7 T, U, U*(ta €Ly 5))7 £> + l(tv T, u, U*(tv €, 5)) for all u € U.
On peut maintenant définir les processus
— o * t,x, t,x
us - u (SaXS 7ZS ) (321)

vy = v*(s, Xe™, Z5"),



3. Jeux différentiels stochastiques 9

ol Zb% est donnée comme une solution de
Vi = g(XEy + [T H, X, 28 dr — [T ot (r, XET) ZE"dB,. (3.22)

En outre, il suit du principe de comparaison pour les EDSR que pour tout u € U(t),
veV(t), ona ) .
Y;t,:r,u,v S Y;t,:r S }/tt,x,u,v P—p.S. (323)

et depuis E [Yf”’} = J(t,x,u,v), on obtient un point selle, dans le sens suivant :
Théoréme 3.5. Pour chaque (u,v) € U(t) x V(t)

J(t,z,u,v) < J(t,z,u,0) < J(t,z,u,0) (3.24)
et on peut définir V(t,x) = E [qu comme la valeur du jeu différentiel stochastique.

Il mérite d’étre mentionné, que le couple de controles optimaux (u,v) est adapté, mais
n’est pas, en général, sous une forme de “feed-back” comme la formule (3.21) pourrait
Iindiquer, c’est a dire il n’est en général pas donné en fonction du temps ¢ et de ’état du
systeme a l'instant t. En effet, on définit (u,v) sous P. Mais la vraie dynamique du jeu
est donnée sous P%?. Ainsi, afin de calculer les stratégies optimales, on doit effectuer un
changement de mesure, et en général Z5* sous le changement de mesure peut tout aussi
bien dépendre de toute I'histoire de u et v . Pour une discussion détaillée de ce probleme
assez profond nous nous référons a l’article de Rainer [98].

D’un autre coté, si les coefficients sont des fonctions déterministes il est évident que
la valeur du jeu défini par Fleming et Souganidis [52] coincide avec celle trouvée dans Ha-
madene et Lepeltier, puisque la solution de 'EDSR (3.22) donne une solution de viscosité
de I'équation HJI (3.11). En outre, si V € C12([t, T],R%), alors par unicité de la solution
de 'EDSR (3.22) et (2.8)

Zo = D,V(s,Xi") (3.25)

et les controles optimaux en “feed-back” sont donnés par

iy = u*(s, Xt", D, V(s, XL"))

2
Uy = v*(s,Xi", D,V (s, X)) (8:26)

sous P%? et donc sous la dynamique du monde réel. Afin de jouer de facon optimale il faut
mettre & chaque temps s la valeur réelle du systéme, qui est précisément X* sous P%?,
dans (3.26).

3.4 Fleming Souganidis revisité

Nous avons vu dans la section précédente que la théorie de EDSR peut étre utilisée
pour étudier les jeux non-markoviens en établissant ’existence d’un point selle. Buckdahn
et Li ont montré dans [19] qu’elle peut également étre utilisée pour simplifier la preuve du
Fleming et Souganidis [52], qui est techniquement assez lourde. En fait, ce dernier travail a
pour désavantage que les controles de U(t) et de V(t) sont respectivement limités & ne pas
dépendre des chemins du mouvement brownien avant le temps t. Cette restriction implique
l'utilisation de techniques difficiles dans la preuve de Fleming et Souganidis [52]. Buck-
dahn et Li affaiblissent cette condition en imposant que les controles admissibles soient
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des processus mesurables par rapport a la plus grande filtration (H) se[t,T]-

De plus dans Buckdahn et Li [19] des fonctionnelles de cotits plus générales sont con-
sidérées
J(t,z,u,v) = Y5 (3.27)
olt ;""" est définie comme la solution & une EDSPR, (X} %", V""" Z/%"") avec des
coefficients qui sont, comme dans Fleming et Souganidis [52], des fonctions déterministes.
Cependant pour u,v censés étre Hg-mesurable, contrairement & (2.11) la loi du 0-1 de
Blumenthal ne s’applique pas, donc Y;*""" n’est en général pas déterministe.
Une étape centrale dans le travail de Buckdahn et Li [19] est de montrer que la fonction
valeur inférieure
V7 (t,x) = essinfaeA(t)esssupvev(t)Ytt’x’a’”, (3.28)

et la fonction valeur supérieure
V(t,z) = esssupBeB(t)essinfueu(t)Ytt’x’u’ﬂ, (3.29)

sont déterministes. Cela est accompli grace une idée élégante, a savoir, en montrant que
V*(t,x) et V~(t, ) sont invariantes par rapport aux variations dans I'espace de Cameron-
Martin.

Le choix plus général sur (u,v) permet alors une preuve directe de la propriété de
solution de viscosité pour les fonctions de valeur supérieure et inférieure de certaines
équations HJI qui sont, sous une condition d’Isaacs, a nouveau égales. Les résultats de
Buckdahn et Li [19] sont étendus & des cas plus généraux dans les travaux de Buckdahn
et Li [20], Buckdahn, Hu et Li [18] et Lin [81].

4 Jeux différentiels stochastiques a information incomplete

4.1 Jeux a information incomplete

Le formalisme introduit par Aumann et Maschler [3] en 1968 considere des jeux a
somme nulle et a information incomplete de structure suivante :

— Il y a I états de la nature différents dans lesquels le jeu peut avoir lieu. Avant le

début du jeu un état est choisi avec une probabilité p, qui est connue.

— L’information est transmise au joueur 1, tandis que le joueur 2 ne sait que p.

— Le joueur 1 veut minimiser le gain, tandis que le joueur 2 veut le maximiser.

— Nous supposons que les deux joueurs observent le controle de leur adversaire.

Alors que dans les jeux a une étape la derniére hypothese est redondante, dans les
jeux répétés elle devient cruciale. Comme son adversaire observe le joueur informé, il est
important pour lui de trouver a chaque étape le bon équilibre entre 'utilisation de I’infor-
mation ou sa dissimulation en agissant de maniere moins optimale afin d’étre capable de
I'utiliser & un stade ultérieur. En effet, il se trouve qu’il est optimal pour les joueurs de
jouer au hasard, selon un aléatoire supplémentaire.

L’idée célebre d’Aumann et Maschler [3] est alors de considérer un jeu a informa-
tion incompléte comme un jeu aléatoire & information compléte, ou les deux joueurs ne
connaissent pas ’état de la nature. A chaque étape tous les états de la nature sont joués
simultanément avec une certaine probabilité. Cette probabilité reflete I'opinion du joueur
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non informé sur quel état de la nature a été choisi en fonction de ses informations actuelles
et donne donc lieu a une martingale discrete. Puisque les croyances sont controlées par
les actions du joueur informé, il agira tel que cette martingale donne un gain minimal des
jeux qui sont joués simultanément.

Les jeux répétés a information incomplete d’un ou des deux cotés ont été largement
étudiés depuis les travaux fondateurs d’Aumann et Maschler [3]. Il est resté jusqu’a au-
jourd’hui un champ de recherche tres actif. Pour une analyse et de nombreuses références
sur I’étude des jeux répétés a informations incompletes, nous nous référons a 'ouvrage de
Sorin [99]. Pour des études récentes dans ce domaine, nous pouvons citer les travaux de De
Meyer and Rosenberg [34], De Meyer, Lehrer and Rosenberg [33], Gensbittel [55], Laraki
[74], [75] et Sorin [100], [101]. En outre, une application pour les marchés boursiers peut
étre trouvés dans le travail de De Meyer [32].

4.2 Jeux différentiels stochastiques a information incomplete

Ce n’est que récemment que le formalisme d’Aumann et Maschler a été généralisé pour
les jeux différentiels déterministes dans Cardaliaguet [23], [24] et pour les jeux différentiels
stochastiques dans Cardaliaguet et Rainer [28]. La, la dynamique du jeu est donnée par
une diffusion contrélée : pour t € [0,7],z € R?,

dX BV = p(s, X0TY g, vg)ds + o (s, XY ug, vs)dBs, Xf’m = z. (4.1)

Comme dans le modele d’Aumann et Maschler il y a I € N* différents états de la nature
correspondant a I différents

(i) cotits courants : (li)ieq1,..ry : [0, 7] ¥ RIxUxV —Ret

(ii) cotits finals : (g)icqr,..1} R? — R.
Avant que le jeu commence, un de ces états est choisi selon une probabilité p € A(I), ou
A(I) désigne le simplexe de R’. L’information est transmise au joueur 1 uniquement. Le
joueur 1 cherche a minimiser le profit espéré, le joueur 2 a le maximiser. Nous supposons
que les deux joueurs observent le controle de leur adversaire.

Comme dans le cas de jeux différentiels a information complete, il est supposé qu’ une
condition d’Isaacs est satisfaite. Dans le cas d’information incomplete, elle s’écrit comme
suit :

SUp,ey infuer {(b(t, x,u,v),§&) + %tr(aa*(t, x,u,v)A) + (p, l(t, x,u, v)>}
= infyep supyey {(b(t, 2, u,v), &) + tr(oo*(t, z,u,v)A) + (p,1(t,z,u,v)) }  (4.2)

= H(tv xap7§7A)

La définition des stratégies admissibles differe 1égerement de Fleming et Souganidis
[52] :

Définition 4.1. Pour tout t € [0,T] un contréle admissible u = (us)se( 1) pour le joueur
1 est un processus cadlag progressivement mesurable par rapport a la filtration (Hys) et 1]
a valeurs dans U. L’ensemble des controles admissibles pour le joueur 1 est désigné par
U(t).

La définition des contréles admissible v = (vs)sefe,r) pour le joueur 2 est similaire. L’en-
semble des controles admissibles pour le joueur 2 est désigné par V(t).
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Comme dans le cas des jeux répétés les joueurs apprennent et s’adaptent a l'infor-
mation qu’ils apprennent, et donc une valeur définie en jouant stratégie contre controle
comme dans Fleming et Souganidis [52] n’est pas suffisante. Afin de permettre une inter-
action, donc de jouer stratégie contre stratégie avec une valeur qui est toujours définie,
Cardaliaguet et Rainer adaptent dans [28] la notion de stratégies non-anticipatives avec
délai introduite dans Buckdahn, Cardaliaguet, Rainer [17] au cadre stochastique.

En outre on doit prendre en compte le fait que le joueur informé essaie de cacher ses in-
formations. Pour ce faire, il doit étre autorisé a ajouter de ’aléatoire a son comportement.
Nous constatons qu’il est aussi raisonnable de permettre au jouer non informé d’utiliser des
stratégies aléatoires. Comme montré pour les jeux déterministes par Souquiere dans [103],
le joueur non informé joue aussi de maniere aléatoire, afin de se rendre moins vulnérable
a la manipulation.

Ces deux caractéristiques nécessaires pour les stratégies dans les jeux a information in-
complete sont incorporées dans la définition suivante de Cardaliaguet et Rainer [28] :

Nous désignons Uy, respectivement Vi, ’ensemble des fonctions cadlag de [t,T] dans
U, respectivement V. Soit Z un ensemble fixe d’ espaces de probabilité qui est non trivial
et stable par produit fini.

Définition 4.2. Une stratégie aléatoire pour le joueur 1 a linstant t € [0, T] est une paire
(G, Po), ), 00 (4, Ga, Po) est un espace de probabilité de T et ot «v: [t,T] X Qq X
C([t, T];R?) x V; — Uy satisfait

(i) « est une fonction mesurable, ot Qg est muni de la tribu G,

(ii) il existe § > 0 tel que pour tout s € [t,T] et pour tout w,w’ € C([t,T];RY) et

v, o' €V ona :
w=uw etv="1" presque partout sur [t,s]
= a(,w,v) = al,w', V) presque partout sur [t,s + 0] pout tout wy € Q.

L’ensemble des stratégies aléatoires pour le joueur 1 est désigné par A" (t).
La définition de stratégies aléatoires pour le joueur 2 ((Q3,Gg,Pg), 5), ot B : [t,T] x Qg x
C([t, T);RY) x Uy — V;, est similaire.

Nous notons que la définition 4.2. est, contrairement a la définition 3.2 de Fleming et
Souganidis [52], une définition trajectorielle. Par conséquent, pour s’assurer que 1’ EDS
(4.1.) est bien posée, nous devons assumer plus de régularité sur les controles afin de
construire une intégrale stochastique trajectorielle dans (4.1). Pour une étude concise des
constructions trajectorielles nous nous référons a Karandikar [66].

Dans Cardaliaguet et Rainer [28] Lemma 2.1. il est démontré que, grace a ce délai, il est
possible d’associer pour tout (wa,wg) € 2o x Qg a chaque couple de stratégies aléatoires
(o, B) € A"(t) x B"(t) un couple unique de stratégies admissibles (u“>“s v“e“s) € U(t) x
V(t), tel que pour tout w € C([t, T];RY), s € [t,T],

a(s,wa,w, v (w)) = ufa’wﬁ(w) et B(s,w,w, u P (w)) = U?a’wﬁ(w) )

Donc pour tout (¢,z,p) € [0,T] x R x A(I), (au,...,ar) € (A"(t))!, B € B"(t) le gain

I T
J(t’%p’@’ﬂ) = sz. Edi,ﬁ [/ li(S’X§7I7uiy’Ui7 (%‘)s, (Ui)s)ds + gi(X;tF,x,ui,vi) (4.3)
i=1 t

avec (u;,v;), tel que u; = a;(v;),v; = B(u;), est bien défini. Nous remarquons que I'avan-
tage d’informations du joueur 1 est traduit dans (4.3) par la possibilité de choisir une
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stratégie a; pour chaque état de nature i € {1,...,T}.

Comme dans Fleming et Souganidis [52] on peut maintenant définir la valeur inférieure,
respectivement la valeur supérieure, d’un jeu différentiel stochastique a information in-
compléte comme

V=(t,x,p) = supgegr(t) Infaear (1) J(t,z,p,a, )
(4.4)
vV (ta x7p) = inde(Ar(t))I SUPgepr(t) J(ta z,p,Q, ﬁ)

Par la définition méme il suit que V= (t,z,p) < VT (¢,z,p). Pour montrer que le jeu a
une valeur, l'inégalité inverse est établie par Cardaliaguet et Rainer dans [28] en utilisant
la théorie des solutions de viscosité. Cependant, la fonction valeur satisfait - contraire-
ment a Iéquation de HJI (3.11) pour les jeux différentiels stochastiques & information
compléte - une équation de HJI avec une contrainte de convexité dans la variable p. Le
résultat de Cardaliaguet et Rainer dans [28] ainsi que la caractérisation grace aux EDP
par Cardaliaguet [25] sont résumés dans :

Théoréeme 4.3. Pour tout (t,z,p) € [0,T] x R? x A(I) le jeu différentiel stochastique
information incompléte a une valeur V(t,z,p). La fonction V : [0,T] x R x A(I) — R
est l'unique solution de viscosité de

min{%—qf+H(t,x,D$w,D§,w,p),)\min (p,%%’)} =0

w(T7 x,p) = Zz pigi(x)7

ot pour tout p € A(I), A e &'

Amin(p, 4) 1= min @
2€Tan M0} |2]

et Tacry(p) désigne le cone tangent a A(I) en p, soit Taryp) = Urso(A(I) —p)/A.

4.3 Représentation duale pour les jeux différentiels stochastiques

L’objectif est maintenant d’établir un analogue a la représentation duale d’Aumann et
Maschler [3] pour le cas des jeux différentiels stochastiques. Un exemple de jeu déterministe
en temps continu est consideré dans Cardaliaguet et Rainer [27] en utilisant une minimisa-
tion sur des mesures de martingales. Une technique similaire est introduite dans De Meyer
[32] dans le cadre de marchés financiers avec des agents informés.

Dans le chapitre 3, nous généralisons ce dernier résultat au cas ou la dynamique est
donnée, comme dans Hamadene et Lepeltier [59], par une diffusion controlée, c’est a dire
pour t € [0,7],z € R% on a :

AXLP = b(s, X0PUY ug, vg)ds + o(s, XPP)dB, - X[T = . (4.6)

Comme dans Hamadene et Lepeltier [59], il s’avere essentiel d’assumer la condition de
non-dégénérescence pour o(t,x).
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Suivant les notations de Cardaliaguet et Rainer [28] nous avons pour chaque donnée
initiale (¢, 2,p) € [0,T] x R? x A(I) et chaque stratégie aléatoire du joueur informé a €
(A"(t))! et du joueur non informé 3 € B"(t) un gain espéré

1 T ~
J(ta xvpvaaﬁ) = E Di ]Eo?i,ﬁ |:/ l’i(saXz’%aiﬂa (di)saﬁs)ds + gi(X’%x’aiﬂ) ) (47)
i=1 t

tandis que la condition d’Isaacs s’écrit ici :
infuer sup,ey {(b(t, z,u,v),&) + (p, 1(t, 2, u,v))}
= supyey infuer {{b(t, =, u,v), &) + (p, U(t, 2, u,v))} (4.8)
=: H(t,x,&,p).

Pour donner une représentation duale, il faut grossir I’espace canonique C([0, T]; R?)
de la dynamique brownienne, en ajoutant D([0,T]; A(1)), ou D([0,T]; A(I)) désigne I'en-
semble des fonctions cadlag de R dans A([), qui sont constantes sur (—oo,0) et sur
[T, +00). Nous désignons par ps(wp) = wp(s) 'application coordonnée sur D([0,T]; A(I))
et par G = (Gs) la filtration engendrée par s — ps. Nous munissons l’espace produit
Q := D([0,T]; A(I)) x C([0,T];RY) de la filtration F = G @ H, ot F; = Ng=y FO avec
(F9) = (Gs ® Hs). (Nous rappellons que (Hs) ete definie comme la filtration engendrée
par le processus canonique B.) Dans ce qui suit, chaque fois que nous travaillons avec une
probabilité fixe P sur €2, nous complétons la filtration F par rapport des ensembles de
mesure nulle sans changer la notation.

Nous allons munir 'espace filtré 2 de mesures P permettant de modéliser les croyances
du joueur non informé par le processus ajouté p. Avant que le jeu commence, 'information
du joueur non informé est juste la distribution initiale p. A la fin du jeu, 'information est
révélée donc pr € {e;,i = 1,...,1}. Comme I’état est choisi avant que le jeu commence,
pr est indépendante de (Bs)ge(—oo,r)- Enfin, la propriété de martingale, p; = Ep[pr|Fi],
est satisfaite a cause de la meilleure estimation sur I’état réel de la nature du joueur non
informé. Ces caractéristiques sont intégrées dans la définition suivante :

Définition 4.4. Soit p € A(I), t € [0,T]. Nous désignons par P(t,p) l'ensemble des
mesures de probabilité P sur € telles que, sous P,
(i) p est un martingale, telle que
(a) ps =p Vs < t,
(b) pse{eii=1,...,1} Vs > T P-p.s. et
(¢c) pr est indépendant de (Bs)ge(—oo,1]s
(i4) (Bs)sejo,r) est un mouvement brownien.

Vu que dans notre cas, I'Hamiltonien H (¢, z,&,p) définie par (4.8) dépend d’un pa-
rametre supplémentaire ¢ € R, une représentation duale directe utilisant 1’ Hamiltonien
comme dans Cardaliaguet et Rainer [27] est impossible. Inspiré par Hamadéne et Lepeltier
[59], nous utilisons la théorie des EDSR pour résoudre ce probleme. Pour tout ¢ € [0, T,
x € R? on définit le processus X»* par

X =z s<it, X =24 fts o(r, Xﬁ’x)dBr s >t. (4.9)
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Soit p € A(I). Nous considérons pour chaque P € P(t,p) TEDSR

}/:gtal‘,]? — <pT,g(X;—:x)> + fST H(T, X£7$7 Z£7$,P7 pr)dT
(4.10)

— [Fo*(r, X" 25" dB, — Ny + N,

ou NN est une martingale de carré intégrable qui est fortement orthogonale a B.
En particulier, on a
T
Yoo — By [ / H(r, X%, 2058 pr)dr + (pr. g(Xg")) | Fie | - (4.11)
t

Comme dans Hamadeéne et Lepeltier [59], on peut voir que Y;t_’x’P est la valeur (aléatoire)
d’un jeu différentiel stochastique a information complete avec une dynamique progressive
supplémentaire p.

Dans le chapitre 3 de cette these, la représentation duale suivante est établie :

Théoréme 4.5. Pour tout (t,z,p) € [0,T] x R? x A(I) la valeur du jeu & information
incompleéte V (t,z,p) peut étre caractérisée comme

V(t,z,p) = essinfpep(t’p)nﬁgc’]?. (4.12)

Nous remarquons que nous pouvons identifier chaque P € P(¢, p) sur F;— a une mesure
de probabilité commune Q = §(p) ® Py, o 6(p) est la mesure sous laquelle p est constante
et égale a p et Py est la mesure de Wiener. Donc le terme de droite de 1’équation (4.12
est défini Q -p.s. mais, a priori, n’est pas déterministe. Pour établir que essinfpep(t,p)Yt_’r’
est déterministe, une étape essentielle dans la preuve du théoreme 4.5. est d’adapter les
idées de Buckdahn et Li [19] & notre cas.

4.4 “Stratégies” optimales dans le cas stochastique

Nous avons avec le théoreme 4.5. une représentation pour le jeu différentiel stochas-
tique a information incompléte, mais - comme dans Hamadeéne et Lepeltier [59] dans le cas
d’informations complete - avec une dynamique qui est donnée sous une transformation de
Girsanov du monde réel. Ainsi, afin d’utiliser la représentation (4.12) pour étudier le jeu
et décrire le comportement optimal du joueur informé, comme dans I'’exemple de Carda-
liaguet et Rainer [27], nous devons inverser cette transformation.

Ceci est en effet possible : nous fournissons dans le chapitre 3 de cette these un résultat
sous I'hypothese supplémentaire que V€ CH22([t, T) x R? x A(I);R) et qu'il existe un
P € P(t,p), tel que )

V(t,z,p) =Y " (4.13)

Grace a la condition d’Isaacs, on peut définir la fonction uw*(t,z,p,£) comme une
sélection Borel mesurable de argmin, iy max,ev {(b(t, z, u,v), &) + (p, (¢, z,u,v))}, donc

H(t’ x? §7p) = I’[{lea‘?( { <b(t7 x’ u*(t7 x7p7 6)7 U)? £> + <p7 l(t7 x’ u*(t7 'r?p? 5)7 ,U)>}' (4'14)
Comme dans (3.26), nous définissons le processus

us = u*(s, Xz’x, DIV(s,Xﬁ’x,ps),Ps% (4.15)
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et pour tout 3 € B(t) la mesure équivalente P%# = (FfT”’ﬂ )P avec
S
rif =g (/ b(r, X0", iy, B(1)r) o™ (r, Xf:‘”)_ldBr) :
¢

sis>t, etfg’ﬂzl, sis <t.
Puisque le joueur informé connait 1’état de la nature, il jouera en sachant le résultat du
choix de I’état de la nature au début du jeu : pour tout A € F on pose

=i, o, (4 1 s i
]P)ﬂ( )[A] =P ,B( )[A|pT:ez] :;]P) B )[Am{pTzesz S1 P >O7

et ]f"?’ﬁ(ﬁ) [A] = P%P®)[A] sinon.

Dans le chapitre 3 nous démontrons :

Théoréme 4.6. Pour chaque état de la nature i =1,...,1 et toute stratégie 3 € B(t) du
joueur non informé, il est optimal pour le joueur informé de jouer

us = u*(s, X0% D,V (s, X' ps),ps) avec la probabilité ]f"?’ﬁ(ﬂ). (4.16)

Nous voudrions cependant mentionner que le résultat du théoreme 4.6. a quelques
subtilités. Contrairement au cas a information complete, ou (3.26) donne des controles
“feed-back” optimaux, (4.16) n’en donne en général pas. En fait u dépend de 'état du
systeéme, c’est a dire de X sous P?’ﬁ @ ot de la randomisation P qui est transformée sous
la mesure optimale P?’ﬂ @ Puisque ce changement dépend de la stratégie 8 du joueur non-
informé, nous ne trouvons pas un controle de type “feed-back” aléatoire, mais une sorte de
stratégie aléatoire pour le joueur informé, ce qui n’est pas compatible avec les stratégies
aléatoires exprimées dans la Définition 4.2. Pour obtenir une telle stratégie aléatoire, il

serait nécessaire de démontrer certaines propriétés de la mesure optimale IP.

4.5 Un résultat de régularité

Un fait assez remarquable, est que la représentation dans le théoreme 4.5., via des
solutions d” EDSR, nous donne la possibilité d’obtenir, avec des outils probabilistes, un
résultat de régularité pour la fonction valeur V. En effet en supposant une régularité
supplémentaire pour les coeflicients :

(1) (9i)ieqr,...1y : R? — R est différentiable par rapport & = & dérivée bornée, continue

Lipschitz

(ii) o : [0,T] x R? — R¥*? est pour tout ¢t € [0,7] différentiable par rapport & z &

dérivée bornée, continue uniformément Lipschitz

(iii) H :[0,7] x R x R x A(I) — R est pour tout ¢ € [0, T différentiable par rapport

a x et z a dérivées bornées, continues uniformément Lipschitz
nous démontrons dans le chapitre 4 :

Théoréme 4.7. La fonction valeur V' est semiconcave en x avec un module linéaire.

La preuve ressemble beaucoup aux preuves de régularité des EDP semi-linéaires par
des techniques d” EDSR dans Pardoux et Peng [89]. Cependant, compte tenu de (4.12), on
ne peut probablement pas s’attendre a ce que la fonction valeur soit lisse, en particulier
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aux points ou il pourrait y avoir plusieurs mesures minimisantes. Dans ce contexte, la
notion naturelle de régularité est la semiconcavité, qui est une propriété précieuse si on
considere les problemes de controle (voir par exemple le livre de Cannarsa et Sinestrari
[21]). Notamment par le théoréme de Alexandroff on peut on en conclure :

Corollaire 4.8. V est deux fois différentiable p.p. en x, soit pour tout t € [0,T],p € A(I)
presque tout xog € R il existe ¢ € RY, A € S, tel que

lim V(t,.f,p) - V(ta anp) - <£,LE - x0> + <A($ - xO)ax - $0>
z—10 |z — zo|?

= 0. (4.17)

En outre, le gradient D,V (t,x,p) est définie p.p. et appartient a la classe des fonctions a
variation localement bornée.

5 Approximation de jeux différentiels stochastiques a infor-
mation incomplete

5.1 Approximation de jeux différentiels stochastiques et des équations
d’HJI associées

L’approximation des jeux différentiels déterministes a information complete remonte
aux années 1960. Comme nous ’avons déja mentionné dans la section 3, celle-ci était effec-
tivement utilisée pour définir des valeurs des jeux en temps continu par une approximation
avec des jeux en temps discret. Avec cette approche, il est méme possible de dériver des
controles “feed-back” e-optimaux pour des jeux déterministes en temps continu. La, il
suffit que le joueur agisse uniquement sur une grille en temps discret suffisamment fine.
Les résultats et de nombreuses références peuvent étre trouvés dans le livre de Krasovskii
et Subbotin [69].

Pour 'approximation numérique de jeux différentiels stochastiques, une méthode d’ap-
proximation par des chaines de Markov est largement utilisée, comme décrit dans le livre
de Kushner et Dupuis [72]. La preuve de convergence utilise généralement des techniques
d” EDP. Une preuve purement probabiliste de la convergence se trouve dans Kushner [70].
Cependant le calcul des controles “feed-back” e-optimaux pour des jeux différentiels sto-
chastiques avec un schéma numérique est plus délicat en raison de la nature stochastique
des jeux. Limiter le premier joueur a jouer sur une grille de temps tandis que 'autre peut
encore agir et s’adapter au bruit brownien sur les intervalles, pourrait offrir au deuxieme
joueur la possibilité de faire des profits de maniere disproportionnée, a moins qu’il n’y ait
d’autres hypotheses restrictives remplies.

Dans l'esprit de I’approche par des EDSR pour des jeux différentiels stochastiques
de Hamadéne and Lepeltier in [59], Bally dérive dans [4] une méthode pour approcher
la fonction valeur d’un jeu différentiel stochastique par I'approximation des solutions d’
EDSR. Dans 'article de Bally [4] Papproximation est - contrairement & I’approximation
par des chaines de Markov - sous une transformation de Girsanov du systéme, c’est-a-
dire approximation d’'une EDSR avec I’ Hamiltonien comme générateur. Des controles
“feed-back” e-optimaux pour les deux joueurs sont ensuite dérivés en inversant la trans-
formation. Cependant les hypothéses de Bally [4] pour établir I’ e-optimalité sont encore
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plutot restrictives.

Outre I'approche de Bally dans [4], il existe de nombreuses autres méthodes d’approxi-
mation pour les EDSR. Parmi les premiers a poursuivre le développement de la théorie
étaient Bouchard et Touzi [15] et Zhang [108] en 2001. Des travaux ultérieurs sur des
approximations pour les EDSR et leurs relations avec les EDP sont donnés par Bender et
Denk [8], Bender et Zhang [9], Delarue et Menozzi [36], [35]. En fait, compte tenu du lien
étroit des EDP avec les EDSR - I'approximation d’'une EDSR peut étre considérée comme
une approximation complétement probabiliste pour les solutions d” EDP semi-linéaires, y
compris I’équation de HJI (3.11) qui caractérise les jeux différentiels stochastiques.

D’autre part, on peut considérer directement une approximation des solutions de vis-
cosité d’EDP semi-linéaires et completement non-linéaires. Les conditions pour la conver-
gence des schémas d’approximation, notamment une condition de monotonie, sont étudiées
par Barles et Souganidis dans [7]. D’une maniére treés naturelle de telles approximations
donnent lieu a des schémas d’approximation pour les EDSR. Des schémas d’approximation
monotones sont également appliqués dans le travail récent de Fahim, Touzi and Warin [48],
ou des EDP paraboliques completement non-linéaires sont considérées.

5.2 Schéma numérique pour des jeux différentiels stochastiques a infor-
mation incompléete

L’ approximation des jeux différentiels déterministes a information incomplete a été
étudié par Cardaliaguet dans [26]. Le cas déterministe & information incomplete des deux
cOtés a été examiné par Souquiere dans [102]. Dans le chapitre 5, nous étendons I’approxi-
mation au cas des jeux différentiels stochastiques, ol nous considérons comme dans la
section 4.2 une diffusion avec une dérive controlée, mais une volatilité incontrolée :

dXETY = p(s, XETUWY ug vg)ds + o(s, XEPUY)dB,  X}U =z (5.1)
La encore, pour chaque donnée initiale (¢, z,p) € [0,T) x R x A(I) et chaque stratégie

aléatoire du joueur informé & € (A"(t))! et du joueur non informé 3 € B"(t), nous avons
un gain espéré

I T ~
J(ta z,p, Q, /6) = sz Eo_zi,ﬁ |:/ lz‘(S, X§7x7ai7ﬂ7 (@i)s, ,Bs)ds + gZ(X,?w,Oc“ﬁ) , (52)
i=1 t
ou la condition d’Isaacs est supposée
inf,ep sup, ey {(b(t, z,u,v), &) + (p, l(t, z,u,v))}
= SUPyecv inquU {<b(t’ z,u, U), €> + <p7 l(tv Zz, U, U)>} (53)

= H(t,x,ﬁ,p)
ainsi que la non-dégénérescence de o(t, x).
En contraste avec Cardaliaguet [26] et Souquiere [102], nous pouvons utiliser cette

derniere hypothese pour travailler, comme Bally dans [4], sur le probléeme sous une trans-
formation de Girsanov. Nous considérons ensuite un algorithme stochastique, qui est tres
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proche de celui étudié dans Fahim, Touzi et Warin [48], pour une EDP semi-linéaire avec
une convexification en p a chaque étape de temps. L’algorithme est construit comme suit :

Pour L € N, on définit une partition de [0,T] II" = {0 = to,t1,...,tr, = T} avec le pas
de discrétisation 7 = % Nous approchons la fonction valeur en reculant dans le temps.
Pour cela nous posons pour tout z € R%, p € A([)

V7 (tz.2,p) = (p, g(2)) (5.4)

et nous définissons de fagon récursive pour k=L —1,...,0

V7 (tg,z,p) = Vexp(E [VT(tkH, x + o(tg, x)ABk,p)]
(5.5)
+7—H<tk7 xz, zk(xap)vp)>7

oul ABJ = By, ., — By, et zi(z,p) est donné par

5 (2,p) = %IE V7 (th1, 2+ ot 2) ABF p) (%) (15, 2) ABY| (5.6)

et Vex), désigne I’enveloppe convexe par rapport a la variable p, c’est-a-dire la plus grande
fonction qui est convexe dans la variable p, et ne dépasse pas la fonction donnée.

Comme dans Barles et Souganidis [7], nous montrons dans le chapitre 5 de cette these
la convergence du schéma vers la valeur du jeu :

Théoréme 5.1. V7 converge uniformément sur les compacts de [0,T] x R? x A(I) vers
V(t,x,p), en ce sens que

lim V7 (tg, o', p)) = V(t,z,p). (5.7)

710, tp—t, Il_)xv p/_)p

6 Jeux d’arrét optimal a information incomplete

6.1 Jeux de Dynkin : histoire et résultats généraux

Les jeux de Dynkin ont été introduits par Dynkin en 1969 dans [39] comme un probleme
de jeu d’arrét optimal. Le jeu est joué par deux joueurs adverses qui veulent respective-
ment minimiser ou maximiser un certain profit. Contrairement aux jeux que nous avons
décrits dans les sections précédentes, les joueurs ont la possibilité d’arréter le jeu a tout
moment en se soumettant a une certaine pénalité. Ce probleme a beaucoup attiré I'at-
tention des scientifiques travaillant dans le domaine des probabilités, ainsi que dans la
théorie des EDP. Parmi ces derniers, les travaux de Bensoussan et Lions [11], Bensoussan
et Friedmann [10], Friedman [53] étaient les premiers a considérer les jeux d’arrét optimal
en temps continu en établissant une relation avec les EDP variationnelles.

Outre I'approche analytique, diverses méthodes purement probabilistes sont appliquées
pour étudier les jeux de Dynkin (voir par exemple Alario-Nazaret, Lepeltier et Marchal [1],
Bismut [13], Ekstrom et Peskir [40], Eckstrom et Villeneuve [41], Lepeltier et Maingueneau
[79], Morimoto [85], Stettner [104] et le travail tres récent de Kobylanski, Quenez et de
Campagnolle [68]). En combinaison avec des diffusions controlées, des méthodes d” EDSR
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ont également été appliquées par Cvitanic et Karatzas [31], Hamadene et Lepeltier [60].
La, le jeu d’arrét optimal mene a I’étude des EDSR réfléchies introduites dans El Karoui,
Kapoudjian, Pardoux, Peng, Quenez [44]. La plupart des travaux ont en commun la célebre
condition de Mokobodski, qui est en quelque sorte un équivalent a la condition d’Isaacs.
Elle peut étre completement supprimée en introduisant des temps d’arrét aléatoires. Ceci
fut d’abord démontré dans Touzi et Vieille dans [106] puis généralisé par Laraki et Solan
dans [77].

6.2 Un exemle simple pour approche analytique

Nous tenons a répéter ici ce qui est bien connu pour les jeux de Dynkin a information
complete dans un cadre markovien assez simple, c’est a dire lorsque la dynamique est
donnée comme dans la section 3.1 sur un espace de Wiener (C([0,T];RY), (H;),Po) par

dXP" = b(s, X0")ds + a(s, X1")dB, X, = a. (6.1)

Nous considérons un jeu ou il y a deux joueurs adverses qui veulent minimiser, respecti-
.. t,x N
vement maximiser, un profit g(XT’ ), ol

g:Rd’—>R.

Cependant - en contraste avec les jeux que nous avons étudiés dans la section 3 - les
joueurs ont la possibilité d’arréter le jeu a tout moment tout en subissant une certaine
pénalité . Le joueur 1 choisit 7 € [0, 7] afin de minimiser, le joueur 2 choisit o € [0, 7] afin
de maximiser le gain espéré

J(t,z,7,0) =E| f(0, Xo ) garer + h(T, X0 Nrcorer + (X gmrer |, (6.2)

ouilya

(i) gain d’exercice anticipé du joueur 2 : f: [0,T] x R — R

(ii) gain d’exercice anticipé du joueur 1 : h: [0,7] x RY — R.
Comme d’habitude pour I'approche par des EDP (voir par exemple Bensoussan and Fried-
mann [10]), on suppose que pour tout ¢ € [0,7], z € R?

flt,z) < h(t,z) et f(T,z) < g(x) <h(T,x). (6.3)

Définition 6.1. Au tempst € [0,T], un temps d’arrét admissible pour les deuz joueurs est
un temps d’arrét par rapport a la filtration (Hys)sefm) @ valeurs dans [t,T]. On désigne
lensemble des temps d’arrét admissibles par T (t).

On peut alors définir la fonction valeur inférieure par

V7 (t,z) = sup inf J(t,z,7,0) (6.4)
oeT (t) TET (1)

et la fonction valeur supérieure par

VT(t,z) = inf sup J(t,z,7,0). (6.5)
T€T([) oeT(t)

La encore, on peut utiliser des méthodes d” EDP pour montrer que le jeu a une valeur,
c’est-a-dire V ~(t,x) = VT (t,x) = V(t,z). La caractérisation suivante remonte & Ben-
soussan et Friedmann [10] pour un cas lisse et peut étre trouvée dans le livre de Barles
[6].
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Théoréme 6.2. Pour toute (t,x) € [0, T] x R? le jeu de Dynkin a une valeur. La fonction
V :[0,T] x R = R est la solution de viscosité unique de

max{min{(—%—E)[w],w—f(t,x)},fw—h(t,a:)} =0

w(T,z) = g(x),

Llw](t,z) := %tr(aa*(t, z)D2w(t, x)) + b(t, z) Dyw(t, x).

6.3 Jeux de Dynkin a information incomplete

Dans le chapitre 6, nous considérons un jeu d’arrét optimal a information incomplete.
Comme dans I'approche par Aumann et Maschler [3], nous supposons qu'il existe I € N*
différents états de la nature pour le jeu. Avant que le jeu commence ’état de la nature
est choisi selon une probabilité p € A(I). Le jeu est joué par deux joueurs adverses, qui
veulent minimiser, respectivement maximiser, un certain profit gi(X%x) en fonction de
Iétat de la nature i € {1,...,I} et de la diffusion Xél‘r donnée par (6.1), ou

(g)): R = Rie{1,...,I}

Comme dans I'exemple précédent, les joueurs ont la possibilité supplémentaire d’arréter
le jeu & tout moment tout en subissant une certaine pénalité, i.e. pour i € {1,...,1}

(i) gain d’exercice anticipé du joueur 2 : f; : [0,T] x R? — R,

(ii) gain d’exercice anticipé du joueur 1 : h; : [0,7] x R — R.

Pour tous les états de la nature ¢ € {1,..., I}, nous supposons
fi(t,x) < hi(t,x) et fi(T,x) < gi(x) < hi(T, x). (6.7)
Lorsque le jeu commence, le joueur 1 est informé de I'état de la nature i € {1,...,1},

le joueur 2 ne connait que les probabilités marginales p;. Nous supposons que les deux
joueurs observent le controle de leur adversaire. Cela signifie qu’ils savent tout de suite,
quand le jeu est arrété et le gain révélé.

Comme dans Cardaliaguet et Rainer [28], nous permettons aux joueurs de jouer au ha-
sard pour cacher leur information ou pour se rendre moins vulnérables aux manipulations.
Ce qui signifie qu’ils peuvent prendre la décision d’arréter a ’aide d’un générateur de ha-
sard supplémentaire. En utilisant la définition dans Laraki et Solan [77] nous définissons :

Définition 6.3. Un temps d’arrét randomisé aprés le temps t € [0,T] est une fonction
mesurable ju : [0,1] x C([t, T};RY) — [t,T], tel que pour tout r € [0,1]

7' (W) = p(r,w) € T(t)
Nous désignons l’ensemble des temps d’arrét randomisés par T (t).

Pour tout (t,z,p) € [0,T] x RY x A(I), (p1,...,ur) € (T7(t))!,v € T"(t) on définit

J(ta Z,p, 1, V) = 27{:1 piEP()@/\@/\ fi(ya Xli,w)11/<,u,i§T
(6.8)
+hi(iui’ Xfl’:c)luiSV7ui<T + gi(X;’x)lM:,,:T ;
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ol A est la mesure de Lebesgue sur [0, 1]. (Dans la suite nous omettrons I'indice Py ® A ® \.)
Nous définissons la fonction valeur inférieure par

V= (t,z,p) = sup inf  J(t,z,p, p,v 6.9
( ) veTr(t) nE(TT ()1 ) (6.9)

et la fonction valeur supérieure par

V*t(t,z,p)= inf sup J(t,x,p,p,v). 6.10
( ) HE(TT™ (M) veTr(t) ( (6.10)

Pour montrer que le jeu a une valeur, nous établissons le

Théoréme 6.4. Pour tout (t,x,p) € [0,T] x RY x A(I), le jeu a une valeur V (t,x,p). La
fonction V : [0,T] x R% x A(I) — R est l'unique solution de viscosité de ’équation

max { max{min{(—% — L)[w],w— (f(t,z),p)},

w = (h(t, %), P}, —Amin (p,g;zv)} 0 (6.11)

w(T,.I,p) = Zi:17_,_7jpigi(1:)a

ou
Llw](t, z,p) := %tr(aa*(t, :U)D%w(t, x,p)) + b(t,x)Dyw(t, z,p)

et pour tout p € A(I), Aec St

A
)\min(p7 A) = min < z’22>
2€Ta(ry(pm\{0} 2]

avec Ta(ry(p) = Uaso(A() —p)/A.

6.4 Représentation duale pour les jeux de Dynkin a information in-
complete

Dans la deuxieme partie du chapitre 6, nous utilisons la caractérisation par des EDP
du théoreme 6.4. pour établir une représentation duale de la fonction valeur. Comme
dans la section 4.1 on élargit 'espace canonique de Wiener a l'espace (D([0,T]; A(1)) X
C([0,T];RY), F, (F;),P) avec P € P(t,p). Ainsi, 'espace élargi supporte en plus du mou-
vement brownien B, des croyances du joueur non informé p comme dynamique supplé-
mentaire. Pour chaque P € P(t,p), nous considérons un jeu d’arrét avec cette dynamique
supplémentaire. Cependant, nous devons modifier la définition de temps d’arrét admis-
sible :

Définition 6.5. Au temps t € [0,T], un temps d’arrét admissible pour les deux joueurs
est un temps d’arrét par rapport a la filtration (Fs)scr) @ valeurs dans [t,T]. On désigne
l’ensemble des temps d’arrét admissibles par T (t).

Nous notons, que contrairement a la définition (6.1) les temps d’arrét admissibles au
temps t pourrait également dépendre désormais des chemins du mouvement brownien
avant le temps t¢.
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Pour chaque P € P(t,p), nous considérons les jeux d’arrét avec un gain

J(ta xr,T,0, P)t— = EP <p07 f(O', Xé'7m)>10'<7'<T + <p7'7 h(Ta X£7$)>1T§U,T<T
(6.12)

+<pT7 g(X’?‘a:)>10'=T=T’ft— )

ott 7 € T(t) désigne le temps d’arrét choisi par le joueur et o € 7 (t) désigne le temps
d’arrét choisi par le joueur 2. En contraste avec la considération dans la section précédente
nous ne travaillons ici seulement avec des temps d’arrét non randomisés.

Nous tenons a mentionner que les résultats connus dans la littérature n’impliquent pas
que les jeux avec des fonctionnelles de gain (6.12) ont une valeur pour tout P € P(t,p)
fixe. Cependant, notre intérét porte sur la valeur du jeu ou les croyances du joueur non
informé p sont manipulés de maniere optimale. A cette fin, nous définissons la fonction
valeur inférieure par

W= (t,z,p) = essinfpep (s p)€sssup,c 7y essinf 7 J(t,x,7,0,P)_ (6.13)
et la fonction valeur supérieure par

W*(t,2,p) = essinfpep(q pyessinf, c 7 esssup, ez J (1, 2, 7,0, ), (6.14)
et en utilisant la caractérisation EDP du théoreme 6.3. nous établissons :

Théoréme 6.6. Pour tout (t,z,p) € [0,T] x R? x A(I) la valeur du jeu peut étre exprimée
par
V(t,x,p) = WH(t,z,p) =W (t,2,p). (6.15)

7 Conclusion et perspectives

Dans ce travail, nous avons contribué a I’étude des jeux différentiels stochastiques a in-
formation incompléte. Nous avons établi une représentation duale pour les jeux différentiels
stochastiques a 'aide d’une procédure de minimisation des solutions d’EDSR Ytt;x’lp. Ces
EDSR peuvent étre associées a des jeux différentiels avec les croyances du joueur non
informé comme dynamique progressive supplémentaire. Cette représentation nous permet
d’établir, par une preuve remarquablement simple, un résultat de régularité pour la fonc-
tion valeur avec les méthodes d’EDSR. En outre, sous ’hypothese que la fonction valeur
V' est suffisamment lisse et qu’ il y a un P tel que la valeur du jeu est donnée par une
solution d’EDSR Ytt;x’IP, nous dérivons des stratégies optimales. Toutefois, les conditions
sous lesquelles cette derniére hypothese est satisfaite sont loin d’étre évidentes. En effet
'existence et la structure d’un tel P optimal reste un probleme difficile et ouvert & des
recherches plus poussées.

Dans une partie suivante de cette these nous considérons des approximations numéri-
ques pour les jeux différentiels stochastiques a information incomplete. La on peut se faire
une idée de comment des mesures de martingales approchées peuvent étre construites sur
une grille & temps discret. Cependant passer a la limite pose également ici un probléeme
délicat. Un autre défi consiste a déterminer quelles sont les hypotheéses minimales qu’on
doit imposer pour la construction, par des méthodes numériques, de stratégies e-optimales
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pour le joueur informé. Les problémes que 1’on rencontre en raison de la nature stochas-
tique du jeu sont encore pour les jeux différentiels stochastiques a information complete
tres difficile a étudier.

La derniere partie de cette thése est consacrée a 1’étude d’un type différent de jeu a
information incomplete, a savoir des jeux d’arrét optimal. De nouveau, nous montrons
que ces jeux ont une valeur qui peut étre caractérisée comme une solution de viscosité a
un EDP variationnelle. En outre, nous obtenons une représentation duale de la fonction
valeur en termes d’une procédure de minimisation. En contraste avec la premiere partie,
il n’est pas clair ici si les jeux sur lesquels nous minimisons ont effectivement une valeur.
Pourtant, nous montrons qu’ asymptotiquement la valeur supérieure et inférieure de la
représentation duale coincide en utilisant la caractérisation par les EDP de la fonction va-
leur. Une extension naturelle serait de considérer les jeux différentiels stochastiques d’arrét
optimal, que 1'on appelle les jeux mixtes comme dans Hamadéne et Lepeltier [60]. Tou-
tefois, puisque les croyances du joueur non informé ne sont pas continues mais seulement
cadlag, les théoremes de Hamadeéne et Lepeltier [60] ne s’appliquent pas directement et
doivent étre généralisés.



Chapter 2

Introduction (English version)

1 Summary

The objective of this thesis is the study of stochastic differential games with incom-
plete information. We consider a game with two opponent players who control a diffusion
in order to minimize, respectively maximize a certain payoff. To model the information
incompleteness we will follow the famous ansatz of Aumann and Maschler [3]. We assume
that there are different states of nature in which the game can take place. Before the game
starts the state is chosen randomly. The information is then transmitted to one player
while the second one only knows the respective probabilities for each state.

The striking observation for the Aumann-Maschler-model is the so called Cav u theo-
rem to which we refer in the following as dual representation. It says that one can consider
a game with incomplete information as a game with information completeness where the
informed player - additional to his usual control - can control the dynamics of the new
game with the help of some martingale measures. This representation can then be used
to investigate games with incomplete information with the help of a game with complete
information. In particular, it allows to derive optimal strategies for the informed player.

The celebrated ideas of Aumann and Maschler, which date back to the late 1960s,
have been studied extensively for repeated games in the last decades. However it was
only recently that continuous time differential games with incomplete information were
first investigated by Cardaliaguet in [23],[24]. The existence and uniqueness of a value
function for stochastic differential games with incomplete information were then given by
Cardaliaguet and Rainer in [28] using viscosity solutions to some fully non-linear partial
differential equation (PDE). In a subsequent work Cardaliaguet and Rainer in [27] establish
in a simple deterministic setting a dual representation for these games.

In chapter 3 we extend the results of Cardaliaguet and Rainer [27] and establish a dual
representation for stochastic differential games with incomplete information. Therein we
make a vast use of the theory of backward stochastic differential equations (BSDEs), which
turns out to be an indispensable tool in this study. Moreover we show how under some
restrictions that this representation allows to construct optimal strategies for the informed
player. The results are based on the main paper:

1. A BSDE approach to stochastic differential games with incomplete information,
Stochastic Processes and their Applications, vol. 122, no. 4, pp. 1917 - 1946, (2012).
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In a subsequent note in chapter 4 we give - using the dual representation - a strikingly
simple proof for semiconvexity of the value function of differential games with incomplete
information.

2. A note on regularity for a fully non-linear PDE arising in game theory, (2011),
Preprint.

This result - merely based on probabilistic techniques - is new and would be from the
point of view of PDE theory much harder to establish.

Chaper 5 is devoted to numerical schemes for stochastic differential games with incom-
plete information. We are here concerned with how to explicitly construct an approxima-
tion for the value function. To that end we give a scheme which is fully discretized in time
with the drawback that - as in ordinary stochastic differential games - the value but not
the optimal strategies can be approximated. The results presented in this chapter can be
found in:

3. A probabilistic numerical scheme for stochastic differential games with incomplete
information, arXiv:1111.4136v1, (2011), submitted.

In Chaper 4 we investigate continuous time optimal stopping games, so called Dynkin
games, with information incompleteness. We show that these games have a value and
a unique characterization by a fully non-linear variational PDE for which we provide a
comparison principle. Also we establish a dual representation for Dynkin games with
incomplete information. This chapter is based on:

4. On a continuous time Dynkin game with incomplete information, in progress.

2 The mathematical toolbox: BSDE and PDE

2.1 Backward stochastic differential equations

Though first noted already in a work of Bismut [12] in 1973 the study of backward
stochastic differential equations (BSDEs) has its real starting point in 1990 with the pio-
neering paper of Pardoux and Peng [88]. In a series of subsequent works Peng [91], [92],
[93] et [94] and Pardoux and Peng [89] laid the basis for the investigation of BSDEs and
their connection to other fields of mathematics as optimal control and partial differen-
tial equations. The following years the theory of BSDE theory has seen a tremenduous
development and proved to be a most valuable tool for various applications, notably in
mathematical finance. For the latter we refer to the survey of El Karoui, Peng and Quenez
[45].

The very basis of BSDE theory is the classical martingale representation theorem.
Indeed let (€2, (Ft)icpo,11: Po) be a filtered probability space with the usual assumptions
carrying a Brownian motion B. If (F;) = o(Bs,s < t), then we have by the martingale
representation theorem for any square integrable Fr measurable random variable ¢ a
decomposition

T
¢ = El¢| 7o) + /0 Z.dB,, (2.1)
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where Z is an adapted square integrable process. Applying the martingale representation
theorem to the F; measurable random variable Yy := E[£|Fs] we get with (2.1) the following
equation:

T
Y, —¢— / Z,dB,. (2.2)

(2.2) is called linear BSDE and the couple of adapted processes (Y, Z) is called the solution
to (2.2).

More generally equations of the following form are denoted BSDE:

T T
Ys = §+/ for, Y., Z,)dr —/ ZydBy, (2.3)

where the driver f is a given random function, i.e. f = f,(-). We note that, if f is
independent of Y, (2.3) reads

Y,=E [g + /STf(r, Zr)dr‘]-"s} . (2.4)

Under a uniform Lipschitz assumption on the driver, the existence of a solution (Y, Z) to
(2.3) has first been shown by Pardoux and Peng [88] via a fixed point argument. Further-
more the uniqueness has been established via a comparison principle. Since then many
authors contributed to weaken the assumptions on f and on the terminal condition £ (see
e.g. Briand and Hu [16], Delbaen, Hu and Bao [37], Delbaen, Hu and Richou [38], Koby-
lansky [67], Lepeltier and San Martin [80]).

For later purposes we would also like to mention that, if the filtration (F;) is larger
than o(Bs,s < t), the martingale representation theorem does not apply. Instead one
can use the Galtchouk-Kunita-Watanabe decomposition (see e.g. Ansel and Stricker [2]).
It implies that for any square integrable Fr measurable random variable £ we have a
decomposition

T
£ = Bzt o) + /O Z.dB, + Nr, (2.5)

with an adapted square integrable process Z and a square integrable martingale N with
Ny = 0, which is strongly orthogonal to B. As in El Karoui and Huang [43] one can
consider BSDE of the following form

T T
Y. =¢ —I—/ for, Y, Z,)dr — / ZdB, — (Np — Nj). (2.6)
S S
with a triple (Y, Z, N) as solution.

2.2 Forward BSDE and their connection with PDE

A very important case - first considered by Peng in [91] - is when the driver and the
terminal condition of the BSDE depend on a stochastic differential equation (SDE)

dXo" =b(s, Xo)ds + o(s, Xi¥)dB, X" = (2.7)
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For given are deterministic functions g and f one considers
T T
ver =g + [ g XY 2 - [0t X 2 (28)
S S

where we slightly changed the last integral for notational reasons. The couple of equations
(2.7), (2.8) is called forward-backward stochastic differential equation (FBSDE).

Assuming sufficient regularity on the coefficients the existence and uniqueness for the
solution of (2.8) can be established by the theory of semi-liner PDE as can be found in
the book of Ladyzenskaja, Solonnikov and Uralceva [73]. Indeed, if u denotes a smooth
solution to PDE

9u 1 Ltr(oo*(t, x) D2u) + (b(t,x), Dyu) + f(t,x,u,Dyu) = 0
(2.9)
u(T,z) = g(z),
then by It6 s formula
YI© = u(s, XD
(2.10)
Z = Dyu(s, XL")

solves (2.8).

This connection has been first established by Peng in [91]. It is furthermore the central
idea of the so called four step scheme of Ma, Protter and Yong [82]. Therein it is shown
that this method applies also to find solutions for fully coupled FBSDE, i.e. the coefficient
of the forward part (2.7) depend also on (Y4% Z%%). The existence and uniqueness for
solutions for fully coupled FBSDE, namely the triplet (X%* Y% Z4%) are investigated
in numerous works also going beyond the Markovian framework (e.g. Hu and Peng [62],
Hu and Yong [63], Pardoux and Tang [90], Peng and Wu [95]). For a survey and further
references we would also like to refer to the textbook of Ma and Yong [83].

On the other hand a natural question is, whether the solution of the BSDE (2.8)
provides a solution to the semilinear parabolic PDE (2.9). Peng established in [91] this
generalization of the famous Feynman-Kac formula to the semilinear case. Indeed, the
function u defined by

u(t,z) ==Y (2.11)

is under regularity assumptions on the coefficient smooth and a classical solution to (2.9).
Hence Peng gives in [91] a completely probabilistic proof for the existence of a solution
of a semi-linear PDE. For later purposes we note that one small but important step in
the proof is to show that u(t,z) is deterministic. Here it is an easy consequence of the
Blumenthal zero-one law.

With merely Lipschitz assumptions on the coefficients Peng [92] showed that u(t, x)
solves the PDE in a weaker sense namely in the sense of viscosity solutions. This notion
was introduced for the investigation of control problems in the beginning of the 1980s by
Crandall and Lions [30]. The main reference for the theory of viscosity solutions is the
survey of Crandall, Ishii and Lions [29]. We will give in the following chapters a concise
definition for viscosity solutions in our cases of interest.
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As in the smooth case the theory of BSDEs gives a probabilistic proof of the existence
of viscosity solutions of semi-linear PDEs. However viscosity solutions are in general not
smooth enough to construct as in (2.10) solutions to BSDE.

3 Stochastic differential games

3.1 The problem

A zero-sum stochastic differential game is in general a game, where two opponent play-
ers while observing each other control a diffusive quantity. We shall give here the standard
form of this problem and fix the notation for the subsequent sections.

For the mathematical description it is convenient to consider the stochastic dynam-
ics on the canonical space C([0,T];RY) equipped with the Wiener measure Py. For the
reminder of the introduction we denote by Bs(wp) = wp(s) the coordinate mapping on
C([0,T];RY). By H = (H,) the filtration generated by s — B, and by (Hts)sefe,r) the
filtration generated by s +— By — Bs.

For all initial data ¢ € [0, 7], x € R? the players control a diffusion given by

¢ ¢ ¢
dXg" = b(s, X" ug, vs)ds + o (s, Xg™""  us, vs)dBs

X:,x,u,fu =z, (31)

where we assume that the controls of the players u,v can only take their values in some
sets U, V respectively, where U, V are compact subsets of some finite dimensional spaces.
The aim of the players is to minimize, respectively maximize the expected outcome

T
J(t,z,u,v) =E [/ I(s, X2V g vg)ds + g(Xp""") | (3.2)
t

where [ denotes the running costs of the game and g the terminal payoff. We note that in
general the coefficients might be random functions.

3.2 Differential games and stochastic differential games via PDE

The first studies of deterministic differential games (corresponding to the situation,
where o = 0 and the coefficients are deterministic functions) date back to the early 1940s
with the works of Isaacs [64] and Pontryagin [96], [97]. The main problem for the inves-
tigation of games in continuous time is to specify how the players can play. On one hand
they have to be given the possibility to react on the actions of their adversary while on
the other hand a proper definition has to avoid instantaneous switches. To circumvent
the difficulties the continuous time poses a common ansatz is to discretize the game in
time (see e.g. Fleming [49], [50], Friedman [54], Krasovskii and Subbotin [69], Subbotina,
Subbotin and Tretjakov [105],....). The outcome of the continuous time game is then the
limit of the outcome of the discrete time one.

A different ansatz for the investigation of deterministic differential games is given by
Evans and Souganidis [47] using the notion of non-anticipative strategies introduced by
Elliot and Kalton [46]. Their proof relies heavily on the technique of viscosity solutions
introduced by Crandall and Lions [30]. The results of Evans and Souganidis [47] were
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generalized by Fleming and Souganidis in [52] to the case of stochastic differential games,
where the system is Markovian, i.e. the coefficients are deterministic functions.

In order to avoid instantaneous switches Fleming and Souganidis [52] let the players play
control against strategy using the following definitions:

Definition 3.1. For any t € [0,T] an admissible control u = (us)secp, 1) for Player 1 is a
progressively measurable process with respect to the filtration (Hy s)sefe,r) with values in U.
The set of admissible controls for Player 1 is denoted by U(t).

The definition for admissible controls v = (vs)scp, ) for Player 2 is similar. The set of
admissible controls for Player 2 is denoted by V(t).

Definition 3.2. A strategy for Player 1 at time t € [0,T] is a non-anticipative map
a:[t,T] x V() = U(t), i.e. for anyv,v" € V(t), s € [t,T]

v=1" on [ts]= al)=al) onts]

The set of strategies for Player 2 is denoted by A(t).
The definition of strategies B : [t,T] x U(t) — V(t) for Player 2 is similar. The set of
strategies for Player 2 is denoted by B(t).

The lower value of the game is then defined as

V7 (t,z) = inf sup J(t, z,a,v), (3.3)
a€A(t) yeV(t)

where J(t,x,«,v) is associated with the couple of controls («a(-,v),v) € U(t) x V(t), and
similarly the upper value is defined as

Vt(t,z) = sup inf J(t,z,u,p), (3.4)
BeB(t) well(t)

where J(t,x,a,v) is associated with the couple of controls (u, 3(-,u)) € U(t) x V(t).

Definition 3.3. One says that the game has a value if
V= (t,z) =V (t,x) (3.5)
and V(t,z) .=V~ (t,z) = VT (t, ) is called the value of the game.

To show that the stochastic differential game has a value Fleming and Souganidis [52]
use the theory of viscosity solutions. Indeed, under suitable assumptions one can show
that VT is a viscosity solution to the Hamilton-Jacobi-Isaacs (HJI) equation

ow

5 T H*(t,z, Dyw, D?w) = 0, (3.6)

where for each t € [0,7], z € R, ¢ € RY, A € S¢

1
Ht(t,z,& A) = in[fj sup {(b(t,:n,u, v),&) + itr(aa*(t,x, u,v)A) + U(t, z,u, U)} . (3.7
uel yev

Furthermore by the very same methods V'~ is a viscosity solution to

)
ai: + H(t, 2, Dyw, D?w) = 0 (3.8)
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with

1
H™ (t,z,&, A) = sup inlf] {(b(t,:n,u, v), &) + itr(ao*(t,x, u,v)A) + U(t, z,u, U)} . (3.9
veEV UE

If one now assumes Isaacs’ condition
Ht(t,z,&,A) = H (t,x,&,A) = H(t,x,£, A), (3.10)

the viscosity solution property yields thoghether with a comparison principle for the HJI
equation (see e.g. Crandall, Isshii and Lions [29]) the result of Fleming and Souganidis
[52]:

Theorem 3.4. For any (t,z) € [0,T] x R? the stochastic differential game has a value
V(t,z) and the function (t,x) — V(t,x) is the unique viscosity solution to

ow 2 =
5 + H(t,x, Dyw, Diw) = 0 (3.11)
w(T,z) = g(x).

3.3 Stochastic differential games via BSDE

The study of stochastic differential games via the theory of BSDE was initiated by
Hamadene and Lepeltier in [58] ,[59]. The main contribution in using BSDE consists in
the possibility to consider non-Markovian systems where the PDE arguments of Fleming
and Souganidis in [52] cannot be applied. The ideas were later generalized to other situ-
ations in Hamadene, Lepeltier and Peng [61], El Karoui and Hamadene [42], Hamadéne
and Lepeltier [60] and Hamadéne and Hassani [57].

Indeed, by the very definition (3.2) the payoff for any (u,v) € U(t) x V(t) can be
written as J(t,x,u,v) =E [Ytt’m’“’v], where Y5%%v is the solution to the BSDE

VIR = (XY g [T 1, XE ) — [T ot (r, XD ZET B, (3.12)
with Xb®wY defined as

t t t
dXg" = b(s, X" ug,vs)ds + o (s, X" ug, vs)dBs

T, (3.13)

In Hamadene and Lepeltier [59] a zero-sum stochastic differential game is considered,
where the diffusion coefficient cannot be controlled by the players, i.e.

o(t,x,u,v) = o(t,z). (3.14)

and o is assumed to be non-degenerate. The idea in Hamadene and Lepeltier [59] is to
consider the game under a Girsanov transformation to decouple the forward dynamics
from the control. Then it is possible construct a couple of optimal controls for the players
by using the comparison prinicle for BSDE. By inverting the Girsanov transformation this
yields a saddle point equilibrium for the game.

Indeed, equivalently to the SDE (3.13) one can consider for each (u,v) € U(t) x V(t)

dX" = o(s, X¥")dB,

3.15
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under dP"*? = I'2"dP with

e = ¢ ( / b(r, XL, uy, 0,)0 (1, Xﬁ’f>1dBr> ' (3.16)
t

where £ denotes the Doléans-Dade exponential.
A cost functional as in (3.2) can then be expressed as

z](t, .’L‘, u, U) = E]Pu,v |:}/;t,$,u7’l}i| 5 (317)

where Y™ solves the BSDE
tru,w t,x T t,x t,x t,x,u,v
Y = g(Xp")+ [; (10r, X2 up, vp) 4+ 0(r, Xo7%  up, 07) 2 dr
(3.18)
— [Fo*(r, X" ZE" " dB,

with the P-Brownian motion B.

As in Fleming and Souganidis [52] Isaacs’ condition is assumed, which in this case is
supposed to hold pathwise:

SUpPyey infUEU {<b(t’ Z,u, U)’ §> + l(t7 z,u, U)}
(3.19)

= inf, ey sup, ey {(b(t, z,u,v), &) + U(t, z,u,v)} = H(t,x,§)

and it is possible to define for all ¢ € [0, T], z € R%, £ € R w*(t, z, ), v*(t, x, £) respectively,
such that :

H(t,z,&) > (b(t,x,u*(t,z,£),v),&) + U(t,z,u*(t,z,&),v) forallveV

H(t,x,&) < (b(t,z,u,v*(t,x,8)),&) + U(t,x,u,v*(t,x,§)) forall u e U. 520
One can now define the processes
_ ta, ot
o @21
where Z% is given by a solution to the BSDE
Vi = g(XEy + [T H, X, 28 dr — [T ot (r, XY ZE7dB, . (3.22)
Furthermore for all u € U(t), v € V(t) the comparison principle for BSDEs yields
yhom < yhe o yhowd (3.23)

P-a.s. and since E [Yf‘r} = J(t,z,u,v), this gives a saddle point for the game in the

following sense:

Theorem 3.5. For any (u,v) € U(t) x V(t)

J(t,z,u,v) < J(t,z,u,0) < J(t,z,u,0) (3.24)

and one can define V(t,z) =E [Ytt’x] as the value of the stochastic differential game.
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It is worth to mention that the optimal pair of controls (u,v) is adapted but in general
not of a feedback form as formula (3.21) might indicate, i.e. is in general not given as
a function of time ¢ and state of the system at time ¢. Indeed (3.21), defines u,v under
P. But the real dynamics of the game are given under P%?. So in order to calculate the
optimal strategies one has to perform a measure change and in general Z%% might under
the measure change quite as well depend on the whole history of w,v. For a detailed
discussion of this rather deep issue we refer to the paper of Rainer [98].

On the other hand if the coefficients are deterministic functions it is clear that the
value of the game defined by Fleming and Souganidis [52] coincides with the one found in
Hamadene and Lepeltier, since the solution of the BSDE (3.22) gives a viscosity solution
to the HJI equation (3.11). Furthermore if V € C12([t, T],RY) then by uniqueness of the
solution of the BSDE (3.22) and (2.8)

Z0 = D.V(s,Xi") (3.25)
and the optimal feedback controls are given by

i, = u*(s,X5" D,V(s, X))

3.26
1_]3 — U*(S,X?w,DxV(S,X?z)) ( )

under P%? hence the real world dynamics. In order to play optimally one has to set at
each time s the actual value of the system, which is precisely X** under P%?, into (3.26).

3.4 Fleming Souganidis revisited

We have seen in the previous section that the theory of BSDE can be used to study
games in non-Markovian systems by establishing the existence of a saddlepoint. Buckdahn
and Li showed in [19] that BSDEs can also be used to unburden the technically rather
heavy proof of Fleming and Souganidis [52]. Indeed, the latter work has as disadvantage
that the controls in U(t), V(t) respectively, are restricted not to depend on the paths of
the Brownian motion before time ¢. This restriction implies heavy technicalities in the
proof of Fleming and Souganidis [52]. Buckdahn and Li relax in [19] this condition by im-
posing that admissible controls are measurable process with respect to the whole filtration

(HS)SE[t,T] .

Furthermore in Buckdahn and Li [19] more general cost functionals are considered,
namely
J(t, z,u,v) = Ytt’x’u’v, (3.27)

where ;""" is defined as the solution to a FBSDEs (X} ™", Y;"™"" Zb®"") with coeffi-
cients that are as in Fleming and Souganidis [52] deterministic functions. However for u, v
supposed to be Hy and not H; s measurable in contrast to (2.11) the Blumental zero-one
law does not apply, hence Y;"""" is in general not deterministic.

One central step in the work of Buckdahn and Li [19] is to show that the lower value
function
V7 (t,x) = essinfaeA(t)esssupvev(t)Ytt’x’a’”, (3.28)

and the upper value function

VT(t,z) = esssup@eg(t)essinfueu(t))@t’x’u’ﬁ, (3.29)
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are deterministic. They accomplish this with an elegant idea, namely by showing that
V*(t,x) and V'~ (¢, z) are invariant under variations on the Cameron Martin space.

The more general choice of u,v enables now a direct proof of the viscosity solution
property for the upper and lower value functions to some HJI equations which are under
an Isaacs’ condition equal again. The results of Buckdahn and Li [19] are extended to
more general cases in subsequent papers by Buckdahn and Li [20], Buckdahn, Hu and Li
[18] and Lin [81].

4 Stochastic differential games with incomplete information

4.1 General games with incomplete information

The formalism introduced by Aumann and Maschler in [3] in 1968 considers zero-sum
games with incomplete information of the following structure:

— There are I differerent states of nature the game can take place. Before it starts one
state is picked with a probability p, which is commonly known.

— The information is transmitted to Player 1, while Player 2 only knows p.

— Player 1 wants to minimize, Player 2 wants to maximize his payoff.

— We assume both players observe their opponents control.

While in one shot games the last assumption is redundant in repeated games, where the
game takes place in multiple stages, it becomes crucial. Since his opponent observes the
informed player, it is important for him to find at each stage the right balance between
using the information and hence revealing it or hiding it in acting less optimal in order to
be able to use it at a later stage. Indeed it turns out that it is optimal for the players to
play randomly according to an additional random advice.

The famous idea of Aumann and Maschler [3] is now that one can consider a game
with incomplete information as a random game with complete information, where both
players do not know the state of nature. At each step all states of nature are played simul-
taneously with a certain probability. This probability reflects the belief of the uninformed
player about which state of nature has been chosen according to his current information
and hence gives rise to a discrete martingale. Since the beliefs are controlled by the actions
of the informed player he will act such that this martingale gives a minimal outcome of the
simultaneously played games. This representation is known as the famous cav u theorem
(Though vex u is more correct in our case, since the informed player is the minimizer). In
the following we will refer to this representation of a game with incomplete information
also as dual representation.

The case of repeated games with incomplete information on one or both sides has been
studied extensively since the seminal work of Aumann and Maschler [3] and is up to now
an active field of research. For a survey and numerous references on the study of repeated
games with incomplete information we refer to the textbook of Sorin [99]. For recent
reseach in that field we like to mention the works of De Meyer and Rosenberg [34], De
Meyer, Lehrer and Rosenberg [33], Gensbittel [55], Laraki [74], [75] and Sorin [100],[101].
Furthermore an application to stock markets can be found in the work of De Meyer [32].
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4.2 Stochastic differential games with incomplete information

Only recently the setting of Aumann and Maschler was generalized to deterministic
differential games in Cardaliaguet in [23], [24] and to stochastic differential games by
Cardaliaguet and Rainer in [28]. Therein the dynamic of the game is given by a controlled
diffusion, i.e. for t € [0,T],z € R?

dXé’z’“’v = b(s,Xﬁ’x’“’U,us,vs)dS + o(s, Xﬁ’x’”’”, Ug, Vs )dBs Xf’x = . (4.1)

As in the model of Aumann and Maschler there are I € N* different states of nature
corresponding to I different

(i) running costs: (Ii)ieq1,..ny : [0, 7] x R? x U x V — R and

(ii) terminal payoffs: (gi)icq1,..1} R? — R.
Before the game starts one of these states is chosen according to a probability p € A(T),
where A(I) denotes the simplex of R!. The information is transmitted to Player 1 only.
Player 1 chooses his control to minimize, Player 2 chooses his control to maximize the
expected payoff. We assume both players observe their opponents control.

As in the case of differential games with complete information it is assumed, that an
Isaacs’ condition holds. In the case of incomplete information it reads:

SUPyev inquU {(b(t? €z, u, U)v £> + %tr(aa* (t7 €z, u, U)A) + <p7 l(t) €Z,u, U)>}
= infycp supyey {(b(t, z,u,v), &) + Str(oo*(t, z,u,v)A) + (p,U(t,z,u,v))} (4.2)

= H(t7 ‘/'U’ p’ 5? A)

For later purpose the definition of admissible strategies differs slightly from Fleming
and Souganidis [52]:

Definition 4.1. For any t € [0,7] an admissible control u = (us)sej¢) for Player 1 is
a progressively measurable cadlag process with respect to the filtration (Hys)sep, ) with
values in U. The set of admissible controls for Player 1 is denoted by U(t).

The definition for admissible controls v = (vs)scpy, ) for Player 2 is similar. The set of
admissible controls for Player 2 is denoted by V(t).

As in the case of repeated games the players learn and adapt to the information they
learn, so a value defined by playing strategy against control as in Fleming and Sougani-
dis [52] is not sufficient. To allow an interaction, hence playing strategy against strategy
with a value that is still defined, Cardaliaguet and Rainer adapt in [28] the notion of non
anticipative strategies with delay introduced in Buckdahn, Cardaliaguet and Rainer [17]
to the stochastic setting.

Furthermore one has to take into account that the informed player tries to hide his in-
formation. In order to do this he has to be allowed to add an extra randomness to his
behavior. Note that it is also reasonable to allow the uninformed to use random strate-
gies. As shown for deterministic games by Souquiere in [103], the uninformed player plays
random as well in order to make himself less vulnerable to the manipulation.

Both features required for strategies in games with incomplete information are incorpo-
rated in the following definition of Cardaliaguet and Rainer [28]:

Let Uy, respectively V4, denote the set of cadlag maps from [t,T] to U, respectively V.
Let Z be a fixed set of probability spaces that is nontrivial and stable by finite product.
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Definition 4.2. A random strategy for Player 1 at time t € [0,T)] is a a pair ((Qa, Ga, Pa),
), where (Qa, G, Po) is a probability space in T and o : [t, T]x Qo xC([t, T]; RY) x V; — Uy
satisfies
(i) « is a measurable function, where Qq, is equipped with the o-field G,
(ii) there exists & > 0 such that for all s € [t,T] and for any w,w’ € C([t,T];RY) and
v,v" € V; we have:
w=uw andv="1"a.e. on |t s3]
= a(,w,v) =a(,w, V) ae on[t,s+ 0] for any w, € Qq.
The set of random strategies for Player 1 is denoted by A" (t).
The definition of random strategies ((Qs,Gs,Pg), 8), where B3 : [t,T] x Qg x C([t, T]; R?) x
Uy — Vi for Player 2 is similar. The set of random strategies for Player 2 is denoted by
B (t).

Note that Definition 4.2. is in contrast to Definition 3.2 of Fleming and Souganidis [52]
a pathwise one. Hence to ensure the well posedness of the SDE (4.1.) we have to assume
more regularity on the controls in order perform a pathwise construction of stochastic
integral in (4.1). For a concise study of this construction we refer to Karandikar [66].

In Cardaliaguet and Rainer [28] Lemma 2.1. it is shown, that thanks to the delay it
is possible to associate to each couple of random strategies (a, 3) € A" (t) x B"(t) for any
(Wa,wg) € Qo x Qg a unique couple of admissible strategies (u“>“8, v**“8) € U(t) x V(t),
such that for all w € C([t, T};R%), s € [t,T]

(8, Wa, w, V998 (W) = ug™ P (W)  and  B(s,wg,w,u (W) = ve" P (W)

Hence for any (t,z,p) € [0,T] x R x A(I), (ay,...,a;) € (A"(t))!, B € B'(t) the payoff

I T
J(t, z,p,Q, /3) = Zpi E@z‘ﬁ |:/ li(57 X;’I7Ui’vi7 (ui)87 (vi)s)ds + gi(X%%W,vi) (43)
i=1 )

with (u;,v;) such that u; = a;(v;), v; = B(u;) is well defined. We note that the information
advantage of Player 1 is reflected in (4.3) by having the possibility to choose a strategy @;
for each state of nature i € {1,...,I}.

And as in Fleming and Souganidis [52] one can now define the lower value, respectively
the upper value of a stochastic differential game with incomplete information as

V=(t,x,p) = supgepr infaear@yr J(t 2,0, a,6)
(4.4)

V+(t,ac,p) = inf@E(AT(t))IsupﬁéBT(t)J(t7x7p7@75)‘

By the very definition we have V= (t,z,p) < V*(¢t,z,p). To show that the game has a
value the reverse inequality is established by Cardaliaguet and Rainer in [28] using the
theory of viscosity solutions. However in contrast to the HJI equation (3.11) for stochastic
differential games with complete information the value function satisfies a HJI equation
with a convexity constraint in the variable p. The result of Cardaliaguet and Rainer in
[28] together with the PDE characterization by Cardaliaguet in [25] are summed up in:

Theorem 4.3. For any (t,x,p) € [0,T] x R? x A(I) the stochastic differential game with
incomplete information has a value V (t,x,p). The function V : [0,T] x RY x A(I) — R is
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the unique viscosity solution to

min {% + H(t,z, Dyw, D?w, p), Amin (p, %27%’)} =0
(4.5)

w(T7 l‘,p) = Ez pigi(l‘),

where for all p € A(I), A e S'

A
Amin(p, 4) :=  min <Z’;>
€T \0} |2

and Ta(ry(p) denotes the tangent cone to A(I) at p, i.e. Ta(r)p) = Urso(A) —p)/A .

4.3 Dual representation for stochastic differential games

The aim now is to establish an analog to the dual representation of Aumann and
Maschler [3] for the case of stochastic differential games. An example of a deterministic
game in a continuous time setting is considered in Cardaliaguet and Rainer [27] using a
minimization over martingale measures. A similar technique is introduced in De Meyer
[32] in the framework of financial markets with informed agents.

In chapter 3 we generalize their result to the case where the dynamics are given as in
Hamadéne and Lepeltier [59] by a controlled diffusion, i.e. for ¢t € [0,T],z € RY

AXD7Y = b(s, XY g, v0)ds + o(s, XP"")dBs  Xp* = 1. (4.6)

As in Hamadeéne and Lepeltier [59] it turns out to be crucial to assume the non-degeneracy
condition for o (¢, x).

Following the notation of Cardaliaguet and Rainer [28] we have for each initial data
(t,x,p) € [0,T] x R? x A(I) and each random strategy of the informed player & € (A" (t))!
and the uninformed player 3 € B"(t) an expected payoff

I T _
'](tv z,p, Q, ﬁ) = Zpl ]E&i,ﬁ |:/ li(‘sv X?m’ai’ﬁa (&i)sa ﬁs)ds + gi(X%w,aiﬁ) , (47)
i=1 ¢

while Isaacs condition here reads:

inquU SUPyecv {<b(t7 €, u, U)v g) + <p7 l(tv €, u, ’U)>}
= SUPyecv infUEU {<b(t’ z,u, U), §> + <pa l(tv €, u, U)>} (48)

= H(t7$7€7p)

To provide a dual representation we enlarge the canonical space C([0,T];R?) of the
Brownian dynamics to the product space Q := D([0,T]; A(I)) x C([0,T];R%), where
D([0,T7; A(I)) denotes the set of cadlag functions from R to A(I), which are constant
on (—o0,0) and on [T,400). We denote by ps(w,) = wp(s) the coordinate mapping on
D([0,T]; A(I)) and by G = (Gs) the filtration generated by s — ps. We equip the space 2
with the right-continuous filtration F, where F; = Ng= F0 with (FQ) = (Gs ® Hs), where
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(Hs) was defined as the filtration generated by the canonical process B on C([0,T];RY).
In the following we shall, whenever we work under a fixed probability P on €2, complete
the filtration F with P-nullsets without changing the notation.

We shall equip the filtered space €2 with measures P in order to model the beliefs of the
uninformed player by the additional process p. Before the game starts the information
of the uninformed player is just the initial distribution p. At the end of the game the
information is revealed hence pr € {e;,i = 1,...,1}, but this is determined before the
game starts so pr is independent of (Bs)sec(—o0o,r]- Finally, the martingale property, p; =
Ep[pr|Fi], is due to the best guess of the uninformed player about the actual state of
nature. These features are incorporated in the following definition:

Definition 4.4. Given p € A(I), t € [0,T], we denote by P(t,p) the set of probability
measures P on 0, such that under P
(i) p is a martingale, such that
(a) ps=p Vs <t,
(b) pse{eii=1,...,1} Vs > T P-a.s. and
(¢) pr is independent of (Bs)se(—oo,1]5
(i4) (Bs)sejo,r) s a Brownian motion.

As in our case the Hamiltonian H (¢, x, &, p) defined in (4.8) depends on an additional
parameter ¢ € R? a direct dual representation using the Hamiltonian as in Cardaliaguet
and Rainer [27] is not possible. Inspired by Hamadéne and Lepeltier [59] we use the theory
of BSDE to solve this problem. For all t € [0, 7], 2 € R? we define the process X»* by

X =z s<t, XP=az+[lo(r X ")dB, s>t (4.9)
Let p € A(I). We consider for each P € P(t,p) the BSDE
l/stym,P — <pT,g(X§1x)> + fsT H(T, Xﬁ7x, Z;7x’P,p7‘)d7‘
(4.10)
— [P o*(r, X} 25" dB, — Np + N,
where N is a square integrable martingale which is strongly orthogonal to B.
In particular we have
» T
Yf_”” =Ep [/ H(r, Xﬁ’x,Zﬁ’x’P,pr)dr + <pT,g(X%x)>}.7-"t_ . (4.11)
t

As in Hamadeéne and Lepeltier [59] one can see that Yttfv’P is the (random) outcome of a

stochastic differential game with complete information with an additional forward dynamic
p. Note that with the definition of P(t,p), ps is merely Fs adapted hence might as well
depend on the paths of Brownian motion B before the game starts. So we are in a similar
situation as in Buckdahn and Li [19].

In chapter 3 of this thesis the following dual representation for the value function is
established:

Theorem 4.5. For any (t,z,p) € [0,T) xR x A(I) the value of the game with incomplete
information V (t,x,p) can be characterized as

V(t, 2, p) = essinfpep(r ) Y, - (4.12)
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Note that we can identify each P € P(¢,p) on F;— with a common probability measure
Q = i(p) ® Py, where §(p) is the measure under which p is constant and equal to p and
Py is a Wiener measure. So the right hand side of (4.12) is defined Q-a.s. but a priori not
deterministic. To establish that essinfpep(t,p)Yf;x’P is deterministic an essential step in the
proof of Theorem 4.5. is to adapt the ideas of Buckdahn and Li [19] to our setting.

4.4 Optimal “strategies” in the stochastic case

We have with Theorem 4.5. a representation for the stochastic differential game with
incomplete information. But - as in Hamadeéne and Lepeltier [59] for the complete in-
formation case - with dynamics that are given under Girsanov transformation of the real
world. So in order to use the representation (4.11) to investigate the game and describe
the optimal behavior of the informed player as in Cardaliaguet and Rainer [27] we have
to reverse this transformation.

This is indeed possible and we provide in chapter 3 of this thesis a result under the
additional assumption that V € C»22([t,T) x R? x A(I);R) and there is P € P(t,p), such
that ~

V(t,z,p) =Y " (4.13)

Thanks to Isaacs condition one can define the function u*(t, z, p, ) as a Borel measur-
able selection of argmin, c;; maxy,ev {(b(t, z,u,v), &) + (p, [(t, z,u,v))}, hence

H(t’ x? £7p) = I’,flea@v{ { <b(t7 'r’ u*(t’ $7p7 g)’ U)? £> + <p7 l(t7 x? u*(t7 :I:?p? 5)7 ,U)>}' (4'14)
As in (3.26) we define the process
s = u* (s, X0%, D,V (s, X5 ps), Ps) (4.15)

and for any 3 € B(t) the equivalent measure P%* = (I‘%B )P with
S
F?’ﬁ =& (/ b(r, X5, ., B(a),)o* (r, Xﬁ’x)_ldBr)
t

forsZtanng’ﬂ:1f0r5<t.
Since the informed player knows the state of nature he will be playing conditional to the
outcome of the choice of the state at the beginning of the game. Hence we define now for

any ¢ € {1,...,I} and for any (3 € B(t) a probability measure ]@?’ﬁ(ﬂ) by: for all A € F we
have

)

5a,6(a i1, B (1 1 a8 .
PLA@ 4] = PEA@ [Ajpy = ¢;] = ;IP’“’B(”) [AN{pr=e}], if p; >0,
and P?’ﬂ(ﬂ) [A] = P%A@)[4] else.

In chapter 3 we establish:

Theorem 4.6. For each state of nature i = 1,...,1 and any strategy of the uninformed
player B € B(t), playing

us = u*(s, X0* D,V (s, X" ps), ps) with probability I@?’B(ﬂ) (4.16)

is optimal for the informed player.
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We would however like to mention that the result of Theorem 4.6. has some subtleties.
Different to the case of complete information where (3.26) gives optimal feedback controls,
(4.16) does in general not. Indeed % depends on the state of the system, i.e. X% under
I@f’ﬁ @ and the shifted randomization p under the optimal measure P?’ﬁ (@ Since this shift
depends on the strategy (§ of the uninformed player, we do not find a random feedback
control but a kind of random strategy for the informed player which is not consistent with
the random strategies defined in Definition 4.2. To get such a random strategy it would

be necessary to show a certain structure of the optimal measure P.

4.5 A regularity result

A rather remarkable fact is that the representation in theorem 4.5. via solutions of
BSDESs gives us the possibility to derive with probabilistic tools a regularity result for the
value function V' . Indeed assuming additional regularity for the coefficients:

(1) (9i)ieqr,...ny R? — R is differentiable with bounded, Lipschitz continuous deriva-

tive

(ii) o : [0,T] x R® — R4 is for any t € [0,T] differentiable with respect to = with

bounded, uniformly Lipschitz continuous derivative

(iti) H :[0,T] x R x R% x A(I) — R is for any t € [0, 7] differentiable in z and z with

bounded, uniformly Lipschitz continuous derivative
we show in chapter 4:

Theorem 4.7. The value function V is semiconcave in x with linear modulus.

The proof is very similar to the regularity proofs for semilinear PDEs via BSDE tech-
niques in Pardoux and Peng [89]. However in view of (4.12) we probably cannot expect
the value function to be smooth, in particular at points where there might be several
minimizing measures. In that context the natural notion of regularity is indeed semicon-
cavity, which is a valuable property if one considers control problems (see e.g. the book of
Cannarsa and Sinestrari [21]). In particular by Alexandroff’s Theorem we can conclude:

Corollary 4.8. V is twice differentiable a.e. in x, i.e. for allt € [0,T],p € A(I) and a.e.
zo € RY there exists € € R?, A € ST such that

lim V(tvxap) - V(ta $07p) - <£7.T - .’L'()> + <A(‘T - .’17())7.% - .’L’O>
z—0 |z — 20|?

= 0. (4.17)

Furthermore the gradient D,V (t,x,p) is defined a.e. and belongs to the class of functions
with locally bounded variation.

5 Approximation of stochastic differential games with in-
complete information

5.1 Approximation of stochastic differential games and associated HJI
equations

The approximation of deterministic differential games with complete information dates
back to the 1960s. As we already mentioned in section 3 they were actually used to define
values for continuous time games by approximation with discrete time ones. With this
ansatz it is even possible to derive e-optimal feedback controls for deterministic continuous
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time games, where it is sufficient that the player just acts on a sufficiently fine discrete
time grid. The results and numerous references can be found in the book of Krasovskii
and Subbotin [69].

For the numerical approximation of stochastic differential games a Markov chain ap-
proximation method is widely used as described in the textbook of Kushner and Dupuis
[72]. The convergence proof usually uses PDE techniques. A purely probabilistic proof
of convergence is found in Kushner [70]. However the derivation of e-optimal feedback
controls for stochastic differential games with a numerical scheme is more tricky due to
the stochastic nature of the game. Indeed, reducing the first player to play on a time grid
while the other one still can act and adapt to the Brownian noise during the intervals,
might offer the second player a possibility to disproportionally make profit, unless there
are rather restrictive additional assumptions fulfilled.

In the spirit of the BSDE ansatz for stochastic differential games of Hamadene and
Lepeltier in [59] Bally derives in [4] a method to approximate of the value function of a
stochastic differential game via the approximation of solutions of BSDEs. In the article
of Bally [4] the approximation is - different to the Markov chain approximation - under a
Girsanov transformation of the system, i.e. the approximation of a BSDE with the Hamil-
tonian as driver is used. e-optimal feedback controls for both players are then derived by
reversing the transformation. However the assumptions in Bally [4] for establishing the
e-optimality are again rather restrictive.

Besides the ansatz of Bally in [4] there are various other methods to approximate so-
lutions of BSDE. Among the first to further develop the theory were Bouchard and Touzi
[15] and Zhang [108] in 2001. Later works on approximations for BSDE and their relations
to PDE are given by Bender and Denk [8], Bender and Zhang [9], Delarue and Menozzi
[36] and [35]. Indeed, in the light of the close connection of PDEs with BSDEs approxi-
mating a BSDE can be seen as a completely probabilistic approximation for the solutions
of semilinear PDE - including the HJI equation characterizing stochastic differential games
as an example.

On the other hand one can directly consider an approximation of viscosity solutions
to semilinear and fully non-linear PDE. The conditions for the convergence of approxi-
mation schemes, most notably a monotonicity condition, are investigated by Barles and
Souganidis in [7]. In a very natural way such approximations give rise to approximation
schemes for BSDE. Monotone approximation schemes were also applied in the recent work
of Fahim, Touzi and Warin [48] where fully nonlinear parabolic PDEs are treated. We
would also like to refer to the recent survey of Bouchard, Elie and Touzi [14] on the nu-
merical approximation of BSDEs and related PDEs.

5.2 Numerical scheme for stochastic differential games with incomplete
information

The approximation for deterministic differential games with incomplete information
was given by Cardaliaguet in [26]. The deterministic case with information completeness
on both sides has been investigated by Souquiére in [102]. In chapter 5 we extend the
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approximation of [26] to the framework of stochastic differential games, where we consider
as in section 4.2 a diffusion with controlled drift but uncontrolled volatility

AXD7Y = b(s, XY g, v0)ds + o(s, XP"")dBs  Xp* = 1. (5.1)

Again, for each initial data t € [0,7], + € R%, p € A(I) and random strategy of the
informed player @ € (A”(t))! and the uninformed player 3 € B"(t) we have an expected
payoff

I T ~
J(t.2.p.6,0) = Y pi Eas [ [ s, X0 @) s + g (X)L (52)
i=1 ¢
where Isaacs condition is assumed
inf, e sup, ey {(0(t, z,u,v), &) + (p, U(t, x,u,v))}
= sup,ey infycy {(b(t, z,u,v),&) + (p,1(t, z,u,v))} (5.3)

=: H(t,l’,f,p)

as well as the non-degeneracy of o(t, ).

In constrast to Cardaliaguet [26] and Souquiére [102], we can use the latter assump-
tion to work as Bally in [4] on the problem under a Girsanov transform. We then consider
an stochastic algorithm, which is very close to the one investigated in Fahim, Touzi and
Warin [48], for a semi-linear PDE together with a convexification in p at each time step.
The algorithm is constructed as follows:

For L € N we define a partition of [0,7] II” = {0 = tg,t1,...,t = T’} with stepsize

T= % We will approximate the value function backwards in time. To do so we set for all
k=0,...,L,z e R% pec A(D)

VT(tL7x7p) = <p7g(x)> (54)
and we define recursively for k=L —1,...,0

V7 (tg, x,p) = Vexp(E [VT(tkH, x + o(tg, x)ABk,p)]
(5.5)
+TH(tk‘7 x, Zk($ap)ap))7

where ABJ = By, ,, — B; and Zi(z,p) is given by

2(e,p) = TE [V (tkr, @ 4 ot 2)ABY, p)(0°) 7 (1, 2) ABY] (5.6)

and Vex,, denotes the convex hull with respect to p, i.e. the largest function that is convex
in the variable p and does not exceed the given function.

As in Barles and Souganidis [7] we show in chapter 5 of this thesis the convergence to
the value of the game:

Theorem 5.1. V7 converges uniformly on the compact subsets of [0,T] x R* x A(I) to
V(t,z,p), in the sense that

lim V7 (tg, o', p)) = V(t,z,p). (5.7)

’TlO, tp—t, Q?l—)I, pl_)p
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6 Games of optimal stopping under information incomplete-
ness

6.1 Dynkin Games: history and general results

Dynkin games have been introduced by Dynkin in 1969 in [39] as a game problem of
optimal stopping. The game is played by two opponent players who want to minimize
resp. maximize a certain payoff. In contrast to the games we described in the previous
sections the players are given the possibility to stop the game at any time by undergoing
a certain penalty. The problem has attracted a lot of attention from scientists working in
the field of probability as well as in the theory of PDE. Concering the latter, the works of
Bensoussan and Lions [11], Bensoussan and Friedmann [10], Friedman [53] were the first to
consider continuous time stopping games by establishing a relation with variational PDE.

Besides the analytic ansatz there are various purely probabilistic methods applied to
study Dynkin games (see e.g. Alario-Nazaret, Lepeltier and Marchal [1], Bismut [13],
Ekstrom and Peskir [40], Eckstrém and Villeneuve [41], Lepeltier and Maingueneau [79],
Morimoto [85], Stettner [104] and the very recent work of Kobylanski, Quenez and de
Campagnolle [68]). In combination with controlled diffusions also BSDE methods have
been applied by Cvitanic and Karatzas [31], Hamadene and Lepeltier [60]. Therein the
optimal stopping game leads to the study of reflected BSDEs introduced in El Karoui,
Kapoudjian, Pardoux, Peng, Quenez [44]. Most of the works have the famous Mokobodski
condition in common, which is in some sense an eqivalent to Isaacs’ condition. It can be
completely removed by introducing random stopping times as first shown in Touzi and
Vieille in [106] and elaborated by Laraki and Solan in [77].

6.2 A simple example for the analytic approach

For our purpouses we would like to repeat what is well known for Dynkin games with
complete information in a rather simple Markovian framework, i.e. as in section 3.1 on
the canonical Wiener space (C([0, T]; R?), (H;), Py). The dynamics are given by a diffusion

dXP" = b(s, X0")ds + a(s, X1")dB, X, = a. (6.1)

We consider a game with two opponent players who want to minimize, respectively max-
imize a certain payoff g(X7"), where

g:Rd—>R.

However - in contrast to the games we considered in section 3 - the players have the
possibility to stop the game at any time while undergoing a certain punishment. Player
1 chooses 7 € [0,7] to minimize, Player 2 chooses o € [0,T] to maximize the expected
payoff

J(t, €r,T, U) = E f(O', Xé7x)]-o'<7'<T + h(T7 X‘f'7x)17'§0',7'<T + Q(X'%x)laz‘r:T (62)
with

(i) early execution payoff for Player 2: f: [0,7] x R? — R,
(ii) early execution payoff for Player 1: h: [0,7] x RY — R,
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where as usual for the PDE ansatz (see e.g. Bensoussan and Friedmann [10]) it is assumed
that for all t € [0,7], x € RY

f(t,x) < h(t,x) and f(T,2) < g(z) < AT, ). (6.3)

Definition 6.1. At time t € [0,T] an admissible stopping time for either player is a
(His)seje,r) stopping time with values in [t,T]. We denote the set of admissible stopping
times by T (t).

One can then define the lower value function by

V7 (t,z) = sup inf J(t,z,7,0) (6.4)
oeT(t) TET (1)

and the upper value function by

V(t,z) = inf sup J(t,z,7,0). (6.5)
T€T() oeT(t)

Again one can use PDE methods to show that the game has a value, i.e. V7 (t,2) =
V*(t,x) = V(t,z). The following characterization dates back to Bensoussan and Fried-
mann [10] for a smooth case and can be found in the book of Barles [6].

Theorem 6.2. For any (t,x) € [0,T] x R? the game has a value V (t,x). The function
V :[0,T] x RY — R is the unique viscosity solution to

max{min{(—%—E)[w],w—f(t,x)},w—h(t,m)} =0

w(T,z) = g(z),

where
Llw|(t, x) == %tr(aa*(t, 2)D2w(t, x)) + b(t, z) Dyw(t, x).

6.3 Stochastic Dynkin games with incomplete information

In chapter 6 we consider an optimal stopping game with incomplete information. As
in the ansatz of Aumann and Maschler [3], we assume that there are I different states of
nature for the game. Before the game starts the state of nature is chosen according to a
probability p € A(I).

The game is played by two opponent players, who want to minimize, respectively maximize
a certain payoff gi(Xp}’x) depending on the state of nature i € {1,...,1} and on the terminal
value of the diffusion X?Z given by (6.1), where

gi:RT =R, ie{l,....I}

As in the previous example the players have the possibility to stop the game at any time
while undergoing a certain punishment, i.e. for ¢ € {1,...,I}

(i) early execution payoff for Player 2: f; : [0,7] x R? — R,

(ii) early execution payoff for Player 1: h; : [0,7] x R — R.
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For all states of nature ¢ € I we assume
fi(t7$) < hi(t7x) and fz(Tam) < gz(x) < hl(Ta 1‘) (67)

When the game starts Player 1 is informed about the state of nature i € {1,...,I}, Player
2 just knows the respective probabilities p;. We assume both players observe their oppo-
nents control. That means they know immediately, when the game is stopped and the
payoff is revealed.

As in Cardaliaguet and Rainer [28] we allow the players to play randomly to hide their
information or to make themselves less vulnerable to manipulation. Meaning that they
can choose their stopping decision with an additional random device. Using the definition
in Laraki and Solan [77] we define:

Definition 6.3. At time t € [0,7] an admissible stopping time for either player is a
(Hts)serT stopping time with values in [t,T]. We denote the set of admissible stopping
times by 7T (t).

A randomized stopping time after time t € [0,T] is a measurable function p : [0,1] X
C([t,T];RY) — [t, T] such that for all r € [0,1]

T (W) = p(r,w) € T(t)
We denote the set of randomized stopping times by T"(t).
For any (t,z,p) € [0,T] x R x A(I), (p1,...,p1) € (T7 (), v € T"(t) we set
J(t,,p, 1,v) = 311 piErosaen | fi (Vs X0 ) e p<r

(6.8)
Fhi(pis XD L<vguer + 9i(XE) Lymver1 |,

where A denotes the Lebesgue measure on [0, 1]. (In the following we will skip the subscript
Po@A®@ )
We define the lower value function by

Vo (t,z,p)= sup  inf J(t z,p,pv) (6.9)
veTr(t) ne(TT(t)!

and the upper value function by

V*t(t,z,p)= inf sup J(t,x,p,p,v). 6.10
( ) HE(TT () veTr(t) ( (6.10)

To show that the game has a value we establish:

Theorem 6.4. For any (t,z,p) € [0,T] x R? x A(I) the game has a value V (t,z,p). The
function V : [0, T] x RY x A(I) — R is the unique viscosity solution to

max { max{min{(—% — L)[w],w — {(f(t,z),p)},

w — (h(t,z),p)}, —Amin (p, %27%’) } =0 (6.11)

w(T,a:,p) - Zi:l,...,[pigi(x)?
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where ]
Llw](t,z,p) = §tr(aa*(t,x)D§w(t, x,p)) + b(t,x)Dyw(t,x,p)

and for allp € A(I), Aec ST

)\min(pr) = min <Az’2z>
2€TA 1) (p) \{0} 2|

with Ta(r)(p) = Uxso(A() —p)/A.

6.4 Dual representation for Dynkin games with incomplete information

In a second part in chapter 6 we use the PDE characterization to establish a dual
representation of the value function. As in section 4.1 we enlarge the canonical Wiener
space to the space (D([0,T]; A(I)) x C([0, T]; RY), F, (F;),P) with P € P(t,p). Hence the
enlarged space carries besides a Brownian motion B the beliefs of the uninformed player
p as additional dynamic. For each P € P(t,p) we consider a stopping game with this
additional dynamic p. However we have to modify the definition of admissible stopping
times:

Definition 6.5. At time t € [0,T] an admissible stopping time for either player is a
(Fs)seje,r) stopping time with values in [t,T]. We denote the set of admissible stopping
times by T (t).

We note that in contrast to Definition 6.1 the admissible stopping times at time ¢
might now also depend on the paths of the Brownian motion before time t.

For each P € P(t,p) we consider stopping games with a payoff

J(ta x,T,0, P)t— = EP <p07 f(aa X£'7$)>]—0'<T<T + <p7'7 h(Ta X7t'7w)>1T§U,T<T
(6.12)

+<pT7 g(X;j‘x))lo:T:T’ft— )

where 7 € 7 (t) denotes the stopping time choosen by Player 1, who minimizes, and
o € T(t) denotes the stopping time choosen by Player 2, who maximizes the expected
outcome. In contrast to the consideration in the previous section here we are only work-
ing with non randomized stopping times.

We would like to mention that the known results in the literature do not imply that
the games with cost functionals (6.12) have a value for any fixed P € P(t,p). However our
case of interest is the value of the game where the beliefs of the uninformed player p are
manipulated in an optimal way. To that end we define the lower value function by

W™ (t, 2, p) = essinfpep( pyesssup,e gy essink ey J (¢, 2, 7,0, P)i— (6.13)
and the upper value function by

WH(t,z,p) = essinfpep(; pyessinf ¢ 7 esssup,e7py J (¢, 2, 7,0, P)i, (6.14)
and using the PDE characterization of theorem 6.3. we establish:

Theorem 6.6. For any (t,z,p) € [0,T] x R x A(I) the value of the game can be written
as

V(t,z,p) = WT(t,z,p) = W (t,z,p). (6.15)
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7 Conclusion and perspective

In this work we contributed to the study of stochastic differential games with incom-
plete information. We established a dual representation for stochastic differential games
in terms of a minimization procedure of solutions of BSDEs Yttfr’]?. These BSDE can be
associated to differential games with the beliefs of the uninformed player as additional
forward dynamic. This representation allows us to establish by a strikingly simple proof
a regularity result for the value function with BSDE methods. Furthermore under the
assumption that the value function V is sufficiently smooth and that there is a P such
that the value of the game is given by a solution of a BSDE Ytt_’w’P we derive optimal
strategies. However the conditions under which the latter assumption is fulfilled is far
from being obvious. Indeed the existence and the structure of such an optimal P leaves a
challenging open problem for further research.

In a following part of this thesis we consider numerical approximations for stochastic
differential games with incomplete information. Therein one can get an idea how approxi-
mate martingale measures can be constructed on a discrete time grid. However passing to
the limit poses also here a tricky problem. Another challenge is which minimal assumptions
one has to impose for the determination of e-optimal strategies for the informed player via
numerical methods. The problems one meets due to the stochastic nature of the game are
even for stochastic differential games with complete information very difficult to deal with.

The last part of this thesis is devoted to the study of a different kind of game with
incomplete information, namely games of optimal stopping. Again, we show that these
games have a value which can be characterized as a viscosity solution to a variational
PDE. Furthermore we derive a dual representation of the value function in terms of a
minimization procedure. In contrast to the first part, it is not clear here if the games over
which we are minimizing actually do have a value. Yet we show that in the limit upper
and lower value of the dual representation coincide using the PDE characterization of
the value function. A natural extension would be to consider stochastic differential games
with optimal stopping, so called mixed games as in Hamadene and Lepeltier [60]. However,
since the beliefs of the uninformed player are only assumed to be cadlag the theorems of
Hamadene and Lepeltier [60] do not directly apply and need to be generalized.
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Chapter 3

A BSDE approach to stochastic
differential games with incomplete
information

1 Introduction

In this chapter we consider a two player zero-sum game, where the underlying dynamics
are given by a diffusion with controlled drift but uncontrolled (non-degenerate) volatility.
The game can take place in I € N* different scenarios for the running cost and the terminal
outcome as in a classical stochastic differential game. Before the game starts one scenario
is picked with the probability p € A(I), where A(I) denotes the simplex of R!. The
information is transmitted only to Player 1. So at the beginning of the game he knows in
which scenario he is playing, while Player 2 only knows the probability p. It is assumed
that both players observe the actions of the other one, so Player 2 might infer from the
actions of his opponent in which scenario the game is actually played.

It has been proved in Cardaliaguet and Rainer [28] that this game has a value. To
investigate the game under the perspective of information transmission we establish an
alternative representation of this value. We achieve this by directly modeling the amount
of information the informed player reveals during the game. To that end we enlarge
the canonical Wiener space to a space which carries besides a Brownain motion, cadlag
martingales with values in A(I). These martingales can be interpreted as possible beliefs
of the uninformed player, i.e. the probability in which scenario the game is played in
according to his information at time t.

The very same ansatz has been used in the case of deterministic differential games in
Cardaliaguet and Rainer [27], while the original idea of the so called a posteriori martingale
can already be found in the classical work of Aumann and Maschler (see [3]). Bearing in
mind the ideas of Hamadene and Lepeltier [59] we show that the value of our game can
be represented by minimizing the solution of a backward stochastic differential equation
(BSDE) with respect to possible beliefs of the uninformed player.

A cornerstone in the investigation of stochastic differential games has been laid by
Fleming and Souganidis in [52] who extend the results of Evans and Souganidis [47] to a
stochastic framework. Therein it is shown that under Isaacs condition the value function
of a stochastic differential game is given as the unique viscosity solution of a Hamilton-
Jacobi-Isaacs (HJI) equation.



50 CHAPTER 3. A BSDE APPROACH

The theory of BSDE, which was originally developped by Peng [92] for stochastic
control theory, has been introduced to stochastic differential games by Hamadeéne and
Lepeltier [59] and Hamadeéne, Lepeltier and Peng [61]. The former results have been
extended to cost functionals defined by controlled BSDEs in Buckdahn and Li [19], where
the admissible control processes are allowed to depend on events occurring before the
beginning of the game.

The study of games with incomplete information has its starting point in the pioneer-
ing work of Aumann and Maschler (see [3] and references given therein). The extension
to stochastic differential games has been given in Cardaliaguet and Rainer [28]. The proof
is accomplished introducing the notion of dual viscosity solutions to the HJI equation of
a usual stochastic differential game, where the probability p just appears as an additional
parameter. A different unique characterization via the viscosity solution of the HJI equa-
tion with an obstacle in the form of a convexity constraint in p is given in Cardaliaguet
[25]. We use this latter characterization in order to prove our main representation result.

The outline of the chapter is as follows. In section 2 we describe the game and restate
the results of [28] and [25] which build the basis for our investigation. In section 3 we
give our main theorem and derive the optimal behaviour for the informed player under
some smoothness condition. The whole section 4 is devoted to the proof of the main
theorem, while in the appendix we summarize extensions to classical BSDE results, which
are needed in our case.

2 Setup

2.1 Formal description of the game

Let C([0, T]; R?) be the set of continuous functions from R to R?, which are constant
on (—o00,0] and on [T, +00). We denote by Bs(wp) = wp(s) the coordinate mapping on
C([0,T];R%) and define H = (H,) as the filtration generated by s ~— B,. We denote
Q = {w € C([t,T);R?) and H; s the o-algebra generated by paths up to time s in €.
Furthermore we provide C([0,7];RY) with the Wiener measure Py and we consider the
respective filtration H augmented by Py nullsets without changing the notation.

In the following we investigate a two-player zero-sum differential game starting at a
time ¢ > 0 with terminal time 7. The dynamic is given by a controlled diffusion on
(C([t, T);RY), (He,s)sepe 1), H, Po), ie. for t € [0,T],z € R

AXLTUY = b(s, XEPUY ug, vg)ds + o(s, XDPYdBy, XU = a. (2.1)

We assume that the controls of the players u, v can only take their values in some sets
U, V respectively, where U,V are compact subsets of some finite dimensional spaces.

Let I € N* and A(I) denote the simplex of R!. The objective to optimize is charac-
terized by

(i) running costs: (l;)ieqi,..,1y ¢ [0, 1] x RIxUxV —R

(ii) terminal payoffs: (g:)icq1,..1} : R? - R,
which are chosen with probability p € A(I) before the game starts. Player 1 chooses his
control u to minimize, Player 2 chooses his control v to maximize the expected payoff. We
assume both players observe their opponents control. However Player 1 knows which payoff
he optimizes, Player 2 just knows the respective probabilities p; for scenario i € {1,...,I}.
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The following will be the standing assumption throughout the paper.
Assumption (H)

(1) b:[0,7T] x R? x U x V. — R? is bounded and continuous in all its variables and
Lipschitz continuous with respect to (¢, x) uniformly in (u,v).

(ii) For 1 < k,I < d the function oy, : [0,7] x R — R is bounded and Lipschitz
continuous with respect to (t,x). For any (t,7) € [0,7] x R? the matrix o*(¢, ) is
non-singular and (¢*(¢,7))~! is bounded and Lipschitz continuous with respect to
(t, ).

(iii) (ls)ieqr,...,ry : [0,T] % RYx U xV — R is bounded and continuous in all its variables
and Lipschitz continuous with respect to (¢,x) uniformly in (u,v). (9i)icq1,..1} :
R? — R is bounded and Lipschitz continuous.

(iv) Isaacs condition: for all (¢,z,&,p) € [0,T] x R? x R? x A([)

inquU Sup’ue\/ {<b(t7 x,u, ’U), §> + Zq{:l leZ (tv Z, U, ’U)}
= sup,ecy infyer {(b(t, x,u,v),&) + Zi]:l pili(t, z,u, v)} (2.2)

=: H(t,z,§,p).

By assumption (H) the Hamiltonian H is Lipschitz in (£, p) uniformly in (¢,2) and
Lipschitz in (¢,z) with Lipschitz constant c(1 + |£]), i.e. for all t,¢' € [0,T], z,2’ € RY,
&,¢ eRY, pp' € A(I)

[H(t,z, &, p)] < c(1+[8]) (2.3)

and
‘H(ta 1;767])) - H<t/7 xlvélap,)‘
(2.4)
< c(+[€N)(|z — 2| + [t = t']) +cl§ = &'+ clp = p'].

2.2 Strategies and value function

Definition 2.1. For any t € [0,7] an admissible control u = (us)sef¢) for Player 1 is
a progressively measurable cadlag process with respect to the filtration (Ht,s)se[t’ﬂ with
values in U. The set of admissible controls for Player 1 is denoted by U(t).

The definition for admissible controls v = (vs)sep1) for Player 2 is similar. The set of
admissible controls for Player 2 is denoted by V(t).

In differential games with complete information as in [52] it is sufficient, that one
player chooses at the beginning an admissible control and the other one chooses the op-
timal reaction to it. In our case the uninformed player tries to infer from the actions of
his opponent in which scenario the game is played and adapts his behavior to his beliefs.
Thus a permanent interaction has to be allowed. To this end it is necessary to restrict
admissible strategies to have a small delay in time.

Let Uy, respectively V4, denote the set of cadlag maps from [t,T] to U, respectively V.

Definition 2.2. A strategy for Player 1 at timet € [0,T] is a map o : [t, T]xC([t, T]; R%) x
Vi — U which is nonanticipative with delay, i.e. there is 6 > 0 such that for all s € [t,T]
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for any w,w' € C([t, T);RY) and v,v' € V; we have: w = ' and v = v’ a.e. on [t,s] =
al,w,v) = al,W',v'") a.e. on[t,s+0]. The set of strategies for Player 1 is denoted by
A(t).

The definition of strategies (3 : [t, T] x C([t, T]; R%) x U; — V; for Player 2 is similar. The
set of strategies for Player 2 is denoted by B(t).

Furthermore it is crucial that the players are allowed to choose their strategies with
a certain additional randomness. Intuitively this can be explained by the incentive of
the players to hide their information, respectively to protect themselves from manipula-
tion. Thus for the evaluation of a game with incomplete information we introduce random
strategies.

Let 7 be a fixed set of probability spaces that is nontrivial and stable by finite product.

Definition 2.3. A random strategy for Player 1 at time t € [0,T] is a a pair ((Qa, Ga, Pa),
a), where (Qa, Gay Po) is a probability space in T and o : [t, T) x Qo xC([t, T]; RY) x V; — Uy
satisfies
(i) « is a measurable function, where Q, is equipped with the o-field G,
(ii) there exists § > 0 such that for all s € [t,T] and for any w,w’ € C([t,T];RY) and
v,v" € V; we have:
w=w andv=1" a.e. on[t,s]
= a(,w,v) = a(-,w,v') a.e on[t,s+ ] for any wy € Qq.
The set of random strategies for Player 1 is denoted by A" (t).
The definition of random strategies ((Qs,Ga,Pg), 8), where B : [t,T] x Qg x C([t, T]; R?) x
Uy — Vi for Player 2 is similar. The set of random strategies for Player 2 is denoted by
B (t).
Remark 2.4. In [28] it is shown that one can now associate to each couple of random

strategies (o, B) € A" (t) x B'(t) for any (wa,wp) € Q X Qg a unique couple of admissible
strategies (u“ow8, v@ews) € U(t) x V(t), such that for all w € C([t, T];RY), s € [t,T)

(8, Way w, 0798 (W) = ug P (w)  and  B(s,wp,w, u 8 (W) = vs P (W) .

Furthermore (wa,wg) — (u®>“8, v¥%8) is a measurable map, from Qo x Qg equipped
with the o-field Go ® Gg to V() x U(t) equipped with the Borel o-field associated to the
L'-distance.

For any (t,z,p) € [0,T] x R x A(I), (ay,...,a;) € (A"(t))!, B € B'(t) we define
for any (wa,,ws) the process X**% as solution to (2.1) with the associated couple of
controls (u“®i“s y*“=i*“s) Furthermore we set

I T ~
J(t,z,p,a, B) = E pi Ea, 8 [/ Li(s, Xb"00 (@), Bs)ds + gi(XE™P) | (2.5)
i=1 0

where Eg, 5 is the expectation on Qg, x Q5 x C([t, T]; R?) with respect to the probability
Ps, ® P ® Py. Here Py denotes the Wiener measure on C([t, T];R?). We note that the
information advantage of Player 1 is reflected in (2.5) by having the possibility to choose
a strategy a; for each state of nature i € {1,...,I}.

Under assumption (H) the existence of the value of the game is proved in a more
general setting in [28].
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Theorem 2.5. For any (t,x,p) € [0, T]| xR x A(I) the game with incomplete information
has a value V (t,x,p) given by

V(t7 :L‘,p) = info_zE(Ar(t))I SUPgepr(t) J(t7 z,p, Q, ﬁ)
(2.6)
= SUPgegr(r) nfaear @) J(t,x,p,a, f).
Remark 2.6. It is well known (e.g. [28] Lemma 3.1) that it suffices for the uninformed

player to use admissible (non-random) strategies in the first line of (2.6). So we can use
the easier expression

V(t,z,p) = inf J(t,z,p,a, B). 2.7
(t,z,p) seCamint ok (t,z,p, &, B) (2.7)

The existence and uniqueness of the value function V' : [0, 7] x R% x A(I) — R is first
given [28] using the concept of dual viscosity solutions to HJI equations. Starting from
this a characterization of the value function as solution of an obstacle problem is given in
[25].

Theorem 2.7. The function V : [0,T] x R? x A(I) — R is the unique viscosity solution
to

ot 2 p; op?
with terminal condition w(T,x,p) =, pigi(x) in the class of bounded, uniformly contin-

uous functions, which are uniformly Lipschitz continuous in p. For allp € A(I), A € St
(where ST denotes the set of symmetric I x I matrices) we set in (2.8)

(Az, z) ‘

min 5
2€TA (1) (p) \{0} 2|

1 2
min {8w + ~tr(oo*(t,z)D>w) + H(t, z, Dyw,p), Amin < 0 w> } =0 (2.8)

)\min (p7 A) =

where Tx(ry(p) denotes the tangent cone to A(I) at p, i.e. Taryp) = Unso(A() —p)/A .

Remark 2.8. Note that unlike the standard definition of viscosity solutions (see e.g. [29])
the subsolution property to (2.8) is required only on the interior of A(I) while the superso-
lution property to (2.8) is required on the whole domain A(I) (see [25] and [27]). This is
due to the fact that we actually consider viscosity solutions with a state constraint, namely
p € A(I) C RI. For a concise investigation of such problems we refer to [22].

We do not go into detail about the rather technical proof of Theorem 2.7. in [25].
However there is an easy intuitive explanation of the convexity constraint, which we give
in the following remark.

Remark 2.9. Let (t,z) € [0,T] x R? be fized. For any po € A(I) let A € (0,1),
p1,p2 € A(I), such that pg = (1 — \)p1 + Ap2.

We consider the game in two steps. First the initial distribution for the game with incom-
plete information p1,ps is picked with probability (1 — X\), A. If the outcome is transmitted
only to Player 1, the value of this game is V (t,z, (1 — N)p1 + Ap2) = V (¢, z,po).

On the other hand we consider the game in which both players are told the outcome of
the pick of the initial distribution p1,ps. The expected outcome of this game is (1 —
NV (t,z,p1) + AV (t,z,p2).

In the first game the informed player knows more, hence, if we make the rather rea-
sonable assumption that the value of information is positive, we have V (t,x,py) < (1 —
MV (t,z,p1) + AV (¢, z,p2).
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3 Alternative representation of the value function

3.1 Enlargement of the canonical space

In the following we establish a representation of the value function by enlarging the
canonical Wiener space to a space which will carry besides a Brownian motion a new
dynamic. We use this additional dynamic to model the incorporation of the private in-
formation into the game. More precisely we model the probability in which scenario the
game is played in according to the information of the uninformed Player 2.

To that end let us denote by D([0,T]; A(I)) the set of cadlag functions from R to
A(I), which are constant on (—o0,0) and on [T, +00). We denote by ps(wp) = wp(s) the
coordinate mapping on D([0,T]; A(I)) and by G = (Gs) the filtration generated by s — ps.
Furthermore we recall that C([0, T]; R?) denotes the set of continuous functions from R to
R?, which are constant on (—o0,0] and on [T, +o0c). We denote by B,(wp) = wp(s) the
coordinate mapping on C([0, T]; R?) and by H = (H,) the filtration generated by s + Bs.
We equip the product space Q := D([0,T]; A(I)) x C([0, T]; RY) with the right-continuous
filtration 7, where F; = Ny FY with (F2) = (Gs ® Hs). In the following we shall, when-
ever we work under a fixed probability P on €2, complete the filtration F with P-nullsets
without changing the notation.

For 0 <t < T we denote ; = {w € D([t, T]; A(I)) x C([t, T];RY)} and F; s the (right-
continuous) o-algebra generated by paths up to time s > ¢ in ;. Furthermore we define
the space

Qs ={w e D(Jt, s]; AL)) x C([t, s];Rd)}

for0<t<s<T.Ifre(t,T] and w € Q then let
w1 = 1[—oo,r)w w2 = 1[7",—0—00] (w—wr)

and denote 7w = (wj,wp). The map 7 : @ — 4, x Q, induces the identification
Q = Q4 x (), moreover w = ﬂ_l(wl,wg), where the inverse is defined in an evident way.

For any measure P on €2, we denote by Ep[| the expectation with respect to P. We
equip €2 with a certain class of measures.

Definition 3.1. Given p € A(I), t € [0,T], we denote by P(t,p) the set of probability
measures P on § such that, under P
(i) p is a martingale, such that ps = p Vs < t, ps € {e;,i = 1,...,1} Vs > T P-
a.s., where e; denotes the i-th coordinate vector in RY, and pr is independent of
(Bs)se(—oo,T]a
(ii) (Bs)sejo,r) i a Brownian motion.

Remark 3.2. Assumption (ii) is naturally given by the Brownian structure of the game.
Assumption (i) is motivated as follows. Before the game starts the information of the
uninformed player is just the initial distribution p. The martingale property, implying
pt = Ep|pr|F], is due to the best guess of the uninformed player about the scenario he is
in. Finally, at the end of the game the information is revealed hence pr € {e;,i =1,...,1}
and since the scenario is picked before the game starts the outcome pr is independent of
the Brownian motion.
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3.2 BSDEs for stochastic differential games with incomplete information

The value of a game with incomplete information is studied in [27] in a simpler setting,

namely where X%%%? is constant. An alternative representation of the value is given by
directly minimizing the expectation of the Hamiltonian over a similar class of martingale
measures as in Definition 3.1. (i). In our case X»®*"" is a diffusion where the drift is
controlled by the players, hence the Hamiltonian (2.2) depends on the first derivative of
the value function and a “direct” representation is not possible.
To solve this problem we use the theory of BSDE and extend the result of [59], where the
value of an ordinary stochastic differential game is expressed by the solution of a BSDE
with the Hamiltonian as driver. In the case of incomplete information we will have addi-
tional to the diffusion an extra forward dynamic, namely the beliefs p of the uninformed
player, which are manipulated by the actions of the informed one. He chooses his control
- hence indirectly the dynamics of p - in order to minimize the expected outcome. In this
paper we show that we can represent the value function over a direct minimization of the
solutions of BSDEs which can be interpreted as the outcome of a stochastic differential
game with information completeness and an additional forward dynamic p (see (3.2)).

First we introduce the following spaces. For any p € A(I), t € [0,7] and fixed
P € P(t,p) we denote by L%(P) the set of a square integrable Fr-measurable ran-
dom variables. We define by S?(P) the set of real-valued adapted cadlag processes 1,

such that E [SUPse[o,T} 192} < 00, furthermore by H?(PP) the space of R%-valued progres-
sively measurable processes, such that fo f;dBs is a square integrable martingale, i.e.
E [ fOT |93|2d8:| < 0o. We denote by MZ(P) the space of square integrable martingales null

at zero. In the following we shall identify any N € M3(P) with its cadlag modification.
For all t € [0,T], z € R? we define the process X*® by

S
Xt =g s<t, X =g +/ o(r,X")dB, s>t (3.1)
t
Let p € A(I). We consider for each P € P(t,p) the BSDE
Y = pr,g(Xp") + [ Hr, X0", 20" py)dr

t t, P
— [T o*(r, XE") 2" dB, — NE + N¥,

where N¥ € M3(P) is strongly orthogonal to the Brownian motion B.

Existence and uniqueness results for the BSDE (3.2) can be found in more generality
in [43]. Our case is much simpler, since the driver does not depend on the jump parts. We
mention the results which will be relevant for us in the Appendix. Note in particular that
as in the standard case one can establish a comparison principle (Theorem 6.3.), which
will be crucial in our further calculations.

Theorem 3.3. Under the assumption (H) the BSDE (3.2) has a unique solution (Y*%F,
zt@F NF) € S2(P) x H?(P) x M3(P) and for any s <T

T
Yst,z,]P’ = Fp |:/ H(?", Xﬁ,x, Zﬁ’x’P,pT)d’r + <pT,g(X§l$)>‘.7:s
S
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In particular we get, that
b T
Y;ft—@’ = EP [/ H(Ta Xﬁ,x7 Zﬁ,x,]P’, pT)dr + <pT> g(X;“’x» }Ft— . (33)
t

Fix t € [0,T], z € R? p € A(I). Note that all P € P(t,p) are equal on F;_, i.e. the
distribution of (Bs,ps) s € [0,t) is given by §(p) ® Py, where d(p) is the measure under
which p is constant and equal to p and Py is a Wiener measure. So we can identify each
P € P(t,p) on F;— with a common probability measure Q and define

W (t,z,p) = essinfpep(s p) Ytt_’m’P Q-a.s. (3.4)

The aim of this paper is to show the following alternative representation for the value
function.

Theorem 3.4. For any (t,z,p) € [0,T] x R?x A(I) the value of the game with incomplete
information V (t,x,p) can be characterized as

V(t,x,p) = essinfpep(t’p)lﬁt_’z’ﬁp. (3.5)

We give the proof in the section 4, where we first show that W (¢, x, p) is a deterministic
function. Then we establish a Dynamic Programming Principle and show that W (¢, z, p)
is a viscosity solution to (2.8). Since V (¢, x,p) is by Theorem 2.7. uniquely defined as the
viscosity solution to (2.8), the equality (3.5) is immediate. Before, let us first investigate
under smoothness assumptions a possible behavior of an optimal measure and show how
the representation is related to the original game.

3.3 A sufficient condition for optimality

We give a sufficient condition for a P € P(¢,p) to be optimal in (3.5). We assume, that
V e Ch22([t,T) x RY x A(I);R) and set
oV

H = {(t,x,p) € [0,7) x RY x A(I) : =t %tr(aa*(t,:v)DgV) + H(t,z,D,V,p) = o}

and
H(t,x) ={pe AI): (t,z,p) € H}.

In the theory of games with incomplete information the set H is usually called the non-
revealing set. This is due to the fact that on H the value function fullfills the standard
HJI equation, hence the informed player is not “actively” using his information because
the belief of the uninformed player stays unchanged.

Theorem 3.5. Let (t,z,p) € [0,T) x R x A(I). We assume, that V € CH22([t, T) x R? x
A(I);R). Let P € P(t,p), such that

(i) ps € H(s,X2") Vs € [t,T] P-a.s.,

(ii) P-a.s. we have Vs € [t,T], that

x xX a X
V(SaX? 7p8) - ‘/v(87)(§7 7p5—) - <87pV(S7X§’ 7p5—)7p8 - p8—> — 07
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(iii) p is under P € P(t,p) a purely discontinuous martingale.
Then P is optimal for V(t,z,p) and ZbwP = D,V (s, Xb* Ps)-

Remark 3.6. The analysis of the deterministic case in [27] indicates that the conditions
(i) and (ii) might also be necessary even in the non-smooth case. In fact under certain
assumptions the conditions (i)-(iii) of Theorem 3.5. can expected to be necessary and
sufficient. (See [27] Example 4.4.)

Proof. By definition V (T, x,p) = (g(z),p). Since V € C?? and p is purely discontinuous
we have by It6’s formula and the assumptions (i)-(iii)

(9(X3"),pr) = V(T, X7", pr)

=V (s, X", ps)
+ fST (%V(T, Xh pr) + %tr(aa*(r, Xﬁ’x)Dg,V(s,Xﬁ’I,p,«)) dr
+ [Fo*(r, XE") D,V (r, X2, p,)d B, (3.6)
+ 3 s VI X0, pr) = V(r, X0 pro) = (B V (r, X" pr ), Pr — Pr)

= V(s, X%, py) — [ H(r, XF*, D,V (r, X}, p,), pr)dr
+ [T o*(r, XP") D,V (r, X2, pr)dB,.

So by comparison (Theorem 6.3.) the triplet (Yst’x’P, Zﬁ’x’P, Nﬁ’x’ﬁp) = (V(s, X\, ps),

D,V (s, xb Ps),0) is the unique solution to the BSDE (3.2).
We have in particular

T _ T _
Vi(t,2,p) = (9(X5), pr) - / Hs, X, 257 p.)ds + / o (s, Xt 265 4B,
t t

hence the result follows from taking conditional expectation and the representation in
Theorem 3.3. O

3.4 Optimal “strategies” for the informed player

Our aim is to quantify the amount of information the informed player has to reveal in
order to play optimally. Note that in the representation we consider as in [59] the origi-
nal game under a Girsanov transformation. Hence an optimal measure in (3.5) gives an
information structure of the game only up to a Girsanov transformation, which we have
to reverse to get back to our original problem.

We assume that V € CY22([t,T) x RY x A(I);R). Let P € P(t,p), such that the

conditions of Theorem 3.5. are fulfilled, hence zb=P — D,V (s, xb* Ps)-

Thanks to Isaacs condition, assumption (H) (iv), one can define the function u*(¢, z, p, §)
as a Borel measurable selection of argmin,,c; {max,cy (b(t, z, u, v), )+ 31 pil(t, z,u,v)},
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hence
T
(t T "S p) _rglea\}{ t x,u*(t,x,p,f),v),§>+Zpili(t,:r,u*(t,x,p,f),v)}. (37)
i=1
We define the process
Uy = u* (s, X0%, DV (s, X", ps), Ps), (3.8)

where by definition u is progressively measurable with respect to the filtration (Fs) e, 1]
with values in U. In the following we will denote the set of such processes the set of con-
trols U(t) and the set of progressively measurable processes with respect to the filtration
(Fs)sefe,r) with values in V' the set of controls V(t).

We consider for each control v € V(t) the (F)BSDE
X' = x4 [o(r, X0")dB,
}/:Stﬂ;,,a?v - <pT7 Xt 7t f ( p?”7 T X’ﬁ 7u’r’7 vT))
(3.9)
Hb(r, X2 i, vr), DoV (r, X207, py)) ) dr
— [T o*(r, XDV (r, X2 py)d B, — (Np — Ny).
Theorem 3.7. For any v € V(t) we have, that
Yf_’x’P =V (t,z,p) P-a.s.. (3.10)
Proof. Since

H(r, X7, D,V (r, X, p,), Pr)

- minuEU maXxyeyv {<b(7’, Xﬁwu u, U)a va(r7 X;z’xa p7‘)> + <p7’7 l(7’7 Xﬁ,z7 (™ 1))>}

= maxyey { (b, XF*, i, 0), DoV (1, X0, 20) + (B L, XE* 1, 0) |

> (b(r, X0 i, vp), DoV (r, X077, pr)) + (P, U, X077 i, 0r)),
(3.10) follows from the comparison Theorem 6.3. O

As in [59] we define now for any v € V(t) the equivalent measure P»¥ = (T'%")P with

s
Fg’v =¢£ </ b(’l”, Xf',x7a7”7vr)o-*(7l7 Xﬁ’x)ldB7’> .
t

for s >t and T'¥" = 1 for s < t. By Girsanov (see e.g. Theorem I11.3.24 [65]) we have the
following Lemma.

Lemma 3.8. For any p € A(I), t € [0,T], v € V(¢),
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(i) Xb% is under P%Y a solution to
XLt = :c+fts b(r, Xﬁ’m,ﬂr,vr)dr—kftsa(r, Xﬁ’x)dBr, (3.11)
where B is a P%V-Brownian motion.
(i1) p is a P“Y martingale, such that ps = p Vs < t, ps € {ej,i = 1,..,1} Vs > T
P%?_q.s. and pr is independent of (Bs) se(—o0,1]-

For any # € B(t) (nonanticipative with delay), we can define the process ((u)s =

B(s, -, 1is). By definition 3(u) € V(). So we can define for any 3 € B(t) the measure
Pus(@)

To take into account that the informed player knows the scenario, we define now for
any scenario ¢ € {1,...,1} and for any 8 € B(t) a probability measure P?’ﬁ @) by: for all
A € F we have, that

U, (U 0 (T | 54,6z :
PP@ 4] = PUA@ [Alpy = ;] = ;IP’ POIAN {pr = e;}], if p; > 0,

and ]f”?’ﬁ(a) [A] = P%P®)[A] else. Note that by Lemma 3.8. (ii) B is a P’?’ﬁ(ﬂ)—Brownian
motion, hence X% is under P?”g(u) a solution of the SDE (3.11) with v = g(a).

Theorem 3.9. For any scenario i = 1,...,1 and any strategy of the uninformed player

B € B(t) the information transmission ]I_”?’ﬁ(a)

sense that for any B € B(t)

is optimal for the informed player in the

I T
> piEgasm [/ Li(s, X%, us, B(1)s)ds + gi(X%x)] <V(t,z,p). (3.12)
i=1 ' t

Proof. By definition we have

I T
S PiE o0 [ [t xe s ds + gz-<X;x>}
i=1 ! t
I T
:ZpiEPﬁﬂ(ﬁ) I:/ li(S,Xg’x,as,,B<ﬁ)s)dS + gZ(X’?aj)‘pT == ei:|
i=1 t
I T
= Z}P’u’ﬂ(u) [Pr = €i]Epas [/ Li(s, X1, i, B(w)s)ds + g:(X3°) |pr = 61}
i=1 ¢

I T
= E Epa.sa) |:]-{pT:ei}/ li(s,Xﬁ’m,us,ﬁ(U)s)dS+9¢(X%x)}
t

i=1
T
= ]E[fmﬁ(ﬂ) |:<pT7/ Z(S,X?:B?ﬂ&/ﬁ(a)s)ds) + <pTag(X’§“’x)>:|
t
4 t
= ]E[@ﬂ«ﬁ(ﬂ) |:/ <pSa Z(Saxgxaﬂmﬁ(a)s»ds + <PT,9(XT’:B)>} )
t
where in the last step we used the product rule for the P%?(@_martingale p and the

adapted finite variation process [, I(s, XU" g, Bu)s)ds.
Furthermore we have

T o
Bouoio | [ (oslls, X470, @) s + (o7 9(XN] = Do 1255
t
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since by Girsanov Y"™" @ is under P®A@) given by

VIO = (pp, g(XE) + [ (B U, XET Ty, B(3),)) dr
(3.13)

— [Fo*(r, XFYD,V (r, X p)dB, — (Np — Ny).

So since by Theorem 3.7. Y;’m’ﬁ’ﬁ(ﬂ) < V(t,z,p) P-a.s. and P is equivalent to P%?(® we
have o
]E]fm,ﬁ(ﬂ) |:Ytti,x,u,ﬂ(u):| S V(t7$7p)

O]

Remark 3.10. In the simpler case of [27] the representation (3.5) allowed to derive an
optimal random control for the informed player in a direct feedback form. Here however
there are significant differences. By the Girsanov transformation we have for each 3 € B(t)
at each time s € [t,T] an optimal reaction us = u*(s,Xﬁ’w,Da;V(s,X;’x,ps),ps) of the
informed player. It depends on the state of the system, i.e. X“* under I@?’ﬁ(u) and the

shifted randomization p under the optimal measure I@’?’ﬁ(u). Since this shift depends on the
strateqy (B of the uninformed player, we do not find a random control but a kind of random
strategy for the informed player. Note that this “strategy” - mone of the less giving us a
recipe how the informed player can generate the optimal information flow - is in general
not of the form required in Definition 2.4. To get a classical random strategy it would be
necessary to show a certain structure of the optimal measure P. In a subsequent paper we
show how this can be established for e-optimal measures leading to e-optimal strategies in
the sense of Definition 2.4.

4 Proof of Theorem 3.4.

4.1 The function W (t,z,p) and e-optimal strategies

Recall that we defined W (t, z,p) Q-a.s. as essinfpep(t’p)if)i’x’ﬂm, where by definition a
random variable ¢ is called essinfpep(w)l@t_’xf, if

(i) € <Y/ " Q-as., for any P € P(t,p)

(ii) if there is another random variable n such that n < Yti’x’P, Q-a.s., for any P €

P(t,p), then n < &, Q-a.s.

So by its very definition W (t, z, p) is merely a F;_ measurable random variable. However
we show that it is deterministic and hence a good candidate to represent the deterministic
value function V (¢, z,p). Our proof is mainly based on the methods in [19].

Proposition 4.1. For anyt € [0,T], x € RY, p € A(I)
W(t,x,p) = Eg[W(t,z,p)] Q-a.s. (4.1)

Hence identifying W (t,x,p) with its deterministic version Eq[W (t,x,p)] we can consider
W :[0,T] x RY x A(I) — R as a deterministic function.

To prove that W (t, x, p) is deterministic it suffices to show that it is independent of the
o-algebra o(Bs, s € [0,t]). Since p is on [0,¢) Q-a.s. a constant Proposition 4.1. follows
with Lemma 4.1. in [19].
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To show the independence of o(Bs, s € [0,t]) we will use as in [19] a perturbation
of C([0,T]; R?) with certain elements of the Cameron-Martin space. Let H denote the
Cameron-Martin space of all absolutely continuous elements h € C([0,T]; R?), whose
Radon-Nikodym derivative & belongs to L*([0,T]; R%). Denote H; = {h € H : h(:) =
h(- At)}. For any h € H; , we define for all (wy,wp) € D([0,T]; A(I)) x C([0,T];RY)
the mapping 75,(wp,wp) = (wp,wp + k). Then 7, : D([0,T]; A(I)) x C([0,T];R?) —
D([0,T]; A(I)) x C([0,T];RY) is a F — F measurable bijection with [r,] 71 = 7_p,.

Lemma 4.2. For any h € H;
W(t,xz,p) o, = W(t,z,p). (4.2)

Proof. Obviously 7,7, " : D([0, T]; A(I)) x C([0,T];R%) — D([0, T]; A(1)) x C([0,T}; RY)
are F; — Fy measurable and (Bs — By) o, = (Bs — By) for all s € [¢,T].

Step 1: Observe that Xo" o7, = X% for all s € [t,T]. Then Y5*F o7, is the solution
to the BSDE

Yt For), = (pr, Q(X’frz» + fsT H(r, X", (Z5F o 7)., pr)ds
(4.3)
_f rXtI (ZthOTh) dB, — (N o) + (N o 73)s

which is the orlgmal BSDE (3.2) however under the different P o [7,]~! dynamics for p.

Furthermore X cit,r) wnder P and under Po [7,)~! are by Girsanov P-a.s. equal. So under
Po 7] ! the process Yol ™ solves (4.3). Since the solution of (4.3) is unique we have

in particular
-1
Y;t_,x,]P’ S Y;’f_,ﬂWPO[Th} _ (4.4)

Step 2: We claim that

(essinfpep(tp)lff_’x’P) o 7y, = essinfpep(y p) (nt_’x’lp o ’Th> Q-a.s. (4.5)

t 1 t .
Po[m] ' =exp </ hsdBg — 2/ ‘hs‘st) P (4.6)
0 0

for all probability measures P on Q. Define I (¢, x,p) = essinfpep(tp)}ix’]}p. Then I(t,z,p) <
Yf_’z’P Q a.s.. Since Qo [r,]7t is equivalent to Q on F;_, we have I(t,z,p) o), < Y:_’%]P oty

Q-a.s.

Furthermore let £ be a F;_-measurable random variable, such that £ <Y,”™" o7, Q-a.s.
Then ¢ o [1,]7F < V""" Q-a.s.. hence € o [r]™! < I(t,z,p), so & < I(t,z,p) o 7.
Consequently we have

Observe that

t,x,P

I(t,x,p)o1y = eSSiI’lfPE’p(t’p)(}/tt;x7P o Th).
Step 3: Using (4.4) and (4.5) we have Q-a.s.

W(t,x,p)ot, = (essinfpep(w)}@t_’x’]}]}) oTy
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— eSSinfpe’P(LP) (}/;f_,l‘,]? (o) Th)
o —1
= essinfpepp) Yf_’x’P ™
Note that in general P o [r,]71 & P(¢t,p), since under P o [r,]~! the process B is no
longer a Brownian motion on [0,¢]. We define P* on Q = Qg x €, such that

P" = (5(p) @ Po) @ (Po [1h] " Y0,),

where §(p) is the measure under which p is constant and equal to p and Py is the Wiener
measure on 2.

So by definition (Bs)scp,7) is a Brownian motion under Pk, Also (Ps)sefe,r) 1s still a
martingale under P". We can see this immediately, since for all t < s <r < T by (4.6)

Epn [pT’fS] = EPO[Th]*l[pr‘fs] = EP[pr‘Fs]-

Furthermore the remaining conditions of Definition 3.1. are obviously met. Hence P" €
P(t,p) and, since ytePelml ™ ig a solution of a BSDE, we have

— Yt,ﬁ?,]Ph'.

t,x,Po[r,] !
Y =Y

On the other hand by considering Po7y, one can associate to any P € P(t,p) a Pt e P(t,p),

such that
Yt,x,]?*ho[fh]fl _ Yf_’x’P-

Hence {Ytt_’m’%[m]_l :Pe P(t,p)} = {Ytt_’m’P Pe P(t,p)} and

—1
essinfpep(np)l/f_’w’%hh] = essinfpep(np)}/f_’“’ﬂp = W(t,z,p).

O]

In the following section we establish some regularity results and a dynamic program-
ming principle. To this end we work with e-optimal measures. Note that since we are
taking the essential infimum over a family of random variables, existence of an e-optimal
P¢ € P(t,p) is not standard. Therefore we provide a technical lemma, the proof of which
is also strongly inspired by [19].

Lemma 4.3. For any (t,z,p) € [0,T] x R? x A(I) there is an e-optimal P¢ € P(t,p) in
the sense that
Yf_’x’P <W(t,z,p)+e Q-a.s.

Proof. Note that there exists a sequence (P"),cn, P € P(t, p), such that

o t7 7P — 1 ta 7]}1)71,
W(t,z,p) = essinfpep Y™ = %rellf\l Yo
For an € > 0 set I'y, := {W(t,z,p) + € > Yf,’x’Pn} €F, for any n € N. Then 'y := Iy,
Iy =Tn\ (Un=1,. n-10'y) for n > 2 form a F;_ measurable partition of €.
We define P¢, such that on € = Qg ; x €

A~

P = (4(p) @ Po) @ P,
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where 6(p) denotes the measure under which p is constant and equal to p, Py is the Wiener
measure on €, and P is the measure on €; defined by: for all A € B(£)

PlA] = 3 (6(p) @ Po)[TaPAIT, .

neN
So by definition (Bs),cp,r) is @ Brownian motion under P€ and (ps)ge[s, 7] is still a martin-
gale under P, since for all t < s <r <T

Epe[p |7 = > Epn[lp, prlF] = Y 1p, Epn[p,| 7 = D 1p, ps = ps.
neN neN neN

Again the remaining conditions of Definition 3.1. are obviously met. Thus P¢ € P(t,p)
and

W(t,z,p) + €>er v _th]P’
neN

O]

Furthermore for technical reasons we introduce the set P/ (¢, p) as the set of all measures
P € P(t,p), such that there exists a finite set S C A(I) with p; € S P-a.s. for all s € [¢, T7.

Remark 4.4. Note that for any (t,x,p) € [0,T] x R® x A(I) ¢ > 0 we can choose an
e-optimal P in the smaller class PT(t,p). The idea of the proof is as follows: first choose
§-optimal measure P € P(t,p). Since p progressively measurable we can approvimate it
by an elementary processes p¢, such that with BSDE estimates one has

|}/t_,:v,[P)6 thP’ | < c
2’

where P is the distribution of (B, p°).

4.2 Some regularity results

For technical reasons we will consider the BSDE (3.2) with a slightly different notation.
For any t € [0,7], z € R, P € P(t,p) let

Y = pp, g(XEN) + [T H(r, X2, 207 py)dr
(4.7)
— [ 2P dB, — N + NE,

where H(t,z,p, &) = H(t,z,p, (o (t,))"L¢). Setting Zb*" = (o%(s, X1*)) 125" then
gives the solution to (3.2).

In the following we will use the notation yihol — ybe stalP — te NP — N whenever
we work under a fixed P € P(¢,p).

Remark 4.5. Observe that by (H) we have that H is uniformly Lipschitz continuous in
(&, p) uniformly in (t,x) and Lipschitz continuous in (t,x) with Lipschitz constant c(14|¢|),
i.e. for allt,t’ €[0,T), z,2’ € R%, £,& € RY, p,p' € A(I)

[H (t,2,&,p)| < c(1+]¢]) (4.8)

and - -
’H(t7$7€7p) - H(t,,$,,£l,p/)’
(4.9)
c(Q+[€N)(Jz = 2| + [t = t']) + el = &'+ clp = p/].
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Proposition 4.6. W (t,z,p) is uniformly Lipschitz continuous in x and uniformly Hélder
continuous in t.

Proof. The Lipschitz continuity can be shown by straightforward calculation using Propo-
sition 6.2. For the Holder continuity in time, let ¢,¢' € [0, 7] such that ¢’ < ¢t and assume
W(t' x,p) > W(t,z,p). Let P° € P(t,p) be e-optimal for W (t,z,p) for a sufficiently
small e. Note that since ¢’ < t P¢ € P(¢',p). Then we have with Holder’s inequality and
Proposition 6.2.

0 S W(t/,$,p) - W(t7$>p) — €
t
< B | [ Al X0 ]
t/
T, . / / ~
+Epe {/ (H(S,Xﬁ ~ 2"’3, ps) — H(s, Xﬁ"”, zﬁ"”, p8)> ds}
t
+Epe [(pr, g(X") - (X))
<

t
¢ B [/ (14 |z§/’x|)ds}
t/

T
+c Epe { / (@ DX = X8| 4 |24 = 27 ds}
t

+Epe [|XtT/’”” — Xh ]

1
T ) 3
< crt’—tlé+c<EP6 V X0 — XE s 4 | X — %””IQD
t

< ot —tz.

For the case t' < t, W(t',z,p) < W(t,z,p) choose a P* € P(¢',p), which is e-optimal for
W (t',z,p) for a sufficiently small e. We define then the probability measure P, such that
on Q= Qg x O
P = (4(p) ® Po) ® P|q,,

where 0(p) denotes the measure under which p is constant and equal to p and Py is a
Wiener measure on 0. So by definition (Bjs)sc[;,r) is a Brownian motion under IPe.
Furthermore the remaining conditions of Definition 3.1. are met, hence P € P(¢,p) and
the same argument as above applies in that case. ]

Proposition 4.7. W (t,z,p) is convex and uniformly Lipschitz continuous with respect to
p.

Proof. 1. To show the convexity in p let p1,pa € A(I) and let P! € P(t,p1), P2 € P(t,p2)
be e-optimal for W (t,z,p1), W (t,z,p2) respectively. For A\ € [0,1] define a martingale
measure P* € P(t,py), such that for all measurable ¢ : D([0, T]; A(I))xC([0, T]; RY) — R

Ep[6(p, B)] = AEp:1 [¢(p, B)] + (1 — A)Epz[¢(p, B)].

Observe that this can be understood as identifying 2 with © x {1, 2} with weights A and
(1 —=X) for Q© x {1} and Q x {2}, respectively. So

A 1 2
Yt,:):,IF’ _ 1Q><{1}Yt7x’P + 1Q><{2}Yt’x7ﬂm )
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Hence

A 1 2

W(t,z,py) < Y2 = 1Qx{1}Yt_’m’P + 1Qx{2}1§t_’x’P

< lawyW(t z,p1) + Loy W (t 2, p2) + 2¢

and the convexity follows by taking expectation, since € can be chosen arbitrarily small.
2. It remains to prove the uniform Lipschitz continuity in p. Since we have convexity

in p, it is sufficient to establish the Lipschitz continuity with respect to p on the extreme

points e;. Observe that P(t, e;) consists in the single probability measure 0 (e;) @ Py, where

0(e;) is the measure under which p is constant and equal to e; and Py is a Wiener measure.

The case W(t,z,e;) — W(t,z,p) < 0 is immediate. Assume W (¢, x,¢e;) — W(t,x,p) > 0.

For € > 0 let P € P(t,p) be e-optimal for W (t,z,p). Then

W(t,z,e;) —Wi(t,x,p) — e
T
< Epe |:/ <_[v—_[(s7 X;Uﬂf, Zém,&" e,i) — IT[(S7 X;,m’ Zé’w, ps)) ds + <PT — €5, g(X;i’t» ’ft,
t
t,x,e; t,
< Y;_x e Y;_z'
The uniform Lipschitz continuity of H in ¢ and p yields
t,z,e t t g
YIRSV < (e prg(XE) b [ (17— 2 fp ) ds
t

T
= [ B, (N = Nz (V- N
t

T T
S C </ (1 - (ps)z)ds + 1-— (pT)’L) +c / ’Zi’x _ Zz,x,ez“ds
t t
T
- / (207 = 20")dBs — (N = N®)7 + (N = N“),,
t

where we used that for all p € A(I) 0 < |p — ;| < ¢(1 — p;). We define (Y, 2, N) as the
unique solution to the BSDE

T T T
Ys=c </ (1—(py)i)dr+1— (pT)i> +c / |2 |dr — / ZrdB, — (N7 — Nj).
Then by comparison (Theorem 6.3.) we have
Y;t_,a:,ei o Y;t_,:v S }}%_.
We claim that Y, = (1 — (ps):) Ys, where (Y, 2, N) is on [t, T the solution to
~ T T
Yi=c+ec (Ts)+/ |Zr|dr/ ZyrdBy. (4.10)

This follows directly by applying the It6 folmula

T T
(1-(p)) Vs = ¢ (1-(pr)) +c / (1= (p,)) dr + / (1= (pr)s) 2] ds
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_/ST(1 — (py)i) %-dB, +/8T Yod(p,);

and identifying z; = (1 — (ps)i) Zs and N, = fo Yd (pr)i which is by the definition of
P/ (t,p) purely discontinuous, hence strongly orthogonal to B. Furthermore

1_(pt )1—1—p1§62| —(5l]|<0\/>|p—61‘

J

hence
Yime —YET <Y = (1= (p)i)Yie < oVIp — &Y.

It is well known (see e.g. [45]) that, the solution Y to (4.10) is continuous, bounded in £
and Y; is deterministic. So Y;— = Y; < ¢ and we have

Y -y < eVTp —eil.

4.3 Essential Lemmas

In this section we will show two Lemmas which will be essential for the proof of the
viscosity solution property.

Lemma 4.8. For allP € P/(t,p), t' € [t,T]
Yot > W, X5 py_)  Peas. (4.11)

Proof. Fix P € Pf(t,p) and t' € [t, T]. Let (A;);en be a partition of R? in Borel sets, such
that diam(A;) < e and choose for any | € N some y' € A;. Let 29" denote the z term
of the solution of BSDE (4.7) with forward dynamics X 4" instead of X, First observe
that

yie - EP[ (s, X%, 21 ,p5>ds+<pT,g<X%x>>\fﬂ_}

t

v

>° T 7ol
ZE]P’ |: Xt v Z e 7ps)d8 + <pT7.g X%y )>‘~7:t’:| I{X:,’IGAI}
! ¢

& T
3 | / (124" 22 4+ (1 4 221 xE — XE7]) ds
=1

t/7 ! t,
+’XT Y — XT$“ft,:| l{Xtt,’zeAl}7

where by Holder’s inequality, Proposition 6.2. and Gronwall’s inequality

o0 T
Some| [ (1 a4 DX - i) as
=1 v

t'yt t,
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oo T
S e [t
=1 ¢

25/7yl t,x 2
+| X" - X7

1

2
_:|> ].{X:;Q:GAZ}

<CZ’Xt$— th cany < ce
Hence
e l > 1
t'y t,x t'y
DY Lixtreqy — e YL <Y Yy M e gy e (4.12)
=1 =1

where the upper bound is given by a similar argument. Furthermore by assumption there
exist S = {p',...,p"}, such that Plpy_ € S] = 1. We define for m = 1,...,k the
probablility measures P, such that on € = Qg x

P = (5(p™) @ Po) ® P,

where §(p™) denotes the measure under which p is constant and equal to p, Py is the
Wiener measure on € and P is the measure on €y defined by: for all A € B(Qy)

Pm[A] = Plpr— = pm|P[A|Pr— = pm].

So by definition (Bs)epv 1) is a Brownian motion under P™ and (ps)se[v,7] is a mar-
tingale. We see this, since for t/ < s < T

Epm [ps|Fy—] = Ep[l{p, =p,)Ps|Fr-] = 1{p, —pmyPr— =p

Furthermore the remaining conditions of Definition 3.1. are met, hence P™ € Pf (¢, p) for
m=1,...,k and
tl, l7]P>m 1
Yt’fy 1{Pt'7:Pm} = W(t/7y ’pm)lpt’—:pm'
So we have, that

k
t',yl P t/,leP . , 1
Z Y/* ]‘{pt/ *Pm} Z t y p ]‘{pt/,:pm} - W(t Y 7pt’—)~

m=1

Since W is uniformly Lipschitz continuous in x, we have with (4.12)
Y;’f’f’P > W(t’,X;f’t, py_) — ce.

for an arbitrarily small € > 0. O

Lemma 4.9. For any e > 0, t' € [t,T] and P € P/(t,p) one can choose a P € P/ (t,p),
such that
(i) P =P on Fy_
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(it)
Vi < Wt X5 py_) + e (4.13)

Proof. Fix a P € P/(t,p). Let ¢ € [t,T]. By assumption there exist S = {p',...,p"},
such that P[py_ € S] = 1. Furthermore let (A;);ey be a partition of R? by Borel sets,
such that diam(A4;) < € and choose for any | € N some 3! € A;.

Define for any [, m a measure PY™ € P/ (', p™), such that

T
~ ’ ol 7 0 plm 7 a0
Epi,m [ H(s,X§ i ,zé yP ,Ps)ds + <pT,g(XtT’y )>}ftz_]

t/

< inf Ep [
PePf (¢ ,p™)

=Wy, p™) +e

T ~ ’ ’ 1,0
(s, XUV 209 b )ds + (pr g(XE >>m_] e
t/

We define the probablility measures IP¢, such that on € = Q4 x Qp
P = (Plo,, ) ® P.

where P is the measure on € defined by: for all A € B(Qy)

koo
BlA] = Y Y PLX; € A pu = pulP A,
m=1 [=1
So by definition (Bs),cp,r) is @ Brownian motion under P¢. Also (ps)sef,7) is a martingale,
since for t/ <r<s<T

koo koo
B [ps| /7] = Z Z 1{XfiI€Al,ptu:pm}EPl’m[ps|‘7:”] - Z Z 1{Xf/“”eAl,pt/,=pm}p" = Pr
m=1 =1 m=1 =1

Furthermore the remaining conditions of Definition 3.1. are obviously met, hence P¢ €
PI(t,p). i

Note that by the uniform Lipschitz continuity of H and Proposition 6.2. we have as in
(4.12)

th,yc,]I1>€

t,xz,Pe
tli Y sy

1{X:,’x€Al,pt/_:pm} t'—

] =
M8

1

3
=

A

[

WE

tyt e
].{Xf;zeAl’pt/_:pm}}/t/,
1

3
I
T

koo
t’ l
+c Z ZEP |:1{X:;I€Al,pt/7:pm}|Xt’m -y H]:t’f]
m=1 =1

oy P o
l{XE/’ZEAlvpt/fzpm}Y;,_ + ce.

™=
M8

<

=1

3
1§

So it follows by the definition of P¢, that

o0

k
ta,Pe Z oyt P
}/;/_ S 1{X:}z€Al,pt/,=pm}Y;’— + ce
m=1 [=1
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ko
Pl ,.m =
S Z Zl{X;zeAl7pt,7:pm}W(t 7y 7p ) +€+C€

m=1 =1

< W, X" pr_) +etce

and the result follows, since € can be chosen arbitrarily small. O

4.4 Viscosity solution property
To prove that W is a viscosity solution to (2.8) we first show the subsolution property.
Proposition 4.10. W is a viscosity subsolution to (2.8).

Proof. Let ¢ : [0,T] x RY x A(I) — R be a test function such that W — ¢ has a strict
global maximum at (£, Z,p) € [0,T) x R? x Int(A(I)) with W (,z,p) — ¢(t, %, p) = 0. We
have to show, that

min 99 + tr(ao (t,x)D2¢) + H(t,z, Dy, D), Amin 82—¢ >0 (4.14)
ot Op?

holds at (¢, ,p).
By Proposition 4.7. W is convex in p. So since p € Int(A([])), we already get

Set P := 0(p) ® Py. Then by Lemma 4.9 we can choose for any € > 0 and any ¢ € (¢,7] a
measure P¢ € P/ (%, p), such that P = P€ on F;_ and we have the estimate

VERES < W(t, X5 p) + e(t — 9). (4.15)
Then since P =P on F;_
A [ft H(s, X5%, 255F p)ds + Yo | 7, ] (4.16)
So by comparison ) )
VIR <V et - ), (4.17)

where ?;f is given by the solution to
_ t_
YT = W(t, X%, p) / H(s, Xb® zb ,p)d8~|—/ z47dB,.
S
Hence by (4.17)
Iy — t tm 771 = LT
W(t,z,p) <Y: [/ H(s, Xb% 257 5)ds + W (t, X} ,p)‘}}_] +e(t —1).

Since by standard Markov arguments E {f{t H(s, Xf’j, Eg’j,ﬁ)ds + W(t, Xf’i,p) ‘.7-},} is de-
terministic and ¢(¢, z, p) = W (¢, Z,p) and W < ¢ by construction, this yields

o(t,z,p) <Ep [/ H(s X”, 25T pYds + ¢(t, Xm _)}—l—e(t—f) (4.18)

which implies (4.14) as t | t by standard results (see e.g. [45]) since € can be chosen
arbitrarily small. O
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Proposition 4.11. W is a viscosity supersolution to (2.8).

Proof. Let ¢ : [0,T] x R x A(I) — R be a smooth test function, such that W — ¢ has a
strict global minimum at (Z,z,p) € [0,T) x R? x A(I) with W (£,Z,p) — ¢(Z,Z,p) = 0 and
such that its derivatives are uniformly Lipschitz in p.

We have to show, that

0 1 0*
min {(;f + §tr(aa*(t, 2)D2¢) + H(t,z, D¢, p), Amin (8Pf> } <0 (4.19)

holds at (¢,%,p). Observe that, if Ayin (g%‘f) <0 at (t,Z,p), then (4.19) follows immedi-
ately.
We assume in the subsequent steps strict convexity of ¢ in p at (f,Z,p), i.e. there exist

d,m > 0 such that for all z € Ta(p))

0%¢ o
<87p2(t’x7p)z’z> > 45|Z|2 V(t,l‘,p) € Bn(tul‘,p)' (420)
Since ¢ is a test function for a purely local viscosity notion, one can modify it outside a
neighborhood of (, Z, p) such that for all (s, x) € [£, T] x R? the function ¢(s, z, -) is convex
on the whole convex domain A(I). Thus for any p € A(I)

W(t,z,p) > (t,x,p) > é(t,z,p) + <gj§(t, z,p),p — D). (4.21)

We divide the proof in several steps. First we apply an estimate which is stronger than
(4.21) basing on assumption (4.20). In the second step we use the stronger estimate and
the dynamic programming to establish estimates for p. The subsequent steps are rather
close to the standard case. We reduce the problem by considering a BSDE on a smaller
time interval. Then we establish estimates for the auxiliary BSDE, which we use in the
last step to show the viscosity supersolution property.

Step 1: As in [27] one can show that there exist ,d > 0, such that for all (¢,z) €
[t,t4+n] x By(z), p € AI)

0
W(t,2,p) > 6(t, 2,p) + <£(t,m,p),p—1§> +20lp - pl?. (4.22)

By (4.22) we have for any ¢ > ¢ such that (t — ) < n

W(t7X:7i‘7pt—)
> 1, ot X5 ) + (22 (1, X% ), po_ — p) + Slpe — PP
= {|Xtt’w*f|<77} y A 5P 8]9 y At 2 P)y Pt— p Pt— p
- 1,7
+1{\Xf’wfi|2n}¢(t7Xt aptf)

6T 0 t,x _ _
2 (ZS(t,Xf 7p) + <7(;5(t7)<—7f7 7p)7pt— _p> + 1{‘vaf_£|<n}5|pt— _p’2

dp
I ot X pi_) — (6, X 5) — (22, XP7 ). i — p)
{\Xf””ﬂ’clzn} y Ay Pt— [ A 6]? [ s Pt— .
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Recalling that ¢ is convex with respect to p, we get

W(ta X:’japt—)
- (4.23)
> ¢t X,7,0) + (G (6 XP,p) P = P) + 0L yre_ o [Pe — I,

Step 2: Next we establish with the help of (4.23) an estimate for p. First we choose
for any € > 0, t > t a P¢ € P/ (£, p) such that we have

W (t,z,p) +e(t —1t)

o B (4.24)
Z E]pe |:f{t H(Sv Xﬁ’mv zgl"’ ps)dS + Y;jt_w‘ft—} )
where used (and will use in the following) the notation 22"%" = 25% VE&P° = YE2, Note
that Lemma 4.8. implies that P¢-a.s.
Yol 2 W(t, X7 p). (4.25)

So using (4.25) in (4.24) we get
t T _
e(t — ) > Epe [/ H(s, X% 2% p)ds + W(t, X p,_) — W(t,x,p)}fg_] . (4.26)
7
Hence with (4.23) it follows for all ¢ > ¢, such that (¢t — ) <7,

(t—7) > Ep{ JEE (s, X%, 2% p)ds + o(t, X1%, p) — o(L, 2, )
(4.27)
(5 (t ROOR >+51{Xf’”—a?l<n}‘pt__p|2}ff—]'

With (4.8) we have for a generic constant ¢

t _ t _
Epe U H(s,Xﬁ’x,zz’x,ps)ds}ft” < cEpe [/ (1+ [25%))
7 t

} <c(t—1)2, (4.28)

since by Proposition 6.2.

t t
Epe [/ |z§’x\2ds‘ft] < cEpe [/ |
t t

Furthermore by It6’s formula and the assumptions on ¢ it follows, that

e st‘}'t] <ec.

EIP’E |:’¢(t7Xt{’f7]5) - ¢(E7j>p)’|fff:| S C(t - i)% (429)

Next, let f : [t,t] x R™ — R™ be a smooth bounded function, with bounded derivatives.
Recall that under any P € Pf(£,p) the process p is strongly orthogonal to B. So since
under P€ the process p is a martingale with Epe [p;—|F;_] = p, we have by Itd’s formula,
that

Epe [f,-(t, X (pre — ﬁ)i|ff—}
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t - t -
= Ep- [/t_ fi(s, XE™)d(ps)i +/£ (ps — ﬁ)idfi(37X£7$)|ft—:|
t o _ _ o
=B | [ (G X 4 (Dl X))
%tr(aa*(s, XEMD2fi(s, Xﬁ*“))) (ps — p)ids\ff—] :
Hence by (H)

[Be [(52(t X1, 5), pe- — )| 7|

IN

cEpe [f{t |ps _ﬁ|d5‘]:f—]
(4.30)
< c(t—1).
Furthermore observe that, since |p;— — p| < 1, we have for € > 0, that by Young’s and
Holder’s inequality

~ 12|
Epe [1{|X£’fff|<n}’pt— o7 t*}

]. t.T _ _
> Bre [Ipe- — 9P| -] = B [1X07 — lpi — ol 7]
/

1 t.T _
> (1- %)Epe (1P = B|Fe-] = e [IX77 — 22|75

4ne

hence
_ =12] o
Epe [1{|Xf”‘”fz|<n}|pt* — 7l ‘f’f—}
(4.31)

> (1 - 9)Bpe [pr- — p*|Fe] — 2 (t — D).
Choosing 0 < ¢’ < 1 and combining (4.27) with the estimates (4.28)-(4.31) there exists a
constant ¢, such that
1
Epe [|pe— — pI*|Fi] < c(t —1)=. (4.32)

Since p is a martingale, it follows that for all s € [t,t)

Epe [|ps — p?|Fr_] < et — )7,

hence

Ep. [ / b —p|ds\ft_] <(t- (Epe [ / ™ —p|2ds|ft_]>2 <c(t-Di (433)

Step 3: Note that under P¢ € Pf(£,) the triplet ()@f’j,zg’j,Ns)se[ﬂT] is the unique
solution of the BSDE

- - T T
VST = (pr, g(X7")) + / H(r, X;%, 207, py)dr — / "dBy — N + Ns.
S S

To consider an auxiliary BSDE with terminal time ¢ we define as in the standard case (see
e.g. [45])

Gls.0.p) = 9(s,2,p) + girloo” (s,0)D%0(s, 2,p)) + H(s,,0" (5,2)D(s..p).p)
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dp 1 .
= 5, (82,p) + Str(oo (s,2)D*¢(s,x,p)) + H(s, z, Do (s, z,p),p)
and set
o o - t
YT = YT = (s, X0 ps) — | G(r,z,p)dr
S
+ > <¢<r,Xﬁ’z,pr> O(r, X7%,pro) = (- 0(r, X7, pr), P —pr_>>
t<r<s
AT = T o (s, XET)Dyo(s, X5, py).

Then by Itd’s formula (Y57, 257 N) is on [f,t) the solution to the BSDE

_ [V o o o
7e = ¢ [ (A0 X 0 X D0l X))
S

9¢

_ 1 _ _
—i—a(r, X,’f’x, pr) + itr(aa*(r, Xﬁ’x)quﬁ(r, Xﬁ"”, pr)) — G(r, x,p)) dr

t T =
— / #7dB, — Ny_ + Nj
S

with the terminal value

f = Y;ft;i‘ - ¢<t7Xf75;7pt—)

+ ng'r<t (QZS(T, Xﬁ’iv pr) - 525(1", Xﬁ@? pT*) - <3@p¢(r7 Xﬁ@a pT*)) pT - pT’*)) .

Note that by the (strict) convexity assumption on ¢ we get, that P-a.s.

_ _ 0 P
Z (¢(T’ qu’x7 pr) - ¢(T7 X:7x7 p?“—) - <87p¢(rv Xﬁ7x7 pT‘—)v Pr — pT—>> > 0. (4'34)

t<r<t

Furthermore by Lemma 4.8. and the choice of ¢ we have Y;t__i > W(t,Xtt_’i,pt_) >
(t, X;'", pt—), hence & > 0.

Consider now the solution to the BSDE with the same driver but with the smaller target
0, i.e.

YO = [Y(H(r, X", 27 + 0" (r, XP) Do (r, X2 Dy, Br)
—0—%(7’, Xﬁ_’i, pr) + %tr(oa*(r, Xﬁ_’i)qub(r, Xf’j, pr)) — G(r, a?,p))dr (4.35)
— [lZH7dB, — N + N,
Proposition 6.2. yields
Epe [/tt |z§’x\2ds‘ft_] < cFpe [/ttm\st\}"t_] (4.36)
with

fs = ﬁ(& Xg’ja U*(S7 ngf)Dx¢(Sv ngf, pS)’ ps)
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9¢

_ 1 . _ _ o
+§(87X£,x7p8) + 5131"(00’ (37 X§7m)D2¢(87X§7xa ps)) - G(s,x,p).

Because H is uniformly Lipschitz continuous in p and the derivatives of ¢ with respect to
p are uniformly bounded, we have

fs] < |H(s, X5%,0%(s, X5%)D,o(s, X1, ), p)

0 tx — 1 * t,x Lz — —
# 05, XE0,) + Jin(o0" (5, XE)D0(s, K22, p) — G5, 2.7)|

+c |ps - p’

and we get as in [45] by the estimate (4.33), that for all ¢ >0

IN

¢ t
Epe [/t !fs|2d3|ft] 4%,(75 —t)0(t — ) +c'c Epe [/t Ps _ﬁ‘st}Ft]
< %el(t—f)O(t—f)—Fe'c(t—f)%’

where O(t —t) — 0 as t — t. Hence we have by (4.36) and Cauchy inequality

Epe [/tt |z§’x|d5‘.7:g_] <c ((t -0t —1t) + (t — 53) (4.37)

and

| |
Nll
vV

t t
S U ]fs]ds}"t} _ cEpe U \zz””]ds\ft}
t t

—c((t—Z)O(t—f)Jr(t—Z)%).

v

y L it’j, this yields the

Since by the comparison theorem (Theorem 6.3.) we have Y~ P

following estimate for the auxiliary BSDE
T 5
Vi > e ((t-f)@(t—f)+(t—z)4). (4.38)
Step 4: The theorem is proved, if we show G(¢,Z,p) < 0. Note that by definition of
fxt‘,g‘:
~fz AT P ¢ -
[_I - Y;’_m - (b(t,.’ll',p) —Jt G(T>$7p)dr7 (439)
while we have by the choice of P¢ (4.24)
i s
Y{_x - W(ta I)p)

S (i { H(s, X07, 257, po)ds + YT | Fo | + et — 1)

Y — 6(t, 1, p) < ce(t —1). (4.40)
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Thus with (4.39) we have

¢
1.7 _
= +/{ G(r,z,p)dr < ce(t —t)

and finally by the estimate (4.38)

—c ((t — )0t —1t)+ (t — f)%) + /:G(r,i*,ﬁ)dr < ce(t — 1),

hence

1
(t—1)

which implies (4.19) as ¢ | ¢ since € > 0 can be chosen arbitrary small. O

t
/1E G(s,z,p)ds < c (O(t—£)+(t—f)i) + ce,

Thus by Proposition 4.10., 4.11. and comparison theorem for (2.8) (see [27], [25]) we
now have the following result.

Theorem 4.12. W is the unique viscosity solution to (2.8) in the class of bounded uni-
formly continuous functions, which are uniformly Lipschitz in p.

Theorem 3.4. follows directly from Theorem 4.12. and the characterization of the
value function in Theorem 2.8.

5 Concluding remarks

In this paper we have shown an alternative representation of the value function in terms
of a minimization of solutions of certain BSDEs over some specific martingale measures.
These BSDEs correspond to the dynamics of a stochastic differential game with the beliefs
of the uninformed player (modulo a Girsanov transformation) as an additional forward
dynamic. We used this to show how to explicitly determine the optimal reaction of the
informed player under some rather restrictive assumptions. To have a representation like

V(t,x,p) = Yti’x’]p

in a more general case a careful analysis of the optimal measure is necessary. In the
simpler framework of [27] the existence of a weak limit P* for a minimizing sequence is
straightforward using [84]. In our case any limiting procedure needs to take into account
the BSDE structure. The question of existence of an optimal measure under which there
is a representation by a solution to a BSDE poses therefore a rather delicate problem,
which shall be addressed in a subsequent work.
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6 Appendix: Results for BSDE on D([0, T]; A(1)) xC([0, T]; RY)

Here we restate existence and uniqueness results of for BSDEs adapted to our setting.
More general results can be found in [43].

Let © := D([0, T]; A(I)) x C([0, T}; R?) and (Q, F, (Fs)sept,71) be defined as in section
3.1. We fix a P € P(t,p) and denote Ep[-] = E[]. Let £ € L4(P), i.e. & is a square
integrable Fp-measurable random variable. Let f : Q x [0,7] x R? — R be P ® B(R?)
measurable, such that f(-,0) € H?(P) and such that, there exists a constant ¢, such that
P& dt a.e.

1f(w,s,2Y) — flw,s,2%)| < |zt — 22| V2!, 22 e RL (6.1)

We consider on D([0,T]; A(I)) x C([0,T]); R%) the BSDE

T T
Y, = §+/ f(r,zr)ds—l—/ zrdB, — (N7 — Ng). (6.2)

The existence and uniqueness can be shown by a combination of the proof for the solvabil-
ity of BSDE via a fixed point argument as in [45] and the Galtchouk-Kunita-Watanabe
decomposition (see e.g. [2]).

Theorem 6.1. For any fized P € P(t,x) there exists a solution (Y,z,N) € S*(P) x
H2(P) x M3(P) to (6.2), such that N is strongly orthogonal to the Brownian motion
B. Furthermore (Y,z) are unique in S*(P) x H2(P) and N € M3(P) is unique up to
indistinguability.

Furthermore we note that we have the following dependence on the data.

Proposition 6.2. For i = 1,2, let ¢ € LA(P). Let fi: Q x [0,T] x RY — R be two
generators for the BSDE (6.2), i.e. P ® B(R?Y) measurable, fi(-,0) € H*(P) and f* are
uniformly Lipschitz continuous in z.

Let (Y, 24, N%) € S%(P) x H2(P) x MZ(P) be the respective solutions. Set 6z = z' — 22
and 66 = €4 — &2, 6f = f1(-,2%) — f?(-,22). Then we have that for any s € [0,T)]

E [sup,cjor 10V | 5] + B | [ 192 2dr| 7]

< o (E [16¢217] +E | [ 165 dr| 7] )
Also we have a comparison principle which can be established like as in [45].

Theorem 6.3. Fori=1,2, let &' € L2(P). Let f*: Qx[0,T] xR? — R be two generators
for the BSDE (6.2), i.e. fis P ® B(R?) measurable, uniformly Lipschitz continuous in z
and fi(-,0) € H*(P).
Let (Y, 21, N') € S?(P) x H%(P) x M3(P) be the respective solutions. Assume

(i) 06 = &1 — €2 >0 P-a.s.

(ii) 6f = f1(-,2%) — f2(-,2%) > 0 P® dt-a.s.
Then for any time s € [0,T] we have Y.} — Y2 > 0 P-a.s.



Chapter 4

A note on regularity for a fully
non-linear partial differential
equation arising in game theory

1 Introduction

We consider a quasilinear partial differential equation (PDE) with a convexity con-
straint. More precisely we shall investigate the following type of equation: Let I € N*
A(I) denote the simplex of RY and ST the set of symmetric matrices of size I x I. We
consider

. [Oow 1 . 9 0*w B
min {8t + itr(aa (t,z)Diw) + H(t,z, Dyw,p), Amin <p, W) } =0 (1.1)

with terminal condition w(7T,z,p) = Zz‘:l,...,[ pigi(x), where for all p € A(I) and for all
Aec ST,

A
Amin (pv A) = min < Z72z>
2ETA1)(p) \{0} |2|

with Tx(1y(p) denoting the tangent cone to A(I) at p, i.e. Ta(rp) = Ua>0(A() —p)/A.
This kind of PDE was used in [28] to investigate some stochastic differential games with
incomplete information in the spirit of the celebrated model of Aumann and Maschler (see
[3]). Since we are only dealing with the PDE itself we do not go into detail about the
game and refer the reader to [28] and the references given therein.

The equation (1.1) is highly degenerate, thus it is especially difficult to deal with. A study
of obstacle problems as (1.1) with a convexity constraint but no additional dynamic in x
can be found in [86], [87]. In this paper we give an easy proof for semiconcavity in x for
the solution of the obstacle problem (1.1) which gives us with Alexandrov’s theorem weak
differentiability in 2. The method we use is purely probabilistic and uses the representation
of the solution via a specific minimum over solutions of backward stochastic differential
equations (BSDE), which was given in [56].

It is well known that the study of BSDE initiated by Peng in [92] also gives insight to
existence and regularity properties for solutions to quasilinear PDE. Notably, we would
like to mention [89] whose methods we shall adapt to our case.
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2 Main assumption and known results

The following will be the standing assumption throughout the paper.
Assumption (H)

(i) For 1 < k,I < d the function oy; : [0,7] x R — R is bounded and Lipschitz
continuous with respect to (t,x). For any (¢,z) € [0,T] x R? the matrix o*(t, ) is
non-singular and (o*(¢,z))~! is bounded and Lipschitz continuous with respect to
(t, ).

(i) (9i)ieqr,...1y R? — R are bounded and uniformly Lipschitz continuous.

(iii) H : [0,7] x R x RY x A(I) — R is uniformly Lipschitz continuous in (¢, p)
uniformly in (¢, z) and Lipschitz continuous in (¢, x) with Lipschitz constant ¢(1+|¢|),
ie. forall t,t' €[0,T], z,2' € RY, &, e RY, p,p € A(I)

|H(t,z,&,p)| < c(1+[¢]) (2.1)
and

|H(ta m7£)p) - H(t,v mlaglap/”
(2.2)
< (L4 [EN)(lz =] + |t = t]) + cl¢ = &' + clp = p'].

It has been shown in [28], that:

Theorem 2.1. There is a unique viscosity solution V : [0,T] x R x A(I) — R to (1.1)
in the class of bounded, uniformly continuous functions, which are uniformly Lipschitz
continuous in p.

In [56] we give a representation of the viscosity solution to (1.1) in terms of BSDE.
To that end, we enlarge the canonical Wiener space to a space which carries besides a
Brownian motion, cadlag martingales with values in A(I). More precisely we define for
any p € A(I), t € [0,T] on the canonical space Q := D([0,T]; A(I)) x C([0, T]; R?) with
canonical process (p, B) the set P(t,p) as the set of probability measures P such that,
under P,

(i) p is a martingale, such that ps = p Vs < t, ps € {e;,i = 1,...,1} Vs > T P-
a.s., where e; denotes the i-th coordinate vector in R!, and pr is independent of
(Bs)se(—oo,T]a

(ii) (Bs)sepo,r] is a Brownian motion.

We show in [56], that V' can be represented by minimizing the solutions of a backward

stochastic differential equation (BSDE) with respect to the measures P € P(t,p). More
precisely we consider for each P € P(t,p)

X =n s<t, XL — gt fts a(r, Xﬁ’m)dBT s>t (2.3)
and the associated BSDE

YEE = pr,g(X5) + [T H G X2, 207 py)dr
(2.4)
- fsT 0'*(7“7 Xﬁx)Zﬁ’x’PdBr - Ng + NSP’

where N is a square integrable martingale which is strongly orthogonal to the Brownian
motion B. In [56] we establish:
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Theorem 2.2. For any (t,z,p) € [0,T] x R? x A(I) the solution V = V(t,x,p) of (1.1)
can be characterized as

V(t,x,p) = essinfpep(t’p))@t_’w’ﬁp. (2.5)
Furthermore we have (with the help of BSDE techniques) the following regularity.

Proposition 2.3. V(t,x,p) is uniformly Lipschitz continuous in x, uniformly Hdlder
continuous in t, convexr and uniformly Lipschitz continuous with respect to p.

3 Regularity

3.1 BSDE results

As we are again using BSDE techniques for providing a regularity proof, we repeat
some results which can be found in more generality in [43]. For technical reasons we will
consider the BSDE (2.4) with a slightly different notation. For any ¢ € [0,7], € RY,
P e P(t,p) let

Ygt,IJP — <pT,g(X§—:x)> + fsT _H(T, X’;‘?I’ Zﬁ’m’P,pr)dT
(3.1)
_fsT Zﬁ,x,PdBr . N%f + Nf,

where H(t,z,p, &) = H(t,z,p, (o*(t,))"L¢). Setting Zb™F = (o%(s, X1*)) 125" then
gives the solution (Y4%F ZboF) t0 (2.4).

In the following we will use the notation Y;t’x’P = YT, oteP = ot NP — N whenever
we work under a fixed P € P(t,p).

Remark 3.1. Observe that by (H) we have that H is uniformly Lipschitz continuous in
(&, p) uniformly in (t,x) and Lipschitz continuous in (t,x) with Lipschitz constant c(14|¢|),
i.e. for allt,t’ €[0,T), z,2’ € R%, £,& € RY, p,p' € A(I)

|H(t,2,&p)| < c(1+¢]) (3.2)

and ~ ~
|H(t,:1:,§,p) - H(t/,x,7f,,p,)|
(3.3)
<cl+ (e =2 + [t =) +cl§ =& +clp = pl.
First we introduce the following spaces. For any p € A(I), t € [0,7] and fixed
P € P(t,p) we denote by L%(P) the set of a square integrable Fr-measurable ran-
dom variables. We define by S?(P) the set of real-valued adapted cadlag processes 1,

such that E [supse[o,ﬂ 193} < oo, furthermore by H2(PP) the space of Re-valued progres-
sively measurable processes, such that fo 0sdBs is a square integrable martingale, i.e.
E { fOT ]63|2ds} < 0o. We denote by M3(P) the space of square integrable martingales null
at zero. In the following we shall identify any N € Mg(]P’) with its cadlag modification.
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Theorem 3.2. Under the assumption (H) the BSDE (3.1) has a unique solution (Y1%F
ek NbeF) € S2(P) x H2(P) x M3(P) and for any s <T

T
}/St,m,ﬂm _ ]EIP |:/ H(T, Xﬁﬁa Z};.’x’P7 pT)dT' + <pT7 g(X?‘$)> ‘fs:| .

In particular

T
tht—’m’P - EP |:/ H(T, Xﬁxv z?r,]P” pT>dT + <pT? g(X%LB» ‘Ft—:| . (34)
t

Furthermore we have the general result:

Proposition 3.3. Fori=1,2, let ' € L2(P) be two terminal values. Let f*: Qx[0,T] x
R? — R be two generators for the BSDE (3.1), i.e. P@B(R?) measurable, fi(-,0) € HZ(P
and f* are uniformly Lipschitz continuous in z.

Let (Y, 2", N%) € S*(P) x H%(P) x MZ(P) be the respective solutions. Set 6z = z! — 22
and 66 = 1 — &2, 0f = f1(-,2%) — f%(-, 22). Then for any s € [0, T]

E [/T |(5z7«]2dr\.7:s} <e <E [16€1217,] + E [/T yéfTPdrmD (3.5)

S S

Also we have a comparison principle.

Theorem 3.4. Fori = 1,2, let & € L2(P). Let f': Qx[0,T] xR% — R be two generators
for the BSDE (3.1). Let (Y, 2%, N') € S%(P) x H?(PP) x M3(PP) be the respective solutions.
Assume

(i) 66 =& — €2 >0 P-a.s.

(ii) 6f = f1(-,2%) — f2(-,2%) > 0 P® dt-a.s.
Then for any time s € [0,T] we have Y} — Y2 > 0 P-a.s.

3.2 Semiconcavity in z

In order to show semiconcavity we need some stronger assumptions:
Assumption (H”)

(1) (9i)iequ,...1y R? — R is differentiable with bounded, uniformly Lipschitz continu-
ous derivative.

(ii) o : [0,7] x R — R4 is for any ¢ € [0,7T] differentiable with respect to x with
bounded, uniformly Lipschitz continuous derivative.

(iif) H:[0,T] x RYx R% x A(I) — R is for any t € [0, T)] differentiable in = and z with
bounded, uniformly Lipschitz continuous derivative.

Proposition 3.5. Under (H), (H’) the value function V is semiconcave in x with linear
modulus.

The proof is very similar to [89] which provides strong regularity for solutions of BSDEs.
Since here we are only dealing with the essential infimum of solutions to BSDEs our result
is of course weaker.

Proof. Since V is continuous in x, it remains to show that there is a constant ¢ > 0, such
that for all h > 0, v € S9!

V(t,z + hv,p) — 2V (t,z,p) + V(t,x — hv,p) < ch? (3.6)
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For h > 0 let P€ be e-optimal for V (t,x,p) for an e = O(h?). By the representation (2.5)

we have under P
V(t,x + hv,p) =2V (t,z,p) + V(t,z — hv,p)
< }/tt_@—i—hl/ _ 2Y%t,z + }/tt_,a;—hl/ +e

ﬁhj/"i 1 ]71,1+hV 2}/‘17.’1 ]fi,l—hy
S7 S S S

and
Ahzg,x _ Zé’erhV _ 222@ + Z;,xfhu'

Then AMYH" is given by

APV = (pr, g(XETT) — 2g(XET) + g(XETMY)

+ [T < H(r, Xp" 20740 ) — 2H(r, X2°, 207, py)

+H(r, Xﬁ’x_}w, zﬁ’gﬁ_h”, pr)) dr

— [T AM21"dB, — Ny + Ny,
where N = Nt#+hv _ o Nte 1 NEa—hv ¢ M2(P) is strongly orthogonal to B.
Let x == (pr, g(X5"T) — 2g(X57) + (XL ™)). We claim that

E [|Ix’] < ch?

(3.7)

(3.10)

(3.11)

Wlth a constant ¢ independent of h. First: Since g is dlfferentlable in x, we have for
fo tx+hu+r(X;x_Xt a:-l—hl/ d @2 f[) ta: hV—l—T(X;lx—X;lx_hV))dT

E [|g<X§;“h”> = 2g(X}) + g (X5 )]

—E{]@l( tx+hl/_Xt:(;)+®2( to—hv )|2}

c (]E [|@1(X;,x+h1/ 2Xtm _|_th hz/ ] +E |:| tm hv X;“’x)IQ]) .

Furthermore since D,g is uniformly bounded we have

[|@ (XL xhathy QX%x_’_X%xfhu)‘Q] < cE [|X%x+hu _2X;x +X§2x7hu|2} '

And since by assumption (H’) Do is uniformly Lipschitz continuous it is well known (see

g. [89]) that for all s € [t,T]
E |:‘X§,ax+hu - 2X§,z + Xﬁ,x—hu|2} < Ch4.

On the other hand, since D,g is by (H’) Lipschitz continuous, we have

(3.12)

E |02 - @1)(X;x—hu B Xth)ﬂ < cE [|X§lx+hu - X’%x—h’2|X;x—hV B X%x|2 < cht
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Hence (3.11) follows since |pr| = 1.
Next, we provide estimates for the driver of (3.10)

ﬁI(s,Xﬁ’“h”, zi’IH”’, pPs) — 2f_~[(s, Xﬁ’x, zﬁ’x, ps) + ﬁ(s, Xﬁ’m*h” zt’m*h”,ps). (3.13)

r~s

Since H is by (H’) differentiable with respect to  and £, we have with

1
A= [ Da (s X (X X)L
1 ~
AZ = /O Dy H (s, XUo=h 4 p(Xbe — Xta—hey ote by
1
P im [ DL X A (e )
1 ~
Fg = /0 DZH(S,Xﬁ’x*h”, zf;x + r(zﬁ’m*h” - zi’x),ps)dr,
that P¢ a.s. } . . R
H(s, XM 267 py) — H(s, X%, 20%, ps)
= AL(XLoth _ xbry g pL(ghe e b
and

H(s, X0, 26" pg) — H(s, Xe" " 207" py)

= A2(XL" — XD T2t - .
So (3.13) can be written as
H(s, Xo™H 20" po) — 2H (s, X3®, 207, ps) + H(s, X0, 20", py)
_ Ai (X;’I—HW _ 2X§,x + X;,w—hu) + Fi(zg,m—i—hl/ B 2Z§,x + zg,x—hu) (314)
(AL = A2)(XET = XETT) 4 () - TR - 2.
Since D, H, D.H are unifomly bounded and Lipschitz continuous by (H’), we have as in
the estimate for the terminal value, that the driver in (3.10) can be estimated from above
by

FS<'7 Azéya:)

— C’Azz,x| + C<|X£7x+hV . 2X§,Z‘ + X?l‘—hu‘ + ‘X§7x+hy o szx_hVIQ (315)

+‘X§’$+hll o Xz,m‘g + ‘Zé’x - Zé,x—hy|2 + |Z§,z+hu N Zé,x—hzx|2> )

So by the Comparison Theorem 3.4. A"Y*® can be estimated from above by the solution
of the BSDE

Y, = x+ ) F(z)dr - [!zdB, — Np + N, (3.16)
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and from below by the solution of the BSDE
Yo = x— [l F(z)dr - []2dB, — Np + N
By Theorem 3.4. we have
Yo < AhY <y,
hence
- ~ T
B [l P] <B 1%+ fP) s e+ [ IR GoPas].
0
while by (3.11) and Proposition 3.3.
T
B[P+ [ IR 0Ps] <ot
0
So by (3.7) and Holder, since the left hand side is deterministic
V(t,z+ h,p) =2V (t,z,p) + V(t,x — h,p)
1
<c <IE [|Ahyttfy2D 2 L O(h?) < ch?

and the desired result follows.

By Alexandroff’s Theorem (see, e.g., [21]) we have
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(3.17)

(3.18)

(3.19)

Corollary 3.6. V is twice differentiable a.e. in xz, i.e. for allt € [0,T],p € A(I) and
a.e. xo € RY there exists € € RY, A € ST (denoting the set of symmetric matrices of size

d x d), such that

lim V(t,z,p) = V(t,zo,p) — ({,x — x0) + (A(x — x0), 2 — T0)

=0.
T—x0 |z — o2

(3.20)

Furthermore the gradient D,V (t,z,p) is defined a.e. and belongs to the class of functions

with locally bounded variation.
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Chapter 5

A probabilistic-numerical
approximation for an obstacle
problem arising in game theory

1 Introduction

In 1967 Aumann and Maschler presented their celebrated model for games with in-
complete information, see [3] and references therein. The game they consider consists in a
set of, say I, standard discrete time two person zero-sum games. At the beginning of the
game one of these zero-sum games is picked at random according to a commonly known
probability p. The information which game was picked is transmitted to Player 1 only,
while Player 2 just knows p. It is assumed that both players observe the actions of the
other one, so Player 2 might infer from the actions of his opponent which game is actually
played. It turns out that it is optimal for the informed player to play with an additional
randomness. Namely in a such a way, that he optimally manipulates the beliefs of the
uninformed player.

The extension to two-player zero-sum stochastic differential games has recently been
given by Cardaliaguet and Rainer in [28], [25], where the value function is characterized as
the unique viscosity solution of a Hamilton Jacobi Isaacs (HJI) equation with an obstacle
in the form of a convexity constraint in p. The HJI equation without obstacle is the one
which is also found to characterize stochastic differential games in the classical work of
Fleming and Souganidis [52]. The probability p appears as an additional parameter in
which the value function has to be convex.

In Cardaliaguet [26] an approximation scheme for the value function of deterministic
differential games with incomplete information is introduced. An extension of [26] to deter-
ministic games with information incompleteness on both sides is given in Souquiere [102].
We consider the case where the underlying dynamic is given by a diffusion with controlled
drift but uncontrolled non-degenerate volatility. In constrast to [26] and [102] we can use a
Girsanov transform. This transform is a well known tool to consider stochastic games with
complete information in the context of backward stochastic differential equations (BSDEs)
(see Hamadeéne and Lepeltier [59]). An approximation of the value function of a stochastic
differential game via BSDEs has been discussed in Bally [4]. In contrast with [4] our algo-
rithm is closely related to the work of Barles and Souganidis [7] who consider monotone
approximation schemes for fully nonlinear second order partial differential equations. The
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latter was also applied in the recent work of Fahim, Touzi and Warin [48] where fully non-
linear parabolic PDEs are treated. As in [48] we use a kind of finite difference scheme for
the HIJ backwards in time and and capture the effect of the information incompleteness
by taking the convex envelope in p of the resulting expression. Note that this rather direct
ansatz using a probabilistic PDE scheme also significantly differs from the Makov chain
approximation method for stochastic differential games described in Kushner [71].

From the very beginning of the investigation of BSDEs initiated by Peng in [92] the
close relationship with optimal control problems and quasilinear PDEs has been exploited.
Consequently, also the approximation of solutions to BSDEs and to quasilinear PDEs are
closely related. For a survey on BSDEs we refer to El Karoui, Peng and Quenez [45],
while a survey on the numerical approximation of BSDEs can be found in Bouchard, Elie
and Touzi [14]. In this sense our result can also be interpreted as an approximation of the
solutions to the BSDEs which appear in the BSDE representation of the value function
for stochastic differential games with incomplete information in [56].

It is natural to ask whether this approximation might be used to determine optimal
feedback strategies for the informed player. In the deterministic games with complete
information it is well known that the answer is positive (see the step by step motions
associated with feedbacks in Krasovskii and Subbotin [69]). The case of deterministic
games with incomplete information has been treated in [26].

The approximation of optimal strategies for stochastic differential games is a more
delicate topic even in the case with complete information. Bally - also considering the
game under a Girsanov transform - gives in [4] a partwise answer under a weak Lipschitz
assumption of the feedback control. The result is shown by using approximations of
BSDEs however not in a completely discrete framework. In the very recent paper [51]
of Fleming and Hernandez-Herndndez approximately Markov strategies are constructed
with an approximation that in contrast to ours takes into account the actions of the other
player during the time intervals. This however makes the approximation much harder to
implement.

In fact, if we use the approximation for the construction of optimal strategies for the
informed player we are in the same situation as Kushner [71]. For the approximation of
the value function in [71] nearly optimal policies are constructed which possess a certain
optimality in the approximative discrete time games instead of the continuous time one.
To the authors knowledge the problem of finding an efficient approximation of optimal
strategies in stochastic differential games (with or without incomplete information) is
open and poses an interesting problem for further research.

The outline of the paper is as follows. In section 2 we describe the game and restate
the results of [28] and [25] which build the basis for our investigation. In section 3 we
present the approximation scheme and give some regularity proofs. Section 4 is devoted
to the convergence proof.

2 Setup

2.1 Formal description of the game

Let C([0, T]; R?) be the set of continuous functions from R to R?, which are constant
on (—o0,0] and on [T, +00). We denote by Bs(wp) = wp(s) the coordinate mapping on
C([0,T]);R%) and define H = (H,) as the filtration generated by s — B,. We denote
Q = {w € C([t,T);RY)} and H; s the o-algebra generated by paths up to time s in €.
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Furthermore we provide C([0,T];RY) with the Wiener measure Py on (H) and complete
the respective filtration with respect to Pp-nullsets without changing notation.

In the following we investigate a two-player zero-sum differential game starting at a time
t > 0 with terminal time 7. For any fixed initial data t € [0,7T],z € R? the two players
control a diffusion on (C([t, T];R?), (H¢,s)sefe.r]> H, Po) given by

dX;,a:,u,u _ b(S, X;,x,u,v’u& US)dS + g(s’Xé,x,u,v)st X?x =z, (2.1)

where we assume that the controls of the players u, v can only take their values in some
compact subsets of some finite dimensional spaces, denoted by U, V respectively.
Let I € N* and A(I) denote the simplex of R’. The game is characterized by

(i) running costs: (li)ieq1,...ry * [0, 7] % RIXUxV =R

(ii) terminal payoffs: (g:)ieq1,..1} : R? — R,
which are chosen according to a probability p € A(I) before the game starts. At the
beginning of the game this information is transmitted only to Player 1. We assume that
Player 1 chooses his control to minimize, Player 2 chooses his control to maximize the
expected payoff. Furthermore we assume both players observe their opponent’s control.
So Player 2, knowing only the probability p; for scenario i € {1,...,I} at the beginning
of the game, will try to guess the missing information from the behavior of his opponent.
The following will be the standing assumption throughout the paper.
Assumption (A)

(1) b:[0,7T] xR? x U x V. — R? is bounded and continuous in all its variables and
Lipschitz continuous with respect to (¢, x) uniformly in (u,v).

(ii) For 1 < k,I < d the function oy, : [0,7] x R — R is bounded and Lipschitz
continuous with respect to (t,x). For any (t,z) € [0,7] x R? the matrix o*(t, ) is
non-singular and (0*)~!(¢,x) is bounded and Lipschitz continuous with respect to
(t, ).

(i) (lLi)ieqa,...,ry : [0, T] R?x U xV — R is bounded and continuous in all its variables
and Lipschitz continuous with respect to (¢,z) uniformly in (u,v). (gi)ieq1,..1} :
R? — R is bounded and Lipschitz continuous.

(iv) Isaacs condition: for all (¢,z,&,p) € [0,T] x R? x R? x A([)

inquU SUPy ey {<b(t7 €, u, U)v 5) + ZZ‘I:l plll (t) Zr, U, /U)}
= SUPyev inquU {<b(t’ €T, u, U)v £> + Zi[:l pili (t7 €Z,u, U)} (22)

= H(t7 x7€7p)'

By assumption (A) the Hamiltonian H is Lipschitz continuous in (£, p) uniformly in
(t,xz) and Lipschitz continuous in (¢,2) with Lipschitz constant ¢(1 + [£]), i.e. for all
t,t' € [0,7T], z,2’ € RY, &,¢ e RY, p,p' € A(D)

(1, 2,€,p)] < e(1+ [€]) (2.3)

and

|H(t,2,&,p) — H(t', 2", &, )| < c(L+ [§])(lx — 2’| + [t = t']) + cl€ = &' + clp — p'|. (24)
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2.2 Strategies and value function

We now give some definitions and results of [25] and [28] which are the starting point
of our investigation.

Definition 2.1. For any t € [0,7] an admissible control u = (us)sef¢) for Player 1 is
a progressively measurable cadlag process with respect to the filtration (Ht,s)se[tﬂ with
values in U. The set of admissible controls for Player 1 is denoted by U(t).

The definition for admissible controls v = (vs)sep,1) for Player 2 is similar. The set of
admissible controls for Player 2 is denoted by V(t).

Let Uy, respectively Vi, denote the set of cadlag maps from [t,T] to U, respectively V.

Definition 2.2. A strategy for Player 1 at timet € [0,T] is a map o : [t, T]xC([t, T]; R%) x
Vi — U which is nonanticipative with delay, i.e. there is 6 > 0 such that for all s € [t,T]
for any w,w' € C([t, T);RY) and v,v" € V; we have: w = ' and v = v a.e. on [t,s] =
al,w,v) = al,w', V') a.e on [t,s+ ). The set of strategies for Player 1 is denoted by
A(t).

The definition of strategies (3 : [t, T] x C([t, T]; RY) x Uy — V; for Player 2 is similar. The
set of strategies for Player 2 is denoted by B(t).

With Definition 2.2. it is possible to prove via a fixed point argument the following
Lemma, which is a slight modification of Lemma 5.1. in [28].

Lemma 2.3. To each pair of strategies (o, 3) € A(t) x B(t) one can associate a unique
couple of admissible controls (u,v) € U(t) x V(t), such that for all w € C([t, T];R%)

a(s,w,v(w)) =us(w) and PB(s,w,u(w)) =vs(w) .

A characteristic feature of games with incomplete or asymmetric information is that the
players have to find a balance between acting optimally according to their information and
hiding it. To this end it turns out that the informed player will give his behavior a certain
additional randomness (see [28] or [27], [56]). Note that it is also reasonable to allow the
uninformed to use random strategies. As shown in the approximation for deterministic
games in [26], the uninformed player plays random as well in order to make himself less
vulnerable to the manipulation. This effect is captured in the following definition of [28]:

Let 7 be a fixed set of probability spaces that is nontrivial and stable by finite product.

Definition 2.4. A random strategy for Player 1 at timet € [0,T)] is a a pair (2%, Gy, Pa),
a), where (2, Gy, Py) is a probability space in T and o : [t, T] x Q¥ xC([t, T]; RY) x V; — Uy
satisfies

(i) « is a measurable function, where Q% is equipped with the o-field G,

(ii) there exists § > 0 such that for all s € [t,T] and for any w,w’ € C([t,T];RY) and

v,v" € V; we have:
w=w andv=1"ae. onlts] = al,w,v)=a(-,w V) ae. on[t,s+ | for any
wq € Qq.

The set of random strategies for Player 1 is denoted by A" (t).
The definition of random strategies ((Q°, Gs,P3), ), where 3 : [t,T] x QP x C([t, T]; RY) x
Uy — Vi for Player 2 is similar. The set of random strategies for Player 2 is denoted by
B (t).
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Remark 2.5. Again one can associate to each couple of random strategies (a, ) € A" (t) x
B"(t) for any (wa,ws) € Q%X O o unique couple of admissible strategies (U@ @8, y@evs) €
U(t) x V(t), such that for all w € C([t, T];R?), s € [t,T]

(s, wa,w, v (W) = us" (W) and (s, wp,w, u P (W) = v (W)

Furthermore (wq,wp) — (u¥e%8 v¥a“s) js a measurable map, from Q% x QF equipped
with the o-field Go, @ Gg to V(t) x U(t) equipped with the Borel o-field associated to the
L'-distance.

For any (t,z,p) € [0,T] x R x A(I), (au,...,ar) € (A"(t)!, 3 € B'(t) we define for any
(wa,;,wg) the process X%%:5 as solution to (2.1) with the associated couple of controls
(u¥®iws ywaiws), Furthermore we set

1 T _
J(ta x,p, 6‘7 /B) = sz ]E@i,ﬂ |:/ li(87 Xz"r’a“ﬂv (@i)57 ,Bs)dS + g’L(X’%x’a“ﬁ) ) (25)
i=1 0

where Eg, 5 is the expectation on Qg, x Qg x C([t, T]; RY) with respect to the probability
Ps, ® P @ Py. Here Py denotes the Wiener measure on C([t,T];R?). We note that the
information advantage of Player 1 is reflected in (2.5) by having the possibility to choose
a strategy a; for each state of nature i € {1,...,1}.

Under assumption (A) the existence of the value of the game and its characterization
as a viscosity solution to an obstacle problem is shown in [25],[28].

Theorem 2.6. For any (t,x,p) € [0, T]| xR x A(I) the game with incomplete information
has a value V (t,x,p) given by

V(t,z,p) = infaeare) supgesr@) J (L, z,p, @ B)
(2.6)
= Supﬂegr(t) infae(Ar(t))I J(t, x,p,Q, ﬁ)

Furthermore the function V : [0,T] x R x A(I) — R is the unique viscosity solution to

mln{%—f + %tr(aa*(t,x)D?Ew) +H(t7an.rw7p)7)\min (p7 %)} = 0 ( )
2.7

w(T,z,p) = (p,g(x)),

in the class of bounded, uniformly continuous functions, which are uniformly Lipschitz
continuous in p. For allp € A(I), A€ S! (where ST denotes the set of symmetric I x I
matrices) we set in (2.7)

(Az,2)

Amin(p, A) 1= min

2.8
2€TA (1) (p) {0} ’2‘2 (2:8)

and Ta(r)(p) denotes the tangent cone to A(I) at p, i.e. Ta(r)p) = Uaso(AI) —p)/X .

Remark 2.7. Unlike the standard definition of viscosity solutions (see e.g. [29]) the
subsolution property to (2.7) is required only on the interior of A(I) while the supersolution
property to (2.7) is required on the whole domain A(I) (see [25] and [28]). This is due
to the fact that we actually consider viscosity solutions with a state constraint, namely
p € A(I) C RI. For more details we refer to [22].
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3 Approximation of the value function

3.1 Numerical scheme

Our numerical scheme for the value function basically amounts to approximate the
solution of the obstacle problem (2.7). In order to do so it is convenient to consider the
real dynamics of the game (2.1) under a Girsanov transform. This technique - first applied
to stochastic differential games by [59] - enables us to decouple the forward dynamics (2.1)
from the controls of the players. As in [4] where this transformation is applied in the
context of numerical approximation for stochastic differential games via BSDE we will use
the following approximation for the forward dynamics.

For L € N we define a partition of [0, 7] with stepsize T = % by II” = {0 = to,t1,...,tp =
T}. Then for all k=0,...,L, z € RY pe A(I) let (X;’“’x)se[tkﬂ denote the diffusion

S
Xt =g +/t o(r,X")dB,. (3.1)
k

Furthermore we define the discrete process (Xff’x)n:k,._,, 1, as the standard Euler scheme
approximation for (3.1) on II"

XEr=o 4+ oty XP")ABY, (3.2)

where ABJ = By, — Bi;.

We will approximate the value function (2.6) backwards in time. To do so we set for all
reRY pe Al
V7(tr, 2, p) = (p,g9(x)) (3.3)

and we define recursively for k=L —1,...,0

V7 (tg—1,z,p) = Vex, (E [VT(tk,Xllj*l’x,p)} + TH(tk_l,CL',Zk_l(l‘,p),p)) , (3.4)

where Z;_1(z,p) is given by
1 h—1,z *y— -
S-1(w,p) = —E [VT(tk,X,fj L2 p)(0*) " (tp_1, 2) ABF 1} (3.5)

and Vex, denotes the convex envelope with respect to p, i.e. the largest function that
is convex in the variable p and does not exceed the given function. Furthermore for
t € (tg_1,tr) we define V7 (¢, x,p) by linear interpolation.

3.2 Some regularity properties

3.2.1 Monotonicity

First we show that our scheme fulfills a monotonicity condition which corresponds to
the one in [7] (2.2). It is well known that this criteria is crucial for the convergence of
general finite difference schemes.

Lemma 3.1. Let ¢ : R — R be a Lipschitz continuous function with Lipschitz constant
M. Then there exists for all x,2' € R a 6 € R with |0 < M

¢(z) — ¢(a') = (0, z — 2')
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Proof. For ¢ € C! the result follows from partial integration with § =€ 0' D ¢(x + (2’ —
x))dr. For the case of general Lipschitz continuous function ¢ one chooses a sequence
of C! functions (¢¢)c~o which converges uniformly to ¢. Since ¢ is uniformly Lipschitz
continuous, we may assume that the absolute value of D, ¢ and hence the corresponding
0¢ are uniformly bounded by the constant M. Consequently, possibly passing though a
subsequence, there exists a § € R? with || < M such that the lemma is valid. O

With the help of Lemma 3.1 we now establish:

Lemma 3.2. Let k € {0,...,L — 1} and ¢,% : R? — R be two Lipschitz continuous
functions with 0 < ¢(x) —(x) < c. Then for any x € R, p € A(I)

E [o(XE5)] + mH(te, 2, VB [6(X15) (0%)  (ts, 2)ABY] )
> E[0(X}5)] + rHt, . 11@ (WX (0%) (. 2)ABY] p) — 7O(7),

where O(T) is independent of p.

Proof. By (2.4) H is uniformly Lipschitz continuous in £. So by Lemma 3.1. there exists
a 0 € R? with || < M, where M denotes the Lipschitz constant of H, such that

E (6 - w)(X5)] + (H(tk,x, 1B [6(XE5)(07) " (o 0)ABY p)
~H(tx,, B [0(05)(0) 0, 0)AB] )
—E[(¢-v)( k+1>]+<79, <1E (G0 (b ) ABY|
2B [ 0) o a)aB] ) )
=E [(6 - )(XE)] + (0. [(6 - )L (@) 7 (b 2)AB] )
=E[(6— 0)(XFE) (140, (07) (0, 0)ABY) |

Since 0 < ¢(z) — ¢(x) < ¢ for any x € R, we have

E [(¢—v) (X5 (1+ (0. (")t 2)ABY))|

> E[(6— )X ) aprsao = (6 (%) (e, 2) ABY)|
with C' := ||[Mo~ !« independent of (t;,z,p) and 7. Furthermore we can explicitely
calculate
1 > z2 1 1 1
E|1 k A|ABk|} = / ’$|€_?daj: ——7T2¢e 207,
A (@)} (r) ez 257T(9)

where I' denotes the gamma function. O
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3.2.2 Lipschitz continuity in x

To show that the Lipschitz continuity in x is preserved under the scheme, we establish
the following lemma.

Lemma 3.3. Let k € {0,...,L — 1} and ¢ : R? — R be a uniformly Lipschitz continuous
function with Lipschitz constant M. Then for any k € {0,...,L—1}, z,2' € R, p € A(I)

1 T\ ey —
B o] + 7 (0 2. 1B [0 (0 ) A5 )
ok, / 1 k,x *\—1 NA k
—E |9(Xf)| = mH (b 7', ~E |9(X(7) (o) 7 (b, )ABY | ,p)
< CM7T|:U - .Z'/|,
where CM™ = M(1 + ¢r) + cr with ¢ independent of p.

Proof. We fix k € {0,..., L — 1}, z,2' € R, p € A(I) and write

B [60015) oK) + 7 (Mt o B [o(KER)0) (0B )
(10, 3B [0 (0) ) A8 )
= E |6(X}5) — oK)
o (Hltw, o, 2B [R5 (07) 7 (0, 0)AB] ) (36)
~H(th,, 1B [0 (0) " (0, ) 0B ) )
+T<H(tk,x, iE ¢(X,’jj1)( )_l(tk,x’)ABk] )

~H(tn,a, E [(X)(07) () 0B ) ).

Assume that ¢ € C! with |D,¢| < M. First we consider the last term of (3.6). We have
for ©! := fo Do (2" + ro(ty, ') AB*)dr that |0 < M and

1

~E |6(X57)(07) " (2 ABY| | = HE [6(") (") (b2 ) AB* + ©'|AB*P] |

< M.

Since by (2.4) the Hamiltonian H is uniformly Lipschitz continuous in z with Lipschitz
constant ¢(1 + |£|) we get, that

T <H(tk, z, %E [gb(X,’jfl)( ), x’)AB’“} D)

~H (e, 38 (oKD o) )08 ) )

<71c(l+ M)|z —2'].
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For the remaining terms in (3.6) we note that by (2.4) the Hamiltonian H is uniformly
Lipschitz continuous. So there exists as in Lemma 3.1. a ' € R? with |#'| < ¢, such that

E |$(XL5) — oK)
+T<H(tk,$ = [¢(X1]:f1)(0*)_1(tka$)ABk} ,P)

~H(th,, 1B [0 0) (0, ) 0B ) )
—E [6(X4) - (%) (37)
(0 (B[00 (07 (e 1) ABY] ~E [0(Xp) (%) (1,2 ABY] ) )

= B [(0(X}1) = (XD (1 + (01, (09) (0, ) ABY))|

E (0%, (Xf)(07) " (b ) = ()Lt 2/))ABY)]
For the first term of (3.7) we have with ©2 := [} D,o(X\7, + r(XPY — XP0))dr
E[((X£) = (XA + (6", (0) 7 (b, 2) ABY))|
=B [(6% X{T, - XET1) (1+ (6", (0") " (tr, ) ABY))|
[< (14 (0, (0%) " (t, ) ABEY) (& — 2) + (0 by, ) — o (1t x'))AB’fﬂ
terlz — ).

We finally use Cauchy-Schwarz (note that in the expansion of the square the ABF parts
vanish when taking expectation), |©%| < M and the Lipschitz continuity of o to get

: [<®27 (L4 (8, (")t 2) ABM)) (v = 2') + (o (th, 7) - U<tk71’/)>ABk>:|
= e [H + (01, (")}t 2) ABY)) (& — o) + (ot 2) - o(tk,x'))ABkHQ} 5

1
< M|z — 2| (E [1 —&—c\ABk]QDQ = M|z — 2'|(1 —i—cT)% < M|z —2'|(1+ %T)

For the second term of (3.7) we use the uniform Lipschitz continuity of (¢*)~! (by assump-
tion (A)) to have with the R%valued random variable ©3 := fol qub(X:fl—l— (X,’jfl—m ))dr

B (6, 6(XE7)((0") by, @) — (") (') ABY)]
= E (0", (6(a') + (6% o(t,")AB") ((0) " (tr, 2) = (") (1, ) ABY)
<cMrtl|r — /|

The case of Lipschitz continuous ¢ follows by approximation with a sequence of C' func-
tions (¢)es>0 which converges uniformly to ¢. Since ¢ is uniformly Lipschitz continuous
with constant M, we may assume that |D,¢¢| < M for all € > 0. O
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With the previous Lemma it is easy to show the Lipschitz continuity of V7 (t.,z,p) in
x.

Proposition 3.4. V7 (t.,x,p) is uniformly Lipschitz continuous in x with a Lipschitz
constant that depends only on the constants of assumption (A).

Proof. We will show Proposition 3.4. by induction. With (A) we have that V7 (¢1,z, p)
is Lipschitz continuous in x with a constant M/, that depends only on the constants of
assumption (A). Let M}, be the Lipschitz constant for V7 (¢, -, p) then by (3.4) and Lemma
3.3. and since Vex is monotonic, we have

V™ (te_1,2,p) = V7 (tp_1,2",p)| < (Mg(1 + c7) + c7)|z — 2]

Hence My, := M, (14-c7)+cr is a Lipschitz constant for V7 (t_1,-,p) and M := MpCe®T
for a C independent of 7,z,p is a constant dominating the recursively defined Lipschitz
constants (M )k—o....L- O

.....

With the uniform Lipschitz continuity of V7 in z it follows that the value function is
uniformly bounded.

Proposition 3.5. V7 (t.,x,p) is uniformly bounded by a constant only depending on the
constants of assumption (A).

Proof. Fix k€ {0,L — 1}, z € R? p € A(I). Assume first that V7 is at 3, continuously
differentiable in the second variable with |D, V7| < M. Then with © := fol Dy V7 (tgy1, x+
ro(ty, ) ABF, p)dr

|Zk(z,p)| = % ‘E [VT(tk+1,x + o(tg, x)ABk,p)(a*)_l(tk,x)ABﬂ ‘
= % ‘E [VT(tk‘-l-lax7p)(o-*)_1(tk7$)ABk+8‘AB]€|2” (38)
< M.
Since V7 is by Lemma 3.3. uniformly Lipschitz continuous in z one has (3.8) in the general
case again by regularization.
By (A) V7 (ty,z,p) is bounded by a constant M, that depends only on the constants of

assumption (A). Let My, be a bound for |V7 (t, -, p)| then by (2.3) the definition (3.4) and
(3.8) we have

B[V (b, X 0)| + mH (1,2, 261 (2,0),p) < My + er(1+ M)

and M +cT'(14+M) is a constant dominating the recursively defined constants (Mp,)g=o,... .-

)

O

3.2.3 Lipschitz continuity in p

The Lipschitz continuity of V7 (¢.,z,p) in p can be shown with similar methods.
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Lemma 3.6. Let k € {0,...,L — 1} and ¢ : R x A(I) — R be a uniformly Lipschitz
continuous function with Lipschitz constant M. Then for any k € {0,...,L —1}, z € RY,
p,p" € A(I)
v x 1 v x k\ —
]E (G(XE5p)| + mH (b, —E [0(XEp) (0) 7 (b, ) ABY| )
v x 1 v x *\ —
-E |:¢(X]z;€_7i_17p/)i| - T.H(tk,]?, ;E |:¢(X]Z;C_7i_17p/)(o- ) 1(tk‘7$)ABki| 7p/)

S C’M’T|p _p,‘a

where CM™ = M(1+ c7) + cr.

Proof. We fix k € {0,...,L — 1}, = € R? p,p’ € A(I). First note that by (2.4) the
Hamiltonian is uniformly Lipschitz in p. Hence

E [6(Xf51.p) — 6(X1 0] + T(H@k,x, “E[6(X,p) o) (b, 1) ABY] )
(28 [o(X )0 0B )
vk,x o k,x / 1 vk,x *\—1 k
<E[0(Xf5p) — 60| + T(Huk, 7, ~E [6(X}1,,p)(0") ! () ABE  p)
~H (b, T [9(XE, ) (0%) (b, )ABY| ,p>> +erlp -l

By (2.4) the Hamiltonian H is uniformly Lipschitz continuous in £ with a constant c.
So by Lemma 3.1.

E [o(Xp1.0) — 6(Xi50)] + T(H@k,x, 11@ B(Xkp) (") (b ) ABY| )
_H(ty, %Eﬂ [(b()_(gfl,p’)(a*)’l(tk,x)ABk] : p)>
=E [é(ff;ffpp) - ¢(X;’§f17p’)}
v <9,E [Qs()’(,’jfl, p) (™)Lt x)ABk} _E [¢(X,’jf1, P (0™ Lt x)AB’f} >
= E[(6(Xf11,p) = 0(XL2)) (L + (0, ()7 (b, 2) ABY)))

Assume for a while that ¢ is differentiable in p with |Dp¢| < M. Then with © :=
fol ngb(X,’jfl,p +7r(p — p'))dr we have

E[(0(XF20) = 6(XE5 )1+ (0, (")t 2) ABY)) |
—E (0, (1+ (6, (") (ty, 2)ABY) (0 — 1)
< Mp—p| (E [1+AB*) )" = Mip—p/|(1+er)? < Mlp—p/|(1+ 57,

where for the first estimate in the last line we used again Cauchy Schwartz as in the pre-
vious Lemma. The general case follows again by regularization.
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It is now easy to show the Lipschitz continuity of V7 (t., z, p) in p as in Proposition 3.4.
by using the fact that the convex hull of a Lipschitz continuous function on A(I) is still
Lipschitz continuous with the same Lipschitz constant. The latter result is due to [76].

Proposition 3.7. V7 (t.,x,p) is uniformly Lipschitz continuous in p with a Lipschitz
constant only depending on the constants of assumption (A).
3.2.4 Holder continuity in ¢.

Finally we use the Lipschitz continuity of V7 in x to establish a Holder continuity in
time on the grid points.

Proposition 3.8. For all L € N, x € R%, p € A(I) we have that (t.,x,p) — V7 (t.,z,p)
is Holder continuous in t., in the sense that for oll k € {1,...,L —1},1 € {1,... L — k},
there exists a constant ¢ only depending on the constants of assumption (A), such that

1
‘VT(tk+l7$7p) - VT(tk7l’,p)’ S c’tk+l - tk’§
Proof. We fix (z,p) € R? x A(I). By (3.4), (2.3) and the convexity of V7 in p we have

’VT<tk+l,.’E,p) - VT(tkava)‘
= ‘VT(tkH,:z:,p) — Vex, (IE {VT(tkH,X,ffl, )} + TH(tk,a:,Zk(x,p),p))‘

< ‘E [VT(tk+l,$,p) - VT(tk+17Xk+1a i| ‘ + CT 1+ M)

where we used that by (3.8) |zx(z,p)| is bounded uniformly in p € A(I) by the Lipschitz
constant of V7 in . Note that by definition (3.4)

VT (tks1, X,’:fl,p) = Vex, <IE [VT<tk+2, X£+21 ) )} +7H(r, 2, zk+1(x’,p),p)>

x'Zle:fl'
Hence by (A) and the fact that V7 is convex in p we have
‘VT(tkH,:n,p) —-E [VT(tk—i—l; X;l:fpp)} ‘
= V7 (tg+1, %, p)
K [Vexp <E (V7 (b2, ™ )| + 7H (o, Zk+1(x’,p)7p)> . ]
a'=X50

k41,Xk
< ]W(w,x,p) _E [VT(tkm,XHQ >] \ (14 M)

= ‘VT(tk-‘rl?x’p) —E |:VT(tk+27X]l§f25p)i| ‘ + CT(]' + M)
Since IT = |tg+; — ti| repeating this now [ — 2 times gives

|V7—(tk+[,33,p) - VT(tk7xvp)|
< ’VT(tkH,l',p) -E {VT(tkH,X;@ﬁ,P)] ’ + (1 + M)|tgyr — til.

Furthermore the Lipschitz continutity of V7 in x and (A) yields

_ 1
V7 (bt @,0) = E [V (bt X50)|| < ME [|XEF, = 2] < cltnss — taf?
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hence

T T l
V7 (tkri, xp) = V(g 2, p)| < Mt — til2 + (1 + M)[tkpr — ti-

3.3 One step a posteriori martingales and DPP

Since V7 is bounded we have that at each time step ¢ for any 2 € R? and p € A(I)
the convex envelop with respect to p in (3.4) can be written as a minimization problem

Vex, (E [VT(tk, X,ljfl’x,p)] +7H (tg—1, x, Zk_l(m,p),p))
= infag) {Al (B [Vt X570 + T H (b, 51 (,0Y), 21
o AT (B VT (g, X )| 4 rH (1, 2 (2,07, 91 }

where A(p) is the set of (AY,... ATl 7lH)y € A(T+1) x (A(I))'*1, such that

I+1 I+1

Z/\nrl =p and Z)\l =1.
=1 =1

So by a standard measurable selection theorem there exists at each time step t; for any

r € R% and p € A(I) a linear combination of 7%1(z, p),..., 7®/*1(z,p) € A(I), such that
I+1 I+1
S N prl@p) =p > A(z,p)=1 (3.9)
I=1 I=1
and
VT(tk7 iL‘,p)
I T vk,
= S M) (E [Vt X2 7)) 5.10)

(0307 0, ), 7 )
with
2oz, 7 (2, p)) = %E [Vf(tkH,X;:fl,wk’l(x, p))(a*)*l(tk,x)ABk] : (3.11)
where (z,p) — M\¥(z,p) € A(I+1) and (x,p) — 7% (x,p) € (A(I))!*! are Borel measurable.

With the help of weight (\¥(x, p), ... ,)\]}H(x,p)) € A(I +1) and the points 751 (z, p),
, I+ (2, p) € A(I) it is now possible to construct as in [27], so called one-step a

posteriori martingales, which start in p and jump then to one of the support points of the
convex hull 7% (z,p), ..., 71 (x, p) € A(I).

Definition 3.9. Foralli=1,...,1,k=0,...,L, x € R" and p € A(I) we define the one

step feedbacks pff’z’f as A(I)-valued random variables which are independent of o(Bs)scr,
such that

+
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(i) fork=0,...,L—
(a) if pi = 0 set pkH =p
(b) if p; > 0: p;fp c {7P(z,p),..., 7T (2, p)} with probability

Y

P [piiy? = 7@ DO s i) werpestme . .it

(! (x,p))i

:/\kx,p
) T

(ii) for k=L set pngj_”f =¢l
Furthermore we define pk+1 = pk’+’f, where the index 1 is a random variable with law p,
independent of o(By)seo,r) and (' l’p/)je{1,...,I},x/eR,p'eAl,me{L...,L}-
Lemma 3.10. For allk=0,...,L, x € R" and p € A(I) pifl s a one step martingale.

The martingale property is a direct consequence of Definition 3.9. It can be shown
along the lines of the proof of the one step dynamic programming given in the Lemma
below.

Lemma 3.11. For allk=0,...,L—1, x € R%, p € A(I) we have
VT(thv :Bap) =E |:VT(tk+1> X]]:fla pifl) + TH(tk‘a z, Zk’(l‘a pifl)) pifl)} (312)
with

— x ]- T k.t *\ —
2o, ppfy) = —F [v (tes1, XF2 D) (0) 1(tk,x)ABk] (3.13)

— P
P=Pp11

Proof. Assume (p); > 0 for alli =1,...,I. By Definition 3.9. we have that for all suitable
functions f: A(I) = R

1

IE0) ZE L F O] = DB [1p=a B [7015D)]

and the Lemma follows with (3.10). O

4 Convergence

4.1 Main Theorem
Our aim is to establish:

Theorem 4.1. Under (A) we have uniform convergence of (V7,7 > 0) on the compact
subsets of [0,T] x R? x A(I), i.e.

lim VTt 2 p') = V(t,z,p). (4.1)

Ti07tl_>t7z/ _>x7p/ _)p
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First we note the following:
Proposition 4.2. (V7,7 > 0) is compact for the topology of uniform convergence.

Proof. Note that by Proposition 3.5. the family (V7,7 > 0) is uniformly bounded. Fur-
thermore by Proposition 3.4. and 3.7., since V7 is defined by linear interpolation on the
time grid, for all 7 > 0 the functions V7 are Lipschitz in « and p with a common Lipschitz
constant independent of 7. Proposition 3.8. implies with the linear interpolation that
there exists a constant ¢ independent of 7, such that for all ¢, s € [0, T

V7 (t,2,p) = V7 (s,2,p)| < cls — 1|2 + cr3. (4.2)

Hence we have Holder continuity with an error of the order 72. As it vanishes as 7 10 we
have with a small modification of the Arzela Ascoli lemma (see e.g. [107]) compactness
for the topology of uniform convergence. O

We note that Proposition 4.2. induces a priori several candidates for the limit in
Theorem 4.1., where any candidate for the limit is bounded, continuous and in particular
Lipschitz continuous in p. Furthermore any candidate is convex in p as a limit of convex
functions.

Let w : [0,T] x R x A(I) — R be one of the candidates for the limit. Then with the
results of the subsequent section we have.

Proposition 4.3. w is a viscosity solution to (2.7).

Proof. Theorem 4.1. Since we have by Theorem 5.1. in [25] uniqueness of the viscosity
solution in the class of bounded, continuous functions from [0,7] x R? x A(I) to R which
are Lipschitz continuous in the last variable p, with Proposition 4.3. all candidates for the
limit coincide. Furthermore since the viscosity solution property uniquely characterizes
the value function V' the convergence (4.1) follows. O

4.2 Viscosity solution property
4.2.1 Viscosity subsolution property of w

Proposition 4.4. w is a viscosity subsolution to (2.7).

Proof. Let ¢ : [0,T] x R x A(I) — R be a test function such that w — ¢ has a strict global
maximum at (£, Z,p) € [0,7) x R? x Int(A(I)). We have to show, that

. [0 1 . 0?
min {af + §tr(ao (t, x)chgb) + H(t,z,Dy0,p), Amin <p, apf) } >0 (4.3)

holds at (¢,Z,p). As a limit of convex functions w is convex in p and we have since
p € Int(A(7))

So it remains to show

%f + %tr(aa*(t, x)D2¢) + H(t,z, Dy, p) > 0. (4.4)
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Note that by standard arguments (e.g. [5]) there exists a sequence (¢x, Tk, Pk)ren such
that t;, = lk% = lpT € II" converges to t and (Zy,px) converge to (Z,p) and such that
V7T — ¢ has a global maximum at (ty, Tk, pk)-

Define ¢™ = ¢+A,, where A = V7 (g, Tk, pr.) — d(tk, Tk, Pr)). Then for allx € R,p € A(I)

VT(ty +7,2,p) — ¢ (ty +7,2,p) < V7 (tg, Thy pr) — ¢ (tx, Tk Pr) = 0.
Set
X1 = T, + o(ty, ) ABY
and
% = %IE V7l + 7. X, ) (07) 7 (. 71)AB
By the definition of V7 (3.4) we get that

0 = Vexp (E [VT(LTk + T, Xk+1,ﬁk) + TH(t_k,.f‘k, Ek,ﬁk)ds]) — VT(fk,i‘k,ﬁk)
< E V(b4 7, Xiy1, Dr) | + 7H (b, Ty 2, D) — V7 (ks T, D)

Hence by the monotonicity Lemma 3.2. we have for all 7 > 0
0 < E[VT(tk: + 7, X1, k) — V7 (tk, Tk, Pr)
+7H (i, Ty, %E [VT(fk + 7, X1, k) (07) (B, ik)ABlk] ,Pk)]
< E[¢T(t_k + 7, Xpy1,0%) — ¢" (tk, Tk, Pi)

-1 _ _ 3 1/ _
+7H (tk, x, _E [¢T(tk + 7, Xkt1, k) (07) 1(tk,$k)ABl"} ,pk)]
+70(7).
We obtain inequality (4.4) by expanding ¢, which is just equal to ¢ up to the constant

Ar.
O]

4.2.2 Viscosity supersolution property of w
Proposition 4.5. w is a viscosity supersolution to (2.7).

Proof. To show that w(t, x, p) is a viscosity supersolution of (2.7) let ¢ : [0,7] x R x A([)
be a test function, such that w — ¢ has a strict global minimum at (£, z, p) € [0,T) x R% x
A(T) with w(t,z,p) — ¢(t,z,p) = 0 and such that its derivatives are uniformly Lipschitz
continuous in p.

We have to show, that

min {2 + Ltr(007 (t, ) D26) + b(t, ) Da + H(t, 2, Dads, p), Amin (p, gTjﬁ) } <0 (45)

holds at (¢,Z,p). Observe that, if Apin (g%‘f) < 0 at (¢,z,p), then (4.5) follows immedi-

ately. So we now assume A\pin (g%g’) >0 at (¢,7,p).
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By standard arguments (e.g. [5]) there exists a sequence (tj,Zk,Pk)ken such that ¢ =
lpT € II™ converges to ¢ and (T, pr) converge to (Z,p) and such that V™ — ¢ has a global
minimum at (g, T, P)-

Define ¢ = ¢ + (V7 (tg, Tk, Pr) — ¢(tk, T, Dr)) = ¢ + Ar. Since the minimum is global,
we have

VT(t_k: + T?‘Tap) - ¢T(t_k + T,IL’,p) 2 VT(Ek7§:k7ﬁk) - (Zs(t_kaj:kapk) =0.

Note that by the assumption Apip (gip‘f) > ( there exists §,7 > 0 such that for all k£ great
enough we have

62 ¢7’

Y 2
(5o2 |

(t,w,p)z,z) > 46| V(x,p) € By(Tk, Pr), t € [te, T + 7], 2 € Ta(ypy,)- (4:6)
Since ¢7 is a test function for a purely local viscosity notion, one can modify it outside a
neighborhood of (fy, Tx, pr), such that for all (s, ) € [, T] x R? the function ¢7(s,x,-) is
convex on the whole convex domain A(/). Thus for any p € A(I)

.
VT(S,ijp) > ¢T(57$vp) > QbT(vaaﬁk) + <6q;(57$7p)’p - ﬁk> (47)
We proceed in several steps.
(1) First we show a local estimate which is stronger than (4.7) using (4.6).
(2) In the second step we establish estimates for pyy1 := pi"'4’_i’1’C where pf:ff is defined
as one step martingale with initial data (¢, Tx, pr) as in Definition 4.2.
(3) Then we use the estimates of the second step together with the monotonicity in
Lemma 3.3. to conclude the viscosity supersolution property.
Step 1: We claim that there exist 7,0 > 0, such that for all 7 > 0 small enough
(meaning k great enough)

T

9 (tk + 7.2, Pk),p — i) + 0lp — P> (4.8)

VT(Ek + vavp) > ¢T(Ek’ + Taxaﬁk‘) =+ <

for all x € B, (Z), p € A(I). By Taylor expansion in p
T

0
¢T(t7 x,p) > (ZST(t)xmﬁk) + <;;(t7 map)ap _pk> + 26|p - ﬁk‘Q (49)

holds for (z,p) € By(Zg, Pr), t € [tk, tx + 7). Hence (4.8) is true locally in p. To establish
(4.8) for all p € A(I) we set for p € A(I) \ Int(B,(px))

o D — Pk
D =pr+ —1).
lp — D]

So by the convexity of V7 in p and (4.9) we have for a p € OV™ ™ (tk, Tk, P)

VT(E/wjkap) > VT(Ek’vi'kaﬁ) + <]§7p _ﬁ>
e ago” - R ~
> ¢ (ty, Tk, D) + <a(i(tk,$k,pk),p—m> +260* + (p,p — P)

" (tis T, Pic) + <({;i(t_k, Tk D), D — D) + 260°

Y
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T

+(p — 8(]; (th, Tk, Dk), D — D).

Since %(fk,ik,ﬁk) € V™ (t, Tk, pr) and p —p = ¢(p — px) (¢ > 0) and V7 is convex in
p we get that

T

— L (tp, Tp. D —p) > 0.
(p ap(k,ﬂfkmk),p p) >

So we have for all p € A() \ Int(B,,(pr))

T

o (tks Tky PE)> P — Pi) + 207 (4.10)

V7 (tr, T, p) = ¢ (ths Thy Pr) +
which gives in the limit for all p € A(Z) \ Int(B,(p))
w(t, z,p) > ¢(t,7,p) + (- (1. 7,p),p — ) + 201", (4.11)

Assume now that (4.8) does not hold for a p € A(I). Hence there exists a sequence
(7_7 xkn7pkn) - (Oa 07p> with 7= %7 Dk, € A(I) \ Bn(ﬁkn)7 such that

VT (Ekn + T7 jkn + xkhﬂpkn)
T

t_ + 7‘% +x ’ 9 -Pp
8p(kn Ty Tk + Thys P )s Phy — Dhin)

< @ (tg, + T, T, + Thop s Phiy) + (

+6|pk,, — P, |?

Thus for n — oo, p € A(I) \ Int(B,(p)) and

w(t, z,p) < ¢(t,2,p) + (- (L, 2,0),p — p) + on° (4.12)

SR

which contradicts (4.11).

In the following we denote
Xk-i—l =T+ O'(Ek, fk)ABlk

where AB% = By, . — Bp,. With the estimate (4.8) we have for 7 small enough for all
p € A()

E[V7(tk + 7, Xi41,D)]
=FE [VT(fk + 7, Xk+1,p)1|Xk+1_ik‘<n:| +E [VT(t_k + 7, Xk+1,p)1‘Xk+l_a—jk|Zn:|

> E |:<¢T(fk + 7, Xpr1, D) + <£D¢T(fk + 7, X1, 0k), P — Pr)
+d|p — ﬁk!2> 1|Xk+1—a‘:k<n]
+E [¢T(Ek + 7, Xk+1ap)1\)?k+1—o"ck|2n:|
=E [ﬁbT(fk + 7, X1, 0r) + (88P¢T(fk + 7, Xt1, %), 0 — Pk

_ 12
Fls el )
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+E |:1)_(k+1—xk.|>77 <¢T(tk + 7, Xpr1,p) — &7 (B + 7, Xpor1, Pr)
0 .- > _ _
_<87¢ (tk + 7, Xk+1,Pk),0 — Dk) ) |-
p
Recalling that ¢” is convex with respect to p, we get for all p € A(T)

E [VT(Ek + 7, XkJrlvp)]

> B¢ (T + 7, Xieyr, 9) + (5507 (B + 7 K, b1). 0 — D) (4.13)

+51|Xk+1*ffk‘<77|p — okl

Dk Tk
lp+1

Step 2: Next we establish an estimate for pgy1 := pf :fl’“ where p
one step martingale as in Definition 3.9. with initial data (¢, Tk, pr).

Note that by the one step dynamic programming in Lemma 3.11.

is defined as

V7 (ks Th Pie) = E [V7 (& + 7, Xit1, Prt1) + TH (Ts Tho, 21 (Tky Prot1), Prt1)] - (4.14)

Together with V7 (tx, Tg, pr) = &7 (tg, Tg, D) and the estimate (4.13) we have, for all 7 > 0
small enough,

O (tky Ty k) > E|¢7 (b + 7, Xit1, Pr) + TH (U Ty 21 (Thos Pt 1)s Pht1)

0 _ . i _ _
+<%¢T(tk + 7, Xbt1, Pk), Pet1 — i) + 0115, 5, |<n|Pk — Pk+1|2] :

Since py41 and AB% are independent, ¢™ has bounded derivatives and py; is a one step
martingale, we get

E [<§9¢T(fk + 7, Xk 1, Pk)s Pht1 — ﬁk)]
~ B [(2 67+ oAD" ). Bt — 50| 0.
Furthermore by the Markovian inequality and assumption (A) we have
E {1\)’(,€+1_g—c,ﬂ\<n|l)k+1 - ﬁkﬂ
=E [1|g(fk@k)ABlk|<n|pk+1 - ﬁkﬂ >c(l- T%)E [[Prs1 — Drl”]

with a sufficiently small constant ¢ independent of k. Thus

0 > E|¢7(tk + 7, Xit1, ) — ¢ (b, Thy Pr) + TH (b, The, 2 (Thy Phit1)s Pht1)

(4.15)
+cé(1 — T%)‘karl —pk\2] -
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Since ¢ has bounded derivatives we get with assumption (A) that
|E [¢7 (b + 7 Xis1, %) — &7 (b, o D) || < e7 (4.16)
and since E [|Z(Zg, pr+1)|] < ¢ by (3.8), (A) and Hélder’s inequality yields

E[7H (tg, Tk, 25 (T, Prt1), Pry1)] < T (4.17)

Combining (4.15)-(4.17) we have for small enough 7 > 0 and a generic constant ¢’ > 0

C/

IE|pk’ 1_25k2 Si
s+ i 05(1—7%)

T,

hence for small enough 7 and a constant ¢’ > 0
Ellpri1 — pel’] < 7. (4.18)

Step 3:
Furthermore we have with (4.13), (4.14) and the monotonicity Lemma 3.2., since

V7 (t, Ty pr) = ¢7 (th, Tes Pi)

0> E[¢T(Ek + 7, X1, Prt1) — O (b, Thy D) + TH (ks Thoo 25 (The, Pt 1), Pk+1)] (
_TO(T)')

4.19)

where

- LT o 1
21k Phi1) = B [67 (B + 7, X, p)(07) 7 (B 2)ABY |

P=Pk+1"

From the construction of pg1 and the fact that ¢7 is convex we get with (4.11) that

E [¢7(tk + 7, Xkt1, Prt1)]
>E [W(Ek + 7, X+1, D) + <3%</5T(fk + 7, Xkt 15 Pk)s Pht1 — Dk) (4.20)

=E [¢7(tk + 7, Xk41,Dr)] -

It remains to get a suitable estimate for Zi(Zx, pr+1). Since ¢” is uniformly Lipschitz
continuous in z, we get by Taylor expansion in x that

o 1 o o
Ze(Th, Prr1) = ;E [¢T<tk+Tka+17p)(U) 1(tk7$k)ABlk] ‘p:pk+1

. 1 T _ s\—1/7 = l
= B[t a0 Grr0dBY] |

1 _
+-E [DszT(tk + 7,21, p)| ABY ﬂ | +0(7)

P=Pk+1

= CE[D et mmn)lABYP] |, +O0).

P=Pk+1

Furthermore since D,¢" is Lipschitz continuous in p, it follows with (4.18) that

E HDMT(fk + 7, %, Prs1) [AB*|)? — Do (B + 7, fk715k)|ABl’“|2H
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3
2 .

< cE [|sz+1 — prl[AB% | < er

So from (4.20) we have, that

0 > E|¢"(t + 7, Xpt1,08) — ¢ (b, They Pr) + TH (tky Tiey Dy (L + 7, T, Dic) s Pre)

—c(r? +70(7)),

which implies (4.5) since ¢” is equal to ¢ up to a linear shift.

Proposition 4.3. follows immediately by Proposition 4.4. and 4.5.
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Chapter 6

On Dynkin games with incomplete
information

1 Introduction

In this paper we consider a Dynkin game with incomplete information. The game starts
at time 0 and ends at time 7" paying off a certain terminal payoff. In between the players
can choose to stop the game and recieve a certain payment dependent on who stopped the
game first. However with regard to the payoffs stopping might be less favourable for them
than waiting for the other one to stop the game or the game to terminate. We assume
that the game is played by two players. One player is informed about the payoffs, while
the other one only knows them with a certain probability (pi)z‘e{l,..., ry- Furthermore we
assume that the players observe each other during the game so the uninformed player will
try to guess his missing information.

Games with this kind of information incompleteness have been introduced by Aumann and
Maschler (see [3]) in discrete time setting. Differential games and stochastic differential
games with incomplete information in their spirit have been considered in Cardaliaguet
and Rainer [28], who give a characterization of the value function in terms of a fully non
linear partial differential equation. As in the case of stochastic differential games with
incomplete information studied by Cardaliaguet and Rainer [28], we allow the players to
use an additional randomization device. We note that randomized stopping times have
already been used in Touzi and Vieille [106] and Laraki and Solan [77] in a different con-
text. As a result even if the informed player knows the exact state of nature he might not
stop when it is optimal to stop for him in order to preserve his information advantage.

It turns out that as in the discrete time setting of Aumann and Maschler the randomization
device can be interpreted as a certain minimal martingale with a state space in the proba-
bility measures on {1,...I}. With the optimal measure this representation then allows to
determine optimal strategies for the informed agent. This result has been generalized to
differential games by Cardaliaguet and Rainer in [27] and to stochastic differential games
by the author in [56]. A similar technique of minimization over martingale measures is
introduced in De Meyer [32] to determine optimal strategies for informed agents in a fi-
nancial market.

In this paper we extend the previous results to the framework of Dynkin games. We show
that the value function of Dynkin games with information incompleteness exists and is
determined by a solution to a fully non-linear second order variational partial differential
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equation. We use the latter characterization in order to establish a dual representation
of the value via a minimization procedure over some martingale measures. This represen-
tation then allows - under some additional assumptions - to derive optimal strategies for
the informed player.

Dynkin games were introduced by E. Dynkin in [39] as a gametheoretical version of an
optimal stopping problem. Ever since there has been a vast variety of results obtained
by using analytical or purely probabilistic tools. As we are considering continuous time
Dynkin games with a diffusion as underlying dynamic we would notably like to mention the
works of Bensoussan and Friedman [10] and Friedman [53] who were the first to connect
Dynkin games to solutions of second order variational partial differential equations. For
for a probabilistic approach we refer to Alario-Nazaret, Lepeltier and Marchal [1], Bismut
[13], Ekstrom and Peskir [40], Eckstrom and Villeneuve [41], Lepeltier and Maingueneau
[79], Morimoto [85], Stettner [104] and the recent work of Kobylanski, Quenez et de Cam-
pagnolle [68]. In combination with controlled diffusions also BSDE methods were applied
by Cvitanic and Karatzas [31] and Hamadene and Lepeltier [60]. Though the extension
of the current paper to Dynkin games, where also the drift of the diffusion is controlled,
might seem rather straight forward there are some subtleties to consider. Especially when
generalizing the BSDE approach of [56] to an approach with reflected BSDE we have to
take into account that for the well-posedness of reflected BSDE as in Hamadene and Le-
peltier [60] or Hamadeéne and Hassani [57] one basically needs that p is continuous. This
however implies a severe restriction on the set of martingale measures P(t,p), making it
impossible to just follow the proofs in [56].

Of course our way to consider information incompleteness is rather specific and far from
being the only way to model Dynkin games with incomplete information. A very interest-
ing paper with a completely different ansatz is the recent work of Lempa and Matoméki
[78].

2 Description of the game

2.1 Canonical setup and standing assumptions

Let C([0, T]; R?) be the set of continuous functions from R to R?, which are constant
on (—o00,0] and on [T, +00). We denote by Bs(wp) = wp(s) the coordinate mapping on
C([0,T]; R%) and define H = (H,) as the filtration generated by s — B,. We denote His
the o-algebra generated by paths up to time s in C([t,T];R?). Furthermore we provide
C([0, T]; RY) with the Wiener measure Py on (H,) and we consider the respective filtration
augmented by Py nullsets without changing the notation.

In the following we investigate a two-player zero-sum differential game starting at a
time ¢t > 0 with terminal time 7. The dynamic is given by an uncontrolled diffusion on
(C([O?T]a Rd)’ (Ht75)8€[t,T}’H’PO)a Le. fort e [O,T],l' € R¢

dX0" = b(s, XL")ds + a(s, X[")dBs X" = . (2.1)

Let I € N* and A(]) denote the simplex of R’. The objective to optimize is characterized
by

(i) terminal payoffs: (gi)ief1,..1} R¢ — R,

(ii) early execution payoffs for Player 2: (fi)ief1,...ry : [0,T] ¥ R¢ - R,
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(iii) early execution payoffs for Player 1: (h;)icqi,.. 1y : [0, T] X R? — R,
which are chosen with probability p = (pi)icq1,...1y € A(I) before the game starts. Player
1 chooses 7 € [0,7] to minimize, Player 2 chooses o € [0,7] to maximize the expected
payoff:

Ji(ta €r,T, U) =K fi(07 XctT’m)10<T,a<T + hi(Ta Xi’z)lTSU,T<T + gi(X%x)lazT:T . (22>

We assume that both players observe their opponents control. However Player 1 knows
which payoff he minimizes, Player 2 just knows the respective probabilities p; for scenario
ie{l,...,1}.

The following will be the standing assumption throughout the paper.

Assumption (A)

(i) b:[0,7] x R? — R? is bounded and Lipschitz continuous with respect to (¢, ). For
1 < k,l < d the function oy : [0,T] x R? — R is bounded and Lipschitz continuous
with respect to (t,x).

(ii) (gi)ie{l,...J} : R* — R, (fi)i6{17...,l} 1 0,7 x R? — R and (hi)z‘e{l,...,l} 10,77 x
R? — R are bounded and Lipschitz continuous. For all i € {1,...,I}, t € [0,T],
z € R? we have that

filt,z) < hi(t, z) (2.3)
and
fi(T,x) < gi(x) < hi(T, x). (2.4)

Remark 2.1. Note that (A) (i) implies: for allt € [0,T], x € RY, p € A(I)

(p, f(t,2)) < (p, h(t, x)) (2.5)

and
(p, f(T,2)) < (p,g(2)) < (p, (T, x)). (2.6)
2.2 Random stopping times

In Dynkin games both players have the possibility to stop the game with undergoing
a certain punishment (early execution payment), so strategies in this case consist of a
stopping decision.

Definition 2.2. At time t € [0,T] an admissible stopping time for either player for the
game terminating at time T is a (Hy s)see,r) stopping time with values in [t, T]. We denote
the set of admissible stopping times by T (t,T). In the following we shall omit T in the
notation whenever it is obvious.

As in [77], [106] we allow the players to choose their stopping decision randomly

Definition 2.3. A randomized stopping time after time t € [0, T] is a measurable function
w:[0,1] x C([t, T]; RY) — [t, T] such that for all r € [0,1]

" (w) = p(r,w) € T(t).

We denote the set of randomized stopping times by T"(t).
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For any (t,2,p) € [0,T] x R x A(I), = (pi)ieq,..1y € (T7(t))', v € T"(t) we set for
ie{l,...,I}

Ji (tv T, [, V) = Eﬂmo@)/\@/\ |:fi(1/7 Xlé’x)ll/<m,l/<T
(2.7)

t.x

Fhi(pis XD Ly <vgu<r + 9i(XE) Lymoer |,

where A denotes the Lebesgue measure on [0, 1]. (In the following we will skip the subscript
Py ® A ® A.) Furthermore we set

I
J(tvﬂf,p,ua V) = ZPieﬁ(@%MhW- (28)
i=1

We note that the information advantage of Player 1 is reflected in (2.8) by having the
possibility to choose a randomized stopping time p; for each state of nature ¢ € {1,...,I}.

2.3 An example

To illustrate the importance of not immediately revealing the information advantage
we would like to conclude this section with a basic deterministic example. Assume that the
game takes place between times t = 0 and T'= 1. There are two possible states of nature
i = 1,2 picked with probability (p,1 — p) before the game starts. They are associated to
the two payoff functionals

J1 (7—7 U) = (27— + 1)1T<0',7'<1 + (20 - 1)1U§T,U<1 +2 lo=7=1 (29)
and 3
JQ(T, O') = (3 — T)]-T<0',T<1 + (2 — 0')10-§7-70-<1 + 5 10-:7-:1. (210)

Player 1, who is informed about the actual state of nature, chooses 7 € [0, 1] to minimize
and Player 2 chooses o € [0, 1] to maximize the payoff functional. However Player 2 is not
informed whether it is J; or Jo he has to optimize.

Now if the informed player plays a revealing strategy: he immediately stops the game i.e.
T =0, if i = 1 is picked, and the payoff is J;(0,0) = 1. In case i = 2 he does not stop, i.e.
7 =1, for ¢ = 2. Player 2 does not know ¢ a priori, but if he sees that the revealing Player
1 does not stop he can be sure i = 2, hence the information advantage is lost. In this case
it is optimal for Player 2 to stop immediately which yields the payoff Jo(7,0) = 2. So the
overall payoff for a revealing strategy of Player 1 would be p.J;(0,0)+4(1—p)J2(7,0) = 2—p.
On the other hand if Player 1 plays non-revealing, that means acting as if he does not
know i, both player face a stopping game with payoff

(B=2p)+Bp—1)71)lrcor<1+((2—=3p) + Bp — 1)o)lo<ro<t
(2.11)
+(% + %p) 10':7':17

where only p € [0, 1] is known to both players. For p < % the uninformed player in his
turn will stop immediately. Hence in this case, we have an overall payoff of pJi(7,0) +
(1 —p)Ja(7,0) = 2 — 3p, which is indeed smaller than the revealing case. As we see later
in section 6.3. in general a mixing of randomly revealing and non-revealing strategies will
be optimal for the informed player.
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3 Value of the game
For any (t,z,p) € [0,T] x R x A(I) we define the lower value function by

V- t7x7p) = Sup inf J(t7x7pvuay) (31)
( veTr(t) nE(TT ()1

and the upper value function by

V+(t,x,p) = inf Sup J(@%pa/h 1/)‘ (32>
HE(T™ () veTr(t)

Remark 3.1. It is well known (e.g. [28] Lemma 3.1) that it suffices for the uninformed
player to use admissible non-random strategies in (3.2). So we can use the easier expres-
sion
VT(t,x,p) = inf sup J(t,z,p,pu,0). (3.3)
RET™ () 5eT (1)
To show that the game has a value we establish:

Theorem 3.2. For any (t,z,p) € [0,T] x R? x A(I) the value of the game is given by
V(t,z,p) =V (t,z,p) =V (t,z,p). (3.4)
Remark 3.3. Note that by definition V¥ (t,z,p) >V~ (t,z,p).

To establish V* (¢, z,p) < V= (t,z,p) we will show that V' is a viscosity subsolution
and V'~ a viscosity supersolution to a nonlinear obstacle problem. More precisely we define
the differential operator L[w](t,z, p) := ttr(aa*(t,z)D2w(t, z,p)) +b(t,z) Dyw(t, z, p) and
consider

max { max{min{(—% — L)w],w—(f(t,z),p)},

(3.5)
w = {h(t,2)0)) i (. 58 ) | =0

with terminal condition w(T,x,p) = >,y ;pigi(x), where for all p € A(I), A € St
(where ST denotes the set of symmetric I x I matrices)

Amin (pv A) = min <AZ722> :
2€Tary(pm\0} 2]

and Ta(ry(p) denotes the tangent cone to A(I) at p, i.e. Ta()p) = Uaso(AI) —p)/A.

Remark 3.4. Note that since by (2.5), (2.6) the obstacles are separated, we one can
consider as in the classical case (3.5) as

max { min{max{(—% — L)[w],w — (h(t,z),p)},

(3.6)
w = {200}, =i (5. 58 ) | =0
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Definition 3.5. A function w : [0,T] x R x A(I) — R is a viscosity subsolution to (3.5)
if and only if for all (£,%,p) € [0,T) x R xInt(A(I)) and any test function ¢ : [0, T] x R% x
A(I) — R such that w—¢ has a (strict) mazimum at (¢, z,p) with w(t, z,p)—¢(t,,p) =0
we have, that

max { max{min{(— 2 — £)[d].6 — (f(t.2).p)}.
6= (0,2). 1)), i (1 58) } <0

at (t,%,p). This is equivalent to:
) 2

(Z) )\miri (pa %) 270

(i) w(E,7,p) = 6(F,7,) < (h(i

(i) If w(t, 7, p) = o(1,7,p) > {
Definition 3.6. A function w : [0, T] xR x A(I) — R is a viscosity supersolution to (3.5)
if and only if for all (t,Z,p) € [0,T) x R? x A(I) and any test function ¢ : [0,T] x R? x
A(I) — R such that w—¢ has a (strict) minimum at (¢, Z,p) with w(t,z,p) —¢(t,z,p) =0
we have, that

, ), D) )
(t,z),p), then (& + L)[¢](,Z,p) > 0.

max { min{max{(—Z — £)[¢],¢ — (f(t,z),p)},

6= (,2). 1), i (1 58) } 20

at (t,Z,p). This is equivalent to: if

we have, that
(i) w(t, z,p) = ¢(t,2,p) >
(ii) If w(t, z,p) = ¢(,2,D)
An essential part of the proof of Theorem 3.2. is given by the following comparison
result. We postpone the proof to the appendix.

Theorem 3.7. Let wy : [0,7] x RY x A(I) — R be a bounded, continuous viscosity
subsolution to (8.5), which is uniformly Lipschitz continuous in p, and wy : [0,T] x R% x
A(I) — R be a bounded, continuous viscosity supersolution to (3.5), which is uniformly
Lipschitz continuous in p. Assume that

wi(T,z,p) <wa(T', z,p) (3.7)
for allz € R p € A(I). Then
wi(t, z,p) < wa(t, x, p) (3-8)

for all (t,z,p) € [0,T] x R? x A(I).
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4 Dynamic programming

4.1 Regularity properties

Proposition 4.1. V*(¢t,x,p) and V~(t,x,p) are uniformly Lipschitz continuous in x and
p and Hélder continuous in t.

Proof. The proof of the Lipschitz continuity in  and p is straightforward and omitted
here. For the Holder continuity in time let ¢,¢' € [0,7] with ¢ < ¢. Assume V*(¢,z,p) >
V*(t',z,p). Then

0 < V*(tz,p) - V(¢ z,p)

= inf,c(7r @) SUPyerr (1) J(t,z,p,p,v) — Inf) e (7r())1 SUPLeT (1) J(t z,p,p,v).

Now for € > 0 choose i € (7"(t))! e-optimal for V*(#,x,p). Since t < ' we have
i € (T7(t))!. Furthermore choose 7 € 77 (t) e-optimal for sup,err) J (¢, @, p, fi,v) and

define 0 € 7" (t')
t/ - /
5o on {r <t} (41)
on {v >t}

R

Then we have
V*t(t,z,p) — VT (t,x,p) —2c < J(t,z,p, i, 0) — J(t',z,p, 1, D). (4.2)
Since

J(tvxupa I, I;) - J(t/,x,p, ﬂv 7})

= E[(fi(7, XJ") — [i(t',2))1per]

+E| fi(7, X57) — fi(0, X5 " Ny <pcp et + il X57) — hi s, X3 ) Lo <py<i i<t
+gi(X7") = i (Xp ™) Lmir |
the claim follows with assumption (A) by standard estimates, since € can be chosen arbi-

trarily small. The case VT (t,z,p) < VT (¥, z,p) follows by similar arguments.
L]

The following is a key property in games with incomplete information (see [3]). Our
proof follows closely [28].

Proposition 4.2. For all (t,z) € [0,T] x R V*(t,2z,p) and V= (t,x,p) are convex in p.

Proof. That V'~ (t,x,p) is convex in p can be easily seen by the following reformulation

V= (t,z,p) = sup,errq)inf ey J(& 2,0, 1, 1)
(4.3)

- SupVETT(t) Zpl infp,ET’"(t) JZ (t7 ZT,p, U, V)'

To show that V*(t,z,p) is convex in p: fix (t,x) € [0,T] x R? and let p, p',p? € A(I),
A € ]0,1] such that p = A\p' + (1 — \)p>.
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Furthermore choose ' € (77 (1)), p? € (7" (t))! e-optimal for V*(t,x,pt), VF(t,z,p?)
respectively. Then as in [28] Proposition 2.1. one can construct a i € (7" (t))!, such that
for any v € T"(t) we have that
I I I

ZpiJi(ta T, fli, 1/) =A Zpil‘]i(t’ €L, :uilv V) + (1 - )\) szz‘]i(ta €T, /%21 V)' (44)

i=1 i=1 i=1
Maximizing over v € 7" (t) (4.4) yields then

VL 2,p) <AV (L a,ph) + (1= NVt 2, p7) + 2¢

and the result follows since € can be chosen arbitrarily small. O

Furthermore from the very definition of V™, V'~ we have the following:

Proposition 4.3. For all (t,z,p) € [0,T] x R? x A(I) we have that

(f(t,2),p) <V (t,2,p) < (h(t, ), p) (4.5)

and
(f(t,z),p) <V~ (t,x,p) < (h(t,x),p). (4.6)

4.2 Subdynamic programming principle for V*

Theorem 4.4. Let (£,z,p) € [0,T] x R x A(I). Then for any t € [t,T]

v (t,z,p) < infreT(E,t) SUPgeT (%) E [ <157 f(o, ng)10<7',a<t>
- - (4.7)
(B b XP Vgt ) + V(XL ) ez |-

Proof. Fix (£,Z,p) € [0,T] x R? x A(I). Let A7 be a partition of R? with diam (A7) < §
for a § > 0. For any j € N, choose a i/ € A7 and p/ € (7" (t))! e-optimal for V*(t,47,p).
Furthermore choose ji € (77(f,t))’ to be € optimal for

inf e (7 (7)1 SUPger() Doty Pill [fi(Xﬁ’m)1u<m,u<t + i (X0 ) Ly <<t
B (4.8)
VX" P) et | -

We shall build with i and (/) ey a randomized stopping time i € (77 (#)) in the follow-
ing way

R m on 1a<t
(W)jen on{p=t X" €A}
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First note that for any o € T (1).

S piE [fi(X?x)lo<m,a<T + hi( X <o et + 9 (X5 L pmo—r

= Zle ﬁzE [fi(Xé’i)la<ﬂi,a<t + hi(XZ’f)1ﬂ¢<a,ﬂi<t:|
(4.10)

+ i DiE [fi(Xi’x)1t§a<m,a<T + hi( X ) Li<ps<opi<r

+9i (Xé“’j ) 1/11 =U=T:| 3

while by the uniform Lipschitz continuity of the coefficients by (A) and of V* by Propo-
sition 4.1. we have for a generic constant ¢ > 0

S pil [fi(Xé’x)ltSKﬂi,KT + hi( X li<pu<oer + gi(X%x)lfu—"_T]

<D jen S BiE [(fi(Xctr’y])lt<a<ﬂi,a<T + hi(X5Y ) < pu<o et
(4.11)

+gi(X§:y])1;11:0:T)1X:@€Aj:| + ¢d

<E {Vﬂt, Xf’w,p)lﬂizt,azt} +cd +e.

Hence combining (4.8) with (4.10) and (4.11) and choosing 6 € 7 (t) to be e-optimal for
V*(t,z,p) (3.3) we get

V*(t,z,p)

< infye(7r (@) SWPoeT () Soit DIE [fz‘(Xg’x)la<m,a<t + hi(Xi ™) <o i<t
TV, Xf’x,p)lngzt} + ¢ + 2
< infreq (e SuPser (i E [<p, f(Xg’i)la<T,a<t + h(Xi’i)lTﬁa,Td)
+VE(L, X§7fvﬁ)1T=U=t] +e0 + 2.

The claim follows since € and § can be chosen arbitrarily small. O

In contrast to the subdynamic programming for V' a superdynamic programming prin-
ciple for V= can not be derived directly. As in [28] we are led to consider the convex
conjugate.
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4.3 Convex conjugate of V~ and implications

For V= :[0,T] x R% x A(I) — R we define the convex conjugate (V~)* : [0,7] x R? x
R! — R as

(Vo) (t,z,p) = sup {(p,p) =V (t,2,p)}. (4.12)
PEA(T)

Let ¢ : [0,T] x R x A(I) — R such that V™~ — ¢ has a strict global minimum at (, Z, p) €
[0,T) x R x A(I) with V= (,2,p) — ¢(t,z,p) = 0 and

0%¢
Amin | P, 55 | > 0. 4.13
(p 8192) g (4.13)
Then by [25] there exists a 6,7 > 0 such that for all p € A(1), (t,z) € [t,t + 1] x By(Z)
_ _ 09 _ _ 2
V= (t,x,p) > o(t,z,p) + <8fp(t,x,p),p —p) +dlp—pl”. (4.14)
Consequently, for any p € R!
(V_)*(t,a:,ﬁ) = SuppEA(I){<ﬁap> - V_(t7$>p)}
< _d)(ta .’L',ﬁ) + SuppEA(I){<ﬁ7p> - <%ﬁ(t7xaﬁ)ap _ﬁ> + 6|p _ﬁlz} (415)
_(b(tax?ﬁ) + <ﬁaﬁ> + %‘gﬁ(taxﬁj) _ﬁ’27
which implies by choosing p = aﬁ (t,z,p)

(Vo) (t, 2, 52(t,2,p)) < —o(t,z,p) + (55(t,2,), D)
and for (¢t,x) = (¢,z) with (4.15)
(Ve et ep) = -V,
= —¢(t7,
Note that (4.15) and (4.16) imply in particular:

<j

)+ (52,
+(% (7,

E%l
"Gl
’§/|
5

(4.16)

:‘i‘/
Q’\&%\@
H\
@
"\U/\

Lemma 4.5. If there is a test function ¢ : [0,T] x R x A(I) — R such that V= — ¢ has a
strict global minimum at (£,Z,p) € (0,T) x R? x A(I) with V= (£, Z,p) — ¢(f,Z,p) = 0 and

824
)\min <p, W) > 0, (417)

then a(g;)* exists at (t,%,p) and is equal to p.

4.4 Subdynamic programming principle for (V)*

Instead of a superdynamic programming principle for V'~ we can with regard to (4.16)
show a subdynamic programming principle for (V' ~)*. To that end the following reformu-
lation of (V7)* will be useful.

Proposition 4.6. For any (t,z,p) € [0,T] x RY x R! we have that

(Vi)*(t, l’,ﬁ) = ianETT(t) SUp,e7r(t) MaXic(1, . 1} {pl (t X, [,V )} . (418)
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We recall:
Ji(t7 €z, W, l/) = E fi(V; Xl€7z)1u<u,u<T + hz(ﬂa Xftyx)lu<1/ n<T + gz(Xt z)luiV:T .

Remark 4.7. Again as in Remark 2.1. we can rewrite (4.18) as

(Vo) @ z,p) = infperrq)suprere maxieq,. i {pi — Ji(t, z, 7, v)}. (4.19)
Proof. Denote w(t,x,p) the right hand side of (4.18). Since V'~ is convex in p we have
that ((V7)*)* = V~. Hence it suffices to prove w* =V .
First we show convexity of w in p. To that end let p,p', p> € R!, X € (0,1) such that p =
Apt+(1—X)p%. Choose i, % e-optimal for w(t, z, p'), w(t, z, p?) respectively. Furthermore
define as in [28] a & € 7" (t) such that for all p € T7(t)

Jz(tv T, [, 19) - AJZ(tv T, [, ﬁl) + (1 - )‘)JZ(ta T, 1, ﬁ2) (420)

Then for all p € 77(t)

maXieqy,..ry 10 — Jilt, T, 1, 0)}

= MaX;c{1,.,I} {)‘(ﬁl - Ji(tvxa Ky ﬁl)) + (1 - )‘)(ﬁl - Ji(t’xvlL? 792))}

< Amaxieqy oy {pi — Jilt, 2, p, 01} 4 (1= N maxjeqy, gy {pi — Jit, 2, p,0%) }

< Aw(t,z,p') + (1= Nw(t,z, 7).

The convexity follows then by choosing /i e-optimal for w(t, x, p).
Next we calculate w*. By definition of the convex conjugate we have

w*(t,z,p)
= SUDjeR! {(ﬁ,P> + sup,e7r () Infyerr oy minjepr o {2, 0, v) — ﬁj}}

I . . . .
= SUP,e7r(t) SUPpeR! {Eizl piminjegy pyinfeqr {J;(t 2, 1, v) + pi — pj}} ,

where the supremum is attained for p; = inf 7+« J;(t, 2, 1, ). Hence

t ;oinf Ji(t @, ) b = f it @,
w*(t, z,p) sup {Zp MEITI}T(t) T,y V )} sup in Zp X,y V

VGTT 1 veTr(t) re(T(t)
O
As a direct consequence of (4.18) we have:
Proposition 4.8. For any (t,z,p) € [0,T] x R? x R we have that
maxeq1,... 7y {0 — hi(x)} < (V7)*(t, 2,p) < maxieqr .y {pi — fi(z)}- (4.21)

Furthermore we have with (4.18) as in Proposition 4.1.:
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Proposition 4.9. (V7)*(t,x,p) is uniformly Lipschitz continuous in x and p and Hélder
continuous in t.

Now we can establish a subdynamic programming principle.

Theorem 4.10. Let (£,7,p) € [0,T] x R x RL. Then for all t € [t,T]
(Vo) (t. z,p)

< infoer @) SuPrer iy E| maxieqr . iy {pi — Fi(X0) Mocr ot (4.22)

+maXi€{1,...,I}{ﬁi_hi(X‘ij)}lTSU,T<t+(V (2 A F—

Proof. Fix (t,z,p) € [0,T] x R? x A(I). Let A7 be a partition of R? with diam(A7) < &

for a § > 0. For any j € N, choose a 3/ € A7 and 17 € T"(t) e-optimal for (V=)*(t, 37, p).
Furthermore fix some & € 7 (t,t) e-optimal for the right hand side of (4.22).
We shall build with & and (1) ey a randomized stopping time 2 € 77 () in the following

way:
vV V<t
p=1{" om{v<ty (4.23)
(1)jen on{v =1t X" € A}
First note that for any 7 € 7 (t)

max;e(1,..,1} { [fz( X0V perper + hi(XP") <o rar + gi(*X%x)lT:f/:T] }
= maX;e(1,..1} {ﬁi -E [fz'(X;’x)laq,aq + hi(Xﬂt"I)ngﬁ,T<t:|

-E [fz‘( X5 Ni<ocroer + hil Xe" ) icr<orer + gi(X%x)l-r:ﬁ:T] }
(4.24)

< maxieqr,.. {E [( X Ly eyt + (s — m(xi"ff»m,fq} }
+max;er1 1} {E [ﬁiltgr,tgﬁ — fi(X ,f Vi<o<po<t

—hi(Xi’f)lthga,mT - gi(X%f)lrzﬁzT] }

Furthermore by the uniform Lipschitz continuity of the coefficients by (A) we have for a
generic constant ¢ > 0

E |:f7,( i Vi<o<rp<r + hi ( )1t§7§ﬁ,r<T + gi(X;

) 1T=l7=T:|

J J J
— Z]EN E [fi(Xé’y Wi<ocrocr + hi(XZ’y Vi<r<orer + gi(X%y )1T=9=T1X:,w€Aj:|

< ¢d.
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1} Vi is convex, we have by taking conditional expectation, the

And since v — max;eqy
fact that X%® is Markovian and the choice of 7 in (4.24)

maXi;ef(1,..,1} {E|: 117'>t >t T fz( lt, )1t<1/<TV<T

(X2 y<r<prer — gi(X%z)lrﬁT:| }

< Yjen E [maxie{l,...,l} {ﬁz‘ -E {fi(Xz’]yJ Myicrp <t + hi( X2V cpi et

J
+gi(X7" )hw‘T] }1 XITeAs 1T>t719>t:| +cd

= ZjeN E [(V_)*(t7 yj’ﬁ)le’feAJ’ 172t,f,zt] + ¢l + ¢,
which yields with the Lipschitz property of (V7)* in « by Proposition 4.6

maX;e(1, . I} {E[Ailr>t,9>t — [i(X5") Li<oeroar
—hi (X5 <r<p et — gi(X%f)l‘r:ﬂ:T:| } (4.25)

< E[(V ) (t, X2, A)1T2w2t} +2¢6 + €.

Let 7 € 7 () be e-optimal for (V7)*(¢,Z,p) (4.18) then combining (4.24) with (4.25) we
get

(V) (. z,p)
od) {E [(ﬁz‘ — FiX7 N Lo et + (B — hi(X3™) Li<sra

+(V ) (t th A T>ty>t }4‘64—26(5.

< mfoeT(t t) SUPreT (1) E maX;e{1,.. ,I}{pz fi(X. ctf )}10<T o<t

+maxieqr b — hi(XP") Hr<orar + (V) (6, X0, ) Lomrey

+2€ + 2¢9.

The claim follows since € and § can be chosen arbitrarily small.
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5 Viscosity solution property

5.1 Subsolution property for V"

Theorem 5.1. VT is a viscosity subsolution to (3.5).

Proof. Let (£,Z,p) € [0,T) x R% x Int(A(I)) and ¢ : [0, T] x R x A(I) — R a test function
such that V* — ¢ has a strict global maximum at (¢, Z,p) with V*(¢,z,p) — ¢(¢,Z,p) = 0.
Because of the convexity of V' by Proposition 4.2. and since p € Int(A(I)) we have

2
Amin (p, gpf) > 0. (5.1)
So it remains to show
max{min{(—& — £)(¢),¢ — (f(t,z),p)}, ¢ — (h(t, ), p)} <0 (5.2)

at (t,7,p).
Note that by Proposition 4.3. we already have

So it remains to show that for V*(t,z,p) — (f(t,Z),p) = ¢(t,Z,p) — (f({,%),p) > 0 we
have that (—% —L)[¢](t, 7, p) < 0, which is just a classical consequence of the subdynamic

programming principle for V. Indeed if we set 7 = ¢ in the dynamic programming (4.22)
we have for an €(t — t) optimal o, € 7 (¢)

o(t,z,p) = V*(7,p)

< B[S s + VX Pl — =)
< E [<p, FOXE et + (1, Xf*",pﬂaet] ]
If we now assume
VH(@5.D)  (F.5).5) = 6(0.2.5) — (F(1.2).5) > 0 (55)
and
2 L)elEz.p) >0, (5.6

é(s,2,9) — (f(s,2),p) =0 and (%2 — £)[¢](s,z,p) > 0.

Define A := {inf,czy ]X;’TgE — x| > h} and note that there exists a constant ¢ depending

only on the parameters of X7 such that P[A] < C(th_#. By the It6 formula we have since
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the coefficients ¢ and all its derivatives are bounded

6(t.2.5) = E |90 X5 p)+ [T (- @Xﬁ@@}
> B[ (6005, XE.5) 4 7 (4 — £)(5, X7, s — el
> EﬁMvaﬂXfxm+ﬁnf«+¢waxfmn&ﬁ
5(o¢ — a)] —
> B\ (0% X5, P ot + 000 X P

+OE (1t + (0¢ — t)] — 20(7?2.
Furthermore note that for 1 > (¢ — ¢) we have that

Elyecy + (05 — )] = E[(1+ 0% — Dlpect + (t — Dlgey] > (t — D). (5.7)

So

(b(_vjaﬁ) E <f(067Xé’5)7ﬁ>10'6<t + ¢(067X2—’57ﬁ)105:t

Y

+6(t — 1) — 202
which gives with (5.4)

S(t—1) — 2c hf)? —€(t—1t) <0.

Hence

5—20(t};t_> —e<0, (5.8)

which yields a contradiction, since (¢ —¢) and € can be choosen arbitrarily small.

5.2 Supersolution property of V'~

With the subdynamic programming principle for (V' 7)* Theorem 4.10. and the esti-
mate in Proposition 4.9. we can now as in Theorem 5.1. establish:

Theorem 5.2. (V7)* is conver and is a viscosity subsolution to the obstacle problem
max { min {(—% — L)[w],w — maxl-e{l’m’[}{ﬁi — h,(:c)}} ,
(5.9)
w = e i~ H@)} ) =0

with terminal condition w(T,r,p) = max;eq1 . {pi — 9i(z)}-

We are now using Theorem 4.2 to conclude the supersolution property for V.



122 CHAPTER 6. ON DYNKIN GAMES

Theorem 5.3. V™~ is a viscosity supersolution to (3.5).

Proof. Assume that p = e; for an ¢ € {1,...,I}, where e; denotes the i-th coordinate
vector in R, Then (5.9) reduces to the PDE for a game with complete information, i.e.
max{min{(—% — L)[w],w — fi(t,z)}, w—hi(t,z)} =0 (5.10)

with terminal condition w(7, x,p) = g;(z) and the result is standard.

Let p {e;, i=1,...,1} and ¢ : [0,T] x R x A(I) — R such that V'~ — ¢ has a strict
global minimum at (£, z,p) € [0,T) x R? x A(I) with V= (,z,p) — ¢(f,Z,p) = 0. We have

to show 5
max { max{min{(~ 5 — £)[¢], ¢ - ((t,),p)},
i (5.11)
6= (h(t,2), )}, =Amin (P 58) } 2 0
at (t,z,p). If
0%¢
~ — )<
e 22)
at (t,z,p) (5.11) obviously holds. So assume
0%¢
Amin (p, 8pQ> > 0. (5.12)

Note that by Proposition 4.3. we have that V' (¢, z,p)—(f(t,z),p) = ¢(t,z,p)—{(f(t,Z),p) >
0. So to show (5.11) it remains to show, that for ¢(¢,z,p) < (h(t,z),p), we have that

(5~ DI 2.5) 2 0. (5.13)
Recall that (5.12) implies by Lemma 4.5. that (V7)*(Z,7,p) is differentiable at p :=
g—i(ﬂ z,p) with a derivative equal to %}(t@yﬁ) = p.
From Proposition 4.8. we have
(Vo) (tz,p) = maxien . n{pi — hilt,2)} (5.14)
Indeed we have strict inequality in (5.14) for p & {e;, i = 1,...,1}. Assume that
(V)Y (t,z,p) = maxeq,. b — hi(t, 2)} (5.15)

Since max;eqr,. y{pi — hi(t,Z)} is convex in p, we would have that max;cqy . n{pi —

hi(t,Z)} is also differentiable at p with a derivative equal to %ﬁ(t,i,;ﬁ) =p.

However the map ' — max;c(y,. iy {5; — hi(f, )} is only differentiable at points for which

there is a unique ig € {1,..., I} such that max;c(; . 1 {p; — hi(t, )} = P}, — hiy (¢, 7) and

in this case its derivative is given by e;,. This is impossible since p # e;,. Therefore
(V_)*(t_) i7ﬁ) > maXiE{l,A..,I}{pi - hl(ﬂ j)} (516)

holds, which implies with (4.16)

V=(t,z,p) < (P,p) —maxjeq,. nipi — hi(t,7)}

= (p,p) +mineqy  y{—Di + hi(t,7)} (5.17)

IN

(h(t, ), D).
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If we now recall the dynamic programming for (V' 7)* with setting o = t, i.e.

(V). 2.5) < suprer i E [maxie{l,...,f}{ﬁi (XY
(5.18)
V) X A)lT:t],

we have with the upper bound of (V7)* (5.16) that (V' ~)* has the viscosity subsolution
property to

0
—— L 5.19
(o~ )] = (5.19)
at (t,Z,p). And as in [25] V'~ has the viscosity supersolution property to (5.19) at (¢, Z,p),
hence (5.13) holds. O

5.3 Viscosity solution property of the value function

To establish Theorem 3.2. it remains with Remark 3.3. to show that V~ > V. This
is however a direct consequence of Theorem 5.1. and Theorem 5.2. together with the
comparison Theorem 3.7.. We then have the following characterization of the value.

Corollary 5.4. The value function V : [0, T] x R x A(I) — R is the unique viscosity solu-
tion to (3.5) in the class of bounded, uniformly continuous functions, which are uniformly
Lipschitz continuous in p.

6 Alternative representation

In a second part we use the PDE characterization to establish a representation of the
value function via a minimization procedure over certain martingale measures. To do so
we enlarge the canonical Wiener space to a space which carries besides a Brownain motion
B a new dynamic p. We use this additional dynamic to model the incorporation of the
private information into the game. More precisely we model the probability in which
scenario the game is played in according to the information of the uninformed Player 2.

6.1 Enlargement of the canonical space

To that end let us denote by D([0,T]; A(I)) the set of cadlag functions from R to
A(I), which are constant on (—o0,0) and on [T, +00). We denote by ps(wp) = wp(s) the
coordinate mapping on D([0,T]; A(I)) and by G = (G;) the filtration generated by s — ps.
Furthermore we recall that C([0, T]; R?) denotes the set of continuous functions from R to
RY, which are constant on (—o0,0] and on [T, 4oc). We denote by Bs(wg) = wp(s) the
coordinate mapping on C([0, T]; R?) and by H = (H,) the filtration generated by s — Bs.
We equip the product space Q := D([0,T]; A(I)) x C([0, T]; R?) with the right-continuous
filtration JF, where JF; = Ny~ P with (FY) = (Gs) @ (Hs). In the following we shall, when-
ever we work under a fixed probability P on 2, complete the filtration F with P-nullsets
without changing the notation.

For 0 < t < T we denote Q; = D([t,T); A(I)) x C([t,T);R?) and F; s the (right-
continuous) o-algebra generated by paths up to time s > t in ;. Furthermore we define

the space
Qus = D([t, sl A(D)) x C([t, 5] RY)
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for0<t<s<T.Ifre(t,T] and w € Q then let
w1 = loomw wo = 1fp po0) (W — wyr—)

and denote 7w = (wi,wz). The map 7 : @ — 4, x Q, induces the identification
Q = Q» x £, moreover w = W_l(wl,wg), where the inverse is defined in an evident way.

For any measure P on €2, we denote by Ep[-| the expectation with respect to P. We
equip 2 with a certain class of measures.

Definition 6.1. Given p € A(I), t € [0,T], we denote by P(t,p) the set of probability

measures P on Q such that, under P
(i) p is a martingale, such that ps = p Vs < t, ps € {e;,i = 1,...,1} Vs > T P-
a.s., where e; denotes the i-th coordinate vector in RY, and pr is independent of

(Bs)se(foo,T]v
(i4) (Bs)sejo,r) s a Brownian motion.

Remark 6.2. Assumption (ii) is naturally given by the Brownian structure of the game.
Assumption (1) is motivated as follows. Before the game starts the information of the
uninformed player is just the initial distribution p. The martingale property, implying
pt = Ep[pr|F], is due to the best guess of the uninformed player about the scenario he is
in. Finally, at the end of the game the information is revealed hence pr € {e;,i =1,...,1}
and since the scenario is picked before the game starts the outcome pr is independent of
the Brownian motion.

6.2 Auxiliary games and representation

From now on we will consider stopping times on the enlarged space Q = D([0,T]; A(1)) x
C([0, T;RY) .

Definition 6.3. At time t € [0,T] an admissible stopping time for either player is a
(Fs)seje,r) stopping time with values in [t,T]. We denote the set of admissible stopping
times by T (t,T). In the following we shall omit T' in the notation whenever it is obvious.

We note that in contrast to Definition 2.2. the admissible stopping times at time ¢
might now also depend on the paths of the Brownian motion before time t.

One can now consider a stopping game with this additional dynamic, namely with a
payoff given by

J(t, €r,T,0, P)t— = E]P’ <p0'7 f(O', Xct;z)>10<7',a<T + <p7'7 h(’i’, X7t'7$)>1T§O',T<T
(6.1)
+<pTvg(X§:x)>lazT:T‘ft— y

where 7 € T (t) denotes the stopping time choosen by Player 1, who minimizes, and
o € T(t) denotes the stopping time choosen by Player 2, who maximizes the expected
outcome. In contrast to the previous consideration here we are only working with non
randomized stopping times. Indeed the randomization is in some sense shifted to the ad-
ditional dynamic p.
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Note that the known results in literature do not imply that these games have a value
for any fixed P € P(t,p), i.e.

esssup 7 (pyessinf ez J (¢, 2, 7,0, P)—
(6.2)
= essinf o7y esssup, ez J (¢, 2, 7,0, P)—.

Indeed since p is only assumed to be cadlag the theorems of [60] or [57] requiring basically
the continuity of p do not apply. We would like however mention that the very recent
result of [68], where there is only a continuity in expectation supposed, seems to be appli-
cable.

For us however it is for now not important since our first goal is an alternative repre-
sentation of the value function, for which we have a PDE representation. Since p can be
interpreted as a manipulation of the uninformed player by the informed one the outcome
of the game should be some minimum in this manipulation.

Fix t € [0,T], z € R? p € A(I). Note that all P € P(t,p) are equal on F;_, i.e. the
distribution of (Bs,ps) on [0,t) is given by d(p) ® Py, where d(p) is the measure under
which p is constant and equal to p and Py is the Wiener measure on €p;. So we can
identify each P € P(t,p) on F;— with a common probability measure Q and define Q-a.s.
the lower value function

W= (t, 2, p) = essinfpep( pyesssup, ez essinf ey J (¢, 2, 7,0, P)i— (6.3)
and the upper value function
WH(t,z,p) = essinfpep(; pyessinf ¢ 7 esssup,erpyJ (¢, 2, 7,0, P, (6.4)
where by definition we have W~ (t,z,p) < W (t,z,p).
Theorem 6.4. For any (t,z,p) € [0,T] x R? x A(I) we have that
W(t,z,p) = WT(t,z,p) = W (t,z,p). (6.5)
Furthermore the value of the Dynkin game with incomplete information can be written as
V(t,x,p) = W(t,z,p). (6.6)

To prove the theorem we establish a subdynamic programming for W and a super-
dynamic programming principle for W~. Then we show that W™ is a subsolution and
W~ a supersolution to the PDE (3.5). After establishing that W* and W~ are bounded,
uniformly continuous functions, which are uniformly Lipschitz continuous in p, the com-
parison result Theorem 3.7. gives us the equalities (6.5) and (6.6).

6.3 Optimal strategies for the informed player

The motivation for the alternative representation is that, as in [27], [56] it allows to
determine optimal strategies for the informed player. Indeed, if we assume that there
exists a P € P(t,p), such that

V(t,z,p) = essinf cqesssup, ez (L2, 7,0, P);—, (6.7)
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then we can define for any scenario i € {1,...,I} a probability measure P; by: for all
A € F we have that

_ _ 1_ )
Pz’[A] = IP’[A|PT = €i] = ;P[A N {PT = €i}], if p; > 0,

and P;[A] = P[A] else. It is clear by Definition 6.1. that B is still a Brownian motion
under P’

We note that the right-continuity of p allows to define the stopping time 7% = inf{s €
0,77, (s, X¢, ps) € D}, where D = {(t,z,p) € [0, T]xRIxA(I) : V(t,z,p) > (h(t,z),p)}
is a closed set by the continuity of V' and g.

The couple (7%,P;) then defines a randomized stopping time for the first player Indeed,
for each state of nature ¢ € {1,...,1} the informed player stops when (s, Xk ¥ ps) enters
D under P;, where X%* is the dlffusmn both players observe and p under P; represents
his own randomization device.

Theorem 6.5. For any scenario i = 1,...,1 and any stopping time of the uninformed
player o € T(t) playing (7*,1;) is optimal for the informed player in the sense that

Zf:l piER‘ [fi(g’ Xé7x)1a<'r*,a<T

+hz‘(T*7Xf—f:)1T*§J,T*<T + gi(X%x)lT*:J:T < V(t z,p).

(6.8)

Proof. By definition of P; we have
I
Zpl]E]PZ |:fi(07 X£7$)10'<T*,O'<T + hi(T*7 Xf-fc)lT*Sa,T*<T + gi(X%z)lT*:o:T:|

I
ZP PT = ¢4 EP |:f1(0' X )1U<T*,J<T

+hi(7_*7 Xf—’f)lT*SO',T*<T + gi(X;x)lT*:U:T‘pT = ei:|

EI: [l{pT e} <fz(0a No<ro<T
(77, X7 ) e <o e cr + gi(X%x)lf*:U:Tﬂ
82 (b7, (0, X3 Ly e
P X Lo + (1 g (X)Lt
while, since p is a martingale, we have by conditioning
Be (b1, (0. X5 e e

+<pT7 h(T*7 th-,’fc»l’r*SO',T* <T + <PT7 g(X{l;“’x)>1T*—U—T:|
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= ]Elﬁ’ <p0'7 f(o-v X§7x)>10<T*,o’<T
+<p’r*7 h(T*, X};g»lr*ga,r* <T + <pT7 g(X’?’w)>17’*:U=T .
(6.8) follows then with (6.7) by standard results. O

6.4 The functions W', W~ and e-optimal martingale measures

We conclude this section with some important technical remarks. Note that by its very
definition W (¢, z,p) and W~ (¢, z, p) are merely F;_ measurable random fields. However
we can show that they are deterministic and hence a good candidate to represent the
deterministic value function V' (¢, x,p). The proof is mainly based on the methods in [19]
using perturbation of C([0, T]; R?) with certain elements of the Cameron-Martin space. We
already adapted these arguments to the framework of games with incomplete information
in [56]. The proof is very similar here and thus omitted.

Proposition 6.6. For anyt € [0,T], € R, p € A(I) we have that

W*t(t,x,p) = E@W*(t,x,p)] Q-a.s.
W= (t,z,p) = EgW (t,z,p)] Q-a.s.

Hence identifying W, W™ respectively with its deterministic version we can consider
W0, T]xRIx A(I) = R and W~ :[0,T) xR x A(I) — R as deterministic functions.

In the following section we establish some regularity results and a dynamic program-
ming principle. To this end we work with e-optimal measures. Note that since we are
taking the essential infimum over a family of random variables, existence of an e-optimal
P€ € P(t,p) is as in [56] not standard. Therefore we provide a technical lemma, the proof
of which can be provided along the lines of [19], [56] respectively.

Lemma 6.7. For any (t,z,p) € [0,T] x R? x A(I) there is an e-optimal P¢ € P(t,p) in
the sense that Q-a.s.

W=(t,z,p) +€ > esssup,cqessinf oy J (¢, z,7,0,P) .

Furthermore for any (t,x,p) € [0,T] x R? x A(I) there is an e-optimal P€ € P(t,p) in the
sense that Q-a.s.

Wt (t,z,p) +e > essinfTeT(t)esssupUET(t)J(t,x,T, o,P)_.

For technical reasons we furthermore introduce the set P/ (t,p) as the set of all measures
P € P(t,p), such that there exists a finite set S C A(I) with ps € S P-a.s. for all s € [t,T].

Remark 6.8. Note that for any (t,x,p) € [0,T] x R® x A(I) ¢ > 0 we can choose an
e-optimal P in the smaller class PT(t,p). The idea of the proof is as follows: first choose
S-optimal measure P© € P(t,p) for W~ (t,x,p). Since p progressively measurable we can

approzimate it by an elementary processes p¢, such that one has

_ €
\esssupaeﬂt)essinfTef(t)J(t,ac,T, o, P — esssupaef(t)essinfmﬂt)J(t,x, T,0,P)—| < 2

where P¢ distribution of (B,p¢). The same argument works for WT.
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7 Dynamic programming for W', W~

7.1 Regularity properties
Proposition 7.1. For all (t,z) € [0,T] x R* W*(t,z,p) and W~ (t,z,p) are convex in p.

Proof. Let (t,x) € [0,T] x R? and py,pa € A(I). Let P! € P(t,p1), P2 € P(t,ps) be
e-optimal for W (t,x,p1), W (¢, z,pa) respectively. For A € [0,1] define a martingale
measure P* € P(t,py), such that for all measurable ¢ : D([0, T]; A(I))xC([0, T]; RY) — R

Epr[¢(p, B)] = AEp1 [¢(p, B)] + (1 — A)Ep2[¢(p, B)].

Observe that this can be understood as identifying  with Q x {1,2} with weights A and
(1 =) for Q x {1} and Q x {2}, respectively. So
Wt x,py) < essinf,_c 7y esssup, ez (¢, 2, 7, 0, P,
= loxqyessinf o7 pesssup, ez /(¢ 2, 7, 0, Py,
+1ax ayessinf ez esssup, ez )/ (¢, 2, 7, 0, P?),_
< oWt 2, p1) + Laxy W (E, @, p2) + 2¢

and the convexity follows by taking expectation, since € can be chosen arbitrarily small.
The proof for W~ follows by similar arguments. O

Proposition 7.2. W (t,z,p) and W~ (t,z,p) are uniformly Lipschitz continuous in x
and p and Holder continuous in t.

Proof. The proof of Lipschitz continuity in z is straightforward, while the Holder conti-
nuity in ¢ can be shown as in Proposition 4.1. and Proposition 4.6. in [56].

It remains to prove the uniform Lipschitz continuity in p. Since we have convexity in p, it
is sufficient to establish the Lipschitz continuity with respect to p on the extreme points
e;. Observe that P(t,e;) consists in the single probability measure §(e;) ® Py, where (e;)
is the measure under which p is constant and equal to e; and Py is a Wiener measure.
Assume W (t,x,e;) — WT(t,z,p) > 0. For € > 0 let P € P(t,p) be e-optimal for
W (t,z,p). Then

W+(t,1)j‘7 ei) - W+(t’ I)p) — 3e
< essinfTET(t)esssupUET(t)J(t, x,7,0,0(e;) @ Pp)— (7.1)
—essinf 7 esssup,eqyJ (¢, 2, 7,0, ) — 2e.

Choose now 7 € 7 (t) to be e-optimal for essinf o7y esssup, ez )/ (¢, @, 7,0, P¢);— and
o € T(t) to be e-optimal for esssup,c7 (8,2, 7,0,,6(e;) ® Pg))¢—. Then we have with
(7.1)

W+(t>$a ei) - W+(t,x,p) —3e
< Epe [(61‘ — P&, (0, Xé’z)>15<fg:r + (e — 7, (T, X;’z)>17_'§6',7_'<T (7.2)

+ei — pry (X)) Lomrer| Fi |-
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Since for all p € A(I) 0 < |[p—e;| < ¢(1—p;) we have by the boundedness of the coefficients
with (7.2) and the fact that p is a P*-martingale with mean p

W+(t,ﬂj‘7 62‘) - W+(t7 1"7p) —3e

IN

c¢(1 = Epe [(ps)ils<r<t + (Pr)ili<s <t + (P7)ilo=r=7|Fi-])

IN

C(l — pi)-

Using now

L—p; <Y |(p); byl < eVilp—eil,
J

the claim follows since € can be chosen arbirarily small. The case W (¢, z, p)—W ™ (t,x,¢;) >
0 is immediate.
The Lipschitz continuity of W™ in p can be established by similar arguments. O

7.2 Subdynamic programming for W'
Theorem 7.3. Let (£,Z,p) € [0,T] x R? x A(I). Then for allt € [t,T]
W(t,z,p)
< essinfpep(fpyessint, ¢ 7z, esSSUP, e 7 (7 ) Ep (Po, f (o, Xg’f)lg<7,g<t> (7.3)

+<p7'> h(Ta Xﬂt"f)lTSU,T<t> + W+ (t7 XZ’E7 pt—)l”r:o‘:t|ft77 .

Proof. Let P € P/(t,p), t € [t, T]. By assumption there exist S = {p',...,p"}, such that
Plp;~ € S] = 1. Furthermore let (A;);cn be a partition of R? by Borel sets, such that
diam(A;) < € and choose for any I € N some y' € A;.

Define for any I,m measures P ¢ PJ(t,p™), such that they are e-optimal for
W (t,p™, ') and e-optimal stopping times 7. We define the probablility measure P,
such that on = Qg ; x

Pe = (]P)’QO,t) ®P, (74)

where for all A € B(§):

and the stopping time

7A_:{T on {7 < t}

- 7.5
rhm o on {7 >t Xtt’z € Al p; =p™}. (7.5)

Note that by definition (Bs)gcz) is a Brownian motion under P¢. Also (ps)scprr) is a
martingale, since for t <r < s<T

koo k oo
SHMTITED SHOLTNEICER LN o 3 HVSI
m=1 =1 m=11=1
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Furthermore the remaining conditions of Definition 6.1. are obviously met, hence P¢ &
P/ (t,p). By the definition of W+ we have

W+(E7 i‘?ﬁ)
< esssup,e7(pEpe | (Po, f (0, X NWloctoer + (P2, M7, XE" ) <o per (7.6)

+(pr, Q(X?x)ﬂa%ﬂft] .

Note that using the Lipschitz continuity of W we have for any o € 7 (f)

Epe [<Pm F(o, XMW i<ocr et + (P2, M7, X)W li<r <o rer + (PT, (XE" W ger 1| Fi

< Epe |:W+ (t, yl’pm)l{X:’meAl,pt—pm}l{ozt’%ztﬂft:| +cd + 2¢

< E]}DE |:W+ (t, Xf’i, pt_)]‘{0'>t,‘f'>t}’ft—:| + 205 + 2e.

Hence we have with (7.6)

W (t,z,p)
< eSSSUD, 7 (7,1) Epe [<pf” /o, nga_;)>10<770<t + (e (T, X7 ) et

+W+ (t7 X:j’ pt*)l{a:T:t}Lth + 2¢0 + 2e.

Now choosing P, 7 € 7 (,t) such that they are e optimal for the right hand side of (7.3)
gives the desired result. O

7.3 Superdynamic programming for W~
Theorem 7.4. Let (1,z,p) € [0,T] x R? x A(I). Then for allt € [t,T]

W~(t,z,p)

> essinfpep i p)esssupeq (g essin e 77, Ep [(pa, f(o, Xf:j)>10<m<t (7.7)
HPr (T, XE ) Lr<grat) + W (6 X0 De- ) lrmgmt| Fe |
Proof. We choose a P¢ € Pf(,p) to be e-optimal for W~ (£, zZ, p),
W~(t,z,p)
> essup,eq(pessint 7 (p Epe [(Pm F0, Xe" W locroer + (Pr M7, X7 L rcorer

+<pT7g(X§ix)>10=T=T|f{_ — €.
(7.8)
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By assumption there exist S = {p',...,p"}, such that P¢[p;_ € S] = 1. Furthermore let
(A})ien be a partition of R? by Borel sets, such that diam(4;) < € and choose for any
I € N some ! € A;.
With the help of P€ define P as

P = (Py @ 6(p™)) @ P4, (7.9)

where 0(p™) denotes the measure under which p is constant and equal to p™, Py is a
Wiener measure on Qg and for all A € B(€;)

Phm = Pép,_ = p™, XIT € AYP[Alp,_ = p™, X7 € Al

Furthermore define stopping times o™ € T (t) which are e-optimal for

. !
esssup, 7y essint ez Epim | (Po, f (0, XY Wgeroer

~ (7.10)
. _
+<p7—7 h(T, th_,y )>1T§0,7’<T + <PT7 g(X%m»lcr:T:TU:tf )
which implies that for all 7 € 7 (t)
I,m t7yl ﬂf
Ept,m <palvm7 flo® 7Xgl,m)>1alvm<7',alvm<T + (pr, h(7, X7 )>1T§0'l‘m,T<T
XD Lt prl 7|
l (7.11)
> esssup,e7(pessin, ez Epim [(pg, flo, XoY Woeroer
; o
+<p7'7 h(T, X7t',y )>1T§U,T<T + (pTa g(X;x)>1U:T:T‘~Ft— — €
and
. -
IE]P’lvm <palv’"7 f(o'hmv X;7lg,lm)>1alvm<r,olvm<T + <p7'7 h(T7 X7t'7x)>17'§01’m,7'<T
Xl
. . ! 7.12
> essmfpep(t,pm)esssupaef(t)essmeeT(t)Ep [(Pm f(o, XLy Wocroer ( )
; -
+<p7'7 h(T7 X7t"y )>1T§U,T<T + <PT7 Q(X'?x»la:T:TLFt— — €
=W (t,p™, ") —e.
For any o € 7 (t) define
. o on {o <t}
o™ on{o>t X" € A pr- =p"}.

Note that using the Lipschitz continuity of the coefficients and W~ and the definition
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of 6 and P we have for any 7 € 7 (%)

Epe [<P&7 f(o, ng)>1t§&<7,&<T + Py, (T, X2 W i<ras r et
(P, 9( X5 Lomrar s rot| Fr

= Epe | Epe [(p&, (6, X5 NWh<saroer + (Pry BT, X2 W li<resrar

P 9K Lo 157t Fi |ft—_}

_ I,m t,y!
2 Ep 10,T2t,X,f’ieAl,pt,:meP”'” [<p0“m’f(a s Xt )M gtom <7 gtim <

+<p7'7 h’(T’ Xﬁ’j)>17§o‘lvm,7<T + <pTa g(X’?I)>1crl’m:T:T’ft:| |FE—:|
—cd

> E

= |:10'77'2t7X;_’i€Al,pt,:pmW(t’yl7pm)|ff_i| —cd—¢€

> Epe |:1U,TZtW(t7 Xf@a ptf)|~7:f—:| —2¢h —e.
This gives with (7.12) for any o € 7 (¢,t)

W=(t,z,p)
> eSSinfTeT({,t)EIP’E |:<p07 f(()', Xé7x)>1a<'r,a<t + <P—r7 h(Tu X7t'7x)>1'r§0,'r<t (714)

FW(, X5 pr ) gy o | — 266 — .
So in particular when choosing & e-optimal for

esSSUP, 7 (74 essinf e 77 ) Epe [<pa, f(o, ng$)>1g<77a<t
N (7.15)
+<p7'7 h(T, X$'7x)>17'§0,’r<t + W(t, X§7x7 pt—)la:T:t‘ff—

we get
W= (t,2,p)
> esssUpP,e7 (7 essint ez gy Epe (Po, (o, Xé’x)>10<7,cr<t + (pr, h(T, Xﬂt"m))l‘rétfﬁd

Py, BT, X0 W isosr + Wt X077 pe Momrei| Fro | — 2¢0 — 2¢

and the claim follows by taking the essential infimum in P € P(¢, p) since § and € can be
chosen arbitrarily small.

O]
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8 Viscosity solution property W+, W~

8.1 Subsolution property of W

Theorem 8.1. W is a wiscosity subsolution to the obstacle problem
maox { max(min(~§ — Olul.w = (£(t.2),)}.

(8.1)
w = {h(t,2)0)) i (0. 58 ) | =0

with terminal condition w(T,x,p) =,  ;pigi(x).

Proof. Let ¢ : [0,T] x R? x A(I) — R be a test function such that W+ — ¢ has a strict
global maximum at (,z,p) € [0,7) x R? x Int(A(I)) with W (¢, z,p) — ¢(,z,p) = 0. We
have to show, that

max { max{min{(~ & — £){¢]. & — {/(t.2).p)},
) (8.2)
6 = (h(t,2), P}, ~Ain (P 5% ) } <0

at (t,,D).
By Proposition 7.2 W7 is convex in p. So since p € Int(A(I)), we have that

So it remains to show, that

max{min{(—5 — £)[¢], ¢ — (f(t.2),p)}, ¢ — (h(t,2),p)} <O (8.3)

at (t,7,p). Note that the subdynamic programming for W implies for P = Py ® 6(p) in
particular

WH(t,z,p)

< essinf, o7z yyesssup, e 7z Er | (B, (0, X6 ) locr o)

+<ﬁa h(’T, Xﬁyi)17§0,7<t> + W+ (t, Xtt@vp) 1T=0’=t|Ff— .

So (8.2) follows by the standard arguments we mentioned already in the proof of Theorem
5.1.

O
8.2 Supersolution property of W~
Theorem 8.2. W™ is a viscosity supersolution to the obstacle problem
maox { maxmin(~ ~ Olul.w = (£(t.2),)}.
2 (8.4)
w = <h(t,l‘),p>}, _)\min (p, sz> } =0

with terminal condition w(T,z,p) =3,y 1 Pigi(®).
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Proof. Let ¢ : [0,T] x R x A(I) — R be a smooth test function with uniformly bounded
derivatives such that W~ — ¢ has a strict global minimum at (£, z,p) € [0,T) x R? x A(I)
with W= (¢,z,p) — ¢(t,Z,p) = 0. We have to show

max { max{min{(~% — £)[], ¢ — {/(t,). )},
) (8.5)
& = {(h(t.2), D)}, ~Amin (1, 55%) } 2 0

9%
>\min <p7 6}?2> é 0

at (t,Z,p) (8.5) obviously holds. So we assume in the subsequent steps strict convexity of
¢ in p at (¢,,p), i.e. there exist §,n > 0 such that for all z € TA(n(p)

at (t,z,p). If

H? _
<a};§(t,x,p)z,z) > 45|z|2 V(t,z,p) € By(t,,D). (8.6)

Since ¢ is a test function for a purely local viscosity notion, one can modify it outside a
neighborhood of (%, Z, p) such that for all (s, x) € [t,T] x R? the function ¢(s, x, ) is convex
on the whole convex domain A(7). Thus for any p € A(I) we have that

W= (t,z,p) > ¢(t,z,p) > (¢, z,p) + <(Zf§<t, x,p),p — D). (8.7)

Step 1: Estimate for p.
As in (4.14) we have with (8.6) a stronger estimate, namely there exist §,7 > 0 such that
for all p € A(I), t € [t,t+ 1], z € By(Z)

W (t,2.p) > dlt,,p) + <§f(t,x,p>,p —p) +dlp— P (8.8)

As in the proof of Theorem 4.1. we can set in the dynamic programming for W~ o =t
to get
W~ (t,z,p)

. . Iz _ iz 8.9
> essinfpep(r p)essint, et Bp | (Br, AT, X0 1) + W (t,Xf’x,pt_nTtrft]. (8.9)

So for e(t — )-optimal P € Pf(t,p) and a e(t — #)-optimal stopping time 7¢ we have
W= (t,z,p)
> Bpe | (Pre, h(T6, X5 Lrecy + W (£, X}, pt>176:t|ﬂ_] — 2¢(t — 1)

i N - (8.10)
= Epe <p7—e_, h<T€, X7t.7e$)>176<t + W— (t, X:’x, pt—)lTet‘Ft—:| - 26(t - a

> Epe | W (7€, X5, pre )| F | — 2¢(t — 1),
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since (p, h(t,z)) > W~ (t,x,p) for all (t,z,p) € [0,T] x R? x A(I). Using (8.7) and (8.8)
we get since W (t,Z,p) = ¢(t, %, p)

P
e yvhT = 5 5 6 (e ytT 5 =
0 > Epe ¢(T 7X'r€ 7p) - ¢( xap) - <<97p(7— 7X7—€ 7p)7p7'€f _p>

(8.11)
+OL{ 77 o) <y Pre— — D !ft—_] —2e(t — ).

Now by Ito’s formula and since the derivatives of ¢ are uniformly bounded we have that
Ee [0(7, X17.0) — 0(F,2,9)| Fi_| | < Bee[(r = D) |Fi ] S clt ). (8.12)

Next, let f : [t,t] x R™ — R™ be a smooth bounded function, with bounded derivatives.
Recall that under any P € P/ (t,p) the process p is strongly orthogonal to B. So since
under P the process p is a martingale with Epe [pre_|F;_] = p, we have by Itd’s formula
that

€

,i ~ T a _ ~
Epe [fi(Teva-% )(Pre— —p)i’f{_] = Epe {[ <(0t + E)fi(S,X§’$)> (Ps — P)ids|Fi_ |
£
Hence by the assumption on the coefficients of the diffusion (A)(i)
8¢ € {,.’Z’ — — - € -
Epe |(g, (7 X, P), Pre = D)|Fe | | < cBee[(7° =) [Fp] < c(t —1). (8.13)

Furthermore observe that, since |pre— — p| < 1, we have, that for ¢ > 0 by Young and
Holder inequality

Ep- [1{|X§f—s-c\<n}’p76— _ﬁ’2|f4
> Epe [[pre- — D25y ] — LEpe [|X07 — allpre— — 52|77
> (1= 9)Bpe [[pre- — P2 Fe] — ghope [IX0F - 2| 7]

> (1 - )Epe [[pree — PI2|F] — g Beel(r¢ — 1) | F),

hence

_ 12|
Epe [1{\Xif—c?:|<n}|p76‘ — 7l ‘Ft‘]

(8.14)
> (1= ©)Epe [Ipree — p2|F] — 1% (t — .

Choosing 0 < €’ < n and combining (8.11) with the estimates (8.12)-(8.14) there exists a
constant ¢, such that
Epe [[pre— — pI*| 7] < et —1). (8.15)

This implies in particular for h > 0 by Doob’s inequality

Ep- Up‘rf— _pP] < C(t - E)

F h? -~ h?

<c

sup |ps —p| >h (8.16)

selt, e[
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Step 2: Viscosity supersolution property
To show the viscosity supersolution property we have to show that

implies

z),p) <0 and (= + L)[¢](t,z,p) > 0. (8.17)
Then there exist h,d > 0 such that for all (s,z,p) € [t,t + h] x B(Z, D)
(h(s,x),p) = ¢(s,2,p) 2 & and (5 + L)[@l(s,2,p) =6 (8.18)
By the It6 formula we have, that
O(r%, X2 pre) > (5, 7,p) + [T (& + L)[6](s, X27, ps)ds, (8.19)

where we used the fact that by the convexity of ¢ we have P¢-a.s., that

_ _ 0 _
Z <(Z5(7’, Xﬁ’x7 p?") - ¢(7’7 X;E’xv pT’—) - <87p¢(7'7 X72E7x7 pr—)7 Pr — pr—>> Z 0

t<r<re

Define A := {inf ¢z, |ps— — p| > h} and B := {inf,cz \X —Z| > h}.
Note that by (8.16) and since P¢[B] < % we have that

Epe[lalp) < c(Bpe[1a])7 (Epe[15])2
(8.20)

< o(GhEGE)

_ =03
h2 h* - h3

N[

Now we can continue as in the proof of Theorem 5.1. By using (8.19) we get

Epe |:1Ac]_Bc <¢(T€,X7t.’ej,p7-e ft at +L0)[ (S,Xﬁ’i,ps)ds)}

ISR
iy
8
=
A

3
—I—ci(t;?rz
S EPE |:<h(7—€a Xf-if)7 pT5>1T€<t + d)(t? Xf’j7 Ptf)l‘rezt}

—OEpe [1yewq] — 0Bpe [(7¢ — )] + 2202 oLy
As in (5.7) we have that for 1 > (¢ — )

(t =€) < Epe [Lreet] + Epe [(7€ — €)|Fp_] (8.21)



9. Appendix: Comparison 137

SO

QZ)(E,.’i,ﬁ) S EPE <h(TE,X7t_7e£),p7—e>17—e<t —|— qb(t, Xtt’j,pt_)]_.rezt

3
—8(t — 1) + 250

which gives with (8.19)

3

(1)}

—0(t = ) + 2e 57— +2e(t = 1) 2 0.
Dividing by (¢t — t) we have
-6+ 20@ +2¢>0. (8.22)
h3
However (8.22) contradicts § > 0, since € and t — ¢ can be chosen arbitrarily small. O

The proof of Theorem 6.4 is now straightforward using the subsolution property of
W, the supersolution property of W~ and the comparison result of Theorem 3.7.

9 Appendix: Comparison

In this section we provide the proof of the comparison result Theorem 3.7. for the fully
non linear variational PDE (3.5)

max { max{min{(—% — L)w],w— (f(t,z),p)},

w = {h(t,2) )}, i (. 58 ) | =0

with terminal condition w(T,x,p) = >,y ;pigi(x). The proof is more or less a straight
forward adaption of the results in [25].
9.1 Reduction to the faces

Let I C {1,...,I} and we define the set A(I) by

A ={peA():p;=0ifi ¢ I}. (9.1)

Note that by Definition 3.3. the supersolution property is obviously preserved under
restriction. We just state

Proposition 9.1. Let w : [0,7] x R? x A(I) — R be a bounded, continuous viscosity
supersolution to (8.5), which is uniformly Lipschitz continuous in p. Then the restriction
of w to A(I) is a supersolution to (3.5) on [0,T] x R? x A(I).

The subsolution property is however not immediate, since Int(A(I)) € Int(A(T)).

Proposition 9.2. Let w : [0,7] x RY x A(I) — R be a bounded, continuous viscosity
subsolution to (3.5), which is uniformly Lipschitz continuous in p. Then the restriction of
w to A(I) is a subsolution to (3.5) on [0,T] x R? x A(I).
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Proof. Set w = w‘A(i)‘ Let (£,7,9) € (0,T)xRExInt(A(I)) and ¢ : [0, T|xRIx A(I) — R
a test function such that @ — ¢ has a strict minimum at (¢, Z, p) with w(¢, , p) — o (¢, T, p) =
0. By using the viscosity subsolution property of w on [0, 7] x R? x A(I) we have to show:

() Awin (5. 5:%) = 0

(ii)

maX{min{(_% - £)[¢]7 ¢ - <f(t,$),p>}, ¢ - <h(t7$)7p>} < 0
at (t,,p).

However p ¢ Int(A(I)) so we have to use an appropriate approximation. Let y € R’ such
that u; = 0if ¢ € I and p; = 1 else. Furthermore we define for p € A(I) the projection IT

onto A(I) by
(p)i = {pi * (ZMP@') /I ifiel,

o 0 else.

Since w is uniformly Lipschitz continuous with Lipschitz constant k& with respect to p, we
have

w(t,,p) < w(t,2,1(p)) + (k + 1)I1(p) — p|
with an equality for p € A(I), hence
t,x,p) < ¢(t, x,1(p)) + 2(k + 1){u, p)
with an equality only at (¢, Z,p), where we used

T(p) —pl <> [M(p); —pjl + Y o = A+ 1/[I) D pj = 2(np).

jel iel jel

w

For € > 0 small we now consider

t,x,p) — ¢cl(t, x, 99
(t,w,p)e[OI,Ijl“z]E{RdxAU)w( l‘p) ¢( :L‘p) ( )

with
Ge(t,z,p) = (¢, 2,11(p)) + 2(k + 1)(u, p) — €a(p)

and o(p) = >_;o7In(pi(1 — pi)). For € sufficiently small this problem has a maximum
(te, ¥e, pe) which converges to (t,Z,p) as € | 0. By the definition of o and the fact that
p € Int(A(I)) we have that p. € Int(A(7)). Hence by the subsolution property of w we

have, that Amin (pe, %%6) (te,xe,pe) > 0. Note that since IT is affine, H’A(f) =id and o

does not depend on p; for i € I, we have
. . 2
lim ll’lfelo )\min (p57 %) (t67 xeape)

(0% ¢e(te,e,pe) 2,2)

< liminf¢|o minzeTA(i)<ﬁ)\{0} EE
. . 32 ge(te,xe,T1(pe))z, - 9? s
< lim mfelo mlnzeTA(i)<ﬁ)\{0} (07 Tz‘z (pe))z2) Amin (Z% Wfé’) (t7$7p)~

And since A\pin (pe, %%%) (te, Te,pe) > 0, we have

0? _
)\min (ﬁa (-apf) (tafaﬁ) > 0. (93)
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(ii) follows then by the subsolution property of w, i.e.
max { min { (=5 — £)[¢d (te, ze, pe).
(9.4)
¢(t67x67p6) - <f(t67x6)7p6>}7 ¢(t67 xape) - <h(teax6)7p6>} <0

by letting € | 0. 0

9.2 Proof of Theorem 3.7

Let wy : [0,7] x R? x A(I) — R be a bounded, continuous viscosity subsolution to
(3.5), which is uniformly Lipschitz continuous in p, and wsy : [0,7] x R x A(I) — R
be a bounded, continuous viscosity supersolution to (3.5), which is uniformly Lipschitz
continuous in p. Assume that

wi(T,z,p) <wa(T, z,p) (9-5)
for all z € R4 p € A(I). We want to show that
wi(t, x,p) < wa(t, z,p) (9.6)

for all (t,x,p) € [0,T] x R? x A(I). As in [25] we prove (9.6) by induction over I. Indeed
if I =1, (3.5) reduces to

max{min{(—% — L)[w],w — fi(t,z)},w—hi(t,z)} =0, (9.7)

where comparison is a classical result, see e.g. [57]. Assume that Theorem 3.7. holds for
I € N*. That means for wy,ws : [0,7] x R? x A(I + 1) we have by Proposition 9.1. and
9.2. that

wi(t,z,p) <ws(t,z,p)  V(tz,p) €[0,T] x R x O(A(I)). (9.8)

We will show (9.6) by contradiction. Assume

M = sup (w1 —wsy) > 0. (9.9)
(t,z,p)€[0,T]xRIXA(T))

Since wy and we are bounded we have for €, o, 7 > 0 that

Me o = MaX(y.5 2y p)e[0,T]2 xR2X A(T) {w1 (t,2,p) — wa(s,y,p)

9.10
[t—s*+Hlz—y®> _ a/)..12 2 ( )
o e (22 4 Jyf2) +

is finite and achieved at a point (¢, 5,7, 7, p) (dependent on €, , ). Furthermore we have
for the limit
lim Moy, = sup (w1 —wa) =M > 0. (9.11)
€m0 (t,2,p)€[0,T] xR x A(1))
With (9.5) and the Holder continuity of wy and ws we have with (9.11) that ¢,5 < T for
€,a, 7 small enough. Also note that p € Int(A(/)) as soon as M, > 0.
We now consider a new penalization: For 3,4 > 0 small

Me,am,&ﬁ = INAX (4 5 2y p.q)€[0,T]2 xR24X A(T)2 {wl (t7 J},p) - w2(37 y,p)
(9.12)

€

t—s|2+|z—yl|2 _
Sl —%;—3<rm|2+|y12>+nt+§<\p|2+|q|2>}
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=3P +1z -9 p—dl

5 gl algl, 1P, Blal® < 2(jwilos + fweloo)- (9.13)

Furthermore we have with (9.11)

wy(t, %, p) — wa(5,7,G) > 0. (9.14)

D,q € Int(A(1)).

From the usual maximum principle (see e.g. [29]) we have that:
for all o € (0,1) there exist X1, Xo € S¢, P, P, € S’ such that on [0, T]? x R*® x Ty with
Tr ={z€R: Y, 2, =0} we have

t—35 T —7 _ p—q _ Y
( € -1, c Y +Oé.%', 1% _ﬁpa Xla P1|T1)> GIDLQ’Q’ 1,U1(t,$,p)
and ~
t—s5 I—49 . p—dq . _ IR
< panl B Y —ay, ]%Jrﬂq, Xo, P2|T1> € D2 wy (3,4, §)
with
. X1 0 Pl’TI 0 2
<
d1ag<< 0 _X2>,< 0 “Pyn, <A+ 0A%,
where
T 1 idg —idy ) 1 idy  —idy .
A—dlag{€<_idd idy >+a1d2d’6<—id1 id — Biday ¢ .
Note that
X1 0 1 o ao idg —idg 2 \.
< (=425 42— .
( 0 _X2>_<€+262+26)(—idd id, + (@ + a“o)idyg (9.15)
and
(P1 — P2)|r, < (=B +0p?)idar. (9.16)

Since wy is a viscosity subsolution to (3.5) we have

Amin (D, P1) > 0. (9.17)
And since p € Int(A([)), this yields with (9.16) to

Amin (G, P2) > 0. (9.18)

Furthermore since w; is a viscosity subsolution and ws is a viscosity supersolution we have

&

Uﬂ(ﬂ 713) < <h(t,.f),ﬁ>

) = (f(59).4),

(9.19)

=]

w?(gvgv
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which yields for €, «, 1, 6, 5 small enough with (9.11)

wl(£?£aﬁ) > <f(£7'i)7p>
(9.20)

w2(§7 v, d) < <h(§> g)v q~>

So again using the subsolution property of w; and the supersolution property of ws we
have with (9.20)

=5 4 Str(aa*(F,2) X1) + b(E, &) <5H? - 045:)

Y
o

€ €

(9.21)

5 + jtr(aa*(8,9) X2) + b({, 7) (M - ag> =0

€ €

Now using (9.15) and (9.16) in (9.21) yields a contradiction for €, o, 7 sufficiently small as
in the standard case (see [29]).
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