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Résumé

Résumé

Cette theése présente quelques résultats sur la théorie locale pour les espaces de Banach
et d’opérateurs. La premiere partie consiste en ’étude de la propriété OUMD pour ’espace
colonne C'. La deuxiéme partie traite de la propriété UMD classique pour les espaces L, (L)
itérés. Le résultat principal donne une construction nouvelle et tres naturelle de treillis de
Banach qui sont super-réflexifs et non-UMD : L’espace Ly,(Lq(Lp(Lg(- - - itéré une infinité
de fois est super-réflexif si 1 < p,q < co mais n’est pas UMD si p # g.

Mots-clefs

Transformation martingale, propriété UMD et UMD analytique, propriété OUMD,
espaces d’opérateurs, espace de Hilbert en colonne, espaces LP noncommutatifs a valeurs
vectorielles.

Abstract

This thesis presents some results on the local theory of Banach spaces and operator spaces.
The first part consists of the study of the OUMD property for the column Hilbert space
C. In the second part we treat the classical UMD property for Banach spaces. We give
estimates of the UMD constants for iterated L,(Lq) spaces. The main result yields a
new and very natural construction of a family of super-reflexive and non-UMD Banach
lattices: The space Ly(Lq(Lp(Lg(--- iterated infinitely many times is super-reflexive if
1 < p,q < oo but is not UMD if p # q.

Keywords

Martingale transformation, UMD and analytic UMD property, OUMD property, operator
spaces, column Hilbert space, vector-valued noncommutative LP spaces.
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Introduction

Cette these s’inscrit dans la théorie locale des espaces de Banach et d’opérateurs. Les
sujets principaux concernent la propriété UMD (Pexpression anglaise est “unconditional
martingale difference”) pour les espaces de Banach et la généralisation de cette propriété
dans la théorie des espaces d’opérateurs. Dans le cadre des espaces de Banach, cette pro-
priété a été introduite par Maurey et Pisier pendant le fameux Séminaire Maurey-Schwartz,
elle consiste a étudier les espaces de Banach tels que toutes les suites de différences de
martingales sont inconditionnelles dans les espaces de Bochner correspondants, i.e. dans
les espaces LP a valeurs dans les espaces de Banach considérés. Burkholder et d’autres au-
teurs ont largement développé la théorie de la propriété UMD, les références classiques sont
[Bur83, [Bur01]. Dans [Pis98], Pisier a introduit la théorie des espaces LP noncommutatifs
a valeurs vectorielles (en fait, c’est & valeurs dans les espaces d’opérateurs). Dans cette
théorie, en remplacant les martingales classiques par les martingales noncommutatives et
a valeurs dans un espace d’opérateurs, la propriété OUMD (pour l’expression “operator
space unconditional martingale difference”) a été introduite. Beaucoup de difficultés pour
généraliser les résultats classiques pour la propriété UMD a la propriété OUMD sont liées
au manque d’outils de temps d’arrét et on mentionnera un probléme ouvert la-dessus.

Dans cette introduction, on commence par donner la définition de la propriété UMD
pour les espaces de Banach, la théorie des espaces LP noncommutatifs a valeurs vectorielles
et la définition de la propriété OUMD, puis on va décrire les résultats principaux des
différents chapitres de cette these.

0.1 Quelques rappels

0.1.1 UMD et AUMD pour les espaces de Banach

Soit 1 < p < oco. Pour un espace de Banach X et un espace de probabilité (2, F,P), on
peut construire l'espace de Bochner L, (€, F,P; X), on va utiliser L,(X) pour simplifier
la notation. La définition d’une martingale usuelle (ou scalaire) se généralise de fagon
évidente a la définition d’'une martingale a valeurs dans X.

Définition 0.1. Soit 1 < p < oo. Un espace de Banach X est dit UMD, s’il existe une
constante c telle que pour toute martingale (f,),>0 convergente dans L,(X), on a pour
tout choix de signs &, = +1

sup | Y- exdfill, () < esup | fulli, o) (1)
n 0 n

ou dfy, = fn — fn—1 et par convention f_; = 0. La meilleure constante ¢ dans est notée
par 3,(X), elle est dite la constante UMD,, de X. On dit X est UMD s’il est UMD,, pour
un certain 1 < p < oo.
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Remarque 0.2. En utilisant la décomposition de Gundy, Pisier a montré que la propriété
UMD, et la proprié¢té UMD, sont équivalentes pour tout 1 < p,q < oo. L’indépendance
de p pour la propriété UMD,, est maintenant tres connue.

Soit T = {z € C : |z| = 1} le groupe unitaire de dimension 1, la mesure de Haar
normalisée de T sera notée par m. Sur Iespace de probabilité (TY, m®Y) on peut considérer
la filtration canonique suivante :

o(z0) Co(z0,21) C -+ Co(z0,21, " y2n) C -

Soit X un espace de Banach sur C. Soit 1 < p < oo, par définition, une martingale de
Hardy dans L,(T"; X) est une martingale (f,,),>0 par rapport a la filtration ci-dessus telle
que

S%P anHLp(’]TN;X) < X

et pour tout n > 1, la différence df, = f, — fn—1 est analytique en la variable z,, i.e., df,
est de la forme :

dfn(z[)u Tty R2n—1, Zn) - Z ¢n,k(207 e 7Zn—1)zf),'

k>1

Par convention, on pose dfy := fo.

Définition 0.3. Soit 0 < p < oo, un espace de Banach X (sur C) est dit AUMD,, (ou
UMD, analytique) s’il existe une constante c telle que

n

sup exdf <c dfy ’
epe{—1,1} H =0 HLp(X) H kz:% HLp(X)

pour tout n > 0 et tout martingale de Hardy f = (fi)r>0 dans L,(TY; X). La meilleure
telle constante ¢ sera notée par 37 (X).

Remarque 0.4. 1l est aussi connu que
AUMD,, <= AUMD,

pour tout 0 < p,q < oo. Voir 'appendice au Chapitre 2 pour plus de détails.

0.1.2 Espaces d’opérateurs

Ici on rappelle un peu la théorie des espaces d’opérateurs. Le lecteur est renvoyé au
livre [Pis03] pour une introduction compléte & cette théorie.

Soit H un espace de Hilbert arbitraire, on note par B(H) I'ensemble des opérateurs
linéaires bornés sur H. Par définition, un espace d’opérateurs (concret) est simplement un
sous-espace fermé de B(H).

Soit E C B(H) un espace d’opérateurs. On va noter par M, et M, (E) les ensembles des
matrices de taille n x n a coefficient dans C et dans E respectivement. Par I'identification

My ® B(H) = Mn(B(H)) ~ B(f3(H)),
on peut munir M, (B(H)) et a fortiori le sous-espace

My (E) € My(B(H))
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de la norme induite par B(¢5(H)). La norme sur M, (FE) sera notée par || - ||,. Pour tout
n > 1, toute application linéaire v : £ — F entre deux espaces d’opérateurs, elle est
associée a une suite d’amplification

Up : My (E) — M, (F)

définie par
un((Tij)1<i,j<n) = (u(Tij)1<ij<n),

ceci correspond a ’application
Up = Idpy, @u: My, @ E— M, ® F.
Une application u : E — F est dite complétement bornée (c.b. en abrégé), si

[[ul|ep == sup [Jun|| < oo,
n>1

dans ce cas, on note ||u/| la norme c.b. de w.

Dans la catégorie des espaces d’opérateurs, on a comme objets les espaces d’opéra-
teurs et comme morphismes les applications linéaires completement bornées. Deux espaces
d’opérateurs E et I’ sont identifiés s’il existe u : £ — F tel que u,, : M, ® E — M,, ® F est
un isomorphisme isométrique pour tout n > 1. Ainsi, la donnée d’un espace d’opérateurs
abstrait est simplement la donnée d’un espace vectoriel E et une suite d’espaces normés
(M, ® E,|| - ||n), on suppose toujours que muni de la norme || - ||, 'espace E est complet.

Le Théoréeme Fondamental de Ruan (see e.g. [Rua88|) caractérise de fagon abstraite
toutes les suites de normes sur M, ® E qui correspondent & une structure d’espace d’opé-
rateurs concrete, i.e. toutes les suites de normes (M, ® E,| - ||n)n>1 telles qu’il existe
J : E — B(H) pour lequel J,, : M, ® E — M,, ® B(H) est une isométrie pour tout n. Ce
théoréeme permet d’introduire dans la théorie des espaces d’opérateurs la notion de dualité,
de quotient, de produit projectif et produit de Haagerup, d’interpolation complexe, etc...

Soit .# I’ensemble des applications linéaires compactes sur £5. Une fagon pour décrire
le Théoréme de Ruan est

Theorem 0.5. (Z.-J. Ruan) Soit E un espace vectoriel. Et soit a une norme sur ¢ ® E,
le produit tensoriel algébrique de %" et E. Par définition, sia,b € # etsiz =}, ¢c;®y; €
JH @ F avec ¢j € X, y; € F, alors

a-m-b::Zacjb@)yj.
J

Supposons que « vérifie la condition suivante : Pour toutes les suites finies (a;) et (b;) dans
A et toute suite finie (z;) dans # ® E, on a

oY ai-ai-b) < | Y aiaf | supaca) [ 32 i

Alors il existe un espace de Hilbert H et une injection J : E — B(H) tels que
ly®@J: #®F—# ®B(H)

s’étend & une isométrie de . ®, F (la complétion de £ ® E par rapport a la norme
a) & H Qmin B(H) (on a un plongement canonique de ¥ @ B(H) dans B(f2 ®2 H), et
A @min B(H) est juste sa complétion dans cet espace).
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Pour donner une intuition de la donnée d’un espace d’opérateurs, rappellons que si B
est un espace de Banach, (a;); est une suite finie dans B et \; € C, alors on connait la
norme de Y ; \;b;. Maintenant, si E est un espace d’opérateurs, (x;); est une suite finie
dans F et (o;); dans J, alors on connait la norme de ), a; ® x;. Donc la donnée d’un
espace d’opérateurs E est simplement la donnée d’une fagon cohérente (i.e. vérifiant la
condition de Ruan) de calculer la norme d’un élément arbitraire dans % ® E.

0.1.3 Espaces L? noncommutatifs a valeurs vectorielles

La référence pour cette partie est le livre [Pis98§].
On commence par la définition d’espaces LP noncommutatifs, autrement dit, on com-
mence par LP noncommutatif a valeurs scalaires.

Définition 0.6. Soit 1 < p < oo, et soit (#,7) une algebre de von Neumann munie d’une
trace semi-finie, fidele et normale. L’espace LP noncommutatif associé est défini comme la
complétion de 'espace vectoriel normé

{w et :|all, & (r(1a?)) /7

par rapport a la norme || - ||,.

La théorie des espaces LP noncommutatifs a valeurs vectorielles est un analogue de la
théorie des espaces de Bochner, dans cette derniere théorie on définit pour tout espace
mesuré (€2, 1) et tout espace de Banach X un espace de Banach L, (€, p; X) (pour 1 < p <
o0). Dans cette theése, quand on parle les espaces LP noncommutatifs & valeurs vectorielles,
on restreint toujours au cas ou les algebres de von Neumann sont hyperfinies munies d’une
trace semi-finie normale fidele. Donc si (., T) est une telle algebre de von Neumann, et E
est un espace d’opérateurs, on peut définir un nouvel espace d’opérateurs L,(.# ,7; E) pour
1 < p < o0. Dans la terminologie usuelle, si ’algebre de von Neumann est (B(H ), Tr), on
dit c’est dans le cas “discret”. Si dim H = n, l’algébre de von Neumann est donc (M, Tr).

Dans le cas discret, les espaces L,(B(H),Tr; E) et L,(M,, Tr; E) seront notés par
Sp[H; E] et SPIE], et Sy[la; E] sera noté par Sp[E]. En tant qu’espaces vectoriels, on a
SyE] ~ Sy ® E. Le fait remarquable (tres utile) est : pour tout 1 <p <oo,siu: £ — F
est une application linéaire, alors

|ullcb = sup ||un : SpIE] — Sg[F]H,
n>1
ol un:Idgg®u:S£®E—>Sg®F.

0.1.4 La propriété OUMD pour les espaces d’opérateurs

On rappelle ici la notion de martingale noncommutative.

La donnée (., ) d’une algebre de von Neumann hyperfinie munie d’une trace normale
fidele normalisée est considérée comme un espace de probabilité noncommutatif standard.
Une filtration est une suite croissante (.#,),>0 de sous-algebres de von Neumann, i.e.
My C Mp41 pour tout n > 0. Dans [Tak01], il est montré qu’il existe une unique projection
normale de .# a .#, pour tout n, on va noter cette projection par

E" . — M,
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Cette projection vérifie les conditions d’une espérance conditionnelle usuelles, i.e. E“/n est
une application positive, E#"(1) = 1 et on a

E* (axb) = a - B (z) - b

pour tout a,b € My, x € 4. Cest pour cette raison qu’on appelle E#» DPespérance
conditionnelle de .# relative & .#,. Lorsque la filtration (.#,) est fixée, on utilise souvent
la notation E, = E“~. La positivité de E, permet en particulier d’étendre E, & une
projection de LP(.#,T) & LP(.#,,, T), on va noter cette extension encore par E,, et elle est
appelée lespérance conditionnelle de LP(.#, 1) & LP (. My, T).

Définition 0.7. Etant donné un espace de probabilité noncommutatif (A, T) munie d'une
filtration (,)n>0, une suite (r,)n>0 d’éléments dans LP(.#,T) est dite une martingale
dans LP(.#,T) par rapport & (4, )n>0, si elle vérifie

Tp = En (xn—l—l)
pour tout n.

Plus généralement, si FE est un espace d’opérateurs, I’application
E,® Idg : LP(M,7) ® E — LP( My, T) @ FE

s’étend a une application complétement contractante de LP(.# ,7; ) a LP (.M, T; E). Cette
extension sera notée encore par

E, : LP(A ,1;E) — LP( My, T, E)

et elle sera appelée encore espérance conditionnelle.
En imitant la définition de la propriété pour les espaces de Banach, on peut introduire
la notion de OUMD pour les espaces d’opérateurs.

Définition 0.8. Soit 1 < p < oo. Un espace d’opérateurs E est dit OUMD,, s’il existe
une constante ¢ telle que pour toute martingale (z,,),>0 convergente dans L,(.#; E), on
a pour tout choix de signs ¢, = £1

n
Slrllp | Z 5kd$k||Lp({///;E) < CSlrlbp |ZnllL,(2:E) (2)
0

ou dx, = x, —xy_1 et par convention z_; = 0. La meilleurs constante ¢ dans est notée
par B5°(E), elle est dite la constante OUMD,, de E.

Remarque 0.9. La propriété OUMD reste mystérieuse. Par exemple, le probleme qui
demande si OUMD,, et OUMD, sont équivalents ou non reste ouvert depuis I'introduction
de cette notion de OUMD.

0.2 Contenu de la these

Cette these contient deux chapitres, rédigés en anglais. Le chapitre 1 décrit un travail,
intitulé On the OUMD property for the column Hilbert space C, qui a été accepté dans
Indiana University Mathematics Journal. Dans le chapitre 2, le travail présenté est contenu
dans un article intitulé On the UMD constants for a class of iterated Ly(Ly) spaces, qui a
été accepté dans Journal of Functional Analysis.
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0.2.1 Chapitre 1

Le résultat principal de ce chapitre concerne un probleme de Z.-J. Ruan qui demande
si C l'espace de Hilbert en colonne a la propriété OUMD ou pas. L’auteur de cette these
s’est intéressé a ce probleme depuis le début de sa these et finalement a obtenu une réponse
positive.

Par définition, I’espace de Hilbert en colonne C' est ’espace d’opérateurs

C == {CL = (az,j)le E B(EQ) : ai,j — 07 Si j 2 2}

Donc C' est un espace de Hilbert muni d’une structure d’une facon en colonne . Cet espace
est assez fondamental et classique dans la théorie des espaces d’opérateurs. En pratique,
C est compris par la formule

1/2
1320 ol e = | 2 aiailliaey
v 1

pour toute suite finie (a;) dans B(H) (il suffit de prendre (a;) les suites finies dans J£").
La question posée par Z.-J. Ruan est :

Question 0.10. Est-ce que I'espace C a la propriété OUMD,, pour un 1 < p < oo ou
pour tout 1 <p<oo?

Le fait que méme pour un espace si simple comme C, la question de demander s’il
est OUMD ou pas n’est pas triviale donne une intuition de la difficulté pour étudier la
propriété OUMD. Au moment ou cette these est écrite, il semble qu’on connaisse tres peu
d’espaces d’opérateurs qui sont OUMD.

Les premiers résultats sur I’étude de la propriété OUMD ont été obtenu par Pisier
et Xu dans leur article [PX97]. En fait, un résultat de cet article montre que pour tous
1 < p < 00, tous les espaces LP noncommutatifs (scalaires) ont la propriété OUMD,,. Plus
récemment, par montrer que l'espace d’opérateurs S, a la propriété OUMD,, Musat a
montré que dans le cas ou 'algebre de von Neumann a la propriété QWEP au sens de
Lance, 'espace LP noncommutatif associé a la propriété OUMD, pour tout 1 < p,q < oo.
Elle a aussi montré que S,[S,] a la propriété OUMD,, pour tout 1 < u,v,p < co. Pour les
détails, voir [Mus06].

Le résultat suivant non-publié de Musat donne un lien de la propriété OUMD,, pour
un espace d’opérateurs et la propriété UMD classique.

Théoréme 0.11. (Musat) Soit 1 < p < 00, et soit E un espace d’opérateurs. Alors E a la
propriété OUMD,, si et seulement si Sp[E] vu comme un espace de Banach a la propriété
UMD.

En utilisant ce théoréme, 'auteur a pu répondre la question de Z.-J. Ruan par le
théoreme suivant :

Théoréme 0.12. Soit 1 < p < co. Alors S,[C] vu comme un espace de Banach est UMD.

Avant ce résultat, il était déja connu que Sp[C] était super-réflexif pour tout 1 < p < oo.
Une démonstration tres courte de ce fait a été donnée par T. Oikhberg en réponse a une
question de Musat.

La preuve du Théoreme utilise la description de Sp[E] en produit de Haagerup

S,[C] = C, @, E @3 R,
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ou C)p et R, sont les sous-espaces en colonne et en ligne de S, muni de la structure d’espace
d’opérateurs standard. On va utiliser aussi un théoreme de Kouba, qui dit essentiellement
que le produit de Haagerup se comporte bien pour I'interpolation complexe, i.e. on a

Theorem 0.13. (Kouba) Soient (Ey, E1) et (Fp, F1) deux couples compatibles d’espaces
d’opérateurs aux sens d’interpolation. Alors (Ey®p Fy, 1 ®p, F1) est un couple compatible,
et pour tout 0 < 6 <1, o0n a

(Eo ®@p, Fo, E1 @n, F1)g = (Eo, E1)g @4 (Fo, F1)-

Pour démontrer le Théoréme [0.12] on montrera d’abord que pour tout 1 < p < oo, il
existe 1 < p1,p2, p3 < oo (qui ne sont pas uniques), tels qu’on a un plongement isométrique

SplC] C Sp, [Sps [Sps]]- (3)
L’auteur a montré aussi le théoréme suivant qui généralise un résultat de Musat.
Théoréme 0.14. Soit 1 < p,p1,p2,--- ,pn < 00. Alors Sy, [Sp, [ - - [Sp,] - - - ]] est OUMD,,.

La preuve se fait par récurrence sur n et se décompose en plusieurs étapes selon les
conditions différentes sur les indices p, p1,- -+ ,pn. Cet argument est inspiré par la preuve
de Musat pour la propriété OUMD,, de I’espace S,,[S,].

Le théoreme est utilisé pour montrer que le plongement mentionné dans n’est
pas completement isométrique. Il n’est méme pas complétement isomorphique. Précisé-
ment, on a obtenu

Corollaire 0.15. Soit 1 < p1,p2, - ,pn < 00. Alors I'espace en colonne C' ne se plonge
pas completement isomorphiquement dans Sy, [Sp,[ - [Sp,] - - -]]. Plus généralement, au-
cun sous-quotient (sous-espace de quotient) de Sy, [Sp,[- - [Sp,] - -]] n’est completement

isomorphe pas a C.
On peut considérer M,, comme un%ous—algébre sans unité de l'algebre My, := B({2)
en identifiant M, et le sous-ensemble M,, de M, défini par

M,, = {a: (aij)ij>1 € B(la):a;5=0sii>n+1louj>n+1 }

La filtration canonique des algebres de matrices est la filtration croissante (My),>1 de
sous-algebre de M. La projection canonique FE,, : My, — M, est

E,(a) = Z a; je;j, pour tout a = (ai;)ij>1 € Moo.
max(%,7)<n
Soit E un espace d’opérateurs, 1 < p < co. La projection canonique de Sp[E] a S}/[E] est
notée aussi £y, : Sp[E] — Sp[E]. Si z € Sp[E], alors on définit
dixz = Ey(z) et dpx = Ey(x) — Ep—1(z), pour tout n > 2.

Pour tout 1 < p < oo, I'espace F est dit OUMD,, par rapport a la filtration canonique des
algebres des matrices s’il existe une constante K telle que pour tout N > 1 et tout choix

de signe €, = £1, on a
N

I3 endnallg sy < K el
1
En utilsant un théoréme de S. Neuwirth et E. Ricard sur la projection triangulaire, on
montre le théoréme suivant :

Théoréme 0.16. La propriété OUMD,, restreinte a la filtration canonique des algebres
des matrices est équivalente a la propriété OUMD,,.

A la fin du Chapitre 1, on donne une liste de problémes sur la propriété OUMD.
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0.2.2 Chapitre 2

L’objet de ce chapitre est ’étude des constantes UMD d’une suite d’espaces de Banach
définis par récurrence. Par les résultats du Chapitre 1, on sait que si 1 < p1,pa, - ,pn < 00,
I'espace d’opérateurs Sp, [Sp,[- - [Sp,] - -]] est OUMD,, pour tout 1 < p < co. Il est donc
trés naturel de demander comment les constantes OUMD,, de ces espaces dépendent des
parametres pi, po, - -+ , pn. En particulier, une question se pose :

Question 0.17. Soit 1 < py < pee < 00, et soit 1 < p < oo. Est-ce qu’il existe une

constante K telle que pour tout n et tout p1,pa, -+, Pn € [P0, Pso), ON &
o (Spi[Spalr -+ [Spa] -+ ]]) < K7
La Question consiste & demander si ces espaces Sp, [Sp,[- - - [Sp,] - - - ]] sont unifor-
mément OUMD,, ou pas étant donné que p1, p2, - - - ,p, sont dans un intervalle raisonnable
[p(%poo}'

En fait, méme la question suivante n’avait pas été étudiée :

Question 0.18. Soit 1 < py < P < 00, €t s0it 1 < p < o0. Est-ce qu’il existe une
constante K telle que pour tout n et tout p1,p2, -+ ,Pn € [P0, Poo), ON &

B (o1 (o - (65,) -+-)) ) < K2

Puisque £y, (bpy (- -+ (p,) - - )) est un sous-espace de Sp, [Sp,[- - - [Sp,] - - ]|, une réponse
négative pour la Question [0.18] implique aussi une réponse négative pour la Question [0.17}

Le résultat principal de ce chapitre est de répondre négativement a la Question [0.18]
et donc aussi & la Question [0.17 En fait, une réponse négative a cette question donnerait
plus de conséquences qu’une réponse positive. Ici, on mentionne que dans [Bou83| Bou84],
Bourgain a construit les premiers exemples de treillis de Banach super-réflexifs mais non-
UMD. Comme sous-produit de la réponse négative a la Question [0.18] on construit une
famille de treillis de Banach super-réflexifs et non-UMD en itérant la construction £,(¢,),
cette famille contient des échelles d’interpolation complexe qui ont aussi leur propre intérét.

Le premier but de ce chapitre est de démontrer le théoréeme suivant :

Théoréme 0.19. Supposons que 1 < p # ¢ < co. Soit F, def 1(32) (f((f)), ol €1(g2) et €g2)

sont les espaces £, et ¢, de dimension 2. Définissons une suite d’espaces de Banach par
récurrence :

Epi1 = 69 (67 (En)).

Alors il existe une constante ¢ = ¢(p, q) > 1, telle que pour tout 1 < s < oo,

Bs(Ey) > c".

En particulier,
lim Gs(E,) = oo.
n—oo
La preuve est basée sur ’étude d’'une constante associée a un espace de Banach et
une famille de vecteurs introduite dans ce chapitre. Précisément, étant donné un espace
de Banach X et une famille de vecteurs {z;};c; dans X, on peut définir une constante
S(X;{x;}) a priori dans [1, 00| par
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Définition 0.20. Soit X un espace de Banach. Supposons que {z;};cr est une famille de
vecteurs dans X. La constante S(X;{z;}) est la meilleure constante ¢ telle que

N
| X B4 60,
k=0

N
< CH > O,

pour tout N > 1, tout espace de probabilité (2, F,P) muni d’une filtration Ay C A; C
- C A, C - C Z, tout choix de N + 1 indices distincts {ig, i1, -+ ,in} C I et tout
choix de N + 1 fonctions {6, 01, -+ ,0n} C Loo(2, F,P).

On va utiliser une inégalité de Stein assez connue pour les espaces UMD. La preuve
de cette inégalité est due a Bourgain.

Théoréme 0.21. (Bourgain) Soit X un espace de Banach qui est UMD. Alors pour tout
1 < s < o0, toute suite finie de functions (Fj)r>o dans Ls(2, F,P; X) et toute filtration
Ac A Cc---CA,C---CF,ona

| 2 et ()|
k

: < ﬂs(X)H Z%Fk‘
k

M
Ls(fhoo XIP; X Ls(poo xP;X)

Ol fiso est la mesure de Haar normalisée sur le groupe de Cantor {—1, 1}, et (ex)r>0 est
la suite de Rademacher sur ({—1, 1}, p1o0).

En appliquant cette inégalité de Stein, on trouve que la constante S(X;{x;}) est liée
a la constante 35(X) par la proposition suivante :

Proposition 0.22. Lorsque la famille {z;};c; est 1-inconditionnelle, on a
Bs(X) = S(X;{zi})
pour tout 1 < s < o0.

La raison d’introduire la constante S(X;{z;}) apparait clairement dans le théoréme
suivant :

Théoréme 0.23. Soit £ un espace de Banach avec une base 1-inconditionnelle notée par
{e; : 1 € I}, et soit F n’'importe quel espace de Banach. L’espace E(F) est défini de fagon
évidente, i.e. E(F) est la complétion du produit tensoriel algébrique E ® F' par rapport a
la norme suivante : siz =), e; ® z; € E® F, alors

Y eillaillr| -
Pour toute famille {f; : j € J} dans F, on a
S(E(F);{e:i ® fitierjes) 2 S(E;{ei})S(F;{f;})-

Remarque 0.24. Le phénomeéne du Théoreme [0.23| n’apparait pas pour la constante
UMDy. En effet, si p # 2 ou s # 2, on a (5(¢,) > 1. Puisqu’on a

lp(lp) = £y,

si on avait pour la constante UMD, le méme phénomeéne comme décrit dans le théoreme
ci-dessus, alors

def
H33||E(F) =

BS(EP) = ﬁswp(gp)) > ﬂs(fp)ﬁs(fp),

donc on aurait Fs(¢,) < 1, d’ott une contradiction.
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Si les familles {e; : i € I}, {f; : j € J} sont sans ambiguité dans le texte, on va sim-
plifier la notation S(E;{e;}, S(F;{f;}) et S(E(F);{e; ® f;}) par S(E), S(F) et S(E(F))
respectivement. Le Théoreme [0.23] affirme que sous certaines conditions, on a

S(E(F)) > S(B)S(F).
Remarque 0.25. 1l est facile de montrer que par rapport a la base canonique de £,
S(p) = 1.
Donc on a S(¢,(¢p)) > S(£p)S(¢,), comme prévu par le Théoreme

Maintenant, si £ est un espace de dimension finie avec une base 1l-inconditionnelle
{e;}¢_,, oit d = dim E, on peut donc voir E comme un treillis de Banach sur 'ensemble
{1,2,---,d} et on peut définir

E®l .= E et E®" = B(E®™), pour n > 1.

Puisque la base {e;, ®e;, ®- - -®e¢;, : 1 <'iy,49, - ,i, < d} pour E®" est 1-inconditionnelle,
en appliquant la Proposition [0.22] et le Théoréme [0.23], pour tout 1 < s < oo,

Bs(E®") = S(E®") = S(E)".
Lorsqu’on a S(E) > 1, on obtient une minoration non triviale de 3s(E®"), i.e. on a
Bs(E®™) 222 0.

Par les observations précédentes, on doit étudier les treillis de Banach sur I’ensemble
fini, dit [d] = {1,2,--- ,d}. Tout exemple explicite de treillis de Banach X sur ’ensemble
[d] tel que S(X) = S(X;{8;}% ;) > 1 nous donnera une information sur la propriété UMD
pour les treillis de Banach.

On va se concentrer a étudier un exemple de treillis de Banach sur 'ensemble a 4
points. Pour tout 1 < p,q < oo, on peut définir un treillis de Banach 67(32) (&(12)), ie., si
(A1, A2, A3, \g) € R%(ou C*), alors

[ 22 20, A0 gy = [ (1O Al 1K A e, )

‘gp'

La constante S (51()2) (51(12))) sera calculée par rapport a la base canonique de 61(,2) (E,(f)), lorsque

p # q, on trouve l'inégalité
SEP D)) > 1.

La preuve de cette inégalité est basée sur la proposition suivante :
Proposition 0.26. Soit D = {£1} muni de la probabilité uniforme p = 16, + $5_1. Soit
P la projection définie sur Ly (D, p; fgf)) par

P:Lp(D,,u;E[(f)) — Lp(DaM§€£12))
(f.9) = (E(f),9)

Lorsque p # ¢, la norme de P est strictement plus grande que 1.

Les résultats précédents sur la propriété UMD se généralisent a la propriété AUMD.
Précisément, on va définir une constante S*(X;{x;}) pour toute famille {z;}ic; dans un
espace de Banach X sur C. Cette constante est un analogue de S(X;{x;}), et elle vérifie
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Proposition 0.27. Lorsque la famille {z;};cr est 1-inconditionnelle, on a
B5(X) = S(X; {wi})
pour tout 1 < s < o0.

Théoréme 0.28. Soit E un espace de Banach sur C avec une base 1-inconditionnelle
notée par {e; : i € I}, et soit F' n’importe quel espace de Banach sur C. Alors, pour toute
famille {f; : j € J} dans F, on a

SUE(F);{ei ® fi}ierjes) > SUE; {ei}) S (F; {f;}).

La preuve que Sa(&(f) (6&2)) > 1 lorsque 1 < p # g < oo est un peu compliquée par

rapport a la preuve que S (Eéz) (8&2))) > 1lorsque 1 < p # g < oo, pour la premiere, on doit

utiliser la moyenne géométrique M (|f|) d’une fonction f sur T bornée inférieurement (il
existe § > 0, telle que |f| > ) qui est donnée par la formule

log M(|f]) = /1r log | f(2)]dm(2).

La condition classique de Szego sur les fonctions extérieures sera aussi utilisée.
Apres ces résultats, on obtient

Théoréme 0.29. Soit 1 < p # ¢ < oo et définit les espaces F,, sur C comme dans le
Théoreme Alors il existe k = k(p,q) > 1 tel que pour tout 1 < s < oo, on a

5? (En) > K"
En particulier,

lim (¢(E,) = cc.

n—oo

A la fin du Chapitre 2, on s’intéresse au probleme ouvert sur I'ordre de croissance [3,(n)
défini par

By(n) = sup { Bp(X) : dim X = n}.
On va définir

S(d) :=sup { S(X;{5;}%,): X un treillis de Banach sur {1,2,--- ,d}}.

Puisqu’on a §,(d™) > S(d™) > S(d)™, il est intéressant de savoir la valeur exacte de
S(d) pour d petit, par exemple, la valeur de S(4).

0.2.3 Annexe
Dans la premiére partie de 'annexe, on va étudier les constantes UMD, pour les espaces
Cpy ®h Cpy ®p -+ Qp Cp,,.
En particulier, on va définir les espaces V;,(p, q) par

Vn(paQ) = Cp n Cq n Cp h Cq Qp -+ O Cp Qhn Cq-

Cp ®p Cq est répété n fois

On a le théoréme suivant :
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Théoreme 0.30. Soit 1 < p # g < oo. Alors, pour tout 1 < s < 00, il existe une constante
w = w(p,q,s) > 1 tel que on a

Bs(Va(p, q)) > w".

A fortiori, on a
B (Va(psq) = w".

La deuxieme partie de ’annexe concerne la démonstration de I’équivalence suivante :

AUMD,, <= AUMD,, pour tout 1 < p,q < oo.



Chapter 1

On the OUMD property for the
column Hilbert space C

Introduction

In this chapter, we will study the OUMD property for operator spaces, i.e. the operator
space version of the classical UMD property for Banach spaces. The first and main part
of this chapter is focused on the study of the OUMD property for a particular operator
space, namely, the so-called column Hilbert space, which is usually denoted by C. Based
on some complex interpolation techniques adapted in the theory of operator spaces, we
are able to relate an open problem proposed by Z.-J. Ruan to the OUMD,, property for
non-commutative Ly-spaces. More precisely, we proved that

Theorem 1.1. Let 1 < p < o0, then there exist 1 < u,v < 0o, such that we have an
isometric (Banach) embedding
Sp[C] = Su[Sy].

Using the idea used for proving the above result, some non-embeddability results in
the complete isomorphic sense concerning the operator space C' and the operator spaces
Sp1 [Spe - -+ [Sp,] - - ]] are also obtained.

The third part of this chapter contains some results on OUMD property for general
operator spaces.

1.1 UMD property for Banach spaces

The UMD property for Banach spaces, which stands for “Unconditional Martingale Dif-
ference” property for Banach spaces, was first introduced by Maurey and Pisier in the
study of vector valued martingale theory, Burkholder together with some other authors
developed a rich theory on the UMD property.

Let us recall briefly the definition.

Definition 1.2. Suppose that 1 < p < co. A Banach space B is UMD,, if there exists a
constant ¢, such that for all positive integers n, all sequences € = (ej)j_, of numbers in
{—1,1} and all B-valued martingale (x)}_, in a Bochner space L,(B) = L,(Q?, F,P; B),

we have

1> erdarll, gy < el D doillr,m), (1.1)
k=0 k=0
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where drp = xp — 231 and by convention z_; := 0. By definition, a Banach space is
UMD if it is UMD, for some 1 < p < o0.

The best constant c¢ satisfying inequality is called the UMD,, constant of B and
will be denoted by (3,(B). In the languages of Banach space theory, inequality means
exactly that the martingale difference sequence (dxy)}l_, is an unconditional sequence in
L,(B) and its unconditionality constant is dominated by a universal constant c. This
explains why this property is called the “Unconditional Martingale Difference” property.
For convenience, we define 8,(B) = oo, if B is not UMD,,.

The fact that the UMD property is independent of p was first proved by Pisier (using
the Burkholder-Gundy extrapolation techniques). More precisely, he proved that the
finiteness of (,(B) for some 1 < p < oo implies its finiteness for all 1 < p < co. Thus,
a Banach space is UMD if it is UMD, for some 1 < p < o0 and equivalently for all
1 <p<oo.

The UMD property has very deep connections with the boundedness of certain singular
integral operators such as the Hilbert transform, see e.g. Burkholder’s article [Bur(1].
Burkholder and McConnell [Bur83] proved that if a Banach space B is UMD, then the
Hilbert transform is bounded on the Bochner space L, (T, m; B). Bourgain [Bou83] showed
that if the Hilbert transform is bounded on L,(T,m; B), then B is UMD, in particular,
by using this, he proved that the Schatten p-classes S, are UMD spaces for 1 < p < oo.
The classical examples of UMD spaces include all the finite dimensional Banach spaces,
the Schatten p-classes S, and more generally the noncommutative Lj)-spaces associated
to a von Neumann algebra ., for all 1 < p < oco. Interested readers are referred to
Burkholder’s papers [Bur86l, BurO1] for the details on UMD spaces.

1.2 Preliminaries on operator space theory

Some basic definitions from the operator space theory will be given in this section.

1.2.1 Operator spaces

The theory of operator spaces is a new developed theory after Ruan’s thesis in 1988 by
Effros, Ruan, Blecher, Paulsen, Pisier and many other authors. From some point of view,
this theory can be described as a noncommutative Banach space theory, for instance, it
contains also a fundamental extension theorem which plays the role of the Hahn-Banach
Theorem in the Banach space theory, the Grothendieck program of studying various tensor
products and factorizations of linear maps in the theory of Banach spaces has its analogue
in the theory of operator spaces. The readers interested in the details on this theory are
invited to read the monograph [Pis03].

The space of all bounded operators on a complex Hilbert space H, equipped with the
operator norm will be denoted by B(H).

Definition 1.3. An operator space is a closed subspace of B(H).

Let E C B(H) be an operator space. For any n > 1, let M,, = M,,(C) be the space of
n X n complex matrices and let M, (E) be the space of n x n matrices with entries in E.
We may equip M,,(B(H)) with a norm by the natural identification

My (B(H)) ~ My (65 (H)),
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where (5(H) == H® H @& ---® H. Thus, M, (E) is equipped with the norm induced by

n times

the inclusion M, (E) C M,(B(H)). The norm on M,(B(H)) and the induced norm on
M,,(E) will all be called the matrix norm and they are all denoted by || - ||-

Let E and F be two operator spaces, and let v : £ — F' be an linear map. For any
n > 1, we may define the n-amplification u,, of u by

(Tij)i<ijen +—  (u(@ij))1<ij<n

The map w is called completely bounded (in short c.b.) if
def
ulley = Sup wnl| a1, (2)— () < 0.

In the case when ||u||s < 0o, the quantity ||u|| will be called the c.b. norm of u. We will
denote by
CB(E, F)

the space of all c.b. maps from F into F' equipped with the c.b. norm.
A map u: F — F is called a complete isometry (or u is completely isometric) if

is an isometry for all n > 1. Two operator spaces F and F' will be identified if there exists
a surjective complete isometry u : E — F'. Thus, an operator space is just a vector space
E together with a sequence of matrix norms || - ||,, on the spaces M, (E) which come from
some embedding F C B(H).

By the classical Gelfand and Naimark Theorem, we know that every C*-algebra can
be realized as a closed self-adjoint subalgebra of B(H), such a realization will be called
a representation. Moreover, if A is a C*-algebra, let A C B(H) and A C B(K) be two
representations, then they induce the same norm on M, (A) for any n > 1. It follows
from this fact that any C*-algebra (and a fortiori any von Neumann algebra) admits a
natural operator space structure compatible with its structure as a C*-algebra. By saying
the operator space structure on a given C*-algebra, we always mean the one given by any
representation.

Z.-J. Ruan in [Rua88] gave an abstract characterization of operator spaces in terms of
matrix norms. We describe briefly this characterization. Given a vector space E equipped
with matrix norms || - ||, on M,,(E) for each positive integer m (usually, we will suppose
that E equipped with the norm || - ||; is complete), such that the matrix norms satisfies
Ruan’s axioms:

— max {lallms o -

m+n

(R1) Vo € M, (E),y € M, (F),

(5 ))

(R2) Vx € M,,,(E),Va, 5 € M, (C),

lexfllm < el - l[]lm - I5]]-
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Then there exists a Hilbert space H and a linear map
J:FE— B(H)

such that J,, : My,(E) — M, (B(H)) is an isometry for all n > 1. Thus F can be identified
with J(F) C B(H), the image of J in B(H).

Clearly, the matrix norms coming from an embedding £ C B(H) satisfy the axioms
(R1) and (R2). Thus by an abstract operator space, we mean a vector space E equipped
with a sequence of matrix norms || - ||, on M, (E) satisfying Ruan’s axioms.

In particular, this abstract characterization allows us to define various important con-
structions of new operator spaces from the given ones. Among these are the projective
tensor product, the quotient, the dual, complex interpolations etc.

Remark 1.4. Let E and F be two operator spaces. Then CB(E, F') is equipped with an
operator space structure such that we have isometrically

M, (CB(E, F)) ~ CB(E, M, (F)).

By replacing M,, by M, ® M,,, it is easy to see that the above isometry is indeed a complete
isometry.

Remark 1.5. Let X be a Banach space. The operator space min(X) is given by the
isometric embedding X C C(K), where K = (Bx+,0(X*, X)) is a compact space and
C(K) is the commutative C*-algebra of all continuous complex functions on K. This
operator space structure on X is called the minimal operator space structure, it is minimal
in the sense that for any operator space X obtained by some isometric embedding X C
B(H), the identity map Idy : X — X induce a complete contraction Idx : X — min(X).

Note that if we have an isometric (resp. isomorphic) embedding X C Y as Banach
spaces, then we have completely isometrically (resp. isomorphically)

min(X) C min(Y).

There is also a maximal operator space structure on X. Let us recall its definition.
Let I be the collection of all linear maps u : X — B(H,) with ||u|| < 1. The operator
space max(X) is given by the isometric embedding

j: X — @uerB(Hy) C B(@uel Hu)

z = @Oueru(@)
For any Banach space X, we have completely isometrically
min(X)* = max(X™) and max(X)* = min(X™),

where the dual in the operator space category will be explained below.

1.2.2 Minimal tensor product

Let E C B(H) and F C B(K) be two operator spaces. We have a natural embedding of
the algebraic tensor product £ ® F' into B(H ®9 K):

E®F C B(H ® K).
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The minimal (or spatial) tensor product of E and F' is defined as the completion of E® F
with respect to the norm induced by B(H ®9 K). The resulting space will be denoted by
E ®min F. By definition, we have

E®man C B(H®2 K)a

thus F Qumin F' is equipped with the operator space structure via this embedding.

It is shown that the above definition for F ®,, F' does not depend on the particular
embedding of E and F.

Some easy facts about the minimal tensor product are the following:

(i) Commutativity: We have completely isometrically

via the natural flip map.
(ii) Injectivity: If Fy C E; and F» C FEj are operator spaces, then we have
completely isometrically
F1 Qmin F2 C E1 Qmin Ea.

1.2.3 Opposite

Let FE be an operator space. The opposite of E, denoted by E°P is the same space E
equipped with the operator space structure given by the matrix norms on M, (E) by the
following: if a = (a;;) € My (FE), then

HaHMn(E"P) = HtaHMn(E)’

where ‘a = (aj;) is the transpose of a.

1.2.4 Dual space, quotient space

Let E be an operator space. Let E* be the Banach space dual of E. For any n > 1, we
may equip M, (E*) with a norm || - ||,, such that we have isometrically

M, (E*) ~ CB(E, M,).

It can be easily checked that the so-defined sequence of matrix norms || - ||, on M, (E*)
verifies the axioms (R1) and (R2), thus it gives E* an operator space structure. FE*
equipped with this structure will be called the operator space dual of EZ. Unless otherwise
stated, we will always equip E* with this operator space dual structure.

It is shown (see. e.g. [BP91, [ER9I]) that if E is an operator space and let

Then the canonical embedding £ C E** is completely isometric.
It is well-known that the Banach space dual of % = J#({3) is the trace class S; by

the duality
(a,0) = > aijbi
4,521
for all a € #,b € S1. Thus we may equip with the trace class the standard operator space
dual structure

Sy =",
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With the same duality defined as above, we have completely isometrically
B(ty) = ST.

Now let F' C E be operator spaces. The Banach space quotient E/F is defined as
usual. By their operator space structures, M, (F') C M, (F) are Banach spaces, thus we
may equip M, (E/F) with a norm || - ||,, by the algebraic isomorphism:

Mn(E/F) ~ My(E)/My(F).

The obtained matrix norms satisfy the axioms (R1) and (R2), this gives an operator space
structure on E/F.

1.2.5 Complex interpolation

Let Ey and F; be two operator spaces such that (Ep, F1) is a compatible couple of Ba-
nach spaces in the sense of interpolation. Let 0 < 6 < 1. We can define the complex
interpolation space (se. e. g. [BLT6)])

Ey = (Eo, E1)p.

For any n > 1, the couple (M, (Ey), M,,(E1)) is a compatible couple of Banach spaces,
thus we may equip M, (Ejp) with a norm || - ||,, such that we have isometrically

Mn(Eg) ~ (Mn(EO), Mn(El))e'

It can be checked that these matrix norms on M, (Fy) gives an abstract operator space
structure on Fjy.

We introduce briefly an important example of operator space obtained by the complex
interpolation method which will be used in the sequel. From now on, let us denote J#" by
Seo, Which seems to be more appropriate in the following example.

Example 1.6. Let (2,.%,r) be a measure space. A classical result on complex interpo-
lation is that

Lp(v) = (Loo(v), L1(¥))1/p-

Since Lo (v) is a C*-algebra, it has a unique natural operator space structure. The
standard operator space structure on L;(v) is the one such that its operator space dual
is Loo(v). Thus L,(v) may be equipped with an operator space structure by the above
interpolation. The obtained structure on L,(v) will be called the standard operator space
structure on L,(v).

Example 1.7. By the contractive inclusion S; C S, we see that (S, S1) is a compatible
interpolation couple of Banach spaces. Let 1 < p < oo. It is well-known that the Schatten
p-class can be obtained isometrically as

Sp = (So0s S1)1/p-

Moreover, since So, and S; are operator spaces, then S}, is equipped with an operator
space structure by the interpolation method. This structure will be called the standard
operator space structure on Sp,.

Similarly, we can define the standard operator space structure on S;. Obviously, we
have completely isometrically S C S)* C S if n < m.
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1.2.6 Haagerup tensor product

Let E and F be two operator spaces. The Haagerup tensor norm || - || on the algebraic
tensor product F ® F' is defined by: if x € E ® F, then

z||n == inf{H i:aia: : H zn:bjbi
1 1

Then the completion of £ ® F' with respect to the norm || - ||, is denoted by E ®j, F.
More generally, for any n > 1, define || - ||, on M,(E ® F) by: if v € M,(E ® F),
then

n
:x:Zai®bi, where a; € E,b; € F,n > 1}.
1

|2llnn = it {lallar, . () - bllagy ) = 7 = @ © b, where a € My (E),b € My n(F),m > 1}
We should explain the notation a ® b appears in the above definition. If
a = (aij)i<i<n,i<j<m € Mpm(E) and b= (bri)i<k<m,i<i<n € Mmn(F),

then by definition,

m
a ©b = (cpg)1<pzn,i<q<n, Where cpg =) ap; @ bjq.
j=1
It is easy to check that || - || and || - |[5,1 coincide on F' ® F. It can also be checked
that the norms || - ||, on M,(E ® F) verify the axioms (R1) and (R2). Moreover, it is
clear that the completion of M, (F ® F') with respect to the norm || - ||, coincide with
M, (E @y, F'). Thus the matrix norms || - ||, give an operator space structure on £ ®p, F'.
This operator space will be called the Haagerup tensor product of £ and F'.
It is worthwhile to mention the noncommutativity of the Haagerup tensor product.
More precisely, let E and F' be any two operator spaces, then in general, we have

Eo, F2F@,L.

However, it is associative, i.e. if Fq, Fs, F)3 are operator spaces, then we have a natural
complete isometric isomorphism:

(Ey @ Eo) @y B3 ~ Ey @), (B2 ®p, E3).

Thus we can define without ambiguity F1 ®p Fo ®p, - - - ®p, By, for any n-tuple of operator
spaces Fq, FEo, -+, By
It has be shown that the following feature never appears for tensor products between
Banach spaces. The Haagerup tensor product is at the same time injective and projective.
(i) Injectivity: If £y C FEy and F} C Fy, then we have complete isometric embedding

By @y By C Fy @y, Fo;

(ii) Projectivity: If F} C E; and F» C Es, then the quotient maps q; : By — Ey1/F)
and qg : Ey — Fs/F» induce a quotient map

Q1 ®q2: By @y By — (B1/F1) @p (B2 Fy).
In other words, we have completely isometrically

(E1/Fy) @p (Ey/F2) ~ (B ®p, Ea)/ ker(q1 @ go).
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The Haagerup tensor product is self-dual, in the sense that if either ¥ or F is finite
dimensional, then we have completely isometrically

(E@hF)*zE*®hF*.

An important theorem of Kouba will be used frequently in the sequel of this chapter.
In words, the theorem states that the functor of doing the complex interpolation and the
functor of taking the Haagerup tensor product are commutative between them. We state
the theorem below without proof. For its proof, see e.g.[Pis96].

Theorem 1.8 (Kouba). Let (Ep, E1) and (Fp, F1) be two compatible interpolation cou-
ples of operator spaces. Then (Ey ® Fy, E1 ®p, F1) is a compatible interpolation couple.
Moreover, for all 0 < 8 < 1 we have completely isometrically

(Eo @n, Fo, By ®p, F1)g = (Eo, E1)e ®p, (Fo, F1)e.

1.2.7 Projective tensor product
We have an identification (as C*-algebras) between M; ® M, and M, such that if
z = (2ij)ij<i € My and y € (Ypg)p,g<m € Mm,
then
T ®Y =2z = (Zipjqlij<tipg<m € Mim, With 2ipjq = TijYpq-
By this identification, x ® y will be treated as a elementary tensor of x € M; and y € M,
or it will be treated directly as a matrix in M, such that (2 ® ¥)i p.j.q = Tij¥Upq-

More generally, if £ and F' are two operator spaces, let * € M;(E) and y € M,,(F)
then we define

T @Y = (Zipjg)ij<tpg<m € Mim(E @ F)
by
(T @ Y)ipijqg = Zipigg = Tij @ Ypg-

With the above notation, we can define a norm || - ||, on M, (E ® F') by:

llnm = inf {lallar, el |9l 181101 €= 0 (2 ©9) - B, where Lm 21}

The matrix norms || - |1, satisfy the axioms (R1) and (R2), thus it gives an operator
space structure on the completion of £ ® F' with respect to the norm || - ||y = || - [|s,1. This
operator space will be denoted by E @ F.

The connection of the projective tensor product and the minimal tensor product is
given by the fact that we have completely isometrically

(E®"F)* = CB(E, F*).

The projective tensor product is projective, i.e. if Fy C Fy and Fy C E5 are operator
spaces, we have completely isometrically

(E1/F1) @" (Ez/Fa) ~ (Ey @" Ey)/ker(q1 ® g2),
where ¢; : By — E1/F) and g : B9 — FEy/F, are the canonical quotient maps.

Remark 1.9. In the Banach space theory, the projective tensor product between Banach
spaces is defined. In litterature, for two Banach spaces X and Y, their projective tensor
product is denoted by X ®; Y or X®Y. As is indicated by the difference of notation,
usually, the behind Banach space norm on the projective tensor product of two operator
spaces F and F' does not coincide with their Banach projective norm. That is, in general,
we do not have isometrically E ®@" F = EQF.
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1.2.8 Some basic operator spaces

We should introduce the basic examples of operator spaces as the so-called “Column
Hilbert Space C", the “Row Hilbert space R” and the corresponding column and row
spaces in the Schatten p-classes, etc. All the facts mentioned are well-known for specialists,
we omit their proofs.

Example 1.10. Let e;; be the element of B({2) corresponding to the matrix whose coef-
ficients equal to one at the (4, j) entry and zero elsewhere. The column Hilbert space C' is
defined as

C = Spﬁ{%ﬂi > 1}

and the row Hilbert space R is defined as
R = span{ey;|j = 1}.
Their operator space structures are given by the embeddings C C B({2) and R C B({2).

For convenience, sometimes we will write Co, = C' and R, = R. It can be shown that
we have completely isometrically

C~R" and R~C".
Example 1.11. In general, for 1 < p < oo, we define
C, = span{e;1|i > 1} € S, and R, = spaniey |j > 1} C S,.
We have

Ci~R=Ry«
and
R ~C =C4.
More generally, if 1 < p < oo and let p’ be the conjugate exponent, i.e. % + 1% =1, then
Cp~ Ry.

Concerning the dual spaces, we have completely isometrically
C,~Cy =R,y

Moreover, the family {C), : 1 < p < oo} forms an interpolation scale: if 1 < pg,p1 < oo

and
1 1-6 0
= +

o P P1
for 0 < 6 < 1, then we have completely isometrically

Cpe - (Cpm Cpl )9'

It is well-known that we have completely isometrically
C®hE®hR:C@man®man:f%/®mana

Ry E®,C=R"E®"C =25 &"E,
(iv)
Cp®th:Sp.

Remark 1.12. For any interger n > 1, the n-dimensional analogue of C, R, C,, R, will
be denoted by C%,, Ry, C}, R respectively.
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1.2.9 Noncommutative Vector-valued L,-spaces

In his monograph [Pis98], Pisier developed a theory of noncommutative vector-valued L,-
spaces. Let us first recall the noncommutative L, spaces defined with a trace, i.e. the
noncommutative L, spaces in the scalar case.
Let .# be a von Neumann algebra equipped with a semifinite normal faithful trace 7.
Let 1 <p < co. The map
R N

defines a norm on the following subset of .Z:
{z e :7(|x|P) < o0} .

Its completion with respect to this norm will be denoted by L,(7), this norm will be

denoted by || - |, i.e. we have ||z||, = 7(|z[P)"/P.
It is well-known that Lq(7) is the unique predual of .#Z. More precisely, we have
Li(r)" =4,

with respect to the duality given by

(z,y) = 7(zy)

for all € Li(7),y € 4. By this duality, Li(7) is equipped with an operator space
structure which will be considered as the standard one. Moreover, (.#, L1(7)) is a natural
compatible interpolation couple, for all 1 < p < oo, we have isometrically

LP(T) = (%v Ll(T))l/p'
We will equip L,(7) with the operator space structure by
L:D<T) = (‘//71’1 (T)Op)l/p'

For the vector-valued case, as done in [Pis9§|, the von Neumann algebra is supposed to
be injective. Thus given .# an injective von Neumann algebra equipped with a semifinite
normal faithful trace 7 and given an operator space E, we define

Lgo(T; E) =M Qmin E
and
Li(7; E) := Ly(1)? N E.
It is shown that
(LT3 B), Li(T3 B)) = (M ©pin B, Li(7)” " E)

is a compatible interpolation couple. For 1 < p < oo, we define

Ly(7: B) i= (L%(rs B), Li(iB)),

We describe briefly the norm in L,(7; E') without using the abstract interpolation method.
If 1 < p < oo, then for an element x € L,(7) ® E, its norm in Ly,(7; E) is given by the
following formula:

2]z, () = inf {||a||L2p(T)||yHM®mmEHbHL2p(T)}7

where the infimum runs over all possible decomposition : = a -y - b with a,b € Loy(7)
and y € M Qpin E.
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Remark 1.13. Unlike the Bochner space Ly(u; B) defined for a measure space (Q,.%, 1)
and a Banach space B, when defining the noncommutative vector-valued L,-spaces, the
space used as the “vector value” has to admit an operator space structure. And the
resulting space is again an operator space.

In particular, we can take the von Neumann algebra to be B({2) equipped with the
usual trace Tr. In we have define the operator space structure on S; to be the
operator dual of the C*-algebra #. Recall that in its definition, we used the duality
between S and S, = £ given by

(a,b) := Z aijbij = Tr(*ab)
ij>1

for any a € S1 and b € So,. We will always equip S; with this operator space structure
(indeed, it is the “opposite” of the one defined using the procedure for a general von Neu-
mann algebra, i.e. using the duality (a,b) := Tr(ab)) which seems to be more appropriate
for us. Thus we have

Li(B(ty), Tr; E) = S; @™ E.

By using some density argument for interpolation method, we have for any 0 < 6 < 1,
(B(l2) @min E,51 @" E)g = (H Qmin E, S1 @" E)y.

We will use the notation
Si[E]:=5.@"E

and

For all 1 < p < o0, let us denote
SplE] := Ly(B(¢2), Tr; E).
Then we have
SlE] = (S=[E), SilFl) | .

Remark 1.14. Consider the von Neumann algebra M, equipped with its usual trace Tr.
Let F be an operator space. For any 1 < p < oo, we denote

SylE] := Lp(My, Tr; E).
We have a natural identification of vector spaces:
SyEl =S, ®E.
If n < m, then the canonical embedding S C S)" induces a completely isometric embed-
ding
Sy|E] C S'[E].

It can be shown that the subset corresponding to the algebraic tensor product S, ® E' is
dense in Sp[E]. Hence U, Sy[E] is a dense subset in Sp[FE].

The following proposition from [Pis9§] is very useful for us, the proof is easy, we repeat
its proof. .
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Proposition 1.15. Let E be an operator space. For any n > 1, we have
SyEl =C) @n E@p Ry

and
SplE] = Cp @y E @, R,

Proof. We only show the second identity, the first one then follows easily. If p = oo, then
the statement follows from the known identities:

SeolE] = H @min E=C @ E®p R=Cx @ EQp Reo.
For p =1, note that C; = R, = R and Ry = C,, = C, hence
S1[E]=8@"E=R®, E®,C =02, E®, Ry
For 1 < p < o0, we have
SplE] = (Seo[E], S11E])1/p = (Coo @n E @p Roo, C1 @p E ®p R1)1/p-

Now we can apply Kouba’s interpolation theorem, by the known identies (Cs, C1)1 /p=Cp
and (Roo, 1)1/, = Ry, we have

SplE] = Cp @y E @, R,

The following results are very useful in applications, for their proofs, see [Pis98].

Theorem 1.16. Let E and F' be two operator spaces and v : £ — F be a linear map.
For any 1 < p < oo, we have

llulles = ilill) ||Idsg ®@u: S, [E] — Sg[F]H = ||[Ids, @ u: Sp[E] — Sp[F]||.

Theorem 1.17. Let 1 < p < oo, % + 1% = 1. Then we have completely isometrically
S,EI" = S,[E7).
The following theorem will be referred to as the noncommutative Fubini theorem.

Theorem 1.18. Let (.#,7) and (.4, ¢) be two injective von Neumann algebras equipped
with semifinite normal faithful traces 7 and ¢ respectively, and let 1 < p < co. Then we
have the following natural complete isometric isomorphisms:

Ly(AM 75 Lp(N, ) = Lp(N', 5 Lp( M, 7)) = Lp(MON T @ D),

where .#Z®.4" is the von Neumann tensor product of .# and /.

1.3 OUMD property for operator spaces

In this section, we will recall the noncommutative martingale theory and the definition of
OUMD property for operator spaces.
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1.3.1 Noncommutative martingales

Let .# be a finite von Neumann algebra equipped with a normal faithful 7 which is
normalised in the sense that 7(1) = 1. An increasing sequence (4, )n>0 of von Neumann
subalgebras of .# will be called a filtration. Here, by increasing sequence, we mean that
for any n > 0,

My, C '//nJrl-

We will denote by .#., the closure of the space ,,~¢ -4 in .# with respect to the weak™
topology o (A, #.). -

It is well-known from [Tak01] that for any n > 0, their exists a unique norm 1 positive
projection from .# onto .#,. This projection will be denoted by

E . — A,

E“» will be called the conditional expectation with respect to .#,, it is characterised by
the following conditional expectation properties:

E7(1) =1,
E%(aq-2-b) =a-E% () -bVa,be M,V e M.

When the filtration (.#,),>0 is fixed, then we will denote E“#» by E, for simplicity.
In the above situation, let 1 < p < oo, then by the definition of L,(.#, ), it is clear
that .# is a dense subset of L,(.#, 7). Clearly, we have (completely) isometrically:

Ly( Ay, T) C Lp(M,T).
It can be shown that for all z € .#, we have
B (2)]lp < [llp-

Hence

E,: # — #,

can be uniquely extended to be a contractive projection from L,(.#,T) onto Ly,(.#,,T).
This projection will again be called the conditional expectation and will be denoted by

E, : Ly(A,7) — Lp( My, T).
Remark 1.19. It is easy to check that the conditional expectation
E, : Lo(A,7) — Lo( My, T)

is just the orthogonal projection from the Hilbert space Lo(.#,T) onto its closed subspace

Lg(.//n, T).

Definition 1.20. Let 1 < p < co. A sequence of elements (z,)n>0 in Ly(#,T) is said
to be adapted to the filtration (#),)n>0, if ©n € Ly(My, T) for any n > 0. An adapted
sequence in Ly,(.#, T) is called a martingale if moreover, it satisfy the martingale condition:

Yn >0, x, = Ep(2p41).
Let z = (z5,)n>1 be a martingale in L, (.#, 1), if

Il = sup anl, < oo,

then we say that x is a L,-bounded martingale.
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The conditional expectation
En : Lp(A) — Lyp(Ar)

is in fact completely contractive. Indeed, if we denote 7| 4, by 7,. For any m > 1, by
replacing (#,7) and (A, 7)) by (Mp, @ A, Tr @ 1) and (M, ® A, Tr @ 7,,) respectively,
we see that the conditional expectation

EMm®t, . Ly(My, @ M, Tr @ T) — Lp(My, @ My, Tr @ 7)

is contractive. By the noncommutative Fubini theorem, this is equivalent to say that the
following map
Idgm @ Ky, S;”[Lp(///,T)] — S;”[Lp(///n,m)]

is contractive. Hence we have

”En : LP('// - LP(%n)ch = TSnu>Ii ||IdS;,” QE, : S;n[Lp(%vT)] - S;r)n[Lp('/%ann)]H =1

If in additional, we assume that .# in injective, then .4, is also injective, this follows
from the injectivity of .# and the fact that E,, : # — ., is completely contractive.
Now let E' be any operator space and let 1 < p < o0. It is easy to show that

E, ® Idg : Ly(AM,7) @ E — L,(M,,T) @ E

extends to a completely contractive projection from L,(.#,7;E) onto L,(.#,,T; E), the
resulting projection will still be called the conditional expectation and be denoted by E,,,
that is we have a completely contractive projection

E, : Ly(A,1;E) — Ly( My, T, E).

Definition 1.21. In the above situation, a sequence & = (xy,)n>0 in Ly(#,7; E) will be
called an F-valued martingale if

Yn >0, x, = Ey(2p41).

If
H‘T”p = sup Hxn”Lp(///,T;E) < o0,
n>0

we say that z is a bounded martingale in L,(.#,7; E).

1.3.2 OUMD property

After introducint the operator space-valued martingale, we can then introduce the OUMD,,
property after Pisier.

Definition 1.22. Let 1 < p < oco. An operator space E is OUMD,, if there exists a
universal constant ¢, such that for any interger n > 1, any choice of signs € = (e,)}_, such
that e, € {—1,1}, and any E-valued noncommutative martingale (z)y_, in L,(.4,7; E)
associated to any increasing filtration (.#})}_,, we have
n
H Z gkd‘rkHLp(l///,T;E) < CpH:I:n”Lp(///,T;E);
k=0

where as usual, dxy := xp — r—1 and x1 := 0. The best such constant ¢, will be denoted
by By°(E) and will be called the OUMD,, constant of E. By convention, we will define
By (E) := oo if E is not OUMD),,.
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Remark 1.23. In the situation of the above definition, we can assume that .#,, = .#.
Any ¢ € {—1,1}" is associated with the operator T} : L,(.#,7;E) — Ly(#,7; E) which
sends x to Y.¢ ex(zr — Tx—1), and we have

By°(E) = sup || T,

where the supremum runs over the set of all hyperfinite von Neumann algebras (.7, 1),
and alln > 1, alle € {-1,1}".

It is easy to deduce from the definition that if an operator space £ is OUMD,, then
its operator dual space £* is OUMD,,, where }D + [% =1.

Let E be an operator space which is OUMD,, for any given injective von Neumann
algebra (.#,T), it is easy to see that the operator space L,(.#,7;E) is again OUMD,,.
It follows that the space L,(.#,T;E), when considered as a Banach space, is UMD. In
particular, Sp[E] is UMD.

Remark 1.24. In the Banach space theory, it is well-known that UMD, and UMD,
are equivalent properties for any 1 < p,q < co. However, in the operator space theory,
it remains open at this moment whether this still holds for the OUMD, and OUMD,
properties.

An interesting example of operator space structure on ¢ which does not provide an
OUMD,, operator space for any 1 < p < oo is given in the following remark.

Remark 1.25. Consider the operator space
min({s).

Let (#,7) be the hyperfinite II; factor, i.e. (#,7) is the the infinite tensor product (in

the von Neumann sense):
o0

(%, 7') = ®(M2,t1‘2),
k=1
where (Ma,tra) is the algebra of 2 x 2 complex matrices equipped with the normalised
trace

1
try = §Tr.

It is proven in [Pis98] that for all 1 < p < oo, the space L,(Z,7;min(¢2)) contains a
subspace which considered as a Banach space is isomorphic to ¢yg. This result implies that
L,(#,7;min(f2)) is not UMD and hence the operator space min(¢;) is not OUMD,, for
any 1 < p < oo.

Recall the famous Dvoretzky Theorem: Every infinite-dimensional Banach space X
contains ¢4 uniformly with distortion < 1 + ¢ for each € > 0. More precisely, for every
e > 0, there exists a sequence of subspace X,, C X such that dimX,, = n and the
Banach-Mazur distance

Ay (Xn, 0y) == inf{”u” (e ’u : X, — {2 is an isomorphism } <l+e.

It follows that min(X') contains min(¢3) uniformly with distortion < 14 ¢ for each ¢ > 0,
hence the Banach space L,(#,7;min(X)) contains uniformly ¢Z for every 1 < p < oo.
This implies that the operator spaces min(X) is never OUMD,, for any 1 < p < co. The
same statement holds for max(X).

A question related to this remark will be given in the end of this chapter.
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The first remarkable result concerning the OUMD property was proved in [PX96] and
[PX97] by Pisier and Xu. The following theorem is an immediate consequence by their
noncommutative analogue of the classical Burkholder-Gundy inequalities from martingale
theory.

Theorem 1.26. (Pisier-Xu) Let (.#,7) be a von Neumann algebra equipped with a
normalized faithful trace 7. Then for all 1 < p < oo, the operator space L,(.#,T) is
OUMD,,.

Later, Musat continued to study the OUMD property for noncommutative L,-spaces.
In [Mus06] she presented a proof of the following theorem:

Theorem 1.27. (Musat) Suppose that .# is a QWEP von Neumann algebra equipped
with a normal faithful tracial state 7. Then for any 1 < p,q < o0, the operator space
Ly(A,7)is OUMD,,.

In particular, if 1 < p,q < oco. Then the Schatten g-class S; is OUMD,,.

Remark 1.28. Very recently, a gap in the proof of the above result was found by Javier
Parcet. Due to this fact, we will treat carefully in the sequel where we assume that the
above theorem holds.

The following question is due to Z.-J. Ruan.
Question 1.29. Does the column Hilbert space C' has OUMD,, for some or all 1 < p < 00?
Let us mention the following unpublished result of Musat.

Theorem 1.30 (Musat). Let 1 < p < oo, and E be an operator space. Then E is OUMD,,
if and only if S,[E] is UMD as a Banach space.

Note that one direction in the above theorem is quite easy: if E' is OUMD,, then S,[E]
is UMD as a Banach space.
By this result, Question [I.29]is equivalent to the following

Question 1.31. Let 1 < p < co. Does the Banach space S,[C] have UMD property?

1.4 The Banach space S,[C]

In this section, the main result is the following theorem.

Theorem 1.32. Let 1 < p < co. Then there exists 1 < u,v < 00, such that we have an
isometric embedding
Sp[C] = Su[Sy].

Let us begin by a simple proposition.

Proposition 1.33. Let 1 < u,v < co. Then C, ®;, C, is isometric to a Schatten p-class
Sy, for certain 1 < p < co. In particular, either 1 < u,v < oo or 1 < u,v < oo, the space
Cy ®p, Cy is a UMD Banach space.

Proof. Define 6 = %, n == € [0,1], then we have

1
u
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Then by Kouba’s interpolation result,
Cy @ Coo = (Coo @1, Coo, C1 @1 Cg) -
By applying the isometric identities
Coo ®p Coo = 52,01 @1, Coo = 571,
we have

Cu ®h Coo = (52,51)p =852 .

1+n

Similarly, we have isometric identity
Cy®pC1=152.
n
Finally, we obtain that

Cy®@pCy=(Cu®nCo0,Cyu @, Cr)g=(S_2,52)9 =18
n

T+n

The second assertion now follows easily.
The following simple observation will be useful for us.
Remark 1.34. We have complete isometries
CRp,C=CQ®minC~=C, R®,R=RQ®munR~R.
An application of Kouba’s interpolation result yields complete isometry
Cp@nCp ~C)

forall 1 <p < 0.

2 .
1-1/v+1/u

More generally, for any integer n > 1 we have the following complete isometry

Cp ®@n Cp @p, -+ - @, Cp ~ Cp.

n times

In particular, we have the following isometry (in the Banach space category)

Ci @, CrL®p - @p C1~ Coo @h Coo -+ Dp, Coo = o,

n times n times

Proof of Theorem[T.33. Let us first assume that 1 < p < 2. Define 0 =
then ¢ = fp = 21 € (1,00) and r = 0p’ = 2(’;211) € (1,00). That is

1 1-6
=4
p 0.9]

1-6

0
q7
1 0
e 00 r

+1/p c

2

(1.2)

(0,1),
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By Proposition [I.15] and Kouba’s interpolation result,
Sp[C] = Cp R Coo Rp, Cp/
= (Coo On Coo On Coo: Cq On Coo Oh Cr)@
By Remark R (01 @y, C1 @), C1, Cq @ Cog @ Cr)g

= Coap ®p,C 2% QpC 2
p+1 p—1 3p—3
= C2p @pR2p ®p R 2p
p+1 p+1 3—p
= S 2 @p R 2
p+1 3—p

Hence we get the desired isometric embedding
SplC] = C2p @ S2p @nR2p =82 [S2p ]
3—p p+1 3—p 3—p p+1
Similar argument shows that if 1 < p < 2, then isometrically, we have
Sy (Rl = Rp@p Roo ®@n Ry = R2p @p R2p @R 2p =S2 @pR 2 — S 2 [S2p ]
p+1 p—1 3p—3 p—1 3p—3 3p—3 p—1

By taking the opposite operator space, we have

(Sp[R])?? = (Rp ®p, Roo @ Ry )P = R @y, R ®p, Rgp = Cpy ®p, Coo ®p, Cp = Sy [C].

p/

It follows that the Banach space S,[C] embeds isometrically in S 2, [S 2, | whenever
3p—3 p—1

1 < p < 2. In other words, if 2 < p < oo, then
Sp[C] — S2p/3[52p]-
O

Corollary 1.35. If the statement of Theorem holds, then S,[C] is a UMD space.

Lemma 1.36. If 1 < py,p2, -+ ,pp < 00 or 1l < p1,po, - ,pn < 00. Then there exist
1<q1,q2, " ,qn < 00, such that we have
cometri
Cp1 O Cpy ®h -~ @1 Cp, = Cgy ®p Cgy ®p - - @ Co-
Moreover, Cp, ®j, Cp, ®p, -+ - Qp, O, is a super-reflexive Banach space.

Proof. Assume first that 1 < py,p2, -+ ,pn < 00, then by choosing 6 € (0,1) such that
0 > maX(l/plvl/p27"' al/pn>7 we can define ﬁl?ﬁ?a"' 7ﬁn € (1700] by ﬁl = leaﬁQ =
Opa, - ,Dp = Op, such that for k=1,2,--- ,n,

1 1-60 0

PR o0 Dk
It follows that
Cpl ®hcp2 ®h®h0n
_ (Coo @ Coo @ -+ @1 Cooy Gy, @1 C, @1 -+~ ®1 C5 o

isometric

(Cl ®pn Cl Rp -+ Qp, 01,051 Qn 052 Rp -+ X, an)e
- Coqr @ Cgp @ -+ ®p Cyp
1

where E:¥+;% € (0,1), and hence 1 < g < oo for all 1 < k < n.
Super-reflexivity of C), ®p, Cp, ®p, - - - ®p, Cp,, follows from the above first identity, which
shows that it is a (1 — 6)-Hilbertian space.
The case when 1 < p1,pa, -+ ,pn < 00 can be treated similarly or can be obtained by

duality. 0



1.5. AN EQUIVALENT DEFINITION OF OUMD PROPERTY 39

The following proposition shows that the obtained embedding in Theorem [I.32] can
not be completely isomorphic.

Proposition 1.37. Let 1 < p1,p2, -+ ,pn < 0o. The operator space C' can never be
embedded completely isomorphically into Sy, [Sp,[- - [Sp,]---]]. More generally, C' can
never be embedded completely isomorphically into any quotient of Sy, [Sp,[- - - [Sp,] - - ]]-

Proof. Assume that we have a complete isomorphic embedding
75 C = Spy[Spo[ -+ [Spa] -+ 1]-
By the injectivity of the Haagerup tensor product, we have a complete isomorphic embed-
ding
J@Idg: C @n R — Sp[Spy[ - [Sp] -+ ]] @n R
Since 1 < p1,pa, -+ ,pn < 00 and R = C4, hence by Lemmal(1.36} Sp, [Sp,[- - - [Sp,] - - - ||@nR

is a super-reflexive Banach space. This implies that S = C' ®p R is also super-reflexive,
which is a contradiction.

For any closed subspace F C Sp, [Sp,[- - - [Sp,] - - - ]], we have
Sm[Sp [ o [Spn] o H ®p R~ Sp1[Sp2[' o [Spn] o H ®n R
F b= FepR '

Indeed, by [Pis98], for any 1 < p < oo, if Fy C Ej is a closed subspace, then we have
complete isometry
SplE1/ E2] = Sp[Er]/ Syl Enl.

Using the above fact, it is easy to see that

El ®h Rp
E1/Es) @ Ry = ——.
( 1/ 2) h L1lp E2 ®h Rp
. . . . Sp1 [Spo [+ [Spn ]
Note that the super-reflexive property is stable under taking the quotient, hence —#1-2-7-F—=

R is super-reflexive. Hence by using the same idea as above, assume that there is a com-
pletely isomorphic embedding:

i0:C = Sp[Sps [+ [Spa] -1/

then we have completely isomorphic embedding:

Z®IdR . O®hR—> SP1[SP [ F[Spn] ]] O R,

which leads to a contradiction. Hence C' can not be embedded completely isomorphically
into Sp, [Spy [ -+ [Sp,] -+ 1]/ F. O

1.5 An equivalent definition of OUMD property

In this section, we give some equivalent conditions for S,[E] to be UMD, or equivalently,
for E to be OUMD,,. We give the equivalence between the UMD property and the bound-
edness of the triangular projection on S,[E]. Applying this equivalence, we prove that E
is OUMD,, if and only if E is OUMD,, with respect to the so-called canonical filtration of
matrix algebras.

We first give the following simple observation.
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Proposition 1.38. Let 1 < p < oo, if we denote by R the Riesz projection R : L,(T, m) —

L,(T,m) defined by
Z T2 Z Tn 2"

finite n>0

Then S,[E] is UMD if and only if
RE:=1dp ® R : Ly(T,m; E) — L,(T,m; E)
is completely bounded.

Proof. By the classical results on UMD property, Sp[E] is UMD if and only if the corre-
sponding Riesz projection

7?fSp[E} t Ly(T, m; Sp[E]) — Ly(T, m; Sy[E])

is bounded. By the noncommutative Fubini theorem, the natural identification gives
complete isometry
LP(Ta m; SP[E]) = SP[LP(T7 m; E)]

In this identification, Rg, () corresponds to
Ids, ® RE : SplLyp(T, m; E)] — Sp[Lyp(T, m; E)].
A very useful result in [Pis98| tells us that [|RE||w = [[Ids, ® RE|. Hence we have
IRElled = IR s, 2|
This ends our proof. O

The next theorem can be viewed as a special case of a result by Neuwirth and Ricard,
see [NR11] Theorem 2.5 and Remark 3.1. Here we only give the easy side of inequality.

Theorem 1.39. Let T be the triangular projection on S,[E] defined by
(@ij) = (@ijljzi).
Then || Tgllew = 1 Tell = IR el
Proof. We will show that
1Telles < IREcb- (1.3)
By transference method, we have
ITellBs, ) < IRs, 2Bz, (S, (E)- (1.4)
Indeed, any = = (xi;); j>1 € Sp[F] is associated to a function f, : T — S,[E] defined by
fo(2) = D,~1xD,,
where D, = diag(z, 22,23, - --) is a diagonal unitary matrix, hence for any z € T,

1 fz(2) |5, 1) = Izl s, [£)-
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Since
fa(2) = (@527 )ig>1,
we have
(Rfz)(2) = (l'ijzj_iljzi)i,jzl =D, 1(Tgx)D,.
It follows that
I(Rfz)(2)ls, 5] = I TEx 5,2
Then we have
1Tex|s,1m) < IRs, ]l BL,(s01E0) 125, (5
Thus we establish (1.4). By Proposition the right hand side of equals to |Rg||eb-
For proving , it suffices to show that
1TEllo < | TEl-

We have
1 Telle = sup 1 Tsnm)l| (s, (s ))-

Thus it suffices to show that for any n > 1, we have
1 Tspimll < [ TE|-

We can isometrically identify S,[Sp[E]] with Sp[E] by the natural identification. We
associate any x = ()i j>1 € Sp[S,[F]], with z;; € SP[E], to an element & € S,[S}[E]]
given by

0 z11 0 x12

0O 0 0 O
=1 0 x21 0 mo

0O 0 0 O

Then

TE.f :TS;}[E]:U

In the expression TpZ, we view & as an element in S,[E] by the identification mentioned
above. By observing the trivial equalities

12|, (sm ) = 1z lls, 152y and |Tsnimlls,soiey = Tsa(m s, (som),
we have
[ Tsnpxlls,soey = Tsnmlls,soey = Teills, g
< NTell - 112]ls,m = 1Tel - 12]s, (52 (2

ITell - 1z]ls,[sn ey -
O

We refer to [JX05] and [JX08] for details on the canonical matrix filtration. As usual,
we regard M, as a non-unital subalgebra of M, = B(/3) by viewing an n x n matrix
as an infinite one whose left upper corner of size n x n is the given n x n matrix, and
all other entries are zero. The unit of M,, is the projection e, € My, which projects a
sequence in #; into its first n coordinates. The canonical matrix filtration is the increasing
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filtration (M,,),>1 of subalgebras of M.,. We denote by E,, : Mo, — M, the corresponding
conditional expectation. It is clear that

E,.(a) = eqae, = Z aij ® e, for all a = (a;;) € M.
max(%,7)<n

Remark 1.40. Note that F, is not faithful, thus the noncommutative martingales with
respect to the filtration (M,,),>1 are different from the usual ones. But this difference is
not essential for what follows.

We can define the OUMD,, property with respect to this canonical matrix filtration.
Let € Sp[E]. Then

dixz = Ei(z), dpx = E,(x)— E,_1(x), for alln > 2.

E is said to be OUMD,, with respect to the canonical matrix filtration, if there exists
a constant K depending only on p and F, such that for all positive integers IV and all
choices of signs €, = +1, we have

N
1D endnlls, e < Kllzls, -

n=1

Let K,(E) denote the best such constant.
Every choice of signs ¢ generates a transformation 7 defined by

T.(x) = Z Endn.

An element x € Sp[E] is said to have finite support if the support of = defined by supp(z) =
{(i,j) € N? : m;; # 0} is finite. Note that 7. is always well-defined on the subspace of
finite supported elements.

An operator space I/ is OUMD,, with respect to the canonical matrix filtration if for
every choice of signs €, we have

IT=(2) |5, 1) < Ep(E)llls,m),  [supp(e)] < oco.

Remark 1.41. The transformation 7T; is a Schur multiplication associated with the func-
tion fo(i,j) = Emax(i,j)- Indeed, pick up an arbitrary element x = (z;;) € S;,V[E], we

have
dpx = Z Tij & €45 — Z Tij @ ejj = Z Ti; @ e,
max(4,7)<n max(i,j)<n—1 max(%,7)=n
thus
N N
To(x) =) endnz=> en Y. Tij ®€ij = (Emax(i) Tij)-
n=1

n=1 max(i,j)=n

Remark 1.42. Let D, = diag{e1, - ,&n, -+ }. Then T.(z) multiplied on the left by the
scalar matrix De, we get D T.(7) = (€i€max(i,j)Tij)- After taking the average according to
independent uniformly distributed choices of signs, we get the lower triangular projection
of z, i.e, we have

/DgTa(a:)da = /(5i€max(i’j)xij)d€ = (z451i>5).
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The following result is inspired by [JX05] and [JX08]

Theorem 1.43. Let 1 < p < oco. Then E is OUMD,, if and only if it is OUMD,, with
respect to the canonical matrix filtration. Moreover, we have:

S (Ky(B) = 1) < |Til| < Ky(E).

Proof. Assume that E is OUMD,,. Then S,[E] is UMD and the triangular projection Ty
is bounded. Let T}, be the triangular projection defined by (z;) — (1<), it is clear
that ||Tg|| = || T ||. We have

dpr = d,Tpx + d, Ty — Dy,

where D, x = epnxenn. Thus

1Y endnzlls, gy < 1D endnTexls,m + 1Y endn T zlls, 5
+HZEnanHSP[E]~

Since d,, Tgx is the n-th column of Tgx, it is easy to see

1> endnTralls, iz = 11 D dnTEalls, (5] = 1TElls, (5 < |1 TEllls,m-

The same reason shows that

1Y _endnTgalls,im =11 Y dnTgals,im = 1Tgls,m < | Tg llls, 5

For the third term, we have obviously that

1Y enDuzlls i = 1Y Duzlls,ip) < l1lls, 8-

Combining these inequalities, we have

1D endnalls, iz < (1Tl + 1T 1l + Dlizls,im = @ITe] + Dllzlls,z)-

So E is OUMD,, with respect to the canonical matrix filtration with K,(E) < 2||Tg| + 1.

Conversely, assume that E is OUMD,, with respect to the canonical matrix filtration.
We shall show that £ is OUMD,,. It suffices to show that the triangular projection T is
bounded. According to the remark [[.42] we have

1(ijlizj)lls, ) < / DT ()] 5, () de < Kp(E)|[]|s, 2,
proving that ||T5; || < Kp(F), and hence ||Tg| < K,(E). O
Remark 1.44. We have a slightly better estimation for ||Tg|| as the following
1 1
S (B) 1) < [T < 3 (Ky(B) + 1)

We omit the proof here.
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1.6 Some related questions

In this section, we will list some questions. The first one is a well known open problem
asking whether the OUMD property depends on p or not.

Question 1.45. Do we have
OUMD,, <= OUMD,

for all 1 < p,q < o0?
The following observation seems to be related to this question.

Remark 1.46. Let E be an operator space which is OUMD,, for some 1 < p < co. Hence,
the Banach space S,[E] is UMD. It follows that S,[E] is super-reflexive (for the definition
of super-reflexive, see the next chapter). Now let 1 < ¢ < co. There exists 1 < u < oo
and 0 < # < 1 such that % = % + %. By Kouba’s interpolation theorem, we have

Recall the following well-known result due to Pisier: Given a compatible interpolation
couple of Banach spaces (Xg, X1), if one of them is super-reflexive, then for any 0 <
6 < 1, the interpolation space (Xo, X1)g is super-reflexive. Applying this theorem to our
situation, we see that the Banach space S;[E] must be super-reflexive.

Note that there exists an operator space E such that S,[E] is super-reflexive non-
UMD. In [Bou83], Bourgain constructed super-reflexive non-UMD Banach lattices. Let
X be one of such spaces. By results in [Pis79], each super-reflexive lattice can be obtained
as complex interpolation space between a Hilbert space and some lattice. Thus, there
exists 0 < 6 < 1 and an interpolation couple (Xg, X1) such that Xy is a Hilbert space
and X7 is a lattice, X = (X, X1)g. Since Xy is a Hilbert space, Xog = ¢2(I), we may
equip it with the operator space structure OH(I). Let E be the operator space obtained
by complex interpolation £ = (OH(I), min(X7))g. Then

SplE] = (Sp[OH(I)], Sp[min(X1)])o-

Since S,[OH(I)] is UMD, a fortiori, it is super-reflexive, thus S,[E] is super-reflexive
non-UMD.

Question 1.47. Let X be any UMD Banach space (of course, we suppose dim X = o0).
Does there always exist an operator space E (Banach) isometric to X such that E is
OUMD,, for some (or all) 1 < p < c0?

A naive idea that comes to mind is to consider the operator spaces min(X) and
max(X). However, we know from Remark that both of them are non-OUMD,, for
any 1 < p < oo.

It seems rather difficult to decide whether the underlying Banach space structure of
Cp, ®p Cpy, ®p, -+ - @p, Cp,, is UMD or not for 1 < p1,p2, -+ ,pp < 00 and n > 3. And from
the previous discussion, a whole description of the case for n = 3 is sufficient for solving
Ruan’s problem.

The following related question looks easier than the above question, and it is indeed
the case. We will study it in the appendix.
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Question 1.48. Let 1 < pg < po < 0. Does there exist a numerical constant K, such
that (say for the OUMDs constants) for any n and any pi,pe, - ,pn € [P0, Poo], We have

85 (Cr ®h Gy @1+ @1 Cp, ) < K?

Question [T.48]is in fact the original motivation of the next chapter. We will prove that
there is a negative answer to Question [1.48






Chapter 2

On the UMD constants for a class
of iterated L,(L,) spaces

Introduction

In this chapter, all the spaces are Banach spaces, so different from last chapter, here we
only consider the classical UMD property. The main subject is to study the UMD constants
for some finite-dimensional spaces. The “analytic-UMD?” (in short AUMD) property for
complex Banach spaces will also be studied.

We will study the UMD constants of Banach lattices like

Cor (bpa (- (€p,) -+ )) O Lipy (Lipy (- - (Lp, ) - --))-

More precisely, let 1 < p,q < co. Suppose that Ey = C or Fy = R, if we have defined F,
for n > 0, then we can define

Epy1 =P ((P(Ey)),
(2) (2)

where 0, (resp. £5) is the 2-dimensional analogue of ¢, (resp. ¢;).
The main theorem in this chapter is

Theorem 2.1. Let 1 < p # ¢ < oo. Then there exists ¢ = ¢(p, q) > 1 depending only on
p and ¢, such that for all 1 < s < oo, the UMDy constants of the above defined spaces FE,
satisfy

Bs(Ep) > .
The result of this chapter has been published in [Qiul2].

2.1 Definitions

2.1.1 UMD and AUMD

For the definition of the classical UMD property, see §1.1] Here, we will briefly recall the
definition of the AUMD property, which was introduced by Garling in [Gar8§].

Let T = {z € C : |z| = 1} be group of the unit circle equipped with its normalised
Haar measure m. Consider the canonical filtration on the probability space (TN, m®N)
defined by

o(z0) Co(z0,21) C -+ Co(z0,21,  ,2n) T+ .
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Let X be a complex Banach space. By definition, an X-valued Hardy martingale in
Ls(TN; X) is an X-valued martingale f = (f,)n>0 with respect to the above filtration
such that

sup [ ful L, < oo,
n

and for n > 1, the martingale difference df, = f, — fn—1 is analytic in the last variable z,,
i.e., df,, has the form:

dfn(20," " s 2n—1,2n) = Z ¢n,k(207 T 7Zn—1)25~
k>1

In the sequel, we will set dfy := fy by convention.

Definition 2.2. Let 0 < s < oo, a Banach space X is AUMDy, if there is a constant
¢ > 0, such that

n

sup ZﬁkdkaLS(X) < > dfy|
k=0

I
er€{-1,1} 1—o

) (2.1)

for all n > 0 and all X-valued Hardy martingale f = (fx)r>0. The best such c is called
the AUMD; constant of X and will be denoted by £5%(X).

Remark 2.3. Note that in the definition of the property AUMDy, we can have 0 < s < 1,
which is different from the property UMDy.

Recall that an analytic martingale starting at x € X is any sequence f of the form

n
o) =2+ @rlz0, 5 26-1) 2k,
k=0

where z = (zj)>0 € T, or(z0, -, 2p—1) € X.

It is known that in the definition of AUMDy property, in place of the Hardy martingales,
we can only consider the analytic martingales. Using this, it was shown that AUMD,, and
AUMD, are equivalent properties, for an argument, see e.g. [Bur01] §8.

From now on, a space X is said to be AUMD if it is AUMD,, for some or equivalently
forall 0 < p < 0.

Note that UMD implies AUMD but not conversely, for instance, L1 (T, m) is an AUMD
space which is not UMD. More generally, if X has AUMD property, then L;(X) also has
(cf. [Gar88]).

2.1.2 Super-reflexivity

The notion of super-reflexivity involves the notion of finite representability. A Banach
space Y is said to be A-finitely representable in X, and is denoted as

Y Mfr. X,

if for every finite-dimensional subspace E' C X and every ¢ > 0, there exists a subspace
E C X such that the Banach-Mazur distance dpy(E,E) < XA + . In the language of
ultraproduct of Banach spaces, we have

Y MMr. X =Y & x? for some ultrafilter %,

where Y N X% means that there exists a subspace Z C X% such that dpy (Y, Z) < .
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Definition 2.4. A Banach space X is said to be super-reflexive, if for every Y such that
Y fr. X, then Y is reflexive. Equivalently, X is super-reflexive if and only if for any
ultrafilter %, the ultrapower X% is reflexive.

It is well-known that UMD implies super-reflexive but not conversely. The first super-
reflexive non-UMD Banach space was constructed by Pisier in [Pis75]. Super-reflexive
non-UMD Banach lattices were later constructed by Bourgain in [Bou83, [Bou84]. We
refer to Rubio de Francia’s paper [RAF86] for some open problems related to the super-
reflexive non-UMD Banach lattices.

2.2  Some elementary inequalities

2.2.1 Constant c¢(p,q)

We will use the following lemma.

Lemma 2.5. Let (£2,v) be a measure space such that v is finite. Suppose that a@ # 1 and
O0<a<oo. IfF,feLyQ,v)NLi(Q,v) satisty

JaFI+lgheav < [(1+ lglyav

for all g € Loo(Q2,v). Then |F| < |f] a.e.

Proof. Firstly, let us consider any function g € Lo (€2, ) such that there exists 6 > 0 and
lg| > § a.e. If F, f satisfy the conditions in the lemma, then for all £ > 0, we have

lgl\e / NG
Fl+=) dv< = d
JOF1+ 2 < [ (1914 2) a,
and hence
JElrI+lghedr < [ (el1+ lga 22)
By the mean value theorem, there exists § = 6. € (0, 1), such that

(€|f’ + |g€|)a B |g|a — a(9€|f| + |g|)a—1|f|‘

If @ < 1, then
(Gl f1 + gD HfT < 1gl* | € La(2,v).

If @ > 1, then for 0 < e < 1, we have 0 < # < 1, hence
Ol F1 + gD L < 2271 + Lgl*HF]) € La(, ).
By the dominated convergence theorem, we have

L JEL+ gy = [lgldv

e—0t 5

= a [ 1fllglav.

The same equality holds for F'. Combining this with (2.2)), we get

[1Fllgltdw < [ 1191 dv.
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Replacing g by | g\ﬁ yields

/IFllgldu < /Ifl\g\dy.

By approximation, the above inequality holds for all g € Lo (£2,v). Hence |F| < |f] a.e.,
as desired. ]

Proposition 2.6. Let (2,r) be a measure space such that v is finite. Suppose that
1<p#qg<oo IfF,feLy(Qv)N Ly, v) satisty

JUFI + lglrylodn < [(1519+ 117/ d

for all g € Loo(Q,v). Then |F| < |f] a.e.
Proof. This is just a reformulation of Lemma [2.5 O

Let D = {—1,1} be the Bernoulli probability space equipped with the measure p =

%5_1 + %61. For any 1 < g < oo, the 2-dimensional ¢/,-space will be denoted by 6512).

Remark 2.7. Since (D, p) is totally atomic, any statement with “a.e”” is the same as
the same statement without “a.e”. For instance, let F, f be functions on (D, u), then
|F| < |f|a.e. is the same as |F| < |f].

The following proposition is very useful for us, it will be used in §2.3

Proposition 2.8. Suppose that 1 < p # ¢ < co. Let P be the projection on Lp(u;&(f))
defined by
Pi Ly(uty?) — Ly(u )

(f,9) = (Ef,9)
where E is the expectation, i.e. E(f) = [ fdv. Then the operator norm of P satisfies

121l > 1

o (st )= Ly (i)
In words, P is not contractive.

Proof. Assume first that both p, g are finite. If P is contractive, then for any two functions
f and g, we have

JOEst 4ol o < (1517 + gl

By Proposition it follows that |E(f)| < |f|, which is a contradiction if we choose f to
be f = d;. Hence P is not contractive.

If p=occand 1< g < oo, then p’ =1 and 1 < ¢’ < co. Since the adjoint map P* on
Ly (u; K((i)) has the same form as P, the preceding argument shows that P* and hence P
is not contractive.

If p=oc and ¢ = 1. Assume P is contractive, then we have

IEFI+glll o < AT+ 91l - (2.3)

If we take f =1+¢,9=1—¢, where € : D — D is the identity function. Then

IS+ gl = T +1—¢fl, =3
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and
11+l =1 +e+1-¢l =2

Hence
IES] + 19/l > 111+ lglll o

which contradicts to (2.3]). This shows that P is not contractive.
If 1 <p<ooandq=o0, then 1 <p <ooandq =1, hence P* is not contractive. It
follows that P is not contractive. O

Obviously, if p = ¢, the projection P as defined in Proposition [2.8]is contractive. The
norm of P on Ly(u; 5512)) will be denoted by ¢(p, q):

(P @) 3= P )1 sy
Thus if p = ¢, then
c(p,p) = 1.
If1 <p+#q < oo, then
c(p,q) > 1. (2.4)

Remark 2.9. In Proposition we do not make difference between the real space Eé2) (R)

and the complex &(12)(@). It is because the corresponding ¢(p, ¢) in these two cases are the

same. This follows from the following observation

ca) = sup{([EAT+lgtr )" [+ g < 1)

s { (@107 + ot")" ) "+ 510+ oty < 1
= sup{(/((Ef)q +gq)P/qu)1/p :f>0,9> 0,/(fq +QQ)P/QdM < 1} (2.5)

2.2.2 Some comments on ¢(p, q)

It is not difficult to check that

3
c(00,1) =¢(1,00) = 7
By duality, we know that ¢(1,00) = ¢(00,1), so it suffices to show that ¢(oco,1) = % By

definition, we have
cco,1) = sup {[[E()|+alll. : 11+ lall <1}
= swp {[E(f) + gllow: f 20,920, f+g < 1}.
Then it is easy to see that
¢(00,1) = sup {[[E(f) + 1~ flloo: 0 < f < 1}.

Thus we can assume that
f = QXe=1 1 /8X€=—17
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with 0 < a, 8 < 1. Then

B +1- flo=1+ 22

Hence c¢(00,1) = 3.

We do not get the exact values of ¢(p, q) for general p # q. However, we can study the
function c(p, ¢) on variables p, q. Let us define k : [0,1]> — R by
def 11
k(a718) - IOg (C(av B))
Then we have

Proposition 2.10. The function & : [0,1]2> — R defined above is convex and satisfies
kE(o,a) =0 and k(a,8) = k(1 —a,1 — ().
Proof. Since ¢(p,p) =1 for any 1 < p < oo, we have

k(a, o) = 0.
By duality, we have ¢(p, q) = ¢(p/, ¢'), where % + z% =1 and % + % = 1. Tt follows that

k(avﬁ) = k(l -, 1- ﬂ)
For the convexity of k, we will need the complex interpolation argument. Assume that
0 <6 <1 Let 1 <po,p1,q0,q1 < oo. Define py, gy by

1 1 1 1
(o) =000 50+

By complex interpolation, we have

[ Lo (153 62 (©)), L (113 €2 (©))] | = Ly (11 £)(C)),
hence

c(pa, q0) < c(po,q0)*elp1, q1)’.
It follows that

k((l —0)(ao, fo) + 9(041751)) < (1= 0)k(o, Bo) + 0k(cua, Br).
Thus k is convex. O

It follows from Proposition 2.10] and the properties of convex functions that

3
(nax_c(p,q) = max {e(1,1), ¢(1,00), ¢(00, 1), ¢(00, 00) | = 5.
By convexity of k, it is easy to show that
35
c(pq) < (5) : (2.6)
Remark 2.11. By some computation, we can show that

2+3
3

2+ \/§>11/q
3 )

(00, q) = ( )Uq and ¢(1,q) > (

And also

1 1-1
(p.00) > (3 +4\/§> LI (p.1) > (3 +4\/§> /»
Remark 2.12. The behavior of the function ¢(p, ¢) near the diagonal p = ¢ is useful for
studying the conditions on the sequences (p;) such that the family consists of the iterated
spaces Ly, (Lp, (- -+ (Lp, ) --+)) is uniformly UMD. For the detail, see Problem
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2.2.3 Constant x(p,q)
As usual, we set

Hy(T) = {f € Ly(T,m): f(k)=0,Vk € Z<0}.

We will say that a measurable function f : T — C is bounded from below, if there exists
d > 0, such that |f| > ¢ a.e. on T.

Definition 2.13. Let f € L,(T) be a function bounded from below, then the geometric
mean M (|f]) of |f] is defined by

tog M(|f1) = [ log]|()]dm(z).
In particular, if f : D — C is an outer function, then we have

M(If]) = [£(0)] = [Ef]. (2.7)

The following proposition will be used in §2.4] when we treat the analytic UMD prop-
erty, where k(p, ¢) plays the réle of ¢(p, q).

Proposition 2.14. Suppose that 1 < p # ¢ < co. Define k(p, ¢) to be the best constant C'

satisfying the property: For any measurable partition T = AUB with m(A4) = m(B) = 1,

for any function f = fixa + foxs with fi > 0, fo > 0 and any function g = g1 x4 + g2XB,
we have

/(M(’f\)q + |g|9)P/7dm < Cp/<\f|q + |g|9)*/7dm.
T T

As usual, when 1 < p < oo and ¢ = oo, the above inequality is understood as

[ e {ar(150,lgl} dm < €7 [ max {111, 1gl}am.

When p =00 and 1 < ¢ < o0, it is understood as

sup {177 + g1} " < Csup {15 + o217},

Then k(p,q) > 1.

Proof. Firstly, let us assume that both p and ¢ are finite. Assume by contradiction that
k(p,q) < 1, that is, for any measurable partition T = AUB such that m(A) = m(B) = 3,
if we consider the 2-valued functions f = fixa + foxs and g = g1xa + goxp with f; >
0, f2 > 0, then

L1+ lgioyradm < [ (1519 + g1ty dm.
T T

It is easy to see that f, g, M (|f|) are all functions measurable with respect to the o-algebra
F = o(A, B) generated by the partition AUB. Functions of the form g = g1x4 + 92xB
run over the whole set Loo (T, .#,m). Hence we can apply Proposition and get

M(f) < f.

By definition,
M(f) = 171
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Indeed, we have

log M(f) = /Tlog(f)dm: log(f1)m(A) + log(f2)m(B) = log(f1) ;log(h) — log /F1fa.

If we take fi > fo, then
M(f)> (717 = b

this contradicts to the inequality M (f) < f. Hence we must have k(p,q) > 1.
If g =00 and 1 < p < 0o. Assume that x(p,o0) < 1, then we have

[ ma{ar(isD, g1} dm < [ max {11, lgl} dm.

Choose f = g = xa+4xp with {A, B} a measurable partition of T with the same measure
m(A) = m(B) = 5. Then M(|f|) = 2. Hence

[ {M 17D lol}"dm = 27m(4) + () = =

It follows that

Jmax{I11olY dm = [ 17pam = 255 < 2 = [ {211 Jgl} dm

This is a contradiction. Hence we must have x(p,c0) > 1.
Finally, if p = 0o and 1 < ¢ < co. Assume that k(oo,q) < 1, then

sup (1) + ]g(z)\q}l/q < sup {IF)1 + !g(z)IQ}l/q,

or equivalently,

sup {M(IF)7 +lg()17} < sup {I7(2)|7 + o)1},

for any suitable f,g. Take T = AUB any measurable partition of T as above. If we take
f=2-xa+xs)"Y%and g = (14 x4 — x5)"/9. Then

fIT+ 19T =2=xa+xB+1+xa—xB=3,

hence
sup {| £(2)|* + lg(=)|"} = 3.
z€T

Since M(|f|) = V1 x 31/4 = v/31/4, we have
sup { M(|f)?+ |g()|"} =sup {VB+1+xa—xp} =2+ V3
2€T 2€T

Hence we have
sup { M(|f)7 +1g(2)|*} > sup {|F(2)|" + |g(2)|}.
zeT z€T

This contradicts to the assumption. Hence k(o0,q) > 1.
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2.3 UMD constants of iterated L,(L,) spaces

The following definition is essential in the sequel.

Definition 2.15. Consider a Banach space X with a fixed family of vectors {x;};c;. We
define S(X;{z;}) to be the best constant C such that

N N
H > EA (O ), < CH > g, (2.8)
k=0 k=0

Li(QP;X) — Lo (Q,P;X)
holds for any N € N, any probability space (2, F,P) equipped with a filtration Ay C
A C---CA, C--- CF,any N + 1 distinct indices {ig, 1, -+ ,in} C I and any N + 1
functions 0y, 01, -- ,0n in Lo (2, F,P).

If there does not exist such constant, we set S(X;{x;}) = oo.

In what follows, we are mostly interested in the special case when {z;} is a 1-unconditional
basic sequence, since in this case we can relate S(X;{z;}) to the UMD constants of X. If
{z;} is clear from the context and there is no confusion, we will use the simplified notation
S(X) for S(X;{x;}). In particular, if X has a natural basis, then S(X) will always mean
to be calculated with this basis.

We will need the following well-known vector-valued Stein inequality in UMD spaces,
which was originally proved by Bourgain [Bou86|]. For the sake of completeness, we include
the proof.

Theorem 2.16. Let X be a UMD space. Then for any 1 < s < 0o, any finite sequences of
functions (Fj)r>o0 in Lg(2,P; X) and any filtration Ag C A; C --- C A, C .-+ on (Q,P),
we have

H Z5kEk(Fk)‘ (2.9)
P

= 53(X)H Z%Fk’
k

)
Ls(poo X3 X Ls(poo XP; X))

where B = EA* and (ek)k>0 is the usual Rademacher sequence on (DY, fio0), fioo = p®N.
Proof. We define a filtration (Cy)r>0 on Q x {—1, 1} by setting

Coj =Aj@0(eg, - ,€5)

Cojr1 = Ajp1 @ oo, -+ &)
Now consider f € Lg(Q x {£1}N: X) defined by
f=> ek
k

Note that we have '
j
E%i (f) =Y eyE;(F)
0
and

j—1
E-1(f) =" exlBj(Fr),
0

hence
(B — E%-1)(f) = &;E;(Fy).
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It follows that
> enBi(Fr) =Y (B —E%-1)(f).
k

J
By the next remark, we see that

I ZekEk‘(Fk” La(poo xPiX) = Bs (XA 2 (o xpix) = Bs(X| Zg’ﬂFk’
k k

as desired. O

Ls(poo XP;X)?

Remark 2.17. By an extreme point argument, we have

n

n
sup || Y apdfillL,xy= sup
k=0

1> erdfill, x)-
—1<ap<1 er€{-L1} -

Hence we have . .
sup_ 1 ardfillp, o) < Bs(XOND dfill . x)-
k=0 k=0

—1<ay <

Proposition 2.18. Let X be a UMD space. Assume that {x;};c; is a 1-unconditional
basic sequence in X. Then for any 1 < s < oo, any finite sequence of functions (0j)r>¢ in
Ly(Q,P) and any filtration 4g C Ay C--- C A, C --- on (2,P), we have

| %:Ek(ek)IEik o) = B,(x)| Zk:ekxik

. 2.1
Ls(Q,P;X) (2.10)

Ls(
Proof. For any i’s, consider the sequence (Fj)g>0 in Ls(€Q2,P; X) defined by
Fi(w) = O (w)i,.

Then
Ex(Fr) = Ex(0r )4,

By the 1-unconditionality of {z;};cr, for any fixed choice of signs e, € {—1,1} and w € Q,

we have
H ZEka(w)HX = H ngek(w>$ik X = H Zek(w)xzk X.

k k k

It follows that
H Zk:eka‘ La(ioo XBX) H Zk:ekxi’“ Lo(@PX)

Similarly, we have

H Zk:EkEk(Fk)‘ L xPiX) H %:Ek(ek)xik LX)
By these equalities, follows from . O

Let X be a UMD space. Assume that {z;};cs is a 1-unconditional basic sequence in
X and let (6x)x be a sequence of functions in Lo (€2,P). Then by Proposition and
the contractivity of the following inclusions

we have

Loo (2,P;X)

H > Ex(Or)wi,
k

Hence we obtain the following

L (QPX) < ﬁs(X)H Zk: ekzzk
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Proposition 2.19. Let X be a UMD space. Assume that {x;};cs is a 1-unconditional
basic sequence in X. Then for all 1 < s < o0, we have

S(Xi{wi}) < Bs(X).

The main purpose of introducing the constant S(X) is explained by the following
theorem, which says that this constant has some kind of multiplicative property. It is this
property which will be very useful in studying the “iterated spaces”.

Theorem 2.20. Let E be a Banach space with a 1-unconditional basis {e; : ¢ € I}, let F
be another Banach space. By definition, E(F) is the completion of the algebraic tensor
product ¥ ® F under the norm defined as follows: if

x:Zei(@xieE@F,

7

where (x;) is a finite supported sequence in F', then
l2llzr = 1326 @ il ey = 13 eillzill el -
i i

Given any fixed family of vectors {f; : j € J} in F, let us consider the following family of
vectors in E(F):

{€i®fj:i61,jEJ}.
We have

S(E(F)) =z S(E)S(F),

where S(E(F)), S(E) and S(F) are defined with respect to the mentioned families of
vectors respectively.

Proof. From the definition, for any € > 0, there exist finite number of distinct indices
{ix : 1 < k< N} CIand{j,:1<n< Ny} CJ, and there exist functions 0 €
Loo(Y,P),1 <k < Ny and functions &, € Loo(Q0,Pp), 1 < n < Nj satisfying

| Z Orei, || oo prim) < 1
%

and
1Y &nfinllbo ©op0:F) < 1,
such that
H zk:EAk(ek)ei’“ Ly (9P E) 2 S(E) —¢
and
H ;EBn (&) i L1(Q0,Po; F) 2 S(F) —e.

We can define a larger probability space
(Q,P) = (¥ x O, P @ PFY),

the general element in 2 will be denoted by w = (w', (w;);>0). Consider the o-algebras
Fi.n defined on (2,P) by

Fin = Ak @ Boo @ -+ ® Bog @B, @ Copt1,
—

k—1 times
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where Bo = o(B,, : n > 0) is a o-algebra on (29, Py), By is assumed to be trivial and C>41

is the trivial o-algebra on (QONZk+1’P§Zk+1)

. It is easy to check that Fy , is a filtration

with respect to the lexigraphic order, i.e. if (k,n) < (k',n) (that is k < kK’ or k = £’ but

n <n'), then Fj,, C Fi .
Now let us define h : Q — E(F) by

h(w) = h(w', (wl)) = Z Gk(w’)gn(wk)eik &® fjn'
k,n

Let
hk,n (’LU) = 9k: (wl)gn(wk)a
then

h=> " hinei, ® fj,-
kn

Clearly, we have
Bk (g ) () = [EA+(00)] (') B (60)] (), e

By the 1-unconditionality of {e; : i € I'}, for a.e. w € €2, we have

[h(w)l|pF)y = Zek Nen(we)ei, @ fj,

E(F)

_ Ze%n 5 0k ) i,
S el S () ol
k’ n

< [ Zenloew)l] = | X entuw)] <1
k k
Hence
1AL (P E(F)) < 1.
If we denote N
h = ZE}—}C'” (hk,n)eik ® fjm
k.mn
then by ,
Ih@)llmw = || e B0 @)l S EP (€)we) | | a-e
k n

By Jensen’s inequality, we have

> i [EA (0) ()| Yo EP (€n) (wi) . | dPG" ((wn)
E
k n

> |/ X eulEA(0) )] D () (i) i | p B (w)
= Ze%ﬂEA’“(@k ’ H ZEB (&n) L1(Q0,Po; F)
= zkzeikE *( HZEB” &n) fin Ly (Q0,Po;F)’

(2.11)
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Note that in the last equality, we used the 1-unconditionality assumption on {e; : i € I}.
By integrating both sides with respect to [ dP'(w'), we get

H > BTEn (hyp)es, © £,
k.n

H %:EA’C (Or)ei, B ‘

> (S(E) —)(S(F) —e).

L1(Q,P;E(F))

‘ Z EB- (gn)fjn

v

L1(Q0,Po;F)

Therefore

S(E(F)) = (S(E) —e)(S(F) —e).
Since € > 0 is arbitrary, it follows that
S(E(F)) = S(E)S(F),
as desired. O

To generalise the above theorem, let us recall the p-convexity and g-concavity for
Banach lattices, interested readers are referred to [LT79] §1.d. for the details on the
p-convexity and g-convavity.

Definition 2.21. Let X be a Banach lattice and let 1 < p < o0, 1 < ¢ < o0.
(i) X is called p-convex if there exists a constant M < oo such that

(1)l < M(Slly) 1 <p< o0
=1 =1

or
| Viy |zl < Mlg_liagxn llzillx, if p= oo,

for every choice of vectors {x;}/"_; in X. The smallest possible value of M is denoted by

M®)(X).
(ii) X is called g-concave if there exists a constant M < oo such that

(i:”xi”g()l/q§M||(§:\xi|q)l/qHX, if1<g< oo
i i=1

or
max |lzillx < M| Visy lzilllx,  if g = oo,
for every choice of vectors {z;}; in X. The smallest possible value of M is denoted by
M) (X).
Note that every Banach lattice X is 1-convex and oo-concave with
MM(X) = My (X) = 1.

Remark 2.22. Assume that X is a Banach lattice, then it is easy to see that for any
measurable function x : (2, v) — X, we have

I letwPastu) I < 3C8) - ([ o) yavta)

and
1/q

([ hetwliar@) " < v () [ fetwlsanw)
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Definition 2.23. Let X be a Banach space, let {z;};c; be any family of vectors in X and
let 1 <p < q < oo. Define Sy ,(X;{z;}) to be the best constant M such that

N N
H > EA (61, < MH S O, (2.12)
k=0 k=0

LP(Qv[P;X) LLI(QJPvX)

holds for any N € N, any probability space (2, F,P) equipped with a filtration Ay C
Ay C---CA, C--- CF,any N + 1 distinct indices {ig, 1, -+ ,iny} C I and any N + 1
functions 6y, 61,--- ,0n in Ly(Q2, F,P).

If there does not exist such constant, we define S, ,(X;{z;}) = oc.

As we did previously, if the family {x;} is clear from the context, then we will use the
notation Sy ,(X) instead of Sq,(X; {x;}). Note that the previously defined S(X;{x;}) is

S(X;{wi}) = Soon (X {xi}).

The relation between S, ,(X) and the UMD constant of X is given by the following
proposition.

Proposition 2.24. Let 1 < s<oocand 1 <p <s<qg< oo Let X bea UMD space.
Assume that {x;}icr is a 1-unconditional basic sequence in X. Then we have

Sep(Xi{zi}) < Bs(X).
Proof. The proof is similar to that of Proposition [2.19 O
Now we can state and prove the following theorem.

Theorem 2.25. Let E be a Banach space with a 1-unconditional basis {e; : i € I}, let
F be another Banach space. Assume moreover that E is p-convex and g-concave when
it is viewed as a Banach lattice over the I, the corresponding cosntants are denoted by
M®)(E) and M4 (E). For any fixed family of vectors {f; : j € J} in F, consider the
family of vectors {e; ® f;j : i € I,j € J}. Then we have

SupE)S0n(F)
Sup(BF)) 2 e o

where S, ,(E(F)), Sqp(E) and Sy ,(F) are defined with respect to the mentioned families
of vectors respectively.

Proof. We will use the notation that was used in the proof of Theorem [2.20 For any
e > 0, there exist finite number of distinct indices {iy : 1 < k < Ny} C I and {j, :
1 <n < Ny} C J, and there exist functions 0, € Ly(Q',P'),1 < k < N; and functions
&n € Lg(Q0,Pp), 1 < n < Ny satisfying

H zk:ekeikHLq(Q',P/;E) <1

and

H ZgnfjnHLq(Qo,Po;F) = 1,

such that
H ZEAk (Qk’)eikHLp(Q’JP’;E) > Syp(E) —¢
k
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and
I ZEBn(gn)fjnHLp(Qo,po;F) > Sqp(F) —e.

As before, we define the larger probability space
(Q,P) = (2 x Qf, P @ PFY),
and the general element in  will be denoted by w = (w’, (w;);>0). The filtration (Fg )
n (Q,P) is defined as before.
Define h : Q — E(F) by

h(w) = h(w', (w)) =) _ Ox(w)en(wr)es, ® fj, = thzn w)eiy, @ fjn-

k,n

Recall that
B () (w) = [EA%(0)] (w') [EP" (€0)] (wr)  ace.
For simplify the notation, let us denote
k) =D Ealwr) i,

We have

1/
”h”Lq(Q,]P’;E(F)) = (/QHZGk(w,)én(wk)eik®fjn||qE(F)dP(w)) !

1/q
SR VADSCAXU R AP )

By the g-concavity of E, we have thus

q 1/q
M) (E) ( LIS e[ 1o haes ) H"Edww'))
k 0
q 1/q
= My(E) (/Q N eslonw)I( [ |GG (w) !\‘ngw')) .
k 0

Note that for any k, we have

IN

(AR

1/ 1/
(/. NG e () "= ([ 1ot ) " = | 2 ninlzy o) < 1

hence by the 1-unconditionality of {e;}, we get

1/q
Mz ormwy < Mao®)( ] I3 i) < M (B).

Let us denote

h= ZE}—k’n (hk,TL)eik ® fjn’
k,n

and

Gwg) = Y EP (&) (wk) ..,



62 CHAPTER 2. ON THE UMD CONSTANTS FOR A CLASS OF ITERATED L,(L,) SPACES

then
I@)llsw = || e B0 @)l 3B (6)wi) i,
k n

= I3 e B (00) ()G (wy) |y ace.
k
By p-convexity of F, we have

(f I e 0w e e )

1/
> Zezk’EAk ek /HG wk ‘de@N«wl))) pHE
= Zelk’EAk ek ‘ H ZEB fn f]n »(Q0,Po; F)
_ . Bn
- Xk:elkE k( H E (&n) fi Lp(Q0,P0;F)

Note that in the last equality, we used the 1-unconditionality assumption on {e; : i € I'}.
By taking the L, norms of both sides, we get

MO(E) 11, @.piecey

= ) (I A 000G 5 )

= H ;EAIG (Or)es, Lo( P1iE) H 2B (En) i

> (Sgp(E) —)(Sgp(F) —¢).

Lp(Q0,Po;F)

Therefore
(p) HhHLp(Q P;E(F)) — > 5 ,P(E)Sq,p(F)'

It follows that

Hh’HLP(Q,]P’;E(F)) o S4p(E)Sqp(F)

HhHLq(Q,p;E(F)) B M(P)(E) (q )(E)

By definition of Sy ,(E(F);{e; ® f;}), we have

Sq.p(E)Sq.p(F)

Sep(E(F)) =

as desired.

Lemma 2.26. Suppose that 1 <p #q<oo. If £} = E]S?) (E((]z)), then
S(E1) = e(p,q) > 1.

Proof. Let us denote the canonical basis of Ez(y ) and f by {el, e}, {e, el} respectively.
Then
{e:’f el el ®el eh@el, b ® eg}
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is the canonical 1-unconditional basis of 61(92) (&(12)). Consider the probability space (D, u)
equipped with the filtration

{0,D} C o(e),

where ¢ is the identity function on D. Note that the o-algebra {(), D} is the trivial one,
so the conditional expectation with respect to {(), D} is just the usual expectation. Define
a linear map
T:Lo(D;Ey) — Li(D; Ey)

by setting
E(aij)ef ® e, if j =1,
T[aij(a)ef ® eﬂ =

aij(e)el ® e?, it j =2.

By definition of S(F;) we have

S(El) > HTHLOO(D;El)HLl(D;El)'
Now for any a, b two scalar functions on D , consider
fle)=éel® [a(e)e‘f + b(a)eg] +eb ® [a(—a)e‘f + b(—a)eg}.
Then
(Tf)e) =€l @ [E(a)e'f - b(a)eg} +eh® [E(a)e(f + b(—zs)eg}.
If p, ¢ are both finite, then for any fixed € € D, we have

1@l = {(a(@)|? + BE) + (la(-2)7 + [o(—e) )/s} "

= (a0 + B + (Ja(-1)1 + p-DfyP/r}

= 2L (aDI7 + [BOIP/7 + 2 (a(~1)1 + Jo(~D[)P/7} 7

= 27{ [(la()ls + )P adute)}

= 21/p||(a, b)HLp(#?Z((zz))'

Similarly,
ITHE e =2"7[[Ba, bl (g0
It follows that
111w ity = 2710 D)l 0,
and
ITflls (i) = 27 (Ba B[, g0

Hence

1Tz, (D) _ H(Ea’b)||Lp(u;féz>)
" e 0i) H(a,b)HLp(MgQ))

I T\ oo (DsE1)— L1 (D: B (2.13)

Similarly, if ¢ = co and p is finite, then

_ ol
1l cimimn) = 2770,
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and
1Ty iy = 27| BB, ()
If p = 0o and q is finite, then
1l Lo ;1) = Il(as b)HLoo(Mgz))

and
HTfHL1(D;E1) = H(Ea>b)”Lw(#;42))'

Therefore, (2.13) holds in full generality. By Proposition , we have
TN 2o (Dir)—La (i) 2 PN g ey = €05 @)-

Hence
S(El) Z C(pa q) > 17

as desired. ]

Remark 2.27. Let 1 < p < oo and let (e)x>0 be the canonical basis of £, = ¢,(N), then
S(t,) = 1.

Indeed, if (0x)r>0 is a finite sequence of functions, then

v
HZEk(Qk)ekHLl(ép) = HZE’f(Qk)e’fHLp(ep):H<Z’E’“(9’C)|p) pHLp

k k k

v

I S ER @I = (3 IEx60)]) "

k k

1/p

(;H@HZ) :HZk:@kekHLp@p)

< 1> erkHLoo(gp)'
k

IN

For p = oo, let us consider ¢g. We denote again the canonical basis of co by (ex)r>0-
Then for any (6)r>0 finite sequence of functions, there exists a finite sequence of functions
(k) k>0 such that

Z k| < la.e.
k

and

Sup Er(0k)| =Y Ei(0k) k-
k
Hence we have

HZEk(ek)@kHLl(CO) = HSI;P Bx (06, = I D Ex(Or)mll
k k
= [ S EOmd? = [ 3 0B
k k
[ sup 166l 3 Bl < [[sup Bell, [ 3 B
k k

IN

IN

Isuplowl, . [ inclap < [l suploill,_
k

= | Zk:@kekHLoo(co)»
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hence

S(co) = 1.
We are ready for proving the main theorem in this section.
Theorem 2.28. Suppose that 1 < p,q < oo. Let Fy = EE,Q) (E((]Q)) and define by recursion:
Epsy = (P (P (E,)).
Then for any 1 < s < 0o, we have

Bs(En) = S(En) = c(p,q)",

where S(E,) is computed with respect to the canonical basis of E,. In particular, if p # ¢,
then 35(E,) has at least an exponential growth with respect to n and

1iYILn Bs(Ey) = oo.
Proof. By Theorem [2.20]
S(Bnt1) = S(UP(EP)S(En).
By Lemma [2.26, we have

S(EnJrl) > C(p, Q)S(En)

It follows that
S(E,) > c(p,q)".

Since the canonical basis of E, is 1-unconditional, by Proposition[2.19] for any 1 < s < o0,
we have

Bs(En) = S(En) = c(p,q)".
O

The following simple observation shows that the exponential growth of 5s(E,,) is opti-
mal.

Proposition 2.29. Suppose 1 < p # ¢ < oo. Let X be a Banach space. Define by
recursion: Yy = X and Y, 41 = Lp(T; Ly(T;Y},)). Then for all 1 < s < oo, there exists
X = X(p, ¢, s), such that

Bs(Yn) < X"Bs(X).

Proof. We will use the following well-known fact (see e.g. [Bur81 Bur83]) about UMD
constants: for any 1 < r,s < oo, there exist a(r,s) and 3(r, s) such that for all Banach
space X,

a(r, s)Bs(X) < B(X) < B(r,5)85(X). (2.14)

We will also use the elementary identity Gs(Ls(X)) = 85(X). Combining these, we have

Bs(Yni1) = Bs(Lp(Lg(Yn))) < B(5,p)Bp(Lp(Lg(Yn)))
= B(s,0)Bp(Lg(Yn)) < B(3,p)B(p,q)B4(Lqg(Y2))
= B(s,p)Bp:0)B¢(Yn) < B(s,p)B(p,a)B(q; 8)Bs(Yn)-

Let x = B(s,p)B(p,q)B(q, 5), then B(Y,) < x"Bs(Yo) = X" Bs(X). O
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Remark 2.30. Even if one of p,q is infinite or equals to 1, then since dim(FE,) = 47,
we have (5(E,) < v/dim E,, = 2". Indeed, the Banach-Mazur distance between E,, and

(@mEn s < /dim E,, (cf. e.g. [TJ89)).
Let us denote the E,, defined as above using p = co,q = 1 by E,(00,1). Then we have
dim E, (00, 1) = 4".

Moreover, since c(oo, 1) = %, by Theorem we have

Bu(Enloo, 1)) > (5)"

for all 1 < s < oo. Thus we reprove the following result originally proved Bourgain by
different method.

Proposition 2.31. For each n, there exists an n-dimensional lattice such that (say) its
UMD, constant is at least of the order n? with

log(3/2)

~ log4

Let 0p; be the largest possible 6 appears in Proposition Since for any n-
dimensional space X, the Banach-Mazur distance dppy (X, ¢5) < /n. Necessarily, we

have .
Related open problem due to Bourgain will formulated in the end of this chapter. Some
ideas on this open problem will also be given.

2.4 Analytic UMD constants

The main idea in can be easily adapted for treating the analytic UMD property. In
this section, all spaces are over C.

Denote the general element in TN be 2z = (2,)n>0 and let my = m®N be the Haar
measure on TV. Recall the canonical filtration on (TN, m,) defined by

o(z0) C o(z0,21) C -+ Co(z0,21, "+ ,2n) C -+

From now on, we will denote G,, = (20, 21, - , 2,). Recall that Hy(TY) is the subspace
of Ls(TN, my) consisting of limit values of Hardy martingales, i.e. f € H,(TY) if and only
if f € Ls(TN, ms) and the associated martingale (E9" f),,>o is a Hardy martingale. For
convenience, we always assume zg = 1 such that Gy is a trivial o-algebra.

Definition 2.32. Let X be a Banach space and let {z;};c; be a family of vectors in X.
The number S%(X;{z;}) is defined to be the best constant C such that for any N € N
and any finite sequence of functions (0x)3_, in Heo(TY), we have

X) = CH zk: Opi

Ly (moo; Lo (moovx)

| > B (k)i
k

If there does not exist such constant, we set S%(X;{z;}) = oo.
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If {x;} is clear from the context, then S*(X;{z;}) will be simplified as S*(X).
The Stein type inequality still holds in this setting, more precisely, we have

Proposition 2.33. Let X be an AUMD space. For any 1 < s < oo, let (F)r>0 be an
arbitrary finite sequence in Hy(TY; X). Then we have

Ls(X) (X)

| X aE FG)|, <@ e (2.15)
k k s
where ¢ = ((k)k>0 is an independent copy of z = (zj)k>0 and Lg(X) = Lg(T% x ']I‘?, m
Moo; X ).
Proof. Consider the filtration on TL x T? defined by
BQj = 0(207 e 7Zj) & 0-(407 e 7Cj)7

Boj_1=0(z0,,2) ®0(Co,- -+ ,(j—1)-
Then
f=> GFi(z)
k

is a Hardy martingale with respect to the above filtration. Let

£ =5 GEI(F).
k

Then we have

fl=2 (P —EP)(f).
J
It follows (see Remark [2.17) that

1 2o < BERONS Nz,
whence ([2.15]). m

Proposition 2.34. Let X be an AUMD space. Assume that {z;}cr is a 1-unconditional
basic sequence in X. Then for any 1 < s < oo and any finite sequence of functions (x)x>0
in Hy(TY),

| - B (0r)i (X)) D ki
k k

Proof. 1t follows verbatim the proof of Proposition [2.18 O

Ls(moo; X)

<
Ls(moo; X

Let X be as in Proposition {z;} is a 1-unconditional basic sequence in X. Then
for all 1 < s < 0o, we have

| Y- E9 (0,
k

Hence we have proven the following proposition.

< Bi(X H ngx%

Ll(moo m007X)

Proposition 2.35. Let X be a AUMD space. Assume that {z;};cs is a 1-unconditional
basic sequence in X. Then for all 1 < s < oo, we have

SHUX; {wi}) < F5(X).
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Theorem 2.36. Let E be a Banach space with a 1-unconditional basis {e; : i € I}, let F'
be another Banach space. Let E(F') be defined as in Theorem For any fixed family
of vectors {f; : j € J} in F, consider the family of vectors {e;® f; :i € I,j € J} in E(F),
then we have

SUE(F)) =z SY(E)S“(F),

where S?(E(F)), S*(E) and S*(F') are defined with respect to the mentioned families of
vectors respectively.

Proof. The proof is similar to the proof of Theorem [2.20f We mention the slight difference
concerning the filtration. Consider the infinite tensor product Leo(TY) ® Loo(TN) @ -,
define

2 =10 ®1Rz,®1®---,ifn>1

k  times

and
Zk,ozzk®1®1®---.

Then the filtration defined by Fi, := o(z;:j < (k,n)) is an analytic filtration, where
the order on N x N is the lexigrapl’nic order as defined in the proof of Theorem This
filtration plays the role similar to that of (F )k, in the proof of Theorem . Note that
we may restrict to the functions 0y, &,, depending only on finitely many variables. Thus
only a finite subset of N x N is used. O

The following lemma requires slightly more efforts than Lemma [2.26]
Lemma 2.37. Suppose that 1 <p # ¢ < 0. If E; = 61(92) (&(12)), then
SUFEy) > k(p,q) > 1.
Proof. We will use the notation in the proof of Lemma Define a linear map

U: Hy(T,m; Er) — Hi1(T,m; Ey)

E(a;;)e? e}l-, if j =1,
U{aij(z)ef ® eﬂ =
aij(z)el ®e;1-, if j = 2.
We have
SUE) 2 Ul o (Br)— B (By)-

For simplifying the notation, let us denote

C = U\t (Br)—H1(E1)-
By definition, for any a, b, ¢, d functions in H(T), we have

L { et + o102/ + (el +aGz) e} dm )

1/p

< Csup{(ja(=)|7+ [b(2)|7)P/1 + (Je(2)|7 + |d(z)[7yP/a} . (2.16)
z€T
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As usual, if ¢ = 0o and 1 < p < oo, the above inequality is understood as

/T{max{md 6(2)[}” + max {|Ec|, |d(z |}p} m(z)

1/p
< C’sup{max{\a ), [6(2)]}* + max {|e(2)], |d(= ]}p} :
z€T

If p=ocand 1 < g < o0, it is understood as

/T max { (|Eal? + [b(=)[*) "/, (|Ec|? + |d(2)|1) /7 }dm(=)
< Csupmax {(|a(z)| + [b(=)|)/9, (|je(z)| + |d(2)|) /7],

zeT

In the sequel, we treat only the case where both p and ¢ are finite. The other cases can
be treated similarly. Note that if a, ¢ are outer functions, then by , we have

|Ea| = M(|a|) and |Ec| = M(]|c|).

So for any functions a, b, ¢,d € Ho(T) such that a,c are outer, we have
q a\p/q q q\p/q Lp
/T {(M(lal)? + b(z)[1)7/9 + (M(e)? + [d(2)|7)P/e} Tdm(z)  (2.17)

< Csup {(]a(z)]q + |b(z)’q)p/q + (Je(2)]9 + ]d(z)‘Q)p/q}l/P.

zeT

By the classical Szegd’s condition, if a’, V', ¢/, d’ are functions in L., (T) which are bounded
from below, then there are outer functions a, b, ¢,d € Hy(T), such that

ja'| = lal, [b'] = 18], '] = |el, |d'| = |d] a.e.

Hence (2.17) still holds for any 2-valued non-vanishing functions a, b, c,d € Lo (T) (note
that for a function taking only two values, non-vanishing is the same as bounded from

below). By approximation, we can further relax the non-vanishing condition on b, d.

Now consider any measurable partition T = AUB, such that m(4) = m(B) = . If

a=uxa +vxp, ¢ =vxa+uxp, b =wxa +txp and d = txa + wxs, then
1/p
{(a(2)|7 + [b(2)[7)7/9 + (|e(2)| + |d(2) |7/}

1
{(hl? + )/ + (ol + g2/}, iz e A

1
{0l + [7P/9 + (Jul + [w]7)P/7} " i-en
1/
=l + J])P/9 + (ol2 + [tfo)P/a} "
1/
= 21/p{/(|a|q+’b|q)p/qdm} P
T
1
That is {(\a(z)\q +[b(2)|9)P/7 + (|e(2)|7 + \d(z)|q)p/q} v is a constant function. Hence
1/

sup { (1a(2)[7 + [b(z) [ + (je(=) [ +|d(2) )5} "

zeT

1/
= 21/p{/(‘a|q+‘b‘q)p/qdm} P
T
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1
Similarly {(M(|a])q + [b(2)|9)P/9 4 (M (|c])T + |d(z)|q)p/‘7} " is a constant function

{(M(\al)q + [b(2) |99 + (M (|e])? + ]d(z)\q)p/q}l/p

= 2{ [ (ar(lal)r + pfoyidm) .

Hence

/T {(M(‘a’)q + ’b(z)‘q)p/q + (M (|c])? + ‘d(z)|Q)p/q}1/pdm

2/r{ [ ((al)? + oiryelodm)

Substituting these equalities to (2.17)), we get

{ [ ey + pioploamy™ < of [ ol + popiaam}”.
T T

By Proposition 2.14] we have
C > k(p,q)-

This completes the proof. O

Theorem 2.38. Suppose that 1 < p # ¢ < oo. If E,’s are defined as in Theorem [2.28
then for any 1 < s < oo, we have

Bs(En) > S“(En) > k(p, q)"
Moreover, there exists ko = ka(p, g, s), such that
Bé(En) < k3.

Proof. The first part of proof is identical to the proof of Theorem [2.28] The second part of
proof is identical to the proof of Proposition [2.29] where we use the equivalence between
property AUMD, and property AUMD,. for all 1 < s, < oo, see the appendix for the
details. O

2.5 Some constructions

For the sake of clearness, we introduce the family X, (p,q), which is defined as follows:
Let Xo(p,q) = R, and define by recursion that

Xnt1(p,q) = Lp(D, p; Ly(D, pi; X0 (p, q))).

In the complex case, X< (p, q) is defined similarly.

Obviously, X, (p,q) is isometric to E, defined in the previous sections using p,q.
Our main purpose for introducing X,,’s is the existence of canonical isometric inclusion
Xn(p,q) € Xnt1(p,q). By these inclusions, the union U, X, (p,q) is a normed space and
its completion will be denoted by X (p,q). We have

X(p,q) = UnXn(p, q) = lim X, (p, q),

where the last term is the inductive limit of X, (p, q)’s associated to the canonical inclu-
sions. In the complex case, X®(p, q) is defined similarly.
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Remark 2.39. If 1 < p = ¢ < oo, then X (p, p) is the real space Lk (DY, u®N) and X (p, p)
is the complex space LE (DN, u®V).

We have the following complex interpolation result.

Proposition 2.40. Let 1 < pg, p1,90,q1 < oo and 0 < € < 1. Then we have the following
isometric isomorphism:

XC(p97q9) = [Xc(p07q0)7XC(p17QI)]97
ah L — 60 4 1-6 1_ 60 4 1-6
Wlthﬁ_p1+ Po andq_¢11+ q °

Proof. Note that X (p,q) is a Banach lattice of functions on (DY, u®Y). Clearly, X (p,q)
is min(p, ¢)-convex and max(p, g)-concave in the sense of §1.d in [LT79], and hence by
Theorem 1.f.1 (p.80) and Proposition 1.e.3 (p.61) in [LT79] it is reflexive. Then the
above result is a particular case of a classical formula going back to Calderén ([Cal64],
p. 125). 0

Recall that a Banach space X over the complex field is §-Hilbertian (0 < § < 1) if
there exists an interpolation pair (Xo, X;1) of Banach spaces such that X is isometric with
[X0, X1]p and X is a Hilbert space.

Corollary 2.41. Let 1 < p # ¢ < co. Then X(p,q) is non-UMD and X€(p, q) is non-
AUMD. Moreover, there exists 0 < < 1 such that X®(p, ¢) is #-Hilbertian. In particular,
XC(p,q) and a fortiori X (p,q) is super-reflexive.

Proof. 1t follows easily from Theorem and Theorem that X (p,q) is non-UMD
and X€(p, q) is non-AUMD.

For 0 < # < 1 small enough, such that max(%, 1/‘{;_3/2) < 1, we can find 1 <
P, G < oo satisfying the equalities:

By Proposition [2.40] we have
Xc(pa q) = [X(C(ﬁa (j)a X(C(27 2)]9

Since X€(2,2) = LA(DN, u®N) is Hilbertian, X©(p, q) is 6-Hilbertian. The super-reflexivity
of XC(p, q) follows from the well-known fact that any §-Hilbertian space is super-reflexive
for 6 > 0 (cf.[Pis79)]). O

Remark 2.42. Let 1 < p # g < c0. Forany 0 < n < 1, let ﬁ = 17"4—2 and L = 1%74-%.

q
By Proposition [2.40] we have !

X(py, an) = [X(p, @), X (¢, D)]s-

Note that in this interpolation scale, there is only one UMD space corresponding to n = %

Remark 2.43. If 1 < p # ¢ < oo, then l2({X,(p,q)}), the fa-sum of the spaces X, (p, q),
is also a natural example of super-reflexive non-UMD Banach lattice.
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In the following, for simplifying our notation, we will write Ly, Ly, = Ly, (Lp, ), Lp, Lp, Lp, =
Ly, (Lp,(Lp,)), etc. Thus we have
Xn(p,q) = LpLq--- LyLy,
—_———
n times Ly Lg

where L, = Ly(D,p) and Ly = Ly(D, p) are two dimensional function spaces on (D, ).
The inclusions X, (p,q) C X,11(p, q) that are used for defining X (p, q) are indicated by

Xn41(p,q) = Lp(Lq(Xn(p; ) = LpLg LpLq - LypLy .
—_———
Xn(p,q)

For futher discussions, let us now turn to the non-atomic case. Let 1 < p,q < oo,
define
Zn(p,q) = LpLq--- LyLq,
n times LpLg
where L, = L,(T,m) and Ly, = Ly(T, m). Clearly, Z,(p, q) can be embedded isometrically
in different ways into Z,11(p,q). However, in the sequel, we will only use the inclusions
Zn(p,q) C Zn+1(p,q) which are indicated by:

Zn+1(p7 Q) = Lqu o 'Lqu Lqu.
~—_— —
Zn(p,q)

More precisely, if Z,1(p,q) is viewed as a function space over T?"*2, then Z,(p, q) is the
subspace consisting of those functions depending only on the first 2n variables. We define
the inductive limit

Z(p,q) = lim Z,(p, q)
with respect to the above specified inclusions Z,(p,q) C Z,+1(p, q).
Remark 2.44. The reason we turn to the non-atomic case is that we have
Ly(T) ~ L,(T x T)

and hence for all n:
Lp(Zn(p,q)) = Zn(p, q),

where the isomorphisms are in the sence of isometries between Banach lattices. Moreover,
these isometries are compatible with the specified inclusions Z,(p,q) C Z,+1(p,q) (the
word “compatible” will be explained by a commutative diagram in Proposition . If
however, we use the similar inclusions as X, (p, q) C X,,+1(p, q) for the spaces Z,(p, q), i.e.
if we use the inclusions Z,(p,q) C Zp4+1(p, q) indicated by Z,,11(p,q) = LyL¢(Z,(p,q)),
then by applying L, (Z,(p,q)) ~ Z,(p, q), we have the following commutative diagram

inclusi
Zn(p7 q) M) Zn+1(p7 Q) = Lqu(Zn(p7 Q))

isometric l: Zl isometric

inclusion
Lp(Zn(pa Q)) R LquLp(Zn(p7 Q))

Note that the above commutative diagram is different from the one in Proposition [2.45)]
where by using the “specified inclusions” defined above this remark, we can replace

LquLp(Zn(p, Q)) by LprLq(Zn(pa Q)) = Lp(Zn+1(p7 Q))
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The Z(p, q)’s are Banach lattices of functions on the infinite torus TV, they have the
following properties.

Proposition 2.45. Let 1 < p,q < co. We have isomorphisms

Z(p,q) ~ Z(q,p)
and
Ly(Z(p, ) = Ly(Z(p, q))-
If p # q, then Z(p, q) does not have unconditional basis.

Proof. Since Ly(T) and L,(T x T) are isometric as Banach lattices, we have isometric
isomorphisms which are compatible with the inclusions Z,(p,q) C Z,+1(p,q), i.e. by
using the isometry

and

Zn+1 (p7 Q) = Zn(p7 Q)Lquv

we obtain
Zn+1(p,q) = LpZn(p, ) LpLy,

and thus the commutative diagram

inclusion

Zn(p,q) Zn+1(p,q)

isometric lz ~ l isometric
inclusion
Lp<Z'rL(p7 q)) &) Lp(Zn—l—l(pa Q))

By taking Banach space inductive limit, we have

Z(p,q) ——— Ly(Z(p,q)).

isometric

If p # q, then Z(p, q) and hence L,(Z(p,q)) is non-UMD. By a result of D.J. Aldous (see
[AId79], Proposition 4), Z(p,q) has no unconditional basis.
It is easy to see that Z(p, q) and Z(q,p) complementably embed into each other. Since

EI(,Q)(LP) = L, as Banach lattices, we have

(N (Ly(Z(p,))) = Lp(Z(p,q))-

Moreover, since L,(Z(p,q)) = Z(p,q), the above isometry implies that as Banach space

Z(p,q) = Z(p,q) © Z(p, q).

Similarly,
Z(q,p) = Z(q,p) ® Z(q,p).

By the classical Petcynski decomposition method, we have

Z(p,q) ~ Z(q,p).

Hence
Ly(Z(p,q)) = Z(p,q) ~ Z(q,p) = Ly(Z(q,p)) =~ Ly(Z(p, q))-
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Let (pi)i>1 be a sequence of real numbers such that 1 < p; < co. Define

and

X[(pi)] = im Ly, -+ Lpy Lp,

n*

Z[(pi)] = im L, Lp, -+ Ly

Problem. Under which condition is X[(p;)] or Z[(p;)] in the UMD class ?

We have the following observations on the necessary condition:

(i)

(i)

(iii)

A trivial necessary condition is that there exist 1 < pg, poo < 00, such that for all
1> 1:
Po < Pi < Poo

If the above condition is satisfied, then the sequence (p;) has at least one cluster
point 1 < p < co. Then a necessary condition is that the sequence has only one
cluster point, i.e.

lim p; = p.

71— 00
Indeed, assume that the sequence (p;) has two cluster points 1 < p # ¢ < o0, so that
there exist two subsequences of (p;) which tend to p, g respectively. Then one can

easily show that by Theorem and Theorem both X|[(p;)] and Z[(p;)] are
non-UMD (they are in fact non-AUMD).

Now suppose that 1 < pg < p; < pPoo < 00 and moreover lim; .o p; = p. Since
51()21) (61(,22)(- . (6,833) --+)) embeds isometrically into Ly, Ly, - - - Ly, , a necessary condi-
tion for Z[(p;)] to be UMD is

I c(p2i, p2it1) < .

(2

Similarly, it is necessary that

[ c(p2is1. paisa) < oo.

)

Combining these, a necessary condition for Z[(p;)] to be in the UMD class is

Hc(pz‘,piﬂ) < 0. (2.18)

2

The same statement remains true for X[(p;)]. Note that by (2.4), c¢(p;, pi+1) > 1 if
Pi # Pi+1-

Remark 2.46. Let 1 < p < ¢ < co. We have the following Banach lattices isometries

LyLy = LyLyL,, LyL,= LyL,L,.

Since L,L,L, is an interpolation space between L,L,L, and L,L,L, for any p < r < g,
the UMDy constant of L, L, L, is actually the same as that of L,(L,). The same argument
shows that L,L,L,L,L, has the same UMDy constant with L, L, provided p <u <r <
v < q. More generally, if (p;)?_; is a finite sequence, assume that (p;)!_, is consecutive
monotone (non-increasing or non-decreasing) subsequence, then L, --- Ly, -+ Ly -+ Ly,
and Ly, --- Ly, Ly, --- Ly, have the same UMD, constant for all 1 < s < oo.
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2.5. SOME CONSTRUCTIONS

It follows from Remark that for any monotone sequence (p;);>1 in some compact
interval [po, Poo] C (1,00). The space X[(p;)] or Z|[(p;)] is UMD. Note that in the monotone

case, the necessary condition in (2.18)) can be verified directly. Indeed, if (p;) is monotone,

then we have
> Ipi — piv1| = lim Ip1 — pil < [P0 — Peols
i

3 |p0_poo‘
7) < 00.

hence by , we get
3\ >, Ipi—piyil
) <(3

I;C(pi,piﬂ) < (5
Intuitively, if p; tends to p sufficiently fast, then both X[(p;)] and Z[(p;)] are in the

UMD class. More precisely, we have the following proposition.

Proposition 2.47. Let 1 < py < poo < 00 and let (p;);>1 be any sequence in [pg, poo)-
Suppose that we have
(2.19)

1 1
2 Il <o
;. Pi DPit1

)

or equvalently
(2.20)

> |pi — pit1] < oo
:

Then X|[(p;)] and Z[(p;)] are both UMD spaces.
Note that (2.19) or (2.20) implies that lim; ..o p; exists.

Proof. By equality
1 L piy1—pi

E’ a Pi+1 DiPi+1
we have
’pz 2pz—|—1‘ <|=— | < ’pz 571—4—1’ ‘
P Pi  Pit+1 Do

It follows that (2.19) and (2.20]) are equivalent.

Now suppose that (2.19) (or (2.20)) holds. Recall that by interpolation method, if
0<60<1and % = % + with 1 < r,s,t < 0o, then for any UMD space X, we have
Br(X) < Bo(X)'7B(X)°.

Now we introduce two auxiliary numbers qg, oo such that 1 < qp < po < Poo < oo < 0.
Assume that pg < u # v < ps. We have either u < v or v < u. If u < v, then

(SEIE

1
u

Bu(X) < ﬂqo(X)nﬂv(X)linv with n = 1
q0

S

Since o < po < v, we have
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By the inequalities (2.14]), we have then

\»—-

Bu(X) < B(qo0,v)"Bu(X) < B(qo, )40 70 By (X).

»—‘@h—'

Similarly, we have

u
1 1

Bu(X) < B(goo, u) P 7% By (X).

—
S

Define 1 1
My = sup max {B(T,S)P%oo_‘%o’ﬁ(r,s) P%.o_q%.o} < 00.
q0<7,5<qoo
Then we have .
L_LﬁU(X) § ﬁv( ) < M;_;ﬁu( )
Mlu v

Similar inequalities hold when v < u. In general, there exists M < oo, such that for any
Po < 4,V < Poo, We have

ll i AulX) < Bu(X) < MEH1g,(0).

When applying the above inequalities to the spaces Ly, Ly, - -+ Ly, , we get

IN

1 _ 1 1 _ 1
Mo pllﬁm(LmLpz'”Lpn):Mlpo pl‘ﬂpl(LPQ'.'Lpn)

ﬁp"(C)HM|ﬁip%| éﬁpn( )MZl 1 Pz 1 Pz

i=1

/8100 (Lpl Lp2 o 'Lpn)

IN

Since we have

sup 3, (C) < oo,
P0<8<poo

hence
sup By (Lpy Lp,, = Lp,,) < oo.

This implies that Z[(p;)] is UMD. Similar arguments show that X[(p;)] is also UMD. O

Remark 2.48. Let 1 < p < oco. Denote by +, the least constant ¢ > 1 satisfying the
following Stein’s type inequality:

”(2 571, 2) ) < el 5; 7))

where f,(n € N) are arbitrary measurable functions on DY and (F,)nen is the dyadic
filtration.
If there exist M > 0 and £ > 0 , such that

Yp > 1+ Mlp—2|, forall |p—2|<e.

Then it can be shown that the sufficient condition in Proposition [2:47] is also necessary.
At the moment of this writing, this is not clear to the author.
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2.6 Related questions and discussions

In this section, we mainly collect related open problems and describe some ideas which
might be useful for future research in this direction.

2.6.1 An open problem on super-reflexive lattices

The following open problem was suggested by Rubio de Francia [RAF86].

Question 2.49. Let X be a super-reflexive Banach lattice. Do we have the following
alternative: either the whole interpolation scale Xy := [Loo, X]g,0 < 0 < 1 belongs to the
UMD class, or no Xy is UMD ?

For the known examples of non-UMD super-reflexive lattices of Bourgain together with
the examples provided in this chapter, the second possibility in Question holds.

2.6.2 On the order of growth for UMD constants

Let n > 1 be an integer and 1 < p < co. We define the constants 3,(n) by
Bp(n) := sup { Bp(X) : X is a n-dimensional normed space}.

Question 2.50. What is the order of growth for ,(n)? In particular, we can ask the
following question: Do we have

Bp(n) 2 Vn?
We want to study this problem by introducing the constant S(n) defined by

S(n) := sup {S(X; {x;}i=1)| X is a Banach space, {z;};-; is 1-unconditional in X }
This constant is closely related to the constants (3,(n) by the inequality:

Bp(n) = S(n).

So it is worth while to study the order of growth for S(n). The following proposition
can be deduced easily from Theorem [2.20

Proposition 2.51. Let n,m > 1 be integers, then we have
S(n™) > S(n)™.

From the above proposition, we know that if for a single dimension k& (say, a very low
dimension like 2, 3, 4, etc.), S(k) = vk, then

S(n) 2 Vi
holds for general n > 1. For this reason, it is of interest to study the following question.
Question 2.52. What are the exact values of S(2), S(3) and S(4)?
A lower bound for S(3) is given in the following proposition.

Proposition 2.53. We have
S5(3) =

=~ ot
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Proof. Consider the Banach lattice X on {1,2,3} defined by
(A1, A2, A3) || x := max {|\1]| + [A2], [As]}, for (A1, A2, A3) € R? (or C?).

As usual, let D = {£1} equipped with the Bernoulli measure u, let € : D — D be the
identity. Consider the functions 6, = %, 0y = 12;5, 03 = 1. We have

1+ 1—¢ ||(1’0’]‘)HX:1? 1f€:]—7

2 72

161,02, 03)[| x = II( Dllx =

1(0,1,1)]|x =1, ife=—1.

Hence
(61,02, 03) | 1o (D, x) = 1-
We have
1 1—c IG.0Dlx =1, ife=1,
I(E(61), 02, 05)]| = [I(5, —— Dlix = 1 .
(3,1, D)]x =35, ife=—-1

Thus . Ly s

H(E(el)v92703)”[,1(1),#;)() = 5 x 1+ 5 X 5 = —

By the definition of S(X; {01, d2,d3}), we see that S(X;{d1,d2,d3}) > %, hence

S(3) > S(X;{01,02,03}) >

= Ot

O]

The following result of Bourgain [Bou84] shows that we cannot only consider the sym-
metric spaces. Recall that a sequence (ep)n>1 in a Banach space X is called 1-symmetric

(see [LT7T], §3. a), if we have

H Z9nan€w(n>||x = H Zaneon

for any finitely supported sequence of scalars (an)n>1, any choice of signs 6, = £1 and
any permutation 7 of positive integers.
A Banach space X is called a symmetric space if it admits a symmetric Schauder basis.

Theorem 2.54. (Bourgain) There exists a numerical constant M such that for any n > 1
and any n-dimensional symmetric space X, we have

2

By(X) SMpp_l

(logn)?.

If we assume in addition that X is g-concave for some ¢ < oo (note that X is a lattice),
then we can improve the above estimate

2

Bp(X) < M, P log n,

p—1

where M, only depends on the g-concave constant of X.
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Let E be a Banach lattice on [n] with the natural basis {d;}"_;. Then we define E®™

by the following induction
E®' = F,

E®m+1 — E(E®m)

Proposition 2.55. In the above situation, if we assume that for all m, the natural basis
of E®™ is 1-symmetric, then

Proof. Firstly, we have

By Theorem take p = 2,
2 9 2
S(E®™) < B(E®™) < 4M (log dim E¥™)" < 4Mm?(logdim E) .

Hence o/
S(E) < (4M)"/mm?™ (logdim E) .

The above inequality holds for all m > 1, this implies that

2/m
S(E) < lim (4M)1/mm2/m<logdim E) /" _ 1.

m—0o0

Thus we have S(E) = 1, as desired. O






Appendix

2.6.3 The spaces C),, ®;, Cp, @y, -+ @y Cp,

In the end of Chapter 1, we considered the spaces C), ®p, Cp, ®p, - - - @p, Cp,, and we asked
in Question whether these operator spaces are in some sense uniformly OUMD,, for
all the sequence (pi);_; in a finite interval [pg, poo] C (1, 00).

For answering this question. We will define the space V,,(p,q) by the following: Let
1 <p,q < oo, we define

Vn(p7Q) = Cp On Cq O Cp Rhn Cq Rp - Op C'p Rn Cq~

repeat Cp ®p, Cy4 for n times

Define also the operator space

SplSqlSplSq---[Sp)---1]], if nisodd
n times
Fo(p,q) == .
SplSqlSplSq-- 19 ---1l]l, if niseven
n times

The Banach space L, (p, q) is by definition
Cp(lg(bp(ly---(p)--+))), ifnisodd

n times

Ln(p7 Q) = .
Cp(lg(bp(ly---(Lg)--+))), if niseven

n times

It is easy to see that we have isometric embedding L, (p,q) C F,(p, q).
A negative answer to Question is given by the next theorem.

Theorem 2.56. Let 1 < p # g < oo. Then for any 1 < s < oo, there exists w =
w(p, q,s) > 1 such that the UMDy constants [s(V,(p,q)) of the Banach space defined by

Vi (p, q) satisfy
Bs(Va(p,q)) =

Proof. Firstly, consider the case when l + % = 1. In this case, we have completely
isometrically Cy = R, and C), = R,,. Hence
Vn(pv(I) = Cp Xp, Cq Qhn Cp Qp Cq Qp - Qp Cp Qp Cq

repeat Cp ®p, Cy for n times
= Cpen (Co@nCyonCy@n - @1 Cp) @ Ry
= S5p[Cq @ Cp @ Cq @y -+ - @ Cy]
= Sp[Se[Va-a(p, )]]-
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Continuing this procedure, it is easy to see that we have completely isometrically

Vo, q) = Fu(p; q)-

Since we have Ly, (p,q) C Fy(p,q) = Va(p, q), it follows that

Bs(Va(p:q)) = Bs(Ln(p, q))-

The last quantity Gs(L,(p,q)) > ¢(p, q)"/%. Hence the claim in the theorem holds.

In general, by drawing the points (]l), %) in the unit square [0, 1]2. It is easy to see that
if % + % # 1 and p # ¢, then either there exists 0 < 8 < 1 and 1 < pyg, gy < oo such that

L4 L1 —1and
1 1 1 1 11
o) =00 5) ()

pe ' 4o
or there exists 0 <7 <1 and 1 < p;, g, < oo such that p%] + i =1 and

1 1 11 11
(rra) ==m(1) 1 5)

In the first case, we have

Valpo, 45) = [Va(00,00), Va(p, )] -

Hence
ﬁs(Vn(Po, qg)) < ﬁs(Vn(OO, m))lieﬁs(vn(pv Q))e'

Since V;,(00,00) =~ Cx, we have thus G5(V,, (00, 00)) = Bs(f2) < oo. It follows that

w(py, qp, s)™°
By(ta) 7

Bs(Va(p,q)) >

In the second case we have

Va(py, ay) = [Vn(L 1), Va(p, Q)]n-

Similarly, we have

Bs(Va(p,q)) > M

ﬁs (52) n

2.6.4 Equivalence between AUMD, and AUMD,

In this section, we will present the proof of the fact mentioned in the title. We only collect
some known results from different works by many authors.

Given a complex Banach space X and given 0 < p < oo, a function F' € Lp(']I‘N*; X)
is represented by a Hardy martingale if

F(2) = fo+ > Y femim(zt, 22, 25—1)21,

k=1m=1
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where fo € X, fo—1m(21,22,- ,25-1) € X and z = (2;)r>1 € N¥, by convention, fom
are constant functions with values in X. In the following, we can assume without loss of
generality that fo = 0, i.e. we can assume that E(F) = 0.

A function G € L,y(TY*; X) is represented by an analytic martingale starting from the
origin if

oo
G(2) = gr—1(21, 22, 26-1) 2k,
k=1

where gi_1(21, 22, ,2,—1) € X and z = (2)k>1 € N*. Let G = (Gk)r>1 be an analytic
martingale as above, then

dGr(z) = gr—1(21, 22, -+, Zk—1) 2,
hence
HdG”(z)HX - Hgkfl(zla 22yt 7zk71)”X
is o(21, -+ , 2zn—1)-measurable. That is, the sequence (||dGy||)r>1 is predictable.

Recall that by definition the AUMD,, constant of X, denoted by £;(X), is defined
as the best ¢ > 0 appears in the following inequality: for all sequences 7 = (1) of real
numbers such that |ng| < 1, the operator

oo (e, o o0

T

F - Z Z fk—l,m(217227 e 7Zk—1)221 E— T(F) = an Z fk—l,m(217227 U )Zk—l)zlrgn
k=1m=1 k=1 m=1

satisfies
IT(E) L,y < CllFllz, oo x)-
We have thus
HT(F)HLP(TN*;X) < 5;(X)||F||LP(TN*;X)'

Remark 2.57. Quanhua Xu has shown, using the approximation argument of Proposition
6 of [Edg86], that in the definition of AUMD,, instead of using the Hardy martingales, we
can use only the analytic martingales.

Let f = (fn)n be an X-valued martingale, the maximum function will be denoted by
M (f), which is defined as

M(f) = sup | fulx.

The following theorem of Garling will be used.

Theorem 2.58. (Garling, [Gar88]) Let 0 < p < oo and let f = (f,) be a Hardy
martingale in L,(TY ; X), then we have

1M ()llp < P f1lp-

Theorem 2.59. Let X be a complex Banach space which is AUMD,, for some 0 < p < o0,
then it is AUMD,, for all 0 < p < oo0.

Proof. ([Bur01]) Assume that X is AUMD,, for some 0 < p < oo, we will show that it is
AUMD, for any 0 < ¢ < oo. By the definition and Theorem there exists ¢, such
that for any analytic martingale f in LP(TN*;X), if g is a £1-transform of f, then

M9y < epll Fllp-
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We will assume without loss of generality that f is a finite analytic martingale

N
f(2) =" fre1lzr,  26-1) 2
k=1

Assume also that fr_; takes only finitely many values in X. We show that under the
above assumption, for any 6 > 0, § > 26 4+ 1 and any A > 0, we have

P(M(g) > X M(f) < 6A) < aP(M(g) > A),

where o = %. Let us define

T =inf {n:[lga[lx > A},

§ =inf {n: lgallx > A7},

R= inf{n: I fullx >0 or ||dfnst]lx > 25>\}.

Note that since the sequence (||dfy)n>1 is predictable, we see that T',.S, R are all stopping
times. Obviously, we have
T<S.

Consider the analytic martingales F' = (F,,) and G = (G,,) defined by
Fn = fansar — fnaTARs
Grn = gnASAR — GnATAR-
Since g is a £1-transform of f, hence G is also a +1-transform of F'. We have
Foo = fsar — frar = (fsar — fr)le>t.

On the set {R > T}, we have || fr|x < A, ie.

| frirsTllx < oA

Since S A R < R, by the definition of R, we have

| fsarllx < 3.

Thus we have
|Foollx < 40X1R>7.

It follows that
E(||FOOH§'() < (4N)P-P(R>T) < (40P -P(T < 00) = (40AN)P -P(M(g) > N\) (2.21)

Note that
{M(g) > BN M(f) < (u} c {s < 00;R= oo}.

On the subset {S < oo; R = o0}, we have G, = gs — gr. By definition of S, T, R, we
have

llgsllx > BA,
1971 R=oollx < A+ 25N,
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Hence on {S < oo; R = 0o}, we have ||Gollx > (8 — 26 — 1)A. It follows that
P(M(g) > BX\; M(f) <6N) P(S < oo} R = 0)

P([|Goollx = (8 =20 = 1)A)

IN A

By Chebychev’s inequality

E(IGxll%)  _  IM(G)I}

<
— (B=20—1)PN T (B—=2—1)PAP
_ Rl
— (B=20—1)pN
cP(46N)P
< L P(M
(4cpd)?
o EM ) > ) = aP( () > )
We can choose § sufficiently small and choose suitable 8 such that 8% < 1, then
M(g)||2 A M a 2.22
< ——m . .
M3 < g MO (222)

Indeed, we have
1Ml = 8IM(0)/8l5 =57 [ B(M(g) > BA)gxT A
< ap? /OO P(M(g) > Mg\ tax + 3¢ /OO P(M(f) > 6\)g\i1ax
0 0

= ap||M(g)|g+ 376~ M(£)]2-

Under the assumption of f, we know that ||[M(g)l|, is finite, hence we have (2.22). After
obtaining (12.22]), then by Theorem and the easy fact that ||g||; < ||M(g)lq, we find
¢q such that

lgllg < cqll fllq-

That is, X is AUMD,.
O

F. X. Miiller (personal communication to the author) gives an interesting proof of the
fact AUMD,, implies AUMD,, for all ¢ > p, his proof does not use Theorem and
Remark [2.57]

Definition 2.60. The p-sharp function of an X-valued martingale f = (f)n>1 (associated
with a filtration of conditional expectations (E;),>0 where E = Eg) is defined by

fi= sup {Ea(lf - fanHI)J()}l/p

Note that for
oo oo
F=>"3" foctm(z1, 22, 26-1) 200
k=1m=1
we have o o
F—Fo1=)Y > feciml(21, 22, 26-1) 24"
k=n m=1

Using the above notation, we have
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Proposition 2.61. The pointwise estimate for p-sharp functions
(TF)j(2) < By(X) - Fj(2)
holds.

Proof. Then for a fixed sequence n, = +1,

(TF)(2) = (TF)n-1(2) = i U i Se—1m(21, 22, 5 21-1) 2"

k=n m=1

We have
En(|ITF — (TF)p-1|%)(2)

o0 (0.9]
p
- / / H Dok Y frtm(21, 22, 7Zk—1)ZITH dm(zn1)dm(zns2) -
Zn+1 Y Zn42 k=n m=1

o o0 P
< ﬁ,?(X)p/ / H DD feermlz, 22,0 ,zk_l)Z}?H dm(zn11)dm(zn42) -
Fntl Y Zn+t2 k=nm=1
That is
En(|TF — (TF)p-1ll5)(2) < By (X)PEn(|F = Frall%)(2),
hence

(TF)j(2) < By(X) - Fj(2).
O

Recall that for any measurable function f on any measure space (€2, F,v), the decreas-
ing rearrangement function of f is

fr(t) =inf{c > 0: v(|f| > ¢) < t},t > 0.
It is classical that for any ¢ > 0, we have
{t: f7(@t) >} = v f] > o),

where [{t : f*(t) > ¢}| = Lebesgue measure of the set {t: f*(¢) > ¢}. In short, we have

NENS

The above notation should not be confused with the maximal function of a function
f, which we recall here and denote it by M(f). For any measurable function f on a
probability space (€2, F,P) equipped with a filtration of condition expectations (E,). We
define

M(f) = Sglp\En(f)\-

More generally, for an X-valued martingale f = (f,) we define
M(f) = sup | fallx-

The following theorem makes a connection between (M f)* and ( fg)*, the proof we
give here is taken from [Lon93|] p. 124, Theorem 3. 6. 8.
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Theorem 2.62. Let 1 < p < co. Then for any X-valued martingale f = (f,,), we have

(MFY (1) < AU (5) + (M)7(20).
Proof. Fix t > 0, define stopping times
§=nt(n: fallx > V1) (20))
T =infn | fullx > A7) (5) + (M) (20},
R=inf{n : (En(lf ~ Faalf)? > (71" (D))
Obviously, we have S < T, and
(T < oo} = (M > ()" () + (MF)*(20)},
{5 < oo} = {Mf > (M) (20),
{R <o} ={f}> (5 ()}

it follows that
P(S <o) <2t, P(R< o)<

N | o+

The inequality
(MFY (1) < A(£)" (5) + (MF)*(21)
is equivalent to
P(MF > ()" (5) + (M) (20)) <.

Thus what we need to show is

P(T < 00) < 't.
Note that
{T<oo} = {T<00,S<R}U{T <o00,R< S}
C {T'<0,5S<R}U{R < o0}
and
(T < 00,8 < RYC {8 < R Ilfr — fsallx > 40 (5)}.
Hence

P(T < c0,S<R) <

IN

IN

since {S < R} € Fs C Fr,
1

- | BT~ fs-alflFs)rap
{S<R}

IN

IN

IE(f — fs—1lFr) || xdP
[ Bl = fs-lx|Fr)ae
{S<R}

[ B~ sl P rap
{S<R}

|Les<ryB(LS = sl Fs)'?]_B(S < o)
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Hence we have indeed P(T' < 00) <'t

O
Corollary 2.63. For any 1 < g < oo, we have
1Mz, < eqll Flrys
where ¢, is a constant depends only on g.
Proof. By Theorem [2.62] we have
IMfllz, = [I(Mf)*z, < ||4(f1§)*(§)HLq + M) (2) Iz,
* 1 *
= 4-2Y9 (£} lzq + 57 1M F)" Lz,
1
= 42V ||, + si7q 1M Fllz,-
Hence )
At
IMfllz, < =/l
29 —
O

Combining the above results, we can prove again that
AUMD,, = AUMDj,, for all p < ¢ < 0.

Proof. As above, for any sequence of real numbers 1 = (1,,) with |n,| < 1, we can define
an operator

o (e e} o0 o0

7

F=>"3" fomim(zr. 22, sze-)zi = T(F) =Y me > froim(z1, 22, 26-1) 20
k=1m=1 k=1 m=1

such that
||T77(F)||LP(TN*;X) < BS(X)HFHLP(’EN*;X)-

By Proposition [2.61] we have a pointwise estimate
(T F)h(2) < By(X) - Fj(2).

It follows that

1Ty F L,y < IM(TyF)llz, < cg(TyF)bl,

< e By(X) - (1FSlIL,
Since

p—1

(BnllF = Foa|[5)7 < 275 (Bl FI + | Faca I5)Y7 < 2B | FI5) P
1/p
< 2{swpEa(IF[5)} T = 2M(IF|5)”

Hence

1/p
Fi <2{M(|FI%)} "
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Then we have

q

1B

Since ¢/p > 1, by Doob’s inequality,

That is, we have
q

< 2MAIFIR)"?],, = 2AMAFINL
q \P p ||1/p

< 2() TIIEIAIL,
g \p

= 2(=) 1Pl

1/p "
ITaFlle 00 < 2( =) e B OIF L, 00,

In other words, we have

Ba(x) <2(

1/p "
) e B0,
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