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1 Introduction gZnZrale

1.1 Des modeles galactiques aux Zquations de Vlasov

En 1991, Jostein Gaarder a Zcrit dansl'e Monde de Sophié:

"LOunivers est une Znigme bouleversante : des que je mOiogerf son sujet, je
me sens plus vivant. Peu importe que nous ne puissions paso#gre ~ toutes
les questions : dOy mZditer, cela su't

En suivant son conseil, je vous propose de nous questionner swiriVers, et plus particu-
lisrement sur ces lieux de IOunivers o se regroupent des milliardszd@lles, les galaxies.
Une premiere lecture du dictionnaire nous apprend :

"Galaxie : Vaste ensemble dOZtoiles et de matisre intersairé dont la cohZsion
est assurZe par la gravitatior!

Comprendre les galaxies passe donc par la comprZhension de la gratitin. Cette force
permet ~ un nombre incalculable dOZtoiles de se regrouper dans un eridaonPnZ de
IOunivers sans pour autant sOagglomZrer en un unique astre gZaependant ce nOest pas
toujours le cas, seules certaines conbgurations de galaxies permettecelles-ci de perdurer
sans se rZtracter en un trou noir. Depuis 1936, gréece " leurs obséinms, les astrophysiciens
rZpertorient ces formes particulieres en dilZrentes classes : galaxies elligues, en spirale,
en spirale barrZe...

Nous pouvons, comme dirait Jostein Gaarder, nous interroger sur cealjgt : Pourquoi
ces conbgurations sont-elles stables ? Existe-t-il dDautres confagions qui nOont jamais
ZtZ observZes? Plus gZnZralement, pouvons-nous prZvoir IOZvolutavate dOune galaxie
et ainsi trouver celles qui seront stables ?

Aujourd®hui nous sommes encore loin de comprendre completement la dynique des
galaxies et donc de rZpondre " toutes ces questions. Pour tenter de mesufla distance
qui nous sZpare de leurs rZponses, modZlisons ce quOest une galingegalaxie peut otre
considZrZe comme un systeme fermZ composZ de plusieurs centaines diancié dOZtoiles
en intZractions gravitationnelles les unes avec les autres. En elet ~ c&t Zchelle on peut
nZgliger les astres de faible masse tels que les planstes ainsi que lesd® non gravitation-
nelles. Dans un cadre simple non relativiste, notre probleme sOamente donc au probleme
" N corps de Newton o+ le nombre N dOZtoiles est tres grand. Quand onisgue le probleme

5



6 RZsumZ en franeais

~ 3 corps nQOest toujours pas rZsolu, on comprend alors quOZtudieol@ibn dOune galaxie
est tres dZlicat.

Face " ces df cultZs, Andrey Vlasov proposa dans les annZes 30 dOadapter aux sysem
gravitationnels IOapproche statistique de Boltzmann jusqué-liniquement rZservZe aux gaz
collisionnels. En nZgligeant les collisions entre Ztoiles qui sontsex rares il dZveloppa une
mZthode, dites de champ moyen, pour passer " la limite lorsque N tengers IQinbni. Ainsi il
passa dOun systeme discret composZ dOune multitude dOZquatibFsehtielles liZes entre
elles ~ un systeme continu composZ dOune unique Zquation aux dZrivpestielles non-
linZaire en les variables dOespace et de vitesse. Ce type dOZquationsqcieZt appelZes
Zquations de Vlasov, avait dZj~ ZtZ introduit auparavant par &hmes Hopwood Jeans et
donne une bonne approximation de I0Zvolution dOune galaxiesque le nombre dOZtoiles
est important. Ainsi on peut espZrer mettre en Zvidence des conbguratiorssables de
galaxie en sOintZressant aux Ztats stables des Zquations de Vlasov.

1.2 PrZsentation des modeles ZtudiZs

Introduisons maintenant di! Zrents modesles gravitationnels et les Zquations de Vlasov
correspondantes. La loi universelle de la gravitation par IsaadNewton pour laquelle le
potentiel gravitationnel est de la forme

Ux)=" yri

est le plus ancien de ces modesles et conduit ~ I0Zquation dite de Vlasowigson
!
$f +va', 1" ypa"f =0, (tLx,v)#R:$ R3S RS
4 (1.1)
f(t=0,xv)= fo(x,v) %0,
dans laquellef = f (t,x,v) % 0O est la fonction de distribution et ! ¢ le potentiel gravita-
tionnel associZ. Ce potentiel satisfait alors

%(t,y)

Le(t,x)=!
£ (t,x) o X1y Y,

(1.2)

% Ztant la densitZ associZe " la fonction de distributiorf :

$
% (t,x) = 3’f(t,x,v)dv.
R

Le potentiel ! 1 est appelZ potentiel de Poisson car il satisfait IOZquation de Fua
&'t = %.

Le systeme de Vlasov-Poisson est sans nul doute le plus ZtudiZ degstemes cinZtiques
gravitationnels meme si son utilisation conna’t certaines limites En €! et " la bPn du 19¢me
siscle le modele newtonien fut remis en question puisquOil ne permettgzgas dOexpliquer
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1. INTRODUCTION GfNfRALE 7

IGavancZe du pZrihZlie de Mercure. Deux nouvelles thZories permirent att@expliquer ce
phZnomene. Gregory Manev proposa dans les annZes 20 de considZrer un patemte la
forme

" &
4#|x| © 2#2|x|2’

Ux)="1

en ajoutant un terme correctif au potentiel newtonien [48, 49, 50, 51]. Bns I0Zquation de
Vlasov-Manev correspondante seule [Oexpression du potentiel chammar rapport ~ 10Zqua-
tion de Vlasov-Poisson : il devient

Le(tx)="1P+ &M (1.3)

o ! fP and ! ]'cV' sont respectivement le potentiel de Poisson et le potentiel de Manev de
donnZ par :

%(t,y)

%(t,y)
- m Y, dy (1.4)

1P, x) =1 A2
f(tx) re 2#2|x 1 y|]2 7’

IM(t,x) =1

A 1OZpoque ce modsle fut tres peu ZtudiZ et tres vite oubliZ ~ la faveurella thZorie rela-
tiviste dZveloppZe par Albert Einstein des le dZbut du 20-me siscle. Celuci tout dOabord
proposa la thZorie de la relativitZ restreinte stipulant en pariculier quOaucun nOobjet ne
peut dZpasser la vitesse de la lumisre. Ce modele est liZ ~ I0Zquation de Vlasov-Poisson
relativiste :

$f + Wa"xf 1" g anyf =0, (1.5)

pour laquelle le potentiel! ; est le potentiel de Poisson (1.2). Plus tard, Einstein dZveloppa
dOavantage sa thZorie pour aboutir ~ la thZorie de la relativitgZnZrale. Ce modele basZ sur
IOidZe de dZformation de IOespace-temps par la masse est considZrZeclenpius complet
pour I0Ztude des phZnomenes stellaires. Nous nOZtudierons pas icidtigde Viasov-
Einstein correspondante du fait de sa complexitZ : cela reste cependam but " plus long
terme.

Pendant pres dOun siscle, les recherches liZes " la gravitation sOappent uniqguement
sur le cadre newtonien et sur le cadre relativiste. Le potentiel de Manepour sa part ne
rebt son apparition que dans les annZes 90 : les' diultZs rencontrZes dans |0Ztude dOun
probleme relativiste © N corps pousserent Diacu, Mingarelli, Mioc et Stoica ~ de nouveau
IQutiliser [18]. LOZquation de Vlasov-Manev correspondante fitr la suite introduite et
ZtudiZe par Bobylev, Dukes, lliner et Victory [13, 14]. Cependant, aujoudOhui encore, ce
modsle reste tres mZconnu et peu dQarticles y rZferent.

Les Zquations cinZtiques de Vlasov-Poisson classique, Vlasov-$3ain relativiste et Vlasov-
Manev seront au coeur de notre Ztude. En particulier, nous nous intZrem®ons " leurs Ztats
stationnaires et " leur stabilitZ en un sens que I0on prZcisera. Atate mettre en valeur
notre travail, nous allons Zvoquer les diZrentes propriZtZs et rZsultats connus relatifs ~ ces
Zquations.
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1.3 PropriZtZs conservatives des Zquations de Vlasov

Les Zquations de Vlasov respectent certaines propriZtZs conservatives ommes. En
particulier sont conservZes ce quOon appelle les fonctions de Casimisute fonction de
distribution f assez rZguliere vZribant une Zquation de Vlasov sur un intervalleedtemps
[0, T], avecf (t =0) = fq, satisfait

$ $
"t#[0,T], 6‘ (f (t,x,v))dxdv = 6‘ (fo(x, v))dxdv (1.6)
R R

pour toute fonction' # C'(R+, R+ ) vZribant' (0) = 0. En particulier, les normes( f (t)(Lp(Re)
sont conservZes. De manisre Zquivalente la fonction de distributinde f est conservZe au
cours du temps :

"t#[0,T], M) = Mo, (1.7)
o+ la fonction de distribution p; est dZbnie " partir de la mesure de Lebesgue s®® par

S %0, U (s) = meaq (x,v) # R®, f(x,v)>s}. (1.8)

On appellera Zgalement cette propriZtZ, ZquimesurabilitZ deau cours du temps.

En accord avec les principes fondamentaux de la physique, IO0Znergi@l®idu systeme
est aussi conservZe pour des solutions assez rZgulieres. MathZmagiment ceci correspond
" la conservation du Hamiltonien au cours du temps :

"t#[0,T], H(f (1) = H(fo).
Cet Hamiltonien est de la forme gZnZrale :
H(f) = Ekin (f)! Epot(f), (1.9)

0°* Ein (f ) et Epot(f ) reprZsentent respectlvement IOZnergle potentielle et IOZnergie cinZtique
associZes "~ la fonction de distributionf . LOZnergie cinZtique est dZbnie par

$ $ &
VP

Ein (f) = [V|?f (x, v)dxdv ou Eyi, (f) = 2c¢ 1 =1 f (x,v)dxdv,
R6 R6

la premiere expression correspondant aux cas non relativistes (Vlas-Poisson et Vlasov-
Manev) et la seconde au systeme de Vlasov-Poisson relativiste. LOZjierpotentielle pour
sa part sOZcrit de maniere unique
$
Epot(f) = ! - e (X)% (x)dx,

meme si, on le rappelle, IOexpression du potentik} deend du modsle considZrZ.

Ces deux invariants sont la base des travaux menZs sur les Zquations \desov. En
elet, en se placant dans un espace de fonctions adZquat et sous certainepdiheses, ils
ont pour principale consZquence le contr™le de toutes les quantitZsdaduites jusquOici et

8



1. INTRODUCTION GfNfRALE 9

en particulier de I0Znergie cinZtique. Par exemple, dans le cas du systerad/thsov-Poisson,
pour tout p > 9/ 7, on a I0inZgalitZ dOinterpolation

7p! 9

0) Epot(f)) CEiin(f)Z (F (7P (f (3(p' v, (1.10)

qui implique
7p! 9

H(f) %Ekin (f)! CEuin (f)? (f(e(p' U (f (3(p' v
Ainsi pour une solution de cette Zquation, le Hamiltonien et les nanes LP(R®) Ztant
conservZs, 10Znergie cinZtique est bornZe. Nous verrons que ce raisonhestapplique
aussi dans le cas relativiste et dans le cas de Vlasov-Manev mais damde ce quOon appelle
une condition sous-critique.

Ce contr™|e est une clZ de la thZorie de Cauchy dZveloppZe jusqud” erant mais
aussi une clZ de la dZmonstration de la stabilitZ dOZtats stamimires par mZthodes varia-
tionnelles. Concernant la thZorie de Cauchy, IOimportance de ce cdiMie ne sera ZvoquZe
que brievement dans la partie suivante tandis que son lien avec latabilitZ sera largement
dZveloppZ tout au long des chapitres.

1.4 La thZorie de Cauchy

Faisons tout dOabord un point sur IOavancZe de la thZorie de Caywbur I0Zquation de
Vlasov-Poisson. Cette question a fait IOobjet de nombreuses Ztudespdis les annZes 70.
ArsenQev [5] et lliner et Neunzert [36] furent les premiers ~ obtenir des rZatd dOexistence
de solutions faibles. Dans les annZes 80, Horst et Hunze [35], aigsie Diperna et Lions
[19, 20] dZvelopperent la thZorie de Cauchy dans ce cadre de solutiofables. Au meme
moment, Bardos et Degond [6] donnerent le premier rZsultat dOexistencersaun cadre rZ-
gulier. De nombreux travaux concernant des solutions rZgulieres sOanvirent, notamment
ceux de Lions et Perthame [47], de Pfalelmoser [55] et de Schae!er [58insi, aujourdOhui,
I©Zquation de Vlasov-Poisson est IOune des rares Zquationsingaites de cette famille pour
laquelle ont ZtZ dZmontrZes IQexistence et IQunicitZ de solutions dansas rZgulier. En
elet, la rZgularitZ du champ de force" ! ; permettant de dZbnir les caractZristiques a ZtZ
obtenue par le contr™le des moments en vitesse dZcoulant des propriZtisewatives du
systeme.

Dans un cadre faible, les rZsultats obtenus ne sont pas aussi paissComme le dZve-
loppent Bouchut, Golse et Pulvirenti [15], on peut construire des saitions faibles dans des
espaces du type

Eo = {f %0 telle que (f( 2+ (f(Lr+ Ekin(f) < +*}

o+ p est une constante assez grande permettant, comme on I0a ZvoquZ pefuZdt, de
contr™ler I0Znergie potentielle et IOZnergie cinZtique du systeme. Cemei@dunicitZ de telles
solutions reste une question ouverte. Ces solutions sont renornisfes au sens de Diperna
et Lions [19, 20] : en particulier bien quQelles respectent la conservatides fonctions de
Casimir (1.6) et donc IOZquimesurabilitZ au cours du temps, on pera tonservation du
Hamiltonien : la solution renormalisZe vZribe seulement

"t#[0,T], H(f(t)) ) H(fo).

9



10 RZsumZ en franeais

LOexistence de solutions faibles dans de tels espaces est connue efisérglise au systeme
de Vlasov-Poisson relativiste et au systeme de Vlasov-Manev. Raontre, en ce qui concerne
les solutions rZgulisres pour le systeme de Vlasov-Poisson relgiste, ~ notre connaissance,
seuls des rZsultats dans le cas radial sont connus (voir [23] et [B7n particulier, comme
dans le cas non relativiste, Glassey et Schaeler montrent quOune exjptwsen temps Pni
correspond "~ une explosion de IOZnergie cinZtique du systeme. Enbn delgZsultat que
nous connaissons relatif ~ 10Zquation de Vlasov-Manev est IOZtuflalisZe par Bobylev,
Dukes, lliner et Victory qui montre IQexistence locale et IQunicitZut® solution pour un
Ztat initial assez rZgulier [14].

Bien que nous Ztudions ici uniquement des problemes posZs dans tout [@ee physique,
le systsme de Vlasov-Poisson a aussi ZtZ ZtudiZ dans des domainess (dans le cas des
plasmas). La donnZe au bord pouvant gZnZrer des discontinuitZs, ledoa des solutions
faibles est naturel pour ce type de problemes, voir par exemple les trawx de Ben Abdallah
[8], Alexandre [1], Mischler [53], Guo [26] ou Bostan [10, 11].

Dans la suite de ce rapport, la stabilitZ des Ztats stationnaiese fera dans des espaces
de type E, et pour des solutions renormalisZes au sens de Diperna et Lions, qoinsen
adZquation avec IOapproche variationnelle utilisZe.

1.5 StabilitZ des solutions stationnaires

Nos Zquations de Vlasov admettenta priori une inbnitZ de solutions stationnaires
quOon ne sait exhiber entisrement. Cependant, une classe particulisreZdéis stationnaires
appara’t naturellement lorsquOon Ztudie le cadre simplipZ, dit ymZtrie sphZrique ou
radiale, cOest-"-dire pour les solutions fonctions di|, |v| et x av. Dans ce cas, Batt
Faltenbacker et Horst [7] ont montrZ que les solutions stationniaes sOZcrivent sous la forme

Q(x,v) = F (eq(x,V),[x +V]), (1.12)
0* eqg(X,V) est I®Znergie microscopique du systeme dZPnie par

2
ek v) = 4 1 6(x),

dans le cas non relativiste et par
&I
|v|2
eq(x,v) = ¢ 1+ 7511 +1o(),

pour [OZquation de Vlasov-Poisson relativiste. Les dilZrents tvaux sur la stabilitZ menZs
jusqu®” aujourdOhui considerent des Ztats stationnaires de ce typlaus nous limiterons ici
" 10Ztude de solutions stationnaires du type

Q= F(e(xy))- (1.12)

Les physiciens sQintZressent tout particulisrement au cas dZcroiss#&it< 0 rZgulisrement
rencontrZ lorsquOon considere des minima dOZnergies.

10



1. INTRODUCTION GfNfRALE 11

Le premier rZsultat de stabilitZ pour I0Zquation de Vlasov-Rsion a ZtZ donnZ par
Antonov [3, 4] suivi par Doremus, Baumann et Feix [22]. Cependant latabilitZ dOZtats
stationnaires fonctions de leur Znergie microscopique y fut dZmore uniqguement dans un
cadre linZarisZ, qui ne permet pas de conclue priori sur la stabilitZ non-linZaire. Cette
question bien plus complexe attira alors |Qattention de hombreushercheurs. Les prZcur-
seurs Wolansky, Guo et Rein [61, 24, 25, 28, 29] puis, plus rZcemmenblbeault, Sanchez
Soler [21, 57, 59] et Lemou, MZhats et Rapha‘l [38, 40], dZvelopperedes mZthodes varia-
tionnelles dans le but de construire et montrer la stabilitZ nonihZaire dOZtats stationnaires
dans des espaces du type

Ep={f %0 telque (f(L 2+ (f(Lr+ Exin(f) < +*} .

La technique gZnZrale alors employZe comporte 3 Ztapes :

Premisre Ztape : Obtenir un Ztat stationnaire comme solution dOun probleme de mimi-
sation sous contraintes, pour lequel la fonctionnelle = minimiser éde Hamiltonien et les
contraintes doivent stre conservZes par le Bot. En pratique, les contrates sont gZnZrale-
ment des fonctions de Casimir telles que les normds’.

Deuxisme Ztape :Montrer la compacitZ des suites minimisantes pour ce probleme varia-
tionnel : ce second point est souvent basZ sur le Lemme de concentratioompacitZ de
Lions [45, 46] permettant dOobtenir la compacitZ en espace. La comp#cén vitesse se
dZduit alors dOun contr™le de IOZnergie cinZtique. Dans le cas spaZiutilisation de ce
lemme est inadZquate, la compacitZ Ztant assez directe.

Troisieme Ztape : Isoler cet Ztat stationnaire des autres minimiseurs du probleme. De
prZfZrence, il est bon de montrer IQunicitZ du minimiseur mais celle-ci n(es toujours
vZribZe. Par exemple dans le cas Vlasov-Poisson, il est possibledrty de 10Zquation de
Poisson de se ramener = une EDO pour laquelle les contraintes du gyeme variationnel
impliquent IOunicitZ de la solution. Des que le modele se compligy cette sZparation des
minimiseurs devient tres dZlicate.

Formellement, dOapres la premisre Ztape, si un Ztat initiaf o est assez proche de la
solution stationnaire Q, la fonctionnelle et les contraintes ZvaluZes eh(t), solution de
I©Zquation de Vlasov, restent assez proches de celles ZvaluZ€x &ar I0Ztape deux, on en
dZduit quef (t) est proche dOun minimiseur du probleme variationnel et on conclut pda
sZparation des minimiseurs. En pratique, on dZmontre souvent c&sultat sZquentiellement
en utilisant un raisonnement par I0absurde.

Cette mZthode a dZj" ZtZ appliquZe avec succes pour IOZquation de WaBoisson
dans le cas classique (newtonien) et dans le cas relativiste. Dans ces deas, la stabilitZ
non-linZaire de solutions stationnaires obtenues comme miningars du Hamiltonien avec
contraintes a ZtZ dZmontrZe. Cependant, ces minimiseurs ne reprZsentent gqeQfaible
classe de solutions stationnaires parmi toutes les fonctions deur Znergie microscopique.

En particulier, la premiere classe de fonctions non obtenues par mimisation, dont on
dZmontra la stabilitZ non-linZaire, fut la classe correspondarau modsle de King

F(e)=(exp(e! €)! 1),

o+ e reprZsente |O0Znergie microscopique. Cette stabilitZ fut prouvZe par G&ein et Lin
dans le cadre de perturbations ~ symZtrie sphZrique (ou radialegour le systeme de Vlasov-

11



12 RZsumZ en franeais

Poisson [30, 27]. Pour le systeme de Vlasov-Poisson relatste, la stabilitZ non-linZaire dans
le cadre radial fut dZmontrZe par Hadzic et Rein [31]. Ces chercheurstal# pour cela
adapter la mZthode suivante : en premier lieu, obtenir IOZtat statiomire considZrZ comme
minimiseur local dOun Hamiltonien modiPZ par des fonctions de Qaui, puis montrer la
coercivitZ locale de cette Znergie gZnZralisZe autour de cet Ztat pour airdula stabilitZ
non-linZaire.

Beaucoup plus rZcemment, Lemou, MZhats et Rapha'l obtinrent un rZsultat pls large :
la stabilitZ non-linZaire pour toutes les fonctions dZcroissanteke leur Znergie microscopique
[42] : ils utiliserent pour cela des mZthodes rZsolument nouvelles quemnt dZveloppZes
chapitre 3.

Dans les parties qui suivent nous faisons une introduction auxitZrents rZsultats ob-
tenus tout au long de cette these. Les trois premiers chapitres nous pjettent progressi-
vement vers |Qutilisation de nouvelles mZthodes qui sont amenZes " stigngralisZes pour
des systemes plus complexes. Ces mZthodes sont basZes sur |OutilisationiprZsente de
I0ZquimesurabilitZ pour palier les ticultZs pouvant appara’tre du fait, par exemple, dOun
potentiel trop complexe (comme celui de Vlasov-Manev) ou dOun termelativiste.

Ainsi, dans le chapitre 1, ces mZthodes permettent la construction d@# stationnaires
stables pour le systeme de Vlasov-Manev. Dans le chapitre 2, nguintroduisons de nou-
veaux rZarrangements dans le but de rZsoudre un problsme de minimation avec comme
contrainte un espace de fonctions Zquimesurables : on construit @inune famille de solu-
tions auto-similaires explosant en temps Pni dans un cas particei appelZ Pur Manev (le
potentiel Ztant restreint au potentiel ajoutZ par Manev). Et Pnalement le chapitre 3 sera
consacrZ " IOZquation de Vlasov-Poisson relativiste et, plus fiaulisrement, nous dZmon-
trerons la stabilitZ non-linZaire de toutes solutions stationaires fonctions dZcroissantes de
leur Znergie microscopique. LOutilisation des rZarrangements intot$ chapitre 3 y sera
encore plus poussZe.

LOZtude proposZe dans le chapitre 4 est un peli diente. On y propose des schZmas
numZriques conservatifs adaptZs ~ I0Zquation de Vlasov-PoissosymZtrie sphZrique. Le
but " plus long terme de cette Ztude serait dOexplorer numZriquement I€famortissement
Landau a lieu autour de solutions stationnaires, fonctions dedur Znergie microscopique.
Ce phZnomene se traduit par une stabilitZ asymptotique avec dZcrsgance exponentielle de
certaines quantitZs moyennes. Notons que Mouhot et Villani [54] ordZmontrZ ce rZsultat
extrmement compliquZ dans le cadre de IOZquation de Vlasov-Poisgmour un espace
pZriodique et autour dOun probl homogene en espace.

Dans les parties qui suivent, nous introduisons chacun de ces chaps en mettant
en Zvidence les rZsultats dZmontrZs et en soulignant les mZthodes utilisZiesiajue les
di" cultZs rencontrZes.

2 Etats stationnaires stables pour le systeme de Vlasov-Manev

Le but du chapitre 1 ici introduit sera de construire des Ztats staipnnaires pour le
systeme de Vlasov-Manev et dOZtudier leur stabilitZ. Cette Ztude a fai©bbjet dOun ar-

12



2. ETATS STATIONNAIRES STABLES POUR LE SYSTEéME DE VLASOV-MANEV 13

ticle ~ para’tre dans le journal SIMA, SIAM Journal on Mathematical Analysis. LOun des
apports principaux de cette Ztude est dOobtenir IQunicitZ des mirseurs sous contraintes
d®ZquimesurabilitZ.
Rappelons que pour ce systeme 10Zvolution de la fonction de dibtuition f est rZgie
par IO0Zquation non relativiste
Sf + VA", f 1" g & f =0, 2.1)
et le potentiel gravitationnel ! ; est dZbni par
Li(t,x)= "1 P+ &M (2.2)

o+ ! and!' M sont respectivement le potentiel de Poisson et le potentiel de Manev de
donnZs par :

%(ty)
r3 4#|x ! y|

%(t,y)

| P =1 _TPARYT
(tx) =t rs 2#2|x 1 y|? y

dy, IM(t,x) =1 (2.3)
% Ztant la densitZ associZe " la fonction de distributiorf :
$

% (t,x) = 3f(t,x,v)dv.
R

LOZtude de ce systeme fera appara’tre deux cas distincts : le tas0, &= 1 dZsignZ comme
le cas pur Manevet le cas" > 0, & % 0 dZsignZ commée cas Poisson-ManevCe dernier
cas inclut le cas newtonien' = 1, & = 0. Notons que, par souci de simplibcation, le cas
" =0, &= 0 nba pas ZtZ ZvoquZ car il est similaire au ¢as0, &= 1. DQalilleurs, le cas pur
Manev nOaa priori pas de sens gravitationnel. Cependant, son Ztude est intZressante car
il coencide avec dOautres modeles physiques comme le dZtaillent BobylBukes, lliner et
Victory dans [13] partie 4 Various problems associated with the pure stellar dynamic &hev
equation Enbn, remarquons que, lorsqué - 1 et &- 0 dans le cas Poisson-Manev, on
retrouvera les rZsultats dZmontrZs dans [38, 40].

Dans les deux cas, le Hamiltonien sOZcrit

H(f (1) = 3IVI2f (t)ng! Epot(f (1), (2.4)

o+ IOZnergie potentielle
$
Epot(f (1)) = ! . Lt (8,X)% (8, x)dx = "E Joi(f (1) + &Epge(f (1))
R

se dZcompose en deux termes correspondant respectivement au potentiel desBon et au
potentiel de Manev :

$ $
Efot(f (1) = ! N P (tXx)%(t,x)dx and EJg(f (1) = ! . M (t, x) % (t, x)dx.
Ces termes sont contr™IZs gr¥%ece aux inZgalitZs classiques dQintespalati
p 3 2 33 STy O
0) Epot(f)) Cal|v|*f) 2, (f (L(lp' " (f (L(pp' ", (2.5)

13



14 RZsumZ en franeais

0) Epar(f)) ng Ivlzfng (f(a”" E (f (3“" v, (2.6)

pour tout p % 3. Remarquons que 10inZgalitZ (2.5) reste exacte pque 9/ 7. De plus, nous
rappelons que le Hamiltonien et les fonctions de Casimir sont prZsets.

Ces propriZtZs nous permettent de dZbnir un espace de fonctions adZquatipobtenir
des Ztats stationnaires. Nous considZrons une fonctign: R+ - R satisfaisant les hypo-
theses suivantes :

(H1) j est une fonctionC?, avecj (0) = j'(0) =0 et telle quej"(t) > 0 pourt> 0.
(H2) Il existe p,q > 3 tels que

p) 10 "t> 0. (2.7)

Notons que IOhypothese (H2) est Zquivalente " la condition de nedichotomie :
Bj(t)) j(bt) B (t), 'b%1, t%O0. (2.8)
Pour une fonction| satisfaisant (H1) and (H2), on dZpnit IOespace dOZnergie corresgaoin
E = {f %0 telque(f(g = (F(La+ (f+]j(f)(Ls+t a|V|21°3L1 < +% (2.9)

Dans cet espace, le lien entre le Hamiltonien et I0Znergie cinZtique sOZork a
* +
p! 3 _7p! 9

H(T) %Ein () 11 8Co (1 (7 (1 + 1 (OGF 7 1 "CaBun (O3 (1T (T

(2.10)

A ce niveau de 10Ztude on peut dZj" se douter des principale$ dultZs que nous ren-
contrerons en appliquant IQapproche variationnelle standarcuasysteme de Vlasov-Manev.
Habituellement, cette approche permet de construire des Ztats statioraires en minimisant
le Hamiltonien en prenant des normed.P comme contraintes. Ici il peut ne pas exister de
bornes infZrieures au Hamiltonien et donc pas de fonctions minimistice probleme varia-
tionnnel. Discutons de cette di' cultZ plus prZcisZment en considZrant les deux cas : pur
Manev et Poisson-Manev.

La stabilitZ pour le cas pur Manev ( = 0, &= 1) est impossible comme cela a dZj” ZtZ
mis en Zvidence dans [13]. On peut er et construire des solutions explosant en temps bni
dont IOZtat initial est proche dOune solution stationnnaire nHait, la structure de I0Zquation
de Vlasov-Manev dans le cas pur peut stre comparZe en un certain sens aveelle de
I@Zquation de Vlasov-Poisson en dimension 4 (voir [38]). De nime similaire, en suivant
la mZthode utilisZe pour I0Zquation non-linZaire de Schr3dingé0], la minimisation de la
constante dans IQinZgalitZ dQinterpolation (2.6) permet de domise des Ztats stationnaires.

Dans le cas Poisson-Manev"(> 0,& > 0) le potentiel est constituZ de deux termes
inhomogenes ce qui explique la di cultZ rencontrZe. On parle de rupture dOhomogZnZitZ.
Ce phZnomene est similaire ~ celui rencontrZ dans le cadre de I0Zquatite Vlasov-Poisson
relativiste meme si dans ce dernier cas la rupture dOhomogZnZitZ pemt de IOZnergie cinZ-
tique. Comme dans ce cas relativiste [40], nous pouvons toujoursrsidZrer la minimisation

14



2. ETATS STATIONNAIRES STABLES POUR LE SYSTEéME DE VLASOV-MANEV 15

du Hamiltonien en se restreignant cependant = une condition sous-ciijue du type
p! 3

&G (F (17 (f +J(f)(3”" <1

En elet, sous cette condition, I0inZgalitZ (2.10) permet dOobteniraiborne infZrieure pour
le Hamiltonien et de borner I0Znergie cinZtique. Notons quOune telledition sous-critique
avait dZj~ ZtZ introduite dans [37] pour IO0Zquation de Vlasovesson relativiste. Pour la
construction des Ztats stationnaires nous procZderons donc dans lesus cas par une
approche similaire ~ [40] et [38]. Avant dOZnoncer le rZsultat @inobtenu, on dZpnit
partir de 10inZgalitZ dOinterpolation (2.6) la constante :

3 szg f 3(P' 1) f + f 3(P' 1)
KM= inf kM) avee kM (f)= e (G Z (IO
f"E\ 0} pot(f)
Notons que cette constante est strictement positive puisque dOap(&8) on at+ j (t) % CtP
pour tout t %0.

(2.11)

ThZoreme 2.1 (Existence dOZtats stationnaires)Soit j une fonction satisfaisant(H1) et
(H2).
(i) Cas Poisson-ManeV(" > 0). Soit My > 0, M; > 0 tels que

p! 3

&MIPTD (M + M, )S(pl D <K | M (2.12)

oe la constante Kj’V' est dZbnie par(2.11), et soit
F(My,Mj) = {f # 5, (f(Le= Mg, (i(F)(L2 = My}
Alors il existe un Ztat stationnaire de (2.1) qui minimise le probleme variationnel

I (M1,Mj) = inf H(f), (2.13)
f"F(M1,Mj)
o+ H est le Hamiltonien dZbni par(2.4).
(i) Cas pur Manev (' =0, &=1). Pour tout M1, M;j > O, le probleme variationnel suivant
J(M1, Mj) inf K (f) K(f) |v|2f (2.14)
,M;) = in , avec = :
R T (VYIS pot(f)
admet un minimiseur. De plus, pour toutM, > O, il existe un unique M; > 0 tel que
J(M1,M;j) = 1 et les minimiseurs de(2.14) sont solutions stationnaires de(2.1) si et
seulement siJ(M,Mj) =1
(i) Dans les deux cas ( % 0), chaque Ztat stationnaireQ obtenu par minimisation de
(2.13) ou (2.14) est continu ~ support compact et prend la forme

(
|V|
Qv = (j = M(X) ' (2.15)

+

o+ les constantes( et p sont strictement nZgatives. De plus! o(x) est radiale (" une
translation pres), est croissante et appartient ~ C-' pour tout ) # (0,1). Dans (2.15), on
utilise la notation a,. = max(a,0).

15
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Notons que, dans le ca§ =1 et &= 0, la condition (2.12) est toujours vZripZe. Ce cas
correspond au systeme de Vlasov-Poisson pour lequel ce rZsultat ejticonnu (voir [38]).

Grandes lignes de la dZmonstration (i) et (i) : De maniere tres classique en appliquant
les rZarrangements de Schwarz et certains redimensionnements (rescaljran se ramene *
une suite minimisante de fonctions, qui sont radiales en la véable dOespace et qui sont
uniformZment bornZes dans; . Cette suite converge donc faiblement vers une fonctiof
deFE.

Le caractere radial permet dOobtenir la convergence forte de I0Znergiteptielle. Donc,
par passage " la limite, on perd de IOZnergie totalél(f ) ou K (f) selon le cas). Or, par
le Lemme de Fatou, on perd aussi de la masse et de |Oentropie. Par impée rescaling on
montre que cela nOest possible quOen cas dOZgalitZ f Aimisimise le problsme variationnel
considZrZ.

(iii) : On emploie une technique identique ~ celle dZveloppZe dans [38, 40] ditZren-
tiant les fonctionnellesf .- H(f) et f .- K (f) de maniere astucieuse pour rester dans
F(M1,Mj). Notons que IOutilisation des techniques de rescaling et du thZorerdes fonc-
tions implicites est nZcessaire. On obtient ainsi IOZquation dOEdlagrange (2.15) satisfaite
par Q.

La rZgularitZ C' provient dOun raisonnement par rZcurrence. Par 10inZgalitZ dOHardy-
Littlewood-Sobolev, la rZgularitZ de%, implique une rZgularitZ pour! . De plus, cette
derniere implique elle-meme une rZgularitZ sur% puisque Q vZribe I0Zquation dOEuler-
Lagrange (2.15). En bouclant ces deux propriZtZs, on dZduit qu # L"(R®) avecr > 3.
Gr%oce aux injections de Sobolev appliquZes

&!'P =% and (1& )Y21M =1 %,

on montre la rgularitZ C*' du potentiel puis la rZgularitZC' en utilisant une derniere fois
|OZquation dOEuler-Lagrange et les injections de Sobolev.

Maintenant, comme! o, par dZPnition, tend vers0 " 10inbni, I0Zquation dOEuler-Lagrange
implique que Q est ~ support compact. Ensuite, de maniere tres classjue, en utilisant les
rZarrangements de Schwarz appliquZs " la variable, on montre que tout minimiseur est
radial en espace ~ une translation pres. Et enbn, le fait que¥p soit radial nous apporte,
apres calcul, la croissance du potentiel o ce qui conclut la preuve du thZoreme 2.1.

O

En conclusion, ce thZoreme dOexistence sOobtient de maniere clagsiuadaptant des
papiers sur les systemes de Vlasov-Poisson non relativiste en dimsion 4 et relativiste en
dimension 3 [38, 40]. Nous nous intZressons maintenant ~ la stditY de ces Ztats station-
naires. Comme on |Qa prZcZdement annoncZ, cette stabilitZ repose gZnZratesnemeux
rZsultats : la sZparation des minimiseurs et la compacitZ des suitesmimisantes. Dans le
cas de Vlasov-Poisson [40], IQunicitZ du minimiseur est obtenuecambinant I0Zquation de
Poisson satisfaite par le potentiel

&! Q = O/QQ
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et I6Zquation dOEuler-Lagrange (2.15). En elet, on obtient dansdas radial une Zquation
dilZrentielle ordinaire du type
1

d, | - %+ﬁ
r}dT Moy =@! to(r)2 7,

qui, couplZe avec la convergence vers 0 du potentiel ~ I0inbni, permet dadare " IQunicitZ.
Dans le cas prZsent, le potentiel ne satisfait plus I0Zquation deig2on. Il se dZcompose
en deux potentiels,! g = "! g + &! '\é' , qui satisfont

&8 =% and (& )V?1¥ =1 %, (2.16)

Ainsi utiliser la mZthode de [40] semble completement hors de portZe.dar contourner
cette di" cultZ nous prZsentons une nouvelle mZthode qui permet de dZmontreuniditZ
du minimiseur sous une contrainte dOZquimesurabilitZ. LOutilisn de cette contrainte
inbnie permet de completement Zviter [Outilisation de 10Zquation.1B).

Lemme 2.1 (UnicitZ des minimiseurs sous contrainte dOZquimesurabilitSoit F # C°(R, R+),
une fonction strictement dZcroissante suRy , telle queF (Rz) = R+ et F(R+) = {0}. On
dZDnlt * + *

0 _ V%, _ Iv[®

0(X1 V) - F — * O(X) ’ Ql(X1 V) - F 7 + 1(X)

sur R®$ R® o * et *; sont deux potentiels croissants continus et ~ symZtrie radie
tels que les ensemblefx # RS2, *o(x) < 0} et {x # R3, *1(x) < 0} sont bornZs. Si
IOZquimesurabilitZ d@y et Q; pour la mesure de Lebesgue darR® est vZribZe, i.e.

"t> 0, meag(x,Vv) # R® Qo(x,v) >t} = mead(x,v) # R®, Qi(x,v) >t}, (2.17)

alors on a 10Zgalitdy = Q1. En particulier :
() Cas Poisson-Manev(" = 0) : deux Ztats stationnaires Zquimesurables dg.1) qui
minimisent (2.13) sous la condition sous-critique(2.12) sont Zgaux "~ une translation en
espace pres.
(i) Cas pur Manev (" =0, &= 1) : deux Ztats stationnaires Zquimesurables d@.1) qui
minimisent (2.14) et qui ont la meme Znergie cinZtique sont Zgaux ~ une transian en
espace pres.
Une dZmonstration rapide : En utilisant des changements de variables bien posZs, on a
pour i #{ 0,1} et pour tout + <0,

: : / / $ .,

a (+):= meas (x,v)# RS, ﬂ+*i(x)<+ =4# 2 pe (W) +1 wdw,
2 #3
os w, (() = measox # R *i(x) <( 1. Or, 10ZquimesurabilitZ d€g et Q; et les hypo-
theses surF impliquent
<0, ag(H)= &, ().

On obtient ainsi I0ZgalitZ g = * 1 et donc Qg = Q1. Les unicitZs des minimiseurs dZcoulent
de cette ZgalitZ en utilisant des changements de variables appropriZs O]
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Notons que malgrZ la relative rapiditZ de sa dZmonstration, cefnme est un rZsultat fort
dans le sens o« il permet dOZviter toute Ztude dOZquation di!Zrentigijei peut se rZvZler
ardue. Sa dZmonstration ne dZpend pas du tout de IQexpression dugmtiel considZrZ et
est donc tres adaptable.

Passons maintenant " la stabilitZ non-linZaire. Le rZsultat dZsf suivant sOobtient en
combinant IQunicitZ sous contrainte dOZquimesurabilitZ et la qmnitZ des suites minimi-
santes de (2.13) et (2.14).

ThZoreme 2.2 (StabilitZ orbitale dOZtats stationnaires)

(i) Cas Poisson-Manev(" > 0). Soit M1,M; > 0 satisfaisant la condition sous-critique
(3.1.10). Alors tout Ztat stationnaire Q de (2.1) qui minimise (2.13) est orbitalement stable
pour le Rot (1.1.1). Plus prZcisZment, pour, > 0, il existe "(,) > 0 satisfaisant la propriZtZ
suivante. Soit f (t) une solution renormalisZe de(2.1) sur un intervalle de temps|0, T),
0<T ) +*, dont la condition initiale fo vZribe (fg! Q(g ) "(,). Alors il existe
x(t) # R® tel que, pour toutt # [0, T), nous avons

(f(t,x + x(t),v)! Q(Ej <,.

(i) Cas pur Manev (" = 0, & = 1). Soit Q un Ztat stationnaire de (2.1) qui minimise
(1.1.14). Alors pour tout , > O, il existe une constante"(,) > O telle que la propriZtZ
suivante est vZribZe. Soif (t) une solution renormalisZe de(2.1) sur un intervalle de
temps[0,T), 0<T ) +* , dont la condition initiale fq satisfait :

@ (fo! Q1) "() et(j(fo)(La) (1(Q)(Lr + 7)),

w1200 . SU2
(b) "t#[0,T), ((OH(F®)<"() o ((1)= %;,%%1

Alors il existe x(t) # R3 tel que, pour toutt # [0, T), on a
* +

v
—— 1 Q] <,
((t) E

Comme dZj” ZvoquZ auparavant, on ne peut pas espZrer une stabilitZ sens classique
dans le cas pur Manev : en elet pourT > 0 et pour Q, Ztat stationnaire de (2.1), la
fonction *

QT(tvva) = Q

fot (O + x(1),

+
Tx TIt X
TVt =
Tt T T
est solution de (2.1) et explose en temps bri.

Pour dZmontrer le thZoreme 2.2, nous utilisons la mZthode classiqudZtaillZe dans
IQintroduction (voir [38, 40]). Le seul point restant ~ obtenir es la compacitZ des suites
minimisantes qui dZcoule du lemme de concentration-compacitZ dedris [45, 46].

Donnons de manisre succinte les Ztapes de cette preuve. On considere toubdbord
une suite minimisante (f,) de notre probleme variationnel et on montre que sa densitZ
(%, ) VZriPe les hypotheses du lemme de concentration-compacitZ ~ un redimeosnement
pres. Notons que ce redimensionnement est primordial pour le cas pur &hev car il permet
dOobtenir une nouvelle suite dont I0Znergie cinZtique est bornZe.

Pour dZduire la compacitZ de la suite obtenue, renot484, ), il su" t donc de prouver sa
non-Zvanescence et sa non-dichotomie. La non-Zvanescence dZcoule directeteda stricte

18



3. SOLUTIONS AUTO-SIMILAIRES EXPLOSIVES POUR VLASOV-MANEV PUR 19

positivitZ de I0Znergie potentiell Bt (Q) > 0. De plus, I0Ztude par redimensionnement des
fonctions | et J, dZbnies par (2.13) et (2.14), permet dOaboutir ~ une propriZtZ dem
dichotomie. On traduit cette propriZtZ en terme dOZnergie potentiellge qui conduit ~ la
non-dichotomie de(%, ).

Ainsi, la compacitZ de(%, ) est donnZe par le lemme de concentration-compacitZ. Com-
binZe au contr™le de IOZnergie cinZtique, cette compacitZ nous condeétle de(f,) et la
compacitZ des suites minimisantes est dZmontrZe.

3 Solutions auto-similaires explosives pour le systeme de Vla  sov-
Manev pur

Le chapitre 2 que nous introduisons dans cette partie a fait IOt avec le chapitre
prZcZdent dOune publication commune. Il va de pair avec celui-ci : pourutoce chapitre
nous nous plasons dans le cas pur Manev du systeme de Vlasov-Manev :

$f + VA" f 1" A" f =0, (3.1)

oe le potentiel vZribe
%(ty)
rs 2#2|x ! y|?
Rappelons que dans ce cas nous pouvons construire des solutiotadisnnaires de (3.1) qui
minimisent le probleme variationnel
3|v|2 3

J(M1,Mj) = iy Fi(rl\]/lflyMj)K(f)' avecK (f) := pot(f) (3.2)

!f(t,X):

Une telle solution Q est ~ support compact et vZribe alors

Qev=F Mg

os dOune partF # C(R, R+ ) est dZcroissante sOannulant sfe,+* ] pour un certain e < 0
et dOautre part! o est radiale. Rappelons enbn que les solutions stationnaires minigant
(3.2) sont uniques sous une contrainte dOZquimesurabilitZ et paune Znergie cinZtique
bxZe.

Forts des rZsultats dZmontrZs dans le chapitre 1, nous pouvons struire des solutions
auto-similaires exactes explosives de (3.1) construites comme une fiflercontinue autour
du probl stationnaire Q. Nous avons le thZorsme suivant :

ThZoreme 3.1 (Solutions auto-similaires exactes dans le cas pur Manev)Soit Q un Ztat
stationnaire de (3.1) qui minimise (3.2). Alors il existe une constanteb® > 0 telle que pour
tout b# [0, 6%, il existe un propPl stationnaire Q, # C°(R®) radial, ~ support compact, de la

forme * +
Qp(x,v) = Fp % + bxav + ! g,(x)
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sur son support, et tel que, pour toufl > 0, la fonction
* +
%

X (v avec((t)=  26(T1T D) (3.3)

(®’

est une solution exacte auto-similaire et explosive du system@.1) dans E;. Pour un tel
probl, la fonction ! o, appartient ~ C! et la fonction F est une fonction positive continue
sur R; plus particulierement elle estC! sur J!* , e[ pour un certain e, < 0 et dZcro”t vers
O sur [ep, +* [. De plus, Q, converge versQq = Q dansE; pour b- 0.

f(t,x,v)= Qp

Avant de dZtailler les grandes lignes de sa dZmonstration, comment®rme thZoreme.
Tout dOabord, rappelons quOune fonction radiale est une fonotidZpendant uniquement
des variables|x|, |v| et x&. Ce thZoreme nous permet de distinguer trois probls dynamiques
di!Zrents autour dOun Ztat stationnaireQ minimisant (3.2) :

() Solutions sous-critiques.Pour une condition initiale f sous-critique,i.e.

J((fo(Lr, (J(Fo)(L1) > 1= I ((Q(L1, (J (Q)(L2),

o+ J est dZbnie par (3.2), IOZnergie cinZtique de la solutioft) est controlZe en tout temps
gr¥ece " 10inZgalitZ
* + * +

0 ! 9 :
H(f (1) % (Jv[?f (L2 1! A0 % (VI*f (L2 1! T (ol G )L

(i) Solutions pseudo-conformes explosiveka famille suivante est une famille de solution
explosant en temps bniT (voir [13, 14]) :
*
Tx T!'!t X

f(t = ——V+ — T>0.

txV)=Q < V*ry

Remarquons que 1OZnergie cinZtique explose ~ une vite€Be t)#2.

(i) Solutions auto-similaires explosivesLes solutions auto-similaires donnZes par (3.3)
explosent en temps Pni et la vitesse dOexplosion de IOZnergie cinZtiqugres t)# .

StratZgie de la preuve du thZoreme 3.1Nous ferons le lien avec la mZthode utilisZe pour
obtenir un rZsultat similaire pour I0Zquation de Vlasov-Poies [39]. La principale di' cultZ
de notre cas sera de minimiser un probleme variationnel sous une ewainte dOZquimesura-
bilitZ. Ceci provient directement de IOunicitZ du probl stationnair€ en tant que minimiseur
du probleme variationnel (3.2).

(a) Introduction dOun nouveau probleme de minimisation Tout dOabord, on redZPnit notre
probleme sous la forme dOun nouveau probleme de minimisation.aBs ce but, notons que
la fonction * +

_ X
f(t,x,v)= Qp m

est solution de I0Zquation (3.1) dans le cas pur Manev si le pr@@y satisfait IOZquation

va'xQp!" x!q,a"vQu+ b(xa"xQp! va"vQp) =0. (3.5)

%

(v avec(()=  2TT 1) (3.2)
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Les fonctions de I0Znergie microscopique liZe ~ cette Zquation, cOd#e™du type

* +
2
a(x,v)=F % + bxav + ! 4(x)

en sont solutions. Cependant de telles solutions pour= 0 nOappartiennent pas ~ I0espace
dC)ZnergiEj. Pour palier cette di" cultZ, introduisons une fonction plateau- dZbnie sur
RS2 " valeur dans [0, 1] telle que

-(xX)=1 pour |x|]<rg et -(x)=0 pour [x| >Rg =2rg,

o la constante rg sera dZpbnie plus tard. Alors notre but va etre de trouver un probl @ la

forme * +
Qp(x,v)=F % + b (x)xav+ g, (X) , (3.6)

" support compact dans{| x| <r g}. Cette fonction appartient bien = E; et satisfait I0Zqua-
tion (3.5). Abn de construire de tels probls, il est naturel de condZrer un probleme de

minimisation avec contraintes. De plus, comme ces probls auto-silaires doivent converger
versQ lorsqueb- 0, les contraintes ~ bxer pour ce probleme doivent stre I0Zquimesuratiifi

et une autre contrainte : I0Znergie potentielle ou I0Znergie cinZigDans le cas contraire,
la famille de probls auto-similaires peut converger vers un autre &t stationnaire. Nous

considZrons donc le probleme de minimisation

Tp:=inf {Tp(f): f # Eq(Q), ~ symZtrie sphZrique avecEpoi(f ) = Epot(Q)}, (3.7)

Qe * +
2
Tp(f) = % + b (x)xav f(x,v)dxdv (3.8)
R6

et
Eq(Q) = {f # E : f est Zquimesurable ave®} . (3.9)

Pour dZmontrer le thZoreme 3.1, il su t alors de prouver la proposition suivante.

Proposition 3.1.  Avec les notations prZcZdentes, il exists® > 0 telle que la propriZtZ
suivante soit vZribZe. Pour toub# [0, b%], le probleme variationnel (3.7) admet au moins
un minimiseur. De plus, il existe une famille de minimiseursQy, de (3.7) de la forme

v *

Qu(x,v) = Fo, V7 + b ()X A+ .l g(X)
0° . est strictement positif, et telle que, quand- 0, nous avons les convergenceg - 1
et Qp - Qo = Q dansE. De plus, le proPIQy, est ~ son support inclus dans{(x,v) #
RS, |x| < rg} et son potentiel! o, appartient ~ Cl. Enbn, la fonction Fq, est positive et
continue sur R, et, plus prZcisZment, elle est de classg sur J!* e[ pour un certain
e, < 0 et dZcro’t vers0 sur [ey, +* [.
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22 RZsumZ en franeais

LOidZe gZnZrale de la preuve est basZe sur une technique de rZarramgsrselon I0Zner-
gie microcopique qui conserve les contraintes du probleme. DonnonsubdOabord formel-
lement les Ztapes de construction des probP®y puis ensuite dZtaillons la technique de
rZarrangements utilisZe.

(b) Construction des probIsQp : On considere une suite minimisantef, du probleme (3.7).
Par des techniques de rZarrangements, pobrassez petit, on peut alors construire une suite
fQ, telle que pour tout n # N

* +

) [v|? ;
= Fn S b-(Oxav+ .l (x)

qui vZribe., > 0 et

f # Eq(Q), Epot(fd) = Epot(Q) et Ty(f2) ) Tp(fn).

On obtient donc une nouvelle suite minimisante de (3.7). De plg, puisquef, est aussi
une suite minimisante de (3.7), elle est bornZe dar§ et donc, ~ une sous-suite pres, elle
converge faiblement dang P vers une fonctionf , de E;j . Ceci implique dOune part la conver-
gence presque partout de ¢, vers! ¢ et dOautre part, par construction, la convergence de
Fn et ., vers respectivement une fonctior, et une constante. y, telles que
* +
v[? .
Qp:=Fp S + b (X)xav+ .plf,(x) # Eq(Q).
Ainsi, on obtient

0, - QpdansLOLP,

avec Epot(Qb) = Epot(Q). En montrant que Qy, est stable par les rZarrangements utilisZs
ci-dessus, on aT,(Qp) = T, et on a ainsi construit le probl auto-similaire Qp souhaitZ.
Ensuite, en utilisant IQunicitZ et la concentration des suites miniisantes obtenues dans le
chapitre 1, on conclut ~ la convergence d&), vers Q = Qg quand b tend vers 0. Pour Pnir,
on peut remarquer par I0Ztude du support d@y, que, pour unrg bien choisi et pourb assez
petit, tous les problsQp sont ~ support compact dans{(x,v) # R, |x| <r g}.

Nous allons maintenant rentrer plus en dZtail dans les techniques d&arrangements
utilisZes qui sont le coeur de la dZmonstration de la Propositio8.1 et donc du ThZoreme
3.1.

(c) RZarrangement par rapport ~ 10Znergie microscopique Pour obtenir &, ~ partir de

fn, il su" t plus gZnZralement de montrer que, pour une fonctiofi ~ symZtrie sphZrique
appartenant ~ Eq(Q), dZPnie par (3.9), et de meme Znergie potentielle qué®, il existe
. > Oet g# Eq(Q) telles que, dOune party soit fonction de I0Znergie microscopique

_ v .
e(x,v) = > + b (x)xav+ ¢ (x)

et que, dOautre part,
Epot(9) = Epot(Q) et To(g) ) Tu(f).
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Tout dOabord, montrons comment construire, ~ partir de 10Ztat stiannaire Q et dOun
potentiel radial non nul ! , une fonction de 10Znergie microscopique

_ v .
e(x,v) = S + b (x)xav+ ! (x)

Zquimesurable ~Q. On sOinspire et on utilise pour cela les rZarrangements de Schwarz.
Rappelons que, pour une fonction positivé appartenant > L(R"), son rZarrangement &

au sens de Schwarz est IOunique fonction dZcroissanteFqR- , R+ ) telle que les fonctions
de distribution de f & et f respectivement dansR et dans R", notZesps- et s, soient
Zgales. Cette fonctionf & se dZbnit comme suit

's%0,f&s)=inf {+%0 : ps(+)) s}.

Ainsi, on peut trouver une fonction de |(x, V)| Zquimesurable ~f dans R3. Utilisons ce
rZsultat pour mettre en Zvidence la fonction recherchZe.
Tout dOabord, il est nZcessaire de dZPnir le jacobiagk,: R - R* par

. /
2
apof€) = meas (x,v) # RS, % + b (X)xav+!(x)<e |, 'e< 0,

oe la notation Omeas@orrespond ~ la mesure de Lebesgue siR®. Notons alors que, pour

b mn?®
2

e o= infess ! (r)! #REL{Y

la fonction ay, o est un C* di'Zomorphisme croissant de(ey, ¢, 0) sur R% et quOelle sOannule
sur]!*  eno. Ces propriZtZs sOobtiennent en rZZcrivaay,y, sous la forme plus explicite

$+$*

- +
2 >t32
324”2 el I(r)+ w r2dr.  (3.10)

3

'e<0, apofe)=
+

Ce changement de variable Ztant ~ notre disposition, nous pouvanmaintenant construire
la fonction souhaitZe, notZeQ%% en utilisant le rZarrangement de Schwar# & Elle se
dZPnit par

6

OBy v) = Q%2ape ML+ b (x)xav+1(x) si M+ b (xav+!(x)<0,

si. M2+ b px v+ ! (x) %0,

Elle est une fonction dZcroissante de IOZnergie microscopig@e v), fonction dont la conti-
nuitZ dZcoule de celle d&. De plus, Q%% est Zquimesurable "Q. Enbn, notons que, si
f # Eq(Q) est " symZtrie sphZrique, alors, pout > 0, on a
$* 5 +2 3
\Y . &,8%
+b(X)xav+ .l ¢ (x) Q (x,v)! f(x,v) dxdv) O (3.11)
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avec ZgalitZ si et seulement $i = Q¥&%  Cette inZgalitZ implique apres calcul que
2 3
To(Q®4%)) To(f)+ 5 Epat(Q®*) ! Epar(f)

Ainsi, pour terminer la preuve de la proposition 3.1, il nous sti t de montrer quOil existe
un . > 0 tel que Epot(Q%4%) = Epnt(Q). Ce point est assez subtil ~ obtenir : par I0Ztude
plus prZcise de la mZthode de rZarrangement, on obtient la continditde la fonction. .-

E pot (Q¥4%) puis, pour b assez petit,

. . &h,&Y
liminf Epot(Q™**) < E pot(Q).
Il nous reste alors ~ montrer que

“&m fgp Epot(Q&b’&%) > E pot(Q).

Dans le cadre gZnZrdl # Eq(Q), rien ne nous permeta priori de conclure " cette dernisre
estimation. Par contre, pour les termes dOune suite minimisante, du probleme (3.7), on
parvient ~ IOobtenir pourn assez grand. Formellement la suité , tend faiblement pour b
PxZ assez petit vers un certain potentiely,, qui lui meme tend faiblement vers une fonction
f lorsqueb- 0. En travaillant par |IQabsurde et groce ~ des estimations sur lagpports
des fonctionsQ®*%%>  on montre quef est minimiseur de (3.2) et que son potentiel
doit stre constant sur son support ce qui amene une contradiction. le thZoreme 3.1 est
ainsi dZmontrZ.

O

4 Stabilitz dOZtats stationnaires pour le systeme de Vlasov-
Poisson relativiste

On a jusqud” maintenant prZsentZ des rZsultats concernant le systemg\asov-Manev,
en faisant le lien avec les mZthodes dZj utilisZes dans les cas des systerdesVlasov-
Poisson classique et relativiste. Les dicultZs de ce nouveau modsle, notamment liZes "
la sZparation des Ztats stationnaires ZtudiZs, nous ont amenZs ~ dZygler de nouvelles
mZthodes basZes sur la rZduction de fonctions par rapport ~ I0Znergiersscopique.

Dans le cas oe le potentiel est de Poisson, ces mZthodes ne sont pas nZéessg@our
sZparer les Ztats stationnaires obtenus comme minimiseurs du Hanuittien (voir [38, 40]).
Cependant, nous allons voir que, meme dans ce cas, pour obtenir la &fifitZ non-linZaire
dOune plus grande classe dOZtats stationnaires, IQutiisate ces mZthodes combinZe avec
IOutilisation totale de la rigiditZ du Rot est primordiale. Pair le systeme de Vlasov-Poisson,
cette approche a ZtZ dZveloppZe par MZhats, Lemou et Rapha‘l qui ont pre” la stabilitZ
de tout Ztat stationnaire sphZrique de la forme

* 2
Q=F Msiow
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4. STABILITf POUR LE SYSTEME DE VLASOV-POISSON RELATIVISTE 25

pour une fonction F dZcroissante assez rZguliere [42]. On se propose de faire de memerpou
le cas relativiste.
On se place donc dans le cadre dOun systeme gravitationnel modZlsar le systeme de

Vlasov-Poisson relativiste :
|
: \Y;
7 $f + %———a",f!" ,0;a"f =0, R, $RS$ RS
1+ |v|?

pour lequel le potentiel est un potentiel de Poisson dZbni de maniere digalente par
! $

(4.2)
f(t=0,x,v) = fo(x,v) %0,

Pls(t,x)= %(t,x) = f (t,x,v)dv,
L 0= B0= ) “2)
Fe(t,x)- Oas|x]- +*,
ou par
| =1 0,
Fe(x) =1 pr 3%. (4.3)
Nous dZPnissons le Hamiltonien par
$ 294 3 1$
H(f (1) = [V[2+1! 1 f(tx,v)dxdv! > I" 15 (t, x)]? dx, (4.4)
RS R3

o les deux termes correspondent respectivement ~ I0Znergie cinZtique et ~ Kdgie poten-
tielle. Cette derniere vZribe 10inZgalitZ dOinterpolation

¥ 2 3%')5 i) 3( ; 1) g% ;

" Yel7dx) Cp(F (T 7 (F(J5 1+ |v|*f i (4.5)

R3

pour tout p > 3/ 2 et nous nous plasons donc naturellement dans I0espace dOZnergie
8 % 9
Ep= f %0avec (f(g = (f(Lat+ (F(Lo+( 1+ v (La< +* (4.6)

pour une constantep > 3/ 2. Nous avons alors, dans cet espace, la stabilitZ non-linZaire de
tout Ztat stationnaire sphZrique fonction de son Znergie microscie :

ThZoreme 4.1 (StabilitZ de modsles sphZriques) Soit Q une solution stationnaire de
(4.1), sphZrique (fonction de|x| et |v]), continue, positive, non nulle et ~ support compact.
De plus, supposons qué est une fonction croissante et continue de son Znergie micro
scopique, i.e. il existe une fonction continueF : R - R et ey < 0 telle que pour tout
(X, V) # RO 204 3
Q(x,v)=F v[Z+11 1+ ! o(x)

—~~
:b
~

-

avecF (e) = 0 pour e % ey et F strictement dZcroissante etCt sur (I* ,ep). Soit p > 3.

2
Alors Q est orbitalementEp-stable par le Bot(4.1) : pour tout , > 0O il existe/ > 0 tel que
la propriZtZ suivante est vZribZe. Soit une fonctiofy # E, telle que

(fo! Qg,) !/ (4.8)
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et soit f (t) une solution renormalisZe de(4.1) sur [0, T) dOZtat initialf . Alors pour tout
t # [0, T) il existe une famillez(t) de translations en espace telle que

(f(t,x,v)! Q(x! z(t),v)(Ep) ye (4.9)

Remarque : Notons que le cadre dans lequel nous nous sommes placZs conduit ~ des
di" cultZs qui nOont pas ZtZ rencontrZes dans IQarticle [42].

(i) Tout dOabord, le cas relativiste au meme titre que 10Zquatiolasov-Manev fait appa-
ra’tre une rupture dOhomogZnZitZ qui nOexiste pas dans lesBystle Vlasov-Poisson clas-
sique. Cette inhomogZnZitZ en vitesse pose deux problemes principalwe. probI1Q considZrZ

ici ne satisfait a priori aucune condition sous-critique et donc on ne peut contr™ler I0Znergie
cinZtique dOune solution qw lui serait proche. Le deuxi*me point €7 " la mZthode que
IOon souhaite utiliser : X bxZ, le changement de variable =  [v[2+1! 1+ a(x) nOest
pas aussi simple que celui correspondant au cas classique et son jaeabést donc plus
di" cile © contr™ler.

(i) Dans [42], IOespace dOZnergie considZrZ est

0 1
E= f %0avec (f(g:= (fF(Lo+ (F(Ls + (IVIH (L2 <+

Sur un tel espace, gr¥kece " 10inZgalitZ de Hardy-Littlewood-Sobok8][ les potentiels!
sont bornZs alors que dan&p, nous avons seulement

34p! 3)

'+ # LYR®) pourtout 3<q) 5

et 3(4p# 3 # (6,12). Nous perdons donc de la rZgularitZ en=0.

Le premier point est dOautant plus intZressant quOil souleve uneegtion cruciale *
la bonne comprZhension des conditions sous-critiques : peut-on ctm@e un probl Q =
F (e) en dehors de toute condition sous-critique ? Ou meme plus fortemengxiste-t-il une
fonction f qui ne soit pas sous-critique pour tout espacgy, ? Laissons ces questions ouvertes
et donnons les grandes lignes qui permettent de dZmontrer le thZorsme 4.1

RZduction par rapport ~ I0Znergie microscopiqueLa dZmonstration reprend 10idZe de rester
dans des espaces dOZquimesurabilitZ en utilisant des rZarrangemegitsmdOZnergie micro-
scopique, idZe dZj~ dZveloppZe dans le chapitre prZcZdent. Pour une famctle distribution
f non nulle dansE; et pour un potentiel ! non nul, similairement au chapitre 2, on dZbnit
le jacobien
%_____
'e< 0, afe)= mead(x,v)# R®, |v[2+1! 1+!(x)<e}
0,
et IOunique fonction de IOZnergie microscopig(e v) = /o|v|2 +1! 1+!(x) Zquimesurable
" f donnZe par
f 4%, v) = f42anfe(x, V),

o f & est le rZarrangement de Schwarz die. Alors, le probl stationnaire Q ZtudiZ est stable
par ce rZarrangement;.e.

Q= Q%.
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De plus, pourf non nulle, on a une dZcroissance du Hamiltonien donnZe par
H(f%4)) H(f).

En se plasant dans IQespace des fonctions Zquimesurables a@@emotZ Eq(Q), on peut

dZbnir une nouvelle fonctionnelle (voir [44]) dZpendant uniquemertu potentiel

3(1) = HQY+ ;3" gt 132,

et dont la valeur est infZrieure au Hamiltonien

HQ%*)) 3('r)) H(f).

En particulier, puisque Q est stable par ce rZarrangement, on a(! o) = H(Q) etdans un
cas gZnZral
$ +$
H(f)! H(Q) %J('¢)! J(1q)+ M (s)(f%(s)! Q¥(s))ds. (4.10)
0

Ainsi, on peut sZparer notre probleme en deux parties : tout dOabordous montrerons la
coercivitZ locale autour de! o de la fonctionnelleJ . Ensuite, nous conclurons ~ la stabilitZ
de Q en utilisant la rigiditZ du Rot : plus particulisrement on sOintZessera " la conservation
def&et " la dZcroissance deH (f ) au cours du temps.

CoercivitZ deJ autour de! o dans le cas radial :Pour obtenir cette coercivitZ, on cherche
un dZveloppement de Taylor deJ autour de ! Q . cette partie calculatoire est basZe sur
le changement de variable impliquZ par le jacobieray, et sur IQutilisation de IOZquation
dOEuler-Lagrange. On obtient ainsdJ (! o)(h)=0 et
$ $ . :
D2J(! q)(h,h) = I" h|?dx ! fF!(eO/(D (x, V) (h(x)! " h(x,v))?dxdv, (4.11)
R3 RS

%

0° &y (X, V)= 1+ [v|]2! 11 1 o(x) et oe la fonction " h est dZbnie par
$ 2 - 3% -
1+ ey, (XV)! To(y) (11 . 1+ ey (X,V)! Tqo(y) h(y)dy

"h(x,v)= R 2] - 3
1+ ey, (X,V)! To(y) (! 1

+ N

N 1+ ey (X, V) ! Lo(y) dy
Cette fonction " h peut «tre considZrZe comme la projection dé sur les fonctions dZpen-
dant uniqguement de 10Znergie microscopigeg, . Maintenant, pour obtenir la coercivitZ de
J, il su" t dOavoir celle de IQopZrateur
$
Lh=11h! IF'(e)|(h! " h)dv
R3

sur K11, Plus prZcisZment, en utilisant les rZsultats de Burchard et Guo [16],0us pouvons
nous restreindre au cas radial, cOest-"-dire ~ des potentiels fonotis de|x|. De plus, nous
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avons la compacitZ de la forme quadratiqu®2J (! o) sur HiL . Ainsi, dOaprss IOalternative
de Fredholm, il su' t de dZmontrer la stricte positivitZ

"h# WLy, h=0, (Lh,h)> 0. (4.12)

Dans ce but, nous allons montrer une inZgalitZ de type Hardy en agéant une preuve de
HSrmander [33, 34]. Pour

$
I (h) := [F'(e)|(h! " h)?dxdv,
R6

oe - sert juste "~ rZgulariser. Cette mZthode nous amene "
$* +
1(h) %3  %(r)+ o) |F!(e)|—/f27dxdv (4.13)
T w) et Trz |

) -1 T , M.y s
avecu= (1+e! !(x))2! 1 Z. ParintZgration par partie et par IOinZgalitZ de Cauchy-
Schwarz, nous avons de plus :
* $ 2 +

" | f
L(h)) (" h(Lersy 3 Y%(N)IF (e)|mdxdv . (4.14)

N[

En combinant (4.13) et (4.14), nous obtenons une inZgalitZ de tgPoincarZ

$
Fo(r) ! f2 " 2
(+3 SR @l b ) (N (4.15)

En remarquant que le cas dOZgalitZ dans (4.15) est obtenu uniquempatr f =0, on en
dZduit )
"h# WY D23 o)(h,h) %Co(" h(f.. (4.16)

Ce rZsultat obtenu pour des potentiels radiaux implique la coerci¥Z locale deJ dans le
cas gZnZral incluant les potentiels non radiaux :

Proposition 4.1. Il existe " > 0 telle que la propriZtZ suivante est vZribZe. Sdit, une
suite de potentiels telle que

"n#EN, (" 'a!" to(2) " n,Iirpss J('n)) I(' Q). (4.17)
Alors, il existe une suite de translations en espace, telle que
(" 'n!" !o(@!xn)(2- Oquandn- +* . (4.18)

Dans le cas radial, cette proposition repose sur le dZveloppement daylor de J et sur
la coercivitZ (4.16) qui donnent

C 2 C 2
30E)! J(!Q)%z"i"!ﬁ!" !Q;L;,(i"!ﬁ!" !QiLz)%ﬂ"!ﬁ!" !JLZ,
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4. STABILITf POUR LE SYSTEME DE VLASOV-POISSON RELATIVISTE 29

pour " assez petit. Notons que(! !ff) est le rZarrangement de Schwarz dé! ! ) pris
comme fonction deR23. La proposition 4.1 est donc prouvZe dans le cas radial.

Le cas gZnZral se dZmontre gr¥.ce au thZorrme 2 de [16]. 'lltsde remarquer que
IOinZgalitZ de Polya-Szegs implique

JOEN IO = S At S talie) O (4.19)

On peut alors utiliser la proposition 4.1 dans le cas radial. Nosi sommes donc dans le cas
dOZgalitZ dans I0inZgalitZ de Polya-Szegs ce qui conduit * la coramerg souhaitZe.

CompacitZ locale des suites minimisantesA partir de la coercivitZ donnZe par la propo-
sition 4.1, nous avons le rZsultat de compacitZ suivant.

Proposition 4.2.  Soitp > % Soit " > 0 la constante dZPnie par la proposition 4.1 et soit
fn une suite dekE; telle que

(¥ Q% Lyry - O (! Q%(Lery - O ”nmfng(fn)) H(Q). (4.20)
et

C e !t lo(e <" (4.21)

Alors il existe une suite de translationsx, telle que
(fn! Q(a! Xn)(Ep - Oquandn- +* . (4.22)

La convergence des potentiels provient essentiellement de IQinZgalitZ
$ .
H(fn)! H(Q) %J(',)! I(1Q)+ i (s)(f(s)! Q¥(s))ds. (4.23)
0

En el et, on montre tout dOabord que IQintZgrale tend vedgyr¥oce

(fa! Q¥ Liry - O (FY! Q%Lowy - O

Ensuite, on utilise la proposition 4.1 et le contr™le du Hamittnien, qui, combinZs avec
(4.23), impliquent la convergence

C L@ xa)!" to(- O

Onrenotef, = fr(4! xn,d. APn de dZmontrer la convergence forte dang, on sOintZresse
de nouveau au Hamiltonien qui vZribe
1 $ 204 3
H(fn)= H(Q+ S(" tiy 1" To((z+ VZ+11 1+10() (fa! Q) dxdv,
R6

" la translation x, pres. La positivitZ du terme intZgral dZcoule dOune propriZtZ d&ar-
rangement ainsi que de la convergence
$ 29 32 3
VZ+11 1+1g(x) fa®1 Q dxdv- O (4.24)

R6
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30 RZsumZ en franeais

Cette derniere provient de la convergence dé & Ainsi, en utilisant le contr™le du Hamil-
tonien et la convergence du champ de forcé ! ¢, , on obtient la convergence

$ 29 3
V[2+1! 1+!1o(x) (fn! Q)dxdv- O. (4.25)

R6

On arrive alors ~ la convergence
(fn! Q(L,re - Oasn- +*, (4.26)

par des techniques basZes sur I0ZquimesurabilitZ. La convergence HarsOobtient en uti-
lisant la convergence presque partout dd,, et la conservation de IQentropie " la limite.
Enbn, le contr™le du Hamiltonien donne le contr™le de IOZnergiéticine et implique donc

la convergence $ 20/ 3
0

v|2+1 |fp! Q|dxdv- O,

R6

lorsquen - +* . La compacitZ est ainsi dZmontrZe.

StabilitZ : Pour passer de la compacitZ " la stabilitZ non-linZaire remarquantout dOabord
que la proposition 4.2 peut se rZZcrire de la forme suivante. Pouout , > Ol existe / > 0
tel que sif # Ep vZribe

(F4 Q%Limy) /0 (FE1 Q%Lemy) 1, H(F)) H(Q+/, (4.27)

et
inf (@)t lo(a < (4.28)

alors il existe une translationy # R telle que
(f ! Q@!Y)(g, < - (4.29)

Par la rigiditZ du Rot la condition (4.27) est toujours satisfate des lors que IOZtat initial
fo la vZribe. On montre que la condition (4.28) est toujours respectZe errquZdant par
IGabsurde : si ce nOest pas le cas, en remarquant que la fonction

"rt.- Zi"ngsi" !f(t)(é~+ Z)!" !QJLZ

est continue, cette fonction atteint donc des valeurs entré/ 2 et ". Or en prenant,, assez
petit, on peut montrer que le contr™le (4.29) implique

" 'e@aty" !Q(L2 < 5
et on a donc une contradiction. La stabilitZ est dZmontrZe.
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5. ETUDE NUMfRIQUE DE LOfQUATION RADIALE DE VLASOV-POISSON 31

5 Etude numZrique de IO0Zquation radiale de Vlasov-Poisson

5.1 PrZsentation gZnZrale

Dans le chapitre 4 introduit ici, nous nous proposons de dZvelper des schZmas nu-
mZriques conservatifs pour le systeme de Vlasov-Poisson radiaCeci a pour but futur,
dans un premier temps, de valider numZriquement les rZsultats connusrscette Zquation
cinZtique et, dans un second temps, de nous faire une idZe sur des pfotds encore ou-
verts. On pense notamment " la question de la stabilitZ asymptdtiue autour de solutions
stationnaires et au possible amortissement Landau.

On sOintZresse ici ~ I0Zquation de Vlasov-Poisson non relatvish dimension 3. Cepen-
dant on se restreint au cas radial. Se ramener aux trois variablejx|, |v| et x &v permet
dOallZger considZrablement 10Ztude numZrique du systeme. Le cas gZaal6 variables
(3 dOespace et 3 de vitesse) demanderait encore aujourdOhui un calopllsurd "~ electuer.

De plus, rZduire le probleme au cas radial nOenleve en rien 10intZr®uhe telle Ztude.
En elet, " notre connaissance, les rZsultats de stabilitZ existants emernent uniquement
des solutions stationnaires ~ symZtrie sphZrique (" une transttion en espace pres).

Maintenant donnons IOexpression de notre Zquation en coordonnZediates (r, u, s) =
(IX], Iv], x av) :

&f + §$rf ! %!%(r)%f + U1 rth(r) $6F =0, (Lrus)#R.$#, (5.1)
or #1={(ru,s)# R+ $ R: $ R, |s]) ru} et
Li(r) = % F2% (R)dr- et %(r) = G f (r,u,s)ududs.
M e r' uso, [s|<ru

Notons que cette Zquation peut stre rZZcrite sous dilZrents systmes de wNables et
que chacun de ces systmes prZsente des avantages et des inconvZnients eErvariables
(r,u,s) le domaine est mal adaptZ " une discrZtisation. Nous prZfererons iliser le systeme
de variables(r,u,1) = ('sgn(x av)|x|, |v|, |x + v]). Pour (r,u,l) # # avec

#= {(nu,)#R$ Ry $ Ry, |)] ru}

I@Zquation de Vlasov-Poisson sOZcrit alors

12 | 12
o+ le champ de force! ; est dZpbni par
| 1 5m
Li(r) = 2 % () dr-
#r|
et la densitZ par $
%(r) = 2 ;Iiif (r,u, dudl. (5.3)

12

2
r
u>0, I<|rfu 1! Z2
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32 RZsumZ en franeais

Figure 1 B Domaine dOZtude et sens de transport> 0 bxZ

Ce systeme prZsente deux di cultZs. La premisre est son domaine de dZpnition, similaire
7 celui correspondant aux variables(r,u,s). La seconde di cultZ est la singularitZ en

1! £ prZsente dans I0expression @. La forme du domaine, "1 bxZ, est donnZe
par la bgure 1. Celle-ci reprZsente le sens du transport dans le plgh = constante}
dans chacune des directions, en espace pour la ligne rouge et en vitessairpla ligne
verte. Se placer sur ce type de plan nOest pas anodin : ce sont des plansatZristiques de
IOZquation de Vlasov-Poisson. COest pourquoi on a prZfZrZ cettauation ~ celle rZsultant
des variables(r, u, s). De plus, notons que la Pgure 1 schZmatise les conditions au bdrd
respecter : dOune part, la continuitZ de la fonction de distributiof dOun bord "~ 1Qautre

f('roul =ru)=1f(r,ul = ru) (5.4)

et, dDautre part, la conservation de la masse lors de son passd@en bord ~ IOautre donnZe
par

|2 |2
lim 1! —="f( r,ul)ans: =1 Ilim 1! —="f(r,u,l) an 55
rul' |+ r2u2 ( !u1 ) + rul‘ I+ r2u2 (,LI, ) #, ( )

0* n; et ng sont les normales sortantes du domaing respectivement err = l/lu etenr =
I l/u . Remarquons que, thZoriquement, le passage des coordonnZes naturgiigs, s) aux

coordonnZeqgr, u,1) prZserve la continuitZ maia peut enja’ner une explosion des dZrivZes
#1/2
. . . 2
partielles sur le bord du domaine, explosion en 1! r2|7
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5.2 Etude numZrique

On se propose ici de rZsoudre numZriquement I0Zquation (5.1) enisaitt des mZ-
thodes de dilZrences bnies. On souhaite ainsi prZserver ~ chaque #fion la masse et le
Hamiltonien. On considere donc un schZma numZrique du type

N fn+1 1 fn N < , = N
Dif "= —— = ! Wl ) ki Drf 7+ Lo )i Duf o, (5.6)
pour une discrZtisation classique(ty, rg, uj,lj) de pas! t, ! r, ! u et! |;. Remarquons
quOon ‘ane la discrztisation pourl proche del = 0 et quOainsi le pas I; dZpend del;.
Tout dOabord, nous traitons la singularitZ prZsente dans |Oeegsion de% en approchant

lj+1/2 |

éf (r, U, I )dl 4 mk,iyj f (I’, U, Ij)

liv 12 1! 742
o >@ @ A
|2 |2
229 j#U2 J+1/2B
mk,i,j = Irgui ! 1! 55 ! 1! 5 > .
ey reui
Avec de telles notations, la masse est dZbnie par
n C$ 2 2 C n
M" =4# I‘ko/ﬁ! r=8# mk’i’j fk,i,j Fr!lou. (57)
k=#$ Kii,j

[rglui>l j

Lemme 5.1. La masse(5.7) est conservZe par le schZmé.6) si les opZrateurs de di"Z-
rences PniesD, et D satisfont pour tout (k,i,]j )

!

" DE&() kij M [uli)=0.
) (5.8)

D&() kij mkij)=0.

Remarquons quOon laisse le termg; dans les conditions (5.8) car on le dZbnit comme
pouvant dZpendre dery et plus prZcisZment de son signe. Cette dZpendance sera utile pour
la conservation du Hamiltonien.

Pour rZaliser le lemme 5.1 il stit dOavoir

D1)=0 et D¥1)=0,

de considZreffu]; = u; indZpendant du signe de'k et que le facteur) y;; my;; Ssoit indZ-
pendant dei et de k.

Nous nous intZressons maintenant ~ la conservation du Hamiltaen. Nous avons alors
le lemme suivant.
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34 RZsumZ en franeais

Lemme 5.2. Soit une distribution f" satisfaisant (5.6). Supposons que la condition de
conservation de la massé5.8) est vZribZe. Alors si les conditions suivantes sont respectZes

|
2 'k> 1 EP = Bl + B], et E] = EJ = of,

avec' k # Z% D, (r2ED) = r2g,

"k>0, EJ, = ! E],

(5.9)
i> 0, (D)) = 1 2[u];sgn
k=0 <) = _ BT+ ER
T T B
le Hamiltonien H™ dZPni par
C c®
H" = 8#2 Mij feij ! rioul 4 rg(ED? . (5.10)
Kiij k=1

I uj>l i
est conservZ.

Compte tenu du sens de transport, nous sommes obligZs de considZrer ap¥rateur
D, dZpendant du signe de. Ainsi pour respecter les conditions (5.9) nous devons aussi
prendre [u]; sgn (k) fonction de sgn(k). Ceci pose problsme pour obtenir les conditions de
conservation de la masse (5.8) pres du bord.

On ne proposera ainsi quOun schZma conservatif ~ une distance dudsingulier. Ce
schZma satisfait le lemme 5.2 en dehors de la frontiere.

Remarquons que, par cette mZthode, on calcule*! en particulier ~ partir du champ
de force E"*1. Ceci ne pose pas de probleme car nous pouvons quantiber les variat
D¢(E™) uniquement " partir de f ". Ce rZsultat dZcoule directement de I0Zquation de Poisson
et il sOZcrit :

C 2 3
Dy(r2EQ) = ! 2# T (V) e ST (V) R RPN TI T (5.11)
|fk|IL’1]i >l

On pourra trouver dans le chapitre 4 deux exemples de schZmas nunmilrés impliquant
ces conservations pour des fonctions nulles pres du bord. Cependant, dwer un schZzma
conservatif pres du bord para’t beaucoup moins aisZ. De plus, on mtera numZriquement
quOobtenir la stabilitZ et la consistance du schZma prss du bord et cile.

Pour terminer cette partie numZrique, nous faisons une simple appche ~ 10Ztude numZ-
rique du comportement de fonctions proches dOun Ztat stationnairén utilisant I0Zquation
de Poisson, un Ztat stationnaire de la forme

* + 1
2 pl 1

Q(ru)= C ! 1! “7! lo(r) . (5.12)
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peut tre mis en Zvidence numZriquement. Leur existence a ZtZ prouvZe pgue 9/ 7 [38].
En choisissant bienC et en prenantp = 3, on se ramene "~ I0Zquation

rAtd+2rig=(1 1 1o(r)?.

La condition ! ,(0) = 0 et le fait que ! o tende vers0 ~ IGinbni permettent dOavoir IOunicitZ
de cette solution. Apres IQavoir trouvZe numZriquement, il $ut de choisir une pertubation
de cet Ztat stationnaire sOZcrivant

* +
fo(r,u,s) = #—2% 11! uzz! Fo(r)! b-(r)s

[N

o* b est une petite constante et- (r) une fonction rZgulisre bornZe ~ support compact.

Pour les schZmas dZveloppZs dans le chapitre 4, mettre en Zvidence le pamement
asymptotique dOune telle pertubation nOest pas envisageablessa@s calculs trop lourds.
Cependant, en prenant des opZrateurs dOordre supZrieur cela semble tofgif possible et
sera |Oobjet dOune future Ztude.
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Chapitre 1

Stable ground states for the
Vlasov-Manev system

N.B. : Les chapitres 1 et 2 font IOobjet dOune publication coome ~ para’tre dans
SIMA, SIAM Journal of Mathematical Analysis. Ce travail a ZtZ fait en collaboration avec
Mohammed Lemou et Florian MZhats.

Abstract: In this chapter, we study the orbital stability of steady states to the
so-called Vlasov-Manev (VM) system. This system is a kinetic model wich
has a similar Vlasov structure as the classical Vlasov-Poissosystem, but is
coupled to a potential in! 1/r ! 1/r 2 (Manev potential) instead of the usual
gravitational potential in ! 1/r , and in particular the potential Peld does not
satisfy a Poisson equation but a fractional-Laplacian equation We brst prove
the orbital stability of the ground states type solutions which are constructed
as minimizers of the Hamiltonian, following the classical stratey: compactness
of the minimizing sequences and the rigidity of the 3ow. However, in dving
this analysis, there are two mathematical obstacles: the brst onis related to
the possible blow-up of solutions to the VM system, which we overgoe by
imposing a sub-critical condition on the constraints of the varational problem.
The second di culty (and the most important) is related to the nature of the
Euler-Lagrange equations (fractional-Laplacian equations) @ which classical
results for the Poisson equation do not extend. We overcome this ‘iculty by
proving the uniqueness of the minimizer under equimeasurabilty comsints,

using only the regularity of the potential and not the fractional-Laplacian Euler-
Lagrange equations itself.

1.1 Introduction and main results

In this paper, we study the stability of steady states and the exisence of blow-up self-
similar solutions to the Vlasov-Manev (VM) model for gravitational systems. In this mean
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38 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Peld kinetic model, the usual Newtonian interaction potential is repaced by the so-called

Manev potential. This potential corrects the Newtonian gravitational potential as follows:
1, &

4#|x| T 2#2|x|2’

Ux)="1

where& is a positive constant. First it was studied by Manev in the 1920@s an alternative
way of EinsteinOs relativity to explain the advance of the perihedin of Mercury unexplained
by NewtonOs laws [48, 49, 50, 51]. And recently, frustrated by the smccess of the relativity
model to formulate a meaningful relativistic n-body problem, F. Diacu, A. Mingarelli, V.

Mioc and C. Stoica [6] followed by R. lliner, H.D. Victory, P.Dukes and A.V. Bobylev [2-3]
gave the basics for the comeback of the Manev model, described by thesbones asa fairly
good substitute of relativity within the frame of classicamechanics

We then consider in this paper the case of a potential given by:

n I &
4#|x| - 2#2|x|2’

ux)=1

where" is a nonnegative constant. Further physical studies of this poterial can be found
in [18]. The case" =0, &=1 will be referred to as thepure Manev case The case" > 0,
& % 0 will be referred to asthe Poisson-Manev casevhich includes the Newtonian case
"=1,&=0. Note that at the limit " - 1and &- 0, we recover the stability of steady
states proved in [38, 40].

Taking into account this correction, the standard Vlasov-Poissa system is replaced by

the following Vlasov-Manev system:
!
nogf+van It gy atf =0, (Lx,v)#R:$ R3S RS
4 (1.1.1)
f(t=0,x,v)= fo(x,v) %0,

in which f = f(t,x,v) % 0 is a distribution function and !; the associated potential
debned as follows. We have
le(t,x)= "1 P+ &M (1.1.2)

where!? and ! M are respectively the Poisson potential and the Manev potential of
given by:

%(t,y)
r3 4[x ! y|

%(t,y)

1P =1 __PAR IS
(tx) = o 282x 1 y2

dy, IM(t,x) = (1.1.3)

% being the density associated with the distribution functionf ;
$
% (t,x) = f(t,x,v)dv.
R3

Note that the two potentials satisfy
&!'P =% and (1& )Y21M =1 9%,
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1.1. INTRODUCTION AND MAIN RESULTS 39

and in particular the system (1.1.1) reduces to the well-known gravational Vlasov-Poisson
system in the cas€' =1 and &=0.

To our knowledge, the only existing mathematical analysis of the Vsov-Manev model
is due to Bobylev, Dukes, lliner and Victory [13, 14]. In these worksthe local existence of
regular solutions is proved and some questions of global existenaad Pnite-time blow-up
are discussed.

We now give some basic properties of the Vlasov-Manev system (11). Su' ciently
regular solutions to (1.1.1) on a time interval [0, T] satisfy the conservation of the so-called
Casimir functionals:

"t#[0,T], (@) (L= > (Fo)(vs (1.1.4)

and the conservation of the Hamiltonian
"t #[0,T], H(f (1)) = H(fo),
where| is any smooth real-valued function withj (0) = 0, and where
H(f () = 3|v|2f (t)ng! Epot(f (1)). (1.1.5)

The potential energy Epot is dePned by
$
Epot(f (1)) = ! L (t,x)% (6 x)dx = "EJ(f (1) + &E N (f (1)),
R3

where we have denoted
$ $
Epo(f ()= 1 1P (L)%(tLx)dx and Egp(f()=1 1 (Ex)%(Ex)dx

These potential energies are controlled thanks to standard interpokon inequalities:

7p! 9

0) E ot(f)) Clg |v|2f3Ll (f (6(pl Y (f (3“" v, (1.1.6)

0) Epu(f)) C23IVI2f3L1(f(‘°’”" X (f(3“" v, (1.1.7)

for all p % 3.

Our aim in this paper is to prove the orbital stability of ground states type stationary
solutions to the Vlasov-Manev problem. While the question of na linear stability has
not been studied in the past for the VM system, it has attracted consid@rable attention
in the case of the Vlasov-Poisson system& = 0), both in physics (see [3, 4], [9] and the
references therein) and mathematics community [61, 24, 28, 29, 38, 57.]4 We emphasize
that the structure of the equation in the pure Manev case { =0, &= 1) can be compared
in some sense with the Vlasov-Poisson system in dimension 4 (se@&])3 In this case, we
shall construct ground states by minimizing the constant in the irterpolation inequality
(1.1.7), following the standard strategy as in the case of nontiear Schrddinger equation
[60].
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40 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

On the other hand, as already noticed in [13], the case of the generalWsystem (" > 0)
shares similar mathematical properties with the relativistic Vlasov-Poisson system [40]. In
[40], the stability of steady state solutions to the relativistic Vlasov-Poisson equation is
proved by minimizing the energy and by using a homogeneity-breakingroperty which
comes from the fact that the relativistic kinetic energy is a non-honegeneous velocity
moment of the distribution function. In the present case of VM sysem, the homogeneity-
breaking comes from the presence of two contributions in the general VNdotential with
dilerent homogenities. This homogeneity-breaking property makes pasble to build a
well-posed variational problem where a sub-critical condition ismposed on the constraints.
Notice that the subcritical condition for the well-posedness of thevariational problem in
the context of the relativistic Vlasov-Poisson system was alsolwserved in [37]. In driving
the classical approach in a similar way as in [40] and [38], a newnportant di" culty
appears. This dI' culty is related to the nature of the Euler-Lagrange equations to wich
classical results for the Poisson equation do not extend. In the clagal VP case, a complete
stability result is generally obtained by using both the Euler-Lagrange equation (which is
equivalent to a non linear Poisson equation) and the rigidity ofthe Bow. In the present
case, the Euler-Lagrange equation is a fractional-Laplacian equian, and this prevents
from using ODE techniques. Nevertheless, we prove the uniquenesstbé& minimizer under
equimeasurable constraints by a new argument which completely avoidSDE techniques.

In order to state our main results, let us make precise our assumpins. Consider a
function j : R+ - R, satisfying the following hypotheses.
(H1) j is a C? function, with j(0) = j'(0) =0 and such thatj"(t) > 0fort> 0.
(H2) There exist p,q > 3 such that

p) /RO q. 't>0 (1.1.8)

o

We note that (H2) is equivalent to the nondichotomy condition:

BPj(t)) j(bt)) bBlj(t), "b%1, t %O. (2.1.9)
For a function j satisfying (H1) and (H2), we debne the corresponding energy space
E = {f %0 suchthat (f(g = (f(La+ (J(F)(L2+ a|v|2f L1 <+ (12.1.10)

and we shall say that a sequencé, converges tof in E if
(fa! f(i2- 0, (j(fn! f)(12- 0 and 3|v|2(fn! f)3L1 - 0.

From the interpolation inequality (1.1.7), the following constant is strictly positive:

p! 3 2

Jveed Lo (P

A (LlM (f +1(F)(% 11D)
Epot(f)

KM= inf KM ith KM(f)=
I f"llg\{()} j () wi i ()

Indeed, from (1.1.9) one hag + j (t) % CtP for all t %0.

In our brst result, we establish the existence of ground states for #h Vlasov-Manev
problem.
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Theorem 1.1.1 (Existence of ground states) Let j be a function satisfying(H1) and
(H2).
(i) Poisson-Manev casg" > 0). Let M1 > 0, M; > 0 such that

p! 3

EMITT (My+ M) 0 <K M, (1.1.12)
whereK M is debned by(1.1.11), and let
F(My,Mj) = {f #E, (f(Ls = Mg, (J(F)(L1 = Mj}.
Then there exists a steady state of1.1.1) which minimizes the variational problem

(M1, Mj) = inf H(f 1.1.13
(MuMj) = nf (D), (L.1.13)

whereH is the Hamiltonian debned by(1.1.5).

(i) Pure Manev case( =0, &=1). For all M1, M;j > 0, the following variational problem
J(M1,Mj) = inf K(f), withK(f):= % (1.1.14)

f"F(M1,Mj) Epot(f)

admits a minimizer. Furthermore, for any given M1 > 0, there exists a uniqueM; > 0

such thatJ (M, Mj) = 1. Moreover, the minimizers of (1.1.14) are steady states tq1.1.1)

if, and only if J(M,M;j)=1.

(iii) In both cases (" % 0), any steady stateQ obtained as a minimizer of(1.1.13) or

(1.1.14) is continuous, compactly supported and takes the form

&|V|2
St la(x) ! (

y (1.1.15)

Q(x,v) = (j)**

+

where ( and p are negative constants. Moreover! o(x) is spherically symmetric (up to a
translation shift), increasing and belongs toCY' , for all ) # (0,1). In (1.1.15), we used
the notation a; = max(a,0).

Notice that in the case” =1 and & = 0, the condition (3.1.10) is always satisbed.
In this case, the Vlasov-Manev system (1.1.1) is nothing but the @ssical Vlasov-Poisson
system, for which it is already known that minimizers of the two constaints problem
(1.1.13) always exist and that the minimizing sequences are compacsee [38]. In [40],
the orbital stability in the case of the VP system has been proved thnks to a uniqueness
result of these minimizers which was based on a combination of the Pssion equation and
the rigidity of the Bow.

Our second main result concerns the orbital stability of the above costructed ground
states under the action of the Vlasov-Manev Bow. As in [40], the prof of these stability
results needs in a crucial way the uniqueness of the minimizer under s@nfdow constraints
(namely the equimeasurability property). However in [40], the praf of this uniqueness
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42 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

was based on the use of the Poisson equation satisbed by the mirier. Here, the Euler-
Lagrange equation is a fractional Laplacian equation and the prof of [40] cannot be used.
In fact, we prove this uniqueness result in a way that completely avails the use of the Euler-
Lagrange equation, and in particular, this generalizes also the ugueness result obtained
in [40]. The only property of the minimizers that we use is their equneasurablity. In
particular, our proof avoids the usual ODE technigues, which in &ct, are useless here since
the Euler-Lagrange equation is a fractional-Laplacian equation

Lemma 1.1.2 (Uniqueness of the minimizer under equimeasurability condition) Let F #
C°(R,R:), strictly decreasing onRy, such thatF (Rg) = R:+ and F(R+) = {0}. We debne
* + *
V>, V>,
Qo(x,v) = F o + *o(X) Qi(x,v)=F o + *1(x)

on R®$ R3, where* g and * 1 are two nondecreasing continuous radially symmetric poten
tials such that the set{x # R3, *o(x) < 0} and {x # R3, * 1(x) < 0} are bounded. Then
the equimeasurability ofQo and Q; for the Lebesgue measure iR®, i.e.

"t> 0, meag(x,Vv) # R® Qo(x,v) >t} = mead(x,v) # R®, Qi(x,v)>t}, (1.1.16)

implies that Qg = Q1. In particular:

() Poisson-Manev cas€" = 0): two equimeasurable steady states dfL..1.1) which minimize
(2.1.13) under the subcritical condition (1.1.12) are equal up to a translation in space.
(i) Pure Manev case(" =0, & = 1): two equimeasurable steady states of1.1.1) which
minimize (1.1.14) and which have the same kinetic energy are equal up to a traatsbn
shift in space.

Now, using the compactness of all the minimizing sequences of (1.1.18nd (1.1.14)
(which will be proved) and the uniqueness result stated in Lemma 1.1.%e get the desired
stability results.

Theorem 1.1.3 (Orbital stability of ground states) .

() Poisson-Manev casg" > 0). Let M1, M; > 0 satisfy the subcritical condition (1.1.12).
Then any steady stateQ of (1.1.1) which minimizes (1.1.13) is orbitally stable under the
Bow (1.1.1). More precisely, given, > 0, there exists"(,) > 0 such that the following holds
true. Consider fo a smooth function with (fo! Q(g ) "(,), and let f (t) be a classical
solution to (1.1.1) on a time interval [0, T), 0<T ) +* | with initial data fy. Then there
exists a translation shift x(t) # R3 such that, for all t # [0, T), we have

(f(t,x + x(t),v)! Q(Ej <,.

(i) Pure Manev case(" =0, &=1). Let Q be a steady state of(1.1.1) which minimizes
(1.1.14). Then for all , > 0, there exists a constant"(,) > 0 such that the following
property holds true. Letf (t) be a classical solution to(1.1.1) on a time interval [0, T),
0<T ) +* , with initial data fq, satisfying:

@ (fo! Q(Lz) "()and (j(fo)(Ls) (j(Q(Lr+"(),
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1.2. EXISTENCE OF GROUND STATES 43

200, 3
® t#0T), (OHED) <"() where(()= aob2te ™"

Then there exists a translation shiftx(t) # R® such that, for allt # [0, T), we have
* +

f t,(<t>(x+x(t>),% Q<.

Remark 1.1.4. The goal here is to prove this stability result assuming the framewrk

of classical solutions to the Vlasov-Manev model, and not to seé the Cauchy problem.
For smooth initial data decaying fast enough at the inpPnity, the local existence and the
uniqueness of regular solutions to (1.1.1) has been proved in [14The global existence of
classical solutions is an open problem. Our result shows that the kdions remain in the

vicinity of the ground state Q (up to a translation shift), but does not a priori exclude a

possible blow-up of some derivative of .

The outline of this chapter is as follows. Section 1.2 deals with the q@of of Theo-
rem 1.1.1. After preliminary technical results concerning some propées of the inbmum
I (M1,M;) (Subsection 1.2.1), we prove in Subsection 1.2.2 the existence ofimmizers.
Then we characterize the ground states: Euler-Lagrange equationegularity and spherical
symmetry. Section 1.3 is devoted to the proof of stability of the gound state through
the Vlasov-Manev Row as stated in Theorem 1.1.3. First, in Subsean 1.3.1, we prove
the uniqueness of the ground state in the class of equimeasuraldlenctions, Lemma 1.1.2.
Then we use standard concentration-compactness arguments to provedtcompactness of
minimizing sequences. Combining the uniqueness and compactness prapes, we bnally
deduce the orbital stability result, Theorem 1.1.3.

1.2 Existence of ground states

This section is devoted to the proof of Theorem 1.1.1.

1.2.1 Properties of the inPmum

In this section, we prove two lemmas concerning some monotonicity pperties of the
inbmum debned by (1.1.13) and by (1.1.14).

Lemma 1.2.1 (Monotonicity properties of the inbmum I (M1, M;)). Let ] be a real-valued
function satisfying Assumptions(H1) and (H2), let M1 > 0 and M; > 0 such that (1.1.12)
holds, and letl (M1, Mj) be debned by1.1.13) in the case" > 0. Then we have

<l (Mg, Mj)<0. (1.2.1)
Moreover the following nondichotomy condition holds truefor all 0<) < 1and0) ')

1,
LOMz," M)+ 1(L! ))Mg, (! " )M;) > 1 (M1, M;). (1.2.2)

43



44 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Proof. Step 1. The inbmum is Pnite and negative.

We Prst prove (1.2.1). Letf # F(M1,M;). Then from (1.1.6) and (1.1.11), we have

_p!3_

%3 |V|2f3 I\/Ils(pl Y (M + M, )3(p' i)

H (f) %3|v|2f3L1
j
& c"3|v|2f
pt 3
%3|v|2f3L1 11 Kﬁmf@' D(My+ M) T chM,3|v|2f3“2.
J

31/2Mf(pl 1 (M _t M )3(p| 1) (123)

Now the subcritical condition (1.1.12) implies that

& pl. 2
1! K—Mf’“" Y (M1 + M; )3<p' D > 0.

J

Thus H(f) is bounded from below, which proves thatl (M1, M;) is Pnite. To prove that
I (M1, M;j) is negative, we use a rescaling argument. Fof > 0 and f # F(M1,M;), we
consider the rescaled functionf{x,v) = f((l,(v). Then f~ belongs toF(M1, M;) and we
have (see Appendix A)

H(f) = i3|v|2f3u!

( 2 pot(f )

( EB/(l)t(f)

(2
5 ( EPi(f) as(- +*,
where Epot(f) is positive (sincef is not zero). The property (1.2.1) follows.

Step 2. The nondichotomy condition.

We now claim the following monotonicity properties: for allO<k ) 1,

| (M1, kM;) %K@ 71 (Mg, M;) (1.2.4)

and p
| (kM1,Mj) %Kk3rr D (M1, Mj). (1.2.5)

Proof of (1.2.4). Let k # (0,1] and f # F(M1,kM;). From Appendix 1.4.1, consider the
unique rescaled functionf(x,v) = ) f () ¥3x,v) in F(M1, M;j). From (1.4.2), we deduce in
particular that ) % 1 and that

1

)Py ) ) FL

Then, we get
M= IR L) e 1) FaEl)) It ) e+ sEl )
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1.2. EXISTENCE OF GROUND STATES 45

and

* + 1 * + 1
: 1 %w@o,, - 1 @D
(M1, Mj)) H(F)) 3IVI2f3L1! K Epo(f)+ &ER(f) ) K H(f).

This result holds for all f # F(M1,kM;j) and k # (0, 1], which proves (1.2.4).
Proof of (1.2.5). Similarly, we take f # F(kM1,M;j) and set

Fxv) =) £ Y3k 3%, v)
the unique rescaled function inF(M 1, M), which implies that ) ) 1 with

) #1) k) )P

Thus,
: 13 2 ) L #5/3uP 2 #430-M
H(f) = K vI“F 7 ) ! 13k Epot(f)! )31( &E por(f )
13 o) e G .
) K [v[f7 ! K Epat(f)! — &E or(f ).
From k) 1andp > 3, we conclude that
* 1+ A(lp! 6)
. 3(p! 1
(M1, Mj)) H()) — H(f),

and (1.2.5) follows.
We now prove (1.2.2). LetO< ) <1and0) ' ) 1. Then (1.2.4) and (1.2.5) imply

4p! 6 1
I() Ml’l Mj) %) 3(2! 1) ' 3(q! l)I(Ml,Mj),

and a similar inequality with (1! )) and (1! '). As we havel (M1,M;) < 0, we only
have to show that

4p! 6 1 4p! 6 1
) 3(p!' )" 3(a' Y +(1 | ))S(p! 1) (1! ! )3(q! ) < 1,

which holds true sinceq > 1 and % > 1. The proof of Lemma 1.2.1 is complete. O

Now we state the second lemma concerning the pure Manev case.
Lemma 1.2.2 (Monotonicity properties of the inbmum J(M 1, Mj)). Let j be a real-valued

function satisfying Assumptions (H1) and (H2), let M1,M; > 0 and let J(M1,M;) be
debned by(1.1.14) in the case” = 0. Then for all 0< ) ) 1 we have

) TTTI(ML,M;)) IO My, M;)) ) JTTI(My, M), (1.2.6)

2

) FIETIML M) IML) M) )P I (M, M), (12.7)

In particular, the function (M1, M;j) .- J(Mg1, Mj) is continuous.

45



46 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Proof. Let M1,M; > 0and) # (0,1]. Let f # F() M1, M;) and let

13 (

. 0
f(x,v) = Of mx,v

be the unique rescaled function ifF(M (, M;) given by Lemma 1.4.1. Then we deduce from
(1.4.2) that ( = ,1 and, since) < 1, we have also
Oq#l) ) ) Op#l'
Moreover, we also deduce from the rescaling identities of Appendix Ahiat
K (f—) — ) 1/30#2/3K (f )

This yields (1.2.6). The inequality (1.2.7) is obtained similarly. O

1.2.2 Proof of Theorem 1.1.1
We are now ready to prove Theorem 1.1 which concerns the existence of themmizers
and some of their properties.

Step 1. Existence of a minimizer.

The Poisson-Manev casg¢" > 0).

Let My,Mj > 0. From Lemma 1.2.1, we know thatl (M1, Mj) is Pnite. Consider a
minimizing sequencef , of (1.1.13):

(fa(ir= M1, (((fa)(Ls=M; and _lim H(fn)= 1(M1,M)). (1.2.8)

At bxed n, we denote byf & the standard Schwarz rearrangement of , with respect to
the variable x. From the Riesz inequality, we haveEpot(fr‘?X) % Epot(fn). Thus we have
H(&)) H(f,) and we may assume that the sequenct, is spherically symmetric in
space.

We now observe that the sequencéf ) is bounded inE;. Indeed, from the subcritical
condition (1.1.12), the kinetic energy off,, is controlled by the inequality (1.2.3). Thus,
from Lemma 1.4.3 of Appendix B, there existsf # E; such that

fnl f in LP(R®) and Epot(fn) - Epot(f).

By lower semi-continuity, we then have H(f) ) 1(Mg1,M;j) which implies f = 0 since
[ (M1,Mj) < O (see (1.2.1)). Therefore there exisD < )," ) 1 such that (f( 1 =) M
and (j (f)(L2 = " Mj. Combining this with (1.2.5) and (1.2.4), we get
4pl 6 1
) D @I (Mg, M) H(E)) 1(M1,M).

Hence) ="' =1 andf is a minimizer of (1.1.13).
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1.2. EXISTENCE OF GROUND STATES 47

The pure Manev casg(" =0, &=1).

Let f, be a minimizing sequence of (1.1.14). By a similar argument as abeywe may
assume thatf, is spherically symmetric in space. Moreover, from the rescaling forntas
of Appendix 1.4.2, the sequence of functions debned H = fn((in,(nv) (where (2 =

(| v|?fn (1) satisbes

O #F(My,Mj), K(R)=K(fa) and (v@R(L1=1.

In particular, (f3) is bounded in E. From Lemma 1.4.3 of Appendix 1.4.2, there exists
fO# E; such that
9 1 Pin LP(R®) and Epet(fd) - Epot(f.

Since(ff?]) is a minimizing sequence of (1.1.14)Ep0t(f91) converges toJ (M1, M; Y#1. This
implies that )
Epot(]q = J(My, Mj)#l >0

and then 0= 0. ) )
Moreover, from FatouOs Lemma, we haué (f9 ) liminf K () = J(M1,M;) and we
have also0# F() M1, Mj) with 0 < )," ) 1. A similar rescaling as in the proof of

Lemma 1.2.2 gives
. 1
K(O) % —g5——-—3(M1, M),

) 3(af )" 3(p! 1)

which implies that ) = ' = 1. Therefore f is a minimizer of the variational problem
(1.1.14).

Step 2. Euler-Lagrange equation for the minimizer.

The Poisson-Manev casg€" > 0).

Let M1,M, > O satisfy the subcritical condition (1.1.12) and let Q be a minimizer of
(1.1.13). Our goal in this step is to derive the Euler-Lagrange eggtion satisbed byQ. Let
, > 0. We introduce the set

S = {(x,v) # R%, Q(x,v) %,},

and pick a compactly supported functiong # L® (R®) such that g > 0 almost everywhere
in R®\S.. Then,
4 5

forallt# 0, — , fi=Q+tg# E\{ O}.
(o(s 1= Q+ g i \{ O}

Similarly as in Appendix 1.4.1, there exists a unique pair(0;,/{) positive numbers such
that the function f; debned by

& * +
fi(x,v) = Of¢ X, & \Y
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48 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

belongs toF(M 1, Mj), which is equivalent to

M1 1. M;
= o f = L (fe(pe. 1.2.
I (i and 0 (J(OcFe)(La |V|1( t(L1 (1.2.9)
By dilerentiating the prst equality, we obtain for t- 0
D
_ re 9
[t=11 =—=t+ o(t). (1.2.10)
My
For all t # [0, %}'TA#] and for all 0 # R%, we set
$ &$

1¥
GO.H= 5 j(0f)! fi.

R6

Then G is clearly aC! function of t and 0. Moreover, from Appendix 1.4.1, we get
$G
—(0,t) > 0.

This implies that t .- 0; is a C' function and, by dilerentiating (1.2.9) with respect to t,
we obtain
* $ $ +

M] 1 |
[ ! + -
MLC R6g. . Re] (Q)g t+ot), as t- O, (1.2.11)

0 =1+

where, from the hypothesis (1.1.8),Co = (j'(Q)Q(L:! M; is a positive constant. Since
Q is a minimizer of (1.1.13) and sincef; belongs toF(M1, M), we have

im HED L HQ
t 0 t

% 0.

From the computation in Appendix 1.4.1, we also have
!

/3" $ +
f %vﬁﬁ% 1!3|w2Q3L1= ;z 3|w2Q3L1+t IVI’g ! %vFQ3L“
L *Ot $ R6 +

Z Epot(ﬁ)! Epot(Q) = /t2 Epot(Q) ! 2t . log+ 1:ZEpot(g) ' Epot(Q).

Inserting the expansions (1.2.10) and (1.2.11) in these expressis, we get
$ * 5 +
1ﬂ+!Q!uLw@)g%q (1.2.12)
R6 2

ith
" , IV|2Q3 y

1
u:!—iﬁgﬁ—wM(:!WE Epot(Q) !

3Mtﬁu ..
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1.2. EXISTENCE OF GROUND STATES 49

We now observe thatu and ( are negative. Indeed, the equalitl (M1, M;) = 3 |v|2Q3
Epot(Q) gives

Ll!

&

1
(= M1 I (M1, Mj)!

(

o) $ -
'VéCQ SERACCIE O

wherel (M1, Mj) < Oand, from (1.1.8),] "(Q)Q! 3j(Q) %0. Since equality (1.2.12) holds
for all g# L® (R®) which is compactly supported onS , we have

2
Mgt (1 1'@=0 ons

This means that this equality holds on Supp(Q). Similarly, out of the support of Q, as

g %0, we have

2
%HQ! ( %0.

We Pnally get, for all (x,v) # 'R3 2,

& 2
M+ 100! (

— (i#1
Q(x,v)=(]) "

+

We will show later (Step 3) that !  is a C function, which is su' cient to ensure that Q
is a steady state. Indeed, from (H1), we deduce that the functior(j')#?* is C! on R with
()%1(0) = 0. Hence, Q being a function of the microscopic energy is a steady state of
(1.1.1), at least in the weak sense. Note tha is C! in the interior of its support and is
continuous but may have an inPnite derivative at the boundary d its support.

The pure Manev casg(" =0, &=1).
Let Q be a minimizer of (1.1.14). To get the Euler-Lagrange equation, wsimply di! eren-

tiate f .- K (f) following the same procedure as above and bnd after computations

STPCINS
_inr1 2z T 0 eX):
Q=(i) m :

with

o= WVPQL _ gy iy (= (Col MDAVER(: - ) (VPQU:.
Epot(Q) 6M1Cq 3Co
By inserting these expressions in (1.1.1), we observe thdt is a steady state of (1.1.1) if
and only if 0 = 1, which meansJ(M1,Mj)=1. Let M1 > 0 be bxed. From the control of
the inbmum (1.2.7), we deduce that the functionM; .- J(My, Mj) is continuous, strictly
decreasing and satisbes

li M{,Mj)=+* li M{,M;)=0.
M:mo‘]( 1, ]) ’ Mj'lnl$ ‘]( 1s j) 0
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50 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Therefore, it is clear that there exists a uniqueM; such that J(M,Mj) =1.
Step 3. Regularity of the potential ! o and compact support ofQ
Let us prove that ! o belongs toCH' |, for all ) # (0,1). Using the expression ofQ, we get

B Moot (
)= () 2
R3 H

dv. (1.2.13)

+

Passing to the spherical velocity coordinateu = |v| and performing the change of variable
—_ u?
W= o, We get
;s /_
% (x)=4# 2yl GH* (k) ! w),  wdw, (1.2.14)
0

where k(x) = We remark that the support of % is contained in {x #

Fo(x) ! (
o}
R3, k(x) %0} and that k(x)+ ) ! o(x)/u . Moreover, from (H2), for all s % 0 we have

2 3
(i) Ys)) C smi+sat

Therefore
$ k. 2 . L3
%(x) ) C (K()! WP T +(Kk(x)! w)a@1  wdw
20 341 3 13
) C (k(x)+)§+m+((k(x)+)z+m
2 3 1 3 13
) C [lo()IZ"FT+ gt et . (1.2.15)

SinceQ belongs toL*0 LP, p > 3, and since|v|?Q belongs toL !, we deduce from interpo-
lation inequalities that % # L* 0 LPo with po = 353 # (3, 3].
Assume now that%, # L0 L for some3 <k < 3. Then from the Hardy-Littlewood-

Sobolev inequality, we deduce that! 5 belongs to allL® with 3<s )* and that ! g"
belongs to allLs with 3 <s) 2. Hence, from (1.2.15), sincey % p, we deduce that the

function %, belongs toL) with
* +
3 1 3k

— 4+ ol .
23 p!' 1 ~ 3! k

(1.2.16)

Using (1.2.16) andp > 3 (Assumption (H2)), a simple bootstrap argument enables to proe
that there exists r > 3 such that %, # L".

Consequently, from Sobolev embeddings and frorgl 1) Y21 g = | %), we deduce that
the Manev potential ! §§ belongs toC>' forall ) # (0,1! 2). Since this function converges
to O at the inbnity, we have ! §J # L® , and then! o # L® . Thus (1.2.15) gives% # L® .
Finally, using again Sobolev embeddings, ¢§ and ! § belong to C*' for all ) # (0,1).
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1.2. EXISTENCE OF GROUND STATES 51

From the regularity of ! o, the fact that this function goes to 0 as|x| - +* and that
(< 0, one deduces that
: 5 /
supp@ = (o) # R, T 1g001 () 0
is a compact subset oRS.

Let us now prove that %, belongs toC%' for all ) # (0,1). Passing to the spherical
coordinate in velocity in the expression (1.2.13) ot and performing the change of variable
8+ o ()%

2 Q

S= H

yields

$

S ds.
+

ROINE t12
!

g5 7
%00 =i 2 (NS

D
For all k # R, denotef (k) =  (i")*1(s)(k! s)} *ds. We claim that, for all ko > 0, we
have

ki ko # (5 Lkol,  IF(ka)! f(k2)) () (kokg P lke! Kal. (1.2.17)

By taking kg =

2%t 2 we deduce from this claim that

' (x,y) # R, %(x)! %)) Clta(x)! o).
This shows that %, # C%' for all ) # (0,1). Next, since we have

o=t ") (1) *V¥(%),

we can conclude from standard regularity argument that! o # CH forall) # (0,1). This
is the regularity of the potential stated in Theorem 1.1.1. Let us nowprove the claim
(1.2.17). Forallky) ko) ko, we have
$ 2 3
fo)! fk) = ()*4S) (k! 977! (ka! 972 ds
R+ $ 2 3
) (Y Mko) (k! 9P (ka! 9)Y? ds

R+2 3
= 2697100 (k¥ (k)22 ) () koK 2kt k).

Sincef is an increasing function, this yields (1.2.17). This concludes the mpof of the
regularity of the potential stated in Theorem 1.1.1.

Step 4. The functions%, and ! o are spherically symmetric and monotone.

Consider a minimizer Q of (1.1.13), continuous and compactly supported thanks to the
previous step, and denote byQ¥ its symmetric rgarrangement with respect to thex vari-
able only. We have clearlyQ® # F(M1,M;) and  |v|?Qdxdv =  |v|?Q%dxdv. Moreover,
by th$e Riesz inequality (see [43]), we h§$ve

RGQ(X,V)Q(Y,W)Q(IX! yl)dxdy) R6Q&X(X,V)Q‘g‘x(y,W)Ql(IX! yDdxdy  (1.2.18)

51



52 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

forall (v,w) # R®*$ R®, whereg(r) = - + % (recall that " %0 and &%0). Therefore, by
integrating this inequality with respect to v and w, one gets

Epot(Q) ) Epot(Q¥),

which means thatH (Q¥) ) H(Q): Q¥ is also a minimizer of (1.1.13). Hence, we must
have equality in the above inequalities: Epot(Q) = Epot(Q%) and, even more, we have
an equality in (1.2.18) for all v,w. We are then in a situation of equality in the Riesz
inequality: since the function g is strictly decreasing, we deduce that (see [43]), for all, w,
there exists a translation shift xo(v, w) such that

Q(x,v) = Q% (x + xo(v,w),v) and Q(x,w)= Q¥(x + Xo(v,w),w). (1.2.19)

Let v be such thatQ(3v) ,6 0. Q being compactly supported, we integrate the brst equality
in (1.2.19) againstx and obtain
$ $
XQ(x, v)dx XQ& (x + xo(v,w), v)dx
3 $R3 $
. XQ&(x,v)dx ! xo(v,w) . Q& (x, v)dx.
R

R

R
Hence, we have the expression

D
rs X(Q(x, V) I Q% (x,v))dx

rs Q& (x, v)dx

Xo(V,w) =

and then xg(v, w) is independent ofw. Similarly, using the second equality in (1.2.19), one
obtains that xg is independent ofv. We have proved Pnally that there existsxg # R® such
that

Q(x,Vv) = Q%(x + Xxo,V) = Q¥(|x + xo|,V), 'vi# RS

Consequently, up to a translation shift, % is a nonincreasing function of|x|.

Let us now prove that ! o is a nondecreasing function of = [x|. Since the function
j is convex andp < 0, the expression (1.2.13) shows that o(r) is nondecreasing on the
compact support of the nonincreasing functiorfg(r). Let [0, Rg] be this compact support.
For x| = r >R g, we have

% ()
r3 4#|x ! y|

% (y)

| P =1 _ RV
() =1 o 2#2x 1 y2 Y

dy and ! (x) =

Passing to the spherical coordinate (see the proof of Propositn 1.4.2 in Appendix 1.4.2),
we have *

$ R +
M1 1 Q s%(s) r+s
1Px)=1! — and '¥M(x)=1 = In ds.
Q) =1 Q=14 0 r ris
2 3
Since the functionr .- %In 1+ ri—ss is positive and decreasing! g is nondecreasing on
[Ro,+* ). The proof of Theorem 1.1.1 is complete. O
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1.3. ORBITAL STABILITY OF THE GROUND STATES 53

1.3 Orbital stability of the ground states

To prove the orbital stability result stated in Theorem 1.1.3, we brst need to prove the
uniqueness of the minimizer under equimeasurability and symmetric gwstraints which are
inherited from the invariance properties of the Vlasov-Manev Bow. Tls uniqueness result
is at the heart of our stability analysis and is quite robust in the sense that its proof does
not use the Euler-Lagrange equation. Technically, the uniquenesproof only uses the fact
that a minimizer is a function of a certain microscopic energy, which is ot necessarily that
of the minimizer. Therefore our proof does not use the equation sateed by the potential
itself (a non linear fractional-Laplacian equation in the presentcase).

1.3.1 Uniqueness of the minimizer under equimeasurability condition

This subsection is devoted to the proof of Lemma 1.1.2.

Let * + * +
v|? v|?
Qo(x,v) = F o + *o(x) Qi(x,v)=F > + *1(x)

be the functions debned in Lemma 1.1.2. Note that o and *1 are not supposed to
coincide with | o, and! o, respectively, which means that they are not supposed to satisfy
the fractional-Laplacian equation. Fori #{ 0,1} and for all + < 0, we debne

_ /
2
a, (+) = meas (x,Vv) # RS, %Jr *i(x) < +

From the equimeasurability of Qg and Q; and the properties of the functionF, we have
<0, a,(H)= a,(4). (1.3.1)
Fori #{0,1}, we debne
0 3 1
o (()= meas x # R%, *i(x) < (

for all ( < 0 and we have then for all+ < 0,
$ *
a (+) = e+ dv.
R3 2

Passing to the spherical velocity coordinateu = |v| and performing the change of variable
w= +! u?/2, we obtain
$ 4

a (+)=4# 2 W (w) +1 wdw. (1.3.2)
#$

We claim that the expression (1.3.2) and the equality (1.3.1) impy that,

for almost all ( < O, Mo () = e (0)- (1.3.3)
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54 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Hence, as* o and * ; are continuous and nondecreasing, we havey = * ; on the set
{x # R> *o(x) < 0} = {x#R% *4(x) < 0},
which immediatly gives Qg = Q1.

Proof of (1.3.3) from (1.3.1) and (1.3.2). By dilerentiating with respect to + the function
a-, debned by (1.3.2), one gets
$ 4

I ..
v<0,  a (=242 AWy, (1.3.4)

i tlw

Now, remarking that, for w < (, the following integral is constant:
$
(

d+
L((,w) = Yoeoeeoe—r— = #,
w o (P DD w)
one deduces from the Fubini theorem that
$ a @ 1% X
=" d+=2# 2 He (W)l ((, w)dw = 2#2 2 e (w)dw.
ws (! + #$ 4%

Thus, from a-, = a-,, we deduce thatp- ,(() = p-,(() for almost all ( < 0, and the proof
of (1.3.3) is complete.

End of the proof of Lemmal.1.2 Let Qp, Q1 be two equimeasurable and spherically
symmetric steady states to (1.1.1) which minimize the variationd problem (1.1.13) in the
Poisson-Manev case"(> 0) or the variational problem (1.1.14) in the pure Manev case
("=0,&=1). From Theorem 1.1.1, there exist( o, Ho, ( 1, M1 < 0 such that, fori # {0, 1},

Iv|?

Qilx,v)=(j")*t =

+!Qi(X)! (i

. (1.3.5)

We now debne, for # {0, 1},
* +
X
6i(X1V) = Qi W, |Ui|1/2V

The functions &, and &, are still equimeasurable and satisfy
2 3
! Qi ﬁ EGi

| i |

* +
Gi(xv) = (jH* !|v2|2! “i(x)  with *i(x) =

Since! g, is continuous nondecreasing and converges ®asr - +* , the function *; is
continuous, nondecreasing and the sdtx # R3, * o(x) < 0} is bounded. From the previous
step, we then conclude that

@0 = @1,
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1.3. ORBITAL STABILITY OF THE GROUND STATES 55

which means that 2 3 '

Q(x V)= Qo X)v with ) = HL (1.3.6)
) Ho

We shall now prove that) =1.

The pure Manev case In this case, the equality of the kinetic energies (which is assumed
in this lemma) directly gives) =1.

The Poisson-Manev case Let us derive a virial identity satisbed by the minimizers Q of
(1.1.13), using a rescaling argument. Fof > 0, we setf(x,v) = Q((X, ¥), which implies
f( # F(Ml,Mj) and

H(f() = ( aIVI Q3 ! CER(Q)! (PRER(Q).

This function of ( has a strict global minimizer in ( = 1, which yields the following virial
identity:
3 IVI2Q3 1! pot(Q) & pt(Q) = 0. (1.3.7)

Moreover we recall that Q satisbes

3 |V| Q3 L1 ! "Epot(Q) ! &Epot(Q) = 1(My, M;j )-

Combining these two equalities, we get

%Egot(Q) = 1 1 (M, Mj). (1.3.8)

Let us now use this identity for the two minimizers Qg and Q;. From (1.3.8) and (1.2.1),
one deduces that

pot(QO) pot(Ql) > 0.
Moreover, from (1.3.6) and Appendix 1.4.1, one gets

pot(Ql) = ) pot(QO)
This yields ) =1, which ends the proof of Lemma 1.1.2. O
1.3.2 Orbital stability of the minimizers, proof of Theorem 1.1.3

In this subsection, we prove Theorem 1.1.3.
The Poisson-Manev case

Let Q be a minimizer of (1.1.13) and assume that Theorem 1.1.3 is false. Thehdre exist
, > 0 and sequences$§ # Ej, t, > O, such that

Lme (fo! Q(g =0, (1.3.9)

and
'n%0, 'Xxo# R% (f"(ta,x,v)! QX+ Xo,V)(g %.,, (1.3.10)
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56 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

wheref "(t,x,v) is a solution to (1.1.1) with initial data f .
From (1.3.9), we have

im H(ES) = 1My, M), lim (F8(s = My, lim. (1(F5 ! Q)11 =0, (1.3.11)

In particular, f{ converges toQ in the strong LP topology and hence almost everywhere,
up to a subsequence. Using the assumptions (H1), (H2) and the coexity of j, we deduce
from a classical argument (see Theorem 2 in [12]) thatj (f ) (L2 - ( j(Q)(Lz.

Let now gn(Xx,Vv) = fn(tn,X,Vv). By the conservation properties of the Vlasov-Manev
system (1.1.1), we have

NimeH(gn) = 1M, M), lim (G (L= My, Jim (5(an) (s = M), (1.3.12)
and, for all t %0,
meag (x,v) # R®, gn(x,v) >t} = meaf(x,v) # R®, fJ(x,v) >1}. (1.3.13)

From Appendix 1.4.1, let us debne

& vs ¢

On(X,V) = Onln 5%,V
n

such that (g,(.2 = Mg and (j (9,)(L1 = Mj. Then, from (1.3.12),
Oh- 1 (n- 1 (1.3.14)

and
Jim H (@) = im H(g) = 1(M1, M),

Henceg, is a minimizing sequence of (1.1.13). Now, from classical argumentaged on
concentration-compactness techniques ([45], [46]) and the non-dictomy inequality (1.2.2)
(similarly as [38] and [40]), we claim thatg, is relatively strongly compact in E and
converges to a ground stateé1, up to a subsequence and up to a translation shift in space.
Hence, by admitting the claim proved in the end of the Poisson-Manev ase, by (1.3.14),
we have

On - Q1in E (1.3.15)

up to a subsequence and up to a translation shift.

Let us now prove that the equimeasurability (1.3.13) and theL! convergences ofy,
and f§ imply the equimeasurability of Q and Q1. Indeed, we remark that, fort > 0 and
0<, <t,

I

" {on>t}7 ({lon! Qul<,}0{Qi>t! P 1{lgn! Qi %,},

# g >t)18{ g! Qi< .}0{Qi>t+,}.
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1.3. ORBITAL STABILITY OF THE GROUND STATES 57

By passing to the limitasn - +* | one gets
!
7 limsupmeaqgg, >t}) mea§Qi>t! ,},
n' +$

Z Iri]mi%f meag g, >t} % meafQ1 >t + ,}.

Finally, passing to the limit as , - 0, we have meagg, >t}- meaq§Q; >t} for almost
all t> 0 and similarly meadf?>t}- meadQ >t} for aimost all t > 0. Observing that
the functionst .- mea§Q >t} andt .- mea§Q >t} are right-continuous, we obtain
the equimeasurability of Q and Q1.

We now use the characterization of ground states stated in Theorem 11 and the
uniqueness result given by Lemma 1.1.2, to conclude thaf) = Qi, up to a space transla-
tion shift. Finally, (1.3.15) contradicts (1.3.10).

To complete the proof of Theorem 1.1.3 in the Poisson-Manev case we Jgajust to
obtain the compactness of minimizing sequence of (1.1.13). Considen@nimizing sequence
fn of (1.1.13):

(fo(ie =M1, (i(fa)(Ls=M; and _lim H(fa) = 1(M1,M)). (1.3.16)

Let $
% (x) = fn(X,v)dv.
R3

From the concentration compactness lemma [45, 46], up to a subsequencaegmf the three
following possibilities occurs Br being the ball of radius R centered at the origin inR?):

() Compactness:there existsy, # R® such that
$

', >0, 9R< +* suchthat'n %1, %(x) dx%M,! ,. (1.3.17)
Yn+BRr

(i) Vanishing:
$

, lim_sup %(x) dx = 0. (1.3.18)
TV YRS y+Be

'R< +*

(iii) Dichotomy: there existsmj # (0,M1) such that for all , > 0, there exist
no % 1 and sequence$%)n( 1. (%B)n( 1, (Wn)n( 1 # L1 (R3) satisfying, for all
n % no,

%% = %Bw, = %hw, = 0 almost everywhere,
% % = ‘%ﬁ+°/ﬁ+wnwith 0) %‘,O/ﬁ,wn) %

% dist(Supp(%), Supp(%)) - +* asn- +*,

:D ; :D ;
(%! %! %B(L1) ., - g %B()dX! mp-+ - s %R (X)dx! (Mg! mg)- <.
(1.3.19)
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58 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

We claim that only compactness can occur. To show this claim, we need s@mprelim-
inary results. First, we know that H(f) is bounded. Consequently, the inequality
& 03 g D 1 2¢ 4% \g ST D g 350D
KTMlleipl !K_P%|v|fn3|flMllejpl,
i i

Hﬁn)%iwﬁngu 1!

and the subcritical condition (3.1.10) imply that the kinetic energy of f, is also bounded.
Thus f,, is bounded in the energy spac&; and a standard interpolation inequality shows
that (%) is a bounded sequence ih"(R3) for all r # [1, g with q= gg—ﬁ > 3 (recall that

the real number p has been debned in Assumption (H2)).

Vanishing cannot occur. Assume that vanishing occurs and pick > 0. We denotekp =1,
km = 2 and introduce the indexi # {P,M}. For 0< / <R, we decompose the Poisson
and Manev potential energies into a sum of three terms, as

i % (X)% % (x)%
Epot(fn) = (')7|((iy)dxdy+ %dxdy
|>§Y|>R Ix !yl [x#y|<, Ix !yl
0, 0,

<x#tyl<r X! ik
The prst term in (1.3.20) can be estimated as follows. FoR large enough, we have

$
wiysr XDyl Rki 77
_ . ) _
Let us now estimate the second term in (1.3.20). LetK (x) = X and r =

a _3 -
2ql 1) - 2 Then, K, belongs toL"(R3) with

3! kil’
= >
r

0.

(K,(r) G/

Furthermore, sincer satisbes% + % =1+ q%, we deduce from the Young inequality that

(K, 3%(¢) C(K, (+(%(q) C/ ' (%(q.
Hence, from the HSIder inequality, for/ small enough we have
$
% (X)% (y)
[x#y|<, |X! Y|ki

since (% (q is bounded.
In order to estimate the third term in (1.3.20), we write

dxdy = (%(K, 3%)(1) C/ ' (%(5< .,

$ $ &g (
0 0,
BOVAW) gy L gy %(x)dx dy
C<pxayl<r XD y[S [% gs G Ix# y|<R
) M—kl sup % (x)dx.

Iy re yebe
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1.3. ORBITAL STABILITY OF THE GROUND STATES 59

Since we assume that vanishing occurs, we have
$

sup %(x)dx - O
y"R3 y+Br

and the third term converges to zero as1 - +* , for each bxedR and/. We Pnally obtain
Epot(fn) ' Oasn- +*  fori#{P,M}. Thus

Epot(fn) L 0
Now, passing to the limit in
H(f,) = 3|v|2fn3L1! Epot(fn) %! Epot(fn),

and, using (1.3.16), we get (M1, M;) % 0 which contradicts (1.2.1). We have proved that
vanishing cannot occur.

Dichotomy cannot occur. Suppose that dichotomy occurs and pick, > 0. We have a
decomposition% = % + % + wy, where%, % and w, are disjointly supported. We debne
then fl= fnlixe supp( 1)y @nd similarly f2and f Y. Now we write, fori #{P,M},

. . . 04 (x)9 % X)W,
Epolfn)! g1 Epo1) = 2 AR gy HOOO) gy,
W ()Wn (y)
| v/ A
b KTyl dxdy. (1.3.21)

Let us treat the brst term in (1.3.21). From

dn = dist(Supp(%f), Supp(%f)) - +* ,

we deduce that

$
BW)A(Y) M 2 .
RS WdXdy) (dn)ki 0 asn- +*.

We now treat the second and third terms in (1.3.21). We debPnegiip = g and Ocritm =
3 and we recall that, by standard interpolation inequalities, (Wn (g ) ( % (g IS

bounded. Then, from the Hardy-Littlewood-Sobolev inequality, wehave

[0)
BN (Y) 4y ) C(% (e, Wn(ges ) C(Wn(gun,
re X! y[k ' : ~
an (X)wn (y)
Wh (X)Wn (Y )
R6 WdXdy) C(Wn(QCrit,i ) C(Wn(%rit,i .

From the HsSlder inequality, we get
(Wn (o, ) ( Wa(3 (Wn(g"'") Clwn(Y) C.!
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60 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

for 3 = % > 0 and for n large enough. We bnally get, foi #{P,M},

limsup-Epe(fn) ! Epat(fm) ! Epor(f)-) C,'1,
n' +$
and thus,

limsup Epot(fn) ! Epat(fa)! Epat(f2)') C(/t+&/2)) C,'2.
n' +$

Hence, )
Hmi@f'H(fn)! HEY! H(f2) %3|v|2ng3Ll! C,/z.
Aslimpy +g H(fn) = 1(Mg,Mj), we get
[(M1,M;j) %limsup H(f})+ H(f2) 1| C,le. (1.3.22)
n' +$

Now, from the dichotomy assumption, the boundness of , in Ej, and from the disjoint
support property, we have

M+ MZ) My, (1.3.23)
with
M =limsup (j(f))(L2 and MZ=lmsup (j(f)(Ls. (1.3.24)
n" +$ n" +$
Let f} be the following rescaled function inF(my, Mjl) debned thanks to Appendix 1.4.1,
Lemma 1.4.1: & (
. oy3
fa(,v) = Onfy =X,V
(n
Then

HED = HED+ @ L ()IVET 0 @ (GODERGD T @! (Sob)sEM ().

where, by interpolation inequalities, the potential and kinetic energes are uniformly bounded.
From the expression (1.4.2) of , and 0,,, from the dichotomy condition (1.3.19) and from
(1.3.24), we conclude that there existsC: > 0 such that, up to a subsequence extraction
and for n large enough, we have

H(f7) %H(ED! C %I (m,MH)! C with limC =0.
A similar result holds for f 2 which gives, from (1.3.22),
I(M1,M}) % |imsgp|Lm§gp’H(fr})+ H(f2)
% 1(m1, M)+ 1((M1! m1),M?). (1.3.25)
Now, from the nondichotomy condition (1.2.2), we deduce
LM, M)+ 1(M1! m1),M?) >1 (M1, M{*+ M?) %1 (M1, Mj), (1.3.26)
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1.3. ORBITAL STABILITY OF THE GROUND STATES 61

where we used (1.2.4) coupled to (1.3.23). Since (1.3.26) contrath (1.3.25), we have
proved that dichotomy cannot occur.

Finally, we conclude from the concentration-compactness principlehiat compactness
occurs. Therefore, from the boundedness df, in Ej and the Dunford-Pettis theorem, we
deduce that the sequence

T, V) = fn(x+ yn,v),

is weakly relatively compact in L. Up to a subsequence, we have

fol finL'andLPwith f #E (1.3.27)
and in particular
(f (L2 = M.
Now we claim that
Egot(?n) - Eppot(f) and E%t(?n) - Ep'\)/clJt(f ). (1.3.28)

Indeed, fori # { P,M}, we have

(7R (x) ! %x)(%(Y) ! %y))

y X1y dxdy.

Epot(fn! )=

We decompose this integral similarly as in (1.3.20) for the probof nonvanishing. There
exist'; > 0 and two positive constantsCy, C, such that, for0< / <R,
C $
o N )
Epot(fn! f)) Cu/71 + e RB(%(X) I 9%x)) vn (X)dXx,

where
1< xi<r3(X)

Vo= (%! %3hy  with hy(x) = e

The sequencev, is bounded inL10 L% . From hi # L® and from the convergencéq 1 %
in L, we get
"X#R3 wvy(x)- 0 asn- +* .

Since, in addition, there is no mass loss:
* $ +* $ +

hiz (x)dx % (y)dy
* $R3 +* $R3 +

hr (x)dx %y)dy = (%Bhg(a,

R3 R3

(% 3hr(1

we have in factv, - 0in L2, and also inL%", From the H3lIder inequality, for all / and R
we have $

(%R () ! %x))vn(x)dx - 0,
R3
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62 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

which implies E“)ot(Tn I f)- 0and also (1.3.28). Thus, by FatouOs lemma,
H({f)) I(M1,M;) and (j(f)(L2) Mj. (1.3.29)

Moreover, we have from (1.2.4),

*

. +_ 1
0>1 (M1,Mj) %H(f) %I (M1, (j(f)(L1) % M pl T

)
I (M1, Mj).
I\/IJ (1 J)

Together with (1.3.29), this implies that (j (f)(.: = M;. Hencef # F(M,M;) and
H(f)= 1(M1,M;) and we Pnally get

af7niL1-( FlLs 3|V|2?n3L1' alvlzfau, 31_(?”)%1_( J(E) (L

From standard convexity argument, see [12], we conclude thaft, - f in L1, |v|*f, - | v|*f
inLandj(f,! f)- 0in L. We have proved the strong convergence, in thg; sense, of
the subsequencé , to the minimizer f and thus the compactness of minimizing sequence
of (1.1.13). The proof of Theorem 1.1.3 in the Poisson-Manev case ¢gempleted.

[
The pure Manev case
To prove Theorem 1.1.3 for the pure Manev case, itis clearly Sucient to prove the following
proposition.

Proposition 1.3.1. Let Q be a steady state of(1.1.1) which minimizes (1.1.14) and let
(fn)n( 1 # E such that for alls> 0

Nim  meag (x,v) # RS, fn(x,v) >s} = meag(x,v) # R® Q(x,v) >s} (1.3.30)
and

H(fn)
(VI#Fn(Ls

Then there exists(yn)n( 1 Sequence orR3 such that up to a subsequence

(fn(Le - € Q(L1, |Lr,n§l;p(j (fr)(L2) C 1(Q)(L1 and limsup ) 0. (1.3.31)

* +

fn (n(x+yn),(ln

* +
(v2Q(: Y2

- in Ei, where =
Qin§ (= V(e

Proof. From the assumption (ii), the sequence of rescaled functions debneg i (x, v) =
fn((nX, (ln) satispes for alls > 0

im - meag (x,v) # R8, fO(x,v) >s} = meaq(x,v) # R®, Q(x,v) >s}, (1.3.32)

limsupH (%)) 0and then liminf Epet(f%) % (V|?Q( 1 = Epot(Q) > 0. (1.3.33)
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1.3. ORBITAL STABILITY OF THE GROUND STATES 63

From concentration-compactness argument [45, 46] and using LemmaZ23in [38], one can
deduce that the sequencdd, satisbes one of the three following alternatives: compactness,
vanishing or dichotomy, see e.g. Lemma 3.2 in [38] for the debruins of these standard
notions. In fact, we shall prove that only compactness may occur.

Indeed, vanishing cannot occur, since (1.3.33) preventEpot(ff?,) from going to 0 as
n- +* . Next, if dichotomy occurs (see [38]), then there exisD <) < 1 such that, for
all , > 0, there exists a decompositionfq, = fl+ f2+ wy, with disjoint supports, such
that we have : c :
(Falen ! ) Qe+ -(FA(Le b (11 ))(Q(Lr <, (1.3.34)
and : ) X
Epot(fR) ! Epor(fn) ! Epat(f)i< .. (1.3.35)

The control of the mass (1.3.34) and the monotonicity of the inbram from Lemma 1.2.2
imply that

K(Fm) %30 (Q(r+ . (J (F)(Le) %I () (QLr + .., (J (Q)(L1)-

By choosing, < %(Q(Ll, we ensure that
* 1+) +
JO QL+, (1(Q(12) %I —=(Q(L+, (1 (Q)(1r > 1

and then 3 3 * 1 + 3 3
1y — 2¢ 1 2¢ 1
H{f) = v*f) . 1! IE) %Cy)V[TFR) 1, (1.3.36)
where C; > 0 does not depend of and n, which gives
Hml%f H(f;) %0, and similarly Irgmlnssf H(f;) %0. (1.3.37)

Moreover, we have

H(G) = 3|v|2fn13u+3|v|2f§3L1+3|v|2wn3L1! Epot(fn)
% H(@ED+HED! .

where we used (1.3.35). Passing to the limit in this inequality asn - +* , we obtain
limsup(H(f1)+ H(f2)) .
n' +$
From (1.3.36), we deduce that
lim supa |v|f #3 Lt 3 |v|?f 53 1)) C.,
n' +$
where C > 0 is independent of,. Then, using
Epaf D)+ Epanlt ) = J vt o e ) oD HEDE HED
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64 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

together with (1.3.37), we get
Iim Sl;p(Epot(fnl) + Epot(fﬁ)) ) C,-
n +

For , small enough, this contradicts (1.3.33) and (1.3.35). This progs that dichotomy
cannot occur and then compactness follows. In particular, there exists @equence of
translation shifts y, such that, up to a subsequence,

0, (&+ yn) 1 ©in LY(R®) and Epe(Q) - Epat(O.
Moreover, by lower semicontinuity and by (1.3.33), we have

(1) (J(Q(: and K() limsupK () 1.

Therefore, by (1.2.7), we have
2 3

1=J30(Q(L, QL)) I (QLy,(((O(L: ) K(O) 1.
The strict monotonicity of the function M; .- J(M1, M;) yields

(O = (Q(r and K(O=1.

From this, it is now standard to conclude the strong conyergencé (& yn) - in Ej. Note
that fOis a minimizer of (1.1.14) s;atisfyingf|v|2|g|_l = a|v|2Q L1~ Furthermore, from the

strong L convergence of9, (a+ yn) to Q and from their equimeasurability deduced from
(1.3.30), one can prove thatOis equimeasurable taQ (this proof can be done following the
same lines as in the above proof of orbital stability for the P@sson-Manev case). Therefore,

from Lemma 1.1.2, one deduces Pnally tha®is equal to Q, up to a translation shift. This
concludes the proof of Proposition 1.3.1 and the proof of Theorem 1.3 is complete. [

1.4 Appendix

1.4.1 Rescalings

Letf # Ej andlet 0> O, ( > Oand p> 0. Then the rescaled functionf~ debned by
f(x,v) = of ((5, uv) satisbes the following identities.
Norms

3 3
(Fls = 005 (s 5 (s = 500w e - oIl

Functions
2.3 2 3 2.3
0 X x
%O 3% i E0= olip SRR 053!?4

A‘X

Potential energy

EP(F) = ozﬁe Pf) L EM(F) = 02‘6 EM(T).
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Lemma 1.4.1. Letf # E\{ 0} and M1,M; > 0. Then there exists a unique pair of
positive constants(0, () such that the rescaled functiorf~ debned by

(
v (1.4.1)

13

f(x,v) = Of mx,

satispes(f{ 1 = M1 and (j (f)(L2 = M;. Moreover, 0 and ( satisfy

M, . #1 ot l M
( and min(0P*+,0% %)) Ml(j(f)L(Ll

= T ) max(0P*1 0% 1), (1.4.2)

Proof. The rescaling (1.4.1) gives immediately
(Flea = ((F (L2 and (j(F) (L2 = %(j(Of)(Ll-

Hence,f~ satispes(f{ 1 = M1 and (j (f)( 1 = M; as soon as

(= M1 GO _ My (F (.
(f(Ls O (F)(Le M1(G(F)(Lo

The brst parameter ( is then uniquely determined. Notice also that (1.4.2) is a direct
consequence of the nondichotomy condition (1.1.9). It remains tonove the existence of a
unique suitable 0.

Consider now the function of0 # R¢ debned by

() (s
0@ (F) (L

From the nondichotomy condition (1.1.9), we have

h(0) =

(I)[moh(O) =0, 0‘|Ir]r’]$ h(0)=+ * .

Moreover, from a direct calculation, one gets

(J'Of)f (o, (G(OF)(,n
0 (F)(Le ~ 02(J(F)(Ls

(5 (Of ) (s

()= 02 ((F)(

> 0,

%(p! 1)

where we used Assumption (H3) on the functiorj. Hence, there exists a unique # R%

such that
M (f (L

Ma(j (F) (L2

and the Lemma is proved. O

h(0) =
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66 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

1.4.2 Some properties of radially symmetric potentials

Lemma 1.4.2. There exists a constantC > 0 such that, for all f # E spherically sym-
metric, we have for allx # R3

C P

m(f (L2) 'f(x)) O (1.4.3)
Moreover, for all 0 < ) < 1, there exists a constantC, > 0 such that, for all f # E
spherically symmetric, we have for alk # R3

C

! D(lT(f(Ej) M) o, (1.4.4)

Recall that! f and ! M are dePned by1.1.3).

Proof. Passing to the spherical coordinates = |y| and x &y = 2rs cos3 in (1.1.3), one gets

$.59%, 0 - $ .5
% (S) sin 3
1P(x)=1 s?dsd3 = ! %(s)gf (s)s?ds, (1.4.5)
f 0 0 2(s?+r2! 2rscos3)Y? 0 r
$ $ : $
17+ 71 o9(s)sin3 17 +8
M =1 = 2 =1 — 0, M 2
F(x) '¥ . 2+ r21 2rscos3 dsd3 ", %(S)g," (s)s“ds, (1.4.6)
where L o 1 © : :
Py Ls<r(8) | Leory(s Mgz Ll *s:
o (s)= —= O and g (s)= Zini
Note that 2 3 253

1 S 1
g ()= g - and g'(9)= ' ©
Sincegl belongs toL® , (1.4.5) yields directly (1.4.3). Next, we remark that oV belongs
to L¥((0,+* ),s?ds) for all k # (3,+* ), which gives

3g:vlng 24g) ) L
((0,+$% ),s%ds) r2#§

k
We bnally obtain (1.4.4) by applying the HSIder inequality to (1.4.6). Indeed, thanks to
interpolation inequalities and under Assumption (H2), f # E implies that % # L1 0
L32((0,+* ),s?ds). The proof of the lemma is complete. O

Lemma 1.4.3. Let (f,)n( 1 be a bounded sequence Bf such that%, is radially symmetric.
Then there existsf # E; such that, up to a subsequence,
!
7 (i) fn1 f in LP(R®),
(i) Epot(fn) - Epot(f),

(iii ) forall $<q< 23 M 1M in LYR3).
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Proof. Sincep > 1, we havef, 1 f in LP(R®) up to subsequence, which yieldgi) . Let
us prove(ii) . The convergence of the Poisson potential energy is well-known, see e[88].
Let us prove the convergence of the Manev potential energy. We remark tha

Epni(fn) = (he, (22 with hy, = (1& )* Y40, .

Hence, from (1.1.7), we deduce that the sequende, is bounded inL2. Moreover, by
interpolation, we have that %, is bounded inL!0 LPo with po = SB—ZE # (%, %] and then,
by standard Sobolev inequalities, the sequendg!& ) hy, ) is bounded inL?(R3) for , > 0

small enough. This yields some local compactness and we hake, - hs in L%C(R?’).

Hence, to conclude Item(ii) , it su" ces to prove a uniform decay at the inPnity. For all
R > 0, we have

$
(Mt (o) = It M ()11%, (x)|dx
|xX|>R
&g (w3
) C(%,( a2 |1 M (x)]%dx
|X|>R
&g ) (s !
—dx =
R X% R 2

where we used a Hslder inequality, the uniform boundedness &%, in L¥? and (1.4.4)
with ) =1/2. Finally, we have proved that h¢, - h¢ in L?(R3), which gives in particular
Epoe(fn) - Epa(f).

The proof of (jii) is similar. Itis su" cient to remark that ! M = (1& )#¥29%_ to obtain

the local compactness of! M) in LI(R3) and the uniform decay at the inbnity, given by
1.4.4, enables to conclude. O

Acknowledgements.  We thank Naoufel Ben Abdallah for the proof of (1.3.3) from (1.3.)
and (1.3.2).
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Chapter 2

Self-similar blow-up solutions for the
pure Vlasov-Manev system

N.B. : Nous prZsentons dans ce chapitre la deuxisme partie ai®article ~ para’tre dans
SIMA, SIAM Journal of Mathematical Analysis. Ce travail a ZtZ fait en collaboration avec
Mohammed Lemou et Florian MZhats.

Abstract: In this chapter, we study the existence of blow-up self-similar solu
tions to the pure Vlasov-Manev system. For this particular case bthe Vlasov-
Manev system the potential is restricted to the Manev correction in! 1/r 2,
As stated in the chapter 1 this case can be compared with the Vlasovdtsson
system in dimension 4: the homogeneity of these both systems impligbe
instability of ground states. Hence around ground states built h chapter 1
we prove the existence of exact self-similar blow-up solutions tohe Vlasov-
Manev equation. This construction is based on a suitable variatioal problem
with equimeasurability constraint. Indeed classical Pnite constrait would not
provide the separation of the stationnary states. To solve sth a problem we
develop new methods of rearrangement with respect to the microscopic energy.

2.1 Main result

We recall brst the expression of the pure Vlasov-Manev system
!
nOgf +vangf it (g anf =0, (txv)#R:$ R3S RS

# o t=0,%v)= fo(x V) %0,

(2.1.1)

in which the potential ! ; satispes

LICEIY 2.1.2)

L)zt Y g
(LX) ws 221 yJ?
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70 CHAPTER 2. SELF-SIMILAR BLOW-UP SOLUTIONS FOR THE PURE VM SYSTEM

and the density % is debned by
$
% (t,x) = f (t,x,v)dv.
R3

For this system we constructed in the previous chapter ground state®y minimizing
the constant in the interpolation inequality (1.1.7) and we only proved a blow-up stability
of these stationary states. More precisely one may not be aimed at aelter stability than
this blow-up stability in the pure Manev case. Indeed the classical sthility does not hold
as shown by the following example (translating the pseudo-confanal symmetry property
in this case): letg = g(x,Vv) be a steady state of (2.1.1) in the pure Manev case' (= 0,
&= 1), then the function f+ debned by

*

+
Tx T!'!t X
+

TrTe T VT

fr(t,x,v)=g

is a blow-up solution to the system (2.1.1) in the pure Manev case"(= 0, & = 1), see
[13, 14].

To go further with the pure Manev system we prove in this chapter theexistence of
exact self-similar solutions to this system and in particular we castruct a continuous family
of blow-up solutions around each ground state. Remark that for tle Vlasov-Poisson system
in dimension 4 with which the structure of the equation in the pure Manev case ( = 0,
&= 1) can be compared, blow-up self-similar probles and pseudo-conform@&immetry are
exhibited (see [39]).

We used the same notations as chapter 1. Recall that the energy spacedebned by

E = {f %0 suchthat (f (g = (f(La+ (J(F)(L2+ 3|v|2f3Ll < +*% (2.1.3)

where the functionj : Ry - R, satisfying the following hypotheses.
(H1) j is a C? function, with j(0) = j'(0) =0 and such thatj"(t) > 0fort> 0.
(H2) There exist p,q > 3 such that
tj '(t)
—= , 't>0. 214
P) i) @ (2.1.4)
Thanks of Theorem 1.1.1, we consideMi,M; > 0 two positive constants such that
J(M1,M>3) =1 and Q a steady state of (2.1.1) in the pure Manev case"(= 0, &= 1)
debned as a minimizer of the variational problem
J(M1,Mj) inf K(f) ith K (f) aMZfaLl (2.1.5)
,Mi) = in , Wi = .
1 f*F(M1,M;) E[';’(')t(f)
From Theorem 1.1.1 and Lemma 1.1.2 the compactly supported functio® as minimizer of
(2.1.5) is unique under two constraints : its measurability {.e. its distributional function)
and its kinetic energy.

The following theorem gives the existence of exact spherically symmetriceB-similar
solutions to the pure Manev system, (we recall that a spherically ynmetric function, in
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2.1. MAIN RESULT 71

this context, is a function which only depends on|x|, |[v|] and x &v). The unigueness of
the minimizer under equimeasurable constraints is again used, toget¢r with the help of
suitable rearrangement techniques as introduced in [42, 41], to pve this existence, and in
particular to build a continuous family of blow-up solutions around each minimizer.

Theorem 2.1.1 (Exact self-similar solutions in the pure Manev case) Let Q be a steady
state of (2.1.1) in the pure Manev case ' = 0, & = 1), which minimizes (2.1.5). Then
there exists a constant® > 0 such that for all b# [0, b, there exists a compactly supported
spherically symmetric stationary probleQy, # C°(R®) having the form
* |V 2 , +
Qu(x,v) = Fp ——+ bxav+!qg,(x)

2
on its support, and such that, for allT > 0, the function
- * %
f(t,x,v)= Qp —,(()v with ((t)= 20(T! t) (2.1.6)

((t)

is an exact self-similar blow-up solution to the pure Manev syste (2.1.1) in E. Here,
the function ! o, belongs toC! and the function F is a continuous nonnegative function
on R, whichisCl on]!* e for somee, < 0 and vanishes onfey, +* [. Moreover, Q,
converges toQo = Q in E asb- 0.

Remark 2.1.2. The previous results show that, in the pure Manev case"(= 0, &= 1),
around the ground state Q, there are at least three classes of dynamical probles.
(i) Subcritical solutions. When the initial data fg is subcritical, i.e. when

J ((fo(Le, (1 (fo)(L2) > 1= 3 ((Q(L2, (1 (Q)(L1),

then the kinetic energy of the solutionf (t) is controlled for all time. Indeed, one has
* + * +
1

1
K(f (1) J ((Fo(Lr, (1 (Fo)(L2)

Recall that J is debned by (2.1.5) and is continuous and decreasing with respect teitwo
arguments.
(i) Pseudo-conformal blow-up solutions.The following family gives an explicit class of
Pnite time blow-up solutions [13, 14]:
*
Tx TIt X

2 Cy+ =2 > 0.
T T Yty 720

H(f (1)) % (|v|>f (L2 1! % (Jv|?f (L2 1!

+

f(t,x,v)=Q

Note that the kinetic energy blows up with the rate (T ! t)#2,
(iii) Self-similar blow-up solutions. The family given by (2.1.6) blows up in Pnite time and
the kinetic energy blows up with the rate (T ! t)#1,

In Subsection 2.2.1 we introduce the rearrangement with respect of a mdeked micro-
scopic energy and apply it in Subsection 2.2.2 to build self-similasolutions of (1.1.1) in
the pure Manev case' =0, &=1.
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72 CHAPTER 2. SELF-SIMILAR BLOW-UP SOLUTIONS FOR THE PURE VM SYSTEM

2.2 Self-similar solutions in the pure Manev case

From now on, we only consider the pure Manev cas€' (= 0, & = 1). This section is
devoted to the proof of Theorem 2.1.1. LetQ be a steady state solution to (2.1.1) which
minimizes (2.1.5).

We seek, forb small enough, a compactly supported and spherically symmetric stédn-
ary proble Q, # C°(R®), with ! o, # C}(R®), such that

*
+
X %

((t),((t)v with ((t)= 2(T! t) (2.2.1)

is a solution to (2.1.1) in the pure Manev case. We insert (2.2.1)i (2.1.1), use the identity
U= 1 b/( and then get that Q, has to satisfy (at least in the weak sense) the following
equation in the self-similar variables (%, v) = ((E‘—t),((t)v) (which are renoted (x,v) for

simplicity),

Qb

va"yQp!" x!'og,a"vQp+ b(xa"xQp! va",Qp) =0. (2.2.2)
We brst observe that a function of the form
* +

2
g(x,v)=F |V7+ bxav + ! 4(x)

satisbes this equation. However, for non trivial probles and for b = 0, it can be seen
that such a function does not belong toE; (it has always inbPnite mass and energy). To
solve this problem we proceed as in [52, 39] and introduce a radial €a! function - from
RS to [0, 1] such that

-(xX)=1 for |x]<rg and -(x)=0 for [x| >Rg¢ =2rg,

whererg > 0 will be debned later on (see (2.2.34)). We shall prove the existenad a
function having the form
* +
|v[? .
Qu(x,v) = F > + b (x)xav+ g, (X) , (2.2.3)

which is compactly supported in{| x| <r g}. Here, the function! o, belongs toC! and the
function F is a continuous nonnegative function onR, which is Ct on]!* e[ for some
e < 0 and vanishes on[ey, +* [. Hence, we have
* ) +
\Y p
Qu(x,v) = F % + bxav+ g, (X) , ' (x,v) # R® such that |x| <r g,

which is sU' cient to deduce that Qy, is a solution to (2.2.2).

To construct such self-similar probleQy, it is natural to use a minimization problem
with constraints. However, if the number of constraints is Pnite, whch is the case for
instance if we prescribe the mass and a Casimir functional as in Seoti 1.2, then the
uniqueness of the minimizer is not garanted. This uniqueness propsariwill be crucial to
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2.2. SELF-SIMILAR SOLUTIONS IN THE PURE MANEV CASE 73

ensure that Qy is in the vicinity of Q. Therefore, we will choose a variational problem
with an inPnite number of constraints which, using Lemma 1.1.2, wlllead to a unique
minimizer. More precisely, we debne the following set of constraints:

Eq(Q) = {f # E : f is equimeasurable withQ} . (2.2.4)
Then we consider the associated variational problem
Tp:=inf {Ty(f): f # Eq(Q), spherically symmetric with Epot(f) = Epoat(Q)} ., (2.2.5)

where $ +
Tp(f) = |V7 + b (x)xav f(x,v)dxdv (2.2.6)
R6
and we claim the following Proposition.

Proposition 2.2.1. Let Q be a steady state of(2.1.1) in the pure Manev case which
minimizes (2.1.5). Then there existst® > 0 such that the following holds. For alb# [0, b,
the variational problem (2.2.5) has at least one minimizer. Moreover, there exists a family
of minimizers Qy of (2.2.5), taking the form
* +
[v|? ;
Qu(x,Vv) = Fq, 3 + b (x)xav+ .pl g, (X)
where ., is a positive constant and- (x) has been debned above, and such that, kas 0,
we have the convergences, - 1and Q,- Qo = Q in Ej. Here, the function Qy, has its
support in {(x,v) # R®, |x| <r g}, the function ! o, belongs toC! and the function Fq, is
a continuous nonnegative function onR, which is Ct on]!* e[ for somee, < 0 and
vanishes on[ey, +* [.

This result will be proved in the sections below. Now, using this Propsition 2.2.1, we
end the proof of Theorem 2.1.1. To obtain the desired form (2.2.3) wérst rescale the
function Qg given by this proposition as follows:

* +
v

Gb(xlv) = Qb X, 7b

and setb= . pb. This ensures thatQ, is a function of

E+ B (x)xav+ ! 5 (x)

> l'5,(X)-

Denoting backQ, and 6 by Qp and brespectively, we can conclude that we have constructed
a function Qy, of the desired form. To prove that this function is a solution to (2.2.2), we
need the continuity of Qp on R® and its C! regularity in the interior of its support. This
regularity can be deduced in a similar way as foQ, see Section 1.2.2, Step 3. The proof
of Theorem 2.1.1 is complete. It remains to prove Proposition 2.2.1For this purpose, we
need some tools which we introduce in the following subsection.
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2.2.1 Reduction to a functional of a modiPed microscopic ene rgy
Let us brst debne
$rad = {!¢, T # Ejraa }, With Ejrag = {f # E, T spherically symmetric}. (2.2.7)

From Lemma 1.4.2, we deduce that there exists a constan€ > 0 such that, for all
't # $aq, We have

C
Li(r) %! rsﬁ(f (g - (2.2.8)
Moreover, by interpolation and using (H2), we have
_ 5p! 3

Therefore, from Hardy-Littlewood-Sobolev, one deduces that ¢ # LK, for all % <k)

3(5%3), and in particular, since p > 3, one has

(Mi(Ls) C(f(g- (2.2.9)

As we said, we shall constructQp, as a minimizer of the functional T, debned by
(2.2.6) under equimeasurability constraint. Similarly as in [4L, 42], the key tool to study
this variational problem is the symmetrization with respect to the microscopic energy
% + b (x)x av + ! (x). Before debning this symmetrization, we need to introduce and
study the Jacobian associated with this change of variable.

Lemma 2.2.2 (DePnition and properties of the Jacobianape). Let ! # $,2q\{ O} and
b# R.. Debning the Jacobian functionape: R§ - R* as

. /
2
apof€) = meas (x,v) # R, % + b (X)xav+!(x)<e 'e< 0,

where Omeas@tands for the Lebesgue measure dR®, we have the following properties.
(i) The Jacobian ay 0 is given by the explicit formula

I _¢ . *
2 +$
34”2 el 1(r)+

3 0 +

e<0, apofe)= r<dr. (2.2.10)

F ,G
(ii) Let epge=infess ! (r)! OO % R& 1% | Then ayofe) = 0 forall e) epw
and apg is a strictly increasing C! di"eomorphim from (epg, 0) onto R%. We will denote
by af 5, the inverse function ofayg
(iii) Let (fn) be a bounded sequence B aq \{ O} and let(e,, b,) be a sequence iRE $ R*
and assume that there exist # Ejraq \{ 0}, e# R* 1{*} and b# R* such that

fol f in LP(R®), e,- eandh,- b.

CIOUNE
2

Then, by denotingayg, (* ) =0 and ayg, (0) =+ * , we have

an, %, (en) - Ay (6) and 's>0, aﬁﬂ%%n(s)— ajg, (s).
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Proof. Proof of (i) . We remark that

2
MIE, b- (x)x &v = %|v+ b- (x)x|? !

(b-(x)1x])?
2 2

Hence, by performing the change of variablev = v + b (x)x with respect to the variable
v, and passing by the spherical coordinate we bnd
$ $

apod€) = (4#)%  r?dr 2du.

L ryn 2 <oy

Formula (2.2.10) follows. Since! # $4q\{ 0}, we have both the control (2.2.8) and the
fact that the set {x # R3, 1(x) < e} is bounded. These two properties ensure that the
integral in (2.2.10) is Pnite.

Proof of (i) . By dominated convergence, we deduce thag .- apof€) is Ct on R§ with

$ g "

+
| 2712
ahod) = 16%° 2 et 1(ry+ &N
0

5 rdr %O0.

+
For epop< € < 0, we have cIearIya{),%(e) > 0. Let us prove that apof€) converges to+* as

e- 0. We observe that, forf # Ej;aq \{ O} there existsR > 0 such that (fr(.1 = %(f (L1,
wherefr = f 1jxj<r . Thus one can prove that

f
1 )1% 1, )5 URLY asr e (2.2.11)
hich gives
e g $,7 c ‘tau
ab,o/!(e) %C o e+ m rzdr.

Hence,apof€) - +* ase- 0. Since, we have clearlyay of€p0) = 0, item (ii) is proved.

Proof of (iii) . The sequencéf ) is bounded inEj;aq . Then, from Lemma 1.4.3 in Appendix
B, up to extraction of a subsequence, we have in particular

'+, - !¢ almost everywhere

From (2.2.8) and the boundedness off ) in Ejraq , We have

Lo (1) %! r;:/Z
Thus , ,
ent 1y, 007y o O B OD7

when r converges to the inPnity. Sincee, - easn - +* | this implies that, for e #
['* ,0), the function * +
) 2
r .- en! !fn(r)+M
2 +
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is uniformly compactly supported. Therefore, by dominated convergence, evdeduce that
an, %, (en) - apy (€).

Let us now treat the casee = 0. Remark prst that for all n # N, we have
A, % (€n) %0a0,06 (€n),

and thus it is su" cient to prove that ago, (en) converges toapof0) = + * asn- +* .
Let M > 0 be an arbitrary constant. We know that

Cs
1+ |x[?

‘X # RS, ' (x)| %
8 9

c
Denote#n = x # R>, |1+, ()| < 533y
$ *

C t32 3
+ — dx > i,.
R 0020+ XP) 4 2

(2.2.12)

and let eg < 0 be such that

For n large enough, we haves, > e and thus

| _ * +
8# 2$ Cs 32
2 €t S

3 R ng 21+ |x[9) N

% 2M | — < PR
° 3, 2T avxp .,

ap o, (en) % dx

(2.2.13)
dx.

To prove that the second term converges td) asn - +* |, we remark that the set of
integration of this term has the form #, 0 B(0,R) with R > 0 independent ofn. Now,
from (2.2.12) and from the debnition of#,

$ * +3 $ * +3

C C
(I fn(X) P f(X)(E3(R3) % ! dx % f
'n

—_— ——  dX.
2(1+ Ix]%) 1yBoOR) 21+ X

Since! ¢, converges to! ¢ in L3(R®) by Lemma 1.4.3, we deduce that the measure of the
set#, 0 B(0, R) converges to0, which implies that the integral
$ * t32
o+
! ») BO.R) 2(1+ |x2) .
converges to0 asn - +* . Thus, for n large enough,a, o, (€n) % ag,0, (€n) % M. which
concludes the proof of the convergence @k, o, (€n).
Now, we shall prove that for all s # R, we haveal’, (s) - ajg (5). Let ey =

dx

aﬁnf% (s). We know from the above result that, if e, converges toe # [!* 0], then

S= ap,%, (en) - apy (€).

Hence, the sequencée,) converges toe = aﬁ‘}@ (s). The proof of Lemma 3.4.1 is complete.
O
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2.2. SELF-SIMILAR SOLUTIONS IN THE PURE MANEV CASE 77

Now, we are ready to construct our symmetrization off with respect to a given mi-

croscopic energyJ"T|2 + b-(x)x av + ! (x). For this purpose, we brst recall that the Schwarz
symmetrization Q% of the function Q is the unique nonincreasing function orR* such that

(> 0 He (()= mal(),

where
Ho'(() =meas{s# R* : Q%s)> (}, uQ(()=measo(X,V)# R®: Q(x,v) > (1,

and where the notation Omeas@tands for the Lebesgue measure respectively & and
R®. Note that Q% is compactly supported and continuous (since is compactly supported
and continuous). We shall denote

re=min{r # R* : Q¥r)=0}. (2.2.14)

Lemma 2.2.3 (Rearrangement with respect to the microscopic energy)Let ! # $,,q\{ O}
and b % 0. We denote byQ®* the nonincreasing continuous function of the microscopic
energy debned by
6 2 . 3 )

Q%2apy M-+ b ()xav+ ! (x) if Mo+ b (xav+!(x)<0,

Q*Mx,v) = )
it M+ b (x)xav+ ! (x) %0.

Then the following holds.
(i) The function Q¥ is compactly supported and
. /
&b Y% v[? : #1
Supp@®M) = S+ b (xav+ ! (x) <ajyre)

whererg is debPned by(2.2.14).
(i) We have Q%*# Eq(Q) and
$
N IV|2Q%M(x, v)dxdv ) C((! (%5 + bP). (2.2.15)

(iii) Let (fn) be a bounded sequence &aq \{ O} and let (b,) be a sequence oR* such
thatf, 1 f =0 in LP(R®) and b, - b. Then,

Q¥ %n - Q%% in LY(R® 0 LP(R®).
(iv) For all f # Eq(Q), spherically symmetric, and for all. > 0, we have
$ *2 3

|V2|2+ b-()xav+.!i(x) Q¥ (xv)! f(xv) dxdv) 0 (2.2.16)

with equality if, and only if, f = Q%&%
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Proof. We brst remark that property (i) is a direct consequence of the debnition @@&%.
Proof of (ii). Recall that, for all (> 0,
8 9
Ho's: =meas (x,v) # R°,  Q%¥x,v)> ( . (2.2.17)

If (% Q%0) = (Q(L# , we clearly havepg s (() =0 = Ho((). If ( < Q¥O0), then we
h

e 8 2 3 9
meas (X,V) # RS, apo % + b (xX)xav+ ! (x) < sup{r,Q4r)> (}

sup{r,Q¥(r) > (} = uo(().

Thus the functions Q% and Q are equimeasurable. To estimate its kinetic energy, we
remark that

pget ()

$* + $
To(Q%% % %! bRs|v| Q&b’%%% IV]2Q% %1 KPRZ(Q( 1. (2.2.18)
Moreover, from the debnition of Q%% one deduces that
S P + $
Ty(Q%%) s 2 + b (X)xav+ 1 (x) Q%®%x v)dxdv! ! (x)Q%¥x,Vv)dxdv
) ! (x)Q%®Mx, v)dxdv ) (! (Ls(%ybr (La2

) C((La(QPATZNVIPQ®ATE) (1 (La(vPQ®H(Y2,

where we used an interpolation inequality and(Q¥’{ s = (Q(,:. Combining this with
(2.2.18) gives the control of the kinetic energy (2.2.15).

Proof of (iii). From the continuity of Q% and from Lemma 3.4.1(ii) and (iii) , we clearly
have, for any sequence, - e,

Q%2ap, %, (en) - Q%2apy (9).

Moreover, by Lemma 1.4.3, up to a subsequence,;, - !¢ almost everywhere inRS.
Denoting
Iv[? . v[? .
en(x,v) = S + by- (X)xav+ !, (x), e(x,v) = > + b (X)xav+ !¢ (x),

we deduce that
fora.e. (x,v)#R® e (x,v)- e(x,V).

Thus Q%% converges toQ%” almost everywhere inR® and the equimeasurability of
Q&% and Q%% gives the convergence in.1 0 LP.

Proof of (iv). Let f # Eq(Q) be spherically symmetric and let. > 0. We have! = .! ; =
l gt # $raq\{ O}. We denotef = Q&% ”and we use the layer cake representation
$ % %
f (X, V) = -0 Lics (X,V)dt-
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hen from FubiniOs theorem,
2 -
% +b-(X)xav+ ! (x) f(x,v)! f(x,v) dxdv
R6
$ % % $ 2 3* |V|2 +
= ) dt . Let o) ! Lic ) > + b (X)xav+ ! dxdv
$t7’/% % $R 2 3 * |V|2
= dt Tr ey t<f (xv) b LE (xv)* t< Fixw) -t b-(x)xav+ ! dxdv
$tT)/%o/'k &@ * |V|2 + * |V|2 + (
= dt — + b (xX)xav+ ! dxdv! —+ b (X)xav+! dxdv ,
t=0 siy 2 Sa(t)

+

with
Si(t) = {f(x,v)) t<f (x,v)}, Sa(t)= {f(x,v)) t< f(x,v)}.

Now, from the equimeasurability off and f, we have

"t> 0, meas1(t)) = meas(S(t))

and, sincef is a nonincreasing function of@ + b (X)x &v + ! (x),
’ |V 2 /
a(t) =  sup Pli b (x)xav+ ! (x)
(V)" (1) 2 /
i VPP )
inf b (xav+ ! (x) = ag(t).
(V)" Sut) 2 (x) x) = a(t)

Thus
$ * Iv[2 +
> + b (X)xav+!(x) dxdv ) measBy(t))ax(t)) measSi(t))as(t)
Sa(t) * +
2
Iz + b (X)xav+!(x) dxdv,
Sa(t) 2

which yields (2.2.16). In the case of equality in this above chairof inequalities, it is easy
to prove that f = f, see for instance [41, 42]. O]
2.2.2 Existence of self-similar solutions

The goal of this subsection is to prove Proposition 2.2.1.

Step 1: uniform bounds.Let 0<b ) 1 be given. In this step, we prove thatTy is Pnite and
that there exists C% > 0, independent ofb, such that every minimizing sequencef ®)n n
of (2.2.5) satisbes, fon large enough,

(fo(g ) C& (2.2.19)

For all (x,v) # R®, we have

2 2 2
%Jr b(x)xav%%! bR$|v|%%! PR3
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and so, for allf # Eq(Q), we have

$
Tb(f)%%1 IVI?f | PRE(Q(L1. (2.2.20)

This shows that T, > * . Moreover, if (f ®),» y is @ minimizing sequence of the variational
problem (2.2.5), then forn large enough we have
$
To(fp)) 1+Tp) 1+Ty(Q)) 1+C  |VPQ.

This, combined with (2.2.20) yields the existence oC%,

Step 2. For all b# Ry, let (f ®),» n be a minimizing sequence for (2.2.5). In this step, we

Do
show that there exists a sequencé P) of positive numbers such that(ng’&” A?r?), debned by
Lemma 2.2.3, is also a minimizing sequence of (2.2.5). The interest thfis new minimizing
sequence is its compactness property, as it will be proved in the thirdtep.

Lemma 2.2.4. There existsb® > 0 such that the following holds true. For allb# [0, b

and for all minimizing sequences(f P),- y of the variational problem (2.2.5), there exist

0< .# < .* and a sequence of positive numbers )+ n in [.#,.*] such that, up to

bo, bo

a subsequence, we ha\Epot(ng'&‘/‘?H) = Epot(Q). Moreover, we haveTb(Q&b’&"/‘?H) )
bo

To(f £) with equality if and only if Q¥% %% = b,

Proof of Lemma 2.2.4 Let b > 0 be given and consider a minimizing sequencé ), n

of the variational problem (2.2.5). From Step 1, we know that (for n large enough), this

sequence satisbes the bound (2.2.19).

We brst observe that. .- Epot(Q&)’&%E) is continuous onR%. Indeed, by Lemma 2.2.3
(iii) , we know that . .- Q%% is continuous from R to L1(R®) 0 LP(R®). Hence, from
the kinetic control (2.2.15) and Lemma 1.4.3 of Appendix B, one dedces the continuity

81),&0/?[3
Of - Epot(Q ”).

We claim now that, for b small enough, there exist0 < .# < .* such that, up to a

subsequence with respect tm, we have

&.& %y & & % p
¥ 1

Epot(Q ) <E pot(Q) < E pat(Q )- (2.2.21)
Since Q®4*% # Eq(Q), we have, by (1.1.7),
$
0<E pot(Q¥8)) ©  [v2Q®™8 (x, v)dxdv. (2.2.22)
R6

Furthermore, the control of the kinetic energy (2.2.15), together wih (2.2.9), gives
$
IVI’Q

8%

) C(A(fR( + PP)) C((C%)*+ 1),
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2.2. SELF-SIMILAR SOLUTIONS IN THE PURE MANEV CASE 81

where we also used (2.2.19). Hence from (2.2.22), one deduces that thexist b # (0, 1]
and . # > 0 such that for all b# [0, tﬁ‘] and for all n, we have

&8 %y
n

Epot(Q ) <E pot(Q)-

Note that b¥ depends only onQ, and does not depend on the sequendéf).

Let us now prove the second part of the claim (2.2.21). Since the segace(f ), \ is
bounded inE;j, Lemma 1.4.3 of Appendix B in chapter 1 implies that there existd p, # Ejaq
such that up to a subsequence, ag - +* ,

fnl foin LP(R), Epatlfe) = lim  Epot(fn) = Epor(Q).
In particular, f, =0 and, by Lemma 2.2.3(iii) , for all . > 0 we have

Q

Thus, from the kinetic control (2.2.15), (Q ) is bounded inE; and spherically sym-
metric, which implies that E poi(Q®“*8) converges toE poi(Q%®%%s) asn - +* . Conse-
quently, to prove the claim (2.2.21), it is su' cient to show that, if bis small enough, there
exists . ¥ such that Epot(Q‘g‘b"?‘+ #v) > E pot(Q). This result will be a consequence of the
following lemma, which is proved later.

DEME - Q®&%, in LYR) O LP(RY) asn- +* .

&)’&%R

Lemma 2.2.5. There existsb¥ > 0 such that the following holds true. For allf # Ejraq
satisfying

Epot(f) = Epot(Q),  (fF(L2)( Q(Lz, (G(F)(L2) (J(Q)(L2 (2.2.23)
and bRe)2 bRe)2
To(f) + ( F;$) (f(L 1) Tp+ ( ?) (Q(1, (2.2.24)

for someb# [0, 5], we have
lim Sup Epo (Q4*") > E por(Q). (2.2.25)

Before proving Lemma 2.2.5, let us use it to end the proof of Lemma 2.4 and Propo-
sition 2.2.1. Let us check thatf, satisPes the assumptions of Lemma 2.2.5, fdr) bS.
Note that & given by this lemma is independent of the functionfy. First, fy, satispes
Assumption (2.2.23) because of the weak convergence @) to (f,) and of the strong
convergence of the potential energies. To prove that, satisbes Assumption (2.2.24), we
remark that

2 2 2 2 2
'(x,v) # R®, M, b- (x)x &v + (bR)” _ v+ b COxI7 , (bRs)™! (b ()IXI) % 0.
2 2 2 2
Hence, by lower semicontinuity, one has
2 * 2 + 2
Tolto)+ o (hy(ys) Biminf To(fD)+ O (s = Tor PRV,
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Therefore, we may apply Lemma 2.2.5 and get the existence of such that, for b) b,

Epot(Q®& %b) > E pot(Q).

Hence the claim (2.2.21) holds true for all0 ) b) b* = min( ¥ ). Note that b is
independent of the sequencéf £). One can chose P # [. #,. *] such that for all n, we have

& &0
Epot(Q18) = Epat(Q).
Now, it remains to show the second part of Lemma 2.2.4. We have
* +

0, 2 0,
T,(Q%5R %Ry = 2;_' Fb(Ox A+ B () QPH R (x, v)dxdv

LD Lep(x Q&% g (x, v)dxdv
) To(ED)+ B 10T R V)dxdvE LB 1 ()QP MR (x, v)dxdy,

from the inequality (2.2.16). Observing that

$ 2 3
& &bY 1 & &P & &PY
QTR v)dxdv = 5 Epar(fR) + Epar( @) 1 Epar( @R Y D)
we get
&8 % p b -r?z &8 %y | b3 r? &8 % | ¢ b
To(Q 7)) Tb(fn)"' 2 Epot(Q m)! Epot(fn) EEpot(Q n fn)'

Since R
Epot(Q . ?’t‘))z Epot(fr?)z Epot(Q)a

b
we deduce that Ty(Q%®% %5

equality if and only if = Q

)) To(f?). By Lemma 2.2.3(iv), this inequality becomes an

D o
&%k The proof of Lemma 2.2.4 is complete. O

Step 3: construction of Qp, minimizer of (2.2.5). Let b # [0,b%, where b* is debned
in Lemma 2.2.4, and letf ® be a minimizing sequence of the variational problem (2.2.5).
Then, the sequence. ) given by Lemma 2.2.4 lies in a compact interval. #,. *]. Up to
a subsequence(. °) converges to some}, > Oasn- +* . By Lemma 2.2.3, we have

ng,&?"/?g ; Q&bv&b%b in L1OoLP,

bo
wherefP 1 fyin LP. Moreover, from the kinetic control (2.2.15), (Q&O’&n 8L

in Ejrag and thus,

) is bounded

9 . &b &P %
Epor(QP®%0) = lim . Epor( Q) = Epar(Q).

Let us denote Qy, := Q%%%: and make another rearrangement. Applying Lemma 2.2.4,
there exists. , > 0 such that
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(i Epot(ngib%b): Epot(Q). )
(i) To(Q®**s)) Tu(Qp) with equality only if Q5% = Qy,
By lower semicontinuity, we have

To) To(Q) liminf ToQ®H"8)) lim Te(fh) = T

Therefore Tp(Q¥%%0) = T,(Qp) = T, which implies that Qp = Q%% In particular,
Qp takes the desired form (2.2.3) and similar arguments as in Section.A.2, Step 3, give
the regularity of Qy stated in Theorem 2.1.1.

Step 4. We prove here that the above constructed sequencgyp) converges toQ in E,
asb- 0. Remark brst that Qg = Q and then .g = 1. Indeed, we claim that Qg and
Q are two radially symmetric equimeasurable steady states of (2.1) (with " = 0), which
minimize (2.1.5), and have the same kinetic energy. This enables topaly Lemma 1.1.2
(i) and conclude thatQp = Q. Let us prove this claim. First, sinceQ is a steady state of
(2.1.1) which minimizes (2.1.5), and sinceQg is equimeasurable toQ, we have

K (Qo) %K (Q)=1.

Second,Qp being a minimizer of (2.2.5) withb= 0, and sinceEpt(Qo) = Epot(Q), we also
have

K(Q) %K (Qo).

This yields K (Q) = K (Qp) =1 and then Q and Qg are both minimizers of (1.1.14). Since
these functions are equimeasurable, the claim is proved.
Now, similarly as for (2.2.43), one can prove that
lim sup$ EQb) ’ E
b o 2 2
$ $

Moreover, sinceQ is a minimizer of (2.1.5), the function Q, satisbes |v[?Qp, %  |V|?Q

for all b. Thus, we have $ $
v IvI* b- 0 2.2.26
2% T »b (2.2.20)
and the sequenc€Qy) satisbes
H (Qu)
Qu#Eq(Q) and ————-
# EAQ) (VPQu( s
Thus, by Proposition 1.3.1 of chapter 1, one deduces that we have
A " gvirQ( T
V . \) L!
X, — - in E, where = 2.2.27
@ L, - QNG ©F iR @220
From (2.2.26), we Pnally deduce that(, - 1 and that
Qp- QinEF asb- O. (2.2.28)
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Step 5: convergence of.p) asb - 0. We recall that Q, takes the form (2.2.3), thus
satisbes the equation

va'xQp! .b" x! g,@"vQpt b-(X)(xa"xQp! va"yQp)! bxa)" x-a"vQp=0. (2.2.29)

We aim to apply Lemma 2.3.1. Multiply the two last terms of (2.2.29) by x & and integrate
on R®. Integrations by parts give

$
(xav)b- (x)(xa"xQp! va"yQp)dxdv="!b (xav)(xa"-)Qpdxdv

RS RS

and $ $
! b(x &v)2" - 4"yQupdxdv=+2b (X &)(x &"- )Qpdxdv.
RS RS
Then, from Lemma 2.3.1,
$ $
- bEpot(Q) ! IVI2Qp(x,v)dxdv = b (x &v)(x 4" - )Qudxdv, (2.2.30)
RS RS

where ©$

(Q(Lz + (IVIPQn(y1
> :

Using (2.2.26), (2.2.30) andH (Q) =0, we obtain.,- lasb- 0.

b (x av)(x a"-)dexdvg) bRE(" - (L#
R6

Step 6: choice ofrg. Now, we seekrs such that, for all b# [0, 54, Supp(%,) 7 B(0,rs).
We have seen that Lemma 2.2.3i) gives

. /
Supp(Qp) 7 (X,V), . bl Qyp(X) <ab&3%2 (rg) + (b&§$)2 , (2.2.31)

where rg is debPned by (2.2.14). Remark Prst that from the continuity of thefunction
(b,') .- ab(y(r&) in Lemma 3.4.1, we deduce

&b%g (rg) - 0/@(r&) <0 ashb- 0.

Let b§ > 0 small enough such that for all0 < b < b$

Bae, 1D _ & (FRe)? _ Al (o)
& o RS 0% and (Qulg ) 2AQe,
. b b
where we recall thatQp - Q in Ej. Then, for b) min(b% b§), (2.2. 31) yields
6
. 3 o/Q( &)
Supp(%,) 7 x#R? g (x)< (2.2.32)
Moreover, by (2.2.8), the function! g, satisbes
C . 2C :
!l o,(X) %! (Qulg o, 2C(QAg (2.2.33)

|X|3/2 0: |X|3/2 !
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where C is a universal constant. Now we set

& (
8C(Q(e, 23

8,5, (&)
and observe that, as mentionned in Proposition 2.2.1, the constd rg depends only on

Q and ! . From (2.2.32) and (2.2.33), renotingb®* = min( b% %), we deduce that, for
0) b) K

rg = (2.2.34)

0 1
Supp(%,) 7 X #R3 |x|<rg

Finally we have just to prove the Lemma 2.2.5 to complete the probof Proposition 2.2.1.
0

Proof of Lemma 2.2.5 We proceed by contradiction. We suppose that there exists a
sequencey going to 0 ask - +* and a sequencdfy) such that, for all k, the function
fx # E satisPes (2.2.23), (2.2.24) and

lim sup Epot(Q®*4%c) ) Epat(Q)- (2.2.35)
& +

From the Cauchy-Schwarz inequality, we have for all. > 0

L QP) Epa( Q) 2 Epn(fi)?, (2.:2.36)
R
and thus the inequality (2.2.35) implies, for all k,
* $ +
limsup ! e Q%% ) E Q). (2.2.37)
& +9$ R6

Moreover, by Lemma 2.2.3(i), for all k, we have
: /
2
0 \'
Supp@® ) 7 (6v), It bRslvI+ 1 1, () <@y, (1

7 #(X!V)! !fk(x)<

#1
3 a0, (1) . (Rg)2”
. 2. K’

Now, from the explicit expression ofay, g9, and for e= aﬁ(ly&%k (rg), we get
2 e3

/ 2
aO,%k s

re= ap g%, (€) %aggy, (€)= . 3

and then,
e (Rs)® . 41 , #32 (Rs)?
R A L G L
Since, as - +* , the right-hand side of (2.2.38) goes t@j;, (0) = !( !, (L# #[* 0,
Tk

we deducs that

(2.2.38)

+

limsup 1 15, Q®%% 9 (1e, (Lr (Q(ur % (Mr (v (Fi(L1 %Epar(fi). (2.2.39)
& +$%$ R6
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Hence, from (2.2.37) andEpot(fk) = Epot(Q), the inequalities in (2.2.39) are all equalities.
Thus the sequencgf) satisbes for allk,

(fi(Le = (Q(Lx and (!, (L# (fi(Lr = Epot(Q). (2.2.40)

Now we will prove that (fk) is a minimizing sequence for the variational problem (1.1.14)
with M1 = (Q(L2 andMj = (j (Q)(Lz. First, from (2.2.24) and (2.2.40), we haveTy, (fi) )
Tp, . Combining it with

$ 2 $ 2 $ 2
Th, (fk) % %fk! bRg 1+ fk %(1! bRg) %fk! lq<;!$(Q(L1 (2.2.41)
and with
Iv[?
To) Ta (@)= - (2.2.42)
given by the depnition of T, and the radial symmetry of Q, we obtain
$ 2z % e
limsup &fk) & . (2.2.43)
k' +$ 2 2

Finally, using Epot(fk) = Epot(Q), H(Q) = 0 and the interpolation inequality (1.1.7) which
gives a lower bound for(| v|?f (.1, one gets

(i = (s, TmsUp(i (F)(1r) (1(Q)us and msup i) 0. (224)

vs (IVIPFi(Ls

Thus, following the proof of Proposition 1.3.1 of chapter 1, onaleduces that there exists
a minimizer f of the variational problem (2.1.5) with M1 = (Q(_: and Mj = (j(Q)(_:
having the same kinetic energy a€, and such that, up to a subsequence,

* + * 2 +

. v , (IvI“Q(¢ 1
X,v) = f X,— - f inE, where = —

fR(x,v) = fr (k J (k IV (o

(k

D D
Recall that Q is a steady state of (2.1.1), thusJ(M1,M;j) = 1. Since |v|>f = |v|?Q,
this yields Epot(f ) = Epot(Q). Furthermore, from

Epot(Q) = Epot(fk) = (%Epot(ftb and Epot(ftb - Epot(f) = Epot(Q),

we deduce that

1/2
(2.2.45)

(k- lask- +* .

Moreover, we deduce from Theorem 1.1.1 that is continuous and satisbes the expression
(1.1.15). Therefore! 1 cannot be constant on Supg% ), which implies

Epot(Q) = Epot(f) < (T (L (f(Le= (' (Ls (Q(L1. (2.2.46)
On the other hand, from (2.2.40) and the rescaling inequalities oAppendix 1.4.1, we get

Epot(f)  Epot(f)

(s = (2 _ *
(' (L (k(f(Ll am ask- +* .
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Hence, since fg converges tol ¢ in L3, we have

which contradicts the strict inequality (2.2.46). The proof of Lemma 2.2.5 is complete. O

2.3 Appendix: Virial identity

In this Appendix, we prove the following lemma.

Lemma 2.3.1. Letf # E be a continuous and compactly supported function which satispPes

va'ufim o aManf =g (2.3.1)
in the distributional sense, whereg belongs toL*(R®). Then the following virial identity
holds: $ $

Epor(f)! N [v|2f (x,v)dxdv = ! N (x &v)g(x, v)dxdv. (2.3.2)
Proof. First, integrations by parts give
$ $
(x &v) (va"f)dxdv =! [V[?f (x, v)dxdv
R6 R6
and $ $
! (xav)" x! M a", fdxdv = %xa"y! M dx.
R6 R3
Therefore, it remains to prove that this term is well debPned and satisbes
$
%xa"y! ¥ dx = Epg(f). (2.3.3)
R3

We observe that% # L1 0 L® (R3) sincef is continuous and compactly supported. In
particular, we have (! ) Y2IM =1 0 # L2(R®%). Moreover, from (1.1.3) we get! M #
L9(R3) for all g #]3,+* 1, in particular ! ¥ # L2(R®). We thus have! M # H(R®) and
the integral in (2.3.3) is well debned.

Let us now regularize the Manev kernel, setting for, > 0

% (y)

Le(x)= 1y #Y2# 299 = 0 222 _dy.
f(X) ( ) 2 =3 IXI y|2# y
We have clearly!; - 'M in H(R®) as, - 0and then
$ $
lim % xa"y!';dx= % xa"y! M dx.
"0 R3 R3
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Moreover, we have
$

%xa"

R3

Passing to the limit as, -

$
xax!y)
= ! : 9 9 _—
dx (2! ,)C y % (x)% () X1y dxdy
21, %)% )X !y
= 5 . X1y dxdy.

0 yields (2.3.3). The proof is complete.
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Chapter 3

Stable ground states for the
relativistic Vlasov-Poisson system

N.B. : Notons que ce chapitre sera prochainement soumis poyaublication, ce qui ex-
plique la langue anglaise employZe.

3.1 Introduction and main results

3.1.1 Introduction to the relativistic Vlasov-Poisson sys tem

The relativistic Vlasov-Poisson system in dimension three reads:
I

Fosf+ % a"f1" Jd.4a"f=0 R,$R3S$RS

2
; 1+ (3.1.1)
f(t=0,x,v) = fo(x,v) %0,
where the gravitationnal Poisson beld ¢ is debned for allt # R* by
! $
[ =0 =
o £ (tx) = %(t x) . f(t,x v)dv, (3.1.2)
Fi(t,x)- Oas|x|- +* .
This expression is equivalent to:
e(x) =1 3% (3.1.3)

4#|x|

This nonlinear transport system describes the evolution of a stellasystem subject to its
own gravity with some relativistic corrections.

Nowdays, the Cauchy problem of both classical and relativistic Vlaov-Poisson systems
is not well understood: although the existence of local weak soluins has been proved ,
the question of its uniqueness remains unknown (see [15]). Moreovdor the relativistic
case (3.1.1), in the most recent works about the Cauchy problem of smoth solutions, only
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90 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

radial smooth initial data have given results (see [23] and [3Y] In particular, Glassey and
Schaeler [23] have proved for radial smooth solutions that a blowv-up in Pnite time T is
caracterised by the blow-up of the kinetic energy
204 3
v[2+1! 1 f(t,x,v)dxdv- +* ast- T.

R6
There holds for smooth enough solutions of system (3.1.1) some [rartant conservation
properties: prst, the total Hamiltonian
H(f (t)) = V[2+1 ! 1 f(t,x,v)dxdv! = I" 15 (t, )| dX, (3.1.4)
R6 2 R3
is preserved in time and second we have the conservation of all Casinfirnctions: for all
" # CY(R+,R+) such tgat' 0)=0,

$
RG' (f (t,x,v))dxdv = RG' (fo(x,Vv))dxdv. (3.1.5)
The property (3.1.5) is equivalent to the conservation of the distibution function:
"19%0, My = Moo (3.1.6)
where the distribution function y; is debPned by
's%0, pi(s)= meag(x,v)# R f(x,v)>s}. (3.1.7)

Remark that in particular, the LP norms off are conserved.

In this paper, we will consider weak solutions to (3.1.1) in the natiral energy space
8 % 9

Eo= f %O0Owith f # LY(R®)OLP(R®) and 1+ |v2f #LYRO) . (3.1.8)

For all fo # Ep, the system (3.1.1) admits a local renormalized solutiorf (t). This
solution satisbes (3.1.5) and (3.1.6) but the conservation of &miltonian does not occur in
general: it only remains

"t %0, H(f(t)) H(fo). (3.1.9)
Note that, from this nonincreasing property and from (3.1.5), the kinetic energy will be
bounded if f o satisbes a certain subcritical condition

2p! 3

p
Co(fo([T" 7 (fo([3' Y < L (3.1.10)

Indeed, from Hardy-Littlewood-Sobolev inequality, the potential energy satisbes

l 2p! 3

p %
for all f # Ep, > . " !f|2dx) Cp(f (E(lp' I (f (E(pp' i) ; 1+ |V|2f;|_l (3.1.11)

where C,, is debPned as the best corresponding constant and thus the kinetic engrgan be

controled thanks to
2p! 3

+
p %
H(f)% 1! Cy(f (E(lp! 1 (f (E(pp! 1) ; 1+ |V|2f§Ll PO (e (3.1.12)

Hence we have global existence for the system (3.1.1) as soonfgssatisbes the subcritical
condition (3.1.10).
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3.1.2 Main results and strategy of the proof

Our main result gives the nonlinear stability of a large class of tationary solutions for
the relativistic Vlasov-Poisson equation. We adapt here a sintér result for the classical
Vlasov-Poisson equation [42].

Note (see [7]) that the radial steady states of the system (3.1.1are the functions of
the form

Q(x,v) = F(e,l),
where e and | are respectively the miscroscopic energy and the kinetic momentum given
by %
e(x,v)= |V[2+11 1+!g(x)andl= |x+v|%

An important question which has been the subject of several works is # question of
nonlinear stability of these steady states wherF satisbes

$F

—— <

$e
For some of these stationary solutions, built as minimizers of wtable functional, the
concentration-compactness Lemma ([45]- [46]) allows to prove theitability, see for exam-

ple [40]. Here we get the nonlinear stability of all these statioary solutions in the energy
spaceE,, debned by (3.1.8), with respect to its natural norm :

0.

%
(f(g = (F(Lat (F(Lo+ ( 1+ |V (L1

Theorem 3.1.1 (Stability of spherical models). Let Q be a spherical, continuous, non-
negative, non zero, compactly supported steady solution t3.1.1). Assume thatQ is a
nonincreasing function of its microscopic energy, i.e. thee exists a continuous function
F :R- R: such that for all (x,v) # R®
20 3
Q(x,v)=F VI2+1 ! 1+1qg(x) , (3.1.13)

and there existsep < 0 such thatF (e) = 0 for e % eg, F is decreasing andCt on (I* 1 €Q).
Let p > % Then Q is orbitally stable in the E,-norm by the Bow (3.1.1) : for all , > 0

there exists/ > 0 such that the following holds true. Lefo # E, be such that
(fo! Q(g, ) / (3.1.14)

and let f (t) be a corresponding renormalized solution tq3.1.1) on [0, T). Then for all
t # [0, T) there exists a continuous translation shiftz(t) such that

(f(t,x,v)! Q(x! z(t),v)(Ep ) . (3.1.15)

In the radial case, since a blow-up in Pnite time is equivalent to a lbw-up of the
kinetic energy, Theorem 3.1.1 provides global existence when the inifiaata is near the
non necessary subcritical functionQ. The existence of suchQ away from all subcritical
class of functions is an open problem.
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Stategy of the proof:  This proof uses arguments developped in [42] which treats the

same stability problem for the classical gravitational Vlasa-Poisson system. But here two
new main di" culties appear: the brst one is that the studied class of functionsni the
energy spaceE, does not imply the boundness of the potentials and the second one is
related to the breaking homogeneity character of the relativistic ppblem. Let us give the
global strategy of the proof.

For f # Ep, we know that there exists a nonnegative function orR., f % which is the
Schwarz symmetrization off , such that

's%0, pi(s)= M (s).
We can similarly build a rearrangement with respect to the microscopic eargy

%
e(x,v)= [v[2+1! 1+!(x),

for a non zero potential! . This rearrangementf #*is debned by
f %= £&2a,, with ay(() = meaq(x,v), e(x,v) < (}
and satisbes (as observed in [2])
e = pe, H(E®Y)) H(f) and Q = Q¥%.
Now by debning the functionnalJ by

I(1) = H(Q¥Y+ ;3 gt 132,
we shall prove that
$ g
H(f)! H(Q) %J('¢)! J( o)+ al (s)(f%(s)! Q¥(s))ds. (3.1.16)
0

Hence we can reduce our problem to the study of the functionnal which only depends
on the potential ! . Moreover, from the Polya-Szego inequality, we get

J(%) 3)

where ! & is the Schwarz symmetrization of! , and therefore the study ofJ can be re-
stricted to radial modes. We then use the Burchard-Guo compactness rel16] to get
the compactness of from that of ! &,

Our proof is performed in two steps:
(i) To prove the local coercivity of J on radial potentials ! near! q.
(ii) To prove Theorem 3.1.1 via a local compactness proposition thaks to (3.1.16). The
second step will be deduced from (3.1.16) and equimeasurability arguemts derived from
the rigidity of the Bow. The local coercivity stated in step 1 will follow from the Taylor
expansion near! o for radial potentials

J(M) 1 I(e) = %DZJ(! QU L lg it tg+2' (11 1o
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3.2. COERCIVITY OF THE FUNCTIONAL J 93

and from the strict coercivity of the quadratic form D2J(! g). To prove this coercivity, we
follow the same lines as [42] where a PoincrZ-like inequality was qred for the classical
Vlasov-Poisson system. This inequality is a generalisation of AonovOs type coercivity
estimate and is based on a HSrmander approach [33, 34]. The main nali’ culties here,
lie in the control of the jacobian ay, which can not be bounded in general because of the
non boundness of the potential and the homogeneity breaking.

3.2 Coercivity of the functional J

The aim of this section is to prove the following proposition 3.2 below. Our study
is based on rearrangements with respect to the microscopic energy. To debthese rear-
rangements, we introduce, forq > 3,

. /
$q= !#LIRY)st 1) 0, m()>0 " ! #LARY, | l]im$ 1(x)=0 , (3.2.1)
with
m(t) = inf (1+ XD |t (L, (3.2.2)
and the norm on $
CGy=C  (zwey *+ ( (Larey - (3.2.3)

The space$ q is a natural space for the potential of distribution functions in E,, as given
by the following lemma.

Lemma 3.2.1. Letf # Ep, non zero withp > % Then the potential ! ¢ belongs to$ q for
all3<q) 3<4P7:3)(< 12).

Proof. From classical interpolation methods and from the Hardy-Littlewood-Sobolev in-
equality, we have forf # E, with p> 1
4p! 3 3(@p! 3)

3p! 2 p

Moreover, forp > % the Hardy-Littlewood-Sobolev inequality implies that " ! ¢ belongs to
L2(R3). We prove now that m(! 1) debned by (3.2.2) is positive. Sincé is non zero, the
density % is non zero, too. Hence there exist® > 0 such that

% #L"(R%, 1) 1) and !¢ # LYR?), g<q)

$
M = % (x)dx > O.
[x|<R
We have then $
%(y) %(y) %(y)
e (X)] = ——=——dy % ————dy % —————dy.
HO= Bt 1 e B Y e R
Finally,
(x| + R) '+ (x)| % M,
which concludes the proof of lemma 3.2.1. O
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94 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

Now for ! # $q4and f # E, with p > 3 we debne the jacobiaray, by

8 % 9
'e<0, ayfe)= meas (x,V)#R® : |v2+1! 1+!(x)<e , (3.2.4)

and the rearrangement with respect to the microscopic energy by

! 2 2y 33 %
7 f& ay  [V2P+1! 1+1(x) if  [vVP+1! 1+1(xX)<0
&% —
f =2 % (3.2.5)
0 it v2+1! 1+ 1(X) %0,

where f & is the Schwarz-symmetrization off in R®. In Appendix 3.4 we recall some

properties about the Schwarz symmetrization and we give all the pperties we need about

the Jacobian and the rearrangement with respect to the microscopic energyn particular,

f #is well dePned inE, and the function Q debned in Theorem 3.1.1 satisPed = Q¥
Using these dePnitions, we introduce the functional on $4 debned by

$ 29 3 1
JO) = IVZ+1! 1+1(x) Q¥udxdv+ 5C (2, (3.2.6)
R6
which is equivalent to
1
J(1) = HQ¥Y + 23" Lot ! !352. (3.2.7)

We claim now the following Proposition which we prove in the next sibsections.

Proposition 3.2.2 (Local coercivity of the functional J). There exists a constant'o > 0
such that, for all g > 3, the following holds true. Let a sequence, of $4 such that

"n#EN, (" 'n!" 'o(,2) "o and n-”% J('n)) J( Q). (3.2.8)
Then there exists a sequence of translation shifts in spaeg such that
" 'a!" 1o@!'xp)(2- Oasn- +* . (3.2.9)

This coercivity of the functional J near! g is the Prst step to prove the stability of Q
stated in Theorem 3.1.1. To obtain it, on the one hand, we will look fo a second order
Taylor expansion of J around ! o and, on the second hand, we will control the second
derivative of J at ! o thanks to a PoincarZ-type inequality.

3.2.1 Second order Taylor expansion of J at ! g

In order to prove Proposition 3.2.2 we give brst a Taylor expasion of the functional J
near the potential ! q.
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Lemma 3.2.3 (Taylor expansion ofJ). Let 6<q< 12and!,I"# $4. Then the function

(.- 30+ (1Y

is twice di"erentiable on [0, 1].
Moreover, for I in $4 radially symmetric, there holds the Taylor expansion neat q:

J()! I(g) = %DZJ(! QT 1ot 1)+, ((" 11" 1o(L2), (3.2.10)

where, (") = 2("?) as" - 0.
Finally the second derivative ofJ at ! g in the direction h is given by:

$ $ . .
D2J(! o)(h,h) = I" h|?dx ! EF!(e[)/Qg (x,v)):(h(x)! " h(x))%dxdv, (3.2.11)
R3 R6
%___
where ey, (X, V) = 01 +[v]2! 11 I o(x) and " h is the projector debned by
$ 2 - 31 -
1+ e (V) lo(y) S 1 j’1+ e (X, V) I Lo(y) h(y)dy
"h(x)= R 3 . (3.2.12)

+ N

"1+ ey (X, V) ! !Q(y)_f! 17 1+ ey (x,v)! !Q(y)_dy

R3

Remark that the function " h can be seen as the projection di on the functions of the

microscopic energyey, (X,v). To prove the lemma 3.2.3 we will Prst prove thatJ is two

times dilerentiable on $4, then we will evaluate its derivatives on! g and bnally we will
control the rest of the expansion for radially symmetric potentids.

Proof. Let Jo be a functionnal on$q, dePned by

$ 29 3 $
Jo(!) = VZ+11 1+1(x) Q¥fxdv= eyx,v)Q%udxdv. (3.2.13)
R6 R6
Then J is given by
1
I = o)+ S (2. (3.2.14)
To dilerentiate J, we just have to dilerentiate Jo. Let ! ,I"# $gandh = ! | . We study

then the function ( .- Jo(! + (h) on |0, 1]
First derivative of Jg. From the change of variable (3.4.11), we get
$o $o
Jo(!) = eQ¥a(e)afe)de= (G 2ay'(e)de,
inf % inf %

where G is the C! bounded function, with bounded derivative, debned by

$s

G(s)=  Q%4)d4. (3.2.15)
0
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Moreover, from the property (3.4.8) in lemma 3.4.2, the jacobianag(e) converges to0 as

e- inf!. Thus we have[eGZaoA(e)]i?]f = 0 and an integration by parts gives

$o

Jo(!) =1 G 2ayfe)de. (3.2.16)
#$

Step 1 : brst derivative ofJg.
To dilerentiate Jo given by (3.2.16), we shall use the LebesgueOs derivation theorem.
From formula (3.4.9) in the Appendix, we have for alle < 0

o C(@s 0 (9) = Qa1 (&) g 20 1 (9 (3.2.17)

with $ $
S0 (@= 14t K(el L)1 (h()h(dx,
and > 3.
K(/)= (L+/)21 1 2(@+1). (3.2.18)
Note that the uniform inequality
#® 0% ey, o
a%k(h(e)%? Rs? 1+e+ 1_;|)’(| : 1 1B dx

+

and the compact support of Q% imply that there exists ey < 0 such that
‘e%ey, ' (#[0,1], Q%awn(e)=0. (3.2.19)

Moreover, we have for alle < eg, for all ( # [0, 1],
: $ 2 3

éiaw(h (e)é) 4 K e! I(x)! F(x) [h(x)|dx,
5 RO
and Q%(as (n (€)) ) ( Q(s . Finally we obtain, by noting ! ( = ! + (h
$ 08
ool )=4#  QYax()K (el 1()! (h(x)h(x)dxde.  (3:2.20)
$( #5 RS

Step 2 : second derivative o08.
We keep the previous notations. An integration by parts with respect b e yields

$ 4#$0$ 2 33

gao(!()z ' - Q¥(ay, ())a, (6) (L+e! I ((x)i! 1 jh(x)dxde.
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We perform now the change of variables = aq, (€), which gives

s wdo® T2 2 "3
=Jo(l ()="! — Q%(s) 1+ Ay, (s)! ! (x) 'l h(x)dxds, (3.2.21)
$( 3 0 R3 +
where L g is the measure of the support ofQ and thus satisPesSupp(Q%) = [0, L). Debne
*2 3, *t:2
9((.x,8):=  L1+afl(s)! ) 11

+

From the brst step, for all ( # [0, 1] and for all s # [0, L], we haveao/l(s) ) ep and thus
the set

{x#R3 0g((,x,8)F0}7{x#R3% 1 (X)) e} 7{ x#R3% I (x)+ F(x)) eo}

is uniformaly contained in the bounded set# = {x # R3, | (x)+ (X)) ep}. Moreover, by
recalling the notationsh =1 ! I and

2 31
K()= @+/)21 1 j(1+/), (3.2.22)
we have for((,x,s) #[0,1]$ # $ [0, Lo]
2 3" +
((( %,8)=3K ajl(s)! 1 (x)! (h(x) !h(x)+ —(ao/l(s) , (3.2.23)

where, from lemma (3.4.2) in Appendix,
$ 2 3
K all(9)! 1) (h(x) h(x)dx
(9= 3 3
( K ail(s)! 1001 (h(x) dx

J

To di'erentiate (3.2.21) with respect to (, we Prst prove at bxeds # (0, Lg)

$ $ $
Q ! a((,x,s)h(x)dx =

Let Pxed s # (0, Lo). We begin by bounding -2 3 ao/l(s) For all x # R3

$( >3((,x s)h(x)dx. (3.2.24)

L(x)+ (h(x) %! (x)+ F(x) and aﬁ;l(s)) eo, (3.2.25)

which provides
$ 2 3 $ 2 3
0) K ao/l(s)I F(x)! (h(x) h(x)dx) K e! !'(x)! F(x) h(x)dx. (3.2.26)

Now denote 8 2.39

S
#(= X#R3 '((x)<a% >
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Then the set# ( is included in# and
2.3

S [
meas(# () = ay, 2aj, 5 T 5
Moreover, for all x # #, we have
#1 #1 #1233
aO/% (s)! ! ((X) %a()/% (s)! aO/@ 2

which, combined with

%

>0, KU)=(/R+INIA+)% 2,

implies $ 2 3 <2 2,33
K all(s)! ' ((x) dx% /= all(s)! ail = *. (3.2.27)
\ s 2 % s 2
We claim that, at bxed s > 0, there exists a constantC > 0 such that for all ( # [0, 1]
233
aﬁj;(s) ! aﬁj@1 5 %C. (3.2.28)

Indeed, assume that the property (3.2.28) does not hold, then therexist ( # [0,1] and a
sequencd( ) such that, asn - +* |

2.3
- 0.

NIl »

(n- ( and & (9! ajy

From lemma 3.4.2 in Appendix, we conclude that
#1 #1253
g, () ! ay, 5 = 0,
which is not possible sinces > 0 and aﬁjl is strictly increasing on R%. Finally from the
inequalities (3.2.26) and (3.2.27), fors # (0, L) there exists a constantCs > 0 such that
for all ( # [0, 1],
$
() Cs
We can thus uniformly bound
$ 2 332 _ 3
;Qg;) 3 1+e! I(X)! F(X) Fr(x)! "(x)+ Cs ,
: . +

where we used (3.2.25) and the fact thak (/) ) (1+ /)2. By noticing that the function

I + I belongs toLﬁ)C(R3) (since g>3), Lebesgue derivation theorem provides (3.2.24).

Now aim to integrate with respect to s # (0,Lo). We debne for alls # (0,Lg) and for
all ( #1[0,1]
$ $ $ $
I (( !S) = g ! g(( ' Xy S)h(X)dX = ! ﬁg(( » X, S)h(X)dX,

98



3.2. COERCIVITY OF THE FUNCTIONAL J 99

which is continuous function of the variable(. Remark that
*

$ 2 3 $ +
1(,)=3 K aﬁj@l(s)! L((x) ! h(x)+ gaﬁz(s) h(x)dx,
where, from Cauchy-Schwarz inequality,
*3 2 1 3 *2
$ 2 3 gl K ag (s)! !'((x) h(x)dx
A0 ghood = RS 5
! K aﬁj;(s)! ! é (x) dx
) RSK aGl(s)! 1 ((x) (h(x)*dx.
(3.2.29)
Thus, we have $ > 3

[1((,s)]) 3 - K ao#/gl(s) F(x) (h(x))2 dx.

Moreover, sinceQ¥ is decreasing from(Q(.# to 0, the function Q¥ belongs toL1(0, L)
and pnally, from LebesgueOs derivation theorem, we get

$2 $ L0$ 2 3
W;lo(! ()= 4# Q¥(s)K aﬁj;(s)! L(x) (h(x))%dxds
o R *$ 2 3 *2
$ ., K aﬁj@l(s)! I ((x) h(x)dx (3.2.30)
L4 Q¥(s) %2 3 ds.
0 K afl(s)! !((x) dx
R3
Using the change of variablee = ao#/;(s), we get
$2 $ 0 $
st )= 4% Q% (ass (€)@ (B)K (e! ! ((x)) (h(x))?dxde
# RS * ¢ +,
$, K (e! ! ((x))h(x)dx (3.2.31)
| 4# Q¥ (ay (€)) aly, () —F$ de.
#$ K (e! !((x))dx
R3

Step 3: derivatives of] at ! o:
Let! #$5andh="11 14. Then, by (3.2.20),

$, 9%
DJo(! o)(h) = 4# ’ Q%(av, (€)K (e! ! ((x)) h(x)dxde
#$ R3

Note that, from lemma 3.4.5, the function F dePned by theorem 3.1.1 satisbes
Q%ay, () = F(e).
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100 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

2 31
Now perform the change of variableu = (1 + e! ! Q(x))f I 1 % with respect to e. Then
+
$ +$ $ 20/0 3
DJo(! @)(h) = A}B# F 1+ [v[]2! 1+ 1(x) u?h(x)dxdu
0 R3

Q(x, v)h(x)dxdv.
R6

Hence, from (3.2.14),

$
DJ (! o)(h) = DJg(! o)(h)+ " !ga"hdx =0,
R3

where we used the Poisson equation satisbed by,.
We now give the explicit expression of the second derivative afp at ! o. Remark prst
that F'(e) = Q¥ (au, (e))a},/b (e) and thus from (3.2.31),

$, 9
D2Jo(! g)(h,h) = 4# F'(e)K (e! ! ((x)) (h(x))?dxde
# RS * ¢ +,
$ K (e! ! ((x))h(x)dx
| 4 F'(e—F3% de.
#$ K (el !((x))dx
R3
2 31
We apply the change of variableu = (1+ e! ! o(x))2! 1 * with respect to e to get
+
$ $

D2Jo(! Q)(h,h) = F (e(x,v)) (h(x))? dxdv ! F'(e(x,v)) (h(x) ! " h(e(x,v))) ,
RS RS
%N __ . . .
wheree(x,v) = 1+ |v|]?! 1+ !(x) and"” h is the projector on the space of functions
depending only one(x, v), debned by (3.2.12). Hence we have

$
D2Jo(! o)(h,h) = F (e(x,v))(h(x)! " h(e(x,V)))?dxdv,
R6

and the decomposition (3.2.14) provides

$
D2J(! g)(h,h) = D2Jo(! o)(h,h)+  |" h|?dx, (3.2.32)

R3

which concludes the proof of (3.2.11).
Step 4: proof of the Taylor expansion(3.2.10):.

Let ! # $4 radially symmetricand h=1!1 ! 5. We note for ( # [0, 1], ! ( := ! g+ (h.
Then, usingDJ (! g)(h) =0, we have
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3.2. COERCIVITY OF THE FUNCTIONAL J 101

J(lo+h)! J(1g)= %DZJ(! o)(h,h)

* +
1 h h

" (2 [ "D2J0(1 ()! D23n(! o)
+(" h({2 . (1! () D9Yo('()! DJo(! Q) (G ¢ hie d(. (3.2.33)
It is su" cient to prove that
¥ -2 3
sup  sup D3Jo('()! D¥po(lg) RA:i- 0 (3.2.34)
(" 0.1 96+R%p ,=1
as(" !'!" !'g(L2 - Oto obtain the Taylor expansion (3.2.10). Note that the functions

R in (3.2.34) are taken to be radially symmetric. In order to prove 8.2.34) we argue by
contradiction. Let , > 0, *, # $4, Bn # $4 and (, # [0, 1] such that

N . 1 .
( ol ! Q(L2(R3) ) ﬁ, ( ﬁn(LZ(R3) =1, (3235)

and 3;

: -2 3
'D2Jg('n)! D3Jo('q) An,Bn i>,, (3.2.36)
where!, =(1! (n)! o+ (n*n. The sequence , satisbes

1

(" 1al" toliare) (3.2.37)
We recall from (3.2.30) that
2 3 $ L,
D2Jo(!n) An, B, =4# Q¥(s)0n(s)ds, (3.2.38)
0
where * g ) +,
$ ) on (X, s)Rn (x)dx
On(s)=  gn(X,S)(An(x)2dx! —F$ , (3.2.39)
R® On (X, s)dx
RS
d «
an 5 32 +%
n(x,5)=  1+agi(s)! 1n(x) 11 (1+agi(s)! !n(x).

Notice Prst that the convergence (3.2.37) implies the convergence bf, to ! g in L8(R3).
Thus, from (3.4.8), we have
all(s) - aﬁﬁ@l(s). (3.2.40)
Moreover, we have
$.5 . . +
I"n(r)l) () dr) (Crt (0L,

r r

N|=

*$+$ 1
r—zdr ,
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102 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

where we used the convergende,(r) to O asr - +* from the debnition of $4. It gives

"
T #RE |a()]) (H'%) ri (3.2.41)

Thus the set of integration in x in the integral (3.2.39) can be restricted to a bounded

domain # uniformly with respect to s # [0,Lo]. Indeed, from the increase obﬁjﬁl, for all
S# [O, LO],
Dn(s) = {x#R® : Ih(x) <aj ()} 7{ x# R® : I ,(x) <ajl(Lo)}, (3.2.42)
and, since! , # $4 is nonpositive,
. 5!
C
Dn(s)7 x#R3: |x|) = =# (3.2.43)

&

where ey = sup - y aj, (Lo) < 0.
Now, from the local compactness of the Sobolev embeddindg!! 5 LP for 1) p < 6,

. . loc
there existsA # HIL | such that, up to a subsequence,

ln- lgandRy- RinLP#) asn- +* .

At bxed s # [0, Lg], these convergences combined with the convergence (3.2.40) provide,
on the one hand, the convergence for all# {0, 1, 2},

Al - RAlin L2(#s),

and, on the other hand, the convergence of

2 3
X - Gn(x,8)2=2/ +5/2+4/%+ % with [ = af}(s)! !n(x)

in Li(#) to g(4s)? where

N|=

2 3, *
g(x,s)= 1+ ao#/é(s)! o) 11 1+ aﬁj@l(s)! I o(x)).

Thus, forall i #{0,1,2}, asn- +*
on(x,8)A - g(x,s)R" in LI(R3).

The convergence oD, (s), at bxeds, follows. Now, by Cauchy-Schwarz, we have
8 } o
On(x,S)An(x)dx : $
3 . N
=3 ) G S)(Ra(x) 20
On (X, s)dx r R
R3
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3.2. COERCIVITY OF THE FUNCTIONAL J 103

which provides $
0 ) On(s) ) $Ra‘gn(X’S)(fé?n(X))de

) y gn (X, L 0)(An(x))%dx.

Thus 0, is uniformly bounded on [0, L] and from standard dominated convergence theo-

D%Jo('n) An,An - D2Jp('q) A,A asn- +* (3.2.44)

and similarly 3 2 3

2
D%Jo(' @) An.Rn - D2o(lg) RA asn- +* . (3.2.45)

These convergences contradict (3.2.36), which proves the Taylor expdna (3.2.10) and
concludes the proof of Lemma 3.2.3. O]

3.2.2 Proof of Proposition 3.2.2.

We use now the Taylor expansion stated in lemma 3.2.3 to obtain th proposition
3.2.2. In a brst step we prove the local coercivity of the functional Jo near! g for radially
symmetric potentials by using a Hardy type control, obtained in a second step. In a
third step, we Pnally pass from radially symmetric modes to genetamodes by using a
compactness argument [16] which concludes the proof of the propositi 3.2.2.

Step 1: coercivity of the quadratic formD2J(! q)
In this step, our aim is to prove that there exists an universalconstant Co > 0 such
that

-

"h# WL, D23(!g)(h,h) %Co(" h(Z.. (3.2.46)

where the space
. /
HL, = h# L2.(R®), radially symmetric, s.t. " ! # L2(R%) and I |Iim$ 1 (x)=0
x|" +

is a Banch space. We consider the linear operator generated by the Hessiarf (! Q):

$
Lh=11h! [F'(e)|(h! " h)dv.
R3

Remark that the compactness of the quadratic formD2J(! Q) on Hﬂrlad is given by the
previous proof of the Taylor expansion. From the Fredholm alterrative, we have only to
prove the strict posivity

"h#HL, h=0, (Lhh) > 0. (3.2.47)

to obtain the coercivity (3.2.46). From the Taylor expansion (32.11), this inequality can be
seen as a PoincarZ inequality with an explicit constant, and we shalldapt the HsrmanderOs
proof [33, 34] to obtain it.
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104 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

Let us introduce the following operator T debned by

$f st

f(e,r) = . SR LA —
THen r2((1+ e! 1o(r)2! 1)z2(@+e! lo(r)) ru 1+u?

where .,
u(rre)= "(1+e! lo(r)s! 12. (3.2.48)

Recalling that ! o(r) is strictly increasing and that Supp(F) = [0, eg), we shall denote the
space

U= {(re),u> 0} = {(re), e# (!¢(0),0), r # (0,r(e))} with r(e)= 1% (e),

Then we debne ol = U0 (0,r(eg)) $ (! o(0), eg), for a given h # HIL ' the function

rad’
$, .
f(re)= (h(H)! "h(e) (L+e! 1g(#)?! 12(1+e! Ig(+)+d+  (3.2.49)
0

We can di'erentiate f and get, in particular,
Tf=h! "h. (3.2.50)

Now let , > 0 and study the behavior off (e, r) forr - Oandr - r(e) whene belongs to
('q()+ ,,!,). Notice prst that, from (3.2.41), for all +> 0

+2h(H]) " h(Le, (3.2.51)

and
"e# (1O)+,,!,), |"h(e)]) C. (3.2.52)

These inequalities combined with the continuity of! o imply the existence of C: > 0 such
that, for all e# (! o(0)+ ,,! ,) and for all r # (0,r(e)),

If(e,r)]) Cer2. (3.2.53)
Moreover the function f satisbes
$.5
f(e,r(e) = (h(+)! "h(e)u(r,e)(1+ e! ! Q(+))+2d+ =0, (3.2.54)
0
where we used $
+$

u(+ €)1+ el ! q(+)h(+)+*d+
"h(e) = %5
u(+e)(l+ el !o(+)+d+

0
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3.2. COERCIVITY OF THE FUNCTIONAL J 105

Hence, using (3.2.51),(3.2.52) and the increase by, we get fore# (! o(0)+ ,,! ,) and
r # (0,r(e)

$ r(e) .
f(re)l = (h(H)! "h(e) 1+ el 1o(+)2! 121+ e! !o(+)+3d+
Cor . . . :
) C(@+e! lg(r)?! 12(1+e! Ig(r) +ig+

r

in which

1+ e! Lo(r)?! 1_%(1+6! 'o(r)) (e! !Q(r))%(Z! 19(0))2(1! ! o(0),

and
$ r(e)

+2d+) C(r(e)! )t (el !o(r).
since! o(r) %inf{! (+),+# [r(' ,),r(' o(0)+ ,)]} > O. Finally there exists C: > 0 such
that for all e# (! o(0)+ ,,! ,) and for all r # (O, r(e))

If (e,n)]) C (el !q(r))z. (3.2.55)

Now denote $
I (h) = IF'(e)|(h! " h)?dxdv.
R6

irst, passing to the spherical coordinates and performing the lange of variablee =
1+ [v|2! 1+ 1 g(r), we get from (3.2.50)
$ %__
16#° |F'(e)l(h! " h)’r?u(e,r) 1+ u(e,r)’drde
0 r(e)
16#2 |F'(e)|de (h(r)! " h(e))$fdr,
% (0) 0

I (h)

where u(r, e) is debPned by (3.2.48). Now, from (3.2.55) and (3.2.53), we have
(h(r(e)) ! " h(e)f(r(e),e) =0 and rIilmo(h(r)! " h(e))f (r,e) =0,

from which an integration by parts gives

$
I(h))! 16#° |F'(e)|f $rhdedr.
9]

This inequality, combined with the identity

$

%)= 5 IF@luen’de,
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leads to:
> A
3 $ r(eQ) gr &$ €Q \ (273
1(h)y ) @H2(" h(Lzre)? . [ )IF'(e)Ifde B
O‘Q r

& 3 $ (1
3 3 7 ) o (r) & f2 2
) (4#)2( h(LZ(RS) E o r_2 dr O/‘D(r) |F (e)lwde y

where we used Cauchy-Schwarz inequalities. Performing the changévariable u = u(e,r)
with respect to e, we Pnally obtain
* $ 2 +

1(h)) (" h(L2rsy 3 %g(r)|F!(e)|Hf—dxdv . (3.2.56)
r4u4 1+ u?

N[

Now we claim the following Hardy type control:
$ & oy

o(r) f2
I (h) % % — 2 FY(e)|——F———dxdv. 2.57
(%3 %)+ 55y FO] g sdxdv (3.2.57)
Assume (3.2.57), then (3.2.56) yields
G {2
I(hy+3 — 2 |F'(e)|—F+———dxdv) (" h(?
r(l+ u?) r4ut 1+ u2 L2(R%)"
Thus, letting , - 0 yields (Lh,h) % 0. Moreover, if (Lh,h) = 0, thenf = 0 on U,

which implies h(r) =" h(e) on U, also0 = (Lh,h) = (" h(EZ(R3) and pnallyh = 0. This
concludes the proof of (3.2.47).

Step 2: Hardy type control.
Let us prove now the Hardy type control (3.2.57). Letg be a given smooth function in
U and g such that f = qg After easy computations, we get

2_ 20T 2 2 T?g. , > T?g. ,
(Tf)=g(Tg“+ T(g°gTQg ! ?f %T(g°gTQ ! ?f . (3.2.58)
We take g(e,r) = r3u(e,r)3. Then, remarking that
[
$u | 1+ u?
— =11
o el ——
we have s ,
Tg= =9 =3/ % 1 31y,
J reu 1+u? 1+u o
and therefore & . * +(
T2q = {!3 'rl()+|Q(r) + 1
J u 1+uz  © r 1+ u?
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Since! ! o = %, it implies

* +
b
r(l+ u?

T2g 3 |
=1 I ——— % (r)+ ! 5(r
g réut 1+ u? 2(1)* Tolr)

(3.2.59)

Injecting this into (3.2.58) and integrating on U yield:
88 0 b 2
I(h) % 3 %(r)+ ———— [F(e)|—F=——==dxdv
$ S rfut 1eu? o (3.2.60)

+  |FYe)IT szgg dxdv.

where we used?gTg= f 212, Now

$ * $ $ (o

+ +
Q
IF'(e)IT 1219 gedv = 1642 IF!(e)|de $, (219 o
g % (0) 0 g

From (3.2.55) and (3.2.53), we can perform an integration by pas and we get
$ * T +
IF'(e)[T szQ dxdv = 0.

We obtain thus the Hardy type control (3.2.57) which concludes the proof of the strict pos-
itivity of the Hessian D ?(! o) on radial modes (3.2.47) and therefore the coercivity (3.2.46).

Step 3: end of the proof:Let us Prst prove the proposition 3.2.2 for radially symmetric
potential. Let ! , a sequence o8y, radially symmetric, such that

NN (el 1o(iz) "1 imsupd(ta)) (o). (3.2.61)

where"; will be debned later. Then we use the Taylor expansion (3.2.10) and écoercivity
(3.2.46), which holds only for radially symmetric potential:

IO I0Q% LDl gt (C 1al" Tola).

Now, since, (") = 2("?) as" - 0, we can choosé; such that

C
a0 () P
Thus c
I I % el Lo(fe,
which Pnally provides, from (3.2.61),
imJ('n)=Jd(g)and (" 'n!" !q(,2- Oasn- +* . (3.2.62)
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Let pass now at the general case. We consider a sequencg of $,. We debne then
L& =1 (1 1) the opposite of the Schwarz rearrangement off ! ). We introduce, for all
n # N, the potential ! j; given by
* +
A
"x# R 1E(x)=18 ?|x|3

It is the Schwarz rearrangement ofl ,, debPned as a function oR3. Then we claim that we
have

1, 1,
JOEYyra(n= 5 152, 5 'n(22) 0O, (3.2.63)
and that there exists a constant"y > 0 such that
(el o) Mo implies;" LR !Q;Lz) "y (3.2.64)

Assume brst that these claims are true and take the sequendg such that

AN, (!t 1o(2) Moo lim o 3(1a)) I(to). (3.2.65)

Then, from (3.2.63) and (3.2.64), the sequenceﬁ satisbes (3.2.61) and therefore satisbes
(3.2.62). Moreover we obtain the equality

: #y - | -
n||l|11$ J('y)= nl'm1$ J('n)=3( 0q),
which implies from (3.2.63)

n.Iirpss 1= n!irr+1$ " a2 (3.2.66)
From (3.2.62) and (3.2.66), we are in the equality case of the Pga-Szego inequality.
Thanks to Theorem 2 in [16], we obtain the following compactness resultt there exists a
sequence of translation shifts in spaces, # R, such that

(" 'a!" lo@!'xp)(2- Oasn- +* .

Let us now prove the claims (3.2.63) and (3.2.64). Remark that,rbm Schwarz rearrange-

ment classical properties, for alln # N, ! 4 belongs to$4 and satisbes the Polya-Szego

inequality

(" ale) (" talee. (3.2.67)
Moreover, for all C function ' such that (0) =0, one has
$ $

CUaO)dx = (R ()X,
R3 R3
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3.3. NONLINEAR STABILITY OF Q 109

which for e < 0 and for ' (t) = "(1+ e! t)2! 1-% implies ay, = ay given by the
expression (3.4.2). Thus, from (3.2.16),
1 ) %o
J('y) = E(" Pn(i2! G(ay, (e))de
#$
1 5 $o
= (" 'n(E2! G(ay (e))de,
28 M %

which provides directly the claim (3.2.63). Let us prove the claim (32.64) by a contradic-
tion argument. We assume that there exists a sequence, in H! such that

1
C *al" oe) nand%"*ﬁ!" !Q;L2>"1' (3.2.68)

The contractivity property of the rearrangement in LP-norms and a Sobolev embedding
give

(41 o(is) (*at olis) CC *n!™ o(ia) o

Moreover by (3.2.67) and (3.2.68), we have

C R C ) € ol t (3:2.69

Hence* ; is bounded in Hi! and the sequence’ *} converges to" !  in the L2 weak

topology. In fact, from Fatou lemma, the inequality (3.2.69) implies
LAme ¢ *He= (" lolLe

Thus the sequence' * converges to" ! g in L2(R3) which contradicts (3.2.68).
Notice that, for all q# (6, 12), the space$ q is included in Hi! and thus "o does not depend

on g. The proof of Proposition 3.2.2 is now complete.

3.3 Nonlinear stability of Q

We are now ready to prove Theorem 3.1.1 in this section. The proof isdsed on the
two following arguments : i) The local coercivity property of J stated in Proposition 3.2.2
which ensures the compactness of the potential bPeld, and ii) The compactss of the whole
distribution function in the energy space.

3.3.1 Local compactness of the distribution function

We will prove in this subsection that the Proposition 3.2.2 implies the following com-
pactness result:
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Proposition 3.3.1 (Local compactness of local minimizing sequences).et p > % Let

"o > 0 the constant debned in Proposition 3.2.2 and let, be a sequence dE, such that
(fi! Q%am - 0. (Tf! Q%usm - O, limsupH(fn)) H(Q), (3:3.1)

and
e ! to(2 <o (3.3.2)

Then there exists a translation shiftx, such that
(fn! Q(&a! Xn)(Ep - Oasn- +* . (3.3.3)
Proof of Proposition 3.3.1. Let (f,) a sequence oE, satisfying (3.3.1) and (3.3.2).

Step 1. Compactness of the potentialWe brst remark that, from inequality (3.4.15),
we have
$ 2% y

3
1
H(fn) % N VE+11 1+ 14 (x) ff"’"dxdv+§(“ e (25,

which implies, from the change of variable (3.4.11),

$ 29 32 3
H(fn)! J(f,) % IV2Z+11 1+1¢ (x) fo'n1 Q¥ dxdv

6
R+$

% g, (3)(f(s) ! Q¥(s))ds.
O n

Finally
$ g
H(fn)! H(Q) %J3(',)! J(1Q)+ a, (s)(fa(s)! Q%(s))ds. (3.3.4)
O n

Now, since(f,) satisbes (3.3.1) and (3.3.2), the sequendé,) is bounded in the energy
spaceE,. From classical interpolation inequalities, for

|
q= M # (6, 12),
Y
the sequencd ¢, belongs to$q and is bounded inL9(R3). Thus, from (3.4.3) we have
. . * +
H H 1 1
faﬁgln (s):)) C —/—+ + . (3.3.5)
sa3  sa

Hence we obtain from HSlder inequalities
ART 5
8y, (S)(fa(s)! Q¥%(s)ds:) 2C(fF! Q¥ Lir),
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and $ 1
OIS L QNS ) (! (o1 Q¥ uoie,

wherep' = prl < 3. Notice that q!% < 1 which gives, from (3.3.5), the boundness :
$, * .t

#1 ,p® 1 _ p
(a°/tvn(|_p$(0,1)) 2C , —Sq%dS—ZC 1! a1

We have then the convergence
$ .
3, (s)(f(s)! Q(s))ds- 0

asn- +* and, injecting this in (3.3.4), we conclude from (3.3.1) that
' I I
n'IIrPSB J('t,)) (M Q). (3.3.6)

Together with the condition (3.3.2), this allows us to apply Proposition (3.2.2) and we
conclude that there exists a sequence of translation shifts in spacg, such that

(" L 1" To(A! Xn)(Lo- O asn- +* . (3.3.7)

Step 2: Convergence of, (&+ xn,d in E,. To obtain the convergence in the energy
spaceE,, the method that we chose is very similar with the method developedn [42]. We
renote f,, := f,, (&+ Xn,d. We remark Prst that sinceQ = Q¥%

S 29 32 o 3 i 8y s

: V2+1! 1+1g fp°! Q dxdv: = ao#/bl(s)(fr‘,g‘(s) I Q¥%(s)) ds:

0

* R6

) (lolur (FF Q¥(,1,

and thus $ 204 32 3
VZ+11 1+1g(x) fi®1 Q dxdv- O (3.3.8)
R6
Now, from the inequality (3.4.15), it implies that
$ 29 3
lim inf V[2+1! 1+ !1o(x) (fn! Q)dxdv %0.
n' +$ R6
Hence, since
1 $ 29 3
H(fn)= H(Q+ (" tiy 1" to((z+ VZ+11 1+ 10(x) (fa! Q) dxdv,
R6
in which
Ilnmfng(fn)) H(Q) and lim (" ', !" !o(2=0,
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we obtain, asn - +* |

$ 29 3
V[2+1! 1+!1o(x) (fn! Q)dxdv- O. (3.3.9)

R6

The two convergences (3.3.8) and (3.3.9) yield

$ 2 3
Toi=  eo(xV) fo! f® dxdv- Oasn- +* (3.3.10)
R6

% . .
whereeg(x,v) := |v[2+1! 1+ !g(x). As in the proof of (3.4.15), we write T, in the
following equivalent form

$.o &3 $ (
Ty = dt e (X, v)dxdv! eo(X,v)dxdv

t=0 sP(1) S (t)

where
STt = {(x, V) # R®, R (x,v)) t<fo(x,V)},
SP(t) = {(x, V) # R%, fa(x,v)) t<f ®(x,Vv)}.
From (3.4.25), we have

Y, V) # ST(),  eq(x, V) % (fF2an,)" ().

Thus $ g &g $ (

Tn % dt (f ¥ 2ay,)" H(t)dxdv ! eq(x,v)dxdv
t=0 Sh (1) S (1)

and since meagS! (t)) = meagSj(t)) for all t # R+,

$ +$ $ < -
Th % dt (f¥2ak,)" (1) ! eg(x,v) dxdv.
t=0 S (t)
Remark from (3.4.24), that the right term is nonnegative and thus, from (3.3.10), we get
asn- +*

< =
A, = dt (f¥2am,)" (1) ! eg(x,v) dxdv- O (3.3.11)
t=0 Sp (1)

We now claim that this implies
$. 9 < _
By := dt (Q%2a9,)* (1) ! eq(x,v) dxdv- 0 (3.3.12)

t=0 0t
asn- +* where

#3(1) = {(xV) #R% fn(x,v)) t<Q(x,V)}.
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To prove it, we decompose

SD=(SN\#D)1(ShO#D) and #0 = (# D\SD) 1 (Sh O #1).

Thus
$.5 $ . _
An! Bp = dt eo(x,v) ! (Q%2ag, )" 1(t) dxdv
t s ' (O\SE (1) . _
+ dt (f&2ay,)*1(t) ! eq(x,v) dxdv (3.3.13)
$t=+0$ $S'21 (V! (1) < B
+ dt (fE2a0,)* 1(t) ! (Q%2a0,)" X(t) dxdv

t=0 SB(1) ! a(1)

Now let us examine each term a1 - +* . We Prst observe that forg, h # L%(R®) we
have $ . $

meag{g<t) h}dt=  (h! g),dxdv,. (3.3.14)
0 RS

Thus we obtain
$ .5 $.5 $

meag S ()\ #1(t))dt ) meag{Q <t ) f&%Ndt=  (FF%1 Q). dxdv,
0 0 R6

which gives, from (3.3.1),
s &%
meagSP(\#3(1)dt) ( fa 2! Q(Lr = Iff! Q¥s- 0,

and similarly for meadq# 5 (t)\ S5 (t)). Using in addition the estimate

leo( ) | 1O (F&2a5) X1 ) | 1O (Q%2an)* X)) | ! o),

we deduce that the prst two terms of (3.3.13) converge t® asn - +* . We now deal
with the third term. Combining the strong L* convergence in (3.3.1), the monotonicity of
f & and the continuity of Q%, we get

‘e# (19(0),0), fF2ag,(e)- Q%2ay,(e) asn- +* .
Thus for e # (! o(0), 0) such that Q&Za%(e) >t we have forn large enough
f¥2a0,(e) >t,
which from the depnition of the pseudoinversdf §2ay,)** provides
e) liminf (f ¥ 2a0,)" (1)
From the dePnition of (Q%2ay, )**, we conlude that

liminf (f 3 2a0,)" (1) % (Q* 2a55)" *(1).
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114 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

We just inject it into the third term of (3.3.13) to obtain
imi [ 9
Ir!,rnlr%f (An! Bp) %0.

Moreover, from (3.3.11), from the dePnition of#5 and from (3.4.24), we have

An - Oand Bn %O

We conclude that the convergence (3.3.12) holds true:
$ +$ $

t=0 {fn*t<Q}

Sincee .- F(e) is continuous and strictly decreasing with respect toe =
I'o(x) for (x,v) #{Q(x,v) > 0}, we have

t<Q (x,v) implies Q%2ag, )" (1) ! eg(x,v) > 0.

Thus, up to a subsequence,

fora.e. (tx,v) # R¥ $ R®, 1if gy~ O asn- +*.

Sincelif,+ <@} ) l{q} and
$.5 S
dt  1fcqdxdvdt= (Q(Lz < +*
t=0 R6
we may apply the dominated convergence theorem to get:
$.5 S
dt lif,+<gydxdvdt - Oasn- +*,
t=0 R6

which, from (3.3.14) is equivalent to

dt Q%22 )7 1(t) ! eq(x,v) dxdv- O

(3.3.15)

o
v[2+11! 1+

(Q! fp)sdxdv- Oasn- +* . (3.3.16)
R6
Now we write
$ $ $
(fn! Q).dxdv ) (Fn! F2%), dxdv+  (FP%1 Q). dxdv
RS $RS ¢ RS
) meag{f &R ) t<f }dt+ (F¥=1 Q(Ls,

0

where, from the equimeasurability off , and ff‘o/“?, we have
s &% s &%
meag{fn 2 ) t<f ,})dt = . meag{fn) t<f n 2})dt
0

(F 2% §.), dxdv
R6 $

0

&l

) (Q! fo)edxdv+  (FER 1 Q). dxdv.
R6 RS

114



3.3. NONLINEAR STABILITY OF Q 115

We bnally get
$ $
(fn! Q)+dxdv) (Q! fn)+dxdv+2(f,f‘°/©! Q1.
RS RS

Now, since(f £® 1 Q(,: = (f&! Q%:- O, we obtain from (3.3.16) theL convergence

(fnl Q(Ll(RG) - Oasn- +* (3317)
Now, from the convergence of !¢, to " ! o in L?(R%) and from (3.3.1) we have
$ 29 3
lim inf VE+1! 1 (fn! Q)dxdv) O. (3.3.18)
n' +$ Re

But f, converges almost everywhere ifR® to Q, thus we have an equality in (3.3.18) and
thus the convergence is strong:
$ 29 3
V|2+1 |fn! Qldxdv- Oasn- +* . (3.3.19)

R6

Similarly, we remark that

(fa(Lerey = (F(Lar,) - ( Q%(Lr(ry) = (Q(Lp(Roy:

whenn - +* and we obtain the strongLP convergence and the proof of Proposition 3.3.1
is completed.
O

3.3.2 Stability from the local compactness

Let p> % From the Hardy-Littlewood-Sobolev inequality and HSIder inequalities, we
have from the classical interpolationOs inequality:

2p! 3 P 1
(e tg(e) K(% ! %( g ) K(F1 o(( 7 (F 1 g(y ™ (vI(F ! 9)(s-
(3.3.20)
Thus for all f # Ep
(f! Q(g, <, implies (* ' !" 1q(L2<K,. (3.3.21)

Let bxed, g > 0 such that

0
K1 < A
°7 2

whereK is the constant in (3.3.21) and"g is debned by Proposition 3.3.1. Let # (0,,0).
Then an equivalent reformulation of Proposition 3.3.1 is the folbwing: there exists

0</<,0
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such that the following sentence holds true: iff # E, is such that

(F4 Q¥Liry) /o (F%1 Q%(ery) 1, H(f)) H(Q+ /, (3.3.22)
and
et o2 < Mo (3.3.23)
then there exists a translation shifty # R® such that
(F1 Q@ly)(g < .. (3.3.24)

Remark that the assumption (3.3.23) can be replaced by
Zi“nF1:3 " @) Taol(L2<"o (3.3.25)

Indeed, on the Prst hand, if the condition (3.3.23) is satisped,hte condition (3.3.25) is
satisbed too. In the other hand, if a functionf satisbes (3.3.22) and (3.3.25), then there
exists z # R3 such that f*= f (&+ z,§ satisPes (3.3.23). Buff" satisbes (3.3.22) too. Thus
we have (3.3.24) forf~ and also forf .

Now we prove theorem 3.1.1. Lef o # Ep such that

(fo! Q(g, < /. (3.3.26)

Let f (t) # F([0,T), Ep) a corresponding renormalized solution to (3.1.1) as stated in [19
20]. We want to show that f (t) satisbes (3.3.24) for alt # [0, T).
Let us brst prove that f (t) satispes (3.3.22) for alt. From (3.3.26), we have

(fo! QLirsy) /s (fo! Q(Lerey) /5 H(fo)) H(Q)+/,
and from the property of contraction of symmetric rearrangement:
(F%1 Q%Lory) ( F! QlLo(rey.,
we deduce thatf g satisbes (3.3.22). By conservation of the Row, we have
"t#(0,T), f()%="f§andH(f (1)) H(fo).

We conclude that (3.3.22) is satisbed for alt # (0, T).
Let us now prove that (3.3.25) is satisbed for alt # (0, T). At t =0, since/ < ,o,
from (3.3.21), we have

n n 0
( !fo! !Q(L2<§'

Moreover, from the regularity of the 3ow, the potential satisbes
t.-" L # (O, T),L(R?),

which provides the continuity on [0, T) of the function

L) - - 1 n l A I'l '
it Zlnnésg .f(t)(a+ z)! 'QaLz’
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Indeed for all z # R3, we have the uniform boundness
3 ! f(t)(é.+ z)!" Q% L2 ! 3 ! f(to)(é+ z)!" | le_zf

BL Ly (& 2) 1" Vi) (& SNESE SIORN !f(t0>3

L2 L2’

which provides the continuity of ' . Now, by a contradiction argument, assume that there
exists t1 > 0 such that ' (t1) > "o. Since' (0) < "o/ 2 there existst, > 0 such that
' (t2) = 3"¢/4. In particular, f(t2) satisPes (3.3.22) and (3.3.25) and thus there exists
z(t2) # R® such that

(f(t2)! Q! x(t2)) (g, <, < vo.

Injecting it into (3.3.21), we conclude that ' (t2) < "o/ 2, which contradicts our assumption.
The proof of Theorem (3.1.1) is complete.

3.4 Appendix

We give some useful properties of the jacobiang, given by (3.2.4) and the rearrange-
ment with respect to the microscopic energy debned in (3.2.5). We recalhat the space
$ 4 is debned forq > 3 by (3.2.1).

3.4.1 Jacobian of the microscopic energy

We brst gather in the following two lemmas some important properies of the jacobian
Aoy

Lemma 3.4.1 (Properties of the Jacobianay). Let ! # $4 with g > 3. We recall that the
Jacobian ay, is debned as

8 % 9
'e<0, aye)= meas (X,V)#R® : |v[2+1! 1+!(x)<e . (3.4.1)
Then:
(i) We have the explicit formula:
1 4# $ 1 2 - §
e<0, aye) = 3 I+e! I (x)s! 12dx (3.4.2)
R3

Notice that "(1+ e! 1(x))2! 1, = (1+e! 1(x)2! 1 Lesogu»o(X)-
(i) agis Ct on (I* ,0) and is a strictly increasing C' di"eomorphism from (inf ! , 0)
onto R%, which debnesaj,!. Moreover there exist two positive constant< and ¢ such

that for all e< 0 and for alls> 0
> A

(W

* q
Lda
1

c 1 (!
ay(e) ) a3 1+@ (' ({4 and ajl(s) %! C? -

+ L (;‘*B . (3.4.3)
3 Sq

The quantity inf ! is the essential inPmum of the measurable functioh.
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Let prove these properties.

Proof of Lemma 3.4.1. To prove (i), remark that for e < 0

% 8

9
, -1
V2+1! 1+!1(x)<e: !(x)<eand|v|< (1+e! I (x)2! 1:2

0 1
SinceI |Iim I =0,theset x# R3 : I (x) <e isbounded and sincé belongs toL9(R3)
x|" +

with g > 3, we have! # L3 _(R®) which implies

o 2, 13 3/p3
X.- (I+el I'(x))5! 12 DbelongstoL>(R?).

Thus for all e < 0, agf€) is Pnite and after passing to the spherical coordinates in velocity
we obtain the formula (3.4.2).

Proof of (i) . We debneg(e,x):= "(1+ e! ! (x))2! 1_% Then, fore<ep< 0,

0) ig(e,x)) 3'(1+et 1ODF! 1 E(1+ et 1(x),

which, as function ¢f the variable x, belgngs to L1(R®). Indeed its support is included
in the bounded set x# R® : 1 (x)<eo and! # L2 (R®. Hence we may apply the
dominated convergence theorem and get thaas, is a C' function on R%, nulon (I* ,inf!]
(if inf ! is Pnite) and strictly increasing on(inf ! , 0).

We now look for the limit of as{e) whene- 0. Since! # $,

$ & +, (3
a4 m(!)
ave) % — 1+e+ ! dx- +* ase- O
3 g Lol o 7,
To conclude the proof of(ii) , let us study the behavior ofaye) ase - I* in the case
inf! = 1 _ We observe, from HSIder inequality, that
&$ 2 3q ( 3

-q 3 2 5
a @A+el '(x)°! 1 "dx , (3.4.4)
%(x)<e

aye)) meagx # R3 : I (x) <e}

where both terms can be controled. The brst term satispbes

T NN
meagx # R® : 1 (x) <e}) 220 dx) Le (3.4.5)
%x)<e € e
and the second term
$ 2 39 $ * (,(q
(1+e! 1(x)%! 1 %dx) C@AL+['()%dx) C L2+ (1,
%x)<e %(x)<e e
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where we use the inequality (3.4.5). Now, injecting these both inequities in (3.4.4), we
conclude that there exists a constantC > 0 such that for all e < 0

* +
C 1

Finally the inverse aj ! satisPes for alls > 0
> A

q
1

P(a3 !
ati() %1 c? L, (g (3.4.7)

sa Sa

and the properties (i) are proved. O]

The brst lemma 3.4.1 gives Prst properties about the jacobiaay, at Pxed! # $4. The
regularity of the jacobian with respect to the potential ! is studied in the following lemma.

Lemma 3.4.2 (Regularity of the Jacobian a¢, with respectto ! ). Let g > 3. Then
(iii) Let (!'n), (en) and (sn) sequences of respectivel§ q, R¢ and R%. Assume that
there exist! # $4, e# Ry 1{*} ands# R% 1{+*} such that
ln- 1inLYR3), e, - eands,- s.

Then by denotingag(!* ) =0, af0) =+ * anda}'(+* )=0, we have

ag, (€n) - avde) and afl(sn) - &l (s). (3.4.8)
(iv) Let !, # $qand leth = ! | . Then the function ((,€) .- aw () is a Ct
function on [0,1]$ RE and we have
$ $
s (=14 K(e! I(x)! (h(x))h(x)dx. (3.4.9)
R3

where the functionK , debPned by

2 31

K()= @+/)21 1 °@+/),

+
is non decreasing and has its support ilR& .
(v) With the same notation as (iv). Let s # R%. Then the function ( .- &} () is a

C! function on [0, 1] and we have
$ 2 3
3 K ao#/of(h (s)! 1(x)! (h(x) h(x)dx
ga&f(h ()= R& o 3 . (3.4.10)
K g n (9! 1! (h(x) dx
R
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Proof. Proof of (iii): From the control of the jacobian (3.4.3), we have directly fore= I* |
ay (en) - O=ayf!* ) asn- +* .

Let us now treat the casee < 0 such that e = * . Up to a subsequence, we have the

convergence
3 2 3

(L+en+!n()2! 1 E (Lre+1())i! 1

+ Njw

almost everywhere inR3. To obtain the convergence inL1(R3), from a generalized domi-
nated convergence theorem, we have just to prove the following!-convergence,

2 3: 2 3
o= (A+e+!1,)211°- (Q+eg+!)1 1

+ Mw
+ Nw

= g
wheregy = iquen < 0. In order to do it, we debne the set
n

8 9
#= x#RS !(x)<%

Since# is included in a compact set, the convergence aj, to g in L1(#) comes from the
convergence of  to ! in L3 (R®). Out of # we haveg(x) = 0 and, from a similar H3lder
inequality as (3.4.4), we get

$ * t32 3q 3
1. (9 q
gh(x)dx ) C ('lgl(ql_q I €o

+ ('n(], meas{x#R3:!n(x)<e0,!(x)%§} ‘
R3\

2 3q3

) C meagx#R3: [l 1(x)! !(x)|%%} 3
c* 2(1 ! !(Lq+“#3_

) €

Thus the sequencey, converges tog in L1(R%\#) and Pnally in L1(R®). By consequence,
we have the convergence, (e,) - aofe) for e#]!* ,0[
Let us now treat the casee = 0. Let M > 0 lge an arbitrary constant. Denote for all

n# N the space#, = x# RS, |l n(X)] < % and let g < 0 such that

$ &* + (3

1+e+

4 m(!) ? 2
i N S A 1 dx > 2M.
3 o 20+ XD X

+

Remark that this integral is well debned since the inner function is zeramut of B (0, R) for

/
m(!) 1
2leg|

R=max O,
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For n large enough, we haves, > e and thus

&x* + (2
ay, (&) % 4° Tres MO T T
% 0 — —
& 3 R3\! , 2(1+|X|) + +
@S IR
mi:}
% 2M ! — l+eg+ —— ! dx
i 3 ., T ) R

To prove that the second term converges td0 asn - +* |, we remark that the set of
integration of this term is #, 0 B(0,R). Now, from the dePnitions ofm(!) and #,, we
have for all x # #,

m() , m() , m()
20+ ) T+ 2@+ D)

n(X)! 1(x) %!

and thus
* + * +
# 7 mey To® me)
('n (Lq(RS) ——— dXx% ———  dax.
vy 2(1+Ix]) tyBER) 21+ [x])
Since! , converges to! in L4(R®), we deduce that the measure of the se#, 0 B(0, R)
converges to0, which implies that the integral
$ &= () *2
m(!
l+eg+ —/———— I'1  dx
! 0T 20+ D)

n +

Njw

converges to0 asn - +* . Hence forn large enoughay, (e,) % M, which concludes the
proof of the convergence oby, (€n).

To prove that aj'(sy) - aj,'(s), we denotee, := aj'(sn). We know from the above
result that, if e, converges toe# [0, +* ], then

Sn = ay, (en) - avfe).

Hence, any subsequence ¢&,)n N converges toe = ao#A)l(s), which gives the convergence
of the whole sequencéen)q- n to e = aj(s). The proof of (iii) is complete.

Proof of (iv): We recall that h = F! | with | ,F # $4 and that ( # [0,1]. From the
convexity of $4, the function ! + (h belongs to$4 and ay (n is well-dePned. Fore < 0
pPxed, we aim to dilerentiate on (0, 1) the function
= 4#$ I I 2, 13
(- aw(n(e)= R (1+ el 1(x)! (h(x))s! 1 7dx
First, the set of integration satisbes

0 . . 1_0 1 8 9
X#R> 1 (I +(h)(X)<e 7 x#R>:!(X)<e 1 x#R°>:TI'(x)<e ,
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which is included in a compact set ofR3. Now, we have for allx in this set
F G
$

5( @+ el 1(x)! (h(x)?! 1_% =3K (e! I'(x)! (h(x))h(x),
2 31
where K (/) = (1+ /)?r 1 i (1 + /). This derivative can be bound uniformly with
respect to( by
2 3
Ke! '(x)! (h(x))|h(x)] ) K e! I'(x)! F(x) |'(x)+ F(x)|
* +

) C 14! P

which, combined with the fact that ! + I # L3 (R®) allows the Lebesgue dominated
convergence theorem and thus impliegv) .

Proof of (v): Let s # R%. The continuity of ( .- af,%l(h (s) comes directly from (iii) . Let
us dilerentiate this function on (o # (0,1). Denote!g=! + (ohand! = ! + (h with
( # (o- Then we rewrite

Bl Al A9 als)  aw(@i9)! e (al(s)
(! (o 206 (35, (5)) ! a0 (3, (5)) (! (o '
Sinceao#/;(s) converges toaj,'(s) as( - (o, the Prst term satisbes
ail(s) ! a(s) 1
71 Flon ~ Al (AL as( - (o,
e (g, () | A0y (85, () @, (ay, (S))
and the second term satisbes
(@) | @ @) s 2, B
(! (o $( ot " :(:(0
Using (3.4.9), we Pbnally get the expression (3.4.10).
]
Lemma 3.4.3 (Changes of variables) Let ) # C°(R)0 L® (R), G # L1(R,) and for all
(x,v) # R® %
e(x,v)= [v[2+1! 1+!(x).
Then
$ $,
) (e(x,V)) G (an(e(x,v))) dxdv = ) (€)G(avf€)) asf€)de
e(x,v)<0 inf %

s (3.4.11)

$
. ) (85,(s)) G(s)ds,

whereinf ! is the essential inbmum of .
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%

Proof. We perform the change of variablee = |v[2+1 ! 1+ ! (x), with respect to the
velocity variable v to get
$
) (e(x,V)) G (as(e(x, v))) dxdv
e(x,v)<0
$ $, .
= 4#  dx ) (6)G(anfe)) (1+e! ! (x)3! 12(1+e! !(x)de
R3 %(x)
$o

» 0/) (6)G(ang€) afe)de.

We have then directly (3.4.11) sinceay is a C'-dileomorphism from (inf ! ,0) onto R¢. O

3.4.2 Rearrangement with respect to the microscopic energy

We use now this jagpbian to debPne a new rearrangement of arfiy# E, with respect to
the microsopic energy |v|>+1! 1+ !(x), where! belongs to$ given by (3.2.1). We
prst recall some basic properties of the classical Schwarz symmeation.

Lemma 3.4.4 (Schwarz symmetrization). Let f # Ep, nonzero, with p > % We debne
the Schwarz symmetrizatiorf & of f on R¢ by

"t> 0, f&t)=inf{s%0, ps(s) %t},

where s is the distribution function of f debned by(3.1.7). Then f &is the unique nonin-
creasing function onR% such thatf and f & have the same distribution function

'S %0, s (s) = Hi (S).
Moreover, if f is continuous thenf & is continuous. In particular, Q& is continuous.

Now, from this Schwarz symmetrisation, we dePne a new rearrangemenwtith respect
to the microscopic energy.

Lemma 3.4.5 (Symmetric rearrangement off with respect to the microscopic energy)
Let f # Ep, nonzero, withp > 3 and! # $4. Let f & be the Schwarz rearrangement df in
R®. We recall that the function f ¥°is debned by

! 2 29 33 %
7 f& ay  [V2+1! 1+1(x) if  v[2+1! 1+1(x)<0,
&% —
f X, v) = 7 % (3.4.12)
0 if [v[2+1! 1+ ! (x)%0.
Then,
(i) f%*is equimeasurable withf , which means
f® 4 Eq(f)y= {g# LL 0LP with pg= p}. (3.4.13)
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(i) f ¥ pelongs toE, with
* 2(2p! 3) 2p +

;IVIf &J/%Ll) C (MY (P +(F( (3.4.14)

(iii) A function Q as debned in Theorem 3.1.1 satisbes
F = Q%2ay, on Rf and Q = Q¥? on R

(iv) Let f,g # E, satisfying pg) pr and! # $, then

$ 29 32 3
V2+1! 1+1(x) g! f% dxdv%O. (3.4.15)

R6

with equality if and only if g = f % In particular
2
H(g) % H (f #2) + % ST A T LZ%H(f&O/@), (3.4.16)

with equality if and only if g = f %%,
Proof of Lemma 3.4.5. (i) Equimeasurability: Let ' # CY{R.,R:) satisfying ' (0) = 0.
Using the change of variable given by (3.4.11) we have
$ 2 3 $ .5 $
© ¥4, v) dxdv = " (F¥s)ds= ' (f(x,Vv)) dxdv,
RS 0 RS

which gives the equimeasurability off and f %,

(ii) Control of the kinetic energy: From the debnition of f &%, see (3.2.5), we have

$ 29 3
V2+11! 1+1(x) &%) o

R6

and $ $
! OOF&Ax,v)dxdv = " T(x)&" ! (x)dx.
R6 R3

Thus, from the Cauchy-Schwartz inequality
$ $ »
% 3 ; f &0/%

[v[f &% ) v[2+11 1 f&b+
6 RS Lt

R (3.4.17)

) !(ng" !f"!3L2+ (fF (L
Moreover, the interpolation inequality (3.1.11) and the equimesuability of f and f ¥®yield
2p! 3

J- !f..!iB) C(f(? (f(f‘,f’?”;|v|f@/§; : (3.4.18)

Lt
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Hence the inequalities (3.4.17) and (3.4.18) imply

$ *$ +
IVIf €61 K (1,f) IVIF®e T 1( f(L1) O,
R6 RS

N

with

2p! 3 p

KL )= CO (L (P (Y

The control of the kinetic energy (3.4.14) follows.

(i) The probl Q, bxed point for the rearrangementf &% : From the assumptions onQ
in theorem 3.1.1, the measure of the support of is as, (6g) and the function F is a
strictly decreasing C'-dileomorphism from [min'! 0,€q] onto [0, (Q(s ]. Thus we have for
all e# [min! g, eg],

8 204 3 9
meas (x,V)#R® : F|v2+1! 1+!1q(x) >F (e

a%g (e)

0 1
meas (x,v) # R® : Q(x,v) > F (e)
0 1
= meas s# R% : Q%s)>F (¢) ,

from the debnition of the Schwarz symmetrizationQ% We rewrite this equality: for all

a#[0,(Q(s] 0 1
ay, 2F"'(a) = meas s# R¥ : Q¥s)>a . (3.4.19)

We know that Q% is a decreasing function on[0, meas(Supp(Q))] = [0, ay (eg)]. The
equality (3.4.19) and the continuity of as, 2F# L imply the strict decrease on%. Moreover,
since the Schwarz symmetrisation conserves the continuit@d® is continuous on[0, Ay, (€Q)]-
We conclude that, for all a # [0, (Q(s ],

, 0
Q% meas s# R% : Q¥%s)>a = a.

We deduce that for alle # [min! o, eg], F(€) = Q&Za%(e), which implies in particular
0= F(eq) = Q%2ay,(eg). But Q%2ay, is discreasing orR§ and we also have

F = Q%2ay, on[min! g,0). (3.4.20)
Let now for all (x,v) # R®
e(x,V) = %W! 1+ 1g(x)#[min! g, +* ).
If e(x,v) ) O, from (3.4.20), we haveQ(x,v) = F(e(x,v)) = Q¥ (x,v). If e(x,v) > 0,

from the dePnition of Q%% , we haveQ¥% (x,v) =0 = F(e(x,Vv)) = Q(X,V).
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(iv) The Hamiltonian of the rearrangement: Let f,g # E,. Then

$
(gl (B = (! Te)(g! f)dxdv
R
$ $ $
= | I ggdxdv! 't fdxdv +2 I gfdxdyv,
R6 RS RS
D D ,
where we use !fg="! "!¢"14= 14f. Finally we have
$

(" gl 1g(P =12 et fdxdvr Le(Ea 1 (2

Thus we obtain

20 3 12 3
VP+11 1 (9! f)dxdv+ 5 (7 L (20 Vg(Fe

H(g)! H(f)
R6

$ 2% 3 1
IV[Z+1! 1+14 (g! f)dxdv+ S gt” e (F2

R6

where the Hamiltonian is dePned by (3.1.4). We apply this equalityto g, f &% # Ep, with g
nonzero andf # Ep to get

, 3 29 32 3

H(g) = H(f‘%)+% Tlglt leng) L4 IV2+1! 1+14 g! f%% dxdv.
R6

Hence, to prove the inequality (3.4.16), it is sU cient to prove (3.4.15).
Letf # Ep, g# Ep, ! # $4and let T dePned by
$ 29 32 3

T= V[2+1! 1+1(x) g! f%° dxdv. (3.4.21)
R6

The claim T %0 is a classical inequality for the rearrangements (see [43] for the [8garz
rearrangement for example and [42] for the new rearrangement). To siofify the notation
we dePne %

e(x,v)= [v[2+1! 1+!(x),

and we use the layer cake representation
$
f (X,V) = o Lict (X’y)dt

+

to bnd $ vs &$ $ (

T= dt e(x, v)dxdv ! e(x,v)dxdv (3.4.22)
0 Si(t) Sa(t)

where 8 9
Si) = (x,v)#RE f¥4xv)) t<g((x,v) ,
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8 9
S() = (x, V) # R® g(x,v)) t<f #x,v)

Now, from the properties about the pseudo-inverse of & 2 ay, we deduce that
e(x,v) % (f &2a)* 1 (t), forall (x,v)# Si(t),
and, from pg ) pr, we have for allt # R™, meas(Si(t)) ) meas(Sy(t)). Thus, since
(f&2a0"") O,
$ +$ $ 2 3
T % dt (F&2a* 1 (t)! e(x,v) dxdv.

0 Sa(t)

But,
e(x,v) < (f&2a*t(t), forall (x,v)# Sy(t),

which implies on the one hand thatT % 0 and in the other hand that, if T =0, we have,
for almost all t # R, , meas(Sy(t)) = 0. Thus we have, almost everywheraneas(S;(t)) =
meas(S(t)) =0 which givesg = f &%

O

Now we give a lemma in which states a method to inverse clearly the funain f &2 ay,

Lemma 3.4.6 (Pseudo inverse off ¥2ay). Let f # Ep, nonzero, with p > % and! # $.
Let f & the Schwartz rearrangement of in R®. We debne the pseudo inverse 62 aq, for
s# (0,(f(L#) as

(f&2ay)?1(s) = sup{e# (inf!,0) : f&2ayfe) >s}. (3.4.23)

Then (f &2 ay)*?! is a nonincreasing function from (0, (f (L# ) to (inf!,0) and for all
(x,v) # R® and s # (0, (f (L# ),

%_
f8x,v)>s; VP+1! 1+1(x)) (f&%2a*L(s), (3.4.24)
and %
%, v)) s;  [VP+1! 1+1(X)%(f42ay?(s). (3.4.25)

For the proof of this lemma, we refer to [42].
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Chapitre 4

Etude numZrigue du systeme de
Vlasov-Poisson en coordonnZes
radiales

4.1 Introduction

4.1.1 PrZsentation gZnZrale

Notre but dans ce chapitre est de dZvelopper un schZma numZrique pde Systme de
Vlasov-Poisson en coordonnZes radialese enr = |x|, u = |v| et s = x &v. Cette Ztude
est motivZe par deux aspects : valider les rZsultats thZoriques existangt conjecturer de
nouveaux rZsultats pour ce systeme. Plus prZcisZment, on cherchera umZma qui conserve
la masse et le Hamiltonien pour garantir sa robustesse puis on doera les pistes pour une
Ztude future du comportement global dOune solution pour une foreh initiale donnZe. Le
but futur est ainsi, dOune part, de conbrmer la stabilitZ de sdions stationnaires de la
forme

Q= F(e),

o+ e est IOZnergie microscopique associZ®, et, dDautre part, dOZtudier en temps long
le comportement de solution proche deQ pour mettre en Zvidence une possible stabilitZ
asymptotique ou un possible amortissement Landau.

Nous nous limitons au systeme de Vlasov-Poisson dans le cas faticar il nOexiste pas de
mZthodes peu coZteuses qui permettent dOZtudier le cas gZnZral. Ce mangaeignt de la
trop grande dimension de IOespace de traviif. Se ramener ~ des coordonnZes radiales, et
donc " la dimension 3, nOest pas pour autant tres restrictif quant ax phZnomenes ZtudiZs :
le cas radial comporte en elet, ~ une translation en espace pres, tous leétats stationnaires
mis en Zvidence dans le cas gZnZral.

Abn dOobtenir un schZma numZrique conservatif, nous nous intZresasruniquement
~ des mZthodes de di!Zrences bnies. Notons quQil existe dDautres man@f@sborder nu-
mZriquement ce type dOZquations cinZtiques : par exemple par mZthode FP@rticule In
Cell), voir [56] ou par sZparation de IOopZrateur de transport (epator Splitting), voir [32].
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130 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

Cependant ces mZthodes ne sont pas conservatives.
Avant dOintroduire un schZma numZrique pour I0Zquation de \dasPoisson radiale,
commeneons par electuer des rappels sur cette Zquation. Tout dOabord, lgseme de

Vlasov-Poisson sOZcrit
!
nogf + VAT, 1" A" =0, (Lx,v)#R. $ R3S RS

4 4.1.1)
f(t=0,xv)= fo(x,v) %0,
pour lequel le potentiel! ; vZribe
! $
| = 0 =
&!¢(x)= %(x) y f (x,v)dv, (4.1.2)

# 1 (x)- Oquand|x|- +* .
Dans le cas radial, il devient
$f + §$rf ! %!;(r)w U2 () $f =0, (trus)#R.$#,  (4.13)

o #= {(rnu,s)#R: $ Ry $ R, |s|) ru} et
| 1 $ 5 2#$
()= = % (f)dr et %(r) = — f (r,u, s)ududs.
r F<r I uwo, [s|<ru

Remarquons que la continuitZ de' ,f et" ,f en respectivementx =0 et v =0 implique
$f(r=0,u,s=0)=0 et $f(rbu=0,s=0)=0.

La conservation de la masse sOZcrit alors
$

M (f (1)) :=8#% f(tr,u,s)rudrduds = M (fo)

et celle du Hamiltonien
$ $ .5
H(f(t):=8#% f(tru,s)ruddrduds! 4# L1 (t)%r2dr = H(fo).
1 0

De plus, dans le cas radial, nous connaissons exactement les invat@de IGoerateur de
transport

S s : -
F$rf! m!;(r)$uf + Ul ori(r) $f,
qui sont IO6Znergie microscopique et le moment cinZtique [7]
I 2

%
e= 7+!f(x) etl=|x+v|.

Nous verrons que ces invariants sont importants dans I0Ztude ndrigue du systeme car ils
permettent de le simpliber.
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4.1. INTRODUCTION 131

4.1.2 Choix du systeme de variables

PrZsentons dilZrents systemes de coordonnZes adaptZes "~ I0Zquation kesav-Poisson
radiale. Nous donnerons pour chacun de ces sytemes les avantages et lesomvZnients
dZcoulant dOune approche numZrique.

Variables (r,u, s) = ( |x], [v], X&) : Le choix le plus naturel est de discrZtiser notre Zquation
en les variables(r, u, s) :

$J+§$HA%HUWJ+'@!rﬁUY&f=Q trus)#R. $#,  (414)

oo #= {(r,u,s) # R+ $ R+ $ R, |s|) ru}. Remarquons tout dOabord que malgrZ les
apparences, puisqués|) ru, I0Zquation (4.1.4) nOadmet pas de singularitZ. Cependant, la
forme du domaine# pose des problemes quant au schZma numZrique "~ adopter au niveau
des bords du domaine : pour avoir une bonne approximation en=0 et u = 0 il faudrait
prendreds 4 drdu, multipliant le temps de calcul. Avec ces variables, il para’t bien dlicat
dOobtenir un schZma conservatif au niveau du bord.

Variables (r, u, 3) = (|x|, V], arccos@‘l?\’,l)) . Pour palier ce probleme, une premiere alterna-
tive est de passer en coordonnZ€s u, 3) # R+ $ R+ $ [0, #] oe la variable 3 est dZpbnie par
s= x & = ru cos@). En notant g(r,u, 3) = f (r,u,ru cos@)), I0Zquation de Vlasov-Poisson
se rZZcrit alors

2 !
! !”ga)gm$$g:o, (4.1.5)

$19+ ucos@)$rg! ! 4(r)cos@)$ug+
Le domaine R+ $ R: $ [0,#] est bien plus facile ~ discrZtiser mais une singularitZ est
apparue enr =0 et enu = 0. En thZorie, on a

$9g="!rusind%$sf =0 pourr =0 ouu=0,

ce qui permet de gommer cette singularitZ. NumZriquement, il para’t tregli" cile de conser-
ver cette propriZtZ.

Variables (r,q,1) = ([x], ¥, [x+v|) : COest pourquoi dans la plupart des Ztudes numZriques
sOintZressant ~ I0Zquation de Vlasov-Poisson radiale, on sgiliQinvariant = |x + v| comme
variable. Remarquez que IOutilisation de I0Znergie microscapigomme variable nOest pas
adaptZe au probleme du fait de sa dZpendance en temps. Une premisre idZerast de
passer en coordonnZe, u,l) mais le passagdr,u,s) .- (r,u,l) nOest pas injectif. On

prZfere gZnZralement utiliser les variables = |x|, q= £ = % etl = |x+v|. En dZpbnissant
o(r,a, )= g(r, 3, r2u?! s2)= f(r,u,;s),ona
" : +
$ig+ o$rg+ ;g!!ga) $,0=0. (4.1.6)

Le domaine qui sOZcrit

#= {(rng,N# R+ $ RS Ry, 0) I) rlqf}
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132 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

est agrZable car "I bxZ on se ramene " un demi-plar{r % 0}. De plus, dans un espace
du type {r >R g}, ces variables semblent tout indiquZes, puisque on nOa pas de Siagid
enu = 0. Cependant, ici le casr = 0 est au centre de notre Ztude et la singularitZ dans
le terme 1%/r 3 est numZriquement tres dZlicate ~ compenser : thZoriquement, elle [Oest par
IGexplosion dé&, g lorque r tend vers 0.

Variables (r,u, 1) = ('sgn(x &)|x|, [v], [x + v|) : Revenons aux variablegr = [x|,u = |v|,| =
[x + v|). Pour contourner la non-injectivitZ de (r,u,s) .- (r,u,l), sZparons ce changement
de variable en deux cas : le cas % 0 donne

2 |12

Sf+u 18 oS f () 1 5%t =0 (4.1.7)
et le cass) 0 donne
12 12
Sl u 1l St () 11 558f =0, (4.1.8)

Pour Zviter dOZcrire ces deux Zquations, on prolonge artibciellementaiable r sur 10en-
semble des rZel®. On cherche donc une fonction de distributionf dZPnie sur IOespace

#={(rnu)#* RS Ry $ Ry, |)] r|u}

qui vZribe - .
f+u 1! |2$fl" 1! |2$f-o 4.1.9
$t u : r2u2 rt - 'f(r) . r2U2 ul — Y, ( ke )
o+ le champ de force! } est dZbni par
1 | 1 $ |r| 2 | |
r> O,!f(r):r—2 F%(F)dE et!: (P r)=11:(r),
Oe pour tout r> 0
$., $
%U)=%§ du %i;::JmquL
r< o I<frju 11 _I?
CorZu2

Remarquons tout dOabord que le chamﬂ est le prolongement par imparitZ du champ
gravitationnel habituel. En revanche, la densitZ est sZparZe en deuelsn x &v > 0 et
x & < 0. Le prolongement electuZ nZcessite quOon sQintZresse aux conditionsaderd en
s=0 : pour tout (r,u) # R+ $ R, celles-ci impliquent la continuitZ

f(' roul =ru)=f(r,ul = ru) (4.1.10)

et

. 12, . : 2, .
lim 1" =" f(rul)an, =1 i 1! 252 f(r,u,l)ang, (4.1.112)

ru' It r2u2 ru' I+
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4.2. ETUDE THfORIQUE DE DIFFfRENTS SCHfMAS NUMfRIQUES 133

0* n; et ng sont les normales sortantes du domainé¢ respectivement enr = |/u et en

r = 1 l/u . La condition (4.1.11) peut se rZZcrire sous la forme
! ' !
I ” I I ” I
im 1! ——=$f( ru, = lim 1! ——=%f(r,u,l),
ru' It r2u2$r ( ) ru' It I’2U2$r ( )
| 12 12 (4.1.12)
lim 10 ——=$f( rul) = I Ilim 11 ——=$f(r,u,l), L
ru' I+ I‘2U2$u ( ) ru' It I’2U2$u ( )
12 12
lim 1" —$f( r,bul) = 1 Im 10 —=%f(r,u,l).
ru' I+ r2u2$' ( ) ru' I+ I‘2u2$| ( )
_— . |12 .
On voit bien que la racine 1! —— tend vers 0 lorsqueru - |* mais ce facteur est

22
nZcessaire dans la condition (4.1.1r2ycar, thZoriquement, les dZrivZestielles def peuvent
2

exploser ~ une vitesse inversement proportionnelle © 1! 252

Revenons maintenant ~ notre objectif : trouver un schZma numZrique qur cette Zqua-
tion. A priori, le domaine dOZtude est ici aussi compliquZ que celui correspondam a
variables (r,u,s). Cependant, ce paramZtrage prZsente un gros avantage : les caractZris-
tiques sont incluses dans des plangl = constante} comme le montre |IQabsence de terme
en $f . Ainsi, le pas de temps! | quOon considZrera peut stre variable et ne sera soumis ~
aucune condition CFL. De plus, pour trouver un schZma conservatif, ifu' t de se limiter
" une Ztude faite " | bxZ : en &et, on a

M (t) = ;liif (t,r,u, 1 )dudr = M(0). (4.1.13)

2
[ru>l p
1! =

Pour le Hamiltonien, sommer selon la variabld est nZcessaire pour obtenir son invariance.

4.2 Etude thZorique de di!Zrents schZmas numZriques

4.2.1 Cadre gZnZral
Plasons nous sur un intervalle de tempg0, T] pour T > 0 bxZ et sur un domaine
#= 1) o#

o #, = {(r,u) # R$ R:, |ru|] % I}. En la variable temporelle t, on considere une
subdivision ~ pas constant

(to=0,...,th,....,ty = T) avect, = n! t.

Nous notons les pas en espace et en vitesse respectivermentet ! u. On dZpnit alors les
discrZtisations centrZegry)( 1 et (u;)i( 1 telles que
* +

1
pourk %1, re = k! > Pr et rgg=" ry, (4.2.1)
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134 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

et * 1+
pouri %1, ui= i! > I u. (4.2.2)

En la variable I, nous choisissons un pas maximdl | et un entier p tels que
2! 1< 2P 1l wu.
Nous choisissons maintenant une subdivision dB. , notZe(l;);( o et dZPnie par

0<§<W<...<?<!I<2!I<3!I<... (4.2.3)

Alors, lors de notre discrZtisation nous nous placerons au centreeces intervalles en

Ij + 1
| = J 21+1, (4.2.4)

pour tout j %0. Nous noterons! |; la taille des intervalles(lj,[j+1] pour tout j %0, i.e.
Plj=Tdiea b ) LI

Le choix de cette discrZtisation pour le domaing nOest pas anodin. DOune part, centrer
les discrZtisations en espace et en vitesse permet de ne pas avoir dé aliltZs lors de
divisions parr et par u. DOautre part, on & ne la discrZtisation pres del = 0 en choisissant
4l < ! r! u pour sOassurer que des espaces du type

{Ij, Ij < |rklui} ~ r¢ etuj PxZs

ne soient jamais vides.
Pour une telle discrZtisation du domaine#, on cherche alors une approximation

fl?,l,] 4 f(tn1rk1ui!|j)

oe la fonction f satisfait [OZquation

12 12
$f +u 1! Ww! Li(r) 1! Ww =0. (4.2.5)

sur le domaine# et vZribe les conditions au bord (4.1.10) et (4.1.12).
On sOintZresse ~ un schZma numZrique du type explicite
n fn+1 1 fn N < \ = n
D" = ? =1 [u]ui ) K,iij D f"+ !fn e ) K,ij D,f", (426)
o* D, et D, sont les opZrateurs diZrentiels coEespé)ndant "% et $y. Le terme [u],, est
une approximation positive deu enu;, le terme !{,  est une approximation de! ;, en
Ik !

2

: L 12

rx de meme signe query et le terme ) j est une approximation de 1! ., = valeur
ki

dans|[0, 1].
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Notons quOil nOest pas concevable dOenvisager un schZzma implicitptedenu du
nombre de variables. Ainsi, pour garantir la stabilitZ du sciZma, on doit choisir pour
u> 0un schZma aval en espace, pour> 0 un schZma amont en vitesse et, pour< 0, un
schZma aval en vitesse. Le sens du transport selon chaque coordonpgat stre modZlisZ
" I> 0 bxZ par

Les conditions aux limites impliquent deux propriZtZs : la continuiZ f (A#) = f (A*)
etf (B¥)= f(B*) et le transport de la masse en espace d&* ~ A* et en vitesse deB*
N B#

4.2.2 Notations et Consistance

Dans un premier temps, nous allons montrer quOil existe un schZmamrique consis-
tant et stable pour le systeme de Vlasov-Poisson radial sans téncompte des conservations
de la masse et du Hamiltonien.

Notations gZnZrales

Dans un premier temps, nous devons chercher une formulation de la dgty 98 4 %n .
!

En elet, le calcul du potentiel ! ; et le calcul de la masse sont directement liZs " cette
densitZ. Fixonsry > 0. En ce point, nous devons chercher une approximation

2?'-}“$ I n
Mo wokingu 11 55
k

La premisre idZe serait de prendre directement
o#t C lj+ 2
— ' 2 n
o/ﬁ -_ |’72 77|2 fk,i,j I ul I
k i.j
Irilui>l tordu?
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. 12 .
Cependant, comme on divise par le terme 1! ' qui peut stre tres proche de O, cette
ki
formulation ne conduit pas = un schZma consistant. On peut nZanmuos trouver une autre
formulation plus adZquate. Remarquons tout dOabord qué) et u; PxZs, on sait calculer
la primitive $ @

Ainsi, on a

$ " lui I C
;jlzf“(rk,ui,l)dl = myij feij + reufo 1),
0 1! 2 ,

Irilui>tj

0+, en prenant la suite (Tj) dZbnie par (4.2.3),

> A
— v2,.2 j Kij +1
Mgii = reus 1! —= ! 1! , 427
k!'!] kY« r&ulz r&UIZ ( )
avec [ ~ _
"l = e Si lj+1 < [rilui,
(4.2.8)

# - .
lkij +1 = Irelui si lje1 % |ricfu;.

Remarquons que pour tout(k, i,j ) le co€¢ cient my;; appartient” [0, 1]. Finalement, avec
les notations prZcZdentes, on obtient

C
%on (ry) = 2# Miij foij u?! u+ O( 1)+ O( u). (4.2.9)
|rk|||;Ji>Ij

Avec ces notations, donnons maintenant les dZpnitions gZnZrales gesteront valables dans
toute la suite de notre Ztude et auxquelles on pourra donc se rZfZrer.

DZPpnition 4.2.1.  Pour une fonction de distribution (f;; ), on dZpnit la densitZ(%), la
masseM ", le champ gravitationnel (E!) et le Hamiltonien H" par

, # C
¥ "k#N% of = = Miij feij ! U,
k ij
|rk|ui>lj
cs ) ) C
¥ M"=4# %! r =8# miij fij ! rtou,
k=1 Kii,j

|rk|ui>l j

¥ (EJ) est impair, du signe dery et sera dZbni plus tard.
¥ H" = EJ, ! Epy, avec
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El, =8#° ufmyij fRii ! rtlu
K,ij
“k'“ 7 (4.2.10)

|
Z pot_4# r2(ED?! r.
=1

DZbnissons maintenant le schZma numZrique que nous allons Ztudier

DZbnition 4.2.2 (SchZma numZrique) Soit (fk| ) dZbnie pour tout(k,i,j ) # Z%$ N&$ N
tel quel; < |ri|u; o les suites(ry), (u;) et(l;) sont dZbnies pan(4.2.1), (4.2.2) et (4.2.4).
Alors on dZpPnit pour toutn # N la matrice (fe Kiij ) par

n fn+1 Lfn i £n S ! k n
Qe
- pour tout (k,i,j ), les) k;; sont des termes positifs,
- les [:u]iy*@ sont fonctions positives deu; et du signe dery, notZ " (k),
-les ! }n sont du meme signe que et ne dZpendent pas deet j .
%
- compte-tenu des conditions de bord, les opZrateurs di"ZrentieB" et D& peuvent dZ-
pendre de(k,i,j ).

Un schZma consistant et stable

Gr%oce ~ IOZtude prZcZdente, on peut mettre en Zvidence un schZma consistattle
dansL® et prZservant la positivitZ def ".

fn+1! fn

SchZma A Dif" = — = LU k) DU M+ ER) g DTN, (4.2.12)
avec
@ B
o= 11 =}
)k,l,j rlzuiz
1 (e} 1 (e C
EQ:r—Z 20/§|r—— I r Mg, £ U,
K k=#k+1 LTS |'>f|>l(|0
<Irplu;
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138 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

et, o* les opZrateurs di!Zrentiels sont dZPnis par

n n
fk ! 1:k#l

Ny _ I I
% i> 0, Drkf”:? S|rk#1>u—iourk<!u—i
. n_ fiva ! ff : lj
k>0, D,f"= "1 gy oL (4.2.13)
% Iu re
fh1 N ) [
'k< 0, Dyff= L gy, %L,
lu Mk
et au bord,
: gD !
>0, Dy ft= - 2FEL3 singy) <ry
; Lr+2 ! - Ui
(4.2.14)
Fii b Fin ; J
'k< 0, D,f"= n2 = |_3 Siliz1< —) Uj.
bu+2 u! - Mk

Remarquons queE[ vZribe la condition
(ED) est impair, EL= B! r, et, 'k#N& D,(r2EM)=r2'of+ 4, !,

o D, est IQopZrateur correspondant ~ un schZma dOEuler explicite aval. Cegadme peu
ici mais sera capitale pour la conservation du Hamiltonien.

Consistance et stabilitZ du SchZma ACommeneons par Ztudier la stabilitZ du schZma A.
Pour conserver la positivitZ def " et avoir la stabilitZ L® du schZma, il si t de manisre
tres classique de satisfaire la condition de Courant-Friedrick-Lewy (CFL) suivante
u-!t+|E”|!t<1 (4.2.15)
'3l r Klgtu ™ -

Maintenant, dOapres 10Ztude gZnZrale faite prZcZdemment, la consistasu schZma
provient directement des opZrateurs dOordre 1 choisis. Pour motiver d®ix, travaillons en
une dimension 1 et plasons nous sur la droit€u, ) = (uj,l;). Nous notons alorsko # N&
le plus petit k > O tel que ryu; >1; :

LorsquOon peut le dZpbnir et donc ~ une certaine distance du bord, orepd comme discrZ-
tisation

forofn
D, f"= K K1 gikskoouk)! Ko (4.2.16)
r

Ik |

138



4.2. ETUDE THfORIQUE DE DIFFfRENTS SCHfMAS NUMfRIQUES 139

De plus, enkg, pres du bord, au sens des conditions au bord donnZes auparavant, la
consistance est satisfaite pour

Cependant, une telle discrZtisation risque de demander une conditiomle Courant-
Friedrichs-Lewy (CFL) trop restrictive pour conserver la positivitZ de f" : en elet, le
pas2! peut stre bien plus petit que ! r. COest pourquoi dans nos schZmas, on considZrera
un opZrateur du type

o 20+ 1 -

qui est consistant et qui ne demandera pas une condition CFL trop stdte au niveau des
bords.

Les rZsultats des tests numZriques, faits ~ partir du schZma A dZbni p&.2.12), sont
exposZs dans la partie 4.3. Nous voyons en particulier que la mass@est pas conservZe.

4.2.3 Conservation de la masse
Criteres de conservation de la masse

Nous cherchons ici ~ modiber le schZma A pour conserver la madge’ donnZe par la
dZbnition (4.2.1). Dans le but de simpliber les notations, commeans par Ztendre celles-ci
~ 10espace < 0 en faisant la symZtrie par rapport ~ IQaxdr,u) = (0, 0). Ainsi pour toute
matrice O, et pour tout (k,i,j) # Z%$ N¥$ N, on a

Ogikj = Oj#k,j»
et [OopZrateub# ki est dZbni ~ partir de D*" par
D** O 15 = DY Oy,
pour toute matrice Oy;; . Ces nouvelles notations permettent en particulier dOZcrire plus

simplement “ k > O etj %0 bxZs

C C
(OkM + O# K,i,j )! u-= Ok,i,j I u.

i"N i"Zz
|Ui|<|j/l’k |ui|<|j/rk
En particulier, en dZPnissant les espaces

U" = {(k,i,j) # Z%8 N S N, I} < |reuil},
R* = {(k,i,j ) # N%$ Z%$ N, Ij < |reuil},
on a C C
Okij = Okij -
(kij )" u* (Kij )" R*
Maintenant, Znonsons un lemme donnant des conditions Susantes pour la conservation
de la masse.
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140 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

Lemme 4.2.3. La masse donnZe par la dZpnition 4.2.1 est conservZe par le sch{#a.11)
si les opZrateurs de di"Zrences bnie®}' et D{ et les coelcients ) kij Ssatisfont les
propriZtZs suivantes :
g2 3
(i) (ki) DT mii)kij Wiy =0,
2 3, (4.2.18)
(i) " (kij), D& (Mkij)kij)=0.

os les opZrateurs adjoints(Dy )& et (D! )& sont dZPnis par : pour toutes matriceg0y;; )
et (gk,ij ) dZPnies sur#,

C . C -
Y(0,)), Okij D Ok,ij ! r = Okij (D1 )%0kij ! T, (4.2.19)
K" Z
|rk|<lj/ui |rk|<lj/ui
et _ C g C o
"(k,j), Ok,ij D¢’ Gkij ! u= Okij (DE)%0; ! v, (4.2.20)
i"z i"z
|ui|<lj/rk |ui|<lj/rk

Remarque : Notons que, si[u]i’*(k) = [U]F ne gZpend pas dé&, la conservation de la masse

ne dZpend ni du choix de[u]; et ni de !{,  dans le schZma numZrique (4.2.11). De
%

plus, si cette propriZtZ est vZribZe, notons que lorsque les opZrate@@s’ )& et (DX )& sont
indZpendants respectivement déi,j ) et (k,j), alors, il su’ t dOavoir

(D)%) = (DgH¥1) =0
et dOavoi) xij mkij indZpendant dek et dei.

DZmonstration du lemme 4.2.3.Les dZbnitions 4.2.1 et le schZma (4.2.11) impliquent

C
DM " = 8#2 Miij Dif i Ll u=8#%1 1! u(% + %),

(kij )" U*
Oo
C . C N 2 i 3., -
%, = [ul,*(yMkij ) kij Drcfiij = fiy Dr? [UlivaoMiij ) kij o
(k,i,j )" u* (kij)"u*
C <, = . C <, = 2 i 3e
Y = in o Miij ) kij Duificij = Lo g fiip Dat (i ) kg )
(kij )" R* (ki,j )" R*

Il su" t maintenant dOappliquer les conditions (4.2.18) pour obteniral conservation de la
masse. O
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Un exemple de schZma conservant la masse

En nous basant sur le lemme 4.2.3, nous pouvons dZbnir un schZmasmvatif.

. fn+l g fn . "
SchZzma B : D" = X =1 u) kij DY "+ ER) ki DG F, (4.2.21)
avec -
it
i . 4.2.22
) Kij M ( )
1 1 (6 C
EP = o ref! = = I r Mg £y,
K k=#Kk+1 K k=#Kk+1 i>0j(0

|j <|Irpluj

K
et, o* les opZrateurs di!Zrentiels sont dZPnis par
!

7 >0 Dyfn= Tk g <)
¥ i : = sir ——our P
i Ik | r k# 1 U| k U|
' FR LD I
_ 'k>0, D,f"= "1 siywnl (4.2.23)
] u Mk
5 Fh1fn, I
# k<0, Duf"= """ 1 gy, %L,
l'u Ik
et au bord, !
7 'i>0 D,f"= T Siks#1) TR
: i
(4.2.24)
fo 10 I
z'k<o, Dy fh= K" K gy < Ly oy
I'u Mg

Proposition 4.2.4. Le schZma numZriqug4.2.21) conserve la masseM " donnZe par la
dZbnition 4.2.1. De plus, si la condition CFL suivante est respéce,

| |
2u; % ¥ 2|E,§‘|% <1, (4.2.25)

il conserve la positivitZ def " et est stable dand.® .

Conservation de la masse Nous pouvons vZriber que pour toutk,i,j ) nous avons
) kij Miij = 11 1, et (DY)¥1) = (D&% 1) =0.
Ainsi, dOapres le lemme 4.2.3, le schZma B conserve la masse.
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142 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

Loin du bord : Prenons(k,i,j ) # U* tel que

[ i
ljor < Irui, Ird! tr> Loetujy >

Ui Irl”

Rappelons que, dOapres (4.2.4)), est le centre du segmentfl;, lj+1] et! |; est sa longueur.
Ainsi, en remarquant que
& 2 (& 2 ( RE |
v _ bt
202 2,2 2.2 202"
riyi riyi riyi riyi

> A
_ vy 11,@ I g‘ Ti,i,j +1 E
. _1 11 ) 1.

Y1 oy !
Mgij 2 rgu? rgu?

Remarquons que cette expression est consistante tant quOon ne sapp pas des bords.
De plus, on dZduit de cette derniere inZgalitZ que la positivitZ dé" est conservZe et que
le schZma B est stable dank® "loin du bord" si la condition CFL

! It
est respectZe.

Pres du bord : Les expressions (4.2.22) et (4.2.24) ont ZtZ clairement prises pour senver
la masse transportZe dOun bord " IQautre. Les opZrateurs de dilZrerfeei@sD, et D, ne

sont donc pas, en gZnZral, une bonne approximation di et $, tout comme ) y;; nOest
. . . 12 . . .

pas, en gZnZral, une bonne approximation de 1! . En fait, pour simpliber les calculs,

ki

on a prZfZrz Zcrire

et Dy fn= k! ek
k

mk,i,j ' Ir ’
plut™t que
|.
i :|j!|j2(rk! ) et D, f"= fe! T2,
" My ! T T 2! b

mais cela revient au meme. VZriber que de telles formules sont consistantaegec les condi-
tions aux bord (4.1.12) est tres compliquZ. Cependant, on peut penser gusi) Kiij nOex-
plose pas pres du bord et donc que la condition CFL ~ adopter nOest paop restrictive,
la conservation de la masse rend notre schZma robuste.

Pour borner) y; , remarquons dOabord qudil ne dZpend querdg; et donc que de la
distance del; au bord. En elet, si

lj+1 < [rilui,
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ona)g,j ) 1quelques soient les valeurs dfy|! Lil et de u; ! |rIJT| Remarquons quOen
rZalitZ, dans ce cas, ces deux quantitZs peuvent stre minorZes respectivemeat p; (lj +1 !
lj) et par |ri|(lj+1 ! 1}) ce qui les empeche de tendre vers.

Maintenant, prenons (k,i,] ) tel que
lj < fricJui ) lj+z.
DOapres la dZbnition (4.2.7), on a donc

:

2
|:

— 1 -1
Myij = rgu?- 1! ﬁ= Iriclui(ricui b 1) 2 (friclui + 1) 2,
kY
et comme|ry|u; > 1,
* +l* +l
!|j 2 - !|j 2 H;
Mk.ij %|rk|u. 7 2|j + 7 %|rk|ui—.
Ainsi 1 |
ki = 1) 21) 2
T mgg Iricui

Ainsi, si la condition CFL (4.2.25) est vZribZe, le schZma B est stable® et conserve la
positivitZ de f ".

Notons que les rZsultats des tests numZriques eletuZs " partir de ce sch&Zmsont przZ-
sentZs dans la partie 4.3. Nous remarquons en particulier que le Hdtanien nOest pas
conservZ meme sOil varie tres peu. Pour remZdier ~ cela, on modibe ce schZians la
sous-partie suivante.

4.2.4 Conservation du Hamiltonien

Pour ne pas surcharger en notation, nous nOallons pas Zcrire uddheme gZnZral quant
" la conservation du Hamiltonien mais nous allons directement propser un schZma numZ-
rique vZribant cette propriZtZ en "dehors des bords". La dZmonstrath de cette conser-
vation restera cependant assez gZnZrale pour visualiser une possigZnZralisation ~ des
opZrateurs dOordres plus ZlevZs.

Nous dZPnissons donc le schZma suivant.

* +

§ I u i EQ+ Ef" .
SchZma C: Dif "=t ui! "()— )iy D F7+ fk) kij DEIE", (4.2.27)
avec 1]
UL
i = . 4.2.28
) K,i,j mk,i,j ( )
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144 CHAPITRE 4. ETUDE NUMfRIQUE DE VLASOV-POISSON RADIAL

1 & 1 & C
= replr= 5 r m... f" u
I’2 kK’'K* r2 ' K,i,j o
K k=#Kk+1 Kg=gker  >0j(0

|j<|r;'g|“i

EQ =

et, o les opZrateurs di!Zrentiels sont dZbnis par
!
: forfn | I
"i>0 D, fh= KKl gir.i> Lourc<! =
% Ik ' r k# 1 U| k U|

fh b fn

. I
'k>0, Dyf"=-"2"1T  siy %l (4.2.29)
u rg
% fni '?#1 [
'k< 0, Dyf"= 11— 1 siupm %L,
l'u Mk
et au bord, !
. LA . li
% "> 0, DrkfnzM Sifk#1) i_<rk
I'r Ui
(4.2.30)

. F
Z 'k< 0, D,f"= Si Ujz1 < ri) uj.
k

Remarquons que les termeyy;; et les opZrateursD, et Dy *k) iCi dZbnis sont Ie,g mepes
que pour le schZzma B. Les seuls changements ont ZtZ faits sur les terfiuds: et ! {n .
pour satisfaire I

7 1> 0, (Dy @)U = ! 2[u]; »(),

Z < = En+l 4 En (4.2.31)

'kF0, 1o o= KK
i) 1 rk 2

De plus, rappelons que le champ gravitationneE} satisfait

(ED) estimpair, EL= %! r, et, 'k#N% D,(r2E!)=r2'f+ 9%, ' r. (4.2.32)

Les conditions (4.2.31) et (4.2.32) sOajoutant " la condition (2.18) sont les arguments
permettant de dZduire la conservation de la masse et du HamiltonierOn pourrait tres
bien gZnZraliser la proposition suivante ~ dOautres opZrateurdss{@ribent ces conditions.

Proposition 4.2.5.  Soit une distribution f " satisfaisant (4.2.27) et telle que son support

reste dans ) | /
A= (r,ul),|r]> a+2! r

Alors, si les conditions suivantes sont respethes.
(i) Le schZma C prZserve la positivitZ dé" et est stable dand.® tant que la condition

CFL suivante est respectZe :
3 It 1 st

(i) La masse et le Hamiltonien donnZs par les dZpPnitions 4.2.1 sbronservZs.
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Remarquons tout dOabord que ce schZma propose de troul/Bf! apres avoir calculZ
son champ de forceE"*1. Ceci ne pose pas de probleme car nous pouvons quantiber les
variations D{(E"™) uniquement " partir de f". Ce rZsultat correspond "~ I0Zquation (4.2.39).

Ensuite, on a perdu ici la conservation de la masse au bord. En elefous nDavons plus

, - '&2 3
DY ™ muij ) kij Ui« =0,

au niveau du bord puisque[u]; <y change de valeur lorsque quey change de signe.
DZmonstration. La stabilitZ dans L® , la positivitZ de f " et la conservation de la masse

sur IOensemblé sont toutes des propriZtZs dZcoulant directement de la proposition 442
Commeneons par Ztudier les variations de 10Znergie cinZtique :

C
DEJ, = 8#° uizmk,i‘j Defi ! rtu
(k,i,j )" u+
C F < = G
= 8#2 u|2(IJI IJ) ! [u]i,*(k) Drfn+ |]|<n e Du‘*(k)fn Fr!ou.
(k,ij )" u*

Comme la condition (4.2.18) est encore respectZe sir et que f" est nulle en dehors de
cet ensemble, on obtient

C <, =
D(EG, = 8#7 uf(it ) Tin | Dusgofiiy ! rtou
(kig)" R 2 3 < = 4.2.34
= 8#2 D&wgouf (1 1)) Vi TR T ( )
(k,ji,j )" R*
Ainsi, en utilisant (4.2.31),
C Egt + Ef
D(EQL, = ! 16#? [l iy (1! |,-)'<#kf|2i‘j Lrl o (4.2.35)

(kjij )" R

IntZressons-nous maintenant IGZnergie potentielle. Ses variasopeuvent se mettre sous
la forme suivante :

c? EM*L + EJ

D(Epot = 4# 2Dt(rEEQ)kfk

k=1

T, (4.2.36)

Dans le but de dZterminer une formule explicite deD(r2E[), on dZveloppeD:(rZ%) en
sOaidant de la condition (4.2.18) :

1 C C
EDt(rEO/ﬂ) = My Def it u=1 (1! 1) [Uli <o Def G 1w
|rk||dji > | |rk||dji > |
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En dehors du bord oe la fonction f " sOannule, est indZpendant dei et j, dOoe

(08
Di(rg ER) D ( rég! r)

k=#K +1 2 3
= 1 2# (IJ' Ij) [u]l,*(K)f}?,l,j ! [u]i’*(#K)fQK’i,j I u.
|I'k|ll’JJi >|j
Finalement, en notant queEj, = ! EZ, on obtient
C En+1 + En
D(Epo = | 16#2 ! [u]iy*(k)kfkfl?’i’j rlou (4.2.37)
K
Irlui>lj
On a ainsi la conservation du Hamiltonien en combinant (4.2.35) et4.2.37). O

Pour le schZma CE[ doit «tre dZPni de deux manisres : soit directement pourE :

&
'k>0, r2eQ= reRlr et Epy = ! Ep, (4.2.38)
k=#k+1

soit, pour n %1, ~ partir de E}** et def "#1 :

2EI?! E|r(1#1 c 2 sgn(k) ¢ n#1 sgn(#k) ¢ n#1 3
|I'k|ll.’lji>|j

4.3 Tests numZriques

On teste maintenant les trois schZzmas A, B et C dZbnis par (4.2.124.@.21) et (4.2.27).
Dans un premier temps, on mettra en Zvidence les propriZtZs conservativesatbnvergence
de ces schZmas pour des donnZes nulles ou non nulles au niveau du bords,Rians un
second temps, on considerera une perturbation dOun Ztat stationnairet on Ztudiera son
comportement au cours du temps.

4.3.1 Conservation de la masse et du Hamiltonien

On considere tout dOabord un Ztat initialf o dont le support est assez ZloignZ du bord.
Dans IOexemple que nous allons Ztudier, nous nous plasons@uRm]$ [0, Un] avecRy, =
Um =1 et nous considZrons une condition initiald ¢ telle que

' [ 1 1 I 1 1
S fo) 7 ), —+ =< < Zet—+ >-<u< =
WRo) 7 (rul), o+ g< i< Setoo+ geus o
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Notons que numZriquement, le chamE¥ est infZrieur ~ 0.1. On prendra donc! t=! r =
' u="! I. Les donnZes seront nulles pres du bord au moins jusqud” un tempg vZribant

To=nlt=nlr=1/8"! I,

On sOattend donc ~ ce que le schZma C conserve la masse et le Hamidio jusqu®” ce
temps. De plus, le schZzma B devrait conserver la masse deux fois ploagtemps jusquO” ce
que la masse soit transportZe jusqu®au bdrd = Ry, et u = Uy,. Nous considZrons des pas
de! =10 #2. Nous reprZsentons IOZvolution de la densRHO + et RHO! correspondant
respectivement ~ la densitZO/ﬁ pour k > 0 et pour k < 0 sur les bgures 4.1, 4.2 et 4.3,
relatives aux schZmas A, B et C.

Remarquons que la consistance du schZma A rend la courbe reprZsentaatdensitZ
plus lisse que celles obtenues pour les schZmas B et C. De plus, notoni est tout ~
fait logique que la densitZ satisfaisant > 0 et doncs = x av > 0, soit transportZe vers
IOextZrieur et que, inversement, celle satisfaisasik 0 se rapproche du centre du domaine.

Nous reprZsentons ensuite I0Zvolution de la masse, bgure 4.3.1 édamiltonien, bgure
4.3.1 pour les di'Zrents schZmas.

Les variations de la masse suivent I0Ztude thZorique faite poaslischZmas A, B et C :
le schZzma A nQest pas conservatif, la masse correspondant au schZmas@ constante
un moment avant de dZcro’tre rZgulierement mais tres faiblement et le s¢hma B conserve
admirablement la masse pendant un temps assez long.

On remarque quO” partir dOun temps dOenviroa 1.2, les trois masses dZcroissent de
concert de manisre rapide. On peut expliquer cela par un transport de msse thZorique
vers IQextZrieur du domaine, em] > R, ou enu > Uy,. De la meme manisre, on voit ce
phZnomene se produire sur I0Zvolution du Hamiltonien. Remarqueue la densitZ semble
se concentrer pres der = 0, ce qui implique par conservation de la masse un Zlargissement
du support en la variableu et qui coencide avec ce phZnomene. DOailleurs, en prolongeant
la durZe dOZtude on peut nettement voir un Zcroulement brusque de la déhgnr = 0.

Commentons maintenant la bgure 4.3.1. Les varitions du Hamiltoilen ne sont pas
Ztonnantes pour le schZma A. Cependant, on remarque quOau tentps 1, le schZzma
B semble avoir mieux conservZ le Hamiltonien que le schZma C. Cela sOgupl assez
facilement : les pertes et gains dOZnergie se sont ZquilibrZs au cours dupsepour le
schZma B alors que le schZma C a conservZ le Hamiltonien jusqud” we l@ support de
la fonction de distribution atteigne le bord singulier. Pour Ztayer cette explication nous
agrandissons la bgure 4.3.1 pour des temps petits, voir Pgure64 Nous voyons que le
schZma C conserve bien le Hamiltonien sur cet intervalle de temps. Lehgma B pour sa
part le fait varier tres faiblement.

Au Pnal ces trois schZmas ont leurs avantages et inconvZnients : le Zofa A est plus
consistant au niveau des bords mais nOest pas conservatif. Le schBrest a priori moins
consistant que le A mais conserve la masse partout, ce qui le rendudile lorsquOon cherche
de la convergencd.!. Pour bnir le schZma C apporte par rapport au schZma B la conser-
vation du Hamiltonien loin des bords mais perd celle de la masse prdes bords.

Dans la sous-partie suivante, nous nous intZresserons " la pdsisitZ dOappliquer de
tels schZmas pour Ztudier le comportement asymptotique dOune sautproche dOun Ztat
stationnaire.
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Figure 4.1 B Evolution de la densitZ pour le schZma A
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Figure 4.2 B Evolution de la densitZ pour le schZma B
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Figure 4.3 D Evolution de la densitZ pour le schZma C
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Figure 4.4 b Evolution de la masse au cours du temps

Figure 4.5 b Evolution du Hamiltonien au cours du temps
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Figure 4.6 B Evolution du Hamiltonien en temps petit

4.3.2 Comportement autour dOun Ztat stationnaire

Nous donnons maintenant les idZes pour tester nos schZmas numZriquemar dOZtats
staionnaires bien connus, les polytropes. Poup > 9/ 7 nous savons quQil existe un Ztat
stationnaire vZribant

* + 1
2 pl 1

Q(ru)= C ! 1! UE! o) (4.3.1)

o* (a). dZsigne la partie positive dea. Pour des raisons de simplicitZ, nous Ztudierons ici
le casp = 2. Dans ce cas, en intZgrant selon la variable de vitesse on trouve
/ _

" 2C( 11 1)

Yo(r)= "

En choisissant alorsC = =, le potentiel ! o satisfait

rArg+2riy=(1 11 1o(r)?

Cette Zquation admet une unique solution vZribant | (O) =0 et tendant vers 0 " 1Qinbni.
On utilise alors une mZthode de Runge -Kutta dOordre 4 pour la eigire. On obtient ainsi
le potentiel ! o et sa dZrivZe | reprZsentZs Pgure 4.7.

Ces graphes nous apportent quelques informations utiles. On peut voiout dOabord
que ! g reste plus petit que! 1 jusqud” environr = 3. De plus, lorsquQelle devient plus
grande que cette valeur, on sait qué o(r) = ! Ml o* M1 est la masse correspondant ~
la distribution Q. Ainsi, une Ztude plus approfondle de la courbe dég nous donne une
tres bonne approximation de la valeur M : on trouve M; = 40.71. Notons enbn que le
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Figure 4.7 B Graphes du potentiel o et du champ gravitationnel ! ’Q

champ de force! 'Q nOest pas plus grand qué ce qui permettra de bien choisir les pas
de discrZtisation abn de respecter la CFL. Notez que nous avons reprZsetd fonction de
distribution Q sur la bPgure 4.8.

Maintenant, prenons une fonction initiale proche deQ et Ztudions le comportement
asymptotique de la solution numZrique correspondante. Nous esmfis bien sZr que cette
fonction tende versf ¥ . On choisit f o telle que

* +

fo(r,u,s) = i Il u—2! Fo(r)! b-(r)s

#2 2 2 .

NI

os - (r) est une gausienne centrZe e®, majorZe parl et ~ support dans [! 1,1] et b est
une constante faible. On se place sud, Rm]$ [0, U] avecRy =4 et Uy, =3 ce qui nous
permettra dOZviter toute perte de masse sur les bords du domaine. biag alorsf (t) la
solution thZorique associZe fq et f " sa solution numZrique. On remarque numZriquement
que sib=0.1 alors

sup|fo(X)! Q(x)| 4 0,036

Or, f" est une approximation def dOordre 1 donc, en notant le pas global la condition
I << 0,036 (4.3.2)

est nZcessaire pour pouvoir observer un comportement asymptotique um permettant de
conclure. En elet, dans le cas contraire, nous ne saurions pas si leariations par rapport
"~ Q sont dues " la pertubartion ou " IQerreur dOestimation du schZma nidnique.

Prendre un! aussi petit revient ~ considZrer au moins 400 points en espace, 300 paint
en vitesse, 1200 points en la variablé et le nombre de points de la discrZtisation en temps.
Le calcul est donc trop lourd.

Pour rZsoudre ce probleme, I0idZe est de prendre des opZrateurs rgitfiels dOordre
supZrieur ou Zgal " 2. En elet, notre rZsultat de conservation de la mag est donnZ pour des
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Figure 4.8 B ReprZsentations du polytrop&

opZrateurs quelconques et celui concernant le Hamiltonien peut stre aisZntegZnZralisZ.
Pour IQinstant, cette adaptation est encore en cours dOZtude.
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