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RŽsumŽ en fran•ais

1 Introduction gŽnŽrale

1.1 Des mod•les galactiques aux Žquations de Vlasov

En 1991, Jostein Gaarder a Žcrit dans "Le Monde de Sophie" :

" LÕunivers est une Žnigme bouleversante : d•s que je mÕinterroge ˆ son sujet, je
me sens plus vivant. Peu importe que nous ne puissions pas rŽpondre ˆ toutes
les questions : dÕy mŽditer, cela su!t."

En suivant son conseil, je vous propose de nous questionner sur lÕunivers, et plus particu-
li•rement sur ces lieux de lÕunivers o• se regroupent des milliards dÕŽtoiles, les galaxies.
Une premi•re lecture du dictionnaire nous apprend :

" Galaxie : Vaste ensemble dÕŽtoiles et de mati•re interstellaire dont la cohŽsion
est assurŽe par la gravitation."

Comprendre les galaxies passe donc par la comprŽhension de la gravitation. Cette force
permet ˆ un nombre incalculable dÕŽtoiles de se regrouper dans un endroit conÞnŽ de
lÕunivers sans pour autant sÕagglomŽrer en un unique astre gŽant. Cependant ce nÕest pas
toujours le cas, seules certaines conÞgurations de galaxies permettent ˆ celles-ci de perdurer
sans se rŽtracter en un trou noir. Depuis 1936, gr‰ce ˆ leurs observations, les astrophysiciens
rŽpertorient ces formes particuli•res en di!Žrentes classes : galaxies elliptiques, en spirale,
en spirale barrŽe...

Nous pouvons, comme dirait Jostein Gaarder, nous interroger sur ce sujet : Pourquoi
ces conÞgurations sont-elles stables ? Existe-t-il dÕautres conÞgurations qui nÕont jamais
ŽtŽ observŽes ? Plus gŽnŽralement, pouvons-nous prŽvoir lÕŽvolution globale dÕune galaxie
et ainsi trouver celles qui seront stables ?

AujourdÕhui nous sommes encore loin de comprendre compl•tement la dynamique des
galaxies et donc de rŽpondre ˆ toutes ces questions. Pour tenter de mesurer la distance
qui nous sŽpare de leurs rŽponses, modŽlisons ce quÕest une galaxie. Une galaxie peut •tre
considŽrŽe comme un syst•me fermŽ composŽ de plusieurs centaines de milliards dÕŽtoiles
en intŽractions gravitationnelles les unes avec les autres. En e!et ˆ cette Žchelle on peut
nŽgliger les astres de faible masse tels que les plan•tes ainsi que les forces non gravitation-
nelles. Dans un cadre simple non relativiste, notre probl•me sÕapparente donc au probl•me
ˆ N corps de Newton o• le nombre N dÕŽtoiles est tr•s grand. Quand on sait que le probl•me
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6 RŽsumŽ en fran•ais

ˆ 3 corps nÕest toujours pas rŽsolu, on comprend alors quÕŽtudier lÕŽvolution dÕune galaxie
est tr•s dŽlicat.

Face ˆ ces di" cultŽs, Andrey Vlasov proposa dans les annŽes 30 dÕadapter aux syst•mes
gravitationnels lÕapproche statistique de Boltzmann jusque-lˆ uniquement rŽservŽe aux gaz
collisionnels. En nŽgligeant les collisions entre Žtoiles qui sont assez rares il dŽveloppa une
mŽthode, dites de champ moyen, pour passer ˆ la limite lorsque N tendvers lÕinÞni. Ainsi il
passa dÕun syst•me discret composŽ dÕune multitude dÕŽquations di! Žrentielles liŽes entre
elles ˆ un syst•me continu composŽ dÕune unique Žquation aux dŽrivŽespartielles non-
linŽaire en les variables dÕespace et de vitesse. Ce type dÕŽquations cinŽtiques, appelŽes
Žquations de Vlasov, avait dŽjˆ ŽtŽ introduit auparavant par James Hopwood Jeans et
donne une bonne approximation de lÕŽvolution dÕune galaxie lorsque le nombre dÕŽtoiles
est important. Ainsi on peut espŽrer mettre en Žvidence des conÞgurationsstables de
galaxie en sÕintŽressant aux Žtats stables des Žquations de Vlasov.

1.2 PrŽsentation des mod•les ŽtudiŽs

Introduisons maintenant di! Žrents mod•les gravitationnels et les Žquations de Vlasov
correspondantes. La loi universelle de la gravitation par IsaacNewton pour laquelle le
potentiel gravitationnel est de la forme

U(x) = !
"

4#|x|

est le plus ancien de ces mod•les et conduit ˆ lÕŽquation dite de Vlasov-Poisson
!
"

#

$t f + v á " x f ! " x ! f á " v f = 0 , (t, x, v ) # R+ $ R3 $ R3,

f (t = 0 , x, v) = f 0(x, v) % 0,
(1.1)

dans laquellef = f (t, x, v ) % 0 est la fonction de distribution et ! f le potentiel gravita-
tionnel associŽ. Ce potentiel satisfait alors

! f (t, x ) = !
$

R3

%f (t, y)
4#|x ! y|

dy, (1.2)

%f Žtant la densitŽ associŽe ˆ la fonction de distributionf :

%f (t, x ) =
$

R3
f (t, x, v )dv.

Le potentiel ! f est appelŽ potentiel de Poisson car il satisfait lÕŽquation de Poisson

& ! f = %f .

Le syst•me de Vlasov-Poisson est sans nul doute le plus ŽtudiŽ dessyst•mes cinŽtiques
gravitationnels m•me si son utilisation conna”t certaines limites. En e! et ˆ la Þn du 19•me
si•cle le mod•le newtonien fut remis en question puisquÕil ne permettait pas dÕexpliquer
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1. INTRODUCTION GƒNƒRALE 7

lÕavancŽe du pŽrihŽlie de Mercure. Deux nouvelles thŽories permirent alorsdÕexpliquer ce
phŽnom•ne. Gregory Manev proposa dans les annŽes 20 de considŽrer un potentiel de la
forme

U(x) = !
"

4#|x|
!

&
2#2|x|2

,

en ajoutant un terme correctif au potentiel newtonien [48, 49, 50, 51]. Dans lÕŽquation de
Vlasov-Manev correspondante seule lÕexpression du potentiel change par rapport ˆ lÕŽqua-
tion de Vlasov-Poisson : il devient

! f (t, x ) = "! P
f + &! M

f , (1.3)

o• ! P
f and ! M

f sont respectivement le potentiel de Poisson et le potentiel de Manev def
donnŽ par :

! P
f (t, x ) = !

$

R3

%f (t, y)
4#|x ! y|

dy, ! M
f (t, x ) = !

$

R3

%f (t, y)
2#2|x ! y|2

dy, (1.4)

A lÕŽpoque ce mod•le fut tr•s peu ŽtudiŽ et tr•s vite oubliŽ ˆ la faveur de la thŽorie rela-
tiviste dŽveloppŽe par Albert Einstein d•s le dŽbut du 20•me si•cle. Celui-ci tout dÕabord
proposa la thŽorie de la relativitŽ restreinte stipulant en particulier quÕaucun nÕobjet ne
peut dŽpasser la vitesse de la lumi•rec. Ce mod•le est liŽ ˆ lÕŽquation de Vlasov-Poisson
relativiste :

$t f +
v

%
1 + |v|2/c 2

á " x f ! " x ! f á " v f = 0 , (1.5)

pour laquelle le potentiel! f est le potentiel de Poisson (1.2). Plus tard, Einstein dŽveloppa
dÕavantage sa thŽorie pour aboutir ˆ la thŽorie de la relativitŽgŽnŽrale. Ce mod•le basŽ sur
lÕidŽe de dŽformation de lÕespace-temps par la masse est considŽrŽ comme le plus complet
pour lÕŽtude des phŽnom•nes stellaires. Nous nÕŽtudierons pas ici lÕŽquation de Vlasov-
Einstein correspondante du fait de sa complexitŽ : cela reste cependant un but ˆ plus long
terme.

Pendant pr•s dÕun si•cle, les recherches liŽes ˆ la gravitation sÕappuy•rent uniquement
sur le cadre newtonien et sur le cadre relativiste. Le potentiel de Manevpour sa part ne
reÞt son apparition que dans les annŽes 90 : les di" cultŽs rencontrŽes dans lÕŽtude dÕun
probl•me relativiste ˆ N corps pouss•rent Diacu, Mingarelli, Mioc et Stoica ˆ de nouveau
lÕutiliser [18]. LÕŽquation de Vlasov-Manev correspondante futpar la suite introduite et
ŽtudiŽe par Bobylev, Dukes, Illner et Victory [13, 14]. Cependant, aujourdÕhui encore, ce
mod•le reste tr•s mŽconnu et peu dÕarticles y rŽf•rent.

Les Žquations cinŽtiques de Vlasov-Poisson classique, Vlasov-Poisson relativiste et Vlasov-
Manev seront au coeur de notre Žtude. En particulier, nous nous intŽresserons ˆ leurs Žtats
stationnaires et ˆ leur stabilitŽ en un sens que lÕon prŽcisera. Avant de mettre en valeur
notre travail, nous allons Žvoquer les di! Žrentes propriŽtŽs et rŽsultats connus relatifs ˆ ces
Žquations.
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8 RŽsumŽ en fran•ais

1.3 PropriŽtŽs conservatives des Žquations de Vlasov

Les Žquations de Vlasov respectent certaines propriŽtŽs conservatives communes. En
particulier sont conservŽes ce quÕon appelle les fonctions de Casimir :toute fonction de
distribution f assez rŽguli•re vŽriÞant une Žquation de Vlasov sur un intervalle de temps
[0, T], avec f (t = 0) = f 0, satisfait

' t # [0, T],
$

R6
' (f (t, x, v ))dxdv =

$

R6
' (f 0(x, v))dxdv (1.6)

pour toute fonction ' # C1(R+ , R+ ) vŽriÞant ' (0) = 0 . En particulier, les normes( f (t)( L p (R6 )
sont conservŽes. De mani•re Žquivalente la fonction de distribution de f est conservŽe au
cours du temps :

' t # [0, T], µf (t ) = µf 0 , (1.7)

o• la fonction de distribution µf est dŽÞnie ˆ partir de la mesure de Lebesgue surR6 par

' s % 0, µf (s) = meas{ (x, v) # R6, f (x, v) > s } . (1.8)

On appellera Žgalement cette propriŽtŽ, ŽquimesurabilitŽ def au cours du temps.
En accord avec les principes fondamentaux de la physique, lÕŽnergie totale du syst•me

est aussi conservŽe pour des solutions assez rŽguli•res. MathŽmatiquement ceci correspond
ˆ la conservation du Hamiltonien au cours du temps :

' t # [0, T], H (f (t)) = H (f 0).

Cet Hamiltonien est de la forme gŽnŽrale :

H (f ) = Ekin (f ) ! Epot(f ), (1.9)

o• Ekin (f ) et Epot(f ) reprŽsentent respectivement lÕŽnergie potentielle et lÕŽnergie cinŽtique
associŽes ˆ la fonction de distributionf . LÕŽnergie cinŽtique est dŽÞnie par

Ekin (f ) =
$

R6
|v|2f (x, v)dxdv ou Ekin (f ) =

$

R6
2c2

&'

1 +
|v|2

c2 ! 1

(

f (x, v)dxdv,

la premi•re expression correspondant aux cas non relativistes (Vlasov-Poisson et Vlasov-
Manev) et la seconde au syst•me de Vlasov-Poisson relativiste. LÕŽnergie potentielle pour
sa part sÕŽcrit de mani•re unique

Epot(f ) = !
$

R3
! f (x)%f (x)dx,

m•me si, on le rappelle, lÕexpression du potentiel! f dŽpend du mod•le considŽrŽ.
Ces deux invariants sont la base des travaux menŽs sur les Žquations deVlasov. En

e!et, en se placant dans un espace de fonctions adŽquat et sous certaines hypoth•ses, ils
ont pour principale consŽquence le contr™le de toutes les quantitŽs introduites jusquÕici et

8



1. INTRODUCTION GƒNƒRALE 9

en particulier de lÕŽnergie cinŽtique. Par exemple, dans le cas du syst•me de Vlasov-Poisson,
pour tout p > 9/ 7, on a lÕinŽgalitŽ dÕinterpolation

0 ) Epot(f ) ) CEkin (f )
1
2 ( f (

7p! 9
6( p! 1)

L 1 ( f (
p

3( p! 1)

L p , (1.10)

qui implique

H (f ) % Ekin (f ) ! CEkin (f )
1
2 ( f (

7p! 9
6( p! 1)

L 1 ( f (
p

3( p! 1)

L p .

Ainsi pour une solution de cette Žquation, le Hamiltonien et les normes L p(R6) Žtant
conservŽs, lÕŽnergie cinŽtique est bornŽe. Nous verrons que ce raisonnement sÕapplique
aussi dans le cas relativiste et dans le cas de Vlasov-Manev mais demande ce quÕon appelle
une condition sous-critique.

Ce contr™le est une clŽ de la thŽorie de Cauchy dŽveloppŽe jusquÕˆ maintenant mais
aussi une clŽ de la dŽmonstration de la stabilitŽ dÕŽtats stationnaires par mŽthodes varia-
tionnelles. Concernant la thŽorie de Cauchy, lÕimportance de ce contr™le ne sera ŽvoquŽe
que bri•vement dans la partie suivante tandis que son lien avec lastabilitŽ sera largement
dŽveloppŽ tout au long des chapitres.

1.4 La thŽorie de Cauchy

Faisons tout dÕabord un point sur lÕavancŽe de la thŽorie de Cauchy pour lÕŽquation de
Vlasov-Poisson. Cette question a fait lÕobjet de nombreuses Žtudes depuis les annŽes 70.
ArsenÕev [5] et Illner et Neunzert [36] furent les premiers ˆ obtenir des rŽsulats dÕexistence
de solutions faibles. Dans les annŽes 80, Horst et Hunze [35], ainsique Diperna et Lions
[19, 20] dŽvelopp•rent la thŽorie de Cauchy dans ce cadre de solutionsfaibles. Au m•me
moment, Bardos et Degond [6] donn•rent le premier rŽsultat dÕexistence dans un cadre rŽ-
gulier. De nombreux travaux concernant des solutions rŽguli•res sÕen suivirent, notamment
ceux de Lions et Perthame [47], de Pfa!elmoser [55] et de Schae!er [58].Ainsi, aujourdÕhui,
lÕŽquation de Vlasov-Poisson est lÕune des rares Žquations non-linŽaires de cette famille pour
laquelle ont ŽtŽ dŽmontrŽes lÕexistence et lÕunicitŽ de solutions dansun cas rŽgulier. En
e!et, la rŽgularitŽ du champ de force" ! f permettant de dŽÞnir les caractŽristiques a ŽtŽ
obtenue par le contr™le des moments en vitesse dŽcoulant des propriŽtŽs conservatives du
syst•me.

Dans un cadre faible, les rŽsultats obtenus ne sont pas aussi poussŽs. Comme le dŽve-
loppent Bouchut, Golse et Pulvirenti [15], on peut construire des solutions faibles dans des
espaces du type

Ep = { f % 0 telle que ( f ( L 1 + ( f ( L p + Ekin (f ) < + *}

o• p est une constante assez grande permettant, comme on lÕa ŽvoquŽ prŽcŽdement, de
contr™ler lÕŽnergie potentielle et lÕŽnergie cinŽtique du syst•me. Cependant lÕunicitŽ de telles
solutions reste une question ouverte. Ces solutions sont renormalisŽes au sens de Diperna
et Lions [19, 20] : en particulier bien quÕelles respectent la conservationdes fonctions de
Casimir (1.6) et donc lÕŽquimesurabilitŽ au cours du temps, on perd la conservation du
Hamiltonien : la solution renormalisŽe vŽriÞe seulement

' t # [0, T], H (f (t)) ) H (f 0).

9
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LÕexistence de solutions faibles dans de tels espaces est connue et se gŽnŽralise au syst•me
de Vlasov-Poisson relativiste et au syst•me de Vlasov-Manev. Par contre, en ce qui concerne
les solutions rŽguli•res pour le syst•me de Vlasov-Poisson relativiste, ˆ notre connaissance,
seuls des rŽsultats dans le cas radial sont connus (voir [23] et [37]). En particulier, comme
dans le cas non relativiste, Glassey et Schae!er montrent quÕune explosion en temps Þni
correspond ˆ une explosion de lÕŽnergie cinŽtique du syst•me. EnÞn le seul rŽsultat que
nous connaissons relatif ˆ lÕŽquation de Vlasov-Manev est lÕŽtuderŽalisŽe par Bobylev,
Dukes, Illner et Victory qui montre lÕexistence locale et lÕunicitŽ dÕune solution pour un
Žtat initial assez rŽgulier [14].

Bien que nous Žtudions ici uniquement des probl•mes posŽs dans tout lÕespace physique,
le syst•me de Vlasov-Poisson a aussi ŽtŽ ŽtudiŽ dans des domaines bornŽs (dans le cas des
plasmas). La donnŽe au bord pouvant gŽnŽrer des discontinuitŽs, le cadre des solutions
faibles est naturel pour ce type de probl•mes, voir par exemple les travaux de Ben Abdallah
[8], Alexandre [1], Mischler [53], Guo [26] ou Bostan [10, 11].

Dans la suite de ce rapport, la stabilitŽ des Žtats stationnaires se fera dans des espaces
de type Ep et pour des solutions renormalisŽes au sens de Diperna et Lions, qui sont en
adŽquation avec lÕapproche variationnelle utilisŽe.

1.5 StabilitŽ des solutions stationnaires

Nos Žquations de Vlasov admettenta priori une inÞnitŽ de solutions stationnaires
quÕon ne sait exhiber enti•rement. Cependant, une classe particuli•re dÕŽtats stationnaires
appara”t naturellement lorsquÕon Žtudie le cadre simpliÞŽ, dit ˆ symŽtrie sphŽrique ou
radiale, cÕest-ˆ-dire pour les solutions fonctions de|x|, |v| et x áv. Dans ce cas, Batt
Faltenbacker et Horst [7] ont montrŽ que les solutions stationnaires sÕŽcrivent sous la forme

Q(x, v) = F (eQ(x, v), |x + v|) , (1.11)

o• eQ(x, v) est lÕŽnergie microscopique du syst•me dŽÞnie par

eQ(x, v) =
|v|2

2
+ ! Q(x),

dans le cas non relativiste et par

eQ(x, v) = c2

&'

1 +
|v|2

c2 ! 1

(

+ ! Q(x),

pour lÕŽquation de Vlasov-Poisson relativiste. Les di!Žrents travaux sur la stabilitŽ menŽs
jusquÕˆ aujourdÕhui consid•rent des Žtats stationnaires de ce type.Nous nous limiterons ici
ˆ lÕŽtude de solutions stationnaires du type

Q = F (eQ(x, y)) . (1.12)

Les physiciens sÕintŽressent tout particuli•rement au cas dŽcroissantF ! < 0 rŽguli•rement
rencontrŽ lorsquÕon consid•re des minima dÕŽnergies.
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1. INTRODUCTION GƒNƒRALE 11

Le premier rŽsultat de stabilitŽ pour lÕŽquation de Vlasov-Poisson a ŽtŽ donnŽ par
Antonov [3, 4] suivi par Doremus, Baumann et Feix [22]. Cependant la stabilitŽ dÕŽtats
stationnaires fonctions de leur Žnergie microscopique y fut dŽmontrŽe uniquement dans un
cadre linŽarisŽ, qui ne permet pas de conclurea priori sur la stabilitŽ non-linŽaire. Cette
question bien plus complexe attira alors lÕattention de nombreux chercheurs. Les prŽcur-
seurs Wolansky, Guo et Rein [61, 24, 25, 28, 29] puis, plus rŽcemment Dolbeault, Sanchez
Soler [21, 57, 59] et Lemou, MŽhats et Rapha‘l [38, 40], dŽvelopp•rentdes mŽthodes varia-
tionnelles dans le but de construire et montrer la stabilitŽ non-linŽaire dÕŽtats stationnaires
dans des espaces du type

Ep = { f % 0 tel que ( f ( L 1 + ( f ( L p + Ekin (f ) < + *} .

La technique gŽnŽrale alors employŽe comporte 3 Žtapes :
Premi•re Žtape : Obtenir un Žtat stationnaire comme solution dÕun probl•me de minimi-
sation sous contraintes, pour lequel la fonctionnelle ˆ minimiser est le Hamiltonien et les
contraintes doivent •tre conservŽes par le ßot. En pratique, les contraintes sont gŽnŽrale-
ment des fonctions de Casimir telles que les normesL p.
Deuxi•me Žtape :Montrer la compacitŽ des suites minimisantes pour ce probl•me varia-
tionnel : ce second point est souvent basŽ sur le Lemme de concentration-compacitŽ de
Lions [45, 46] permettant dÕobtenir la compacitŽ en espace. La compacitŽ en vitesse se
dŽduit alors dÕun contr™le de lÕŽnergie cinŽtique. Dans le cas sphŽrique, lÕutilisation de ce
lemme est inadŽquate, la compacitŽ Žtant assez directe.
Troisi•me Žtape : Isoler cet Žtat stationnaire des autres minimiseurs du probl•me. De
prŽfŽrence, il est bon de montrer lÕunicitŽ du minimiseur mais celle-ci nÕest pas toujours
vŽriÞŽe. Par exemple dans le cas Vlasov-Poisson, il est possible ˆ partir de lÕŽquation de
Poisson de se ramener ˆ une EDO pour laquelle les contraintes du probl•me variationnel
impliquent lÕunicitŽ de la solution. D•s que le mod•le se complique, cette sŽparation des
minimiseurs devient tr•s dŽlicate.

Formellement, dÕapr•s la premi•re Žtape, si un Žtat initialf 0 est assez proche de la
solution stationnaire Q, la fonctionnelle et les contraintes ŽvaluŽes enf (t), solution de
lÕŽquation de Vlasov, restent assez proches de celles ŽvaluŽes enQ. Par lÕŽtape deux, on en
dŽduit que f (t) est proche dÕun minimiseur du probl•me variationnel et on conclut par la
sŽparation des minimiseurs. En pratique, on dŽmontre souvent ce rŽsultat sŽquentiellement
en utilisant un raisonnement par lÕabsurde.

Cette mŽthode a dŽjˆ ŽtŽ appliquŽe avec succ•s pour lÕŽquation de Vlasov-Poisson
dans le cas classique (newtonien) et dans le cas relativiste. Dans ces deuxcas, la stabilitŽ
non-linŽaire de solutions stationnaires obtenues comme minimiseurs du Hamiltonien avec
contraintes a ŽtŽ dŽmontrŽe. Cependant, ces minimiseurs ne reprŽsentent quÕune faible
classe de solutions stationnaires parmi toutes les fonctions de leur Žnergie microscopique.

En particulier, la premi•re classe de fonctions non obtenues par minimisation, dont on
dŽmontra la stabilitŽ non-linŽaire, fut la classe correspondantau mod•le de King

F (e) = (exp( e0 ! e) ! 1)+

o• e reprŽsente lÕŽnergie microscopique. Cette stabilitŽ fut prouvŽe par Guo, Rein et Lin
dans le cadre de perturbations ˆ symŽtrie sphŽrique (ou radiales)pour le syst•me de Vlasov-
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Poisson [30, 27]. Pour le syst•me de Vlasov-Poisson relativiste, la stabilitŽ non-linŽaire dans
le cadre radial fut dŽmontrŽe par Had÷zic et Rein [31]. Ces chercheurs ont dž pour cela
adapter la mŽthode suivante : en premier lieu, obtenir lÕŽtat stationnaire considŽrŽ comme
minimiseur local dÕun Hamiltonien modiÞŽ par des fonctions de Casimir, puis montrer la
coercivitŽ locale de cette Žnergie gŽnŽralisŽe autour de cet Žtat pour aboutir ˆ la stabilitŽ
non-linŽaire.

Beaucoup plus rŽcemment, Lemou, MŽhats et Rapha‘l obtinrent un rŽsultat plus large :
la stabilitŽ non-linŽaire pour toutes les fonctions dŽcroissantesde leur Žnergie microscopique
[42] : ils utilis•rent pour cela des mŽthodes rŽsolument nouvelles qui seront dŽveloppŽes
chapitre 3.

Dans les parties qui suivent nous faisons une introduction aux di!Žrents rŽsultats ob-
tenus tout au long de cette th•se. Les trois premiers chapitres nous projettent progressi-
vement vers lÕutilisation de nouvelles mŽthodes qui sont amenŽes ˆ •tre gŽnŽralisŽes pour
des syst•mes plus complexes. Ces mŽthodes sont basŽes sur lÕutilisationomniprŽsente de
lÕŽquimesurabilitŽ pour palier les di" cultŽs pouvant appara”tre du fait, par exemple, dÕun
potentiel trop complexe (comme celui de Vlasov-Manev) ou dÕun terme relativiste.

Ainsi, dans le chapitre 1, ces mŽthodes permettent la construction dÕŽtats stationnaires
stables pour le syst•me de Vlasov-Manev. Dans le chapitre 2, nous introduisons de nou-
veaux rŽarrangements dans le but de rŽsoudre un probl•me de minimisation avec comme
contrainte un espace de fonctions Žquimesurables : on construit ainsi une famille de solu-
tions auto-similaires explosant en temps Þni dans un cas particulier appelŽ Pur Manev (le
potentiel Žtant restreint au potentiel ajoutŽ par Manev). Et Þnalement, le chapitre 3 sera
consacrŽ ˆ lÕŽquation de Vlasov-Poisson relativiste et, plus particuli•rement, nous dŽmon-
trerons la stabilitŽ non-linŽaire de toutes solutions stationnaires fonctions dŽcroissantes de
leur Žnergie microscopique. LÕutilisation des rŽarrangements introduits chapitre 3 y sera
encore plus poussŽe.

LÕŽtude proposŽe dans le chapitre 4 est un peu di! Žrente. On y propose des schŽmas
numŽriques conservatifs adaptŽs ˆ lÕŽquation de Vlasov-Poisson ˆsymŽtrie sphŽrique. Le
but ˆ plus long terme de cette Žtude serait dÕexplorer numŽriquement silÕamortissement
Landau a lieu autour de solutions stationnaires, fonctions de leur Žnergie microscopique.
Ce phŽnom•ne se traduit par une stabilitŽ asymptotique avec dŽcroissance exponentielle de
certaines quantitŽs moyennes. Notons que Mouhot et Villani [54] ontdŽmontrŽ ce rŽsultat
extr•mement compliquŽ dans le cadre de lÕŽquation de Vlasov-Poisson pour un espace
pŽriodique et autour dÕun proÞl homog•ne en espace.

Dans les parties qui suivent, nous introduisons chacun de ces chapitres en mettant
en Žvidence les rŽsultats dŽmontrŽs et en soulignant les mŽthodes utilisŽes ainsi que les
di" cultŽs rencontrŽes.

2 Etats stationnaires stables pour le syst•me de Vlasov-Manev

Le but du chapitre 1 ici introduit sera de construire des Žtats stationnaires pour le
syst•me de Vlasov-Manev et dÕŽtudier leur stabilitŽ. Cette Žtude a fait lÕobjet dÕun ar-
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ticle ˆ para”tre dans le journal SIMA, SIAM Journal on Mathemat ical Analysis. LÕun des
apports principaux de cette Žtude est dÕobtenir lÕunicitŽ des minimiseurs sous contraintes
dÕŽquimesurabilitŽ.

Rappelons que pour ce syst•me lÕŽvolution de la fonction de distribution f est rŽgie
par lÕŽquation non relativiste

$t f + v á " x f ! " x ! f á " v f = 0 , (2.1)

et le potentiel gravitationnel ! f est dŽÞni par

! f (t, x ) = "! P
f + &! M

f , (2.2)

o• ! P
f and ! M

f sont respectivement le potentiel de Poisson et le potentiel de Manev def
donnŽs par :

! P
f (t, x ) = !

$

R3

%f (t, y)
4#|x ! y|

dy, ! M
f (t, x ) = !

$

R3

%f (t, y)
2#2|x ! y|2

dy, (2.3)

%f Žtant la densitŽ associŽe ˆ la fonction de distributionf :

%f (t, x ) =
$

R3
f (t, x, v )dv.

LÕŽtude de ce syst•me fera appara”tre deux cas distincts : le cas" = 0 , & = 1 dŽsignŽ comme
le cas pur Manevet le cas" > 0, & % 0 dŽsignŽ commele cas Poisson-Manev. Ce dernier
cas inclut le cas newtonien" = 1 , & = 0 . Notons que, par souci de simpliÞcation, le cas
" = 0 , & ,= 0 nÕa pas ŽtŽ ŽvoquŽ car il est similaire au cas" = 0 , & = 1 . DÕailleurs, le cas pur
Manev nÕaa priori pas de sens gravitationnel. Cependant, son Žtude est intŽressante car
il co•ncide avec dÕautres mod•les physiques comme le dŽtaillent Bobylev,Dukes, Illner et
Victory dans [13] partie 4 Various problems associated with the pure stellar dynamic Manev
equation. EnÞn, remarquons que, lorsque" - 1 et & - 0 dans le cas Poisson-Manev, on
retrouvera les rŽsultats dŽmontrŽs dans [38, 40].

Dans les deux cas, le Hamiltonien sÕŽcrit

H (f (t)) =
)
) |v|2f (t)

)
)

L 1 ! Epot(f (t)) , (2.4)

o• lÕŽnergie potentielle

Epot(f (t)) = !
$

R3
! f (t, x )%f (t, x )dx = "E P

pot(f (t)) + &EM
pot(f (t))

se dŽcompose en deux termes correspondant respectivement au potentiel de Poisson et au
potentiel de Manev :

E P
pot(f (t)) = !

$

R3
! P

f (t, x )%f (t, x )dx and E M
pot(f (t)) = !

$

R3
! M

f (t, x )%f (t, x )dx.

Ces termes sont contr™lŽs gr‰ce aux inŽgalitŽs classiques dÕinterpolation :

0 ) E P
pot(f ) ) C1

)
) |v|2f

)
)

1
2
L 1 ( f (

7p! 9
6( p! 1)

L 1 ( f (
p

3( p! 1)

L p , (2.5)
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0 ) E M
pot(f ) ) C2

)
) |v|2f

)
)

L 1 ( f (
p! 3

3( p! 1)

L 1 ( f (
2p

3( p! 1)

L p , (2.6)

pour tout p % 3. Remarquons que lÕinŽgalitŽ (2.5) reste exacte pourp > 9/ 7. De plus, nous
rappelons que le Hamiltonien et les fonctions de Casimir sont prŽservŽs.

Ces propriŽtŽs nous permettent de dŽÞnir un espace de fonctions adŽquat pour obtenir
des Žtats stationnaires. Nous considŽrons une fonctionj : R+ - R+ satisfaisant les hypo-
th•ses suivantes :
(H1) j est une fonctionC2, avec j (0) = j !(0) = 0 et telle que j !!(t) > 0 pour t > 0.
(H2) Il existe p, q > 3 tels que

p )
tj !(t)
j (t)

) q, ' t > 0. (2.7)

Notons que lÕhypoth•se (H2) est Žquivalente ˆ la condition de non-dichotomie :

bpj (t) ) j (bt) ) bqj (t), ' b % 1, t % 0. (2.8)

Pour une fonction j satisfaisant (H1) and (H2), on dŽÞnit lÕespace dÕŽnergie correspondant

Ej = { f % 0 tel que ( f ( Ej := ( f ( L 1 + ( f + j (f )( L 1 +
)
) |v|2f

)
)

L 1 < + *} (2.9)

Dans cet espace, le lien entre le Hamiltonien et lÕŽnergie cinŽtique sÕŽcrit alors

H (f ) % Ekin (f )
*

1 ! &C2 ( f (
p! 3

3( p! 1)

L 1 ( f + j (f )(
2

3( p! 1)

L 1

+
! "C1Ekin (f )

1
2 ( f (

7p! 9
6( p! 1)

L 1 ( j (f )(
1

3( p! 1)

L 1 .

(2.10)
A ce niveau de lÕŽtude on peut dŽjˆ se douter des principales di" cultŽs que nous ren-

contrerons en appliquant lÕapproche variationnelle standard au syst•me de Vlasov-Manev.
Habituellement, cette approche permet de construire des Žtats stationnaires en minimisant
le Hamiltonien en prenant des normesL p comme contraintes. Ici il peut ne pas exister de
bornes infŽrieures au Hamiltonien et donc pas de fonctions minimisant ce probl•me varia-
tionnnel. Discutons de cette di" cultŽ plus prŽcisŽment en considŽrant les deux cas : pur
Manev et Poisson-Manev.

La stabilitŽ pour le cas pur Manev (" = 0 , & = 1 ) est impossible comme cela a dŽjˆ ŽtŽ
mis en Žvidence dans [13]. On peut en e! et construire des solutions explosant en temps Þni
dont lÕŽtat initial est proche dÕune solution stationnnaire. En fait, la structure de lÕŽquation
de Vlasov-Manev dans le cas pur peut •tre comparŽe en un certain sens aveccelle de
lÕŽquation de Vlasov-Poisson en dimension 4 (voir [38]). De mani•re similaire, en suivant
la mŽthode utilisŽe pour lÕŽquation non-linŽaire de Schršdinger[60], la minimisation de la
constante dans lÕinŽgalitŽ dÕinterpolation (2.6) permet de construire des Žtats stationnaires.

Dans le cas Poisson-Manev (" > 0,& > 0) le potentiel est constituŽ de deux termes
inhomog•nes ce qui explique la di" cultŽ rencontrŽe. On parle de rupture dÕhomogŽnŽitŽ.
Ce phŽnom•ne est similaire ˆ celui rencontrŽ dans le cadre de lÕŽquation de Vlasov-Poisson
relativiste m•me si dans ce dernier cas la rupture dÕhomogŽnŽitŽ provient de lÕŽnergie cinŽ-
tique. Comme dans ce cas relativiste [40], nous pouvons toujours considŽrer la minimisation
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2. ETATS STATIONNAIRES STABLES POUR LE SYSTéME DE VLASOV-MANEV 15

du Hamiltonien en se restreignant cependant ˆ une condition sous-critique du type

&C2 ( f (
p! 3

3( p! 1)

L 1 ( f + j (f )(
2

3( p! 1)

L 1 < 1.

En e!et, sous cette condition, lÕinŽgalitŽ (2.10) permet dÕobtenir une borne infŽrieure pour
le Hamiltonien et de borner lÕŽnergie cinŽtique. Notons quÕune telle condition sous-critique
avait dŽjˆ ŽtŽ introduite dans [37] pour lÕŽquation de Vlasov-Poisson relativiste. Pour la
construction des Žtats stationnaires nous procŽderons donc dans les deux cas par une
approche similaire ˆ [40] et [38]. Avant dÕŽnoncer le rŽsultat ainsi obtenu, on dŽÞnit ˆ
partir de lÕinŽgalitŽ dÕinterpolation (2.6) la constante :

K M
j = inf

f " Ej \{ 0}
K M

j (f ) avec K M
j (f ) =

)
) |v|2f

)
)

L 1 ( f (
p! 3

3( p! 1)

L 1 ( f + j (f )(
2

3( p! 1)

L 1

E M
pot(f )

. (2.11)

Notons que cette constante est strictement positive puisque dÕapr•s(2.8) on at+ j (t) % Ctp

pour tout t % 0.

ThŽor•me 2.1 (Existence dÕŽtats stationnaires). Soit j une fonction satisfaisant (H1) et
(H2).
(i) Cas Poisson-Manev(" > 0). Soit M 1 > 0, M j > 0 tels que

&M
p! 3

3( p! 1)
1 (M 1 + M j )

2
3( p! 1) < K M

j , (2.12)

o• la constante K M
j est dŽÞnie par(2.11), et soit

F(M 1, M j ) = { f # Ej , ( f ( L 1 = M 1, ( j (f )( L 1 = M j } .

Alors il existe un Žtat stationnaire de(2.1) qui minimise le probl•me variationnel

I (M 1, M j ) = inf
f " F(M 1 ,M j )

H (f ), (2.13)

o• H est le Hamiltonien dŽÞni par(2.4).
(ii) Cas pur Manev (" = 0 , & = 1 ). Pour tout M 1, M j > 0, le probl•me variationnel suivant

J (M 1, M j ) = inf
f " F(M 1 ,M j )

K (f ), avecK (f ) :=

)
) |v|2f

)
)

L 1

E M
pot(f )

(2.14)

admet un minimiseur. De plus, pour tout M 1 > 0, il existe un unique M j > 0 tel que
J (M 1, M j ) = 1 et les minimiseurs de(2.14) sont solutions stationnaires de(2.1) si et
seulement siJ (M 1, M j ) = 1 .
(iii) Dans les deux cas (" % 0), chaque Žtat stationnaireQ obtenu par minimisation de
(2.13) ou (2.14) est continu ˆ support compact et prend la forme

Q(x, v) = ( j !)# 1

&
|v|2

2 + ! Q(x) ! (
µ

(

+

(2.15)

o• les constantes ( et µ sont strictement nŽgatives. De plus,! Q(x) est radiale (ˆ une
translation pr•s), est croissante et appartient ˆ C1,! pour tout ) # (0, 1). Dans (2.15), on
utilise la notation a+ = max(a,0).
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16 RŽsumŽ en fran•ais

Notons que, dans le cas" = 1 et & = 0 , la condition (2.12) est toujours vŽriÞŽe. Ce cas
correspond au syst•me de Vlasov-Poisson pour lequel ce rŽsultat est dŽjˆ connu (voir [38]).

Grandes lignes de la dŽmonstration :(i) et (ii) : De mani•re tr•s classique en appliquant
les rŽarrangements de Schwarz et certains redimensionnements (rescaling), on se ram•ne ˆ
une suite minimisante de fonctions, qui sont radiales en la variable dÕespacex et qui sont
uniformŽment bornŽes dansEj . Cette suite converge donc faiblement vers une fonctionf
de Ej .

Le caract•re radial permet dÕobtenir la convergence forte de lÕŽnergie potentielle. Donc,
par passage ˆ la limite, on perd de lÕŽnergie totale (H (f ) ou K (f ) selon le cas). Or, par
le Lemme de Fatou, on perd aussi de la masse et de lÕentropie. Par un simple rescaling on
montre que cela nÕest possible quÕen cas dÕŽgalitŽ. Ainsif minimise le probl•me variationnel
considŽrŽ.

(iii) : On emploie une technique identique ˆ celle dŽveloppŽe dans [38, 40] endi!Žren-
tiant les fonctionnelles f .- H (f ) et f .- K (f ) de mani•re astucieuse pour rester dans
F(M 1, M j ). Notons que lÕutilisation des techniques de rescaling et du thŽor•medes fonc-
tions implicites est nŽcessaire. On obtient ainsi lÕŽquation dÕEuler-Lagrange (2.15) satisfaite
par Q.

La rŽgularitŽ C1,! provient dÕun raisonnement par rŽcurrence. Par lÕinŽgalitŽ dÕHardy-
Littlewood-Sobolev, la rŽgularitŽ de%Q implique une rŽgularitŽ pour ! Q . De plus, cette
derni•re implique elle-m•me une rŽgularitŽ sur%Q puisque Q vŽriÞe lÕŽquation dÕEuler-
Lagrange (2.15). En bouclant ces deux propriŽtŽs, on dŽduit que%Q # L r (R3) avec r > 3.
Gr‰ce aux injections de Sobolev appliquŽes ˆ

& ! P
f = %f and (!& )1/ 2 ! M

f = ! %f ,

on montre la r«gularitŽ C0,! du potentiel puis la rŽgularitŽC1,! en utilisant une derni•re fois
lÕŽquation dÕEuler-Lagrange et les injections de Sobolev.

Maintenant, comme! Q , par dŽÞnition, tend vers0 ˆ lÕinÞni, lÕŽquation dÕEuler-Lagrange
implique que Q est ˆ support compact. Ensuite, de mani•re tr•s classique, en utilisant les
rŽarrangements de Schwarz appliquŽs ˆ la variablex, on montre que tout minimiseur est
radial en espace ˆ une translation pr•s. Et enÞn, le fait que%Q soit radial nous apporte,
apr•s calcul, la croissance du potentiel! Q ce qui conclut la preuve du thŽor•me 2.1.

En conclusion, ce thŽor•me dÕexistence sÕobtient de mani•re classique en adaptant des
papiers sur les syst•mes de Vlasov-Poisson non relativiste en dimension 4 et relativiste en
dimension 3 [38, 40]. Nous nous intŽressons maintenant ˆ la stabilitŽ de ces Žtats station-
naires. Comme on lÕa prŽcŽdement annoncŽ, cette stabilitŽ repose gŽnŽralement sur deux
rŽsultats : la sŽparation des minimiseurs et la compacitŽ des suites minimisantes. Dans le
cas de Vlasov-Poisson [40], lÕunicitŽ du minimiseur est obtenue encombinant lÕŽquation de
Poisson satisfaite par le potentiel

& ! Q = %Q
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2. ETATS STATIONNAIRES STABLES POUR LE SYSTéME DE VLASOV-MANEV 17

et lÕŽquation dÕEuler-Lagrange (2.15). En e!et, on obtient dans lecas radial une Žquation
di!Žrentielle ordinaire du type

1
r

d
dr

,
r! !

Q(r )
-

= (1 ! ! Q(r ))
3
2 + 1

p! 1
+ ,

qui, couplŽe avec la convergence vers 0 du potentiel ˆ lÕinÞni, permet de conclure ˆ lÕunicitŽ.
Dans le cas prŽsent, le potentiel ne satisfait plus lÕŽquation de Poisson. Il se dŽcompose

en deux potentiels,! Q = "! P
Q + &! M

Q , qui satisfont

& ! P
Q = %Q and (!& )1/ 2 ! M

Q = ! %Q . (2.16)

Ainsi utiliser la mŽthode de [40] semble compl•tement hors de portŽe. Pour contourner
cette di" cultŽ nous prŽsentons une nouvelle mŽthode qui permet de dŽmontrer lÕunicitŽ
du minimiseur sous une contrainte dÕŽquimesurabilitŽ. LÕutilisation de cette contrainte
inÞnie permet de compl•tement Žviter lÕutilisation de lÕŽquation (2.16).

Lemme 2.1 (UnicitŽ des minimiseurs sous contrainte dÕŽquimesurabilitŽ). Soit F # C0(R, R+ ),
une fonction strictement dŽcroissante surR# , telle queF (R# ) = R+ et F (R+ ) = { 0} . On
dŽÞnit

Q0(x, v) = F
*

|v|2

2
+ * 0(x)

+
, Q1(x, v) = F

*
|v|2

2
+ * 1(x)

+

sur R3 $ R3 o• * 0 et * 1 sont deux potentiels croissants continus et ˆ symŽtrie radiale
tels que les ensembles{ x # R3, * 0(x) < 0} et { x # R3, * 1(x) < 0} sont bornŽs. Si
lÕŽquimesurabilitŽ deQ0 et Q1 pour la mesure de Lebesgue dansR6 est vŽriÞŽe, i.e.

' t > 0, meas{ (x, v) # R6, Q0(x, v) > t } = meas{ (x, v) # R6, Q1(x, v) > t } , (2.17)

alors on a lÕŽgalitŽQ0 = Q1. En particulier :
(i) Cas Poisson-Manev(" ,= 0 ) : deux Žtats stationnaires Žquimesurables de(2.1) qui
minimisent (2.13) sous la condition sous-critique(2.12) sont Žgaux ˆ une translation en
espace pr•s.
(ii) Cas pur Manev (" = 0 , & = 1 ) : deux Žtats stationnaires Žquimesurables de(2.1) qui
minimisent (2.14) et qui ont la m•me Žnergie cinŽtique sont Žgaux ˆ une translation en
espace pr•s.

Une dŽmonstration rapide : En utilisant des changements de variables bien posŽs, on a
pour i # { 0, 1} et pour tout + < 0,

a" i (+) := meas
.

(x, v) # R6,
|v|2

2
+ * i (x) < +

/
= 4#

/
2

$ #

#$
µ" i (w)

/
+ ! w dw,

o• µ" i (( ) = meas
0

x # R3, * i (x) < (
1

. Or, lÕŽquimesurabilitŽ deQ0 et Q1 et les hypo-
th•ses sur F impliquent

' + < 0, a" 0 (+) = a" 1 (+).

On obtient ainsi lÕŽgalitŽ* 0 = * 1 et donc Q0 = Q1. Les unicitŽs des minimiseurs dŽcoulent
de cette ŽgalitŽ en utilisant des changements de variables appropriŽs.

17



18 RŽsumŽ en fran•ais

Notons que malgrŽ la relative rapiditŽ de sa dŽmonstration, ce lemme est un rŽsultat fort
dans le sens o• il permet dÕŽviter toute Žtude dÕŽquation di!Žrentiellequi peut se rŽvŽler
ardue. Sa dŽmonstration ne dŽpend pas du tout de lÕexpression du potentiel considŽrŽ et
est donc tr•s adaptable.

Passons maintenant ˆ la stabilitŽ non-linŽaire. Le rŽsultat dŽsirŽ suivant sÕobtient en
combinant lÕunicitŽ sous contrainte dÕŽquimesurabilitŽ et la compacitŽ des suites minimi-
santes de (2.13) et (2.14).

ThŽor•me 2.2 (StabilitŽ orbitale dÕŽtats stationnaires).
(i) Cas Poisson-Manev(" > 0). Soit M 1, M j > 0 satisfaisant la condition sous-critique
(3.1.10). Alors tout Žtat stationnaire Q de (2.1) qui minimise (2.13) est orbitalement stable
pour le ßot (1.1.1). Plus prŽcisŽment, pour, > 0, il existe " (, ) > 0 satisfaisant la propriŽtŽ
suivante. Soit f (t) une solution renormalisŽe de(2.1) sur un intervalle de temps[0, T),
0 < T ) + * , dont la condition initiale f 0 vŽriÞe ( f 0 ! Q( Ej ) " (, ). Alors il existe
x(t) # R3 tel que, pour tout t # [0, T), nous avons

( f (t, x + x(t), v) ! Q( Ej
< , .

(ii) Cas pur Manev (" = 0 , & = 1 ). Soit Q un Žtat stationnaire de (2.1) qui minimise
(1.1.14). Alors pour tout , > 0, il existe une constante" (, ) > 0 telle que la propriŽtŽ
suivante est vŽriÞŽe. Soitf (t) une solution renormalisŽe de(2.1) sur un intervalle de
temps [0, T), 0 < T ) + * , dont la condition initiale f 0 satisfait :

(a) ( f 0 ! Q( L 1 ) " (, ) et ( j (f 0)( L 1 ) ( j (Q)( L 1 + " (, ),

(b) ' t # [0, T), ( (t)2H (f (t)) < " (, ) o• ( (t) =
2

%|v|2Q%L 1

%|v|2 f (t )%L 1

31/ 2
.

Alors il existe x(t) # R3 tel que, pour tout t # [0, T), on a
)
)
)
) f

*
t, ( (t)(x + x(t)) ,

v
( (t)

+
! Q

)
)
)
)

Ej

< , .

Comme dŽjˆ ŽvoquŽ auparavant, on ne peut pas espŽrer une stabilitŽ ausens classique
dans le cas pur Manev : en e!et pourT > 0 et pour Q, Žtat stationnaire de (2.1), la
fonction

QT (t, x, v ) = Q
*

T x
T ! t

,
T ! t

T
v +

x
T

+
,

est solution de (2.1) et explose en temps ÞniT.
Pour dŽmontrer le thŽor•me 2.2, nous utilisons la mŽthode classique dŽtaillŽe dans

lÕintroduction (voir [38, 40]). Le seul point restant ˆ obtenir est la compacitŽ des suites
minimisantes qui dŽcoule du lemme de concentration-compacitŽ de Lions [45, 46].

Donnons de mani•re succinte les Žtapes de cette preuve. On consid•re tout dÕabord
une suite minimisante (f n ) de notre probl•me variationnel et on montre que sa densitŽ
(%f n ) vŽriÞe les hypoth•ses du lemme de concentration-compacitŽ ˆ un redimensionnement
pr•s. Notons que ce redimensionnement est primordial pour le cas pur Manev car il permet
dÕobtenir une nouvelle suite dont lÕŽnergie cinŽtique est bornŽe.

Pour dŽduire la compacitŽ de la suite obtenue, renotŽe(%f n ), il su" t donc de prouver sa
non-Žvanescence et sa non-dichotomie. La non-Žvanescence dŽcoule directement de la stricte
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3. SOLUTIONS AUTO-SIMILAIRES EXPLOSIVES POUR VLASOV-MANEV PUR 19

positivitŽ de lÕŽnergie potentielleEpot(Q) > 0. De plus, lÕŽtude par redimensionnement des
fonctions I et J , dŽÞnies par (2.13) et (2.14), permet dÕaboutir ˆ une propriŽtŽ de non-
dichotomie. On traduit cette propriŽtŽ en terme dÕŽnergie potentiellece qui conduit ˆ la
non-dichotomie de(%f n ).

Ainsi, la compacitŽ de(%f n ) est donnŽe par le lemme de concentration-compacitŽ. Com-
binŽe au contr™le de lÕŽnergie cinŽtique, cette compacitŽ nous conduit ˆcelle de(f n ) et la
compacitŽ des suites minimisantes est dŽmontrŽe.

3 Solutions auto-similaires explosives pour le syst•me de Vla sov-
Manev pur

Le chapitre 2 que nous introduisons dans cette partie a fait lÕobjet avec le chapitre
prŽcŽdent dÕune publication commune. Il va de pair avec celui-ci : pour tout ce chapitre
nous nous pla•ons dans le cas pur Manev du syst•me de Vlasov-Manev :

$t f + v á " x f ! " x ! f á " v f = 0 , (3.1)

o• le potentiel vŽriÞe

! f (t, x ) = !
$

R3

%f (t, y)
2#2|x ! y|2

dy.

Rappelons que dans ce cas nous pouvons construire des solutions stationnaires de (3.1) qui
minimisent le probl•me variationnel

J (M 1, M j ) = inf
f " F(M 1 ,M j )

K (f ), avecK (f ) :=

)
) |v|2f

)
)

L 1

E M
pot(f )

. (3.2)

Une telle solution Q est ˆ support compact et vŽriÞe alors

Q(x, v) = F
*

|v|2

2
+ ! Q(x)

+
,

o• dÕune partF # C1(R, R+ ) est dŽcroissante sÕannulant sur[e,+ * ] pour un certain e < 0
et dÕautre part! Q est radiale. Rappelons enÞn que les solutions stationnaires minimisant
(3.2) sont uniques sous une contrainte dÕŽquimesurabilitŽ et pour une Žnergie cinŽtique
ÞxŽe.

Forts des rŽsultats dŽmontrŽs dans le chapitre 1, nous pouvons construire des solutions
auto-similaires exactes explosives de (3.1) construites comme une famille continue autour
du proÞl stationnaire Q. Nous avons le thŽor•me suivant :

ThŽor•me 3.1 (Solutions auto-similaires exactes dans le cas pur Manev). Soit Q un Žtat
stationnaire de (3.1) qui minimise (3.2). Alors il existe une constanteb& > 0 telle que pour
tout b # [0, b&], il existe un proÞl stationnaire Qb # C0(R6) radial, ˆ support compact, de la
forme

Qb(x, v) = Fb

*
|v|2

2
+ bx áv + ! Qb(x)

+
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sur son support, et tel que, pour toutT > 0, la fonction

f (t, x, v ) = Qb

*
x

( (t)
, ( (t)v

+
avec( (t) =

%
2b(T ! t) (3.3)

est une solution exacte auto-similaire et explosive du syst•me(3.1) dans Ej . Pour un tel
proÞl, la fonction ! Qb appartient ˆ C1 et la fonction F est une fonction positive continue
sur R ; plus particuli•rement elle estC1 sur ] ! * , eb[ pour un certain eb < 0 et dŽcro”t vers
0 sur [eb, + * [. De plus, Qb converge versQ0 = Q dans Ej pour b - 0.

Avant de dŽtailler les grandes lignes de sa dŽmonstration, commentons ce thŽor•me.
Tout dÕabord, rappelons quÕune fonction radiale est une fonction dŽpendant uniquement
des variables|x|, |v| et xáv. Ce thŽor•me nous permet de distinguer trois proÞls dynamiques
di!Žrents autour dÕun Žtat stationnaireQ minimisant (3.2) :
(i) Solutions sous-critiques.Pour une condition initiale f 0 sous-critique, i.e.

J (( f 0( L 1 , ( j (f 0)( L 1 ) > 1 = J (( Q( L 1 , ( j (Q)( L 1 ) ,

o• J est dŽÞnie par (3.2), lÕŽnergie cinŽtique de la solutionf (t) est controlŽe en tout temps
gr‰ce ˆ lÕinŽgalitŽ

H (f (t)) % (|v|2f ( L 1

*
1 !

1
K (f (t))

+
% (|v|2f ( L 1

*
1 !

1
J (( f 0( L 1 , ( j (f 0)( L 1 )

+
.

(ii) Solutions pseudo-conformes explosives.La famille suivante est une famille de solution
explosant en temps ÞniT (voir [13, 14]) :

f (t, x, v ) = Q
*

T x
T ! t

,
T ! t

T
v +

x
T

+
, T > 0.

Remarquons que lÕŽnergie cinŽtique explose ˆ une vitesse(T ! t)# 2.
(iii) Solutions auto-similaires explosives.Les solutions auto-similaires donnŽes par (3.3)
explosent en temps Þni et la vitesse dÕexplosion de lÕŽnergie cinŽtique est (T ! t)# 1.

StratŽgie de la preuve du thŽor•me 3.1.Nous ferons le lien avec la mŽthode utilisŽe pour
obtenir un rŽsultat similaire pour lÕŽquation de Vlasov-Poisson [39]. La principale di" cultŽ
de notre cas sera de minimiser un probl•me variationnel sous une contrainte dÕŽquimesura-
bilitŽ. Ceci provient directement de lÕunicitŽ du proÞl stationnaireQ en tant que minimiseur
du probl•me variationnel (3.2).

(a) Introduction dÕun nouveau probl•me de minimisation :Tout dÕabord, on redŽÞnit notre
probl•me sous la forme dÕun nouveau probl•me de minimisation. Dans ce but, notons que
la fonction

f (t, x, v ) = Qb

*
x

( (t)
, ( (t)v

+
avec( (t) =

%
2b(T ! t) (3.4)

est solution de lÕŽquation (3.1) dans le cas pur Manev si le proÞlQb satisfait lÕŽquation

v á " xQb ! " x ! Qb á " vQb + b(x á " xQb ! v á " vQb) = 0 . (3.5)
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Les fonctions de lÕŽnergie microscopique liŽe ˆ cette Žquation, cÕest-ˆ-dire du type

g(x, v) = F
*

|v|2

2
+ bx áv + ! g(x)

+

en sont solutions. Cependant de telles solutions pourb ,= 0 nÕappartiennent pas ˆ lÕespace
dÕŽnergieEj . Pour palier cette di" cultŽ, introduisons une fonction plateau- dŽÞnie sur
R3 ˆ valeur dans [0, 1] telle que

- (x) = 1 pour |x| < r $ et - (x) = 0 pour |x| > R $ = 2 r$ ,

o• la constante r$ sera dŽÞnie plus tard. Alors notre but va •tre de trouver un proÞl de la
forme

Qb(x, v) = F
*

|v|2

2
+ b- (x)x áv + ! Qb(x)

+
, (3.6)

ˆ support compact dans {| x| < r $ } . Cette fonction appartient bien ˆ Ej et satisfait lÕŽqua-
tion (3.5). AÞn de construire de tels proÞls, il est naturel de considŽrer un probl•me de
minimisation avec contraintes. De plus, comme ces proÞls auto-similaires doivent converger
versQ lorsqueb - 0, les contraintes ˆ Þxer pour ce probl•me doivent •tre lÕŽquimesurabilitŽ
et une autre contrainte : lÕŽnergie potentielle ou lÕŽnergie cinŽtique. Dans le cas contraire,
la famille de proÞls auto-similaires peut converger vers un autre Žtat stationnaire. Nous
considŽrons donc le probl•me de minimisation

Tb := inf { Tb(f ) : f # Eq(Q), ˆ symŽtrie sphŽrique avec Epot(f ) = Epot(Q)} , (3.7)

o•

Tb(f ) =
$

R6

*
|v|2

2
+ b- (x)x áv

+
f (x, v)dxdv (3.8)

et
Eq(Q) = { f # Ej : f est Žquimesurable avecQ} . (3.9)

Pour dŽmontrer le thŽor•me 3.1, il su" t alors de prouver la proposition suivante.

Proposition 3.1. Avec les notations prŽcŽdentes, il existeb& > 0 telle que la propriŽtŽ
suivante soit vŽriÞŽe. Pour toutb # [0, b&], le probl•me variationnel (3.7) admet au moins
un minimiseur. De plus, il existe une famille de minimiseursQb de (3.7) de la forme

Qb(x, v) = FQb

*
|v|2

2
+ b- (x)x áv + . b! Qb(x)

+
,

o• . b est strictement positif, et telle que, quandb - 0, nous avons les convergences. b - 1
et Qb - Q0 = Q dans Ej . De plus, le proÞlQb est ˆ son support inclus dans{ (x, v) #
R6, |x| < r $ } et son potentiel ! Qb appartient ˆ C1. EnÞn, la fonction FQb est positive et
continue sur R, et, plus prŽcisŽment, elle est de classeC1 sur ] ! * , eb[ pour un certain
eb < 0 et dŽcro”t vers0 sur [eb, + * [.
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LÕidŽe gŽnŽrale de la preuve est basŽe sur une technique de rŽarrangements selon lÕŽner-
gie microcopique qui conserve les contraintes du probl•me. Donnons tout dÕabord formel-
lement les Žtapes de construction des proÞlsQb puis ensuite dŽtaillons la technique de
rŽarrangements utilisŽe.

(b) Construction des proÞlsQb : On consid•re une suite minimisantef n du probl•me (3.7).
Par des techniques de rŽarrangements, pourbassez petit, on peut alors construire une suite
öf n telle que pour tout n # N

öf n = Fn

*
|v|2

2
+ b- (x)x áv + . n ! f n (x)

+
,

qui vŽriÞe. n > 0 et

öf n # Eq(Q), Epot( öf n ) = Epot(Q) et Tb( öf n ) ) Tb(f n ).

On obtient donc une nouvelle suite minimisante de (3.7). De plus, puisquef n est aussi
une suite minimisante de (3.7), elle est bornŽe dansEj et donc, ˆ une sous-suite pr•s, elle
converge faiblement dansL p vers une fonctionf b de Ej . Ceci implique dÕune part la conver-
gence presque partout de! f n vers ! f b et dÕautre part, par construction, la convergence de
Fn et . n vers respectivement une fonctionFb et une constante. b telles que

Qb := Fb

*
|v|2

2
+ b- (x)x áv + . b! f b(x)

+
# Eq(Q).

Ainsi, on obtient
öf n - Qb dans L 1 0 L p,

avec Epot(Qb) = Epot(Q). En montrant que Qb est stable par les rŽarrangements utilisŽs
ci-dessus, on aTb(Qb) = Tb et on a ainsi construit le proÞl auto-similaire Qb souhaitŽ.
Ensuite, en utilisant lÕunicitŽ et la concentration des suites minimisantes obtenues dans le
chapitre 1, on conclut ˆ la convergence deQb vers Q = Q0 quand b tend vers 0. Pour Þnir,
on peut remarquer par lÕŽtude du support deQb que, pour unr$ bien choisi et pourb assez
petit, tous les proÞlsQb sont ˆ support compact dans{ (x, v) # R6, |x| < r $ } .

Nous allons maintenant rentrer plus en dŽtail dans les techniques de rŽarrangements
utilisŽes qui sont le coeur de la dŽmonstration de la Proposition3.1 et donc du ThŽor•me
3.1.

(c) RŽarrangement par rapport ˆ lÕŽnergie microscopique :Pour obtenir öf n ˆ partir de
f n , il su" t plus gŽnŽralement de montrer que, pour une fonctionf ˆ symŽtrie sphŽrique
appartenant ˆ Eq(Q), dŽÞnie par (3.9), et de m•me Žnergie potentielle queQ, il existe
. > 0 et g # Eq(Q) telles que, dÕune part,g soit fonction de lÕŽnergie microscopique

e(x, v) =
|v|2

2
+ b- (x)x áv + ! f (x)

et que, dÕautre part,
Epot(g) = Epot(Q) et Tb(g) ) Tb(f ).
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3. SOLUTIONS AUTO-SIMILAIRES EXPLOSIVES POUR VLASOV-MANEV PUR 23

Tout dÕabord, montrons comment construire, ˆ partir de lÕŽtat stationnaire Q et dÕun
potentiel radial non nul ! , une fonction de lÕŽnergie microscopique

e(x, v) =
|v|2

2
+ b- (x)x áv + ! (x)

Žquimesurable ˆ Q. On sÕinspire et on utilise pour cela les rŽarrangements de Schwarz.
Rappelons que, pour une fonction positivef appartenant ˆ L 1(Rn ), son rŽarrangementf &

au sens de Schwarz est lÕunique fonction dŽcroissante deF(R+ , R+ ) telle que les fonctions
de distribution de f & et f respectivement dansR et dans Rn , notŽesµf " et µf , soient
Žgales. Cette fonctionf & se dŽÞnit comme suit

' s % 0, f &(s) = inf { + % 0 : µf (+) ) s} .

Ainsi, on peut trouver une fonction de |(x, v)| Žquimesurable ˆ f dans R3. Utilisons ce
rŽsultat pour mettre en Žvidence la fonction recherchŽe.

Tout dÕabord, il est nŽcessaire de dŽÞnir le jacobienab,%: R&
# - R+ par

ab,%(e) = meas
.

(x, v) # R6,
|v|2

2
+ b- (x)x áv + ! (x) < e

/
, ' e < 0,

o• la notation ÓmeasÓcorrespond ˆ la mesure de Lebesgue surR6. Notons alors que, pour

eb,%= inf ess
4
! (r ) !

(b- (r )r )2

2

5
# R&

# 1 {!*} ,

la fonction ab,% est un C1 di!Žomorphisme croissant de(eb,%, 0) sur R&
+ et quÕelle sÕannule

sur ] ! * , eb,%]. Ces propriŽtŽs sÕobtiennent en rŽŽcrivantab,% sous la forme plus explicite

' e < 0, ab,%(e) =
32#2

/
2

3

$ + $

0

*
e ! ! (r ) +

(b- (r )r )2

2

+ 3/ 2

+
r 2dr. (3.10)

Ce changement de variable Žtant ˆ notre disposition, nous pouvons maintenant construire
la fonction souhaitŽe, notŽeQ&b,%, en utilisant le rŽarrangement de Schwarzf &. Elle se
dŽÞnit par

Q&b,%(x, v) =

6
Q& 2 ab,%

2
|v|2

2 + b- (x)x áv + ! (x)
3

si |v|2

2 + b- (x)x áv + ! (x) < 0,

0 si |v|2

2 + b- (x)x áv + ! (x) % 0.

Elle est une fonction dŽcroissante de lÕŽnergie microscopiquee(x, v), fonction dont la conti-
nuitŽ dŽcoule de celle deQ. De plus, Q&b,% est Žquimesurable ˆQ. EnÞn, notons que, si
f # Eq(Q) est ˆ symŽtrie sphŽrique, alors, pour. > 0, on a

$ *
|v|2

2
+ b- (x)x áv + .! f (x)

+ 2
Q&b,&%f (x, v) ! f (x, v)

3
dxdv ) 0 (3.11)
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24 RŽsumŽ en fran•ais

avec ŽgalitŽ si et seulement sif = Q&b,&%f . Cette inŽgalitŽ implique apr•s calcul que

Tb(Q&b,&%f ) ) Tb(f ) +
.
2

2
Epot(Q&b,&%f ) ! Epot(f )

3
.

Ainsi, pour terminer la preuve de la proposition 3.1, il nous su" t de montrer quÕil existe
un . > 0 tel que Epot(Q&b,&%f ) = Epot(Q). Ce point est assez subtil ˆ obtenir : par lÕŽtude
plus prŽcise de la mŽthode de rŽarrangement, on obtient la continuitŽ de la fonction. .-
Epot(Q&b,&%f ) puis, pour b assez petit,

lim inf
&' 0

Epot(Q&b,&%f ) < E pot(Q).

Il nous reste alors ˆ montrer que

lim sup
&' + $

Epot(Q&b,&%f ) > E pot(Q).

Dans le cadre gŽnŽralf # Eq(Q), rien ne nous permeta priori de conclure ˆ cette derni•re
estimation. Par contre, pour les termes dÕune suite minimisantef n du probl•me (3.7), on
parvient ˆ lÕobtenir pour n assez grand. Formellement la suitef n tend faiblement pour b
ÞxŽ assez petit vers un certain potentielgb, qui lui m•me tend faiblement vers une fonction
f lorsque b - 0. En travaillant par lÕabsurde et gr‰ce ˆ des estimations sur les supports
des fonctionsQ&b,&%gb , on montre que f est minimiseur de (3.2) et que son potentiel! f

doit •tre constant sur son support ce qui am•ne une contradiction. Le thŽor•me 3.1 est
ainsi dŽmontrŽ.

4 StabilitŽ dÕŽtats stationnaires pour le syst•me de Vlasov-
Poisson relativiste

On a jusquÕˆ maintenant prŽsentŽ des rŽsultats concernant le syst•me de Vlasov-Manev,
en faisant le lien avec les mŽthodes dŽjˆ utilisŽes dans les cas des syst•mesde Vlasov-
Poisson classique et relativiste. Les di" cultŽs de ce nouveau mod•le, notamment liŽes ˆ
la sŽparation des Žtats stationnaires ŽtudiŽs, nous ont amenŽs ˆ dŽvelopper de nouvelles
mŽthodes basŽes sur la rŽduction de fonctions par rapport ˆ lÕŽnergie microscopique.

Dans le cas o• le potentiel est de Poisson, ces mŽthodes ne sont pas nŽcessaires pour
sŽparer les Žtats stationnaires obtenus comme minimiseurs du Hamiltonien (voir [38, 40]).
Cependant, nous allons voir que, m•me dans ce cas, pour obtenir la stabilitŽ non-linŽaire
dÕune plus grande classe dÕŽtats stationnaires, lÕutilisation de ces mŽthodes combinŽe avec
lÕutilisation totale de la rigiditŽ du ßot est primordiale. Pour le syst•me de Vlasov-Poisson,
cette approche a ŽtŽ dŽveloppŽe par MŽhats, Lemou et Rapha‘l qui ont prouvŽ la stabilitŽ
de tout Žtat stationnaire sphŽrique de la forme

Q = F
*

|v|2

2
+ ! Q(x)

+
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4. STABILITƒ POUR LE SYSTéME DE VLASOV-POISSON RELATIVISTE 25

pour une fonction F dŽcroissante assez rŽguli•re [42]. On se propose de faire de m•me pour
le cas relativiste.

On se place donc dans le cadre dÕun syst•me gravitationnel modŽlisŽ par le syst•me de
Vlasov-Poisson relativiste :

!
77"

77#

$t f +
v

%
1 + |v|2

á " x f ! " x ! f á " v f = 0 , R+ $ R3 $ R3,

f (t = 0 , x, v) = f 0(x, v) % 0,

(4.1)

pour lequel le potentiel est un potentiel de Poisson dŽÞni de mani•re Žquivalente par
!
"

#
! ! f (t, x ) = %f (t, x ) =

$

R3
f (t, x, v )dv,

! f (t, x ) - 0 as |x| - + * ,
(4.2)

ou par

! f (x) = !
1

4#|x|
3 %f . (4.3)

Nous dŽÞnissons le Hamiltonien par

H (f (t)) =
$

R6

2%
|v|2 + 1 ! 1

3
f (t, x, v )dxdv !

1
2

$

R3
|" ! f (t, x )|2 dx, (4.4)

o• les deux termes correspondent respectivement ˆ lÕŽnergie cinŽtique et ˆ lÕŽnergie poten-
tielle. Cette derni•re vŽriÞe lÕinŽgalitŽ dÕinterpolation

$

R3
|" ! f |2 dx ) Cp ( f (

2p! 3
3( p! 1)

L 1 ( f (
p

3( p! 1)

L p

)
)
)
%

1 + |v|2f
)
)
)

L 1
(4.5)

pour tout p > 3/ 2 et nous nous pla•ons donc naturellement dans lÕespace dÕŽnergie

Ep =
8

f % 0 avec ( f ( Ep
:= ( f ( L 1 + ( f ( L p + (

%
1 + |v|2f ( L 1 < + *

9
(4.6)

pour une constantep > 3/ 2. Nous avons alors, dans cet espace, la stabilitŽ non-linŽaire de
tout Žtat stationnaire sphŽrique fonction de son Žnergie microscopique :

ThŽor•me 4.1 (StabilitŽ de mod•les sphŽriques). Soit Q une solution stationnaire de
(4.1), sphŽrique (fonction de|x| et |v|), continue, positive, non nulle et ˆ support compact.
De plus, supposons queQ est une fonction croissante et continue de son Žnergie micro-
scopique, i.e. il existe une fonction continueF : R - R+ et e0 < 0 telle que pour tout
(x, v) # R6

Q(x, v) = F
2%

|v|2 + 1 ! 1 + ! Q(x)
3

, (4.7)

avec F (e) = 0 pour e % e0 et F strictement dŽcroissante etC1 sur (!* , e0). Soit p > 3
2 .

Alors Q est orbitalementEp-stable par le ßot(4.1) : pour tout , > 0 il existe / > 0 tel que
la propriŽtŽ suivante est vŽriÞŽe. Soit une fonctionf 0 # Ep telle que

( f 0 ! Q( Ep
) / (4.8)
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et soit f (t) une solution renormalisŽe de(4.1) sur [0, T) dÕŽtat initialf 0. Alors pour tout
t # [0, T) il existe une famille z(t) de translations en espace telle que

( f (t, x, v ) ! Q(x ! z(t), v)( Ep
) , . (4.9)

Remarque : Notons que le cadre dans lequel nous nous sommes placŽs conduit ˆ des
di" cultŽs qui nÕont pas ŽtŽ rencontrŽes dans lÕarticle [42].
(i) Tout dÕabord, le cas relativiste au m•me titre que lÕŽquationVlasov-Manev fait appa-
ra”tre une rupture dÕhomogŽnŽitŽ qui nÕexiste pas dans le syst•me de Vlasov-Poisson clas-
sique. Cette inhomogŽnŽitŽ en vitesse pose deux probl•mes principaux.Le proÞlQ considŽrŽ
ici ne satisfait a priori aucune condition sous-critique et donc on ne peut contr™ler lÕŽnergie
cinŽtique dÕune solution qui lui serait proche. Le deuxi•me point est liŽ ˆ la mŽthode que
lÕon souhaite utiliser : x̂ ÞxŽ, le changement de variablek =

%
|v|2 + 1 ! 1 + ! Q(x) nÕest

pas aussi simple que celui correspondant au cas classique et son jacobien est donc plus
di" cile ˆ contr™ler.
(ii) Dans [42], lÕespace dÕŽnergie considŽrŽ est

E =
0

f % 0 avec ( f ( E := ( f ( L 1 + ( f ( L # + (| v|2f ( L 1 < + *
1

.

Sur un tel espace, gr‰ce ˆ lÕinŽgalitŽ de Hardy-Littlewood-Sobolev [43], les potentiels! f

sont bornŽs alors que dansEp, nous avons seulement

! f # L q(R3) pour tout 3 < q )
3(4p ! 3)

p

et 3(4p# 3)
p # (6, 12). Nous perdons donc de la rŽgularitŽ enr = 0 .

Le premier point est dÕautant plus intŽressant quÕil soul•ve une question cruciale ˆ
la bonne comprŽhension des conditions sous-critiques : peut-on construire un proÞl Q =
F (e) en dehors de toute condition sous-critique ? Ou m•me plus fortement,existe-t-il une
fonction f qui ne soit pas sous-critique pour tout espaceEp ? Laissons ces questions ouvertes
et donnons les grandes lignes qui permettent de dŽmontrer le thŽor•me 4.1.

RŽduction par rapport ˆ lÕŽnergie microscopique :La dŽmonstration reprend lÕidŽe de rester
dans des espaces dÕŽquimesurabilitŽ en utilisant des rŽarrangements selon lÕŽnergie micro-
scopique, idŽe dŽjˆ dŽveloppŽe dans le chapitre prŽcŽdent. Pour une fonction de distribution
f non nulle dansEj et pour un potentiel ! non nul, similairement au chapitre 2, on dŽÞnit
le jacobien

' e < 0, a%(e) = meas{ (x, v) # R6,
%

|v|2 + 1 ! 1 + ! (x) < e}

et lÕunique fonction de lÕŽnergie microscopiquee(x, v) =
%

|v|2 + 1 ! 1+ ! (x) Žquimesurable
ˆ f donnŽe par

f &%(x, v) = f & 2 a%(e(x, v)) ,

o• f & est le rŽarrangement de Schwarz def . Alors, le proÞl stationnaireQ ŽtudiŽ est stable
par ce rŽarrangement,i.e.

Q = Q&%Q .
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De plus, pour f non nulle, on a une dŽcroissance du Hamiltonien donnŽe par

H (f &%f ) ) H (f ).

En se pla•ant dans lÕespace des fonctions Žquimesurables avecQ, notŽ Eq(Q), on peut
dŽÞnir une nouvelle fonctionnelle (voir [44]) dŽpendant uniquementdu potentiel

J (! ) := H (Q&%) +
1
2

)
) " ! Q" ! ! " !

)
) 2

L 2 ,

et dont la valeur est infŽrieure au Hamiltonien

H (Q&%f ) ) J (! f ) ) H (f ).

En particulier, puisque Q est stable par ce rŽarrangement, on aJ (! Q) = H (Q) et dans un
cas gŽnŽral

H (f ) ! H (Q) % J (! f ) ! J (! Q) +
$ + $

0
a# 1

%f
(s)( f &(s) ! Q&(s))ds. (4.10)

Ainsi, on peut sŽparer notre probl•me en deux parties : tout dÕabord,nous montrerons la
coercivitŽ locale autour de! Q de la fonctionnelleJ . Ensuite, nous conclurons ˆ la stabilitŽ
de Q en utilisant la rigiditŽ du ßot : plus particuli•rement on sÕintŽressera ˆ la conservation
de f & et ˆ la dŽcroissance deH (f ) au cours du temps.

CoercivitŽ deJ autour de ! Q dans le cas radial :Pour obtenir cette coercivitŽ, on cherche
un dŽveloppement de Taylor deJ autour de ! Q : cette partie calculatoire est basŽe sur
le changement de variable impliquŽ par le jacobiena% et sur lÕutilisation de lÕŽquation
dÕEuler-Lagrange. On obtient ainsiDJ (! Q)(h) = 0 et

D 2J (! Q)(h, h) =
$

R3
|" h|2 dx !

$

R6

:
:F !(e%Q (x, v))

:
: (h(x) ! " h(x, v))2 dxdv, (4.11)

o• e%Q (x, v) =
%

1 + |v|2 ! 1 ! ! Q(x) et o• la fonction " h est dŽÞnie par

" h(x, v) =

$

R3

2,
1 + e%Q (x, v) ! ! Q(y)

- 2
+

! 1
3 1

2

+

,
1 + e%Q (x, v) ! ! Q(y)

-
h(y)dy

$

R3

2,
1 + e%Q (x, v) ! ! Q(y)

- 2
+

! 1
3 1

2

+

,
1 + e%Q (x, v) ! ! Q(y)

-
dy

.

Cette fonction " h peut •tre considŽrŽe comme la projection deh sur les fonctions dŽpen-
dant uniquement de lÕŽnergie microscopiquee%Q . Maintenant, pour obtenir la coercivitŽ de
J , il su" t dÕavoir celle de lÕopŽrateur

L h = ! ! h !
$

R3
|F !(e)|(h ! " h)dv

sur úH 1. Plus prŽcisŽment, en utilisant les rŽsultats de Burchard et Guo [16], nous pouvons
nous restreindre au cas radial, cÕest-ˆ-dire ˆ des potentiels fonctions de|x|. De plus, nous
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avons la compacitŽ de la forme quadratiqueD 2J (! Q) sur úH 1
rad . Ainsi, dÕapr•s lÕalternative

de Fredholm, il su" t de dŽmontrer la stricte positivitŽ

' h # úH 1
rad , h ,= 0 , (L h, h) > 0. (4.12)

Dans ce but, nous allons montrer une inŽgalitŽ de type Hardy en adaptant une preuve de
Hšrmander [33, 34]. Pour

I (h) :=
$

R6
|F !(e)|(h ! " h)2dxdv,

o• - ' sert juste ˆ rŽgulariser. Cette mŽthode nous am•ne ˆ

I (h) % 3
$ *

%Q(r ) +
! Q(r )

r (1 + u2)

+
|F !(e)|

f 2

r 4u4
/

1 + u2
dxdv, (4.13)

avec u =
,
(1 + e ! ! (x))2

+ ! 1
- 1

2
+ . Par intŽgration par partie et par lÕinŽgalitŽ de Cauchy-

Schwarz, nous avons de plus :

I (h) ) (" h( L 2 (R3 )

*
3

$
%Q(r )|F !(e)|

f 2

r 4u4
/

1 + u2
dxdv

+ 1
2

. (4.14)

En combinant (4.13) et (4.14), nous obtenons une inŽgalitŽ de type PoincarŽ

I (h) + 3
$

! Q(r )
r (1 + u2)

|F !(e)|
f 2

r 4u4
/

1 + u2
dxdv ) (" h( 2

L 2 (R3 ) . (4.15)

En remarquant que le cas dÕŽgalitŽ dans (4.15) est obtenu uniquementpour f = 0 , on en
dŽduit

' h # úH 1
r D 2J (! Q)(h, h) % C0(" h( 2

L 2 . (4.16)

Ce rŽsultat obtenu pour des potentiels radiaux implique la coercivitŽ locale deJ dans le
cas gŽnŽral incluant les potentiels non radiaux :

Proposition 4.1. Il existe " > 0 telle que la propriŽtŽ suivante est vŽriÞŽe. Soit! n une
suite de potentiels telle que

' n # N, (" ! n ! " ! Q( L 2 ) ", lim
n' + $

J (! n ) ) J (! Q). (4.17)

Alors, il existe une suite de translations en espacexn telle que

(" ! n ! " ! Q(á ! xn )( L 2 - 0 quandn - + * . (4.18)

Dans le cas radial, cette proposition repose sur le dŽveloppement de Taylor de J et sur
la coercivitŽ (4.16) qui donnent

J (! #
n ) ! J (! Q) %

C0

2

)
)
) " ! #

n ! " ! Q

)
)
)

2

L 2
+ , (

)
)
) " ! #

n ! " ! Q

)
)
)

L 2
) %

C0

4

)
)
) " ! #

n ! " ! Q

)
)
)

2

L 2
,
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pour " assez petit. Notons que(! ! #
n ) est le rŽarrangement de Schwarz de(! ! n ) pris

comme fonction deR3. La proposition 4.1 est donc prouvŽe dans le cas radial.
Le cas gŽnŽral se dŽmontre gr‰ce au thŽor•me 2 de [16]. Il su" t de remarquer que

lÕinŽgalitŽ de Polya-Szegš implique

J (! #
n ) ! J (! n ) =

1
2

(" ! #
n ( L 2 !

1
2

(" ! n ( L 2 ) 0. (4.19)

On peut alors utiliser la proposition 4.1 dans le cas radial. Nous sommes donc dans le cas
dÕŽgalitŽ dans lÕinŽgalitŽ de Polya-Szegš ce qui conduit ˆ la convergence souhaitŽe.

CompacitŽ locale des suites minimisantes :A partir de la coercivitŽ donnŽe par la propo-
sition 4.1, nous avons le rŽsultat de compacitŽ suivant.

Proposition 4.2. Soit p > 3
2 . Soit " > 0 la constante dŽÞnie par la proposition 4.1 et soit

f n une suite deEp telle que

( f &
n ! Q&( L 1 (R) - 0, ( f &

n ! Q&( L p (R) - 0, lim sup
n' + $

H (f n ) ) H (Q), (4.20)

et
(" ! f n ! " ! Q( L 2 < ". (4.21)

Alors il existe une suite de translationsxn telle que

( f n ! Q(á ! xn )( Ep
- 0 quandn - + * . (4.22)

La convergence des potentiels provient essentiellement de lÕinŽgalitŽ

H (f n ) ! H (Q) % J (! f n ) ! J (! Q) +
$ + $

0
a# 1

%f
(s)( f &

n (s) ! Q&(s))ds. (4.23)

En e! et, on montre tout dÕabord que lÕintŽgrale tend vers0 gr‰ce ˆ

( f &
n ! Q&( L 1 (R) - 0, ( f &

n ! Q&( L p (R) - 0.

Ensuite, on utilise la proposition 4.1 et le contr™le du Hamiltonien, qui, combinŽs avec
(4.23), impliquent la convergence

(" ! f n (á ! xn ) ! " ! Q( L 2 - 0.

On renote f n = f n (á ! xn , á). AÞn de dŽmontrer la convergence forte dansEp on sÕintŽresse
de nouveau au Hamiltonien qui vŽriÞe

H (f n ) = H (Q) +
1
2

(" ! f n ! " ! Q( 2
L 2 +

$

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3
(f n ! Q) dxdv,

ˆ la translation xn pr•s. La positivitŽ du terme intŽgral dŽcoule dÕune propriŽtŽ de rŽar-
rangement ainsi que de la convergence

$

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3 2
f &%Q

n ! Q
3

dxdv - 0. (4.24)
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Cette derni•re provient de la convergence def &
n . Ainsi, en utilisant le contr™le du Hamil-

tonien et la convergence du champ de force" ! f n , on obtient la convergence

$

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3
(f n ! Q) dxdv - 0. (4.25)

On arrive alors ˆ la convergence

( f n ! Q( L 1 (R6 - 0 as n - + * , (4.26)

par des techniques basŽes sur lÕŽquimesurabilitŽ. La convergence dansL p sÕobtient en uti-
lisant la convergence presque partout def n et la conservation de lÕentropie ˆ la limite.
EnÞn, le contr™le du Hamiltonien donne le contr™le de lÕŽnergie cinŽtique et implique donc
la convergence $

R6

2%
|v|2 + 1

3
|f n ! Q| dxdv - 0,

lorsquen - + * . La compacitŽ est ainsi dŽmontrŽe.

StabilitŽ : Pour passer de la compacitŽ ˆ la stabilitŽ non-linŽaire remarquons tout dÕabord
que la proposition 4.2 peut se rŽŽcrire de la forme suivante. Pour tout , > 0 il existe / > 0
tel que si f # Ep vŽriÞe

( f & ! Q&( L 1 (R) ) / , ( f & ! Q&( L p (R) ) / , H (f ) ) H (Q) + / , (4.27)

et
inf

z" R3
(" ! f (á+ z) ! " ! Q( L 2 < ". (4.28)

alors il existe une translation y # R3 telle que

( f ! Q(á ! y)( Ep
< , . (4.29)

Par la rigiditŽ du ßot la condition (4.27) est toujours satisfaite d•s lors que lÕŽtat initial
f 0 la vŽriÞe. On montre que la condition (4.28) est toujours respectŽe en procŽdant par
lÕabsurde : si ce nÕest pas le cas, en remarquant que la fonction

' : t .- inf
z" R3

)
) " ! f (t ) (á+ z) ! " ! Q

)
)

L 2

est continue, cette fonction atteint donc des valeurs entre" / 2 et " . Or en prenant, , assez
petit, on peut montrer que le contr™le (4.29) implique

(" ! f (á ! y) ! " ! Q( L 2 <
"
2

et on a donc une contradiction. La stabilitŽ est dŽmontrŽe.
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5 Etude numŽrique de lÕŽquation radiale de Vlasov-Poisson

5.1 PrŽsentation gŽnŽrale

Dans le chapitre 4 introduit ici, nous nous proposons de dŽvelopper des schŽmas nu-
mŽriques conservatifs pour le syst•me de Vlasov-Poisson radial.Ceci a pour but futur,
dans un premier temps, de valider numŽriquement les rŽsultats connus sur cette Žquation
cinŽtique et, dans un second temps, de nous faire une idŽe sur des probl•mes encore ou-
verts. On pense notamment ˆ la question de la stabilitŽ asymptotique autour de solutions
stationnaires et au possible amortissement Landau.

On sÕintŽresse ici ˆ lÕŽquation de Vlasov-Poisson non relativiste en dimension 3. Cepen-
dant on se restreint au cas radial. Se ramener aux trois variables|x|, |v| et x áv permet
dÕallŽger considŽrablement lÕŽtude numŽrique du syst•me. Le cas gŽnŽralavec 6 variables
(3 dÕespace et 3 de vitesse) demanderait encore aujourdÕhui un calcul trop lourd ˆ e!ectuer.

De plus, rŽduire le probl•me au cas radial nÕenl•ve en rien lÕintŽr•t dÕune telle Žtude.
En e!et, ˆ notre connaissance, les rŽsultats de stabilitŽ existants concernent uniquement
des solutions stationnaires ˆ symŽtrie sphŽrique (ˆ une translation en espace pr•s).

Maintenant donnons lÕexpression de notre Žquation en coordonnŽes radiales (r, u, s) =
(|x|, |v|, x áv) :

$t f +
s
r

$r f !
s

ru
! !

f (r )$u f +
,
u2 ! r ! !

f (r )
-

$sf = 0 , (t, r, u, s ) # R+ $ # 1, (5.1)

o• # 1 = { (r, u, s) # R+ $ R+ $ R, |s| ) ru } et

! !
f (r ) =

1
r 2

$

÷r<r
÷r 2%f (÷r )d÷r et %f (r ) =

2#
r

$

u> 0, |s|<ru
f (r, u, s)ududs.

Notons que cette Žquation peut •tre rŽŽcrite sous di!Žrents syst•mes de variables et
que chacun de ces syst•mes prŽsente des avantages et des inconvŽnients. En les variables
(r, u, s) le domaine est mal adaptŽ ˆ une discrŽtisation. Nous prŽf•rerons utiliser le syst•me
de variables(r, u, l ) = ( sgn(x áv)|x|, |v|, |x + v|). Pour (r, u, l ) # # avec

# = { (r, u, l ) # R $ R+ $ R+ , l ) | r |u}

lÕŽquation de Vlasov-Poisson sÕŽcrit alors

$t f + u

'

1 !
l2

r 2u2 $r f ! ! !
f (r )

'

1 !
l2

r 2u2 $u f = 0 , (5.2)

o• le champ de force! !
f est dŽÞni par

! !
f (r ) =

1
r 2

$ |r |

#| r |
÷r 2%f (÷r )d÷r

et la densitŽ par

%f (r ) =
2#
r 2

$

u> 0, l< |r |u

l
;

1 ! l2
r 2u2

f (r, u, l )dudl. (5.3)
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Figure 1 Ð Domaine dÕŽtude et sens de transport ˆl > 0 ÞxŽ

Ce syst•me prŽsente deux di" cultŽs. La premi•re est son domaine de dŽÞnition, similaire
ˆ celui correspondant aux variables (r, u, s). La seconde di" cultŽ est la singularitŽ en;

1 ! l2
r 2u2 prŽsente dans lÕexpression de%f . La forme du domaine, ˆ l ÞxŽ, est donnŽe

par la Þgure 1. Celle-ci reprŽsente le sens du transport dans le plan{ l = constante}
dans chacune des directions, en espace pour la ligne rouge et en vitesse pour la ligne
verte. Se placer sur ce type de plan nÕest pas anodin : ce sont des plans caractŽristiques de
lÕŽquation de Vlasov-Poisson. CÕest pourquoi on a prŽfŽrŽ cette formulation ˆ celle rŽsultant
des variables(r, u, s). De plus, notons que la Þgure 1 schŽmatise les conditions au bordˆ
respecter : dÕune part, la continuitŽ de la fonction de distribution f dÕun bord ˆ lÕautre

f (! r, u, l = ru ) = f (r, u, l = ru ) (5.4)

et, dÕautre part, la conservation de la masse lors de son passagedÕun bord ˆ lÕautre donnŽe
par

lim
ru ' l+

'

1 !
l2

r 2u2 " f (! r, u, l ) án+ = ! lim
ru ' l+

'

1 !
l2

r 2u2 " f (r, u, l ) án# , (5.5)

o• n+ et n# sont les normales sortantes du domaine# respectivement enr = l/u et en r =
! l/u . Remarquons que, thŽoriquement, le passage des coordonnŽes naturelles(r, u, s) aux
coordonnŽes(r, u, l ) prŽserve la continuitŽ mais peut entra”ner une explosion des dŽrivŽes

partielles sur le bord du domaine, explosion en
2

1 ! l2
r 2u2

3# 1/ 2
.
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5.2 Etude numŽrique

On se propose ici de rŽsoudre numŽriquement lÕŽquation (5.1) en utilisant des mŽ-
thodes de di!Žrences Þnies. On souhaite ainsi prŽserver ˆ chaque itŽration la masse et le
Hamiltonien. On consid•re donc un schŽma numŽrique du type

D t f n =
f n+1 ! f n

! t
= ! [u]u i

) k,i,j D r f n +
<
! !

f n

=
r k

) k,i,j Du f n , (5.6)

pour une discrŽtisation classique(tn , r k , ui , l j ) de pas ! t, ! r , ! u et ! l j . Remarquons
quÕon a" ne la discrŽtisation pour l proche del = 0 et quÕainsi le pas! l j dŽpend del j .
Tout dÕabord, nous traitons la singularitŽ prŽsente dans lÕexpression de%k

n en approchant

$ l j +1 / 2

l j ! 1/ 2

l
;

1 ! l2
r 2

k u2
i

f (r, u, l )dl 4 mk,i,j f (r, u, l j )

o•

mk,i,j = r 2
ku2

i

>

?

@

1 !
l2j # 1/ 2

r 2
ku2

i
!

@

1 !
l2j +1 / 2

r 2
ku2

i

A

B .

Avec de telles notations, la masse est dŽÞnie par

M n = 4#
+ $C

k= #$

r 2
k%n

k ! r = 8#2
C

k,i,j
| r k |u i >l j

mk,i,j f n
k,i,j ! r ! u. (5.7)

Lemme 5.1. La masse(5.7) est conservŽe par le schŽma(5.6) si les opŽrateurs de di"Ž-
rences ÞniesD r et Du satisfont pour tout (k, i, j )

!
"

#

D &
r () k,i,j mk,i,j [u]i ) = 0 .

D &
u () k,i,j mk,i,j ) = 0 .

(5.8)

Remarquons quÕon laisse le terme[u]i dans les conditions (5.8) car on le dŽÞnit comme
pouvant dŽpendre der k et plus prŽcisŽment de son signe. Cette dŽpendance sera utile pour
la conservation du Hamiltonien.

Pour rŽaliser le lemme 5.1 il su" t dÕavoir

D &
r (1) = 0 et D &

u(1) = 0 ,

de considŽrer[u]i = ui indŽpendant du signe der k et que le facteur) k,i,j mk,i,j soit indŽ-
pendant de i et de k.

Nous nous intŽressons maintenant ˆ la conservation du Hamiltonien. Nous avons alors
le lemme suivant.
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Lemme 5.2. Soit une distribution f n satisfaisant (5.6). Supposons que la condition de
conservation de la masse(5.8) est vŽriÞŽe. Alors si les conditions suivantes sont respectŽes

!
77777777777777"

77777777777777#

' k > 1, E n
k = ÷E n

k + ÷E n
# k et E n

1 = ÷E n
1 = %1

k ,

avec ' k # Z&, D r k (r 2
k

÷E n
k ) = r 2

k%n
k ,

' k > 0, E n
# k = ! E n

k ,

' i > 0, (D sgn(k)
u i

)&(u2) = ! 2[u]i,sgn (k) ,

' k ,= 0 ,
<
! !

f n

=
r k

=
E n+1

k + E n
k

2
,

(5.9)

le Hamiltonien H n dŽÞni par

H n = 8#2
C

k,i,j
| r k |u i >l j

mk,i,j f n
k,i,j ! r ! u ! 4#

+ $C

k=1

r 2
k (E n

k )2! r. (5.10)

est conservŽ.

Compte tenu du sens de transport, nous sommes obligŽs de considŽrer unopŽrateur
Du dŽpendant du signe der k . Ainsi pour respecter les conditions (5.9) nous devons aussi
prendre [u]i,sgn (k) fonction de sgn(k). Ceci pose probl•me pour obtenir les conditions de
conservation de la masse (5.8) pr•s du bord.

On ne proposera ainsi quÕun schŽma conservatif ˆ une distance du bord singulier. Ce
schŽma satisfait le lemme 5.2 en dehors de la fronti•re.

Remarquons que, par cette mŽthode, on calculef n+1 en particulier ˆ partir du champ
de force E n+1 . Ceci ne pose pas de probl•me car nous pouvons quantiÞer les variations
D t (E n ) uniquement ˆ partir de f n . Ce rŽsultat dŽcoule directement de lÕŽquation de Poisson
et il sÕŽcrit :

D t (r 2
kE n

k ) = ! 2#
C

i,j
| r k |u i >l j

l j
2

[u]sgn(k)
u i

f n
k,i,j ! [u]sgn(# k)

u i
f n

# k,i,j

3
! u! l j . (5.11)

On pourra trouver dans le chapitre 4 deux exemples de schŽmas numŽriques impliquant
ces conservations pour des fonctions nulles pr•s du bord. Cependant, donner un schŽma
conservatif pr•s du bord para”t beaucoup moins aisŽ. De plus, on montrera numŽriquement
quÕobtenir la stabilitŽ et la consistance du schŽma pr•s du bord estdi" cile.

Pour terminer cette partie numŽrique, nous faisons une simple approche ˆ lÕŽtude numŽ-
rique du comportement de fonctions proches dÕun Žtat stationnaire.En utilisant lÕŽquation
de Poisson, un Žtat stationnaire de la forme

Q(r, u ) = C
*

! 1 !
u2

2
! ! Q(r )

+ 1
p! 1

+
, (5.12)
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peut •tre mis en Žvidence numŽriquement. Leur existence a ŽtŽ prouvŽe pourp > 9/ 7 [38].
En choisissant bienC et en prenant p = 3 , on se ram•ne ˆ lÕŽquation

r 2! !!
Q + 2 r ! !

Q = ( ! 1 ! ! Q(r ))2
+ .

La condition ! !
Q(0) = 0 et le fait que ! Q tende vers0 ˆ lÕinÞni permettent dÕavoir lÕunicitŽ

de cette solution. Apr•s lÕavoir trouvŽe numŽriquement, il su" t de choisir une pertubation
de cet Žtat stationnaire sÕŽcrivant

f 0(r, u, s) =
2

#2
/

2

*
! 1 !

u2

2
! ! Q(r ) ! b- (r )s

+ 1
2

+
,

o• b est une petite constante et- (r ) une fonction rŽguli•re bornŽe ˆ support compact.
Pour les schŽmas dŽveloppŽs dans le chapitre 4, mettre en Žvidence le comportement

asymptotique dÕune telle pertubation nÕest pas envisageable sans des calculs trop lourds.
Cependant, en prenant des opŽrateurs dÕordre supŽrieur cela semble tout ˆfait possible et
sera lÕobjet dÕune future Žtude.
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Chapitre 1

Stable ground states for the
Vlasov-Manev system

N.B. : Les chapitres 1 et 2 font lÕobjet dÕune publication commune ˆ para”tre dans
SIMA, SIAM Journal of Mathematical Analysis. Ce travail a ŽtŽ fait en collaboration avec
Mohammed Lemou et Florian MŽhats.

Abstract: In this chapter, we study the orbital stability of steady states to the
so-called Vlasov-Manev (VM) system. This system is a kinetic model which
has a similar Vlasov structure as the classical Vlasov-Poissonsystem, but is
coupled to a potential in ! 1/r ! 1/r 2 (Manev potential) instead of the usual
gravitational potential in ! 1/r , and in particular the potential Þeld does not
satisfy a Poisson equation but a fractional-Laplacian equation. We Þrst prove
the orbital stability of the ground states type solutions which are constructed
as minimizers of the Hamiltonian, following the classical strategy: compactness
of the minimizing sequences and the rigidity of the ßow. However, in driving
this analysis, there are two mathematical obstacles: the Þrst oneis related to
the possible blow-up of solutions to the VM system, which we overcome by
imposing a sub-critical condition on the constraints of the variational problem.
The second di" culty (and the most important) is related to the nature of the
Euler-Lagrange equations (fractional-Laplacian equations) to which classical
results for the Poisson equation do not extend. We overcome this di" culty by
proving the uniqueness of the minimizer under equimeasurabilty constraints,
using only the regularity of the potential and not the fractional-Laplacian Euler-
Lagrange equations itself.

1.1 Introduction and main results

In this paper, we study the stability of steady states and the existence of blow-up self-
similar solutions to the Vlasov-Manev (VM) model for gravitat ional systems. In this mean
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Þeld kinetic model, the usual Newtonian interaction potential is replaced by the so-called
Manev potential. This potential corrects the Newtonian gravitational potential as follows:

U(x) = !
1

4#|x|
!

&
2#2|x|2

,

where& is a positive constant. First it was studied by Manev in the 1920Õas an alternative
way of EinsteinÕs relativity to explain the advance of the perihelion of Mercury unexplained
by NewtonÕs laws [48, 49, 50, 51]. And recently, frustrated by the unsuccess of the relativity
model to formulate a meaningful relativistic n-body problem, F. Diacu, A. Mingarelli, V.
Mioc and C. Stoica [6] followed by R. Illner, H.D. Victory, P.Dukes and A.V. Bobylev [2-3]
gave the basics for the comeback of the Manev model, described by the Þrst ones asa fairly
good substitute of relativity within the frame of classicalmechanics.

We then consider in this paper the case of a potential given by:

U(x) = !
"

4#|x|
!

&
2#2|x|2

,

where " is a nonnegative constant. Further physical studies of this potential can be found
in [18]. The case" = 0 , & = 1 will be referred to as thepure Manev case. The case" > 0,
& % 0 will be referred to as the Poisson-Manev casewhich includes the Newtonian case
" = 1 , & = 0 . Note that at the limit " - 1 and & - 0, we recover the stability of steady
states proved in [38, 40].

Taking into account this correction, the standard Vlasov-Poisson system is replaced by
the following Vlasov-Manev system:

!
"

#

$t f + v á " x f ! " x ! f á " v f = 0 , (t, x, v ) # R+ $ R3 $ R3,

f (t = 0 , x, v) = f 0(x, v) % 0,
(1.1.1)

in which f = f (t, x, v ) % 0 is a distribution function and ! f the associated potential
deÞned as follows. We have

! f (t, x ) = "! P
f + &! M

f , (1.1.2)

where ! P
f and ! M

f are respectively the Poisson potential and the Manev potential off
given by:

! P
f (t, x ) = !

$

R3

%f (t, y)
4#|x ! y|

dy, ! M
f (t, x ) = !

$

R3

%f (t, y)
2#2|x ! y|2

dy, (1.1.3)

%f being the density associated with the distribution function f :

%f (t, x ) =
$

R3
f (t, x, v )dv.

Note that the two potentials satisfy

& ! P
f = %f and (!& )1/ 2 ! M

f = ! %f ,
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and in particular the system (1.1.1) reduces to the well-known gravitational Vlasov-Poisson
system in the case" = 1 and & = 0 .

To our knowledge, the only existing mathematical analysis of the Vlasov-Manev model
is due to Bobylev, Dukes, Illner and Victory [13, 14]. In these works, the local existence of
regular solutions is proved and some questions of global existenceand Þnite-time blow-up
are discussed.

We now give some basic properties of the Vlasov-Manev system (1.1.1). Su" ciently
regular solutions to (1.1.1) on a time interval [0, T] satisfy the conservation of the so-called
Casimir functionals:

' t # [0, T], ( j (f (t)) ( L 1 = ( j (f 0)( L 1 (1.1.4)

and the conservation of the Hamiltonian

' t # [0, T], H (f (t)) = H (f 0),

where j is any smooth real-valued function with j (0) = 0 , and where

H (f (t)) =
)
) |v|2f (t)

)
)

L 1 ! Epot(f (t)) . (1.1.5)

The potential energy Epot is deÞned by

Epot(f (t)) = !
$

R3
! f (t, x )%f (t, x )dx = "E P

pot(f (t)) + &E M
pot(f (t)) ,

where we have denoted

E P
pot(f (t)) = !

$

R3
! P

f (t, x )%f (t, x )dx and E M
pot(f (t)) = !

$

R3
! M

f (t, x )%f (t, x )dx.

These potential energies are controlled thanks to standard interpolation inequalities:

0 ) E P
pot(f ) ) C1

)
) |v|2f

)
)

1
2
L 1 ( f (

7p! 9
6( p! 1)

L 1 ( f (
p

3( p! 1)

L p , (1.1.6)

0 ) E M
pot(f ) ) C2

)
) |v|2f

)
)

L 1 ( f (
p! 3

3( p! 1)

L 1 ( f (
2p

3( p! 1)

L p , (1.1.7)

for all p % 3.
Our aim in this paper is to prove the orbital stability of groun d states type stationary

solutions to the Vlasov-Manev problem. While the question of non linear stability has
not been studied in the past for the VM system, it has attracted considerable attention
in the case of the Vlasov-Poisson system (& = 0 ), both in physics (see [3, 4], [9] and the
references therein) and mathematics community [61, 24, 28, 29, 38, 57, 41]. We emphasize
that the structure of the equation in the pure Manev case (" = 0 , & = 1 ) can be compared
in some sense with the Vlasov-Poisson system in dimension 4 (see [38]). In this case, we
shall construct ground states by minimizing the constant in the interpolation inequality
(1.1.7), following the standard strategy as in the case of nonlinear Schršdinger equation
[60].
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40 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

On the other hand, as already noticed in [13], the case of the general VM system (" > 0)
shares similar mathematical properties with the relativistic Vlasov-Poisson system [40]. In
[40], the stability of steady state solutions to the relativistic Vlasov-Poisson equation is
proved by minimizing the energy and by using a homogeneity-breakingproperty which
comes from the fact that the relativistic kinetic energy is a non-homogeneous velocity
moment of the distribution function. In the present case of VM system, the homogeneity-
breaking comes from the presence of two contributions in the general VMpotential with
di!erent homogenities. This homogeneity-breaking property makes possible to build a
well-posed variational problem where a sub-critical condition is imposed on the constraints.
Notice that the subcritical condition for the well-posedness of thevariational problem in
the context of the relativistic Vlasov-Poisson system was also observed in [37]. In driving
the classical approach in a similar way as in [40] and [38], a new important di " culty
appears. This di" culty is related to the nature of the Euler-Lagrange equations to which
classical results for the Poisson equation do not extend. In the classical VP case, a complete
stability result is generally obtained by using both the Euler-Lagrange equation (which is
equivalent to a non linear Poisson equation) and the rigidity ofthe ßow. In the present
case, the Euler-Lagrange equation is a fractional-Laplacian equation, and this prevents
from using ODE techniques. Nevertheless, we prove the uniqueness ofthe minimizer under
equimeasurable constraints by a new argument which completely avoidsODE techniques.

In order to state our main results, let us make precise our assumptions. Consider a
function j : R+ - R+ satisfying the following hypotheses.
(H1) j is a C2 function, with j (0) = j !(0) = 0 and such that j !!(t) > 0 for t > 0.
(H2) There exist p, q > 3 such that

p )
tj !(t)
j (t)

) q, ' t > 0. (1.1.8)

We note that (H2) is equivalent to the nondichotomy condition:

bpj (t) ) j (bt) ) bqj (t), ' b % 1, t % 0. (1.1.9)

For a function j satisfying (H1) and (H2), we deÞne the corresponding energy space

Ej = { f % 0 such that ( f ( Ej := ( f ( L 1 + ( j (f )( L 1 +
)
) |v|2f

)
)

L 1 < + *} (1.1.10)

and we shall say that a sequencef n converges tof in Ej if

( f n ! f ( L 1 - 0, ( j (f n ! f )( L 1 - 0 and
)
) |v|2(f n ! f )

)
)

L 1 - 0.

From the interpolation inequality (1.1.7), the following constant is strictly positive:

K M
j = inf

f " Ej \{ 0}
K M

j (f ) with K M
j (f ) =

)
) |v|2f

)
)

L 1 ( f (
p! 3

3( p! 1)

L 1 ( f + j (f )(
2

3( p! 1)

L 1

E M
pot(f )

. (1.1.11)

Indeed, from (1.1.9) one hast + j (t) % Ctp for all t % 0.

In our Þrst result, we establish the existence of ground states for the Vlasov-Manev
problem.
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1.1. INTRODUCTION AND MAIN RESULTS 41

Theorem 1.1.1 (Existence of ground states). Let j be a function satisfying (H1) and
(H2).
(i) Poisson-Manev case(" > 0). Let M 1 > 0, M j > 0 such that

&M
p! 3

3( p! 1)
1 (M 1 + M j )

2
3( p! 1) < K M

j , (1.1.12)

whereK M
j is deÞned by(1.1.11), and let

F(M 1, M j ) = { f # Ej , ( f ( L 1 = M 1, ( j (f )( L 1 = M j } .

Then there exists a steady state of(1.1.1) which minimizes the variational problem

I (M 1, M j ) = inf
f " F(M 1 ,M j )

H (f ), (1.1.13)

whereH is the Hamiltonian deÞned by(1.1.5).
(ii) Pure Manev case (" = 0 , & = 1 ). For all M 1, M j > 0, the following variational problem

J (M 1, M j ) = inf
f " F(M 1 ,M j )

K (f ), with K (f ) :=

)
) |v|2f

)
)

L 1

E M
pot(f )

. (1.1.14)

admits a minimizer. Furthermore, for any given M 1 > 0, there exists a uniqueM j > 0
such thatJ (M 1, M j ) = 1 . Moreover, the minimizers of (1.1.14) are steady states to(1.1.1)
if, and only if J (M 1, M j ) = 1 .
(iii) In both cases (" % 0), any steady stateQ obtained as a minimizer of (1.1.13) or
(1.1.14) is continuous, compactly supported and takes the form

Q(x, v) = ( j !)# 1

&
|v|2

2 + ! Q(x) ! (
µ

(

+

(1.1.15)

where ( and µ are negative constants. Moreover,! Q(x) is spherically symmetric (up to a
translation shift), increasing and belongs toC1,! , for all ) # (0, 1). In (1.1.15), we used
the notation a+ = max(a,0).

Notice that in the case " = 1 and & = 0 , the condition (3.1.10) is always satisÞed.
In this case, the Vlasov-Manev system (1.1.1) is nothing but the classical Vlasov-Poisson
system, for which it is already known that minimizers of the two constraints problem
(1.1.13) always exist and that the minimizing sequences are compact, see [38]. In [40],
the orbital stability in the case of the VP system has been proved thanks to a uniqueness
result of these minimizers which was based on a combination of the Poisson equation and
the rigidity of the ßow.

Our second main result concerns the orbital stability of the above constructed ground
states under the action of the Vlasov-Manev ßow. As in [40], the proof of these stability
results needs in a crucial way the uniqueness of the minimizer under some ßow constraints
(namely the equimeasurability property). However in [40], the proof of this uniqueness
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42 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

was based on the use of the Poisson equation satisÞed by the minimizer. Here, the Euler-
Lagrange equation is a fractional Laplacian equation and the proof of [40] cannot be used.
In fact, we prove this uniqueness result in a way that completely avoids the use of the Euler-
Lagrange equation, and in particular, this generalizes also the uniqueness result obtained
in [40]. The only property of the minimizers that we use is their equimeasurablity. In
particular, our proof avoids the usual ODE techniques, which in fact, are useless here since
the Euler-Lagrange equation is a fractional-Laplacian equation.

Lemma 1.1.2 (Uniqueness of the minimizer under equimeasurability condition). Let F #
C0(R, R+ ), strictly decreasing onR# , such thatF (R# ) = R+ and F (R+ ) = { 0} . We deÞne

Q0(x, v) = F
*

|v|2

2
+ * 0(x)

+
, Q1(x, v) = F

*
|v|2

2
+ * 1(x)

+

on R3 $ R3, where * 0 and * 1 are two nondecreasing continuous radially symmetric poten-
tials such that the sets{ x # R3, * 0(x) < 0} and { x # R3, * 1(x) < 0} are bounded. Then
the equimeasurability ofQ0 and Q1 for the Lebesgue measure inR6, i.e.

' t > 0, meas{ (x, v) # R6, Q0(x, v) > t } = meas{ (x, v) # R6, Q1(x, v) > t } , (1.1.16)

implies that Q0 = Q1. In particular:
(i) Poisson-Manev case(" ,= 0 ): two equimeasurable steady states of(1.1.1) which minimize
(1.1.13) under the subcritical condition (1.1.12) are equal up to a translation in space.
(ii) Pure Manev case(" = 0 , & = 1 ): two equimeasurable steady states of(1.1.1) which
minimize (1.1.14) and which have the same kinetic energy are equal up to a translation
shift in space.

Now, using the compactness of all the minimizing sequences of (1.1.13)and (1.1.14)
(which will be proved) and the uniqueness result stated in Lemma 1.1.2we get the desired
stability results.

Theorem 1.1.3 (Orbital stability of ground states) .
(i) Poisson-Manev case(" > 0). Let M 1, M j > 0 satisfy the subcritical condition (1.1.12).
Then any steady stateQ of (1.1.1) which minimizes (1.1.13) is orbitally stable under the
ßow (1.1.1). More precisely, given, > 0, there exists" (, ) > 0 such that the following holds
true. Consider f 0 a smooth function with ( f 0 ! Q( Ej ) " (, ), and let f (t) be a classical
solution to (1.1.1) on a time interval [0, T), 0 < T ) + * , with initial data f 0. Then there
exists a translation shift x(t) # R3 such that, for all t # [0, T), we have

( f (t, x + x(t), v) ! Q( Ej
< , .

(ii) Pure Manev case(" = 0 , & = 1 ). Let Q be a steady state of(1.1.1) which minimizes
(1.1.14). Then for all , > 0, there exists a constant" (, ) > 0 such that the following
property holds true. Let f (t) be a classical solution to(1.1.1) on a time interval [0, T),
0 < T ) + * , with initial data f 0, satisfying:

(a) ( f 0 ! Q( L 1 ) " (, ) and ( j (f 0)( L 1 ) ( j (Q)( L 1 + " (, ),
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1.2. EXISTENCE OF GROUND STATES 43

(b) ' t # [0, T), ( (t)2H (f (t)) < " (, ) where ( (t) =
2

%|v|2Q%L 1

%|v|2 f (t )%L 1

31/ 2
.

Then there exists a translation shiftx(t) # R3 such that, for all t # [0, T), we have
)
)
)
) f

*
t, ( (t)(x + x(t)) ,

v
( (t)

+
! Q

)
)
)
)

Ej

< , .

Remark 1.1.4. The goal here is to prove this stability result assuming the framework
of classical solutions to the Vlasov-Manev model, and not to solve the Cauchy problem.
For smooth initial data decaying fast enough at the inÞnity, the local existence and the
uniqueness of regular solutions to (1.1.1) has been proved in [14].The global existence of
classical solutions is an open problem. Our result shows that the solutions remain in the
vicinity of the ground state Q (up to a translation shift), but does not a priori exclude a
possible blow-up of some derivative off .

The outline of this chapter is as follows. Section 1.2 deals with the proof of Theo-
rem 1.1.1. After preliminary technical results concerning some properties of the inÞmum
I (M 1, M j ) (Subsection 1.2.1), we prove in Subsection 1.2.2 the existence of minimizers.
Then we characterize the ground states: Euler-Lagrange equation, regularity and spherical
symmetry. Section 1.3 is devoted to the proof of stability of the ground state through
the Vlasov-Manev ßow as stated in Theorem 1.1.3. First, in Subsection 1.3.1, we prove
the uniqueness of the ground state in the class of equimeasurablefunctions, Lemma 1.1.2.
Then we use standard concentration-compactness arguments to prove the compactness of
minimizing sequences. Combining the uniqueness and compactness properties, we Þnally
deduce the orbital stability result, Theorem 1.1.3.

1.2 Existence of ground states

This section is devoted to the proof of Theorem 1.1.1.

1.2.1 Properties of the inÞmum

In this section, we prove two lemmas concerning some monotonicity properties of the
inÞmum deÞned by (1.1.13) and by (1.1.14).

Lemma 1.2.1 (Monotonicity properties of the inÞmum I (M 1, M j )). Let j be a real-valued
function satisfying Assumptions(H1) and (H2), let M 1 > 0 and M j > 0 such that (1.1.12)
holds, and letI (M 1, M j ) be deÞned by(1.1.13) in the case" > 0. Then we have

!* < I (M 1, M j ) < 0. (1.2.1)

Moreover the following nondichotomy condition holds true:for all 0 < ) < 1 and 0 ) ' )
1,

I () M 1, ' M j ) + I ((1 ! ) )M 1, (1 ! ' )M j ) > I (M 1, M j ). (1.2.2)
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44 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Proof. Step 1. The inÞmum is Þnite and negative.

We Þrst prove (1.2.1). Let f # F(M 1, M j ). Then from (1.1.6) and (1.1.11), we have

H (f ) %
)
) |v|2f

)
)

L 1 !
&

K M
j

)
) |v|2f

)
)

L 1 M
p! 3

3( p! 1)
1 (M 1 + M j )

2
3( p! 1)

! C"
)
) |v|2f

)
) 1/ 2

L 1 M
7p! 9

6( p! 1)
1 (M 1 + M j )

1
3( p! 1)

%
)
) |v|2f

)
)

L 1

&

1 !
&

K M
j

M
p! 3

3( p! 1)
1 (M 1 + M j )

2
3( p! 1)

(

! CM 1 ,M j

)
) |v|2f

)
) 1/ 2

L 1 .

(1.2.3)

Now the subcritical condition (1.1.12) implies that

1 !
&

K M
j

M
p! 3

3( p! 1)
1 (M 1 + M j )

2
3( p! 1) > 0.

Thus H (f ) is bounded from below, which proves thatI (M 1, M j ) is Þnite. To prove that
I (M 1, M j ) is negative, we use a rescaling argument. For( > 0 and f # F(M 1, M j ), we
consider the rescaled function÷f (x, v) = f ( x

( , ( v). Then ÷f belongs toF(M 1, M j ) and we
have (see Appendix A)

H ( ÷f ) =
1
( 2

)
) |v|2f

)
)

L 1 !
"
(

E P
pot(f ) !

&
( 2 E M

pot(f )

5 !
1
(

E P
pot(f ) as ( - + * ,

where E P
pot(f ) is positive (sincef is not zero). The property (1.2.1) follows.

Step 2. The nondichotomy condition.

We now claim the following monotonicity properties: for all 0 < k ) 1,

I (M 1, kM j ) % k
1

3( q! 1) I (M 1, M j ) (1.2.4)

and
I (kM 1, M j ) % k

4p! 6
3( p! 1) I (M 1, M j ). (1.2.5)

Proof of (1.2.4). Let k # (0, 1] and f # F(M 1, kM j ). From Appendix 1.4.1, consider the
unique rescaled function ÷f (x, v) = ) f () 1/ 3x, v) in F(M 1, M j ). From (1.4.2), we deduce in
particular that ) % 1 and that

) p# 1 )
1
k

) ) q# 1.

Then, we get

H ( ÷f ) =
)
) |v|2f

)
)

L 1 ! )
1
3 "E P

pot(f ) ! )
2
3 &E M

pot(f ) )
)
) |v|2f

)
)

L 1 ! )
1
3

,
"E P

pot(f ) + &E M
pot(f )

-
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1.2. EXISTENCE OF GROUND STATES 45

and

I (M 1, M j ) ) H ( ÷f ) )
)
) |v|2f

)
)

L 1 !
*

1
k

+ 1
3( q! 1) ,

"E P
pot(f ) + &E M

pot(f )
-

)
*

1
k

+ 1
3( q! 1)

H (f ).

This result holds for all f # F(M 1, kM j ) and k # (0, 1], which proves (1.2.4).

Proof of (1.2.5). Similarly, we take f # F(kM 1, M j ) and set

÷f (x, v) = ) f () 1/ 3k1/ 3x, v)

the unique rescaled function inF(M 1, M j ), which implies that ) ) 1 with

) q# 1 ) k ) ) p# 1.

Thus,

H ( ÷f ) =
1
k

)
) |v|2f

)
)

L 1 ! )
1
3 k# 5/ 3"E P

pot(f ) ! )
2
3 k# 4/ 3&E M

pot(f )

)
1
k

)
) |v|2f

)
)

L 1 !
*

1
k

+ 5p! 6
3( p! 1)

"E P
pot(f ) !

*
1
k

+ 4p! 6
3( p! 1)

&E M
pot(f ).

From k ) 1 and p > 3, we conclude that

I (M 1, M j ) ) H ( ÷f ) )
*

1
k

+ 4p! 6
3( p! 1)

H (f ),

and (1.2.5) follows.
We now prove (1.2.2). Let0 < ) < 1 and 0 ) ' ) 1. Then (1.2.4) and (1.2.5) imply

I () M 1, ' M j ) % )
4p! 6

3( p! 1) '
1

3( q! 1) I (M 1, M j ),

and a similar inequality with (1 ! ) ) and (1 ! ' ). As we haveI (M 1, M j ) < 0, we only
have to show that

)
4p! 6

3( p! 1) '
1

3( q! 1) + (1 ! ) )
4p! 6

3( p! 1) (1 ! ' )
1

3( q! 1) < 1,

which holds true sinceq > 1 and 4p# 6
3(p# 1) > 1. The proof of Lemma 1.2.1 is complete.

Now we state the second lemma concerning the pure Manev case.

Lemma 1.2.2 (Monotonicity properties of the inÞmum J (M 1, M j )). Let j be a real-valued
function satisfying Assumptions (H1) and (H2), let M 1, M j > 0 and let J (M 1, M j ) be
deÞned by(1.1.14) in the case" = 0 . Then for all 0 < ) ) 1 we have

)
3! p

3( p! 1) J (M 1, M j ) ) J () M 1, M j ) ) )
3! q

3( q! 1) J (M 1, M j ), (1.2.6)

) # 2
3( q! 1) J (M 1, M j ) ) J (M 1, ) M j ) ) ) # 2

3( p! 1) J (M 1, M j ), (1.2.7)

In particular, the function (M 1, M j ) .- J (M 1, M j ) is continuous.
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46 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Proof. Let M 1, M j > 0 and ) # (0, 1]. Let f # F() M 1, M j ) and let

÷f (x, v) = 0f

&
01/ 3

( 1/ 3
x, v

(

be the unique rescaled function inF(M 1, M j ) given by Lemma 1.4.1. Then we deduce from
(1.4.2) that ( = 1

! and, since) < 1, we have also

0q# 1 ) ) ) 0p# 1.

Moreover, we also deduce from the rescaling identities of Appendix A that

K ( ÷f ) = ) 1/ 30# 2/ 3K (f ).

This yields (1.2.6). The inequality (1.2.7) is obtained similarly.

1.2.2 Proof of Theorem 1.1.1

We are now ready to prove Theorem 1.1 which concerns the existence of the minimizers
and some of their properties.

Step 1. Existence of a minimizer.

The Poisson-Manev case(" > 0).

Let M 1, M j > 0. From Lemma 1.2.1, we know that I (M 1, M j ) is Þnite. Consider a
minimizing sequencef n of (1.1.13):

( f n ( L 1 = M 1, ( j (f n )( L 1 = M j and lim
n' + $

H (f n ) = I (M 1, M j ). (1.2.8)

At Þxed n, we denote byf &x
n the standard Schwarz rearrangement off n with respect to

the variable x. From the Riesz inequality, we haveEpot(f &x
n ) % Epot(f n ). Thus we have

H (f &x
n ) ) H (f n ) and we may assume that the sequencef n is spherically symmetric in

space.
We now observe that the sequence(f n ) is bounded inEj . Indeed, from the subcritical

condition (1.1.12), the kinetic energy off n is controlled by the inequality (1.2.3). Thus,
from Lemma 1.4.3 of Appendix B, there existsf # Ej such that

f n 1 f in L p(R6) and Epot(f n ) - Epot(f ).

By lower semi-continuity, we then have H (f ) ) I (M 1, M j ) which implies f ,= 0 since
I (M 1, M j ) < 0 (see (1.2.1)). Therefore there exist0 < ) , ' ) 1 such that ( f ( L 1 = ) M 1

and ( j (f )( L 1 = ' M j . Combining this with (1.2.5) and (1.2.4), we get

)
4p! 6

3( p! 1) '
1

3( q! 1) I (M 1, M j ) ) H (f ) ) I (M 1, M j ).

Hence) = ' = 1 and f is a minimizer of (1.1.13).
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The pure Manev case(" = 0 , & = 1 ).

Let f n be a minimizing sequence of (1.1.14). By a similar argument as above, we may
assume that f n is spherically symmetric in space. Moreover, from the rescaling formulas
of Appendix 1.4.2, the sequence of functions deÞned byöf n = f n ( x

( n
, ( nv) (where ( 2

n =
(| v|2f n ( L 1 ) satisÞes

öf n # F(M 1, M j ), K ( öf n ) = K (f n ) and (| v|2 öf n ( L 1 = 1 .

In particular, ( öf n ) is bounded in Ej . From Lemma 1.4.3 of Appendix 1.4.2, there exists
öf # Ej such that

öf n 1 öf in L p(R6) and Epot( öf n ) - Epot( öf ).

Since( öf n ) is a minimizing sequence of (1.1.14),Epot( öf n ) converges toJ (M 1, M j )# 1. This
implies that

Epot( öf ) = J (M 1, M j )# 1 > 0

and then öf ,= 0 .
Moreover, from FatouÕs Lemma, we haveK ( öf ) ) lim inf K ( öf n ) = J (M 1, M j ) and we

have also öf # F() M 1, ' M j ) with 0 < ) , ' ) 1. A similar rescaling as in the proof of
Lemma 1.2.2 gives

K ( öf ) %
1

)
q! 3

3( q! 1) '
2

3( p! 1)

J (M 1, M j ),

which implies that ) = ' = 1 . Therefore f is a minimizer of the variational problem
(1.1.14).

Step 2. Euler-Lagrange equation for the minimizer.

The Poisson-Manev case(" > 0).

Let M 1, M 2 > 0 satisfy the subcritical condition (1.1.12) and let Q be a minimizer of
(1.1.13). Our goal in this step is to derive the Euler-Lagrange equation satisÞed byQ. Let
, > 0. We introduce the set

S' = { (x, v) # R6, Q(x, v) % , } ,

and pick a compactly supported functiong # L $ (R6) such that g > 0 almost everywhere
in R6\ S' . Then,

for all t #
4
0,

,
( g( $

5
, f t = Q + tg # Ej \{ 0} .

Similarly as in Appendix 1.4.1, there exists a unique pair(0t , / t ) positive numbers such
that the function ÷f t deÞned by

÷f t (x, v) = 0t f t

&

x,
*

0t

/ t

+ 1
3

v

(
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belongs toF(M 1, M j ), which is equivalent to

/ t =
M 1

( f t ( L 1
and

1
0t

( j (0t f t )( L 1 =
M j

M 1
( f t ( L 1 . (1.2.9)

By di!erentiating the Þrst equality, we obtain for t - 0

/ t = 1 !

D
R6 g
M 1

t + o(t). (1.2.10)

For all t # [0, '
%g%#

] and for all 0 # R&
+ , we set

G(0, t) =
1
0

$

R6
j (0f t ) !

M j

M 1

$

R6
f t .

Then G is clearly a C1 function of t and 0. Moreover, from Appendix 1.4.1, we get

$G
$0

(0, t) > 0.

This implies that t .- 0t is a C1 function and, by di!erentiating (1.2.9) with respect to t,
we obtain

0t = 1 +
*

M j

M 1CQ

$

R6
g !

1
CQ

$

R6
j !(Q)g

+
t + o(t), as t - 0, (1.2.11)

where, from the hypothesis (1.1.8),CQ = ( j !(Q)Q( L 1 ! M j is a positive constant. Since
Q is a minimizer of (1.1.13) and since÷f t belongs toF(M 1, M j ), we have

lim
t ' 0

H ( ÷f t ) ! H (Q)
t

% 0.

From the computation in Appendix 1.4.1, we also have
!
777"

777#

)
)
) |v|2 ÷f t

)
)
)

L 1
!

)
) |v|2Q

)
)

L 1 =
/ 5/ 3

t

02/ 3
t

* )
) |v|2Q

)
)

L 1 + t
$

R6
|v|2g

+
!

)
) |v|2Q

)
)

L 1 ,

Epot( ÷f t ) ! Epot(Q) = / 2
t

*
Epot(Q) ! 2t

$

R6
! Qg + t2Epot(g)

+
! Epot(Q).

Inserting the expansions (1.2.10) and (1.2.11) in these expressions, we get

$

R6

*
|v|2

2
+ ! Q ! ( ! µj !(Q)

+
g % 0, (1.2.12)

with

µ = !

)
) |v|2Q

)
)

L 1

3CQ
and ( = !

1
M 1

&

Epot(Q) !

)
) |v|2Q

)
)

L 1

6

*
5 +

2M j

CQ

+ (

.

48



1.2. EXISTENCE OF GROUND STATES 49

We now observe thatµ and ( are negative. Indeed, the equalityI (M 1, M j ) =
)
) |v|2Q

)
)

L 1 !
Epot(Q) gives

( =
1

M 1

&

I (M 1, M j ) !

)
) |v|2Q

)
)

L 1

6CQ

$

R6

,
j !(Q)Q ! 3j (Q)

-
(

,

where I (M 1, M j ) < 0 and, from (1.1.8), j !(Q)Q ! 3j (Q) % 0. Since equality (1.2.12) holds
for all g # L $ (R6) which is compactly supported onS' , we have

|v|2

2
+ ! Q ! ( ! µj !(Q) = 0 on S' .

This means that this equality holds on Supp(Q). Similarly, out of the support of Q, as
g % 0, we have

|v|2

2
+ ! Q ! ( % 0.

We Þnally get, for all (x, v) #
,
R3

- 2 ,

Q(x, v) = ( j !)# 1

&
|v|2

2 + ! Q(x) ! (
µ

(

+

.

We will show later (Step 3) that ! Q is a C1 function, which is su" cient to ensure that Q
is a steady state. Indeed, from (H1), we deduce that the function(j !)# 1 is C1 on R&

+ with
(j !)# 1(0) = 0 . Hence, Q being a function of the microscopic energy is a steady state of
(1.1.1), at least in the weak sense. Note thatQ is C1 in the interior of its support and is
continuous but may have an inÞnite derivative at the boundary of its support.

The pure Manev case(" = 0 , & = 1 ).

Let Q be a minimizer of (1.1.14). To get the Euler-Lagrange equation, wesimply di! eren-
tiate f .- K (f ) following the same procedure as above and Þnd after computations

Q = ( j !)# 1

&
|v|2

2 + 0! Q(x) ! (
µ

(

+

,

with

0 =
(| v|2Q( L 1

Epot(Q)
= J (M 1, M j ), ( = !

(CQ ! 2M j )(| v|2Q( L 1

6M 1CQ
, µ = !

(| v|2Q( L 1

3CQ
.

By inserting these expressions in (1.1.1), we observe thatf is a steady state of (1.1.1) if
and only if 0 = 1 , which meansJ (M 1, M j ) = 1 . Let M 1 > 0 be Þxed. From the control of
the inÞmum (1.2.7), we deduce that the functionM j .- J (M 1, M j ) is continuous, strictly
decreasing and satisÞes

lim
M j ' 0

J (M 1, M j ) = + * , lim
M j ' + $

J (M 1, M j ) = 0 .
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50 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Therefore, it is clear that there exists a uniqueM j such that J (M 1, M j ) = 1 .

Step 3. Regularity of the potential ! Q and compact support ofQ

Let us prove that ! Q belongs toC1,! , for all ) # (0, 1). Using the expression ofQ, we get

%Q(x) =
$

R3
(j !)# 1

&
|v|2

2 + ! Q(x) ! (
µ

(

+

dv. (1.2.13)

Passing to the spherical velocity coordinateu = |v| and performing the change of variable
w = u2

2|µ| , we get

%Q(x) = 4 #
/

2|µ|
3
2

$ + $

0
(j !)# 1 (k(x) ! w)+

/
wdw, (1.2.14)

where k(x) =
! Q(x) ! (

µ
. We remark that the support of %Q is contained in { x #

R3, k(x) % 0} and that k(x)+ ) ! Q(x)/µ . Moreover, from (H2), for all s % 0 we have

(j !)# 1(s) ) C
2

s
1

p! 1 + s
1

q! 1

3
.

Therefore

%Q(x) ) C
$ k(x)+

0

2
(k(x) ! w)

1
p! 1 + ( k(x) ! w)

1
q! 1

3 /
wdw

) C
2

(k(x)+ )
3
2 + 1

p! 1 + (( k(x)+ )
3
2 + 1

q! 1

3

) C
2

|! Q(x)|
3
2 + 1

p! 1 + |! Q(x)|
3
2 + 1

q! 1

3
. (1.2.15)

SinceQ belongs toL 1 0 L p, p > 3, and since|v|2Q belongs toL 1, we deduce from interpo-
lation inequalities that %Q # L 1 0 L p0 with p0 = 5p# 3

3p# 1 # ( 3
2 , 5

3 ].

Assume now that%Q # L 1 0 L k for some 3
2 < k < 3. Then from the Hardy-Littlewood-

Sobolev inequality, we deduce that! P
Q belongs to all L s with 3 < s ) * and that ! M

Q

belongs to all L s with 3
2 < s ) 3k

3# k . Hence, from (1.2.15), sinceq % p, we deduce that the
function %Q belongs toL ) with

2
*

3
2

+
1

p ! 1

+
=

3k
3 ! k

. (1.2.16)

Using (1.2.16) andp > 3 (Assumption (H2)), a simple bootstrap argument enables to prove
that there exists r > 3 such that %Q # L r .

Consequently, from Sobolev embeddings and from(! !) 1/ 2! M
Q = ! %Q , we deduce that

the Manev potential ! M
Q belongs toC0,! for all ) # (0, 1! 3

r ). Since this function converges
to 0 at the inÞnity, we have ! M

Q # L $ , and then ! Q # L $ . Thus (1.2.15) gives%Q # L $ .
Finally, using again Sobolev embeddings,! M

Q and ! P
Q belong to C0,! for all ) # (0, 1).
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1.2. EXISTENCE OF GROUND STATES 51

From the regularity of ! Q , the fact that this function goes to 0 as|x| - + * and that
( < 0, one deduces that

Supp(Q) =
.

(x, v) # R6,
|v|2

2
+ ! Q(x) ! ( ) 0

/

is a compact subset ofR6.
Let us now prove that %Q belongs to C0,! for all ) # (0, 1). Passing to the spherical

coordinate in velocity in the expression (1.2.13) of%Q and performing the change of variable

s =
| v |2

2 + %Q (x)# (
µ yields

%Q(x) = |µ|
3
2
/

2
$

R+

(j !)# 1(s)
*

! Q(x) ! (
µ

! s
+ 1/ 2

+
ds.

For all k # R, denote f (k) =
D

R+
(j !)# 1(s) (k ! s)1/ 2

+ ds. We claim that, for all k0 > 0, we
have

' k1, k2 # (!* , k0], |f (k1) ! f (k2)| ) (j !)# 1(k0)k1/ 2
0 |k1 ! k2| . (1.2.17)

By taking k0 = #%%Q %# # (
µ , we deduce from this claim that

' (x, y) # R6, |%Q(x) ! %Q(y)| ) C |! Q(x) ! ! Q(y)| .

This shows that %Q # C0,! for all ) # (0, 1). Next, since we have

! Q = ! # 1(%Q) ! (! !) # 1/ 2(%Q),

we can conclude from standard regularity argument that! Q # C1,! for all ) # (0, 1). This
is the regularity of the potential stated in Theorem 1.1.1. Let us nowprove the claim
(1.2.17). For all k1 ) k2 ) k0, we have

f (k2) ! f (k1) =
$

R+

(j !)# 1(s)
2

(k2 ! s)1/ 2
+ ! (k1 ! s)1/ 2

+

3
ds

) (j !)# 1(k0)
$

R+

2
(k2 ! s)1/ 2

+ ! (k1 ! s)1/ 2
+

3
ds

=
2
3

(j !)# 1(k0)
2

(k2)3/ 2
+ ! (k1)3/ 2

+

3
) (j !)# 1(k0)k1/ 2

0 (k2 ! k1).

Since f is an increasing function, this yields (1.2.17). This concludes the proof of the
regularity of the potential stated in Theorem 1.1.1.

Step 4. The functions%Q and ! Q are spherically symmetric and monotone.

Consider a minimizer Q of (1.1.13), continuous and compactly supported thanks to the
previous step, and denote byQ&x its symmetric rearrangement with respect to thex vari-
able only. We have clearlyQ&x # F(M 1, M j ) and

D
|v|2Qdxdv =

D
|v|2Q&xdxdv. Moreover,

by the Riesz inequality (see [43]), we have
$

R6
Q(x, v)Q(y, w)g(|x ! y|)dxdy )

$

R6
Q&x (x, v)Q&x (y, w)g(|x ! y|)dxdy (1.2.18)
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52 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

for all (v, w) # R3 $ R3, where g(r ) = *
r + +

r 2 (recall that " % 0 and & % 0). Therefore, by
integrating this inequality with respect to v and w, one gets

Epot(Q) ) Epot(Q&x ),

which means that H (Q&x ) ) H (Q): Q&x is also a minimizer of (1.1.13). Hence, we must
have equality in the above inequalities: Epot(Q) = Epot(Q&x ) and, even more, we have
an equality in (1.2.18) for all v, w. We are then in a situation of equality in the Riesz
inequality: since the function g is strictly decreasing, we deduce that (see [43]), for allv, w,
there exists a translation shift x0(v, w) such that

Q(x, v) = Q&x (x + x0(v, w), v) and Q(x, w) = Q&x (x + x0(v, w), w). (1.2.19)

Let v be such thatQ(á, v) ,6 0. Q being compactly supported, we integrate the Þrst equality
in (1.2.19) againstx and obtain

$

R3
xQ(x, v)dx =

$

R3
xQ&x (x + x0(v, w), v)dx

=
$

R3
xQ&x (x, v)dx ! x0(v, w)

$

R3
Q&x (x, v)dx.

Hence, we have the expression

x0(v, w) =

D
R3 x(Q(x, v) ! Q&x (x, v))dx

D
R3 Q&x (x, v)dx

and then x0(v, w) is independent ofw. Similarly, using the second equality in (1.2.19), one
obtains that x0 is independent ofv. We have proved Þnally that there existsx0 # R3 such
that

Q(x, v) = Q&x (x + x0, v) = Q&x (|x + x0|, v), ' v # R3.

Consequently, up to a translation shift, %Q is a nonincreasing function of|x|.

Let us now prove that ! Q is a nondecreasing function ofr = |x|. Since the function
j is convex andµ < 0, the expression (1.2.13) shows that! Q(r ) is nondecreasing on the
compact support of the nonincreasing function%Q(r ). Let [0, RQ ] be this compact support.

For |x| = r > R Q , we have

! P
Q(x) = !

$

R3

%Q(y)
4#|x ! y|

dy and ! M
Q (x) = !

$

R3

%Q(y)
2#2|x ! y|2

dy.

Passing to the spherical coordinate (see the proof of Proposition 1.4.2 in Appendix 1.4.2),
we have

! P
Q(x) = !

M 1

4#r
and ! M

Q (x) = !
1
#

$ RQ

0

s%Q(s)
r

ln
*

r + s
r ! s

+
ds.

Since the function r .- 1
r ln

2
1 + 2s

r # s

3
is positive and decreasing,! Q is nondecreasing on

[RQ , + * ). The proof of Theorem 1.1.1 is complete.
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1.3. ORBITAL STABILITY OF THE GROUND STATES 53

1.3 Orbital stability of the ground states

To prove the orbital stability result stated in Theorem 1.1.3, we Þrst need to prove the
uniqueness of the minimizer under equimeasurability and symmetric constraints which are
inherited from the invariance properties of the Vlasov-Manev ßow. This uniqueness result
is at the heart of our stability analysis and is quite robust in the sense that its proof does
not use the Euler-Lagrange equation. Technically, the uniqueness proof only uses the fact
that a minimizer is a function of a certain microscopic energy, which is not necessarily that
of the minimizer. Therefore our proof does not use the equation satisÞed by the potential
itself (a non linear fractional-Laplacian equation in the presentcase).

1.3.1 Uniqueness of the minimizer under equimeasurability condition

This subsection is devoted to the proof of Lemma 1.1.2.

Let

Q0(x, v) = F
*

|v|2

2
+ * 0(x)

+
, Q1(x, v) = F

*
|v|2

2
+ * 1(x)

+

be the functions deÞned in Lemma 1.1.2. Note that* 0 and * 1 are not supposed to
coincide with ! Q0 and ! Q1 respectively, which means that they are not supposed to satisfy
the fractional-Laplacian equation. For i # { 0, 1} and for all + < 0, we deÞne

a" i (+) = meas
.

(x, v) # R6,
|v|2

2
+ * i (x) < +

/
.

From the equimeasurability of Q0 and Q1 and the properties of the function F , we have

' + < 0, a" 0 (+) = a" 1 (+). (1.3.1)

For i # { 0, 1} , we deÞne

µ" i (( ) = meas
0

x # R3, * i (x) < (
1

for all ( < 0 and we have then for all+ < 0,

a" i (+) =
$

R3
µ" i

*
+ !

|v|2

2

+
dv.

Passing to the spherical velocity coordinateu = |v| and performing the change of variable
w = + ! u2/ 2, we obtain

a" i (+) = 4 #
/

2
$ #

#$
µ" i (w)

/
+ ! w dw. (1.3.2)

We claim that the expression (1.3.2) and the equality (1.3.1) imply that,

for almost all ( < 0, µ" 0 (( ) = µ" 1 (( ). (1.3.3)
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54 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

Hence, as* 0 and * 1 are continuous and nondecreasing, we have* 0 = * 1 on the set

{ x # R3, * 0(x) < 0} = { x # R3, * 1(x) < 0} ,

which immediatly gives Q0 = Q1.

Proof of (1.3.3) from (1.3.1) and (1.3.2). By di!erentiating with respect to + the function
a" i deÞned by (1.3.2), one gets

' + < 0, a!
" i

(+) = 2 #
/

2
$ #

#$

µ" i (w)
/

+ ! w
dw. (1.3.4)

Now, remarking that, for w < ( , the following integral is constant:

I (( , w) =
$ (

w

d+
%

(( ! +)(+ ! w)
= #,

one deduces from the Fubini theorem that
$ (

#$

a!
" i

(+)
/

( ! +
d+ = 2#

/
2

$ (

#$
µ" i (w)I (( , w)dw = 2#2

/
2

$ (

#$
µ" i (w)dw.

Thus, from a" 0 = a" 1 , we deduce thatµ" 0 (( ) = µ" 1 (( ) for almost all ( < 0, and the proof
of (1.3.3) is complete.

End of the proof of Lemma 1.1.2. Let Q0, Q1 be two equimeasurable and spherically
symmetric steady states to (1.1.1) which minimize the variational problem (1.1.13) in the
Poisson-Manev case (" > 0) or the variational problem (1.1.14) in the pure Manev case
(" = 0 , & = 1 ). From Theorem 1.1.1, there exist( 0, µ0, ( 1, µ1 < 0 such that, for i # { 0, 1} ,

Qi (x, v) = ( j !)# 1

&
|v|2

2 + ! Q i (x) ! ( i

µi

(

+

. (1.3.5)

We now deÞne, fori # { 0, 1} ,

EQi (x, v) = Qi

*
x

|µi |1/ 2
, |µi |1/ 2v

+
.

The functions EQ0 and EQ1 are still equimeasurable and satisfy

EQi (x, v) = ( j !)# 1
*

!
|v|2

2
! * i (x)

+

+
with * i (x) =

! Q i

2
x

|µ i |1/ 2

3
! ( i

|µi |
.

Since ! Q i is continuous nondecreasing and converges to0 as r - + * , the function * i is
continuous, nondecreasing and the set{ x # R3, * 0(x) < 0} is bounded. From the previous
step, we then conclude that

EQ0 = EQ1,
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1.3. ORBITAL STABILITY OF THE GROUND STATES 55

which means that

Q1 (x, v) = Q0

2 x
)

, ) v
3

with ) =
'

µ1

µ0
. (1.3.6)

We shall now prove that ) = 1 .

The pure Manev case. In this case, the equality of the kinetic energies (which is assumed
in this lemma) directly gives ) = 1 .

The Poisson-Manev case. Let us derive a virial identity satisÞed by the minimizers Q of
(1.1.13), using a rescaling argument. For( > 0, we setf ( (x, v) = Q(( x, v

( ), which implies
f ( # F(M 1, M j ) and

H (f ( ) = ( 2
)
) |v|2Q

)
)

L 1 ! (" E P
pot(Q) ! ( 2&E M

pot(Q).

This function of ( has a strict global minimizer in ( = 1 , which yields the following virial
identity:

)
) |v|2Q

)
)

L 1 !
"
2

E P
pot(Q) ! &E M

pot(Q) = 0 . (1.3.7)

Moreover we recall that Q satisÞes
)
) |v|2Q

)
)

L 1 ! "E P
pot(Q) ! &E M

pot(Q) = I (M 1, M j ).

Combining these two equalities, we get

"
2

E P
pot(Q) = ! I (M 1, M j ). (1.3.8)

Let us now use this identity for the two minimizers Q0 and Q1. From (1.3.8) and (1.2.1),
one deduces that

E P
pot(Q0) = E P

pot(Q1) > 0.

Moreover, from (1.3.6) and Appendix 1.4.1, one gets

E P
pot(Q1) =

1
)

E P
pot(Q0).

This yields ) = 1 , which ends the proof of Lemma 1.1.2.

1.3.2 Orbital stability of the minimizers, proof of Theorem 1.1.3

In this subsection, we prove Theorem 1.1.3.

The Poisson-Manev case.

Let Q be a minimizer of (1.1.13) and assume that Theorem 1.1.3 is false. Then there exist
, > 0 and sequencesf n

0 # Ej , tn > 0, such that

lim
n' + $

( f n
0 ! Q( Ej = 0 , (1.3.9)

and
' n % 0, ' x0 # R3, ( f n (tn , x, v) ! Q(x + x0, v)( Ej % , , (1.3.10)
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56 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

where f n (t, x, v ) is a solution to (1.1.1) with initial data f n
0 .

From (1.3.9), we have

lim
n' + $

H (f n
0 ) = I (M 1, M j ), lim

n' + $
( f n

0 ( L 1 = M 1, lim
n' + $

( j (f n
0 ! Q)( L 1 = 0 . (1.3.11)

In particular, f n
0 converges toQ in the strong L p topology and hence almost everywhere,

up to a subsequence. Using the assumptions (H1), (H2) and the convexity of j , we deduce
from a classical argument (see Theorem 2 in [12]) that( j (f n

0 )( L 1 - ( j (Q)( L 1 .
Let now gn (x, v) = f n (tn , x, v). By the conservation properties of the Vlasov-Manev

system (1.1.1), we have

lim
n' + $

H (gn ) = I (M 1, M j ), lim
n' + $

( gn ( L 1 = M 1, lim
n' + $

( j (gn )( L 1 = M j , (1.3.12)

and, for all t % 0,

meas{ (x, v) # R6, gn (x, v) > t } = meas{ (x, v) # R6, f n
0 (x, v) > t } . (1.3.13)

From Appendix 1.4.1, let us deÞne

gn (x, v) = 0ngn

&
01/ 3

n

( 1/ 3
n

x, v

(

such that ( gn ( L 1 = M 1 and ( j (gn )( L 1 = M j . Then, from (1.3.12),

0n - 1, ( n - 1, (1.3.14)

and
lim

n' + $
H (gn ) = lim

n' + $
H (gn ) = I (M 1, M j ).

Hencegn is a minimizing sequence of (1.1.13). Now, from classical arguments based on
concentration-compactness techniques ([45], [46]) and the non-dichotomy inequality (1.2.2)
(similarly as [38] and [40]), we claim that gn is relatively strongly compact in Ej and
converges to a ground stateQ1, up to a subsequence and up to a translation shift in space.
Hence, by admitting the claim proved in the end of the Poisson-Manev case, by (1.3.14),
we have

gn - Q1 in Ej (1.3.15)

up to a subsequence and up to a translation shift.
Let us now prove that the equimeasurability (1.3.13) and theL 1 convergences ofgn

and f n
0 imply the equimeasurability of Q and Q1. Indeed, we remark that, for t > 0 and

0 < , < t ,
!
"

#

{ gn > t } 7 ({| gn ! Q1| < , } 0 { Q1 > t ! , } ) 1 {| gn ! Q1| % , } ,

{ gn > t } 8 {| gn ! Q1| < , } 0 { Q1 > t + , } .
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1.3. ORBITAL STABILITY OF THE GROUND STATES 57

By passing to the limit as n - + * , one gets
!
77"

77#

lim sup
n' + $

meas{ gn > t } ) meas{ Q1 > t ! , } ,

lim inf
n' + $

meas{ gn > t } % meas{ Q1 > t + , } .

Finally, passing to the limit as , - 0, we have meas{ gn > t } - meas{ Q1 > t } for almost
all t > 0 and similarly meas{ f 0

n > t } - meas{ Q > t } for almost all t > 0. Observing that
the functions t .- meas{ Q > t } and t .- meas{ Q1 > t } are right-continuous, we obtain
the equimeasurability of Q and Q1.

We now use the characterization of ground states stated in Theorem 1.1.1 and the
uniqueness result given by Lemma 1.1.2, to conclude that,Q = Q1, up to a space transla-
tion shift. Finally, (1.3.15) contradicts (1.3.10).

To complete the proof of Theorem 1.1.3 in the Poisson-Manev case we have just to
obtain the compactness of minimizing sequence of (1.1.13). Consider aminimizing sequence
f n of (1.1.13):

( f n ( L 1 = M 1, ( j (f n )( L 1 = M j and lim
n' + $

H (f n ) = I (M 1, M j ). (1.3.16)

Let

%n (x) =
$

R3
f n (x, v)dv.

From the concentration compactness lemma [45, 46], up to a subsequence, one of the three
following possibilities occurs (BR being the ball of radius R centered at the origin inR3):

(i) Compactness:there existsyn # R3 such that

' , > 0, 9R < + * such that ' n % 1,
$

yn + B R

%n (x) dx % M 1 ! , . (1.3.17)

(ii) Vanishing:

' R < + * , lim
n' + $

sup
y" R3

$

y+ B R

%n (x) dx = 0 . (1.3.18)

(iii) Dichotomy: there exists m1 # (0, M 1) such that for all , > 0, there exist
n0 % 1 and sequences(%1

n )n( 1, (%2
n )n( 1, (wn )n( 1 # L 1

+ (R3) satisfying, for all
n % n0,
!
777777"

777777#

%1
n%2

n = %1
nwn = %2

nwn = 0 almost everywhere,
%n = %1

n + %2
n + wn with 0 ) %1

n , %2
n , wn ) %n

dist (Supp(%1
n ), Supp(%2

n )) - + * as n - + * ,

( %n ! %1
n ! %2

n ( L 1 ) , ,
:
:D

R3 %1
n (x)dx ! m1

:
: +

:
:D

R3 %2
n (x)dx ! (M 1 ! m1)

:
: < , .

(1.3.19)
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58 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

We claim that only compactness can occur. To show this claim, we need some prelim-
inary results. First, we know that H (f n ) is bounded. Consequently, the inequality

H (f n ) %
)
) |v|2f n

)
)

L 1

&

1 !
&

K M
j

M
p! 3

3( p! 1)
1 M

2
3( p! 1)

j

(

!
1

K P
j

)
) |v|2f n

)
)

1
2
L 1 M

7p! 9
6( p! 1)

1 M
1

3( p! 1)
j ,

and the subcritical condition (3.1.10) imply that the kinetic energy of f n is also bounded.
Thus f n is bounded in the energy spaceEj and a standard interpolation inequality shows
that (%n ) is a bounded sequence inL r (R3) for all r # [1, q] with q = 5p# 3

3p# 1 > 3
2 (recall that

the real number p has been deÞned in Assumption (H2)).

Vanishing cannot occur. Assume that vanishing occurs and pick, > 0. We denotekP = 1 ,
kM = 2 and introduce the index i # { P, M } . For 0 < / < R , we decompose the Poisson
and Manev potential energies into a sum of three terms, as

E i
pot(f n ) =

$

|x# y|>R

%n (x)%n (y)
|x ! y|k i

dxdy +
$

|x# y|< ,

%n (x)%n (y)
|x ! y|k i

dxdy

+
$

, < |x# y|<R

%n (x)%n (y)
|x ! y|k i

dxdy. (1.3.20)

The Þrst term in (1.3.20) can be estimated as follows. ForR large enough, we have
$

|x# y|>R

%n (x)%n (y)
|x ! y|k i

dxdy )
M 2

1

Rk i
) , .

Let us now estimate the second term in (1.3.20). LetK , (x) =
1|x |< , (x)

|x|k i
and r =

q
2(q ! 1)

<
3
2

. Then, K , belongs toL r (R3) with

( K , ( r ) C/ - i , ' i =
3 ! ki r

r
> 0.

Furthermore, sincer satisÞes1
r + 1

q = 1 + 1
q$, we deduce from the Young inequality that

( K , 3 %n ( q$ ) C( K , ( r ( %n ( q ) C/ - i ( %n ( q.

Hence, from the Hšlder inequality, for / small enough we have
$

|x# y|< ,

%n (x)%n (y)
|x ! y|k i

dxdy = ( %n (K , 3 %n )( 1 ) C/ - i ( %n ( 2
q < , ,

since( %n ( q is bounded.
In order to estimate the third term in (1.3.20), we write

$

, < |x# y|<R

%n (x)%n (y)
|x ! y|k i

dxdy )
1

/ k i

$

R3
%n (y)

&$

|x# y|<R
%n (x)dx

(

dy

)
M 1

/ k i
sup
y" R3

$

y+ B R

%n (x)dx.
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1.3. ORBITAL STABILITY OF THE GROUND STATES 59

Since we assume that vanishing occurs, we have

sup
y" R3

$

y+ B R

%n (x)dx - 0

and the third term converges to zero asn - + * , for each ÞxedR and / . We Þnally obtain
E i

pot(f n ) !- 0 as n - + * , for i # { P, M } . Thus

Epot(f n ) !- 0.

Now, passing to the limit in

H (f n ) =
)
) |v|2f n

)
)

L 1 ! Epot(f n ) % ! Epot(f n ),

and, using (1.3.16), we getI (M 1, M j ) % 0 which contradicts (1.2.1). We have proved that
vanishing cannot occur.

Dichotomy cannot occur. Suppose that dichotomy occurs and pick, > 0. We have a
decomposition%n = %1

n + %2
n + wn , where%1

n , %2
n and wn are disjointly supported. We deÞne

then f 1
n = f n1{ x" Supp(. 1

n )} and similarly f 2
n and f w

n . Now we write, for i # { P, M } ,

E i
pot(f n ) ! E i

pot(f
1
n ) ! E i

pot(f
2
n ) = 2

$

R6

%1
n (x)%2

n (y)
|x ! y|k i

dxdy + 2
$

R6

%n (x)wn (y)
|x ! y|k i

dxdy

!
$

R6

wn (x)wn (y)
|x ! y|k i

dxdy. (1.3.21)

Let us treat the Þrst term in (1.3.21). From

dn = dist (Supp(%1
n ), Supp(%2

n )) - + * ,

we deduce that
$

R6

%1
n (x)%2

n (y)
|x ! y|k i

dxdy )
M 2

1

(dn )k i
- 0 as n - + * .

We now treat the second and third terms in (1.3.21). We deÞneqcri t,P = 6
5 and qcrit,M =

3
2 and we recall that, by standard interpolation inequalities, ( wn ( qcrit,i ) ( %n ( qcrit,i is
bounded. Then, from the Hardy-Littlewood-Sobolev inequality, wehave

$

R6

%n (x)wn (y)
|x ! y|k i

dxdy ) C( %n ( qcrit,i ( wn ( qcrit,i ) C( wn ( qcrit,i

and $

R6

wn (x)wn (y)
|x ! y|k i

dxdy ) C( wn ( 2
qcrit,i

) C( wn ( qcrit,i .

From the Hšlder inequality, we get

( wn ( qcrit,i ) ( wn ( / i
1 ( wn ( 1# / i

q ) C( wn ( / i
1 ) C, / i

59



60 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

for 3i = q# qcrit,i
qcrit,i (q# 1) > 0 and for n large enough. We Þnally get, fori # { P, M } ,

lim sup
n' + $

:
:E i

pot(f n ) ! E i
pot(f

1
n ) ! E i

pot(f
2
n )

:
: ) C, / i ,

and thus,

lim sup
n' + $

:
:Epot(f n ) ! Epot(f 1

n ) ! Epot(f 2
n )

:
: ) C(, / 1 + &, / 2 ) ) C, / 2 .

Hence,
lim inf
n' + $

,
H (f n ) ! H (f 1

n ) ! H (f 2
n )

-
%

)
) |v|2f w

n

)
)

L 1 ! C, / 2 .

As limn' + $ H (f n ) = I (M 1, M j ), we get

I (M 1, M j ) % lim sup
n' + $

,
H (f 1

n ) + H (f 2
n )

-
! C, / 2 . (1.3.22)

Now, from the dichotomy assumption, the boundness off n in Ej , and from the disjoint
support property, we have

M 1
j + M 2

j ) M j , (1.3.23)

with
M 1

j = lim sup
n' + $

( j (f 1
n )( L 1 and M 2

j = lim sup
n' + $

( j (f 2
n )( L 1 . (1.3.24)

Let ÷f 1
n be the following rescaled function inF(m1, M 1

j ) deÞned thanks to Appendix 1.4.1,
Lemma 1.4.1:

÷f 1
n (x, v) = 0n f 1

n

&
01/ 3

n

( 1/ 3
n

x, v

(

.

Then

H (f 1
n ) = H ( ÷f 1

n ) + (1 ! ( n )
)
) |v|2f

)
)

1 ! (1 ! (
5
3
n 0

1
3
n )E P

pot(f
1
n ) ! (1 ! (

4
3
n 0

2
3
n )&E M

pot(f
1
n ),

where, by interpolation inequalities, the potential and kinetic energies are uniformly bounded.
From the expression (1.4.2) of( n and 0n , from the dichotomy condition (1.3.19) and from
(1.3.24), we conclude that there existsC' > 0 such that, up to a subsequence extraction
and for n large enough, we have

H (f 1
n ) % H ( ÷f 1

n ) ! C' % I (m1, M 1
j ) ! C' with lim

' ' 0
C' = 0 .

A similar result holds for f 2
n which gives, from (1.3.22),

I (M 1, M j ) % lim sup
' ' 0

lim sup
n' + $

,
H (f 1

n ) + H (f 2
n )

-

% I (m1, M 1
j ) + I ((M 1 ! m1), M 2

j ). (1.3.25)

Now, from the nondichotomy condition (1.2.2), we deduce

I (m1, M 1
j ) + I ((M 1 ! m1), M 2

j ) > I (M 1, M 1
j + M 2

j ) % I (M 1, M j ), (1.3.26)
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1.3. ORBITAL STABILITY OF THE GROUND STATES 61

where we used (1.2.4) coupled to (1.3.23). Since (1.3.26) contradicts (1.3.25), we have
proved that dichotomy cannot occur.

Finally, we conclude from the concentration-compactness principle that compactness
occurs. Therefore, from the boundedness off n in Ej and the Dunford-Pettis theorem, we
deduce that the sequence

f n (x, v) = f n (x + yn , v),

is weakly relatively compact in L 1. Up to a subsequence, we have

f n 1 f in L 1 and L p with f # Ej (1.3.27)

and in particular
( f ( L 1 = M 1.

Now we claim that

E P
pot(f n ) - E P

pot(f ) and E M
pot(f n ) - E M

pot(f ). (1.3.28)

Indeed, for i # { P, M } , we have

E i
pot(f n ! f ) =

$

R6

(%n (x) ! %(x))( %n (y) ! %(y))
|x ! y|k i

dxdy.

We decompose this integral similarly as in (1.3.20) for the proof of nonvanishing. There
exist ' i > 0 and two positive constantsC1, C2 such that, for 0 < / < R ,

E i
pot(f n ! f ) ) C1/ - i +

C2

Rk i
+

$

R3
(%n (x) ! %(x))vn (x)dx,

where

vn = ( %n ! %) 3 h,
R with h,

R (x) =
1{ ,< |x|<R } (x)

|x|k i
.

The sequencevn is bounded inL 1 0 L $ . From h,
R # L $ and from the convergence%n 1 %

in L 1, we get
' x # R3, vn (x) - 0 as n - + * .

Since, in addition, there is no mass loss:

( %n 3 h,
R ( 1 =

* $

R3
h,

R (x)dx
+ * $

R3
%n (y)dy

+

=
* $

R3
h,

R (x)dx
+ * $

R3
%(y)dy

+
= ( %3 h,

R ( 1,

we have in factvn - 0 in L 1, and also inL q$
. From the Hšlder inequality, for all / and R

we have $

R3
(%n (x) ! %(x))vn (x)dx - 0,
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62 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

which implies E i
pot(f n ! f ) - 0 and also (1.3.28). Thus, by FatouÕs lemma,

H (f ) ) I (M 1, M j ) and ( j (f )( L 1 ) M j . (1.3.29)

Moreover, we have from (1.2.4),

0 > I (M 1, M j ) % H (f ) % I (M 1, ( j (f )( L 1 ) %
*

( j (f )( L 1

M j

+ 1
3( p2 ! 1)

I (M 1, M j ).

Together with (1.3.29), this implies that ( j (f )( L 1 = M j . Hence f # F(M 1, M j ) and
H (f ) = I (M 1, M j ) and we Þnally get

)
) f n

)
)

L 1 - ( f ( L 1 ,
)
) |v|2f n

)
)

L 1 -
)
) |v|2f

)
)

L 1 ,
)
) j (f n )

)
)

L 1 - ( j (f )( L 1 .

From standard convexity argument, see [12], we conclude thatf n - f in L 1, |v|2f n - | v|2f
in L 1 and j (f n ! f ) - 0 in L 1. We have proved the strong convergence, in theEj sense, of
the subsequencef n to the minimizer f and thus the compactness of minimizing sequence
of (1.1.13). The proof of Theorem 1.1.3 in the Poisson-Manev case iscompleted.

The pure Manev case.

To prove Theorem 1.1.3 for the pure Manev case, it is clearly su" cient to prove the following
proposition.

Proposition 1.3.1. Let Q be a steady state of(1.1.1) which minimizes (1.1.14) and let
(f n )n( 1 # Ej such that for all s > 0

lim
n' + $

meas{ (x, v) # R6, f n (x, v) > s } = meas{ (x, v) # R6, Q(x, v) > s } (1.3.30)

and

( f n ( L 1 - ( Q( L 1 , lim sup
n' + $

( j (f n )( L 1 ) ( j (Q)( L 1 and lim sup
H (f n )

(| v|2f n ( L 1
) 0. (1.3.31)

Then there exists(yn )n( 1 sequence onR3 such that up to a subsequence

f n

*
( n (x + yn ),

v
( n

+
- Q in Ej , where ( n =

*
(| v|2Q( L 1

(| v|2f n ( L 1

+ 1/ 2

.

Proof. From the assumption (ii), the sequence of rescaled functions deÞned by öf n (x, v) =
f n (( nx, v

( n
) satisÞes for alls > 0

lim
n' + $

meas{ (x, v) # R6, öf n (x, v) > s } = meas{ (x, v) # R6, Q(x, v) > s } , (1.3.32)

lim sup H ( öf n ) ) 0 and then lim inf Epot( öf n ) % (|v|2Q( L 1 = Epot(Q) > 0. (1.3.33)
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1.3. ORBITAL STABILITY OF THE GROUND STATES 63

From concentration-compactness argument [45, 46] and using Lemma 3.2 in [38], one can
deduce that the sequenceöf n satisÞes one of the three following alternatives: compactness,
vanishing or dichotomy, see e.g. Lemma 3.2 in [38] for the deÞnitions of these standard
notions. In fact, we shall prove that only compactness may occur.

Indeed, vanishing cannot occur, since (1.3.33) preventsEpot( öf n ) from going to 0 as
n - + * . Next, if dichotomy occurs (see [38]), then there exist0 < ) < 1 such that, for
all , > 0, there exists a decompositionöf n = f 1

n + f 2
n + wn , with disjoint supports, such

that we have :
:( f 1

n ( L 1 ! ) ( Q( L 1

:
: +

:
:( f 2

n ( L 1 ! (1 ! ) )( Q( L 1

:
: < , , (1.3.34)

and :
:
:Epot( öf n ) ! Epot(f 1

n ) ! Epot(f 2
n )

:
:
: < , . (1.3.35)

The control of the mass (1.3.34) and the monotonicity of the inÞmum from Lemma 1.2.2
imply that

K (f 1
n ) % J () ( Q( L 1 + , , ( j (f 1

n )( L 1 ) % J () ( Q( L 1 + , , ( j (Q)( L 1 ).

By choosing, < 1# !
2 ( Q( L 1 , we ensure that

J () ( Q( L 1 + , , ( j (Q)( L 1 ) % J
*

1 + )
2

( Q( L 1 , ( j (Q)( L 1

+
> 1

and then

H (f 1
n ) =

)
) |v|2f 1

n

)
)

L 1

*
1 !

1
K (f 1

n )

+
% C1

)
) |v|2f 1

n

)
)

L 1 , (1.3.36)

where C1 > 0 does not depend of, and n, which gives

lim inf
n' + $

H (f 1
n ) % 0, and similarly lim inf

n' + $
H (f 2

n ) % 0. (1.3.37)

Moreover, we have

H ( öf n ) =
)
) |v|2f 1

n

)
)

L 1 +
)
) |v|2f 2

n

)
)

L 1 +
)
) |v|2wn

)
)

L 1 ! Epot(f n )

% H (f 1
n ) + H (f 2

n ) ! , ,

where we used (1.3.35). Passing to the limit in this inequality asn - + * , we obtain

lim sup
n' + $

(H (f 1
n ) + H (f 2

n )) ) , .

From (1.3.36), we deduce that

lim sup
n' + $

(
)
) |v|2f 1

n

)
)

L 1 +
)
) |v|2f 2

n

)
)

L 1 ) ) C, ,

where C > 0 is independent of, . Then, using

Epot(f 1
n ) + Epot(f 2

n ) =
)
) |v|2f 1

n

)
)

L 1 +
)
) |v|2f 2

n

)
)

L 1 ! H (f 1
n ) ! H (f 2

n )
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64 CHAPITRE 1. STABLE GROUND STATES FOR THE VLASOV-MANEV SYSTEM

together with (1.3.37), we get

lim sup
n' + $

(Epot(f 1
n ) + Epot(f 2

n )) ) C, .

For , small enough, this contradicts (1.3.33) and (1.3.35). This proves that dichotomy
cannot occur and then compactness follows. In particular, there exists asequence of
translation shifts yn such that, up to a subsequence,

öf n (á+ yn ) 1 öf in L 1(R6) and Epot( öf n ) - Epot( öf ).

Moreover, by lower semicontinuity and by (1.3.33), we have

( j ( öf )( L 1 ) ( j (Q)( L 1 and K ( öf ) ) lim sup
n' + $

K ( öf n ) ) 1.

Therefore, by (1.2.7), we have

1 = J (( Q( L 1 , ( j (Q)( L 1 ) ) J
2

( Q( L 1 , ( j ( öf )( L 1

3
) K ( öf ) ) 1.

The strict monotonicity of the function M j .- J (M 1, M j ) yields

( j ( öf )( L 1 = ( j (Q)( L 1 and K ( öf ) = 1 .

From this, it is now standard to conclude the strong convergenceöf n (á+ yn ) - öf in Ej . Note

that öf is a minimizer of (1.1.14) satisfying
)
)
) |v|2 öf

)
)
)

L 1
=

)
) |v|2Q

)
)

L 1 . Furthermore, from the

strong L 1 convergence oföf n (á+ yn ) to Q and from their equimeasurability deduced from
(1.3.30), one can prove thatöf is equimeasurable toQ (this proof can be done following the
same lines as in the above proof of orbital stability for the Poisson-Manev case). Therefore,
from Lemma 1.1.2, one deduces Þnally thatöf is equal to Q, up to a translation shift. This
concludes the proof of Proposition 1.3.1 and the proof of Theorem 1.1.3 is complete.

1.4 Appendix

1.4.1 Rescalings

Let f # Ej and let 0 > 0, ( > 0 and µ > 0. Then the rescaled function ÷f deÞned by
÷f (x, v) = 0f ( x

( , µv) satisÞes the following identities.

Norms

( ÷f ( L 1 = 0
( 3

µ3 ( f ( L 1 ; ( j ( ÷f )( L 1 =
( 3

µ3 ( j (0f )( L 1 ;
)
)
) |v|2 ÷f

)
)
)

L 1
= 0

( 3

µ5

)
) |v|2f

)
)

L 1 .

Functions

%÷f (x) =
0
µ3 %f

2 x
(

3
; ! P

÷f
(x) = 0

( 2

µ3 ! P
f

2 x
(

3
; ! M

÷f
(x) = 0

(
µ3 ! M

f

2 x
(

3
.

Potential energy

E P
pot( ÷f ) = 02 ( 5

µ6 E P
pot(f ) ; E M

pot( ÷f ) = 02 ( 4

µ6 E M
pot(f ).
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Lemma 1.4.1. Let f # Ej \{ 0} and M 1, M j > 0. Then there exists a unique pair of
positive constants(0, ( ) such that the rescaled function÷f deÞned by

÷f (x, v) = 0f

&
01/ 3

( 1/ 3
x, v

(

(1.4.1)

satisÞes( ÷f ( L 1 = M 1 and ( j ( ÷f )( L 1 = M j . Moreover, 0 and ( satisfy

( =
M 1

( f ( L 1
and min(0p# 1, 0q# 1) )

M j ( f ( L 1

M 1 ( j (f )( L 1
) max(0p# 1, 0q# 1). (1.4.2)

Proof. The rescaling (1.4.1) gives immediately

( ÷f ( L 1 = ( ( f ( L 1 and ( j ( ÷f )( L 1 =
(
0

( j (0f )( L 1 .

Hence, ÷f satisÞes( ÷f ( L 1 = M 1 and ( j ( ÷f )( L 1 = M j as soon as

( =
M 1

( f ( L 1
and

( j (0f )( L 1

0 ( j (f )( L 1
=

M j ( f ( L 1

M 1 ( j (f )( L 1
.

The Þrst parameter ( is then uniquely determined. Notice also that (1.4.2) is a direct
consequence of the nondichotomy condition (1.1.9). It remains to prove the existence of a
unique suitable 0.

Consider now the function of0 # R&
+ deÞned by

h(0) =
( j (0f )( L 1

0 ( j (f )( L 1
.

From the nondichotomy condition (1.1.9), we have

lim
0' 0

h(0) = 0 , lim
0' + $

h(0) = + * .

Moreover, from a direct calculation, one gets

h!(0) =
( j !(0f )f ( L 1

0 ( j (f )( L 1
!

( j (0f )( L 1

02 ( j (f )( L 1
% (p ! 1)

( j (0f )( L 1

02 ( j (f )( L 1
> 0,

where we used Assumption (H3) on the functionj . Hence, there exists a unique0 # R&
+

such that

h(0) =
M j ( f ( L 1

M 1( j (f )( L 1

and the Lemma is proved.
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1.4.2 Some properties of radially symmetric potentials

Lemma 1.4.2. There exists a constantC > 0 such that, for all f # Ej spherically sym-
metric, we have for allx # R3

!
C
|x|

( f ( L 1 ) ! P
f (x) ) 0. (1.4.3)

Moreover, for all 0 < ) < 1, there exists a constantC! > 0 such that, for all f # Ej

spherically symmetric, we have for allx # R3

!
C!

|x|1+ ! ( f ( Ej
) ! M

f (x) ) 0, (1.4.4)

Recall that ! P
f and ! M

f are deÞned by(1.1.3).

Proof. Passing to the spherical coordinates = |y| and x áy = 2 rs cos3 in (1.1.3), one gets

! P
f (x) = !

$ + $

0

$ 1

0

%f (s) sin 3

2 (s2 + r 2 ! 2rs cos3)1/ 2
s2dsd3 = !

$ + $

0
%f (s)gP

r (s)s2ds, (1.4.5)

! M
f (x) = !

1
#

$ + $

0

$ 1

0

%f (s) sin 3
s2 + r 2 ! 2rs cos3

s2dsd3 = !
1
#

$ + $

0
%f (s)gM

r (s)s2ds, (1.4.6)

where

gP
r (s) =

1{ s<r } (s)

r
+

1{ s>r } (s)

s
and gM

r (s) =
1
sr

ln

:
:
:
:
r + s
r ! s

:
:
:
: .

Note that

gP
r (s) =

1
r

gP
1

2 s
r

3
and gM

r (s) =
1
r 2 gM

1

2 s
r

3
.

SincegP
1 belongs toL $ , (1.4.5) yields directly (1.4.3). Next, we remark that gM

1 belongs
to L k ((0, + * ), s2ds) for all k # (3, + * ), which gives

)
) gM

r

)
)

L k ((0 ,+ $ ),s2ds) )
C

r 2# 3
k

.

We Þnally obtain (1.4.4) by applying the Hšlder inequality to (1.4.6). Indeed, thanks to
interpolation inequalities and under Assumption (H2), f # Ej implies that %f # L 1 0
L 3/ 2((0, + * ), s2ds). The proof of the lemma is complete.

Lemma 1.4.3. Let (f n )n( 1 be a bounded sequence ofEj such that%f n is radially symmetric.
Then there existsf # Ej such that, up to a subsequence,

!
7"

7#

(i ) f n 1 f in L p(R6),
(ii ) Epot(f n ) - Epot(f ),
(iii ) for all 3

2 < q < 3(5p# 3)
4p , ! M

f n
- ! M

f in L q(R3).
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Proof. Sincep > 1, we havef n 1 f in L p(R6) up to subsequence, which yields(i) . Let
us prove(ii) . The convergence of the Poisson potential energy is well-known, see e.g.[38].
Let us prove the convergence of the Manev potential energy. We remark that

E M
pot(f n ) = ( hf n ( 2

L 2 with hf n = ( !& )# 1/ 4%f n .

Hence, from (1.1.7), we deduce that the sequencehf n is bounded in L 2. Moreover, by
interpolation, we have that %f n is bounded in L 1 0 L p0 with p0 = 5p# 3

3p# 1 # ( 3
2 , 5

3 ] and then,
by standard Sobolev inequalities, the sequence(( !& ) ' hf n ) is bounded inL 2(R3) for , > 0
small enough. This yields some local compactness and we havehf n - hf in L 2

loc(R3).
Hence, to conclude Item(ii) , it su" ces to prove a uniform decay at the inÞnity. For all
R > 0, we have

( hf n ( L 2 (|x|>R ) =
$

|x |>R
|! M

f n
(x)||%f n (x)|dx

) C( %f n ( L 3/ 2

&$

|x |>R
|! M

f n
(x)|3dx

( 1/ 3

) C

&$

|x |>R

1
|x|9/ 2

dx

( 1/ 3

=
C !

R3/ 2

where we used a Hšlder inequality, the uniform boundedness of%f n in L 3/ 2 and (1.4.4)
with ) = 1 / 2. Finally, we have proved that hf n - hf in L 2(R3), which gives in particular
E M

pot(f n ) - E M
pot(f ).

The proof of (iii) is similar. It is su" cient to remark that ! M
f n

= ( !& )# 1/ 2%f n to obtain
the local compactness of(! M

f n
) in L q(R3) and the uniform decay at the inÞnity, given by

1.4.4, enables to conclude.

Acknowledgements. We thank Naoufel Ben Abdallah for the proof of (1.3.3) from (1.3.1)
and (1.3.2).
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Chapter 2

Self-similar blow-up solutions for the
pure Vlasov-Manev system

N.B. : Nous prŽsentons dans ce chapitre la deuxi•me partie dÕun article ˆ para”tre dans
SIMA, SIAM Journal of Mathematical Analysis. Ce travail a ŽtŽ fait en collaboration avec
Mohammed Lemou et Florian MŽhats.

Abstract: In this chapter, we study the existence of blow-up self-similar solu-
tions to the pure Vlasov-Manev system. For this particular case of the Vlasov-
Manev system the potential is restricted to the Manev correction in! 1/r 2.
As stated in the chapter 1 this case can be compared with the Vlasov-Poisson
system in dimension 4: the homogeneity of these both systems impliesthe
instability of ground states. Hence around ground states built in chapter 1
we prove the existence of exact self-similar blow-up solutions to the Vlasov-
Manev equation. This construction is based on a suitable variational problem
with equimeasurability constraint. Indeed classical Þnite constraint would not
provide the separation of the stationnary states. To solve such a problem we
develop new methods of rearrangement with respect to the microscopic energy.
.

2.1 Main result

We recall Þrst the expression of the pure Vlasov-Manev system
!
"

#

$t f + v á " x f ! " x ! f á " v f = 0 , (t, x, v ) # R+ $ R3 $ R3,

f (t = 0 , x, v) = f 0(x, v) % 0,
(2.1.1)

in which the potential ! f satisÞes

! f (t, x ) = !
$

R3

%f (t, y)
2#2|x ! y|2

dy, (2.1.2)
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70 CHAPTER 2. SELF-SIMILAR BLOW-UP SOLUTIONS FOR THE PURE VM SYSTEM

and the density %f is deÞned by

%f (t, x ) =
$

R3
f (t, x, v )dv.

For this system we constructed in the previous chapter ground statesby minimizing
the constant in the interpolation inequality (1.1.7) and we only proved a blow-up stability
of these stationary states. More precisely one may not be aimed at a better stability than
this blow-up stability in the pure Manev case. Indeed the classical stability does not hold
as shown by the following example (translating the pseudo-conformal symmetry property
in this case): let g = g(x, v) be a steady state of (2.1.1) in the pure Manev case (" = 0 ,
& = 1 ), then the function f T deÞned by

f T (t, x, v ) = g
*

T x
T ! t

,
T ! t

T
v +

x
T

+
,

is a blow-up solution to the system (2.1.1) in the pure Manev case (" = 0 , & = 1 ), see
[13, 14].

To go further with the pure Manev system we prove in this chapter theexistence of
exact self-similar solutions to this system and in particular we construct a continuous family
of blow-up solutions around each ground state. Remark that for the Vlasov-Poisson system
in dimension 4 with which the structure of the equation in the pure Manev case (" = 0 ,
& = 1 ) can be compared, blow-up self-similar proÞles and pseudo-conformalsymmetry are
exhibited (see [39]).

We used the same notations as chapter 1. Recall that the energy space is deÞned by

Ej = { f % 0 such that ( f ( Ej := ( f ( L 1 + ( j (f )( L 1 +
)
) |v|2f

)
)

L 1 < + *} (2.1.3)

where the function j : R+ - R+ satisfying the following hypotheses.
(H1) j is a C2 function, with j (0) = j !(0) = 0 and such that j !!(t) > 0 for t > 0.
(H2) There exist p, q > 3 such that

p )
tj !(t)
j (t)

) q, ' t > 0. (2.1.4)

Thanks of Theorem 1.1.1, we considerM 1, M j > 0 two positive constants such that
J (M 1, M 2) = 1 and Q a steady state of (2.1.1) in the pure Manev case (" = 0 , & = 1 )
deÞned as a minimizer of the variational problem

J (M 1, M j ) = inf
f " F(M 1 ,M j )

K (f ), with K (f ) :=

)
) |v|2f

)
)

L 1

E M
pot(f )

. (2.1.5)

From Theorem 1.1.1 and Lemma 1.1.2 the compactly supported functionQ as minimizer of
(2.1.5) is unique under two constraints : its measurability (i.e. its distributional function)
and its kinetic energy.

The following theorem gives the existence of exact spherically symmetric self-similar
solutions to the pure Manev system, (we recall that a spherically symmetric function, in
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this context, is a function which only depends on|x|, |v| and x áv). The uniqueness of
the minimizer under equimeasurable constraints is again used, together with the help of
suitable rearrangement techniques as introduced in [42, 41], to prove this existence, and in
particular to build a continuous family of blow-up solutions around each minimizer.

Theorem 2.1.1 (Exact self-similar solutions in the pure Manev case). Let Q be a steady
state of (2.1.1) in the pure Manev case (" = 0 , & = 1 ), which minimizes (2.1.5). Then
there exists a constantb& > 0 such that for all b # [0, b&], there exists a compactly supported
spherically symmetric stationary proÞleQb # C0(R6) having the form

Qb(x, v) = Fb

*
|v|2

2
+ bx áv + ! Qb(x)

+

on its support, and such that, for allT > 0, the function

f (t, x, v ) = Qb

*
x

( (t)
, ( (t)v

+
with ( (t) =

%
2b(T ! t) (2.1.6)

is an exact self-similar blow-up solution to the pure Manev system (2.1.1) in Ej . Here,
the function ! Qb belongs toC1 and the function F is a continuous nonnegative function
on R, which is C1 on ] ! * , eb[ for some eb < 0 and vanishes on[eb, + * [. Moreover, Qb

converges toQ0 = Q in Ej as b - 0.

Remark 2.1.2. The previous results show that, in the pure Manev case (" = 0 , & = 1 ),
around the ground stateQ, there are at least three classes of dynamical proÞles.
(i) Subcritical solutions. When the initial data f 0 is subcritical, i.e. when

J (( f 0( L 1 , ( j (f 0)( L 1 ) > 1 = J (( Q( L 1 , ( j (Q)( L 1 ) ,

then the kinetic energy of the solutionf (t) is controlled for all time. Indeed, one has

H (f (t)) % (|v|2f ( L 1

*
1 !

1
K (f (t))

+
% (|v|2f ( L 1

*
1 !

1
J (( f 0( L 1 , ( j (f 0)( L 1 )

+
.

Recall that J is deÞned by (2.1.5) and is continuous and decreasing with respect to its two
arguments.
(ii) Pseudo-conformal blow-up solutions.The following family gives an explicit class of
Þnite time blow-up solutions [13, 14]:

f (t, x, v ) = Q
*

T x
T ! t

,
T ! t

T
v +

x
T

+
, T > 0.

Note that the kinetic energy blows up with the rate (T ! t)# 2.
(iii) Self-similar blow-up solutions.The family given by (2.1.6) blows up in Þnite time and
the kinetic energy blows up with the rate (T ! t)# 1.

In Subsection 2.2.1 we introduce the rearrangement with respect of a modiÞed micro-
scopic energy and apply it in Subsection 2.2.2 to build self-similar solutions of (1.1.1) in
the pure Manev case" = 0 , & = 1 .
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2.2 Self-similar solutions in the pure Manev case

From now on, we only consider the pure Manev case (" = 0 , & = 1 ). This section is
devoted to the proof of Theorem 2.1.1. LetQ be a steady state solution to (2.1.1) which
minimizes (2.1.5).

We seek, forb small enough, a compactly supported and spherically symmetric station-
ary proÞle Qb # C0(R6), with ! Qb # C1(R3), such that

Qb

*
x

( (t)
, ( (t)v

+
with ( (t) =

%
2b(T ! t) (2.2.1)

is a solution to (2.1.1) in the pure Manev case. We insert (2.2.1) in (2.1.1), use the identity
ú( = ! b/( and then get that Qb has to satisfy (at least in the weak sense) the following
equation in the self-similar variables (÷x, ÷v) = ( x

( (t ) , ( (t)v) (which are renoted (x, v) for
simplicity),

v á " xQb ! " x ! Qb á " vQb + b(x á " xQb ! v á " vQb) = 0 . (2.2.2)

We Þrst observe that a function of the form

g(x, v) = F
*

|v|2

2
+ bx áv + ! g(x)

+

satisÞes this equation. However, for non trivial proÞlesF and for b ,= 0 , it can be seen
that such a function does not belong toEj (it has always inÞnite mass and energy). To
solve this problem we proceed as in [52, 39] and introduce a radial cut-o! function - from
R3 to [0, 1] such that

- (x) = 1 for |x| < r $ and - (x) = 0 for |x| > R $ = 2 r$ ,

where r$ > 0 will be deÞned later on (see (2.2.34)). We shall prove the existenceof a
function having the form

Qb(x, v) = F
*

|v|2

2
+ b- (x)x áv + ! Qb(x)

+
, (2.2.3)

which is compactly supported in{| x| < r $ } . Here, the function ! Qb belongs toC1 and the
function F is a continuous nonnegative function onR, which is C1 on ] ! * , e0[ for some
e0 < 0 and vanishes on[e0, + * [. Hence, we have

Qb(x, v) = F
*

|v|2

2
+ bx áv + ! Qb(x)

+
, ' (x, v) # R6 such that |x| < r $ ,

which is su" cient to deduce that Qb is a solution to (2.2.2).
To construct such self-similar proÞleQb, it is natural to use a minimization problem

with constraints. However, if the number of constraints is Þnite, which is the case for
instance if we prescribe the mass and a Casimir functional as in Section 1.2, then the
uniqueness of the minimizer is not garanted. This uniqueness property will be crucial to
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ensure that Qb is in the vicinity of Q. Therefore, we will choose a variational problem
with an inÞnite number of constraints which, using Lemma 1.1.2, will lead to a unique
minimizer. More precisely, we deÞne the following set of constraints:

Eq(Q) = { f # Ej : f is equimeasurable withQ} . (2.2.4)

Then we consider the associated variational problem

Tb := inf { Tb(f ) : f # Eq(Q), spherically symmetric with Epot(f ) = Epot(Q)} , (2.2.5)

where

Tb(f ) =
$

R6

*
|v|2

2
+ b- (x)x áv

+
f (x, v)dxdv (2.2.6)

and we claim the following Proposition.

Proposition 2.2.1. Let Q be a steady state of(2.1.1) in the pure Manev case which
minimizes (2.1.5). Then there existsb& > 0 such that the following holds. For allb # [0, b&],
the variational problem (2.2.5) has at least one minimizer. Moreover, there exists a family
of minimizers Qb of (2.2.5), taking the form

Qb(x, v) = FQb

*
|v|2

2
+ b- (x)x áv + . b! Qb(x)

+
,

where . b is a positive constant and- (x) has been deÞned above, and such that, asb - 0,
we have the convergences. b - 1 and Qb - Q0 = Q in Ej . Here, the function Qb has its
support in { (x, v) # R6, |x| < r $ } , the function ! Qb belongs toC1 and the function FQb is
a continuous nonnegative function onR, which is C1 on ] ! * , eb[ for some eb < 0 and
vanishes on[eb, + * [.

This result will be proved in the sections below. Now, using this Proposition 2.2.1, we
end the proof of Theorem 2.1.1. To obtain the desired form (2.2.3) weÞrst rescale the
function Qb given by this proposition as follows:

Qb(x, v) = Qb

*
x,

v
. b

+

and set÷b = . bb. This ensures thatQb is a function of

|v|2

2
+ ÷b- (x)x áv + ! Qb

(x).

Denoting backQb and ÷bby Qb and brespectively, we can conclude that we have constructed
a function Qb of the desired form. To prove that this function is a solution to (2.2.2), we
need the continuity of Qb on R6 and its C1 regularity in the interior of its support. This
regularity can be deduced in a similar way as forQ, see Section 1.2.2, Step 3. The proof
of Theorem 2.1.1 is complete. It remains to prove Proposition 2.2.1.For this purpose, we
need some tools which we introduce in the following subsection.

73



74 CHAPTER 2. SELF-SIMILAR BLOW-UP SOLUTIONS FOR THE PURE VM SYSTEM

2.2.1 Reduction to a functional of a modiÞed microscopic ene rgy

Let us Þrst deÞne

$ rad = { ! f , f # Ej,rad } , with Ej,rad = { f # Ej , f spherically symmetric} . (2.2.7)

From Lemma 1.4.2, we deduce that there exists a constantC > 0 such that, for all
! f # $ rad , we have

! f (r ) % !
C

r 3/ 2
( f ( Ej . (2.2.8)

Moreover, by interpolation and using (H2), we have

( %f ( L 1 + ( %f ( L " ) C( f ( Ej , ) =
5p ! 3
3p ! 1

.

Therefore, from Hardy-Littlewood-Sobolev, one deduces that! f # L k , for all 3
2 < k )

3(5p# 3)
4p , and in particular, since p > 3, one has

( ! f ( L 3 ) C( f ( Ej . (2.2.9)

As we said, we shall constructQb as a minimizer of the functional Tb deÞned by
(2.2.6) under equimeasurability constraint. Similarly as in [41, 42], the key tool to study
this variational problem is the symmetrization with respect to the microscopic energy
|v|2

2 + b- (x)x áv + ! (x). Before deÞning this symmetrization, we need to introduce and
study the Jacobian associated with this change of variable.

Lemma 2.2.2 (DeÞnition and properties of the Jacobianab,%). Let ! # $ rad \{ 0} and
b # R+ . DeÞning the Jacobian functionab,% : R&

# - R+ as

ab,%(e) = meas
.

(x, v) # R6,
|v|2

2
+ b- (x)x áv + ! (x) < e

/
, ' e < 0,

whereÓmeasÓstands for the Lebesgue measure onR6, we have the following properties.
(i) The Jacobian ab,% is given by the explicit formula

' e < 0, ab,%(e) =
32#2

/
2

3

$ + $

0

*
e ! ! (r ) +

(b- (r )r )2

2

+ 3/ 2

+
r 2dr. (2.2.10)

(ii) Let eb,% = inf ess
F
! (r ) ! (b$(r )r )2

2

G
# R&

# 1 {!*} . Then ab,%(e) = 0 for all e ) eb,%

and ab,% is a strictly increasing C1 di"eomorphim from (eb,%, 0) onto R&
+ . We will denote

by a# 1
b,% the inverse function ofab,%.

(iii) Let (f n ) be a bounded sequence inEj,rad \{ 0} and let (en , bn ) be a sequence inR&
# $ R+

and assume that there existf # Ej,rad \{ 0} , e # R# 1 {!*} and b # R+ such that

f n 1 f in L p(R6), en - e and bn - b.

Then, by denotingab,%f (!* ) = 0 and ab,%f (0) = + * , we have

abn ,%f n
(en ) - ab,%f (e) and ' s > 0, a# 1

bn ,%f n
(s) - a# 1

b,%f
(s).
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Proof. Proof of (i) . We remark that

|v|2

2
+ b- (x)x áv =

1
2

|v + b- (x)x|2 !
(b- (x)|x|)2

2
.

Hence, by performing the change of variablew = v + b- (x)x with respect to the variable
v, and passing by the spherical coordinate we Þnd

ab,%(e) = (4 #)2
$

r 2dr
$

{ u 2
2 + %(r )# ( b# ( r ) r ) 2

2 <e }
u2du.

Formula (2.2.10) follows. Since! # $ rad \{ 0} , we have both the control (2.2.8) and the
fact that the set { x # R3, ! (x) < e} is bounded. These two properties ensure that the
integral in (2.2.10) is Þnite.

Proof of (ii) . By dominated convergence, we deduce thate .- ab,%(e) is C1 on R&
# with

a!
b,%(e) = 16#2

/
2

$ + $

0

*
e ! ! (r ) +

(b- (r )r )2

2

+ 1/ 2

+
r 2dr % 0.

For eb,% < e < 0, we have clearlya!
b,%(e) > 0. Let us prove that ab,%(e) converges to+ * as

e - 0. We observe that, for f # Ej,rad \{ 0} there existsR > 0 such that ( f R ( L 1 = 1
2( f ( L 1 ,

where f R = f |x |<R . Thus one can prove that

|! f (r )| % |! f R (r )| 5
( f R ( L 1

2#2r 2 as r - + * , (2.2.11)

which gives

ab,%(e) % C
$ + $

0

*
e+

C
1 + r 2

+ 3/ 2

r 2dr.

Hence,ab,%(e) - + * as e - 0. Since, we have clearlyab,%(eb,%) = 0 , item (ii) is proved.

Proof of (iii) . The sequence(f n ) is bounded inEj,rad . Then, from Lemma 1.4.3 in Appendix
B, up to extraction of a subsequence, we have in particular

! f n - ! f almost everywhere.

From (2.2.8) and the boundedness of(f n ) in Ej,rad , we have

! f n (r ) % !
C

r 3/ 2
.

Thus

en ! ! f n (r ) +
(bn - (r )r )2

2
) en +

C
r 3/ 2

+
(bn - (r )r )2

2
- en

when r converges to the inÞnity. Sinceen - e as n - + * , this implies that, for e #
[!* , 0), the function

r .-
*

en ! ! f n (r ) +
(bn - (r )r )2

2

+

+
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is uniformly compactly supported. Therefore, by dominated convergence, we deduce that

abn ,%f n
(en ) - ab,%f (e).

Let us now treat the casee = 0 . Remark Þrst that for all n # N, we have

abn ,%n (en ) % a0,%n (en ),

and thus it is su" cient to prove that a0,%n (en ) converges toab,%(0) = + * as n - + * .
Let M > 0 be an arbitrary constant. We know that

' x # R3, |! f (x)| %
Cf

1 + |x|2
. (2.2.12)

Denote # n =
8

x # R3, |! f n (x)| < Cf
2(1+ |x|2 )

9
and let e0 < 0 be such that

$

R3

*
e0 +

Cf

2(1 + |x|2)

+ 3/ 2

+
dx >

3M

4#
/

2
.

For n large enough, we haveen > e0 and thus

a0,%n (en ) %
8#

/
2

3

$

R3 \ ! n

*
e0 +

Cf

2(1 + |x|2)

+ 3/ 2

+
dx

% 2M !
8#

/
2

3

$

! n

*
e0 +

Cf

2(1 + |x|2)

+ 3/ 2

+
dx.

(2.2.13)

To prove that the second term converges to0 as n - + * , we remark that the set of
integration of this term has the form # n 0 B (0, R) with R > 0 independent of n. Now,
from (2.2.12) and from the deÞnition of# n ,

( ! f n (x) ! ! f (x)( 3
L 3 (R3 ) %

$

! n

*
Cf

2(1 + |x|2)

+ 3

dx %
$

! n ) B (0,R)

*
Cf

2(1 + |x|2)

+ 3

dx.

Since! f n converges to! f in L 3(R3) by Lemma 1.4.3, we deduce that the measure of the
set # n 0 B (0, R) converges to0, which implies that the integral

$

! n ) B (0,R)

*
e0 +

Cf

2(1 + |x|2)

+ 3/ 2

+
dx

converges to0 as n - + * . Thus, for n large enough,abn ,%n (en ) % a0,%n (en ) % M. which
concludes the proof of the convergence ofabn ,%n (en ).

Now, we shall prove that for all s # R&
+ , we have a# 1

bn ,%f n
(s) - a# 1

b,%f
(s). Let en :=

a# 1
bn ,%f n

(s). We know from the above result that, if en converges toe # [!* , 0], then

s = abn ,%f n
(en ) - ab,%f (e).

Hence, the sequence(en ) converges toe = a# 1
b,%f

(s). The proof of Lemma 3.4.1 is complete.
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Now, we are ready to construct our symmetrization off with respect to a given mi-
croscopic energy|v|2

2 + b- (x)x áv + ! (x). For this purpose, we Þrst recall that the Schwarz
symmetrization Q& of the function Q is the unique nonincreasing function onR+ such that

' ( > 0, µQ" (( ) = µQ(( ),

where

µQ" (( ) = meas{ s # R+ : Q&(s) > ( } , µQ(( ) = meas
0

(x, v) # R6 : Q(x, v) > (
1

,

and where the notation ÓmeasÓstands for the Lebesgue measure respectively onR+ and
R6. Note that Q& is compactly supported and continuous (sinceQ is compactly supported
and continuous). We shall denote

r& = min { r # R+ : Q&(r ) = 0 } . (2.2.14)

Lemma 2.2.3 (Rearrangement with respect to the microscopic energy). Let ! # $ rad \{ 0}
and b % 0. We denote byQ&b,% the nonincreasing continuous function of the microscopic
energy deÞned by

Q&b,%(x, v) =

6
Q& 2 ab,%

2
|v|2

2 + b- (x)x áv + ! (x)
3

if |v|2

2 + b- (x)x áv + ! (x) < 0,

0 if |v|2

2 + b- (x)x áv + ! (x) % 0.

Then the following holds.
(i) The function Q&b,% is compactly supported and

Supp(Q&b,%) =
.

|v|2

2
+ b- (x)x áv + ! (x) < a # 1

b,%(r&)
/

,

where r& is deÞned by(2.2.14).
(ii) We have Q&b,% # Eq(Q) and

$

R6
|v|2Q&b,%(x, v)dxdv ) C(( ! ( 2

L 3 + b2). (2.2.15)

(iii) Let (f n ) be a bounded sequence ofEj,rad \{ 0} and let (bn ) be a sequence ofR+ such
that f n 1 f ,= 0 in L p(R6) and bn - b. Then,

Q&bn ,%f n - Q&b,%f in L 1(R6) 0 L p(R6).

(iv) For all f # Eq(Q), spherically symmetric, and for all . > 0, we have

$ *
|v|2

2
+ b- (x)x áv + .! f (x)

+ 2
Q&b,&%f (x, v) ! f (x, v)

3
dxdv ) 0 (2.2.16)

with equality if, and only if, f = Q&b,&%f .

77



78 CHAPTER 2. SELF-SIMILAR BLOW-UP SOLUTIONS FOR THE PURE VM SYSTEM

Proof. We Þrst remark that property (i) is a direct consequence of the deÞnition ofQ&b,%.
Proof of (ii). Recall that, for all ( > 0,

µQ" b,! = meas
8

(x, v) # R6, Q&b,%(x, v) > (
9

. (2.2.17)

If ( % Q&(0) = ( Q( L # , we clearly haveµQ" b,! (( ) = 0 = µQ(( ). If ( < Q &(0), then we
have

µQ" b,! (( ) = meas
8

(x, v) # R6, ab,%

2
|v|2

2 + b- (x)x áv + ! (x)
3

< sup{ r, Q &(r ) > ( }
9

= sup{ r, Q &(r ) > ( } = µQ(( ).

Thus the functions Q&b,% and Q are equimeasurable. To estimate its kinetic energy, we
remark that

Tb(Q&b,%) %
$ *

|v|2

2
! bR$ |v|

+
Q&b,% %

1
4

$
|v|2Q&b,%! b2R2

$ ( Q( L 1 . (2.2.18)

Moreover, from the deÞnition ofQ&b,%, one deduces that

Tb(Q&b,%) =
$ *

|v|2

2
+ b- (x)x áv + ! (x)

+
Q&b,%(x, v)dxdv !

$
! (x)Q&b,%(x, v)dxdv

) !
$

! (x)Q&b,%(x, v)dxdv ) ( ! ( L 3 ( %Q" b,! ( L 3/ 2

) C( ! ( L 3 ( Q&b,%( 1/ 2
L 3 (| v|2Q&b,%( 1/ 2

L 1 ) C( ! ( L 3 (| v|2Q&b,%( 1/ 2
L 1 ,

where we used an interpolation inequality and( Q&b,%( L 3 = ( Q( L 3 . Combining this with
(2.2.18) gives the control of the kinetic energy (2.2.15).

Proof of (iii). From the continuity of Q& and from Lemma 3.4.1(ii) and (iii) , we clearly
have, for any sequenceen - e,

Q& 2 abn ,%f n
(en ) - Q& 2 ab,%f (e).

Moreover, by Lemma 1.4.3, up to a subsequence,! f n - ! f almost everywhere inR6.
Denoting

en (x, v) =
|v|2

2
+ bn - (x)x áv + ! f n (x), e(x, v) =

|v|2

2
+ b- (x)x áv + ! f (x),

we deduce that
for a.e. (x, v) # R6, en (x, v) - e(x, v).

Thus Q&bn ,%n converges toQ&b,% almost everywhere inR6 and the equimeasurability of
Q&bn ,%n and Q&b,% gives the convergence inL 1 0 L p.

Proof of (iv). Let f # Eq(Q) be spherically symmetric and let. > 0. We have! := .! f =
! &f # $ rad \{ 0} . We denotef = Q&b,% and we use the layer cake representation

f (x, v) =
$ %f %#

t=0
1t<f (x,v )dt.

78



2.2. SELF-SIMILAR SOLUTIONS IN THE PURE MANEV CASE 79

Then from FubiniÕs theorem,$

R6

*
|v|2

2
+ b- (x)x áv + ! (x)

+
,
f (x, v) ! f (x, v)

-
dxdv

=
$ %f %#

t=0
dt

$

R6

2
1t<f (x,v ) ! 1t< f (x,v )

3 *
|v|2

2
+ b- (x)x áv + !

+
dxdv

=
$ %f %#

t=0
dt

$

R6

2
1f (x,v )* t<f (x,v ) ! 1f (x,v )* t< f (x,v )

3 *
|v|2

2
+ b- (x)x áv + !

+
dxdv

=
$ %f %#

t=0
dt

&$

S1 (t )

*
|v|2

2
+ b- (x)x áv + !

+
dxdv !

$

S2 (t )

*
|v|2

2
+ b- (x)x áv + !

+
dxdv

(

,

with
S1(t) = { f (x, v) ) t < f (x, v)} , S2(t) = { f (x, v) ) t < f (x, v)} .

Now, from the equimeasurability of f and f , we have

' t > 0, meas(S1(t)) = meas(S2(t))

and, sincef is a nonincreasing function of|v|2

2 + b- (x)x áv + ! (x),

a2(t) = sup
(x,v )" S2 (t )

.
|v|2

2
+ b- (x)x áv + ! (x)

/

) inf
(x,v )" S1 (t )

.
|v|2

2
+ b- (x)x áv + ! (x)

/
= a1(t).

Thus
$

S2 (t )

*
|v|2

2
+ b- (x)x áv + ! (x)

+
dxdv ) meas(S2(t))a2(t) ) meas(S1(t))a1(t)

)
$

S1 (t )

*
|v|2

2
+ b- (x)x áv + ! (x)

+
dxdv,

which yields (2.2.16). In the case of equality in this above chainof inequalities, it is easy
to prove that f = f , see for instance [41, 42].

2.2.2 Existence of self-similar solutions

The goal of this subsection is to prove Proposition 2.2.1.

Step 1: uniform bounds.Let 0 < b ) 1 be given. In this step, we prove thatTb is Þnite and
that there exists C& > 0, independent ofb, such that every minimizing sequence(f b

n )n" N

of (2.2.5) satisÞes, forn large enough,

( f b
n ( Ej ) C&. (2.2.19)

For all (x, v) # R6, we have

|v|2

2
+ b- (x)x áv %

|v|2

2
! bR$ |v| %

|v|2

4
! b2R2

$
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and so, for all f # Eq(Q), we have

Tb(f ) %
1
4

$
|v|2f ! b2R2

$ ( Q( L 1 . (2.2.20)

This shows that Tb > !* . Moreover, if (f b
n )n" N is a minimizing sequence of the variational

problem (2.2.5), then for n large enough we have

Tb(f b
n ) ) 1 + Tb ) 1 + Tb(Q) ) 1 + C

$
|v|2Q.

This, combined with (2.2.20) yields the existence ofC&.

Step 2. For all b # R+ , let (f b
n )n" N be a minimizing sequence for (2.2.5). In this step, we

show that there exists a sequence(. b
n ) of positive numbers such that(Q

&b,&b
n %

f b
n ), deÞned by

Lemma 2.2.3, is also a minimizing sequence of (2.2.5). The interest ofthis new minimizing
sequence is its compactness property, as it will be proved in the third step.

Lemma 2.2.4. There existsb& > 0 such that the following holds true. For allb # [0, b&]
and for all minimizing sequences(f b

n )n" N of the variational problem (2.2.5), there exist
0 < . # < . + and a sequence of positive numbers(. b

n )n" N in [. # , . + ] such that, up to

a subsequence, we haveEpot(Q
&b,&b

n %
f b

n ) = Epot(Q). Moreover, we haveTb(Q
&b,&b

n %
f b

n ) )

Tb(f b
n ) with equality if and only if Q

&b,&b
n %

f b
n = f b

n .

Proof of Lemma 2.2.4. Let b > 0 be given and consider a minimizing sequence(f b
n )n" N

of the variational problem (2.2.5). From Step 1, we know that (for n large enough), this
sequence satisÞes the bound (2.2.19).

We Þrst observe that. .- Epot(Q
&b,&%

f b
n ) is continuous onR&

+ . Indeed, by Lemma 2.2.3

(iii) , we know that . .- Q
&b,&%

f b
n is continuous from R&

+ to L 1(R6) 0 L p(R6). Hence, from
the kinetic control (2.2.15) and Lemma 1.4.3 of Appendix B, one deduces the continuity
of . .- Epot(Q

&b,&%
f b

n ).
We claim now that, for b small enough, there exist0 < . # < . + such that, up to a

subsequence with respect ton, we have

Epot(Q
&b,&! %

f b
n ) < E pot(Q) < E pot(Q

&b,&+ %
f b

n ). (2.2.21)

SinceQ
&b,&%

f b
n # Eq(Q), we have, by (1.1.7),

0 < E pot(Q
&b,&%

f b
n ) ) C

$

R6
|v|2Q

&b,&%
f b

n (x, v)dxdv. (2.2.22)

Furthermore, the control of the kinetic energy (2.2.15), together with (2.2.9), gives
$

|v|2Q
&b,&%

f b
n ) C(. 2( f b

n ( 2
Ej

+ b2) ) C((C&. )2 + b2),
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where we also used (2.2.19). Hence from (2.2.22), one deduces that there exist b&
1 # (0, 1]

and . # > 0 such that for all b # [0, b&
1] and for all n, we have

Epot(Q
&b,&! %

f b
n ) < E pot(Q).

Note that b&
1 depends only onQ, and does not depend on the sequence(f b

n ).
Let us now prove the second part of the claim (2.2.21). Since the sequence(f b

n )n" N is
bounded inEj , Lemma 1.4.3 of Appendix B in chapter 1 implies that there existsf b # Ej,rad

such that up to a subsequence, asn - + * ,

f b
n 1 f b in L p(R6), Epot(f b) = lim

n' + $
Epot(f b

n ) = Epot(Q).

In particular, f b ,= 0 and, by Lemma 2.2.3(iii) , for all . > 0 we have

Q
&b,&%

f b
n - Q&b,&%f b in L 1(R6) 0 L p(R6) as n - + * .

Thus, from the kinetic control (2.2.15), (Q
&b,&%

f b
n ) is bounded in Ej and spherically sym-

metric, which implies that Epot(Q
&b,&%

f b
n ) converges toEpot(Q

&b,&%f b ) as n - + * . Conse-
quently, to prove the claim (2.2.21), it is su" cient to show that, if b is small enough, there
exists . + such that Epot(Q

&b,&+ %f b ) > E pot(Q). This result will be a consequence of the
following lemma, which is proved later.

Lemma 2.2.5. There existsb&
2 > 0 such that the following holds true. For allf # Ej,rad

satisfying

Epot(f ) = Epot(Q), ( f ( L 1 ) ( Q( L 1 , ( j (f )( L 1 ) ( j (Q)( L 1 (2.2.23)

and

Tb(f ) +
(bR$ )2

2
( f ( L 1 ) Tb +

(bR$ )2

2
( Q( L 1 , (2.2.24)

for some b # [0, b&
2], we have

lim sup
&' + $

Epot(Q&b,&%f ) > E pot(Q). (2.2.25)

Before proving Lemma 2.2.5, let us use it to end the proof of Lemma 2.2.4 and Propo-
sition 2.2.1. Let us check that f b satisÞes the assumptions of Lemma 2.2.5, forb ) b&

2.
Note that b&

2 given by this lemma is independent of the functionf b. First, f b satisÞes
Assumption (2.2.23) because of the weak convergence of(f b

n ) to (f b) and of the strong
convergence of the potential energies. To prove thatf b satisÞes Assumption (2.2.24), we
remark that

' (x, v) # R6,
|v|2

2
+ b- (x)x áv +

(bR$ )2

2
=

|v + b- (x)x|2

2
+

(bR$ )2 ! (b- (x)|x|)2

2
% 0.

Hence, by lower semicontinuity, one has

Tb(f b) +
(bR$ )2

2
( f b( L 1 ) lim inf

n' + $

*
Tb(f b

n ) +
(bR$ )2

2
( f b

n ( L 1

+
= Tb +

(bR$ )2

2
( Q( L 1 .
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Therefore, we may apply Lemma 2.2.5 and get the existence of. + such that, for b ) b&
2,

Epot(Q
&b,&+ %f b ) > E pot(Q).

Hence the claim (2.2.21) holds true for all0 ) b ) b& = min( b&
1, b&

2). Note that b& is
independent of the sequence(f b

n ). One can chose. b
n # [. # , . + ] such that for all n, we have

Epot(Q
&b,&b

n %
f b

n ) = Epot(Q).

Now, it remains to show the second part of Lemma 2.2.4. We have

Tb(Q
&b,&b

n %
f b

n ) =
$ *

|v|2

2
+ b- (x)x áv + . b

n ! f b
n
(x)

+
Q

&b,&b
n %

f b
n (x, v)dxdv

! . b
n

$
! f b

n
(x)Q

&b,&b
n %

f b
n (x, v)dxdv

) Tb(f b
n ) + . b

n

$
! f b

n
(x)f b

n (x, v)dxdv ! . b
n

$
! f b

n
(x)Q

&b,&b
n %

f b
n (x, v)dxdv,

from the inequality (2.2.16). Observing that

!
$

! f b
n
(x)Q

&b,&b
n %

f b
n (x, v)dxdv =

1
2

2
Epot(f b

n ) + Epot(Q
&b,&b

n %
f b

n ) ! Epot(Q
&b,&b

n %
f b

n ! f b
n )

3
,

we get

Tb(Q
&b,&b

n %
f b

n ) ) Tb(f b
n ) +

. b
n

2

2
Epot(Q

&b,&b
n %

f b
n ) ! Epot(f b

n )
3

!
. b

n

2
Epot(Q

&b,&b
n %

f b
n ! f b

n ).

Since
Epot(Q

&b,&b
n %

f b
n ) = Epot(f b

n ) = Epot(Q),

we deduce thatTb(Q
&b,&b

n %
f b

n ) ) Tb(f b
n ). By Lemma 2.2.3(iv) , this inequality becomes an

equality if and only if f b
n = Q

&b,&b
n %

f b
n . The proof of Lemma 2.2.4 is complete.

Step 3: construction of Qb, minimizer of (2.2.5). Let b # [0, b&], where b& is deÞned
in Lemma 2.2.4, and let f b

n be a minimizing sequence of the variational problem (2.2.5).
Then, the sequence(. b

n ) given by Lemma 2.2.4 lies in a compact interval[. # , . + ]. Up to
a subsequence,(. b

n ) converges to some. b > 0 as n - + * . By Lemma 2.2.3, we have

Q
&b,&b

n %
f b

n - Q&b,&b%f b in L 1 0 L p,

where f b
n 1 f b in L p. Moreover, from the kinetic control (2.2.15), (Q

&b,&b
n %

f b
n ) is bounded

in Ej,rad and thus,

Epot(Q
&b,&b%f b ) = lim

n' + $
Epot(Q

&b,&b
n %

f b
n ) = Epot(Q).

Let us denoteQb := Q&b,&b%f b and make another rearrangement. Applying Lemma 2.2.4,
there exists . b > 0 such that
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(i) Epot(Q&b,&b%Q b ) = Epot(Q).
(ii) Tb(Q

&b,&b%Q b ) ) Tb(Qb) with equality only if Q&b,&b%Q b = Qb.
By lower semicontinuity, we have

Tb ) Tb(Qb) ) lim inf
n' + $

Tb(Q
&b,&b

n %
f b

n ) ) lim
n' + $

Tb(f b
n ) = Tb.

Therefore Tb(Q
&b,&b%Q b ) = Tb(Qb) = Tb which implies that Qb = Q&b,&b%Q b . In particular,

Qb takes the desired form (2.2.3) and similar arguments as in Section 1.2.2, Step 3, give
the regularity of Qb stated in Theorem 2.1.1.

Step 4. We prove here that the above constructed sequence(Qb) converges toQ in Ej ,
as b - 0. Remark Þrst that Q0 = Q and then . 0 = 1 . Indeed, we claim that Q0 and
Q are two radially symmetric equimeasurable steady states of (2.1.1) (with " = 0 ), which
minimize (2.1.5), and have the same kinetic energy. This enables to apply Lemma 1.1.2
(ii) and conclude that Q0 = Q. Let us prove this claim. First, sinceQ is a steady state of
(2.1.1) which minimizes (2.1.5), and sinceQ0 is equimeasurable toQ, we have

K (Q0) % K (Q) = 1 .

Second,Q0 being a minimizer of (2.2.5) with b = 0 , and sinceEpot(Q0) = Epot(Q), we also
have

K (Q) % K (Q0).

This yields K (Q) = K (Q0) = 1 and then Q and Q0 are both minimizers of (1.1.14). Since
these functions are equimeasurable, the claim is proved.

Now, similarly as for (2.2.43), one can prove that

lim sup
b' 0

$
|v|2

2
Qb )

$
|v|2

2
Q.

Moreover, sinceQ is a minimizer of (2.1.5), the function Qb satisÞes
$

|v|2Qb %
$

|v|2Q

for all b. Thus, we have $
|v|2

2
Qb -

$
|v|2

2
Q as b - 0 (2.2.26)

and the sequence(Qb) satisÞes

Qb # Eq(Q) and
H (Qb)

(| v|2Qb( L 1
- 0.

Thus, by Proposition 1.3.1 of chapter 1, one deduces that we have

Qb

*
( b x,

v
( b

+
- Q in Ej , where ( b =

*
(| v|2Q( L 1

(| v|2Qb( L 1

+ 1/ 2

. (2.2.27)

From (2.2.26), we Þnally deduce that( b - 1 and that

Qb - Q in Ej as b - 0. (2.2.28)
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Step 5: convergence of(. b) as b - 0. We recall that Qb takes the form (2.2.3), thus
satisÞes the equation

vá" xQb! . b" x ! Qb á" vQb+ b- (x) (x á " xQb ! v á " vQb) ! b(x áv)" x - á" vQb = 0 . (2.2.29)

We aim to apply Lemma 2.3.1. Multiply the two last terms of (2.2.29) by x áv and integrate
on R6. Integrations by parts give

$

R6
(x áv) b- (x) (x á " xQb ! v á " vQb) dxdv = ! b

$

R6
(x áv)(x á " - )Qbdxdv

and

!
$

R6
b(x áv)2 " x - á " vQbdxdv = +2 b

$

R6
(x áv)(x á " - )Qbdxdv.

Then, from Lemma 2.3.1,

. bEpot(Q) !
$

R6
|v|2Qb(x, v)dxdv = b

$

R6
(x áv)(x á " - )Qbdxdv, (2.2.30)

where :
:
:
:b

$

R6
(x áv)(x á " - )Qbdxdv

:
:
:
: ) bR2

$ (" - ( L #
( Q( L 1 + (| v|2Qb( L 1

2
.

Using (2.2.26), (2.2.30) andH (Q) = 0 , we obtain . b - 1 as b - 0.

Step 6: choice ofr$ . Now, we seekr$ such that, for all b # [0, b&], Supp(%Qb) 7 B (0, r$ ).
We have seen that Lemma 2.2.3(i) gives

Supp(Qb) 7
.

(x, v), . b! Qb(x) < a # 1
b,&b%Q b

(r&) +
(b&R$ )2

2

/
, (2.2.31)

where r& is deÞned by (2.2.14). Remark Þrst that from the continuity of the function
(b,! ) .- a# 1

b,%(r&) in Lemma 3.4.1, we deduce

a# 1
b,&b%Q b

(r&) - a# 1
0,%Q

(r&) < 0 as b - 0.

Let b&
3 > 0 small enough such that for all0 < b < b &

3

a# 1
b,&b%Q b

(r&)

. b
<

a# 1
0,%Q

(r&)

2
,

(b&R$ )2

2. b
<

:
:
:a# 1

0,%Q
(r&)

:
:
:

4
and ( Qb( Ej ) 2( Q( Ej ,

where we recall thatQb - Q in Ej . Then, for b ) min(b&, b&
3), (2.2.31) yields

Supp(%Qb) 7

6

x # R3, ! Qb(x) <
a# 1

0,%Q
(r&)

4

H

. (2.2.32)

Moreover, by (2.2.8), the function ! Qb satisÞes

! Qb(x) % !
C( Qb( Ej

|x|3/ 2
% !

2C( Q( Ej

|x|3/ 2
, (2.2.33)
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where C is a universal constant. Now we set

r$ =

&
8C( Q( Ej

a# 1
0,%Q

(r&)

( 2/ 3

, (2.2.34)

and observe that, as mentionned in Proposition 2.2.1, the constant r$ depends only on
Q and ! Q . From (2.2.32) and (2.2.33), renotingb& = min( b&, b&

3), we deduce that, for
0 ) b ) b&,

Supp(%Qb) 7
0

x # R3, |x| < r $
1

.

Finally we have just to prove the Lemma 2.2.5 to complete the proof of Proposition 2.2.1.

Proof of Lemma 2.2.5. We proceed by contradiction. We suppose that there exists a
sequencebk going to 0 ask - + * and a sequence(f k ) such that, for all k, the function
f k # Ej satisÞes (2.2.23), (2.2.24) and

lim sup
&' + $

Epot(Q
&bk ,&%f k ) ) Epot(Q). (2.2.35)

From the Cauchy-Schwarz inequality, we have for all. > 0

!
$

R6
! f k Q&bk ,&%f k ) Epot(Q

&bk ,&%f k )
1
2 Epot(f k )

1
2 , (2.2.36)

and thus the inequality (2.2.35) implies, for all k,

lim sup
&' + $

*
!

$

R6
! f k Q&bk ,&%f k

+
) Epot(Q). (2.2.37)

Moreover, by Lemma 2.2.3(i) , for all k, we have

Supp(Q&bk ,&%f k ) 7
.

(x, v),
|v|2

2
! bkR$ |v| + .! f k (x) < a # 1

bk ,&%f k
(r&)

/

7

!
"

#
(x, v), ! f k (x) <

a# 1
bk ,&%f k

(r&)

.
+

(bkR$ )2

2.

I
J

K
.

Now, from the explicit expression ofabk ,&%f k
and for e = a# 1

bk ,&%f k
(r&), we get

r& = abk ,&%f k
(e) % a0,&%f k

(e) = . 3/ 2a0,%f k

2 e
.

3
,

and then,
e
.

+
(bkR$ )2

2.
) a# 1

0,%f k
(. # 3/ 2r&) +

(bkR$ )2

2.
. (2.2.38)

Since, as. - + * , the right-hand side of (2.2.38) goes toa# 1
0,%f k

(0) = !( ! f k ( L # # [!* , 0[,
we deduce that

lim sup
&' + $

*
!

$

R6
! f k Q&bk ,&%f k

+
% (! f k ( L # ( Q( L 1 % (! f k ( L # ( f k ( L 1 % Epot(f k ). (2.2.39)
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Hence, from (2.2.37) andEpot(f k ) = Epot(Q), the inequalities in (2.2.39) are all equalities.
Thus the sequence(f k ) satisÞes for allk,

( f k ( L 1 = ( Q( L 1 and ( ! f k ( L # ( f k ( L 1 = Epot(Q). (2.2.40)

Now we will prove that (f k ) is a minimizing sequence for the variational problem (1.1.14)
with M 1 = ( Q( L 1 and M j = ( j (Q)( L 1 . First, from (2.2.24) and (2.2.40), we haveTbk (f k ) )
Tbk . Combining it with

Tbk (f k ) %
$

|v|2

2
f k ! bkR$

$
1 + |v|2

2
f k % (1 ! bkR$ )

$
|v|2

2
f k !

bkR$

2
( Q( L 1 (2.2.41)

and with

Tbk ) Tbk (Q) =
$

|v|2

2
Q (2.2.42)

given by the deÞnition ofTbk and the radial symmetry of Q, we obtain

lim sup
k' + $

$
|v|2

2
f k )

$
|v|2

2
Q. (2.2.43)

Finally, using Epot(f k ) = Epot(Q), H (Q) = 0 and the interpolation inequality (1.1.7) which
gives a lower bound for(| v|2f k ( L 1 , one gets

( f k ( L 1 = ( Q( L 1 , lim sup
k' + $

( j (f k )( L 1 ) ( j (Q)( L 1 and lim sup
k' + $

H (f k )
(| v|2f k ( L 1

) 0. (2.2.44)

Thus, following the proof of Proposition 1.3.1 of chapter 1, onededuces that there exists
a minimizer f of the variational problem (2.1.5) with M 1 = ( Q( L 1 and M j = ( j (Q)( L 1

having the same kinetic energy asQ, and such that, up to a subsequence,

öf k (x, v) = f k

*
( kx,

v
( k

+
- f in Ej , where ( k =

*
(| v|2Q( L 1

(| v|2f k ( L 1

+ 1/ 2

. (2.2.45)

Recall that Q is a steady state of (2.1.1), thusJ (M 1, M j ) = 1 . Since
D

|v|2f =
D

|v|2Q,
this yields Epot(f ) = Epot(Q). Furthermore, from

Epot(Q) = Epot(f k ) = ( 2
kEpot( öf k ) andEpot( öf k ) - Epot(f ) = Epot(Q),

we deduce that
( k - 1 as k - + * .

Moreover, we deduce from Theorem 1.1.1 thatf is continuous and satisÞes the expression
(1.1.15). Therefore! f cannot be constant on Supp(%f ), which implies

Epot(Q) = Epot(f ) < ( ! f ( L # ( f ( L 1 = ( ! f ( L # ( Q( L 1 . (2.2.46)

On the other hand, from (2.2.40) and the rescaling inequalities ofAppendix 1.4.1, we get

( ! öf k
( L # = ( 2

k
Epot(f )
( f ( L 1

-
Epot(f )
( f ( L 1

as k - + * .
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Hence, since! öf k
converges to! f in L 3, we have

( ! f ( L # ) lim
k' + $

( ! öf k
( L # =

Epot(f )
( f ( L 1

,

which contradicts the strict inequality (2.2.46). The proof of Lemma 2.2.5 is complete.

2.3 Appendix: Virial identity

In this Appendix, we prove the following lemma.

Lemma 2.3.1. Let f # Ej be a continuous and compactly supported function which satisÞes

v á " x f ! " x ! M
f á " v f = g (2.3.1)

in the distributional sense, whereg belongs toL 1(R6). Then the following virial identity
holds:

E M
pot(f ) !

$

R6
|v|2f (x, v)dxdv = !

$

R6
(x áv)g(x, v)dxdv. (2.3.2)

Proof. First, integrations by parts give
$

R6
(x áv) (v á " x f ) dxdv = !

$

R6
|v|2f (x, v)dxdv

and

!
$

R6
(x áv) " x ! M

f á " v f dxdv =
$

R3
%f x á " x ! M

f dx.

Therefore, it remains to prove that this term is well deÞned and satisÞes
$

R3
%f x á " x ! M

f dx = E M
pot(f ). (2.3.3)

We observe that %f # L 1 0 L $ (R3) since f is continuous and compactly supported. In
particular, we have (! !) 1/ 2! M

f = ! %f # L 2(R3). Moreover, from (1.1.3) we get! M
f #

L q(R3) for all q #]3
2 , + * ], in particular ! M

f # L 2(R3). We thus have ! M
f # H 1(R3) and

the integral in (2.3.3) is well deÞned.
Let us now regularize the Manev kernel, setting for, > 0

! '
f (x) = ! (! !) # 1/ 2# ' / 2%f = ! C'

$

R3

%f (y)
|x ! y|2# ' dy.

We have clearly! '
f - ! M

f in H 1(R3) as , - 0 and then

lim
' ' 0

$

R3
%f x á " x ! '

f dx =
$

R3
%f x á " x ! M

f dx.
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Moreover, we have
$

R3
%f x á " x ! '

f dx = (2 ! , )C'

$

R3
%f (x)%f (y)

x á(x ! y)
|x ! y|4# ' dxdy

=
2 ! ,

2
C'

$

R3

%f (x)%f (y)|x ! y|2

|x ! y|4# ' dxdy.

Passing to the limit as , - 0 yields (2.3.3). The proof is complete.
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Chapter 3

Stable ground states for the
relativistic Vlasov-Poisson system

N.B. : Notons que ce chapitre sera prochainement soumis pourpublication, ce qui ex-
plique la langue anglaise employŽe.

3.1 Introduction and main results

3.1.1 Introduction to the relativistic Vlasov-Poisson sys tem

The relativistic Vlasov-Poisson system in dimension three reads:
!
77"

77#

$t f +
v

%
1 + |v|2

á " x f ! " x ! f á " v f = 0 , R+ $ R3 $ R3,

f (t = 0 , x, v) = f 0(x, v) % 0,

(3.1.1)

where the gravitationnal Poisson Þeld! f is deÞned for allt # R+ by
!
"

#
! ! f (t, x ) = %f (t, x ) =

$

R3
f (t, x, v )dv,

! f (t, x ) - 0 as |x| - + * .
(3.1.2)

This expression is equivalent to:

! f (x) = !
1

4#|x|
3 %. (3.1.3)

This nonlinear transport system describes the evolution of a stellarsystem subject to its
own gravity with some relativistic corrections.

Nowdays, the Cauchy problem of both classical and relativistic Vlasov-Poisson systems
is not well understood: although the existence of local weak solutions has been proved ,
the question of its uniqueness remains unknown (see [15]). Moreover,for the relativistic
case (3.1.1), in the most recent works about the Cauchy problem of smooth solutions, only
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90 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

radial smooth initial data have given results (see [23] and [37]). In particular, Glassey and
Schae!er [23] have proved for radial smooth solutions that a blow-up in Þnite time T is
caracterised by the blow-up of the kinetic energy

$

R6

2%
|v|2 + 1 ! 1

3
f (t, x, v )dxdv - + * as t - T.

There holds for smooth enough solutions of system (3.1.1) some important conservation
properties: Þrst, the total Hamiltonian

H (f (t)) =
$

R6

2%
|v|2 + 1 ! 1

3
f (t, x, v )dxdv !

1
2

$

R3
|" ! f (t, x )|2 dx, (3.1.4)

is preserved in time and second we have the conservation of all Casimirfunctions: for all
' # C1(R+ , R+ ) such that ' (0) = 0 ,

$

R6
' (f (t, x, v ))dxdv =

$

R6
' (f 0(x, v))dxdv. (3.1.5)

The property (3.1.5) is equivalent to the conservation of the distribution function:

' t % 0, µf (t ) = µf 0 , (3.1.6)

where the distribution function µf is deÞned by

' s % 0, µf (s) = meas{ (x, v) # R6, f (x, v) > s } . (3.1.7)

Remark that in particular, the L p norms of f are conserved.
In this paper, we will consider weak solutions to (3.1.1) in the natural energy space

Ep =
8

f % 0 with f # L 1(R6) 0 L p(R6) and
%

1 + |v|2f # L 1(R6)
9

. (3.1.8)

For all f 0 # Ep, the system (3.1.1) admits a local renormalized solutionf (t). This
solution satisÞes (3.1.5) and (3.1.6) but the conservation of Hamiltonian does not occur in
general: it only remains

' t % 0, H (f (t)) ) H (f 0). (3.1.9)

Note that, from this nonincreasing property and from (3.1.5), the kinetic energy will be
bounded if f 0 satisÞes a certain subcritical condition

Cp ( f 0(
2p! 3

3( p! 1)

L 1 ( f 0(
p

3( p! 1)

L p < 1. (3.1.10)

Indeed, from Hardy-Littlewood-Sobolev inequality, the potential energy satisÞes

for all f # Ep,
1
2

$

R3
|" ! f |2 dx ) Cp ( f (

2p! 3
3( p! 1)

L 1 ( f (
p

3( p! 1)

L p

)
)
)
%

1 + |v|2f
)
)
)

L 1
(3.1.11)

whereCp is deÞned as the best corresponding constant and thus the kinetic energy can be
controled thanks to

H (f ) %
*

1 ! Cp ( f (
2p! 3

3( p! 1)

L 1 ( f (
p

3( p! 1)

L p

+ )
)
)
%

1 + |v|2f
)
)
)

L 1
! ( f ( L 1 . (3.1.12)

Hence we have global existence for the system (3.1.1) as soon asf 0 satisÞes the subcritical
condition (3.1.10).
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3.1.2 Main results and strategy of the proof

Our main result gives the nonlinear stability of a large class of stationary solutions for
the relativistic Vlasov-Poisson equation. We adapt here a similar result for the classical
Vlasov-Poisson equation [42].

Note (see [7]) that the radial steady states of the system (3.1.1)are the functions of
the form

Q(x, v) = F (e, l),

where e and l are respectively the miscroscopic energy and the kinetic momentum given
by

e(x, v) =
%

|v|2 + 1 ! 1 + ! Q(x) and l = |x + v|2.

An important question which has been the subject of several works is the question of
nonlinear stability of these steady states whenF satisÞes

$F
$e

< 0.

For some of these stationary solutions, built as minimizers of suitable functional, the
concentration-compactness Lemma ([45]- [46]) allows to prove their stability, see for exam-
ple [40]. Here we get the nonlinear stability of all these stationary solutions in the energy
spaceEp, deÞned by (3.1.8), with respect to its natural norm :

( f ( Ep = ( f ( L 1 + ( f ( L p + (
%

1 + |v|2f ( L 1 .

Theorem 3.1.1 (Stability of spherical models). Let Q be a spherical, continuous, non-
negative, non zero, compactly supported steady solution to(3.1.1). Assume that Q is a
nonincreasing function of its microscopic energy, i.e. there exists a continuous function
F : R - R+ such that for all (x, v) # R6

Q(x, v) = F
2%

|v|2 + 1 ! 1 + ! Q(x)
3

, (3.1.13)

and there existse0 < 0 such thatF (e) = 0 for e % eQ , F is decreasing andC1 on (!* , eQ).
Let p > 3

2 . Then Q is orbitally stable in the Ep-norm by the ßow (3.1.1) : for all , > 0
there exists/ > 0 such that the following holds true. Letf 0 # Ep be such that

( f 0 ! Q( Ep
) / (3.1.14)

and let f (t) be a corresponding renormalized solution to(3.1.1) on [0, T). Then for all
t # [0, T) there exists a continuous translation shiftz(t) such that

( f (t, x, v ) ! Q(x ! z(t), v)( Ep
) , . (3.1.15)

In the radial case, since a blow-up in Þnite time is equivalent to a blow-up of the
kinetic energy, Theorem 3.1.1 provides global existence when the initial data is near the
non necessary subcritical functionQ. The existence of suchQ away from all subcritical
class of functions is an open problem.
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Stategy of the proof: This proof uses arguments developped in [42] which treats the

same stability problem for the classical gravitational Vlasov-Poisson system. But here two
new main di" culties appear: the Þrst one is that the studied class of functions in the
energy spaceEp does not imply the boundness of the potentials and the second one is
related to the breaking homogeneity character of the relativistic problem. Let us give the
global strategy of the proof.

For f # Ep, we know that there exists a nonnegative function onR+ , f &, which is the
Schwarz symmetrization off , such that

' s % 0, µf (s) = µf " (s).

We can similarly build a rearrangement with respect to the microscopic energy

e(x, v) =
%

|v|2 + 1 ! 1 + ! (x),

for a non zero potential ! . This rearrangement f &% is deÞned by

f &% = f & 2 a% with a%(( ) = meas{ (x, v), e(x, v) < ( }

and satisÞes (as observed in [2])

µf = µf " ! , H (f &%f ) ) H (f ) and Q = Q&%Q .

Now by deÞning the functionnalJ by

J (! ) = H (Q&%) +
1
2

)
) " ! Q" ! ! " !

)
) 2

L 2 ,

we shall prove that

H (f ) ! H (Q) % J (! f ) ! J (! Q) +
$ + $

0
a# 1

%f
(s)( f &(s) ! Q&(s))ds. (3.1.16)

Hence we can reduce our problem to the study of the functionnalJ which only depends
on the potential ! . Moreover, from the Polya-Szego inequality, we get

J (! &) ) J (! )

where ! & is the Schwarz symmetrization of! , and therefore the study of J can be re-
stricted to radial modes. We then use the Burchard-Guo compactness result [16] to get
the compactness of! from that of ! &.

Our proof is performed in two steps:
(i) To prove the local coercivity of J on radial potentials ! near ! Q .
(ii) To prove Theorem 3.1.1 via a local compactness proposition thanks to (3.1.16). The
second step will be deduced from (3.1.16) and equimeasurability arguments derived from
the rigidity of the ßow. The local coercivity stated in step 1 will follow from the Taylor
expansion near! Q for radial potentials

J (! ) ! J (! Q) =
1
2

D 2J (! Q)( ! ! ! Q , ! ! ! Q) + 2
,
(" ! ! " ! Q( 2

L 2

-
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3.2. COERCIVITY OF THE FUNCTIONAL J 93

and from the strict coercivity of the quadratic form D 2J (! Q). To prove this coercivity, we
follow the same lines as [42] where a PoincrŽ-like inequality was proved for the classical
Vlasov-Poisson system. This inequality is a generalisation of AntonovÕs type coercivity
estimate and is based on a Hšrmander approach [33, 34]. The main newdi" culties here,
lie in the control of the jacobian a% which can not be bounded in general because of the
non boundness of the potential and the homogeneity breaking.

3.2 Coercivity of the functional J

The aim of this section is to prove the following proposition 3.2.2 below. Our study
is based on rearrangements with respect to the microscopic energy. To deÞne these rear-
rangements, we introduce, forq > 3,

$ q =
.

! # L q(R3) s.t. ! ) 0, m(! ) > 0, " ! # L 2(R3), lim
|x |' + $

! (x) = 0
/

, (3.2.1)

with
m(! ) = inf

x" R3
(1 + |x|) |! (x)|, (3.2.2)

and the norm on $ q

( ! ( " q
= (" ! ( L 2 (R3 ) + ( ! ( L q (R3 ) . (3.2.3)

The space$ q is a natural space for the potential of distribution functions in Ep, as given
by the following lemma.

Lemma 3.2.1. Let f # Ep non zero with p > 3
2 . Then the potential ! f belongs to$ q for

all 3 < q ) 3(4p# 3)
p (< 12).

Proof. From classical interpolation methods and from the Hardy-Littlewood-Sobolev in-
equality, we have for f # Ep with p > 1

%f # L r (R3), 1 ) r )
4p ! 3
3p ! 2

and ! f # L q(R3),
3
2

< q )
3(4p ! 3)

p
.

Moreover, for p > 3
2 the Hardy-Littlewood-Sobolev inequality implies that " ! f belongs to

L 2(R3). We prove now that m(! f ) deÞned by (3.2.2) is positive. Sincef is non zero, the
density %f is non zero, too. Hence there existsR > 0 such that

M :=
$

|x |<R
%f (x)dx > 0.

We have then

|! f (x)| =
$

R3

%f (y)
4#|x ! y|

dy %
$

|y|<R

%f (y)
4#|x ! y|

dy %
$

|y|<R

%f (y)
4#(|x| + R)

dy.

Finally,
(|x| + R) |! f (x)| % M,

which concludes the proof of lemma 3.2.1.
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Now for ! # $ q and f # Ep with p > 3
2 , we deÞne the jacobiana% by

' e < 0, a%(e) = meas
8

(x, v) # R6 :
%

|v|2 + 1 ! 1 + ! (x) < e
9

, (3.2.4)

and the rearrangement with respect to the microscopic energy by

f &% =

!
7"

7#

f &
2

a%

2%
|v|2 + 1 ! 1 + ! (x)

33
if

%
|v|2 + 1 ! 1 + ! (x) < 0

0 if
%

|v|2 + 1 ! 1 + ! (x) % 0,

(3.2.5)

where f & is the Schwarz-symmetrization of f in R6. In Appendix 3.4 we recall some
properties about the Schwarz symmetrization and we give all the properties we need about
the Jacobian and the rearrangement with respect to the microscopic energy. In particular,
f &% is well deÞned inEp and the function Q deÞned in Theorem 3.1.1 satisÞesQ = Q&%Q .

Using these deÞnitions, we introduce the functionalJ on $ q deÞned by

J (! ) =
$

R6

2%
|v|2 + 1 ! 1 + ! (x)

3
Q&%dxdv +

1
2

(" ! ( 2
L 2 , (3.2.6)

which is equivalent to

J (! ) = H (Q&%) +
1
2

)
) " ! Q" ! ! " !

)
) 2

L 2 . (3.2.7)

We claim now the following Proposition which we prove in the next subsections.

Proposition 3.2.2 (Local coercivity of the functional J ). There exists a constant"0 > 0
such that, for all q > 3, the following holds true. Let a sequence! n of $ q such that

' n # N, (" ! n ! " ! Q( L 2 ) "0 and lim
n' + $

J (! n ) ) J (! Q). (3.2.8)

Then there exists a sequence of translation shifts in spacexn such that

(" ! n ! " ! Q(á ! xn )( L 2 - 0 as n - + * . (3.2.9)

This coercivity of the functional J near ! Q is the Þrst step to prove the stability of Q
stated in Theorem 3.1.1. To obtain it, on the one hand, we will look for a second order
Taylor expansion of J around ! Q and, on the second hand, we will control the second
derivative of J at ! Q thanks to a PoincarŽ-type inequality.

3.2.1 Second order Taylor expansion of J at ! Q

In order to prove Proposition 3.2.2 we give Þrst a Taylor expansion of the functional J
near the potential ! Q .
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3.2. COERCIVITY OF THE FUNCTIONAL J 95

Lemma 3.2.3 (Taylor expansion of J ). Let 6 < q < 12 and ! , ÷! # $ q. Then the function

( .- J (! + ( ( ÷! ! ! ))

is twice di"erentiable on [0, 1].
Moreover, for ! in $ q radially symmetric, there holds the Taylor expansion near! Q :

J (! ) ! J (! Q) =
1
2

D 2J (! Q)( ! ! ! Q , ! ! ! Q) + , ((" ! ! " ! Q( L 2 ), (3.2.10)

where , (" ) = 2(" 2) as " - 0.
Finally the second derivative ofJ at ! Q in the direction h is given by:

D 2J (! Q)(h, h) =
$

R3
|" h|2 dx !

$

R6

:
:F !(e%Q (x, v))

:
: (h(x) ! " h(x))2 dxdv, (3.2.11)

wheree%Q (x, v) =
%

1 + |v|2 ! 1 ! ! Q(x) and " h is the projector deÞned by

" h(x) =

$

R3

2,
1 + e%Q (x, v) ! ! Q(y)

- 2
+

! 1
3 1

2

+

,
1 + e%Q (x, v) ! ! Q(y)

-
h(y)dy

$

R3

2,
1 + e%Q (x, v) ! ! Q(y)

- 2
+

! 1
3 1

2

+

,
1 + e%Q (x, v) ! ! Q(y)

-
dy

. (3.2.12)

Remark that the function " h can be seen as the projection ofh on the functions of the
microscopic energye%Q (x, v). To prove the lemma 3.2.3 we will Þrst prove thatJ is two
times di!erentiable on $ q, then we will evaluate its derivatives on ! Q and Þnally we will
control the rest of the expansion for radially symmetric potentials.

Proof. Let J0 be a functionnal on $ q, deÞned by

J0(! ) =
$

R6

2%
|v|2 + 1 ! 1 + ! (x)

3
Q&%dxdv =

$

R6
e%(x, v)Q&%dxdv. (3.2.13)

Then J is given by

J (! ) = J0(! ) +
1
2

(" ! ( 2
L 2 . (3.2.14)

To di!erentiate J , we just have to di!erentiate J0. Let ! , ÷! # $ q and h = ÷! ! ! . We study
then the function ( .- J0(! + ( h) on [0, 1].
First derivative of J0. From the change of variable (3.4.11), we get

J0(! ) =
$ 0

inf %
eQ&(a%(e))a!

%(e)de =
$ 0

inf %
e(G 2 a%)! (e)de,

where G is the C1 bounded function, with bounded derivative, deÞned by

G(s) =
$ s

0
Q&(4)d4. (3.2.15)
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Moreover, from the property (3.4.8) in lemma 3.4.2, the jacobiana%(e) converges to0 as
e - inf ! . Thus we have[eG 2 a%(e)]0

inf % = 0 and an integration by parts gives

J0(! ) = !
$ 0

#$
G 2 a%(e)de. (3.2.16)

Step 1 : Þrst derivative ofJ0.
To di!erentiate J0 given by (3.2.16), we shall use the LebesgueÕs derivation theorem.

From formula (3.4.9) in the Appendix, we have for all e < 0

$
$(

G(a%+ (h (e)) = Q&(a%+ (h (e))
$

$(
a%+ (h (e) (3.2.17)

with
$

$(
a%+ (h (e) = ! 4#

$

R3
K (e ! ! (x) ! ( h(x)) h(x)dx,

and

K (/ ) =
2

(1 + / )2
+ ! 1

3 1
2

+
(1 + / ). (3.2.18)

Note that the uniform inequality

a%+ (h (e) %
4#
3

$

R3

>

?

&

1 + e+
min{ m(! ), m( ÷! )}

1 + |x|

( 2

+

! 1

A

B

3
2

+

dx

and the compact support ofQ& imply that there exists e0 < 0 such that

' e % e0, ' ( # [0, 1], Q&(a%+ (h (e)) = 0 . (3.2.19)

Moreover, we have for alle < e0, for all ( # [0, 1],
:
:
:
:

$
$(

a%+ (h (e)

:
:
:
: ) 4#

$

R3
K

2
e0 ! ! (x) ! ÷! (x)

3
|h(x)| dx,

and Q&(a%+ (h (e)) ) ( Q( $ . Finally we obtain, by noting ! ( = ! + ( h

$
$(

J0(! ( ) = 4 #
$ 0

#$

$

R3
Q&(a%$ (e))K (e ! ! (x) ! ( h(x)) h(x)dxde. (3.2.20)

Step 2 : second derivative ofJ0.
We keep the previous notations. An integration by parts with respect to e yields

$
$(

J0(! ( ) = !
4#
3

$ 0

#$

$

R3
Q&!(a%$ (e))a!

%$
(e)

2
(1 + e ! ! ( (x))2

+ ! 1
3 3

2

+
h(x)dxde.
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We perform now the change of variables = a%$ (e), which gives

$
$(

J0(! ( ) = !
4#
3

$ L 0

0

$

R3
Q&!(s)

* 2
1 + a# 1

%$
(s) ! ! ( (x)

32

+
! 1

+ 3
2

+
h(x)dxds, (3.2.21)

whereL 0 is the measure of the support ofQ and thus satisÞesSupp(Q&) = [0 , L 0). DeÞne

g(( , x, s) :=
* 2

1 + a# 1
%$

(s) ! ! ( (x)
32

+
! 1

+ 3
2

+
.

From the Þrst step, for all ( # [0, 1] and for all s # [0, L 0], we havea# 1
%$

(s) ) e0 and thus
the set

{ x # R3, g(( , x, s) ,= 0 } 7 { x # R3, ! ( (x) ) e0} 7 { x # R3, ! (x) + ÷! (x) ) e0}

is uniformaly contained in the bounded set# = { x # R3, ! (x) + ÷! (x) ) e0} . Moreover, by
recalling the notations h = ! ! ÷! and

K (/ ) =
2

(1 + / )2
+ ! 1

3 1
2

+
(1 + / ), (3.2.22)

we have for(( , x, s) # [0, 1] $ # $ [0, L 0]

$g
$(

(( , x, s) = 3 K
2

a# 1
%$

(s) ! ! (x) ! ( h(x)
3 *

! h(x) +
$

$(
a# 1

%$
(s)

+
, (3.2.23)

where, from lemma (3.4.2) in Appendix,

$
$(

a# 1
%$

(s) =

$

!
K

2
a# 1

%$
(s) ! ! (x) ! ( h(x)

3
h(x)dx

$

!
K

2
a# 1

%$
(s) ! ! (x) ! ( h(x)

3
dx

.

To di!erentiate (3.2.21) with respect to ( , we Þrst prove at Þxeds # (0, L 0)

$
$(

$

!
g(( , x, s)h(x)dx =

$

!

$g
$(

(( , x, s)h(x)dx. (3.2.24)

Let Þxed s # (0, L 0). We begin by bounding 2
2( a# 1

%$
(s). For all x # R3

! (x) + ( h(x) % ! (x) + ÷! (x) and a# 1
%$

(s) ) e0, (3.2.25)

which provides

0 )
$

!
K

2
a# 1

%$
(s) ! ! (x) ! ( h(x)

3
h(x)dx )

$

!
K

2
e0 ! ! (x) ! ÷! (x)

3
h(x)dx. (3.2.26)

Now denote
# ( =

8
x # R3, ! ( (x) < a # 1

%$

2 s
2

39
.
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98 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

Then the set # ( is included in # and

meas(# ( ) = a%$ 2 a# 1
%$

2 s
2

3
=

s
2

.

Moreover, for all x # # ( , we have

a# 1
%$

(s) ! ! ( (x) % a# 1
%$

(s) ! a# 1
%$

2 s
2

3
,

which, combined with

' / > 0, K (/ ) = ( / (2 + / ))
1
2
+ (1 + / ) %

%
2/ ,

implies $

!
K

2
a# 1

%$
(s) ! ! ( (x)

3
dx %

s
/

2

2
a# 1

%$
(s) ! a# 1

%$

2 s
2

33 1
2 . (3.2.27)

We claim that, at Þxed s > 0, there exists a constantC > 0 such that for all ( # [0, 1]

a# 1
%$

(s) ! a# 1
%$

2 s
2

3
% C. (3.2.28)

Indeed, assume that the property (3.2.28) does not hold, then thereexist ( # [0, 1] and a
sequence(( n ) such that, as n - + * ,

( n - ( and a# 1
%$ n

(s) ! a# 1
%$ n

2 s
2

3
- 0.

From lemma 3.4.2 in Appendix, we conclude that

a# 1
%$

(s) ! a# 1
%$

2 s
2

3
= 0 ,

which is not possible sinces > 0 and a# 1
%$

is strictly increasing on R&
+ . Finally from the

inequalities (3.2.26) and (3.2.27), fors # (0, L 0) there exists a constantCs > 0 such that
for all ( # [0, 1],

$
$(

a# 1
%$

(s) ) Cs.

We can thus uniformly bound
:
:
:
:

$
$(

g

:
:
:
: ) 3

2
1 + e0 ! ! (x) ! ÷! (x)

32

+

2
! ! (x) ! ÷! (x) + Cs

3
,

where we used (3.2.25) and the fact thatK (/ ) ) (1 + / )2
+ . By noticing that the function

! + ÷! belongs toL 3
loc(R3) (since q>3), Lebesgue derivation theorem provides (3.2.24).

Now aim to integrate with respect to s # (0, L 0). We deÞne for alls # (0, L 0) and for
all ( # [0, 1]

I (( , s) :=
$

$(

$

!
g(( , x, s)h(x)dx =

$

!

$
$(

g(( , x, s)h(x)dx,
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3.2. COERCIVITY OF THE FUNCTIONAL J 99

which is continuous function of the variable( . Remark that

I (( , s) = 3
$

!
K

2
a# 1

%$
(s) ! ! ( (x)

3 *
! h(x) +

$
$(

a# 1
%$

(s)
+

h(x)dx,

where, from Cauchy-Schwarz inequality,

$

!
K

2
a# 1

%$
(s) ! ! ( (x)

3 $a# 1
%$

$(
h(x)dx =

* $

R3
K

2
a# 1

%$
(s) ! ! ( (x)

3
h(x)dx

+ 2

$

R3
K

2
a# 1

%$
(s) ! ! ( (x)

3
dx

)
$

R3
K

2
a# 1

%$
(s) ! ! ( (x)

3
(h(x))2 dx.

(3.2.29)
Thus, we have

|I (( , s)| ) 3
$

R3
K

2
a# 1

%$
(s) ! ! ( (x)

3
(h(x))2 dx.

Moreover, sinceQ& is decreasing from( Q( L # to 0, the function Q&! belongs toL 1(0, L 0)
and Þnally, from LebesgueÕs derivation theorem, we get

$2

$( 2 J0(! ( ) = 4 #
$ L 0

0

$

R3
Q&!(s)K

2
a# 1

%$
(s) ! ! ( (x)

3
(h(x))2dxds

! 4#
$ L 0

0
Q&!(s)

* $

R3
K

2
a# 1

%$
(s) ! ! ( (x)

3
h(x)dx

+ 2

$

R3
K

2
a# 1

%$
(s) ! ! ( (x)

3
dx

ds.
(3.2.30)

Using the change of variablee = a# 1
%$

(s), we get

$2

$( 2 J0(! ( ) = 4 #
$ 0

#$

$

R3
Q&!(a%$ (e))a!

%$
(e)K (e ! ! ( (x)) ( h(x))2dxde

! 4#
$ 0

#$
Q&!(a%$ (e))a!

%$
(e)

* $

R3
K (e ! ! ( (x)) h(x)dx

+ 2

$

R3
K (e ! ! ( (x)) dx

de.
(3.2.31)

Step 3: derivatives ofJ at ! Q :
Let ! # $ q and h = ! ! ! Q . Then, by (3.2.20),

DJ 0(! Q)(h) = 4 #
$ 0

#$

$

R3
Q&(a%Q (e))K (e ! ! ( (x)) h(x)dxde

Note that, from lemma 3.4.5, the function F deÞned by theorem 3.1.1 satisÞes

Q&(a%Q (e)) = F (e).
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100 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

Now perform the change of variableu =
2

(1 + e ! ! Q(x))2
+ ! 1

3 1
2

+
with respect to e. Then

DJ 0(! Q)(h) = 4 #
$ + $

0

$

R3
F

2%
1 + |v|2 ! 1 + ! Q(x)

3
u2h(x)dxdu

=
$

R6
Q(x, v)h(x)dxdv.

Hence, from (3.2.14),

DJ (! Q)(h) = DJ 0(! Q)(h) +
$

R3
" ! Q á " hdx = 0 ,

where we used the Poisson equation satisÞed by! Q .
We now give the explicit expression of the second derivative ofJ0 at ! Q . Remark Þrst

that F !(e) = Q&!(a%Q (e))a!
%Q

(e) and thus from (3.2.31),

D 2J0(! Q)(h, h) = 4 #
$ 0

#$

$

R3
F !(e)K (e ! ! ( (x)) ( h(x))2dxde

! 4#
$ 0

#$
F !(e)

* $

R3
K (e ! ! ( (x)) h(x)dx

+ 2

$

R3
K (e ! ! ( (x)) dx

de.

We apply the change of variableu =
2

(1 + e ! ! Q(x))2
+ ! 1

3 1
2

+
with respect to e to get

D 2J0(! Q)(h, h) =
$

R6
F (e(x, v)) ( h(x))2 dxdv !

$

R6
F ! (e(x, v)) ( h(x) ! " h (e(x, v))) ,

where e(x, v) =
%

1 + |v|2 ! 1 + ! Q(x) and " h is the projector on the space of functions
depending only one(x, v), deÞned by (3.2.12). Hence we have

D 2J0(! Q)(h, h) =
$

R6
F (e(x, v)) ( h(x) ! " h (e(x, v))) 2 dxdv,

and the decomposition (3.2.14) provides

D 2J (! Q)(h, h) = D 2J0(! Q)(h, h) +
$

R3
|" h|2 dx, (3.2.32)

which concludes the proof of (3.2.11).

Step 4: proof of the Taylor expansion(3.2.10):
Let ! # $ q radially symmetric and h = ! ! ! Q . We note for ( # [0, 1], ! ( := ! Q + ( h.

Then, using DJ (! Q)(h) = 0 , we have
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3.2. COERCIVITY OF THE FUNCTIONAL J 101

J (! Q + h) ! J (! Q) =
1
2

D 2J (! Q)(h, h)

+ (" h( 2
L 2

$ 1

0
(1 ! ( )

,
D 2J0(! ( ) ! D 2J0(! Q)

-
*

h
(" h( L 2

,
h

(" h( L 2

+
d( . (3.2.33)

It is su" cient to prove that

sup
( " [0,1]

sup
%+öh%L 2 =1

:
:
:
,
D 2J0(! ( ) ! D 2J0(! Q)

- 2
öh, öh

3:
:
: - 0 (3.2.34)

as (" ! ! " ! Q( L 2 - 0 to obtain the Taylor expansion (3.2.10). Note that the functions
öh in (3.2.34) are taken to be radially symmetric. In order to prove (3.2.34) we argue by
contradiction. Let , > 0, * n # $ q, öhn # $ q and ( n # [0, 1] such that

(" * n ! " ! Q( L 2 (R3 ) )
1
n

, (" öhn ( L 2 (R3 ) = 1 , (3.2.35)

and :
:
:
,
D 2J0(! n ) ! D 2J0(! Q)

- 2
öhn , öhn

3:
:
: > , , (3.2.36)

where ! n = (1 ! ( n )! Q + ( n* n . The sequence! n satisÞes

(" ! n ! " ! Q( L 2 (R3 ) )
1
n

. (3.2.37)

We recall from (3.2.30) that

D 2J0(! n )
2

öhn , öhn

3
= 4#

$ L 0

0
Q&!(s)0n (s)ds, (3.2.38)

where

0n (s) =
$

R3
gn (x, s)(öhn (x))2dx !

* $

R3
gn (x, s)öhn (x)dx

+ 2

$

R3
gn (x, s)dx

, (3.2.39)

and

gn (x, s) =
* 2

1 + a# 1
%n

(s) ! ! n (x)
32

+
! 1

+ 1
2

+
(1 + a# 1

%n
(s) ! ! n (x)) .

Notice Þrst that the convergence (3.2.37) implies the convergence of! n to ! Q in L 6(R3).
Thus, from (3.4.8), we have

a# 1
%n

(s) - a# 1
%Q

(s). (3.2.40)

Moreover, we have

|! n (r )| )
$ + $

r

:
:! !

n (r )
:
: dr ) ( r ! !

n (r )( L 2 (R+ )

* $ + $

r

1
r 2 dr

+ 1
2

,
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102 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

where we used the convergence! n (r ) to 0 as r - + * from the deÞnition of $ q. It gives

' r # R&
+ , |! n (r )| )

(" ! n ( L 2 (R3 )/
4#r

)
C

r
1
2

. (3.2.41)

Thus the set of integration in x in the integral (3.2.39) can be restricted to a bounded
domain # uniformly with respect to s # [0, L 0]. Indeed, from the increase ofa# 1

%n
, for all

s # [0, L 0],

Dn (s) := { x # R3 : ! n (x) < a # 1
%n

(s)} 7 { x # R3 : ! n (x) < a # 1
%n

(L 0)} , (3.2.42)

and, since! n # $ q is nonpositive,

Dn (s) 7
.

x # R3 : |x| )
C2

e2
0

/
=: # (3.2.43)

where e0 = supn" N a# 1
%n

(L 0) < 0.

Now, from the local compactness of the Sobolev embeddingúH 1 5- L p
loc for 1 ) p < 6,

there existsöh # úH 1
rad such that, up to a subsequence,

! n - ! Q and öhn - öh in L p(#) as n - + * .

At Þxed s # [0, L 0], these convergences combined with the convergence (3.2.40) provide,
on the one hand, the convergence for alli # { 0, 1, 2} ,

öhi
n - öhi in L 2(# s),

and, on the other hand, the convergence of

x .- gn (x, s)2 = 2 / + 5 / 2 + 4 / 3 + / 4 with / =
2

a# 1
%n

(s) ! ! n (x)
3

+

in L 1
x (#) to g(á, s)2 where

g(x, s) =
* 2

1 + a# 1
%Q

(s) ! ! Q(x)
32

+
! 1

+ 1
2

+
(1 + a# 1

%Q
(s) ! ! Q(x)) .

Thus, for all i # { 0, 1, 2} , as n - + *

gn (x, s)öhi
n - g(x, s)öhi in L 1

x (R3).

The convergence of0n (s), at Þxed s, follows. Now, by Cauchy-Schwarz, we have
:
:
:
:
:
:
:
:
:

* $

R3
gn (x, s)öhn (x)dx

+ 2

$

R3
gn (x, s)dx

:
:
:
:
:
:
:
:
:

)
$

R3
gn (x, s)(öhn (x))2dx,
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3.2. COERCIVITY OF THE FUNCTIONAL J 103

which provides

0 ) 0n (s) )
$

R3
gn (x, s)(öhn (x))2dx

)
$

R3
gn (x, L 0)(öhn (x))2dx.

Thus 0n is uniformly bounded on [0, L 0] and from standard dominated convergence theo-
rem,

D 2J0(! n )
2

öhn , öhn

3
- D 2J0(! Q)

2
öh, öh

3
as n - + * , (3.2.44)

and similarly

D 2J0(! Q)
2

öhn , öhn

3
- D 2J0(! Q)

2
öh, öh

3
as n - + * . (3.2.45)

These convergences contradict (3.2.36), which proves the Taylor expansion (3.2.10) and
concludes the proof of Lemma 3.2.3.

3.2.2 Proof of Proposition 3.2.2.

We use now the Taylor expansion stated in lemma 3.2.3 to obtain the proposition
3.2.2. In a Þrst step we prove the local coercivity of the functionnal J0 near ! Q for radially
symmetric potentials by using a Hardy type control, obtained in a second step. In a
third step, we Þnally pass from radially symmetric modes to general modes by using a
compactness argument [16] which concludes the proof of the proposition 3.2.2.

Step 1: coercivity of the quadratic formD 2J (! Q)
In this step, our aim is to prove that there exists an universalconstant C0 > 0 such

that
' h # úH 1

rad D 2J (! Q)(h, h) % C0(" h( 2
L 2 . (3.2.46)

where the space

úH 1
rad =

.
h # L 2

loc(R3), radially symmetric, s.t. " ! # L 2(R3) and lim
|x |' + $

! (x) = 0
/

.

is a Banch space. We consider the linear operator generated by the HessianD 2(! Q):

L h = ! ! h !
$

R3
|F !(e)|(h ! " h)dv.

Remark that the compactness of the quadratic formD 2J (! Q) on úH 1
rad is given by the

previous proof of the Taylor expansion. From the Fredholm alternative, we have only to
prove the strict posivity

' h # úH 1
rad , h ,= 0 , (L h, h) > 0. (3.2.47)

to obtain the coercivity (3.2.46). From the Taylor expansion (3.2.11), this inequality can be
seen as a PoincarŽ inequality with an explicit constant, and we shall adapt the HšrmanderÕs
proof [33, 34] to obtain it.
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Let us introduce the following operator T deÞned by

T f (e, r) =
$r f

r 2 ((1 + e ! ! Q(r ))2 ! 1)
1
2 (1 + e ! ! Q(r ))

=
$r f

r 2u
/

1 + u2
,

where

u(r, e) =
,
(1 + e ! ! Q(r ))2

+ ! 1
- 1

2
+ . (3.2.48)

Recalling that ! Q(r ) is strictly increasing and that Supp(F ) = [0 , eQ), we shall denote the
space

U = { (r, e), u > 0} = { (r, e), e # (! Q(0), 0), r # (0, r (e)) } with r (e) = ! # 1
Q (e),

Then we deÞne on÷U = U 0 (0, r (eQ)) $ (! Q(0), eQ), for a given h # úH 1
rad , the function

f (r, e) =
$ r

0
(h(+) ! " h(e))

,
(1 + e ! ! Q(+))2 ! 1

- 1
2
+ (1 + e ! ! Q(+))+2d+. (3.2.49)

We can di!erentiate f and get, in particular,

T f = h ! " h. (3.2.50)

Now let , > 0 and study the behavior of f (e, r) for r - 0 and r - r (e) when e belongs to
(! Q(0) + , , ! , ). Notice Þrst that, from (3.2.41), for all + > 0

+
1
2 |h(+)| ) (" h( L 2 , (3.2.51)

and
' e # (! Q(0) + , , ! , ), |" h(e)| ) C' . (3.2.52)

These inequalities combined with the continuity of ! Q imply the existence ofC' > 0 such
that, for all e # (! Q(0) + , , ! , ) and for all r # (0, r (e)) ,

|f (e, r)| ) Cer
5
2 . (3.2.53)

Moreover the function f satisÞes

f (e, r(e)) =
$ + $

0
(h(+) ! " h(e))u(r, e)(1 + e ! ! Q(+))+2d+ = 0 , (3.2.54)

where we used

" h(e) =

$ + $

0
u(+, e)(1 + e ! ! Q(+))h(+)+2d+

$ + $

0
u(+, e)(1 + e ! ! Q(+))+2d+

.
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3.2. COERCIVITY OF THE FUNCTIONAL J 105

Hence, using (3.2.51),(3.2.52) and the increase of! Q , we get for e # (! Q(0) + , , ! , ) and
r # (0, r (e))

|f (r, e)| =

:
:
:
:
:

$ r (e)

r
(h(+) ! " h(e))

,
(1 + e ! ! Q(+))2 ! 1

- 1
2
+ (1 + e ! ! Q(+))+2d+

:
:
:
:
:

) C'
,
(1 + e ! ! Q(r ))2 ! 1

- 1
2
+ (1 + e ! ! Q(r ))

$ r (e)

r
+

3
2 d+,

in which

,
(1 + e ! ! Q(r ))2 ! 1

- 1
2
+ (1 + e ! ! Q(r )) ) (e ! ! Q(r ))

1
2
+ (2 ! ! Q(0))

1
2 (1 ! ! Q(0)) ,

and $ r (e)

r
+

3
2 d+ ) C(r (e) ! r ) ! (e ! ! Q(r )) .

since! !
Q(r ) % inf { ! !

Q(+), + # [r (! , ), r (! Q(0) + , )]} > 0. Finally there exists C' > 0 such
that for all e # (! Q(0) + , , ! , ) and for all r # (0, r (e))

|f (e, r)| ) C' (e ! ! Q(r ))
3
2 . (3.2.55)

Now denote

I (h) =
$

R6
|F !(e)|(h ! " h)2dxdv.

First, passing to the spherical coordinates and performing the change of variable e =%
1 + |v|2 ! 1 + ! Q(r ), we get from (3.2.50)

I (h) = 16#2
$

|F !(e)|(h ! " h)2r 2u(e, r)
%

1 + u(e, r)2drde

= 16#2
$ 0

%Q (0)
|F !(e)|de

$ r (e)

0
(h(r ) ! " h(e))$r fdr,

where u(r, e) is deÞned by (3.2.48). Now, from (3.2.55) and (3.2.53), we have

(h(r (e)) ! " h(e)) f (r (e), e) = 0 and lim
r ' 0

(h(r ) ! " h(e)) f (r, e) = 0 ,

from which an integration by parts gives

I (h) ) ! 16#2
$

÷U
|F !(e)|f $r hdedr.

This inequality, combined with the identity

%Q(r ) =
4#
3

$
|F !(e)|u(e, r)3de,
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leads to:

I (h) ) (4#)
3
2 (" h( L 2 (R3 )

>

?
$ r (eQ )

0

dr
r 2

&$ eQ

%Q (r )
|F !(e)|fde

( 2
A

B

1
2

) (4#)
3
2 (" h( L 2 (R3 )

&
3

4#

$ r (eQ )

0

%Q(r )
r 2 dr

$ eQ

%Q (r )
|F !(e)|

f 2

u(e, r)3 de

( 1
2

,

where we used Cauchy-Schwarz inequalities. Performing the changeof variable u = u(e, r)
with respect to e, we Þnally obtain

I (h) ) (" h( L 2 (R3 )

*
3

$
%Q(r )|F !(e)|

f 2

r 4u4
/

1 + u2
dxdv

+ 1
2

. (3.2.56)

Now we claim the following Hardy type control:

I (h) % 3
$ &

%Q(r ) +
! !

Q(r )

r (1 + u2)

(

|F !(e)|
f 2

r 4u4
/

1 + u2
dxdv. (3.2.57)

Assume (3.2.57), then (3.2.56) yields

I (h) + 3
$ ! !

Q(r )

r (1 + u2)
|F !(e)|

f 2

r 4u4
/

1 + u2
dxdv ) (" h( 2

L 2 (R3 ) .

Thus, letting , - 0 yields (L h, h) % 0. Moreover, if (L h, h) = 0 , then f = 0 on ÷U,
which implies h(r ) = " h(e) on ÷U, also 0 = ( L h, h) = (" h( 2

L 2 (R3 ) and Þnally h = 0 . This
concludes the proof of (3.2.47).

Step 2: Hardy type control.
Let us prove now the Hardy type control (3.2.57). Letg be a given smooth function in

÷U and q such that f = qg. After easy computations, we get

(T f )2 = g2(T q)2 + T(q2gTg) !
T2g

g
f 2 % T(q2gTg) !

T2g
g

f 2. (3.2.58)

We take g(e, r) = r 3u(e, r)3. Then, remarking that

$u
$r

= ! ! !
Q(r )

/
1 + u2

u
,

we have

T g =
$r g

r 2u
/

1 + u2
= 3

u2
/

1 + u2
! 3r ! !

Q(r ),

and therefore

T2g =
! 3

ru
/

1 + u2

&

! !!
Q(r ) +

! !
Q(r )

r

*
2 +

1
1 + u2

+ (

.
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Since! ! Q = %Q , it implies

T2g
g

= !
3

r 4u4
/

1 + u2

*
%Q(r ) + ! !

Q(r )
1

r (1 + u2)

+
. (3.2.59)

Injecting this into (3.2.58) and integrating on ÷U yield:

I (h) % 3
$ &

%Q(r ) +
! !

Q(r )

r (1 + u2)

(

|F !(e)|
f 2

r 4u4
/

1 + u2
dxdv

+
$

|F !(e)|T
*

f 2 T g
g

+
dxdv.

, (3.2.60)

where we usedq2gTg= f 2 T g
g . Now

$
|F !(e)|T

*
f 2 T g

g

+
dxdv = 16#2

$ eQ

%Q (0)
|F !(e)|de

$ r (e)

0
$r

*
f 2 T g

g

+
dr.

From (3.2.55) and (3.2.53), we can perform an integration by parts and we get
$

|F !(e)|T
*

f 2 T g
g

+
dxdv = 0 .

We obtain thus the Hardy type control (3.2.57) which concludes the proof of the strict pos-
itivity of the Hessian D 2(! Q) on radial modes (3.2.47) and therefore the coercivity (3.2.46).

Step 3: end of the proof:Let us Þrst prove the proposition 3.2.2 for radially symmetric
potential. Let ! n a sequence of$ q, radially symmetric, such that

' n # N, (" ! n ! " ! Q( L 2 ) "1, lim sup
n' + $

J (! n ) ) J (! Q), (3.2.61)

where"1 will be deÞned later. Then we use the Taylor expansion (3.2.10) and the coercivity
(3.2.46), which holds only for radially symmetric potential:

J (! n ) ! J (! Q) %
C0

2
(" ! n ! " ! Q( 2

L 2 + , ((" ! n ! " ! Q( L 2 ).

Now, since, (" ) = 2(" 2) as " - 0, we can choose"1 such that

' " # [0, "1], , (" ) )
C0

4
" 2.

Thus

J (! n ) ! J (! Q) %
C0

4
(" ! n ! " ! Q( 2

L 2 ,

which Þnally provides, from (3.2.61),

lim J (! n ) = J (! Q) and (" ! n ! " ! Q( L 2 - 0 as n - + * . (3.2.62)
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Let pass now at the general case. We consider a sequence! n of $ q. We deÞne then
! &

n = ! (! ! n )&, the opposite of the Schwarz rearrangement of(! ! n ). We introduce, for all
n # N, the potential ! #

n given by

' x # R3, ! #
n (x) = ! &

n

*
4#
3

|x|3
+

.

It is the Schwarz rearrangement of! n , deÞned as a function ofR3. Then we claim that we
have

J (! #
n ) ! J (! n ) =

1
2

(" ! #
n ( 2

L 2 !
1
2

(" ! n ( 2
L 2 ) 0, (3.2.63)

and that there exists a constant"0 > 0 such that

(" ! n ! " ! Q( L 2 ) "0 implies
)
)
) " ! #

n ! " ! Q

)
)
)

L 2
) "1. (3.2.64)

Assume Þrst that these claims are true and take the sequence! n such that

' n # N, (" ! n ! " ! Q( L 2 ) "0, lim
n' + $

J (! n ) ) J (! Q). (3.2.65)

Then, from (3.2.63) and (3.2.64), the sequence! #
n satisÞes (3.2.61) and therefore satisÞes

(3.2.62). Moreover we obtain the equality

lim
n' + $

J (! #
n ) = lim

n' + $
J (! n ) = J (! Q),

which implies from (3.2.63)

lim
n' + $

(" ! #
n ( L 2 = lim

n' + $
(" ! n ( L 2 . (3.2.66)

From (3.2.62) and (3.2.66), we are in the equality case of the Polya-Szego inequality.
Thanks to Theorem 2 in [16], we obtain the following compactness result: there exists a
sequence of translation shifts in space,xn # R, such that

(" ! n ! " ! Q(á ! xn )( L 2 - 0 as n - + * .

Let us now prove the claims (3.2.63) and (3.2.64). Remark that, from Schwarz rearrange-
ment classical properties, for alln # N, ! #

n belongs to $ q and satisÞes the Polya-Szego
inequality

(" ! #
n ( L 2 ) (" ! n ( L 2 . (3.2.67)

Moreover, for all C1 function ' such that ' (0) = 0 , one has

$

R3
' (! n (x))dx =

$

R3
' (! #

n (x))dx,
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which for e < 0 and for ' (t) =
,
(1 + e ! t)2

+ ! 1
- 3

2
+ implies a%n = a%"

n
given by the

expression (3.4.2). Thus, from (3.2.16),

J (! n ) =
1
2

(" ! n ( 2
L 2 !

$ 0

#$
G(a%n (e))de

=
1
2

(" ! n ( 2
L 2 !

$ 0

#$
G(a%#

n
(e))de,

which provides directly the claim (3.2.63). Let us prove the claim (3.2.64) by a contradic-
tion argument. We assume that there exists a sequence* n in úH 1 such that

(" * n ! " ! Q( L 2 )
1
n

and
)
)
) " * #

n ! " ! Q

)
)
)

L 2
> "1. (3.2.68)

The contractivity property of the rearrangement in L p-norms and a Sobolev embedding
give

( * #
n ! ! Q( L 6 ) ( * n ! ! Q( L 6 ) C(" * n ! " ! Q( L 2 )

C
n

.

Moreover by (3.2.67) and (3.2.68), we have

(" * #
n ( L 2 ) (" * n ( L 2 ) (" ! Q( L 2 +

1
n

. (3.2.69)

Hence * #
n is bounded in úH 1

r and the sequence" * #
n converges to" ! Q in the L 2 weak

topology. In fact, from Fatou lemma, the inequality (3.2.69) implies

lim
n' + $

(" * #
n ( L 2 = (" ! Q( L 2 .

Thus the sequence" * #
n converges to" ! Q in L 2(R3) which contradicts (3.2.68).

Notice that, for all q # (6, 12), the space$ q is included in úH 1 and thus "0 does not depend
on q. The proof of Proposition 3.2.2 is now complete.

3.3 Nonlinear stability of Q

We are now ready to prove Theorem 3.1.1 in this section. The proof is based on the
two following arguments : i) The local coercivity property of J stated in Proposition 3.2.2
which ensures the compactness of the potential Þeld, and ii) The compactness of the whole
distribution function in the energy space.

3.3.1 Local compactness of the distribution function

We will prove in this subsection that the Proposition 3.2.2 implies the following com-
pactness result:

109



110 CHAPTER 3. STABLE GROUND STATES FOR RELATIVISTIC VLASOV-POISSON

Proposition 3.3.1 (Local compactness of local minimizing sequences). Let p > 3
2 . Let

"0 > 0 the constant deÞned in Proposition 3.2.2 and letf n be a sequence ofEp such that

( f &
n ! Q&( L 1 (R) - 0, ( f &

n ! Q&( L p (R) - 0, lim sup
n' + $

H (f n ) ) H (Q), (3.3.1)

and
(" ! f n ! " ! Q( L 2 < "0. (3.3.2)

Then there exists a translation shiftxn such that

( f n ! Q(á ! xn )( Ep
- 0 as n - + * . (3.3.3)

Proof of Proposition 3.3.1. Let (f n ) a sequence ofEp satisfying (3.3.1) and (3.3.2).

Step 1: Compactness of the potential.We Þrst remark that, from inequality (3.4.15),
we have

H (f n ) %
$

R6

2%
|v|2 + 1 ! 1 + ! f n (x)

3
f

&%f n
n dxdv +

1
2

(" ! f n ( 2
L 2 ,

which implies, from the change of variable (3.4.11),

H (f n ) ! J (! f n ) %
$

R6

2%
|v|2 + 1 ! 1 + ! f n (x)

3 2
f

&%f n
n ! Q&%f n

3
dxdv

%
$ + $

0
a# 1

%f n
(s)( f &

n (s) ! Q&(s))ds.

Finally

H (f n ) ! H (Q) % J (! f n ) ! J (! Q) +
$ + $

0
a# 1

%f n
(s)( f &

n (s) ! Q&(s))ds. (3.3.4)

Now, since (f n ) satisÞes (3.3.1) and (3.3.2), the sequence(f n ) is bounded in the energy
spaceEp. From classical interpolation inequalities, for

q =
3(4p ! 3)

p
# (6, 12),

the sequence! f n belongs to$ q and is bounded inL q(R3). Thus, from (3.4.3) we have

:
:
:a# 1

%f n
(s)

:
:
: ) C

*
1

s
1

q! 3

+
1

s
1
q

+
. (3.3.5)

Hence we obtain from Hšlder inequalities
:
:
:
:

$ + $

1
a# 1

%f n
(s)( f &

n (s) ! Q&(s))ds

:
:
:
: ) 2C( f &

n ! Q&( L 1 (R) ,
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and :
:
:
:

$ 1

0
a# 1

%f n
(s)( f &

n (s) ! Q&(s))ds

:
:
:
: ) ( a# 1

%f n
( L p$(0,1)( f &

n ! Q&( L p (R) ,

where p! = p
p# 1 < 3. Notice that p$

q# 3 < 1 which gives, from (3.3.5), the boundness :

( a# 1
%f n

( p$

L p$(0,1)
) 2C

$ 1

0

1

s
p$

q! 1

ds = 2C
*

1 !
p!

q ! 1

+
.

We have then the convergence
$ + $

0
a# 1

%f n
(s)( f &

n (s) ! Q&(s))ds - 0

as n - + * and, injecting this in (3.3.4), we conclude from (3.3.1) that

lim
n' + $

J (! f n ) ) J (! Q). (3.3.6)

Together with the condition (3.3.2), this allows us to apply Proposition (3.2.2) and we
conclude that there exists a sequence of translation shifts in spacexn such that

(" ! f n ! " ! Q(á ! xn )( L 2 - 0 as n - + * . (3.3.7)

Step 2: Convergence off n (á+ xn , á) in Ep. To obtain the convergence in the energy
spaceEp, the method that we chose is very similar with the method developedin [42]. We
renote f n := f n (á+ xn , á). We remark Þrst that sinceQ = Q&%Q

:
:
:
:

$

R6

2%
|v|2 + 1 ! 1 + ! Q

3 2
f &%Q

n ! Q
3

dxdv

:
:
:
: =

:
:
:
:

$ $

0
a# 1

%Q
(s) ( f &

n (s) ! Q&(s)) ds

:
:
:
:

) ( ! Q( L # ( f &
n ! Q&( L 1 ,

and thus $

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3 2
f &%Q

n ! Q
3

dxdv - 0 (3.3.8)

Now, from the inequality (3.4.15), it implies that

lim inf
n' + $

$

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3
(f n ! Q) dxdv % 0.

Hence, since

H (f n ) = H (Q) +
1
2

(" ! f n ! " ! Q( 2
L 2 +

$

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3
(f n ! Q) dxdv,

in which
lim sup
n' + $

H (f n ) ) H (Q) and lim
n' + $

(" ! f n ! " ! Q( L 2 = 0 ,
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we obtain, asn - + * ,
$

R6

2%
|v|2 + 1 ! 1 + ! Q(x)

3
(f n ! Q) dxdv - 0. (3.3.9)

The two convergences (3.3.8) and (3.3.9) yield

Tn :=
$

R6
eQ(x, v)

2
f n ! f &%Q

n

3
dxdv - 0 as n - + * , (3.3.10)

where eQ(x, v) :=
%

|v|2 + 1 ! 1 + ! Q(x). As in the proof of (3.4.15), we write Tn in the
following equivalent form

Tn =
$ + $

t=0
dt

&$

Sn
1 (t )

eQ(x, v)dxdv !
$

Sn
2 (t )

eQ(x, v)dxdv

(

,

where
Sn

1 (t) = { (x, v) # R6, f &%Q
n (x, v) ) t < f n (x, v)} ,

Sn
2 (t) = { (x, v) # R6, f n (x, v) ) t < f &%Q

n (x, v)} .

From (3.4.25), we have

' (x, v) # Sn
1 (t), eQ(x, v) % (f &

n 2 a%Q )# 1(t).

Thus

Tn %
$ + $

t=0
dt

&$

Sn
1 (t )

(f &
n 2 a%Q )# 1(t)dxdv !

$

Sn
2 (t )

eQ(x, v)dxdv

(

,

and since meas(Sn
1 (t)) = meas(Sn

2 (t)) for all t # R+ ,

Tn %
$ + $

t=0
dt

$

Sn
2 (t )

<
(f &

n 2 a%Q )# 1(t) ! eQ(x, v)
=

dxdv.

Remark from (3.4.24), that the right term is nonnegative and thus, from (3.3.10), we get
as n - + *

An :=
$ + $

t=0
dt

$

Sn
2 (t )

<
(f &

n 2 a%Q )# 1(t) ! eQ(x, v)
=

dxdv - 0 (3.3.11)

We now claim that this implies

Bn :=
$ + $

t=0
dt

$

! n
2 (t )

<
(Q& 2 a%Q )# 1(t) ! eQ(x, v)

=
dxdv - 0 (3.3.12)

as n - + * where

# n
2 (t) = { (x, v) # R6, f n (x, v) ) t < Q (x, v)} .
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To prove it, we decompose

Sn
2 = ( Sn

2 \ # n
2 ) 1 (Sn

2 0 # n
2 ) and # n

2 = (# n
2 \ Sn

2 ) 1 (Sn
2 0 # n

2 ).

Thus

An ! Bn =
$ + $

t=0
dt

$

! n
2 (t )\ Sn

2 (t )

<
eQ(x, v) ! (Q& 2 a%Q )# 1(t)

=
dxdv

+
$ + $

t=0
dt

$

Sn
2 (t )\ ! n

2 (t )

<
(f &

n 2 a%Q )# 1(t) ! eQ(x, v)
=

dxdv

+
$ + $

t=0
dt

$

Sn
2 (t )) ! n

2 (t )

<
(f &

n 2 a%Q )# 1(t) ! (Q& 2 a%Q )# 1(t)
=

dxdv

(3.3.13)

Now let us examine each term asn - + * . We Þrst observe that for g, h # L 6(R6) we
have $ + $

0
meas({ g < t ) h} )dt =

$

R6
(h ! g)+ dxdv, . (3.3.14)

Thus we obtain
$ + $

0
meas(Sn

2 (t)\ # n
2 (t))dt )

$ + $

0
meas({ Q < t ) f &%Q

n } )dt =
$

R6
(f &%Q

n ! Q)+ dxdv,

which gives, from (3.3.1),
$ + $

0
meas(Sn

2 (t)\ # n
2 (t))dt ) ( f &%Q

n ! Q( L 1 = |f &
n ! Q&|L 1 - 0,

and similarly for meas(# n
2 (t)\ Sn

2 (t)) . Using in addition the estimate

|eQ(x, v)| ) | ! Q(0)|,
:
:(f &

n 2 a%Q )# 1(t)
:
: ) | ! Q(0)|,

:
:(Q& 2 a%Q )# 1(t)

:
: ) | ! Q(0)|,

we deduce that the Þrst two terms of (3.3.13) converge to0 as n - + * . We now deal
with the third term. Combining the strong L 1 convergence in (3.3.1), the monotonicity of
f &

n and the continuity of Q&, we get

' e # (! Q(0), 0), f &
n 2 a%Q (e) - Q& 2 a%Q (e) as n - + * .

Thus for e # (! Q(0), 0) such that Q& 2 a%Q (e) > t we have forn large enough

f &
n 2 a%Q (e) > t,

which from the deÞnition of the pseudoinverse(f &
n 2 a%Q )# 1 provides

e ) lim inf
n' + $

(f &
n 2 a%Q )# 1(t).

From the deÞnition of (Q& 2 a%Q )# 1, we conlude that

lim inf
n' + $

(f &
n 2 a%Q )# 1(t) % (Q& 2 a%Q )# 1(t).
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We just inject it into the third term of (3.3.13) to obtain

lim inf
n' + $

(An ! Bn ) % 0.

Moreover, from (3.3.11), from the deÞnition of# n
2 and from (3.4.24), we have

An - 0 and Bn % 0.

We conclude that the convergence (3.3.12) holds true:
$ + $

t=0
dt

$

{ f n * t<Q }

<
(Q& 2 a%Q )# 1(t) ! eQ(x, v)

=
dxdv - 0. (3.3.15)

Sincee .- F (e) is continuous and strictly decreasing with respect toe =
%

|v|2 + 1 ! 1 +
! Q(x) for (x, v) # { Q(x, v) > 0} , we have

t < Q (x, v) implies Q& 2 a%Q )# 1(t) ! eQ(x, v) > 0.

Thus, up to a subsequence,

for a.e. (t, x, v ) # R&
+ $ R6, 1{ f n * t<Q } - 0, as n - + * .

Since1{ f n * t<Q } ) 1{ t<Q } and
$ + $

t=0
dt

$

R6
1{ t<Q } dxdvdt = ( Q( L 1 < + * ,

we may apply the dominated convergence theorem to get:
$ + $

t=0
dt

$

R6
1{ f n * t<Q } dxdvdt - 0 as n - + * ,

which, from (3.3.14) is equivalent to
$

R6
(Q ! f n )+ dxdv - 0 as n - + * . (3.3.16)

Now we write
$

R6
(f n ! Q)+ dxdv )

$

R6
(f n ! f &%Q

n )+ dxdv +
$

R6
(f &%Q

n ! Q)+ dxdv

)
$ + $

0
meas({ f &%Q

n ) t < f n } )dt + ( f &%Q
n ! Q( L 1 ,

where, from the equimeasurability off n and f &%Q
n , we have

$ + $

0
meas({ f &%Q

n ) t < f n } )dt =
$ + $

0
meas({ f n ) t < f &%Q

n } )dt

=
$

R6
(f &%Q

n ! f n )+ dxdv

)
$

R6
(Q ! f n )+ dxdv +

$

R6
(f &%Q

n ! Q)+ dxdv.
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We Þnally get
$

R6
(f n ! Q)+ dxdv )

$

R6
(Q ! f n )+ dxdv + 2 ( f &%Q

n ! Q( L 1 .

Now, since( f &%Q
n ! Q( L 1 = ( f &

n ! Q&( L 1 - 0, we obtain from (3.3.16) theL 1 convergence

( f n ! Q( L 1 (R6 ) - 0 as n - + * . (3.3.17)

Now, from the convergence of" ! f n to " ! Q in L 2(R3) and from (3.3.1) we have

lim inf
n' + $

$

R6

2%
|v|2 + 1 ! 1

3
(f n ! Q) dxdv ) 0. (3.3.18)

But f n converges almost everywhere inR6 to Q, thus we have an equality in (3.3.18) and
thus the convergence is strong:

$

R6

2%
|v|2 + 1

3
|f n ! Q| dxdv - 0 as n - + * . (3.3.19)

Similarly, we remark that

( f n ( L p (R6 ) = ( f &
n ( L p (R+ ) - ( Q&( L p (R+ ) = ( Q( L p (R6 ) ,

when n - + * and we obtain the strongL p convergence and the proof of Proposition 3.3.1
is completed.

3.3.2 Stability from the local compactness

Let p > 3
2 . From the Hardy-Littlewood-Sobolev inequality and Hšlder inequalities, we

have from the classical interpolationÕs inequality:

(" ! f ! " ! g( L 2 ) K ( %f ! %g(
L

6
5

) K ( f ! g(
2p! 3

6( p! 1)

L 1 ( f ! g(
p

6( p! 1)

L p (| v|(f ! g)(
1
2
L 1 .
(3.3.20)

Thus for all f # Ep

( f ! Q( Ep
< , implies (" ! f ! " ! Q( L 2 < K , . (3.3.21)

Let Þxed , 0 > 0 such that

K , 0 <
"0

2
,

where K is the constant in (3.3.21) and"0 is deÞned by Proposition 3.3.1. Let, # (0, , 0).
Then an equivalent reformulation of Proposition 3.3.1 is the following: there exists

0 < / < , 0
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such that the following sentence holds true: iff # Ep is such that

( f & ! Q&( L 1 (R) ) / , ( f & ! Q&( L p (R) ) / , H (f ) ) H (Q) + / , (3.3.22)

and
(" ! f ! " ! Q( L 2 < "0, (3.3.23)

then there exists a translation shift y # R3 such that

( f ! Q(á ! y)( Ep
< , . (3.3.24)

Remark that the assumption (3.3.23) can be replaced by

inf
z" R3

(" ! f (á+ z) ! " ! Q( L 2 < "0. (3.3.25)

Indeed, on the Þrst hand, if the condition (3.3.23) is satisÞed, the condition (3.3.25) is
satisÞed too. In the other hand, if a functionf satisÞes (3.3.22) and (3.3.25), then there
exists z # R3 such that ÷f = f (á+ z,á) satisÞes (3.3.23). But÷f satisÞes (3.3.22) too. Thus
we have (3.3.24) for ÷f and also for f .

Now we prove theorem 3.1.1. Letf 0 # Ep such that

( f 0 ! Q( Ep
< / . (3.3.26)

Let f (t) # F([0, T), Ep) a corresponding renormalized solution to (3.1.1) as stated in [19,
20]. We want to show that f (t) satisÞes (3.3.24) for allt # [0, T).

Let us Þrst prove that f (t) satisÞes (3.3.22) for allt. From (3.3.26), we have

( f 0 ! Q( L 1 (R6 ) ) / , ( f 0 ! Q( L p (R6 ) ) / , H (f 0) ) H (Q) + / ,

and from the property of contraction of symmetric rearrangement:

( f & ! Q&( L p (R+ ) ) ( f ! Q( L p (R6 ) ,

we deduce thatf 0 satisÞes (3.3.22). By conservation of the ßow, we have

' t # (0, T), f (t)& = f &
0 and H (f (t)) ) H (f 0).

We conclude that (3.3.22) is satisÞed for allt # (0, T).
Let us now prove that (3.3.25) is satisÞed for allt # (0, T). At t = 0 , since / < , 0,

from (3.3.21), we have

(" ! f 0 ! " ! Q( L 2 <
"0

2
.

Moreover, from the regularity of the ßow, the potential satisÞes

t .- " ! f (t ) # C([0, T), L 2(R3)) ,

which provides the continuity on [0, T) of the function

' : t .- inf
z" R3

)
) " ! f (t ) (á+ z) ! " ! Q

)
)

L 2 ,
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Indeed for all z # R3, we have the uniform boundness
:
:
:
)
) " ! f (t ) (á+ z) ! " ! Q

)
)

L 2 !
)
) " ! f (t0 ) (á+ z) ! " ! Q

)
)

L 2

:
:
:

)
)
) " ! f (t ) (á+ z) ! " ! f (t0 ) (á+ z)

)
)

L 2 =
)
) " ! f (t ) ! " ! f (t0 )

)
)

L 2 ,

which provides the continuity of ' . Now, by a contradiction argument, assume that there
exists t1 > 0 such that ' (t1) > "0. Since ' (0) < "0/ 2 there exists t2 > 0 such that
' (t2) = 3 "q/ 4. In particular, f (t2) satisÞes (3.3.22) and (3.3.25) and thus there exists
z(t2) # R3 such that

( f (t2) ! Q(á ! x(t2)) ( Ep
< , < , 0.

Injecting it into (3.3.21), we conclude that ' (t2) < "0/ 2, which contradicts our assumption.
The proof of Theorem (3.1.1) is complete.

3.4 Appendix

We give some useful properties of the jacobiana% given by (3.2.4) and the rearrange-
ment with respect to the microscopic energy deÞned in (3.2.5). We recall that the space
$ q is deÞned forq > 3 by (3.2.1).

3.4.1 Jacobian of the microscopic energy

We Þrst gather in the following two lemmas some important properties of the jacobian
a%.

Lemma 3.4.1 (Properties of the Jacobiana%). Let ! # $ q with q > 3. We recall that the
Jacobian a% is deÞned as

' e < 0, a%(e) = meas
8

(x, v) # R6 :
%

|v|2 + 1 ! 1 + ! (x) < e
9

. (3.4.1)

Then:
(i) We have the explicit formula:

' e < 0, a%(e) =
4#
3

$

R3

,
(1 + e ! ! (x))2

+ ! 1
- 3

2
+ dx. (3.4.2)

Notice that
,
(1 + e ! ! (x))2

+ ! 1
-

+ =
,
(1 + e ! ! (x))2 ! 1

-
1e# %(x)> 0(x).

(ii) a% is C1 on (!* , 0) and is a strictly increasing C1 di"eomorphism from (inf ! , 0)
onto R&

+ , which deÞnesa# 1
% . Moreover there exist two positive constantsC and ÷C such

that for all e < 0 and for all s > 0

a%(e) )
C

|e|q# 3

*
1 +

1
|e|3

+
( ! ( q

L q and a# 1
% (s) % ! ÷C

>

? ( ! (
q

q! 3
L q

s
1

q! 3

+
( ! ( L q

s
1
q

A

B . (3.4.3)

The quantity inf ! is the essential inÞmum of the measurable function! .
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Let prove these properties.

Proof of Lemma 3.4.1. To prove (i) , remark that for e < 0

%
|v|2 + 1 ! 1 + ! (x) < e :

8
! (x) < e and |v| <

,
(1 + e ! ! (x))2

+ ! 1
- 1

2
+

9
.

Since lim
|x |' + $

! = 0 , the set
0

x # R3 : ! (x) < e
1

is bounded and since! belongs toL q(R3)

with q > 3, we have! # L 3
loc(R3) which implies

x .-
,
(1 + e ! ! (x))2

+ ! 1
- 1

2
+ belongs toL 3(R3).

Thus for all e < 0, a%(e) is Þnite and after passing to the spherical coordinates in velocity
we obtain the formula (3.4.2).

Proof of (ii) . We deÞneg(e, x) :=
,
(1 + e ! ! (x))2

+ ! 1
- 3

2
+ . Then, for e < e0 < 0,

0 )
$g
$e

(e, x) ) 3
,
(1 + e0 ! ! (x))2

+ ! 1
- 1

2
+ (1 + e0 ! ! (x)) ,

which, as function of the variable x, belongs to L 1(R3). Indeed its support is included
in the bounded set

0
x # R3 : ! (x) < e0

1
and ! # L 2

loc(R3). Hence we may apply the
dominated convergence theorem and get thata% is a C1 function on R&

# , nul on (!* , inf ! ]
(if inf ! is Þnite) and strictly increasing on(inf ! , 0).
We now look for the limit of a%(e) when e - 0. Since! # $ q,

a%(e) %
4#
3

$

R3

&*
1 + e+

m(! )
1 + |x|

+ 2

+
! 1

( 3
2

+

dx - + * as e - 0.

To conclude the proof of(ii) , let us study the behavior of a%(e) as e - !* in the case
inf ! = !* . We observe, from Hšlder inequality, that

a%(e) )
,
meas{ x # R3 : ! (x) < e}

- q! 3
q

&$

%(x)<e

2
(1 + e ! ! (x))2 ! 1

3 q
2 dx

( 3
q

, (3.4.4)

where both terms can be controled. The Þrst term satisÞes

meas{ x # R3 : ! (x) < e} )
$

%(x)<e

*
! (x)

e

+ q

dx )
( ! ( q

L q

|e|q
, (3.4.5)

and the second term
$

%(x)<e

2
(1 + e ! ! (x))2 ! 1

3 q
2 dx )

$

%(x)<e
C (1 + |! (x)|q) dx ) C

*
( ! ( q

L q

|e|q
+ ( ! ( q

L q

+
,
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where we use the inequality (3.4.5). Now, injecting these both inequalities in (3.4.4), we
conclude that there exists a constantC > 0 such that for all e < 0

a%(e) )
C

|e|q# 3

*
1 +

1
|e|3

+
( ! ( q

L q . (3.4.6)

Finally the inverse a# 1
% satisÞes for alls > 0

a# 1
% (s) % ! ÷C

>

? ( ! (
q

q! 3
L q

s
1

q! 3

+
( ! ( L q

s
1
q

A

B , (3.4.7)

and the properties (ii) are proved.

The Þrst lemma 3.4.1 gives Þrst properties about the jacobiana% at Þxed ! # $ q. The
regularity of the jacobian with respect to the potential ! is studied in the following lemma.

Lemma 3.4.2 (Regularity of the Jacobian a% with respect to ! ). Let q > 3. Then
(iii) Let (! n ), (en ) and (sn ) sequences of respectively$ q, R&

# and R&
+ . Assume that

there exist ! # $ q, e # R# 1 {!*} and s # R&
+ 1 { + *} such that

! n - ! in L q(R3), en - e and sn - s.

Then by denotinga%(!* ) = 0 , a%(0) = + * and a# 1
% (+ * ) = 0 , we have

a%n (en ) - a%(e) and a# 1
%n

(sn ) - a# 1
% (s). (3.4.8)

(iv) Let ! , ÷! # $ q and let h = ! ! ÷! . Then the function (( , e) .- a%+ (h (e) is a C1

function on [0, 1] $ R&
# and we have

$
$(

a%+ (h (e) = ! 4#
$

R3
K (e ! ! (x) ! ( h(x)) h(x)dx. (3.4.9)

where the functionK , deÞned by

K (/ ) =
2

(1 + / )2
+ ! 1

3 1
2

+
(1 + / ),

is non decreasing and has its support inR&
+ .

(v) With the same notation as (iv). Let s # R&
+ . Then the function ( .- a# 1

%+ (h (s) is a
C1 function on [0, 1] and we have

$
$(

a# 1
%+ (h (s) =

$

R3
K

2
a# 1

%+ (h (s) ! ! (x) ! ( h(x)
3

h(x)dx
$

R3
K

2
a# 1

%+ (h (s) ! ! (x) ! ( h(x)
3

dx
. (3.4.10)
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Proof. Proof of (iii): From the control of the jacobian (3.4.3), we have directly fore = !* ,

a%n (en ) - 0 = a%(!* ) as n - + * .

Let us now treat the casee < 0 such that e ,= !* . Up to a subsequence, we have the
convergence

2
(1 + en + ! n (x))2

+ ! 1
3 3

2

+
-

2
(1 + e+ ! (x))2

+ ! 1
3 3

2

+

almost everywhere inR3. To obtain the convergence inL 1(R3), from a generalized domi-
nated convergence theorem, we have just to prove the followingL 1-convergence,

gn :=
2

(1 + e0 + ! n )2
+ ! 1

3 3
2

+
-

2
(1 + e0 + ! )2

+ ! 1
3 3

2

+
=: g

where e0 = inf
n" N

en < 0. In order to do it, we deÞne the set

# =
8

x # R3, ! (x) <
e0

2

9
.

Since# is included in a compact set, the convergence ofgn to g in L 1(#) comes from the
convergence of! n to ! in L 3

loc(R3). Out of # we haveg(x) = 0 and, from a similar Hšlder
inequality as (3.4.4), we get

$

R3 \ !
gn (x)dx ) C

*
( ! n ( q

L q

|e|q
+ ( ! n ( q

L q

+ 3
q 2

meas{ x # R3 : ! n (x) < e0, ! (x) %
e0

2
}
3 q! 3

q

) C
2

meas{ x # R3 : |! n (x) ! ! (x)| %
e0

2
}
3 q! 3

q

) C
*

2( ! n ! ! ( L q

e0

+ q# 3

.

Thus the sequencegn converges tog in L 1(R3\ #) and Þnally in L 1(R3). By consequence,
we have the convergencea%n (en ) - a%(e) for e #] ! * , 0[.

Let us now treat the casee = 0 . Let M > 0 be an arbitrary constant. Denote for all
n # N the space# n =

8
x # R3, |! n (x)| < m(%)

2(1+ |x|)

9
and let e0 < 0 such that

4#
3

$

R3

&*
1 + e0 +

m(! )
2(1 + |x|)

+ 2

+
! 1

( 3
2

+

dx > 2M.

Remark that this integral is well deÞned since the inner function is zeroout of B (0, R) for

R = max
.

0,
m(! )
2|e0|

! 1
/

.
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For n large enough, we haveen > e0 and thus

a%n (en ) %
4#
3

$

R3 \ ! n

&*
1 + e0 +

m(! )
2(1 + |x|)

+ 2

+
! 1

( 3
2

+

dx

% 2M !
4#
3

$

! n

&*
1 + e0 +

m(! )
2(1 + |x|)

+ 2

+
! 1

( 3
2

+

dx

To prove that the second term converges to0 as n - + * , we remark that the set of
integration of this term is # n 0 B (0, R). Now, from the deÞnitions ofm(! ) and # n , we
have for all x # # n

! n (x) ! ! (x) % !
m(! )

2(1 + |x|)
+

m(! )
1 + |x|

%
m(! )

2(1 + |x|)
,

and thus

( ! n ! ! ( q
L q (R3 ) %

$

! n

*
m(! )

2(1 + |x|)

+ q

dx %
$

! n ) B (0,R)

*
m(! )

2(1 + |x|)

+ q

dx.

Since ! n converges to! in L q(R3), we deduce that the measure of the set# n 0 B (0, R)
converges to0, which implies that the integral

$

! n

&*
1 + e0 +

m(! )
2(1 + |x|)

+ 2

+
! 1

( 3
2

+

dx

converges to0 as n - + * . Hence forn large enougha%n (en ) % M , which concludes the
proof of the convergence ofa%n (en ).

To prove that a# 1
%n

(sn ) - a# 1
% (s), we denoteen := a# 1

%n
(sn ). We know from the above

result that, if en converges toe # [0, + * ], then

sn = a%n (en ) - a%(e).

Hence, any subsequence of(en )n" N converges toe = a# 1
% (s), which gives the convergence

of the whole sequence(en )n" N to e = a# 1
% (s). The proof of (iii) is complete.

Proof of (iv) : We recall that h = ÷! ! ! with ! , ÷! # $ q and that ( # [0, 1]. From the
convexity of $ q, the function ! + ( h belongs to$ q and a%+ ( h is well-deÞned. Fore < 0
Þxed, we aim to di!erentiate on (0, 1) the function

( .- a%+ ( h(e) =
4#
3

$

R3

,
(1 + e ! ! (x) ! ( h(x))2

+ ! 1
- 3

2
+ dx.

First, the set of integration satisÞes

0
x # R3 : (! + ( h)(x) < e

1
7

0
x # R3 : ! (x) < e

1
1

8
x # R3 : ÷! (x) < e

9
,
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which is included in a compact set ofR3. Now, we have for allx in this set

$
$(

F,
(1 + e ! ! (x) ! (h (x))2

+ ! 1
- 3

2
+

G
= 3K (e ! ! (x) ! (h (x)) h(x),

where K (/ ) =
2

(1 + / )2
+ ! 1

3 1
2

+
(1 + / ). This derivative can be bound uniformly with

respect to ( by

K (e ! ! (x) ! ( h(x)) |h(x)| ) K
2

e ! ! (x) ! ÷! (x)
3

|! (x) + ÷! (x)|

) C
*

1 +
:
:
:! (x) ! ÷! (x)

:
:
:
3
+

,

which, combined with the fact that ! + ÷! # L 3
loc(R3) allows the Lebesgue dominated

convergence theorem and thus implies(iv) .

Proof of (v): Let s # R&
+ . The continuity of ( .- a# 1

%+ (h (s) comes directly from (iii) . Let
us di!erentiate this function on ( 0 # (0, 1). Denote ! 0 = ! + ( 0h and ! ( = ! + ( h with
( ,= ( 0. Then we rewrite

a# 1
%$

(s) ! a# 1
%0

(s)

( ! ( 0
=

a# 1
%$

(s) ! a# 1
%0

(s)

a%0 (a# 1
%$

(s)) ! a%0 (a# 1
%0

(s))

a%0 (a# 1
%$

(s)) ! a%$ (a# 1
%$

(s))

( ! ( 0
.

Sincea# 1
%$

(s) converges toa# 1
%0

(s) as ( - ( 0, the Þrst term satisÞes

a# 1
%$

(s) ! a# 1
%0

(s)

a%0 (a# 1
%$

(s)) ! a%0 (a# 1
%0

(s))
-

1

a!
%0

(a# 1
%0

(s))
as ( - ( 0,

and the second term satisÞes

a%0 (a# 1
%$

(s)) ! a%$ (a# 1
%$

(s))

( ! ( 0
-

$
$(

a%+ (h

2
a# 1

%0
(s)

3:
:
:
:
( = ( 0

.

Using (3.4.9), we Þnally get the expression (3.4.10).

Lemma 3.4.3 (Changes of variables). Let ) # C0(R) 0 L $ (R), G # L 1(R+ ) and for all
(x, v) # R6

e(x, v) =
%

|v|2 + 1 ! 1 + ! (x).

Then
$

e(x,v )< 0
) (e(x, v)) G (a%(e(x, v))) dxdv =

$ 0

inf %
) (e)G(a%(e))a!

%(e)de

=
$ + $

0
) (a# 1

% (s))G(s)ds,

(3.4.11)

where inf ! is the essential inÞmum of! .
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Proof. We perform the change of variablee =
%

|v|2 + 1 ! 1 + ! (x), with respect to the
velocity variable v to get

$

e(x,v )< 0
) (e(x, v)) G (a%(e(x, v))) dxdv

= 4#
$

R3
dx

$ 0

%(x)
) (e)G(a%(e))

,
(1 + e ! ! (x))2

+ ! 1
- 1

2
+ (1 + e ! ! (x))de

=
$ 0

inf %
) (e)G(a%(e))a!

%(e)de.

We have then directly (3.4.11) sincea% is a C1-di!eomorphism from (inf ! , 0) onto R&
+ .

3.4.2 Rearrangement with respect to the microscopic energy

We use now this jacobian to deÞne a new rearrangement of anyf # Ep with respect to
the microsopic energy

%
|v|2 + 1 ! 1 + ! (x), where ! belongs to$ q given by (3.2.1). We

Þrst recall some basic properties of the classical Schwarz symmetrization.

Lemma 3.4.4 (Schwarz symmetrization). Let f # Ep, nonzero, with p > 3
2 . We deÞne

the Schwarz symmetrizationf & of f on R&
+ by

' t > 0, f &(t) = inf { s % 0, µf (s) % t} ,

whereµf is the distribution function of f deÞned by(3.1.7). Then f & is the unique nonin-
creasing function on R&

+ such that f and f & have the same distribution function

' s % 0, µf (s) = µf " (s).

Moreover, if f is continuous thenf & is continuous. In particular, Q& is continuous.

Now, from this Schwarz symmetrisation, we deÞne a new rearrangementwith respect
to the microscopic energy.

Lemma 3.4.5 (Symmetric rearrangement off with respect to the microscopic energy).
Let f # Ep, nonzero, with p > 3

2 and ! # $ q. Let f & be the Schwarz rearrangement off in
R6. We recall that the function f &% is deÞned by

f &%(x, v) =

!
7"

7#

f &
2

a%

2%
|v|2 + 1 ! 1 + ! (x)

33
if

%
|v|2 + 1 ! 1 + ! (x) < 0,

0 if
%

|v|2 + 1 ! 1 + ! (x) % 0.

(3.4.12)

Then,
(i) f &% is equimeasurable withf , which means

f &% # Eq(f ) = { g # L 1
+ 0 L p with µg = µf } . (3.4.13)
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(ii) f &% belongs toEp with

)
)
) |v|f &%

)
)
)

L 1
) C

*
(" ! ( 2

L 2 ( f (
2(2 p! 3)
6( p! 1)

L 1 ( f (
2p

6( p! 1)

L p + ( f ( L 1

+
. (3.4.14)

(iii) A function Q as deÞned in Theorem 3.1.1 satisÞes

F = Q& 2 a%Q on R&
# and Q = Q&%Q on R6.

(iv) Let f, g # Ep satisfying µg ) µf and ! # $ , then
$

R6

2%
|v|2 + 1 ! 1 + ! (x)

3 2
g ! f &%

3
dxdv % 0. (3.4.15)

with equality if and only if g = f &%. In particular

H (g) % H (f &%g ) +
1
2

)
)
) " ! g ! " ! f " ! g

)
)
)

2

L 2
% H (f &%g ), (3.4.16)

with equality if and only if g = f &%g .

Proof of Lemma 3.4.5. (i) Equimeasurability: Let ' # C1(R+ , R+ ) satisfying ' (0) = 0 .
Using the change of variable given by (3.4.11) we have

$

R6
'

2
f &%(x, v)

3
dxdv =

$ + $

0
' (f &(s)) ds =

$

R6
' (f (x, v)) dxdv,

which gives the equimeasurability off and f &%.

(ii) Control of the kinetic energy: From the deÞnition of f &%, see (3.2.5), we have
$

R6

2%
|v|2 + 1 ! 1 + ! (x)

3
f &% ) 0,

and

!
$

R6
! (x)f &%(x, v)dxdv =

$

R3
" ! (x) á " ! f " ! (x)dx.

Thus, from the Cauchy-Schwartz inequality
$

R6
|v|f &% )

$

R6

2%
|v|2 + 1 ! 1

3
f &%+

)
)
) f &%

)
)
)

L 1

) (" ! ( L 2

)
) " ! f " !

)
)

L 2 + ( f ( L 1 .

(3.4.17)

Moreover, the interpolation inequality (3.1.11) and the equimesurability of f and f &% yield

)
) " ! f " !

)
)

L 2 ) C ( f (
2p! 3

6( p! 1)

L 1 ( f (
p

6( p! 1)

L p

)
)
) |v|f &%

)
)
)

1
2

L 1
. (3.4.18)
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Hence the inequalities (3.4.17) and (3.4.18) imply

$

R6
|v|f &%! K (! , f )

* $

R6
|v|f &%

+ 1
2

! ( f ( L 1 ) 0,

with

K (! , f ) = C (" ! ( L 2 ( f (
2p! 3

6( p! 1)

L 1 ( f (
p

6( p! 1)

L p .

The control of the kinetic energy (3.4.14) follows.

(iii) The proÞl Q, Þxed point for the rearrangement f &%f : From the assumptions onQ
in theorem 3.1.1, the measure of the support ofQ is a%Q (eQ) and the function F is a
strictly decreasing C1-di!eomorphism from [min ! Q , eQ ] onto [0, ( Q( $ ]. Thus we have for
all e # [min ! Q , e0],

a%Q (e) = meas
8

(x, v) # R6 : F
2%

|v|2 + 1 ! 1 + ! Q(x)
3

> F (e)
9

= meas
0

(x, v) # R6 : Q(x, v) > F (e)
1

= meas
0

s # R&
+ : Q&(s) > F (e)

1
,

from the deÞnition of the Schwarz symmetrizationQ&. We rewrite this equality: for all
a # [0, ( Q( $ ]

a%Q 2 F # 1(a) = meas
0

s # R&
+ : Q&(s) > a

1
. (3.4.19)

We know that Q& is a decreasing function on[0, meas(Supp(Q))] = [0 , a%Q (eQ)]. The
equality (3.4.19) and the continuity of a%Q 2F # 1 imply the strict decrease ofQ&. Moreover,
since the Schwarz symmetrisation conserves the continuity,Q& is continuous on[0, a%Q (eQ)].
We conclude that, for all a # [0, ( Q( $ ],

Q& ,
meas

0
s # R&

+ : Q&(s) > a
1-

= a.

We deduce that for all e # [min ! Q , eQ ], F (e) = Q& 2 a%Q (e), which implies in particular
0 = F (eQ) = Q& 2 a%Q (eQ). But Q& 2 a%Q is discreasing onR&

# and we also have

F = Q& 2 a%Q on [min ! Q , 0). (3.4.20)

Let now for all (x, v) # R6

e(x, v) :=
%

|v|2 + 1 ! 1 + ! Q(x) # [min ! Q , + * ).

If e(x, v) ) 0, from (3.4.20), we haveQ(x, v) = F (e(x, v)) = Q&%Q (x, v). If e(x, v) > 0,
from the deÞnition of Q&%Q , we haveQ&%Q (x, v) = 0 = F (e(x, v)) = Q(x, v).
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(iv) The Hamiltonian of the rearrangement: Let f, g # Ep. Then

(" ! g ! " ! f ( 2
L 2 = !

$

R6
(! g ! ! f )(g ! f )dxdv

= !
$

R6
! ggdxdv !

$

R6
! f fdxdv + 2

$

R6
! gfdxdv,

where we use
D

! f g = !
D

" ! f " ! g =
D

! gf . Finally we have

(" ! g ! " ! f ( 2
L 2 = ! 2

$

R6
! g(g ! f )dxdv + (" ! f ( 2

L 2 ! (" ! g( 2
L 2 .

Thus we obtain

H (g) ! H (f ) =
$

R6

2%
|v|2 + 1 ! 1

3
(g ! f ) dxdv +

1
2

2
(" ! f ( 2

L 2 ! (" ! g( 2
L 2

3

=
$

R6

2%
|v|2 + 1 ! 1 + ! g

3
(g ! f ) dxdv +

1
2

(" ! g ! " ! f ( 2
L 2 ,

where the Hamiltonian is deÞned by (3.1.4). We apply this equalityto g, f &%g # Ep with g
nonzero andf # Ep to get

H (g) = H (f &%g ) +
1
2

)
)
) " ! g ! " ! f " ! g

)
)
)

2

L 2
+

$

R6

2%
|v|2 + 1 ! 1 + ! g

3 2
g ! f &%g

3
dxdv.

Hence, to prove the inequality (3.4.16), it is su" cient to prove (3.4.15).
Let f # Ep, g # Ep, ! # $ q and let T deÞned by

T =
$

R6

2%
|v|2 + 1 ! 1 + ! (x)

3 2
g ! f &%

3
dxdv. (3.4.21)

The claim T % 0 is a classical inequality for the rearrangements (see [43] for the Schwarz
rearrangement for example and [42] for the new rearrangement). To simplify the notation
we deÞne

e(x, v) =
%

|v|2 + 1 ! 1 + ! (x),

and we use the layer cake representation

f (x, v) =
$

R+

1t<f (x,y )dt

to Þnd

T =
$ + $

0
dt

&$

S1 (t )
e(x, v)dxdv !

$

S2 (t )
e(x, v)dxdv

(

, (3.4.22)

where
S1(t) =

8
(x, v) # R6, f &%(x, v) ) t < g (x, v)

9
,
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S2(t) =
8

(x, v) # R6, g(x, v) ) t < f &%(x, v)
9

.

Now, from the properties about the pseudo-inverse off & 2 a%, we deduce that

e(x, v) % (f & 2 a%)# 1 (t), for all (x, v) # S1(t),

and, from µg ) µf , we have for all t # R+ , meas(S1(t)) ) meas(S2(t)) . Thus, since
(f & 2 a%)# 1 ) 0,

T %
$ + $

0
dt

$

S2 (t )

2
(f & 2 a%)# 1 (t) ! e(x, v)

3
dxdv.

But,
e(x, v) < (f & 2 a%)# 1 (t), for all (x, v) # S2(t),

which implies on the one hand thatT % 0 and in the other hand that, if T = 0 , we have,
for almost all t # R+ , meas(S2(t)) = 0 . Thus we have, almost everywheremeas(S1(t)) =
meas(S2(t)) = 0 which givesg = f &%.

Now we give a lemma in which states a method to inverse clearly the function f & 2 a%.

Lemma 3.4.6 (Pseudo inverse off & 2 a%). Let f # Ep, nonzero, with p > 3
2 and ! # $ q.

Let f & the Schwartz rearrangement off in R6. We deÞne the pseudo inverse off &2a% for
s # (0, ( f ( L # ) as

(f & 2 a%)# 1(s) = sup { e # (inf ! , 0) : f & 2 a%(e) > s } . (3.4.23)

Then (f & 2 a%)# 1 is a nonincreasing function from (0, ( f ( L # ) to (inf ! , 0) and for all
(x, v) # R6 and s # (0, ( f ( L # ),

f &%(x, v) > s ;
%

|v|2 + 1 ! 1 + ! (x) ) (f & 2 a%)# 1(s), (3.4.24)

and
f &%(x, v) ) s ;

%
|v|2 + 1 ! 1 + ! (x) % (f & 2 a%)# 1(s). (3.4.25)

For the proof of this lemma, we refer to [42].
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Chapitre 4

Etude numŽrique du syst•me de
Vlasov-Poisson en coordonnŽes
radiales

4.1 Introduction

4.1.1 PrŽsentation gŽnŽrale

Notre but dans ce chapitre est de dŽvelopper un schŽma numŽrique pour le syst•me de
Vlasov-Poisson en coordonnŽes radiales,i.e en r = |x|, u = |v| et s = x áv. Cette Žtude
est motivŽe par deux aspects : valider les rŽsultats thŽoriques existants et conjecturer de
nouveaux rŽsultats pour ce syst•me. Plus prŽcisŽment, on cherchera un schŽma qui conserve
la masse et le Hamiltonien pour garantir sa robustesse puis on donnera les pistes pour une
Žtude future du comportement global dÕune solution pour une fonction initiale donnŽe. Le
but futur est ainsi, dÕune part, de conÞrmer la stabilitŽ de solutions stationnaires de la
forme

Q = F (e),

o• e est lÕŽnergie microscopique associŽe ˆQ, et, dÕautre part, dÕŽtudier en temps long
le comportement de solution proche deQ pour mettre en Žvidence une possible stabilitŽ
asymptotique ou un possible amortissement Landau.

Nous nous limitons au syst•me de Vlasov-Poisson dans le cas radial car il nÕexiste pas de
mŽthodes peu cožteuses qui permettent dÕŽtudier le cas gŽnŽral. Ce manque provient de la
trop grande dimension de lÕespace de travailR6. Se ramener ˆ des coordonnŽes radiales, et
donc ˆ la dimension 3, nÕest pas pour autant tr•s restrictif quant aux phŽnom•nes ŽtudiŽs :
le cas radial comporte en e!et, ˆ une translation en espace pr•s, tous lesŽtats stationnaires
mis en Žvidence dans le cas gŽnŽral.

AÞn dÕobtenir un schŽma numŽrique conservatif, nous nous intŽresserons uniquement
ˆ des mŽthodes de di!Žrences Þnies. Notons quÕil existe dÕautres mani•resdÕaborder nu-
mŽriquement ce type dÕŽquations cinŽtiques : par exemple par mŽthode PIC(Particule In
Cell), voir [56] ou par sŽparation de lÕopŽrateur de transport (operator Splitting), voir [32].
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130 CHAPITRE 4. ETUDE NUMƒRIQUE DE VLASOV-POISSON RADIAL

Cependant ces mŽthodes ne sont pas conservatives.
Avant dÕintroduire un schŽma numŽrique pour lÕŽquation de Vlasov-Poisson radiale,

commen•ons par e!ectuer des rappels sur cette Žquation. Tout dÕabord, le syst•me de
Vlasov-Poisson sÕŽcrit

!
"

#

$t f + v á " x f ! " x ! f á " v f = 0 , (t, x, v ) # R+ $ R3 $ R3,

f (t = 0 , x, v) = f 0(x, v) % 0,
(4.1.1)

pour lequel le potentiel ! f vŽriÞe
!
"

#
& ! f (x) = %f (x) =

$

R3
f (x, v)dv,

! f (x) - 0 quand |x| - + * .
(4.1.2)

Dans le cas radial, il devient

$t f +
s
r

$r f !
s

ru
! !

f (r )$u f +
,
u2 ! r ! !

f (r )
-

$sf = 0 , (t, r, u, s ) # R+ $ # , (4.1.3)

o• # = { (r, u, s) # R+ $ R+ $ R, |s| ) ru } et

! !
f (r ) =

1
r 2

$

÷r<r
÷r 2%f (÷r )d÷r et %f (r ) =

2#
r

$

u> 0, |s|<ru
f (r, u, s)ududs.

Remarquons que la continuitŽ de" x f et " v f en respectivementx = 0 et v = 0 implique

$r f (r = 0 , u, s = 0) = 0 et $u f (r, u = 0 , s = 0) = 0 .

La conservation de la masse sÕŽcrit alors

M (f (t)) := 8 #2
$

!
f (t, r, u, s )rudrduds = M (f 0)

et celle du Hamiltonien

H (f (t)) := 8 #2
$

!
f (t, r, u, s )ru 3drduds ! 4#

$ + $

0
! !

f (t)2r 2dr = H (f 0).

De plus, dans le cas radial, nous connaissons exactement les invariants de lÕopŽrateur de
transport

s
r

$r f !
s

ru
! !

f (r )$u f +
,
u2 ! r ! !

f (r )
-

$sf,

qui sont lÕŽnergie microscopique et le moment cinŽtique [7]

e =
|v|2

2
+ ! f (x) et l = |x + v|.

Nous verrons que ces invariants sont importants dans lÕŽtude numŽrique du syst•me car ils
permettent de le simpliÞer.
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4.1.2 Choix du syst•me de variables

PrŽsentons di!Žrents syst•mes de coordonnŽes adaptŽes ˆ lÕŽquation de Vlasov-Poisson
radiale. Nous donnerons pour chacun de ces syt•mes les avantages et les inconvŽnients
dŽcoulant dÕune approche numŽrique.

Variables (r, u, s) = ( |x|, |v|, x áv) : Le choix le plus naturel est de discrŽtiser notre Žquation
en les variables(r, u, s) :

$t f +
s
r

$r f !
s

ru
! !

f (r )$u f +
,
u2 ! r ! !

f (r )
-

$sf = 0 , (t, r, u, s ) # R+ $ # , (4.1.4)

o• # = { (r, u, s) # R+ $ R+ $ R, |s| ) ru } . Remarquons tout dÕabord que malgrŽ les
apparences, puisque|s| ) ru , lÕŽquation (4.1.4) nÕadmet pas de singularitŽ. Cependant, la
forme du domaine# pose des probl•mes quant au schŽma numŽrique ˆ adopter au niveau
des bords du domaine : pour avoir une bonne approximation enr = 0 et u = 0 il faudrait
prendre ds 4 drdu, multipliant le temps de calcul. Avec ces variables, il para”t bien dŽlicat
dÕobtenir un schŽma conservatif au niveau du bord.

Variables (r, u, 3) = ( |x|, |v|, arccos( xáv
|x||v| )) : Pour palier ce probl•me, une premi•re alterna-

tive est de passer en coordonnŽes(r, u, 3) # R+ $ R+ $ [0, #] o• la variable 3 est dŽÞnie par
s = x áv = ru cos(3). En notant g(r, u, 3) = f (r, u, ru cos(3)) , lÕŽquation de Vlasov-Poisson
se rŽŽcrit alors

$t g + u cos(3)$r g ! ! !
g(r ) cos(3)$ug +

u2 ! r ! !
g(r )

ru
sin(3)$/ g = 0 , (4.1.5)

Le domaine R+ $ R+ $ [0, #] est bien plus facile ˆ discrŽtiser mais une singularitŽ est
apparue enr = 0 et en u = 0 . En thŽorie, on a

$/ g = ! ru sin(3)$sf = 0 pour r = 0 ou u = 0 ,

ce qui permet de gommer cette singularitŽ. NumŽriquement, il para”t tr•sdi" cile de conser-
ver cette propriŽtŽ.

Variables (r, q, l ) = ( |x|, xáv
|x| , |x + v|) : CÕest pourquoi dans la plupart des Žtudes numŽriques

sÕintŽressant ˆ lÕŽquation de Vlasov-Poisson radiale, on utilise lÕinvariantl = |x + v| comme
variable. Remarquez que lÕutilisation de lÕŽnergie microscopique comme variable nÕest pas
adaptŽe au probl•me du fait de sa dŽpendance en temps. Une premi•re idŽe serait de
passer en coordonnŽes(r, u, l ) mais le passage(r, u, s) .- (r, u, l ) nÕest pas injectif. On
prŽf•re gŽnŽralement utiliser les variablesr = |x|, q = s

r = xáv
|x| et l = |x + v|. En dŽÞnissant

g(r, q, l ) = g(r, s
r ,

/
r 2u2 ! s2) = f (r, u, s), on a

$t g + q$r g +
*

l2

r 3 ! ! !
g(r )

+
$qg = 0 . (4.1.6)

Le domaine qui sÕŽcrit

# = { (r, q, l ) # R+ $ R $ R+ , 0 ) l ) r |q|}

131



132 CHAPITRE 4. ETUDE NUMƒRIQUE DE VLASOV-POISSON RADIAL

est agrŽable car ˆl ÞxŽ on se ram•ne ˆ un demi-plan{ r % 0} . De plus, dans un espace
du type { r > R 0} , ces variables semblent tout indiquŽes, puisque on nÕa pas de singularitŽ
en u = 0 . Cependant, ici le casr = 0 est au centre de notre Žtude et la singularitŽ dans
le terme l2/r 3 est numŽriquement tr•s dŽlicate ˆ compenser : thŽoriquement, elle lÕest par
lÕexplosion de$r g lorque r tend vers 0.

Variables (r, u, l ) = ( sgn(x áv)|x|, |v|, |x + v|) : Revenons aux variables(r = |x|, u = |v|, l =
|x + v|). Pour contourner la non-injectivitŽ de (r, u, s) .- (r, u, l ), sŽparons ce changement
de variable en deux cas : le cass % 0 donne

$t f + u

'

1 !
l2

r 2u2 $r f ! ! !
f (r )

'

1 !
l2

r 2u2 $u f = 0 (4.1.7)

et le cass ) 0 donne

$t f ! u

'

1 !
l2

r 2u2 $r f + ! !
f (r )

'

1 !
l2

r 2u2 $u f = 0 . (4.1.8)

Pour Žviter dÕŽcrire ces deux Žquations, on prolonge artiÞciellement lavariable r sur lÕen-
semble des rŽelsR. On cherche donc une fonction de distributionf dŽÞnie sur lÕespace

# = { (r, u, l ) # R $ R+ $ R+ , l ) | r |u}

qui vŽriÞe

$t f + u

'

1 !
l2

r 2u2 $r f ! ! !
f (r )

'

1 !
l2

r 2u2 $u f = 0 , (4.1.9)

o• le champ de force! !
f est dŽÞni par

' r > 0, ! !
f (r ) =

1
r 2

$ |r |

0
÷r 2%f (÷r )d÷r et ! !

f (! r ) = ! ! !
f (r ),

o• pour tout r > 0

%f (r ) =
2#
r 2

$ + $

0
du

$

l< |r |u

l
;

1 ! l2
r 2u2

f (r, u, l )dl.

Remarquons tout dÕabord que le champ! !
f est le prolongement par imparitŽ du champ

gravitationnel habituel. En revanche, la densitŽ est sŽparŽe en deux selon x áv > 0 et
x áv < 0. Le prolongement e!ectuŽ nŽcessite quÕon sÕintŽresse aux conditions deraccord en
s = 0 : pour tout (r, u ) # R+ $ R+ celles-ci impliquent la continuitŽ

f (! r, u, l = ru ) = f (r, u, l = ru ) (4.1.10)

et

lim
ru ' l+

'

1 !
l2

r 2u2 " f (! r, u, l ) án+ = ! lim
ru ' l+

'

1 !
l2

r 2u2 " f (r, u, l ) án# , (4.1.11)
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o• n+ et n# sont les normales sortantes du domaine# respectivement enr = l /u et en
r = ! l/u . La condition (4.1.11) peut se rŽŽcrire sous la forme

!
77777777777"

77777777777#

lim
ru ' l+

'

1 !
l2

r 2u2 $r f (! r, u, l ) = lim
ru ' l+

'

1 !
l2

r 2u2 $r f (r, u, l ),

lim
ru ' l+

'

1 !
l2

r 2u2 $u f (! r, u, l ) = ! lim
ru ' l+

'

1 !
l2

r 2u2 $u f (r, u, l ),

lim
ru ' l+

'

1 !
l2

r 2u2 $l f (! r, u, l ) = ! lim
ru ' l+

'

1 !
l2

r 2u2 $l f (r, u, l ).

(4.1.12)

On voit bien que la racine

'

1 !
l2

r 2u2 tend vers 0 lorsque ru - l+ mais ce facteur est

nŽcessaire dans la condition (4.1.12) car, thŽoriquement, les dŽrivŽes partielles def peuvent

exploser ˆ une vitesse inversement proportionnelle ˆ

'

1 !
l2

r 2u2 .

Revenons maintenant ˆ notre objectif : trouver un schŽma numŽrique pour cette Žqua-
tion. A priori , le domaine dÕŽtude est ici aussi compliquŽ que celui correspondant aux
variables (r, u, s). Cependant, ce paramŽtrage prŽsente un gros avantage : les caractŽris-
tiques sont incluses dans des plans{ l = constante} comme le montre lÕabsence de terme
en $l f . Ainsi, le pas de temps! l quÕon considŽrera peut •tre variable et ne sera soumis ˆ
aucune condition CFL. De plus, pour trouver un schŽma conservatif, ilsu" t de se limiter
ˆ une Žtude faite ˆ l ÞxŽ : en e! et, on a

M l (t) =
$

|r |u>l

l
;

1 ! l2
r 2u2

f (t, r, u, l )dudr = M l (0). (4.1.13)

Pour le Hamiltonien, sommer selon la variablel est nŽcessaire pour obtenir son invariance.

4.2 Etude thŽorique de di!Žrents schŽmas numŽriques

4.2.1 Cadre gŽnŽral

Pla•ons nous sur un intervalle de temps[0, T] pour T > 0 ÞxŽ et sur un domaine

# = 1 l ( 0# l

o• # l = { (r, u ) # R $ R+ , |ru | % l} . En la variable temporelle t, on consid•re une
subdivision ˆ pas constant

(t0 = 0 , ..., tn , ..., tN = T) avec tn = n! t.

Nous notons les pas en espace et en vitesse respectivement! r et ! u. On dŽÞnit alors les
discrŽtisations centrŽes(r k )k( 1 et (ui ) i ( 1 telles que

pour k % 1, r k =
*

k !
1
2

+
! r et r# k = ! r k , (4.2.1)
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134 CHAPITRE 4. ETUDE NUMƒRIQUE DE VLASOV-POISSON RADIAL

et

pour i % 1, ui =
*

i !
1
2

+
! u. (4.2.2)

En la variable l , nous choisissons un pas maximal! l et un entier p tels que

2! l < 2p! r ! u.

Nous choisissons maintenant une subdivision deR+ , notŽe(l j ) j ( 0 et dŽÞnie par

0 <
! l
2p <

! l
2p# 1 < ... <

! l
2

< ! l < 2! l < 3! l < ... (4.2.3)

Alors, lors de notre discrŽtisation nous nous placerons au centre de ces intervalles en

l j =
l j + l j +1

2
, (4.2.4)

pour tout j % 0. Nous noterons! l j la taille des intervalles [l j , l j +1 ] pour tout j % 0, i.e.

! l j := l j +1 ! l j ) ! l.

Le choix de cette discrŽtisation pour le domaine# nÕest pas anodin. DÕune part, centrer
les discrŽtisations en espace et en vitesse permet de ne pas avoir de di" cultŽs lors de
divisions par r et par u. DÕautre part, on a" ne la discrŽtisation pr•s del = 0 en choisissant
4l0 < ! r ! u pour sÕassurer que des espaces du type

{ l j , l j < |r k |ui } ˆ r k et ui ÞxŽs

ne soient jamais vides.
Pour une telle discrŽtisation du domaine# , on cherche alors une approximation

f n
k,i,j 4 f (tn , r k , ui , l j )

o• la fonction f satisfait lÕŽquation

$t f + u

'

1 !
l2

r 2u2 $r f ! ! !
f (r )

'

1 !
l2

r 2u2 $u f = 0 . (4.2.5)

sur le domaine# et vŽriÞe les conditions au bord (4.1.10) et (4.1.12).
On sÕintŽresse ˆ un schŽma numŽrique du type explicite

D t f n =
f n+1 ! f n

! t
= ! [u]u i

) k,i,j D r f n +
<
! !

f n

=
r k

) k,i,j Du f n , (4.2.6)

o• D r et Du sont les opŽrateurs di! Žrentiels correspondant ˆ$r et $u . Le terme [u]u i
est

une approximation positive deu en ui , le terme
F
! !

f n

G

r k

est une approximation de! !
f n en

r k de m•me signe quer k et le terme ) k,i,j est une approximation de

'

1 !
l2j

r 2
k u2

i
ˆ valeur

dans [0, 1].
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Notons quÕil nÕest pas concevable dÕenvisager un schŽma implicite compte-tenu du
nombre de variables. Ainsi, pour garantir la stabilitŽ du schŽma, on doit choisir pour
u > 0 un schŽma aval en espace, pourr > 0 un schŽma amont en vitesse et, pourr < 0, un
schŽma aval en vitesse. Le sens du transport selon chaque coordonnŽepeut •tre modŽlisŽ
ˆ l > 0 ÞxŽ par

Les conditions aux limites impliquent deux propriŽtŽs : la continuitŽ f (A# ) = f (A+ )
et f (B # ) = f (B + ) et le transport de la masse en espace deA# ˆ A+ et en vitesse deB +

ˆ B # .

4.2.2 Notations et Consistance

Dans un premier temps, nous allons montrer quÕil existe un schŽma numŽrique consis-
tant et stable pour le syst•me de Vlasov-Poisson radial sans tenir compte des conservations
de la masse et du Hamiltonien.

Notations gŽnŽrales

Dans un premier temps, nous devons chercher une formulation de la densitŽ %n 4 %f n .
En e!et, le calcul du potentiel ! !

f n
et le calcul de la masse sont directement liŽs ˆ cette

densitŽ. Fixonsr k > 0. En ce point, nous devons chercher une approximation

%n
k 4 %f n (r k ) =

2#
r 2

k

$

u> 0, l< |r k |u

l
;

1 ! l2
r 2

k u2

f n (r k , u, l )dudl.

La premi•re idŽe serait de prendre directement

%n
k =

2#
r 2

k

C

i,j
| r k |u i >l j

l j + 1
2'

1 !
l2
j + 1

2
r 2

k u2
i

f n
k,i,j ! u! l.
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Cependant, comme on divise par le terme

'

1 !
l2j

r 2
k u2

i
qui peut •tre tr•s proche de 0, cette

formulation ne conduit pas ˆ un schŽma consistant. On peut nŽanmoins trouver une autre
formulation plus adŽquate. Remarquons tout dÕabord quÕˆr k et ui ÞxŽs, on sait calculer
la primitive

$
l

;
1 ! l2

r 2
k u2

i

dl = ! r 2
ku2

i

@

1 !
l2

r 2
ku2

i
.

Ainsi, on a

$ |r k |u i

0

l
;

1 ! l2
r 2

k u2
i

f n (r k , ui , l )dl =
C

j
| r k |u i >l j

mk,i,j f n
k,i,j + r 2

ku2
i O(! l),

o•, en prenant la suite (l j ) dŽÞnie par (4.2.3),

mk,i,j = r 2
ku2

i

>

L
?

MN
N
O 1 !

l
2
j

r 2
ku2

i
!

MN
N
O 1 !

l
2
k,i,j +1

r 2
ku2

i

A

P
B , (4.2.7)

avec !
"

#

lk,i,j +1 = l j +1 si l j +1 < |r k |ui ,

lk,i,j +1 = |r k |ui si l j +1 % |r k |ui .
(4.2.8)

Remarquons que pour tout(k, i, j ) le coe" cient mk,i,j appartient ˆ [0, 1]. Finalement, avec
les notations prŽcŽdentes, on obtient

%f n (r k ) = 2 #
C

i,j
| r k |u i >l j

mk,i,j f n
k,i,j u2

i ! u + O(! l ) + O(! u). (4.2.9)

Avec ces notations, donnons maintenant les dŽÞnitions gŽnŽrales qui resteront valables dans
toute la suite de notre Žtude et auxquelles on pourra donc se rŽfŽrer.

DŽÞnition 4.2.1. Pour une fonction de distribution (f n
k,i,j ), on dŽÞnit la densitŽ(%n

k ), la
masseM n , le champ gravitationnel(E n

k ) et le Hamiltonien H n par

¥ ' k # N&, %n
k =

2#
r 2

k

C

i,j
| r k |u i >l j

mk,i,j f n
k,i,j ! u,

¥ M n = 4#
+ $C

k=1

r 2
k%n

k ! r = 8#2
C

k,i,j
| r k |u i >l j

mk,i,j f n
k,i,j ! r ! u,

¥ (E n
k ) est impair, du signe der k et sera dŽÞni plus tard.

¥ H n = E n
cin ! E n

pot, avec
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!
77777"

77777#

E n
cin = 8#2

C

k,i,j
| r k |u i >l j

u2
i mk,i,j f n

k,i,j ! r ! u

E n
pot = 4#

+ $C

k=1

r 2
k (E n

k )2 ! r.

(4.2.10)

DŽÞnissons maintenant le schŽma numŽrique que nous allons Žtudier.

DŽÞnition 4.2.2 (SchŽma numŽrique). Soit (f 0
k,i,j ) dŽÞnie pour tout(k, i, j ) # Z&$ N&$ N

tel quel j < |r k |ui o• les suites(r k ), (ui ) et (l j ) sont dŽÞnies par(4.2.1), (4.2.2) et (4.2.4).
Alors on dŽÞnit pour tout n # N la matrice (f n

k,i,j ) par

D t f n =
f n+1 ! f n

! t
= ! [u]i, * (k) ) k,i,j D i,j

r f n +
<
! !

f n

=
r k

) k,i,j D k,,j
u f n , (4.2.11)

o•
- pour tout (k, i, j ), les ) k,i,j sont des termes positifs,
- les [u]i, * (k) sont fonctions positives deui et du signe der k , notŽ " (k),

- les
F
! !

f n

G

r k

sont du m•me signe quer k et ne dŽpendent pas dei et j .

- compte-tenu des conditions de bord, les opŽrateurs di"ŽrentielsD i,j
r et D k,j

u peuvent dŽ-
pendre de(k, i, j ).

Un schŽma consistant et stable

Gr‰ce ˆ lÕŽtude prŽcŽdente, on peut mettre en Žvidence un schŽma consistant,stable
dans L $ et prŽservant la positivitŽ def n .

SchŽma A : D t f n =
f n+1 ! f n

! t
= ! ui ) k,i,j D i,j

r f n + E n
k ) k,i,j D k,,j

u f n , (4.2.12)

avec

) k,i,j =

@

1 !
l2j

r 2
ku2

i

E n
k =

1
r 2

k

kC

÷k= # k+1

r 2
÷k
%n

÷k
! r =

1
r 2

k

kC

÷k= # k+1

! r
C

i> 0,j ( 0
l j < | r ÷k

|u i

m÷k,i,j f n ! u,
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et, o• les opŽrateurs di!Žrentiels sont dŽÞnis par
!
777777777"

777777777#

' i > 0, D r k f n =
f n

k ! f n
k# 1

! r
si r k# 1 >

l j
ui

ou r k < !
l j
ui

' k > 0, Du i f
n =

f n
i +1 ! f n

i

! u
si ui %

l j
r k

' k < 0, Du i f
n =

f n
i ! f n

i # 1

! u
si ui # 1 %

l j
r k

,

(4.2.13)

et au bord,

!
777777"

777777#

' i > 0, D r k f n =
f n

k ! f n
# k# 1

! r + 2
2

r k ! l j
u i

3 si r k# 1 )
l j
ui

< r k

' k < 0, Du i f
n =

f n
# k,i ! f n

k,i +1

! u + 2
2

ui ! l j
r k

3 si ui # 1 <
l j
r k

) ui .

(4.2.14)

Remarquons queE n
k vŽriÞe la condition

(E n
k ) est impair, E 1

k = %n
1 ! r, et, ' k # N&, D r (r 2

kE n
k ) = r 2

k

,
%n

k + %n
# k

-
! r,

o• D r est lÕopŽrateur correspondant ˆ un schŽma dÕEuler explicite aval. Ceci importe peu
ici mais sera capitale pour la conservation du Hamiltonien.

Consistance et stabilitŽ du SchŽma A :Commen•ons par Žtudier la stabilitŽ du schŽma A.
Pour conserver la positivitŽ def n et avoir la stabilitŽ L $ du schŽma, il su" t de mani•re
tr•s classique de satisfaire la condition de Courant-Friedrichs-Lewy (CFL) suivante

ui
! t

3! r
+ |E n

k |
! t

3! u
< 1. (4.2.15)

Maintenant, dÕapr•s lÕŽtude gŽnŽrale faite prŽcŽdemment, la consistance du schŽma
provient directement des opŽrateurs dÕordre 1 choisis. Pour motiver cechoix, travaillons en
une dimension 1 et pla•ons nous sur la droite(u, l ) = ( ui , l j ). Nous notons alorsk0 # N&

le plus petit k > 0 tel que r kui > l j :

LorsquÕon peut le dŽÞnir et donc ˆ une certaine distance du bord, on prend comme discrŽ-
tisation

D r k f n =
f n

k ! f n
k# 1

! r
si k > k 0 ou k ) ! k0. (4.2.16)
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De plus, en k0, pr•s du bord, au sens des conditions au bord donnŽes auparavant, la
consistance est satisfaite pour

D r k 0
f n =

f n
k0

! f n
# k0

2!
.

Cependant, une telle discrŽtisation risque de demander une conditionde Courant-
Friedrichs-Lewy (CFL) trop restrictive pour conserver la positivitŽ de f n : en e!et, le
pas2! peut •tre bien plus petit que ! r . CÕest pourquoi dans nos schŽmas, on considŽrera
un opŽrateur du type

D r k 0
f n =

f n
k0

! f n
# k0# 1

2! + ! r
, (4.2.17)

qui est consistant et qui ne demandera pas une condition CFL trop stricte au niveau des
bords.

Les rŽsultats des tests numŽriques, faits ˆ partir du schŽma A dŽÞni par (4.2.12), sont
exposŽs dans la partie 4.3. Nous voyons en particulier que la massenÕest pas conservŽe.

4.2.3 Conservation de la masse

Crit•res de conservation de la masse

Nous cherchons ici ˆ modiÞer le schŽma A pour conserver la masseM n donnŽe par la
dŽÞnition (4.2.1). Dans le but de simpliÞer les notations, commen•ons par Žtendre celles-ci
ˆ lÕespaceu < 0 en faisant la symŽtrie par rapport ˆ lÕaxe(r, u ) = (0 , 0). Ainsi pour toute
matrice 0k,i,j et pour tout (k, i, j ) # Z& $ N& $ N, on a

0# i,k,j = 0i, # k,j ,

et lÕopŽrateurD # i,k,j est dŽÞni ˆ partir de D k,i,j par

D k,# i,j 0k,# i,j = D k,i,j 0k,i,j ,

pour toute matrice 0k,i,j . Ces nouvelles notations permettent en particulier dÕŽcrire plus
simplement ˆ k > 0 et j % 0 ÞxŽs

C

i " N"
|u i |<l j /r k

(0k,i,j + 0# k,i,j )! u =
C

i " Z"
|u i |<l j /r k

0k,i,j ! u.

En particulier, en dŽÞnissant les espaces

U+ = { (k, i, j ) # Z& $ N& $ N, l j < |r kui |} ,
R+ = { (k, i, j ) # N& $ Z& $ N, l j < |r kui |} ,

on a C

(k,i,j )" U+

0k,i,j =
C

(k,i,j )" R+

0k,i,j .

Maintenant, Žnon•ons un lemme donnant des conditions su" santes pour la conservation
de la masse.
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Lemme 4.2.3. La masse donnŽe par la dŽÞnition 4.2.1 est conservŽe par le schŽma(4.2.11)
si les opŽrateurs de di"Žrences ÞniesD i,j

r et D k,j
u et les coe!cients ) k,i,j satisfont les

propriŽtŽs suivantes :

(i ) ' (k, i, j ),
,
D i,j

r

- &
2

mk,i,j ) k,i,j [u]i, * (k)

3
= 0 ,

(ii ) ' (k, i, j ),
2

D k,j
u

3&
(mk,i,j ) k,i,j ) = 0 .

(4.2.18)

o• les opŽrateurs adjoints(D i,j
r )& et (D k,j

u )& sont dŽÞnis par : pour toutes matrices(0k,i,j )
et (gk,i,j ) dŽÞnies sur# ,

' (i, j ),
C

k" Z"
| r k |<l j /u i

0k,i,j D i,j
r gk,i,j ! r =

C

k" N"
| r k |<l j /u i

gk,i,j (D i,j
r )&0k,i,j ! r, (4.2.19)

et
' (k, j ),

C

i " Z"
|u i |<l j /r k

0k,i,j D k,j
u gk,i,j ! u =

C

i " Z"
|u i |<l j /r k

gk,i,j (D k,j
u )&0k,i,j ! u, (4.2.20)

Remarque : Notons que, si[u]i, * (k) = [ u]i ne dŽpend pas dek, la conservation de la masse

ne dŽpend ni du choix de[u]i et ni de
F
! !

f n

G

r k

dans le schŽma numŽrique (4.2.11). De

plus, si cette propriŽtŽ est vŽriÞŽe, notons que lorsque les opŽrateurs(D i,j
r )& et (D k,j

u )& sont
indŽpendants respectivement de(i, j ) et (k, j ), alors, il su" t dÕavoir

(D i,j
r )&(1) = ( D k,j

u )&(1) = 0

et dÕavoir) k,i,j mk,i,j indŽpendant dek et de i .

DŽmonstration du lemme 4.2.3.Les dŽÞnitions 4.2.1 et le schŽma (4.2.11) impliquent

D t M n = 8#2
C

(k,i,j )" U+

mk,i,j D t f n
k,i,j ! r ! u = 8#2! r ! u (%1 + %2) ,

o•

%1 =
C

(k,i,j )" U+

[u]i, * (k)mk,i,j ) k,i,j D r k f n
k,i,j =

C

(k,i,j )" U+

f n
k,i,j

2
D k,j

r

3& ,
[u]i, * (k)mk,i,j ) k,i,j

-
,

%2 =
C

(k,i,j )" R+

<
! !

f n

=
r k

mk,i,j ) k,i,j Du i f
n
k,i,j =

C

(k,i,j )" R+

<
! !

f n

=
r k

f n
k,i,j

2
D k,j

u

3&
(mk,i,j ) k,i,j ) .

Il su" t maintenant dÕappliquer les conditions (4.2.18) pour obtenir la conservation de la
masse.
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Un exemple de schŽma conservant la masse

En nous basant sur le lemme 4.2.3, nous pouvons dŽÞnir un schŽma conservatif.

SchŽma B : D t f n =
f n+1 ! f n

! t
= ! ui ) k,i,j D i,j

r f n + E n
k ) k,i,j D k,,j

u f n , (4.2.21)

avec

) k,i,j =
l j ! l j
mk,i,j

. (4.2.22)

E n
k =

1
r 2

k

kC

÷k= # k+1

r 2
÷k
%n

÷k
! r =

1
r 2

k

kC

÷k= # k+1

! r
C

i> 0,j ( 0
l j < | r ÷k

|u i

m÷k,i,j f n ! u,

et, o• les opŽrateurs di!Žrentiels sont dŽÞnis par

!
777777777"

777777777#

' i > 0, D r k f n =
f n

k ! f n
k# 1

! r
si r k# 1 >

l j
ui

ou r k < !
l j
ui

' k > 0, Du i f
n =

f n
i +1 ! f n

i

! u
si ui %

l j
r k

' k < 0, Du i f
n =

f n
i ! f n

i # 1

! u
si ui # 1 %

l j
r k

,

(4.2.23)

et au bord, !
7777"

7777#

' i > 0, D r k f n =
f n

k ! f n
# k

! r
si r k# 1 )

l j
ui

< r k

' k < 0, Du i f
n =

f n
# k,i ! f n

k,i

! u
si ui # 1 <

l j
r k

) ui .

(4.2.24)

Proposition 4.2.4. Le schŽma numŽrique(4.2.21) conserve la masseM n donnŽe par la
dŽÞnition 4.2.1. De plus, si la condition CFL suivante est respectŽe,

2ui
! t
! r

+ 2 |E n
k |

! t
! u

< 1, (4.2.25)

il conserve la positivitŽ def n et est stable dansL $ .

Conservation de la masse :Nous pouvons vŽriÞer que pour tout(k, i, j ) nous avons

) k,i,j mk,i,j = l j ! l j , et (D i,j
r )&(1) = ( D k,j

u )&(1) = 0 .

Ainsi, dÕapr•s le lemme 4.2.3, le schŽma B conserve la masse.
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Loin du bord : Prenons(k, i, j ) # U+ tel que

l j +1 < |r k |ui , |r k | ! ! r >
l j
ui

et ui # 1 >
l j

|r k |
.

Rappelons que, dÕapr•s (4.2.4),l j est le centre du segment[l j , l j +1 ] et ! l j est sa longueur.
Ainsi, en remarquant que

&

1 !
l
2
j

r 2
ku2

i

(

!

&

1 !
l
2
j +1

r 2
ku2

i

(

=
l
2
j +1 ! l

2
j

r 2
ku2

i
=

l j ! l j
r 2

ku2
i

,

la dŽÞnition demk,i,j donnŽe par (4.2.7) implique

) k,i,j =
l j ! l j
mk,i,j

=
1
2

>

L
?

MN
N
O 1 !

l
2
j

r 2
ku2

i
+

MN
N
O 1 !

l
2
k,i,j +1

r 2
ku2

i

A

P
B ) 1.

Remarquons que cette expression est consistante tant quÕon ne sÕapproche pas des bords.
De plus, on dŽduit de cette derni•re inŽgalitŽ que la positivitŽ def n est conservŽe et que
le schŽma B est stable dansL $ "loin du bord" si la condition CFL

ui
! t
! r

+ |E n
k |

! t
! u

< 1, (4.2.26)

est respectŽe.

Pr•s du bord : Les expressions (4.2.22) et (4.2.24) ont ŽtŽ clairement prises pour conserver
la masse transportŽe dÕun bord ˆ lÕautre. Les opŽrateurs de di!ŽrencesÞniesD r et Du ne
sont donc pas, en gŽnŽral, une bonne approximation de$r et $u tout comme ) k,i,j nÕest

pas, en gŽnŽral, une bonne approximation de

'

1 !
l2j

r 2
k u2

i
. En fait, pour simpliÞer les calculs,

on a prŽfŽrŽ Žcrire

) k,i,j =
l j ! l j
mk,i,j

et D r k f n =
f n

k ! f n
# k

! r
,

plut™t que

) k,i,j =
l j ! l j 2(r k ! l j

r i
)

mk,i,j ! r
et D r k f n =

f n
k ! f n

# k

2(r k ! l j
r i

)
,

mais cela revient au m•me. VŽriÞer que de telles formules sont consistantesavec les condi-
tions aux bord (4.1.12) est tr•s compliquŽ. Cependant, on peut penser que si ) k,i,j nÕex-
plose pas pr•s du bord et donc que la condition CFL ˆ adopter nÕest pastrop restrictive,
la conservation de la masse rend notre schŽma robuste.

Pour borner ) k,i,j , remarquons dÕabord quÕil ne dŽpend que demk,i,j et donc que de la
distance del j au bord. En e!et, si

l j +1 < |r k |ui ,
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on a ) k,i,j ) 1 quelques soient les valeurs de|r k | ! l j
u i

et de ui ! l j
|r k | . Remarquons quÕen

rŽalitŽ, dans ce cas, ces deux quantitŽs peuvent •tre minorŽes respectivement par ui (l j +1 !
l j ) et par |r k |(l j +1 ! l j ) ce qui les emp•che de tendre vers0.

Maintenant, prenons (k, i, j ) tel que

l j < |r k |ui ) l j +1 .

DÕapr•s la dŽÞnition (4.2.7), on a donc

mk,i,j = r 2
ku2

i

MN
N
O 1 !

l
2
j

r 2
ku2

i
= |r k |ui (|r k |ui ! l j )

1
2 (|r k |ui + l j )

1
2 ,

et comme|r k |ui > l j ,

mk,i,j % |r k |ui

*
! l j
2

+ 1
2

*
2l j +

! l j
2

+ 1
2

% |r k |ui
! l j
2

.

Ainsi

) k,i,j =
l j ! l j
mk,i,j

) 2
l j

|r k |ui
) 2.

Ainsi, si la condition CFL (4.2.25) est vŽriÞŽe, le schŽma B est stableL $ et conserve la
positivitŽ de f n .

Notons que les rŽsultats des tests numŽriques e!etuŽs ˆ partir de ce schŽma sont prŽ-
sentŽs dans la partie 4.3. Nous remarquons en particulier que le Hamiltonien nÕest pas
conservŽ m•me sÕil varie tr•s peu. Pour remŽdier ˆ cela, on modiÞe ce schŽma dans la
sous-partie suivante.

4.2.4 Conservation du Hamiltonien

Pour ne pas surcharger en notation, nous nÕallons pas Žcrire un thŽor•me gŽnŽral quant
ˆ la conservation du Hamiltonien mais nous allons directement proposer un schŽma numŽ-
rique vŽriÞant cette propriŽtŽ en "dehors des bords". La dŽmonstration de cette conser-
vation restera cependant assez gŽnŽrale pour visualiser une possible gŽnŽralisation ˆ des
opŽrateurs dÕordres plus ŽlevŽs.

Nous dŽÞnissons donc le schŽma suivant.

SchŽma C : D t f n = !
*

ui ! " (k)
! u
2

+
) k,i,j D i,j

r f n +
E n

k + E 1+ n
k

2
) k,i,j D k,,j

u f n , (4.2.27)

avec

) k,i,j =
l j ! l j
mk,i,j

. (4.2.28)
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E n
k =

1
r 2

k

kC

÷k= # k+1

r 2
÷k
%n

÷k
! r =

1
r 2

k

kC

÷k= # k+1

! r
C

i> 0,j ( 0
l j < | r ÷k

|u i

m÷k,i,j f n ! u,

et, o• les opŽrateurs di!Žrentiels sont dŽÞnis par
!
777777777"

777777777#

' i > 0, D r k f n =
f n

k ! f n
k# 1

! r
si r k# 1 >

l j
ui

ou r k < !
l j
ui

' k > 0, Du i f
n =

f n
i +1 ! f n

i

! u
si ui %

l j
r k

' k < 0, Du i f
n =

f n
i ! f n

i # 1

! u
si ui # 1 %

l j
r k

,

(4.2.29)

et au bord, !
7777"

7777#

' i > 0, D r k f n =
f n

k ! f n
# k

! r
si r k# 1 )

l j
ui

< r k

' k < 0, Du i f
n =

f n
# k,i ! f n

k,i

! u
si ui # 1 <

l j
r k

) ui .

(4.2.30)

Remarquons que les termes) k,i,j et les opŽrateursD r et Du,* (k) ici dŽÞnis sont les m•mes

que pour le schŽma B. Les seuls changements ont ŽtŽ faits sur les termes[u]i, * (k) et
F
! !

f n

G

r k
pour satisfaire !

77"

77#

' i > 0, (Du i ,* (k) )
&(u2) = ! 2[u]i, * (k) ,

' k ,= 0 ,
<
! !

f n

=
r k

=
E n+1

k + E n
k

2
.

(4.2.31)

De plus, rappelons que le champ gravitationnelE n
k satisfait

(E n
k ) est impair, E 1

k = %n
1 ! r, et, ' k # N&, D r (r 2

kE n
k ) = r 2

k

,
%n

k + %n
# k

-
! r. (4.2.32)

Les conditions (4.2.31) et (4.2.32) sÕajoutant ˆ la condition (4.2.18) sont les arguments
permettant de dŽduire la conservation de la masse et du Hamiltonien.On pourrait tr•s
bien gŽnŽraliser la proposition suivante ˆ dÕautres opŽrateurs sÕils vŽriÞent ces conditions.

Proposition 4.2.5. Soit une distribution f n satisfaisant (4.2.27) et telle que son support
reste dans

A =
.

(r, u, l ), |r | >
l
u

+ 2! r
/

.

Alors, si les conditions suivantes sont respectŽes.
(i) Le schŽma C prŽserve la positivitŽ def n et est stable dansL $ tant que la condition
CFL suivante est respectŽe :

3
2

ui
! t
! r

+
:
:E n+1

k + E n
k

:
: ! t

! u
< 1, (4.2.33)

(ii) La masse et le Hamiltonien donnŽs par les dŽÞnitions 4.2.1 sont conservŽs.
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Remarquons tout dÕabord que ce schŽma propose de trouverf n+1 apr•s avoir calculŽ
son champ de forceE n+1 . Ceci ne pose pas de probl•me car nous pouvons quantiÞer les
variations D t (E n ) uniquement ˆ partir de f n . Ce rŽsultat correspond ˆ lÕŽquation (4.2.39).

Ensuite, on a perdu ici la conservation de la masse au bord. En e!et,nous nÕavons plus

,
D i,j

r

- &
2

mk,i,j ) k,i,j [u]i, * (k)

3
= 0 ,

au niveau du bord puisque[u]i, * (k) change de valeur lorsque quer k change de signe.

DŽmonstration. La stabilitŽ dans L $ , la positivitŽ de f n et la conservation de la masse
sur lÕensembleA sont toutes des propriŽtŽs dŽcoulant directement de la proposition 4.2.4.

Commen•ons par Žtudier les variations de lÕŽnergie cinŽtique :

D t E n
cin = 8#2

C

(k,i,j )" U+

u2
i mk,i,j D t f n

k,i,j ! r ! u

= 8#2
C

(k,i,j )" U+

u2
i (l j ! l j )

F
! [u]i, * (k) D r f n +

<
! !

f n

=
r k

Du,* (k) f
n
G

! r ! u.

Comme la condition (4.2.18) est encore respectŽe surA et que f n est nulle en dehors de
cet ensemble, on obtient

D t E n
cin = 8#2

C

(k,i,j )" R+

u2
i (l j ! l j )

<
! !

f n

=
r k

Du,* (k) f
n
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2
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2
i

3
(l j ! l j )

<
! !

f n

=
r k

f n
k,i,j ! r ! u,

(4.2.34)

Ainsi, en utilisant (4.2.31),

D t E n
cin = ! 16#2

C

(k,i,j )" R+

[u]i, * (k) (l j ! l j )
E n+1

k + E n
k

2
f n

k,i,j ! r ! u. (4.2.35)

IntŽressons-nous maintenant ˆ lÕŽnergie potentielle. Ses variations peuvent se mettre sous
la forme suivante :

D t E n
pot = 4#

+ $C

k=1

2D t (r 2
kE n

k )
E n+1

k + E n
k

2
! r. (4.2.36)

Dans le but de dŽterminer une formule explicite deD t (r 2
kE n

k ), on dŽveloppeD t (r 2
k%n

k ) en
sÕaidant de la condition (4.2.18) :

1
2#

D t (r 2
k%n

k ) =
C

i,j
| r k |u i >l j

mk,i,j D t f n
k,i,j ! u = !

C

i,j
| r k |u i >l j

(l j ! l j ) [u]i, * (k) D r f n
k,i,j ! u.
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En dehors du bord o• la fonction f n sÕannule,D r est indŽpendant dei et j , dÕo•

D t (r 2
K E n

K ) = D t (
KC

k= # K +1

r 2
k%n

k ! r )

= ! 2#
C

i,j
| r k |u i >l j

(l j ! l j )
2

[u]i, * (K ) f n
K,i,j ! [u]i, * (# K ) f n

# K,i,j

3
! u.

Finalement, en notant queE n
# k = ! E n

k , on obtient

D t E n
pot = ! 16#2

C

k,i,j
| r k |u i >l j

l j ! l j [u]i, * (k)
E n+1

k + E n
k

2
f n

k,i,j ! r ! u. (4.2.37)

On a ainsi la conservation du Hamiltonien en combinant (4.2.35) et (4.2.37).

Pour le schŽma C,E n
k doit •tre dŽÞni de deux mani•res : soit directement pourE 0

k :

' k > 0, r 2
kE 0

k =
kC

÷k= # k+1

r 2
÷k
%0

÷k
! r et E 0

# k = ! E 0
k , (4.2.38)

soit, pour n % 1, ˆ partir de E n# 1
k et de f n# 1 :

r 2
k

E n
k ! E n# 1

k

! t
= ! 2#

C

i,j
| r k |u i >l j

l j
2

[u]sgn(k)
u i

f n# 1
k,i,j ! [u]sgn(# k)

u i
f n# 1

# k,i,j

3
! u! l j . (4.2.39)

4.3 Tests numŽriques

On teste maintenant les trois schŽmas A, B et C dŽÞnis par (4.2.12), (4.2.21) et (4.2.27).
Dans un premier temps, on mettra en Žvidence les propriŽtŽs conservatives et la convergence
de ces schŽmas pour des donnŽes nulles ou non nulles au niveau du bord. Puis, dans un
second temps, on consid•rera une perturbation dÕun Žtat stationnaire et on Žtudiera son
comportement au cours du temps.

4.3.1 Conservation de la masse et du Hamiltonien

On consid•re tout dÕabord un Žtat initialf 0 dont le support est assez ŽloignŽ du bord.
Dans lÕexemple que nous allons Žtudier, nous nous pla•ons sur[0, Rm ] $ [0, Um ] avecRm =
Um = 1 et nous considŽrons une condition initialef 0 telle que

Supp(f 0) 7
.

(r, u, l ),
l
u

+
1
8

< |r | <
1
2

et
l

|r |
+

1
8

< u <
1
2

/
.
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Notons que numŽriquement, le champE k
n est infŽrieur ˆ 0.1. On prendra donc! t = ! r =

! u = ! l . Les donnŽes seront nulles pr•s du bord au moins jusquÕˆ un tempsT0 vŽriÞant

T0 = n! t = n! r = 1 / 8 ! ! r,

On sÕattend donc ˆ ce que le schŽma C conserve la masse et le Hamiltonien jusquÕˆ ce
temps. De plus, le schŽma B devrait conserver la masse deux fois plus longtemps jusquÕˆ ce
que la masse soit transportŽe jusquÕau bord|r | = Rm et u = Um . Nous considŽrons des pas
de ! = 10 # 2. Nous reprŽsentons lÕŽvolution de la densitŽRHO + et RHO ! correspondant
respectivement ˆ la densitŽ%n

k pour k > 0 et pour k < 0 sur les Þgures 4.1, 4.2 et 4.3,
relatives aux schŽmas A, B et C.

Remarquons que la consistance du schŽma A rend la courbe reprŽsentant la densitŽ
plus lisse que celles obtenues pour les schŽmas B et C. De plus, notons quÕil est tout ˆ
fait logique que la densitŽ satisfaisantr > 0 et donc s = x áv > 0, soit transportŽe vers
lÕextŽrieur et que, inversement, celle satisfaisants < 0 se rapproche du centre du domaine.

Nous reprŽsentons ensuite lÕŽvolution de la masse, Þgure 4.3.1 et duHamiltonien, Þgure
4.3.1 pour les di!Žrents schŽmas.

Les variations de la masse suivent lÕŽtude thŽorique faite pour les schŽmas A, B et C :
le schŽma A nÕest pas conservatif, la masse correspondant au schŽma Creste constante
un moment avant de dŽcro”tre rŽguli•rement mais tr•s faiblement et le schŽma B conserve
admirablement la masse pendant un temps assez long.

On remarque quÕˆ partir dÕun temps dÕenviront = 1 .2, les trois masses dŽcroissent de
concert de mani•re rapide. On peut expliquer cela par un transport de masse thŽorique
vers lÕextŽrieur du domaine, en|r ] > R m ou en u > U m . De la m•me mani•re, on voit ce
phŽnom•ne se produire sur lÕŽvolution du Hamiltonien. Remarquons que la densitŽ semble
se concentrer pr•s der = 0 , ce qui implique par conservation de la masse un Žlargissement
du support en la variable u et qui co•ncide avec ce phŽnom•ne. DÕailleurs, en prolongeant
la durŽe dÕŽtude on peut nettement voir un Žcroulement brusque de la densitŽ en r = 0 .

Commentons maintenant la Þgure 4.3.1. Les varitions du Hamiltonien ne sont pas
Žtonnantes pour le schŽma A. Cependant, on remarque quÕau tempst = 1 , le schŽma
B semble avoir mieux conservŽ le Hamiltonien que le schŽma C. Cela sÕexplique assez
facilement : les pertes et gains dÕŽnergie se sont ŽquilibrŽs au cours du temps pour le
schŽma B alors que le schŽma C a conservŽ le Hamiltonien jusquÕˆ ce que le support de
la fonction de distribution atteigne le bord singulier. Pour Žtayer cette explication nous
agrandissons la Þgure 4.3.1 pour des temps petits, voir Þgure 4.6. Nous voyons que le
schŽma C conserve bien le Hamiltonien sur cet intervalle de temps. Le schŽma B pour sa
part le fait varier tr•s faiblement.

Au Þnal ces trois schŽmas ont leurs avantages et inconvŽnients : le schŽma A est plus
consistant au niveau des bords mais nÕest pas conservatif. Le schŽmaB est a priori moins
consistant que le A mais conserve la masse partout, ce qui le rendrautile lorsquÕon cherche
de la convergenceL 1. Pour Þnir le schŽma C apporte par rapport au schŽma B la conser-
vation du Hamiltonien loin des bords mais perd celle de la masse pr•sdes bords.

Dans la sous-partie suivante, nous nous intŽresserons ˆ la possibilitŽ dÕappliquer de
tels schŽmas pour Žtudier le comportement asymptotique dÕune solution proche dÕun Žtat
stationnaire.
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Figure 4.1 Ð Evolution de la densitŽ pour le schŽma A
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Figure 4.2 Ð Evolution de la densitŽ pour le schŽma B
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Figure 4.3 Ð Evolution de la densitŽ pour le schŽma C
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Figure 4.4 Ð Evolution de la masse au cours du temps

Figure 4.5 Ð Evolution du Hamiltonien au cours du temps
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Figure 4.6 Ð Evolution du Hamiltonien en temps petit

4.3.2 Comportement autour dÕun Žtat stationnaire

Nous donnons maintenant les idŽes pour tester nos schŽmas numŽriques autour dÕŽtats
staionnaires bien connus, les polytropes. Pourp > 9/ 7 nous savons quÕil existe un Žtat
stationnaire vŽriÞant

Q(r, u ) = C
*

! 1 !
u2

2
! ! Q(r )

+ 1
p! 1

+
, (4.3.1)

o• (a)+ dŽsigne la partie positive dea. Pour des raisons de simplicitŽ, nous Žtudierons ici
le casp = 2 . Dans ce cas, en intŽgrant selon la variable de vitesseu, on trouve

%Q(r ) =
#2

/
2

2
C (! 1 ! ! Q(r ))2

+ .

En choisissant alorsC = 2
12

,
2
, le potentiel ! Q satisfait

r 2! !!
Q + 2 r ! !

Q = ( ! 1 ! ! Q(r ))2
+ .

Cette Žquation admet une unique solution vŽriÞant! !
Q(0) = 0 et tendant vers 0 ˆ lÕinÞni.

On utilise alors une mŽthode de Runge-Kutta dÕordre 4 pour la rŽsoudre. On obtient ainsi
le potentiel ! Q et sa dŽrivŽe! !

Q reprŽsentŽs Þgure 4.7.
Ces graphes nous apportent quelques informations utiles. On peut voir tout dÕabord

que ! Q reste plus petit que ! 1 jusquÕˆ environr = 3 . De plus, lorsquÕelle devient plus
grande que cette valeur, on sait que! Q(r ) = ! M 1

41r o• M 1 est la masse correspondant ˆ
la distribution Q. Ainsi, une Žtude plus approfondie de la courbe de! Q nous donne une
tr•s bonne approximation de la valeur M 1 : on trouve M 1 = 40.71. Notons enÞn que le
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Figure 4.7 Ð Graphes du potentiel! Q et du champ gravitationnel ! !
Q

champ de force! !
Q nÕest pas plus grand que1 ce qui permettra de bien choisir les pas

de discrŽtisation aÞn de respecter la CFL. Notez que nous avons reprŽsentŽ la fonction de
distribution Q sur la Þgure 4.8.

Maintenant, prenons une fonction initiale proche deQ et Žtudions le comportement
asymptotique de la solution numŽrique correspondante. Nous espŽrons bien sžr que cette
fonction tende versf $ . On choisit f 0 telle que

f 0(r, u, s) =
2

#2
/

2

*
! 1 !

u2

2
! ! Q(r ) ! b- (r )s

+ 1
2

+
.

o• - (r ) est une gausienne centrŽe en0, majorŽe par1 et ˆ support dans [! 1, 1] et b est
une constante faible. On se place sur[0, Rm ] $ [0, Um ] avecRm = 4 et Um = 3 ce qui nous
permettra dÕŽviter toute perte de masse sur les bords du domaine. Notons alors f (t) la
solution thŽorique associŽe f̂ 0 et f n sa solution numŽrique. On remarque numŽriquement
que sib = 0 .1 alors

sup|f 0(x) ! Q(x)| 4 0, 036.

Or, f n est une approximation def dÕordre 1 donc, en notant le pas global! la condition

! << 0, 036 (4.3.2)

est nŽcessaire pour pouvoir observer un comportement asymptotique nous permettant de
conclure. En e!et, dans le cas contraire, nous ne saurions pas si les variations par rapport
ˆ Q sont dues ˆ la pertubartion ou ˆ lÕerreur dÕestimation du schŽma numŽrique.

Prendre un ! aussi petit revient ˆ considŽrer au moins 400 points en espace, 300 points
en vitesse, 1200 points en la variablel et le nombre de points de la discrŽtisation en temps.
Le calcul est donc trop lourd.

Pour rŽsoudre ce probl•me, lÕidŽe est de prendre des opŽrateurs di!Žrentiels dÕordre
supŽrieur ou Žgal ˆ 2. En e!et, notre rŽsultat de conservation de la masse est donnŽ pour des
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Figure 4.8 Ð ReprŽsentations du polytropeQ

opŽrateurs quelconques et celui concernant le Hamiltonien peut •tre aisŽment gŽnŽralisŽ.
Pour lÕinstant, cette adaptation est encore en cours dÕŽtude.
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