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Vorwort

Die vorliegende Arbeit ist der Klassifikation partiell hyperbolischer Diffeo-
morphismen gewidmet. Die Untersuchung partiell hyperbolischer Diffeomor-
phismen ist ein Teil der Theorie der dynamischen Systeme. Unter einem
dynamischen System versteht man ein beliebiges System, zum Beispiel ein
physikalisches oder ein 6konomisches, das sich in Abhéngigkeit von der Zeit
verandert. Wir betrachten nur dynamische Systeme mit diskreter Zeit. Dem-
nach lasst sich ein dynamisches System durch den Raum M der Zustande
des Systems und durch eine Abbildung f : M — M beschreiben, die die
Veranderung des Systems in einer Zeiteinheit erfasst. Diese Arbeit beschrankt
sich auf differenzierbare dynamische Systeme, bei denen f ein Diffeomorphis-
mus und M eine kompakte glatte Mannigfaltigkeit ist.

Die Theorie der dynamischen Systeme untersucht das langfristige Verhal-
ten eines Systems: Gibt es einen Zustand oder eine Menge von Zustanden,
denen sich das System unabhéngig von seinem Anfangszustand annahert?
Ist das System stabil gegentiber kleinen Storungen von f oder geringfiigigen
Anderungen des Anfangszustandes? In den 1960er Jahren hat man fest-
gestellt, dass strukturstabiles dynamisches Verhalten eng mit dem Begriff
der Hyperbolizitat korreliert. In den darauffolgenden Jahren sind deshalb
sogenannte hyperbolische dynamische Systeme intensiv studiert worden, und
ihr Verhalten ist heute gut verstanden. In der Folge tauchten in den 1970er
Jahren Ideen auf, den Begriff der Hyperbolizitat abzuschwachen, so dass eine
grofiere Klasse von Systemen erfasst wird, aber dennoch viele Eigenschaften
hyperbolischer Systeme erhalten bleiben. In diesem Zusammenhang sei an
den Begriff der partiellen Hyperbolizitat erinnert, eingefiihrt von Pugh und
Shub in [PS72] und unabhéngig davon von Brin und Pesin in [BP74], sowie
an den Begriff der nichtuniformen Hyperbolizitidt von Pesin in [Pes77], heute

auch als Pesin-Theorie bekannt, und an das dominated splitting, entwickelt
von Mané in [Mang84].

Der Gegenstand dieser Arbeit sind differenzierbare partiell hyperbolische Sys-
teme. Ein glattes dynamisches System f : M — M wird partiell hyperbolisch
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genannt, falls sein Tangentialbiindel in drei nichttriviale, df-invariante Un-
terbiindel zerfallt, genannt stabiles, instables und zentrales Unterbiindel, so
dass df Vektoren des stabilen Unterbiindels starker kontrahiert als Vektoren
in zentrale Richtung sowie Vektoren in instabile Richtung starker streckt als
Vektoren in zentrale Richtung. Die stabilen und instabilen Unterbiindel sind
eindeutig integrabel zu f-invarianten stabilen und instabilen Blatterungen,
wahrend das zentrale Unterbiindel nicht einmal in einem schwachen Sinne
integrabel sein muss. Diese Arbeit beschrankt sich auf Systeme, die eine
f-invariante Zentrumsblatterung tangential zum zentralen Unterbiindel be-
sitzen. Die Eigenschaften der Zentrumsblidtterung sind eine Mdoglichkeit,
um partiell hyperbolische Systeme zu klassifizieren, und dieser Weg soll in
dieser Arbeit beschritten werden. Da sich die bekannten Beispielklassen vor
allem hinsichtlich der Eigenschaften ihrer Zentrumsblatterung unterscheiden,
scheint dies eine sinnvolle Kategorisierung zu sein.

Am Anfang dieser Arbeit stand die Idee, partiell hyperbolische Systeme
auf hyperbolische Systeme zuriickzufiithren, indem man sich der zentralen
Richtung, die bei allen Beweisen Probleme bereitet, zu entledigen versucht.
Mathematisch formuliert geht man zum Quotientenraum iiber, der entsteht,
wenn man jeweils alle Punkte auf einer Zentrumsmannigfaltigkeit miteinan-
der identifiziert. In diesem Quotientenraum kann man mit gutem Recht
ein hyperbolisches Verhalten des induzierten Systems erwarten, auch wenn
Glattheitseigenschaften auf dem Weg der Quotientenbildung verloren gehen.
Im Allgemeinen, und hier liegt nun das Problem, ist der Quotientenraum
einer Bléatterung in den meisten Fillen nicht einmal ein Hausdorffraum. Doch
die Hausdorffeigenschaft ist sicherlich ein Minimum dessen, was man von
einem Raum verlangen muss, um in ihm sinnvoll die Dynamik eines Sys-
tems untersuchen zu konnen. Deshalb ist es notwendig zu fordern, dass alle
Zentrumsmannigfaltigkeiten kompakt sind und endliche Holonomie besitzen.
Was dies im Einzelnen ist und was es impliziert, wird im folgenden einleiten-
den Kapitel ausfiihrlich dargelegt. An dieser Stelle soll es zunachst geniigen
festzuhalten, dass die Zentrumsblatterung weitere zusatzliche Eigenschaften
besitzen muss. Unter diesen Bedingungen induziert dann f eine Abbildung
F auf dem Quotientenraum, die in einem topologischen Sinne viele hyperbo-
lische Eigenschaften aufweist. Die Strategie, die den folgenden Beweisen zu-
grunde liegt, ist, die hyperbolischen Eigenschaften immer dann auszunutzen,
wenn die zentrale Richtung Schwierigkeiten bereitet, gleichzeitig aber auf f
und die glatten invarianten Blatterungen in M zuriickzugreifen, sobald der
Beweis Glattheitseigenschaften erfordert.

Die Annahme kompakter Zentrumsmannigfaltigkeiten scheint sehr restriktiv,
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ist aber, obwohl theoretisch motiviert, auch von praktischer Bedeutung, da
eine wichtige Beispielklasse partiell hyperbolischer Systeme, die sogenannten
Schiefprodukte, kompakte Zentrumsmannigfaltigkeiten besitzt. Die Schief-
produkte sind in den letzten Jahren aus vielen Griinden, wie z.B. Existenz
von SRB-Maflen, intensiv studiert worden. Diese Arbeit ist nun ein Schritt
hin zu einem besseren Verstandisses des Zusammenhanges zwischen partiell
hyperbolischen Systemen mit kompakter Zentrumsblatterung und Schiefpro-
dukten bzw. endlichen Uberlagerungen von Schiefprodukten. Im Falle einer
dreidimensionalen Mannigfaltigkeit hat Pujals auf einer Konferenz im Jahr
2001 die Vermutung geduflert, dass beide identisch sind, die auch durch Ar-
beiten von Bonatti und Wilkinson in [BW05a] in leicht abgeénderter Form
bestarkt wird.

Die folgenden drei Ergebnisse sind die wichtigsten, die in dieser Arbeit erzielt
werden konnten:

Ergebnisse:

1. Ein partiell hyperbolisches System f : M — M mit einer kompakten
Zentrumsblatterung mit endlicher Holonomie ist dynamisch koharent,
d.h. es existieren Blatterungen zum zentralinstabilen und zum zentral-
stabilen Unterbiindel. Dieses Ergebnis findet sich als Theorem 1.24 im
Kapitel 1.

2. Weiter zeigen wir das Beschattungslemma in Theorem 1.65 in Kapi-
tel 1 fiir ein partiell hyperbolisches System f : M — M mit einer
kompakten Zentrumsblatterung mit endlicher Holonomie.

3. Es werde weiter angenommen, dass das instabile Unterbiindel eindi-
mensional ist. Dann kann ein partiell hyperbolisches System f : M — M
mit einer kompakten Zentrumsbléatterung mit endlicher Holonomie auf
einer zweifachen Uberlagerung zu einem partiell hyperbolischen System
f hochgehoben werden, so dass die hochgehobene Zentrumsblatterung
nur triviale Holonomie besitzt. Die Quotientenabbildung beschreibt
ein Faserbiindel, und das hochgehobene System f induziert einen hy-
perbolischen Torusautomorphismus auf dem Quotientenraum.

Lokal sieht das System also in etwa aus wie ein Schiefprodukt aus einem
hyperbolischen Torusautomorphismus und der Wirkung von f auf der
Zentrumsmannigfaltigkeit. Dieses Ergebnis ist in Theorem A, Theo-
rem B und Theorem C enthalten, die im Kapitel 2 vorgestellt und im
Anschluss daran bewiesen werden. Dabei ist Theorem C dasjenige mit
dem starksten Resultat und impliziert im Wesentlichen Theorem A und
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Theorem B.

Das obige Ergebnis kann nicht auf Systeme mit héherdimensionaler insta-
biler Richtung iibertragen werden, da der Beweis auf einem Resultat tiber
sogenannte Anosov-Diffeomorphismen der Kodimension 1 beruht, also hy-
perbolische Diffeomorphismen mit eindimensionaler instabiler Richtung. Bei
jedem Versuch, das Ergebnis zu verallgemeinern, tauchen mindestens an den
folgenden drei Stellen Schwierigkeiten auf:

1. Eine endliche Holonomie kann man hier als eine stetige Gruppenwirkung
einer endlichen Gruppe von periodischen Homoéomorphismen auf einer
Untermannigfaltigkeit in M verstehen, die transversal zur Zentrums-
blatterung eingebettet ist. Es ist wenig im Allgemeinen iiber derar-
tige Gruppenwirkungen bekannt, falls die Dimension der Unterman-
nigfaltigkeit grofier als zwei ist. Falls also die Zentrumsblatterung eine
hohere Kodimension besitzt, wird es sehr schnell schwierig, irgendetwas
a priori iiber die Natur der Holonomiegruppe, die Art der Gruppen-
wirkung und die Fixpunktmengen auszusagen.

2. Um zu zeigen, dass die Holonomie der Zentrumsblatterung in einer
endlichen Uberlagerung verschwindet, benétigt man, dass die induzierte
Abbildung F' auf dem Quotienten transitiv ist. Dies mag im Falle
einer hoherdimensionalen instabilen Richtung nicht korrekt sein. Ist
die Holonomie nicht trivial, ist auch der Quotientenraum keine Man-
nigfaltigkeit.

3. Um zu zeigen, dass der Quotientenraum ein Torus ist, wird die uni-
verselle Uberlagerung der Mannigfaltigkeit konstruiert und gezeigt, dass
die Automorphismengruppe der Uberlagerung und damit die Funda-
mentalgruppe des Quotientenraums Z? ist, wobei ¢ die Kodimension
der Zentrumsblatterung bezeichnet. Zur Bestimmung dieser Gruppe
wird aber mafigeblich ausgenutzt, dass ein Unterbiindel eindimensional
ist und dass jede instabile Mannigfaltigkeit dicht im Raum ist, wofiir
wiederum die Transitivitat von F' benotigt wird.

Es kann zudem gezeigt werden, dass im Falle eines zweidimensionalen insta-
bilen Biindels eine zweifache Uberlagerung nicht ausreicht, um Zentrumsblitter
mit nichttrivialer Holonomie zu beseitigen. Vielmehr konnen f-invariante
Untermannigfaltigkeiten aus Zentrumsblattern mit nichttrivialer Holonomie
auftauchen. An diesem Sachverhalt erkennt man, dass das obige Ergeb-
nis in der jetzigen Formulierung nicht auf héherdimensionale Unterbiindel
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iibertragen werden kann.

Das Thema dieser Arbeit war anfangs durch die Frage motiviert, ob es nicht
moglich ist, ohne Beschrankung der Allgemeinheit triviale Holonomie der
Zentrumsblitterung vorauszusetzen, d.h. ob es stets eine endliche Uber-
lagerung gibt, auf die das System hochgehoben werden kann, so dass dort
die Holonomie verschwindet. Diese Frage mag auf den ersten Blick sehr
naheliegend erscheinen, dennoch ist sie nicht ad hoc zu beantworten. Dies
zeigt sich auch darin, dass sie auch schon in weiteren aktuellen Arbeiten wie
[Car10] und [Gogl1] aufgetaucht ist, ohne in voller Allgemeinheit beantwortet
worden zu sein. Es sei anzumerken, dass im Fall einer kompakten Blatterung
mit endlicher Holonomie, ohne Annahme eines partiell hyperbolischen Sys-
tems, nicht unbedingt eine endliche Uberlagerung existieren muss, so dass
dort die Holonomie verschwindet. Um diese Frage zu beantworten, muss also
die Dynamik des Systems ebenso wie Eigenschaften der Bliatterung und ihr
Zusammenspiel ausgenutzt werden. Obwohl auch diese Arbeit die Eingangs-
frage nicht vollstandig beantwortet, wird hiermit ein besseres Verstandnis fiir
die weitere Untersuchung dieser Klasse von partiell hyperbolischen Systemen
gewonnen und eine mogliche Richtung fiir die Beantwortung dieser Frage
vorgezeichnet.

Im folgenden ersten Kapitel werden alle Voraussetzungen dieser Arbeit erlau-
tert und vorbereitende Aussagen bewiesen. Davon sind zwei, der Beweis
der dynamischen Koharenz und des Beschattungslemmas, unabhangig von
ihrer Anwendung in dieser Arbeit von allgemeiner Bedeutung fiir die The-
orie der partiell hyperbolischen Systeme. Im zweiten Kapitel wird dann
das Hauptergebnis dieser Arbeit ausfiihrlich bewiesen. Dabei werden die
Félle von Kodimension-2, Kodimension-3 und Kodimension-(k+1) getrennt
behandelt, weil sich die Beweise in Techniken und Schwierigkeitsgrad er-
heblich unterscheiden und in den ersten beiden Fallen auf bekannte Resultate
zuriickgegriffen werden kann. Im letzten Abschnitt des zweiten Kapitels wird
der Fall eines partiell hyperbolischen Diffeomorphismus mit jeweils zweidi-
mensionalem instabilen und stabilen Unterbiindel erlautert.
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Introduction

This thesis is an attempt to make a step forward towards a classification of
partially hyperbolic systems. The investigation of partially hyperbolic sys-
tems is part of the theory of dynamical systems. A dynamical system is any
kind of system, e.g. physical or economical, which changes time-dependently.
We only consider systems with discrete time. Hence, a dynamical system
consists of a space M of states and a map f which describes the changes of
the state of the system in one time unit. This thesis is limited to smooth
dynamical systems where f is a diffeomorphism and M a compact smooth
manifold.

The theory of dynamical systems tries to answer how the dynamical system
changes in the course of time. Does the system converge to an equilibrium
state, independent of its initial state? Is the behavior of the system stable
under small changes of the initial conditions? In the 1960s it was shown
that stable dynamical behavior is closely related to hyperbolicity. So, in the
following years, hyperbolic dynamical systems were intensely studied and are
nowadays quite well understood. Since the 1970s the concept of hyperboli-
city has been tried to be relaxed in such a way that a larger class of systems
is covered and at the same time, a lot of properties of hyperbolic systems
are conserved. We should remind in this context of partial hyperbolicity in-
troduced by Pugh and Shub in [PS72] and independently by Brin and Pesin
in [BP74], of non-uniform hyperbolicity initiated by Pesin in [Pes77] and of
dominated splitting developed by Mané in [Man84].

As indicated above, the present work deal with smooth partially hyperbolic
dynamical systems f: M — M. A smooth dynamical system f: M — M
is called partially hyperbolic if its tangent bundle splits into three non-trivial,
df-invariant subbundles, called the stable, unstable and center bundle, such
that df contracts uniformly vectors in the stable direction, expands uniformly
vectors in the unstable direction and contracts and/ or expands in a weaker
way vectors in the center direction. The stable and unstable foliations inte-
grate to unique f-invariant stable and unstable foliations, while the center
bundle might not be integrable, even in a weak sense. But we restrict our-
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selves to the case of a partially hyperbolic system where a center foliation
tangent to the center bundle exists. One possibility to classify such partially
hyperbolic systems is by the properties of their center foliation.

The idea that motivated this thesis is to get rid of the mysterious behavior of
the center foliation by just dividing it out. Formulated in a more mathemati-
cal way, we identify points on the same center leaf and thereafter work in the
resulting quotient space of the center foliation. In this quotient we expect a
hyperbolic behavior of the induced map with all its useful and well-known
properties. But generally, the quotient space of a foliation has very little
structure and might not even be Hausdorff. But as the Hausdorff property
is the minimum for any serious investigation of the topological dynamics, we
have to assume that all center leaves are compact and have finite holonomy
in order to get a compact Hausdorff space as quotient space. We define and
explain all these notions in the first chapter of this work. At this time it
shall suffice to say that we have to assume a number of certain additional
properties of the center foliation. Then it is possible to identify points on
the same center leaf and obtain a Hausdorff space. The smooth dynamical
system f induces a continuous dynamical system F' on this quotient which
reveals a lot of typical hyperbolic features. The strategy is to use the hyper-
bolic behavior in the quotient whenever the center might cause difficulties
during a proof and to enjoy the existence of foliations with smooth leaves
and a smooth map f when the assumption of differentiability is unavoidable.
The restriction to compact center foliations is not at all unmotivated as it
is conjectured by Pujals in 2001 that all partially hyperbolic systems on
three-dimensional manifolds are perturbations of one of the following three
examples or finite lifts of them: Time-1 map of an Anosov flow, certain toral
automorphisms and certain skew products. The last class of partially hyper-
bolic system, the skew products, all have compact leaves and have been of
great interest in the last years. So, one may expect that all partially hyper-
bolic systems with compact leaves are perturbations of a skew product or
can be lifted to such a system in a finite cover. This question is at present
far to be solved. But the present thesis supports the conjecture above and
may be regarded as a step towards proving this conjecture.

Main Results:

1. Let f: M — M be a partially hyperbolic system with a f-invariant
compact center foliation with finite holonomy. Then the diffeomor-
phism f is dynamically coherent, i.e. there exist foliations tangent to
the center-stable and center-unstable subbundles. This result is stated
as Theorem 1.24 in Chapter 1.
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2. We show the Shadowing Lemma in Theorem 1.65 for a partially hy-
perbolic diffeomorphism f with a f-invariant compact center foliation
with finite holonomy.

3. Assuming a one-dimensional unstable (or stable) bundle we show that
the partially hyperbolic system f : M — M, lifted to a 2-cover, fibers
over a hyperbolic linear map on the torus. As a consequence, the system
looks locally more or less like a skew product of a hyperbolic automor-
phism and the action of f on the center leaf. This result is contained
in Chapter 2 and divided into Theorem A, Theorem B and Theorem
C. Theorem C is the strongest result and mostly implies Theorem A
and Theorem B.

As the proof depends on a result about so called codimension-one Anosov
diffeomorphisms, i.e. hyperbolic diffeomorphisms with a one-dimensional
unstable (or stable) bundle the main result of this thesis cannot be extended
to a system with higher-dimensional unstable bundle. Difficulties arise at
least at three points:

1. A finite holonomy is a continuous group action of a finite group of
homeomorphisms on a smoothly embedded disk in the manifold M.
We do not know a lot about these so-called continuous transformation
groups if the dimension of the disk is greater than 2. For this reason,
in case of higher codimensions of the center bundle it is difficult to
conclude something a priori about the nature of the holonomy group
and the way it acts, for example what its fixed point set is like.

2. The proof for the triviality of any center holonomy is based on the
fact that the induced dynamic of F' on the quotient space is transitive.
This might not be correct in the case of a higher-dimensional unstable
bundle. If the center holonomy is not trivial the quotient will not be a
manifold.

3. To show that the quotient is a torus the standard way is the construc-
tion of a universal cover and then to show that the automorphism group
of this cover and hence the fundamental group of the manifold is Z4
where ¢ denotes the codimension of the center foliation. But to deter-
mine this group it is inevitable that one bundle is one-dimensional and
the corresponding leaves are dense.

Further, we show that in the case of a two-dimensional unstable bundle a
2-cover is not enough to eliminate center leaves with non-trivial holonomy.
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Besides, there can exist f-invariant submanifolds in M which consist of cen-
ter leaves with non-trivial holonomy. This fact shows that the main result
above in the actual form cannot be generalized to higher-dimensional unsta-
ble (or stable) bundles.

One motivation for the topic of this thesis was the question if we could restrict
ourselves to the case of trivial center holonomy. We could do this without
losing generality if we show that any system with finite holonomy can be
lifted to a finite cover where the holonomy vanishes everywhere. It should be
remarked that a priori - without assuming a partially hyperbolic dynamic on
the manifold - such a cover does not exist. So, to answer this question dy-
namical properties, features of compact foliations with finite holonomy and
their interplay have to be utilized at the same time. This question appears
under certain additional assumptions in actual work as in the thesis of Car-
rasco ([Carl0]) and a recent article by Gogolev ([Gogll]). This thesis is an
attempt to provide a better understanding of how to answer this question.
This work is organized as follows: In the first chapter we introduce and define
the setting of the thesis and prove some preliminary results we need in the
main proofs. Two of these results, the proof of dynamical coherence and of
the Shadowing Lemma, are interesting for the theory of partially hyperbolic
systems independent from their application in this thesis. In the second
chapter we mainly present the detailed proofs of Theorem A, Theorem B
and Theorem C of this thesis. We prove the case of a codimension-2 and
codimension-3 center foliation separately as they are more straightforward
and easier to handle than the most general case of a one-dimensional unsta-
ble bundle. Some interesting techniques only arise in the lower-codimensional
cases. In the last section of the second chapter we treat the case of a
codimension-4 center foliation where stable and unstable bundle are both
two-dimensional.
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1

Preliminaries

In this chapter we discuss the mathematical concepts and their properties
we need in order to prove our results. During the chapter we prove a lot
of smaller lemmata which are used during the main proofs. Additionally,
two theorems, important by themselves, are shown in this chapter: We prove
dynamical coherence in Theorem 1.26 and the Shadowing Lemma in Theorem
1.65, both in the general setting of a partially hyperbolic diffeomorphism with
a compact center foliation with finite holonomy.

1.1 Compact foliations and homeomorphism
groups

As we deal with stable, unstable and center foliations some concepts of foli-
ation theory are necessary and are introduced here. In particular, we utilize
in our proofs the compactness and finite holonomy of the center foliation by
applying the Reeb Stability Theorem.

Definition of foliation. Let M be a n-dimensional manifold. A foliated
chart on M of codimension ¢ is a pair (U, ¢) where U C M is open and
¢:U — B"9x BYCR"1 x R?is a diffecomorphism where B"~? denotes a
rectangular neighborhood in R"~¢ and B? a rectangular neighborhood in RY.
The set ¢~ (B"™9 x {y}) with y € BY is called a plaque of this foliated chart.
Let 7 = {L;},.; be a decomposition of M into connected, topologically
immersed submanifolds of dimension &k = n — ¢q. Suppose that M admits
an atlas {Uq, @a},cq of foliated charts of codimension ¢ such that for each
a € A and each ¢ € I the set L; N U, is a union of plaques. Then F is said
to be a foliation of M of codimension ¢ and dimension k. Each L; is called a
leaf of the foliation. If the foliated atlas is of class C", 0 < r < oo or r = w,
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1.1. Compact foliations and homeomorphism groups

then the foliation F is said to be of class C”. This implies that every leaf is
a C"-immersed submanifold.

Two foliated atlases 4 and U on M of the same codimension and smoothness
C" are called coherent if their union U U*U is a C"-foliated atlas. Coherence
is an equivalence relation.

A foliated atlas t = {U,, @a},cq Of class C” is said to be regular if for each
a € 2 the closure U, is a compact subset of a foliated chart (W,,,) and
Po = Valu,, the cover {Uy}, oo is locally finite and if (Us, ¢o) and (Ug, ¢p)
are elements of 4, then the interior of each closed plaque P C U, meets at
most one plaque in UB- Every foliated atlas has a coherent refinement that
is regular.

In the case of a codimension-1 foliation F on a connected manifold M there
exists always a 1-dimensional C'*°-foliation £ transverse to F and a foliated
atlas U = {U,, ¢} such that it is simultaneously a regular foliated atlas for
both foliations F and £. The F-plaques are the level sets of pr,o¢p, and
the L-plaques are the level sets of pr; o¢,. Such a foliated atlas is called
a bireqular cover and will be used in the proofs below. Following [CC00] a
foliation F on a compact manifold M is said to be of class C'°* if M has
a differentiable structure relative to which each leaf is C'*-immersed and the
resulting inclusion T.F — T'M imbeds T'F as a C°-plane subbundle of T'M.

Remark 1.1. We assume a compact center foliation YW¢ and accordingly,
every center leaf is an embedded Ct-manifold in M. The center bundle E° is
a continuous subbundle of TM as a consequence of the definition of partial
hyperbolicity. Hence, the center foliation is a C*°F-foliation.

Example 1.2 (Torus foliation). Let X = [Z

R? with a,b € R and a # 0. Since it is invariant under all translations in
R? it passes to a well-defined vector field on the 2-torus T? = R?/Z2. The

} be a linear vector field on

orbits of this vector field X in R? are lines { [Cgi ::__ ZO} | t e R} with start-
0
ing point ZO € R%. They pass to a well-defined one-dimensional foliation
0

y(x) = §$ + ¢ with constant ¢ = by — % on T?. The one-dimensional leaves

are closed and diffeomorphic to circles if and only if the slope g of the lines
is rational. Otherwise, every leaf is a one-to-one immersion of R and lies
densely in T2.

The 2-torus T? is the only oriented compact surface which admits a one-
dimensional foliation. More generally, a closed n-dimensional manifold ad-
mits a one-dimensional foliation if and only if its Fuler characteristic is zero.
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Example 1.3 (Flat bundle foliation). Consider the group G = Zy acting
on T? x S' by (z,0) — (—x,0 + %) without fived points. Then the quotient
T? x S'/Zy is a compact manifold, called mapping torus by —id. The product
foliation F := {{x} x S'} _q= is invariant under the group action and passes
to a well-defined foliation F/Zy on the mapping torus T? x S'/Z.

This concept can be generalized in the following way: Let G be a group acting
freely and properly discontinuously on a connected manifold M. Then M/G
1s a compact manifold. Let G act from the left on a manifold F. Then
E:=MxgF =DM xF/(yg,2) ~ (y,92) is a manifold. Every G-invariant
foliation F, especially the product foliation F = {M X {x}} - passes to a

well-defined foliation Fg = F /G on the quotient E.

Example 1.4 (Seifert bundle). The Ezxample 1.8 above of the foliation by
circles on T? x S'/7Z? is an example of a Seifert bundle. A Seifert bundle M
s a closed 3-dimensional manifold which decomposes into a pairwise disjoint
union of circles, called fibers, such that every circle has a neighborhood (fiber-
preserving) homeomorphic to a standard fibered torus. A standard fibered
torus is the following: Consider the product D X I of a 2-dimensional disk
D and the unit interval I and a homeomorphism p : D — D which rotates
D by the angle 2m%. The map p is completely determined by the rational
number ¢ mod 1. Then we obtain a standard fibered torus if we identify
(x,0) with (p(x),1) for every x € D. If a = 0, then this fiber is called
ordinary, otherwise exceptional. A Seifert bundle is therefore a circle bundle
p: M — B over a two-dimensional orbifold B. We call a topological space
a 2-dimensional orbifold if it is locally homeomorphic to the quotient space
R2/T of R? by a linear action of a finite group T'. The base space B is not
a manifold but an orbifold if the Seifert bundle has exceptional fibers. FEvery
exceptional fiber corresponds to a singular point on B, i.e. a point whose
neighborhood is homeomorphic to R? /T and T is a finite, non-trivial group.

In the example above, there are 4 exceptional fibers corresponding to the fixed
points of the action of Zo on T%. This example reappears in the context of
partially hyperbolic diffeomorphisms as the Seifert bundle T? x S'/Z, admits
a partially hyperbolic diffeomorphism.

Example 1.5 (Foliation on the unit tangent bundle of a hyperbolic surface).
Let ¥, be any surface of genus g with constant negative curvature —1. Any
hyperbolic surface can be represented as quotient 3, = H?/m(X,) of the
hyperbolic plane H?* and the fundamental group mi(3,) which is a discrete
subgroup of PSL(2,R). The unit tangent bundle T'S, = H? x S'/m(3,)
can be identified with PSL(2,R)/m(X,). Define a foliation by the left cosets
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{gH}gePSL(ZR) of the subgroup

H= {(g abl) |a>0} < PSL(2,R)

on H? x S*. Then the foliation is invariant under left translations and passes
to a quotient foliation on the bundle T'E, = H? x S*/m(%,).

Holonomy. It is possible to define a foliation in an equivalent way with the
help of holonomy cocycles: Let pr : R* = R"9 x R? — R? be the canonical
projection onto the last ¢ coordinates. Let (Uy, ¢a), (U, ¢) be two foliated
charts with U, NUp # 0 and denote by y, : U, — B? the submersion pr og,.
We can identify any set y,(U,) C R? with a ¢g-dimensional smooth manifold
T, — U, transverse to the foliation F. Then a foliation F of codimension
q is given by a regular foliated atlas {(Uy, @a)},eq Of class C7, submersions
Yo : Uy — T, over a transverse g-dimensional manifold 7 and for any U, Ug
with U, N U # 0 a C"-diffeomorphism

cap * Ya(Ua NU) = ys(Uy N Ug), such that
ys(x) = cap o Yo(x) forall x € U, NUs.

The cocycle {caﬂ}aﬁEgl is called holonomy cocycle. Each map c,p5 is a C"-
diffeomorphism, 0 < r < oo, from y,(U, NUs) C T, onto yg(U, N Us) C Tp.
A point z € T, lies inside the domain of c,ps if and only if the plaque
P, C U, through z intersects a unique plaque P, C Ug with w € 1Tj,
and it is cap(2) = w. If v is a path contained in P, U P, from z to w we
can define the holonomy of this path to be

1'.’[,y = CoB : ya(Ua N Ug) — yﬁ(Ua N Ug),

hence, it is a map from an open set U C T, to an open set V' C Tjp.

The concept of holonomy, initiated by ideas of Reeb and formally introduced
by Ehresmann in 1950, is central in foliation theory and essential to under-
standing the behavior of a foliation nearby one leaf. It describes - following
a closed path v(t) inside one leaf for ¢ — o0 - how nearby leaves behave
dynamically, if - for example - more and more leaves spiral into view or out
of view or if every leaf stays more or less parallel. We now define the notion
of holonomy:

We fix a regular foliated atlas . The union 7' := |J o 7o of all embed-
ded transverse manifolds 7}, is itself an embedded ¢-dimensional manifold,
transverse to the foliation F (cp. [CCO00, p.57]). We consider a closed
path v : [0,1] — F(z) with v(0) = x which lies entirely inside one leaf
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F(z). Then we can find a chain of plaques {F,..., P} with P,, = Fy and
P NPy #0forall0 <i<m—1and P, C U,, and a suitable subdivision
0=ty <-- <tmy1 = 1such that v ([t;,t;11]) C P, fori=0,...,m. We set

H

v = Camam—l o

Ocoqoz()

and call this diffeomorphism H., the holonomy homeomorphism along the
path . The point x = v(0) is fixed by H,. To obtain a well-defined notion
we have to take the germ of H, which we denote for simplicity with H, again.
The definition of H, is then independent from the choice of the plaque chain
and the subdivision. Further, it does only depend on the homotopy class [7]
of 7. Hence, we obtain a group homomorphism

m (F(x),z) — Homeo (R?,0) .

The image of this group homomorphism is called the holonomy group of the
leaf F'(z) and denoted by Hol(F'(x),z). It is a subgroup of all germs of
homeomorphisms of R? which fixes the origin. By taking the isomorphism
class of this group it does not depend on the original embedding of 7" in
M. 1t is easily seen that any simply connected leaf has a trivial holonomy
group. We say that a foliation has finite holonomy if the holonomy group
Hol(F(x),x) for any x € M is a finite group. This is the main object we
consider in the following.

For completeness, we mention that we obtain a global notion of holonomy,
the so-called holonomy pseudogroup, by taking the set of all groups

{H7 |’y is a path from y to z inside a leaf L}

for all y,z € T inside a common leaf L consisting of the homeomorphisms
H, :T — T. It fails to be a group because any holonomy map is only
defined locally on 7" and not globally, so not any composition of holonomy
maps may be defined. This pseudogroup depends on the choice of foliated
atlas but any two holonomy pseudogroups induced by two regular foliated
atlases are equivalent. So, by taking the equivalence class of a holonomy
pseudogroup we have the holonomy groupoid.!

Compact leaves with finite holonomy. In codimension one (also on a
non-compact manifold) it is shown by Reeb in [Ree52] and in codimension
two on compact manifolds by Epstein in [Eps72], that any compact foliation
has finite holonomy. But in higher codimension there exist counterexamples:

LA groupoid G on a set X is a category with inverses, having X as its set of objects.
In the case of a holonomy groupoid the transversal T is the set of objects.
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Sullivan constructed in [Sul76a] and [Sul76b] a flow on a compact 5-manifold
such that every orbit is periodic but the length of orbits is unbounded. Later,
Epstein and Vogt in [EV78] constructed an example with the same proper-
ties on a compact 4-manifold. In the following we will therefore assume a
compact center foliation with finite holonomy (if the codimension is greater
than 2).

We cannot assume that our foliations are smooth in transverse direction, so
we only obtain a continuous holonomy cocycle and thus a holonomy group
which is a subgroup of a homeomorphism group. Usually in foliation theory,
higher smoothness is required such that the homeomorphism group above
turns into a diffeomorphism group Diff” (R?,0) which acts differentiably on
the transverse manifold and consequently, it has nicer properties. Especially
in the case of a finite holonomy group, it is equivalent to a linear action.
A lot of difficulties which arise during our proofs below have their offspring
in this fact that we do not deal with a foliation which varies smoothly in
transverse direction, but only continuously.

In the special case that the foliated manifold (M, F) is a foliated bundle,
that is if there exists a smooth manifold B such that p : M — B is a fiber
bundle with g-dimensional fiber, the foliation F is transverse to the fibers
{p~'(2)},cp and p restricted to a leaf F' € F is a covering map, the holonomy
groupoid of F is actually a group, called the total holonomy group defined
by a group homomorphism (B, z) — Diff"(p~!(x)) which determines the
foliation. Hence, in this particular case, if the foliation is smooth and the
holonomy group a finite group, the leaf space M/F, obtained by identifying
the points of a leaf, can be locally identified with the quotient of R? by a
linear action of the finite holonomy group, thus, with an orbifold (cp. Theo-
rem 2.15 by Moerdijk and Mrcun in [MMO03]).

The reason why we restrict ourselves to compact foliations with finite holo-
nomy is closely related to the point that under these assumptions there exist
small saturated neighborhoods V(L) of any leaf L that are foliated bundles
p: V(L) — L and the holonomy group is a group. This fact is the content of
the Reeb Stability Theorem which is proved in the present form in [CCO00]:

Theorem 1.6 (Generalized Reeb Stability). If L is a compact leaf of a C10F-
foliated manifold (M, F) and if the holonomy group Hol(L,y) is finite, then
there is a normal neighborhood p : V. — L of L in M such that (V, F|y,p)
is a foliated bundle with all leaves compact. Furthermore, each leaf L'|y is a
covering space p|lp : L' — L with k < |Hol(L,y)| sheets and the leaf L'

~ [Hol(L,y)|
has a finite holonomy group of order ==

Consequently, the leaf space of such a neighborhood is homeomorphic to
T/ Hol(F(x),x), where T is a smooth embedded manifold transverse to the
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leaf F(x), and looks more or less like an orbifold, and in the special case of
a trivial holonomy group, it is just homeomorphic to T'.

We call property of a foliation F generic if a F-saturated set that is con-
tained in a countable intersection of open and dense subsets has this property.
Hector in [Hec77] and Epstein, Millet and Tischler in [EMT77] proved that
having trivial holonomy is a generic property:

Theorem 1.7. Let (M, F) be a foliated manifold. The leaves of F having
trivial holonomy group are generic, i.e. their union is a residual, F-saturated
set.

A further reason why we assume a compact foliation with finite holonomy
is that also globally the leaf space is quite well-behaved, as it is a Hausdorff
space. The canonical quotient map = : M — M/W*€ is continuous with
respect to the quotient topology. It is always open, because the set of leaves
meeting an open set is open for every foliation (cp. [CCO00]). If the foliation
is compact, then the leaf space is Hausdorff if and only if the holonomy group
on every leaf is finite as it is shown by Epstein in [Eps76]:

Theorem 1.8. Let M be a foliated space with each leaf compact. Then the
following conditions are equivalent:

e The quotient map 7 : M — M/F is closed.
e 1 maps compact sets to closed sets.

e Fach leaf has arbitrarily small saturated neighborhoods.

The leaf space M/F is Hausdorff.

If K C M is compact then the saturation m—'nK of K is compact, this
means, the set of leaves meeting a compact set is compact.

The holonomy group on every leaf is finite.

Notation: We introduce the following notation for a F-saturated open ball
of Hausdorff radius § > 0:

By(F(z),0) :={F(y) C M | duy(F(z),F(y)) <6} .

We need the following small Lemma which holds under the assumption of
a compact foliation with finite holonomy and which is closely related to the
content of Epstein’s Theorem 1.8 above that the leaf space is a Hausdorff
space and equivalently, there exists a basis of small saturated neighborhoods:
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Lemma 1.9. Let F be a compact foliation of a compact manifold M with
finite holonomy. Then for given o > 0 and x € M there exists e > 0 such that
the F-saturate F (B (z,€)) = U, cp(. F'(y) of an e-ball B(x,¢€) is contained
in a F-saturated neighborhood By (F(x),«) of F(x), i.e.

F (B (x,€)) C By(F(x),q).

Proof. Asume it is not the case. Then there exists a sequence ¢, > 0
such that ¢, — 0. With the Reeb Stability Theorem 1.6 we can find a
sequence F(y,) € F(B(xz,€,)) such that dy (F(x),F(y,)) > «a. The
leaf space M/F is a Hausdorff space as the center foliation is compact with
finite holonomy, hence it is F\(y,) — F(y) € [),s0F (B(z,€,)) = F(z).
Therefore dg (F (z), F(y,)) — 0 and this is a contradiction. O

Further properties of the leaf space are discussed in the subsequent section
1.3. The following implication is quite useful and proved by Millet in [Mil75]:

Corollary 1.10. Let M be a compact smooth manifold and F a compact
codimension-q foliation on M with finite holonomy and ¢ : D! — M a
smooth embedding of the q-dimensional disk DY C R? such that ¢(D9) is
transverse to F and ¢(0) = x. Then there exists € > 0 such that

t{o(eD) N F(y)} < oo
for every y € ¢p(eD1?).

Example 1.11 (Torus foliation). The one-dimensional foliation on the torus
T? in Example 1.2 illustrates trivial holonomy in the case of a compact and
non-compact foliation. If the slope g s rational then every leaf is compact
and homeomorphic to S'. Ewvery leaf is parallel to each other and has the
same period, hence, the holonomy s trivial. The leaf space generated by
identifying all points on a common leaf is homeomorphic to St and hence, it
is a compact manifold. The quotient map m : T? — S defines a fiber bundle
and the fibers are exactly the leaves of the foliations.

Otherwise, if the slope g 1s irrational every leaf is homeomorphic to R and
hence, it is simply connected. Every holonomy group is trivial. Nevertheless,
the leaf space is not Hausdorff because the leaves are not compact: As every
leaf is dense in T? it cannot be separated from another leaf by any open
netghborhood. The only open sets in the leaf space are the whole space and
the empty set.
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Example 1.12 (Flat bundle foliation). In the case of a flat bundle foliation
of the manifold M x¢ F as described in Example 1.3 the holonomy group of
every leaf F, = M X {z} is the isotropy group G, = {g e ’ gr == } of G
of the point x € F. The leaf space is just F'/G, every neighborhood in F/G
of x is homeomorphic to R?/G, where ¢ = codim F'.

In the concrete example of the foliation by circles of the mapping torus
M = T? x SYYZ, every leaf {x} x S'/Zy with x € T? has triv-
ial holonomy except if x is a fized point of the action of Zs on T2, i.e. if
z=(0,0),z =(0,3),z = (3,0) orz = (3,1). The holonomy group of these
four leaves is isomorphic to Zs.

Homeomorphism groups. We assume that the holonomy group of any
center leaf is a finite group, unless in the case of a codimension-2 center folia-
tion where it is implied by the compactness of the foliation. Consequently, if
Hol(F(x),x) is a finite group acting on a sufficiently small embedded mani-
fold T transverse to F'(x) at x, then - using Corollary 1.10 - any leaf F'(y) with
y € T intersects the manifold 7" in only finitely many points, hence any holo-
nomy homeomorphism H : 7" — T interchanges these intersection points and
is therefore periodic in this point with a period k depending on y. Due to a
theorem by Montgomery in [Mon37] any pointwise periodic homeomorphism
on a connected metric space is periodic, and therefore we deal with a group
of periodic homeomorphisms as holonomy homeomorphisms. The holonomy
group Hol(F(z),z) acts continuously on the smooth manifold 7" transverse
to F(x) in the canonical way by (x,H) € T x Hol(F(z),z) — H(x) € T.
Topological groups acting continuously on a topological space are known as
transformation groups. Therefore, we can find some useful results on the
fixed point sets of such homeomorphisms of the theory of finite transforma-
tion groups which we need and cite here. First, it is quite obvious that any
non-trivial homeomorphism of (—1,1) — (—1, 1) which leaves the origin fixed
reverses the orientation.

Lemma 1.13. Let Homeo ((—1,1),0) be the group of germs at 0 € R of
homeomorphisms which leave 0 € R fized. Let G be a finite subgroup of
Homeo ((—1,1),0). Then G has at most 2 elements. If G has 2 elements,
then one of them reverses orientation.

Proof. Let f € G be represented by a homeomorphism f : (—1,1) — R
with f(0) = 0. As G is a finite group we can choose f so that f* = id for
some integer k& > 1. Assume f is orientation-preserving and f # id
then we can find ¢ > 0 such that 0 < f(t) < ¢ This implies
) < f~Yt) < ... < t contradicting f¥* = id. Thus G is the
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trivial group if every element is orientation-preserving. If f is orientation-
reversing then f? is orientation-preserving and the same argument can be
applied. Thus f?2 = id is implied and G has at most two elements. ]

The following theorem describes the fixed point set of periodic homeomor-
phisms of the two-dimensional disk D? C R2. It was published by Kerékjarté
in [vK19] and Brouwer in [Brol9] at the same time in the same journal,
but completely proven 15 years later by Eilenberg in [Eil34]. The proof is
rewritten in modern mathematical language in [CK94].

Theorem 1.14 (Theorem of Kerékjartd). Suppose g : D* — D? is a periodic
homeomorphism of period n > 1. Then g s topologically conjugate to a
orthogonal matriz A € O(2), i.e. there is a homeomorphism h such that
g = h™YAh. If g is orientation-preserving, the set of fized points is a single
point which is not on the boundary. If g is orientation-reversing, then ¢* = id
and the set of fized points is a simple arc which divides D? into two topological
discs which are permuted by g.

Any periodic homeomorphism on the two-dimensional disk is topologically
conjugate to either a finite order rotation around the origin or the reflection
about the z-axis. We will need that any periodic homeomorphism on a open
disk is conjugate to a finite order roation around the origin or to a reflection.
This is a consequence of the Theorem of Kerékjarté proved in [CK94]:

Corollary 1.15. Let f : R? — R? be a periodic homeomorphism. Then f
is conjugate to a finite order rotation around the origin or to the reflection
about the x-axis.

Unfortunately, equivalent statements in higher dimensions are only available
in the case of a differentiable effective group action of a compact group on a
differentiable manifold where it was shown by Bochner in [Boc45] that there
exists a smooth change of coordinates in a neighborhood of a common fixed
point of the group action such that in the new coordinates all transforma-
tions are linear. In the case of a finite holonomy group of diffeomorphisms
we can conclude that it acts linearly on the transversal. In the 1940s, it
was conjectured that any periodic homeomorphism of the n-sphere or the
n-dimensional euclidean space is topologically conjugate to a product of ro-
tations and reflections. But Bing constructed in [Bin52] a counterexample
of a 2-periodic homeomorphism of the 3-dimensional euclidean space. Mont-
gomery and Zippin modifies in [MZ54] this idea to the example of a circle
group acting on a four-dimensional euclidean space so the action cannot be
differentiable in any differentiable structure of the space and therefore def-
initely not equivalent to a linear group action. Hence, although the finite
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holonomy group may be isomorphic as a group to a subgroup of the orthogo-
nal group, we cannot expect a priori that it acts linearly on the transversely
embedded manifold. At least, we can use the following theorem by Newman
in [New31] about the fixed point set of a periodic homeomorphism which is
especially helpful as it holds in any dimension:

Theorem 1.16. Let M,, be a n-dimensional connected manifold and
g: M, — M, a periodic homeomorphism. If the set of fixed points of g
has a non-empty interior, then g is the identity map on M,,.

1.2 Partially hyperbolic systems

1.2.1 Definitions and basic properties

Let M be a compact connected smooth n-dimensional Riemannian manifold
without boundary. A C'-diffeomorphism f : M — M is called (pointwise)
partially hyperbolic if there exists an invariant, non-trivial decomposition of
the tangent bundle

TM=FE @ E°®E", d,fE*(x)=FE"(f(z)), a=s,c,u,

and if there exist continuous functions A, vy, 2, # : M — R such that it holds
for every x € M

0 < A(@) <m(z) <1< () < pl)

and
|dzf()]| < Az), v € EX(z),[jv]| =1,
71(2) <|ldef(0)]| < y2(2), v € E(x), |lv]| =1,
(@) < ld.f W) ve B'(@), Jol| = L.

Remark 1.17. The classical definition uses f" instead of f but Gourmelon
showed in [Gou07] that we can choose a metric, equivalent to the original
one, such that we can use f directly.

Remark 1.18. In the following we always assume that every subbundle
E? E* and E° is non-trivial.

In comparison with a hyperbolic diffeomorphism there exists a center sub-
bundle E° such that any vector in E° is neither contracted by df as strongly
as any non-zero vector in F£® nor expanded as strongly as any non-zero vec-
tor in E*. The invariance and the growth rates of the subbundles above
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imply that the subbundles are continuous, that is, the angle between E°(x)
and E*(y) varies continuously with respect to the distance of z,y € M for
=S, c,u.

Partial hyperbolicity is a C'-open property, i.e. every diffeomorphism g
sufficiently close with respect to the C'-topology to a partially hyperbolic
diffeomorphism f is also partially hyperbolic. But in opposite to hyperbolic
diffeomorphism they are usually not structurally stable and two diffeomor-
phisms, although C'-close, can exhibit quite different dynamical behavior.
The following three examples represent three important classes of examples
which are extensely studied. Every example of them stands for a class of par-
tially hyperbolic systems because we get an open set of partially hyperbolic
systems by perturbating every example.

Example 1.19 (Toral automorphism). The simplest case of a partially hy-
perbolic system is perhaps the action of a linear map A € SL(n,Z) on the
torus T™ whose spectrum splits into three disjoint annuli corresponding to
the stable, unstable and center bundle. The center leaves of such a partially
hyperbolic system are typically non-compact and dense.

Example 1.20 (Skew product). Let f : M — M be an Anosov diffeomor-
phism and ¢ : M — G a smooth map into a compact Lie group G. Then the
skew product fys(x,g) = (f(x), p(x)g) is partially hyperbolic where the center
bundle s the tangent bundle of G. In this class of examples, the center is
integrable and every center leaf {x} x G is compact. An easy special case of
a skew product is obtained by choosing ¢ = h € G. The result is a direct
product f x (hg) of an Anosov and a constant rotation in G.

Example 1.21 (Generalization of skew products). More generally, corre-
sponding to the generalizations in Fxample 1.3, we have the following class
of examples: If a group G acts properly discontinuously and freely as a prod-
uct action on a compact connected manifold M x F, then

M xqg F = M x F/(gz,gy) ~ (x,y) is a compact manifold. Let
fo : M x F — M x F defined by fo(z,y) = (f(x),¢(x)(y)) be a
partially hyperbolic skew product with a smooth map ¢ : M — Diff(F).
Assume that f, is G-equivariant, i.e. fy(gx,q9y) = gfs(z,y) forallg € G
and (z,y) € M x F, and its center foliation W = {{x} x F} ., is G-
invariant, i.e. GW¢ = W¢. Then the partially hyperbolic diffeomorphism f,
descends to a partially hyperbolic diffeomorphism foc: M Xg F' — M xg F
with a compact center foliation given by W = {W¢x)/(z ~ gx)} =
Hz} x F}, o, The holonomy group of Wé(x) is exactly the isotropy
group G, of x € M of the action of G on M. This principle is a good way
to construct examples with non-trivial center holonomy.
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Example 1.22 (Time-1 map of Anosov flow). An example which has been
classically studied in the dynamical systems is the time-t map of an Anosov
flow. Let ¢y : M — M be an Anosov flow of a compact Riemannian manifold.
For every t # 0 the diffeomorphism ¢y is partially hyperbolic with the one-

dimensional center subbundle ( ¢ generated by the vector field ®. Therefore,

the center bundle is integrable to a one-dimensional foliation with typically
compact and non-compact leaves corresponding to periodic and non-periodic
solutions of the vector field.

A geodesic flow on the unit tangent bundle of a negatively curved manifold is
an example for an Anosov flow. A simpler case is the case when the manifold
is a surface with curvature —1: Let ¥y be any compact surface of genus g
with constant negative curvature —1. Recalling Fxample 1.5 any hyperbolic
surface can be identified with a quotient H? /T of the hyperbolic plane where
[' < PSL(2,R) is a discrete subgroup and isomorphic to the fundamental
group m1(X,). Therefore, the unit tangent bundle T'S, = H*x S*/T is home-
omorphic to PSL(2,R)/T = T3, if one point v € H? is fivred. The geodesic
flow ¢ on TS, is just a left translation of a subgroup H < PSL(2,R) on the
homogeneous space PSL(2,R)/T". The time-1 map is partially hyperbolic. Its

center bundle is given by the vector bundle ¢> and the center foliation s

identical to the left cosets {gH} cpgy gy modulo T.

Integrability of the stable and unstable subbundles. Given a par-
tially hyperbolic diffeomorphism f, none of the three subbundles E*, E¢ and
E™ is smooth such that the Frobenius theorem could be applied directly to
show the integrability of them. A subbundle £ C T'M is called integrable if
there exists a foliation F such that for all x € M the leaf F(z) € F through
r is a C''-manifold everywhere tangent to F(x). The subbundle E is called
uniquely integrable if E is integrable with an integral foliation F, and in addi-
tion any C'-path everywhere tangent to E lies in a single leaf of the integral
foliation F. In the case of the strong stable and strong unstable bundle £°
and E" the growth rates and the df-invariance can be used to show with the
method of Hadamard-Perron that the stable and unstable bundle E* and E*
are uniquely integrable to the stable and unstable foliation W* and W*. The
leaves of both foliations W?® and W*" are as smooth as the diffeomorphism
f. Hence, in our case all stable and unstable leaves are C''-manifolds. The
integrability of E* and E" is a result by Hirsch, Pugh and Shub in [HPS70]
and Brin and Pesin in [BP74].

Integrability of the center bundle. One of the problems in studying
partially hyperbolic diffeomorphisms is related to the question which condi-
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tions imply the integrability of the center bundle E°. There exist examples
for a non-integrable center bundle by Wilkinson in [Wil98|, where the non-
integrability is not caused by a lack of differentiability of E¢, but because
E* does not satisfy the conditions of the Frobenius theorem. Assuming a
smooth center bundle £°, a so called bunching condition on the growth rates
of f implies the integrability of the center bundle as it is shown by Burns and
Wilkinson in [BWO05b]. Brin, Burago and Ivanov in [BBI04] developed in this
context the concept of weak integrability. We say that a subbundle £ C T'M
is weakly integrable if for each point z € M there is an immersed complete
C'-manifold W (z) with x € W (z) and T,W (x) = E(y) for every y € W(z).
But the integral manifolds W (x) may not form a partition of M and may
be self-intersecting. Brin, Burago and Ivanov showed that the center-stable
bundle E¢@® E*, the center-unstable bundle £¢® E* and the center bundle E¢
are weakly integrable, if the center bundle is one-dimensional. In the case of
a smooth center bundle both concepts of weak integrability and integrability
coincide.

In general, the center bundle £ may not be (even weakly) integrable. There
exists an example by Rodriguez-Hertz, Rodriguez-Hertz and Ures in [HRHU10]
of a partially hyperbolic diffeomorphism on the 3-torus with an integrable
center bundle which is not uniquely integrable.

We assume that there exists a f-invariant center foliation W° = {W*(x)} .,
everywhere tangent to the center bundle E°. We do neither require that this
foliation W¢ is unique nor that the center bundle £¢ is uniquely integrable. It
is not known (following the summary in [BWO08]) if the existence of a unique
integral foliation tangent to E° implies that the bundle £° is uniquely inte-
grable. We remark, that generally the existence of a unique integral foliation
tangent to a subbundle E is strictly weaker than the unique integrability
of a subbundle E. There exists an example described in [BWO0§] of a 1-
dimensional subbundle £ C R? with a unique integral foliation, but there
exists a C''-path everywhere tangent to £ which is not contained in a single
leaf of the integral foliation, and therefore E is not uniquely integrable.
Although there exist three foliations tangent to the center, unstable and
stable bundle respectively it is not clear that there exists a center-unstable
foliation tangent to the center-unstable bundle £* := E° & E*. The only
candidate |J,cyye(,) W"(y) for a center-unstable manifold tangent to E is
constructed by taking the union of all unstable manifolds through the center
manifold W¢(z). A priori it could happen that not every center leaf W¢(z)
through a unstable leaf W*(y) with y € W¢(x) is wholly contained in the set
Uyewe(r) W*(y). So there may be a partially hyperbolic diffeomorphism with
an integrable center bundle whose center-unstable and center-stable bundle
are not integrable. An example is constructed in [HRHU10]. This gives rise
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to the definition of the following property: A partially hyperbolic diffeomor-
phism f is called dynamically coherent, if there exist a center-stable foliation
W tangent to £ = E° @ E° and a center-unstable foliation W tangent
to B = E°® ™.

Dynamical coherence does not require unique integrability of £ or E* or
the invariance of the corresponding center-stable and center-unstable foli-
ations. The existence of both foliations implies the existence of a center
foliation tangent to E° and that the center-stable foliation W< is subfoli-
ated by the stable foliation W?® and the center foliation W° and that the
center-unstable foliation W is subfoliated by the unstable and the center
foliation respectively as it is shown in the following proposition by Burns and
Wilkinson in [BWOS]:

Proposition 1.23. If there exist foliations W and W as above, then there
15 a foliation W€ tangent to E°. Furthermore, YW¢ and W*" subfoliate YW,
while W¢ and W? subfoliate YW*.

This property of dynamical coherence is essential for our investigation of par-
tially hyperbolic systems with a f-invariant compact center foliation with fi-
nite holonomy. Due to dynamical coherence any smooth manifold transversal
to a center manifold W¢(z) is foliated by stable and unstable leaves induced
by the center-stable and center-unstable foliation.

1.2.2 Dynamical coherence for partially hyperbolic sys-
tems with a compact center foliation with finite
holonomy

We show that under the assumption of an invariant compact center foliation
with finite holonomy our system is dynamically coherent. First, we start
with the proof of dynamical coherence assuming trivial holonomy.

The idea of the proof is quite intuitive: We consider the stable foliation
through a center leaf W¢(x). Any point y € W*(W¢(z)) on a stable leaf
through W¢(x) approaches W¢(z) by iterations under the diffeomorphism f.
Due to the Reeb Stability Theorem 1.6 the Hausdorff distance between W¢(x)
and W¢(y) has to shrink, if the distance between two points diminishes. The
last step is to show that this implies that the whole center leaf W¢(y) is
contained in the stable foliation through W¢(x). As we miss references, we
redo the proof by hand.
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Compact center foliation with trivial holonomy.

Theorem 1.24. Let f be a partially hyperbolic C'-diffeomorphism. Assume
that there exists an invariant compact center foliation W€ with trivial holo-
nomy. Then f is dynamically coherent.

Definitions and notations: We call a smooth path 75 : [0,1] — M a stable
path or just s-path if its image {V(t)}te[oﬂ is entirely contained in a single
stable leaf W#((0)). In an analogous way we introduce the concept of an
unstable path or u-path ,. The concatenation v = v, U 7, of a stable path
vs and a unstable path 7, such that vs(1) = v,(0) is called a su-path. We
denote with () the length of a smooth path v : [0, 1] — M. The length ()
of a su-path ~ is given by the maximum of the lengths of v, and ~,, i.e.

Lus(7) = max {1(7s), [(7u)} -

Proof. We look at the local stable leaves through a center leaf W _ (W¢(x))
which is - by construction - tangent to the center-stable distribution E¢
and we show by contradiction that every center leaf W¢(y) through a point
y € Wg . (W¢(z)) is contained in the local center-stable leaf.

(df ()~ || }-

Lemma 1.25. There exist o« > 0 and n > 0 such that if any two points x,y
are connected by a su-path y = vs Uy, whereys C Wo(x), 7 C W*(7,(0))
are smooth paths and l,s(y) € [n,Cn| then the Hausdorff distance

dg (We(z),We(y)) = o

We need the following lemma where C' := sup,¢,, {||df ()],

Proof. As the Hausdorff metric is continuous it is enough to show that there
is > 0 such that x and y cannot lie on the same center leaf. By contradiction
assume that x, y lie on a common center leaf. Since W€ is a compact foliation,
every leaf is an embedded C*-submanifold and its leaf topology coincides with
the subspace topology. There exists a C'-diffeomorphism ¢ : U C M — R"
such that ¢ (UNWex)) = ¢(U) N R? where ¢ = dim W¢(x). Since the
diffeomorphism is close to isometry, there exists a constant 5 > 0 such that
if dy(z,y) < [ then there exists a center path connecting x and y with
length less than 25. Because W", W?* W¢* are transversal foliations there
cannot exist a triangle formed by a usc-path joining x and y such that every
segment has length less than 25. So we only have to choose 1 such that
the path joining x and y with length < 2C7n has length less than g, i.e.
2Cn < . Then follows a contradiction to the above and x and y cannot lie
on the same leaf. Therefore we can find a positive constant o > 0 such that

dy (We(x), We(y)) > a. O
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Figure 1.1: Failure of dynamical coherence: Assume  that
Wey) ¢ Usewew W?(v), then there exists a path v, C  W"(z) of
positive length between z € W¢(y) and W?*(v) where v € W¢(z). Because
W€ is assumed to be a compact foliation with finite holonomy, any leaf
W¢(y) through a nearby point y, d(z,y) < ¢, is contained in a small
We-saturated neighborhood of W¢(z). These two facts yield a contradiction.

We assume that there is a center leaf W¢(y) not contained in W, (W¢(z))
where y € W _(z). We choose a > 0 as in Lemma 1.25.

We choose @« > 0 as in Lemma 1.25. For « > 0 there exists ¢ > 0
such that d (z,y) < e implies that the center leaf W¢(y) is contained in the
saturated a-neighbourhood of W¢(x) as shown in Lemma 1.9.

So we choose n > 0 such that d(f"z, f"y) < € and denote z := f"x
and y := f"y again for simplicity. It still holds W¢(y) ¢ Wg. (W¢(z)).
We choose > 0 as in Lemma 1.25 and 0 < 79 < npand z € Wey)
such that 0 < d, (2, W;.(W¢(z))) < mno and such that there is a unique
intersection point [z,v] € WS (W¢x)) N W.(2) lying on the local stable
leaf W (v) where v € W¢x). So we have a u-path =, of minimal length
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connecting z and [z,v] and a s-path 7, of minimal length connecting v and
[z,v]. Both paths have positive length. There exists a smallest £ € N such
that max {l (fk’yu) N/ (fkfys)} > 1. By the choice of C' this maximum is
bounded from below by 79 and from above by C7ny such that Lemma 1.25
can be applied to the path of maximal length, f*v, or f*v,. This implies
that dy (W (f*z) , W (f*y)) > o which is a contradiction. O

Compact center foliation with finite holonomy. Now we can proceed
with the proof of dynamical coherence in the case of non-trivial finite center
holonomy.

Theorem 1.26. Let f be a partially hyperbolic C*-diffeomorphism. Assume
that there exists an invariant compact center foliation W with finite holo-
nomy. Then f is dynamically coherent.

Before we start with the proof we show the existence of appropiate covers by
Weé-saturated sets such that every neighborhood has a finite holonomy cover
where the holonomy of every lifted center leaves vanishes. We denote with

By(W(z),8) :== {Wy) C M | du(W*(z), W(y)) <4}
a W¢ésaturated ball of Hausdorff radius 6 > 0.

Lemma 1.27. Let W€ be a compact foliation with finite holonomy. Then
there exist two covers {U;} and {V;} of open W¢-saturated sets such that

1. there exist covering maps q; : f/j — Vj and p; : U, — U; such that the
holonomy of every lifted center leaf W¢(x) is trivial and U;/ Hol = Uj,
where Hol denotes the holonomy group of maximal order inside U;, and
the analog holds for every V,

2. for every U; there exists V; such that U; injects trivially into Vj, the
closure U; 1is relatively compact in V; and p; = q;

Uﬂ

3. there exists o9 > 0 such that for every W¢(x) C M there exists i such
that BH(WC(.CE), 50) C Ul

Proof. The statement is a direct consequence of the Reeb Stability Theorem
1.6 and the existence of a Lebesgue number ¢y > 0 for this cover. O

We lift the Riemannian metric d canonically to a metric d on every finite cover
U; where we set ~al(av,y) = 1 for points on different connected components.
We define with d a Hausdorfl metric on U; and denote both metrics on U;
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for simplicity with d and dy again.

As a consequence of the Reeb Stability Theorem 1.6 we have already showed
that any two center leaves are close with respect to the Hausdorff metric if
two points are sufficiently close. We need the following small Lemma closely
related to this fact:

Lemma 1.28. Given {U;},{V;} and 6y as in Lemma 1.27. For any x € M
and U; with Bg(W¢(z),d) C U; and for any 0 < 61 < %(50 there exists
€ > 0 such that the following holds: It is W(B.(x)) C Bp(W¢(x),d) and
for @ € p;7tx it is We(B.(%)) € By(We(%),0,).

Proof. The first inclusion is just the statement of Lemma 1.9. Therefore
there exists €; > 0 such that WB,, (z) C Bgp(W¢(z),d).

As §; > 0 is sufficiently small such that By (W¢(x),d1) is bounded away from
the border of U; and the same holds therefore for the any ball By (W¢(z), 6;)
of a lifted center leaf W(%) with # € p; 'z we can deal with W restricted to
a ball far away from the border as a compact foliation with trivial holonomy.
Hence, we find e, > 0 such that We(B.,(Z) C By (W¢(&),d;). The statement
is implied for € := min {¢;, €2 }. O

Lemma 1.29. Given {U;},{V:} and oy as in Lemma 1.27. There exists
n > 0, Cn < d, and @ > 0 such that the following hold: For any
%7, for any U; with W¢ (), Wc( ) C U; at Hausdorff distance b to each
other such that dist(By(W<(%)),2b),0U;) > 00, if the connecting su-path
Ysu from T to § has length l(vs,) € [n,Cn] then the Hausdorff distance

da(We(z), We(y)) = a.

Proof. The set U; is relatively compact in some f/] and trivially foliated by
the lifted center foliation W¢. Therefore we can treat any Weé-saturated ball
inside U; which is bounded away from the boundary as a compact set trivially
foliated by a compact center foliation. Therefore we can apply Lemma 1.25
to W¢ inside U; and find o; > 0 and ; > 0. By repeating this for the finitely
many U; we define v := min a; and 7 = minn;. [

Proof. [Theorem 1.26] We fix covers {U;} and {V;} and Jy as in Lemma
1.27 and 46, < min{%éo,a}. Further, we fix n > 0 and o« > 0 as in
Lemma 1.29. Let W¢x) C M. Define the center-stable leaf through z
by We(2) := U, ewery W*(2). We assume that there exists y € W*(z) such
that W*(y) £ W*(z )

For 0; > 0 there exists according to Lemma 1.28 € > 0 such that

We(B.(z)) € Bp(W¢(z),8,) and W¢(B(x)) € Bu(W¢(x),d,). Hence, we
iterate x and y by f*, k > 0, such that d(f*z, f¥y) < eand d,(f*z, ffy) < €
and consequently, W¢(f*y) C Buy(W¢(f*z),d;). For simplicity, we denote
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r:= ffxr and y := fFy.

We consider local center-stable leaf W33 (z) = U, cpe(r) Was, (%) restricted
to By (W¢(z),d;). It is a compact set in By (W¢(z),d;). Then the intersec-
tion We(y) N W3 (z) is compact in W*¢(y). We show that the intersection
We(y)NW33 () is open inside W¢(y) and hence that W¢(y) C Ws3 (z). With

the proof of the following claim we conclude therefore the theorem.
Claim: The intersection W¢(y) N W3 () is open inside W¢(y).

Proof. First, the intersection is not empty as y € Wys (z) lies inside.
Let = € W¢y) N W5 (x). Then there exists a stable path 77 with
7(0) € Wez) and z, := (1) € W%x), v C W (2.) and therefore
[(vZ) < 26;. Then there exists a neighborhood U, C W¢(y) such that for
all w € U, there exists a su-path 72, = v U 7Y continuous in w with
l(ve) < 401 EU. ¢ We(y) N W53 (v) then there exists w € U, such that
I(v*) > 0. Consequently, we find & > 0 such that I(f*o~¥) € [n,Cn.
Now we consider f*(z). There exists U; such that By (W¢(f*z),00) < U;
and We(fky) < Bp(We(fFz),8) as it is still d(f*z, fFy) < e. Hence, we
choose &, € p;*(f*(x.)) and the corresponding lifted center leaf W¢(Z.).
Then there exists a unique lift 52 of f* o ~2 with 42(0) = 7,. We find
the correct lift of f*(z) € W¢(f*y) by z := 5%(1) and consider the lifted
center leaf W¢(Z) through 2. By the choice of ¢ > 0 we can conclude that
dy(We(z,),We(%)) < 6,. We continue to lift the continuous family of su-
paths fFo~y® for w € U, to a continuous family of uniquely lifted su-paths
7w . The constant ; > 0 can be chosen sufficiently small such that p; are
isometries restricted to Bos, (f*w) and therefore I[(7¥) € [n,Cn]. We can
apply Lemma 1.29 and conclude that dg(W¢(z), We(y)) > a > 0. At the
same time, it is dg (We(z), We(y)) < 6, < a. O

With this proof of the claim we finish the proof of Theorem 1.26. ]

Remark 1.30. We suppose that the center foliation W€ is invariant so
the above implies that the center-stable and center-unstable foliation are f-
mvariant.

1.2.3 Further remarks

Central transitivity. We call a partially hyperbolic diffeomorphism

f:M — M centrally transitive if there exists a dense orbit of center leaves,
i.e. there exists v € M such that {J, ., f"W¢(x) = M. Clearly, if a partially
hyperbolic diffeomorphism f : M — M is transitive, then it is centrally
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transitive.
Carrasco states in his thesis [Carl0] the following yet not published result:

Theorem 1.31 (Theorem B in [Carl0]). Let f : M — M be a partially
hyperbolic C1-diffeomorphism with an invariant compact center foliation. As-
sume that f is centrally transitive. Then the center foliation W has only
finite holonomy.

Admitting Carrasco’s result to be true we get the following corollary:

Corollary 1.32. Let f : M — M be a partially hyperbolic O -diffeomorphism
with an invariant compact center foliation W€¢. Assume that f is centrally
transitive. Then f is dynamaically coherent.

Proof. 1t is shown in Theorem 1.31 by Carrasco in [Car10] under the assump-
tions above that the center foliation has finite holonomy. By Theorem 1.24
we can conclude that f is dynamically coherent. O]

Non-compactness of center-unstable and center-stable leaves. At
this moment we can prove a further result in any dimension about the center-
unstable and center-stable foliation W and W* of a partially hyperbolic
diffeomorphism.

Theorem 1.33. Let f : M — M be a partially hyperbolic C*-diffeomorphism.
Assume that there is a f-invariant center foliation with finite holonomy.
Then every leaf of the center-unstable foliation YW is non-compact. The
same holds for every leaf of the center-stable foliation YW.

Proof. We assume that there exists a compact center-stable leaf

Wes(x) = WH(W¢e(x)). We prove the following two lemmata under this
assumption which yield a contradiction and therefore the proof of Theorem
1.33.

Lemma 1.34. Under the assumptions of Theorem 1.33 and that one center
leaf W€ (x) is compact it is implied that for all n € N,r > 0 there exist
Y,z € M such that §{W?(y) NW(z)} > n with W?(y) = W*(y) N B,.(y).

Proof. The center-stable leaf W (x) is - due to dynamical coherence - sub-
foliated by the two transversal foliations W¢ and W?*. Every stable leaf
W*(yo) with yo € W*(x) is non-compact. Therefore we can find for any
n € N a center leaf W¢(zy) C W (z) such that § {W¢(z)) N W*(yo)} > n.
We denote the intersection points with {wy,...,w,,} where m > n. They
all lie on the stable leaf W*(yo) and consequently, the distance along the
stable leaf d,(f"w;, f"w;) — 0 converges to zero for n — oo and any
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1 <1,7 < m. Hence, for any » > 0 we can find a N € N such that the points
{wal, el wam} are contained inside a ball B,.(fNw;) of radius r > 0. Be-
cause of the invariance of the foliations we obtain that fNW*(yo) N fAWe(z)
all lie inside W*(fNw;) . The points z := fVz and y := fNw, fulfill the
statement above. [

Lemma 1.35. Under the assumptions of Theorem 1.33 there exists r > 0,
n € N such that for all y,z € M it holds § {W}(y) "N W°(2)} < n.

Proof. Since W€ is a compact foliation with finite holonomy any two leaves
can be separated by arbitrarily small W¢saturated neighborhoods. So first
of all, consider an arbitrary leaf W¢(z) and an embedded transverse disk
¢ : DT — M with ¢(0) = z. There exists a neighborhood U in ¢(D?) such
that U is invariant under the holonomy group of W¢(z) and there always
exists a saturated neighborhood V' of W¢(z) whose intersection with ¢(D9?)
is contained in U. We consider the connected component N of V' which
contains W¢(z) and Ny := N N ¢(D?). Suppose that Ny is not closed in
(D7) then there exists an accumulation point Z € ¢(D?) but not in Ny. But
then there is a leaf W¢(Z) distinct from W€(z) contained in the Hausdorff
neighborhood of W¢(z) which can’t be separated from W¢(z) by a saturated
neighborhood as it is an accumulation point of Ny. This contradicts the
finite holonomy of W¢(z) and therefore Ny N ¢(D?) is compact in ¢(D?) and
finite. Suppose Ny N ¢(D?) contain a infinite number of points, then there is
an accumulation point Z € Ny N ¢(D?). Then Z € W¢(z) is implied but then
there would be a non-periodic holonomy homeomorphism contradicting the
finite holonomy. Hence, we find n € N such that the number of intersections
N N ¢(D?) is bounded by n.

We can restrict ourselves to y € M such that W#(y) intersects W¢(z) and
accordingly, it is contained in the center-stable leaf W (z). Otherwise the
statement is trivially fulfilled. Then we can find r > 0 sufficiently small
such that W?(y) lies inside a plaque and is therefore homeomorphic to an
embedded disk, transverse to the center foliation inside the center-stable leaf
We(z), and we can apply the above. ]

Combining both lemmata we get a contradiction and prove the theorem. [

1.3 Dynamics on the leaf space
During the proofs of our main theorems we work in the leaf space M /W* of

the center foliation W¢ which is constructed by identifying all points in the
same center leaf. In this part we summarize the relevant properties of the
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leaf space and of the induced homeomorphism F' by f on the leaf space. As
we will see in the following the induced homeomorphism F' is hyperbolic in
a topological sense on the leaf space.

In general, the leaf space of a foliation is not even Hausdorff. But the equi-
valent conditions in Theorem 1.8 by Epstein guarantee that the leaf space
is Hausdorff if and only if the foliation is compact with finite holonomy.
The canonical quotient map 7 : M — M/W* is continuous with respect to
the quotient topology and always open, because the set of leaves meeting
an open set is open for every foliation. We show in the following theo-
rem that the quotient topology is generated by the Hausdorff metric dy for
T =aWez),y =7Wy) € M/W¢ defined by

dg (We(z), We(y)) = max{ max d(z,Wy)); max d(g, WC(SB))}

Fewe(x) gEW(y)
between center leaves in M and hence, M /W€ is a compact metric space.

Theorem 1.36. Let f : M — M be a partially hyperbolic C-diffeomorphism
on a compact manifold M with a compact center foliation W€ with finite ho-
lonomy. Then the leaf space M /W€ is a compact metric space with the Haus-
dorff metric dg and the topology induced by the Hausdorff metric coincides
with the quotient topology.

Proof. We know by Theorem 1.8 that the leaf space M/W¢® is a compact
Hausdorff space: Any two center leaves can be separated by W¢-saturated
open sets. The Hausdorff metric is a metric on non-empty compact sets and
induces therefore a metric on the leaf space so it is a compact metric space.
For the second statement we start with showing the easier direction:

7 'U is open in M = U is open w.r.t. the Hausdorff metric in M/W°.

Let € U be an arbitrary point. Since 71U is open, we find to every point
T € mlx an € (2)-ball B (Z,¢(Z)) which lies entirely in 771U, Since 771z is
compact, we find a finite subcover of e-balls and we can choose a minimal €
such that the subcover | J;_, {B (Z,€) | & € 7~ 'x} by this e-balls lies in 7~ U.
Suppose U is not open in M/W¢€. Then there exists a sequence ¢, — 0 with
€n > 0 and there exist y, € M/W¢ such that dy(7 'z, 7 'y,) < €, but
7Yy, ¢ 7 'U. Hence, we can find to € 7~ '(x) a point 3, € 7 'y, such
that v, € B(Z,¢,). For n sufficiently big, it holds B(%,¢,) C 71U and, since
771U is a Weé-saturated set, it follows that 7'y, C 7~1U for n sufficiently
big contradicting the assumption. Secondly, it is to show:

U open w.r.t. the Hausdorff metric in M/W*¢ = 7 'U is open in M.
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Let © € M be an arbitrary point in M. Since U is open with respect to the
Hausdorff metric there exists a §-Hausdorff neighbourhood By (W€ (%), 0)
such that for any § € By (W< (%),4d) it holds W¢(y) C w'U. Apply-
ing Lemma 1.9 we can find to # € 7 'U C M ane > 0 such that
We(B(z,¢)) C By (W€¢(2),0), and therefore the neighbourhood B (Z, €)
lies in 771U and 7='U is open in M. O

1.3.1 Compact center leaves with trivial holonomy

If the holonomy of a compact foliation is trivial for every leaf, then the leaf
space is a topological manifold and the quotient map w : M — M /W*€ defines
a (topological) fiber bundle. For the moment we consider this special case
and generalize then the obtained properties, if possible, to the case of a
compact center foliation with finite, non-trivial holonomy.

Expansivity of F. The projected map wo for~t =: F: M/W¢® — M/W*
is well-defined because of the f-invariance of the center foliation. It is a
homeomorphism because f is a homeomorphism and 7 is continuous and
open. A homeomorphism f : X — X on a compact metric space (X,d)
is called expansive if there exists a > 0 such that for any x,y € X with
x # y there exists n € Z such that d (f"z, f"y) > «. We adopt a proof by
Bonatti and Wilkinson in [BW05a], based on a proof by Hirsch, Pugh and
Shub [HPS70], to show the expansiveness of F:

Theorem 1.37. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with a compact f-invariant center foliation with trivial holonomy. Then
F: M/W¢ — M/WF¢ is expansive.

Proof. We need the following lemma.

Lemma 1.38. Foranyn > 0 existsd > 0 such that for any x,y € M with
dy (We(x), We(y)) < 0 there exists a su-path v = vsU~, with vy, s smooth
subsegments, v, C W*(71,(0)), vs C W*(75(0)), such that I, (v) < 1 and
7(0) € We(x),~(1) € W(y).

Proof. The center stable foliation W is transversal to the unstable foliation
W" and - as f is dynamically coherent by Theorem 1.24 - W is subfoliated
by the transverse foliations W¢ and W?. Therefore, for some p € W¢(z) the
stable leaf W*(p) intersects W*(q) for some ¢ € W¢(y), if the center leaves
We(x) and W¢(y) lie sufficiently close to each other. Since the intersection
of W and W*" is transversal, the length [,5(7) is bounded. O
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Choose a, n as in Lemma 1.25 and choose 6 = §(n) as in Lemma 1.38. Define
ap = min{0,a}. Let T = 7W¢(z) # 7y = 7#W<(y) be two points in M/W*
such that dy (We(x),W¢(y)) < ap. Because of Lemma 1.38 there exists
a smooth path v : [0,1] — M with v(0) € W¢x),y(1) € W¢y) and
lsu(7) < m. At least one piece 75 or 7, will have positive length, therefore
we find £ as smallest number such that the inequality

max {lys (f *07),lus (ffov)} > n holds. Because of the choice of C' in
Theorem 1.24 it must hold either I, (f*ov) € [n,Cn] or

lus (f " 0~) € [n,Cn). Therefore either f*o~ or f=* o~ fulfills the condi-
tions of Lemma 1.25 and this implies dyy (W¢ (f*(z)), W (f*(y))) = a > ao.
Therefore F' is expansive with expansivity constant «y. O

Remark 1.39. If the holonomy of the center leaves is non-trivial, the in-
duced map F' on the quotient might not be expansive as it is the case in the
following example by Bonatti and Wilkinson in [BW05a]. For a better un-
derstanding recall the construction of a foliation in Fxample 1.12:

Let f : T2 — T? be a hyperbolic linear map on the torus induced by
A € SL(2,Z). Let ¢ : T?> — S' be a smooth map such that ¢(—z) = ¢(x)
for every x € T?2. Then there is an induced skew product on the 3-Torus
T? x S' defined by fu(x,0) = (f(x),¢(x) + 3). Then fy commutes with the
reflection S(x,0) = (—x,0 + ) on the 2-torus. It is a fiz-point free action
of a finite group, hence, M := T? x S'/S is a compact manifold with an
induced partially hyperbolic system fs. The leaf space of the center foliation
is not a manifold, but an orbifold with underlying manifold a 2-sphere and
four singular points corresponding to the fir points of S on T?. The induced
map Fy on the quotient is not expansive because in a neighborhood of a sin-
gular leaf there exist heteroclinic orbits of points x,y € M, x # vy such
that W*(z) N W¥(y) = {z1,22} and hence, the orbit will not leave a small
neighborhood. Consequently, for every o > 0 there are points x,y on a hete-
roclinic orbit in a neighborhood of a singular leaf such that d(f"z, f*y) < «
foralln € Z.

Local product structure on V. If a compact center foliation has only
trivial holonomy, the leaf space V' := M /W* is a compact topological mani-
fold. The center-stable and center-unstable foliation W and W induce two
transverse C%-foliations W* and W* on V. We can show that they coincide
with the stable and unstable equivalence classes defined by

Ty e nh—>r£lo dy (f" (7T_15E) " (ﬂ_ly)) =0,
T,y S nh_glo dy (f’" (ﬁ’lx) T (W’ly)) =0.
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We denote the stable and unstable equivalence class of x with [z], and [z]
respectively.

u

Theorem 1.40. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with a compact f-invariant center foliation YW with trivial holonomy. Let
7w M — M/W¢ be the canonical quotient map. Then for every x € M it is
W (z) = [rx], and W (x) = [rz],.

Proof. Due to dynamical coherence it is obvious that center leaves in the same
center-stable leaf lie in the same stable equivalence class, and the analogous
statement holds for center leaves in the same center-unstable leaf. So it
remains to prove [rz], C 7W(x) and [rz], C 7W(x). For this we need
the following lemma:

Lemma 1.41. Let z,y € M/W*® with x ~, y with respect to the Hausdorff
metric dg. Then there exist & € m(x),y € 7 '(y) such that & € W* (3).

Proof. Let x ~gy in M/W°. We choose o > 0 and 1 > 0 as in Lemma 1.25
and 0(n) as in Lemma 1.38. We denote ap := min{«,d}. Then we choose a
fixed n > N(ap) such that

dy (W (f" (1)), WO (f" (9)) < a0, w& =z, 7§ =y.

We apply Lemma 1.38. Then there exists a su-path v := v U, with length
lus(y) < n and there are points & € f*(r 'z)and gy € f"(nm 'y) such that
7(0) = Z and (1) = g. We assume I(y,) > 0. Then there exists & > 1
such that [(f*o~,) € [n,Cn] with C defined in Theorem 1.24. Applying
Lemma 1.25 we get a contradiction. Hence, {(,) = 0 is implied and v = ~4
with v5(1) € W?(7,(0)).

O]

So it is proved that the induced foliations coincide with the stable and un-
stable equivalence classes. O

Assume again that the center foliation has only trivial holonomy, then we
have two transverse foliations on M /W€, i.e. we say that there is a local
product structure in x € M /W€ if there is a neighborhood U of x and a
homeomorphism h : U — B" C R" such that U N W#*(z) is a union of
plaques ! ({y} x B"%) and UNW"(x) is a union of plaques h=* (B? x {y})
where ¢ = codim W?* = dim W*". The local product structure is called uni-
form if there exists r > 0 such that for every = € V the open ball B(x,r)
admits a local product structure. As both foliations on M /W€ are trans-
verse and intersect in exactly one point we have a local product structure on
the leaf space because we can construct h in the following way: Let (U, ¢)
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be a foliated chart of W* where ¢ : U — B? x B" % C R" is a homeo-
morphism with ¢ = codim W?*. Let (V,4) be a foliated chart of W* with
n —q = codimW" and V C U. Then we can define h = (pr, o¢), pry 0¢) on
V and b=t ({y} x B"%) = ¢! ({y} x B"9) define the plaques of the stable
foliation. In the same way h™' (B? x {y}) define the plaques of the unsta-
ble foliation. So h is a foliated chart for both foliations. The local product
structure is clearly uniform as V' is compact.

With the following theorem by Ombach in [Omb86] we can show that the
homeomorphism F' on the leaf space has the pseudo-orbit tracing property
if the center foliation has only trivial holonomy.

Theorem 1.42 (Ombach). Let f : X — X be an expansive homeomorphism
on a compact metric space X with a uniform local product structure. Then f
has the pseudo-orbit tracing property, i.e. if for all € > 0 there exists 6 > 0
such that if {x,}, ., verifies d (zy, f(xn_1)) < € for alln € Z then there exists
x € X such that d(f"z,x,) < for alln € 7Z.

Using the pseudo-orbit tracing property and expansivity of F' we can prove
further properties where M denotes a topological manifold and W?*, W* topo-
logical foliations in the following (for the respective proofs in the case of an
Anosov diffeomorphism see for example [Gun05)):

Lemma 1.43. If a homeomorphism f : M — M has the pseudo-orbit tracing
property and is expansive then the set of periodic points lies densely in the
set Q(f) of non-wandering points.

Proof. Let x € Q(f) be an arbitrarily chosen point. Then there exists to
any € > 0 an integer N € Z such that f~¥B.(x) N B.(z) # 0. Therefore we
have y € fNB.(z) N B.(x) such that d(y,z) < € and d(fNy,z) < e. The
set {yn}nN:O = {y, fu, fy, ..., fNy} is a closed 2e-pseudo-orbit. Therefore
we can find d(e) > 0 and a closed orbit of z such that d(f"z,y,) < J for

n=20,...,N and f¥z = z. This shadowing orbit of z is unique because
of the expansivity of f. As € > 0 can be chosen arbitrarily small, we can
conclude that the periodic points lie densely in Q(f). O

Lemma 1.44. IfQ(f) = M, then every stable leaf W*(z) and every unstable
leaf W"(x) are dense in M.

Proof. As periodic points are dense in €2(f) we can find a finite {-dense set

{x1,...,x} of periodic points. Denote by N the minimal number such that
fNo; = x; for i = 1,...,k and define g := fV. Then we can show the
following:
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Lemma 1.45. There exists ¢ € N with the following property: If d(z;,z;) <

S and y € M such that d(z;, W"(y)) < 5, then it is d (z;, g™ (W*"(y))) <

for all n € N.

£
2

Proof. We can find z € W*(y) N W2(x;). Therefore there exists N; € N such
that for all n > N it holds d (¢9"z,z;) < § and therefore d (9”2, ;) < € is
implied. Again we can find w € W* (¢"2) "W¢(x;) and Ny € N such that for
all n > Ny it holds d (¢"w, z;) < 5. If we choose ¢ = N1 + NN, the statement

is implied. [

As the set of periodic points {z1, ..., x;} is finite we can reach every point x;
from every point z; in a finite number of e-steps. Denote with K the maxi-
mal number of necessary steps. Then applying the lemma above iteratively
implies that gX7W*(y) is e-dense in M. The same argument for f~! shows
the density of every stable leaf. ]

Transitivity of F. We recall that a partially hyperbolic diffeomorphism
f M — M is said to be centrally transitive if there exists a dense orbit
of center leaves, i.e. there exists € M such that {J, ., fPWe(z) = M.
Equivalently, the map F' on the leaf space is transitive. With Lemma 1.44
we can conclude - assuming trivial center holonomy - that every topological
stable and unstable leaf W*(x) and W"(x) for x € V are dense in the leaf
space V, if F' is transitive.

Foliations by R". Assuming trivial center holonomy every stable leaf in
the leaf space V' is homeomorphic to R™ if dim W*(x) = n. This is a classical
result proved by Hirsch, Pugh and Shub. We prove it here for topological
stable and unstable foliations.

Lemma 1.46. FEvery stable leaf W*(x) is homeomorphic to R™ where
n = dim W*(z).

Proof. 1t is known that any contractible n-manifold which is also simply
connected at infinity is homeomorphic to R™. So we have to show that
W#(x) is contractible and simply connected at infinity. We start with showing
contractibility: We assume that the fundamental group mi(W*(z)) of an
arbitrary leaf W*(z) of the stable foliation W* on V is non-trivial. Then

there exists a path v € m; <WS({B)> that is not null-homotopic. Then every

nth-iterate f"+y is not null-homotopic, but the length of this path [ (f"y)
tends to zero for n — oo. Fix n > 0 such that f™(v) lies inside one plaque
of the stable foliation. Every plaque is simply connected, therefore it is
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implied that f™v is null-homotopic contradicting the assumption. Therefore
we have 7 (W*(z)) = 0 for any stable leaf. As W*(z) = {J ., f"W2(f"x)
is constructed by gluing together disks along the orbit of z we can find a
subsequence n; — oo such that f~Wg (fx) C fHWe (f"+1(z)) is an
increasing union of n-dimensional disks. Hence, it is clear that the stable
manifold is contractible because any ball inside W*(z) can be contracted by
f™ to a point.

Secondly, we show that W*(z) is simply connected at infinity, i.e. for every
compact subset C' C W#*(x) there exists a compact subset D D C' such that
the induced map m (W?*(z) \ D) — m (W#(z) \ C) is trivial. We construct
D :=J", f"C where m > 0 is chosen sufficiently big such that the length
of any path ~ is shrunk by f™ to a length smaller than the diameter of a
chart neighborhood of W#(z). Clearly, D D C and D is compact. Then
we consider any non-trivial closed path v inside W#*(x) \ D. Then exists
0 < n < m such that f"y lies inside W#(x) \ C' and entirely inside one
local chart neighborhood of W*(x), therefore f™v is null-homotopic because
locally W#(z) is homeomorphic to a n-dimensional disk. ]

Codimension-3 center foliation. In the special case of a compact center
foliation of codimension 3 with trivial holonomy we can apply the following
theorem by Vieitez which shows that a uniform local product structure and
the existence of an expansive transitive homeomorphism on a topological
compact 3-manifold implies that the manifold is the 3-torus.

Theorem 1.47 (Vieitez, [Vie99]). Let V' be a compact connected oriented
3-dimensional boundariless manifold and F : 'V — V an expansive home-
omorphism. Assume that the stable sets of F' form a C°-foliation of V of
codimension 1 and the unstable sets a transverse C°-foliation of dimension

1, and Q(F) =V. Then V is homeomorphic to T?.

Then we can apply the following theorem by Hiraide to conclude that F' is
always conjugate to a hyperbolic toral automorphism:

Theorem 1.48 (Hiraide, [Hir89]). Let F' : T" — T" be a homeomorphism
of the n-torus. If F' is expansive and has the pseudo-orbit tracing property,
then F' 1s topologically conjugate to a hyperbolic toral automorphism.

1.3.2 Compact center leaves with finite holonomy

We recall that the induced map F' on the leaf space might not be expansive
in the case of a center leaf with non-trivial holonomy. For this reason it is
not possible to use the known results about expansive homeomorphisms on
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compact metric space immediately. But still, we do have stable and unstable
equivalence classes which form almost transverse topological foliations except
in some singular points, hence, we can still exploit hyperbolic features in the
case of non-trivial holonomy.

Conley-Theory in the leaf space. If the holonomy is finite, but non-
trivial, we can nevertheless say something about the dynamics of F' on the
quotient because we still have a homeomorphism F' on a compact metric
space X endowed with stable and unstable equivalence classes. We are quite
close to a topological hyperbolic map, hence, we show - with the help of the
decomposition of the chain-recurrent set - that we can recover in the proof of
Theorem 2.7 a spectral decomposition of the chain-recurrent set F'. Hence,
first we define the relevant objects in this context following [Con78]. A set
Y C X is called a chain-recurrent set if for every point x € Y there exists
a finite chain of points © = g, x1, ...,z = x such that d(F(z;), ;1) < €
for every € > 0. A set Y is called chain-transitive if any two points x,y € Y
for every € > 0 can be joined by a finite e-chain x = zg,21,..., 2, = ¥y
such that d(f(z;),zi41) < € for i = 0,...,n — 1. We denote with CR(F)
the chain-recurrent set which is the union of the equivalence classes which
are called chain-recurrent classes and coincide with the chain-transitive sets.
More precisely, we can characterize the chain-recurrent class with the help
of (2-sets of x € X define by

Qz,F):={y € X |Ve>0: 3 e— chain from y to 2},
O (z,F):={y€ X |Ve>0: I e— chain from z to y} .

Then every chain-recurrent class coincides with the intersection
Qz, F) N Q*(z, F), and it is a closed and F-invariant set. Wecall A C X a

Conley attractor if there exists a neighborhood U of A such that F(U) C int(U)
and ﬂnZO Fr"U = A. We call aset R C X a Conley repeller if there exists

a neighborhood U of R such that F~'(U) C int(U) and (5, F"U = R.

Orbifold structure on V. A leaf space M/F is said to have an orbifold
structure if there is a countable cover (V;) of M by F-saturated open sets
V; € M such that any V; is diffeomorphic to the flat bundle L; x m, 1T; where
H; is a finite holonomy group of L; acting linearly on the smooth transversal
T; and f/i the holonomy cover of L; such that [N/i /H; = L;. Then there is an
open embedding ¢; : T;/H; — M/F and ¢;(T;/H;) = T;/H; form an open
cover of the leaf space M/F. If the compact foliation with finite holonomy
is smooth, then we can conclude from the Reeb Stability Theorem that the
leaf space V' has an orbifold structure. Every sufficiently small neighborhood
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in V/W¢ of a leaf W¢(z) is then homeomorphic to R?/T", where I', C O(q)
and ¢ = codim W¢. But the assumption of a smooth foliation is essential
such that we obtain holonomy groups as subgroups of the diffeomorphism
group of a ball rather than a homeomorphism group. In that case Bochner
proved in [Boc45] that any compact group of smooth transformations on a
smooth manifold acts in a neighborhood of a fixed point linearly (in appropi-
ate coordinates). In the case of a codimension-2 foliation it is known due
to Theorem 1.14 by Kerékjarto that any finite group action is conjugate to
a linear orthogonal action, and we use this result in our proofs below. The
leaf space is locally a 2-dimensional orbifold and they are all classified by its
singular points, in our case by the leaves with non-trivial holonomy group.
But in codimension-3 there exists a counterexample by Bing in [Bin52] of a
2-periodic transformation of S® into itself that is not conjugate to a prod-
uct of rotations, reflections and translations. So in higher codimensions, we
cannot make use of the orbifold structure of M/W*¢ and apply theorems e.g.
about the structure of fixed point sets of the holonomy groups. So we remark
that in general in codimension > 3 the leaf space M /MW cannot be known to
be an orbifold a priori. Nevertheless it remains an interesting question if the
dynamical restrictions of the partially hyperbolic systems on the foliations
and holonomy groups allow the existence of such a non-differentiable action
of a finite holonomy group.

1.3.3 Shadowing Lemma for compact center foliations
with finite holonomy

In this section we prove the Shadowing Lemma on the leaf space M /W¢ for
the homeomorphism F induced by a partially hyperbolic C!-diffeomorphism
f M — M with an invariant compact center foliation WW¢ with finite holo-
nomy.

First, we reconstruct the classical proof of the Shadowing Lemma by Bowen
in [Bow75] in the setting of a hyperbolic C'-diffeomorphism F on a smooth
compact manifold M. It is quite helpful to consider this proof in all its de-
tails in order to extract the essentially required properties of F' and M for
accomplishing the proof.

The second part of this section we start with a list of five properties which
are necessary in order to prove the Shadowing Lemma in the setting of a par-
tially hyperbolic diffeomorphism with a compact center foliation with trivial
holonomy, and in the following, we recover these enumerated properties, and
therefore the proof of the Shadowing Lemma. We finish this section with
conferring this construction on the case of a compact center foliation with
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non-trivial finite holonomy.
We remark that this section does not impose any restrictions on the dimen-
sion or codimension of the center foliation.

Classical proof of the Shadowing Lemma

Theorem 1.49 (Classical Shadowing Lemma). Let F': M — M be a hyper-
bolic C'-diffeomorphism on a smooth compact manifold M. Then F has the
pseudo-orbit tracing property.

We call a sequence {z;},, of points z; € M a d-pseudo orbit of F if
d(zj, F(xj—1)) < 6 for all j € Z. We show that for every ¢ > 0 there
exists 0 > 0 such that every -pseudo orbit {z;},_, of I is e-shadowed by an
orbit of F, i.e. there exists z € M such that d(F7(z),z;) < € for all j € Z.
The diffeomorphism F' has continuous stable and unstable foliations WW* and
W*. On each stable and unstable manifold a metric d, and d, respectively
can be defined with the help of the lengths of smooth paths inside a single
leaf. We denote for n > 0 with W' (z) the local stable manifold defined by
the connected component of z inside W*(x) N B,(x) and with W(x) the
analogously defined local unstable manifold of x.

We recall that the local product structure of M implies that for every

o > n > 0 there exists d such that the local stable and unstable man-
ifolds of diameter 7 intersects in exactly one point whenever d(z,y) < 0,
ie. Wo(z) N Wy =: [z,y]. The point of intersection [z,y] depends con-
tinuously on x and y. Further, we utilize the hyperbolicity of F', so we recall
that there exist constants C > 1and 0 < A < 1such that forallx € M
and y € M with d(z,y) < § and Wy (z) N W =: [x,y] it hold

ds(F"(z), F"([z,y])) < CA"9, for all n > 0,
du(F7"([x,y)), F"(y)) < CA\"0, for all n > 0.

Especially, it holds that ds(z, [z,y]) < C¢ and d,(y,[z,y]) < C§ when-
ever d(z,y) < 0. Further, it holds that d(zx,[z,y]) < ds(z,[z,y]) and
d(y, [z,y]) < du(y, [z, y]).

We choose N > 0 sufficiently big such that 2C2A\" < 1 and we denote for
simplicity AN with A. In the following we consider pseudo-orbits of 'V and
prove the statement for F¥. We abbreviate FV with ¢g. If the Shadowing
Lemma holds for F'V it also holds for F as the following Lemma shows:

Lemma 1.50. Let f : X — X be a homeomorphism on a compact metric
space (X,d). Then f has the pseudo-orbit tracing property if f* has the
pseudo-orbit orbit tracing property for some k € N.
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Proof. Let ¢ > 0 be given. Then there exists ¢ > €; > 0 such that for
each €;-pseudo orbit {xi}fzo it holds d(fi(zo),x;) < ieforall0 < i < k
and maxo<i<, d(f*(z), fi(y)) < ie whenever d(z,y) < €. Let ¢ > 0
as above. Then there exists 6; > 0 such that each &;-pseudo orbit of f*
is e;-shadowed by some point. We remark that for fixed 6; > 0 there
exists & > 0 such that every d-finite pseudo orbit of f is d;-shadowed by
a finite orbit of f. We fix these ¢;,6; > 0 and § > 0 and Let {y;},o5
be a d-pseudo orbit of f. Then we define x; = yi; and fix ¢ € Z. Then
for every 0 < j < kit is d(f/(yri), Ykir;) < 61 and for j = k it is
d(f*(ys), Yrivr) = d(f*(xi),2i41) < 61. Hence, it is a 6,-pseudo orbit of f*
and there exists y such that d(f* (y),z;) = d(f*(y),yx;) < e forj € Z.
On the other hand, since {y;4; }?:0 is a €;-pseudo orbit for f it follows that
A (Yri), Yrivs) < §for 0 < j < kand that d(f¥*(y), f7(yw)) < § for
0 < j < k. Therefore, it is d(f**(y), yrir;) < efor 0 < j < k and
since i € Z was chosen arbitrarily, we have d(f"y,y,) < eforn € Z. O

Now we start the proof of the Shadowing Lemma for FV =: g.

Proof. Given € > 0. We choose § > 0 such that the local manifolds W;!(z)
and Wy (y) intersects uniquely whenever d(r,y) < 2§. Further, we choose

0 > 0 sufficiently small such that % < €. We consider an arbitrary -
pseudo orbit {z;} of g.

We construct a sequence {z; }j>0 of points z; € M such that the accumulation
point z of this sequence defines the required orbit {g/z} >0

Lemma 1.51. There exists a sequence {z;},., such that
(I]_) d(.’lfj+2,gj+2(2j)) < 20,

(12) d(zy, g*(z;)) < 2C?5 Zg;g AN <e for0<k<j.

If Lemma 1.51 is proved the accumulation point z of the sequence {z;}
fulfills

j=0
d(zr, 6" (2)) < 20%—— < ¢
: A

By shifting the index with g77(2_;) =: Z; and z_; =: &g for j > 0, the
negative indices are covered as well with the same construction. Hence, the
proof is finished. n

Proof. [Lemma 1.51] We construct the sequence {z;}, inductively. We define
9(z0) = Wy'(g(x0)) N W, (1),
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The point g(zy) and hence z; is uniquely defined by the choice of § > 0 and
the local product structure of M. Now we claim that properties (I1) and (12)
are fulfilled if we define points z; recursively for j > 2 by

9 (zj1) == WG (zj—2)) N W ().

Lemma 1.52. If g7(zj_1) := W' (¢? (zj—2)) N W (x;) for j > 1, then proper-
ties (I11) and (12) are fulfilled for all j > 1.

So the proof of Lemma 1.52 finishes the proof of Lemma 1.51. O]

Proof. [Lemma 1.52] We prove this by induction. Assuming that the state-
ment is true for j > 1 we prove it for j + 1. Let

G (z) = WHg T (zj-1) N W (@541).

First, we have to show that ¢/*!(z;) is a uniquely defined point. Observe
that

A" (z-1), 510) < d(g7H(25-1), 9(x))) + d(g(x;), 2541). (1.1)

By (I1) and the inductive assumption it is ds(¢(z;-1), x;) < 2C9 and further,
it is g7(zj-1) C W;(x;). Hence, it is dy(¢’*'(2j-1), g(x;)) < 2C*Aé. By
utilizing 2C%A < 1 and that {z;} is a pseudo-orbit we get for the inequality

(1.1)
d(gj+1(2j,1>,$j+1> <O0+0 <29, (12)

So, ¢"*1(z;) is well-defined as the intersection point of the local stable and
unstable manifolds.
We prove now (12). For k = j + 1 it follows

d(xje1, N (zj51)) < d(@jer, ¢ (2)) + d(g7 ' (25), ¢ (zj41))
<206 +d(g" (%), ¢ (2j41)),
with gj+1<2j) C W;($j+1). (13)

As g7 (z5401) € W(g7T2(2) it follows by applying g~ that
du(gTH(z)), P (2541)) < 20%A8.
Hence, inequality (1.3) becomes

d(.%‘j+1, gj+1 (Zj+1)) < 20(5 + 202/\5,
< 2C%5(1+A). (1.4)
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1.3. Dynamics on the leaf space

For k < j it follows

j—k+1

d(xkagk(zj+1)) < d(xkagk(zk—l)> + Z d(gk(2k+i)agk(2k+ifl)) (1.5)

1=0

It is g*T ! (2114) € Wy (¢"""*(2114-1)) and therefore by applying ¢g~@1 we
get
ds(gk<zk+i)agk(2k+i71)) < 2C%5N

The inequality (1.5) becomes

j—k+1
d(zy, ¥ (2j11)) < 206 + 2C%§ Z AT
i=0

J—k42
<206 +2C% Z A
i=1
j—k+2
<2C% Y AL (1.6)
i=0
This proves (I2) for (j 4+ 1) and finishes the proof of Lemma 1.52. (]

Difficulties of the Shadowing Lemma for the leaf space

The adaption of the proof of the Shadowing Lemma to the leaf space of the
center foliation leads to two main difficulties:

e The points in the pseudo-orbits are now center manifolds. Thus the
distance between the leaves may be naturally defined in several ways.
Given two nearby leaves, one tries to project one center leaf onto the
stable manifold of the other along unstable leaves, as we do for points
in the proof of the Shadowing Lemma. That is always possible if the
holonomies of the center leaves are trivial. However, even in that case,
it is more difficult to compare the stable and unstable distance of these
leaves with the projection and the initial distance between the leaves.

e [f the holonomies are not trivial, it is not always possible to project
a leaf onto the stable manifold of an other along the unstable leaves.
One can locally bypass this difficulty by considering holonomy covers.
However, the leaves have several lifts to this cover so that the projection
is no more uniquely defined.
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1.3. Dynamics on the leaf space

In order to separate the difficulties we will first present (see Section 1.3.3 be-
low) the Shadowing Lemma assuming that the holonomies are trivial. Then
we will solve the difficulties induced by non-trivial finite holonomies in Sec-
tion 1.3.3.

Compact center foliation with trivial holonomy:

Theorem 1.53 (Shadowing Lemma). Let f: M — M be a partially hyper-
bolic C-diffeomorphism with a compact invariant center foliation W¢ with
trivial holonomy. Then the induced homeomorphism F : M/W¢ — M /W*
on the leaf space has the pseudo-orbit tracing property.

Recall that we have already proven that the leaf space M/W° under the
assumptions above is a compact metric space endowed with the Hausdorff
metric dy. As the center holonomy is trivial, the leaf space is a compact topo-
logical manifold. Further we showed that the stable and unstable equivalence
classes of F' coincide with the stable and unstable topological foliations in-
duced by the center-stable and center-unstable foliations W and W in M.
We prove Theorem 1.53 following the classical proof of the Shadowing Lemma.
There exists a finite open cover {Ui}fz1 of W¢saturated neighborhoods with
Lebesgue number 6 > 0. Then there exist constants C' > 1 and 0 < A < 1
such that the following hold:

(B1) Given a suitable > 0. For any W¢(z), W¢(y) € M, if the Hausdorff
distance dg(W*(x), W¢(y)) < 0, the intersection of W¢(W;(x)) and
We(W;i(y)) is a unique center leaf We(z).

(B2) There exist local maps A; : U; x U; — R and A, : U; x U; — R where
U; € {U;} such that if dg(W¢(z), W¢(y)) < ¢ it holds that

As(We(x), We(y)) < Cdu(W*(x), W*(y)) and
Au(We(x), Wi(y)) < Cda(W(z), W (y)).

(B3) For any W¢(z) and W¢(y) with dg(W¢(z), W(y)) < J one has

dua(We(x), We(y)) < As(We(x), W(y)) + Au(W*(2), W (y)).

Thus,

if We(y) C We(W,(x)), then dy(W*(x), W(y))

if We(y) c We(W(z)), then dy(We(x), W(y))

n

~—
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1.3. Dynamics on the leaf space

(B4) For We(z) C W¢(W,'(y)), it is implied that

A (fT"We(2), f[MWe(x)) < CAX*% forn > 0.

(B5) For We(z) C We(W, (x)), it is implied that

A(f"We(z), ffWe(x)) < CA" forn > 0.

With these properties (B1)-(B5) above we will be able to apply Bowen’s proof
to show the pseudo-orbit tracing property for the induced homeomorphism F
on the leaf space M /W¢€. Hence, we proceed with establishing the enumerated
properties above such that we can afterwards adopt Bowen’s proof directly
to our setting.

Proving the properties (B1)-(B5). We need several Lemmata to obtain
the five properties (B1)-(B5). Denote with ¢ the codimension of W¢:

Lemma 1.54. Let W€ be a compact foliation with trivial holonomy of a
compact manifold M. Then there exists a finite open cover {Ui}le of M
of W¢-saturated neighborhoods such that U; is homeomorphic to the trivially
foliated product We(x) x T where W¢(z) C U; and T is a smoothly embedded
q-manifold transverse to W¢(x) at x. Further, there exists 61 > 0 such that
for every center leaf W€(z) there exists i € {1,...,k} such that W¢(x) C U;
and W¢(y) C U; whenever dg(We(z), We(y)) < d;.

Proof. As the center foliation W€ is a compact foliation with trivial holo-
nomy and M is a compact manifold, the Reeb Stability Theorem implies
that there exists a finite cover {U;}F | of M of We-saturated trivializing
neighborhoods Uj;, such that U; ~ W¢(z) x T" where W¢(z) C V; and T
is a smoothly embedded manifold transverse to W¢(z) at z. Every leaf
We(y) C U; is homeomorphic to W¢(x). As M is compact and U; are W°-
saturated neighborhoods there exists a Lebesgue number 6; > 0 with respect
to the compact metric space (M/W€ dy) such that for every center leaf
W¢(z) there exists i € {1,...,k} such that W¢(z) C U; and W¢(y) C U;
whenever dy(W*(y), We(x)) < 1. O

In the next lemma we prove the existence of a second appropiate cover such
that each open set is trivially foliated as a product.

Lemma 1.55. Let f : M — M be a partially hyperbolic C-diffeomorphism
with a f-invariant compact center foliation W¢ with trivial holonomy. Then
there exists a finite open cover {Vi}ézl of W¢-saturated sets such that every
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set Vi is homeomorphic to W¢(x) x T and T is a smoothly embedded ma-
nifold transverse to W¢(z) and trivially foliated as a product by the induced
stable and unstable foliations on T'. Further, there exists 6 > 0 such that for
every center leaf W€(x) there exists i € {1,...,1l} such that W(x) C V; and
We(y) C V; whenever dg(W€(z), We(y)) < 9.

Proof. Let {U;}_| be the cover of Lemma 1.54. Let W¢(z) C U;. As f
is dynamically coherent according to Theorem 1.24, we find a smaller W*-
saturated neighborhood V; C U; such that the transversal T' restricted to
V; is trivially bifoliated by stable and unstable foliations as a product. As
M is compact, we can cover M by a finite number of such W¢saturated
neighborhoods. With the same argument as in Lemma 1.54 there exists a
Lebesgue number § > 0 for this cover with the required properties. ]

The next lemma provides the announced property (B1):
Lemma 1.56. There exists i > 0 and n > 0 such that

o Forallx,y € M if dg(W€(z), W(y)) < p then there exists a unique
We(24y) such that We(zy,) = WE(W; (z)) N W(WH(y)).

o For every x' € We(x),y' € We(y) it is W(zyy) = W2y ).

Proof. Let {V;} and 6 > 0 be given as in Lemma 1.55. Given z,y € M
with dg(W¢(z),W<(y)) < 6 and let V; such that W¢(z), W¢(y) < V.
Then for every £ € W€(x) there exists ( € W€(y) such that d(,() < 0.
Because of the product structure of V; there exists C' > 1 such that the
intersection of W(Wgs(£)) N Wes(C) = 2¢¢ is unique. It is

We(zee) C WHWES(E)) N WE(WE(C)), and therefore - as

C6 > ds(&2ec) > d(& 2zee) - We(2ee) € WE(Bes(§)). For 6 > 0 there
exists n > 0 such that W(B,(¢)) C Bu(W€(¢),0) = Bu(W*(x),d) and
hence, we choose © < ¢ such that n < Cpu and such that this inclusion
holds. Then we repeat the construction above for dy(We(x), We(y)) < u
and obtain W¢(z¢¢) C V;. Take any pair of points 2/ € W¢(x),y € W(y)
such that d(2',y') < p and assume that W¢(z, ) # W€ z¢¢). As they are
both equally contained in V; there exists a su-path v = ~, U 7, from £ to
W2 y) wWith I(y) < Cu. As We(2pry) & WEW(E)) itis () > 0. By
taking f"-iterates the distance between £ and W¢(z,,,) would grow while the
distance between =’ and W¢(z, /) shrinks contradicting the property above
that two points on two center leaves sufficiently close to each other forces
the Hausdorff distance to be small, too, assuming compact leaves with finite
holonomy. Hence, W¢(2,,/) = W¢(2¢) can be concluded. O
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1.3. Dynamics on the leaf space

Notation:

loc loc
obtained in the Lemma above. This notation depends a priori from the

point x chosen in the leaf. However, the second item of the lemma tells
us that this ambiguity does not lead to an ambiguity of the intersection
leaf W*(2,,) whenever one consider leaves at Hausdorff distance less
than p.

e We denote with W (z) = WW;(x) and with Wii(z) = WW(z)

o We call stable path and we denote with v, : [0,1] — M a smooth path
which lies entirely inside a single stable leaf W?*(7,(0)). Analogously,
we define an unstable path and denote it with ~,.

e The distance d, inside a stable leaf is defined as follows for any
p,q € W*(x):

dy(p, q) == nf {I(7s) | 7(0) = p, v € Wio(p), 7(1) = ¢} .
Analogously, we define the distance d,, inside an unstable leaf.

e Therefore, we can define the stable distance between a point p € W¢(x)
and a sufficiently close center leaf W€(y) by

ds(p, W(y)) = inf {l(7s) 75 C Wi.(2),
Y5(0) = p, 75(1) € Wi.(p) N Wise(y)} -

In the same way, the distance d,, inside an unstable leaf is defined.
Now we can formulate the following Lemma:

Lemma 1.57. Let f : M — M be a partially hyperbolic C-diffeomorphism
with a compact invariant center foliation W€ with trivial holonomy. Fix a
constant & > 0 as in Lemma 1.55 (associated to a finite cover {V;}._,).
Then there exists a constant C' > 1 such that for any two center leaves

We(z), We(y) with dg(We(x), We(y)) < 6 it is

dhax ds (0, We(y)) < Cdu(W*(x), W(y)) and
x| du(p, We(y)) < Cdy(W*(x), W(y)).

Proof. We fix a 6 > 0 and a finite cover {V;} as in Lemma 1.55. We consider
two center leaves We(z), We(y) C V; with dg(W°(x), We(y)) < §. Recall
that V; o~ W¢(z) x T" and that the transverse manifold 7" is subfoliated as
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1.3. Dynamics on the leaf space

a product by the local stable and unstable foliations W . and W} .. Hence,
the whole neighborhood V; is trivially foliated by the three foliations W _,
W and We. As dg(We(z), We(y)) < 9, for every p € W¢(z) there ex-
ists a unique intersection point z, € Wj.(p) N WSi(y) by the local prod-
uct structure. Therefore we can calculate dy(p, z,) = ds(p, W¢(y)). By the
transversality of the stable and unstable foliations, depending on the angle
of intersection of both foliations, there exists a constant C' > 1 such that
ds(p, zp) < Cd(p, z,) < Cdg(We(z), We(y)) for all p e We(x). As V; is triv-
ially foliated as a product, the center leaves are all compact and the distance
ds varies continuously with p € W¢(z) the maximum is also bounded by

Cdy(We(x), We(y)). O

Remark 1.58. The constant C' > 1 in Lemma 1.57 above depends on the
angle of intersection of the local stable and unstable foliation. The closer the
angle is to 5 the closer to 1 the constant C' can be chosen. It is always possible
to choose a metric, equivalent to the canonical smooth Riemannian metric on
M, but not differentiable, such that the stable and unstable foliations intersect
orthogonally. By approaching with & to zero, i.e. by choosing a sufficiently
small foliated neighborhood, the local diffeomorphism from the transversal T
to an open disk DY i1n R? gets closer and closer to an isometry with respect to
the original metric and hence, the constant C' can be chosen arbitrarily close
to 1.

We need the following lemma to obtain later well-defined maps Ay and A,:

Lemma 1.59. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with a compact invariant center foliation W€ with trivial holonomy. Let
0 > 0 be sufficiently small such that every local center-stable and local center-
unstable leaf inside a trivializing neighborhood intersects exactly once. Then
the constant C' > 1 of Lemma 1.57 does not depend on the choice of the finite
cover {Vi}1_,.

Proof. We choose two arbitrary finite covers {V;};_, and {I/V]}é:1 as in
Lemma 1.55 such that W¢(z), W¢(y) C V; and W¢(z), We(y) C W, for
some i and j whenever dy(W¢(x), W(y)) < . Fix two leaves W¢(x), W¢(y)
with dg (W¢(z), W¢(y)) < 6. Then it follows that W¢(z), W¢(y) C V; and
We(z), We(y) C W; for some i and j. As the holonomy is trivial, the inter-
section V; N W; is a trivializing neighborhood and W¢(y), W¢(x) C V; N W;.
So, applying Lemma 1.57 to the cover {V;}, it follows

,Jpax ds (0, We(y)) < Cdg(W(z), W(y)).
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As dy(p, We(y)) = ds(p, Wige(p) 0 Wigi(y)) and Wigk(y), Wice(x) € Vi 0 W
by the definition of the local WW¢-saturated stable and unstable manifolds, all
paths v, taken for defining d; lie inside V; N W;, and hence the maximum

in both covers is equally bounded by Cdgy(W*e(x), W(y)). O
Let W¢(z), W¢(y) be two center leaves with dg(W*(z), W¢(y)) < d then we

define the local functions A, and A, as following:

A, (We(z), We(y)) := max{ max d,(p, W°(y)), max du(WC(x),q)}.
pEW®(x) q€W(y)

The local function A, along strong stable leaves is defined in an analogous
way. Due to Lemma 1.57 and Lemma 1.59 these local functions along strong
unstable and strong stable leaves of two center leaves sufficiently close are
well-defined.

As a direct consequence of Lemma 1.57 one gets the following corollary which
provides our announced property (B2):

Corollary 1.60. For any two center leaves W€(x), W€(y) with
dg(We(z), We(y)) < 0 itis

Property (B3) is now given by the next lemma:

Lemma 1.61. For any pair of center leaves W€(x), W¢(y) C M with
dg(We(z), We(y)) < 0 itis

(

duy(W*(x), W(y)) < As(We(x), Wy)) + Au(W(x), W(y)).
)
“(y

Thus, if We(y
dg(W(z), W

Proof. By the definition of dy and A, it is easily seen that the statement
follows from the fact that the distance inside the manifold d(p, q) is always
less equal than the distance inside a leaf d4(p, q), i.e. d(p,q) < ds(p,q) for
allp.q € Wi, (2). -

- WC(VVZOC( )) and dg(We(x), We(y)) < 9, then
) < Ag(We(x),We(y)), and the analog holds for A,.

We have now proved the existence of maps Ay, A, and their required prop-
erties of the maps. In the following corollary we prove the remaining proper-
ties (B4) and (B5) in order to proceed with Bowen’s proof of the Shadowing
Lemma:
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Corollary 1.62. Fiz an arbitrary cover {V;} and § > 0 as in Lemma 1.55.
Then there exist constants C' > 1 and 0 < XA < 1 such that the following
items hold:

1. For W¢(z) C WS(x), it is implied that

loc

A(fTWe(2), f[TWE(2)) < CN' forn > 0.

2. For W¢(z) C W (x), it is implied that

loc

Ag(f"We(z), f"We(x)) < CN'0  forn > 0.

Proof. The two items are directly implied by the definition of the distances
A, and A, with the help of stable and unstable paths and the partial hyper-
bolicity of f. ]

Adapting Bowen’s proof of the Shadowing Lemma. With the Lem-
mata 1.54 - 1.61 and Corollary 1.62 we are now able to follow the proof by
Bowen. We call a pseudo-orbit with respect to F' in the leaf space M /W¢
a W¢-pseudo orbit if it is lifted to M. We show that for every ¢ > 0
there exists § > 0 such that for every § — W¢pseudo-orbit {W¢(z;)} of
F with dg(We(f(z;)), W(zi+1)) < 0 there is W¢w) C M such that
dg(We(fiw), Wx;)) < e. Firstly, we pick an integer N > 0 such that
AV2C? < 1, for simplicity we denote AN with A and ¥ with g. We show
that any W¢pseudo-orbits of g can be shadowed by an orbit of center leaves.
As we showed in Lemma 1.50 this implies that any W¢pseudo-orbit of f can
be shadowed by an orbit of center leaves.

Given € > 0 we choose 6 > 0 such that 210T2A5 < €. Assume § > 0
small enough such that W (z) and W(y) intersect uniquely whenever
dp(W*(x), W(y)) < 20.

Let {W*(z;)},., be a 6-We-pseudo orbit for g =: fV, i.e. it is
dg(We(g(z;)), W(z;11)) < 0 for i € Z, hence, our Lemmata above can be
applied. We have to show that there exists a orbit {W¢(g'z)}, ., of center
leaves that e-shadows this 6 — W¢pseudo-orbit.

For this reason we construct for every integer j > 0 a center leaf W¢(z;)
such that its gF-iterates are e-close to W¢(xy) for all 0 < j < k. Then the
accumulation leaf W(z) of the sequence {W*(z;)},., fulfills

du(g'We(z), W¢(z;)) < e foricN.

By shifting the indexes we achieve that the whole orbit of W¢(z) e-shadows
the d-pseudo orbit {W¢(z;)}. Hence, we start with the following Lemma:
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Lemma 1.63. For every integer j > 0 there exists a center leaf W¢(z;) C M
such that

d(g'We(z;), We(x;)) <e for0<k<j.

Proof. [Lemma 1.63] We construct the sequence {W*(z;)},, inductively. It
holds that dg(gW¢(zo), W¢(z1)) < . Therefore the intersection leaf

We(20) := Wige(g(z0)) N Wige(z1)
is well-defined.

Claim: We claim that for every j > 0 there exists a center leaf W¢(z;) such
that

(I1) da(We(g"*(2)), We(zj42)) < 20 ,
(12) dy (We(g"(2;)), We(an)) < 2025 (zg‘;g Ai) <efor 0<k<j.

We show the Claim by induction. The inductive step is proved inside the
following Lemma:

Lemma 1.64. For j > 2 let the center leaf W(z;_1) be defined by
g (We(zj-1)) = Wige(9’ (2-2)) N Wige ().

Then the center leaf W¢(z;_1) fulfills the following properties

(I1) dua(We(g"(2-1)), We(j41)) < 20

(12) dy (We(g"(zj_1)), We(an)) < 2025 (zg’;{; Ai) for0<k<j—1.

Then the properties 1.3.3 and 1.3.3 give us

202§

du(g"W*(2;), We(w)) < T—%

<€

for 0 < k < j as required and Lemma 1.63 is proved. O
Hence, it remains the proof of the inductive step in Lemma 1.64:
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Proof. [Lemma 1.64] First, we have to show that W¢(z;) can be defined by
g W (2)) = Wige(g" " (2j-1)) N Wi (1)
Observe that
d(We(g" (2j-1), Wxj11)) < da(We(g" (2j-1)), W(g(x;))
+du(W(g(x5)), W (x;41)

)-
By (I1) and the inductive assumption it is Ay(W¢(¢?(z;-1)), W(x;)) < 2Co
and further, it is W¢(¢?(z;-1)) C W (x;). Hence, it is
As(We(g? (z51), We(g(xy))) < 202/\6. By utilizing 2C?A < 1 and that
{W¢(x;)} is a §-pseudo orbit the inequality (1.7) becomes

(1.7)

dH(Wc(gj—H(Zj,l), Wc<l’j+1)) <0+0 <20

As 6 > 0 is chosen sufficiently small such that this intersection is unique we
obtain a unique leaf W¢(z;). We prove now (12). For k = j + 1 it follows

Ay (We(201), W9 (2541))) < du(W(@j00), W' (25)))
+du (W (g™ (2)), W' (2541)))
<206 +d(W(g" (2))), Wg" (2j31))),
with W (g™ (5) € Win(ayer).  (18)
As We(g72(2551)) € WEL(g7T2(2;)) it follows by applying g~' that
Au(We(g (%)), W (2541))) < 2C7A0.

Hence, inequality (1.8) becomes

dH(Wc(ilfjJrl), Wc(gj+1 (Zj+1))) <206+ 202/\5,
< 2C7%6(1 + A). (1.9)

For k < j it follows

dr(We (), W(g" (241))) < dr(W* (i), W(g" (2-1)))

(1.10)
It is We(g"+ 1 (2144)) € WE(g* " (2144-1)) and therefore by applying g~ (+Y)

loc\Y
we get '
Ay (WG (z114)), W™ (2h4-1))) < 2C25ATH.
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The inequality (1.10) becomes
J—k+1
dy (W (), W(g¥ (2j51))) < 206 +2C°%6 Y~ A
i=0
j—k+2

<206+2C% Y N
=1

j—k+2
<2C°% > AL (1.11)
=0
This finishes the proof of Lemma 1.64. [

Compact center foliation with non-trivial finite holonomy.

Theorem 1.65 (Shadowing Lemma). Let f: M — M be a partially hyper-
bolic C*-diffeomorphism with a compact invariant center foliation W€ with
finite holonomy. Then the induced homeomorphism F : M/W¢ — M/W¢°
has the pseudo-orbit tracing property.

We want to prove the case of a compact center foliation with finite holonomy
in an analogous way as the case of a compact center foliation with trivial
holonomy by recovering the five required properties (B1)-(B5) for the proof
above in the new setting. The main point is to define new local functions
A, and A, and suitable distance Apy between center leaves such that the
properties (B1)-(B5) are fulfilled.

There exists a finite open cover { Ui}le of W¢-saturated neighborhoods and
0 > 0. Then there exist constants C' > 1 and 0 < A < 1 such that the
following hold:

(B1) There is a distance Ay on M /W* topologically equivalent to dy, and
1 > 0 with the following properties:

For any W¢(z), We(y) C M, if Ag(W¢(z), W¢(y)) < 4§, the inter-
section of We(Wy(x)) and We(W;(y)) contains a center leaf W¢(z,,,)
with
AW (zay), W(z) < CAx(We(z), W(y)) and
Ag(W(zay), Wo(y) < CAx(W*(z), W(y))
(B2) There exist local maps A : U; x U; — R and A, : U; x U; — R where
U; € {U;} such that if Ag(W¢(x), W(y)) < 0 it holds that
As(We(x), W2y y) < CAg(W(x), W(y)) and
Au(W(2ay), Wo(y)) < CAR(W*(2), W(y)),
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where W¢(z,,) is the intersection leaf as in (B1).
(B3) For any W¢(z) and W¢(y) with Ag(W¢(z), W¢(y)) <  one has
Ap(We(z), W(y)) < As(W(z), W(z0)) + Au(W(20y), W(y))
Thus,

if We(y) C WE(W,(z)), then dy(W*e(x), We(y))
if We(y) C We(W,'(x)), then dy(W*(z), W(y))
a(

VARPVAN

As(We(x), We(y)),
A

(B4) For W¢(z) C WC(
Ay (fT"WE(2), fT"WE(x)) < CA"6 forn > 0.

y)), it is implied that

(B5) For We(z) C We(W;()), it is implied that
A (f"We(z), fTWe(z)) < CX*0 forn > 0.

Difficulties of non-trivial finite holonomies. In this paragraph we re-
call the local picture of a compact foliation with finite holonomy and explain
why the proof in the case of trivial holonomies has to be changed.

Every compact center leaf with a finite holonomy group has, as a conse-
quence of the Reeb Stability Theorem, a saturated neighborhood which is
homeomorphic to a flat bundle foliation (cp. Section 1.1). This neighbor-
hood has a finite holonomy cover such that the lifted center leaves have only
trivial holonomy. The first idea might be to prove the Shadowing Lemma
by proving it in these local holonomy covers where the holonomy is trivial.
But the example as described in Example 1.12 and 1.39 illustrates the diffi-
culties which arise when trying to adapt the proof of the Shadowing Lemma
in this way. First, the intersection leaf between local center-unstable and
local center-stable leaves with non-trival holonomy is not unique. Lifting it
to the local holonomy cover does not remove the difficulties because there
are usually several lifted leaves in the holonomy cover and its number differ
depending on the order of the holonomy group. Further, we have to assure
that close lifted leaves in the cover remains close in the base. It is necessary
to define a new distance between center leaves which resolves this problem.
To obtain unstable and stable distances, we have to choose well the lifted
center leaves in order to be able to define projections along stable and unsta-
ble leaves which are a priori not well-defined. We start with the definition
of a new metric Ay between center leaves which is locally invariant under
covering maps of holonomy covers and therefore it allows us to work locally
in the holonomy covers where the lifted center leaves have trivial holonomy.
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Definition of a new metric Ay between center leaves adapted to
holonomy covers. First, we show the existence of appropiate covers.
Notation: We denote a W¢saturated ball with respect to the Hausdorff
metric dg by

Bp(We(x),8) == {Wy) C M | dg(W(z), W(y)) <4}
and a ball with respect to the usual Riemannian metric d on M by
Bs(z) :={y € |d(z,y) <d}.

Lemma 1.66. Let W° be a compact foliation with finite holonomy of a
compact manifold M.Then there exists a finite open cover {Ui}le of W¢-
saturated sets such that:

1. Let Hol denote the h0l0n0my group of mazimal order inside U;. There
erist covering maps q; . U; — U; such that U/Hol = U, and U; is
trivially foliated as a pmduct by the lifted center leaves. Fvery lift
We(x) C ¢ *We(x) has only trivial holonomy.

2. There ezists 1 > 0 such that for all W¢(x) there exists i € {1,...,k}
such that By (W¢(x),d1) C U;.

Proof. The statement is a direct implication of the Reeb Stability Theorem
1.6, the compactness of M and the existence of a Lebesgue number for a
finite cover of a compact manifold. O

We call such a cover {U;, ¢;} with finite coverings g; : U, — U, as above a ho-
lonomy cover of M. We lift the Riemannian metric d on M to d on these local
covers U; in order to define our new distance Az between center leaves in M.
If two points z,y € U; are in the same connected component, the metric d is
exactly the Riemannian metric d. Otherwise, we set cZ(az, y) := 1. There exist
n > 0 such that for every two points z,y € U; with cZ(x y) < 1 the covering
map p is then an isometry with respect to this metric d on U and d on U. We
denote d on U; for simplicity with d again. We define a metric dyr between
lifted center leaves in U; in the usual manner as Hausdorff metric with the help
of d and we denote it by dy; again. We define the diameter of a We- saturated
set A C M by diamy A := sup {dpy(W(z), W(y)) | We(z), We(y) C A}.

Lemma 1.67. Let f : M — M be a C-diffeomorphism with a f-invariant
compact center foliation W€ with finite holonomy and {U;,q;} a holonomy
cover with Lebesque number 6; > 0 as in Lemma 1.66. Then there ezists a
finite holonomy cover {V;,pi}li:l with the following properties:
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1. The diamg V; < %51 for everyi=1,...1 is less than %51. There exists
j such that V; injects trivially into U; such that q;|;. = p; defines the
covering map of V;, and V; is relatively compact inside U;.

2. Every lift V; is trivially foliated as a product by the lifted local stable,
unstable and center foliations.

3. There exists 09 > 1 such that for every W€¢(x) C M there exists
i € {1,...,1} such that Bg(W¢°(x),dy) C V;.

Proof. We just have to shrink the precedent cover {U;} in the appropiate
way. By the dynamical coherence, established in Theorem 1.26, we know
that there exists a neighborhood V; with the required properties. So we can
construct such a finite cover and hence, there exists a Lebesgue number ¢
for this finite cover of a compact manifold. ]

Remark 1.68. e By the construction of the holonomy cover {V;} with
respect to {U;} we can conclude that for every neighborhood V; there
exists j such that the boundary of V; is far from the boundary of U; as
Vi C Bu(W¢(z),161) € Bu(We(x),é1) C U; for some We(z) C V;.

o For every lifted center leaves We(z), We(y) of We(z), We(y) C V; it
holds that 3 .
du(We(x), W(y)) = du(W(x), W(y)).

If We(z),We(y) C V; are in the same connected component, their
distance is greater or equal by the definition of dy on Vi, otherwise
it is by definition dg(We(z), W<(y)) = 1 and therefore greater than
dy(We(z),We(y)) < diamyV; < 1.

o Therefore and by the finiteness of the cover, there exists 67 > 0 such
that for every x € M and i € {1,...,1} with By(W¢(x),d0) C V; it

follows that By (W¢(x),8%) C V; and By(W<(x),5%) NoV; = 0..

Lemma 1.69. Let {U;,q;} be a holonomy cover as in Lemma 1.66 and
{(Vi,pi}_, and & > 0 as in Lemma 1.67.

For every 6 > 0 with 0* < 0] there exists 0 < § < %50, such that for all
r € M and i € {1,...,1} with Bug(W¢(x),00) C V;, it holds that for ev-
ery We(z) C p;*We(z) and for every We(y) C Buy(W¢(x),0) there exists
We(y) C p; ' We(y) such that We(y) € By(We(z),5*).

Proof. We recall that we showed in Lemma 1.9 that for every compact fo-
liation F with finite holonomy the following holds: For every z € M and
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every 0* > 0 there exists ¢ > 0 such that F(Bs(z)) C By (F(z),6*) where
F(z) denotes the leaf through x. This is a direct consequence of the Reeb
Stability Theorem.

A priori we are now in a non-compact situation inside a local neighborhood
V;. But by the choice of our cover {V;}, every V; is relatively compact inside a
larger neighborhood U; of the holonomy cover {U;}. Hence, V; is a compact
space foliated by the compact foliation W¢ with finite holonomy. Further,
by the choice of d for every 0 < d < 14y the ball By(W¢(z),d) C V;
and bounded away from the boundary of V;. For every W¢(z) C V; there
exists a saturated neighborhood U, such that its lift Ux is trivially foliated
as a product. By the relative compactness of V; we can cover V; by a finite
number of such saturated neighborhoods {Vf }j such that each V7 is triv-

ially foliated as a product by W¢. Let # € M be an arbitrary point and
i € {1,...,1} such that Bg(W¢(z),d) < V;. Let 6* > 0 be given.
Let We(z) < V/ and We(z) = W¢(z;) where z; € p;'z. Then there
exists d; > 0 such that WC(B(;j(xi)) C By(We(x),0*) C f/]’ If nec-
essary, we shrink §; > 0 such that p;| By, (x) is an isometry. Then for every
We(y) C V7 with dg(We(z), We(y)) < 6, there exists y € W¢(y) such
that d(x,y) < J; and there exists y; € p;'y such that d(z;,y;) < J.
Hence, W¢(y;) € W¢(Bs(z;)) € Bp(W¢(z;),6*). By taking the minimum
of these d; and defining it as 0 and repeating this procedure for all neigh-
borhoods V; we get the searched 6 > 0 which fulfills the statement of the
Lemma globally.

O

Lemma 1.70. Given holonomy covers{U;, ¢;} as in Lemma 1.66 and {V;,pi}ézl
and oo as i Lemma 1.67. Then there exists 05 > 0 such that for all
x € M,i,j € {1,...,1} such that Bug(W°(x),00) C V; N V;, for all
x1 € p;(x),x2 € p;'(x) there exists an isometry

I: BH(WC(SCl),(SS) — BH(WC<I2),5S)
such that p; o I = idy op;.

Proof. We fix a holonomy cover {V;}._, and &, as in Lemma 1.67. We
take x € M and i,j € {1,...,1} such that By(W*(z),d) C V; NV, and
By (W¢(z), 360) is away from the border of V;NV;. Recall that the cover {V;}
is chosen such that each V; is relatively compact inside some neighborhood
U;. We construct a smooth disk through x € M transverse to the foliation
We by taking a disk D, 25: C E*(x)® E*(z) of diameter 245 around 0 € T, M
where we choose 0§ > 0 sufficiently small such that the image of this disk
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under the exponential map is entirely contained inside By (W¢(x), 360). We
consider now the image of D, »5; under the local diffeomorphism exp, which
is a submanifold transverse to W¢(x) and inside V; NV} which we call D, 5
again. The covering maps p; and p; are local isometries and V; NV is a rela-
tively compact set, hence, we can cover D, »5; with a finite number of open
sets which are sent isometrically onto open sets in p; le7255 and pj_le’g(;g
respectively. So, there are isometries I;, I; for the whole transversal disk
D, 25;. We can continue these isometries I;, I; to the saturate WC(DQ;Q(SS) by
continuing the maps I;, I; along every leaf. The uniform continuity of I;, I;
by the relative compactness of V; NV, and the compactness of each leaf imply
that open saturated sets are mapped onto open saturated sets. The satu-
rate W¢( Dy 25;) is then mapped isometrically with respect to the Hausdorff
metric dy. It is By(We(z),d%) C p; " W¢(Dy26:) and hence, the Lemma is
proved.

[

Corollary 1.71. For all x,y € M it holds: If there existsi € {1,...,l} such
that Bp(W*(x),d0) C Vi and if there exist z; € p; ' (x) and y; € p; ' (y) such
that dg(We(z;), We(y;)) < 6 then for all j such that By (We(x),d) C Vj,
for all z; € pj_l(x) there exists y; € pj_l(y) such that

dg(We(z;), We(y;)) = da(W(z:), We(y;)) < 6.

Proof. This is a direct implication of Lemma 1.70. O

We fix § > 0 with § < %50 in M corresponding to ¢} following Lemma 1.69.
We define for every pair W¢(zx), W¢(y) of center leaves the following distance:

- 505, i du(We(2), We(y)) > 6
(W5 @), W) = { min {303, inf {dy (We(@:), We(y:)) | @i € 5" (@)} }
We denote with a ball with respect to this new distance by

Ba, (We(x),8) := {W*(y) € M | Ap(W(x), W(y)) <6}
Lemma 1.69 implies that:

Corollary 1.72. Ay is a distance and it is topologically equivalent to dy,
i.e. forx € M and all 6* > 0 there exist Omin, Omax > 0 With dmin, Omax < %(50
such that

Br(We(2), dmin) C Ba, (We(x),8") C By (W), Smax). (1.12)
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Proof. The positive definitness and symmetry are directly inherited by dy.
For the triangle inequality we have to consider different cases:

Case I: Let We(x), W¢(y) C M be two center leaves with

dg(We(z), W(y)) > 4. Then it is Ay (We(x), We(y)) = 1. If for any
W¢(z) one of the pairs W¢(x), W¢(z) or W¢(y), W¢(z) has a Hausdorff dis-
tance dy > 9, the triangle inequality is fulfilled. If dy(We(z), W¢(z)) < ¢
and dy (We(z), We(y)) < 4, then there exists a lifted center leaf W¢(z) such
that the minimum of dy (W¢(z), W¢(x)) is attained and less than 105 (other-
wise the inequality is implied), and the same holds for W¢(z), W¢(z). Hence,
there exists lifted center leaves of W¢(x) and W¢(y) which lie in the same
dg-neighborhood of a lift of W¢(z) contradicting the assumption of Case I.
Case II: Let W*¢(z), W¢(y) C M be two center leaves with
dg(We(x),We(y)) < 6. Hence, there exist lifted center leaves We(x),
W¢(y) which attain the minimum of the Hausdorff distances between lifted
center leaves. Let W¢(z) be any other center leaf with a Hausdorff distance
dg < ¢ with respect to W¢(z) and W¢(y), otherwise the triangle inequal-
ity is trivially implied. We choose lifted center leaves W (z) and Wg(z)
such that Ay (We(z), We(2)) = dg(We(z), We(2)) and Ay (We(y), We(z)) =
dy(We(y), Ws(z)). With Corollary 1.71 we can conclude that if

dy(We(y), Ws(z) < 505 is minimal then for any other lifted center leaf of
We(z), especially for W¢(z) there exists another lifted center leaf W¢(y) of
W¢(y) such that
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Then it is dgy (We(z), We(y)) < 0%. Hence, we obtain the following

Topological equivalence: We now show that Ap is a topologically equiva-
lent distance to dy. Let x € M and 0* be given. If §* > %(53, then
Ba,, (W¢(z),6*) = M and the inclusion (1.12) is easily fulfilled for dyax > 0
chosen greater than the diameter of M/W¢ and dy,;, > 0 any smaller num-
ber.

If * < 16, then with Lemma 1.69 there exists din(0*) > 0 such that
By (W), 6min) C Ba, (We(z),0%). As 6* < 163 and &; was chosen suf-
ficiently small in Lemma 1.70 we can choose dy,,x = ¢ such that the W¢-
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saturated set Ba,, (W¢(z),d*) C By (W*¢(x),dp). This shows the topological
equivalence between both distances. [

Proving the properties (B1)-(B5). The properties are proved for the
cover {V;} and %55 > 0 as defined above. We choose an appropiate n > 0 as
in the proof for trivial holonomy and define equally for lifted center leaves
We(W3(2)) = Wi (@) and We(W(z)) = Wek(a).

We start with establishing property (B1). We defined in the preceding para-
graph the metric Ay between center leaves and showed in Corollary 1.72
that Ag is actually a metric and topologically equivalent to dy. We fix
§ > 0 corresponding to 145. Let W¢(z), W¢(y) € M be any pair of center
leaves and assume in the following that W¢(x), W¢(y) fulfill the assumptions
of Lemma 1.70, i.e. dg(W¢(x),W(y)) < 6. Then there exist lifted center
leaves W¢(z), W¢(y) in the holonomy cover such that the minimum of the
Hausdorff distances is attained, i.e.

Ay (W (), W¥(y)) = dig (W (), W¥(3) < 155,

Hence, these lifted center leaves intersect in a center leaf
W(zpy) C WE(x) N WE.(y) in the holonomy cover such that the following

loc loc
inequalities hold

dg(We(x), W(2s,)) < Cdyg(We(x), We(y)), and (1.13)
dr(We(y), W(z0,)) < Cdu(We(x), W(y)). (1.14)

The choice of the lifted center leaves W¢(x), W¢(y) might not be unique
nor is the choice of the intersection leaf Wc(zmﬂy). But we know by the
trivial holonomy of the lifted center leaves and the product structure that
an intersection leaf Wc(zx7y) exists which fulfills the inequalities above. This
implies property (B1). In the following, we choose three lifted center leaves
with the properties above and we fix them to define the stable and unstable
distances.

For property (B2) we choose for any pair W¢(z), W¢(y) C M with
da(We(x),W(y)) < ¢ a pair of lifted center leaves W¢(z), W*(y) with
dg(We(z),We(y)) = Ag(W(z), We(y)) and an intersection leaf W¢(z, )

which fulfills the inequalities (1.13) and (1.14). Then we define

A(We(@), We(y)) = D(We(y), We(z2,y)),
AL (We(x), We(y)) = Du(W(x), W (z0y))-

The inequalities in (B2) are then directly implied by the properties (B2) of
A, and A, for center leaves with trivial holonomies.
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The subsequent properties (B3)-(B5) are direct consequences of the definition
of Ay and A, and the corresponding properties (B3)-(B5) in the case of a
center foliation with trivial holonomy.

Adapting Bowen’s proof of the Shadowing Lemma. We choose N
sufficiently big such that 202\Y < 1. We denote AN with A and fV with
g. Let e > 0 be given. First, there exists ¢ > 0 such that for every
x € M it is Ba,(We(z),e) C Buy(W¢(x),e). Then we choose 6* < 163
such that 210_2/{* < €*.Then there exists 6 > 0 such that for all x € M it is
By (W¢(x),6) C Ba,(We(x),0%). Let {W¢(x;},c, be a d-pseudo-orbit with
respect to dy and g.

We construct a sequence {W*(z;)},., of center leaves such that the accumu-
lation point is the searched orbit which e-shadows the pseudo-orbit. First,
we define W¢(zg) in the following way. It is dg(We(z1), We(g(x0))) < 6,
therefore there exist lifted center leaves W¢(z1), W¢(g(zo)) such that

dr(We(a1), We(g(x0)) = A (We(z1), We(g(0))) < 6.

Hence, there exist

We(z0) C WL (z1) N WL (g(0))

loc

such that W¢(z) fulfills the inequalities (1.13) and (1.14).

Claim: We claim, that for every j > 0 there exists a lifted center leaf Wc(zj)
such that

(I1) there exist lifted center leaves W¢(g/2(z;)), We(x;42)
such that dg(We(g7*2(z;)), W¢(z42)) < 20, and

(I2) there exist lifted center leaves W¢(g*(2;)), W¢(x)) such that

j—k
Wc(gk(zj))a We(xy)) < 2025 ZAi <€, for0< k<.

1=0

If we take the accumulation point of the sequence of {WW¢(z;)} in M we can
conclude with (I2) that

Ag(We(g*(2)), We(xr)) < € for k > 0.

This implies dp(W¢(g*(2)), W(xx)) < € for k > 0 and this proves the
Lemma. So let us prove the claim by induction. Let W¢(z;) be constructed
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fulfilling (I1) and (12). By (I1) we get that there exist lifted leaves W°(g7*2(z;))
and W(z;45) at a distance < 26*, by the choice of 6* we find W¢(¢'*(2;41))
in the intersection W (g2 (z;)) with W (z;) such that inequalities (1.13)

and (1.14) are fulfilled. We can establish then items (I1) and (I2) in exactly
the same way as in the proof for trivial holonomy.

1.4 Orientability and covering spaces

As we assume a one-dimensional stable and/ or unstable bundle the question
of orientability of the stable and/or unstable bundle is essential for the under-
standing of the holonomy homeomorphisms along center leaves. A foliation
is called transversely orientable if the determinant of the Jacobian of any
holonomy map c,s is positive. In our case, where every holonomy map c,g
is only continuous, we say that a foliation F is transversely non-orientable
if the direct product 7" x [0, 1] of a smooth manifold 7" embedded transverse
to F is contained in M by gluing together at one end 7" x {0} and 7" x {1}
at the other end with a single reflection. This is equivalent to the existence
of a orientation-reversing holonomy homeomorphism. In the case of a trans-
versely non-orientable codimension-one foliation this means that the Moebius
strip is contained in M in such a way that it intersects the foliation in circles.
Every leaf of a codimension-one foliation has a subgroup of Homeo((—1, 1))
the group of germs of homeomorphism on (—1,1) as holonomy group. Con-
sequently, it has either one or two elements, depending if the normal bundle
is oriented or not. In the special case of a codimension-one foliation it is
therefore crucial to lift the foliation to the cover of orientation of the normal
bundle where the holonomy of the lifted foliation is eliminated. We use this
technique a lot during the proof of our main theorems and therefore we state
here some facts about orientation covers:

If a connected n-manifold M is not orientable, it has a canonical connected
2-fold orientation cover p : M — M such that M is orientable. If there is
a foliation F on M, the covering map p lifts F to a well defined foliation
F = p*F. There is a corresponding construction such that p*F is trans-
versely orientable. This is the content of the following Theorem (proved in

[CC00]):

Theorem 1.73. Let (M,F) be a foliated manifold, M connected. If M
is monorientable and/ or F is not transversely orientable, then there is a
connected covering space (either 2-fold or 4-fold) p : M — M such that M
is orientable and the lifted foliation Fis unique and transversely orientable.
In this case, the leaves of F are all orientable.
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If E5 and E* are non-oriented we define p : M — M as the orientation cover
of both E* and E" by

M = {(z, 50, u;) | s, orientation of E*(z), u, orientation of E*(z)} .

It is 4-folded and connected. The center-stable and center-unstable foliations
are lifted to transversely orientable foliations p*We = We and p*We =
Weu. A homeomorphism ¢ : M — M is called covering transformation if
poc = p. Every covering transformation permutes therefore the elements
of each fiber. They form a group, Aut(p), which acts on every fiber. As
every fiber p~!(x) consists of four points the covering transformation can be
either trivial or exchanging the orientations of E*(z) and/or E"(z). The
automorphism group Aut(p) is therefore isomorphic to Zs X Zs, the Klein
four-group, as any non-trivial element has order 2.

Every cover has the path lifting property:

Theorem 1.74 (Path-lifting property). If p : M — M is a cover and if
v:[0,1] = M is a path in M with v(0) = z and & € p~*(x) then there exists
a unique path 4 in M such that p oy =~ and (0) = .

Consider a closed path v with «(0) = (1) = z such that it is orientation-
reversing of E*® and orientation-preserving of E*. If we lift v to the unique
path #; in the orientation cover M with 3,(0) = & € p~ 'z then 4, (1) # 31(0).
So we can lift v to the unique path 49 with 42(0) = 41(1) and return to
T = (1) again. So the closed path ¥ = 5 o 4, with (0) = (1) = &
projects onto 2y. The pre-image p~'v has two connected components and
both projects onto 2v. The same holds if we exchange FE® and E". Now
suppose that E* and E* are not oriented along the path v. Then we need
again two turns of v to obtain a closed path 7 in the orientation cover. The
pre-image p~ v has again two connected components and both projects onto
2.

If we suppose that both £ and E" are oriented along the path v then the
lifted path 7 is closed and the pre-image p~'v has four connected compo-
nents.

A cover is called regular if the automorphism group Aut(p) acts transitively
on each fiber. The orientation cover above is always regular and p : M — M
is a principal Aut(p)-bundle where Aut(p) is considered as a discrete topo-
logical group. The manifold M is homeomorphic to M/ Aut(p).

An application of the path lifting property is the following classical proposi-
tion which will be used in the context of the Reeb Stability Theorem 1.6:

Proposition 1.75. The map p; : 7r1(]\~4,32’) — m (M, x) induced by a cov-
ering space p : M — M with p(Z) = x is injective. The image subgroup
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po(m (M, 7)) < my (M, x) consists of homotopy classes of loops in M based at
x whose lifts to M at T are loops.

1

The cardinality of every fiber p~ =z, called number of sheets, equals E [m1 (M)

m (M,

If the cover is regular we know that the group of covering tmnsfoﬁlr(mfcgtiorzg,|
Aut(p) is isomorphic to m (M, z) /ps(m1(M,Z)); especially, in the case of a
universal cover it holds that the group Aut(p) is isomorphic to the fundamen-
tal group 71 (M, x). This will be useful for calculating the order of holonomy
groups.

If E* is non-orientable we define p : M* — M as the orientation cover of E*
by

M = {(z,s,) | s, orientation of E*(z)} .

It is a 2-fold cover and connected. The automorphism group Aut(p) is iso-
morphic to Zy and is generated by the identity and a covering transformation
with exchanges the orientation of F*(z). We define M* in an analogous way
to be the orientation cover of E*.

We can lift the partially hyperbolic diffeomorphism f : M — M to a dif-
feomorphism f : M — M by f (z, s, ug) = (f(2), $f@), us()) as the stable
and unstable bundle are df-invariant and f is equivariant under the action
of the orientation-reversing automorphisms in Aut(p), i.e. f(cz) = cf(x) for
any ¢ € Aut(p). So, the map f is clearly partially hyperbolic.
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2

Compact center foliations with
finite holonomy under
restrictions on the codimension

2.1 Main theorems

We summarize the main theorems of this thesis which we prove step by step
in the subsequent sections. We start with the easiest result in the case of a
compact center foliation of codimension two.

Theorem A. Let f: M — M be a partially hyperbolic C-diffeomorphism
on a compact smooth connected manifold M. Assume that the center foliation
WE€ is an invariant compact foliation and codim W€ = 2. Then the following
statements hold:

1. The center leaves with non-trivial holonomy are isolated and its number
is either four or zero. They lie on periodic orbits. FEvery non-trivial
holonomy homeomorphism is a rotation by 7.

2. The leaf space M /W€ is either a 2-orbifold with four elliptic points and
underlying manifold a 2-sphere or it is a 2-torus.

3. The system can be lifted to a partially hyperbolic system f c M — MM
on the 2-fold cover M of orientation of E* such thatm: M"* — M“/WC
is a fiber bundle, the leaf space M"/W¢ is T? and f projects to F : T2 — T2
which is conjugate to a linear Anosov map.

Remark 2.1. The result above that there exists a finite cover of M such
that the holonomy of the lifted center foliation is trivial is not as obvious
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as it may seem at the first glance. There exist 2-dimensional orbifolds, so-
called bad orbifolds, which are not finitely covered by a manifold. Hence, the
existence of such a cover in our case is due to the facts that the orbifold
structure on the leaf space has its offspring in a compact foliation with finite
holonomy and that there exists a partially hyperbolic diffeomorphism on the
manifold M.

In the case of a codimension-3 center foliation we get the following respective
result:

Theorem B. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with a f-invariant compact center foliation with finite holonomy. Assume
dim E* = 2 and dim E" = 1. Then the following statements hold:

1. Every non-trivial holonomy homeomorphism is —id, and the center
leaves with non-trivial holonomy are isolated and lie on periodic orbits.

2. The leaf space M/W° is either a 3-orbifold T?/ (—id) with 8 singular
points or a 3-torus.

3. The system can be lifted to a partially hyperbolic system f o M* - M
on the 2-fold cover M of orientation of E* such thatw : M" — M“/WC
is a fiber bundle, the leaf space M*/W¢ is T and f projects to F: T® — T3
conjugate to a linear Anosov map.

In higher codimensions under the assumption of a one-dimensional unstable
bundle we obtain a similar result. We recall that a partially hyperbolic
diffeomorphism f is called centrally transitive if there exists a dense forward
orbit of center leaves, i.e. there exists € M such that | J, .y f"We(z) = M.
Clearly, any transitive f is centrally transitive.

Theorem C. Let f: M — M be a partially hyperbolic C*-diffeomorphism
on a compact smooth connected manifold M. Assume that the center foliation
W< is a f-invariant compact foliation with finite holonomy and dim E* = 1.
Then the following statements hold:

1. The diffeomorphism f is centrally transitive.

2. Center leaves with non-trivial holonomy are isolated. Every non-trivial
holonomy homeomorphism is conjugate to —id. Lifted to the orienta-
tion cover of E" the lifted center leaves have only trivial holonomy.
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3. The system can be lifted to a partially hyperbolic system f c M — MM
on the 2-fold cover M of orientation of E* such thatw : M — M“/WC
s a fiber bundle, the leaf space M“/WC is T, where ¢ = codim W*
and f projects to F' . T9 — T conjugate to a linear Anosov map.

Remark 2.2. As a consequence, any partially hyperbolic C*-diffeomorphism
f+ M — M with a compact f-invariant center foliation with trivial
holonomy and a one-dimensional unstable bundle looks locally like a skew
product of a linear Anosov map and the action of f in the center direction:
Asm: M — M/W° is a fiber bundle there exists a local trivialization.
Let U C M/W¢ be a trivializing neighborhood of x € M /W€ sufficiently
small such that there is another trivializing neighborhood V' of f(x) with
f(m7'U) C 7'V and F, denotes the fiber of x, homeomorphic to W¢(x),
then it is
ov o flarw = (A,9(x)) o du

where ¢y : w U — U x F, is a homeomorphism, the map A is a
linear Anosov map on the codim W¢-torus and ¢ : U — Homeo(F,, Fa,)
a continuous map with Y(x)(y) = flwew (y). The diffeomorphism f might
not be a global skew product.

We prove every theorem in a separate section because the techniques involved
are quite different. The first theorem has a quite straightforward proof while
the second and third include techniques special to codimension three and a
one-dimensional unstable direction respectively.

In the case of a higher-dimensional unstable bundle, e.g. dim E* = 2, the
center holonomy might not be eliminated in the orientation cover of E* and
there may exist submanifolds of center leaves with non-trivial holonomy.
Nevertheless, we can lift the whole system to a finite cover and obtain a
partially hyperbolic system with a center foliation with trivial holonomy.

Theorem D. Let f : M — M be a partially hyperbolic C*-diffeomorphism
on a compact smooth connected manifold M. Assume that the center foliation

W€ is a f-invariant compact foliation with finite holonomy and
dim £* = dim E* = 2. Then the following statements hold:

1. In the 2-fold cover M of orientation of E° (or E") the center leaves
of the lifted foliation W€ with non-trivial holonomy are isolated and
hence, there are only finitely many.

2. Assume that the center holonomy is trivial in the orientation cover of
E* and E*. If F is centrally transitive and if E° and E* are not ori-

ented, then there exist W°-saturated two-dimensional tori We(Ty), ..., W(T,)
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foliated by a one-dimensional stable and one-dimensional unstable fo-
liation which are interchanged by f. Lifted to the 4-fold cover M of
orientation of E° and E* and pushed to the leaf space M/WC there are
two-dimensional tori T, ..., T,, interchanged by F and F|TZ~ 1S conju-
gate to a linear Anosov map.

2.2 General lemmata

First, we prove some results in the case of a one-dimensional unstable bundle
E* which we use in every proof. Since the partially hyperbolic diffeomor-
phism f : M — M is dynamically coherent as shown in Theorem 1.24,
every center leaf W¢(x) is a connected component of W (z) N W (z). Let
¢ : DT — M be a smooth embedding of a ¢-dimensional disk DY where
g = codimWe¢, ¢(0) = z and ¢(D?) =: T is transverse at = to W¢(x).
Then W< and W induce foliations on T, called 7° and T* respectively.
Let H : U — V be a holonomy homeomorphism of W¢(z) with U,V C T
open neighborhoods of z. It is H(x) = x. We denote with H, a holonomy
homeomorphism generated by v € m(W¢(z), z), with H* a holonomy home-
omorphism of the center-stable foliation generated by v € m(W¢(x), z) and
with A3 a holonomy homeomorphism of the center-unstable foliation.

The unstable bundle E* is one-dimensional.

Lemma 2.3. Let f : M — M be a C'-partially hyperbolic system with
a f-invariant compact center foliation W€ with finite holonomy. Assume
dim £* = 1. For all v € m (W¢(x),x), the holonomy map H, : T — T is a
cartesian product HY x H3. If E* is oriented, then it holds HY = id.

Proof. Let v € 7 (W¢(x),z) be an arbitrary closed path. The path ~ is
tangent to a leaf of W and to a leaf of W as the center foliation W¢ is
subordinate to both foliations. As transversal for HY we can choose T}, for
H? in an analogous way T;. As f is dynamically coherent and 7" and 7* are
induced transversal foliations on 7', the holonomy H., |7« coincides with HY,
in an analogous way the holonomy map H,|zs coincides with HZ. Locally,
the transversal foliations 7° and 7* induce a product structure on 7. So T’
is homeomorphic to an open set U C R? with ¢ = dim E* + dim E" such that
the stable and unstable plaques in 1" are mapped to the canonical coordinates
in U. Therefore H, is the cartesian product of Hy X H3 and preserves the
foliations 7* and T°*. If E* is oriented, then W* is a transversely orientable
codimension-1 foliation and every holonomy homeomorphism HY : T} — T}
is conjugate to the identity due to Lemma 1.13. ]
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In the following proofs we consider sets of center leaves with a maximal
holonomy group, and it is crucial for the proofs to know that such sets are
f-invariant. Hence, we need the following:

Lemma 2.4. Let Hol(W¢(z),z) be a finite holonomy group of a compact
leaf We(x). Let H, € Hol(W¢(z),z) be a periodic holonomy homeomor-
phism. Then the period of H, : T — T is constant along an orbit of
f, i.e. the period of Hyo, is equal to the period of H,. FEvery holonomy
group Hol(We(f*(z)), f*(x)) for k € Z is isomorphic to the holonomy group
Hol(W€(z),z) of W¢(x).

Proof. Let H, € Hol(W¢(z),z) be a periodic holonomy homeomorphism.
Let £ € N be the period of H,. The path f oy generates a holonomy
homeomorphism of W¢(f(z)). Because of the invariance of the foliations we
conclude that Hyo, = foH,of ' : f(T) — f(T). Hence, the period of H ., is
equally k. This induces a bijection between the holonomy homeomorphisms
H., € Hol(W¢(x), ) and H o, € Hol(W¢(f(x)), f(x)). Accordingly, the order
of the whole holonomy group is constant along a f-orbit. O]

Hence, we can say that f is equivariant under Hol, i.e. f(H(y)) = H(f(y))
for any H € Hol and y € T'.

We define the following set A of all points z € M whose center leaves have a
holonomy group Hol (W*¢(x)) of maximal order.

Lemma 2.5. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with a compact f-invariant center foliation with finite holonomy. Then the

following hold:

1. There exists a point x € M such that the order
[Hol(W*(z), x)| = max [Hol(W*(y), y)|
yeM
18 maximal.
2. Assume dim E" = 1 and E™ is oriented. Then the set
A:={ye M| [Hol(W(y))| = [Hol (W*(z))|}

is closed, f-invariant and for any y € A it holds T}! C A.

Proof. Due to the Reeb Stability Theorem 1.6 the map x € M — |Hol(W¢(z), x)|
is locally upper semi-continuous and as M is compact there is always a point
x € M with a holonomy group of maximal order. So we can show the
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Figure 2.1: The holonomy map H : T" — T reverses the orientation of E"
along 7. The path 4 denotes the lift of v from W¢(x) to W*(y).

second item: First of all, the set A is f-invariant because the holonomy is
constant along orbits of f as we showed in Lemma 2.4 above. Due to the
Reeb Stability Theorem 1.6 the map z € M — |Hol (IW¢(z))| is locally upper
semi-continuous so A defined by the maximum is a closed set.
Since W is a transversely orientable codimension-1 foliation every holo-
nomy homeomorphism maps T}’ trivially onto itself. The map A coincides
with H,|r» and therefore the holonomy group Hol(W¢(y)) restricted to T3
for every y € T is trivial. Choose the transversal T at = to W¢(z) such
that " C V where V is the neighborhood of Theorem 1.6. Then for every
y € T¥ it is |[Hol (W*°(y))| < |Hol (W¢(x))| and p : W¢(y) — Wz) is a
covering space. For every y € V' the holonomy group Hol(W¢(y),y) equals
the isotropy subgroup of Hol(W¢(z),x) for y. As every point y € T is
fixed by the entire group Hol(W¢(x), x), both holonomy groups coincide and
|[Hol(W*(y),y)| = |[Hol(W¢(z), z)| is implied.

O

As an implication we obtain that the set A of center leaves with a holo-
nomy group of maximal order is W-saturated if the unstable bundle is
one-dimensional and oriented.

Corollary 2.6. Under the assumptions of Lemma 2.5 and further, that
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dim E* =1 and E" is oriented, the set A as defined above is W -saturated.

Proof. As M is a compact manifold and every center leaf is compact with
finite holonomy we can find a finite cover of M (and especially of W (x))
by normal neighborhoods p; : V; — W¢(x) as in Lemma 2.5 above. In every
neighborhood V; it holds that Wi(z) C A for every x € A and it follows
Wen(x) C A. O

2.2.1 Transitivity on the leaf space

The most important theorem in this section is the following proof of central
transitivity of f under the assumption of a one-dimensional unstable direc-
tion. It relies on the simplified proof by Hiraide in [Hir0O1] of Newhouse’s
theorem ([New70]) that every codimension-one Anosov diffeomorphism is
transitive. The idea of Hiraide’s proof can be used, but we encounter a lot of
difficulties as points in our case are substituted by compact center manifolds.
The main ingredient to accomplish the proof nevertheless is the Shadowing
Lemma 1.65 which we proved in the setting of a compact center foliation
with finite holonomy.

The following Theorem is identical to Theorem C(1).

Theorem 2.7 (Theorem C(1)). Let f : M — M be a partially hyperbolic
C-diffeomorphism with a compact f-invariant center foliation with finite
holonomy. Suppose that dim E* = 1. Then f is centrally transitive.

Remark 2.8. First, we observe that Theorem 2.7 proved under the additional
assumption of an orientable unstable bundle E" implies Theorem 2.7. If
the unstable bundle is non-orientable, the whole system f can be lifted to a
partially hyperbolic system f on the 2-cover M of orientation of E* and f
fulfills all the assumptions of Theorem 2.7 plus orientability of E", hence,
the diffeomorphism f 18 centrally transitive and consequently, f is centrally
transitive.

In the following we assume that E" is oriented. As a consequence, the center-
stable foliation W is without holonomy. The proof of the theorem divides
into the following two steps:

Proposition 2.9. Under the assumptions of Theorem 2.7, the diffeomor-
phism [ is centrally chain transitive, i.e. F : M/W — M/W°€ is chain
transitive.

Proposition 2.10. Let f : M — M be a partially hyperbolic C-diffeomorphism
with a compact center foliation with finite holonomy. If f is centrally chain
transitive, then f is centrally transitive.
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The proof of Proposition 2.10 relies heavily on the Shadowing Lemma 1.65
such that the statement could not be proven without the pseudo-orbit trac-
ing property.

Clearly, Proposition 2.9 and Proposition 2.10 imply Theorem 2.7. For the
elementary definitions of the Conley Theory we refer the reader to Subsec-
tion 1.3.2 in Chapter 1. We start with the proof of Proposition 2.9:

Proof. [Proposition 2.9] Let f be a partially hyperbolic C'-diffeomorphism
with a compact center foliation V¢ with finite holonomy. We denote with
CR(F) the chain-recurrent set of I which is a union of chain-recurrent
classes.

We need the following preliminary result about the chain-recurrent classes of
F before we can proceed with the proof:

Lemma 2.11. 1. The induced homeomorphism F : M /W*® — M/W¢® on
the leaf space has only finitely many chain-recurrent classes.

2. M =Upweyecrry W (@).

Proof. For simplicity of notation we denote the pre-image 771€); C M of any
chain-recurrent class €; C CR(F) with ; again as long as it does not cause
confusion.

Assume there are infinitely many chain-recurrent classes. Then there is a
foliated neighborhood U C M such that €2; and €2y intersect U where (),
and €, denote two disjoint chain-recurrent classes in CR(F'). We can define
sets A= {z€U |w(z) € M} and A* = {z € U |w(z) ¢ O }. These sets
are disjoint and f-invariant. Then Q; C A and €2y C A*. As Q; and 2, lie
sufficiently close there exists a su-path from z; € €y to x5 € 5. So, there is
a point z € W*(z1) N W"¥(x2). As d(f"z, f"x1) — 0 for n — oo and as y is
f-invariant and closed, this implies w(z) € €; and hence z € A. At the same
time, it holds d(f "z, f"z3) — 0 for n — oo and as {2y is also f-invariant
and closed, it is a(z) € Qy. But W*(xe) = W*(2) C A, contradicting the
construction, and hence, 2; = 5. As we can cover M by finitely many
foliated neighborhoods, there exist only finitely many €2;, ¢ = 1,...,k such
that Ule Q; = CR(F). Now we proceed with the proof of the second item
of the Lemma.

Let x € M be any point. Then 7mw(z) € Q C CR(F) where 2 denotes
a chain-recurrent class Q in CR(F). There exists an iterate n > 0 such
that We(f™z) is in a small W¢-saturated neighborhood of W¢(w(z)). So the
unstable leaf W"(y) for y € W¢(w(x)) intersects the stable leaf W*(f"x) in
a point z. As d(f"z, f"y) — 0 for n — oo it follows a(z) C Q2 as Q is
closed and f-invariant. At the same time z € W?*(f"z) and as w(z) € Q it
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is implied w(z) € Q. Consequently, z € Q and by z € W*(f"z) it follows
T € We(Q). O

The following corollary is a direct implication of Lemma 2.11 and states the
existence of a repeller of F":

Corollary 2.12. There exists a chain-recurrent class 2 C CR(F) which is
a repeller, i.e. there exists a neighborhood U D Q such that F~Y(U) C U and
Nnso F7U = Q.

Proof. Due to Lemma 2.11 there are only finitely many chain-recurrent classes
UL, Q = CR(F). The chain-recurrent classes can be ordered by connecting
orbits, i.e. €; <€ if there exists a finite collection of chain-recurrent classes
Q= iy ..., Q, = Q; and points o, ...,z € M such that a(z,) € Q, ,
and w(x,) € Q, for n = 0,...,[. As there are only finitely many, there
exists a minimal chain-recurrent class denoted by 2 with respect to this or-
der. Then we consider an isolating neighborhood U D ). For any x € U
it is a(z) € Q, because otherwise 2 would not be the minimal set. So, it is
implied that (1,5, F"U = Q and F~Y(U) = U, and Q is a repeller. O

So we consider a repeller 7712 C M and denote it by Q again and a neigh-
borhood U D 7 'Q. Especially, U N Q; = () for any other chain-recurrent
class ;. For all z € Q it is W (z) C Q. To show Proposition 2.9 we show
the following Lemma:

Lemma 2.13 (Principal Lemma). Assume there exists a repeller @ # M.
Then there ezists y € U such that W(y) CU andy ¢ U.

With this Lemma we can finish the proof of Proposition 2.9 in the following
way: There exists y € U such that W(y) C U. As UWC(x)eCR(F) Wes(x) =
M with Lemma 2.11 the intersection W< (z) N CR(F) # 0. Hence, there
exists j € {1,...,k} and z € ; such that W (z) = W*(y). This implies
that z € U and as U is a repelling neighborhood of €2, it is z € 2, hence
y € 2. So we have Q = M. O

So, we prove now the Principal Lemma 2.13 in several smaller steps:

Lemma 2.14. There exists finitely many foliated neighborhoods N; C U of
the center-stable foliation W, so N; is homeomorphic to D; x [—1,1] where
D; is a disk of the dimension of W such that D; x {£1} is either contained
in the interior of ) or it lies outside of §2.
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Proof. For any = € () there exists a foliated neighborhood N, by the local
product structure of the transverse foliations YW and W*". It can be chosen
sufficiently small to be contained in U. Because the repeller €2 is compact,
we find a finite subcover | JI_, N; D Q contained in U. As Q is We-saturated,
for any x € Q the whole plaque D; x {p} of x € N; is contained in 2. Hence,
either D; x {£1} lies entirely inside {2 or no point is contained in 2. O

Remark 2.15. Suppose there does not exist a plaque D; x {£1} lying outside
Q then the union | J N; has no boundary so |JN; = M. But the union |JN;
contains a unique chain recurrent class €2, and hence it is 0 = M, and we
would have finished the proof of Proposition 2.9. So, we can assume that
there exist such plaques. By changing the orientation of W* we can assume
that there exists i such that D; x {1} lies outside ).

In these plaques D; x [—1, 1] we choose points m; € €2 which are the maximal
points of intersection with respect to the orientation of E", i.e. the set
W(m;) = {z € W*(m,) } z > m;} does not intersect €.

Lemma 2.16. There exists a compact set A C W(my) such that

1. A contains all plaques of points m; where m; € W (my) and
2. We(my) \ A is path-connected.

Proof. For any my € W(m;) there exists a stable leaf which intersects
We(my) and W¢(my), hence, we can find a path 7 inside this stable leaf
of minimal length ¢, > 0. As any m; is contained in a unique plaque
Dy(mg) C Dy x [—1,1], inside this plaque, the length of the stable path
varies continuously and there exists a maximal length Cj > 0 such that all
points inside Dy (my) have a stable distance less than Cj from W¢(m,). As
there are only finitely many plaques Dy (my) C W(m;y) there is a maximal
C = max Cj. We define A as the union of closed disks D* of size C' in every
stable leaf inside W (m;) which intersects a plaque Dy(my), so it is compact
as a finite union of compact sets. In every stable leaf inside W (my) a disk
D? of size C is removed. As every stable leaf is homeomorphic to R* with
k = dim E* and assume k > 2, W*\ D* is path-connected. O]

We denote with (z,y)" C Wi (x) the open arc in the unstable leaf with z < y
with respect to the orientation of W".

Lemma 2.17. For all x € W(my)\ A there exists a unique y € W*(z) N
such that (x,y)* N Q = 0.
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h

Figure 2.2: There exists a compact set A C W(m;) which contains all
maximal points my, ..., m; € W(my).

82



2.2. General lemmata

Proof. There exists some plaque D; x {p} C Q with p < 1 such that = is
contained in it. Choose the first point y € W (2) N2 - in sense of orientation
of E*. This is possible because there is no maximal point m; inside the
plaque of z. Otherwise, z would be contained in A. Suppose (z,y)*NQ # ()
then there would be a sequence of center-stable plaques intersecting €2 and
accumulating at x, but by the holonomy of the center-stable leaves, although
my would be accumulated by a sequence of center-stable leaves and this
contradicts that (my, 2)*NQ = 0 for any z € W (m;). Hence, (z,y)*NQ =0
and the Lemma is proved. O

For every pair of points zg,x; € W(mq) \ A there exists a path v C
We(my) \ A with v(0) = 2o and (1) = 21 as W(my) \ A is path-
connected. Locally inside a product neighborhood D; x [—1, 1], a holonomy
map MY . [zo,50]" = [z1,y1]" can be defined by z — W(2)i,e N [21,11]".
This holonomy is well-defined, i.e. it is independent from v as it is defined
inside a product neighborhood and the holonomy of W as a transversely
orientable foliation is trivial. As W (m;) \ A is covered by finitely many
foliated neighborhoods, we can define the holonomy between any two points
xo,x1 € W(my) \ A following the plaques along a path « connecting xy and
x1.

Lemma 2.18. Let y € Wi(m1) be a point sufficiently close to m,. Then
We(y) CU.

Proof. Let A’ be a compact set such that A C int(A’). As the center-stable
foliation Y/ has only trivial holonomy, for any y € W7 (m,) sufficiently close
to m; we can push A’ to y and obtain a homeomorphic set A} through y.
We fix yo € A"\ A, then the holonomy map H,, , is well-defined for any
€ We(mp) \ A. In this way, we can complete A} to a manifold by taking
Usewesmina Hyoo(W0) for o € Wi(yo) N Aj. We get a complete manifold
because if we repeat the same procedure for any other point y; € A’ \ A we
obtain exactly the same manifold. Hence, it is a complete manifold and as

it is contained in W (y), it is equal to W (y). O

To finish the proof of Theorem 2.7 we have to prove Proposition 2.10 which
is a consequence of the Shadowing Lemma 1.65:

Proof. [Proposition 2.10] In the following we prove that any centrally chain
transitive f under the assumptions of Proposition 2.10 is centrally transitive.
This is a direct consequence of the Shadowing Lemma which we proved for
partially hyperbolic diffeomorphisms with a compact center foliation with

finite holonomy in Theorem 1.65: Let Q(F) # M /W€, then (M/W°) \ Q(F)

is an open set and for z € (M/W°) \ Q(F) there exists ¢ > 0 such that
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Wes(my) € Q

Figure 2.3: We construct a holonomy map Hy,: Ly — Ly for any =,y €
Wcs(ml) \ A.

B.(z) C (M/W°)\ Q(F). As F is chain-transitive, for every 6 > 0 we find
a finite d-chain 2o = z,..., 2z, = z from z to z, such that dy(F(z), ziz1) < 0
for:=0,...,k—1. We construct a d-pseudo orbit by defining z,; = z; for all
n € Z. By the pseudo-orbit tracing property F there exists for every ¢ > 0 a
d > 0 such that the finite pseudo-orbit {zi}fzo is e-shadowed by some point
y € M/We, ie. dy(F'(y),z) <efori=0,...,k Hence, it is y € B.(z) and
™ (y) € B(z) for all n € Z contradicting that f*(y) € B(z) is wandering.

Hence, Q(F) = M/W* and F is transitive. O

2.3 Codimension-2 center foliation.

Now we can prove Theorem A where both E° and E" are assumed to be
1-dimensional:

Let p : M — M be the cover of the orientations of £ and E* so the center-
stable and center-unstable foliation are transversely orientable. The partially
hyperbolic diffeomorphism f is lifted to a partially hyperbolic diffeomorphism
f on the cover M. We now consider the lifted holonomies. Take the closed
path ~ with v(0) = (1) = = from above and consider the holonomy home-
omorphism H, : U — V with H,(x) = z along this path. Then consider a
closed path 4 € M with (0) = & € p~'z and a transversal T at . The
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lifted foliations W and W< induce foliations 7* and 7* on T. Now we
consider the holonomy map ﬁ]& . T — T along 7. For simplicity of notation,
we assume in the following that both subbundles £E° and E" are oriented,
having in mind the construction above.

Lemma 2.19. Let f : M — M be a partially hyperbolic diffeomorphism with
a compact f-invariant center foliation. Assume that dim E®* = dim E* = 1
and that both subbundles are oriented. Then for every x € M and every
v € m(W¢e(x),x) the generated holonomy homeomorphism is the identity,
i.e.

H,=id.

Proof. As the holonomy is assumed to be a finite group, the homeomorphism
H., is periodic on the transversal 7" which is homeomorphic to an open disk
D? C R% Then - applying Lemma 1.14 - H, is topologically conjugate
either to a rotation by %” or to —id. Since - following Lemma 2.3 - it holds
H,|rw = id and - with the same argument as W is a transversely oriented
codimension-1 foliation - H,|rs = id, the two axis are fixed by H,, it must be
homeomorphic to the identity. ]

In the following we show that any non-trivial holonomy homeomorphism
reverses the orientation of the stable and unstable bundle at the same time
and is therefore a rotation by 7. For this step we need the density of the
center-unstable leaves. In order to obtain this result we consider the leaf
space M /W¢ of the lifted center foliation which is a 2-torus and show that the
induced map F' on this space is conjugate to a hyperbolic toral automorphism
and that therefore the induced unstable leaves are dense in the leaf space.

Theorem 2.20. Let f : M — M be a partially hyperbolic diffeomorphism
with a compact f-invariant center foliation. Assume that dim E®* = dim E" =
1 and that both subbundles are oriented. Then the leaf space S := M/W¢ is
a 2-torus.

Proof. Because the center-stable and center-unstable foliations W and W
are transversely orientable and of codimension 1 the center-stable and center-
unstable holonomies H* and H® are trivial. This implies that the center foli-
ation W¢ has trivial holonomy, as shown in Lemma 2.19 above. The quotient
space S := M /W€ is therefore a compact topological surface. The foliations
We and W are subfoliated by the stable and center foliation and the unsta-
ble and center foliation respectively, so they induce two topological oriented
foliations W*® and W* on S as explained in more detail in the introductory
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subsection 1.3.1. Therefore S is an oriented compact and connected surface.
As there exists a codimension-1 foliation on S, the Euler characteristic of S
has to be zero (cp. [Thu76]) and as it is oriented it has to be the 2-torus. [

Corollary 2.21. The induced map F : S — S is conjugate to a hyperbolic
toral automorphism.

Proof. The induced map F' is expansive as it is shown in Theorem 1.37.
Lewowicz has shown in [Lew89] that every expansive homeomorphism of a
2-torus is conjugate to a hyperbolic toral automorphism. O

In the following we do not assume that £° or E* are oriented. Now we can
proceed to show that any non-trivial holonomy homeomorphism of W€ is
conjugate to a rotation by w. We define a set A of all center leaves with
a holonomy homeomorphism reversing the orientation of F* and preserving
the orientation of E* and show that A is empty. As a first step we prove
that A coincides locally with T}. So we define the set

{WC ‘ 3~ C W¢x) closed path : E* not oriented along ~,
E" oriented along 7} .

Lemma 2.22. Let f : M — M be a partially hyperbolic diffeomorphism with
a compact f-invariant center foliation. Assume that dim E* = dim E* = 1.
Then the set A as defined above is empty.

Proof. We consider the 2-fold covering p : M* — M of orientation of E* and
define

A= {Wc x | 3y C Wc(x) : E? not oriented along ’y}

= {We@) | [Hor (We(w))| =2}

It is pA = A, and it contains all center leaves with a holonomy group isomor-
phic to Z and therefore of maximal order. So we can apply Lemma 2.5 and
conclude that A is a f-invariant, closed set and T“ C A for any z € A. By
applying the Reeb Stability Theorem 1.6 there exists a saturated neighbor-
hood V' of W¢(z) and we consider a point y € V' \ T*. Because of the local
product structure and T“ C A we can assume that y € T for some x € A.
Then p : We(y) — WC( ) is a cover and the holonomy group Hol(W*(y))
equals the subgroup of Hol(W¢(x)) whose elements fix W¢(y). But as any
non-trivial holonomy homeomorphism of Hol(W¢(z)) reverses the orientation
of EZ, the center leaf W¢(y) is only fixed by the trivial subgroup, hence it is
itself trivial and the cover p is 2-fold. Accordingly, y ¢ A.
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2.3. Codimension-2 center foliation.

This implies that the set A coincides in a neighborhood with the local un-
stable manifold W}, (W¢(x)). Because the projected map F': S — S of f is
conjugate to a hyperbolic toral automorphism - as shown in Corollary 2.21
-, the projection of every center-unstable leaf 7W(z) is dense in M/W°.
Therefore and since A is a W¢-saturated set A itself must be dense in 7', so
A = T is implied. But at the same time, A coincides locally with T;‘ and
no other point in the neighborhood is contained in A, therefore A must be
empty, and also A. ]

The analogous statement holds for the set

A= {Wc(x) ’ 3~ path on W¢(z) : E" not oriented alongy,
E* oriented along v } .

Consider an arbitrarily chosen holonomy homeomorphism H : T — T at
x € M with period n > 1. Then according to Theorem 1.14 either H
is orientation-preserving and fixes only a single point or H is orientation-
reversing and the set of fixed points is a simple arc which divides T" into two
topological discs which are permuted by H. Since H preserves the foliations
7* and T" there cannot exist an arc not equal T’; or 7. Since we have shown
in Lemma 2.22 that there cannot be H such that 7 is fixed but 7 not, H
must be orientation-preserving and only z is fixed by H. All non-trivial holo-
nomy groups are therefore generated by a homeomorphism that is conjugate
to a rotation by 7. As the fixed point of any non-trivial homeomorphism is
a single point the center leaves with non-trivial holonomy are isolated.

By Lemma 2.19 we conclude that any non-trivial holonomy group is isomor-
phic to Z, generated by a rotation by 7. The leaf space M/W*€ is a compact
2-orbifold with a manifold cover by the 2-torus. So it is implied that the
Euler characteristic y (M/W¢) of M/W¢ is also zero. On the other hand
we can calculate the Euler characteristic of the orbifold, also known as the
Riemann-Hurwitz formula, by

0wy =x (-3 (1-2),

i=1 pi

where X is the underlying space of the orbifold with n elliptic points of order
pi- We have p; = 2 for every elliptic point, so we get x (X) = . Because
of the classification of compact surfaces by its Euler characteristic we can
conclude that either n =0 and X = M/W¢°is T? or n = 4 and X = S?. The
last statement of Theorem A - the existence of a 2-fold cover such that all
center holonomy is eliminated, the quotient map onto the leaf space defines
a fiber bundle over T? and f projects onto a linear Anosov automorphism -

was established during the proof above.
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2.4. Codimension-3 center foliation

Example 2.23 ([BWO05al). Recall Example 1.39 above. Now we have seen
that it represents a very typical example of a 3-dimensional partially hyper-
bolic system with compact center leaves with non-trivial holonomy.

Let T3 be the usual compact 3-torus. Define an action S of Zo on T? by
(z,y,2) = (—z,—y,z2+13).

Then the quotient M := T3/ (z,y,z) ~ S(x,y,2) is a compact smooth 3-
manifold. It is a S*-bundle 1 : M — B over a 2-orbifold B with fibers
7l x) = {z} x S'. The space B is not a manifold because there are
four singular leaves corresponding to the fix points of the action of Zs on
T2: (0,0), (0, %) , (%, 0) , (%, %) The holonomy group of these four leaves is
nontrivial. The orbifold B looks like S* with four singular points.

On the 3-manifold M there exists a partially hyperbolic system Fy : M — M
defined in the following way: Take a product of a linear Anosov map

A: T? — T? and a rotation z — ¢(z) + % where ¢ s a symmetric map:
¢ o (—id) = ¢ such that this product commutes with the action of S on M:
Fyo0S8 = SoFy. The center foliation is {{x,y} x S*/(x,y,z) ~ S(z,y,2)}
of T3 under the group action of Zy. It is a compact foliation with finite
holonomy groups.

2.4 Codimension-3 center foliation

In the next Theorem B we consider the case of a codimension-3 center folia-
tion. We assume a f-invariant compact center foliation with finite holonomy.
We lift the system f: M — M to the 4-fold orientation cover M of E* and
E? to a partially hyperbolic system f: M — M. We define as above the
set A of all center leaves with a holonomy group of maximal order. We show
that this set equals M and that therefore any holonomy group H* of the
center-unstable foliation and any holonomy group H* of the center-stable
foliation is trivial in the 4-fold cover M.

The bundles £¢ and E* are oriented.

Lemma 2.24. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with a f-invariant compact center foliation VW€ with finite holonomy. Assume
dim £® = 2 and dim E" = 1 and that both bundles are oriented. Then every
center leaf has trivial holonomy.

Proof. We define the set
A= {x € M | [Hol (W¢(z))| = Héé}\;[dHOl(WC(y)”}
y
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2.4. Codimension-3 center foliation

and show that it is M and that therefore the maximal order of holonomy is
one. As the center-stable foliation W is a transversely oriented codimension-
1 foliation, its holonomy group H" is everywhere trivial and therefore the set
A is W*-saturated as shown in more detail in Lemma 2.5 above. By Theo-
rem 1.33 any center-unstable leaf is non-compact. Let W (z) C A for some
r € M. Because W (z) is non-compact it accumulates at z € M and
as A is closed, W¢(z) C A. Consider a foliated neighborhood U of z and
the holonomy group Hol (IW¢(z)) of W¢(z). Any holonomy homeomorphism
H, € Hol (W¢(z)) has the representation H, = H; x HY where HY = id.
Consider a smooth embedding T := ¢(D?) C U of D? C R? such that T is
transverse to W (z). Then assuming H? to be non-trivial, H? : " — T has
either a single isolated fixed point and is orientation-preserving or it has an
arc of fixed points and is orientation-reserving. As W (x) is non-compact
there are infinitely many plaques intersecting 7' and its intersection points
are accumulating at z. As W¢(z) C A, the order of the holonomy group of
W¢(z) is maximal and equal to the order of the holonomy group of W¢(z),
accordingly, every intersection point must be fixed by the whole holonomy
group of W¢(z). Therefore H; has to have an arc of fixed points and is there-
fore orientation-reversing, but this is a contradiction to the assumption that
E* is oriented. Therefore HS has to be the identity, and any holonomy group
in M is trivial.

O

The unstable bundle £ is oriented. From now on we consider the 2-
fold orientation cover M of E* and the lifted partially hyperbolic system
f : M* — M". As we have shown in Lemma 2.24 above the maximal order
of holonomy in M" is 2 and every holonomy group is, if not trivial, generated
by a 2-periodic holonomy homeomorphism in H®. We show that the set

A= {We() | |Hol (W*(x))| = 2}

of leaves with non-trivial holonomy group is empty. This is done in several
smaller lemmata. So, first we prove the following:

Lemma 2.25. Let £ be oriented and dim E* = 1. Lifted to the orientation
cover M* of E® the connected components of A/W€ are 2-tori. Every torus
T is invariant under F, and F|r is conjugate to a linear Anosov map.

Proof. The set A is W*-saturated and closed as shown in Lemma 2.5. As-
sume that A is non-empty and W (z) C A for some x € M. As the
center-unstable leaf W (z) is non-compact it accumulates at a point z € M,
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2.4. Codimension-3 center foliation

Wcu (CI?)

Figure 2.4: Unstable plaques of W (z) are accumulating at z, i.e. the
intersection points W (x) N T? accumulates at z

and W¢(z) C A because A is closed. We consider the holonomy group
Hol (W¢(%)) which is isomorphic to Z,. Therefore there is a closed path
v C W€(z) which generates the subgroup of all non-trivial holonomy home-
omorphisms H?. Infinitely many plaques of the center-unstable leaf Wev(x)
intersect 77 accumulating at z, hence the subgroup generated by H3 has
a line segment ¥ of fixed points as argued in Lemma 2.24, and ¥ C A is
implied. This holds for any z € A and therefore we get a foliation of A by
stable lines. Further, A is foliated by W.

We lift A to the 2-fold cover A of orientation of F*. Then A/W* is a compact
surface foliated by two one-dimensional foliations. Hence, every connected
component A, of A / W¢ has Euler characteristic zero and is by Thurston in
[Thu76] the 2-torus or the Klein bottle. But any foliation of the Klein bottle
has a compact leaf as it is shown by H. Kneser in [Kne24]. Because the one-
dimensional unstable foliation on A /W¢ has no compact leaf we conclude
that 7 := A, /W° = T2

Since A is f-invariant, the set A/WV° is invariant under F. Both foliations
are also invariant under F' because the order of holonomy is constant along
a f-orbit and coincides with the stable and unstable equivalence classes with
respect to F| 5 yp.. The finitely many tori 7' C A/We are interchanged by F

and consequently, there is k such that F* : T — T is a homeomorphism for
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2.4. Codimension-3 center foliation

any torus T'. As F' is expansive, F¥|; is expansive and it is conjugate to a
linear Anosov map on A/W¢€.

O
The transitivity of F' and Lemma 2.25 imply that the set A is empty:
Corollary 2.26. The set A is empty.

Proof. Consider the 2-cover M* of the orientation of E*. There exist tori
T C V := M/W¢ as shown in Lemma 2.25 above that are invariant under
F* and F*|7 is conjugate to a linear Anosov map. In Theorem 2.7 it is shown
that I is transitive, and therefore we can apply Theorem 1.47 by Vieitez and
conclude that the manifold V' is a 3-torus. Further, due to Theorem 1.48 by
Hiraide, the homeomorphism F' is conjugate to a hyperbolic automorphism,
and so is F*. Hence, any F*-invariant connected set is either a point or the
whole 3-torus (cp. [Hir71]). Therefore there can’t exist any F*-invariant
2-tori in V, and A is empty. ]

The bundles £* and E* are not oriented. We have shown above that in
the orientation cover of E* the lifted center leaves have only trivial holonomy.
It remains to prove that the center leaves with non-trivial holonomy are
isolated and what the non-trivial holonomy homeomorphisms look like.

Lemma 2.27. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with an invariant compact center foliation with finite holonomy. Assume
dim £* = 1 and dim E® = 2. Then the center leaves with non-trivial holo-
nomy are isolated.

Proof. We have shown above in Corollary 2.26 that the only non-trivial home-
omorphisms of the center foliation are of period 2 and reverses the orientation
of the unstable bundle. Denote such a non-trivial homeomorphism along a
closed curve v with 7(0) = = by H, = H; x HY. The homeomorphism
HY : T} — T, has the single point z as fixed point while the homeomor-
phism H7 : T} — 17 by Theorem 1.14 is either the identity, a rotation by m
or a reflection. First, we show that |H"| = |H®| = 2. Then we have to show
that any H? is a rotation by m and cannot be a reflection what implies that
the leaves with non-trivial holonomy are isolated.

Lemma 2.28. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with an invariant compact center foliation with finite holonomy. Assume
dim E* = 1 and that for any holonomy group H = (H® H") it is
|H?| < |H"| = 2. Then it holds |H®*| = |H"|.
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2.4. Codimension-3 center foliation

Proof. For this purpose we define the set
A={zeM| |H’| < |H"| =2}.

It is a f-invariant set in M. The set is locally saturated by center-stable
leaves, i.e. for any x € A there exists a neighborhood U, C W?*(x) such
that U, C A. We show that the boundary of this neighborhood U, is also
contained in A. For this reason take a sequence (z,),.y With =, € U,
converging to y € 0OU,. Then for sufficiently big n € N the center leaf
We(x,) is a cover p : W¢x,) — Wy) of W¢y). Consider a closed
path v € m (We(x,),v,) such that HY # id and HS = id. Then the
path y* = pyy € m (W¢(y)) and because H; = id, the interior of
the set of fixed points of the holonomy homeomorphism H, is not empty.
Applying Theorem 1.16 we get H5, = 1id . As the orientation of E" is a
continuous property the holonomy homeomorphism H7, has to reverse the
orientation of £, too. This implies that y € A and A is therefore closed in
W?* and W*-saturated. The center-stable leaf W (z) as a non-compact leaf
has to accumulate at a point z € M and W¢(z) C A as Ais closed in W*.
Consider the holonomy group of W¢(z). The embedded one-dimensional disk
T = ¢ (D) transversal to We(z) is intersected by infinitely many plaques of
Wes(z) which are accumulating at z such that any holonomy homeomorphism
HY: T — T has to be the identity. Therefore the group H* of W¢(z) has
to be trivial contradicting W¢(z) C A, and A has to be the empty set. [

In the following we exclude the possibility that the holonomy acts as a re-
flection in the stable direction.

For this purpose we suppose that there exists a non-trivial homeomorphism
H, = Hj x H} of the center foliation which reverses the orientation of
the stable and unstable bundle at the same time. The homeomorphism
HY - T — T} has the single point z as fixed point while the homeomorphism
H . T; — T; by Theorem 1.14 has a line segment o C W (z) as set of fixed
points.

Therefore o is the set of fixed points of H,. As the holonomy along this set
is of maximal order o is closed, and it is f-invariant. We show that ¢ has to

be bounded and therefore compact:

Lemma 2.29. The set o of fixed points with maximal holonomy is bounded.

Proof. Assume o C W¢(z) is unbounded. As M is compact, the set o
accumulates at a point z € M such that o intersects the local transversal
T* infinitely many times. So consider the holonomy of W¢(z) C o. Any
non-trivial holonomy homeomorphism HY : T — T has a single isolated
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2.5. Codimension-(1+k) center Foliation

fixed point and is orientation-reversing but this is a contradiction to o NT%
accumulating at z. Therefore ¢ is bounded. [

The set o is compact and f-invariant. It may consist of several connected
components which are interchanged by f. So consider one connected compo-
nent oy with positive length I(op) > 0. As o lies inside the stable foliation,
the length of the component oy is stretched under the action of f~!. So the
length [ (f~"0p) tends to infinity. But now the same argument as above can
be applied.

So we can conclude that any non-trivial holonomy homeomorphism acts as a
reflection in the unstable direction and a rotation by 7 in the stable direction
and therefore the center leaves with non-trivial holonomy are isolated. Any
non-trivial holonomy homeomorphism is topologically conjugate to —id. [J

We now prove the last statement:

Lemma 2.30. Any non-trivial holonomy homeomorphism H of W€(z) for
any x € M is equal to —id.

Proof. We already know that the holonomy group of any center leaf W¢(x)
with non-trivial holonomy is isomorphic to Z, and that any non-trivial ho-
lonomy homeomorphism H is conjugate to —id. The map H is orientation-
reversing in the unstable direction and 2-periodic. First, assume that E“
is oriented, then the leaf space M/W¢ is T3 and F is conjugate to a linear
Anosov map A. Clearly, the map A is transitive. We can therefore conclude
that there exists a transverse measure p = {u;}, the Margulis measure, for
the stable foliation WW?® which is invariant under holonomy and which is pos-
itive on non-empty open intervalls and finite on finite subsets of unstable
leaves. It is maximizing the entropy of A. As the map A acts expanding
along every unstable leaf W"(x) and every unstable leaf is one-dimensional
it is uniquely - up to renormalization by a constant factor - defined to be the
Lebesgue measure. It is further H-invariant, and hence, H is identical with
—id. As any unstable leaf is dense and the holonomy homeomorphism H is
continuous H has to be —id everywhere. ]

Remark 2.31. The last Lemma 2.30 holds also in the case of a one-dimensional
unstable bundle E*.

2.5 Codimension-(1+k) center Foliation

In the case of a codimension-2 and codimension-3 center foliation we could
utilize that under the dynamical assumptions of the respective theorems the
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leaf space is known to be a 2-torus and 3-torus. But in higher codimension
there is no such a theorem in the topological case. In 1970, Franks showed
in [Fra70] that any transitive Anosov diffeomorphism with a one-dimensional
unstable direction is conjugate to a hyperbolic toral automorphism. Com-
bined with the result by Newhouse in [New70] that any Anosov diffeomor-
phism with a one-dimensional unstable direction is transitive we conclude
that any Anosov diffeomorphism with a one-dimensional unstable direction
is conjugate to a hyperbolic toral automorphism. We have already proved
in Theorem 2.7 the central transitivity of f which is part (1) of Theorem
C. It remains to prove the theorem by Franks to the case of a topological,
non-differentiable hyperbolic map on a topological manifold.

Proof of Theorem C(2). We can proceed directly with the proof of Theo-
rem C (2) and show that the holonomy of every center leaf is trivial if the
unstable bundle E* is one-dimensional and oriented and that otherwise cen-
ter leaves with non-trivial holonomy are isolated. Further it is shown that
every non-trivial holonomy homeomorphism is conjugate to — id.

Recall that it is shown in Theorem 1.32 that f is dynamically coherent.
Consider a local transversal T" at x to W¢(x) and the foliations 7° and T"
induced by W and W respectively on T'. We define the set

A= { <o) | ol (V)] = g 11 07°(5))1 }

of center leaves with holonomy of maximal order. This set is non-empty
as ¢ € M — |Hol (W¢(z))| is locally upper-semicontinuous and M is com-
pact. We have shown in Lemma 2.5 that A is W-saturated, closed and
f-invariant.

Lemma 2.32. Let f : M — M be a centrally transitive partially hyper-
bolic C*-diffeomorphism with a f-invariant compact center foliation. Assume
dim E* = 1 and E" to be oriented. Then the holonomy of any center leaf is
trivial.

Proof. As f is centrally transitive, we can find a dense positive orbit {W¢ (f"z)}, <,
of center leaves.

Lemma 2.33. Let {We(f"z)},, be a dense orbit of center leaves. For all
yeWs (Unzo we (f”a:)) the forward orbit of center leaves U, -, W€ (f"y) is
dense in M.
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Proof. Consider y € W* (U,;»o W€ (f"2)). Then there exists for some n > 0
a point w € W¢e(f"x) such that W*(y) = W*(w). As w and y lie on a
common stable leaf the center leaves W¢(y) and W¢(w) converge to each
other with respect to the Hausdorff metric. So we find N > 0 such that
dg (We(f"y), We(frw)) < § for all n > N. Let B(z,e) C M be a non-
empty open ball around an arbitrarily chosen point z € M. As the orbit
of center leaves |J,~o, W¢(f"w) is dense in M the orbit |J, -y We(f"w) is
still dense and we find m > N such that W¢(f™w) N B(z, 5) # 0 and hence
We(fmy) N B(z,e) # 0. O

Choose an arbitrary point y € A then there exists n € N such that suf-
ficiently close to y there is a point z € W¢(f"x). Then there is a non-
empty intersection W*(y) N W (z) > [z,y]. The point [z,y| is contained
in A as A is W-saturated and [z,y] € W (f"x). So A contains a point
[z,y] € W* (U,1»o W€ (f"z)) and therefore the whole orbit of center leaves
which is dense according to Lemma 2.33. The set A is therefore the whole
manifold M. As leaves with trivial holonomy are generic, this implies that
the maximal order of holonomy groups is one and all center leaves have trivial
holonomy. [

We have just showed that the holonomy of every center leaf lifted to the
orientation cover of E" is trivial. The last step to finish the proof of part 2
is to show that every non-trivial holonomy of every center leaf in M, not in
the cover, has order 2 and has only isolated fixed points. We have already
shown that the order |H*| of the holonomy group of any center-unstable
leaf is always less equal than the order |H"| of the holonomy group of any
center-stable leaf. As the center holonomy is trivial on a 2-fold cover, every
holonomy group has at most order two. We can apply Lemma 2.28 to con-
clude that for any holonomy group H = (H*, H") it holds |H®| = |H"|. So
we only have to show that every non-trivial holonomy homeomorphism has
only isolated fixed points.

Lemma 2.34. Let f : M — M be a partially hyperbolic C*-diffeomorphism
with an invariant compact center foliation with finite holonomy. Assume
dim E" = 1. Then the center leaves with non-trivial holonomy are isolated.

Proof. We have shown above that the only non-trivial homeomorphism of
the center foliation is of period 2 and reverses the orientation of the unstable
bundle. We define as usually the set A of all center leaves W¢(z) with a
non-trivial holonomy group of order 2.

So we know that any non-trivial holonomy group Hol (W¢(x)) is isomor-
phic to Zy. So there exists a closed path v with v(0) = x which generates
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the non-trivial holonomy homeomorphisms and we denote such a non-trivial
holonomy homeomorphism by H, = H3 x HY. The orientation-reversing
homeomorphism HY : T} — T;' has the single point = as fixed point. We
assume that H3 : T; — T; has non-isolated fixed points, especially z is
non-isolated. So there exists a sequence {z,},.y C Ty of fixed points con-
verging to z € T2. We take a ball B(z) C W#*(x) with sufficiently small
r > 0 such that it is contained in 77. Then we consider f~"B?(x) with
n € N. For any n the fixed points f~"z; are still converging to f~"x for
k — oo. Hence, we find n sufficiently large such that f~"B#(z) lies inside
infinitely many plaques of W< (f~"z) accumulating at f~"(x). So T}, is
intersected infinitely many times by these plaques. The set A of center leaves
with maximal holonomy is a closed and f-invariant set, such that f~"z € A
and the intersection points are fixed points of the whole holonomy group.
Consequently, the holonomy homeomorphism H* : T Fong = Tf“,nx has to be
the identity. At the same time, the order of the holonomy group is constant
along a f-orbit contradicting the assumption.

So we can conclude that the center leaves with non-trivial holonomy are
isolated. O]

Proof of Theorem C(3). Now we proceed with the proof of Theorem
C(3) and show that the leaf space is homeomorphic to a g-torus and F' is
conjugate to a hyperbolic toral automorphism if £* is one-dimensional and
oriented.

From now on, we assume an oriented unstable bundle £*. Accordingly, the
center foliation W¢ has only trivial holonomy, and the leaf space is a compact
topological manifold. We prove Theorem C(3) in two parts:

1. We establish in the following Theorem 2.35 the existence of a family of
non-atomic measures on the center-unstable leaves.

2. With the help of this transverse measure we can prove Theorem C(3)
by following a proof by Hiraide of Franks’ Theorem in [Fra70] which
states that any transitive Anosov diffeomorphism f : M — M with a
codimension-1 stable foliation is conjugate to a hyperbolic toral auto-
morphism. This is the content of Theorem 2.54.

Hiraide presents in [Hir01] a simpler proof than the original by Franks, mainly
by using the existence of a transverse holonomy-invariant measure. Its ex-
istence is well-known in the case of a transitive Anosov-diffeomorphism but
we have to construct it by hand for our special setting.
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Construction of the Margulis measure. We start with the construction
of the Margulis measure, a family of non-atomic measures with support in
the center-unstable leaves.

Theorem 2.35. Let f : M — M be a partially hyperbolic system with a
compact f-invariant center foliation with finite holonomy. Suppose that E*
1s oriented and one-dimensional. Then there exists a family of measures
pct = {uG'}y where A C W (x) is any W€-saturated open set with compact
closure for some x € M with the following properties:

1. Every measure p§' is a non-atomic measure that is positive on non-
emptly open W¢e-saturated sets inside a center-unstable leaf.

2. Every measure %' is expanding under the induced action of f.

3. The family of measures is invariant under the holonomy along stable
leaves.

Remark 2.36. Owing to Theorem C(1),(2) we know that f is centrally tran-
sitive and that the center foliation has only trivial holonomy under the as-
sumptions of Theorem 2.35.

Without loss of generality we can assume in the following that f is C*: We
can perturb f a bit to obtain a arbitrarily smooth f without changing the
implications for the topological properties of F. As F' is shown to be conju-
gate to a hyperbolic toral automorphism F4 it is structurally stable and every
sufficiently small pertubation is conjugate to F.

Proof. [Theorem 2.35] We follow the construction of the Margulis measure
in [Mar70] and in [HK95].
The road map of the construction is the following:

1. The measure p%" is constructed with the help of the Riesz Representa-
tion Theorem by

L(¢) = / bt (z)

where ¢ € C,(U) is a continuous function whose compact support is
contained in an open W¢saturated set U C W (x) and L is a certain
linear functional inside some compact subspace of the dual space C*.

2. First, we have to construct a set C' of continuous functions, a dual space
C* and a compact subspace C, C C*. The function space C.(U) will
be a subset of C.
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3. Second, we construct a continuous map f: 6; — 6; such that the
linear functional L is the fixed point of this map:

fL=L.

4. At the end, we can show the required properties (1)-(3) of the measure
M

Before we start with the construction of the measure we prove three prelimi-
nary lemmata which are used several times during the construction to obtain
certain bounds for linear functionals and to show the continuity of the map
I
For every © € M, the center-unstable leaf W (z) is a submanifold of
M and as such it has a metric d., and a smooth Lebesgue measure A.,.
We use the Hausdorff metric dff on the set of compact center leaves in

one center-unstable leaf W< (x), this means for any z,y € W (z) it is
A (We(x), We(y)) < e if and only if there are e-neighborhoods

U := U {v e W ()| deu(v,w) < €}

weWe(zx)

of W¢(z) and V. of W¢(y) such that W¢(y) C U, and W¢(x) C V.. We denote
with W (y) the set {z € W (y) | dft (W¢(2), We(y)) <r}. It is open in
We(y) by the definition of df} and W¢°saturated. We call a WW¢-saturated
set A C W (z) open if for y € A there exists § > 0 such that W¢(z) C A
if dif(We(z),We(y)) < 6 and z € W(x). From now on, we consider the
topology

T ={ACW™x) | Sat A= A and A open }

of We-saturated subsets contained in a single center-unstable leaf W (x)
for some z € M. Since W¢ is a compact foliation with finite holonomy any
saturate Sat A = J,c, W(x) of a compact set A C M is also compact in
M. At the same time, every saturate of an open set is also open in M. If we
restrict the foliation W€ to a center-unstable leaf W (x) it is still a compact
foliation with finite holonomy. Analogously, the saturate Sat A of a compact
set A C W (z) is also compact in W (x) with respect to the leaf topology
of We(z).

As f is centrally transitive any center-unstable and center-stable leaf is dense
in M as we proved in Lemma 1.44. So, we can prove the following:

Lemma 2.37. For any x,y € M and for any r > 0 the intersection W*(x)N
Wet(y) is non-empty.
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Proof. Since the center-unstable and the center-stable leaf are dense it holds
for any z,y € M and for any r > 0 that W (z) N W (y) # 0. So there
exists W¢(z) € W (xz) N W(y). Then there is a 2 € W*(z) N W¢(2) and
we can conclude that the intersection W*(z) N W™ (y) is non-empty. O

Let z,y € M be two arbitary points. Given e > 0, we call two non-empty sets
Ay € T, Ay € T e-equivalent if for every x € Ay and y € Ay there exist
01 > 0 and 95 > 0 and a well-defined local holonomy homeomorphism along
stable leaves h® : Wi (x) — W (y) defined by z — W?(z) N Wg(y) such
that h* maps A; homeomorphically onto Ay and the distance ds(z,h*(2))
inside the stable leaf W*(z) is < € for all z € A;.

Remark 2.38. In the following we consider stable holonomies defined on
We€-saturated sets. Usually, a local holonomy homeomorphism is defined on
small disks transversal to W?*, but because of the dynamical coherence we
can extend the definition to the W¢-saturate of such a small disk: For any
z € WEH(z) with W#(2) N WS(y) = w it holds that for any Z € W¢(z) it is
WE(Z2) N WE(y) # 0 because We(w) C W(z).

With this definition, Lemma 2.37 implies the following:

Corollary 2.39. Let A € T for some z € M. Then there exists r(A) > 0
and €(A) > 0 such that for allx € M the open ball Wy () is €(A)-equivalent
to a subset of A.

Proof. For any point © € M there are positive constants €(z) and r(z) and
a neighborhood U(z) such that for any y € U(z) the local center-unstable
leaf W\ (y) is €(z)-equivalent to some subset of A. We can now consider
a finite covering by sets U(z1),...,U(xy) with xy,..., 2, € M. Let € :=
maxj<;<k €(x;) and r := max;<;<r(x;). Then these are the constants we
search. O

Then the following Lemma holds:

Lemma 2.40. Let f: M — M be a centrally transitive partially hyperbolic
C?-diffeomorphism with a compact center foliation with trivial holonomy. Let
A e T for some z € M and r := r(A) > 0 as in Corollary 2.39. Then
there exists a constant c¢(A) > 0 such that

Aew (f" (W()))

< c(A)
foralln >0 and x € M.
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Proof. To show this Lemma the assumption of higher differentiability of f
is necessary, otherwise this Lemma is not true. So, here we need that f is
at least C?: It is shown by Brin and Pesin in [BP74] and Pugh and Shub in
[PS96] that for z,y € M sufficiently close the holonomy map h* : WS(z) —
Wek(y) along stable manifolds is absolutely continuous with respect to the
measures Ay (p) and Ay and the Jacobian of A* is bounded from above
and away from zero if f is a partially hyperbolic C?-diffeomorphism on a
smooth manifold. Hence, if we assume n > N sufficiently large such that
the set f"W<(x) is sufficiently close to f"A, i.e. it is A\"e-equivalent by a
holonomy h* to some subset C' C f"A where A < 1. Then by the abso-
lute continuity we get A, ("W (z)) = Jac(h®)A\eu(C) < Jac(h®)Aeu(f"A).
As the Jacobian of h® is bounded there exists a constant c¢(A) such that
Aew (f"WE(z)) < c(A)Aeu(f"A). For n = 0,..., N — 1 the boundedness of
the fraction follows from the fact that we have a finite family of continuous
holonomy maps establishing the e-equivalence between f"W<(z) and some
subset C' C f™(A), for every n there exists a bound and because it is a finite
family there exists a common bound for the fraction. O]

Following from now on our road map, we start with the definition of a set
C of certain functions whose support is contained in a center-unstable leaf.
From now we fix an open set A € T for some z € M with compact closure
in W (z). We define the set

C:={¢:M—R|JzeM: supp(d) C W), d|supp(s) is continuous,

¢ = const along center leaves. }

of all continuous functions whose support is wholly contained inside one
center-unstable leaf and which are constant along center leaves, so their sup-
ports are always W¢saturated sets. Up to now, this set is neither a vector
space nor a topological space, and the addition of two functions ¢,y € C
is only defined if there exists z € M such that supp(¢), supp(v)) C W (z).
This will be repaired in the continuation of the construction.

We continue with the definition of an appropiate topological vector space
C*: We consider the space C** of all maps [ : C — R. It is closed under
addition and scalar multiplication as a(l; + l3) for any l;,l, € C** and a € R
is defined by a(ly + l2)(¢) = ali(¢) + ala(¢) for all ¢ € C. Clearly, the in-
verse element —/ of a map [ is just defined by —I(¢) € R for every ¢ € C.
We show that the space C** is naturally isomorphic to [] scc Ry and by this
identification we obtain a well-defined topology on C** and we can consider
C** as a topological vector space.

Lemma 2.41. The set C** := {l C—>R ‘ [ map} is isomorphic to H¢€C R,
where Ry = R.
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Proof. We define the isomorphism W : C*™ — [[ .o Ry by I = [[,c0 1(9)-
Then WV is injective because if U(l;) = W(ly) then the maps [; and Iy coincide
in all their images and so they are identical, i.e. [; = l5. Further, the map
U is surjective: For any sequence {z,} sec With x4 € Ry we can define a
map | € C** by [(¢) = x4 It is a homomorphism because it holds for
any ¢ € C and a € R that U(a(l; + l2)(¢)) = a(ly + lz)(¢) € R, and
a(ly+10)(¢) = ali(¢p)+ala(p) = aV(l1 (@) +a¥(l2(¢)) because of the additive
structure of R. O

We will thus use the product topology of [] scc Rg on C* which coincides
with the topology by pointwise convergence (it coincides with the weak*-
topology in the case of a linear space as C**). The basis of the product
topology consists of [[I, where I, C Ry is an open intervall for finitely
many ¢ € C' and [, = R, otherwise.

Now, we consider the subset

C* = {l e o™ ‘l is linear}

of all linear functionals [ : C' — R where we call a functional [ linear if
it fulfills [(ap + bp) = al(¢) + bl(¢p) whenever ap + np € C for ¢, € C
and a,b € R. It is easily calculated that the subset C* is closed under scalar
multiplication and vector addition and thus it is a subspace of the topological
vector space C**. We show the following essential property:

Lemma 2.42. The space C* is locally convez.

Proof. As explained above C* is closed under the scalar multiplication and
vector addition defined in C** and therefore it is a subspace of the topological
vector space C**. The local convexity is directly implied by the product
topology and the local convexity of R. Recall that a vector space is locally
convex if it has a family of seminorms. We get in a natural way a family
{Ps}4ec of seminorms by defining for every ¢ € C' a seminorm ps : C* — R
by [ — |l(¢)|. The natural topology induced by this family of seminorms
coincides with the product topology. ]

Remark 2.43. The locally convex topological vector space C* inherits the
completeness of R. Let [, € C* for n > 0 be a Cauchy sequence, i.e. for
every neighborhood H¢ I, of 0 H¢€C Ry there exists N € N such that for
all n,m > N it is I, — Ly € [[, Is. As R is complete, (I, — 1,)(¢) converge
to zero and so the Cauchy sequence l,, converge in C*.

Recall what we are going to do: We want to construct a measure as dual
to a linear functional L. This functional L is the fixed point of some map
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f on the dual space C*. To obtain a fixed point we would like to apply the
Fixed Point Theorem by Tychonoff. This states that any continuos map of
a compact convex subset of a locally convex topological vector space has a
fixed point. Therefore we have to construct a compact subspace 6; of the
locally convex topological vector space C*. For this purpose, we fix a positive
function ¢y € C with ¢g > x4 and define the subsets

Cy = {LEC* L:ZciLni, ciEO}

=1

L(¢o) =1}, where

Cy={LeCf
L,(¢) = /gbo fd\., for ¢ € C'and n € N.

The subspace C5 consists of linear combinations of LnL(Zo) =: L, for n > 0.

Hence, the subspace Cj is the convex hull of the set |-, L,. We show that

(', is compact.

Lemma 2.44. The space C5 is a compact subspace of C*.

Proof. We remark that the closed convex hull of a compact subset of a com-
plete locally convex topological vector space is compact. Hence, it is enough
to show that the set |J,~o Ln is compact. By the natural embedding of

C3 C C* into [Tscc Ry the set U5 L, of L, can be identified by L,

H¢ec f/n(gb) with a subset of a product H¢€C [infnzo zn(gb),supnzo En(qb)]
of intervalls. If for every ¢ € C' the respective interval is compact, we can
conclude with the theorem of Tychonoff that any product of compact spaces
is compact and hence, the set J,, L, is compact. To do this we just have
to show that for every ¢ € C' the set of linear functionals L, : C' — R with
[N/n = % for n > 0 are bounded from above and from below.

Lemma 2.45. For any positive function ¢ € C' and any compact We-
saturated set K C W(z) for some z € M there exists a constant ¢(K, ) > 0
such that if 1 is a bounded W -measurable function with supp(v) C K, then
it holds for any n > 0

Ln(¥)
Ln(9)

where |[1|| is the essential supremum norm of 1.

< (K, 9) v,
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Proof. We define the set B := {x eM ’ () > e}. Then we can cover K
by N balls W) (z;) with @1,...,2x € M. It follows

/ o F e < Al F7K) 0]

N
<D (1" (Wi (i) ]| by Lemma 2.40

< Ne(B)u(f"B) |16

Ne(B) [,
el EY AW

So by defining ¢(K, ¢) := —B) we prove the theorem. O

It follows from Lemma 2.45 above that L,(¢) < c(supp(¢), ¢o) ||¢]| =: c1(¢)
and, if ¢ € C is a positive functlon by interchanging the roles of ¢ and gbo
we get that L,(¢) > m ca(¢). So, this implies that (J,-, L

is isomorphic to a subset of [[;.¢ [cg(gb), ¢1(¢)] which is a compact set With

Tychonoff. The space Cj is the closure of the convex hull of the set of L,
and therefore it is compact as well. O

Recall that we construct the measure as dual to a certain functional L € 6*
which is the fixed point of a certain continuous map f. Hence, we go on with
defining f and estabhshlng its continuity. We define a map f Cy — Cf by

f(La)(¢) = Lu(¢ o f~') and a map

f: s — Cs

.- F(La)(@)  Lu(dpofY)
L
@) =5 S 0) ~ Lulowo /)

At the moment, C is only a set of functions without further structure. In
order to show the continuity of this map f we need a concept of e-closeness
between functions in C'. For this definition we have to introduce two auxiliary
functions and the following concept of e-equivalence between two functions
in C. Given € > 0, we call two functions ¢, € C e-equivalent if their
supports supp(¢; ), supp(¢s) are e-equivalent by a well-defined holonomy h*
along stable leaves and if ¢9 0 h® = ¢;.

Now, we define the first auxiliary function. Let x € M and define the function

for ¢ € C.

baly) = ! r(y) = d5 (W(x), W(y))

(1 e (W;&(@))w
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if y € We(x) and ¢,(y) = 0 otherwise. The function ¢, is maximal for all
y € W¢(x) and decreases monotonically with increasing radius. It is constant
along center leaves. We show that its integral on a center-unstable leaf is
bounded which is necessary to obtain a certain bound below.

[oira <2

Lemma 2.46.

Proof. We define U, , := {y c Weu ‘ i < Aew (Wc(“y)(x)) <1+ 1}. Itis Aew(Use) <

r

1. Then it is

[ outi)ara - fj /U ol

]

For any set A € T for some z € M with compact closure in W (z) we
define the following second auxiliary function

Go,n(y / (2)dAcu(2),

where K 4(z) = 1for z € Wi (y) and Ky 4(z) = 0 otherwise. The function

élﬂ 4 is constant along center leaves. With the help of this auxiliary function
qﬁx A we introduce now the concept of e-closeness: Given € > 0, we call
o1, ¢2 € C e-close if there exists qbl, 4252 € C' and 1,15 € M such that gzﬁl, qbg

are e-equivalent and ’gbz( ) — iz )’ < €y, a(z) forall z € M and i =1,2.

The concept of e-closeness provides a topology on the set C. Finally, we
proceed with the following Lemma that f is continuous.

Lemma 2.47. The map f C3 — C5 as defined above is continuous.

By the weak*-topology and the definition of f, the map f is continuous if L,
is continuous. This is shown in the following Lemma.

Lemma 2.48. For any ¢ € C and any § > 0 there exists an € > 0 such that
if v € C s e-close to ¢, then we have

La(9) = La(¥)| < 0.
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Proof. By definition we have

ILa(6) — Lu()] = \ [oo 5 [vorran,

< '/gbof—”—/g{sof—"dAw +‘/1Zof‘”—/w0f‘”d>\cu
+k/$of”hi/¢ofﬂﬂ&u

<e / an:l,A o fT"dMey + e/gzNSmA o f7"d\., by definition of e-close

+k/$of”ﬂi/¢of”wxu

To obtain certain bounds for the above we need the two following auxiliary
Lemmata:

Lemma 2.49. For anyy € M andn > 0 it holds

/ G (") dn < 26(A) A f7A),

where c¢(A) is the constant of Lemma 2.40.

Proof. 1t is K, a(2) = K, a(y). Using this, the Fubini Theorem, Lemma 2.40
and Lemma 2.46 yields

[ deats mmiar

— [ [ K aa@oearal2ir

— [ [ Kl rasn)nl2)in (2

- / New (F" W5 (2)) 6u(2)dh(2) < 26(A) A7 A).

]

Lemma 2.50. For any 6 > 0 there is € > 0 such that if ¢1,¢05 € C are
e-equivalent then it holds

'/@ww—/@ww
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Proof. There are step functions § and ¢ representing upper and lower Rie-
mann sums for [ ¢idA., that are accurate to within ¢ [|¢1| dAe,. It suf-
fices to show the result for ¢ and & and by considering the corresponding
e-equivalent step functions for ¢,. As their integrals are just finite sums of
e-equivalent sets we only have to show that for a given set B C W(z) for
some z € M and « > 0 there exists 1 such that for any n-equivalent set B’
it holds [Aew(B) — Aew(B')| < a. But for n — 0 the holonomy maps between
B and B’ converge to isometries so the statement follows. O

Now, applying Lemma 2.49 and dividing by [ ¢g o f~"d\., we get

5 .
La(0) = LalW)] < cteld) 4 g / 9] dx.

for sufficiently small ¢ due to Lemma 2.50. Remember that ¢g > xa. It
follows

J
< ede(A) + 3 due to Lemma 2.45.

So by choosing € < % we prove the statement. O

In the above we have just established the continuity of f : Cy — C,. In
Lemma 2.44 we showed that 6; is a compact convex subspace of C*. Hence,
we can apply the Fixed Point Theorem by Tychonoff and conclude that there
exists L € Cj such that

fL=L.
We showed in Lemma 2.48 that any L € C3 is continuous, and therefore
L € Cj is continuous.

The last step to construct the measure %" is to apply the Riesz Representa-
tion Theorem. For this we consider the subspace

C(U) = {6 € C | supp(@) < T)

where U € T is a fixed open set inside W (z) for some z € M with compact
closure endowed with the supremum norm and the space C(U) of functions
¢ € C which are continuous on U with supremum norm. By Lemma 2.48
it is shown that ZNL|CC(U) is a continuous functional and by the Hahn-Banach
Theorem L|c, (1) extends to a continuous functional L on C(U). Then there
exists by the Riesz Representation Theorem a unique regular Borel measure

1 on U such that
£(0) = [ odu (o)
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for any ¢ € C.(U). The measure puf!* might not be unique on the boundary
U\ U. So we consider two open sets U; C Uy C W with compact closure.
Then there exists a non-decreasing sequence of non-negative functions ¢;
such that ¢; € C.(Us) and ¢; converges pointwise to xr,. Then it is implied
that

e (Uh) = Llv, (xv,) = lim L(¢y).

Consequently, for any open set U C W with compact closure there exists
a unique measure p such that u(Uy) = ug(Uy) for any Uy C U.

The measure u“ extends to a measure on the o-Borel algebra generated by
all open sets A € T for every z € M with compact closure, and it is positive
on non-empty open sets because L is bounded from below for any positive
function ¢ € C, hence, in particular for y4 where A € T is a non-empty
open set.

In the following Lemmata we establish the respective properties of our mea-
sure: We start with showing the holonomy-invariance of the measure:

Lemma 2.51 (Holonomy-invariant). Let x,y € M be arbitrary points. For
any e-equivalent sets Ay € T, Ay € T/ it holds

p(Ar) = p(Az).

Proof. Assume that A; and A, are non-empty. Then Lemma 2.50 implies

that AalfPA) - Lu(ea)
lim 2o U gy ZmAA) XA
n=—r00 )‘cu(anQ) n—r00 Ln(XAz)

It holds the same for any finite linear combination of L, and hence for the
limit L of finite linear combinations. So we get

=1.

oo fnL(XAz

) ZN-’(XA2>‘

]

Lemma 2.52 (Expanding). There ezists d > 1 such that u(f"U) = d"u(U)
for any U € T with compact closure.

Proof. Tt is é(XU) = f"L(xv) and by definition of f this yields L(yyof™") =
L(doo f~)L(xu). So we set d := L(pgo f~') and by induction we can show
that p(f"U) = L(xy o f™) = d"L(xv) = d"u“(U). As the support of ¢

is a W¢saturated set contained in a center-unstable leaf it is expanded by
f,s0d > 1is implied. O

]
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Corollary 2.53. Let z € M be an arbitrary point. It holds that “*(A) = oo
if and only if A C W(z) is a unbounded W°-saturated set.

Proof. If A C W¢(z) for some z € M is an open set with compact closure
then p(A) is finite by construction of the measure. Now consider an un-
bounded set A C W (z). Then there exists a sequence (A,) of open sets
A, € T with compact closure such that A,, C 4,41 C A for all n € N and
A, 11\ A, has positive measure. Hence, we get an strictly increasing sequence
(A, of real numbers which diverges. O

Because of the way we constructed p we can easily project it to the leaf
space M/W¢ and we define u*(A) = p(r~1(A)) where A C W4(z) for
some z € M open with compact closure inside W*(z) and W* = mWW the
topological one-dimensional unstable foliation in the leaf space.

Construction of the homeomorphism between the leaf space and
the ¢g-torus. To adopt Hiraide’s proof we have to establish Franks’ theorem
for our case in the following way where M denotes a topological manifold from
now on and f the homeomorphism on M induced by a partially hyperbolic
diffeomorphism f:

Theorem 2.54. Let f : M — M be a partially hyperbolic C°°-diffeomorphism
with a compact center foliation with finite holonomy. Assume that E* is one-
dimensional and oriented. Then f : M — M on the leaf space M is topolog-
ically conjugate to a hyperbolic toral automorphism and M is homeomorphic
to a q-torus where q denotes the codimension of the center foliation VW°.

Remark 2.55. We know by Theorem C(1),(2) that the center foliation has
only trivial holonomy and that therefore the leaf space M is a compact topolog-
ical manifold. The center-unstable and center-stable foliations in M projects
to transverse stable and unstable topological foliations in M. We recall that
the map f is shown to be expansive and transitive on the leaf space M and
it has the pseudo-orbit tracing property.

The projected measure p* on the one-dimensional unstable foliation is pos-
itive on non-empty open sets and non-atomic. Hence, it is the (smooth)
Lebesgue measure (up to multiplication by a constant).

The proof is divided into four main steps:

1. We show in Lemma 2.56 below that there exists a universal cover M
of M which is homeomorphic to RY.
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2. Lemma 2.57 states that the fundamental group m (M) is isomorphic to
7™ for some m € N.

3. The lifted map F of f on the universal cover M is topologically conju-
gate to a linear hyperbolic map A € GL(m,Z) as it is shown in Lemma
2.59.

4. Finally, we can conclude that this topological conjugacy descends to
a topological conjugacy between f and the hyperbolic toral automor-
phism ¢4 induced by A establishing a homeomorphism between M and
T? = R7/Z9 as well.

Proof. We have a uniform local product structure on M so we have a local
holonomy homeomorphism A" : I — J where I C W"%(z),J C W*(y) are
open arcs inside a product neighborhood U defined by z € I — W*(z)NJ. We
call any finite composition of local holonomy homeomorphisms a holonomy
homeomorphism.

We may assume that f : M — M has a fixed point p: In any case it has a
periodic point p such that f™(p) = p, so we could prove the statement for
g := f". Then f™ is conjugate to a hyperbolic toral automorphism and this
implies that f is conjugate to a hyperbolic toral automorphism.

Therefore, let p € M be a fixed point for f. We have dim W" = 1 and - as £
in 771 M is oriented - we may fix a direction on arcs of W*. We will construct
the simply connected cover M for M by W*(p) x W*(p) and show that it is
homeomorphic to RY. Let (z,y) € W*(p) x W*(p). For any x € W*(p) we
denote with [p, z] the arc inside W*"(p) with end points p and x and for any
z € W*(y) with [y, z| the arc inside W*(y) with end points y and z.

Lemma 2.56. The manifold M has a universal cover
Tt WH(p) x W(p) = M

where my(x,y) = z such that p*([p, xz]) = p*([y, z]) and the orientation from
p to x is consistent with the orientation from y to z. Further, W*(p) x W*(p)
is homeomorphic to R? where ¢ = codim W¢.

Proof. The most important step in the construction of the universal cover
is to show that the intersection of W*(x) N W*(y) for any points =,y € M
contains exactly one point. This will be shown with the help of the family
of measures u* on the unstable leaves. The transverse invariant measure is
invariant under a holonomy homeomorphism hA". Then there exists a point
z € W"(y) such that

w* (Ip; z]) = p" ([y, 2])
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and the orientation from p to x is consistent with the orientation from y
to z. This point is unique as the measure p* is positive on any non-empty
open interval, accordingly, if there would be two points z; < 25 in W"(y)
it would follow p"([y, z2] \ [y, 2z1]) = p"((z1,22]) = 0 and hence, z; = z.
Further, every unbounded arc I has the measure p*(I) = oo as we showed
in Corollary 2.53.

Therefore the map m, : W*(p) x W?*(p) = M is well-defined by (z,y) —
mp(z,y) = z such that p([p,z]) = p([y, mp(x,y)]). We showed in Lemma
2.39 that for any y € M a open arc (y,z) C W*(x) of positive length is
e-equivalent to some subset of W*(p). This means, there exists a holonomy
homeomorphism h* : (p,z) — (y,z) for some suitable x € W"(p). This
shows the surjectivity of the map m,. The point 7, ((x,y)) is contained in a
product neighborhood and as p* is holonomy-invariant we can conclude that
7 (x,y) € W*(x)NW"(y) and 7, is continuous (as the canonical coordinates
are continuous). If N C M is a product neighborhood for z then it is easily
seen that 7 '(NN) is a union of disjoint sets homeomorphic to N. Further,
W¥(p) x W*(p) is homeomorphic to R x R?"! as they are stable and unstable
foliations by Lemma 1.46, and so the cover is simply connected. It can be
concluded that the map m, : W*(p) x W*(p) — M is a universal cover for M
which will be denoted by M in the following. O

Firstly, we remark that - applying Theorem 1 in [DHT72] - we can lift the
metric d of M to a metric p of M and we can find a number rq > 0 such that

1. f 7,5 € M and p (7,7) < 21y then d (7,(T), m,(¥)) = p(T,7) .

2. f e M,y € M and d (m,(%),y) < 2rp then there is a unique 7 € M
such that 7 € 7, M and p (7,7) = d (7,(T), y).

3. All covering transformations are C°-isometries.

4. p is a complete metric.
For simplicity we will denote p with d again.
Lemma 2.57. The fundamental group m (M) is isomorphic to Z™ for some
m € N.

Proof. The fundamental group m (m) is isomorphic to the group of all cov-
ering transformations o : M — M, i.e. mp © @ = 7,. Therefore we consider
both as equal in the following. For z € W*(p) we denote with a(z) € W*(p)
the first coordinate of a((z,y)) € M for any y € W*(p). It follows that
pt (I) = p* (a(I)) for any arc I C W*(p) as u* is holonomy-invariant. Recall,
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2.5. Codimension-(1+k) center Foliation

that p" is a smooth Lebesgue measure. Consequently, & : W¥(p) — W"(p)
is a translation of R and therefore {d ‘ o€ 7T1(M)} is a free abelian group.
Let & be the identity and ¢ € W*(p). Then 7, : {¢} x W*(p) — W?*(q) is a
covering map and since W*(q) is simply connected, « is the identity. There-
fore, we have (M) is isomorphic to {& | a € (M)} which is isomorphic
to Z™ for some m € N. O

Lemma 2.58. The set ¢, ) @(p) is dense in W*(p).

Proof. Let I # () be an open arc in W"(p). Hence m,(1, p) is open in W*(p) C
M and since W*(p) is dense in M there exists y € W?*(p) N 7m,(L,p). Then
we can find y; € I and y, € W*(p) such that m,(p,y2) = m,(v1,p) = y and
there exists « such that a(p,y2) = (v1,p), and hence a(p) = y; € 1. O

We define F: M — M by F := flwew) X flws@). The map F is a lift of f
by 7, as it is m,0 F' = fom,. The induced map F} on the fundamental group
m1 (M) is linear and as the orbit of the fundamental group for p is dense in
W(p), we can consider F' : W¥(p) — W"(p) to be a linear map, i.e. there
exists 0 < A < 1 such that p* (F(I)) = A p*(I). We denote with ¢ : Z™ —
71 (M) an isomorphism and define A : Z™ — Z™ by A := ¢ 'oFjo¢. Now we
construct a topological conjugacy H between F and A by mapping a point
x € R™ onto the unique point y € M which is the shadowing orbit of {A%z}.

Lemma 2.59. The lifted map F : M — M is topologically conjugate to the
hyperbolic linear map A € GL(m,Z).

Proof. We define a bijection ® from a lattice Z™ of R™ onto a lattice 7, (p) of
M by @ (a(0)) = ¢ (@) (p,p). Then it holds F| -1, o ® = ® o Azm because
by definitions the right side equals F| -1, (¢(a)(p,p)) = (F o ¢(a)) (p,p)
and the left side equals ® (¢~ (F (¢()))) = F (é(a)) (p,p). In order to
construct the conjugacy utilizing the shadowing orbit we have to recover the
pseudo-orbit tracing property of f for the lifted map F':

Lemma 2.60. The map F LM — M has the pseudo-orbit tracing property
with respect to the pullback d of the metric d of M.

Proof. Let e > 0 and CZ(FZBi,$i+1) < eforalli € Z an e-pseudo-orbit. Let
v, = (zh,22) € M =W*p) x W2(p). Because F(z;) and z;,, are close
their stable and unstable manifolds intersect in a unique point (z},, f(2?))
and the distance of the unstable segment [f(z}),z},,] is bounded for all
i € Z. Thus we can find a constant ¢ > 0 such that p* ([f(z}),z}]) < c

forall i € 7Z. So we get i) T
(b ) = e (fadata)) = A
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2.5. Codimension-(1+k) center Foliation

Hence, the sequence {f'z}},., is a Cauchy sequence and there exists a
unique limit point 21 = lim; o f~'z} € W%(p). We can find points
z € {fiz'} x W*(p) such that d(z,z;) < ¢ foralli € Z for some
¢ > 0. Then the sequence {f'z7},., is a Cauchy sequence in W#(p) and
converges to a unique limit point 22 = lim f22 € W?*(p). So there exists

a d(¢) > 0 such that the orbit {F*(z',2?)} §(e)-shadows the e-pseudo-orbit

Let 2 € R™ and consider the orbit {A'z},_,.

points on the lattice and points of R™ is \/Tm Hence, for ¢ > \/Tm we find a
sequence {x; = a;(0)} in Z™ such that ||A'z — x;|| < ¢ for all i € Z. Then
the sequence ®(z;) defines a L-pseudo-orbit of F' for some L > 0. Applying
Lemma 2.60 we can find § > 0 and y € M such that d (F(y), ®(z;)) < 6 for
all i € Z. Then we can define H : R™ — M by H(z) = y. It is an extension
of ® and it holds Fo H = Ho A and H o = ¢(a) o H. So it remains to

show that it is continuous and has a continuous inverse.

The maximal distance between

Lemma 2.61. The map H is continuous.

Proof. Let C > 0. We show that for any ¢ > 0 thereis N > 0
such that if d(F'z, F'y) < C for all |if < N then d(z,y) < e For
v = (21,22),y = (y1,92) € M we define z(z,y) = (21,10) € M. As
the stable and unstable foliation are transverse to each other we can find a
constant K > 0 such that d&*(z,z(z,y) < K and d“(y, 2(z,y)) < K if

d(xz,y) < C where d* denotes the intrinsic metric of {x;} x W?*(p) and

d* the intrinsic metric of W*(p) x {y}. If d(FNa, F~Ny) < C, then it
follows d*(F~Nax, FNz(z,y)) = d*(F N, 2(F Nz, F-Ny) < K. So we
get by the contraction along the stable direction d*(z, z(z,y)) < € for N
sufficiently big. In an analogous way it follows that if d(FNxz, FNy) < C

then it is d“(y, z(x,y)) < e if N is sufficiently big. O

Up to now, the map A is only known to be a linear map. To construct an
inverse of H we have to show that A is in fact hyperbolic:

Lemma 2.62. The linear map A € GL(m,Z) is hyperbolic.

Proof. Suppose A is not hyperbolic. Then there exists a x € R™ \ {0}

such that [|[Az| = |z|]|. Hence, the whole orbit {A‘z} is bounded. This
implies that {F*H(x)} is also bounded. But then it is H(z) = (p,p) and -
since H is an extension of ® -itisz = 0. [

Due to the hyperbolicity of A we can construct an inverse of H by repeat-
ing the procedure above for the map A instead of F. We can construct
H' : M — R™ in the same way such that we obtain Ao H = H'oF
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and H oa = ¢ '(a)o H for all « € m(M). So H' is the inverse of H.
So we have showed that A is topologically conjugate to F' by the homeomor-
phism H. As H is a homeomorphism the dimensions has to be equal, i.e.
m = q. O]

Lemma 2.63. The toral automorphism ¢4 : T? — T? 1s topologically conju-
gate to f: M — M.

Proof. The map H projects directly to a topological conjugacy h between f
and ¢ 4. ]

Clearly, M is homeomorphic to T? by the projected homeomorphism h. [J

2.6 Codimension-(2+42) center Foliation

In this last section we drop the restriction of a one-dimensional unstable
direction. The conjecture that every center leaf with non-trivial holonomy
might be isolated is not true as we show in the following. Further, we need
more than a 2-cover to eliminate leaves with non-trivial holonomy.

First, we take the 4-fold orientation cover of M such that E® and E" are
oriented. We can show that center leaves with non-trivial holonomy are iso-
lated, and therefore there exists only a finite number of them. The following
theorem states the content of Theorem D(1).

Theorem 2.64. Let f : M — M be a partially hyperbolic system with
an invariant compact center foliation W with finite holonomy. Assume
dim E° = dim E* = 2 and assume that E° and E" are oriented. Then center
leaves with non-trivial holonomy are isolated.

Proof. We show that for any holonomy homeomorphism H, = H; x HY
it holds that the period of HJ equals the period of HY and that therefore
every non-trivial holonomy homeomorphism with period n is conjugated to
a rotation by 27” times a rotation by 27” It follows that center leaves with

non-trivial holonomy are isolated. We define
A={W)|Iy: Hy=idxH"},

where H # id, and we show that the set A is empty. Let W¢(x) C A. Then
there exists a closed path v such that H, = id x HY. Then consider y € T
As the center foliation is compact with finite holonomy, the Reeb stability
Theorem 1.6 can be applied and p : W¢(y) — W¢(z) is a covering space.
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Then y € T} is fixed by id x H? and as the holonomy group of W¢(y) equals
the isotropy group of Hol(W¢(x),z) which fixes y the group Hol(W*¢(y),y)
contains a element id x HY. Accordingly, T, C A, and the set is locally
We-saturated.

Lemma 2.65. The set A is closed in VWW©.

Proof. Let U, C T? be an open set such that U, C A and consider a sequence
r, € U, such that y := limx, € 6U,. Then for sufficiently big n > N the
map p : W¢(x,) — W¢(y) is a covering space. For every W¢(z,,), n > N, the
holonomy group of W¢(x,,) is isomorphic to a subgroup of Hol(W*¢(y), y) such
that x,, are fixed by the respective subgroup. Hence, we find v € m (W*¢(y), y)
and a sequence ny — oo such that z,,, — y and z,,, € U, C T} is fixed by H,.
Then, the orientation-preserving period map H3 has an arc of fixed points
and has to be therefore the identity. Assume HY = id, then this contradicts
the fact that W¢(x,, ) C A. Hence, we get W¢(y) C A. O

As W (z) is non-compact it accumulates at z € M and W¢(z) C A. Then
W (x) intersects T2 infinitely many times in one foliated chart neighborhood
of z such that the intersecting points accumulates at z. The holonomy group
of W¢(x) contains an element id x HY where HY # id. At the same
time, the holonomy group Hol(W¢(x),z) is isomorphic to the subgroup of
Hol(W¢(z), z) which fixes W¢(z). The intersection points W (z) N T* accu-
mulate at z. For every intersection point x; we denote with p; : W¢(x;) — W¢(2)
the covering map and with v, € m(W*°(x;),z;) a closed path such that
H, = id x HY. Accordingly, we find a closed path v € m(W*(z),2)

and a sequence i, such that H, . = H, and H,(z;,) = ;. As
H, = Hj x H} it is implied that H} = id and H] = H, W id.
Consequently, every element H,, = id contradicting that W¢(z;) € A.

Therefore A is empty.
The analogous argument can be applied to the set

A= {W=) | Iy: Hy=HS xid }

Because of Theorem 1.14 every non-trivial holonomy homeomorphism H* and
H" respectively is conjugate to a rotation by %’T and therefore isomorphic to a
subgroup of the orthogonal group O(2). So, we can understand the leaf space
M /W¢€ as an orbifold with isolated singular points x whose neighborhood U,
is homeomorphic to R*/T", where I', = 'S x I'¥ and ' < O(2), T* < O(2).
Both groups I'} and I'# have the same order. ]
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The unstable bundle E" is not oriented. In this paragraph we assume
the further property of central transitivity which is necessary for the proof
of Lemma 2.68.

Theorem 2.66. Let f : M — M be a centrally transitive partially hyper-
bolic C-diffeomorphism with a compact f-invariant center foliation. Assume
dim £° = dim E* = 2, E® s oriented and E" is not oriented. Further, as-
sume that the center holonomy is trivial in the 2-cover M of orientation of
E? and E*. Then the center leaves have only trivial holonomy.

Proof. The maximal order of every center holonomy group is two and is
therefore generated by a single non-trivial element. This non-trivial holo-
nomy homeomorphism can be either H, = id x.5, where S denotes a reflec-
tion along an arc in the unstable bundle, or H, = R, x § where R, denotes
a rotation by 7 in the stable bundle. We consider first the following sets

A= {W=z) | [Hol(W(z),z)| =2} and

Ap:={Wz)|3v: H,=R, xS} C A.

In the following two lemmata we show that both sets A; and A are empty
which implies that the holonomy of the center foliation is trivial and hence,
proves Theorem 2.66.

Lemma 2.67. The set Ay as defined above is empty.

Proof. The set A is closed and f-invariant, the set A; is also f-invariant
as the period of any holonomy homeomorphism is preserved by f, and it is
closed by the Reeb Stability Theorem 1.6. Assume W€¢(x) C A;. There
exists v € m(W¢(z),z) which generates any non-trivial holonomy homeo-
morphism [, and there exists an arc ¥, C W*"(z) which is fixed by H,.
Hence, it is ¥, C A;. But X, is stretched under f™ and hence it accumu-
lates at a center leaf W¢(z) C A; such that f™¥, intersects infinitely many
times 77 accumulating at z. Then there exists a sequence z,, C f"X, N 17
accumulating at z and H3(x,,) = x,, for somey € m(W¢(2), 2). But then
HY = id and with this H, = id as W(z) C A, is implied contradicting
the fact that W¢(x,,) C A;. So, A; is empty.

[

Hence, we can conclude that
A={W)|3y: H,=idx5}.
In the following lemma we show that the set A is empty.
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Lemma 2.68. The set A as defined above is empty.

Proof. The set A is closed and f-invariant. It is W-saturated and foliated
by arcs ¥, C W"(x) for every x € A. Hence, we get that A is foliated by
two transverse f-invariant foliations. The normal direction must be included
in the unstable direction. If we lift A to A in the 2-cover M of orientation
of E* and if we project A to the leaf space M / WE we obtain a F-invariant
3-dimensional manifold A/W¢ foliated by the 2-dimensional stable foliation
7W and by a l-dimensional unstable foliation. Hence, the submanifold
A/WEe has to be a repeller. The central transitivity of f implies that A = M.
As leaves with trivial holonomy are generic, we obtain that A is empty. [

Therefore, the holonomy of the center foliation is trivial. ]

The unstable bundle £* and the stable bundle E* are not oriented.
The following theorem states the content of Theorem D(2):

Theorem 2.69. Let f : M — M be a centrally transitive partially hyper-
bolic C'-diffeomorphism with a compact f-invariant center foliation. As-
sume dim E® = dim E* = 2, both bundles are not oriented and there exists a
holonomy homeomorphism reversing the orientation of at least one bundle.
Further, assume that the center holonomy is trivial in the 4-fold cover M of
ortentation of E° and E“. Then there exist invariant 2-tori T in the leaf
space ]\Z/VT/c and F|r is conjugate to a hyperbolic toral automorphism.

Proof. We define as usual the set

A= {Wc(x) | [Hol(W*(z),z)| = max [Hol(W*(y), y)| }

of center leaves with a holonomy group of maximal order. The set A is f-
invariant and closed. If we lift A to A in the 2-cover M? of orientation of E*
we can apply Theorem 2.66 above and conclude that A is empty. The same
result is obtained by lifting A to the 2-cover M* of orientation of E*.
Therefore, we can conclude that any non-trivial holonomy homeomorphism
reverses the orientation of E* and E* at the same time and hence, it is 2-
periodic in the stable and unstable direction. Then there existsy € m(W¢(z), x)
which generates any non-trivial holonomy homeomorphism ., = HJ x HY.
Two line segments ¥ C 77 and X% C T are fixed by H,. Then ¥ C A
and X¥ C A. Let y € 3. Then by the Reeb Stability Theorem 1.6
p: Wey) — W¢z)isacover. Asy € X2 is fixed by the whole holonomy
group Hol(W¢(x)), the holonomy group Hol(W¢(y)) is equal to Hol(W¢(z)).
Hence, we have ¥, X% C A for any z € A, and we get two transverse
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one-dimensional foliations of A. Both foliations are f-invariant. If we lift A
to the cover M of orientations of E* and E* and project it to the leaf space
M /W¢ any connected component Ag/W¢ of A/W* is a compact submanifold
of a 4-manifold foliated by two transverse one-dimensional foliations without
compact leaves and hence a 2-torus 1'. The set 121/ We is F-invariant, hence,
there exists k such that the tori 7' are F*-invariant. As F is expansive,
F*|7 is expansive. Lewowicz in [Lew89] showed that the map F*|7 is then
conjugate to a hyperbolic toral automorphism. ]

The following examples illustrate both cases of isolated center leaves with
non-trivial holonomy and of invariant tori of center leaves with non-trivial
holonomy.

Example 2.70. Let A € SL(2,7Z) be a hyperbolic matriz with double eigen-
values 0 < A < 1 < u. Define the following hyperbolic matrix Fu by
diag(A, A,id) € GL(5,7Z) which induces a partially hyperbolic torus automor-
phism f4 on TS with a one-dimensional compact center foliation {x} x S!.

0 —id 0
Let B:= |id 0 0| € GL(5,Z). Then fa commutes with H := B +
0 0 1

(O 0 00 i)T. Then T°/Hx ~ x is a manifold with a partially hyperbolic
diffeomorphism F 4 induced by fa. The leaf space of the center foliation is a
4-orbifold with four singular points,

L1 (1 1\ (11 (0.0,0,0)
2’27272 ) 27 72’ ) ’27 72 Y Y ) )

with non-trivial holonomy H of order four and twelve singular points of order
two.

Example 2.71. Let Fx € SL(5,Z) be the hyperbolic matriz of the Example
2.70 above which induces a partially hyperbolic torus automorphism fa on
TS with a one-dimensional compact center foliation {x} x S'. Let B :=
id 0 0
0 —id 0. Then fa commutes withH::B+(O 0 00 %)T Then
0 0 1
T5/Hx ~ x is a manifold with a partially hyperbolic diffeomorphism Fy
induced by fa. The leaf space of the center foliation is a 4-orbifold with four
tori of singular points:

Ty

g ’l’l,l'geR/Z , a,b=0,

N —
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Outlook

We have showed in the present work that it is possible to recover a lot of
hyperbolic dynamical features in the leaf space of a compact center foliation
with finite holonomy of a partially hyperbolic diffeomorphism f : M — M,
although it is in generality a compact metric space without further structure.
Despite the lack of any differentiable structure in the leaf space it is possi-
ble to utilize the differentiable structure in the original manifold M and the
existence of f-invariant foliations in M to prove interesting and far-reaching
dynamical properties of the induced dynamic on the leaf space as transitivity,
the pseudo-orbit tracing property and hyperbolicity. In the future it might
be interesting to investigate further properties of the induced dynamics on
the leaf space as ergodicity or entropy.

The better understanding of the interplay between the dynamics on the leaf
space and the original partially hyperbolic dynamic on M can help to classify
partially hyperbolic systems with a compact f-invariant center foliation with
finite holonomy. The question what the typical partially hyperbolic system
with a compact invariant center foliation (dropping the assumption of finite
holonomy) looks like was one motivation which stands behind this thesis.
To treat this case in more generality than in the present work the next step
would be to achieve a better knowledge of the possible holonomy groups of a
compact center foliation. It might be conjectured that the holonomy group
of a compact center leaf has to be isomorphic to a subgroup of the linear
orthogonal group, acting linearly on the transversal, and that hence, the leaf
space has always an orbifold structure. The proof of that conjecture would
allow us to use a lot of established results of foliation theory and to narrow
the possibilities of compact center foliations and therewith of partially hy-
perbolic systems with a compact center foliation.
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Zusammenfassung

Diese Arbeit beschéaftigt sich mit den Eigenschaften von partiell hyperbo-
lischen Diffeomorphismen mit einer kompakten Zentrumsblitterung, deren
Blatter jeweils endliche Holonomie besitzen. Die Theorie der partiell hy-
perbolischen dynamischen Systeme ist in den 1970er Jahren als Erweiterung
der hyperbolischen dynamischen Systeme entstanden. Da der Begriff der
partiellen Hyperbolizitat in erster Linie theoretisch motiviert ist, gibt es
bisher ein ungeniigendes Verstandnis davon, wie partiell hyperbolische Sys-
teme konkret aussehen und welches die relevanten Beispielklassen sind. Den-
noch lassen bisherige Arbeiten vermuten, dass partiell hyperbolische Systeme
mit kompakter Zentrumsblatterung, die Gegenstand dieser Arbeit sind, einen
wichtigen Teil der partiell hyperbolischen Systeme umfassen, der derzeit auch
aus anderen Griinden von groflem wissenschaftlichen Interesse ist, beispiels-
weise bei Beschaftigung mit SRB-Maflen.

Folgende Resultate werden in dieser Arbeit erzielt: Sei f : M — M ein par-
tiell hyperbolischer Diffeomorphismus auf einer kompakten Mannigfaltigkeit
M mit einer kompakten Zentrumsblatterung W mit endlicher Holonomie.
Dann gilt fiir den von f auf dem Quotientenraum M /W* induzierten Homéoo-
morphismus F' das Beschattungslemma. Unter der weiteren Annahme, dass
die instabile bzw. stabile Richtung eindimensional ist, ist F' transitiv. Wenn
der Diffeomorphismus f auf eine 2-Uberlagerung M geliftet wird, dann definiert
die Quotientenabbildung 7 : M — M / WE ein Faserbiindel und f induziert
auf der Basis M / We einen Homéomorphismus, der zu einem hyperbolischen
Torusautomorphismus konjugiert ist. Die Zentrumsblatter mit nichttrivialer,
endlicher Holonomie konnen genau identifiziert werden: Es sind endlich viele,
die auf periodischen Orbits des Diffeomorphismus liegen. Eine direkte Ver-
allgemeinerung des Ergebnisses auf partiell hyperbolische Systeme beliebiger
Dimensionen ist nicht moglich: Es gibt Beispiele von Systemen der Kodi-
mension (2+2), bei denen die Zentrumsblédtter mit nichttrivialer Holonomie
Untermannigfaltigkeiten bilden, und andere Beispiele, bei denen es nicht aus-
reicht, das System auf eine 2-Uberlagerung zu liften, um die nichttriviale
Holonomie zum Verschwinden zu bringen.
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