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Analyse par ondelettes du mouvement multifractionnaire stable
linéaire

Résumé

Le mouvement brownien fractionnaire (mbf) constitue un important outil de modélisation utilisé
dans plusieurs domaines (biologie, économie, finance, géologie, hydrologie, télécommunications,. .. ) ;
toutefois, ce modéle ne parvient pas toujours & donner une description suffisamment fidéle de la
réalité, & cause, entre autres, des deux limitations suivantes : d’une part le mbf est un processus
gaussien, et d’autre part, sa rugosité locale (mesurée par un exposant de Holder) reste la méme
tout le long de sa trajectoire, puisque cette rugosité est partout égale au paramétre de Hurst H
qui est une constante. En vue d’y remédier, S. Stoev et M.S. Taqqu (voir [28, 30]) ont introduit le
mouvement multifractionnaire stable linéaire (mmsl); ce processus stochastique strictement a-stable
(StasS), désigné par Y = {Y(t) : t € R}, est obtenu en modifiant, la représentation du mbf sous
forme de moyenne mobile non anticipative, de la fagon suivante : la mesure brownienne est remplacée
par une mesure StasS, et le paramétre de Hurst H par une fonction H(-) dépendant de ¢. Dans la
these, on se place systématiquement dans le cas ol cette fonction est continue et & valeurs dans
I'intervalle ouvert |1/« 1[. Il convient aussi de noter que 1’on a pour tout ¢t € R, Y (¢) := X(¢, H(t)),
oun X = {X(u,v) : (u,v) € Rx|1/a, 1[} est le champ stochastique StasS, tel que pour tout v fixé,
le processus X (-,v) := {X(u,v) : u € R} est un mouvement fractionnaire stable linéaire (mfsl). La
theése comporte principalement trois parties.

(1) L'objectif principal de la premiére partie, est de déterminer de fins modules de continuité,
globaux et locaux, du mmsl {Y'(¢) : ¢ € R}; pour ce faire, la stratégie consiste a étudier avec
précision le comportement trajectoriel du champ {X (u,v) : (u,v) € Rx]1/a, 1]}, ainsi que celui
de sa dérivée partielle de tout ordre par rapport & v. L’étude repose essentiellement sur une
nouvelle représentation de {X(u,v) : (u,v) € Rx]1/a, 1[}, sous la forme d'une série aléatoire
dont on montre la convergence presque stire dans certains espaces de Hdlder; signalons que
cette série est obtenue en décomposant le noyau associé¢ a {X (u,v) : (u,v) € Rx]1/a, 1]} dans
une base d’ondelettes de Daubechies de classe C3(R). La méthodologie de cette premiére partie,
s’inspire, dans une certaine mesure, de celle déja utilisée par Ayache, Roueff et Xiao (voir |5])
dans le cadre du drap fractionnaire stable linéaire.

(2) Comme nous venons de I'indiquer, la représentation du champ {X (u,v) : (u,v) € Rx]1/a, 1[}
sous la forme d'une série aléatoire via une base d’ondelettes de Daubechies de classe C3(R),
est un outil treés utile, lorsqu’il s’agit de mener une étude précise du comportement trajectoriel
de ce champ. Cependant cette représentation a deux inconvénients : d’une part, elle n’est pas
suffisamment explicite et ne peut donc permettre une simulation du mmsl en un temps de calcul
raisonnable, d’autre part, elle ne sépare pas complétement les parties hautes et basses fréquences
de {X (u,v) : (u,v) € Rx|1/a, 1[}. Afin d’y remédier, 'objectif principal de la deuxiéme partie
de la thése consiste d’abord & introduire, via la base de Haar, une autre représentation en
série aléatoire de ce champ; il consiste ensuite a établir, au moyen de transformées d’Abel,
la convergence presque stire de cette série uniformément en (u,v) dans un rectangle compact ;
il consiste enfin & estimer finement la vitesse de convergence, il s’avére que cette vitesse est
raisonnable.

(3) L’objectif principal de la troisiéme partie de la thése, est de construire au moyen des coefficients
d’ondelettes {dj,k}(j,k)622 du mmsl, des estimateurs statistiques de trois importants parameétres
reliés & ce processus, a savoir : le minimum de la fonction H(-) sur un intervalle compact
arbitraire, H(ty) la valeur de celle-ci en un point ¢y choisi arbitrairement, et la valeur du
paramétre de stabilité a. On montre qu’a une échelle donnée j assez grande, des estimateurs
des deux premiers paramétres sont obtenus grace a des moyennes empiriques d’ordre 5 < 1/4,



issues de certains des {dj,k}(j,k)eZQ; de plus, le maximum des amplitudes de ces coefficients,
fournit un estimateur du troisiéme paramétre.
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Wavelet analysis of Linear Multifractional Stable Motion

Abstract

Fractional Brownian Motion (FBM) is an important tool in modeling used in several areas (biol-
ogy, economics, finance, geology, hydrology, telecommunications, and so on); however, this model does
not always give a sufficiently accurate description of reality, two important ones among its limitations,
are the following: on one hand, FBM is a Gaussian process, and on the other hand, its local roughness
(measured through a Holder exponent) remains the same all along its path, since this roughness is
everywhere equal to the Hurst parameter H which is a constant. In order to overcome the latter two
limitations, S. Stoev and M.S. Taqqu (see [28, 30]) introduced Linear Multifractional Stable Motion
(LMSM); this strictly a-stable (StaS) stochastic process, denoted by Y = {Y(¢) : t € R}, is obtained
by modifying, the non anticipative moving average representation of FBM, in the following way: the
Brownian measure is replaced by a StaS one, and the Hurst parameter H by a function H(-) depend-
ing on t. Throughout the thesis, one assumes the latter function to be continuous and with values in
the open interval (1/a,1). Also, it is worth noticing that one has for all t € R, Y (¢) := X (¢, H(t)),
where X = {X (u,v) : (u,v) € R x (1/a, 1)} is the StasS stochastic field, such that for all fixed v, the
process X (-,v) := {X(u,v) : u € R} is a Linear Fractional Stable Motion (LFSM). The thesis mainly
consists into three parts.

(1) The main goal of the first part, is to determine, sharp global and local moduli of continuity
for the LMSM {Y(¢t) : t € R}; to do so, the strategy consists in studying with precision
path behavior of the field {X(u,v) : (u,v) € R x (1/c,1)}, as well as that of its partial
derivative of any order with respect to v. The study mainly relies on a new representation of
{X(u,v) : (u,v) € R x (1/a,1)}, as a random series which almost surely converges in some
Holder spaces; let us mention that this series is obtained by decomposing the kernel associated
to {X (u,v) : (u,v) € R x (1/a,1)} in a C3(R) Daubechies wavelet basis. The methodology, in
this first part, is, to a certain extent, inspired by that already used by Ayache, Roueff and Xiao
(see [5]) in the setting of linear fractional stable sheet.

(2) As we have just indicated, the representation of the field {X (u,v) : (u,v) € R x (1/a, 1)} as
a random series via a C3(R) Daubechies wavelet basis, is a quite useful tool for conducting a
precise study on path behavior of this field. However, this representation has two drawbacks:
on one hand it is not explicit enough therefore it does not allow for a simulation of LMSM
in a reasonable calculation time, on the other hand, it does not completely separate the high
frequency part of {X(u,v) : (u,v) € R x (1/a,1)} from the low one. In order to overcome
the latter two drawbacks, the main goal of the second part of the thesis, first consists in
introducing, via the Haar basis, another random series representation of this field; then it
consists in establishing, thanks to Abel transforms, the almost sure convergence of this series
uniformly in (u,v) belonging to a compact rectangle; last but not least, it consists in deriving
sharp estimates of the rate of convergence, this rate turns out to be reasonable.

(3) The main goal of the third part of the thesis, is to construct, by making use of wavelet
coefficients {dj,k}(j,k)eZQ of LMSM, statistical estimators of three important parameters related
to this process, namely: the minimum of the function H(-) over an arbitrary compact interval,
H(ty) its value at an arbitrarily chosen point tg, and the value of the stability parameter . One
shows that at a given scale j big enough, estimators of the first two parameters can be obtained
thanks to empirical means of order 8 < 1/4, derived from some of the d;;’s; moreover, the
maximum of the amplitudes of these coeflicients, provides an estimator for the third parameter.
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CHAPITRE 1
Introduction

Rappelons que le mouvement brownien fractionnaire (mbf en abrégé) de parameétre de Hurst
H €]0,1[ (voir [26, 17]), noté par By = {Bpu(t) : t € R}, est I'unique processus gaussien centré,
H-auto-similaire et & accroissements stationnaires; la représentation sous forme de moyenne mobile
non anticipative de ce processus est donnée pour tout ¢ € R, par 'intégrale de Wiener,

Bu(t) ::/R{(t—s)fl/z—(—s)f1/2}W(ds), (0.1)

oll, pour tous nombres réels x et x,

x" 81 x €0, +00],

(@) =

0,si z €] — 00, 0].

Bien que le mbf soit un important outil de modélisation utilisé dans plusieurs domaines (biologie,
économie, finance, géologie, hydrologie, télécommunications, ...); ce modeéle n’est quand méme pas
toujours trés réaliste, a cause, entre autres, des deux limitations suivantes, qui I’empéchent de pouvoir
décrire fidélement de multiples signaux de la vie réelle :

(1) le mbf est gaussien ;

(2) sa rugosité locale, mesurée par exemple au moyen de 'exposant de Holder local (voir (8.3)
dans le chapitre 2 pour la définition précise de cet exposant), reste la méme tout le long de
sa trajectoire et vaut presque stirement H en tout point %g.

Dans I'objectif de disposer de modéles qui soient en meilleure adéquation avec la réalité, de nombreuses
extensions du mbf ont été introduites au cours de ces deux ou trois derniéres décennies; parmi les
plus importantes figurent le mouvement fractionnaire stable linéaire (mfsl en abrégé) (voir [26, 17])
et le mouvement brownien multifractionnaire gaussien (mbm en abrégé) (voir [22, 9]).

Le mfsl permet de s’éloigner de facon considérable du cadre gaussien; en effet, ce processus est
défini dans un contexte de lois de probabilité a queues épaisses (on dit aussi & queues lourdes), en
remplagant dans (0.1), H — 1/2 par H — 1/« et la mesure brownienne W(:) par Z, (-) une mesure
strictement a-stable ! (StaS) ; signalons que dans toute la thése on se restreindra & o €]1,2[, parce
que cette condition permet d’avoir la continuité des trajectoires des processus et des champs étudiés.

Le mbm permet d’avoir une rugosité locale qui varie d’un point & un autre; il est défini en
remplacant dans (0.1), le paramétre de Hurst constant H par une fonction H(-) qui dépend de la
variable t; lorsque H () est suffisamment réguliére, 'exposant de Hélder local du mbm vaut, presque
stirement H (tp), en tout point to (voir [22, 9, 6, 3]).

Ainsi, pour étre dans un cadre de lois de probabilité & queues épaisses et avoir de plus une rugosité
locale qui varie d’un point & un autre tout en restant contrélable au moyen d’un parameétre fonctionnel
déterministe noté par H(-), il semble naturel de considérer le processus StaS, Y = {Y(t) : t € R}

1. Dans toute la thése, on considére que cette mesure est & valeurs réelles, « & accroissements indépendants »
(« independently scattered » en anglais) et que la mesure de controle associée est la mesure de Lebesgue.

iii



Introduction

défini pour tout ¢t € R, de la fagon suivante :
Y(t) = /R {(t — )= (—s)fj“)—”a}za (ds). (0.2)

Ce processus Y = {Y(t) : t € R} s’appelle le mouvement multifractionnaire stable linéaire (mmsl en
abrégé) de paramétre (fonctionnel de Hurst) H(-) et de paramétre de stabilité «, il a été introduit
par Stoev et Taqqu dans [28, 30]; selon ces deux auteurs il serait un bon candidat pour modéliser
certains phénomeénes non gaussiens liés & des changements de régimes, lors d’échanges de paquets
d’informations sur des réseaux de télécommunications. Dans toute cette thése, on suppose que H(-)
est une fonction continue sur la droite réelle et & valeurs dans un intervalle compact [H, H] C]1/a, 1].
1l est important de garder toujours a ’esprit que le mmsl est intimement lié au champ stochastique
StaS X = {X(u,v) : (u,v) € Rx]1/a, 1[}, défini pour tout (u,v) par I'intégrale stochastique,

X (u, ) ::/R{(u— s)u e (—s)”_fl/a}za (ds) ; (0.3)

en effet, a cause (0.2), on a pour tout t € R,
Y(t) .= X(t,H(t)). (0.4)

Dans toute la thése, ce champ X sera appelé le champ qui engendre les mmsl; on se gardera de
le confondre avec le mfsl : en fait, pour tout v €]1/a, 1] fixé, le processus stochastique X (-,v) :=
{X(u,v) : u € R} est un mfsl de paramétre de Hurst v.

Nous allons désormais décrire de fagon succincte, chacun des quatre chapitres (les chapitres 2 a 5)
qui constituent le corps de cette thése; au préalable signalons que, au chapitre 2, on se place dans le
cas ol la mesure Z, (-) est strictement a-stable (StasS), alors que dans les trois autres chapitres on
se restreint au cas oil cette mesure est symétrique a-stable (SasS).

L’objectif du chapitre 2, consiste & faire une fine étude du comportement global et local du champ
0 X, ol q € Z, ainsi que du processus mmsl Y associé & X ; pour ce faire nous utilisons des méthodes
d’ondelettes qui s’inspirent, dans une certaine mesure, de celles qui ont déja été mises en ceuvre par
Ayache, Roueff et Xiao dans le cadre du drap fractionnaire stable linéaire (voir [5]).

Considérons v une ondelette « mére » de Daubechies & support compact, qui est trois fois conti-
niment dérivable sur R. En développant, pour tout (u,v) € Rx|1/a, 1] fixé, le noyau déterministe

associé a la variable aléatoire X (u,v) voir (0.3), i.e. la fonction s — (u — s)qu_l/a — (—s)i_l/a, dans

la base {27/a¢(2j -—k):(5,k) € ZZ}, on obtient la représentation suivante de X (u,v),

X(uv)= Y 277, (¥(2u—k,v) — ¥(=k,v)), (0.5)
(4,k)ez?
ou :
o U désigne la fonction déterministe réguliére, définie pour tout (x,v) € Rx]1/a, 1] par,
U(z,v) = /(:c — )" p(s)ds; (0.6)
R

o {€jr:(j, k) € Z?} est la suite de variables aléatoires StaS définies par

e i= 20 / (s — k)7 (ds) - (0.7)
R
iv



Il convient de souligner que ¥ ainsi que ses dérivées partielles de tous ordres, sont des fonctions bien
localisées en la variable z € R, uniformément en la variable v € [a, b], ou a et b désignent deux réels
arbitraires et fixés vérifiant 1/a < a < b < 1; plus précisément, pour tout (p,q) € {0,1,2,3} x Z,
on a,
2
sup (34 |z|) |(8£83\I/)(m,v)‘ < 00. (0.8)
(z,v)eRX[a,b]

Soulignons aussi que l'on dispose, presque siirement, d’un controle « déterministe » du comporte-
ment asymptotique de la suite {Ej,k (g, k) € ZQ}; plus précisément, pour tout réel n > 0 fixé et
arbitrairement petit, on a, presque stirement,

legrl <€ (1) (04 1K) log! o (24 [K]) ) (0.9)

ou C désigne une variable aléatoire finie presque siirement et qui ne dépend pas de (j, k).

Au moyen de (0.8) et (0.9), on montre que, presque srement, pour tous réels fixés M > 0
et v € [0,a — 1/a), la série définie en (0.5) et sa dérivée partielle par rapport & v d’ordre arbitraire
q € Z, sont convergentes dans l'espace &, (a, b, M) := C!([a,b],C7([— M, M],R)) (notons que C*(I,B)
désigne I'espace des fonctions A\-hldériennes définies sur un intervalle I et a valeurs dans un espace de
Banach B). Ensuite, en combinant ce dernier résultat avec (0.8) et (0.9), on obtient de fines propriétés
trajectorielles du champ 9¢ X : on a, presque sfirement,

s { [(98) (u, 1) — (D4X) (uz, o)

’U1 _ U2|U1\/U271/a(1 + ‘ log |U1 _ u2||)q+2/a+77

}<m,mm)

(’LH,UQ,’Ul,UQ)E[—M,M]QX[a,b]z + ‘ful - U2|

et

|(98X) (u, v)| e o
(u,v)ER X [a,b] |u|v(1+‘log|u|’)q+l/a+n

Ainsi, en imposant & H(-) des conditions de Holder assez faibles, les relations (0.10) et (0.11) (dans
lesquelles on prend ¢ = 0), nous permettent d’obtenir des modules de continuité globaux et locaux
du mmsl Y ; les plus importants d’entre eux, sont :

Y () - Y(s), 3
Sup min H(z)-1/a 2/atn o
(t,s)€[My,Ma)? | |t — s w€ldy, Mo (1 4 ‘ log |t — s \)

sup { |Y(t) — Y(to)} } < 00 (0.13)

tethiattz) | [t — tol#0) (1 1 [log [t — tol[) 7

signalons que M1 < My et tg sont des réels arbitraires et fixés, signalons aussi que la finitude de ces
deux derniers supremas, a lieu presque stirement.

Finalement, on montre que le module de continuité global (0.12) est quasi-optimal, c’est a dire
que le supremum devient presque stirement infini lorsque le facteur logarithmique est élevé & une
certaine puissance négative. De plus, on prouve que le module de continuité local (0.13) est optimal,
c’est a dire que le supremum devient presque stirement infini lorsque 1 = 0.

(0.12)

et

Résumons maintenant le contenu du chapitre 3. Il convient d’abord de préciser que les parties
hautes et basses fréquences du champ X = {X (u,v) : (u,v) € [0,1]x]1/c, 1]}, sont respectivement les

\%



Introduction

champs stochastiques SasS, notés par X7 = {X;(u,v) : (u,v) € [0,1]x]1/a, 1[} et Xo = {Xa(u,v) :
(u,v) € [0,1]x]1/c, 1[}, et définis pour tout (u,v) € [0,1]x]1/a, 1], par,

1
X1 (u, v) ::/0 (u— 5)" " Z(ds)
et

0

Xofuro) = [ {(u= 97" = (o) Zatas)
—0o0

notons que les propriétés de X sont loin d’étre tout & fait semblables a celles de Xs.

Le chapitre 3 s’inspire dans une certaine mesure de l'article [4]; sa motivation de départ est
d’introduire des représentations de X; et X9 en séries aléatoires suffisamment simples et explicites
pour permettre la simulation de Y7 = {Yi(¢) : ¢t € [0,1]} = {X1(¢t,H(t)) : t € [0,1]} et Y5 =
{Ya(t) : t € [0,1]} = {Xa(t,H(t)) : t € [0,1]}, les parties hautes et basses fréquences du mmsl
Y={Y(t):te[0,1]} ={X(t, H(t)) : t € [0,1]} ={Y1(t) + Ya(t) : t € [0,1]}, en un temps de calcul
raisonnable.

Les preuves des résultats présentés dans le chapitre 2, témoignent que la représentation en série
(0.5), est un outil puissant pour une étude fine des propriétés des trajectoires de X et Y ; mais,
cette représentation, par l'intermédiaire de 'ondelette de Daubechies réguliére ¢, souffre des deux
inconvénients suivants :

e La fonction ¥ (voir (0.6)) et les variables aléatoires €;, (voir (0.7)) ne peuvent pas étre définies
au moyen de formules simples et explicites, puisque ce n’est pas le cas pour 'ondelette de
Daubechies 1 elle-méme ; donc (0.5) ne peut guére fournir une méthode efficace de simulation
de X et Y.

e Dans (0.5), X7 et X, les parties hautes et basses fréquences de X, ne sont pas complétement
séparées ; cela provient essentiellement du fait que le diamétre du support de 1, est strictement
plus grand que 1 (ce diamétre est méme nettement plus grand que 1).

Afin de remédier & ces deux inconvénients, dans ce chapitre, nous remplacons v par la fonction de
Haar h := 1jg 121 — L[1/2,1[, oit 1g désigne la fonction indicatrice d’un sous-ensemble arbitraire .S de
R. La fonction continiment différentiable 6 : Rx]1/a, 1][— R est définie par (0.6) ou v est remplacée
par h; méme si 6 joue un role assez semblable & celui de W, il existe une différence considérable entre
ces deux fonctions, en effet :

e d’une part, 6 présente 'avantage d’étre donnée par la formule simple et explicite, pour tout

(z,v) € Rx|1/a, 1],

O(z,v) = (14+v— 1/0)_1{(50 _ 1)}r+v71/a - 1/2)?%1/0{ n (x)iﬂ—l/a};

e mais, d’autre part, 6 souffre de I'inconvénient d’étre moins réguliére que ¥ et, chose plus im-
portante, elle ne vérifie pas la propriété de bonne localisation (0.8).

Pour tout (j,k) € Z?, nous désignons par (; la variable aléatoire SaS définie au moyen de (0.7) out

1 est remplacée par h; contrairement a €, la variable aléatoire (jj est donnée explicitement par la

formule simple,
; k k+1/2 kE+1
. — _9j/a _
o= (i (57) -2 (57 ¢ (57) )

ol {Zy (t) : t € R} est le processus de Lévy SaS qui est induit par la mesure Z, (+).
Ainsi, en reprenant la méme méthode qui a permi d’obtenir, pour tout (u,v) € [0,1]x]1/a, 1] fixé,
la représentation (0.5) de la variable aléatoire X (u,v), on aboutit aux deux représentations suivantes
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pour les variables aléatoires X (u,v) et Xa(u,v) :

1+v 1/ 291

X1(u,v) = +Zz gv Z Gk (2u — k,v), (0.14)

1+v—1/a
et

Z 2- JUZ( (0(27u+ k,v) — 0(k,v)). (0.15)
j=—o00

Il s’agit d'un probléme délicat de montrer que les séries (0.14) et (0.15), sont presque sirement
convergentes dans ’espace des fonctions continues C([0, 1] x [a, b],R); la principale difficulté dans ce
probléme vient du fait que 0 est une fonction mal localisée en la variable x : en effet, lorsque v € [a, b
est fixé et que z tend vers +o00, alors 6(z, v) converge vers 0, a la méme vitesse que V=112 Afin de
contourner cette difficulté, nous utilisons des transformées d’Abel appropriées, ce qui nous permet de
prouver que ’on a, presque siirement, pour tout réel n > 0 arbitrairement petit, et tout entier positif
J suffisamment grand,

1X1(,) = X7 ) leqoayxapr) = O (2_‘](‘1_1/0‘)J2/a+”>

et
12, = X3¢ leqoxianzy = O (277070 etn)

Xi] et XQ] étant, respectivement les sommes partielles de X; et X, définies pour tout (u,v) €
[0,1] x [a,b] par,

1+v71/a 2-1
Xl(U’U) m 22] chkQZJU—kU)
et
2J—14l
X4 (u,v) Z 27V Z G-k (0(27u + k,v) — 0(k,v)).
j=1-J

Résumons maintenant le contenu du chapitre 4. Dans le cas du mfsl, le probléme de ’estimation du
parametre de Hurst H a déja été étudié dans plusieurs travaux (voir entre autres [1, 13, 14, 24, 27])
et des estimateurs fortement consistants, obtenus au moyen de transformées par ondelettes de ce
processus, ont été proposés ; notons au passage que ces estimateurs ne nécessitent pas la connaissance
du paramétre de stabilité a.

Par ailleurs, dans le cas du mbm, le probléme de l'estimation de H (to) (to est un point arbitraire et
fixé), a lui aussi déja été étudié dans plusieurs travaux (voir entre autres [8, 10, 11, 7, 19, 23|) et des
estimateurs fortement consistants, obtenus en « localisant autour de g »des variations quadratiques
généralisées de ce processus, ont été proposés.

En revanche, dans le cas du mmsl aucun travail sur I’estimation de H (tg) (o est un point arbitraire
et fixé) ou encore de mingey H(t) (I est un intervalle compact d’intérieur non vide arbitraire et fixé),
n’a encore été entrepris; ¢’est ce que nous nous proposons de faire dans le chapitre 4, au moyen de
coefficients d’ondelettes de ce processus.

Dans ce chapitre, on suppose que le paramétre fonctionnel H(-) du mmsl {Y(¢) : ¢t € [0,1]},
vérifie sur lintervalle [0, 1], une condition de Hélder uniforme d’ordre strictement plus grand que
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Introduction

max;e(1] H(t). Pour tout j € Zy et k € {0,...,27 — 1}, le coefficient d’ondelette d;j du mmsl
{Y (t) }efo,1), est défini par,

djj = Qj/y(t)w(zﬂ't — k)dt ; (0.16)
R

signalons que ’on impose a l'ondelette 1) (qui ne doit pas étre confondue avec 'ondelette de Daubechies
dont il était question précédemment) que de faibles hypothéses : ¢ est une fonction arbitraire, a valeurs
réelles, continue sur R, & support compact non vide inclus dans I'intervalle [0, 1], de plus ¢ posseéde
au moins deux moments nuls, ce qui signifie que

/R b(s)ds = /R st(s)ds = 0

il est a noter qu’il n’y a pas besoin que {2j/2¢(2j - —k) : (j,k) € Z*} soit une base orthonormale de
L3(R).

Nous allons maintenant présenter la procédure qui permet l'estimation de minge; H(t) et de
H(to), ou I C [0, 1] est un intervalle arbitraire compact d’intérieur non vide, et ¢y € [0, 1] est un point
arbitraire et fixé.

On désigne par (I;) ez, une suite arbitraire d’intervalles compacts de [0, 1] dont les diamétres ||
vérifient pour tout entier j, assez grand, l'inégalité,

1] > 277/,

Signalons que,
(a) lorsqu’on cherche & estimer H (o), (/j);ez, est alors typiquement une suite décroissante au
sens de U'inclusion et qui « converge » vers {to} c’est a dire que

{to}= () L ;
JELy
(b) lorsqu’on cherche & estimer mine; H(t), (I;);jez, est alors typiquement la suite constante qui
vaut I.
En toute généralité, & chacun de ces intervalles I; est associé un ensemble d’indices k, noté par v; et
défini par,
vi={ke{0,....,27 -1} : 277k € I;} .

Soit B € [0, /4] un réel arbitraire et fixé; signalons que lorsqu’on ne connait pas « on choisit alors
B dans U'intervalle ]0,1/4]. Désignons par V; la moyenne empirique définie par,

1
Vji=—— ) |djslP.
7 card(y;) l;u] J

Le principal résultat du chapitre 4 est, que l'on a, presque stirement,

1 V; 5.
1083VD) _ i ()| —22 0. (0.17)
—jB tel; j—+o00
Ce résultat repose essentiellement sur le fait que,
V}‘ p.s.
— 1. 0.18
E(V}) Jj—+0o0o ( )

Les trois principaux ingrédients de la preuve de (0.18) sont : I'inégalité de Markov, le lemme de Borel-
Cantelli, et un résultat, issu de [24], qui donne une « sympathique » estimation de ‘cov(]fﬂﬁ, \52]5)‘,
ol & et & sont deux variables aléatoires SaS vérifiant certaines conditions.
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Signalons enfin qu’il résulte de (0.17) et de la continuité de H(-) lorsqu’on se place dans la
situation (a) (voir ci-dessus), la statistique

log, (V;)
—jB
fournit un estimateur fortement consistant de H(tp), et lorsqu’on se place dans la situation (b) cette
statistique fournit, cette fois, un estimateur fortement consistant de minye; H (t).

Résumons enfin le contenu du chapitre 5. L’objectif de ce chapitre est de construire un estimateur
par ondelettes fortement consistant du paramétre de stabilité o du mmsl {Y(¢) : ¢ € [0, 1]}. On impose
au paramétre fonctionnel H(-) de processus et a 'ondelette analysante ¢ de vérifier les hypothéses
du chapitre précédent ; de plus, tout comme dans le chapitre précédent le coefficient d’ondelette d;
de {Y(¢t) : t € [0, 1]}, est défini par (0.16). Posons,

D; := max |d;|.
J 0 §k<23" J,k:|

A la vue des hypothéses faites sur v, notamment la compacité de son support et la nullité de son
premier moment, on montre facilement, grace au module de continuité global (0.12), que, l'on a
presque stirement, pour tout réel > 0 arbitrairement petit,

Tim sup {2j<mi“wewvu H (I>*1/“*")Dj} < . (0.19)

j—+oo
A Tinverse, compte tenu de la quasi-optimalité de ce module de continuité, il semble naturel de se
demander si, ’on a, presque stirement,

lim sup {2J'<mi“we[0,u H(x)-1/ °‘+")Dj} _ (0.20)

Jj—+oo
Il est & noter, que dans notre cadre, on n’est pas autorisé a faire appel & la caractérisation de la
régularité de Holder globale au moyen des coefficients d’ondelettes (voir [20, 21, 12]), pour établir
(0.20) ; en effet pour pouvoir y faire appel, il aurait au moins fallu imposer & ¢ d’étre une fonction
continiiment dérivable et a {Qj/Qq/)(Qj - —k) : (j, k) € Z*} de former une base.

Afin de contourner cette difficulté, nous utilisons certaines propriétés spécifiques au mmsl, ainsi
que la compacité du support de ¥. Nous montrons alors quun résultat plus fort que (0.20) est méme
vrai; & savoir, on a presque sfirement, pour tout 1 > 0 arbitrairement petit,

lim inf {2ﬂ'<minme[o,n H(@)-1/ a*”)D]} = o0. (0.21)

J—r+0oo

Enfin, posouns,

Ai = ij + 710g2(,D]),

Oéj ]
oll ﬁj est l'estimateur fortement consistant de ming,¢jo 1 H (z) construit au chapitre 4; alors, en
combinant (0.19) avec (0.21), on peut montrer que &; est un estimateur fortement consistant de .

Avant de clore cette introduction, signalons que I'estimation du paramétre o dans le cas du mfsl

(rappelons que dans ce cas la fonction H(-) devient une constante) a fait 'objet de l'article [2], que
nous avons décidé d’inclure tel quel dans le mémoire de cette thése.
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CHAPITRE 2

Représentation via des ondelettes de Daubechies et étude fine du
comportement trajectoriel

1. Introduction

One of the most natural extension of the well-known Gaussian Fractional Brownian Motion (FBM,
for brevity) to the setting of heavy-tailed stable distributions, is the so called Linear Fractional Stable
Motion (LFSM, for brevity); we refer to |26, 31, 17] for a detailed presentation of the latter process, as
well as other classical examples of stable processes, it is worth noticing that the path behavior of LFSM
is much more complex than that of FBM. Stoev and Taqqu |28, 30] have introduced a generalization
of LFSM, called Linear Multifractional Stable Motion (LMSM, for brevity); the latter denomination
comes from the fact that the constant Hurst parameter of LEFSM is replaced by a deterministic function
depending on the time variable. According to [30], a LMSM model is a good candidate to adequately
describe some features of traffic traces on telecommunication networks, typically changes in operating
regimes and burstiness (the presence of rare but extremely busy periods of activity). Before ending
this paragraph, we note in passing that, a Real Harmonisable Multifractional Stable Process, has
been recently introduced in [15].

In order to precisely define LMSM, first, we need to fix some notations to be used throughout the
article.

— Recall that heaviness of the tail of a stable distribution is governed by a parameter belonging
to (0,2), usually denoted by «; the smaller « is the more heavy is the tail. In this article, we
always assume that o € (1,2), since it has been shown in [28], that the latter assumption is
actually a necessary condition for the paths of LMSM to be, with probability 1, continuous
functions.

— H(-) denotes an arbitrary deterministic continuous function defined on the real line and with
values in a compact interval [H, H] C (1/a, 1); similarly to the Hurst parameter of LFSM, this
function will be an essential parameter for LMSM.

~ Zq(ds) is an independently scattered strictly a-stable (StaS) random measure on R, with
Lebesgue measure as its control measure and an arbitrary Borel function §(-) : R — [-1,1]
as its skewness intensity. Many information on such random measures and the corresponding
stochastic integrals can be found in the book [26].

LMSM’s are generated by the StaS random field X = {X (u,v) : (u,v) € R x (1/a, 1)}, defined for
all (u,v) as the stochastic integral,

oy v—1/a v—1/a
X (u,v) = / {57 — ()7 ) Za(ds), (1.1)
R
where, for each real numbers z and &,

x®,if x € (0, +00),

() = (1.2
0,if x € (—o0,0].

1



Représentation via des ondelettes de Daubechies et étude fine du comportement
trajectoriel

Actually, Y = {Y (¢) : t € R}, the LMSM of functional Hurst parameter H(-), is defined for all ¢ € R,
as

Y(t) = X(t, H(t)). (1.3)
Observe that, assuming () to be a constant, then for each fixed v € (1/a, 1), the process X (-,v) :=
{X(u,v) : u € R} is the usual LFSM of Hurst parameter v; therefore LMSM reduces to LFSM when
one also assumes H(-) to be a constant.

In this article, we construct via Daubechies wavelets, a "nice" modification of the field {X (u,v) :
(u,v) € Rx (1/a, 1)} denoted by {X (u,v) : (u,v) € Rx (1/c,1)} (see Theorem 2.1), also, we denote
by {Y () : t € R} the modification of LMSM defined for each ¢t € R, as Y (t) := X (¢, H(t)). Our main
goal is to make a comprehensive study of the local and asymptotic behavior of {Y(¢) : t € R}, to this
end one needs to derive fine path properties of { X (u,v) : (u,v) € R x (1/a, 1)}, this is done by using
wavelet methods, reminiscent of those in [5].

The remaining of the paper is structured in the following way. Section 2 is devoted to the
construction of {X (u,v) : (u,v) € R x (1/a, 1)} which is obtained as a random series of functions,
resulting from the decomposition of the kernel in (1.1) into a Daubechies wavelet basis. In Section 3,
we show that this random series and all its term by term pathwise partial derivatives of any order
with respect to v, are convergent in a strong sense: with probability 1, in the space & (a,b, M) =
C*([a,b],C7([—M, M],R)), where the real numbers M >0,0<1/a<a<b<land0<y<a—1/a
are arbitrary and fixed, and where C*(,B) denotes the space of the A-Holder functions defined on
an interval I and with values in a Banach space B; notice that an important consequence of the
latter result is that, for each ¢ € Z,, a typical path of the field {(9¢X)(u,v) : (u,v) € R x (1/a, 1)}
belongs to & (a,b, M). In Section 4, fine path properties of the latter field, are derived thanks to
its wavelet series representation; namely we determine a global modulus of continuity for it on the
rectangle [—M, M] x [a, b], also we give, when (u,v) € R x [a,b], an upper bound for ‘(&(fX)(u,v)’.
The latter two results are used in Section 5, in order to obtain global and local moduli of continuity
for the LMSM {Y (¢) : t € R}. The optimality of some of these moduli of continuity is discussed in
Sections 6 and 7; under some Holder conditions on H(-), it turns out that the global one is quasi-
optimal (it provides, up to a logarithmic factor, a sharp estimate of the behavior of {Y'(¢) : ¢ € R}, on
an arbitrary fixed compact interval) and the local one is optimal (it provides, without any logarithmic
gap, a sharp estimate of the behavior of {Y(¢) : ¢ € R} on a neighborhood of an arbitrary fixed point).
In Section 8, by making use of the quasi-optimality of the global modulus of continuity of LMSM,
we show that its local Holder exponent is almost surely, at a point to, equal to H(tyg) — 1/« (the
exceptional negligible event on which the equality is not satisfied, does not depend on tp). Finally,
some technical lemmas as well as their proofs are given in Section 9 (the Appendix).

2. Wavelet series representation of the field generating LMSM’s

Let X = {X(u,v) : (u,v) € R x (1/a,1)} be the StaS stochastic field introduced in (1.1), the
goal of this section is to construct a modification of X , denoted by X, which is defined as a random
wavelet series. We note in passing that, random wavelet series representations of LFSM and other
self-similar stable fields with stationary increments, have been introduced in [16].

First, we need to fix some notations related to wavelets that will be extensively used throughout
the article.

— The real-valued function v defined on the real line, denotes a 3 times continuously differentiable

compactly supported Daubechies mother wavelet [12, , 21]; observe that ¢ has @ > 15
vanishing moments i.e.:
/ tMap(t)dt = 0, for all m =0,...,Q — 1, and / 94 (t)dt # 0. (2.1)
R R
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2 Wavelet series representation of the field generating LMSM’s

The fact that 1 is a compactly supported function will play a crucial role; for the sake of
convenience, we assume that R is a fixed real number strictly bigger than 1, such that

supp ¢ C [ R, R]. (2.2)
— The real-valued function V¥ is defined for all (z,v) € R x (1/a,1) as,
U(z,v):= /R(s)j_l/aw(:p —s)ds = /R(:E - s)ifl/aw(s)ds; (2.3)

recall that the definition of (-)1:1/0‘ is given in (1.2). Denoting by I" the usual Gamma function:
+o0o
[(u) = / tv=Le~tat, for all u € (0, +o0),
0
and denoting, for each fixed v, by \f/(, v) the Fourier transform of the function ¥(-,v):
(&, 0) = / e W (z,v)dz, for all £ € R,
R

one has,
e—isgn(ﬁ)(v—‘—l—l/a)%qz ¢

j€]p+1i-1/a )7 for all £ € R\ {0}; (2.4)

U(&,v)=T(v+1—1/a)

the latter equality can be obtained by using a result in [25] concerning Fourier transforms of
left-sided fractional derivatives.
— {ejr: (j, k) € Z*} is the sequence of the real-valued StaS random variables defined as,

€k = 2?'/“/ V(25 — k) Za(ds). (2.5)
R
Now we are in position to state the main result of this section.

Theorem 2.1. Let U be the function defined in (2.3), let {€;x : (j, k) € Z*} be the sequence of the
real-valued StaS random variables defined in (2.5), and let QU be the event of probability 1 introduced

i Lemma 2.1 below. The following two results hold.
(1) For all fized w € Qf and (u,v) € R x (1/c, 1), one has

Y 27 ()| (2u— k) = W(—k,v)| < cc. (26)
(4,k)ez?
Therefore, the series of real numbers:
> 277 (W) (U(Qu — kyv) — U(—k,0)), (27)
(J.k)€Z?

converges to a finite limit which does not depend on the way the terms of the series are ordered,
this limit is denoted by X (u,v,w). Moreover for each w ¢ Qf and every (u,v) € R x (1/a,1),
one sets X (u,v,w) = 0.

(ii) The field {X(u,v) : (u,v) € R x (1/a, 1)} is a modification of the StaS field {X (u,v) :
(u,v) € R x (1/a, 1)} defined in (1.1).

In order to prove Theorem 2.1, we need some preliminary results.

Remark 2.1. (1) |l€jklla, the scale parameter of €, does not depend on (j,k), since classical
computations, allow to show that,

1/«
l€jklla = lleoolla = {/RW(t)\adt} : (2.8)
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Représentation via des ondelettes de Daubechies et étude fine du comportement

trajectoriel
(it) The skewness parameter of €;, is denoted by ;1 and is given by,
Bia = leoalla® [ v<°> (@82 o+ 2T R)da,
where 2<%~ = |z|%sgn(z) for all z € R, and where 3(-) is the skewness intensity function of

the StaS measure Z,(ds); notice that, when the latter function is a constant, then the random
variables €1, become identically distributed, since, not only they have the same scale parameter,
but also the same skewness parameter.

(iii) Property 1.2.15 on page 16 in |26], as well as the fact that ||€; k|| does not vanish and does
not depend on (j,k), imply that there exist two constants 0 < ¢ < ¢’ non depending on (j, k),
such that, one has for all real number x > 1,

da™® <P(lejg| > ) < "z (2.9)

(v) In view of (2.5), (2.2) and the fact that Z,(ds) is independently scattered, for each fived
integers p > 2R and j € Z, one has that {€j,q : ¢ € Z} is a sequence of independent random
variables.

The following lemma, which has been derived in [5], gives rather sharp estimates of the asymptotic
behavior of the sequence {|e; x| : (j, k) € Z*}. Tt can be proved by showing that for every fixed real
number 1 > 0, one has,

E < o0

1
«g:m {le > 1+ 131 /o4 (14 [K]) /2 logh/a+n (2 [k }
]7 E

the latter fact, easily results from the second inequality in (2.9).

Lemma 2.1. [5] There exists an evenl of probability 1, denoted by Qf, such that for every fized real
number n > 0, one has, for all w € ¥ and for each (j, k) € Z2,

.1/ 1/« a .1/ 1/«
‘em(w)‘ < C(w)(l—i—\]\) / +n(1+|k!) / logl/ R (2+|/€D < C’(w)(3+\j\) / +n(3+]k\) / H’, (2.10)
where C and C' are two positive and finite random variables only depending on n.

The following proposition, which shows that the function ¥ and its partial derivatives of any
order, have nice smoothness and localization properties, will also play an important role throughout
our article.

Proposition 2.1. The function ¥ satisfies the following two properties.
(i) For all (p,q) € {0,1,2,3} x Z1 and (z,v) € R x (1/a, 1), the partial derivative (0L05V)(z,v)
exists and is given by,

@001) .0 = [ () log? () )0 o = s)ds = [ (o =5) 1 og (= 5) )0 (s, (211)
where P) is the derivative of ¥ of order p and 01log?(0) := 0. Moreover the function OLOLV is
continuous on R x (1/a,1).

(ii) For each (p,q) € {0,1,2,3} x Z4 and for every real numbers a,b satisfying 1 >b>a > 1/a,
the function OL0ZW is well-localized in the variable x uniformly in the variable v € [a,b]; namely
one has

sup  (3+ |x\)2’(8£83\11)(m,v)‘ < 0. (2.12)
(z,v)ERX|a,b]
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2 Wavelet series representation of the field generating LMSM’s

PROOF OF PROPOSITION 2.1. Let us first show that Part (i) holds. In view of (2.3), the function
U can be expressed, for all (z,v) € R x (1/a,1) as,

U(z,v) = / L(z,v,s)ds. (2.13)
R
where L(z,v,s) := (s)i_l/aw(m —s). Also observe that for all (p,q) € {0,...,3} x Z4 and (z,v,s) €
R x (1/a, 1) x R, the partial derivative (050¢L)(x, v, s) exists and is given by
(B209L) (v, 5) = () log?((s) 1 )P (z — 5). (2.14)

Therefore, to show that the partial derivative (950L W) (z, v) exists and is given by (2.11), it is sufficient
to prove that for all real numbers M, a and b, satisfying

M>0and l/a<a<b<1, (2.15)
one has
/ sup |(OROIL) (z,v,5)|ds < oo. (2.16)
R (z,v)€[—M,M]X[a,b]

This is true, since Relations (2.14), (2.2) and (2.15), imply that
MR a—1/a b—1/«
/ sup [(OPOIL) (w,v,5)|ds < ||¢(p)|Loo(R)/ <(s)+ +(s)4 )‘ log((s)+)|"ds < oo.
R (z,v)€[—M,M]X[a,b] —-M-R

Finally, observe that it follows from (2.11), (2.14), (2.16) and the dominated convergence Therorem,
that for all (p,q) € {0,...,3} X Z4, the function OL9LV is continuous over R x (1/a, 1).

Let us show that Part (i) of the proposition holds. Relations (2.2) and (2.11), imply that for all
(p,q) € {0,...,3} x Z and for each (z,v) € (—o0, —R) x (1/a, 1), one has

(O201¥)(z,v) = 0. (2.17)

Combining (2.17) with the fact 9207V is a continuous function over the compact set [~ R, 2R] x [a, b],
it follows that

sup (3+ |x|)2’(8£83\11)(x,v)‘ < 00.
(z,v)€(—00,2R] X [a,b]

Therefore, it remains to show that

sup (3+ x)z‘(aé’@g\ll)(x, U)‘ < 0. (2.18)
(2,0)€ (2R, +00) x[a,b]

In view of (2.11) and (2.2), one has for each (z,v) € (2R, +0) X [a, ],
R

@) wv) = [ K050 ds,
-R

where K,(z,v,s) := (x — s)"""/*log?(x — s). For each I € {1,2,3} and real number s, one sets
PP (s) = . P10 (1) dt; observe that, in view of (2.1) and (2.2), the supports of the latter
three functions are included in [—R, R]. Thus integrating three times by parts, one gets that,

R
(8209 (z,v) = — / (3K, (x,v,8)0 P~ (s) ds. (2.19)
-R
Next standard computations, allow to show that there is a constant ¢, > 0, only depending on ¢
and «, such that for all (z,v,s) € (2R, 4+o0) X [a,b] X [-R, R], one has,
‘(8§Kq)(;v,v, s)| < cgalz — 8) 72 <degar 2 (2.20)
Finally, putting together (2.19) and (2.20), one obtains (2.18). O

Now we are in position to prove Theorem 2.1.
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Représentation via des ondelettes de Daubechies et étude fine du comportement
trajectoriel

PROOF OF THEOREM 2.1 PART (7). Let w € Qf and (u,v) € Rx (1/«, 1) be arbitrary and fixed.
Also, we assume that 7 is an arbitrarily small fixed positive real number. By using the triangle
inequality, (2.12) (in which one takes p = ¢ = 0 and a,b such that v € [a,b]), and (2.10), it follows
that for all fixed j € N,

D ein(@)||(2u— k,v) — (k)]

keZ

) . (3 N |k|)1/a+n (3 + |k|)1/a+77>
< C1(w)(3+) %%<(3+|2ju_k)2+ (3+[k[)?

o ) “ 3 k 1/a+n 3 k 1/a+n
< Oo(w)(3 1 7)Mo (3 4 iful) Vet S (BRI T BT
ven \ (34 [20u — [27u] — k) (3+|kl)

(2.21)

where [27u] denotes the integer part of 2/u and where C;(w) and Cy(w) are two finite constants non
depending on j and . Then, noticing that,

k 1/a+n k 1/a+n
sup {Z(?HLDQ} SZ%<OO’ (2.22)
2el0.1] (jiez (34 |z — k) ez (24 1K)
it follows from (2.21) that
Z Z 2_j“‘ej7k(w)H\If(2ju — k,v) = ¥(—k,v)| < cc. (2.23)
JEN keZ
Let us now prove that,
D> 27 e p(w)||¥(2u — k) — (=, v)] < oo (2.24)
JEZ_ kel

Applying the Mean Value Theorem, one has for all (j,k) € Z_ x Z,

U (2 —k,v) — U(—k,v) = 2u(0,9)(v — k,v), (2.25)
where v € [~27|ul,2/|u|] C [~|ul|, |u|]]. Then putting together (2.25), (2.10) and (2.12) (in which one
takes p =1, ¢ = 0 and a, b such that v € [a, b]), one obtains that,

> en@)|[¥(2u - k,v) — U(—k,v)|

|| <lul
< Cs(w)|ul (2ul +1) (3 + ]u\)l/aJrn (su% |(8$\I/)(x,v)’) 29(3 + \j\)l/aJm (2.26)
TE
and

> lein@)|[®(2u — k,v) — U(—k,v)|
[l ul

< Ca(w)[ul (3 + ful) /" (Z (3+ Ikl)l/a+"_2> 27 (3 + |j) /T, (2.27)
kEZ

where C3(w) and C4(w) are two positive finite constants non depending on j and u. Next combining
(2.26) and (2.27), with the fact that v € (1/c, 1), one gets (2.24). Finally (2.23) and (2.24) show that
(2.6) holds. O



3 Convergence of the wavelet series in Holder spaces

PROOF OF THEOREM 2.1 PART (4i). For all (j, k) € Z? and any s € R, we set

Yik(s) = 21225 — k), (2.28)
where v is the Daubechies mother wavelet introduced at the very beginning of this section; observe
that the sequence {t;) : (j, k) € Z*} forms an unconditional basis of L*(R) and the sequence
{270/2=1/ @)y 12 (j, k) € Z?} is an orthonormal basis of L%(R) (see [20, 21]). Therefore, noticing
that for any fixed (u,v) € R x (1/a,1), the function s — (u — s)i_l/a - (—s)qu_l/a belongs to
L*(R) N L2(R), it follows that,

(w—8) " = ()T =3 wau, 0)wa(s), (2.29)
JEZ kEZ

where

wj g (u, v) 1= 2071/) / {(u— )71 — (=) hp(2s — K)ds
R
= 2_jv{qj(2ju - k?”) - \I/<—k, U)}? (2.30)

and where the convergence of the series, as a function of s, holds in L%(R) as well as in L?(R); observe
that the limit of the series does not depend on the way its terms are ordered. Next, using (2.29),
(2.30), (1.1), a classical property of the stochastic integral [ (+)Za(ds), (2.28) and (2.5), we get that
the random series

Z 2_]‘”6“; (\Il(2ju — k,v) — U(—k, v)),
(4,k)eZ?
converges in probability to the random variable X (u,v); observe that the terms of the latter series
can be ordered in an arbitrary way. Finally, combining the latter result with Part (i) of Theorem 2.1,
we obtain that the random variables X (u,v) and X (u,v) are equal almost surely. O

3. Convergence of the wavelet series in H6lder spaces

The goal of this section is to show that when the terms of the series in (2.7), viewed as a random
series of functions of the variable (u,v), are ordered in an appropriate way, then not only this series
converges almost surely for every fixed (u,v) € R x (1/a, 1), but also, it is, as well as all its term by
term pathwise partial derivatives of any order with respect to v, almost surely convergent in some
Holder spaces. Let us first precisely define these spaces.

Definition 3.1. Let (B, ||-||) be a Banach space and K a subset of R. For every v € [0, 1], the Banach
space of y-Holder functions from IKC to B, is denoted by C7(K,B) and defined as,

CV(K,B) = {f K= BN (f) < oo},
where

)

NG(f) = sup [ (@) + sup IIf (@) = F)II

z,ye |$ - y|’y
is the natural norm on this space. Notice that in the definition of Ny(f), we assume that 0/0 = 0.
Also notice that C*(K,B) is usually called the space of the Lipschitz functions from K to B.

Definition 3.2. Let v, M, a and b be arbitrary and fizved real numbers satisfying v € [0,1], M > 0
and a < b. We denote by E,(a,b, M), the Banach space

Ey(a,b, M) :=C'([a,b],C7 ([-M, M],R)),

of the Lipschitz functions defined on [a,b] and with values in the Holder space CY([—M, M],R). Ob-
serve that each function f belonging to £ (a,b, M), can be viewed as a bivariate real-valued function

7



Représentation via des ondelettes de Daubechies et étude fine du comportement

trajectoriel
(u,v) = f(u,v) == (f(v))(u) on the rectangle [—M, M) x [a,b]; moreover, the natural norm on
Ey(a,b, M), is equivalent to the norm ||| .||| defined as,
(A ) (u2,)
W= s fwol+ sp  LGme/C0)
(u,0)E[—M,M] x[a,b] (u1,uz,0)€[—M,M]2x[a,b] lur — uz|
Ay )
L Gnew) o
(,01,09) €[ M, M] X [a,b]2 [v1 — v2
1,1
N s (A Gy iy 1) ) (12, 02)|
(w1 uz,01,09)E[- M, M2 x[ad]2 U1 — u2|V[vr — ve
where,

(A )z, 0) = flur,v) = f(uz, v),
(Ap oy /), v2) = fu,01) = f(u,v2), (3.2)
(Azull_uwl_vz,)f)(umw) = fur,v1) — f(ur,v2) — fluz,v1) + f(u2,ve).
Notice that in (3.1), we assume that 0/0 = 0.
Now we are in position to state the main result of this section.

Theorem 3.1. We use the same notations as in Theorem 2.1. The following two results hold for all
w € Q, the event of probability 1 introduced in Lemma 2.1.
(i) For each fized u € R, the function X (u,-,w) : v — X(u,v,w) is infinitely differentiable over
(1/a, 1); its derivative of any order q € Z.,. at all v € (1/a, 1), is given by

<agx><u,v,w>:2)(g> —ogd 3 ) (@)@ k)~ U9 k)
p= (4,k)ez?
(3.3)

where, 0° := 1, for every fived (u,v) the series is absolutely convergent (its terms can therefore

be ordered in an arbitrary way), and 4 denotes the binomial coefficient W
p

(ii) For each fixred q € Zy and M,a,b € R satisfying M > 0 and 1/a < a < b < 1, the function
(O2X) (- w) : (u,v) = (08X)(u, v,w) belongs to the space E(a,b, M) for all v € [0,a — 1/a).

The proof of Theorem 3.1 mainly relies on the following proposition.

Proposition 3.1. Let M be an arbitrary and fized positive real number. For every n € Z,, denote
by Xarn = {Xnun(w,v) @ (w,v) € Rx (1/a,1)} the StaS random field defined for every (u,v) €
R x (1/a, 1), as the finite sum,

Xyrn(u,v) = Y 2774 (U(20u — k,v) — U(—k,v)), (3.4)
(4,k)EDnr,m
where
Dty ={(j,k) € Z*: |j| <n and |k| < M2"H1} . (3.5)

Then, the following three results hold.
(t) For all fived w € Q (the underlying probability space) and v € R, the function Xyrp(u,-,w) :
v = Xnn(u,v,w) is infinitely differentiable over (1/a,1); its derivative of any order q € Z at
any point v € (1/a, 1), is denoted by (04 X pp)(u, v, w).
(11) For all fited w € Q, q¢,n € Z4+ and a,b € R satisfying 1/a < a < b < 1, the function
(03X ) (-, -, w) belongs to the Banach space & (a,b, M).

8



3 Convergence of the wavelet series in Holder spaces

(1it) For each fized w € Qf, q € Z4, and a,b,v € R satisfying 1/ao < a <b <1 and 0 < vy <
a—1/a, (08Xrn)(, '7w))nez+ is a Cauchy sequence in the Banach space E(a,b, M).

PrOOF OF PROPOSITION 3.1. Parts (i) and (ii) of Proposition 3.1 are more or less straightfor-
ward consequences of Proposition 2.1. In view of Definition 3.2, Part (ii7) of Proposition 3.1 results
from the following four lemmas. H

Lemma 3.1. Let M, a and b be fized real numbers satisfying M > 0 and 1/a < a < b < 1. For all
fized q € Z4 and w € Qf, when n goes to infinity,

‘ (O9X pg 1) (1, v, ) — (09X pr0) (1 v, w)‘ (3.6)
converges to 0, uniformly in (u,v) € [-M, M| x [a,b] and inl € Z.

Lemma 3.2. Let M, a, b and ~ be fized real numbers satisfying M > 0, 1/a < a < b < 1 and
v <a—1/a. For dall fivzed ¢ € Z1 and w € Qf, when n goes to infinity,

‘ (A}J«’l—ﬂa (agXM,n—‘rl)) (UQ, v, OU) - (A}jl.—uz (agXM,n)) (Ug, v, w))

ur — ug|?

(3.7)

converges to 0 uniformly in (u1,us,v) € [-M, M]? x [a,b] and in | € Z,..

Lemma 3.3. Let M, a and b be fized real numbers satisfying M > 0 and 1/a < a < b < 1. For all
fized q € Zy and w € Q, when n goes to infinity,

‘(A;jll_w (08Xt t)) (w, v2,0) — (A3, (08X n1n)) (u, Uz,w)‘

[v1 — va

(3.8)

converges to 0 uniformly in (u,v1,v2) € [=M, M] x [a,b]? and inl € Z...

Lemma 3.4. Let M, a, b and ~y be fizred real numbers satisfying M > 0, 1/a < a < b < 1 and
v <a—1/a. For all fized ¢ € Z1 and w € Qf, when n goes to infinity,

‘(Al’l )(agXMﬂ—H_l))(UQ,UQ,W) — (Al’l (OSXMM))(UQ,UQ,M)‘

(u1—u2,v1—v2 (u1—u2,v1—v2)

3.9
ur — ug|7[v1 — vy (39)

converges to 0 uniformly in (u1,us,v1,ve) € [—M, M]? x [a,b)? and inl € Z..
The proofs of the previous four lemmas are quite similar, so we will only give that of Lemma 3.4.

PrOOF OF LEMMA 3.4. In view of the convention that 0/0 = 0, there is no restriction to assume
that u; # ug and v1 # va. By using (3.4), (3.2) and Leibniz formula, one can rewrite (3.9) as,

q . 1,1 -
‘ ZZ:O <p> ( —log 2)1’ Z(j,k)GDM,nH\DM,n 7Pejn(w) (A(U1—u2,’u1 —vz)@?,kp> (u2, UQ)‘

|ur — ug|7[v1 — vo

, (3.10)

where for all (u,v) € R x (1/a,1),
0% (u,v) = 279 (1P (27w — k,v). (3.11)

In the sequel, we denote by Dj,, the set defined as Dy, = {(j, k) € Z% : (j,k) ¢ DM,n}; recall
that Dpsy, has been introduced in (3.5). Using (3.10), Taylor formula with respect to the variable v,

9
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(3.2), and the triangle inequality, one obtains that

‘(A%&ll_uzyvl_m)(({)anH)) (u2,v2,w) — (A%&ll_u%vl_w) (aan)) (uz,vg,w)‘

|u1 — ua|7v1 — va

S G}\’;’n(ulauzulau ) + ’Ul - UZ‘GMn(uhuQ?UhU?) )7

where

q Ay (9, 09") ) (ug, va)
Gty (un, w2, v2,w) =Z( ) log2)f Y \j|p|ej,k(w)‘< — 2|u1 _JMP) ‘ (3.12)

p=0 (4, k)eD§,
and

G?\fn(ULUQ,’Ul,UQ, )

fol(l - 5) <A71J1 —ug (6393-?)) (u2,v2 + s(v1 — v2))ds

! |
Z < ) log 2)P Z 17171 €j.k (W) luq = ug|Y

p= (7, k)Gwan
(3.13)

Thus, for proving the lemma, it is sufficient to show that, when n — 400, G}\fn(ul,u%vg,w) and
G?\’Zn(ul,u%vl,vg,w) converge to 0, uniformly in (uy,us, vi,ve) € [-M, M]? x [a, b]?.
First, let us study G]l\fn(ul,uz,vg,w). It follows from (3.11), that,
(0,09.7) (u, ) = 2772 (831 7PW) (2w — k,v) — (log 2)j277" (91 PW) (2 u — k,v). (3.14)
Next, putting together (3.14), (3.2), the triangle inequality, Lemma 2.1, (9.1) and (9.2), one has,

Z 1717 |€j, 5 (w)] ‘ (AiI_UQ (8”63‘,?)) (u2, 112)‘

(3,k)EDSs 1,

lur — ug|?

| (D57 7PW) (s — kyv0) — (977 (2 — )|
< 3 2Pl W)

(4,k)e DS

lur — ual|?
Mn

‘(agip\l’) (Zjul - k‘, U2) - (637”\1/) (2jUQ - k‘, Ug))

[ur — uz|?

+(og2) D 27 ()]

(K)EDY 4,

< C1(w) (An (u1, w2, v2; M, v, n, p, 03T W) + By, (u1, uz, v2; M, v, 1, p, 33“71"‘1’))
+ Cl(w)(IOg 2) (An(U1, ug,v2; M, v, m,p+ 1, 83_:0\11) + Bn(U1, ug,v2; M, v, m,p+ 1, 83_1)‘1’))7

where C} denotes the random variable C’ introduced in Lemma 2.1. Then Lemma 9.2 and (3.12) imply
that, when n — +oo, GMn(Ul,’LLQ,’UQ, w) converges to 0, uniformly in (u1,us,v1,v9) € [—M, M]?
[a, b]?.
Let us now study GMn(ul, ug, v1, vz, w). 1t follows from (3.14) that,
(0;01,0) (u,0) = 279°(0LF27PW) (Pu — k,v)  — 2(log2)j2777 (97 7PW) (2w — k, v)
+ (log2)?j2277(997PW) (27u — k,v). (3.15)
10



3 Convergence of the wavelet series in Holder spaces

Next, putting together (3.15), (3.2), the triangle inequality, Lemma 2.1, (9.1) and (9.2), one has,

Z | |p|€ ‘ fO ]- — S ( Ul ) (82@3]!)))(1@71)2 + S(Ul — Uz))dS
! He |u1 — uz|7

(43,k)EDSs .

1
= Cl(w)/ (A”(u1>u2>712 + s(vy —w2); M,~,n,p, @g+2—p\1,)+
0

By (u1,uz,v2 + s(v1 — v2); M, 7,1, p, 83+2_p\11))d8

1
+Cg(w)/ (An(ul,uz,vg—i-s(m —vg);M,’y,n,p—Fl,(‘)gH*p\Il)-i-
0

By, (u1,ug, va + s(v1 — v2); M, v,n,p+ 1, 33+1_p)>d5

1
+ C2(w)/ (An(ul,UQ,UQ + s(v1 — v2); M,y,m,p + 2,01 P+
0

B, (ul, ug,v2 + s(vy —ve); M,v,n,p+ 2, 83_p\11))ds,

where Ca(w) = (2log2)Ci(w). Then Lemma 9.2 and (3.13) imply that, when n — 4o0,
G?\fn(U1,U2,U1,U2, w) converges to 0, uniformly in (u1,ug, vy, ve) € [=M, M]? x [a, b]?. O

Now we are in position to prove Theorem 3.1.

PrOOF OF THEOREM 3.1. Let w € Qf be arbitrary and fixed. First we show that Part (¢) of the
theorem holds. By using Lemma 2.1, Proposmon 2.1 and a method similar to the one which allowed
to derive (2.6), we can prove that, for all fixed ¢ € N and (u,v) € R x (1/a, 1), one has,

Z <Z>(log2)p Z |71P2~ J”‘e k(w H(aq p\I/)(2ju—k v) — (83_”\11)(—&’0)‘ < 00.

p=0 (4,k)ez?

Therefore, the series of real numbers,

> <]‘f)> —log2)’ Y 7279 1(w) ((01P) (2u — k,v) — (04 PW) (—k,v))

p=0 (4,k)eZ?

is convergent, and its finite limit, denoted by X(q)(u, v,w), does not depend on the way the terms of
the series are ordered. Let us now assume that u € R is arbitrary and fixed and that the variable
v belongs to an arbitrary fixed compact interval [a,b] contained in (1/a,1). We denote by M an
arbitrary fixed positive real number such that v € [-M,M]. In view of Theorem 2.1 Part (i),
Proposition 3.1 Part (iii), and (3.1), when n goes to infinity, the following two results are satisfied:
— the function v — Xy, (u, v, w) converges to the function v — X (u, v, w), uniformly in v € [a, b];
— for each fixed ¢ € N, the function v — (9¢Xpn)(u,v,w) converges to the function v
X (@ (u,v,w), uniformly in v € [a, b].
The latter two results imply that v — X (u,v,w) is an infinitly differentiable function over [a,b] and
one has, for all ¢ € N and v € [a, b],

(02X)(u,v,w) = ll}ril (O X ppm)(u,v,w) = X'(q)(u,v,w); (3.16)

these equalities mean that (3.3) is satisfied. Thus, it remains to show that Part (ii) of the theorem
holds. In fact, the equality X (u,v,w) = lim, 1o Xarn(u,v,w), (3.16), and Proposition 3.1 Part
(7i7), imply that this is indeed the case. O
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Before ending this section, let us stress that for each fixed w € Qf, ¢ € Z4 and M,a,b € R
satisfying M > 0 and 1/a < a < b < 1, Theorem 3.1 Part (ii), allows to derive, uniformly in
v € [a, b], a global modulus of continuity of the function u +— (9¢X)(u,v,w), on the interval [—M, M];
also, it allows to derive, uniformly in u € [—M, M], a global modulus of continuity of the function
v+ (0¢X)(u,v,w), on the interval [a,b]. More precisely, in view of Definition 3.2, a straightforward
consequence of Theorem 3.1 Part (4i), is the following:

Corollary 3.1. For each fired w € Qf, ¢ € Z4 and M,a,b,n € R satisfying M >0, 1/a <a<b<1
and n > 0, one has,

q (A1
sup ‘(&)X) (u1,v,w) (?UX)(’U,Q,’U,W)‘ < o0, (3.17)
(u1,u2,v)€[—M,M)? x[a,b] |u1 - U2’a— Ja=n
and
q (a1
sup }((%X) (u,v1,w) (C%X) (u,vg,w)‘ - (3.18)
(uyv1,v2) €[~ M, M] x [a,b]2 |v1 — va

4. Fine path properties of the field generating LM SM’s

The main two goals of this section are the following:
~ to give an improved version of the global modulus of continuity (3.17);
— to derive, an upper bound of |(9{X)(u,v,w)|, for all w € U, ¢ € Zy, v € [a,b] C (1/e, 1) and
u e R.
More precisely, we will show that the following two results hold.

Proposition 4.1. For each fized w € Qf, ¢ € Zy and M,a,b,n € R satisfying M >0, 1/a < a <
b<1andn>0, one has,

sup { |(98X) (u1,v,w) — (02X) (uz,v,w)| }

(ur,uz w)€[-MM2x[ab] { |ug — ug|?~ 1/ (1 + | log |uy — u2|‘)q+2/a+n

< sup

(u1,u2,v)€[—M,M]%x[a,b]

‘ @ (1052)" X ez 727 es()] | (987P0) (s — ) — (987) 2z — k.0)

|u1 _ U2‘v—1/a(1 + ‘ log |U1 N U2H)Q+2/a+7]

< . (4.1)

Proposition 4.2. For each fized w € Qf, ¢ € Zy and a,b,n € R satisfying 1/a < a < b < 1 and
n > 0, one has,

s { (92X (u, v, w)| }

(u,v)ERX [a,b] ‘u|v(1 + | log ‘UH)‘JH/&-HI
< sup
(u,v)ERXa,b]
=0 @ (1082)" ¥ ueze P27 e w)] | (9877 0) (20 — k,v) = (9877W) (=k,v)
ul?(1 + | log |u|’)q+1/o‘+n
< 0. (4.2)
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4 Fine path properties of the field generating LMSM’s

The proofs of Propositions 4.1 and 4.2 are, to a certain extent, inspired by that of Theorem 1 in [5].

PROOF OF PROPOSITION 4.1. Let (uy,uz2,v) € [-M, M]? x [a,b] be arbitrary and fixed; in all
the sequel we assume that u; # uz. Observe that, in view of (2.12), there is a constant ¢; > 0, non
depending on (uy,ua,v), such that for all p € {0,...,q} and (j, k) € Z?, one has,

(0277 ) (21 — K, ) = (9FP9) (Pup ke v)| < e (3 27w — KI) 4 (34 270 — ) ) (43)

Also notice that |(9§ "W)(2/us — k,v) — (83 "¥)(27ug — k,v)| can be bounded more sharply when
the condition

2|y —ug| < 1 (4.4)
holds, namely using the Mean Value Theorem and (2.12), one has,

|(827PW) (27uy — k,v) — (01 PW) (2ug — k,v)|

< 2 |uy — sl sup }(axag—l’\p) (29u — k, v)}
(u,v)€E[ur Auz,u1 Vua] x[a,b]
< 12 |uy — ug| sup (3+\2ju—kl)_2
W€ [ug Aug,ut Vus]
< 012j\u1 —’LL2‘(2+ ]2ju1 —k’)iQ, (4.5)

where the last inequality results from the triangle inequality and (4.4). Denote by jo > —logy(4M)
the unique integer satisfying

271 < 2000y —ug| < 1. (4.6)
Then, the first inequality in (2.10), (4.3) and (4.5), entail that, for all » > 0 and w € €,

> lilP2 7 eu(w)] [ (027PT) (s — k) — (0P (up — k,0)| <

(j,k)ez?

Clw) Y 2791+ [f)PFVe1(1 + k)Y log!/*T1(2 + |K[)| (07 P) 27wy — k,v) — (9T7PW) (2uy — k,v)|
(j,k)ez?

< C)er (Ajo(ur, v)|un = w| + By, (wr, u3,v)), (47)

where the random variable C' has been introduced in Lemma 2.1 and where for each J € Z, (y1,y2) €
R? and v € [a, b),

Aslynv) =303 PO [P 4 k)Y og /T2 4 [k]) 2+ 275 — KI) T (48)

j<J keZ
and
By(y1,y2,v) (4.9)
=303 271 [)PYAR(L RV Log ot (2 + (k) ((3 2y — )+ (34 |20y — k!)_2> .
j>J keZ

Let us now give an appropriate upper bound for /1]-0 (u1,v). Assume that j < jp; using Lemma 9.5
(in which one takes § = 1/«, ( = 1/a+ n and u = 27u;) and the inequality |u;| < M, one obtains
that,

> (1 + [K]) /2 log!/*7(2 + |k|)
e (24 |27uy — k|)?
13
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where ¢y is a constant only depending on M, « and 7. Next, it follows from the latter inequality,
(4.8) and Lemma 9.4 (in which one takes ¢ =1 —v, 6y =1—-b, A =p+1/a+mn, ngp = —oo and
ny = ]0) thata

Ajo(ulav) < 622j0/a(1 + |j0|)1/a+n Z 2j(1—v)(1 + |j|)p+1/a+n < 632j0(1—v+1/a)(1 + ’j0|)p+2/o¢+2n
J<jo
< calur — g (1 4 [ log uy — )P/, (4.10)

where the last inequality results from (4.6), and where c3 and ¢4 are two constants non depending
on (u1,u2,v). Let us now give an appropriate upper bound for Bj,(uy,u2,v). In view of (4.9), this
quantity can be expressed as,

Bjy(u1, u2,v) = Tj, (w1, v) + Ty (u2,v), (4.11)
where, for each J € Z, y € R and v € [a, b],
(1 4 | et et lajgel/atn g
o) S5 0 0P )Y gl 2.+ ) o)
J>J kez (3 + 127y — k)

Assume that j > jo and that z € {u1, uz}; using Lemma 9.5 (in which one takes 6 = 1/a, ( = 1/a+n
and u = 27z) and the inequality |z| < M, one gets that,

3 (1 + [K])"/* log**7(2 + [k|)
: 2

Next, in view of (4.12), it follows from the latter inequality and Lemma 9.4 (in which one takes
0=v—1/a,0p=a—1/a, \=p+2/a+2n, ng=jo+ 1 and ny = +00) that,

Tjo(w,0) < ¢ 3 2790V (1 g |j|)PH2/ot2n < cpg=inlv=1/a)(1 g |jo |42/t 2m
Jj>jo
< cglu; — u2|v_1/0‘(1 + ’ log |u1 — ug| ‘)p‘FQ/C‘Hr?n7 (4.13)

< o2/ (L[],

where the last inequality results from (4.6), and where c5 and cg are two constants non depending on
(x,v). Next, (4.13) and (4.11) imply that

BJ’O(Ul,UQ,U) < 2cglug — uQ\”_l/o‘(l + ‘ log |u; — u2|{)p+2/a+2n. (4.14)
Next putting together, (4.10), (4.14) and (4.7), one obtains that, for all n > 0 and w € Q,

D i ein(w)| | (02P) 20wy — kyv) — (01PW) (ug — K, 0)]

(j.k)ez?

< Clw)er|lug — U2|U_1/a(1 + |log Juy — uQH)pH/aHn, (4.15)
where ¢7 is a constant non depending on (uj,ug,v). Finally, (3.3), the triangle inequality and (4.15)
entail that (4.1) holds. O

PROOF OF PROPOSITION 4.2. Let (u,v) € R x [a, b] be arbitrary and fixed, in all the sequel we
assume that u # 0. Observe that, in view of (2.12), there is a constant ¢; > 0, non depending on
(u,v), such that for all p € {0,...,q} and (j,k) € Z2, one has,

|(2077w) (20— kyv) = (9577W) (—k,v)| < e (3 + 27w — kI) 7+ (34 k) 7). (4.16)

Also notice that (0] "¥)(2/u — k,v) — (04 PW)(—k,v)| can be bounded more sharply when the
condition 4
2u| < 1 (4.17)

14



4 Fine path properties of the field generating LMSM’s

holds, namely, using the Mean Value Theorem and (2.12), one has,
|(897P) (200 — k,v) — (087PW) (—k,v)| < 2|ul  sup | (8,007PW) 20y — E, v)|

yE[uN0,uV0]

§012j|u] sup (3+\2jy—k\)_2
yE[un0,uV0]

< el (2+ k)72 (4.18)

where the last inequality results from the triangle inequality and (4.17). Denote by j; € Z the unique
integer satisfying

27l < 20|y < 1. (4.19)
Then the first inequality in (2.10), (4.16) and (4.18) entail that, for all > 0 and w € Q,

> lilP2 7 eu(w)] [ (097PT) (27w — k,v) — (97 PT) (<, v)]

(j,k)€Z?

< C(w) Z 279 (1 + |j|)p+1/a+n(1 + \k|)1/a log!/ o+ (24 k) [(037PW) (27w — k,v) — (0T PW)(—k,v)|
(4,k)ez?

< C(w)er (Jul A, (0,0) + B, (u,0,0) ) (4.20)

where the random variable C has been introduced in Lemma 2.1 and where A, (0,v) and Bj, (u,0,v)

are defined respectively by (4.8) and (4.9). Let us now give an appropriate upper bound for A;, (0, v).
Observe that

(14 k) log!/etn (2 + [k
€2 = Z 2
keZ, (2+[Kl)
Thus, (4.8) and Lemma 9.4 (in which one takes 0 =1—v,0p=1—b, A=p+1/a+mn, ng = —oo and
ny = j1) imply that,
Ajl (077}) = ¢y Z 2j(1—v) (1 + ’j’)p+1/a+77 < C32j1(1—v) (1 + |j1|)P+1/a+7]
J<it

< cqfultH (14 |log |u|‘)p+l/a+n, (4.21)

where the last inequality results from (4.19) and where c3 and ¢4 are two constants non depending

on (u,v). Let us now give an appropriate upper bound for le (u,0,v). In view of (4.9), this quantity
can be expressed as,

Bj, (u,0,v) := T}, (u,v) + Tj,(0,v), (4.22)

where T}, (u,v) and T}, (0,v) are defined by (4.12). Assume that j > j; and that x € {u, 0}; it follows
from Lemma 9.5 in which one takes § = 1/a and ( = 1/a + 7, that,

Z (1+ [k logt/ ot (2 + |k|)
= (3+ |20z — k|)?

< e5 (1427 |x]) Y/ 1ogh ot (2427 |a]) < 620/ (15— jy) ok,

where the last inequality results from (4.19) and where ¢5 and c¢g are two constants non depending
on x, v, j and j;. Therefore, in view of (4.12), one obtains that

Ty, (2,0) < cg 27902070/ (14 j)PHYOR (1 g g gyt (4.23)
i>71
15
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Next, setting | = j — 71 in the right-hand side of (4.23) and using Lemma 9.1, it follows that,

+o0
Ty, (2,0) < cg Y 2702 0T (1 g Yetn (g |1 gy |)PFH/

=1
+oo
< 27V Z g~ lv=1/a) (] 4 l)l/a+n((1 n l)p+1/a+n Lt |j1|)p+1/a+77)
=1
) +oo
< ey g e e (1 e (1 P (1 gy )
=1
< CSQ*jlv(l + ‘jl‘)erl/aH?’
< colul” (1 + | log IU|\)p+1/a+n7 (4.24)

where the last inequality results from (4.19) and where the constants ¢z, ¢g and ¢g do not depend on
x, v and j;. Next, (4.22) and (4.24) imply that,

Bj, (1,0,v) < 2colul” (1 + |log ul|)PT/*F". (4.25)
Next, putting together (4.20), (4.21) and (4.25), one gets that,
> i e (w)| | (02PT) (20w — k,v) — (07 PF) (—k,v)]
(j,k)ez?
< C(w)erolul’ (1+ | logu] )77, (4.26)

where cjo is a constant non depending on (u,v). Finally, (3.3), the triangle inequality and (4.26)
entail that (4.2) holds. O

Before ending this section, let us stress that, thanks to (3.18) and (4.1), for each fixed w € Qf,
q € Zy and M, a,b € R satisfying M > 0 and 1/a < a < b < 1, one can derive, a global modulus of
continuity of the function (u,v) — (9¢X)(u,v,w), on the rectangle [—M, M| x [a,b]. More precisely,
the following result holds.

Corollary 4.1. For each fired w € Qf, ¢ € Z4 and M,a,b,n € R satisfying M >0, 1/a <a<b<1
and n > 0, one has,

‘((%X) (u1,v1,w) — (63X)(UQ, 1)2,0.))‘

sup
(u1,u2,v1,v2)€[—M,M]?X]a,b]? { ]ul — uﬂvlvv?_l/o‘(l + } log \ul — UQH)q+2/a+n + ’Ul — 7)2‘

} < oo. (4.27)

PROOF OF COROLLARY 4.1. For each (u1,uz,v1,ve) € [-M, M]? x [a, b]?, one sets,

‘(@gX) (ug, vy, w) — (agX)(UQ, V9, w)‘
q+2/a+n

f(ui,u,v1,v2) :=

lug — ug|["1Ve2=1/e (1 + | log |uy — usl|) + |v1 — 1;2\7

with the convention that 0/0 = 0. Using the fact that f(uq,us,v1,v2) = f(ug,ui,va,v1), it follows
that,

0L X Ju,w) — (02X , V2,
sup }( v )(ul U1, W) ( v )(u2+2v/2 f” (4.28)
(u1,u2,v1,v2)€[—M,M]? x[a,b]? |u1 — uQ|v1\/v271/o¢(1 + ’ log ‘ul — u2| ‘)q T + |U1 — UQ|
_ “ ‘(83X)(u1,v1\/v2,w) — (83X)(UQ,U1/\U2,CU)‘
(u,uz,v102) €[-M M x[ab]? | Jug — ug["1Vv2=1/(1 4 |log [us — ugH)qH/&+77 + |v; — v

16



5 Global and local moduli of continuity of LMSM

Moreover, using the triangle inequality, and the inequality for all (uq,us,vi,ve) € [~M, M]? x [a, b]?,

max {’U1 - uZ\vlvmfl/a(l + }log ‘Ul o UQH)thLQ/oHrT)7 ‘Ul _ 'UQ‘}

< fur — g7V (1 4 |log [ — ual|) TN 4 oy — wa),
one gets that,
’(agX)(ul,vl Vv, w) — (88X) (ug, v1 A vg,w)‘
(U17u27v1,02)2ﬁpM7M]2X[fl,b]Q { lug — UQ\“V”?_I/Q(I + ‘ log |uy — UQH)CﬁQ/aH] + |v1 — vy }
< sup { ’(&?X)(ul,vl V vg,w) — (83X)(u2,vl V vg,w)‘ }
(u1,uz,v1,02)E[~M M2 x[ab]2 ( |u; — u2\“1VU2*1/a(1 + ‘ log |u; — u2||)q+2/a+n + |vg — vg
n sup { (08X (ug, v1 V va,w) — (88X (ug, v1 A v, w)| }
(ur sz, o1, 02) =M MPx[ab)? | Jug — ug|?1Vo2=1/e (1 4 |Tog [uy — ua||) ™ + o) — vyl
< sup { \(63X)(u1,v,w) — (98X) (v, U’w)‘ } (4.29)
(ur,uz,0)e[~M,M2x[ab] | Jug — ug|*~1/*(1 + |log |uy — us| ])q+2/°‘+’7
LX) (u,v1,w) — (02 X) (u,va,w
* (u,vl,vz)eiuJB,M}x[a,b]2 { ) |vi — l(f2| : ! } '
Finally, putting together, (4.28), (4.29), (3.18) and (4.1), one obtains (4.27).
O

5. Global and local moduli of continuity of LMSM

From now on and till the end of the article, LMSM is identified with its modification {Y(¢) : ¢t € R},
defined for all £ € R, by,

Y(t) = X(t, H(t)), (5.1)

where {X (u,v) : (u,v) € R x (1/a, 1)} is the StasS field introduced in Theorem 2.1; recall that H(-)

denotes an arbitrary continuous function defined on the real line and with values in a compact interval

H,H) € (1/a,1).

First we provide a global modulus of continuity for {Y'(¢) : ¢ € R} on an arbitrary nonempty
compact interval; there is no restriction to assume the latter interval of the form [—M, M| where M
is an arbitrary positive real number.

Theorem 5.1. Let ) be the event of probability 1 introduced in Lemma 2.1. Then for each w € €}
and for all positive real numbers M and n, one has,

|(Y(t,w) = Y (s,w)|
sup PN 3 /atn < 00
(ts)el-MMP2 (|t — s|HOVH)=1/a(1 4 |log |t — s]|) + [H(t) — H(s)|

PROOF OF THEOREM 5.1. The theorem easily results from (5.1) and Corollary 4.1 in which one
takes ¢ = 0, a = minge_pz a7 H(2) and b = max,e(_ps a7 H (7). O

(5.2)

Remark 5.1. (i) Theorem 5.1 remains valid under the weaker condition that H(-) is a continuous
function on the real line with values in the open interval (1/a,1); indeed, even in this case,
H([—M, M]) s still a compact interval included in (1/c, 1).

(1) A straightforward consequence of Theorem 5.1 is that: LMSM has a modification with almost
surely conlinuous paths, as soon as its functional Hurst parameter H(-) is a continuous function
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with values in (1/a, 1); this solves and provides a positive answer to the conjecture made by Stoev
and Tagqu in Remark 1 at page 166 of [30].

The following corollary easily follows from Theorem 5.1.

Corollary 5.1. (i) Assume that for some real numbers My < Ma, one has for each n > 0,
H{(t) — H(s)
sup | | ety < OO (5.3)
(t,)€[M1,Mo]? [t — s|HOVH(s)=1/e (1 + | log [t — s]|)
then it follows that, for all w € Qf and n > 0,
Y (t,w) — Y (s,
sup ‘ ( UJ) (5 W)| ot < 00 (54)
(t)eMi Mo | [t — s|HOVH() =1/ (1 + |log |t — s||) 7"
(1) Assume that for some real numbers My < Ms, one has for each n > 0,
H(t) — H(s)
sup | | 5oty < OO (5.5)

(t,8) €M1 MJ2 |t — s|™iaelana) HE@ =/ () 41601t — 5]))
then it follows that, for all w € Qf and n > 0,

sup { | [Y(tw) = V(sw)] } < 0. (5.6)
t —

(t,5)€[ My, Mz]? S’minze[Ml,Mg] H(x)—l/a(l + ‘ log |t _ SH)Q/OH-W

Remark 5.2. (i) The Condition (5.3) is satisfied as soon as
H() € cmaxecianan) H@=1/o (01 0] R).
(i) The Condition (5.5) is satisfied as soon as
H(-) € c™nwenn ) =1 (12 M) R).
Let us now provide a local modulus of continuity for {Y (¢) : t € R}.

Theorem 5.2. Assume that the skewness intensity function 5(-) of the StaS measure Z,(ds) is a
constant. Let tg € R be arbitrary and fized. Then, one has almost surely, for all positive real numbers
M and n,

sup [Y(8) ~ ¥ (to)] } < 0. (5.7)

te[—M,M] { |t — to|H(t) (1 + | log |t — tOH)”‘H" + |H(t) — H(to)|

PROOF OF THEOREM 5.2. First observe that for any fixed to € R, the process { X (¢, H(ty)) : t €
R} has stationary increments since it is a Linear Fractional Stable Motion of Hurst parameter H (tg);
hence, the processes {X (¢, H(to)) — X (to, H(to)) : t € R} and {X(t — to, H(to)) : t € R} have the
same finite dimensional distributions. Therefore, using their path continuity, and the fact that the
set of the dyadic numbers in [—M, M] is dense in [—M, M], it follows that the random variables,

wp { | X (t, H(to)) — X (to, H(to))| }
wel=aran) [t = to] 100 (14 Tog |t — tol ) /"

{ | X (t —to, H(to))| }
P oty [

vel=mm] | |t — toH(t) (1 4 | log [t — to||)
18
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6 Quasi-optimality of global modulus of continuity of LMSM

are equal in law; thus, taking in Proposition 4.2, ¢ = 0 and a, b such that H(ty) € [a, b], one gets that,
almost surely,

| X (t, H(to)) — X (to, H(to))]
Sup i /ot
tel-M,M] |t — to|H(t) (1 + |log |t — tol|)

On the other hand, taking in (3.18), ¢ =0, a = H := inf,eg H(z) and b = H := sup,g H(z), one
obtains that,

(5.8)

X(t, H(t)) — X (t, H(t
sup | X (¢, H(t) — X(t, H(to))| ‘> (5.9)
te[—M,M)] |H(t) — H(to)]
Finally putting together, (5.1), (5.8) and (5.9), it follows that (5.7) holds. O

The following result is a straightforward consequence of Theorem 5.2.

Corollary 5.2. Assume that the skewness intensity function ((-) of the StaS measure Z(ds) is a
constant. Also assume that ty € R is such that, for each n > 0, one has for all t € R,

— o)l < — 0 og |t —to ! , .
|H(t) — H(to)| < clt — to 700 (1 + |log |t — to]|)/**” (5.10)

where ¢ > 0 1s a constant only depending on ty and 1. Then, one has almost surely, for each positive
real numbers M and n,

1 Y ()~ Y(to)]
sup " Vatn [ <
tel-MM] [t — to|H(t0) (1 + ‘ log |t — to ‘)

(5.11)

6. Quasi-optimality of global modulus of continuity of LMSM

The goal of this section is to show that, under some conditions, a bit stronger than (5.5), the
global modulus of continuity, given in (5.6), is quasi-optimal, more precisely:

Theorem 6.1. Assume that My < My are two arbitrary fized real numbers such that the condition,
(A) : H(-) belongs to the Holder space C7=([My1, Ms],R) for some v, € (mingeps ) H(z) —
1/, 1],
1s satisfied. Let us set

H(t)— H(t
p = sup{9€R+ : Jtg € [My, M) s.t. H(tg) = min  H(x) and  sup H(®) = Hito)] < oo}

xe[MlvMQ] te[Ml,MQ} ‘t - t0|9
(6.1)
and
-1
- 1 + 2 : (62)
ap—1
with the convention that 7 := 0 when p = +o0o. Assume that
ap > 1, (6.3)

then, T is a well-defined nonnegative real number, and one has, almost surely, for all n > 0,
Y(t)-Y
sup . ‘H ( )1 (5) ——7 ( = °° (6.4)
(t)eMyMJ2 | |t — s|™macnanl HE=1/e (1 4 log [t — 5]

Remark 6.1. Notice that the Conditions (A) and (6.3) are satisfied when H(-) belongs to the Holder
space CV([Ml,MQ],R), for some v > 1/a.
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In order to prove Theorem 6.1, we need some preliminary results. Let us first introduce U the
real-valued deterministic continuous function defined, for all (z,v) € R x (1/a, 1), as,
o~ 1 1/a—v (2
v = —~ @ (s)d 6.5
(ZE,U) F(U+1—1/O&)F(1/(X—U+1) /]R(S :E)—‘,- 17[} (S) ‘97 ( )

where @ is the second derivative of the Daubechies mother wavelet ¢ introduced at the very
beginning of Section 2, and where I' is the usual Gamma function; also, recall that the definition

of ()}r/ “7"is given in (1.2). By using a result in [25] concerning Fourier transforms of right-sided
fractional derivatives, one has for each (§,v) € R x (1/a, 1),

= 1
B S )

|5|v+1—1/ae—isgn(§)(v+1—1/a)%@(5)’ (6.6)

where U(-,v) denotes the Fourier transform of the function \Tl(-,v). Let us now give some useful
properties of the function W.

Proposition 6.1. The function T satisfies the following three properties.

(i) For all real numbers a,b such that 1 > b > a > 1/a, the function W is well-localized in the
variable © uniformly in the variable v € [a,b]; namely one has,

sup  (3+ ]w\)ﬂcfl(x,v)‘ < o0. (6.7)
(z,v)ERX[a,b]

(it) For any fized v € (1/a,1), the first moment of the function U(-,v) vanishes, which means
that

/ B (z, v)dz = 0. (6.8)
R

111) Let e the function introduced in (2.3) then, for each fized v € o, 1), the system o

Let U be the f duced in (2.3) then, for each fized 1/a,1), th f
functions {29/2W(27 - —k,v) : (j, k) € Z*} and {2j/2@(2j - —k,v) : (j, k) € Z*} is biorthogonal;
this means that for any j €7, j' € Z, k € Z and k' € Z, one has,

2(j+j')/2/ W2t — b, 0) Bt — K 0)dt = 50, (6.9)
R

where 8¢ k.0 1y = 1 if (4, k) = (§', k) and 0 otherwise.

PROOF OF PROPOSITION 6.1. Part (i) can be obtained by using the fact that

1
velod] {rw F1—1/a)l(1/a—v+ 1>} =

and a method similar to the one used in the proof of Proposition 2.1 Part (i7). In view of the definition
of a Fourier transform, taking in (6.6) £ = 0 one gets Part (i¢). Let us now give the proof of Part
(ii7). Using Parseval formula, (2.4) and (6.6), one obtains for all (j, k) € Z2,

/ 29/2Q (29t — k,v)27 /2 W(27't — K, v)dt
R

=

— 9= U+)/2(97) 1 / e~ HEW/P =K PG (9 g ) (20' €, v)de
R

— 9G24 1-1/a) (g -1 / o€/ K /2 B 03 e\ 05 €)de
R

— 9(i=i")(v+1-1/a) / 2912427t — k)2j//2¢(2j/t — Kdt
R
= Ok’ W)
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6 Quasi-optimality of global modulus of continuity of LMSM

where the last equality results from the fact that {2//2¢(2/ - —k) : (j,k) € Z*} is an orthonormal
basis for L%(R). O

In all the remaining of this section, M} < M> denote two arbitrary real numbers such that the
Conditions (A) and (6.3) hold. For the sake of simplicity, we set,

H,:= min H(z). (6.10)

Lemma 6.1. Let S} be the event of probability 1 introduced in Lemma 2.1 and let {gjyk : (4, k) €
N x Z} be the sequence of the random variables defined on € as,

gj = 20T / Y (£)W(2t — k, H,)dt. (6.11)
R

Assume that there exists wo € Q, 70 > 7 and 19 > 0 such that

‘Y(t,wo) — Y(s,w0)|

E— (6.12)
(t9)elMMJ2 [t — s/ (1 + [log [t — s)

Then one has

lim sup 7027/ max{}gj,k(wo)\ Lk €Z and My +2 % < k/2 < My — 2fﬁ} =0.  (6.13)

Jj——+oo

Remark 6.2. Notice that (6.7) (in which one takes a,b such that H, € [a,b]), Proposition 4.2 (in

which one takes ¢ =0, a = H := infyer H(z), b = H := sup,cg H(z) and n an arbitrary positive real
number) and Relation (5.1), imply that the random variables g; . are well-defined and finite on €.

ProoF oF LEMMA 6.1. In all the sequel, we assume that j € N and k € Z are arbitrary and
satisfy

M +2 3 < o7 < Mo~ 2 3a. (6.14)

It follows from (6.11) and (6.8) in which one takes v = H,, that,

gy (w00) = 290H2) / (Y (£ wo) — Y (k277 w0)) #(2t — &, H.)dt. (6.15)
R

In order to conveniently bound ‘ gj,k(wo)}, we split the integration domain R into the following three
disjoint subdomains:

Bl = [Ml, Mg], 82 = [—QM(), 2M0] \ [Ml, Mg] and Bg = R\ [—QM(), 2M0],Where M() = ’Ml‘ + ‘MQ’
(6.16)
Therefore, (6.15) implies that,

3
|gj1(wo)| <D AL (wo), (6.17)
=1

where, for each [ € {1,2, 3}, one has set,

Al (wo) = 9 (1+H.) . Y (¢, wo) — Y(kQ—j,wo)H(ff(th — k, H,)|dt. (6.18)
l
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Représentation via des ondelettes de Daubechies et étude fine du comportement
trajectoriel

First, we show that (6.13) holds when ’gj7k(w0)} is replaced by Aj{k(wo). Relation (6.12) and the
change of variable v = 27t — k, yield

Al (wo) < Cy(wo)2/ A [ |t — k2_j|H*_1/°‘<1 + | log [t — k2‘j]|>_T0_nO\\TJ(2jt — k, H,)|dt
B

< O (wp)2/0H) / It — k20 H**l/a(1 +[log |t — szﬂ‘|\)_m_""|\i(zjt — ki, H,)|dt
R

:Cl(wo)2ﬂ'/a/ ‘u’H*—l/a<1+ ‘log\Q_ju\D_TO_nO\\T/(U,H*)‘du
R

log u]

—T0—10
= Cl(wO)jmnij/a/ [ He =1/ (j + llog(2) - ) U (u, H,)|du,  (6.19)
R

where
Y (t,wo) — Y (s, wo)
Ci(wp) := sup H‘ } oy <
(t,5)e82 [t — s|H==1/(1 4 |log |t — s||)

Let us now show that,

Sup/ |u
Jz1 JR

In view of (6.7) and the inequality,

1 loglul]\ " /log 2y~
og (U (] —T0—"0
-+ 'log(2) — gi < (i) s
J J 2

which holds for all real number u satisfying |u| < 27/2 one gets, for some constants ca, ..., cs and all
integer 7 > 1, that,

Jr

—T0—"0
1 1 3

Hi—1/a ( I ‘ log(2) — Og.|u| ) |V (u, Hy)|du < 0. (6.20)
7 J

1 log |u| e
H.—1/o (j + 'log(2) - gT ) U (u, H,)|du

H.—1/« r— H.—1/«
< 62]'70“’0/ 7\u| 2du+02(10g2> " 770/ L' 5du
jul>2i72 (3 + |ul) 2 juj<2ir2 (3 + |ul)
H.—1/« ‘ H.—1/«
u u

< 2¢p5T0tM0 / ——dutc3 | ——5du

u>2i/2 (3+u)? R (3+[ul)?

9—j/2(1+1/a—H.)
< ¢, 4700
= C4) 1+1/C¥—H* + ¢s,
which shows that (6.20) is satisfied. Next, (6.19) and (6.20) entail that
lim sup 5277/ max {A}yk(wo) :k € Z and M + 93 < k/27 < My — 2_%} =0. (6.21)

Jj—+oo
Next, we prove that (6.13) holds when }gjvk(wo)’ is replaced by A?k(wo). Let us set,

Co(wo) = sup Y (t,wo)| < oo (6.22)
t€[72M0,2M0]

observe that Cg(wp) is finite, since the function ¢ — Y (¢, wp) is continuous over the compact interval
[—2My, 2Mp]. Also, observe that, in view of (6.14) and (6.16), one has that for all ¢t € By,

120¢ — k| > 27020,
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6 Quasi-optimality of global modulus of continuity of LMSM

Therefore, it follows from (6.7), that for each t € By,

B(2t — k, H)| < er279C7a), (6.23)
where ¢7 is a constant non depending on ¢, j and k. Putting together, (6.18), (6.22) and (6.23), one
gets that,

. 1

A2 (wo) < C(wo)2 7 —H-2),
where Cg(wp) is a constant non depending on j and k. The latter inequality and the inequality
H, < 1, imply that,

lim sup j0277/¢ maX{Aik(wo) k€Zand My +2 % < k/27 < My — 2_%} =0. (6.24)
Jj—+oo
Next, we prove that (6.13) holds when |g;(wo)| is replaced by A;k(wo). Observe that by using the
triangle inequality, (6.14) and (6.16), one has, for each t € Bs,

|27t — k| =27 |t — o > 27 <|t\ — 23|> > 2 (|t| = My) > 2771t
Therefore, it follows from (6.7), that for each t € Bs,
U (27t — k, HL)| < o2 72|, (6.25)

where cg is a constant non depending on ¢, j and k. On the other hand, using (5.1) and Proposition 4.2,
in the case where ¢ =0, a = H := inf,cg H(x) and b = H := sup, g H(z), one obtains that for any
fixed n > 0, and for each t € Bs,

|Y(taw0)| < Clo(&)o)’t’ﬁ(l + ‘ log |t|‘)1/6¥+777

where Co(wp) is a positive finite constant non depending on ¢. Next, combining the latter inequality
with (6.14) and (6.22), one gets that, for all j € N and k € Z satisfying (6.14), and for each ¢t € Bs,
one has,

Y (t,wo) — Y (K277, wp)| < Cra(wo)|t| ™ (1 + |log yty|)1/‘*+”, (6.26)
where C11(wp) is a constant non depending on j, k and t. Next, (6.18), (6.25) and (6.26), yield
A3 (wo) < Cra(wo)2™ )7,

where C12(wp) is a constant non depending on j and k. Moreover, the latter inequality implies that,

limsupj702—j/a maX{Aik(wo) k€7 and M + Q_ﬁ < k/2j < My — Q_i} =0. (6.27)
J—+too
Finally, putting together, (6.17), (6.21), (6.24) and (6.27), it follows that (6.13) holds. O

Lemma 6.2. Let () be the event of probability 1 introduced in Lemma 2.1 and let {?]}',k 2 (4, k) €
N x Z} be the sequence of the random variables defined on §j as,

Gy = 290 ) / X (¢, H(k29) 5 (2t — k, H)dt. (6.28)
R
Assume that H(-) satisfies the Condition (A). Then, for each w € Qf and all
0 € [0,min{v. + 1/a — H,,1 — H.}), one has,
lim sup 27(0—1/«) max{‘gjyk(w) —Jjk(W)| : k € Z and My + 973 < k/27 < My — 2*%} =0. (6.29)

Jj—+oo

Remark 6.3. Notice that (6.7) (in which one takes a,b such that Hy € [a,b]) and Proposition 4.2
(in which one takes ¢ = 0, a = H, b = H and n an arbitrary positive real number), imply that the
random variables g; . are well-defined and finite on €1,
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PROOF OF LEMMA 6.2. In all the sequel, we assume that j € N and k € Z are arbitrary and
satisfy (6.14). Using (5.1), (6.11) and (6.28), one has,

3
gk (w) = Giw(w)| <DL (w), (6.30)
=1
where for all [ € {1,2, 3},
L () =201 [ X0 H(0)0) - X(6 H k2 ) )[E@— b Hlds (631)
By

recall that the sets B, B2 and B3 have been defined in (6.16). Let us now prove that (6.29) holds,
when |g; 1(w) — gjk(w)| is replaced by L}k(w) It follows from the definition of By, (3.18) (in which

one takes ¢ =0, M = My, a = H and b = H), (6.14), the Condition (A), and the change of variable
u = 2t — k, that,

Lyle) < Cr(w)2/ ) [ B — H(k27) [~ b, H)ldt
1

< CQ(w)2j<1+H*>/ It — k27|
B1

(2t — k, H,)|dt

< oz(w)2j<1+H*>/ (= k2T [ B (2t — ke, HL)|dt
R

= Cg(w)QjH*/ 1277w | U (u, H,)|du
R

< C3(w) 2/ =), (6.32)

where the positive and finite constants C}(w), C2(w) and C3(w), do not depend on j and k. Then,
using (6.32) and the inequality 6 < . + 1/a — H,, one gets that,

lim sup 2761/ max{L;k(w) tk€Zand My +2 % < k/20 < My — 2*%} ~0. (6.33)

Jj——+oo

Next, let us prove that (6.29) holds, when ’gj’k(w) — gjk(w)| is replaced by L?k(w) Let us set,
Cy(w) == sup | X (u, v,w)| < o0; (6.34)

(U,U)E[—QM(),QM()} X [ﬁ, ]

observe that Cy(w) is finite, since the function (u,v) — X(u,v,w) is continuous over the compact

rectangle [—2Mg, 2My] x [H, H]. Putting together, (6.31), (6.34), and (6.23), one obtains that,
L2} (w) < Cs(w)2 79010, (6.35)

where C5(w) is a constant non depending on j and k. Then, using (6.35) and the inequality § < 1—H,,
it follows that,

lim sup 2/(*~1/®) max {L]%k(w) k€Zand My +2 % <k/2 < My—2 3} =0. (6.36)
Jj—4oo
Next, let us prove that (6.29) holds, when |g;x(w) — gjk(w)| is replaced by Lg’k(w) Setting in

Proposition 4.2, ¢ =0, a = H and b = H, one gets that for any fixed n > 0 and for each ¢t € Bs,
X (¢, H(t),w) — X (t, H(k27),w)| < Cow) [t (1+ | log t]]) />,

where Cg(w) is a constant non depending on ¢ and (7, k). Next combining the latter inequality with
(6.31) and (6.25), it follows that,

L3 (w) < Cr(w)2” 7, (6.37)
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where C7(w) is a constant non depending on j and k. Then, using (6.37) and the inequality § < 1—H,,
it follows that,

lim sup 27(~1/%) max {Lik(w) tk € Z and M; + 9735 < k/27 < My — Q_ﬁ} = 0. (6.38)
j—+oo
Finally, putting together, (6.30), (6.33), (6.36) and (6.38), it follows that (6.29) holds. O

Proposition 6.2. Let S be the event of probability 1 which has been introduced in Lemma 2.1. Then
for allw € QF, v e (1/a,1) and (j, k) € Z?, one has,

9 (1+v) / X (t,0,w) (2t — k,v)dt = € 1 (w), (6.39)
R

where € is the random variable defined in (2.5).

PROOF OF THE PROPOSITION 6.2. First observe that by using (6.7) and (4.2) in which one takes
q =0 and a, b such that v € [a,b], it follows that, for all w € Qf and (j, k) € Z2,

210 L N 27 e ()| W2 - —K ) — U(—K,0)| | |U(27 - —k,v)| € LE(R);
(7' k' ez?

therefore we are allowed to apply the dominated convergence Theorem, and we obtain, in view of
Theorem 2.1 Part (i), that
2J‘<1+v>/X(t,u,w)@(%—k,v)dt
R

=270+ Ry 2-1”%]‘,7,6,(@)/1@(\1;(23‘}_ K v) — O(—kK,0)) (27t — k,v)dt.
(' k) Ez2

Finally, combining the latter equality with Proposition 6.1 Parts (i7) and (ii7), one gets (6.39). O

Remark 6.4. Let 7 and p be as in Theorem 6.1, also we suppose that (6.3) holds. We denote by 19
an arbitrary real number such that T > 7 > 0.

(i) One has,
14+2a 4+ 7

< an. (6.40)
p
(1) Denote by d(19) and e(19) the positive real numbers defined as,
2 (14 2a7! 1 1 /1+2a7! 2
d(mp) := 3 <+04p+70> + g(on'o) and e(mp) := 3 <—i—ap+70> + g(am), (6.41)
then,
1+2a7!
Tl AT < d(m) < e(m) < an. (6.42)

p
(iii) For any fized to € [My, M) and j € N, denote by D;(to, 1) the set of indices, defined as,

Dj(to, 7o) == {k €Z : k279 € [My, M) and j~°) < [tg — k279| < j—d“o)}, (6.43)
then, for all j big enough, the set Dj(ty,10) is nonempty and satisfies,
D;(to, 7o) C {keZ:MlJrTi < k20 §M2—2*i}. (6.44)
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PrROOF OF REMARK 6.4. Observe that, in view of (6.2), one has

14+2a 47
p

= aT;

therefore, (6.3), implies that Part (i) holds. Part (i7) easily follows from (6.40) and (6.41). Let us
give the proof of Part (iii), for the sake of simplicity we set d = d(7p) and e = e(79). Observe that
the set Dj;(tp, 79) is nonempty for all j big enough, since lim;_, 4 29(j74 — j7¢) = +o00. Let j > 1
and k be two arbitrary integers such that j is big enough and k € Dj(to, 7). In order to show that,
they satisfy (6.14), we will study three cases: ¢ty € (M1, M), to = M; and ty = Mo.

Let us first suppose that My <ty < Mas i.e. min{tg — My, My — to} > 0, then in view of the fact
that j is big enough, one can assume that j=¢ 4 273 < min{ty — My, My — to}; the latter inequality
and the inequality |to — k27| < 5~ imply that (6.14) holds.

Let us now assume that tqg = Mj. It follows from the equality |tg — k277| = k277 — M; and the
inequalities j=¢ < |tg — k279| < 579, that, My +j7¢ < k277 < M1 + 5% Moreover, in v1ew of the
fact that j is big enough, one can assume M + j~¢ > M; + 2~ 3a and M+ 5~ —d < My — 2™ 2a' thus
(6.14) holds. At last, the case where tg = My, can be treated similarly to the case where ty = Ml. O

Lemma 6.3. Let 7 be as in Theorem 6.1, also we suppose that (6.3) holds. We denote by 10 an
arbitrary fized real number such that 7o > 7 > 0. Then, for all ty € [My, Ms], there exists Q7 , (to)
an event of probability 1 (which a priori depends on 19 and ty) included in QO (recall that the latter
event has been introduced in Lemma 2.1), such that, for each w € Q7 | (to), one has,

lim inf j727 j/o‘max{’ejk (W)]: ke Dj(tQ,To)} > 0, (6.45)

j—+oo

where the €; 1, ’s are the random variables defined in (2.5) and where D;(to, 7o) is the set introduced in

(6.43).

PROOF OF LEMMA 6.3. Let p be a fixed integer such that p > 2R (see (2.2) for the definition of
R). We assume that j is an arbitrary big enough integer, so that the set,

Dj(to,m0) :={q € Z : pg € Dj(to,0)} = {q e Z : B4 ¢ [My, My] and =50 < [pg2—I —t,] < j74()

(6.46)
is nonempty. From now omn, for the sake of simplicity, d(70) and e(7p) are respectively denoted by d
and e. Notice that, since j is big enough, the cardinality of the set D;(to, 79) satisfies,

Clj 2j < card( (to,Tg)) < CQj_de, (6.47)

where ¢; and ¢z are two positive constants non depending on j. We denote by I'; the event defined
as,

Uy i={we s s max{|enw)|: ke Djlto,m0) } < 72/} (6.48)

Let us provide an appropriate upper bound for the probability P( ) since j is big enough, there is

no restriction to suppose that 57727/ > 1 and that 357277 < 1, where c3 is the positive constant
c in (2.9). Next, using, (6.48), (6.46), Part (iv) of Remark 2.1, (2.9), and the first inequality in
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(6.47), one obtains that,

P(L;) <P {‘69%1”1‘5‘7'402]-/&} - H P(‘eﬂlm‘gj_my/a>

qeﬁj(to,To) qEDj(to,TQ)

- (1 - P(l%m‘ > j_TOQj/a»
q€D; (to,m0)

. c1j7d2~7.
< (1 - 03jO‘T(’2_9> ; (6.49)

moreover, the inequality log(l — z) < —z for all x € [0,1), allows to prove that,

dgj

(1- cst”OQ—J’)C”_ ’

Finally putting together (6.42), (6.49) and (6.50), one gets that,
> P(T) < oo;
jeN
thus Borel-Cantelli Lemma implies that (6.45) holds. O

= exp (clj_de log(1 — 03jw°2_j)> <exp (- clcgjmo_d). (6.50)

Lemma 6.4. Let 7 be as in Theorem 6.1 also we suppose that (6.3) holds. We denote by 19 an
arbitrary fized real number such that 7o > 7 > 0. Then there exists to € [My, Ma] (a priori ty depends
on 19) such that, for all w € QO (the event of probability 1 introduced in Lemma 2.1), one has,

lim sup j70277/@ max{"gvjyk(w) — €jk(w)| : k € Dj(to, T[))} =0; (6.51)
Jj—+oo

recall that the random variables g; 1 and € have been defined respectively in (6.28) and (2.5), also
recall that the set D;(ty, 79) has been introduced in (6.43).

PROOF OF LEMMA 6.4. Let p be as in (6.1). Assume that py € (1/c,p) is arbitrary and such
that,
1+2a 1+ 1 < 1+2a~ 47
P Po
where d(79) and e(1p) are defined in (6.41). Then, in view of (6.1) and (6.10), there exists tg €
[M1, Ms], which satisfies,

< d(m) < e(19) < arp, (6.52)

H(ty) = H,
(6.53)
Supte[MhMQ} % < 0.

In all the sequel, we suppose that j is an arbitrary big enough integer, thus the set D;(tg, 1) is
nonempty and (6.44) holds; also we suppose that k € D;(tg, 7o) is arbitrary. Using (6.39) in which
one takes v = H,, (6.28), and the equality, for each fixed t € R,

X(t, H(k27),w) — X(t, Hy,w) = (H(k277) — H,) /1 (0,X) (t, He + 0(H (k277) — H.,),w)d0,
0
one gets that

Gik(w) — € p(w) = 20+ / (X (t, H(k277),w) — X (t, He,w)) U (27t — k, H,)dt
R

1 ~ .
= 200+ ([ (k277) — H,) / / (8, X) (t, He + 0(H (k277) — H,),w)¥(27t — k, H,)d0dt.
RJO
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Therefore, it follows from (6.8) in which one takes v = H,, that,
l€j(w) = Gi(w)| < [H(k277) — H, \Z ); (6.54)
where, for each [ € {1,2,3}
Flp(w) = 200+ /Bl /01 |0 (27t — k, H,)| (6.55)

< |(0uX) (¢, He + 0(H (k277) — H,),w) — (0,X) (k277, Hy + 0(H (k277) — H,),w)|ddt;
recall that the sets B; are defined in (6.16). Observe that, in view of (6.53) and (6.43), one has,
|H(k277) — H,| < ¢ j~ 40000, (6.56)

where ¢; is a constant non depending on j and k. Also, observe that in view of (6.52), there exists
71, an arbitrarily small positive real number such that
1+2a7 ' +70+m

Po
Let us now, prove that (6.51) holds when |g;(w) — €;x(w)| is replaced by |H (k277) — H*\Fjlk(w)

Using Proposition 4.1 (in which one takes g =1, M = My, a =H, b= H and 1 = 1), the inequality
H(k277) > H, and the fact that k277 € By C [—My, Mp], one gets that,

< d(m). (6.57)

Flafw) < Gt [ [ i)

: _ N\ 12/at
x|t — k2 [V /ot 0(H (K279~ H.) (1 +|log |t — kg—a,}) " aodt

/ W (27 j N\ 1+2/a+
< C2(w)21(1+H*)/ (2t — k, H,)||t — k277 |1/ (1 +|log |t - k2*J|D m
B
s {/ |t — k279|PH 02 ”‘H*>d9}dt
0
‘ W (27 j N\ 1+2/at
< Cg(w)27(1+H*)/ \U(29t — k, H,)||t — k279 |H1/ (1 + |log |t — k2_JH> mdt,
R

where Cy(w) is a constant non depending on j and k and where C3(w) = (1+2M0) i C3(w). Then,
setting u = 2t — k in the last integral, and using Lemma 9.1, one obtains that,

) 42/atm ~

g, |V (u, H,)|du

Fjj(w) < 03(w)2j/a/ |U\H*_1/a(1 + |log |27 ul|
R
< C’4(w)2j/a/ ’u‘H*fl/a(jl+2/a+771 4 (1 + }lOg‘uH)l—‘rQ/a—i_m)’if’(u, H*)]du
R
< C(w)j ' H2/etm gile, (6.58)

where C4(w) and C5s(w) are two constants non depending on j and k. Putting together, (6.56), (6.57)
and (6.58), it follows that

lim sup j0279/° max{yH(k:z*j) — H.|F}}(w) : k € Djlto, TO)} —0. (6.59)

Jj—+oo

28
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Let us now prove that (6.51) holds when !fq’j’k(w) - ej’k(w)‘ is replaced by |H (k277) — H*]ka(w) We
set,
Co(w) == sup |(06X) (u, v,w)| < o0; (6.60)
(u,v)€[—2Mo,2Mo] x [H,H]
observe that Cg(w) is finite, since the function (u,v) — (9,X)(u, v,w) is continuous over the compact

rectangle [—2My, 2My] x [H, H]. Putting together, (6.55), (6.60), (6.44) and (6.23), one obtains that,

F2(w) < Cr(w)27 90710, (6.61)

where C7(w) is a constant non depending on j and k. Then, using (6.61), the fact that H(-) is a
bounded function, and the inequality 0 < 1 — H,, it follows that,

lim sup j027/* max {\H(k:Tj) — H,|F2y(w) : k € Dj(to, TO)} = 0. (6.62)

Jj——+oo

Let us now prove that (6.51) holds when }ﬁjk(w) - ej,k(wﬂ is replaced by |H(k277) — H*|F]3k(w)

Setting in Proposition 4.2, ¢ = 1, a = H and b = H, one gets , in view of (6.60), that for any fixed
n > 0, for each ¢t € Bs and for all 0 € [0, 1],

|(0,X) (t, Ho+-0(H (k2 7)—H,),w)— (8,X) (k277 , H4-0(H (k2 7)—H.),w)| < Cy(w)[t|7 (1+|log [¢]|) ",
where Cg(w) is a constant non depending on ¢, # and (j,k). Next combining the latter inequality

with (6.55) and (6.25), it follows that,

F3 (wo) < Co(w)2~UHI, (6.63)

where C9(w) is a constant non depending on j and k. Then, using (6.63), the fact that H(-) is a
bounded function, and the inequality 0 < 1 — H,, it follows that,

lim sup j°277/* max {\H(k2_j) — H*\Fj‘sk(w) ke Dj(to,To)} =0. (6.64)
Jj—+oo ’
Finally, putting together, (6.54), (6.59) (6.62) and (6.64), it follows that (6.51) holds. O

Lemma 6.5. Let 7 be as in Theorem 6.1, also we suppose that the Conditions (A) and (6.3) hold.
We denote by o an arbitrary fized real number such that 7o > 7 > 0. Then there exists (X5 an event
of probability 1 (which a priori depends on 19) included in QY (recall that the latter event has been

introduced in Lemma 2.1), such that, for each w € 5 ,,» one has,

lim inf j70277/* max{\gj,k(w)} k€7 and My +2 % < k/29 < My — 2—%} >0, (6.65)

Jj—+oo
where the gj1’s are the random variables defined in (6.11).

PROOF OF LEMMA 6.5. Putting together (6.44) and Lemmas 6.4, 6.3, 6.2; one gets the lemma.
[l

Now, we are in position to prove Theorem 6.1.

Proor oF THEOREM 6.1. Denote by Q3, the event of probability 1, defined as,
03 = ﬂ Q5 10

T70€Qand To>T7

recall that the events (25 have been introduced in Lemma 6.5. It is clear that (6.65) holds for all
w € Q3 and for all real number 79 > 7 > 0; therefore, it follows from Lemma 6.1, that for each w € 3,
70 > 7 and ng > 0,

‘Y(t,w) - Y(s,w)|
sup H.—1 —To—70
(t,s)€[My, M2 [t — s|He—1/e(1 + ’ log |t — SH)
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Then, in view of (6.10), one gets the theorem. O

7. Optimality of local modulus of continuity of LM SM

The goal of this section is to show that under a condition a bit stronger than (5.10), the local
modulus of continuity given in (5.11), is optimal, more precisely:

Theorem 7.1. Let M be an arbitrary positive real number. Assume that to € (—M, M) satisfies for
some constant ¢ > 0 and all t € R,

1/

|H(t) — H(to)| < e[t — to["") (1 + | log |t — to|]) (7.1)

Then, one has almost surely,

“ [Y'(t) = Y (to)| }: . )
te[—]\/I[),M] { \t _ tO|H(t0)(1 + ‘ log ]t _ tOH)l/a . ( . )

The proof of Theorem 7.1 relies on (3.18) in which one takes ¢ = 0, also, more importantly, it
relies on the following proposition.

Proposition 7.1. Let M be an arbitrary positive real number. For all tg € (—M, M), one has almost
surely,

. { | X (¢, H(to)) — X (to, H(to))] }:oo (7.3)
te[—M, M)

|t — to|H(t0) (1+ | Tog |t — to||) "/

In order to show that Proposition 7.1 holds, we need to introduce some additional notations, also
we need to derive some preliminary results. Let mg be the positive integer defined as,

mg := [loga(3R +2)] +1; (7.4)

recall that, R is a fixed real number strictly bigger than 1, such that (2.2) holds. For all j € N, one
sets,

r(7,mo) := jmo and (4, mp) := [QT(j’WO)to + R+ 2]; (7.5)
observe that, the inequalities,
(R+1)2770m0) < 1(§,mg)27"0m0) — 15 < (R4 1)2770m0) < 4/5, (7.6)

hold. One denotes by €; the StaS random variable,

€ 1= €r(jmo)l(j,mo) » (7.7)
in other words, €; is defined through (2.5) in which j and k are replaced, respectively by r(j,mo) and
1(j,m0)-

Lemma 7.1. The StaS random variables €;, j € N are independent and they all have the same scale

parameter, namely, for each j € N,
1/
Ié5ll0 = { / |w<t>|adt} . (73)

PrROOF OF LEMMA 7.1. First observe that (7.8) is a straightforward consequence of (7.7) and
(2.8). Let us now prove that the random variables €;, j € N are independent. Notice that (2.2),
entails that,

suppw(Qr(j’mO) - —1(j,m0)) C [1(4, mg)2~"0mo) — Ra=T(m0) ()2 Tmo) 4 RQ—T(j,mo)];
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therefore, in view of (2.5) and the fact that the StaS random measure Z,(ds) is independently
scattered, it is sufficient to show that the intervals [I(j, mg)2-"me) — R2=T(Gmo) (5 mg)2-"Umo) 4
R27T (J,mo)], 7 € N are disjoint. The latter result can be obtained by proving that, the inequality,

R27rUmo) 4 R UHPMO) < |1(j,1mg)27"UM0) (5 + p,mg)2 P, (7.9)
holds for all (j,p) € N2. By using the triangle inequality, (7.6) and the first equality in (7.5), one has,
|14, m0)27"F™M0) —1(5 + p,mg) 27T | > |1(j,mg)27"0™0) — to| — |U(j + p, mp)2 " UTPMO) — ]

> (R+1)2770m0) (R 4 1)2!70HPmo) = (R 4 1)279m0 (1 — 217Pm0) > (R 4 1)279m0 (1 — 217m0),

(7.10)
On the other hand, the first equality in (7.5), imply that
R27rdmo) 4 po=rUtpmo) — Ro=imo (] 4 97Pm0) < RTIM0(] 4 27M0), (7.11)
Next, notice that (7.4), implies that 27 < (3R + 2)~! and consequently that,
_ 3R(R+1) 1—
R(1+27™) < ————~ < (R+1)(1—-2"7"0), 7.12
(+2m) < BB o —giom) 712)
Finally, putting together (7.10), (7.11) and (7.12), one gets (7.9) O
Lemma 7.2. One has, almost surely,
lim sup S > 1. (7.13)

jotoo Y logh/*(5)

PROOF OF LEMMA 7.2. Notice that, in view of Lemma 7.1, the events {\éj] > jl/e logl/o‘(j)},
j € N, are independent; moreover, (7.7) and the first inequality in (2.9), imply that,

+00 +oo
S P (le] > 51081 /()) = ¢ D05 og () = +oo.
j=2 j=2

Thus, applying the second Borel-Cantelli Lemma, one gets (7.13). O

Lemma 7.3. Let ) be the event of probability 1 introduced in Lemma 2.1. Assume thatl for some
to € (—M, M) and wy € Qf, one has,

X (t, H(to), wo) — X (to, H(to),
qup  J X0 H(to), wo) = X(to, H(to) fj?‘ < 5 (7.14)
te[-MM] |t — to[H(t0) (1 + | log [t — to]|)
Then, it follows that,
lim sup |6j,(w0)’ < 0. (7.15)

PROOF OF LEMMA 7.3. First notice that, (7.7), (6.39) in which one takes v = H(tp), (6.8), and
the change of variable x = ¢ —[;27"7, imply that,

éi(wo) = 27‘3'(1+H(to))/
R

(X(t, H(to),wo) — X (to, H(to), wo))qf(zw — 1, H(to))dt

- 2Tj<1+H(t0>>/ (X (2 + 1,277, H(to),wo) — X (to, H(to), wo) ) (277, H(to))dz,  (7.16)
R

where, for the sake of simplicity, we have set r; = r(j,mo) and [; = I(j,mg). Let s, = |to| + 2,
observe that, in view of (7.6), one has,
Ve eR, [z] > s, = |z +1;277] > 1. (7.17)
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Also, observe that (7.16) entails that,
€ (wo)| < Sj + 7, (7.18)
where
Sj = 2Tj(1+H(t0))/ X(x+lj2_”,H(to),w0) —X(to,H(to),Wo)“\TJ(Zzj,H(tO))‘d.T (7.19)
|| <sx
and
Z; = 2ri(1+H(t)) / X (z+1;277, H(to),wo) — X (to, H(to), wo) ’ |0 (272, H(to))|dz.  (7.20)
2|25+

Let us now give an appropriate upper bound for S;. Notice that, the fact that ¢t — X (¢, H(to),wo)
is a continuous function over R, entails that, (7.14) remains valid, when [—M, M] is replaced by any
other compact interval; also notice that, in view of (7.6), when |z| < s, then x 4 [;27"7 belongs to
the compact interval | — s, — |to| — 4/5, s« + |to| + 4/5]. Thus, using (7.14) in which M is replaced
by s« + [to| + 4/5, one gets that,

1/, ~
Sj < C(wp)2mi(HHH(t0) v 4 x| t0) (1 + |log |vj + | ]) |W(27z, H(to))|dz
|| <s-
1/, ~
< cl(wo)zw<1+H<to>>/ v, —|—x|H(t0)(1 + [log |y —|—x||> B (27, H(to))|da, (7.21)
R
where, C(wyp) is a constant non depending on j, and
v = le_Tj - to; (722)
observe that (7.6) implies that,
R+1<2%y; <2R+2. (7.23)
For the sake of convenience, let us set,
¢z = sup (3 + ly)*[ @ (y, H(to))| < oo; (7.24)
ye

observe that the inequality in (7.24) results from (6.7). Next, making in (7.21) the change of variable
u = x/v;, and using the triangle inequality, (7.23), (7.24), (7.22), the last two inequalities in (7.6),
and the the first equality in (7.5), it follows that,

1/, ~
Sj < Cr(wo) 2Tf(1+H(t°))1/j/ lvj + Vju|H(t°) (1 + ‘ log |vj + VjuH) ’\11(277 viu, H(to))}du
R
1/, ~
_ cl(wo)2Tj<1+H<t0>>y}+H<t0>/R|1 00 (14 |log(vy) + log [+ ul|) 9275 vju, H(to))|du

< (Cs (wo)(Qrf yj)HH(tO) ‘ log(uj)|1/a,
< Cu(wo) j/* (7.25)

where, the constant,

‘2+|log|1+u||‘1/a

C3(wo) := 02(10g(5/4))—1/a()1(WO) & (34 |ul)2-H)

du < 00,

and the constant Cy(wo) = C3(wo) (2R +2) HH(tO)mé/a. Let us now give an appropriate upper bound
for Z;. Using (7.20), (7.24) and the triangle inequality, one obtains that,

Zj < 022_rj(1_H(t0)) / ‘X(.%' + le_Tj , H(to), wo)‘  2dx + C5(W0)2_Tj(1_H(t0)), (7.26)

ja|>s.
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where, the constant

C5<(U0) = CQ‘X(tO, H(to),(.do)‘ .%‘_Qd.r < oQ.

|| =5

Next, observe that, (7.17) and (7.6) imply that for all real number = which satisfies |x| > s,, and for
each j € N, one has,

1< |+ ;27| < |o] + [to] + 1

thus, taking in (4.2), ¢ = 0, a, b such that H(ty) € [a, ], and n an arbitrary fixed positive real number,
it follows that,

1/a+
‘X(x+lj2_rj,H(t0),wg)‘§Cﬁ(wo)(|:v|+|to|—|—1)H(t°)(1+10g(|x’+|t0\+1)) ", (ran)

where the finite constant Cg(wg) does not depend on 2 and j. Next, combining (7.26) with (7.27),
one gets, that,

Z; < Crp(wg)2 (- H (k) (7.28)
where the finite constant

C7((,U()) = C5(Ld0) + Cg/

|5

1/a+n

(I + Jtol + 1)) (1 + 10g (Jz| + to] +1)) " a2

Finally, putting together, (7.18), (7.25), (7.28) and the first equality in (7.5), one obtains (7.15) O
Now, we are in position to prove Proposition 7.1 and Theorem 7.1.

PrROOF OF PROPOSITION 7.1. The proposition is a straightforward consequence of Lem-
mas 7.2 and 7.3. 0

PrROOF OF THEOREM 7.1. Using (5.1) and the triangle inequality, one has, for all ¢ € [—M, M|,
| X (¢, H(to)) — X (to, H(to))| < [Y(£) = Y (to)| + [ X (¢, H(t)) — X (t, H(to))]
and, as a consequence,

| X (¢, H(to)) — X (to, H(to))|
sup 1/a
te[-m,M] (|t — to|H(t0) (1 + | log |t — to||)

Y1) - Y(t) X (6 H(1) ~ X(t.H(to)|
< sup /a + sup Ta (-
te[-M.M] | [t — to[H(t0) (1 + | log [t — to||) te[-M.M] ([t — to| () (1 + |log |t — tol|)
Thus, in view of (7.3), in order to show that (7.2) holds, it is sufficient to prove that,

X(t,H(t) — X(t,H(t
p [ PXOHO X)) 720)
te[-M.M] (|t — to[H(t0) (1 + | log [t — to]|)
Taking in (3.18) ¢ =0, a = H := inf,ecg H(x) and b := H := sup,cp H (), one gets that,
‘X(tv H(t)) - X(tv H(tO))}
sup < 00. 7.30
P { H(t) — Ho)] (730
Finally, combining (7.1) with (7.30), it follows that (7.29) holds. O
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8. Local Hélder exponent of LMSM

The goal of this section is to determine the local Holder exponent of a typical path of LMSM. Let
us first recall, in a general framework, the definition of this exponent.

Denote by f an arbitrary deterministic real-valued continuous function defined on the real line.
The critical global Holder regularity of f, over an arbitrary nonempty compact interval [M7, Ms], can
be measured through,

) $') — f(s"
p‘]‘cmf([Ml,Mg]) s=supqp>0: sup w < ooy, (8.1)
s',s"€[My,M>) ‘5 - S |

the uniform (or global) Hélder exponent of f over [Mj, Ms]; observe that one has
P (M1, M) > p™ ([My, M), (8.2)

when [M], Mj] C [M;, Ms]. The local Holder regularity of f in a neighborhood of some point ¢y € R,
can be measured through,

P (to) := sup {p§""([M1, Ms]) : My € R, My € R and M <ty < Ma}, (8.3)

the local Holder exponent of f at fg; notice that the latter exponent is sometime called the uniform
pointwise Holder exponent of f at to (see [30]).

Let t — Y (t,w) be a continuous path of the LMSM {Y(¢) : ¢t € R}. The uniform Hoélder
exponent of ¢ — Y (t,w) over [My, M), is denoted by p4([My, M],w); the local Holder exponent of
t — Y (t,w) at to, is denoted by p(tg, w).

Thanks to Part (i7) of Corollary 5.1 and thanks to Theorem 6.1, under some Hélder condition on
H(-), one can, almost surely for all ¢y € R, completely determine pi*(ty,w), more precisely:

Theorem 8.1. There is O an event of probability 1 (non depending on to), such that for all w € QO
and for each tg € R satisfying,

(ko) > 1/a, (8.4)
one has, '
P (to,w) = Hity) — 1/ (8.5)

Notice that the latter theorem is a more precise result than Theorem 4.1 in [30].

PrRoOOF OF THEOREM 8.1. The theorem does not make sense if there is no ¢y € R which satisfies
(8.4), so in all the sequel, we assume that (8.4) is satisfied for some ¢y € R. In view of (8.2) and (8.3),
this assumption implies that the set,

A= {(m, p2) € Q% iy < pz and P ([, pal) > 1/},
is nonempty. Next, observe that, (8.1), Part (i7) of Corollary 5.1, Theorem 6.1 and Remark 6.1,
implies that, for all (u1, u2) € A, one has, almost surely,

P ([p1, p2]) = min H(z) — 1/a; (8.6)
CCE[,U«LMQ]

moreover, the fact that A is a countable set, entails that (8.6) even holds on 2}, an event of probability
1 which does not depend on (u1, p2). Also, observe that, for each tg € R which satisfies (8.4), one
has, for all w € €,

unif unif

PV (to, w) = sup { V" (11, pa]) © (1, p2) € A and iy < to < o} ; (8.7)

the latter equality can be obtained by using (8.2), (8.3) and the fact that the set of the rational
numbers is dense in the set of the real numbers. Finally, since H (-) is a continuous function, combining

(8.6) with (8.7), one gets (8.5). O
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9. Appendix
The following lemma is a standard result.

Lemma 9.1. For all fized positive real number X\, there exists a finite constant ¢ which only depends
on A, such that for each nonnegative real numbers x and y, one has,

(z+y)* <@+,
with the convention that 0* = 0.

The following technical lemma plays a crucial role in the proof of Part (iii) of Proposition 3.1 as
well as in those of other important results in our article.

Lemma 9.2. Let (p,q) € {0,1,2} x Zy be arbitrary and fivred. We set ¢ := 0502V, where W is the
function introduced in (2.3). Let M, v, a, b and k be arbitrary and fized real numbers satisfying

M>0,1>b>a>1/a,a—1/a>k and a—1/a—k > v > 0. At last, let i be an arbitrary and
fized nonnegative integer. For all n € Z, and (t,s,v) € R? x (1/a, 1) we set,

An(t7 S?”ﬂM? H’ V7Z7¢)

=2 X 2‘”‘(1)(%_k’ﬁ)__ﬁ2j‘9_k’“)‘<3+\j\)i“/a+”<3+rkr>1/a+” 91)

lj|<n |k|>M2n+

and

Bn(t,S,U;M,H,V7i7¢>

Nd(20t — k,v) — @(20s — K, ‘
- 3 e Tt)— o0 Z b Oy s o e, 92)
j|>nt1keZ 5
with the convention that A, (t,t,v; M,k,v,i,¢) = By(t,t,v; M, k,v,i,¢) = 0 for any t € R. Then,
when n goes to 400, An(t,s,v; M, k,v,i,¢) and By(t,s,v; M, k,v,i,¢$) converge to 0, uniformly in
(t,s,v) € [-M, M]? x [a,b].

In order to prove Lemma 9.2, we need some preliminary results.

Lemma 9.3. For all fized real numbers & > 0 and M > 0, there exists a constant ¢ > 0 such that for
each integer n > 0,

Yoo o (+k)TE <2
k>M2n+1

PrOOF OF LEMMA 9.3. Clearly, one has for all integer k > 1, (1 +k)~!17¢ < fkk_l(l +2)" 1 ¢d.
Therefore,

+oo
Y A+k)E< / (14 2) 1 8de = e M—S2- (e,
k>M2n+1 M2n+i-1
[l
Lemma 9.4. Let A € R and 6y > 0 be fivred. Set ¢ := 3.t 270 (1 + m)N < +oo. Then for all
real number 0 such that |0| > 0y and each no,n1 € {0,£1,..., oo} satisfying no < ni, one has,

@ 2m0f (1 A fe <0
S (g )} <o 2 Lol (9.3)

n=no 2M7(1+ [ma])* if 0> 0,

with the convention that 27°(1 + co) = 0 and 27°°(1 + OO))‘ = +00

PrOOF OF LEMMA 9.4. First, notice that the lemma clearly holds in the following three cases:
35



Représentation via des ondelettes de Daubechies et étude fine du comportement
trajectoriel

— ng = —o0 and ny = 4o0;

- ng=—o0 and 0 < 0;

— ny = +oo and 6 > 0.
Indeed, in the latter three cases, (9.3) becomes +o0o < +o0.

Let us study the case where § < 0 and —o0 < ng < n; < 400, the case where § > 0 and
—00 < ng < ny < 400 can be treated similarly. One has

ni

9 A A 0 A 0 AR g (L4 [m 4 mg |\
3214 )t < 30201 g )N = 2700 (1 g Y 2 <>

n=ng m=0 m=0 1 + ‘n0|
+oo A
_ 1+ |m + no|
< 9gnot 1+ n A g—mbo (T 177 T U1 ]
<20 o) S e

Thus, it remains to show that

> o <1 T 0 > <ci= Y 2701 4 m)P (9.4)
ng

m=0 m=0

In fact, (9.4) can be obtained by proving the following: for every integer m > 0, one has,

11
cLrmtnol (9.5)
1-|—m 1+|n0\

Clearly the second inequality in (9.5) is satisfied. To prove that the first one holds, we argue by cases:

; 1+[m+no| _ 14+m+4ng _ m 1.
— if ng > 0, one gets THno] . — Tt =1+ 212 70
i 1+|m+ 1 1
—ifng <Oand m > —ng = |n0|’ then 1|-:Tno1\10| = 1+[no] =z T+m>
— if ng < 0 and m < —ng = |ng|, then
L+ |m+nol  1—m++|ng| moy m 1
1+ |no| 1+ |no| 1+ |no| — 1+m 1+m

O
The following lemma is a more or less classical result, we refer for instance to [5] for its proof.

Lemma 9.5. [5]| For all fized real numbers 0 € [0,1) and ¢ > 0, there exists a constant ¢ > 0 such
that for any w € R, one has,

> (1 + |k[)%log® (2 + |k|)

CENTEEIE < (1 + |u])?1og® (2 + |u).

kEZ

Now, we are in position to prove Lemma 9.2.

PROOF OF LEMMA 9.2. Let t,s € [—~M, M| be arbitrary and fixed; there is no restriction to
assume that s # t. We denote by jo > —logy(2M) — 1 the unique integer such that

2700l |t — 5| < 2770, (9.6)
From now on, for the sake of simplicity we set:
Ap(t,s,v) = Ap(t,s,v; M, k,v,i,¢) and By, (t,s,v) := By(t,s,v; M, Kk, v, i, ).

Let us first prove that, when n — 400, A4,(t, s,v) converges to 0, uniformly in (¢, s,v) € [-M, M]? x
[a,b]. So, in the sequel, we assume that j is an arbitrary integer satisfying |j| < n. We need to derive
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suitable upper bounds for the quantity

Al (t,s,0) = Z

|k|>M2n+1

‘qb(th —k,v) — ¢(27s — k:,v)‘

|t — s

(3 + |k|)/otv, (9.7)

For this purpose, we consider two cases j < jo and j > jo + 1 separately. First, we suppose that
J < Jo- (9.8)
Using the Mean Value Theorem, (2.12), (9.6) and (9.8), one obtains that
‘¢(2jt —k,v) — ¢(2s — k,v)| < 12|t — 5| itérl)(?) + |u|)~2

<2t —s|(24+ |27t — k)72, (9.9)

where I denotes the compact interval with end-points 2/t — k and 27s — k. It is worth noticing that,
in view of (9.6) and (9.8), the length of I is at most 1; this is why the last inequality holds. Next,
(9.9) and (9.7) entail that

A(tsv) <a2t—s"" > B+[E)Y(2+ 20— K| (9.10)
|k|>M2n+1

Moreover, using the inequalities [t| < M, |j| < n and |k| > M2, one gets
B+ KDY (24 |27t — k)72 < B+ (KT (2 4 k| = 2 M) 72 < ep(1+ [R|)"EV (9.11)
Putting together (9.10) and (9.11), one obtains that

Al (t,s,v) < cs2![t — 5|7 Z (1 + |k|)~ @ e,
|k|>M2n+1

Then Lemma 9.3 (in which one takes { =1 — 1/a — v) and Relation (9.6), imply that

Al (t, 5,0) < ¢q2loti—DHg—n(=1/a=v) (9.12)
Let us now study the second case where
Jo+1<3. (9.13)
It follows from (9.7), (9.6) and (9.13) that
Al(ts0) <20 > {]g(20t - k,0)| + [6(27s — k,v)|} (3 + (K], (9.14)

|k|>M2n+1

Moreover, using (2.12) and the fact that |j| < n, one has for all (u,v) € [-M, M] x [a,b] and k € Z
satisfying |k| > M2" 1,

|6(27u — k,v)| < e5(3+ [27u—k|)7? < e5(3 + || — 27 |ul)
< es(34 k| —2"M) % < c6(3 + |K|) 2 (9.15)
Combining (9.15) with (9.14), one gets that
Al (t,s,0) S g2 Y (B4 [k])"T e,

|k|> 201
Thus, it follows from Lemma 9.3 (in which one takes £ =1 —1/a — v), that
Al (t,5,0) < 20 ni=l/av), (9.16)
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Putting together (9.1), (9.7), (9.12) and (9.16), one obtains that
An(t,s,v) < 682711(171/0471/) 2]0(n71) Z 2](171;)(3_’_ ‘j‘)l+1/a+u+ Z 2](;{711)(3_’_ |j|)1+1/a+u
j=——oo j=jo+1
(9.17)

Next, using Lemma 9.4 with ng = —oo, n1 =jp,0 =1—-v>0,0p=1—band A=1i+ 1/a+ v, one
gets that

Jo
Z 2j(1—v)(3+ |j|)i+1/a+u < Cngo(l—v)(l + |j0|)i+1/a+u (9.18)
Jj=—00
and using again the same lemma with ng = jo+ 1, n1 = 400, 8 = Kk —v < 0, §y = 1/ and

A =i+ 1/a+ v, one obtains that

+oo
Z 2]’(/{—1})(3_’_ U,)i-&-l/a—i—u < Clozjg(n—v)(l + |j0|)i+1/a+1/. (9_19)
J=jo+1
Putting together (9.17), (9.18), (9.19), the inequality v—k > 1/« and the inequality jo > — logy(2M)—
1, one obtains that

An(S,t,’U) < 01127]'0(1)7/@)(1 + |j0|)i+1/a+u2fn(171/afz/) < 61227n(171/a71/)’ (920)

where

€12 := €11 Sup {2_j/a(1 + 7)Yt j e Zoand j > —logy(2M) — 1} < +o00.

The last inequality in (9.20) implies that when n — 400, Ay(t,s,v) converges to 0, uniformly in
(t,s,v) € [-M, M]? x [a,b].

From now on, our goal is to prove that B, (t,s,v) converges to 0 uniformly in ¢, s, v, when n goes
to infinity. So, in all the sequel j denotes an arbitrary integer satisfying |j| > n + 1. First we derive
a suitable upper bound for the quantity

tsv: Z‘d)2t—/~cv gb(js—k‘,v)}

|t —s|*

(3 + [k|)1/otv, (9.21)
kEZ

As above, we distinguish two cases : j < jg and j > jo + 1. First, we suppose that (9.8) is verified.
Similarly to (9.10), one has that

Bi(t,s,v) < c132|t — s|' %> (3 + k) (2 4 |27t — k|) 72
keZ

Then, using (9.6), Lemma 9.5 (in which we take § = 1/a + v and ¢ = 0), and the fact that |t| < M,
one obtains that,

BI(t, s,0) < ¢1427 0= (1 4 97)V/etv, (9.22)

Now let us suppose that (9.13) is satisfied. By using this relation, (9.6), the triangle inequality, (2.12),
Lemma 9.5 (in which one takes § = 1/a + v and ¢ = 0) and the fact that ¢,s € [-M, M], one gets
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that,
Bl(t,,0) < 2" 33+ )V {|6(2 — k)] + [6(Fs — kov)]}
keZ
< Cl52jHZ(1 + |k")1/o¢+y {(2 4 |2]t _ k.’)—Q + (2 + ’2]8 _ k|)_2}
keZ
< 627" {(1 oIl 4 (1 Qj‘s‘)l/a-i-y}
< Cl?gj(n-l—l/a-i—u). (9.23)

There is no restriction to assume that n > logy(M)+2, then in view of the inequality jo > — logy(M)—
2, one has that —n — 1 < jp and thus (9.22) entails that,

—n—1 —n—1
Z 2—jv(3 + |j|)i+1/a+VBj(t,S,U) < ey Z 2j(1—v)+j0(n—1)(1 + 2]‘)1/az—i-l/(3+ ‘j‘)i+1/a+y
j=—00 Jj=—00
—n—1
< 0182j0(n—1) Z 2j(1—v)(3+ |j|)i+1/a+u.
j=—o00
Next, using Lemma 9.4 (in which one takes ng = —oo, ny = —n—1,0 =1—wv, 6 = 1 — b and
A =i+ 1/a+v), the inequality 270"~ < (4M)'=* and the inequality v < b, one gets that
—n—1
> 27 B 4 )Y BI(t, 5,0) < 1927 "IV (44 )T, (9.24)
j=—00

Let us now give a suitable upper bound for >Z.-, 279Y(3 + |j])H /¥ Bi(t, s,v). First we assume
that jo > n + 1; then, using (9.22), one has that,

Jo Jo
Z 2—jv(3 + ‘j|)i+1/a+VBj(t,S,U) < 6142j0(n—1) Z 2j(1—v)(3 + ‘j‘)i+1/a+u(1 + 2j)1/a+y
j=n+1 Jj=—00

Jo
§0202j0(5—1+1/a+u) Z 2j(1—v)(3+|j|>i+1/a+u

j=—00
< 62127j0(a71/a757u)(3 + |j0|)i+1/a+z/
< 0222—71,((1—1/04—/6—1/)(3+n)i+1/0¢+l/. (9.25)
Observe that the third inequality in (9.25) follows from Lemma 9.4 (in which we take ng = —oo,

ny = jo, 0 = 1—v, 0y = 1—band A = i+1/a+v) as well as from the inequality v > a. Also observe that
the last inequality in (9.25), results from the fact that the function z s 2-#(@=1/a=r=v)(3 4 gyitl/aty
is continuous over R and decreasing for = big enough.

Oun the other hand, by making use of (9.23), one has that

+00 +oo
Z 2,]'1)(3 + ‘j‘)i+1/0¢+VBj(t7 8,1)) < c17 2j(l€+1/a+l/7v)(3 + ‘j‘)iJrl/aJru
J=jo+1 J=jo+1
< 0232—j0(a—1/a—n—u)(3 + |j0|)i+1/a+u
< 0242—71(0,—1/04—.‘1—1/)(3+n)i+1/a+u' (926)

Observe that the second inequality in (9.26) follows from Lemma 9.4 (in which we take ng = jo + 1,
ng =400, 0 =rk+1/a+v—v,0y=a—-1/a—k—vand A =i+ 1/a+ v) as well as from the
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inequality v > a. Also observe that the last inequality in (9.26), results from the fact that the function
x = 2 wla—1/a—rm=v) (3 4 gyitl/o+v ig continuous over Ry and decreasing for  big enough.
Combining (9.25) with (9.26), it follows that one has, in the case where jo > n + 1,
+oo
Z ijv(?) + |j|)i+1/a+qu(t, S,U) < 62527n(a71/a7/i71/)(3 + n)’i+1/a+u‘ (927)
j=n+1
Let us now assume that jo < n + 1, then, by making use of (9.23), one has that

+OO . . +w . .
> 2B )T Bt s,0) S ep Y 20Hedvm)(3 ||yt ety
Jj=n+1 j=n+1
< 6262—71(&—1/0(—/{—1/)(3_|_n)i+1/a+1/’ (928)

where the last inequality follows from Lemma 9.4 (in which we take ng = n+ 1, ny = 400, § =
k+1l/a+v—v,0y=a—1/a—k—vand A=1i+1/a+v) as well as from the inequality v > a.
Finally, (9.2), (9.21), (9.24), (9.27) and (9.28) imply that, for all n > logy(M) + 2,

Bn(t, S,’U) < cor (2—n(1—b) + 2—n(a—1/o¢—f@—u))(4 + n)i-i—l/oz-&-u; (9_29)
which in turn entails that when n — 400, B,(t,s,v) converges to 0, uniformly in (¢,s,v) €
[_Ma M]2 X [avb]'

O
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CHAPITRE 3

Représentations des parties hautes et basses fréquences via
des ondelettes de Haar : vitesses de convergence des séries

1. Introduction

Let X = {X(u,v) : (u,v) € R x (1/a,1)} be the modification of the stochastic field generat-
ing LMSM’s whose paths are, with probability 1, continuous functions on R x (1/a, 1) (see Theo-
rems 2.1 and 3.1 of chapter 2); by restricting the underlying probability space denoted by © (more
precisely by supposing that (2 := g, where €)f is the event of probability 1 introduced in Lemma 2.1
of chapter 2), one can assume, without any loss of generality, that this continuity property holds, not
only for almost all the paths of X, but also for all of them. Recall that, for every (u,v) € Rx (1/a,1),
one has, almost surely,

v—1/a v—1/a
Xuo) = [ o) = (o) 2 (). (1.1)
R
where, for each real numbers = and &,

" if x € (0, 4+00),
()1 = (1.2)
0,if x € (—o0,0].

Throughout this chapter, we assume that Z,(ds) is an independently scattered symmetric a-stable
(SaS) random measure on R; thus setting, for any real number ¢, Z,(t) = Z,([0,¢]) when ¢t > 0
and Z(t) = —Za([t,0]) when t < 0, it follows that {Z,(¢) : t € R} is a usual SaS Lévy process,
moreover we always suppose that its paths are cadlag functions on R. A modification of the high
frequency part of X, is the SasS stochastic field X; = {X;(u,v) : (u,v) € R x (1/a, 1)} defined for
each (u,v) € R x (1/a, 1), as:

_ +oo
%, (u,v) ;:/0 (u— )" Z, (ds) (1.3)

a modification of the low frequency part of X, is the SaS stochastic field Xy = {Xa(u,v) : (u,v) €
R x (1/a, 1)} defined for each (u,v) € R x (1/a, 1), as:

Xo(u,v) = /0 {(u—s)ifl/a—(—3)1—1/“}Za(ds). (1.4)

—0oQ
It is worth noticing that the properties of these two fields are far from being completely similar. Also,
observe that, in view of (1.1), (1.3) and (1.4), one has for all (u,v) € R x (1/a, 1), almost surely,

X (u,v) = X1(u,v) + Xo(u, v).

In order to motivate the present chapter, one needs to briefly recall the main result in Section 3 of
chapter 2. Let ¥ : R — R be a 3 times continuously differentiable compactly supported Daubechies
mother wavelet [12, 20, 21] and let & (a,b, M) = Cl([a,b],C'Y([—M, M],R)) be the Banach space
of the Lipschitz functions defined on [a,b] and with values in the Holder space CY([—M, M],R) (see
Definition 3.2 in chapter 2), where v, a, b and M denote four arbitrary real numbers satisfying M > 0,
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l/la<a<b<1land 0<+vy<a—1/a. According to Proposition 3.1 and Theorem 3.1 of chapter 2,
one has, for all w € Q:= €, in & /(a, b, M),

X(u,v,w) = lim > 279 (w) (T (2w — k) — U(—k,v)), (1.5)
(4,k)EDM,n
where:
— Dy, is the set of indices defined as,
Dy o= {(j.k) € Z* : |j| < n and |k| < M2"T}, (1.6)

— W is the smooth deterministic function (see in chapter 2, (2.3) and Part (i) of Proposition 2.1),
defined for all (z,v) € R x (1/a, 1) as,

U(z,v) = /R(z—s)il/aw(s)ds, (1.7)

~ {€jx : (j, k) € Z?} is the sequence of the real-valued random variables (see (2.5) in chapter 2)
defined as,

€k = zj/a/Rw(zfs — k) Zo(ds) ; (1.8)

observe that, our assumption that Z,(ds) is a Sa$ random measure, implies that all the €;’s
have the same SaS distribution of scale parameter equals ||9|| o (r)-
Also recall that the following two results, are the two main ingredients of the proof of the fact that
the convergence in (1.5) holds in the space & (a, b, M).

(1) The sequence of real numbers {e;,(w) : (j, k) € Z*} satisfies (see Lemma 2.1 in chapter 2),
for every fixed arbitrarily small n > 0,

.\ 1/a+ 1/a+
lej(w)] < C'w) (3 +13) (3 + (k) (1.9)
where C’ is a positive and finite random variable only depending on 7.

(2) The function ¥ as well as all its partial derivatives of any order, are well-localized in the
variable z uniformly in the variable v € [a, b] (see Part (i7) of Proposition 2.1 in chapter 2),
namely, for each (p,q) € {0,1,2,3} x Z4, one has

sup (3 + [z])?|(0ROIV) (z,v)| < oc. (1.10)
(z,w)ERX|a,b]

The proofs of several results in chapter 2 testify that, the series representation in (1.5) as well as its
pathwise partial derivative with respect to v, are powerful tools for a fine study of path properties
of the field X = {X(u,v) : (u,v) € R x (1/a,1)} and a corresponding LMSM Y = {Y'(¢) : t € R}
defined as:

Y(t):=X(t,H(t)), forall t € R, (1.11)

where H(-) denotes an arbitrary deterministic continuous function on the real line with values in a
compact interval [H, H| C (1/a,1). However, this representation via smooth Daubechies wavelets,
has the following two drawbacks.

— The function ¥ (see (1.7)) and the random variables €; 1, (see (1.8)) cannot be defined by simple
explicit formulas, since this is not the case for the Daubechies wavelet v itself; therefore (1.5)
can hardly provide an efficient simulation method of the field X and Y a corresponding LMSM.

— In (1.5), the high and the low frequency parts of X (namely the fields X; and Xo defined
through (1.3) and (1.4)) are not completely separated; basically, this comes from the fact that
the diameter of the support of 1, is strictly larger than 1 (it is even much larger than 1).
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In order to avoid the latter two drawbacks, in the present chapter, we replace ¥ by the Haar mother
wavelet h defined for all s € R, as:

h(s) == 11[0,1/2)(5) - 11[1/2,1)(3)7 (1.12)

where 1g is the indicator function of an arbitrary subset S of R. The continuously differentiable
function 6 : R x (1/c, 1) — R is defined through (1.7) in which 1) is replaced by h; it is worth noticing
that, despite the fact that 6 will basically play the same role as W, there is a considerable difference
between both functions, indeed:
— on one hand, 6 has the advantage to be explicitly given by a simple formula, namely, in view
of (1.12), for all (z,v) € R x (1/a, 1), one has,

o) = [ o= o) h)ds (1.13)
= (l4v- 1/04)’1{(9[; — e gy — 1) ey (a:)lj“‘l/“};

— but, on the other hand, 6 is less regular than ¥ and more importantly it fails to satisfy the
"nice" localization property (1.10).
For each (j,k) € Z?, we denote by (j, the SaS random variable defined through (1.8) in which ¢ is
replaced by h; in contrast with €;;, the random variable (j; is explicitly given by a simple formula,
namely, in view of (1.12), one has:

Cik = 23'/“/Rh(2f's—k)za (ds) (1.14)

- (e (5) - (F50) = (55))
2 27 27

where {Z,(t) : t € R} is the SaS Lévy process with cadlag paths which has been introduced at the
very beginning of this introduction. Observe that the (s are identically distributed with a scale
parameter equals 1; also observe that for every fixed j € Z, {(; 1 : k € Z} is a sequence of independent
random variables.

In all the remaining of this chapter, we always assume that (u, v) belongs to the compact rectangle
[0,1] X [a, b], where a and b are two arbitrary fixed real numbers satisfying 1/ < a < b < 1; typically
one has a = ming¢(o 1) H (t) and b = max,¢(o 1) H (t) where H (-) is the continuous functional parameter

of Y, the LMSM defined through (1.11). The stochastic SaS fields X, X and X» are identified with
their restrictions to [0, 1] x [a, b] (notice that in the integral in (1.3), one can then replace 400 by 1).

Let us now introduce random series representations of X; and Xg via Haar functions. On one
hand, (1.3), the fact that the sequence of functions:

{Ljo1()} U {2j/2h(2j -—k):j€Zy and k€ {0,...,27 — 1}} ,

is an orthonormal basis of the Lebesgue Hilbert space L?([0,1]) (see [12, 20, 21]), standard com-
putations, Holder inequality, and a classical property of the stochastic integral with respect to
Za, imply (similarly to the the proof of Part (ii) of Theorem 2.1 in chapter 2) that for all fixed

(u,v) € [0,1] X [a,b], the sequence of the SaS random variables (Xi](u,v))JeN, defined as:
1+v—1/a 2-1
Xl (U ’U) m —f—ZQ J Z C]kg 2J’U,—k) ’U) (115)
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converges in probability to the random variable X 1(u,v), when J goes to +00. On the other hand,
(1.4), the fact that the sequence of functions:

{Qj/ah(2j k) : (k) € T x N} ,

is an unconditional basis of the Lebesgue space L((—00,0]) (see [12, 20, 21]), standard computa-
tions, and a classical property of the stochastic integral with respect to Z,, imply (similarly to the
the proof of Part (ii) of Theorem 2.1 in chapter 2) that for all fixed (u,v) € [0,1] x [a, b], the sequence

of the SaS random variables (X3 (u, U))JGN’ defined as:

J—1 2713l

X (u,v) = Z 277v Z G-k (0(27u+ k,v) — O(k,v)), (1.16)
k=1

j=1—J

converges in probability to the random variable X, (u,v), when J goes to +o00. It is clear that for every
J € N, the paths of the SasS fields X{ = {X{(u,v) : (u,v) € [0,1] x [a,b]} and X = {XJ (u,) :
(u,v) € [0,1] x [a,b]} belong to C := C([0, 1] X [a, b],R), the Banach space of the real-valued continuous
functions on the rectangle [0, 1] x [a, b] equipped with the usual supremum norm, denoted by || - ||c.
A natural question one can address is that, whether or not, the sequences of continuous random
functions (X{)jen and (X3)jen, almost surely converge in the space C; assume for a while that the
answer to the question is positive and denote by X; and Xo the limits of these two sequences, then
the Sas fields X7 = {X1(u,v) : (u,v) € [0,1] X [a,b]} and Xy = {Xa(u,v) : (u,v) € [0,1] X [a,b]}
are modifications with almost surely continuous paths, respectively of the high and the low frequency
parts of the field X = {X (u,v) : (u,v) € [0,1] X [a,b]}.

To show that the sequences (X7)sen and (X4) jen are almost surely convergent in the space C, is
a tricky problem ; the main difficulty in it comes from the fact that 6 (see (1.13)) is a badly localized
function in the variable z; actually when v € [a, b] is fixed and x goes to +o0o, then 0(x,v) vanishes
at the same rate as ¥~ 1/*~1. In order to overcome this difficulty, we will use Abel transfroms.

The two main results of this chapter are the following.

Theorem 1.1. Let Q" be the event of probability 1 introduced in Proposition 2.1. Then, for each
w € O, the sequence of the continuous functions (X{(-,-,w))en defined through (1.15), converges
in the space C := C([0,1] x [a,b],R) to a limit denoted by X1 (-, ,w); moreover, one has for all fized
n >0,

HXl('a ',(.U) - X{(v .’w)HC =0 (2—J(a—1/a)J2/o¢+n> . (117)

Notice that the SaS field X1 = {Xi(u,v) : (u,v) € [0,1] X [a,b]} is a modification with almost surely
continuous paths, of the high frequency part of the SaS field X = {X(u,v) : (u,v) € [0,1] X [a,b]}
which generates LMSM’s.

Theorem 1.2. Let Q7" and Q5" be the events of probability 1 introduced in Propositions 3.1 and 3.3.
Then, for each w € Q7* NQS* (notice that the event QT* NQS* is of probability 1), the sequence of the
continuous functions (X3 (-,-,w))jen defined through (1.16), converges in the space C := C([0,1] x
[a,b],R) to a limit denoted by Xo(-,-,w); moreover, one has for all fired n > 0,

HXQ('v '>w) - Xﬁf(v "w)HC =0 (2—J(1—b)J1/o¢+n> . (118)

Notice that the SasS field Xo = {Xa(u,v) : (u,v) € [0,1] X [a,b]} is a modification with almost surely
continuous paths, of the low frequency part of the SaS field X = {X(u,v) : (u,v) € [0,1] x [a,b]}
which generates LMSM’s.
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2. Proof of Theorem 1.1

Let © : R x (1/a,1) — R be the continuously differentiable function defined for every (z,v) €
R x (1/a,1) as:

O(z,v) :=0(x,v) —0(x — 1,v). (2.1)
For all (j,k) € Z2, let A be the SaS random variable of scale parameter (k + 1)/ defined as:
k
Ang = Z Cj,m' (22)
m=0
Lemma 2.1. One has for each j € Z4 and (u,v) € [0,1] x [a,b],
29—1 ' ‘ ' 292 '
D Ga0(2u— k) = X0 102w — 20+ Lv) + Y NpO(2u — k,v), (2.3)
k=0 k=0

with the convention that E,;:lo X O(u —k,v) = 0.

PROOF OF LEMMA 2.1. Tt is clear that (2.3) holds when j = 0, so let us assume that j > 1.
Using (2.2) and (2.1), one obtains that,

271 27 -1
Z Cj,kH(qu — k,v) = /\j’09<2jU, U) + Z ()\j,k - /\j,k71)9(2ju - k?”)
k=0 k=1
271 27 —2
= D Nkb(@u—kv) = Y A0~k —1,0)
k=0 k=0
27 —2
= No10@2u—2 +1,0)+ > X020 — k,v).
k=0

g

Let us now provide a rather sharp estimate of the asymptotic behavior of the sequence of random
variables {\; : (j, k) € Z%}.

Proposition 2.1. There exists an event of probability 1, denoted by Q5*, such that for every fived
real number n > 0, one has, for all w € QF* and for each (j, k) € Zi,

Na(@)] < Cw) (14 4) Tog*4 (34 §) (1 + k) log**7 (3 + k), (2.4)
where C' is a positive and finite random variable only depending on 1.
In order to prove Proposition 2.1, we need two preliminary results.

Lemma 2.2. For each fized j € Z, the SaS process {\ i : k € Z4.} has the same finite dimensional
distributions as the process {Zy(k+ 1) : k € Z1 }; recall that {Z,(t) : t € Ry} is a SaS Lévy process
with cadlag paths.

PROOF OF LEMMA 2.2. Let {d,, : m € Z;} be the sequence of the independent and identically
distributed Sa$ random variables with a scale parameter equals 1, defined for all m € Z as:

Om = Za(m +1) = Zo(m). (2.5)
It follows from (2.5) and the equality Z,(0) = 0, that one has for each k € Z,

k
Zo(k+1) =Y 6m. (2.6)
m=0
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Then, combining (2.6) with (2.2), and using the fact that for each fixed j € Zy, {(jm : m € Z; } is
a sequence of independent and identically distributed Sa$ random variables with a scale parameter
equals 1, one gets the lemma. O

Lemma 2.3. Let n > 0 be arbitrary and fized. We set,

\ | Za(t)]
M . :=su :te|l,4o00) p. 2.7
s = sup {tl gy € e (2.7)
Then My , is an almost surely finite random variable; moreover there is a constant ¢ > 0 such that
for all real number y > 1, one has,

P (M;a >y) <ey (2.8)

PROOF OF LEMMA 2.3. The fact that My, is an almost surely finite random variable, has
been derived in [1&].  The inequality (2.8) can be obtained by applying Theorem 10.5.1

in [26], to the almost surely bounded SaS processes {% ‘te [174_00)} and
Za(t) .
{_m e [17+oo)}, ‘

Now, we are in position to prove Proposition 2.1.

PrROOF OF PROPOSITION 2.1. For each fixed j € Z, let ,ui,z be the random variable defined as:

: | Ajik]
J* = su 2 kel p. 2.9
In view of Lemma 2.2, one has, for all j € Z,
jor () 2.1
Mnoa = ( ' O)

where @) means equality in distribution, and v is the random variable, defined as:

v :=sup ‘Za(kjl)‘ ckeZy . (2.11)
(1+ k)V/elogh/*+1(3 4 k)

Notice that Lemma 2.3 implies that v is almost surely finite; moreover, thanks to (2.10), the latter
property is also satisfied by u7a, for any arbitrary j € Z,. Next, using (2.10), (2.11), (2.7) and (2.8),
one gets that,

+oo
Z]P’ (i > (1) 1084 (34 5)) = SP(v> (147) log (34 j))
5=0
< ZIP’( > (1+ ) L/e logl/o‘+"(3+j))
+o00
< cZ (1 +j)_1 log~1—an (3+7) < oo
5=0

thus the proposition results from Borel-Cantelli Lemma as well as from the fact that u%fx is almost
surely finite for each j € Z. g

The following proposition provides sharp estimates of the rate of vanishing of 6(x,v) and O(z,v)
(see (1.13) and (2.1)) when z goes to infinity.
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2 Proof of Theorem 1.1

Proposition 2.2. (i) For each (z,v) € (—00,0] x (1/c, 1), one has,
0(z,v) = O(z,v) = 0.
(11) There exists a constant ¢ > 0, such that for all (z,v) € (0,+00) X [a,b], one has,
0(z,v)| < (1 + )P~ Yot
(iii) There is a constant ¢ > 0, such that for all (z,v) € (0,400) X [a,b], one has,
|O(z,v)| < (14 2)v" /o2,

PROOF OF PROPOSITION 2.2. In view of (1.13), (2.1) and (1.2), it is clear that Part (i) of the
proposition holds. Let us prove the two other parts of it. Observe that the fact that (z,v) —
(1+z)'"v"Yef(x,v) and (z,v) — (1 + 2)>v~Y*O(z,v) are continuous functions on the compact
rectangle [0, 4] X [a, b], implies that,

€= sup{(l +z) Vg2, )| ¢ (z,0) € [0,4] x [a, b]} < 0 (2.12)

and
cy 1= sup{(l + 2)27v V20, v)| : (z,v) € [0,4] X [a, b]} < 0. (2.13)

From now on, we assume that (z,v) € (4, +00) X [a,b]. Observe that, in view of (1.13) and (1.2), one

has,
gltv—1/a 1+v—1/a 1+v—1/
0 :7{1— -1 —2(1— (2z)" )TV 1}. 2.14
@) = Ty {7 (1 - (22) ) Y 2.14)
Next, let us show that there are two constants ¢z > 0 and ¢4 > 0, such that for all (z,v) € [0,271] x
[a, b], one has,

‘(1 —)la ) 4 (g — 1 a4 1)2] < 2 (2.15)

and
v—1/a+1)(v—1/a)

2
Observe that (2.15) easily results from (2.16), so we only need to prove that the latter inequality holds.
Applying, for each fixed v € [a, b], Taylor-Lagrange formula, to the function y — (1 — y)'**=1/® on
the interval [0, z], one gets that

‘(1 — )t 14 (w—1/a+ 1)z — ( 22| < ey (2.16)

(1 _Z)H—v—l/a N 1—|—(U— 1/04—|—1)z— ('U— 1/0[—‘1-1)(1]— 1/a)z2

2
_ (v=1/a+1)(v —61/a)(v —1/a— 1)(1 _gyerlfa2 3, (2.17)

where ¢ € [0, z] C [0,271], then (2.16) easily follows from (2.17). Next, using the triangle inequality
and (2.15) (in the case where z = 27! and also in the case where z = (2z)71), one gets that,

‘(1 _ x_1)1+v—1/o¢ _ 2(1 _ (2x)_1)1+v—1/a i 1‘

_ ‘(1 —a )V w1+ 1)z

—2(1— (22) )T b2 2w —1/a+ 1)(2@—1‘

< ‘(1 —mfl)Hv*l/a 14+ (@w—1/a+1)z!

42 ‘ (1— @) )™V 1+ (w—1/a+ 1)(2x)—1‘

< csr 2, (2.18)
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where c5 := (3/2)c3. Next, putting together (2.12), (2.14) and (2.18), one obtains Part (i7) of the
proposition. Let us now prove that Part (iii) of it, holds; to this end, we set

dQ = 1, dl = —2, d2 == O, d3 =2 and d4 = —1. (2.19)
Standard computations allow to show that, for all m € {0, 1,2},
4
> 1md; =0, (2.20)
=0

with the convention that 0° := 1; moreover, in view of (2.1), (1.13) and (1.2), for each (z,v) €
(4, 400) X [a, b], one has,

o) = (1+v-1/a) {Zdz iyt 1/a}

1+v—1/o¢

=D R

Next, using (2.20), the triangle inequality, and (2.16) in which one takes z = [/(2x), it follows that,

1=0
4
| \1+v—1/c
= |2 {(1 - 3:)
=0
I (v=1/a+1)(v—1/a), I \2
At (o-1fat+1)— — s
+v—1/a+ )21: 2 (256)
< cqr?, (2.22)
where ¢g := 8*104(2?:1 I?|dy]). Finally, putting together (2.13), (2.21) and (2.22), one obtains Part
(7i7) of the proposition. O
Lemma 2.4. One has
M = sup{Z‘@(xk,v)‘ s (x,v) € R x [a,b]} < 0. (2.23)
keZ
Proor or LEMMA 2.4. Observe that, for each fixed v € [a, D], the function
x Z |O(z — k,v)],
kEZ

defined on R and a priori taking its values in R U {400}, is 1-periodic; therefore it is sufficicent to
show that (2.23) holds when (z,v) € [-1/2,1/2] X [a,b]. Using Parts (i) and (#i7) of Proposition 2.2,
as well as, the triangle inequality, one gets that,

Z‘@(a}—k,v)} < C/Z(1+|:E—k:|)b_1/o‘_2

kez keZ
< ¢ Z + |/€’ b 1/a—2
keZ
< CIZ (271 + |/<:|)b_1/a_2 < 0.
keZ
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2 Proof of Theorem 1.1

Now, we are in position to show that Theorem 1.1 holds.

Proor or THEOREM 1.1. Let w € Qg* be arbitrary and fixed; recall that Q§* is the event of
probability 1 introduced in Proposition 2.1. Let us first show that the sequence of the continuous
functions (X7 (-, -,w))jen defined through (1.15), is a Cauchy sequence in C := C([0, 1] x [a, b], R), the
space of the real-valued continuous functions over [0, 1] x [a, b], equipped with the usual supremum
norm, denoted by || - ||c. Let n > 0 be arbitrary and fixed, using, (1.15), the triangle inequality, (2.3),
(2.4), Parts (i) and (ii) of Proposition 2.2, and (2.23), one gets that, for all (J, Q) € N2,

HX{JFQ(W ‘7“}) - Xi](7 'ﬂw)Hc

J+Q—1 211
_ - 0 k.
NSRS )
j=J k=0
Jte-1 271 A
<5 e
j=J k=0
JHQ-1 ' ' 27 -2 '
> 2*3“"Aj72j,19(21 1)+ Y AO - —k, -)Hc
J+Q-1 ' ‘ ‘ 27 -2 ‘
<y 2 |Aj,2j_1|He<2ﬂ'—2J+1,->»|c+(Ogggg:_;m) | Y 1e@ =k,
J+Q-1
<C(w)(e+ M) Y 277 (4 j)2etniogh/oatn s + j)
Gj=J
400 ‘
< C(w)(c+ M) 27iat/e) (g4 j)2/atnlogl/atn(g 4 j). (2.24)
j=J

It follows from (2.24) that (X{(:,-,w))sen is a Cauchy sequence in C, and that X(-,-,w), its limit,
satisfies for all J € N,

+oo
[X1(,w) = X{ (w)|p € Clw)(e+ M) D 27712 4 j)2etnlogh/eatn(3 + 5).  (2.25)
j=J

Next, let us show that there exists a constant ¢; > 0, such that for all J € N, one has,
+00 '
> orileml/e)(g g jy2letniogt/otn(3 4 j) < 27 @) (2 4 )P et nlogt/otn(3 4 ). (2.26)

j=J
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This is the case since,

“+o0o
Y grilast/a)(g g jyRlatniogl/atn(3 4 )
j=J

+o0o
— Z oGt Na=1/a)g 4 j 4 JyHetniogl/atn(3 4 j 4 )
j=0

“+oo
< 22—(j+J)(a—1/a)(2+j)2/a+n(2+J)Q/a+7710g1/a+77{(3+j)(3_|_J)}
=0

= . 1/a+
< 27J(a71/a)(2+J)Q/onrnZQf](afl/a)(Q+j)2/a+n<10g(3+j)+log<3+J)) [a+n

j=0
< CIQ—J(a—l/a)(Q_'_J)Q/a-i-n logl/a+n(3+J),

where
I . 1 9 1/a+n
L= 22y ) /a+’7<log(3 i)+ 1) .
§=0
Finally, combining (2.25) with (2.26), one gets (1.17) in which 7 is replaced by 2. O

3. Proof of Theorem 1.2
3.1. Study of the part j > 0 of the series.
Theorem 3.1. For each J € N, we denote by Xi , = {X4 , (u,v) : (u,v) € [0,1] x [a,b]} the SaS
field with paths in C, defined, for every (u,v) € [0,1] X [a,b], as

273

X2+ U, v) 22 Jv ZCJ i ( 2]u+k‘,v)—0(kr,v)). (3.1)

Let Q7" be the event of probabzlzty 1 introduced in Proposition 3.1. Then for oll w € Q7
(XQ{+(-, "w))JeN is a Cauchy sequence in C, moreover, its limit Xo 1 (-,-,w), satisfies, for each fized
n>0,

[ X245 w) = X3 4 (5, 0) || = O (2*J<1*b>J1/°‘+’7) (3.2)

In order to show that (XQ{+(-, ~,w))J€N
the quantity HXJJFQ W) — Xé{+(-, W)

is a Cauchy sequence, one needs to appropriately bound

HC, for all (J,Q) € N2. Observe that, in view of (3.1), one

has for every (u,v) € [0,1] x [a,b],
Xé{iQ(u, v, w) — Xi+(u,v,w) = Ai’f(u,v,w) + Bi’f(u,v,w), (3.3)
where:
2J+Q—j
A‘QIQ (u,v,w) 22 gu Z G—k(w) (0(2u + k,v) — 0(k,v)), (3.4)
k=27-i+41
and
J+Q-1 2J+Q—j
BgQ (u,v,w) := Z 2 Z G—k(W) (0(27u + k,v) — O(k,v)). (3.5)
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3 Proof of Theorem 1.2

For all (j, k) € Z4 x N, let \; _j, be the SaS random variable of scale parameter ke defined as:

k
Nk =Y Giom- (3.6)
m=1

The proof of the following lemma is similar to that of Lemma 2.1.

Lemma 3.1. Recall that the function © has been introduced in (2.1). Let (J,Q) € N? and (u,v) €
[0,1] % [a,b] be arbitrary and fized.
(i) For each j € {0,...,J — 1}, one has,

2J+Q—j
> Gwf(@u+k,v) (3.7)
k=27-i+1
2J+Q—j
= Xj s 0(20u+ 2779 w) = Ny s 0(u+ 27T 1 0) = > N O u+ k).
k=2J-742
(ii) For each j € {J,...,J+Q — 1}, one has
2J+Q—j
> Gk @ut k) (3.8)
k=1

2J+Q—j
= Aj7_2J+Q7j0(2jU + 2J+Q_j, ’U) — Z Aj7_(k._1)(")(2j’u/ + kf, ’U).
k=2
The proof of the following proposition is similar to that of Proposition 2.1.

Proposition 3.1. There exists an event of probability 1, denoted by Q7*, such that for every fized
real number n > 0, one has, for all w € Q7" and for each (j, k) € Z4 x N,

I\ k(@)] < Cw)(1+ 7)Y log"/ot (34 §) kY log!/*+n (2 + k), (3.9)
where C' is a positive and finite random variable only depending on 1.
The following propostion easily results from Proposition 2.2.

Proposition 3.2. There exist two constants ¢ > 0 and ¢ > 0, such that for all (j, k) € Z+ x N and
(u,v) € [0,1] x [a,b], one has,

1027w + k)| < e(1+ k)" (3.10)

and

v—1/a—2

|02 u+k,v)| < (1+k) (3.11)

The following lemma is a straightforward consequence of Lemma 3.1 as well as Proposi-
tions 3.1 and 3.2.

Lemma 3.2. Let n > 0 be arbitrary and fized. There exists a positive and finite random variable C
only depending on 1 > 0, such that any w € Q*, (J,Q) € N? and v € [a,b], satisfy the following two
properiies:
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(i) for each j € {0,...,J — 1}, one has,

2J+Q—j

sup Z Gk (W)0(27u + k,v) (3.12)

u€[0,1] k=27—i11
< C(w)(l +j)1/a logl/a+7] (2+j){2 1—=v)(J+Q—17) (J+Q )1/a+7]
2J+Q—j
+2—(1—v)(J—j)(J _ j)l/a+77 + Z k—(2—v) logl/a-‘rn(k)};
k=2J-742
(ii) for each j € {J,...,J +Q — 1}, one has
2J+Q—j

sup Z Gk (w)0(2u + k,v) (3.13)

uel0,1] | 5

< C(W)(1 4 j) /> logt/>tn (2 +j){2 (=)(J+Q=1) (] 4 @ — j)1/otn

2J+Q—j
+ Y k—<2—”>1og1/a+”(k)}.

k=2

Lemma 3.3. Let n > 0 be an arbitrarily small fized real number. There is a constant ¢ > 0, such
that, for all J € N, for each 5 € {0,...,J — 1} and for any v € [a,b], one has,

+00
Z k—(Z—v) logl/a-‘rn(k) < 62—(1_U)(J_j)(J —_ j)l/a+77_ (314)
k=27~ 42

PROOF OF LEMMA 3.3. By using the fact that y — 3y~ logl/a+"(y) is a decreasing function
on the interval [3, +00), one has that,

“+o00 “+00

Do K logl ey < [y gl () dy (3.15)
feaT 42 2J—j

Moreover, setting in the last integral z = 2=~y one obtains that,

+o00 . [T ) .
/ y—(2—'u) 10g1/a+n(y) dy — 2-]—] / (2J—jz)_(2_v) 10g1/a+7] (2‘]_]2) dz
2 1

I-j
=2 000 [T () og(2) + 1og() "
< 2 =0U=d) (g — jyl/etn (3.16)
where
c= /1+OO 2~ (270 (1+ log(z))l/a+n dz.
Finally, combining (3.15) with (3.16), one gets the lemma. O

Lemma 3.4. Let n > 0 be an arbitrarily small fived real number. There erists a positive and finite
random variable C' only depending on b and n, such that any w € Q*, (J,Q) € N2 and j € {0,...,J —
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1}, satisfy:

9J+Q—j 2/+Q—j

“Q_j' Z Gk - +k, )| = sup 2 Z Ciok(W)0(2u + K, v)
k=27-741 c (u,0)€[0,1]x [a,b] k=27—741

< C(w)zf(lfb)le/aJrT] 27(2a71)j(1 +j)1/a logl/a+n (2 +]) (317)

PROOF OF LEMMA 3.4. Let us set ¢ := sup,en {2*(14’)”(1 + n)l/‘”"} < 00, then one has,
9~ (I=0)UHQ=0) (] 4 @ — j)V/otn < ¢ 2= U=0IU=d)( — j)l/etm, (3.18)
the inequality (3.18) follows from the fact that,

9= (1-0)(J+Q—J) (J+Q )1/a+77 _ 2—(1—v)Q<1+ JQ )1/a+772_(1—v)(J—j)(J_j)l/oz—i-n
J

< 27U=0Q(1 4 @)l/atn o=(=v)(U=3)( j — jyl/atn,
Next putting together, (3.12), (3.18) and (3.14), one gets that for any arbitrary v € [a, b],

2J+Q—j
sup [277Y Z Gjk(w)0(2Mu + k,v)
u€[0,1] k=27—341

< Clw)2m Um0 (g — e (14 )1 logh/ o+ (2 + j)
< C(w)Q—(l—v)J—(Qv—l)j(J _ j)l/cx—i-n (1 +j)1/o¢ logl/a+n (2 +j)

< O(w)2~ (707 gl/edn 9=(2a=0j (1 4 jyl/eJogl/otn (2 4 4), (3.19)
where C'is a positive and finite random variable only depending on b and n; thus (3.19) implies that
(3.17) holds. O

Lemma 3.5. Let n > 0 be an arbitrarily small fized real number. There exists a positive and finite
random variable C only depending on a, b and n, such that any w € QF* and (J,Q) € N2, satisfy

499, w)|, < O(w)2= =0T gt/ectn, (3.20)
recall that Az‘]fg(, -, w) has been defined in (3.4).

PROOF OF LEMMA 3.5. The lemma can be obtained by using (3.4), the triangle inequality, (3.17)
and the fact that

+oo
> 27 (eI (1 4§y logh/ ot (2 4 ) < oo (3.21)
j=0

notice that (3.21) results from our assumption that a > 1/a > 1/2. O

Lemma 3.6. Let n > 0 be an arbitrarily small fized real number. There exists a positive and finite
random variable C' only depending on a, b and 0, such that any w € QF* and (J,Q) € N2, satisfy

By (, - w)|p < Clw) 27 TV logh/ o4 (1 + J); (3.22)
recall that Bi’g(-, -, w) has been defined in (3.5).

PrROOF OF LEMMA 3.6. First notice that by using the fact that,
2J+Q—j
9~ (=) UH@=0)(J 4 @ — j)V/e+n 4 Z k=) 1og/ 0N (k) < ¢,
k=2
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where the finite constant

e = <Sup2 (1-b)n 1/a+77> +Zk (2—-b) logl/a+n(k)
neN 2

it follows from (3.13), that for any arbitrary v € [a,b] and j € {J,...,J + @ — 1}, one has

2J+Q—j
sup (2777 Y G op(w)0(2u+ k,v)| < Ca(w)277(1 + §)Y* logh M (2 4 j), (3.23)
u€(0,1] =1

where Cy is a positive and finite random variable only depending on b and 7. Next, using (3.5), the
triangle inequality, and (3.23), one gets that,

+o0
1BIL (- w)| o < 202(w) 3 2791 + )V log ot (24 ); (3.24)
j=J
moreover, similarly to (2.26), one can show that,
400 )
D 271+ )V 1o (24 §) < es277(1 4 J) logh/H (24 ), (3.25)
j=J
where ¢3 is a finite constant only depending on a. Finally combining (3.24) with (3.25) one obtains
the lemma. n

Now we are in position to prove Theorem 3.1.

PrROOF OF THEOREM 3.1. The theorem results from (3.3), the triangle inequality, Lemma 3.5,
Lemma 3.6 and the inequalities 0 < 1 — b < a; these inequalities are consequences of our assumption

that [a,b] C (1/a,1). O
3.2. Study of the part j < 0 of the series.

Theorem 3.2. For each integer J > 2, we denote by Xé{_ = {Xi_(u,v) : (u,v) €[0,1] X [a,b]} the
SasS field with paths in C, defined, for every (u,v) € [0,1] X [a,b], as
273

X3 _(u,v) 221” Zg_j k(027 + k,v) — 0(k,v)). (3.26)
7j=1

Let Q3" be the event of probability 1 introduced in Proposition 3.3. Then for all w € Q3
(Xé{_(-, -,(,u))J>2 is a Cauchy sequence in C, moreover, its limit Xo _(-,-,w), satisfies, for each fixed
n>0, -

[ X2 (- w) = X3 (-, w)||, = O (24(1*”)Jl/a log!/etn (J)) (3.27)
In order to show that (XQ] (- w)) 752 is a Cauchy sequence, one needs to appropriately bound
the quantity HXQEQ(-, Jw) — X2 _(w H for all integer J > 2, and for all @) > 1. Observe that,

in view of (3.26), one has for every (u v) € [O 1] X [a, b],
X390 w) = XJ (- w) = A9 (u,v,w) + By (u,v,w), (3.28)

where:
J—-1 2/+@—j

ACuv,w) = 2 N (@) (027 u+ kv) — 0(k, v)), (3.29)

j=1  k=2J-i41
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and
J+Q-1 2J+Q—j

BQ‘] (u,v,w) Z 27V Z Cj—k 027 u+k,v) — 0(k,v)). (3.30)

For all (j,k) € N2, let A_j—k be the SaS random variable of scale parameter k'/* defined as:

k
Ak =3 Cjm. (3.31)
m=1

The proof of the following lemma is similar to that of Lemma 2.1.

Lemma 3.7. Recall that the function © has been introduced in (2.1).
Let (J,Q) € (N\{1}) x N and (u,v) € [0,1] x [a,b] be arbitrary and fized.
(i) For each j € {1,...,J — 1}, one has,
2J+Q—j
> k(0@ u At kv) = 6(k,v)) (3.32)
k=27-3+1
= A_j 9/t (9(2_ju +27H0@77 y) — 927+, v))
—Ajor-s (027Tu+277 +1,0) — 0(2777 +1,0))

2T +Q—j
— Y A e (02 u+t kv) — O(k,v)).
k=27-i42
(11) For each j € {J,...,J +Q — 1}, one has
2J+Q—j
3 Cin (027t kyv) — O(k,v)) (3.33)

=X _grrei (027w + 27797 v) — (27797 v))
2J+Q—j

> AL -0 U+ Ekyv) — O(k,v)).

The proof of the following proposition is similar to that of Proposition 2.1.

Proposition 3.3. There exists an event of probability 1, denoted by 05", such that for every fized
real number n > 0, one has, for all w € Q5" and for each (j, k) € Z4 x N,

IAjok(@)] < Cw)(1+5)"*logh 47 (3 4+ ) KV log 47 (2 + k), (3.34)
where C' is a positive and finite random wvariable only depending on n.

We denote by 0,6 and 0,0, the partial derivatives of order 1 with respect to x of the functions 6
and ©; observe that in view of (1.13), (1.2) and (2.1), one has for all (z,v) € R x (1/a,1),

(0:0) (2, 0) = (x — 1)V — 22 — 1/2) 7 4 ()71 (3.35)
and

4
(9:0)(x,v) = (2:0) (2, v) = (8,0) (x — 1,0) = > dy(w — 1/2)7", (3.36)

where dy, ..., ds have been defined in (2.19). The proof of the following proposition relies on (3.35)
and (3.36); we will not give it since it is very similar to that of Proposition 2.2.
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Proposition 3.4. (i) For each (z,v) € (—00,0] x (1/a, 1), one has,
(0:0)(z,v) = (0:0)(x,v) = 0.
(11) There exists a constant ¢ > 0, such that for all (z,v) € (0,+00) X [a,b], one has,
(0:0)(w, 0)| < e(1+ )72,
(111) There is a constant ¢ > 0, such that for all (z,v) € (0,400) X [a,b], one has,
(0:0) (2, )| < (1 +a)?~1/23,
The following proposition easily results from the Mean Value Theorem and from Proposition 3.4.

Proposition 3.5. There exist two constants ¢ > 0 and ¢ > 0, such that for all (j,k) € N? and
(u,v) € [0,1] X [a,b], one has,

1627w+ k,v) — 6(k, 0)| < 27 (1+ k)72 (3.37)
and
02 7u+k,v) — Ok, v)| < 277 (1+ k)2, (3.38)

The following lemma is a straightforward consequence of Lemma 3.7 as well as Proposi-
tions 3.3 and 3.5.

Lemma 3.8. Let n > 0 be arbitrary and fized. There exists a positive and finite random variable C
only depending on n > 0, such that any w € 5%, (J,Q) € (N\ {1}) x N and v € [a,b], satisfy the
following two properties:

(i) for each j € {1,...,J — 1}, one has,

2J+Q—j
sup Z Cj—k(w) (027 u+k,v) — G(k,v))‘ (3.39)
UE[D,].] —2J— ]+1

S C(O.))zij(l +j)1/a logl/a+n (2 +]) {2(2v)(]+@ j (J + Q )1/a+77

2J+Q—j
+27 @00 (j — j/etn 4 Z G logl/o‘+’7(k)};
k=2J-742
(i1) for each j € {J,...,J 4+ Q — 1}, one has
2J+Q—j
sup Z Cjk(w) (0277 u + k,v) — H(k,v))‘ (3.40)
S (U N —

< C(w)Q‘j(l Jrj)l/oz logl/a—i-n (2+j){2 (2—v)(J+Q—7) (J+Q )1/a+77

2J+Q—j
+ Z k(?’”)logl/“Jr”(k)}.

k=2

The proof of the following lemma mainly relies on (3.39), it can be done similarly to that of
Lemma 3.4.
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3 Proof of Theorem 1.2

Lemma 3.9. Let n > 0 be an arbitrarily small fived real number. There exists a positive and finite
random variable C only depending on b and n, such that any w € Q5*, (J,Q) € (N\ {1}) x N and

je{l,...,J —1}, satisfy:

2J+Q—j
27 Z C—j,—k(w) (9(27J - +k, ) - 9([{3, ))
k=27-7+1 ¢
2J+Q—j
= sup 27v Z C—j— (0277 - +k,-) — 0(k,))'
(u,v)€[0,1] X [a,b] k=277 41
< Clw)2” U= (] — )Hetn (1 4 j)V*logh/ 7 (2 + j). (3.41)

Lemma 3.10. Let n > 0 be an arbitrarily small fized real number. There exists a positive and finite
random variable C' only depending on b and n, such that any w € Q5* and (J,Q) € (N\ {1}) x N,
satisfy

HAJQ ‘*’)”c <

recall that A‘QIC;?(, - w) has been defined in (3.29).

C(w)2~ =0 jHeqogl/otn (1 4 1), (3.42)

PrROOF OF LEMMA 3.10. Using (3.4), the triangle inequality, and (3.17), one obtains that,

J,
[455C, @)l (3.43)
J—1 ‘
7(17b)JZ2*(J*j)(J _j)l/aJrn (1 _|_j)1/a logl/a+n (2 +])
J—1
< C(W)2_(1_b)JJ1/a logl/a—l-n (1 + J) Z 2—(J—])(J _j)l/a-‘r??;
j=1
moreover, observe that,
J—1
> 2T — j)letn < ¢y, (3.44)
j=1
where ¢ is the finite constant non depending on J, defined as
+oo
_ Z 2—nnl/a+n.
n=1
Finally, combining (3.43) with (3.44) one gets the lemmma. O

Lemma 3.11. Let n > 0 be an arbitrarily small fixed real number. There exists a positive and finite
random variable C only depending on b and n, such that any w € Q5* and (J,Q) € (N\ {1}) x N,
satisfy

1822wl <

recall that B‘;E?(, -, w) has been defined in (3.30).

C(w) 2~ U0 jl/ayggl/atn (1+J); (3.45)

PrOOF OF LEMMA 3.11. First notice that by using the fact that,
2J+Q—j
9~ =0)UHR=0)(J 4 @ — j)V/e+n 4 Z k=G 10g/ (k) < ¢,
k=2
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where the finite constant

f = <Sup2 (2—b)n 1/a+77> +Zk (3-0) Jogl/atn (k).

neN k=2
it follows from (3.40), that for any arbitrary v € [a,b] and j € {J,...,J + @ — 1}, one has
2J+Q—j
sup |27V Z Cj—k 0(2 7 utk,v)— G(k,v))‘ < COy(w)277070) (14 )Y/ 1ogt/atn (2+7), (3.46)
u€l0,1]

where, Cy is a p051t1ve and finite random variable only depending on b and 7. Next, using (3.30), the
triangle inequality, and (3.46), one gets that,

+oo
|BI2C, - lle < Cale) 270D 04 5) 1 hog o+ (2.4 5); (3.47)
j=J

Moreover, similarly to (2.26), one can show that,
+oo
> 279070 (1 4 ) logh Ot (24 j) < 327D (1 4 ) @ Togh/ Ot (24 7), (3.48)

where c3 is a finite constant only depending on b. Finally combining (3.47) with (3.48) one obtains
the lemma. O

Now we are in position to prove Theorems 3.2 and 1.2.
PrOOF OF THEOREM 3.2. The theorem results from (3.28) as well as Lemmas 3.10 and 3.11.

PROOF OF THEOREM 1.2. Putting together (1.16), (3.1), (3.26), Theorem 3.1 and Theorem 3.2,
one gets the theorem.
O
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4 Simulations

4. Simulations

Let us stress that Theorem 1.1 and Theorem 1.2 provide an efficient method for simulating paths
of the high frequency part and the low frequency part of LMSM, namely of the SaS processes
{Yi(t) : t € [0,1]} :={X1(t, H(t)) : t € [0,1]} and {Ya(¢t) : t € [0,1]} := {Xa(t, H(t)) : t € [0,1]}. The
following four simulations have been performed by using (1.15) and (1.16) in which J = 12.

100

g0

60

a0t

20F

20F

A0 1 1 1 1
0 02 04 0g 038 1

FIGURE 1. Simulation of a path of the process Y7 when a = 1.8 and H(t) = 0.7 for
all t € [0,1].

0251

03F

_035 1 1 1 1
0 02 04 08 08 1

FIGURE 2. Simulation of a path of the process Yo when o = 1.8 and H(¢) = 0.7 for
all ¢ € [0,1].
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100 T T T T

a0

60

40

20

-20

40 1 1 1 1
0 0.z 04 06 08 1

FIGURE 3. Simulation of a path of the LMSM when o = 1.8 and H(¢) = 0.7 for all ¢ € [0,1].

200 T T T T

-200

-400

-600

-800

_1000 1 1 1 1

FIGURE 4. Simulation of a path of the process Y1 when o = 1.4 and H(t) = 0.9 —0.2¢
for all t € [0, 1].
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025 T T T T

0z2F

02 04 06 08 1

FIGURE 5. Simulation of a path of the process Y2 when @ = 1.4 and H(t) = 0.9—0.2¢
for all t € [0, 1].

200 T T T T

-200

-400

-600

-800

1000 1 1 1 1

FIGURE 6. Simulation of a path of the LMSM when a = 1.4 and H(t) = 0.9 — 0.2¢
for all t € [0, 1].
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20 T T T T

-20+

40}

B0+

-B0

-100 1

120

-140

-160

-180

FIGURE 7. Simulation of a path of the process Y7 when o = 1.7 and H(t) =
0.2sin(4nt) + 0.8 for all ¢ € [0, 1].

0

051 B

A5t 4

25 1 1 1 1
0 0.2 04 08 0.8 1

FIGURE 8. Simulation of a path of the process Yo when o = 1.7 and H(t) =
0.2sin(47t) + 0.8 for all ¢ € [0, 1].
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20 T T T T

-20 ¢+

40t

60+

-80

-100

-120

-140 1

-160 1

-180

FIGURE 9. Simulation of a path of the LMSM when o = 1.7 and H (t) = 0.2 sin(4nt)+
0.8 for all ¢ € [0,1].

100 T T T T

-100 1

-200

-300

400 F

500 1 1 1 1

F1aUurg 10. Simulation of a path of the process Y7 when o = 1.6 and H(¢) = 0.65 +
0.25/(1 + exp(100(t — 0.5))) for all ¢ € [0, 1].
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05 T T T T

25 1 1 1 1
0 02 04 06 08 1

FIGURE 11. Simulation of a path of the process Y2 when a = 1.6 and H(t) = 0.65 +
0.25/(1 + exp(100(t — 0.5))) for all ¢ € [0, 1].

100 T T T T

-100 1

S200F

=300

400 -

_500 1 1 1 1
0 0.2 04 06 08 1

FIGURE 12. Simulation of a path of the LMSM when o = 1.6 and H(t) = 0.65 +
0.25/(1 + exp(100( — 0.5))) for all ¢ € [0, 1].
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CHAPITRE 4

Inférence statistique concernant le paramétre fonctionnel de
Hurst H(-)

1. Introduction

Soit v un nombre réel fixé une fois pour toute vérifiant 1 < « < 2. On note par {X(u,v) :
(u,v) € [0,1]x]1/a, 1]} la restriction a [0,1]x]1/a, 1] de la modification a trajectoires continues
(voir les Théorémes 2.1 et 3.1 du chapitre 2) du champ stochastique qui engendre les mouvements
multifractionnaires stables linéaires (mmsl en abrégé en francais, LMSM en abrégé en anglais) ; de plus,
tout au long du présent chapitre, on restreint I’espace de probabilité €2, & Qg I'événement de probabilité
1 qui a été introduit dans le Lemme 2.1 du chapitre 2. Rappelons que, pour tout (u,v) € Rx (1/a, 1),
I'on a, presque stirement,

v—1/a v—1/a
X (u,v) = /R {97 = ()70 2 (), (1.1)
oll, pour tous nombres réels x et x,

" st x € (0,400),
()7 = (1.2)
0,si z € (—00,0].

Dans tout ce chapitre, on suppose que {Z,(s) : s € R} est un processus de Lévy symétrique a—stable
(SasS en abrégé) dont les trajectoires sont des fonctions cadlag.

On note par H(-) une fonction déterministe définie sur [0, 1] et & valeurs dans un intervalle compact
[H,H] C]1/a, 1], o0 H := mingep 1) H(x) et H := max,e[ 1] H(x). Dans tout ce chapitre, on suppose
que H(-) est holdérienne, ce qui signifie qu’il existe deux constantes ¢; > 0 et pg > 0, telles que

iy, ty € [0,1]; [H(t1) — H(t2)| < calty — b2 ; (1.3)
de plus, on impose & py de vérifier les inégalités :
1> py > H := max H(x). (1.4)
z€[0,1]

Rappelons que {Y(t) : t € [0,1]} le mouvement multifractionnaire stable linéaire (mmsl) de para-
métre de stabilité « et de parametre fonctionnel (de Hurst) H(-), introduit par Stoev et Taqqu dans
[28, 30], est défini, pour tout t € R, par

Y(t) = X (¢, H(t)). (1.5)

Rappelons aussi que, d'une part le mmsl généralise le mouvement fractionnaire stable linéaire (mfsl en
abrégé en francais, LFSM en abrégé en anglais) qui est 1'un des processus stables les plus importants
(voir par exemple [26, 31, 17]), et que d’autre part il généralise le mouvement brownien multifrac-
tionnaire gaussien (mbm en abrégé en frangais, MBM en abrégé en anglais) qui a été introduit dans
[22, 9]. Plus précisément, lorsque la fonction H(-) est une constante noté H, alors le mmsl se réduit
au mfsl de parameétre de Hurst H, par ailleurs lorsque (1.1) la mesure stable Z, (ds) est remplacée
par une mesure brownienne et « par 2, alors le processus gaussien défini par (1.5) est un mbm.
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Dans le cas du mfsl, le probléme de I'estimation de H a déja été étudié dans plusieurs travaux
(voir entre autres [1, 13, 14, 24, 27]) et des estimateurs fortement consistants, obtenus au moyen de
transformeées par ondelettes de ce processus, ont été proposés; notons au passage que ces estimateurs
ne nécessitent pas la connaissance de a.

Par ailleurs, dans le cas du mbm, le probléme de l'estimation de H (to) (¢o est un point arbitraire et
fixé), a lui aussi déja été étudié dans plusieurs travaux (voir entre autres [8, 10, 11, 7, 19, 23]) et des
estimateurs fortement consistants, obtenus en "localisant autour de to", des variations quadratiques
généralisées de ce processus ont été proposés.

En revanche, dans le cas du mmsl aucun travail sur 'estimation de H (ty) (fo est un point arbitraire
et fixé) ou encore de minger H(t) (I est un intervalle compact d’intérieur non vide arbitraire et fixé),
n’a encore été entrepris; c’est ce que nous nous proposons de faire dans le présent chapitre, au moyen
de coefficients d’ondelettes de ce processus.

La suite {d;x : (j,k) € Z*}, des coefficients d’ondelettes du mmsl {Y (¢) : ¢ € R}, est définie par,

djp=2 /RY(tW(th — k)dt. (1.6)

De plus, on impose seulement & ’ondelette analysante i de vérifier les hypothéses suivantes :
(1) % est une fonction non identiquement nulle continue sur R et a valeurs réelles,
(2) son support est un compact inclus dans [0, 1],

(3) elle admet, au moins, N > 2 moments nuls, c’est a dire
Von,...,N—1;/s%(s)ds:0 (1.7)
R

Il est & noter que I’on n’a pas besoin de supposer que la suite de fonctions {27/2(27-—k) : (j,k) € Z*}
soit une base orthonormale de L2(R).
Fixons des notations qu’on utilisera assez souvent dans ce chapitre.
e On désigne par {I;; j € Z4} une suite arbitraire d’intervalles compacts d’intérieur non vide,
inclus dans [0, 1] et vérifiant la condition suivante : pour tout j € Z,

;] = diam(Z;) :=sup {|z1 — 22| : (21,2) € ]J2} >277/2, (1.8)

il est & noter que :
— lorsqu’on cherchera & estimer H(to), {I;; j € Z4} sera alors typiquement une suite dé-
croissante au sens de l'inclusion et qui "converge" vers {to} c’est a dire que

{to} = ﬂ I ;
JELy

— lorsqu’on cherchera & estimer minyc; H(t), {I;; j € Z} sera alors typiquement une suite
qui devient constante & partir d'un certain rang et vaut I.

e Puisque la fonction H(-) est continue sur [0, 1], elle 'est aussi sur chacun des intervalles I;
introduit ci-dessus. On pose alors

H, :=min H(t); 1.9

= tel; ( ) ( )

En outre, puisque pour tout j € Z,, les intervalles I; sont compacts, on sait qu’il existe, au

moins, un réel p; € I; tel que
H; = Huy). (1.10)
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2 Preuve du Théoréme 1.1

e Enfin, on note par {v;; j € Z, } la suite des ensembles d’indices k, définis par
yj:{ke{o,l,...,zj—u:kz*jte}. (1.11)
Constatons que (1.8) implique que v; # (). Pour tout j € Z, le cardinal de v; est noté par
card(v;) = n;. (1.12)
L’objectif de ce chapitre consiste & établir le théoréme suivant :

Théoréme 1.1. Supposons que [ €]0,a/4[ est un réel arbitraire fizé. Pour tout j € Zy, on définit

la statistique V; par
1
Vi=— > ldjn

J kGl/j

8, (1.13)

On suppose également que, la Condition (1.8) est vérifiée, autrement dit que,

212 = O(n;). (1.14)
Alors, on a, presque sirement,
log,(V;
i [22%) gl (1.15)
jotoo|  —jfB !
Remarque 1.1. (1) Lorsque le paramétre a €]1,2[ est inconnu, on choisira alors 5 dans 'in-

tervalle 10,1/4].

(2) Désignons par I C [0,1] un intervalle compact arbitraire d’intérieur non vide; il est clair
qu’il existe jo € Z4, tel que pour tout entier j > jo, on a |I| > 279/2. Ainsi, en prenant
I; = [0,1] lorsque j < jo et I; = I sinon, Il résulte alors de (1.15) que, %, eslt un
estimateur fortement consistant (i.e. qui converge presque sirement) de minger H (t).

(3) Désignons par to € [0,1] un point arbitraire et fixé. En supposant que {I;; j € Zy} est une
suite arbitraire d’intervalles d’intérieur non vide, décroissante et telle que {to} = mjeZ+ I ;al
résulte alors de (1.15) et de la continuité de la fonction H(-), que, %, est un estimateur
fortement consistant (i.e. qui converge presque sirement) de H (tg).

2. Preuve du Théoréme 1.1
La preuve du Théoréme 1.1 repose sur plusieurs lemmes et plus particuliérement sur le suivant :

Lemme 2.1. On a,

g2 (1! Sy, 29770627)
lim el 5 —Hj| =0 (2.1)
J—+o00 -7
PREUVE DU LEMME 2.1. Il vient de (1.9) et de (1.11) que
n;1 Z 9—JBH(k277) < 97 IPH; (2.2)

kEI/j

Pour tout entier j > 1, notons par 7;(u;) I’ensemble d’indices k défini par
7 ;) = {k €{0,1,.... 2 —1} : k279 € I;n B(,uj,j_l/pH)}, (2.3)

ou
Blpj,j /Py ={z € R : |o — py| < j7PHY, (2.4)
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Remarquons que I; N B(uj, j ~1/pH) est un intervalle compact, non-vide (p; y appartient), inclus dans
[0, 1], et que son diameétre vérifie :

I.
150 Bl /o) 2 min {1, e 2.5)

pour tout entier j > 1. Pour établir (2.5), désignons par 7; et z; les deux nombres réels de 'intervalle
[0,1], tels que I; = [r}, z;]. Supposons, par exemple, que
zj — pj = min{p; — 14, 2 — g} (2.6)

le cas ou le minimum est atteint en p; — r; se traite de la méme maniére. De (2.6), on obtient

zi—rj _ ]
,uj—rjz,zj—uj<:>2(uj—rj)22j—rj<:>,uj—rj2 5 :7
Par conséquent, I'inégalité précédente nous donne
|
[#J’ — | C . (2.7)

Ceci implique que
[Mj — min {’;j’,j_l/”[} 7/@} C 1N B(uy, j~7m),
alors on a (2.5).
Des relations (1.8) et (2.5), on en tire 'existence d’un entier jyo > 1 tel que pour tout j > jg, on a
1,0 By, j /7)) > 279 (2.8)

Cela montre que, pour tout entier j > jo, 7;(1;) est un ensemble non-vide. De plus, on peut supposer
que jo soit suffisamment grand de telle maniére que

. I;
card(7;(p;)) > €52’ min {‘2]’,]'1/”’} ) (2.9)

et
062j’1j’ S n; S C72juj‘, (210)

ou ¢s, cg, ¢y sont des constantes strictement positives. Notons que (2.9) résulte de (2.3) et (2.5), et
que (2.10) résulte de (1.11). En combinant ensemble (2.9) et (2.10), il vient que pour tout entier
J=Jo

~ =2 min d Bl i=1/pu 1

card(#,(py)) _ 3 f1 g em
> . = cgmin{ —;

n 2/ |1 20 L

En utilisant le fait que |I;| <1 et 1/pg > 1, on a, pour tout entier j > 2

j—l/PH < j_l <1/2.
Ainsi, on en déduit que, pour tout entier j > jg > 2

card(v; (w4
card(@; (1)) cajVPH (2.11)
g
Montrons maintenant qu’il existe une constante strictement positive, noté cg, qui ne dépend pas de j
et de k, telle que pour tout j > jo et tout k € (), on a

9iBH(k277) cg2 IPH; (2.12)
en employant (1.10), (1.3) et (2.3), on a, pour tout entier j > 1 et tout k € v;(p;), que
9—iB(H(k277)—H;) _ 9—jBIH(k277)—H,| > o—iBec1|k27I —p;|PH > 9—Ber 0,
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ce qui prouve (2.12). En remarquant que v;(u;) C v; et en utilisant les relations (2.11) et (2.12), on
obtient que

mit 3 2 gt B 2RO 2 g ey (213)
ke, hew; (1)
d’on,
log, (n;1 3 ijﬁH(kzﬂ)) > —jBH, +logy(c10j~1/7H). (2.14)
k)EIJ]‘

Par ailleurs, il résulte de (2.2), que

log, (n3—1 Z 2*jﬁH(k2*J)) < —jBH;. (2.15)
kev;
Enfin, en utilisant (2.14), (2.15) et limj_, 4 logy(c10d~1/7m) _ 0, il en résulte (2.1). O

J
Définition 2.1. On pose pour tout j € Z et tout k € {0,1,...,27 — 1}

djg=2 /RX(t,H(kZ_j))w(th — k)dt. (2.16)

Rappelons tout d’abord un résultat de Delbeke et Abry [14, Corollaire 1], qui permet de réécrire
(2.16) sous la forme d’une intégrale stochastique. Plus précisément, on a, presque stirement, pour tout
(j, k) € 22,

0y P o iH ()= 1/c) / B (25 — kb, H(k279))Za (ds), (2.17)
R
ou la fonction @, est la fonction a valeurs réelles, définie pour tout (s,v) € Rx|1/a, 1], par
v—1/a
Ba(s,0) = [ (=5 "v ) 2.18)

Proposition 2.1. La fonction ®,, satisfait les trois propriétés suivantes :
(i) La fonction ®,, est continue sur Rx|1/a,1[; B
(11) La fonction ®, est bien localisée en s uniformément en v € [H, H], c’est a dire qu’il existe

une constante strictement positive co telle que pour tout (s,v) € R x [H, H|, on a

|®a(s,v)] < ca(1+ \s\)f(NH/a*H) (2.19)
(#i) La fonction
[ﬂa F] - R-‘r
v =[P v)]Lem),
est continue. De plus, on a

c3:= min_|[[®u(-,v)|lem) > 0. (2.20)
vE[H,H]

PREUVE DE LA PROPOSITION 2.1. Premiérement, montrons le point (i). On fixe (u,0) €
Rx]1/c, 1] et on note par {(un,v,) : n € Zy} une suite d’éléments de Rx]1/a, 1] qui converge
vers (4, ). Puisque, pour tout y € R fixé, la fonction

Rx]1/a,1] — R
~1
(s0) = (=) "()
est continue, on en déduit que

lim (y—un) 7 () = (y — @) e(y). (2.21)

n—-+o0o
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Par ailleurs, en utilisant l'inégalité triangulaire et le fait que pour tout entier positif n, 0 < v, —1/a <
1/2, on a

(=) () < (14 1yl + sup Jua] ) [0 ()] (2.22)

neEZy

De plus, la fonction y (1 + [y[ + suppez, \un\) |v(y)| appartient a L!(R). Ainsi, grace a (2.21) et

(2.22), nous pouvons utiliser le Théoréme de convergence dominée et il en résulte que

lim @, (up,v,) = lim (y — Un)in_l/aﬂ)(y)dy

n—-+o0o n—-+o0o R

- /R (v — @)V (y)dy = Bu(@, ).

Montrons le point (ii). En utilisant le fait que supp(y) C [0, 1], la fonction ®,, définie en (2.18) se
réécrit, pour tout (s,v) € Rx|1/a, 1], de la maniére suivante :

1
Bals,0) = [ (=97 w0y, (2.23)
En combinant (1.2) et (2.23), on en déduit que, pour tout v €]1/a, 1],
supp(@a(-,v)) C] — 00, 1] (224)

Notons que (2.23) implique que, pour tout (s,v) € [~1,1] x [H, H], on a
N+1/a—H N+1/a—H ! v/
{a+1s) [Ba(s,0)|} <2 IR ) R L

N+1/a—H ! H-1/o N
<2 Wl [ (14+1s) "y <2V [ llmey < oo (2.25)

Désormais, supposons que (s,v) €] — 0o, —1[x[H, H]. On note par ¥(=1) la primitive de v, définie

pour tout z € R, par
Ve = [ uway

En utilisant (1.7) et supp(¢) C [0,1], on en déduit que 1/} (=1) est une fonction a support compact
dans [0, 1]. Par récurrence, on définit pour tout m € {2,..., N},

Pm (5 / pEm=1 ()

Remarquons qu’a cause de (1.7) et de supp(p(=™~1) [0, 1], 1a fonction ¢(~™) est & support compact

dans [0, 1] pour tout m € {2,..., N}. Par conséquent, en faisant N intégrations par parties, il vient
que
N-1 1
Ba(s0) = DV ( [[w=1/a=0) [ =9V e
=0 0
Ainsi, en employant I'inégalité : pour tout y € [0,1], y — s > |s| > 271(1 + |s|), il en résulte que,
N—1
[Pa(s,0)] < (T lo = 1/a = il )220 ) oy (1 4 fs]) oY
i=0
N—1 - -
< (T +1/a+0) 25N |y (14 s TN (2.26)
=0

Par conséquent, lorsque I'on combine les relations (2.25) et (2.26), on obtient (2.19).

70



2 Preuve du Théoréme 1.1

Finalement, établissons le point (iii). Afin de montrer que v — [|®4(-,v)[|ro(r) est continue sur
[H, H], il suffit de prouver que v — [ |®o(u,v)|*du est continue sur [H, H|.

Pour ce faire, on considére une suite {v, : n € Z;} de réels appartenant & [H, H] qui converge
vers 0. Du point (i), nous savons que pour tout v € R, nous avons

Em | Do (u, vp)|Y = |P(u, D). (2.27)
e (2.19), on en déduit que, pour tout u € R et tout n € N,
(@ (1, 0)[* < (1 + [uf) V=), (2.28)

En outre, lapplication u +— (1+|u|)~*@+1/a=H) appartient 4 L!(R) puisque le nombre N de moments
nuls, est supérieur ou égal a 2. En employant (2.27) et (2.28), nous sommes en mesure d’appliquer le
Théoréme de convergence dominée et 1'on a

Jim @0z = Tim [ (@G u)l = [ [@a(u,0)du = [@a D
Prouvons maintenant (2.20). En employant la continuité de v + [[®4(:,v)|[L®) et la compacité de
[H, H], on sait qu'il existe un réel vo € [H, H] tel que c3 = [|®n(, v0)||r®)- Supposons que c3 = 0,
alors on a, pour tout u € R,

d, (u,v9) =0,
ce qui revient & dire que pour tout £ € R,

o (&, v0) =0, (2.29)

ol </I;a(-, vg) deésigne la transformée de Fourier de ®,(+, vp), définie pour tout £ € R, par,

Bu(€.v0) = / Bo(, v0)e E da.
R

Par ailleurs, en notant par I' la fonction Gamma définie, pour tout = €]0,+oc[, par I'(z) =
[ t==1e~tdt, I'on a que la fonction m@a(-,vo) est la primitive fractionnaire & droite a
Vordre 1+ vp — 1/ de londelette ) ; il en résulte que (voir [25]), pour tout £ € R\ {0},
eisign(g)(l—l—vo—l/a){b\(é)

Do (€,v0) = (1 + v — 1/a) g[Trvo-1/a

(2.30)

En combinant (2.29) et (2.30) on trouve que J est la fonction identiquement nulle ; cela est impossible,
en effet par hypothése v n’est pas identiquement nulle. O

Lemme 2.2. [ existe une constante strictement positive, noté ciz, telle que pour tout j € Z et tout
ke{0,1,...,22 =1}, on a

c327IHR2) <\ d ylo < c1p27 92T, (2.31)

ol HJ]kHa désigne le paramétre d’échelle de la variable aléatoire SaS JLI“ et ot la constante c3 a été
définie en (2.20).

La preuve de ce lemme repose sur 'utilisation du point (iii) de la Proposition 2.1.

PREUVE DU LEMME 2.2. En combinant (2.17) avec une propriété usuelle de 'intégrale stochas-
tique stable, on a

1 4]l = 20T (k27) 4 / Do (275 — k, H(k279))|%ds
R
_ gjaH(k27) / 1@ (u, H(k29))|® du.
R
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Ainsi, il vient que '
ldjklla = 277182 @0 (-, H(k27)) [0 ) (2.32)
En utilisant (2.20) et en posant
C12 = maxye[ﬂ7ﬁ] H(I)a(', U)HLQ(R)a

on en déduit (2.31). O

Lemme 2.3. I existe une constante c13 > 0 telle que pour tout j € Z, et tout (k,1) € {0,1,...,27 —
1}2, on obtient

Jecov(ldel?, [dja]*)] < e1527 I P20 HHE2), (2.33)

PREUVE DU LEMME 2.3. De l'inégalité de Cauchy-Schwarz et d’une propriété usuelle des va-
riables aléatoires SasS, on a

o _ _
(cov(Idixl? |djal?))* < Var(|dj| ) Var(|d;l?),
2 < ~
= (Var(1Xo1?)) jallZ 127
= cual|d; |2l djall2 (2.34)

ol X est une variable aléatoire SaS de paramétre d’échelle égal & 1. En combinant (2.34) avec (2.31),
puis en posant c¢13 = /¢14, on obtient (2.33). O

Pour tout j € Z,, tout k € {0,1,...,27 — 1}, on pose

“mor d j k

ikl
Remarquons tout d’abord que ces variables aléatoires sont bien définies puisque pour tout j € Z et
tout k € {0,1,...,27 — 1}, le coefficient d’échelle HJMHQ est non-nul. De plus, par construction, les
variables aléatoires c%l?gr sont toutes des variables aléatoires SaS de méme paramétre d’échelle égal a
1. Ensuite, posons, pour tout j € Z4 et tout k € {0,1,...,27 — 1},

Oik = lldjxlla" (2.36)

Il résulte de (2.17), (2.35) et (2.36) que les variables aléatoires 67?‘;; peuvent s’écrire sous la forme de
I'intégrale stochastique stable suivante :

or — /R Fi(5)Za (ds) (2.37)
— g, 2 (H(k2)=1/) /R Do (25 — k, H(k277))Zy (ds) . (2.38)

Proposition 2.2. Soit € > 0 un réel arbitrairement petit. Posons
A= min{%(N—F)—%—e; (O‘T_]L)(NJré—F)}‘ (2.39)

11 existe une constante c11 > 0 telle que pour tout j € Zy et tout (k,1) € {0,1,...,29 —1}2, on a
cov(|dipl?, 5|7 < ey 2 PR (1 gy )7 (2.40)

Afin d’établir cette proposition, nous allons utiliser le Théoréme 2.4 de [24] qui repose sur les
deux hypotheéses (A1) et (A2) données a la page 1094 de [24]; les deux lemmes suivants permettent
de montrer que (A;) et (A2) sont bien vérifiées dans le cas qui nous intéresse.
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Lemme 2.4. Il existe deuz constantes 0 < c15 < 1 et Q1 € Z4 qui ne dépendent pas de j,k et [,
telles que pour tout j € Z, et tout (k,1) € {0,1,...,27 —1}? satisfaisant |k — 1| > Q1, on a

5y 50y = [ 15 (6) s )!“/2d8>015\|f]k|! ol fi

Lemme 2.5. Il existe deuz constantes c16 > 0, Q2 € Zy qui ne dépendent pas de j,k et |, ni de x,y
telles que pour tout (z,y) € R2, tout j € Zy et tout (k,1) € {0,1,...,2/ —1}2 satisfaisant |k—1| > Qa,
on a

a/2
Le(R)"

(2.41)

e fi+ 5205y 2 6 (Il + 19505y ) (242)
Ces deux lemmes sont des conséquences du point (ii) de la Propostion 2.1 et du résultat suivant.

Lemme 2.6. Pour tout réel € > 0 arbitrairement petit, il existe une constante c17 > 0 qui ne dépend
pas de j, k et I, telle que pour tout j € Z et tout (k,1) € {0,1,...,27 —1}2, on obtient

025, k1) / |Bo (1 — &y H(k279)) D (u— 1, H(1277))|**du (2.43)
< err(1+ [k — 1))~ EW =729, (2.44)

PREUVE DU LEMME 2.6. Effectuons le changement de variable v’ = u — [, puis en employant
(2.19), on a

2ok, l) = / Bt — (k — 1), H(E2 )@ (u, H(1279))| 2
R
<& / (14 Ju — (k= ) ePNFaTD (] 4 Jy[)=e/ 20+ 1/a=TD) g,
R

< C%/(l + |u . (kj B l)|)—(a/2(N+l/a—F)—1—e)(1 + |u|)—a/2(N+1/a—ﬁ)du‘
R

Ainsi, en prenant § = $(N +1/a—H) —1—e=2(N — H) — 3 — e > 0 si € est suffisamment petit,

SN +1/a— )etq-k—ldansleLemmeSlona(244) O
PREUVE DU LEMME 2.4. Supposons que j € Z, et (k,1) € {0,1,...,27 —1}? sont arbitraires et

fixés. Grace a (2.35) et (2.37), on a
1 fikllLe®) = I fillLe@ = 1. (2.45)

Nous allons maintenant borner de facon convenable, I'intégrale

/R|fj,k(5)fj,l(5)]a/2ds.
De (2.38) et (2.36), on a

9—jH(k277) o—jH(277)\
| fiae(5) fia(s)]*/2ds = ( - _ 97
/R ldjklla  [ldjilla

X / |0 (275 — k, H(k277)) o (275 — 1, H(1277))[*/2ds.

En utilisant (2.31), le changement de variable u = 275, (2.43) et (2.44), on a
/ |6 (8) f10(8)*/%ds < 5 / | (1 — ke, H(E279)) D (u — 1, H(1279))|**du

= c3%pa(J, k,1)
< e (14 [k — 1) @RV 270, (2.46)
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oll c18 = ¢35 “c17 est une constante qui ne dépend pas de j, k et [. Ainsi, étant donné que o/2(N —
H)—1/2—¢€> 0, il existe une constante Q1 € Z4, qui ne dépend pas de j, k et [, telle que pour tout
j € Zy, tout (k,1) €{0,1,...,27 —1}? vérifiant |k — I| > @Q1, on obtient

/|fjk 5 f51(3)[*"2ds < crg(1 + Q) (/2N = )-1/2-¢) < 2.

Par conséquent, en posant ¢15 = 1/2 et en utilisant (2.45) et (2.47), on a (2.41). O

(2.47)

PREUVE DU LEMME 2.5. Notons d’abord que dans (2.42), on peut supposer, sans perte de géné-
ralité, que la constante cj¢ appartient a l'intervalle ]0,1] et que 0 < |y| < |z| (le cas ou 0 < |z| < |y|
peut étre traité de la méme maniére). Posons alors z = y/x, on a

2] < 1. (2.48)

En multipliant les deux membres de I'inégalité (2.42) par x|~ et en utilisant (2.45), on trouve que
cette inégalité est équivalente &

1k 23l ey = cr0(1+ [2]%). (2.49)
Concentrons nous désormais sur la preuve de (2.49). On a, en utilisant l'inégalité triangulaire,
N 9|a/2
[ fik + 250 Lo / ‘ Fik(s) + 2f5(s )) ds
/2
> [ (15001 Ellgz)'| - as. (2.50)
R

En développant le carré et en utilisant I'inégalité |z — y|*/2 > |2%/2 — y®/2| > 22/2 — y®/2 pour tout
(z,y) € RZ, nous trouvons que

« 2 2 /2
1 fie + 2f50llTem) Z/R“fj,k(S)} + 2% fiu(s ‘ —2|2| fj(s) fia(s )" ds
a/2 a
2/R(‘fj,k(S)F+2’2‘fj7l(8)‘2) ds—2a/2|z|°‘/2/ ‘f], (s)fja(s )’ s, (2.51)
Puisque la fonction @ — /2 est concave sur Ry, on obtient que, pour tout s € R
a/2 1 2 a/2
(1556 + 2106 [*) " =222 (Gl far) + S £ ))
> 2227 (| ()| + 21| ()] ). (2.52)
En combinant ensemble (2.45), (2.48), (2.51) et (2.52), on a
e+ 2Fiall ey = 242711 +121%) 2a/2/ | £56(8) f10(5)| %2 ds. (2.53)

Notons par Q2 un entier positif satisfaisant

618(1 +Q2)1/2+e—a/2(N—ﬁ) <92

- )

(2.54)

ol c1g est la constante introduite en (2.46) qui ne dépend pas de j, k et [. Posons alors 16 = 20/2-2
ainsi il résulte de (2.53) (2.54) et (2.46) que pour tout j € Z,, tout (k,1) € {0,1,...,27 —1}2 on a

i 2fil oy = 22271 (1 [21%) = 2/272 2 227272 (14 212))
> 616(1 + |Z|a>.
Par conséquent, on obtient (2.49). O

L(R)

74



2 Preuve du Théoréme 1.1

Lemme 2.7. Il existe une constante co1 > 0, qui ne dépend pas de j, k et l, telle que pour tout
j €Zy, tout (k1) €{0,1,...,27 —1}2, on a

o105, k. 1) /}cb — k, H(k27) || @a(u — [, HI27))|du (2.55)

< epr (14 [k — 1) "IN FY ), (2.56)

PREUVE DU LEMME 2.7. En effectuant le changement de variable v’ = u — [, puis en utilisant
(2.19), il vient que

Pr(D) = [ 1@ = (k= 1), H(:2)|" @, H12))
<G [ (1 fu— (k=)@ VORI )Y Ty (25
R

Rappelons que le nombre de moments de la fonction v, noté N, est supérieur ou égal & 2. Posons

5—(a—l)(N—i—l/a—H),fy—N—i—l/a—Het)\—(Q;U(N+1/a—[-[).

Compte tenu de (2.57) et du Lemme 3.2, pour montrer que la relation (2.56) est vérifiée, il suffit de
prouver que J, v et A sont trois réels vérifiant les quatre conditions (3.5) :

(i) XA <7, c’est vrai car « €]1,2[;

(i) 0 > =1 <:>N—|—1/a—ﬁ> 1/a<:>N—F>O, ce qui est vrai car N > 2 et H < 1,

(i) v = N+1/a—H>N 3>3>1,

(iv) v — )\— (7—7)(N+1/a— ) $(N+1/a—H)=3(N—-1/a—H)+1/a > 1/a, car

N >
O

Nous sommes maintenant en mesure d’établir la Proposition 2.2.

PREUVE DE LA PROPOSITION 2.2. On définit 'entier Qp par Qo = max{Q1, @2}. Rappelons que
Q1 et Q2 sont deux entiers introduit respectivement au Lemme 2.4 et au Lemme 2.5.
Tout d’abord, étudions le cas o j € Zy et (k1) € {0,1,...,29 — 1} sont arbitraires et vérifient
|k — | > Qo. Remarquons que (2.35) entraine que

lcov (1 k1%, [dj01%) | = lldwlIZN1dsll|cov (15517 1d3571%) | (2.58)
De plus, il résulte de [24, Théoréme 2.4| et de (2.37) que
‘COV(| nor’ﬁ | nor|,3)| < C28<[f] kaf], }1 + [fj k‘?fj l] ) (259)

oll cog est une constante qui dépend de c15 (voir Lemme 2.4), de ci6 (voir Lemme 2.5) et de 3;
toutefois cog ne dépend pas de j, k et [, car HdnorHa = HdnorHa =1.
Par définition, on a

[fiks Fiadn o= [fige Fiall + [fis Fikl1s (2.60)
avec

i fili = [ a0 o)l (2.61)
et

[fiks Fial2 = /R | fi(s) fia(s)*/?ds. (2.62)
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Nous allons maintenant majorer [f;, fji]1. Il résulte de (2.60), (2.38) et (2.36), que

9—iH(k2=)\ * 7' [ 9-jH(27)\
[fj,kafj,lH = —=— Y
15l 1djilla

X / |®a(27s — k, H(k2—j))|a*1|¢>a(2ﬂ's — 1, H(1277))|ds;
R

ainsi, en utilisant (2.31), le changement de variable u = 27s, et (2.55), on a

[fiks f0l1 < c5%01(4, K, 1). (2.63)
De maniére analogue, on montre, pour tout j € Z, et tout (k,I) € {0,1,...,2/ — 1}, que
[f]l?f]k] <C3 801(]71 k) (2'64)
Il résulte de (2.60), (2.63) et (2.64) que
s St < (010,80 + 910, L R)). (2.65)

Majorons maintenant [fj, fji]2. Il résulte de (2.62), (2.38) et (2.36), que
%

o—jH(k27) 9—jH12 )\ 2
(i Fial2 = 2J
I | I ]lo

></ \cpa(st—k,H(m—j))@a(w’s—l,H(lQ—j))]%ds;
R

ainsi, en utilisant (2.31), le changement de variable u = 27s, et (2.43), on obtient

[ fialz < e5%@2(d, k. D). (2.66)
En combinant (2.58) avec (2.31), (2.59), (2.65) et (2.66), on a

]cov(\djk|*3 \d]llﬁ)] < (Clzc )2 JB(H(k2=9)+H(1277))

X (801(171457[) + 801(]7l7k) + 902(jakal))

Ensuite, en employant (2.56) et (2.44), on montre que (2.40) est vraie pour tout j € Zy, tout
(k,1) € {0,1,...,27 — 1}? veérifiant |k — 1] > Qo; nous désignons par ci5 la constante qui apparait
alors dans le membre de droite de 'inégalité (2.40). Etudions maintenant le cas ou j € Z4 et (k,l) €
{0,1,...,27 — 1}? sont arbitraires et vérifient [k — | < Qo. Posons ¢;5 = (1 + Qo) c13 ot ¢13 est la
constante qui a été introduite dans (2.33). En utilisant (2.33), on obtient que
cov (ldyul?, |dj)")| < erg2 PHEZHHETD)

9—jB(H(k2=7)+H(1277))

(1+ |k —=1))*
< ¢ 2 IBHETFH2T)) (1 4 (g — 1)~

=ci3(1+ |k — 1>

Finalement, en prenant ci;5 = max{c ,c” , il en résulte que (2.40) est vraie pour tout j € Z, tout
157 €15

(k,1) € {0,1,...,27 —1}2. O
Lemme 2.8. Soit A un réel strictement positif fivé. Pour tout entier j > 1, posons
-2
. i s - . s
B) = S o AR RHE J))(l +lk— l|> Y2 BHGRT | (2.67)

(k‘,l)EVj XVj kev;
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Alors, pour toul A €]0, [, il existe une constante cso > 0, qui ne dépend pas de j, telle que pour tout
j=>1,0na

B < ex0 {jl/X n; L o728 =) +j’A/X} : (2.68)
rappelons que n; désigne le cardinal de v;.

PREUVE DU LEMME 2.8. Posons, pour tout j > 1,

A= {0 vy xu; k-1 <} (2.69)
et
AC = {(k;,l) cvjxv: k-1 > '1/X} : (2.70)
de plus, pour tout £ € v;, on pose
Aj(k) = {z cvi: (k1) e Aj}. (2.71)
Notons que, pour tout j > 1,
vi X vj = Aj UA] (2.72)
et que pour tout k € v,
card(A;(k)) < 25/ +1 < 351/, (2.73)

la premiére inégalité résulte du fait que dans tout intervalle compact de diamétre arbitraire d, il y a
au plus [d] 4+ 1 entiers.
On a, d’apres (2.70), que

(k,l)eA; (j,k)eA;
2
< j*)\/X Z 9—JiB(H (k277)+H(I277)) < jA/X< Z QJBH(kQ_j)> ) (2.74)
(j,k)EI/j XV kev;

Montrons maintenant qu'’il existe ¢3; > 0 une constante qui ne dépend ni de j ni de (k,1), telle que
pour tout j > 1 et tout (k,1) € Aj,

9—IBUH(k2T)+H(I27T)) < (n 9—d2BH(K27T) (2.75)

En combinant (1.3) et (2.69), il vient que
9—iB(H(k279)+H(1277)) _ o9—j2BH(k277)9jB(H (k277)~H(1277))
< 9—i2BH(k279)9jB|H(k279)=H(1279)| « 9—j2BH(k277)gjBe1 k277 —1277|PH

< 9-i2BH (k2 )gfer (j1em/N )2 dem

?

ainsi, en prenant,
A+pp /N )o—i
C31 i= Sup {2501(J PH )2 7PH} < +oo,
i>1
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on obtient (2.75). Ensuite, au moyen de (2.69), (2.71), (2.73) et (2.75), on a

Z 2—jB(H(k2*~7)+H(l2”'))(1 + |k — l|)_/\ < c31 Z Q—ﬂﬁH(k?’j)(l + |k — l|)_/\

(k,D)EA; (k1)EA;
on (S (1)) et e
kev; leA;(k) kev;
< 3315 A n; 2772PH, (2.76)
Par ailleurs,
2
( S gtk )> > 2279201, (2.77)
]Cel/j
Finalement, en combinant (2.67), (2.72), (2.74), (2.76) et (2.77), on obtient (2.68). O
Proposition 2.3. Pour tout j € Z, posons
Vi=ni' Y ldirl” (278)

k‘El/j

Supposons que n; vérifie (1.14). On a, presque sirement,

Vz p.s.
E(Vj) Jotee

(2.79)

Pour établir cette proposition, nous avons besoin de la Proposition 2.2, du Lemme 2.8 ainsi que
du lemme suivant.

Lemme 2.9. ]| existe deux constantes csa et cs3 strictement positives telles que pour tout entier j > 1,
caanyt Y 2T IPHIRT) < (V) < eggnyt Y 2790H 2 (2.80)
kel/j kEle
PREUVE DU LEMME 2.9. En utilisant (2.78) et la linéarité de ’espérance, on a
- . . ~
E(V;) =n;' Y =cla,B)n; " Y lldjlla,
kEVj kJEI/j

ou la constante ¢(a, ) désigne le moment absolu d’ordre 3 d’une variable aléatoire SaS de paramétre
d’échelle 1. Tl résulte de I’égalité précédente et de (2.31), que

cla, B)egnyt 3 2 < B(V;) < el B)efyn; ! Y 27702,
keljj kGl/]'
ainsi en posant cza = c(a,ﬁ)cg et c33 = c(a, B)c’fQ. O
PREUVE DE LA PROPOSITION 2.3. Pour tout n > 0, tout entier 7 > 1, on a, d’aprés l'inégalité

de Markov
~j _, Var V:
P(‘E(‘%) - 1‘ >n> < 2@07(])3))2. (2.81)
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Ensuite, d’apres (2.78) et la Proposition 2.2, il vient que
Var(Vi) =n;? 30 cov(ldiul?1dl”)
(k,l)EZ/j XVj
< 015nj_2 Z 2—jﬁ(H(k:2*j)+H(l2*J'))(1 k- l\)f/\; (2.82)
(k,l)El/j XVj
ainsi, en utilisant (2.82), (2.80), le Lemme 2.8 et (1.14), on a

Var(V; 5 = 5
ar( 1)2 < ey {jm 9—i(3—28(H—-H)) _|_j—>\/)\}’

ot A €]0, A[ est arbitraire et fixé, et ot c34 est une constante qui ne dépend pas de j. Finalement,
grace a cette derniére inégalité, a (2.81) et a I'inégalité 25(H — H) < 1/2, en appliquant le Lemme
de Borel-Cantelli, on obtient (2.79). O

Il convient maintenant de rappeler que dans tout le présent chapitre ’espace de probabilité sous-
jacent ) est restreint & €2, I’événement de probabilité qui a été introduit dans le Lemme 2.1 du
chapitre 2.

Lemme 2.10. [l eziste une variable aléatoire C finie et positive telle que pour tout w € ) = (U, tout
JjEZy ettoutke{0,1,...,22 — 1}, on a

|dj 1 (w) — dji(w)| < C(w)279PH. (2.83)

'PrREUVE DU LEMME 2.10. En utilisant (1.5), (1.6), (2.16), le changement de variables t = 277k +
277z, et le fait que le support de la fonction continue ¢ est inclus dans [0, 1], il vient que

|dj k(w) — dji(w))|
g/ ‘X(zfjmzfﬂ'x,H(zfﬂ'mzﬂx),w) X (279k + 2772, H2 k), W )|dz
R

1
§/ sup ‘X(U,H(27jk‘—l—27jx), ) X(u H(k277) “w }daz;
0 u€(0,2]

ainsi, au moyen de la relation (3.18) du chapitre 2 (dans laquelle on prend ¢ =0, M =2, a = H et
b= H), et au moyen de la relation (1.3) du présent chapitre, on obtient

(@) — dia(w)] < C'(@) [l e / [H@ 7k +2772) — H(27k)|de
010( )

1
< 10w [[¥ e m) / (272)"" do = S 2,

ot C' est une variable aléatoire finie et positive. Enfin, grace a la dermere inégalité, en posant

ot WHL .

on aboutit a (2.83). O

Clw) =

Proposition 2.4. Rappelons que V; et 17j ont €été introduits respectivement en (1.13) et (2.78).
Supposons que nj, le cardinal de vj, vérifie (1.14), alors, on a, presque sirement,

Vi S, (2.84)
B(V))
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PREUVE DE LA PROPOSITION 2.4. Soit j un entier supérieur ou égal a 1. Compte tenu de (2.79),
pour montrer (2.84), il suffit d’établir que, presque siirement,

Vj 1‘73'\ ps.
BT)

(2.85)

Tout d’abord, majorons |Vj(w) — V}(w) , pour tout w € Q. 1l résulte de (1.13), (2.78), et de I'inégalité
||2)” — [yl?[ < | — y|® pour tout (z,y) € R?, que

Vi) = V)] < n7 3 [dete) = dyate)|

kev;
puis, en employant (2.83), il vient
Vi(w) = Vj(w)| < CF(w)2-9Pem. (2.86)
Par ailleurs, grace a la minoration fournie par (2.80), on a
E(V;) > c3279°1 (2.87)
Enfin, en combinant (2.86), (2.87) et (1.4), on en déduit (2.85). O

Lemme 2.11. Pour tout entier j > 1, on pose

W. = 1o} - . 2.
J ]/B 1 22 <nj1 Zkey]- 2 JBH (k2-7) ( 88)

Alors, on a

lim W, = 0. (2.89)

Jj—+o00

PREUVE DU LEMME 2.11. D’aprés (2.80), pour tout entier j > 1, on a

BU)

0<e3r < — . — <
n; Zkeuj 2-IBH(k2)

puis en utilisant la croissance de la fonction x — logy(x), on obtient,

E(V;)
logy(c32) <logy | — L — | <logy(css)
n; ! Zkeuj 2-IBH(k277)

et par conséquent (voir (2.88)),

_logs(css) W, < _logs(cs2)
i i
Ainsi, en faisant tendre j vers 400, on aboutit a (2.89). O

Nous sommes maintenant en mesure de prouver le Théoréme 1.1.
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3 Lemmes techniques

PREUVE DU THEOREME 1.1. Remarquons que, en utilisant (2.88) et l'inégalité triangulaire, on
a pour tout entier j > 1,

log, (V) _
—iB =
1 V; 1 E(V,
=55 \Ew)) ~ T
1 V — _ 7
= |— log, <i> +W; — logQ ! 9 IBH(E2T)) _ g
—jB E(V;) iB ( k;yj ) !
1 V = ]
| e, (Y HW.) ‘ log g-isH2 ) _ g |,
- (E(Vj)> ’ 2 (5 Z ) -1,
ainsi (2.84), la continuité en 1 de la fonction x — logy(x), (2.89) et (2.1), impliquent que (1.15) est
vraie. O

3. Lemmes techniques

Lemme 3.1. Soient § et v deux réels strictement positifs satisfaisant

v>1+0. (3.1)
Pour tout q € Z, on pose
ro(69) = [ (1 fu = al) 700+ fu) (32)
Alors, on a
Sup{(l +14)°rq(6,7)} < +o0. (3.3)

q€Z
PREUVE DU LEMME 3.1. Premiérement, notons que pour tout v € R, tout ¢ € Z, on a
(L+1g))* = 1+ fu—q—u)® < L+ |u—qg| +u])’
< (1 |u—g)°(1+[u))’ (3.4)
Il résulte de (3.2), (3.4) et (3.1) que

(1+ |g)°rg(8,7) < /kpwm>W6du<+m
R

g

Lemme 3.2. Soient 7,0 et A trois réels strictement positifs satisfaisant les quatres conditions sui-
vantes :

A<, y=A>1/a,

—1
5> , v > 1 (3.5)
o
Alors, on a
Cog 1= Sup {(1 + |g)) 4 (6, ’y)} < 400, (3.6)
qEZ

ot r¢(8,7y) a été définie en (5.2).
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PREUVE DU LEMME 3.2. En utilisant (3.2), I'inégalité triangulaire et 'inégalité suivante
V() €RY; (2 + ) < eosl@ + ),

on obtient

a (1+[g)*
(14 |g)*rq(6,7) = /R At]u—q)P

< o3 / (14 Ju— )~ + ju)) du
R

(1+ |u|)7du

b [ fu—a) (1 fu) "0V
R
Finalement, (3.5), (3.7) et I'inégalité de Holder impliquent que

(1+1q))*rq(8,7) < c25/(1+ lu)) Vdu
R

—1

+025</R(1—|-|u|)_6a(11)% (/R(1+yu|)<“>a) < +00.

Q=
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CHAPITRE 5

Estimation du paramétre de stabilité a

1. Estimation du paramétre de stabilité o dans le cas fractionnaire

Cette section correspond a notre article [2], que nous avons décidé d’incorporer tel quel dans le
mémoire de cette thése.

1.1. Introduction and statement of the main results. Let H and a be two parameters
such that o € (1,2) and 1/a < H < 1. We denote by {Xp o(t)}er the symmetric a-stable linear
fractional stable motion (lfsm for brevity) (see e.g. |26, 17]), defined, for all ¢t € R, as,

Xaa(®)i= [ (6= = o)}z ). (11)

where Z,, (-) is a symmetric a-stable random measure and, for each z € R
(2)+ := max{z,0}. (1.2)

The parameter H characterizes the self-similarity property of lfsm; namely, for all fixed positive
real-number a, the processes {Xp o(at)}ier and {a” Xy o (t)}1er have the same finite dimensional
distributions. The parameter o governs the tail heaviness of the latter distributions. The process
{XH,a(t) }ter has a modification with continuous nowhere differentiable sample paths; it is identified
with this modification in all the sequel.
The statistical problem of the estimation of H has already been studied in several articles: [27,
» 29, 24|, and strongly consistent estimators (i.e. convergent almost surely), based on (d;x)(jx)ez2,
the discrete wavelet transform of lIfsm, have been proposed; notice that the latter estimators of H do
not require that o to be known. Throughout our paper, for all (4, k) € Z2, the wavelet coefficient d;k
is defined as,

djr = Qj/RXH,a(t)@ZJ(Tt — k)dt; (1.3)

moreover, we only impose to the analyzing wavelet ¢ a very weak assumption: ¢ is an arbitrary
real-valued non-vanishing continuous function with a compact support in [0,1] and it has 2 vanishing
moments 1.e.

/Rq/)(s)ds:/st(s)ds:O. (1.4)

It is worth noticing that we do not need that {2j/2¢(2j -—k) : (j, k) € Z*} be an orthonormal wavelet
basis for L?(R).

In view of the fact that the problem of the estimation of H is now well understood, from now on we
assume the latter parameter to be known. Our goal is to construct, by using the wavelet coefficients
(djk)o<k<2i, a strongly consistent (i.e. almost surely convergent when j — +00) estimator a; of the
parameter «. Let us outline the main ideas which lead to this estimator.

— The starting point, is a result of [31], according to which, with probability 1, the quantity

H —1/a, is the critical uniform Holder exponent of the sample paths of X, over any arbitrary
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compact interval and in particular the interval [0, 1]; more precisely, one has, almost surely for
all arbitrarily small n > 0,

sup (1.5)

t1,t2€[0,1]

sup { }XH’a(tl) _ XH’a(tQ)’ } = 00. (1.6)

t1,t2€[0,1] |ty — to|H—1/atn

{ ‘XH,a(tl) - XH,a(tz)‘ } < 0o

‘tl _ t2|H71/a717

and

— Next, let us set,

D; = d; . 1.7
5= e |dxl (1.7)

In view of the fact that the wavelet ¢ has a first vanishing moment, one can derive from (1.5),
that, almost surely, for all arbitrarily small € > 0,

lim sup {Qj(H_l/O‘_E)Dj} < 00. (1.8)
J—+o0

— Notice that, since we do not impose to ¢ to be a continuously differentiable function and to
{29/24(27 - k) : (j, k) € Z*} to form an orthonormal wavelet basis for L*(R), a priori it is not
at all clear that (1.6), implies that, almost surely for all arbitrarily small € > 0,

lim sup {2j(H_1/a+€)Dj} = 00. (1.9)
J—+oo

Yet, by making use of some specific properties of lfsm as well as the fact that 1 is compactly
supported, we will be able to show that, a result stronger than (1.9) holds; namely, one has
almost surely, for all arbitrarily small € > 0,

lim inf {2J<H*1/Q+E>Dj} — . (1.10)
J—+o00
— Finally, combining (1.8) with (1.10), one can get the following theorem, which is our main
result.

Theorem 1.1. For each j € N, one set,
1 — 10g(Dj)

a;  jlog(2)’
where Dj is defined in (1.7). Then, one has almost surely,

1.2. Proofs.

1.2.1. Proof of Relation 1.8. The proof is standard in the wavelet setting, we give it for the sake
of completeness. Let © be an event of probability 1 on which Relation (1.5) holds and let w € Q be
arbitrary and fixed. Assume that € > 0 is arbitrary and fixed and denote by C'(w) the finite quantity
defined as,

XH,a(tla UJ) - XH,CZ(t27 w)
C(w) == sup | 1/ | . (1.11)
tl,tQE[O,l] |t1 - t2‘
On the other hand, notice that (1.3), (1.4) and the fact that,
supp ¢ C [0, 1], (1.12)
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imply that, for all (j,k) € Zy x Z, satisfying 0 < k < 27, one has,

- pk+1)279 ' '
d;p(w) =27 /m_j {XH@(t,w) - XH,a(kw,w)}zp(zﬂt k)t (1.13)

Next, combining (1.13) with (1.11), one gets

- p(k41)277 ‘ |
’dj,k(w)‘ < 21/ ‘X}La(t,w) _XH,a(inj,w)Mlﬁ(th_ k?)‘dt
k2—3
o k1277 4
||1/’||L°°<R>C(w)2j/ |t — k2o gy

k2—J
< ||w||LOO(R)C(w)2_J(H—1/Oé—6)7
which proves that (1.8) is satisfied. O

1.2.2. Proof of Relation 1.10. Let us first recall that in [14], a nice stochastic integral represen-
tation of the wavelet coefficients d; has been obtained, namely one has almost surely that

IN

djp = 2771/ / D1 0(20s — k)Zg (ds), (1.14)
R
where @, is the real-valued continuous function defined for each x € R, as,
1
H—-1/«a H-1/a
®rr0w) = [ =2l sy = [ -2 vy (1.15)

notice that the last equality results from (1.12).

Proposition 1.1. The function ®p . satisfies the following two nice properties:
(i) one has,

supp ®p o C (—o0,1]; (1.16)
(ii) there is a constant ¢c1 > 0 such for all x € (—o0, 1],
}@H,a(ﬂf)’ < (1 + |x\)_(2+1/a_H). (1.17)

PROOF OF PROPOSITION 1.1. Part (4) is a consequence of (1.15) and (1.2). Let us show that
Part (i) holds. First observe that, (1.15) easily implies that,

sup {(1 + |xy)2“/a*H}q>H,a(x)\} < 4[| ooy < 00 (1.18)
z€e[—1,1]

Let us now suppose that z < —1. We denote by ¢(~Y the primitive of 1, defined for all z € R, as
v = [ v

Observe that (1.12) and (1.4) entail that the continuous function 1»(~1) has a compact support included
in [0,1]. We denote by ¥(=2) the primitive of 1)(~1), defined for all z € R, as

w2 = [ T D).

Observe that supp (=1 C [0,1] and (1.4) entail that the continuous function (=2 has a compact
support included in [0, 1]; therefore integrating two times by parts in (1.15), we obtain

1
o) = (H — 1/a)(H — 1/a — 1) /0 (y — )12 () dy. (1.19)
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Next, using (1.19) and the inequalities: for all y € [0,1], y — 2 > |z| > 271 (1 + |z|), it follows that,

_ . H-1/a—2
| pa(z)| < g2 /ey 2)HL°°(]R)(1 + |z|) fe2, (1.20)
Finally, combining (1.18) with (1.20), we get Part (ii) of the proposition. O
A straightforward consequence of (1.14) and Part (¢) of Proposition 1.1, is that,
' (k+1)277 4
djp =27 IH-1/) / Dy (25 — k)Zg (ds) . (1.21)
—00

Let us now introduce some additional notations. We assume that 6 € (0,1/3) is arbitrary and
fixed. For all j € Z,, we define the positive integer e; as,

ej = [279], (1.22)
where [] is the integer part function. Then, for any integer [ such that
0<1<[20-9] -1, (1.23)
we set )
(lej+1)277 )
Gj,lej = / QP o(2's —lej)la (ds), (1.24)
(I=1)ej+1)2-
and

((1-1)ej+1)277 )
Rjje,; = / Qpa(2s—lej)Zq (ds). (1.25)

—0o0

Thus, in view of (1.21), the wavelet coefficient d; ., can be expressed as,
djge, = 271 (Gj,lej + Rj,lej)- (1.26)

Now, our goal will be to derive the following two lemmas which respectively provide lower and upper
asymptotic estimates for maxo<; oia-o) [Gje,; | and maxg; pia-o) [Rje; |-

Lemma 1.1. One has, almost surely

liminf{ 2%  max |G|t > 1. (1.27)
. ; . Jtej
J—rtoo 0<iI<[201(1=9)]

Lemma 1.2. One has, almost surely
lim sup {2]’23 max \R-,le,|} =0. (1.28)
j—400 0<l<[2i(1-9)] !

The proof of Lemma 1.1 mainly relies on the following two results.

Lemma 1.3. (see e.g. [26]) Let Y be an arbitrary symmetric a-stable random variable with a non-
vanishing scale parameter ||Y o, then for any real number t > ||Y o, one has,

csl[Y[at™ < P([Y] > 1) < e[ Y527, (1.29)
where ca and c3 are two positive constants only depending on «.

Lemma 1.4. For each fized j € Zy, {Gjpe; 0 <1 < [200=0)] — 1} is a sequence of identically dis-
tributed independent symmetric a-stable random variables whose scale parameters, denoted HGj,lej llaes
satisfy for all [,

1
Giao Il =27 [ [orale)da. (1.30)

1—e;
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1 Estimation du paramétre de stabilité o dans le cas fractionnaire

PROOF OF LEMMA 1.4. The independence of these symmetric a-stable random variables is a
straightforward consequence of the fact that they are defined (see (1.24)) through stable stochastic
integrals over disjoint intervals. In order to show that they are identically distributed it is sufficient
to prove that (1.30) holds for each [. Using a standard property of stable stochastic integrals (see e.g.
[26]) and (1.24), one gets

(lej+1)277 4
1G e, I = / (Bpra(@s — lej)|ds:
((I—1)e;+1)2-3

then the change of variable u = 27s — le; allows to obtain (1.30). O
Now, we are in position to prove Lemma 1.1.

Proor oF LEMMA 1.1. Let j € Z, be arbitrary and fixed. Using the fact that {Gj., : 0 <1 <

[201=9)] — 1} is a sequence of independent identically distributed random variables (see Lemma 1.4),
one gets,

[27(1-9)]-1
] ﬂ%) = ( 4 ﬂ%)
P<o<zin[2%6>] (Gite; | < 2 g P(1Gje;] <2
95 [2j(176)] s [23‘(17(5)]
S G B (O (I S) I

Observe that, in view of (1.30) in which one takes [ = 0 and in view of the assumption that ¢ € (0,1/3),
there exist a positive constant ¢4 and a positive integer jg such that, one has,

1 1/a
2798 > Gjte, llo = 279/ </ |<I>H,a<x>l‘*df”> > ey 270, (1.32)

—e;

for all integers j and [ satisfying j > jo and 0 < I < [27(0-9]; notice that the last inequality in (1.32),
follows from the fact that we have chosen jp, such that for every j > jo,

1 1
/ @1 o (2)|d > 2! / B0 ()| da,
1

—ej —00

and the last integral is positive since ®p , is a non-vanishing function (this is a consequence of our
assumptions on ). Also notice that, one can suppose that ¢4 € (O, 051) (the positive constant cs
has been introduced in Lemma 1.3). Next, it follows from (1.31), from the first inequality in (1.29)

in which one ¢t = 273'273, and from (1.32), that, for all integer j > jo,

25 } [2701-9)
P( max |G| < 2—33) < (1 - 052—J<1—25>) , (1.33)
o<i<[i-9]

where the constant ¢5 := c3cy € (0,1). Then, (1.33), the fact that § € (0,1/3), and standard
computations, allow to show that,
+o0

- 28
Z ]P’( max  |Gje;| < 2_33) < 00;
e 0sSI<[@09] !

thus, applying the Borel-Cantelli Lemma, one gets (1.27). O

The proof of Lemma 1.2 mainly relies on the following result as well as on Lemma 1.3.
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Lemma 1.5. For all non-negative integers j and 1 such that | < [27°], the scale parameter 1 Rj1e; o
of the symmelric a-stable random variable Rj .. (see (1.25)) satisfies,

o rl-ej )
|Rje, |2 = 279 / Bp1.0(x)|Ode < co2 o2+ amdH), (1.34)

— 00

where cg 1S a positive constant non depending on j and .

PrOOF OF LEMMA 1.5. The equality in (1.34) can be obtained by using (1.25) and the arguments
which have allowed to derive (1.30). Let us show that the inequality in (1.34) holds; there is no
restriction to assume that j > 6~!. Using (1.17) and (1.22), one has,

[ [ —2a—1+aH
23/ 1Py o(z)|"de < 0?23/ (1-—z) dx

—0 —0o0
) +o0o o 27] (2]5 o 1) —a(2—H) )
< co‘2_J/ |4 ) 20 ey o < eI (2041 /a—0H)
1 256 _9 ( ) 1 a(2 — H) 6
where the constant
9a(2—H)
' )
C6 . Cl a(2 — H)

Now, we are in position to prove Lemma 1.2.

PROOF OF LEMMA 1.2. First, observe that in view of the assumption that § € (0,1/3), one has
for a fixed arbitrarily small n > 0,

20
T 954 1) — 6H:
!
therefore, it follows from Lemma 1.5, that there exists a positive integer ji, such that for all integers
j and I, satisfying j > j; and 0 < [ < [271=9)], one has,

26+n

HRj,lejHa < Q_j( « )

Thus, we are allowed to apply the second inequality in (1.29), in the case where Y = R;j.. and

(264
t= 2_]( an). As a consequence, we obtain that, for all j > jq,

[2j(1*5)]_1

- 26+n (2641
oglinp%f&] Bt = IZ:% | Rjte; |

[290-0)]_1
< 022j(2(5+77) Z HR_] le-Ha < 072—joc(25+1/04—(5H)+j(1+5+77) (1 35)
- IR — ) .
1=0
where the last inequality results from (1.34) and the constant c7 := cacg. Assume that 6(a — 1) >,
then one has,
a(20+1/a—0H) > a(d+1/a)=ad+1>1++n.
Therefore, it follows from (1.35) that,

“+o00

74(25+'r])
Z]P’( max  |Rje,| >277\ ><oo;
0<i<[20=)] = 7

J=i
thus, applying the Borel-Cantelli Lemma, one gets (1.28). O
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2 Simulations

Remark 1.1. Our proofs of Lemmas 1.1 and 1.2, only allow to derive that Relations (1.27) and

(1.28) hold on some event of probability 1, denoted by SN)(;, since it a priori depends on § € (0,1/3).
Yet, one can easily show that these two relations also hold, for every real numberj € (0,1/3), on an

event of probability 1 which does not depend on §, namely the event ﬂ5€©m<071/3) Qs.

Now, we are in position to prove Relation (1.10).
Assume that e is a fixed arbitrarily small positive real number and that ¢ € (0,1/3) is such that,
€/2=20/a. (1.36)
Next observe that (1.36), (1.7), (1.26) and the triangle inequality, imply that for all j € Z,

o j28
oi(H 1/a+e/2)Dj > 2)% max |Gj,l6j + Rj,lej|
0<1<[29(1=9))

- 28 95
> ma. G, ¥ ma: R I
a 0§l<[2jﬁ*‘”} e 0§l<[2j?§—6>] [Bjte,|
therefore, one has that,

j—+oo

imi 2 , T 2 ,
e G L) Ryt S G LA
Finally putting together, (1.27), (1.28), (1.37) and (1.36), one gets (1.10).

1.2.3. Proof of Theorem 1.1. Relations (1.8) and (1.10) imply that there is Q* an event of prob-
ability 1 such that each w € Q* satisfies the following property: for all arbitrarily small € > 0, there
are two finite positive constants A = A(w,€) and B = B(w, €), and there exists jo = ja(w,€) € Z4,
such that, one has for all integer j > ja,

Azfj(Hfl/ClH’é) S D](w) S B2fj(H71/a76).
This entails that,
—H +1/a — e < liminf

' < limsup
J—+o0

Jj—+oo

{ log(Dj(w)) }
jlog(2)
Then letting € goes to zero, one gets that,
. {log;(Dj(W))
jlog(2)

{log(Dj (w))

” <-H+1/a+e.
jlog(2) } /

}: —H+1/a.

j—+o0

2. Simulations
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3500 T T T T T T T

3000

2500

2000

1500

1000

500

o
1.68 1.7 1.72 1.74 176 1.78 1.8 1.82 1.84

FIGURE 1. Thistogramme suivant représente les & obtenues a partir de 5000 trajec-
toires simulées sur [0, 1], d’un mfsl de paramétres o = 1.8 et H = 0.6; ici j = 11 et ¢
est ’ondelette mére de Daubechies avec 8 moments nuls.
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FIGURE 2. Thistogramme suivant représente les & obtenues a partir de 5000 trajec-
toires simulées sur [0, 1], d’'un mfsl de parameétres o = 1.9 et H = 0.55; ici j = 11 et
1) est 'ondelette mére de Daubechies avec 8 moments nuls.
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3. Estimation du paramétre de stabilité a dans le cas multifractionnaire

3.1. Introduction et énoncé du résultat principal. Soit o un nombre réel fixé une fois pour
toute vérifiant 1 < a < 2. On note par {X (u,v) : (u,v) € [0,1]x]1/a, 1[} larestriction & [0, 1] x|1/a, 1]
de la modification a trajectoires continues (voir les Théorémes 2.1 et 3.1 du chapitre 2) du champ
stochastique qui engendre les mouvements multifractionnaires stables linéaires (mmsl en abrégé en
francais, LMSM en abrégé en anglais); de plus, tout au long de la présente section, on restreint
I’espace de probabilité €2, a Qf I'événement de probabilité 1 qui a été introduit dans le Lemme 2.1 du
chapitre 2. Rappelons que, pour tout (u,v) € Rx]1/a, 1[, 'on a, presque strement,

v—1/a v—1/a
X (u,v) :/ [w— o)1 — (o) )2, (as). (3.1)
R
oll, pour tous nombres réels x et x,

x" stz €]0, +o00],
(z) = (3.2)
0,si z €] — 00, 0].

Dans toute cette section, on suppose que {Z, (s) : s € R} est un processus de Lévy symétrique
a—stable (SaS en abrégé) dont les trajectoires sont des fonctions cadlag.

On note par H(-) une fonction déterministe définie sur [0, 1] et & valeurs dans un intervalle compact
[H,H] C]1/a, 1], out H := mingejoq H(x) et H := max,ep) H(z). Dans toute cette section, on
suppose que H(-) est héldérienne, ce qui signifie qu'il existe deux constantes ¢; > 0 et pgy > 0, telles
que

Vi, ty € [O, 1]; ’H(tl) — H(t2)| < Cl‘tl — t2|PH ; (33)
de plus, on impose & pyg de vérifier les inégalités :
1> py > H := max H(x). (3.4)
z€[0,1]

Rappelons que {Y(t) : t € [0,1]} le mouvement multifractionnaire stable linéaire (mmsl) de para-
métre de stabilité « et de parameétre fonctionnel (de Hurst) H(-), introduit par Stoev et Taqqu dans
[28, 30], est défini, pour tout ¢t € R, par

Y(t) = X(t, H(t)). (3.5)

L’objectif de cette section est de montrer que la méthode qui nous a permis précédemment d’estimer le
parameétre o du mouvement fractionnaire stable linéaire (mfsl en abrégé en francais, LFSM en abrégé
en anglais) peut étre étendue au mmsl. La suite {d;x : (j, k) € Z*}, des coefficients d’ondelettes du
mmsl {Y'(¢) : t € R}, est définie par,

dj =2 / Y (t)4(27t — k)dt. (3.6)
R

De plus, on impose seulement a 'ondelette analysante v de vérifier les hypothéses suivantes :
(1) % est une fonction non identiquement nulle, continue sur R et & valeurs réelles,
(2) son support est un compact inclus dans [0, 1],

(3) elle admet, au moins, 2 moments nuls, c’est a dire
/w(s)ds = / s(s)ds = 0. (3.7)
R R

Il est & noter que ’on n’a pas besoin de supposer que la suite de fonctions {2j/2w(2j —k): (4, k) € Z*}
soit une base orthonormale de L?(R).
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Puisque dans le chapitre 4 (voir dans ce chapitre, le Théoréme 1.1 et les parties (2) et (1) de
la Remarque 1.1), nous avons introduit une procédure d’estimation de H := min,¢(o ;) H(7) qui ne
nécessite pas la connaissance de « ; dans le présente section nous supposons que H est connu et notre
objectif consiste a construire, au moyen des coefficients d’ondelettes {d;; : 0 < k < 27} ot 7 > 0, un
estimateur fortement consistant (c’est a dire qui converge presque sirement lorsque j tend vers +00)
du parametre o ; cet estimateur est noté par a;. Donnons d’abord les principales idées sur lesquelles
repose la construction de a;.

e Tout d’abord, notons que pif([0,1]) l'exposant de Hélder uniforme du mmsl sur [0,1] (voir
(8.1) du chapitre 2 pour la définition de cet exposant) vaut presque sirement H — 1/a; cela
découle des relations (3.3) et (3.4) dans la présente section combinées avec les trois résultats
suivants du chapitre 2 : la Partie (i4) du Corollaire 5.1, le Théoréme 6.1 et la Remarque 6.1.
On a donc presque stirement, pour tout réel arbitrairement petit n > 0,

sup { [V (1) — Y ()] } < 400, (3.8)

(t1,t2)€[0,1]2 ’t1 — tg‘ﬂ—l/a—n

sup { [V (1) — Y (52) } = +o00. (3.9)

(trt2)ef0]2 | [t — to|[H=1/atn

e Ensuite, on pose

Dj = Imax ’dj,k- (310)

0<k<27
Grace a la nullité du premier moment de 'ondelette v, on montre en utilisant (3.8), que, presque
strement, on a, pour tout réel ¢ > 0 arbitrairement petit

lim sup {2j(ﬂ_1/a_E)Dj} < 0. (3.11)
j—+oo
e Comme dans le cas fractionnaire, il n’est pas du tout évident que (3.9) implique que pour tout
€ > 0 arbitrairement petit, on a, presque stirement,
lim sup {2]'@*1/“*6)1)]} = +oo. (3.12)
Jj—+oo
Néanmoins, en utilisant des propriétés spécifiques au mmsl ainsi que le fait que le support

de 1 est compact, dans la sous-section 3.2.2 on établit un résultat plus fort que (3.12); plus
précisément, on montre que pour tout € > 0 arbitrairement petit, on a, presque stirement,

Tim inf {2j<ﬂ—1/a+f>Dj} - too. (3.13)

Jj—+oo
Enfin, en assemblant (3.11) et (3.13), on obtient le théoréme suivant, qui est le résultat principal
de cette section.

Théoréme 3.1. Pour tout j € N, posons,

- . log(D;)
5 = (i m0) + Sy @19

ot Dj a été définie en (3.10). Alors, on a, presque sirement,

a; 2 a (3.15)
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3.2. Preuves.

3.2.1. Preuve de la relation (3.11). La preuve de cette relation est similaire & celle effectuée dans le
cadre fractionnaire. Soit { ’événement de probabilité 1 sur lequel la relation (3.8) a lieu et considérons
un w € € arbitraire et fixé. Supposons que € > 0 soit un réel arbitraire fixé et notons par C(w) la
variable aléatoire finie, définie par

Clw)= sup {

(t1,t2)€[0,1]2

Y (t1,w) = Y(t2,w)|
‘tl _ tz’ﬂ—l/a—e

} < 400. (3.16)

Ensuite, remarquons que (3.6), (3.7) et le fait que
supp ¢ C [0, 1] (3.17)
impliquent que pour tout (j, k) € Z, x Z, satisfaisant 0 < k < 27, on a
27 . .
djg=2 /W {Y(t) =Y (k277)} (2t — k)dt.
Ensuite, en combinant (3.6) avec (3.16), on a

) (k+1)277 ' '
()| <2 / Y (tw) - Y (2w (20t — e

o p(k+1)277 '
= C(w)HwHLm(R)Qj/ It — kQ—J,ﬂ—l/a-edt_
k2-3

< O (W) ||| oo (y2 I H =)

ce qui prouve que (3.11) est satisfaite. O

3.2.2. Preuve de la relation (3.13). Nous désignons par {ij : (4,k) € Z*} la suite de variables
aléatoires SaS définies par

djk = 2j/ X (t, H(k279))(27t — k)dt; (3.18)
R
de plus, pour tout j € Z, nous posons,
D, = ;. 3.19
j 1= max | (3.19)

Grace & un résultat de [14], on peut presque stirement, pour tout (j, k) € Z?, représenter @,k, sous la
forme de 'intégrale stochastique suivante :

djj, = 27/ HE2)=1/e) / B (25 — ky, H(k277))Zo (ds) (3.20)
R
ou @, est la fonction continue & valeurs réelles, définie pour tout (x,v) € Rx|1/a, 1], par
1
bo(o0) = [ =) sy = [ - v (3:21)

remarquons que la derniére inégalité résulte de (3.17) et que cette fonction @, a déja été introduite
en (2.18) dans le chapitre 4.

Proposition 3.1. La fonction @, satisfait les trois propriétés suiwantes :
(i) on a, pour tout v € [H, H],

supp @ (-,v) C] — 00, 1]; (3.22)
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(i1) il existe une constante ¢y > 0 telle que pour tout x € R et tout v € [H, H|, on a
—(241/a—H)

|Pa(z,v)| < e (14 |2]) ; (3.23)
(1) La fonction
[ﬂvi] — R-i-
3.24
v o |20 oy &2
est continue, de plus
= max [®a(,0) || Loy < oo et cs = UEE%] [ @ ()| o gy > O- (3.25)

Le point (7) de la Proposition 3.1 est une conséquence directe de (3.2), les deux autres points ne
sont rien d’autre que les points (i7) et (ii7) de la Proposition 2.1 du chapitre 4 ; signalons au passage

que la finitude de la constante ¢z est une conséquence de la continuité sur l'intervalle compact [H, H|

de la fonction v — H<I>a(-, U)HLQ(R). Il est important de noter que (3.20) et (3.22) impliquent que
- ' . (k+1)2—7 i ‘
0 = 2 HG2 ) 1/a) / Do (s — k, H(k277))Za (ds). (3.26)

Il convient maintenant d’introduire quelques notations supplémentaires :
e ty € [0,1] désigne un réel tel que
H(to) = H; (3.27)
e Pour tout entier j > 1, I;(to) désigne l'intervalle compact inclus dans [0, 1], d'intérieur non vide
et défini par

1

_ 1 _ 1
Ii(to) = [0, 1] N [to —j #u,to+j *H]; (3.28)

signalons que son diamétre, noté par |I;(to)|, vérifie
1 1
JP < |I(to)] < 257 (3.29)
e On associe a U'intervalle ;(o), ’ensemble v;(t9) d’indices k, défini pour tout entier j > 1 par
vi(to) = {k € {0,1,...,27 —1}; k277 € I;(to) }; (3.30)

cet ensemble d’entiers vérifie le lemme suivant qui donne, pour j assez grand, un fin encadrement
du nombre d’entiers contenus dans v;(t).

Lemme 3.1. [ existe c5 > 0 et cg > 0 deux constantes, telles que pour tout entier j assez grand, on
a

1 1
c52’j e < card(vj(ty)) < c2’j ru. (3.31)

PrEUVE DU LEMME 3.1. Cela résulte du fait que le nombre d’entiers contenus dans un intervalle
arbitraire de diameétre d, est compris entre [d] et [d] + 1 ou [-] désigne la fonction partie entiere. [

e On suppose que § €]0,1/3] est un réel arbitraire fixé.
e Pour tout j € Z, nous définissons l'entier e; > 1 par,

ej = [27°]. (3.32)
e Pour tout 5 > 1, nous posons
vi(to) = {k € v;(to); e divise k} = {k € vj(to); 31 € Zy tel que k = le;} (3.33)
et
Ni(to) = {l € Z; lej € vi(to) }; (3.34)
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il est clair que les ensembles v;(g) et Xj(to) sont en bijection, ainsi,

card(v;(to)) = card(A;(to)). (3.35)
Lemme 3.2. Il existe c; > 0 et cg > 0 et il existe un entier jo > 1 tels que pour tout j > jg, on a
, _1 ~ 4 _L
7291795700 < card(\(to)) < g2/t on . (3.36)

PREUVE DU LEMME 3.2. D’apres (3.33) et (3.35), il existe ¢ > 0 et ¢g > 0 deux constantes telles
que pour tout j assez grand, on a,

o (AN < ara (R 1)) < o (L)Y

ainsi, en utilisant le Lemme 3.1 et (3.32), on obtient (3.36). O

Pour tout entier j > 1 et tout [ € Xj(to), on pose

(lej+1)2—7 , )
Gjle; = / O (2s —lej, H(lej277))Zq (ds) , (3.37)
((I—1)e;+1)2~7
et
((I-1)e;+1)277 _ A
R, = / Bo (25 — le;, H(ley2)) 2 (ds) ; (3.38)
— 0o
il résulte alors de (3.26) que,
C@,lej — 9—J(H(le;279)~1/a) (Gj,zej 4 Rj,zej)- (3.39)
Maintenant, notre objectif est d’établir les deux lemmes suivant qui établissent respectivement des
estimations asymptotiques inférieures et supérieures de max;, X (1) |Gjle;| et de max, X (1) | Rjie; |-
J ]
Lemme 3.3. On a, presque sirement,
liminf {275 max [Gype,|p > 1. (3.40)
J—+00 le)\j(to)
Lemme 3.4. On a, presque sdrement,
lim sup 21 % max [Rj,| ¢ =0. (3.41)
Jj—+4oo leX;(to)

Concentrons-nous d’abord sur la preuve du Lemme 3.4, celle-ci repose sur les deux lemmes suivant :

Lemme 3.5. [26] Soit Y une variable aléatoire symétrique a-stable dont le paramétre d’échelle, ||Y ||q,
ne s’annule pas. Alors pour tout réel t > ||Y||o, on a,

cisl[Yat™ <P([Y] > 1) < e Y52, (3.42)
ot c13 et c14 sont deux constantes positives qui ne dépendent que de .

Lemme 3.6. Pour tout entier j > 1 et pour tout | € Xj(to), le paramétre d’échelle || R e, |lo de Rjje,,
la variable aléatoire Sas introduite en (3.38), satisfait

ol . 4 —
1 Rje; lla = 2j/ |Bo(, H(le;277)) | dz < cg2 /o201 a0l (3.43)

—0o0

ot cg est une constante strictement positive qui ne dépend pas de j et [.
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PREUVE DU LEMME 3.6. D’aprés (3.38), il vient que

(1~1)ej+1)277 , o
||Rj,lej|yg_/ (@0 (205 — le;, H(le29))|*ds.

—00

En effectuant alors le changement de variable u = 2/s — lej, on obtient,

o rl-e e
IRjse, 2 = 279 / (@0 (x, H(le;277))|"de,

—o0
ce qui prouve I'égalité (3.43). Afin d’établir 'inégalité dans (3.43), il n’y a aucune restriction a supposer
que j > 6~ !. En employant (3.23) et (3.32), on a

) 1—e]- .
IRjse, 2 < g2 / (1+ Jul)~Cot1-aT) gy
—o0

+ _ —j (046 _ 1\ —(2—H)
< C?Q_j/ - (1+ u)_(QO‘H_O‘H)du = 0?2 J(QJ 1)7
- 2162 a(2—H)

—ja(20+1/a—6H
< 102 Jo( /o )7

avec
204(2—?)

C10 = cf ———.
"a(2—H)
On est maintenant en mesure de prouver le Lemme 3.4.

PREUVE DU LEMME 3.4. Puisque 6 €]0,1/3[, on a pour tout réel n > 0 arbitrairement petit fixé
20 +n
«

<25+ 1/a—§H;

ainsi, étant donné que a > 1, du Lemme 3.6, on en tire l'existence d’un entier j; > 0 tel que pour
tout j > ji et tout [ € A\j(to), on a

HRj,lejHoc < 2_j(26:n)-

(254
Nous pouvons donc appliquer la seconde inégalité de (3.42) dansle cason Y = Rjie; ett = 2_3( a n) ;
il en résulte que pour tout j > ji,

P( max [Rje,| > 2" (% n)) < Z P(‘R',lej| >2_7<26:n
e Y R la2/ Y, (3.44)

leX;(to) lex;(to)
le/\] (to)

oll ¢14 > 0 est une constante qui ne dépend pas de j. Ensuite, en utilisant (3.43) et (3.36), on a

IP’( max [Rje,| > 2" —i(*

1) S686901434*%2—jo¢(26+1/o¢—éﬁ)2j(l+6+n)' (3.45)
ZE)\ (to)

De plus, étant donné que 7 est arbitrairement petit, on peut supposer que d(aw — 1) > 7, et ainsi, on
obtient
a(20+1/a—0H) > a0 +1/a)=ad+1>1+6+n.
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Il résulte alors de (3.45) que

ZIP’( max |Rje,| > 2" -i(# n)> < +00.
ZE)\ to)

J2i1
Finalement, en employant le Lemme de Borel-Cantelli, on obtient (3.41). O

Concentrons-nous maintenant sur la preuve du Lemme 3.3, celle-ci repose principalement sur le
Lemme 3.5 et le lemme suivant :

Lemme 3.7. Pour tout entier j > 1, {Gje, : | € Xj(to)} est une suite de variables aléatoires SaS
indépendantes dont les parameétres d’échelles sont donnés par

1 .
1G e || = 277 /1 (@ (. H(le;279)|" da; (3.46)
.

de plus, il eriste deuzr constantes c11 > 0 et c12 > 0 et il existe un entier jo > 1, tels que pour tout
j>jo et toutl € Xj(to), on a
c112”~ J < HG] ZEJH < 1927 7. (3.47)
PREUVE DU LEMME 3.7. L’indépendance, pour tout j > 1 fixé, des variables aléatoires SaS
Gjle; oul € Xj(to), est une conséquence du fait qu’elles sont définies par des intégrales stables sur
des intervalles disjoints (& un ensemble Lebesgue négligeable prés).

Au moyen de (3.37) et du changement de variable u = 2/s — le;, on obtient (3.46). La deuxi¢me
inégalité dans (3.47) est bien vérifiée ; en effet, en posant c12 = ¢§, il résulte de (3.46) et (3.25) que
[Gate 5 < 29 H 2 ) ey < 1227
Pour établir la premiére inégalité dans (3.47), remarquons que, (3.46), (3.25) et (3.23), impliquent
que pour tout j > 1 et tout I € X\;(to)

e 1—e; e
1300227 (I Hes2 Dl [ 8t Hae2 ) e

—J o o e —(20+1—aH)
>277 g — (1-2)
—00
> 9277 (c? —c (2a — aH) 16]_(2a aH)) ;

ainsi ¢ = 2*10§ et en prenant jgp tel que pour tout j > jo, on a,

(20[—04]‘[) -1 j—(2a oH)

<27l
on obtient la premiére inégalité dans (3.47). O
Nous sommes maintenant en mesure de prouver le Lemme 3.3.

PREUVE DU LEMME 3.3. Soit j un entier arbitraire assez grand de sorte que \;(¢p) soit non vide

. .25 ~
et que ¢12277 < 277 2?; en utilisant le fait que {Gj; ;[ € \j(to)} est une suite finie de variables
aléatoires indépendantes, on a

P( max |G, | sz—ﬁf> = I P (G, <277%)

leX;(to) lexj(to)
= H (1 -P (’Gﬂej’ > Qﬂ%)) ’
ZGX]'(tO)
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D’aprés (3.47), (3.42) et (3.36), il vient que

IP’( max |Gj’le],| < 2—]’?) < H (1 _ 0110132_j(1—25))
lE)\j(to) lexj(to)

(1—26))072j(1—5) (j_$>

S (1 — 0116132_j (348)
Ainsi, on obtient,
+oo
Z P ( max |Gy, | < 2_j2of> < 400,
=72 leX;(to)
oll jo désigne un entier assez grand; en appliquant alors le lemme de Borel-Cantelli, on aboutit a
(3.40). 0

Remarque 3.1. Les preuves du Lemme 3.3 et du Lemme 3.4 nous assurent que les relations (3.40) et
(8.41) sont vraies sur un événement de probabilité 1, noté Qs parce qu’il dépend a priori de § €)0,1/3].
Cependant, on peut facilement prouver qu’elles sont également vraies sur l’événement de probabilité 1,
ﬂée@m]0,1/3[ 525, qui, quant & lui, ne dépend pas de 6.

Proposition 3.2. Pour tout réel € > 0 arbitrairement petit, on a, presque sirement,

lim inf {Qj(H_l/O‘+E) max ]CLM} = +o00. (3.49)
Jj—+oo kel/j(to)

PrREUVE DU LEMME 3.2. Nous désignons par € un réel fixé strictement positif et arbitrairement
petit, de plus nous supposons que § €]0,1/3] est tel que,
€/2=26/a. (3.50)
On a alors, en utilisant (3.34), (3.39), (3.27), (3.3), (3.30), (3.28), et I'inégalité triangulaire, pour tout
entier j assez grand,

2j(ﬂ—1/a+5/2) kmax ’J]’k‘ > Qj(ﬁ—l/a—s-e) max ‘Jj,zej‘
€v;j(to) 1e; (o)
9—3(H(le;277)—H(to)) {Gje, + RjJej}‘

20
> 27 max

lEXj(to)
> 27925 max |Gjue, + R |
lE)\j(to)
> 9=c19i% max ‘Gj,lej} _gagi¥ max ‘Rj,lej}Q (3.51)
lE)\j (to) lE)\j (to)

ainsi, (3.40) et (3.41) impliquent que

liminf{Qj(H_l/o‘+e/2) max |Jj7k]}
Jj—+oo k‘El/j(to)

> 27 lim inf {23'2;S max ‘Gj,lej }} — 27 lim sup {Zjif max |Rj7l€j ‘} =27 >0,

J—r+00 1eX;(to) j—-+oo 1eX;(to)
ce qui prouve (3.49). O
Lemme 3.8. Pour tout € > 0 arbitrairement petit, on a, presque sidrement,
lim nf {23@*1/&“)15]} =t (3.52)
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PREUVE DU LEMME 3.8. Soit j > 1 un entier, on a, d’aprés (3.19) et (3.30) que
oj(H—1/ate) [y > oi(H-1/ate) .+ |J |
J = g,k |-
kEI/j(to)
Ainsi, il vient que
lim inf {Zj(ﬂ_l/o‘+e)5j} > lim inf {2j(H_1/°‘+E) max |JJ k|} .
j—+oo j—+oo kev;(to)
Donc de (3.49), on obtient (3.52). O

Il convient maintenant de rappeler que dans tout le présent chapitre ’espace de probabilité sous-
jacent ) est restreint & £, I’événement de probabilité qui a été introduit dans le Lemme 2.1 du
chapitre 2. Le lemme suivant n’est rien d’autre que le Lemme 2.10 du chapitre 4.

Lemme 3.9. Il existe une variable aléatoire C' finie et positive telle que pour tout w € Q) = Qg, tout
jE€Zy ettoutke{0,1,...,22 — 1}, on a

|dj(w) — dj(w)| < Clw)2790m. (3.53)
Nous sommes maintenant en mesure de prouver la relation (3.13).

PREUVE DE LA RELATION (3.13). Soit € un réel fixé strictement positif et arbitrairement petit.
En utilisant (3.10), 'inégalité triangulaire, en utilisant (3.19), et (3.53), on a, presque stirement, pour
tout entier j € Z,

piH=1/ote) p; = giH-1/ake) Jmax ik = (dj g — djn)]
> { gilH=1/ate) pax ]c?] g b= 20EH-t) max ]c@ k—djkl ¢
0<k<2i 7 0<k<2i 7 '

> 2j(ﬂ—1/a+6)ﬁj _ CQJ(E—l/a‘Ff—PH);

ainsi, il résulte de (3.52) et (3.4) que I'on a presque siirement,

lim nf {2/E-1/e%0 p, |
Jj—+oo J
> lim inf {Qj(ﬂfl/a“)f)j} — Climsup 2/E-Vate=rn) — Lo — 0 = o0,
J—+oo j—4o00
ce qui prouve (3.13). O
3.2.3. Preuve du Théoréme 3.1. (3.11) et (3.13) entrainent l'existence d’'un événement de pro-
babilité 1, noté g, tel que pour tout w € y et tout € > 0 arbitrairement petit, il existe deux
constantes finies et strictement positives notées par A(w,e€) et B(w,€), et il existe un entier positif
Jjs(w, €) vérifiant la propriété suivante : pour entier j > j3(w,€), on a,
A(w, €)2 I H-1/ate) < Dj(w) < B(w, €)27/U~1/a=e)
Ceci entraine que
log(D; log(D;
—H+ 1/a —e< hminf{og.(J(w))} < lim sup {Og(](w))}
i=too | jlog(2) jotoo | Jlog(2)
enfin, en faisant tendre e vers (), on obtient,
{1Og(Dj (w))
jlog(2)

IN

—-H+1/a+e (3.54)

lim
Jj—+oo

} =-H+1/c
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