N
N

N

HAL

open science

Extension of the canonical trace and associated
determinants

Marie-Frangoise Ouedraogo

» To cite this version:

Marie-Frangoise Ouedraogo. Extension of the canonical trace and associated determinants. Math-
ématiques générales [math.GM]. Université Blaise Pascal - Clermont-Ferrand II; Université de Oua-

gadougou, 2009. Francais. NNT: 2009CLF21964 . tel-00725230

HAL Id: tel-00725230
https://theses.hal.science/tel-00725230

Submitted on 24 Aug 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00725230
https://hal.archives-ouvertes.fr

N° d’ordre: D.U. 1964

UNIVERSITE BLAISE PASCAL
U.F.R Sciences et Technologies

ECOLE DOCTORALE DES SCIENCES FONDAMENTALES
N° 617

UNIVERSITE DE OUAGADOUGOU
U.F.R Sciences Ezxactes et Appliquées

THESE

présentée pour obtenir le grade de

DOCTEUR D’UNIVERSITE

Spécialité: Mathématiques

Par OUEDRAOGO Marie Francgoise

TITRE :

EXTENSION OF THE CANONICAL TRACE AND
ASSOCIATED DETERMINANTS

Soutenue publiquement le 22 octobre 2009 devant la commission d’examen

Monsieur Elmar SCHROHE Président
Monsieur Saad BAAJ Examinateur
Monsieur Moulay BENAMEUR Examinateur
Monsieur Akry KOULIBALY Directeur de These
Madame Sylvie PAYCHA Directrice de These
Monsieur Denis PERROT Examinateur

Rapporteurs: Monsieur Maxim BRAVERMAN
Monsieur Simon SCOTT






Remerciements

Le travail que je présente ici doit sa réalisation a un certain nombre d’institutions et de
personnes que je tiens a remercier:

- L’Université de Ouagadougou (U.F.R. Sciences Exactes et Appliquées)

L’Université Blaise Pascal de Clermont Ferrand (le Laboratoire de Mathématiques
et ’Ecole Doctorale Sciences Fondamentales)

- L’Université de Corse Pascal Paoli (Faculté des Sciences et Techniques)
- L’Agence Universitaire de la Francophonie (AUF)

Toutes ces institutions qui m’ont aidée et accompagnée tout au long de cette these, grace
entre autres a une bourse AUF et un poste ATER voudront bien trouver dans ces quelques
lignes mes remerciements: notamment pour leur accueil, car sans elles, ce travail n’aurait
pas progressé au rythme soutenu qu’il a eu.

Je tiens a remercier mes deux directeurs de these: Akry Koulibaly, pour avoir guidé
mes premiers pas dans la recherche en m’initiant a des techniques algébriques qui ont
abouti a la soutenance d'une these de troisieme cycle a I'Université de Ouagadougou en
1999. Je lui suis reconnaissante de son soutien, sa disponibilité et ses multiples conseils,
notamment pour les aspects administratifs de la préparation de cette deuxieme these;
Sylvie Paycha, qui m’a guidée sur le plan scientifique durant cette these. Elle m’a in-
troduite dans 'univers des opérateurs pseudodifférentiels. Son intérét, son enthousiasme
et ses questions ont été une aide précieuse et une source de motivation pour moi. En
dehors des mathématiques, elle m’a accueillie dans sa famille et m’a fait faire ’ascension
du Puy de Dome (une prouesse pour une Sahélienne comme moi!). Grace a elle, j’ai pu
participer a des écoles d’été et faire des séjours de recherche dans des instituts de recherche
comme: Max Planck Institute for Mathematics (Bonn), Hausdorff Research Institute for
Mathematics (Bonn), Erwin Schrodinger International Institute for Mathematical Physics

(Vienne).

Je suis tres sensible a ’honneur que m’ont fait Maxim Braverman et Simon Scott en



acceptant d’étre les rapporteurs de cette these. Je suis tres reconnaissante a Saad Baaj,
Moulay Benameur, Denis Perrot et Elmar Schrohe pour leurs présences dans le jury de
cette these.

Je voudrais adresser un remerciement aux membres du Laboratoire de Mathématique
de I"Université Blaise Pascal et plus particulierement aux secrétaires Noelle Rougane qui
a pris sa retraite, Marie-Paule Bressassouly et Valérie Sourlier qui me facilitaient la tache
dans les multiples démarches administratives et pratiques durant mes séjours.

Je remercie également mes camarades thésards passés ou présents en particulier Jacque-
line et Jérémy avec qui j’ai commencé la premiere année de these et partagé le bureau 2210.

Un grand merci a tous mes collegues du département de Mathématiques de I’Université de
Ouagadougou et en particulier & mes complices de tous les jours Béré, MiKailou et Patri-
cia, qui me permettent d’oublier les mathématiques le temps d’une discussion (ou autre...).

Merci a tous mes collegues du département de mathématiques de 1’Université de Corse
pour leur acceuil chaleureux, leur disponibilité. Je remercie tout particulierement Cather-
ine qui n’a eu de cesse de me soutenir durant la derniere année de these. Je me souviendrai
toujours de mes discussions avec elle et Jean-Louis sur une question mathématique (ou
autre!) devant leur cheminée, entourés de leurs chats, pendant que la neige habille de
blanc le paysage alentour.

Pour finir, un grand merci a toute ma famille, mes amis et connaissances et a tous ceux
qui d’une fagon ou d’une autre m’ont soutenue, encouragée, supportée et motivée tout au
long de ce travail.



Contents

Remerciements
Introduction

1 Prerequisites on pseudodifferential operators

1.1 Spaces of symbols on an open subset of R™ . . . . . . ... ... ... ...
1.1.1 The algebra of symbols . . . . . .. .. ... ... L.
1.1.2 Classical symbols . . . . . .. .. ... o
1.1.3 Log-polyhomogeneous symbols . . . . . . ... ... .. ... ....
1.1.4 Odd-class symbols . . . . .. ... .

1.2 Pseudodifferential operators . . . . . . . .. ... ...
1.2.1 Pseudodifferential operators on an open subset of R™ . . . . . . ..
1.2.2  Pseudodifferential operators acting on sections of a vector bundle
1.2.3 Topology on pseudodifferential operators . . . . . . . .. ... ...
1.2.4 Elliptic classical pseudodifferential operators . . . . . . . . ... ..

1.3 Zero order odd-class pseudodifferential operators . . . . . . . . . ... ...
1.3.1 Odd-class pseudodifferential operators . . . . . ... .. ... ...
1.3.2  Lie group of zero order odd-class classical WDOs . . . . . .. ...

2 Logarithms of elliptic pseudodifferential operators
2.1 Complex powers and logarithms of admissible pseudodifferential operators
2.1.1  Admissible pseudodifferential operators . . . . . . . . . ... .. ..
2.1.2  Complex powers of admissible pseudodifferential operators . . . . .
2.1.3 Logarithms of admissible pseudodifferential operators . . . . . . . .
2.2 Symmetrized logarithms and odd-class pseudodifferential operators

3 The canonical trace on odd-class pseudodifferential operators
3.1 The L*-trace on smoothing operators . . . . . . ... ... ... ......
3.2 Classification of traces on Clygq(M,E) . . . . . . . .. ... .. ...
3.2.1 Linear forms on odd-class symbols and Stokes’ property . . . . . . .
3.2.2  Characterization of traces on Clogq(M, E) . . . . . . .. ... ...

5

16

18
18
18
20
22
28
31
31
36
40
41
42
42
43

46
46
47
48
53
67



3.2.3  Explicit construction of the canonical trace . . . . . . . ... .. .. 82

3.3 Classification of traces on Cl0, (M, E) . . . .. ... ... ... ...... 86
3.4 The local residue density extended to CCJ (M, E) . . . . . ... ... ... 88
3.5 The canonical trace extended to CC (M, E) . . . . . ... ... ... ... 89
4 The regularized trace of the logarithm of a product 96
4.1 Weighted traces of classical pseudodifferential operators . . . . . . . . . .. 96
4.2  Weighted traces involving logarithms . . . . . . ... ... ... ... ... 98
4.3 Weighted traces of differentiable families of operators . . . . . . .. .. .. 101
4.4 Locality of the weighted trace of L(A,B) . . . . . . . . . ... ... .... 103
4.5 A local formula for the weighted trace of L(A,B) . . ... ... ... ... 108
5 The multiplicative anomaly for regularized determinants 114
5.1 The (-determinant and the weighted determinant . . . . . . . . .. .. .. 114
5.2 Multiplicative anomaly for the weighted determinant . . . . . . . . . . .. 118
5.3 Multiplicative anomaly for the (-determinant . . . . . . . . . . ... .. .. 120
6 Determinants on odd-class pseudodifferential operators 126
6.1 Classification of infinitesimal multiplicative determinants on (Cf0,,(M, E)) 127
6.2 Determinants on zero order odd-class operators . . . . . . ... ... ... 130
6.3 A symmetrized canonical determinant on (Clygq(M, E))" . . . . . . . . .. 133
Bibliography 141



Introduction

In this thesis we study the canonical trace on certain classes of pseudodifferential oper-
ators and associated multiplicative determinants on the one hand, regularized traces on
classical pseudodifferential operators and the multiplicative anomaly of related determi-
nants such as the zeta determinant on the other hand.

The canonical trace is the unique extension [MSS] of the L2-trace to classical pseudodif-
ferential operators with non-integer order which vanishes on non-integer order brackets.
It was introduced by M. Kontsevich and S. Vishik in [KV1], [KV2] as a tool to study
properties of determinants of elliptic pseudodifferential operators. We consider pseudod-
ifferential operators acting on smooth sections of a finite rank hermitian vector bundle F
over a smooth closed riemannian manifold M of dimension n.

The L?-trace Tr is defined on classical pseudodifferential operators of order with real part
< —n. Naturally associated with this trace are Fredholm determinants [ReSi]

det(I + A) = exp(Tr(log(! + A)))
defined for operators A of order with real part < —n; they are multiplicative:
det((I + A)(I + B)) = det(I + A)det(I + B).

Since Seeley’s seminal work [Se] it is well known that the generalized zeta function
C(A,Q,z) = Tr(AQ*) is holomorphic on the half plane Re(z) > ”%;a, where () is an
elliptic operator with appropriate spectral properties and positive order ¢, and A is a
classical operator of order a. The canonical trace TR provides a meromorphic extension
(M (A,Q, z) = TR(AQ™?) (which we denote by the same symbol ((A, @, z)) to the whole
complex plane with simple poles. If a is not an integer or if A is a differential operator,
there is no pole at z = 0 and TR(A) = ((A,Q,0) is independent of Q. In particular,
TR(Q*) = ((I,Q, z) is holomorphic at zero; its derivative at zero gives rise to the fa-
mous zeta determinant

det((Q) = exp(—09.¢(1, Q, 2).=0)

IThis uniqueness result actually follows from the description of classical pseudodifferential operators
in terms of brackets derived in [L] in Proposition 4.7.

7



8 Introduction

introduced by D. B. Ray and I. M. Singer [RaSi] in the mathematics literature and by
S. Hawkings [Haw] in the physics literature. For @ = I + A with A of order with real
part < —n, the zeta determinant coincides with the Fredholm determinant; this holds in
particular for operators of the type I + A with A a smoothing operator, i.e. defined by a
smooth Schwartz kernel K4 via the identity

/KAxy y)dy, Vx € M.

For such an operator
Tr(A) = / tr, (Ka(z, z))dx —/ / trp(o(A)(z,€)) d€ dx

where tr, stands for the fibrewise trace and o(A) is the local symbol of A. Since the
kernel of a general classical pseudodifferential operator A presents singularities along
the diagonal, or equivalently since its symbol does not lie in L' as a function of the
variable &, to define its trace one needs to regularize the local Schwartz kernel restricted
to the diagonal K 4(z, ) fT* (x,€)dE, by extracting a finite part of a divergent
expression, using Hadamard finite parts For any x € M, the integral of the fibrewise
trace tryo(A) over the ball BX(0, R) of radius R in the cotangent bundle 7M has an
asymptotic expansion in decreasing powers of R; furthermore this integral is polynomial
in log R so that the cut-off integral

f s (r(A) (. 6)) 4 1= / tr, (0(A) (2, €)) de

B;(0,R)

is well defined. It coincides with the ordinary integral whenever the latter converges.
Whenever the operator A has non-integer order or has order with real part < —n, the

expression (fT v e (0a(z,§)) d£> dx defines a global density on M so that its canonical

() = [ (f (a6 dz) e

is well defined. In particular if A has order with real part < —n, it coincides with Tr(A).
M. Kontsevich and S. Vishik extended the canonical trace to odd-class classical operators
in odd dimensions and G. Grubb in [Gr| to even-class operators in even dimensions. The
canonical trace was actually proved to be the unique extension to a linear form on the
algebra of odd-class operators in odd dimensions, which vanishes on brackets [MSS]. M
Lesch in [L] further extended the canonical trace to log-polyhomogeneous operators of
non-integer order. Here, we use both extensions, to odd-class classical operators in odd
dimensions and to log-polyhomogeneous operators; this last extension is useful in view of

trace
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determinants which involve traces of logarithms.

The goal of this thesis is to investigate, on the grounds of a careful study of the un-
derlying linear forms, two types of determinants, the first ones multiplicative, the others
not, which both extend Fredholm determinants on operators of the type I + A with A a
smoothing operator:

1) The first class of determinants we consider in odd dimensions, are multiplicative de-
terminants of the type
DET(A) = exp(TR(log A))

defined from the canonical trace for operators in the odd-class with appropriate spectral
cut.

2) The second type of determinants we consider, now in any dimension, are the zeta-
determinant mentioned above and the related weighted determinants

Det?(A) = exp(Tr?(log A))

for any classical pseudodifferential operator with appropriate spectral cut. Here TrQ(A)
is a regularized (or Q-weighted) trace corresponding to the constant term in the Laurent
expansion of the map TR(AQ %) at z = 0, @ being as before an elliptic operator with
positive order and appropriate spectral properties.

In the odd-dimensional case, and for A and ) in the odd-class with ) of even order,
Det?(A) = DET(A) so that the two types of determinants coincide. But in general,
neither the zeta determinant det; nor weighted determinants Det® are multiplicative; in
particular, the zeta determinant presents a by now well-known multiplicative anomaly first
investigated simultaneously by K. Okikiolu [Ok2] and M. Kontsevich and S. Vishik [KV1].

1) Going back to the first type of determinant, let us describe our approach to multi-
plicative determinants in the odd-class in odd dimensions. Their classification requires
classifying traces on the algebra C¢2,,(M, E) of zero order odd-class operators in odd
dimensions acting on smooth sections of the bundle E. Whereas traces on the algebra
of odd-class classical operators Cl,qq(M, E) acting on smooth sections of E in odd di-
mensions are proportional to the canonical trace, since C¢2,,(M, E) is a subalgebra of
Cloqa(M, E), we can expect to find other traces. The leading symbol traces used by S.
Paycha and S. Rosenberg in [PR] and given by

Tig(A) = A(tra(00(A)),

where ) is a distribution in D’(S*M) indeed give rises to traces on the algebra C{°(M, E),
which induce traces on C2,,(M, E). We prove the following characterization:
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Theorem 3.3.4 If the dimension of the underlying manifold M is odd, any trace on
C,, (M, E) is a linear combination of the canonical trace and a leading symbol trace.

This is reminiscent of a similar result by J.-M. Lescure and S. Paycha [LP] who showed that
any trace on C{°(M, E) is linear combination of the noncommutative residue and lead-
ing symbol trace. In order to define multiplicative determinants corresponding to these
traces, following the same line of proof as in [LP] where the authors studied multiplicative
determinants associated with the noncommutative residue and the leading symbol traces,
we first extend the traces. Since the leading symbol trace has been taken care of in [LP],
we focus here on the canonical trace. In Chapter 3, we actually extend the canonical trace
to the whole algebra of odd-class log-polyhomogeneous operators in odd dimensions and
prove the cyclicity of the canonical trace on this algebra (Corollary 3.5.9). In Chapter
2, we provide an alternative description of this algebra in terms of powers of the (sym-
metrized) logarithm of a reference elliptic odd-class operator @ (Theorem 2.2.4), which
gives further insight on the operators in that class. Since (C’Egdd(]\/[ , E))* is a Fréchet
Lie group with exponential mapping and Lie algebra C'¢2,,(M, E), (Proposition 1.3.4 and
Proposition 6.1.4), the above classification of traces on C£°,,(M, E) induces a classifica-
tion of multiplicative determinants given in Chapter 6:

Proposition 6.1.5 Any multiplicative map on the range of the exponential mapping in
(CL(M, E))* is of the form:

Det(A) = exp (aTR(Log(A)) + T (Log(A))
where a is a real number and T is a distribution in the cotangent unit sphere S*M.

Leading symbol determinants studied in [L.P] vanish on operators of the type I+ smooth-
ing. With the idea in mind of extending Fredholm determinants on operators of the type
I+ smoothing, we focus on determinants associated with the canonical trace of the form

DET = exp o TR o log

on zero order odd-class operators. For zero order operators, this makes sense since their
logarithms also lie in the odd-class. But, for an odd-class operator with positive order,
the logarithm is no longer odd-class and we introduce for this purpose the symmetrized
logarithm, a notion introduced by M. Braverman in [B]. For an admissible operator A
with positive order a and spectral cuts 6§ and 6 — ar, the symmetrized logarithm of A is

logy™ A := = (logy A + logy_, A)

DN | —
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where logy A stands for a determination of the logarithm corresponding to the choice
of a spectral cut 6. Unlike the logarithm, the symmetrized logarithm of an odd-class
operator is odd-class, a conservation property which enables us to define the symmetrized
determinant

DET;™(A) := exp (TR(logy™ A)) .

For an even order operator, we have logy™ A = logy A — iknI for some integer k so that
DET;™(A) reduces to the (-determinant:

DET,™(A) = exp(TR(log A)) = det(A).

The symmetrized determinant DET,™ (A) coincides with the symmetrized determinant
defined by M. Braverman [B], but the originality here is that the symmetrized trace is
replaced by the canonical trace. Under suitable assumptions on the spectral cut, the
symmetrized determinant is multiplicative. In Chapter 6, we derive its multiplicativity
from the cyclicity of the canonical trace.

Theorem 6.3.8 Let M be an odd-dimensional manifold. Suppose that A is an odd-
class admissible operator with positive order a and spectral cuts 0 and 0 — am and that B
18 an odd-class admissible operator with positive order b and spectral cuts ¢ and ¢ — br.

Let us assume that for each t in [0,1], AyB has principal angle (t), depending on the
choice of 0 and ¢, where t — 1(t) is continuous. Set ¥ (0) = ¢ and ¥(1) = . Then

DET?"(AB) = DET;™ (A) DET}™(B),

where IZ is an angle sufficiently close to .

2) Let us now turn to the second type of determinant, namely the zeta determinant
and the weighted determinant which present a multiplicative anomaly. In Chapter 5, we
derive the multiplicative anomaly for zeta determinants from the multiplicative anomaly
for weighted determinants. Our approach therefore differs from that of previous authors
who computed the zeta determinant anomaly:

e M. Kontsevich and S. Vishik [KV2] for pseudodifferential operators with leading
symbols sufficiently close to positive definite self-adjoint ones.

e M. Wodzicki [W1] for positive definite commuting elliptic differential operators,
e L. Friedlander [Fr] for positive definite elliptic pseudodifferential operators,

e K. Okikiolu [Ok2] for pseudodifferential operators with scalar leading symbols.
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It is close to C. Ducourtioux’s approach [Dul] who relates the two anomalies, however,
without deriving one from the other as we do here. Our approach to the study of the
multiplicative anomaly of the zeta determinant is essentially based on the vanishing of
the noncommutative residue of an operator

L(A, B) =log(AB) — log A — log B.
The multiplicative anomaly

Det?(AB)

ME(A, B) = Det(A) Det(B)

of a weighted determinant Det® reads:
MO(A, B) = exp(Tr?(L(A, B))).

By results of S. Scott [Sc], the noncommutative residue res(L(A, B)) vanishes as a con-
sequence of the cyclicity of the noncommutative residue, leading to the multiplicativity
of the residue determinant det,es(A) = exp(res(log A)). Hence L(A, B) is a finite sum of
commutators as a result of which the weighted trace of L(A, B) is local as a sum of non-
commutative residues (see Section 4.4). Thus, the locality of the multiplicative anomaly
MY(A, B) is closely related to the multiplicativity of the residue determinant.

In Chapter 4 which is dedicated to the weighted trace of L(A, B), we prove an explicit
local formula for Tr®(L(A, B)) and hence for the logarithm of the multiplicative anomaly:

Theorem 4.5.2 Let A and B be two admissible operators in CU(M,E) with positive
orders a and b. Assume that there is some positive € such that A'B is admissible for any
t €] —€,¢[. Then we have

res(L(A, B)) = 0.
Moreover, there is an operator W(7)(A, B) := %‘tZOL(At,ATB) in CL°(M, E) depending
continuously on T such that

Tr9(L(A, B)) = /O 1 res (W(T)(A, B) (

where Q) is any weight of positive order q.

log(A"B) log@ i
at + b q

Here res stands for the noncommutative residue of a classical pseudodifferential oper-
ator, which is a local expression since it involves the integral over the base manifold of a
finite number of homogeneous components of the symbol of the operator.

The weighted determinant Det® is related to the zeta determinant by a local expression

det¢(A) 1 a4 :
m = exp (—%res (logA — glogQ) ]) :
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The multiplicative anomaly

_ det¢(AB)
M(A, B) = detg(AC) det¢(B)

of the zeta determinant therefore relates to that of the weighted determinant by the local
formula which involves the residue of a classical operator:

log/\/lg(A,B):logMQ(AB)ereS( ( ) )OgQ_ og og 0g )

q 2(a+0b) 2a 2b

Since we previously argued that M@ (A, B) is also local, we a priori know that M.(4, B)
which differs from it by a residue, is local. We then infer from Theorem 5.3.2 the following
explicit local formula for the zeta determinant anomaly.

Theorem 5.3.2 Let A and B be two admissible operators in CU(M, E) with positive
orders a,b and with spectral cuts 8 and ¢ in [0, 27| such that there is a cone delimited by
the rays Ly and Ly which does not intersect the spectra of the leading symbols of A, B
and AB. Then the product AB is admissible with a spectral cut 1) inside that cone. A
local formula of the multiplicative anomaly M¢(A, B) reads:

log Mc(A, B) — /0 s (W(T)(A, B) (1055{ ? - lof)B )) dr

L(A,B)logB log?AB log?A log’B
Hes( b 2a+b)  2a 2

and similarly replacing # by %. When A and B commute the multiplicative anomaly
reduces to: ,
ab logA logB
1 A, B) = _
og M(A, B) 2(a+b)res ( - ; )

This thesis is organized around six chapters, the first one of which provides prerequisites
on classical pseudodifferential operators. The second chapter reviews properties of loga-
rithms of classical pseudodifferential operators and introduces the notion of symmetrized
logarithm together with its properties. Chapter 3 characterizes, in odd dimensions, the
canonical trace on odd-class operators of order zero and extends this canonical trace to
odd-class log-polyhomogeneous operators. Chapter 4 investigates regularized traces of
the difference L(A, B) = log AB —log A — log B providing a local formula in terms of the
noncommutative residue. Chapter 5 is devoted to regularized determinants for elliptic
operators, for which an explicit formula of the multiplicative anomaly is derived on the
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grounds of the results in Chapter 4. On the basis of the results of Chapter 3, in Chap-
ter 6 we classify multiplicative determinants for zero order odd-class elliptic operators in
odd dimensions, and extend them to symmetrized canonical determinants for odd-class
operators of positive order.
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Conventions and Notations

e S™(U) : the space of symbols of order m on a open subset U of IR"

e S7°(U):= [ S™{U) : the algebra of smoothing symbols on U

me R

e S(U):=(J S™{U)) : the algebra generated by all symbols on U

me R

e CS™(U) : the space of classical symbols of order m on U

e CS(WU):= (1 CS™{U)) : the algebra generated by all classical symbols on U

me C

° CSm’k(U ) : the set of log-polyhomogeneous symbols of order m and log degree k on
U

o CS™U)=( CS™M(U));  CS(U) = U CS™(U)

meC keN

e CS.(U) : the space of odd-class classical symbols of order m on U

o CS,ua(U)= U CSI,(U) : the subalgebra of odd-class classical symbols on U

mez
e Op(o) : a pseudodifferential operator with symbol o
o Kop(o) : the Schwartz kernel of the pseudodifferential operator Op(o)
e ['(M, E) : the vector space of smooth sections of the bundle F
e VDO M, E) : the set of pseudodifferential operators of order a acting on I'(M, E)
e CV("(M,E) : the set of classical operators of order a

o CUM,E) = (| Cl*(M,E)) : the algebra generated by all classical operators

acC
) Cﬁ“’k(M , ) : the set of log-polyhomogeneous operators of order a and log degree k
o CI*F(M,E)= | Ct**(M,E); C0*(M,E)=J Clt**(M,E)

aeC k>0

e o(A) : alocal symbol of the operator A

e 0, j(A) : the homogeneous component of degree a — j of the symbol of the classical
operator A
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ol (A) : the leading symbol of the classical operator A

0a—ji(A) : the homogeneous component of degree a — j of the symbol of the log-
polyhomogeneous operator A

Cﬁﬁﬁl(M ,E) : the set of odd-class log-polyhomogeneous operators of order a and
log degree k

CC (M, E) : the algebra of odd-class log-polyhomogeneous operators

Cloga(M, E) = | Cl5,(M, E) : the algebra of odd-class classical operators

a€EL
(C’Egdd(M , E))* : the set of invertible odd-class operators of zero order
Sp(A) : the spectrum of A
Aj : complex powers of the admissible operator A with spectral cut 6

Iy 4(A) : spectral projection of the admissible operator A with spectral cuts 6 and
¢

log, A : logarithm of the admissible operator A with spectral cut 0
logy™ A : symmetrized logarithm of the admissible operator A

Tr(A) : the L%-trace or usual trace of A

res(A) : the noncommutative residue of A

TR(A) : the canonical trace of A

L(A, B) =log(AB) —log A — log B

Tr9(A) : the Q-weighted trace of A for weight @ with spectral cut o
det¢ g(A) : the (-determinant of A with spectral cut ¢

Det?(A) : the weighted determinant of A with spectral cut 6

ME@(A, B) : the multiplicative anomaly for weighted determinant of A and B
M (A, B) : the multiplicative anomaly for (-determinant of A and B

DET,™(A) : the symmetrized determinant of A with spectral cut 6
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Chapter 1

Prerequisites on pseudodifferential
operators

In this chapter we introduce various sets of symbols and corresponding pseudodifferen-
tial operators. In particular we show that the group of zero order odd-class invertible
pseudodifferential operators acting on smooth sections of a vector bundle over a closed
manifold, forms a Fréchet Lie group (Proposition 1.3.4) which will be used later on in this
work. To do so, we use basic results in the theory of pseudodifferential operators and their
symbols on closed manifolds and vectors bundles and introduce relevant definitions which
we recall in this chapter using the following monographs on pseudodifferential operators
Sh, [Gil, [Dil, [T].

1.1 Spaces of symbols on an open subset of R"

1.1.1 The algebra of symbols

Let U be an open subset of R™. Given a real number m, the space of symbols S™(U)
consists of complex valued functions o(x,&) in C*(U x R™) such that for any compact
subset K of U and any two multiindices o = (ay,- -+ , ;) in N 3 = (f,---,3,) in N,
there exists a constant C , s satisfying for all (z,€) in K x R

050, o(2,€)| < Cras(l + €)™, (1.1)

where 0f = 021 ---0¢" and |B| = By + --- + Bn. The real m is called the order of the

symbol o. Notice that if m; < mg, then S™(U) C S™(U).

Let (K;)ie; be an increasing family of compacts of U verifying U = |J K; and for any
i€l

18
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compact K on U, there exist ¢+ € I such that K C K. From the above expression we
define the following family of semi-norms:

sup sup (1 + |£D|m7m | 8,?3?0(%,5) |
2€K; E€Rn

which makes S™(U) a Fréchet space.

The product * on symbols is defined as follows: if oy lies in S™ (U) and oy lies in S™*(U),

—7)lal
o1 x oa(7,€) ~ Y %8?01(%5)8?02(1:,{) (1.2)

aeN"

i.e. for any integer N > 1 we have

—i)lel
o1 x09(x, &) — Z %8&"01(:10,5)6?02(%{) € gmitm2=N(ry),

|a| <N

In particular, oy * oy belongs to S™+™2(U).
We denote by S™°(U) := [ S™(U) the algebra of smoothing symbols on U, by S(U) :=
meR

(U S™U)) the algebra generated by all symbols on U. The relation o1 ~ 05 defined by
meR
o1 — 09 € ST°(U) is an equivalence relation on S(U).

Example 1.1.1. Here are two classical examples of symbols.

1. Smooth functions in C*°(U x R™) with compact support in & are smoothing symbols.
Indeed, let o(x,&) be a smooth function in C*°(U x R™) with compact support in &.
For any compact subset K of U, there exists rx > 0 such that for all x in K and for
all &, €| > r, o(x,&) =0. Then o(z,§) is a symbol with order m for all real m.

2. Any smooth function o(z,§) in C°(U x R™) which is positively homogeneous of
degree m. for |€| large enough is a symbol of order m. Indeed, for any compact sub-
set K of U, there exist rx > 0 such that for x in K and || > rk, o(z,t§) =
t"o(z,€) for t > 0. Since 858?0(@25{) = tm*m'@gﬁga(x,f), then 8?8?0(@5) =

|§|m’|ﬁ|8§‘8§a($, %) which by the compactness of the unit sphere S™1 yields a uni-

form upper bound of \8?8?0(:1:,5)\ on a compact subset K of U.

In particular, the product f x of a positively homogeneous function f in & of degree
m with a function x in C(R™) which vanishes for || < & and such that x(§) =1
for |&| > 1, is a symbol of order m.
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Example 1.1.2. The product of any symbol o(z,£) by a Schwartz function u(§) i.e. u
belongs to

S(R") :={p € C*(R"), Vo, B € N, sup |[y* (8°¢) (y)| < oo}

yeR”
15 a smoothing symbol. Indeed, for a compact subset K of U and for any multiindices o, 3

in N, setting 7(z,§) := o(x,&)u(§) we have:

02077(2,€) <D () |0208 702 07u(©)| < D7 () Cren | (1 + 1™ P10 u(e)|

<8 =P

using the upper bound
020 "o (2,6)] < Oy (1 + €)™ 17
since o(x,€) is a symbol of order m. For any real value s we have
(U el Blogu(e)| = |1+ lehm = F1azue)] (1+ fel)*
Since u belongs to S(U), éseuR}?L (1 + |§|)m—s+|7|agu(§)‘ is finite. Setting

c=> ( sup\ + )™ o7 u()]

v<B
we obtain the following upper bound:

02007 (2,€)| < C(L+ [P

so that T(z,&) is a smoothing symbol. In particular, o(1 — x), where o lies in S(U) and
X s as in the above example, is a smoothing symbol.

1.1.2 Classical symbols

A symbol o in S™(U) is called classical of real order m if there is an asymptotic expansion

Zx Tnj(, ), (1.3)

where y is a smooth cut-off function which vanishes for |¢| < I and is identically one

outside the unit ball B(0, 1), such that for any integer N > 1, we have

=

o(@,) = ) X(€)om-—j(x,€) € S"N(U).

<.
Il
o
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Here 0,,,_;(x,€) is a positively homogeneous function in C*°(U x (R™ — {0})) of degree
m — j, i.e. for all positive real number ¢,

Om—j (LL’, tf) = tmijo-mfj (‘7;7 f)

This definition is independent of the choice of the cut-off function x which only modifies
the asymptotic expansion by a smoothing symbol.
The components o,,_;(x, ) are uniquely determined for || > 1 by the following recursive
formulae:

o(x, )

o, 6) = i T

and for N > 1,
N-1
(0= 2 om—y)(2,XE)

Jj=0
/\m—N

om-n(0:€) = fim

Let CS™(U) denotes the subset of S™(U) of classical symbols of order m. The subset
CS™(U) can be endowed with a structure of Fréchet space equipped with the countable
family of semi-norms defined as follows: for any family (K;) of compact subsets of U such
that U = |J K;, for any j > 0 and N > 1, for any multiindices «, 3 :

sup sup (1 + [/ || 97970 (,€) ||

zeK; EER™
N-1
sup sup (1 + €)=V 9207 (0 = > x(€) om—j)(,€) |;
zEK; EERM =
sup sup || 950 o (x,€) || - (1.4)
vek; lel=1

These definitions extend to complex powers replacing the real number m by the real
part of a complex number z. A symbol ¢ is classical of complex order z with real part
Re(z) = m if for a cut-off function y and if for all non negative integers j, for any integer
N > 1, there are positively homogeneous functions o,_;(z, ) of degree z — j such that

=

O'(x,f) - ‘ X(f)Uz_j(I,§) € Sm_N(U>

<
I
o

If a, b are two classical symbols with formal expansions

00 )
a ~ E Qm—j, b~ E bpfj
j=0 7=0
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then their star product a x b is a classical symbol of order m + p with homogeneous
component of degree m + p — j given by:

1
(€% D)mipj = ambpj + Y —Ofan Dby
ki+|al=jl<j

where D, = —i0,. We denote by

CSU) = (| J cs™u))

meC

the algebra generated by all classical symbols on U.

1.1.3 Log-polyhomogeneous symbols

Log-polyhomogeneous symbols and associated pseudodifferential operators were used by
E. Schrohe [Schr] for the construction of complex powers of elliptic pseudodifferential
operators in that class and were developed by M. Lesch in [L]. A log-polyhomogeneous
symbol is a finite linear combination of non negative integer powers of log |£| with classical
symbols as coefficients. More precisely, a symbol ¢ in S™(U) is called log-polyhomogeneous
of real order m and log degree k (see [L], Definition 3.1) if it has an asymptotic expansion
of the form (1.3) but where now

k
O (2,6) = Oejul,€) log' €], ¥ (2,€) € U x R™.
=0

Here k is a non negative integer and every o,,_;;,l = 0,--- |k is positively homogeneous
of degree m — j. With these conventions we have for a cut-off function y:

[e%s) [e%s) k
o(2,8) ~ > X&) omei(@,) =D Y x(€) Om—ju(w, &) log' [¢], V (z,) € U x R™. (L5)
j=0 7=0 [=0

We denote the set of log-polyhomogeneous symbols of order m and log degree k by
CS™k(U). As for classical symbols the set C'S™F(U) can be equipped with a Fréchet
topology replacing in formula (1.4) for classical symbols, the homogeneous components

k
by om—j(x,&) =D om—ji(x,€) log' |€] in the case of log-polyhomogeneous symbols.
=0

Log-polyhomogeneous symbols extend to complex orders. A symbol o is log-polyhomogeneous
of complex order z with real part Re(z) = m and log degree k if for a cut-off function x and
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for all non negative integers j, for any integer N > 1, there are positively homogeneous
functions o,_j;(x, &) of degree z — j such that

N—

,_.

k
D X(©)aeju(x,€) log' €] € STEN(D).

j=0 1=0
If a, b are two log-polyhomogeneous symbols with formal expansions
00 oo k 00 oo K
N5 STV 3 SANETINININ SIS 3) SN
=0 j=0 1=0 =0 =0 I'=0

then the star product axb is a log-polyhomogeneous symbol of order m + p and log degree
k + k' and its component of order m + p — j is given by:

k K
1 /
(@x Dy = D —08 (Zam_s,llog’ |§|> g (pr_t,ylogl |5|> (1.6)

|oo|+s+t=j =0 r=0
1 (e :
SO [ CTISRIMIES S EARTTY
|oo|+s+t=3 > \i1= s

i
<Z (Dyby—t) logl, |f|> :

I'=0

Here as before D, = —i0,.

Let us set:
csHU) = (| csmrwy), csw) =] esHu
meC keN
where as before (S) stands for the algebra generated by the set S.
Note that C.S*(U) = CS(U) i.e. a classical symbol is a particular log-polyhomogeneous
symbol.
For a vector space V' we set

CS™U, V) =CS™U)®End(V), CS**(U,V) = CS**(U) @ End(V).
Here End(V') denotes the set of all endomorphisms of the vector space V.

Let us now define the notion of holomorphic family of log-polyhomogeneous symbols.
Holomorphic families of classical symbols were first introduced by V. Guillemin [Gu2]
under the name of gauged symbols and later popularized by M. Kontsevich and S. Vishik
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[KV1]. The notion of holomorphic family of classical symbols was generalized in [PS] to
the log-polyhomogeneous case.

Let us first recall the notion of holomorphic family for functions. A function f: Q) — F
on complex domain 2 with values in a topological vector space E is holomorphic at zy € €2
if there is a vector f’(z) in E such that

f(Z) f(ZO) . f/(ZO)
zZ — 20

tends to zero as z tends to zp; it is holomorphic on 2 if this holds at each point zy in
2. Known results for Banach space valued holomorphic functions (see e.g. [Hi] Chapter
8) generalize to (sequentially) complete Hausdorff locally convex topological vector space
valued functions, i.e. to E-valued functions with the topology of the complete Hausdorff
space E defined by a family of semi-norms || - ||, @ € A. Inductive limits of Fréchet spaces
(known as LF spaces) of interest to us fall in this class of spaces.

In particular, holomorphicity implies analyticity. Starting from a holomorphic function f
at zp € 2 one first observes that convergence as z tends to zy holds uniformly on compact
subsets of  in a neighborhood of zj as a result of the Cauchy formula (see [Hi] Theorem
8.1.1 in the Banach case)

L 1o
£(z0) /< c

24T —z|=r C —Zz

where 7 is a positive number such that the disk centered at zy of radius r is contained in €.
Thus f : 0 — FE is uniformly complex-differentiable on compact subsets in a neighborhood
of zp; by induction one shows that it is infinitely (uniformly) complex-differentiable (see
e.g. [Hi] Theorem 8.1.5 in the Banach case) on (compact subsets of)  in a neighborhood
of zy with derivative given by

k!
f(k)(zo):%/l_ _ %d( vV ke IN.

It follows that (see [Hi] Theorem 8.1.6 in the Banach case)

(k)
wgm%% Vke IN, Vac A (1.7)
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For any complex number z such that |z — 29| < r, we write

1

= — — ) td
10 = g [ s

1 f(u) -1

= % B :—1_m(u—20) du

[u—zo|=r uU—2z0

1 o

= o G [ )
m k=0 |lu—zo|=r

since ﬁ < 1. Thus

_ - (k) (Z—ZO)k
F(2) = [P (z0) . (1.8)

By (1.7) this series converges uniformly on any disk |z — 29| < v’ < r so that f is (uni-
formly) analytic in (compact subsets) of a neighborhood of zy. Note that the radius of
convergence is independent of a.

This applies to the space E := S(U) (or more generally to £ := S(U) ® End(V') where V
is some finite dimensional vector space) of all symbols on an open subset U of IR" con-
sidered here, seen as the inductive limit of the Fréchet spaces F), := S<¥(U) of symbols
whose order has real part non larger than v € IR. The Fréchet structure on F), is given by
the following semi-norms labelled by multiindices «, 8 and positive integers ¢ (see [Hi]):

sup (14 €))7 020 o (2, €],
veK; g€ R™

where K;,i € IN is a countable sequence of compact sets covering U.

Definition 1.1.3. Let k be a non negative integer and let € be a domain of C. A family
(0(2)).cq C CS™H(U) of log-polyhomogencous symbols is holomorphic when

1. The function z — m(z) with m(z) the order of o(2) is holomorphic in z.

2. For (z,§) in U x R", the function z — o(2)(x,€) := o(z,2,£) is holomorphic as a
function in C°(Q x U x R™) and for each z in (2,

o(2)(2,€) ~ 3 X(E)om(z)—5(2)(x,€)

lies in C.S™*(U) for some cut-off function x.
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3. For any integer N > 1, the remainder term

?

on(2)(@,8) = 0(2)(2,6) = ) X(§)Tm(2)-;(2)(x, )

.
Il
o

is holomorphic in z € Q as an element of C>*(Q x U x R™) and its l-th derivative

o\ (2)(@,€) := 8. (on(2)(x,))

lies in SRMEN=N*e(1) for all € > 0 locally uniformly on €2, i.e the l-th derivative
OFo(ny(2) satisfies a uniform estimate (1.1) w.r. to z on compact subsets in .

In particular, for any integer j > 0, the (positively) homogeneous component oy, (z)—;(2)
of degree m(z) — j of the symbol is holomorphic on ) as an element of C*(Q x U x IR").

Lemma 1.1.4. The derivative of a holomorphic family of log-polyhomogeneous sym-
bols o(z) in CS™E(U) defines a holomorphic family of log-polyhomogeneous symbols
in CSMER(),

Proof: (see [PS]) For a holomorphic family o(z) in C.S™*)* (1) of log-polyhomogeneous
symbols, we have

5) ~ Z X(g)am(z)—j(z) (I’, g) = Z Z X(£> O-m(z)—j,l(z)(xw 5) 1Ogl |§|

7=0 =0

We want to show that

0. (0(2)(2,)) ~ 3~ 0 (0e-4(2))
Indeed we have Nl
o(2)(,€) = D_ omie)5(2)(@,€) + o (2)(w,€)
By definition 1.1.3,
N (E),) 1= 0. (7 ()(2,) = 0. (0(2)(2.€)) ~ D MO (0I5 (:6))-

Taking different values of N shows that each term X(£)o(2)m(.)—j(x,§) which lies in
S™==3(U) is holomorphic and hence that

0. ( NZX UmZ) i(z ))
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To evaluate the derivative 0, ( ( Jim(z)—j (2, )) , we compute the derivative of each homo-
geneous component 0, ( (2)m(z)—ji(z, ) ) Using the positive homogeneity of the compo-
nent o(2)m(z)—ji(x,§), we have for €] #0

0. (U(z)m(z)—j,l<x7 6))

= 0, (|§|m(z)‘ja(z)m (2)—3(T, é'))

— /()™ P—i s o m(z)—j §
( (EO 0 (=)l m))lgmﬂﬂ a(<>m<z (@, \s!))

— (2)0(2) e a(, ) Tog €] + g0, (“(Z)m“”’l(x’ %)) |

Since 0 (2)m(z)—ji(, é—|) is a symbol of constant order zero, so is its derivative. Hence
0. (0(2)m(e)—ju(x, &)) lies in CS™EHFH(U) and

0 (omeo-4(2)(®:9))
- Za Omie)-31(2) (3, €) og' [€])

k

_ Z(m'<z>a<z>m<z>_j,z<x,s>1og|s|+|5|m<z>-f‘az (oImtoite ) ) o'l

(2o (2 )(xélog|£|+2|£lmz <a<z>m<z>_j7l< |§|)) log! Je|.

O

Thus, differentiating w.r. to z introduces a logarithmic term to each term o,,,(.)—;(2)(z, §).
In particular, if o(z) is a holomorphic family of classical symbols then 0, (o (2 )m(z)_j) is
not classical any more since it involves a log |£| term. It follows that the derivative of
a holomorphic family o(z) of classical symbols yields a holomorphic family of symbols
0'(z) := 0,0(z) of order m(z), whose asymptotic expansion involves a logarithmic term
and reads:

x 5) ~ ZX(g) (lOg |€| m'(z) O-m(z)f]('z)(l’a 5) + U;n—j(z)(xvg)) 9 \V/(.’L',g) € U x R"
j=0
for some smooth cut-off function y and some positively homogeneous symbol

(-3 ()@, €) = 0:(0(2)mz) (2, €)) = [¢|*7 0. (am(zu(z)(x, é—,))
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of degree m(z) — j.
Iterating the lemma leads to the following proposition.

Proposition 1.1.5 ([PS]). If o(z) is a holomorphic family of log-polyhomogeneous sym-
bols, then so is each derivative

o (2)(x,€) = 0.(o(2)(w,€)) € CS"OHH(U)

Precisely, oD (2)(x, &) has an asymptotic expansion

V() (,6) ~ DV (D)mie -2, €)

j=0
where

U(l)(z)m(z)—j(xvé) = alz (0<Z)m(z)—j(x7 )) .

1.1.4 Odd-class symbols

The following definition is a straightforward extension of the notion of classical odd and
even class operator introduced by M. Kontsevich and S. Vishik in [KV1].

Definition 1.1.6 ([PS]). A log-polyhomogeneous symbol o in CS™F(U) with integer order
m is said to be odd-class if in the asymptotic expansion (1.5), for each j > 0, for | =
0,---,k we have

Om—ji(z, =€) = (=1)" op_ju(x,€), for [¢] =1 (1.9)
and s said to be even class if for each 7 > 0 we have

Om—ji(®, =€) = (=1)" 7 o (@, €), for [¢] > 1.
Example 1.1.7.

1. All polynomial symbols of the form p(x,&) = > aq(x)* are odd-class symbols.

laj<m

2. The symbol o(x,€) = o(€) = (1 + |€]*) ™" is a classical odd-class symbol.
Indeed it has the asymptotic expansion

o(w,6) ~ > (=1)Fg[*

00
k=0
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and is a classical symbol of order —2 with positively homogeneous components:

(Dl i even

U“(I’g):{ 0 if j odd

ie. O'_Q_j(ZE, —§> = (—1)_2_j0'_2_j($,§).
3. The symbol o(z,£) = o(§) = /1 + |£|? is a classical even-class symbol.

Indeed this symbol has the asymptotic expansion

o(,&) ~ > aglg|
k=0

It is therefore a classical symbol of order 1 with positively homogeneous components:

a; [ if j o even
2

Ul’j(x’g):{o if j odd

Hence o1_j(x,—&) = a%]§|1_j if § is even and 0 otherwise,
Le. Ul—j(xa =) = Ul—j(iff) = (_1)2_j01—j(33a§)-

Lemma 1.1.8.

1. The star product defined in (1.2) of two log-polyhomogeneous odd-class symbols of
log type k and k' is an odd-class symbol of log type k + k'

2. The star product of two log-polyhomogeneous even-class symbols of log type k and k'
is an odd-class symbol of log type k + k'

3. The star product of a log-polyhomogeneous odd-class symbol of log type k by a log-
polyhomogeneous even-class symbol of log type k' is a log-polyhomogeneous even-class
symbol of log type k + K'.

Proof: Assume that a, b are two log-polyhomogeneous symbols with formal expan-
sions

co k'

00 00 k 00
A~ amy =) Y g logllEl, by b= Y by logh €.
j=0 Jj=0

§=0 1=0 §=0 1'=0
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Using the notations of (1.6), for two log-polyhomogeneous symbols a and b, we have

(@*b)imtp—;

k k K
- (Z(agam_smogl €[+ an-sa (0 log! |§|)> (Z(Dsz_t,yﬂog” |§|) .

|| +s+t=j =0 =0 1'=0

Hence its homogeneous components are
(ax* D)mtp—iil

l
1 , . .
= Y = (0 an-i) 108" €] + el (O 108 D)) (D2 (byrai) Log' ™ I€]) .

lo|+s+t=5F =0

Note that if f(=¢) = (—1)*f(§), V¢ e IR—{0} for some smooth function f on IR —{0}

and some integer a then, for any multiindex «,
(0°f) (=€) = (=)o f(6) v e R—{0}. (1.10)
1. If @ and b are odd-class symbols then by definition
n-ji(@, =€) = (=1)" Pap—ju(z,€) and  by_ju(z, =) = (=1)" by (2,€).
Notice that since 9¢a,,ji(r, =€) = (— )la\(a am—j;)(z, —=&), then by (1.10)
(08 am—ja) (&, —€) = (=1)" T 1O ayju(x,€).
On the other hand, applying (1.10) to f(§) = log || in which case a = 0 we have:
Og log' | = &] = (=1)"(9¢ Tog[¢].
It follows that
(@*b)imtp—ji(x, =)

l
- 2 J!Z(aaamsz —€)10g" |¢] + s joji (2, —€) (3¢ 1og!* )| = ¢])

o] +-s+t=j

((Dgbp—t1-i)(w, =€) log' ™" [€])

= (=)™ (ax b)mypju(z,€)

so that a x b is odd-class.
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2. If a and b are even-class symbols then
Qm—j1 (.73, _g) = (_1)mij+1amfj,l($7 é) and bpfj,l’<x7 _g) = (_1>pij+1bpfj,l’ (SL’, 5)

Hence '
(@% D) mip—ji(z, —&) = (=1)"P(axb)mipjua(w, )

so that a x b is odd-class.

3. If a is odd-class and b is even-class then
am—ji(z, =€) = (=1)" Vap_ji(x,€) and  by_jp(x, =€) = (=1)P 7 b4 (x,8).

Hence .
(@ % D)myp—ji(z, =€) = (=1)" P a4 % D) ypju(, )

so that a x b is even-class.
O

Let us now consider the case of classical symbols: we call C'S7:,(U) the set of odd-class
symbols of integer order m and we set

CSoaa(U) = | ] CSima(U).
meZ

By Lemma 1.1.8 applied to &k = k" = 0, the product of two classical odd-class symbols is
a classical odd-class symbol. Thus C'S,44(U) equipped with the star product (1.2) is an
algebra.

1.2 Pseudodifferential operators

1.2.1 Pseudodifferential operators on an open subset of R"

Let U be an open subset of R™. To a symbol ¢ in S(U), we can associate the continuous
operator Op(o) : C°(U) — C*°(U) defined for u in C°(U) by

Ono)) @) = [ ot e

Here C*°(U) (resp. C°(U)) denotes the space of smooth (resp. compactly supported)
complex valued functions on U, d§ := W d & with d¢ the ordinary Lebesgue measure on
R™ and

6 = [ e ulody
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is the Fourier transform of u. Indeed let 8 be a multiindex and let u be in C(U). We
want to show that 9°Op(o)u exists i.e. Op(o)u belongs to C®(U). Let us fix ¢ in U
and K a compact neighborhood of xy. Let m be the order of the symbol o. For any fixed
¢ € R", the function x — €40 (x, £)u(€) is smooth as a product of smooth functions. By
the properties of the Fourier transform u, for N in N with N > m + n + 1 there exists a
real constant C such that

@) < (1 +1eh™

for any £ in R™. On the other hand, there exists a real constant C5 such that
070 (z,€)] < Ca(1+ J¢])™
for any ¢ in R™ and any x in K. It follows that
070 (z,)u(€)] < C1Ca(1+ [€))" ™ < C1Ca(1 + [¢)) ™"

Since [0%0(z, £)u(€)| is bounded from above by the L!-function & — C1Cy(1 + [£])7" 71,
by Lebesgue’s dominated convergence theorem, the derivative 97 (Op(o)u) exists and for
2 in a neighborhood of x,

0(Oplo)u)(w) = [ 92 (e <ole,a(6)) de

Using the expression of the Fourier transform of u, we can write Op(o) as an operator
with kernel. Indeed,

©Opey)@) = [ [ ot utins = | Kowole.muiy

where

KOp(a) (37’ y) - / ei(x—y).fo_(x’ f)dg

n

Op(o) is called a pseudodifferential operator (¥ DO) on U with Schwartz kernel Kop o) (x,y),
which is a distribution on U x U smooth off the diagonal.
For a multiindex «, let us compute (x — y)*Kopo) (2, y). Integrating by parts and using
the fact that

(x _ y)aei(w—y)-f — agei(l‘—y)f

we have

(= )" Kopw (@) = / (v =y ola, Ol = | OG0, €)de.

n

This integral is absolutely convergent for || > m + n. Similarly, for |a| > m +n + |f|,
we can permute 8? with the integral since we have an estimate

|0¢ 020 (2, )] < C(1 +[¢])ym1A.
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We infer that the map (z,y) — (2 —y)*Kopo) (2, y) liesin C/(UxU) for all j < |o| —m—n
and in particular that Koy (z,y) is smooth off the diagonal.

The order of the pseudodifferential operator Op(o) is the order of the symbol o.

From now on, the symbol of a pseudodifferential operator A is denoted by o(A) and its
order by a.

If o(A) is a classical symbol of order a with the asymptotic expansion (1.3), then A is
called a classical Y DO of order a on U. The first homogeneous component in the asymp-
totic expansion of the symbol o(A) of A not identically equal to zero is called leading
symbol of the operator A. We denote it by ol(A).

If o(A) is a log-polyhomogeneous symbol of order a and log degree k, then A is called
log-polyhomogeneous W DO of order a and log degree k.

If 0(A) is a smoothing symbol, A is called a smoothing operator on U. This is equiv-
alent to say that A has a smooth Schwartz kernel.

Example 1.2.1. An important example which can be seen as a motivation to introduce
the notion of WDOs is that of polynomials o(x,&) = p(x,&). Here

(&) = 3 palw)e

la<a

is a polynomial with respect to & of degree a and coefficients p,(x) in C°(R™). The cor-
responding linear operator Op(o), namely a differential operator, is defined on a function
u in CX(R™) by

Opo)) @) = [ ot aede = [ ¢S pale)eeae

R ‘a|§a

Clearly, the space C2°(R™) is contained in the Schwartz space S(R™) and for u in C(R™),
D%u belongs to S(R™), for all a. Using the properties of the Fourier transform

Deu(€) = £°a(€)

and the Fourier inversion formula, we obtain

(Opley) (@) = [ €3 pul@) Biu©)de = 3 pala) D3u(e)

lo|<a lo|<a
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Example 1.2.2. Let f be a smooth function in C*(U). The multiplication operator u +—
fu on smooth functions u of U is a zero order classical YWDO on U. Indeed, it reads

P:uw— fu where (fu)(z) = [o, €0 (x,§)u(§)dE with o(x,£) = f(x).

A direct computation shows that the composition of two differential operators P =
> ao(r)D¥ and Q = Y bs(x) D? with symbols o(P) and o(Q) has symbol o(P)xc(Q).
lo|<p 1B1<q
This follows from Leibniz’s rule which yields:

D%(fg) = Z —DV D"(g), (95(55”) — Mgv

|
YHu=a v
from which we infer that for any u in C°(R") :
(PQu)(x) = Y > aa(z)Dg (bs(x)Dfu(x))
la|<p |B|<q
= Y Y ) Y Em ,(D”b () D7 u(x).
laf<p |B|<q Vp=a

The symbol of the product is

o) = 3 P aule) 3 oo (D))

la|<p|B|<q YHpu=a
= Y D al) Y '(D“’bﬁ( ) it
Bl
lal<p |B1<q Yvin=a
D IDINC) BTN
|a|<p|5|<q g

= Z 000 (P)(x,©) D3 (Q) (. ).

It follows that the symbol of the product PQ is o(P) x o(Q).

Composing general W DOs is not always possible; however it is for properly supported
operators. Also, the formulae obtained for differential operators remain true for ¥ DOs
up to a smoothing operator and up to the fact that the sum becomes infinite.

The following definitions and properties are contained in [Sh], Section 3.

Definition 1.2.3. A continuous map f : X — Y between topological spaces is called
proper if for any compact K CY the inverse image f~(K) is a compact in X.
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Definition 1.2.4. Let A be a VDO on U and let Supp(K4) be the support of the kernel
Ka of A. The VDO A is called properly supported if both the canonical projections my, s :
Supp(K4) — U are proper maps.

Proposition 1.2.5.

1. Let A be a properly supported VDO on U. Then A define a continuous map

A: C2(U) = C=(U).

2. Any WDO A on U can be written in the form A = Ay + Ay where Aq is a properly
supported WDO on U and Ay is a smoothing operator on U i.e. has kernel K, in
C*(U x U).

A properly supported ¥ DO on U admits a symbol given by o(A)(x,§) = e~ Aei®s.
Since any WDO A can be written as a sum Ay + A; with Ay properly supported and A;
smoothing, one defines the symbol o(A) of A to be that of Ay. Hence, with the notations
of Proposition 1.2.5 we have

A=0p(c(A)) + A;. (1.11)

The product on symbols induces a composition on properly supported operators. The
composition AB of two properly supported ¥ DOs A and B on U is a properly supported
UDO on U and its symbol is 0(AB) = o(A) * o(B). Moreover if A is a VDO on U
and R is a smoothing operator on U then the products AR and RA are both smoothing
operators on U. It follows that the product on properly supported operators extends to
W DOs. Furthermore the sets of WDOs, classical W DOs, log-polyhomogeneous W DOs are
algebras.

Change of variables on pseudodifferential operators:

Let Uy, U, be two open subsets of R” and ® : U; — U, a diffeomorphism, with &* :
C>®(Uy) — C*(U;) the induced diffeomorphism i.e. ®* is defined by &*f(z) = f(P(x)).
For any DO A on U; we define a linear operator ®* A : C®(U,) — C>=(U,) by the
following commutative diagram:

i
Co(Uy) — A, o1y

@‘ ‘@

() C=(th)
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If w belongs to C'°(Us) then
(B*A)u = A(uo ®)od!

so that ®*A is a pseudodifferential operator on Us. A symbol of ®#A is given by

1 e a i®!(2).
(D A) Y1),y ~ D D¢ o(A)(x, ® ()n).Dge <D __,

[0

where

0i(z) = ®(2) — (z) — () (2 — )

and @' is the differential of ®. Notice that D2e®+*)" _ is a polynomial in 7. It follows
that a W DO transforms into another W DO under the action of a diffeomorphism. More-
over if A is a classical ¥DO of order a on U, its leading symbol o*(A) transforms by
change of variable as a function on the cotangent bundle 7*U and is invariant under the
action of the diffeomorphism. Indeed, if we set n =! ®~1¢ and y = ®(x)

Ua(@ﬁA)(y n) = lim M — lim a(A)(z,\E)

A—00 P A—00 P

= 0a(A)(z, ).

These results easily extend to End(V')-valued pseudodifferential operators (resp. classical,
resp. log-polyhomogeneous) on U acting on C2°(U) ® V' with values in C*(U) @ V.

1.2.2 Pseudodifferential operators acting on sections of a vector
bundle

Let M be a smooth closed manifold of dimension n equipped with an atlas. Recall that
an atlas is a collection {(U;, ¢;, ;)i € I} where {U;,i € I} is an open cover of M,
(Ui, ¢;) is a coordinate chart for each ¢ i.e. an open subset U; of M and a diffeomorphism
¢; Ui — ¢;(U;) C R™ and {p;,7 € I} is a partition of unity subordinated to the covering.
Let C*°(M) be the space of smooth complex-valued functions on M. Let A : C*(M) —
C>®(M) be a linear operator. A localization of A subordinated to the chart (U, ¢) of A is
any map @ Ap where ¢ and ¢ are smooth functions with compact support in U. Here we
identify ¢ with the multiplication operator by .

Definition 1.2.6. A linear map A : C*(M) — C*(M) is called a VDO on M if given
any local chart (U, ) on M, any localization Ay = pAp subordinated to this chart, the
induced localized operator Agwy == ¢ Ay = Ay o ¢! is a WDO on ¢(U). The symbol
0s(A)(x,.) in a given local chart (U, ) around x in U is defined by the symbol of Agw.
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The definition of WDOs extends to linear operators acting on smooth sections of a
vector bundle replacing local charts (U, ¢) by local trivializations (U, ¢,u). Let M be a
smooth closed riemannian manifold of dimension n. Let w : £ — M be a hermitian vector
bundle of finite rank k. We denotes by I'(M, E) the vector space of smooth sections of E.
The space I'(M, E) is equipped with the hermitian product

< v >= / < u(z),v(z) >E, dz,
M

where dz is the riemannian volume measure on M and <,>p, is the hermitian scalar
product on the fibre E, of E over M.

Let us recall that a local trivialization of the vector bundle is a triple (U, ¢, u) where
(U, ¢) is a local chart of M and u gives rise to a diffeomorphism

7Y (U) — ¢(U) x C*
z = (o(7(2)),u(z)).

We denote by I'(U, E) the vector space of smooth sections of E restricted to U. The maps
¢ and u induce two maps:

u

¢u. : T(UE)— C>(¢(U),CF)

defined by: (615)(x) = ™ (s(6(2))) and (6. 5)(z) = u(s(6~())).

For a linear map A : I'(M, E) — I'(M, E) we define the induced map Ay := ryAiy in
(U, E) where ry : I'(M, E) — I'(U, E) is the natural restriction and iy : I'(U, E) —
['(M, E) is the natural embedding. We call the operator ¢* Ay = ¢,, Ay’ the operator
A read in the local trivialization (U, ¢, u).

Let {(U;, ¢s,u;),i € I} be a finite trivializing covering of M for E where {U;,7 € I} is an
open cover of M, (U;, ¢;,u;) is a local trivialization of E for each ¢ and let {¢;,7 € I} be a
partition of unity subordinated to the covering. Let A : I'(M, E) — I'(M, E) be a linear

map. We can write A on the form A = ) ¢,;Agp;.
el

g5 C®(s(U),CF) - T(U,E)

Definition 1.2.7. A linear map A : T'(M,E) — I'(M, E) is a VDO of order a if each
operator p; A, read in the local trivialization (U;, ¢;, u;) i.e. gb?(gojAgol)Ui is a YDO of
order a on ¢;(U;) with values in End(V') where V' is the model space of the fibre of E.

It follows from the behavior under change of variables introduced in the previous
section that all these definitions and properties are independent of the choice of finite
trivializing covering and partition of unity.
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We denote by WDO*(M, E) the set of WDOs of order a acting on I'(M, E). On the
space I'(M, E) endowed with its Fréchet topology, a ¥ DO A is continuous but in general
a DO with non negative order does not extend to a continuous operator on L*(M, E),
the L2-closure of the space I'(M, E).

Pseudodifferential operators act naturally on Sobolev spaces (see e.g. [Gi] Section 1.3
and [Sh] Section 6 and 7) of the space I'(M, F) for the hermitian product (-,-). For any
real s, H*(R™) is defined as the completion of the Schwartz space S(R™) with respect to
the norm

[l (3=l w ||§,Rn=/ (1+[¢)"a(e)[de.
Rn

The space C>°(R") is dense in H*(R") and the Plancherel theorem shows that H°(R")
is isomorphic to L?(R™). Now we use covering of the manifold M by local trivializations
and a partition of unity subordinated to the covering to define Sobolev spaces H*(M, E)
on the vector bundle E. Indeed let (U;, ¢, u;) be local trivializations and {y;,i € I} a
partition of unity subordinated to the covering. The space H*(M, F) is the completion
of the space I'(M, E) with respect to the norm

2
ERI

I
lu l3=1 w12 0= Y Il dipa)u,
i=1

Since the various norms defined above for some fixed real s are equivalents, the space
H*(M, E) is defined independent of the choices made. We have the following properties
([Gi], [Sh)):

Proposition 1.2.8.
1. The natural inclusion H*(M, E) — H'(M, E) is compact for s > t.
2. If A€¢ VDO*(M,E) then A: H*(M,E) — H**(M, E) is continuous for all s.

We deduce the following property for operators of order no larger than zero and op-
erators of order smaller than zero.

Corollary 1.2.9.
1. Any linear operator in VDO (M, E) is continuous.

2. Any operator in WDO*(M, E) with order a smaller than zero is a compact operator
on any H*(M, E) with s in R and in particular on L*(M, E).
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Proof:

1. By item 2 of the above proposition if A lies in WDO"(M, E), A : H¥(M,E) —
H*(M, E) is continuous for all s and in particular in L*(M, E) = H°(M, E).

2. If A lies in WDO*(M, E) with a smaller than zero then by item 1 of the above
proposition A : H¥(M, E) — H*(M, E) is compact for all s > a and in particular
for s = 0.

O

A pseudodifferential operator A : T'(M,E) — T['(M,FE) is classical if each operator
gbg(gojAgoi)Ui is classical, a property which holds independently of the choice of local triv-
ialization. Let C?*(M, E) denote the set of classical ¥DOs of order a. If A; lies in
C(* (M, E) and A, lies in C¢*2(M, E), then the product A;A; belongs to C{* (M, E)
and we denote by
CU(M,E) = (| ] Ct*(M, E))
acC

the algebra generated by all classical ¥ DOs acting on smooth sections of E. If A lies in
C(*(M, E) its symbol o(A) is only locally defined but its leading symbol o*(A), as already
mentioned, is independent of the choice of local chart and hence is globally defined. Let
T*M be the cotangent bundle of M, p : T*M —{0} — M the canonical projection and p*E
the induced vector bundle over T* M. The leading symbol oL (A) is a section of End(p*FE)
so that for any z in M and any £ in XM — {0}, 0% (A)(x,€) is an endomorphism of the
fibre E, of E.

We denote the set of log-polyhomogeneous operators of order a and log degree k by
C1**(M, F) and we set:

CrMM,E) = | JCt** (M, E), Ct*(M,E) = (| JCr*(M, E))
aeC k>0

the latter corresponding to the algebra generated by log-polyhomogeneous operators.
Note that C¢*(M,E) = C{*°(M,E) i.e. a classical DO is a particular case of log-
polyhomogeneous operator.

The definition of a holomorphic family of log-polyhomogeneous symbols extends to a
holomorphic family of 1) DOs.

Definition 1.2.10. A family (A(2)).eq in CC*(M, E) with distribution kernels (x,y)
Ka(x,y) is holomorphic if

1. the order a(z) of A(z) is holomorphic in z.
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2. In any local trivialization of E, we can write A(z) in the form A(z) = Op(o(z)) +
R(z), for some holomorphic family of symbols (o(2)).eq and some holomorphic fam-
ily (R(z)).eq of smoothing operators i.e. given by a holomorphic family of smooth
Schwartz kernels.

3. The (smooth) restrictions of the distribution kernels K.y to the complement of the
diagonal A C M x M, form a holomorphic family with respect to the topology given
by the uniform convergence in all derivatives on compact subsets of M x M — A.

1.2.3 Topology on pseudodifferential operators

For a real number a, we can equip the vector spaces WDO*(M, E), C¢*(M,FE) and
Ct“*(M, E) with Fréchet topologies via the Fréchet topology on symbols. Indeed, let
{U;, ¢i, ui, i € 1} be a finite trivializing covering of M for E where as before {U;,i € I} is
an open cover of M, (U;, ¢;,u;) is a local trivialization of E for each ¢ and let {p;,i € I}
be a partition of unity subordinated to the covering. A pseudodifferential operator A in

VDO M, E) can be written A = > (A; + R;) where R; is a smoothing operator with
iel

smooth kernel K; with compact support in U; x U; and the operators A; are properly

supported in U;. Let us denote by o (A)(z, ) the local symbol of A in the local trivial-

ization (U;, ¢;, u;). Recall that with the notation of Subsection 1.2.1, this is the symbol of

the properly supported A; which can be written A; = Op(c®(A)(x,¢)).

In the local trivialization (U;, ¢;,u;), we equip WDO%(M, E) with the following count-
able set of semi-norms labelled by multiindices «, 3: for any compact subset K C ¢;(U;),

sup sup (1 + (€))7 || 97000 (A) (2, €)(2,€) ||

zeK EeR”
sup || 970 Ki(z,y) | -
z,ye K

Let us specialize to C¢** (M, E). In the local trivialization (U;, ¢;, u;), we equip C¢** (M, E)
with the following countable set of semi-norms: for any compact subset K € ¢;(U;) for
any 7 > 0 and N > 1, for any multiindices «, 3

sup sup (1 + [€)//7 || 970( o (A)(x,€) |

z€K £€R™
‘ N—-1 A

sup sup (1+ [€)1P=N [ 9292 (0D (A) = > x(€) 01, (A)) (2, €) |

zeK £ERn §=0

sup sup || 95070 (A) (@, €) I

€K |¢]=1

sup || O2O°K(z,y) || - (1.12)

zyeK
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1.2.4 Elliptic classical pseudodifferential operators

Let U be an open subset of R” and let A be a classical ¥ DO of order a on U. The operator
A is said to be elliptic of order a if its leading symbol o,(P)(z,&) = o¥(P)(x,£) is never
zero for || # 0.

Example 1.2.11.

1. The Laplacian A = = 887 as leading symbol oo(A)(x,&) = > @2» and is therefore
.: (E ]:1
elliptic.

2. The Neumann operator A = D, + iD, has principal symbol o1(A) = & + in and is
therefore elliptic.

Let us recall from Proposition 1.2.5 that any YDO A on U can be written in the
form A = Ay + R where Ay is a properly supported operator on U and R is a smoothing
operator on U. It follows that a classical WDO A is elliptic if and only if Ay is elliptic.

Proposition 1.2.12. Let A be a classical elliptic operator of order a on U. If A is properly
supported then there exists a classical properly supported operator B of order —a on U
such that AB — I and BA — I are smoothing operators.

Proof: Assume that such an operator B exist. This operator has a symbol o(B) such
that o(A) x o(B) = 1. Hence the * product of symbols gives for |{| > 1

1= o(A)(r. &) % 0(B)(r,6) ~ 3 080 (4)(r, ) DIo(B)(x,)

It follows that
0,(A)o_o(B) = 1
1 .., o .
oa(A)o_aj(B)+ > —0¢0ai(A)DYo(B) = 0, j=12,

k-l al=5,1<j
so that we can compute o_,(B) and obtain the homogeneous components 0_q—j(B) re-

cursively. Thus if the symbol of B has the formal expansion o_,(B) ~ Z 0_q—;(B) with

0_q—;(B) obtained above, then AB — I = R, where R is a smoothmg operator In the
same way there exist an operator B’ and a smoothing operator R’ such that B’A—1 = R'.
Now B'AB = B'4+ B'R = B+ R'B. Since B'R and R'B are smoothing operators, the

result follows. O

Remark 1.2.13. The operator B is called a parametriz of the operator A.
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The definition of ellipticity extended to a classical operator A € C¢*(M, E) where
7 : E — M is a hermitian vector bundle of finite rank k£ over M. Recall that its leading
symbol o(A) can be defined as a section of End(p*FE) where as before p is the canonical
projection p : TiM — {0} — M. For x in M and ¢ in T/M — {0}, o%(A)(x,§) is an
endomorphism of the fibre E, of E. Hence A is elliptic if o%(A)(z, &) is invertible for any
xin M and any ¢ in T M — {0}.

1.3 Zero order odd-class pseudodifferential operators

1.3.1 0Odd-class pseudodifferential operators

Let a be an integer and k a non negative integer. A log-polyhomogeneous operator A in
Cl“*(M, E) is odd-class (resp. even-class) if in each local trivialization, the local symbol
o(A)(x,§) is odd-class (resp. even-class). This property of being odd-class for the local
symbol is invariant under a change of local coordinates so that it is enough to verify this
property for a fixed finite covering of M by local trivializations.

We denote by CKZ;IIZ(M , E) (resp. Cl: (M, E)) the set of odd-class (a, k) log-polyhomogeneous
(resp. odd-class log-polyhomogeneous) pseudo-differential operators. Since a change of co-
ordinates keeps an odd-class log-polyhomogeneous symbol odd-class, the set CC7, (M, E)

is an algebra.

Let us now consider the case of classical operators: we call C?5,,(M, E) the set of odd-class
operators of integer order a and we set

Cloaa(M, E) = | ) Cloyy(M, E).

a€Z

The following lemma can be seen as a particular case of Lemma 1.1.8 with k& = £’ = 0,
adding the fact that the class of the composition of odd-class (resp. even-class) of symbols
remains unchanged under a change of coordinates. We then recover known properties of
classical odd-class operators [KV1, Dul].

Lemma 1.3.1.

1. The composition of two classical odd-class operators is an odd-class operator i.e.
Cloga(M, E) is an algebra.

2. The composition of two classical even-class operators is a classical odd-class oper-
ator and the composition of a classical odd-class operator by a classical even-class
operator is a classical even-class operator.

3. If B is an invertible classical odd-class (resp. even-class) operator, then B~ is an
classical odd-class (resp. even-class) operator.
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Example 1.3.2. This example is the analogous of Example 1.1.7 on odd-class (resp.
even-class) symbols for classical pseudodifferential operators.

1. All differential operators and their parametrices belong to Clygq(M, E).

2. Let A be the Laplacian in R™. The operator (1+A)~! is odd-class. Indeed its symbol
has the asymptotic expansion

o0

o((1+28) ) (2,8) = o (1 +2) 7)) = (L+]eP) " ~ S =1kl 22,

k=0

3. V14 A is an even-class operator. Indeed its symbol has the asymptotic expansion
o(VI+A)(E) = VI+I[ER~ D aple| >,
k=0

1.3.2 Lie group of zero order odd-class classical Y DOs

The space C¢*(M, E) is a Fréchet space equipped with the Fréchet topology introduced in
Section 1.2.3, hence C£°(M, E) is a Fréchet space. It has been shown by M. Kontsevich and
S. Vishik [KV1] (see also [LP]) that (C°(M, E))" is a Fréchet Lie group with exponential
mapping and with Lie algebra C¢°(M, E). For these notion of Lie group and Lie algebra
with exponential mapping in the infinite dimensional case, we refer to A. Kriegel and P. W.
Michor in [KM], who claim that all known smooth Fréchet Lie groups admit exponential

mapping.

Definition 1.3.3 ([KM] Definition 36.8.). A Lie group G with Lie algebra Lie(G) admits
an exponential mapping if there exists a smooth mapping Exp : Lie(G) — G such that
t — Exp(tX) is a one-parameter subgroup i.e. a Lie group homomorphism (R,+) — G
with tangent vector X at 0.

Proposition 1.3.4. (C,,(M, E))" is a Fréchet Lie group with Lie algebra Clo,,(M, E).

Remark 1.3.5. We give here an exhaustive proof of this result. We will show later
(Proposition 6.1.4) that there is an exponential mapping.

Proof: By Lemma 1.3.1, the composition of two operators in (C'Eodd(M E))* belongs
to (Clouq(M, )) and the same holds for the inverse so that the set (Clog,(M, ))*
is a group in the Fréchet algebra C¢°,,(M,E). Let us show that it is an open subset
of Cl)(M,E). For that, let A be an operator in (Clo,,(M, E))* We want to build
an open neighborhood of A in (Cl0,(M,E))". The algebra Cl0,,(M, E) is contained
in C{°(M, E) and by Corollary 1.2.9, CKO(M, E) corresponds to all bounded ¥ DOs on



44 M. F. Ouedraogo

L*(M,E) = H°(M, E) and hence it is contained in the Banach algebra L(L*(M, E)).
But by the inverse local theorem, the set of invertible operators on L(L*(M, E)) is an
open set. Hence A admits an open neighborhood V' in the set of invertible operators in
L(L*(M, E)).

For any pseudodifferential operator A : T'(M, E) — T'(M, E), let us consider it as an
operator As : H*(M, E) — H* %(M, E) with a the order of A and H*(M, E) as defined
in section 1.2.2. We have

dim kerA, = dim ker A

and
codim ImA, = codim ImA

so that

A invertible < dimkerA = codim ImA = dim ker A, = codim ImA, =0
& kerAs;={0} and ImA,=H*"%M,E)
< A, invertible.

On the other hand, by Corollary 1.2.9, the inclusion C¢°(M, E) — L(L*(M, E)) is continu-
ous so that the inclusion i : C%,,(M, E) — C{°(M, E) — L(L*(M, E)) is also continuous
and the inverse image i~'(V) yields an open neighborhood of A in (Cl0,,(M, E))* It
follows that (Cfgdd(]\/f : E))* is canonically equipped with a structure of manifold which
makes it a Lie group. O
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Chapter 2

Logarithms of elliptic
pseudodifferential operators

In this chapter, we prove (see Theorem 2.2.4) that any operator in the algebra of odd-
class log-polyhomogeneous operators is a finite linear combinations of products of classical
operators and symmetrized logarithms of elliptic operators, all taken in the odd-class. A
similar property already observed in [Dul] holds for all log-polyhomogeneous operators
since these can be written as finite linear combination of products of classical operators
and logarithms of elliptic operators, a result for which we provide a detailed proof (see
Proposition 2.1.19). Whereas the logarithm of an odd-class operator is not generally
odd-class, the symmetrized logarithm introduced by M. Braverman [B] does lie in the
odd-class (Proposition 2.2.1).

2.1 Complex powers and logarithms of admissible pseu-
dodifferential operators

Complex powers were first introduced by R. T. Seeley in [Se|. He proved that under ap-
propriate conditions, an elliptic classical operator A admits a family of complex powers.
This notion has been further developed by M. Shubin [Sh] for elliptic differential operators
whose leading symbols do not take values in a closed angle A of the complex plane. This
notion was extended to pseudodifferential operators with the help of the notion of admis-
sibility. In this section, we introduce the notion of admissible elliptic operators and recall
the construction and the properties of complex powers. We then define the logarithms
and establish some of their properties.

We consider as before a finite rank hermitian vector bundle 7 : E — M over a closed
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riemannian manifold M of dimension n. To define the notion of admissibility, we need
the definition of the spectrum of an operator. Let us recall this notion. Let as before
H*(M, E) denote the Sobolev closure of I'(M, E) for the norm || - ||s defined in Section
1.2.2 and let A be a WDO of order a considered as an operator in H*(M, E) with domain
H**t%(M, E). The spectrum Sp(A) of A is defined as follows: a complex number A lies out-
side Sp(A) if and only if the operator A — AI has bounded inverse Ra()\) := (A—AXI)~!in
L*(M, E), called the resolvent of A at the point A. The spectrum of A is always a closed
subset of C. The point A in Sp(A) is called an eigenvalue of A if ker(A — \I) # {0}.
If A is an elliptic operator in C¢(M, E), then (see e.g. [Sh] Section 8.3) every point in
the spectrum Sp(A) is an eigenvalue of A. Furthermore the spectrum Sp(A) is either a
discrete subset of C or the whole space C. Moreover, resolvents of elliptic operators on
closed manifolds have the following property (see e.g. [Se] Corollary 1):

Proposition 2.1.1. Let A be an elliptic operator in CU(M,E) with positive order a.
Assume that there exists an open angle A in the complex plane C with vertex O which does
not intersect the spectrum of the leading symbol o“(A) of A. Then

1. There exists R > 0 such that the operator Ra(\) = (A — X))~ is invertible for
A€ A and [N\ > R.

2. For any real numbers s,p with 0 < p < a the following norm estimate hold
| (A=A e CuAET, A€, N>R

where || . ||s,s+p denotes the norm on bounded operators from H*(M, E) to H**P(M, E).

2.1.1 Admissible pseudodifferential operators

Definition 2.1.2. Let A be an operator in CU(M, E) with positive order. The operator
A has principal angle 0 if for every (z,€) in T*M — {0}, its leading symbol o (A)(z, &)
has no eigenvalues on the ray Ly = {re?,r > 0}.

If an operator A admits a principal angle 6, then ([Se], [Sh]) there exists € > 0 with the
property that the conical neighborhood A, = {pe’®,0 < p < 00,0 —e < ¢ < O+ ¢} of Ly
is such that any ray contained in A, contains no eigenvalue of o*(A)(z, £). Moreover since
M is compact, the spectrum Sp(A) of A which consists of eigenvalues of A is discrete and
Sp(A) N A, is a finite set.

Definition 2.1.3. We call an operator A in CU(M, E) admissible with spectral cut (or
Agmon angle) 0 if A has principal angle 6 and its spectrum Sp(A) does not meet Ly.

Remark 2.1.4. If an operator A is admissible, A is elliptic and invertible. Indeed, this
easily follows from the fact that A is elliptic if the leading symbol o (A)(x,€) is invertible
for all x in M, & in TfM,& # 0 and the fact that Sp(A) N Ly =0 i.e. 0 ¢ Sp(A).
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2.1.2 Complex powers of admissible pseudodifferential opera-
tors

Let A be an admissible operator in C¢(M, E') with spectral cut 6 and positive order a.
Let I'y denote the contour in C, along the ray Ly around the spectrum of A, defined by
[y =T, UT2UT% where

Ly = {pe’,+oo>p>r}
Fg = {re"0>t>0-2n}
Iy = {pe " r<p< oo} (2.1)

and where r is any small positive real number such that T’y N Sp(A) = 0. The contour T'y
is shown in Figure 1.

Figure 1

For Re(z) < 0, the complex power A} of A is defined by the Cauchy integral [Se]
1
Aj=— [ N(A-X""dx 2.2
=5 [ M-y (22
where A} is defined as exp(zlog, \) with
logg A = log |A| +iArg), 6 — 27w < Argh <0,

i.e. argh = 6 on I'j and argA = 0 — 27 on I'3. Here (A — X\)~! is the resolvent of A.
The above integral makes sense since by proposition 2.1.1, || (A — X)7! ||= O (ﬁ) when
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|A| = +o0 and since f:oo |’\TZ‘ < 400 for Re(z) < 0. Here || . || denotes the norm on
bounded operators of L*(M, E).

Let us compute the symbol of the operator Aj. Since this symbol is defined through the
symbol of the resolvent (A — A\I)~', we denote by b_,_; the components of the symbol
of (A — AI)~!. These components are defined by the recursive system of equalities ([Sh]

Paragraph 11.1, see also [KV1] Paragraph 2)
by = (04(A) =N,

b—a—j =

1
> aago—ak(A)z);;bal) .

—b_,
k+i+|al=j,1<j

It is easy to see that b_,_;(z, &, \) is positively homogeneous in (&, )\%) of degree —a — j
ie.

bog j(z, tE,t°N) =t Tb_, j(x,&,N), for t>0. (2.3)

Indeed, for t > 0, b_,(x,t£,1°N\) = (04(A) — A\) 7z, t£,t°)\) and since o,(A) is positively
homogeneous of degree a, then b_,(x,t§,t*\) = t~%_,(z,&, \). Recursively,

boo (2, tE,1%N)
= _b—a(xatgata)‘) Z é@?o‘a_k(A)(.’E,té)ng_a_l(l',tﬁ,ta)\)

k| o) =5,1<j

1
= —t"ba(z,60) Y at“”“"“'@gaa,k(A)(x,f)t’“’ng‘b,a,l(:c,g,)\)

kl+ | ol =5,1<j

= b, (2,6, N).
For Re(z) < 0, let us define the functions

i

(2) _
baz—j (‘T’ 5) - It

/ A2 bai(,€, ) dA. (2.4)
1)

These functions are positively homogeneous of degree az — j. Indeed, for £ # 0 and t > 1,
by a change of variable

bgzz)fj(l'7tf) = L/ ()7 b, tE, t )t dpu.
2T ING)
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Here the integration along the contour I'(¢) is equal to the integration around the contour

I'y since the functions bg?fj do not have singularities on a small enough disc around the

origin on £. Now, using (2.3) we obtain

az—j

o | (b (@, 6 it dp
™ Jrw)

g

= 1" — / /lz b—a— '(ZL‘, 57 M) dl’b
27 NG J

_  qaz—j 1 (2)

= 1" b,, ;(z,8).

Moreover, the result is obtained for ¢ > 1 and £ # 0 and hence holds for ¢ # 0.
We therefore infer that the operator Aj is a classical W DO of order az; its leading symbol
is 04 (Af) (2, &) = (0a(Ap))?(x,&) so that A is elliptic. The homogeneous components of
the symbol of Aj are

ot

Oz (45) (2. €) = V2 (2,6) = o / Xjboamy(.6,3) A (2.5)

The definition of complex powers can be extended to the whole complex plane by setting
Az = AFAZF for k in N and Re(z) < k; this definition is independent of the choice of
the positive integer k£ and preserves the usual properties, i.e.

ApAZ = Azt2 A= AF fork € Z.

Complex powers of operators depend on the choice of spectral cut. Let Ly and L, be two
spectral cuts for A outside an angle A which contains the spectrum of o¥(A)(z,&). We
note that there is only a finite number of points of the spectrum Sp(A) of A outside A.
Assume that 0 < 0 < ¢ < 27 ; let us denote by Ay, --- , \; the points of Sp(A) contained
in the angle {z € C,0 < Argz < ¢}, and I'g4 a contour surrounding the \s for all
1 < v <k and contained in the angle {z € C,0 < argz < ¢}. In fact, I'y 4 is a contour
around the cone

Ny :={petoo>p>r, 0O<t<o} (2.6)

delimited by the angles # and ¢. Let us consider a contour I' = Iy UTj UT} , around the
remaining spectrum of A, with I'g, T} defined in (2.1) and T , = {r e —2m <\ <6},
where 7 is any small positive real number such that I' N .Sp(A) = 0.

For Re(z) < 0 we have:

A= L / /\g(A—/\)‘ldAJr//\g(A—)\)‘ld)\
27T F97¢ T
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and likewise for the spectral cut ¢,

z __ L z o -1 z - —1
A= o (/Fe’d)xqﬁ(A A) d/\+/r)\¢(A A d/\) |
Since by definition, [ Aj (A —=X)""dA = [L A5 (A = X)~"d), it follows that

A—Ar = — [ =)A= N"d
27T 1'\97‘;5

2imz 1
- 6—/ A2 (A —N)Tdx
2w To.o
= (1—¢7) Thye(A) A5,
where we have set ([W2], [Pol])
1

~ 2r

TTp.s(A) /F ATTA(A = N
0,9

The following lemma shows that Iy 4(A) is a projection.

Lemma 2.1.5. Let A be an admissible operator in CU(M, E) with spectral cuts 0,¢ and
positive order a. If 0 < 6 < ¢ < 2w, then the operator Il ,(A) is a projection.

Proof: A proof of this result can be found in [Pol], Proposition 3.2. Let 6; and ¢,
be two spectral cuts of A with ) < 0 < ¢ < ¢1 < 6 + 27w and such that there are no
eigenvalues of A and o*(A) in the cones Ay, g and Ay, 4. Hence, the integration of ITp 4( A)
over I'g 4 is equal to the integration over I'y, 4,. It follows that

—1
Moo = 7 [ [ A A= 0= ) ad
0,6 01,91

T a2
By the Hilbert identity (A—X)"Y(A—pu)' = (A—p) (A=)t = (A—pu)~'], we obtain
47T2H9’¢(A)2

1 —1q 1 At
- / ZA2(A - M) / E S an+ / S A (A — ) / d
Ty A Lo, 6y M A Loy 0, M To.e A—p

= 2in / ATZA%(A — N) A
F0,¢

Here we have used the Cauchy formula and the fact that p lies outside I'g 4 in the second
integral. Now using the fact that A(A — X)™' =1+ A\(A — \)~! we obtain

g5 (A)? = — /F A2AdN+ — [ ATTA(A — ) RN = g (A).
0,¢

2m T Ty,
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a

When the cone Ag, does not intersect the spectrum of the leading symbol of A, as
previously observed, it only contains a finite number of eigenvalues of A and Iy 4(A) is
a finite rank projection and hence a smoothing operator. In general, IIy ,(A), which is
a pseudodifferential projection, is a zero order operator with leading symbol given by
T9.4(0"(A)) defined similarly to Il , replacing A by the leading symbol of A so that:

o P(Tly 4(A)) = 700 (0F(A)) = 0F(A) (i /F Aok — ) dA) |

To sum up, we have the following proposition:

Proposition 2.1.6. Let 0 and ¢ be two spectral cuts for an admissible operator A such
that 0 < 0 < ¢ + 2km < 27 for some integer k. Then

Af — AL =TT 4 (1 —e¥%) Ty e(A) A7, (2.7)

Remark 2.1.7. Complex powers can also be defined for zero order elliptic operators.
Indeed if A is an operator in CU(M, E) of order 0 with spectral cut 0, then A is bounded
on H*(M, E) and hence in L*(M, E). In that case its spectrum Sp(A) lies inside the circle
{N A | A} It follows that the operators A} can be defined directly using a Cauchy
integral formula ‘

7

Af = — A (A—=X)"ta
1= (A=

where 'y is a contour around the spectrum of A and avoiding the spectral cut Lg, shown
in Figure 2.

Figure 2
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2.1.3 Logarithms of admissible pseudodifferential operators

Let A be an admissible operator in C¢(M, E) with non negative order a. The complex
powers (Aj).ec is a holomorphic family of classical WDOs. The notion of holomorphic
family of classical ¥ DOs was introduced in Section 1.2.2 using the related notion of holo-
morphic family of log-polyhomogeneous symbols given in Section 1.1.3. With the notation
of Definition 1.2.10 the derivative of a family A(z) = Op(o(z)) + R(z), for some holomor-
phic family of symbols ¢(z) and some holomorphic family R(z) of smoothing operators is
A'(z) = Op(o!(z))+ R (z). Here o/(z) is the derivative of holomorphic function and R'(z)
is the derivative in Schwartz space.

Let us now define the logarithm of an admissible operator. Given a Banach (unital)
algebra A, and a in A, let # € R be such that the spectrum of a, i.e. the set of complex
scalars A such that a — A1 is not invertible in A, does not meet the ray Ry = {re??,r > 0}.
Then (see e.g. [Hi]) the map

2 ad ::%/F i (@ — M)~ dx
)

defines a holomorphic function on the complex plane with values in A, where we have set

as before
A= [\ e AN for 9 —2m < Argh < 6.

Here I'y is any bounded contour around the spectrum of a which does not intersect the
ray Ry. Hence, the logarithm of a

z

logga = (8Za9)|z:0

7
= — az/ )\Za—)\f_ld)\)
2W( [ie-anta)

= —/ logy A (a — M)~ dA
Ty

lies in A, where we have set as before
logy A = log |A| +iArg(A) for 6 — 21 < Argh < 0.

This applies to the Banach algebra A = B(H) of bounded linear operators on a Hilbert

space H equipped with the operator norm ||A|| = sup ||Az|| where || - || stands for the
[Jz]|=1

norm on H. Thus, given an admissible operator A in C¢(M, E) with zero order and

spectral cut 6, its complex powers give rise to a holomorphic map z — A7 on the complex

plane with values in B(H*(M, E)) for any real number s, where H*(M, F) stands for
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the H?-closure of the space I'(M, E) of smooth sections of E (see Section 1.2.2). The
logarithm of A is the bounded operator on H*(M, E) defined in terms of the derivative
at z = 0 of this complex power:

logy A = (8.43)_,

_ L z o —1
= (az /F 6 A; (A=) d)\)

= [ logy A (A—A)"Tdx

27 Jr,

‘z:O

with the notation of (2.2).

The notion of logarithm extends to an admissible operator A with positive order a and
spectral cut 6 in the following way. For any positive €, the map z +— A7~ of order a(z —¢)
defines a holomorphic function on the half plane Re(z) < € with values in B (H*(M, E))
for any real number s. Thus we can set
€ Z—E€ € Z zZ—€ —1
logy A = Aj (0. (4; ))H =AY (az (% /Fe NT(A=)) dA))l : (2.8)
z=0

for any positive e the operator logg A A~ = A~ logy A lies in B (H*(M, E)) for any real
number s. It follows that log, A, which is clearly independent of the choice of ¢ > 0,
defines a bounded linear operator from H*(M, E) to H*=“(M, E) for any positive €.

Just as complex powers, the logarithm depends on the choice of spectral cut. Indeed,
differentiating (2.7) w.r. to z at z = 0 yields for two spectral cuts 6,¢ such that
0 <0< ¢+ 2kr < 27, for some integer k:

logg A —logy A = 2ikm I — 2imlly 4(A). (2.9)
As a result of the above discussion and as already observed in [Okl], when the leading
symbol o¥(A) has no eigenvalue inside the cone Ay, delimited by T'p 4 then Iy, which

is a finite rank projection, is smoothing. When 6 and ¢ differ by a multiple of 2, Il ,
vanishes.

Lemma 2.1.8 ([KV1, Okl]). Let A be an admissible operator in CU(M, E) with spectral
cut 0. Then logy(A) is a WDO of order € for any € > 0. In some local chart, the symbol
of logy A reads:

a(logy A)(x,€) = a log €I + a7 (z,€) (2.10)
where a denotes the order of A and o' is a symbol of order zero.
Moreover, the leading symbol of ag)“ 15 given by

(01 (2, €) = log (aL<A><a:, %)) V(. €) € TM — {0},
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Remark 2.1.9. In particular, if 0(A) has scalar leading symbol then so that has o4'. No-
tice that o(Ilg 4(A)) then also has scalar leading symbol, which confirms the independence
of this property on the choice of spectral cut.

Proof: Given a local trivialization over a local chart, the symbol of the operator A
has the formal expansion o(A7) ~ > b where a is the order of A and baz _j» glven by

az—j
j=0

(2.4), is a positively homogeneous function of degree az—j. Since logy A = A (@A;_l)' o

we have

o(logy A) ~ o(A) x o (0, 4;7")

|z:() ’

Suppose that £ # 0; using the positive homogeneity of the components, we have for j > 0,

z az—a—7j1,(Z— f
) = e (o

and hence

aﬁ?xx@—mme“”%BJ(éQ+MM“W%aJ@éQ.

It follows that

4

(020,.9), = atomlelsE 2,0+ e (0 (o))

Hence (8ZA§_1)

._, has symbol (9.6 (z, 5))| of the form

a log gl o(A™)(x,8) +7(A)(2,6)

with 7(A) a classical symbol of order —a whose homogeneous component of degree —a — j

reads:
T(A)_aj(z,6) = |€]7* (8 biia- =i ( é!))|

Thus the operator logy A = A (@,A;’l)' » has a symbol of the form

a log [¢| + 04 (x,€),

where

PIETSE Db 020 (A)ai(w,€) DET(A) -y, €) (2.11)

k=0 i+j+|al= k
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is a classical symbol of order zero. Its leading symbol reads

() (@,€) = o (A)(,8) |€|‘“< 0:bi- 9( |§|)>|Zo
— oH(A)(x,€) (az (aL<A> ( %)))
i ()

for any (z,€) in T*M — {0} O

‘z:O

As it can be seen from (2.10), logarithms of classical pseudo-differential operators are
not classical anymore; powers of the logarithm of a given admissible operator combined
with all classical pseudodifferential operators generate the algebra of log-polyhomogenous
operators.

Lemma 2.1.10. Let A and B be admissible operators in CU(M, E) with spectral cuts 0
and ¢ respectively. Then
loggA log, B
a b
where a is the order of A and b the order of B.

€ CI°(M,E), (2.12)

Remark 2.1.11. Let us point out that this statement does not depend on the choice of
spectral cuts since by formula (2.9) a modification of the spectral cut only modifies the
logarithm by zero order classical ¥ DOs.

Proof: In some local chart, using formula (2.10), we have

(logg A logy B
o
a

) @9 =toglélr + 5 00,6 and o (52) (0.6 = loge1 + § o206

where o' and cré)B are classical symbols of zero order. Hence

log, A log, B log, A log, B
o (FEE -2 ) — o :

1 A
a b ) (,€) — o(— ) (#.€) = = 07/ (v,€) — %(xg)

and the result follows. O

Lemma 2.1.12. Let A be an operator in CL(M, E) and let B be an admissible operator
in CU(M, E) with spectral cut ¢; then

[A,log, B] € CU(M, E)
where [R, S] stands for the commutator RS — SR.
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Proof: Let us evaluate o([A,log, B]). As already pointed out in Remark 2.1.11, the
result does not depend on the choice of the spectral cut. We know that

a([A, 10g¢ B]) ~ [o(A), 0(10g¢ B)l.

where for two symbols o, 4 the star bracket is given by [0, 0], ;=0 *§ — d * 0.
Since by (2.10), o(logy B)(x,&) = blog |¢|I + o (,£) where 07 (x,€) is a classical symbol
of zero order,

[0(A), o(log, B)lu(z, &) = [o(A)(x, ), blog [¢]] + o (2,8)] = [0(A) (., €), 0 (w, €]

and the result follows. O

Corollary 2.1.13. Let A be an admissible operator in CU(M, E) with spectral cut 0; then
adiog, 4 15 a derivation on CU(M, E) and CI**(M, E).

Proof: For any log-polyhomogeneous operators B, C'in C¢**(M, E),
adieg, 4(BC) = [logg A, BC| = [logy A, B]C' + Bllogy A, C] = adiog, 4(B)C + Badieg, 4(C).

Since C0**(M, E) is an algebra, it follows that [log, A, BC], [log, A, B]C' and Bllog, A, C|
belong to C0**(M, E') and the result follows. If B and C' are classical operators, since the
three commutators belong to C4(M, E) so does adjog, 4. O

For further use let us investigate the differentiability of a logarithm of a differentiable
family of admissible ¥ DOs. A family A, of classical operators in C¢(M, E) is said to be
differentiable if it satisfies the requirements of Definition 1.2.10 replacing holomorphic by
differentiable.

Proposition 2.1.14 ([OP]). Let A; be a differentiable family of admissible operators in
CU(M, E) with constant spectral cut 0. Then for any positive integer K, we have

d , K (—1)k , ,
Tlogg Ay = AATT Y adh (A) A7) + R (A, Ay)
k=

dt lk—i—l

where we have set A, = %At and
Ri(Ap, Ay) = =5 [ logy A [(A —A)7h adﬁ,‘t(At)] (A =AY~ ta),
1)

since Ay commutes with (X — Ag) ™. ‘
If A, commutes with Ay, then % logy Ay = AtAt_l. If A; has constant order a, then % log, A;
lies in CU(M, E).
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Proof: By (4.3) in [Okl] we first observe that for any ¢ in a compact neighborhood
K, of to, one can bound the modulus of the order «(t) from above by some integer k, in

which case

iC > 07 Vi € Ktm ”(At - A)ilHS,ka < ’)‘71|7

where || - ||s,» stands for the operator norm of bounded operators from the Sobolev clo-
sure H*(M, E) to the Sobolev closure H* (M, E) of T'(M, E). Moreover, (A, — \)~" is
differentiable at ¢y, with derivative given by:

— (A=A = (A = N T Ay (A, — M)
dt|i—y,

as a consequence of the identity

where we have set A, :=

A= A) T = (A=A, =t —to) (A= Ay) A (A= A~

Ar—Ayg
t—to

For operators A; of zero order this leads to

dt |t=t0

where we have set A;, =

i d _
logg Ay = o ). logy )\ahﬂ (A =) ax
0 0
; . _
= _2_/ 1og9 A (Ato - >‘)_1 Ato (Ato - )\) ' dA,
T Ty
%\t:toAt'

In order to generalize this to higher order operators, we need to consider the family (see

(2.8)):

logy A, A7 = % logg A~ (A, — X)L dA

Ty

for which we can also write:

dt It:to

: d
(logg At A7) = — [ logg AN = (A4, —A)""dA

27 Jr, dt 1=,

= _2L/ loge AN (Ato - )‘)71 Ato (Ato - )\>71 dA.
m Ty
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This leads to the expected formula

d d .
—  logg Ay = —  (logyg A A7Y) A+ (logy Ay, A') Ay

dt lt=tq dt lt=to
= —L loge )\ )\_1 (Ato - )\)_1 AtO (Ato
27T Ty
+ [ logyg AT (A — N U Ay, d)
27T Ty
i _ _ .
= —% FG logg )\ )\ ! (Ato - )\) ! AtO (At

- ! 1og9 A(Ay — N7 Ay (A — N1 dA.

o

On the other hand,

[()\ An)” ,Ato}

(
- (>‘ At ) [Atm Ato] (>‘ - Ato)_l

A"

)

A= Ay)” (Ato()\ Ay) — ()\—Ato)At()) (A — A, )"t

L Ay, dX

! (Ato -

= [Atoa Ato]<)‘ - Ato) [()‘ - Ato)_17 [Atm Ato]] (>‘ - Ato)_l

(Ato -

= [ A0 = 44) 2+ (A= A) ™ Ay, [, Au| 0= Ai) 2

= [Atm AtoK)‘ - Ato)_Q + [Ato’ [Atm Ato“()‘ - Ato)_?)

| = A0) ™ A [y Adl] 0= 4)7
- [Atm AtoK)‘ - Ato)_2 + adito (Ato) ()‘ - Ato)_3

[ = A)add, ()| (= 4y) 2

K

99

) dA

= D adh, (Aw)h = A) 4 (= A) 7 adh, (Ag)] (0 - A) 7K

k=1
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Hence,
i loge At = —L loge A [(At — )\>_1 7At ] (At — )\)_1 d\
dt|—, 27 Jr, 0 0 0
—L 1Og0 A Ato (Ato — )\)_1 d\
2 Ty
K o
= D ad, (Any) 5 / logy A (A — Ayy)~*F2) dA
T Jr
k=0 0
5 | loggA [ = Au)had, (Ay)| (A= 4y) KA
Ty
A Cauchy integral yields
i 7
— — A )7PdN = — [ AP (A=A hd
2T I IOgGA(/\ to) 9T r, 0 ( to)
— _A;f
Similarly, by integration by parts,
- logg A\ (A — A,)) 2 dXN = 1i/ At — Ag)2d
o Jr, o 2271 Jp, ’
11
= ——— [ NEA—A,) tadx
297 /F(9 0 ( to)
r

[terating this procedure yields

K
d —1)f S .
ahzto 10g9 At - kz:% (k +1 ad]j‘to (AtO)AtO(k+1) + RK(Atoa At0)7

where we have set

. i . - k-
Ric(Au, A) = == | logg A [ = Ai) ™ adf, (Ay)| (A= 4) " a

m Ty
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Corollary 2.1.15. Let A and B be admissible operators in CU(M, E) with positive orders
a,b and spectral cuts 0 and ¢ respectively and such that AB is also admissible with spectral
cut ¢ depending on the choice of 0 and ¢. Let us assume that for each t in [0,1], the
operator AYB has spectral cut ¥ (t), where t — ¥(t) is continuous. Set ¥(0) = ¢ and
Y(1) = . If A commutes with B, then

log, AB = logy A + log, B. (2.13)

Proof: Let us consider the family A, = A} B. It is a differentiable family of admissible
operators. Following arguments similar to Okikiolu’s (see [Ok2]), we can build a finite
partition |JI_, Ji of [0,1] in such a way that we can choose on each of the intervals
Ji = [tk, k1] a common fixed spectral cut ¢ of ALB when ¢ varies in Ji. Indeed, the
angle 1y is close to each angle 1x(t) in the sense that there is € such that there are no
eigenvalues of AyB in the cone Ay, ¢y, (t)—e. We have A, = %At = logy A A'B. Since A
commutes with B, A, commutes with A,. Then applying the above proposition to each
interval J, we obtain

d .
% log¢(t) At = AtAt_l = loge A

Integrating from ¢ = 0 to t = 1, it follows that

Yrd
/0 (E log,, At> dt =log, AB —log, B = log, A.

O

We introduce the following class of WDOs defined in [Ok2] and further used in [B]. A
pseudodifferential operator A : I'(M, E) — I'(M, E) is logarithmic if its symbol in local
chart has an asymptotic expansion of the form

o(A)(2,€) ~ylog €[ + D X(E)oay(A)(@,6),  (2,6) €T*M, a,v€C, (2.14)

Jj=0

where each term o,_;(A)(x, §) is positively homogeneous in £ of degree a — j. The number
a is called the degree of the logarithmic WDO A and the number 7 is called the type of
this operator. We denote the set of logarithmic WDOs of degree a and type v ((a,7)-

logarithmic) by C¢"" (M, E). Notice that
e A logarithm is a logarithmic operator of zero degree i.e. a = 0.

° EV’EM(M, E) c C1*'(M,E) i.e. alogarithmic ¥DO is a log-polyhomogeneous op-
erator.
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—~a,0
o Ol (M,E)=Cl*(M,FE) i.e. a classical operator is a logarithmic operator.

We set: N N
=", B), Cum EB)=|]JCl'(M,E)

veC aeC

A logarithmic operator A in CTEQ(M , E) is odd-class if in the asymptotic expansion (2.14),
each term satisfies

0a-j(A)(@, =€) = (=1)"Toaj(A)(z,8), for [¢] > 1.

Denote by E/%Z;Zi(M, E) (resp. av'ded(M, E)) the set of odd-class (a,y)-logarithmic (resp.
odd-class logarithmic) pseudodifferential operators.

Lemma 2.1.16.
1. If A,B € CU(M,E), then [A, B € CO(M, E).
2. If A, B € Clogg(M, E), then [A, B] € Clogy(M, E).
3. {]iA in CU(M, E) is admissible with spectral cut 0, then adig, o is a derivation on
CUM, E).

Proof: Let us prove the first item. Suppose that A belongs to év’fm(M, E) and B
—~p,5
belongs to cl’ (M, E). Then we have o(A)(z,§) = vlog |¢|+0(A1)(z, &) and o(B)(z,§) =

dlog €| + o(By)(x, &) where Ay, By are classical W DOs of order a, b respectively. Hence
(AB)(I 5)
~ Z —02o(A) (. ODo(B)(x,€)

~ 75 log® [¢] + v log [€|o(B1)(x, ) + dlog[€|o(Ar)(, €) + o(Ai)(x, )o(Br)(x,€)

“Y L op o8 €020 (B .) + Y 080 (A0)(2,) D30 (B1) (2 9)

On the other hand,
o(BA)(x, )
~ y8log? [¢] + dlog[€|o(Ar)(w, &) +vlog [€|o(Br)(w, &) + o(Bi)(x, &) (Ar)(z,€)

1 1
+6 g —0¢ log €| Do (Ar)(x,€) +7 g —080(B1) (@, €) Do (Ar)(x.€).
a#0 a0
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It follows that
o([A, B])(, )
~ o(A)(x,§), o(B1)(z,§)]
Y 0 og €| Do (B) (1, 6) + 8 3 08 0(Ay) (. ) D2 (By) €

a#0 a0
~0) 553 log €] Dy (A1) (w, &) =7 ) 5630(31)(3;, £)D%(A,)(z, €).
a#0 a#0

Since O¢ log |¢] is homogeneous of degree —|al, [A, B] lies in C4(M, E).
Furthermore
o([A; Bl)ats—j(2,8) = 0a(A)(x,€)0p;(B)(2,8) = 0a—;(A) (2, E)ou(B)(2, )
1
+ Y 96 00-1(A) (2, §) D3op(B)(x, &)

k+l+|al=5,l<j

and the second item follows. Moreover, if A is an admissible operator, log, A belongs to
CU(M, F) and hence the commutator [logy A, B] belongs to C¢(M, E) which is include on
CU(M, E). The third item follows. O

Let us introduce some notations. In what follows £*)(P, Q) denotes a Lie monomial of de-
gree k, i.e. a linear combination of expressions of the form [Ry, [Ry_1, - - - [R3, [R2, R1]] - - ]|
where each of the elements R; is either P or Q).

Lemma 2.1.17.

1. Let A and B be admissible operators in CU(M, E) with spectral cuts 6 and ¢ respec-
tively. Then

(a) ady,, ,(log, B) € CL°(M,E), Vk > 0.
(b) L™ (logy A,log, B) € CI°(M,E), Vk> 1.
2. Moreover if A and B have scalar leading symbols, then
(a) ady,, 4(log, B) € CL7*(M,E), Vk>0.
(b) L®(log A, log B) € CL™* (M, E), Vk > 1.

Remark 2.1.18. Here again, as already pointed out in Remark 2.1.11, the result does
not depend on the choice of the spectral cut.

Proof: For simplicity, we drop the subscripts which specify the spectral cuts.
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1. We prove the results by induction on k.

(a)

For k =1, since
b
adjog 4(log B) = [log A,log B] = [log A, log B — alogA

where a is the order of A and b is the order of B, by Lemma 2.1.10 log B—g log A
is a classical zero order operator and by Lemma 2.1.12, the operator bracket
[log A, log B] is a classical operator. Let us prove that it is zero order.

By (2.10), o(logy A)(z, &) = alog|¢|I+0§(x, §) and o(log, B)(z, &) = blog |¢| 1+
o5 (x,€). As before we define the bracket of symbols [0, 7], to be 0 %7 — 7 * 0.
We have

[0(log A), o (log B)], (2,£) ~ [o(log A)(x,&),0(log B)(,£)]
~ |04 (2,8),05(%,9)].

Since af and af are classical symbols of zero order, [log A, log B] is a classical
zero order operator.

Let us now assume that the property holds for a given positive integer k, i.e.
ad{“ogA(log B) belongs to C¢°(M, E). Then

adfofg'h(log B) = [log A, adﬁgA(log B)]
and
o(ads:!y (log B)) ~ [o(log A), o(ad, 4(log B))], ~ [0 o(ad, 4(log B))]

Since o' and a(adﬁ)g 4(log B)) are classical symbols of zero order, the result
follows.

For k = 2, L®(log A, log B) is a linear combination of expressions of the type
log A, log B] = adeg 4(log B) so that L2 (log A, log B) lies in C¢°(M, E). Now,
assuming that £* (log A,log B) is a linear combination of expressions of the
type [log G, L# Y (log A, log B)] = adieg(L* 7V (log A, log B)) where log G =
log A or log G = log B we have

L% (log A, log B) = [log G, L*(log A,log B)| = adieg (L™ (log A, log B)).

By assumption £*) (log A, log B) lies in C¢°(M, E) and hence L#+) (log A, log B)
lies in C¢°(M, E).
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2. Here we will prove the result for step (a). The step (b) can be proved using the

O

arguments of step (b) of 1). We prove the result by induction on k. For k = 1, by
item 1, the bracket [log A, log B] has zero order. We have

[o(log A), o (log B)].(x,€) ~ [07'(z.€), 0 (2, €)] .

Since A and B have scalar leading symbols, by Remark 2.1.9, so have o' and 0
and hence [og', 051" = [(07')", (65)*] = 0. Tt follows that [log A,log B] has order
—1. If we assume that ad{“ogA(log B) lies in C¢~*(M, E), then since

o(adjoy 4 (log B)) ~ [07', o(adi, 4 (log B))],

and
L
(o(adit!y(log B))) ™ = [(0g)", (o(ad}, 4(log B))*] =0.
The result follows.

In the following proposition, we recall well-known results about log-polyhomogeneous op-
erators i.e. all log-polyhomogeneous operators can be written as finite linear combination
of products of classical operators and logarithms.

Proposition 2.1.19. Let Q) be an admissible operator in CU(M, E) with positive order q
and spectral cut a. Then for k > 0,

1. (log, Q)*C¢(M, E) C é CU(M, E)(log, Q).

=0

k

2. Cl**(M,E) = éOﬁ(M, E) (log, Q) = @(log, Q) CU(M, E).

=0

Proof: We proceed by induction on k; let A be a classical operator in C¢(M, E).

1.

For k =1, log, Q A = Alog, Q+[log, @, A]. Since [log,, @, A] is a classical operator,
(log,, Q) A lies in CU(M, E) P CK(M E)log, Q.

Assume that (log, Q)* !4 lies in G} Cl(M, E)(log, Q)'. Then

(log, @)*A = (log, Q)" *(log, Q) A

Since by the induction assumption, (log, @)* 1[log, @, A] and (log, Q)*~*A belong
k=1

to @ CU(M, E)(log, Q)', the result follows.
1=0
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2. From 1) it follows that one can put the powers of the logarithms either on the 1.h.s.

k
or on the r.h.s.. Indeed, (log, Q)*C¢(M,E) C @ Cl(M, E)(log, Q)" implies that
1=0

k

k
Pog, Q)'Ce(M, E) c @ Cl(M, E)(log, Q)"
=0

=0

On the other hand, by the same argument, one can write

k k
@0@ M, E) (log, Q)" € @P(log, Q) CL(M, E).
=0

The second identity follows.

k
Let us check that @ C¢(M, E) (log, Q)' = Ct**(M, E).
=0

k
The inclusion from left to right is straightforward. Indeed, let A = 3 A;(log, Q)'
=0
k
be an element of @ CU(M, E) (log, Q)". Since (log,, Q)" lies in C¢**(M, E) for any
1=0

I < k, it follows that A belongs to C¢**(M, E).
To show the inclusion from right to left, let us show by induction on k that any

element A of C£**(M, E) can be written on the form A = Z A(log, Q).

This clearly holds for k& = 0. Let us assume it holds for k Since log, @ has a

symbol of the form ¢log |£ \ —|— o with of) a classical symbol, (log, Q)" has a symbol

k—1

of the form ¢* log" €] + 0 ! with oy~ a log-polyhomogeneous symbol of log-type

k
k — 1. Tt follows that to any A in C¢**(M, E) with symbol o(A) = > oy(A) log' |€],
=0

using a partition of unity adapted to a finite trivializing covering of M for E ,we can
associate a classical operator

Ay = Op(ok(A)).

Then .
By = A— q—kAk(loga QF e Cctr* (M, E).

Similarly, to the operator B; we can associate a classical operator

Ak,1 = OP(kal(Bl))-
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Hence
1 1 1
By = Bi = Akallog, Q' =A- 7 rlloga Q" - g1 A1 log Q"

lies in C¢**72(M, E). Tterating this procedure, we build a sequence of classical op-
erators A;,l = 1,--- |k such that

k

1
Bk =A— Z EAl(log” Q)l

=1
is a classical operator.

O

This yields back well-known results (see [L]) concerning the structure of C¢**(M, E).

Proposition 2.1.20. The algebra C0**(M, E) .= @ Ct**(M, E) is a Z-graded algebra.
k=0

2.2 Symmetrized logarithms and odd-class pseudod-
ifferential operators

Inspired by M. Braverman [B], we introduce the symmetrized logarithm of a odd-class
classical admissible W DOs. We show that this symmetrized logarithm is also odd-class and
we characterize the odd-class log-polyhomogeneous operators in terms of a finite linear
combination of products of classical operators and symmetrized logarithms of admissible
odd-class operators.

Let A be an admissible operator in C¢%,,(M, E') which admits spectral cuts 6 and 6 — ar.
The symmetrized logarithm of A is defined by the formula

1
log¥™ A := 5 (logg A +1ogy_or A) . (2.15)
Proposition 2.2.1. The symmetrized logarithm of A in Cl5,,(M, E) with spectral cuts 0

and 0 — ar is an odd-class log-polyhomogeneous operator of log degree 1.

Proof: The proof is similar to proofs in [B] (see also [Pa2]).
Assume that A is an odd-class classical operator of order a and @, § — am are spectral cuts
for A. By formulae (2.10), (2.11), since o' is a classical ¥ DO of zero order,

o (logg(A))(w,€) = a log [T + 03! (x,€) ~ a log [€[T + Y o ;(logg(A))(w, €)

J=0



68 M. F. Ouedraogo

3
>|§’)\z:0'

is equal to I, the identity of matrices, we have

Oaz—j(A5)(2,8))._ = o1

0_;(logy(A))(w, €) = |§] 7 0:00:—; (A7) (x

Since the operator (A3)

|z:0

We need to evaluate

0_;(logg™ A)(z, =€) = 5 (0-;(logy A)(z, =€) + 0—;(logy o A)(z, =) -

1
2

By formula (2.5) the homogeneous components of the symbol of A7 are

rai(A5)(06) = 5= [ Xbams(a €A AN

with b_,_;, the homogeneous components of the resolvent (A — A\I)~! defined in Section
2.1.2. These components b_,_;(z,{, A) are positively homogeneous in (&, )\5) ie.

bz, t6, 45 \) = 7 (2, £, )) V¢ >0, Y(z,&) € T*M.

Moreover, if A belongs to Cl,,,(M, E), using the explicit formulae of b_,_;, this extends
to any real number ¢ since we have

b, ~€, (1)) = (~1)¥bBe(a, €, A). (2.16)
Assume that Rez < 0. Then using formula (2.16) we can write

1
U&Z—j(Aog)(xv _§> = % . )‘Z b—a—j (ZE, =, )‘) dA
0

]

= /F N5 by (2, €, (—1)"A) .

By a change of variable i = e =" we obtain

s (A €)= () [ bt ) A

0—am
_ (_1)a+jeia7ri eiazwluz b (.CE 5 M) d,u
It Ty O—am Y—a—7 (Y]

= (_1>j€ia27ro-f13—j (Azfaﬂ)(x7 5)

Thus ‘ 4
Oazej(Af) (1, =€) = €™ o, (A7 ) (2, €). (2.17)
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Since both the left and the right hand side of this equality are analytic in z, we conclude
that the equality holds for all complex z in C. Similarly,

ﬁ (€ 1)3 by (2, €, 1) d(e™ 1)
0—am

Oue s (Aiar) =€) = (—1)

a+j —iam Z —iazTm
= (e [ b
= (1) e 0,. (A7) (x,€).
We therefore infer that
Oazmi(Af_am) (@, =€) = e a,._i(A)(2, ). (2.18)
Differentiating equation (2.17) w.r. to z yields:

Oas—j(0:A5) (2, =€) = 0. (0as—;(45)(z, =€)
= 0. (¢ 00z (4] ) (@,€)
= M) ((am 0 (AG_ ) (2, €) + Oazm i (0:Af_ o) (2, 6))
le.
Oaz—j(0:45) (7, =€) = e'mlety) (mﬂaaz (Ao )(@,8) + 04z (0. A5 aw)(xaf)) . (2.19)
Similarly, differentiating equation (2.18) w.r. to z yields:

Ogz— ](8 AG aw)( _g) = a (Uaz ](Az aﬂ)( _f))
0. (e” ™ oy, j(45) (2, €))
= ¢ ") (—ianog.j(Af) (2, €) + 0usj(0:45) (2, €))
Oas—ij(0: A5 _on) (0, =€) = € ™D (—iano,.j(Af) (2, €) + 00y (0:45) (2, €)) . (2:20)
Now, combining equations (2.19) and (2.20) yields at z =0 :
o_j(logy™ A)(w, =€) = 5 (0-;(logy A)(z, =€) + 0—;(logy_ar A)(2, =€)
(0-5((0:49)1._0)(x, =€) + 0-5((0: A5 _ar)1.2) (, —8))
(=1) (iamo_;(I)(x,€) + 0-;(logy_ur A)(,€))

(—1) (—iamo_;(I)(z, &) + o—;(logy A)(z, €))
= (=1)o_;(logid™ A)(z,€)
and logy"™ A = 1 (logy A +logy_,,) is an odd-class log-polyhomogeneous operator. 0O
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Corollary 2.2.2. If A in Cl.,,(M, E) admits a spectral cut 0 and a is even, then logy(A)
18 an odd-class log-polyhomogeneous operator.

Proof: If a is even i.e. a = 2k for some integer k, then log,_,. A = logy_o:. A so that
logy_opr A —logy A = —2ikml.

We obtain logy™ A = logy A — ikml. Since I is an odd-class operator we deduce that
log, A is an odd-class operator.

Another way to obtain the result is to compute directly homogeneous components de the
symbol of log, A by evaluating formula (2.19) at z = 0. This gives

o_j(logy A)(w, =€) = (—1iamo_;(I)(x,€) + (1) o_;(logy_sr A)(2,8).

But (—1)7iaro_;(I)(z,€) = 0 for j > 0. Hence

For j>0, o_j(logyA)(w,—€) = (=1)0_;(logy_or A)(x, ).

Now, if a = 2k is even then using formula logy_o;,. A —logy A = —2ikwl, we have for
J>0,

o_j(logy A)(w, —€) = (=1 0_;(logy A)(w,&) and  y(logy A)(w, =€) = ao(logy A)(2,¢).

The result follows. O

In this section we show the equivalent of Proposition 2.1.19 for the case of odd-class
operators, namely that all log-polyhomogeneous operators in the odd-class algebra can
be written as finite linear combinations of products of odd-class classical operators and
symmetrized logarithms of odd-class elliptic operators. To do so, let us first show that
in Proposition 2.1.19, we can replace the logarithm of the admissible operator () by the
symmetrized logarithm of an admissible odd-class operator.

Proposition 2.2.3. Let Q) be any odd-class admissible operator in Clygq(M, E) with pos-
itive order q and spectral cuts a and o — qmw. Then for k > 0,

o7

k
1. (log™™ Q)*Cloga(M, E) C @ Cloga(M, E)(log¥™ Q)".
1=0

k k
2. COM(M, E) = @ CUM, E) (logi™ Q)" = B (logd™ Q) CLUM, E).
=0 =0
Proof: Since the proposition is the odd-class case of Proposition 2.1.19, the proof
goes similarly. We have just to verify some points using the odd-class property.
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1. If @ is odd-class, the same argument used to prove item 1 of Proposition 2.1.19
holds, replacing CU(M, E) by Clyqq(M, E), since log™>™ @ lies in the odd class and
the odd-class is stable under products.

2. The first identity in 2) can be derived as in the proof of item 2 of Proposition 2.1.19.
All we need to show is that

& ¢, E)(log, Q @ CU(M, E)(log™™ Q)"

=0 =0

Let us prove the inclusion form left to right. To do so let us write

logt™™ @ = (loge A—logy_,. A).

(o) I

It is easy to check (formula 2.12) that log®™™ @) is a classical operator of zero order
and

log, @ = log™ Q + log2™™ Q).

This last equality combined with the fact that log?™ () is a classical operator implies
that

(log, Q)" = (logd™ Q + logy™™ Q)

is a finite linear combination of products of the type

Ci(loga™ Q)" - Cy(loga™ Q)"

with ky + -+ + k, = [. This clearly lies in @ CU(M, E)(log?™ Q)’. Hence

7=0
k k
@ CU(M, E)(log,, Q)l - @ CU(M, E)(log™ Q)l
1=0 =

The inclusion from right to left can be shown similarly writing
(logsym Q)l — (10ga Q logasym Q)l
g

We provide a description of the algebra of odd-class log-polyhomogeneous pseudodif-
ferential operators in terms of symmetrized logarithms.
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Theorem 2.2.4. Let Q) be any odd-class admissible operator in Cl,qq(M, E) with positive
order q and spectral cuts o and o« — qm. Then,

Ea

k
Clom(M, E) = P (1og2™ Q) Cloaa(M, E) = €D Cloaa(M, E) (logd™ Q)"
=0

1=0
Proof: Let us check the independence on the choice of Q). Assume that Q;, 1 =1,2

are odd-class operators with spectral cuts «;, o; — ¢;7. Let A = Z Ai(log?™ @1)". Since

log,, @1 =logd ™ @1 +1ogi™ @1 and  log,, @2 = logl)™ Q2 4 log™ Qa,

we can write

log¥™Q, = q logsym Qs + (loga1 Q1 — %logaz Q2> <logasym 0, — . logasym 0, )
2

— logsym Q2 + Bia,
where

By = (1ogm Q- Log,, Qa) - (logasym Qi — ol Qz) € Cloa(M, E).
2

I
By the first part of Proposition 2.2.3, (log?™ Q:)! = (ql logg™ Q2 + Blz> which is a
finite linear combination of products of the type Ci(logi™ Q)" - - C,(log™ Q2)*» with

ky+---+k, =1, lies in @ Cloga(M, E)(log™ Q2).

Hence @ Cloaa(M, E) (1og¥™ Q)" is independent of the odd-class operator Q.
1=0

We are now left to show that
GB Cloaa(M, E) (log™ Q) = CLF (M, E).
1=0

The inclusion from left to right follows from item 2 of Proposition 2.2.3 and the fact that
an operator of @ Cloaa(M, E) (1og¥™ Q) is a linear combination of products of odd-class

operators and therefore lies in the odd class i.e. lies in CL25 (M, E).
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Let us prove the inclusion from left to right.
Let A be an operator in CI% (M, E) with order a and symbol of the form

oo k
szga jl IOg |§|

7=0 [=0

Since A is odd-class, each o, (A) verify o,_;;(A)(x, =) = (=1)* o, (A)(z,§).

Let us write i
A) ~ > oi(A)log'[¢]
1=0

with o;(A) ~ Z 0a—ji(A); each 0;(A) is an odd-class symbol.

On the other hand, by item 2 of Proposition 2.2.3, we can write A = Z A(log™ Q)L
1=0
In order to show that A; is an odd-class operator for [ =0, --- , k£ we compute the compo-

nents of o(A). Since the odd-class operator log®™ @ has a symbol of the form q log €] +00
with 0 a classical odd class symbol, (log™™ Q)" has a symbol of the form ¢! log' |¢| + o'~
with ¢/~! an odd class log-polyhomogeneous symbol of log—type l — 1. The odd-class log-

polyhomogeneous symbol ¢/~! has an expression of the form Z 01 log? |¢| with each

7=0
0j1-1 an odd-class symbol. We have

O‘(A) ~ A() + ZZ 85 Al Da ((logsym Q) )

~ o(4) —|—Za(Al)a (log™™ @ +ZZ 35 o(A;)Dgo ((10gsym Q))
=1 !

lla;ﬁO

k k k
1
~ o(Ao) +)_d'o(A)log' [¢] + D Jo(A)e' + Y Y —dga(A)Dio .
=1 =1 '

=1 a#0

Hence

k

ko 1-1
O'(A) ~ U<AO)+Z Al log |£|+ZZO’ Al 0']1 110g ‘€|

=1 =1 j=1

k -1
1 .
+2 D —080(A) (Do) log’ [¢].

I=1 a0 j=1
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Comparing with o(A) ~ Zf:o o1(A) log! |€], we obtain:
or(4) = ¢'o(Ay),
1 ,
or-1(4) = ¢"o(Mor) + o(Ap)or—rea + Y —080(A) D3og o log? [€],

a#0
k k 1
O'Z(A) = qZO'<AZ) + Z U(Al)O'i’l,1 + Z Z a@?a(Al)Dgaiyl,l logj ‘€|
I=i+1 I=i+1 a#0

fori =k —2,---,0. Since A is an odd-class operator, o,(A) lies in the odd-class which
implies that o(Ay) is odd-class symbol and Ay, is odd-class operator. But A, odd-class
operator implies that A,_; is odd-class operator. We show this way, inductively on [, that
A; lies in the odd-class for [ = 0,--- , k. Finally,

k

B Clow(M, E) (logi™ Q) = Cly(M, E).
=0

a
Here again, this provides similar information on the structure of CC7, (M, E).

Proposition 2.2.5. The algebra CL51 (M, E) == @ CU55(M, E) is a Z-graded algebra.
k=0
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Chapter 3

The canonical trace on odd-class
pseudodifferential operators

The aim of this chapter is twofold. We first characterize traces on C¢%,,(M, E) (Theorem
3.3.4) when the underlying manifold M is odd dimensional; these are linear combina-
tions of leading symbol traces, which involve the leading symbol, and the canonical trace
which involves the whole symbol of the operator. The canonical trace is extended to
odd-class operators in odd-dimensions after which we express regularized traces of log-
polyhomogeneous odd-class operators in terms of this canonical trace (Theorem 3.5.7) and
derive from there the cyclicity of the canonical trace on odd-class log-polyhomogeneous
operators in odd dimensions (Corollary 3.5.9).

3.1 The L’-trace on smoothing operators

The L2-trace (or usual trace)

Tr: O (M, E) » R
A Tr(A) = /Mtrx (Ka(z,x))dx = /M/*M tr, (o(A)(z,€)) d€ dx.

where tr, is the fibrewise trace and where, as before, d¢ := (zi)n d & with d€ the ordinary
Lebesgue measure on the cotangent bundle 7 M ~ IR", is up to a multiplicative factor
the unique trace on the algebra of smoothing operators C¢~ (M, E). Indeed, in [Gu3| V.

Guillemin showed the following proposition:
Proposition 3.1.1.
1. Any operator R in Cl™>°(M, E) such that Tr(R) = 0 is sum of commutators in
Cl™>°(M, E).

76
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2. Any trace in C0"(M, E) is proportional to the usual trace.

Let R be a smoothing operator in C¢~*°(M, E) such that Tr(R) # 0. For any pseu-
dodifferential projection J in C¢~°°(M, E) of rank 1, the smoothing operator R — Tr(R).J
verifies Tr(R — Tr(R).J) = 0. As a consequence of the above proposition it follows that we
can express R as a sum of commutators and a smoothing operator

R= Tr(R)J—i—i[Sj,Tj]. (3.1)

where J is as above and S;, T} are smoothing operators.

The trace Tr further extends by the same formula to a trace on the algebra of classi-
cal operators of order with real part < —n (where n is the dimension of the underlying
manifold) since these are trace-class. However,

Proposition 3.1.2. The trace Tr does not extend to a trace functional on the whole
algebra CU(M, E).

Proof: This follows from Wodzicki’s characterization of traces on CU(M, E) [W1],
but we give here a more simple and direct proof which can be found in [L]. Assume A is
a trace on CY(M, E) such that for any A in C¢(M, FE) with order a, if Re(a) < —n, then
A(A) = Tr(A). We may choose an elliptic operator A in C¢(M, E) with non-vanishing
Fredholm index. Let B be a parametrix in C¢(M, E) of A. Then

I—BA I —ABeCl (M, E)
and we arrive at the contradiction
0 # ind(A) = Tr(I — BA) — Tr(I — AB) = Tr([4, B]) = A([A, B]) = 0.

|:|

There is therefore no trace on C¢(M, E) which extends the L?-trace. M. Wodzicki in [W1]
(see also [K]) proved that on a connected closed manifold of dimension > 1, any trace
on CU(M, E) is proportional to the noncommutative residue defined as follows: for any
classical operator A of order a which symbol has the asymptotic expansion o(A)(z, &) ~

Yo x(§)o(A)g—j(z,€) in local coordinates, the noncommutative residue of A is
=0

res(A) = /M res, (A)dz = /M / (o (A) ) do

Here n is the dimension of the manifold M and o(A)_,(z,§) is the homogeneous compo-
nent of degree —n of the symbol of A. This definition is independent of the chosen local
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chart. From this expression, it is easy to see that the noncommutative residue is local in
the sense that it depends on a finite number of homogeneous components of the symbol
of A. We deduce the following result.

Lemma 3.1.3. Let A be a classical ¥DO.
1. If ord(A) < —n, then res(A) = 0.
2. If A lies in Cloga(M, E) and n is odd, then res(A) = 0.

Proof: For the first item, if A is of order < —n then o_,(A) = 0.
For the second item, if A lies in Cl,qq(M, E) and n is odd, then o_,(A)(z,—§) =
—o_n(A)(x,§). Integrating over S*M the odd-function o_,,(A)(x, &) we infer that res,(A) =
—res;(A) =0. O
Consequently, if the dimension of M is odd, the algebra of odd-class operators is contained
in the kernel of the noncommutative residue i.e. Clygq(M, E) C Ker(res).

3.2 Classification of traces on C/,4(M, F)

In odd dimensions Cl,4q(M, E) is contained in Ker(res) so that it is natural to look for
other traces than res on this subalgebra.

3.2.1 Linear forms on odd-class symbols and Stokes’ property

Let us recall that a smooth function f(£) on R™ — {0} is called positively homogeneous
of degree m if for any t > 0, f(t&) = t™ f(§). Euler’s identity for homogeneous function
of degree m is given by

> &Oef =mf.
i=1

This follows directly from the fact that

Zgza&(f@» - at(f(tg))\tzl = 8t(tmf(§))|t:1 =mf(§).

Let us consider the n — 1 form

n

o =Y (=1)TGdE A NGy Ad€ipr A+ N dE,.

i=1

We have do = ndé; A - -+ A d§,, and restricted to the unit sphere S~ !, o is the volume
form on S"~'. If the degree of f is —n we define the integral resf = [, fo.
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Lemma 3.2.1 ([FGLS]). Let f be a homogeneous function on R™ — {0}. Each of the
following conditions is sufficient for f to be a sum of derivatives:

1. deg(f) # —n.
2. deg(f) = —n and resf = 0.
Proof:

1. If deg(f) = m # —n let us consider the homogeneous function g;(§) := mLJrn&f(é’).
By Euler’s identity we have

E 0:,9:(&) = ! E &, f +nf | =f.
m-+n
i=1 i—

2. If deg(f) = —n and resf = [g,_, fo =0, let us write S := S"~! and consider the
equation

Agg = f\s

where Ag is the restriction of the Laplacian to the unit sphere S and fig is the
restriction of f to S. Since |[ gn1 fo =0, fis is orthogonal to the constants which
form the kernel ker(Ag). It follows that the equation above has a unique solution.
In polar coordinates (r,w) € RS x S, the Laplacian reads

A== 0 =—r""0,0m'0,) —r?As.
=1

Therefore, for any function g € C*(S5),
Ag(w)r™) =r"Asg(w) =" fis = f.
It follows that f is a sum of derivatives.
g

Proposition 3.2.2. Let o be a classical symbol in CS™(R™). If o belongs to Ker(res)
then there exists T; in CS™(R") such that

o~ z”: O, Ti.
i=1

Moreover if o is odd-class then the 7; can be chosen in CS™ ! (R™).
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Proof: The proof is similar to the one in [MSS]. Let o in C'S™(R") be such that

res(0) = [qu1 0_n(x,&)dE = 0. For a cut-off function x we write o ~ Y x0y,—;, with
j=0
Om—j in C°(R™ — {0}) a positively homogeneous function of degree m — j in ¢ i.e.

Omj(@,t6) =" T op_j(x,€), VE> 0.

Applying Lemma 3.2.1 to each positively homogeneous component o,,_;, we build posi-
tively homogeneous components 7; ,,,—;j+1 such that ,,—; = > 7im_j11 so that

o Z Z XO¢ (Tim—j1) ~ Z e, Ti,
=1

i=1 j=0

o0

where we have set 7, ~ Y XTim—jt1. Since O, x has compact support, the difference
j=1

0 — Y 07 is smoothing. Let us show that the symbols 7, can be chosen odd-class
i=1
if o is odd-class. A close look at the proof of Lemma 3.2.1 shows that f is odd-class

implies that f = > 0;f; with f; odd-class. Indeed, if f has order different from —n
=1

1=

then f; = & f(€). If f has order —n with res(f) = 0 then f = A(g(w)r*~") where

m+n

(r,w) € Ry x S and S is the unit sphere. It follows that 7; lies in C'S7 1 (R™). O

3.2.2 Characterization of traces on C/l,q4(M, E)

In this paragraph, we show that any trace on the algebra Cl,qs(M, E) is proportional to
the canonical trace when the dimension of the underlying manifold M is odd. Although
this uniqueness result had already been proved in [MSS] by a similar method, we provide
a proof for completeness in order to adapt it later to the case of zero order operators. We
start with the following decomposition result.

Proposition 3.2.3. Assume that M is an odd-dimensional manifold. Let A be an odd-
class operator in Clygq(M, E). Then for any odd-class pseudodifferential projection J of
rank 1, there exist Cy, Dy in Cloqq(M, E) and a smoothing operator Ra such that

A=>"[Cy, D] + Tr(Ra)J. (3.2)

k=1

Proof: The proof is inspired by that of [MSS]. Let A be a classical ¥ DO of order a
in C¢(M, E). Let us consider a finite trivializing covering {(U;, ¢;,u;),j € I} of M for E
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and a finite subordinate partition of unity {¢,, j € I'}. For each index j let ¢; € C2°(Uj)
be a real function such that v, = 1 near Supp(y;). We localize A writing

A= ;A +R.
jel

Each operator ¢;A1; may be considered as a W DO on R" with symbol o; = o in C'S(R™).
Since we are interested in odd-class operators, to simplify, we can assume that o is an
odd-class symbol of order a. By Proposition 3.2.2, we know that there exist odd-class
symbols 7; of order a + 1 such that

n
g ~ Z 8&7’1.
=1

For any symbol 7 we have,
Op(@gﬂ') = _i[xlv Op(T)]

up to a smoothing operator since
o([x,Op(T))) =2 - T — 7 -2y — i "0, T = 00, T

It follows that
Op <Z 8517'[) = Z Op ((9517'1) =—1 Z[l’l, Op(Tl)]
=1 =1 =1

Since o ~ ) 0,7, there exists a smoothing operator R’ such that
=1

Op(o) = Op (Z 8ng1) + R = —Z'Z[xl; Op(n)] + R'.
=1 =1

Then for x in C2°(R™) such that x¢; = ¢;, x¥; = ¢, we have

n

0;Op(o)h; = =i Y pila, Op(m); + @Ry = —i Y [xwr, 0;0p(m)y] + o Ry

=1 =1

Using formula (1.11) to write p;Av; = Op(o;) + R; with R; smoothing operators, we
have A =) Op(c;) + > R; + R so that A can be written in the form
J J

[, Bi| + Ra, (3.3)

1

A=

N
k=
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where a, is a smooth function in M, By, lies in C¢%1} (M, E), and Ry is a smoothing oper-
ator. Let us recall that by formula (3.1), the smoothing operator R4 can be decomposed
in the form

"

Ra=Tr(Ra)J + > [S;.T]
j=1
where J is any odd-class pseudodifferential projection of rank 1 and S;, T} are smoothing
operators. Summing up, the expression for A becomes

N
k=1

g

Let us reformulate Proposition 3.2.3 in the following way:

Proposition 3.2.4. Assume that M is an odd-dimensional manifold. All traces on
Cloga(M, E) are proportional to one another and uniquely determined by their restric-
tion to smoothing operators. .

In particular, the L?-trace Tr on smoothing operators uniquely extends to a trace Tr on
Cloga(M, E).

Proof: Let A be a linear form on C¥,44(M, E) which vanishes on brackets. By (3.2)
we have A(A) = Tr(R4)A(J) which shows that A is determined by its restriction to
smoothing operators since R4 is smoothing. It moreover shows that all such traces are
proportional. O

3.2.3 Explicit construction of the canonical trace

In [KV1], [KV2] M. Kontsevich and S. Vishik introduced the canonical trace TR for any
non-integer order classical WDO. We recall the construction of this functional and its
properties to show that any trace on Cl,q4(M, E) is proportional to TR. For that let us
first recall the definition of the cut-off integral: for a trace-class operator A the expression
Tr(A) = [i; Jpeas tra(0(A) (2, £))dE do makes sense since the symbol of A has order < —n.
But in generalzthis expression does not make sense. We need to extract a finite part from
a divergent expression of this type using Hadamard finite parts (see e.g. [H, Schw]).

Let A be a classical WDO of order a with local symbol given by formula (1.3):

=

-1

U(A)(.Z‘,f) = O'(I‘,f) = : X(f)Ua_j<I,§) + O-N(xaf)

J

Il
=)

for a fixed positive integer N, with positively homogeneous components o,_;(z,&) of
degree a — j, on(x,€) a symbol of order a — N and y a cut-off function which vanishes



Chap. 3: The canonical trace on odd-class pseudodifferential operators 83

for [¢] < 3 and such that x(§) = 1 for |¢] > 1. Let B:(0, R) be the ball of radius R in
the cotangent space 1y M at point x in M and S; M the unit cosphere at point z. For N
sufficiently large, the integral [ B1(0.7) ON (x,&)dE is well defined. We write

X(E)Tus(w, €)dE + / (O, E)dE.

B3 (0,R)\B3(0,1)

/ N(E)Tus (i, €)dE =
B (0,R)

B;(0,1)

Using the fact that o,_; is positively homogeneous of degree a — j we have

R
/ X(&)oa—j(x,§)dE = / / r¢ It g,z w)dwdr.
B;(O,R)\B;(O,l) 1 |w|:1

If a is an integer, then there exits an integer jy, such that a — jo +7n = 0 and hence for
N—-1> j(),

N-1
>/ (€0, )

N-1 R
- / / re Ity w)dwdr
N-1 1
~ Z —— R / Oa—j(x,w)dw + log R 0 _p(x,w)dw + ¢,.
R—o0 —  at+n-—] lw]=1 lw]=1
7=0
a—j+n#0

where ¢, is a constant term. It follows that the integral [ Bx(0 R)a(x,é)d‘f admits the
asymptotic expansion

/ o, €)de
B:(0,R)

x

N-1

1 .
~ —,Ra+”_J/ Oa_ilx,&)dE + 1o R/ O_n(x, &)dE + c.(0),
R—00 ]Z% a+n-—j s:M (@, )dg & Sear (2, €)dg (o)
a—j+n#0

with the constant term given by

N—-1
ea(0) = /T;Mo—mé)mjzo /B IR GLATEE:
N—-1 1
- > m/gwam(%f)df- (3.4)

Jj=0
a—j+n#0
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We define the finite part integral to be the constant term in the asymptotic expansion:
7/ o(x,&)d¢ == LIM o(x,€)d¢ = c,(0).
M R—o0 /= (0,R)

Remark 3.2.5. Because of the logarithm term in R, we cannot expect the finite part to
be invariant under a change of coordinates. However, as we shall see in further details in
the more general case of log-polyhomogeneous operators (see Lemma 3.5.2), if the order
of A is not an integer, there is no longer a logarithmic term and fT;Ma(A)(x,f)d‘f is

independent of the local representation of o(A)(z,£).
We are now able to introduce the canonical trace:

Proposition 3.2.6 ([KV1]). Let A be a classical operator in CU(M, E) with non-integer
order. Then

TR(A) = / TR, (A)dz = / fT e (0(A) (@, ) dede

1s well defined and satisfies the following elementary properties:
1. For any operator A in CU(M, E) with order a such that a < —n, TR(A) = Tr(A).

2. For A,Bin |J Cl*(M,E) and for any real o in R, such that ord(a A+ B) is not
a€R\Z

an integer, TR(aA + B) = aTR(A) + TR(B).
3. For A, B in C{(M, E) such that ord(A)+ ord(B) is not an integer, TR([A, B]) = 0.

Example 3.2.7. Any differential operator A has a well-defined canonical trace which

vanishes:
/ 7/ tr, (o ,€)) dédz = 0.

Indeed, in local coordinates the symbol of A reads o(A)(x,&) = > pa(x)E* with homo-
laj<a

geneous components oq_;(A)(x,&) = pa(x)€* and on(A)(z,£) =0 for N > a. It follows

that

{ oot = Y paina [ e

la|<a B;(0,R)

R|a|+N>
= Palz I §°dg
> m () L

= 0.
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A fundamental property of the canonical trace is given in the following:

Theorem 3.2.8 ([KV1]). Let a(z) be a holomorphic function on C such that a'(z) # 0
for z ina”{j —n : j € N}. Let A(z) be a holomorphic family of classical operators
of order a(z). Then the function z — TR(A(z)) is holomorphic in the domain {z € C :
Re(a(z)) < —n} and can be extended to a meromorphic function TR(A(z)) with simple
poles at z; = a *(j —n),j € N and the complex residues read:

Res.—., TR(A(z)) = — ) res(A(z;)).

Here res denotes the noncommutative residue.

The canonical trace can therefore be extended by continuity to C'lygq(M, E) when M
is an odd-dimensional manifold. Notice that M. Kontsevich and S. Vishik [KV1] have
already extended the canonical trace to odd-class operators in odd dimension manifolds

using an even order positive definite odd-class operator () and a holomorphic family AQ~*
where A is an odd-class operator.

Proposition 3.2.9. Assume that the dimension of M is odd. Let A be in Clygq(M, E)

and let Q be an admissible operator in Clyqq(M, E) with positive order and spectral cut cv.

The function TR(AQ,?) is holomorphic at z =0 and liII(l) TR(AQ,?) := TR(A) satisfies
Z—

the following properties
1. TR(A) is independent of the choice of Q.

2. For A, B € Clygy(M, E), TR([A, B]) = 0.
3. TR estends the L*-trace on smoothing operators.

Proof: Since the dimension n of M is odd, if A lies in the odd-class Clyqq(M, E),
res(A) = [i; [gons tra(0(A)n(z, €))dE du = 0. It follows from the previous theorem that
TR(AQ?) is holomorphic at z = 0. Hence TR is well defined on operators in Clygq(M)
and is independent of Q. TR extends the L?-trace on smoothing operators since it extends

TR which coincides with the L?-trace on smoothing operators. By applying the previous
theorem to the holomorphic family TR([AQ_?, BQ,?], we obtain TR([A4, B]) =0. O

By Proposition 3.2.4 the extensions Tr and TR coincide so that we have:
TR =TR = Tr.
Proposition 3.2.4 can therefore be reformulated as follows:

Theorem 3.2.10. Assume that the dimension of the underlying manifold M is odd. Any
trace on Clyqq(M, E) is a constant multiple of the canonical trace TR.
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Remark 3.2.11. This was first proved by L. Maniccia, E. Schrohe and J. Seiler in [MSS)].
In [Pa2], S. Paycha proved the uniqueness by proving the equivalence between Stokes’ prop-
erty for linear forms on symbols and the vanishing of linear forms on operator brackets.
R. Ponge in [Po2] classified traces using the fact that any non-integer order operator or
odd-class operators in odd dimensions or even-class operators in even dimensions is a sum
of commutators up to a smoothing operator.

3.3 Classification of traces on C/",,(M, E)

Since C£2,,(M, E) is a subalgebra of Clyg(M, E), we can expect other traces to arise in
this subalgebra. For that, let us reformulate Proposition 3.2.2 and formula (3.3) to the
context of C2,,(M, E). We obtain the following consequences:

Proposition 3.3.1 ([NOJ). If o lies in CS°,,(R") and has the asymptotic expansion

o~ Y Xx0o_j, then there is a finite set {r;,i = 1,--- ,n} of symbols in CS2,,(R™) such
Jj=0
that

n
g — 0g ~~ E 6&.7’1‘.
=1

Proof: Apply Proposition 3.2.2 to the symbol o — g of C'S; L(R™). O

Let us consider a finite trivializing covering {(Uj, ¢;,u;),j € I} of M for E and a fi-
nite subordinate partition of unity {¢;, j € I}. Let A be an operator in C¢>,,(M, E).
Let 07(A) be its symbol read in the local chart (Uj, ¢;). The leading symbol oo(A)
of A is globally defined as a section of End(p*E) where p is the canonical projection
p: T*M — {0} — M. Let o)(A) denotes the leading symbol read in the local chart
(Uj, ;). With the notations of Section 1.2.2, the local operator Op(al(A))’s patched up
to an operator A’ = > 1);¢,, Op(cj(A))¢ip; which has order 0. By abuse of notation, we
jel

write Op(ay(A)) for A’

Proposition 3.3.2 ([NOJ). If A lies in C2,(M, E), then there exist operators By, in
Ce, (M, E), smooth functions oy, k in {1,--- ,n} on M and a smoothing operator R,
such that

n

A= Op(oo(A)) = o, Bi] + Ra.

k=1

Proof: It follows from formula (3.3) applied to A — Op(a¢(4)) of CC, (M, E). O
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As for classical odd-class operators, let us use formula (3.1) to decompose the smoothing
operator R4 in the form

1"

Ry = TR(RA)J + Z[Sj’ TJ]

j=1
where J is any pseudodifferential projection of rank 1 and S;, T; are smoothing operators.
Summing up, we obtain

A= Op(oo(A)) = [Ck, Di] + TR(Ra)J. (3.5)

k=1
where J, Cy, Dy, lie in C2,,(M, E).
We now introduce another type of trace on the algebra C¢°(M, E), defined by S. Paycha

and S. Rosenberg in [PR], which had actually already been considered by Wodzicki in an
unpublished manuscript.

Lemma 3.3.3 (Lemma 3.1 in [PR]). For any distribution \ in D'(S*M), the map Try :
Cl°(M,E) — R given by Try(A) = Atr,(0o(A)) is a trace.

Proof: This follows from the multiplicativity of the leading symbol:
tr(00(AB)) = try(00(A)oo(B)) = try(oo(B)oo(A)) = trz(co(BA)).

O

Using formula (3.5), we observe that:

Theorem 3.3.4 ([NOJ). If the dimension of the underlying manifold M is odd, any trace
on CL°,,(M, E) is a linear combination of the canonical trace and a leading symbol trace.

Proof: This is a straightforward application of formula (3.5). If A lies in C¢2,,(M, E)
N
then A — Op(0o(A)) = S [Cr, D] + TR(R4)J. If X is a trace on C2,,(M, E), applying
k=1
to both sides of the previous expression for A we have

AA) = MOp(oo(A))) + TR(RA)A(J).

By construction, Op(og(A)) is an operator with symbol oy, the leading symbol of A.
Hence, there exists a distribution 7 on C*°(S*M) such that

A(A) = 7(a0(A)) + TR(RA)A(J).
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3.4 The local residue density extended to C¢ (M, E)

The noncommutative residue does not extend to a trace on C**(M, E), where it defines
a Z-graded trace, but the local residue density does extend locally and this extension
turns out to be a useful tool for our purposes.

Let A be a log-polyhomogeneous operator in C¢“F (M, E). Recall that in local coordi-
nates its symbol o(A) has the asymptotic expansion (1.5) given by:

a(A)(z, )NZX(S)UH( (,€) :ZZX 0a—ji(A)(2,€) log" [¢].

In [L], M. Lesch extended the residue trace to a log-polyhomogeneous operator A in
Ct**(M, E) with k > 0 by setting:

resy(A) = (k+1)! /M ros, 4(A) dz = (k+1)! /M < / PSRN dg) dz (3.6)

where

res, x(A) == /*M try (0_nix(A)(2,€)) dE.

Indeed, for a log-polyhomogeneous operator A in Cﬁ“’k(]\/[, E) with £ > 0, the form
O_ni(A)(z,&)dr defines a global density on M. This is not the case for the lower densities
O_no(A)(z,&)dx, - ,0_pr—1(A)(x,&)dx. Nevertheless we set by extension [PS]

ros, y(A) = /S i (oo A),©)) dE, for 1< k. (3.7)

In [Ok2], K. Okikiolu extended the noncommutative residue to logarithms of admissible
operators. Let A be an admissible operator of order a with spectral cut 6. The symbol of
log, A has an asymptotic expansion in local coordinates of the form (2.10)

o(logy A)(z, &) = a log |¢|I + og(x,€) ~ alog || + Y x(€)(0g")—i(x,€).

J=0

K. Okikiolu proved that in that case, the local density denoted by

res, (logy A)dx = / tr, ((07)_n(x,€)) déda

*
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defines a global density so that res(log, A) is called the noncommutative residue of log, A.
In [PS], Definition 1.3, the local noncommutative residue is extended to log-polyhomogeneous
operators by setting res, o(B) = [q.,, trs (0_n(B)(z,§)) d&. Indeed,

res;o(B) = /S*M try (0_n(B)(x,§)) d¢

k

S /S (- (B)(2,6)) log! €] de

=0

_ /S e (rno(B)(26) d

since the logarithmic terms in |£| are cancelled in the integration over the unit cosphere.
It follows that this coincides with the case k& = 0 of formula (3.7). We will denote
res, o(A) := res,(A). For operators in the odd-class in odd dimensions, the local residue
vanishes and hence local residues patch up to a globally defined residue.

Proposition 3.4.1. Assume that M is an odd-dimensional manifold. Let A be a log-
polyhomogeneous operator in Cfgl’i];(M, E). Then res, ;(A) vanishes forl =0,--- |k, hence
res;(A) := [, res, (A)(z, &) dx = 0.

In particular A has well-defined noncommutative residue and
res(A) = / (/ try ((0-n(A)(2,£))) d‘{) dx = resy(A) = 0.
M \JsiM

Proof: The operator A in C’EZ;Z(M, E) is an odd-class operator, so

oni(A)(, =€) = (=1)"0n1(A)(2, ).

The dimension of M is odd and we have to integrate over the unit cosphere S;M
the odd function o_,;(A4)(z,§). It follows that res,;(A) = (—1)"res,;(A) = 0. Hence
res;(A) = [, resy (A)(x, &) dx is well defined and vanishes for any [ = 0,--- , k. In par-
ticular, res(A) = [,,res;0(A)(x, &) dz = 0 so that A has well-defined noncommutative
residue which vanishes. 0O

3.5 The canonical trace extended to C¢ (M, E)

In this section, we extend the canonical trace previously defined on classical operators
with non-integer order and odd-class classical operators to odd-class log-polyhomogeneous
ones. Although such an extension had already been built in [PS], we adopt here a slightly
different point of view and therefore explicitly construct this extension for completeness.
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We use the finite part of a holomorphic family of log-polyhomogeneous operators to prove
that the canonical trace extends by continuity to C¢;7 (M, E).

In section 3.2.3, we recalled the construction of the canonical trace introduced by M.
Kontsevich and S. Vishik [KV1] on classical pseudodifferential operators with non-integer
order and proved that it uniquely extends to a trace on classical odd-class operators
in odd dimensions. On the other hand, M. Lesch [L] further extended the canonical
trace to log-polyhomogeneous operators with non-integer order in the following way: let

e e}

o~ > 3 0, j; log|¢] be alog-polyhomogeneous symbol on an open subset U of R™ with
j=01=0

order a and log degree k. The integral [ B (0.R) o(x, &) d¢ has an asymptotic expansion for

R — oo (see [L] formula (5.5), [PS] Lemma 1.6)

/ o, €) de
B:(0,R)

N—1 k loglJrlR
a+n—
s ) + E: ZE: Pi(0q—j1)(log R)R*™™ 7 + g 11 /;Ua_n,z(x,ﬁ)dﬁ
a—j+n#0

where P(04—;;)(X) is a polynomial of degree [ with coefficients depending on o,_;;. The
finite part integral is defined by the constant term in the asymptotic expansion:

{ olegts =1 [ ol = ulo)

R—o0
B;(0,R)
Remark 3.5.1. This method of extraction of a finite part from a divergent expression is

already used in the classical case in order to define the canonical trace. In fact we obtain
N-1

wlo) = [ vty [ w6t

x

l+1l|

N-1 k
DD a_]+nz+1/SUUaj,l($7€)df~

j=0 1=0
a—j+n#0

As in the classical case, the finite part integral is not invariant under a change of
coordinates of R™. Indeed, the transformation rule is given in the following lemma:

Lemma 3.5.2 ([L] Proposition 5.2). Let P be a regular matriz in GL(n,R) and let o be
a log-polyhomogeneous symbol on an open subset U of R™ with order a and log degree k.
We have the transformation rule

)lJrl

fﬂ o, PE)AE = |det P|~! (fR o, €)dE + Z — /*Ua_n,l(x,g) log!*! yp-lgmg) |
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We refer to [L] for the proof.
Let us now apply these results to odd-class operators CC57 (M, E).

Proposition 3.5.3. If the dimension of M 1is odd, the canonical trace extends to the
algebra CC7 (M, E) of odd-class log-polyhomogeneous operators.

Proof: Let us assume that A in C¢“*(M, E) is odd-class. Its symbol in local coordi-
o k

nates reads o(A) ~ 3 3 0(A)a_j; logh €] with oq_;(A)(z, =€) = (—=1)*To,_;1(A)(x, €).
j=01=0

It follows from Lemma 3.5.2 that TR,(A)dz = <fT*M tr, (0(A)(z,£)) d‘{f) dx defines a

global density on M since we have to integrate over the unit cosphere S M the odd func-
tion o_,, (A)(, £), and for a change of coordinates, the odd function _,, ;(A)(z, &) log™ |P~1¢|.
Hence TR(A) = [,, TR,(A)dz is well defined. O

Independently of the dimension of the underlying manifold, as in the case of classical
pseudodifferential operators, it has been shown by M. Lesch that the canonical trace ex-
tends to non-integer order log-polyhomogeneous operators. We recall in the following
theorem the analogous of Proposition 3.2.6 and Theorem 3.2.8 for log-polyhomogeneous
operators.

Theorem 3.5.4 (Section 5 in [L]). For a in C\ Z, for any positive integer k, there exists
a linear functional TR : CL** (M, E) — C with the following properties:

1. For A in C{**(M, E), TR(A) = Sy TRo(A)dz = [, fon tre (0(A) (2, €)) déda
2. TR[A, B] = 0 if A lies in CL**(M, E), B lies in C/"'(M,E) and a +b ¢ 7Z.

3. Let a(z) be a holomorphic function on C such that a'(z) # 0 for z in a *{j —n :
j € N}. Let A(z) be a holomorphic family of log-polyhomogeneous operators in
Cl** (M E). Then the function z — TR(A(z)) is meromorphic with poles at
zi=a"'(j —n), j in N of order smaller than k + 1 and:

= Lresk(/l(zj))

ReskHTR(A(Z))PZZj (k+1)ad'(z;)

where Resy,11 is the coefficient of (z—2z;) ™" in the Laurent expansion of the meromorphic

function TR(A(z)) and resy is the noncommutative residue defined by formula (3.6).

Let us recall a result which extends results of [PS] to the log-polyhomogeneous case.
This is unpublished work by the authors of [PS] communicated to me by S. Paycha.
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Theorem 3.5.5. Let A(z) be a holomorphic family of log-polyhomogeneous operators in
Cﬁa(z)’k(M, E) parametrized by z in §, a domain of C with non constant order a(z) =
—qz + a. Then for any zy in 0 we have

dr <TRx<A<zo>> > %re%mam(%))) NGE)

=0

fp._. TR(A(2)) = /

M

where fp,_, stands for the constant term in the Laurent expansion.

Applying this theorem to A(z) = AQ.? where A lies in C0**(M, E), @ is admissible
with spectral cut a, zp = 0 and A(0) = A, we obtain the following formula for a log-
polyhomogeneous operators [PS]:

k

fp,_TR(4Q,%) = /M dx <TRx(A) - Z (_ql)z+1 res,; (A(log, Q)l“)) . (3.9)

Remark 3.5.6.

1. If A is a classical VDO, formula (3.9) gives back the defect formula of [PS]

fp,_ TR(AQ,?) = / dx (TRx(A) - %resz(Aloga Q)) : (3.10)

M

2. If A is a logarithmic operator i.e. if the symbol of A is of the form
o(A)(,€) ~ Yloglg| + Y x(§)oa—i(A) (. €),
j=0
by formula (3.9) we get

dx (TRQ;(A) — %resLO(Aloga Q)+ %resm (A(loga Q)2)) .
(3.11)

fp._ TR(AQ") = /

M

The following theorem compares regularized traces with the canonical trace, thus
generalizing a result of [Pa2] established in the classical case.

Theorem 3.5.7. Assume that the dimension of M is odd. Let A(z) be a holomorphic
family of log-polyhomogeneous operators in C’ﬁa(z)’k(M, E) with non constant order a(z) =
—qz + a.
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1. If A(0) = A lies in the odd-class then,

ooy TRUAG) = TROA) + 30 Es [ e esca(a® o).

1=0
2. If A(0) = A and if for all positive integers j, AY)(0) lies in the odd-class then,

fp,_oTR(A(z)) = lim TR(A(z)) = TR(A).

z—0

Proof:

1. Let us assume that A(z) lies in C¢**)*(M, E). Since A(0) = A lies in the odd-
class, by Proposition 3.5.3 TR(A) is well defined TR(A) = [, TR, (A)dz. Applying
formula (3.8) to the holomorphic family A(z) at z = 0, we have

fp._oTR(A(z)) = TR(A) + Z % /M dx (res%l(A(lJ’l)(O))) :

=0

2. If A(0) = A and for all positive integers j, AY)(0) lies in the odd-class using Propo-
sition 3.4.1, we get res,; (AY)(0)) = 0 so that fp,_ TR(A(z)) = lin% TR(A(2)) =
2
TR(A).

O

Example 3.5.8. Let A be a classical odd-class operator and let () be an admissible odd-
class operator with positive order q and spectral cuts o and o — qm. Consider the holo-
morphic family A(z) = A%. For 1 > 0, AY(0) lie in the odd-class. We have
A(0) = A and forl > 1, AV(0) = A(log™™ Q)'. In odd dimension, the family A(z) fulfills
the assumptions of the theorem so that:

fp,_oTR (AW) = lim TR (AW) = TR(A).

0

When @ has even order, the same result holds with A(z) = AQZ.

We are ready to check the expected cyclicity property of TR on C€,(M, E) thus
extending the result of M. Kontsevich and S. Vishik [KV1].

Corollary 3.5.9. Assume that the dimension of M is odd. For any odd-class operators
A, B inCCH(ME),
TRI[A, B] = 0.
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Proof: This follows from applying Theorem 3.5.7 to the family A(z) = [AQ?, BQZ).
Here () is an odd-class admissible operator with even order ¢ and spectral cut «. The
operator A(z) is a holomorphic approximation of the bracket [A, B]. Using Leibniz’s rule,
we have for j > 0:

J
A (z) = " C} [A(log, Q) Q% B (log, Q)™ QZ]

=0

and at z = 0,
J
AD(0) => "} [A(log, Q)', B(log, Q)] .
=0

The operator A (0) lies in the odd class since this class is stable under products and
log,, @ lies in the odd-class. Thus, by Theorem 3.5.7, fp,_TR(A(2)) = TR([A, B]). Now
using the fact that the canonical trace vanishes on non-integer order brackets and taking
finite parts as z — 0 we get TR[A, B] =0. O
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Chapter 4

The regularized trace of the
logarithm of a product

In this chapter we compare regularized traces of the logarithm of a product of classical
pseudodifferential operators with the sum of the regularized traces of the logarithms of
the operators involved in the product. We therefore investigate regularized traces of the

difference:
L(A, B) :=log(AB) — log A — log B.

Since L(A, B) has vanishing residue [Sc|, it can be expressed as a finite sum of operator
brackets (Proposition 4.4.2), a property from which we then infer that a regularized trace
of this difference L(A, B) is local as a finite sum of noncommutative residues (Theorem
4.4.3). Theorem 4.5.2 provides an explicit local formula for a regularized trace of L(A,B)
in terms of the noncommutative residue. We first recall known properties of regularized
traces.

4.1 Weighted traces of classical pseudodifferential op-
erators

Since traces on CY(M, E) are proportional to the noncommutative residue which van-
ishes on smoothing operators, the L2-trace on smoothing operators does not extend to
the whole algebra C¢(M, E). Instead we use linear extensions called weighted traces, of
the ordinary L?-trace on smoothing operators to the whole algebra C¢(M, E). Weighted
traces studied in [MN] are defined via meromorphic extensions of generalized zeta func-
tions.

Given an admissible operator @ in CY(M,FE) with positive order ¢ and spectral cut

96
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a, and given an operator A in C¢(M, E) with real order a, we can approximate A by
a holomorphic family A(z) = AQ,? where Q,? is the complex power defined in (2.2).
Recall (Theorem 3.2.8) that the map z — Tr(AQ,?) is holomorphic on the domain
{z € C,Re(z) > **} and has a meromorphic extension TR (AQ*) to C with simple

n+a—j

poles at z; = , 7 in N and the complex residues read:

Res.—., TR(AQ.?) = éres (AQ.%) .

Using this meromorphic extension, one can defined the Q-weighted trace of any classical
operator A by [MN]:

. . . 1
Tr9(A) == fp,_ TR (AQ,7) = llg(l) (TR (AQ.?) — - res(A)) .
The admissible operator () with positive order ¢ and spectral cut « is called a weight.

Remark 4.1.1.

1. If the classical operator A is trace-class, then AQL* is also trace-class in a neigh-
borhood of = = 0 so that Tr?(A) = Tr(A) is the usual trace of A.

2. If the dimension of M is odd and A lies in Clyqq(M, E) then res(A) = 0 and by
Theorem 3.5.7, Tt%(A) = TR(A) is independent of the choice of the weight Q as
long as log, @ lies in the odd-class, a property which holds in particular if Q lies in
the odd-class and has even order.

Weighted traces are not cyclic on C¢(M, E) in spite of their names but they are
interesting because they do not vanish on trace-class operators for which they coincide
with the ordinary trace. Let us recall basic properties of weighted traces.

Proposition 4.1.2 ([CDMP], [MN]). Let A and B be two operators in CU(M, E). For any
weight Q with positive order q and spectral cut o, the operators [A,log, Q] and [B,log, Q]
lie in CU(M, E) and

Tr9 ([A, B]) = —é res (A [B,log, Q]) = éres (B[A,log, Q). (4.1)

In particular, if Q = A or Q = B then Tr% ([A, B]) = 0.

Proof: By Lemma 2.1.12, the operators [A,log, ] and [B,log, Q] are classical. Let

a be the order of A and b the order of B. For Re(z) > ‘“Lb%, the map z — Tr ([4, B]Q,?)
is holomorphic and

Tr ([A, BIQ7) = Tr(AB,Qu7] + AQ."B — BAQ,?)
= T (A[B,Q27) +[AQ.7, Q. B))
= Tr (A[B, Q;Z]) .
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Moreover, since the noncommutative residue vanishes on brackets of classical operators,
we have 0 = res([A, B]) = qRes.—oTR([A, B] Q.?). Hence, the map z — TR ([A, B]Q.,?)
is holomorphic at z = 0 and so is the map z — TR (A[B, Q.?]) . It follows that

¢ (A, B]) = fp,oTR ([4, B]Q.)

= Res,_oTR(z'A[B,Q;7]) = éres (%(A[R Q;Z])Z_())

_ —éres (A[B,log, Q]).

The second equality immediately follows from the trace property of the noncommutative
residue. O

4.2 Weighted traces involving logarithms

Recall from Lemma 2.1.12 that, whereas a logarithm is not classical, the bracket [A, log B]
is classical for A classical and B admissible, and recall from Lemma 2.1.10 that if A is

also admissible then % — logTB is classical where a is the order of A, b the order of B.

Corollary 4.2.1. Let A and B be admissible operators in CU(M, E) with spectral cuts 6
and ¢ respectively. For any weight () with positive order q and spectral cut o,

Tx2 (logy 4, ) = ——ves ((logy A — § log, B\, 1og, Q) (4:2)

where a > 0 is the order of A and b > 0 is the order of B.
In particular,

Try) ([logy A, B]) = Trf ([logy A, B]) = Try ([logy A, log,, B]) = 0. (4.3)

Proof: Since [logy A, B] = [logy A — $log, B, B] and logy A — ¢log, B is a classical
operator (formula (2.12)), by the above proposition we have

1
Trg ([logy A, B]) = —5 res ((loge A— %log¢ B)[B,log, Q]> .

If Q = A, it follows that

1 a
Try ([logy A, B]) = —_Tes <(10g9 A— 7 logy B)[B, log, A])
1 a a
= ——res <(log9 A— 7 logy B)[B,logy A — 7 log, B]>

a

= —é res <[(10g9 A 2 logy B)B,logy A — %10g¢ B})
=0
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since [(logg A — ¢ logy B)B,logy A — ¢log, B] is a bracket of classical ¥DOs and the
residue is tracial.
If Q@ = B, since B and logy B commute i. e. [B,log, B] = 0, then

1 a
T/ ([logy A, B]) = —es ((logy A — 5 log, B)[B,log, B]) = 0.

Now Try ([logy A, log, B]) = Try ([logy A, log, B — 2logy A]) = 0, with B replaced by
logy B — g log, A.

Let us provide an alternative direct proof of this last statement. Since the map z —
TR([B,logy A]A~*) is meromorphic by Theorem 3.2.8 and since TR is cyclic on non integer
order operators, we have the following identity of meromorphic functions:

TR ([B,log, AJA;?) = TR (Bllog, A, 4;7]) = 0

using the fact that log, A commutes with A, . It follows that the constant term Try' ([logy A, B])
in the Laurent expansion vanishes. Similarly we prove that Trf ([logg A, B]) =0. O

Remark 4.2.2. Using the definition of the weighted trace,

Tr ([logy A, B]) = lgrg) (TR ([logy A, B] Ay?) — a_lz res([logy A, B])> .
Since TR ([B,logy A]A, %) = Tr; ([log, A, B]) = 0, we immediately deduce that
res ([logy A, B]) =0
from which we infer (using the formula [logy A,log, B] = [logy A, logy B — 2logy A]) that
res ([logy A, log, B]) = 0. (4.4)

Replacing in formula (3.10) the Lh.s. fp,_ TR (AQ5?) by Tr%(A) yields the following
defect formula for weighted traces:

Tr9(A) = /M da (TRx(A) — éresm(A log, Q)> : (4.5)

When A is a differential operator, then TR, (A) vanishes for any x in M (Example 3.2.7)
and res, (A log, @) dz defines a global density in which case

«

Tr9(A) = —é res(A log, Q)
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is a local expression. If res(Alog, ()) vanishes, e.g. if A has non integer order or in odd
dimensions if both A and @ lie in the odd-class and @ has even order, then TR, (A) dx
defines a global density so that TR(A) is well-defined and

Tr9(A) = TR(A).

Generally speaking, weighted traces are not expected to be local. However the difference
of two weighted traces is local. Indeed, given two weights ()7 and ()» with spectral cuts
aq, ay and positive orders ¢, g, substracting the above expression (4.5) obtained with
()2 from the one obtained with @); we get back the well-known formula [MN], [CDMP]:

loga2 QQ _ lOgOZ1 Q1>)
42 a1 ’

TrQ!(A) — Tr¥2(A) = res (A ( (4.6)

which is local keeping in mind that the difference logﬁ G _ logi; 9 Jies in CUM,E).

Weighted traces can be extended to logarithms: let A be an admissible operator in
CU(M, FE) with positive order a and spectral cut #. Given an admissible operator ) in
CU(M, E) with positive order ¢ and spectral cut «, the map z — TR(log, AQ,?) is
meromorphic with simple pole at z = 0 and the complex residue reads ([Dul], Lemma
11.4.2):

1
Res,—oTR(logy AQ.?) = —res <log9 A2 log,, Q) .
q q

The Q-weighted trace Tr%(log, A) is defined as before, picking out the constant term of
the meromorphic map z — TR(log, A Q.7) i.e.

Tr?(logy A) == fp,_oTR (logy A Q7).
With these notations we have (g ,(0) = ~Tr%(log, Q) = — lim,_,o TR(log,, @ Q5?).

Let us recall that weighted traces of logarithms depend on the choice of the weight in
the following way (|Ok2] Lemma 0.1, [Dul] Proposition 11.4.6): Let A, @1, Q2 be admis-
sible operators with orders a, qi, ¢ respectively and spectral cuts 0, oy, as respectively.
Then

Trgl1 (logy A) — Tro%2 (logy A)

1 1 1
= —Tes [<log9A _— log,, Ql) ( 080, @1 _ 1084, Q2>}
2 q1 q1 42

1 1 1
——res [<log9 A-2 log,,, Q2> ( 080, Q1 108, Qz)] . (4.7)
2 G2 ¢ 1P
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4.3 Weighted traces of differentiable families of op-
erators

For further use, we prove in the following property by which the canonical and weighted
traces as well as the noncommutative residue commute with differentiation on differen-
tiable families of operators with constant order. Differentiable families of symbols and
operators are defined in the same way as holomorphic families in Definitions 1.1.3 and
1.2.10 replacing holomorphic by differentiable.

Proposition 4.3.1 ([OP]). Let A; be a differentiable family of CU(M,E) of constant
order a.

1. The noncommutative residue commutes with differentiation

d .
Eres(At) = res(A). (4.8)

where A; = 4 A,.

dt

2. If the order a is non integer, the canonical trace commutes with differentiation

d .
- TR(A;) = TR(A)). (4.9)

3. For any weight () with positive order q and spectral cut «,

%Trg(At) = Tr9(4,). (4.10)

Proof: By formula (1.3) we write

=z

-1

o(A)(x, ) = Y X(§) ga—j(Ar)(2, &) + on(Ar)(2,E).

J

I
o

1. By assumption, the map ¢ + tr, (0_,(A¢)(x,-)) is differentiable leading to a dif-
ferentiable map t — [g,,, try (0_n(Ay)(2,-)) after integration over the compact set
SiM with derivative: t — [q. try (6_n(A¢)(z,-)), where o(A;) = o(A;) stands
for the derivative of o(A;) at t. Thus, the map t — res(A;) is differentiable with
derivative

d .
Eres(At) = res(A4;).
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2. Since TR(4;) = [}, fT* try (0(Ap)(z,€)) dédz, to prove formula (4.9) we need to

check the differentiability of the map t — .., tro(c(A¢)(x,-)) and to prove that

% T;Mtrx(U(At)(x, Y)) = f;Mtrx(d(At)(x7 ),

where as before (4;) = o(A,) stands for the derivative of o(A;) at t.

The cut-off integral involves the whole symbol and we set o; := o(A;) in order
to simplify notations. Since the family o; has constant order, N can be chosen
independently of ¢ in the asymptotic expansion. The corresponding cut-off integral
is given explicitly by (3.4):

7/ , elorte ) de

_ / e (o0 (@,9)) d + N /5 RIGL (00, (@.9)) de
N-1 1
_jova—zj-i-n;éo m /S;Mtrgﬁ (<Ut)a—j (wi)) dw.

The map t — [, tre ((00) y (2,€)) d€ is differentiable at any point ¢, since by as-
sumption the maps ¢ > tr, ((o¢) ) are differentiable with modulus bounded from
above |tr, ((6¢) )| < C)€|*™N by an L' function provided N is chosen large enough,
where the constant C' can be chosen independently of ¢ in a compact neighbor-
hood of ty. Its derivative is given by t fT;M try ((60) y (2,€)) d€. The remaining

integrals [, x(€) tro ((at>a7j (x,é’)) d¢ and [, tr, <(O’t)a7j (:c,w)) dw are also
differentiable as integrals over compact sets of integrands involving differentiable
maps t — tr, <(Ut)a_j) with derivatives given by [o. . x(§) trg ((dt)a_j (x,f)) dg
and f&\ . ((dt)afj (x, w)) dw. Thus, the map ¢t — TR(A,) is differentiable with

derivative p
7 TR(A) = TR(A,).

. By formula (4.5) we have

q

1) = [ do( entotan e [ (ol 08, @)z, )

which reduces the proof of the differentiability of ¢ — Tr%(A;) to that of the two
maps t = .. troo(Ay)(z,-) and t = [o., res, (0_n(A¢ log, Q)) (z, -).
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Differentiability of the first map was shown in the second item of the proof. Let us
therefore investigate the second map. By (1.2) we have

(=)

al

o (A log, Q) = Y

la|+a—j—k=—n

O 0ay(A)) oy (log, Q).

By assumption, the maps ¢t — o,_;(A;) are differentiable any non negative integer j
so that the map t — [, res, (0_,(4; log, Q)(z,-)) is differentiable with derivative

given by the map t — [, res, (6_,(4; log, Q)(z,-)) . Integrating over the compact
manifold M then yields that the map t — Tr%(A,) is differentiable with derivative

%TI'QQ(At) = Trg(At)

4.4 Locality of the weighted trace of L(A, B)

Let A and B be two admissible operators in C¢(M, E) with positive orders a and b and
spectral cuts # and ¢ respectively. Assume that their product AB is also admissible with
spectral cut 1). We consider the following expression

L(A, B) :=log,(AB) —logg A — logy B.
In [Sc], S. Scott showed the multiplicativity of the associated residue determinant
detyes(A) := exp(res(log A)).

He actually showed more, namely that given two admissible operators A and B such that
their product AB is also admissible,

res(L(A, B)) = res(log, (AB) — logg A — log, B) = 0. (4.11)

Remark 4.4.1. Strictly speaking, we should specify the spectral cuts 0 of A, ¢ of B and
W of AB in the expression L(A, B) setting instead

LP%(A, B) :=log,(AB) — logy A — log, B.
Then by formula (2.9)

LV (A, B) — L"*'(A, B) = —2im (Il (AB) — g (A) — Iy (B))
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so that a change of spectral cut introduces pseudodifferential projections which have van-
ishing residue by results of M. Wodzicki [W2]. Thus, a change of spectral cut does not
affect the residues.
More generally, we can choose fixed spectral cuts 0 and ¢ by the following argument of K.
Okikiolu [Ok1]:

L9’¢’¢(A, B) = L7r,7rﬂl1—(9+<zﬁ)(ei(ﬂ—é’)A7 ei(ﬂ—ﬂﬁ)B).
Indeed, if A, B, AB have spectral cut 6,$,1 respectively, then A’ = ™A and B' =
™9 B have spectral cut ™ and A'B’ has spectral cut 1) + 21 — 0 — ¢. So we can assume
that 0 = ¢ = 7 without loss of generality. To simplify notations, we drop the explicit
mention of the spectral cuts.

Any trace on C¢(M, E) i.e. any linear form on C¢(M, E) which vanishes on commuta-
tors [CU(M, E),Cl(M, E)] is proportional to the noncommutative residue [W1] (see also
[K]); in other words:

VAe CUM,E) (res(A)=0= A€ [CUM,E),Cl{(M,E)]).
It follows from (4.11) that
L(A,B) € [CUM,E),Cl(M, E)]

so that L(A, B) is a finite sum of commutators. The following proposition provides a
refinement of this statement.

Proposition 4.4.2 ([OP]). Let A and B be two admissible operators, which w.l.o.g. are

assumed to have w as spectral cut, such that their product AB is also admissible with

spectral cut w. Then L(A, B) is a finite sum of Lie brackets of operators in C{°(M, E):
L(A,B) € [C{°(M, E),Ct°(M, E)].

Proof: Up to a pseudodifferential projection, let us check that L(A, B) lies in C¢°(M, E).
Since AB has order a + b, by Lemma 2.1.8 we have

o(L(A, B))(x,§)
= o(log AB)(z,§) — o(log A)(z,§) — o(log B)(x, )
= (a+0) log | + 05" (2,€) — alog ||I — og'(x,€) — b log |¢] I — o7 (,€)
= 05" (2,€) = 0g'(2,§) — 07 (2,€)
where 0§ denotes the symbol of order zero associated to the symbol of log C. It follows

that the operator L(A, B) is indeed classical of order 0 with leading symbol given for any
(z,€) € T"M — {0} by
oL (L(A, B))(x,€6) = logo“(AB)(x, %) —log o™ (A) (x, é—,) ~log o™ (B)(x,
§

=: L(UL(A>7 0L<B))(x7 E

€
&)

).
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Here as before, o (C) stands for the leading symbol of the operator C.

Let us apply the usual Campbell-Hausdorff formula to the matrices o*(A)(z, &) and

N
ol(B)(x, é—|) and implement the fibrewise trace tr,. This yields:

e, (LoH A B e )

= tr, (log o*(AB)(x, %) —log o™ (A)(

It follows that any leading symbol trace Try(C) := X (try(00(C))) (Lemma 3.3.3) on the
algebra C(°(M, E) where X is a current in C*°(S* M)/, vanishes on L(A, B):

§

x,E) —logok(x § )> =0.

el

T (L(A, B)) = A (tx, (00(L(A, B)))) = 0.

Thus both the noncommutative residue and leading symbol traces vanish on L(A, B).
But by the results of [LP], any trace on C¢°(M, E), i.e. any linear form on C¢°(M, E)
which vanishes on [C¢°(M, E), C¢°(M, E)], is a linear combination of the noncommutative
residue and a leading symbol trace. Consequently all traces on C¢°(M, E) vanish on the
operator L(A, B) which therefore lies in [C¢°(M, E), C*(M, E)]. O

Since the operator L(A, B) is classical we can compute its weighted trace. The following
result is reminiscent of an observation made in [Okl] (see also [Sc]), namely that only
the first n homogeneous components of the symbols come into play for the derivation of
the Campbell-Hausdorff formula for operators with scalar leading symbols; the weighted
trace of L(A, B) presents a similar feature in our more general situation.

In the following, to simplify notations, we drop the mention of the spectral cut «a of
the weight Q.

Theorem 4.4.3 ([OP]). Given a weight @ and two admissible operators A and B in
CU(M, E), the weighted trace Tr®(L(A, B)) is a local expression as a finite sum of non-
commutative residues.

If both operators A and B have non negative order, then for any operator S in CU(M, E)
with order whose real part is < —n,

%TrQ(L(A(l +t9), B)) = %TrQ(L(A, B(1+1t9))) =0, (4.12)

so that Tr?(L(A, B)) only depends on the first n homogeneous components of the symbols
of A and B.
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Proof: By Proposition 4.4.2, L(A, B) is a finite sum of commutators of zero or-
der classical pseudodifferential operators [P;, @);]. By formula (4.1), each weighted trace
Tr%([P;, Q,] is proportional to res (Q; [P;,log, Q]). Since P; and Q; are of order zero, so
is Q;][P;,log, Q] of order zero so that Tr?(L(A, B)) is indeed a finite sum of noncommu-
tative residues of zero order operators.

Let us check that requirement (4.12) is equivalent to the fact that Tr%(L(A, B)) only
depends on the first n homogeneous components of the symbols of A and B.

Given an operator S in C¢(M, E) of order < —n and an operator A in C¢(M, E) of order
a, we first observe that in any local trivialization the first n homogeneous components of
the symbols of A and A(1+ S) coincide since AS has order a — n. Conversely, if the first
n homogeneous components of the symbols of two classical operators A and B of orders
a and b coincide, then a = b and if B is invertible, the first n homogeneous components
of the symbol of B! defined inductively using formula (1.2) by:

os(B™) = (ow(B))",
—i)led
B = @) Y T e (B oo (87,

ko =5,1<j

coincide with that of the symbol of A~! since the terms corresponding to j < n only involve
homogeneous components o;_(B) = 0, 1(A) and 0_,_;(B~!) with k and [ no larger than
n. Consequently, by (1.2) it follows that S = A~! B has order < —n. Thus, showing that
the expression Tr%(L(A, B)) only depends on the first n homogeneous components of A
amounts to showing that Tr%(L(A + S, B)) = Tr?(L(A, B)) for any classical operator S
of order < —n.
This part of the proof is inspired by steps of Okikiolu’s proof of the Campbell-Hausdorff
formula [Okl]. Let us further observe that the proof of (4.12) reduces to the proof at
to = 0. Indeed for any real number ty, for any S, T in C¢(M, E) of order < —n and for
any admissible operators A, B, C, D, we have

d

i@ Tr9(L(C(1 +tT),D)) = 0 = % . Tr?(L(A(1 +tS), B)) = 0. (4.13)

To check this implication, we set u =t — 3 so that
1+tS=1+tS+uS = (1+uS(1+1tS) ") (1+1t)9).
Setting T' = S(1 + t,S) ™! which also has order < —n, we have
A(1+tS) = A1 +uS(1 +tS) (1 + t5S8) = A(1 +uT)(1 + t,95)

and
A(1+tS)B = A1 +uT)(1+t,S)B.
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It follows that

L(A(1+1tS),B) — L(A(1 + uT), (1 + t,S5)B)
= log(A(1 +1tS)B) —log(A(1 +tS)) —log(B) — log(A(1 + uT)(1 + t,S)B)
+1log(A(1 4+ uT')) + log((1 + tyS)B)
= —log(A(1+uT)(1+1tS)) — log(B) + log(A(1 + uT')) + log((1 + t,.S)B)
— L(1+1S, B) — L(A(1 +uT),1+15),

and hence
L(A(141tS),B) = LIA(1 +uT), (1 +t,S)B) + L(1 + t¢S, B) — L(A(1 +uT), 1 + t,S).

Differentiating w.r. to t at t = t5 on the L.h.s boils down to differentiating the r.h.s. at
u = 0 and the implication (4.13) then easily follows.
We are therefore left to prove that %h:OTrQ(L(A(l +t5), B) = 0. Applying (4.10) to the

operator A, := L(A(1+tS), B) we have

d

d
alt:OTrQ(L(A(l +15), B)) = Ti? (%ho (L(A(1 +t5), B))) _

We therefore need to investigate the behaviour of as t — 0. Since

L(A(1+tS),B)—L(A,B)
t

L(A(1 +1S), B) — L(A, B) = log(A(1 + tS)B) — log(AB) — (log(A(1 + tS)) — log A) ,

let us study the difference log(A(1 + tS)C') — log(AC) with C equal to either B or the
identity operator. Applying Proposition 2.1.14 to A; := A(1 +tS)C so that Ag = AC
and Ay = ASC, and then implementing the weighted trace Tr% yields

%IHT& (log(A(1 + £S5)C))
= TOASC(A0) ) + Y0 milk kL(ASC) (AC)" D) 4 TYQ(Ryc(AC, ASC))

for arbitrary large K, with remainder term

Ri(Ay, A) = —% logg A [(A — AC) ™, ad%,(ASC)] (A — AC) " an.
1)
But for any positive integer k, by (4.1) we have
@ (adhio(ASC) (AC)" ) = Ti? (adac(adli (ASC)) (AC) =)
= Tr% (adac (adli (ASC) (AC)~ D))
= éres (adbic! (ASC) (AC)~ T [AC, log Q)
= 0,
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since the operator ad® (ASC) (AC)~*+V [AC,log Q] has order (k —1)(a +¢) +a+ ¢+
s—(k+1)(a+c) =s—a—c (here s is the order of S, a the order of A, ¢ the order of
(') and hence, is smaller than —n. Thus

% Th? (log(A(L + 5)C)) = Tk? (ASC (AC)™) + Th® (Ry (AC, ASC)),

independently of the choice of the integer K. The remainder term

Tr?(Ry(AC, ASC)) = —Tr% <i / logg A [(A— AC) ! adf{ (ASC)] (A — AC) K1 d>\>
1)

2

depends on S via the iterated brackets ad’{,(ASC) and hence via K. Since it is indepen-
dent of K, it is also independent of S. Setting S = 0 which has order < —n, we infer that
Tr?(Ry (AC, ASC)) vanishes for all positive integers K. Thus

e (log(A(1 +tS9)C)) = Tr? (ASC (AC) ™) = Tx? (ASA™)

dt),—o
independently of C'. Setting back C'= B and C' = [ yields
d
—  T9(L(A(1+tS), B))
dt),—o
o4 o4
= T — log(A(1+tS)B ) —Tr% | — log(A(1+1tS9))
dt |- dt |,—o
= 0.

4.5 A local formula for the weighted trace of L(A, B)

We derive an explicit local expression for the weighted traces Tr?(L(A, B)) of L(A, B)
(Theorem 4.5.2). Our approach is inspired by the proof of K. Okikiolu for the Campbell-
Hausdorftf formula for operators with scalar leading symbols. In the case of operators
with scalar leading symbols, as it was noticed and used by K. Okikiolu, as from a certain
order in the Campbell-Hausdorff expansion, one can implement ordinary traces since the
iterated brackets have decreasing order. In our more general situation, such a phenomenon
does not accour so that we use weighted traces instead.

Proposition 4.5.1 ([OP]). Let A and B be two admissible operators in CU(M, E) with
positive orders a and b. We have the following identities for weighted traces: for any real

p >0,
d

dt =0

d

TrB(L(AY, BY)) = —
LA BY) =0,

TrA(L(A, B*) = 0
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as well as for the noncommutative residue:

- L(A', B*)) = 0
Gt g S AL B)) =0,

provided there is some positive € such that A'B* is admissible for any t €] — €, €.

Proof: Let us prove the result for the B-weighted trace; a similar proof yields the
result for the A-weighted trace. By Proposition 4.3.1, weighted traces and the residue
commute with differentiation on constant order operators so that

d B t o _ B d t w
s (L(A , B )) =Tr dt|t:0L(A , B")
resp.
d d
— L(A', B")) = L(A'. B") ).
dtu:ores( (4" )) e (dtt 0( (4 ))
But

d d d
—  L(A", B") = — log(A'B") — — log A") .
dt jt=0 (4%, B") dt jt=0 og( ) dt jt=0 ( 08 )

We therefore apply Proposition 2.1.14 to A; := AtB“ so that A9 = B", including the
case = 0 for which 4, = A* and Ay = I. Since Ay = log A B* and Ay A" = log A,
implementing the weighted trace Tr? yields

d
i 0T1rB (log(A"B"))

K

1

= Tr%(logA) + Pt B (adk, (log A B*) B~ D) TvP (R (B*, log A B*))
k=1

for arbitrary large K, with remainder term

Ric(B"log ABY) = —5— [ logy A [(A = B) ™" adf.(log A BY)] (A = B*) ™" d\,
But for any positive integer k, by formula (4.1) we have
Tr? (adf, (A B*) B*E) = TvP (adpu(adfy.' (A B*)) B~+kD)
= Tv? (adpu (adf;,' (A B*) B#HD))
1
= —res (ad};,' (A B*) B~ [B* log B])

b
= 0,
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since B commutes with log B. A similar computation shows that
TrP (R (B*,log A B*)) = 0.

Thus

%I Tr” (log(A'B*)) = Tr” (log A) .

independently of the choice of the integer K. It follows that %h:OTrB (log(A*B*)) =
Tr” (log A) independently of x so that

d

_ B t Ry —
dt|t:0Tr (L(A", B*)) = 0.

Similarly, replacing the weighted trace Tr® by the noncommutative residue res and using
the cyclicity of the noncommutative residue, yields

_ t pry) —
dt|t:0res(L(A,B)) 0.

O

The following statement provides a local formula for the weighted trace of L(A, B). It also
shows that the residue of L(A, B) vanishes and therefore yields back the multiplicativity
of the residue determinant derived in [Sc].

Theorem 4.5.2 ([OP]). Let A and B be two admissible operators in CU(M, E) with
positive orders a and b. Assume that there is some positive € such that A'B is admissible
for any t €] — €, €¢|. Then we have

res(L(A, B)) = 0.

Moreover, there is an operator
d t
W(r)(A, B) := %‘ L(A*, A"B) (4.14)
t=0

in CL°(M, E) depending continuously on T such that

Te(L(A, B)) = /0 s (W(T)(A, B) <1Og<ATB ) _ los Q)) dr (415)

at +b q

where Q) is any weight of positive order q.
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Proof: By Proposition 4.5.1, we know that
d
dt [t=0

We want to compute

res(L(A', B)) = 4 Tr(L(A', B)) = 4 TrP(L(AY, B) = 0.
dt [t=0 dt [t=0

d d
— L(A'. B)) = — L(A™™ B
dt|t:TreS( ( ’ )> dt|t:0res( ( ’ ))
and p p
—  T9L(AL B)) = — Tr9(L(A™7, B)).
dt jt=r : ( ( ’ >) dt jt=0 g ( ( ’ >)

For this we observe that
L(AB,D) — L(A,BD) = —log(AB) — log(D) + log A + log(BD) = L(B, D) — L(A, B)
Replacing A by A, B by A™ and D by B, we get

LA™ B) — L(A", A"B) = L(A",B) — L(A", A™) = L(A", B).
Implementing the noncommutative residue, by Proposition 4.5.1 we have:

d d

res(L(A", B)) res(L(A"™7, B))

£|t:7' £|t:0
d
= — L(A", A"B
dt|t:0reS( (A, A™B))
= 0.
Hence since res(L(1, B)) = 0.
1
res(L(A, B)) = i@, res(L(A", B))dr +res(L(I, B)) = 0. (4.16)
0 t=1
If instead we implement the weighted trace Tr?, we have:
d d d
—  T9LALB) = — T(L(A™,B))=— Tr(L(A", A™B)).
G MOLALB) = 5 MOLAYT ) = 5 TO(LALAB)

Since A and B have positive order so has A™ B so that applying Proposition 4.5.1 with
weighted traces Tr" P yields:

a
dt [t=T

4
dt [t=0
d

= — TVPLALAB
G (HALATE))

d t AT A™B t AT
Vs (Tr9(L(A', A"B)) — TeA" P (L(A', A™B)))
- %n—o (Tr®(L(A", A”B)) — Tr"P(L(A", AB))) .

Tr9(L(A', B) = Tr9(L(A!, A™B))
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Applying (4.6) to Q1 = Q and Q3 = A” B, we infer that

% (MOLALATB)) - TV (LA, A7B))
— d t AT 10g(ATB) lOg Q
= EIt:Ores (L(A ,A"B) ( e ))

log(A™B)  logQ
ar + b q ’

= res (W(T)(A, B) (
where ¢ is the order of @) and where we have set W (71)(A, B) := %u:oL(At’ A™B). Since
Tr?(L(A° B)) = 0, we finally find that

Tr9(L(A, B)) = TxQ(L(A', B)) — Te?(L(A°, B))
_ /0 res (W(T)(A,B) (lofg f)—IOgQ»dT. (4.17)

q
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Chapter 5

The multiplicative anomaly for
regularized determinants

In this chapter we investigate the multiplicative anomaly for regularized determinants of
elliptic operators. The local formula for the multiplicative anomaly of weighted deter-
minants (Proposition 5.2.1) corresponds to an exponentiated weighted trace of L(A, B)
studied in the previous chapter. It compares with the multiplicative anomaly for the
(-determinant by a local term which, combined with the explicit formula for regularized
traces of L(A, B), provides an explicit local formula for the multiplicative anomaly of the
zeta determinant (Theorem 5.3.2).

5.1 The (-determinant and the weighted determinant
The determinant on the linear group GI(IR") reads
det A = exp (tr(log A))

where tr is the matrix trace. It is independent of the choice of spectral cut used to define
the logarithm and is multiplicative as a result of the Campbell-Hausdorft formula and the
cyclicity of the trace, namely:

det(AB) = exp (tr(log AB)) = exp (tr(log A + log B)) = det Adet B.

This determinant extends to admissible operators by means of the (-determinant: an
admissible operator A in C'¢(M, E) with spectral cut 6 and positive order has well-defined
(-determinant:

detcg(A) == exp (=) 4(0)) = exp (Try (logy A))

114
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since the (-function (4 ¢(2) := TR(A,?) is holomorphic at z = 0. In the second equality,
the weighted trace has been extended to logarithms as before, picking out the constant
term of the meromorphic map z — TR(logy A Q7).

The (-determinant were first introduced by D. B. Ray and M. I. Singer [RaSi] in re-
lation with the R-torsion. K. Okikiolu investigated the (-determinant on elliptic classical
UDOs [Ok2]. She used the Campbell-Hausdorff formula for classical WDOs [Okl] she
established to prove that the (-determinant is not multiplicative and hence presents a
multiplicative anomaly studied independently by M. Kontsevich and S. Vishik in [KV1].
Before investigating the multiplicative anomaly of the (-determinant and proving its lo-
cality in Section 5.3, let us point out that the (-determinant generally depends on the
choice of spectral cut. However, it is invariant under mild changes of spectral cut in the
following sense.

Lemma 5.1.1. Let 0 < 0 < ¢ < 2w be two spectral cuts of the admissible operator A. If
there is a cone Ag g4 (formula (2.6)) which does not intersect the spectrum of the leading
symbol of A then

detcﬂ(A) = det€7¢(A).

Proof: The classical proof of this result starts from the definition

deteg(A) = exp (—qu,e(()))

of the determinant in terms of the zeta function and uses Lidskii’s theorem ([ReSi]) which
says that the trace of a trace-class operator is equal to the sum of its eigenvalues. Since
for Re(z) large enough, the operator A,” is trace-class then

Tr(4;7) = TR(A;7) = Y N~
AESP(A)

where Sp(A) is the spectrum of A and each eigenvalue A is counted with multiplicities.
Let us denote by Ay, -+, Ay the finite number of eigenvalues of A contained in the cone
Ag 4. It follows that

k
TR(A4,7) — TR(A,7) = Tr(4;7) — Tr(A;7) = Y (A7 = A7)

i=1

from which the result follows differentiating with respect to z and applying the exponen-
tial map.

We give an alternative proof which starts from the definition of the determinant det¢ 9(A) =
exp (Trgl(log(, A)) in terms of a weighted trace of the logarithm of the operator using a
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formula proved in [PS]: for an admissible operator A in C¢(M, E) with spectral cut § and
positive order a, the logarithm of det¢ ¢(A) is given by

10g detgg(A) = /

dx {TRx(loge A) — i1"esw(log3 A)} (5.1)
M 2a

where res, is the noncommutative residue density extended to log-polyhomogeneous op-
erators defined previously. It follows from formula (5.1) that

detgqﬁ(A)

_ _ b 2 4 1.2
deteo(A) exp (/M dx {TRm(logqﬁA log, A) 2aresz(log¢A log; A)]) :

By formula (2.9), log, A — logy A = 2i7lly4(A) is a finite rank operator and hence a
smoothing operator under the assumptions of the proposition so that

detC@(A)

detcg(A) = exp </M dx |:TRI(2i7T Ips(A)) — %resx (2im I, 4(A)(logy A+ log, A))})

o;
= exp <2i7r Tr(Ip4(A)) — %res (TTg,4(A)(logy A + log, A)))

= exp (Ziﬂrk(ne,¢(f4)))
= 1.

Here rk stands for the rank and we have used the fact that the noncommutative residue
vanishes on smoothing operators on which the canonical trace coincides with the usual
trace on smoothing operators. O

Remark 5.1.2. If there are infinitely many eigenvalues of A in the cone Ayg, dete ,(A)
and det¢ g(A) might differ.

Lemma 5.1.3. Let A be an admissible operator in CU(M, E) with spectral cut 6 and
positive order a. Then, for any integer k

detc 042k (A) 2km
deteg(d) P —tes(log, A) (5.2)

Proof: We first derive this formula using the description of the zeta determinant in
terms of the zeta function. It is easy to see that for any integer k, A;7y. = e? ™ A and
then

Cao+ann(2) = TR(AgFopr) = GQikWQA,G(Z)'
Differentiating this expression w.r. to z at z=0 gives the result.

An alternative proof uses the formula of the zeta determinant in terms of a weighted trace
of the logarithm of the operator. Since by definition det;(A) = exp (Tr‘;(log(, A)) and
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dete g2k (A) = exp (Tré4+2k7r(10g0+2kﬂ- A)) , let us compute Tré4+2k7r(log9+2k7r A)—Trﬁ(logg A).
Applying formula (4.7) and formula (2.9) we get

Tré4+2kﬂ(log9+2kw A) — Trg‘ (logg A)
= Tr?—i—?lmr (10g9+2k7r A —logy A) + (Tr§+2kw - Trg‘) (logg A)

= Tré4+2k7r(2ikﬂ-] ) — %res [(bge A —logg o A)(l0gg 4 opr A — logy A)}
—%res [(loge A —logy A)(logy, o, A — log, A)}

= Trj, o (20k7T) + %res [(logy A — logy, ox A)?]

= Trj o (2ikn]) + 2ires [(2ikm1)?]

a
2k
- 2 7Tms(loge A).
a

Here again we use the fact that the noncommutative residue vanishes on differential
operators and the fact that TR(/) = 0 by Example 3.2.7 combined with formula (4.5)
which reduces to

T (1) = —éres(loge A) = Cap(0). (5.3)
O

Our approach to the multiplicative anomaly of the (-determinant will be based on the
locality of the regularized trace of the operator L(A, B) studied in the previous chapter.
In order to relate these two expressions, let us introduce another type of regularized deter-
minant, namely the weighted determinant: given an admissible operator A in C¢(M, E)
with spectral cut 6 and positive order, for a weight ) with spectral cut «, the Q-weighted
determinant of A [Dul] (see also [FrG]) reads:

Det?(A) := exp(Tr?(log, A)).

Since the ()-weighted trace restricts to the ordinary trace on trace-class operators, this
determinant, as the (-determinant, extends the ordinary determinant on operators in the
determinant class. The Q)-weighted determinant, as well as being dependent on the choice
of spectral cut 6, also depends on the choice of spectral cut o. Nevertheless, as for the
(-determinant, it is invariant under mild changes of the spectral cut of A.

Lemma 5.1.4. Let 0 < 6 < ¢ < 27 be two spectral cuts of the admissible operator A.
If there is a cone Ny (see formula (2.6)) which does not intersect the spectrum of the
leading symbol of A then

Detg(A) = Det? (A).
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Proof: Under the assumptions of the proposition, the cone Ay 4 contains only a finite
number of points in the spectrum of A so that log, A — logy A = 2inIly 4(A) is a finite
rank operator and hence a smoothing operator. Hence,

Det? (A)

m exp (Tt (log, A —logy A)) = exp (Tr€ (2im Iy 4(A)))

= exp (207 Tr (g »(A))) = exp(2im rk(Ig 4(A)))
=1

Y

where as before rk stands for the rank. O

The @-weighted determinant and the (-determinant differ by local expression.

Proposition 5.1.5 ([Dul]). Let A be an admissible operator in CU(M, E) with spectral
cut @ and positive order a. For a weight Q in CU(M, E) with spectral cut o and positive

order q, )
det¢ g(A) 1 ( a )
—>— > =exp | ——res | | logy A — —lo ) 5.4
Detd(4) P\ 2a 84— g 1080 >

Proof: Indeed by formula (4.7) we have

1 2
Trj (logy A) — Tr%(log, A) = — g5 Tes [(loge a4 log,, Q) ] :
a q

Recall from Corollary 2.1.10 that the operator log, A — gloga Q@ is classical. It follows

that

Try (log, A i

det<£<A) _ exp ( l"g( 08y >) = exp —ires (loge A— a loga Q) .
Dety(A)  exp(Trg(logy A)) 2a q

O

This relation will allow us in the next sections to relate the multiplicative anomalies
for the two determinants. Concretely since the r.h.s. of formula (5.4) is a local expres-
sion, the locality of one of them implies the locality of the other one. Let us start with
the multiplicative anomaly of the ()-weighted determinant which is easier to compute.

5.2 Multiplicative anomaly for the weighted deter-
minant

As (-determinant, the Q-weighted determinant is not multiplicative. The multiplicative
anomaly for Q-weighted determinants of two admissible operators A and B with spectral
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cuts 6, ¢ such that AB has spectral cut 1 is defined by:

o Det?(AB)
Mgg(A, B) = 5 ApY
* Det(A) Det? (B)

which we write M@ (A, B) for simplicity when there is no ambiguity for the choice of
1,0, ¢. It follows that

log M@ (A, B) = logDet?(AB) — log Det?(A) — log Det(B)
Tr9(log AB) — Tr%(log A) — Tr9(log B)
Tr9(L(A, B))

so that the multiplicative anomaly for @-weighted determinants studied in [Dul] has
logarithm given by the Q-weighted trace of L(A, B), as a result of which it is local.

Proposition 5.2.1. Let A and B be two admissible operators with positive orders a,b
and with spectral cuts 6 and ¢ in [0,2x] such that there is a cone delimited by the rays Ly
and Ly which does not intersect the spectra of the leading symbols of A, B and AB. Then
the product AB is admissible with a spectral cut v inside that cone and for any weight ()
with spectral cut o, dropping the explicit mention of the spectral cuts we have:

log M@(A4, B) — /0 s <W(T)(A, B) (1055{ f) - 10%1 Q)) ar. (5.5)

Q-weighted determinants are multiplicative on commuting operators.

Proof: Since the leading symbol of the product AB has spectrum which does not
intersect the cone delimited by Ly and L, the operator AB only has a finite number
of eigenvalues inside that cone. We can therefore choose a ray ¢ which avoids both the
spectrum of the leading symbol of AB and the eigenvalues of AB. By Lemma 5.1.4, the
Q-weighted determinants det$(A), detg(B) and detfi(AB) do not depend on the choices
of spectral cuts satisfying the requirements of the proposition. Since

log MP(A, B) = Tr%(L(A, B)),

the logarithm of the multiplicative anomaly for ()-weighted determinants is a local quan-
tity as a finite sum of noncommutative residues as a consequence of Theorem 4.5.2.
To prove the second part of the statement we observe that

[A,B] =0 = L(A, B) = 0. (5.6)
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Even though this property is equivalent to formula 2.13, let us prove directly that L(A, B)
vanishes. Indeed, let I' be a contour along a spectral ray around the spectrum of A B
for some fixed ty, then

d i d

— log(A'B) = — [ log\—

dt |-, & ) 2m Jp & dt =y,

— QL/logA(AtOB—A)—l log AAB (A"B — \)"tdA.
T Jr

(A'B — \)"dA

Since [A, B] = 0, by integration by parts we obtain

4 log(A'B) = logAAtoBQL/log)\(AtOB—)\)_2 d\
T Jr

dt 1=,
= —1ogAAtOBi/A1(AtOB —A)"tdA
2r Jr
—log A AB (A*B)~*
= —logA.
Similarly, we have dit' log(A") = —log A so that finally
t=tg
d d d
—  L(A"B)=— log(A'B) — —  log(A’
dt iy, (4%, B) dt i, og( ) dt iy, og(4)

vanishes. It follows that
Ld
L(A,B)_/ G LA dr =0,
0 t=T1

Since L(A, B) vanishes when A and B commute, ()-weighted determinants are multiplica-
tive on commuting operators. 0O

5.3 Multiplicative anomaly for the (-determinant

As already mentioned the (-determinant is not multiplicative. Let A and B be two
admissible operators with positive order and spectral cuts 6 and ¢ and such that AB is
also admissible with spectral cut 1. The multiplicative anomaly

det¢ 4 (AB)
0,01 o ¢Y
MC (A7 B> T deth(A) detw)(B) ’

was proved to be local, independently by M. Wodzicki [W1], for positive definite com-
muting elliptic differential operators, by L. Friedlander [Fr| for positive definite elliptic
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pseudodifferential operators, by K. Okikiolu [Ok2] for pseudodifferential operators with
scalar leading symbol and by M. Kontsevich and S. Vishik [KV1] for pseudodifferential
operators with leading symbols ”sufficiently close to positive definite self-adjoint ones”.
For simplicity, we drop the explicit mention of 6, ¢, ¢ and write M.(A4, B).

Since the (-determinant is related to the @-weight determinant by formula (5.4) the
multiplicative anomaly of the (-determinant is related to the multiplicative anomaly of
the Q-weighted determinant.

Proposition 5.3.1. Let A and B be two admissible operators with positive orders a,b
and with spectral cuts 0 and ¢ in [0,27] such that there is a cone delimited by the rays Ly
and Ly which does not intersect the spectra of the leading symbols of A, B and AB. Then
the product AB is admissible with a spectral cut v inside that cone and for any weight ()
with spectral cut o, dropping the explicit mention of the spectral cuts we have:

logMdA,B)=1ogMQ<A,B>+res( (4,B)logQ@ _ log 0g? A log )

q 2(a+0b) 2a + 2b
(5.7)
so that the multiplicative anomaly of the (-determinant is local.

Proof: By formula (5.4), we have

1
2(a +b)

2
(log A-? log Q)
q

log M¢(A,B) = log M%(A, B) —

res

2
<logAB— a+blogQ> ]
q

b 2
(logB— —logQ) ] .
q

Let us recall, as before, from Corollary 2.1.10 that each operator log C' — ﬁlog@ where ¢
is the positive order of C' is classical. Using formula (4.4) to simplify we obtain

L1
—TIes
%'

n 1
—res
2a

2 2 2
log M (A, B) = log M@(A, B) + res <L(A,B)logQ _log"AB  log”A | log B).

q 2(a+0) 2a 2b

Since the logarithm of the multiplicative anomaly of the Q-weighted determinant is
given by a local residue, we recover the fact that the multiplicative anomaly for the
(-determinants has logarithm given by a finite sum of noncommutative residues as a re-
sult of which it is local. O

Let us now compute the explicit local formula of the multiplicative anomaly of the (-
determinant.
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Theorem 5.3.2. Let A and B be two admissible operators in CU(M, E) with positive
orders a,b and with spectral cuts 0 and ¢ in [0, 27| such that there is a cone delimited by
the rays Ly and Ly which does not intersect the spectra of the leading symbols of A, B
and AB. Then the product AB is admissible with a spectral cut 1) inside that cone. A
local formula of the multiplicative anomaly M¢(A, B) reads:

log Mc(A, B) — /0 e (W(T)(A,B) (log(ATB) _loeB ))dT

at +b b
(L(A, B)logB log®AB log®A log? B)
+res —

b 20a+b)  2a 2
! log(A"B)  log A
_ / ros (W(T)(A, B) ( og(A"B) _ log )> dr
0 at +b a
L(A,B)logA log?AB log?A log’B
+res ( - 2a+0) + o + 5% (5.8)

where W (7)(A, B) is a classical operator of order zero depending continuously on T given
by formula (4.14). When A and B commute the multiplicative anomaly reduces to:

log A _log B 2
a b

ab

10gM§(A, B) = 2(a+ b)

(5.9)

res

Remark 5.3.3. For commuting operators, (5.9) gives back the results of M. Wodzicki as
well as formula (111.3) in [Dul]:

res (log®(A*B™"))
2ab(a +b)

log M (A, B) =

Proof: By formula (5.7) we have

2 2 2
log M (A, B) — log M@(A, B) + res (L(A,B)logQ _log”AB  log”A | log B).

q 2(a+0) 2a 2b

Using formula (5.5) and formula (4.6) (since L(A, B) is a classical operator) applied to
(1 = Q and Q2 = B, we can express the local formula of log M((A, B).

L(A,B)logQ log? AB log’A log’B
1 A,B) = Tr%(L(A B ’ —
og M((A, B) r(L(A, ))+res( . Nath) o + 5%
L(A,B)logB log? AB log’A log’B
= Tr"(L(A,B ’ —
(LA, »HeS( b 2a+b) 20 2
! log(A™B) log B
= /res (W(T)(A,B)(Og( ) _los ))dr
0 ar +b b
logB log? AB log’A log’B
L(A, B — :
”es( AB) == 37y T 2 2
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which proves the first equality in (5.8). The second one can be derived similarly exchanging
the roles of A and B.

When A and B commute, by formula (5.6) L(A, B) vanishes and by Proposition 5.2.1
log M@(A, B) vanishes so that formula (5.7) reduces to:

2 2 2
log Mc(A,B) = log M?(A, B) + eS(L(A,B)logQ _log?AB  log’A | log B>

q 2(a+0) 2a 2b
log? AB  logA log’B
- _reS(Q(a—i—b)_ 20 2b )
ab logA logB 2
- 2<a+b)res ( a b )

O

We can also obtain independently the local formula of the multiplicative anomaly of
the (-determinant relating it to the locality of the weighted trace of the operator L(A, B).
To do so let us establish the following useful Lemma.

Lemma 5.3.4. Let A and B be admissible operators in CL(M, E) with positive orders a,b
and spectral cuts 0 and ¢ respectively and such that AB is also admissible with spectral
cut . Then

log, AB logzA log; B

KAB) =505 ™ 20~ 2

has a symbol of the form
o(K) ~log|¢|(og” — a5 — o) + o'

for some zero order classical symbol of and where we have written o(log A)(x,§) =
a log €T + ofl(x, &) for an admissible operator A of order a.

In particular, both operators L(A, B) 4 — K (A, B) and L(A, B) logbd’B
classical operators of zero order.

(A, B) are

Proof: Recall that by formula (2.9), another choice of spectral cut only changes the
logarithms by adding an operator in C¢"(M, E) so that it will not affect the statement. As
usual, we drop the explicit mention of spectral cut assuming the operators have common
spectral cuts. An explicit computation on symbols shows the result.

Indeed, since o(log A)(z,€) = a log |¢| + o3 (x, £), we have

o(log® A)(z,&) = o(logA)xo(log A)(x, &)
~ 1og2 \su + 2a log [€] o' (x,€) + 0 (2, €) - 0 (2, €)

+Z —aa o (@,€) OYog ().
a#0 !
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This yields:

o(K)(x,¢)
1

~ logle] (07 —0g' — o) (2.8) + 500 (. )" (@.9)

b o, DS (w,€) — o, o (4,) — 3 06 (x, ) Do (x,€)
a;ﬁO ’ a7é0 .

— ol 0B (.6 = 3 —0ral (e, Diot (4,6

a#0

from which the first part of the statement follows. On the other hand, it follows from

(4.12) combined with (2.10) that L(A4, B) 24 and L(A, B) 22 hoth have symbols which

differ from log |¢] (o' — ot — of) (2,€) by a classical symbol of order zero, from which

we infer the second part of the statement. O

Now, using equation (5.1) we have

log M((A,B) = logdet:(AB) —logdet:(A) — log det.(B)

log? AB  log* A log*B
= dx |'TR,(L(A, B)) — res, — - :
/M v { (L(4, B)) — res (2(a+b) 2 2

Substracting the defect formula (4.5) applied to the operator L(A, B) and weight B to
log M((A, B) and combining with equation (4.15) applied to () = B we write:

log M (A, B)
- s o o (50 SERT )
= /01 res (W(T)(A, B) (lojfff) B 10%/9)) i

+res (L<A»Bb) logB 120<g:f£ N loiA N log;bB) |

which proves the first equality in (5.8).
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Chapter 6

Determinants on odd-class
pseudodifferential operators

In the present chapter we investigate determinants on odd-class elliptic operators which
in contrast to the (-determinant on elliptic operators studied in the previous chapter,
are multiplicative and hence do not present a multiplicative anomaly. Multiplicative
determinants are associated to traces on zero order odd-class classical operators, which
by the results of Chapter 3, are linear combinations of the leading symbol trace and
the canonical trace. Since multiplicative determinants associated with leading symbol
traces were studied elsewhere [LP], we focus here on the only remaining multiplicative
determinants on odd-class operators, those associated with the canonical trace, which
unlike the leading symbol trace determinants, extend Fredholm determinants on operators
of the type I+ smoothing. They are expected to be of the type DET := exp o TR o log,
which is indeed the case for zero order odd-class operators since their logarithms also
lie in the odd-class. However, this does not hold any longer for positive order operators
whose logarithms are not expected to lie in the odd-class in general. Nevertheless, the
logarithm extends to a symmetrized logarithm log™™ for elliptic operators with positive
order which fulfill certain technical assumptions on the spectral cut. We show that exp o
TR olog™™ indeed yields a multiplicative determinant under some natural restrictions on
the spectral cuts (Theorem 6.3.8) on such odd-class elliptic operators, which coincides with
Braverman’s determinant. Our approach via the canonical trace shows that the origin of
its multiplicativity lies in the cyclicity of the canonical trace on odd-class operators and
stresses the fact that it is a natural extension of the canonical determinant DET on zero
order operators associated with the canonical trace TR.

126
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6.1 Classification of infinitesimal multiplicative de-
terminants on (C/ly,,(M, E))*

Well-known general results in the finite dimensional context concerning determinants
associated with traces generalize to the context of Banach spaces (see [HS]) and further
to Fréchet spaces as in [LP]. Let G be a Fréchet Lie group with exponential mapping
Exp (see Definition 1.3.3) and Lie algebra Lie(G). In [KM] Remark 36.9, A. Kriegel and
P. W. Michor showed that if G admits an exponential mapping, it follows that Exp is
a diffeomorphism from a neighborhood of 0 in Lie(G) to a neighborhood of 1 in G if a
suitable inverse function theorem is applicable. This is the case for smooth Banach Lie
groups. A generalization of the inverse function theorem on Banach spaces to a class of
tame Fréchet spaces is developed in [Ha] under the name of Nash-Moser theorem (Part
III, Theorem 1.1.1.). In contrast to the Banach space setup for which the invertibility of
the derivative at a point is sufficient for a function to be locally invertible, for the Nash-
Moser theorem to hold, it is necessary that the derivative is invertible in a neighborhood
of the point. For further details see [Ha].

The existence of a smooth exponential mapping for a Lie group is insured by a notion of
regularity ([Mi], [KM]) on this group. For J. Milnor [Mi], a Lie group G modelled on a
locally convex space is a regular Lie group if for each smooth curve u : [0,1] — Lie(G),
there exists a smooth curve v, : [0,1] — G (which is unique, Lemma 38.3 in [KM]) which
solves the initial value problem 4 = ~v.u with 7(0) = 1g, where 1g is the identity of G,
with smooth evolution map

C*([0,1], Lie(G)) — G
u = Y, (1).

For example, Banach Lie groups and finite dimensional Lie groups are regular. For our
purpose in this section, we assume that the Lie group G is regular.

In the following Lemma we give the construction of a locally defined determinant from a
trace on Lie(G) i.e. a linear form on Lie(G) which vanishes on brackets.

Lemma 6.1.1. A continuous linear map X : Lie(G) — C gives rise to a multiplicative
map A : R(Exp) C G — C* defined on the range of the exponential mapping by A(g) =
exp(A(Log(g))) where Log = Exp ™', making the following diagram commutative: for any
small enough neighborhood Uy of zero in Lie(G).
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Uy C Lie(G) S, SN C
Exp exp
A

Exp(Up) € § ————C*

Proof: We first observe that log(A(g)) = M(Log(g)) where g belongs to Exp(Uy) i.e.
there exists u in Uy C Lie(G) such that ¢ = Exp(u). Since G is a regular Fréchet Lie group
i.e. admits an exponential mapping Exp, let us consider the C'-path ~(t) = Exp(tu) going
from 1g to Exp(u) = g. We have v~ (¢)7(t) = u and hence

A (/01 7_1(t)7(t)dt) = /01 Ay~ (B)F(t))dt = A(u) = A(Log(g))

using the continuity of A. It follows that if 7,7, are two Cl-paths going from 1g to g;
and g, respectively, then 7,7, is a C'-path going from 1g to g1¢» and we have

A (<m<tm<t>>lm<ft>¥<t>) A () (O (E(8) + () ()

= A(m@®)7N@) + A (r20t) (1)
where we have use the tracial property of A\. Now, for ¢;, go € R(Exp) C G,

log(A(g1-92)) = A(Log(g1.92))) = A (Log(g1)) + A (Log(gz)) -
a
Conversely, following [LP] we give a construction of a trace from a determinant.

Lemma 6.1.2. A multiplicative map A : Uy — C* defined on a neighborhood Uy of 1 in
G which is of class C* on G yields a continuous linear form X : Lie(G) — C which makes
the following diagram commutative:

G A c*
Exp exp
Lie(G) A C

i.e. for allu € Lie(G), AMu) = D A(u)) = < A(Ezp(tu)).

T dt|t=0
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Proof: Indeed, for uy, uy € Lie(G),

d d
AMJug,ug]) = £|s:0%\t=0A (Exp(tuy).Exp(sug).Exp(—tuy))

d d

= — —  A(Exp(tuy))A(Exp(suz))A(Exp(—tuy))
ds|s=0dt|t=0
d d

- 2 4 a\E
ds|s=0dt|t=0 (Exp(suz))

= 0.

Here we use the fact that A is multiplicative, which implies that A(¢g~') = A(g)~*. O

Remark 6.1.3. The two Lemmata imply that continuous traces on Lie(G) are in one to
one correspondence with C*-multiplicative maps on the open subset of G corresponding to
the range of the exponential mapping.

As we saw in Chapter 1, Proposition 1.3.4, (Clo,(M, E))* is a Fréchet Lie group. The
following proposition provides more information on its Lie structure i.e. (Cﬁgdd(M , E))*

is a regular Fréchet Lie group which admits an exponential mapping and its Lie algebra
is C02,, (M, E).

Proposition 6.1.4. (C’Egdd(]\/[, E))* is a reqular Fréchet Lie group with exponential map-
ping and its Lie algebra is C2(M, E).

Proof: By Proposition 1.3.4, we already know that (C@gdd(M, E))* is a Fréchet Lie
0

group and its Lie algebra is C¢,,,(M, E). Let us construct an exponential mapping. Given
any operator B in C¢2,,(M, E), the differential equation
ATYA, =B, Ay=1

has a unique solution in (C¢0,(M, E))" given by:

_ b !
A= 27T/Fexp(t)\)(B A)7HdA,

where I' is a contour around the spectrum of B which is bounded since B has zero order.
Let us check that 4, belongs to (Clo,(M, E ))* . The homogeneous component of A; are:

7405 = 5= [ exp(enbs(B) dx

where b_; denote the components of the resolvent (B — \)~! of B at the point A. They
are given by:
bo = (0o(B) =\,
1 (83 «
by = —bp Y —~0gak(B)D}b.

k4 |al=4,1<j
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Since B lies in CfQ,,(M, E) it follows that A, lies in (C¢,,(M, E))". This defines an
exponential mapping

Exp : Cloga(M, E) — (Cloga(M, E))* -

Moreover, it follows that for any smooth curve u : [0,1] — C€,,(M, E), there exists a
unique smooth curve v, : [0,1] — (C’Egdd(M , E))* defined by the following diagram

E .
[0, 1] ————C0y(M, E) iy (C“ggdd(Ma E))

which solves the initial value problem v~ 1% = u. O

On the basis of Remark 6.1.3, we infer from the classification of traces on C¢2,(M, E)
derived in Section 3.3 a description of multiplicative maps defined on the range of the
exponential mapping in (Cloy,(M, E))* .

Proposition 6.1.5. Any multiplicative map on the range of the exponential mapping in
(CLOg(M, E))* is of the form:

Det(4) = exp (aTR(Log(A)) + Ty (Log(4)))
where a is a real number and T is a distribution in the cotangent unit sphere S*M.

Proof: By Theorem 3.3.4, we know that any trace on C¢2,,;(M, E) is a linear combi-
nation of the canonical trace and a leading symbol trace. By Proposition 6.1.4, we can
apply Lemma 6.1.1 to G = (Cl0y(M, E))" and Lie(G) = C0,,(M, E). It follows that a
multiplicative determinant is of the form

Det(A) = exp (a¢TR(Log(A)) + Tr{(Log(A))) .

6.2 Determinants on zero order odd-class operators

In this paragraph we extend the multiplicative maps defined in the previous section beyond
the range of the exponential mapping, namely to the pathwise connected component of
the identity. There are two possible ways to do so. The first one is to use a C''-path and
to define a determinant of the form

Mo = ([ A6 5w a) (61)
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where v : [0,1] — G is a C'-path with (1) = ¢. Such an approach was adopted in [HS]
by P. de la Harpe and G. Skandalis in the case of a Banach Lie group. In her thesis [Dul],
C. Ducourtioux applied this method with slight modifications to construct a determinant
associated to a weighted trace with associated Lie algebras C¢°(M, E) and C¢(M, E). In
[LP], J. M. Lescure and S. Paycha showed that such a construction extends to Fréchet
Lie groups with exponential mapping.

Let G denote the pathwise connected component of the identity 1g of G and P(G) the set
of Cl-paths 7 : [0,1] — G starting at 1g so that v(0) = 1g in G. On P(G) we introduce
the map: Dety : P(G) — C* defined by

Detst) = e ([ 3e)) = | A0)

where w = g~!dg is the Maurer-Cartan form on G. Note that since ) satisfies the tracial
property, we have the multiplicative property:

Lemma 6.2.1. Let 71,72 be two C'-paths in P(G). Then

Dety(v172) = Detr(y1)Detr(7y2).

Proof: The same proof applies as in Lemma 6.1.1. O

In general the Maurer-Cartan form w = ¢~ 'dg is not exact on G so that for a C'-path
c¢:[0,1] = G with ¢(0) = ¢(1), the integral [ w = fol c*w does not vanish.

Proposition 6.2.2.

1. The map
®: L(G) — Lie(G
c

)
H/Cw:/oc*w

defined on the space L(G) of C'-loops in G i.e. C'-paths such that c(0) = c(1),
induces a map ® : 111(G) — Lie(G) on the fundamental group 11,(G) of G.

2. Consequently, the map Dety only depends on the homotopy class of the path . If
Det)\(I1;(G)) = 1, then it induces a multiplicative map:

Dety : G — C*

g = exp (/01 A(v*cu))

independently of the choice of path .
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3. If g lies in the range of the exponential mapping Exp then

Dety(g) = exp (A(Log(g))

where Log = Exp ™! is the inverse of the exponential mapping.
Proof:

1. We want to show that two homotopic loops ¢; and ¢ have common primitive. Let
us first recall the following general construction of a primitive: for w a differential
form on G, let v : [0,1] — G be a C'-path and F : [0,1] — G be such that
for any t € [0,1] F'(t) = w((y(t))Y'(¢). If w is an exact form i.e. w = df then
F(t) = f(~(t)) is a primitive of F’. If the form w is closed, then w is locally exact.
Let 0 =) < t; < --- < tx = 1 be a subdivision of the interval [0, 1] such that
v([ti—1,t:]) is a subset of G. There exists f; defined on [t;_1,t;] such that df; = w.
We can construct a function F'(¢) on [0, 1] in the following manner: F(t) = fo(v(t))
on [to,tl], F(t) = f1<’y(t)) — hl on [tl,tg] where ]’Ll = fl(’y(tl)) — fo(’)/(tl)) and for
i =3,k F(t) = fi(y(t))—h; on [t;_1,t;] where h; = fi(v(t;))— fir (v(t:)) +hiz1.
Now let F(t) and G(t) be two primitives of ¢; and ¢y respectively. Since ¢; and ¢
are homotopic, there exists a family of C'-paths (a;)o<i<i defined in a neighborhood

k

of 1 such that ¢; = ¢3 [] ;. Each path «; is closed so that fcw vanishes on «;. It
i=0

follows that F(t) = G(t) i.e. the map ® is well-defined on II;(G).

2. The multiplicativity of Dety on G follows from Lemma 6.2.1. Indeed, let g1, go
be two elements of G and 7,7, two C'-paths in P(G) such that v;(1) = ¢g; and

Y2(1) = g2. Then Dety(g1g2) = exp (fol A(%w)*W)) = Det(g1)Detr(g2)

3. For g in the range of the exponential mapping, Log = Exp ™! is well-defined so that
A(Log(y(t))) is a primitive of A\(y(t)~(t)) dt. It follows that

/ A (8) dt = A(Log(g).
O

In the case of G = (Cloy,(M, E))* the logarithm locally defined as inverse of the ex-
ponential mapping extends beyond a neighborhood of the identity provided one chooses
a spectral cut 6 thereby to fix a determination log, of the logarithm.

An alternative way to extend local determinants beyond a neighborhood of the identity
is therefore to set
Dety(A) = exp (A(log, A)) .
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Recall from Corollary 2.2.2 that if the operator A lies in the odd-class and has even order,
then the logarithm logy A is also odd-class. If ¢ is another spectral cut of A such that
0 <0 < ¢ < 2m, by formula (2.9) we have logy A—log, A = —2inIly 4(A) where Iy 4(A) is
the odd-class projection defined in Lemma 2.1.5. In other words, the fundamental group
of (C€,,(M,E))" is generated by the homotopy class of loops exp(2intP) where P is a
projector in C%,,(M, E) (see [KV1] Section 4, and in [Dul] Lemma A.5).

The following Proposition provides a way to build maps which send the fundamental
group to 1.

Proposition 6.2.3. Any continuous trace A\ on C2,,(M, E) which takes integer values
on the image of Iy s(A) for all ,¢ and A gives rise to a multiplicative determinant
Det*(A) = exp(A(logy A)), on admissible operators, independent of the choice of the spec-
tral cut 6 for an operator A with spectral cut 6.

Example 6.2.4. For an admissible operator A in C%,,(M, E) with spectral cut 0, the
determinant associated to the leading symbol trace is defined by

Det(A) := exp (Try(logy A)) -

In [LP] Example 2, it is shown that if P is a zero order pseudodifferential idempotent,
then its leading symbol p is also an idempotent so that the fibrewise trace tr,(p(z,.)) is
the rank rk(p(x,.)). Hence

Ty (Tg,6(A)) = Atra(00(Hog(A) (2, €))) = rk(Iye(A)) Trg(1).
It follows that Deté(A) is independent of the choice of the spectral cut 6.

In contrast, the canonical trace does not satisfy the requirement of Proposition 6.2.3
so that a determinant associated to the canonical trace will depend on the choice of spec-
tral cut. To build such a determinant, we first observe that if A is a zero order odd-class
operator so is log, A in odd-class. Hence the canonical trace extends to logarithms of ad-
missible odd-class operators of zero order with its property of cyclicity in odd dimensions.
Let us set for an admissible operator A in C2,,(M, E)

DETy(A) := exp(TR(log, A)).

6.3 A symmetrized canonical determinant on (C/,.(M, E))”

Our aim in this section is to further extend the determinant DETy beyond operators of
zero order. But in general, the logarithms of admissible odd-class operator with odd order
is no longer odd-class. Instead, we carry out the extension with the help of symmetrized
logarithms since the symmetrized logarithm of admissible odd-class operators belong to



134 M. F. Ouedraogo

the odd-class. This section is inspired from Braverman’s work [B] in which the author
introduced a symmetrized determinant using symmetrized regularized traces (see section
3.6 in [B]). In contrast to his approach which uses regularized traces applied to sym-
metrized logarithms, we define a symmetrized determinant with the help of the canonical
trace applied to symmetrized logarithms, thus clarifying the presentation and simplifying
the proofs.

Definition 6.3.1. Suppose that M is an odd-dimensional manifold. Let A be an odd-
class admissible operator with positive order a which admits spectral cuts 0 and 6 —amw. A
determinant associated to TR is defined by setting:

DET,™(A) := exp (TR(logy™ A)) . (6.2)

Remark 6.3.2. If A has even order, then logy™ A =logy A—iknI and DET,™ coincides
with the determinant defined in [PS], which in turn coincides with the -determinant:

log DET}™(A) = log det¢g(A) = TR(logy A).

Indeed, using formula (5.3) and Proposition 3.4.1, Try(I) = —Lres(logy A) = 0. Hence
Try (log)™ A) = Try(log, A) and with item 2 of Theorem 3.5.7 we have

Ty (logy™ A) = fp._o TR (logg™ A(47)) = TR (logy™ A) = TR (logy A) .
Proposition 6.3.3. Under the assumptions of Definition 6.3.1, DET{™(A) coincides

with the symmetrized determinant introduced in [B]:

1
Dety™A := exp <§Trsym (logg A +logy_,x A)) = exp (Tr*™ (logy™ A))

where TrY™A = Tr@s¥m A = : (TrgA + Tr¥ A) . Here QQ 1s any odd-class admissible

a—qm

operator with positive order q and spectral cuts o, o — qrr.

Proof: It is easy to see that

0—am

1
TR(logy™ A) = fp,_oTR <§(logzym A)(Af + A )> = Tr"(logy”™ A)

when apply Theorem 3.5.7 to the family A(z) = 1(logi"™ A)(A; + A;_,..) since all deriva-

; 0—am
tives AY)(0) lie in the odd class as powers of symmetrized logarithms. O

Remark 6.3.4. Though our symmetrized determinant coincides with the one defined by
M. Braverman, its expression is more simple since it tnvolves the canonical trace instead
of a symmetrized reqularized trace.
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If the order of A is even, by Remark 6.3.2, the symmetrized determinant coincides
with the (-determinant. As we saw for zero order operators, the (-determinant generally
depends on the choice of spectral cut but it is invariant under mild changes of spectral
cut. The same property holds for the symmetrized determinant since in that case, they
coincide.

Let us examine now the case of odd order odd-class operators. As already observed
by M. Braverman, if the order of A is odd, the symmetrized determinant generally de-
pends on the choice of spectral cut since infinitely many eigenvalues of A might lie in the
cone Ap_qr ¢—ar- Nevertheless, we have the following proposition, proved in [B]:

Proposition 6.3.5. Let M be an odd-dimensional manifold and let A be an odd-class
admissible operator with odd positive order a which admits spectral cuts 0,0 — m and
o, ¢ — m. Suppose that 0 < ¢ — 0 < 7. We have

DET,™(A) = £DET}™(A)
in the following cases:
1. if only a finite number of eigenvalues of A lie in Aoy U Ng_r g—x,
2. if all but finitely many eigenvalues of A lie in Ng.y U Ag_r y—r.

Proof: By formula (2.9) we write log, A = logy A + 2inlly4(A) and log, , A =
logy_. A+ 2imlly_r 4—r(A), where Iy 4(A) and y_, 4 ~(A) denote respectively the spec-
tral projections corresponding to the eigenvalues of A which lie in the cones Ay, and
Ao_r p—r. It follows that log(szﬁym A =logy™ A+im (Ip 4(A) + Hp_r = (A)) . In the first case
Iy 4(A) and IIy_, 4 (A) are finite rank projectors and in the second case, I —IIy 4(A) and
I —1Tlp_r 4—=(A) or one of them are of finite rank. Recall that I is a differential operator
and hence by Example 3.2.7 TR(I) = 0. It follows that TR(logy™ A) = TR(logy™ A)+iar
for some integer « in Z and the result follows. O

From Corollary 2.1.15 we infer the following multiplicative property of the symmetrized
determinant for commuting operators.

Proposition 6.3.6. Suppose that M is an odd-dimensional manifold. Let A be an odd-
class admissible operator with positive order a and spectral cuts 0 and 0 — am and let B
be an odd-class admissible operator with positive order b and spectral cuts ¢ and ¢ — bw
such that AB is also admissible with spectral cuts 1 and ¥ — (a + b)w depending on the
choice of 0 and ¢. If [A, B] =0 then

DET™(AB) = DET;™(A) DETS™(B).
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Proof: Indeed,

log DET™(AB) = TR(logy™ AB)
= TR(logg™ A +logi™ B)
= log DET}™(A) + log DETJ™(B)

since by Corollary 2.1.15,
log,,(AB) = logy A + log, B

and
logw—(a—l-b)ﬂ(AB) = 1Og6’—a7r A + 10g¢>—b7r B
whenever [A, B] =0. O

This result generalizes to non commuting operators as it was shown by M. Braverman [B]
using, under suitable assumptions, the formula for the multiplicative anomaly established
by K. Okikiolu [Ok2]. Our proof of this result is based on the cyclicity of the canonical
trace on odd-class operators in odd dimensions. For that, we first recall the following
definition [B].

Definition 6.3.7. Let 0 be a principal angle for an elliptic operator A in Clo,,(M, E).
A spectral cut ¢ > 0 is sufficiently close to 0 if there are no eigenvalues of A in the cones
Np,g) and Ag—arg—ar)- We shall denote by logz A, logziym A, DETZ;ymA the corresponding
numbers obtained using a spectral cut sufficiently close to 0. Clearly, those numbers are
independent of the choice of 6.

Theorem 6.3.8. Let M be an odd-dimensional manifold. Suppose that A is an odd-class
admissible operator with positive order a and spectral cuts @ and 0 — am and that B is an
odd-class admaissible operator with positive order b and spectral cuts ¢ and ¢ — brw. Let us
assume that for each t in [0,1], A4B has principal angle (t), depending on the choice of
0 and ¢, where t — 1(t) is continuous. Set 1¥(0) = ¢ and (1) =1). Then

DET2™(AB) = DET;™(A) DET;™(B),

where 1; is an angle sufficiently close to .

Let us give the following two alternative proofs of this proposition. The first one is
based on the cyclicity of the canonical trace on odd-class operators in odd dimensions.
Proof 1: Using formula (2.17) we know that

Oas—j(A5) (2, =€) = (1) €00, ;(A] o) (@, 6).
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For a fixed ¢, the operator A} B is classical with order at +b. Since A and B are odd-class
Oat+b—j (AZB) (.’L’, _g)
1
= Y o A, €Dy (A7), )

o] +E+1=j
1 . '
= Z 5(_1)|a|+kezatwa§z0at—k(‘427uﬂ)(% £)<_1)Z€waD§0’b_l(A§)(x, f)
|| +k+i1=F
Hence N
Tatroi (A)B) (@, =§) = (=1’ 0 (4) o B) (2,). (6.3)

It follows that if ¢ is a principal angle for Al B, then ¢, — (at + b)7 is a principal angle
for A , B. Let R(\) and R()\) denote the resolvents of A}B and Al, B respectively.

Using formula (6.3) and the standard formulae for the parametrix ([KV1, B]) we deduce
that the symbols r(x, & \) and 7(x, & N) verify

Tt ]< f 62 at+b)7r)\> ( )g 2(at+b)7rA b ](.73 f /\)
Then by the same computation used to prove Proposition 2.2.1 we obtain

Ostat+0)-i (AGB)jp) (@, =€) = (=10 ) (A 0nB) sy (at (@, €)

and hence log)\ ) (A§B) is an odd-class operator. Let us set

log M*™(Aj, B) := log DET3}} (A} B) — log DET{™ (Aj) — log DET3™(B).

Following the same arguments similar to Okikiolu’s (see [Ok2]), already used in the proof
of Corollary 2.1.15, we can build a finite partition Ji_, Ji of [0,1] so as to choose on
each of the intervals Jy = [tx,?r+1] a common fixed principal angle ¢y, of A}B when t
varies in Jg. Then there exists € such that there are no eigenvalues of A)B on the cone
Ay et~ Since 1y is a spectral cut for AjB, ¢, — mn where m = at + 7 is also a
spectral cut for Al B; hence there exist ¢ such that there are no eigenvalues of AL)B on
the cone Ay, —mr—e yp—mrte]- Let us choose an angle @Zk sufficiently close to 1 by the
following manner: let n be such that 0 < n < Min(e,¢) and ¢ —n < Vs < U + 1.
It is easy to see that there are no eigenvalues of A’B inside the cone A b, Since
Y — € < Y —n < Y +n < Y + e Again, there are no eigenvalues of A)B on the
cone A since Y, —mm —€ <Yp—mr—n <Yp—mr+n<Y,—mr+e. It

wk—mw,}ék—mw

follows that 1 is an angle sufficiently close to .
We want to show that for all ¢ in [0,1], £ (log M®™ (A}, B)) = 0 i.e. for all 7 in [0, 1],

d
sym ( At+7 —
& o (log M™™ (AT, B)) = 0.
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Let us start by proving the result at 7 = 0. In practice we work on each of the intervals
Ji, with the spectral cut vy; to simplify notations, we just write v instead of 1.

L log M(AL, B))

dt =0
_ 4oy (1ogiym(AgB) ~logd™(AL) — logbym(B)>
dt jt=0 ¥ o
1d
= éalt OTR <10qu<AtGB){/; + log{ﬂ—m (Aé aﬂ'B>1Z7m7r - logH Aé o 10g0—a7r Agfaﬂ)
= STR[@B)AB) + (A By (A on )]
t=0
1 — B -
_iTR‘ [(AE)B<AZ)0 ! + (Ag—arr)e GTF<A9 aﬂ’)@ aﬂi| It=0
= 0’
where we have used the formula of Proposition 2.1.14
i IOg Ct + XK: 1 ) C_(k—H) + RK(Ct Ct)
dt k1" ! ’

k=1

combined with the traciality of TR in the third identity. Now, replacing B by A} B yields

d Sym T
Tty (log MO (4], A7) = 0.

An easy computation shows that
log M¥™ (A5, B)—log M¥™ (AL, A7B) = TR ( log} ™ (47) — log2™ B — log¥™ (43 B )) .
Since the r.h.s. of the previous equation in independent of ¢, it follows that for all 7 € [0, 1]

(g MY(4, B) =0,
O
The second proof taken in [B] uses a formula proved in [KV1, Ok2] which expressed the
multiplicative anomaly of the (-determinant in terms of an integral of noncommutative
residues.
Proof 2: Tt is shown in [B] (Proposition 4.3) that

1
log Dety™ A = (log dete g A + log det¢ g_arA)
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Since the multiplicative anomaly for the (-determinant is given [KV1, Ok2] modulo 2ix
by the formula:

! log,m AYB  logy A\’
log det yAB — logdet; A —log det¢ » B = g/o res (( g;bt(t:— be B Ogae > dt,

using Remark 6.3.2 item 2, we obtain modulo 2i7 [B]:
a [
log DET;™(AB) — log DET;"™(A) — log DET}™(B) = 1 / res (U(t)* 4+ V (t)?) dt
0

where
_ log ) AyB logy A

at +b a

and
V(t) — logw(t)—(a-l‘b)ﬂ Ag—aTrB B logg,m A
at%—b a ’

We want to prove that U (t)?+V (¢)? is an odd-class operator and hence its noncommutative
residue vanishes on odd dimensions. Differentiating equation (2.17) at z = 0 yields

o_j(logy A)(x, =€) = (—1) (iaﬂéﬁo +o_; (l()g@_mr A) (x,ﬁ)) ) (6.4)

Applying this equation to logy A and 108, (a14)r Af_anx B> We get

0—am

2308y )z, ~€) = (-1 (180 + 2 (108 o0 4) (26

and

1 s 1
0080 A58, ~6) = (-1 (im0 + oy (0801 e A5 0r) (0.6))

Combining these two equations yields:
o ({Ut)(x, =€) = (=1 o_;(V(t)(,&). (6.5)

Similarly, ‘
o_;(V(t)(z, =&) = (=1)o_;(U(t)(x, &) (6.6)
We deduce therefore that

o (U(t)+V(®)(z,—¢) = (=1)o;(U(t) + V(t)(2,8).
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i.e. U(t) + V() is an odd-class operator.
Let us show now that U(t)? + V/(¢)? is also an odd-class operator. Using formula (1.2)
which gives the composition of the symbols of WDOs we know that

oy (U®)*)(@,6) ~ oo(U®)(,&)o—;(U(t)(x,€)
—q)led
Y e o) 9 ) .g).

ol
k+l+|al=5

This implies using Equation 6.5 that

o (U(t)*)(z, =€)

~ V(). &) (~ 1oy (VD) (2,)
—)lel
b o E e V) @ (D o (V(0) (. ).

!
k+l+|al=j

As before, it follows that o_; (U (t)*)(x, =€) = (=1)7o_;(V (t)?)(z, §) from which we deduce
that U(t)? + V/(t)? is an odd-class operator. O
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ABSTRACT

This thesis is devoted to the study of the canonical trace and two types of deter-
minants: on the one hand a determinant associated with the canonical trace on a
class of pseudodifferential operators and on the other hand determinants associated
with regularized traces.

In the first part, in odd dimension, we revisit the uniqueness of the canonical
trace on the space of classical pseudodifferential operators of odd class before ex-
tending it to log-polyhomogeneous operators of odd class. We classify the traces
on the algebra of classical pseudodifferential operators of odd class and order zero.

In the second part, we establish the locality of the multiplicative anomaly of the
weighted determinant and the zeta determinant. These results are obtained thanks
to the study of the locality of the weighted trace of the operator L(A, B). We then
derive from these results the local expression of the multiplicative anomalies in
terms of the noncommutative residue.

In the third part, we classify multiplicative determinants on the grounds of the
classification of traces on classical pseudodifferential operators of odd class and order
zero in odd dimension. We also define the symmetrized determinant obtained from
the canonical trace applied to the symmetrized logarithm of an odd class operator
in odd dimension. We show the multiplicativy of this determinant under some
restrictions on the spectral cuts of the operators.

RESUME

Cette theése est consacrée a I’étude de la trace canonique et de deux types de
déterminants: d’une part un déterminant associé a la trace canonique sur une
classe d’opérateurs pseudodifférentiels et d’autre part des déterminants associés a
des traces régularisées.

Dans la premiéere partie, en dimension impaire, nous revisitons 1’unicité de la
trace canonique sur 1’espace des opérateurs pseudodifférentiels classiques de classe
impaire avant de I’étendre aux opérateurs log-polyhomogeénes de classe impaire.
Nous classifions les traces sur ’algebre des opérateurs pseudodifférentiels classiques
de classe impaire d’ordre zéro.

Dans la deuxiéme partie, nous établissons la localité de ’anomalie multiplicative
du déterminant pondéré et du déterminant zeta. Ces résultats sont obtenus grace
a I’étude de la localité de la trace pondérée de 'opérateur L(A, B). Nous dduisons
alors de ces résultats I’expression locale de ces anomalies multiplicatives en fonction
du résidu noncommutatif.

Dans la troisiéme partie, nous classifions les déterminants multiplicatifs en util-
isant la classification des traces sur les opérateurs pseudodifférentiels de classe im-
paire et d’ordre zéro en dimension impaire. Nous définissons aussi le déterminant
symétrisé obtenu de la trace canonique appliquée au logarithme symétrisé en dimen-
sion impaire. Nous montrons la multiplicativité de ce déterminant sous certaines
restrictions sur les coupures spectrales des opérateurs.
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