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Introduction Générale

Résumé :

Cette these est constituée de deux parties pouvant étre lues indépendamment.

Dans la premiere partie on s’intéresse a la modélisation mathématique du risque de liquidité.
L’aspect étudié ici est la contrainte sur les dates des transactions, c¢’est-a-dire que contrairement
aux modeles classiques ou les investisseurs peuvent échanger les actifs en continu, on suppose
que les transactions sont uniquement possibles a des dates aléatoires discretes. On utilise alors
des techniques de controle optimal (programmation dynamique, équations d’Hamilton-Jacobi-
Bellman) pour identifier les fonctions valeur et les stratégies d’investissement optimales sous
ces contraintes. Le premier chapitre étudie un probleme de maximisation d’utilité en horizon
fini, dans un cadre inspiré des marchés de I’énergie. Dans le deuxieme chapitre on considere
un marché illiquide a changements de régime, et enfin dans le troisieme chapitre on étudie un
marché ou l'agent a la possibilité d’investir a la fois dans un actif liquide et un actif illiquide,
ces derniers étant corrélés.

Dans la deuxieme partie on présente des méthodes probabilistes de quantification pour ré-
soudre numériquement un probléme de switching optimal. On considére d’abord une approxi-
mation en temps discret du probléme et on prouve un taux de convergence. Ensuite on propose
deux méthodes numériques de quantification : une approche markovienne ou on quantifie la loi
normale dans le schéma d’Euler, et dans le cas ou la diffusion n’est pas contrélée, une approche

de quantification marginale inspirée de méthodes numériques pour le probleme d’arrét optimal.

0.1 Premiere partie : Modélisation du risque de liquidité

Le risque de liquidité est un risque financier majeur, tout particulierement dans les périodes

de crise ou les marchés subissent différentes formes d’illiquidité. Il peut étre défini comme 1’en-

9



10 INTRODUCTION GENERALE

semble des contraintes sur la capacité d’un agent a acheter ou vendre un actif et évaluer son

portefeuille.

Dans les travaux pionniers de Merton sur 'optimisation de portefeuille et Black Scholes sur
la couverture d’option, ainsi que dans la majeure partie de la littérature en mathématiques
financieres qui a suivi, il est fait I’hypothese classique que les agents intervenant sur le marché
peuvent échanger contintiment les actifs financiers sans contraintes et sans impact sur leurs prix.
Bien que tres pratique d’un point de vue mathématique puisque permettant d’utiliser des outils
puissants de calcul stochastique, cette hypothese n’est pas réaliste en pratique. Dans la derniere

décennie, de nombreuses études ont été réalisées dans le but de relaxer cette hypothese.

Une premiere approche est de mesurer lilliquidité en terme de cofits de transaction, voir
le livre de Kabanov et Safarian [38] pour un apercu récent de la théorie. Dans ce contexte, les
échanges fréquents d’actifs sont soumis & des coiits potentiellement élevés, mais 'investisseur

peut acheter ou vendre des actifs quand il le désire.

D’autre part, il a été observé empiriquement que des transactions a haut volume ont un
impact sur le prix de l'actif échangé. On parle alors de modele de grand investisseur. Ce facteur
a été étudié par Cetin, Jarrow et Protter [14], Bank et Baum [7] pour le probleme d’arbitrage et
de pricing d’options, Schied et Schéneborn [67] pour un probléme de liquidation de portefeuille.
Ly Vath, Mnif et Pham [50] considérent un modele combinant cotits de transaction et effets de

grands investisseurs dans un contexte de gestion de portefeuille.

Un autre aspect du risque de liquidité est le retard a ’exécution des ordres de transactions. En
pratique, ces ordres ne sont pas exécutés immédiatement et ont besoin d’un certain temps avant
d’atteindre le marché (voir par exemple Subramanian et Jarrow [70]). Ce délai a I'exécution a un
impact sur la dynamique du portefeuille, et on s’attend donc a ce qu’il modifie les comportements
des investisseurs. Ce probleme a été étudié dans le contexte de controle impulsionnel stochastique
par Oksendal et Sulem [56] et Bruder et Pham [11].

Le type d’illiquidité que nous étudions dans cette these est la restriction sur les dates de
transaction et d’observation. En effet I’hypothese classique de trading en temps continu est
peu réaliste dans le cas de marchés illiquides, ou étant donné le faible volume d’ordres traités
il peut s’écouler un temps relativement long entre les possibilités successives de transaction.
Rogers [65] considére un agent pouvant uniquement rebalancer son portefeuille & des intervalles

fixes et montre que la perte causée est relativement faible par rapport a l'incertitude sur les
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parametres du prix de l'actif. Rogers et Zane [66], Matsumoto [53] considérent un modele ou les
dates successives de transaction sont données par les temps de saut d’un processus de Poisson
d’intensité A constante, et étudient le comportement asymptotique quand A est grand. Dans le
méme cadre, Pham et Tankov [61, 62] étudient un probléme de consommation/investissement en
horizon infini, caractérisent la fonction valeur comme unique solution (de viscosité) de I’équation
HJB et donnent un schéma numérique pour la calculer. Citons également Bayraktar et Ludkovski
[8] qui étudient dans un contexte similaire un probleme de liquidation de portefeuille. Nous

prolongeons I'approche de ces articles sur trois problemes différents développés ci-dessous.

0.1.1 Investissement optimal dans un marché illiquide avec dates discretes
aléatoires de transaction

Dans le premier chapitre nous étudions un probléme de maximisation d’utilité en horizon
fini dans un marché illiquide. La contrainte de liquidité s’exprime par le fait que l'agent peut
observer le prix de l'actif et effectuer des transactions uniquement a des dates aléatoires discretes.
Une particularité importante de notre modele est que I'intensité d’arrivée de ces dates est proche
de l'infini quand on approche I’horizon en temps T'. Cette hypothese est naturelle pour modéliser
ce qu’on observe par exemple dans le cas de contrats forward dans les marchés d’énergie : étant
donnés la nature physique de sous-jacent, plus on s’approche de la date d’échéance et plus
l’activité de trading sur le titre est importante.

Un probléme similaire a été étudié par Matsumoto [53] pour une fonction d’utilité logarith-
mique. Les principale différences avec notre approche, outre le fait que nous prenons en compte
des fonctions d’utilité et des processus de prix plus généraux, sont que dans [53] la liquidité est
constante, et le prix de 'actif illiquide est observé en continu.

On s’intéresse donc a un marché comportant un actif sans rique (supposé constant sans perte
de généralité) et un actif risqué illiquide de processus de prix (S¢)o<t<7. On se donne également
une suite de temps d’arrét (7,,)n>0 indépendants de S, représentant les dates auxquelles I’agent
peut observer le prix S; et effectuer des transactions.

On suppose que S suit une dynamique de type log-Lévy, plus précisément Sy = E(L)¢, ou €

dénote ’exponentielle stochastique et

L, = /b du—l—/ u) dB,y, +// p(dt,dy) —v(dt,dy)), 0<t<T,
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est une semimartingale a incréments indépendants de sauts AL; > —1. On suppose de plus des
conditions naturelles d’intégrabilité sur les caractéristiques déterministes (b, c,v) ainsi qu’une
condition de non arbitrage. On notera Z; ; = Sss;tst le rendement entre s et ¢ et p(t,s,dz) =
P[Z; s € dz] sa distribution.

Les dates (7,,) sont données par les temps de saut d’un processus de Poisson inhomogene

(Nt)o<t<r d’'intensité déterministe A(¢). On fait I'hypothese suivante sur A :
¢ T
/ AMu)du < oo, V 0<t<T et / AMu)du = oo.
0 0
Sous cette condition la suite de temps d’arrét (7,,) satisfait presque stirement
g =T

On définit la filtration d’observation discrete F,, = U{(Tk,Zrk,l,rk) 1 < k< n} Une
stratégie d’investissement est alors une suite (), ot ay,, F,-mesurable, représente le montant
détenu en actif risqué sur la période (7, 7,+1]. Le processus de richesse (X, ) associé & une

stratégie « vérifie donc

X

Tn+1 = X'Tn + anZTnaTn+1'

Dans la suite on fixe un capital initial Xy > 0 et on se restreint a ’ensemble A des stratégies
admissibles telles que la richesse de 'investisseur soit positive a toute date : X, > 0, n > 0.

Etant donné nos hypotheses sur S, Z,, a pour support (—1, +00) conditionellement a F,,, et

yTn41
il est facile de voir que cette contrainte de positivité est équivalente a une interdiction de vente
a découvert (a la fois sur Pactif risqué et actif sans risque).

Etant donné une fonction d’utilité U satisfaisant des conditions générales, on s’intéresse au
probléeme de controle :

Vo = supE[U(X7)].
acA

On s’intéresse donc & résoudre ce probleme d’optimisation, c¢’est-a-dire déterminer 1} et la
stratégie optimale & correspondante. On va utiliser une approche par Programmation Dyna-
mique directe : on écrit formellement 1’équation de Programmation Dynamique (EPD) pour

notre probléme, puis par des arguments analytiques on montre l'existence d’une solution pour
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cette EPD, et enfin on conclut par un argument de vérification.
Dans notre contexte 'EPD peut s’écrire comme un probléme de point fixe (avec une condition

terminale)

Lv=w
(0.1.1)

limy g o1y v(t, 2) = U(x),

ol étant donné une fonction w satisfaisant des conditions de croissance appropriées, Lw est

défini par :
Lw(t,z) = / / A s)e_f Ay (s, a(1+ 72))p(t, s, dz)ds.
7r€[0 1] 1,00)

Pour montrer l'existence d’une solution a (0.1.1), on adopte une approche par itération de
fonctions valeurs, classique dans le cas de probleémes discrets (voir aussi [23]). On considére la

suite de fonctions (vy,)m>0 définie récursivement par :

vy = U y
U1 = Lupy.
Alors on montre que :
e v, converge vers une fonction v*, solution de (0.1.1).

o 1 =0*(0,Xp), et la stratégie optimale & est donnée par :

A A

On = W(Tn’XTn)XTnv n >0,
ou 7 est donné par

#(t,x) € arg m%ﬁ/ / e~ Ji Mu)du v (s, x(1 4 72))p(t, s, dz)ds.
mE| 1,00)

De plus vy, correspond au probleme de controle suivant :

vm (0, Xo) = sup E[U(X7)],
OzG.Am

ou A,, est I'ensemble des stratégies admissibles & investissement nul en actif risqué a partir de

la m-iéme date de trading, i.e. a,, = 0 pour n > m.
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Dans la derniére partie de ce chapitre on s’intéresse a la convergence de notre probleme vers
le probleme classique de trading en continu. En effet, quand l'intensité d’arrivée de dates de
transaction A\ est tres grande a toute date, on s’attend a ce que la valeur correspondant V@ soit
proche de celle ou I'agent peut échanger ’actif en continu, en prenant en compte la contrainte
d’interdiction de vente a découvert.

On définit donc

V' = sup E[UX])],
meD(S)

ot D(5) est 'ensemble des stratégies de trading continues sur 'actif S sans vente a découvert.
Le résultat obtenu est alors le suivant : étant donné une suite de fonctions d’intensité Ag

telles que
A(t) = 0o quand k — oo, Vt e [0,T],
on a la convergence
Vo/\k — VOM quand k — oo,

Ce chapitre est tiré d’'un article rédigé en collaboration avec Huyén Pham et Mihai Sirbu

[29], publié dans International Journal of Theoretical and Applied Finance.

0.1.2 Investissement/consommation optimaux dans un marché illiquide avec
changements de régime

Dans les premiers articles étudiant des modeles de risque de liquidité avec dates de transac-
tion discretes (par exemple [66], [53], [61]), la fréquence de trading est constante en temps et
indépendante du prix des actifs. Cependant en pratique la liquidité du marché subit des fluctua-
tions a la fois déterministes et aléatoires et a différentes échelles de temps. Dans ce chapitre on
étudie un modele simple de marché illiquide avec changements de régime, chaque régime ayant
différentes liquidités et dynamique de prix.

Les modeles a changements de régime ont déja été étudiés a plusieurs reprises dans des
applications a la finance, voir les articles [69],[72] ou pour un point de vue statistique la theése

[55]. Plus récemment du point de vue du risque de liquidité, les articles [21] et [49] étudient un
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marché subissant des chocs de liquidité aux cours desquels l'activité de trading est completement

interrompue.

On considere donc un marché subissant des changements de régime, modélisés par une chaine
de Markov (I;) a espace d’états fini Iy = {1,...,d} et de générateur infinitésimal Q) = (g;5). Le
marché comporte un actif sans risque supposé constant et un actif risqué de processus de prix
S. L’investisseur peut effectuer des transactions sur cet actif uniquement a des dates (7,,)n>0,
correspondant aux temps de saut d'un processus de Cox (N;)¢>o d’intensité A\7,. Autrement dit
a chaque régime ¢ du marché correspond une intensité \; d’arrivée de dates de transaction. Il
est important de noter que contrairement au modele du premier chapitre ou a l'article [61], la
contrainte porte uniquement sur la capacité de transaction, et que le prix S; est observé en

continu par l'agent.

Le prix St évolue dans chaque régime suivant un Brownien géométrique : quand [I; = i,
dSt = St(bldt + Uith),

ou W est un Brownien standard indépendant de (I, N') et b;, 04, i = 1,...,d sont des constantes.

On suppose de plus que le prix subit des sauts a chaque changement de régime : quand [

passe du régime i au régime j a U'instant ¢,
AS, = =Si—vijs

ou les v;; < 1 sont des constantes.

On considere un agent investissant dans ce marché et consommant en continu ; une stratégie
est donc une paire de processus prévisibles (¢,() ou ¢ est la consommation et ( la stratégie
d’investissement. Notant (X, Y;) les variables d’état correspondant a la richesse investie respec-

tivement en actif sans risque et en actif risqué, on a la dynamique :

dXt = —Ctdt—ctht,
ds,

dy; = Y;_S—t+ctht.
t_

Partant du régime 7 et des richesses initiales x, y on se restreint aux stratégies admissibles
(dénotées A;(x,y)) telles que la richesse totale R; := X;+Y; est positive a toute date de transac-

tion 7,,. Comme dans le chapitre précédent, ceci est équivalent & une contrainte d’interdiction
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de vente a découvert : (¢, () € A;(x,y) ssi X, Y; > 0 p.s. pour tout t.

On se donne ensuite une fonction d’utilité U satisfaisant les conditions habituelles et une

condition de croissance, et pour un facteur d’actualisation p > 0 on considére le probleme

d’investissement /consommation en horizon infini :

vi(z,y) = sup E {/ eth(ct)dt] . (z,y) € R?,
(C7C)€Ai($7y) 0

On introduit également la fonction

0;(r) = sup vi(z,r —x), >0,
z€[0,r]

correspondant & la valeur obtenue en rebalancant optimalement une richesse initiale r entre actif

risqué et sans risque. Autrement dit, v; est la fonction valeur entre deux dates de transaction,

alors que 7; est la fonction valeur a une date de transaction.

Pour résoudre ce probléme de controle, on caractérise les fonctions valeur v; comme solutions

de I’équation d’Hamilton-Jacobi-Bellman (HJB) associée. L’équation HJB est une équation aux

dérivées partielles, équivalent infinitésimal du principe de programmation dynamique de Bellman

(voir les livres [24] et [60] pour une introduction au controle markovien en temps continu). Pour

notre probleme cette équation a la forme du systéme suivant :

. . 8vi 1 2 28zvi 8vi
PU; bzya—y iaiy 87y2 5612115 {U(c) cax}
=D [Uj (x y(1 - %j)) — vy(, y)} (0.1.2)
JFi
— X[ sup vz —(y+ Q) —vi(z,y)] = 0.
—y<(<z

sur I; x (0,00) x Ry, avec les conditions au bord :

v;(0,0) = 0 (0.1.3)

Sr
vi(0,y) = E;| sup or, ((,ySOl— ) : (0.1.4)

S
0<C<y—t

Il est bien connu que dans le cas général les fonctions v; ne sont pas suffisament différentiables
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pour interpréter cette équation au sens classique, et qu’il faut recourir a une notion plus faible

de solutions, appelées solutions de viscosité (voir par exemple [16]).

En utilisant un principe de programmation dynamique on montre que v; est solution de
viscosité de (0.1.2), et on obtient également un principe de comparaison pour cette équation.
Nos fonctions (v;) sont donc caractérisées comme 'unique solution du systeme (0.1.2) avec les

conditions au bord (0.1.3)-(0.1.4).

On s’intéresse ensuite a 'existence et a la caractérisation de solutions optimales pour notre
probleme de contréle. Dans le cas général de solutions de viscosité, il existe des résultats de
vérification (cf. [30]-[31]), mais les hypotheses sont trop restrictives pour étre appliquées ici.
Nous cherchons donc a trouver des conditions sous lesquelles les fonctions v; seront suffisament
différentiables pour pouvoir appliquer les résultats de vérification classiques. Notre équation
étant dégénérée (seule la dérivée en y apparait dans les termes du second ordre), dans le cas de
fonction d’utilité U générale on ne peut pas espérer appliquer de résultats standards d’existence

pour les EDP elliptiques.

Cependant dans le cas particulier d’utilité puissance U(c) = %, on peut réduire la dimension

de l'espace d’état. En effet, en faisant le changement de variable

ro= x4y,
_ Y

z = )

Tty

la fonction valeur peut étre réécrite

viz,y) = Ur)ei(z).

On est donc ramené a résoudre une équation différentielle en z, qui cette fois-ci satisfait une

condition d’ellipticité uniforme.

Dans ce cas particulier, on montre donc la régularité de la fonction valeur v;, et on en déduit

I’existence de controles optimaux caractérisés par une formule feedback.

Enfin, on s’intéresse a la résolution numérique de 1’équation (0.1.2). La principale difficulté

vient des termes non-locaux, que 'on peut contourner par une procédure itérative. On définit
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vg = 0 et récursivement, v, 11 est définie comme 'unique solution (de viscosité) de

durtt 1 92yntt Jur Tt
o s n+1 — b i . 2 2 i o U . i
(P Qii + z)vl 7Y ay 201 Yy ayg ilzllg (C) c O
= Zqijv?(x,y(l — %j)) +Ai sup v (z—Cy+C)
G —y<(<z

avec des conditions au bord appropriées.
Comme dans le premier chapitre on peut alors interpréter v™ comme la fonction valeur d’un

probleme de controle :

On
U?(‘Ta y) = sup E l/ €_th(Ct)dt‘| .
(¢,0)eA;(x,y) 0

ol 0, est le n-iéme temps auquel on a une date de transaction ou un changement de régime. En
utilisant cette représentation, on montre que v™ tend vers v et que la vitesse de convergence est
exponentielle.

On illustre nos résultats par des tests numériques pour des marchés a 1 ou 2 régimes. Dans
le cas de marché a un seul régime, on compare les résultats avec ceux de [61], ou 'investisseur
observe uniquement l'actif risqué aux dates (7). Dans le cas d’un marché a 2 régimes on observe
que typiquement 'existence de différents régimes augmente le "cotit de liquidité" subi par I’agent.

Ce chapitre est tiré d’un article rédigé en collaboration avec Fausto Gozzi et Huyén Pham

27].

0.1.3 Investissement/consommation optimaux dans un marché avec actifs
liquide et illiquide

La majorité des travaux étudiant le risque de liquidité considerent des marchés constitués
uniquement d’actifs illiquides. Cependant en pratique les marchés sont constitués d’actifs corrélés
ayant différents degrés de liquidité. Par example, un indice boursier est souvent beaucoup plus
liquide que les actifs individuels suivis par cet indice, et est corrélé positivement avec leurs cours.
Un investisseur sur ce marché aura donc la possibilité de couvrir sa position en actif illiquide
en investissant dans cet indice et rebalancant fréquemment son investissement dans ce dernier.
Tebaldi et Schwartz [68] et Longstaff [48] considérent un marché constitué d’un actif liquide et
un actif illiquide, ce dernier pouvant uniquement étre échangé a la date initiale et liquidé a une

date finale T. Dans ce chapitre, nous prenons une approche moins restrictive et supposons que
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I’actif illiquide peut étre échangé a des dates aléatoires discretes.

Treés récemment un probléme similaire a été étudié par Ang, Papanikolaou et Westerfield
[2], avec principalement deux différences par rapport a nos résultats. Tout d’abord, les fonctions
d’utilités qu’ils considérent sont de type CRRA avec parameétre d’aversion au risque v > 1, alors
que nous étudions le probleme pour une classe de fonctions différentes, non nécessairement de
type CRRA. De plus, ils supposent que ’agent observe le prix de actif illiquide en continu, alors
que dans notre cas ’observation s’effectue uniquement aux dates de transaction. Notre hypothese
semble plus naturelle, puisqu’en pratique les possibilités de transaction et ’observation du prix
des actifs coincident via l'arrivée d’ordres d’achat ou de vente sur le marché.

On considére donc un marché constitué d’un actif sans risque supposé constant et de deux

actifs risqués :
e un actif liquide qui peut étre échangé en continu, de processus de prix L,

e un actif illiquide de processus de prix I, qui peut étre échangé et observé uniquement a
des dates (7,,) correspondant aux temps de saut d’un processus de Poisson N d’intensité

A

On suppose que L et [ suivent une dynamique de Black-Scholes :

st Lt(det + O'Lth),

dIt It(b[dt + O'](det + 1— deBt),

ou W et B sont des Browniens indépendants (et indépendants de N), et p € (—1,1) est le
coeflicient de corrélation.

On définit la filtration d’observation de notre agent :
G :=(Gi)i>0: Ge=0(TnLry;mn <)V FV VN,

oit FW est la filtration engendrée par W (ou par L) et N est la tribu engendrée par les ensembles
P-négligeables.

Une stratégie d’investissement sur ce marché est alors un triplet (¢, 7, ar), ou :

e ¢ = (¢) est un processus G-prévisible représentant le taux de consommation,

o 71 = (m) également G-prévisible est le montant investi en actif liquide,
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e a = (ay) est une suite de variables aléatoires G, -mesurables, représentant le montant

investi en actif illiquide a la date 7.

Etant donnée une richesse initiale , on se restreint a la classe A(r) de stratégies vérifiant une
contrainte d’admissibilité, qui comme dans les chapitres précédents se réduit a une interdiction
de vente a découvert. On se donne ensuite une fonction d’utilité U et un facteur d’actualisation
B > 0, et on considere le probleme de contrdle :

V(ir)y=sup E [/ e_ﬁsU(cs)ds] :
(e,m,a)€A(T) 0

Ce probleme de contrdle est un probléeme non standard, mixte discret/continu de par la
nature de la filtration d’observation G. On suit alors la méme approche que dans Pham et
Tankov [61] : par programmation dynamique on se ramene a étudier le probleme entre deux

dates de transaction, et on montre que ce probleme est équivalent a un probleme standard.

Le principe de programmation dynamique pour notre probléme a la forme suivante :

T1
Vir) = sup E [ / e 75U (cs)ds + e PV (R,
(e,m,)€A(T) 0
ou
1 dLg I, — I
R, = 7"+/ (—cods + Te—2) + ag——"2
0 Ly Iy

est la richesse totale a la date 7.

On va réécrire le terme de droite de la précédente égalité comme solution d’un probléme de

controle stochastique standard pour la filtration F"W.

Tout d’abord, en notant que comme seule la stratégie avant la date 7 intervient dans ce

terme, on peut réécrire cette égalité comme

1
V(r) = sup sup E U e PU(c)ds + e PV (R |
a<r (¢,m)EAp(r—a) 0

ou étant donné un investissement initial « en richesse liquide, Ay (x) est 'ensemble des stratégies

(¢, ) FW-prévisibles satisfaisant des conditions d’admissibilité.
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Ensuite on décompose le prix d’actif illiquide en I; = E;Jy, ou

dEt por st or

L el —dt AW,
E,  o; L (pbr + pordWy),
dJ;

J (b[ — pb[f)dt +ory/1— deBt.
t

Notons qu’alors (E;) est F"V-adapté, tandis que (.J;) est indépendant de FW.

Etant donnée une richesse initiale r = = + y répartie initialement en un montant = d’actifs
liquides et un montant y d’actifs illiquides, et une stratégie (¢, 7) € Ag(x), on consideére les

variables d’état X, Y définies par :

dL,
);

t
xoer x+/0 (—esds + 7,7
S

thy = yEt

Autrement dit, X correspond & la richesse en actifs liquides, alors que Y; correspond a la richesse
investie initialement en actif illiquide modulée par I'information apportée par les variations du

prix de l'actif liquide depuis la date initiale.

En définissant I'opérateur G par
Gw|(t,z,y) = Ew(x+yy)],
on obtient enfin

V() = sup  sup E / ~(BHS (T (cs) + AG[V] (s, XE™°, YY) ds.

0<a<r (¢,m)eAn(x

Ceci est un probléme de controle stochastique standard (inhomogene en temps). On définit

alors la fonction V', version dynamique définie par :

V(t7 €T, y) sup E/ ~(B+A (1) (U(Cs) + )\G[V] (3, X§7w7ﬂ’c, Y;t’y)) ds.
(e,m)eAL(z

On remarque que V et V sont reliés par la relation

V(r) = [’HV} (r) = sup V(0,z,7 —y).

0<z<r

Déterminer V' revient donc a déterminer V. Pour ce faire, on va utiliser ’approche classique par
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équations HJB. L’équation de HJB pour notre probleme a la forme suivante :

—Vi+ (B+ NV = AG[HV](t,,y) — sup Hey(y,DiyyyV, D,y Vie,m) =0, (0.15)
c>0,meR

ou 'hamiltonien H,., est défini par

2

pbror oim 207 o
Hey(y,p, Ase,m) = |U(c) + (b, — c)p1 + p + =5 A+ mpororyAis +p U Az

Comme dans le chapitre précédent, on montre alors que V est I'unique solution de viscosité de

(0.1.5) sur [0, +00) x (0,400) x Ry, satisfaisant la condition au bord
8(t,0,y) = E / e~ BFNEDNG[H](s,0, YY) ds
t

et une condition de croissance appropriée.

Cette caractérisation permet alors de calculer numériquement V.

Comme dans les chapitres précédents on a recours a une méthode itérative : on part de
V0 =0, et on définit récursivement V"1 comme la solution de (0.1.5) ol le terme nonlocal est
remplacé par A\G [”HV”](t, x,y). On a alors des résultats similaires & ceux obtenus au chapitre
2 : on montre que v correspond au probléme de contrdle dans lequel I’agent ne consomme que
jusqu’a la date 7,, et %44 converge vers 1% exponentiellement en n.

De plus comme on a une EDP a horizon infini, en pratique pour la résoudre on considere
une approximation V™7 pour un horizon fixé T. On montre que pour 7" choisi assez grand, V™7
approxime V™ aussi précisément qu’on le souhaite (uniformément en n).

Enfin, on illustre numériquement nos résultats. On fixe les parametres by, o, by, o7, et on
observe les variations de la fonction valeur et des stratégies optimales obtenues en faisant varier
Aet p.

Ce chapitre est tiré d’un article écrit en collaboration avec Salvatore Federico.

0.2 Deuxieme partie : Discrétisation en temps et méthodes de
quantification appliqués au probleme de switching

Dans cette deuxiéme partie, on propose des schémas numériques pour un probléme de swit-
ching optimal. Rappelons tout d’abord en quoi consiste ce probléme.

On se donne un espace de probabilité filtré (2, F, (F;),P), et un ensemble fini de régimes
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I, = {1,...,q}. Un contrdle de switching est alors une suite (7, tn)n>0, Ol (7,) est une suite
croissante de temps d’arrét et (u,) est une suite de v.a. F, -mesurables a valeurs dans [,. A

chaque a on associe la diffusion controlée
dXt = b(Xt, Oét)dt + O'(Xt, O(t)th,

oit W est un Brownien standard dans R?, et a; = 1, sur [, Tn41). Le probleme de contrdle
considéré est alors :
T
vi(t,x) = sup E[ [( Xy, a)dt + g( X7, ar) — Z c(XT”,Ln_l,Ln)}.
acd,; “Jt T

Le switching optimal a de nombreuses applications, notamment en finance, et a fait ’'objet de
nombreuses études : voir par exemple le chapitre 5 dans le livre de Pham [60]. D’un point de vue
numérique, la résolution de ces problemes se fait généralement par une discrétisation en temps,
et une procédure de récursion rétrograde qui nécessite le calcul d’espérances conditionnelles.
Concernant I'erreur de discrétisation, dans le cas ou la diffusion n’est pas contrdlée, des résultats
ont été obtenus par des méthodes d’Equations Différentielles Stochastiques Rétrogrades (EDSRs)
a réflexion oblique par Chassagneux, Elie et Kharroubi [13] (voir Hamadéne et Zhang [34] et Hu
et Tang [35] pour les propriétés de ces EDSRs). Quant aux calculs d’espérance conditionnelle,
plusieurs méthodes ont été proposées pour le probléme d’arrét optimal : des techniques de calcul
de Malliavin (Lions et Regnier [47], Bouchard, Ekeland et Touzi [10]), de régression a la Longstaff-
Schwarz (Clément, Lamberton et Protter [15]) ou des méthodes de quantification (Bally-Pages
5))-

Dans ce chapitre on présente des schémas numériques basés sur cette derniere approche.
Rappelons que la quantification optimale consiste a approximer une variable aléatoire X par
un quantifieur X a support fini, de fagcon a minimiser l'erreur de quantification HX -X H .
On pourra consulter le livre de Graf et Luschgy [32] pour une introduction a la théorie dz
la quantification. Cette derniere a connu un fort intérét ces derniéres années en Probabilités
Numériques, et notamment dans les applications & la finance, voir par exemple larticle [57]

pour une présentation globale.

Dans le cas étudié ici, on suppose que toutes les fonctions intervenant sont Lipschitz en la

variable d’espace, et que la fonction de cofit satisfait une “condition triangulaire" naturelle.
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Dans un premier temps on étudie I'impact de la discrétisation en temps (nécessaire pour
tout schéma numérique) sur la fonction valeur de notre probléme. Etant donné un pas de temps

h, on considére donc la fonction v définie par :

m—1 N(e)
vlh (tk? x) = Sup E |: Z f(XZ[{C 7x7a7 It@)h + g(Xtt::$7a7 Itm) - Z C<X7t'fz’m7a7 Ln_17 [”I’L):| Y
QGAZC,«L l=k n=1

ou A?W- est 'ensemble des controles tels que les 7, sont a valeur dans {¢h,¢ = k,...,m}. On
montre que le taux de convergence de v" vers v est de h1/27¢ ot h est le pas de discrétisation en
temps et ¢ > 0. Ceci étend les résultats obtenus par Chassagneux, Elie et Kharroubi [13] dans
le cas ou la diffusion n’est pas contrélée. Quand le colit de changement de régime ¢ ne dépend
pas du processus X, on obtient un taux de convergence en h/2 comme pour le probléme d’arrét

optimal (cf. Lamberton [45]).

Comme la diffusion X n’est pas forcément simulable en pratique, on considere donc a la

place le schéma d’Euler X, défini récursivement par :

th = @,

th_H = th—|—b(Xte,Oéte)h-i-O'(th,ate)\/ﬁﬁg+1, k<fti<m-—1,

ot V1 = (Wi, — Wi,)/Vh a pour distribution N (0, ;). On montre alors que la fonction

valeur correspondante o converge vers v" en h1/2.

La principale difficulté de ces preuves vient du terme de colit de changement de régime, le
nombre de ces changements étant a priori illimités. En utilisant des outils d’EDSRs, on montre

des estimations sur les moments de ce nombre de switchings pour une stratégie optimale.

On étudie ensuite deux schémas numériques par quantification :

e Le premier schéma est une approche par quantification markovienne dans la veine de Pages,
Pham et Printems [58]. On considére une grille de discrétisation en espace X = (§/d)Z? N
B(0, R). On approxime le schéma d’Euler de la fagon suivante : la gaussienne 9,41 est remplacée

par sa quantifiée 'l§,€+1, et le résultat obtenu est ensuite projeté sur la grille X. Autrement dit on
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considére le processus X1 défini par :

I
Xt(élil = Projx (X't(el) + b(f(t(j),atz)h + O'(Xt(él), at,_,)\/ﬁﬁgﬂ) , k<i<m-1,

et on définit la fonction valeur associée H(1) :

m N(a)

(1 5 (1 5 (1 5

’UZ( )(tk,x) = sup E[ Z f(Xt(é),oatz)h—i—g(Xt(m),atm) — Z c(X%),Ln_l,Ln)}.
Q€AY b=k n=1

En pratique, on peut calculer explicitement cette fonction par un algorithme récursif de pro-

grammation dynamique :
Vi(tm,z) = gi(z), (x,1) e Xx]I,

N
bi(tg,r) = %aﬂx {Zm ; (tkH, Projx (:L' +b(xz,7)h + U(m,j)\/ﬁwl) ) + fi(x)h — cij(x)},
7 =1

(x,1) e XxI;, 0<k<m-—1,

ou (wy)1<i<n est la grille de quantification de la loi normale utilisée, de poids associés (m;)1<i<n-

En suivant une méthode similaire a [58] (la principale différence étant que dans notre cas
la volatilité n’est pas supposée bornée), on obtient le résultat suivant sur la convergence de la
fonction ™) :

i) = 60 )| < Ko (K20 = 9],) 1+ el + ) {4020 = 8], (1+1al + 7 )

i =1/211,9 _ 9 2 éz
b exp(Kh 2o 19||4)(1+|x| +<h))}.

Cette erreur dépend essentiellement de trois termes : %, ﬁ et =Y/ 2”19 — 19”2, et pour avoir

une bonne approximation les parametres de discrétisation doivent donc étre choisis de fagon a

ce que ces termes soient négligeables.

e On propose également une approche par quantification marginale dans le cas particulier ou
la diffusion n’est pas controlée, inspirée du schéma numérique de Bally et Pages [5] pour le
probleme d’arrét optimal. Pour chaque pas de temps k£ = 0,...,m, on se donne une grille
Ty = {z},... ,l‘ivk} et on considére la quantification des marginales du schéma d’Euler : X ,EQ)
= Proj k(X'tk). La fonction valeur est alors approximée par 9(2) définie récursivement par un
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algorithme de descente d’arbre :

@Z@)(tm,x) = gi(x), zely,
Nlc+1
5@ (4, 2l _ [IKN ()t h _ =1 N,
0,7 (tg,xy) = rjﬂeaHX T k+1a~"3k+1)+ f](xk) Czy(l’k)] =1..., Ng,
=1
k=0,....m—1,
ou
u ]P)X A X 1
T = [k+1—$k+1‘ k= T

On montre alors 'estimation suivante sur la fonction valeur en fonction de 'erreur de quantifi-
cation :

max |0;(0, zg) — vo(azo)‘ < K1+ |zo|) Z Hth - XkHQ
k=1

i€l

Enfin dans la derniere partie de ce chapitre, on étudie des exemples numériques comparant
les résultats de nos schémas numériques aux formules explicites obtenues par Ly Vath et Pham

[51].

Cette partie est tirée d’un article réalisé en collaboration avec Idris Kharroubi et Huyén

Pham [28].



General Introduction

Abstract : This thesis is divided into two parts that may be read independently.

The first part is about the mathematical modelling of liquidity risk. The aspect of illiquidity
studied here is the constraint on the trading dates, meaning that in opposition to the classical
models where investors may trade continuously, we assume that trading is only possible at
discrete random times. We then use optimal control techniques (dynamic programming and
Hamilton-Jacobi-Bellman equations) to identify the value functions and optimal investment
strategies under these constraints. The first chapter focuses on a utility maximisation problem
in finite horizon, in a framework inspired by energy markets. In the second chapter we study an
illiquid market with regime-switching, and in the third chapter we consider a market in which
the agent has the possibility to invest in a liquid asset and an illiquid asset which are correlated.

In the second part we present probabilistic quantization methods to solve numerically an
optimal switching problem. We first consider a discrete time approximation of our problem and
prove a convergence rate. Then we propose two numerical quantization methods : a markovian
approach where we quantize the gaussian in the Euler scheme, and, in the case where the
underlying diffusion is not controlled, a marginal quantization approach inspired by numerical

methods for the optimal stopping problem.

0.1 First part : Liquidity risk modelling

Liquidity risk is one of the most important risks faced by the finance industry, especially
during periods of financial crisis when the markets feel various kinds of illiquidity. Roughly
speaking, liquidity risk may be defined as the risk associated to the impossibility of the agent
to buy or sell assets immediately and/or at each time, as well as to evaluate at each time the

value of his portfolio.

27
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In the seminal works of Merton on portfolio management and Black and Scholes on option
pricing, as well as in the majority of the following litterature in mathematical finance, it is
assumed that investors can buy and sell continuously, with immediate rebalancing, without
paying costs for trading and without affecting the assets’ price. It is clear that such point of
view is quite unrealistic in practice, as investors face various types of assets’ illiquidity. In the
last decade there have been various approaches to include these types of market’s illiquidity,

formalize and quantify the different aspects of this financial risk.

A first approach was to study illiquidity in terms of transaction costs, see for instance
Kabanov and Safarian’s book [38] for a recent overview of the theory. In this context frequent

trading of assets may induce potentially high costs, but the investor may buy or sell continuously.

In another direction, the market microstructure literature has shown both theoretically and
empirically that large trades move the price of the underlying assets. This factor has been studied
by Cetin, Jarrow et Protter [14], Bank et Baum [7] for arbitrage and option pricing, Schied and
Schéneborn [67] for a portfolio liquidation problem. Ly Vath, Mnif et Pham [50] consider a

model combining large investor effects and transaction costs in a portfolio management context.

Another aspect of illiquidity is the one due to the delay in the execution of the trading orders.
Trading orders are actually not executed immediately, requiring time to reach the market (see e.g.
Subramanian and Jarrow [70]). This time lag has an impact on the dynamics of the portfolio,
and consequently they are expected to lead to different investor’s choices. The problem of
execution delay has been investigated in the context of stochastic impulse control in QOksendal
and Sulem [56] for special kind of dynamics and in Bruder and Pham [11] in a quite general
setting.

The type of illiquidity that we study in this thesis is the restriction on trading/observation
times. The classical assumption of continuous trading is irrealistic in the case of illiquid markets
where, because of the low volume of buy/sell orders, a relatively long period may take place
between successive trading possibilities. Rogers [65] considers an agent that can only rebalance
his portfolio at fixed intervals and shows that the resulting loss is relatively small compared to
the uncertainty on the parameters of the asset. Rogers and Zane [66], Matsumoto [53] consider
a model where the successive trading dates are given by the jump time of a Poisson process
with constant intensity A, and study the asymptotic behavior when A is large. In the same

framework, Pham and Tankov [61, 62] study an investment/consumption problem over infinite
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horizon, characterize the value function as the unique (viscosity) solution of the HJB equation
and propose a numerical scheme to compute it. Let us also mention Bayraktar and Ludkovski
[8] that study in a similar context a portfolio liquidation problem. We extend the approach of

these papers over three different problems developped below.

0.1.1 Optimal investment on finite horizon with random discrete order flow
in illiquid markets

In the first chapter we study a utility maximisation problem over finite horizon in an illiquid
market where the agent can only observe and trade the asset at discrete random times. An
important feature of our model is that the arrival rate of these dates is close to infinity when
the time horizon T is close. This is a natural assumption to modelize what is for instance
observed in the case of forward contracts in energy markets : because of the physical nature of
the underlying asset, trading activity is really low far from the delivery, and is higher near the
delivery.

A similar problem has been studied by Matsumoto [53] in the cas of logarithmic utility. The
main differences with our approach, in addition to the fact that we consider a less restrictive
class of utility functions and price processes, are that in [53] liquidity is constant in time and
the asset price is observed continuously.

We study a market consisting of a riskless asset (assumed constant) and an illiquid risky
asset with price process (S;)o<t<7. The dates at which the agent can observe the price S; and
trade the illiquid asset are given by a sequence of stopping times (7,),>0 independent of S.

We assume that S follows log-Levy type dynamics, more precisely S; = £(L);, where &

denotes the stochastic exponential and

Ly = /b du—l—/ u) dB,y, —1—// w(dt,dy) —v(dt,dy)), 0<t<T,

is a semimartingale with independant increments and jumps AL; > —1. We further assume
natural integrability conditions on the deterministic characteristics (b, c,r) and a no-arbitrage
condition. We denote by Z; ; = SSS;tSt the return between s and ¢ and p(t, s,dz) = P[Z; s € dz]

its distribution.

The dates (7,) are given by the jump times of an inhomogeneous Poisson process (Ny)o<t<T
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of deterministic intensity A(t). We make the following assumption for \ :
t T
/ AMu)du < o0, V 0<t<T and / AMu)du = 0.
0 0
Under this condition the sequence of stopping times (7,,) satisfies almost surely

lim 7, =1T.
n—oo
We define the discrete observation filtration F,, = U{(Tk,ZTkilﬂ-k) 1 < k< n} An
investment strategy is then a sequence (o), where «,, F,,-mesurable, represents the amount
held in the risky asset over the period (7, 7,+1]. The wealth process (X, ) associated to a

strategy « verifies
Xrnn = XotanZe, -

In the sequel we fix an initial capital Xy > 0 and we restrict our attention to the set A of
admissible strategies such that the investor’s wealth is nonnegative at all times : X, >0, n > 0.
Given our assumptions on S, Z,, .., has for support (—1,+00) conditionally on F,, and it is
easy to see that this admissibility constraint is equivalent to a no-shortselling constraint (both

on the riskless and risky assets).

Given a utility function U satisfying some general conditions, we study the following control
problem :
Vo = supE[U(X7)].
acA
We then solve this optimization problem, i.e. we characterize V{) and the corresponding
optimal strategy &. We use a direct Dynamic Programming approach : we formally write down

the Dynamic Programming Equation (DPE) for our problem, then by analytical arguments we

prove the existence of a solution to this DPE, and we conclude by a verification argument.
In our context the DPE is written as a fixed-point problem (with a terminal condition)

Lv=w
(0.1.1)

limg s~ o (2, ') =U(x),
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where given a function w verifying appropriate growth conditions, Lw is defined by :
Lw(t,z) = / / o~ Ji Aw)du w(s,z(1 4+ 72))p(t, s, dz)ds.
7r€[0 1] 1 OO)

To prove the existence of a solution to (0.1.1), we follow a value iteration approach, standard
in the case of discrete problems (see also [23]). We consider the sequence of functions (vp,)m>0

defined inductively by :

Umt1 = Lupy.

We then show that:
e v, converges to a function v*, solution to (0.1.1).

e 1h =0v*(0,Xp), and the optimal strategy & is given by :

A A

by = 7(mn, X;)X:,, n>0,
where 7 is defined by

#(t,r) € arg max/ / e~ Ji Mu)du v*(s,2(1 4+ 72))p(t, s,dz)ds.
1,00)

mel0,1

Moreover, v, corresponds to the following control problem :

vm(0,Xo) = sup E[U(X7)],
acAnm

where A,, is the set of admissible strategies with no investment in the risky asset after the m-th
trading date, i.e. a,, = 0 for n > m.

In the last part of this chapter we focus on the convergence of our problem to the standard
continuous time trading problem. Indeed, when the intensity A of arrival of trading dates is very
large at all times, we expect the corresponding value VOA to be very close to the one where the
agent may trade continuously, taking into account the no-shortselling constraint.

We thus define
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where D(S) is the set of continous-time trading strategies in the asset S with no shortselling.

We obtain the following result : given a sequence of intensity functions Ay such that
Ai(t) - 00 ask — oo, Vtel0,T],
we have the convergence
VOA’“—>VOM as k — oo,

This chapter is based on a paper written in collaboration with Huyén Pham et Mihai Sirbu

[29], published in International Journal of Theoretical and Applied Finance.

0.1.2 Optimal investment/consumption in an illiquid market with regime
switching

In the first papers studying liquidity risk models with discrete trading times (for instance
[66], [53], [61]), the trading frequency is constant in time and independent from the assets’ price.
In practice the liquidity of the market exhibits a cyclical pattern, following both random and
deterministic fluctuations at various time scales, and the liquidity of the market is correlated
to price dynamics. In this chapter we study a simple model of an illiquid market with regime
switching, each regime having different liquidity and price dynamics.

Regime-switching models and their applications to finance have been studied in several works,
see e.g. the papers [69],[72] or from a statistical viewpoint the thesis [55]. More recently in a
liquidity risk concept, the papers [21] and [49] study a market undergoing liquidity shocks during
which trading activity is completely stopped.

We consider a market going through regime switches, modelled by a Markov chain (I;) with
finite state space Iy = {1,...,d} and infinitesimal generator @ = (¢;;). The market is composed
of a riskless asset assumed constant and a risky asset with price process S. The agent can only
trade this asset at times (7, ),>0, corresponding to the jump times of a Cox process (Ny)¢>o with
intensity A7,. In other words, at each market regime i corresponds an intensity \; of trading
times arrival. It is important to note that unlike in the model of the first chapter or the paper
[61], the constraint is only on the trading times, and that the price S; is observed continuously

by the agent.
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In each regime, the price S; follows geometric Brownian motion dynamics :when Iy = i,
dSt = St(bidt—FO'ith),
where W is a standard Brownian motion independent of (I, N), and b;,0;, i = 1,...,d are
constant.
Furthermore, we assume that the price jumps at each regime change : when I goes from
regime ¢ to regime j at time ¢,

AS; = —Si—7ij,

where the 7;; < 1 are given constants.

We consider an agent investing in this market and consuming continuously; a strategy is then
a pair of predictable processes (¢, () where ¢ is the consumption and ¢ the investment strategy.
Denoting by (X, Y;) the state variables corresponding to the wealth invested respectively in the

riskless and the risky asset, we have the following dynamics :

dXt = —Ctdt—Ctht,
ds,

dY} - E_Sit‘f'gtht
t—

Starting from regime i and initial wealths z, y we consider the admissible strategies (denoted
by A;(x,y)) such that the total wealth R; := X; + Y} is nonnegative at any trading time 7,,. As
in the previous chapter, this is equivalent to a no-shortselling constraint : (¢,() € A;(z,y) iff

X, Y >0 a.s. for all ¢.

Given a utility function U satisfying standard conditions and a growth condition, and for a

discount factor p > 0 we consider the investment/consumption problem over an infinite horizon

wey) = sw B[ [Tt @) e,
(<7C)€Ai(zvy) 0

We also introduce the function

0i(r) = sup vi(x,r —x), r>0,
z€[0,r]
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corresponding to the value obtained by rebalancing optimally an initial wealth r between the
riskless and the risky asset. In other words, v; is the value function between two trading times,
while 9; is the value function at a trading time.

In order to solve this control problem, we characterize the value functions v; as solutions
to the corresponding Hamilton-Jacobi-Bellman (HJB) equation. The HJB equation is a partial
differential equation, infinitesimal equivalent to Bellman’s dynamic programming principle (see
the books [24] an [60] for an introduction to markovian control in continuous time). In our case

this equation is the following system :

ov; 1 9 282’1)1' ov;
v b, T T g T S {U(C)_Cax}
—Zqij {”j (Jfay(l - %‘j)) - Uz'(l“?y)} (0.1.2)
J#i
— N[ sup wi(m =Gy + Q) —vilz,y)] = 0.
—y<(<z

on Iz x (0,00) x Ry, with boundary conditions :

0:(0,0) = 0 (0.1.3)

v;i(0,y) = E; sup_ v, ((,yi,: - ) : (0.1.4)
0<¢<y=t

It is well known that in the general case the functions v; are not smooth enough to interpret
this equation in the classical sense, and a weaker class of solutions, namely viscosity solutions,
is required (see e.g. [16]).

Using a dynamic programming principle we show that v; is a viscosity solution to (0.1.2),
and we further prove a comparison principle for this equation. Our functions (v;) are thus
characterized as the unique solution to the system (0.1.2) with boundary conditions (0.1.3)-
(0.1.4).

We then focus on the existence and characterization of optimal solutions to our control
problem. In the general case of viscosity solutions, there are some verification results (see
[30]-[31]), but their assumptions are too restrictive to be applied here. We thus try to find

some conditions under which the functions v; are sufficiently differentiable to apply classical
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verification results. Since our equation is degenerate (the second order term only contains the
derivative with respect to y), in the case of a general utility function U we cannot hope to apply
standard existence results for elliptic PDEs.

However, in the special case of power utility U(c) = %, we can reduce the dimension of the

state space. Indeed, applying the change of variables

ro= z+y,

Yy
x4y’

the value function may be rewritten as

vi(z,y) = Ur)ei(z).

We are thus led to solving a differential equation in z, which this time satisfies a uniform
ellipticity condition.

In this particular case, we are then able to prove the regularity of the function v;, and we
deduce the existence of optimal controls characterized in feedback form.

Finally, we look into the numerical resolution of the equation (0.1.2). The main difficulty
comes from the nonlocal terms, which may be avoided by an iterative procedure. We define

vo = 0 and inductively, v,,4+1 is defined as the unique (viscosity) solution to

vt 1 92yt vt
o s ’(H—l — b 7 . 2 2 7 o U . 7
(P Qii + z)vl 7Y 8y 201 Yy 8y2 ilzlg (C) c O
= > av} (2,91 —75)) + X sup vi@—Cy+C)
i —y<(<z

with appropriate boundary conditions.
As in the first chapter v, may be interpreted as the value function for a control problem :

On
D@y = sup E [ / e-ﬂtwct)dt] |
(C,C)E.Ai(a:,y) 0

where 6, is the n-th time where there is either a trading date or a regime change. Using this
representations, whe show that v,, converges to v and that the convergence speed is exponential.

We illustrate our results with numerical tests for markets with 1 or 2 regimes. In the single-

regime case, we compare the results to those of [61], where the agent observes the risky asset
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only at the dates (7,). In the case of a market with 2 regimes, we observe that typically the
existence of several regimes increases the "cost of illiquidity" for the agent.

This chapter is based on a paper written in collaboration with Fausto Gozzi and Huyén

Pham [27].

0.1.3 Optimal investment/consumption in a market with liquid and illiquid
assets

Tha majority of works on liuidity risk focus on an agent investing exclusively in an illiquid
asset. However, in practice it is common to have several correlated tradable assets with different
liquidity. For instance an index fund over some given financial market will be usually much
more liquid than the individual tracked assets, while sharing a positive correlation with those
assets. An investor in this market will then have the possibility of hedging his exposure in the
less liquid assets by investing in the index and rebalancing his position frequently. Tebaldi and
Schwartz [68], Longstaff [48] consider a market constituted of a liquid asset that can be traded
continuously, and an illiquid asset that may only be traded at the initial time and is liquidated at
a terminal date. Following the line of the latter papers, here we also consider a market composed
by a liquid asset and an illiquid one, but we take a less restrictive approach assuming that the
illiquid asset may be traded at discrete random times.

To this regard, we have to mention the recent paper by Ang, Papanikolaou and Westerfield
[2] that studies a very similar problem to the one studied here. However, we stress that our
results are different for two reasons. First, they consider utility functions of CRRA type with
risk aversion parameter v > 1, while we study the problem for a different class of functions,
not assumed of CRRA type. Second, they assume that the agent is able to observe the illiquid
asset’s price continuously, while in our case observation is restricted to the trading dates. We
believe this is a more natural assumption, as in practice trading possibilities and observation of
the price coincide via the arrival of buy/sell orders on the market.

We consider a market consisting of a riskless asset assumed constant and two risky assets :
e a liquid asset that may be traded continuously, with price process L,

e an illiquid asset with price process I, that can only be traded and observed at random

times (7,,) corresponding to the jump times of a Poisson process N with intensity A.
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We assume that L and I follow Black-Scholes dynamics :

dL; Lt(det—i-ULth),

dl

Ii(brdt + o (pdWy + /1 — p2dBy),

where W and B are independent Brownian motions (independent of N), and p € (—1,1) is the
correlation coefficient.

We define the observation filtration for the agent :
G :=(Gi)i>0: Ge=0(mnIr;mn <)V ]:tW VN,

where FW is the filtration generated by W (or by L) and N is the o-algebra generated by the
P-null sets.

A consumption/investment strategy on this market is then a triple (¢, 7, «), where:
e ¢ = (¢;) is a G-predictable process corresponding to the consumption rate,
e 1 = (m) also G-predictable is the amount invested in the liquid asset,

e a = (ag) is a sequence of G, -measurable random variables, representing the amount

invested in the illiquid asset at time 7.

Given a initial wealth r, we restrict our attention to the set A(r) of strategies satisfying an
admissibility condition, which like in the previous chapters reduces to a no-shortselling constraint.
We are then given a utility function U and a discount factor 5 > 0, and consider the control

problem :

Vir)y=sup E [/ e_ﬂSU(cs)ds] .
(e,m, ) EA(T) 0

This control problem is a nonstandard, mixed discrete/continuous (due to the nature of our
observation filtration G) problem . We then follow the same approach as Pham and Tankov in
[61] : by dynamic programming we are reduced to study the problem between two trading times,

and we show that it is equivalent to a standard control problem.
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In our context, the dynamic programming principle is written as :

T1
Vir) = sup E [/ e PU(cs)ds + e PV (R,,)]
(e;m,)€A(r) 0
where
1 dLg I, — I
R, = 7“+/ (—cods + me—2) + ag——"2
0 Ls IO

is the wealth at time 7.

We will rewrite the right-hand side of the previous equality as solution to a standard stochas-

tic control problem for the filtration F"W.

First, noting that only this term only takes into account the strategy before 71, we may

rewrite this equality as

1
V(r) = sup sup E {/ e P U(cs)ds + e PV (R, |
a<r (c,m)eAg(r—a) 0

where given an initial investment z in liquid wealth, Ag(z) is the set of F"-predictable strategies
satisfying some admissibility conditions.

We then decompose the illiquid asset price as I; = E;J;, where

dEt pPor1 st or

— = —— = (pby—dt dW;
E, or Lt (p [UL + pordWy),
dJ;

S — (b — pbr ZLVdt + o141 — p2dB,.
Jt gJ,

Note that (F;) is FW-adapted, while (.J;) is independent of FW.
Given an initial wealth r = x + y split initially between an amount z of liquid wealth and

an amount y in the illiquid asset, and a strategy (¢, 7) € Ap(x), we consider the state variables

X, Y defined by :

dLg
L

t
Xt%c’ﬂ- = $+/() (_Csds + 7 )7

}/ty = yEt

In other words, X corresponds to the liquid wealth, while Yy corresponds to the wealth initially
invested in I, modulated by the information brought by the variations of the liquid asset’s price

since the initial date.
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Defining the operator GG by
Glwl(t,z,y) = Efw(z+yi)],
we finally obtain

V(r) = sup  sup E/ ~BHNS (U (ey) + AG[V] (s, XT™ YY) ds.

0<a<r (¢,m)EA(z

This is a standard (time-inhomogeneous) stochastic control problem. We then define the

dynamic value function V by :

V(t,z,y) = o E / SENE (U () + AGIV] (5, X077, Y1) ) ds.

Notice that V and V are connected by

V(r) = [HV] (r) = sup V(0,z,7 —y).

0<z<r

Computing V' is thus equivalent to computing V. To do so, we use the standard approach by

HJB equations. The HJB equation for our problem is written as

Vi + (B+ NV = AGHV](t,z,y) — sup Hey(y, D, y)V D(x y)V e,m) =0, (0.1.5)

c>0,meR

where the hamiltonian H., is defined by

bror o2 o2
Heo(y,p, Ase,m) = lU(C) + (b, — ¢)p1 + ng yp2 + L2 An +mpororyAis + PQ?IyzAm

As in the previous chapter, we then show that V is the unique viscosity solution to (0.1.5)

on [0, +00) x (0,+00) x Ry, satisfying the boundary condition
0(t,0,y) IE/ ~BENEDNG[H ] (s, 0, YY) ds

and an appropriate growth condition.
This characterization allows us to compute V numerically.

Like in the previous chapters, we follow an iterative method : starting from Vo = 0,

we define recursively V! as the solution to (0.1.5) where the nonlocal term is replaced by
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AG[HV™|(t, z,y). We then obtain similar results as in chapter 2 : we show that V™ corresponds
to the control problem in which the agent only consumes up to time 7,, and yn converges to 1%
exponentially in n.

Moreover, since the PDE we need to solve is over an infinite horizon, in practice we consider
an approximate solution V™7 for a fixed horizon T'. We prove that for 7' chosen large enough,
VT approximates V™ with arbitrary small precision (uniformly in n).

Finally we present some numerical illustrations to our results. We fix the parameters
br,or,br,or, and we observe how the value function and the optimal strategies change when A
and p vary.

This chapter is based on a paper written in collaboration with Salvatore Federico.

0.2 Second part : Time discretization and quantization methods
for optimal multiple switching problem

In this second part, we present numerical schemes for the optimal switching problem. Let
us first recall the definition of this problem.

We are given a filtered probability space (2, F,(F;),P), and a finite set of regimes I, =
{1,...,q}. A switching control is then a sequence (7, tn)n>0, Where (7,) is a nondecreasing
sequence of stopping times and (¢,,) is a sequence of F,, -measurables r.v.s valued in I,. To each

« is associated the controlled diffusion
dXt = b(Xt, Oét)dt + O'(Xt, Olt)th,

where W is a standard Brownian motion in R?, and a; = ¢, sur [Tn, Tnt+1). The control problem
we consider is then :

T
vi(t,z) = sup E[ f( Xy, ap)dt + g(Xp,ap) — Z c(XTn,Ln_l,Ln)].
aEAt"i ¢ TnST

Optimal switching has numerous applications, in particular in finance, see e.g. chapter 5
in the book [60]. From a numerical point of view, these problems are usually solved by a
discretization in time, and a backward inductive procedure that requires the computation of
conditional expectations. Regarding the discretization error, in the case where the diffusion

is not controlled, some results have been obtained by Chassagneux, Elie and Kharroubi [13],
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using methods of Backward Stochastic Differential Equations (BSDEs) with oblique reflection
(see Hamadéne and Zhang [34], Hu and Tang [35] for the properties of these BSDEs). For the
computation of conditional expectations, several methods have been developed for the optimal
stopping problem : Malliavin calculus techniques (Lions and Regnier [47], Bouchard, Ekeland
and Touzi [10]), Longstaff-Schwarz type regressions (Clément, Lamberton and Protter [15]), or
quantization methods (Bally-Pagés [5]).

In this chapter we present numerical schemes based on this latter approach. Let us recall
that optimal quantization consists in approximating a random variable X by a quantizer X
with finite support, in such a way that the quantization error HX - X H is minimized. See for
instance the book by Graf and Luschgy [32] for an introduction to qualftization theory. In the
last decade, optimal quantization has been intensively studied in numerical probability, and in
particular in finance, see the paper [57] for an overview.

In our case, we assume that all the functions we consider are Lipschitz in the space variable,
and that the cost function satisfies a natural "triangular condition".

We first study the impact of time discretization on the value function of our problem. Given

a time step h, we consider the function v defined by :

m—1 N(@)
ite,w) = sup B[ Y0 FXETN LR+ g(XT L) = D (X 1, )],
aeAﬁk,i =k n=1

where A,’}k’i is the set of controls such that the sequence (7,) takes its values in {¢h,¢ = k,...,m}.
We show that the convergence rate of v" to v is in hY/27¢, for any e > 0. This extends the results
obtained by Chassagneux, Elie and Kharroubi [13] in the case where the diffusion is uncontrolled.
When the switching cost ¢ does not depend on the process X, we recover the same convergence
rate in h'/2 as in the case of optimal stopping (see Lamberton [45]).

Since in practice the diffusion X; may not always be simulated, we consider instead the Euler

scheme X defined inductively by :

th = x,

Xt2+1 = th =+ b(th,OétZ)h + J(Xte,ate)\/ﬁﬁg+1, k< V4 <m-— 1,

where U1 = (Wy, | — Wi, )/V'h has N(0, I;) law. We then prove that the corresponding value
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h

function o converges to v" in hl/2.

The main difficulty in these proofs comes from the regime switching term, the number of
regime switches being a priori unbounded. Using some tools from BSDE theory, we prove some

estimates for the moments of this number in the case of an optimal strategy.

We then study two quantization schemes :

e The first scheme follows an approach by markovian quantization in the vein of Pages, Pham et
Printems [58]. We consider a space discretization grid X = (§/d)Z% N B(0, R). We approximate
the Euler scheme in the following way : the gaussian 9,1 is replaced by its quantizer 7§£+1, and
the obtained result is then projected on the grid X. Hence we consider the process X @ defined
by:

5 (1
t(k) = .’17,
)A(t(zljl = Projx (Xéj) + b()A(t(j), ay,)h + U()A(t(el), ate)\/ﬁz%ﬂ) , kE<i<m-—1,

and we defined the associated value function (1) :

m—1 N(e)
oM (b, m) = sup E[ Y FX a)h+ g(X0) an,) = 3 (XY, 10, 1)]
a€AY 5=k n=1

This function can be computed explicitly by a dynamic programming induction :
tiltme) = gi(2), (2,0) €X x1,

N
fulti,w) = a3 m 0 (e, Prody (o4 b(e ) + ot ) Vi) ) + fi(@h = eig(o)]

(z,i) e XxI;, 0<k<m-—1,

where (w;)1<i<n is a quantization grid for the gaussian law, with weights (m;)1<;<n.

Following a similar method of proof as [58] (the main difference being that in our case the

volatility is not assumed bounded), we get the following result for the convergence of the function
O
o\

|0s(tr, @) — 0 (1, @) < Kexp (Kh—1/2Hq9 - 19\\2) (1+ Ja] + %) {2 +h7V2 0 -, (1 + || + 2)

1 _ - 0
et = 9] (1+ 1+ ()7 |

This error is mainly a function of three terms : %, ﬁ et h=1/ 2H19 — 19“2, and to obtain a good
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approximation the discretization parameters must be chosen so that these terms are small.

e In the special case where the diffusion is not controlled, we also present a marginal quanti-
zation approach, inspired by the numerical scheme in Bally-Pages [5] for the optimal stopping
problem. At each time step k = 0,...,m is given a grid '}, = {mk, e ,xév’“}, and we consider
the quantization of the marginals of the Euler scheme : X ,52) = Proj;,(X;,). The value function
is then approximated by 92) defined inductively by a tree descent algorithm :

652)(tm,x) = gi(x), ze€ly,
Nk+1
. (2
'Ui(Q)(tkvng) = Ijnea]fx 77” )tk+17mk+1)+hfg(xk) cij(acgc)], l=1,..., Ng,
=1
k=0,....m—1,
where
w ]P;X v X 1
T = [ k+1—$k+1\ k= Ty

We then show the following estimate on this value function depending on the quantization error

m
max |9:(0, z0) — 04 (w0)| < K1+ |zol) D | Xe, — X,
1 k=1

Finally, in the last part of this chapter we present some numerical tests comparing the results

obtained by our numerical schemes to the explicit formulae obtained by Ly Vath and Pham [51].

This part is based on a paper written in collaboration with Idris Kharroubi et Huyén Pham

28]
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Chapter 1

Optimal investment on finite horizon
with random discrete order flow in
illiquid markets

Abstract : We study the problem of optimal portfolio selection in an illiquid market with discrete
order flow. In this market, bids and offers are not available at any time but trading occurs more frequently
near a terminal horizon. The investor can observe and trade the risky asset only at exogenous random
times corresponding to the order flow given by an inhomogenous Poisson process. By using a direct
dynamic programming approach, we first derive and solve the fixed point dynamic programming equation
and then perform a verification argument which provides the existence and characterization of optimal
trading strategies. We prove the convergence of the optimal performance, when the deterministic intensity
of the order flow approaches infinity at any time, to the optimal expected utility for an investor trading
continuously in a perfectly liquid market model with no-short sale constraints.

Key words: liquidity modelling, discrete order flow, optimal investment, inhomogenous Poisson process,
dynamic programming.
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1.1 Introduction

Financial modeling very often relies on the assumption of continuous-time trading. This is
essentially due to the availability of the powerful tool of stochastic integration, which allows
for an elegant representation of continuous-time trading strategies, and the analytic tractability
of the stochastic calculus, typically illustrated by I[t6’s formula. Sometimes this assumption
may not be very realistic in practice: illiquid markets provide a prime example. Indeed, an
important aspect of market liquidity is the time restriction both on trading and observation of
the assets. For example, in power markets, trading occurs through a brokered OTC market,
and the liquidity is really thin. There could be a possible lack of counterparty for a given order:
bids and offers are not available at any time, and may arrive randomly, while the investor can
observe the asset only at these arrival times. Moreover, in these markets, because of the physical
nature of the underlying asset, trading activity is really low far from the delivery, and is higher

near the delivery.

In this paper, we propose a framework that takes into account such liquidity features by
considering a discrete order flow. In our model, the investor can observe and trade over a finite
horizon only at random times given by an inhomogenous Poisson process encoding the quotes
in this illiquid market. To capture the high frequency of trading in the neighborhood of the
finite horizon, we assume that the deterministic intensity of this inhomogenous Poisson process
approaches infinity as time gets closer to the finite horizon. This is the crucial feature of our

model, which allows us to compare trading strategies using expected utility from terminal wealth.

Optimal investment problems with random discrete trading dates were studied by several
authors. Rogers and Zane [66] and Matsumoto [53] considered trading times associated to the
jump times of a Poisson process, but assumed that the price process is observed continuously,
so that trading strategies are actually in continuous-time. Recently, Pham and Tankov [61] (see
also [17]) investigated an optimal portfolio/consumption choice problem over an infinite horizon,
where the asset price, essentially extracted from a Black-Scholes model, can be observed and

traded only at the random times corresponding to a Poisson process with constant intensity.

Compared to the model of Matsumoto [53], which is closest to our work, the present paper
contributes to different levels. First, we allow for a general utility function, as opposed to

power/log utility, and the underlying continuous-time asset price process is no longer a Brownian
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motion but an inhomogenous Lévy process. Second, in our framework, the traded asset is
observed only at the sequence of Poisson arrivals, and not continuously. As we prove later
in Lemma 1.4.1, in this Markov model actually continuous and discrete observations lead to
the same solutions. However, this is not obvious from [53], so Lemma 1.4.1 is a part of our
contribution. However, the main contribution of our model is the possibility to account for
more and more frequent trading near maturity. The total wealth of an agent can be only
defined at the trading times, so we believe that the model we present here is the only case of
time-illiquidity where it actually makes sense to consider expected utility from terminal wealth
(see Remark 1.3.1). If the trading intensity is constant (or does not satisfy the hyper-intensity
condition (1.2.1) below), then total wealth cannot be defined at the terminal time horizon since

the agent will usually not be able to liquidate his position at maturity.

In order to analyze our model of portfolio selection, we use a direct dynamic programming
approach. We first derive the fixed point dynamic programming equation (DPE) and provide
a constructive proof for the existence of a solution to this DPE in a suitable functional space
by means of an iterative procedure. Then, by proving a verification theorem, we obtain the
existence and characterization of optimal policies. We also provide an approximation of the
optimal strategies that involves only a finite number of iterations. Finally, we address the
natural question of convergence of our optimal investment strategy/expected utility when the
arrival intensity rate becomes large at all times. We prove that the value function converges
to the value function of an agent who can trade continuously in a perfectly liquid market with
no-short sale constraints. A related convergence result was recently obtained by Kardaras and
Platen [39] by considering continuous-time trading strategies approximated by simple trading
strategies with constraints, but with asset prices observed continuously. Here we face some
additional subtleties induced by the discrete observation filtrations: the illiquid market investor
has less information coming from observing the asset, compared to the continuous-time investor,
but he/she has the additional information coming from the arrival times, which is lacking in the

perfectly liquid case.

The rest of the paper is organized as follows. Section 2 describes the illiquid market model
with the restriction on the trading times, and sets up all the assumptions of the model. We
formulate in Section 3 the optimal investment problem, and solve it by a dynamic programming

approach and verification argument. Finally, Section 4 is devoted to the convergence issue when
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the deterministic intensity of arrivals is very large at all times.

1.2 The illiquid market model and trading strategies

We consider an illiquid market in which an investor can trade a risky asset over a finite
horizon. In this market, bids and offers are not available at any time, but trading occurs more
frequently near the horizon. This is typically the case in power markets with forward contracts.
This market illiquidity feature is modelled by assuming that the arrivals of buy /sell orders occur
at the jumps of an inhomogeneous Poisson process with an increasing deterministic intensity
converging to infinity at the final horizon. In order to obtain an analytically tractable model, we
further assume that the discrete-time observed asset prices come from an unobserved continuous-
time stochastic process, which is independent of the sequence of arrival times. We may think
about the continuous time process as an asset price process based on fundamentals independent
of time-illiquidity, which would be actually observed if trading occurred at all times.

More precisely, fixing a probability space (€2, G, P) and a finite horizon T' < oo, we consider
the fundamental unobserved positive asset price (S¢)o<t<7. An investor can observe and trade
the asset only at some exogenous random times (7,,)n>0, 70 = 0, such that (7,),>0 and (S)o<i<T
are independent under the physical probability measure P.

In order to obtain a stochastic control problem of Markov type for the utility maximiza-
tion problem below, we assume an exponential-Lévy structure and some regularity /integrability

conditions on the continuous-time positive price process S. More precisely, we assume that
Sy =E&(L), 0<t<T,

where the process (Li)o<i<7 is a semimartingale on (€2, G, P) with independent increments and
jumps strictly greater than minus one. We use £(L) to denote the Doléans-Dade stochastic
exponential of L. The assumption AL > —1 ensures that the asset S, as well as its left-limit
S_, are strictly positive at all times. It is well known that a semimartingale with independent
increments has deterministic predictable characteristics, see e.g. [36]. We then assume that the
Lévy-Khintchin-It6 decomposition of L has the form

(HL)

/b du+/ u) dWy, +// p(dt,dy) —v(dt,dy)), 0<t<T,



1.2. THE ILLIQUID MARKET MODEL AND TRADING STRATEGIES o1

where (W})o<r is a Brownian motion on (€2, G,P) independent on the jump measure p with

deterministic compensator v, and integrable large jumps, i.e

T roo
/ / yv(dt,dy) < oc.
0 —1

The deterministic functions b : [0,7] — R, ¢ : [0,7] — (0, 00), satisfy
T T
/ |b(u)|du < oo, and / A (u)du < oo.
0 0

Since in our model the asset S is not observed at the terminal time 7', there is no loss of generality
if we assume that S7 = S7_, which can be translated in terms of predictable characteristics as

v({T},(—1,00)) = 0. We will make this assumption for the rest of the paper.

We denote by

ths _ M _ {e(Ls—Lt—éﬁs % (u) du) H e-ALu(l +ALu)} -1, 0<t<s<T,

St t<u<s

the return between times ¢ and s (if trading is allowed at both times) and denote by
p(t,s,dz) = P[Z s € dz]

the distribution of the return.

The sequence of observation/trading times is represented by the jumps of an inhomogeneous
(and independent of S') Poisson process (V¢ );c(o,7] With deterministic intensity function ¢ € [0, T’)

— A(t) € (0,00), such that:
t T
/ AMu)du < oo, (V)0<t<T and / AMu)du = oo. (1.2.1)
0 0

The simplest way to actually define such an inhomogeneous Poisson process is to consider a

homogeneous Poisson process M with intensity equal to one, independent of S, and define
Ny =M for 0<t<T. 1.2.2
t fO Au)du ( )

Condition (1.2.1) is crucial in our illiquidity modelling, and ensures that the probability of
having no jumps between any interval [¢t,T], t < T, is null, and so the sequence (7,,) converges

increasingly to 7' almost surely when n goes to infinity. We also know that the process of jump
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times (75, )n>0 is a homogeneous Markov chain on [0,7), and its transition probability admits a

density given by:
]P[Tn+1 S d5|7'n = t] = )\(5)6_ fts )\(u)dul{tSS<T} dS, (123)

(which does not depend on n).

An investor trading in this market can only observe/trade the asset S at the discrete ar-
rival times 7,,. Therefore, the only information he/she has is coming from observing the two-
dimensional process (7, Sr, )Jn>0. Taking this into account, we introduce the discrete observation

filtration F = (F,)n>0, with Fy trivial and
Fn = O’{(Tk,Zk) 1<k < n}, n>1, (1.2.4)
where we denote by
In="Lry 1y N1,

the observed return process valued in (—1, 00).

In this model a (simple) trading strategy is a real-valued F-adapted process o = (au,)n>0,
where «,, represents the amount invested in the stock over the period (7, 7,+1] after observing
the stock price at time 7,,. Assuming that the money market pays zero interest rate, the observed

wealth process (X, )n>0 associated to a trading strategy « is governed by:

X = X, +anZpt1, n>0, (1.2.5)

Tn+1

where X is the initial capital of the investor. In order to simplify notation, we fix once and
for all an initial capital Xy > 0 and denote by A the set of trading strategies o such that the

wealth process stays nonnegative:
> 0, n>1. (1.2.6)

For the rest of the paper, we will call simple these trading strategies where trading occurs only

at the discrete times 7,, n > 0.

Remark 1.2.1. Constrained strategies. From assumption (HL) we conclude that for each
0 <t < s < T the distribution p(t, s, dz) has full support on [—1, 00), so Z,, has also full support
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on [—1,00). Taking this into account and using (1.2.5), the admissibility condition (1.2.6) on
a € A means that we have a no-short sale constraint (on both the risky and savings account
asset):

0 <a, <X, forall n>0. (1.2.7)

Moreover, since Z, > —1 a.s. for all n > 1, the wealth process associated to o € Aq is actually
strictly positive:

X;, > 0, n>0.

For technical reasons, some related to the asymptotic behavior in Section 1.4.1, we need to
define some continuous time filtrations along with the discrete filtration F. To avoid confusion,
we will denote by G (with different parameters) all continuous-time filtrations. In this spirit, we
define the filtration G = (G;)o<t<r generated by observing continously the process S and the

arrival times as
G = a{(Su,Nu),Ogugt}\//\/', 0<t<T, (1.2.8)

where N is the inhomogenous Poisson process in (1.2.2) and N are all the null sets of G under
the historical measure P. We would like to point out that, because of the Lévy structure of the
joint process (S, N), the filtration G is right continous, so it satisfies the usual conditions. In

addition, we have the strict inclusion:
Fn C G, for alln>1.

We make an additional assumption on the model, which, among others, precludes arbitrage
possibilities:

(NA)

T b2(u)
/0 2(u) du < 00.

Under this assumption we can then define the probability measure Q by

@ — e_ fOT
dp

u u)\?2
igug dWU_% foT (igug ) du.

Under Q, the process N has the same law as under P, and (7,)n,>0 and (S)o<t<7 are still
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independent under Q. Moreover, the process S is a positive (Q, G)-local martingale so a super-
martingale. This means that the discrete-time process (57, )n>0 is a (Q,F) supermartingale as

well.

Remark 1.2.2. Embedding in a continuous-time wealth process. Given a € A with correspond-
ing wealth process (X, ), in (1.2.5), let us define the continuous time process (Xt)o<t<7 by

Xy = XTn + anZTn,t7 Tn <t < Tpy1, n2>0,

t
— X, +/ HodS,, 0<t<T, (1.2.9)
0

where H is the simple and G-predictable process

00
(0%
Hy = Z SJH{Tn<t§Tn+1}7 0<t< T7
n=0 "Tn

representing the number of shares invested in the risky asset. From (1.2.7) and since S; > 0, so
z,

n

+ > —1, n > 0, we notice that the continuous time process X is strictly positive: X; > 0
for 0 <t < T. Moreover, since S is a (Q, G)-local martingale, we also see that (X;)o<i<7 is a
(Q, G)-local martingale, hence a super-martingale up to 7. Consequently, we also have X;_ > 0
for 0 <t < T'. The definition of X, in (1.2.5) is consistent with (1.2.9), so (X, )n>0 is a positive
F-supermartingale under Q. Therefore, for each a € A we may define the terminal wealth value
by:

[e.9]
Xr = Jim X, = fm¥Xe = Kot 3 0uZun

and, since S7 = Sp_ we also have

T
XT = X() + / HudSU7
0

where the integrand H is related to the simple trading strategy « as described above. The
supermartingale property implies the budget constraint

E%[X7] < Xo.

The continuous time wealth process X has the meaning of a shadow wealth process: it is not
observed except for at times 7,,, n > 0. The no-short sale constraints (1.2.7) is translated in
terms of the number of shares held as

0 <HS_ < X, 0<t<T. (1.2.10)
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We denote by X the set of all wealth processes (X¢)o<t<7 given by (1.2.9), by using simple
trading strategies under the no-short sale constraint (1.2.7)/(1.2.10). We denote by X the set
of all positive wealth processes (X¢)o<t<7 given by (1.2.9), by using general G-predictable and
S-integrable processes H satisfying (1.2.10). We clearly have X C X.

For technical reasons, it is sometimes convenient to regard trading strategies equivalently in
terms of proportions of wealth. For any continuous time wealth process X € X associated to a
trading strategy H satisfying (1.2.10), let us consider the process m = (m;)o<¢<7, defined by:
= H;S;—/X;—, and notice that 7 is valued in [0, 1] by (1.2.10). We stress the dependence of the
wealth on the proportion 7, and denote by X (™) — X, which is then written in a multiplicative

way as

X — Xog(/o'wgs) = Xog(/o' rdL), (1.2.11)

where £ is the Doléans-Dade operator. Denote by D(G) the set of all G-predictable processes 7
valued in [0, 1]. It is then clear that

X ={X"| 7 eD@G))}.

1.3 Optimal investment problem and dynamic programming

We investigate an optimal investment problem in the illiquid market described in the pre-
vious section. Let us consider an utility function U defined on (0, 00), strictly increasing, strictly
concave and C! on (0,00), and satisfying the Inada conditions: U’(07) = oo, U'(c0) = 0. We

make the following additional assumptions on the utility function U:

(HU) (i) there exist some constants C' > 0 and p € (0, 1) such that
Ut(z) <C(l+2aP), (V)z>0

where U = max(U, 0)

(ii) there exist some constants C’ > 0 and p’ < 0 such that
U (z) < C'(14a"), (¥)z>0,

where U~ = max(—U,0).
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The above assumptions include most popular utility functions, in particular those with con-

stant relative risk aversion 1 —p > 0, in the form U(z) = (2P — 1)/p, x > 0.

Given the chosen positive initial wealth Xy > 0, we consider the optimal investment problem:

Vo = supE[U(X7)] = sup E[U(X7)]. (1.3.1)
acA Xex

Remark 1.3.1. As noted in the Introduction, the hyper-intensity condition (1.2.1) allows us
to define the terminal wealth Xp. Without such a condition, while one could always define
the continuous-time wealth process X as in Remark 1.2.2 for mathematical convenience, the
terminal wealth X7 does not have economic meaning. Therefore, the condition (1.2.1) appears
as necessary if one wants to compare portfolios using expected utility from terminal wealth, as
we do here.

Our aim is to provide an analytic solution to the control problem (1.3.1) using direct dynamic
programming, i.e. first solve the Dynamic Programming Equation (DPE) analytically and then
perform a wverification argument. Therefore, there is no need to either define the value function

at later times or to prove the Dynamic Programming Principle (DPP).

The Lemma below provides the intuition behind the (DPE):

Lemma 1.3.1. Assume (HL) holds true. Let a € A and let (X5, )n>0 be the wealth process
associated with the trading strategy «. Consider a measurable function v : [0,T) x (0,00) — R.
For a fizedn > 0, if v(7y41, Xr,,,) € LY, G, P), then

T —fs A(u)du
E[v(Tnt1, Xro )| Fn] = - ))\(s)e ™ v(s, Xr, + anz)p(Th, s,dz)ds,

where the above equality holds P-a.s.

Proof. Assumption (HL) together with the independence of S and N ensures that for all

n > 0, the (regular) distribution of (7,41, Z,+1) conditioned on F, is given as follows:
1. Plrnss € ds|Fo] = A(s)e™ Jm M@ g

2. further conditioning on knowing the next arrival time 7,41, the return Z,; has distribu-
tion

P[Zn+1 € d2|]:n \ U(Tn+1)] = P(Tn, Tn+1, dz).
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We then get

E[0(ro1, Xry W] = E[E[0(Tni1, Xn, + 0nZns1)|Fa V 0 (1011)] |

= B[ olmer, Xo, + ansIplrm, s, d2)| 7
(~1,00)

T s
= / / A(s)e [ )‘(u)duv(s, X;, + an2)p(Ty, s,dz)ds.
n J(—1,00)

|

Taking into account the above Lemma, we can now formally write down the Dynamic Pro-

gramming Equation as
u(t,z) = / / e J Awdu v(s,x + az)p(t,s,dz)ds,
aE[O z] 1,00)

_ / / As)e™ Je X6 0 (14 72))p(t, 5, dz)ds, (1.3.2)
7r€01 (—=1,00)

for all (t,z) € [0,T)

X

(0, 00) together with the natural terminal condition
lim o(t,2’) = U(x), z>0. (1.3.3)

t /Tx'—x

It appears that the right space of functions to be looking for a solution of (1.3.2)-(1.3.3) is
actually the space Cy7(]0,7") x (0,00)) of measurable functions w on [0,7") x (0, 00), such that

1. w(t,.) is concave on (0,00) for all ¢ € [0,7"), and
2. for some C' = C'(w) > 0, we have

Ul) < w(t,z) < Cl+x), Y(tz)el0,T)x(0,00). (1.3.4)

For any w € Cy([0,T") x (0,00)), we consider the measurable function Lw on [0,7") x (0, c0)
defined by:

Lw(t,z) = / / s)e” J: Awdiy, (s 2(1 + 72))p(t, s, dz)ds.  (1.3.5)
WE[O 1] 1 OO)
Lemma 1.3.2 below shows that the operator

L:Cy([0,T) x (0,00)) = Cu([0,T) x (0,00)),
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is well defined. Therefore, we are looking for a a solution w € Cy([0,T) x (0,00)) to the DPE:
Lw=w
(1.3.6)
limy 7y w(t, 2') = U(x).

In order to solve the DPE and perform the verification argument, we need some technical details

collected in the subsection below:

1.3.1 A supersolution of the DPE and other technical details

Lemma 1.3.2. Assume that (HL) holds. For any w € Cy(]0,T) x (0,00)), Lw also belongs to
Cu([0,T) x (0,00)). For each (t,x) € [0,T) x (0,00) the supremum in (1.3.5) is attained at some
7(t,z) which can be chosen measurable in (t,z).

Proof. Given w € Cy([0,T) x (0,00)), let us consider the measurable function @ defined on

[0,7) x (0,00) x [0,1] by:
T s
w(t,x,m) = /t /(_1 . )\(s)e_ft AWy, (s, 2(1 + 72))p(t, s, dz)ds,

so that Lw(t,z) = sup.cpp 1 @W(t 2, 7). Under (HL), there exists some positive constant C

(which can be chosen actually as C' =1 + ey blwlduy “g ¢,
/(1 el sds) < O 0<iSs<T (1.3.7)
Thus, for w satisfying (1.3.4), we see that o is well-defined on [0, T") x (0, 00) x [0, 1] and satisfies:
—o0 < w(t,z,m) < C(l+=z), Y(t,z,m)e€[0,T) x (0,00) x [0,1], (1.3.8)
for some positive constant C' > 0. Moreover, for each (¢,x) € [0,7) x (0,00), we have
w(t,xz,0) > U(x). (1.3.9)

As a matter of fact, one can easily see that w(t, z, 7) is actually finite for any = € [0, 1) and may
only equal negative infinity for 7 = 1. Consequently, for fixed (¢, z) € [0,T") x (0, 00), w(t,x,.) is
a proper one-dimensional concave function defined on [0, 1] (concavity follows easily from that of
w). In addition, using the linear growth (1.3.4) together with Fatou lemma, we obtain that = €
[0,1] — w(t, z, 7) is upper semicontinuous (this refers to the endpoints 7 = 0, 1 since the function

is continuous on (0,1) being finite and concave). Therefore Lw(t,z) = max,¢(,1) W(t, v, ),



1.3. OPTIMAL INVESTMENT PROBLEM AND DYNAMIC PROGRAMMING 59

where the maximum is attained at some m = m(¢,2) which can be chosen measurable in (¢, z),
see e.g. Ch. 11 in [9]. In addition, since m — @w(¢, z, 7) is continuous on (0, 1), the function Lw
has the additional representation

Lw(t,z) = sup  w(t,z,m),
7€[0,1]NQ

which shows that Lw is measurable. The concavity of w(¢,.) implies the concavity of (z,a) €
{(z,a) € (0,00) xR :a € [0,z]} — w(t,x,a/x) for all t € [0,T). This easily implies that Lw(t, .)
is also concave on (0, 00) for all £ € [0,7). Finally, it is clear from (1.3.8) and (1.3.9) that Lw

satisfies also the growth condition:

Ulx) < Lw(t,z) < C(l+=x), V(t,z)e[0,T) % (0,00).

O
The next lemma constructs a supersolution f € Cy([0,7") x (0,00)) for the DPE:
Lemma 1.3.3. Assume that (HL), (NA) and (HU) hold. Define
1(t,2) = it {E0(Yer)] + e} (42) € [0,T] x (0,00),
where
Vip = e Ji vt ST () (1.3.10)
and U is the Fenchel-Legendre transform of U :
Uly) = sup[U(z) —xy] < oo, Vy>O0. (1.3.11)

>0

Then, f lies in the set Ciy([0,T) x (0,00)), and satisfies

Lf<f
{ limy s f(t,2") = U(x). (1.3.12)

Proof. Jensen’s inequality gives E[U(yY; )] > U(y), so

f(t.2) > inf {U@) +yo} =U(@).
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From the definition of f we know that

ft,z) <E[U(@yYir)] +yz, (V)y>0. (1.3.13)
Fix a yg > 0. We denote by

Gy =0{(Sy — St, Ny — Ny), t <u<T},

the information accumulated from time ¢ to maturity T by observing continuously the asset S
and the arrival times (the jumps of N). Jensen’s inequality together with Assumption (HU)(i)
shows that

E[U (yoY:,r)] = E[U (yoE[Yo,r|G1)] < E[E[U (yoYo,r)|G1]] = E[U (yoYo,r)] < oo,
f(t,x) <E[U(woYir)] +vor <C(A+z) (V) (t,2) €[0,T] x (0,00).

This shows that f € Cy([0,7T") x (0,00)). Using assumption (HU) (both (i) and (ii)) we obtain
that there exist constants C > 0, ¢ < 0 and 0 < ¢’ < 1 such that

Ut(y) < C1+y9), U (y) <CL+y?), (V)y>0.

Using the defintion of Y; 7 (which is log-normal) and the explicit moments of log-normal random

variables we obtain that

sup E[|T(yYor)[?] < oc.
0<t<T

This means that the collection (U(yY;7))o<i<7 of random variables is uniformly integrable, so
lim E[U (yYi,r)] = U(y), (¥ 0.
I E[U(yYer)) = Uly), (V) y >
We can now use this in (1.3.13) to deduce that
U(z) < liminf f(t,2') < limsup f(t,2') < U(y) +zy, (V) y > 0.
LT = tT,x' -z

Taking the infimum over y we obtain the terminal condition. For each fixed ¢, the function f(¢,-)
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is finite and concave on (0, 00), so the only thing left to check is the supersolution property. Fix

0<t<s<Tandx>0. Denote by h(z) = E[U(zY5r)] and fix y > 0 and = € [0,1]. By the

very definition of the function f we have that
f(S, ‘T(l + TFZt,s)) < h(yY;f,s) + $(1 + 7"'Zt,s)yi/t,&
Using independence and the definition of h, we obtain

Elf(s,z(1+72Z5))] < Elh(yYis) +x(1+ 72 )yYe s =

E[U(yYe,sYer)] + Elo(1+7Z;,5)yYes] < E[U(yYir)] + wy.
Taking the inf over all y and recalling the definition of f(¢,x) we obtain

f(t,2) = Ef(s,2(1+ 1Z0,))] = /(_1  Ja 4 m)pt, 5,

for all m and s. For a fixed w, we can integrate over s to obtain

ft,w) 2 /tT /<_1 @O 214 )t 3, de)s,

and then taking the supremum over 7 we obtain f(¢t,z) > (Lf)(t,z), so the proof is complete.
Due to the linear growth condition of f and recalling (1.3.7), all expectations/integrals above
are well defined, but may be negative infinity. In other words, the positive parts in all expecta-
tions/integrals are actually integrable. O

Remark 1.3.2. The whole analysis in this paper extends to the case when the Brownian part
of the process L is degenerate, as long as the jumps have full support on (—1,00) and the jump
measure allows for a martingale measure with density process Y that can replace the definition
(1.3.10) in the corresponding proofs. In other words, the assumptions (HL) and (INA) can be
relaxed to include the situation when the drift can be removed by changing the jump measure
appropriately, if the Gaussian part is missing.

It turns out that, for the verification arguments below, we also need an assumption on the
integrability of jumps.
(HI): (i) there exists ¢ > 1 such that

/OT /OOO ((1 +y)—1- qy)u(dt, dy) < 0.

(ii) If the utility function U satisfies U(0) = —oo , then there exists r < p’ < 0 (where p’ is given
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in (HU)(ii)) such that

/OT /_01 ((1 +y)—1- ry)u(dt, dy) < o0

(iii) there are no predictable jumps, i.e. v({t},(—1,00)) = 0 for each ¢

Remark 1.3.3. Using convexity, it is an easy exercise to see that assumption (HI) (i) can
actually be rephrased as 1,4([0,7]) < oo, and assumption (HI)(ii) as ,([0,T]) < co where

w(dt) = / o (4 7y — 1~ tmy) v(dt, dy).
—1 7|0,

We now prove a crucial uniform integrability condition, but before that we denote by 7 the
set of random times 0 < 7 < T which are stopping times with respect to the filtration G.

Lemma 1.3.4. Assume that (HL), (HU), (NA) and (HI) hold.
(1) For any X € X, the family (f*(r, X;))reT is uniformly P-integrable.
(2) For any X € X, the family (U~ (X;))reT, is uniformly P-integrable.

Proof. Assume v([0,T]) < oo for some I. Consider X = X (™) € X for some © € D(G), and
recall that

ax\™ = mx\™dL, 0<t<T. (1.3.14)

In order to simplify notation, we supress the upper indices of X. We apply It6 formula to (X;)"

to conclude that

Xl ==z —I—/ <l7ru (u) + il ; 1)02(u)7r2(u)> du +

/ / 1 + ) —1— lﬂuy>y(du, dy) +" local martingale”

Fix a stopping time 7 € T. If T}, is a sequence of localizing stopping times for the local martingale
part, denote by Ty, = T/, A {inft : (X;)! > n}. Observe that T, /T a.s. since X_ is locally

bounded and locally bounded away from zero. We then have, for each 0 <t < T,

/t/\T/\Tn X {(lwub(u) N I(1 - 1)62(u)w2(u)) du

E[(Xiarar,)'] = 2’ +E 5

+ / (1+my) —1-— lwuy)y(du, dy)}] (1.3.15)
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Since (Xy_ ) <nfor 0 <u <7 AT, and 1([0,T]) < oo, we conclude that
E[(Xiarnz, )] <00, 0<t<T. (1.3.16)

In addition, since the paths of the process X! are RCLL and v;({u}) = 0 for each 0 < u < T
(because of (HI) part (iii)), we have that, for each 0 < ¢ < T, with P-probability one

/0 T Ly { (|lb(u)| + W;”'&w) du + l/l(du)} _
/ T ) { (|lb(u)| + W;”'&w) du+ l/l(du)} <
[ Ganerrd { (11 + 5220 ) du+ i}
Replacing this in (1.3.16) and using Fubini, we obtain

=1

Bl(Xuenn)] < '+ [ Elunenr)){ () + 15

(u)> du+ l/l(du)} . (1.3.17)

Now, using (1.3.16) and 14([0,7]) < oo, we can apply Gronwall in (1.3.17) to conclude that
E[(XinraT, )] < M(1) < oo, for each 0 < ¢t < T, where M (l) does not depend on 7 or n. Letting
n — oo and ¢t — T, by Fatou, we obtain E[(X,)!] < M(l) for each stopping time 7 € 7.

We can finish the proof considering [ = ¢ for item (i) and [ = r for item (ii), and also using

the upper bound f(t,z) < C(1 + z) as well as Assumption (HU) part (ii). ]

Remark 1.3.4. In case U(0) = —oo, we can follow the arguments in the Proof of Lemma 1.3.4
for the case m = 1 and [ = r (taking into account that X; = XS, for 0 < ¢ < T) to conclude
that

E[(S)" 1 =E[(1+ Zo;)"] < cofor0<t<T.

(we assumed that Sy = 1 above, and we also used that the times 0 < ¢ < T, because are
deterministic, belong to 7). The same argument actually works if we start at any time 0 <t < T,
so we have

E[(1+ Z )| = / (1+2)"p(t,s,dz) < oo, for t <s<T.
(_1700)
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1.3.2 Construction of a solution for the DPE

We provide a constructive proof for the existence of a solution of (1.3.6) using an iteration

scheme. Let us define inductively the sequence of functions (vy,)m, in Cir([0,7") x (0,00)) by:
vo = U, vme1 = Luy, m>0.
Lemma 1.3.5. Assume (HL), (NA), and (HU). Then the sequence of functions v,, satisfies

'UmS'Um—l—le’ m > 0.

Proof. We do the proof by induction. We obviously have U = vg < v1. In addition, since

the operator £ is monotone and U < f we have
v =LU < Lf <[,

so the statement is true for m = 0. Assume now the statement is true for m. We use again the

monotonicity of £ to get

Umt2 = LUmy1 > LUy = Uy, Umt2 = Lvpmypr S Lf < f,

so the proof is finished. O
Under the conditions of the above Lemma, the nondecreasing sequence (vy,);, converges

pointwise, and we may define

v* = lim v, < f. (1.3.18)

m—r0o0

We show next that v* satisfies the fixed point DP equation.

Theorem 1.3.1. Assume that (HL), (NA), (HU) and (HI) hold. Then, v* is solution to the
fized point DP (1.5.6).

Proof. Fix 7 € [0,1]. We know by construction that
T S )
Um+1(t, ) 2 / / )\(s)efft (wduy, (s, 2(1 + 72))p(t, s, dz)ds.
t (_1700)

If 0 <7 <1, then vy, (s, z(14+72) > U(x(1 —m)) so the integral on the right hand side is clearly

finite. If # = 1, according to Remark 1.3.4, the integral on the right hand side is still finite for
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each m > 0. Therefore, we can let m " oo and use the monotone convergence theorem to

obtain

T s
vi(tz) > / / )\(S)e_ft Awduys (g 2(1 + 72))p(t, s, dz)ds.
t (—1,00)

Since this happens for each 7, taking the supremum over m we get v* > Lv*. Conversely, for
¢ > 0 there exists m such that v*(¢,2) — e < v,11(¢, z) and (because of convexity the maximum

is attained) 7" (t, z) such that

T s
Um-‘rl(t? .’E) - /t /( 1,00) A(S)eift /\(U)duv’rn(s7$(1 +7rm(t,x)z))p(t,s,dz)ds
Since vy, < v* it follows that

< Lo*(t,z).

T S \(w)d
Vi) —e < [ [ MO (s a1 4 1 4, 2))p(t, 5. d2)ds
t (—1,00)

Letting ¢ — 0 we obtain v* = Lv*. Finally, since U(t,z) < v*(t,z) < f(t,z) and the function
f satisfies the boundary condition (1.3.3) by Lemma 1.3.3, we conclude that v* is a solution to

the fixed point DP equation (1.3.6). O

Remark 1.3.5. The previous theorem shows the existence of a fixed point to the DP equation
(1.3.6), and gives also an iterative procedure for constructing a fixed point. In the next subsection,
we shall prove that such a fixed point is equal to the value function v, which implies in particular
the uniqueness for the fixed point equation (1.3.6).

1.3.3 Verification and optimal strategies

Consider the solution v* to the fixed point DP equation (1.3.6), constructed in Theorem
1.3.1. We now state a verification theorem for the fixed point equation (1.3.6), which provides

the optimal portfolio strategy in feedback form.
Theorem 1.3.2. Assume that (HL), (NA), (HU) and (HI) hold. Then,
Vo = v*(0, Xo),

and an optimal control & € A is given by

A A

bn = #(mn, Xr)Xr, n>0, (1.3.19)
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where 7t is a measurable function on [0,T) x (0,00) solution to

#(t,r) € arg max / / e~ J¢ Mu)du v (s,x(1+72))p(t, s, dz)ds,
7€[0,1] (=1,00)
and (XTn)nZO is the wealth given by
X7n+1 = XTn + CAYnZn—i-l, n > 0,

and starting from X0 = X,.

Proof. Consider @ € A and the corresponding positive wealth process (X, )n>0. From

Lemma 1.3.4, we know that
E[|v* (1, X7,)|] < o0, (V) n > 0.
We apply Lemma 1.3.1 to get for any n > 0:

B[ (7, X )IF] = / S M A 5 X 2t 5, 2)ds
< (TnaXT ) =0 (T’thT ), (1320)

so the process {v*(m,, X;,),n > 0} is a (P,F)-supermartingale. Recalling that v*(¢,.) > U we

obtain

E[U(X,,)] < Ep*(ta, X.,)] < ©0*(0,X0), (¥)n>0.

Now, by Lemma 1.3.4, the sequence (U(X5,)), is uniformly integrable. By sending n to infinity
into the last inequality, we then get

E[U(X7)] < v™(0,Xp).

Since « is arbitrary, we obtain Vp < v*(0, Xj).

Conversely, let & € A be the portfolio strategy given by (1.3.19), and ( Tn)n>0 the associated

wealth process. Then, by the same calculations as in (1.3.20), we have now the equalities:

R T s .
B (et Ke B = [ [ A X s Xy (o, 5, d2)ds

A

- £U (Tn7 ) = U*(TTHXTn)y n Z 07
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by definition of £ and @&. This means that the process {v*(7,, X7, ),n > 0} is a (P, F)-martingale,

and so:

E[v* (7, X7,)] = v*(0,Xo), (V)n>0.
From the the bounds U < v* < f and Lemma 1.3.4, we know that the sequence (v*(7,,, X7, ))n is
uniformly integrable. By sending n to infinity into the last equality, and recalling the terminal

condition for v*, we then get
E[U(X0)] = v*(0,Xo).

Together with the inequality, Vp < v*(0, Xo), this proves that Vp = v*(0, X¢) and & is an optimal

control. 0O

An identical verification argument to the proof of Theorem 1.3.2 can be performed for an
investor starting at time ¢ with initial capital x: this way we prove that v* is actually the
value function of the control problem. In addition, this shows that the Dynamic Programming
Equation (1.3.6) has a unique solution. For the sake of avoiding the heavy notation associated
with strategies starting at time ¢, we decided to only do the verification for time ¢t = 0.

The Proposition below shows that actually we can approximate the optimal control, and not
only the maximal expected utility, using a finite number of iterations. The approximate optimal
control is actually very simple, since after the m-th arrival time all the wealth is invested in the
money market. In addition, a stochastic control representation for the iteration vy, is provided.
Proposition 1.3.1. Assume that (HL), (NA), (HU) and (HI) hold. Then

vm (0, Xo) = SGLLP E[U(X7)], (1.3.21)

where Ay, is the set of admissible controls a = (ay)>0 € A such that all money is invested in
the money market after m arrivals, i.e. o, = 0 for n > m.
For any 0 <n <m — 1, consider the measurable function 7" (-,-) defined by

A (t,x) = arg max/ / e~ Ji Mu)du Um—n—1(s,2(1 + 72))p(t, s, dz)ds,
100)

7TE[0 1]

so that

Um—n(t, ) / / . e J A vm,n,l(s,x(l + 7" (t,x)2))p(t, s, dz)ds.
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Define in feedback form the admissible strategy &™ € Ay, by ot = ﬁ”(Tn,XTmn)X;Z for0<n<

A

m —1 and o)} = 0 for n > m, where the wealth processes (X")n>o is given by

- o-m Am - -m
Xeon = X5, +&,Znp1, 0<n<m-—1, X =X", n=>m,

starting from the initial wealth Xo. Then o™ € A, is an optimal control for (1.3.21).

Proof. The proof is based on similar arguments to the proof of Theorem 1.3.2. Namely,
for each o € A,,, one can use Lemma 1.3.1 to conclude that (vy,—n(7n, Xn))n=01,..m is a
supermartingale and, for the particular choice of the control o described above we actually
have that (vm,n(Tn,X}Z‘))n:g’lw,m is a true martingale. Since vg(t,z) = U(x) and for each
a € A, the wealth process X is constant after the arrival time 7,,, it is easy to finish the proof.

|

Theorems 1.3.1 and 1.3.2 together show how we can compute by iterations the maximal
expected utility and the optimal control. Since the control problem is finite-horizon in time
and infinite horizon in n, taking into account Proposition 1.3.1, the iteration procedure repre-
sents exactly the approximation of the infinite horizon problem by a sequence of finite horizon

problems.

1.4 Convergence in the illiquid market model

So far, we have considered the optimal investment problem (1.3.1) for a fized arrival rate
function A : [0,7) — [0, 00) satisfying condition (1.2.1). To emphasize the dependence on the
arrival rate, let us denote by Vg the value in (1.3.1). When the arrival rate is very large at
all times (in some sense to be precised), one would expect that V@‘ is very close to the optimal
expected utility of an agent who can trade at all times (therefore continuously) in the asset S.
It is also expected that the constraint (1.2.7), which is émplicitly contained in the admissibility
condition (1.2.6) in the time-illiquid case, becomes and explicit no-short sale constraint (1.2.10)
in the continuous time limit. This section is devoted to proving that this is actually true.

First, we need to define the optimization problem for the agent who can trade continuously.
We remind the reader that continuous time trading strategies can be defined by (1.2.9). We
denote by X the set of positive wealth processes (X¢)o<i<7 given by (1.2.9), by using G°-
predictable and S-integrable processes H satisfying the no-short sale constraint (1.2.10). The
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filtration G¥ = (G} )o<t<7 is defined by
G =0{S,,0<s<t}VN,

and represents the information one can get from following the asset S. Because of the Lévy
structure of S, G° satisfies the usual conditions. We also denote by D(S) the set of all G°-

predictable processes 7 valued in [0, 1]. It is then clear that
X9 ={X™| 7 eD(S)}.

The optimization problem for an agent trading continuously, under no-short selling constraints
can be formulated as

VM = sup E[U(X7)] = sup E[U(XS)]. (1.4.1)
Xexs weD(S)

The main result of this section is:

Theorem 1.4.1. Under Assumptions (HL), (NA), (HU) and (HI), consider a sequence (A)g
of intensity functions such that each Ay satisfies (1.2.1), and

A(t) =00 ask — oo, Vte[0,T]. (1.4.2)

Then Vi — VM as k — oo, where VM is defined by (1.4.1).

In order to prove Theorem 1.4.1, we first have to put all the optimization problems (1.3.1)
on the same physical probability space, independent of the intensity function A. This is an easy
task actually. We consider a probability space (£2,G,P) supporting two independent processes:
the continuous time stock price process (St)o<i<7 (which has all the desired properties) and a
Poisson process (M;)o<t<oo With intensity equal to one. After that, for each intensity function
A we define the nonhomogenous Poisson process N (actually its sequence of jumps) by (1.2.2).
Therefore, for different intensities, we still have the same physical space. We now denote by FA
and G* the discrete and continuous time filtrations on (2, G,P) defined by (1.2.4) and (1.2.8)
corresponding to the intensity A, and by T,i‘ the associated jump times.

The main obstacle in proving Theorem 1.4.1 is the fact that the filtration F* only observes
the process S at the arrival times, while the filtration G used by the investor in (1.4.1) observes

the stock continuously. This problem is overcome in three steps
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Step 1: first, we show that in (1.3.1), the discrete-time filtration F* = (F2),,>0 can be replaced
by the larger filtration (gj%)nzo. In other words, due to the Markov structure of the model,
an investor who can only trade at the discrete arrival times, cannot improve his/her expected
utility by continuously observing the evolution of the stock between the arrival times. This is

done in Lemma 1.4.1 below.

Lemma 1.4.1. Fiz an intensity function A and define

V¢ = sup E[U(Xr)], (1.4.3)
acA)

where A} is the set of simple admissible strategies o = (au,)n>0 with continuous observation,
which means that for each n > 0 we have oy, € gj% and « satisfies the constraint (1.2.7) for the
wealth process (X4, )n>0 defined by (1.2.5).

Then, under Assumptions (HL), (NA), (HU) and (HI), we have VO/\’C = V3.

Proof. Assumption (HL) together with the independence of S and N ensures that for all

n > 0, the (regular) distribution of (7,11, Zn11) conditioned on G2, is given by:
1. P[Té\+1 S ds]gjk] = /\(8)6_ fm A(u)duds

2. further conditioning on knowing the next arrival time 7, 1, the return 7,1 has distribu-
tion

P[Zn-i-l € dz|g7>—\% \ U(T7>z\+1)] = p(Tr/L\vTr)L\Jrl’dz)'

Therefore, in Lemma 1.3.1, one can replace the filtration FA by the larger filtration (G )n>0

e

and obtain that, for each a € A} we have
A A o T - fTs)\ AMu)du N
E[U(Tn+17XT/\+1)|gT>\] o 2 J( ))\(8)6 " U(S7XT’\ —i—anz)p(Tn,s,dz)ds.
n n 7 J(—1,00 "

After that, one can just follow the verification arguments in the proof of Theorem 1.3.2 to show

that

V('))\,C — ’U*7>\(0, XO)’
which ends the proof. O
Step 2: we define the continuous time filtration G*° = (G7°)o<i<r which contains all the

information from the arrival times right at time zero. This corresponds to an investor who knows
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in advance all the jumps of the homogeneous Poisson process M and also observes continuously

the stock S up to time t:
GX=GVo(M,: 0<u<o0), 0<t<T.

Because the information added is independent, the process S is still a semimartingale with
respect to the larger filtration G*°, which satisfies the usual conditions as well. Using again
the independence property, Lemma 1.4.2 below shows that if the investor in (1.4.1) has the

additional information in G, he/she cannot improve the maximal expected utility.

Lemma 1.4.2. Consider the set X, of wealth processes defined by (1.2.9) where the general
integrand H is G -predictable, S-integrable and satisfies (1.2.10). Define

Vo© = sup E[U(X7)].
XeX.

Then V© = VM.
Proof. Since X° C X,, we obviously have Vi¥ < Vi®. Now take some arbitrary X € X,
associated to a no-short sale trading strategy H, which is G®-predictable. Consider the G°-

predictable projection of H: H, = IE[HS|QSS_], t < s <T. We then have (see e.g. Lemma 2.2.4
in [59])

A t A
X = EIXGY) = Xo+ [ HudS,, 0<t<T.
0

This means that the process X lies in X5, Since U is concave, we get by the law of iterated

conditional expectations and Jensen’s inequality
EU(Xr)] = E[E[U(X)|67]] <E|U(EXri67])| = EU(Xr) < V.

We conclude from the arbitrariness of X in X.. O

Step 3: Once we prove the step above and transform the Merton problem in a utility maximiza-
tion problem with no short-sale constraints under the filtration G*°, we can basically follow the
arguments in Theorems 3.1, 3.3 and 4.1 in [39], to finish the proof. In order to use the ideas in

[39] we still need the following technical lemma.

Lemma 1.4.3. Consider a sequence (M) of intensity functions such that each N\ satisfies
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(1.2.1), and
A(t) =00 ask — oo, Vtel0,T].
Then, the jump times {(7F)n, k € N} of {N* &k € N}, satisfies up to a subsequence (in k),
sup ‘Trlfﬂ - Tff’ — 0 a.s. when k — oc. (1.4.4)
Proof. Consider subdivisions 0 = t& < ... <tk = T such that sup,_¢ _pz,_1(tit1 — i) <

1/2k. By Fatou’s lemma, lim;_, fst Ai(u)du = oo for all 0 < s <t < T, so up to a subsequence

indexed by [l we can assume that

M = N
Z exp ( - /tk )\lk(u)du> < 27% Vk>0.
1=0 i

Now, from the relations

M —1
Sk =Y e <<l <rlt]
i=0
Mp—1 " A
= ) B[Nyt =N

it+1

]P’[sup ‘quf_i_l — T,lL’“
n

= Z exp ( — /t:ﬁl A, (w) du),

1=0 P

we see that for all € > 0,

> e} < Z P{sup ’Tfﬁ_l - Tff
k<e ! " E>e—1
< oo,

o0

l l
Z P{sup ’Tnﬂ_l — Tk
k=0 n

and thus by Borel-Cantelli we have

— 0 a.s. when k — o0,

I l
sup ‘Tn_H — 7,k
n

which ends the proof of the Lemma. O
Proof of Theorem 1.4.1. Using Lemma 1.4.3 and taking further subsequences of any sequence,
it is enough to prove Theorem 1.4.1 under the additional assumption (1.4.4).

We first represent continuous time trading strategies with no short sale constraints in terms

of proportion of wealth, for the larger filtration G*°. For any continuous time wealth process X
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€ X, associated to a trading strategy H satisfying (1.2.10), we still denote by m; = HyS,~ / X;_,
and notice that the process (m)o<¢<7 is valued in [0, 1] by (1.2.10). We also denote by X (™) the
process defined by (1.2.11) and define D> to be the set of all G*-predictable processes 7 valued
in [0, 1]. It is then clear that

Vi = sup E[U(X{")).
TED>®

Using Lemma 1.4.1 and Lemma 1.4.2 we have, for each intensity function A that
Ve =V < v = v (1.4.5)

Let now m € D(S) C D* be a (proportional) trading strategy in (1.4.1) and let (A\g)x a sequence
of intensity functions as in Theorem 1.4.1. We will follow the arguments in [39] to approximate
this continuous time trading strategy by a sequence of simple strategies o € AM, which are
discrete, but wuse information from continuous observations. First, according to Lemma 3.4 and
3.5 in [39], there exists a sequence 1 € D(S) such that each 7™ is LCRL (left continuous with
right limits) and such that

ucP — lim X" = X(”),
m—00

S0, in order to approximate m we can actually assume it is LCRL. Here, by ucP-convergence, we

mean the usual convergence of processes in probability, uniformly on [0, 7.

Next, let us define

k _
Tn = T sk

n >0,

where 7y = lim,\; m;. Because the filtration G satisfies the usual conditions we have that
the process (¢4 )o<i<7 is optional with respect to G for each k. Since, in addition, 7% are
stopping times with respect to G* we obtain that, for each k,

egN,, k>0 (1.4.6)

Tn

Therefore, if we define, for each fixed k the discrete-time wealth process by

X
T)\k

n+1

= X o (1+mZnt1), n>0, (1.4.7)
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and denote by af = WﬁXT:L\k we have o = (af),>0 € AX. To each of the above defined o, we
can associate by Remark 1.2.2 a continuous time simple integrand H* which is G**-predictable
and the continuous time wealth process (X[)o<;<7. The fundamental observation is now that all
HP are predictable with respect to the same “large" filtration G*. Using this universal filtration,
we can now follow the proof of Theorem 3.1 in [39], which actually works for stochastic partitions
under condition (1.4.4), to conclude that

X™ — yeP — lim X*.

k—o0

Therefore, we can approximate any continuous time strategy in the Merton problem (1.4.1)
by simple trading strategies of € AM. The rather obvious details on how approximation of
strategies leads to approximation of optimal expected utility are identical to the arguments in
[39] Section 4, and are omitted: this means that for all 7 € D(S), IE[U(X;T))] = limy, E[U(X%)],
and so Vi < lim infy, VO’\’“’C. Together with (1.4.5), this concludes the proof of Theorem 1.4.1.



Chapter 2

Investment /consumption problem in
illiquid markets with regime
switching

Abstract: We consider an illiquid financial market with different regimes modeled by a continuous-
time finite-state Markov chain. The investor can trade a stock only at the discrete arrival times of a
Cox process with intensity depending on the market regime. Moreover, the risky asset price is subject
to liquidity shocks, which change its rate of return and volatility, and induce jumps on its dynamics. In
this setting, we study the problem of an economic agent optimizing her expected utility from consump-
tion under a non-bankruptcy constraint. By using the dynamic programming method, we provide the
characterization of the value function of this stochastic control problem in terms of the unique viscosity
solution to a system of integro-partial differential equations. We next focus on the popular case of CRRA
utility functions, for which we can prove smoothness C? results for the value function. As an important
byproduct, this allows us to get the existence of optimal investment /consumption strategies characterized
in feedback forms. We analyze a convergent numerical scheme for the resolution to our stochastic control
problem, and we illustrate finally with some numerical experiments the effects of liquidity regimes in the
investor’s optimal decision.

Key words : Optimal consumption, liquidity effects, regime-switching models, viscosity solutions,

integro-differential system.
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2.1 Introduction

A classical assumption in the theory of optimal portfolio/consumption choice as in Merton
[54] is that assets are continuously tradable by agents. This is not always realistic in practice,
and illiquid markets provide a prime example. Indeed, an important aspect of market liquidity
is the time restriction on assets trading: investors cannot buy and sell them immediately, and
have to wait some time before being able to unwind a position in some financial assets. In the
past years, there was a significant strand of literature addressing these liquidity constraints. In
[66], [53], the price process is observed continuously but the trades succeed only at the jump
times of a Poisson process. Recently, the papers [61], [17], [29] relax the continuous-time price
observation by considering that asset is observed only at the random trading times. In all these
cited papers, the intensity of trading times is constant or deterministic. However, the market
liquidity is also affected by long-term macroeconomic conditions, for example by financial crisis
or political turmoil, and so the level of trading activity measured by its intensity should vary
randomly over time. Moreover, liquidity breakdowns would typically induce drops on the stock

price in addition to changes in its rate of return and volatility.

In this paper, we investigate the effects of such liquidity features on the optimal portfolio
choice. We model the index of market liquidity as an observable continuous-time Markov chain
with finite-state regimes, which is consistent with some cyclicality observed in financial markets.
The economic agent can trade only at the discrete arrival times of a Cox process with intensity
depending on the market regimes. Moreover, the risky asset price is subject to liquidity shocks,
which switch its rate of return and volatility, while inducing jumps on its dynamics. In this hybrid
jump-diffusion setting with regime switching, we study the optimal investment/consumption
problem over an infinite horizon under a nonbankruptcy state constraint. We first prove that
dynamic programming principle (DPP) holds in our framework. Due to the state constraints
in two dimensions, we have to slightly weaken the standard continuity assumption, see Remark
2.3.1. Then, using DPP, we characterize the value function of this stochastic control problem
as the unique constrained viscosity solution to a system of integro-partial differential equations.
In the particular case of CRRA utility function, we can go beyond the viscosity properties, and
prove C? regularity results for the value function in the interior of the domain. As a consequence,

we show the existence of optimal strategies expressed in feedback form in terms of the derivatives
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of the value function. Due to the presence of state constraints, the value function is not smooth
at the boundary, and so the verification theorem cannot be proved with the classical arguments
of Dynkin’s formula. To overcome this technical problem, we use an ad hoc approximation
procedure (see Proposition 2.5.2). We also provide a convergent numerical scheme for solving the
system of equations characterizing our control problem, and we illustrate with some numerical
results the effect of liquidity regimes in the agent’s optimal investment/consumption. We also
measure the impact of continuous time observation with respect to a discrete time observation of
the stock prices. Our paper contributes and extends the existing literature in several ways. First,
we extend the papers [66] and [53] by considering stochastic intensity trading times and regime
switching in the asset prices. For a two-state Markov chain modulating the market liquidity,
and in the limiting case where the intensity in one regime goes to infinity, while the other one
goes to zero, we recover the setup of [21] and [49] where an investor can trade continuously in
the perfectly liquid regime but faces a threat of trading interruptions during a period of market
freeze. On the other hand, regime switching models in optimal investment problems was already
used in [72], [69] or [63] for continuous-time trading.

The rest of the paper is structured as follows. Section 2 describes our continuous-time
market model with regime-switching liquidity, and formulates the optimization problem for the
investor. In Section 3 we state some useful properties of the value function of our stochastic
control problem. Section 4 is devoted to the analytic characterization of the value function as
the unique viscosity solution to the dynamic programming equation. The special case of CRRA
utility functions is studied in Section 5: we show smoothness results for the value functions, and
obtain the existence of optimal strategies via a verification theorem. Some numerical illustrations
complete this last section. Finally two appendices are devoted to the proof of two technical
results: the dynamic programming principle, and the existence and uniqueness of viscosity

solutions.

2.2 A market model with regime-switching liquidity

Let us fix a probability space (2, F,P) equipped with a filtration F = (F;)¢>0 satisfying the
usual conditions. It is assumed that all random variables and stochastic processes are defined
on the stochastic basis (2, F,F,P).

Let I be a continuous-time Markov chain valued in the finite state space I; = {1,...,d}, with
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intensity matrix @) = (g;;). For ¢ # j in I, we can associate to the jump process I, a Poisson
process N% with intensity rate ¢i; = 0, representing the number of switching from state 7 to j.
We interpret the process I as a proxy for market liquidity with states (or regimes) representing
the level of liquidity activity, in the sense that the intensity of trading times varies with the
regime value. This is modeled through a Cox process (N;)¢>o with intensity (Ay,)i>0, where
Ai > 0 for each 7 € I . For example, if \; < A;, this means that trading times occur more often
in regime j than in regime 7. The increasing sequence of jump times (7,),>0, 70 = 0, associated
to the counting process N represents the random times when an investor can trade a risky asset

of price process S.

Remark 2.2.1. Notice that the jumps of I and N are a.s. disjoint. Indeed, for any n,

t

E[l{AITn;ﬁO}uaTn—l} = / 1{Alt;£0})\lt€_f7”_l

n—1

)‘Iu du dt

= 0 as.,

since almost surely I has countably many jumps.

In the liquidity regime I; = i, the stock price follows the dynamics
ds; = St(bidt + O‘ith),

where W is a standard Brownian motion independent of (I, N), and b; € R, o; > 0, for i € 1.

Moreover, at the times of transition from I,- = ¢ to I; = j, the stock changes as follows:
St = Si— (1 —ij)

for a given ;; € (—o00, 1), so the stock price remains strictly positive, and we may have a relative
loss (if v;; > 0), or gain (if v;; < 0). Typically, there is a drop of the stock price after a liquidity
breakdown, i.e. 7;; > 0 for A\; < A;. Overall, the risky asset is governed by a regime-switching

jump-diffusion model:
I
dS; = S (br,_dt+ o1, dW, =, AN/, (2.2.1)

Portfolio dynamics under liquidity constraint. We consider an agent investing and consuming
in this regime-switching market. We denote by (Y;) the total amount invested in the stock, and

by (¢;) the consumption rate per unit of time, which is a nonnegative adapted process. Since the
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number of shares Y;/S; in the stock held by the investor has to be kept constant between two

trading dates 7,, and 7,41, then between such trading times, the process Y follows the dynamics:

dSt

ay, = Y-t
t t St—’

Tn <1< Tpy1, >0,

The trading strategy is represented by a predictable process ((;) such that at a trading time ¢
= Tp+1, the rebalancing on the number of shares induces a jump (; in the amount invested in

the stock :
AY, = G-
Overall, the cadlag process Y is governed by the hybrid controlled jump-diffusion process
It7 7It
Yy = Yi (b dt+ o5, dW; =5, dN;"") + N, (2.2.2)

Assuming a constant savings account, i.e. zero interest rate, the amount (X;) invested in cash

then follows
dXt = —Ctdt - Ctht. (223)

The total wealth is defined at any time ¢t > 0, by R, = X; + Y;, and we shall require the

non-bankruptcy constraint at any trading time:

R.

n

> 0, as. ¥Yn2>0. (2.2.4)

Actually, this non-bankruptcy constraint means a no-short sale constraint on both the stock and

savings account, as showed by the following Lemma.

Lemma 2.2.1. The nonbankruptcy constraint (2.2.4) is formulated equivalently in the no-short
sale constraint:

Xy >0, and Y, >0, Vt>0. (2.2.5)
This is also written equivalently in terms of the controls as:

_Y;f_ S Ct S Xt_a 75207 (226)
Tn+1
/ csds < Xy 1 <t < Tpi1, n>0. (2.2.7)
t
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Proof. By writing by induction the wealth at any trading time as

ST Tn+1
RTn+1 = RTn + YTn ( Sn+l - 1) _/ Ctdt7 n > Oa
Tn Tn

and since (conditionally on F) the stock price S;, ., has full support in (0, 00), we see that the

nonbankruptcy condition R > 0 is equivalent to a no-short sale constraint:

Tn+1

0<Y,

n

< R;, n>Q0, (2.2.8)
together with the condition on the nonnegative consumption rate

=X,, n>0. (2.2.9)

n

Tn+1
/ Ctdt S RTn —YT
Tn

Since Y, = Y, _ + (,, and since R;, = R, _ by Remark 2.2.1, the no-short sale con-
straint (2.2.8) means equivalently that (2.2.6) is satisfied for ¢ = 7,. Since ( is predictable,
this is equivalent to (2.2.6) being satisfied dP @ dt almost everywhere. Indeed, letting H; =
1{<t<—th7 or ¢>X, b H is predictable, so that Vi > 0, 0 = E {ngt HT,J =F [fg Hs)qsds},
and we deduce that H; = 0 dP ® dt a.e. since A\;, > 0.

Moreover, since X; = X — ft csds for 1, <t < Tp41, the condition (2.2.9) is equivalent to

Tn

(2.2.7). By rewriting the conditions (2.2.8)-(2.2.9) as
YTn > 0, XTn > 0, X(TnJrl)_ > O, vn > 0,

and observing that for 7, <t < 7,11,

St
}/t = SiTnYTn) XTn Z Xt Z X(Tn+1)—7
we see that they are equivalent to (2.2.5). O

Remark 2.2.2. Under the nonbankruptcy (or no-short sale constraint), the wealth (R;);>o is
nonnegative, and follows the dynamics:

dR, = R, 7, (blt,dt+aft,dwt—y,r,,th{t—’“) — et (2.2.10)

where Z valued in [0, 1] is the proportion of wealth invested in the risky asset:

Y;
Zt _ Fi, Rt >0
0, R;=0,
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evolving according to the dynamics:

Vi1 I,_,I
_ _ _ 2 _ 1=t t— it
02 = Z-(1=2-)|(br, = Z-0}_)dt + o1, dW, e dny "]
Gt Ct
SN, + Zp—<tat 2.2.11
+ N+ Zp- ot ( )

fort <7 =1inf{t >0: R, =0}.

Given an initial state (i,x,y) € Iy x Ry x R, we shall denote by A;(x,y) the set of invest-
ment /consumption control process (¢, ¢) such that the corresponding process (X, Y") solution to
(2.2.2)-(2.2.3) with a liquidity regime I, and starting from (Iy-, Xo-, Yy-) = (4, z,y), satisfy the
non-bankruptcy constraint (2.2.5) (or equivalently (2.2.6)-(2.2.7)).

Optimal investment/consumption problem. The preferences of the agent are described by a
utility function U which is increasing, concave, C! on (0,00) with U(0) = 0, and satisfies the
usual Inada conditions: U’(0) = oo, U'(c0) = 0. We assume the following growth condition on

U : there exist some positive constant K, and p € (0,1) s.t.
U(x) < KzP, x>0. (2.2.12)
We denote by U the convex conjugate of U, defined from R into [0, 0] by:

U) = swplU(z) - at),

which satisfies under (2.2.12) the dual growth condition on R:

U() < K0P, ¥>0, with j = 1’%}9 > 0, (2.2.13)

for some positive constant K.

The agent’s objective is to maximize over portfolio/consumption strategies in the above
illiquid market model the expected utility from consumption rate over an infinite horizon. We
then consider, for each i € I, the value function

vi(z,y) = sup E {/ e_th(ct)dt} , (z,y) € RE, (2.2.14)
(¢,0)eAi(z,y) 0
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where p > 0 is a positive discount factor. We also introduce, for i € Iz, the function

oi(r) = sup vi(z,r—x), >0, (2.2.15)
z€[0,r]

which represents the maximal utility performance that the agent can achieve starting from
an initial nonnegative wealth r and from the regime i. More generally, for any locally bounded
function w; on R? , we associate the function @; defined on Ry by: ;(r) = SUPgeo,n) WilT, 7 —),
so that:

@iz +y) = sup wilr—ey+e) (r,y)eRL.
66[7:';’927]

In the sequel, we shall often identify a d-tuple function (w;);c1, defined on Ri with the function
w defined on R% x Iy by w(z,y,i) = w;(z,y).
In this paper, we focus on the analytic characterization of the value functions v; (and so ;),

1 € Iy, and on their numerical approximation.

2.3 Some properties of the value function

We state some preliminary properties of the value functions that will be used in the next
section for the PDE characterization. We first need to check that the value functions are well-
defined and finite. Let us consider for any p > 0, the positive constant:

2

o4
k(p) =  max {pbiz — p(1=p)22 + ) qi((1 = 2vi5)P — 1)} < 0.
1€l4,2€[0,1] 2 o

We then have the following lemma.

Lemma 2.3.1. Fiz some initial conditions (i,z,y) € Iy x Ry x Ry, and some p > 0. Then:

(1) For any admissible control ((,c) € A;i(x,y) associated with wealth process R, the process
(e*k(p)tRf)tZO is a supermartingale. So, in particular, for p > k(p),

tlggoe*mE[Rf] = 0. (2.3.1)

(2) For fized T € (0,00), the family (R}, )rc.c is uniformly integrable, when T ranges over
all stopping times, and (¢, c) runs over A;(z,y).
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Proof. (1) By Ito’s formula and (2.2.10), we have

d(e *PIREY = —k(p)e *PIRVdL + e FP)G(RY)
_ k)t P p-1 p(p—1) Lp2 2
— e [ — k()R] + pRI” (—eo+br_Re-Zi) + = —R{"*(01,_Ri-Z-)
+ Y an, (R =1, jZ )P — R{L)}dt + dM;,
JAEL—
where M is a local martingale. Now, by definition of k(p), we have
_ —1)
pr_ ! (_Ct + b]t_Rt,Zt,) + p(p2)Rf_2(O']t_RtZt)2
+ 3 an_g(RY (M=, jZ )P —R)) < —peRY” + k(p)RY
I
< k(p)R}_.

Since R has countable jumps, Ry = Ry, dP @ dt a.e., and so the drift term in d(e *PRP) is
nonpositive. Hence (e‘k(p)tRf )t>0 is a local supermartingale, and since it is nonnegative, it is a

true supermartingale by Fatou’s lemma. In particular, we have
0 < e PE[RP] < e~ (P7R@)t (5 4 )P (2.3.2)

which shows (2.3.1).

(2) For any ¢ > 1, we get by the supermartingale property of the process (e‘k(pq)tRf 7);>0 and
the optional sampling theorem:
E[(R},.)] < FPDT (1 4 )P < oo, V(¢ c) € Ai(z,y), T stopping time |

which proves the required uniform integrability. O

The next proposition states a comparison result, and, as a byproduct, a growth condition
for the value function.

Proposition 2.3.1.

(1) Let w = (wi)ier, be a d-tuple of monnegative functions on R%, twice differentiable on
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R2 \ {(0,0)} such that

' 6wi
ly ay

1‘2 2 qu w] z,y(1 %j)) —wi(7,y)]

J#i
- Al + )~ wiley)] - O

1
pw; — 5

ow;
ox

) > 0, (2.3.3)

foralli € 1y, (x,y) € Ri \ {(0,0)}. Then, for alli € 1y, v; < w;, on Ri.

(2) Under (2.2.12), suppose that p > k(p). Then, there exists some positive constant C' s.t.

vi(r,y) < Clz+y)P, Y(,z,y) €y x R2, (2.3.4)

Proof. (1) First notice that for (z,y) = (0, 0) the only admissible control in A;(x,y) is

the zero control ¢ = 0, ¢ = 0, so that v;(0,0) = 0. Now, fix (z,y) € R2 \ {(0,0)}, i € Iz, and
consider an arbitrary admissible control ((,c) € A;(z,y). By It&’s formula to e Pw(Xy, Y, Iy),
we get:

ow ow 1 0w
—pt —pt 2 2
dle P w(X, Y1, I)] = e * [— pw — ct—a + b]ti Y- —ay + ia[r Y2 76y2

+ Z q[ Xt 7Y;E ( FYIt_]')?j)_w(Xt*uY;*7It*)]

JAL—
+ A [w(Xe =6 Y + G -) - w(Xp, Vi, 1)) |t
+ €_pt0'%7}/;7 881; (Xt ,}/t 7It )th
et ) (X Vi j)’j) —w(Xy, Yy )] (ANTe —q,t_jdt)
J#AI—

+e [w(Xy- — G, Y- + ¢, Ii-) — w(X-, Yt—alt—)ﬂ (dNy — Afr dt).(2.3.5)

Denote by 7 = inf{t > 0 : (X;,Y;) = (0,0)}, and consider the sequence of bounded stopping
times 7, = inf{t >0: Xy +Yi >nor Xy +Y; <1/n} An,n>1. Then, 1, /7 a.s. when n

goes to infinity, and ¢; = 0, Xy = Y; = 0 for t > 7, and so
E[/ e U (e)dt] = E[/ MU (et (2.3.6)
0 0

From It&’s formula (2.3.5) between time ¢t = 0 and ¢ = 7, and observing that the integrands of
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the local martingale parts are bounded for ¢ < 7,, we obtain after taking expectation:

w(z,y,i) = E{e"’T"w(XTn,YTn,ITn)
™ ow ow 1 0?2
—pt o v 2 2
—I-/O e (,ow—i—ct o b[tj/t_ 3y 2crlt7 C oy
- Z QIt,j[w(Xt*aY;f* (1 _’th,j)aj) _w(Xt*vY;ffvlt*)]

J#AL—
N (WX = G Y + G L) = w(X-, Y )] )]

> Ele"™w(Xn,, Yy, Ir,) + /0 " e U(c)dt| > E| /O " U (er)dt],

where we used (2.3.3), and the nonnegativity of w. By sending n to infinity with Fatou’s lemma,

and (2.3.6), we obtain the required inequality: w; > v; since (¢, () are arbitrary.

(2) Consider the function w;(z,y) = C(x + y)P. Then, for (z,y) € R%\ {(0,0)}, and denoting
by z = y/(x +y) € [0,1], a straightforward calculation shows that

pwi = byt = S0 G ;qz‘j[wj(ﬂfay(l —%ij)) — wi(z,y)]
~ Ml ) — wile, )] - O ()
o2 )
= Clz+y)"|p—pbiz + 5 P(1=p)2" = > aig((1 = 2%5)" = )] = U((z+y)"~'p0)
i
> (w+y)p(0(p— k(p)) —f((pC)’ﬁ) (2.3.7)

by (2.2.13). Hence, for p > k(p), and for C sufficiently large, the r.h.s. of (2.3.7) is nonnegative,

and we conclude by using the comparison result in assertion 1). O

In the sequel, we shall assume the standing condition that p > k(p) so that the value functions
are well-defined and satisfy the growth condition (2.3.4). We now prove continuity properties of

the value functions.

Proposition 2.3.2. The value functions v;, i € Iy, are concave, nondecreasing in both vari-
ables, and continuous on Ri. This implies also that ¥;, © € 1y, are nondecreasing, concave and
continuous on Ry. Moreover, we have the boundary conditions for v;, i € Iz, on {0} x R,

0, if y=20
vi(0,y) = E[efp”@ﬂ. (y%)}’ if y>0. (2.3.8)
1
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Here I' denotes the continuous-time Markov chain I starting from i at time 0.

Proof. Fix some (z,y,i) € R2 x Iz, §; > 0, d2 > 0, and take an admissible control ({,c) €
Ai(z,y). Denote by R and R’ the wealth processes associated to (¢, ¢), starting from initial state
(x,y,7) and (z+ 061,y +d2,7). We thus have R' = R+ 061 4 025/Sp. This implies that (¢, ¢) is also
an admissible control for (x + 1,y + d2,7), which shows clearly the nondecreasing monotonicity
of v; in x and y, and thus also the nondecreasing monotonicity of ©; by its very definition.

The concavity of v; in (z,y) follows from the linearity of the admissibility constraints in
X, Y, (, ¢, and the concavity of U. This also implies the concavity of @;(r) by its definition.

Since v; is concave, it is continuous on the interior of its domain Ri. From (2.3.4), and since
v; is nonnegative, we see that v; is continuous on (zg,yo) = (0,0) with v;(0,0) = 0. Then, v; is
continuous on R with 9;(0) = 0. It remains to prove the continuity of v; at (g, yp) when zy = 0

or yo = 0. We shall rely on the following implication of the dynamic programming principle

T1
vi(z,y) = sup E{/O e_th(ct)dt—i—e_”“ﬁli (Rﬁ)} (2.3.9)

ceC(x) 71

T1 T1
= sup E{/ e MU (cy)dt +e "o , (x — / cdt + y&)}, V(z,y) € R?,
ceC(x) 0 7y 0 So

where C(z) denotes the set of nonnegative adapted processes (¢;) s.t. [j' cdt < z a.s.

(i) We first consider the case zo = 0 (and yo > 0).

In this case, the constraint on consumption ¢ in C(zg) means that ¢; = 0, ¢t < 71, so that (2.3.9)
implies (2.3.8). Now, since v; is nondecreasing in =, we have: v;(x,y) > v;(0,y). Moreover,
by concavity and thus continuity of v;(0,.), we have: limy_,,, v;(0,y) = v;(0,%0). This implies
that liminf, y_(0,0) vi(7,y) = vi(0,90). The proof of the converse inequality requires more

technical arguments. For any x,y > 0, we have:

T1 T1
vi(z,y) = sup E{/ e PU(cg)ds 4+ e P | (x—/ csds—i-yi)}
ceC(x) 0 I 0 So
1 S’T
< sup JE[/ e‘psU(cs)ds} + E[e_pTlﬁIT (x+y71)}
cec(z) tJo ! So
= Ei(x)+ Ex(z,y). (2.3.10)

Now, by Jensen’s inequality, and since U is concave, we have:

‘/OOOU(CS]-{SSH}) pe PPds < U (/0

o0

csl{sgn}pepsds) ,
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and thus:

/1e_psU(cs)ds < U(;)x)’ a.s. Ve e C(x), (2.3.11)
0

by using the fact that [j*' ¢;dt < x a.s. By continuity of U in 0 with U(0) = 0, this shows
that Ej(x) converges to zero when z goes to xg = 0. Next, by continuity of 9;, we have:

o, (v+ yh) -0, (yoh) a.s. when (z,y) — (0,y0). Let us check that this convergence is

dominated. Indeed from (2.3.4), there is some positive constant C' s.t.

0 0

b, (r+y2) < C(x—i—yi,;l)p < C(x+y)p(1v(5;01)p).

Moreover,

s ($)’

e’} t 0 p
I,W} = / /\Ite_fo )‘Ise_pt(&)pdt < max \; e Pt (St) dt,
0 0

SO T iely S()

and so

mach, [ E[e(20))a

So T €ly 0 So
o0
< max\; e~ (P=kP)tg < 0,
i€ly 0

where we used in the second inequality the supermartingale property in Lemma 2.3.1 (and,
more precisely, equation (2.3.2)) for x = 0,y = 1,¢ = ( = 0. One can then apply the dominated
convergence theorem to Fs(x,y), to deduce that Ey(z,y) converges to E [e_pﬁ @Iil (vo %)} when
(z,y) — (0,y0). This, together with (2.3.8), (2.3.10), proves that limsup, ), (0y,) vi(z,y) <
v;(0,90), and thus the continuity of v; at (0,yp).

(ii) We consider the case yo = 0 (and z¢ > 0).
Similarly, as in the first case, from the nondecreasing and continuity properties of v;(.,0), we
have: liminf, ,y_,(z.0) vi(Z,y) > vi(70,0). Conversely, for any x > 0, and ¢ € C(x), let us
consider the stopping time 7. = inf {t €> 0 : f(f csds = xo}. Then, the nonnegative adapted
process ¢ defined by: ¢, = ¢1 (1<rrm b lies obviously in C(z¢). Furthermore,

T1

1 TeNT1
/ e PU(cs)ds = / e PU(cl)ds + e PU(cs)ds
0 0

TeNT1

< /Oﬁ e P U(d)ds + w, (2.3.12)
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by the same Jensen’s arguments as in (2.3.11), and for all y > 0,

IN

T1 S T1 S
h _ dt Zm o _ / ! dt _ ZT
Dy (:J: /0 cdt +y 5, ) Oy (wo ; cdt + (x —xo)+ +y 5, )

0 (w0 - /O“ ct) + 0 (@@ = z0)4 + y?;) (2.3.13)

IN

where we have used the fact that 0; is nondecreasing, and subadditive (as a concave function
with 9;(0) > 0). By adding the two inequalities (2.3.12)-(2.3.13), and taking expectation, we
obtain from (2.3.9):

Up(z — x0)4)

vi(z,y) < wvi(x0,0) + 5

+ IE[@‘"TW)I#1 ((x — o)+ + yi{;)}?

and by the same domination arguments as in the first case, this shows that

limsup vi(z,y) < wi(xo,0),
(z,y)—(x0,0)

which ends the proof. O

Remark 2.3.1. The above proof of continuity of the value functions at the boundary by means
of the dynamic programming principle is somehow different from other similar proofs that one
can find e.g. in [20, 61, 72]. Indeed in such problems the proof of dynamic programming
principle is done (or referred to) in two parts: the “easy” one (<) which does not require
continuity of the value function, and the ‘difficult” one (>) which requires the continuity of the
value function up to the boundary. The proof of continuity at the boundary in such cases uses
only the “easy” inequality. In our case, due to the specific boundary condition of our problem,
the “easy” inequality is not enough to prove the continuity at the boundary. We need also the
“hard” inequality. For this reason we give, in Appendix A, a proof of the dynamic programming
principle in our case that, in the “hard” inequality part, uses the continuity of v; in the interior
and the continuity of its restriction to the boundary (which are both implied by the concavity
and by the growth condition (2.3.4)).

We shall also need the following lemma.

Lemma 2.3.2. There exists some positive constant C' > 0 s.t.

> CU'(2z), Vaz,yeRy,iely (2.3.14)

Proof. Fix some x,y > 0, and set 1 = z+4 for 6 > 0. For any (¢, ¢) € A;(x,y) with associated
cash/amount in shares (X,Y), notice that ((,é) := (¢, ¢+ 6110,1p7)) is admissible for (71,y).
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Indeed, the associated cash amount satisfies

t
Xy = Xi+ (.1‘1 — .%') — /0 51[071/\71](5)618 > Xy >0,

while the amount in cash Y; = Y; > 0 since ¢ is unchanged. Thus, (5 ,¢) € Ai(x1,y), and we

have
vi(x1,y) > E {/Ooo e_th(c})dt]
= E { /0 Tty (ct)dt] +E { /0 I (U(ey+6) —Uley))dt| . (2.3.15)
>

dU'(¢; +0), and

Y

1IAT1
/ e PLSU (¢ + 6)dt

/ T U e + ) — Uer))dt
0 0

Y

1IAT1
Se—PUATY) / U'(c + 8)dt
0

v

1INATL
5€—p(1/\71)U/(21,+6)/ 1{0t<2$}dt' (2316)
0
Moreover,

INAT1 1IAT1
21‘/ 1ge>00dt < / adt < z,
0 - 0

since (¢, ¢) is admissible for (x,y), so that

1IAT1 1 1
/0 1{ct<2x}dt > (1 A Tl) - <2 A 7'1> > 51{7—121}- (2.3.17)
By combining (2.3.16) and (2.3.17), and taking the expectation, we get

1IAT1 1
E { /0 e P (U(ci +6) — U(ct))dt} > 6U'(2x + 5)1@[5“1“051{@1}].

By taking the supremum over (¢, c¢) in (2.3.15), we thus obtain with the above inequality
1
vi(x +6,y) > wvi(z,y)+0U'(2x + 6)E {eP(IATI)Zl{ﬁzl}} )

Finally, by choosing C' = E[e‘ﬂ(l/\“)%l{ﬁzu] > 0, and letting d go to 0, we obtain the required
inequality (2.3.14). O
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2.4 Dynamic programming and viscosity characterization

In this section, we provide an analytic characterization of the value functions v;, ¢ € Iy, to
our control problem (2.2.14), by relying on the dynamic programming principle, which is shown
to hold and formulated as:

Proposition 2.4.1. (Dynamic programming principle) For all (z,y,i) € Ri x Iz, and any
stopping time T, we have

vi(z,y) = sup E[/ e_th(ct)dt—i—e_pTvIT(XT,YT)}. (2.4.1)
(C:C)E'Ai(mvy) 0

Proof. See Appendix A. O

The associated dynamic programming system (also called Hamilton-Jacobi-Bellman or HJB

system) for v;, ¢ € 1y, is written as

ov; 1 5 50%; ~ (avi)
R NV — 2.4.2
Poi—bivgs — 5% e ~ Ul as (24.2)
- [Uj (z,y(1 —i5)) — Uz‘(ffvy)}
i
- )\’L [f}z(l’+ y) - Uz(l‘ay)] = 07 (:an) € (0,00) X R‘H 1€ ]Ida

together with the boundary condition (2.3.8) on {0} x Ry for v;, ¢ € I;. Notice that, arguing as
one does for the deduction of the HJB system above, the boundary condition (2.3.8) may also

be written as:

| v 1 5 20%;
P%(Oa ) bzy ay (07 ) Qo—iy ayg (07 )

= {'Uj (0,y(1 = i) — (0, y)}
Iez

— Xil0i(y) —vi(0,y)] = 0, y>0,iely. (2.4.3)

8’01'

ox

comes from the fact that, on the boundary z = 0 the only admissible consumption rate is ¢ = 0.

Notice that in this boundary condition the term U ( > has disappeared. This implicitly

We will say more on this in studying the case of CRRA utility function in Section 5.1.

In our context, the notion of viscosity solution to the non local second-order system (FE) is
defined as follows.

Definition 2.4.1. (i) A d-tuple w = (w;)ic1, of continuous functions on Ri is a viscosity
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supersolution (resp. subsolution) to (2.4.2) if

ox

Oy?
=>4 [%‘(573?(1 — %)) = @i(fvﬂ)}
JFi

_ _0p; _ _ 1 5 50% ~ (0p; _ _
poil,0) = b (3.0) — 5ot h @) — U (S w0)

=N [@i(@+y) —wi(2,9)] = (resp. <) 0,
for all d-tuple p = (¢i)ic1, of C? functions on R2, and any (z,y,i) € (0,00) x Ry x Ly, such
that wi(z,y) = ¢i(Z,7), and w > (resp. <) ¢ on R% x I,.

(i) A d-tuple w = (w;);er, of continuous functions on R?. is a viscosity solution to (2.4.2) if it
is both a wviscosity supersolution and subsolution to (2.4.2).

The main result of this section is to provide an analytic characterization of the value functions

in terms of viscosity solutions to the dynamic programming system.

Theorem 2.4.1. The value function v = (v;)ier, s the unique viscosity solution to (2.4.2)
satisfying the boundary condition (2.3.8), and the growth condition (2.3.4).

Proof. The proof of viscosity property follows as usual from the dynamic programming
principle. The uniqueness and comparison result for viscosity solutions is proved by rather
standard arguments, up to some specificities related to the non local terms and state constraints
induced by our hybrid jump-diffusion control problem. We postponed the details in Appendix
B. O

2.5 The case of CRRA utility

In this section, we consider the case where the utility function is of CRRA type in the form:
Ulx) = —, x>0, forsome pe(0,1). (2.5.1)

We shall exploit the homogeneity property of the CRRA utility function, and go beyond the
viscosity characterization of the value function in order to prove some regularity results, and
provide an explicit characterization of the optimal control through a verification theorem. We
next give a numerical analysis for computing the value functions and optimal strategies, and

illustrate with some tests for measuring the impact of our illiquidity features.
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2.5.1 Regularity results and verification theorem

For any (i,7,y) € Iy x R%, (¢,c) € A(z,y) with associated state process (X,Y), we notice
from the dynamics (2.2.3)-(2.2.2) that for any £ > 0, the state (kX,kY") is associated to the
control (kC,kc). Thus, for k > 0,we have ((,c) € A;(x,y) iff (k¢, kc) € A(kx, ke), and so from
the homogeneity property of the power utility function U in (2.5.1), we have:

vi(kz, ky) = KPui(z,y), V(i,z,y) €lgx R, k€ Ry, (2.5.2)
Let us now consider the change of variables:

(z,y) € RZ\ {(0,0)} —> (r=x+y,z:xi+y) € (0,00) x [0,1].

Then, from (2.5.2), we have v;(z,y) = vi(r(1 — 2),7z) = rPv;(1 — 2, 2), and we can separate the
value function v; into:

wlwy) = Uetye( 1) Ve elax @A{00)  (253)

where ¢;(z) = p v;(1—2z, z) is a continuous function on [0, 1]. By substituting this transformation
for v; into the dynamic programming equation (2.4.2) and the boundary condition (2.4.3), and
after some straightforward calculations, we see that ¢ = (¢;)ier, should solve the system of

(nonlocal) ordinary differential equations (ODEs):

1 z i
(p = pbiz + 5p(1 = p)ot=)pi = (1= ) (i — Ewé) o (2.5.4)

— (1= 2)(b — 21 - P )t = 521 - 2Pl
) oo, (20— ) 4
_ ; qij [(1 - Z%J)p@] (W) — goz(z)}
— X sup [pi(m) —i(2)] = 0, z€]0,1), i€y,
m€e[0,1]

together with the boundary condition for z = 1:

(p — pb; + %p(l —p)oi)ei(1)

= > 4 [(1=7)Pe;(1) —i(1)] = N sup [pi(n) —pi(1)] = 0, iely (2.5.5)
i melo,
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The following boundary condition for z = 0, obtained formally by taking z = 0 in (2.5.4),

p

pei(0) — (1 —p)(pi(0)) T

— > aij[;(0) = 9i(0)] = A sup [pi(m) — @i(0)] = 0, i€l (2.5.6)
i w€(0,1]

is proved rigorously in the below Proposition.

Proposition 2.5.1. The d-tuple ¢ = (¢;)ic1, is concave on [0,1], C? on (0,1). We further have

llg(l) 2¢l(z) = 0, (2.5.7)
2,1 .
ll_ri%z wi(z) = 0, (2.5.8)
hm(l - 2)¢i(z) = 0, (2.5.9)
N2 —
;ﬂ(l 2)“pi (%) 0, (2.5.10)
ll—% ¢i(z) = —oo, (2.5.11)

and ¢ s the unique bounded classical solution of (2.5.4) on (0,1), with boundary conditions
(2.5.5)-(2.5.6).

Proof. Since ¢;(z) = p vi(1 — 2, z), and by concavity of v;(.,.) in both variables, it is clear
that ¢; is concave on [0, 1]. From the viscosity property of v; in Theorem 2.4.1, and the change
of variables (2.5.3), this implies that ¢ is the unique bounded viscosity solution to (2.5.4) on
[0, 1), satisfying the boundary condition (2.5.5). Now, recalling that ¢;; = — >_j+i Qij, We observe
that the system (2.5.4) can be written as:

1
(P — qii + Ai — pbiz + §P(1 —p)o;2*)pi — 2(1 = 2)(bi — 2(1 — p)o )¢}
Z P
P =2 oiel —(L=p)pi— ¢) T

ZQU [ — 27ij) @J(M)

i =i

N | =

+ X\ sup @i(m), ze€(0,1), iely (2.5.12)
7€[0,1]
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Let us fix some ¢ € I;, and an arbitrary compact [a,b] C (0,1). By standard results, see e.g.

[16], we know that the second-order ODE:

1
(p—%r+&—wmz+fml—m0%%wr—dl—ZX@—Zﬂ—pWﬂwé

1 _ D
—5 (1 = 2] = (1= p)(w; — w)) T
p

Z Qij l — 2755)7p; (2’1(1_—%]))

+ A; sup @;(m) (2.5.13)
JFi “ij

m€(0,1]

has a unique viscosity solution w; satisfying w;(a) = ¢;(a), w;(b) = ¢;(b), and that this solution

wj is twice differentiable on [a, b] since the second term z(1 — z)o?

is uniformly elliptic on [a, b],
see [44]. Since ¢; is a viscosity solution to (2.5.13) by (2.5.12), we deduce by uniqueness that
¢; = w; on [a,b]. Since a,b are arbitrary, this means that ¢ is C? on (0,1). By concavity of ¢,
we have for all z € (0,1),
SOi(li — ¢i(2) <2 < vi(2) = ¢i(0)
— 2z z

Letting z — 0 and z — 1, and by continuity of ¢;, we obtain (2.5.7) and (2.5.9).

Now letting z go to 0 in (2.5.4), we obtain lim,_,o 22¢! () = [ for some finite [ < 0. If | <0,

2207 (2) < % whenever z < 7, for some n > 0. By writing that

“(el(z) = elm) == [ wuz —5= [" = 22 (1-2).

and sending z — 0, we get liminf,_,o z¢}(z) > —1/2, which contradicts (2.5.7). Thus [ = 0, and
the boundary condition (2.5.6) follows by letting z — 0 in (2.5.4). In the same way, letting z —
1in (2.5.4) and comparing with (2.5.5), we have

. 2 _ ) / -
lim 5(1-2)°¢(2) = (pi1) = i(1=)) 77 €[0,00].
(2.5.9) implies that this limit is 0, and we obtain (2.5.10) and (2.5.11). O

Remark 2.5.1. From (2.5.3) and the above Proposition, we deduce that the value functions
vi, i € Iy, are C2 on (0,00) x (0,00), and so are solutions to the dynamic programming system
(2.4.2) on (0,00) x (0,00) in classical sense.

We now provide an explicit construction of the optimal investment/consumption strategies

in feedback form in terms of the smooth solution ¢ to (2.5.4)-(2.5.6)-(2.5.5). We start with the
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following Lemma.

Lemma 2.5.1. For any i € 1, let us define:

-1
(%(Z) - %SDQ(Z)) P when0< 2z <1

=1

.
c’(i,2) = (¢i(0))T=r when z =0 '
when z =1
(i) € (7).
7 (i) arg max @i(m)
Then for eachi € g, ¢*(i,.) is continuous on [0,1], C* on (0,1), and given any initial conditions
(r,2) € Iy x Ry x [0,1], there exists a solution (R¢, Z;)i>0 valued in Ry x [0,1] to the SDE:

Ry = Rp-Z,-(bi,_dt+or_dW, -, AN{T) = RcM (I, 2 )dt, (25.14)

A A A A i
dzy = Zp-(1-2-) [(bft— ~ 207 _)dt +oy,_dW; — #di\@h_’ﬂ
1 — Zti’ylt—ﬁlt
+ (n*(I,~) — Zy_)dNy + Zyc*(I;—, Z;_)dL. (2.5.15)

Moreover, if r > 0, then Ry > 0, a.s. for allt > 0.

Proof. First notice that Lemma 2.3.2, written in terms of the variables (r, z), is formulated

equivalently as
eilz) = Z¢i(z) = O 1—2Ph 2 (0,).
p

This implies that c*(4,.) is well-defined on (0, 1), and C" since ¢ is C2. The continuity of ¢* (4, .)
at 0 and 1 comes from (2.5.7) and (2.5.11).

Let us show the existence of a solution Z to the SDE (2.5.15). We start by the existence of
a solution for ¢t < 7y (recall that (7,) is the sequence of jump times of N). In the case where
z =1 (resp. z =0), then Z; = 1 (resp. Z; = 0) is clearly a solution on [0,71). Consider now
the case where z € (0,1). From the local Lipschitz property of z — zc¢*(i, z), and recalling that
vij < 1, we know, adapting e.g. the result of Theorem 38, page 303 of [64], that there exists a

solution to

. . . . Y
dZ, = Z-(1=Z)|(br, — Zi-0f )dt + o1, dW, — lz’f’jdzvft’“]
Bt I,y

+ Zic* (I, Zy_)dt, (2.5.16)
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which is valued in [0, 1] up to time t < 71 := 7 A (limg_m inf {t >01Z:(1 - Z) < 5}) By noting
that Z; > 79, where

LS
Z) = 20— t>0,
2t +(1—2)

is the solution to (2.5.16) without the consumption term, and since S is locally bounded away
from 0, we have lim; ,,» Z; = 1 on {7 < 71}. By extending Z; =1on [r],71), we obtain actually
a solution on [0,7;). Then at 71, by taking Z; = 7*(I,,_), we obtain a solution to (2.5.15)
valued in [0, 1] on [0, 71]. Next, we obtain similarly a solution to (2.5.15) on |71, 73] starting from

ZAn‘ Finally, since 7,, /* 00, a.s., by pasting we obtain a solution to (2.5.15) for ¢t € Ry.
Given a solution Z to (2.5.15), the solution R to (2.5.14) starting from r at time 0 is

determined by the stochastic exponential:

R = r-g</'28_(b1ds+afdws—fy, IdNSIS_’IS>—c*(Is,Zs)dt).
0 s S 8775 t

Since —ZAt_% 5, > —1, we see that Ry > 0, ¢t > 0, whenever » > 0, while R=0ifr =0. O
-

Proposition 2.5.2. Given some initial conditions (i,z,y) € Iy x (R2\{(0,0)}), let us consider
the pair of processes (C,¢) defined by:

Ct = ﬁit_(ﬂ'*(ft_)—ZAt_) (2517)
ét = ﬁt,c*(It,,Zt,), (2518)

where the functions (¢*,7*) are defined in Lemma 2.5.1, and (R,Z) are solutions to (2.5.14)-
(2.5.15), starting from r = x +vy, z = y/(z +y), with I starting from i. Then, (C,é) z’s an
og)timalAinvAesAtment/consumption strategy in Ai(z,y), with associated state process (X,Y) =
(R(1 = 2),RZ), for vi(z,y) = U(r)ei(z).

Proof. For such choice of (¢, ¢), the dynamics of (R, Z) evolve according to (2.2.10)-(2.2.11)
with a feedback control (¢, &), and thus correspond (via Itd’s formula) to a state process (X,Y) =
(R(1—2), RZ) governed by (2.2.2)-(2.2.3), starting from (z, y), and satisfying the nonbankruptcy
constraint (2.2.5). Thus, (f, ¢) € Ai(x,y). Moreover, since r = x +y > 0, this implies that R >
0, and so (X,Y) lies in R% \ {(0,0)}.

As in the proof of the standard verification theorem, we would like to apply It0’s formula to
the function e ?v(X,, Yy, I;) (denoting by v(z,y,i) = vi(z,y) = U(z+y)¢i(y/(x+y))). However

this is not immediately possible since the process (X't, }Aft) may reach the boundary of R? where
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the derivatives of v do not have classical sense. To overcome this problem, we approximate the
function ¢; (and so v(x,y,1)) as follows. We define, for every € > 0 a function ¢° = (¢%)e1, €
C2([0, 1], R?) as in the proof of Theorem 4.24 in [20], such that ¢f = ¢; on [, 1 — €], and ¢f is
affine on [0,¢] and [1 — ¢, 1]. It is then easy to see that this implies

e ¢ — ¢; uniformly on [0, 1] as € — 0,

o 2(1—2)(¢f) — z(1 — 2z)¢} uniformly on [0, 1] as € — 0,

o 22(1 — 2)%(95)" — 2%(1 — 2)%¢! uniformly on [0, 1] as ¢ — 0,

o ((¢5))7t = (¢5)~! uniformly on [0,7] for some > 0 as € — 0.

Now we can apply Dynkin’s formula to the function v*(z,y,i) = U(z+y)¢; (y/(z+y)) calculated
on the process (X, Y, I) between time 0 and 7, A T, where 7, = inf{t > 0: X; + Y; > n} :

A A

ve(xvyai) = E[e_p(Tn/\T)vs(XTn/\TaYTn/\Tlen/\T)
TnNT ov® A Ot 1 o 0%0°
—pt B N v =2 2
+/0 e (pv + G o bIt_Yr 3y 2UIt_Yt_ a7
- Z qjtfj[va(Xt—a}A/t_(l 771]:7]')7‘]') - UE(Xt—af/;f—aIt_)]
J#L—
A, (K =G Ve + G I ) = o (X Yo 1) )de|(25.19)

t—

We denote by ((i,r,z) = r(7*(i) — 2), é(i,r, 2) = rc*(i, 2), and define ¢¢ on (R2\ {(0,0)}) x I4
by

ov; 1 0?vg y | O0v Yy
E _bhiy—t — —g2P T 4 e(s Lol
,O’Uz ly ay 201 ayQ + C(l,ZE + y7 T + y) 833 (C(l,fE + yv T _|_ y))
=3 i 05 (@, y(1 = 7)) — 5 ()
J#i
— M los (= _y b Y N e .
MEHE C(Z,:v+y,x+y),y+4(2,fc+y’x+y)) V)] = @),
so that from (2.5.19):
'UE(’L',:E,y) = E{e_p(Tn/\T)'Ua(X’rn/\Ta}A/Tn/\TaITn/\T)

TnNT R
+ / e P U (&) + ¢ (X, Yt,It))dt}. (2.5.20)
0
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Notice that denoting r =z + vy, z = y/(z + y), we have

p
A Yy \Ou p(,_zf.)“-p
C(Z’x—i_y’x—i-y)({)x r SOZ pgpl bl
ov; 1-—
y;’ = TT’Z(%Jr thé),
Y p
d%v; (1-p) (1—2)?
233/22 = P27 ((p—l)soz—2(1—2) 5 P+ 7

so that the properties of ¢° imply :
e v =u; on {agﬁygl—a},
e v5 — v; uniformly on bounded subsets of R? |

Ui
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e cli,z +y, L , >0
o ¢(i,z+vy, %) ;z ( Y m+y) 0w uniformly on bounded subsets of R?
r 0, z=0
(i
ovs Y= Y >0
oy Vi — dy uniformly on bounded subsets of Ri,
dy _
0, y=20
8 V;
920vE 2 , y>0
° y28—v2Z — Y y? Y uniformly on bounded subsets of Ri.
Y
0, y=20

Since v is a classical solution of (2.4.2) on (0,00) x (0,00), this implies that ¢g° converges to 0

uniformly on bounded subsets of R?,_ when € goes to 0. We then obtain by letting ¢ — 0 in

(2.5.20):

A A

T AT
o(@,9,1) = E[e " Do(Xe o, Vi, Iunr) + /0 e U (&)t

From the growth condition (2.3.4) we get

A A

E|e= " Do(X a1, Veunr, Ironr)| < CE|em?"DRE ]

So, using Lemma 2.3.1, sending n to infinity, and then 7' to infinity, we get

Tlgﬂo nh_>nolo E [e—P(Tn/\T)U(XTn/\T, }A/Tn/\T, ITn/\T)}

= 0.
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Applying monotone convergence theorem to the second term in the r.h.s. of (2.5.20), we then

obtain

vi(z,y) = E{/Oooe_th(ét)dt},

which proves the optimality of (CA ,C). O

2.5.2 Numerical analysis

We focus on the numerical resolution of the system of ODEs (2.5.4)-(2.5.6)-(2.5.5) satisfied

by (¢i)ie1,, and rewritten for all i € I as:

1
(p = aii + \i = pbiz + 5p(1 = Pt 2")pi — (1 = 2)(bi — 2(1 = p)o})¢;

p

1 z
- 522(1 — 2)%070] — (1= p)(p;i — 5902-) T

qu [ (1 = 27ij) %(2’1(1_—%3))

+ Az sup SOi(W), z € (07 1)7

j#i Zi m€f0,1]
__p
(p— qii + X)pi(0) — (1 =p)pi(0) T2 = > qij;(0) + Ai sup (),
i m€(0,1]
1 2
(p = gis + X = phi+ 5p(L = p)oD)ei(1) = 3 aii(1 = 7i)Pip; (1) + N . pi().
JFi mell,

The main numerical difficulty comes from the nonlocal terms in the r.h.s. of these equations.

We shall adopt an iterative method as follows: starting with ¢° = (¢9);c1, = 0, we solve "t =

(¢"1)ic1, as the (classical) solution to the local ODEs where the non local terms are calculated

from (') :

(= i+ Xi = pbiz + 5p(1 = PN = 2(1 = 2)(bs — (1 — oD

_%z2(1—) 2Pt — (1=p) (it - Z(¢7+1)) v

= ZQU [ - 27ij) @?(M)

\; 1
o + A sup o7 (),

m€[0,1]
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with boundary conditions

__P_
(= ait + M) (0) = (L=p)f T (0) ™ = 3 aiyef(0) + N sup (),
i mel0,1]
1 n n n
(0= g+ A= phi+ 5p(1 =)D (1) = D a1 =)' (1) + Ai sup @i (m).
J#i e

Let us denote by:

Ul +9)¢r(5%),  for (i,a,y) € Iy x (R2\ {(0,0)})
0, for i € 14, (z,y) = (0,0).

vi(z,y) =

A straightforward calculation shows that v" = (v}");er, are solutions to the iterative local PDEs:

vl 1 92yt - ourtt
(p— qii + Xi)oP T = biy azy - 5012?/2 8;2 - U( ér )
= D v (z,y(l =) + Ndf(x+y), (z,y) € (0,00) xRy, i €ly, (2.5.21)

J#i

together with the boundary condition (2.3.8) on {0} x (0, 00) for v;, ¢ € I4:

vt 1 92y tt
— i + A)0,.) = biy—2—(0,.) — oty ———(0,.
(p = qii + X)o7 (0, ) yay(,) 59:Y ayQ(,)
= Zqijv;‘(o,y(l—%g‘)) + Nivl'(y), y>0,i¢€ly. (2.5.22)

JFi

We then have the stochastic control representation for v™ (and so for ¢").

Proposition 2.5.3. For all n > 0, we have

O
(zy) = sup E[/ U ()dt], (i,,y) € Ta x R, (2.5.23)
(C7C)6Ai(xvy) 0

where the sequence of random times (60y)n>0 are defined by induction from 6y = 0, and:
Onr = inf{t>0,: AN, #0 or AN/ £ 0},

i.e. Oy, is the n-th time where we have either a change of regime or a trading time.

Proof. Denoting by w}'(z,y) the r.h.s. of (2.5.23), we need to show that w} = v}'. First

(with a similar proof to Proposition 2.4.1) we have the following Dynamic Programming Principle
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for the w" : for each finite stopping time T,

TAO1
wznﬂ(ﬂ%y) = sup E/ e_”tU(Ct)dt—l—1{7291}6_’)61@0? (Xo,,Y,)
(C:C)GAi(Ivy) 0 01

g ye Tw (X, YT)} (2.5.24)

The only difference with the statement of Proposition 2.4.1 is the fact that when 7 > 61, we
substitute w™ ! with w™ since there are only n stopping times remaining before consumption is
stopped due to the finiteness of the horizon in the definition of w™.

By using (2.5.24), we can show as in Theorem 2.4.1 that w™ is the unique viscosity solution
to (2.5.21), satisfying boundary condition (2.5.22) and growth condition (2.3.4) (it is actually
easier since there are only local terms in this case). Since we already know that v™ is such a

solution, it follows that w™ = v". O

As a consequence, we obtain the following convergence result for the sequence (v™),,.

Proposition 2.5.4. The sequence (v"), converges increasingly to v, and there exists some
positive constants C and 6 < 1 s.t.

0 <w—v < CO™x+yP, V(,z,y)elyx Ri. (2.5.25)
Proof. First let us show that

5 = sup Ele R} | < 1. (2.5.26)
(c,¢) € Ai(z,y)
{(w,y) €ER? 2 +y=1}

By writing that e ”*RY = D;L;, where (L;); = (e *P)'RP), is a nonnegative supermartingale by
Lemma 2.3.1, and (Dy); = (e~ (P~F®)!), is a decreasing process, we see that (e P*RY); is also a

nonnegative supermartingale for all (¢, c) € A;(z,y), and so:

E {e‘pelel} < E [e_p(elAl)Rgl/\l}

- E [6_(p_k(p))(91A1)€_k(p)(91/\1)RglA1} ‘

Now, since e~ (P=k@N(OAD) <1 45 E [e*k(p)(el/\l)RglM] <1, forall ((,c) € Aij(x,y) with z+y =
1 (recall the supermartingale property of (e *®)*RP),), and by using also the uniform integrability

of the family (e_k(p)(elAl)RglAl) from Lemma 2.3.1, we obtain the relation (2.5.26).
C7<
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The nondecreasing property of the sequence (v}"),, follows immediately from the representa-
tion (2.5.23), and we have: v < v!"™! < v for all n > 0. Moreover, the dynamic programming
principle (2.5.24) applied to 7 = 0; gives

01
ozy) =  sup E / U (e)dt + e~ (X, Yp,) (2.5.27)
(CoAi(zy) [0 "

Let us show (2.5.25) by induction on n. The case n = 0 is simply the growth condition (2.3.4)
since v = 0. Assume now that (2.5.25) holds true at step n. From the dynamic programming

principle (2.4.1) and (2.5.27) for v and v™ "1, we then have:

ot (z,y) > viley) - sup E[e M (ug, —of, )(Xe,, Ya,)]
(Ce)EA; () !
> wvi(x,y)—  sup E{e_pelCangl}
(¢ 0)eA;(2,y)

= vi(z,y) -~ C8" "z +y)?,

by definition of §. This proves the required inequality at step n + 1, and ends the proof. O

In the next section, we solve the local ODEs for ¢" with Newton’s method by a finite-

difference scheme (see section 3.2 in [42]).

2.5.3 Numerical illustrations

Single-regime case

In this paragraph, we consider the case where there is only one regime (d = 1). In this case,
our model is similar to the one studied in [61], with the key difference that in their model, the
investor only observes the stock price at the trading times, so that the consumption process is
piecewise-deterministic. We want to compare our results with [61], and take the same values for
our parameters p = 0.2,0 =0.4,0 = 1.

Defining the cost of liquidity P(z) as the extra amount needed to have the same utility as
in the Merton case : v(zx + P(x)) = vp(z), we compare the results in our model and in the
discrete observation model in [61]. The results in Table 1 indicate that the impact of the lack
of continuous observation is quite large, and more important than the constraint of only being
able to trade at discrete times.

In Figure 1 we have plotted the graph of ¢(z) and of the optimal consumption rate ¢*(z) for
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A | Discrete observation | Continuous observation
1 0.275 0.153
5 0.121 0.016
40 0.054 0.001

Table 2.1: Cost of liquidity P(1) as a function of \.

different values of A\. Notice how the value function, the optimal proportion and the optimal
consumption rate converge to the Merton values when A increases.

We observe that the optimal investment proportion is increasing with A\. When z is close to
1 i.e. the cash proportion in the portfolio is small, the investor faces the risk of “having nothing
more to consume" and the further away the next trading date is the smaller the consumption
rate should be, i.e. ¢* is increasing in \. When z is far from 1 it is the opposite : when A is
smaller the investor will not be able to invest optimally to maximize future income and should

consume more quickly.

205 T e S, . 035 T T T T
R 0.3 F ]
195 ¢ ] 025 Foi
19 NN
0.2 i
1.85
0.15 | _
1.8
1.75 0.1 o
1.7 0.05 | :
165 I I I I 0 I I I I
0 02 04 06 08 1 0 02 04 06 08 1
A=1 —— A=10
A=3 Merton ---—--
Figure 2.1: A=D e 5o

Value function ¢(z) (left) and optimal consumption rate ¢*(z)(right) for different values of A

Two regimes

In this paragraph, we consider the case of d = 2 regimes. We assume that the asset price is

continuous, i.e. 712 = 721 = 0. In this case, the value functions and optimal strategies for the

continuous trading (Merton) problem are explicit, see [69]: v; p(r) = %QOL M where (¢; ar)i=12
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is the only positive solution to the equations:

p

bzp -1 .. . .
(o —ai - m)wm — (=D = i, iJ€{1,2}, i # .
The optimal proportion invested in the asset 7} ), = OJ’W is the same as in the single-regime

1
case, and the optimal consumption rate is ¢} 5, = (¢i,m) . We take for values of the parameters

p = 0.5,
g2 =q21 = 1,
by=by = 04,

0'1:1, 0'2:2,

i.e. the difference between the two market regimes is the volatility of the asset. In Figure 2.2,
we plot the value function and optimal consumption for each of the two regimes in this market,
for various values of the liquidity parameters (A1, A2). As in the single-regime case, when the
liquidity increases, ¢ and ¢* converge to the Merton value.

To quantify the impact of regime-switching on the investor, it is also interesting to compare
the cost of liquidity with the single-regime case, see Tables 2.2 and 2.3. We observe that, for
equivalent trading intensity, the cost of liquidity is higher in the regime-switching case. This is
economically intuitive : in each regime the optimal investment proportion is different, so that

the investor needs to rebalance his portfolio more often (at every change of regime).

(A, A2) | Pi(1) | Pa(1) A P(1) | P(1)
(1,1) | 0.257 | 0.224 1 | 0.153 | 0.087
(5,5) | 0.112 | 0.103 5 | 0.015 | 0.042
(10,10) | 0.069 | 0.064 10 | 0.004 | 0.024
Table 2.2: Cost of liquidity P;(1) as a Table 2.3: Cost of liquidity P;(1) for the

function of (A1, \2). single-regime case.
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1-9 T T T T T T T T

02 B {\{\;_ | \\\\\\\\\ ‘:lil",‘_
0.1} NS A
00 1 1 1 1 N | 1 1 1 \
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(A1, A2) = (1,1) ——— (A1, A2) = (1,10)
(Ah )‘2) = (107 1) ()‘la )\2) = (107 10
Merton ——-—--

Figure 2.2: ¢; and ¢ for different values of (A1, A2)

2.6 Appendix A : Dynamic Programming Principle

We introduce the weak formulation of the control problem.

Definition 2.6.1. Given (i,z,y) € Iy x Ry x Ry, a control U is a 9-tuple
(Q7F7IP>7F = (J:t)tZOa VVv Ia N7 c, C); where :

1. (2, F,P,F) is a filtered probability space satisfying the usual conditions.

2. I is a Markov chain with space state 1y and generator Q, Iy =i a.s., N is a Cox process
with intensity (Ar,), and W is an F-Brownian motion independent of (I, N).

3. Fr =0 (Ws,Is, Ng; s < t) VN, where N is the collection of all P-null sets of F.
4. (c¢) is F-progressively measurable, ((;) is F-predictable.

We say that U is admissible, (writingU € A}’ (x,y)), if the solution (X,Y) to (2.2.3)-(2.2.2)
with Xo = x, Yy =y, satisfies Xy >0, Y3 >0 a.s.
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Given U € A¥(x,y), define J(U) =E[[;° e #°U(cs)ds], and the value function

vi(z,y) = sup JU).
UcAY (z,y)

Proposition 2.6.1. For every finite stopping time T and initial conditions i,x,y,

vi(z,y) = sup E {/ e U (cp)dt + e PTur (X, Yr)| - (2.6.1)
(Co)e A} (z,y) 0

Before proving this proposition we state some technical lemmas.

Lemma 2.6.1. Given (Q, F,P,F = (F;), W, 1, N) satisfying the conditions of Definition 2.6.1,
define FO = (FP)i>0, where Fp = o(Ws, Is, Ng; s < t). Then if (c;) is F-progressively measurable
(resp. predictable), there exists ¢y FO-progressively measurable (resp. predictable) such that c = ¢,
dP ® dt a.e..

Proof. We only give a sketch as the arguments is standard. We first use Lemma 3.2.4 page 133
in [41] to find, for each n € N, an approximating F;-simple process ¢" converging to ¢ in the
L?(dt®dP) norm. Then, using Lemma 1.25 page 13 in [40], we can change every ¢” on a null-set
and find a sequence of F!U-simple process ¢} (t) that again converges to c in the L?(dt @ dP)
norm. We now extract a subsequence (denoted again by ¢}) such that ¢} — ¢ a.e. and we
define ¢; := liminf, ,  c. This is .F;t’o—progressively measurable and ¢ = ¢y, dt ® dP a.e. on

[0, +00) x Q. This concludes the proof. O

Remark 2.6.1. With the notations of the previous lemma, it is easy to check that (X CI’CI, YC/’CI)
~ (X*¢,Y%C) in law. Hence without loss of generality we can assume that c is FO-progressively
measurable and ¢ is FO-predictable.

Define W as the space of continuous functions on R, Z the space of cadlag Iz-valued
functions, A/ the space of nondecreasing cadlag N-valued functions. On W x Z x N, define the
filtration (BY)¢>0, where BY is the smallest o-algebra making the coordinate mappings for s < t

measurable, and define By, = ,, BY.

Lemma 2.6.2. If ¢ is FV-progressively measurable (resp. FV-predictable), there exists a B?+—
progressively measurable (resp. BY-predictable) process f.: Ry x W x T x N' = R, such that

et = [t WatsIaty, Nat)y, forP—ae w, forallte Ry
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Proof. For the progressively measurable part one can see e.g. Theorem 2.10 in [71]. For ¢
predictable, notice that this is true if ¢ = X1 ), where X is FP-measurable, and conclude with

a monotone class argument. O

Proof of Proposition A.1. Let V;(z,y) be the right hand side of (2.6.1).
Step 1. vi(z,y) < Vi(x,y): Take U € A¥(z,y). Then

n-«:[ / e—PtU(ct)dtm} - / e P U (c)dt + ¢ P"E [ / P U(era)ds |F | (262)
0 0 0

By Remark 2.6.1, w.l.o.g. we can assume that c is F'-progressively measurable (resp. ¢ F-

predictable). For wy € 0, define the shifted control U = (Q, FT,PUJO,]}[, W,I,N,é, 5), where

Py, = P(.|F7)(wo)

Wt = W‘r+t - WT

It = dr4t

Nt/ = Nf+t — N;

e F7 is the augmentation of F by the P,,-null sets, and .7-:[ is the augmented filtration
generated by (W, I, N).

o G =cCiyr, & = Gror

Then we can check that for almost all wy, U“° satisfies the conditions of Definition 2.6.1 (with
initial conditions (I;(wp), X7(wo), Y-(wp))) : 2. comes from the independence of W and (I, N)
and the strong Markov property, and 4. is verified because for almost all wg ]-"?+7 C ]:"[ .

Moreover, there is a modification (X’,Y”’) of (X,Y) s.t. (X/,,,Y/,,) is F -adapted, and a
solution of (2.2.3)-(2.2.2) for (W, I, N). Hence Y** € A (wo) (X7 (w0), Y7 (wp)), and

E [ / e P U (ery0)ds m] (wo) = J(U) < vp. (Xr, Y:)(wo).
0
Hence taking the expectation over wy in (2.6.2),

E[ / eth(ct)dt} gE[ / P (e)dt + e PTop (X, Vo)
0 0
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and taking the supremum over U, we obtain v;(z,y) < Vi(z,y).

Step 2. vi(x,y) > Vi(z,y): Recall that in the proof of Proposition 2.3.2 we only needed the DPP
to prove the continuity of v; up to the boundary. Hence we know a priori that v; is continuous
on Int(R?), and that the restriction of v; to the boundary is continuous. One can then find a

countable sequence (Ug)i>0 s.t.
(i) (Uy)k is a partition of R%,
(i) Y(z,9), (2",y') € Up, Vi, |vi(z, y) —vi(2',y/)| <,
(iii) Uy contains its bottom-left corner (xg,yx) = (min(xvy)eUk T, min, ) er, y)

Indeed, we can construct such a partition in the following way: v; is continuous on the boundary
so we can partition each of the boundary lines into a countable number of segments verifying (ii)
and (iii). Then in the interior we have first a partition in “squared rings" : Int(]Ra_) = Up>1K,
where K,, = [1/(n+1),n+1]\[1/n,n]?. Since v; is continuous on the interior, we can partition
cach K, into a finite number of squares verifying (ii) and (iii). By taking the union of the line

segments and the squares for each K, we obtain a sequence (Uy) satisfying (i)-(iii).

Notice that (iii) implies the inclusion A;(xg,yx) C Ai(z,y), for all (z,y) € Uy. For each k,
take U = (Qik, Fik Pik Fik Yk [ik Nk Gk (kY coptimal for (i, ag, yi), and fiF, fOF
associated to (¢*, ¢¥*) by Lemma 2.6.2. Then for each (¢, () € Ai(z,%), let us define ¢ ¢ by :

) ¢ when ¢t < 7
C =
' ikt —r WAE=7),I(AE—7),N.A({t—7)) whent>r1I =i, (X, Y;)€ Uy

Then ¢ (resp. ¢ ) is F- progressively measurable (resp. predictable). Furthermore, for almost all

wp, with i = I-(wp) and (X;,Y;)(wo) € Uy,

E]P"*’O (W7 j7 N? (ét-‘rT)? (é:t-‘r’r)) - E]P’ivk (Wi7k7 Ii7k7 Ni,kv Ci7k7 Ci,k)a

and since A;(x, Yk) C Af, (o) (Xr(wo), Y7 (wo)), this implies Xf’é:,Yf’<~ > 0 a.s., and (&) €
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A;(x,y). We also have

Bl [T e runisiz ] @) = B[ [T eruihs
0 0

vi(Tk, Yk) — €

v

> Ur, (XT, YT)((,UO) — 2¢.
By taking expectation in (2.6.2), we have

IE[ / e”tU(ét)dt} ZE[ / U (e)dt + e PTop (X, Ys)| — 2¢.
0 0

Finally, by taking the supremum over U, and letting £ go to 0, we obtain v;(z,y) > Vi(z,y). O

Remark 2.6.2. Actually the weak value function is equal to the value function defined in
(2.2.14) for any (Q,F,P,F,W,I,N) satisfying (1)-(3) in Definition 2.6.1. Indeed, given any
U = (Q,F P F, W, I'N') € A¥(x,y), letting fo and f being associated to ¢ and ¢’ by
Lemmas 2.6.1 and 2.6.2, and defining (almost surely) ¢; = fo(t, W,I,N), ¢ = fe(t, W,I,N),
by the same arguments as in the Proof of Proposition 2.6.1, U := (Q, F,P,F,W,I,N,c,() €
A¥(z,y), and J(U) = J(U"). Hence

sup  J(U') = sup K {/ epsU(cs)ds] .
U'EAY (2,y) (c.0)€A;(z.y) 0

2.7 Appendix B : Viscosity characterization

We first prove the viscosity property of the value function to its dynamic programming

system (2.4.2), written as:
Fi(IE? Y, Ui(ﬂf, y)a DUi(.'L', y)v DQU,L'(J‘, y)) + Gz(l‘, Y, U) = 07 (:E? y) € (07 OO) X R+7
for any ¢ € I, where F; is the local operator defined by:

1 -
Fi(xa y7u’va) = pu-— blyp2 - 50-1'2y2a22 - U(pl)
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a1l ai12

for (x,y) € (0,00) xRy, u €R, p= (p1 p2) ER? A= ( ) € S? (the set of symmetric

a2 a2
2 x 2 matrices), and Gj is the nonlocal operator defined by:

Gi(z,y,w) = =Y qilwi(z,y(1 = 7i5)) — wi(z,y)] — Xi[Wi(z + y) — wi(x,y)]
i

for w = (w;)er, d-tuple of continuous functions on R? .

Proposition 2.7.1. The value function v = (v;)iec1, is a viscosity solution of (E).

Proof. Viscosity supersolution: Let (i,z,y) € Iy x (0,00) x Ry, ¢ = (p;)icr,, C? test
functions s.t. v;(z,y) = ¢i(Z,y), and v > . Take some arbitrary e € (—y,z), and ¢ € R,.
Since T > 0, there exists a strictly positive stopping time 7 > 0 a.s. such that the control

process ((,¢) defined by:
Ctt == CltST, Et - C]-tSTa t Z 0, (271)

with associated state process (X,Y,I) starting from (z,y,4) at time 0, satisfies X; > 0, ¥; > 0,
for all £. Thus, ((,¢) € A;(x,y). Let V be a compact neighbourhood of (z, v, i) in (0, 00) x Ry x Iy,
and consider the sequence of stopping time: 6,, = 6 A h,, where 6 = inf {t >0: (X, Y, 1) ¢ V},
and (h,) is a strictly positive sequence converging to zero. From the dynamic programming

principle (2.4.1), and by applying It6’s formula to e **p(Xy, Y, I;) between 0 and 6,,, we get:

On _ _
80(‘%7 Y, 2) = U(ZL‘, Y, Z) > E [/ e_th(Et)dt + e_penU(X9n7 mnalen)]
0

v

0n o
E{/O e_th(Et)dt+€_p0”<P(X.9n7YenJen)}

On o
— T E —Pt(U(e) — _ 9%
pla.5.0)+E[ [ e (U@) — po— g
o Op 1 5 o9 82@
+b[t—}/t_87y+201—r t— 8y2
+ Z QIt,j[QD(Xt_7}_/t—(1_Wlt,j)vj)_SO(Xt—aﬁ_vlt_)]

J#L -
+Alt_ [80(th - C_tv th* + C_-ta Itf) - ¢(Xt*7}7t7,ft7 )])dt]7
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and so

On 0 — 0 1 _y 07
t ¥ ¥ 2 20979
E|:hn/0 e P (pgp U(Ct) +ci— or b]t* }/t—aiy — 50’@7 }/;_ain

- Z qI Xt 7Y;€ (1_’Y[t_j)aj)_@(thvyvt*7jt7)]
J#L—

_)\It* [@(Xt_ - Eta ?Vt— + Eta It‘) - SD(Xt_ ) ﬁ‘?lt— )])dt] Z 0 (272)

Now, we have almost surely for n large enough, 8 > h,, i.e. 0, = h,, so that by using also

(2.7.1)

1 _ _ Oy = Oy 1 —5 0%

- pt _ Y e ) 2

) (pgo U@) +é by, Y, B 205_1@_7%2

- 0 [Pp(Xe- Vi (L=, ).5) — o(X-, Vi 1)
I#T

A, (oK = G Vi + G i) = (X, Vi o)) ) ]

= = 8901 _ 78(/71 _ 1 27282901’ _
—  pi(Z,7) U(C)+Cax( y) — biy 8y( z,%) 27 5, (z,9)

_Zqﬁ[@j(jvg(l - %j)) - sz(a_jag)] - )‘z[ﬁpl(i‘ —ey+ 6) - 902'('%73?)]7 a.s.
J#i

when n goes to infinity. Moreover, since the integrand of the Lebesgue integral term in (2.7.2)

is bounded for ¢ < 6, one can apply the dominated convergence theorem in (2.7.2), which gives:

pwi(a:,w—U(c)+c%§i<w,y)—biy%%< 0= EyZ%fz(x )
- Z(]ij[(’pj(i‘;g(l - 7’U)) - 801(373,@)} - )\’L[SOZ(:E —ey+ 6) - @'L(jag)] > 0.

J#i
Since ¢ and e are arbitrary, we obtain the required viscosity supersolution inequality by taking

the supremum over ¢ € Ry and e € (—y, Z).

Viscosity subsolution: Let (i,7,79) € Iy x (0,00) xRy, ¢ = (¢i)ic1,, C? test functions s.t. v(z, 7, 1)
= p(7,7,1), and v < . We can also assume w.l.o.g. that v < ¢ outside (Z,7,7). We argue by

contradiction by assuming that

L 07 - v L 200 5O
pei(@,y) = by @ y) = 507y 5 5 (3.0) U( (2,9))

=2 aylei (@ 5(1 = 3)) — @57, 9)] = Xl &5 (@ +9) — (2, 9)] > 0.
i
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By continuity of ¢, and of its derivatives, there exist some compact neighbourhood V of (z, ¥, 1)

in (0,00) x Ry x Iz, and € > 0, such that

0p; 1 4 50%p; ~ (0p;
: — byt — o _ 2.7.
poily) = by (,y) = oty 5 S y) = U () (2.73)
= aisles(@y(l = i) — iz, y)] — Nl@i(x +y) — pi(z,y)] > e, V(z,y,i) €V,

J#i
Since v < ¢ outside (Z,7,1), there exists some § > 0 s.t. v < ¢ — § outside of V. We can also

assume that € < dp. By the DPP (2.4.1), there exists ((,c) € A;(z,y) s.t.
- 1—e?

N1
v(@,5,0) —e——p — < EV e—PtU<ct)dt+e‘“e“)v(xm,YeM,IeM)],
P 0

where (X,Y,I) is controlled by (¢, c), and we take § = inf {t >0: (X, Y1, ) ¢ ]_/} We then

get:
- 1—¢e”
@(w,y, )7 2p
- 1—¢e”
- U(‘T’yzl) € 2p

ON1
< E l/o e U (cp)dt + e_p(eAl)SO(Xe/\l, Yon1, Iont) — €_p651{9<1}]

_ ON1 o
= oz, 9,1) + E[/O e " (U(er) = po — Cta—i

dp 1 4 282<P
+blt7}/t_87y+§o-lt7 tiain
+ Z QIt,j[(p(thvy;S*(l _71t,j)7j) —(,O(th,Y;F,Itf)]

JAL—
+>‘zt, [(o(Xp- = ¢, Ve + G [i-) — (X, Yo Iy )])dt - 67p051{6’<1}

- OA1
< o(z,y,1) +E / —ce Pldt — ep951{9<1}]
0

where we applied It6’s formula in the second equality, and used (2.7.3) in the last inequality.

This means that

1— e P OA1
—& ¢ < E [/ —ee Ptdt — ep951{9<1}]
0

2p
£ S e
= E [— LA Ay | } < —Z(1—eP),
o p {6<1} p( )
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since €/p < 0, and we get the required contradiction. O

Let us now prove comparison principle for our dynamic programming system. As usual, it
is convenient to formulate an equivalent definition for viscosity solutions to (2.4.2) in terms of
semi-jets. We shall use the notation X = (z,y) for Ry x R -valued vectors. Given w = (w;);cr,
a d-tuple of continuous functions on Ri, the second-order superjet of w; at X € Ri is defined

by:

P2u(X) = {(pA) €R? x 8 st wi(X') < wi(X) + (p, X' — X)

+% (AX' = X), X' = X) +o(|X' = X*) as X' = X,

and its closure 52’+wi(X ) as the set of elements (p, A) € R? x &% for which there exists a
sequence (X, Pm, Am)m of Ri x P2 Hw;(X,,) satisfying (X, pm, Am) — (X,p, A). We also
define the second-order subjet P>~ w;(X) = —P2F(—w;)(X), and P> w;(X) = =P (—w;)(X).
By standard arguments (see e.g. [3] for equations with nonlocal terms), one has an equivalent

definition of viscosity solutions in terms of semijets:

A d-tuple w = (w;)ier, of continuous functions on R%L is a viscosity supersolution (resp. subso-

lution) of (2.4.2) if and only if for all (i,z,y) € I; x (0,00) x Ry, and all (p, A) € 52’_wi(at,y)
=24

(resp. P wi(z,y)):

Fy(z,y,wi(z,y),p, A) + Gi(z,y,w) = 0, (resp. < 0).
We then prove the following comparison theorem.

Theorem 2.7.1. Let V = (V;)ic1, (resp. W = (Wi)ien,) be a viscosity subsolution (resp. su-
persolution) of (2.4.2), satisfying the growth condition (2.3.4), and the boundary conditions

Vi(0,0)
Vi(0,y) < E; [f/. (y)}, Yy > 0, (2.7.5)

IN
—~
o
=~
>
~—

(resp. > for W). ThenV < W.

Proof. Step 1: Take p' > p such that k(p') < p, and define o;(z,y) = (z +y)?, i €
I;. Let us check that W™ = W + %@D is still a supersolution of (E). Notice that P?~ W/ =
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P2=W; + L(Dy;, D*;), and we have for all (p, A) € P>~ W;(z,y)

1 1
Fi(xay>Win(x7y)vp+ EDwzaA + E

= Fz‘(%@h Wi(x7y)7p7 A) + Gi(-%',y, W)

1 / Y o? y \? Y /
- P — b —2— (1 — /)=~ — (1= ——~. P -1
oo (o= b P (=) (Hy) %:iq”“ sy =)

. 1,
+U(p) = Ulpr + —p'a? ) (2.7.6)

> 0.

D) + Gi(w,y, W™)

Indeed, the three lines in the r.h.s. of (2.7.6) are nonnegative: the first one since W is a

supersolution, the second one by k(p") < p, and the last one since U is nonincreasing.

Moreover, by the growth condition (2.3.4) on V' and W, we have:

lim max(V; — W) (r) = —oc. (2.7.7)

r—00 €y

In the next step, our aim is to show that for all n > 1, V- < W™, which would imply that V' <

W. We shall argue by contradiction.

Step 2: Assume that there exists some n > 1 s.t.

M = sup (Vi = W) (z,y) > 0.

i€ly,(z,y)€R2
By (2.7.7), there exists i € Iz, some compact subset C of R?, and X = (Z,7) € C such that
M = max(V; - W) = (Vi = Wi")(@,7). (2.7.8)

Note that by (2.7.4), (Z,7) # (0,0). We then have two possible cases:
e Case 1 : T = 0. Notice that the boundary condition (2.7.5) implies the viscosity subsolution
property for V; also at X = (0,7):

Fi(X,Vi(X),p, A) + Gi(X,V) < 0, ¥(p,A) e P V(X)

However the viscosity supersolution property fot W™ does not hold at (0,y). Let (Xg)r =
(zk,yr )k be a sequence converging to X, with z;, > 0, and ¢, := ‘Xk — Y’ We then consider

the function
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(X, X) = Vi(X) - W(X) — (X, X),

X - X7 ! 3
wk‘(xayvx/’y/) = 334 + (y —?)4 + g + ($ — 1)
2e Tk _

Since ®;, is continuous, there exists (Xb)A(,’C) € C?s.t.
M, = sup &), = &1, (Xy,, Xp),
c2

and a subsequence, still denoted ()A(k.,f( 1), converging to some ()A( X ) as k goes to oco. By

writing that ®4(X, X3,) < ®4(X, X}), we have :

. x-x
Vi(X) = W (Xp) = — (2.7.9)
< VilXy) = WKL) — (@ + 0k —9)) — Ry (2.7.10)
< Vi Xg) = WXL — (@ + (e — )Y, (2.7.11)

where we set

:f:’ s
P
2¢e; Tk _

Since V; and W/* are bounded on C, we deduce by inequality (2.7.10) the boundedness of the

sequence (Ry)i>0, which implies X = X'. Then by sending k to infinity in (2.7.9) and (2.7.11),
with the continuity of V; and W, we obtain M = V;(X) — W/(X) < Vi(X) — W(X) — (2} +

(r —7)*), and by definition of M this shows
X=X=X (2.7.12)

Sending again k to infinity in (2.7.9)-(2.7.10)-(2.7.11), we obtain M < M — limsup, Ry < M,
and so

o a2

]Xk =

25k

i 3
- (k - 1) — 0, (2.7.13)

as k goes to infinity. In particular for k large enough &) > % > 0. We can then apply Ishii’s
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lemma (see Theorem 3.2 in [16]) to obtain A, A’ € §? s.t.

(p, A) PV, (0, A) €PTWXG) (2.7.14)
A 0 ,
< D+epD?, (2.7.15)
0 —A

where
p=Dx¢s(Xp, X't), 1 = Dxpp(Xp, Xp), D = D% xtbne( X, X'
Now, we write

pM < pMy < p(Vi(Xy) = W(X'y))
= Fy(Xi, Vi(Xi),p, A) = Fi(Xe, W/(X'k),p, A)
= Fi(Xy, Vi(Xy),p, A) + Gi( X, V) (2.7.16)
— Fi(Xp, WP (X7, 0, A) = Go( X[, W)
+ Gi( X[, W™) = Gi( Xy, V)
+ F(X, WXL, 0, A) — Fy(Xy, W(X7), p, A)

From the viscosity subsolution property for V' at X &, and the viscosity supersolution property
for W™ at )A(,’c, the first two lines in the r.h.s. of (2.7.16) are nonpositive. For the third line, by

sending k to infinity, we have:

Gi(XL, W™ — Gi(Xp, V)
- Gi(X, W) — Gi(X,V)

= Y a|(Vi - WP (EHA - 7)) - (Vi - W@ )]
j#i

X [(G = W)@ +7) - (Vi - W) (@, 7)]

0

IN
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by (2.7.8). For the fourth line of (2.7.16), we have
Fi(Xg, WIXR), 0, A) = Fi (K, WKL), p, A)
= bi(Gep2 — Gkph) + Ulp1) = U(p)) + 023 (9702 — (31)%ahs)

Now

~ ~/ ~ A1
X X U A | (=
Okp2 — kb = Uk (4(yk ~-7)° + T ’“) — G (Ek ’“)

IN

A9k (0 — 7)° +

— 0, as k — o0,

by (2.7.12) and (2.7.13). Moreover,

T — 3 - S > 2
Op) — U@, = ﬁ(xk xk+4@%>_U<M_3<%_1> )
0,

€k
<

since U is nonincreasing. Finally,

0
A0 Uk
~2 AV ~ ~
Graze — (G)7a = (0 g O 9
Ui,
0
. . Uk
< (0 g 0 g )(D+eD?) )
U
by (2.7.15). Since
1222 0 - 0
0 12(y—7m)°++ -1
D2¢k($7 y7 xl?:y/) = 1 ( ) Ek 1 6 .ZJ Ek )
= 0 el (E - 1)_ 0
0 _1 _1
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a direct calculation gives

0

Uk 3. . 2.
( 0 gx 0 7 ) (D+5kD2) . = g(yk — ) = 12(9k — 9)* 5,

U

+ (36(9k — 9)* + =k (1205 — 9)?) ) 37

— 0, ask— oo,

where we used again (2.7.12) and (2.7.13), and the boundedness of (g, y's)-

Finally by letting k£ go to infinity in (2.7.16) we obtain pM < 0, which is the required

contradiction.

e Case 2 : T > 0. This is the easier case, and we can obtain a contradiction similarly as in the
first case, by considering for instance the function

X — X2
pX =X

P(X, X) = Vi(X) =W X) = (@ =)' =y -9~k



Chapter 3

Investment /consumption problem in
a market with liquid and illiquid
assets

Abstract: We consider a market consisting of a liquid asset and an illiquid asset. The liquid asset can
be traded continuously, while the illiquid one can only be traded and observed at discrete random times. In
this setting, we study the problem of an economic agent optimizing his expected utility from consumption
under a non-bankruptcy constraint. This is a nonstandard, mixed discrete/continuous control problem.
By a dynamic programming approach, we reduce this problem to a standard continuous time stochastic
control problem, and we give an analytical characterization of the value function as a viscosity solution
to a PDE. We present an iterative numerical scheme to compute it, and we finally illustrate the impact
of illiquidity on the investor and his strategies by some numerical experiments.

Key words : liquidity, random trading times, portfolio/consumption problem, integrodifferential equa-

tions, viscosity solutions.
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3.1 Introduction

Following the seminal works of Merton on portfolio management, a classical assumption
in mathematical finance is to suppose that assets may be continuously traded by the agents
operating on the market. However, this assumption is unrealistic in practice, especially in the
case of less liquid markets, where investors cannot buy and sell assets immediately, and have to

wait some time before being able to unwind a position.

In the recent years, several works have studied the impact of this type of illiquidity on the
investors. Rogers and Zane [66], Matsumoto [53], Pham and Tankov [61] consider an investment
model where the discrete trading times are given by the jump times of a Poisson process with
constant intensity A > 0. Bayraktar and Ludkovski [8] study a portfolio liquidation problem in

a similar context.

The aforementioned works focus on an agent investing exclusively in an illiquid asset. How-
ever, in practice it is common to have several correlated tradable assets with different liquidity.
For instance an index fund over some given financial market will be usually much more liquid
than the individual tracked assets, while sharing a positive correlation with those assets. An
investor in this market will then have the possibility of hedging his exposure in the less liquid
assets by investing in the index and rebalancing his position frequently. Tebaldi and Schwartz
[68], Longstaff [48] consider a market constituted of a liquid asset that can be traded continu-
ously, and an illiquid asset that may only be traded at the initial time and is liquidated at a
terminal date. Following the line of the latter papers, here we also consider a market composed
by a liquid asset and an illiquid one, but we take a less restrictive approach assuming, as in

[66, 53, 61], that the illiquid asset may be traded at discrete random times.

To this regard, we have to mention the recent paper by Ang, Papanikolaou and Westerfield
[2] that studies a very similar problem to the one studied here. However, we stress that our
results are different for two reasons. First, they consider utility functions of CRRA type with
risk aversion parameter R > 1, while we study the problem for a different class of functions,
not assumed of CRRA type. Second, they assume that the agent is able to observe the illiquid
asset’s price continuously, while in our case observation is restricted to the trading dates. We
believe this is a more natural assumption, as in practice trading possibilities and observation of

the price coincide via the arrival of buy/sell orders on the market.
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We study a problem of optimal investment/consumption over an infinite horizon in a market
consisting of a liquid and an illiquid asset. The liquid asset is observed and can be traded
continuously, while the illiquid one can only be traded and observed at discrete random times
corresponding to the jumps of a Poisson process with intensity A. This makes the problem a
nonstandard mixed discrete/continuous problem, which we solve by following the same approach
as in [61]. By means of dynamic programming, we show that the stochastic control problem
“between trading times" can be written as a standard continuous time-inhomogeneous problem.
Then we apply the usual machinery of Dynamic Programming and characterize the value function
as the unique (viscosity) solution of an HJB equation. This allows to perform a numerical
analysis of the solution via a suitable numerical scheme that we describe in detail.

The plan of the paper is as follows. Section 2 describes our illiquid market model and
formulates the investment /consumption problem for the investor. In Section 3 we show how, by a
suitable Dynamic Programming Principle, the problem can be reduced to a standard continuous-
time stochastic control problem. Section 4 presents some useful properties satisfied by our value
functions. In Section 5, we first prove an analytical characterization of our value function by
means of viscosity solutions to the associated HJB equation, and then show the special form
taken by the HJB equation in the case of power utility. Finally, Section 6 introduces an iterative

scheme to solve our problem numerically, and presents some numerical results.

3.2 The model

In this section we present the model and the optimization problem we deal with.

Let us consider a complete filtered probability space (2, F, (F¢)t>0,P) satisfying the usual con-

ditions, on which there are defined:

e A Poisson process (N¢)i>0, with intensity A > 0; we denote by (N;)i>o the filtration

generated by this process and by (7,,)n>1 its jump times; moreover we set 79 = 0.

e Two independent standard Brownian motions (B;)>o, (Wt)t207 independent also on the
Poisson process (N;);>0; we denote by (Ff);>0 and (F/V)i>0 the filtration generated by

B and W respectively.
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The market model we consider on this probability space consists of two risky assets with corre-

lation p € (—1,1):
e A liquid risky asset that can be traded continuously; it is described by a stochastic process
denoted by L; whose dynamics is
ClLt = Lt(det + O'Lth),

where by, € R and o, > 0.

e An illiquid risky asset that can only be traded at the trading times 7,; it is described by

a stochastic process denoted by I;, whose dynamics is
d[t == It(b[dt + O'[(det + 1-— deBt)),

where by € R and o7 > 0.

Without loss of generality we assume Ly = Iy = 1. We also suppose that on the market is
present a riskless asset with deterministic dynamics. Without loss of generality we assume that

the interest rate of such asset is constant and equal to 0.

Define the o-algebra
It:U(ITn]-{Tngt}7nZO)v tZO

Moreover define the filtration
GO .= (Gt)t>0; Q? =N, VLV ]:tW =0(Tn, Ir,; 70 <)V ]-"tW.
The observation filtration we consider is
G = (G)i>0; Gt =GP V o(P-null sets).

This means that at time ¢t we know the past of the liquid asset up to time ¢, the trading dates

of the illiquid assets occurred before t and the values of the illiquid asset at such trading dates.
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3.2.1 Trading/consumption strategies

In the setting above, we define the set of admissible trading/consumption strategies in the

following way. Consider all the triplets of processes (¢, 7, o) such that

(hl) ¢ = (¢;) is a nonnegative locally integrable process (G;)-predictable; ¢; represents the

consumption rate at time t;

(h2) m = (m) is a locally square integrable process (G;)-predictable; m; represents the amount

of money invested in the liquid asset at time ¢;

(h3) a = (o), is a discrete process where «y, is G, -measurable; «y, represents the amount of

money invested in the illiquid asset in the interval (7%, Tg41]-

Given a triplet (¢, 7, o) satisfying the requirements (hl)-(h3) above, we can consider the
process R; representing the wealth associated to such strategy. Its dynamics can be defined by

recursion on k by

Ry = (3.2.1)

t 1
Rt = RTk +/ (—csds + Ws(deS + ULdWS)) + o <It — 1) s t e (Tk,Tk+1]. (3.2.2)
Tk Tk

We observe that the process R is not G-predictable, as I is not. At time t € [1j, Tk+1) the last

information carried by the illiquid asset is given by the o-algebra

I, =1,

k

=o0(l,, h=0,..,k).

However we can split R in a predictable part related to the observation G; and a not-predictable
one related to the unknown information on the illiquid asset in the interval |7y, ¢). Let 7 be a

generic G-stopping time and consider the auxiliary processes on [r,4+00) F,.J whose dynamics

are
dET dL
t _ porabs (prﬂdt + pordWy), ET =1; (3.2.3)
EZ— or, L gy,
d T
Ji oL
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Recursively in the intervals (7, 7x+1] define the processes
t
Xy =R, — oy + / (—csds + ms(brds + or,dWy)), Yy = B[, Z; =Y J.*. (3.2.5)
Tk

In the interval (7%, 7x+1], the process X; represents the liquid part of the wealth R;, while the

process Z; represents the illiquid part; so we have
R =X+ Z;, Vt>0.

As a class of admissible controls we consider the triplets of processes (¢, 7, o) satisfying the
measurability and integrability conditions above and such that the corresponding wealth process
R, is nonnegative (no-bankruptcy constraint). One can see without big difficulty that this
requirement is equivalent to require that both the liquid and the illiquid wealth have to be
nonnegative at each time, i.e. that X; > 0,7; > 0 for every ¢t > 0. So, the admissibility of a

strategy (ct, ¢, ;) amounts to require

0

IN

ar < Ry, k20,

¢

/ ((es = bpmg)ds —opmedWs) < Ry —ay, Vt€ [Th, Thi1).

Tk

The class of admissible controls depends on the initial wealth Ry = r. We denote this class by

A(r).

3.2.2 Optimization problem

Let Ry = r. The optimization problem consists in maximizing over the set of admissible
strategies A(r) the expected discounted utility from consumption over an infinite horizon. In
other terms, chosen a utility function U and a discount factor 8 > 0, the optimization problem

we consider is the mixed discrete/continuous stochastic control problem

Maximize E [/ eﬁsU(cS)ds} , over (c,m, ) € A(r).
0

The value function of such optimal stochastic control problem is denoted by V:

V(r)= sup E [/ e’BSU(cS)ds] .
(e,m,a)€A(T) 0

About the function U we assume the following
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Assumption 3.2.1. The preference of the agent are described by a utility function
U:[0,+0) > R

which is continuous, increasing, concave, C* on (0,+00), such that U(0) = 0 and satisfies the

usual Inada’s conditions:
U'(07) = 400, U'(c0) =0.
Moreover we assume the following growth condition on U: there exist constants Ky > 0 and

p € (0,1) such that

Ule) < Ky . (3.2.6)

We observe that, due to the assumption on U, the Legendre tranform of U on [0, +00), i.e.

the function

Ulq) = sup{U(c) — g}, ¢ >0,

is finite, decreasing and convex. Moreover, the growth condition (3.2.6) yields the following

growth condition for U: there exist K 77 > 0 such that

~ p

Ulg) < Kgq T». (3.2.7)

About the discount rate § we assume the following.

Assumption 3.2.2. We assume that

1 —
B> ku(p) = sup  p(mpbr + mrbr) — ])(21))(7?%0'% + 7262 + 2prpmroLoT)
mr,€R,mr€[0,1]
p b
o s Tk 3.2.8
2A—p) o2 FIP) (3:2.8)
where
bro 1-—
kj(p) = sup p(br — oL I)?T[ - p=p) a?(l — pQ)ﬂ'I
mr€[0,1] oL 2

Remark 3.2.1. This assumption on 3 is related to the investment/consumption problem with
the same assets but in a liquid market.

Indeed, consider an agent with initial wealth r, consuming at rate ¢; and investing in L; and
I; continuously with respective proportions 7rtL and 7rtI , with the constraint that 7rt1 € [0,1]. If
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we denote A (r) the strategies s.t. wealth remains nonnegative and define the value function

V]ff)(r) = sup ( )E [/0 e_ﬁtci’dt} , (3.2.9)

(wl !l c)eAM

it is then easy to see (for instance by solving the HJB equation) that V]\(/f ) is finite if and only if
(3.2.8) is satisfied, and that in this case

1—p 1=p
Y ( ) . 3.2.10

Further note that the liquid investment/consumption problem can always be reduced to the
case where the two assets are independent, because

Ty —/—— Ty —— T+ s — Ty ——
tLt tIt t O_L t Lt tJt’

and the problem is equivalent to an agent investing in L and J (with the same constraint for
the proportion invested in J).

However this reduction does not work for the illiquid problem that we consider : neither
the observation constraint (the integrand in L being G-predictable) nor the trading constraint
(the amount held in the illiquid asset being constant between 7 and 74.41) are preserved by this
transformation.

3.3 Dynamic Programming

Following [61], we state a suitable Dynamic Programming Principle (DPP) to reduce our

mixed discrete/continuous problem to a standard one between two trading times.

Proposition 3.3.1 (DPP). We have the following equality:

T1
Vir) = sup E [/ e U (cs)ds + e PV (R,,)] . (3.3.11)
(e,ma)€A(r) 0

Proof. The proof is long and technical, but similar to the one in [62] and we omit it. Note
however that unlike in [62], there is some additional random information between 0 and 7
(brought by W), so that the “shifting" procedure is slightly more technical to achieve, see for
instance Appendix B in [27] for details. O
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Now we will use this DPP to rewrite our original problem into a standard continuous-time con-
trol problem. For each x > 0, let Ap(z) be the set of couples of stochastic processes (cs, Ts)s>0

such that
e (cs)s>0 is (FIV)-predictable, nonnegative and locally integrable;
o (7s)s>0 is (FIV)-predictable and locally square-integrable;

o 2+ [I(—cods + ms(brds + opdWy)) >0, VT > 0.

Lemma 3.3.1. Given r > 0, for any (c,m,a) € A(r), there exists (c°,7%) € Ao(r — ap) such
that

(e, 1<y = (co,wo)l{tgﬁ}, dP ® ds a.e. . (3.3.12)

Proof. First, using the definition of G, by a simple monotone class argument, for any (c, )

G-predictable we may find (¢, 7°) F"-predictable satisfying (3.3.12). It is then easy to see that

the admissibility constraint (¢, 7, «) € A(r) implies (¢, 7°) € Ay(r — ap). 0

By the previous Lemma, (3.3.11) may actually be rewritten as

T1
V(r) = sup sup E {/ e P U (co)ds + e PV (R, | . (3.3.13)
a<r (¢,m)eAp(r—a) 0

We want somehow to rewrite the inner optimization problem in (3.3.13). To this purpose,
consider the linear operator (M denotes the space of measurable functions; also recall that J7

has been defined in (3.2.3))

G: MR4;R) — M([0,+00) x RZ;R) (3.3.14)
o Gleltz,y) =E o +yJf)] . (3.3.15)

Let us see the properties of this operator.
Proposition 3.3.2.

(i) G is well defined on the set of measurable functions with at most linear growth.
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(i) G is linear and positive, in the sense that it maps positive functions in positive ones. As
a consequence G is increasing in the sense that

o < = Glp] < GY].

(iii) G maps increasing functions in functions which are increasing with respect to both x and
V.

(iv) G maps concave functions in functions which are concave with respect to (z,y).

(v) If o(r) =71P, p € (0,1), then
Glol(t, am, ay) = PG| (t, x,y), VE>0,(z,y) €RL, a>0. (3.3.16)

Glol(t, z,y) < PPl a4y, ¥t >0, (z,y) € R2. (3.3.17)

(vi) Letp € (0,1], and v a p-Hélder continuous function on R with Holder coefficient C. Then
for all t,x, 2", y,y, and 0 < h < 1, there ewists some constant C1 > C s.t. the following

are true :
|Gv](t,z,y) — Gv](t, 2, y)] < Clx—2'P, (3.3.18)
Gtz y) — Gl(t,z,y)] < CeFr Py —yf P, (3.3.19)
\G[v](t, z,y) — G](t + h,z,y)] < CrekrPltyppr/2, (3.3.20)

Proof. (i)-(iv) are straightforward.

We prove (v). (3.3.16) comes directly from the definition of G. Let us prove (3.3.17). If

x =y = 0 the claim is obvious, so we assume x + y > 0. By It6’s formula,

bro J
d(e R P (g 4y 0Py = e"”<”)t(x+yJ?)p{<k:J(p)H?(bIpULLI)xiytJo
¢
1 W) 2
——p(l —p)—"L _0o9(1 —

JO
fp—2t g, 1—p2dBt}.

x—i—yJP

By definition of kj(p), the drift term above is nonpositive, so it follows that the process

(e ks P (z 4 4 J0)P);> is a supermartingale, implying (3.3.17).
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Now we turn to (vi). (3.3.18) is obvious, and (3.3.19) follows directly from (v). To prove
(3.3.20) we fix t, x, y and h, and write

Gl)(t2,y) = Glo)(t+ how,y)| < CYPE I — 2,7
= CyPE [P B (11— ]

IN

Ceks@)tyrR [’1 _ J}?,p}

Now we write JY = F(h,vVhN) where N ~ N(0,1) and F verifies F(0,0) = 1. Checking that

the derivatives of I satisfy reasonable growth conditions, it is then straightforward to obtain

El[1-JF] < CihP? for0<h<1.

O
Given (¢, 7) € Ag(x), let (X24T) 50, (Y¥)s>0 be the solutions starting from z,y to the SDEs
dXy = —ceds+my(brds + opdW,), (3.3.21)
~ ~ b
AV, = Ya(p-2ZLdt + poydWy). (3.3.22)
oL

Given w a nonnegative measurable function on Ry and z,y > 0, let us consider the functional

on Ag(z)
T,y e,m) = IE/ e~ (B+)s (U(cs) + AG[w] (s,Xf’”’c,ﬁy)) ds.
0

The importance of the operator G relies in the following result.

Lemma 3.3.2. Let z,y > 0, (¢,7) € Ag(x), and w nonnegative measurable on Ry. Then
denotz’ng RTl = X%Qw + ?Tai,cm’

1
E {/ e U (co)ds + e Pw(Ry) | = T0 (x,y;¢,7),
0
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Proof. Let (¢,7) € A(x) and set (X, Ys) = (X7, YY), Zs = Y,JO. Since 7 is independent
from FY and FP with distribution £(\), we have

T1
E {/ e U (co)ds + e Pw(R,,)
0

00 t ~ ~
= / e M (/ e U (cs)ds + e Pl (X; + Zt)) dt
0 0

00 00 0o N -
/ e U (cy) / e Mdtds + / e~ MY (X + Zy)dt
0 s 0

]:W ]_-B:|

= / 67(ﬁ+)\)t (U(Ct) + )\w(Xt + Zt)) dt7
0

where in the second inequality we have used Fubini’s theorem. Now since Zt = f@JtO , with Jto
independent from FW, we have for all t > 0

E|w(X; + Z)|FV| = E|w@+yJD) -

o 20 = Blsat]

y=Y;

- G[U}](t, Xtv Y/t)?
and we obtain

T1 T1
B[ P utets e Puti| = B[ [Tt et | 2]
0 0

Due to Lemma 3.3.2, from (3.3.13) we obtain

V(r)=sup  sup  Jp(r—a,acm). (3.3.23)
a<r (c,r)€Ao(r—a)

In order to solve the inner optimization problem in (3.3.23), we define a dynamic version of
it. Given ¢t > 0 we define the process (W!)ss; = (Wy — Wy)s>; and the filtration (FV')s > ¢
generated by this process. For each ¢, 2 > 0, let A;(z) be the set of couples of stochastic processes

(€5, ms)s>¢ such that
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o (¢s)s>t is (FV')-predictable, nonnegative and locally integrable;
o (ms)s>t is (FV)-predictable and locally square-integrable;
° x + ftT(—csds + ms(bpds + opdWy)) >0, VT >t.

Given (¢, m) € Ag(x), let (X556 50, (YI¥)40 be the solutions starting at time ¢ from z,% to

the SDEs

dXs = —csds+ mg(bpds + ordWs), (3.3.24)
: b
dy, = n(pi—”dt+paldws). (3.3.25)
L

Given w a nonnegative measurable function on R and ¢, x,y > 0, let us consider the functional

on Ay(x)
Tw(t,z,y;c,m) = E/ e~ (BFN(s—t) (U(cs) + A\G[w] (3, Xﬁ’x’”’c,ffst’y)) ds.
t

Finally consider the optimization problem

A

V(t,z,y) = sup Jy(t,z,y;c,7), (3.3.26)
(e,m)EAL(T)

For any locally bounded function 9 on [0, +0c0) x R%, we associate the function Ho defined on

R, by :

[Ho](r) = sup 0(0,a,7 — a).
0<a<r

By (3.3.23), we can rewrite the original problem in terms of V as

V = HV. (3.3.27)

3.4 Properties of the value functions

Let us see some first properties of the functions V, V.
Proposition 3.4.1. V is concave, p-Hélder continuous and nondecreasing. Moreover

V(r) < KrP, for some K > 0. (3.4.1)
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Proof. First of all we note that we clearly have 0 < V < K] UV]\(/Z[7 ), where V]\(f; ) is the value
function of the problem when I is also liquid for utility U®)(c) = ¢?. By (3.2.10), we have the

estimate

V]\(}[D)(r) < KrP, for some K >0,

which in turn yields (3.4.1).
Concavity of V' comes from concavity of U and linearity of the state equation by standard
arguments. Also monotonicity is consequence of standard arguments due to the monotonicity

of U. p-Hélder continuity follows from concavity and monotonicity of V' and from (3.4.1). O

Before examining the properties of V we state a lemma that will be needed repeatedly.
Lemma 3.4.1. For (t,x,y) € [0,400), (7, ¢) € Ai(x), p € (0,1),

P b2
~ ~ % L (s—t)
B[(xpmem 7o) < T @y, (3.42)

for all s > t. In particular, combining with Proposition 3.3.2(v), denoting ¢(r) = rP,

E [Glp](s, XLmom VIV < e @ltehu@= (g 4y, (3.4.3)

Proof. The proof follows the same arguments as that of Proposition 3.3.2(v), noticing that

b2
P L — sup {pbyr— 5 0L

1_pﬁ TeR
U

Proposition 3.4.2. V(t, -) s concave and nondecreasing with respect to both x,y for every
t > 0. Moreover,

V(t,0,y) IE/ ~BENEDAGIV] (s, 0, YY) ds; (3.4.4)
In particular, due to Proposition 3.3.2-(v),
V(t,0,0) = 0. (3.4.5)
Furthermore, V is continuous on [0, +00) X Ri, and for some Ky >0,
Vit,z,y) < KVekJ(p)t(:B+y)p (3.4.6)

for every (t,z,y) € [0,+00) x R%.
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Proof. Since V is concave and nondecreasing, by Proposition 3.3.2-(iii, iv), G[V](t,-) is
concave and nondecreasing in both z,y on Ri. Then concavity and monotonicity properties of

V follow by standard arguments, considering also the linearity of the SDE’s (3.3.24)-(3.3.25).

Equality (3.4.4) is due to the fact that A;(0) = {(0,0)}, so

A

V(t,0,y) = Fr(t,0,5;0,0) = E / e”PNETINGV] (5,0, Y] ds. (34.7)
t

We prove the continuity of V in several steps.

1) Continuity of V(t,-) in (0, +00)? follows from its concavity.
2) Here we prove the continuity of V(,-,y) at & = 0T. First of all notice that (3.4.7) holds

at x = 0, so using monotonicity of V' and 3.3.2-(iii) we get
0 < jV(ta z,Y; Oa 0) - jV(ta xz, 0; 07 O) < V(ta xz, y) - V(ta xz, 0) (348)

On the other hand, using Proposition 3.3.2-(vi) and Hélder continuity of V', we have for some

K > 0 and all (¢,7) € Ay(x)

jV(ta z,Y; C77T) - V(ta 07 y)

<E [/ o~ (BTN (s—1) {U(cs) LA ‘G[V](S’X;x,c,w,?suy) _ G[V](*S’Oaf’st’y)‘} ds}
t

<E [ / e N (U (e,) + K|XLmemP) ds} .
t

Taking the supremum over (¢, 7) € Ai(x) and combining with (3.4.8) we get

A A,

0 < V(t,x,y)—V(t,0,y)

<  sup E[ / e~ (BFN (1) (U(cs)+K\X§"’”’C’”|p) ds}. (3.4.9)
(e,m)eAs(x) t

We have to estimate the right handside of (3.4.9). By definition of A;(x), we have

dL,
Ly

~ S S
0< XL2om =g 4 / Ty — / cudu. (3.4.10)
t t

2
Denoting by Q% the probability with density process given by Z; = exp <—bLt — bLWt>, Lis

2
207 oL

a QF-martingale. The process Xtwe™ ig then a QF-local supermartingale and, being bounded

from below, it is a true QF-supermartingale. Hence, we have E[ZSX Le.em < . Now, writing
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| XLeem|p = | Z,Xbwem|PZ-P by Holder’s inequality we get

~ ~ __p_ b2
E[’X?ﬂc,c,ﬂ‘p] < E[Zst’z’c’”]p E[Zs 1—p]1fp < 2P exp %7% s . (3.4.11)
1—p207

Note also that since [, e*(fB*’\)(S*t)U(cs)ds is the utility obtained by the agent trading only in

L,

sup E[/ e_(ﬂ+)‘)(5_t)U(cs)ds] < V(x)
(e,m)eAs(x) t

IA
=
8

LS

(3.4.12)
by (3.4.1). Combining (3.4.9), (3.4.11), (3.4.12), and using (3.2.8), we get for some K >0
0<V(t,z,y)—V(t,0,y) < KaP, (3.4.13)

and we conclude.

3) Here we prove the continuity of V(t, x,-) aty=0".

Using monotonicity of V' and 3.3.2(iii) (in the first inequality below), Proposition 3.3.2-(vi)
(in the second inequality below) and (3.4.2) (in the third inequality below), we have for some

K > 0 and for all (¢, 7) € A(x)

t

00 A
< KKty / ~(BAk ) gg — N Ki@)t,p
~ (& y ] (& S B T )\ _ ]{M(p)e Y

Therefore, taking the supremum over (¢, 7) € Ai(z) we get

K\

< 77 kietyp, 4.14
S (3.4.14)

0<V(t,z,y)— V(t,z,0)

Letting y — 0 we have the claim.

4) Since (3.4.14) and (3.4.13) are uniform estimates in z, y respectively, also using the conti-
nuity on the lines provided by (2)-(3), we get the joint continuity of V with repect to (z,y) at
the boundary {(z,y) € R2 | 2 =0 or y = 0}.

5) Here we prove the continuity of V(-,z,y). Let t,t > 0 and suppose that ¢ =t + h for
some 0 < h < 1. There is a one-to-one correspondence between A;(x) and Ay (x) associating to

a control (cf, ) s>t € Ai(x) a control (¢}, ) >y € Ay(x) with the same law (see [71, Th. 2.10,
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Ch.1]). So, let (¢}, 7t)s>¢ € Ai(z) and let (¢}, 7)) s> € Ay(x) be the associated control by this

one-to-one correspondence. We have

Ttz y, o nt) — Tyt z,y, ¢ wt))|
‘E |:/ 6_(5+)\)(5—t) (U(Cz) 4 )\G[V](S7Xt’x7ct77rt’ ?Stvy)) ds
t

IA

_/oo 6_(5+/\)(s_t/) <U(C§) —|—/\G[V]( Xt :Uc 71' Yt ,y)) ds]
t/

S E/ (6+>\ §— t))\ ’G Xt,aj,ct’ﬂt7};;t7y)d8 o G[V](S + h’Xum’ct’ﬂ_t’};;t,y)’ ds
< KlE/ —(6+A)(s—1) )\hp/Qe’“J(p)s\Yjvy|pds

< kI Ptpp/2,
R kM( )

where like in 3) we have used Proposition 3.3.2(vi) and (3.4.2). Passing to the supremum over
(ct, ) s>t € Ai(x) and taking into account Proposition 3.3.2-(iii) and Proposition 3.4.1, we get

for some K >0
\V(t,z,y) = V(t+ h,z,y)| < Kelr@typpe/2, (3.4.15)

Hence V is locally p/2-Hélder with respect to t.

6) Putting together all the information collected we get continuity of V on [0, +00) x RZ.

Finally, the growth condition (3.4.6) is proved by combining (3.4.13),(3.4.14) and (3.4.5). O

3.5 The HJB equation

By standard arguments we can associate to V a HIB equation. It reads as

0 + (B 4+ N0 = AG[HO|(t, x,y) — sup  Hep(y, Dig )0, D(x o iem) =0, (3.5.1)
c>0,meR

where for (y,p, A) € Ry x R? x Sy (Ss is the space of symmetric 2 x 2 matrices), ¢ > 0,7 € R,
H,, is defined by

prO'] 0'%7['2 20% 2
Hey(y,p, Ase,m) = |U(c) + (mbr, — ¢)p1 + o1 yp2 + 9 Ay +mpororyAie +p ?y Az
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Note that sup.>g rer He(y,p, A;c,m) is finite if p; > 0, A;; < 0, in which case we have

~ brpr + pororyAi)? bror o?
sup  Hey(y,p, Ase,m) = Ulpr) — ( e S e yp2 + p° Ly Ago.
c>0,meR 20LA11 oy, 2

A Dirichlet type boundary condition can be associated to equation (3.5.1) above. It is provided
by (3.4.4) which leads to impose

(1,0, ) Ei/ ~(BHNG=D\G[H0] (5,0, VI ds. (3.5.2)

3.5.1 Viscosity solutions

Let us denote by X = (z,y) vectors in Ri. We are going to prove that V is the unique

constrained viscosity solution to (3.5.1) according to the following definition.

Definition 3.5.1. (1) Given w a continuous function on [0, +00) x R2, the parabolic superjet
of wat (t,X) € [0,400) x R? is defined by:

PL2Tw(t, X) = {(q,p,A) ERXR? x S%s.t. w(s, X') <w(t,X)+q(s —t)+ {p, X' — X)

+%<A(X’—X),X’—X> +o(|X'—X\2) as X’—>X},

and its closure P> w(t, X) as the set of elements (g, p, A) € RxR? x S? for which there exists a
sequence (tm, Xm, Gms Pms Am)m 0f [0, +00) x RE x PL2Tw (b, Xy, ) satisfying (tm, Xoms @y Py Am)
— (t,X,q,p, A). We also define the subjets P1? ~w;(t, X ) = =P (—w;) (¢, X) and 51’2’_w(t, X)
= P (—w)(t, X).
(2) We say that w is a viscosity subsolution (resp. supersolution) to (3.5.1) at (¢, X) € [0, +00) X
R? if

—q+ B+ Nw(t,z,y) = A\G[Hw|(t,z,y) = sup He(y,p, Ajc,m) < 0,

c>0,meR

for all (.p. 4) € P w(t, X) (resp. =, P w(t, X)).
(3) w is a constrained viscosity solution to (3.5.1) if it is a subsolution on [0,+00) x R%, a
supersolution on [0, 4+00) X (0, 4+00) x Ry and satisfies boundary condition (3.5.2).

Remark 3.5.1. The concept of constrained viscosity solution we use comes naturally from
the stochastic control problem. The boundaries {z = 0} and {y = 0} are both absorbing for
the control problem (in the sense that starting from these boundaries, the trajectories of the
control problem remain therein), but they have different features. Indeed starting from the
boundary {y = 0} the control problem degenerates in a one dimensional control problem; the
associated HJB equation is nothing else but our HJB equation restricted to this boundary and
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this is why we require viscosity sub- and supersolution properties to the value function at this
boundary. Instead starting from at the boundary {x = 0} there is no control problem (since
A+(0) = {(0,0)}) and the natural condition to impose is a Dirichlet boundary condition.

Theorem 3.5.1. V is the unique constrained viscosity solution to (3.5.1) satisfying the growth
condition (3.4.6).

Proof. The fact that 9 is a viscosity subsolution on [0, +00) x R and a viscosity supersolu-
tion on [0, +00) x (0, +00)? is standard (see, e.g., [71, Ch.4]). The Dirichlet boundary condition
(3.5.2) is verified due to (3.4.4) and the growth condition

Therefore, it remains to show that V is a supersolution when y = 0. In this case, as noticed
in Remark (3.5.1) the control problem degenerates in a one dimensional one and again standard
arguments applied to this control problem give the viscosity supersolution property.

Uniqueness is consequence of the comparison principle Proposition 3.5.1 below. U

Proposition 3.5.1. Let wy (resp. wa) be a viscosity subsolution (resp. supersolution) to (3.5.1)
on [0,+00) x (0,00) x Ry. Assume that wi, wae satisfy the growth condition (3.4.6), and the
boundary condition

wi(£,0,y) < ]E/ ~(BNG=) \GHuwn (s, 0, YY) ds (3.5.3)

(resp. > for wa). Then wy < wy on [0, +00) x RZ.

Proof. The argument are quite standard in viscosity PDE’s theory, but we provide the
proof here for sake of completeness.

The proof is done in two steps :

Step 1. Fix some ¢ > p such that

B = ku(q)=—5%5 +ki(q) (3.5.4)
(this is possible by (3.2.8) and the fact that ks is continuous in ¢), and define
filtay) = Oty
First we claim that on [0, +00) x (0,00) x R4

—fi + B+ = AG[qu]

» T mporoLyfl, + p* 21 y2 > 0. (3.5.5)

bro 027r2
—sup |mby [0+ y LT poy 4 TL
m€R or 2
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Indeed, we first have

GHf < f*

by Proposition 3.3.2(v), and furthermore by straightforward computations we check that

2

bror o2
POLOL fa 4 o fie + mporony fl, + 07 o y*fe,

oL

sup |mbp fI +
TeR

2
(qu —q(1 - qw@mlxiy) pbror y q1—q) 5 4 y?
D) + - por 2
207q(1 —q) o, x4y 2 (x+y)

a_ b1
1—q20%’

= f1
and by (3.5.4) we obtain (3.5.5).
Now given an integer n > 1, consider ws, 1= wy + %fq.
Let us check that for any (t,z,y) with z > 0, ws, is a supersolution to (3.5.1) at (t,z,y).

Notice that P12y, (¢, 2,y) = PY2 7 da(t, 2,y) + %(&fl’r,D%yfl””,Diyfl””)(t,a:,y), and
we have for all (¢,p, A) € PY2~wa(t, x,y) :

) BN 1 =0 (1) - MGG 0]

2

bro 1 o2 1
—sup lﬂ'bL(pl + fq) y 2Ly 4 — [+ —(An + —fL)
ol n n

TeR

2

—q+ (B+ Nwy — U (p) — AG[Huws(t, z,y)

bLO'[ o2
p2 + L

1 o? 1
+rporory(Aiz + Ef:gy) + 7Ly (Aga + nquy)]

Y

2
— sup lﬂ'prl +y Ay + mpororyAiz + p *?JQA ]

TeR
+g{<ﬁ+0%hvﬂ—AGWfW@%W

2 2
LOT
TR l”bLf oy T 0 mporovut, + P RS ]}

TeR
> 0,

where we have used the fact that U is nonincreasing and f¢ > 0, and (3.5.5).
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Moreover,
)\]E/ —(B+A)( [qu](S,(),y;t,y)ds < ekJ(Q)tyq)\E 00e(—,B—AJrkJ(q))(s—t)(Yst,l)qu
t
< fUL0, YN [ eTBTARM @)D g
t
A
= — /&0
B Foarlq) + 27 0V
< fU0,9),

where in the second inequality we have used (3.4.2). By the subadditivity of H and linearity of
G, it follows that ws ,, also satisfies the boundary condition at (¢,0,y).

Finally, notice that by the growth condition on w; and ws we have

lim (W0 —Wey)(t,z,y) = —oc. (3.5.6)

|(tz,y) |00

Step 2. We show that for all n > 1, wy < wa, on [0,400) X Ri, and thus w; < wy. Fix
n > 1 and define

M = sup  wi — wa, > 0.
[O,+oo)><Ri

By (3.5.6) and continuity of wq,ws p,

M= max w = (w —w t,Z,Y),
omax w1 = W = (w1 —w2n) (£, 9)

where Ty > 0 and C is a compact subset of Ri. We now distinguish between two cases.

Case 1 : £ = 0. First note that Hw; — Hws,, < M. Using the boundary condition (3.5.3), we

then have

M = (1 —d2n)(t,0,9)
< IE/ BN NG [ Hw, — ng,n](s,O,Ys’E’g)ds
< / o~ (BN \ 1/ ds
t
R
= 5

and it follows that M < 0.
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Case 2 : > 0. Define on [0, Ty] x (C)?

X -XxP

(I)E(t,X,X,) :UAjl(t,X) —UAJQ’n(t,X/) 5
13

Since @, is continuous on the compact set [0, 7] x (C)?, there exists (t., X¢, X!) s.t.

M.:= sup &= (t,X,X.),
[0,7p]x(C)?
and a subsequence, still denoted (., X., X!) converging to some (], X X ). By standard argu-
ments (see e.g. Lemma 3.1 in [16]), X = X" and (£, X) is a maximum point of (i, — g, hence
w.lo.g. (£, X)=(t,X), and we further have

X _Xl 2
lim7| : e

lim =5 = 0. (3.5.7)

Now we apply the parabolic Ishii lemma (Theorem 8.3 in [16]) to obtain ¢,¢ € R, A, A’ in
S? such that

X. - X! , X — X!

(Q7 7A) € 75172’+?f)1(t5, X€)7 (q 9 f? A/) S 751’2’_’(132,”(&:, Xé)a (358)
A 0 3 I, I

< 27, (3.5.9)
0 A e\ -, I

Since X, converges to X, z. > 0 for ¢ small enough, and we can use the viscosity subsolution

property of w0, to obtain

R —
—q+ (6 + )‘)wl (tsaXs) -U ( z - E) - )‘G[le](tsal'e,ye) (3'5'11)
T. — bro —qyl o2g? o2
—sup [W e Te  POL Iyayg Ye 4 2L A +mporopye s+ pPLyAn| < 0,
TeR £ oL € 2 2

and the supersolution property of s, to get

Te — 1

S AGlHus el (3512)

(B4 Nty X — U (75

o’

bro —q
poL Iy;ys y€+

/

Te — T
—sup |[T——= +
€ oy, € 2

2
g
o b gl i+ PP > o
TER

Substracting (3.5.11) by (3.5.12), and using the fact that the difference of the supremum is less
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than the supremum of the difference, and (3.5.10), we obtain

(B + M) (wi(te, Xe) — wan(te, Xé))

0'%772 / Y 20'% 2 IN2 A7
< SUE (Ann — Ay) +mporor(y=Are — Yy Alp) +p 7(3/5A22 — (Y=)"Ag)
S
b . \2
Lo (e = ye)” (G[Hw](te, X.) — G[Hwan](te, X1)) . (3.5.13)

oy, e
First notice that

lim G[Hw(te, X.) — GlHwa (6, X1) = GIHwn)(E, X) — G[Huws,a)(F, X)

< sup(Hwi — Hwsp)
Ry
< sup (W1 —W2,)(0,2,y)
z,yER4
< o (3.5.14)

Furthermore, for all 7 € R,

U%W2 ! /Al 20% 2 AV
9 (A1n — Ayy) + mporor(yeAiz — yeAip) +p 7(951422 — (y2)"Ag)
oLT
B 1( , ) A0 POTYe
- 9 OLT pPO1Ye OLT pPOTY. 0 A -
pOIYL
oLT
1 Iy —Ip POTYe
— /
S 35 ( OLT pOrYe OLT POTY: ) ( L L ) oin
poTYL
3
= (por)* 5 lye — il (3.5.15)
where we have used (3.5.9).
Recall that by (3.5.7),
2 I\2
WU ) whene—o. (3.5.16)



142 CHAPTER 3. MARKETS WITH LIQUID AND ILLIQUID ASSETS
Letting € go to 0 in (3.5.13), and combining (3.5.14),(3.5.15) and (3.5.16), we finally obtain
(B+NM < AM,

and M < 0. O

3.5.2 Power utility

In this subsection we consider the problem in the case U(c) = %, for some p in (0, 1).

In this case, due to the fact that the utility function is homothetic, the HJB equation can be
reduced to a PDE involving just a one-dimensional state variable. Indeed let z,y > 0, z+y >0

and set

Y
r=z+y>0, z= € (0,1], 3.5.17
= ) (3:5.17)

Since (with a slight but clear abuse of notation) A(ar) = aA(r) for all a > 0, taking into
account the fact that U is homothetic of degree p, it is straightforward to show that

Y
V&%:Qg? Yo > 0. (3.5.18)

for some ®g > 0. We have also A;(ax) = aAi(z) for all o > 0, so it is straightforward to show

that also
V(t, ar,ay) = af V(t,x,y), Yo > 0. (3.5.19)

Therefore, by the change of variables (3.5.17), we can rewrite V in separated form as

~ rP

‘mmw:;éwm (3.5.20)

where
d:Q—=RY, Q:=][0,400) x (0,1)

and

A

O(t,2z) =

>

(t,z,1—2). (3.5.21)
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On the other hand, we have also (3.3.27), so

®y = sup D(0,2). (3.5.22)
z€[0,1]
Plugging the expression above for V (3.5.20) into (3.5.1), we can get rid of the terms involving

the variable r, remaining with an equation for ®. Set

Cc . ™
, ™= .
Tty r+y

c =

The variables ¢, T express the consumption and the investment in the liquid asset in terms of
the variable = + y, which is in our case the counterpart of the total wealth in [2] (indeed, due
to the lack of full information, the variable X; + Y; is somehow what we know about the total
wealth, which is only partially observable).

Taking into account (3.3.16) and dividing everything by (z + y)?/p it becomes

—&, + (B+ND — ApDoG[U(t,1 — 2,2) — sup Hep(z, &, 8., 8..;6,7) =0, (3.5.23)
é>0,7€R

where

A A

Iz’rcv(za D, 9., ézz? ¢, 7~7) =pU(¢)—¢ (p(i) - Zi)z)

b A A 2 A A A
+ pL—UI (pz<l> —z(1- z)q)z) + ,02&22 (p(p - 1P —-2(1-2)(1—p)®, + (1 — z)2<1>zz)
oy, 2
+7 (bL(pfﬁ —28,) 4+ pororz (p(p —1)® — (1 —-22)(1—p)d. — 2(1 — z)@zz))
o? A . .
+ 7k (p(p — D& +22(1 - p)d. + 226..) . (3.5.24)
Moreover (3.4.4) becomes
$(t,1) = \pdy E { / e(5“)(8t)G[U](s,O,rEé)ds} , (3.5.25)
t
and (3.4.6) becomes
D(t,z) < Kpe W (t,2) € Q. (3.5.26)

Due to the results of the previous section and to the argument above, we get the following (with

standard meaning of viscosity solution in the interior region Q).
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Proposition 3.5.2. The function & is the unique viscosity solution over Q of (3.5.23) fulfilling
boundary condition (3.5.25) and growth condition (3.5.26).

3.6 Numerical analysis

In this section we present an iterative scheme to approximate the value functions V' and V,

and present some numerical results.

3.6.1 [Iterative procedure

Because of the nonlocal term G[HV} in (3.5.1), we have to couple the standard numerical

scheme with an iterative procedure as we are going to describe.

We start with
Ve =0 (3.6.1)

and inductively :

e Given V" we define V"1 on [0, +00) X Ri as the unique (constrained viscosity) solution to

V4 (B+ NV - AGIVT(t, 2, y)

— sup Hcv(y,D(x,y)V"H,D(Z%y)V”H;c,ﬂ) = 0, (3.6.2)
¢>0,r€R

with boundary condition
UmH(1,0,y) = E /t e BN AGIV (s, 0, V) ds. (3.6.3)
and growth condition
VLt y)| < KeP Pt (g 4 y)P. (3.6.4)
e Given V"1 v+l ig defined by

vl =yt (3.6.5)



3.6. NUMERICAL ANALYSIS 145

We provide a stochastic control representation for (V", V™), in the proposition below.

Proposition 3.6.1. For n > 0, define

Vir) = sup E/ AU (e (3.6.6)
(e,m,a)€A(T)
and
P ay) = s B[ e ORI (Ue) 4GV (s, XTI ds. - (36)
(e,m)EAL(z) t

Then (V" V™) >0 is the unique solution to (3.6.1) and (3.6.2)-(3.6.3)-(3.6.4), n > 0.

Proof. V0 = 0 is obvious, and by induction we assume that (3.6.2) — (3.6.3) — (3.6.4) has a
unique solution for k£ < n, given by (3.6.6)-(3.6.7).

The fact that V"*! is a constrained viscosity solution to (3.6.2) follows from the same
arguments as for V in Theorem 3.5.1, (3.6.3)is satisfied by definition. Since V"(r) < V(r) < Kr?,
the growth condition (3.6.4) is also verified. The uniqueness of this solution is proved by a
comparison principle as in the proof of Proposition 3.5.1 (actually even easier since there is no
nonlocal term).

Furthermore, in the same way as Proposition 3.3.1 and Lemma 3.3.2, we have the following

DPP for the V" :

Vn—H(’l“) — sup E |:/ 1 e—ﬂsU(Cs)ds+e—ﬂ71VN(RT1)]
(e,m,)€A(r) 0

= sup sup E/ Gl (U(cs) + AG[V"] (s, Xbeme Yst’y)) ds

0<a<r (¢,m)eAo(r—a)

= (HV™H(1r),

which proves (3.6.5). O

We now prove that V" converges to V' at an exponential rate.

Proposition 3.6.2. For some K > 0, we have

0<(V=V"(r) < KrPd", (3.6.8)
(V=V"(tzy) < KeO'x4yps,
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where

A
e Er B

Proof. We will prove the claim by induction. The case n = 0 follows from (3.4.1) and
(3.4.6), and we assume that (3.6.8)-(3.6.9) are true for some n. Fixing ¢, z,y and (¢, 7) € Ai(x),

we have

0< Jv(t,x,y;e,m) — Jyn(t,x,y;e,m) < E/ e*(ﬁJr)\)(sft)/\G[(V — V™) (S’ X;,z,w,c7}7st,y) ds
t
< E / e (BN ) oy ks W) ()5 (g 4 )P
t

= Kel@rgntlg 4P,

where we have used the induction hypothesis and Lemma 3.4.1. Taking the supremum over

(¢, m) € Ai(x) we obtain (3.6.9) for n + 1, and (3.6.8) follows by (3.6.6).

3.6.2 Finite horizon problem

To solve the PDE (3.6.2) we approximate it by a finite horizon PDE. We fix some time 7' > 0,

and we consider the functions VT, VT defined recursively by V0T = Vor —,

A T ~ ~
VT (g, y) = ( ?u}i()El /t e~ FENED (U (eg) + AGIV™T] (5, XE2me, V1Y) ) ds
c,m)eAL (T

te~ (BHN(T=1) gt LT gtame, y;t,y)} :
(t,z,y) € [0,T] x R2 where ¢" "7 is some given terminal condition, and
vl = yynT (3.6.10)

By the same methods as above it is then straightforward to check that V17 is a constrained

viscosity solution to

VT (B NV AGIVT(t, 2, y)

— sup Hcv(y,D(x’y)V”H’T,D(2x7y)V”+1’T;c,7r) = 0, (3.6.11)
c>0,meR
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on [0,T) x R2, with boundary conditions
VI (Toayy) = "M (@),

A T ~ ~
VT (10,y) = Ell]f e FENEONGIVT (5,0, Vi) ds + e~ FNT 0T (g, yhame) |

We assume that the terminal condition ¢ 7T satisfies :
6" (2,9) = VN (Ta,y)| < €MD (@ 4y, (3.6.12)

for some & not depending on n. Note that this assumption is not restrictive since

0 < V™1 <V, and by (3.4.6), (3.6.12) is satisfied by taking ¢"+17 = 0.

We then have the following estimate for the numerical error induced by the finite horizon

approximation :

Proposition 3.6.3. For alln >0, for allr € Ry

TV € e T,

Proof. We prove by induction that
(VT —v™ ()| < (L4... 46" e BHAku@NTyp, (3.6.13)

VO = V0T =0, so the claim is satisfied for n = 0. Assume that it is satisfied by some n.

By the dynamic programming principle applied to V"1,

A T ~ ~
Vit ay) = ( ?HE()E[ /t e N (U (e,) + AGIV™] (s, XL, VIV ) ds
c,m)eA (T

+€—(5+A)(T—t)‘7n+1 (X;,J?,T(,C’ Y/;t,y)} ’
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so that

‘(Vn-‘rl,T - Vn+1)(t, z, y)’
T ~ ~
< sup E [ / e EENEONGIVT — V] (s, XL, V) ds
(e,m)EAL(x) t
4o (B+N(T—t) ‘f/n+1,T - Vn—i—l‘ (Xvﬁ,mﬂr,c, Y/st,y)}
1 — e~ (B=kn (p)+A)(T—t)

B —ku(p)+ A
+ &~ BHA—kM (T =) k(P (3 4 )P

ek ()t

IN

(1+4...+ 0" 1) Ee BRI (5 4 )P

< kIt e=(BrA—ku@)T (5 4 4 yPE ((5 o)+ ef(BJr/\ko(p))(t)) ’
where we have used Lemma 3.4.1, (3.6.12) and (3.6.13). Taking ¢ = 0, we obtain

yrALT v"“(r)‘ = ‘HWH’T - HV”H(T)‘

IN

U ’Vn—&-l,T o Vn—O—l’ (r)
< e BRAR@NT g1 4 4 67,

|

By combining Propositions 3.6.2 and 3.6.3, we can choose n and 7" large enough to compute

V' with any required precision. The choice of n and T will mainly depend on A :
e When ) is large, ¢ is close to 1 so that the number of iterations n must be chosen large.

e The finite horizon error is roughly of order (A+ 1)e~ (M7 5o that T may be chosen small

for large )\, and must be reasonably large for small \.

3.6.3 Numerical results

We now focus on the numerical resolution in the case of power utility. Recall that in that
case with the change of variables described in subsection 3.5.2 we are reduced to one space

variable z € [0,1]. (3.6.11)-(3.6.10) then take the form

—r T 4 (B + N — \pol T QU (t,1 — 2, 2)
- ~>sou~p€]R Hey(z, 0T on+bl ontlT.z 7y = 0,
c20,7
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where H,, is the hamiltonian defined in (3.5.24), and

opt = sup 70, 2).
z€[0,1]

We solved these PDEs using an explicit finite-difference scheme for parabolic viscosity solu-
tions (see e.g. chapter IX in [24]). We have taken T between 1 and 5 (depending on \) and
used a uniform grid on [0,7] x [0,1] with time step 5.10~% and space step 0.02. The num-
bers G[U](t,z,1 — z) were computed beforehand at each point of the grid using an L2-optimal
quantization grid for the gaussian law with N = 5000 points.

We have taken for value of the parameters
ﬂZO.Q, p:O.5, bL:0.15, o1 = 1, b[ :0.2, o7y = 1,

and make vary A and p.

In Figures 3.1 and 3.2, we look at the value function ®3 and the optimal proportion in the
illiquid asset z*. We also include the values for the Merton problem (i.e. the fully liquid problem
as defined in Remark 3.2.1). For both of these values, we observe convergence to the Merton
values, the optimal investment in I increasing with A. However, when the optimal Merton
proportion is close to 1, this convergence is much slower. This is intuitive : in the illiquid case
the agent consumes from his liquid wealth, and must ensure that it remains positive; so, having
most of his wealth invested in the illiquid asset is costly for the agent, as he may find himself in
a position where he has "nothing more to consume" (or, more rigorously, very little) before the
next trading time.

We also look at the optimal consumption and investment in the liquid asset. Even if we do
not have proved theoretically sufficient regularity of the value function to justify the structure

of the optimal strategies as feedbacks, we can still look formally at ¢*(t, z), 7*(t, z) defined by

~ A

(*(t,z),7*(t,2)) = arg max Hey(z,9(t, 2), A'D(t, 2), A2<i>(t, 2); ¢, 7),
cz0,me

where Alti, A2® are the finite difference approximations to i)z, D, corresponding to our dis-
cretization grid, and guess that they are good approximations for the optimal policies.

First in Figure 3.3 we have plotted the optimal investment proportion 7* in the illiquid asset

at time 0 for an agent investing the optimal proportion z* in the illiquid asset. Again, we observe
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convergence to the Merton value for large A\. At a rough look, it seems that ©* is higher than
the Merton proportion for positive p, and lower for negative p. This may be interpreted in the
following way : for an agent forced to keep a invested proportion z in the asset I, the optimal

investment in L may be written as
™(2) = T — —pZ. (3.6.14)

Hence the sign of the dependence in z depends on the sign of p. Since we have seen in Figure
3.2 that in illiquid markets the optimal investment 2z} will be smaller than 2}, this explains the
behavior of 7* (see also Figures 3.5-3.8).

*

It is also interesting to look at the functions ¢*, #* in function of the repartition z of the

wealth. We plot these functions at time ¢ = 0 (later dates give qualitatively similar profiles).

In Figure 3.4 we have plotted the optimal proportional consumption rate ¢* for p = 0
(different correlations give similar results). As in [27] we observe that the influence of A\ on
the optimal consumption rate depends on z : when z is close to 1 i.e. most of the portfolio is
constituted of illiquid wealth, the investor faces the risk of “having nothing more to consume"
and the further away the next trading date is the smaller the consumption rate should be, i.e.
c* is increasing in A. When z is far from 1 it is the opposite : when A is smaller the investor will

not be able to invest optimally to maximize future income and should consume more quickly.

In Figures 3.5-3.6-3.7-3.8 we have plotted the optimal investment 7* in the liquid asset for
p=0,p=—0.5 and p = 0.5. The “Merton" line corresponds to (3.6.14). We have also plotted
the optimal consumption for A = 0. In that case, the proportion z invested in [ is actually lost,
and the optimal investment in the liquid asset is then

br,
A

7o(2) =
Notice that when A increases, 7* goes increasingly or decreasingly depending on the value of p
from 7;(z) to 7, (2). More precisely it seems that, when p < 0.3 the convergence is monotone
increasing, while when p > 0.3 it is monotone decreasing. The value p = 0.3 is therefore a

critical value for the allocation in the liquid asset: in this case 73(z) = 75(2) = 73;(2) for all

values of A and z.

Finally, we compare our investment strategy in the illiquid asset with the case where no
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liquid asset is present in the market. This case as well as its numerical resolution are studied
in Pham-Tankov[61]. In Table 3.1 we present the optimal investment proportion zp, in I in
function of \. Numerically, this strategy coincides with the one we obtain in the uncorrelated
case p = 0. Hence this model (which is numerically easier to solve than ours) can be used

without much loss when the liquid and illiquid assets are only weakly correlated.

2.7
2.6
2.5
2.4
2.3
2.2 oy
2.1 b
L
1.9
1.8
1.7

1.6 L
08 -06 -04 -0.2 0 02 04 06 08

Figure 3.1: Value function ®¢ as a function of p

>

1 5 10 50 | Merton
z* 1018 034 036 04 0.4

Table 3.1: Optimal investment proportion zp; in the illiquid asset on a market with no liquid
asset
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Figure 3.2: Optimal proportion in the illiquid asset in function of p
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Figure 3.3: Optimal proportion in the liquid asset in function of p
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Figure 3.4: Optimal consumption rate ¢*(0,-) in function of z for p =0
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Figure 3.5: Optimal proportion in the liquid asset 7*(0, ) in function of z for p =0
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Figure 3.6: Optimal proportion in the liquid asset 7*(0,-) in function of z for p = —0.5
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Figure 3.7: Optimal proportion in the liquid asset 7*(0,-) in function of z for p = 0.5
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Figure 3.8: Optimal proportion in the liquid asset 7*(0, ) in function of z for p = 0.3
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methods for optimal multiple
switching problem
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Chapter 4

Time discretization and quantization
methods for optimal multiple
switching problem

Abstract : In this paper, we study probabilistic numerical methods based on optimal quan-
tization algorithms for computing the solution to optimal multiple switching problems with
regime-dependent state process. We first consider a discrete-time approximation of the optimal
switching problem, and analyze its rate of convergence. The error is of order % —¢e,e >0, and of
order % when the switching costs do not depend on the state process. We next propose quanti-
zation numerical schemes for the space discretization of the discrete-time Euler state process. A
Markovian quantization approach relying on the optimal quantization of the normal distribution
arising in the Euler scheme is analyzed. In the particular case of uncontrolled state process, we
describe an alternative marginal quantization method, which extends the recursive algorithm
for optimal stopping problems as in [5]. A priori LP-error estimates are stated in terms of quan-
tization errors. Finally, some numerical tests are performed for an optimal switching problem

with two regimes.

Key words: Optimal switching, quantization of random variables, discrete-time approxi-

mation, Markov chains, numerical probability.
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4.1 Introduction

On some filtered probability space (2, F,F = (F%),.,,P), let us introduce the controlled

t>07

regime-switching diffusion in R? governed by
dXt = b(Xt, th)dt + U(Xt, th)th,

where W is a standard d-dimensional Brownian motion, o = (74, t5, ), € A is the switching control
represented by a nondecreasing sequence of stopping times (7,,) together with a sequence (¢,,) of
F.,-measurable random variables valued in a finite set {1, ..., ¢}, and o is the current regime
process, i.e. oy = tp, for 7, <t < 7,41. We then consider the optimal switching problem over a

finite horizon:

T
Vo = SUEE[/O F(Xe,a0)dt + g(Xr,ar) = > e(Xr,tn1,0)|. (4.1.1)
ac T <T

Optimal switching problems can be seen as sequential optimal stopping problems belonging to
the class of impulse control problems, and arise in many applied fields, for example in real option
pricing in economics and finance. It has attracted a lot of interest during the past decades, and
we refer to Chapter 5 in the book [60] and the references therein for a survey of some applications
and results in this topic. It is well-known that optimal switching problems are related via the
dynamic programming approach to a system of variational inequalities with inter-connected

obstacles in the form:

min [— %1; —b(x,i).Dyv; — %tr(a(m, iYo(z,3) D2v;) — f(x,4) , (4.1.2)
vi = max(v; — (i, j)| = 0 on[0,T) xR,
VED

together with the terminal condition v;(T,z) = g(x,1), for any i = 1,...,q. Here v;(t,z) is the
value function to the optimal switching problem starting at time ¢ € [0,7] from the state X;
=z € R? and the regime a;y = i € {1,...,¢}, and the solution to the system (4.1.2) has to be

understood in the weak sense, e.g. viscosity sense.

The purpose of this paper is to solve numerically the optimal switching problem (4.1.1),
and consequently the system of variational inequalities (4.1.2). These equations can be solved

by analytical methods (finite differences, finite elements, etc ...), see e.g. [52], but are known
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to require heavy computations, especially in high dimension. Alternatively, when the state
process is uncontrolled, i.e. regime-independent, optimal switching problems are connected to
multi-dimensional reflected Backward Stochastic Differential Equations (BSDEs) with oblique
reflections, as shown in [34] and [35], and the recent paper [13] introduced a discretely obliquely
reflected numerical scheme to solve such BSDEs. From a computational viewpoint, there are
rather few papers dealing with numerical experiments for optimal switching problems. The
special case of two regimes for switching problems can be reduced to the resolution of a single
BSDE with two reflecting barriers when considering the difference value process, and is exploited
numerically in [33]. We mention also the paper [12], which solves an optimal switching problem
with three regimes by considering a cascade of reflected BSDEs with one reflecting barrier derived

from an iteration on the number of switches.

We propose probabilistic numerical methods based on dynamic programming and optimal
quantization methods combined with a suitable time discretization procedure for computing the
solution to optimal multiple switching problem. Quantization methods were introduced in [5]
for solving variational inequality with given obstacle associated to optimal stopping problem
of some diffusion process (X;). The basic idea is the following. One first approximates the
(continuous-time) optimal stopping problem by the Snell envelope for the Markov chain ()_(tk)
defined as the Euler scheme of the (uncontrolled) diffusion X, and then spatially discretize each
random vector th by a random vector taking finite values through a quantization procedure.
More precisely, (X;, ) is approximated by (X3), where X}, is the projection of Xy, on a finite
grid in the state space following the closest neighbor rule. The induced LP-quantization error,
| X:, — Xillp, depends only on the distribution of Xy, and the grid, which may be chosen in
order to minimize the quantization error. Such an optimal choice, called optimal quantization,
is achieved by the competitive learning vector quantization algorithm (or Kohonen algorithm)
developed in full details in [5]. One finally computes the approximation of the optimal stopping
problem by a quantization tree algorithm, which mimics the backward dynamic programming
of the Snell envelope. In this paper, we develop quantization methods to our general framework
of optimal switching problem. With respect to standard optimal stopping problems, some new
features arise on one hand from the regime-dependent state process, and on the other hand from

the multiple switching times, and the discrete sum for the cumulated switching costs.

We first study a time discretization of the optimal switching problem by considering an
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Euler-type scheme with step h = T'/m for the regime-dependent state process (X;) controlled
by the switching strategy a:

th+1 == th + b(th,Oétk)h -+ J(th,atk)\/ﬁ 19k+1, tk == k‘h, k= 0, e,y (413)

where ¥, k = 1,...,m, are iid, and N(0, I;)-distributed. We then introduce the optimal
switching problem for the discrete-time process (th, ) controlled by switching strategies with
stopping times valued in the discrete time grid {tx,k = 0,...,m}. The convergence of this
discrete-time problem is analyzed, and we prove that the error is in general of order h%_s, and
this estimate holds true with € = 0, as for optimal stopping problems, when the switching costs
¢(i,j) do not depend on the state process. Arguments of the proof rely on a regularity result
of the controlled diffusion with respect to the switching strategy, and moment estimates on the
number of switches. This extends the convergence rate result in [13] derived in the case where
X is regime-independent.

Next, we propose approximation schemes by quantization for computing explicitly the solu-
tion to the discrete-time optimal switching problem. Since the controlled Markov chain (th) k
cannot be directly quantized as in standard optimal stopping problems, we adopt a Markovian
quantization approach in the spirit of [57], by considering an optimal quantization of the Gaus-
sian random vector ;41 arising in the Euler scheme (4.1.3). A quantization tree algorithm is
then designed for computing the approximating value function, and we provide error estimates
in terms of the quantization errors ||J — 1§k|\ » and state space grid parameters. Alternatively,
in the case of regime-independent state process, we propose a quantization algorithm in the
vein of [5] based on marginal quantization of the uncontrolled Markov chain (X, ). A priori
LP-error estimates are also established in terms of quantization errors ||X;, — Xi|,. Finally,
some numerical tests on the two quantization algorithms are performed for an optimal switching

problem with two regimes.

The plan of this paper is organized as follows. Section 2 formulates the optimal switching
problem and sets the standing assumptions. We also show some preliminary results about
moment estimates on the number of switches. We describe in Section 3 the time discretization
procedure, and study the rate of convergence of the discrete-time approximation for the optimal
switching problem. Section 4 is devoted to the approximation schemes by quantization for the

explicit computation of the value function to the discrete-time optimal switching problem, and
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to the error analysis. Finally, we illustrate our results with some numerical tests in Section 5.

4.2 Optimal switching problem
4.2.1 Formulation and assumptions

We formulate the finite horizon multiple switching problem. Let us fix a finite time T €

(0,00), and some filtered probability space (£, F,F = (F;),.,,P) satisfying the usual conditions.

£>07
Let I, = {1,...,q} be the set of all possible regimes (or activity modes). A switching control
is a double sequence o = (7, tn)n>0, where (7,,) is a nondecreasing sequence of stopping times,
and ¢y, are Fr, -measurable random variables valued in I,. The switching control o = (7y,,¢y,) is
said to be admissible, and denoted by a € A, if there exists an integer-valued random variable

N with 7y > T a.s. Given a = (7, tn)n>0 € A, we may then associate the indicator of the

regime value defined at any time ¢ € [0,7] by
I = wljocicn) + Y tnl{n <t<rnii}s
n>0

which we shall sometimes identify with the switching control «, and we introduce N(«) the

(random) number of switches before T':
N(a) = #{n>1:7,<T}.

For o € A, we consider the controlled regime-switching diffusion process valued in R?, governed

by the dynamics
dXs = b(X, I)ds +o(X,, L)dW,, Xo=xo€RY, (4.2.1)

where W is a standard d-dimensional Brownian motion on (2, F,F = (F¢)o<t<7,P). We shall
assume that the coefficients b; = b(.,i): R? — R? and 0;(.) = o(.,i) : R? — R4 € [, satisfy
the usual Lipschitz conditions.

We are given a running reward, terminal gain functions f, g : R%x I; = R, and a cost function
c:RIxI, xI, —» R, and we set f;(.) = f(.,), g:(.) = g(.,), ci;(.) = ¢(.,,7), i,j € I,. We shall

assume the Lipschitz condition:

(HI) The coefficients f;, g; and ¢;j, 4, j € I, are Lipschitz continuous on Re.
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We also make the natural triangular condition on the functions ¢;; representing the instan-

taneous cost for switching from regime i to j:
(Hc)

C“() = 0, iEHq,

inf ¢;j(x) > 0, fori,jely, j#i,
zC€R4

inéd [cij(z) + cjp(z) — ci(z)] > 0, fori,j,kely, j#ik.
e

The triangular condition on the switching costs ¢;; in (Hc) means that when one changes from
regime ¢ to some regime j, then it is not optimal to switch again immediately to another regime,

since it would induce a higher total cost, and so one should stay for a while in the regime j.

The expected total profit over [0, 7] for running the system with the admissible switching

control a = (7, tn) € A is given by:

T N(@)
do(@) = E[ [ F(XeL)dt+g(XrIr) = 3 (X tnrstn)]
n=1
The maximal profit is then defined by
VW = sup Jo(a). (4.2.2)

acA

The dynamic version of this optimal switching problem is formulated as follows. For (¢,i) €
[0,T] x I;, we denote by A ; the set of admissible switching controls a = (7, ) starting from
¢ at time ¢, i.e. 79 =t, 1o = 1. Given o € A4, and = € R?, and under the Lipschitz conditions
on b, o, there exists a unique strong solution to (4.2.1) starting from x at time ¢, and denoted

by {Xb*% t < s <T}. It is then given by

Xboo = g4 Z/

T<ST

Tn+1/\8 Tnt+1/AS

L(XLEeydy, +/ o, (XEDYdW,, t < s < T. (4.2.3)

Tn

The value function of the optimal switching problem is defined by

Oé

vi(t,z) = sup E{ f(thO‘ I)ds + g( X} Xh5e Ip) — Z (XL, Ln,l,Ln)}, (4.2.4)

€A ; t n=1

for any (¢,z,i) € [0,T] x R x I, so that Vo = maxey, v;(0, zo).
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For simplicity, we shall also make the assumption

gila) = maxlg(@) - ey(@)l, V(e,i) € BRI x L, (4.2.5)
q
This means that any switching decision at horizon 7" induces a terminal profit, which is smaller

than a no-decision at this time, and is thus suboptimal. Therefore, the terminal condition for

the value function is given by:
vi(T,z) = gi(z), (x,i)eR?x I,.

Otherwise, it is given in general by v;(T, z) = maxjer, [gj(x) — cij()].

Notations. |.| will denote the canonical Euclidian norm on R?, and (.|.) the corresponding inner

product. For any p > 1, and Y random variable on (€2, F,P), we denote by [|Y||, = (E\Y\p)%.

4.2.2 Preliminaries

We first show that one can restrict the optimal switching problem to controls a with bounded
moments of N(a). More precisely, let us associate to a strategy a € A ;, the cumulated cost

process CH%< defined by

chroe = Z c(Xﬁ’nx’o‘, tn—1,tn) 1y, <u, t<u<T.
n>1
We then consider for € R? and a positive sequence K = (Kj)pen the subset .Af(z(x) of Az;
defined by

Af(@) = {a €Ay ElCF < K1+ 2, ¥p>1}.

In the sequel, we shall assume that for each (t,z,i) € [0,7T] x R? x I4, the optimal switching
problem v;(¢,z) admits an optimal strategy a* satisfying E[|C§~xa\2} < o0o. The existence of
an optimal strategy o with E|Cép’x’a* > < 0o is a wide assumption that is valid under (HI) and
(Hg) in the case where the diffusion X is not controlled i.e. the functions b and o do not depend
on the variable ¢ and the function ¢ does not depend on the variable x, as shown in Theorem

3.1 of [35].

Proposition 4.2.1. Assume that (Hl) and (Hc) holds. Then there exists a positive sequence
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K = (Kp), such that

T a
vi(t,x) = sup E[ FXE®2 [ )ds + g(Xp™*, Ir) — Z (XL Ln_l,Ln)}(4.2.6)
ac AL, (z) t n=1

for any (t,z,i) € [0,T] x R x 1.

Remark 4.2.1. Under the uniformly strict positive condition on the switching costs in (Hc),
there exists some positive constant n > 0 s.t. N(«a) < nC%x’a for any (¢,z,4) € [0,7] x R? x I,
a € Ay ;. Thus, for any a € Aﬁ(x), we have

EIN()[" < nKp(1 + |z[P),

which means that in the value functions v;(t, x) of optimal switching problems, one can restrict
to controls « for which the moments of N(«) are bounded by a constant depending on z.

Before proving Proposition 4.2.1, we need the following Lemmata.

Lemma 4.2.1. For all p > 1, there ewists a positive constant K, such that

sup
OéE.At,i

sup Xta: oz‘

|, < i+,
selt, T]

for all (t,z,i) € [0,T] x R x 1.

Proof. Fix p > 1. Then, we have from the definition of X%*® in(4.2.3), for (t,z,i) €
[O,T] x RY x ]Iq, o € .Am:

E[ sup ‘Xﬁ’“’a‘p} < K, (]aj\p—i-E Z/

s€(t,r] <’ Tn

b (X ]

J1)

for all » € [t,T]. From the linear growth conditions on b; and o;, for i € I, and Burkholder-

Tnt1/\S t,x,a
+E{ sup Z/ o, (X5
T

s€ft,r] 1, <s

Davis-Gundy’s (BDG) inequality, we then get by Holder inequality when p > 2:

E[ sup |xboof] < Kp(1+\x|P+/tT sup \X”a\”du}),

s€(t,r] s€t,u]

for all r € [t,T]. By applying Gronwall’s Lemma, we obtain the required estimate for p > 2 ,
and then also for p > 1 by Holder inequality. O
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Lemma 4.2.2. Under (H1) and (Hc), the functions v;, i € Iy, satisfy a linear growth condition,
i.e. there exists a constant K such that

lvi(t,z)] < K(1+lz),
for all (t,2,i) € [0,T] x R x 1.

Proof. Under the linear growth condition on f;, g; in (HI), and the nonnegativity of the

switching costs in (Hc), there exists some positive constant K s.t.

T
B[ [ A=, Lyds + g(X55 1) = 3 (X5, tm,00)]

N(a)
) —

3
—

< K(l + E{u:}g)ﬂ ’Xi’gc’a’Da

for all (t,z,i) € [0,T] x RY x I, a € Ay,i. By combining with the estimate in Lemma 4.2.1, this
shows that

viltr) < K@+ |a).
Moreover, by considering the strategy a® with no intervention i.e. N(a") = 0, we have

r tz,a® - tx,a? .
wlto) = E[ [ X s+ g0y )]
t

—K(l + E[uzﬁl}] ‘XZ"TO“D

Y

Again, by the estimate in Lemma 4.2.1, this proves that
Ui(t7$) > _K(l + |33‘|) )

and therefore the required linear growth condition on v;. O
We now turn to the proof of the Proposition.
Proof of Proposition 4.2.1. Fix (t,z,i) € [0,7] x R? x I,. Denote by o* = (7}, (*)n>0 an
optimal strategy associated to v;(t, z):

T 3 . N(a~) i
vi(t,x) = E[/t FXEm IYds + g(Xp5  I5) — Y e(XE™T 0k, L*)}. (4.2.7)

n=1

where I* is the indicator regime associated to a*. Consider the process (Y5 | Z4%:27) solution
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to the following Backward Stochastic Differential Equation (BSDE)
* t * T *
vire = g )+ [ e s (1.28)
u
T . i}
- / ZE AW, — Cpm 4 ™ t<u<T

u

and satisfying the condition

T
E[ sup \ﬂt’w’a*ﬂ —|—E[/ |Z£’z’a*|2ds} < 00.
s€[t,T] t

Such a solution exists under (H1), Lemma 4.2.1 and E[|C5"* 2] < co. Moreover, by taking
expectation in (4.2.8) and from the dynamic programming principle for the value function in

(4.2.7), we have
VEme = p(u, XEP) . t<u<T.
From Lemma 4.2.1 and 4.2.2, there exists for each p > 1 a constant K, such that

E[ sup [VE5'P] < Kp(1+|aff) . (4.2.9)
u€(t,T)

We now prove that there exists a sequence K = (Kp)p which does not depend on (t,x,7) such

that

E[|CE™P] < K,(1+|fP) . (4.2.10)
Applying Ttd’s formula to [Y4®27|2 in (4.2.8), we have

t * 2 T *19 t * 2 T * *
e [z Pas = Ja(XEE TR 42 [ v e s
T * * T * *
o 2/t Y'St,x,a Z;f,:r,a dWS _2/t Y-St,:v,a dcz,x,a .
Using (HI) and the inequality 2ab < a? + b? for a,b € R, we get
T * * * t * t * *

/t |ZL%7 2ds < K(1—|— sup | X052 4 sup [YEOY 2 4 O™ — Cp™ | sup |V \)

s€t,T) s€t,T) s€t,T]

T
-2 /t yhmer zhret gy (4.2.11)
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Moreover, from (4.2.8), we have

‘C%z,a* _C;t,a:,a*IQ < K(l—l— sup !Xﬁ’z’o‘*\ng sup \Y.f’x’o‘*\z
seft,T] se[t,T]

+| / " zimeaw, ) (4.2.12)
t

Combining (4.2.11) and (4.2.12) and using the inequality ab < % + %, for a,b € R and € > 0,
we obtain
T . . * 1
/ |Zbo97 2ds < K((l —|—£)<1 + sup |XL™ |2) + sup |[YE5 2 (e + )
L selt,T) s€(t,T) €

T * 2 T * *
+e| / ZmeTaw,|") -2 / yhee Zhee" g, .
t t

Elevating the previous estimate to the power p/2 and taking expectation, it follows from BDG

inequality, Lemma 4.2.1 and (4.2.9) that

T * z * 1 *
EK/ | ZLo |2d5>2} < Kp((1+5g)<1+E sup | XL5o |p) + (e2 + —)E sup |[Yhoo|P

t s€t,T] €2 selt,T)

D T * p T * * g

+5§E‘/ Z?m,a dW, —I-E’/ }/st,x,a Z;,La AW, )

¢ t
b 1 P T t *19 g
< K ((U+laP) (et 4 o)+ HE[( [ 1200 Pas) ]
€2 t

ya
4

) (4.2.13)

1 T X
< Ko+l + 5+ )+ BE[( [ 1Z0m Pas)
€2 t °

+E|( /t ' [yiee zbee 2ds)

where we used again the inequality ab < % + # for the last term in the r.h.s of (4.2.13). Taking
¢ small enough, this yields

P
2

B( [ 12 Pas)"] < Kyl lap),

Elevating now inequality (4.2.12) to the power p/2, and using the previous inequality together
with BDG inequality, we get with the estimate of Lemma 4.2.1 and (4.2.9):

E’C%m,a* _ O;f@,a*|p < Kp(1+|z|P), (4.2.14)

for some positive constant K. Since a* is optimal, and from the triangular condition in (Hc),
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we know that at the initial time ¢, there is at most one decision time 7. Thus, from the linear
t,x,a*

growth condition on the switching cost, E[|C; P] < K,(1 + |=|P), which implies with (4.2.14)

that o* € A{{i, and proves the required result. O

In the sequel of this paper, we shall assume that (Hl) and (Hc) stand in force.

4.3 Time discretization

We first consider a time discretization of [0, 7] with time step h = T'/m < 1, and partition
Ty, = {tx = kh,k = 0,...,m}. For (tx,i) € T}, x I, we denote by .Afk’i the set of admissible
switching controls o = (7, tn)n in Ay, 4, such that 7, are valued in {¢(h,¢ = k,...,m}, and we

consider the value functions for the discretized optimal switching problem:

m—1
Vit e) = sup B[ Y0 FXEUY L)k 4 g(X[ET L)
aEAf’k’i 1=k
N(o)
= Y X )] (4.3.1)
n=1

for (tk,i,l‘) € Ty, x ]Iq x R4,

The next result provides an error analysis between the continuous-time optimal switching

problem and its discrete-time version.

Theorem 4.3.1. For any ¢ > 0, there exists a positive constant K. (not depending on h) such
that

it @) — o (b, )] < Ko(1+ |a|)ho~s,

for all (ty,z,i) € T), x RY x 4. Moreover if the cost functions c;j, 1,1 € Iy, do not depend on x,
then the previous inequality also holds for e = 0.

Remark 4.3.1. For optimal stopping problems, it is known that the approximation by the
discrete-time version gives an error of order h%, see e.g. [45] and [4]. We recover this rate of
convergence for multiple switching problems when the switching costs do not depend on the
state process. However, in the general case, the error is of order h3~¢ for any € > 0. Such
feature was showed in [13] in the case of uncontrolled state process X, and is extended here
when X may be influenced through its drift and diffusion coefficient by the switching control.

Before proving this Theorem, we need the two following lemmata. The first one deals with
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the regularity in time of the controlled diffusion uniformly in the control, and the second one

deals with the regularity of the controlled diffusion with respect to the control.

Lemma 4.3.1. For any p > 1, there exists a constant K, such that

sup ~ max
aeA;, ; k<tEm—1

sup | Xeme — X0 < K (1 ekt
s€[testeq] p

forallz e R, icl, k=0,...,n.
q

Proof. Fix p > 1. From the definition of X%®® in (4.2.3), we have for all (ty,,i) €
Tp x RY x I, and « € Ay, 4,

B[ sup |xire - X P] < 8 (B[( [ b (X0 du)']
L

Ue[t‘g,s}

1)

+E { sup
u€lty,s]

/ o1 (X550 AW,

ty

for all s € [ty,te41]. From BDG and Jensen inequalities for p > 2, we then have

E| sup [Xi™— X2 < KhE(E| /t Jbr, (X4 ] + ] /t Jon (X4 )
4 4

£
u€|[ty,s]

From the linear growth conditions on b; and o, for i € I;, and Lemma 4.2.1, we conclude that

the following inequality

E[ sup [X07 - X[PP] < Kp(1+ [af)hE,

4
Se[tg,tg+1]

holds for p > 2, and then also for p > 1 by Holder inequality. O

For a strategy a = (7, tn)n € Ay, i we denote by & = (7, In)n the strategy of .A?k’l- defined
by

Tn = min{t, € Ty : ty>70}, In = ln, n € N.

The strategy & can be seen as the approximation of the strategy « by an element of A?“ We

then have the following regularity result of the diffusion in the control a.

Lemma 4.3.2. There exists a constant K such that

=

sup | Xtere — xterd||| < K(E[N()?)" (14 [2))h?
s€[t, T 2
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forallz e R4, i €1y, k=0,...,n and o € Ay, ;.

Proof. From the definition of X“*® and X**%, for (ty,z,i) € Ty X Rq x g, a € AL ;,
have by BDG inequality:

E[ sup [X{m - X[m0 < K(E[ S\b(Xfﬁ’a,Iu)—b(X” JL)[*dul

u€E|t,s]

+ { |a (XLme 1) — o(XE5 ~u)|2duD,

u
for all s € [tg, T]. Then using Lipschitz property of b; and o; for i € I, we get:

E| sup |X§’z’o‘—
ue[tkvs]

=8 < K(E / | X = X0 du]

+E ya (X5, L) — o (X5, L) [*du] )

IA

(]

+E[ yb (X5, 1) = b(X ™, L) [*dul
y
[

(E/ sup | XL — Xﬁ’x’dﬁdu} (4.3.2)
t

k TE€[tg,ul

+ E|( sup XZ’x’O‘2+1/81 =ds| ),
(e X077 41) 1 ds))

for all s € [tg, T]. From the definition of & we have

[ nds < N,
k

which gives with (4.3.2), Lemma 4.2.1, Remark 4.2.1 and Hoélder inequality:

S

E{ sup |X£’$’a —Xi’x’ﬂz} < K(E[/ sup |Xﬁ’m’a —X:’I’d|2du}

U€E[t,s] ti re(ty,ul
1
+ (E[N(a)?]) (1 + [z*)h),
for all s € [tg,T]. We conclude with Gronwall’s Lemma. O

We are now ready to prove the convergence result for the time discretization of the optimal

switching problem.
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Proof of Theorem 4.3.1. We introduce the auxiliary function @/ defined by
N(«a)

T
ﬁlh(tk,:c) = sup E[ f(X;k’x7a,IS)ds+g(X§i“’$’a,IT) — Z C(Xf,ﬁ@’a,bn_l,bn)} ,

aE.Afk’i 2 n=1

for all (tg,z) € Tj, x RY. We then write
viltn, @) — v (tk, 2)| < Joilte, @) — O (te, )| + [0 (t, 2) — V] (g, 2)]

and study each of the two terms in the right-hand side.

e Let us investigate the first term. By definition of the approximating strategy & = (7, in)n €

A?k,i of a € Ay, ;, we see that the auxiliary value function @ may be written as
T o o N(e) }
Wtp,x) = sup E[ FXEmE [0 ds 4+ g(XE0 Tr) = 37 e(XE™ 7,y zn)],
a€Ay, i 22 n=1

where I is the indicator of the regime value associated to &. Fix now a positive sequence K =

(Kp)p s.t. relation (4.2.6) in Proposition 4.2.1 holds, and observe that

T s s N(a) ~
sup B[ [7 50, L)ds + 9K Ir) = 3 (X85 o )]
k

aeAfi’i(x) n=1
< WMt ) < vilte, )
T N(a)
= sup E[ f(X b T Yds 4 g(X%’x’a, Ir) — C(Xiij’m’a, ln—1, Ln)}
aeAfiﬁi(x) bk n=1
We then have
oiltine) ~ ()] < sup [ALL(a) + AL ()], (4.3.3)

O‘E“Ati,i(x)

with

T ~ -~ -~ ~
Al a(@) = E| /t X L) = F(XEmS, L) ds + |g(XE", Ir) = g(X5™, )|
k
N(a) )
AL o(0) = B[ Y |e(XE" trs i) = (X8, D0, )]

n=1
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Under (HI), and by definition of &, there exists some positive constant K s.t.

Al ( ) < K( sup E[‘th,x,a_thﬂr,d” —}—E{( sup ’th,z,oé|_|_1) /Tl ~dsD
b - sltn,T] ° B selte 1] L
< K( sup E[[x[eme - xlond|] (4.3.4)
s€[tr,T]
T 1
(4] g, xem]) (& [ 2rns])),

by Cauchy-Schwarz inequality. For o € Agi(m), we have by Remark 4.2.1

E{/tTllsﬂsds} < hE[N(a)} < nKi(1+ |z|)h,

for some positive constant 1 > 0. By using this last estimate together with Lemmata 4.2.1 and

4.3.2 into (4.3.4), we obtain the existence of some constant K s.t.

sup Al (a) < K(1+|x)hz, (4.35)
aGAﬁZ’i(x)

for all (ty,z,1) € Ty x R x 1.
We now turn to the term A7 («). Under (HI), and by definition of &, there exists some

positive constant K s.t.

AtQk, ( ) < {Z |X7t_ia$a o tk,xa’:|

< K(E[ﬁ) e = X B[N (@) swp X0 e
N(a)
< K(B[ 3 b - xie
el o e - xtesa ), 439

by Cauchy-Schwarz inequality. For o € .Atfi i(z) with Remark 4.2.1, and from Lemma 4.3.2, we

get the existence of some positive constant K s.t.

)

sup |X§k,17a _ Xék,x,d”‘ < K@+ ‘g;|)h% . (4.3.7)
2 s€[ty,T) 2

On the other hand, for any £ € (0, 1], we have from Hoélder inequality applied to expectation
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and Jensen’s inequality applied to the summation:

1

B[ 32 b xieel] < (8] 3 b - xgee] )
< (EN@ET Y e xieel])’
n=1

n—1
1 17\¢
< 2D E[N()r sup [XEoe - x{EfE])
I—k 86[tg,tg+1]
2 t
= he N 2 k<rl;1<a}7}1< 1 Sup |Xsyx’a_Xte

s€[tester]

by Cauchy-Schwarz inequality. By Lemma 4.3.1, this yields the existence of some positive

constant K. s.t.
< 1
E[ Y |Xime - x50 < Ko(1+[a])h2 . (4.3.8)
By plugging (4.3.7) and (4.3.8) into (4.3.6), we then get
A? (@) < K.(1+|z))h2~*. (4.3.9)
Combining (4.3.5) and (4.3.9), we obtain with (4.3.3)
ity ) — Bty 2)| < Ko(1+ |z)hz—=.

In the case where ¢ does not depend on the variable , we have A7 («) = 0, and so by (4.3.3),
(4.3.5):

vi(t, z) — D2t 2)] < K(1+ |2|)h? .

e For the second term, we have by definition of vzh and ﬁzh:

m—1

tota
(5 (b, ) — Vit z)] < sup E Z/ [FOXE™ 1) = FXE5, 1) s
aGA? p =k Yt
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since Iy = Iy, on [tg,te41). Under (HI), we get

88 (ty, 2) — 0P (try )] < K sup  max sup E[‘ng,a _ Xflfx,a :|7
k<l<m—1 s€[tetos1)

for some positive constant K, and by Lemma 4.3.1, this shows that

|60 (ty, @) — o (tgy )| < K(1+ |z|)h? .

In a second step, we approximate the continuous-time (controlled) diffusion by a discrete-
time (controlled) Markov chain following an Euler type scheme. For any (ty,x,i) € Tj, x R? x I,

a € A?M, we introduce (XZ’t’“’z’o‘)kggm defined by:

5 ote,w,on vtz phophitewa
th — Z’, thJrl — Flte (Xte 719£+1), k S g S m — 1,

where
FlM @, 9ps1) = 2+ bi(x)h + oi(z)Vh Oy,

and Vg1 = (Wi, — Wi, )/Vh, k= 0,...,m— 1, are iid, N(0, I)-distributed, independent of
Fi,.- Similarly as in Lemma 4.2.1, we have the LP-estimate:

sup H max ’th;tha”’ < Kp(1+|z|), (4.3.10)
p

aGA? N l=k,...m
kot

for some positive constant K, not depending on (h, ty,x,4). Moreover, one can also derive the

standard estimate for the Euler scheme, as e.g. in section 10.2 of [43]:

sup H ma?cm‘Xff’z’a—Xt’fj’t’“’z’a”‘p < Ky(1+|z|)Vh. (4.3.11)

aEA?k,i €:k7

We then associate to the Euler controlled Markov chain, the value functions 1711‘, i € I, for the
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optimal switching problem:

m—
’[)Zh(tk,x) = sup [Z f htk,ma Itg)h+g( htk,za Itm)
a€A} =k
N(a)
S Y R )] (4.3.12)
n=1

The next result provides the error analysis between v by v , and thus of the continuous
time optimal switching problem v; by its Euler discrete-time approximation Ezh.

Theorem 4.3.2. There exists a constant K (not depending on h) such that
0l (tg, @) — 0} (te,2)| < K(1+ |z)Vh, (4.3.13)

for all (tg,x,i) € Ty x RY x 1.

Remark 4.3.2. The above theorem combined with Theorem 4.3.1 gives the rate of convergence
for the approximation of the continuous time optimal switching problem by its Euler discrete-
time version: For any € > 0, there exists a positive constant K. s.t.

[vi(t, @) — T (b, 7)) < Ko(1+ |2])h3 e, (4.3.14)

for all (ty,z,4) € Ty x R? x I,. Moreover if the cost functions ¢;;, i,i € I;, do not depend on ,
then the previous inequality also holds for € = 0.

Proof of Theorem 4.3.2.
e Step 1. For (ty,r,i) € Ty, x R? x 1, denote by a/** (resp. a/**) the optimal switching strategy
corresponding to vf(ty, x) (resp. ol (t,r)). Let us prove that there exists some constant K, not

depending on (tg,x,1,h), such that
E|N(@")|° + E|N@))* < K1+ z]?). (4.3.15)

We use discrete-time arguments, which are analog to the continuous-time case in the proof of

h,x

Proposition 4.2.1. For o/* optimal strategy to v}'(tx,z) with corresponding indicator regime

I"* | and to alleviate notations, we denote by Y, = th L (tr, th,xpc ), Fr = f(X{™ o IZZ ),
te
h,*
o = (X IZ’_*I,IW’*), for £ = k,...,m. From the estimates on X;*** in Lemma 4.2.1,

we know that

E| sup (Yl +|Ff +el?)] < KO+ [z, (4.3.16)
k<t<m
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for some positive constant K. Moreover, by the DPP for the value function vlh, we have :
Y, = E[Yé+1’fte]+th—Cg, {=k,...,m—1.

Letting AMyy; := Yy — E[Y41|F,], we obtain in particular

m—1 m—1

m—1
e = b F— > AMpyy+ (Yo — Vi),
=k

l=k =k
m—1 2
(Z AMZ+1>
l=k

and so by (4.3.16)

2
‘ < K(1+z?)+3E

E’eikq

m—1
= K(1+[z)+3E|> AMfH] . (4.3.17)
=k
Now by writing that
m—1 m—1
Yo =Yg = > (YPu-Y) = Y (Yer = Y)(Yer +Y0)

~
I
ol
~
I
ol

m—1
= (AMpi1 — hFy +co)(2Yy + AMyyy — hFy + c),
=k
we get
m—1 m—1 m—1
SOAMF, = YR -Yi =Y hFy(hF,—2Y,—2¢) -2 ) oY
=k =0 (=0
m—1 m—1
— Z AMg_H(Qng — 2hF, + 26() - Z C?.
=0 (=0

Since E[AMHIL}}J = 0, this shows that

m—1 m—1 m—1

E[ 3 AMgﬂ} < E[Yn% — > RE(hF - 2Ye —2¢) —2 Y cm]
=k (=0 (=0
m—1
< K@+ o)+ 28] Y av], (4.3.18)

£=0
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where we used again (4.3.16). Now since ¢; > 0,

._.

m—

e[ enf) < (L) s wi]

k<t<m-—1

,_.o

1
< EE[ AMgﬂ] +E (L4 )1+ ]aP),

3

Iy
ol

for all € > 0, by (4.3.16), (4.3.17) and Cauchy-Schwarz inequality. Hence taking £ small enough
and plugging this estimate into (4.3.18), we obtain

m—1
E{;CAMEH] < K(1+|z?).

Using (4.3.17) one more time and recalling that N(a"*) < 73", ¢, for some 1 > 0 under the

uniformly lower bound condition in (Hc), we thus obtain
EIN@")* < K(1+ ).

The proof for N(a"*) is the same, by using estimate (4.3.10) on H)?Z’tk’x’aH?

e Step 2. By Step 1, the supremum in the definitions (4.3.1) and (4.3.12) of vl (t;,z) and
ol (t, ) can be taken over At g ={ac .Atk st EIN(a)]? < K(1+ |2%)}. Now, for any
o€ A?klf (x), we have under (Hl) and by Cauchy-Schwarz inequality

[Zh|f (Xer ™0 Iy) = FOXE 00 T + 9K I,,) = 9K T, )|

N(a) -
+ Z |C(Xf—ﬁ’x’aabnflabn) _C(X;l,;tk@’aabnflabn)”

n=1

< KIE[(1+N(04))( sup ]th’x”‘—)_(t’;’tk“ )}
k<t<m
< K@l sup |xjroe - e
k<e< ‘ 2

< K(1+ |z|*)Vh, (4.3.19)

by (4.3.11). Taking the supremum over « € Ai‘k[f(x) into (4.3.19), this shows that

|0 (t, ) — 0] (tr, )| < K(1+|a)Vh,
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|

4.4 Approximation schemes by optimal quantization

In this section, for a fixed time discretization step h, we focus on a computational appro-
ximation for the value functions o/, i € I, defined in (4.3.12). To alleviate notations, we shall
often omit the dependence on h in the superscripts, and write e.g. v; = Ezh. The corresponding

dynamic programming relation for v; is written in the backward induction:
vty x) = max {E[vi(tisr, X200 + fi(a)h max v (t, @) - cii(@)]},
for k=0,...,m—1, (4,z) € [; x R?, where X% is the solution to the Euler scheme:

X% = FMa,0pp) = x4 bi(x)h + 05(x)Vh .

tkt1

Observe that under the triangular condition on the switching costs ¢;; in (Hc), these backward
relations can be written as an explicit discrete-time scheme. Indeed, if v;(ty, ) = v (tg, ) —cij(z)

for some j # i, for [ # 4, j, we have
U (tg, x) —cij(x) > vty x) — cu(x)
> U(tg, x) — ci(x) — cj(w),
so that vj(tg, ) > v(tg, ) — ¢ji(x). By positivity of the switching costs, we also have
Vj(tg, ) = 0i(te, ) + cij(x) > vi(te, ) — cji(z).

It follows that

Ej(tk‘aiv) = E[@j(tk-l-l?th’x’j)] +f]($)h7

tey1
and (recalling that ¢;;(-) = 0), the backward induction may be rewritten as

Vi(tm,x) = gi(x) (4.4.1)

Ui(tg,x) = max {E[ﬁj(tmh X{E8)] 4 fi(a)h — Cij($)}a (4.4.2)
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fork=0,...,m—1, (i,z) € I, x R?. Next, the practical implementation for this scheme requires
a computational approximation of the expectations arising in the above dynamic programming
formulae, and a space discretization for the state process X valued in R?. We shall propose
two numerical approximations schemes by optimal quantization methods, the second one in the

particular case where the state process X is not controlled by the switching control.

4.4.1 A Markovian quantization method

Let X be a bounded lattice grid on RY with step 6/d and size R, namely X = (5/d)Z? N
B(0,R) = {x € R : x = (§/d)z for some z € Z¢, and |z| < R}. We then denote by Projx the

projection on the grid X according to the closest neighbour rule, which satisfies
|z — Projx(z)| < max(|z| — R,0)+46, VreR% (4.4.3)

At each time step t; € T}, and point space-grid z € X, we have to compute in (4.4.2) expectations
in the form E [@(Xf}fﬁﬂ] , for ¢(.) = UM (tg11,.), i €I, We shall then use an optimal quantization
for the Gaussian random variable ¥411, which consists in approximating the distribution of ¢
~» N (0, I4) by the discrete law of a random variable 9 of support N points wy, [ = 1,..., N, in
R?, and defined as the projection of ¥ on the grid {w1,...,wx} following the closest neighbor
rule. The grid {wi,...,wy} is optimized in order to minimize the distorsion error, i.e. the
quadratic L?-norm |0 — 1§‘||2 This optimal grid and the associated weights {m,...,mx} are
downloaded from the website: “http://www.quantize.maths-fi.com/downloads". We refer to the
survey article [57] for more details on the theoretical and computational aspects of optimal
quantization methods. In the vein of [58], we introduce the quantized Euler scheme:

th,l',i — PrOJX(FZh(:L" ﬁ))’

tet1
and define the value functions 9; on T,, x X, ¢ € [, in backward induction by

0i(tm,x) = gi(z)

Bilty @) = max {Efoj(thir, X257 + fi(@)h = cij(@)}, kb =0,...,m—1.
q
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This numerical scheme can be computed explicitly according to the following recursive algorithm:

Oi(tm,x) = gi(z), (x,i) X x]I,
N
N . N . h .
Oi(ty, ) = max [Zﬂl Bj (ti+1, Projx () (z,wr))) + fi(z)h — Cij(l‘)]v (z,1) € X x I,
7 =1
for k =0,...,m — 1. At each time step, we need to make O(NN) computations for each point of

the grid X. Therefore, the global complexity of the algorithm is of order O(mN(R/§)?).

The main result of this paragraph is to provide an error analysis and rate of convergence for

the approximation of v; by ;.

Theorem 4.4.1. There exists a constant K (not depending on h) such that

N o
[0i(trs @) — Dty @) < Kexp (Kh7H[9 = 95) (1+ || + E)

[% + V20— 9|, (1 + Ja] + %)

1 -2 a4 2 919
+ = exp (Kh2[9 = 9)) (1 + 2> + (7)?)].

for all (ty,xz,i) € Ty, x X x ;. In the case where the switching costs c;j do not depend on x, the
above estimation is stengthened into:

_ N _ . _ " 5
|0 (tg, ©) — Ditg, )| < K[h V2|9 — 4§, exp (Kh 1H19—19||§)(1+|3:|+E)

5 1 -9 ~nd 2 (S 2
+ 3+ 5 exp (Kh 19 = If) (1 + || +(5) )]

Remark 4.4.1. The estimation in Theorem 4.4.1 consists of error terms related to

e the space discretization parameters §, R, which have to be chosen s.t. §/h and 1/Rh go
to zero.

e the quantization error ||¢ — 7§Hp of the normal distribution N(0, I;), which converges to

zero at a rate Né, where N is the number of grid points chosen s.t. WS NT goes to zero.

By combining with the discrete-time approximation error (4.3.14), and by choosing grid param-
eters d, 1/R of order h%, and a number of points N of order 1/h?, we see that the error estimate
between the value function of the continuous-time optimal switching problem and its approxi-
mation by Markovian quantization is of order h3. With these values of the parameters, we then
see that the complexity of this Markovian quantization algorithm is of order O(1/h%+1).

Let us now focus on the proof of Theorem 4.4.1. First, notice from the dynamic programming
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principle that the value functions 9;, @ € I;, admit the Markov control problem representation:

m—1
bi(te,x) =  sup E[Z FRE" L )b+ g(XP™ 1)
O‘EA?k,i =k
N(a)
- Z C(Xf'ﬁ’x’av ln—1, Ln)L (444)
n=1

where X% is defined by

ote,T,00 oli,x,o0 . h Ote,r, o g
Xt: = I, Xté:_l - PTOJX(F]tl (‘)(téC a7~9€+1))7 k < 14 <m-— 1>

for « € AP ., and ﬁk+1, k=0,...,m—1, are iid, ﬁ—distributed, and independent of F;,. We

tr,1)

first prove several estimates on X%,

Lemma 4.4.1. For each p > 1 there ezists a constant K, (not depending on h) such that

>l ,T,0 h Ote,r, o0 )
sup Hth H + sup HFIW (X% Upy) H (4.4.5)
a€A} k<t<m p a€A} [ k<l<m—1 ' p

IN

. 5
Kyexp (Kph 20 — 9|1 (1 + o]+ h) ,

for all (ty,x,i) € Tp x X x L.

Proof. We fix (i, x,i) € T, x X xIy, a € Aé”m, and denote )A(t[ = X’flf“’x’a, k < ¢ < m. Denoting
by E; the conditional expectation w.r.t. F3,, by a standard use of Gronwall’s lemma and linear

growth of b;, o;, we have

Eg‘Fﬁz(th,ﬁgH)‘ < efoh Xt[‘ + K,h. (4.4.6)

We will use the following convexity inequality : for a, b € R4, h € [0, 1],
(a+hb)P < (14 Kph)a? + K,hbP. (4.4.7)
By definition of F", and the fact that |Projy(y)| < |y| + 0 for all y € RY,

th+1

< |FE (R i) + B 20n, (R0 [Desr = Vesa| 4+

N o1, (Xe)|Der1 — Vosn| 6
= ‘FIZ(tiU()Z—&-l)"“h( S hij2 T




184 CHAPTER 4. TIME DISCRETIZATION AND QUANTIZATION METHODS

Combining this last inequality with (4.4.6), (4.4.7), linear growth of o; and the fact that

Q%H, ¥¢41 are independent of F3,, we obtain

p

EE‘XWH

) or, (Xte)Hﬁ - éHID or
< (L4 Eph) (5" Xy, [ + Kph) + Kph ( e T

. . R 5P
< (1 Eph+ Kb 20— D) Re, 4 K1+ [0~ D2 4 00,

By induction, taking the expectation, recalling that h = %, and since (1 + %)m < e¥ for all

y > 0, we obtain

N p _ a oP -~ A
B, [ < Kpep (K 20 = 0l (Lt lap o+ 15+ 720 — 0]
_ 3 oP
< Kyexp (K20 — 9|1 (1 2 + hp) ,
for all k < £ < m. The estimate for F"(X;,,9,1) then follows from (4.4.6). O

Lemma 4.4.2. There exists some constant K (not depending on h) such that

ot x,0 ik, T,
sup H sup |Xté“’ =X |H
aE.Afk’i E<f<m 2

- . - . )
< K (W20 = Ol exp (KBY2 0 = 0ll,) (1+ Jol + )
5 1 —9 And 2 6 2
g g o R0 = Il (L4 Jaf? + (1)), (148)

for all (ty,x,i) € Tp x X x 1.

Proof. As before we fix (t,z,1), o and omit the dependence on (ty, i, ) in th- Let us first

show an estimate on HX}ZH — Xté+1 . For k <?¢<m—1, we get

HXte-H - Xte+1

, = HXte+1 - FIZ (th,’@eJrl)H2 + HFﬁe (Xt Deg1) — Fﬁé(thWH)‘t

+)

Fﬁl (th,ﬁf-f—l) - FI];, (Xt(aﬂf-‘rl)‘t- (449)

On the other hand, since

ly|?

|y = Projx(y)] < d+lylyy=ry < 6+
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by inequality (4.4.3), we have

R

4 4.4.10
- (4.4.10)

HXQ-H - FIZ (Xt27’l§£+1)H2 < 4
Furthermore by standard estimates for the Euler scheme (see e.g. Lemma A.1 in [58]), we have

HFI}; (thﬁﬁrl) - FI},Zg[ (th779€+1)H2 < (1 + Kh)Hth - th

)
2

and by the linear growth property of ¢ and the fact that ?§g+1, U¢4+1 are independent of Fy,,

W@A&wmﬂ)—ﬂuxméﬁﬁm < KMﬂ<LwBQQNW—§m. (4.4.11)
Plugging these three inequalities into (4.4.9), we get :

HXte+1 - Xté+1

, < (1+ Kh)|| %, - X,

2+K¢p0m4L+QHﬁ_w2

W oo 2
, I,
+ .
+ R
Finally since th = th = z, we obtain by induction, and using the estimates (4.4.5) on

HFI}; (thv 1§€+1)H4:

X \ 3 A 0 )
K- K, < K20 D ep (B 0 - 92 (1t el 4 0) 4

+ % exp (Kh=2[0 = d][}) (1+ |o2 + (%)2)], (4.4.12)

for all k£ < ¢ < m. Now by definition of th, th» we may write for K < <m — 1:

th+1 - Xt2+1 = (Xte - Xte) + h(b(Xte’ Ite) - b(Xtev Ite))
+ Vh(o( Xy It )1 — 0( Xy, I, )Vet1)

+ Pron(Fﬁé (X, 0041)) — FI’; (Xigs Do)
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Since X;, = X;, (= x), we obtain by induction:

m—1
< h Z Hb(tiItz) - b(XtevItz)
l=k

+\/EH kz?gm | rzgzﬁ O-(Xtﬂ Itr)ﬁr—’—l B G<Xtr7 It'r)ﬁ"""l‘l ’ HQ

sup ‘Xté — Xté
k<t<m

2

m—1
+3 HPron(Fﬁz (Xey, De11)) — FY. (Xte,ﬁg+1)H2. (4.4.13)
l=k

We now bound each of the three terms in the right hand side of (4.4.13). First, by the Lipschitz
property of b and (4.4.12), we have

m—1

Wy (X I) = 0K I
=k
—1/211.9 _ 9 —1.9 _ 4112 é
< K[0Y|0 = b, exp (Kh 0 19|\2)(1+\x|+h)
+ o T oxp (K 19 = 9l[) (1 + =] +(5) )]

Next, recalling that §g+1 is independent of F;,, with distribution law @, and since 9 is an
optimal L2-quantizer of 9, it follows that E[Jsy|F;,] = E[J] = E[9] = 0. Thus, the process
(<o o(Xe,, It )01 — 0(Xi,, It )9p11)e is a Fy,-martingale, and from Doob’s inequality, we
have:

H k;lgm | ;e o (X, Iy, )41 — U(Xtr, I, )0r 1 ‘ H2

m—1 i
< K<E[ ;C |0 (Xt Ity )01 — U(Xtevftew“lﬂ) E

By writing from the Lipschitz condition on o; that

|0( Xy, L) D1 — 0( Xy, I )| < K(|th — X, [*|9esa]”

+ (1+ ’th‘2)wf+1 - T§£+1|2>7
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and since 941, 19”1 are independent of F;,, we then obtain

\/EHkileg)m TZ;@ o(Xe, It )ri1 — 0( Xy, It,) T+1‘H2

IN

K sup MXW - th“z

+ (14 [ Xe )19 = D),
k<t<m-—1

IN

_ - _ A2 o
K [n=Y2][9 — b exp (Kh 1y|19_19|\2)(1+\x|+ﬁ)

+ 5+ exp (K 9 = D][3) (1 + |« +(5) )|

where we used the estimates (4.4.5) and (4.4.12). Finally the third term in (4.4.13) is bounded
as before by (4.4.10). O

Proof of Theorem 4.4.1. For (ty,z,i) € T x X x I, denote by &* the optimal switching
strategy corresponding to 0; (¢, x). Then, similarly as in the derivation of (4.3.15), by using the
estimation (4.4.5) for ||XffxaH2, we get the existence of some constant K, not depending on

(tg,x,i,h), such that

E|N(6%)|”

~ 52
< Kexp (Kh7'[9—d3) (1+ ]« + ﬁ).

Therefore, the supremum in the representation (4.3.1) of 9;(¢x,x) can be taken over the subset

AlE () = {OzEAtklst E|N(« )|2§Kexp(Kh_1||79—1§H§)( + |z|? + )} Then, for a €

tr,t

A5 (), we have under (HI) and by Cauchy-Schwarz inequality

tr,t

[ Z h|f tk,xa It[ f(th,xa Itg |+ |g tk,za Itm) - g(th,:p,a’Itm”

tm tm

N(@)

D X ey ) = (R 1y 1)
n=1
< KE[(1+N(@)( sup X" - Xt ™)
< Kesp (Kn~ o~ 9J2) (1 + [z + )] sup (K e
< Kexp (K0 = D2 (14 o]+ 2) [+ 520 — 0], (14 Jal + )
+ %exp (Kh=2|0 = D)) (1+ |22 + (%)2)], (4.4.14)

by Lemma 4.4.2. Taking the supremum over o € flfklf(:r) in the above inequality, we obtain
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an estimate for |v;(tg, ) — 0;(tg, z)| with an upper bound given by the r.h.s. of (4.4.14), which

gives the required result.

Finally, notice that in the special case where the switching cost functions ¢;; do not depend

on x, we have

m—1
|0 (t, ®) — 0i(tg, x)| <  sup E[ > h|f(Xff’$’aJt4) - f(Xff’x’aafte)‘
aeAkai =k

+ |g(X{5 I,,) = (X155 1, )|

< K s B
a€A} k<t<m
—1/2119 — 1 A2 5
< K[hTY2)0 = 9 exp (KA~ 0 = D]5) (1 + o] + h)
o2 -2 9|1+ 2 (02
+E+ﬁexp(Kh H19—19||4)<1+|x’ +(ﬁ) )]7
by the estimate in Lemma 4.4.2. .

4.4.2 Marginal quantization in the uncontrolled diffusion case

In this paragraph, we consider the special case where the diffusion X is not controlled, i.e.

b; = b, 0; = 0. The Euler scheme for X, denoted by X, is given by:

Xv[) = Xo, th-u - Fh(th719k+1)
= Xy, +b(Xi)h+o(Xy )Whip, k=0,...,m—1,

where V1 = (W, — Wtk)/\/ﬁ, k=0,...,m— 1, are iid, N(0, I4)-distributed, independent

of F,. Let us recall the well-known estimate: for any p > 1, there exists some K, s.t.
IXell, < K1+ Xol,)- (4.4.15)

Notice that the backward dynamic programming formulae (4.4.1)-(4.4.2) for v; can be written

in this case as:

Vi(tm,.) = gi(.), 1€l

i(th,.) = ?leaﬂx[Phaj(tkH,.)mfj — cij- (4.4.16)
q
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Here P" is the probability transition kernel of the Markov chain X, given by:
Plo(z) = Elp(Xy, )| Xy =2] = E[p(F"(z,9))], (4.4.17)

where ¢ is N (0, I;)-distributed. Let us next consider the family of discrete-time processes

(Yti)k:(),...,m, it € I, defined by:

Y = 0ty Xy), k=0,....m, i€l

Remark 4.4.2. By the Markov property of the Euler scheme X w.r.t. (F;, ), we see that
(ﬁi)k:o,...,m; i € Iy, satisfy the backward induction:

Ytzm = gi(Xy,,) = gi(Xr), i€l
Vi = ma (B[ B 4R (K) —eg(Ki)h k=0 m -1

and is represented as

=
£

m—1

V) = ess SupE[ S F(Xe L)h+ g( Xy, It,,) — c(Xs, s tn1, Ln)‘ftk}.
acAf =k n=1

On the other hand, the continuous-time optimal switching problem (4.2.4) admits a representa-
tion in terms of the following reflected Backward Stochastic Differential Equations (BSDE):

. T T . ‘
Yj — gi(XT)—F/ f(Xs)ds—/ ZidW, + Ki— K, i€l, 0<t<T,
t t

. . T . 4

Yoz max¥f —ey(X0] and [ (¥ —max(¥f ey (X0)dK] = 0. (44.18)
J7F1 0 JF

We know from [22], [35] or [34] that there exists a unique solution (Y, Z, K) = (Y*, Z", K")cI,

solution to (4.4.18) with Y € S%(R?), the set of adapted continuous processes valued in RY

s.b. E[supgeor |Vi]?] < 00, Z € M?(RY), the set of predictable processes valued in RY s.t.

]E[fOT |Z|?dt] < oo, and K¢ € S?(R), K} = 0, K' is nondecreasing. Moreover, we have

V) = wt,Xy), i€l

T N(«)
= €88 SupE[ f(XS)Is)dS + g(XT>IT) - Z C(Xm’ ln—1, Ln)’}_t}v 0<t<T.
OLE.At,i t n=1

We recall from [13] the error estimation: for any € > 0, there exists some constant K, s.t.

i i 1_
e VY[, = K0 Xl
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for all i € I, and € can be chosen equal to zero when the switching costs ¢;; do not depend on
x.

We propose now an optimal quantization method in the vein of [4] for optimal stopping
problems, for a computational approximation of (Y?k)k:om This is based on results about
optimal quantization of each marginal distribution of the Markov chain (Xy, Jo<k<m. Let us
recall the construction. For each time step k£ = 0,..., m, we are given a grid I'y = {x,{r, R :z:,iv’“}
of Ny points in R? and we define the quantizer X;, = Proj,(X;,) of X;, where Proj, denotes
a closest neighbour projection on I'y. For Nj being fixed, the grid I'; is said to be LP-optimal
if it minimizes the LP-quantization error: || X, — Proj,(Xy,)||,. Optimal grids I'j, are produced
by a stochastic recursive algorithm, called Competitive Learning Vector Quantization (or also
Kohonen Algorithm), and relying on Monte-Carlo simulations of )_(tk, k=0,...,m. We refer to

[57] for details about the CLVQ algorithm. We also compute the transition weights

P[(Xt,.,, Xt,) € Cr(Tp1) x Ci(T)]
P[th, S Cl(Pk)]

! A / A
T = PXpp =zl | Xk =12}) =

9

where C)(Ty) C {z € R?: |z — 2}| = minyer, |2 —y[}, I = 1,..., Ny, is a Voronoi tesselation of
I'y. These weights can be computed either during the CLVQ phase, or by a regular Monte-Carlo
simulation once the grids I'y, are settled. The associated discrete probability transition P, from

X to Xk+1, k=0,...,m—1, is given by:

Ngy1
Prp(al) = Z o $k+1 = E[p(Xpt1)| Xi = 2}
=1

One then defines by backward induction the sequence of R%-valued functions 0 = (ﬁ,i)ieﬂq

computed explicitly on I'y, K = 0,...,m, by the quantization tree algorithm:
o = g, i€y,
o = max [Pet] oy +hfj—cig], k=0,...,m—1. (4.4.19)
q

The discrete-time processes (Yti)k=0w.,ma t € Iy, are then approximated by the quantized pro-

cesses (?,j)k:07.,,7m, i € 1, defined by

Vi o= (X)), k=0,...,m,icl,
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The rest of this section is devoted to the error analysis between Y? and Y. The analysis
follows arguments as in [5] for optimal stopping problems, but has to be slightly modified since
the functions v;(tg,.) are not Lipschitz in general when the switching costs depend on z. Let us

introduce the subset LLip(R?) of measurable functions ¢ on R? satisfying:
lp(z) =)l < K@+ [zl +]yDlz—yl, Va,yeR?

for some positive constant K, and denote by

lp(z) — p(y)|
(Ol = sup .
pw x,y€RL x£y (1 + |£IZ’ + |y‘)’x - y’

Lemma 4.4.3. The functions v;(tg,.), k = 0,...,m, i € I, lie in LLip(RY), and [v;(t, MNiri
is bounded by a constant not depending on (k,i,h).

Proof. We set v}, = ¥;(t,.). From the representation (4.3.12), we have

m—1 (a)

Ui(@) = sup E[ Y F(XET L)h+g(XET ) — z (X0 11, 1m),
aAl i =k n=1
where X' is the solution to the Euler scheme starting from x at time t;. From (4.3.15),
notice that in the above representation for v (), one can restrict the supremum to Atk l( x)
= {a € .A?W- s.t. E|N(a)|? < K(1 + |2]?)} for some positive constant K not depending on
(tr,x,i,h). Then, as in the proof of Theorem 4.4.1, we have for any z,y € R?, and o € A?klf(x)

U AP (y),
[ZW Xt L) = FOGEY L) + [9(XG8" 1) — 9(XG8Y 1)
N(a) - -
+ Z ’C(X;f—iwabn—labn) - C(X;f—:’xabn—labn)”
< KQ+|[[N(), H sup_ X5 — Xff’ylH2

< K@+ o]+ [yD]e - y!,

by standard Lipschitz estimates on the Euler scheme. By taking the supremum over Atk ;(x) U

Al K( ) in the above inequality, this shows that

7]

o (2) = T(y)] < K1+ |z] +[yl)le - yl,
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i.e. vt € LLip(R?) with [0],,., < K. m

LLip

The next Lemma shows that the probability transition kernel of the Euler scheme preserves

the growth linear Lipschitz property.

Lemma 4.4.4. For any ¢ € LLip(R?), the function P"o also lies in LLip(RY), and there exists
some constant K, not depending on h, such that

[P 0l < V3(L+ O],

where O(h) denotes any function s.t. O(h)/h is bounded when h goes to zero.

Proof. From (4.4.17) and Cauchy-Schwarz inequality, we have for any x,y € R%:

[P (x) — Plo(y)|
1/2

< (Blo(F"(2,9) — o(F"(y,9)) %)
< (Plun (Bl + [P, )]+ [F y, 0) )2 F , 9) — Py 0)%)
< VBl (BLO+ [P (@, 9) 2 + [ F'(y, 0) )| F* (2, 9) — Fh(y,9)]) ", (4.4.20)

where we used the relation (a + b+ c)? < 3(a? +b? + ¢?). Since ¥ has a symmetric distribution,

we have

E[(1+ |F" (2, 9)2 + |[F"(y,9)[%) | F"(z,9) — F"(y, )]
= SB[+ IF @ )P+ [P, 0)P) (e, 9) — Py, )P

+ (L4 [P (@, =) + | F*(y, —0)[2) | F* (@, —0) = F"(y, —0)[?]
A straightforward calculation gives

[ I @, )P 4 [P, 0)) [P (2, 9) — F (3, 0)P
+ (1 [P, =) 2 + | FM(y, —0) ) [F" (2, —0) — F"(y, —)?]
= (14 |o+ hb(@)[* + |y + hb(y) 2 + Blo(@)9 + hlo(y)d)|e — y + h(b(z) - b(y))[*
+ hl(o(2) = o (y)I[ (o + hb()[* + [y + hb(y) )
+ 4h| (2 + hb(@)]o (2)9) + (y + hb(y)|o(y)9) | (z = y + h(b(z) — b(y))|(o(x) — 7(y))V)
+ B2 (@)9]? + o ()9 |(o(2) = o(y)02.
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By Lipschitz continuity of b and o, and the fact that E[9|* < oo, we deduce that

E[(1+|F"(2,0)P + [F"(y, 9) %) | F" (2, 9) = F"(y,9)[?]

< A+ O0M)A+ [ + [y — yf.

Plugging this last inequality into (4.4.20) shows the required result. O

We now pass to the main result of this section by providing some a priori estimates for

|, — Y&l in terms of the quantization error | Xy, — Xp||.

Theorem 4.4.2. There exists some positive constant K, not depending on h, such that
m

max [V — Vi, < KDDL+ 1Kol + 1 Xell)| X, — Xl (4.4.21)
a 1=k

_ 11,1
forany k =0,...,m, and (p,r,s) € (1,00) s.t. s=7ts

Proof. We set v}, = 0;(tx,.), and by misuse of notations, we also set ?,j = 1_/;2 = 1_12()2]6). From
the recursive induction (4.4.16) (resp. (4.4.19)) on o} (resp. 9}), and the trivial inequality

| max; a; — max; a;| < max;|a; — a;|, we have for all i € I

Vi = Vil = [0i(Xe) — 04(X)]
< max [P0 4y (X)) + Bf5 (X)) — (X)) = [Prdy (Xi) + Bf5 (Xi) = ii(Xi)] |
q
< max || PP (Key) = Pl (K] + 155 (Xa) = £5(X0)] + e (Xi) = iy (X

A

_ R Wi L
K| Xy, — Xi| + I]n&f P Uiﬂ(th) - kai—l—l(Xk)’

IN

by the Lipschitz property of f; and ¢;;, and so

Y-V

max

< KHth—XkH + max
1€l P P

nax | PPojyy (Xy,) = Pedfar (R0)| - (44.22)
i€lly p
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Writing [, for the conditional expectation w.r.t. X}, we have for any 1 € I
| P04 (X)) = Pty (Xi)]
< [P (Xey) = PM0 (Xi) |+ [PM0]g (Xk) = B[P0 (X, )|
+ By [P0]41 (X)) — Prtisr (Xi)]
= [P0 41(Xe,) = P01 (Xi)| + [Ex [P0 g1 (Xk) = P01 (Ko
+ |Ek[5_/ki+1 - Y1~f+1]|~

Since [E; is a LP-contraction, we then obtain

HP%?;H(X%) - pk@ZH(Xk)Hp
< QHP%ZH(X%) - Ph@li+1(Xk)Hp + Hyki—i-l - fﬁfﬂ”p
< K1+ 00| K]+ 1K) [ Xy, = K|+ [V = V|

< K(1+0(Mh)(1+ || Xol, + [ Xkl.) . (4.4.23)

p

X — Xk:HS + HYkiH - Vi

where we used Lemmata 4.4.4 and 4.4.3, Holder’s inequality and (4.4.15). Substituting (4.4.23)
into (4.4.22), we get

YR ¥
s e,
< K(1+O0(m) (1 +[I1Xoll, + [ Rell, )| Koy = K| +max Vi - ¥l
s i€l p

forall k =0,...,m— 1. Since maxey, ||V}, — }A/;%Hp = maxier, [|9i(X¢,,) — g(Xm)Hp < K| Xy, —

X'me by the Lipschitz condition on g;, we conclude by induction. O

Remark 4.4.3. Assume that X} is chosen to be an L?-optimal quantizer of th for each k =
0,...,m. It is in particular a stationary quantizer in the sense that E[X;, |Xy] = X} (see [57]),
and by Jensen’s inequality, we deduce that || X klly < | Xt,||,- Recalling (4.4.15), the inequality

(4.4.21) in Theorem 4.4.2 gives

I

m

max ||V — ¥, < K1+ Xolly) D [ X, — Xell,.
i€l —r
for all k = 0,...,m. In particular, if Xg = x( is deterministic, then X, = xp, and we have

an error estimation by quantization of the value function function for the discrete-time optimal
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switching problem at the initial date measured by:

m
max |9:(0, 0) — ¥4 (w0)| < K(1+ |zol) Z | X, — Xk||2 (4.4.24)
? k=1

Suppose that one has at hand a global stack of N points for the whole space-time grid, to be
dispatched with Ny points for each kth-time step, i.e. 37" N = N. Then, as in [5], in the
case of uniformly elliptic diffusion with bounded Lipschitz coefficients b and o, one can optimize
over the Nj’s by using the rate of convergence for the miminal L?-quantization error given by
Zador’s theorem:

- Tnallonl) .
”th - Xk”z ~ 1 H2 as Ny — oo,
Ny
where @y, is the probablhty density function of Xy, , and [|¢|| = (f |¢(u )|"du)r. From [6], we have

the bound ||gpk;Hi < K /t, for some constant K depending only on b, o, T, d. Substituting
d+2
into (4.4.24) with Zador’s theorem, we obtain

rréax|vl (0,20) — 0(z0)| < K(1+ |zo|) Z
i€ly

For fixed h = T//m and N, the sum in the upper bound of the above inequality is minimized
over the size of the grids I'y, £ = 1,...,m with

_d
t2(d+1)N
Nk = k ’

Sy

where [z] := min{k€ N, k£ > z}, and we have a global rate of convergence given by:

max [9;(0, z0) — 0f(z0)| < KL+ [ol) j_ ‘:U;OD

1€l h(Nh) d
By combining with the estimate (4.3.14), we obtain an error bound between the value function
of the continuous time optimal switching problem and its approximation by marglnal quanti-
zation of order h> when choosing a number of points by grid Nh of order 1/ h%. This has to
be compared with the number of points N of lower order 1/h¢ in the Markovian quantization
approach, see Remark 4.4.1. The complexity of this marginal quantization algorithm is of order
O (X1 NyNiy1). In terms of h, if we take Ny = Nh = 1/h37d, we then need O(1/h34+1) opera-
tions to compute the value function. Recall that the Markovian quantization method requires a
complexity of higher order O(1/h**1), but provides in compensation an approximation of the
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value function in the whole space grid X.

4.5 Numerical tests

We test our quantization algorithms by comparison results with explicit formulae for optimal
switching problems derived from chapter 5 in [60]. The formulae are obtained for infinite horizon
problems, that we adapt to our case by taking as the final gain the (discounted) value function
for the infinite horizon problem.

We consider a two-regime switching problem where the diffusion is independent of the regime
and follows a geometric Brownian motion, i.e. b(x,i) = bz, o(x,i) = oz, and the switching costs
are constant c(z,4,7) = ¢;j 4,7 = 1,2. The profit functions are in the form f;(¢,z) = e Pl

i = 1,2. From Theorem 5.3.5 in [60]), the value functions are given by:

+
Apx™ + Kikpat, T < QT
v1(0,7) = -
Box™ + Kokox"? — 49, T > ET
+
Aox™ + Kokox"2, T < Q;
’UQ(O,I‘) = Almer + Kikix" — coy l; <z< E% )
Box™ + Kokox 2, x> Th

where A;, B;, K;, x5 and 75 depend explicitly on the parameters. In the sequel, we take for

value of the parameters:
b=0,0=1,co=cio=05 k1 =2ky=1,7m=1/3, 12=2/3, =1

We compute the value function in regime 2 taken at Xy = 3.0 by means of the first algorithm
(Markovian quantization). We take R = 10X, and vary m,d and N. The results are compared
with the exact value in Table 1. Notice that the algorithm seems to be quite robust and provides
good results even when dm and 7 do not satisfy the constraints given by our theoretical estimates
in Remark 4.4.1.

In Table 2, we have computed the value with the marginal quantization algorithm. We make
vary the number of time steps m and the total number of grid points N (dispatched between
the different time steps as described in Remark 4.4.3). We have used optimal quantization

of the Brownian motion, and the transition probabilities Wﬁ/ were computed by Monte-Carlo
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simulations with 10% sample paths (for an analysis of the error induced by this Monte-Carlo ap-
proximation, see Section 4 in [4]). We have also indicated the time spent for these computations.
Actually, almost all of this time comes from the Monte-Carlo computations, as the tree descent
algorithm is very fast (less than 1s for all the tested parameters).

For the two methods, we look at the impact of the quantization number for each time step
(resp. N and Nh) on the precision of the results. As our theoretical estimates showed (see
Remarks 4.4.1 and 4.4.3), for the first method, increasing N higher than h~! does not seem to
improve the precision, whereas for the second method, we can see for several values of h that
changing Nh from h~! to h=2 or h=3 improves the precision.

Comparing the two tables, the first method seems to provide precise estimates with slightly
faster computation times, and it has the further advantage of computing simultaneously the
value functions at any points of the space discretization grid X. However, since most of the time
spent by our second algorithm was devoted to the calculation of the transition probabilities
ngl/, if these were computed beforehand and stored offline, the marginal quantization method

becomes more competitive.

(m,1/8, N) | 92(0,3.0) | Numerical error (%) | Algorithm time (s)
(10,10,10) 2.1925 3.0 0.2
(10,10,100) | 2.1863 2.7 0.5
(10,10,1000) | 2.1852 2.7 1.4
(10,100,1000) 2.1882 2.8 8.5
(10,100,5000) 2.1882 2.8 40
(100,10,100) 2.1218 0.31 1.0
(100,10,1000) 2.1213 0.33 8.0
(100,10,5000) 2.1213 0.33 39
(100,100,100) 2.1250 0.16 8.6
(100,100,1000) 2.1250 0.16 82
Exact value 2.1285

Table 4.1: Results obtained by Markovian quantization
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(m, N) Y7 | Numerical error (%) | Algorithm time (s)
(10,100 | 2.2080 3.7 14
(10,1000) 2.2174 4.2 4.9

(10,10000) | 2.1276 0.04 5.8
(100,1000) | 2.1233 0.24 36
(100,10000) | 2.1316 0.15 48
(100,50000) | 2.1301 0.07 65
(1000,10000) | 2.1161 0.58 353
(1000,50000) | 2.1213 0.34 498

Table 4.2: Results obtained by marginal quantization
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