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METHODES DE VOLUMES FINIS SUR MAILLAGES QUELCONQUES POUR DES
SYSTEMES D’EVOLUTION NON LINEAIRES

Résumé

Les travaux de cette thése portent sur des méthodes de volumes finis sur maillages quel-
conque pour la discrétisation de problémes d’évolution non linéaires modélisant le transport de
contaminants en milieu poreux et les écoulements diphasiques.

Au Chapitre 1, nous étudions une famille de schémas numériques pour la discrétisation
d’une équation parabolique dégénérée de convection-reaction-diffusion modélisant le transport
de contaminants dans un milieu poreux qui peut étre hétérogene et anisotrope. La discrétisation
du terme de diffusion est basée sur une famille de méthodes qui regroupe les schémas de
volumes finis hybrides, de différences finies mimétiques et de volumes finis mixtes. Le terme
de convection est traité & 'aide d’une famille de méthodes qui s’appuient sur les inconnues
hybrides associées aux interfaces du maillage. Cette famille contient & la fois les schémas centré
et amont. Les schémas que nous étudions permettent une discrétisation localement conservative
des termes d’ordre un et d’ordre deux sur des maillages arbitraires en dimensions d’espace deux
et trois. Nous démontrons qu’il existe une solution unique du probléme discret qui converge
vers la solution du probléme continu et nous présentons des résultats numeériques en dimensions
d’espace deux et trois, en nous appuyant sur des maillages adaptatifs.

Au Chapitre 2, nous proposons un schéma de volumes finis hybrides pour la discrétisation
d’un probléme d’écoulement diphasique incompressible et immiscible en milieu poreux. On sup-
pose que ce probléme a la forme d’une équation parabolique dégénérée de convection-diffusion
en saturation couplée & une équation uniformément elliptique en pression. On considére un
schéma implicite en temps, ou les flux diffusifs sont discrétisés par la méthode des volumes
finis hybride, ce qui permet de pouvoir traiter le cas d’un tenseur de perméabilité anisotrope
et hétérogéne sur un maillage trés général, et 'on s’appuie sur un schéma de Godunov pour la
discrétisation des flux convectifs, qui peuvent étre non monotones et discontinus par rapport
aux variables spatiales. On démontre ’existence d’une solution discréte, dont une sous-suite
converge vers une solution faible du probléme continu. On présente finalement des cas test
bidimensionnels.

Le Chapitre 3 porte sur un probléme d’écoulement diphasique, dans lequel la courbe de
pression capillaire admet des discontinuité spatiales. Plus précisément on suppose que 1’écoule-
ment prend place dans deux régions du sol aux propriétés treés différentes, et I’'on suppose que
la loi de pression capillaire est discontinue en espace a la frontiére entre les deux régions, si
bien que la saturation de I'huile et la pression globale sont discontinues a travers cette frontiére
avec des conditions de raccord non linéaires a I'interface. On discrétise le probléme & I’aide d’un
schéma, qui coincide avec un schéma de volumes finis standard dans chacune des deux régions,
et on démontre la convergence d’une solution approchée vers une solution faible du probléme
continu. Les test numeériques présentés a la fin du chapitre montrent que le schéma permet de
reproduire le phénomeéne de piégeage de la phase huile.

Mots-clefs : Diffusion hétérogéne et anisotrope, maillages non conformes, schémas de volumes
finis, équations paraboliques dégénérées de convection—réaction—diffusion, écoulements dipha-
siques, pression capillaire discontinue.



FINITE VOLUME METHODS ON GENERAL MESHES FOR NONLINEAR EVOLUTION
SYSTEMS

Abstract

In Chapter 1 we study a family of finite volume schemes for the numerical solution of
degenerate parabolic convection-reaction-diffusion equations modeling contaminant transport
in porous media. The discretization of possibly anisotropic and heterogeneous diffusion terms
is based upon a family of numerical schemes, which include the hybrid finite volume scheme,
the mimetic finite difference scheme and the mixed finite volume scheme. One discretizes the
convection term by means of a family of schemes which makes use of the discrete unknowns
associated to the mesh interfaces, and contains as special cases an upwind scheme and a centered
scheme. The numerical schemes which we study are locally conservative and allow computations
on general multi-dimensional meshes. We prove that the unique discrete solution converges to
the unique weak solution of the continuous problem. We also investigate the solvability of
the linearized problem obtained during Newton iterations. Finally we present a number of
numerical results in space dimensions two and three using nonconforming adaptive meshes
and show experimental orders of convergence for upwind and centered discretizations of the
convection term.

In Chapter 2 we propose a finite volume method on general meshes for the numerical
simulation of an incompressible and immiscible two-phase flow in porous media. We consider
the case that it can be written as a coupled system involving a degenerate parabolic convection-
diffusion equation for the saturation together with a uniformly elliptic equation for the global
pressure. The numerical scheme, which is implicit in time, allows computations in the case
of a heterogeneous and anisotropic permeability tensor. The convective fluxes, which are non
monotone with respect to the unknown saturation and discontinuous with respect to the space
variables, are discretized by means of a special Godunov scheme. We prove the existence of a
discrete solution which converges, along a subsequence, to a solution of the continuous problem.
We present a number of numerical results in space dimension two, which confirin the efficiency
of the numerical method.

Chapter 3 is devoted to the study of a two-phase flow problem in the case that the capillary
pressure curve is discontinuous with respect to the space variable. More precisely we assume
that the porous medium is composed of two different rocks, so that the capillary pressure is dis-
continuous across the interface between the rocks. As a consequence the oil saturation and the
global pressure are discontinuous across the interface with nonlinear transmission conditions.
We discretize the problem by means of a numerical scheme which reduces to a standard finite
volume scheme in each sub-domain and prove the convergence of a sequence of approximate
solutions towards a weak solution of the continuous problem. The numerical tests show that
the scheme can reproduce the oil trapping phenomenon.

Keywords : Heterogeneous anisotropic diffusion, nonconforming grids, finite volume schemes,
degenerate parabolic convection-reaction—diffusion equation, contaminant transport with ad-
sorption, flow in porous media, two-phase flow, convergence of approximate solutions, discon-
tinuous capillarity.
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Introduction

Contexte général

Les problémes d’écoulement et de transport en milieu poreux représentent un do-
maine de recherche a la fois d’un grand intérét scientifique et d’une importance essentielle
pour la pratique, de part leur vaste domaine d’applications. Un exemple est donné par
I’écoulement de I'eau dans les nappes aquiféres, qui sont essentielles a ’alimentation
des villes en eau potable; la protection et le développement des ressources en eau re-
présentent un défi environnemental majeur, ce qui rend nécessaires une compréhension
profonde des écoulements et du transport de contaminants dans les nappes aquiféres,
ainsi que le développement d’outils appropriés pour les simulations numériques.

D’autre part, le développement intensif de I'industrie pétroliére dans les derniéres
décennies a créé une demande d’analyse mathématique et numérique d’écoulements
multiphasiques. Il s’agit d’appréhender la coexistence de plusieurs fluides, comme par
exemple I'huile et I’eau, en milieu poreux. Les simulations numériques peuvent servir a
améliorer le taux de récupération des hydrocarbures lors de ’exploitation d’un réservoir
pétrolier ou de prédire leur mouvement naturel a 1’échelle d’un bassin.

On remarque que, dans les applications pratiques, le milieu poreux est souvent hé-
térogéne et anisotrope, et qu’il peut avoir de plus une géométrie multi-dimensionnelle
complexe. Une telle complexité doit étre prise en compte par les méthodes numériques
utilisées, ce qui est I'une des motivations principales de cette thése. On étudie ici deux
problémes issus de la géologie, le transport réactif avec adsorption en milieu poreux et
un probléme d’écoulement diphasique immiscible et incompressible. Dans les deux cas
il est nécessaire de résoudre une équation non linéaire parabolique dégénérée, qui est de
plus couplée avec une équation elliptique dans le cas d’un écoulement diphasique.

Notre étude s’appuie sur la méthode des volumes finis [65]. On peut évidemment
envisager d’appliquer le schéma de volumes finis le plus simple, appelé encore "schéma,
a deux points" [65], pour la discrétisation d’equations de convection-réaction-diffusion
et celle d’écoulements diphasiques [90], [67]. Ce schéma posséde des propriétés mathé-
matiques trés élégantes, comme en particulier un principe de maximum discret dans
de nombreux cas. De plus il est peu colteux, puisqu’il n’utilise qu’une seule inconnue
par maille et qu’il posséde un "stencil" compact (5 points sur les maillages rectangu-
laires bidimensionnels et 9 points sur les maillages tridimensionnelles hexahédriques).
En revanche ce schéma ne s’applique que sur des maillages satisfaisant une condition
d’orthogonalité et qu’a des problémes elliptiques ou paraboliques ot le tenseur de diffu-
sion se réduit & un scalaire ; de facon plus générale, le maillage doit étre aligné avec les
directions principales du tenseur de diffusion. Si I’on souhaite s’affranchir de la condition
d’orthogonalité, ou pouvoir traiter également le cas de tenseurs de diffusion hétérogénes
et anisotropes, une possibilité est de combiner 'application d’une méthode de type élé-
ments finis pour la discrétisation du terme de diffusion avec un schéma de volumes finis
pour la discrétisation de tous les autres termes, en construisant également un maillage
dual. C’est cette solution qui a été adoptée par [72| et [73]. Notons que dans 73] le
maillage dual d’éléments finis triangulaires ou tétrahédriques est construit a partir d’un
maillage de volumes finis assez général, qui peut étre non conforme.
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Une autre possibilité est de s’appuyer sur une famille de schémas de volumes finis
développée par Aavatsmark et ses collaborateurs, [1], [2], [3]. Ces schémas sont connus
sous l'abréviation MPFA correspondant a ’appellation "multi-point flux approxima-
tion". Cette classe de schémas permet la discrétisation de termes de diffusion anisotropes
et hétérogénes sur des maillages trés généraux. Toutefois, ils ne conduisent pas toujours
a des formes bilinéaires coercives.

Plusieurs variantes de méthodes de volumes finis sur maillages quelconques ont été
développées au cours des derniéres années, comme en témoigne le benchmark sur la
diffusion anisotrope et hétérogéne organisé a 'occasion des conferences FVCA 5 [79] et
FVCA 6 [70]. La méthode de volumes finis hybrides (méthode SUSHI) a été proposée
par [66] et généralisée par [58|. Il a de plus été démontré [58] que si I'on applique un tel
schéma & un probléme elliptique, on obtient une formulation équivalente a une version
généralisée de schémas de différences finies mimétiques, (23], [30], [32], [28], [102], [89], et
a des schémas de volumes finis mixtes [57], [88], [43], ce qui rend possible d’envisager une
méthode hybrid mimetic mixed (HMM) qui réunisse les trois. Ces schémas permettent
tous la discrétisation de termes de diffusion anisotropes et trés hétérogénes sur des
maillages arbitraires. En général, ils nécessitent d’avantage d’inconnues discrétes que le
schéma de volumes finis standard ou que les schémas MPFA, comme par exemple une
inconnue par maille et une par interface. Notons qu’il est souvent possible de diminuer
le nombre d’inconnues, soit de facon algébrique en éliminant les inconnues des mailles,
soit de maniére approchée |66], [87| en éliminant les inconnues d’interfaces. Dans des
travaux récents [101] et [56], la méthode (HMM) a été appliquée a la discrétisation d’une
équation stationnaire de convection-diffusion.

Cette thése est composée de trois chapitres indépendants. Au Chapitre 1, nous étu-
dions une famille des schémas numériques pour une équation parabolique dégénérée de
convection-reaction-diffusion modélisant le transport de contaminants en milieu poreux
avec adsorption. La discrétisation est basée sur une famille de méthodes de volumes finis
analysées par [101]. Le terme de convection est discrétisé a I'aide de méthodes utilisant
les inconnues hybrides, associées aux interfaces de maillage. Cette famille contient a la
fois les schémas centré et amont. Un avantage est qu’elle permet une discrétisation loca-
lement conservative des termes d’ordre un et d’ordre deux sur un seul maillage et qu’elle
peut étre facilement implémentée en dimensions d’espace deux et trois. Au Chapitre 2,
nous nous appuyons sur des résultats obtenus au Chapitre 1 et étudions un schéma de
type volumes finis sur maillage quelconque pour un probléme d’écoulement diphasique
en milieu poreux, qui a la forme d'une équation parabolique dégénérée de convection-
diffusion couplée a une équation uniformément elliptique. Le Chapitre 3 porte sur un
probléme d’écoulement diphasique, dans lequel la courbe de pression capillaire admet
des discontinuités spatiales.
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Chapitre 1 : Méthode de volumes finis sur maillages
quelconques pour une équation de convection-réaction-
diffusion

Au Chapitre 1 nous étudions une famille de méthodes de volumes finis sur maillages

quelconques pour I’équation parabolique dégénérée de convection-réaction-diffusion

9B (u) . (A _

50 (AVu) + V- (Vu) + f(u) = ¢q dans Q x (0,7). (0.1)
Cette équation joue un role important dans différents domaines d’applications comme
par exemple le transport de contaminants en milieux poreux avec adsorption [86], [22].
La vitesse de I’écoulement V', qui est supposée connue dans le contexte de ce chapitre, est
souvent calculée a I’aide de la loi de Darcy. Dans le cadre du transport de contaminants,
la fonction inconnue u représente la concentration d’un contaminant dissout, qui, en
contraste avec la partie adsorbée, est mobile et transporté par le flux souterrain. La
matrice pleine A est un tenseur de diffusion-dispersion, la fonction f représente les
réactions chimiques, et g est un terme source. Dans notre étude, nous prenons aussi en
compte le phénoméne d’adsorption du contaminant par la matrice poreuse en supposant
que ce processus est trés rapide par rapport au déplacement du contaminant. Plus
précisément on suppose que la partie dissoute du contaminant est en équilibre avec celle
qui est adsorbée. Dans le cas d'un écoulement saturé, les pores sont remplis de fluide et
la fonction § peut s’écrire sous la forme

B(x,u) = p(x)u + p(x)a(u),

ol ¢(x) est la porosité, p(x) la densité volumique du milieu et la fonction a(u) représente
la concentration d’une phase adsorbée et immobile. Dans la pratique la fonction a(u)
peut étre ou bien donnée par I'isotherme de Langmuir

. klu
n 1+ ]{igu7

a(u)

kl,l{?g > 0,

ou bien par l'isotherme de Freundlich
a(u) = put?,  pp > 0,0 < pg < 1.

On remarque que dans ce dernier cas on a a’(0) = +oo, d’ou ,(x,0) = +00, si bien que
I'équation (0.1) est parabolique dégénérée.

Dans les applications pratiques les coefficients du tenseur de diffusion-dispersion
A = A(x,V) sont typiquement donnés par

Aii = ¢(X) (Oét’V’ + (Oél — Oét)% + Oém>

Ay = o(x)(y — o) gt

Les schémas hybride, mixte et mimétique (applelés schémas HMM [58|) ont été initia-
lement proposés pour les problémes elliptiques. L’idée essentielle de ces trois schémas
est d’introduire les analogues discrets de notions continues (le flux de gradient, la di-
vergence, le gradient discret, les produits scalaires, la formule de Stokes) et de prescrire



16

des relations consistantes entre eux. Le probléme est ensuite considéré sous une forme
variationnelle mixte. Le schéma résultant peut étre considéré comme un schéma de vo-
lumes finis car il utilise les flux discrets a travers les interfaces du maillage et on impose
que ces flux soient continus. D’autre part ce schéma s’apparente aux méthodes de type
éléments finis puisqu’il s’appuie sur une formulation faible du probléme discret.

Dans la formulation hybride les inconnues discrétes représentent une approximation
de la solution dans les éléments de volumes et aux interfaces du maillage, et la forme bili-
néaire associée au probléme variationnel discret est coercive et symétrique. Ceci permet
d’établir une borne supérieure de la norme dans H!-discret de la solution approchée et
d’obtenir des estimations de différences de translatées un espace uniformes par rapport
a la taille de la discrétisation. Plus précisément, nous nous appuyons sur [58| pour la dis-
crétisation d’équations paraboliques dégénérées. L’analyse est basée sur les mémes outils
que dans [58] ou [101] en ce que concerne la discrétisation spatiale. On démontre tout
d’abord que la solution discréte est uniformément bornée dans 'espace L°°(0,T; L?(Q))
puis dans en espace analogue a L?(0,T; H'(Q)). Les estimation a priori permettent de
déduire I'existence et 'unicité de la solution approchée. On démontre ensuite des estima-
tions uniformes sur les différences de translatées en espace et en temps. Ces estimations
permettent de déduire du théoréme de Fréchet—Kolmogorov la compacité relative dans
L?(Q x (0,T)) d’'une famille des solutions approchées et d’établir ensuite la convergence
forte d'une sous-suite dans L*(Q x (0, 7)) vers une solution faible du probléme continu.
Apres avoir démontré la convergence du schéma, nous effectuons des tests numériques
en dimensions deux et trois d’espace. En particulier nous comparons numériquement
les applications du schéma amont et du schéma centré pour la discrétisation du terme
de convection. On démontre également que l'utilisation des maillage adaptatifs (non
conformes) peut considérablement réduire le cott de calcul. A la fin du Chapitre 1,
on discute de la stratégie & aborder pour la résolution du systéme discret non linéaire.
Nous étudions I'inversibilité du probléme linéarisé provenant de la méthode de Newton,
ce qui n’est pas trivial & cause du caractére parabolique dégénéré de I’équation (0.1).
Dans le cas d’une discrétisation monotone du terme de convection, on montre qu’un tel
probléme est inversible.

Chapitre 2 : Méthode de volumes finis généralisée pour
un probléme d’écoulement diphasique

Au Chapitre 2, nous étudions un schéma de volumes finis hybrides pour la résolution
d’un probléme d’écoulement diphasique immiscible et incompressible en milieu poreux.
Le probléme a la forme d’une loi de conservation pour chaque phase ol nous avons
substitué la loi de Darcy diphasique

wos, — V - (Kkrn—w (Vp, — png)) =k, dans Q x (0,7, (0.2)
kry(sw)
WSy — V - KM— (Vpw — pu8) | = ky dans Q x (0, 7)) (0.3)

et ou s, et s, correspondent aux saturations des phases mouillante et non mouillante.
On remarque que dans le cas d’un écoulement huile - eau, c’est la phase mouillante
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qui correspond a l'eau et la phase non mouillante aux hydrocarbures. Les termes de
perméabilité relative kr, et kr,, dans la loi de Darcy diphasique modélisent la coexistence
des deux fluides dans le milieu poreux. On a de plus

Sp+ 5y =1, (0.4)
et I’on suppose que les pressions des phases sont liées par la loi de pression capillaire
Do+ Pw = (8). (0.5)

On introduit finalement la notion de pression globale p (cf. [14] et |44])

= s—)\n(a) 7' (a)da
p—pw+/0 WOESWE) (a)d

ol s = s, est la saturation de la phase non mouillante. Si I'on définit de plus le flux
fractionnel f, la mobilité totale \ et la diffusion capillaire ¢

krn(s) — kry(1—s) kra(s)
A(s) = §) =
( ) un + Mn ) f( ) ]{j?"n<8) + %krw(l . 8)7

@)
SD(S) _/0 ﬂwkrn(a)+ﬂokrw(a) ( )d ’

on déduit que le systéme (0.2)-(0.5) est équivalent au systéme

—V-q=ky+k, q=-K(A\(s)Vp—£(s)g) dans Q x (0,7), (0.6)
Js

W +V-(af(s) +7(s)Kg) — V- (KVp(s)) =k, dans Q x (0,7, (0.7)

ol

( ) ( ) — S S
W and  &(s) = (Ma(8)po + Au(8)pw) -
)

ru(s) | kru(l—s)

Hn
premiéres équations sont équ1valentes a une équation uniformément elliptique en la
pression globale p, tandis que la troisiéme équation est parabolique dégénérée en la

saturation s.

Y(8) = (Po = Puw)

On suppose que A(s) = > A > 0, ce que implique que les deux

Une grande variété de méthodes numériques ont été appliquées au probléme dipha-
sique ; citons en particulier la méthode des éléments finis (cf. [48], [50], [51], [16], [44], [64]
et [63]), la méthode de Galerkin discontinu (cf. e.g. [19], [61]) et la méthode des volumes
finis standard (cf. e.g. [90], [67], [5], |12], |91]). Des résultats de convergence du schéma
numérique ont été démontrés par [16], [46] et [51] pour la méthode des éléments finis, et
par [8], [90] et [71] dans le cas de la méthode des volumes finis. De plus on remarque que
dans [71] le probléme a été considéré dans sa formulation initiale (0.2)-(0.5), sans faire
intervenir la notion de pression globale. Citons également des résultats de convergence
obtenus pour le probléme de déplacement miscible [94], [43], [97].

Nous étudions ici un schéma de type volumes finis hybrides implicite en temps pour
le systéme (0.6)-(0.7). La discrétisation des termes d’ordre deux est basée sur la méthode
des volumes finis sur maillage quelconque [66], si bien que le tenseur de perméabilité
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absolu peut étre anisotrope et hétérogéne. Comme le tenseur K est discontinu en espace
aux interfaces entre deux milieux, les termes K(x)g&(+) et qf(-) + K(x)gy(+) le sont
également, si bien qu'ils nécessitent un traitement adapté (cf e.g. [100], [99], [75]). On
utilise ici le schéma de Godunov proposé par [82], en s’appuyant sur les inconnues
d’interfaces.

Le systéme continu (0.6)-(0.7) posséde une structure mathématique remarquable, qui
se transmet au schéma discret et nous permet d’obtenir des estimations dans un espace
discret analogue a L>(0,T; H'(Q2)) pour la pression globale approchée pp s, ainsi que
dans des espaces discrets analogues aux espaces L%(0,7; H'(Q)) et L>(0,T; H'(Q))
pour la saturation approchée sp 5. Nous démontrons ensuite ’existence d’une solution
approchée (sp s, ppst) ainsi que des estimations sur les différences de translatées en
temps et en espace de la saturation discréte sp s ; on en déduit sa compacité relative par
le théoréme de Fréchet—Kolmogorov. Si 'on note {sp s, pp st} une famille de solutions
du probléme discret, nous démontrons qu’il existe une sous-suite qui converge vers une
solution faible du probléme continu quand le diamétre de la discrétisation spatiale et
le pas de temps tendent vers zero. Il s’agit d’une convergence L2(2 x (0,7)) forte en
saturation et faible en pression globale. Nous présentons finalement des résultats de
simulations numériques.

Chapitre 3 : Ecoulement diphasique avec pression ca-
pillaire discontinue

On considére de nouveau le systéme (0.2)-(0.5), dans le cas ou I’écoulement prend
place dans deux régions du sol §2; et €2y aux propriétés trés différentes, et 'on suppose
que la loi de pression capillaire 7 = 7(xz,s) est discontinue en espace a la frontiére
entre les deux régions. Cela peut conduire & un phénoméne de piégeage de la phase
non-mouillante, cf. [59], [24], [40], ce qui s’exprime par le fait que 'huile ne peut pas
traverser la frontére entre les deux régions du sol tandis que c’est possible pour 'eau.
De plus la saturation s et le pression globale p sont discontinues a travers cette frontiére
avec des conditions de raccord non linéaires a l'interface. On néglige ici 'anisotropie du
tenseur de perméabilité K. En s’appuyant sur un formalisme de fonctions multivoques
proposé par [39], on obtient le systéme d’équations

(V- 01i =0, a;=—(Ni(s:)Vpi —gil(s:)) dans €,

(quz< ) + g%(Si)) -V (VQOZ(Sz)) =0 dans €,

Z K; nr; = sur I,
1€{1,2}

Z (Kifi(s) + gvi(si) = Vi(si)) -nr; =0 sur I,
ie{1,2}

TE 77'1(51) N 7~T2<82) sur F,

L P1— Z\(m) = p2 — Za() sur I,

ou m;(s),i = 1,2 sont des graphes monotones, représentant des courbes de pression
capillaire discontinues au travers de l'interface I' = €; N Qy. On remarque que dans
chaque sous-domaine €;, il s’agit de la résolution d’un systéme de la forme (0.6)-(0.7).
Plusieurs méthodes de simulation numérique ([62], [60], [40], [61]) ont été proposées pour
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approcher ce probléeme. La convergence d’un schéma numérique a été démontrée dans
[40] dans le cas d’'un domaine unidimensionnel ot la gravité n’est pas prise en compte ;
il est alors possible d’éliminer le pression globale et de remplacer le systéme (0.2)-(0.5)
par une équation parabolique dégénérée scalaire. A notre connaissance le résultat de
convergence n’avait été jamais établi pour le probléme complet en dimension d’espace
supérieure. On applique le schéma de volumes finis "flux & deux points" |65] pour la
discrétisation spatiale.

Aprés avoir proposé un schéma numérique, nous démontrons des estimations a priori
dans un espace discret analogue a 1'espace L*(0,T; H*(€);)) sur la pression globale Pp;
et la diffusion capillaire ¢(sp;),7 = 1,2. (les notations différent légérement de celles du
Chapitre 2). De plus on peut montrer que la saturation sp; est uniformément bornée,
ou plus précisément que 0 < sp; < 1,7 = 1,2. On démontre ensuite I'existence d’une
solution discréte et la convergence d’une sous-suite vers une solution faible du probléme
continu en s’appuyant sur des arguments liés a la compacité.
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Premiére partie

A finite volume method on general
meshes for a degenerate parabolic
convection-reaction-diffusion equation
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Abstract We propose a finite volume method on general meshes for the discreti-
zation of a degenerate parabolic convection-reaction-diffusion equation. Equations of
this type arise in many contexts, such as for example the modeling of contaminant
transport in porous media. The diffusion term, which can be anisotropic and heteroge-
neous, is discretized using a recently developed hybrid mimetic mixed framework. We
construct a family of discretizations for the convection term, which uses the hybrid
interface unknowns. We consider a wide range of unstructured possibly nonmatching
polyhedral meshes in arbitrary space dimension. The scheme is fully implicit in time,
it is locally conservative and robust with respect to the Péclet number. We obtain a
convergence result based upon a priori estimates and the Fréchet—Kolmogorov compact-
ness theorem. We implement the scheme both in two and three space dimensions and
compare the numerical results obtained with the upwind and the centered discretiza-
tions of the convection term numerically.

This work was supported by the GAR MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA,
EdF, IRSN), France.

1 Introduction

In this paper we study a finite volume method on general meshes for degenerate
parabolic convection-reaction-diffusion equations of the form

05(u)
ot

Equations of this type arise for instance in the modeling of contaminant transport in
porous media. The unknown function u represents the concentration of the dissolved
species, which diffuses and is transported by the groundwater. An essential element
in our study is the process of adsorption by a porous skeleton, which is supposed to
be very fast. More particularly we suppose that the dissolved and the absorbed parts
of the species are in equilibrium; this is modeled by the function (, where 3 may
be infinite in several points. The matrix A is a possibly anisotropic and heterogeneous
diffusion-dispersion tensor, V is the velocity field, the function f stands for the chemical
reactions, and ¢ is the source term. We suppose that the mesh is quite general, and
possibly nonmatching. Therefore, also in view of the anisotropy in the diffusion term,
we can not apply the standard finite volume method [65].

— V- (AVu) + V- (Vu)+ f(u) =q. (1.1)

Finite volume schemes have often been applied to the equation (1.1), see e.g. [5], [20],
[67], [43]. The upwind discretization of the convection term allows finite volume schemes
to be stable in convection dominated case, however standard finite volume schemes do
not permit to handle anisotropic diffusion on general meshes. On the other hand finite
element method allows a very simple discretization of full diffusion tensors, they were
used a lot for the discretization of equation (1.1), see e.g. [16], [53], [54]. A possible
solution is to split equation (1.1) into a hyperbolic part and a parabolic part, by means
of an operator splitting method ; one can find such an analysis in [84|, [85], where the
advection term was treated by the method of characteristics. The other quite intuitive
idea is to take "best from both worlds" [72], which leads to combined finite volume-
finite element schemes ; we refer to [72| for this approach. In order to solve this class of
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equations, Eymard, Hilhorst and Vohralik |72] discretize the diffusion term by means of
piecewise linear nonconforming (Crouzeix—Raviart) finite elements over a triangulariza-
tion of the space domain, or using the stiffness matrix of the hybridization of the lowest
order Raviart-Thomas mixed finite element method. The other terms are discretized by
means of a finite volume scheme on a dual mesh, where the dual volumes are construc-
ted around the sides of the original triangularization. In the second paper of Eymard
et al. [73] the time evolution, convection, reaction, and sources terms are discretized
on a given grid, which can be nonmatching and can contain nonconvex elements, by
means of a cell-centered finite volume method. In order to discretize the diffusion term,
they construct a conforming simplicial mesh with vertices given by the original grid
and use the finite element method. In this way, the scheme is fully consistent and the
discrete solution is naturally continuous across the interfaces between the subdomains
with nonmatching grids, without introducing supplementary equations and unknowns
nor interpolating the discrete solutions at the interfaces.

The finite volume methods for the discretization of anisotropic diffusion on general
meshes is a subject of wide interest (see for instance the results of the benchmarks
organized at the FVCA 5 conference [79]). The hybrid finite volume (HFV) scheme on
general meshes (also known as SUSHI) was first proposed in [66] and then generalized
in [58]. It has also been shown in [58], that the HFV method applied to the stationary
diffusion problem is equivalent to some generalized mimetic finite difference (MFD), [23],
[30], [32], [28], [102], [89], or a mixed finite volume (MFV), |57|, 88|, [43] methods, so
that one can think of a global hybrid mimetic mixed (HMM) framework. In the recent
publications [101] and [56] the HMM method was applied to the stationary convection-
diffusion equation. A family of discretization for a convection term was proposed and
analyzed both theoretically and numerically. In this paper we study the family of the
HHM methods applied to a nonlinear degenerate parabolic equation. In general we
exploit the HF'V point of view ; however since the diffusion and convection operators in
(1.1) are linear with respect to u, the numerical scheme which we consider can also be
seen as a MFD or a MFV scheme. We discretize a convection term using a family of
scheme involving the hybrid unknowns. This family contains the hybrid equivalent of the
classical upwind and central schemes. In Section 2 we present the nonlinear parabolic
problem together with its geological context. In Section 3 we describe the numerical
scheme. We prove a priori estimates for the discrete solution in L*(0,T; L*(Q2)) and
in a discrete space analogous to the space L?(0,T; H'(€)) in Sections 4 and we show
the existence and uniqueness of the solution of the discrete scheme in Section 5. In
Section 6, we prove an estimate on differences of time and space translates. These
estimates imply a relative compactness property of sequences of approximate solutions
by the Fréchet-Kolmogorov theorem. We deduce the strong convergence in L* of the
approximate solutions to the unique solution of the continuous problem in Section 7.
For the proofs, we apply methods inspired upon those of [65] and [66]. In Section 8,
we finally present results of numerical tests, which confirm the validity of the numerical
method, both in space dimensions two and three. Finally in Section 9 we investigate the
solvability of the linearized problem obtained during Newton iterations.
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2 Parabolic degenerate problem

We consider the parabolic degenerate convection-diffusion-reaction problem

( 0B(u)
ot

=V (AX)Vu) + V- (V(x)u) + f(u) = ¢(x,1), (x,1) € Qr,

(PO) uxt)=0 x€09, te(0,T),

[ u(x,0) = up(x), x €,

where €2 is a bounded open connected polyhedral subset of R, d € N*, T" > 0 and
QT =0 x (O, T)

The parabolic equation in Problem (Pb) models contaminant transport in a saturated
porous medium ; in this case the velocity of the underlying flow V satisfies the Darcy’s
problem. In practical applications one has to solve both flow and transport problems
(see for example [43| or |25]). However, for the sake of simplicity we assume that the
velocity field V is given.

The coefficients of the diffusion-dispersion tensor A = A(x, V) are usually given by

Ay = o(x) (ozt|V| + (oq — at)% + am>

Aj; = o(x)(au — Oét)v\ixj,

where g, o, are the longitudinal and transverse dispersively, a,, is a molecular diffusion,
and ¢ is the porosity [22|. In order to take into account the adsorption of a contaminant
by the porous medium we define 3 as

A, u) = p(x)u + p(x)a(u),

where p(x) is a bulk density of the porous medium and a(u) stands for the concentration
of the adsorbed phase (cf. [86] and [22]). We assume that the process of adsorption is
fast compare to the displacement of the contaminant, so that the mobile phase u and
the immobile phases a(u) are in equilibrium. The function a(u) can for example be given
by Langmuir isotherm

. kl’LL
1+ kou’

a(u) ki, ko > 0,

or by Freundlich isotherm
a(u) = pmu?,  py >0,0 < pp < 1.

Remark that in the last case a/(0) = +o00, so that (,(x,0) = +oo. The term f(u)
represents the chemical reactions; in the case that the contaminant is a radioactive
species, f(u) take the form

fu) = Ab(u),
where X is a positive decay constant (cf. [22]).

In general we suppose that the datum satisfies the following hypotheses :
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(H1) B € C(R),5(0)
condition |3(a)— 5(b)]
Cp, such that [3(u)] < C
B for |u| > P

(Ha) A€ (LOO(Q))% is such that for a.e. x € Q, A(x) is a symmetric positive definite
matrix with the set of eigenvalues included in A, \];

(H3) V € H(div,Q) (M L>*(£) is such that V-V >0 a.e. in Q;

(H4) f € C(R), f(0) = 0 and there exists M > 0 such that uf(u) > 0 and f(u)
is Lipschitz continuous function with constant L; for all u < 0 or v > M ; moreo-
ver we suppose that f does not decrease too fast i.e. there exists f > 0 such that
(f(u) = f(v))(u—v) > —f(u—wv)*for all u,v € R; B

(Hs) g€ L*(Qr).

(HG) Uy € LOO(Q),

We now present a definition of a weak solution of Problem (Pb).

= 0 is a strictly increasing function, which satisfies the growth
> ﬁ|a—b|, B> 0forall a,b € R; moreover there exist P > 0 and
5 for |u| < P and f is a Lipschitz continuous with a constant

Definition 2.1. We say that a function u is a weak solution of Problem (Pb) if
(i) we L*0,T; Hy(Q));

(ii) B(u) € L=(0,T; L*(Q));

(111) w satisfies the integral equality

- /0 ' /Q Blu)y dxdt — /Q B} (-, 0) dx+ /0 ) /Q AVu- Vi dxdt
_/OT/qu-vl/;dde/OT/Qf(u)wdxdt:/OT/qudxdt

for all v € L*(0,T; Hy () with 1y € L=(Qr), ¥(-,T) =0.

Remark 2.1. In the case that the reaction function f is nondecreasing, the uniqueness
of the weak solution of Problem (Pb) follows from [86].

3 The numerical scheme

3.1 The main definitions

In order to describe the numerical scheme we introduce below some notations related
to the space and time discretizations.

Definition 3.1 (Discretization of Q). Let Q be a polyhedral open bounded connected
subset of RY, with d € N*, and 0Q = Q\Q its boundary. A discretization of Q, denoted
by D, is defined as the triplet D = (M, E,P), where :

1. M s a finite family of non empty connex open disjoint subsets of () (the "control
volumes") such that Q = ey K. For any K € M, let 0K = K\K be the boundary
of K ; we define m(K) > 0 as the measure of K and hx as the diameter of K.

2. & is a finite family of disjoint subsets of 0 (the "edges” of the mesh), such that, for
all o € €, o is a non empty open subset of a hyperplane of R, whose (d—1)-dimensional
measure m(o) is strictly positive. We also assume that, for all K € M, there ezists a
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subset Ex of € such that OK = J,c¢, @ For each o € £, we set M, = {K € M|o €
Ex}. We then assume that, for all o € €, either M, has ezactly one element and then
o € 0 (the set of these interfaces called boundary interfaces, is denoted by Eepi) or
M, has exactly two elements (the set of these interfaces called interior interfaces, is
denoted by Eini). For all o € &, we denote by x, the barycenter of o. For all K € M
and o € Ei, we denote by nk , the outward normal unit vector.

3. P is a family of points of Q0 indexed by M, denoted by P = (Xk)xem, such that
for all K € M, xix € K ; moreover K is assumed to be Xy -star-shaped, which means
that for all x € K, there holds [xk,x] € K. Denoting by dk, the Euclidean distance
between X and the hyperplane containing o, one assumes that di, > 0. We denote by
Dy o the cone of verter xx and basis o.

Next we introduce some extra notations related to the mesh. The size of the discre-
tization D is defined by

hp = sup diam(K); (3.1)
KeM

moreover we define

dK,o‘ hK
0p = max( max ,  max :
Uegint,{KyL}:Ma dL,o' KeMy,0€€k dK,o’

(3.2)
Thus imposing a uniform bound on 0p forces the meshes to be sufficiently regular. As it
was done in [66] we associate with the mesh the following spaces of discrete unknowns

XD — {((UK)KE/\/U (UU)U€5)7UK € R,Uo— € R}) (3 3)
Xpo = {v € Xp such that (v,)see.,, = 0}. '
Moreover, for each function ¥ = 1¢)(x) smooth enough we define Ppy) € X in following
way

(P’Dw)K = w(XK) forall K e M,
(Pp)s = ¥(x,) forall o€k

Definition 3.2 (Time discretization). We divide the time interval (0,T") into N equal
time steps of length 6t = T' /N, where 6t is the uniform time step defined by 6t = t,,—t,,_1.

Taking into account the time discretization leads us to define of the following discrete
spaces
Xps = Xp ={(v")

ne{l,..,N} v € XD}

and
Xpost = Xg,o = {(Un>ne{1,...,N}vUn € Xpo}-

Remark 3.1. For the sake of simplicity, we restrict our study to the case of constant
time steps. Nevertheless all results presented below can be easily extended to the case of
a non uniform time discretization.
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3.2 Finite volume scheme

After formally integrating the first equation of (Pb) on the domain K X (t,_1,t,) for
each K € M and n=1,..., N, we obtain

/Kﬂ(u(x,tn))—ﬂ( (x,t"71) dx+ ) /t 1L<—AVu+Vu)-nK,g drydt

o€l

—i—/tnl/Kf(u) dxdt:/tnlqu dxdt.

For all K € M and all o € £x we define

1 tn
= /V ‘Ng dy and g = ST () m(K) / / q dxdt.
o th-1 J K

Next, let F2 (u") =~ — [ AVu-ng,dy and F{ (u") = /Vu ‘N ,dy be an approxi-

mation of the diffusive and convective fluxes respectively,gwhich are defined below by
(3.16) and (3.18). The time implicit finite volume scheme corresponding to Problem
(Pb) is given by :

The initial condition 1

0 _
upe = m )/Kuo(x) dx (3.4)
for all K € M.

The discrete equations

m(K)(B(uf) = Bluic ) + 6t Y FRo(u") +5t Y Fg,(u
A% c€EK (35)
6t m() () = 6t m(K)q)

for all K € M. We remark that for each time step the number of equations is card(M),
whereas the number of discrete unknowns is equal to card(M) + card(E). Therefore we
need to introduce card(€) additional equations corresponding to the interface values.
For boundary faces these equations are obtained by writing the discrete analog of the
Dirichlet boundary condition

ur=0 forall o€ &y (3.6)

For interior faces, we follow the main idea of the finite volume method by imposing the
local conservation of the discrete fluxes (e.g. [58], [101])

(FR,(u™) + FR , (u") + (FF, (u") + F{ ,(u") = 0 (3.7)
for all o € &;,; with M, = {K, L}.

3.3 The discrete weak formulation

We will define below F' }? , and FY _ in more details, but we first give an alternative
variational formulation of the dlscrete scheme (3.4)-(3. 7) Let (v"),c(1.. vy Pe an arbi-

-----

trary sequence of elements of Xp ; multiplying equation (3.5) by v} and summing on
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all control volumes K € M leads to :

memﬂ%> S ST WRER, ) o FL ()

KeM KEM o€l
+ Z K)vj f(ug) = Z m(K)vgqy.
KeM KeM

Using (3.7), we obtain that

SO HFR (") + F,(u™) = 0 for all v € Xpy, (3.8)
KeMoelk

which yields the following discrete weak formulation :
Let u% be defined by :

uly = ﬁ/ up(x) dx  for all K € M (3.9)
K

For eachn € {1,...,N} find u" € Xpg such that for all v € Xpj :

n n—1
Z m(K)U?{ﬂ(u i) = Blui )—|—<v",u" >p + < v u" >¢

KeM ot (3.10)
+ > m(K)p f(ui) = D m(K)viag,
KeM KeM
with
<vu>p= > > (vk —ve)FR,(u") (3.11)
KeMoelk
and

<vuze= Y Y (v —vg)FE,(u"). (3.12)

KeMoelk

Remark 3.2. Remark that the problem (3.4)-(3.7) is equivalent to (3.10)-(3.12). Indeed,
let §;; be the Kroneker symbol, by setting v} = 0 for all o € &€, and vy = dxx for all
K' € M and for a given K one recover (3.5), and setting vg = 0 for all K € M and

Vot = Ogor for all o' € £ yields (3.7). The homogeneous Dirichlet boundary condition
(3.6) follows from the fact that u" € Xp.

3.4 Diffusion term

In order to complete the numerical scheme we still have to express the discrete fluxes
F }3 , and F I%U in terms of the discrete unknowns. We briefly recall below the definition
of the hybrid finite volume scheme [58]. First we define the discrete gradient

1
) Z m(o)(uy, —ug)ng, VK € M, Yué€ Xp. (3.13)

Vku=——
Kt m(K
cefk

Remark that the geometrical relation

Z m(o)ng (%X, —xx)" =m(K)Id (3.14)

o€EK
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holds for each K. Let 1(x) be a function, piecewise linear on the control volumes of the
mesh ; then Vi Pp(¢) = Vi)(x)|ex. Let Rk »(u) denote

Rio,(u) =u, —ux — Vgu- (X, — Xg), (3.15)

which is the second order error term, vanishing for piecewise linear functions, let

By = (IBS}’(’UI> be a positive definite matrix. Then the numerical fluxes
o,0'€EK

(F IQ O(U)) Kemoes, AT€ uniquely defined through the following discrete integration by
parts rule

Z (v — UJ)FIQJ(u) = AgVigv-Vigu+ Z IB%}’{’U,RK,J(U)RK,J/(U) for all v € Xp,

o€fK o,0' €€k

(3.16)
where Ag = [, A(x) dx. The last term in (3.16) is a stabilization term which is in-
troduced in order to insure the bilinear form < -,- >p is coercive. The choice of By

is not arbitrary, but as it was pointed out in |58| and [101] it must fulfill the following
condition : B
There exist two positive constants s and S such that for all u € XD

5 ") (R o () < Y BY Rio(u)Rio(u <SZ

c€fK ’ o,0'€EK c€fK

())*.

Remark that in view of (3.16), (3.13) and (3.15) there exists a family of positive definite
matrix (Dg) e n, such that

> vk —v)FR (u) = Y DY (vk — v)(ux — up) for all K € M. (3.17)

o,0' €€k o,0' €€k

m(a)

dKO’

worth noting that if we choose bx , = Vdfor all K € M and o € Ex in the simple case
X — XK

If By is diagonal with B}” = by ,———, then we obtain the SUSHI scheme [66]. It is

that A is a scalar and that the mesh satisfies the orthogonality property ng , =

)
dK,a

the expression for FZ,(u) simplifies (see. [66, Lemma 2.1]); moreover if convection is
absent we obtain the usual two point scheme. Nevertheless, it may be useful to optimize
the choice of af, as it is done in [11].

Lemma 3.1. Let D be a discretization of § in sense of Definition 3.1, moreover let
6 > Op be given. Then for all v € C?*(Q), there exists a positive constant C only
depending on d, 0 and v such that

Vi Pty — V| (L (ayye < Chp.

The proof of this Lemma is given in [66].

3.5 Convection term

Our discretization of the convective term is based upon a convective flux which
involves the hybrid unknowns u,. Following [101] for all w € Xp we define

FI?,O’(U) = A(VK,U)UK + B(VK,U)uga (318)
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where A and B satisfy the assumptions :

(Hea) A, B are Lipschitz functions such that A(0) = B(0) =0;
(He2) A(s) + B(s) = s for all s € R;
(Hc3) There exists Cap > 0 such that A(s) — B(s) > —Cyupls| for all s € R.

Different choices of A and B lead to different schemes, for example setting A(s) =
+(s+s|) and B(s) = (s — |s|) one obtains an upwind scheme i.e.

Vi su if Vg, >0
C _ K,oWK, Ko —
FKU(u) N { VKJUJ, if VK7O' < 0. (319)

On the other hand setting A(s) = 0 and B(s) = s leads to a sort of a centered scheme
Flg,a<u) = VK,UUU- (320)

In Section 8 we compare the schemes (3.19) and (3.20) numerically. It is shown that the
centered scheme (3.20) is more accurate, while the upwind scheme (3.19) preserves the
approximate solution from unphysical oscillations in the convection dominated case.

3.6 Basic properties of the scheme

The space Xp defined in (3.3) is equipped with the following semi-norm.

Definition 3.3. Let D = (M, E,P) be a discretization of € ; then for all v € Xp we
define

vk, = — k)2 (3.21)

KeMo€elyk
Moreover, let N € N* and 6t = T'/N, for all v € Xp 5 we define

N
[, = D Otlvl,. (3.22)
n=1

The semi-norm |-|x,, (or |-|x, ;) is a norm on the space Xp (on Xp s respectively).
Let us also define a discrete analog of the || - ||;, norm.

Definition 3.4 (The discrete space Hap(2)). Let 1 < p < oo and let D = (M, E,P)
be a discretization of Q. Let Hp(Q) C L?(Q) be the set of piecewise constant functions
on the control volumes of the mesh M for each v € Hpm(Q) we define v = v(X)|xex -
For all v € Hy(Q) and for all o € &y with M, = {K, L} we define Dyv = |vg — vy
and d, = dg o + dp o, and for all 0 € Eepr with M, = {K}, we set D,v = |vg| and
dy = dg . We then define the following family of norms

ol = 3 5 m( dKU(D ) , (3.23)

KeMoelk U

so that in particular

Djv 2
”UH12M— Z Z 0)dK o (K) .

KeMoelk
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Definition 3.5. Let D be a discretization of Q0 , we define the projection operators
Ip : Xp — L2(Q) and Vp : Xp — (L2(Q))* by

pv(x) = vk for all (x,t) € K
and
Vpu(x) = Vv for all (x,t) € K

respectively. Let also N € N* and 6t = T/N > 0 ; we define Up g : Xp s — L*(Qr) and
Vo : Xps — (LA(Qr))" by

Hp sev(x,t) = v for all (x,t) € K X (th—1,t,]

and
Vopsiv(x,t) = Vo™ for all (x,t) € K X (tp—1,1n].

Next we recall two results from [66] which we will use below.

Lemma 3.2. Let D be a discretization of ) , and let 0 > Op be given. Then there exists
a positive constant C only depending on 6 and d such that

Vo]l 20y < Clv|x, for allv € Xp.
Lemma 3.3. Let D be a discretization of €1 , then there holds

lvlli2m < |v|xp for allv e Xpp.

We show below that the bilinear forms defined in (3.11) and (3.12) satisfy continuity
and coercivity properties.

Lemma 3.4. Let D be a discretization of ), and let 6 > Op be given, then :

(i) There exist positive constants Cy and o which do not depend on h such that
| <u,v >p | §01|U|XD|U|XD (324)
and
2
<u,u >p> aluly, (3.25)
for all u,v € Xp.

(ii) There ezist two positive constant Cy and Cs which does not depend on h such
that

| <u,v>c| < Colulx,|v|xp (3.26)

and
<wu,u>c> —Cshplulk, (3.27)

for all w,v € Xpy. Moreover Cs = 0 if Cap = 0, which is the case for the upwind
scheme (3.19).
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Proof : (i) We refer to |66, Lemma 4.4] for a proof.

(ii)) The proof of the second statement of (ii) is given in Remark 3.4 of [101]. It
remains to show (3.26). By the definition (3.12), (3.19) and in view of (H¢2) we have
that

<uv >0 = Z Z (vk — vs) (A(Vi o )ug + B(Vi,o)tio)

KeMoelk
5 E VKUUK_UUUK_E E B(Vk.o) (v — vy)(uk — ty)
KeMoelk KeMoely

which implies using (H¢ 1)

<u,v >c< Z Z Vik.o(Vk — vo)ug + C Z Z Vi o|(Vk — Vo) (U — Up).

KeMoelk KeMoe€k

Using the Cauchy-Schwarz inequality and the bound dg , < hp we have that
1
2

| <0 >0 | < VIV (ZZ g) (ZZ )

KeMoelk KeMoelk )

Vg — vcr U — u0)2 ?

oVl | 53 mlo/ ) (52 5 oyt
KeM ey KeMocEx Ko

and
| <uv>e | < Ve (V- ol Toul ae) + hoC - [olxoulx, )

since Z dkom(c) =m(K)d. In view of Lemma 3.3 and the discrete Poincaré inequa-
ocelk
lity implied by Lemma 6.3 below we conclude that

| <u, v >c | < Cofulxp |v]xp-

O
Next we recall a technical lemma presented in [72|, namely Lemma 8.2, which will be
useful for the a priori estimates of the next section

Lemma 3.5. Let B(s), s € R be defined by
B(s) = A(s)s — | irydr,
0
1

with B satisfying hypothesis (H1). Then B(s) > §S2Q.

4 A priori estimates

We define below an approximate solution of Problem (Pb).

N[
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Definition 4.1 (Approximate solution). Let D be a discretization of 2, N € Nx and
ot = T/N > 0. We say that the upgs = (u"),cq1. }

solution of Problem (Pb) if for all n € {1,...,N}, u”™ satisfies (3.9)-(3.12). We also
denote up 5 the function defined by

up 5t(x,0) = u% for all x € K,
upst(X,t) = u for all (x,t) € K X (tn—1,t,]

and
upst(x,t) = ul for all (x,t) € 0 X (tn_1,t].

Lemma 4.1 (A priori estimate). Let up s be an approvimate solution of Problem (Pb).
There exists C' € R™ and also Cy,, € R only depending on « and Cs (defined in Lemma
3.4), such that if hp < Ch,,, then up s satisfies

lup st oo 0,752 () + [Up st x5, < O (4.1)

moreover
| B(up s0)l Lo 0,522 (0)) < C- (4.2)

Proof : Let m € [1,N] be an arbitrary integer. Summing on n € {1,...,m} the
equation (3.10) with v™ = u™ for each n we obtain

> om(E)> up(Blul) — Bluf ) + ) dt(< ut ut >p 4 < ut u" >c)

KeM n=1

+D 6t > m(E ) f(uhe) =YY 6t m(K)ufq.
n=1 KeM n=1 KeM

Next, we consider the function B from Lemma 3.5 defined by

Bu) = Buju— [ f(r)ir

One can see that the following relation holds

Bluf) — Blui ) = i (B(u) — 8(ui™) — [ (9(r) = Bl )ar
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In view of Lemma 3.5 we have that

s < B < i) < I,

which yields

m

1 1
SBllup s tm) [7200) = S18o)IFa@) < D m(K) Y uic(Bluic) — Bluic™)).

é KeM n=1

We remark that in view of the hypothesis (H4) one has
uf(u) 2 M min f(u),

since OinLan(u) < 0. In view of Lemma 3.4, the equation (3.11) and using (Hy) we

finally conclude that

1
FBllup s, tm)[72(0) + lup sl ,,
) N (4.3)
<C+ C3hD’UD,6t|XD’5t + Z Z otm (K )uf g,
n=1 KeM

where o and Cj are the constants form Lemma 3.4. Applying Cauchy-Schwarz and
Young’s inequality to the last term in (4.3) leads to

1
FBllup s ) 22(0) + lupalx,

< C+ Cshplup s

%o T sl 2 llall2or)

2
Xp st

1
<C+ C3hD|uD75t |%2(QT) + 2_€||Q||%2(QT)

€||
+ —||u
o I1UD,st

Then, in view of (H3) we obtain
1 2 2
§ﬁ||UD,6t||Loo(o,T;L2(Q)) < C+ Cshplup silxy,,

€ 2 1 2
+ §THUD,6tHLoo(o,T;L2(Q)) + 2_€HQHL2(QT)

and

a|uD76t‘§(D,6t < C+ Cshplup s %(Dv&

€ 1
+ §T|’U’D,6t”%oo(o,T;L2(Q)) + Q_&_HQH%Q(QT)'
We now choose € = 3/(2T), which gives

1
Z@HuDﬁt”%w(O,T;L?(Q)) <C+ C3hD|UD,6t|§(D75t

and o
EIUD,&‘?XDM <C+ CshD‘UD,ét&Dyét-
If o
hp < Chp = A (4.4)
then (4.1) follows. The assumption (H;) implies that there exists a positive C, such that
1B(s)] < C(1+s|) for all s € R, (4.5)

which in turn implies the estimate (4.2). O
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Remark 4.1. We assume from now on that the size of the mesh hp is always chosen
in a suitable way (by (4.4) for example), so that the a priori estimates (4.1) and (4.2)
hold.

5 Existence and uniqueness of the discrete solution

Remark 5.1 (Extended discrete problem). Let v > 0 and w € Hpy(Q2) (cf. Definition
3.4), we consider the following extended one step problem. Find u™ € Xpg such that
forallve Xpy :

v Z m(K)vauK) ;tmwK)jL <wv,u’ >p+v <v,u’ >¢
KeM (5.1)

+v Z m(K)vg f(u) =v Z m(K)vkqk.

KeM KeM

It can be shown that, under an appropriate condition on hp (see Remark j.1), the
solution of the extended problem (5.1) satisfies

St|u” |5, < vC. (5.2)

Theorem 5.1 (Existence of a discrete solution). The problem (3.9)-(3.12) possesses at
least one solution.

Proof : Let us consider the extended problem (5.1), which can be written as the
abstract system of nonlinear equations

H(u”,u" " v) =0, (5.3)

where H is a continuous mapping from H ) X Xpo x [0, 1] to Xp. It is worth noting
that in view of Remark 3.2 (see also (3.5) and (3.7)), we may write the system (5.3) in
the form

Hp (ﬁ(u%),ﬁ(w;{),u%, (UZ-)UegK ,1/) =0 for all K ¢ M

and
H, ((UVK)KEMU ’ ((UZ'>O'€5K)K€MU ’V> = Uforall o€ &,

where u” € Xpyp. In view of Remark 5.1 and the estimate (4.2), there exists C' > 0
which does not depend on v such that

Stlu’[%, < C
for any u” satisfying H(u”,u"",v). Setting R = 1/C/dt + 1 we deduce that
lu”|x, < R for all (v,u”) € [0,1] x Xpg such that H(u”,u"" ! v) = 0.
Therefore the system (5.3) has no solutions on the boundary of the ball Bg of radius

R for v € [0,1]. Next, we denote by d(H(-,u" ! v) = 0, Bg,0) the topological degree
of the application H(-,u"!,v) with respect to the ball Br and right-hand side 0. For
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v = 0 the system H(u”,u"!,v) = 0 reduces to a linear system with a positive definite
matrix. Thus, in view of the homotopy invariance of the topological degree we have that

d(H(-,u" ', v), Bg,0) = d(H(-,u"',0), Bg,0) =1 for all v € [0, 1],

where we have applied [55, Theorem 3.1 (d1) and (d3)]. Thus, by [55, Theorem 3.1
(d4)]. Then, there exists u™ such that H(u™ u""',1) = 0, so that u" is a solution of
(3.9)-(3.12). O

Theorem 5.2 (Uniqueness of the discrete solution). Let D be a discretization of €2,
then if the time step satisfies

gt < p/f (5.4)

and the mesh size hp is small enough, then the solution of the problem (3.9)-(3.12) is
UNLQUE.

Proof : We give a proof by contradiction. Let up s and uy, ;, be two different solutions
of (3.9)-(3.12), such that u™ = @™ for all m = 1,...,n — 1, but u" # u". We define
r* =u" —u". In view of (3.10) with v = r™ we have that

Z m(K)T?{ﬁ(UK)(;tﬁ(UK)‘F < T,n7rn >p+ < rn’rn >0
KeM

+ 3 mE ) (f(uf) — f(i) = o.

KeM

We apply Lemma 3.4 as well as the assumptions (H;) and (H,) in order to estimate
each term in the equation above. We obtain

(B/6t = [) Y m(K)(r)* + alr" [}, < Csholr[%,,
KeM

Finally, in view of (5.4) we deduce that
|Tn|XD =0

for hp sufficiently small. 0

6 Estimates on space and time translates

6.1 Estimates on time translates
To begin with we state without proof two technical lemmas which will be useful for
proving the estimate on time translates.

Lemma 6.1. Let T > 0, 7 € (0,T), N € N*, t = T/N be given and (a™)nen+ be a
family of non negative real values. Let [s| denotes the smallest integer larger or equal

to s. Then
T—1 N
/ S wasrY e
0 n=1

[t/ot]+1<n<[(t+7)/dt]
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Lemma 6.2. Let T >0, 7€ (0,T), N € N*, 6t =T/N, ¢ € [0, 7] be given and (a"),en+
be a family of nonnegative real values. Let [s] denotes the smallest integer larger or
equal to s. Then

T—1 N
/ 3 IO/ gt < 3 g,
0 n=1

[t/0t]+1<n<[(t+7)/5t]

Theorem 6.1. Let D be a discretization of @ and let {up s} be a solution of the discrete
problem in sense of Definition 4.1. Let also 6 > 0p be given. Then there exists a positive
constant C' only depending on 6 such that

T—7
/ /(ua(gt(az,t +7) — upsi(z, ) dzdt < CT, (6.1)
0 Q
for all T € (0,T).

Proof : To begin with we use the hypothesis (H;) to obtain
T—T
@/ /(uD’(gt(m,t +7) — upgi(z,t))? dxdt
0 Q

T—1
5 / Z m() (0 — )2

T—7
T)/d 9 T)/d 9
<[ Xm0 = B - Bl

KeM

-/ TZ ) ST () (B(u) — Bt

KeM [t/8t]+1<n< [ (t+7)/6t]
For a given ot and for all real ¢ and 7 we define the following set
n(t,7)={neN, [t/dt]|+1<n<[(t+71)/0t]},
which can be empty. Then, the discrete equation (3.5) implies

T—71 T—1
5 /0 /Q (upgn (2.t +7) — up gy, £))? dxt < /0 S (@l _ ey

KeM
Sy Gt ( = > (FR (") + F,(u") — m(K) f(u}‘()) dt.
nen(t,) o€l

Let us define the expressions Ap ¢, Ar and Ag by

T—1
AD,C :/ Z St Z [(t+7)/6t] %/éﬂ) Z (FI?,a(un) +F§,U(u”)) dt,
0

nen(t,r) KeM o€k

T—7
Ae= [ 2 Y mE = s

nen(t,r) KeM

T—1
Ag :/ Z ot Z m(K)(u%tH)/‘Sﬂ — ug/m)q?{dt,
0

nen(t,yr) KeM
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which we will estimate below. In view of (3.8), (3.11) and (3.12) we obtain

T—1
ADC _ / Z & < u [(t+7)/6t] uft/ﬁt-\’un >p 4 < u[(t+r)/5ﬂ . uft/5t1’un >T)dt
0

nen(t,r)

In view of Lemma 3.4 we have that | < u,v >p |+ | <wu,v >7 | < Clu|x,|v|x, for all
u,v € Xpo and since 2ab < a® + b? one has

T—71
Apel < C / S Sl el Yyt

nen(t,r)

T—7 T—1
g()(/o > otfulE 4+ /O > ol +/ > otju"k,db).

nen(t,r) nen(t,r) 0 nen(t,r)

It follows from the estimate (4.1) and the Lemmas 6.1 and 6.2 that

T—1

N
|Apc| < TC’Z&W”@(D < CrT.

n=1

Next, we estimate the term Apg; remark that the inequality (4.5) also holds for the
function f instead of 3. Hence,

S (Ko ) < gllolay +C (m(@) + lullfae) (62)

KeM

for all v,u € Hyq, which in turn implies that

1 T—1
Anl <3 / >t (Hum-, (4161320 + e, T+ 7)/001) 22y )
o Tnen(t'r)
+0/ S bt (m(Q) + 1) ey ) i
nen(t,r)

One more time it follows from the estimate (4.1) and the Lemmas 6.1 and 6.2 that

N
|Apl < 7C ) ot (m(Q) + Jlup s (-, tn)||%2(m> <7C.
n=1
In the same way we proceed for the term |Ag|, one has that

4] < 7 (lupsllZ2qm + lal32en)) -

Finally we use an a priori estimate (4.1) and the hypothesis (H5) to complete the proof.
U

6.2 Estimates on space translates

In this section we prove an estimate on the L?—norm of differences of space translates
of the discrete solution. We state without proof two results from [66], which are useful
in our study.
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Lemma 6.3. Let d > 1, 1 < p < oo and ) be an open bounded connected subset
of RY. Let D be a mesh of Q. Let n > 0 be such that n < dg,/dr. < 1/n for all
o€ M, = {K,L}. Then, there exists ¢ > p only depending on p and there exists a
positive constant C', only depending on d, ), p and n such that :

[ull o) < Cllufliprm (6.3)

for all w € Hpap(2). We recall that Hy(2) C L*(Q) is the set of piecewise constant
functions on the control volumes of the mesh.

Lemma 6.4. Let d > 1 and Q be a polyhedral open bounded connected subset of RY.
Let D = (M, E,P) be a discretization of Q and let uw € Hy (). Then, with notation of
Definition 3.4 :

lu(-+y) = ullpr ey < ly[VallullLim, (6.4)

where u is defined on the whole R?, taking u = 0 outside €.

Next we show that a similar inequality holds in every LP-norm.

Lemma 6.5. Let d > 1, 1 < p < 0o and Q be an open bounded connected subset of RY
and T > 0. Let D be a discretization of Q) . Let n > 0 such that n < dk,/dr, < 1/n for
all o € M, = {K,L}. There exist C > 0 and p > 0, only depending on d, p, Q0 and n
such that

Ju(- +y) — UHLP(Rd) < C|Y|p||u||1,p,/\/i’
where u is defined on R?, taking u = 0 outside €.

Proof : In view of Lemma 6.3, there exist ¢ > p and a positive constant C' such that
[ul| pagray < Cllullpm- (6.5)
We apply the Interpolation Inequality [4, Theorem 2.11, p.27]
1—
(- +3) = ull gy < Jul-+3) = ullpygo lul- +3) =l (66)

where

B
|
3

SRR
=
|
—_

p=
Moreover (6.5) implies that
[u(- +y) = ull ey < 2ullparay < Cllullipa

so that by (6.4) and (6.6) implies that

lu(- +y) = ull oy < ClylP(lull i) (el pa) ="
Applying Holder inequality we obtain that

Julliia < Clluflyp.a

for some positive constant C'. Then

lu- +y) = ull Loy < Clylllllipm-
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Theorem 6.2. Let ® be a sequence of discretizations of ) and such that there exists a
positive constant 0 satisfying 0p < 0 for all D € ®. Let 6t be a sequence of real positif
numbers, such that T /6t € N for all §t € 6t. Let up s = (uDﬁt)De@,&teét be the sequence
of approzimate solutions corresponding to ® and 0t. Then up ¢ is relatively compact in

L*(Qr).

Proof : 'To begin with, we extend up s+ by zero outside of ()7. Applying the Lemma
6.5 with p = 2 yields

lupse(- +¥,t) — upsi(-,t)|| L2mey < Clyl?l|upse(-, t)]l1,2.04
for some positive constants p > 0 and C' > 0. Integrating on (0,7") we obtain

N
lupse(-+y,-) — uDﬁtH%?(Rdx(O,T)) < Cly” Z Ot|lup st (-, tn)”%z,/\/{'

n=1

Then in view of Lemma 3.3 and the estimate (4.1) we obtain the bound
lup st(- +¥) — upsill2®axory < Clyl’,
which, combined with (6.1) gives
lupsi(- +y, 4+ 7) = upsiell L2rax(0,1))

< lupse(-+y,-+7) —upsi(- + ¥, ) r2waxory) + lups(- +¥,) = upsell 201

< CWT+Iy).
Then the Fréchet-Kolmogorov Compactness Theorem implies that the family ug s¢ is
relatively compact in L2(R¢ x (0,7)) and thus in L*(Q7). O

7 Convergence result

We begin with a technical lemma which is useful for passing to the limit in the
nonlinear terms of (1.1).

Lemma 7.1. Let (a,b) be an interval of R and let the function g € C(R) be Lip-
schitz continuous on R\ (a,b). Let 1 < p < oo and let {u,,} be a sequence in L*(Qr)
and v € L*(Qr), such that

WILILI}X, |t — ul|22(@p) = 0.

Then there exists a subsequence of {u,,}, which we still denote by {u,,} such that

lim {lg(wn) = g(u)l|2@r) = 0

m—

Proof : The proof of this Lemma can be found in Section 6.2.1 of [72], it relies on
splitting of ¢g into a sum ¢; and go, where ¢; is bounded and g5 is Lipschitz on R. [
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Theorem 7.1. Let ® be a sequence of discretizations of €1, such that hp tends to zero
along ® and let 0 be a positive constant such that O0p < 0 for all D € ®. Let 0t be
a sequence of real positif numbers, such that T'/6t € N for all 6t € 0t and such that
0t tends to zero along ot. Let ups¢ = (UD»&)DGCD,&E& be the sequence of approximate
solutions corresponding to ® and 0t. Then there exists a subsequence of ugp s, which we
denote again by ug s, such that up s — u strongly in L*(Qr) as hp, ot — 0, where u is
a weak solution of Problem (Pb). Moreover u € L*(0,T; H}(Q)) and Vp siup s weakly
converge in L*(Qr)? to Vu. In the case that F is nondecreasing, the whole sequence
up st converges to the unique weak solution w of Problem (Pb).

Proof : By Theorem 6.2 there exists a subsequence of ugp s5¢ that we still denote by
up st and a function u € L*(Qr) such that up s — w strongly in L*(Qr) as hp, ot — 0
(and also in L*(R? x (0,T)) taking up 5; = 0 outside of Q7). Let Vp s;up 5 be prolonged
by zero outside of Qr, in view of (4.1) and Lemma 3.2 there exists a function G €
L*(R x (0,7T))¢ such that Vop sup s weakly converge in L*(R x (0,7))¢ to G along a
subsequence as hp,dt — 0. The proof of the fact that G = Vu is a straightforward
adaptation of [66, Lemma 4.2| to the time dependent problem. Thus

Vopsiups — Vu weakly in L*(Qr), (7.1)

which in particular implies that v € L*(0,T; H}(Q)) since u = 0 outside of Q.

Next we show that u is a weak solution of Problem (Pb). For this purpose, we
introduce the function space

U= {yeC?(Qx][0,T]), »=0o0n0d2x[0,T], ¥(,T)=0}.
Taking an arbitrary ¢ € ¥, we define the sequence of elements of Xp
YY" = Ppy(-,t,) foralln € {1,..., N}
so that ¥} = (xk,t,) and ¥ = ¥ (X,,t,). Next setting
v =" foralln € {1,...,N}
in (3.10), we obtain, also in view of (3.11) and (3.12), that
Tr+Tp +T1c+1Tr =Ts,

where
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and

N
Ts =) 6t > m(K)i g

n=1 KeM

We successively search for the limit of each of these terms as hp and 4t tend to zero.

Convection and diffusion terms. We refer to Theorem 3.7 of [101] (where a
convergence result is shown for a stationary convection-diffusion problem) for a proof of
the limits

Tp — - /0 /Q () V () - Vio(x, ) dxt (7.2)
and -

TH — / / Vi(x,t) - A(x)Vu(x,t) dxdt (7.3)
as hp, ot — 0.

Time evolution term. The proof of the fact that

Ty — - /0 ' | Bty axde— [ syt 0) dx

along a subsequence of ug s¢ is classical. It is based upon the chain rule, the regularity
of 9, the strong convergence of ups and Lemma 7.1 applied to the function 3. The
complete proof can be found in [72].

Reaction term. We deduce from the regularity of ¢ and from Lemma 7.1 that the
term Tk converges (up to a subsequence) to

/OT /Q Flu(x, )v(x,t) dxdt

as hp, ot — 0.

Source term. Similarly one can show that

-y y [

n=1 KeM“tn-1

/Kw(XK,tnOQ(X, t) dxdt — /OT/Qw(X, t)q(x,t) dxdt

as hp, ot — 0.

It follows from (4.2) that B(u) € L*°(0,T;L*(Q)). Moreover we deduce from the
density of the set @ in the set {¢p € L*(0,T; H}(Q)),v; € L>(Qr),¥(-,T) = 0} that u
is a weak solution of the continuous problem (Pb) in the sense of Definition 2.1. In the
case that f is nondecreasing so that the solution of Problem (7Pb) is unique (cf. Remark
2.1) we conclude that the whole family ug 5¢ converges to u as hp, dt — 0. O

8 Numerical simulations

In this section we present the results of numerical simulations. The purpose is to test
our scheme in the case of problems with a known analytical solution.
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FIGURE 2 — The oscillating solution at time

t = 1 using the centered scheme with hp =
FIGURE 1 — The locally refined grid at t =1 ().1768

FIGURE 3 — The oscillating are reduced with FIGURE 4 — The solution is not oscillating
the mesh refinement, hp = 0.0884 any more, hp = 0.0442

8.1 Numerical test 1

First we consider the linear parabolic equation

0
8—1‘ V- (6Vu) £ V- (V(x)u) = 0 in Q x (0,7).
It possesses the exact solution
1 _50"‘_"0_\/’5‘2
ex 7t = — -t ,
teat(X0) = oo05 1o

which we numerically compute with prescribing the corresponding boundary and initial
conditions. This solution is a Gaussian peak initially centered at the point xy, which is
transported by the field V, and diffusing. We set Q = (0,2)2, T=1, V = (0.8,0.4) and
xgp = (0.5,0.5) so that during the time interval [0, 7] the peak of the exact solution e
moves from the point (0.5,0.5) to the point (1.3,0.9). In this test case we consider two
values of the diffusion coefficient 9. The values 6 = 0.1 and o = 0.001 correspond, respec-
tively, to diffusion-dominated and convection-dominated regimes of the problem. Our
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purpose is to study the behavior of the upwind (3.19) and the centered (3.20) schemes
for the discretization of the convection term. First we consider the sequence of uniform
space and time discretizations. Then for both schemes we perform numerical simulations
on the locally refined (and nonconforming) adaptive mesh (see Figure 1). We use simple
heuristic considerations to decrease the computational error. At each time step n the
mesh is refined in each volume element K where the local norm > . ZLIE‘?( u)?
is lager then some tolerance parameter. Conversely, the mesh is unrefined in the regions
where the approximate solution is flat.

n_
o

N h # of elements || Err upwind | eoc || Err centered | eoc
8 10.1768 256 1.33 -107! - 1.27 1071 -
32 | 0.0884 1024 1.12 -107' | 0.27 7.00 -1072 1.03
128 | 0.0442 4096 8.57 1072 | 0.44 3.33 -1072 1.25
512 | 0.0221 16384 5741072 | 0.66 || 1.66 -107% | 1.70
128 - 1951 6.58 -10~2 -

128 - 1753 - 3.57 1072

TABLE 1 — Number of time steps N, mesh diameter hp, number of elements, the L?

error for upwind and centered schemes and the experimental order of convergence eoc
for 0 = 0.001

In Table 1 we present simulation results with various mesh sizes hp and time steps 0t
in the convection-dominated case. The first three lines of the table indicate the results
of the simulations preformed on uniform grids. First we remark that the precision of
the upwind scheme is rather poor, which is due to numerical diffusion. On the other
hand, if the mesh size hp is not small enough, then the centered scheme can lead to
oscillating solutions, which is the case for hp = 0.1768 and hp = 0.0884 (see Figures 2
and 3). In the last two lines of the table we provide results obtained on adaptive grids.
Remark that for both schemes we can significantly reduce the number of unknowns
by a suitable concentration of the computational efforts; moreover since we do not
impose many constraints on the mesh (in particular it can be nonconforming), the grid
adaptation is not an expensive issue. In the diffusion-dominated case (Table 2) both
upwind and centered scheme seem to be more accurate. In this case, since the solution
is not concentrated in space the mesh adaptation is less efficient.

N h # of elements | Err upwind | eoc | Err centered | eoc
8 10.1768 256 5.91 1073 - 3.17 -1073 -
32 | 0.0884 1024 3.06 -1073 | 1.32 1.37-107% | 1.75
128 | 0.0442 4096 1.55 1072 | 1.29 6.42 -10~* | 1.92
512 | 0.0221 16384 7.83-107% | 1.16 3.10 -107* | 1.98
128 - 3589 1.37 1073 -

128 - 3586 - 6.96 -1074

TABLE 2 — Number of time steps N, mesh diameter hp, number of elements, the L?

error for upwind and centered schemes and the experimental order of convergence eoc
for 6 = 0.1
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— = —(h, 5t) = (0.18, 0.016)
— & —(h, 81) = (0.09, 0.008)
|| — = — (h, 5t) = (0.044, 0.004)
Exact solutoion

N

— = —(h, 5t) = (0.18, 0.016)
— & —(h, 81) = (0.09, 0.008)
|| — = — (h, 5t) = (0.044, 0.004)
Exact solutoion
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FIGURE 5 — Numerical solution for 6 = FIGURE 6 — Numerical solution for 6 =
0.01,¢ = 0.5, upwind scheme. 0.01,¢ = 0.5, centered scheme.

8.2 Numerical test 11

Next we consider a degenerate parabolic equation which possesses a traveling wave
solution, namely
d(u?)
ot

— V- (0Vu) + V- ((v,0,0)u) =0

in the domain

Q=(0,1)*and T =1.
This equation admits the following 1-dimensional exact solution
w(z,y,t) = (1 — e @ P2 for z < ot 4 p,
u(z,y,t) =0 for z > vt + p,

where p,v,d are parameters to be defined. We set p = 0.2, v = 0.8, and consider two
values of d, namely 6 = 0.01, § = 0.0001. The initial state is given by the exact solution
at the time t = 0 and we prescribe corresponding Dirichlet boundary conditions on the
sides x = 0 and x = 1. The null flux boundary condition is imposed on the remaining
part of the boundary.

First remark that both schemes leads to a solution with compact support ; moreover
the speed of propagation is in good agrement with the theoretical one. As it can expected,
in the diffusion dominated case (6 = 0.01, Figures 5 and 6) the second order centered
scheme is clearly more accurate then the upwind scheme. However it produces small
oscillations if the mesh size hp is too large. In the case that (6 = 0.0001, Figures 7
and 8), even though it is diffusive, the upwind scheme is more adapted. The centered
scheme does not resolve the sharp interface better then the upwind one; moreover it is
oscillatory even on a fine mesh.

8.3 Numerical test 111

Let us consider the equation
A(u +u2)
ot

M

-V - (Ax)Vu)+ V- (V(x)u) + —uz =0

1
2
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|| — = —(h, 3t) = (0.044, 0.004)
Exact solutoion
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FIGURE 7 — Numerical solution for 6 = FIGURE 8 — Numerical solution for § =
0.0001,¢t = 0.5, upwind scheme. 0.0001,¢ = 0.5, centered scheme.

in the 3-dimensional space domain Q2 = (0,2) x(0,1) x (0, 1). We define the discontinuous
A and V fields as follows :
For all z; <1 we set

1 00
A=1010 and V = (4,0,0);
0 0 1
for all 1 > 1 we set
8 =5 =2
A=| -5 20 -7 and V = (4,8,8).
-2 =7 19

The initial and the Dirichlet boundary conditions are given by the exact solution
u(x t) — 6$1+Zz+w3—t—3‘

We remark that the velocity field V and the total flux A(x)Vu + V(x)u have a conti-
nuous normal trace across the discontinuity z = 1. We perform the simulations on
3-dimensional hexahedral meshes with random refinement (see Figure 9), so that the
mesh is nonmatching. In Table 3 we present simulation results with various mesh sizes
hp and time steps 6t ; we denote by Err the maximum relative error in L?-norm, namely

llunt (-, tn) — Hpp st )| 220
1y st t) | 220

Err = max
ne{l,...,.N}

9 Remarks on the implementation of the numerical

scheme

In this section we assume that in addition to (H;) and (H4) the following hypothesis
is satisfied.



46 REMARKS ON THE IMPLEMENTATION OF THE NUMERICAL SCHEME

B

T

\

=T

\

T
B

j
g

§>\1

0.5

\/\/\

FIGURE 9 — Approximate solution on the nonmatching hexahedral mesh at ¢t = 1

‘ N ‘ h ‘ # of elements ‘ Err upwind H Err centered ‘

50 | 0.99 o8 4.35 1072 2.69- 107
100 | 0.52 436 1.65 -1072 1.08 - 1072
200 | 0.27 1570 7.16 1073 5281073

TABLE 3 — Number of time steps IV, mesh diameter hp, number of elements, number of
faces and the relative error for nonmatching hexahedral meshes

(Hp ) The functions ¢ = 7! and g = f o ¢ are piecewise continuously differentiable.

Let the initial data be given; we recall that at each time step one has to solve the
nonlinear problem (3.10)-(3.12), which in view of (3.17) and (3.18) may be written as
For eachn € {1,...,N} find u™ € Xpo such that for all v* € Xp
m(K> n n n— UOJ n n n n
>, v (Bufe) = Bl )+ Y Y DR (v — vp)(uf — )

KeM KeMo,o'eEk

+ ) (W = AVl + B(Vieo)ul) + Y m(E)oi f(uf) (9.1

KeMoelyk KeM

= > m(K)idgi.

KeM

Since #'(0) = +oo the Newton method can not be directly applied. In order to overcome
this difficulty, the first idea would be to introduce new discrete unknowns

n

w" = B(u"), and thus u" = @(w"), where p = 571,
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so that the equation (9.1) becomes

S P )+ YD DR~ o) (olu) — o)

KeM KeMo,o'e€fk

+ > D (i A(Vio)p(wie) + B(Vieo)p(wy)) + > m(K)vjg(wi)  (9.2)

KeMoelk KeM

However we remark that the linearized system corresponding to the problem (9.2) may
not be solvable. This situation may occur, if at some Newton iteration m the correspon-
ding value w™" (cf. (9.4) below) is equal to 0, which than implies that ¢'(w!") = 0.
Noting that the system (9.2) depends on (w?),ce only through the terms (p(w?))ses,
this lead us to choose a new set of discrete unknowns

2w = B(uf) for all K € M and 2 = u for all o0 € £,

so that the system (9.2) takes the form

> m((sf) V(e — 2D+ >0 Y DY (v — o) () — 2)

KeM KeMo,o'elk

303 0 — ) (AVio)e (=) + B(Vieo)2h) + > m(K)fkg(zl)  (9.3)

KeMoelk KeM

= m(K)iqg.

KeM

The solvability of the linearized system corresponding to (9.3) is still not obvious. Ho-
wever we show in Lemma 9.1 below that it is invertible for certain forms of the discrete
convective flux (including the upwind scheme (3.19)) under a suitable condition on the
time step. Applying Newton’s method leads to the following sequence of M linearized
problems to be solved on each time step n. For each m € {1,..., M} find 6z™ € Xp
such that for all v™ € Xpp

S M i YYD k- DR (6 g — 022)

KeM KeM oo/ €€y
+ Z Z AV )@ (2™ 820 + B(Vi.5)02™)
KeMoelk

(9.4)

+ Z K)vrg (2™ 1 o2m

KeM
— Z v?bK(z’;{l,z”’m_l,q’;() + Zv;”ba(z”’m_l),
KeM o€l

where 20 = 7l pnmtl — pnmop §;mFL (we recall that they correspond both to

values indexed by K and by o), and where the terms bx and b, on the right-hand
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side correspond to the accumulation of all the data evaluated on previous time and
linearization steps. Taking advantage of the variational formulation we will show below
that the system (9.4) is invertible.

Remark 9.1. Note that the functions @ and g are piecewise C' functions, so that the
corresponding derivatives ¢’ and ¢ are finite but not uniquely defined; in the points
of discontinuity a certain value of ¢’ and g’ has to be fized. Also remark that since
the numerical scheme does not preserve the mazximum principle, the functions ¢ and g
have to be defined on whole R (i.e. for negative concentrations), so that the choice of
extensions may affect their smoothness. In practice it may occur that ¢, g are smooth
for physically relevant concentrations s € [0, 1], but not on R.

Next, taking advantage of the variational formulation we show that the system (9.4)
is invertible.

Lemma 9.1. Let (ax)kem, (95 )kem and (P )kem = 0 be three sequences of real
values, for all v,w € Xp we define the following bilinear forms

<vu>pa= Y > D (akvk — ve)(Piuk — uo), (9.5)

KeMo,o'efk
<v,u >C,a: Z Z (OCK’UK - Uo‘) (A(VK,U)QOIK'UK + B(VK,O')UO') ’ (96)

KeMoelk
and

L

<V, U >0= Z agm(K) 5 + g% | vkuk+ <V, U >pa+ < VU >coq - (9.7)
KeM

Assume that the discrete fluz Fg () is monotone, namely that A(Vi,) > 0 and
B(Vk,) < 0 as it is the case for the upwind scheme (3.19); also assume that
1/6t + mingea g > 0; then there exist (o) e Such that < -,- >, is coercive.

Proof : We begin with the form < -,- >p, by noting that in view of symmetry of
D%’ one has

S D= Yy ]D)}'(’O/u(,:% > DY (e + uo).

o,0'€EK 0,0’ €EK 0,0’ €EK

Thus, the definition (9.5) implies

o,0’ / 2 /
<u,u>p, = g E DY (OchpK(uK) — AR UKUy — Py + ugugl)
KeMo,o'e€k

=>. > DY (@KSD%(UK)Q - %(&K + @ Juk (Uor + ug) + Uaua') :
KeM o,0'€Ek
(9.8)
The equality 4ab = (a+b)? — (a — b)? applied to the first term on the right-hand side of
(9.8) implies that

o,0’ 1 1
<wu>pe=) Y, D (5(0% + P )UK — Uo/) (5(04K + P uk — Uo—)
KeM o0/ cEx ,
2 2
~2 > D (ak — @) (ux)?,
KeM
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where D =37 ce ID)(;;G,, which is a positive value since D is positive definite for all
K € M. Thus

1
<, U >p o< (), la(u) >p —7 > D (ax — @) (ux)?, (9.9)
KeM

where [, is the linear application defined by

1
(la(u), = 5(041{ + @i )ur and (I (u)), = ug. (9.10)
Next we consider the bilinear form < -,- >¢,. By (9.6) we have

<UU>cn = Z Z A(Vico)ar @i (uk)’
KeMoelyk

+ Z Z B(VK,G)QKUKUU - A(VK,U)()O/KUKUJ - B(VK,U)<UU)2
KeMoelk

Recall that by the assumption A(Vk,) > 0 and B(Vk,) < 0 so that

A(VK,U) A(VK,U)

—A(Vg,o) PRty > — 5 (¢l ) (uk)® — 5 (ue)?
e B(Vic.) B(Vic.)
B(Vio)axugu, > 2K’o o3 (ug)? + QK’G (ug)?,

which implies

<wnsee 2 Y 3 (3BUKaR + AVisaxek ~ AV @) ()

KeM O’GSK

- Z A(Vio) + B(Vieo)) (us)?.

KeM O'ESK
(9.11)

Note that by the assumption (He2), A(Vkes) + B(Vko) = Vik. Thus, in view of Di-
richlet boundary condition the last term in the inequality (9.11) vanishes. Adding and
subtracting the term 1 A(Vk,,)afkuk and using again (Hc2) we obtain

<UU >00> —= Z Z A(Vig o) (kg — o) (ug)? Z Z Vi.orus. (9.12)

KeM oK KeM oelk

The assumptions (H3) implies

1
<uu>ca> 3 > Axlak — @) (uk)?, (9.13)
KeM
where A =3 . A(Vk,). Gathering (9.7), (9.9) and (9.13) we obtain

<Uuu>q > <lg(u),la(u) >p

+ 3 <aKm(K) <$ + 9}<> - % (%DK - AK> (ax — @%)2) (ux)*.
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For all K € M it is always possible to find ax > ¢} > 0 such that

1, 1/1 )

Therefor in view of Lemma 3.4 there exist a positive C' such that
< U U >pa>< (), lo(u) >p> C|la(u)|§(p.

The fact that ax + ¢’ > 0 implies Ker(l) = {0}, so that the application |l,(-)|x, define
a norm on Xpy. Since for a fixed discretization D all the norms on finite dimensional
space Xp are equivalent, we finally obtain that

<u,u>pa> Clla(u)k, > 6’|u|§(7)

for some positive C. 0

Remark that in view of the definition of ¢ (see (Hg,s)) the condition (5.4) implies
1/0t + ¢'(w) > 0 for all w € R.
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Deuxiéme partie

Hybrid finite volume scheme for
two-phase flow in porous media



52 INTRODUCTION

Abstract We apply a finite volume method on general meshes for the discretization
of an incompressible and immiscible two-phase flow in porous media. The problem is
considered in the global pressure formulation. Mathematically, it amounts to solve an
elliptic equation for the global pressure, with an anisotropic and heterogeneous per-
meability tensor coupled to a parabolic degenerate convection-diffusion equation for a
saturation, again with the same permeability tensor. Extending ideas which we had
previously developed for the numerical solution of a degenerate parabolic convection-
reaction-diffusion equation we discretize the diffusion terms by means of a hybrid finite
volume scheme, while we use a Godunov scheme for the non monotone convection flux.
We prove the convergence of the numerical scheme in arbitrary space dimension and we
present results of a number of numerical tests in space dimension two.

This work was supported by the GAR MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA,
EdF, IRSN), France.

10 Introduction

The two-phase flow in porous media is an important problem arising in many engi-
neering and scientific context as e.g the secondary oil recovery, the basin modeling and
the contaminated sites remediation [21], [17], [44]. In this paper we consider the sim-
plified dead-oil model, that is to say, we assume that there are only two incompressible
and immiscible fluids. The problem is described by the mass conservation of each phase
together with Darcy-Muskat law

whs, — V - (Kkro—@o) (Vp, — pog)) =k, (10.1)
wWOySy, — V - <Kk:r1/:—(sw) (Vpw — pwg)) = ky (10.2)

where w is the porosity, K absolute permeability, s,, stands for the wetting phase (water)
saturation and s, for the non-wetting phase (oil) saturation. The relative permeabilities
kro(s,) and kry,(s,) model the effects of coexistence of both phases in porous medium;
po and g, denote the densities and the viscosity of phase o € {0, w}, g is the gravity
vector. It is also assumed that the porous medium is saturated and that two phases are
immiscible

So+ Sw = 1. (10.3)

The phase pressures are related by a capillary pressure law

Do + Puw = 7(s). (10.4)

In view of (10.3) we can take as unknown only one saturation, for instance s = s,.

We denote by A\, (s) = kro(s) and A\, (s) = kru(l = 5) the relative mobilities, which are

such that A\,(0) = A\, (1) — 0. In this paper we transform the system (10.1)-(10.4) into
the so-called global pressure or fractional flow formulation. The global pressure p which
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is defined by

= ) —)\o<a> Tla a
p=p +/o 3o(@) + )

was first introduced in [14] and [44]. We also define the fractional flow f, total mobility
A and capillary diffusion ¢

M) =Ml +0us), )= el = [ A (i

The system (10.1)-(10.4) is equivalent to

—V -K(\s)Vp—£(s)g) = ky +k, in Qx(0,7), (10.5)
q=-K(A(s)Vp—£(s)g) in Qx (0,7, (10.6)
wa— +V-(af(s) +7(s)Kg) — V- (KVp(s)) =k, in Qx(0,T), (10.7)

ot

where

1) = (0o = p) o o 605) = Ouls)p + Au(olp).

The usual assumption A\,+A, > A > 0 implies that the first equation is uniformly elliptic
in p, whereas the second one is parabolic degenerate with respect to the saturation s. The
system (10.5)-(10.7) has a remarkable mathematical structure, which permits to obtain
a number of energy estimates. Many numerical methods were proposed for solving two-
phase problem, such as finite element methods (see e.g. [64], [63], [44], [16], [46], [48],
[50], [51]), discontinuous Galerkin (see e.g. [19], [61]) and finite volume methods (see e.g.
[5], [67], [90], [71], [8], [91], [12]). The convergence results for the different finite elements
schemes were obtained in [16], [46] and [51]. For finite volume schemes convergence was
shown in [5], [90] and [71], where the initial formulation (10.1)-(10.4) was considered.
We also would like to mention some interesting convergence results which were obtained
in the case of miscible displacement [94], [97], [43].

The heterogeneity and anisotropy of porous media is a numerical challenge even
when studying the elliptic problem derived from Darcy’s law for one-phase problem.
Many schemes was proposed and analyzed in last decades for its discretization. See [79]
and |70] for more references and for the detailed description and comparison of those
numerical methods. In this paper we propose an implicit fully coupled Hybrid finite
volume scheme for the system (10.5)-(10.7). The discretization of the diffusion terms is
based upon a hybrid finite volume method [66], which allows the tensor K to be ani-
sotropic and highly variable in space. Remark that heterogeneity also affects the first
order terms K(x)g&(+) and qf(-) + K(x)gv(+), which may be discontinuous with respect
to the space variable x; in that case they require a suitable treatment see e.g. [100],
[99], [75]. We apply the Godunov scheme proposed in [82], which seems to be a natural
choice, since the hybrid (interface) unknowns are used.

Assumptions on the data : (H;) ¢ € C(R),»(0) =0, is a strictly increasing piece-
wise continuously differentiable Lipschitz continuous function with a Lipschitz constant
L,. We assume that the function ¢ ' is Holder continuous, namely that there exists
H, > 0 and a € (0,1] such that |s; — s3] < Hy|p(s1) — ¢(s2)|*. It is also such that
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@(s) = s for all s <0 and ¢(s) — (1) =s—1forall s > 1;

(Hz2) The functions \, &, v, f € C([0,1]) are Lipschitz continuous; for f = X\, &, 7, f we
denote by L; the corresponding Lipschitz constant.

(H2a) s such that 0 < A < A(s);

(Ha) & and v are convex functions, moreover 7 is such that v(0) = (1) = 0; g is a
constant vector from R?;

(Hse) f is a nondecreasing function and it satisfies f(0) =0, f(1) = 1;

(H3) The functions A, &, 7, f are constant outside of (0,1), i.e. for f = A\, &, v, f we
assume that f(s) = f(0) for all s < 0 and f(s) = f(1) for all s > 1.

(Hs) so € L®(Q); we L*(Q) and such that 0 < w < w(x) <w for a.e. in x € Q;
(He) ko, kw € L=(0,T; L?(Q2)) and such that k, + k,, > 0 a.e. in Qr.

Remark 10.1. The physical range of values for the saturation is [0, 1], however we
extend the definition of all nonlinear functions in (10.5)-(10.7) outside of [0,1], since
the numerical scheme which we study does not preserve neither the maximum principle,
nor the positivity of s (nor the bound s < 1). It is worth noting that one can replace
(H3) by the assumption that the functions \,&,~, f are in L=°(R). In turn the assumption
(H1) can also weakened, namely the capillary diffusion ¢ can be extended by an arbitrary
strictly increasing function, such that ¢~ is Lipschitz continuous on R\ (0,1).

Assumptions on the geometry :

(Hi) € is a polyhedral open bounded connected subset of R?, with d € N* and
o0 = Q\Q its boundary.

(Hyp) K is a piecewise constant function from 2 to My(R), where M4(R) denotes
the set of real d x d matrices. More precisely we assume that there exist a finite family
ifi#j and such that K(x)|o, = K; € M4(R). By I'; ; we denote the interface between
the sub-domains ¢, j, I'; ; = EHQ_J We suppose that there exist two positive constants
K and K such that for all i € {1,...,I} the eigenvalues of the symmetric positive defi-
nite K; are included in [K, K].

Remark 10.2. For the sake of simplicity we have assumed that the heterogeneity of the
medium s only expressed through the x-dependence of the absolute permeability tensor
K = K(x). However it is very simple to extend the analysis to the case where A\, &,
and f depend on the rock type. On the other hand if we suppose that  is discontinuous
in space, this may lead to significant difficulties. The analysis of the case where the
capillary pressure field (and also @) is discontinuous was carried out in [38] and [26].
It is also worth noting that the partitioning of 2 introduced in Hay is only used in order
to provide a control on the gravity terms (see Remark 12.2) below). In the case that the
gravity effects are neglected, one can consider a fully heterogenous permeability field K.

Let T > 0, we consider the system (10.5)-(10.7) in the domain Qr = Q x (0,7
together with the initial condition

5(+,0) = sg in Q (10.8)
and homogeneous Dirichlet boundary conditions
p=0and s =0o0n 92 x (0,7). (10.9)
We now present the definition of a weak solution of the problem (10.5)-(10.9).
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Definition 10.1 (Weak solution). A function pair (s,p) is a weak solution of the problem
(10.5)-(10.6) if

(i) s € L=(0,T; L))

(i) ¢(s) € L*(0,T; Hy ());

(iii) p € L=(0,T; Hy(9));

(iv) for all v, x € L*(0,T; H3(Q)) with ¢ € L>(Qr), ¢©(-,T) =0, s and p satisfy the
integral equalities

_/OT/thdxdt— /sow dx—/ /K s)q+(s)g) - Vo dxdt
/ /KVSO -V dxdt = / / kot dxdt

//q Vyx dxdt = //k + ko) x dxdt,

where q is given by (10.6).

and

In Section 11 we present the finite volume scheme and some technical lemmas. In Sec-
tion 12 we provide the a priori estimates and we prove an existence of a discrete solution.
We prove the estimates on space and time translates of a discrete solution in Section 13,
those estimates allow to establish a strong convergence property for a subsequence of
discrete saturation. The convergence result is shown in Section 14. Finally in Section 15
we present a number of numerical results obtained on different two-dimensional meshes.

11 The finite volume scheme

11.1 The main definitions

In order to describe the numerical scheme we introduce below some notations related
to the space and time discretization, which follows [66].

Definition 11.1 (Discretization of Sl) Let Q be a polyhedral open bounded connected
subset of R, with d € N*, 90 = Q\Q its boundary, and (Q; )16{1 ..... 1y it’s partition

in the sense of (Hy). A discretization of 2, denoted by D, is defined as the triplet
= (M, E,P), where :

1. M is a finite family of non empty connex open disjoint subsets of 0 (the "control
volumes") such that Q@ = Jxe K. For any K € M, let 0K = K\K be the boundary
of K ; we define m(K) > 0 as the measure of K and hg as the diameter of K. We also
assume that the mesh resolve the structure of the medium, i.e. for all K € M there exist
ie{l,...,I} such that K C Q.

2. & is a finite family of disjoint subsets of Q (the "edges” of the mesh), such that, for
allo € &, o is a non empty open subset of a hyperplane of R, whose (d—1)-dimensional
measure m(o) is strictly positive. We also assume that, for all K € M, there exists a
subset Ex of € such that 0K = UJESK 0. For each o € £, we set M, = {K € M|o €
Ex}. We then assume that, for all o € €, either M, has ezactly one element and then
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o € 08 (the set of these interfaces called boundary interfaces, is denoted by Eept) or
M, has ezxactly two elements (the set of these interfaces called interior interfaces, is
denoted by Eint). For all o € &, we denote by x, the barycenter of o. For all K € M
and o € Ei, we denote by nk , the outward normal unit vector.

3. P is a family of points of Q indexed by M, denoted by P = (Xk)xem, such that
for all K € M, xig € K ; moreover K is assumed to be Xk -star-shaped, which means
that for all x € K, there holds [xx,x| € K. Denoting by dk, the Euclidean distance
between X and the hyperplane containing o, one assumes that di , > 0. We denote by
Dy o, the cone of verter Xk and basis o.

Next we introduce some extra notations related to the mesh. The size of the discre-
tization D is defined by
hp = sup diam(K); (11.1)
KeM

moreover we define

dK,J hK
Op = max( max ,  max :
Uegint,{KyL}:Mo- dL,O’ KeMy,0€€K dK,O’

(11.2)

Imposing a uniform bound on fp forces the mesh to be sufficiently regular. Next, we
define several discrete spaces, which are going to be used in the sequel.

Definition 11.2 (The hybrid space Xp(2)). Let D = (M, E,P) be a discretization of
Q. We define
XD = {((UK)KEMa (,UU)O'ES)avK S R) Vo € R},

Xpo={v e Xp such that (vy)ses.,, = 0}. (11.3)

The space Xp is equipped with the semi-norm | - |x, defined by

m(o)
|U|§(D = E |v|§(D7K, where |v|§(D’K = E i (v — vi)? for all v € Xp. (11.4)
KeMm c€EK ’

Note that | - |x, is a norm on the space Xp .

Moreover, for each function 1) = ¥ (x) regular enough we define its projection Ppy) €
Xp on the space Xp in following way

(PD¢>K = w(XK) forall K € M,
(Ppv)s = ¥(x,) forall o€k

Definition 11.3 (The discrete flux space Op(R2)). Let D = (M, &, P) be a discretization
of Q. We define

Qp = {(ax0) Kemoctr, U0 € R} (11.5)
Next we introduce the time discretization.

Definition 11.4 (Time discretization). We divide the time interval (0,T) into N equal
time steps of length 6t = T /N, where 0t is the uniform time step defined by 6t = t,—t,_1.
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Taking into account the time discretization leads us to define of the following discrete
spaces

Xps = Xp = {(Un)ne{l Np V" E Xp}

.....

and

-----

moreover we define the following semi-norm on Xp g

N
[, = D Otlvf,- (11.6)
n=1

11.2 The numerical scheme
11.2.1 The discrete problem

In this section we present the fully implicit finite volume scheme for the problem
(10.5)-(10.9). Let us introduce the discrete saturation ((s%)penss (52),ce)

Xps and the discrete global pressure ((p%) e s (pg)aég)ne{l .y € Xpst, which are

the main discrete unknowns. Moreover let f denote A, &,y or f we introduce the following
notation i = f(s%) and f; = f(sy) for all K € M,0 € £ and n € {1,...,N}. Let k'
denote the mean value of the source term k;(x,t) over a cell K X (t,_1,t,), i.e.

1 tn
Kl = ———— ki(x,t) dxdt with i ) 11.
K (K01 /tnl/K i(x, 1) dx with 7 € {w,n} (11.7)

We denote the porous volume of the element K by w(K),

Next, let Q% , be an approximation of the total flux through the interface o

I
Ko N a/ /K()\(S)Vp —&(s)g) - ng dvdt (11.8)
th—1 Jo

and let F = be an approximation of the non-wetting phase flux

Py~ % /t / (af(s) ++(s)Kg — KVa(s)) - n dvdt. (11.9)

The numerical fluxes Q% , and Ff , have to be constructed as functions of the discrete
unknowns. Using the notations (11.7) and (11.8) we discretize the equation (10.5) by

S Q= mE) (kL + Kl for all K € M. (11.10)

cefk

We also prescribe the continuity of the fluxes

ko +Q1,=0forall o €&y with {K,L} = M,. (11.11)
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Similarly, the equation (10.7) is discretized by

() B SK + 3 Fp, = m(E)k . for all K € M, (11.12)
oc€lK

and
Fg,+Fr,=0forall o €&, with {K,L} = M,. (11.13)
The discrete equations (11.16)-(11.13) have to be prescribed at each time step n €
{1,...,N}. We prescribe the initial and the boundary conditions for the numerical

scheme by setting

s% = ﬁ /Kso(x) dx for all K € M (11.14)

and
=pr =0 for all 0 € &, (11.15)

Remark that opposite to the classical two-point flux approximation, the discrete fluxes

%o and Fg . (which still remain to be constructed) are not a priori continuous across
the element’s interfaces, so that the continuity is prescribed in the scheme by (11.11)
and (11.13).

11.2.2 The discrete weak formulation

Following the ideas of [66] we write the scheme in the variational form.
For eachn € {1,...,N} find s € Xpo and p"™ € Xp such that for all v, w"™ € Xpy :

Z Z o) Q% 5 = Z m(K)vg(ky o + ko x),  (11.16)

KGM o€k KeM
n S n n n
KeM KeM UEgK KeM

s%zﬁ/}(so(x) dx. (11.18)

In order to complete the scheme we have to define the numerical fluxes Q% , and Fy .
Let Kk denote the mean value of K(x) over a cell K,

%) /KK(X) dx (11.19)
and let
gr.o = m(0)Kkg ng,. (11.20)
Note that gx, satisfies
> gxo =0 forall K € M, (11.21)

o€k
but not necessarily
Jk,o + 9r,0 = 0 with {K, L} = M,.

The above equality remains true for the interfaces which are "interior" with respect to
some sub-domain €2;, that is to say

ko + 9ro =0 with {K,L} = M, forall o €T, (11.22)
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for any 4, j. Next, we define Q% , and F} , by

Qko = N Fro®") + G(E()9x.0i Sk 55), (11.23)
Fro=G(Qkof() +7()9x.0: Sk, 55) + Frco(p(s)), (11.24)

where N, = A for all K € Mandn € {1,..., N}, in general. The terms Fg ,()
correspond to the diffusive fluxes which are discretized using the SUSHI scheme (Section
11.2.4). The terms G(-) stand for the discretization of the convective fluxes, using the
Godunov scheme (Section 11.2.3 below, see also [82, p. 3]).

11.2.3 The Godunov scheme and the convection term

Let a,b € R and f € L*(R) we define the Godunov flux by

. - minse[a,b] f(S) if a < b,
g(f’ % b) N { maxse[b,a] f(S) if b S a. (11.25)

Since it is often useful to write the discrete flux in more explicit form we define

. [ argming,, f(s)  ifa <,
S(f;a,0) = { argmaxse[b’a]f(s) if b <a,

and we introduce the following notations

57[1{,0 = 5(8(6(')9K,0§ ST SZ)),
fko = [(S(Qkof() +7()9K.03 ST 55)), (11.26)
Vo = WUS(@kof() +7()9K.03 5%, 57)).

Using the notations (11.26) we can write the discrete fluxes in the form

Qko = AcFro(P") + &k oIk 0 (11.27)

and
Fgo=Qkofko T VioIKo + Frolp(s™)). (11.28)

11.2.4 The discrete gradient and the diffusion term

In this section we recall a construction of the discrete gradient and of the numerical
flux Fk () proposed in [66]. Let u € Xp, for all K € M and o € Ex we define

VKJU = VKU + RK’UU ‘Ngg, (1129)
where .
Viu=—— m(o)(u, — ug )Nk, (11.30)
) 2
and

(g —uxg — Vigu- (X, —Xg)). (11.31)
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Note that the stabilizing term Ry, is a second order error term, which vanishes for
piecewise linear functions. We define the discrete gradient Vpu as the piecewise constant
function equal to Vg ,u in the cone Dk, with vertex xx and basis o

Vou(x)|xepg., = VK. oU-

Let u = (u”)ne{1 Ny € Xp s, taking into account the time discretization, we define the

.....

discret gradient Vp s;u(x,t) by
vDﬁtu(X? t)|t€(tn71:tn] = vDun(X)a (11'32)

forallx € Qand alln € {1,..., N}. For an arbitrary v € Xp the numerical flux Fx ,(u)
can be defined through the following discrete integration by parts formula

Z (VK — Vo) Fro(u) = Z m(Dk o) KxViou- Vv for all v e Xp, (11.33)

o€k o€k
which in particular implies that
Z Z (VK — Vo) Fro(u) = / KVpu-Vpv dx for all v € Xp. (11.34)
KeMoelk Q

The explicit form of Fx, can be obtained by setting vx — v, = 1 and vg — v, = 0 for
all o' # 0. We refer to [66] for more details on construction of Fx, and its practical
implementation. Next we state without proof three results from [66].

Lemma 11.1 (Strong consistency). Let D be a discretization of €2 in sense of Definition
11.1, moreover let 0 > 0p be given. Then for all v € C*(Q), there exist a positive
constant C' only depending on d, 6 and ¢ such that

IV i Pptp — Vip(x)| < Ch for all x € K (11.35)

and also

VD Ppyp — Vibl| (oo (yye < Ch. (11.36)

The following lemma, which is the slightly modified version of |66, Lemma 4.1] shows
the equivalence between the semi-norm in Xp and the L2-norm of the discrete gradient.

Lemma 11.2. Let D be a discretization of Q2 and let 0 > 0p be given. Then there exists
m >0 and M > 0 only depending on 6 and d such that

m|v|xp . < |Vovleky < Mvlxy o for all K € M for all v € Xp.

Lemma 11.3 (Discrete Poincaré inequality). There exists a positive constant C, inde-
pendent of the mesh size hp such that

| p seul| 22y < Clulxy, for all u € Xp. (11.37)

Proof : The result follows from Lemma 5.3 of [66]. O
The direct consequence of (11.33) and Lemma 11.2 is the lemma below.
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Lemma 11.4. Let u,v be an arbitrary couple from Xp, then there exist two positive
constants C, Cy independent of the mesh size such that

Z (UK - U0>fK70<u) < CI‘U|X’D,K‘U’XD,K (11'38)
o€k
and
D (uk — o) Freo(u) > Colulk, (11.39)
oK

Lemma 11.4 implies the following useful technical result.

Lemma 11.5. Let D = (M, E,P) be a discretization of 2, let ¢ € Qp and u € Xp.

Then
Z Z Ix.0F K0 (u)| < Cilulx,, (Z Z ) : (11.40)

KeMoelk KEMO’ESK

Proof : Let K be an element of M, setting vx = 0 and v, = fx, in (11.38) we

obtain
mi\o
5 ot < e 3 500 )

oefk o€k K,o

N|=

Proceeding the same way for all K € M we get

Z Z Ix.oFKo(u)| < Z ZqKO'FKU

KeMoeli KeM |oelk L
2
<00 3 v (3 5%
KeM o€l
We use the Cauchy-Schwarz inequality to complete the proof. 0

Lemma 11.6. Let D = (M, E,P) be a discretization of S0, let v € Xp then there exists
a positive constant C' independent of the mesh size such that for allm € {1...N}

< Clolxp (Iplxp +1)-

373 ok = )G (@ F () + (Vg 3 51

KeMoelk

Proof : In view of (11.24), (11.27) and (11.28) we have that

S 3 Wk = 0)9 Qo f) + (Vi s 82) = Ty + Ty + T,
KeMo€elk
where
- Z Z(UK — Vo) VK 0IK,0
KeMoe€lk
- Z Z(/UK_UU)f?(,UfI’%JgK,U
KeMoe€k

= Z Z (’UK — UO—)A?(fK,U(pn)f;é,a

KeMoelk
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In view of (11.20)
= > > mo) vk = )7k Kig ko
KeMoelk

Remark that for all K € M and o € £k one has m(o)dk , = m(Dg)d, where d is the
space dimension. Using Cauchy—Schwarz inequality

K_UO’ Z Z dKU )2|g|2K2

KeMoeky KeMoeEg (11.41)
<K ?|gl'm(Q )d||7||%oo((o,1))|v|§<p‘

In the same way

(Tz)z <K 2|g|2m(9)d||f||%oo((o,1))||f||%<>o((o,1))|U|§(D~ (11.42)
Applying Lemma 11.5 to the term 75 we obtain

(@) < oy Y D T2 (Nielow = vo)fit,)’

KeMoeeg 1 (11.43)
<M 0 1 F 17 (o 121 p 105 -
Gathering (11.41)-(11.43) we complete the proof. O

Finally we present the technical lemma which is used in the proof of the a priori
estimates.

Lemma 11.7. Let @(s) satisfying the hypothesis (H1) and let the function ® be defined

by
B(s) — / o(7)dr (11.44)
0
Then,
T(p(s))” < B(s) < (11.45)
2L - -2 '
Proof : The function ¢ is invertible, then setting £ = 30(7') in (11.44) gives
o(s) cde 1 [e0)
@s:/ —2—/ £de = ——(o(s))2.
(5) 0 ¢ (p=1(8)) Ly Jo 2L oz, P
On the other hand i 7
P(s) < Lw/ Tdr = —£5°.
0 2
([l

12 A priory estimates and existence of discrete solu-
tion
12.1 A priori estimates

Definition 12.1 (Approximate solution). Let D be a discretization of 2, N € N* and

.....
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an approrimate solution of the problem (10.5)-(10.9) if for alln € {1,...,N}, (s",p")
satisfies (11.16)-(11.18). We also denote by sp s and pp s the function pair defined by

spst(x,0) = s% for allx € K, (12.1)

spst(x,t) = sk for all (x,t) € K X (t,—1,t), (12.2)

spst(x,t) = s for all (x,t) € 0 X (ty_1,1n] (12.3)
and

post(X,t) = D for all (x,t) € K X (tn_1,t,], (12.4)

post(x,t) = ply for all (x,t) € 0 X (tp_1,t,]. (12.5)

Remark 12.1. In general the capillary diffusion ¢(spst) is more reqular that sps and
it is easer to work with the function @p s, thus the element vp s = ¢(spst) of Xpsto
can be considered as a set of primary discret unknowns. We also define the function

@D,at(xa t)
opsi(x,t) = (sps(x,t)) for all (x,t) € Qr. (12.6)

Theorem 12.1 (A priori estimate). Let (spst, ppst) be a solution of the discrete problem
(11.16)-(11.18). Then there ezists a positive constant C' independent of hp and 6t such
that

V.5t 5t | Lo (0.1:02(9)) + ||9D,5¢ | Lo (0.1:0200)) + (| VD,se0p.6t ]| 12000y < C- (12.7)

Proof : Pressure equation. In order to obtain the estimate on the first term in
(12.7) we use p™ as a test element in the pressure equation (11.16), which implies

S Wk - PN Fro(P") + G piro) = > m(E )i (Kl + kD g). (12.8)

KeMoely KeM

Let us first estimate the term T¢ = >\ > o oce, Pk — P5)E€k » 9K .0+ In view of (11.20)
we deduce from Cauchy-Schwarz inequality that

(Te)? =() Z (i — Py - &  Kig)?
KEMO’EEK
Z Z dKU |KKg|§Ko—) .

KeMoelk Ko KeMoeli

<

Then, in view of the assumptions (H2), (H3) and (Hap), and also thanks to (11.4) and
Lemma 11.2 we deduce that

Te| < dm(Q)K|gll1€ | Lo (0,0 | V.0 1) || 200 - (12.9)

In view of (11.7) and (12.4) the right-hand side of (12.8) can be written as

S Wk K+ K = 3 / / st (%, 1) (ko (%, £) + ko, 1)) dxdt

KeMm KeM



64 A PRIORY ESTIMATES AND EXISTENCE OF DISCRETE SOLUTION

Applying Cauchy-Schwarz inequality and the discrete Poincaré inequality (Lemma 11.3)
we obtain

> m(K)pie(ky s+ ki x) < ot (s ta) L2l w + Foll L0722
KeM

< ClVopsppsi(- ta)ll2@ | kw + Koll Lo (0,7:12(0))-
so that in view of (Hs),
S mU i K + Kise) < Ol st (12.10
KeM
Gathering (11.39), (12.8), (12.9), (12.10) we obtain
MVpappsi ta)lizg < > D 0k = PN Fro(P") < ClIVpsippsi ()l 20
KeMoelk

with some positive C'; the proof of the estimate on the first term of (12.7) is complete.
The estimate on the other terms of (12.7) can be obtained by setting w™ = ¢(s") in the

saturation equation (11.17) and summing over n € {1,...,m}, which yields
3 sk - RS Y S (k- el
n=1 KeM n=1 KeMoe€x
m
=D > dtm(K)gickix
n=1 KeM

We define the terms

To=>)_ 0t(pk — 03)G(Qk o f () + V(9K 55: 55)-

and

; D D 0tk — o) Fra(ols™):

1 KeMoelk
Accumulation term. Remark that using the notations of Lemma 11.7

n

B(si) — (1) = Pe(s — i) + / (o(r) = gh)dr.  (1211)

n—1

K

Since the function ¢ is increasing, the second term in the right-hand side of (12.11) is
negative, which implies that

T2 Y wE)(@(sk) — (i) = Y wEK)R(sg) = Y w(K)P(sk)).

n=1 KeM KeM KeM

It follows from (11.45) and the assumption (Hs) that

LSD 0\2
1> 3w -2 Y )

“DKEM KeM

WLy,

——lepst (s tm) 720y — 5= 5Dt (- 0) 720y

> —
_2L 2
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Convection term. In this subsection we use the simplified notation
Ok ola,b)=G (Q% IO RLTE )9K.;a,b) for all a,b € R. (12.12)

For all K € M,o € £k and s € R we define the function

G0 (5) / Ok o (7, 7)¢ (T)drT, (12.13)

which is such that

nK(r(SK) TIL(,U(SZ) - (805[;(( - @U)g?(,o(sK7 SU)

+/ (Gp o (7. 7) = Gt o (5K, 50)) ¢ (T)dr. (12.14)

In view of (11.25) the second term on the right-hand side of (12.14) is negative, which
implies the following estimate

Te>Y 3 Y 0t (Gh,(sh) = G () -

n=1 KeMoefk

In view of (12.12), (12.13) and (11.25) we have that

o) ~ Gl 68 = @l [ 1000 40 [ )

n
So o

It follows from (11.16) and the hypotheses (H1), (H2.) that

ZZQKU/nf (r)dr = Y m(K)(kp  + ki / f(r) (1)dr > 0,

KeMoelk 5o KeM

where we have set

o = /0 Y (r)dr and ot = /0 " ) (P

Therefore we have that

Y S g / (P (r)dr

n=1 KeMoelk

TL

Z Z v(7)' (T)dT Z IK.o —Z(St Z Z gKa/ (1)’ (T)dT

Kem0 oK n=1 KeMoecEx

In view of (11.21), (11.22) and using the homogeneous Dirichlet boundary condition we

obtain
T, > thz D gKU/

= KeM0<i<j<JoelkNly ;

Therefore
To>-2T Y m(Ti)KlglLelvl o) (12.15)

0<i<y<J
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Diffusion and source terms. It follows from the equality (11.33)

Tp > KHVD,&SOD,&H%Q(QT)'

In view of the estimates on 73 and Tp we deduce that

2L HSOD&HLOOOTLZ(Q) +KHvDétSOD6tHL2(QT

WLy
< —||smt ”LQ +Z Z otm(K)pike i — Te-

n=1 KeM
(12.16)

Applying Cauchy-Schwarz and Young’s inequality to the last term in (12.16) leads to

w
2L H@D,ét H%"o (O,T;L2(Q)) + KHVD,(;I‘,SOD,(% H%2(QT)
%)
wL

< —||<Pmt||L2 @n T 5 ||/ZC ||L2(QT + 5 lspa( 0)llz2(0) 0T
aT _L
< 7”%0D 6tHL°° OTLQ(Q) Hk ”L2(QT) +— HSD&t( )”L2 OTC
Setting € = w/(2T'L,,) we complete the proof. O

Remark 12.2. Remark that the partitioning of €1 in to the set of homogeneous media
(),equ,...ny serves to control the term Tc in (12.15). Therefore if the gravity effects are
neglected the assumption (Ha,) can be weakened.

12.2 Existence of a discrete solution

.....

satisfying the variational discrete problem. The existence result makes use of the topo—
logical degree argumentation [[55], Theorem 3.1].

Theorem 12.2. The problem (11.16)-(11.18) has at least one solution.

Proof : In view of Remark 12.1 the discrete problem (11.16)-(11.18) can be written
as a system of 2N (card(M)+card(E)) nonlinear equations Hp 5:(p, p) = 0. For v € [0, 1]
we define

= [7(s) = vf(s), - &"(s) = v&(s),
= 7(s) = vy(s), - M(s) = vA(s) + (1 —v)A
and we consider the following extended problem
-V -K (A ( ) —&"(s")g ):k +k, in Qx(0,7), (12.17)
q” K\ (s")Vp” —¢&"(s")g) in 2x(0,7), (12.18)
DBV (W) 0 ()K) — V- (KV(s) =k, in 9% (0.T),  (1219)
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together with initial and boundary conditions (10.8), (10.9). We denote by Hp, 5,(¢,p) =
0 the corresponding discrete problem and (44, 5, pp 5;) its solution, which satisfies the a
priori estimates (12.7) instead of (¢p s, ppst). Then, there exists R > 0 such that

(Vs Phot) € Br = {(u,v) € X3 50, HVD,(StuH%Q(QT) + ”VD,éth%?(QT) < R}

for all v € [0,1]. Therefore for any v € [0,1], (¢ 5, 0% ) does not belongs to 0Bk,
which implies that the topological degree of H7’575t(¢,p) with respect to Br and right
hand side 0 is constant. Remark that for v = 0 the system (12.17)-(12.19), becomes
uncoupled

~V -KAVP? =k, +k, in Qx(0,7T), (12.20)

0
w%it — V- (KVg(s®) =k, in Qx(0,7T). (12.21)
We first remark that since the equation (12.20) does not contain s. It follows from [66]
that the discrete problem corresponding to (12.20) and (10.9) admits the unique solution
Ph.s: ; moreover the existence and uniqueness of ¢}, 5, satisfying the discrete version of
the problem (12.21), (10.8) and (10.9) has been shown in [10] where a family of schemes,
containing in particular the SUSHI scheme was applied to a scalar parabolic degenerate
convection-reaction-diffusion equation. Consequently there exists the unique solution
(DD st»¥ps) to the problem HJ 5 (4,p), and the corresponding topological degree is
equal to =1. From the homotopy invariance of the topological degree we deduce that
here exists at least one solution to Hp 5(¢, p) = 0. O

13 Estimates on space and time translates

13.1 Estimates on space translates

We state here an estimate on space translates, which is a consequence of the a priori
estimate (given by Theorem 12.1), Lemma 11.2 and [10, Lemma 3.4, Lemma 6.5] (see
also the basic article |66]).

Lemma 13.1. Let D be a discretization of Q and let 5t = T /N > 0 with some N € N* ;
let (sp.st, Do) € Xp g0 be a solution of the discrete problem (11.16)-(11.18). We recall
that the function pp s is defined by op s:(x,t) = @(spst(x,t)). Let also 0 > 0p be given,
then there exist C' > 0 and p > 0, which depend on 6, but does not depend on mesh and
time step size, such that

lepsi(- +¥,°) — epstllL2@ixory < Clyl”,

taking pp s = 0 outside of Qr.

13.2 Estimates on time translates

To begin with we state without proof two technical lemmas which will be useful for
proving the estimate on time translates.
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Lemma 13.2. Let T > 0, 7 € (0,T), N € N*, t = T/N be given and (a"),en+ be a
family of non negative real values. Let [s] denotes the smallest integer larger or equal

to s. Then
T—1 N
/ S cd<rYan
O [t/8t]41<n<[(t47)/5¢] n=1
Lemma 13.3. Let T > 0, 7 € (0,T), N € N*, 6t = T/N, ¢ € [0,7] be given and

(a™)nen+ be a family of nonnegative real values. Let [s| denotes the smallest integer
larger or equal to s. Then

T—1 N
/ 3 A0/ gt < 75 g
0

[t/6t]+1<n<[(t+7)/dt] n=1

Next we prove the estimate on differences of time translates.

Lemma 13.4. Let D be a discretization of Q and let 0t = T /N > 0 with some N € N*;
let (spst,ppst) € Xp g0 be a solution of the discrete problem (11.16)-(11.18). Let also
0 > Op be given, then there exists a positive constant C' only depending on 6 such that

/ (Pt +7) — opn(x,£))? dxdt < Cr (13.1)
Qx(0,T—7)
for all T € (0,T).

Proof : The discrete saturation equation (11.17) yields

Y wK)wk(sy — i) =

KeM
=0t Y Y (wi = wr)G(Q o () + ()01 5T 57) (13.2)
KeMoelk
— ot Z Z (Wi — We) Fro(p(s™)) + ot Z m(K)wgk] f.
KeMoefk KeM

for all w € Xpp. In view of Lemma 11.6 and Lemma 11.4 one has

[ wE)wr(sh — s )]

KeM

(13.3)
< Cdt‘w‘XD<|pn|XD + ’(pn|XD + 1) + o0t Z m<K)kaZ},K'
KeM

Next, applying the Cauchy-Schwarz and discrete Poincaré inequality (cf. inequality
(11.37)) to the last term of (13.3)

| Y w(K)wic(sk — s3]
KeMm | (13.4)
< Cotjwlxy ([p"|xp + 19" x5 + 5 1Kol 2@ x 11 ) +1)-
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In view of hypothesis (H;) we obtain
1 T—T 9
L_/ / (ppot(z,t+7) — pper(z,t))” dxdt
¢ Jo Q

1 T—1 2
_ L_/ Z o(K) <S0%t+7')/5ﬂ B 90%/&]> gt
® J0 KeM

T—1
< / Z w(K) (gp%ﬂﬂ')/&] _ w;/&ﬂ) (S%Hrr)/éﬂ _ SE/&]) dt
0 Kem

T—1
= /O Z Z w(K) (@%H—T)/&ﬂ _ @E/dﬂ) (87}( B 37;(_1) gt

[t/6t]+1<n<[(t+7)/6t] KEM
For a given 4t and for all real ¢ and 7 we define the following set
n(t,7)={neN, [t/ot] +1<n < [(t+71)/0t]},

which can be empty. Then, in view of (13.4), Lemma 13.2 and Lemma 13.3 we obtain

1 T—1
L_/ /(gppﬁt(x,t +7)— (,0[)75,5([[','[;))2 dxdt
¢ Jo Q

T—1
< C/ Z St (’(p((t+‘r)/5ﬂ‘XD + ‘So[t/éﬂlXD)
0

nen(t,r)
n n 1
(1o +16"lxo + 5 Mol + 1)
T—1
<c / S ot(plernrp
0 nen(t,r)

n m 1
Heo M ey + 10" B + 10" + 5 ol 2@t + 1)

N
n v :
<cry o <|90 %, + 1P %, + anko“%ﬁ(ﬂx(tnq,tn)) + 1) '
n=1

Finally we use Theorem 12.1 and the hypothesis (Hg) to complete the proof. O

14 Convergence result

This section is devoted to the proof of the following theorem:.

Theorem 14.1. Let © be a sequence of discretizations of Q) and such that there exists
a positive constant 0 satisfying Op < 6 for all D € ®. Let 6t be a sequence of real positif
numbers, such that T /5t € N for all 6t € 6t and such that 0t tends to zero along ot. Let
(s2.6t, Post) = (87_)75t,p1)75t)D€©75t€5t be a sequence of approximate solutions corresponding
to ® and 0t, and let pp s = ©(Sost). Then there erists a subsequence of (So st Do.ot)s
which we denote again by (Sos56Post), such that sps — s strongly in L*(Qr) and
pp.st — p weakly in L*(Qr) as hp, 6t — 0, where (s,p) is a weak solution of the problem
(10.5) — (10.7).
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14.1 Relative compactness of pg s

The relative compactness of ¢g 5¢ follows from Theorem 12.1 and the estimates on
time and space translates. Indeed, let us prolonge ¢p s; by zero outside of )7 and remark
that we may prolonge as well Vp s510p 5 by 0 outside of Q7. The Fréchet-Kolmogorov
Compactness Theorem implies that the family g s is relatively compact in L*(Qr),
which yields in turn that ¢g s contains a subsequence strongly converging in L*(Q7)
(and also in L*(R% x (0,7))) to some ¢ € L>=(0,T; L*(R%)). In view of (12.7), we deduce
that (Vpst0D.6t) peo siesi 15 Weakly relatively compact in L*(R? x (0,T)) and it can be
shown (see [10, Theorem 7.1] and [66, Lemma 4.2]) that Vp siopse — V¢ weakly in
L*(R4 x (0,7)). Thus ¢ € L*(0,T; H'(R%)); since ¢ = 0 for all x € R%\ €, it follows
that ¢ € L*(0,T; H} (2)).

14.2 Weak relative compactness of pyp s

Since the pressure equation does not involves any time derivatives on p, we can not
obtain any estimate time translates. Nevertheless, Theorem 12.1 and discrete Poincaré
inequality implies that pg s is bounded in L>°(0,T; L*(€2)). Then up to a sequence pp s
converges weakly in L?(Qr) (and once again in L?(R% x (0, 7)) taking pp s: = 0 outside
of Qr) to some p € L>(0,T; L*(R?)); moreover using same arguments as for op 5, we
deduce that Vp sippsi — Vp weakly in L*(R? x (0,7)) and p € L*(0,T; H} (Q)).

14.3 Saturation equation
The assumption (H;) implies that

|sD.6¢l| oo (0,522 (02)) < M(Q) + [[0p,5¢ || Lo (0,7522(02)) -

Therefore in view of Theorem 12.1 and we have that {sps} contains a subsequence
(denoted again by {sp s }) such that sp s converges to some s € L>(0, T; L*(Q)) strongly
in L*(Qr) as hp,dt — 0. It remains to show that (s,p) satisfies the integral equalities
(1v) of Definition 10.1, for this purpose we introduce the function space

U= {yeCH@x[0,T]), =00n2x[0,T], ¥(-T)=0}.
Taking an arbitrary ¢ € ¥, we define the sequence of elements of Xp g
YY" = Ppy(-,t,) for allm € {1,..., N},

which implies ¢¥% = ¥(xg,t,) and ¥ = (X,,t,). Setting w™ = ¢"~! in the discrete
saturation equation we multiply it by the time step 6t and we sum over n € {1,..., N}
to obtain

where
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Tc—zét DD W =G Quo f () + (V9K 03 ST 55)

n=1 KeMoelk

Tp = Z(St o> W =) Frolels™)

n=1 KeMoe€lk

Ts = Zat > m(E)E kD

n=1 KeM

and

14.3.1 Time evolution term

Using discrete integration by parts and the fact that ¢(x,7) = 0 we obtain

Z Z &Sk — Z w(K)Y%.s%.

n=1 KeM KeM
Clearly

Z K)%.sY —>/ ¥(x,0)s0(x) dx;

KeM

next we define

T =33 W)W — o)l - / / s(x, i (x, 1) dxdt,

n=1 KeM

tn
and we add and subtract / / sgby(x,t) dxdt in each term to obtain
K

=2 > m(K)s; / (Wn(xxc, 1) — W(x, 1)) di

n= 1 KeM
/ / spst(X, 1) — s(x,t)) (%, t) dxdt.
In view of the regularity of 1) we have that for all x € K and all K € M it holds

[V (%K, 1) — (%, )| < Chop.

Since sp s is bounded in L>(0,T; L*(€2)) the first term in (14.1) tends to zero as hp, 6t —
0. Further, since [¢(x,t)| < Cy, the second term in (14.1) also tends to zero in view of
the strong convergence of sp s;.

(14.1)

14.3.2 Convection term

Using the notation of (11.28) we split T¢ into Te = T + T with

T4 = Z(St D> W = Qoo

= KeMoe€k

TC_Z& DO W = ke Vi,

n=1 KeMoelk
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First we study the limit of the term T3, which can be written as T3 = TZ! + T#,

T2 _Zét S W = ko

n= l KeMoelk

T2 _Zat Yo > Wk = ke (ke — TR):

n=1 KeMoelk

Using (11.20) and (11.30) one has

T2 Zét > viKkg- <Z m(o)( }?1—1#?1)1%0)

n=1 KeM €€k

=—ZZ/ | AspaKe: Tiw.

n=1 KeM " tn-1

We deduce from the regularity of ¢y and Lemma 11.1 that
V™ = Vi(x,t)] < C(hp + 6t)

for all (x,t) € K X (t,—1,t,), which implies in view of the strong convergence of sp s to
s and the Lipschitz continuity of + that

T
T2 — —/ / v(s)Kg - Vi dxdt
0 Q

as 0t and hp tend to zero. Next we show that limy,, 5.0 72> = 0. Thanks to the regularity

of ¢ we have
[k — U] < Cylxx — %] < Cypbpdi o, (14.2)

therefore in view of (Hg) and (Hyp) there exists a positive constant C' such that

=D ot > mlo) Wi = Y Krg(i, — k)

n= 1 KeMoelk

<C’Z(5t Z Z o)dk o Vg e — Vil

n=1 KeMoe€lk

72

Remark that S (Q% ,f(-) +v(-)9k.o: Sk, s%) € [min(s}, s7), max(s}, s%)] therefore in
view of (11.26) and the Lipschitz continuity of v we obtain

|T§2|<025t > mo)dielsk — snl.
n=1 KeMoelk
The Holder continuity of function ¢! (the assumption (H;)) implies that

N
722 <CY Y Y dtmlo)di|ok — ¢yl

n=1 KeEMocelk

<c <Z S°Y btm(o nglgoKT’%!")

n=1 KeMoefk
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Applying Holder inequality we obtain

N n n
T# <C (Z D 5tm<a>dK,a|“”’<T;“”<f|2>

n=1 KeMoefg

B
(Z Z Z (0tm(o)dk o) §/2> hS,

n=1 KeM o€efgk

o

where & + 3 = 1. Using the a priori estimates we finally obtain that
1_,
TE?| < C(dm()T) 2 [l ., hD.

where C' = Cy0pL,H,K|g|. Thus, lim,, .o TZ = 0. Next we show that

Tw/ [ HEK O Vp ~ () - Vo i

as hp,dt — 0. In view of (11.27) we can write T} as TL = TA + T2 + T2, where

T = Z5t Z Z fKongchra

n= 1 KeMoelk

=Y 0 Y Y W v

n= 1 KeMoelk

g —Zét D > W = U ATk () (fieo — f0)-

n=1 KeMoelk

Using the same arguments as for the term 72 one can show that

T — — / /f s)Kg - Vi dxdt.

It follows from (11.34) and (11.32) that the term T:* can be written as

T = Z/ / (spst) f(sD,5t) KVpsipp s - Vo™~ L axdt
tn 1

The regularity of ¢ combined with Lemma 11.1 implies that
HVDQﬂn( ) VQﬁ(X t)” Loo(Q))d < C(hp + (St) (143)

for all (x,t) € K X (t,—1,t,). In view of the Lipschitz continuity of the functions A and
f, also in view of the weak convergence of Vp s:pp st to Vp we conclude that

T52—>/ / s)KVp - Vi dxdt.

It remains to show that T2 tends to zero as hp, ¢ — 0. Thanks to Lemma 11.5 the term
T!? can be estimated by

(TE)? < CRIVpsepllizop) Zét > Z w2 (fr, — fR)?

n=1 KeM UESK
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which implies

(TE)? < CRCR0B M7 (0.0 I VD3P 32000 Zét D mlo)dko(fie, — fi0)*.

n=1 KeMoe€ly

Using the same arguments that for the term T2* one shows that |72} < Ch® — 0 as
hD — 0.

14.3.3 Diffusion term

In view of (11.36) and (11.33) one has

Tp _Z / / KVpp(s™) - V"=t dxdt.

In view of (14.3) and since Vp siops — V(s) weakly in L?(Qr) we deduce that the
term Tp tends to fOT Jo KV(s) - Vo dxdt as hp, dt tend to zero.

14.3.4 Source term

In view of regularity of 1) and thanks to the definition (11.7) of k ;c one has

i > stm(K)i 116%%/ /¢/<: dxdt

n=1 KeM

as hp, ot — 0.

14.4 Pressure equation

Setting v™ = ¢" in the discrete pressure equation (11.16) we multiply it by the time
step 0t and we sum over n € {1... N}, we obtain

ZZ Z5t¢K WLQKU—ZZ(S”” ki + ko)

n=1 KeMoefk n=1 KeM

Replacing fz , by 1 in the definition of T} allows to conclude that

ZZ Z‘St%( Vg ) Q% —>// s)KVp —£(s)Kg) - Vi dxdt.

n=1 KeM o€k

It is also clear that

Z > stm(K kaZK%/ /wk dxdt

n=1 KeM

as hp,0t — 0. We deduce from the density of the set ¥ in the set {¢p €
L*(0,T; HY(Q)), vy € L>®(Qr),v(-,T) = 0} that (s,p) is a weak solution of the conti-
nuous problem (10.5)-(10.7) in the sense of Definition 10.1.
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15 Numerical experiments

In this section we present some numerical results obtained using the scheme.

7

0.9

ARSAERRrE e
A ayvglien g\,
IS 7N S T2
EitE s
ESTimRIERRiEs
e Rnvi AR (B
iRyl

S
W em ==ad

E\

0.8

y

dilRw
1

0.7

L)

[/
a

0.6

el wgyhaw:

i

T L

0.5

)
-

\/

0.4

Wi any g
Y
AT
Sl
af
\ 7/
|7
<]
s
()

I
L]
)
E
\/

)

0.3

Wiyra
A
g

0.2

B
e
]
L]
| ]

SRl

0.1

[T L L L O W A
NSNS NENEREE

|
[
\
[
\
[
|

FI1GURE 10 — 20 x 20 orthogonal, randomly perturbed and Kershaw meshes

15.1 Five spot problem I

We consider the quarter five spot problem, which is the model problem in oil re-
covery ; more precisely we consider a two dimensional horizontal (gravity is neglected)
domain © = (0,1)?, which is initially saturated in oil (so = 1 in Q). The oil-phase is
then displaced by water, which is injected at the lower left corner ; the production well is
placed at the upper right corner. Assume that the oil-phase and water-phase mobilities
and capillary pressure are respectively defined by

Ao(8) = S—, Aw(S) = (1=s) and 7(s) = % . i S
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The effects of wells are modeled by terms on the right-hand side of (10.5) and (10.7)

ko(s) = f(S)a" + f(s)q

and
kw(s) = (1= f()a" + (1 - f(s)a,
where ¢© = ¢T(x,t) and ¢~ = ¢~ (x,t) denote the production and the injection rates.

The value 5 is the oil saturation of an injected fluid, which is set to s = 0. We assume
that ¢ and ¢~ are Dirac functions

¢"=6d(x)and ¢ =d(x —(1,1)).

We recall that due to the fact that ¢’'(0) = 0 the water front propagates with a finite
speed. We consider three types of meshes, namely the square mesh, the randomly per-
turbed quadrangular mesh and the Kershaw mesh (see Figure 10). For each type of mesh
we also consider three different resolutions 20 x 20, 40 x 40 and 80 x 80 elements; the
meshes are constructed in such a way that the regularity parameter #p remains almost
constant for each class namely 6p = 2v/2 for orthogonal meshes, #p ~ 30 for random
and Kershow meshes.

Figure 11 represents the water-phase saturation profile along the diagonal
((0,0),(0,1)) at time ¢ = 0.6 for the family of orthogonal grids. Note that in this case
the hybrid discretization of the diffusion operator is equivalent to the classical two-point
flux approximation scheme. Since the exact solution is not available for this problem we
compare the results obtained using "bad" (randomly perturbed and Kershaw) meshes
with the results corresponding to the orthogonal grids (see Figures 11-12). We first re-
mark that the solution obtained on the square and randomly perturbed meshes are in
very good agreement. However the Kershaw mesh seems to be more challenging. The
corresponding numerical solution has a non negligible deviation from the reference one,
which we believe is due to the mesh orientations effects breaking the symmetry of the
solution (see Figure 13). A positive point is that for a sufficiently small mesh size the
speed of the water front propagation is correct.

0.9F 0.9F

0.8 0.8
0.7F 0.7F
0.6 0.6
05F 05F
041 041

0.3F 0.3F

0.2 0.2

card(M) = 20x 20
0.1F| —=— card(M) = 40x 40
card(M) = 80x 80
n n

Square mesh

0.1r| — = — Random mesh

—v— Kershaw mesh
n n

I n o = I A "
0 0.2 0.4 0.6 0.8 1 12 0 0.2 0.4 0.6 0.8 1 12

FIGURE 11 — Water profile at time ¢ = 0.3 and ¢t = 0.6 for a family of orthogonal meshes
(left) and the same profile for three type of meshes with 20 x 20 elements (right)
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09 ¥ 0.9F

0.8F 0.8f
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0.3 0.3

02 02l

Square mesh

0.1r| — = — Random mesh

— = — Kershaw mesh
n n

Square mesh

0.1 | — = — Random mesh
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n n

I I " | n ; :
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FIGURE 12 — Water profile at time ¢t = 0.3 and ¢ = 0.6 for three type of meshes with
40 x 40 elements (left), 80 x 80 elements (right)

FIGURE 13 — Oil saturation at time ¢ = 0.6 using 40 x 40 randomly perturbed (left) and
Kershaw (right) meshes

15.2 Five spot problem II (Heterogeneous and anisotropic me-
dium)

Next we consider two test cases proposed in [91]|, which allow to investigate the
qualitative behavior of the scheme in the case of anisotropic and heterogeneous absolute
permeability tensor K.

First we assume that the porous medium is homogeneous. The absolute permeability
tensor K is defined by K = RyDRy, where

1 0 . [ cost —sinb
D= ( 0 1073 > with Ry = ( sinf  cosl )’

for all real . First we set § = w/4 and we present on Figure 14 the approximate
water-phase saturation and the global pressure fields at time ¢ = 0.02. Note that due to
the anisotropy the solution form a relatively fine strip propagating along the direction
(cosB, sind), which is an eigenvector of K corresponding to the value 1.
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FIGURE 14 — Oil saturation (left) and global pressure field (right) at time ¢ = 0.02
(homogeneous case)

FIGURE 15 — Absolute permeability field

Next let us consider a more complex geometry. We assume that the computational
domain Q = (0,1)? is composed of four layers

Ql =QnN {|$1’ —+ |J,’2| < 05}, QQ =QnN {05 < |l’1| + ’1’2| < 1},
Qg =QnN {]_ < |CL’1’ + |l’2| < 15}, Q4 =QnN {|I1| + |ZL‘2| > 15},

which we represent on Figure 15 by different colors. The piecewise constant absolute
permeability field is defined by K(x)|xeq, = K;, with i € {1,...,4} and

Kl - K4 - :R,7T/4D].:{,;r/47 K2 - D, K3 — Rﬂ/QDR;/2

On Figures 16 we present the approximate water-phase saturation and global pressure
field at time ¢ = 0.07. As in the previous case water propagates in the most permeable
direction, which changes at the interface between two different layers.

Remark 15.1. In conclusion to this section we can state that the scheme seems to
be perform well on the distorted meshes and it gives a fairly correct in the case of a
highly anisotropic and heterogeneous absolute permeability fields. In future it would be
interesting to compare our scheme with others methods both in the cases with and without
gravity.
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FIGURE 16 — Oil saturation (left) and global pressure field (right) at time ¢ = 0.07
(heterogeneous case)
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Troisiéme partie

Finite volume approximation for an
immiscible two-phase flow in porous
media with discontinuous capillary
pressure
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Abstract We consider a immiscible incompressible two-phase flow within a porous
medium made of two different rocks. The flow is governed by the Darcy-Muskat law
and a capillary pressure law, that depends on space in a discontinuous way, so that
the capillary pressure field can be discontinuous at the interface. Using the concept of
multivalued phase pressures, we introduce a notion of weak solution for the flow, and
we establish the convergence of a finite volume approximation towards a weak solution.

This work was supported by the GAR MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA,
EdF, IRSN), France.

16 Introduction

16.1 Multivalued phase pressures

Models of immiscible two-phase flows are widely used in oil engineering to predict
the motion of oil in the subsoil. They have been widely studied from a mathematical
point of view (see e.g. [6], |7], [14], [15], [45]) and from a numerical point of view (see e.g.
[44], [50], [51], [48], [71], [90]). In this model, sometimes called dead-o0il approximation,
it is assumed that there are only two phases oil and water, and that each phase is only
composed of a single component.

The governing equations are derived by substituting the Darcy-Muskat (or diphasic
Darcy) law into the conservation equations for both phases, that is that for each phase
a € {o,w} (o corresponds to the oil phase, while w corresponds to the water phase) :

kro(Sa) B
Hole) (9, - pag>) o, (16.1)

where ¢ = ¢(x) is the porosity of the rock (¢ € (0,1) in the domain §2), s, is the
saturation of the phase «, the permeability of the porous medium K is supposed to be
a positive scalar function, the relative permeability kr, of the phase « is a increasing
function of the saturation s,, satisfying kr,(0) = 0 and kr,(1) = 1, pa, po and p,

denote respectively the viscosity, the pressure and the density of the phase o, and g is
the gravity vector. Assuming that the porous medium is saturated, one has

So+ Sy = 1. (16.2)

This relation allows to eliminate the water saturation. We note s := s,, so that s,, = 1—s.

gb@tsa —div (K

Classically (see [95], [77], [78]), it is assumed that the phase pressures are connected
by the equality
Do — Pw = T(8,), (16.3)
where 7 is the capillary pressure function, which is supposed to be strictly increasing
on (0,1).

As it has been stressed in [6], the natural topology for the phase pressures in such a
flow is prescribed by the quantity

> /0 LKWZ—SQ) (Vpa)® dxdt. (16.4)

ac{o,w}
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Note that when the phase a vanishes, i.e. s, = 0, then (16.4) provides no control on
the pressure p, —it is indeed difficult to define the pressure of a missing phase—. As a
consequence, if s, = 0 and pg is known (8 # «), then p, is not defined in a unique way,
but it is multivalued, i.e. it can take any value lower than a threshold value, for which
the phase o would appear. Practically,

Po < pw+m(0) ifs,=0 (16.5)

and
Pw <po—7(l) ifs,=1. (16.6)

We will take advantage of the multivalued formalism in order to deal with the case where
the porous medium is composed of several rock types, and where the functions describing
the porous medium depend in a discontinuous way of space. As it was stressed in [59],
[24], [35], [36], the discontinuities of the capillary pressure function (16.3) have a large
influence on the behavior of the flow, leading to oil-trapping. Several numerical methods
(|62], [60], [40], [61]) have been proposed to approximate this problem, but, to our
knowledge, no convergence proof has been provided for the full problem in several space
dimensions. Indeed, the convergence result stated in [40] holds in the one-dimensional
case, where the problem (16.1)-(16.3) becomes a single degenerate parabolic equation.
In [60], simplifying assumptions are made so that the problem also reduces to a single
degenerate parabolic equation. The scope of this paper is to deal with the two balance
equations (16.1). In the case where the porous medium has smooth variations, it is
possible to show the continuity of p,, in the sense that on each Lipschitz continuous
hypersurface of €2, p, admits strong traces on both sides pq 1, Pa,2, and that these traces
coincide :

Pal = Pa2, for a € {o,w}. (16.7)

If at the level of such a hypersurface I', the characteristic of the medium change in a
discontinuous way, then, unless we have a compatibility condition on the capillary pres-
sure functions (see [38]), the continuity of the pressure can not be prescribed by (16.7),
but one should use the graph formalism :

Pai NPa2 # 0, for a € {o,w}. (16.8)

Note that if the phase pressures are single-valued, then the conditions (16.7) and (16.8)
are equivalent. Moreover, because of the conservation of mass, one has

k a,i\ 91
S kel (g peg) mi=0, (16.9)

ie{1,2}

where K; and kr,;(s;) denote the traces of K and kr,(s) on each side of the interface,
and n; denotes the outward normal to I' with respect to the side i of the interface.

The fact that the phase pressures p, are multivalued when s, = 0 implies that the
capillary pressure functions s — m;(s) must also be multivalued for s = 0 and s = 1.
Thus we introduce the monotonous graphs 7; defined by

[— o0, m(0)] ifs=0,
7i(s) = ¢ m(s) if s € (0,1),
[mi(1), +00] if s =1,
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for : = 1, 2. The capillary pressure graphs admit a continuous inverse functions, denoted
by #;*, which is defined on R by

7l(p) =9 m'(p) if p € (mi(0), m(1)),
1 it p > m(1).

Requiring (16.8) implies that, at an interface where the porous medium is discontinuous,
one has
77'1(81) N ﬁQ(SQ) 7é @, (1610)

where 7(s1) and my(s2) denote the traces of m(s) on both sides of the interface. It
has been shown in [41] and [33] that this interface condition is natural, at least in the
one-dimensional case. But this single relation is not sufficient to deal with the case
of two equations such as in (16.1), and further information has to be given along the
discontinuity lines.

16.2 The model problem and assumptions on the data

We assume that the porous medium €2 is a connex open bounded polygonal subset of
R?, and is made of two disjoint homogeneous rocks €;, i € {1,2}, which are both open
polygonal subsets of R?. We assume moreover, for the sake of simplicity, that 9; N 0
contains a nonempty open subset of 99 for ¢ € {1,2}. We denote by T' the interface
between 2; and €2, i.e.

T =00, NS,

For all functions a depending on the physical characteristics of the rock, we use the
notation a; = a(-,z) if x € Q.

Also remark that as it has been stressed in [37], the gravity plays a crucial role in
the so called oil-trapping phenomenon.

We assume that at the initial time ¢ = 0, the composition of the fluid is known
Sli—o = S0 € L=(;[0,1]). (16.11)

We also assume that both phase fluxes are equal to 0 through the boundary 0 x [0, T]]
where 7" > 0 is a positive fixed (but arbitrary) final time :

k a,i\ 91
K"’M_(S) (VPai — pag) -1y =0, on (921 89) x (0,7). (16.12)

Nevertheless, it should be possible to deal with other types of boundary conditions,
such as Dirichlet conditions on a part of the boundary and Neumann conditions on the
remaining part.

We denote by Qr and @; v the cylinders

QT =0 x (O,T), inT = Qz X (O,T)

In order to control the energy of the flow, we have to make the following natural
assumption on the capillary pressure functions.
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Assumption 1. The function m; belongs to C1([0,1]).
Remark 16.1. As a direct consequence of Assumption 1,
e LNR) and (1-a71 e L'(Ry), i€ {1,2}.

Remark 16.2. For the sake of simplicity we have assumed that the function m; is finite
at s = 0 and s = 1. However it is not difficult to take into account an unbounded
capillary pressure curves, namely m; € C*((0,1)) N L*((0,1)). In order to do so one has
to consider the family of functions =5 € C'([0,1]), such that 75 — m; in L'((0,1)) (see
[38]). It can be shown that the analysis presented below remains true for the limit curves
m; € CH((0,1)).

16.3 Global pressure formulation of the problem

The lack of control on the phase pressures, described in Section 16.1, leads to im-
portant mathematical difficulties. A classical mathematical tool consists in introducing
the so-called global pressure P to circumvent this difficulty. We define, for x € {;

mi(s) kroi(m t(a
A bl @)
o kroi(m(a) + f2krwi(m (a)

e [ krya(m (@)
o /(; k??“wz(ﬂ'i_l(a))_}_%kro(ﬁi—l(a»da' (1614)

The advantage of this fictive pressure relies on the fact that if the domain 2 is homo-
geneous ([44]), or if 2 varies smoothly ([15], [45]), then the global pressure belongs to
the space L>°((0,T); H*(2)). This regularity result does not remain true, as it will be
shown in the sequel, in the case of a discontinuous capillary pressure.

kroi(s)
kroi(s) + L2 kru,i(s)

da, (16.13)

We define the fractional function f;(s) = and we introduce the

Kirchhoff transform

]{57’01 )krwz( ) ’
/ K ka‘rm —|— :uokrwz( )Tri(a)da’ Vs € (07 1)) (1615)

that we extend in a continuous way by constants outside of (0,1). We make moreover
the following assumption on the functions ¢;.

Assumption 2. Fori € {1,2}, the functions g; are Lipschitz continuous and increasing
on [0, 1].

It is well known that the system (16.1)—(16.3) can be rewritten in ;7 under the

form .
¢i0s + div (fi(s)qi +7i(s)g — Vi(s)) = 0,
divg; = 0, (16.16)
qi = —M;(s)VP + (i(s)g,
where
kroi(s)kry.i(s) <kroi(s) kryp.i(s) >
iS:Ki o™ Pw 7 : and iS:Ki : o+ : w | -
7 ( ) <IO P )karo,i<s) + ,U/okrw,i(s) C ( ) Ho p Haw P

(16.17)
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k 0,1 k w,T
The total mobility is defined by M;(s) = K ( r;; (s) | TM’ <3)).

Assumption 3. Fori € {1,2}, the functions M is such that M(s) > ayps > 0.

The boundary conditions on the phase fluxes (16.12) are given by

q; -n; =0, (fi(s)as +vi(s)g — Vgi(s)) - n; = 0, on (02N 0QY) x (0,T).
(16.18)

Concerning the transmission conditions on the interface I', prescribing the rela-
tion (16.10) is not sufficient. It has to be replaced by : there exists 7 such that

S 7?‘1(81) N ﬁz(Sg), (1619)
Pl—Zl(TF) :PQ—ZQ<7T), (1620)

where Z;(p) = [ fi o m; "(u)du. Note that (16.19) ensures that (16.10) holds. Equa-
tion (16.20) consists in requiring the continuity of the water pressure in some weak
sense implying (16.8) for @ = w. On the other hand, adding 7 on both side of (16.20)
leads to the continuity in the same weak sense of the oil pressure.

The conservation of the total mass and of the oil mass give

> qni=0 onT, (16.21)
ie{1,2}
Z (fi(s)di +7i(s)8 — Vipi(s)) 'm; =0 onT, (16.22)
ie{1,2}

where n; denotes the outward normal to I" with respect to 2;.

Since the global pressure P is defined up to a constant, we have to impose a condition
to select a solution. More precisely we impose that

1
m(§;)

ma, (P)(t) = 0, where mo, (P)(t) = /Q Plat)dxforic {12} (1629

We now define a weak solution of Problem (16.16)-(16.23).
Definition 16.1. We say that a function pair (s, P) is a weak solution of Problem
(16.16)-(16.23) if :

1. s € L>*(Qr;[0,1]);

2. ¢i(s), P € L*(0,T; H (S)), with mq, (P)(t) = 0 for almost every t € (0,T) ;

3. there exists a measurable function ™ on I' x (0,T) such that, for a.e. (x,t) €
T x (0,7), (16.19)(16.20) hold ;

4. for all ¢ € C® (ﬁ X [O,T)), the following integral equalities hold :

T
/ > / q; - Vo dxdt =0, (16.24)
0 Q;

ie{1,2}
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/‘/¢ﬁdeﬁ+/¢%w 0) dx

/ / (fi(s)ds +vi(s)g + Vpi(s)) - Vi dxdt,

1e{1,2}

(16.25)

where

We will use several time the following lemma, which ensures that the global pressure
jump Py — P, at the interface belongs to L>°(I" x (0,7)).

Lemma 16.1. The function p — Z,(p)—Zs(p) belongs to C*(R; R), is uniformly bounded
on R and admits finite limits as p — £oo0.

Proof : Define

[ o -0y it p=o

/Opfioﬁil(p)dp if p<0,

then Z1(p) — Zs(p) = T1(p) — Ta(p). Hence, we deduce that if T;(p), Ta(p) have finite

limits for p — +oo, then Z;— 75 also does, since f;(1) = 1. Since Ty, T5 are nonincreasing
functions, it only remains to check that they are bounded. Let p > 0, then

Ti(p) =

02 i) 2 = [ 1fiom 0)=F0ldp 2 Ly, [ 15 o)1y = ~Lylm < Uwe,,

Similarly, for p < 0, one has
0 < Yi(p) < Lyl e -

We conclude the proof of Lemma 16.1 by applying Remark 16.2. 0

17 The finite volume approximation

17.1 Discretization of Qr

Definition 17.1. (Admissible mesh of 2) An admissible mesh of §) is given by a set
T of open bounded convex subsets of ) called control volumes, a family £ of subsets of
Q contained in hyperplanes of R® with strictly positive measure, and a family of points
(k) KkeT (the “centers” of control volumes) satisfying the following properties :

1. there exists i € {1,2} such that K C Q;. We note T, ={K € T, K C (;};

2. Uxer, K = Q. Thus, Uper K =Q;

3. for any K € T, there exists a subset Ex of € such that 0K = ergK . Further-
more, £ = Uger €k ;

4. for any (K,L) € T2 with K # L, either the “length”(i.e. the (d — 1) Lebesgue
measure) of KN L is 0 or KN L= for some o € £. In the latter case, we write
o= K|L, and
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— 52 = {O' € g, H(K, L) - 7;2, g = K|L}, gint = 51 U 52, (C:K,int = (‘:K N gint;
- gext = {U € ga o C aQ}, gK,ext = gK N gext;
*81“:{0'65, H(K,L)GZX%,O':K|L},SK7F:€KQ(€F,’
5. The family of points (xx)ker is such that xx € K (for oll K € T) and, if
o = K|L, it is assumed that the straight line (x,xy) is orthogonal to o.

For a control volume K € T;, we denote by Nx = {L € T;;0 = K|L € Ek,;} the
set of the neighbors and by m(K) its measure. For all o € £ ,we denote by m(c) the
(d — 1)-Lebesque measure of 0. If o € Ek, we note dx, = d(zk,0), and we denote by

Tk o the transmissibility of K through o, defined by Tk, = m(o) If o = K|L, we note

dK,U
dip =d(zk,xr) and T = %‘2. The size of the mesh is defined by :

size(T) = max diam(K),
€

and a geometrical factor, connected with the regqularity of the mesh, is defined by

. m(a)deL
reg(T) = max K|Z )
o= K,int

Definition 17.2. (Uniform time discretization of (0,7)) A uniform time discretiza-

.....

We define 6t = NLH and,Vn € {0,..., N}, t" = ndt. Thus we have t° =0 and t" ' =T.

Remark 17.1. We can easily prove all the results of this paper for a general time
discretization, but for the sake of simplicity, we choose to only consider uniform time
discretizations.

Definition 17.3. (Space-time discretization of Q)7) A finite volume discretization
D of Qr is a family

-----

77777

mesh D, one defines :

size(D) = maz(size(T), 0t), and reg(D) = reg(T).

17.2 Definition of the scheme and main result

For K € 7;, we denote by gk (s) = gi(s) for all function g whose definition depends
on the subdomain €2;, as for example ¢;, p;, M;, fi, Zi, .. ..

The total flux balance equation is discretized by

> m(e)Qy, =0, Vne{0,... N} VK €T, (17.1)
o€€K
with
Mietlhosb) (P — PP) + R (Ceoi 8o 7)1 0 = K|L € €,
ko = MU (Pp o PR) 4+ R (Gt siesTe,) 1 0 € Excr (17.2)

0 if o€ gK,exta
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where My (s, 85 = Mp (s, 8% 1) is a mean value between Mg (s"%)

M (s"). For example, we can consider, as in [90], the harmonic mean

and

MK(8n+1)MK(Sn+1)dK I
M SnJrl’ Sn+1 — K L » )
KJJ( K L ) dLJMK(S?(—H) + degMK(SZ—FI)

The function (g, is defined by (x »(s) = (k(s)g - nk,, where ng , denotes the outward
normal to o with respect to K. For a function f, we denote by R(f;a,b) the Riemann

solver ' I
' ) mingepay f(c if a<b,
R(f:a,b) = { maXeepq f(c) if b<a. (17.3)
The oil-flux balance equation is discretized as follows :

n+1 _on
¢K%m(f{) + 3" m(e)Fptt =0, (17.4)

ogEEK
with

Q?(,o’ fK(g/)fl{yo—) + R(’.)/K,O'j 37;’(’ Sz) + gOK(SKzi_ SOK(SL)
K,L

Fr, = ex (k) — or(Sk o)

if o=K|L € Ex,,

Q%o [k(Gk,) T R(Vkoi Sk Sko) + y if 0e&kr,
K,o
0 ].f o e gK,ext;
(17.5)

where Vi »($) = 7k (s)g - nk,, and 5}‘;“01 is the upwind value defined by

st it Q> 0,

—ntl ntl  gp ool — KIL € Ew

Ske = SI if Q%, <0ando=KI|L € &k, (17.6)
sptlif Q) <0and o € Exr.

The interface values (si,, 75! PEtl PPEY) for o = K|L € & are defined by the
following nonlinear system. For all 0 = K|L € &, for all n € {0,..., N}, there exists
7" € R such that

mott e wg (st ) Nap(sihl), (17.7

g e}

)
Pttt — Z (mptY) = PPt — Zp (w0 ), (17.8)
Ko+t =0, (17.9)
Ftl+ Fpit=o. (17.10)
Moreover, we impose the discrete counterpart of the equation (16.23), that is, for all
ne{0,...,N},
> m(K)PE =0. (17.11)
KeTi
We will show below in Section 17.3 that the system (17.7)-(17.10) possesses a solution.
We denote by X' (D, i) the finite dimensional space of piecewise constant functions up
defined almost everywhere in ); 7 having a trace on the interface I', i.e.
X(D,i) = {up; € L®(Qsr) and for all (K,o,n) € T x & x {0,...,N},

up,; is constant on K x (¢",¢"™], up, is constant on o x (£";¢"*")},
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and by X' (D) the space of the functions up whose restriction WD)‘@ belongs to X (D, i).
iT
We define the solution (sp, Pp) € X(D)? of the scheme by

sp(x,t) = sitt Pp(a,t) = PRttt if (z,t) € K x (", ¢"1],

and, for v € 0 = K|L C T for some K € T, L € T, for t € (t",t""!), the traces

D, (z,t) = siy, SDI,., (z,t) = sTH1

In this paper we prove the following convergence result.

Theorem 1. Assume that Assumptions 1 and 2 hold. Let (D,,),, be a sequence of
admissible discretizations of Qr in the sense of Definition 17.3, then for all m € N,
there exists a discrete solution (sp,,, Pp,) € X(D,)* to the scheme. Moreover, if
lim,,, .o size(D,,) = 0, and if there exists ¢ > 0 such that, for all m, reqg(Dy,) < (,
then up to a subsequence, sp, converges, towards s € L>®(Qr;|0,1]) in the LP(Qr) to-
pology for all p € [1,00), Pp, converges to P weakly in L*(Qr), where (s, P) is a weak
solution of Problem (16.16)-(16.23) in the sense of Definition 16.1.

17.3 The interface condition system

Define, for all 0 = K|L € &r, for all n € {0,..., N},

Pt = Pt — Zye (a ) = PR — Zo(al Y, (17.12)

[ea g

and

Pty = afdt (PRt = PIY = Ze(m) + R(Ckos 3 7 (7)), (17.13)

n+1
where o/t = Ml ) Then, the balance of the fluxes on the interface (17.9)-(17.10)

dK,o'
can be rewritten as

et + QL () = 0 (17.14)
n+l/ n+l 1) n+1 ntl ~—1/ n+l or (st —prorg! (mpth)
Ka(7r )fK (SKU< )) +R<7KUaSK y TR ( ))+ drc.o
s"TY—pporT (a2 t!
FQEE () f (S ) + R 53, 77 (rat)) + et
(17.15)
where
n+1 : n+1
it Q%
Sl (p) = Kl ' 1( p) (17.16)
T (p) if ’}QLU (p) < 0.
We deduce from (17.14) that
prtl o (PR = Z(mpth) + o (PP = Zu(mpth)
o n+1 n+1
n+l ~ n—j—la n+1 (1717)
(CKWSK 77TK ( ))+R<<LmsL77TL (7Ta ))
+ n+1 n+1

+ aj
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and thus that

+1 1 O‘;L(HO‘TI +1 +1 +1 +1
Qs () ZW(PI? — PP — Zg () + Z(n )

QLR i T () — AR R(Cu 5, 7 (rp )

o
n+1 n+1
CYK -+ CYL

(17.18)
As a direct consequence of Lemma 16.1, Q?jj belong to C'(R; R) and admits finite limits
as p — +oo.

Denote by
Ut (p) = QL (1) (fx(re(p) — fL(BL0(p))

+R(Vkoi S5 T (0) + R(Veos sTH, 7L (D))

er (i) — ex o' (p) N er(sp™) —prom; (p)

+ ;
dK,cr dL,U

then W, is continuous on R.

Lemma 17.1. Let (si, 7)) € [0, 12, there exists 77! € [min; 7;(0), max; m;(1)] such
that O (71 = (.

Proof : From the definition (17.16) of 53} (p), since limy, i, x,0) 75 (p) = 0, and

since Q?f; (p) admits a limit as p — min; 7;(0), one has

lim Qi () (fx(5ils () = fL(515 (p) = 0

p—min; 7;(0)
and also

lim  R(ywme; iyt 7y (p) = max yy.(s) >0,  with M € {K,L}.

p—min; m;(0) s€[0,s01]

This yields that

n+1 n+1
lim o) > KK ) el
p—min; m;(0) 7 (p) o dK,O' dL,O’ N

One obtains similarly that ~ lim  ¥”™'(p) < 0. One conclude thanks to the conti-

p—max; 7y (1)

nuity of W7+t O

Proposition 17.2. Let o = K|L € &, and let (s}, 771, PRt PPHY) € RY, then there
exists a solution (w) ™, si 1, spth PRt PRrE) € [min, m;(0), max; m;(1)] x [0, 1]* X R? to

the nonlinear system (17.7)—(17.10).

Proof : Let 77! € R be a solution of the equation W (7”1) = (), whose existence

has been claimed in Lemma 17.1. Firstly, defining s3') = 7' (72™") and s75' =

77 (771, one has directly that

mott e T (sE) NaL(sEhh).
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As it was noticed in Lemma 16.1, the function p — Zx(p)— Z(p) is uniformly bounded.
Hence, the values

QPR + o P 4 apt (Zg(mpt) = Zy (i)

prtlo.—

K,o azﬁ1+_az+1

R (Croi st T (13 1) + R (Cros 57, 7, (w3 )
+ n+1 n+1
Qi +ap
and

prt . O PR A o TP+ of T (Zu(mpt) — Zi(mpth)

L,o T

O/;{—H +a7z+1
R (Creos s i (1511) + R (Cros sp 7z (157))

n+1 n+1
aK- +—aL

+

are finite. It is now easy to check that (72!, s}?;,l, S’L‘j;l, P}Q;l, Pf;;l) is a solution to the
system (17.7)—(17.10) thanks to the analysis carried out above. O

18 A priori estimates and existence of a discrete so-
lution

18.1 L*(Qr) estimate on the saturation

Proposition 18.1. Let (sp, Pp) be a solution to the scheme (17.1)—(17.11), then

0<sp<1 a.e inQr. (18.1)

Proof : We will prove that for all K € T, for all n € {0,..., N},
sttt < 1.
n+1

The proof for obtaining s} > 0 is similar.

Using the definition (17.5) of Fj{'', one can rewrite (17.4) under the form

Hg (S?(-Ha 37;(’ (S7LL+1)L6NK ) (8?(—2_;)0-651(’1—\ ) ( ?(Tal)geg}{> = 07 (18'2)

: : : : n n+1 n+1
where Hy is non increasing with respect to sf, (SL )LGNK , (SK,U)aesK,p

. Making use

of the notations aTb = max(a, b), we obtain that

Hic (55 85T (S5 TD) e (SR g (@), 0, ) S0
We remark that for all K € 7 and for all s € [0, 1] one has

Z m(o)Vk.o(s) = 0. (18.3)

ocelk

Combining (18.3) and (17.1) we have

Hyg (17 L(D)peny s (1>0€5Kw‘ ’ ( ?{J’r"l)ae&() =0
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Hence, using once again the monotonicity of Hx, one obtains

HK (1’ SnKTl7 (SerlTl)LENK ? <81;(T;T1)0'68K,F ’ ( TIL{TUI)UEEK) S 0

Since aTbh is either equal to a or to b, one has

HK< TSR TL (5571 s (5T o ’;{T;)UEgJ <0.  (184)

Next we remark that for any 0 = K|L € & the the equation (17.10) can be written as

n+1 n+1 _

H, (5?1 st (Sﬁl)MeNKuNL , <5M:0)MeNKuNL X M’G)MGNKUNL> =0,

where H, is non increasing with respect to (S%Fl)MeNKuNL , (s%;)MGNKUNL'
(17.9) and using 7;(1) = 0 for 7 € {1,2} we obtain

Thanks to

n+1
H, <17 17 (1)M€NKUNL ) (1>M€NKUNL ’ ( ]\/?:U)MG.N’KUNL> =0

Using the same arguments as for (18.4) one has that

n+1

MeNKUNT, '’ (QMva)MGNKUNL> S 0

(18.5)
Multiplying (18.4) by dt and summing over K € 7 provides, using (18.5) and the
conservativity of the scheme,

S (s = ) m(K) < 3 éxlsk — 1) m(K).

KeT KeT

Ho (3T ST T (53 T1) yenge o, - (550TD)

Since sp € L®(Qr;[0,1]), s) € [0,1] for all K € 7. A straightforward induction allows
us to conclude. O

18.2 Energy estimate

Definition 18.1. We define the discrete L*(0,T; H*(S);)) semi-norm of an element
Up € X(D,Z) by

|UD|§)7,- = 2575 Z TKL( "+1—uz+1 —1—26152 Z TKo "+1—u?<+;) )
n

o=K|L€¢g; n KeT;, o€k r

Lemma 18.2. The following inequalities hold :
~ for all 0 = K|L € &y,

Qe (5320) (el — mac(s3™)) > QU (Zae(mae(5) — Zaclmac(5371)
(18.6)
— forall o € Ekr,

Qs frc (5iy) (mx (k™) — 7)) = Qily (Zr(mr(si)) — Zie () . (18.7)
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Proof : Since fx omy" is a non decreasing function, then function Zx : p fop fxo
T (a)da is convex, so that for all (a,b) € R?,

fromi!(a) (b—a) < Zk(b) — Zk(a) < fromy (b) (b—a).
The inequalities (18.6) and (18.7) follow from the definition (17.6) of E}?F; O

Lemma 18.3. Let us define

Oko(p) = /OP VKo (7?1‘(1(7-)) dr (18.8)

for all K € T and o € Ek. Then, the following estimates hold :
— for all 0 = K|L € &y,

R(vios s sp™) (me (85 — i (s17)) > Gro(mr (s3)) — o (mic(s77))

(18.9)
— forallo € Exr,

R(Vios st sEd) (me(s3h) = 7)) > Gro(mr(sE)) — Gro(mp ). (18.10)
Proof : For any a,b € R one has
Rk T (@), 71 (0)) (@ — b)) = / o (72 () dp

+ /b ® (Vi.oi Tx (), T (0)) = Vo (5 () dp-

(18.11)
We only have to remark that in view of (17.3) the last term in the right hand side of
(18.11) is positive. O

Lemma 18.4. For all K € T, for alln € {0,...,N} and for all 0 € Exr, one has

(er(si™) — er(siy)) STK(STI?H) — ) (18.12)

(o (%) — wr(s5d)) (mre (s — mre(s35)) -

Proof : Assume that sj7) € (0,1), then g (si'y) = {mx(si'})}, thus the in-
equality (18.12) is in fact an equality. Assume now that s?;:,l = 0, then 7"t <
mi(sity) < mr(sEh), and i (sih)) < @i (sp). The inequality (18.12) follows. Si-
milarly, if s = 1, then 7)™ > mi(sit)) > mre (s, and o (siy) > er(si),
leading also to (18.12). O

Proposition 18.5. There ezists Cy, depending only on apr, ming K, p,, fe
max; ||7TiHL1((O’1)) and 2, such that

Y (IPolp + le(s)lp,) < Ch. (18.13)

i€{1,2}

Proof : Multiplying the equation (17.4) by 0tmg(s%") and summing over K € T
and n € {0,..., N} yields, after reorganizing the sum,

A+B=0, (18.14)
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where
N
A = Z Z (ZSKTFK n+1 n+1 _STIL() TTL(K),
n=0 KeT
N
B o= Yot Y mlo)Fr (mi(sith) — mi(sp™)
n=0 o=K|LEEns

+ZétZ 3" mlo)FE (rp (st —mithy

n=0 KeT oelk,r
where we have used (17.10). The definition (17.5) of Ft! gives
B = By + B; + Bs, (18.15)

where

B o= >0t Y mlo)Qut @) (i (st = m(sp)

n=0 O'—K|L651nt

+Z5f > > mo)Qi fEH) (mr (i) =)
n=0 KeT oe€k,r
N

B = 30t Y mo) R i st (m(si) = me(s5)

n=0 O'*KlLEgint

+Zét ST ST o) R O s s (i (i) = mt)

= KETUE(‘:KF

Bs = Z(St Z TKI (QOK(SKH) QOK(SZH)) (WK(S?(H) — WK(SZH))

n=0 o0=K|LEEnt

+Z5tz D mro (e (55 = or (i) (mr(sih) — 7nth) .

n=0 KGTO'EgKF

It follows from Lemma 18.2 that

N

By = Y ot Y mo)Qp) (Zr(mi(sith) = Zic(mic(si™))

n=0 U*K‘Légint

+Zét2 ST m(o)Qu (Zr(mi(si)) — Zie(rith)) |

= KETU’E(‘;KF

Multiplying the equation (17.1) by 6t (Pp™ — Zx(mx(s3"))) and summing over K € T
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and n € {0,..., N} yields, after reorganizing the sum and using (17.8) and (17.9),

N

n+1 n—+1 n+1 n+1 n—+1 n+1
E ot E m(o)Qyy (P — Pp) + g g m(o (P — Pgl)
n=0 o=K|LEEint KeT o€k r

= Yot Y me)Q (Zr(rr () — Zr(mr(si™)))

n=0 O'_K|L€£1nt

+Zat2 D> mlo)Qis (Ziclme (i) = Zie(my ™)

= KeT oelir

Therefore, using the definition (17.2) of Q% ,, we deduce that

By > By + Bs, (18.16)

where

N

m(o)Mg,L 1
B, = ot pn+ pn+1 Pn—H prt1y2
! Z{) KZ dKL ( " Z Z dKo‘ K )

n= o= |Legint KeT 0'651(1"

and

N
S0 3 mle) RGP - P
= o= KILGglnt (18.17)

+Z(5t DN m(o)R(Croi si SN (PR — PRtY.

n=0 KeT o€k r

Using the fact that for all s € R, M;(s) > ayp; > 0 we obtain

By>ay Y. |Pplp,. (18.18)
i€{1,2}
The Cauchy—Schwarz inequality applied to the right hand side of (18.17) implies

1
2

N
|Bs| < Z& Z m(0)dx L R(Cos S35 81 )

n=0  o=K|LEEmn

N|=

S Y Mgy

n=0 o—K|Le€n L

Z(Stz Z dKO’ CKUaS”[L(—Has?{—Fal)

n=0 KGTUEEKF

1
2

N

Zatz Z d P”+1 Pril)?
K,o

= KGTUE@K[‘
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Hence,

B; < T!gl d Y m@)Gl ey D |Polp,- (18.19)

1€{1,2} €{1,2}

We recall that d stands for the spatial dimension of Q2. Combining (18.16), (18.18) and
(18.19) one has

2 2
Bl > Qg Z |PD‘D’Z'_ _T‘g’ d Z HClHLOO(Ol) Z ’PD|D,i

i€{1,2} 1€{1,2} 1€{1,2}
(18.20)
We now will show the estimates on the term B;. Using Lemma 18.3 we have

By > Zdt Y m(o) (Gko (Tr(sE)) = Gro (i (7))

=0 o=K|L€fum: (18.21)

Z&Z = m(o) (G (mi(s31) = Grco (7511))

n=0 KeT oelir

Recombining terms we obtain

2 > Zétz Z gKJ WK(S?{+1))

n=0 KeT gK int

+25tz S (o) (Greo (mic(551) = Grco (1))

n=0 KeT océk r

which in view of (18.8) and (18.3) implies

By > — Zétz > m(0)Gke (mat).

= KeT oefir

Remark that if 0 = K|L € &r then the function Gk ,(p) + G »(p) in general is not equal
to zero. However we can write an lower bound for the term Bs. Indeed, comparing the
definition (16.15) of ¢; with the definition (16.17) of ;, and using the fact that ~;(0) = 0
and v;(1) = 0 one has

n n

3} Sk o
| e mk i = [ atamica)da = (0, - pu)en(sics)
0 0
and thus, in view of Proposition 18.1

—1py — puy (1) m(D)T.
p p!\glngg}@() m(I)

Because of the definition (16.15) of the function ¢;, then, for all (a,b) € [0,1]?,

(pi(a) — i(b))(mi(a) — mi(b)) > %’W (pi(a) — pi(b))?. (18.22)
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Then it follows from Lemma 18.4 and for inequality (18.22) that

max(flo, fluw)
By > ———~ . .
o Z | 0i(sD)|p; (18.23)

We define IT;(s) = [ m;(a)da, then II; is a continuous convex function. As a consequence,
for all (a,b) € [0, 1)?,

Therefore,
A> Z > or (T (5 = T (s5)) m(K) = D e (M (sy ) = Tie (%)) m(K).
n=0 KeT KeT

Using the fact that, for all (a,b) € [0, 1]?, one has

b 1
IL;(b) — I (a) = / mi(u)du > —/ |7 (w)|du,
a 0
it follows from Proposition 18.1 that

A> - Z ¢z ‘,/T1HL1 ((0,1))- (1824)

1€{1,2}

Taking (18.20), (18.23), (18.23) and (18.24) into account in (18.14) we have.

1
2 2

37g|”
apm Z |PD|3>,1' 9 a Z m(Qi)HQH%oo((OJ)) Z ’PD|2D,1‘

ie{1,2}) ze{l 2} i€{1,2} (18.25)

max(flo, fu)
+ |SOZ SD |’D7, — 7
mingeqy 2y K 6%32}

where Applying Young’s inequality to (18.21) we complete the proof of Proposition 18.5.

Indeed,
max ,uo’ﬁbw
2 |Polp+ = D leilon)

i€{1,2} minje (1,2 K ie{1,2}

[
Proposition 18.6. There ezists C only depending on €;, Cy and | Zy — Zs||, such that

1Ppl 12 < €

Proof : In view of the discrete Poincaré-Wirtinger inequality [76] and Proposi-
tion 18.5, there exists C' depending only on €); and C} such that

// (Pp — mg,(Pp))? dxdt < C.

In order to conclude the proof, it only remains to check that mg,(Pp) is uniformly
bounded.

O
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18.3 Existence of a discrete solution

Proposition 18.7. There exists (at least) a solution to the scheme (17.4)-(17.11).

Proof : The proof is based on a topological degree argument (see for example [55]).
For v € [0, 1], we introduce the functions

- ((8)) = V?((S)) + (1<—) v)s, " - mi(s) =vmi(s) + (1 —v)m(s),
= G (s) =vG(s), v(s)=rvvy(s Col(s) = o) (7Y (a)da
() = DMi(s) 4 (1 — v, ¢ile) = || Wle) (w2 (@)
_ )\;/ S) = V)\Z(S) + (1 — V)O./MS(]_ — 8), ZZV(S) — iy(a) (7‘{‘;./)/ (a)da

We denote by (s%, P§) the solution to the modified scheme. For v = 0, the problem
becomes homogeneous, corresponding to the equations

0 _ 73 0 0 0(c0)) —
{ Ops’ —div (s"VP? = V'(s”)) =0, (18.26)

—O{MAPO = 0.

The pressure equation provides a classical linear finite volume scheme which is comple-
tely uncoupled from the saturation equation. The transmission conditions (17.9),(17.8)
turn to

TKUP[?JFLO + TLUPEJFLO

TKo + TLo

n+1,0 _ pn+l,0
PK,U - PL,O’ - ’

and thus
n+1,0 n+1,0 n+1,0
K,O’ — TKL (PK - PL ) .

Note that the a priori estimates (18.1) and (18.13) still hold for (s%, Pp) instead of
(sp, Pp). We introduce now a new parameter n € [0, 1], and we approximate the problem

;¥ — ndiv (s"V P? — Vi (s%7)) = 0,
—OéMAPO = 0.

The corresponding discrete solution s%ﬂ satisfies
0<s%"<1, Vpelo1]. (18.27)
We introduce the compact set
K= {(UD,"UD) € (X(D))2 | HUD”oo < 2 and |'UD‘D < 201} ,

where (' is the quantity introduced in Proposition 18.5. Since, for v = n = 0, the
problem turns to an invertible linear problem, we can claim that the corresponding
topological degree is equal to £1 (following the sign of the determinant of the underlying
matrix). One can let first 1) go to 1, and thanks to (18.13),(18.27), (s3", P3) never belongs
to the boundary 0K of K. Hence, the topological degree is constant for n € [0, 1], and,
for n = 1, the discrete counterpart of (18.26) admits at least a solution. Letting then
v tend to 1 provides thanks to similar arguments the existence of a solution to the
scheme (17.4)-(17.7). O
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19 Compactness properties of the discrete solution

In order to prove the convergence of the scheme, we will use the method presented
in [65] to derive the relative compactness of the sequencies (sp,,),,cy and (Pp,.)men
where (Dy,),,cy i @ sequence of admissible discretizations of 2 x (0,7") in the sense of
Definition 17.3, for which the discretization parameter h,, := size(D,,) tends to 0 as
m — oo, while the regularity parameter reg(D,,) remains bounded.

Firstly, since 0 < sp_ < 1 almost everywhere in ()7, we can claim that there exists
s € L*(Qr;[0,1]), such that, up to a subsequence,

sp,, — § in the L>(Qr) weak- x sense as m — o0.

This is of course not sufficient to pass to the limit, so that we seek for additional
compactness on the family of approximate solutions (sp, , Pp,,)

m*

19.1 Estimates on space and time translates

We recall here the lemmas 4.2 and 4.3 of [65].

Lemma 19.1. Let up be an element of X (D), then for all £ € R,

T
| wnlat&0) — un(ant))? dxdt < fulb ] (1] + 2size(D).
0 Qi ¢

where ;¢ = {x € Q; | [x,x + &£ C Q}.

Lemma 19.2. Let up be an element of X (D), and let Ti(up) the function of L*(R4H1)
defined by

Ti(up)(z, 1) = { up(x,t) if (z,t) € Q; x (0,7),

0 otherwise,

then for all £ € R,

/0 / (Tiup) (& + €.0) = Tiun) (e, 1))* dxdt < Jupf €] (1] + 25i20(D) + 2m(20) flupl.).

where Q¢ = {x € Q; | [z, 2 +&] C Q;}.

Lemma 19.3. There exists C3, which does not depend on size(T), 6t nor on T such
that for all T € (0,7,

/0 - Z /Q (pi(sp)(z,t+7) — wi(sp)(x, t))2 dxdt < Csr. (19.1)

ie{1,2} V%

Lemma 19.3 is an extension of Lemma 4.6 of [65] (see also Proposition 5.1 in [71]).

Proposition 19.4. The sequence (pi(sp,,)),, converges strongly in L*(Qir), up to a
subsequence, towards the function p;(s) € L*(0,T; H (%)),
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Proof : First recall that by Proposition 18.1 (¢;(sp,,)),, is bounded in L>(Q;r)
for i € {1,2} and that by Proposition 18.5 the sequence (|¢;(sp,,)|D,.i),, is bounded.
Thanks to the lemmas 19.2 and 19.3 and the Kolmogorov compactness criterion (see
e.g. [27] or [65, Theorem 3.9]), it follows that (7;(v;(sp,,))),, is relatively compact in
L*(R4*1) for i € {1,2}. Thus we can extract a subsequence, which we denote again
denoted by (T;(¢i(sp,.))),, such that both Ti(¢1(sp,,)) and Th(¢2(sp,,)) converge to
their limit strongly in L?*(Qq7) and L?(Qq7r) respectively. As a direct consequence,
(i(sp,.)),, converges in L*(Q;r) for i € {1,2} towards a function ¢, which satisfies,
thanks to Lemma 19.1,

T
/ / (p(z+ &, t) — ¢, t)” dxdt < C|¢]?,  VEeRL
0 Q;¢

This implies (see [27]) that ¢ € L*(0,T; H'(Q;)). It remains to identify ¢ as ;(s),
i € {1,2}. This can be done using Minty’s lemma (see e.g. [68, Theorem 4.1]). O

Corollary 19.5. Up to a subsequence, (sp,, ), converges towards s strongly in LP(Qr)

for all p € [1,00).

m

Proof : Since (¢i(sp,,)),, converges in L*(Qr) towards ¢;(s), it converges (up to
a new subsequence) almost everywhere in Q7. Since ¢, 'is continuous, sp_ tends to s
almost everywhere. The result then follows from the uniform bound on (sp,,),, stated
in Proposition 18.1. U

Lemma 19.6. There exists B € L*(0,T; H'(Q;)) such that, up to a subsequence,

Pp,, — mq,(Pp,,) — B weakly in L*(Q;r) as m — oo.

Proof : In view of the discrete Poincaré-Wirtinger inequality [76], there exists C
depending only on €2; and on the quantity C) introduced in Proposition 18.5 such that

| Pp,, —me,(Pp,,)|l12q, ) < C, forie{1,2}.

Hence the sequence (Pp,, — mq,(Pp,,)),, converges weakly in L?(Q; r) towards a func-
tion 3. Therefore, for all £ € R,

Pp, (-+&°)—Pp, — B(+E) =P weakly in L*(Qi¢ x (0,7)) as m — oo.

The lower semi-continuity of the norm for the weak L? topology implies that

m—0o0

/ / (P(x +£,1) — P(x, 1)) dxdt < lim inf/ / (Pp, (x+&,t) — Pp_ (1)) dxdt.
0 Qi 0 Qi ¢

We deduce from Proposition 18.5 and Lemma 19.1 that

| [ 60 =B axi< cilel

ensuring that B belongs to L*(0,T; H'(;)). O
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19.2 Convergence of the traces

We denote by sp,_ (resp. Pp_ ) the trace of sp (resp. Pp) on I' from the side of €2;,
defined by 7 ’

SD\F,i (x’ t) = STfl(—t_al> PD|1",i (ZL‘, t) = P}Qz_rl? V(ﬁ, t) co X (tn’ tn+1]>
where 0 € Exr, K C Q.

It has been proven in Proposition 19.4 that ¢;(sp,,) converges strongly in L*(Q;.r)
towards p;(s) € L*(0,T; H'(Q;)). Hence, ¢1(s) and ¢(s) admits a traces in the sense
of L*(T' x (0,T)). Since ;' is continuous, s also admits a traces on the interface,
denoted by s; and s5. We claim in Corollary 19.10 below that SD,,., COnverges strongly

in LP(I" x (0,7)) towards s; for all p € [1, c0).

We now introduce another definition of the trace, denoted by 4. ,. For a function u
of X(D) we define

Uy, (@, t) = up ™ if (z,t) € 0 x (", t""],0 CTNOK,K C Q.

Lemma 19.7. Let u € X (D), then
T
| = | <l (Tin(D)size(D) .
0 r

Proof : From the definitions of the traces of u,

T N
| [l e =375 37 S o)l — i,
0 r

n=0 KeT; UEgK,F

Cauchy-Schwarz inequality yields that

1/2
T N
A AT D SUD DI S R
0 r n=0 KeT; 0€€k
1/2
N
: ot Z Z m(o)dk.»
n=0 KeT; O'ESK,F
The result follows. U

Since €; is supposed to be polygonal, I" is made of a finite number of faces (Fj)1<j<J
contained in affine hyperplanes of R?. We denote by n;, ; the outward normal to I'; with
respect to €;. For e > 0 and j € {1,..., J}, we define the open subset w; ;. of €; as the
largest cylinder of width e generate by I'; and n; ; included in €2;, that is

Wi je = {[E — hni,j c Qi7T |ZL‘ S Fj,O < h < e and [ZL’,ZL‘ — 5n,~,j] C ﬁz} . (192)
We also define the subset I'; ;. = Ow; j. N T'j of I';, that satisfies
m(I’J \ Fi,j,s) < Cé, (193)

where C' only depends on €.
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Lemma 19.8. Let u € X(D), then for all j € {1,...,J},

[

Proof : For all o € &, we denote by

/ (e, (2, ) — ulz — by, £))* dh dsdt < ul? (¢ + size(D))
0

i,J,€

| 1 if (x,y)No is reduced to a single point,
Xo(T,y) = { 0 otherwise.

We also introduce, for almost all € I'; ., for almost h € (0,¢) and for all ¢t € (0,7),
the quantity

Tp(x, h,t) = ‘ﬂm(x, t) —up(xr — hn, j, t)‘
< Z Xo (@, 2 — hngj) [uf™ — uf™|
o=K|L€eE;

if t € (¢, t"*1]. Tt follows from the Cauchy-Schwarz inequality that, for ¢ € (¢", "],

(u?l _ u'f[?:—i—l) 2

dKL|ni,j : nKL|

(Tp(z, h,t)* < > Xelw,z—hnyy)

o=K|L€EE;
X Z XU(J?, xr — hnm)dKL]ni,j . nKL|
o=K|L€E;

For almost all x € I'; j., there exists a unique K; € 7; such that x € 0K;. Moreover,
for almost all h € (0,¢), there exists a unique Ky € 7; such that x — hn; belongs to Ko
(possibly K coincides with K7). Hence,

> Xolww —hny)dis Inig-ngr| = (2, — 2x,) -1y

U:K‘Légint
< (g, — ) mij+h+[(zr, — (2 —hngg)) -ngl.
(19.4)
Since x — hn; ; belongs to K3, we have
[(zx, — (x — hny ;) - ny 5| < size(D),
and since x belongs to I';, (xx, — ) - n;; < 0. Then we obtain
Z XJ(I, xr — hni,j)dKL]niyj . l'lKL| S €+ SiZG(D). (195)

o=K|LEEnt

For all 0 € &y with 0 Nw; j. =0 and all h € (0,¢), one has
/ Xo(x,x — hn;) dx = 0.
r:
Forallo €&, . :={oc €& | oNuw, ;. # 0}, one has

Vh € (0,¢), / Xo (2, — hn; ;) dx < m(o)n,; - ngyr|. (19.6)
i e
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We obtain from (19.5) and (19.6) that for all ¢ € (t",t"*!], for all h € (0,¢),

/F (TD(Iv hat))Q dx < (5 -+ SiZG(D)) Z TKL ( nK+1 ungl) :

i.3,€ o=K|L€E; j
which complete the proof. 0

Proposition 19.9. The sequence (tpi(st‘F )) converges towards ¢;(s;) strongly in
LYT x (0,7T)) as m — oc.

Proof : For notation convenience, we remove the subscripts m in the proof. Denote

by .
-
0o Jr,

then in view of Lemma 19.7 and Proposition 18.5, there exists C' not depending on D

such that
T
Aijp = / /
0 JTy

By (19.3), one has
T
dxdt < / /
0 Fi,j,s

I

Next we apply the triangle inequality to deduce that

[
——

Bop. = * / / (oi(sp) — i(s)] dxt,
Wi, j,e

BS,s = / / / |901 Sz 33' t 801( )( —hniyj,t)‘dh dth,

where we have used (19.2). From Cauchy-Schwarz inequality, one has

%’(Sqm) — pi(s;)| dxdt, (19.7)

ei(5p, ) — wilsi)| dxdt + Csize(D)'2. (19.8)

(’Di(gph“,i) — 901<SZ) 90i<§D|F,i) — gOl(Sl) dxdt —+ 801(1>C€

(19.9)

Pi SD‘F 902( z) dxdt S BI,D,E + B2,D,e + B3,ea (1910)

where

©i sD‘ (x,t) — pi(sp)(z — hn, ;, t)| dh dxdt,

2
(Bipe)® <m(T ije / / / wi( le )z, t) — pi(sp)(x hnm,t)) dh dxdt,

and then, from Proposition 18.5 and Lemma 19.8, one has
|Bipe| < (Ci(size(D) + £)m(I',)T)"? . (19.11)

We can now let size(D) tend to 0 in (19.10). Thanks to Proposition 19.4, we can claim
that

lim Byp.=0.
size(D)—0
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Then it follows from (19.9) and (19.11) that

hm sup / /
Since ;(s;) is the trace of ;(s) on I, lim. o B3, = 0. Therefore, letting € tend to 0
in (19.12) implies that

hm / /

Then the result follows from (19.7) and (19.2). O

dxdt < C(e + V2) + Bs. (19.12)

901 SD\F ) 901(81)

dxdt = 0.

301 S’D\F 901(81)

Corollary 19.10. The sequence <SDm|F > converges towards s; strongly in LP(I' X
(0,7)) for all p € [1,00).

Proof : This corollary is just a consequence from the fact that ¢;(sp_ ) converges,

mlp

up to a subsequence, almost everywhere on I'x (0, T"), from the fact that ¢; s continuous
and from the fact that 5D, is essentially uniformly bounded between 0 and 1. 0

Lemma 19.11. The sequence ((Ppm)|“ - in(PD)> converges towards B; weakly in
L*(T x (0,7)).

Proof : Let ¢ € D(I'; x (0,T)), then, there exists e, such that, for all £ € (0,¢,),
supp(y) C I'; ;- x (0,T). We aim to prove that

lim // Pp,. . —ma,(Pp) - ‘,BZ)zpdxdt—O (19.13)

size(D)—0

Thanks to Lemma 19.7 and to Proposition 18.5, it is sufficient to show that

lim / / Pp, —ma,(Pp) - ‘BZ)w dxdt = 0.

s1ze

Let € € (0,¢,), then one has

T
/ / (PD‘” —mgq,(Pp,,) — ‘Bz’) Y dxdt = Evpe+ Eope + s,
r; ’

S
@

(ppm (z,t) — Pp(x — hny, t)) Y(x, t)dh dxdt,

0,3,

(Pp(x — hn; j,t) — mq,(Pp) — PB(xr — hn, 4, t)) Y(z, t)dh dxdt,

0,4,

~
o)

(PB(z — hnyj,t) —B;) Y (x, t)dh dxdt.

=

o

Il
o\;c\ﬂc\
M= M= O]k
S — 5— 5—
C\o\mo\

4,5,
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The Cauchy-Schwarz inequality gives that

(Brp.) / / / P (x.t)~ Pp(a:—hn”,t)> dhdxdtx/ /F'(w(a:,t))Q dxdt.

J

Using Proposition 18.5 and Lemma 19.8 yields
|B1 el < 18]l 2 x 0y (Cu(e + size(D)) 2.

It has been stated in Lemma 19.6 that Pp — mq,(Pp) tends to 3 weakly in L*(Q; ) as
size(D) tends to 0, then
lim EQ De — =0.

size(D)—0

// Pp, = P) v dxdt

Since P; is the trace on I' of P from the side of €);, one has

Therefore,

< Cw\/_—k |E3 €|

hm sup
SlZe

lim B3 . = 0.

e—0

Thus, letting ¢ — 0, one obtains that for all v € D(T'; x (0,7)),

lim // Pp, = ma,(Pp) - ‘,]3i>wdxdt:0. (19.14)

size(D)—0

A straightforward generalization of |65, Lemma 3.10] allows us to claim, using Proposi-
tion 18.5 and the discrete Poincaré-Wirtinger inequality [76], that <ﬁp‘r = in(PD)>
)i D

is uniformly bounded in L?*(T" x (0,7)). Then, we conclude, using a classical density
argument, that (19.14) holds for all ¢ € L*(T; x (0,T)). O

Proposition 19.12. There exists P € L*(0,T; H(Q;)) such that Pp,, tends to P weakly
in L*(Qr) as m — oo, and such that (Ppml > converges weakly in L*(T' x (0,T))

Tvi/m
towards P;.

Proof : Firstly, since we have enforced mg, (Pp,,) = 0, we can set P := P in Q.
Next we search for a uniform bound on || Pp,,|/12(q, ). In view of the discrete Poincaré-
Wirtinger inequality

1P, 72(s 1) < (may(Pp,,))* + C, (19.15)

it only remains to check that mq,(Pp,,) is uniformly bounded w.r.t. m. This is a conse-
quence of the fact that, almost everywhere on I x (0,7, one has

moy(Pp,.) = Po, = (Po,  —ma,(Pn,)) = (Zi(7p,) = Zs(7p,)).
Then, integrating on I" x (0,7") and using Lemma 16.1 provides

|mQ2(PDm)| < (F)T

+ 1121 = Za|oo-
LI (0,T))

> HPDm‘ — Mg, (PDm)‘

1€{1,2}
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The quantities HPpm| —in(Ppm)‘ are bounded by the proof of
I

LY (T'x(0,T))

Lemma 19.11. Hence, in view of (19.15), (Pp,,),, converges towards some function P
weakly in L?(Q; 7). From the analysis performed in the proof of Lemma 19.6, we deduce
that P € L*(0,T; H*(€;)), and from the analysis of Lemma 19.11, we deduce the weak

convergence of the traces. U

Lemma 19.13. Let s1,52 € L>®(I' x (0,T")) be the respective limits of <Spm‘ ) and
r,1

(st‘m) , then,
7~T1<81> N ﬁ'g(SQ) ?é (Z) a.e. on I' X (O,T) (1916)

Proof : For all m € N, one has

Since the set F' = {(a,b) € [0,1]* | 71(a) N 7T2(b) # 0} is closed in [0,1]%, we conclude
that (19.16) holds. 0

In the sequel, we denote by

s if s€[A B,
T[A,B](S) = A if SSA,
B if s> B,

and by
U={(x,t) e x(0,T) ]| {s1,s2} = {0,1}}, V=U".

Note that, thanks to Lemma 19.13, the set U is empty if min; 7;(1) > max; m;(0).

Lemma 19.14. There exists a measurable function 7 defined on V with values in R,
such that, up to a subsequence,

Tp,, — T  aG.e.in V.

Proof : We define the functions

s kroi(m; ( ))krwz(ﬁﬁl(a)) a
P / Kﬂwkroz (@) + prokr (7, 1(a))d ’

that satisfy the properties

T € @i(s) = @i(m) = Gi(mi(s)) = @ils), (19.17)
and

its restriction (¢;) admits a continuous inverse function. (19.18)

|3 (0),ms (1))
Thanks to Proposition 19.9 and to (19.17), we can claim that, up to a subsequence,
©i(mp,, ) converges almost everywhere on I'x (0, T') towards gpz(m( ;). Fora.e. (z,t) € V,
the set 71 (s1) N72(s2) is reduced to the singleton {m;,(s;,)} for some iy € {1,2}. Thanks
0 (19.18), we can identify the limit 7w of 7p,, as m;, (s, )- O
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Lemma 19.15. Assume that [min; m;(1), max; m;(0)] # 0, then there exists ™ €
L (U; [min; 7;(1), max 7;(0)]) such that, for all bounded interval J C R such that

o

[min; 7;(1), max; 7;(0)] C J,

Ts(mp,, ) — 7 in the L™(U) weak-* sense.

Proof : For the sake of simplicity, we assume, without loss of generality, that 7 (1) <
m(0), then thanks to Lemma 19.13, almost everywhere in U, s; = 1 and ss = 0.

The sequence (T7(7mp,,)),, is bounded in L*(U), thus, up to a subsequence, it
converges towards a function 77 in the L*™(U) weak-x sense. Let us now show that
7 does not depend on the choice of the bounded interval J. Because of Lemma 19.13,
one has, for a.e. (x,t) €U,

liminf 7p_ > m (1), lim sup 7p,, < m2(0). (19.19)

m

Let J; and J2 be two bounded intervals such that [m(1),m(0)] C Jx (k € {1,2}).
Then, it follows from (19.19) that, for a.e. (z,t) € U, for m large enough (depending on

(z,1)),
Ty (WDm (C(],t)) — Ty (ﬂ-Dm(xvt)) =0.

As a consequence, the sequence (1.7, (7p,,) — Tz, (7p,,)),, converges almost everywhere
to 0 on U, and is uniformly bounded in L>(U). The dominated convergence theorem
yields that for all ¢p € L' (U),

//M (T (mp,,) — Ty, (7p,,)) b dxdt — 0 = //u (7 —75,) 0 dxdt.

Choosing ¢ = (w7, — mg,) provides that 77 = w4, = 7 almost everywhere in U. 0J

Lemma 19.16. Assume that [min; m;(1), max; m;(0)] # 0, then there exists m € L™(U)

such that, for all bounded interval J C R such that [min; m;(1), max; 7;(0)] C fY, the
sequence (Z;(T'7(mp,,))),, converges towards Z;(m) in the L>(U) weak-x sense.

m

Proof : We suppose, without loss of generality, that 71(1) < m3(0). Then on U,
sy = 0 and s; = 1. One has
w2(0) . TDm .
2ty = [ femt s [ from )
0 m2(0)

Since for almost every (z,t) € U,

lim sup 7, (2, 1) < 72(0),

m

and since f, o 7, ' (p) = 0 for all p < 71(0), then for almost every (z,t) € U,

WDm(:E,t)
/ f2omy (p)dp — 0 as m — oo.
w2(0)
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Since the function Z; o T'7 is uniformly bounded on R, the dominated convergence
theorem yields that, for all ¢ € L'(U),

im [ Zo(Ty(rp, ) ) dxdt — / /M Zo(m2(0)) dxdt — / /u Zo(m ) dxdt.

m—00 u

Similarly, we obtain that

//M (2(T5(7p,,)) = Ty (7p,,)) ¥ dxdt—>//u (Zu(m1(1)) = (1)) & dxd.

Since, thanks to Lemma 19.15, T'7(7p, ) tends to 7 in the L>(U) weak-x sense, one has

lim // Z1(T7(mp,, )Y dxdt = // (Z1(m (1)) + 7 — mi (1)) ¢ dxdt = // Z1(m)y dxdt.

O

Proposition 19.17. There exists a measurable function m on I' x (0,T), with 7 €
71(s1) N7a(s2) a.e. on T x (0,T), with value in [min;(m;(0)), max;(m;(1))] such that,

Z\(mp,,) — Za(mp,,) — Zi(w) — Za(w) in the L=(T" x (0,T)) weak-* sense as n — o0.

Proof : We know, from Lemma 16.1, that Z;(p) — Z2(p) is uniformly bounded
on [min; 7;(0), max; m;(1)]. Hence, the sequence (Z1(7p,,) — Z2(7p,,)),, converges in the
L>(T x (0,T)) weak-x sense towards a function 3. Let 1) € L}(T" x (0,T)), then

/ / (Zi(7p,,) — Za(7p,,)) b dxdt / / (Zy(7p,. ) — Zo(mp, ) b dxdt
/[j (Zi(7p,,) = Za(mp,,)) ¥ dxd.

Thanks to Lemma 19.14, mp,, tends almost everywhere to 7 on V, then for almost every
(x,t) € V, we can identify 3(x,t) as Zy(n(z,t)) — Za(7(x,t)). Thus

Jim. / / Zi(rm.) — Zo(rp. ) dxdt — / / Zu(x) — Zo(m)) ¥ dxt.

We denote by

// (Z1(mp,,) — Za(mp,,) — Z1 () + Za(m)) ¢ dxdt,

/ / (o) — T4 (1)) @ dxdt + / /M (Ta(rp,. ) — Ta(m)) b dxt.

Let R € R such that [min; 7;(0), max; m;(1)] C [—R, R], then
Ay = Bim(R) — Bam(R) + Cr(R),

where

/ / i(m,) = Yi(Ti-r.p)(7p,,))) ¥ dxdt
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and
= //u (Z(Ti—gr,r)(7D,,)) — Zo(T1—p,r)(7D,,)) — Z1(7) + Za(m)) b dxdt.

Let € > 0, then since T; admits finite limits as p — min; 7;(0) and p — max; m;(1), there
exists Ro(¢) > 0 such that

R > R()(E) — HTZ -7, Oj—’[—R,R]HOO <e.

Thus, for R > Ry(e) fixed,
|Bim(R)| < Tm(T)e.

Thanks to Lemma 19.16,
lim C,,(R) =0,

m—00

then, for all € > 0,
limsup |A,| < 2Tm(T)e.

m—00

As a consequence, since the above estimate holds for all € > 0, A,, tends to 0, concluding
the proof of Proposition 19.17. O

20 End of the proof of Theorem 1

We have proven in the section 19 that, up to a subsequence, the sequence of approxi-
mate solutions (sp,,, Pp,,),, converge towards (s, P) as m — oo. Moreover, it as been
stated in Lemmata 19.14 and 19.15 that (7p,,), converges in some sense on I' x (0,7
towards a measurable function 7. In order to conclude the proof of Theorem 1, it re-
mains to check that (s, P) satisfy the weak formulations (16.24) and (16.25), and that
the transmission conditions (16.19) and (16.20) are fulfilled. Let us begin by this latter
point.

It follows from the construction of the function =« carried out in Lemmata 19.14
and 19.15 that, for almost every (x,t) € T" x (0,7T),

m(z,t) € T (s1(z,t)) N Ta(sa(x,t)). (20.1)

Let ¢ € L*(T x (0,7)), then thanks to (17.8), one has, for all » € L*(T" x (0,T)),

//Ppm ~ Pp,, ) v dxdt = //Z1 o)~ Zalr )4 dxt

Letting m tend to oo provides, thanks to Propositions 19.12 and 19.17, that

//P1 Py) o dxdt = //zl (7)) 4 dxdt.

P —Zy(m) =Py — Zy(m) ae.onl x(0,7). (20.2)

Hence,

In order to recover the weak formulations (16.24) and (16.25), we can apply to our
case the analysis carried out in the proof of Theorem 5.1 in [90].
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FIGURE 17 — The model porus medium FIGURE 18 — Capillary pressure connection
QU at time t — 0

7 ’/
\NZi 7 NaNIND K7LK]
NN RN SO
A= AN SN
R
£

7

=
NN
SN
K7 ;ﬂai;ﬁ’gr"

FIGURE 19 — Saturation for ¢ = 0.06, ¢ = 0.11 and ¢t = 0.6
21 Numerical results

In this Section we consider a model porous medium Q = (0,1)? composed of two
layers 21 and €, which are separated by an "S-shaped" interface I' (see Fig. 17), and
which have different capillary pressure laws. The oil and water densities are given by
po = 0.81, p,, = 1 respectively, and g = —9.81e,. We suppose that the porosity is such
that ¢; = 1,7 € {1,2}, and we define the oil and water mobilities by

Noi(s) =0.5s and n,,; = (1—15)% ie€{l,2}.
Moreover we suppose that the capillary pressure curves have the form
m(s)=s and m(s)=0.5+s.

In the first test case we suppose that the layer {2; contains some quantity of oil and it is
situated below s, which is saturated with water, that is to say Q; = {(z,y) € Q |y <
['(z)} and Qo = {(z,y) € Q | y > I'(z)}. The initial saturation is given by

@) 08 Hre
07 0 otherwise.

The flow is driven by buoyancy, making the oil move along e, until it reaches the
interface I'. As one can see on the figures 19 and 20, for ¢ < 0.11, oil can not access
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F1GURE 20 — Capillary pressure for ¢ = 0.06, t = 0.11 and ¢ = 0.6

the domain 25, since the capillary pressure m(s;) is lower than the threshold value
m2(0) = 0.5, which is called the entry pressure (see Fig. 18). Hence the saturation below
the interface s; increases, as well as the capillary pressure 7 (s1). As soon as the capillary
pressure 7 (s1) reaches the entry pressure my(0), oil starts to penetrate in the domain
2. Nevertheless, as pointed out in |24, 40|, a finite quantity of oil remains trapped
under the rock discontinuity. This phenomenon is called oil trapping. It is worth noting
that the solution at ¢t = 0 satisfies (16.19), thus in the absence of gravity the initial
distribution of oil-phase would be a steady state solution s(x,t) = s¢(x).

In the second test case we assume that the oil is initially situated in the rock with a
higher entry pressure pressure i.e.

(l’) - 0.3 ifzxe QQ,
S =9 0 otherwise.

where this time ; = {(z,y) € Q | y > I'(z)} and Qy = {(x,y) € Q | y < I'(z)}. This
time the flow is driven not only by a buoyancy, but also by a difference in the capillary
pressure potential (the solution at ¢ = 0 does not fulfill (16.19)). As a result the oil-phase
can immediately penetrate the domain €2;. The figure 21 shows that the oil propagates

in the domain €2; with a finite speed.

FIGURE 21 — Saturation for t = 0.3, t =1 and t = 1.7
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