
HAL Id: tel-00647336
https://theses.hal.science/tel-00647336

Submitted on 1 Dec 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Finite volume methods on general meshes for nonlinear
evolution systems

Konstantin Brenner

To cite this version:
Konstantin Brenner. Finite volume methods on general meshes for nonlinear evolution systems. Gen-
eral Mathematics [math.GM]. Université Paris Sud - Paris XI, 2011. English. �NNT : 2011PA112244�.
�tel-00647336�

https://theses.hal.science/tel-00647336
https://hal.archives-ouvertes.fr


No d'ordre: 1234

THÈSE
Présentée pour obtenir

LE GRADE DE DOCTEUR EN SCIENCES
DE L'UNIVERSITÉ PARIS-SUD XI

Spécialité: Mathématiques
par

Konstantin Brenner

Méthodes de volumes �nis sur maillages
quelconques pour des systèmes

d'évolution non linéaires

Soutenue le 8 Novembre 2011 devant la Commission d'examen:
M. Alexandre Ern
M. Robert Eymard
Mme. Danielle Hilhorst
M. Pascal Omnes
M. Roland Masson
M. Mazen Saad

M. Marc Bonnet



Thèse préparée au
Département de Mathématiques d'Orsay
Laboratoire de Mathématiques (UMR 8628), Bât. 425
Université Paris-Sud 11
91 405 Orsay CEDEX



Méthodes de volumes finis sur maillages quelconques pour des
systèmes d'évolution non linéaires

Résumé

Les travaux de cette thèse portent sur des méthodes de volumes �nis sur maillages quel-
conque pour la discrétisation de problèmes d'évolution non linéaires modélisant le transport de
contaminants en milieu poreux et les écoulements diphasiques.

Au Chapitre 1, nous étudions une famille de schémas numériques pour la discrétisation
d'une équation parabolique dégénérée de convection-reaction-di�usion modélisant le transport
de contaminants dans un milieu poreux qui peut être hétérogène et anisotrope. La discrétisation
du terme de di�usion est basée sur une famille de méthodes qui regroupe les schémas de
volumes �nis hybrides, de di�érences �nies mimétiques et de volumes �nis mixtes. Le terme
de convection est traité à l'aide d'une famille de méthodes qui s'appuient sur les inconnues
hybrides associées aux interfaces du maillage. Cette famille contient à la fois les schémas centré
et amont. Les schémas que nous étudions permettent une discrétisation localement conservative
des termes d'ordre un et d'ordre deux sur des maillages arbitraires en dimensions d'espace deux
et trois. Nous démontrons qu'il existe une solution unique du problème discret qui converge
vers la solution du problème continu et nous présentons des résultats numériques en dimensions
d'espace deux et trois, en nous appuyant sur des maillages adaptatifs.

Au Chapitre 2, nous proposons un schéma de volumes �nis hybrides pour la discrétisation
d'un problème d'écoulement diphasique incompressible et immiscible en milieu poreux. On sup-
pose que ce problème a la forme d'une équation parabolique dégénérée de convection-di�usion
en saturation couplée à une équation uniformément elliptique en pression. On considère un
schéma implicite en temps, où les �ux di�usifs sont discrétisés par la méthode des volumes
�nis hybride, ce qui permet de pouvoir traiter le cas d'un tenseur de perméabilité anisotrope
et hétérogène sur un maillage très général, et l'on s'appuie sur un schéma de Godunov pour la
discrétisation des �ux convectifs, qui peuvent être non monotones et discontinus par rapport
aux variables spatiales. On démontre l'existence d'une solution discrète, dont une sous-suite
converge vers une solution faible du problème continu. On présente �nalement des cas test
bidimensionnels.

Le Chapitre 3 porte sur un problème d'écoulement diphasique, dans lequel la courbe de
pression capillaire admet des discontinuité spatiales. Plus précisément on suppose que l'écoule-
ment prend place dans deux régions du sol aux propriétés très di�érentes, et l'on suppose que
la loi de pression capillaire est discontinue en espace à la frontière entre les deux régions, si
bien que la saturation de l'huile et la pression globale sont discontinues à travers cette frontière
avec des conditions de raccord non linéaires à l'interface. On discrétise le problème à l'aide d'un
schéma, qui coïncide avec un schéma de volumes �nis standard dans chacune des deux régions,
et on démontre la convergence d'une solution approchée vers une solution faible du problème
continu. Les test numériques présentés à la �n du chapitre montrent que le schéma permet de
reproduire le phénomène de piégeage de la phase huile.

Mots-clefs : Di�usion hétérogène et anisotrope, maillages non conformes, schémas de volumes
�nis, équations paraboliques dégénérées de convection�réaction�di�usion, écoulements dipha-
siques, pression capillaire discontinue.



Finite volume methods on general meshes for nonlinear evolution
systems
Abstract

In Chapter 1 we study a family of �nite volume schemes for the numerical solution of
degenerate parabolic convection-reaction-di�usion equations modeling contaminant transport
in porous media. The discretization of possibly anisotropic and heterogeneous di�usion terms
is based upon a family of numerical schemes, which include the hybrid �nite volume scheme,
the mimetic �nite di�erence scheme and the mixed �nite volume scheme. One discretizes the
convection term by means of a family of schemes which makes use of the discrete unknowns
associated to the mesh interfaces, and contains as special cases an upwind scheme and a centered
scheme. The numerical schemes which we study are locally conservative and allow computations
on general multi-dimensional meshes. We prove that the unique discrete solution converges to
the unique weak solution of the continuous problem. We also investigate the solvability of
the linearized problem obtained during Newton iterations. Finally we present a number of
numerical results in space dimensions two and three using nonconforming adaptive meshes
and show experimental orders of convergence for upwind and centered discretizations of the
convection term.

In Chapter 2 we propose a �nite volume method on general meshes for the numerical
simulation of an incompressible and immiscible two-phase �ow in porous media. We consider
the case that it can be written as a coupled system involving a degenerate parabolic convection-
di�usion equation for the saturation together with a uniformly elliptic equation for the global
pressure. The numerical scheme, which is implicit in time, allows computations in the case
of a heterogeneous and anisotropic permeability tensor. The convective �uxes, which are non
monotone with respect to the unknown saturation and discontinuous with respect to the space
variables, are discretized by means of a special Godunov scheme. We prove the existence of a
discrete solution which converges, along a subsequence, to a solution of the continuous problem.
We present a number of numerical results in space dimension two, which con�rm the e�ciency
of the numerical method.

Chapter 3 is devoted to the study of a two-phase �ow problem in the case that the capillary
pressure curve is discontinuous with respect to the space variable. More precisely we assume
that the porous medium is composed of two di�erent rocks, so that the capillary pressure is dis-
continuous across the interface between the rocks. As a consequence the oil saturation and the
global pressure are discontinuous across the interface with nonlinear transmission conditions.
We discretize the problem by means of a numerical scheme which reduces to a standard �nite
volume scheme in each sub-domain and prove the convergence of a sequence of approximate
solutions towards a weak solution of the continuous problem. The numerical tests show that
the scheme can reproduce the oil trapping phenomenon.

Keywords : Heterogeneous anisotropic di�usion, nonconforming grids, �nite volume schemes,
degenerate parabolic convection�reaction�di�usion equation, contaminant transport with ad-
sorption, �ow in porous media, two-phase �ow, convergence of approximate solutions, discon-
tinuous capillarity.
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Introduction

Contexte général

Les problèmes d'écoulement et de transport en milieu poreux représentent un do-
maine de recherche à la fois d'un grand intérêt scienti�que et d'une importance essentielle
pour la pratique, de part leur vaste domaine d'applications. Un exemple est donné par
l'écoulement de l'eau dans les nappes aquifères, qui sont essentielles à l'alimentation
des villes en eau potable ; la protection et le développement des ressources en eau re-
présentent un dé� environnemental majeur, ce qui rend nécessaires une compréhension
profonde des écoulements et du transport de contaminants dans les nappes aquifères,
ainsi que le développement d'outils appropriés pour les simulations numériques.

D'autre part, le développement intensif de l'industrie pétrolière dans les dernières
décennies a créé une demande d'analyse mathématique et numérique d'écoulements
multiphasiques. Il s'agit d'appréhender la coexistence de plusieurs �uides, comme par
exemple l'huile et l'eau, en milieu poreux. Les simulations numériques peuvent servir à
améliorer le taux de récupération des hydrocarbures lors de l'exploitation d'un réservoir
pétrolier ou de prédire leur mouvement naturel à l'échelle d'un bassin.

On remarque que, dans les applications pratiques, le milieu poreux est souvent hé-
térogène et anisotrope, et qu'il peut avoir de plus une géométrie multi-dimensionnelle
complexe. Une telle complexité doit être prise en compte par les méthodes numériques
utilisées, ce qui est l'une des motivations principales de cette thèse. On étudie ici deux
problèmes issus de la géologie, le transport réactif avec adsorption en milieu poreux et
un problème d'écoulement diphasique immiscible et incompressible. Dans les deux cas
il est nécessaire de résoudre une équation non linéaire parabolique dégénérée, qui est de
plus couplée avec une équation elliptique dans le cas d'un écoulement diphasique.

Notre étude s'appuie sur la méthode des volumes �nis [65]. On peut évidemment
envisager d'appliquer le schéma de volumes �nis le plus simple, appelé encore "schéma
à deux points" [65], pour la discrétisation d'equations de convection-réaction-di�usion
et celle d'écoulements diphasiques [90], [67]. Ce schéma possède des propriétés mathé-
matiques très élégantes, comme en particulier un principe de maximum discret dans
de nombreux cas. De plus il est peu coûteux, puisqu'il n'utilise qu'une seule inconnue
par maille et qu'il possède un "stencil" compact (5 points sur les maillages rectangu-
laires bidimensionnels et 9 points sur les maillages tridimensionnelles hexahédriques).
En revanche ce schéma ne s'applique que sur des maillages satisfaisant une condition
d'orthogonalité et qu'à des problèmes elliptiques ou paraboliques où le tenseur de di�u-
sion se réduit à un scalaire ; de façon plus générale, le maillage doit être aligné avec les
directions principales du tenseur de di�usion. Si l'on souhaite s'a�ranchir de la condition
d'orthogonalité, ou pouvoir traiter également le cas de tenseurs de di�usion hétérogènes
et anisotropes, une possibilité est de combiner l'application d'une méthode de type élé-
ments �nis pour la discrétisation du terme de di�usion avec un schéma de volumes �nis
pour la discrétisation de tous les autres termes, en construisant également un maillage
dual. C'est cette solution qui a été adoptée par [72] et [73]. Notons que dans [73] le
maillage dual d'éléments �nis triangulaires ou tétrahédriques est construit à partir d'un
maillage de volumes �nis assez général, qui peut être non conforme.
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Une autre possibilité est de s'appuyer sur une famille de schémas de volumes �nis
développée par Aavatsmark et ses collaborateurs, [1], [2], [3]. Ces schémas sont connus
sous l'abréviation MPFA correspondant à l'appellation "multi-point �ux approxima-
tion". Cette classe de schémas permet la discrétisation de termes de di�usion anisotropes
et hétérogènes sur des maillages très généraux. Toutefois, ils ne conduisent pas toujours
à des formes bilinéaires coercives.

Plusieurs variantes de méthodes de volumes �nis sur maillages quelconques ont été
développées au cours des dernières années, comme en témoigne le benchmark sur la
di�usion anisotrope et hétérogène organisé à l'occasion des conferences FVCA 5 [79] et
FVCA 6 [70]. La méthode de volumes �nis hybrides (méthode SUSHI) a été proposée
par [66] et généralisée par [58]. Il a de plus été démontré [58] que si l'on applique un tel
schéma à un problème elliptique, on obtient une formulation équivalente à une version
généralisée de schémas de di�érences �nies mimétiques, [23], [30], [32], [28], [102], [89], et
à des schémas de volumes �nis mixtes [57], [88], [43], ce qui rend possible d'envisager une
méthode hybrid mimetic mixed (HMM) qui réunisse les trois. Ces schémas permettent
tous la discrétisation de termes de di�usion anisotropes et très hétérogènes sur des
maillages arbitraires. En général, ils nécessitent d'avantage d'inconnues discrètes que le
schéma de volumes �nis standard ou que les schémas MPFA, comme par exemple une
inconnue par maille et une par interface. Notons qu'il est souvent possible de diminuer
le nombre d'inconnues, soit de façon algébrique en éliminant les inconnues des mailles,
soit de manière approchée [66], [87] en éliminant les inconnues d'interfaces. Dans des
travaux récents [101] et [56], la méthode (HMM) a été appliquée à la discrétisation d'une
équation stationnaire de convection-di�usion.

Cette thèse est composée de trois chapitres indépendants. Au Chapitre 1, nous étu-
dions une famille des schémas numériques pour une équation parabolique dégénérée de
convection-reaction-di�usion modélisant le transport de contaminants en milieu poreux
avec adsorption. La discrétisation est basée sur une famille de méthodes de volumes �nis
analysées par [101]. Le terme de convection est discrétisé à l'aide de méthodes utilisant
les inconnues hybrides, associées aux interfaces de maillage. Cette famille contient à la
fois les schémas centré et amont. Un avantage est qu'elle permet une discrétisation loca-
lement conservative des termes d'ordre un et d'ordre deux sur un seul maillage et qu'elle
peut être facilement implémentée en dimensions d'espace deux et trois. Au Chapitre 2,
nous nous appuyons sur des résultats obtenus au Chapitre 1 et étudions un schéma de
type volumes �nis sur maillage quelconque pour un problème d'écoulement diphasique
en milieu poreux, qui a la forme d'une équation parabolique dégénérée de convection-
di�usion couplée à une équation uniformément elliptique. Le Chapitre 3 porte sur un
problème d'écoulement diphasique, dans lequel la courbe de pression capillaire admet
des discontinuités spatiales.
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Chapitre 1 : Méthode de volumes �nis sur maillages
quelconques pour une équation de convection-réaction-
di�usion

Au Chapitre 1 nous étudions une famille de méthodes de volumes �nis sur maillages
quelconques pour l'équation parabolique dégénérée de convection-réaction-di�usion

∂β(u)

∂t
−∇ · (Λ∇u) +∇ · (Vu) + f(u) = q dans Ω× (0, T ). (0.1)

Cette équation joue un rôle important dans di�érents domaines d'applications comme
par exemple le transport de contaminants en milieux poreux avec adsorption [86], [22].
La vitesse de l'écoulement V , qui est supposée connue dans le contexte de ce chapitre, est
souvent calculée à l'aide de la loi de Darcy. Dans le cadre du transport de contaminants,
la fonction inconnue u représente la concentration d'un contaminant dissout, qui, en
contraste avec la partie adsorbée, est mobile et transporté par le �ux souterrain. La
matrice pleine Λ est un tenseur de di�usion-dispersion, la fonction f représente les
réactions chimiques, et q est un terme source. Dans notre étude, nous prenons aussi en
compte le phénomène d'adsorption du contaminant par la matrice poreuse en supposant
que ce processus est très rapide par rapport au déplacement du contaminant. Plus
précisément on suppose que la partie dissoute du contaminant est en équilibre avec celle
qui est adsorbée. Dans le cas d'un écoulement saturé, les pores sont remplis de �uide et
la fonction β peut s'écrire sous la forme

β(x, u) = φ(x)u + ρ(x)a(u),

où φ(x) est la porosité, ρ(x) la densité volumique du milieu et la fonction a(u) représente
la concentration d'une phase adsorbée et immobile. Dans la pratique la fonction a(u)
peut être ou bien donnée par l'isotherme de Langmuir

a(u) =
k1u

1 + k2u
, k1, k2 > 0,

ou bien par l'isotherme de Freundlich

a(u) = µ1u
µ2 , µ1 > 0, 0 < µ2 < 1.

On remarque que dans ce dernier cas on a a′(0) = +∞, d'où βu(x, 0) = +∞, si bien que
l'équation (0.1) est parabolique dégénérée.

Dans les applications pratiques les coe�cients du tenseur de di�usion-dispersion
Λ = Λ(x,V) sont typiquement donnés par

Λii = φ(x)
(
αt|V|+ (αl − αt)

V2
i

|V| + αm

)

Λij = φ(x)(αl − αt)
ViVj

|V| .

Les schémas hybride, mixte et mimétique (applelés schémas HMM [58]) ont été initia-
lement proposés pour les problèmes elliptiques. L'idée essentielle de ces trois schémas
est d'introduire les analogues discrets de notions continues (le �ux de gradient, la di-
vergence, le gradient discret, les produits scalaires, la formule de Stokes) et de prescrire
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des relations consistantes entre eux. Le problème est ensuite considéré sous une forme
variationnelle mixte. Le schéma résultant peut être considéré comme un schéma de vo-
lumes �nis car il utilise les �ux discrets à travers les interfaces du maillage et on impose
que ces �ux soient continus. D'autre part ce schéma s'apparente aux méthodes de type
éléments �nis puisqu'il s'appuie sur une formulation faible du problème discret.

Dans la formulation hybride les inconnues discrètes représentent une approximation
de la solution dans les éléments de volumes et aux interfaces du maillage, et la forme bili-
néaire associée au problème variationnel discret est coercive et symétrique. Ceci permet
d'établir une borne supérieure de la norme dans H1-discret de la solution approchée et
d'obtenir des estimations de di�érences de translatées un espace uniformes par rapport
à la taille de la discrétisation. Plus précisément, nous nous appuyons sur [58] pour la dis-
crétisation d'équations paraboliques dégénérées. L'analyse est basée sur les mêmes outils
que dans [58] ou [101] en ce que concerne la discrétisation spatiale. On démontre tout
d'abord que la solution discrète est uniformément bornée dans l'espace L∞(0, T ; L2(Ω))
puis dans en espace analogue à L2(0, T ; H1(Ω)). Les estimation a priori permettent de
déduire l'existence et l'unicité de la solution approchée. On démontre ensuite des estima-
tions uniformes sur les di�érences de translatées en espace et en temps. Ces estimations
permettent de déduire du théorème de Fréchet�Kolmogorov la compacité relative dans
L2(Ω× (0, T )) d'une famille des solutions approchées et d'établir ensuite la convergence
forte d'une sous-suite dans L2(Ω× (0, T )) vers une solution faible du problème continu.
Après avoir démontré la convergence du schéma, nous e�ectuons des tests numériques
en dimensions deux et trois d'espace. En particulier nous comparons numériquement
les applications du schéma amont et du schéma centré pour la discrétisation du terme
de convection. On démontre également que l'utilisation des maillage adaptatifs (non
conformes) peut considérablement réduire le coût de calcul. A la �n du Chapitre 1,
on discute de la stratégie à aborder pour la résolution du système discret non linéaire.
Nous étudions l'inversibilité du problème linéarisé provenant de la méthode de Newton,
ce qui n'est pas trivial à cause du caractère parabolique dégénéré de l'équation (0.1).
Dans le cas d'une discrétisation monotone du terme de convection, on montre qu'un tel
problème est inversible.

Chapitre 2 : Méthode de volumes �nis généralisée pour
un problème d'écoulement diphasique

Au Chapitre 2, nous étudions un schéma de volumes �nis hybrides pour la résolution
d'un problème d'écoulement diphasique immiscible et incompressible en milieu poreux.
Le problème a la forme d'une loi de conservation pour chaque phase où nous avons
substitué la loi de Darcy diphasique

ω∂tsn −∇ ·
(
K

krn(sn)

µn

(∇pn − ρng)

)
= kn dans Ω× (0, T ), (0.2)

ω∂tsw −∇ ·
(
K

krw(sw)

µw

(∇pw − ρwg)

)
= kw dans Ω× (0, T ) (0.3)

et où sw et sn correspondent aux saturations des phases mouillante et non mouillante.
On remarque que dans le cas d'un écoulement huile - eau, c'est la phase mouillante



17

qui correspond à l'eau et la phase non mouillante aux hydrocarbures. Les termes de
perméabilité relative krn et krw dans la loi de Darcy diphasique modélisent la coexistence
des deux �uides dans le milieu poreux. On a de plus

sn + sw = 1, (0.4)

et l'on suppose que les pressions des phases sont liées par la loi de pression capillaire

pn + pw = π(s). (0.5)

On introduit �nalement la notion de pression globale p (cf. [14] et [44])

p = pw +

∫ s

0

λn(a)

λn(a) + λw(a)
π′(a)da

où s = sn est la saturation de la phase non mouillante. Si l'on dé�nit de plus le �ux
fractionnel f , la mobilité totale λ et la di�usion capillaire ϕ

λ(s) =
krn(s)

µn

+
krw(1− s)

µn

, f(s) =
krn(s)

krn(s) +
µn

µw

krw(1− s)
,

ϕ(s) =

∫ s

0

krn(a)krw(a)

µwkrn(a) + µokrw(a)
π′(a)da,

on déduit que le système (0.2)-(0.5) est équivalent au système

−∇ · q = kw + kn, q = −K (λ(s)∇p− ξ(s)g) dans Ω× (0, T ), (0.6)

ω
∂s

∂t
+∇ · (qf(s) + γ(s)Kg)−∇ · (K∇ϕ(s)) = kn dans Ω× (0, T ), (0.7)

où
γ(s) = (ρo − ρw)

λn(s)λw(s)

λn(s) + λw(s)
and ξ(s) = (λn(s)ρo + λw(s)ρw) .

On suppose que λ(s) =
krn(s)

µn

+
krw(1− s)

µn

≥ λ > 0, ce que implique que les deux
premières équations sont équivalentes à une équation uniformément elliptique en la
pression globale p, tandis que la troisième équation est parabolique dégénérée en la
saturation s.

Une grande variété de méthodes numériques ont été appliquées au problème dipha-
sique ; citons en particulier la méthode des éléments �nis (cf. [48], [50], [51], [16], [44], [64]
et [63]), la méthode de Galerkin discontinu (cf. e.g. [19], [61]) et la méthode des volumes
�nis standard (cf. e.g. [90], [67], [5], [12], [91]). Des résultats de convergence du schéma
numérique ont été démontrés par [16], [46] et [51] pour la méthode des éléments �nis, et
par [8], [90] et [71] dans le cas de la méthode des volumes �nis. De plus on remarque que
dans [71] le problème à été considéré dans sa formulation initiale (0.2)-(0.5), sans faire
intervenir la notion de pression globale. Citons également des résultats de convergence
obtenus pour le problème de déplacement miscible [94], [43], [97].

Nous étudions ici un schéma de type volumes �nis hybrides implicite en temps pour
le système (0.6)-(0.7). La discrétisation des termes d'ordre deux est basée sur la méthode
des volumes �nis sur maillage quelconque [66], si bien que le tenseur de perméabilité
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absolu peut être anisotrope et hétérogène. Comme le tenseur K est discontinu en espace
aux interfaces entre deux milieux, les termes K(x)gξ(·) et qf(·) + K(x)gγ(·) le sont
également, si bien qu'ils nécessitent un traitement adapté (cf e.g. [100], [99], [75]). On
utilise ici le schéma de Godunov proposé par [82], en s'appuyant sur les inconnues
d'interfaces.

Le système continu (0.6)-(0.7) possède une structure mathématique remarquable, qui
se transmet au schéma discret et nous permet d'obtenir des estimations dans un espace
discret analogue à L∞(0, T ; H1(Ω)) pour la pression globale approchée pD,δt, ainsi que
dans des espaces discrets analogues aux espaces L2(0, T ; H1(Ω)) et L∞(0, T ; H1(Ω))
pour la saturation approchée sD,δt. Nous démontrons ensuite l'existence d'une solution
approchée (sD,δt, pD,δt) ainsi que des estimations sur les di�érences de translatées en
temps et en espace de la saturation discrète sD,δt ; on en déduit sa compacité relative par
le théorème de Fréchet�Kolmogorov. Si l'on note {sD,δt, pD,δt} une famille de solutions
du problème discret, nous démontrons qu'il existe une sous-suite qui converge vers une
solution faible du problème continu quand le diamètre de la discrétisation spatiale et
le pas de temps tendent vers zero. Il s'agit d'une convergence L2(Ω × (0, T )) forte en
saturation et faible en pression globale. Nous présentons �nalement des résultats de
simulations numériques.

Chapitre 3 : Écoulement diphasique avec pression ca-
pillaire discontinue

On considère de nouveau le système (0.2)-(0.5), dans le cas où l'écoulement prend
place dans deux régions du sol Ω1 et Ω2 aux propriétés très di�érentes, et l'on suppose
que la loi de pression capillaire π = π(x, s) est discontinue en espace à la frontière
entre les deux régions. Cela peut conduire à un phénomène de piégeage de la phase
non-mouillante, cf. [59], [24], [40], ce qui s'exprime par le fait que l'huile ne peut pas
traverser la frontère entre les deux régions du sol tandis que c'est possible pour l'eau.
De plus la saturation s et le pression globale p sont discontinues à travers cette frontière
avec des conditions de raccord non linéaires à l'interface. On néglige ici l'anisotropie du
tenseur de perméabilité K. En s'appuyant sur un formalisme de fonctions multivoques
proposé par [39], on obtient le système d'équations





∇ · qi = 0, qi = −(λi(si)∇pi − giξ(si)) dans Ωi,

ω
∂si

∂t
+∇ · (qifi(s) + gγi(si))−∇ · (∇ϕi(si)) = 0 dans Ωi,∑

i∈{1,2}
Ki · nΓ,i = 0 sur Γ,

∑

i∈{1,2}
(Kifi(s) + gγi(si)−∇ϕi(si)) · nΓ,i = 0 sur Γ,

π̃ ∈ π̃1(s1) ∩ π̃2(s2) sur Γ,
p1 − Z1(π) = p2 − Z2(π) sur Γ,

où π̃i(s), i = 1, 2 sont des graphes monotones, représentant des courbes de pression
capillaire discontinues au travers de l'interface Γ = Ω1 ∩ Ω2. On remarque que dans
chaque sous-domaine Ωi, il s'agit de la résolution d'un système de la forme (0.6)-(0.7).
Plusieurs méthodes de simulation numérique ([62], [60], [40], [61]) ont été proposées pour
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approcher ce problème. La convergence d'un schéma numérique a été démontrée dans
[40] dans le cas d'un domaine unidimensionnel où la gravité n'est pas prise en compte ;
il est alors possible d'éliminer le pression globale et de remplacer le système (0.2)-(0.5)
par une équation parabolique dégénérée scalaire. A notre connaissance le résultat de
convergence n'avait été jamais établi pour le problème complet en dimension d'espace
supérieure. On applique le schéma de volumes �nis "�ux à deux points" [65] pour la
discrétisation spatiale.

Après avoir proposé un schéma numérique, nous démontrons des estimations a priori
dans un espace discret analogue à l'espace L2(0, T ; H1(Ωi)) sur la pression globale PD,i

et la di�usion capillaire ϕ(sD,i), i = 1, 2. (les notations di�érent légèrement de celles du
Chapitre 2). De plus on peut montrer que la saturation sD,i est uniformément bornée,
ou plus précisément que 0 ≤ sD,i ≤ 1, i = 1, 2. On démontre ensuite l'existence d'une
solution discrète et la convergence d'une sous-suite vers une solution faible du problème
continu en s'appuyant sur des arguments liés à la compacité.
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Première partie

A �nite volume method on general
meshes for a degenerate parabolic
convection-reaction-di�usion equation
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Abstract We propose a �nite volume method on general meshes for the discreti-
zation of a degenerate parabolic convection-reaction-di�usion equation. Equations of
this type arise in many contexts, such as for example the modeling of contaminant
transport in porous media. The di�usion term, which can be anisotropic and heteroge-
neous, is discretized using a recently developed hybrid mimetic mixed framework. We
construct a family of discretizations for the convection term, which uses the hybrid
interface unknowns. We consider a wide range of unstructured possibly nonmatching
polyhedral meshes in arbitrary space dimension. The scheme is fully implicit in time,
it is locally conservative and robust with respect to the Péclet number. We obtain a
convergence result based upon a priori estimates and the Fréchet�Kolmogorov compact-
ness theorem. We implement the scheme both in two and three space dimensions and
compare the numerical results obtained with the upwind and the centered discretiza-
tions of the convection term numerically.

This work was supported by the GdR MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA,
EdF, IRSN), France.

1 Introduction

In this paper we study a �nite volume method on general meshes for degenerate
parabolic convection-reaction-di�usion equations of the form

∂β(u)

∂t
−∇ · (Λ∇u) +∇ · (Vu) + f(u) = q. (1.1)

Equations of this type arise for instance in the modeling of contaminant transport in
porous media. The unknown function u represents the concentration of the dissolved
species, which di�uses and is transported by the groundwater. An essential element
in our study is the process of adsorption by a porous skeleton, which is supposed to
be very fast. More particularly we suppose that the dissolved and the absorbed parts
of the species are in equilibrium ; this is modeled by the function β, where β′ may
be in�nite in several points. The matrix Λ is a possibly anisotropic and heterogeneous
di�usion-dispersion tensor, V is the velocity �eld, the function f stands for the chemical
reactions, and q is the source term. We suppose that the mesh is quite general, and
possibly nonmatching. Therefore, also in view of the anisotropy in the di�usion term,
we can not apply the standard �nite volume method [65].

Finite volume schemes have often been applied to the equation (1.1), see e.g. [5], [20],
[67], [43]. The upwind discretization of the convection term allows �nite volume schemes
to be stable in convection dominated case, however standard �nite volume schemes do
not permit to handle anisotropic di�usion on general meshes. On the other hand �nite
element method allows a very simple discretization of full di�usion tensors, they were
used a lot for the discretization of equation (1.1), see e.g. [16], [53], [54]. A possible
solution is to split equation (1.1) into a hyperbolic part and a parabolic part, by means
of an operator splitting method ; one can �nd such an analysis in [84], [85], where the
advection term was treated by the method of characteristics. The other quite intuitive
idea is to take "best from both worlds" [72], which leads to combined �nite volume-
�nite element schemes ; we refer to [72] for this approach. In order to solve this class of
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equations, Eymard, Hilhorst and Vohralík [72] discretize the di�usion term by means of
piecewise linear nonconforming (Crouzeix�Raviart) �nite elements over a triangulariza-
tion of the space domain, or using the sti�ness matrix of the hybridization of the lowest
order Raviart�Thomas mixed �nite element method. The other terms are discretized by
means of a �nite volume scheme on a dual mesh, where the dual volumes are construc-
ted around the sides of the original triangularization. In the second paper of Eymard
et al. [73] the time evolution, convection, reaction, and sources terms are discretized
on a given grid, which can be nonmatching and can contain nonconvex elements, by
means of a cell-centered �nite volume method. In order to discretize the di�usion term,
they construct a conforming simplicial mesh with vertices given by the original grid
and use the �nite element method. In this way, the scheme is fully consistent and the
discrete solution is naturally continuous across the interfaces between the subdomains
with nonmatching grids, without introducing supplementary equations and unknowns
nor interpolating the discrete solutions at the interfaces.

The �nite volume methods for the discretization of anisotropic di�usion on general
meshes is a subject of wide interest (see for instance the results of the benchmarks
organized at the FVCA 5 conference [79]). The hybrid �nite volume (HFV) scheme on
general meshes (also known as SUSHI) was �rst proposed in [66] and then generalized
in [58]. It has also been shown in [58], that the HFV method applied to the stationary
di�usion problem is equivalent to some generalized mimetic �nite di�erence (MFD), [23],
[30], [32], [28], [102], [89], or a mixed �nite volume (MFV), [57], [88], [43] methods, so
that one can think of a global hybrid mimetic mixed (HMM) framework. In the recent
publications [101] and [56] the HMM method was applied to the stationary convection-
di�usion equation. A family of discretization for a convection term was proposed and
analyzed both theoretically and numerically. In this paper we study the family of the
HHM methods applied to a nonlinear degenerate parabolic equation. In general we
exploit the HFV point of view ; however since the di�usion and convection operators in
(1.1) are linear with respect to u, the numerical scheme which we consider can also be
seen as a MFD or a MFV scheme. We discretize a convection term using a family of
scheme involving the hybrid unknowns. This family contains the hybrid equivalent of the
classical upwind and central schemes. In Section 2 we present the nonlinear parabolic
problem together with its geological context. In Section 3 we describe the numerical
scheme. We prove a priori estimates for the discrete solution in L∞(0, T ; L2(Ω)) and
in a discrete space analogous to the space L2(0, T ; H1(Ω)) in Sections 4 and we show
the existence and uniqueness of the solution of the discrete scheme in Section 5. In
Section 6, we prove an estimate on di�erences of time and space translates. These
estimates imply a relative compactness property of sequences of approximate solutions
by the Fréchet�Kolmogorov theorem. We deduce the strong convergence in L2 of the
approximate solutions to the unique solution of the continuous problem in Section 7.
For the proofs, we apply methods inspired upon those of [65] and [66]. In Section 8,
we �nally present results of numerical tests, which con�rm the validity of the numerical
method, both in space dimensions two and three. Finally in Section 9 we investigate the
solvability of the linearized problem obtained during Newton iterations.
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2 Parabolic degenerate problem

We consider the parabolic degenerate convection-di�usion-reaction problem

(Pb)





∂β(u)

∂t
−∇ · (Λ(x)∇u) +∇ · (V(x)u) + f(u) = q(x, t), (x, t) ∈ QT ,

u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

where Ω is a bounded open connected polyhedral subset of Rd, d ∈ N∗, T > 0 and
QT = Ω× (0, T ).

The parabolic equation in Problem (Pb) models contaminant transport in a saturated
porous medium ; in this case the velocity of the underlying �ow V satis�es the Darcy's
problem. In practical applications one has to solve both �ow and transport problems
(see for example [43] or [25]). However, for the sake of simplicity we assume that the
velocity �eld V is given.

The coe�cients of the di�usion-dispersion tensor Λ = Λ(x,V) are usually given by

Λii = φ(x)
(
αt|V|+ (αl − αt)

V2
i

|V| + αm

)

Λij = φ(x)(αl − αt)
ViVj

|V| ,

where αl, αt are the longitudinal and transverse dispersively, αm is a molecular di�usion,
and φ is the porosity [22]. In order to take into account the adsorption of a contaminant
by the porous medium we de�ne β as

β(x, u) = φ(x)u + ρ(x)a(u),

where ρ(x) is a bulk density of the porous medium and a(u) stands for the concentration
of the adsorbed phase (cf. [86] and [22]). We assume that the process of adsorption is
fast compare to the displacement of the contaminant, so that the mobile phase u and
the immobile phases a(u) are in equilibrium. The function a(u) can for example be given
by Langmuir isotherm

a(u) =
k1u

1 + k2u
, k1, k2 > 0,

or by Freundlich isotherm

a(u) = µ1u
µ2 , µ1 > 0, 0 < µ2 < 1.

Remark that in the last case a′(0) = +∞, so that βu(x, 0) = +∞. The term f(u)
represents the chemical reactions ; in the case that the contaminant is a radioactive
species, f(u) take the form

f(u) = λβ(u),

where λ is a positive decay constant (cf. [22]).
In general we suppose that the datum satis�es the following hypotheses :
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(H1) β ∈ C(R), β(0) = 0 is a strictly increasing function, which satis�es the growth
condition |β(a)−β(b)| ≥ β|a−b|, β > 0 for all a, b ∈ R ; moreover there exist P > 0 and
Cβ, such that |β(u)| ≤ Cβ for |u| ≤ P and β is a Lipschitz continuous with a constant
β for |u| ≥ P ;
(H2) Λ ∈ (L∞(Ω))2d is such that for a.e. x ∈ Ω, Λ(x) is a symmetric positive de�nite
matrix with the set of eigenvalues included in [λ, λ] ;
(H3) V ∈ H(div, Ω)

⋂
L∞(Ω) is such that ∇ ·V ≥ 0 a.e. in Ω ;

(H4) f ∈ C(R), f(0) = 0 and there exists M > 0 such that uf(u) > 0 and f(u)
is Lipschitz continuous function with constant Lf for all u < 0 or u > M ; moreo-
ver we suppose that f does not decrease too fast i.e. there exists f > 0 such that
(f(u)− f(v))(u− v) ≥ −f(u− v)2 for all u, v ∈ R ;
(H5) q ∈ L2(QT ).
(H6) u0 ∈ L∞(Ω);
We now present a de�nition of a weak solution of Problem (Pb).

De�nition 2.1. We say that a function u is a weak solution of Problem (Pb) if
(i) u ∈ L2(0, T ; H1

0 (Ω));
(ii) β(u) ∈ L∞(0, T ; L2(Ω));
(iii) u satis�es the integral equality

−
∫ T

0

∫

Ω

β(u)ψt dxdt−
∫

Ω

β(u0)ψ(·, 0) dx+

∫ T

0

∫

Ω

Λ∇u · ∇ψ dxdt

−
∫ T

0

∫

Ω

uV · ∇ψ dxdt +

∫ T

0

∫

Ω

f(u)ψ dxdt =

∫ T

0

∫

Ω

qψ dxdt

for all ψ ∈ L2(0, T ; H1
0 (Ω)) with ψt ∈ L∞(QT ), ψ(·, T ) = 0.

Remark 2.1. In the case that the reaction function f is nondecreasing, the uniqueness
of the weak solution of Problem (Pb) follows from [86].

3 The numerical scheme

3.1 The main de�nitions

In order to describe the numerical scheme we introduce below some notations related
to the space and time discretizations.

De�nition 3.1 (Discretization of Ω). Let Ω be a polyhedral open bounded connected
subset of Rd, with d ∈ N∗, and ∂Ω = Ω\Ω its boundary. A discretization of Ω, denoted
by D, is de�ned as the triplet D = (M, E ,P), where :

1. M is a �nite family of non empty connex open disjoint subsets of Ω (the "control
volumes") such that Ω =

⋃
K∈M K. For any K ∈ M, let ∂K = K\K be the boundary

of K ; we de�ne m(K) > 0 as the measure of K and hK as the diameter of K.
2. E is a �nite family of disjoint subsets of Ω (the "edges" of the mesh), such that, for

all σ ∈ E , σ is a non empty open subset of a hyperplane of Rd, whose (d−1)-dimensional
measure m(σ) is strictly positive. We also assume that, for all K ∈ M, there exists a
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subset EK of E such that ∂K =
⋃

σ∈EK
σ. For each σ ∈ E , we set Mσ = {K ∈ M|σ ∈

EK}. We then assume that, for all σ ∈ E, either Mσ has exactly one element and then
σ ∈ ∂Ω (the set of these interfaces called boundary interfaces, is denoted by Eext) or
Mσ has exactly two elements (the set of these interfaces called interior interfaces, is
denoted by Eint). For all σ ∈ E , we denote by xσ the barycenter of σ. For all K ∈ M
and σ ∈ EK, we denote by nK,σ the outward normal unit vector.

3. P is a family of points of Ω indexed by M, denoted by P = (xK)K∈M, such that
for all K ∈ M, xK ∈ K ; moreover K is assumed to be xK-star-shaped, which means
that for all x ∈ K, there holds [xK ,x] ∈ K. Denoting by dK,σ the Euclidean distance
between xK and the hyperplane containing σ, one assumes that dK,σ > 0. We denote by
DK,σ the cone of vertex xK and basis σ.

Next we introduce some extra notations related to the mesh. The size of the discre-
tization D is de�ned by

hD = sup
K∈M

diam(K); (3.1)

moreover we de�ne

θD = max( max
σ∈Eint,{K,L}=Mσ

dK,σ

dL,σ

, max
K∈Mσ,σ∈EK

hK

dK,σ

). (3.2)

Thus imposing a uniform bound on θD forces the meshes to be su�ciently regular. As it
was done in [66] we associate with the mesh the following spaces of discrete unknowns

XD = {((vK)K∈M, (vσ)σ∈E), vK ∈ R, vσ ∈ R},
XD,0 = {v ∈ XD such that (vσ)σ∈Eext = 0}. (3.3)

Moreover, for each function ψ = ψ(x) smooth enough we de�ne PDψ ∈ XD in following
way

(PDψ)K = ψ(xK) for all K ∈M,
(PDψ)σ = ψ(xσ) for all σ ∈ E .

De�nition 3.2 (Time discretization). We divide the time interval (0, T ) into N equal
time steps of length δt = T/N , where δt is the uniform time step de�ned by δt = tn−tn−1.

Taking into account the time discretization leads us to de�ne of the following discrete
spaces

XD,δt = XN
D = {(vn)n∈{1,...,N}, v

n ∈ XD}

and
XD,0,δt = XN

D,0 = {(vn)n∈{1,...,N}, v
n ∈ XD,0}.

Remark 3.1. For the sake of simplicity, we restrict our study to the case of constant
time steps. Nevertheless all results presented below can be easily extended to the case of
a non uniform time discretization.
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3.2 Finite volume scheme

After formally integrating the �rst equation of (Pb) on the domain K× (tn−1, tn) for
each K ∈M and n = 1, . . . , N , we obtain

∫

K

β(u(x, tn))− β(u(x, tn−1)) dx +
∑
σ∈EK

∫ tn

tn−1

∫

σ

(−Λ∇u + Vu) · nK,σ dγdt

+

∫ tn

tn−1

∫

K

f(u) dxdt =

∫ tn

tn−1

∫

K

q dxdt.

For all K ∈M and all σ ∈ EK we de�ne

VK,σ =

∫

σ

V · nK,σdγ and qn
K =

1

δt m(K)

∫ tn

tn−1

∫

K

q dxdt.

Next, let FD
K,σ(un) ≈ −

∫

σ

Λ∇u · nK,σdγ and FC
K,σ(un) ≈

∫

σ

V u · nK,σdγ be an approxi-
mation of the di�usive and convective �uxes respectively, which are de�ned below by
(3.16) and (3.18). The time implicit �nite volume scheme corresponding to Problem
(Pb) is given by :

The initial condition
u0

K =
1

m(K)

∫

K

u0(x) dx (3.4)

for all K ∈M.
The discrete equations

m(K)(β(un
K)− β(un−1

K )) + δt
∑
σ∈EK

FD
K,σ(un) + δt

∑
σ∈EK

FC
K,σ(un)

+δt m(K)f(un
K) = δt m(K)qn

K

(3.5)

for all K ∈M. We remark that for each time step the number of equations is card(M),
whereas the number of discrete unknowns is equal to card(M) + card(E). Therefore we
need to introduce card(E) additional equations corresponding to the interface values.
For boundary faces these equations are obtained by writing the discrete analog of the
Dirichlet boundary condition

un
σ = 0 for all σ ∈ Eext. (3.6)

For interior faces, we follow the main idea of the �nite volume method by imposing the
local conservation of the discrete �uxes (e.g. [58], [101])

(FD
K,σ(un) + FC

K,σ(un)) + (FD
L,σ(un) + FC

L,σ(un)) = 0 (3.7)

for all σ ∈ Eint with Mσ = {K,L}.

3.3 The discrete weak formulation

We will de�ne below FD
K,σ and FC

K,σ in more details, but we �rst give an alternative
variational formulation of the discrete scheme (3.4)-(3.7). Let (vn)n∈{1,...,N} be an arbi-
trary sequence of elements of XD,0 ; multiplying equation (3.5) by vn

K and summing on
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all control volumes K ∈M leads to :
∑

K∈M
m(K)vn

K

β(un
K)− β(un−1

K )

δt
+

∑
K∈M

∑
σ∈EK

(vn
KFD

K,σ(un) + vn
KFC

K,σ(un))

+
∑

K∈M
m(K)vn

Kf(un
K) =

∑
K∈M

m(K)vn
Kqn

K .

Using (3.7), we obtain that
∑

K∈M

∑
σ∈EK

vn
σ(FD

K,σ(un) + FC
K,σ(un)) = 0 for all vn ∈ XD,0, (3.8)

which yields the following discrete weak formulation :
Let u0

K be de�ned by :

u0
K =

1

m(K)

∫

K

u0(x) dx for all K ∈M (3.9)

For each n ∈ {1, . . . , N} �nd un ∈ XD,0 such that for all vn ∈ XD,0 :
∑

K∈M
m(K)vn

K

β(un
K)− β(un−1

K )

δt
+ < vn, un >D + < vn, un >C

+
∑

K∈M
m(K)vn

Kf(un
K) =

∑
K∈M

m(K)vn
Kqn

K ,
(3.10)

with
< v, u >D=

∑
K∈M

∑
σ∈EK

(vK − vσ)FD
K,σ(un) (3.11)

and
< v, u >C=

∑
K∈M

∑
σ∈EK

(vK − vσ)FC
K,σ(un). (3.12)

Remark 3.2. Remark that the problem (3.4)-(3.7) is equivalent to (3.10)-(3.12). Indeed,
let δij be the Kroneker symbol, by setting vn

σ = 0 for all σ ∈ E, and v′K = δKK′ for all
K ′ ∈ M and for a given K one recover (3.5), and setting vK = 0 for all K ∈ M and
vσ′ = δσσ′ for all σ′ ∈ E yields (3.7). The homogeneous Dirichlet boundary condition
(3.6) follows from the fact that un ∈ XD,0.

3.4 Di�usion term

In order to complete the numerical scheme we still have to express the discrete �uxes
FD

K,σ and FC
K,σ in terms of the discrete unknowns. We brie�y recall below the de�nition

of the hybrid �nite volume scheme [58]. First we de�ne the discrete gradient

∇Ku =
1

m(K)

∑
σ∈EK

m(σ)(uσ − uK)nK,σ ∀K ∈M, ∀u ∈ XD. (3.13)

Remark that the geometrical relation
∑
σ∈EK

m(σ)nK,σ(xσ − xK)T = m(K)Id (3.14)
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holds for each K. Let ψ(x) be a function, piecewise linear on the control volumes of the
mesh ; then ∇KPD(ψ) = ∇ψ(x)|x∈K . Let RK,σ(u) denote

RK,σ(u) = uσ − uK −∇Ku · (xσ − xK), (3.15)

which is the second order error term, vanishing for piecewise linear functions, let
BK =

(
Bσ,σ′

K

)
σ,σ′∈EK

be a positive de�nite matrix. Then the numerical �uxes
(
FD

K,σ(u)
)

K∈M,σ∈EK
are uniquely de�ned through the following discrete integration by

parts rule
∑
σ∈EK

(vK − vσ)FD
K,σ(u) = ΛK∇Kv · ∇Ku +

∑

σ,σ′∈EK

Bσ,σ′
K RK,σ(v)RK,σ′(u) for all v ∈ XD,

(3.16)
where ΛK =

∫
K

Λ(x) dx. The last term in (3.16) is a stabilization term which is in-
troduced in order to insure the bilinear form < ·, · >D is coercive. The choice of BK

is not arbitrary, but as it was pointed out in [58] and [101] it must ful�ll the following
condition :
There exist two positive constants s and S such that for all u ∈ XD

s
∑
σ∈EK

m(σ)

dK,σ

(RK,σ(u))2 ≤
∑

σ,σ′∈EK

Bσ,σ′
K RK,σ(u)RK,σ′(u) ≤ S

∑
σ∈EK

m(σ)

dK,σ

(RK,σ(u))2.

Remark that in view of (3.16), (3.13) and (3.15) there exists a family of positive de�nite
matrix (DK)K∈M such that

∑

σ,σ′∈EK

(vK − vσ)FD
K,σ(u) =

∑

σ,σ′∈EK

Dσ,σ′
K (vK − vσ)(uK − uσ′) for all K ∈M. (3.17)

If BK is diagonal with Bσ,σ
K = bK,σ

m(σ)

dK,σ

, then we obtain the SUSHI scheme [66]. It is

worth noting that if we choose bK,σ =
√

d for all K ∈M and σ ∈ EK in the simple case
that Λ is a scalar and that the mesh satis�es the orthogonality property nK,σ =

xσ − xK

dK,σ

,

the expression for FD
K,σ(u) simpli�es (see. [66, Lemma 2.1]) ; moreover if convection is

absent we obtain the usual two point scheme. Nevertheless, it may be useful to optimize
the choice of αK,σ as it is done in [11].
Lemma 3.1. Let D be a discretization of Ω in sense of De�nition 3.1, moreover let
θ ≥ θD be given. Then for all ψ ∈ C2(Ω), there exists a positive constant C only
depending on d, θ and ψ such that

‖∇KPDψ −∇ψ‖(L∞(Ω))d ≤ ChD.

The proof of this Lemma is given in [66].

3.5 Convection term

Our discretization of the convective term is based upon a convective �ux which
involves the hybrid unknowns uσ. Following [101] for all u ∈ XD we de�ne

FC
K,σ(u) = A(VK,σ)uK + B(VK,σ)uσ, (3.18)
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where A and B satisfy the assumptions :

(HC,1) A,B are Lipschitz functions such that A(0) = B(0) = 0 ;
(HC,2) A(s) + B(s) = s for all s ∈ R ;
(HC,3) There exists CAB ≥ 0 such that A(s)−B(s) ≥ −CAB|s| for all s ∈ R.

Di�erent choices of A and B lead to di�erent schemes, for example setting A(s) =
1
2
(s + |s|) and B(s) = 1

2
(s− |s|) one obtains an upwind scheme i.e.

FC
K,σ(u) =

{
VK,σuK , if VK,σ ≥ 0
VK,σuσ, if VK,σ < 0.

(3.19)

On the other hand setting A(s) = 0 and B(s) = s leads to a sort of a centered scheme

FC
K,σ(u) = VK,σuσ. (3.20)

In Section 8 we compare the schemes (3.19) and (3.20) numerically. It is shown that the
centered scheme (3.20) is more accurate, while the upwind scheme (3.19) preserves the
approximate solution from unphysical oscillations in the convection dominated case.

3.6 Basic properties of the scheme

The space XD de�ned in (3.3) is equipped with the following semi-norm.
De�nition 3.3. Let D = (M, E ,P) be a discretization of Ω ; then for all v ∈ XD we
de�ne

|v|2XD =
∑

K∈M

∑
σ∈EK

m(σ)

dK,σ

(vσ − vK)2. (3.21)

Moreover, let N ∈ N∗ and δt = T/N , for all v ∈ XD,δt we de�ne

|v|2XD,δt
=

N∑
n=1

δt|v|2XD . (3.22)

The semi-norm |·|XD (or |·|XD,δt
) is a norm on the space XD,0 (on XD,0,δt respectively).

Let us also de�ne a discrete analog of the ‖ · ‖1,p norm.
De�nition 3.4 (The discrete space HM(Ω)). Let 1 ≤ p < ∞ and let D = (M, E ,P)
be a discretization of Ω. Let HM(Ω) ⊂ L2(Ω) be the set of piecewise constant functions
on the control volumes of the mesh M for each v ∈ HM(Ω) we de�ne vK = v(x)|x∈K.
For all v ∈ HM(Ω) and for all σ ∈ Eint with Mσ = {K,L} we de�ne Dσv = |vK − vL|
and dσ = dK,σ + dL,σ, and for all σ ∈ Eext with Mσ = {K}, we set Dσv = |vK | and
dσ = dK,σ. We then de�ne the following family of norms

‖v‖p
1,p,M =

∑
K∈M

∑
σ∈EK

m(σ)dK,σ

(
Dσv

dσ

)p

; (3.23)

so that in particular

‖v‖2
1,2,M =

∑
K∈M

∑
σ∈EK

m(σ)dK,σ

(
Dσv

dσ

)2

.



30 The numerical scheme

De�nition 3.5. Let D be a discretization of Ω , we de�ne the projection operators
ΠD : XD → L2(Ω) and ∇D : XD → (L2(Ω))

d by

ΠDv(x) = vK for all (x, t) ∈ K

and
∇Dv(x) = ∇Kv for all (x, t) ∈ K

respectively. Let also N ∈ N∗ and δt = T/N > 0 ; we de�ne ΠD,δt : XD,δt → L2(QT ) and
∇D,δt : XD,δt → (L2(QT ))

d by

ΠD,δtv(x, t) = vn
K for all (x, t) ∈ K × (tn−1, tn]

and
∇D,δtv(x, t) = ∇Kvn for all (x, t) ∈ K × (tn−1, tn].

Next we recall two results from [66] which we will use below.

Lemma 3.2. Let D be a discretization of Ω , and let θ ≥ θD be given. Then there exists
a positive constant C only depending on θ and d such that

‖∇Dv‖L2(Ω) ≤ C|v|XD for all v ∈ XD.

Lemma 3.3. Let D be a discretization of Ω , then there holds

‖v‖1,2,M ≤ |v|XD for all v ∈ XD,0.

We show below that the bilinear forms de�ned in (3.11) and (3.12) satisfy continuity
and coercivity properties.

Lemma 3.4. Let D be a discretization of Ω , and let θ ≥ θD be given, then :
(i) There exist positive constants C1 and α which do not depend on h such that

| < u, v >D | ≤ C1|u|XD |v|XD (3.24)

and
< u, u >D≥ α|u|2XD (3.25)

for all u, v ∈ XD.
(ii) There exist two positive constant C2 and C3 which does not depend on h such

that
| < u, v >C | ≤ C2|u|XD |v|XD (3.26)

and
< u, u >C≥ −C3hD|u|2XD (3.27)

for all u, v ∈ XD,0. Moreover C3 = 0 if CAB = 0, which is the case for the upwind
scheme (3.19).
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Proof : (i) We refer to [66, Lemma 4.4] for a proof.
(ii) The proof of the second statement of (ii) is given in Remark 3.4 of [101]. It

remains to show (3.26). By the de�nition (3.12), (3.19) and in view of (HC,2) we have
that

< u, v >C =
∑

K∈M

∑
σ∈EK

(vK − vσ) (A(VK,σ)uK + B(VK,σ)uσ)

=
∑

K∈M

∑
σ∈EK

VK,σ(vK − vσ)uK −
∑

K∈M

∑
σ∈EK

B(VK,σ)(vK − vσ)(uK − uσ)

which implies using (HC,1)

< u, v >C≤
∑

K∈M

∑
σ∈EK

VK,σ(vK − vσ)uK + C
∑

K∈M

∑
σ∈EK

|VK,σ|(vK − vσ)(uK − uσ).

Using the Cauchy-Schwarz inequality and the bound dK,σ ≤ hD we have that

| < u, v >C | ≤
√

d‖V‖L∞(Ω)

( ∑
K∈M

∑
σ∈EK

m(σ)
(vK − vσ)2

dK,σ

) 1
2
( ∑

K∈M

∑
σ∈EK

m(σ)dK,σ

d
u2

K

) 1
2

+hDC‖V‖L∞(Ω)

( ∑
K∈M

∑
σ∈EK

m(σ)
(vK − vσ)2

dK,σ

) 1
2
( ∑

K∈M

∑
σ∈EK

m(σ)
(uK − uσ)2

dK,σ

) 1
2

.

and
| < u, v >C | ≤ ‖V‖L∞(Ω)

(√
d · |v|XD‖ΠDu‖L2(Ω) + hDC · |v|XD |u|XD

)

since
∑
σ∈EK

dK,σm(σ) = m(K)d. In view of Lemma 3.3 and the discrete Poincaré inequa-

lity implied by Lemma 6.3 below we conclude that

| < u, v >C | ≤ C2|u|XD |v|XD .

¤
Next we recall a technical lemma presented in [72], namely Lemma 8.2, which will be
useful for the a priori estimates of the next section

Lemma 3.5. Let B(s), s ∈ R be de�ned by

B(s) = β(s)s−
∫ s

0

β(τ)dτ ,

with β satisfying hypothesis (H1). Then B(s) ≥ 1

2
s2β.

4 A priori estimates

We de�ne below an approximate solution of Problem (Pb).
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De�nition 4.1 (Approximate solution). Let D be a discretization of Ω, N ∈ N∗ and
δt = T/N > 0. We say that the uD,δt = (un)n∈{1,...,N} ∈ XN

D,δt,0, is an approximate
solution of Problem (Pb) if for all n ∈ {1, . . . , N}, un satis�es (3.9)-(3.12). We also
denote uD,δt the function de�ned by

uD,δt(x, 0) = u0
K for all x ∈ K,

uD,δt(x, t) = un
K for all (x, t) ∈ K × (tn−1, tn]

and
uD,δt(x, t) = un

σ for all (x, t) ∈ σ × (tn−1, tn].

Lemma 4.1 (A priori estimate). Let uD,δt be an approximate solution of Problem (Pb).
There exists C ∈ R+ and also ChD ∈ R+ only depending on α and C3 (de�ned in Lemma
3.4), such that if hD ≤ ChD , then uD,δt satis�es

‖uD,δt‖L∞(0,T ;L2(Ω)) + |uD,δt|XD,δt
≤ C; (4.1)

moreover
‖β(uD,δt)‖L∞(0,T ;L2(Ω)) ≤ C. (4.2)

Proof : Let m ∈ [1, N ] be an arbitrary integer. Summing on n ∈ {1, . . . , m} the
equation (3.10) with vn = un for each n we obtain

∑
K∈M

m(K)
m∑

n=1

un
K(β(un

K)− β(un−1
K )) +

m∑
n=1

δt(< un, un >D + < un, un >C)

+
m∑

n=1

δt
∑

K∈M
m(K)un

Kf(un
K) =

m∑
n=1

∑
K∈M

δt m(K)un
Kqn

K .

Next, we consider the function B from Lemma 3.5 de�ned by

B(u) = β(u)u−
∫ u

0

β(τ)dτ.

One can see that the following relation holds

B(un
K)−B(un−1

K ) = un
K(β(un

K)− β(un−1
K ))−

∫ un
K

un−1
K

(β(τ)− β(un−1
K ))dτ

and since β is nondecreasing we have that
∫ un

K

un−1
K

(β(τ)− β(un−1
K ))dτ ≥ 0,

which implies

∑
K∈M

m(K)(B(um
K)−B(u0

K)) =
∑

K∈M
m(K)

m∑
n=1

(B(un
K)−B(un−1

K ))

≤
∑

K∈M
m(K)

m∑
n=1

un
K(β(un

K)− β(un−1
K )).
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In view of Lemma 3.5 we have that
1

2
βu2 ≤ B(u) ≤ uβ(u) ≤ (β(u))2

β
,

which yields
1

2
β‖uD,δt(·, tm)‖2

L2(Ω) −
1

β
‖β(u0)‖2

L2(Ω) ≤
∑

K∈M
m(K)

m∑
n=1

un
K(β(un

K)− β(un−1
K )).

We remark that in view of the hypothesis (H4) one has
uf(u) ≥ M min

0≤u≤M
f(u),

since min
0≤u≤M

f(u) ≤ 0. In view of Lemma 3.4, the equation (3.11) and using (H2) we
�nally conclude that

1

2
β‖uD,δt(·, tm)‖2

L2(Ω) + α|uD,δt|2XD,δt

≤ C + C3hD|uD,δt|2XD,δt
+

N∑
n=1

∑
K∈M

δtm(K)un
Kqn

K ,
(4.3)

where α and C3 are the constants form Lemma 3.4. Applying Cauchy-Schwarz and
Young's inequality to the last term in (4.3) leads to

1

2
β‖uD,δt(·, tm)‖2

L2(Ω) + α|uD,δt|2XD,δt

≤ C + C3hD|uD,δt|2XD,δt
+ ‖uD,δt‖L2(QT )‖q‖L2(QT )

≤ C + C3hD|uD,δt|2XD,δt
+

ε

2
‖uD,δt‖2

L2(QT ) +
1

2ε
‖q‖2

L2(QT ).

Then, in view of (H3) we obtain
1

2
β‖uD,δt‖2

L∞(0,T ;L2(Ω)) ≤ C + C3hD|uD,δt|2XD,δt

+
ε

2
T‖uD,δt‖2

L∞(0,T ;L2(Ω)) +
1

2ε
‖q‖2

L2(QT )

and
α|uD,δt|2XD,δt

≤ C + C3hD|uD,δt|2XD,δt

+
ε

2
T‖uD,δt‖2

L∞(0,T ;L2(Ω)) +
1

2ε
‖q‖2

L2(QT ).

We now choose ε = β/(2T ), which gives
1

4
β‖uD,δt‖2

L∞(0,T ;L2(Ω)) ≤ C + C3hD|uD,δt|2XD,δt

and
α

2
|uD,δt|2XD,δt

≤ C + C3hD|uD,δt|2XD,δt
.

If
hD ≤ ChD =

α

4C3

, (4.4)

then (4.1) follows. The assumption (H1) implies that there exists a positive C, such that
|β(s)| ≤ C(1 + |s|) for all s ∈ R, (4.5)

which in turn implies the estimate (4.2). ¤
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Remark 4.1. We assume from now on that the size of the mesh hD is always chosen
in a suitable way (by (4.4) for example), so that the a priori estimates (4.1) and (4.2)
hold.

5 Existence and uniqueness of the discrete solution

Remark 5.1 (Extended discrete problem). Let ν > 0 and w ∈ HM(Ω) (cf. De�nition
3.4), we consider the following extended one step problem. Find unu ∈ XD,0 such that
for all v ∈ XD,0 :

ν
∑

K∈M
m(K)vK

β(uν
K)− β(wK)

δt
+ < v, uν >D +ν < v, uν >C

+ν
∑

K∈M
m(K)vKf(uν

K) = ν
∑

K∈M
m(K)vKqK .

(5.1)

It can be shown that, under an appropriate condition on hD (see Remark 4.1), the
solution of the extended problem (5.1) satis�es

δt|uν |2XD ≤ νC. (5.2)

Theorem 5.1 (Existence of a discrete solution). The problem (3.9)-(3.12) possesses at
least one solution.

Proof : Let us consider the extended problem (5.1), which can be written as the
abstract system of nonlinear equations

H(uν , un−1, ν) = 0, (5.3)

where H is a continuous mapping from HM(Ω)×XD,0× [0, 1] to XD,0. It is worth noting
that in view of Remark 3.2 (see also (3.5) and (3.7)), we may write the system (5.3) in
the form

HK

(
β(uν

K), β(wK), uν
K , (uν

σ)σ∈EK
, ν

)
= 0 for all K ∈M

and
Hσ

(
(uν

K)K∈Mσ
,
(
(uν

σ)σ∈EK

)
K∈Mσ

, ν
)

= 0 for all σ ∈ Eint,

where uν ∈ XD,0. In view of Remark 5.1 and the estimate (4.2), there exists C > 0
which does not depend on ν such that

δt|uν |2XD ≤ C

for any uν satisfying H(uν , un−1, ν). Setting R =
√

C/δt + 1 we deduce that

|uν |XD < R for all (ν, uν) ∈ [0, 1]×XD,0 such that H(uν , un−1, ν) = 0.

Therefore the system (5.3) has no solutions on the boundary of the ball BR of radius
R for ν ∈ [0, 1]. Next, we denote by d(H(·, un−1, ν) = 0, BR, 0) the topological degree
of the application H(·, un−1, ν) with respect to the ball BR and right-hand side 0. For
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ν = 0 the system H(uν , un−1, ν) = 0 reduces to a linear system with a positive de�nite
matrix. Thus, in view of the homotopy invariance of the topological degree we have that

d(H(·, un−1, ν), BR, 0) = d(H(·, un−1, 0), BR, 0) = 1 for all ν ∈ [0, 1],

where we have applied [55, Theorem 3.1 (d1) and (d3)]. Thus, by [55, Theorem 3.1
(d4)]. Then, there exists un such that H(un, un−1, 1) = 0, so that un is a solution of
(3.9)-(3.12). ¤

Theorem 5.2 (Uniqueness of the discrete solution). Let D be a discretization of Ω,
then if the time step satis�es

δt < β/f (5.4)
and the mesh size hD is small enough, then the solution of the problem (3.9)-(3.12) is
unique.

Proof : We give a proof by contradiction. Let uD,δt and ũh,k be two di�erent solutions
of (3.9)-(3.12), such that um = ũm for all m = 1, . . . , n − 1, but un 6= ũn. We de�ne
rn = un − ũn. In view of (3.10) with v = rn we have that

∑
K∈M

m(K)rn
K

β(un
K)− β(ũn

K)

δt
+ < rn, rn >D + < rn, rn >C

+
∑

K∈M
m(K)rn

K(f(un
K)− f(ũn

K)) = 0.

We apply Lemma 3.4 as well as the assumptions (H1) and (H4) in order to estimate
each term in the equation above. We obtain

(β/δt− f)
∑

K∈M
m(K)(rn

K)2 + α|rn|2XD ≤ C3hD|rn|2XD ,

Finally, in view of (5.4) we deduce that

|rn|XD = 0

for hD su�ciently small. ¤

6 Estimates on space and time translates

6.1 Estimates on time translates

To begin with we state without proof two technical lemmas which will be useful for
proving the estimate on time translates.

Lemma 6.1. Let T > 0, τ ∈ (0, T ), N ∈ N∗, δt = T/N be given and (an)n∈N∗ be a
family of non negative real values. Let dse denotes the smallest integer larger or equal
to s. Then ∫ T−τ

0

∑

dt/δte+1≤n≤d(t+τ)/δte
andt ≤ τ

N∑
n=1

an.
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Lemma 6.2. Let T > 0, τ ∈ (0, T ), N ∈ N∗, δt = T/N , ζ ∈ [0, τ ] be given and (an)n∈N∗
be a family of nonnegative real values. Let dse denotes the smallest integer larger or
equal to s. Then

∫ T−τ

0

∑

dt/δte+1≤n≤d(t+τ)/δte
ad(t+ζ)/δtedt ≤ τ

N∑
n=1

an.

Theorem 6.1. Let D be a discretization of Ω and let {uD,δt} be a solution of the discrete
problem in sense of De�nition 4.1. Let also θ ≥ θD be given. Then there exists a positive
constant C only depending on θ such that

∫ T−τ

0

∫

Ω

(uD,δt(x, t + τ)− uD,δt(x, t))2dxdt ≤ Cτ, (6.1)

for all τ ∈ (0, T ).

Proof : To begin with we use the hypothesis (H1) to obtain

β

∫ T−τ

0

∫

Ω

(uD,δt(x, t + τ)− uD,δt(x, t))2 dxdt

= β

∫ T−τ

0

∑
K∈M

m(K)(u
d(t+τ)/δte
K − u

dt/δte
K )2dt

≤
∫ T−τ

0

∑
K∈M

m(K)(u
d(t+τ)/δte
K − u

dt/δte
K )(β(u

d(t+τ)/δte
K )− β(u

dt/δte
K ))dt

=

∫ T−τ

0

∑
K∈M

m(K)(u
d(t+τ)/δte
K − u

dt/δte
K )

∑

dt/δte+1≤n≤d(t+τ)/δte
m(K)(β(un

K)− β(un−1
K ))dt.

For a given δt and for all real t and τ we de�ne the following set

n(t, τ) = {n ∈ N, dt/δte+ 1 ≤ n ≤ d(t + τ)/δte},
which can be empty. Then, the discrete equation (3.5) implies

β

∫ T−τ

0

∫

Ω

(uD,δt(x, t + τ)− uD,δt(x, t))2 dxdt ≤
∫ T−τ

0

∑
K∈M

(u
d(t+τ)/δte
K − u

dt/δte
K )

·
∑

n∈n(t,τ)

δt

(
m(K)qn

K −
∑
σ∈EK

(
FD

K,σ(un) + FC
K,σ(un)

)−m(K)f(un
K)

)
dt.

Let us de�ne the expressions AD,C , AR and AS by

AD,C =

∫ T−τ

0

∑

n∈n(t,τ)

δt
∑

K∈M
(u
d(t+τ)/δte
K − u

dt/δte
K )

∑
σ∈EK

(
FD

K,σ(un) + FC
K,σ(un)

)
dt,

AR =

∫ T−τ

0

∑

n∈n(t,τ)

δt
∑

K∈M
m(K)(u

d(t+τ)/δte
K − u

dt/δte
K )f(un

K)dt,

AS =

∫ T−τ

0

∑

n∈n(t,τ)

δt
∑

K∈M
m(K)(u

d(t+τ)/δte
K − u

dt/δte
K )qn

Kdt,
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which we will estimate below. In view of (3.8), (3.11) and (3.12) we obtain

AD,C =

∫ T−τ

0

∑

n∈n(t,τ)

δt(< ud(t+τ)/δte − udt/δte, un >F + < ud(t+τ)/δte − udt/δte, un >T )dt

In view of Lemma 3.4 we have that | < u, v >F |+ | < u, v >T | ≤ C|u|XD |v|XD for all
u, v ∈ XD,0 and since 2ab ≤ a2 + b2 one has

|AD,C | ≤ C

∫ T−τ

0

∑

n∈n(t,τ)

δt(|ud(t+τ)/δte|XD + |udt/δte|XD)|un|XDdt

≤ C(

∫ T−τ

0

∑

n∈n(t,τ)

δt|udt/δte|2XD+

∫ T−τ

0

∑

n∈n(t,τ)

δt|ud(t+τ)/δte|2XD+

∫ T−τ

0

∑

n∈n(t,τ)

δt|un|2XDdt).

It follows from the estimate (4.1) and the Lemmas 6.1 and 6.2 that

|AD,C | ≤ τC

N∑
n=1

δt|un|2XD ≤ Cτ.

Next, we estimate the term AR ; remark that the inequality (4.5) also holds for the
function f instead of β. Hence,

∑
K∈M

m(K)vKf(uK) ≤ 1

2
‖v‖2

L2(Ω) + C
(
m(Ω) + ‖u‖2

L2(Ω)

)
(6.2)

for all v, u ∈ HM, which in turn implies that

|AR| ≤ 1

2

∫ T−τ

0

∑

n∈n(t,τ)

δt
(
‖uD,δt(·, dt/δte)‖2

L2(Ω) + ‖uD,δt(·, d(t + τ)/δte)‖2
L2(Ω)

)
dt

+C

∫ T−τ

0

∑

n∈n(t,τ)

δt
(
m(Ω) + ‖uD,δt(·, tn)‖2

L2(Ω)

)
dt.

One more time it follows from the estimate (4.1) and the Lemmas 6.1 and 6.2 that

|AR| ≤ τC

N∑
n=1

δt
(
m(Ω) + ‖uD,δt(·, tn)‖2

L2(Ω)

)
≤ τC.

In the same way we proceed for the term |AS|, one has that

|AS| ≤ τ
(
‖uD,δt‖2

L2(QT ) + ‖q‖2
L2(QT )

)
.

Finally we use an a priori estimate (4.1) and the hypothesis (H5) to complete the proof.
¤

6.2 Estimates on space translates

In this section we prove an estimate on the L2−norm of di�erences of space translates
of the discrete solution. We state without proof two results from [66], which are useful
in our study.
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Lemma 6.3. Let d ≥ 1, 1 ≤ p < ∞ and Ω be an open bounded connected subset
of Rd. Let D be a mesh of Ω . Let η > 0 be such that η ≤ dK,σ/dL,σ ≤ 1/η for all
σ ∈ Mσ = {K,L}. Then, there exists q > p only depending on p and there exists a
positive constant C, only depending on d, Ω, p and η such that :

‖u‖Lq(Ω) ≤ C‖u‖1,p,M (6.3)

for all u ∈ HM(Ω). We recall that HM(Ω) ⊂ L2(Ω) is the set of piecewise constant
functions on the control volumes of the mesh.

Lemma 6.4. Let d ≥ 1 and Ω be a polyhedral open bounded connected subset of Rd.
Let D = (M, E ,P) be a discretization of Ω and let u ∈ HM(Ω). Then, with notation of
De�nition 3.4 :

‖u(·+ y)− u‖L1(Rd) ≤ |y|
√

d‖u‖1,1,M, (6.4)
where u is de�ned on the whole Rd, taking u = 0 outside Ω.

Next we show that a similar inequality holds in every Lp-norm.

Lemma 6.5. Let d ≥ 1, 1 ≤ p < ∞ and Ω be an open bounded connected subset of Rd

and T > 0. Let D be a discretization of Ω . Let η > 0 such that η ≤ dK,σ/dL,σ ≤ 1/η for
all σ ∈ Mσ = {K, L}. There exist C > 0 and ρ > 0, only depending on d, p, Ω and η
such that

‖u(·+ y)− u‖Lp(Rd) ≤ C|y|ρ‖u‖1,p,M,

where u is de�ned on Rd, taking u = 0 outside Ω.

Proof : In view of Lemma 6.3, there exist q > p and a positive constant C such that

‖u‖Lq(Rd) ≤ C‖u‖1,p,M. (6.5)

We apply the Interpolation Inequality [4, Theorem 2.11, p.27]

‖u(·+ y)− u‖Lp(Rd) ≤ ‖u(·+ y)− u‖ρ
L1(Rd)

‖u(·+ y)− u‖1−ρ
Lq(Rd)

, (6.6)

where
ρ =

1

p
· q − p

q − 1
.

Moreover (6.5) implies that

‖u(·+ y)− u‖Lq(Rd) ≤ 2‖u‖Lq(Rd) ≤ C‖u‖1,p,M,

so that by (6.4) and (6.6) implies that

‖u(·+ y)− u‖Lp(Rd) ≤ C|y|ρ(‖u‖1,1,M)ρ(‖u‖1,p,M)1−ρ.

Applying Hölder inequality we obtain that

‖u‖1,1,M ≤ C‖u‖1,p,M

for some positive constant C. Then

‖u(·+ y)− u‖Lp(Rd) ≤ C|y|ρ‖u‖1,p,M.

¤
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Theorem 6.2. Let D be a sequence of discretizations of Ω and such that there exists a
positive constant θ satisfying θD ≤ θ for all D ∈ D. Let δt be a sequence of real positif
numbers, such that T/δt ∈ N for all δt ∈ δt. Let uD,δt = (uD,δt)D∈D,δt∈δt be the sequence
of approximate solutions corresponding to D and δt. Then uD,δt is relatively compact in
L2(QT ).

Proof : To begin with, we extend uD,δt by zero outside of QT . Applying the Lemma
6.5 with p = 2 yields

‖uD,δt(·+ y, t)− uD,δt(·, t)‖L2(Rd) ≤ C|y|ρ‖uD,δt(·, t)‖1,2,M

for some positive constants ρ > 0 and C > 0. Integrating on (0, T ) we obtain

‖uD,δt(·+ y, ·)− uD,δt‖2
L2(Rd×(0,T )) ≤ C|y|2ρ

N∑
n=1

δt‖uD,δt(·, tn)‖2
1,2,M.

Then in view of Lemma 3.3 and the estimate (4.1) we obtain the bound

‖uD,δt(·+ y)− uD,δt‖L2(Rd×(0,T )) ≤ C|y|ρ,

which, combined with (6.1) gives

‖uD,δt(·+ y, ·+ τ)− uD,δt‖L2(Rd×(0,T ))

≤ ‖uD,δt(·+ y, ·+ τ)− uD,δt(·+ y, ·)‖L2(Rd×(0,T )) + ‖uD,δt(·+ y, ·)− uD,δt‖L2(Rd×(0,T ))

≤ C(
√

τ + |y|ρ).
Then the Fréchet-Kolmogorov Compactness Theorem implies that the family uD,δt is
relatively compact in L2(Rd × (0, T )) and thus in L2(QT ). ¤

7 Convergence result

We begin with a technical lemma which is useful for passing to the limit in the
nonlinear terms of (1.1).

Lemma 7.1. Let (a, b) be an interval of R and let the function g ∈ C(R) be Lip-
schitz continuous on R \ (a, b). Let 1 ≤ p < ∞ and let {um} be a sequence in L2(QT )
and u ∈ L2(QT ), such that

lim
m→∞

‖um − u‖L2(QT ) = 0.

Then there exists a subsequence of {um}, which we still denote by {um} such that

lim
m→∞

‖g(um)− g(u)‖L2(QT ) = 0.

Proof : The proof of this Lemma can be found in Section 6.2.1 of [72], it relies on
splitting of g into a sum g1 and g2, where g1 is bounded and g2 is Lipschitz on R. ¤
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Theorem 7.1. Let D be a sequence of discretizations of Ω, such that hD tends to zero
along D and let θ be a positive constant such that θD ≤ θ for all D ∈ D. Let δt be
a sequence of real positif numbers, such that T/δt ∈ N for all δt ∈ δt and such that
δt tends to zero along δt. Let uD,δt = (uD,δt)D∈D,δt∈δt be the sequence of approximate
solutions corresponding to D and δt. Then there exists a subsequence of uD,δt, which we
denote again by uD,δt, such that uD,δt → u strongly in L2(QT ) as hD, δt → 0, where u is
a weak solution of Problem (Pb). Moreover u ∈ L2(0, T ; H1

0 (Ω)) and ∇D,δtuD,δt weakly
converge in L2(QT )d to ∇u. In the case that F is nondecreasing, the whole sequence
uD,δt converges to the unique weak solution u of Problem (Pb).

Proof : By Theorem 6.2 there exists a subsequence of uD,δt that we still denote by
uD,δt and a function u ∈ L2(QT ) such that uD,δt → u strongly in L2(QT ) as hD, δt → 0
(and also in L2(Rd× (0, T )) taking uD,δt = 0 outside of QT ). Let ∇D,δtuD,δt be prolonged
by zero outside of QT , in view of (4.1) and Lemma 3.2 there exists a function G ∈
L2(R × (0, T ))d such that ∇D,δtuD,δt weakly converge in L2(R × (0, T ))d to G along a
subsequence as hD, δt → 0. The proof of the fact that G = ∇u is a straightforward
adaptation of [66, Lemma 4.2] to the time dependent problem. Thus

∇D,δtuD,δt → ∇u weakly in L2(QT ), (7.1)

which in particular implies that u ∈ L2(0, T ; H1
0 (Ω)) since u = 0 outside of QT .

Next we show that u is a weak solution of Problem (Pb). For this purpose, we
introduce the function space

Ψ = {ψ ∈ C2,1(Ω× [0, T ]), ψ = 0 on ∂Ω× [0, T ], ψ(·, T ) = 0}.
Taking an arbitrary ψ ∈ Ψ, we de�ne the sequence of elements of XD,0

ψn = PDψ(·, tn) for all n ∈ {1, . . . , N}
so that ψn

K = ψ(xK , tn) and ψn
σ = ψ(xσ, tn). Next setting

vn = ψn−1 for all n ∈ {1, . . . , N}
in (3.10), we obtain, also in view of (3.11) and (3.12), that

TT + TD + TC + TR = TS,

where

TT =
N∑

n=1

∑
K∈M

m(K)(β(un
K)− β(un−1

K ))ψn−1
K ,

TD =
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )FD
K,σ(un),

TC =
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )FC
K,σ(un),

TR =
N∑

n=1

δt
∑

K∈M
m(K)ψn−1

K f(un
K)
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and

TS =
N∑

n=1

δt
∑

K∈M
m(K)ψn−1

K qn
K .

We successively search for the limit of each of these terms as hD and δt tend to zero.
Convection and di�usion terms. We refer to Theorem 3.7 of [101] (where a

convergence result is shown for a stationary convection-di�usion problem) for a proof of
the limits

TC → −
∫ T

0

∫

Ω

u(x, t)V(x) · ∇ψ(x, t) dxdt (7.2)

and
TD →

∫ T

0

∫

Ω

∇ψ(x, t) ·Λ(x)∇u(x, t) dxdt (7.3)

as hD, δt → 0.
Time evolution term. The proof of the fact that

TT → −
∫ T

0

∫

Ω

β(u)ψt dxdt−
∫

Ω

β(u0)ψ(·, 0) dx

along a subsequence of uD,δt is classical. It is based upon the chain rule, the regularity
of ψ, the strong convergence of uD,δt and Lemma 7.1 applied to the function β. The
complete proof can be found in [72].

Reaction term. We deduce from the regularity of ψ and from Lemma 7.1 that the
term TR converges (up to a subsequence) to

∫ T

0

∫

Ω

f(u(x, t))ψ(x, t) dxdt

as hD, δt → 0.
Source term. Similarly one can show that

TS =
N∑

n=1

∑
K∈M

∫ tn

tn−1

∫

K

ψ(xK , tn−1)q(x, t) dxdt →
∫ T

0

∫

Ω

ψ(x, t)q(x, t) dxdt

as hD, δt → 0.
It follows from (4.2) that β(u) ∈ L∞(0, T ; L2(Ω)). Moreover we deduce from the

density of the set Φ in the set {ψ ∈ L2(0, T ; H1
0 (Ω)), ψt ∈ L∞(QT ), ψ(·, T ) = 0} that u

is a weak solution of the continuous problem (Pb) in the sense of De�nition 2.1. In the
case that f is nondecreasing so that the solution of Problem (Pb) is unique (cf. Remark
2.1) we conclude that the whole family uD,δt converges to u as hD, δt → 0. ¤

8 Numerical simulations

In this section we present the results of numerical simulations. The purpose is to test
our scheme in the case of problems with a known analytical solution.
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Figure 1 � The locally re�ned grid at t = 1
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Figure 2 � The oscillating solution at time
t = 1 using the centered scheme with hD =
0.1768

0
0.5

1
1.5

2

0
0.5

1
1.5

2
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

Figure 3 � The oscillating are reduced with
the mesh re�nement, hD = 0.0884
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Figure 4 � The solution is not oscillating
any more, hD = 0.0442

8.1 Numerical test I

First we consider the linear parabolic equation
∂u

∂t
−∇ · (δ∇u) +∇ · (V(x)u) = 0 in Ω× (0, T ).

It possesses the exact solution

uext(x, t) =
1

200δ · t + 1
e−50

|x−x0−Vt|2
200δ·t+1 ,

which we numerically compute with prescribing the corresponding boundary and initial
conditions. This solution is a Gaussian peak initially centered at the point x0, which is
transported by the �eld V, and di�using. We set Ω = (0, 2)2, T = 1, V = (0.8, 0.4) and
x0 = (0.5, 0.5) so that during the time interval [0, T ] the peak of the exact solution uext

moves from the point (0.5, 0.5) to the point (1.3, 0.9). In this test case we consider two
values of the di�usion coe�cient δ. The values δ = 0.1 and δ = 0.001 correspond, respec-
tively, to di�usion-dominated and convection-dominated regimes of the problem. Our
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purpose is to study the behavior of the upwind (3.19) and the centered (3.20) schemes
for the discretization of the convection term. First we consider the sequence of uniform
space and time discretizations. Then for both schemes we perform numerical simulations
on the locally re�ned (and nonconforming) adaptive mesh (see Figure 1). We use simple
heuristic considerations to decrease the computational error. At each time step n the
mesh is re�ned in each volume element K where the local norm

∑
σ∈EK

m(σ)
dK,σ

(un
σ − un

K)2

is lager then some tolerance parameter. Conversely, the mesh is unre�ned in the regions
where the approximate solution is �at.

N h # of elements Err upwind eoc Err centered eoc
8 0.1768 256 1.33 ·10−1 � 1.27 ·10−1 �
32 0.0884 1024 1.12 ·10−1 0.27 7.00 ·10−2 1.03
128 0.0442 4096 8.57 ·10−2 0.44 3.33 ·10−2 1.25
512 0.0221 16384 5.74 ·10−2 0.66 1.66 ·10−2 1.70
128 � 1951 6.58 ·10−2 �
128 � 1753 � 3.57 ·10−2

Table 1 � Number of time steps N , mesh diameter hD, number of elements, the L2

error for upwind and centered schemes and the experimental order of convergence eoc
for δ = 0.001

In Table 1 we present simulation results with various mesh sizes hD and time steps δt
in the convection-dominated case. The �rst three lines of the table indicate the results
of the simulations preformed on uniform grids. First we remark that the precision of
the upwind scheme is rather poor, which is due to numerical di�usion. On the other
hand, if the mesh size hD is not small enough, then the centered scheme can lead to
oscillating solutions, which is the case for hD = 0.1768 and hD = 0.0884 (see Figures 2
and 3). In the last two lines of the table we provide results obtained on adaptive grids.
Remark that for both schemes we can signi�cantly reduce the number of unknowns
by a suitable concentration of the computational e�orts ; moreover since we do not
impose many constraints on the mesh (in particular it can be nonconforming), the grid
adaptation is not an expensive issue. In the di�usion-dominated case (Table 2) both
upwind and centered scheme seem to be more accurate. In this case, since the solution
is not concentrated in space the mesh adaptation is less e�cient.

N h # of elements Err upwind eoc Err centered eoc
8 0.1768 256 5.91 ·10−3 � 3.17 ·10−3 �
32 0.0884 1024 3.06 ·10−3 1.32 1.37 ·10−3 1.75
128 0.0442 4096 1.55 ·10−3 1.29 6.42 ·10−4 1.92
512 0.0221 16384 7.83 ·10−4 1.16 3.10 ·10−4 1.98
128 - 3589 1.37 ·10−3 �
128 - 3586 � 6.96 ·10−4

Table 2 � Number of time steps N , mesh diameter hD, number of elements, the L2

error for upwind and centered schemes and the experimental order of convergence eoc
for δ = 0.1
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Figure 5 � Numerical solution for δ =
0.01, t = 0.5, upwind scheme.
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Figure 6 � Numerical solution for δ =
0.01, t = 0.5, centered scheme.

8.2 Numerical test II

Next we consider a degenerate parabolic equation which possesses a traveling wave
solution, namely

∂(u
1
2 )

∂t
−∇ · (δ∇u) +∇ · ((v, 0, 0)u) = 0

in the domain
Ω = (0, 1)2 and T = 1.

This equation admits the following 1-dimensional exact solution
u(x, y, t) = (1− e

v
2δ

(x−vt−p))2 for x ≤ vt + p,

u(x, y, t) = 0 for x > vt + p,

where p, v, δ are parameters to be de�ned. We set p = 0.2, v = 0.8, and consider two
values of δ, namely δ = 0.01, δ = 0.0001. The initial state is given by the exact solution
at the time t = 0 and we prescribe corresponding Dirichlet boundary conditions on the
sides x = 0 and x = 1. The null �ux boundary condition is imposed on the remaining
part of the boundary.

First remark that both schemes leads to a solution with compact support ; moreover
the speed of propagation is in good agrement with the theoretical one. As it can expected,
in the di�usion dominated case (δ = 0.01, Figures 5 and 6) the second order centered
scheme is clearly more accurate then the upwind scheme. However it produces small
oscillations if the mesh size hD is too large. In the case that (δ = 0.0001, Figures 7
and 8), even though it is di�usive, the upwind scheme is more adapted. The centered
scheme does not resolve the sharp interface better then the upwind one ; moreover it is
oscillatory even on a �ne mesh.

8.3 Numerical test III

Let us consider the equation
∂(u + u

1
2 )

∂t
−∇ · (Λ(x)∇u) +∇ · (V(x)u) +

1

2
u

1
2 = 0
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Figure 7 � Numerical solution for δ =
0.0001, t = 0.5, upwind scheme.

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

(h, δ t) = (0.18, 0.016)
(h, δ t) = (0.09, 0.008)
(h, δ t) = (0.044, 0.004)
Exact solutoion

Figure 8 � Numerical solution for δ =
0.0001, t = 0.5, centered scheme.

in the 3-dimensional space domain Ω = (0, 2)×(0, 1)×(0, 1). We de�ne the discontinuous
Λ and V �elds as follows :
For all x1 ≤ 1 we set

Λ =




1 0 0
0 1 0
0 0 1


 and V = (4, 0, 0);

for all x1 > 1 we set

Λ =




8 −5 −2
−5 20 −7
−2 −7 19


 and V = (4, 8, 8).

The initial and the Dirichlet boundary conditions are given by the exact solution

u(x, t) = ex1+x2+x3−t−3.

We remark that the velocity �eld V and the total �ux Λ(x)∇u + V(x)u have a conti-
nuous normal trace across the discontinuity x = 1. We perform the simulations on
3-dimensional hexahedral meshes with random re�nement (see Figure 9), so that the
mesh is nonmatching. In Table 3 we present simulation results with various mesh sizes
hD and time steps δt ; we denote by Err the maximum relative error in L2-norm, namely

Err = max
n∈{1,...,N}

‖uh,t(·, tn)− ΠhD,δtu(·, tn)‖L2(Ω)

‖ΠhD,δtu(·, tn)‖L2(Ω)

.

9 Remarks on the implementation of the numerical
scheme

In this section we assume that in addition to (H1) and (H4) the following hypothesis
is satis�ed.
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Figure 9 � Approximate solution on the nonmatching hexahedral mesh at t = 1

N h # of elements Err upwind Err centered
50 0.99 58 4.35 ·10−2 2.69 · 10−2

100 0.52 436 1.65 ·10−2 1.08 · 10−2

200 0.27 1570 7.16 ·10−3 5.28 · 10−3

Table 3 � Number of time steps N , mesh diameter hD, number of elements, number of
faces and the relative error for nonmatching hexahedral meshes

(Hβ,f ) The functions ϕ = β−1 and g = f ◦ ϕ are piecewise continuously di�erentiable.

Let the initial data be given ; we recall that at each time step one has to solve the
nonlinear problem (3.10)-(3.12), which in view of (3.17) and (3.18) may be written as

For each n ∈ {1, . . . , N} �nd un ∈ XD,0 such that for all vn ∈ XD,0

∑
K∈M

m(K)

δt
vn

K(β(un
K)− β(un−1

K )) +
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K (vn

K − vn
σ)(un

K − un
σ′)

+
∑

K∈M

∑
σ∈EK

(vn
K − vn

σ)(A(VK,σ)un
K + B(VK,σ)un

σ) +
∑

K∈M
m(K)vn

Kf(un
K)

=
∑

K∈M
m(K)vn

Kqn
K .

(9.1)

Since β′(0) = +∞ the Newton method can not be directly applied. In order to overcome
this di�culty, the �rst idea would be to introduce new discrete unknowns

wn = β(un), and thus un = ϕ(wn), where ϕ = β−1,
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so that the equation (9.1) becomes
∑

K∈M

m(K)

δt
vn

K(wn
K − wn−1

K ) +
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K (vn

K − vn
σ) (ϕ(wn

K)− ϕ(wn
σ′))

+
∑

K∈M

∑
σ∈EK

(vn
K − vn

σ) (A(VK,σ)ϕ(wn
K) + B(VK,σ)ϕ(wn

σ)) +
∑

K∈M
m(K)vn

Kg(wn
K)

=
∑

K∈M
m(K)vn

Kqn
K .

(9.2)

However we remark that the linearized system corresponding to the problem (9.2) may
not be solvable. This situation may occur, if at some Newton iteration m the correspon-
ding value wm,n

σ (cf. (9.4) below) is equal to 0, which than implies that ϕ′(wm,n
σ ) = 0.

Noting that the system (9.2) depends on (wn
σ)σ∈E only through the terms (ϕ(wn

σ))σ∈E ,
this lead us to choose a new set of discrete unknowns

zn
K = β(un

K) for all K ∈M and zn
σ = un

σ for all σ ∈ E ,

so that the system (9.2) takes the form
∑

K∈M

m(K)

δt
vn

K(zn
K − zn−1

K ) +
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K (vn

K − vn
σ) (ϕ(zn

K)− zn
σ′)

+
∑

K∈M

∑
σ∈EK

(vn
K − vn

σ) (A(VK,σ)ϕ(zn
K) + B(VK,σ)zn

σ) +
∑

K∈M
m(K)vn

Kg(zn
K)

=
∑

K∈M
m(K)vn

Kqn
K .

(9.3)

The solvability of the linearized system corresponding to (9.3) is still not obvious. Ho-
wever we show in Lemma 9.1 below that it is invertible for certain forms of the discrete
convective �ux (including the upwind scheme (3.19)) under a suitable condition on the
time step. Applying Newton's method leads to the following sequence of M linearized
problems to be solved on each time step n. For each m ∈ {1, . . . , M} �nd δzm ∈ XD,0

such that for all vm ∈ XD,0

∑
K∈M

m(K)

δt
vm

Kδzm
K +

∑
K∈M

∑

σ,σ′∈EK

(vm
K − vm

σ )Dσ,σ′
K (ϕ′(zn,m−1

K )δzm
K − δzm

σ′)

+
∑

K∈M

∑
σ∈EK

(vm
K − vm

σ )(A(VK,σ)ϕ′(zn,m−1
K )δzm

K + B(VK,σ)δzm
σ )

+
∑

K∈M
m(K)vn

Kg′(zn,m−1
K )δzm

K

=
∑

K∈M
vm

KbK(zn−1
K , zn,m−1, qn

K) +
∑
σ∈E

vm
σ bσ(zn,m−1),

(9.4)

where zn,0 = zn−1, zn,m+1 = zn,m + δzm+1 (we recall that they correspond both to
values indexed by K and by σ), and where the terms bK and bσ on the right-hand
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side correspond to the accumulation of all the data evaluated on previous time and
linearization steps. Taking advantage of the variational formulation we will show below
that the system (9.4) is invertible.
Remark 9.1. Note that the functions ϕ and g are piecewise C1 functions, so that the
corresponding derivatives ϕ′ and g′ are �nite but not uniquely de�ned ; in the points
of discontinuity a certain value of ϕ′ and g′ has to be �xed. Also remark that since
the numerical scheme does not preserve the maximum principle, the functions ϕ and g
have to be de�ned on whole R (i.e. for negative concentrations), so that the choice of
extensions may a�ect their smoothness. In practice it may occur that ϕ, g are smooth
for physically relevant concentrations s ∈ [0, 1], but not on R.

Next, taking advantage of the variational formulation we show that the system (9.4)
is invertible.
Lemma 9.1. Let (αK)K∈M, (g′K)K∈M and (ϕ′K)K∈M ≥ 0 be three sequences of real
values, for all v, w ∈ XD we de�ne the following bilinear forms

< v, u >D,α=
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K (αKvK − vσ)(ϕ′KuK − uσ′), (9.5)

< v, u >C,α=
∑

K∈M

∑
σ∈EK

(αKvK − vσ) (A(VK,σ)ϕ′KuK + B(VK,σ)uσ) , (9.6)

and

< v, u >α=
∑

K∈M
αKm(K)

(
1

δt
+ g′K

)
vKuK+ < v, u >D,α + < v, u >C,α . (9.7)

Assume that the discrete �ux FC
K,σ(·) is monotone, namely that A(VK,σ) ≥ 0 and

B(VK,σ) ≤ 0 as it is the case for the upwind scheme (3.19) ; also assume that
1/δt + minK∈M g′K > 0 ; then there exist (αK)K∈M such that < ·, · >α is coercive.

Proof : We begin with the form < ·, · >D,α by noting that in view of symmetry of
Dσ,σ′

K one has
∑

σ,σ′∈EK

Dσ,σ′
K uσ′ =

∑

σ,σ′∈EK

Dσ,σ′
K uσ =

1

2

∑

σ,σ′∈EK

Dσ,σ′
K (uσ + uσ′).

Thus, the de�nition (9.5) implies

< u, u >D,α =
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K

(
αKϕ′K(uK)2 − αKuKuσ′ − ϕ′KuKuσ + uσuσ′

)

=
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K

(
αKϕ′K(uK)2 − 1

2
(αK + ϕ′K)uK(uσ′ + uσ) + uσuσ′

)
.

(9.8)
The equality 4ab = (a + b)2− (a− b)2 applied to the �rst term on the right-hand side of
(9.8) implies that

< u, u >D,α=
∑

K∈M

∑

σ,σ′∈EK

Dσ,σ′
K

(
1

2
(αK + ϕ′K)uK − uσ′

)(
1

2
(αK + ϕ′K)uK − uσ

)

−1

4

∑
K∈M

DK (αK − ϕ′K)
2
(uK)2 ,
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where DK =
∑

σ,σ′∈EK
Dσ,σ′

K , which is a positive value since DK is positive de�nite for all
K ∈M. Thus

< u, u >D,α≥< lα(u), lα(u) >D −1

4

∑
K∈M

DK (αK − ϕ′K)
2
(uK)2 , (9.9)

where lα is the linear application de�ned by

(lα(u))K =
1

2
(αK + ϕ′K)uK and (lα(u))σ = uσ. (9.10)

Next we consider the bilinear form < ·, · >C,α. By (9.6) we have

< u, u >C,α =
∑

K∈M

∑
σ∈EK

A(VK,σ)αKϕ′K(uK)2

+
∑

K∈M

∑
σ∈EK

B(VK,σ)αKuKuσ − A(VK,σ)ϕ′KuKuσ −B(VK,σ)(uσ)2

Recall that by the assumption A(VK,σ) ≥ 0 and B(VK,σ) ≤ 0 so that

−A(VK,σ)ϕ′KuKuσ ≥ −A(VK,σ)

2
(ϕ′K)2(uK)2 − A(VK,σ)

2
(uσ)2

and
B(VK,σ)αKuKuσ ≥ B(VK,σ)

2
α2

K(uK)2 +
B(VK,σ)

2
(uσ)2,

which implies

< u, u >C,α ≥
∑

K∈M

∑
σ∈EK

(
1

2
B(VK,σ)α2

K + A(VK,σ)αKϕ′K −
1

2
A(VK,σ)(ϕ′K)2

)
(uK)2

−
∑

K∈M

∑
σ∈EK

1

2
(A(VK,σ) + B(VK,σ)) (uσ)2.

(9.11)
Note that by the assumption (HC,2), A(VK,σ) + B(VK,σ) = VK,σ. Thus, in view of Di-
richlet boundary condition the last term in the inequality (9.11) vanishes. Adding and
subtracting the term 1

2
A(VK,σ)α2

Ku2
K and using again (HC,2) we obtain

< u, u >C,α≥ −1

2

∑
K∈M

∑
σ∈EK

A(VK,σ)(αK − ϕ′K)2(uK)2 +
1

2

∑
K∈M

∑
σ∈EK

VK,σα
2
Ku2

K . (9.12)

The assumptions (H3) implies

< u, u >C,α≥ −1

2

∑
K∈M

AK(αK − ϕ′K)2(uK)2, (9.13)

where AK =
∑

σ∈EK
A(VK,σ). Gathering (9.7), (9.9) and (9.13) we obtain

< u, u >α ≥ < lα(u), lα(u) >D

+
∑

K∈M

(
αKm(K)

(
1

δt
+ g′K

)
− 1

2

(
1

2
DK + AK

)
(αK − ϕ′K)2

)
(uK)2.
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For all K ∈M it is always possible to �nd αK > ϕ′K ≥ 0 such that

αKm(K)

(
1

δt
+ g′K

)
≥ 1

2

(
1

2
DK + AK

)
(αK − ϕ′K)2. (9.14)

Therefor in view of Lemma 3.4 there exist a positive C such that

< u, u >D,α≥< lα(u), lα(u) >D≥ C|lα(u)|2XD .

The fact that αK +ϕ′K > 0 implies Ker(l) = {0}, so that the application |lα(·)|XD de�ne
a norm on XD,0. Since for a �xed discretization D all the norms on �nite dimensional
space XD,0 are equivalent, we �nally obtain that

< u, u >D,α≥ C|lα(u)|2XD ≥ C̃|u|2XD
for some positive C̃. ¤

Remark that in view of the de�nition of g (see (Hβ,f )) the condition (5.4) implies
1/δt + g′(w) > 0 for all w ∈ R.
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Deuxième partie

Hybrid �nite volume scheme for
two-phase �ow in porous media
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Abstract We apply a �nite volume method on general meshes for the discretization
of an incompressible and immiscible two-phase �ow in porous media. The problem is
considered in the global pressure formulation. Mathematically, it amounts to solve an
elliptic equation for the global pressure, with an anisotropic and heterogeneous per-
meability tensor coupled to a parabolic degenerate convection-di�usion equation for a
saturation, again with the same permeability tensor. Extending ideas which we had
previously developed for the numerical solution of a degenerate parabolic convection-
reaction-di�usion equation we discretize the di�usion terms by means of a hybrid �nite
volume scheme, while we use a Godunov scheme for the non monotone convection �ux.
We prove the convergence of the numerical scheme in arbitrary space dimension and we
present results of a number of numerical tests in space dimension two.

This work was supported by the GdR MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA,
EdF, IRSN), France.

10 Introduction

The two-phase �ow in porous media is an important problem arising in many engi-
neering and scienti�c context as e.g the secondary oil recovery, the basin modeling and
the contaminated sites remediation [21], [17], [44]. In this paper we consider the sim-
pli�ed dead-oil model, that is to say, we assume that there are only two incompressible
and immiscible �uids. The problem is described by the mass conservation of each phase
together with Darcy-Muskat law

ω∂tso −∇ ·
(
K

kro(so)

µo

(∇po − ρog)

)
= ko (10.1)

ω∂tsw −∇ ·
(
K

krw(sw)

µw

(∇pw − ρwg)

)
= kw (10.2)

where ω is the porosity, K absolute permeability, sw stands for the wetting phase (water)
saturation and so for the non-wetting phase (oil) saturation. The relative permeabilities
kro(so) and krw(sw) model the e�ects of coexistence of both phases in porous medium ;
ρα and µa denote the densities and the viscosity of phase α ∈ {o, w}, g is the gravity
vector. It is also assumed that the porous medium is saturated and that two phases are
immiscible

so + sw = 1. (10.3)

The phase pressures are related by a capillary pressure law

po + pw = π(s). (10.4)

In view of (10.3) we can take as unknown only one saturation, for instance s = so.
We denote by λo(s) =

kro(s)

µo

and λw(s) =
krw(1− s)

µw

the relative mobilities, which are
such that λo(0) = λw(1) = 0. In this paper we transform the system (10.1)-(10.4) into
the so-called global pressure or fractional �ow formulation. The global pressure p which
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is de�ned by
p = pw +

∫ s

0

λo(a)

λo(a) + λw(a)
π(a)da

was �rst introduced in [14] and [44]. We also de�ne the fractional �ow f , total mobility
λ and capillary di�usion ϕ

λ(s) = λo(s) + λw(s), f(s) =
λo(s)

λ(s)
, ϕ(s) =

∫ s

0

λw(τ)f(τ)π′(τ)dτ.

The system (10.1)-(10.4) is equivalent to

−∇ ·K (λ(s)∇p− ξ(s)g) = kw + ko in Ω× (0, T ), (10.5)
q = −K (λ(s)∇p− ξ(s)g) in Ω× (0, T ), (10.6)

ω
∂s

∂t
+∇ · (qf(s) + γ(s)Kg)−∇ · (K∇ϕ(s)) = ko in Ω× (0, T ), (10.7)

where

γ(s) = (ρo − ρw)
λo(s)λw(s)

λo(s) + λw(s)
and ξ(s) = (λo(s)ρo + λw(s)ρw) .

The usual assumption λo+λw ≥ λ > 0 implies that the �rst equation is uniformly elliptic
in p, whereas the second one is parabolic degenerate with respect to the saturation s. The
system (10.5)-(10.7) has a remarkable mathematical structure, which permits to obtain
a number of energy estimates. Many numerical methods were proposed for solving two-
phase problem, such as �nite element methods (see e.g. [64], [63], [44], [16], [46], [48],
[50], [51]), discontinuous Galerkin (see e.g. [19], [61]) and �nite volume methods (see e.g.
[5], [67], [90], [71], [8], [91], [12]). The convergence results for the di�erent �nite elements
schemes were obtained in [16], [46] and [51]. For �nite volume schemes convergence was
shown in [5], [90] and [71], where the initial formulation (10.1)-(10.4) was considered.
We also would like to mention some interesting convergence results which were obtained
in the case of miscible displacement [94], [97], [43].

The heterogeneity and anisotropy of porous media is a numerical challenge even
when studying the elliptic problem derived from Darcy's law for one-phase problem.
Many schemes was proposed and analyzed in last decades for its discretization. See [79]
and [70] for more references and for the detailed description and comparison of those
numerical methods. In this paper we propose an implicit fully coupled Hybrid �nite
volume scheme for the system (10.5)-(10.7). The discretization of the di�usion terms is
based upon a hybrid �nite volume method [66], which allows the tensor K to be ani-
sotropic and highly variable in space. Remark that heterogeneity also a�ects the �rst
order terms K(x)gξ(·) and qf(·)+K(x)gγ(·), which may be discontinuous with respect
to the space variable x ; in that case they require a suitable treatment see e.g. [100],
[99], [75]. We apply the Godunov scheme proposed in [82], which seems to be a natural
choice, since the hybrid (interface) unknowns are used.

Assumptions on the data : (H1) ϕ ∈ C(R), ϕ(0) = 0, is a strictly increasing piece-
wise continuously di�erentiable Lipschitz continuous function with a Lipschitz constant
Lϕ. We assume that the function ϕ−1 is Hölder continuous, namely that there exists
Hϕ > 0 and α ∈ (0, 1] such that |s1 − s2| ≤ Hϕ|ϕ(s1) − ϕ(s2)|α. It is also such that
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ϕ(s) = s for all s < 0 and ϕ(s)− ϕ(1) = s− 1 for all s > 1 ;
(H2) The functions λ, ξ, γ, f ∈ C([0, 1]) are Lipschitz continuous ; for f = λ, ξ, γ, f we
denote by Lf the corresponding Lipschitz constant.
(H2a) λ is such that 0 < λ ≤ λ(s) ;
(H2b) ξ and γ are convex functions, moreover γ is such that γ(0) = γ(1) = 0 ; g is a
constant vector from Rd ;
(H2c) f is a nondecreasing function and it satis�es f(0) = 0, f(1) = 1 ;
(H3) The functions λ, ξ, γ, f are constant outside of (0, 1), i.e. for f = λ, ξ, γ, f we
assume that f(s) = f(0) for all s < 0 and f(s) = f(1) for all s > 1.
(H5) s0 ∈ L∞(Ω) ; ω ∈ L∞(Ω) and such that 0 < ω ≤ ω(x) ≤ ω for a.e. in x ∈ Ω ;
(H6) ko, kw ∈ L∞(0, T ; L2(Ω)) and such that ko + kw ≥ 0 a.e. in QT .
Remark 10.1. The physical range of values for the saturation is [0, 1], however we
extend the de�nition of all nonlinear functions in (10.5)-(10.7) outside of [0, 1], since
the numerical scheme which we study does not preserve neither the maximum principle,
nor the positivity of s (nor the bound s ≤ 1). It is worth noting that one can replace
(H3) by the assumption that the functions λ, ξ, γ, f are in L∞(R). In turn the assumption
(H1) can also weakened, namely the capillary di�usion ϕ can be extended by an arbitrary
strictly increasing function, such that ϕ−1 is Lipschitz continuous on R \ (0, 1).

Assumptions on the geometry :
(H4a) Ω is a polyhedral open bounded connected subset of Rd, with d ∈ N∗, and
∂Ω = Ω\Ω its boundary.
(H4b) K is a piecewise constant function from Ω to Md(R), where Md(R) denotes
the set of real d× d matrices. More precisely we assume that there exist a �nite family
(Ωi)i∈{1,...,I} of open connected polyhedral in Rd, such that Ω =

⋃
i∈{1,...,I} Ωi, Ωi

⋂
Ωj = ∅

if i 6= j and such that K(x)|Ωi
= Ki ∈Md(R). By Γi,j we denote the interface between

the sub-domains i, j, Γi,j = Ωi

⋂
Ωj. We suppose that there exist two positive constants

K and K such that for all i ∈ {1, . . . , I} the eigenvalues of the symmetric positive de�-
nite Ki are included in [K, K].

Remark 10.2. For the sake of simplicity we have assumed that the heterogeneity of the
medium is only expressed through the x-dependence of the absolute permeability tensor
K = K(x). However it is very simple to extend the analysis to the case where λ, ξ, γ
and f depend on the rock type. On the other hand if we suppose that ϕ is discontinuous
in space, this may lead to signi�cant di�culties. The analysis of the case where the
capillary pressure �eld (and also ϕ) is discontinuous was carried out in [38] and [26].
It is also worth noting that the partitioning of Ω introduced in H4b is only used in order
to provide a control on the gravity terms (see Remark 12.2) below). In the case that the
gravity e�ects are neglected, one can consider a fully heterogenous permeability �eld K.

Let T > 0, we consider the system (10.5)-(10.7) in the domain QT = Ω × (0, T )
together with the initial condition

s(·, 0) = s0 in Ω (10.8)
and homogeneous Dirichlet boundary conditions

p = 0 and s = 0 on ∂Ω× (0, T ). (10.9)
We now present the de�nition of a weak solution of the problem (10.5)-(10.9).
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De�nition 10.1 (Weak solution). A function pair (s, p) is a weak solution of the problem
(10.5)-(10.6) if
(i) s ∈ L∞(0, T ; L2(Ω));
(ii) ϕ(s) ∈ L2(0, T ; H1

0 (Ω));
(iii) p ∈ L∞(0, T ; H1

0 (Ω));
(iv) for all ψ, χ ∈ L2(0, T ; H1

0 (Ω)) with ϕt ∈ L∞(QT ), ϕ(·, T ) = 0, s and p satisfy the
integral equalities

−
∫ T

0

∫

Ω

sψt dxdt−
∫

Ω

s0ψ(·, 0) dx−
∫ T

0

∫

Ω

K(f(s)q + γ(s)g) · ∇ψ dxdt

+

∫ T

0

∫

Ω

K∇ϕ(s) · ∇ψ dxdt =

∫ T

0

∫

Ω

koψ dxdt

and
−

∫ T

0

∫

Ω

q · ∇χ dxdt =

∫ T

0

∫

Ω

(kw + ko)χ dxdt,

where q is given by (10.6).

In Section 11 we present the �nite volume scheme and some technical lemmas. In Sec-
tion 12 we provide the a priori estimates and we prove an existence of a discrete solution.
We prove the estimates on space and time translates of a discrete solution in Section 13,
those estimates allow to establish a strong convergence property for a subsequence of
discrete saturation. The convergence result is shown in Section 14. Finally in Section 15
we present a number of numerical results obtained on di�erent two-dimensional meshes.

11 The �nite volume scheme

11.1 The main de�nitions

In order to describe the numerical scheme we introduce below some notations related
to the space and time discretization, which follows [66].

De�nition 11.1 (Discretization of Ω). Let Ω be a polyhedral open bounded connected
subset of Rd, with d ∈ N∗, ∂Ω = Ω\Ω its boundary, and (Ωi)i∈{1,...,I} it's partition
in the sense of (H4). A discretization of Ω, denoted by D, is de�ned as the triplet
D = (M, E ,P), where :

1. M is a �nite family of non empty connex open disjoint subsets of Ω (the "control
volumes") such that Ω =

⋃
K∈M K. For any K ∈ M, let ∂K = K\K be the boundary

of K ; we de�ne m(K) > 0 as the measure of K and hK as the diameter of K. We also
assume that the mesh resolve the structure of the medium, i.e. for all K ∈M there exist
i ∈ {1, . . . , I} such that K ⊂ Ωi.

2. E is a �nite family of disjoint subsets of Ω (the "edges" of the mesh), such that, for
all σ ∈ E, σ is a non empty open subset of a hyperplane of Rd, whose (d−1)-dimensional
measure m(σ) is strictly positive. We also assume that, for all K ∈ M, there exists a
subset EK of E such that ∂K =

⋃
σ∈EK

σ. For each σ ∈ E , we set Mσ = {K ∈ M|σ ∈
EK}. We then assume that, for all σ ∈ E, either Mσ has exactly one element and then
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σ ∈ ∂Ω (the set of these interfaces called boundary interfaces, is denoted by Eext) or
Mσ has exactly two elements (the set of these interfaces called interior interfaces, is
denoted by Eint). For all σ ∈ E , we denote by xσ the barycenter of σ. For all K ∈ M
and σ ∈ EK, we denote by nK,σ the outward normal unit vector.

3. P is a family of points of Ω indexed by M, denoted by P = (xK)K∈M, such that
for all K ∈ M, xK ∈ K ; moreover K is assumed to be xK-star-shaped, which means
that for all x ∈ K, there holds [xK ,x] ∈ K. Denoting by dK,σ the Euclidean distance
between xK and the hyperplane containing σ, one assumes that dK,σ > 0. We denote by
DK,σ the cone of vertex xK and basis σ.

Next we introduce some extra notations related to the mesh. The size of the discre-
tization D is de�ned by

hD = sup
K∈M

diam(K); (11.1)

moreover we de�ne

θD = max( max
σ∈Eint,{K,L}=Mσ

dK,σ

dL,σ

, max
K∈Mσ,σ∈EK

hK

dK,σ

). (11.2)

Imposing a uniform bound on θD forces the mesh to be su�ciently regular. Next, we
de�ne several discrete spaces, which are going to be used in the sequel.

De�nition 11.2 (The hybrid space XD(Ω)). Let D = (M, E ,P) be a discretization of
Ω. We de�ne

XD = {((vK)K∈M, (vσ)σ∈E), vK ∈ R, vσ ∈ R},
XD,0 = {v ∈ XD such that (vσ)σ∈Eext = 0}. (11.3)

The space XD is equipped with the semi-norm | · |XD de�ned by

|v|2XD =
∑

K∈M
|v|2XD,K

, where |v|2XD,K
=

∑
σ∈EK

m(σ)

dK,σ

(vσ − vK)2 for all v ∈ XD. (11.4)

Note that | · |XD is a norm on the space XD,0.

Moreover, for each function ψ = ψ(x) regular enough we de�ne its projection PDψ ∈
XD on the space XD in following way

(PDψ)K = ψ(xK) for all K ∈M,
(PDψ)σ = ψ(xσ) for all σ ∈ E .

De�nition 11.3 (The discrete �ux spaceQD(Ω)). Let D = (M, E ,P) be a discretization
of Ω. We de�ne

QD = {(qK,σ)K∈M,σ∈EK
, qK,σ ∈ R}. (11.5)

Next we introduce the time discretization.

De�nition 11.4 (Time discretization). We divide the time interval (0, T ) into N equal
time steps of length δt = T/N , where δt is the uniform time step de�ned by δt = tn−tn−1.
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Taking into account the time discretization leads us to de�ne of the following discrete
spaces

XD,δt = XN
D = {(vn)n∈{1,...,N}, v

n ∈ XD}
and

XD,δt,0 = XN
D,0 = {(vn)n∈{1,...,N}, v

n ∈ XD,0};
moreover we de�ne the following semi-norm on XD,δt

|v|2XD,δt
=

N∑
n=1

δt|v|2XD . (11.6)

11.2 The numerical scheme

11.2.1 The discrete problem

In this section we present the fully implicit �nite volume scheme for the problem
(10.5)-(10.9). Let us introduce the discrete saturation

(
(sn

K)K∈M , (sn
σ)σ∈E

)
n∈{1,...,N} ∈

XD,δt and the discrete global pressure
(
(pn

K)K∈M , (pn
σ)σ∈E

)
n∈{1,...,N} ∈ XD,δt, which are

the main discrete unknowns. Moreover let f denote λ, ξ, γ or f we introduce the following
notation fnK = f(sn

K) and fnσ = f(sn
σ) for all K ∈ M, σ ∈ E and n ∈ {1, . . . , N}. Let kn

i,K

denote the mean value of the source term ki(x, t) over a cell K × (tn−1, tn), i.e.

kn
i,K =

1

m(K)δt

∫ tn

tn−1

∫

K

ki(x, t) dxdt with i ∈ {w, n}. (11.7)

We denote the porous volume of the element K by ω(K),

ω(K) =

∫

K

ω(x) dx.

Next, let Qn
K,σ be an approximation of the total �ux through the interface σ

Qn
K,σ ≈

1

δt

∫ tn

tn−1

∫

σ

K(λ(s)∇p− ξ(s)g) · nK,σdνdt (11.8)

and let F n
K,σ be an approximation of the non-wetting phase �ux

F n
K,σ ≈

1

δt

∫ tn

tn−1

∫

σ

(qf(s) + γ(s)Kg −K∇ϕ(s)) · nK,σdνdt. (11.9)

The numerical �uxes Qn
K,σ and F n

K,σ have to be constructed as functions of the discrete
unknowns. Using the notations (11.7) and (11.8) we discretize the equation (10.5) by

∑
σ∈EK

Qn
K,σ = m(K)(kn

w,K + kn
o,K) for all K ∈M. (11.10)

We also prescribe the continuity of the �uxes

Qn
K,σ + Qn

L,σ = 0 for all σ ∈ Eint with {K,L} = Mσ. (11.11)
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Similarly, the equation (10.7) is discretized by

ω(K)
sn

K − sn−1
K

δt
+

∑
σ∈EK

F n
K,σ = m(K)kn

o,K for all K ∈M, (11.12)

and
F n

K,σ + F n
L,σ = 0 for all σ ∈ Eint with {K,L} = Mσ. (11.13)

The discrete equations (11.16)-(11.13) have to be prescribed at each time step n ∈
{1, . . . , N}. We prescribe the initial and the boundary conditions for the numerical
scheme by setting

s0
K =

1

m(K)

∫

K

s0(x) dx for all K ∈M (11.14)

and
sn

σ = pn
σ = 0 for all σ ∈ Eext. (11.15)

Remark that opposite to the classical two-point �ux approximation, the discrete �uxes
Qn

K,σ and F n
K,σ (which still remain to be constructed) are not a priori continuous across

the element's interfaces, so that the continuity is prescribed in the scheme by (11.11)
and (11.13).

11.2.2 The discrete weak formulation

Following the ideas of [66] we write the scheme in the variational form.
For each n ∈ {1, . . . , N} �nd sn ∈ XD,0 and pn ∈ XD,0 such that for all vn, wn ∈ XD,0 :

∑
K∈M

∑
σ∈EK

(vn
K − vn

σ)Qn
K,σ =

∑
K∈M

m(K)vn
K(kn

w,K + kn
o,K), (11.16)

∑
K∈M

ω(K)wn
K

sn
K − sn−1

K

δt
+

∑
K∈M

∑
σ∈EK

(wn
K − wn

σ)F n
K,σ =

∑
K∈M

m(K)wn
Kkn

o,K , (11.17)

s0
K =

1

m(K)

∫

K

s0(x) dx. (11.18)

In order to complete the scheme we have to de�ne the numerical �uxes Qn
K,σ and F n

K,σ.
Let KK denote the mean value of K(x) over a cell K,

KK =
1

m(K)

∫

K

K(x) dx (11.19)

and let
gK,σ = m(σ)KKg · nK,σ. (11.20)

Note that gK,σ satis�es ∑
σ∈EK

gK,σ = 0 for all K ∈M, (11.21)

but not necessarily
gK,σ + gL,σ = 0 with {K,L} = Mσ.

The above equality remains true for the interfaces which are "interior" with respect to
some sub-domain Ωi, that is to say

gK,σ + gL,σ = 0 with {K,L} = Mσ for all σ 6∈ Γi,j, (11.22)
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for any i, j. Next, we de�ne Qn
K,σ and F n

K,σ by

Qn
K,σ = λn

KFK,σ(pn) + G(ξ(·)gK,σ; sn
K , sn

σ), (11.23)
F n

K,σ = G(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ) + FK,σ(ϕ(sn)), (11.24)

where λn
K = λn

K for all K ∈ M and n ∈ {1, . . . , N}, in general. The terms FK,σ(·)
correspond to the di�usive �uxes which are discretized using the SUSHI scheme (Section
11.2.4). The terms G(·) stand for the discretization of the convective �uxes, using the
Godunov scheme (Section 11.2.3 below, see also [82, p. 3]).

11.2.3 The Godunov scheme and the convection term

Let a, b ∈ R and f ∈ L∞(R) we de�ne the Godunov �ux by

G(f ; a, b) =

{
mins∈[a,b] f(s) if a ≤ b,
maxs∈[b,a] f(s) if b ≤ a.

(11.25)

Since it is often useful to write the discrete �ux in more explicit form we de�ne

S(f ; a, b) =

{
argmins∈[a,b]f(s) if a ≤ b,
argmaxs∈[b,a]f(s) if b ≤ a,

and we introduce the following notations

ξn
K,σ = ξ(S(ξ(·)gK,σ; sn

K , sn
σ)),

fn
K,σ = f(S(Qn

K,σf(·) + γ(·)gK,σ; sn
K , sn

σ)),
γn

K,σ = γ(S(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ)).

(11.26)

Using the notations (11.26) we can write the discrete �uxes in the form

Qn
K,σ = λn

KFK,σ(pn) + ξn
K,σgK,σ (11.27)

and
F n

K,σ = Qn
K,σf

n
K,σ + γn

K,σgK,σ + FK,σ(ϕ(sn)). (11.28)

11.2.4 The discrete gradient and the di�usion term

In this section we recall a construction of the discrete gradient and of the numerical
�ux FK,σ(·) proposed in [66]. Let u ∈ XD, for all K ∈M and σ ∈ EK we de�ne

∇K,σu = ∇Ku + RK,σu · nK,σ, (11.29)

where
∇Ku =

1

m(K)

∑
σ∈EK

m(σ)(uσ − uK)nK,σ (11.30)

and
RK,σu =

√
d

dK,σ

(uσ − uK −∇Ku · (xσ − xK)). (11.31)
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Note that the stabilizing term RK,σ is a second order error term, which vanishes for
piecewise linear functions. We de�ne the discrete gradient ∇Du as the piecewise constant
function equal to ∇K,σu in the cone DK,σ with vertex xK and basis σ

∇Du(x)|x∈DK,σ
= ∇K,σu.

Let u = (un)n∈{1,...,N} ∈ XD,δt, taking into account the time discretization, we de�ne the
discret gradient ∇D,δtu(x, t) by

∇D,δtu(x, t)|t∈(tn−1,tn] = ∇Dun(x), (11.32)

for all x ∈ Ω and all n ∈ {1, . . . , N}. For an arbitrary u ∈ XD the numerical �ux FK,σ(u)
can be de�ned through the following discrete integration by parts formula

∑
σ∈EK

(vK − vσ)FK,σ(u) =
∑
σ∈EK

m(DK,σ)KK∇K,σu · ∇K,σv for all v ∈ XD, (11.33)

which in particular implies that
∑

K∈M

∑
σ∈EK

(vK − vσ)FK,σ(u) =

∫

Ω

K∇Du · ∇Dv dx for all v ∈ XD. (11.34)

The explicit form of FK,σ can be obtained by setting vK − vσ = 1 and vK − vσ′ = 0 for
all σ′ 6= σ. We refer to [66] for more details on construction of FK,σ and its practical
implementation. Next we state without proof three results from [66].

Lemma 11.1 (Strong consistency). Let D be a discretization of Ω in sense of De�nition
11.1, moreover let θ ≥ θD be given. Then for all ψ ∈ C2(Ω), there exist a positive
constant C only depending on d, θ and ϕ such that

|∇KPDψ −∇ψ(x)| ≤ Ch for all x ∈ K (11.35)

and also
‖∇DPDψ −∇ψ‖(L∞(Ω))d ≤ Ch. (11.36)

The following lemma, which is the slightly modi�ed version of [66, Lemma 4.1] shows
the equivalence between the semi-norm in XD and the L2-norm of the discrete gradient.

Lemma 11.2. Let D be a discretization of Ω and let θ > θD be given. Then there exists
m > 0 and M > 0 only depending on θ and d such that

m|v|XD,K
≤ ‖∇Dv‖L2(K) ≤ M |v|XD,K

for all K ∈M for all v ∈ XD.

Lemma 11.3 (Discrete Poincaré inequality). There exists a positive constant C, inde-
pendent of the mesh size hD such that

‖ΠD,δtu‖L2(Ω) ≤ C|u|XD for all u ∈ XD. (11.37)

Proof : The result follows from Lemma 5.3 of [66]. ¤
The direct consequence of (11.33) and Lemma 11.2 is the lemma below.
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Lemma 11.4. Let u, v be an arbitrary couple from XD, then there exist two positive
constants C1, C2 independent of the mesh size such that

∣∣∣∣∣
∑
σ∈EK

(vK − vσ)FK,σ(u)

∣∣∣∣∣ ≤ C1|u|XD,K
|v|XD,K

(11.38)

and ∑
σ∈EK

(uK − uσ)FK,σ(u) ≥ C2|u|2XD,K
(11.39)

Lemma 11.4 implies the following useful technical result.
Lemma 11.5. Let D = (M, E ,P) be a discretization of Ω, let q ∈ QD and u ∈ XD.
Then ∣∣∣∣∣

∑
K∈M

∑
σ∈EK

qK,σFK,σ(u)

∣∣∣∣∣ ≤ C1|u|XD
( ∑

K∈M

∑
σ∈EK

m(σ)

dK,σ

q2
K,σ

) 1
2

. (11.40)

Proof : Let K be an element of M, setting vK = 0 and vσ = fK,σ in (11.38) we
obtain ∣∣∣∣∣

∑
σ∈EK

qK,σFK,σ(u)

∣∣∣∣∣ ≤ |u|XD,K

( ∑
σ∈EK

m(σ)

dK,σ

q2
K,σ

) 1
2

.

Proceeding the same way for all K ∈M we get
∣∣∣∣∣
∑

K∈M

∑
σ∈EK

qK,σFK,σ(u)

∣∣∣∣∣ ≤
∑

K∈M

∣∣∣∣∣
∑
σ∈EK

qK,σFK,σ(u)

∣∣∣∣∣

≤ C1

∑
K∈M

|u|XD,K

( ∑
σ∈EK

m(σ)

dK,σ

q2
K,σ

) 1
2

.

We use the Cauchy-Schwarz inequality to complete the proof. ¤

Lemma 11.6. Let D = (M, E ,P) be a discretization of Ω, let v ∈ XD then there exists
a positive constant C independent of the mesh size such that for all n ∈ {1 . . . N}

∣∣∣∣∣
∑

K∈M

∑
σ∈EK

(vK − vσ)G(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ)

∣∣∣∣∣ ≤ C|v|XD(|p|XD + 1).

Proof : In view of (11.24), (11.27) and (11.28) we have that
∑

K∈M

∑
σ∈EK

(vK − vσ)G(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ) = T1 + T2 + T3,

where
T1 =

∑
K∈M

∑
σ∈EK

(vK − vσ)γn
K,σgK,σ

T2 =
∑

K∈M

∑
σ∈EK

(vK − vσ)ξn
K,σf

n
K,σgK,σ

T3 =
∑

K∈M

∑
σ∈EK

(vK − vσ)λn
KFK,σ(pn)fn

K,σ
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In view of (11.20)

T1 =
∑

K∈M

∑
σ∈EK

m(σ)(vK − vσ)γn
K,σKKg · nK,σ

Remark that for all K ∈M and σ ∈ EK one has m(σ)dK,σ = m(DK,σ)d, where d is the
space dimension. Using Cauchy-Schwarz inequality

(T1)
2 ≤

∑
K∈M

∑
σ∈EK

m(σ)

dK,σ

(vK − vσ)2
∑

K∈M

∑
σ∈EK

m(σ)dK,σ(γn
K,σ)2|g|2K2

≤ K 2|g|2m(Ω)d‖γ‖2
L∞((0,1))|v|2XD .

(11.41)

In the same way
(T2)

2 ≤ K 2|g|2m(Ω)d‖ξ‖2
L∞((0,1))‖f‖2

L∞((0,1))|v|2XD . (11.42)
Applying Lemma 11.5 to the term T3 we obtain

(T3)
2 ≤ |p|2XD

∑
K∈M

∑
σ∈EK

m(σ)

dK,σ

(
λn

K(vK − vσ)fn
K,σ

)2

≤ ‖λ‖2
L∞((0,1))‖f‖2

L∞((0,1))|p|2XD |v|2XD .

(11.43)

Gathering (11.41)-(11.43) we complete the proof. ¤
Finally we present the technical lemma which is used in the proof of the a priori

estimates.
Lemma 11.7. Let ϕ(s) satisfying the hypothesis (H1) and let the function Φ be de�ned
by

Φ(s) =

∫ s

0

ϕ(τ)dτ. (11.44)

Then,
1

2Lϕ

(ϕ(s))2 ≤ Φ(s) ≤ Lϕ

2
s2. (11.45)

Proof : The function ϕ is invertible, then setting ξ = ϕ(τ) in (11.44) gives

Φ(s) =

∫ ϕ(s)

0

ξdξ

ϕ′(ϕ−1(ξ))
≥ 1

Lϕ

∫ ϕ(s)

0

ξdξ =
1

2Lϕ

(ϕ(s))2.

On the other hand
Φ(s) ≤ Lϕ

∫ s

0

τdτ =
Lϕ

2
s2.

¤

12 A priory estimates and existence of discrete solu-
tion

12.1 A priori estimates

De�nition 12.1 (Approximate solution). Let D be a discretization of Ω, N ∈ N∗ and
δt = T/N > 0. We say that the sequence (sD,δt, pD,δt) = (sn, pn)n∈{1,...,N} ∈ (XD,δt,0) is



12.1 - A priori estimates 63

an approximate solution of the problem (10.5)-(10.9) if for all n ∈ {1, . . . , N}, (sn, pn)
satis�es (11.16)-(11.18). We also denote by sD,δt and pD,δt the function pair de�ned by

sD,δt(x, 0) = s0
K for all x ∈ K, (12.1)

sD,δt(x, t) = sn
K for all (x, t) ∈ K × (tn−1, tn], (12.2)

sD,δt(x, t) = sn
σ for all (x, t) ∈ σ × (tn−1, tn] (12.3)

and

pD,δt(x, t) = pn
K for all (x, t) ∈ K × (tn−1, tn], (12.4)

pD,δt(x, t) = pn
σ for all (x, t) ∈ σ × (tn−1, tn]. (12.5)

Remark 12.1. In general the capillary di�usion ϕ(sD,δt) is more regular that sD,δt and
it is easer to work with the function ϕD,δt, thus the element ϕD,δt = ϕ(sD,δt) of XD,δt,0

can be considered as a set of primary discret unknowns. We also de�ne the function
ϕD,δt(x, t)

ϕD,δt(x, t) = ϕ(sD,δt(x, t)) for all (x, t) ∈ QT . (12.6)

Theorem 12.1 (A priori estimate). Let (sD,δt, pD,δt) be a solution of the discrete problem
(11.16)-(11.18). Then there exists a positive constant C independent of hD and δt such
that

‖∇D,δtpD,δt‖L∞(0,T ;L2(Ω)) + ‖ϕD,δt‖L∞(0,T ;L2(Ω)) + ‖∇D,δtϕD,δt‖L2(QT ) ≤ C. (12.7)

Proof : Pressure equation. In order to obtain the estimate on the �rst term in
(12.7) we use pn as a test element in the pressure equation (11.16), which implies

∑
K∈M

∑
σ∈EK

(pn
K − pn

σ)(λn
KFK,σ(pn) + ξn

K,σgK,σ) =
∑

K∈M
m(K)pn

K(kn
w,K + kn

o,K). (12.8)

Let us �rst estimate the term Tξ =
∑

K∈M
∑

σ∈EK
(pn

K − pn
σ)ξn

K,σgK,σ. In view of (11.20)
we deduce from Cauchy-Schwarz inequality that

(Tξ)
2 = (

∑
K∈M

∑
σ∈EK

m(σ)(pn
K − pn

σ)nK,σ · ξn
K,σKKg)2

≤
∑

K∈M

∑
σ∈EK

m(σ)

dK,σ

(pn
K − pn

σ)2
∑

K∈M

∑
σ∈EK

m(σ)dK,σ(|KKg|ξn
K,σ)2.

Then, in view of the assumptions (H2), (H3) and (H4b), and also thanks to (11.4) and
Lemma 11.2 we deduce that

|Tξ| ≤ dm(Ω)K|g|‖ξ‖L∞((0,1))‖∇D,δtp(·, tn)‖L2(Ω). (12.9)

In view of (11.7) and (12.4) the right-hand side of (12.8) can be written as

∑
K∈M

m(K)pn
K(kn

w,K + kn
o,K) =

∑
K∈M

1

δt

∫ tn

tn−1

∫

Ω

pD,δt(x, t)(kw(x, t) + ko(x, t)) dxdt
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Applying Cauchy-Schwarz inequality and the discrete Poincaré inequality (Lemma 11.3)
we obtain

∑
K∈M

m(K)pn
K(kn

w,K + kn
o,K) ≤ ‖pD,δt(·, tn)‖L2(Ω)‖kw + ko‖L∞(0,T ;L2(Ω))

≤ C‖∇D,δtpD,δt(·, tn)‖L2(Ω)‖kw + ko‖L∞(0,T ;L2(Ω)).

so that in view of (H6),
∑

K∈M
m(K)pn

K(kn
w,K + kn

o,K) ≤ C‖∇D,δtpD,δt(·, tn)‖L2(Ω). (12.10)

Gathering (11.39), (12.8), (12.9), (12.10) we obtain

λ‖∇D,δtpD,δt(·, tn)‖2
L2(Ω) ≤

∑
K∈M

∑
σ∈EK

(pn
K − pn

σ)λn
KFK,σ(pn) ≤ C‖∇D,δtpD,δt(·, tn)‖L2(Ω),

with some positive C ; the proof of the estimate on the �rst term of (12.7) is complete.
The estimate on the other terms of (12.7) can be obtained by setting wn = ϕ(sn) in the
saturation equation (11.17) and summing over n ∈ {1, . . . , m}, which yields

m∑
n=1

∑
K∈M

ω(K)ϕn
K(sn

K − sn−1
K ) + δt

m∑
n=1

∑
K∈M

∑
σ∈EK

(ϕn
K − ϕn

σ)FK,σ(ϕn)

=
m∑

n=1

∑
K∈M

δtm(K)ϕn
Kkn

o,K .

We de�ne the terms
Tt =

m∑
n=1

∑
K∈M

ω(K)ϕn
K(sn

K − sn−1
K ),

TC =
m∑

n=1

∑
K∈M

∑
σ∈EK

δt(ϕn
K − ϕn

σ)G(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ).

and
TD =

m∑
n=1

∑
K∈M

∑
σ∈EK

δt(ϕn
K − ϕn

σ)FK,σ(ϕ(sn)).

Accumulation term. Remark that using the notations of Lemma 11.7

Φ(sn
K)− Φ(sn−1

K ) = ϕn
K(sn

K − sn−1
K ) +

∫ sn
K

sn−1
K

(ϕ(τ)− ϕn
K)dτ. (12.11)

Since the function ϕ is increasing, the second term in the right-hand side of (12.11) is
negative, which implies that

Tt ≥
m∑

n=1

∑
K∈M

ω(K)(Φ(sn
K)− Φ(sn−1

K )) =
∑

K∈M
ω(K)Φ(sm

K)−
∑

K∈M
ω(K)Φ(s0

K)).

It follows from (11.45) and the assumption (H5) that

Tt ≥ 1

2Lϕ

∑
K∈M

ω(K)(ϕm
K)2 − Lϕ

2

∑
K∈M

ω(K)(s0
K)2

≥ ω

2Lϕ

‖ϕD,δt(·, tm)‖2
L2(Ω) −

ωLϕ

2
‖sD,δt(·, 0)‖2

L2(Ω).
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Convection term. In this subsection we use the simpli�ed notation

Gn
K,σ(a, b) = G (

Qn
K,σf(·) + γ(·)gK,σ; a, b

)
for all a, b ∈ R. (12.12)

For all K ∈M, σ ∈ EK and s ∈ R we de�ne the function

Gn
K,σ(s) =

∫ s

0

Gn
K,σ(τ, τ)ϕ′(τ)dτ, (12.13)

which is such that

Gn
K,σ(sn

K)−Gn
K,σ(sn

σ) = (ϕK − ϕσ)Gn
K,σ(sK , sσ)

+

∫ sK

sσ

(Gn
K,σ(τ, τ)− Gn

K,σ(sK , sσ)
)
ϕ′(τ)dτ.

(12.14)

In view of (11.25) the second term on the right-hand side of (12.14) is negative, which
implies the following estimate

TC ≥
m∑

n=1

∑
K∈M

∑
σ∈EK

δt
(
Gn

K,σ(sn
K)−Gn

K,σ(sn
σ)

)
.

In view of (12.12), (12.13) and (11.25) we have that

Gn
K,σ(sn

K)−Gn
K,σ(sn

σ) = Qn
K,σ

∫ sn
K

sn
σ

f(τ)ϕ′(τ)dτ + gK,σ

∫ sn
K

sn
σ

γ(τ)ϕ′(τ)dτ.

It follows from (11.16) and the hypotheses (H1), (H2c) that

∑
K∈M

∑
σ∈EK

Qn
K,σ

∫ sn
K

sn
σ

f(τ)ϕ′(τ)dτ =
∑

K∈M
m(K)(kn

w,K + kn
o,K)

∫ sn
K

0

f(τ)ϕ′(τ)dτ ≥ 0,

where we have set

vn
K =

∫ sn
K

0

f(τ)ϕ′(τ)dτ and vn
σ =

∫ sn
σ

0

f(τ)ϕ′(τ)dτ.

Therefore we have that

TC ≥
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

gK,σ

∫ sn
K

sn
σ

γ(τ)ϕ′(τ)dτ

≥
N∑

n=1

δt
∑

K∈M

∫ sn
K

0

γ(τ)ϕ′(τ)dτ
∑
σ∈EK

gK,σ −
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

gK,σ

∫ sn
σ

0

γ(τ)ϕ′(τ)dτ

In view of (11.21), (11.22) and using the homogeneous Dirichlet boundary condition we
obtain

TC ≥ −
N∑

n=1

δt
∑

K∈M

∑
0≤i≤j≤J

∑
σ∈EK∩Γi,j

gK,σ

∫ sσ

0

γ(τ)ϕ′(τ)dτ.

Therefore
TC ≥ −2T

∑
0≤i≤j≤J

m(Γi,j)K|g|Lϕ‖γ‖L1((0,1)). (12.15)
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Di�usion and source terms. It follows from the equality (11.33)

TD ≥ K‖∇D,δtϕD,δt‖2
L2(QT ).

In view of the estimates on Tt and TD we deduce that
ω

2Lϕ

‖ϕD,δt‖2
L∞(0,T ;L2(Ω)) + K‖∇D,δtϕD,δt‖2

L2(QT )

≤ ωLϕ

2
‖sD,δt(·, 0)‖2

L2(Ω) +
N∑

n=1

∑
K∈M

δtm(K)ϕn
Kkn

o,K − TC .

(12.16)
Applying Cauchy-Schwarz and Young's inequality to the last term in (12.16) leads to

ω

2Lϕ

‖ϕD,δt‖2
L∞(0,T ;L2(Ω)) + K‖∇D,δtϕD,δt‖2

L2(QT )

≤ ε

2
‖ϕD,δt‖2

L2(QT ) +
1

2ε
‖ko‖2

L2(QT ) +
ωLϕ

2
‖sD,δt(·, 0)‖2

L2(Ω)0TC

≤ εT

2
‖ϕD,δt‖2

L∞(0,T ;L2(Ω)) +
1

2ε
‖ko‖2

L2(QT ) +
ωLϕ

2
‖sD,δt(·, 0)‖2

L2(Ω)0TC .

Setting ε = ω/(2TLϕ) we complete the proof. ¤

Remark 12.2. Remark that the partitioning of Ω in to the set of homogeneous media
(Ωi)i∈{1,...,I} serves to control the term TC in (12.15). Therefore if the gravity e�ects are
neglected the assumption (H4b) can be weakened.

12.2 Existence of a discrete solution

In this subsection we shows that there exists a sequence ((pn, sn))n∈{1,...,N} ∈ X2
D,δt,0

satisfying the variational discrete problem. The existence result makes use of the topo-
logical degree argumentation [[55], Theorem 3.1].

Theorem 12.2. The problem (11.16)-(11.18) has at least one solution.

Proof : In view of Remark 12.1 the discrete problem (11.16)-(11.18) can be written
as a system of 2N(card(M)+card(E)) nonlinear equations HD,δt(ϕ, p) = 0. For ν ∈ [0, 1]
we de�ne

� f ν(s) = νf(s),
� γν(s) = νγ(s),

� ξν(s) = νξ(s),
� λν(s) = νλ(s) + (1− ν)λ

and we consider the following extended problem

−∇ ·K (λ(sν)∇pν − ξν(sν)g) = kw + ko in Ω× (0, T ), (12.17)
qν = −K (λν(sν)∇pν − ξν(sν)g) in Ω× (0, T ), (12.18)

ω
∂sν

∂t
+∇ · (uνf ν(sν) + γν(sν)Kg)−∇ · (K∇ϕ(sν)) = ko in Ω× (0, T ), (12.19)
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together with initial and boundary conditions (10.8), (10.9). We denote by Hν
D,δt(φ, p) =

0 the corresponding discrete problem and (ϕν
D,δt, p

ν
D,δt) its solution, which satis�es the a

priori estimates (12.7) instead of (ϕD,δt, pD,δt). Then, there exists R > 0 such that

(ϕν
D,δt, p

ν
D,δt) ∈ BR = {(u, v) ∈ X2

D,δt,0, ‖∇D,δtu‖2
L2(QT ) + ‖∇D,δtv‖2

L2(QT ) < R}

for all ν ∈ [0, 1]. Therefore for any ν ∈ [0, 1], (ϕν
D,δt, p

ν
D,δt) does not belongs to ∂BR,

which implies that the topological degree of Hν
D,δt(φ, p) with respect to BR and right

hand side 0 is constant. Remark that for ν = 0 the system (12.17)-(12.19), becomes
uncoupled

−∇ ·Kλ∇p0 = kw + ko in Ω× (0, T ), (12.20)

ω
∂s0

∂t
−∇ · (K∇ϕ(s0)) = ko in Ω× (0, T ). (12.21)

We �rst remark that since the equation (12.20) does not contain s. It follows from [66]
that the discrete problem corresponding to (12.20) and (10.9) admits the unique solution
p0
D,δt ; moreover the existence and uniqueness of ϕ0

D,δt satisfying the discrete version of
the problem (12.21), (10.8) and (10.9) has been shown in [10] where a family of schemes,
containing in particular the SUSHI scheme was applied to a scalar parabolic degenerate
convection-reaction-di�usion equation. Consequently there exists the unique solution
(p0
D,δt, ϕ

0
D,δt) to the problem H0

D,δt(φ, p), and the corresponding topological degree is
equal to ±1. From the homotopy invariance of the topological degree we deduce that
here exists at least one solution to H1

D,δt(φ, p) = 0. ¤

13 Estimates on space and time translates

13.1 Estimates on space translates

We state here an estimate on space translates, which is a consequence of the a priori
estimate (given by Theorem 12.1), Lemma 11.2 and [10, Lemma 3.4, Lemma 6.5] (see
also the basic article [66]).

Lemma 13.1. Let D be a discretization of Ω and let δt = T/N > 0 with some N ∈ N∗ ;
let (sD,δt, pD,δt) ∈ X2

D,δt,0 be a solution of the discrete problem (11.16)-(11.18). We recall
that the function ϕD,δt is de�ned by ϕD,δt(x, t) = ϕ(sD,δt(x, t)). Let also θ ≥ θD be given,
then there exist C > 0 and ρ > 0, which depend on θ, but does not depend on mesh and
time step size, such that

‖ϕD,δt(·+ y, ·)− ϕD,δt‖L2(Rd×(0,T )) ≤ C|y|ρ,

taking ϕD,δt = 0 outside of QT .

13.2 Estimates on time translates

To begin with we state without proof two technical lemmas which will be useful for
proving the estimate on time translates.
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Lemma 13.2. Let T > 0, τ ∈ (0, T ), N ∈ N∗, δt = T/N be given and (an)n∈N∗ be a
family of non negative real values. Let dse denotes the smallest integer larger or equal
to s. Then ∫ T−τ

0

∑

dt/δte+1≤n≤d(t+τ)/δte
andt ≤ τ

N∑
n=1

an.

Lemma 13.3. Let T > 0, τ ∈ (0, T ), N ∈ N∗, δt = T/N , ζ ∈ [0, τ ] be given and
(an)n∈N∗ be a family of nonnegative real values. Let dse denotes the smallest integer
larger or equal to s. Then

∫ T−τ

0

∑

dt/δte+1≤n≤d(t+τ)/δte
ad(t+ζ)/δtedt ≤ τ

N∑
n=1

an.

Next we prove the estimate on di�erences of time translates.

Lemma 13.4. Let D be a discretization of Ω and let δt = T/N > 0 with some N ∈ N∗ ;
let (sD,δt, pD,δt) ∈ X2

D,δt,0 be a solution of the discrete problem (11.16)-(11.18). Let also
θ ≥ θD be given, then there exists a positive constant C only depending on θ such that

∫

Ω×(0,T−τ)

(ϕD,δt(x, t + τ)− ϕD,δt(x, t))2 dxdt ≤ Cτ (13.1)

for all τ ∈ (0, T ).

Proof : The discrete saturation equation (11.17) yields
∑

K∈M
ω(K)wK(sn

K − sn−1
K ) =

− δt
∑

K∈M

∑
σ∈EK

(wK − wσ)G(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ)

− δt
∑

K∈M

∑
σ∈EK

(wK − wσ)FK,σ(ϕ(sn)) + δt
∑

K∈M
m(K)wKkn

o,K .

(13.2)

for all w ∈ XD,0. In view of Lemma 11.6 and Lemma 11.4 one has

|
∑

K∈M
ω(K)wK(sn

K − sn−1
K )|

≤ Cδt|w|XD(|pn|XD + |ϕn|XD + 1) + δt
∑

K∈M
m(K)wKkn

o,K .
(13.3)

Next, applying the Cauchy-Schwarz and discrete Poincaré inequality (cf. inequality
(11.37)) to the last term of (13.3)

|
∑

K∈M
ω(K)wK(sn

K − sn−1
K )|

≤ Cδt|w|XD(|pn|XD + |ϕn|XD +
1

δt
‖ko‖L2(Ω)×(tn−1,tn) + 1).

(13.4)
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In view of hypothesis (H1) we obtain

1

Lϕ

∫ T−τ

0

∫

Ω

(ϕD,δt(x, t + τ)− ϕD,δt(x, t))2 dxdt

=
1

Lϕ

∫ T−τ

0

∑
K∈M

ω(K)
(
ϕ
d(t+τ)/δte
K − ϕ

dt/δte
K

)2

dt

≤
∫ T−τ

0

∑
K∈M

ω(K)
(
ϕ
d(t+τ)/δte
K − ϕ

dt/δte
K

)(
s
d(t+τ)/δte
K − s

dt/δte
K

)
dt

=

∫ T−τ

0

∑

dt/δte+1≤n≤d(t+τ)/δte

∑
K∈M

ω(K)
(
ϕ
d(t+τ)/δte
K − ϕ

dt/δte
K

) (
sn

K − sn−1
K

)
dt.

For a given δt and for all real t and τ we de�ne the following set

n(t, τ) = {n ∈ N, dt/δte+ 1 ≤ n ≤ d(t + τ)/δte},

which can be empty. Then, in view of (13.4), Lemma 13.2 and Lemma 13.3 we obtain

1

Lϕ

∫ T−τ

0

∫

Ω

(ϕD,δt(x, t + τ)− ϕD,δt(x, t))2 dxdt

≤ C

∫ T−τ

0

∑

n∈n(t,τ)

δt
(|ϕd(t+τ)/δte|XD + |ϕdt/δte|XD

)

(
|pn|XD + |ϕn|XD +

1

δt
‖ko‖L2(Ω×(tn−1,tn)) + 1

)

≤ C

∫ T−τ

0

∑

n∈n(t,τ)

δt(|ϕd(t+τ)/δte|2XD

+|ϕdt/δte|2XD + |pn|2XD + |ϕn|2XD +
1

δt
‖ko‖2

L2(Ω×(tn−1,tn)) + 1)

≤ Cτ

N∑
n=1

δt

(
|ϕn|2XD + |pn|2XD +

1

δt
‖ko‖2

L2(Ω×(tn−1,tn)) + 1

)
.

Finally we use Theorem 12.1 and the hypothesis (H6) to complete the proof. ¤

14 Convergence result

This section is devoted to the proof of the following theorem.

Theorem 14.1. Let D be a sequence of discretizations of Ω and such that there exists
a positive constant θ satisfying θD ≤ θ for all D ∈ D. Let δt be a sequence of real positif
numbers, such that T/δt ∈ N for all δt ∈ δt and such that δt tends to zero along δt. Let
(sD,δt, pD,δt) = (sD,δt, pD,δt)D∈D,δt∈δt be a sequence of approximate solutions corresponding
to D and δt, and let ϕD,δt = ϕ(sD,δt). Then there exists a subsequence of (sD,δt, pD,δt),
which we denote again by (sD,δt, pD,δt), such that sD,δt → s strongly in L2(QT ) and
pD,δt → p weakly in L2(QT ) as hD, δt → 0, where (s, p) is a weak solution of the problem
(10.5)− (10.7).
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14.1 Relative compactness of ϕD,δt

The relative compactness of ϕD,δt follows from Theorem 12.1 and the estimates on
time and space translates. Indeed, let us prolonge ϕD,δt by zero outside of QT and remark
that we may prolonge as well ∇D,δtϕD,δt by 0 outside of QT . The Fréchet-Kolmogorov
Compactness Theorem implies that the family ϕD,δt is relatively compact in L2(QT ),
which yields in turn that ϕD,δt contains a subsequence strongly converging in L2(QT )
(and also in L2(Rd× (0, T ))) to some φ ∈ L∞(0, T ; L2(Rd)). In view of (12.7), we deduce
that (∇D,δtϕD,δt)D∈D,δt∈δt is weakly relatively compact in L2(Rd × (0, T )) and it can be
shown (see [10, Theorem 7.1] and [66, Lemma 4.2]) that ∇D,δtϕD,δt ⇀ ∇φ weakly in
L2(Rd × (0, T )). Thus φ ∈ L2(0, T ; H1(Rd)) ; since φ = 0 for all x ∈ Rd \ Ω, it follows
that φ ∈ L2(0, T ; H1

0 (Ω)).

14.2 Weak relative compactness of pD,δt

Since the pressure equation does not involves any time derivatives on p, we can not
obtain any estimate time translates. Nevertheless, Theorem 12.1 and discrete Poincaré
inequality implies that pD,δt is bounded in L∞(0, T ; L2(Ω)). Then up to a sequence pD,δt

converges weakly in L2(QT ) (and once again in L2(Rd× (0, T )) taking pD,δt = 0 outside
of QT ) to some p ∈ L∞(0, T ; L2(Rd)) ; moreover using same arguments as for ϕD,δt, we
deduce that ∇D,δtpD,δt ⇀ ∇p weakly in L2(Rd × (0, T )) and p ∈ L2(0, T ; H1

0 (Ω)).

14.3 Saturation equation

The assumption (H1) implies that

‖sD,δt‖L∞(0,T ;L2(Ω)) ≤ m(Ω) + ‖ϕD,δt‖L∞(0,T ;L2(Ω)).

Therefore in view of Theorem 12.1 and we have that {sD,δt} contains a subsequence
(denoted again by {sD,δt}) such that sD,δt converges to some s ∈ L∞(0, T ; L2(Ω)) strongly
in L2(QT ) as hD, δt → 0. It remains to show that (s, p) satis�es the integral equalities
(iv) of De�nition 10.1, for this purpose we introduce the function space

Ψ = {ψ ∈ C2,1(Ω× [0, T ]), ψ = 0 on ∂Ω× [0, T ], ψ(·, T ) = 0}.

Taking an arbitrary ψ ∈ Ψ, we de�ne the sequence of elements of XD,0

ψn = PDψ(·, tn) for all n ∈ {1, . . . , N},

which implies ψn
K = ψ(xK , tn) and ψn

σ = ψ(xσ, tn). Setting wn = ψn−1 in the discrete
saturation equation we multiply it by the time step δt and we sum over n ∈ {1, . . . , N}
to obtain

ST + SC + SD = SS,

where

TT =
N∑

n=1

∑
K∈M

ω(K)ψn−1
K (sn

K − sn−1
K ),
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TC =
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )G(Qn
K,σf(·) + γ(·)gK,σ; sn

K , sn
σ)

TD =
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )FK,σ(ϕ(sn))

and

TS =
N∑

n=1

δt
∑

K∈M
m(K)ψn−1

K kn
o,K .

14.3.1 Time evolution term

Using discrete integration by parts and the fact that ϕ(x, T ) = 0 we obtain

TT = −
N∑

n=1

∑
K∈M

ω(K)(ψn
K − ψn−1

K )sn
K −

∑
K∈M

ω(K)ψ0
K .s0

K .

Clearly ∑
K∈M

ω(K)ψ0
Ks0

K →
∫

Ω

ω(x)ψ(x, 0)s0(x) dx;

next we de�ne

T 1
T =

N∑
n=1

∑
K∈M

ω(K)(ψn
K − ψn−1

K )sn
K −

∫ T

0

∫

Ω

s(x, t)ψt(x, t) dxdt,

and we add and subtract
∫ tn

tn−1

∫

K

sn
Kψt(x, t) dxdt in each term to obtain

T 1
T =

N∑
n=1

∑
K∈M

m(K)sn
K

∫ tn

tn−1

(ψt(xK , t)− ψt(x, t)) dt

+

∫ T

0

∫

Ω

(sD,δt(x, t)− s(x, t))ψt(x, t) dxdt.

(14.1)

In view of the regularity of ψ we have that for all x ∈ K and all K ∈M it holds
|ψt(xK , t)− ψt(x, t)| ≤ ChD.

Since sD,δt is bounded in L∞(0, T ; L2(Ω)) the �rst term in (14.1) tends to zero as hD, δt →
0. Further, since |ψt(x, t)| ≤ Cψ, the second term in (14.1) also tends to zero in view of
the strong convergence of sD,δt.

14.3.2 Convection term

Using the notation of (11.28) we split TC into TC = T 1
C + T 2

C with

T 1
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )Qn
K,σf

n
K,σ,

T 2
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )gK,σγ
n
K,σ.
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First we study the limit of the term T 2
C , which can be written as T 2

C = T 21
C + T 22

C ,

T 21
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )gK,σγ
n
K ,

T 22
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )gK,σ(γn
K,σ − γn

K).

Using (11.20) and (11.30) one has

T 21
C =

N∑
n=1

δt
∑

K∈M
γn

KKKg ·
( ∑

σ∈EK

m(σ)(ψn−1
K − ψn−1

σ )nK,σ

)

= −
N∑

n=1

∑
K∈M

∫ tn

tn−1

∫

K

γ(sD,δt)Kg · ∇Kψn−1.

We deduce from the regularity of ψ and Lemma 11.1 that

|∇Kψn −∇ψ(x, t)| ≤ C(hD + δt)

for all (x, t) ∈ K × (tn−1, tn), which implies in view of the strong convergence of sD,δt to
s and the Lipschitz continuity of γ that

T 21
C → −

∫ T

0

∫

Ω

γ(s)Kg · ∇ψ dxdt

as δt and hD tend to zero. Next we show that limhD,δt→0 T 22
C = 0. Thanks to the regularity

of ψ we have
|ψn

K − ψn
σ | ≤ Cψ|xK − xσ| ≤ CψθDdK,σ, (14.2)

therefore in view of (H2b) and (H4b) there exists a positive constant C such that

|T 22
C | =

∣∣∣∣∣
N∑

n=1

δt
∑

K∈M

∑
σ∈EK

m(σ)(ψn−1
K − ψn−1

σ )KKg(γn
K,σ − γn

K)

∣∣∣∣∣

≤ C

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

m(σ)dK,σ|γn
K,σ − γn

K |.

Remark that S (
Qn

K,σf(·) + γ(·)gK,σ; sn
K , sn

σ

) ∈ [min(sn
K , sn

σ), max(sn
K , sn

σ)] therefore in
view of (11.26) and the Lipschitz continuity of γ we obtain

|T 22
C | ≤ C

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

m(σ)dK,σ|sn
K − sn

σ|.

The Hölder continuity of function ϕ−1 (the assumption (H1)) implies that

|T 22
C | ≤ C

N∑
n=1

∑
K∈M

∑
σ∈EK

δtm(σ)dK,σ|ϕn
K − ϕn

σ|α

≤ C

(
N∑

n=1

∑
K∈M

∑
σ∈EK

δtm(σ)dK,σ|ϕ
n
K − ϕn

σ

dK,σ

|α
)

hα
D.
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Applying Hölder inequality we obtain

|T 22
C | ≤ C

(
N∑

n=1

∑
K∈M

∑
σ∈EK

δtm(σ)dK,σ|ϕ
n
K − ϕn

σ

dK,σ

|2
)α

2

·
(

N∑
n=1

∑
K∈M

∑
σ∈EK

(δtm(σ)dK,σ)
1−α/2

β

)β

hα
D,

where α
2

+ β = 1. Using the a priori estimates we �nally obtain that

|T 22
C | ≤ C (dm(Ω)T )1−α

2 ‖ϕ‖α
XD,δt

hα
D,

where C = CψθDLγHϕK|g|. Thus, limhD→0 T 22
C = 0. Next we show that

T 1
C →

∫ T

0

∫

Ω

f(s)K (λ(s)∇p− ξ(s)g) · ∇ψ dxdt

as hD, δt → 0. In view of (11.27) we can write T 1
C as T 1

C = T 11
C + T 12

C + T 13
C , where

T 11
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )ξn
K,σf

n
K,σgK,σ,

T 12
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )λn
KFK,σ(pn)fn

K ,

T 13
C =

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

(ψn−1
K − ψn−1

σ )λn
KFK,σ(pn)(fn

K,σ − fn
K).

Using the same arguments as for the term T 2
C one can show that

T 11
C → −

∫ T

0

∫

Ω

f(s)ξ(s)Kg · ∇ψ dxdt.

It follows from (11.34) and (11.32) that the term T 12
C can be written as

T 12
C =

N∑
n=1

∫ tn

tn−1

∫

K

λ(sD,δt)f(sD,δt)K∇D,δtpD,δt · ∇Dψn−1 dxdt

The regularity of ψ combined with Lemma 11.1 implies that

‖∇Dψn(x)−∇ψ(x, t)‖(L∞(Ω))d ≤ C(hD + δt) (14.3)

for all (x, t) ∈ K × (tn−1, tn). In view of the Lipschitz continuity of the functions λ and
f , also in view of the weak convergence of ∇D,δtpD,δt to ∇p we conclude that

T 12
C →

∫ T

0

∫

Ω

λ(s)f(s)K∇p · ∇ψ dxdt.

It remains to show that T 3
C tends to zero as hD, δt → 0. Thanks to Lemma 11.5 the term

T 13
C can be estimated by

(T 13
C )2 ≤ C2

1‖∇D,δtp‖2
L2(QT )

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

m(σ)

dK,σ

λ2(sn
K)(ψn−1

K − ψn−1
σ )2(fn

K,σ − fn
K)2
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which implies

(T 13
C )2 ≤ C2

1C
2
ψθ2
D‖λ‖2

L∞((0,1))‖∇D,δtp‖2
L2(QT )

N∑
n=1

δt
∑

K∈M

∑
σ∈EK

m(σ)dK,σ(fn
K,σ − fn

K)2.

Using the same arguments that for the term T 22
C one shows that |T 13

C | ≤ Chα → 0 as
hD → 0.

14.3.3 Di�usion term

In view of (11.36) and (11.33) one has

TD =
N∑

n=1

∫ tn

tn−1

∫

Ω

K∇Dϕ(sn) · ∇Dψn−1 dxdt.

In view of (14.3) and since ∇D,δtϕD,δt → ∇ϕ(s) weakly in L2(QT ) we deduce that the
term TD tends to

∫ T

0

∫
Ω
K∇ϕ(s) · ∇ψ dxdt as hD, δt tend to zero.

14.3.4 Source term

In view of regularity of ψ and thanks to the de�nition (11.7) of kn
o,K one has

N∑
n=1

∑
K∈M

δtm(K)ψn−1
K kn

o,K →
∫ T

0

∫

Ω

ψko dxdt

as hD, δt → 0.

14.4 Pressure equation

Setting vn = ψn in the discrete pressure equation (11.16) we multiply it by the time
step δt and we sum over n ∈ {1 . . . N}, we obtain

N∑
n=1

∑
K∈M

∑
σ∈EK

δt(ψn
K − ψn

σ)Qn
K,σ =

N∑
n=1

∑
K∈M

δtm(K)ψn
K(kn

w,K + kn
o,K).

Replacing fn
K,σ by 1 in the de�nition of T 1

C allows to conclude that
N∑

n=1

∑
K∈M

∑
σ∈EK

δt(ψn
K − ψn

σ)Qn
K,σ →

∫ T

0

∫

Ω

(λ(s)K∇p− ξ(s)Kg) · ∇ψ dxdt.

It is also clear that
N∑

n=1

∑
K∈M

δtm(K)ψn
Kkn

o,K →
∫ T

0

∫

Ω

ψko dxdt

as hD, δt → 0. We deduce from the density of the set Ψ in the set {ψ ∈
L2(0, T ; H1

0 (Ω)), ψt ∈ L∞(QT ), ψ(·, T ) = 0} that (s, p) is a weak solution of the conti-
nuous problem (10.5)-(10.7) in the sense of De�nition 10.1.
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15 Numerical experiments

In this section we present some numerical results obtained using the scheme.
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Figure 10 � 20× 20 orthogonal, randomly perturbed and Kershaw meshes

15.1 Five spot problem I

We consider the quarter �ve spot problem, which is the model problem in oil re-
covery ; more precisely we consider a two dimensional horizontal (gravity is neglected)
domain Ω = (0, 1)2, which is initially saturated in oil (s0 = 1 in Ω). The oil-phase is
then displaced by water, which is injected at the lower left corner ; the production well is
placed at the upper right corner. Assume that the oil-phase and water-phase mobilities
and capillary pressure are respectively de�ned by

λo(s) =
s3

2
, λw(s) =

(1− s)3

2
and π(s) =

1

2

√
s

1− s
.

Recall that the nonlinear functions in (10.5)-(10.7) are de�ned by

λ(s) = λo(s) + λw(s), f(s) =
λo(s)

λ(s)
, ϕ(s) =

∫ s

0

λw(τ)f(τ)π′(τ)dτ.
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The e�ects of wells are modeled by terms on the right-hand side of (10.5) and (10.7)

ko(s) = f(s)q+ + f(s)q−

and
kw(s) = (1− f(s)) q+ + (1− f(s)) q−,

where q+ = q+(x, t) and q− = q−(x, t) denote the production and the injection rates.
The value s is the oil saturation of an injected �uid, which is set to s = 0. We assume
that q+ and q− are Dirac functions

q+ = δ(x) and q− = δ(x− (1, 1)).

We recall that due to the fact that ϕ′(0) = 0 the water front propagates with a �nite
speed. We consider three types of meshes, namely the square mesh, the randomly per-
turbed quadrangular mesh and the Kershaw mesh (see Figure 10). For each type of mesh
we also consider three di�erent resolutions 20 × 20, 40 × 40 and 80 × 80 elements ; the
meshes are constructed in such a way that the regularity parameter θD remains almost
constant for each class namely θD = 2

√
2 for orthogonal meshes, θD ≈ 30 for random

and Kershow meshes.
Figure 11 represents the water-phase saturation pro�le along the diagonal

((0, 0), (0, 1)) at time t = 0.6 for the family of orthogonal grids. Note that in this case
the hybrid discretization of the di�usion operator is equivalent to the classical two-point
�ux approximation scheme. Since the exact solution is not available for this problem we
compare the results obtained using "bad" (randomly perturbed and Kershaw) meshes
with the results corresponding to the orthogonal grids (see Figures 11-12). We �rst re-
mark that the solution obtained on the square and randomly perturbed meshes are in
very good agreement. However the Kershaw mesh seems to be more challenging. The
corresponding numerical solution has a non negligible deviation from the reference one,
which we believe is due to the mesh orientations e�ects breaking the symmetry of the
solution (see Figure 13). A positive point is that for a su�ciently small mesh size the
speed of the water front propagation is correct.
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Figure 11 � Water pro�le at time t = 0.3 and t = 0.6 for a family of orthogonal meshes
(left) and the same pro�le for three type of meshes with 20× 20 elements (right)
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Figure 12 � Water pro�le at time t = 0.3 and t = 0.6 for three type of meshes with
40× 40 elements (left), 80× 80 elements (right)
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Figure 13 � Oil saturation at time t = 0.6 using 40×40 randomly perturbed (left) and
Kershaw (right) meshes

15.2 Five spot problem II (Heterogeneous and anisotropic me-
dium)

Next we consider two test cases proposed in [91], which allow to investigate the
qualitative behavior of the scheme in the case of anisotropic and heterogeneous absolute
permeability tensor K.

First we assume that the porous medium is homogeneous. The absolute permeability
tensor K is de�ned by K = RθDR′

θ, where

D =

(
1 0
0 10−3

)
with Rθ =

(
cosθ −sinθ
sinθ cosθ

)
,

for all real θ. First we set θ = π/4 and we present on Figure 14 the approximate
water-phase saturation and the global pressure �elds at time t = 0.02. Note that due to
the anisotropy the solution form a relatively �ne strip propagating along the direction
(cosθ, sinθ), which is an eigenvector of K corresponding to the value 1.
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Figure 14 � Oil saturation (left) and global pressure �eld (right) at time t = 0.02
(homogeneous case)
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Figure 15 � Absolute permeability �eld

Next let us consider a more complex geometry. We assume that the computational
domain Ω = (0, 1)2 is composed of four layers

Ω1 = Ω ∩ {|x1|+ |x2| < 0.5}, Ω2 = Ω ∩ {0.5 < |x1|+ |x2| < 1},
Ω3 = Ω ∩ {1 < |x1|+ |x2| < 1.5}, Ω4 = Ω ∩ {|x1|+ |x2| > 1.5},

which we represent on Figure 15 by di�erent colors. The piecewise constant absolute
permeability �eld is de�ned by K(x)|x∈Ωi

= Ki, with i ∈ {1, . . . , 4} and

K1 = K4 = Rπ/4DR′
π/4, K2 = D, K3 = Rπ/2DR′

π/2.

On Figures 16 we present the approximate water-phase saturation and global pressure
�eld at time t = 0.07. As in the previous case water propagates in the most permeable
direction, which changes at the interface between two di�erent layers.

Remark 15.1. In conclusion to this section we can state that the scheme seems to
be perform well on the distorted meshes and it gives a fairly correct in the case of a
highly anisotropic and heterogeneous absolute permeability �elds. In future it would be
interesting to compare our scheme with others methods both in the cases with and without
gravity.
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Figure 16 � Oil saturation (left) and global pressure �eld (right) at time t = 0.07
(heterogeneous case)
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Troisième partie

Finite volume approximation for an
immiscible two-phase �ow in porous
media with discontinuous capillary
pressure
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Abstract We consider a immiscible incompressible two-phase �ow within a porous
medium made of two di�erent rocks. The �ow is governed by the Darcy-Muskat law
and a capillary pressure law, that depends on space in a discontinuous way, so that
the capillary pressure �eld can be discontinuous at the interface. Using the concept of
multivalued phase pressures, we introduce a notion of weak solution for the �ow, and
we establish the convergence of a �nite volume approximation towards a weak solution.

This work was supported by the GdR MoMaS (PACEN/CNRS, ANDRA, BRGM, CEA,
EdF, IRSN), France.

16 Introduction

16.1 Multivalued phase pressures

Models of immiscible two-phase �ows are widely used in oil engineering to predict
the motion of oil in the subsoil. They have been widely studied from a mathematical
point of view (see e.g. [6], [7], [14], [15], [45]) and from a numerical point of view (see e.g.
[44], [50], [51], [48], [71], [90]). In this model, sometimes called dead-oil approximation,
it is assumed that there are only two phases oil and water, and that each phase is only
composed of a single component.

The governing equations are derived by substituting the Darcy-Muskat (or diphasic
Darcy) law into the conservation equations for both phases, that is that for each phase
α ∈ {o, w} (o corresponds to the oil phase, while w corresponds to the water phase) :

φ∂tsα − div
(

K
krα(sα)

µα

(∇pα − ραg)

)
= 0, (16.1)

where φ = φ(x) is the porosity of the rock (φ ∈ (0, 1) in the domain Ω), sα is the
saturation of the phase α, the permeability of the porous medium K is supposed to be
a positive scalar function, the relative permeability krα of the phase α is a increasing
function of the saturation sα, satisfying krα(0) = 0 and krα(1) = 1, µα, pα and ρα

denote respectively the viscosity, the pressure and the density of the phase α, and g is
the gravity vector. Assuming that the porous medium is saturated, one has

so + sw = 1. (16.2)
This relation allows to eliminate the water saturation. We note s := so, so that sw = 1−s.

Classically (see [95], [77], [78]), it is assumed that the phase pressures are connected
by the equality

po − pw = π(so), (16.3)
where π is the capillary pressure function, which is supposed to be strictly increasing
on (0, 1).

As it has been stressed in [6], the natural topology for the phase pressures in such a
�ow is prescribed by the quantity

∑

α∈{o,w}

∫ T

0

∫

Ω

K
krα(sα)

µα

(∇pα)2 dxdt. (16.4)
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Note that when the phase α vanishes, i.e. sα = 0, then (16.4) provides no control on
the pressure pα �it is indeed di�cult to de�ne the pressure of a missing phase�. As a
consequence, if sα = 0 and pβ is known (β 6= α), then pα is not de�ned in a unique way,
but it is multivalued, i.e. it can take any value lower than a threshold value, for which
the phase α would appear. Practically,

po ≤ pw + π(0) if so = 0 (16.5)

and
pw ≤ po − π(1) if so = 1. (16.6)

We will take advantage of the multivalued formalism in order to deal with the case where
the porous medium is composed of several rock types, and where the functions describing
the porous medium depend in a discontinuous way of space. As it was stressed in [59],
[24], [35], [36], the discontinuities of the capillary pressure function (16.3) have a large
in�uence on the behavior of the �ow, leading to oil-trapping. Several numerical methods
([62], [60], [40], [61]) have been proposed to approximate this problem, but, to our
knowledge, no convergence proof has been provided for the full problem in several space
dimensions. Indeed, the convergence result stated in [40] holds in the one-dimensional
case, where the problem (16.1)-(16.3) becomes a single degenerate parabolic equation.
In [60], simplifying assumptions are made so that the problem also reduces to a single
degenerate parabolic equation. The scope of this paper is to deal with the two balance
equations (16.1). In the case where the porous medium has smooth variations, it is
possible to show the continuity of pα, in the sense that on each Lipschitz continuous
hypersurface of Ω, pα admits strong traces on both sides pα,1, pα,2, and that these traces
coincide :

pα,1 = pα,2, for α ∈ {o, w}. (16.7)
If at the level of such a hypersurface Γ, the characteristic of the medium change in a
discontinuous way, then, unless we have a compatibility condition on the capillary pres-
sure functions (see [38]), the continuity of the pressure can not be prescribed by (16.7),
but one should use the graph formalism :

pα,1 ∩ pα,2 6= ∅, for α ∈ {o, w}. (16.8)

Note that if the phase pressures are single-valued, then the conditions (16.7) and (16.8)
are equivalent. Moreover, because of the conservation of mass, one has

∑

i∈{1,2}
Ki

krα,i(si)

µα

(∇pα,i − ραg) · ni = 0, (16.9)

where Ki and krα,i(si) denote the traces of K and krα(s) on each side of the interface,
and ni denotes the outward normal to Γ with respect to the side i of the interface.

The fact that the phase pressures pα are multivalued when sα = 0 implies that the
capillary pressure functions s 7→ πi(s) must also be multivalued for s = 0 and s = 1.
Thus we introduce the monotonous graphs π̃i de�ned by

π̃i(s) =





[−∞, πi(0)] if s = 0,
πi(s) if s ∈ (0, 1),
[πi(1), +∞] if s = 1,
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for i = 1, 2. The capillary pressure graphs admit a continuous inverse functions, denoted
by π̃−1

i , which is de�ned on R by

π̃−1
i (p) :=





0 if p ≤ πi(0),
π−1

i (p) if p ∈ (πi(0), πi(1)),
1 if p ≥ πi(1).

Requiring (16.8) implies that, at an interface where the porous medium is discontinuous,
one has

π̃1(s1) ∩ π̃2(s2) 6= ∅, (16.10)
where π1(s1) and π2(s2) denote the traces of π(s) on both sides of the interface. It
has been shown in [41] and [33] that this interface condition is natural, at least in the
one-dimensional case. But this single relation is not su�cient to deal with the case
of two equations such as in (16.1), and further information has to be given along the
discontinuity lines.

16.2 The model problem and assumptions on the data

We assume that the porous medium Ω is a connex open bounded polygonal subset of
Rd, and is made of two disjoint homogeneous rocks Ωi, i ∈ {1, 2}, which are both open
polygonal subsets of Rd. We assume moreover, for the sake of simplicity, that ∂Ωi ∩ ∂Ω
contains a nonempty open subset of ∂Ω for i ∈ {1, 2}. We denote by Γ the interface
between Ω1 and Ω2, i.e.

Γ = ∂Ω1 ∩ ∂Ω2.

For all functions a depending on the physical characteristics of the rock, we use the
notation ai = a(·, x) if x ∈ Ωi.

Also remark that as it has been stressed in [37], the gravity plays a crucial role in
the so called oil-trapping phenomenon.

We assume that at the initial time t = 0, the composition of the �uid is known

s|t=0 = s0 ∈ L∞(Ω; [0, 1]). (16.11)

We also assume that both phase �uxes are equal to 0 through the boundary ∂Ω× [0, T ]
where T > 0 is a positive �xed (but arbitrary) �nal time :

Ki
krα,i(si)

µα

(∇pα,i − ραg) · ni = 0, on (∂Ω ∩ ∂Ωi)× (0, T ). (16.12)

Nevertheless, it should be possible to deal with other types of boundary conditions,
such as Dirichlet conditions on a part of the boundary and Neumann conditions on the
remaining part.

We denote by QT and Qi,T the cylinders

QT := Ω× (0, T ), Qi,T := Ωi × (0, T ).

In order to control the energy of the �ow, we have to make the following natural
assumption on the capillary pressure functions.
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Assumption 1. The function πi belongs to C1([0, 1]).
Remark 16.1. As a direct consequence of Assumption 1,

π̃−1
i ∈ L1(R−) and (1− π̃−1

i ) ∈ L1(R+), i ∈ {1, 2}.
Remark 16.2. For the sake of simplicity we have assumed that the function πi is �nite
at s = 0 and s = 1. However it is not di�cult to take into account an unbounded
capillary pressure curves, namely πi ∈ C1((0, 1)) ∩ L1((0, 1)). In order to do so one has
to consider the family of functions πε

i ∈ C1([0, 1]), such that πε
i → πi in L1((0, 1)) (see

[38]). It can be shown that the analysis presented below remains true for the limit curves
πi ∈ C1((0, 1)).

16.3 Global pressure formulation of the problem

The lack of control on the phase pressures, described in Section 16.1, leads to im-
portant mathematical di�culties. A classical mathematical tool consists in introducing
the so-called global pressure P to circumvent this di�culty. We de�ne, for x ∈ Ωi

P = pw +

∫ πi(s)

0

kro,i(π
−1
i (a))

kro,i(π
−1
i (a)) + µo

µw
krw,i(π

−1
i (a))

da, (16.13)

= po −
∫ πi(s)

0

krw,i(π
−1
i (a))

krw,i(π
−1
i (a)) + µw

µo
kro(π

−1
i (a))

da. (16.14)

The advantage of this �ctive pressure relies on the fact that if the domain Ω is homo-
geneous ([44]), or if Ω varies smoothly ([15], [45]), then the global pressure belongs to
the space L∞((0, T ); H1(Ω)). This regularity result does not remain true, as it will be
shown in the sequel, in the case of a discontinuous capillary pressure.

We de�ne the fractional function fi(s) =
kro,i(s)

kro,i(s) + µo

µw
krw,i(s)

and we introduce the

Kirchho� transform

ϕi(s) =

∫ s

0

Ki
kro,i(a)krw,i(a)

µwkro,i(a) + µokrw,i(a)
π′i(a)da, ∀s ∈ (0, 1), (16.15)

that we extend in a continuous way by constants outside of (0, 1). We make moreover
the following assumption on the functions ϕi.
Assumption 2. For i ∈ {1, 2}, the functions ϕi are Lipschitz continuous and increasing
on [0, 1].

It is well known that the system (16.1)�(16.3) can be rewritten in Qi,T under the
form 




φi∂ts + div (fi(s)qi + γi(s)g −∇ϕi(s)) = 0,
divqi = 0,
qi = −Mi(s)∇P + ζi(s)g,

(16.16)

where

γi(s) = Ki(ρo−ρw)
kro,i(s)krw,i(s)

µwkro,i(s) + µokrw,i(s)
and ζi(s) = Ki

(
kro,i(s)

µo

ρo +
krw,i(s)

µw

ρw

)
.

(16.17)
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The total mobility is de�ned by Mi(s) = Ki

(
kro,i(s)

µo

+
krw,i(s)

µw

)
.

Assumption 3. For i ∈ {1, 2}, the functions M is such that M(s) ≥ αM > 0.

The boundary conditions on the phase �uxes (16.12) are given by

qi · ni = 0, (fi(s)qi + γi(s)g −∇ϕi(s)) · ni = 0, on (∂Ω ∩ ∂Ωi)× (0, T ).
(16.18)

Concerning the transmission conditions on the interface Γ, prescribing the rela-
tion (16.10) is not su�cient. It has to be replaced by : there exists π such that

π ∈ π̃1(s1) ∩ π̃2(s2), (16.19)
P1 − Z1(π) = P2 − Z2(π), (16.20)

where Zi(p) =
∫ p

0
fi ◦ π−1

i (u)du. Note that (16.19) ensures that (16.10) holds. Equa-
tion (16.20) consists in requiring the continuity of the water pressure in some weak
sense implying (16.8) for α = w. On the other hand, adding π on both side of (16.20)
leads to the continuity in the same weak sense of the oil pressure.

The conservation of the total mass and of the oil mass give
∑

i∈{1,2}
qi · ni = 0 on Γ, (16.21)

∑

i∈{1,2}
(fi(s)qi + γi(s)g −∇ϕi(s)) · ni = 0 on Γ, (16.22)

where ni denotes the outward normal to Γ with respect to Ωi.
Since the global pressure P is de�ned up to a constant, we have to impose a condition

to select a solution. More precisely we impose that

mΩ1(P )(t) = 0, where mΩi
(P )(t) :=

1

m(Ωi)

∫

Ωi

P (x, t) dx for i ∈ {1, 2}. (16.23)

We now de�ne a weak solution of Problem (16.16)-(16.23).

De�nition 16.1. We say that a function pair (s, P ) is a weak solution of Problem
(16.16)-(16.23) if :

1. s ∈ L∞(QT ; [0, 1]) ;
2. ϕi(s), P ∈ L2(0, T ; H1(Ωi)), with mΩ1(P )(t) = 0 for almost every t ∈ (0, T ) ;
3. there exists a measurable function π on Γ × (0, T ) such that, for a.e. (x, t) ∈

Γ× (0, T ), (16.19)�(16.20) hold ;
4. for all ψ ∈ C∞c

(
Ω× [0, T )

)
, the following integral equalities hold :

∫ T

0

∑

i∈{1,2}

∫

Ωi

qi · ∇ψ dxdt = 0, (16.24)
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∫ T

0

∫

Ω

φs∂tψ dxdt +

∫

Ω

φs0ψ(·, 0) dx

=

∫ T

0

∑

i∈{1,2}

∫

Ωi

(fi(s)qi + γi(s)g +∇ϕi(s)) · ∇ψ dxdt,
(16.25)

where
qi = −Mi(s)∇P + ζi(s)g.

We will use several time the following lemma, which ensures that the global pressure
jump P1 − P2 at the interface belongs to L∞(Γ× (0, T )).
Lemma 16.1. The function p 7→ Z1(p)−Z2(p) belongs to C1(R;R), is uniformly bounded
on R and admits �nite limits as p → ±∞.

Proof : De�ne

Υi(p) =





∫ p

0

(
fi ◦ π̃−1

i (p)− 1
)
dp if p ≥ 0,

∫ p

0

fi ◦ π̃−1
i (p) dp if p < 0,

then Z1(p) − Z2(p) = Υ1(p) − Υ2(p). Hence, we deduce that if Υ1(p), Υ2(p) have �nite
limits for p → ±∞, then Z1−Z2 also does, since fi(1) = 1. Since Υ1, Υ2 are nonincreasing
functions, it only remains to check that they are bounded. Let p ≥ 0, then

0 ≥ Υi(p) ≥ −
∫ p

0

|fi◦π−1
i (p)−fi(1)|dp ≥ −Lfi

∫ p

0

|π−1
i (p)−1|dp ≥ −Lfi

‖π−1
i −1‖L1(R+).

Similarly, for p < 0, one has

0 ≤ Υi(p) ≤ Lfi
‖π−1

i ‖L1(R−).

We conclude the proof of Lemma 16.1 by applying Remark 16.2. ¤

17 The �nite volume approximation

17.1 Discretization of QT

De�nition 17.1. (Admissible mesh of Ω) An admissible mesh of Ω is given by a set
T of open bounded convex subsets of Ω called control volumes, a family E of subsets of
Ω contained in hyperplanes of Rd with strictly positive measure, and a family of points
(xK)K∈T (the �centers� of control volumes) satisfying the following properties :

1. there exists i ∈ {1, 2} such that K ⊂ Ωi. We note Ti = {K ∈ T , K ⊂ Ωi} ;
2.

⋃
K∈Ti

K = Ωi. Thus,
⋃

K∈T K = Ω ;
3. for any K ∈ T , there exists a subset EK of E such that ∂K =

⋃
σ∈EK

σ. Further-
more, E =

⋃
K∈T EK ;

4. for any (K,L) ∈ T 2 with K 6= L, either the �length�(i.e. the (d − 1) Lebesgue
measure) of K ∩L is 0 or K ∩L = σ for some σ ∈ E . In the latter case, we write
σ = K|L, and
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� Ei = {σ ∈ E , ∃(K,L) ∈ T 2
i , σ = K|L}, Eint = E1 ∪ E2, EK,int = EK ∩ Eint,

� Eext = {σ ∈ E , σ ⊂ ∂Ω}, EK,ext = EK ∩ Eext,
� EΓ = {σ ∈ E , ∃(K, L) ∈ T1 × T2, σ = K|L}, EK,Γ = EK ∩ EΓ ;

5. The family of points (xK)K∈T is such that xK ∈ K (for all K ∈ T ) and, if
σ = K|L, it is assumed that the straight line (xK , xL) is orthogonal to σ.

For a control volume K ∈ Ti, we denote by NK = {L ∈ Ti, σ = K|L ∈ EK,i} the
set of the neighbors and by m(K) its measure. For all σ ∈ E,we denote by m(σ) the
(d − 1)-Lebesgue measure of σ. If σ ∈ EK, we note dK,σ = d(xK , σ), and we denote by
τK,σ the transmissibility of K through σ, de�ned by τK,σ = m(σ)

dK,σ
. If σ = K|L, we note

dK,L = d(xK , xL) and τKL = m(σ)
dK,L

. The size of the mesh is de�ned by :

size(T ) = max
K∈T

diam(K),

and a geometrical factor, connected with the regularity of the mesh, is de�ned by

reg(T ) = max
K∈T


 ∑

σ=K|L∈EK,int

m(σ)dK,L

m(K)


 .

De�nition 17.2. (Uniform time discretization of (0, T )) A uniform time discretiza-
tion of (0, T ) is given by an integer value N and a sequence of real values (tn)n∈{0,...,N+1}.
We de�ne δt = T

N+1
and, ∀n ∈ {0, . . . , N}, tn = nδt. Thus we have t0 = 0 and tN+1 = T .

Remark 17.1. We can easily prove all the results of this paper for a general time
discretization, but for the sake of simplicity, we choose to only consider uniform time
discretizations.
De�nition 17.3. (Space-time discretization of QT ) A �nite volume discretization
D of QT is a family

D = (T , E , (xK)K∈T , N, (tn)n∈{0,...,N}),

where (T , E , (xK)K∈T ) is an admissible mesh of Ω in the sense of de�nition 17.1 and
(N, (tn)n∈{0,...,N}) is a discretization of (0, T ) in the sense of de�nition 17.2. For a given
mesh D, one de�nes :

size(D) = max(size(T ), δt), and reg(D) = reg(T ).

17.2 De�nition of the scheme and main result

For K ∈ Ti, we denote by gK(s) = gi(s) for all function g whose de�nition depends
on the subdomain Ωi, as for example φi, ϕi,Mi, fi, Zi, . . . .

The total �ux balance equation is discretized by
∑
σ∈EK

m(σ)Qn+1
K,σ = 0, ∀n ∈ {0, . . . , N},∀K ∈ T , (17.1)

with

Qn
K,σ =





MK,L(sn
K ,sn

L)

dK,L
(P n

K − P n
L ) +R (ζK,σ; sn

K , sn
L) if σ = K|L ∈ EK,i,

MK(sn
K)

dK,σ

(
P n

K − P n
K,σ

)
+R (

ζK,σ; sn
K , sn

K,σ

)
if σ ∈ EK,Γ,

0 if σ ∈ EK,ext,

(17.2)
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where MK,L(sn+1
K , sn+1

L ) = ML,K(sn+1
L , sn+1

K ) is a mean value between MK(sn+1
K ) and

ML(sn+1
L ). For example, we can consider, as in [90], the harmonic mean

MK,L(sn+1
K , sn+1

L ) =
MK(sn+1

K )MK(sn+1
L )dK,L

dL,σMK(sn+1
K ) + dK,σMK(sn+1

L )
.

The function ζK,σ is de�ned by ζK,σ(s) = ζK(s)g ·nK,σ, where nK,σ denotes the outward
normal to σ with respect to K. For a function f , we denote by R(f ; a, b) the Riemann
solver

R(f ; a, b) =

{
minc∈[a,b] f(c) if a ≤ b,
maxc∈[b,a] f(c) if b ≤ a.

(17.3)

The oil-�ux balance equation is discretized as follows :

φK
sn+1

K − sn
K

δt
m(K) +

∑
σ∈EK

m(σ)F n+1
K,σ = 0, (17.4)

with

F n
K,σ =





Qn
K,σ fK(sn

K,σ) +R(γK,σ; sn
K , sn

L) +
ϕK(sn

K)− ϕK(sn
L)

dK,L

if σ = K|L ∈ EK,i,

Qn
K,σ fK(sn

K,σ) +R(γK,σ; sn
K , sn

K,σ) +
ϕK(sn

K)− ϕK(sn
K,σ)

dK,σ

if σ ∈ EK,Γ,

0 if σ ∈ EK,ext,
(17.5)

where γK,σ(s) = γK(s)g · nK,σ and sn+1
K,σ is the upwind value de�ned by

sn+1
K,σ =





sn+1
K if Qn+1

K,σ ≥ 0,
sn+1

L if Qn+1
K,σ < 0 and σ = K|L ∈ EK,i,

sn+1
K,σ if Qn+1

K,σ < 0 and σ ∈ EK,Γ.
(17.6)

The interface values
(
sn+1

K,σ , sn+1
L,σ , P n+1

K,σ , P n+1
L,σ

)
for σ = K|L ∈ EΓ are de�ned by the

following nonlinear system. For all σ = K|L ∈ EΓ, for all n ∈ {0, . . . , N}, there exists
πn+1

σ ∈ R such that

πn+1
σ ∈ π̃K(sn+1

K,σ ) ∩ π̃L(sn+1
L,σ ), (17.7)

P n+1
K,σ − ZK

(
πn+1

σ

)
= P n+1

L,σ − ZL

(
πn+1

σ

)
, (17.8)

Qn+1
K,σ + Qn+1

L,σ = 0, (17.9)

F n+1
K,σ + F n+1

L,σ = 0. (17.10)

Moreover, we impose the discrete counterpart of the equation (16.23), that is, for all
n ∈ {0, . . . , N}, ∑

K∈T1

m(K)P n+1
K = 0. (17.11)

We will show below in Section 17.3 that the system (17.7)-(17.10) possesses a solution.
We denote by X (D, i) the �nite dimensional space of piecewise constant functions uD
de�ned almost everywhere in Qi,T having a trace on the interface Γ, i.e.

X (D, i) :=
{
uD,i ∈ L∞(Qi,T ) and for all (K,σ, n) ∈ T × EΓ × {0, . . . , N},

uD,i is constant on K × (tn, tn+1], uD,i is constant on σ × (tn; tn+1)
}
,



17.3 - The interface condition system 89

and by X (D) the space of the functions uD whose restriction (uD)|Qi,T

belongs to X (D, i).
We de�ne the solution (sD, PD) ∈ X (D)2 of the scheme by

sD(x, t) = sn+1
K , PD(x, t) = P n+1

K if (x, t) ∈ K × (tn, tn+1],

and, for x ∈ σ = K|L ⊂ Γ for some K ∈ T1, L ∈ T2, for t ∈ (tn, tn+1), the traces

sD|Γ,1
(x, t) = sn+1

K,σ , sD|Γ,2
(x, t) = sn+1

L,σ .

In this paper we prove the following convergence result.

Theorem 1. Assume that Assumptions 1 and 2 hold. Let (Dm)m be a sequence of
admissible discretizations of QT in the sense of De�nition 17.3, then for all m ∈ N,
there exists a discrete solution (sDm , PDm) ∈ X (Dm)2 to the scheme. Moreover, if
limm→∞ size(Dm) = 0, and if there exists ζ > 0 such that, for all m, reg(Dm) ≤ ζ,
then up to a subsequence, sDm converges, towards s ∈ L∞(QT ; [0, 1]) in the Lp(QT ) to-
pology for all p ∈ [1,∞), PDm converges to P weakly in L2(QT ), where (s, P ) is a weak
solution of Problem (16.16)-(16.23) in the sense of De�nition 16.1.

17.3 The interface condition system

De�ne, for all σ = K|L ∈ EΓ, for all n ∈ {0, . . . , N},

P n+1
σ := P n+1

K,σ − ZK

(
πn+1

σ

)
= P n+1

L,σ − ZL(πn+1
σ ), (17.12)

and

Qn+1
K,σ (πn+1

σ ) := αn+1
K

(
P n+1

K − P n+1
σ − ZK(πn+1

σ )
)

+R(ζK,σ; sn+1
K , π̃−1

K (πn+1
σ )), (17.13)

where αn+1
K =

MK(sn+1
K )

dK,σ
. Then, the balance of the �uxes on the interface (17.9)�(17.10)

can be rewritten as
Qn+1

K,σ (πn+1
σ ) + Qn+1

L,σ (πn+1
σ ) = 0 (17.14)

Qn+1
K,σ (πn+1

σ )fK

(
sn+1

K,σ (πn+1
σ )

)
+R(γK,σ; sn+1

K , π̃−1
K (πn+1

σ )) +
ϕK(sn+1

K )−ϕK◦π̃−1
K (πn+1

σ )

dK,σ

+Qn+1
L,σ (πn+1

σ )fL

(
sn+1

L,σ (πn+1
σ )

)
+R(γL,σ; sn+1

L , π̃−1
L (πn+1

σ )) +
ϕL(sn+1

L )−ϕL◦π̃−1
L (πn+1

σ )

dL,σ
= 0,

(17.15)
where

sn+1
K,σ (p) =

{
sn+1

K if Qn+1
K,σ (p) ≥ 0,

π−1
K (p) if Qn+1

K,σ (p) < 0.
(17.16)

We deduce from (17.14) that

P n+1
σ =

αn+1
K (P n+1

K − ZK(πn+1
σ )) + αn+1

L (P n+1
L − ZL(πn+1

σ ))

αn+1
K + αn+1

L

+
R(ζK,σ; sn+1

K , π̃−1
K (πn+1

σ )) +R(ζL,σ; sn
L, π̃−1

L (πn+1
σ ))

αn+1
K + αn+1

L

(17.17)
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and thus that

Qn+1
K,σ (πn+1

σ ) =
αn+1

K αn+1
L

αn+1
K + αn+1

L

(
P n+1

K − P n+1
L − ZK(πn+1

σ ) + ZL(πn+1
σ )

)

+
αn+1

L R(ζK,σ; sn+1
K , π̃−1

K (πn+1
σ ))− αn+1

K R(ζL,σ; sn
L, π̃−1

L (πn+1
σ ))

αn+1
K + αn+1

L

.

(17.18)
As a direct consequence of Lemma 16.1, Qn+1

K,σ belong to C1(R;R) and admits �nite limits
as p → ±∞.

Denote by

Ψn+1
σ (p) := Qn+1

K,σ (p) (fK(sK,σ(p))− fL(sL,σ(p)))

+R(γK,σ; sn+1
K , π̃−1

K (p)) +R(γL,σ; sn+1
L , π̃−1

L (p))

+
ϕK(sn+1

K )− ϕK ◦ π−1
K (p)

dK,σ

+
ϕL(sn+1

L )− ϕL ◦ π−1
L (p)

dL,σ

,

then Ψσ is continuous on R.

Lemma 17.1. Let (sn+1
K , sn+1

L ) ∈ [0, 1]2, there exists πn+1
σ ∈ [mini πi(0), maxi πi(1)] such

that Ψn+1
σ (πn+1

σ ) = 0.

Proof : From the de�nition (17.16) of sn+1
K,σ (p), since limp→mini πi(0) π−1

K (p) = 0, and
since Qn+1

K,σ (p) admits a limit as p → mini πi(0), one has

lim
p→mini πi(0)

Qn+1
K,σ (p)

(
fK(sn+1

K,σ (p))− fL(sn+1
L,σ (p))

) ≥ 0

and also

lim
p→mini πi(0)

R(γM,σ; sn+1
M , π̃−1

M (p)) = max
s∈[0,sM ]

γM,σ(s) ≥ 0, with M ∈ {K,L}.

This yields that

lim
p→mini πi(0)

Ψn+1
σ (p) ≥ ϕK(sn+1

K )

dK,σ

+
ϕL(sn+1

L )

dL,σ

≥ 0.

One obtains similarly that lim
p→maxi πi(1)

Ψn+1
σ (p) ≤ 0. One conclude thanks to the conti-

nuity of Ψn+1
σ . ¤

Proposition 17.2. Let σ = K|L ∈ EΓ, and let
(
sn+1

K , sn+1
L , P n+1

K , P n+1
L

) ∈ R4, then there
exists a solution

(
πn+1

σ , sn+1
K,σ , sn+1

L,σ , P n+1
K,σ , P n+1

L,σ

) ∈ [mini πi(0), maxi πi(1)]× [0, 1]2×R2 to
the nonlinear system (17.7)�(17.10).

Proof : Let πn+1
σ ∈ R be a solution of the equation Ψn+1

σ (πn+1
σ ) = 0, whose existence

has been claimed in Lemma 17.1. Firstly, de�ning sn+1
K,σ := π−1

K (πn+1
σ ) and sn+1

L,σ :=

π−1
L (πn+1

σ ), one has directly that

πn+1
σ ∈ π̃K(sn+1

K,σ ) ∩ π̃L(sn+1
L,σ ).
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As it was noticed in Lemma 16.1, the function p 7→ ZK(p)−ZL(p) is uniformly bounded.
Hence, the values

P n+1
K,σ :=

αn+1
K P n+1

K + αn+1
L P n+1

L + αn+1
L (ZK(πn+1

σ )− ZL(πn+1
σ ))

αn+1
K + αn+1

L

+
R (

ζK,σ; sn+1
K , π̃−1

K (πn+1
σ )

)
+R (

ζL,σ; sn
L, π̃−1

L (πn+1
σ )

)

αn+1
K + αn+1

L

and
P n+1

L,σ :=
αn+1

K P n+1
K + αn+1

L P n+1
L + αn+1

K (ZL(πn+1
σ )− ZK(πn+1

σ ))

αn+1
K + αn+1

L

+
R (

ζK,σ; sn+1
K , π̃−1

K (πn+1
σ )

)
+R (

ζL,σ; sn
L, π̃−1

L (πn+1
σ )

)

αn+1
K + αn+1

L

are �nite. It is now easy to check that
(
πn+1

σ , sn+1
K,σ , sn+1

L,σ , P n+1
K,σ , P n+1

L,σ

)
is a solution to the

system (17.7)�(17.10) thanks to the analysis carried out above. ¤

18 A priori estimates and existence of a discrete so-
lution

18.1 L∞(QT) estimate on the saturation

Proposition 18.1. Let (sD, PD) be a solution to the scheme (17.1)�(17.11), then

0 ≤ sD ≤ 1 a.e. in QT . (18.1)

Proof : We will prove that for all K ∈ T , for all n ∈ {0, . . . , N},
sn+1

K ≤ 1.

The proof for obtaining sn+1
K ≥ 0 is similar.

Using the de�nition (17.5) of F n+1
K,σ , one can rewrite (17.4) under the form

HK

(
sn+1

K , sn
K ,

(
sn+1

L

)
L∈NK

,
(
sn+1

K,σ

)
σ∈EK,Γ

,
(
Qn+1

K,σ

)
σ∈EK

)
= 0, (18.2)

where HK is non increasing with respect to sn
K ,

(
sn+1

L

)
L∈NK

,
(
sn+1

K,σ

)
σ∈EK,Γ

. Making use
of the notations a>b = max(a, b), we obtain that

HK

(
sn+1

K , sn
K>1,

(
sn+1

L >1
)

L∈NK
,
(
sn+1

K,σ>1
)

σ∈EK,Γ
,
(
Qn+1

K,σ

)
σ∈EK

)
≤ 0.

We remark that for all K ∈ T and for all s ∈ [0, 1] one has
∑
σ∈EK

m(σ)γK,σ(s) = 0. (18.3)

Combining (18.3) and (17.1) we have

HK

(
1, 1, (1)L∈NK

, (1)σ∈EK,i
,
(
Qn+1

K,σ

)
σ∈EK

)
= 0.
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Hence, using once again the monotonicity of HK , one obtains

HK

(
1, sn

K>1,
(
sn+1

L >1
)

L∈NK
,
(
sn+1

K,σ>1
)

σ∈EK,Γ
,
(
Qn+1

K,σ

)
σ∈EK

)
≤ 0.

Since a>b is either equal to a or to b, one has

HK

(
sn+1

K >1, sn
K>1,

(
sn+1

L >1
)

L∈NK
,
(
sn+1

K,σ>1
)

σ∈EK,Γ
,
(
Qn+1

K,σ

)
σ∈EK

)
≤ 0. (18.4)

Next we remark that for any σ = K|L ∈ EΓ the the equation (17.10) can be written as

Hσ

(
sn+1

K , sn+1
L ,

(
sn+1

M

)
M∈NK∪NL

,
(
sn+1

M,σ

)
M∈NK∪NL

,
(
Qn+1

M,σ

)
M∈NK∪NL

)
= 0,

where Hσ is non increasing with respect to
(
sn+1

M

)
M∈NK∪NL

,
(
sn+1

M,σ

)
M∈NK∪NL

. Thanks to
(17.9) and using γi(1) = 0 for i ∈ {1, 2} we obtain

Hσ

(
1, 1, (1)M∈NK∪NL

, (1)M∈NK∪NL
,
(
Qn+1

M,σ

)
M∈NK∪NL

)
= 0.

Using the same arguments as for (18.4) one has that

Hσ

(
sn+1

K >1, sn+1
L >1,

(
sn+1

M >1
)

M∈NK∪NL
,
(
sn+1

M,σ>1
)

M∈NK∪NL
,
(
Qn+1

M,σ

)
M∈NK∪NL

)
≤ 0.

(18.5)
Multiplying (18.4) by δt and summing over K ∈ T provides, using (18.5) and the
conservativity of the scheme,

∑
K∈T

φK(sn+1
K − 1)+m(K) ≤

∑
K∈T

φK(sn
K − 1)+m(K).

Since s0 ∈ L∞(QT ; [0, 1]), s0
K ∈ [0, 1] for all K ∈ T . A straightforward induction allows

us to conclude. ¤

18.2 Energy estimate

De�nition 18.1. We de�ne the discrete L2(0, T ; H1(Ωi)) semi-norm of an element
uD ∈ X (D, i) by

|uD|2D,i :=
∑

n

δt
∑

σ=K|L∈Ei

τKL

(
un+1

K − un+1
L

)2
+

∑
n

δt
∑
K∈Ti

∑
σ∈EK,Γ

τKσ

(
un+1

K − un+1
K,σ

)2
.

Lemma 18.2. The following inequalities hold :
� for all σ = K|L ∈ Eint,

Qn+1
K,σ fK

(
sn+1

K,σ

) (
πK(sn+1

K )− πK(sn+1
L )

) ≥ Qn+1
K,σ

(
ZK(πK(sn+1

K ))− ZK(πK(sn+1
L ))

)
;

(18.6)
� for all σ ∈ EK,Γ,

Qn+1
K,σ fK

(
sn+1

K,σ

) (
πK(sn+1

K )− πn+1
σ )

) ≥ Qn+1
K,σ

(
ZK(πK(sn+1

K ))− ZK(πn+1
σ )

)
. (18.7)
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Proof : Since fK ◦ π−1
K is a non decreasing function, then function ZK : p 7→ ∫ p

0
fK ◦

π−1
K (a)da is convex, so that for all (a, b) ∈ R2,

fK ◦ π−1
K (a) (b− a) ≤ ZK(b)− ZK(a) ≤ fK ◦ π−1

K (b) (b− a) .

The inequalities (18.6) and (18.7) follow from the de�nition (17.6) of sn+1
K,σ . ¤

Lemma 18.3. Let us de�ne

GK,σ(p) :=

∫ p

0

γK,σ

(
π̃−1

K (τ)
)
dτ (18.8)

for all K ∈ T and σ ∈ EK. Then, the following estimates hold :
� for all σ = K|L ∈ Eint,

R(γK,σ; sn+1
K , sn+1

L )
(
πK(sn+1

K )− πK(sn+1
L )

) ≥ GK,σ(πK(sn+1
K ))− GK,σ(πK(sn+1

L ))
(18.9)

� for all σ ∈ EK,Γ,

R(γK,σ; sn+1
K , sn+1

K,σ )
(
πK(sn+1

K )− πn+1
σ )

) ≥ GK,σ(πK(sn+1
K ))− GK,σ(πn+1

σ ). (18.10)

Proof : For any a, b ∈ R one has

R(γK,σ; π̃−1
K (a), π̃−1

K (b)) (a− b)) =

∫ a

b

γK,σ

(
π̃−1

K (p)
)
dp

+

∫ a

b

R (
γK,σ; π̃−1

K (a), π̃−1
K (b)

)− γK,σ

(
π̃−1

K (p)
)
dp.

(18.11)
We only have to remark that in view of (17.3) the last term in the right hand side of
(18.11) is positive. ¤

Lemma 18.4. For all K ∈ T , for all n ∈ {0, . . . , N} and for all σ ∈ EK,Γ, one has
(
ϕK(sn+1

K )− ϕK(sn+1
K,σ )

) (
πK(sn+1

K )− πn+1
σ

)
≥ (

ϕK(sn+1
K )− ϕK(sn+1

K,σ )
) (

πK(sn+1
K )− πK(sn+1

K,σ )
)
.

(18.12)

Proof : Assume that sn+1
K,σ ∈ (0, 1), then π̃K(sn+1

K,σ ) = {πK(sn+1
K,σ )}, thus the in-

equality (18.12) is in fact an equality. Assume now that sn+1
K,σ = 0, then πn+1

σ ≤
πK(sn+1

K,σ ) ≤ πK(sn+1
K ), and ϕK(sn+1

K,σ ) ≤ ϕK(sn+1
K ). The inequality (18.12) follows. Si-

milarly, if sn+1
K,σ = 1, then πn+1

σ ≥ πK(sn+1
K,σ ) ≥ πK(sn+1

K ), and ϕK(sn+1
K,σ ) ≥ ϕK(sn+1

K ),
leading also to (18.12). ¤

Proposition 18.5. There exists C1, depending only on αM , mini Ki, µo, µw ,
maxi ‖πi‖L1((0,1)) and Ω, such that

∑

i∈{1,2}

(|PD|2D,i + |ϕ(sD)|2D,i

) ≤ C1. (18.13)

Proof : Multiplying the equation (17.4) by δtπK(sn+1
K ) and summing over K ∈ T

and n ∈ {0, . . . , N} yields, after reorganizing the sum,

A + B = 0, (18.14)
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where

A =
N∑

n=0

∑
K∈T

φKπK(sn+1
K )

(
sn+1

K − sn
K

)
m(K),

B =
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)F n+1
K,σ

(
πK(sn+1

K )− πK(sn+1
L )

)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)F n+1
K,σ

(
πK(sn+1

K )− πn+1
σ

)
,

where we have used (17.10). The de�nition (17.5) of F n+1
K,σ gives

B = B1 + B2 + B3, (18.15)

where

B1 =
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)Qn+1
K,σ fK(sn+1

K,σ )
(
πK(sn+1

K )− πK(sn+1
L )

)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)Qn+1
K,σ fK(sn+1

K,σ )
(
πK(sn+1

K )− πn+1
σ

)
,

B2 =
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)R(γK,σ; sn+1
K , sn+1

L )
(
πK(sn+1

K )− πK(sn+1
L )

)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)R(γK,σ; sn+1
K , sn+1

K,σ )
(
πK(sn+1

K )− πn+1
σ

)
,

B3 =
N∑

n=0

δt
∑

σ=K|L∈Eint

τKL

(
ϕK(sn+1

K )− ϕK(sn+1
L )

) (
πK(sn+1

K )− πK(sn+1
L )

)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

τKσ

(
ϕK(sn+1

K )− ϕK(sn+1
K,σ )

) (
πK(sn+1

K )− πn+1
σ )

)
.

It follows from Lemma 18.2 that

B1 ≥
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)Qn+1
K,σ

(
ZK(πK(sn+1

K ))− ZK(πK(sn+1
L ))

)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)Qn+1
K,σ

(
ZK(πK(sn+1

K ))− ZK(πn+1
σ )

)
.

Multiplying the equation (17.1) by δt
(
P n+1

K − ZK(πK(sn+1
K ))

)
and summing over K ∈ T
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and n ∈ {0, . . . , N} yields, after reorganizing the sum and using (17.8) and (17.9),

N∑
n=0

δt


 ∑

σ=K|L∈Eint

m(σ)Qn+1
K,σ (P n+1

K − P n+1
L ) +

∑
K∈T

∑
σ∈EK,Γ

m(σ)Qn+1
K,σ (P n+1

K − P n+1
K,σ )




=
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)Qn+1
K,σ

(
ZK(πK((sn+1

K ))− ZK(πK(sn+1
L ))

)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)Qn+1
K,σ

(
ZK(πK(sn+1

K, ))− ZK(πn+1
σ )

)
.

Therefore, using the de�nition (17.2) of Qn
K,σ, we deduce that

B1 ≥ B4 + B5, (18.16)

where

B4 =
N∑

n=0

δt


 ∑

σ=K|L∈Eint

m(σ)MK,L

dK,L

(P n+1
K − P n+1

L )2 +
∑
K∈T

∑
σ∈EK,Γ

m(σ)MK

dK,σ

(P n+1
K − P n+1

K,σ )2




and

B5 =
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)R(ζK,σ; sn+1
K , sn+1

L )(P n+1
K − P n+1

L )

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)R(ζK,σ; sn+1
K , sn+1

K,σ )(P n+1
K − P n+1

K,σ ).

(18.17)

Using the fact that for all s ∈ R, Mi(s) ≥ αM > 0 we obtain

B4 ≥ αM

∑

i∈{1,2}
|PD|2D,i . (18.18)

The Cauchy�Schwarz inequality applied to the right hand side of (18.17) implies

|B5| ≤



N∑
n=0

δt
∑

σ=K|L∈Eint

m(σ)dK,LR(ζK,σ; sn+1
K , sn+1

L )2




1
2

·



N∑
n=0

δt
∑

σ=K|L∈Eint

m(σ)

dK,L

(P n+1
K − P n+1

L )2




1
2

+




N∑
n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)dK,σR(ζK,σ; sn+1
K , sn+1

K,σ )2




1
2

·



N∑
n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)

dK,σ

(P n+1
K − P n+1

K,σ )2




1
2

.
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Hence,
B2

5 ≤
3

2
T |g|2d

∑

i∈{1,2}
m(Ωi)‖ζi‖2

L∞((0,1))

∑

i∈{1,2}
|PD|2D,i . (18.19)

We recall that d stands for the spatial dimension of Ω. Combining (18.16), (18.18) and
(18.19) one has

B1 ≥ αM

∑

i∈{1,2}
|PD|2D,i −


3

2
T |g|2d

∑

i∈{1,2}
m(Ωi)‖ζi‖2

L∞((0,1))




1
2

 ∑

i∈{1,2}
|PD|2D,i




1
2

.

(18.20)
We now will show the estimates on the term B2. Using Lemma 18.3 we have

B2 ≥
N∑

n=0

δt
∑

σ=K|L∈Eint

m(σ)
(GK,σ

(
πK(sn+1

K )
)− GK,σ

(
πK(sn+1

L )
))

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)
(GK,σ

(
πK(sn+1

K )
)− GK,σ

(
πn+1

σ

)) (18.21)

Recombining terms we obtain

B2 ≥
N∑

n=0

δt
∑
K∈T

∑
EK,int

m(σ)GK,σ

(
πK(sn+1

K )
)

+
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)
(GK,σ

(
πK(sn+1

K )
)− GK,σ

(
πn+1

σ

))

which in view of (18.8) and (18.3) implies

B2 ≥ −
N∑

n=0

δt
∑
K∈T

∑
σ∈EK,Γ

m(σ)GK,σ

(
πn+1

σ

)
.

Remark that if σ = K|L ∈ EΓ then the function GK,σ(p)+GL,σ(p) in general is not equal
to zero. However we can write an lower bound for the term B2. Indeed, comparing the
de�nition (16.15) of ϕi with the de�nition (16.17) of γi, and using the fact that γi(0) = 0
and γi(1) = 0 one has

∫ πn
σ

0

γK ◦ π−1
K (p)dp =

∫ sn
K,σ

0

γK(a)π′K(a)da = (ρo − ρw)ϕK(sn
K,σ)

and thus, in view of Proposition 18.1

B2 ≥ −|ρo − ρw||g| max
i∈{1,2}

ϕi(1) m(Γ)T.

Because of the de�nition (16.15) of the function ϕi, then, for all (a, b) ∈ [0, 1]2,

(ϕi(a)− ϕi(b))(πi(a)− πi(b)) ≥ max(µo, µw)

Ki

(ϕi(a)− ϕi(b))
2 . (18.22)
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Then it follows from Lemma 18.4 and for inequality (18.22) that

B3 ≥ max(µo, µw)

mini∈{1,2} Ki

∑

i∈{1,2}
|ϕi(sD)|2D,i . (18.23)

We de�ne Πi(s) =
∫ s

0
πi(a)da, then Πi is a continuous convex function. As a consequence,

for all (a, b) ∈ [0, 1]2,
πi(b)(b− a) ≥ Πi(b)− Πi(a).

Therefore,

A ≥
N∑

n=0

∑
K∈T

φK

(
ΠK(sn+1

K )− ΠK(sn
K)

)
m(K) =

∑
K∈T

φK

(
ΠK(sN+1

K )− ΠK(s0
K)

)
m(K).

Using the fact that, for all (a, b) ∈ [0, 1]2, one has

Πi(b)− Πi(a) =

∫ b

a

πi(u)du ≥ −
∫ 1

0

|πi(u)|du,

it follows from Proposition 18.1 that

A ≥ −
∑

i∈{1,2}
φim(Ωi)‖πi‖L1((0,1)). (18.24)

Taking (18.20), (18.23), (18.23) and (18.24) into account in (18.14) we have.

αM

∑

i∈{1,2}
|PD|2D,i −


3

2

T |g|2
d

∑

i∈{1,2}
m(Ωi)‖ζi‖2

L∞((0,1))




1
2

 ∑

i∈{1,2}
|PD|2D,i




1
2

+
max(µo, µw)

mini∈{1,2} Ki

∑

i∈{1,2}
|ϕi(sD)|2D,i ≤ C,

(18.25)

where Applying Young's inequality to (18.21) we complete the proof of Proposition 18.5.
Indeed,

αM

2

∑

i∈{1,2}
|PD|2D,i +

max(µo, µw)

mini∈{1,2} Ki

∑

i∈{1,2}
|ϕi(sD)|2D,i ≤ C,

¤

Proposition 18.6. There exists C only depending on Ωi, C1 and ‖Z1 − Z2‖∞ such that

‖PD‖L2(QT ) ≤ C.

Proof : In view of the discrete Poincaré-Wirtinger inequality [76] and Proposi-
tion 18.5, there exists C depending only on Ωi and C1 such that

∫∫

Qi,T

(PD −mΩi
(PD))2 dxdt ≤ C.

In order to conclude the proof, it only remains to check that mΩ2(PD) is uniformly
bounded.

¤
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18.3 Existence of a discrete solution

Proposition 18.7. There exists (at least) a solution to the scheme (17.4)-(17.11).

Proof : The proof is based on a topological degree argument (see for example [55]).
For ν ∈ [0, 1], we introduce the functions

� f ν
i (s) = νfi(s) + (1− ν)s,

� ζν
i (s) = νζi(s), γν

i (s) = νγi(s)
� M ν

i (s) = νMi(s) + (1− ν)αM ,
� λν

i (s) = νλi(s) + (1− ν)αMs(1− s),

� πν
i (s) = νπi(s) + (1− ν)π1(s),

� ϕν
i (s) =

∫ s

0

λν
i (a) (πν

i )′ (a)da,

� Zν
i (s) =

∫ s

s?

f ν
i (a) (πν

i )′ (a)da.

We denote by (sν
D, P ν

D) the solution to the modi�ed scheme. For ν = 0, the problem
becomes homogeneous, corresponding to the equations

{
∂ts

0 − div (s0∇P 0 −∇ϕ0(s0)) = 0,
−αM∆P 0 = 0.

(18.26)

The pressure equation provides a classical linear �nite volume scheme which is comple-
tely uncoupled from the saturation equation. The transmission conditions (17.9),(17.8)
turn to

P n+1,0
K,σ = P n+1,0

L,σ =
τKσP

n+1,0
K + τLσP

n+1,0
L

τKσ + τLσ

,

and thus
Qn+1,0

K,σ = τKL

(
P n+1,0

K − P n+1,0
L

)
.

Note that the a priori estimates (18.1) and (18.13) still hold for (sν
D, P ν

D) instead of
(sD, PD). We introduce now a new parameter η ∈ [0, 1], and we approximate the problem

{
∂ts

0,η − ηdiv (s0,η∇P 0 −∇ϕ0(s0,η)) = 0,
−αM∆P 0 = 0.

The corresponding discrete solution s0,η
D satis�es

0 ≤ s0,η
D ≤ 1, ∀η ∈ [0, 1]. (18.27)

We introduce the compact set

K =
{
(uD, vD) ∈ (X (D))2

∣∣ ‖uD‖∞ ≤ 2 and |vD|D ≤ 2C1

}
,

where C1 is the quantity introduced in Proposition 18.5. Since, for ν = η = 0, the
problem turns to an invertible linear problem, we can claim that the corresponding
topological degree is equal to ±1 (following the sign of the determinant of the underlying
matrix). One can let �rst η go to 1, and thanks to (18.13),(18.27),

(
s0,η
D , P 0

D
)
never belongs

to the boundary ∂K of K. Hence, the topological degree is constant for η ∈ [0, 1], and,
for η = 1, the discrete counterpart of (18.26) admits at least a solution. Letting then
ν tend to 1 provides thanks to similar arguments the existence of a solution to the
scheme (17.4)-(17.7). ¤
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19 Compactness properties of the discrete solution

In order to prove the convergence of the scheme, we will use the method presented
in [65] to derive the relative compactness of the sequencies (sDm)m∈N and (PDm)m∈N,
where (Dm)m∈N is a sequence of admissible discretizations of Ω× (0, T ) in the sense of
De�nition 17.3, for which the discretization parameter hm := size(Dm) tends to 0 as
m →∞, while the regularity parameter reg(Dm) remains bounded.

Firstly, since 0 ≤ sDm ≤ 1 almost everywhere in QT , we can claim that there exists
s ∈ L∞(QT ; [0, 1]), such that, up to a subsequence,

sDm ⇀ s in the L∞(QT ) weak- ? sense as m →∞.

This is of course not su�cient to pass to the limit, so that we seek for additional
compactness on the family of approximate solutions (sDm , PDm)m.

19.1 Estimates on space and time translates

We recall here the lemmas 4.2 and 4.3 of [65].

Lemma 19.1. Let uD be an element of X (D), then for all ξ ∈ Rd,
∫ T

0

∫

Ωi,ξ

(uD(x + ξ, t)− uD(x, t))2 dxdt ≤ |uD|2D,i|ξ| (|ξ|+ 2size(D)) ,

where Ωi,ξ = {x ∈ Ωi | [x, x + ξ] ⊂ Ωi}.

Lemma 19.2. Let uD be an element of X (D), and let Ti(uD) the function of L2(Rd+1)
de�ned by

Ti(uD)(x, t) =

{
uD(x, t) if (x, t) ∈ Ωi × (0, T ),
0 otherwise,

then for all ξ ∈ Rd,
∫ T

0

∫

Rd

(Ti(uD)(x + ξ, t)− Ti(uD)(x, t))2 dxdt ≤ |uD|2D,i|ξ| (|ξ|+ 2size(D) + 2m(∂Ωi) ‖uD‖∞) ,

where Ωi,ξ = {x ∈ Ωi | [x, x + ξ] ⊂ Ωi}.

Lemma 19.3. There exists C3, which does not depend on size(T ), δt nor on τ such
that for all τ ∈ (0, T ),

∫ T−τ

0

∑

i∈{1,2}

∫

Ωi

(ϕi(sD)(x, t + τ)− ϕi(sD)(x, t))2 dxdt ≤ C3τ. (19.1)

Lemma 19.3 is an extension of Lemma 4.6 of [65] (see also Proposition 5.1 in [71]).

Proposition 19.4. The sequence (ϕi(sDm))m converges strongly in L2(Qi,T ), up to a
subsequence, towards the function ϕi(s) ∈ L2(0, T ; H1(Ωi)).
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Proof : First recall that by Proposition 18.1 (ϕi(sDm))m is bounded in L∞(Qi,T )
for i ∈ {1, 2} and that by Proposition 18.5 the sequence (|ϕi(sDm)|Dm,i)m is bounded.
Thanks to the lemmas 19.2 and 19.3 and the Kolmogorov compactness criterion (see
e.g. [27] or [65, Theorem 3.9]), it follows that (Ti(ϕi(sDm)))m is relatively compact in
L2(Rd+1) for i ∈ {1, 2}. Thus we can extract a subsequence, which we denote again
denoted by (Ti(ϕi(sDm)))m such that both T1(φ1(sDm)) and T2(φ2(sDm)) converge to
their limit strongly in L2(Q1,T ) and L2(Q2,T ) respectively. As a direct consequence,
(ϕi(sDm))m converges in L2(Qi,T ) for i ∈ {1, 2} towards a function φ, which satis�es,
thanks to Lemma 19.1,

∫ T

0

∫

Ωi,ξ

(φ(x + ξ, t)− φ(x, t))2 dxdt ≤ C|ξ|2, ∀ξ ∈ Rd.

This implies (see [27]) that φ ∈ L2(0, T ; H1(Ωi)). It remains to identify φ as ϕi(s),
i ∈ {1, 2}. This can be done using Minty's lemma (see e.g. [68, Theorem 4.1]). ¤

Corollary 19.5. Up to a subsequence, (sDm)m converges towards s strongly in Lp(QT )
for all p ∈ [1,∞).

Proof : Since (ϕi(sDm))m converges in L2(QT ) towards ϕi(s), it converges (up to
a new subsequence) almost everywhere in QT . Since ϕ−1

i is continuous, sDm tends to s
almost everywhere. The result then follows from the uniform bound on (sDm)m stated
in Proposition 18.1. ¤

Lemma 19.6. There exists P ∈ L2(0, T ; H1(Ωi)) such that, up to a subsequence,

PDm −mΩi
(PDm) ⇀ P weakly in L2(Qi,T ) as m →∞.

Proof : In view of the discrete Poincaré-Wirtinger inequality [76], there exists C
depending only on Ωi and on the quantity C1 introduced in Proposition 18.5 such that

‖PDm −mΩi
(PDm)‖L2(Qi,T ) ≤ C, for i ∈ {1, 2}.

Hence the sequence (PDm −mΩi
(PDm))m converges weakly in L2(Qi,T ) towards a func-

tion P. Therefore, for all ξ ∈ Rd,

PDm(·+ ξ, ·)− PDm ⇀ P(·+ ξ, ·)−P weakly in L2(Ωi,ξ × (0, T )) as m →∞.

The lower semi-continuity of the norm for the weak L2 topology implies that
∫ T

0

∫

Ωi,ξ

(P(x + ξ, t)−P(x, t))2 dxdt ≤ lim inf
m→∞

∫ T

0

∫

Ωi,ξ

(PDm(x + ξ, t)− PDm(x, t))2 dxdt.

We deduce from Proposition 18.5 and Lemma 19.1 that
∫ T

0

∫

Ωi,ξ

(P(x + ξ, t)−P(x, t))2 dxdt ≤ C1|ξ|2,

ensuring that P belongs to L2(0, T ; H1(Ωi)). ¤
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19.2 Convergence of the traces

We denote by sD|Γ,i
(resp. PD|Γ,i

) the trace of sD (resp. PD) on Γ from the side of Ωi,
de�ned by

sD|Γ,i
(x, t) = sn+1

K,σ , PD|Γ,i
(x, t) = P n+1

K,σ , ∀(x, t) ∈ σ × (tn, tn+1],

where σ ∈ EK,Γ, K ⊂ Ωi.
It has been proven in Proposition 19.4 that ϕi(sDm) converges strongly in L2(Qi,T )

towards ϕi(s) ∈ L2(0, T ; H1(Ωi)). Hence, ϕ1(s) and ϕ2(s) admits a traces in the sense
of L2(Γ × (0, T )). Since ϕ−1

i is continuous, s also admits a traces on the interface,
denoted by s1 and s2. We claim in Corollary 19.10 below that sDm|Γ,i

converges strongly
in Lp(Γ× (0, T )) towards si for all p ∈ [1,∞).

We now introduce another de�nition of the trace, denoted by ũ|Γ,i
. For a function u

of X (D) we de�ne

ũ|Γ,i
(x, t) := un+1

K if (x, t) ∈ σ × (tn, tn+1], σ ⊂ Γ ∩ ∂K,K ⊂ Ωi.

Lemma 19.7. Let u ∈ X (D), then
∫ T

0

∫

Γ

|u|Γ,i
− ũ|Γ,i

| dxdt ≤ |u|D (Tm(Γ)size(D))1/2 .

Proof : From the de�nitions of the traces of u,
∫ T

0

∫

Γ

|u|Γ,i
− ũ|Γ,i

| dxdt =
N∑

n=0

δt
∑
K∈Ti

∑
σ∈EK,Γ

m(σ)|un+1
K,σ − un+1

K |.

Cauchy-Schwarz inequality yields that

∫ T

0

∫

Γ

|u|Γ,i
− ũ|Γ,i

| dxdt ≤



N∑
n=0

δt
∑
K∈Ti

∑
σ∈EK,Γ

τK,σ(un+1
K,σ − un+1

K )2




1/2

·



N∑
n=0

δt
∑
K∈Ti

∑
σ∈EK,Γ

m(σ)dK,σ




1/2

.

The result follows. ¤
Since Ωi is supposed to be polygonal, Γ is made of a �nite number of faces (Γj)1≤j≤J

contained in a�ne hyperplanes of Rd. We denote by ni,j the outward normal to Γj with
respect to Ωi. For ε > 0 and j ∈ {1, . . . , J}, we de�ne the open subset ωi,j,ε of Ωi as the
largest cylinder of width ε generate by Γj and ni,j included in Ωi, that is

ωi,j,ε :=
{
x− hni,j ∈ Qi,T |x ∈ Γj, 0 < h < ε and [x, x− εni,j] ⊂ Ωi

}
. (19.2)

We also de�ne the subset Γi,j,ε = ∂ωi,j,ε ∩ Γj of Γj, that satis�es

m(Γj \ Γi,j,ε) ≤ Cε, (19.3)

where C only depends on Ω.
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Lemma 19.8. Let u ∈ X (D), then for all j ∈ {1, . . . , J},
∫ T

0

1

ε

∫

Γi,j,ε

∫ ε

0

(
ũ|Γ,i

(x, t)− u(x− hni,j, t)
)2

dh dxdt ≤ |u|2D (ε + size(D)) .

Proof : For all σ ∈ Eint, we denote by

χσ(x, y) :=

{
1 if (x, y) ∩ σ is reduced to a single point,
0 otherwise.

We also introduce, for almost all x ∈ Γi,j,ε, for almost h ∈ (0, ε) and for all t ∈ (0, T ),
the quantity

TD(x, h, t) :=
∣∣ũ|Γ,i

(x, t)− uD(x− hni,j, t)
∣∣

≤
∑

σ=K|L∈Ei

χσ(x, x− hni,j)
∣∣un+1

K − un+1
L

∣∣

if t ∈ (tn, tn+1]. It follows from the Cauchy-Schwarz inequality that, for t ∈ (tn, tn+1],

(TD(x, h, t))2 ≤

 ∑

σ=K|L∈Ei

χσ(x, x− hni,j)

(
un+1

K − un+1
L

)2

dKL|ni,j · nKL|




×

 ∑

σ=K|L∈Ei

χσ(x, x− hni,j)dKL|ni,j · nKL|

 .

For almost all x ∈ Γi,j,ε, there exists a unique K1 ∈ Ti such that x ∈ ∂K1. Moreover,
for almost all h ∈ (0, ε), there exists a unique K2 ∈ Ti such that x− hni belongs to K2

(possibly K2 coincides with K1). Hence,
∑

σ=K|L∈Eint

χσ(x, x− hni,j)dKL |ni,j · nKL| = (xK1 − xK2) · ni,j

≤ (xK1 − x) · ni,j + h + |(xK2 − (x− hni,j)) · ni,j| .
(19.4)

Since x− hni,j belongs to K2, we have

|(xK2 − (x− hni,j)) · ni,j| ≤ size(D),

and since x belongs to Γi, (xK1 − x) · ni,j ≤ 0. Then we obtain
∑

σ=K|L∈Eint

χσ(x, x− hni,j)dKL|ni,j · nKL| ≤ ε + size(D). (19.5)

For all σ ∈ Eint with σ ∩ ωi,j,ε = ∅ and all h ∈ (0, ε), one has
∫

Γε
i

χσ(x, x− hni) dx = 0.

For all σ ∈ Ei,j,ε := {σ ∈ Ei | σ ∩ ωi,j,ε 6= ∅}, one has

∀h ∈ (0, ε),

∫

Γi,j,ε

χσ(x, x− hni,j) dx ≤ m(σ)|ni,j · nKL|. (19.6)
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We obtain from (19.5) and (19.6) that for all t ∈ (tn, tn+1], for all h ∈ (0, ε),
∫

Γi,j,ε

(TD(x, h, t))2 dx ≤ (ε + size(D))
∑

σ=K|L∈Ei,j,ε

τKL

(
un+1

K − un+1
L

)2
,

which complete the proof. ¤

Proposition 19.9. The sequence
(
ϕi(sDm|Γ,i

)
)

m
converges towards ϕi(si) strongly in

L1(Γ× (0, T )) as m →∞.

Proof : For notation convenience, we remove the subscripts m in the proof. Denote
by

Ai,j,D :=

∫ T

0

∫

Γj

∣∣∣ϕi(sD|Γ,i
)− ϕi(si)

∣∣∣ dxdt, (19.7)

then in view of Lemma 19.7 and Proposition 18.5, there exists C not depending on D
such that

Ai,j,D =

∫ T

0

∫

Γj

∣∣∣ϕi(s̃D|Γ,i
)− ϕi(si)

∣∣∣ dxdt + Csize(D)1/2. (19.8)

By (19.3), one has
∫ T

0

∫

Γj

∣∣∣ϕi(s̃D|Γ,i
)− ϕi(si)

∣∣∣ dxdt ≤
∫ T

0

∫

Γi,j,ε

∣∣∣ϕi(s̃D|Γ,i
)− ϕi(si)

∣∣∣ dxdt + ϕi(1)Cε.

(19.9)
Next we apply the triangle inequality to deduce that

∫ T

0

∫

Γi,j,ε

∣∣∣ϕi(s̃D|Γ,i
)− ϕi(si)

∣∣∣ dxdt ≤ B1,D,ε + B2,D,ε + B3,ε, (19.10)

where

B1,D,ε =
1

ε

∫ T

0

∫

Γi,j,ε

∫ ε

0

∣∣∣ϕi(s̃D|Γ,i
)(x, t)− ϕi(sD)(x− hni,j, t)

∣∣∣ dh dxdt,

B2,D,ε =
1

ε

∫ T

0

∫

ωi,j,ε

|ϕi(sD)− ϕi(s)| dxdt,

B3,ε =
1

ε

∫ T

0

∫

Γi,j,ε

∫ ε

0

|ϕi(si)(x, t)− ϕi(s)(x− hni,j, t)| dh dxdt,

where we have used (19.2). From Cauchy-Schwarz inequality, one has

(B1,D,ε)
2 ≤ m(Γi,j,ε)T

∫ T

0

∫

Γi,j,ε

1

ε

∫ ε

0

(
ϕi(s̃D|Γ,i

)(x, t)− ϕi(sD)(x− hni,j, t)
)2

dh dxdt,

and then, from Proposition 18.5 and Lemma 19.8, one has

|B1,D,ε| ≤ (C1(size(D) + ε)m(Γi)T )1/2 . (19.11)

We can now let size(D) tend to 0 in (19.10). Thanks to Proposition 19.4, we can claim
that

lim
size(D)→0

B2,D,ε = 0.
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Then it follows from (19.9) and (19.11) that

lim sup
size(D)→0

∫ T

0

∫

Γj

∣∣∣ϕi(s̃D|Γ,i
)− ϕi(si)

∣∣∣ dxdt ≤ C(ε +
√

ε) + B3,ε. (19.12)

Since ϕi(si) is the trace of ϕi(s) on Γ, limε→0 B3,ε = 0. Therefore, letting ε tend to 0
in (19.12) implies that

lim
size(D)→0

∫ T

0

∫

Γj

∣∣∣ϕi(s̃D|Γ,i
)− ϕi(si)

∣∣∣ dxdt = 0.

Then the result follows from (19.7) and (19.2). ¤

Corollary 19.10. The sequence
(
sDm|Γ,i

)
m

converges towards si strongly in Lp(Γ ×
(0, T )) for all p ∈ [1,∞).

Proof : This corollary is just a consequence from the fact that ϕi(sDm|Γ,i
) converges,

up to a subsequence, almost everywhere on Γ×(0, T ), from the fact that ϕ−1
i is continuous

and from the fact that sDm|Γ,i
is essentially uniformly bounded between 0 and 1. ¤

Lemma 19.11. The sequence
(
(PDm)|Γ,i

−mΩi
(PD)

)
m

converges towards Pi weakly in
L2(Γ× (0, T )).

Proof : Let ψ ∈ D(Γi × (0, T )), then, there exists ε? such that, for all ε ∈ (0, ε?),
supp(ψ) ⊂ Γi,j,ε × (0, T ). We aim to prove that

lim
size(D)→0

∫ T

0

∫

Γj

(
PD|Γ,i

−mΩi
(PD)−Pi

)
ψ dxdt = 0. (19.13)

Thanks to Lemma 19.7 and to Proposition 18.5, it is su�cient to show that

lim
size(D)→0

∫ T

0

∫

Γj

(
P̃D|Γ,i

−mΩi
(PD)−Pi

)
ψ dxdt = 0.

Let ε ∈ (0, ε?), then one has
∫ T

0

∫

Γj

(
P̃D|Γ,i

−mΩi
(PDm)−Pi

)
ψ dxdt = E1,D,ε + E2,D,ε + E3,ε,

where

E1,D,ε =

∫ T

0

1

ε

∫

Γi,j,ε

∫ ε

0

(
P̃D|Γ,i

(x, t)− PD(x− hni,j, t)
)

ψ(x, t)dh dxdt,

E2,D,ε =

∫ T

0

1

ε

∫

Γi,j,ε

∫ ε

0

(PD(x− hni,j, t)−mΩi
(PD)−P(x− hni,j, t)) ψ(x, t)dh dxdt,

E3,ε =

∫ T

0

1

ε

∫

Γi,j,ε

∫ ε

0

(P(x− hni,j, t)−Pi) ψ(x, t)dh dxdt.
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The Cauchy-Schwarz inequality gives that

(E1,D,ε)
2 ≤

∫ T

0

1

ε

∫

Γi,j,ε

∫ ε

0

(
P̃D|Γ,i

(x, t)− PD(x− hni,j, t)
)2

dh dxdt×
∫ T

0

∫

Γj

(ψ(x, t))2 dxdt.

Using Proposition 18.5 and Lemma 19.8 yields

|E1,D,ε| ≤ ‖ψ‖L2(Γj×(0,T )) (C1(ε + size(D)))1/2 .

It has been stated in Lemma 19.6 that PD −mΩi
(PD) tends to P weakly in L2(Qi,T ) as

size(D) tends to 0, then
lim

size(D)→0
E2,D,ε = 0.

Therefore,

lim sup
size(D)→0

∣∣∣∣∣
∫ T

0

∫

Γj

(
P̃D|Γ,i

− Pi

)
ψ dxdt

∣∣∣∣∣ ≤ Cψ

√
ε + |E3,ε|.

Since Pi is the trace on Γ of P from the side of Ωi, one has

lim
ε→0

E3,ε = 0.

Thus, letting ε → 0, one obtains that for all ψ ∈ D(Γj × (0, T )),

lim
size(D)→0

∫ T

0

∫

Γj

(
P̃D|Γ,i

−mΩi
(PD)−Pi

)
ψ dxdt = 0. (19.14)

A straightforward generalization of [65, Lemma 3.10] allows us to claim, using Proposi-
tion 18.5 and the discrete Poincaré-Wirtinger inequality [76], that

(
P̃D|Γ,i

−mΩi
(PD)

)
D

is uniformly bounded in L2(Γ × (0, T )). Then, we conclude, using a classical density
argument, that (19.14) holds for all ψ ∈ L2(Γj × (0, T )). ¤

Proposition 19.12. There exists P ∈ L2(0, T ; H1(Ωi)) such that PDm tends to P weakly
in L2(QT ) as m → ∞, and such that

(
PDm|Γ,i

)
m

converges weakly in L2(Γ × (0, T ))

towards Pi.

Proof : Firstly, since we have enforced mΩ1(PDm) = 0, we can set P := P in Q1,T .
Next we search for a uniform bound on ‖PDm‖L2(Q2,T ). In view of the discrete Poincaré-
Wirtinger inequality

‖PDm‖2
L2(Q2,T ) ≤ (mΩ2(PDm))2 + C, (19.15)

it only remains to check that mΩ2(PDm) is uniformly bounded w.r.t. m. This is a conse-
quence of the fact that, almost everywhere on Γ× (0, T ), one has

mΩ2(PDm) = PDm|Γ,1
−

(
PDm|Γ,2

−mΩ2(PDm)
)
− (Z1(πDm)− Z2(πDm)) .

Then, integrating on Γ× (0, T ) and using Lemma 16.1 provides

|mΩ2(PDm)| ≤ 1

m(Γ)T

∑

i∈{1,2}

∥∥∥PDm|Γ,i
−mΩi

(PDm)
∥∥∥

L1(Γ×(0,T ))
+ ‖Z1 − Z2‖∞.
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The quantities
∥∥∥PDm|Γ,i

−mΩi
(PDm)

∥∥∥
L1(Γ×(0,T ))

are bounded by the proof of
Lemma 19.11. Hence, in view of (19.15), (PDm)m converges towards some function P
weakly in L2(Qi,T ). From the analysis performed in the proof of Lemma 19.6, we deduce
that P ∈ L2(0, T ; H1(Ωi)), and from the analysis of Lemma 19.11, we deduce the weak
convergence of the traces. ¤

Lemma 19.13. Let s1, s2 ∈ L∞(Γ × (0, T )) be the respective limits of
(
sDm|Γ,1

)
m

and
(
sDm|Γ,2

)
m
, then,

π̃1(s1) ∩ π̃2(s2) 6= ∅ a.e. on Γ× (0, T ). (19.16)

Proof : For all m ∈ N , one has

π̃1(sDm|Γ,1
) ∩ π̃2(sDm|Γ,2

) 6= ∅.

Since the set F = {(a, b) ∈ [0, 1]2 | π̃1(a) ∩ π̃2(b) 6= ∅} is closed in [0, 1]2, we conclude
that (19.16) holds. ¤

In the sequel, we denote by

T[A,B](s) =





s if s ∈ [A, B],
A if s ≤ A,
B if s ≥ B,

and by
U = {(x, t) ∈ Γ× (0, T ) | {s1, s2} = {0, 1}}, V = U c.

Note that, thanks to Lemma 19.13, the set U is empty if mini πi(1) > maxi πi(0).

Lemma 19.14. There exists a measurable function π de�ned on V with values in R,
such that, up to a subsequence,

πDm → π a.e. in V .

Proof : We de�ne the functions

ϕ̃i : p 7→
∫ p

πi(0)

Ki
kro,i(π

−1
i (a))krw,i(π̃

−1
i (a))

µwkro,i(π
−1
i (a)) + µokrw,i(π

−1
i (a))

da,

that satisfy the properties

π ∈ π̃i(s) =⇒ ϕ̃i(π) = ϕ̃i(πi(s)) = ϕi(s), (19.17)

and

its restriction (ϕ̃i)|[πi(0),πi(1)]
admits a continuous inverse function. (19.18)

Thanks to Proposition 19.9 and to (19.17), we can claim that, up to a subsequence,
ϕ̃i(πDm) converges almost everywhere on Γ×(0, T ) towards ϕ̃i(πi(si)). For a.e. (x, t) ∈ V ,
the set π̃1(s1)∩ π̃2(s2) is reduced to the singleton {πi0(si0)} for some i0 ∈ {1, 2}. Thanks
to (19.18), we can identify the limit π of πDm as πi0(si0). ¤
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Lemma 19.15. Assume that [mini πi(1), maxi πi(0)] 6= ∅, then there exists π ∈
L∞(U ; [mini πi(1), max πi(0)]) such that, for all bounded interval J ⊂ R such that
[mini πi(1), maxi πi(0)] ⊂

◦
J ,

TJ (πDm) → π in the L∞(U) weak- ? sense.

Proof : For the sake of simplicity, we assume, without loss of generality, that π1(1) ≤
π2(0), then thanks to Lemma 19.13, almost everywhere in U , s1 = 1 and s2 = 0.

The sequence (TJ (πDm))m is bounded in L∞(U), thus, up to a subsequence, it
converges towards a function πJ in the L∞(U) weak-? sense. Let us now show that
πJ does not depend on the choice of the bounded interval J . Because of Lemma 19.13,
one has, for a.e. (x, t) ∈ U ,

lim inf
m

πDm ≥ π1(1), lim sup
m

πDm ≤ π2(0). (19.19)

Let J1 and J2 be two bounded intervals such that [π1(1), π2(0)] ⊂
◦
J k (k ∈ {1, 2}).

Then, it follows from (19.19) that, for a.e. (x, t) ∈ U , for m large enough (depending on
(x, t)),

TJ1(πDm(x, t))− TJ2(πDm(x, t)) = 0.

As a consequence, the sequence (TJ1(πDm)− TJ2(πDm))m converges almost everywhere
to 0 on U , and is uniformly bounded in L∞(U). The dominated convergence theorem
yields that for all ψ ∈ L1(U),

∫∫

U
(TJ1(πDm)− TJ2(πDm)) ψ dxdt → 0 =

∫∫

U
(πJ1 − πJ2) ψ dxdt.

Choosing ψ = (πJ1 − πJ2) provides that πJ1 = πJ2 = π almost everywhere in U . ¤

Lemma 19.16. Assume that [mini πi(1), maxi πi(0)] 6= ∅, then there exists π ∈ L∞(U)

such that, for all bounded interval J ⊂ R such that [mini πi(1), maxi πi(0)] ⊂
◦
J , the

sequence (Zi(TJ (πDm)))m converges towards Zi(π) in the L∞(U) weak-? sense.

Proof : We suppose, without loss of generality, that π1(1) ≤ π2(0). Then on U ,
s2 = 0 and s1 = 1. One has

Z2(TJ (πDm)) =

∫ π2(0)

0

f2 ◦ π−1
2 (p)dp +

∫ πDm

π2(0)

f2 ◦ π−1
2 (p)dp.

Since for almost every (x, t) ∈ U ,

lim sup
m

πDm(x, t) ≤ π2(0),

and since f2 ◦ π−1
2 (p) = 0 for all p ≤ π1(0), then for almost every (x, t) ∈ U ,

∫ πDm (x,t)

π2(0)

f2 ◦ π−1
2 (p)dp → 0 as m →∞.



108 Compactness properties of the discrete solution

Since the function Z2 ◦ TJ is uniformly bounded on R, the dominated convergence
theorem yields that, for all ψ ∈ L1(U),

lim
m→∞

∫

U
Z2(TJ (πDm))ψ dxdt →

∫∫

U
Z2(π2(0))ψ dxdt =

∫∫

U
Z2(π)ψ dxdt.

Similarly, we obtain that
∫∫

U
(Z1(TJ (πDm))− TJ (πDm)) ψ dxdt →

∫∫

U
(Z1(π1(1))− π1(1)) ψ dxdt.

Since, thanks to Lemma 19.15, TJ (πDm) tends to π in the L∞(U) weak-? sense, one has

lim
m→∞

∫∫

U
Z1(TJ (πDm))ψ dxdt =

∫∫

U
(Z1(π1(1)) + π − π1(1)) ψ dxdt =

∫∫

U
Z1(π)ψ dxdt.

¤

Proposition 19.17. There exists a measurable function π on Γ × (0, T ), with π ∈
π̃1(s1) ∩ π̃2(s2) a.e. on Γ× (0, T ), with value in [mini(πi(0)), maxi(πi(1))] such that,

Z1(πDm)− Z2(πDm) → Z1(π)− Z2(π) in the L∞(Γ× (0, T )) weak- ? sense as n →∞.

Proof : We know, from Lemma 16.1, that Z1(p) − Z2(p) is uniformly bounded
on [mini πi(0), maxi πi(1)]. Hence, the sequence (Z1(πDm)− Z2(πDm))m converges in the
L∞(Γ× (0, T )) weak-? sense towards a function Z. Let ψ ∈ L1(Γ× (0, T )), then

∫ T

0

∫

Γ

(Z1(πDm)− Z2(πDm)) ψ dxdt =

∫∫

U
(Z1(πDm)− Z2(πDm)) ψ dxdt

+

∫∫

V
(Z1(πDm)− Z2(πDm)) ψ dxdt.

Thanks to Lemma 19.14, πDm tends almost everywhere to π on V , then for almost every
(x, t) ∈ V , we can identify Z(x, t) as Z1(π(x, t))− Z2(π(x, t)). Thus

lim
m→∞

∫∫

V
(Z1(πDm)− Z2(πDm)) ψ dxdt =

∫∫

V
(Z1(π)− Z2(π)) ψ dxdt.

We denote by

Am =

∫∫

U
(Z1(πDm)− Z2(πDm)− Z1(π) + Z2(π)) ψ dxdt,

=

∫∫

U
(Υ1(πDm)−Υ1(π)) ψ dxdt +

∫∫

U
(Υ2(πDm)−Υ2(π)) ψ dxdt.

Let R ∈ R such that [mini πi(0), maxi πi(1)] ⊂ [−R, R], then

Am = B1,m(R)−B2,m(R) + Cm(R),

where
Bi,m(R) =

∫∫

U

(
Υi(πDm)−Υi(T[−R,R](πDm))

)
ψ dxdt
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and

Cm(R) =

∫∫

U

(
Z1(T[−R,R](πDm))− Z2(T[−R,R](πDm))− Z1(π) + Z2(π)

)
ψ dxdt.

Let ε > 0, then since Υi admits �nite limits as p → mini πi(0) and p → maxi πi(1), there
exists R0(ε) > 0 such that

R > R0(ε) =⇒ ‖Υi −Υi ◦ T[−R,R]‖∞ ≤ ε.

Thus, for R > R0(ε) �xed,
|Bi,m(R)| ≤ Tm(Γ)ε.

Thanks to Lemma 19.16,
lim

m→∞
Cm(R) = 0,

then, for all ε > 0,
lim sup

m→∞
|Am| ≤ 2Tm(Γ)ε.

As a consequence, since the above estimate holds for all ε > 0, Am tends to 0, concluding
the proof of Proposition 19.17. ¤

20 End of the proof of Theorem 1

We have proven in the section 19 that, up to a subsequence, the sequence of approxi-
mate solutions (sDm , PDm)m converge towards (s, P ) as m → ∞. Moreover, it as been
stated in Lemmata 19.14 and 19.15 that (πDm)m converges in some sense on Γ× (0, T )
towards a measurable function π. In order to conclude the proof of Theorem 1, it re-
mains to check that (s, P ) satisfy the weak formulations (16.24) and (16.25), and that
the transmission conditions (16.19) and (16.20) are ful�lled. Let us begin by this latter
point.

It follows from the construction of the function π carried out in Lemmata 19.14
and 19.15 that, for almost every (x, t) ∈ Γ× (0, T ),

π(x, t) ∈ π̃1(s1(x, t)) ∩ π̃2(s2(x, t)). (20.1)

Let ψ ∈ L2(Γ× (0, T )), then thanks to (17.8), one has, for all ψ ∈ L2(Γ× (0, T )),
∫ T

0

∫

Γ

(
PDm|Γ,1

− PDm|Γ,2

)
ψ dxdt =

∫ T

0

∫

Γ

(Z1(πDm)− Z2(πDm)) ψ dxdt.

Letting m tend to ∞ provides, thanks to Propositions 19.12 and 19.17, that
∫ T

0

∫

Γ

(P1 − P2) ψ dxdt =

∫ T

0

∫

Γ

(Z1(π)− Z2(π)) ψ dxdt.

Hence,
P1 − Z1(π) = P2 − Z2(π) a.e. on Γ× (0, T ). (20.2)

In order to recover the weak formulations (16.24) and (16.25), we can apply to our
case the analysis carried out in the proof of Theorem 5.1 in [90].
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Figure 17 � The model porus medium
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Figure 18 � Capillary pressure connection
at time t = 0

Figure 19 � Saturation for t = 0.06, t = 0.11 and t = 0.6

21 Numerical results

In this Section we consider a model porous medium Ω = (0, 1)2 composed of two
layers Ω1 and Ω2, which are separated by an "S-shaped" interface Γ (see Fig. 17), and
which have di�erent capillary pressure laws. The oil and water densities are given by
ρo = 0.81, ρw = 1 respectively, and g = −9.81ey. We suppose that the porosity is such
that φi = 1, i ∈ {1, 2}, and we de�ne the oil and water mobilities by

ηo,i(s) = 0.5s2 and ηw,i = (1− s)2, i ∈ {1, 2}.

Moreover we suppose that the capillary pressure curves have the form

π1(s) = s and π2(s) = 0.5 + s.

In the �rst test case we suppose that the layer Ω1 contains some quantity of oil and it is
situated below Ω2, which is saturated with water, that is to say Ω1 = {(x, y) ∈ Ω | y <
Γ(x)} and Ω2 = {(x, y) ∈ Ω | y > Γ(x)}. The initial saturation is given by

s0(x) =

{
0.3 if x ∈ Ω1,
0 otherwise.

The �ow is driven by buoyancy, making the oil move along ey until it reaches the
interface Γ. As one can see on the �gures 19 and 20, for t ≤ 0.11, oil can not access
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Figure 20 � Capillary pressure for t = 0.06, t = 0.11 and t = 0.6

the domain Ω2, since the capillary pressure π1(s1) is lower than the threshold value
π2(0) = 0.5, which is called the entry pressure (see Fig. 18). Hence the saturation below
the interface s1 increases, as well as the capillary pressure π1(s1). As soon as the capillary
pressure π1(s1) reaches the entry pressure π2(0), oil starts to penetrate in the domain
Ω2. Nevertheless, as pointed out in [24, 40], a �nite quantity of oil remains trapped
under the rock discontinuity. This phenomenon is called oil trapping. It is worth noting
that the solution at t = 0 satis�es (16.19), thus in the absence of gravity the initial
distribution of oil-phase would be a steady state solution s(x, t) = s0(x).

In the second test case we assume that the oil is initially situated in the rock with a
higher entry pressure pressure i.e.

s0(x) =

{
0.3 if x ∈ Ω2,
0 otherwise.

where this time Ω1 = {(x, y) ∈ Ω | y > Γ(x)} and Ω2 = {(x, y) ∈ Ω | y < Γ(x)}. This
time the �ow is driven not only by a buoyancy, but also by a di�erence in the capillary
pressure potential (the solution at t = 0 does not ful�ll (16.19)). As a result the oil-phase
can immediately penetrate the domain Ω1. The �gure 21 shows that the oil propagates
in the domain Ω1 with a �nite speed.

Figure 21 � Saturation for t = 0.3, t = 1 and t = 1.7
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