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❙♦❢t✇❛r❡ ✐s ✐♥✈❛❞✐♥❣ ②♦✉r ❡✈❡r②❞❛② ❧✐❢❡✳ ❨♦✉r ❝❡❧❧♣❤♦♥❡ ❢♦r ✐♥st❛♥❝❡✱ ♦r s♠❛rt♣❤♦♥❡✱ ❣r❛♥ts
②♦✉ ❛❝❝❡ss t♦ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t s♦ ♣❤♦♥❡✲r❡❧❛t❡❞✳ ❚❤♦s❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡
t❤❡♠s❡❧✈❡s ♠❛♥❛❣❡❞ ❜② ❛ s✐♥❣❧❡ ♣r♦❣r❛♠✿ t❤❡ ♦♣❡r❛t✐♥❣ s②st❡♠✳ ❙✐♠✐❧❛r❧②✱ ②♦✉r ❝❛r ✐s ♥♦
❧♦♥❣❡r ❥✉st ❛ ❝❛r✿ ②♦✉ ❝❛♥♥♦t ♣✉t ♦♥ ②♦✉r ♠❡❝❤❛♥✐❝ ❝❧♦t❤❡s ❛♥❞ ♦♣❡♥ ✐t t♦ ✉♥❞❡rst❛♥❞ ✇❤②
t❤✐s ❜❧❛❝❦ s♠♦❦❡ ❡♠❡r❣❡s ❢r♦♠ t❤❡ ❡♥❣✐♥❡✳ ❨♦✉ ❛❧s♦ ♥❡❡❞ ♣r♦❣r❛♠♠❡r ❝❧♦t❤❡s✱ ❛s ②♦✉r ❝❛r ✐s
❞r✐✈❡♥ ♥♦t ♦♥❧② ❜② ❣❡❛rs ❛♥❞ ✇❤❡❡❧s✱ ❜✉t ❛❧s♦ ❜② ❝♦♠♣❧✐❝❛t❡❞ ♣✐❡❝❡s ♦❢ s♦❢t✇❛r❡ s✉❝❤ ❛s ●P❙
♦r s♣❡❡❞ ❧✐♠✐t❡rs✳

❙♦♠❡ ♣r♦❣r❛♠s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❝r✐t✐❝❛❧✳ Pr♦❣r❛♠s ✇❤✐❝❤ ❝♦♥tr♦❧ ②♦✉r ❝❛r ♦r ②♦✉r ♣❧❛♥❡
♠✐❣❤t ❝❛✉s❡ ✐♥❥✉r✐❡s ♦r ❞❡❛t❤s ✐❢ t❤❡② ❡✈❡r ✇❡r❡ ♥♦t t♦ ❜❡❤❛✈❡ ❛s ❡①♣❡❝t❡❞✳ ❖t❤❡r ❡①❛♠♣❧❡s
✐♥❝❧✉❞❡ s♦❢t✇❛r❡ ✐♥ ❤❡❛❧t❤✲r❡❧❛t❡❞ s②st❡♠s s✉❝❤ ❛s ❳✲r❛② ❞❡✈✐❝❡s✱ ✇❤✐❝❤ s❤♦✉❧❞ ♥♦t s❡♥❞ ♠♦r❡
r❛❞✐❛t✐♦♥ t❤❛♥ ♥❡❡❞❡❞✳ ❈r✐t✐❝❛❧ ♣r♦❣r❛♠s ❛❧s♦ ✐♥❝❧✉❞❡ ♣r♦❣r❛♠s ✇❤✐❝❤ ❡♥t❛✐❧ ❤✉❣❡ ❧♦ss❡s ♦❢
♠♦♥❡② ✐❢ t❤❡② ❢❛✐❧✳ ❙♦❢t✇❛r❡ ✇❤✐❝❤ ❝♦♥tr♦❧s r♦❝❦❡ts ✐s ❛ ❣♦♦❞ ❡①❛♠♣❧❡✳

❆❧❧ t❤♦s❡ ♣r♦❣r❛♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❝r✐t✐❝❛❧ ♦♥❡s✱ ♠✉st ❜❡ tr✉st❡❞ t♦ ❜❡❤❛✈❡ ❝♦rr❡❝t❧② ✐❢
t❤❡② ❛r❡ t♦ ❜❡ ✉s❡❞✳ ❆ ❣♦♦❞ q✉❡st✐♦♥ ✐s✿ ✇❤❛t ✐s t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ♣r♦❣r❛♠ t♦ ❜❡ tr✉st❡❞❄
❈✉rr❡♥t ♠❡t❤♦❞s t♦ ❝❡rt✐❢② ❝r✐t✐❝❛❧ ♣r♦❣r❛♠s ✐♥✈♦❧✈❡ ❛ ❧♦t ♦❢ t❡❞✐♦✉s ✇♦r❦ ❢r♦♠ ♣r♦❣r❛♠♠❡rs✳
❚❤❡✐r ❝♦❞❡ ❤❛s t♦ ❜❡ ✇r✐tt❡♥ ✐♥ ✈❡r② s♣❡❝✐✜❝ ✇❛②s t♦ ❡♥s✉r❡ ✐t ✇✐❧❧ ❜❡ ❡❛s✐❧② r❡❛❞❛❜❧❡ ❜② ♦t❤❡r
♣r♦❣r❛♠♠❡rs ✇❤♦ ✇✐❧❧ t❤❡♥ ❜❡ ❛❜❧❡ t♦ s❛② ✇❤❡t❤❡r t❤❡ ♣r♦❣r❛♠ ✐s s❛❢❡ ♦r ♥♦t✳ ❇✉t ❤✉♠❛♥s
❛r❡ ✈❡r② ❣♦♦❞ ❛t ❢❛✐❧✐♥❣ t♦ ❞❡t❡❝t s✐♠♣❧❡ ♣r♦❣r❛♠♠✐♥❣ ❡rr♦rs✳ ❆♥❞ ❡✈❡♥ ❝❤❛♥❣✐♥❣ ❛ s✐♥❣❧❡
❝❤❛r❛❝t❡r ✐♥ ❛ t❡♥ ♠✐❧❧✐♦♥ ❧✐♥❡s✲♦❢✲❝♦❞❡ s♦❢t✇❛r❡ ❝❛♥ ❜❡ ❞✐s❛str♦✉s✳ ❙♦ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ♥♦t
s✉✣❝✐❡♥t✳ ❚❡st✐♥❣ ♣r♦❣r❛♠s ♦♥ s♦♠❡ ✇❡❧❧✲❝❤♦s❡♥ ✐♥♣✉ts ✐s ❝✉rr❡♥t❧② t❤❡ ♣r✐♠❛r② ❝❡rt✐✜❝❛t✐♦♥
♠❡t❤♦❞ ✐♥ s♦❢t✇❛r❡ ✐♥❞✉str②✳ ❚❡st✐♥❣ ❤❛s ❜❡❝♦♠❡ ❛ ✇✐❞❡ ❛r❡❛ ♦❢ r❡s❡❛r❝❤ ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✳
❯♥❢♦rt✉♥❛t❡❧②✱ ❜② ❞❡✜♥✐t✐♦♥ t❡st✐♥❣ ❝❛♥♥♦t ♣r♦✈❡ t❤❛t ❛ ♣r♦❣r❛♠ ❜❡❤❛✈❡s ❝♦rr❡❝t❧② ♦♥ ❛❧❧
✐♥♣✉ts✳

❲❤✐❧❡ ❤✉♠❛♥s ♠❛② ❡❛s✐❧② ❢❛✐❧ ❛t ❞❡t❡❝t✐♥❣ ♣r♦❣r❛♠♠✐♥❣ ❡rr♦rs✱ ♠❛❝❤✐♥❡s ❛r❡ ✈❡r② ❣♦♦❞
❛t ❡①❡❝✉t✐♥❣ t❡❞✐♦✉s t❛s❦s✳✳✳ ❛s ❧♦♥❣ ❛s ②♦✉ t❡❧❧ t❤❡♠ ✇❤❛t t♦ ❧♦♦❦ ❢♦r✱ ❛♥❞ ❤♦✇✳ ❚❤✐s
♦❜s❡r✈❛t✐♦♥ ❤❛s ❧❡❞ t♦ s❡✈❡r❛❧ ✜❡❧❞s ♦❢ r❡s❡❛r❝❤ ❢♦r st❛t✐❝ ❛♥❛❧②s✐s ♦❢ ♣r♦❣r❛♠s s✉❝❤ ❛s ♠♦❞❡❧✲
❝❤❡❝❦✐♥❣✱ ❛❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥✱ ♣r♦♦❢ ❛ss✐st❛♥ts ❛♥❞ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ❆❧❧ ♦❢ t❤❡♠
❤❛✈❡ ✐♥ ❝♦♠♠♦♥ t❤❛t t❤❡ ✈❡r✐✜❝❛t✐♦♥ ✐s ❞♦♥❡ ♦♥ t❤❡ ♣r♦❣r❛♠ ❝♦❞❡ ❜❡❢♦r❡ ✐t ✐s ❡①❡❝✉t❡❞✳

✶✳✶ ❙t❛t✐❝ ❆♥❛❧②s✐s

▼♦❞❡❧✲❝❤❡❝❦✐♥❣ ❝♦♥s✐❞❡rs ❛ ♣r♦❣r❛♠ ❛s ✐♥✈♦❧✈✐♥❣ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❛t❡s✱ ❡✈❡♥ ✐❢ ❡❛❝❤
✐♥❞✐✈✐❞✉❛❧ st❛t❡ r❡♣r❡s❡♥t ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❛❝t✉❛❧ ♣r♦❣r❛♠ st❛t❡s✳ ❖♥❡ s❛②s ✇❤✐❝❤ ♦❢

✾
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t❤❡s❡ st❛t❡s ❛r❡ ✉♥s❛❢❡✱ ❛♥❞ t❤❡♥ ♦♥❡ ❝♦♠♣✉t❡s ✇❤❡t❤❡r t❤❡s❡ st❛t❡s ❛r❡ r❡❛❝❤❛❜❧❡✳ ❚❤❡ s❡t ♦❢
st❛t❡s ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ♣r♦❣r❛♠ ❛♥❞ ✉♥s❛❢❡ st❛t❡s ❛r❡ ❣✐✈❡♥ ❜② ❛ ❧♦❣✐❝ ❢♦r♠✉❧❛✳ ■❢ t❤❡s❡
❧♦❣✐❝ ❢♦r♠✉❧❛s ❝❛♥ ❜❡ ❞❡❝✐❞❡❞✱ s✐♥❝❡ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❛t❡s✱ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s
t❡r♠✐♥❛t❡ ❛♥❞ t❤❡ ♣r♦♣❡rt②✿ ✏❝❛♥ ♠② ♣r♦❣r❛♠ ❡♥t❡r ❛♥ ✉♥s❛❢❡ st❛t❡❄✑ ✐s ❞❡❝✐❞❛❜❧❡✳

❆❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ ❬❈♦✉s♦t✼✼❪ ❞❡❛❧s ✇✐t❤ ✐♥✜♥✐t❡ ♥✉♠❜❡rs ♦❢ st❛t❡s ❜② ❛❜str❛❝t✐♥❣
♦✈❡r t❤❡♠✳ ❚❤❡ ♣r♦❣r❛♠ ✐s t❤❡♥ ❡①❡❝✉t❡❞ s②♠❜♦❧✐❝❛❧❧② ✐♥ t❤❡ ❛❜str❛❝t s♣❛❝❡✳ ❲❡ ♦❜t❛✐♥ ❛♥
♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❛❝❤❛❜❧❡ st❛t❡s ♦❢ t❤❡ ♣r♦❣r❛♠✳ ❲❡ ❝❛♥ t❤❡♥ ❝❤❡❝❦ ✇❤❡t❤❡r t❤✐s
♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥t❛✐♥s ✉♥s❛❢❡ st❛t❡s✳ ❈♦♠♣✉t✐♥❣ t❤❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❞❡❝✐❞❛❜❧❡✱
❜✉t ✐❢ ✐t ❞♦❡s ❝♦♥t❛✐♥ ✉♥s❛❢❡ st❛t❡s✱ ✐t ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡ ♣r♦❣r❛♠ ✇✐❧❧ r❡❛❝❤ t❤❡♠✳
▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥♥♦t ♣r♦✈❡ ❛♥② ♣r♦♣❡rt②✿ t❤❡ ❛❜str❛❝t ❞♦♠❛✐♥ ♠✉st ♦❜❡② ❝❡rt❛✐♥ r✉❧❡s✳

Pr♦♦❢ ❛ss✐st❛♥ts s✉❝❤ ❛s ❈♦q ❬❈♦q❪ ♣r♦✈✐❞❡ ❛ ✈❡r② r✐❝❤ ❧♦❣✐❝ ✐♥ ✇❤✐❝❤ t♦ ✇r✐t❡ ♣r♦❣r❛♠s✱
t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ t❤❡✐r ♣r♦♦❢s✳ ❚❤❡ ❛ss✐st❛♥t ✇✐❧❧ ❝❤❡❝❦ ♣r♦♦❢s ❢♦r ②♦✉✱ ❜✉t ❛s t❤❡ ❧♦❣✐❝
✉s❡❞ ✐s ❧❛r❣❡❧② ✉♥❞❡❝✐❞❛❜❧❡✱ ②♦✉ ✇✐❧❧ ❤❛✈❡ t♦ ❞♦ ♠♦st ♦❢ t❤❡ ♣r♦♦❢ ❜② ❤❛♥❞✳

❉❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❍♦❛r❡ ❧♦❣✐❝ ❬❍♦❛r❡✻✾❪✳ ❯s✐♥❣ t❤✐s ❧♦❣✐❝✱ ♦♥❡ ❝❛♥ s♣❡❝✐❢②
t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♣r♦❣r❛♠s ✉s✐♥❣ ♣r❡✲❝♦♥❞✐t✐♦♥s ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♣r♦❣r❛♠ ✐s ✈❛❧✐❞ ✇✐t❤
r❡s♣❡❝t t♦ t❤✐s s♣❡❝✐✜❡❞ ❜❡❤❛✈✐♦r ✐❢✱ ❢r♦♠ ❛♥② st❛t❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s✱ ❡①❡❝✉t✲
✐♥❣ t❤❡ ♣r♦❣r❛♠ ❧❡❛❞s t♦ st❛t❡s ✐♥ ✇❤✐❝❤ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❛s ✇❡❧❧✳ ❇② ❝♦♠♣✉t✐♥❣ t❤❡
✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠ ❣✐✈❡♥ ✐ts ♣♦st✲❝♦♥❞✐t✐♦♥ ❬❉✐❥❦str❛✼✻❪✱ ❛♥❞ t❤❡♥ ♣r♦✈✐♥❣
t❤❛t t❤❡ ✉s❡r✲s♣❡❝✐✜❡❞ ♣r❡✲❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥✱ ♦♥❡ ♣r♦✈❡s t❤❛t t❤❡
♣r♦❣r❛♠ ✈❡r✐✜❡s ✐ts s♣❡❝✐✜❝❛t✐♦♥✳ ❉❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s t❤✉s ♣r♦✈✐❞❡✿ ❛ s♣❡❝✐✜❝❛t✐♦♥
❧❛♥❣✉❛❣❡ ✐♥ ✇❤✐❝❤ t♦ ✇r✐t❡ ♣r❡✲❝♦♥❞✐t✐♦♥s ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✱ ❛ t♦♦❧ ✇❤✐❝❤ ❝♦♠♣✉t❡s ✇❡❛❦❡st
♣r❡✲❝♦♥❞✐t✐♦♥s✱ ❛♥❞ t♦♦❧s t♦ ♣r♦✈❡ t❤❛t t❤✐s ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ s♣❡❝✐✜❡❞
♣r❡✲❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❲❤② ♣❧❛t❢♦r♠ ❬❋✐❧❧✐âtr❡✵✼❪ ❛♥❞ ❙♣❡❝★ ❬❇❛r♥❡tt✵✹❛❪ ❛r❡ ❡①❛♠♣❧❡s ♦❢ ❡①✐st✲
✐♥❣ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s✳ ❚❤♦s❡ t♦♦❧s ✐♥❝❧✉❞❡ ♣r♦♦❢ ❛ss✐st❛♥ts ❛♥❞ ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠
♣r♦✈❡rs s✉❝❤ ❛s ❆❧t✲❊r❣♦ ❬❆❧t❊r❣♦❪✱ ❩✸ ❬❩✸❪✱ ❈❱❈✸ ❬❇❛rr❡tt✵✼❪ ♦r ❙✐♠♣❧✐❢② ❬❉❡t❧❡❢s✵✺❪✳

❚❤❡r❡ ✐s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❛✉t♦♠❛t✐♦♥ ❛♥❞ ❡①♣r❡ss✐✈❡♥❡ss✳ ■♥ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✱ ❡①♣r❡s✲
s✐✈❡♥❡ss ✐s ❧♦✇ ❛s t❤❡ st❛t❡ s♣❛❝❡ ✐s ✜♥✐t❡ ❛♥❞ ✐t ♠✉st ❜❡ ❞❡❝✐❞❛❜❧❡ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ st❛t❡
✈❡r✐✜❡s ❛ ❧♦❣✐❝ s♣❡❝✐✜❝❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛♥❞ t❤❛♥❦s t♦ t❤❡s❡ ❧✐♠✐t❛t✐♦♥s✱ ❛✉t♦♠❛t✐♦♥
✐s ❤✐❣❤✿ ♦♥❝❡ t❤❡ ♣r♦❣r❛♠ ❛♥❞ ✐ts s♣❡❝✐✜❝❛t✐♦♥ ❛r❡ ✇r✐tt❡♥✱ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ✐s ❛✉t♦♠❛t✐❝✱
❛❧t❤♦✉❣❤ ✐t ❝❛♥ t❛❦❡ s♦♠❡ t✐♠❡✳ ❆❜str❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ ❛❧❧♦✇s ♠♦r❡ ❡①♣r❡ss✐✈❡♥❡ss ❢♦r ♣r♦✲
❣r❛♠s✱ ❜✉t t❤❡ ♣r♦♣❡rt✐❡s t❤❛t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❛❜str❛❝t st❛t❡ s♣❛❝❡ ❜❡✐♥❣
✉s❡❞✳ ❚❤❡ ❧❡✈❡❧ ♦❢ ❛✉t♦♠❛t✐♦♥ ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ♦♥❡ ♦❢ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✳ ❚❤❡ ❧❛♥❣✉❛❣❡
✉s❡❞ ❜② ♣r♦♦❢ ❛ss✐st❛♥ts ❜♦t❤ t♦ ✇r✐t❡ ♣r♦❣r❛♠s ❛♥❞ t♦ s♣❡❝✐❢② t❤❡♠ ✐s ✈❡r② ❡①♣r❡ss✐✈❡✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ ♣r♦♦❢ ❛ss✐st❛♥ts ♣r♦✈✐❞❡ ❛❧♠♦st ♥♦ ❛✉t♦♠❛t✐♦♥✳

❉❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✐s ❛♥ ❛tt❡♠♣t ❛t ✐♥❝r❡❛s✐♥❣ ❡①♣r❡ss✐✈❡♥❡ss ✇❤✐❧❡ ❦❡❡♣✐♥❣ s♦♠❡ ❛✉✲
t♦♠❛t✐♦♥✳ Pr♦❣r❛♠s ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ ♠❛✐♥str❡❛♠ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❈ ♦r ❏❛✈❛✱ ❛♥❞ ✇❡
❝♦♥s✐❞❡r t❤❡ ♠❡♠♦r② t♦ ❜❡ ✉♥❜♦✉♥❞❡❞ s♦ t❤❡ st❛t❡ s♣❛❝❡ ✐s ✐♥✜♥✐t❡✳ Pr♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥s
❛r❡ ✇r✐tt❡♥ ✉s✐♥❣ ✜rst✲♦r❞❡r ❧♦❣✐❝✱ ✇❤✐❝❤ ✐s ♥♦t ❞❡❝✐❞❛❜❧❡✳ ❚❤❡ ♣r♦♦❢s t❤❡♠s❡❧✈❡s ❝❛♥ ❜❡
❞♦♥❡ ❜② ❤❛♥❞✱ ✉s✐♥❣ ♣r♦♦❢ ❛ss✐st❛♥ts✱ ♦r ❞✐s❝❤❛r❣❡❞ ❜② ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ✐❢ t❤❡② ❛r❡ s✐♠♣❧❡
❡♥♦✉❣❤✳

✶✳✷ ❉❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥

❚❤✐s t❤❡s✐s ❝♦♥tr✐❜✉t❡s t♦ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ♥♦✇ ❞❡t❛✐❧ ❢✉rt❤❡r✳ ❲❡ ✇❛♥t t♦
♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ❢♦r ❡✈❡r② ♣r♦❣r❛♠✱ s✉❝❤ ❛s✿ ♥♦ ♠❡♠♦r② ❡rr♦r ✭s❡❣♠❡♥t❛t✐♦♥ ❢❛✉❧t✮ ✇✐❧❧
♦❝❝✉r✱ ♥♦ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ✇✐❧❧ ♦❝❝✉r✱ ❛rr❛②s ✇♦♥✬t ❜❡ r❡❛❞ ♦✉ts✐❞❡ ♦❢ t❤❡✐r ❜♦✉♥❞s✳ ❚❤❡s❡ ❛r❡
❣❡♥❡r✐❝ s❛❢❡t② ♣r♦♣❡rt✐❡s✳ ◆♦t❡ t❤❛t s♦♠❡ ♦❢ t❤❡♠✱ ✐♥ s♦♠❡ ❧❛♥❣✉❛❣❡s✱ ❛r❡ ❡♥s✉r❡❞ ❜② t②♣✐♥❣✳
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❋♦r ✐♥st❛♥❝❡✱ ❛ ✇❡❧❧✲t②♣❡❞ ❏❛✈❛ ♦r ❖❈❛♠❧ ❬❖❈❛♠❧❪ ♣r♦❣r❛♠ ✇✐❧❧ ♥♦t ♣r♦❞✉❝❡ ❛ s❡❣♠❡♥t❛t✐♦♥
❢❛✉❧t ❬❉❛♠❛s✽✷✱ P♦tt✐❡r✵✺❪✱ ❛t ❧❡❛st ✇❤❡♥ ✉s✐♥❣ t❤❡ ❞❡❢❛✉❧t ❝♦♠♣✐❧❡r ♦♣t✐♦♥s✳

❙♦♠❡ ♣r♦♣❡rt✐❡s✱ ❤♦✇❡✈❡r✱ ❛r❡ ♣r♦❣r❛♠✲s♣❡❝✐✜❝✳ ❚❤❡② s❛② s♦♠❡t❤✐♥❣ ❛❜♦✉t t❤❡ ❜❡❤❛✈✐♦r
♦❢ t❤❡ ♣r♦❣r❛♠✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❈ ❢✉♥❝t✐♦♥✿

int max(int i, int j)

{

if (i >= j)

return i;

else

return j;

}

❆ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✐s t❤❛t ✐t ❛❧✇❛②s r❡t✉r♥s ❛♥ ✐♥t❡❣❡r ❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥ ✐ts
❛r❣✉♠❡♥ts i ❛♥❞ j✳ ❆♥♦t❤❡r ❜❡❤❛✈✐♦r ✐s t❤❛t t❤❡ r❡s✉❧t ✐s ❛❧✇❛②s ❡✐t❤❡r i ♦r j✳ ❚❤♦s❡ t✇♦
❝♦♠❜✐♥❡❞ ❜❡❤❛✈✐♦rs t❡❧❧ ✉s t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ max ❢✉♥❝t✐♦♥✳

◆♦✇ ❧❡t✬s ✉s❡ ♦✉r max ❢✉♥❝t✐♦♥ ✐♥ ❛ ❝♦♥t❡①t ✇❤❡r❡ s❛❢❡t② ✐s ✐♥✈♦❧✈❡❞✿

void main()

{

printf("%d", 10 / max(1, 2));

}

❚♦ ♣r♦✈❡ t❤❡ s❛❢❡t② ♦❢ t❤❡ main ❢✉♥❝t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t max(1, 2) ✇♦♥✬t r❡t✉r♥
0✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❞✐✈✐s✐♦♥ ♦♣❡r❛t♦r a / b st❛t✐♥❣ t❤❛t b ♠✉st
❜❡ ❞✐✛❡r❡♥t t❤❛♥ 0✳

❚♦ ♣r♦✈❡ ♦✉r ♣r♦❣r❛♠ ✐♥ ❛ ♠♦❞✉❧❛r ❢❛s❤✐♦♥✱ ✇❡ ✇❛♥t t♦ ❤✐❞❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ max✳
■♥st❡❛❞ ♦❢ ❝❤❡❝❦✐♥❣ t❤❛t max(1, 2) ✐s ♥♦t 0 ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ max✱ ✇❡
s♣❡❝✐❢② ✐ts ❜❡❤❛✈✐♦r ❛s ❛ ♣♦st✲❝♦♥❞✐t✐♦♥✿

int max(int i, int j)

/*@ ensures \result >= i && \result >= j @*/

{

if (i < j)

return j;

else

return i;

}

❚❤✐s ❡①❛♠♣❧❡ ✉s❡s ❛ s②♥t❛① ❝❧♦s❡ t♦ ❆❈❙▲ ❬❇❛✉❞✐♥✵✾❪✳ ❚❤❡ ensures ❝❧❛✉s❡ ✐♥ t❤❡ ❝♦♠♠❡♥t
✇✐❧❧ ❜❡ ✐♥t❡r♣r❡t❡❞ ❜② t❤❡ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧ ❛s ❛ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ r❡s✉❧t ✐s
❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥ ❜♦t❤ i ❛♥❞ j✳ ◆♦t❡ t❤❛t t❤✐s ♣♦st✲❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t ❞❡s❝r✐❜❡ t❤❡ ❢✉❧❧
❜❡❤❛✈✐♦r ♦❢ t❤❡ max ❢✉♥❝t✐♦♥✱ ❜✉t ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝❛❧❧ t♦ max(1, 2) ✇✐❧❧
♥♦t r❡t✉r♥ 0✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ max ✐s ❞✐✛❡r❡♥t✱ ❜✉t ❜♦t❤ ✈❡r✐❢② t❤✐s
s❛♠❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳

❱❡r✐❢②✐♥❣ t❤❡ max ❢✉♥❝t✐♦♥ ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✿

∀i, j. (i < j ⇒ j ≥ i ∧ j ≥ j) ∧ (¬(i < j)⇒ i ≥ i ∧ i ≥ j)

■♥t✉✐t✐✈❡❧②✱ t❤✐s ✐s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♦❢ max ✇❤❡r❡ \result ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❛❝t✉❛❧ r❡✲
t✉r♥❡❞ ✈❛❧✉❡✱ ❛♥❞ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ if st❛t❡♠❡♥t✳ ❚❤✐s ❧♦❣✐❝ ❢♦r♠✉❧❛ ✐s
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♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ❬❉✐❥❦str❛✼✻✱ ▲❡✐♥♦✵✺❪ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ❜❛s❡❞
♦♥ ❍♦❛r❡ ❧♦❣✐❝ ❬❍♦❛r❡✻✾❪✳ ❲❡ ✇✐❧❧ ❞❡t❛✐❧ ❜♦t❤ ❍♦❛r❡ ❧♦❣✐❝ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✇❡❛❦❡st
♣r❡✲❝♦♥❞✐t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❚❤✐s ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞✱ s♦ t❤❡ max ❢✉♥❝t✐♦♥ ✈❡r✐✜❡s ✐ts s♣❡❝✐✜✲
❝❛t✐♦♥✳ ❚❤✐s ♣❛rt✐❝✉❧❛r ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s s✐♠♣❧❡ ❡♥♦✉❣❤ t♦ ❜❡ ❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜②
❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs✳

❱❡r✐❢②✐♥❣ t❤❡ main ❢✉♥❝t✐♦♥ ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✿

∀r. r ≥ 1 ∧ r ≥ 2⇒ r 6= 0

■♥t✉✐t✐✈❡❧②✱ t❤❡ ✐♥t❡❣❡r r r❡♣r❡s❡♥ts t❤❡ ✈❛❧✉❡ r❡t✉r♥❡❞ ❜② t❤❡ ❝❛❧❧ t♦ max(1, 2)✳ ❙♦ r
✈❡r✐✜❡s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♦❢ max ✇❤❡r❡ \result ✐s r❡♣❧❛❝❡❞ ❜② r✱ i ❜② 1 ❛♥❞ j ❜② 2✳ ❚❤❡
♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐ts❡❧❢ ❝♦♠❡s ❢r♦♠ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❞✐✈✐s✐♦♥ ♦♣❡r❛t♦r✳ ■t ❝❛♥ ❛❧s♦ ❜❡
❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

✶✳✸ ❉❛t❛ ■♥✈❛r✐❛♥ts

❉❛t❛ ✐♥✈❛r✐❛♥ts ❛r❡ ❛ ❤❛♥❞② t♦♦❧ ❢♦r s♣❡❝✐❢②✐♥❣ ♣r♦❣r❛♠s ❬❇❛r♥❡tt✵✹❜✱ ❉r♦ss♦♣♦✉❧♦✉✵✽✱ ❙✉♠✲
♠❡rs✵✾❪✳ ❍❡r❡ ❛r❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❞❛t❛ ✐♥✈❛r✐❛♥ts✳ ❆ s♦rt❡❞ ❧✐st ✐s ❛❧✇❛②s s♦rt❡❞✿ ❜❡✐♥❣
s♦rt❡❞ ✐s ❛♥ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ s♦rt❡❞ ❧✐st ❞❛t❛ str✉❝t✉r❡✳ ■♥ ❛ s❡❛r❝❤ tr❡❡✱ t❤❡ ❝♦♥t❡♥ts ♦❢ ❡❛❝❤
♥♦❞❡ ✐s ❣r❡❛t❡r t❤❛♥ ❛❧❧ ♥♦❞❡s ✐♥ t❤❡ ❧❡❢t s✉❜tr❡❡✱ ❛♥❞ ❧❡ss t❤❛♥ ❛❧❧ ♥♦❞❡s ✐♥ t❤❡ r✐❣❤t s✉❜tr❡❡✿
t❤✐s ✐s ❛♥ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ s❡❛r❝❤ tr❡❡ ❞❛t❛ str✉❝t✉r❡✳ ■♥ ❛ ❜❛❧❛♥❝❡❞ tr❡❡✱ ❡❛❝❤ ♥♦❞❡ ❛❧s♦ ❤❛s
❛❜♦✉t ❛s ♠❛♥② ♥♦❞❡s ✐♥ t❤❡ ❧❡❢t s✉❜tr❡❡ t❤❛♥ ✐♥ t❤❡ r✐❣❤t s✉❜tr❡❡✿ t❤✐s ✐s ❛❣❛✐♥ ❛♥ ✐♥✈❛r✐❛♥t
♦❢ ❜❛❧❛♥❝❡❞ tr❡❡s✳ ■♥✈❛r✐❛♥ts ❝❛♣t✉r❡ ❞❡s✐❣♥ ✐♥t❡♥t✐♦♥s ♦❢ t❤❡ ♣r♦❣r❛♠♠❡r✳ ❋♦r ✐♥st❛♥❝❡✱ ❛
t②♣❡ ♥❛♠❡❞ pos_int ♠❛② ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ✐♥t❡❣❡rs int✱ ❜✉t t❤❡ ♣r♦❣r❛♠♠❡r ♠❛②
✐♥t❡♥❞ ❛❧❧ ✈❛r✐❛❜❧❡s ♦❢ t②♣❡ pos_int t♦ ❜❡ ♣♦s✐t✐✈❡✳

❆s ✐♥✈❛r✐❛♥ts ❛r❡ ❛ss✉♠❡❞ t♦ ❤♦❧❞✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♠❛✐♥t❛✐♥ t❤❡♠✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡
❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐♥s❡rts ❛ ♥❡✇ ♥♦❞❡ ✐♥ ❛ s❡❛r❝❤ tr❡❡ ❛ss✉♠❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ tr❡❡ ❛♥❞
♠❛✐♥t❛✐♥s ✐t✳ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❧♦♦❦s ❢♦r ❛ ♥♦❞❡ ✐♥ ❛ s❡❛r❝❤ tr❡❡ ❛ss✉♠❡s t❤❡ ✐♥✈❛r✐❛♥t
❛♥❞ ✉s❡s ✐t t♦ ❛✈♦✐❞ ❤❛✈✐♥❣ t♦ ❧♦♦❦ ❡✈❡r②✇❤❡r❡ ✐♥ t❤❡ tr❡❡✳ ■❢ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❛ tr❡❡
✇❤✐❝❤ ✐s ♥♦t ❛ s❡❛r❝❤ tr❡❡✱ ✐t ♠❛② ♥♦t r❡t✉r♥ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t✳

▲❡t✬s s❡❡ ❤♦✇ ✐♥✈❛r✐❛♥ts ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ❆ss✉♠❡
❛ set ❞❛t❛ str✉❝t✉r❡ ✇✐t❤ ❛ ❣✐✈❡♥ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ inv✳ ❚❤✉s✱ inv(s) st❛t❡s t❤❛t t❤❡
✐♥✈❛r✐❛♥t ♦❢ s❡t s ❤♦❧❞s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ s❡ts ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ tr❡❡s✱ t❤✐s ✐♥✈❛r✐❛♥t ❝❛♥
st❛t❡ t❤❛t t❤❡ tr❡❡ ✐s ❛ ❜❛❧❛♥❝❡❞ s❡❛r❝❤ tr❡❡✳ ❲❡ ❝❛♥ ❛♥♥♦t❛t❡ t❤❡ add ❢✉♥❝t✐♦♥ ✉s✐♥❣ ♣r❡✲
❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s t♦ s♣❡❝✐❢② t❤❛t ✐t ♠❛✐♥t❛✐♥s t❤❡ ✐♥✈❛r✐❛♥t✿

void add(set s, int i)

/*@ requires inv(s);

ensures inv(s) */

❚❤❡ requires ❝❧❛✉s❡ st❛t❡s t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ add✿ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ s❡t ❛r❣✉♠❡♥t
s ♠✉st ❤♦❧❞ ✇❤❡♥ ❝❛❧❧✐♥❣ add ♦♥ s❀ ❛♥❞ t❤❡ ensures ❝❧❛✉s❡ st❛t❡s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿
t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ s❡t ❛r❣✉♠❡♥t s ❤♦❧❞s ❛❢t❡r ❝❛❧❧✐♥❣ add ♦♥ s✳ ■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ ❛
❢✉♥❝t✐♦♥ mem(s, i) ✇❤✐❝❤ t❡sts ✇❤❡t❤❡r ✐♥t❡❣❡r i ✐s ✐♥ s❡t s ✇✐❧❧ r❡q✉✐r❡ t❤❡ ✐♥✈❛r✐❛♥t ❛s ❛
♣r❡✲❝♦♥❞✐t✐♦♥✳

❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t ✐♥✈❛r✐❛♥ts ❛r❡ s✐♠♣❧② ❛✉t♦♠❛t✐❝ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s ♦♥ ❛❧❧
❛r❣✉♠❡♥ts✱ ❜✉t t❤✐s ♠❡t❤♦❞♦❧♦❣② r❛✐s❡s s❡✈❡r❛❧ ✐ss✉❡s✳ ❚❤❡ ✜rst ✐ss✉❡ ✐s t❤❛t ✐♥✈❛r✐❛♥ts
♠✉st t❤❡♥ ❜❡ ♣r♦✈❡❞ ❜❡❢♦r❡ ❡❛❝❤ ❝❛❧❧✳ ❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❝♦♠✐♥❣
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❢r♦♠ t❤❡ ✐♥✈❛r✐❛♥t ✐♥ ♣r❡✲❝♦♥❞✐t✐♦♥s ❝♦✉❧❞ ❜❡ ✐❣♥♦r❡❞✱ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇r♦♥❣ ❛r❣✉♠❡♥t✿
❛s ✐♥✈❛r✐❛♥ts ❛r❡ ❛❞❞❡❞ ❛s ♣♦st✲❝♦♥❞✐t✐♦♥s ❡✈❡r②✇❤❡r❡✱ t❤❡② ✇✐❧❧ ❤♦❧❞ ❛❢t❡r ❡❛❝❤ ❝❛❧❧✱ ❛♥❞
t❤✉s ✇✐❧❧ ❤♦❧❞ ❡✈❡r②✇❤❡r❡✳ ❇✉t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤✐s ♣♦❧✐❝② ✐s
✐♥❝♦♥s✐st❡♥t✿

void f(set s)

/*@ requires inv(s);

ensures inv(s) */

void g(set s)

/*@ requires inv(s);

ensures inv(s) */

{

... /* do something to break the invariant of s */

f(s); /* we cannot ignore the pre-condition of f here */

}

❚❤✐s ❡①❛♠♣❧❡ ♠❛❦❡s t❤✐s ✐ss✉❡ ♦❜✈✐♦✉s✱ ❜✉t ✐♥ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❧❛♥❣✉❛❣❡s t❤❡ s ❛r❣✉♠❡♥t ✇♦✉❧❞
❜❡ ✐♠♣❧✐❝✐t ❛♥❞ t❤✉s t❤✐s ♣r♦❜❧❡♠ ✇♦✉❧❞ ❛♣♣❡❛r ❧❡ss ❝❧❡❛r❧②✳ ❚♦ s✉♠ ✉♣✱ ✐❢ ✇❡ ❞♦♥✬t ✇❛♥t t♦
❤❛✈❡ t♦ ♣r♦✈❡ ✐♥✈❛r✐❛♥ts ❡✈❡r②t✐♠❡ ✇❡ ❝❛❧❧ ❛ ❢✉♥❝t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ ❛♥♦t❤❡r ♠❡t❤♦❞♦❧♦❣②✳

❆♥♦t❤❡r ✐ss✉❡ ✐s t❤❛t ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts ❛r❡ ♥♦t t❤❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ ❞❛t❛ str✉❝t✉r❡s ✐♥ t❤❡
❢✉♥❝t✐♦♥ ❝♦♥t❡①t✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛ str✉❝t✉r❡✿

typedef int positive;

/*@ invariant(positive p) = p > 0 */

typedef struct {

positive first;

positive second;

} pair;

/*@ invariant(pair p) = p.first < p.second */

❚②♣❡ positive ✐s t❤❡ t②♣❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✿ ✐t ✐s ❡q✉❛❧ t♦ t②♣❡ int✱ ❜✉t ✇❡ s♣❡❝✐❢② t❤❛t
❛❧❧ positive ✈❛❧✉❡s ❤❛✈❡ ❛♥ ✐♥✈❛r✐❛♥t✱ ✇❤✐❝❤ ✐s t❤❛t t❤❡② ❛r❡ ♣♦s✐t✐✈❡✳ ❚②♣❡ pair ✐s t❤❡
t②♣❡ ♦❢ s♦rt❡❞ ♣♦s✐t✐✈❡ ♣❛✐rs✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ positive ✈❛❧✉❡s✱ t❤❡ first ❛♥❞ t❤❡
second ♦♥❡✳ ■t ❛❧s♦ ❤❛s ♦♥❡ ✐♥✈❛r✐❛♥t✿ t❤❡ first ✜❡❧❞ ♠✉st ❜❡ ❧❡ss❡r t❤❛♥ t❤❡ second
✜❡❧❞ ❢♦r ❛❧❧ pair ✈❛❧✉❡s✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

void h(pair p)

❲❤❛t ❛r❡ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s t❤❛t ♠✉st ❜❡ ❛❞❞❡❞ t♦ h t♦ t❛❦❡ ✐♥✈❛r✐❛♥ts ✐♥t♦
❛❝❝♦✉♥t❄ ■❢ ✇❡ str✐❝t❧② ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ t❤❛t ✐♥✈❛r✐❛♥ts ❛r❡ ❛✉t♦♠❛t✐❝ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s
♦♥ ❛❧❧ ❛r❣✉♠❡♥ts✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r h✿

void h(pair p)

/*@ requires p.first < p.second;

ensures p.first < p.second */

❇✉t ✇❤❛t ❛❜♦✉t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ p.first ❛♥❞ p.second❄ ❚❤❡② ❛r❡ ✈❛❧✉❡s ♦❢ t②♣❡
positive✱ s♦ t❤❡② s❤♦✉❧❞ ❜❡ r❡q✉✐r❡❞ ❛♥❞ ❡♥s✉r❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❙♦ ✇❡ ❛❞❞ t❤❡s❡ r❡✲
q✉✐r❡♠❡♥ts ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✿

void h(pair p)
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/*@ requires

p.first < p.second

&& p.first > 0

&& p.second > 0;

ensures

p.first < p.second

&& p.first > 0

&& p.second > 0 */

❚❤✐s ✐s ✜♥❡ ❢♦r ✜♥✐t❡ str✉❝t✉r❡s✳ ❇✉t ✇❤❛t ❛❜♦✉t ❧✐♥❦❡❞ ❧✐sts ♦r tr❡❡s❄ ❲❤❛t ❛❜♦✉t ❝♦♥t❛✐♥❡rs
s✉❝❤ ❛s ❧✐sts ♦❢ pair ✈❛❧✉❡s❄ ■t q✉✐❝❦❧② ❜❡❝♦♠❡s ✐♠♣♦ss✐❜❧❡ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ✈❛❧✉❡s ❛r❡
❛❝❝❡ss✐❜❧❡ t♦ h✳

❚❤✐s ❜r✐♥❣s ✉s t♦ t❤❡ t❤✐r❞ ✐ss✉❡✿ ♠♦❞✉❧❛r✐t②✳ ❲❤❛t ✐❢ ✇❡ ✇❛♥t t♦ ❤✐❞❡ t❤❡ first ❛♥❞
second ✜❡❧❞s ♦❢ t❤❡ pair ❞❛t❛ str✉❝t✉r❡ t♦ ♠❛❦❡ ✐t ❛♥ ❛❜str❛❝t t②♣❡❄ ■t ✐s t❤❡♥ ❡✈❡♥ ♠♦r❡
❞✐✣❝✉❧t t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ♣♦✐♥t❡rs ❛r❡ ❛❝❝❡ss✐❜❧❡ t♦ h✱ ❛s h ❞♦❡s ♥♦t ❡✈❡♥ ❦♥♦✇ ❛❜♦✉t p.first
❛♥❞ p.second✳ ▼♦r❡♦✈❡r✱ ❛s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ pair ✈❛❧✉❡s ✐s ✉♥❢♦❧❞❡❞ ✐♥ t❤❡ requires ❛♥❞
ensures ❝❧❛✉s❡s ♦❢ h✱ t❤❡ first ❛♥❞ second ✜❡❧❞s ❛r❡ ❡①♣♦s❡❞ ❛♥❞ ♠♦❞✉❧❛r✐t② ✐s ❜r♦❦❡♥✳

✶✳✹ ❈♦♥tr✐❜✉t✐♦♥s

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❆ t②♣❡ s②st❡♠ ✉s✐♥❣ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s t♦ str✉❝t✉r❡ t❤❡ ❤❡❛♣ ✐♥ ❛
♠♦❞✉❧❛r ❢❛s❤✐♦♥✱ ❝♦♥tr♦❧ ♣♦✐♥t❡r ❛❧✐❛s✐♥❣ ❛♥❞ ❞❛t❛ ✐♥✈❛r✐❛♥ts ❛♥❞ ♣r♦❞✉❝❡ ♣r♦♦❢

♦❜❧✐❣❛t✐♦♥s ✇❤❡r❡ ♣♦✐♥t❡rs ❛r❡ s❡♣❛r❛t❡❞✳

❚❤✐s t❤❡s✐s ✐♥tr♦❞✉❝❡s ❛ ❧❛♥❣✉❛❣❡ ❝❛❧❧❡❞ ❈❛♣✉❝✐♥❡ ✇❤✐❝❤ ✉s❡s t❤✐s t②♣❡ s②st❡♠ ✭❈❤❛♣t❡r ✹✮✳
■t ❛❧s♦ ✐♥tr♦❞✉❝❡s ❛ ♠♦❞❡❧ ❛♥❞ ❛ s❡♠❛♥t✐❝s ❢♦r t❤✐s ❧❛♥❣✉❛❣❡ ❛♥❞ ♣r♦✈❡s ✐ts s♦✉♥❞♥❡ss✳ ❚❤❡
❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ♣r♦t♦t②♣❡ t♦♦❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❡❞ ♦♥ s♦♠❡
❡①❛♠♣❧❡s ✭❈❤❛♣t❡r ✸✮✳

❚❤❡ t②♣❡ s②st❡♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛❧r❡❛❞②✲❡①✐st✐♥❣ ♥♦t✐♦♥ ♦❢ r❡❣✐♦♥s t♦ s❡♣❛r❛t❡ ♣♦✐♥t❡rs
st❛t✐❝❛❧❧②✳ ■t ✐s ❡①t❡♥❞❡❞ ✇✐t❤ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ ♣♦❧②♠♦r♣❤✐s♠ ❢♦r ♠♦r❡ ❡①♣r❡ss✐✈❡♥❡ss✳

❚❤❡ ♥♦t✐♦♥ ♦❢ r❡❣✐♦♥ ✐s ❡①t❡♥❞❡❞ ✇✐t❤ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ t♦ ❝♦♥str✉❝t ❛ r❡❣✐♦♥ ❤✐❡r❛r❝❤②✳
❖♥❡ r❡❣✐♦♥ ♠❛② ♦✇♥✱ ✐✳❡✳ ❝♦♥t❛✐♥✱ ♦t❤❡r r❡❣✐♦♥s✳ ❚❤✐s ❛❧❧♦✇s ♠♦❞✉❧❛r r❡❛s♦♥✐♥❣✳

P❡r♠✐ss✐♦♥s✱ ✐✳❡✳ ❛✣♥❡ ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t r❡❣✐♦♥s✱ ❛r❡ ✉s❡❞ t♦ tr❛❝❦ t❤❡ st❛t❡ ♦❢
r❡❣✐♦♥s✳ ❚❤✐s ❛❧s♦ ❛❧❧♦✇s ❡❛s② tr❛❝❦✐♥❣ ♦❢ t❤❡ st❛t❡ ♦❢ ❞❛t❛ ✐♥✈❛r✐❛♥ts✳

❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❲❤② ♣r♦❣r❛♠s t♦ ❝♦♠♣✉t❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✭❈❤❛♣✲
t❡r ✺✮✳ ❯s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ t②♣❡ s②st❡♠✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛✈♦✐❞ s♦♠❡ ♦❢ t❤❡ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s ♥❡❡❞❡❞ t♦ ♠❛✐♥t❛✐♥ ❞❛t❛ ✐♥✈❛r✐❛♥ts ✐♥ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s✳ ▼♦r❡♦✈❡r✱ ♣♦✐♥t❡rs
❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✉s✐♥❣ t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t♦ s✐♠♣❧✐❢② t❤❡♠✳

❚❤✐s t❤❡s✐s ❛❧s♦ ✐♥tr♦❞✉❝❡s ❛♥ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ❛♥❞ ♦♣❡r❛t✐♦♥s
✭❈❤❛♣t❡r ✻✮✳ ■t ✐s q✉✐t❡ ❤❡❧♣❢✉❧ ✐♥ ♣r❛❝t✐❝❡✳

■ ❝❧❛✐♠ t❤❛t t❤✐s ♠❡t❤♦❞♦❧♦❣② ❛❧❧❡✈✐❛t❡s t❤❡ ♥❡❡❞ ❢♦r ❧♦❣✐❝ s♣❡❝✐✜❝❛t✐♦♥ ❛♥♥♦t❛t✐♦♥s ❛❜♦✉t
♣♦✐♥t❡r ❛❧✐❛s✐♥❣ ❛♥❞ ❞❛t❛ ✐♥✈❛r✐❛♥ts✳ ■♥❞❡❡❞✱ t❤✐s ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ♦❢t❡♥ ❜❡ ❤❛♥❞❧❡❞
❜② t❤❡ t②♣❡ s②st❡♠ ✐♥st❡❛❞✱ ❛♥❞ ✐♥❢❡r❡♥❝❡ ❤❡❧♣s t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❜✉r❞❡♥ ♦❢ ❛♥♥♦t❛t✐♥❣ t❤❡
♣r♦❣r❛♠ ✇✐t❤ r❡❣✐♦♥ ♦♣❡r❛t✐♦♥s ✐s ❧✐❣❤t✳ ❚❤✐s ❛❧s♦ r❡✢❡❝ts ♦♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ■ ❛❧s♦ ❝❧❛✐♠
t❤❛t t❤✐s ♠❡t❤♦❞♦❧♦❣② str✉❝t✉r❡s t❤❡ ♣r♦❣r❛♠ ✐♥ ❛ ♠♦❞✉❧❛r ❢❛s❤✐♦♥ ❛♥❞ t❤✉s ❤❛s ❛ ❝❤❛♥❝❡
t♦ s❝❛❧❡✳



❈❤❛♣t❡r ✷

❚❡❝❤♥✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ t❡❝❤♥✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✇❤✐❝❤ ✇❡ ♥❡❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ t②♣❡ s②st❡♠
♦❢ ❈❛♣✉❝✐♥❡ ❜♦rr♦✇s ♣❛r❛♠❡tr✐❝ ♣♦❧②♠♦r♣❤✐s♠ ❢r♦♠ ▼▲ ✇❤✐❝❤ ✇❡ ❞❡t❛✐❧ ✜rst✳ ❲❡ t❤❡♥
♣r❡s❡♥t t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡t❛✐❧ ❡①✐st✐♥❣ ✇♦r❦ ♦♥ ❞❛t❛
✐♥✈❛r✐❛♥ts✱ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s ❢r♦♠ ✇❤✐❝❤ t❤❡ t❤❡s✐s ✐s ❧❛r❣❡❧② ✐♥s♣✐r❡❞✳

✷✳✶ ❚❤❡ ▼▲ ❚②♣❡ ❙②st❡♠

❚❤❡ t②♣❡ s②st❡♠ ♦❢ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ♠❛♥② ♣r♦♣❡rt✐❡s ✐♥s♣✐r❡❞ ❜② t❤❡ ▼▲ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧②✱
✐♥❝❧✉❞✐♥❣ ❖❈❛♠❧ ❬P♦tt✐❡r✵✺✱ ❖❈❛♠❧❪✳ ❚❤❡ ❢❡❛t✉r❡s ✇❤✐❝❤ ✇❡ ❜♦rr♦✇ ❛r❡✿ t②♣❡ ♣❛r❛♠❡t❡rs✱
♣♦❧②♠♦r♣❤✐s♠ ✇✐t❤ ✐♠♣❧✐❝✐t ♣r❡♥❡① q✉❛♥t✐✜❝❛t✐♦♥ ❛♥❞ ✐♥❢❡r❡♥❝❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤♦s❡ ❢❡❛t✉r❡s ✐♥❢♦r♠❛❧❧②✳ ❆❧❧ ❡①❛♠♣❧❡s ❛r❡ ✇r✐tt❡♥ ✉s✐♥❣ t❤❡ ❖❈❛♠❧ s②♥t❛①✳

P♦❧②♠♦r♣❤✐s♠ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s ❛ ♣❛✐r ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞
r❡t✉r♥s t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣❛✐r✿

❧❡t f (x , ❴) = x

❖♥❡ ♣♦ss✐❜❧❡ t②♣❡ ❢♦r t❤✐s ❢✉♥❝t✐♦♥ ✐s✿

int × int → int

■♥ ♦t❤❡r ✇♦r❞✱ ✐t ✐s ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s ❛ ♣❛✐r ♦❢ t✇♦ ✐♥t❡❣❡rs ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ r❡t✉r♥s
❛♥ ✐♥t❡❣❡r✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ t②♣❡ ✐s✿

float × string → float

■♥ ❢❛❝t✱ ❢✉♥❝t✐♦♥ f ❝❛♥ ❛❝❝❡♣t ❛♥② t②♣❡ ❢♦r t❤❡ ✜rst ❝♦♠♣♦♥❡♥t x ♦❢ t❤❡ ♣❛✐r✱ ❛♥❞ ❛♥② t②♣❡ ❢♦r
t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✳ ■t r❡t✉r♥s ❛ ✈❛❧✉❡ ✇❤✐❝❤ ✐s ♦❢ t❤❡ s❛♠❡ t②♣❡ t❤❛♥ x ✳ ❆ ♠♦r❡ ❣❡♥❡r❛❧
t②♣❡ ❢♦r f ✐s t❤✉s✿

∀α, β. α × β → α

❚❤✐s t②♣❡ ✐s ♣♦❧②♠♦r♣❤✐❝✿ α ❛♥❞ β ❝❛♥ ❜❡ ✐♥st❛♥❝✐❛t❡❞ ✇✐t❤ ❛♥② t②♣❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥
✐♥st❛♥❝✐❛t❡ α ✇✐t❤ float ❛♥❞ β ✇✐t❤ string ✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ float × string → float ✱ ✇❤✐❝❤ ✐s
♦♥❡ ♦❢ t❤❡ t②♣❡ ✇❡ ❤❛❞ ❣✐✈❡♥ t♦ f ❛❜♦✈❡✳

✶✺



✶✻ ❈❍❆P❚❊❘ ✷✳ ❚❊❈❍◆■❈❆▲ ❇❆❈❑●❘❖❯◆❉

■♥ ▼▲✱ ❛♥❞ ❛❧s♦ ✐♥ ❈❛♣✉❝✐♥❡✱ t②♣❡ ✈❛r✐❛❜❧❡s ❛r❡ ❛❧✇❛②s q✉❛♥t✐✜❡❞ ❛t t❤❡ ❤❡❛❞ ♦❢ t②♣❡s✳
❋♦r ✐♥st❛♥❝❡✱ int × (∀β. β) → int ✐s ♥♦t ❛ ✈❛❧✐❞ ▼▲ t②♣❡✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ ✇❡ ❛❝t✉❛❧❧② ♦♠✐t
t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ t②♣❡ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❛r❡ ✐♠♣❧✐❝✐t❡❧② ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ❛t t❤❡ ❤❡❛❞
♦❢ t②♣❡s✳ ❚❤✉s✱ t❤❡ t②♣❡ ♦❢ f ✐s ❛❝t✉❛❧❧② ✇r✐tt❡♥✿

α × β → α

P♦❧②♠♦r♣❤✐s♠ ❛❧❧♦✇s t❤❡ ♣r♦❣r❛♠♠❡r t♦ ❛✈♦✐❞ ❞✉♣❧✐❝❛t✐♥❣ ❝♦❞❡✳ ■t t❤✉s ❛❧❧♦✇s t♦ ❛✈♦✐❞
❞✉♣❧✐❝❛t✐♥❣ ❡rr♦rs ❛s ✇❡❧❧✱ ❛♥❞ ✐s ❛ ❦❡② ❢❡❛t✉r❡ ❢♦r ♠♦❞✉❧❛r✐t② ❬❍✉❣❤❡s✽✾❪✳

❚②♣❡ P❛r❛♠❡t❡rs ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❦❡❞ ❧✐st ❞❛t❛ str✉❝t✉r❡✳

t②♣❡ list =
| Nil
| Cons ♦❢ int × list

❚❤✐s ❞❡✜♥❡s t❤❡ t②♣❡ ♦❢ ✐♥t❡❣❡r ❧✐sts✱ ✇✐t❤ t✇♦ ❝♦♥str✉❝t♦rs✳ ❚❤❡ ✜rst ❝♦♥str✉❝t♦r ✐s Nil ✱ ✇❤✐❝❤
✐s t❤❡ ✈❛❧✉❡ ❞❡♥♦t✐♥❣ t❤❡ ❡♠♣t② ❧✐st✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥str✉❝t♦r ✐s Cons✱ ✇✐t❤ t✇♦ ❛r❣✉♠❡♥ts✳
❚❤❡ ✜rst ❛r❣✉♠❡♥t ❤❛s t②♣❡ int ✿ ✐t ✐s t❤❡ ✈❛❧✉❡ st♦r❡❞ ✐♥ t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡ ❧✐st✳ ❚❤❡
s❡❝♦♥❞ ❛r❣✉♠❡♥t ❤❛s t②♣❡ list ✿ ✐t ✐s t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❧✐st✱ ❛❧s♦ ❝❛❧❧❡❞ ✐ts t❛✐❧✳ ❋♦r ✐♥st❛♥❝❡✱
Cons(✹✷, Nil) ✐s t❤❡ ❧✐st ✇✐t❤ ♦♥❡ ❡❧❡♠❡♥t✿ t❤❡ ✐♥t❡❣❡r 42✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❧✐st ✐s ❡♠♣t②✳

❚❤❡ ✜rst ❛r❣✉♠❡♥t ♦❢ ❝♦♥str✉❝t♦r Cons ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥② t②♣❡✿ float ✱ string ✳✳✳ ❚❤✐s
❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧✐st ✐ts❡❧❢✱ ♦♥❧② t❤❡ t②♣❡ ♦❢ ✐ts ❝♦♥t❡♥ts✳ ■♥st❡❛❞ ♦❢
❝♦♣②✲♣❛st✐♥❣ t❤❡ ❧✐st ❢♦r ❡✈❡r② t②♣❡ ✇❡ ♥❡❡❞✱ ✇❡ ♠❛② ✉s❡ ❛ t②♣❡ ♣❛r❛♠❡t❡r✳

t②♣❡ α list =
| Nil
| Cons ♦❢ α × α list

❚②♣❡ α list ❝❛♥ ❜❡ ✐♥st❛♥❝✐❛t❡❞ ✇✐t❤ ❛♥② t②♣❡ ❢♦r α✳ ❋♦r ✐♥st❛♥❝❡✱ int list ✐s t❤❡ t②♣❡ ♦❢ ❧✐sts
♦❢ ✐♥t❡❣❡rs✱ float list ✐s t❤❡ t②♣❡ ♦❢ ❧✐sts ♦❢ ✢♦❛ts✱ ❛♥❞ string list list ✐s t❤❡ t②♣❡ ♦❢ ❧✐sts ♦❢ ❧✐sts
♦❢ str✐♥❣s✳

❚②♣❡ ♣❛r❛♠❡t❡rs ❛r❡ ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ ✇❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❢✉♥❝t✐♦♥ ♣♦❧②♠♦r♣❤✐s♠✳ ■♥✲
❞❡❡❞✱ ♦♥❡ ❝❛♥ ✇r✐t❡ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ♦♣❡r❛t❡ ♦♥ ❛♥② ❧✐st✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ length ❢✉♥❝t✐♦♥
t❛❦❡s ❛ ❧✐st ❛♥❞ ❝♦♠♣✉t❡s ✐ts ❧❡♥❣t❤✳ ■t ❞♦❡s ♥♦t ❤❛✈❡ t♦ r❡❛❞ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ♥♦❞❡s ♦❢
t❤❡ ❧✐st✱ ❛♥❞ t❤✉s length ♦♣❡r❛t❡s ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛② ♦♥ ❧✐sts ♦❢ ✐♥t❡❣❡rs✱ ❧✐sts ♦❢ str✐♥❣s
❛♥❞ s♦ ♦♥✳ ❚❤❡ t②♣❡ ♦❢ ❢✉♥❝t✐♦♥ length ✐s✿

α list → int

■t ✐s ♣♦❧②♠♦r♣❤✐❝ ✐♥ t❤❡ t②♣❡ α ♦❢ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ❧✐st✳

■♥❢❡r❡♥❝❡ ❆♥② ▼▲ ❡①♣r❡ss✐♦♥ e ❤❛s ❛ ♣r✐♥❝✐♣❛❧ t②♣❡ τ ✳ ■❢ e ❛❧s♦ ❤❛s t②♣❡ τ ′✱ t❤❡♥ τ ′ ✐s
❛♥ ✐♥st❛♥❝❡ ♦❢ τ ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛❧❧ t②♣❡s ♦❢ e ❜② ✐♥st❛♥❝✐❛t✐♥❣ t❤❡ t②♣❡
✈❛r✐❛❜❧❡s ♦❢ τ ✳ ❋♦r ✐♥st❛♥❝❡✱ t②♣❡ α × β → α ✐s t❤❡ ♣r✐♥❝✐♣❛❧ t②♣❡ ♦❢ ❢✉♥❝t✐♦♥ f ❛❜♦✈❡✱ ❛♥❞
t②♣❡ float × string → float ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤✐s ♣r✐♥❝✐♣❛❧ t②♣❡✳

■♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠s s✉❝❤ ❛s t❤❡ s♦✲❝❛❧❧❡❞ ❆❧❣♦r✐t❤♠ ❲ ❬❉❛♠❛s✽✷❪ ♦❢ ▲✉✐s ❉❛♠❛s ❛♥❞
❘♦❜✐♥ ▼✐❧♥❡r✱ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❍✐♥❞❧❡②✲▼✐❧♥❡r ❛❧❣♦r✐t❤♠✱ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❛✉t♦♠❛t✐❝❛❧❧② ❝♦♠✲
♣✉t✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ t②♣❡ ♦❢ ❛♥② ▼▲ ❡①♣r❡ss✐♦♥✳ ❆ s✐♠♣❧❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ✐♥
❛ss✐❣♥✐♥❣ ❡✈❡r② s✉❜✲❡①♣r❡ss✐♦♥ ❛ t②♣❡ ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ t②♣❡ s②st❡♠ r✉❧❡s t♦
❡①tr❛❝t ❝♦♥str❛✐♥ts ♦♥ t②♣❡ ✈❛r✐❛❜❧❡s✳ ❲❡ t❤❡♥ ❛♣♣❧② ❛ ✉♥✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥ t❤♦s❡ ❝♦♥✲
str❛✐♥ts t♦ ♦❜t❛✐♥ ❛ s✉❜st✐t✉t✐♦♥ σ ❢r♦♠ t②♣❡ ✈❛r✐❛❜❧❡s t♦ t②♣❡s✱ ✇❤✐❝❤ s♦❧✈❡s t❤❡ ❝♦♥str❛✐♥t



✷✳✷✳ ❍❖❆❘❊ ▲❖●■❈ ✶✼

s②st❡♠✳ ■❢ t❤❡ t②♣❡ ✈❛r✐❛❜❧❡ ❣✐✈❡♥ t♦ ❡①♣r❡ss✐♦♥ e ✇❛s α✱ t❤❡♥ t❤❡ ✐♥❢❡rr❡❞ t②♣❡ ♦❢ e ✐s σ(α)✳
❚❤❡ ✉♥✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t σ(α) ✐s t❤❡ ♣r✐♥❝✐♣❛❧ t②♣❡ ♦❢ e✳

✷✳✷ ❍♦❛r❡ ▲♦❣✐❝

■♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇❡ ✐♥tr♦❞✉❝❡❞ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✉s✐♥❣ ❛♥ ❡①❛♠♣❧❡✳ ❲❡ s❤♦✇❡❞ ♣r❡✲
❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s ❛♥❞ s❛✐❞ t❤❛t ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡♠✱ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s ❜❡✐♥❣ ❧♦❣✐❝ ❢♦r♠✉❧❛s ✇❤✐❝❤ ✐♠♣❧② t❤❛t t❤❡ ♣r♦❣r❛♠ ✈❡r✐❢② ✐ts s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤✐s
♠❡t❤♦❞♦❧♦❣② ✐s ❜❛s❡❞ ♦♥ ❍♦❛r❡ ❧♦❣✐❝ ❬❋❧♦②❞✻✼✱ ❍♦❛r❡✻✾❪✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡ q✉✐❝❦❧② ✐♥ t❤✐s
s❡❝t✐♦♥ t♦ s❤♦✇ ❤♦✇ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛r❡ ❛❝t✉❛❧❧② ❝♦♠♣✉t❡❞✳

✷✳✷✳✶ ❍♦❛r❡ ❚r✐♣❧❡s

❆ ❍♦❛r❡ tr✐♣❧❡ ✐s ❛ tr✐♣❧❡ ♦❢ t❤❡ ❢♦r♠✿

{P}C{Q}

✇❤❡r❡ C ✐s ❛ ❝♦♠♠❛♥❞✱ ✐✳❡✳ ❛♥ ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✱
❛♥❞ P ❛♥❞ Q ❛r❡ ❧♦❣✐❝ ❢♦r♠✉❧❛s✳ ❋♦r♠✉❧❛ P ✐s t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❛♥❞ ❢♦r♠✉❧❛ Q ✐s t❤❡ ♣♦st✲
❝♦♥❞✐t✐♦♥✳ ❚❤❡s❡ ❧♦❣✐❝ ❢♦r♠✉❧❛s ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❣r❛♠ st❛t❡✳ ◆♦t❡ t❤❛t ❍♦❛r❡ ❧♦❣✐❝ ❝❛♥ ❜❡
❛♣♣❧✐❡❞ t♦ ♠❛♥② ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s✱ ❛s ✇❡❧❧ ❛s ♠❛♥② ❧♦❣✐❝ ❧❛♥❣✉❛❣❡s✱ ✐♥❝❧✉❞✐♥❣ ❜✉t ♥♦t
❧✐♠✐t❡❞ t♦ ✜rst✲♦r❞❡r ❧♦❣✐❝✳ ❚❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡ ♣r♦❣r❛♠ st❛t❡ ❝❛♥ t❛❦❡ ❞✐✛❡r❡♥t ❢♦r♠s✳
❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ✐t t♦ ❜❡ ❛ s✐♠♣❧❡ ♠❛♣ ❢r♦♠ ✈❛r✐❛❜❧❡ ♥❛♠❡s t♦ t❤❡✐r ✈❛❧✉❡s✳ ❆ ❍♦❛r❡ tr✐♣❧❡
✐s ✈❛❧✐❞ ✐❢✱ ❢♦r ❛♥② ♣r♦❣r❛♠ st❛t❡ S s✉❝❤ t❤❛t P ❤♦❧❞s ✐♥ S✱ ✐❢ C ❡①❡❝✉t❡❞ ♦♥ S ❧❡❛❞s t♦ t❤❡
♥❡✇ ♣r♦❣r❛♠ st❛t❡ S′✱ t❤❡♥ Q ❤♦❧❞s ✐♥ S′✳ ❍♦❛r❡ ❧♦❣✐❝ ❞❡✜♥❡s r✉❧❡s t♦ ❜✉✐❧❞ ❍♦❛r❡ tr✐♣❧❡s✳
❍♦❛r❡ ❧♦❣✐❝ ✐s s❤♦✇♥ s♦✉♥❞✿ tr✐♣❧❡s ❜✉✐❧t ❢r♦♠ t❤❡s❡ r✉❧❡s ❛r❡ ❛❧✇❛②s ✈❛❧✐❞✳

❙❦✐♣ ❚❤❡ ✜rst ❍♦❛r❡ ❧♦❣✐❝ r✉❧❡ ✐s tr✐✈✐❛❧✿

{P}s❦✐♣{P}

✇❤❡r❡ P ✐s ❛♥② ♣r❡❞✐❝❛t❡ ❛♥❞ s❦✐♣ ✐s t❤❡ ❝♦♠♠❛♥❞ ✇❤✐❝❤ ❞♦❡s ♥♦t❤✐♥❣✳ ■♥❞❡❡❞✱ t❤❡ ♣r♦❣r❛♠
st❛t❡ ✐s ♥♦t ♠♦❞✐✜❡❞ ❜② s❦✐♣✱ s♦ ✐❢ P ❤♦❧❞s ❜❡❢♦r❡ s❦✐♣ ✐s ❡①❡❝✉t❡❞✱ ✐t st✐❧❧ ❤♦❧❞s ❛❢t❡r✳

❙❡q✉❡♥❝❡ ❆ r✉❧❡ ❛❧❧♦✇s t♦ ❝♦♠♣♦s❡ ❍♦❛r❡ tr✐♣❧❡s✿

{P}C1{Q} {Q}C2{R}

{P}C1;C2{R}

✇❤❡r❡ C1;C2 ✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ C1 ❢♦❧❧♦✇❡❞ ❜② C2✳ ■♥❞❡❡❞✱ ✐❢ C1 tr❛♥s❢♦r♠s ❛ st❛t❡ ✇❤❡r❡ P
❤♦❧❞s ✐♥t♦ ❛ st❛t❡ ✇❤❡r❡ Q ❤♦❧❞s✱ ❛♥❞ ✐❢ C2 tr❛♥s❢♦r♠s ❛ st❛t❡ ✇❤❡r❡ t❤✐s s❛♠❡ Q ❤♦❧❞s ✐♥t♦
❛ st❛t❡ ✇❤❡r❡ R ❤♦❧❞s✱ t❤❡♥ C1 ❢♦❧❧♦✇❡❞ ❜② C2 tr❛♥s❢♦r♠s ❛ st❛t❡ ✇❤❡r❡ P ❤♦❧❞s ✐♥t♦ ❛ st❛t❡
✇❤❡r❡ R ❤♦❧❞s✳

❈♦♥s❡q✉❡♥❝❡ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ r✉❧❡ ❛❧❧♦✇s t♦ str❡♥❣t❤❡♥ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦r ✇❡❛❦❡♥ t❤❡
♣♦st✲❝♦♥❞✐t✐♦♥✿

P ′ ⇒ P {P}C{Q} Q⇒ Q′

{P ′}C{Q′}
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❆ss✐❣♥♠❡♥t ❆ ♠♦st ❢✉♥❞❛♠❡♥t❛❧ r✉❧❡ ✐s t❤❡ r✉❧❡ ❢♦r ✈❛r✐❛❜❧❡ ❛ss✐❣♥♠❡♥t✿

{Q[x 7→ v]}x := v{Q}

✇❤❡r❡ Q[x 7→ v] ❞❡♥♦t❡s ♣r❡❞✐❝❛t❡ Q ✇❤❡r❡ ❛❧❧ ❢r❡❡ ♦❝❝✉r❡♥❝❡s ♦❢ x ❛r❡ r❡♣❧❛❝❡❞ ❜② v✳ ❍❡r❡
✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤✐s r✉❧❡ ❜❡✐♥❣ ❛♣♣❧✐❡❞✿

{x+ y = 3 ∧ y = 2}x := x+ y{x = 3 ∧ y = 2}

✇❤✐❝❤✱ ✉s✐♥❣ t❤❡ ❝♦♥s❡q✉❡♥❝❡ r✉❧❡✱ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

{x = 1 ∧ y = 2}x := x+ y{x = 3 ∧ y = 2}

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ✇❤❡t❤❡r x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞✱ ✐✳❡✳ ✇❤❡t❤❡r
t❤❡② ❛r❡ t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❛ss✉♠❡ x ❛♥❞ y ❛r❡ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s✳

❚❡st ◆♦✇ ❧❡t✬s s❤♦✇ t❤❡ r✉❧❡ ❢♦r t❤❡ ✐❢ st❛t❡♠❡♥ts✿

{e ∧ P}C1{Q} {¬e ∧ P}C2{Q}

{P}✐❢ e t❤❡♥ C1 ❡❧s❡ C2{Q}

◆♦t❡ ❤♦✇ t❤❡ ✐❢ ❝♦♥❞✐t✐♦♥ e ✐s ❛❞❞❡❞ t♦ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ C1 ❛♥❞ C2✳ ❍❡r❡ ✐s ❛♥ ✐♥st❛♥❝❡
✐♥s♣✐r❡❞ ❜② ❢✉♥❝t✐♦♥ max ♦❢ ❙❡❝t✐♦♥ ✶✳✷✱ ✇❤❡r❡ r ✐s t❤❡ r❡t✉r♥❡❞ ✈❛❧✉❡✿

{i ≥ j}r := i{r ≥ i ∧ r ≥ j} {i < j}r := j{r ≥ i ∧ r ≥ j}

{⊤}✐❢ i ≥ j t❤❡♥ r := i ❡❧s❡ r := j{r ≥ i ∧ r ≥ j}

◆♦t❡ t❤❛t ✇❡ ❛❧s♦ ❛♣♣❧✐❡❞ t❤❡ ❝♦♥s❡q✉❡♥❝❡ r✉❧❡ t♦ r❡♣❧❛❝❡ i ≥ i ∧ i ≥ j ✐♥t♦ i ≥ j ❛♥❞ t♦
✇❡❛❦❡♥ j ≥ i ∧ j ≥ j ✐♥t♦ i < j ✐♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♦❢ ❡❛❝❤ ♣r❡♠✐s❡✱ r❡s♣❡❝t✐✈❡❧②✳

▲♦♦♣s ❚❤❡ r✉❧❡ ❢♦r ✇❤✐❧❡ ❧♦♦♣s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

{P ∧ e}C{P}

{P}✇❤✐❧❡ e ❞♦ C{P ∧ ¬e}

Pr❡❞✐❝❛t❡ P ✐s ❝❛❧❧❡❞ t❤❡ ❧♦♦♣ ✐♥✈❛r✐❛♥t ✿ ✐t ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ ❜♦❞② C ♦❢ t❤❡ ❧♦♦♣✳ ❚❤✉s✱
✐❢ P ❤♦❧❞s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❧♦♦♣✱ t❤❡♥ ✐t st✐❧❧ ❤♦❧❞s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧♦♦♣✳ ❲❡ ♣r♦✈❡
t❤❛t C ♣r❡s❡r✈❡s P ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ e ❤♦❧❞s✱ ❛s t❤❡ ❜♦❞② ♦❢ t❤❡ ❧♦♦♣ ✐s ♦♥❧② r✉♥ ✐❢ e ❡✈❛❧✉❛t❡s
t♦ true✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧♦♦♣✱ e ❡✈❛❧✉t❡s t♦ false✱ s♦ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ e ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡
♣♦st✲❝♦♥❞✐t✐♦♥✳

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ✈❡rs✐♦♥ ❞♦❡s ♥♦t ❝❤❡❝❦ t❤❛t t❤❡ ❧♦♦♣ t❡r♠✐♥❛t❡s✳ ❚♦ ❝❤❡❝❦ t❡r♠✐♥❛✲
t✐♦♥✱ ♦♥❡ ❝❛♥ t✇❡❛❦ t❤❡ r✉❧❡ t♦ ❛❞❞ ❛ ✈❛r✐❛♥t r❡q✉✐r❡♠❡♥t✳ ❆ ✈❛r✐❛♥t ✐s ❛♥ ❡①♣r❡ss✐♦♥ ✇❤✐❝❤
❡✈❛❧✉❛t❡s ✐♥ ❛ ✇❡❧❧✲❢♦✉♥❞❡❞ ♦r❞❡r ❛♥❞ ✇❤✐❝❤ str✐❝t❧② ❞❡❝r❡❛s❡s ✇✐t❤ ❡❛❝❤ ✐t❡r❛t✐♦♥✳

❋✉♥❝t✐♦♥ ❈❛❧❧s ❆ss✉♠❡ ❛ ❢✉♥❝t✐♦♥ f ✇✐t❤ ❜♦❞② C ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❍♦❛r❡ tr✐♣❧❡
✐s ✈❛❧✐❞✿

{P}C{Q}
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Pr❡❞✐❝❛t❡ P ✐s ❝❛❧❧❡❞ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ❛♥❞ ♣r❡❞✐❝❛t❡ Q ✐s ❝❛❧❧❡❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ❚❤❡②
❞❡♣❡♥❞ ♦♥ t❤❡ ❢♦r♠❛❧ ♣❛r❛♠❡t❡rs x1, ✳ ✳ ✳ , xn ♦❢ f ✳

❚❤❡ r✉❧❡ ❢♦r ❢✉♥❝t✐♦♥ ❝❛❧❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Dom(σ) = {x1, ..., xn} ❢♦r❛❧❧ i, σ(xi) = ei

{σ(P )}f(e1, ✳ ✳ ✳ , en){σ(Q)}

❲❡ ✉s❡ s✉❜st✐t✉t✐♦♥ σ t♦ r❡♣❧❛❝❡✱ ✐♥ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥✱ t❤❡ ❢♦r♠❛❧ ♣❛r❛♠✲
❡t❡rs ♦❢ f ✇✐t❤ t❤❡ ❛❝t✉❛❧ ❛r❣✉♠❡♥ts✳

✷✳✷✳✷ ❲❡❛❦❡st Pr❡✲❈♦♥❞✐t✐♦♥s

●✐✈❡♥ ❛ ❝♦♠♠❛♥❞ C ❛♥❞ ❛ ❧♦❣✐❝ ❢♦r♠✉❧❛ Q✱ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ wp(C,Q) ✐s ❛ ❧♦❣✐❝
❢♦r♠✉❧❛ s✉❝❤ t❤❛t✿

{wp(C,Q)}C{Q}

❛♥❞ ❢♦r❛❧❧ P s✉❝❤ t❤❛t✿
{P}C{Q}

t❤❡♥ P ⇒ wp(C,Q)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ✐s t❤❡ ✉♥✐q✉❡ ♣r❡✲❝♦♥❞✐t✐♦♥
✇❤✐❝❤ ✐s ✐♠♣❧✐❡❞ ❜② ❛❧❧ ♦t❤❡r ♣r❡✲❝♦♥❞✐t✐♦♥s✳

❚♦ ♣r♦✈❡ {P}C{Q} ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ P ⇒ wp(C,Q)✱ ❛s ✇❡ ❝❛♥ t❤❡♥ ❛♣♣❧② t❤❡
❝♦♥s❡q✉❡♥❝❡ r✉❧❡✿

P ⇒ wp(C,Q) {wp(C,Q)}C{Q} Q⇒ Q

{P}C{Q}

❚❤✉s✱ ♦♥❡ ✇❛② ♦❢ ✈❡r✐❢②✐♥❣ ❛ ♣r♦❣r❛♠ ❞❡❞✉❝t✐✈❡❧② ✐s t♦ ❝♦♠♣✉t❡ ✐ts ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥✳ ■❢
t❤❡ ✉s❡r ❛♥♥♦t❛t❡❞ ♣r♦❣r❛♠ C ✇✐t❤ ❛ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ❛ ♣♦st✲❝♦♥❞✐t✐♦♥ Q✱ ✇❡ ❣❡♥❡r❛t❡
P ⇒ wp(C,Q) ❛s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳

❙❡q✉❡♥❝❡ ❚❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❍♦❛r❡
❧♦❣✐❝ r✉❧❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢r♦♠ t❤❡ ❝♦♠♣♦s✐t✐♦♥ r✉❧❡✿

{P}C1{Q} {Q}C2{R}

{P}C1;C2{R}

✇❡ ❞❡❞✉❝❡ t❤❡ r✉❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ s❡q✉❡♥❝❡✿

wp((C1;C2), Q) = wp(C1,wp(C2, Q))

❆ss✐❣♥♠❡♥t ❋r♦♠ t❤❡ ❛ss✐❣♥♠❡♥t r✉❧❡✿

{Q[x 7→ v]}x := v{Q}

✇❡ ❞❡❞✉❝❡ t❤❡ r✉❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛♥ ❛ss✐❣♥♠❡♥t✿

wp((x := v), Q) = Q[x 7→ v]
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❚❡st ❚❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛♥ ✐❢ st❛t❡♠❡♥t ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤❡ ❍♦❛r❡
❧♦❣✐❝ r✉❧❡✿

wp((✐❢ e t❤❡♥ C1 ❡❧s❡ C2), Q) = (e⇒ wp(C1, Q)) ∧ (¬e⇒ wp(C2, Q))

■t ❝❛♥ ❡❛s✐❧② ❜❡ s❤♦✇♥ ✉s✐♥❣ t❤❡ ❝♦♥s❡q✉❡♥❝❡ r✉❧❡ t❤❛t t❤✐s ✐s ❛ ✈❛❧✐❞ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ■t ✐s ❛❧s♦
t❤❡ ✇❡❛❦❡st✳ ◆♦t❡ t❤❛t t❤✐s ✐s ♥♦t t❤❡ ♦♥❧② ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❡✣❝✐❡♥t ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ❛✈♦✐❞s ❞✉♣❧✐❝❛t✐♥❣ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ Q ❬▲❡✐♥♦✵✺❪✳

❲❤✐❧❡ ❚♦ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ ✇❤✐❧❡ st❛t❡♠❡♥t ✐s ♦♥❧② ❞❡✜♥❡ ✐❢ ❛ ❧♦♦♣ ✐♥✈❛r✐❛♥t
✐s ❣✐✈❡♥✳ ●✉❡ss✐♥❣ t❤❡ ❧♦♦♣ ✐♥✈❛r✐❛♥t ✐s ✉♥❞❡❝✐❞❛❜❧❡ ✐♥ ❣❡♥❡r❛❧✱ s♦ ✇❡ ✉s✉❛❧❧② r❡q✉✐r❡ t❤❡
♣r♦❣r❛♠♠❡r t♦ ❣✐✈❡ ♦♥❡✳ ❍❡r❡ ✐s ♦♥❡ ✇❛② t♦ ❝♦♠♣✉t❡ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❧♦♦♣✱
✇✐t❤♦✉t ❝❤❡❝❦✐♥❣ t❡r♠✐♥❛t✐♦♥✱ ✇✐t❤ ❧♦♦♣ ✐♥✈❛r✐❛♥t I ❛♥❞ ✇❤❡r❡ x ✐s t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❜❡✐♥❣
❛ss✐❣♥❡❞ ❜② t❤❡ ❜♦❞② C✿

wp((✇❤✐❧❡ e ❞♦ C), Q) = I ∧ ∀x, (e ∧ I ⇒ wp(C, I)) ∧ (¬e ∧ I ⇒ Q)

❋✉♥❝t✐♦♥ ❈❛❧❧s ❆ss✉♠❡ ❛ ❢✉♥❝t✐♦♥ f ✇✐t❤ ❜♦❞② C ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❍♦❛r❡ tr✐♣❧❡
✐s ✈❛❧✐❞✿

{Pf}C{Qf}

❆ss✉♠❡ t❤❡ ❢♦r♠❛❧ ♣❛r❛♠❡t❡rs ♦❢ f ❛r❡ x1, ✳ ✳ ✳ , xn✳ ❆ss✉♠❡ n ❡①♣r❡ss✐♦♥s e1, ✳ ✳ ✳ , en✳ ❆ss✉♠❡
❛ s✉❜st✐t✉t✐♦♥ σ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i✱ σ(i) = ei✳ ❆ss✉♠❡ t❤❡ ❝❛❧❧ t♦ f(e1, ✳ ✳ ✳ , en) ❛ss✐❣♥s
✈❛r✐❛❜❧❡s x✳ ❍❡r❡ ✐s ❤♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❝❛❧❧ t♦ f ✇✐t❤ ❛r❣✉♠❡♥ts
e1, ✳ ✳ ✳ , en✿

wp(f(e1, ✳ ✳ ✳ , en), Q) = σ(Pf ) ∧ (∀x, σ(Qf )⇒ Q)

❊①❛♠♣❧❡ ▲❡t✬s ❛♣♣❧② t❤✐s ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ max ❢✉♥❝t✐♦♥✿

wp((✐❢ i ≥ j t❤❡♥ r := i ❡❧s❡ r := j), r ≥ i ∧ r ≥ j)
= (i ≥ j ⇒ wp(r := i, r ≥ i ∧ r ≥ j)) ∧ (i < j ⇒ wp(r := j, r ≥ i ∧ r ≥ j))
= (i ≥ j ⇒ i ≥ i ∧ i ≥ j) ∧ (i < j ⇒ j ≥ i ∧ j ≥ j)

✷✳✸ ❆❧✐❛s✲❋r❡❡ Pr♦❣r❛♠ ❱❡r✐✜❝❛t✐♦♥

■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❛s ✐♥tr♦❞✉❝❡❞ t❤❡ ❍♦❛r❡ ❧♦❣✐❝ r✉❧❡ ❢♦r ❛ss✐❣♥♠❡♥t✿

{Q[x 7→ v]}x := v{Q}

❆s ✇❡ ❛❧r❡❛❞② ♥♦t❡❞✱ t❤✐s r✉❧❡ ✐s tr✐❝❦✐❡r t❤❛♥ ✐t s❡❡♠s✳ ■♥❞❡❡❞✱ ✐t r❡❧✐❡s ♦♥ ✈❛r✐❛❜❧❡ s✉❜st✐t✉t✐♦♥
Q[x 7→ v]✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ❞❡✜♥❡❞ ✇❤❡♥ ❛❧❧ ✈❛r✐❛❜❧❡s ♦❢ Q ❝❛♥ ❝❧❡❛r❧② ❜❡ s❛✐❞ t♦ ❜❡ ❡q✉❛❧
♦r ❞✐✛❡r❡♥t t♦ x✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t✇♦ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ ✐♠♣❧❡♠❡♥t ❍♦❛r❡ ❧♦❣✐❝ ✐♥ ❛
❝♦♥t❡①t ✇❤❡r❡ t✇♦ ✈❛r✐❛❜❧❡s ✇✐t❤ ❞✐✛❡r❡♥t ♥❛♠❡s ❛r❡ ❛❧✇❛②s s❡♣❛r❛t❡❞✳ ❘❡❢❡r❡♥❝❡s✱ ♣♦✐♥t❡rs✱
♦❜❥❡❝ts ❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡s❡ ❧❛♥❣✉❛❣❡s ❛♥❞ ♠✉st ❜❡ ❡♥❝♦❞❡❞✳
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✷✳✸✳✶ ❚❤❡ ❲❤② ■♥t❡r♠❡❞✐❛t❡ ▲❛♥❣✉❛❣❡

❲❤② ❬❋✐❧❧✐âtr❡✵✼❪ ✐s ❛ t♦♦❧ ❛♥❞ ❛♥ ❛❧✐❛s✲❢r❡❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❢♦r ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥
❜❛s❡❞ ♦♥ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡r❡ ✐s ♥♦ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ st❛t❡♠❡♥ts
❛♥❞ ❡①♣r❡ss✐♦♥s✱ ❛s ✐♥ t❤❡ ▼▲ ❧❛♥❣✉❛❣❡ ❢❛♠✐❧②✳ ❙♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✐s ✜rst✲♦r❞❡r ❧♦❣✐❝✱
❛♥❞ t❤❡ ✉s❡r ♠❛② ❞❡✜♥❡ ♦r ❞❡❝❧❛r❡ ❤✐s ♦✇♥ ❧♦❣✐❝ t②♣❡s✱ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s t♦ ✉s❡
✐♥ t❤❡ ♣r♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥ ❛♥♥♦t❛t✐♦♥s✳

❚♦ s♣❡❝✐❢② ❤✐s ♣r♦❣r❛♠✱ t❤❡ ✉s❡r ♠❛② ❛♥♥♦t❛t❡ ✐t ✉s✐♥❣✿

• ♣r❡✲❝♦♥❞✐t✐♦♥s ❢♦r ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❛ss✉♠❡❞ tr✉❡ ✇❤❡♥ ♣r♦✈✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞
♠✉st ❜❡ s❤♦✇♥❡❞ t♦ ❤♦❧❞ ❛t ❝❛❧❧ s✐t❡❀

• ♣♦st✲❝♦♥❞✐t✐♦♥s ❢♦r ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ♠✉st ❜❡ ♣r♦✈❡❞ ✇❤❡♥ ♣r♦✈✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❝❛♥
❜❡ ❛ss✉♠❡❞ t♦ ❤♦❧❞ ❛❢t❡r ❛ ❝❛❧❧ t♦ t❤❡ ❢✉♥❝t✐♦♥❀

• ❧♦♦♣ ✐♥✈❛r✐❛♥ts✱ ✇❤✐❝❤ ❛r❡ ♣r❡❞✐❝❛t❡s ✇❤✐❝❤ ♠✉st ❜❡ s❤♦✇♥ t♦ ❤♦❧❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢
t❤❡ ❧♦♦♣ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ❛♥❞ ✇✐❧❧ ❜❡ t❤✉s ❛❧s♦ ❤♦❧❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡
❧♦♦♣✱ ❛♥❞ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ✐♥❢❡rr❡❞ ❜② t❤❡ ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥ ❛❧❣♦r✐t❤♠❀

• ❧♦♦♣ ✈❛r✐❛♥ts ✭♦♣t✐♦♥❛❧❧②✮✱ ✇❤✐❝❤ ❛r❡ t❡r♠s ✇❤✐❝❤ ♠✉st ❞❡❝r❡❛s❡ ✐♥ ❛ ✇❡❧❧✲❢♦✉♥❞❡❞ ♦r❞❡r
❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ ❛ ❧♦♦♣✱ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t♦t❛❧ ❝♦rr❡❝t♥❡ss❀

• ❛ss❡rt✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♣r❡❞✐❝❛t❡s ✇❤✐❝❤ ♠✉st ❤♦❧❞ ❛t ❛ ❣✐✈❡♥ ♣r♦❣r❛♠ ♣♦✐♥t✳

❆ss❡rt✐♦♥s ❛r❡ ❛ ✇❛② t♦ s❡t ✏❜r❡❛❦♣♦✐♥ts✑ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳ ❚❤❡② ♠❛② ❤❡❧♣
❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ❛♥❞ ♠❛❦❡ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ♠♦r❡ r❡❛❞❛❜❧❡✳

❚❤❡❲❤② t♦♦❧ ❝❛♥ ♣r♦❞✉❝❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❢♦r s❡✈❡r❛❧ ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs✱ ✐♥❝❧✉❞✲
✐♥❣ ❆❧t✲❊r❣♦ ❬❆❧t❊r❣♦❪✱ ❩✸ ❬❩✸❪✱ ❈❱❈✸ ❬❇❛rr❡tt✵✼❪✱ ❙✐♠♣❧✐❢② ❬❉❡t❧❡❢s✵✺❪ ♦r ●❛♣♣❛ ❬●❛♣♣❛❪✳
■t ❝❛♥ ❛❧s♦ ♣r♦❞✉❝❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❢♦r ❛ ♣r♦♦❢ ❛ss✐st❛♥t s✉❝❤ ❛s ❈♦q ❬❈♦q❪✳ ❚❤❡ ❲❤② t♦♦❧
❝❛♥ ❛❧s♦ ❛♣♣❧② tr❛♥s❢♦r♠❛t✐♦♥s t♦ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ❝❛♥ s♣❧✐t ❝♦♥❥✉♥❝t✐♦♥s✱
r❡s✉❧t✐♥❣ ✐♥ s❡✈❡r❛❧ s✐♠♣❧❡r ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❚❤✐s ✐s ✈❡r② ❤❛♥❞② t♦ ✉♥❞❡rst❛♥❞ ✇❤✐❝❤ ♣❛rt
♦❢ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s ♥♦t ♣r♦✈❡❞ ❜② ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs✳

❲❤② ❢❡❛t✉r❡s ♠✉t❛❜❧❡ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ r❡❢❡r❡♥❝❡s ✐♥ t❤❡ ❲❤② ❧❛♥❣✉❛❣❡✱ ❜✉t t❤❡
t②♣❡ s②st❡♠ ❡♥s✉r❡s t❤❛t t❤❡② ♠❛② ♥♦t ❜❡ ❛❧✐❛s❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ t✇♦ ♠✉t❛❜❧❡ ✈❛r✐❛❜❧❡s
x ❛♥❞ y ❛r❡ ✐♥ t❤❡ ❝♦♥t❡①t✱ t❤❡♥ ❜❡❝❛✉s❡ t❤❡ ♥❛♠❡s ✏x✑ ❛♥❞ ✏y✑ ❛r❡ ❞✐✛❡r❡♥t ✇❡ ❦♥♦✇ t❤❛t
x ❛♥❞ y ❛r❡ ♥♦t t❤❡ s❛♠❡ r❡❢❡r❡♥❝❡s✳ ❚❤✉s✱ ✐❢ ✇❡ ♠♦❞✐❢② x✱ t❤❡♥ y ✐s ✉♥t♦✉❝❤❡❞✳

❚♦ ❡♥❢♦r❝❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛❧✐❛s❡s✱ t❤❡ t②♣❡ s②st❡♠ ✐♠♣♦s❡s s♦♠❡ r❡str✐❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✿

• ✇❤❡♥ ❝❛❧❧✐♥❣ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s t✇♦ r❡❢❡r❡♥❝❡s ❛s ❛r❣✉♠❡♥ts✱ t❤❡ r❡❢❡r❡♥❝❡s ❣✐✈❡♥
❛t ❝❛❧❧ s✐t❡ ♠✉st ♥♦t ❜❡ ❛❧✐❛s❡❞❀

• ❛ r❡❢❡r❡♥❝❡ ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥♦t❤❡r r❡❢❡r❡♥❝❡✳

❚❤❡ ❢♦r♠❡r ❡♥s✉r❡s t❤❛t ❢✉♥❝t✐♦♥s ❝❛♥ ❛ss✉♠❡ t❤❡✐r ❛r❣✉♠❡♥ts t♦ ❜❡ s❡♣❛r❛t❡❞✳ ❚❤❡ ❧❛t❡r
✐s q✉✐t❡ r❡str✐❝t✐✈❡ ❛s ❝♦♠♣❧❡① ❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s ❧✐♥❦❡❞ ❧✐sts ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ✇✐t❤♦✉t
s♦♠❡ ❡♥❝♦❞✐♥❣ ♦❢ ❛ ♠❡♠♦r② ♠♦❞❡❧✳

❚r❛♥s❧❛t✐♥❣ ❋r♦♠ ■♠♣❡r❛t✐✈❡ ❚♦ ❋✉♥❝t✐♦♥❛❧ ❚❤❡❲❤② t♦♦❧ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t♦♦❧ ✇❤✐❝❤
tr❛♥s❢♦r♠s ❛♥ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠ ✐♥t♦ ❛ ♣✉r❡ ♣r♦❣r❛♠✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇
✐♠♠✉t❛❜❧❡ ✈❛r✐❛❜❧❡ xi ❢♦r ❡❛❝❤ ❛ss✐❣♥♠❡♥t t♦ ❛ ✈❛r✐❛❜❧❡ x✳ ❱❛r✐❛❜❧❡ xi ✇✐❧❧ ❜❡ ✉s❡❞ ✇❤❡♥
r❡❛❞✐♥❣ ❢r♦♠ x ✉♥t✐❧ x ✐s ❛ss✐❣♥❡❞ ❛❣❛✐♥✳ ▲❡t✬s ✐❧❧✉str❛t❡ t❤❡ ✐❞❡❛ ✉s✐♥❣ ❛♥ ❡①❛♠♣❧❡✿
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int x = 1;

int y = 2;

x = x + y;

y = 3;

x = x + y;

❍❡r❡ ✐s ✇❤❛t ✇❡ ♦❜t❛✐♥✿

let x1 = 1 in

let y1 = 2 in

let x2 = x1 + y1 in

let y2 = 3 in

let x3 = x2 + y2 in

()

❚❤✐s ✐s ❛ ♣✉r❡❧② ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠ ✇❤✐❝❤ s✐♠✉❧❛t❡s t❤❡ ♦r✐❣✐♥❛❧ ✐♠♣❡r❛t✐✈❡ ♦♥❡✳ ◆♦t❡ t❤❛t
t❤✐s ❛❧s♦ ❧♦♦❦s ❛ ❧♦t ❧✐❦❡ t❤❡ ❤②♣♦t❤❡s❡s t❤❛t ✇♦✉❧❞ ❜❡ ❛✈❛✐❧❛❜❧❡ t♦ ♣r♦✈❡ ❛ ♣♦st✲❝♦♥❞✐t✐♦♥
♦♥ t❤❡ ♣r♦❣r❛♠✱ ✉s✐♥❣ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✿ ✇❡ ❝❛♥ ✈✐❡✇ t❤❡ s✉❝❝❡ss✐✈❡ ✈❛❧✉❡s ♦❢ ♠✉t❛❜❧❡
✈❛r✐❛❜❧❡s ❛s s✉❝❝❡ss✐✈❡ ✐♠♠✉t❛❜❧❡ ✈❛r✐❛❜❧❡s✳

❚♦ tr❛♥s❧❛t❡ ❢✉♥❝t✐♦♥s ✇✐t❤ s✐❞❡✲❡✛❡❝ts✱ ✇❡ ❡♥❝♦❞❡ t❤❡♠ ❛s ❢✉♥❝t✐♦♥s ✇❤✐❝❤ r❡t✉r♥ ♥♦t
♦♥❧② t❤❡✐r r❡t✉r♥ ✈❛❧✉❡ ❜✉t ❛❧s♦ t❤❡ ♥❡✇ ✈❛❧✉❡s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s t❤❡② ♠♦❞✐❢②✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❡r❛t✐✈❡ ❢✉♥❝t✐♦♥✿

int f(int* x, int* y)

{

*x = *x + *y;

return *x - *y;

}

❜❡❝♦♠❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✉r❡ ❢✉♥❝t✐♦♥✿

let f (x: int, y: int) =

let x1 = x + y in

(x1 - y, x1)

❚❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡t✉r♥❡❞ ♣❛✐r ✐s t❤❡ r❡t✉r♥ ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ t❤❡ tr❛♥s❧❛t✐♦♥
♦❢ *x - *y✳ ❚❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s t❤❡ ♥❡✇ ✈❛❧✉❡ ♦❢ x✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❧❡r✿

int x = 1;

int y = 2;

int z = f(&x, &y);

return x + y + z

❚❤✐s ❝❛❧❧ ✐s tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✉r❡ ♣r♦❣r❛♠✿

let x = 1 in

let y = 2 in

let (z, x1) = f(x, y) in

x1 + y + z

❚❤❡ ♥❡✇ ✈❛❧✉❡ ♦❢ x ✐s r❡tr✐❡✈❡❞ ❢r♦♠ t❤❡ ♣❛✐r r❡t✉r♥❡❞ ❜② t❤❡ ❝❛❧❧✳
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✷✳✸✳✷ ❚❤❡ ❇♦♦❣✐❡ ■♥t❡r♠❡❞✐❛t❡ ▲❛♥❣✉❛❣❡

❇♦♦❣✐❡ ❬❇❛r♥❡tt✵✺❪ ✐s s✐♠✐❧❛r t♦ ❲❤② ✐♥ t❤❛t ✐t ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✿
❈★ ♣r♦❣r❛♠s ❛r❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❇♦♦❣✐❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ✭❇♦♦❣✐❡ P▲✮✱ ❛♥❞ ♣r♦❣r❛♠s
✐♥ ❇♦♦❣✐❡ P▲ ❛r❡ t❤❡♠s❡❧✈❡s ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❧♦✇❡r✲❧❡✈❡❧ ❇♦♦❣✐❡ ❧❛♥❣✉❛❣❡✳ ❚❤❡ ❇♦♦❣✐❡ t♦♦❧
t❤❡♥ ❝♦♠♣✉t❡s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❢r♦♠ t❤❡s❡ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❣r❛♠s✳ Pr♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❝❛♥ ❜❡
❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② t❤❡ ❩✸ ❛✉t♦♠❛t✐❝ ♣r♦✈❡r✳ ❇♦♦❣✐❡ P▲ ✐s ❛❧s♦ ❛❧✐❛s✲❢r❡❡✳

❍♦✇❡✈❡r t❤❡ ❇♦♦❣✐❡ ❧❛♥❣✉❛❣❡ ✐ts❡❧❢✱ ❝♦♥tr❛r② t♦ ❲❤②✱ ✐s ♥♦t ❛♥ ❡①♣r❡ss✐♦♥ ❧❛♥❣✉❛❣❡ ❜✉t ❛
st❛t❡♠❡♥t ❧❛♥❣✉❛❣❡✳ ■ts ♠❛✐♥ ✐♥str✉❝t✐♦♥s ❛r❡ havoc✱ assume ❛♥❞ assert✳ ■t ✐s r❡♠❛r❦❛❜❧❡
t❤❛t t❤❡s❡ t❤r❡❡ ♦♣❡r❛t✐♦♥s ❛r❡ q✉✐t❡ ❡①♣r❡ss✐✈❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡✐r s❡♠❛♥t✐❝s
❛♥❞ s❤♦✇ ❤♦✇ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ ❜❛s✐❝ ❝♦♥str✉❝t✐♦♥s s✉❝❤ ❛s ❢✉♥❝t✐♦♥ ❝❛❧❧s ❛♥❞
❧♦♦♣s✳

❚❤❡ havoc x ♦♣❡r❛t✐♦♥ t❛❦❡s ❛ ✈❛r✐❛❜❧❡ x ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ ❛ss✐❣♥s ✐t t♦ s♦♠❡ ✈❛❧✉❡✳
❚❤✐s ✈❛❧✉❡ ✐s ✉♥s♣❡❝✐✜❡❞✿ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✳ ■❢ ✇❡ s❡❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡
♣r♦❣r❛♠ ❛s ❛ ♣❛t❤✱ havoc ✐s ❛ ❝r♦ssr♦❛❞s✿ ❡①❡❝✉t✐♦♥ ❝❛♥ ❝♦♥t✐♥✉❡ ♦♥ ❛♥② ♣❛t❤ ✇❤❡r❡ ♥♦t❤✐♥❣
❤❛s ❝❤❛♥❣❡❞ ❜✉t✱ ♠❛②❜❡✱ ✈❛r✐❛❜❧❡ x✳

❚❤❡ assert P ♦♣❡r❛t✐♦♥ t❛❦❡s ❛ ♣r❡❞✐❝❛t❡ P ❛s ❛♥ ❛r❣✉♠❡♥t✳ Pr❡❞✐❝❛t❡ P ♠✉st ❤♦❧❞
❛t t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✿ assert P ♣r♦❞✉❝❡s P ❛s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳ ■❢ ✇❡ s❡❡ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛s ❛ ♣❛t❤✱ assert ✐s ❛ ❝❤❡❝❦♣♦✐♥t✳ ■t ❞♦❡s ♥♦t r❡str✐❝t ♦r ❛❞❞ ♥❡✇
♣❛t❤s t♦ t❤❡ ❡①❡❝✉t✐♦♥✳

❚❤❡ assume P ♦♣❡r❛t✐♦♥ t❛❦❡s ❛ ♣r❡❞✐❝❛t❡ P ❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ ✐♥s❡rts ✐t ❛s ❛♥ ❤②✲
♣♦t❤❡s✐s ✐♥ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ♣r♦✈❡♥✳ ■❢ ✇❡ s❡❡ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛s ❛ ♣❛t❤✱ assume r❡str✐❝ts ♣♦ss✐❜❧❡ ♣❛t❤s ❜② r❡♠♦✈✐♥❣ ❛❧❧ ♣❛t❤s
✇❤❡r❡ P ❞♦❡s ♥♦t ❤♦❧❞✳

❲❡ ❝❛♥ ❡♥❝♦❞❡ ❛ss✐❣♥♠❡♥t x := e✱ ✐❢ x ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ e✱ ✉s✐♥❣ havoc ❛♥❞ assume✿

havoc x

assume x = e

■♥❞❡❡❞✱ t❤❡ havoc ♦♣❡r❛t✐♦♥ ❛❧❧♦✇s t❤❡ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥ t♦ t❛❦❡ ❛♥② ♣❛t❤ ✇❤❡r❡ t❤❡ ✈❛❧✉❡
♦❢ ✈❛r✐❛❜❧❡ x ❤❛s ❝❤❛♥❣❡❞✱ ❜✉t t❤❡s❡ ♣❛t❤s ❛r❡ ✐♠♠❡❞✐❛t❧② r❡str✐❝t❡❞ ❜② assume t♦ t❤♦s❡
✇❤❡r❡ ♣r❡❞✐❝❛t❡ x = e ❤♦❧❞s✳ ❚❤✉s✱ t❤❡ ♣r♦❣r❛♠ ✇✐❧❧ t❛❦❡ t❤❡ ✉♥✐q✉❡ ♣❛t❤ ✇❤❡r❡ ✈❛❧✉❡ ♦❢ x
❤❛s ❝❤❛♥❣❡❞ ❛♥❞ ✐s ♥♦✇ e✳

❲❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ while ❧♦♦♣✿

...

while (x > 0)

/*@ invariant P */

{

y = x;

x = y - 1;

};

...

✉s✐♥❣ t✇♦ ❇♦♦❣✐❡ ♣r♦❣r❛♠s✳ ❚❤❡ ✜rst ♣r♦❣r❛♠ ♣r♦✈❡s t❤❡ ❜♦❞② ♦❢ t❤❡ ❧♦♦♣✿

// ❛ss✉♠❡ ❧♦♦♣ ✐♥✈❛r✐❛♥t
assume P;

// ❛ss✉♠❡ ✇❡ ❛r❡ ✐♥ t❤❡ ❧♦♦♣
assume x > 0;

// ❛ss✐❣♥ y



✷✹ ❈❍❆P❚❊❘ ✷✳ ❚❊❈❍◆■❈❆▲ ❇❆❈❑●❘❖❯◆❉

havoc y;

assume y = x;

// ❛ss✐❣♥ x
havoc x;

assume x = y - 1;

// ♣r♦✈❡ ❧♦♦♣ ✐♥✈❛r✐❛♥t ✐s ♠❛✐♥t❛✐♥❡❞
assert P;

❚❤❡ s❡❝♦♥❞ ♣r♦❣r❛♠ ❛❜tr❛❝ts t❤❡ ❧♦♦♣ ❛s ❛ ❜❧❛❝❦ ❜♦① ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡♣❧❛❝❡ t❤❡ ❧♦♦♣ ✐♥
t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ♣r♦❣r❛♠ ❡♥❝♦❞✐♥❣✿

...

// ❧♦♦♣ ✐♥✈❛r✐❛♥t ♠✉st ❤♦❧❞
assert P;

// t❤❡ ❧♦♦♣ ♠♦❞✐✜❡s s♦♠❡ ✈❛r✐❛❜❧❡s x
havoc x;

// ❛ss✉♠❡ ✇❡ ❛r❡ ❧❡❛✈✐♥❣ t❤❡ ❧♦♦♣
assume x <= 0;

// t❤❡ ❧♦♦♣ ✐♥✈❛r✐❛♥t ❤♦❧❞s
assume P;

...

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❡♥❝♦❞❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥ ❝❛❧❧s✳ ❙❛② ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉♥❝t✐♦♥✿

void incr(int* x)

//@ requires x >= 0

//@ ensures x > 0

{

int y = *x;

*x = y + 1;

}

❲❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ❢✉♥❝t✐♦♥ ❛s✿

// ♣r❡✲❝♦♥❞✐t✐♦♥
havoc x;

assume x >= 0;

// ❜♦❞②
havoc y;

assume y = x;

havoc x;

assume x = y + 1;

// ♣♦st✲❝♦♥❞✐t✐♦♥
assert x > 0;

◆♦t✐❝❡ t❤❛t t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ✐s ❛ss✉♠❡❞✱ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♠✉st ❜❡ ♣r♦✈❡❞✳ ◆♦✇ s❛②
✇❡ ✇❛♥t t♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❧✿

z = 42;

incr(&z);

❚❤✐s ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s✿
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havoc z;

assume z = 42;

// ♣r❡✲❝♦♥❞✐t✐♦♥
assert z >= 0;

// ❢✉♥❝t✐♦♥ ♠♦❞✐✜❡s ✐ts ❛r❣✉♠❡♥t
havoc z;

// ♣♦st✲❝♦♥❞✐t✐♦♥
assume z > 0;

◆♦t✐❝❡ t❤❛t ♥♦✇✱ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♠✉st ❜❡ ♣r♦✈❡❞✱ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ✐s ❛ss✉♠❡❞✳ ◆♦t✐❝❡
❛❧s♦ t❤❛t ✐t ✐s ♥❡❝❡ss❛r② t♦ ❦♥♦✇ ✇❤✐❝❤ ✈❛r✐❛❜❧❡s t❤❡ ❝❛❧❧ ♠❛② ♠♦❞✐❢②✳ ❍❡r❡✱ incr ♠♦❞✐✜❡s
✐ts ❛r❣✉♠❡♥t z✱ ❤❡♥❝❡ t❤❡ havoc z ✐♥str✉❝t✐♦♥✳

✷✳✹ ▼❡♠♦r② ▼♦❞❡❧s ❢♦r Pr♦❣r❛♠s ✇✐t❤ ❆❧✐❛s

❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ♣♦✐♥t❡rs ♠❛② ♦r ♠❛② ♥♦t ♣♦✐♥t t♦ t❤❡ s❛♠❡ ❛❞❞r❡ss✱ ✇❡
♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❤❡❛♣ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❙❡✈❡r❛❧ ♠♦❞❡❧s ❛r❡ ♣♦ss✐❜❧❡✱ ❛♥❞
✇❡ ❞✐s❝✉ss s♦♠❡ ♦❢ t❤❡♠ ✐♥ t❤✐s s❡❝t✐♦♥✳

✷✳✹✳✶ ❍❡❛♣ ❛s ❛ ❙✐♥❣❧❡ ❆rr❛②

❆ s✐♠♣❧❡ ♠♦❞❡❧ ✐s t♦ r❡♣r❡s❡♥t t❤❡ ✇❤♦❧❡ ❤❡❛♣ ❛s ❛♥ ❛rr❛② H ✐♥❞❡①❡❞ ❜② ♣♦✐♥t❡r ❛❞❞r❡ss❡s✳
❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s✳ ❲❡ ♠♦❞❡❧ ❛rr❛②s ✉s✐♥❣ t✇♦ ❢✉♥❝t✐♦♥s select
❛♥❞ store✳ ●✐✈❡♥ ❛♥ ❛rr❛② a ❛♥❞ ❛♥ ✐♥❞❡① i✱ select(a, i) ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❡❧❧ ♦❢ a ❛t ✐♥❞❡①
i✳ ●✐✈❡♥ ❛♥ ❛rr❛② a✱ ❛♥ ✐♥❞❡① i ❛♥❞ ❛ ✈❛❧✉❡ v✱ store(a, i, v) ✐s ❛ ❝♦♣② ♦❢ t❤❡ ❛rr❛② a ✇❤❡r❡ t❤❡
❝♦♥t❡♥ts ♦❢ t❤❡ ❝❡❧❧ ❛t ✐♥❞❡① i ✐s r❡♣❧❛❝❡❞ ❜② v✳ ❲❡ ♣♦s❡ t✇♦ ❛①✐♦♠s t♦ r❡❛s♦♥ ❛❜♦✉t select
❛♥❞ store✿

∀a, i, v. select(store(a, i, v), i) = v

❛♥❞✿
∀a, i, j, v. i 6= j ⇒ select(store(a, i, v), j) = select(a, j)

❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❞❡s❝r✐❜❡ t❤❡ ✇❤♦❧❡ ❤❡❛♣ ✐❢ ✇❡ r❡♣r❡s❡♥t t❤❡ ❛❞❞r❡ss ♦❢ ♣♦✐♥t❡rs ❛s ✐♥❞❡①❡s
i ✐♥ s✉❝❤ ❛♥ ❛rr❛② a✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ f✿

void f(int* x, int* y)

/*@ ensures *x == 1 @*/

{

*x = 1;

*y = 2;

}

❯s✐♥❣ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧✱ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥ f ✐s✿

∀H,x, y. select(store(store(H,x, 1), y, 2), x) = 1

■♥t✉✐t✐✈❡❧②✱ H ✐s t❤❡ ❤❡❛♣ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❆❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x✱ t❤❡ ❤❡❛♣
✐s t❤❡♥ store(H,x, 1)✳ ❆❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ y✱ t❤❡ ❤❡❛♣ ✐s t❤❡♥ store(store(H,x, 1), y, 2)✳
❚❤✐s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❞✐s❝❤❛r❣❡❞✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥♥♦t ❛♣♣❧② ❛♥② ♦❢ ♦✉r t✇♦ ❛①✐♦♠s
❛s ✇❡ ❞♦♥✬t ❦♥♦✇ ✇❤❡t❤❡r x = y✳
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❍❡r❡ ✐s ♦♥❡ ✇❛② t♦ ✜① t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ f✿

void f(int* x, int* y)

/*@ ensures x <> y ==> *x == 1 @*/

{

*x = 1;

*y = 2;

}

❚❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❜❡❝♦♠❡s✿

∀H,x, y. x 6= y ⇒ select(store(store(H,x, 1), y, 2), x) = 1

❇❡❝❛✉s❡ ✇❡ ♥♦✇ ❤❛✈❡ x 6= y ❛s ❛♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❝❛♥ ❛♣♣❧② ♦✉r s❡❝♦♥❞ ❛①✐♦♠ ❛♥❞ s✐♠♣❧✐❢②
t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❛s✿

∀H,x. select(store(H,x, 1), x) = 1

✇❤✐❝❤ ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ♦✉r ✜rst ❛①✐♦♠ ✇✐t❤ v = 1✳

✷✳✹✳✷ ◆❡❡❞ ❢♦r ❙❡♣❛r❛t✐♦♥

❆❧t❤♦✉❣❤ t♦♦❧s s✉❝❤ ❛s ❙♣❡❝★✱ ❊❙❈✴❏❛✈❛✱ ❱❈❈ ♦r ❉❛❢♥② ❤❛✈❡ ♣r♦✈❡♥ t❤❛t t❤❡ ❛❜♦✈❡ ❛♣✲
♣r♦❛❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✈❡r✐❢② q✉✐t❡ ❧❛r❣❡ ✐♥❞✉str✐❛❧ ♣r♦❣r❛♠s✱ t❤❡r❡ ❛r❡ ✐♠♣♦rt❛♥t ✐ss✉❡s
r❡❣❛r❞✐♥❣ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡♠♦r② ❤❡❛♣ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ✇❛② ❛❧✐❛s✐♥❣ ✐s ❤❛♥✲
❞❧❡❞✳ ❲❡ r❡✈✐❡✇ t❤❡s❡ ✐ss✉❡s ❜❡❧♦✇✱ ❛♥❞ r❡❢❡r t♦ ❙❛s❝❤❛ ❇ö❤♠❡ ❛♥❞ ▼✐❝❤❛➟ ▼♦s❦❛❧ ❬❇ö❤♠❡✶✶❪
❢♦r ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ✈❛r✐♦✉s ❦✐♥❞s ♦❢ ♠♦❞❡❧s✳

❆❧✐❛s✐♥❣ ✐♥ Pr♦♦❢ ❖❜❧✐❣❛t✐♦♥s ❚❤❡ ✜rst ✐ss✉❡ ✐s t❤❛t ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s s♦♠❡t✐♠❡s ❜❡❝♦♠❡
q✉✐t❡ ❝♦♠♣❧✐❝❛t❡❞✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ✇❤❛t t❤❡ ♣r♦❣r❛♠♠❡r ♠❛② ❤❛✈❡ ✐♥ ♠✐♥❞ ❢♦r ❢✉♥❝t✐♦♥ f✿

∀x, y. x = 1 ∧ y = 2⇒ x = 1

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❛❝t✉❛❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✿

∀H,x, y. x 6= y ⇒ select(store(store(H,x, 1), y, 2), x) = 1

❚❤✐s ✐s ❧❡ss r❡❛❞❛❜❧❡ ❛♥❞ ♦❜✈✐♦✉s✱ ❛❧t❤♦✉❣❤ ✐t ✐s st✐❧❧ s✐♠♣❧❡ ❡♥♦✉❣❤ t♦ ❜❡ ❞✐s❝❤❛r❣❡❞ ❜②
❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs✳

◆♦✇ ❝♦♥s✐❞❡r ❛ ♣r♦❣r❛♠ ✇❤✐❝❤ ❛ss✐❣♥s ❛ ❧♦t ♦❢ ✈❛r✐❛❜❧❡s✿

{

*x0 = v0;

*x1 = v1;

...

*xn = vn;

}

❚♦ ♣r♦✈❡ t❤❛t *x0 ✐s ❡q✉❛❧ t♦ v0✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t x0 ✐s ❞✐✛❡r❡♥t t❤❛♥ ❛❧❧ ✈❛r✐❛❜❧❡s
x1 t♦ xn✳ ❚❤✐s r❡q✉✐r❡s ♥♦t ♦♥❧② ♠♦r❡ ✇♦r❦ ❢♦r t❤❡ ♣r♦♦❢ ❜✉t ❛❧s♦ ❛❞❞✐t✐♦♥❛❧ s♣❡❝✐✜❝❛t✐♦♥
❛♥♥♦t❛t✐♦♥s ✐♥ t❤❡ ♣r♦❣r❛♠✱ t♦ st❛t❡ t❤❛t ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ ❞✐✛❡r❡♥t✳
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▼♦❞✉❧❛r✐t② ❆♥♦t❤❡r ✐ss✉❡ ✐s ♠♦❞✉❧❛r✐t②✳ ❙❛② ②♦✉ ❤❛✈❡ ❞❡s✐❣♥❡❞ ❛ ❧✐❜r❛r② ✐♠♣❧❡♠❡♥t✐♥❣
s♦♠❡ ❞❛t❛ str✉❝t✉r❡ set t♦ r❡♣r❡s❡♥t s❡ts ♦❢ ✐♥t❡❣❡rs✳ ▼❛②❜❡ ②♦✉ ✉s❡❞ ❧✐♥❦❡❞ ❧✐sts✱ ♠❛②❜❡
②♦✉ ✉s❡❞ tr❡❡s✱ ❜✉t ②♦✉ ✇❛♥t t♦ ❤✐❞❡ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❡♥s✉r❡ t❤❛t ②♦✉ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦
❝❤❛♥❣❡ ✐t ❧❛t❡r ✐❢ ♥❡❡❞❡❞ ✇✐t❤♦✉t ❛❞❛♣t✐♥❣ t❤❡ ✇❤♦❧❡ ♣r♦❣r❛♠✳ ❙❛② ②♦✉r ❧✐❜r❛r② ♣r♦✈✐❞❡s ❛
❢✉♥❝t✐♦♥ t♦ ❛❞❞ ❛ ♥❡✇ ❡❧❡♠❡♥t ✐♥t♦ t❤❡ s❡t✿

void add(set s, int i)

❚❤✐s ❢✉♥❝t✐♦♥ ❛ss✐❣♥s s♦♠❡ ♣♦✐♥t❡rs ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✐♥t❡r♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡t✳ ◆♦✇
❧❡t✬s ✉s❡ t❤✐s ❢✉♥❝t✐♦♥ add✿

void f(int* x)

/*@ ensures x = 0 */

{

*x = 0;

add(l, 42);

}

❇❡❝❛✉s❡ add ♠❛② ♠♦❞✐❢② ❛♥② ♣♦✐♥t❡r ♦❢ t❤❡ ❤❡❛♣ H✱ ✐♥❝❧✉❞✐♥❣ x✱ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s ♥♦t
♣r♦✈❛❜❧❡✿

∀x,H,H ′, H ′′. H ′ = store(H,x, 0)⇒ select(H ′′, x) = 0

❍❡r❡✱ H ✐s t❤❡ ❤❡❛♣ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❢✉♥❝t✐♦♥ f✱ H ′ ✐s t❤❡ ❤❡❛♣ ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦
x✱ ❛♥❞ H ′′ ✐s t❤❡ ❤❡❛♣ ❛❢t❡r t❤❡ ❝❛❧❧ t♦ add✳ ❇❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤✐❝❤ ♣♦✐♥t❡rs add
♠❛② ❛ss✐❣♥✱ ✇❡ ❦♥♦✇ ♥♦t❤✐♥❣ ❛❜♦✉t H ′′✳ ❚♦ ❡♥s✉r❡ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❢♦r f ✐s ♣r♦✈❛❜❧❡✱
✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② ✇❤✐❝❤ ♣♦✐♥t❡rs add ♠❛② ❛ss✐❣♥✱ ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❤✐❝❤ ♣♦✐♥t❡rs ✐t ✇✐❧❧
❧❡❛✈❡ ✉♥❝❤❛♥❣❡❞✳ ❚❤✐s ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ✉s✐♥❣ ❛♥ assigns ❝❧❛✉s❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ add ♦♥❧②
♠♦❞✐✜❡s ❛ ✜❡❧❞ ♥❛♠❡❞ contents ♦❢ s❡t s✿

void add(set s, int i)

/*@ assigns s.contents */

❚❤✐s assigns ❝❧❛✉s❡ ✐s ❝♦♠♣❛r❛❜❧❡ t♦ ❛ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ ❧♦❝❛t✐♦♥s
❡①❝❡♣t s.contents ❤❛s ♥♦t ❝❤❛♥❣❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s assigns ❝❧❛✉s❡ ❡①♣♦s❡s t❤❡ contents
✜❡❧❞ ♦❢ t❤❡ s❡t s✱ ❛♥❞ t❤✉s ♠♦❞✉❧❛r✐t② ✐s ❜r♦❦❡♥✳

❚❤✐s ♠♦❞✉❧❛r✐t② ✐ss✉❡ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❛❞❞r❡ss❡❞ ❜② ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s✳ ❙♦♠❡
♦❢ t❤❡♠ ❛❧❧♦✇ t❤❡ ✉s❡r t♦ ❛❜str❛❝t ♦✈❡r t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ♠♦❞✐✜❡❞✳ ❲❡ ❝❛♥ ✈✐❡✇
t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❞❛t❛ str✉❝t✉r❡ ❛s ❛ ❢r❛♠❡✳ ❋r♦♠ ♦✉ts✐❞❡ ♦❢ t❤❡ ❞❛t❛
str✉❝t✉r❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❦♥♦✇ t❤❛t ♦♥❧② t❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❢r❛♠❡ ♠❛② ❜❡ ♠♦❞✐✜❡❞✳ ❚❤❡
assigns ❝❧❛✉s❡ ✐s ❛♥♦t❤❡r ✐♥st❛♥❝❡ ♦❢ ❛ ❢r❛♠❡✱ ✉s❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ ❛ ❢✉♥❝t✐♦♥✳ ❲❤❡♥ ✇❡
❛♣♣❧② ❢✉♥❝t✐♦♥ add ❛❜♦✈❡✱ ✇❡ ❦♥♦✇ t❤❛t ♦♥❧② t❤❡ ❢r❛♠❡ s♣❡❝✐✜❡❞ ❜② t❤❡ assigns ❝❧❛✉s❡ ♠❛②
❜❡ ♠♦❞✐✜❡❞ ❜② add✳ ■♥ ❧♦❣✐❝s ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❢r❛♠❡s s✉❝❤ ❛s s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❬❘❡②♥♦❧❞s✵✷❪✱
❞②♥❛♠✐❝ ❢r❛♠❡s ❬❑❛ss✐♦s✵✻❪ ♦r r❡❣✐♦♥❛❧ ❧♦❣✐❝ ❬❇❛♥❡r❥❡❡✵✽❪✱ ❢r❛♠❡ r✉❧❡s st❛t❡ t❤❛t ✐❢ t❤❡ ❍♦❛r❡
tr✐♣❧❡ {P}C{Q} ✐s ✈❛❧✐❞✱ ✐❢ C ♦♥❧② ♠♦❞✐✜❡s ❢r❛♠❡ f ❛♥❞ ✐❢ R ♠❡♥t✐♦♥s ♥♦ ❧♦❝❛t✐♦♥ ♦❢ f ✱ t❤❡♥
t❤❡ ❍♦❛r❡ tr✐♣❧❡ {P ∧R}C{Q ∧R} ✐s ✈❛❧✐❞ ❛s ✇❡❧❧✳

✷✳✹✳✸ ❈♦♠♣♦♥❡♥t✲❛s✲❆rr❛②✿ ❖♥❡ ❆rr❛② P❡r ❋✐❡❧❞

❚❤❡ ❇✉rst❛❧❧✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ❬❇♦r♥❛t✵✵❪ ♠♦❞❡❧ ✐s ❛ s✐♠♣❧❡ ✇❛② t♦ ❛❝❤✐❡✈❡ s♦♠❡
s❡♣❛r❛t✐♦♥ ✇❤❡♥ r❡❝♦r❞s ✇✐t❤ ♠✉❧t✐♣❧❡ ✜❡❧❞s ✭❈ str✉❝t✉r❡s ♦r ❏❛✈❛ ♦❜❥❡❝ts✱ ❢♦r ✐♥st❛♥❝❡✮ ❛r❡
✐♥✈♦❧✈❡❞✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ♦♥❡ s✐♥❣❧❡ ❛rr❛② ❢♦r t❤❡ ✇❤♦❧❡ ❤❡❛♣✱ ✇❡ ✉s❡ ♦♥❡
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❛rr❛② ♣❡r ✜❡❧❞✳ ❋♦r ✐♥st❛♥❝❡✱ s❛② t❤❡ ♣r♦❣r❛♠♠❡r ❞❡❝❧❛r❡❞ ❛ pair r❡❝♦r❞ ✇✐t❤ t✇♦ ✜❡❧❞s
first ❛♥❞ second✿

typedef struct {

int first;

int second;

} pair;

❆ss✉♠❡ t✇♦ pair ♣♦✐♥t❡rs p ❛♥❞ q✳ ❚❤❡r❡ ✐s ♥♦ ✇❛② ❢♦r p->first t♦ ❞❡♥♦t❡ t❤❡ s❛♠❡
♠❡♠♦r② ❝❡❧❧ ❛s q->second ✉♥❧❡ss t②♣❡ ❝❛sts ❛r❡ ❛❧❧♦✇❡❞✳ ❚❤✐s st❛t✐❝ ✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ t♦
s❡♣❛r❛t❡ t❤❡ ❤❡❛♣ ✐♥t♦ ♦♥❡ ❛rr❛② ♣❡r ❞❡❝❧❛r❡❞ ✜❡❧❞✳ ❚❤✐s ✇❛②✱ ✐❢ p->first ✐s ♠♦❞✐✜❡❞✱ t❤❡
♦♥❧② ♣❛rt ♦❢ t❤❡ ❤❡❛♣ ✇❤✐❝❤ ✐s ❝❤❛♥❣❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s t❤❡ ❛rr❛② ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ first ✜❡❧❞✳ ❚❤❡ ❛rr❛② ❢♦r second ✐s st❛t✐❝❛❧❧② ✉♥t♦✉❝❤❡❞✳

▲❡t✬s s❡❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♣r♦❣r❛♠ ✉s✐♥❣ t❤❡ pair str✉❝t✉r❡ ❛♥❞ ❝♦♠♣✉t❡ ✐ts ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥ ✉s✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡❧✳

void incr(pair* p)

/*@ ensures p->first == \old(p->first) + 1 */

{

p->first = p->first + 1;

p->second = p->second + 1;

}

■♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ \old(e) ❞❡♥♦t❡s t❤❡ ✈❛❧✉❡ ♦❢ e ❜❡❢♦r❡ t❤❡ ❝❛❧❧✳
❲✐t❤♦✉t t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ❛♣♣r♦❛❝❤✱ t❤❡ ♣r♦❣r❛♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

void incr(pairarray* h, pair* p)

/*@ ensures

select(*h, p).first == select(\old(*h), p).first + 1 */

{

*h = store(*h, p,

setfirst(select(*h, p), select(*h, p).first + 1));

*h = store(*h, p,

setsecond(select(*h, p), select(*h, p).second + 1));

}

✇❤❡r❡ pairarray✱ select ❛♥❞ store ❢♦r♠ t❤❡ ❛rr❛② t❤❡♦r② ✇✐t❤ t②♣❡ pointer ❢♦r
✐♥❞❡①❡s ❛♥❞ t②♣❡ pair ❢♦r ✈❛❧✉❡s✱ ❛♥❞ ✇❤❡r❡ setfirst ❛♥❞ setsecond r❡t✉r♥ ❛ ♥❡✇
pair ✇✐t❤ ✜❡❧❞ first ♦r second✱ r❡s♣❡❝t✐✈❡❧②✱ ❜❡✐♥❣ ❝❤❛♥❣❡❞ t♦ t❤❡ ❣✐✈❡♥ ✈❛❧✉❡✳ ❱❛r✐❛❜❧❡
h ❞❡♥♦t❡s t❤❡ ❤❡❛♣✳ ❚♦ ♣r♦✈❡ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t setsecond ❞♦❡s ♥♦t
♠♦❞✐❢② ✜❡❧❞ first✳

❯s✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ❛♣♣r♦❛❝❤✱ ✇❡ tr❛♥s❢♦r♠ t❤✐s ♣r♦❣r❛♠ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

void incr(intarray* first, intarray* second, pointer p)

/*@ ensures select(*first, p) == select(\old(*first), p)+1 */

{

*first = store(*first, p, select(*first, p) + 1);

*second = store(*second, p, select(*second, p) + 1);

}

✇❤❡r❡ intarray✱ select ❛♥❞ store ❢♦r♠ t❤❡ ❛rr❛② t❤❡♦r② ✇✐t❤ t②♣❡ pointer ❢♦r ✐♥❞❡①❡s✳
❍❡❛♣ h ❤❛s ❜❡❡♥ s♣❧✐t ✐♥t♦ first ❛♥❞ second✳ ❚❤✐s ✈❡rs✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❲❤②
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♥♦✲❛❧✐❛s r❡str✐❝t✐♦♥✱ ❛s t♦ ❛ss✉♠❡ first ❛♥❞ second ❛r❡ s❡♣❛r❛t❡❞ ✐s ❡①❛❝t❧② ✇❤❛t ✇❡ ✇❛♥t✳
❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ✉s✐♥❣ ❍♦❛r❡ ❧♦❣✐❝ r✉❧❡s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✿

∀first , second ,first ′, second ′, p.
first ′ = store(first , p, select(first , p) + 1)

∧ second ′ = store(second , p, select(second , p) + 1)
⇒ select(first ′, p) = select(first , p) + 1

❚❤❡r❡ ✐s ♥♦ ❧♦♥❣❡r ❛ s✐♥❣❧❡ ❤❡❛♣ H✱ ❛s ✐t ✐s s❡♣❛r❛t❡❞ ✐♥t♦ t✇♦ ❛rr❛②s✿ first ❛♥❞ second ✳
❇❡❝❛✉s❡ first ❛♥❞ second ❛r❡ s②♥t❛❝t✐❝❛❧❧② t✇♦ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s✱ ✇❤❡♥ second ✐s ♠♦❞✐✜❡❞
first ✐s ✉♥❝❤❛♥❣❡❞✳ ❚❤✉s ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t p->second ❛♥❞ p->first r❡♣r❡s❡♥t
❞✐✛❡r❡♥t ♠❡♠♦r② ❝❡❧❧s✳

◆♦t❡ t❤❛t t❤✐s ♠♦❞❡❧ ❞♦❡s ♥♦t ❛❧❧♦✇ ✜♥❡r ♣♦✐♥t❡r ❛r✐t❤♠❡t✐❝✳ ■t r❡q✉✐r❡s t②♣✐♥❣ t♦ ❡♥s✉r❡s
r❡❝♦r❞ ✜❡❧❞s ❛r❡ s❡♣❛r❛t❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ✇❤✐❝❤ ✐s ♥♦t tr✉❡ ✐♥ ❈ ✐❢ ❝❛sts ❛r❡ ❛❧❧♦✇❡❞✱ ❜✉t
✐s tr✉❡ ✐♥ ❤✐❣❤❡r✲❧❡✈❡❧ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❏❛✈❛ ♦r ❖❈❛♠❧✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ p ✐s ❛ ♣♦✐♥t❡r ♦♥ ❛
pair str✉❝t✉r❡✱ t❤❡ ❡①♣r❡ss✐♦♥✿

(int*) (((int) p) + sizeof(int))

♠❛②✱ ✐♥ ❛ ✜♥❡r ♠❡♠♦r② ♠♦❞❡❧ ❢♦r t❤❡ ❈ ❧❛♥❣✉❛❣❡✱ ❛❝t✉❛❧❧② ❜❡ ❛♥ ✐♥t❡❣❡r ♣♦✐♥t❡r ✇❤♦s❡
♣♦✐♥t❡❞ ♠❡♠♦r② ❝❡❧❧ ✐s ♣❤②s✐❝❛❧❧② t❤❡ s❛♠❡ ❛s p->second✳ ❙✉❝❤ ❝❛sts ❛r❡ ✐♥❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ ❇✉rst❛❧❧✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡❧ ❛♥❞ ✇✐❧❧ ♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❤❡s✐s✳

✷✳✹✳✹ ❘❡❣✐♦♥s✿ ❖♥❡ ❆rr❛② P❡r ❘❡❣✐♦♥

❆♥♦t❤❡r ♠❡t❤♦❞ ✇❡ ❝❛♥ ✉s❡ t♦ s♣❧✐t t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛❧ ❛rr❛②s ✐s r❡❣✐♦♥s✱ ❛♥❞ ❤❛s ❜❡❡♥
✉s❡❞ ✐♥ t❤❡ ❲❤② ♣❧❛t❢♦r♠ ❜② ❚❤✐❡rr② ❍✉❜❡rt ❛♥❞ ❈❧❛✉❞❡ ▼❛r❝❤é ❬❍✉❜❡rt✵✼✱ ❍✉❜❡rt✵✽❪✳ ❆❧❧
♣♦✐♥t❡r t②♣❡s ❛r❡ ❣✐✈❡♥ ❛ ✉♥✐q✉❡ r❡❣✐♦♥ ✈❛r✐❛❜❧❡✳ ❚❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡♥ ✉♥✐✜❡❞ ✉s✐♥❣ t❤❡
s❛♠❡ ✉♥✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✉s❡❞ ✐♥ ▼▲✳ ❆❢t❡r t❤✐s ✉♥✐✜❝❛t✐♦♥ ✐s ❞♦♥❡✱ ✐❢ t✇♦ ✈❛r✐❛❜❧❡s x ❛♥❞
y st✐❧❧ ❤❛✈❡ ❞✐✛❡r❡♥t r❡❣✐♦♥ ✈❛r✐❛❜❧❡s✱ t❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞✱ ✐✳❡✳ ❛r❡
❞❡♥♦t❡ ❞✐✛❡r❡♥t ♠❡♠♦r② ❝❡❧❧s✳ ❲❡ t❤❡♥ s♣❧✐t t❤❡ ❤❡❛♣ ✉s✐♥❣ ♦♥❡ ❛rr❛② ♣❡r r❡❣✐♦♥✳

❍❡r❡ ✐s ❛ ♣r♦❣r❛♠ ✇❤✐❝❤ ✐❧❧✉str❛t❡s t❤❡ r❡❣✐♦♥ ♠❡❝❤❛♥✐s♠✿

void incr3(int* i, int* j, int* k)

/*@ ensures

*i = \old(*i) + 1

&& *j = \old(*j) + 1

&& *k = \old(*k) + 1 */

{

*i = *i + 1;

if (i != j)

*j = *j + 1;

*k = *k + 1;

}

❚❤❡ t❤r❡❡ ♣♦✐♥t❡r ✈❛r✐❛❜❧❡s i✱ j ❛♥❞ k ❛r❡ ❡❛❝❤ ❣✐✈❡♥ ❛ ✉♥✐q✉❡ r❡❣✐♦♥ ✈❛r✐❛❜❧❡✱ ri✱ rj ❛♥❞
rk✳ ❚❤❡ ✉♥✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ ❡①❡❝✉t❡❞✱ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ ♣♦✐♥t❡r ❝♦♠♣❛r✐s♦♥ i != j✱
r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ri ❛♥❞ rj ❛r❡ ✉♥✐✜❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡ rij ✳ ❙♦ ❛❢t❡r ✉♥✐✜❝❛t✐♦♥ t❤❡r❡ ❛r❡
♦♥❧② t✇♦ r❡❣✐♦♥s✿ rij ❛♥❞ rk✱ ❛♥❞ t❤❡ ♣r♦❣r❛♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦✿

void incr3(intarray* rij, intarray* rk, pointer i,

pointer j, pointer k)
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/*@ ensures

select(*rij, i) = select(\old(*rij), i) + 1

&& select(*rij, j) = select(\old(*rij), j) + 1

&& select(*rk, k) = select(\old(*rk), k) + 1 */

{

*rij = store(*rij, i, select(*rij, i) + 1);

if (i != j)

*rij = store(*rij, j, select(*rij, j) + 1);

*rk = store(*rk, k, select(*rk, k) + 1);

}

❛♥❞ ❤❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✱ s❧✐❣❤t❧② r❡✲❛rr❛♥❣❡❞ t♦ ❛✈♦✐❞ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ❞✉❡ t♦ t❤❡ if
st❛t❡♠❡♥t✿

∀rij , r
′
ij , r

′′
ij , rk, r

′
k, i, j, k.

r′ij = store(rij , i, select(rij , i) + 1)
∧ i 6= j ⇒ r′′ij = store(r′ij , j, select(rij , j) + 1)
∧ i = j ⇒ r′′ij = r′ij
⇒ select(r′′ij , i) = select(rij , i) + 1
∧ select(r′′ij , j) = select(rij , j) + 1
∧ select(r′k, k) = select(rk, k) + 1

❚♦ ♣r♦✈❡ t❤❡ i ❛♥❞ j ♣❛rts ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ r❡❣✐♦♥✱ ✇❡
♥❡❡❞ t♦ ❞♦ ❛ ❝❛s❡ s♣❧✐t ♦♥ ✇❤❡t❤❡r i = j✳ ❚♦ ♣r♦✈❡ t❤❡ k ♣❛rt ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ♣r♦✈❡ ❛♥②
♣♦✐♥t❡r ❞✐✛❡r❡♥❝❡ ❛s k ✐s ✐♥ ❛ ❢✉❧❧② s❡♣❛r❛t❡❞ r❡❣✐♦♥✳

◆♦t❡ t❤❛t t❤✐s ♠❡❝❤❛♥✐s♠ ✐s ♥♦t ♠♦❞✉❧❛r✱ ❛s r❡❣✐♦♥s ❛r❡ ✉♥✐✜❡❞ ❣❧♦❜❛❧❧②✳ ❚❤✐s ✐s ❛
❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤✳ ■♥ ❈❛♣✉❝✐♥❡✱ ✇❡ ❜✉✐❧❞ ✉♣♦♥ t❤✐s ♠❡❝❤❛♥✐s♠ ❛♥❞ ❛❞❞ r❡❣✐♦♥
♣♦❧②♠♦r♣❤✐s♠ t♦ ❡♥s✉r❡ ✇❡ ❝❛♥ ✈❡r✐❢② ❡❛❝❤ ❢✉♥❝t✐♦♥ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ❜♦❞② ♦❢ t❤❡ ♦t❤❡rs✳

✷✳✺ Pr❡s❡r✈❛t✐♦♥ ♦❢ ❉❛t❛ ■♥✈❛r✐❛♥ts ❯s✐♥❣ ❖✇♥❡rs❤✐♣

■♥ ❙❡❝t✐♦♥ ✶✳✸ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❞❛t❛ ✐♥✈❛r✐❛♥ts ❛♥❞ s❤♦✇❡❞ ✇❤② t❤❡② ✇❡r❡ ❛
❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✳ ❚❤❡ ❦❡② ✐ss✉❡ ✐s t♦ ❝♦♥tr♦❧ ✇❤✐❝❤ ❛♥❞ ✇❤❡♥ ♦❜❥❡❝ts ✈❡r✐❢② t❤❡✐r ✐♥✈❛r✐✲
❛♥ts✳ ❚♦ t❤✐s ❡♥❞✱ ♠❡t❤♦❞♦❧♦❣✐❡s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳ P❡t❡r ▼ü❧❧❡r ✐♥tr♦❞✉❝❡❞ t❤❡ ✐❞❡❛ ♦❢
♦✇♥❡rs❤✐♣✲❜❛s❡❞ ✐♥✈❛r✐❛♥ts ✐♥ ❤✐s t❤❡s✐s ❬▼ü❧❧❡r✵✷✱ ▼ü❧❧❡r✵✻❪✳ ■t ✇❛s ✉s❡❞ ✇✐❞❡❧②✱ ❢♦r ✐♥st❛♥❝❡
✐♥ ❱❈❈ ❬❈♦❤❡♥✶✵❪ ❛♥❞ ❜② ❨✐ ▲✉ ❛♥❞ ❏♦❤♥ ▼✳ P♦tt❡r ❬▲✉✵✼❪✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡
♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ✐♥ t❤❡ ❙♣❡❝★ ♣❧❛t❢♦r♠ ❬❇❛r♥❡tt✵✹❜✱ ▲❡✐♥♦✵✹❪✳ ❇♦♦❣✐❡ ❜❡✐♥❣ ❛♥
✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡ ♦❢ ❙♣❡❝★✱ t❤✐s ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ✐s s♦♠❡t✐♠❡s r❡❢❡r❡❞ t♦ ❛s t❤❡
❇♦♦❣✐❡ ♠❡t❤♦❞♦❧♦❣②✳

❚❤❡ ❙♣❡❝★ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ♦❜❥❡❝ts ♠❛② ♦✇♥ ♦t❤❡r ♦❜❥❡❝ts❀

✷✳ ❛♥ ♦❜❥❡❝t ❝❛♥ ♦♥❧② ❜❡ ♦✇♥❡❞ ❜② ♦♥❡ ♦t❤❡r ♦❜❥❡❝t ✭✐ts ♦✇♥❡r✮❀

✸✳ ♦❜❥❡❝ts ♠❛② ❜❡ ♦♣❡♥ ♦r ❝❧♦s❡❞ ❀

✹✳ ❛ ❝❧♦s❡❞ ♦❜❥❡❝t ♠✉st ✈❡r✐❢② ✐ts ✐♥✈❛r✐❛♥t✱ ❛♥❞ ✇❤❡♥ ❝❧♦s✐♥❣ ❛♥ ♦❜❥❡❝t✱ ✐ts ✐♥✈❛r✐❛♥t ♠✉st
❜❡ s❤♦✇♥ ✈❛❧✐❞❀

✺✳ ❛ ❝❧♦s❡❞ ♦❜❥❡❝t ❝❛♥♥♦t ❜❡ ♠♦❞✐✜❡❞❀
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✻✳ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ❝❧♦s❡❞ ♦❜❥❡❝t ♠❛② ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♦❜❥❡❝ts ✐t ♦✇♥s❀

✼✳ ❛ ❝❧♦s❡❞ ♦❜❥❡❝t ♠❛② ♦♥❧② ♦✇♥ ❝❧♦s❡❞ ♦❜❥❡❝ts✳

■♥ ♦t❤❡r ✇♦r❞s✱ ♦❜❥❡❝ts ❛r❡ ❜♦①❡s ✇❤✐❝❤ ❝❛♥ ❝♦♥t❛✐♥ ♦t❤❡r ❜♦①❡s✳ ❖❜✈✐♦✉s❧② ❛ ❣✐✈❡♥ ❜♦①
❝❛♥♥♦t ❜❡ ✐♥s✐❞❡ t✇♦ ❜♦①❡s A ❛♥❞ B ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✉♥❧❡ss A ✐s ✐ts❡❧❢ ✐♥s✐❞❡ B ♦r ✈✐❝❡✲
✈❡rs❛✳ ❆♥❞ ✇❡ ❝❛♥♥♦t ❧❡❛✈❡ ❛♥ ♦♣❡♥ ❜♦① ✐♥s✐❞❡ ❛ ❝❧♦s❡❞ ❜♦①✳

■t❡♠s ✶ ❛♥❞ ✷ ❝r❡❛t❡ ❛♥ ♦✇♥❡rs❤✐♣ tr❡❡ ❜❡t✇❡❡♥ ♦❜❥❡❝ts✳ ❚❤✐s tr❡❡ ✐s ❞②♥❛♠✐❝ ✐♥ t❤❛t ✐t
♠❛② ❝❤❛♥❣❡ ❞✉r✐♥❣ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥✳

■t❡♠s ✸✱ ✹ ❛♥❞ ✺ ❛❧❧♦✇ t♦ ❦♥♦✇ ✇❤✐❝❤ ♦❜❥❡❝t ✈❡r✐❢② t❤❡✐r ✐♥✈❛r✐❛♥ts✳ ■❢ ❛♥ ♦❜❥❡❝t ✐s ❝❧♦s❡❞✱
✐t ♠✉st ✈❡r✐❢② ✐ts ✐♥✈❛r✐❛♥t✳ ■❢ ❛♥ ♦❜❥❡❝t ✐s ♦♣❡♥✱ ✐ts ✐♥✈❛r✐❛♥t ♠❛② ♦r ♠❛② ♥♦t ❤♦❧❞✳ ❖♣❡♥
♦❜❥❡❝ts ❛r❡ ♦❜❥❡❝ts ❜❡✐♥❣ ♠♦❞✐✜❡❞✿ t❤❡✐r ✐♥✈❛r✐❛♥t ✐s t❡♠♣♦r❛r✐❧② ❜r♦❦❡♥ ❛♥❞ ✇✐❧❧ ❜❡ r❡st♦r❡❞
❜❡❢♦r❡ ❝❧♦s✐♥❣ t❤❡ ♦❜❥❡❝t✳

■t❡♠s ✻ ❛♥❞ ✼ ❝♦♥tr♦❧ ✇❤❛t ✐♥✈❛r✐❛♥ts ♠❛② ❞❡♣❡♥❞ ♦♥✳ ■❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛♥ ♦❜❥❡❝t A
❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ♦❜❥❡❝t B✱ t❤❡♥ ♠♦❞✐❢②✐♥❣ B ♠✐❣❤t ❜r❡❛❦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A✳
❚♦ ❡♥s✉r❡ t❤✐s ❞♦❡s ♥♦t ❤❛♣♣❡♥✱ t❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② r❡q✉✐r❡s A t♦ ♦✇♥ B✳ ■❢ t❤❡
✐♥✈❛r✐❛♥t ♦❢ A ✐s s✉♣♣♦s❡❞ t♦ ❤♦❧❞ ✭✐✳❡✳ A ✐s ❝❧♦s❡❞✮✱ t❤❡♥ B ✐s ❛❧s♦ ❝❧♦s❡❞ ❛♥❞ ♠❛② ♥♦t ❜❡
♠♦❞✐✜❡❞✳ ❚♦ ♠♦❞✐❢② B✱ ✐t ♠✉st ❜❡ ♦♣❡♥❡❞ ✜rst✱ ❛♥❞ t♦ ♦♣❡♥ B ✇❡ ♠✉st ♦♣❡♥ A ❜❡❢♦r❡✳

▲❡t✬s r❡✈✐❡✇ ❛ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✶✳✸✿

typedef struct {

int value;

} positive;

/*@ invariant(positive p) = p.value > 0 */

typedef struct {

positive* first;

positive* second;

} pair;

/*@ invariant(pair p) =

p.first->value < p.second->value */

❇❡❝❛✉s❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ pair ❞❛t❛ str✉❝t✉r❡ ❞❡♣❡♥❞s ♦♥ ✐ts ✜❡❧❞s first ❛♥❞ second✱
✐t ♠✉st ♦✇♥ t❤❡♠✳ ❚❤❡s❡ ✜❡❧❞s ❝❛♥♥♦t ❜❡ ♠♦❞✐✜❡❞ ✐❢ t❤❡ pair str✉❝t✉r❡ ✐s ❝❧♦s❡❞✳ ❚❤✐s ❛❧s♦
❤❡❧♣s s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❦♥♦✇✐♥❣ ✇❤✐❝❤ ✐♥✈❛r✐❛♥ts ❤♦❧❞✳ ■♥❞❡❡❞✱ ✐❢ ❛ pair ✐s ❝❧♦s❡❞✱ t❤❡♥
✐ts first ❛♥❞ second ✜❡❧❞s s❤♦✉❧❞ ❜❡ ❝❧♦s❡❞ t♦♦✱ ❛s t❤❡② ❛r❡ ♦✇♥❡❞ ❜② t❤❡ pair✳ ❚❤✉s✱
✐❢ ❛ ❢✉♥❝t✐♦♥ t❛❦❡s ❛ ❝❧♦s❡❞ pair ❛s ❛♥ ❛r❣✉♠❡♥t✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❡①♣❧✐❝✐t❧② s❛② t❤❛t t❤❡
first ❛♥❞ second ✜❡❧❞s ♦❢ t❤❡ pair ❛r❡ ❝❧♦s❡❞ t♦♦✳ ❚❤✐s ❛❧s♦ ❛♣♣❧✐❡s t♦ r❡❝✉rs✐✈❡ ❞❛t❛
str✉❝t✉r❡s s✉❝❤ ❛s ❧✐♥❦❡❞ ❧✐sts ♦r tr❡❡s✳

■♥ ✐ts ♦r✐❣✐♥❛❧ ♣r❡s❡♥t❛t✐♦♥ ❬❇❛r♥❡tt✵✹❜❪✱ t❤❡ ❙♣❡❝★ ♠❡t❤♦❞♦❧♦❣② ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛
♣✉r❡❧② ❞②♥❛♠✐❝ ✇❛②✿ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♦♣❡♥ ♦r ❝❧♦s❡❞ st❛t❡ ♦❢ ♦❜❥❡❝ts ✐s ❛❞❞❡❞ ❛s ❛♥
❛❝t✉❛❧ ✜❡❧❞✱ ♥❛♠❡❞ inv✱ ✐♥ ❡✈❡r② ♦❜❥❡❝t✳

❚❤❡ inv ✜❡❧❞ ❝❛♥ ❤❛✈❡ t❤r❡❡ st❛t❡s✿ open✱ closed ♦r committed✶✳ ■❢ inv ✐s open✱
t❤❡♥ t❤❡ ♦❜❥❡❝t ✐s ♦♣❡♥❀ ✐❢ inv ✐s closed✱ t❤❡♥ t❤❡ ♦❜❥❡❝t ✐s ❝❧♦s❡❞ ❛♥❞ ✐s ♥♦t ♦✇♥❡❞ ❜②
❛ ❝❧♦s❡❞ ♦❜❥❡❝t❀ ✐❢ inv ✐s committed✱ t❤❡♥ t❤❡ ♦❜❥❡❝t ✐s ❝❧♦s❡❞✱ ❛♥❞ ✐s ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞
♦❜❥❡❝t✳

✶❚❤❡ ♦r✐❣✐♥❛❧ ♣r❡s❡♥t❛t✐♦♥ ❬❇❛r♥❡tt✵✹❜❪ ❛❝t✉❛❧❧② ✉s❡s t✇♦ ❜♦♦❧❡❛♥ ✜❡❧❞s✿ inv ✇❤✐❝❤ st❛t❡s ✇❤❡t❤❡r t❤❡
♦❜❥❡❝t ✐s ❝❧♦s❡❞✱ ❛♥❞ committed ✇❤✐❝❤ st❛t❡s ✇❤❡t❤❡r t❤❡ ♦❜❥❡❝t ✐s ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞ ♦❜❥❡❝t✳ ▼♦r❡♦✈❡r✱ inv
✐s ❛❝t✉❛❧❧② ❛ ❝❧❛ss ♥❛♠❡✳ ❆❧❧ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❝❧❛ss ♦❢ inv ❛♥❞ ✐ts ❛♥❝❡st♦rs ❤♦❧❞✳
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❚❤✐s ✜❡❧❞ ❝❛♥ t❤❡♥ ❜❡ r❡❢❡rr❡❞ t♦ ✐♥ t❤❡ ♣r♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ♣r❡✲ ❛♥❞
♣♦st✲❝♦♥❞✐t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ t❛❦❡s ❛♥ ❛r❣✉♠❡♥t x ❝❛♥
r❡q✉✐r❡ x.inv t♦ ❜❡ closed ♦r committed ✐❢ t❤❡ ❢✉♥❝t✐♦♥ r❡q✉✐r❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x t♦
❤♦❧❞✳ ❲❤❡♥ ❝❛❧❧✐♥❣ f✱ ✐t ✐s ✉s✉❛❧❧② ❡❛s✐❡r t♦ s❤♦✇ t❤✐s t❤❛♥ t♦ s❤♦✇ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ❤♦❧❞s✳
▼♦r❡♦✈❡r✱ t❤❡ ❝❛❧❧❡r ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❦♥♦✇ ✇❤❛t t❤❡ ✐♥✈❛r✐❛♥t ❛❝t✉❛❧❧② ✐s✳

❆ pack ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❤❛♥❣❡ t❤❡ st❛t❡ ♦❢ ❛♥ ♦❜❥❡❝t ❢r♦♠ open t♦ closed✳
❚❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♦❜❥❡❝t ❜❡✐♥❣ ♣❛❝❦❡❞ ♠✉st ❜❡ ♣r♦✈❡♥ ❜❡❢♦r❡✳ ❚❤✉s✱ ✐❢ x ♦✇♥s ♦♥❡ ✜❡❧❞
f✱ pack x ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s✿

assert x.inv == open;

assert x.f.inv == closed;

assert invariant(x);

x.inv = closed;

x.f.inv = committed;

◆♦t❡ t❤❡ t❤✐r❞ assert ✐♥str✉❝t✐♦♥ ✇❤✐❝❤ r❡q✉✐r❡s t♦ ♣r♦✈❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ❛❝t✉❛❧❧② ❤♦❧❞s✳
❚❤❡ ♦♣♣♦s✐t❡ ♦♣❡r❛t✐♦♥✱ unpack x✱ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s✿

assert x.inv == closed;

x.inv = open;

x.f.inv = closed;

❲❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t x.f.inv ✐s committed ❜❡❢♦r❡✱ ❛s t❤❡ ♠❡t❤♦❞♦❧♦❣② ✇✐❧❧ ❡♥s✉r❡
t❤✐s ❛❧✇❛②s ❤♦❧❞s✳

✷✳✻ P❡r♠✐ss✐♦♥s✿ ▲✐♥❡❛r ■♥❢♦r♠❛t✐♦♥ ❆❜♦✉t P♦✐♥t❡rs ♦r

❘❡❣✐♦♥s

P❡r♠✐ss✐♦♥s✱ ♦r ❝❛♣❛❜✐❧✐t✐❡s✱ ❛r❡ ❛ ✇❛② t♦ st❛t✐❝❛❧❧② r❡❛s♦♥ ❛❜♦✉t ✈❛r✐❛❜❧❡s✳ ❯♥❧✐❦❡ ✉s✉❛❧ t②♣❡
s②st❡♠s✱ ✇❤✐❝❤ ❡♥s✉r❡ t❤❛t t❤❡ t②♣❡ ♦❢ ❛ ❣✐✈❡♥ ❡①♣r❡ss✐♦♥ ✇✐❧❧ ♥❡✈❡r ❝❤❛♥❣❡ t❤r♦✉❣❤♦✉t t❤❡
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✱ ♣❡r♠✐ss✐♦♥s ❦❡❡♣ tr❛❝❦ ♦❢ ❝❤❛♥❣❡s✳ ❆t ❛♥② ❣✐✈❡♥ ♣♦✐♥t ♦❢ t❤❡
♣r♦❣r❛♠✱ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ✐s ❛✈❛✐❧❛❜❧❡✳ ❖♣❡r❛t✐♦♥s ❝♦♥s✉♠❡ s♦♠❡ ♦❢ t❤❡♠ ❛♥❞ ♣r♦❞✉❝❡
s♦♠❡ ♦t❤❡rs✳ ❇❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s ❝❛♥♥♦t ❜❡ ❞✉♣❧✐❝❛t❡❞✱ ♦♥❡ ❝❛♥♥♦t ❜♦t❤ ❝♦♥s✉♠❡ ✐t ❛♥❞ ❦❡❡♣
✐t ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦❣r❛♠✳

●❛r❜❛❣❡ ❈♦❧❧❡❝t✐♦♥ ❆ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥s ✐s t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ✇❤✐❝❤ ♠❡♠♦r②
❝❡❧❧s ❛r❡ ❜❡✐♥❣ ✉s❡❞ ❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t❡❞✱ ✐✳❡✳ r❡✲❛ss✐❣♥❡❞ ❢♦r s♦♠❡ ♦t❤❡r
♣✉r♣♦s❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈ ♣r♦❣r❛♠✿

int* x = malloc(sizeof(int));

int* y = malloc(sizeof(int));

*x = 42;

*y = *x + 69;

free(x);

t❤❡ ♠❡♠♦r② ❝❡❧❧ ❞❡♥♦t❡❞ ❜② ♣♦✐♥t❡r x ✐s ♥♦ ❧♦♥❣❡r ✉s❡❞ ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ *y✳ ❚❤✉s✱ x
❝❛♥ ❜❡ s❛❢❡❧② ❢r❡❡❞✳

❚♦ ❦❡❡♣ tr❛❝❦ ♦❢ ✇❤✐❝❤ ♠❡♠♦r② ❝❡❧❧s ❝❛♥ ❜❡ ❢r❡❡❞✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ♣❡r♠✐ss✐♦♥ t♦ ❡❛❝❤
✈❛r✐❛❜❧❡✳ ❍❡r❡ ✐s t❤❡ s❛♠❡ ♣r♦❣r❛♠ ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✿
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// ◆♦ ♣❡r♠✐ss✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ❤❡r❡
int* x = malloc(sizeof(int));

// P❡r♠✐ss✐♦♥ x ✐s ❛✈❛✐❧❛❜❧❡
int* y = malloc(sizeof(int));

// P❡r♠✐ss✐♦♥s x ❛♥❞ y ❛r❡ ❛✈❛✐❧❛❜❧❡
*x = 42;

*y = *x + 69;

free(x);

// P❡r♠✐ss✐♦♥ y ✐s ❛✈❛✐❧❛❜❧❡

❚♦ s✉♠ ✉♣✿ t❤❡ malloc ♦♣❡r❛t✐♦♥ ♣r♦❞✉❝❡s ❛ ♣❡r♠✐ss✐♦♥✱ t❤❡ free ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ❛
♣❡r♠✐ss✐♦♥✱ ❛♥❞ ❛❝❝❡ss *x r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥ x✳

❯s✐♥❣ s♦♠❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✱ ♦♥❡ ❝❛♥ ✐♥s❡rt t❤❡ free(x) ♦♣❡r❛t✐♦♥ ❛✉t♦♠❛t✐❝❛❧❧②✳
■♥❞❡❡❞✱ ✐❢ ❛ ♣❡r♠✐ss✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❛❢t❡r ❛ ❣✐✈❡♥ ♣r♦❣r❛♠ ♣♦✐♥t✱ t❤❡♥ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣
✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❢r❡❡❞✱ ✐✳❡✳ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t❡❞✳

P❡r♠✐ss✐♦♥s ❛♥❞ ❘❡❣✐♦♥s ❆♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✐s ♣♦✐♥t❡r ❛❧✐❛s✐♥❣✳ ■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡✱
✇❤❛t ✐❢ malloc r❡t✉r♥❡❞ t❤❡ s❛♠❡ ♣♦✐♥t❡r✱ ✐✳❡✳ t❤❡ s❛♠❡ ♠❡♠♦r② ❛❞❞r❡ss✱ t♦ ❜♦t❤ x ❛♥❞
y ❄ ❚❤❡♥ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t✇♦ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ s❛♠❡ ♠❡♠♦r② ❝❡❧❧✳ ❆❢t❡r t❤❡ free(x)
♦♣❡r❛t✐♦♥✱ ❜♦t❤ ♣♦✐♥t❡rs x ❛♥❞ y ✇♦✉❧❞ ❜❡ ❢r❡❡❞ ❛♥❞ s❤♦✉❧❞ ♥♦ ❧♦♥❣❡r ❜❡ r❡❛❞ ♦r ✇r✐tt❡♥✳
❇✉t ♣❡r♠✐ss✐♦♥ y ✇♦✉❧❞ st✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ t❤✉s y ❝♦✉❧❞ st✐❧❧ ❜❡ ❛❝❝❡ss❡❞✱ ✇❤✐❝❤ ✐s ✉♥s❛❢❡✳
❙♦ ✇❡ r❡q✉✐r❡ t❤❡ ❧❛♥❣✉❛❣❡ t♦ ❡♥s✉r❡ t❤❛t ❡✐t❤❡r ❛❧✐❛s❡s ♥❡✈❡r ❤❛♣♣❡♥✱ ♦r t❤❡② ❛r❡ ❝♦♥tr♦❧❧❡❞✳

❖♥❡ ✇❛② ♦❢ ❝♦♥tr♦❧❧✐♥❣ ❛❧✐❛s❡s ✐s t♦ ✉s❡ r❡❣✐♦♥s✳ ❲❡ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ r❡❣✐♦♥s ✐♥ ❙❡❝✲
t✐♦♥ ✷✳✹✳✹ t♦ ❝♦♥tr♦❧ ❛❧✐❛s✐♥❣ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❲❡ ✉s❡ ❛ t②♣❡ s②st❡♠ ✇❤❡r❡ t❤❡ t②♣❡ ♦❢
♣♦✐♥t❡rs ✐s ❛♥♥♦t❛t❡❞ ❜② ❛ r❡❣✐♦♥✳ ❚❤❡♥✱ ✇❡ ✉s❡ ♦♥❡ ♣❡r♠✐ss✐♦♥ ♣❡r r❡❣✐♦♥✿ ✇❤❡♥ t❤❡ r❡❣✐♦♥ ✐s
❝r❡❛t❡❞✱ ✐ts ♣❡r♠✐ss✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞❀ ✇❤❡♥ ❛ ♣♦✐♥t❡r ✐s ❛❞❞❡❞ t♦ ♦r ❛❝❝❡ss❡❞ ❢r♦♠ t❤❡ r❡❣✐♦♥✱
✐ts ♣❡r♠✐ss✐♦♥ ✐s r❡q✉✐r❡❞❀ ✇❤❡♥ ❛ ♣♦✐♥t❡r ✐s ❢r❡❡❞✱ ❛❧❧ ♣♦✐♥t❡rs ♦❢ t❤❡ r❡❣✐♦♥ ❛r❡ ❛❝t✉❛❧❧② ❢r❡❡❞
❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s ❝♦♥s✉♠❡❞✳

❚r❛♥s❧❛t✐♥❣ ■♠♣❡r❛t✐✈❡ Pr♦❣r❛♠s t♦ ❋✉♥❝t✐♦♥❛❧ Pr♦❣r❛♠s ❘❡❝❡♥t ✇♦r❦ ❜② ❆rt❤✉r
❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r ❬❈❤❛r❣✉ér❛✉❞✵✽❪ ✉s❡s ♣❡r♠✐ss✐♦♥s ♦♥ r❡❣✐♦♥s t♦ ❡♥❝♦❞❡
✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ✐♥t♦ ❛ ♣✉r❡❧② ❢✉♥❝t✐♦♥❛❧ ❧❛♥❣✉❛❣❡✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❜❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s
❞❡♥♦t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❜❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡s
♦❢ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✱ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❛❝t✉❛❧❧②
r❡♣r❡s❡♥t t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡✳

❚❤❡ tr❛♥s❧❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦♥❡ ✇❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ ❛♥❞ ❡①t❡♥❞s ✐t t♦ ❤❛♥❞❧❡
❛❧✐❛s✐♥❣✳ ❚❤✐s ✐s ❞♦♥❡ ❜② r❡♣r❡s❡♥t✐♥❣ r❡❣✐♦♥s ❛s ❢✉♥❝t✐♦♥❛❧ ♠❛♣s ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ✈❛❧✉❡s✳
❊❛❝❤ t✐♠❡ ❛ ♣❡r♠✐ss✐♦♥ ✐s ♣r♦❞✉❝❡❞✱ ❛ ♥❡✇ ♠❛♣ ✐s ♣r♦❞✉❝❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♥❡✇ ✈❛❧✉❡ ♦❢
t❤❡ r❡❣✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡ r❡❣✐♦♥ ♦❢ x ✐s r✱ t❤❡ ❛ss✐❣♥♠❡♥t✿

x = 1;

❝♦♥s✉♠❡s t❤❡ ❡①✐st✐♥❣ ♣❡r♠✐ss✐♦♥ ♦♥ r✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ♠❛♣ r❡♣✲
r❡s❡♥t✐♥❣ r ✐s ♥♦t ✉s❡❞ ❛♥②♠♦r❡✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ♣r♦❞✉❝❡s t❤❡ ❡①❛❝t s❛♠❡ ♣❡r♠✐ss✐♦♥ ♦♥ r✳
❚❤✐s ♥❡✇ ♣❡r♠✐ss✐♦♥ ✐s tr❛♥s❧❛t❡❞ ❛s ❛ ♥❡✇ ♠❛♣ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♥❡✇ ✈❛❧✉❡ r′ ♦❢ r✳ ❙♦ t❤❡
❛ss✐❣♥♠❡♥t ✐s tr❛♥s❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✉r❡ ♣r♦❣r❛♠✿

let r’ = store(r, x, 1) in

...



✸✹ ❈❍❆P❚❊❘ ✷✳ ❚❊❈❍◆■❈❆▲ ❇❆❈❑●❘❖❯◆❉

❆s ✉s✉❛❧✱ store(r, x, 1) ❜✉✐❧❞s ❛ ♠❛♣ ✇❤❡r❡ ❡❛❝❤ ❧♦❝❛t✐♦♥ ❤❛s t❤❡ s❛♠❡ ✈❛❧✉❡ ❛s ✐♥ r✱
❡①❝❡♣t x ✇❤✐❝❤ ♥♦✇ ❤❛s ✈❛❧✉❡ 1✳

❆❧s♦ ♥♦t❡✇♦rt❤② ❛r❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❞❡❛❧❧♦❝❛t✐♦♥ ♦♣❡r❛t✐♦♥s✳ ❆❧❧♦❝❛t✐♦♥ ♣r♦❞✉❝❡s ❛
♥❡✇ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ t❤✉s ❛ ♥❡✇ ♠❛♣ t♦ r❡♣r❡s❡♥t t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♣♦✐♥t❡r ✐s ❛❧❧♦❝❛t❡❞✳
❉❡❛❧❧♦❝❛t✐♦♥ ❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥ ♦❢ ❛ r❡❣✐♦♥✱ t❤✉s ❞✐s❛❜❧✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣✱ ❛♥❞
t❤❡ r❡❣✐♦♥ ❛♥❞ ❛❧❧ ✐ts ❧♦❝❛t✐♦♥s ❛r❡ ♥♦ ❧♦♥❣❡r ❛❝❝❡ss✐❜❧❡✳
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■♥❢♦r♠❛❧ Pr❡s❡♥t❛t✐♦♥ ♦❢ t❤❡

❈❛♣✉❝✐♥❡ ❆♣♣r♦❛❝❤

✸✳✶ ❙❡♣❛r❛t✐♦♥ ❯s✐♥❣ ❘❡❣✐♦♥s ❛♥❞ P❡r♠✐ss✐♦♥s

■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ♣r❡s❡♥t❡❞ ❛❧✐❛s✲❢r❡❡ ❧❛♥❣✉❛❣❡s ✇❤✐❝❤ r❡q✉✐r❡ t❤❛t✱ ❣✐✈❡♥ t✇♦ ✈❛r✐❛❜❧❡s x
❛♥❞ y✱ t❤♦s❡ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ s❡♣❛r❛t❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛♠❡s x ❛♥❞ y ❛r❡ ❞✐✛❡r❡♥t✳
■♥ ❙❡❝t✐♦♥ ✷✳✹ ✇❡ ♣r❡s❡♥t❡❞ ❤♦✇ ♠❛♣s ❝❛♥ ❡♥❝♦❞❡ ❛❧✐❛s✐♥❣ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ ❛♥❞ ❤♦✇
♣♦✐♥t❡rs ❝❛♥ ❜❡ st❛t✐❝❛❧❧② s❡♣❛r❛t❡❞ ✐♥t♦ ❞✐✛❡r❡♥t s✉❝❤ ♠❛♣s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✹✳✹ ✇❡ s❤♦✇❡❞ ❤♦✇
t❤♦s❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✉s✐♥❣ r❡❣✐♦♥s✳ ❙❛② ♣♦✐♥t❡r p1 ❜❡❧♦♥❣s t♦ r❡❣✐♦♥ r1
❛♥❞ ♣♦✐♥t❡r p2 t♦ r❡❣✐♦♥ r2✳ ❚❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❚❤✐❡rr② ❍✉❜❡rt ❛♥❞ ❈❧❛✉❞❡ ▼❛r❝❤é ❬❍✉❜❡rt✵✼✱
❍✉❜❡rt✵✽❪ ✉s❡s t❤❡ ♥❛♠❡s ♦❢ r❡❣✐♦♥s r1 ❛♥❞ r2 t♦ ❦♥♦✇ ✇❤❡t❤❡r p1 ♠❛② ❜❡ ❛❧✐❛s❡❞ ✇✐t❤ p2
♦r ♥♦t✳ ■❢ t❤❡ ♥❛♠❡s r1 ❛♥❞ r2 ❛r❡ ❞✐✛❡r❡♥t✱ t❤❡♥ p1 ❛♥❞ p2 ❛r❡ st❛t✐❝❛❧❧② s❡♣❛r❛t❡❞ ✿ ✇❡ ❦♥♦✇
t❤❛♥❦s t♦ t②♣✐♥❣ t❤❛t t❤❡② ✇✐❧❧ ♥❡✈❡r ❞❡♥♦t❡ t❤❡ s❛♠❡ ♠❡♠♦r② ❝❡❧❧✳ ❚❤✉s ✇❡ ❝❛♥ ✉s❡ t✇♦
❞✐✛❡r❡♥t ♠❛♣s t♦ ❡♥❝♦❞❡ t❤❡s❡ ♣♦✐♥t❡rs✿ ♦♥❡ ❢♦r ❡❛❝❤ r❡❣✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡✐r ❛♣♣r♦❛❝❤ ✐s
❧✐♠✐t❡❞ ❛s t❤❡ r❡❣✐♦♥ ♦❢ ❛ ♣♦✐♥t❡r ❝❛♥♥♦t ❝❤❛♥❣❡ ❞✉r✐♥❣ ❡①❡❝✉t✐♦♥✳

❈❛♣✉❝✐♥❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✷✳✹✳✹✱ ❡①t❡♥❞❡❞ ✇✐t❤ ♣❡r♠✐ss✐♦♥s ❛s ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✻ t♦ ❛❧❧♦✇ ❣r❡❛t❡r ✢❡①✐❜✐❧✐t②✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❡ r❡❣✐♦♥ ❧❛♥❣✉❛❣❡
♦❢ ❈❛♣✉❝✐♥❡ ❛♥❞ ❤♦✇ ♣❡r♠✐ss✐♦♥s ❛r❡ ✉s❡❞ t♦ s♣❡❝✐❢② s❡♣❛r❛t✐♦♥✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t r❡❣✐♦♥
♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♠♦✈❡ ♣♦✐♥t❡rs ❢r♦♠ t❤❡✐r ❝✉rr❡♥t r❡❣✐♦♥ t♦ ❛♥♦t❤❡r✱ ✇✐t❤
s♦♠❡ r❡str✐❝t✐♦♥s ❡①♣r❡ss❡❞ ✉s✐♥❣ ♣❡r♠✐ss✐♦♥s✳

❊①❛♠♣❧❡ ♦❢ ❈❛♣✉❝✐♥❡ Pr♦❣r❛♠ ■♥ ❈❛♣✉❝✐♥❡✱ r❡❣✐♦♥s ❛r❡ ❡①♣❧✐❝✐t ✐♥ ♣♦✐♥t❡r t②♣❡s✳ ▲❡t✬s
r❡✈✐❡✇ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✷✳✹✳✹ ✐♥ t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡✳ ❋✐rst✱ ❧❡t✬s ✐♥tr♦❞✉❝❡ t❤❡ Long
❝❧❛ss✶✿

❝❧❛ss Long

{

✶❲❡ ✉s❡ t❡r♠ ❝❧❛ss t♦ ❞❡♥♦t❡ r❡❝♦r❞s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts✳ ❖✇♥❡❞ r❡❣✐♦♥s ❛♥❞
✐♥✈❛r✐❛♥ts ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✸ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s t❤❡s✐s✱ t❡r♠ ❝❧❛ss ✐s t❤✉s ♥♦t
r❡❧❛t❡❞ t♦ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠♠✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥❤❡r✐t❛♥❝❡ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞✳ ❍♦✇❡✈❡r✱ ❛s t❤✐s t❤❡s✐s
✐s ❜❛s❡❞ ♦♥ ✇♦r❦ ❛❜♦✉t ♦❜❥❡❝t ✐♥✈❛r✐❛♥ts ✇❤❡r❡ ✐♥✈❛r✐❛♥ts ❛r❡ ❛tt❛❝❤❡❞ t♦ ❝❧❛ss❡s✱ ✇❡ ❝❤♦♦s❡ t♦ st✐❝❦ ✇✐t❤
t❤✐s t❡r♠✐♥♦❧♦❣②✳

✸✺
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value: int ;
}

❚❤✐s ❝❧❛ss ✐s ❛ s✐♠♣❧❡ r❡❝♦r❞ ✇✐t❤ ♦♥❡ ✐♥t❡❣❡r ✜❡❧❞ ♥❛♠❡❞ value✳ ❚❤✐s ✐s ❤♦✇ ✐♥t❡❣❡r r❡❢❡r❡♥❝❡s
❛r❡ ❡♥❝♦❞❡❞ ✐♥ ❈❛♣✉❝✐♥❡✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ ❖❈❛♠❧ r❡❢❡r❡♥❝❡s✱ ❛s t❤❡② ❛r❡ ❛❝t✉❛❧❧② ♠✉t❛❜❧❡
r❡❝♦r❞s ✇✐t❤ ♦♥❡ ✜❡❧❞✳

◆♦✇ ❧❡t✬s s❡❡ ❤♦✇ ❢✉♥❝t✐♦♥ incr3 ✐s ✇r✐tt❡♥✿

❢✉♥ incr3 [ρ1 : Long , ρ2 : Long ](i : [ρ1 ], j : [ρ1 ], k : [ρ2 ]): unit
❝♦♥s✉♠❡s ρ1 ρ2
♣r♦❞✉❝❡s ρ1 ρ2
{
i .value ← i .value + ✶;
✐❢ (i 6= j )
{
j .value ← j .value + ✶;
}
❡❧s❡ {};
k .value ← k .value + ✶;
}

❋✉♥❝t✐♦♥ incr3 t❛❦❡s t❤r❡❡ ♣♦✐♥t❡rs ❛s ❛r❣✉♠❡♥ts✿ i ✱ j ❛♥❞ k ✳ P♦✐♥t❡rs i ❛♥❞ j ❤❛✈❡ t②♣❡
[ρ1 ] ✇❤✐❧❡ ♣♦✐♥t❡r k ❤❛s t②♣❡ [ρ2 ]✳ ❚②♣❡ [ρ] r❡❛❞s ✏❛t ρ✑ ❛♥❞ ✐s t❤❡ t②♣❡ ♦❢ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥
ρ✳ ❍❡r❡✱ ρ1 ❛♥❞ ρ2 ❛r❡ ♣❛r❛♠❡t❡rs ♦❢ ❢✉♥❝t✐♦♥ incr3 ✱ ♦❢ ❝❧❛ss Long ✳ ❚❤✐s ♠❡❛♥s t❤❛t i ✱ j
❛♥❞ k ❛r❡ ♦❜❥❡❝ts ♦❢ ❝❧❛ss Long ✳✷

❙❡♣❛r❛t✐♦♥ ❇❡❝❛✉s❡ i ❛♥❞ j ❜❡❧♦♥❣s t♦ t❤❡ s❛♠❡ r❡❣✐♦♥ ρ1 ✱ t❤❡② ♠❛② ❜❡ t❤❡ s❛♠❡ ♣♦✐♥t❡r✳
❍♦✇❡✈❡r✱ k ❜❡❧♦♥❣s t♦ ρ2 ❛♥❞ ✇✐❧❧ ♥❡✈❡r ❜❡ ❡q✉❛❧ t♦ i ♦r j ✳

❚♦ ❡♥s✉r❡ ρ1 ❛♥❞ ρ2 ❛r❡ ❞✐✛❡r❡♥t r❡❣✐♦♥s✱ ❢✉♥❝t✐♦♥ incr3 ❝♦♥s✉♠❡s t✇♦ ♣❡r♠✐ss✐♦♥s✿
♦♥❡ ♦♥ ρ1 ❛♥❞ ♦♥❡ ♦♥ ρ2 ✳ ❚❤❡ t②♣❡ s②st❡♠ ❡♥s✉r❡s t❤❛t ♣❡r♠✐ss✐♦♥s ❝❛♥♥♦t ❜❡ ❞✉♣❧✐❝❛t❡❞✳
❋✉♥❝t✐♦♥ incr3 ❝❛♥♥♦t ❜❡ ❝❛❧❧❡❞ ✇✐t❤ ρ1 = ρ2 ✱ ❛s t❤❡♥ t✇♦ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ s❛♠❡ r❡❣✐♦♥
ρ1 ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞✳

❚❤❡❲❤② ❧❛♥❣✉❛❣❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶ ❡♥s✉r❡s ❛❜s❡♥❝❡ ♦❢ ❛❧✐❛s❡s ❜② r❡q✉✐r✐♥❣ t❤❛t
❛ r❡❢❡r❡♥❝❡ ❝❛♥♥♦t ❛♣♣❡❛r ❛s t✇♦ ❛r❣✉♠❡♥ts ♦❢ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ❝❛❧❧✳ ■♥ ❈❛♣✉❝✐♥❡ ✇❡ ✉s❡
t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ r❡str✐❝t✐♦♥✱ ❜✉t ♦♥ r❡❣✐♦♥s ✐♥st❡❛❞ ♦❢ ♣♦✐♥t❡rs✳

❚♦ s✉♠ ✉♣✱ t♦ ❝❛❧❧ incr3 ✇❡ ♥♦t ♦♥❧② ♥❡❡❞ t❤r❡❡ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts i ✱ j ❛♥❞ k ✳ ❲❡ ❛❧s♦
♥❡❡❞ t❤❡✐r r❡❣✐♦♥s ρ1 ✭❢♦r i ❛♥❞ j ✮ ❛♥❞ ρ2 ✭❢♦r k✮ ❛♥❞ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡s❡ t✇♦ r❡❣✐♦♥s✳
❚❤❡s❡ ♣❡r♠✐ss✐♦♥s ❛r❡ ❝♦♥s✉♠❡❞ ❜② t❤❡ ❝❛❧❧✱ ❜✉t ❛r❡ ❛❧s♦ ♣r♦❞✉❝❡❞✿ ✐♥ ❢❛❝t✱ t❤❡② ❛r❡ ♠❡r❡❧②
r❡q✉✐r❡❞✳

❙✐♥❣❧❡t♦♥ ❛♥❞ ●r♦✉♣ P❡r♠✐ss✐♦♥s ■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡✱ ✇❡ ❞❡♥♦t❡❞ ♣❡r♠✐ss✐♦♥ ♦♥ ρ1
❜② ρ1 ✱ ❛♥❞ ♣❡r♠✐ss✐♦♥ ♦♥ ρ2 ❜② ρ2 ✳ ❇✉t ✐♥ ❈❛♣✉❝✐♥❡ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♣❡r♠✐ss✐♦♥ ✐s ❛❝t✉❛❧❧②
r✐❝❤❡r ❛♥❞ t❤❡r❡ ✐s ♥♦ s✉❝❤ t❤✐♥❣ ❛s ❛ ♣❡r♠✐ss✐♦♥ ρ✳ ▲❡t✬s ✐♥tr♦❞✉❝❡ t✇♦ ♣♦ss✐❜❧❡ ♣❡r♠✐ss✐♦♥s
❢♦r ❛ ❣✐✈❡♥ r❡❣✐♦♥ ρ✿ ♣❡r♠✐ss✐♦♥s ρ× ❛♥❞ ρG✳

P❡r♠✐ss✐♦♥ ρ× ♥♦t ♦♥❧② ❞❡♥♦t❡s t❤❛t ✇❡ ❤❛✈❡ ❛ ♣❡r♠✐ss✐♦♥ ♦♥ r❡❣✐♦♥ ρ✱ ❜✉t ❛❧s♦ t❤❛t ρ ✐s
❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥✱ ✇❤✐❧❡ ♣❡r♠✐ss✐♦♥ ρG ❞❡♥♦t❡s t❤❛t ρ ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥✳ ❆ s✐♥❣❧❡t♦♥ r❡❣✐♦♥
❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t❡r✳ ■t ✐s t❤✉s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❛ r❡❢❡r❡♥❝❡ ✐♥ ❛ ❧❛♥❣✉❛❣❡ s✉❝❤

✷❆s ✇❡ ✉s❡ t❡r♠ ❝❧❛ss✱ ✐t s❡❡♠s ♥❛t✉r❛❧ t♦ ✉s❡ t❡r♠ ♦❜❥❡❝t ❢♦r ✈❛❧✉❡s ♦❢ ❝❧❛ss t②♣❡s✳ ❆❣❛✐♥✱ t❤✐s ✐s ♥♦t
♥❡❝❡ss❛r✐❧② r❡❧❛t❡❞ t♦ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠♠✐♥❣✳
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❛s ❲❤②✳ ❆ ❣r♦✉♣ r❡❣✐♦♥ ♠❛② ❝♦♥t❛✐♥ ❛♥② ♥✉♠❜❡r ♦❢ ♣♦✐♥t❡rs✱ ③❡r♦ ❛♥❞ ♦♥❡ ✐♥❝❧✉❞❡❞✳ ❚❤✉s
♣❡r♠✐ss✐♦♥ ρ× ✐s str✐❝t❧② str♦♥❣❡r t❤❛♥ ♣❡r♠✐ss✐♦♥ ρG✳ ❚❤❡ ❤❡❛❞❡r ♦❢ ❢✉♥❝t✐♦♥ incr3 s❤♦✉❧❞
❛❝t✉❛❧❧② ❜❡ ✇r✐tt❡♥✿

❢✉♥ incr3 [ρ1 : Long , ρ2 : Long ](i : [ρ1 ], j : [ρ1 ], k : [ρ2 ]): unit
❝♦♥s✉♠❡s ρ1

G ρ2
×

♣r♦❞✉❝❡s ρ1
G ρ2

×

■♥❞❡❡❞✱ ρ1 ♠❛② ❝♦♥t❛✐♥ ❛t ❧❡❛st t✇♦ ♣♦✐♥t❡rs i ❛♥❞ j ✳ ■❢ ρ1× ✇❛s r❡q✉✐r❡❞ ✐♥st❡❛❞ ♦❢ ρ1G✱
❢✉♥❝t✐♦♥ incr3 ❝♦✉❧❞ ♦♥❧② ❜❡ ❝❛❧❧❡❞ ✇✐t❤ i = j ✳ P❡r♠✐ss✐♦♥ ρ2

G ❝♦✉❧❞ ❜❡ r❡q✉✐r❡❞ ✐♥st❡❛❞ ♦❢
ρ2

×✱ ❜✉t ❛s incr3 ❞♦❡s ♥♦t ❡①♣❡❝t s❡✈❡r❛❧ ♣♦✐♥t❡rs ✐♥ ρ2 ✇❡ ♠✐❣❤t ❛s ✇❡❧❧ r❡q✉✐r❡ ρ2 t♦ ❜❡
s✐♥❣❧❡t♦♥✳

❊♠♣t② P❡r♠✐ss✐♦♥ P❡r♠✐ss✐♦♥ ρ∅ ❞❡♥♦t❡s t❤❡ ❢❛❝t t❤❛t r❡❣✐♦♥ ρ ✐s ❡♠♣t②✱ ✐✳❡✳ ✐t ❝♦♥t❛✐♥s
❡①❛❝t❧② ③❡r♦ ♣♦✐♥t❡rs✳ ❆s ρ×✱ ✐t ✐s str✐❝t❧② str♦♥❣❡r t❤❛♥ ρG✳ P❡r♠✐ss✐♦♥ ρ∅ ✐s t❤❡ ♣❡r♠✐ss✐♦♥
✇❤✐❝❤ ✐s ♣r♦❞✉❝❡❞ ✇❤❡♥ ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ r❡❣✐♦♥ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿

❧❡t r❡❣✐♦♥ ρ: Long

❚❤✐s ♦♣❡r❛t✐♦♥ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ r❡❣✐♦♥ ρ✱ ✇✐t❤ ♣❡r♠✐ss✐♦♥ ρ∅✱ ❝♦♥t❛✐♥✐♥❣ ♣♦✐♥t❡rs ♦❢ ❝❧❛ss
Long ✳ ❚❤❡ s❝♦♣❡ ♦❢ ρ ✐s t❤❡ ❝✉rr❡♥t st❛t❡♠❡♥t ❜❧♦❝❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ρ ❛♥❞ ✐ts ❝✉rr❡♥t
♣❡r♠✐ss✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❛✈❛✐❧❛❜❧❡ ♦✉ts✐❞❡ t❤❡ ❢✉♥❝t✐♦♥ ✐t ✐s ❞❡❝❧❛r❡❞ ✐♥✳

❇❡❝❛✉s❡ ρ∅ ❛♥❞ ρ× ❛r❡ str♦♥❣❡r t❤❛♥ ρG✱ ❈❛♣✉❝✐♥❡ ♣r♦✈✐❞❡s ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤
✇❡❛❦❡♥s ♣❡r♠✐ss✐♦♥s ρ∅ ❛♥❞ ρ× ✐♥t♦ ρG✿

✇❡❛❦❡♥ ❡♠♣t② ρ
✇❡❛❦❡♥ s✐♥❣❧❡ ρ

❚❤❡ ✜rst ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ρ∅ ❛♥❞ ♣r♦❞✉❝❡s ρG✳ ❚❤❡ s❡❝♦♥❞ ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ρ× ❛♥❞
♣r♦❞✉❝❡s ρG✳ ❚❤✐s ✐s s♦♠❡t✐♠❡s ✉s❡❢✉❧✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ ❛ ❢✉♥❝t✐♦♥ ❝♦♥s✉♠❡s ❛ ❣r♦✉♣ r❡❣✐♦♥
❛♥❞ ❛❧❧ ②♦✉ ❤❛✈❡ ✐s ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥✳

❆❧❧♦❝❛t✐♦♥ ❚♦ ❝r❡❛t❡ ❛ ♥❡✇ ♦❜❥❡❝t✱ ❈❛♣✉❝✐♥❡ ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿

❧❡t x = ♥❡✇ [ρ]

✇❤❡r❡ ρ ✐s ❛♥ ❡♠♣t② r❡❣✐♦♥✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥ ρ∅ ✐s ❝♦♥s✉♠❡❞✳ ❆ ♣♦✐♥t❡r ✐s ❛❧❧♦❝❛t❡❞ ✐♥ r❡❣✐♦♥
ρ ✇❤✐❝❤ t❤✉s ❜❡❝♦♠❡s s✐♥❣❧❡t♦♥✿ ♣❡r♠✐ss✐♦♥ ρ× ✐s ♣r♦❞✉❝❡❞✳ ❚❤❡ ❛❞❞r❡ss ♦❢ t❤❡ ♣♦✐♥t❡r ✐s
♣✉t ✐♥ ✈❛r✐❛❜❧❡ x ✱ ✇❤✐❝❤ ❤❛s t②♣❡ [ρ]✳ ❚❤❡r❡ ✐s ♥♦ ♥✉❧❧ ♣♦✐♥t❡r ❛s ✐♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❏❛✈❛ ♦r ❈✳

❆ss✐❣♥♠❡♥t ❆♥ ❛ss✐❣♥♠❡♥t s✉❝❤ ❛s x .f ← e ❝❛♥ ♦♥❧② ❜❡ ❞♦♥❡ ✐❢ x ✐s ❛ ♣♦✐♥t❡r ✐♥ ❛ s✐♥❣❧❡t♦♥
r❡❣✐♦♥✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s r❡str✐❝t✐♦♥ ✐s t❤❛t ✐❢ ❛ ♣♦✐♥t❡r ✐s ♣♦t❡♥t✐❛❧❧② ❛❧✐❛s❡❞✱ ✐✳❡✳ ✐s ✐♥
❛ ❣r♦✉♣ r❡❣✐♦♥✱ ✇❡ ❞♦♥✬t ❦♥♦✇ ❡①❛❝t❧② ✇❤✐❝❤ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♣r♦❣r❛♠ ❛r❡ ❛❝t✉❛❧❧② ♠♦❞✐✜❡❞
✇❤❡♥ t❤❡ ♣♦✐♥t❡r ✐s ❛ss✐❣♥❡❞ t♦ ❛♥♦t❤❡r ✈❛❧✉❡✳ ❲❤❡r❡❛s ✐❢ ❛ ♣♦✐♥t❡r ✐s ✐♥ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥
ρ✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♦♥❧② ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ♣r♦❣r❛♠ ✇❤✐❝❤ ♠❛② ❜❡ ♠♦❞✐✜❡❞ ❛r❡ ❡①❛❝t❧② ❛❧❧
✈❛r✐❛❜❧❡s ♦❢ r❡❣✐♦♥ ρ✳

❋♦❝✉s ❛♥❞ ❯♥❢♦❝✉s ❋✉♥❝t✐♦♥ incr3 ✉s❡s s❡✈❡r❛❧ ❛ss✐❣♥♠❡♥ts✱ s♦♠❡ ✐♥ s✐♥❣❧❡t♦♥ r❡❣✐♦♥
ρ2 ✿

k .value ← k .value + ✶
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❛♥❞ s♦♠❡ ✐♥ ❣r♦✉♣ r❡❣✐♦♥ ρ1 ✿

i .value ← i .value + ✶
j .value ← j .value + ✶

❍♦✇❡✈❡r✱ ✇❡ ❥✉st s❛✐❞ ✐♥ t❤❡ ❛❜♦✈❡ ♣❛r❛❣r❛♣❤ t❤❛t t❤❡ ♦♥❧② ♣♦✐♥t❡rs ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞
❛r❡ ♣♦✐♥t❡rs ❜❡❧♦♥❣✐♥❣ t♦ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s✳ ❚♦ ❛❧❧♦✇ ❛ss✐❣♥♠❡♥t ♦❢ ♣♦✐♥t❡rs ✐♥ ❣r♦✉♣ r❡❣✐♦♥s✱
✇❡ ✐♥tr♦❞✉❝❡ ♦♣❡r❛t✐♦♥s ❛❧❧♦✇✐♥❣ t♦ ♠♦✈❡ ♣♦✐♥t❡rs ❢r♦♠ t❤❡✐r r❡❣✐♦♥s t♦ ♦t❤❡r r❡❣✐♦♥s✳ ❚❤✐s
❥✉st✐✜❡s t❤❡ ♥❡❡❞ ❢♦r ♣❡r♠✐ss✐♦♥s ✐♥st❡❛❞ ♦❢ s✐♠♣❧② s❡♣❛r❛t✐♥❣ r❡❣✐♦♥s ✉s✐♥❣ t❤❡✐r ♥❛♠❡s✳

❚❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥ tr❛♥s❢❡rs ❛ ♣♦✐♥t❡r p ❢r♦♠ ❛ ❣r♦✉♣ r❡❣✐♦♥ ρ t♦ ❛♥ ❡♠♣t② r❡❣✐♦♥ σ✱
✇❤✐❝❤ t❤❡♥ ❜❡❝♦♠❡s s✐♥❣❧❡t♦♥✳ ❚❤❡ tr❛♥s❢❡r❡❞ ♣♦✐♥t❡r t❤❡♥ ❜❡❧♦♥❣s t♦ s❡✈❡r❛❧ r❡❣✐♦♥s ❛t t❤❡
s❛♠❡ t✐♠❡✿ ✐ts ♦r✐❣✐♥❛❧ ❣r♦✉♣ r❡❣✐♦♥ ρ ❛♥❞ t❤❡ t❛r❣❡t r❡❣✐♦♥ σ✳ ❚♦ ❡♥s✉r❡ t❤❛t ♣♦✐♥t❡rs ♦❢
r❡❣✐♦♥ ρ ❛r❡ ♥♦t ❛❝❝❡ss❡❞ ✇❤✐❧❡ ♣♦✐♥t❡r p ✐s ❢♦❝✉s❡❞✱ r❡❣✐♦♥ ρ ✐s t❡♠♣♦r❛r✐❧② ❞✐s❛❜❧❡❞ ✿ ✐ts
♣❡r♠✐ss✐♦♥ ρG ✐s ❝♦♥s✉♠❡❞ ❛♥❞ ♣❡r♠✐ss✐♦♥ σ −◦ ρ ✐s ♣r♦❞✉❝❡❞ t♦ r❡♣❧❛❝❡ ✐t✳ P❡r♠✐ss✐♦♥
σ −◦ ρ ✐s ✐♥s♣✐r❡❞ ❜② ❧✐♥❡❛r ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❛♥❞ ✐ts ✐♥t✉✐t✐✈❡ ♠❡❛♥✐♥❣ ✐s✿ ✐❢ ②♦✉
❣✐✈❡ σ×✱ ②♦✉ ❝❛♥ ❣❡t ρG ❜❛❝❦✳ ❚♦ s✉♠ ✉♣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿

❢♦❝✉s x : ρ ❛s σ

❛ss✉♠❡s x ❤❛s t②♣❡ [ρ]✱ ❝♦♥s✉♠❡s ρG ❛♥❞ σ∅✱ ❛♥❞ ♣r♦❞✉❝❡s σ −◦ ρ ❛♥❞ σ×✳ ❚❤❡ t②♣❡ ♦❢ x ✐s
❝❤❛♥❣❡❞ ✐♥t♦ [σ]✳

❚❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✿ ✐t t❛❦❡s ❛ ❢♦❝✉s❡❞ ♣♦✐♥t❡r
❛♥❞ ♣✉ts ✐t ❜❛❝❦ ✐♥ ✐ts ♦r✐❣✐♥❛❧ r❡❣✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿

✉♥❢♦❝✉s x : σ ❛s ρ

❛ss✉♠❡s x ❤❛s t②♣❡ [σ]✱ ❝♦♥s✉♠❡s σ× ❛♥❞ σ −◦ ρ✱ ❛♥❞ ♣r♦❞✉❝❡s ρG✳ ❚❤❡ t②♣❡ ♦❢ x ✐s ❝❤❛♥❣❡❞
✐♥t♦ [ρ]✳ ◆♦ ♣❡r♠✐ss✐♦♥ ♦♥ σ ✐s ♣r♦❞✉❝❡❞✿ t❤❡ r❡❣✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ✉s❛❜❧❡✳ ❯s✉❛❧❧②✱ ❢♦❝✉s
♦♣❡r❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❛ss✐❣♥ ❛ ♣♦✐♥t❡r ✇❤✐❝❤ ✐s ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥❀ t❛r❣❡t r❡❣✐♦♥ σ ✐s t❤✉s
t❡♠♣♦r❛r②✳

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ s✐♥❣❧❡t♦♥ ❛♥❞ ❣r♦✉♣ r❡❣✐♦♥s✱ ❛s ✇❡❧❧ ❛s ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s
♦♣❡r❛t✐♦♥s✱ ✇❡ ❝❛♥ ❛❝t✉❛❧❧② ❛ss✐❣♥ ♣♦✐♥t❡rs ✐♥ ❣r♦✉♣ r❡❣✐♦♥s✳ ❍❡r❡ ✐s ❤♦✇ ✇❡ ❝❛♥ ❛ss✐❣♥
i .value ✐♥ t❤❡ incr3 ❡①❛♠♣❧❡✿

❧❡t r❡❣✐♦♥ ρi : Long ; ρi
∅, ρ1

G, ρ2
×

❢♦❝✉s i : ρ1 ❛s ρi ; ρi
×, ρi −◦ ρ1 , ρ2

×

i .value ← i .value + ✶; ρi
×, ρi −◦ ρ1 , ρ2

×

✉♥❢♦❝✉s i : ρi ❛s ρ1 ; ρ1
G, ρ2

×

❖♥ t❤❡ r✐❣❤t s✐❞❡ ❛r❡ t❤❡ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s ❛t t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✳

❆❞♦♣t✐♦♥ ❚❤❡ ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ tr❛♥s❢❡r ❛ ♣♦✐♥t❡r ❢r♦♠ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥
t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✿

❛❞♦♣t x : σ ❛s ρ

■t ✐s s✐♠✐❧❛r t♦ t❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ❡①❝❡♣t t❤❛t ♣♦✐♥t❡r x ✇❛s ♥♦t ♦r✐❣✐♥❛❧❧② ✐♥ ρ✳ ❚❤✐s
♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s σ× ❛♥❞ ρG✱ ❛s ♣♦✐♥t❡r x ♦❢ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ σ ✐s tr❛♥s❢❡r❡❞
t♦ ❣r♦✉♣ r❡❣✐♦♥ ρ✳ P❡r♠✐ss✐♦♥ ρG ✐s ♣r♦❞✉❝❡❞✱ ❜✉t ♥♦ ♣❡r♠✐ss✐♦♥ ♦♥ σ ✐s ❛✈❛✐❧❛❜❧❡ ❛❢t❡r t❤❡
❛❞♦♣t✐♦♥✿ t❤❡ r❡❣✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ✉s❛❜❧❡✳

❆ t②♣✐❝❛❧ s❡q✉❡♥❝❡ ✉s❡❞ ✐♥ ❈❛♣✉❝✐♥❡ ✐s ❛❧❧♦❝❛t✐♦♥ ❢♦❧❧♦✇❡❞ ❜② ❛❞♦♣t✐♦♥✱ t♦ ❝r❡❛t❡ ❛ ♥❡✇
♣♦✐♥t❡r ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥ ρ✿
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❧❡t r❡❣✐♦♥ σ: Long ; σ∅, ρG

❧❡t x = ♥❡✇ [σ]; σ×, ρG

x .value ← ✻✾; σ×, ρG

❛❞♦♣t x : σ ✐♥ ρ; ρG

❆❢t❡r t❤✐s s❡q✉❡♥❝❡✱ r❡❣✐♦♥ ρ ❝♦♥t❛✐♥s ❛ ♥❡✇ Long ♣♦✐♥t❡r ♦❢ ✈❛❧✉❡ 69✳

✸✳✷ ▼♦❞✉❧❛r✐t② ❯s✐♥❣ ❘❡❣✐♦♥ ❖✇♥❡rs❤✐♣

❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s r❡❣✐♦♥ ♦✇♥❡rs❤✐♣✳ ❘❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ✐s s✐♠✐❧❛r t♦ ♦❜❥❡❝t ♦✇♥❡rs❤✐♣ ✇❤✐❝❤
❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❧❧♦✇ ♦❜❥❡❝t ✐♥✈❛r✐❛♥ts t♦ ♠❡♥t✐♦♥ ♦t❤❡r ♦❜❥❡❝ts✱ ❛s ✇❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✷✳✺✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ ✇✐t❤ ♦❜❥❡❝t ♦✇♥❡rs❤✐♣✱ ♦❜❥❡❝ts ♦✇♥ ♦t❤❡r ♦❜❥❡❝ts✱ ✇✐t❤ r❡❣✐♦♥
♦✇♥❡rs❤✐♣ ♦❜❥❡❝ts ♦✇♥ r❡❣✐♦♥s✳ ■❢ ❛♥ ♦❜❥❡❝t ♦✇♥s ❛ ❣r♦✉♣ r❡❣✐♦♥✱ ✐t ♦✇♥s ❛❧❧ t❤❡ ♦❜❥❡❝ts ♦❢
t❤❡ r❡❣✐♦♥✳ ❈❛♣✉❝✐♥❡ ❛❧s♦ ✉s❡s ♦✇♥❡rs❤✐♣ t♦ ❡①t❡♥❞ t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ ✐♥✈❛r✐❛♥ts✱ ❛♥❞ ✇❡
✇✐❧❧ ❞✐s❝✉ss t❤✐s ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ❛s ❛ ✇❛② t♦
✐♠♣r♦✈❡ ♠♦❞✉❧❛r✐t②✳

▼♦t✐✈❛t✐♦♥ ▲❡t✬s ♠♦t✐✈❛t❡ ♦✇♥❡rs❤✐♣ ✉s✐♥❣ ❛♥ ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r ❝❧❛ss Pair ✱ ✇❤✐❝❤ ❝♦♥✲
t❛✐♥s t✇♦ Long ✜❡❧❞s✿

❝❧❛ss Pair [ρ1 : Long , ρ2 : Long ]
{
left : [ρ1 ];
right : [ρ2 ];
}

❘❡❣✐♦♥s ρ1 ❛♥❞ ρ2 ❛r❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ ❝❧❛ss Pair ✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ t②♣❡ ♣❛r❛♠❡t❡rs
♦❢ ▼▲✱ ❛♥❞ ✐s ❛ ❢♦r♠ ♦❢ ♣♦❧②♠♦r♣❤✐s♠✿ ❝❧❛ss Pair ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤ s❡✈❡r❛❧ r❡❣✐♦♥s ❢♦r ✐ts
left ❛♥❞ right ✜❡❧❞s✳

◆♦✇ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥ incrPair ✱ ✇❤✐❝❤ ✐♥❝r❡♠❡♥ts t❤❡ t✇♦ ✜❡❧❞s ♦❢ ❛ Pair ♦❜❥❡❝t✿

❢✉♥ incrPair [ρl : Long , ρr : Long , ρp : Pair [ρl , ρr ] ] (p: [ρp ])
❝♦♥s✉♠❡s ρp

× ρl
× ρr

×

♣r♦❞✉❝❡s ρp
× ρl

× ρr
×

{
❧❡t l = p.left ;
l .value ← l .value + ✶;
❧❡t r = p.right ;
r .value ← r .value + ✶;
}

❆s ②♦✉ ❝❛♥ s❡❡✱ ❢✉♥❝t✐♦♥ incrPair ♠✉st t❛❦❡ t❤r❡❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✿ ♥♦t ♦♥❧② t❤❡ r❡❣✐♦♥
ρp ♦❢ ✐ts Pair ❛r❣✉♠❡♥t p✱ ❜✉t ❛❧s♦ t❤❡ r❡❣✐♦♥s ρl ❛♥❞ ρr ♦❢ t❤❡ left ❛♥❞ right ✜❡❧❞s✳ ❖♥
♠♦r❡ ❝♦♠♣❧❡① ❞❛t❛ str✉❝t✉r❡s✱ ✐t q✉✐❝❦❧② ❜❡❝♦♠❡s t❡❞✐♦✉s t♦ ❡♥✉♠❡r❛t❡ ❛❧❧ ✐♥✈♦❧✈❡❞ r❡❣✐♦♥s✳
▼♦r❡♦✈❡r✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ s♦♠❡ ❝❛s❡s s✉❝❤ ❛s ❧✐♥❦❡❞ ❧✐sts ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥✈♦❧✈❡❞
♦❜❥❡❝ts ✐s ♥♦t ❦♥♦✇♥ st❛t✐❝❛❧❧②✳

❇✉t t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠♦t✐✈❛t✐♦♥ ❢♦r ♦✇♥❡rs❤✐♣ ✐s ❜❡✐♥❣ ❛❜❧❡ t♦ ✇r✐t❡ ❞❛t❛ ✐♥✈❛r✐❛♥ts
✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ♠♦r❡ ❧♦❝❛t✐♦♥s t❤❛♥ ❥✉st t❤❡ ✜❡❧❞s ♦❢ t❤❡ ❝❧❛ss✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥✈❛r✐❛♥t ❢♦r ❝❧❛ss Pair ✿



✹✵ ❈❍❆P❚❊❘ ✸✳ ■◆❋❖❘▼❆▲ P❘❊❙❊◆❚❆❚■❖◆ ❖❋ ❈❆P❯❈■◆❊

✐♥✈❛r✐❛♥t left .value < right .value

❚♦ ♠❛✐♥t❛✐♥ s✉❝❤ ❛♥ ✐♥✈❛r✐❛♥t✱ ✇❡ ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❛t ✜❡❧❞ value ♦❢ ♣♦✐♥t❡rs left ❛♥❞ right

❝❛♥♥♦t ❜❡ ♠♦❞✐✜❡❞ ✇✐t❤♦✉t t❤❡ ✐♥✈❛r✐❛♥t ❜❡✐♥❣ ❝❤❡❝❦❡❞✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱
♦✇♥❡rs❤✐♣ ✐s ♦♥❡ ✇❛② t♦ ❡♥s✉r❡ t❤✐s ♣r♦♣❡rt②✳

❖✇♥❡rs❤✐♣ ■t ✐s ♥❛t✉r❛❧ t♦ t❤✐♥❦ ♦❢ ✜❡❧❞s left ❛♥❞ right ❛s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡✐r Pair ♦❜❥❡❝t✳
❚❤❡② ❛r❡ ♦✇♥❡❞ ❜② ✐t✳ ■♥st❡❛❞ ♦❢ ✉s✐♥❣ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ✜❡❧❞s left ❛♥❞ right ✱ ❈❛♣✉❝✐♥❡
❛❧❧♦✇s ❝❧❛ss Pair t♦ ❡♥❝❛♣s✉❧❛t❡ t❤❡✐r r❡❣✐♦♥s ✉s✐♥❣ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣✿

❝❧❛ss Pair

{
s✐♥❣❧❡ ρl : Long , ρr : Long ;
left : [ρl ];
right : [ρr ];
}

❚❤✐s ❝❧❛ss ❞❡❝❧❛r❛t✐♦♥ ❝♦♥t❛✐♥s t✇♦ ♦✇♥❡❞ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s ρl ❛♥❞ ρr ✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ❢♦r
✜❡❧❞s left ❛♥❞ right r❡s♣❡❝t✐✈❡❧②✳

■❢ ❣✐✈❡♥ ❛ Pair ♦❜❥❡❝t✱ s❛② ❛ ✈❛r✐❛❜❧❡ x ♦❢ t②♣❡ [ρ] ✇✐t❤ ρ ❜❡✐♥❣ ❛ Pair r❡❣✐♦♥✱ r❡❣✐♦♥
❡①♣r❡ss✐♦♥s x .ρl ❛♥❞ x .ρr ❞❡♥♦t❡ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ x ✳ ❚❤✉s x .left ❤❛s t②♣❡ [x .ρl ] ❛♥❞
x .right ❤❛s t②♣❡ [x .ρr ]✳

P❡r♠✐ss✐♦♥ ρ× ❡♥❝❛♣s✉❧❛t❡s ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s x .ρl× ❛♥❞ x .ρr
× ❢♦r x ♦❢ t②♣❡

[ρ]✳ ❚♦ ❛❝❝❡ss t❤❡s❡ ♣❡r♠✐ss✐♦♥s ✇❡ ♥❡❡❞ t♦ ✉♥♣❛❝❦ x ✉s✐♥❣ t❤❡ ✉♥♣❛❝❦ ♦♣❡r❛t✐♦♥✳ ❚❤✐s
♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ρ× ❛♥❞ ♣r♦❞✉❝❡s ρ◦✱ x .ρl× ❛♥❞ x .ρr

×✳ P❡r♠✐ss✐♦♥ ρ◦ ❞❡♥♦t❡s t❤❛t ρ ✐s
s✐♥❣❧❡t♦♥✱ ❜✉t ✐s ❝✉rr❡♥t❧② ✉♥♣❛❝❦❡❞✳ ❚❤❡ ♦♣♣♦s✐t❡ ♦♣❡r❛t✐♦♥ ✐s ♣❛❝❦✳ P❛❝❦✐♥❣ x ❝♦♥s✉♠❡s
ρ◦✱ x .ρl× ❛♥❞ x .ρr

× ❛♥❞ ♣r♦❞✉❝❡s ρ×✳
❋✉♥❝t✐♦♥ incrPair ❝❛♥ t❤❡♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s✿

❢✉♥ incrPair [ρp : Pair ] (p: [ρp ])
❝♦♥s✉♠❡s ρp

×

♣r♦❞✉❝❡s ρp
×

{
✉♥♣❛❝❦ p; p.ρl

×, p.ρr
×, ρp

◦

❧❡t l = p.left ; p.ρl
×, p.ρr

×, ρp
◦

l .value ← l .value + ✶; p.ρl
×, p.ρr

×, ρp
◦

❧❡t r = p.right ; p.ρl
×, p.ρr

×, ρp
◦

r .value ← r .value + ✶; p.ρl
×, p.ρr

×, ρp
◦

♣❛❝❦ p; ρp
×

}

❚♦ ❛ss✐❣♥ l .value ❛♥❞ r .value✱ ✇❡ ♥❡❡❞ ♣❡r♠✐ss✐♦♥s ♦♥ p.ρl ❛♥❞ p.ρr ✳ ❚❤✐s ✐s ✇❤② ✇❡ ✉♥♣❛❝❦
p ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❲❡ ♣❛❝❦ ✐t ❛t t❤❡ ❡♥❞ t♦ r❡st♦r❡ ♣❡r♠✐ss✐♦♥ ρp

×✳

❆❧❧♦❝❛t✐♦♥ ❆❧❧♦❝❛t✐♥❣ ❛ ♥❡✇ Pair ♣♦✐♥t❡r p ✐♥ ❛ r❡❣✐♦♥ ρ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s ρ◦✱ p.ρl∅

❛♥❞ p.ρr
∅✳ ■♥❞❡❡❞✱ t❤❡ ♦❜❥❡❝t ✐s ♥♦t ✐♥✐t✐❛❧✐③❡❞✱ ❛♥❞ s♦ t❤❡ ρl ❛♥❞ ρr r❡❣✐♦♥s ❛r❡ ❡♠♣t②✳

❘❡❣✐♦♥ ρ ✐s st✐❧❧ ♦♣❡♥✱ ❛s t♦ ❜❡ ♣❛❝❦❡❞ ✐t r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥s p.ρl× ❛♥❞ p.ρr
×✳

❲❡ ❡①t❡♥❞ ♣❡r♠✐ss✐♦♥ ρ◦ t♦ ❝❛rr② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✇❤✐❝❤ ✜❡❧❞s ❛r❡ ✐♥✐t✐❛❧✐③❡❞✳ ❲❡
❞❡♥♦t❡ ❜② ρ◦{f1 , · · ·, fk} t❤❡ ♣❡r♠✐ss✐♦♥ st❛t✐♥❣ t❤❛t ρ ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ t♦ ❛♥
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♦❜❥❡❝t ✇❤♦s❡ ✜❡❧❞s ❛r❡ ❛❧❧ ✐♥✐t✐❛❧✐③❡❞ ❜✉t f1 , · · ·, fk ✳ P❡r♠✐ss✐♦♥ ρ◦ ✐s ❛ s❤♦rt❝✉t ❢♦r ρ◦{}✳
❆ss✐❣♥♠❡♥t x .f ← e r❡♠♦✈❡s f ❢r♦♠ t❤❡ s❡t ♦❢ ✉♥✐♥✐t✐❛❧✐③❡❞ ✜❡❧❞s✳

❍❡r❡ ✐s ❛ ❝♦♥str✉❝t♦r ❢♦r ❛ Pair ✿

❢✉♥ create [ρp : Pair ] (): [ρp ]
❝♦♥s✉♠❡s ρp

∅

♣r♦❞✉❝❡s ρp
×

{
❧❡t p = ♥❡✇ [ρp ]; p.ρl

∅, p.ρr
∅, ρp

◦{left , right}
❧❡t l = ♥❡✇ [p.ρl ]; p.ρl

◦{value}, p.ρr
∅, ρp

◦{left , right}
l .value ← ✵; p.ρl

◦, p.ρr
∅, ρp

◦{left , right}
♣❛❝❦ l ; p.ρl

×, p.ρr
∅, ρp

◦{left , right}
p.left ← l ; p.ρl

×, p.ρr
∅, ρp

◦{right}
❧❡t r = ♥❡✇ [p.ρr ]; p.ρl

×, p.ρr
◦{value}, ρp

◦{right}
r .value ← ✵; p.ρl

×, p.ρr
◦, ρp

◦{right}
♣❛❝❦ r ; p.ρl

×, p.ρr
×, ρp

◦{right}
p.right ← r ; p.ρl

×, p.ρr
×, ρp

◦

♣❛❝❦ p; ρp
×

r❡t✉r♥ p; ρp
×

}

▼♦❞✉❧❛r✐t② ❖✇♥❡rs❤✐♣ ♦♣❡♥s ✉♣ ❛❜str❛❝t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s✳ ■♥❞❡❡❞✱ ♦❜❥❡❝ts ❡♥❝❛♣s✉❧❛t❡
t❤❡✐r ♦✇♥❡❞ ♦❜❥❡❝ts✳ ❋✉♥❝t✐♦♥s ✇❤✐❝❤ ❞♦ ♥♦t ❛❝❝❡ss t❤❡ ♦✇♥❡❞ ♦❜❥❡❝ts ♥❡❡❞ ♥♦t ❦♥♦✇ ❛❜♦✉t
t❤❡✐r ❡①✐st❡♥❝❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

❢✉♥ twice [ρp : Pair ] (p: [ρp ])
❝♦♥s✉♠❡s ρp

×

♣r♦❞✉❝❡s ρp
×

{
incrPair [ρp ] (p);
incrPair [ρp ] (p);
}

❋✉♥❝t✐♦♥ twice ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❦♥♦✇ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ Pair ❛♥❞ ♦❢
incrPair ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ Pair t②♣❡ ❝♦✉❧❞ ❜❡ ❛❜str❛❝t✿ ✜❡❧❞s left ❛♥❞ right ✱ ❛s ✇❡❧❧
❛s ♦✇♥❡❞ r❡❣✐♦♥s ρl ❛♥❞ ρr ✱ ❝♦✉❧❞ ❜❡ ❤✐❞❞❡♥ ❛♥❞ ②❡t ❢✉♥❝t✐♦♥ twice ✇♦✉❧❞ ♥♦t ♥❡❡❞ t♦ ❜❡
❛❞❛♣t❡❞✳

❙❡✈❡r❛❧ ♠♦❞✉❧❡ s②st❡♠s ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❡①t❡♥❞ ❈❛♣✉❝✐♥❡ ✇✐t❤ ❛❜str❛❝t✐♦♥✿ r❡✜♥❡✲
♠❡♥t ❛♥❞ ❢✉♥❝t♦rs ❢♦r ✐♥st❛♥❝❡ ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s✳ ❚❤❡ ❝❤♦✐❝❡ ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✇♦r❦ ♦❢
t❤✐s t❤❡s✐s t❤♦✉❣❤✱ ❛♥❞ ✇❡ ✇✐❧❧ ♥♦t ❞✐s❝✉ss ✐t ❤❡r❡✳

✸✳✸ ■♥✈❛r✐❛♥ts ❯s✐♥❣ P❡r♠✐ss✐♦♥s ❛♥❞ ❖✇♥❡rs❤✐♣

❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ♦❜❥❡❝t ✐♥✈❛r✐❛♥ts✳ P❡r♠✐ss✐♦♥s ❛r❡ ✉s❡❞ t♦ tr❛❝❦ ✇❤✐❝❤ ✐♥✈❛r✐❛♥ts ❤♦❧❞✱ ❛♥❞
♦✇♥❡rs❤✐♣ ✐s ✉s❡❞ t♦ ❛❧❧♦✇ ✐♥✈❛r✐❛♥ts t♦ ❞❡♣❡♥❞ ♦♥ ♦t❤❡r ♦❜❥❡❝ts✳

P❡r♠✐ss✐♦♥s ❚r❛❝❦ ■♥✈❛r✐❛♥t ❙t❛t❡s ▲❡t✬s ✐❧❧✉str❛t❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❝❤❛♥✐s♠ ♦♥ ❛ s✐♠♣❧❡
❡①❛♠♣❧❡✿ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ❞❡✜♥❡ ❝❧❛ss PosInt ✿
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❝❧❛ss PosInt

{
value: int ;
✐♥✈❛r✐❛♥t value ≥ ✵;
}

❚❤✐s ❝❧❛ss ❤❛s ♦♥❧② ♦♥❡ ✐♥t❡❣❡r ✜❡❧❞ value ✇❤✐❝❤✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥✈❛r✐❛♥t✱ s❤♦✉❧❞ ❛❧✇❛②s
❜❡ ♣♦s✐t✐✈❡ ✭♦r ③❡r♦✮✳

❚♦ tr❛❝❦ t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts✱ ✇❡ ✉s❡ ♣❡r♠✐ss✐♦♥s ρ◦ ❛♥❞ ρ×✳ ❚❤❡② ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥
✐♥tr♦❞✉❝❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❚❤❡② ❜♦t❤ ✐♠♣❧② r❡❣✐♦♥ ρ ✐s s✐♥❣❧❡t♦♥✱ ❜✉t ρ◦ ♠❡❛♥s t❤❛t ρ
✐s ♦♣❡♥ ✇❤✐❧❡ ρ× ♠❡❛♥s t❤❛t ρ ✐s ❝❧♦s❡❞✳ ❯♥t✐❧ ♥♦✇✱ ✇❡ ♦♥❧② ✉s❡❞ t❤✐s ❞✐st✐♥❝t✐♦♥ ❜❡❝❛✉s❡ ♦❢
♦✇♥❡rs❤✐♣✳ ◆♦✇ ✇❡ ❛❞❞ ❛ ♥❡✇ ♠❡❛♥✐♥❣ t♦ ♣❡r♠✐ss✐♦♥ ρ×✿ ✐❢ ρ× ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡ ♣♦✐♥t❡r ♦❢
ρ ♠✉st ✈❡r✐❢② ✐ts ✐♥✈❛r✐❛♥t✳ ■❢ ρ◦ ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡ ✐♥✈❛r✐❛♥t ♠❛② ❜❡ ❜r♦❦❡♥✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s
❝❤❡❝❦❡❞ ✇❤❡♥ ♣❛❝❦✐♥❣✳

▼♦r❡♦✈❡r✱ ✇❡ ♥♦✇ r❡q✉✐r❡ ♣❡r♠✐ss✐♦♥ ρ◦ t♦ ❛ss✐❣♥ t❤❡ ✜❡❧❞s ♦❢ t❤❡ ♣♦✐♥t❡r ♦❢ ρ✳ ❚❤✐s ✐s
t❤❡ s❛♠❡ r❡q✉✐r❡♠❡♥t t❤❛♥ t❤❡ ♦♥❡ ✇❤✐❝❤ ✇❛s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✿ ♦♥❧② ♦♣❡♥ ♣♦✐♥t❡rs ♠❛②
❜❡ ♠♦❞✐✜❡❞✱ ❛s t❤❡✐r ✐♥✈❛r✐❛♥t ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❤♦❧❞✳ ❍♦✇❡✈❡r✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ s♣❡❝✐❛❧
state ✜❡❧❞ ✇❡ ✉s❡ ♣❡r♠✐ss✐♦♥s✳

❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❛✐♥t❛✐♥s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ PosInt ♦❜❥❡❝t✿

❢✉♥ incr [ρ: PosInt ] (p: [ρ]): unit
❝♦♥s✉♠❡s ρ×

♣r♦❞✉❝❡s ρ×

{
✉♥♣❛❝❦ p; ρ◦

p.value ← p.value + ✶; ρ◦

♣❛❝❦ p; ρ×

}

❇❡❝❛✉s❡ incr ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥ ρ×✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ♠✉st ❤♦❧❞ ✇❤❡♥ incr ✐s ❝❛❧❧❡❞✳
❇❡❝❛✉s❡ incr ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥ ρ×✱ t❤❡ ✐♥✈❛r✐❛♥t ✐s ♠❛✐♥t❛✐♥❡❞ ❜② ❛ ❝❛❧❧ t♦ incr ✳

❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ PosInt ♦❜❥❡❝t✱
❜✉t ✇❤✐❝❤ ♥❡✈❡rt❤❡❧❡ss ❡♥s✉r❡s t❤❡ ✐♥✈❛r✐❛♥t ❤♦❧❞s ❛❢t❡r t❤❡ ❝❛❧❧✿

❢✉♥ abs [ρ: PosInt ] (p: [ρ]): unit
❝♦♥s✉♠❡s ρ◦

♣r♦❞✉❝❡s ρ×

{
✐❢ p.value < ✵ t❤❡♥

{
p.value ← −p.value;
};
♣❛❝❦ p;
}

❇❡❝❛✉s❡ t❤✐s ❢✉♥❝t✐♦♥ ❝♦♥s✉♠❡s ρ◦✱ ❛♥❞ ♥♦t ρ×✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❤♦❧❞
❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❍♦✇❡✈❡r✱ ✐t ❤♦❧❞s ❛t t❤❡ ❡♥❞✱ ❛♥❞ t❤✐s ✐s r❡✢❡❝t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ρ× ✐s
♣r♦❞✉❝❡❞ ❜② abs✳

❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐♥✐t✐❛❧✐③❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛♥ ♦❜❥❡❝t ✐s ✐ts ❝♦♥str✉❝t♦r✱
✐✳❡✳ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛❧❧♦❝❛t❡s ❛♥❞ ✐♥✐t✐❛❧✐③❡s t❤❡ ♦❜❥❡❝t✿
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❢✉♥ create [ρ: PosInt ] (i : int): [ρ]
♣r❡ i ≥ ✵
❝♦♥s✉♠❡s ρ∅

♣r♦❞✉❝❡s ρ×

{
❧❡t p = ♥❡✇ [ρ]; ρ◦{value}
p.value ← i ; ρ◦

♣❛❝❦ p; ρ×

}

❚❤✐s ❝♦♥str✉❝t♦r t❛❦❡s ❛♥ ❡♠♣t② r❡❣✐♦♥ ρ ❛♥❞ ❛♥ ✐♥t❡❣❡r i ✳ ❚❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s i t♦
❜❡ ♣♦s✐t✐✈❡ ♦r ♥✉❧❧✳ ❚❤❡ ❢✉♥❝t✐♦♥ r❡t✉r♥s ❛ ♥❡✇ ♣♦✐♥t❡r✱ ❛❧❧♦❝❛t❡❞ ✐♥ r❡❣✐♦♥ ρ✱ ✇✐t❤ ✐♥✐t✐❛❧
✈❛❧✉❡ i ✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s t❤✉s ✈❡r✐✜❡❞✱ ❛♥❞ t❤✐s ✐s r❡✢❡❝t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ρ× ✐s ♣r♦❞✉❝❡❞✳
◆♦t❡ t❤❛t ❛❧❧♦❝❛t✐♦♥ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥ ρ◦✱ ❛♥❞ ♥♦t ρ×✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ✐♥ ♦✉r s②st❡♠✳
■♥❞❡❡❞✱ ❛❧❧♦❝❛t✐♦♥ ❞♦❡s ♥♦t ✐♥✐t✐❛❧✐③❡s ✐♥✈❛r✐❛♥ts✳

❆♥ ♦❜❥❡❝t ♦❢ ❛ ❣r♦✉♣ r❡❣✐♦♥ ✐s ❛❧✇❛②s ❝❧♦s❡❞✳ P❡r♠✐ss✐♦♥ ρG st❛t❡s t❤❛t ❛❧❧ ♦❜❥❡❝ts ♦❢ ρ
✈❡r✐❢② t❤❡✐r ✐♥✈❛r✐❛♥t✳

❖✇♥❡rs❤✐♣ ❊①t❡♥❞s ■♥✈❛r✐❛♥t ❊①♣r❡ss✐✈❡♥❡ss ■❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛♥ ♦❜❥❡❝t A ❞❡♣❡♥❞s
♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ♦❜❥❡❝t B✱ t❤❡♥ B s❤♦✉❧❞ ♥♦t ❜❡ ♠♦❞✐✜❡❞ ✇✐t❤♦✉t ❝❤❡❝❦✐♥❣ t❤❛t t❤❡ ♠♦❞✲
✐✜❝❛t✐♦♥ ❞♦❡s ♥♦t ❜r❡❛❦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A✳ ❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱
♦✇♥❡rs❤✐♣ ✐s ❛ ♠❡❛♥s t♦ ❛❝❤✐❡✈❡ ❡①❛❝t❧② t❤✐s ❣♦❛❧✿ ✐❢ A ♦✇♥s B✱ ❛♥❞ ✐❢ t❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞✲
♦❧♦❣② ♣r❡✈❡♥ts B ❢r♦♠ ❜❡✐♥❣ ♠♦❞✐✜❡❞ ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A ✐s s✉♣♣♦s❡❞ t♦ ❤♦❧❞✱ t❤❡♥ t❤❡
✐♥✈❛r✐❛♥t ♦❢ A ❝❛♥♥♦t ❜❡ ❜r♦❦❡♥✳

■♥ ❈❛♣✉❝✐♥❡✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ❝❧❛ss ♠❛② ♦♥❧② ❞❡♣❡♥❞ ♦♥ ✜❡❧❞s ✇❤✐❝❤ ❛r❡ tr❛♥s✐t✐✈❡❧②
♦✇♥❡❞ ❜② t❤❡ ❝❧❛ss✳ ❆ ✜❡❧❞ ✐s tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ ❝❧❛ss ✐❢ ❡✐t❤❡r ✐t ✐s ❛ ✜❡❧❞ ♦❢ t❤❡ ❝❧❛ss✱
♦r ✐t ✐s t❤❡ ✜❡❧❞ ♦❢ ❛♥ ♦❜❥❡❝t ✇❤✐❝❤ ✐s ✐♥ ❛ r❡❣✐♦♥ ♦✇♥❡❞ ❜② t❤❡ ❝❧❛ss✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ❛ ❝❧❛ss
C ♦✇♥s ❛ r❡❣✐♦♥ r ♦❢ ❝❧❛ss C′✱ ✐❢ C ❤❛s ❛ ✜❡❧❞ f ♦❢ t②♣❡ [r ]✱ ❛♥❞ ✐❢ C′ ❤❛s ❛ ✜❡❧❞ g ✱ t❤❡♥ C
tr❛♥s✐t✐✈❡❧② ♦✇♥s f .g ❛♥❞ ✐ts ✐♥✈❛r✐❛♥t ♠❛② t❤✉s ❞❡♣❡♥❞ ♦♥ f .g ✳

❚❤❡♥ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ s②st❡♠ ♦❢ ❈❛♣✉❝✐♥❡ ♣r❡✈❡♥ts ✐♥✈❛r✐❛♥ts ❢r♦♠ ❜❡✐♥❣ ❜r♦❦❡♥
✉♥❡①♣❡❝t❡❞❧②✳ ■♥❞❡❡❞✱ t♦ ♠♦❞✐❢② ❛♥ ♦❜❥❡❝t B ♦✇♥❡❞ ❜② ❛♥ ♦❜❥❡❝t A✱ ✇❡ r❡q✉✐r❡ t❤❡ ♦♣❡♥
♣❡r♠✐ss✐♦♥ ρb

◦ ♦♥ t❤❡ r❡❣✐♦♥ ρb ♦❢ ♦❜❥❡❝t B✳ ❇✉t t❤✐s ♣❡r♠✐ss✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ❛✈❛✐❧❛❜❧❡ ✐❢ A
❤❛s ❜❡❡♥ ✉♥♣❛❝❦❡❞ ✜rst✱ ❛♥❞ t❤✉s ✐❢ ♣❡r♠✐ss✐♦♥ ρa

◦ ♦♥ t❤❡ r❡❣✐♦♥ ρa ♦❢ ♦❜❥❡❝t A ✐s ❛✈❛✐❧❛❜❧❡✳
❚❤✉s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ A ✐s ♥♦t ❡①♣❡❝t❡❞ t♦ ❤♦❧❞ ✇❤❡♥ B ❝❛♥ ❜❡ ♠♦❞✐✜❡❞✳

❋♦r ✐♥st❛♥❝❡✱ ❧❡t✬s ❛❞❞ ❛♥ ✐♥✈❛r✐❛♥t t♦ ❝❧❛ss Pair ✿

❝❧❛ss Pair

{
s✐♥❣❧❡ ρl : Long , ρr : Long ;
left : [ρl ];
right : [ρr ];
✐♥✈❛r✐❛♥t left .value < right .value;
}

❚❤❡ ✐♥✈❛r✐❛♥t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ value ✜❡❧❞ ♦❢ t❤❡ left ❛♥❞ right ✜❡❧❞s✱ ✇❤✐❝❤ ❛r❡ ♦✇♥❡❞ ❜②
t❤❡ Pair ✱ s♦ t❤❡ ✐♥✈❛r✐❛♥t ✐s ✈❛❧✐❞✳

❆s ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥❡✇ r❡q✉✐r❡♠❡♥t t❤❛t ♣♦✐♥t❡rs s❤♦✉❧❞ ❜❡ ♦♣❡♥ ❜❡❢♦r❡ t❤❡✐r
✜❡❧❞s ❛r❡ ♠♦❞✐✜❡❞✱ ✇❡ ❤❛✈❡ t♦ r❡✇r✐t❡ incrPair ✿

❢✉♥ incrPair [ρp : Pair ] (p: [ρp ])
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❝♦♥s✉♠❡s ρp
×

♣r♦❞✉❝❡s ρp
×

{
✉♥♣❛❝❦ p; p.ρl

×, p.ρr
×, ρp

◦

❧❡t l = p.left ; p.ρl
×, p.ρr

×, ρp
◦

✉♥♣❛❝❦ l ; p.ρl
◦, p.ρr

×, ρp
◦

l .value ← l .value + ✶; p.ρl
◦, p.ρr

×, ρp
◦

♣❛❝❦ l ; p.ρl
×, p.ρr

×, ρp
◦

❧❡t r = p.right ; p.ρl
×, p.ρr

×, ρp
◦

✉♥♣❛❝❦ r ; p.ρl
×, p.ρr

◦, ρp
◦

r .value ← r .value + ✶; p.ρl
×, p.ρr

◦, ρp
◦

♣❛❝❦ r ; p.ρl
×, p.ρr

×, ρp
◦

♣❛❝❦ p; ρp
×

}

❆s ②♦✉ ❝❛♥ s❡❡✱ ❜❡❢♦r❡ ♠♦❞✐❢②✐♥❣ p.left .value✱ ✇❡ ❤❛✈❡ t♦ ✉♥♣❛❝❦ p.left ✱ ❛♥❞ ❜❡❢♦r❡ ✉♥♣❛❝❦✐♥❣
p.left ✇❡ ❤❛✈❡ t♦ ✉♥♣❛❝❦ p✳ ❙♦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ p ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❤♦❧❞ ❜❡❢♦r❡ t❤❡ ♣❛❝❦ p ✐♥✲
str✉❝t✐♦♥✳ ■♥ ❢❛❝t✱ t❤✐s ✐♥✈❛r✐❛♥t ❝❛♥ ❜❡ t❡♠♣♦r❛r✐❧② ❜r♦❦❡♥ ✐❢ p.left .value = p.right .value − ✶
❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❇✉t t❤❡ ✐♥✈❛r✐❛♥t ✐s r❡✲❡st❛❜❧✐s❤❡❞ ❜❡❢♦r❡ p ✐s ♣❛❝❦❡❞ ❛♥❞
✐ts ✐♥✈❛r✐❛♥t ✐s r❡q✉✐r❡❞ t♦ ❤♦❧❞ ❛❣❛✐♥✳

✸✳✹ ❊①❛♠♣❧❡s

✸✳✹✳✶ ❇♦✉♥❞❡❞ ❆rr❛②s

❆s ❛ ✜rst ❡①❛♠♣❧❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s ❞❛t❛ str✉❝t✉r❡ ✐♥ ❈❛♣✉❝✐♥❡✳ ❇♦✉♥❞❡❞ ❛rr❛②s
❛r❡ ❛rr❛②s ♦❢ ❝♦♥st❡♥t ❧❡♥❣t❤✳ Pr❡✲❝♦♥❞✐t✐♦♥s ♣r❡✈❡♥t r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣ ♦✉ts✐❞❡ ♦❢ t❤❡ ❛rr❛②✳

▲♦❣✐❝ ❆rr❛②s ❋✐rst ✇❡ ❞❡✜♥❡ ❧♦❣✐❝ ❛rr❛②s ✐♥ ❈❛♣✉❝✐♥❡✳ ❚❤✐s ✐s t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✇❤✐❝❤
✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✶✳ ❍❡r❡ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❈❛♣✉❝✐♥❡ ❝♦❞❡✿

t②♣❡ larray (α)

❧♦❣✐❝ store (a: larray (α), i : int , v : α): larray (α)

❧♦❣✐❝ select (a: larray (α), i : int): α

❛①✐♦♠ selectEq :
∀a: larray (α).
∀i : int .
∀v : α.
select(store(a, i , v), i) = v

❛①✐♦♠ selectNeq :
∀a: larray (α).
∀i : int .
∀j : int .
∀v : α.
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i 6= j ⇒
select(store(a, i , v), j ) = select(a, j )

❚❤✐s ❝♦❞❡ ✐❧❧✉str❛t❡s ❤♦✇ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ❧♦❣✐❝ t②♣❡ ❞❡❝❧❛r❛t✐♦♥s ✉s✐♥❣ t❤❡ t②♣❡ ❦❡②✇♦r❞✱
❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❞❡❝❧❛r❛t✐♦♥s ✉s✐♥❣ t❤❡ ❧♦❣✐❝ ❦❡②✇♦r❞ ❛♥❞ ❛①✐♦♠❛t✐③❛t✐♦♥s ♦❢ t❤❡♠ ✉s✐♥❣ t❤❡
❛①✐♦♠ ❦❡②✇♦r❞✳ ❚❤✐s ❛❧❧♦✇s t❤❡ ✉s❡r t♦ ✐♥tr♦❞✉❝❡ ♥❡✇ ♣✉r❡ t②♣❡s ✉s✐♥❣ ✜rst✲♦r❞❡r ❧♦❣✐❝
❛①✐♦♠❛t✐③❛t✐♦♥s✳ ❍❡r❡✱ ❛rr❛②s ❛r❡ ♣♦❧②♠♦r♣❤✐❝✿ t❤❡ α ❛r❣✉♠❡♥t ♦❢ t②♣❡ larray ✐s ❛ t②♣❡
♣❛r❛♠❡t❡r ❛s ✐♥ ▼▲✳

❇♦✉♥❞❡❞ ❆rr❛②s✿ ❈❧❛ss ❉❡✜♥✐t✐♦♥ ❲❡ ♥♦✇ ❞❡✜♥❡ ♠✉t❛❜❧❡ ❜♦✉♥❞❡❞ ❛rr❛②s ✐♥ ❈❛♣✉❝✐♥❡✳
❆ ❜♦✉♥❞❡❞ ❛rr❛② ✐s ❛ r❡❢❡r❡♥❝❡ t♦ ❛ ❧♦❣✐❝ ❛rr❛② ❛♥❞ ❛ s✐③❡✳

❝❧❛ss array (α)
{
length: int ;
contents: larray (α);
✐♥✈❛r✐❛♥t length ≥ ✵
}

❚❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t t❤❡ s✐③❡ ♦❢ ❛♥ ❛rr❛② ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡ ♦r ♥✉❧❧✳

❇♦✉♥❞❡❞ ❆rr❛②s✿ ❈r❡❛t✐♦♥ ❋✉♥❝t✐♦♥ arrayCreate r❡t✉r♥s ❛ ♥❡✇ ❜♦✉♥❞❡❞ ❛rr❛②✳ ■t t❛❦❡s
❛ r❡❣✐♦♥ ❛r❣✉♠❡♥t ρ ✐♥ ✇❤✐❝❤ t❤❡ ♥❡✇ ❛rr❛② ✇✐❧❧ ❜❡ ❝r❡❛t❡❞✱ ❛♥❞ ❛♥ ✐♥t❡❣❡r size ✇❤✐❝❤ ✇✐❧❧
❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❛rr❛②✳

❢✉♥ arrayCreate [ρ: array (α)] (size: int): [ρ]
❝♦♥s✉♠❡s ρ∅

♣r♦❞✉❝❡s ρ×

♣r❡ size ≥ ✵
♣♦st r❡s✉❧t.length = size

{
❧❡t res = ♥❡✇ array (α) [ρ];
res.length ← size;
r❡t✉r♥ res

}

❆s t❤❡ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡ st❛t❡s✱ r❡❣✐♦♥ ρ ♠✉st ❜❡ ❡♠♣t② ❜❡❢♦r❡ t❤❡ ❝❛❧❧ ❛♥❞ ✐s
s✐♥❣❧❡t♦♥ ❛❢t❡r✳ ■♥❞❡❡❞✱ ✐♥ ❈❛♣✉❝✐♥❡ ♣♦✐♥t❡rs ❛r❡ ❛❧❧♦❝❛t❡❞ ✐♥ ❡♠♣t② r❡❣✐♦♥s✱ ✇❤✐❝❤ t❤✉s ❜❡✲
❝♦♠❡ s✐♥❣❧❡t♦♥✳ ◆♦t❡ t❤❛t ✇❡ ♦♠✐tt❡❞ t❤❡ ♣❛❝❦ res st❛t❡♠❡♥t✱ ✇❤✐❝❤ ✐s ✐♥❢❡rr❡❞ ❜② ❈❛♣✉❝✐♥❡
❥✉st ❜❡❢♦r❡ t❤❡ r❡t✉r♥ st❛t❡♠❡♥t✳

❇♦✉♥❞❡❞ ❆rr❛②s✿ ❘❡❛❞✐♥❣ ❋✉♥❝t✐♦♥ arrayGet t❛❦❡s ❛ ❜♦✉♥❞❡❞ ❛rr❛② a ✐♥ ❛ r❡❣✐♦♥ ρ
❛♥❞ ❛♥ ✐♥❞❡① i ✱ ❛♥❞ r❡t✉r♥s t❤❡ ✐t❡♠ st♦r❡❞ ❛t ✐♥❞❡① i ✿

❢✉♥ arrayGet [ρ: array (α)] (a: [ρ], i : int): α
❝♦♥s✉♠❡s ρ×

♣r♦❞✉❝❡s ρ×

♣r❡ ✵ ≤ i ∧ i < a.length
♣♦st r❡s✉❧t = select(a.contents, i)
{
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r❡t✉r♥ select(a.contents, i)
}

❚❤✐s ❢✉♥❝t✐♦♥ r❡t✉r♥s t❤❡ st♦r❡❞ ✈❛❧✉❡ ✉s✐♥❣ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ select ✳ ❋✉♥❝t✐♦♥ arrayGet ❛❧s♦
r❡q✉✐r❡s t❤❡ ✐♥❞❡① i t♦ ❜❡ ✐♥s✐❞❡ t❤❡ ❛rr❛②✳ ❚❤✐s ✐s ❤♦✇ ✇❡ ♠♦❞❡❧ ❛rr❛② ❜♦✉♥❞ ❝❤❡❝❦s✳

❇♦✉♥❞❡❞ ❆rr❛②s✿ ❲r✐t✐♥❣ ❙✐♠✐❧❛r❧② t♦ t❤❡ arrayGet ❢✉♥❝t✐♦♥✱ arraySet ❡♥❝❛♣s✉❧❛t❡s
❧♦❣✐❝ ❢✉♥❝t✐♦♥ store ❢♦r ❜♦✉♥❞❡❞ ❛rr❛②s✿

❢✉♥ arraySet [ρ: array (α)] (a: [ρ], i : int , v : α): unit
❝♦♥s✉♠❡s ρ×

♣r♦❞✉❝❡s ρ×

♣r❡ ✵ ≤ i ∧ i < a.length
♣♦st

a.contents = store(a.contents❅♣r❡, i , v) ∧
a.length = a.length❅♣r❡

{
✉s❡ ✐♥✈❛r✐❛♥t a;
✉♥♣❛❝❦ a;
a.contents ← store(a.contents, i , v);
♣❛❝❦ a;
}

❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ length ✜❡❧❞ ❤❛s ♥♦t ❝❤❛♥❣❡❞✳ ❚❡r♠ t❅♣r❡ ✐s t❡r♠ t ❛t
♣♦s✐t✐♦♥ ♣r❡✱ ✇❤✐❝❤ ✐s t❤❡ ♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ■t ✐s t❤✉s
t❤❡ ✈❛❧✉❡ ♦❢ t ❜❡❢♦r❡ t❤❡ ❝❛❧❧✳ ❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛❧s♦ st❛t❡s ❤♦✇ contents ✐s ♠♦❞✐✜❡❞✳

❙t❛t❡♠❡♥t ✉s❡ ✐♥✈❛r✐❛♥t a r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥ ρ×✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ r❡q✉✐r❡❞ ❜② ❢✉♥❝t✐♦♥
arraySet ✱ ❛♥❞ ✐♥tr♦❞✉❝❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ a ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❍❡r❡✱ t❤❡r❡
❛r❡ t✇♦ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✿ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t✳ ■♥❞❡❡❞✱ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t
❣❡♥❡r❛t❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♥❡✇ a ❛s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳ ❚♦ ♣r♦✈❡ t❤✐s ✐♥✈❛r✐❛♥t ✭s✐③❡ ✐s
♣♦s✐t✐✈❡ ♦r ♥✉❧❧✮ ✇❡ ✉s❡ t❤❡ ❤②♣♦t❤❡s✐s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t ✭s✐③❡ ✇❛s
♣♦s✐t✐✈❡ ♦r ♥✉❧❧✮✳

✸✳✹✳✷ ❇♦✉♥❞❡❞ ❆rr❛②s✿ Pr♦♦❢ ❖❜❧✐❣❛t✐♦♥s

❲❡ ♥♦✇ s❤♦✇ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s ❡①❛♠♣❧❡
t♦ ❣✐✈❡ ❛♥ ✐♥t✉✐t✐♦♥ ♦❢ ✇❤❛t t❤❡ ✉s❡r ❤❛s t♦ ♣r♦✈❡ ❛♥❞ ✇❤❛t t❤❡ ♠❡♠♦r② ♠♦❞❡❧ ❧♦♦❦s ❧✐❦❡✳

❘❡❣✐♦♥s✱ ▲♦❝❛t✐♦♥s ❛♥❞ ❖❜❥❡❝ts ❲❡ ✉s❡ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❙❡❝t✐♦♥ ✷✳✹✳✹ t♦ ♠♦❞❡❧ r❡❣✐♦♥✳
❘❡❣✐♦♥s ❛r❡ ❡♥❝♦❞❡❞ ❛s ♠❛♣s ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ♦❜❥❡❝ts✳ ❚❤❡✐r t②♣❡ ✐s region (α) ✇❤❡r❡ α ✐s
❛ t②♣❡ ♣❛r❛♠❡t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t②♣❡ ♦❢ ♦❜❥❡❝ts✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❤✐❞❡ ✐♥ t❤✐s s❡❝t✐♦♥ t♦
❡❛s❡ r❡❛❞✐♥❣✳ ▲♦❝❛t✐♦♥s ❛r❡ ✈❛❧✉❡s ♦❢ ❛ t②♣❡ ❝❛❧❧❡❞ location✳ ❆♥ ♦❜❥❡❝t ✐s ❛ t✉♣❧❡ ✇❤❡r❡ ❡❛❝❤
❝♦♠♣♦♥❡♥t ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜❡❧❞ ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✳

❋✉♥❝t✐♦♥ get ✐s s✐♠✐❧❛r t♦ select ✱ ❛♥❞ ❢✉♥❝t✐♦♥ set ✐s s✐♠✐❧❛r t♦ store✳ ❚❡r♠ get(r , p)
r❡t✉r♥s t❤❡ ♦❜❥❡❝t ❛t ❧♦❝❛t✐♦♥ p ✐♥ r❡❣✐♦♥ r ❀ ❛♥❞ set(r , p, o) r❡t✉r♥s ❛ ❝♦♣② ♦❢ r❡❣✐♦♥ r ✇❤❡r❡
t❤❡ ♦❜❥❡❝t ❛t ❧♦❝❛t✐♦♥ p ✐s ♥♦✇ o✳

❈❤❛♣t❡r ✹ ❢♦r♠❛❧✐③❡s t❤❡ ♠❡♠♦r② ♠♦❞❡❧✱ ✐✳❡✳ t❤❡ ♥♦t✐♦♥ ♦❢ r❡❣✐♦♥ ❛♥❞ ♦❜❥❡❝ts✳ ❈❤❛♣t❡r ✺
❢♦r♠❛❧✐③❡s ❤♦✇ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞✳
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❇♦✉♥❞❡❞ ❆rr❛②s✿ ❈r❡❛t✐♦♥ ❚❤❡ ✐♥❢❡rr❡❞ ♣❛❝❦ st❛t❡♠❡♥t ♦❢ ❢✉♥❝t✐♦♥ arrayCreate ❣❡♥✲
❡r❛t❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ res ❛s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❡♥s✉r❡❞ ❜② t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❍❡r❡
✐s t❤❡ ✭s❧✐❣❤t❧② s✐♠♣❧✐✜❡❞✮ ❧♦❣✐❝ ❢♦r♠✉❧❛✿

∀ρ: region, ∀size: int , ∀res: location,
size ≥ ✵ ⇒

length(get(ρ, res)) = size ⇒
length(get(ρ, res)) ≥ ✵

❚❤✐s ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞ ❛♥❞ ✐s s✐♠♣❧❡ ❡♥♦✉❣❤ t♦ ❜❡ ❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ♠♦st ❙▼❚
s♦❧✈❡rs✳ ❲❡ ♦❜t❛✐♥ t❤❡ ♦❜❥❡❝t ❛t ❧♦❝❛t✐♦♥ res ✐♥ r❡❣✐♦♥ ρ ✉s✐♥❣ get(ρ, res)✳ ❲❡ r❡❛❞ t❤❡
length ✜❡❧❞ ♦❢ t❤✐s ♦❜❥❡❝t ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛❧❧ length✳

❚❤❡ s❡❝♦♥❞ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ arrayCreate ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿

∀ρ: region, ∀size: int , ∀res: location,
size ≥ ✵ ⇒

length(get(ρ, res)) = size ⇒
length(get(ρ, res)) = size

❚❤✐s ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞ ❛s ✇❡❧❧✳

❇♦✉♥❞❡❞ ❆rr❛②s✿ ❘❡❛❞✐♥❣ ❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥ arrayGet ✱
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿

∀ρ: region, ∀a: location, ∀i : int ,
✵ ≤ i < length(get(ρ, a)) ⇒

select(contents(get(ρ, a)), i) = select(contents(get(ρ, a)), i)

❚❤❡ contents ❢✉♥❝t✐♦♥ r❡t✉r♥s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ contents ✜❡❧❞✱ ✐✳❡✳ ❛ ❧♦❣✐❝ ❛rr❛②✳ ❚❤✐s ❢♦r♠✉❧❛
✐s ✈❛❧✐❞✳

❇♦✉♥❞❡❞ ❆rr❛②s✿ ❲r✐t✐♥❣ ❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t ♦❢
❢✉♥❝t✐♦♥ arraySet ✿

∀ρ: region, ∀a: location, ∀v : α, ∀i : int ,
✵ ≤ i < length(get(ρ, a)) ⇒
length(get(ρ, a)) ≥ ✵ ⇒

∀ρ′: region,
ρ′ = set(ρ, a, setcontents(get(ρ, a), store(contents(get(ρ, a)), i , v))) ⇒

length(get(ρ′, a)) ≥ ✵

❍②♣♦t❤❡s✐s length(get(ρ, a)) ≥ ✵ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✳ ❚❤❡ ♥❡✇
✈❛❧✉❡ ρ′ ♦❢ r❡❣✐♦♥ ρ ✐s ❞✉❡ t♦ t❤❡ ❛ss✐❣♥♠❡♥t✳ ❋✉♥❝t✐♦♥ setcontents t❛❦❡s ❛♥ ♦❜❥❡❝t ❛♥❞
♠♦❞✐✜❡s ✐ts contents ✜❡❧❞✱ ❧❡❛✈✐♥❣ ✐ts length ✜❡❧❞ ✉♥❝❤❛♥❣❡❞✳ ❚❤✐s ✐s ♣❛rt ♦❢ t❤❡ ♠❡♠♦r②
♠♦❞❡❧✱ ❛♥❞ ❛①✐♦♠s ❛r❡ ♣r♦✈✐❞❡❞ t♦ st❛t❡ t❤✐s s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt②✳ ❚❤✐s ❢♦r♠✉❧❛ ✐s✱ ♦♥❝❡
❛❣❛✐♥✱ ✈❛❧✐❞ ❛♥❞ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ♠♦st ❙▼❚ s♦❧✈❡rs✳

❚❤❡ s❡❝♦♥❞ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ arraySet ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ■t
❤❛s s✐♠✐❧❛r ❤②♣♦t❤❡s❡s✱ ❜✉t ✐♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧❡♥❣t❤ ✐s ♣♦s✐t✐✈❡ ♦r ♥✉❧❧✱ ✇❡
♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿
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∀ρ: region, ∀a: location, ∀v : α, ∀i : int ,
✵ ≤ i < length(get(ρ, a)) ⇒
length(get(ρ, a)) ≥ ✵ ⇒

∀ρ′: region,
ρ′ = set(ρ, a, setcontents(get(ρ, a), store(contents(get(ρ, a)), i , v))) ⇒

contents(get(ρ′, a)) = store(contents(get(ρ, a)), i , v)
∧ length(get(ρ′, a)) = length(get(ρ, a))

❚❤✐s ❢♦r♠✉❧❛ ✐s ❛❧s♦ ✈❛❧✐❞ ❛♥❞ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② t❤❡♦r❡♠ ♣r♦✈❡rs✳

❈♦♠♣♦♥❡♥t✲❛s✲❆rr❛② ❆♥♦t❤❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t
♦❢ ❢✉♥❝t✐♦♥ arraySet ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❢✉rt❤❡r s❡♣❛r❛t✐♦♥ t❡❝❤♥✐q✉❡s ✐♥s♣✐r❡❞ ❜② t❤❡
❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡❧ ❬❇♦r♥❛t✵✵❪✿

∀ρlength : region, ∀ρcontents : region, ∀a: location, ∀v : α, ∀i : int ,
✵ ≤ i < get(ρlength , a) ⇒
get(ρlength , a) ≥ ✵ ⇒
∀ρcontents

′: region,
ρcontents

′ = set(ρcontents , a, store(get(ρcontents , a), i , v)) ⇒
get(ρlength , a) ≥ ✵

❚❤❡ ✐❞❡❛ ✐s t❤❛t ρ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ρlength ❛♥❞ ρcontents ✱ ✇❤❡r❡ ρlength ✐s ❛ ♠❛♣ ❢r♦♠
♣♦✐♥t❡rs t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ length ✜❡❧❞ ♦❢ t❤❡✐r ♦❜❥❡❝t✱ ❛♥❞ ρcontents ✐s ❛ ♠❛♣ ❢r♦♠ ♣♦✐♥t❡rs
t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ contents ✜❡❧❞ ♦❢ t❤❡✐r ♦❜❥❡❝t✳ ❚❤✐s ✈❡rs✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛①✐♦♠s st❛t✐♥❣
t❤❛t length ❛♥❞ contents ❛r❡ s❡♣❛r❛t❡❞✱ ❛♥❞ ✐s t❤✉s ♠✉❝❤ ❡❛s✐❡r t♦ ♣r♦✈❡✳ ■t ✐s ✈❛❧✐❞ ❛♥❞ ❝❛♥
❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

✸✳✹✳✸ ❙♣❛rs❡ ❆rr❛②s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❈❛♣✉❝✐♥❡ ❛♣♣r♦❛❝❤ ♦♥ t❤❡ ❝♦♥st❛♥t✲t✐♠❡ s♣❛rs❡ ❛rr❛②s ❝❤❛❧✲
❧❡♥❣❡ ♦❢ t❤❡ ❱❆❈■❉ ❜❡♥❝❤♠❛r❦s ❬▲❡✐♥♦✶✵❪✳ ❚❤❡s❡ ❜❡♥❝❤♠❛r❦s ❛r❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❤♦rt
♣r♦❣r❛♠s ♣r♦♣♦s❡❞ ❜② ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦ ❛♥❞ ▼✐❝❤❛➟ ▼♦s❦❛❧ ✇❤✐❝❤ ✐❧❧✉str❛t❡ s♦♠❡ ♦❢ t❤❡
❝❤❛❧❧❡♥❣❡s ✐♥ ♠♦❞✉❧❛r ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✳ ❚❤❡② ✐♥✈♦❧✈❡ ❞❛t❛ str✉❝t✉r❡s ✇✐t❤ ❛❧✐❛s❡s ❛s
✇❡❧❧ ❛s ❞❛t❛ ✐♥✈❛r✐❛♥ts✳

❚❤❡ ❙♣❛rs❡ ❆rr❛②s ❈❤❛❧❧❡♥❣❡ ❚❤❡ s♣❛rs❡ ❛rr❛②s ❝❤❛❧❧❡♥❣❡ ✐s ♣♦s❡❞ ♦♥ t❤❡ ❝♦❞❡ ♦❢
❋✐❣✉r❡ ✸✳✶✳ ■t ✐s ✇r✐tt❡♥ ✉s✐♥❣ ❛ s②♥t❛① ❝❧♦s❡ t♦ ❏❛✈❛✱ ❜✉t t❤❡ ✉s❡ ♦❢ ❝❧❛ss❡s ✐s ♥♦t ✐♠♣♦rt❛♥t
❛♥❞✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡ ❬▲❡✐♥♦✶✵❪✱ ✇❡ ❛ss✉♠❡ ❛rr❛②s ❛❧❧♦❝❛t❡❞ ✉s✐♥❣ new ❛r❡ ♥♦t
✐♥✐t✐❛❧✐③❡❞✳ ❆rr❛② ❛r❡ ♦❢ ❝♦♥st❛♥t ❧❡♥❣t❤✳ ❲❡ ❤❛✈❡ ❛❧t❡r❡❞ t❤❡ ♦r✐❣✐♥❛❧ ❝♦❞❡ s❧✐❣❤t❧②✱ ❜②
r❡♣❧❛❝✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❛rr❛② ❛❧❧♦❝❛t✐♦♥ ♦❢ ❏❛✈❛ ❜② ❡①♣❧✐❝✐t ❛❧❧♦❝❛t✐♦♥s ✐♥ t❤❡ ❝♦♥str✉❝t♦r✳ ❚❤✐s
❛❧❧♦✇s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛rr❛②s ♦❢ ❛♥② s✐③❡ sz ❣✐✈❡♥ ❛s ♣❛r❛♠❡t❡r✱ ✐♥st❡❛❞ ♦❢ ❛ ❝♦♥st❛♥t s✐③❡
MAXLEN✳

❈❧❛ss SparseArray ✐♠♣❧❡♠❡♥ts ❛ s♣❛rs❡ ❛rr❛② ❞❛t❛ str✉❝t✉r❡✳ ■t ♣r♦✈✐❞❡s t❤❡ ✉s✉❛❧
❛rr❛② ❢✉♥❝t✐♦♥s create✱ get ❛♥❞ set✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ❛❜♦✉t s♣❛rs❡ ❛rr❛②s ✐s t❤❛t✱
❛s r❡❛❞ ❛♥❞ ✇r✐t❡ ❢✉♥❝t✐♦♥s get ❛♥❞ set ❞♦✱ ❛❧❧♦❝❛t✐♦♥ create r✉♥s ✐♥ ❝♦♥st❛♥t t✐♠❡✳
■♥❞❡❡❞✱ create ❞♦❡s ♥♦t ✐♥✐t✐❛❧✐③❡ ✐♥t❡r♥❛❧ ❛rr❛②s✱ ②❡t r❡❛❞✐♥❣ ❛♥ ✉♥✐♥✐t✐❛❧✐③❡❞ ✐♥❞❡① ✇✐t❤
get r❡t✉r♥s DEFAULT✳

❙♣❛rs❡ ❛rr❛②s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ t❤r❡❡ ❛rr❛②s val✱ idx ❛♥❞ back ❛♥❞ t✇♦ ✐♥t❡❣❡rs
size ❛♥❞ n✳ ❆rr❛② val ❝♦♥t❛✐♥s ❛❝t✉❛❧ ✈❛❧✉❡s ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②✳ ❱❛❧✉❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢
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class SparseArray {

static final int DEFAULT = 0;

int val[];

uint idx[], back [];

uint n, uint size;

static SparseArray create(uint sz) {

SparseArray t = new SparseArray();

val = new int[sz];

idx = new uint[sz];

back = new uint[sz];

n = 0;

size = sz;

return t;

}

int get(uint i) {

if (idx[i] < n && back[idx[i]] == i)

return val[i];

else

return DEFAULT;

}

void set(uint i, int v) {

val[i] = v;

if (!(idx[i] < n && back[idx[i]] == i)) {

assert(n < size);

idx[i] = n;

back[n] = i;

n = n + 1;

}

}

static void sparseArrayTestHarness() {

SparseArray a = create(10), b = create(20);

assert(a.get(5) == DEFAULT && b.get(7) == DEFAULT);

a.set(5, 1); b.set(7, 2);

assert(a.get(0) == DEFAULT && b.get(0) == DEFAULT);

assert(a.get(5) == 1 && b.get(7) == 2);

assert(a.get(7) == DEFAULT && b.get(5) == DEFAULT);

}

}

❋✐❣✉r❡ ✸✳✶✿ Ps❡✉❞♦✲❏❛✈❛ ❝♦❞❡ ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛②s ❝❤❛❧❧❡♥❣❡
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val b a c

idx 1 0 2

back 9 4 12

❋✐❣✉r❡ ✸✳✷✿ ❊①❛♠♣❧❡ ♦❢ ❙t❛t❡ ♦❢ ❛ ❙♣❛rs❡ ❆rr❛② ❙tr✉❝t✉r❡

❞✐✛❡r❡♥t ❝❡❧❧s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞ ✉s✐♥❣ set✳ ❆rr❛② back ❝♦♥t❛✐♥s✱ ✐♥ ❝❡❧❧s 0 t♦ n− 1✱
t❤❡ ✐♥❞❡①❡s ♦❢ t❤❡s❡ ❛ss✐❣♥❡❞ ❝❡❧❧s✳ ❆rr❛② idx ❛❧❧♦✇s t♦ ❦♥♦✇ ✇❤❡r❡ ✐♥ back t❤❡s❡ ✐♥❞❡①❡s
❛♣♣❡❛r✳ ❚❤✉s✱ ❝❡❧❧s 0 t♦ n− 1 ♦❢ back ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧s ♦❢ idx✳

❋✐❣✉r❡ ✸✳✷ ✐❧❧✉str❛t❡s t❤❡ st❛t❡ ♦❢ t❤❡ str✉❝t✉r❡ ❛❢t❡r t❤r❡❡ ✐t❡♠s a✱ b ❛♥❞ c ❤❛✈❡ ❜❡❡♥
❛❞❞❡❞✱ ✐♥ t❤✐s ♦r❞❡r✱ ✐♥ ✐♥❞❡①❡s 9✱ 4 ❛♥❞ 12 r❡s♣❡❝t✐✈❡❧②✳ ❉❛r❦❡r ❝❡❧❧s ❛r❡ ❝❡❧❧s ✇❤✐❝❤ ❤❛✈❡
♥♦t ❜❡❡♥ ❛ss✐❣♥❡❞ ②❡t✳ ❋✐rst ✐t❡♠ a✱ ♦❢ ✐♥❞❡① 9✱ ✇❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥❞❡① 0 ✐♥ ❛rr❛② idx✱
❛♥❞ ✐ts ❛❝t✉❛❧ ✐♥❞❡① 9 ✐s st♦r❡❞ ❛t ✐♥❞❡① 0 ♦❢ ❛rr❛② back✳

▼❡t❤♦❞ get r❡❛❞s ✐♥❞❡① d ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞✳ ❋✐rst✱ r❡❛❞ t❤❡ ✐♥t❡r♥❛❧ ✐♥❞❡① i
st♦r❡❞ ✐♥ idx[d]✳ ❚❤❡♥✱ ✐❢ ♥♦t 0 ≤ i < n t❤❡♥ ✇❡ ❛r❡ s✉r❡ t❤❛t ❝❡❧❧ i ❤❛s ♥♦t ❜❡❡♥ ✐♥✐t✐❛❧✐③❡❞
❛♥❞ t❤✉s t❤❛t ♥♦ ✐t❡♠ ✇❛s ✐♥s❡rt❡❞ ❛t ✐♥❞❡① d✱ ❛♥❞ t❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡ s❤♦✉❧❞ ❜❡ r❡t✉r♥❡❞✳
❊❧s❡ ✐❢ 0 ≤ i < n t❤❡♥ r❡❛❞ ✐♥❞❡① d′ st♦r❡❞ ✐♥ back[i]✳ ■❢ d′ = d t❤❡♥ ❛♥ ✐t❡♠ ❤❛s ✐♥❞❡❡❞
❜❡❡♥ ✐♥s❡rt❡❞ ❛t ✐♥❞❡① d✱ s♦ val[d] s❤♦✉❧❞ ❜❡ r❡t✉r♥❡❞✳ ❊❧s❡ t❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡ s❤♦✉❧❞ ❜❡
r❡t✉r♥❡❞✳

❚❤❡ assert st❛t❡♠❡♥ts ❛r❡ ✈❡r✐✜❝❛t✐♦♥s t♦ ❜❡ ♠❛❞❡✳ ❆ ✜rst ♦♥❡ ❛♣♣❡❛rs ✐♥ ♠❡t❤♦❞
set✳ ❚❤❡ ♦t❤❡rs ❛♣♣❡❛r ✐♥ ♠❡t❤♦❞ sparseArrayTestHarness ✇❤✐❝❤ t❡sts t❤❡ str✉❝t✉r❡
♦♥ s✐♠♣❧❡ ❞❛t❛✳ ❚❤✐s ❝♦✉❧❞ ❢❡❡❧ ❡❛s② ❛t ✜rst s✐❣❤t ✖ ✐♥❞❡❡❞ ✐t ✇♦✉❧❞ ❜❡ s✉✣❝✐❡♥t t♦ r✉♥
t❤❡ ♣r♦❣r❛♠ ❛♥❞ ❝❤❡❝❦ t❤❛t t❤❡s❡ ❛ss❡rt✐♦♥s ❤♦❧❞ ✖ ❜✉t t❤❡ ❣♦❛❧ ✐s t♦ ✈❡r✐❢② t❤❡ ♣r♦❣r❛♠
♠♦❞✉❧❛r❧② ❛♥❞ st❛t✐❝❛❧❧②✳ ❲❡ s❤♦✉❧❞ t❤✉s ❜❡ ❝❛♣❛❜❧❡ ♦❢ s♣❡❝✐❢②✐♥❣ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s
❢♦r ♠❡t❤♦❞s get ❛♥❞ set✱ s✉✣❝✐❡♥t t♦ ❡st❛❜❧✐s❤ t❤❡ ❛ss❡rt✐♦♥s✳

P❧❡❛s❡ ♥♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❛❞❞❡❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ss❡rt✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝♦❞❡ ❬▲❡✐♥♦✶✵❪✿
t❤❡ ❧❛st ♦♥❡✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ♦♥❡ ✇❤✐❝❤ t❡sts t❤❛t a ❛♥❞ b ❛r❡ ❛❝t✉❛❧❧② s❡♣❛r❛t❡❞✳ ■♥❞❡❡❞✱
✇❤❛t ♠❛❦❡s t❤✐s ♣r♦❣r❛♠ ❡✈❡♥ ❤❛r❞❡r t♦ ✈❡r✐❢② ✐s t❤❛t ♠❡t❤♦❞ create ♠✉st ❜❡ s♣❡❝✐✜❡❞
s✉❝❤ t❤❛t ✈❛r✐❛❜❧❡s a ❛♥❞ b ♦❢ ♠❡t❤♦❞ sparseArrayTestHarness ❞♦ ♥♦t s❤❛r❡ ❞❛t❛✳ ❋♦r
✐♥st❛♥❝❡✱ ❤♦✇ ❝❛♥ ✇❡ ❡♥s✉r❡ t❤❛t a.idx ❛♥❞ b.idx ❛r❡ ♥♦t t❤❡ s❛♠❡ ❛rr❛②s❄ ❈❛♣✉❝✐♥❡
❛♥❞ ✐ts t②♣❡ s②st❡♠ ✉s✐♥❣ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s ♣r♦✈✐❞❡s ❛ ♠❡t❤♦❞♦❧♦❣② t♦ ❛♥♥♦t❛t❡ t❤❡
♣r♦❣r❛♠ ✉s✐♥❣ s✉❝❤ s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✳

❙♣❛rs❡ ❆rr❛②s✿ ❈❧❛ss ❉❡✜♥✐t✐♦♥ ❲❡ ✉s❡ t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s t❤❛t ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥
❙❡❝t✐♦♥ ✸✳✹✳✶ t♦ ✐♠♣❧❡♠❡♥t s♣❛rs❡ ❛rr❛②s✿

❝❧❛ss sparse (α)
{
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s✐♥❣❧❡ Rvalue: array (α), Ridx : array (int), Rback : array (int);

value: [Rvalue];
idx : [Ridx ];
back : [Rback ];
n: int ;
default : α;
size: int ;

✐♥✈❛r✐❛♥t

✵ ≤ n ≤ size ∧
value.length = size ∧
idx .length = size ∧
back .length = size ∧
∀i : int .
✵ ≤ i < n ⇒
✵ ≤ select(back .contents, i) < size ∧
select(idx .contents, select(back .contents, i)) = i

}

❈❧❛ss sparse ♦✇♥s t❤r❡❡ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s✿ Rvalue✱ Ridx ❛♥❞ Rback ✳ ■t ❝♦♥t❛✐♥s s✐① ✜❡❧❞s✳
❚❤❡ ✜rst t❤r❡❡ ❛r❡ t❤❡ t❤r❡❡ ✐♥t❡r♥❛❧ ❛rr❛②s ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ❞❛t❛ str✉❝t✉r❡✿ value✱ idx
❛♥❞ back ✳ ❚❤❡② ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ♦✉r ❜♦✉♥❞❡❞ ❛rr❛②s✱ ❛♥❞ ❛r❡ t❤✉s ♣♦✐♥t❡rs✳ ❚❤❡✐r
r❡s♣❡❝t✐✈❡ r❡❣✐♦♥s ❛r❡ Rvalue✱ Ridx ❛♥❞ Rback ✳ ❋✐❡❧❞ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥s❡rt❡❞ ✈❛❧✉❡s ✐♥ t❤❡
s♣❛rs❡ ❛rr❛②✳ ❋✐❡❧❞ default r❡♣❧❛❝❡s ❝♦♥st❛♥t DEFAULT ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❝♦❞❡✳ ■t ✐s ♥❡❝❡ss❛r②
❛s ♦✉r s♣❛rs❡ ❛rr❛②s ❛r❡ ♣♦❧②♠♦r♣❤ ✭t②♣❡ ✈❛r✐❛❜❧❡ α✮✳ ❚❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡ ✇✐❧❧ ❜❡ ❣✐✈❡♥ t♦ t❤❡
❝♦♥str✉❝t♦r✳ ❋✐♥❛❧❧②✱ ✜❡❧❞ size ❝♦♥t❛✐♥s t❤❡ s✐③❡ ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②✳

❚❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t n ✐s ❜❡t✇❡❡♥ 0 ❛♥❞ size ✭✐♥❝❧✉❞❡❞✮✳ ■❢ n = size✱ t❤❡ ❛rr❛② ✐s ❢✉❧❧✳
❚❤❡ ✐♥✈❛r✐❛♥t ❛❧s♦ st❛t❡s t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ ✐♥t❡r♥❛❧ ❛rr❛②s ✐s size✳ ❚❤✐s ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡
t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ✇❤❡♥ ❝❛❧❧✐♥❣ arrayGet ✳ ❋✐♥❛❧❧②✱ t❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
idx ❛♥❞ back ✱ ✇❤✐❝❤ ✐s t❤❛t ❢♦r ❛❧❧ ❛❧r❡❛❞②✲✐♥s❡rt❡❞ ✐♥❞❡① i ✱ ✇❡ ❤❛✈❡ idx [back [i ] ] = i ✳

❙♣❛rs❡ ❆rr❛②s✿ ▼♦❞❡❧ ❲❡ ❡①♣r❡ss t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♦✉r s♣❛rs❡ ❛rr❛② ❢✉♥❝t✐♦♥s ✉s✐♥❣
❛♥ ❛❜str❛❝t ♠♦❞❡❧ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ isElt ♣r❡❞✐❝❛t❡✱ ✇❤✐❝❤ t❛❦❡s ❛♥
❛rr❛② a ❛♥❞ ❛♥ ✐♥t❡❣❡r i ✱ ❛♥❞ st❛t❡s t❤❛t i ✇❛s ✐♥s❡rt❡❞ ✐♥ a ❜❡❢♦r❡✿

❧♦❣✐❝ isElt [ρ: sparse (α)] (a: [ρ], i : int) =
✵ ≤ select(a.idx .contents, i) < a.n ∧
select(a.back .contents, select(a.idx .contents, i)) = i

❆s isElt t❛❦❡s ♣♦✐♥t❡r a ❛s ❛♥ ❛r❣✉♠❡♥t✱ ✐t ❛❧s♦ t❛❦❡s ✐ts r❡❣✐♦♥ ρ✳ ■♥❞❡❡❞✱ ❛ ♣♦✐♥t❡r ❝❛♥ ♦♥❧②
❜❡ r❡❛❞ ❢r♦♠ ❛ ❣✐✈❡♥ r❡❣✐♦♥✳ ❍❡r❡✱ a.idx ❛❝t✉❛❧❧② ♠❡❛♥s t❤❛t ✇❡ r❡❛❞ t❤❡ idx ✜❡❧❞ ♦❢ ♣♦✐♥t❡r
a ✐♥ r❡❣✐♦♥ ρ✳ ❆♥❞ a.idx .contents ❛❝t✉❛❧❧② ♠❡❛♥s t❤❛t ✇❡ r❡❛❞ t❤❡ contents ✜❡❧❞ ♦❢ ♣♦✐♥t❡r
a.idx ✐♥ r❡❣✐♦♥ a.Ridx ✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ r❡❛❞ ❢r♦♠ t❤❡ Ridx r❡❣✐♦♥ ♦❢ ♣♦✐♥t❡r a ✐♥ r❡❣✐♦♥ ρ✳

❚❤❡♥ ✇❡ ❛①✐♦♠❛t✐③❡ t❤❡ model ❧♦❣✐❝ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ t❛❦❡s ❛ s♣❛rs❡ ❛rr❛② a ❛♥❞ ❛♥ ✐♥t❡❣❡r
i ✱ ❛♥❞ r❡t✉r♥s t❤❡ ✈❛❧✉❡ st♦r❡❞ ❛t ✐♥❞❡① i ✐♥ a✳ ■t ✐s t❤✉s t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ select ❢♦r s♣❛rs❡
❛rr❛②s✳

❧♦❣✐❝ model [ρ: sparse (α)] (a: [ρ], i : int): α
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❆❣❛✐♥✱ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ model ❛❧s♦ t❛❦❡s ❛ r❡❣✐♦♥ ρ ❛s ♣❛r❛♠❡t❡r✱ ❛s ✐t r❡❛❞s ✜❡❧❞s ❢r♦♠ ♣♦✐♥t❡r
❛r❣✉♠❡♥t a✳ ❚❤✐s ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t✇♦ ❛①✐♦♠s✿

❛①✐♦♠ modelIn:
∀r❡❣✐♦♥ ρ: sparse (α).
∀a: [ρ].
∀i : int .
isElt [ρ] (a, i) ⇒
model [ρ] (a, i) = select(a.value.contents, i)

❛①✐♦♠ modelOut :
∀r❡❣✐♦♥ ρ: sparse (α).
∀a: [ρ].
∀i : int .
¬isElt [ρ] (a, i) ⇒
model [ρ] (a, i) = a.default

❚❤❡s❡ ❛①✐♦♠s st❛t❡ t❤❛t ✐❢ i ✇❛s ✐♥s❡rt❡❞ ✐♥ a✱ t❤❡♥ ✐ts ✈❛❧✉❡ ✐s st♦r❡❞ ✐♥ t❤❡ value ❛rr❛②✱
♦t❤❡r✇✐s❡ ✐ts ✈❛❧✉❡ ✐s t❤❡ ❞❡❢❛✉❧t ✈❛❧✉❡✳ ◆♦t❡ ❤♦✇ r❡❣✐♦♥ ρ ✐s q✉❛♥t✐✜❡❞ t♦ ❛❧❧♦✇ t❤❡ ❛①✐♦♠
t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ✇❤❛t❡✈❡r r❡❣✐♦♥ ❛rr❛② a ✐s ✐♥✳

❙♣❛rs❡ ❆rr❛②s✿ ❈r❡❛t✐♦♥ ❚❤❡ ❈❛♣✉❝✐♥❡ ❝♦❞❡ ❢♦r t❤❡ s♣❛rs❡ ❛rr❛② ❝♦♥str✉❝t♦r create ✐s✿

❢✉♥ create [ρ: sparse (α)] (sz : int , def : α): [ρ]
❝♦♥s✉♠❡s ρ∅

♣r♦❞✉❝❡s ρ×

♣r❡ ✵ ≤ sz

♣♦st

r❡s✉❧t.size = sz ∧
∀i : int . model [ρ] (r❡s✉❧t, i) = def

{
❧❡t a = ♥❡✇ sparse (α) [ρ];
❧❡t value = arrayCreate [a.Rvalue] (sz );
a.value ← value;
❧❡t idx = arrayCreate [a.Ridx ] (sz );
a.idx ← idx ;
❧❡t back = arrayCreate [a.Rback ] (sz );
a.back ← back ;
a.n ← ✵;
a.default ← def ;
a.size ← sz ;
❛ss❡rt ∀i : int . ¬(isElt [ρ] (a, i));
r❡t✉r♥ a

}

■t ❡①♣❡❝ts ❛♥ ❡♠♣t② r❡❣✐♦♥ ρ ❛♥❞ ❛❧❧♦❝❛t❡s ❛ ♥❡✇ s♣❛rs❡ ❛rr❛② ✐♥ ✐t✳ ❆ ♣❛❝❦ st❛t❡♠❡♥ts
✐s ✐♥❢❡rr❡❞ ❜❡❢♦r❡ t❤❡ r❡t✉r♥ st❛t❡♠❡♥t✳ ❚❤❡ ❛ss❡rt st❛t❡♠❡♥t ❤❡❧♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs t♦
❡st❛❜❧✐s❤ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❚❤❡r❡ ❛r❡ t✇♦✿ ♦♥❡ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ r❡t✉r♥❡❞ s♣❛rs❡
❛rr❛②✱ ❛♥❞ ♦♥❡ ❢♦r t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ r❡t✉r♥❡❞ ❛rr❛② ✐s ♦❢ s✐③❡ sz ❛♥❞
♥♦ ✈❛❧✉❡ ❤❛s ❜❡❡♥ ✐♥s❡rt❡❞ ②❡t✳
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❙♣❛rs❡ ❆rr❛②s✿ ❘❡❛❞✐♥❣ ❚❤❡ ❝♦❞❡ ❢♦r r❡❛❞✐♥❣ ✐s✿

❝❧❛ss Ref (α)
{
refValue: α;
}

❢✉♥ sget [ρ: sparse (α)] (a: [ρ], i : int): α
❝♦♥s✉♠❡s ρ×

♣r♦❞✉❝❡s ρ×

♣r❡ ✵ ≤ i < a.size
♣♦st r❡s✉❧t = model [ρ] (a, i)
{
✉s❡ ✐♥✈❛r✐❛♥t a;
❧❡t index = arrayGet(a.idx , i);
❧❡t r❡❣✐♦♥ Rres : Ref (α);
❧❡t res = ♥❡✇ sparse (α) [Rres ];
✐❢ ✵ ≤ index ∧ index < a.n t❤❡♥

{
❧❡t backIndex = arrayGet(a.back , index );
✐❢ backIndex = i t❤❡♥

{
❧❡t valuei = arrayGet(a.value, i);
res.refValue ← valuei ;
}
❡❧s❡

{
res.refValue ← a.default ;
};
}
❡❧s❡

{
❛ss❡rt ¬(isElt [ρ] (a, i));
res.refValue ← a.default ;
};
r❡t✉r♥ res.refValue
}

❚❤❡ Ref ❝❧❛ss ✐s ✐♥tr♦❞✉❝❡❞ ❜❡❝❛✉s❡ ✐♥ ❈❛♣✉❝✐♥❡✱ t❤❡ r❡t✉r♥ st❛t❡♠❡♥t ❝❛♥ ♦♥❧② ❜❡ ♣✉t ♦♥❝❡✱
❛t t❤❡ ✈❡r② ❡♥❞ ♦❢ ❢✉♥❝t✐♦♥s✳ ❙♦ ✇❡ ♥❡❡❞ ❛ t❡♠♣♦r❛r② ✈❛r✐❛❜❧❡ t♦ st♦r❡ t❤❡ r❡s✉❧t✳ ❆♥❞
✐♥ ❈❛♣✉❝✐♥❡✱ ❧❡t✲❜♦✉♥❞ ✈❛r✐❛❜❧❡s ❛r❡ ✐♠♠✉t❛❜❧❡✳ ❙♦ ✇❡ ❞❡✜♥❡ ❛ s✐♠♣❧❡ r❡❢❡r❡♥❝❡ ❝❧❛ss ❛♥❞
✉s❡ ✐t t♦ st♦r❡ t❤❡ r❡s✉❧t✳ ❚❤❡ sget ❢✉♥❝t✐♦♥ r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥ ρ× ❡✈❡♥ t❤♦✉❣❤ ✐t ❞♦❡s ♥♦t
♠♦❞✐❢② t❤❡ ❛rr❛②✱ ❜❡❝❛✉s❡ r❡❛❞✐♥❣ ❛❧s♦ r❡q✉✐r❡s s♦♠❡ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s t❤❡
✐♥✈❛r✐❛♥t ♦❢ a✳ ❆❣❛✐♥✱ t❤❡ ❛ss❡rt st❛t❡♠❡♥t ✐s ❤❡r❡ t♦ ❤❡❧♣ ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs✳ ❚❤✐s ❢✉♥❝t✐♦♥
s✐♠♣❧② ❢♦❧❧♦✇s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ model ✱ ❛♥❞ t❤✉s t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳

❙♣❛rs❡ ❆rr❛②s✿ ❲r✐t✐♥❣ ❚❤❡ ❝♦❞❡ ❢♦r ✇r✐t✐♥❣ ✐s✿
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❢✉♥ sset [ρ: sparse (α)] (a: [ρ], i : int , v : α): unit
❝♦♥s✉♠❡s ρ×

♣r♦❞✉❝❡s ρ×

♣r❡ ✵ ≤ i < a.size
♣♦st

a.size = a.size❅♣r❡ ∧
(∀j : int . j 6= i ⇒ model [ρ] (a, j ) = model [ρ] (a, j )❅♣r❡) ∧
model [ρ] (a, i) = v

{
✉s❡ ✐♥✈❛r✐❛♥t a;
❧❡t x = arraySet [a.Rvalue] (a.value, i , v);
❧❡t index = arrayGet [a.Ridx ] (a.idx , i);
✐❢ ✵ ≤ index ∧ index < a.n t❤❡♥

{
❧❡t backIndex = arrayGet [a.Rback ] (a.back , index );
✐❢ ¬(backIndex = i) t❤❡♥
{
❛ss❡rt a.n < a.size;
❧❡t x = arraySet [a.Ridx ] (a.idx , i , a.n);
❧❡t x = arraySet [a.Rback ] (a.back , a.n, i);
a.n ← a.n + ✶;
};
}
❡❧s❡

{
❛ss❡rt a.n < a.size;
❧❡t x = arraySet [a.Ridx ] (a.idx , i , a.n);
❧❡t x = arraySet [a.Rback ] (a.back , a.n, i);
a.n ← a.n + ✶;
};
❛ss❡rt isElt [ρ] (a, i);
}

❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ♥♦t ♦♥❧② st❛t❡s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ✐♥❞❡① i ✐♥ a ✐s ♥♦✇ v ✱ ✐t ❛❧s♦ st❛t❡s t❤❛t
❛❧❧ ♦t❤❡r ✈❛❧✉❡s ❤❛✈❡ ♥♦t ❜❡❡♥ ❝❤❛♥❣❡❞✳ Pr♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛r❡✿ t❤❡ ✐♥✈❛r✐❛♥t✱ ❛♥❞ t❤❡ ♣♦st✲
❝♦♥❞✐t✐♦♥✳ ❆❣❛✐♥✱ t❤❡ t❤r❡❡ ❛ss❡rt st❛t❡♠❡♥ts ❛r❡ ❤❡r❡ t♦ ❤❡❧♣ t❤❡ ♣r♦✈❡rs ♣r♦✈❡ t❤❡s❡ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ t✇♦ a.n < a.size ❛ss❡rt✐♦♥s ❛r❡ ♥♦t ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳ ■t r❡✲
q✉✐r❡s t♦ ♣r♦✈❡ t❤❡ s♦✲❝❛❧❧❡❞ ♣✐❣❡♦♥✲❤♦❧❡ ❧❡♠♠❛✳ ❲❡ ♣r♦✈❡❞ t❤✐s ✉s✐♥❣ t❤❡ ❈♦q ♣r♦♦❢✲❛ss✐st❛♥t✳
❆ ❧♦t ♦❢ ❝♦❞❡ ✐s ❞✉♣❧✐❝❛t❡❞ ✐♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❜❡❝❛✉s❡ ♦✉r ♣r♦t♦t②♣❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t s✉♣♣♦rt s✐❞❡✲❡✛❡❝ts✱ ❛♥❞ t❤✉s ❝❛❧❧s✱ ✐♥ ❡①♣r❡ss✐♦♥s✳ ❲✐t❤ t❤✐s ❢❡❛t✉r❡s✱ ✇❡
❝♦✉❧❞ ✉s❡ ❛ ❧❛③② ❝♦♥❥✉♥❝t✐♦♥ t♦ ❛✈♦✐❞ ❞✉♣❧✐❝❛t✐♦♥✳

❙♣❛rs❡ ❆rr❛②s✿ ❚❡st ❍❛r♥❡ss ❚❤❡ t❡st ❤❛r♥❡ss ❝♦❞❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s ❢♦❧❧♦✇s✿

❢✉♥ test(x : unit): unit
{
❧❡t r❡❣✐♦♥ Ra: sparse (int);
❧❡t r❡❣✐♦♥ Rb: sparse (int);
❧❡t default = ✵;
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❧❡t a = create [Ra] (✶✵, default);
❧❡t b = create [Rb] (✶✵, default);
❧❡t x = sget [Ra] (a, ✺);
❧❡t y = sget [Rb] (b, ✼);
❛ss❡rt x = default ∧ y = default ;
❧❡t ignore = sset [Ra] (a, ✺, ✶);
❧❡t ignore = sset [Rb] (b, ✼, ✷);
❧❡t x = sget [Ra] (a, ✺);
❧❡t y = sget [Rb] (b, ✼);
❛ss❡rt x = ✶ ∧ y = ✷;
❧❡t x = sget [Ra] (a, ✼);
❧❡t y = sget [Rb] (b, ✺);
❛ss❡rt x = default ∧ y = default ;
❧❡t x = sget [Ra] (a, ✵);
❧❡t y = sget [Rb] (b, ✵);
❛ss❡rt x = default ∧ y = default ;
❧❡t x = sget [Ra] (a, ✾);
❧❡t y = sget [Rb] (b, ✾);
}

❚❤❡ ignore ✈❛r✐❛❜❧❡s ❛r❡ ♦♥❧② t❤❡r❡ ❜❡❝❛✉s❡ t❤❡ ❝❛❧❧ st❛t❡♠❡♥t ✐♥ ❈❛♣✉❝✐♥❡ ✐s s②♥t❛❝t✐❝❛❧❧②
r❡q✉✐r❡❞ t♦ ❜❡ ❧❡t✲❜♦✉♥❞✳ ❆❧❧ ❛ss❡rt✐♦♥s ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

❚❤❡r❡ ✐s ♦♥❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ♣❡r ❛ss❡rt st❛t❡♠❡♥t✱ ❛♥❞ ♦♥❡ ❢♦r ❡❛❝❤ ❝❛❧❧ t♦ sget ❛♥❞
sset t♦ ❝❤❡❝❦ ❛rr❛② ❜♦✉♥❞s✳ ■♥ ❛❧❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ s♣❛rs❡ ❛rr❛②s a ❛♥❞ b ❛r❡ s❡♣❛r❛t❡❞✳
■♥❞❡❡❞✱ t❤❡② ❜❡❧♦♥❣ t♦ t✇♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❡♥❝♦❞✐♥❣ ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s
✐♥ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ ❛rr❛② ✐s ♠♦❞✐✜❡❞✱ t❤❡ ♦t❤❡r ✐s ❧❡❢t
✉♥❝❤❛♥❣❡❞✱ ❛♥❞ t❤✐s ❢❛❝t ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❜❡ ✉s❡❞ ✈❡r② ❡❛s✐❧② ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳

❈♦♥❝❧✉s✐♦♥ ❆❧❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❡①❝❡♣t t❤❡ a.n < a.size ❛ss❡rt✐♦♥s ♦❢ t❤❡ sset ❢✉♥❝t✐♦♥ ❛r❡
♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳ ❲❡ ♣r♦✈❡❞ t❤❡ ♠♦r❡ ❞✐✣❝✉❧t ❛ss❡rt✐♦♥s ✉s✐♥❣ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t✳
❚♦ s✉♠ ✉♣✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ♣r♦✈❡❞ ❡♥t✐r❡❧②✱ ✐♥❝❧✉❞✐♥❣ s❛❢❡t② ♦❢ ❛rr❛② ❜♦✉♥❞s✳ ❚❤❡ r❡❣✐♦♥
s❡♣❛r❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ❈❛♣✉❝✐♥❡ ❤❡❧♣s ✇✐t❤ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❡✐t❤❡r ♣r❡✲❝♦♥❞✐t✐♦♥s
❛t ❝❛❧❧ s✐t❡s✱ ✉s❡r ❛ss❡rt✐♦♥s ♦r ✐♥✈❛r✐❛♥ts ✇❤❡♥ ♣❛❝❦✐♥❣ ♦❜❥❡❝ts✳ ❆❧❧ ♦❢ t❤❡s❡ ❛r❡ ✐♥t✉✐t✐✈❡ ❝❛s❡s
✇❤❡r❡ ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ♠❛❦❡s s❡♥s❡✳

✸✳✹✳✹ ❋✉♥❝t✐♦♥ ▼❡♠♦✐③❛t✐♦♥ ❯s✐♥❣ ❍❛s❤ ❚❛❜❧❡s

❚❤❡ ❣♦❛❧ ♦❢ ♦✉r ♥❡①t ❡①❛♠♣❧❡ ✐s t♦ ❡♥❝♦❞❡ ❛♥❞ ♣r♦✈❡ ✐♥ ❈❛♣✉❝✐♥❡ t❤❡ ❏❛✈❛ ♣r♦❣r❛♠ ♦❢
❋✐❣✉r❡ ✸✳✸✱ ✇❤✐❝❤ ✐s ❛ ❞❛t❛ str✉❝t✉r❡ ✇❤✐❝❤ ❝♦♠♣✉t❡s t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥✳ ▼❡♠♦✐③❛t✐♦♥
✐s ✉s❡❞ t♦ s♣❡❡❞ ✉♣ ❝♦♠♣✉t❛t✐♦♥✿ r❡s✉❧ts ❛r❡ st♦r❡❞ ✐♥ ❛ t❛❜❧❡ t♦ ❛✈♦✐❞ ❝♦♠♣✉t✐♥❣ t❤❡♠ ❛❣❛✐♥
❧❛t❡r ♦♥✳ ❚❤✐s ✐s ♦❜✈✐♦✉s❧② ♥♦t t❤❡ ♠♦st ❡✣❝✐❡♥t ✇❛② t♦ ❡♥❝♦❞❡ t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥✱ ❜✉t
t❤✐s ♠❡♠♦✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ❛♣♣❧✐❡s t♦ ❛♥② ❢✉♥❝t✐♦♥✱ ❛♥❞ ✐❧❧✉str❛t❡s s♦♠❡ ❢❡❛t✉r❡s ♦❢ ❈❛♣✉❝✐♥❡✳

❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s t❤❛t ♦♥❝❡ ❦❡②s ❛r❡ ❡♥t❡r❡❞ ✐♥ t❤❡ t❛❜❧❡✱ t❤❡② s❤♦✉❧❞ ♥♦t ❜❡ ♠♦❞✐✜❡❞
♦r t❤❡ t❛❜❧❡ ❞❛t❛ str✉❝t✉r❡ ✇✐❧❧ ❜❡ ❜r♦❦❡♥✳ ❆♥♦t❤❡r ✐ss✉❡ ✐s t❤❛t t❤❡ t❛❜❧❡ ♠❛♥✐♣✉❧❛t❡s
r❡❢❡r❡♥❝❡s t♦ t❤❡ ✈❛❧✉❡s ✇❤✐❝❤ ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ❦❡②s✱ ❜✉t t❤❡ t❛❜❧❡ s❤♦✉❧❞ ♥♦t ♦✇♥ t❤❡s❡
✈❛❧✉❡s✳

▲♦♥❣ ❲❡ ♥❡❡❞ t❤❡ ❝❧❛ss Long t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡✿
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class FibMemo {

private HashMap<Long,Long> memo;

FibMemo () {

memo = new HashMap<Long,Long>();

}

long fib(long n) {

if (n <= 1) { return 1; }

Long x = memo.get(n);

if (x != null) { return x.longValue(); }

Long y = fib(n-1) + fib(n-2);

memo.put(n,y);

return y.longValue();

}

}

❋✐❣✉r❡ ✸✳✸✿ ❏❛✈❛ ❝♦❞❡ ❢♦r t❤❡ ♠❡♠♦✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥

❝❧❛ss Long

{
value: int ;
}

❖♣t✐♦♥s ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ option t②♣❡✳ ❆♥ ♦♣t✐♦♥ ✐s ❡✐t❤❡r none ♦r some(x )✱ ✇❤❡r❡ x
✐s ❛♥② t❡r♠✳ ❲❡ ♠❛② r❡tr✐❡✈❡ t❤❡ ✈❛❧✉❡ x ✉s✐♥❣ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ getSome✱ ✇❤✐❝❤ ✐s ✉♥s♣❡❝✐✜❡❞
♦♥ ✈❛❧✉❡ none✳

t②♣❡ option (α)

❧♦❣✐❝ none: option (α)
❧♦❣✐❝ some (x : α): option (α)

❧♦❣✐❝ getSome (x : option (α)): α

❛①✐♦♠ getSomeSome:
∀x : α.
getSome (some (x )) = x

❛①✐♦♠ noneOrSome:
∀x : option (α).
x = none ∨ ∃y : α. x = some (y)

❛①✐♦♠ noneXorSome:
∀x : α. none() 6= some (x )
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▼❛♣s ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❧♦❣✐❝ t②♣❡ ♦❢ ✜♥✐t❡ ♠❛♣s ❛♥❞ ✐ts ❛①✐♦♠❛t✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐s
s✐♠✐❧❛r t♦ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✶ ❡①❝❡♣t t❤❛t t❤❡ ❦❡②s t♦ t❤❡
❛rr❛② ❛r❡ ❛❧s♦ ♣♦❧②♠♦r♣❤✐❝✱ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❡♠♣t② ♠❛♣ ❛t ♦✉r ❞✐s♣♦s❛❧ ❛♥❞ t❤❛t ❢✉♥❝t✐♦♥
select r❡t✉r♥s ❛♥ ♦♣t✐♦♥✳ ■t r❡t✉r♥s none ✐❢ t❤❡ r❡q✉✐r❡❞ ❦❡② ✐s ♥♦t ✐♥ t❤❡ ♠❛♣✱ ❛♥❞ some(x )
✇❤❡r❡ x ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ t♦ t❤❡ ❦❡② ✐❢ t❤❡ ❦❡② ✐s ✐♥ t❤❡ ♠❛♣✳

t②♣❡ map (α, β)

❧♦❣✐❝ emptyMap: map (α, β)
❧♦❣✐❝ store (x : map (α, β), y : α, z : β): map (α, β)
❧♦❣✐❝ select (x : map (α, β), y : α): option (β)

❲❡ s❤❛❧❧ ♥♦t ✇r✐t❡ t❤❡ ❛①✐♦♠s ❛❣❛✐♥ ❤❡r❡✳

❚❛❜❧❡ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ Table ❝❧❛ss✳ ❲❡ ✐♠♣❧❡♠❡♥t ✐t ✉s✐♥❣ ♠❛♣s✳ ■ts ❣♦❛❧ ✐s t♦
s✐♠✉❧❛t❡ ❛ ♠♦r❡ ❝♦♠♣❧❡① ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s✐♥❣ ❤❛s❤ t❛❜❧❡s✱ ❢♦r ✐♥st❛♥❝❡✳

❝❧❛ss Table [Rval : Long ]
{
❣r♦✉♣ Rkeys : Long ;
contents: map ([Rkeys ], [Rval ]);
}

❚❤❡ Table ❝❧❛ss ✐s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❧♦❣✐❝ ♠❛♣s ❢r♦♠ Long ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rkeys t♦ Long

♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rval ✳ ❘❡❣✐♦♥ Rval ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝❧❛ss✿ ✐t ✐s ♥♦t ♦✇♥❡❞✳ ❚❤✐s
r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ Table ✇♦✉❧❞ ♥♦t ♥❡❡❞
t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ✉s❡r ✈❛❧✉❡s ✐♥ Rval ✳ ❍♦✇❡✈❡r✱ t❤❡ ❦❡②s t♦ t❤❡ ♠❛♣ ❛r❡ ✐♥ r❡❣✐♦♥ Rkeys

✇❤✐❝❤ ✐s ♦✇♥❡❞ ❜② t❤❡ ❝❧❛ss✳ ❖♥❝❡ ❛ ❦❡② ✐s ✐♥ t❤❡ ♠❛♣✱ ♦♥❡ ❝❛♥♥♦t ♠♦❞✐❢② t❤❡ ❦❡② ✇✐t❤♦✉t
✉♥♣❛❝❦✐♥❣ t❤❡ ♠❛♣ ✜rst✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛❧❧ ♠♦❞✐✜❝❛t✐♦♥s t♦ t❤❡ ❦❡②s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡
t❛❜❧❡ ✐ts❡❧❢✳

❲❡ ✐♥tr♦❞✉❝❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ model ✇❤✐❝❤ ❛❧❧♦✇s t♦ r❡❛❞ ❛ t❛❜❧❡ ✇✐t❤♦✉t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡
❛❝t✉❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❋✉♥❝t✐♦♥ model ❛ss✉♠❡s t❤❛t t❤❡ ❦❡②s ❛r❡ Long ✈❛❧✉❡s✱ ❛♥❞ ❛❝❝❡♣ts
❛♥ ✐♥t❡❣❡r i ✐♥st❡❛❞ ♦❢ ❛ ♣♦✐♥t❡r✳

❧♦❣✐❝ model [Rv : Long , Rt : Table [Rv ] ] (t : [Rt ], i : int): option ([Rv ])

❚❤❡ ✐❞❡❛ ✐s t❤❛t ❝❧❛ss Table [Rval ] ❛♥❞ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ model r❡♣r❡s❡♥t ❛ ❏❛✈❛✲❧✐❦❡ s✐❣♥❛t✉r❡
♦❢ ♦✉r t❛❜❧❡s✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❤✐❞❞❡♥✿ ✐t ✐s ♥♦t ♥❡❡❞❡❞ t♦ r❡❛s♦♥ ❛❜♦✉t t❤❡
t❛❜❧❡✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ model ✐s ❛❧s♦ ❦❡♣t ❤✐❞❞❡♥✱ ❜✉t ✇❡ ✇r✐t❡ ❛♥ ❛①✐♦♠ t♦ s♣❡❝✐❢②
t❤❛t model ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ ♣♦✐♥t❡rs ✐♥ t❤❡ Rv r❡❣✐♦♥ ❛r❣✉♠❡♥t✿

❛①✐♦♠ modelFootprint :
∀r❡❣✐♦♥ Rv1 : Long .
∀r❡❣✐♦♥ Rv2 : Long .
∀r❡❣✐♦♥ Rh1 : Table [Rv1 ].
∀r❡❣✐♦♥ Rh2 : Table [Rv2 ].
∀h: [❴]. ∀i :int .
(get(Rh1 , h, contents) = get(Rh2 , h, contents)) ⇒
model [Rv1 , Rh1 ] (h, i) = model [Rv2 , Rh2 ] (h, i)

❖♣❡r❛t✐♦♥ get(ρ, h, contents) r❡❛❞s t❤❡ ✜❡❧❞ contents ♦❢ ♣♦✐♥t❡r h ✐♥ r❡❣✐♦♥ ρ✳ ■♥❞❡❡❞✱ t❤❡
t②♣❡ ♦❢ h ✐s [❴]✿ ✐ts r❡❣✐♦♥ ✐s ✉♥s♣❡❝✐✜❡❞✳ ■♥ t❤❡ ❧♦❣✐❝ ❛ ♣♦✐♥t❡r ❝❛♥ ❜❡ r❡❛❞ ❢r♦♠ ❛♥② r❡❣✐♦♥
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✉s✐♥❣ get ✳ ■❢ h ✐s ♥♦t ❛❝t✉❛❧❧② ✐♥ ρ✱ t❤❡ ✈❛❧✉❡ ♦❢ get(ρ, h, contents) ✐s ✉♥s♣❡❝✐✜❡❞✳

❚❛❜❧❡ ❈r❡❛t✐♦♥ ❋✉♥❝t✐♦♥ createTable ❝r❡❛t❡s ❛ t❛❜❧❡✳

❢✉♥ createTable [Rv : Long , Rt : Table [Rv ] ] (): [ρ]
❝♦♥s✉♠❡s ρ∅

♣r♦❞✉❝❡s ρ×

♣♦st ∀i : int . model [Rv , Rt ](r❡s✉❧t, i) = none

{
❧❡t t = ♥❡✇ [Rt ];
t .contents ← emptyMap ();
r❡t✉r♥ t

}

❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ t❛❜❧❡ ✐s ❡♠♣t②✿ ❢♦r ❡❛❝❤ ❦❡②✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦❞❡❧ ✐s none✳

❚❛❜❧❡ ■♥s❡rt✐♦♥ ❋✉♥❝t✐♦♥ insert ✐♥s❡rts ❛ ♥❡✇ ❦❡② k ❛♥❞ ✐ts ✈❛❧✉❡ v ✐♥t♦ ❛ t❛❜❧❡ t ✳

❢✉♥ insert [Rv : Long , Rt : Table [Rv ], Rk : Long ] (t : [Rt ], k : [Rk ], v : [Rv ]): unit
❝♦♥s✉♠❡s Rt× Rk×

♣r♦❞✉❝❡s Rt×

♣♦st

model [Rv , Rt ] (h, k .value) = some (v) ∧
∀i : int .
i 6= k .value ⇒ model [Rv , Rt ] (t , i) = model [Rv , Rt ] (t , i)❅♣r❡

{
❛❞♦♣t Rk ❛s t .Rkeys ;
t .contents ← store (t .contents, k , v);
}

❚❤❡ ❛❞♦♣t✐♦♥ ✐♥s❡rts t❤❡ ❦❡② ✐♥t♦ t❤❡ Rkeys r❡❣✐♦♥ ♦✇♥❡❞ ❜② t❤❡ t❛❜❧❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
♣❡r♠✐ss✐♦♥ Rk× ✐s ❝♦♥s✉♠❡❞✱ ❛♥❞ ✐s ♥♦ ❧♦♥❣❡r ❛✈❛✐❧❛❜❧❡✳ ❍❡♥❝❡ t❤❡ ♣r♦❞✉❝❡s ❝❧❛✉s❡✱ ✇❤✐❝❤
♠❡♥t✐♦♥s ♥♦ ♣❡r♠✐ss✐♦♥ ♦♥ Rk ✳ ❖✇♥❡rs❤✐♣ ♦❢ t❤❡ ❦❡② ❤❛s ❜❡❡♥ tr❛♥s❢❡rr❡❞ t♦ t❤❡ t❛❜❧❡ str✉❝✲
t✉r❡✳

❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♦♥❧② ❦❡② ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ ❤❛s ❝❤❛♥❣❡❞ ✐s k ✳
■t ✐s ❡①♣r❡ss❡❞ ✉s✐♥❣ model t♦ ❡♥s✉r❡ t❤❛t t❛❜❧❡s ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤♦✉t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡✐r
✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❚❛❜❧❡ ❆❝❝❡ss ❋✉♥❝t✐♦♥ find r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ t♦ ❛ ❦❡② k ✐♥ ❛ t❛❜❧❡ t ✳

❢✉♥ find [Rv : Long , Rt : Table [Rv ], Rk : Long ] (t : [Rt ], k : [Rk ]): option ([Rv ])
❝♦♥s✉♠❡s Rt× Rk×

♣r♦❞✉❝❡s Rt× Rk×

♣♦st r❡s✉❧t = model [Rv , Rt ] (t , k .value)

❲❡ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛s ✐t ✐s ♥♦t t❤❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❡①❛♠♣❧❡✳ ■t
✜♥❞s ❛ ❦❡② ♦❢ t .contents ✇❤♦s❡ ✈❛❧✉❡ ✐s t❤❡ s❛♠❡ ❛s k .value✱ ❛♥❞ r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ❞❛t❛✳

❋✐❜♦♥❛❝❝✐ ❉❛t❛ ❙tr✉❝t✉r❡ ❲❡ ♥♦✇ ❞❡✜♥❡ ❝❧❛ss Fibo ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ t❛❜❧❡ t♦ st♦r❡ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ❚❤❡ ❝❧❛ss ✐s ✐♠♣❧❡♠❡♥t❡❞
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table (Rt):

keys (Rkeys): 8

contents:

values (Rv): 13

Fibo:

❋✐❣✉r❡ ✸✳✹✿ ❚❤❡ Fibo ❞❛t❛ str✉❝t✉r❡

❡♥t✐r❡❧② ✇✐t❤♦✉t ❡✈❡r ❛❝❝❡ss✐♥❣ t❤❡ contents ✜❡❧❞ ♦❢ t❤❡ t❛❜❧❡ ❞✐r❡❝t❧②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝❧❛ss
Fibo ✐s ✇r✐tt❡♥ ✇✐t❤♦✉t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ Table ❝❧❛ss✱ t❤❛♥❦s t♦ ❧♦❣✐❝
❢✉♥❝t✐♦♥ model ✳

❋✐rst ✇❡ ❞❡✜♥❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ❛s ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥✳

❧♦❣✐❝ fibo (x : int): int

❛①✐♦♠ fibo0 : fibo(✵) = ✵
❛①✐♦♠ fibo1 : fibo(✶) = ✶
❛①✐♦♠ fiboN : ∀n: int . n > ✶ ⇒ fibo(n) = fibo(n−✶) + fibo(n−✷)

◆♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ ❝❧❛ss Fibo✳

❝❧❛ss Fibo

{
❣r♦✉♣ Rv : Long ;
s✐♥❣❧❡ Rt : Table [Rv ];
table: [Rt ];
✐♥✈❛r✐❛♥t

∀x : int .
∀y : [Rv ].
model [Rv , Rt ] (table, x ) = some y ⇒ y .value = fibo(x )

}

❚❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t ❢♦r ❛❧❧ ❜✐♥❞✐♥❣s (x, y) ✐♥ t❤❡ t❛❜❧❡✱ y ✐s t❤❡ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❡❞
t♦ x✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♠❡♥t✐♦♥s t❤❡ ✈❛❧✉❡s st♦r❡❞ ✐♥ r❡❣✐♦♥ Rv ✱ ✇❤✐❝❤ ✐s ♦✇♥❡❞ ❜② t❤❡
Fibo ❝❧❛ss✱ ❜✉t t❤❡r❡ ✐s ♥♦ ✜❡❧❞ ♦❢ t②♣❡ Rv ✿ ❛❧❧ ❧♦❝❛t✐♦♥s ♦❢ r❡❣✐♦♥ Rv ❛r❡ ❛❝t✉❛❧❧② st♦r❡❞ ✐♥
t❤❡ t❛❜❧❡✳ ❋✐❣✉r❡ ✸✳✹ ✐❧❧✉str❛t❡s t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ◆♦t❡ ❤♦✇ ❦❡②s ❛r❡ ♦✇♥❡❞ ❜② t❤❡ t❛❜❧❡✳
❆❧s♦ ♥♦t❡ ❤♦✇ ✈❛❧✉❡s ❛r❡ ♦✇♥❡❞ ❜② t❤❡ Fibo ❞❛t❛ str✉❝t✉r❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡
t❛❜❧❡ ♠❛② r❡❢❡r❡♥❝❡ t❤❡♠✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ♦✉r ♠❛✐♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ fibonacci ❢✉♥❝t✐♦♥ t❛❦❡s ❛ Fibo ♣♦✐♥t❡r ❛s ❛♥
❛r❣✉♠❡♥t✱ ❛♥ ✐♥t❡❣❡r i ❛♥❞ r❡t✉r♥s fibo(i)✳ ❋✐rst ✐t ❧♦♦❦s ✐♥t♦ t❤❡ t❛❜❧❡ t♦ s❡❡ ✐❢ fibonacci(i)
❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ■❢ s♦✱ ✐t r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ ✐♥ t❤❡ t❛❜❧❡✳ ❊❧s❡✱ ✐t
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❝♦♠♣✉t❡s t❤❡ ✈❛❧✉❡✱ ✐♥s❡rts ✐t ✐♥ t❤❡ t❛❜❧❡✱ ❛♥❞ r❡t✉r♥s ✐t✳

❢✉♥ fibonacci [ρ: Fibo] (f : [ρ], i : int): int
❝♦♥s✉♠❡s ρ×

♣r♦❞✉❝❡s ρ×

♣r❡ i ≥ ✵
♣♦st r❡s✉❧t = fibo(i)
{
✉s❡ ✐♥✈❛r✐❛♥t f ;
❧❡t r❡❣✐♦♥ Rr : Long ;
❧❡t r = ♥❡✇ [Rr ];

✐❢ i ≤ ✶ t❤❡♥

{
r .value ← i ;
} ❡❧s❡ {
❧❡t r❡❣✐♦♥ Rk : Long ;
❧❡t k = ♥❡✇ Long [Rk ];
k .value ← i ;

❧❡t ro = find [f .Rv , f .Rt , Rk ] (f .table, k);
✐❢ ro = none t❤❡♥

{
❧❡t f2 = fibonacci [ρ] (f , i − ✷);
❧❡t f1 = fibonacci [ρ] (f , i − ✶);
r .value ← f1 + f2 ;

❧❡t r❡❣✐♦♥ Rv : Long ;
❧❡t v = ♥❡✇ [Rv ];
✉s❡ v /∈ f .Rv ;
v .value ← r .value;

✉s❡ ✐♥✈❛r✐❛♥t f ;

✉s❡ ∀x : int . ∀y : [❴].
model [f .Rv , f .Rh] (f .hash, x ) = some (y) ⇒ y ∈ f .Rv ;

❛❞♦♣t Rv ❛s f .Rv ;
❧❡t ignore = insert [f .Rv , f .Rt , Rk ] (f .table, k , v);
} ❡❧s❡ {
❧❡t i = getSome (ro);
r .value ← i .value;
};
};

r❡t✉r♥ r .value
}

❱❛r✐❛❜❧❡ r st♦r❡s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ■t ✐s r❡q✉✐r❡❞ ❜❡❝❛✉s❡ ✐♥ ❈❛♣✉❝✐♥❡✱ t❤❡ r❡t✉r♥
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st❛t❡♠❡♥t ♠✉st s②♥t❛❝t✐❝❛❧❧② ❜❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❚♦ ♣r♦✈❡ t❤✐s ❢✉♥❝t✐♦♥✱ ✇❡ ♥❡❡❞
t❤❡ ✐♥✈❛r✐❛♥t ♦❢ f ✱ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ✉s✐♥❣ t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✳ ❲❡ ❛❧s♦ ♥❡❡❞ t♦ ❦♥♦✇
t❤❛t v ✐s ❢r❡s❤ ✐♥ f .Rv ✱ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t②♣✐♥❣ ✉s✐♥❣ ❛♥♦t❤❡r ✉s❡ st❛t❡♠❡♥t✳ ▲❛t❡r✱ v ✐s
❛❞♦♣t❡❞ ✐♥ f .Rv t❤❛♥❦s t♦ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ❲❡ ❛❧s♦ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t ❛❧❧ ♣♦✐♥t❡rs
y ✐♥ t❤❡ t❛❜❧❡ ❛r❡ ✐♥ r❡❣✐♦♥ f .Rv ✳ ❲❡ ♦❜t❛✐♥ t❤✐s✱ ❛❣❛✐♥✱ ❢r♦♠ t②♣✐♥❣ ✉s✐♥❣ ❛ ✉s❡ st❛t❡♠❡♥t✳
❲❡ ✉s❡ t❤✐s t♦ ♣r♦✈❡ t❤❛t ❛❧❧ ♣♦✐♥t❡rs ✐♥ t❤❡ t❛❜❧❡ ❛r❡ ❞✐✛❡r❡♥t t❤❛♥ v ✳

❲❡ s♦❧✈❡❞ t❤❡ t✇♦ ♣r♦❜❧❡♠s t❤❛t ✇❡ ♠❡♥t✐♦♥♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❚❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ❦❡②s
✐s ♦✇♥❡❞ ❜② t❤❡ t❛❜❧❡✳ ❚❤✐s ❢♦r❜✐❞s t❤❡ ❝❧✐❡♥t ♦❢ t❤❡ t❛❜❧❡ ❢r♦♠ ♠♦❞✐❢②✐♥❣ t❤❡♠✱ ❛♥❞ s♦❧✈❡s
♦✉r ✜rst ♣r♦❜❧❡♠✳ ❲❡ ✉s❡❞ ♣❛r❛♠❡tr✐❝ ♦✇♥❡rs❤✐♣ t♦ ♣❛r❛♠❡t❡r✐③❡ t❤❡ t❛❜❧❡ ❜② t❤❡ r❡❣✐♦♥ ♦❢
✈❛❧✉❡s✱ t♦ ❡♥s✉r❡ t❤❡ t❛❜❧❡ ❝♦✉❧❞ r❡❢❡r❡♥❝❡ t❤❡s❡ ✈❛❧✉❡s ✇✐t❤♦✉t ♦✇♥✐♥❣ t❤❡♠✳ ❚❤✐s s♦❧✈❡s
♦✉r s❡❝♦♥❞ ✐ss✉❡✳

✸✳✹✳✺ ❈♦✉rs❡s ❛♥❞ ❙t✉❞❡♥ts

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦✉rs❡s ❛♥❞ st✉❞❡♥ts ❡①❛♠♣❧❡✳ ■t ❝♦♥s✐sts ✐♥ t✇♦ ❝❧❛ss❡s✿ Student ❛♥❞
Course✳ ❆ ❝♦✉rs❡ ♠❛✐♥t❛✐♥s ❛♥ ❛rr❛② ♦❢ st✉❞❡♥ts✳ ❊❛❝❤ st✉❞❡♥t ❤❛s ❛ ♠❛r❦✱ ❛♥❞ t❤❡ ❝♦✉rs❡
♠❛✐♥t❛✐♥s t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❦s ♦❢ ✐ts st✉❞❡♥ts✱ ❛s ✇❡❧❧ ❛s t❤❡ st✉❞❡♥t ❝♦✉♥t✱ t♦ ❜❡ ❛❜❧❡ t♦
❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❡❛s✐❧②✳ ❊❛❝❤ ❝♦✉rs❡ ♦✇♥s ✐ts st✉❞❡♥ts✱ ❛s ♠♦❞✐❢②✐♥❣ t❤❡ ♠❛r❦ ♦❢ ❛ st✉❞❡♥t
✇♦✉❧❞ ❜r❡❛❦ t❤❡ ❝♦✉rs❡ ✐♥✈❛r✐❛♥t✱ ✇❤✐❝❤ ✐s t❤❛t t❤❡ ♠❛✐♥t❛✐♥❡❞ s✉♠ ✐s ✐♥❞❡❡❞ t❤❡ ♠❛r❦ s✉♠✳

❚❤✐s ♣r♦❣r❛♠ ✐❧❧✉str❛t❡s t❤❡ ✉s❡✱ ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✱ ♦❢ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ♣❛r❛♠✲
❡t❡r✐③❡❞ ❜② ❛ r❡❣✐♦♥✳ ❚❤✐s r❡❣✐♦♥ r❡♣r❡s❡♥ts t❤❡ ❢♦♦t♣r✐♥t ♦❢ t❤❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❛s ❞❡✜♥❡❞ ✐♥
❧✐t❡r❛t✉r❡ ❬❘❡②♥♦❧❞s✵✷✱ ❑❛ss✐♦s✵✻✱ ❇❛♥❡r❥❡❡✵✽❪✳

Pr❡❧✐♠✐♥❛r✐❡s ❈❧❛ss Student ✐s ✐♥tr♦❞✉❝❡❞ ❛s ❢♦❧❧♦✇s✿

❝❧❛ss Student

{
mark : int ;
}

■♥ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ ✐♥st❛♥❝❡ ♦❢ t❤✐s ❡①❛♠♣❧❡✱ ♦♥❡ ❝♦✉❧❞ ❛❞❞ t❤❡ ♥❛♠❡ ♦❢ t❤❡ st✉❞❡♥ts ❛♥❞
♦t❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛s ♦t❤❡r ✜❡❧❞s✳

❲❡ r❡✉s❡ t❤❡ larray ❧♦❣✐❝ t②♣❡ ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ❡①❛♠♣❧❡✳ ❲❡ r❡♥❛♠❡ t❤❡♠ array ✱ ❛♥❞
✇❡ ❦❡❡♣ t❤❡ store ❛♥❞ select ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ❛①✐♦♠s ✇❤✐❝❤ ❞❡✜♥❡ t❤❡♠✳ ❲❡ ✇✐❧❧
✉s❡ t❤✐s ❛rr❛② t❤❡♦r② t♦ ♠♦❞❡❧ t❤❡ ✐♥t❡r♥❛❧ st✉❞❡♥t ❛rr❛② ♦❢ ❝♦✉rs❡s✳

▼❛r❦ ❙✉♠ ❲❡ ✐♥tr♦❞✉❝❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ MarkSum✿

❧♦❣✐❝ MarkSum [ρ: Student ] (a: array ([ρ]), i : int , j : int): int

■♥t✉✐t✐✈❡❧②✱ MarkSum[ρ](a, i , j ) ✐s t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❦s ♦❢ ❛❧❧ st✉❞❡♥ts ✐♥ ❛rr❛② a ❢r♦♠ ✐♥❞❡① i

✭✐♥❝❧✉❞❡❞✮ t♦ ✐♥❞❡① j ✭❡①❝❧✉❞❡❞✮✳ ❘❡❣✐♦♥ ρ ✐s t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t st✉❞❡♥ts✱
✐✳❡✳ t❤❡✐r ♠❛r❦✱ ✐s r❡❛❞✳ ■♥❞❡❡❞✱ ♣♦✐♥t❡r a ✐s ♦♥❧② ❛ ♣♦✐♥t❡r✿ ✐t ♠❛❦❡s ♥♦ s❡♥s❡ t♦ r❡❛❞ ✐ts
✈❛❧✉❡ ✉♥❧❡ss s♦♠❡ ❤❡❛♣ ✐♥ ✇❤✐❝❤ t♦ r❡❛❞ t❤❡ ✈❛❧✉❡ ✐s ❛✈❛✐❧❛❜❧❡✳ ❆♥❞ ✐♥ ❈❛♣✉❝✐♥❡✱ ❤❡❛♣s ❛r❡
♠♦❞❡❧❡❞ ❛s r❡❣✐♦♥s✳

▲♦❣✐❝ ❢✉♥❝t✐♦♥ MarkSum ✐s ❞❡✜♥❡❞ ✉s✐♥❣ ❛①✐♦♠s✳ ❚❤❡ ✜rst ♦♥❡ st❛t❡s t❤❛t t❤❡ s✉♠ ❢r♦♠
i t♦ j ✱ ✇❤❡♥ i = j ✱ ✐s ✵ ❛s j ✐s ❡①❝❧✉❞❡❞✿

❛①✐♦♠ MSempty :
∀r❡❣✐♦♥ ρ: Student .
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∀a: array ([ρ]).
∀i : int .
MarkSum [ρ] (a, i , i) = ✵

❆♥♦t❤❡r ❛①✐♦♠ st❛t❡s t❤❛t t❤❡ s✉♠ ❢r♦♠ ✐♥❞❡① i ✭✐♥❝❧✉❞❡❞✮ t♦ i+✶ ✭❡①❝❧✉❞❡❞✮ ✐s ❡①❛❝t❧②
t❤❡ ♠❛r❦ ❛t ✐♥❞❡① i ✿

❛①✐♦♠ MSsingleton:
∀r❡❣✐♦♥ ρ: Student .
∀a: array ([ρ]).
∀i : int .
MarkSum [ρ] (a, i , i+✶) = select(a, i).mark

❚❤❡ ❧❛st ❛①✐♦♠ ❞❡✜♥✐♥❣ ❤♦✇ t♦ ❝♦♠♣✉t❡ MarkSum ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❛①✐♦♠ MSsplit :
∀r❡❣✐♦♥ ρ: Student .
∀a: array ([ρ]).
∀i : int .
∀j : int .
∀k : int .
i ≤ k ∧ k ≤ j ⇒
MarkSum [ρ] (a, i , j ) = MarkSum [ρ] (a, i , k) + MarkSum [ρ] (a, k , j )

■t st❛t❡s t❤❛t t❤❡ s✉♠ ❢r♦♠ i ✭✐♥❝❧✉❞❡❞✮ t♦ j ✭❡①❝❧✉❞❡❞✮ ✐s t❤❡ s✉♠ ❢r♦♠ i ✭✐♥❝❧✉❞❡❞✮ t♦ k

✭❡①❝❧✉❞❡❞✮ ♣❧✉s t❤❡ s✉♠ ❢r♦♠ k ✭✐♥❝❧✉❞❡❞✮ t♦ j ✭❡①❝❧✉❞❡❞✮✱ ✐❢ i ≤ k ≤ j ✳

▼❛r❦ ❙✉♠ ❋♦♦t♣r✐♥t ❚❤❡ ❛❜♦✈❡ ❛①✐♦♠s ❢✉❧❧② ❞❡✜♥❡❞ ❤♦✇ t♦ ❝♦♠♣✉t❡ MarkSum✳ ❍♦✇✲
❡✈❡r✱ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣r♦❣r❛♠ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛♥♦t❤❡r ❛①✐♦♠ st❛t✐♥❣ t❤❛t t❤❡ s✉♠ ♦❢ ♠❛r❦s
❢r♦♠ i t♦ j ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛r❦s ❢r♦♠ i t♦ j ✳ ❚❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s ♦♥ ✇❤✐❝❤ ❛ ❢✉♥❝t✐♦♥
❞❡♣❡♥❞s ♦♥ ✐s ❝❛❧❧❡❞ ✐ts ❢♦♦t♣r✐♥t✳

❛①✐♦♠ MSfootprint :
∀r❡❣✐♦♥ Rold : Student .
∀r❡❣✐♦♥ Rnew : Student .
∀Aold : array ([Rold ]).
∀Anew : array ([Rnew ]).
∀left : int .
∀right : int .
(∀i : int . left ≤ i ∧ i < right ⇒
select(Aold , i).mark =
select(Anew , i).mark) ⇒

MarkSum [Rold ] (Aold , left , right) = MarkSum [Rnew ] (Anew , left , right)

❚❤✐s ❛①✐♦♠ ❝♦✉❧❞ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❛①✐♦♠s MSempty ✱ MSsingleton ❛♥❞ MSsplit ✳
❇✉t ✐t r❡q✉✐r❡s r❡❛s♦♥✐♥❣ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡rs✱ ♥❛♠❡❧②
✐♥❞✉❝t✐♦♥✳

❈♦✉rs❡s ❈❧❛ss Course ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❝❧❛ss Course

{
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❣r♦✉♣ Rstudents: Student ;
students: array ([Rstudents]);
sum: int ;
count : int ;
✐♥✈❛r✐❛♥t

sum = MarkSum [Rstudents] (students, ✵, count) ∧
count ≥ ✵ ∧
(∀i : int . ∀j : int .
✵ ≤ i ∧ i < count ⇒
✵ ≤ j ∧ j < count ⇒
i 6= j ⇒
select(students, i) 6= select(students, j )) ∧
(∀p: [Rstudents]. p ✐♥ Rstudents ⇒
∃i : int . ✵ ≤ i ∧ i < count ∧ p = select(students, i))

}

❚❤❡ ❝♦✉rs❡ ♦✇♥s ✐ts st✉❞❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ students ✜❡❧❞ ✐s ❛♥ ❛rr❛② ♦❢ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥
Rstudents ✇❤✐❝❤ ✐s ♦✇♥❡❞ ❜② ❝❧❛ss Course✳ ❚❤✐s r❡❣✐♦♥ ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥✿ ✐t ♠❛② ❝♦♥t❛✐♥
s❡✈❡r❛❧ st✉❞❡♥ts✳

❚❤❡ sum ✜❡❧❞ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❦s ♦❢ ❛❧❧ st✉❞❡♥ts ✐♥ t❤❡ students ❛rr❛②✳ ❚❤❡ count ✜❡❧❞
✐s t❤❡ ♥✉♠❜❡r ♦❢ st✉❞❡♥ts ✐♥ t❤❡ ❝♦✉rs❡✱ ✐✳❡✳ t❤❡ st✉❞❡♥ts ❛r❡ st♦r❡❞ ❢r♦♠ ✐♥❞❡① ✵ ✭✐♥❝❧✉❞❡❞✮
t♦ ✐♥❞❡① count ✭❡①❝❧✉❞❡❞✮ ♦❢ ❛rr❛② students✳ ❚❤♦s❡ ♣r♦♣❡rt✐❡s ❛❜♦✉t sum ❛♥❞ count ❛r❡
s♣❡❝✐✜❡❞ ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❝❧❛ss Course✱ ✐♥ t❤❡ ✜rst t✇♦ ♣❛rts✳

❚❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t ❛❧❧ ♣♦✐♥t❡rs ♦❢ t❤❡ students ❛rr❛② ❛r❡ ❞✐✛❡r❡♥t✳
❚❤✐s ✐s t❤❡ ❦✐♥❞ ♦❢ ♣r♦♣❡rt② ✇❤✐❝❤ ✐s ❡❛s② t♦ ❢♦r❣❡t✱ ❛s ✐t ✐s s♦ ♦❜✈✐♦✉s❧② ❛ss✉♠❡❞ ❜② t❤❡
♣r♦❣r❛♠♠❡r✳ ■t ✇✐❧❧ ❜❡ ❢✉♥❞❛♠❡♥t❛❧ t♦ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r ❢✉♥❝t✐♦♥s✳

❚❤❡ ❢♦✉rt❤ ❛♥❞ ❧❛st ♣❛rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t st❛t❡s t❤❛t ❛❧❧ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ Rstudents

❛❝t✉❛❧❧② ❛♣♣❡❛r ✐♥ t❤❡ students ❛rr❛②✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♣r❡❞✐❝❛t❡✿ p ✐♥ ρ✱ ✇❤✐❝❤ st❛t❡s
t❤❛t ♣♦✐♥t❡r p ✐s ✐♥ r❡❣✐♦♥ ρ✳ ❲❡ ✇✐❧❧ ❧❛t❡r s❡❡ t❤❛t t❤✐s ♣r❡❞✐❝❛t❡ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡
p: [ρ] t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ♣r♦❣r❛♠s✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❧♦❣✐❝✱ ❛ ♣♦✐♥t❡r ♠❛② ❤❛✈❡ t②♣❡ [ρ]
✇✐t❤♦✉t t❤❡ ♣♦✐♥t❡r ❛❝t✉❛❧❧② ❜❡✐♥❣ ✐♥ ρ✳ ▼♦r❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤✐s ❛♥❞ t❤❡ ❛❝t✉❛❧ ♠❡❛♥✐♥❣
♦❢ t②♣❡ [ρ] ✐♥ t❤❡ ❧♦❣✐❝ ✐s ♠❛❞❡ ✐♥ ❈❤❛♣t❡r ✹✳

❈♦✉rs❡ ❈r❡❛t✐♦♥ ❲❡ ✐♥tr♦❞✉❝❡ ❧♦❣✐❝ ❝♦♥st❛♥t someArray ♦❢ t②♣❡ array (α)✿

❧♦❣✐❝ someArray (): array (α)

■t ❤❛s ♥♦ ❞❡✜♥✐t✐♦♥✱ ✐t ✐s ♦♥❧② s♦♠❡ ❛rr❛②✳ ■❢ ❧♦❣✐❝ ❛rr❛②s ✇❡r❡ ❜♦✉♥❞❡❞✱ ✐t ❝♦✉❧❞ ❜❡ t❤❡ ❡♠♣t②
❛rr❛②✱ ❢♦r ✐♥st❛♥❝❡❀ ❜✉t ♦✉r ❧♦❣✐❝ ❛rr❛②s ❛r❡ ✉♥❜♦✉♥❞❡❞✳ ❚❤✐s ✐s ♥♦t ✐♠♣♦rt❛♥t✿ someArray

✇✐❧❧ ♦♥❧② ❜❡ ✉s❡❞ ❛s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r t❤❡ students ✜❡❧❞ ♦❢ Course ♦❜❥❡❝ts✳ ❲❡ ♦♥❧② r❡❛❞
st✉❞❡♥ts ❢r♦♠ ✐♥❞❡① ✵ ✭✐♥❝❧✉❞❡❞✮ t♦ count ✭❡①❝❧✉❞❡❞✮✱ ❛♥❞ count ✐s ✐♥✐t✐❛❧❧② ✵✳

❍❡r❡ ✐s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ Course ❝♦♥str✉❝t♦r✿

❢✉♥ createCourse [ρ: Course] (): [ρ]
❝♦♥s✉♠❡s ρ∅

♣r♦❞✉❝❡s ρ×

♣♦st r❡s✉❧t.count = ✵
{
❧❡t c = ♥❡✇ Course [ρ];
c.students ← someArray ();
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c.sum ← ✵;
c.count ← ✵;
r❡t✉r♥ c

}

❆s ✉s✉❛❧ ✇✐t❤ ❝♦♥str✉❝t♦rs✱ t❤❡r❡ ❛r❡ t✇♦ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✿ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡
✐♥✈❛r✐❛♥t✳ ❚❤❡② ❜♦t❤ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② t❤❡♦r❡♠ ♣r♦✈❡rs✳

❆❞❞✐♥❣ ❛ ❙t✉❞❡♥t t♦ ❛ ❈♦✉rs❡ ❋✉♥❝t✐♦♥ addStudent ❛❧❧♦❝❛t❡s ❛ ♥❡✇ st✉❞❡♥t✱ ❣✐✈❡♥ ✐ts
✐♥✐t✐❛❧ ♠❛r❦ m✱ ❛♥❞ ❛❞❞s ✐t t♦ ❛ ❝♦✉rs❡ c✳ ■t r❡t✉r♥s t❤❡ ♥❡✇ st✉❞❡♥t✱ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ♦✇♥❡❞
r❡❣✐♦♥ Rstudents ♦❢ ❝♦✉rs❡ c✳

❢✉♥ addStudent [Rc: Course] (c: [Rc], m: int): [c.Rstudents]
❝♦♥s✉♠❡s Rc×

♣r♦❞✉❝❡s Rc×

♣♦st

r❡s✉❧t.mark = m ∧
c.count = c.count❅♣r❡ + ✶ ∧
c.sum = c.sum❅♣r❡ + m ∧

∀s: [c.Rstudents]. s ✐♥ c.Rstudents❅♣r❡ ⇒
s.mark = s.mark❅♣r❡

{
✉s❡ ✐♥✈❛r✐❛♥t c;
❧❡t r❡❣✐♦♥ Rstud : Student ;
❧❡t s = ♥❡✇ Student [Rstud ];
s.mark ← m;

✉s❡

∀i : int . i ≥ ✵ ∧ i < c.count ⇒
select(c.students, i) 6= s;

❛❞♦♣t s: Rstud ❛s c.Rstudents;
c.students ← store (c.students, c.count , s);
c.sum ← c.sum + m;
c.count ← c.count + ✶;

r❡t✉r♥ s

}

❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♠❛r❦ ♦❢ t❤❡ ♥❡✇ st✉❞❡♥t ✐s m ❛♥❞ t❤❛t t❤❡ count ❛♥❞
sum ✜❡❧❞s ♦❢ c ❤❛✈❡ ❜❡❡♥ ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣❧②✳ ■t ❛❧s♦ st❛t❡s t❤❛t t❤❡ ♠❛r❦s ♦❢ ❛❧❧ st✉❞❡♥ts
✇❤✐❝❤ ✇❡r❡ ✐♥ r❡❣✐♦♥ c.Rstudents ❜❡❢♦r❡ ❛r❡ ✉♥❝❤❛♥❣❡❞✳ ■t ❞♦❡s ♥♦t ❤❛✈❡ t♦ st❛t❡ t❤❛t t❤❡
♥❡✇ st✉❞❡♥t ✐s ✐♥ r❡❣✐♦♥ c.Rstudents ✉s✐♥❣ t❤❡ ✐♥ ♣r❡❞✐❝❛t❡✱ ❛s t❤✐s ✐s ❛❧r❡❛❞② ❦♥♦✇♥ t❤❛♥❦s
t♦ t②♣✐♥❣✳

❲❡ ❛❧❧♦❝❛t❡ t❤❡ ♥❡✇ st✉❞❡♥t ✐♥ ❛ ♥❡✇ r❡❣✐♦♥ Rstud ❛♥❞ ✉♣❞❛t❡ ✐ts ♠❛r❦✳ ❲❡ t❤❡♥ ❛❞♦♣t
t❤❡ st✉❞❡♥t ✐♥ r❡❣✐♦♥ c.Rstudents✱ ✐✳❡✳ ✇❡ ♠♦✈❡ t❤❡ st✉❞❡♥t ❢r♦♠ ✐ts ❝✉rr❡♥t r❡❣✐♦♥ Rstud t♦
r❡❣✐♦♥ c.Rstudents✳ ❆❢t❡r t❤✐s st❛t❡♠❡♥t✱ ✈❛r✐❛❜❧❡ s ❤❛s t②♣❡ [c.Rstudents]✳ ❲❡ t❤❡♥ ✉♣❞❛t❡
t❤❡ students ❛rr❛② ❛s ✇❡❧❧ ❛s t❤❡ sum ❛♥❞ count ✜❡❧❞s✳
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❚❤❡ ✐♥✈❛r✐❛♥t ♦❢ c ❤♦❧❞s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ t❤❛♥❦s t♦ ♣❡r♠✐ss✐♦♥ Rc×✱ ❛♥❞ ✐t ✇✐❧❧ ❜❡ ✉s❡❞ t♦
♣r♦✈❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ s♦ ✇❡ ✐♥tr♦❞✉❝❡ ✐t ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ✉s✐♥❣ st❛t❡♠❡♥t ✉s❡ ✐♥✈❛r✐❛♥t c✳
❚♦ ♣r♦✈❡ t❤❡ ✐♥✈❛r✐❛♥t ✐s ♠❛✐♥t❛✐♥❡❞✱ ✇❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t♦ ❦♥♦✇ t❤❛t ♣♦✐♥t❡r s ✐s ❞✐✛❡r❡♥t t❤❛♥
❛❧❧ ♣♦✐♥t❡rs ✇❤✐❝❤ ❛❧r❡❛❞② ✇❡r❡ ✐♥ ❛rr❛② c.students✳ ❚❤✐s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t②♣✐♥❣✱ ❛s s ✐s
❛❧❧♦❝❛t❡❞ ✐♥ r❡❣✐♦♥ Rstud ✱ ✇❤✐❝❤ ✐s ❞✐s❥♦✐♥t ❢r♦♠ r❡❣✐♦♥ c.Rstudents ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳ ❲❡
❦♥♦✇ ✐t ✐s ❞✐s❥♦✐♥t ❜❡❝❛✉s❡ ❛t t❤❛t ♣♦✐♥t✱ ♣❡r♠✐ss✐♦♥s Rstud◦ ❛♥❞ Rc× ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ■❢ Rc×

✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡♥ c.RstudentsG ✐s ❛❧s♦ ♠♦r❛❧❧② ❛✈❛✐❧❛❜❧❡✳ ■t ✐s ❛ ♣r♦♣❡rt② ♦❢ t❤❡ t②♣❡ s②st❡♠
t❤❛t t❤✐s ✐♠♣❧✐❡s ❞✐s❥♦✐♥t♥❡ss ♦❢ Rstud ❛♥❞ c.Rstudents✳ ❙♦ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❤②♣♦t❤❡s✐s ✇❡
♥❡❡❞ ✉s✐♥❣ t❤❡ ✉s❡ st❛t❡♠❡♥t✳ ❚❤❡ ✉s❡ st❛t❡♠❡♥t t❛❦❡s ❛ ♣r❡❞✐❝❛t❡✱ ❝❤❡❝❦s t❤❛t ✐t ❝❛♥ ❜❡
❞❡❞✉❝❡❞ ❢r♦♠ t②♣✐♥❣✱ ❛♥❞ ✐♥tr♦❞✉❝❡s ✐t ✐♥ t❤❡ ❤②♣♦t❤❡s❡s✳

❚❤❡r❡ ❛r❡ t✇♦ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✿ t❤❡ ✐♥✈❛r✐❛♥t ♠✉st ❜❡ ♠❛✐♥t❛✐♥❡❞✱ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥
♠✉st ❤♦❧❞✳ ❇♦t❤ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ✉s✐♥❣ t❤❡♦r❡♠ ♣r♦✈❡rs✱ t❤❛♥❦s t♦ t❤❡ ❤②♣♦t❤❡s❡s
✇❡ ✐♥tr♦❞✉❝❡❞ ✉s✐♥❣ t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t ❛♥❞ ✉s❡ st❛t❡♠❡♥ts✳

❈❤❛♥❣✐♥❣ t❤❡ ▼❛r❦ ♦❢ ❛ ❙t✉❞❡♥t ❋✉♥❝t✐♦♥ changeMark t❛❦❡s ❛ ❝♦✉rs❡ c✱ ❛ st✉❞❡♥t s
♦❢ t❤✐s ❝♦✉rs❡✱ ❛ ♥❡✇ ♠❛r❦ m ❛♥❞ ❝❤❛♥❣❡s t❤❡ ♠❛r❦ ♦❢ s t♦ m✳ ❖❢ ❝♦✉rs❡✱ ✐t ❛❧s♦ ✉♣❞❛t❡s t❤❡
sum ✜❡❧❞ ♦❢ c✳

❢✉♥ changeMark [Rc: Course] (c: [Rc], s: [c.Rstudents], m: int): unit
❝♦♥s✉♠❡s Rc×

♣r♦❞✉❝❡s Rc×

♣♦st

s.mark = m ∧
c.sum = c.sum❅♣r❡ + m − s.mark❅♣r❡ ∧
c.count = c.count❅♣r❡ ∧

∀i : int .
✵ ≤ i ∧ i < c.count ⇒
s 6= select(c.students, i) ⇒
select(c.students, i).mark = select(c.students, i).mark❅♣r❡

{
✉s❡ ✐♥✈❛r✐❛♥t c;
✉s❡ s ∈ c.Rstudents;

❧❛❜❡❧ before;
❧❡t r❡❣✐♦♥ F : Student ;
❢♦❝✉s s ❛s F ;
c.sum ← c.sum − s.mark + m;
s.mark ← m;
✉♥❢♦❝✉s s: F ❛s c.Rstudents;

❛ss❡rt

∃i : int .
✵ ≤ i ∧ i < c.count ∧
select(c.students, i) = s ∧

MarkSum [c.Rstudents] (c.students, ✵, i) =
MarkSum [c.Rstudents] (c.students, ✵, i)❅before ∧

MarkSum [c.Rstudents] (c.students, i+✶, c.count) =
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MarkSum [c.Rstudents] (c.students, i+✶, c.count)❅before;
}

❚❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t t❤❡ ♠❛r❦ ♦❢ st✉❞❡♥t s ✐s ♥♦✇ m✱ t❤❡ sum ✜❡❧❞ ♦❢ ❝♦✉rs❡
c ❤❛s ❜❡❡♥ ✉♣❞❛t❡❞✱ ❛♥❞ t❤❡ count ✜❡❧❞ ✐s ✉♥❝❤❛♥❣❡❞✳ ■t ❛❧s♦ st❛t❡s t❤❛t t❤❡ ♠❛r❦s ♦❢ ❛❧❧
st✉❞❡♥ts ❡①❝❡♣t s ❛r❡ ✉♥❝❤❛♥❣❡❞✳

❚❤❡ ❝♦❞❡ ✐s ♠❛✐♥❧② ❝♦♠♣♦s❡❞ ♦❢ t❤❡ t✇♦ ✉♣❞❛t❡ st❛t❡♠❡♥ts t♦ c.sum ❛♥❞ s.mark r❡✲
s♣❡❝t✐✈❡❧②✳ ❆❧❧ ♦t❤❡r st❛t❡♠❡♥ts ❞❡❛❧ ✇✐t❤ r❡❣✐♦♥s ♦r t❤❡ ♣r♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥✳ ❙t❛t❡♠❡♥ts
❞❡❛❧✐♥❣ ✇✐t❤ r❡❣✐♦♥s ❛r❡ ❧❡t r❡❣✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s✱ ❛s t❤❡ st✉❞❡♥t s ❜❡✐♥❣ ✐♥ ❛ ❣r♦✉♣
r❡❣✐♦♥✱ ✐t ♠✉st ❜❡ ♠♦✈❡❞ t❡♠♣♦r❛r✐❧② ✐♥t♦ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ s♦ ✇❡ ❝❛♥ ♠♦❞✐❢② ✐ts ♠❛r❦✳ ❙t❛t❡✲
♠❡♥t ✉s❡ ✐♥✈❛r✐❛♥t c ✐♥tr♦❞✉❝❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ c ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❤②♣♦t❤❡s❡s ❢♦r ❢r❡❡✱ ❛s
♣❡r♠✐ss✐♦♥ Rc× ✐s ❛✈❛✐❧❛❜❧❡✳ ❙t❛t❡♠❡♥t ✉s❡ s ✐♥ c.Rstudents ✐♥tr♦❞✉❝❡s t❤❡ s ✐♥ c.Rstudents
❤②♣♦t❤❡s✐s ❢♦r ❢r❡❡✱ ❛s ✐t ✐s ❦♥♦✇♥ ❜② t②♣✐♥❣✳

❚❤❡ ❛ss❡rt✐♦♥ ❤❡❧♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs t♦ ♣r♦✈❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ■t ❡ss❡♥t✐❛❧❧② s❤♦✇s
t❤❡♠ ❤♦✇ t♦ s♣❧✐t t❤❡ students ❛rr❛② ✐♥ t❤r❡❡ ♣❛rts✿ t❤❡ st✉❞❡♥ts ❜❡❢♦r❡ s✱ s✱ ❛♥❞ t❤❡
st✉❞❡♥ts ❛❢t❡r s✳ ❯s✐♥❣ t❤✐s s♣❧✐tt✐♥❣✱ ✐t st❛t❡s t❤❛t ❛❧❧ st✉❞❡♥ts ❜✉t s ❛r❡ ✉♥❝❤❛♥❣❡❞ ❢r♦♠ t❤❡
before ❧❛❜❡❧✱ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ t❤❡ ❛ss✐❣♥ st❛t❡♠❡♥ts✳ ❚❤❛♥❦s t♦ t❤✐s ❛ss❡rt✐♦♥✱
❜♦t❤ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ ✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥t ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ❛r❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

❈♦♥❝❧✉s✐♦♥ ❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❡ ❧✐♠✐ts ♦❢ t❤❡ ❈❛♣✉❝✐♥❡ ❛♣♣r♦❛❝❤✿ ✇❤❡♥ ♣♦✐♥t❡rs ❤❛✈❡
t♦ ❜❡❧♦♥❣ t♦ ❣r♦✉♣ r❡❣✐♦♥s✱ ✇❡ ❤❛✈❡ t♦ r❡s♦rt t♦ s♣❡❝✐❢②✐♥❣ s❡♣❛r❛t✐♦♥ ✐♥ t❤❡ ❧♦❣✐❝✳ ❍♦✇❡✈❡r✱
❈❛♣✉❝✐♥❡ st✐❧❧ ❤❡❧♣s ❜② s❡♣❛r❛t✐♥❣ t❤❡ t✇♦ ❝♦✉rs❡s ✐♥ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥✱ ❜② ♣r♦✈✐❞✐♥❣ ❛
♠❡t❤♦❞♦❧♦❣② t♦ ❤❛♥❞❧❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ Course ❝❧❛ss ❛♥❞ ❜② s❡♣❛r❛t✐♥❣ ✜❡❧❞s ✐♥ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s✳ ❚❤✐s ❡①❛♠♣❧❡ ❛❧s♦ ✐❧❧✉str❛t❡s t❤❡ ✐♥ ♣r❡❞✐❝❛t❡ ❛♥❞ ❤♦✇ ✐t ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥
t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❤②♣♦t❤❡s❡s ✐❢ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤r♦✉❣❤ t②♣✐♥❣✳ ■t ❛❧s♦ s❤♦✇s t❤❡ ✉s❡

st❛t❡♠❡♥t ✇❤✐❝❤ ❝❛♥ ✐♥tr♦❞✉❝❡ ❤②♣♦t❤❡s❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t②♣✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r
♣♦✐♥t❡r ❞✐✛❡r❡♥❝❡s ✇❤❡♥ ♣♦✐♥t❡rs ❜❡❧♦♥❣ t✇♦ ❞✐s❥♦✐♥t r❡❣✐♦♥s✳



❈❤❛♣t❡r ✹

❈❛♣✉❝✐♥❡ ▲❛♥❣✉❛❣❡ ❙②♥t❛① ❛♥❞

❙❡♠❛♥t✐❝s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❢♦r♠❛❧✐③❡ t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡✳ ■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ ❣✐✈❡ t❤❡ ❣r❛♠♠❛r
♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ ❣✐✈❡ t②♣✐♥❣ r✉❧❡s ❢♦r ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s✳ ■♥ ❙❡❝✲
t✐♦♥ ✹✳✸ ✇❡ ❣✐✈❡ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❈❛♣✉❝✐♥❡✳ ❲❡ ❝❛❧❧ ✐t t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧✱ ❛s ✐t
✐s ❝❧♦s❡ t♦ ✉s✉❛❧ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ♦t❤❡r ✐♠♣❡r❛t✐✈❡ ❧❛♥❣✉❛❣❡s ✇✐t❤ ♣♦✐♥t❡rs✳ ■♥ ❙❡❝✲
t✐♦♥ ✹✳✹ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦❤❡r❡♥❝❡ ♦❢ ❛ ❤❡❛♣✳ ❖✉r ✜rst ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✶✮
✐s t❤❛t ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞ t❤r♦✉❣❤ ❡①❡❝✉t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✳✺ ✇❡ ❣✐✈❡ ❛♥♦t❤❡r ♦♣❡r❛t✐♦♥
s❡♠❛♥t✐❝s ❢♦r ❈❛♣✉❝✐♥❡✳ ❲❡ ❝❛❧❧ ✐t t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✱ ❛s ✐t ❡♠♣❤❛s✐③❡s s❡♣❛r❛t✐♥❣ t❤❡ ❤❡❛♣
✐♥t♦ r❡❣✐♦♥s✳ ❖✉r s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✺✮ ✐s t❤❛t ✉♥❞❡r t❤❡ ❝♦❤❡r❡♥❝❡ ❤②♣♦t❤❡s✐s✱
❡①❡❝✉t✐♦♥ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ❣✐✈❡s t❤❡ s❛♠❡ r❡s✉❧t ❛s ❡①❡❝✉t✐♦♥ ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧✳

✹✳✶ ❙②♥t❛①

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡✳ ❲❡ ❞❡✜♥❡ ✐ts s②♥t❛① ❛♥❞ r❡♠✐♥❞
t❤❡ ✐♥❢♦r♠❛❧ ♠❡❛♥✐♥❣ ♦❢ ❡❛❝❤ ♦♣❡r❛t✐♦♥✳ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ s❡q✉❡♥❝❡ ♦❢ ❞❡❝❧❛r❛t✐♦♥s✿
❧♦❣✐❝ ❞❡❝❧❛r❛t✐♦♥s ✭❧♦❣✐❝ t②♣❡s✱ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s✱ ♣r❡❞✐❝❛t❡s ❛♥❞ ❛①✐♦♠s✮ ❛♥❞ ♣r♦❣r❛♠ ❞❡❝❧❛r❛✲
t✐♦♥s ✭❝❧❛ss❡s ❛♥❞ ❢✉♥❝t✐♦♥s✮✳ ❚❤❡s❡ ♥♦t✐♦♥s ❛r❡ ♠✉t✉❛❧❧② ❞❡♣❡♥❞❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❝❧❛ss❡s
❛♣♣❡❛r ✐♥ ♣r❡❞✐❝❛t❡ ❞❡❝❧❛r❛t✐♦♥s✱ ❜✉t ♣r❡❞✐❝❛t❡s ❛♣♣❡❛r ✐♥ ❝❧❛ss ❞❡❝❧❛r❛t✐♦♥s✳ ❚❤✉s✱ t❤✐s
s❡❝t✐♦♥ ❝♦♥t❛✐♥s ✉♥❛✈♦✐❞❛❜❧❡ ❢♦r✇❛r❞ r❡❢❡r❡♥❝❡s✳

❲❡ ❞❡♥♦t❡ ❜② x t❤❡ ❧✐st x1, ..., xn ❢♦r s♦♠❡ n✳ ■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ x : y st❛♥❞s ❢♦r
x1 : y1, ..., xn : yn ❢♦r s♦♠❡ n✱ ❛♥❞ s♦ ♦♥✳

✹✳✶✳✶ ❈❧❛ss❡s

❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥❛♠❡s♣❛❝❡s ❢♦r ✐❞❡♥t✐✜❡rs✿ r ❛♥❞ s ❛r❡ r❡❣✐♦♥ ♥❛♠❡s✱ ✇❤❡r❡ s ✇✐❧❧ ❜❡
♣r❡❢❡r❛❜❧② ✉s❡❞ ❢♦r ♦✇♥❡❞ r❡❣✐♦♥s❀ ❛♥❞ f ❛r❡ ✜❡❧❞ ♥❛♠❡s✳ ❆ ❝❧❛ss ❞❡❝❧❛r❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

❝❧❛ss C (α) [r : C]
{
size s : C;
f : τ ;

✻✼
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✐♥✈❛r✐❛♥t P ;
}

✇❤❡r❡ size ♠❛② ❜❡ ❡✐t❤❡r s✐♥❣❧❡ ♦r ❣r♦✉♣✱ ❛♥❞ C ❛r❡ ❝❧❛ss ❡①♣r❡ss✐♦♥s✿

C ::= C [ρ] (τ)

■❢ ❝❧❛ss C ❡①♣❡❝ts ♥♦ r❡❣✐♦♥ ρ✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ❜r❛❝❦❡ts✱ ❛♥❞ ✐❢ ❝❧❛ss C ❡①♣❡❝ts ♥♦ t②♣❡ τ ✱
✇❡ ♠❛② ♦♠✐t t❤❡ ♣❛r❡♥t❤❡s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ C st❛♥❞s ❢♦r C [] ()✳ ❘❡❣✐♦♥s ρ✱ t②♣❡s τ ❛♥❞
♣r❡❞✐❝❛t❡s P ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳

❚②♣❡ ✈❛r✐❛❜❧❡s α ❛r❡ t②♣❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s r ❛r❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡②
❛r❡ ❜♦✉♥❞ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❝❧❛ss ❞❡✜♥✐t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ ❛s ♣❛r❛♠✲
❡t❡rs ♦❢ ❧❛t❡r ❝❧❛ss ❡①♣r❡ss✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤✐s ✐s ❛ ✈❛❧✐❞ ❝❧❛ss ❞❡✜♥✐t✐♦♥✿

❝❧❛ss C (α) [r1 : C1 (α), r2 : C2 [r1 ] ] { · · · }

❚②♣❡ ♣❛r❛♠❡t❡rs ❛r❡ ▼▲✲❧✐❦❡ t②♣❡ ♣❛r❛♠❡t❡rs✳ ❘❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s✐♠✐❧❛r✱ ❜✉t t❤❡② ❛r❡
t②♣❡❞ ✉s✐♥❣ ❝❧❛ss ❡①♣r❡ss✐♦♥s✳

❈❧❛ss❡s ♠❛② ❛❧s♦ ♦✇♥ r❡❣✐♦♥s✳ ❘❡❣✐♦♥s s ✐♥ t❤❡ ❛❜♦✈❡ ❞❡❝❧❛r❛t✐♦♥ ❛r❡ ♦✇♥❡❞ r❡❣✐♦♥s✳
❊❛❝❤ r❡❣✐♦♥ ❝❛♥ ❜❡ ❡✐t❤❡r ❣r♦✉♣ ✭❣r♦✉♣✮ ♦r s✐♥❣❧❡t♦♥ ✭s✐♥❣❧❡✮✳ ■❢ ❛ r❡❣✐♦♥ ✐s ❣r♦✉♣✱ ✐t ♠❛②
❝♦♥t❛✐♥ ❛♥② ♥✉♠❜❡r ♦❢ ♣♦✐♥t❡rs✱ ✐♥❝❧✉❞✐♥❣ ③❡r♦ ♦r ♦♥❡❀ ✐❢ ❛ r❡❣✐♦♥ ✐s s✐♥❣❧❡t♦♥✱ ✐t ♠❛② ♦♥❧②
❝♦♥t❛✐♥ ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t❡r✳ ❖✇♥❡❞ r❡❣✐♦♥s✱ ❧✐❦❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✱ ❛r❡ t②♣❡❞ ✉s✐♥❣ ❝❧❛ss
❡①♣r❡ss✐♦♥s✳ ❚❤❡② ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❝❧❛ss ❞❡❝❧❛r❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ ✐♥ t❤❡ ❝❧❛ss
❡①♣r❡ss✐♦♥s ♦❢ ❢♦❧❧♦✇✐♥❣ ♦✇♥❡❞ r❡❣✐♦♥s✳

❈❧❛ss❡s ❝♦♥t❛✐♥ ✜❡❧❞s✳ ❊❛❝❤ ✜❡❧❞ f ✐s ❣✐✈❡♥ ❛ t②♣❡ τ ✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ str✉❝t✉r❡s ❛♥❞
r❡❝♦r❞s ♦❢ ♦t❤❡r ❧❛♥❣✉❛❣❡s✳

❋✐♥❛❧❧②✱ ❡❛❝❤ ❝❧❛ss ✐s ❣✐✈❡♥ ❛♥ ✐♥✈❛r✐❛♥t✳ ❚❤❡ ✐♥✈❛r✐❛♥t ♠❛② ♠❡♥t✐♦♥ ❡❛❝❤ ✜❡❧❞ f ✱ ❛s ✇❡❧❧ ❛s
♦✇♥❡❞ r❡❣✐♦♥s s✳ ❚❤❡r❡ ✐s ❛♥ ✐♠♣♦rt❛♥t r❡str✐❝t✐♦♥ t❤♦✉❣❤✱ ✇❤✐❝❤ ✐s t❤❡ ✉s✉❛❧ r❡str✐❝t✐♦♥ ❢♦r
✐♥✈❛r✐❛♥ts ✐♥ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣✐❡s✿ t❤❡ ✐♥✈❛r✐❛♥t ♠❛② ♦♥❧② ❞❡r❡❢❡r❡♥❝❡ ♦✇♥❡❞ ♣♦✐♥t❡rs✱
✐✳❡✳ ✐❢ ❛ t❡r♠ x .f1 . · · · .fi ❛♣♣❡❛rs ✐♥ t❤❡ ✐♥✈❛r✐❛♥t✱ t❤❡♥ x .f1 ✐s ❛ ♣♦✐♥t❡r ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥
♦❢ x ✱ x .f1 .f2 ✐s ❛ ♣♦✐♥t❡r ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ x .f1 ✱ ❛♥❞ s♦ ♦♥✳

✹✳✶✳✷ ▲♦❣✐❝ ❚②♣❡s

❆ ❧♦❣✐❝ t②♣❡ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

t②♣❡ t (α1 , · · ·, αn)

■t ❞❡❝❧❛r❡s t②♣❡ t ✱ ✇✐t❤ ♣♦❧②♠♦r♣❤✐❝ t②♣❡ ♣❛r❛♠❡t❡rs α1 , · · ·, αn ✇❤❡r❡ n ♠❛② ❜❡ ③❡r♦✳ ■t ✐s
♦♥❧② ❛ ❞❡❝❧❛r❛t✐♦♥✿ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❜✉✐❧❞ ❛ ✈❛❧✉❡ ♦❢ t②♣❡ t ✇✐t❤♦✉t ❞❡✜♥✐♥❣ ✐ts ❝♦♥str✉❝t♦rs
❛s ❧♦❣✐❝ ❢✉♥❝t✐♦♥s✳

❲❡ ❛ss✉♠❡ ❛❧❧ t②♣❡s t♦ ❜❡ ✐♥❤❛❜✐t❡❞ ✿ ❢♦r ❡❛❝❤ ✉s❡r✲❞❡❝❧❛r❡❞ t②♣❡ t ✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡
✈❛❧✉❡ ♦❢ t②♣❡ t ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ✐♥st❛♥❝❡✱ ❧♦❣✐❝ ❢♦r♠✉❧❛✿

∀x : t . ❋

✐s ❡q✉✐✈❛❧❡♥t t♦ ❋✱ ✇❤❡r❡ ❋ ✐s t❤❡ ❢❛❧s❡ ♣r❡❞✐❝❛t❡✳ ■❢ t❤❡r❡ ✇❛s ♥♦ ✈❛❧✉❡ ♦❢ t②♣❡ t ✱ ✐t ✇♦✉❧❞
✐♥st❡❛❞ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ❚✱ t❤❡ tr✉❡ ♣r❡❞✐❝❛t❡✳ ■♥ ❛ s❡♥s❡✱ ❛ t②♣❡ ❞❡❝❧❛r❛t✐♦♥ ✐s ❛♥ ❛①✐♦♠
st❛t✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛❧✉❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✐♠✐❧❛r t♦ ❲❤② ❬❋✐❧❧✐âtr❡✵✼❪✱ ✐♥ ✇❤✐❝❤
❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ ✐♥t❡r♣r❡t❡❞✳ ■❢ t❤❡ ✉s❡r ✇✐s❤❡s t♦✱ ❤❡ ♠❛② ❜✉✐❧❞ ❛ ♠♦❞❡❧ ♦❢ t❤❡ t②♣❡
✐♥ ❛♥♦t❤❡r✱ r✐❝❤❡r ❧❛♥❣✉❛❣❡ s✉❝❤ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ❬❈♦q❪✳
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✹✳✶✳✸ ❘❡❣✐♦♥s

❆ r❡❣✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

ρ ::= r | x .s

■t ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ♥❛♠❡ r ✱ ♦r ❛♥ ♦✇♥❡❞ r❡❣✐♦♥✳ ❖✇♥❡❞ r❡❣✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠ x .s✱ ✇❤❡r❡
x ✐s ❛ ✈❛r✐❛❜❧❡ ♦❢ ❛ ❝❧❛ss ✇❤✐❝❤ ❝♦♥t❛✐♥s ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ s ✐♥ ✐ts ❞❡❝❧❛r❛t✐♦♥✳ ❘❡❣✐♦♥ x .s
r❡❢❡rs t♦ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥ s ♦❢ t❤❡ ♦❜❥❡❝t ✇❤✐❝❤ ✈❛r✐❛❜❧❡ x ♣♦✐♥ts t♦✳

✹✳✶✳✹ ❚②♣❡s

❆♥ ♦❜❥❡❝t ✐♥ ❈❛♣✉❝✐♥❡ ✐s ❛ ✈❛❧✉❡ ♦❢ ❛ ❝❧❛ss✳ ❖❜❥❡❝ts ❞♦ ♥♦t ❛♣♣❡❛r ✐♥ ♣r♦❣r❛♠s t❤♦✉❣❤✳
❚❤❡ ♣r♦❣r❛♠♠❡r ♠❛② ♦♥❧② ♠❛♥✐♣✉❧❛t❡ ♣♦✐♥t❡rs t♦ ♦❜❥❡❝ts✳ ❆ ✈❛r✐❛❜❧❡ ♦❢ ❛ ♣♦✐♥t❡r t②♣❡ ✐s ❛
✈❛r✐❛❜❧❡ ✇❤♦s❡ ❝♦♥t❡♥ts ✐s ❛♥ ❛❞❞r❡ss ✐♥ t❤❡ ❤❡❛♣✱ ❛t ✇❤✐❝❤ ❛❞❞r❡ss ❛♥ ♦❜❥❡❝t ❝❛♥ ❜❡ ❢♦✉♥❞✳
❈❛♣✉❝✐♥❡ s♣❧✐ts t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛❧ s♠❛❧❧❡r ❤❡❛♣s✿ ♦♥❡ ❢♦r ❡❛❝❤ r❡❣✐♦♥✳ ❘❡❣✐♦♥s ❛r❡ ♥♦t ❛
♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❤❡❛♣ t❤♦✉❣❤✱ t❤❡② ♠❛② ♦✈❡r❧❛♣✳ ❊❛❝❤ ♣♦✐♥t❡r ❜❡❧♦♥❣s t♦ ❛t ❧❡❛st ♦♥❡ r❡❣✐♦♥✳

❚❤❡ r❡❣✐♦♥ ♦❢ ❡❛❝❤ ♣r♦❣r❛♠ ♣♦✐♥t❡r ✐s ❞❡♥♦t❡❞ ❜② ✐ts t②♣❡✳ ❚❤❡ t②♣❡ ♦❢ ❛ ♣♦✐♥t❡r p ♦❢
r❡❣✐♦♥ ρ ✐s ✇r✐tt❡♥ [ρ]❀ ♣r♦♥♦✉♥❝❡❞ ✏❛t ρ✑✳ ❊❛❝❤ r❡❣✐♦♥ ❜✐♥❞❡r ❝♦♠❡s ✇✐t❤ ❛ ❝❧❛ss ❡①♣r❡ss✐♦♥
C✱ s♦ t❤❡ ❝❧❛ss ♦❢ ρ✱ ✐✳❡✳ t❤❡ ❝❧❛ss ♦❢ ♣♦✐♥t❡r p✱ ✐s ❦♥♦✇♥ ❢r♦♠ t❤❡ t②♣✐♥❣ ❡♥✈✐r♦♥♠❡♥t✳

■♥ t❤❡ ❧♦❣✐❝ t❤♦✉❣❤✱ ♣♦✐♥t❡rs ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❜❡❧♦♥❣ t♦ ❛ r❡❣✐♦♥✳ ❚♦ r❡❛❞ ❛ ♣♦✐♥t❡r✱ ✐✳❡✳
t♦ s❡❧❡❝t ❛ ✜❡❧❞ ♦❢ ✐ts ♦❜❥❡❝t✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❦♥♦✇ ✐♥ ✇❤✐❝❤ r❡❣✐♦♥ t❤❡ ♣♦✐♥t❡r ✐s r❡❛❞✳ ❇✉t ✐♥
t❤❡ ❧♦❣✐❝ ✐t s♦♠❡t✐♠❡s ♠❛❦❡s s❡♥s❡ t♦ r❡❛❞ t❤❡ s❛♠❡ ♣♦✐♥t❡r ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱
t✇♦ ❞✐✛❡r❡♥t ❧♦❣✐❝ r❡❣✐♦♥s ♠❛② ❞❡♥♦t❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ s❛♠❡ r❡❣✐♦♥ t❤r♦✉❣❤♦✉t t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ■t t❤❡♥ ♠❛❦❡s s❡♥s❡ t❤❛t ❛ ♣♦✐♥t❡r ✐s ✐♥ ❜♦t❤ r❡❣✐♦♥s ❛t t❤❡ s❛♠❡
t✐♠❡✳ ❚❤❡ t②♣❡ ❣✐✈❡♥ t♦ ♣♦✐♥t❡rs ✐♥ t❤❡ ❧♦❣✐❝ ✐s [❴]✱ ✐✳❡✳ t❤❡ t②♣❡ ♦❢ ♣♦✐♥t❡rs ♦❢ ❛♥② r❡❣✐♦♥✳
❋✐❡❧❞ s❡❧❡❝t✐♦♥ ✐s t❤❡♥ ❛♥♥♦t❛t❡❞ ✇✐t❤ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ r❡❛❞✐♥❣ ❛❝❝❡ss ✐s ♠❛❞❡✱ ✉s✐♥❣
t❡r♠ get ✳

❆❞❞✐t✐♦♥♥❛❧❧②✱ t♦ ❛✈♦✐❞ ❤❛✈✐♥❣ t♦ ✇r✐t❡ get(ρ, x , f )✱ ✇❡ ❛❝t✉❛❧❧② ❛❧❧♦✇ ❧♦❣✐❝ ♣♦✐♥t❡rs s✉❝❤
❛s x t♦ ❝❛rr② ❛ r❡❣✐♦♥ ρ ✐♥ t❤❡✐r t②♣❡✳ ❚❤❡✐r t②♣❡ ✐s t❤✉s [ρ] ✐♥st❡❛❞ ♦❢ [❴]✱ ❜✉t t❤✐s ✐s ♦♥❧②
✉s❡❞ t♦ ❞❡s✉❣❛r x .f ❛s get(ρ, x , f )✳

❆ t②♣❡ ✐s ♦❢ t❤❡ ❢♦r♠✿

τ ::= t (τ , · · ·, τ) | int | bool | unit | [ρ] | [❴]

■t ✐s ❡✐t❤❡r ❛ ✉s❡r✲❞❡✜♥❡❞ t②♣❡ t ✇✐t❤ ✐♥st❛♥❝✐❛t❡❞ ♣❛r❛♠❡t❡rs τ1 , · · ·, τn ✱ ❛ ❜❛s❡ t②♣❡✱ ♦r ❛
♣♦✐♥t❡r t②♣❡✳ ❇❛s❡ t②♣❡s ❛r❡ ✐♥t❡❣❡rs int ✱ ❜♦♦❧❡❛♥s bool ❛♥❞ unit ✳

✹✳✶✳✺ ▲♦❣✐❝ ❋✉♥❝t✐♦♥ ❛♥❞ Pr❡❞✐❝❛t❡ ❉❡❝❧❛r❛t✐♦♥s

❆ ♣r❡❞✐❝❛t❡ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

❧♦❣✐❝ p param = P

✇❤❡r❡✿

param ::= [r : C] | (x : τ)

❲❡ ❞❡✜♥❡ ♣r❡❞✐❝❛t❡s P ❧❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤✐s ❞❡✜♥❡s ♣r❡❞✐❝❛t❡ p✱ ✇✐t❤ ❛r❣✉♠❡♥ts arg ✳
❆♥ ❛r❣✉♠❡♥t ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ❛r❣✉♠❡♥t [r : C] ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ♥❛♠❡ ❛♥❞ C ✐s ✐ts ❝❧❛ss✱ ♦r
❛ r❡❣✉❧❛r ❛r❣✉♠❡♥t (x : τ) ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜❧❡ ♥❛♠❡ ❛♥❞ τ ✐s ✐ts t②♣❡✳ ◆♦t❡ t❤❛t r❡❣✐♦♥s r
♠❛② ❛♣♣❡❛r ✐♥ t②♣❡s τ ♦❢ ✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❛t ✈❛r✐❛❜❧❡s x ♠❛② ❛♣♣❡❛r ✐♥ ❝❧❛ss❡s C ♦❢ r❡❣✐♦♥s✳
❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛♥ ✐♥t❡r❧❡❛✈✐♥❣✿
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❧♦❣✐❝ p [r : C1 ] (x : [r ]) [r
′: C2 [x .r1 ] ] (y : [r

′])

❛ss✉♠✐♥❣ r1 ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ ❝❧❛ss C1 ✱ ❛♥❞ ❝❧❛ss C2 ❡①♣❡❝ts ♦♥❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡r✳
❆ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

❧♦❣✐❝ f param: τ = LT

❲❡ ❞❡✜♥❡ t❡r♠s LT ❧❛t❡r ✐♥ t❤✐s s❡❝t✐♦♥✳ ❆s ✉s✉❛❧✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛ ♣r❡❞✐❝❛t❡
❛♥❞ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s t❤❡✐r r❡t✉r♥ t②♣❡✱ ✇❤✐❝❤ ❛r❡ ♦❢ ❞✐✛❡r❡♥t ❦✐♥❞s✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ♠❛②
r❡t✉r♥ ✈❛❧✉❡s ♦❢ ❛♥② ✉s❡r✲❞❡✜♥❡❞ t②♣❡✳ ❚❤❡ ❜♦❞② ♦❢ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s ♥♦t ❛ ♣r❡❞✐❝❛t❡ ❜✉t ❛
t❡r♠✳

❚❤❡ ❜♦❞② ♦❢ ♣r❡❞✐❝❛t❡s ❛♥❞ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧② P ❛♥❞ LT ❛❜♦✈❡✱ ✐s ♦♣t✐♦♥❛❧✳
❖❢t❡♥✱ t❤❡ ♣r❡❞✐❝❛t❡ ❛♥❞ t❡r♠ ❧❛♥❣✉❛❣❡ ❝❛♥♥♦t ❡①♣r❡ss t❤❡♠✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✉s❡r ♣r♦✈✐❞❡s
❛①✐♦♠s ✐♥st❡❛❞✳ ■❢ t❤❡ ✉s❡r ❞❡✜♥❡❞ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❧♦❣✐❝ t②♣❡s ✐♥ ❛ r✐❝❤❡r ❧♦❣✐❝✱ ❤❡ ♠❛②
❛❧s♦ ❞❡✜♥❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ✐♥ t❤✐s r✐❝❤❡r ❧♦❣✐❝ ❛♥❞ ♣r♦✈❡ t❤❡ ❛①✐♦♠s t♦ ❡♥s✉r❡
❝♦♥s✐st❡♥❝②✳

✹✳✶✳✻ ❚❡r♠s

❆ t❡r♠ ✐s ♦❢ t❤❡ ❢♦r♠✿

LT ::= c

| x

| LT termop LT

| f larg

| get(RT , LT , f )

termop ::= + | − | × | ✫✫ | ||
larg ::= [RT ] | (LT )

✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ♦❢ ❛ ❜❛s❡ t②♣❡✱ ✐✳❡✳ ❡✐t❤❡r ❛♥ ✐♥t❡❣❡r ❧✐t❡r❛❧ ♦r ❛ ❜♦♦❧❡❛♥ true ♦r false✳
❆ t❡r♠ ♠❛② ❛❧s♦ ❜❡ ❛ ✈❛r✐❛❜❧❡ x ✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❜❛s❡ t❡r♠ ♦♣❡r❛t♦r termop ♦r t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ f t♦ s♦♠❡ ❧♦❣✐❝ ❛r❣✉♠❡♥ts larg ✳ ❆ ❧♦❣✐❝ ❛r❣✉♠❡♥t larg ✐s ❡✐t❤❡r
[RT ] ✇❤❡r❡ RT ✐s ❛ r❡❣✐♦♥ t❡r♠ ✭s❡❡ ❜❡❧♦✇✮ ♦r (LT ) ✇❤❡r❡ LT ✐s ❛ t❡r♠✳

❲❡ ✉s❡ ❛ s❡t ♦❢ ❧❛❜❡❧ ♥❛♠❡s L✳ ▲❛❜❡❧s ❞❡♥♦t❡ t❤❡ st❛t❡ ♦❢ t❤❡ ❤❡❛♣ ❛t s♦♠❡ ♣r♦❣r❛♠
♣♦✐♥t✳ ❆ s♣❡❝✐❛❧ ❧❛❜❡❧ ♥❛♠❡❞ ❤❡r❡ ❞❡♥♦t❡s t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✳

❋✐♥❛❧❧②✱ ❛ t❡r♠ ❝❛♥ ❜❡ t❤❡ s❡❧❡❝t✐♦♥ get(RT , LT , f ) ♦❢ ❛ ✜❡❧❞ f ♦❢ ❛ ♣♦✐♥t❡r t❡r♠ LT ✐♥
❛ r❡❣✐♦♥ RT ✱ ✇❤❡r❡ RT ✐s ❛ r❡❣✐♦♥ t❡r♠✿

RT ::= r❅L | get(RT , LT , s)

■t ✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ r ❛t s♦♠❡ ❧❛❜❡❧ L ♦r t❤❡ s❡❧❡❝t✐♦♥ get(RT , LT , s) ♦❢ ❛♥ ♦✇♥❡❞
r❡❣✐♦♥ s ♦❢ ❛ ♣♦✐♥t❡r t❡r♠ LT ✐♥ ❛ r❡❣✐♦♥ RT ✳ ❙❡❧❡❝t✐♦♥ ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✜❡❧❞s ❛r❡ q✉✐t❡
s✐♠✐❧❛r✳

■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♠❛② ❛❧s♦ ✇r✐t❡ r ✇✐t❤ ♥♦ ❧❛❜❡❧ ❛t ❛❧❧✳ ❚❤✐s ✐s ❞❡s✉❣❛r❡❞ ❛s r❅L ✇❤❡r❡
L ✐s ❝❤♦s❡♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✳ ❲❡ ♠❛② ✇r✐t❡ RT❅L✱ LT❅L ♦r P❅L ❢♦r ❛♥② r❡❣✐♦♥
t❡r♠ RT ✱ t❡r♠ LT ♦r ♣r❡❞✐❝❛t❡ P ✳ ❘❡❣✐♦♥ t❡r♠ r ✐s t❤❡♥ ❡①♣❛♥❞❡❞ ❛s r❅L✱ ✇❤❡r❡ L ✐s t❤❡
✐♥♥❡r♠♦st ❧❛❜❡❧✳ ❋♦r ✐♥st❛♥❝❡✱ ((f [r ])❅L)❅L′ ✐s ❞❡s✉❣❛r❡❞ ❛s f [r❅L] ❛♥❞ ♥♦t f [r❅L′]✳ ■❢
♥♦ ❧❛❜❡❧ ✐s ♣r♦✈✐❞❡❞ ❛t ❛❧❧✱ r ✐s r❡♣❧❛❝❡❞ ❜② r❅❤❡r❡✳
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❆❜❜r❡✈✐❛t✐♦♥ ■♥ ♣r❛❝t✐❝❡✱ get(ρ, p, f ) ❝❛♥ ♦❢t❡♥ ❜❡ ❛❜❜r❡✈✐❛t❡❞ ❛s p.f ✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ t②♣❡
♦❢ p ✐s [r ]✱ t❤❡♥ ✇❡ ❡①♣❛♥❞ p.f t♦ get(r , p, f )✳ ■❢ t❤❡ t②♣❡ ♦❢ p ✐s [x .r ]✱ t❤❡♥ ✇❡ ❡①♣❛♥❞ p.f t♦
get(t , p, f ) ✇❤❡r❡ t ✐s t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ x .r ✱ ❝♦♠♣✉t❡❞ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✳ ■❢ t❤❡ t②♣❡ ♦❢ p ✐s
[❴] ❤♦✇❡✈❡r✱ p.f ❤❛s ♥♦ ♠❡❛♥✐♥❣ ❛♥❞ ❝❛♥♥♦t ❜❡ ❡①♣❛♥❞❡❞✳ ■t ✐s r❡❥❡❝t❡❞ ❜② ❈❛♣✉❝✐♥❡✳ ■t ✐s
t❤✉s ♠❛♥❞❛t♦r② t♦ ✉s❡ t❤❡ get ♣r❡❞✐❝❛t❡ ❢♦r ♣♦✐♥t❡rs ♦❢ t②♣❡ [❴]✳ ■♥ ❡①❛♠♣❧❡s ♦❢ ❙❡❝t✐♦♥ ✸✳✹
✇❡ ✉s❡❞ t❤✐s ❛❜❜r❡✈✐❛t✐♦♥ ✇❤❡♥ ♣♦ss✐❜❧❡✳ ❋✉♥❝t✐♦♥ addStudent ♦❢ t❤❡ ❝♦✉rs❡s ❛♥❞ st✉❞❡♥ts
❡①❛♠♣❧❡ s❤♦✇s ❛ ✉s❡ ♦❢ t②♣❡ [❴]✳

✹✳✶✳✼ Pr❡❞✐❝❛t❡s

❆ ♣r❡❞✐❝❛t❡ ✐s ♦❢ t❤❡ ❢♦r♠✿

P ::= p larg

| P ∧ P | P ∨ P | P ⇒ P | P ⇐⇒ P | ¬P | ❚ | ❋
| LT = LT | LT 6= LT | LT > LT | LT ≥ LT

| ∀x : τ . P | ∃x : τ . P
| ∀r❡❣✐♦♥ r : C. P | ∃r❡❣✐♦♥ r : C. P
| LT ∈ RT

■t ❝❛♥ ❜❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ✉s❡r✲❞❡✜♥❡❞ ♣r❡❞✐❝❛t❡ p ♦r t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ x ✳
❯s✉❛❧ ♦♣❡r❛t♦rs ❛r❡ ❛❧s♦ ♣r♦✈✐❞❡❞✱ ✐♥❝❧✉❞✐♥❣ ❝♦♠♣❛r✐s♦♥✱ ❛s ✇❡❧❧ ❛s ❝♦♥st❛♥t ♣r❡❞✐❝❛t❡s ❚
❛♥❞ ❋✳ ❆ ♣r❡❞✐❝❛t❡ ❝❛♥ ❛❧s♦ ❜❡ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r ❛ r❡❣✐♦♥ r ♦❢ ❝❧❛ss C✳ ❘❡❣✐♦♥ r ❝❛♥ t❤❡♥
❜❡ ✉s❡❞ ✐♥ get(r , LT , f ) t❡r♠s✱ ❛♥❞ ✐♥ t②♣❡s✳ ❋✐♥❛❧❧②✱ ♣r❡❞✐❝❛t❡ LT ∈ RT st❛t❡s t❤❛t t❤❡
❧♦❝❛t✐♦♥ ❞❡♥♦t❡❞ ❜② t❡r♠ LT ✐s ✐♥ t❤❡ r❡❣✐♦♥ ❞❡♥♦t❡❞ ❜② r❡❣✐♦♥ t❡r♠ RT ✳

✹✳✶✳✽ ❆①✐♦♠s ❛♥❞ ▲❡♠♠❛s

❆①✐♦♠ ❞❡❝❧❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

❛①✐♦♠ a: P

■t ✐s ❡ss❡♥t✐❛❧❧② ❛ ♣❛✐r ♦❢ ❛ ♥❛♠❡ a ❛♥❞ ❛ ♣r❡❞✐❝❛t❡ P ✳ ❚❤❡ ❛①✐♦♠ ❞♦❡s ♥♦t t❛❦❡ ❛♥② ♣❛r❛♠❡t❡rs❀
✈❛r✐❛❜❧❡s ❛♥❞ r❡❣✐♦♥s ♠✉st ❜❡ q✉❛♥t✐✜❡❞ ✐♥ t❤❡ ❜♦❞② P ✳ ❚②♣❡s ❛♣♣❡❛r✐♥❣ ✐♥ P ♠❛② ✉s❡ ❢r❡❡
t②♣❡ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❛r❡ ✐♠♣❧✐❝✐t❡❧② ✉♥✐✈❡rs❛❧❧② q✉❛♥t✐✜❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛①✐♦♠✱
✐✳❡✳ t❤❡ ❛①✐♦♠ ✐s ♣♦❧②♠♦r♣❤✐❝ ✐♥ t❤❡s❡ ✈❛r✐❛❜❧❡s✳ ❆①✐♦♠s ❛r❡ t②♣✐❝❛❧❧② ✉s❡❞ t♦ ❛①✐♦♠❛t✐③❡
♣r❡❞✐❝❛t❡ ❛♥❞ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❞❡✜♥❡❞ ♦t❤❡r✇✐s❡ ✐♥ t❤❡ ✜rst✲♦r❞❡r ❧♦❣✐❝ ♦❢
❈❛♣✉❝✐♥❡✳

▲❡♠♠❛s ❛r❡ s✐♠✐❧❛r t♦ ❛①✐♦♠s✱ ❛♥❞ ❛r❡ ❞❡❝❧❛r❡❞ ❛s✿

❧❡♠♠❛ l : P

❚❤❡② ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ ❜✉t ❝♦♥tr❛r② t♦ ❛①✐♦♠s✱ t❤❡② ♠✉st ❜❡
♣r♦✈❡❞✳

✹✳✶✳✾ P❡r♠✐ss✐♦♥s

P❡r♠✐ss✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

Σ ::= ρ∅ | ρ◦{f } | ρ× | ρG | ρ −◦ ρ

P❡r♠✐ss✐♦♥ ρ∅ st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❡♠♣t②✱ ✐✳❡✳ ❝♦♥t❛✐♥s ♥♦ ♣♦✐♥t❡r✳ P❡r♠✐ss✐♦♥ ρ◦{f } st❛t❡s
t❤❛t r❡❣✐♦♥ ρ ✐s s✐♥❣❧❡t♦♥✱ ✐✳❡✳ ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ♣♦✐♥t❡r p✱ ❛♥❞ t❤❛t ρ ✐s ♦♣❡♥✱ ✐✳❡✳ t❤❡
✐♥✈❛r✐❛♥t p ♠❛② ❜❡ ❜r♦❦❡♥✳ ■t ❛❧s♦ st❛t❡s t❤❛t ✜❡❧❞s f ❛r❡ ♥♦t ✐♥✐t✐❛❧✐③❡❞✳ P❡r♠✐ss✐♦♥ ρ×
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st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s s✐♥❣❧❡t♦♥ ❛♥❞ ❝❧♦s❡❞✱ ✐✳❡✳ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♣♦✐♥t❡r ❤♦❧❞s✳ ■t ❛❧s♦
❡♥❝❛♣s✉❧❛t❡s ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✳ P❡r♠✐ss✐♦♥ ρG st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❣r♦✉♣✱ ✐✳❡✳
✐t ♠❛② ❝♦♥t❛✐♥ ❛♥② ♥✉♠❜❡r ♦❢ ❝❧♦s❡❞ ♣♦✐♥t❡rs✳ P❡r♠✐ss✐♦♥ σ −◦ ρ st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❜❡✐♥❣
❢♦❝✉s❡❞✱ ❛♥❞ ✐s t❤✉s ❞✐s❛❜❧❡❞ ❛s ❧♦♥❣ ❛s σ× ✐s ♥♦t ❣✐✈❡♥ ❜❛❝❦✳

◆♦t❛t✐♦♥ ❲❡ ♠❛② ✉s❡ ρ◦ t♦ ❞❡♥♦t❡ ♣❡r♠✐ss✐♦♥ ρ◦{}✱ ✐✳❡✳ ρ ✐s ♦♣❡♥ ❛♥❞ ❛❧❧ ✐ts ✜❡❧❞s ❛r❡
✐♥✐t✐❛❧✐③❡❞✳

✹✳✶✳✶✵ ❊①♣r❡ss✐♦♥s

❆❧❧ ❡①♣r❡ss✐♦♥s ❛r❡ ♣✉r❡✱ ✐✳❡✳ ❞♦ ♥♦t ❝❛✉s❡ s✐❞❡✲❡✛❡❝ts✳ ❚❤❡② ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

e ::= ✵, ✶, · · · ■♥t❡❣❡rs
| true, false ❇♦♦❧❡❛♥s
| () ❯♥✐q✉❡ ✈❛❧✉❡ ♦❢ t❤❡ unit t②♣❡
| e op e ❖♣❡r❛t✐♦♥s ✭op ∈ {+, −, ×, =, 6=, >, <, ≥, ≤}✮
| f arg ▲♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥
| x ❱❛r✐❛❜❧❡
| x .f ❋✐❡❧❞ s❡❧❡❝t✐♦♥

✇❤❡r❡✿

arg ::= [ρ] | (e)

❲❡ r❡str✐❝t ✜❡❧❞ s❡❧❡❝t✐♦♥ t♦ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ✐s t♦ ❡♥s✉r❡ ❛ t②♣❡ ❝❛♥ ❜❡ ❣✐✈❡♥ t♦ x .f ✇❤❡♥
f ✐s ❛ ✜❡❧❞ ♦❢ ♣♦✐♥t❡r t②♣❡ ♦❢ ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ r ✳ ■♥❞❡❡❞✱ t❤❡ t②♣❡ ♦❢ x .f ✐s t❤❡♥ [x .r ]✿ ♥❛♠❡
x ✐s ♥❡❡❞❡❞✳ ▼♦r❡ ❝♦♠♣❧❡① ❡①♣r❡ss✐♦♥s s✉❝❤ ❛s x .f1 .f2 ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② ❣✐✈✐♥❣ ❛ ♥❛♠❡ t♦
x .f1 s✉❝❤ ❛s y ✉s✐♥❣ ❛ ❧❡t✲❜✐♥❞✐♥❣ st❛t❡♠❡♥t✳

▲♦❣✐❝ ❢✉♥❝t✐♦♥s ♠❛② ❜❡ ✉s❡❞ ❛s ❡①♣r❡ss✐♦♥s✳ ❚❤❡② t❛❦❡ ❛ ❧✐st ♦❢ ❛r❣✉♠❡♥ts arg ✇❤❡r❡ arg
✐s ❡✐t❤❡r ❛ r❡❣✐♦♥ ❛r❣✉♠❡♥t [ρ] ♦r ❛ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥ ❛r❣✉♠❡♥t (e)✳

✹✳✶✳✶✶ ❙t❛t❡♠❡♥ts

❙t❛t❡♠❡♥ts ❞♦ ❝❛✉s❡ s✐❞❡✲❡✛❡❝ts ❛♥❞ ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

s ::= ❧❡t x = e ❱❛r✐❛❜❧❡ ❞❡❝❧❛r❛t✐♦♥
| ✐❢ e t❤❡♥ S ❡❧s❡ S ❚❡st
| ❧❡t x = f arg ❈❛❧❧
| ❧❡t r❡❣✐♦♥ r : C ◆❡✇ r❡❣✐♦♥
| ❧❡t x = ♥❡✇ C [ρ] ❆❧❧♦❝❛t✐♦♥
| ❢♦❝✉s x : ρ ❛s ρ ❊①tr❛❝t ❛ ♣♦✐♥t❡r
| x .f ← e ❆ss✐❣♥ ✜❡❧❞
| ❛❞♦♣t x : ρ ❛s ρ ▼♦✈❡ ❛ ♣♦✐♥t❡r
| ✉♥❢♦❝✉s x : ρ ❛s ρ ❖♣♣♦s✐t❡ ♦❢ ❢♦❝✉s
| ♣❛❝❦ x : C ❈❧♦s❡ ♣♦✐♥t❡r
| ✉♥♣❛❝❦ x ❖♣❡♥ ♣♦✐♥t❡r
| ✇❡❛❦❡♥ ❡♠♣t② ρ ❲❡❛❦❡♥ ❡♠♣t② r❡❣✐♦♥
| ✇❡❛❦❡♥ s✐♥❣❧❡ ρ ❲❡❛❦❡♥ s✐♥❣❧❡t♦♥ r❡❣✐♦♥
| ❛ss❡rt P ❆ss❡rt✐♦♥
| ❧❛❜❡❧ L ▲❛❜❡❧

✇❤❡r❡ S ❛r❡ ❜❧♦❝❦s✱ ✐✳❡✳ s❡q✉❡♥❝❡s ♦❢ st❛t❡♠❡♥ts✿



✹✳✶✳ ❙❨◆❚❆❳ ✼✸

S ::= {s; · · ·; s}

❚❤❡ s❝♦♣❡ ♦❢ ❛❧❧ ❜✐♥❞❡rs ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝✉rr❡♥t ❜❧♦❝❦✳
❋✉♥❝t✐♦♥ ❝❛❧❧s ♠❛② ❜❡ r❡❝✉rs✐✈❡✳ ▲♦♦♣s ❛r❡ ❡♥❝♦❞❡❞ ✉s✐♥❣ r❡❝✉rs✐✈❡ ❝❛❧❧s✳ ❲❡ ❝❤♦s❡ ♥♦t t♦

❤❛✈❡ ❧♦♦♣ st❛t❡♠❡♥ts ✐♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✳ ■t ❛❧❧♦✇s t♦ ❛✈♦✐❞
❞✉♣❧✐❝❛t✐♥❣ t❤❡ ✐❞❡❛s ❜❡❤✐♥❞ t②♣✐♥❣ r✉❧❡s ♦❢ r❡❝✉rs✐✈❡ ❝❛❧❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧♦♦♣s ✇♦✉❧❞ r❡q✉✐r❡
❧♦♦♣ ✐♥✈❛r✐❛♥t ❛♥♥♦t❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ✐♥✈❛r✐❛♥t ♣❡r♠✐ss✐♦♥s✿ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s s❤♦✉❧❞ ❜❡
t❤❡ s❛♠❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❜♦❞② ♦❢ ❧♦♦♣s✳

❚❤❡ ❧❡t r❡❣✐♦♥ r : C ♦♣❡r❛t✐♦♥ ❜✐♥❞s ❛ ♥❡✇ r❡❣✐♦♥ r ✱ ♦❢ ❝❧❛ss ❡①♣r❡ss✐♦♥ C✳ ❚❤❡ r❡❣✐♦♥ ✐s
✐♥✐t✐❛❧❧② ❡♠♣t②✳ ■t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❧❧♦❝❛t❡ ♦r ❢♦❝✉s ♣♦✐♥t❡rs✳

❆❧❧♦❝❛t✐♦♥ ♥❡✇ t❛❦❡s ❛ r❡❣✐♦♥ ρ ❛s ❛r❣✉♠❡♥t ❛♥❞ ❛❧❧♦❝❛t❡s ❛ ♥❡✇ ♦❜❥❡❝t ♦❢ t❤❡ ❝❧❛ss ♦❢ ρ
✐♥s✐❞❡ t❤✐s r❡❣✐♦♥✳ ❆ ♣♦✐♥t❡r t♦ t❤✐s ♦❜❥❡❝t ✐s st♦r❡❞ ✐♥ t❤❡ ❧❡t✲❜♦✉♥❞ ✈❛r✐❛❜❧❡ x ✳

❚❤❡ ❢♦❝✉s x : ρ ❛s σ ♦♣❡r❛t✐♦♥ ❡①tr❛❝ts ♣♦✐♥t❡r x ❢r♦♠ ❣r♦✉♣ r❡❣✐♦♥ ρ t♦ ❡♠♣t② r❡❣✐♦♥
σ✱ ✇❤✐❝❤ ❜❡❝♦♠❡s s✐♥❣❧❡t♦♥✳ ❚❤❡ t②♣❡ ♦❢ x ❝❤❛♥❣❡s ❢r♦♠ [ρ] t♦ [σ]✳ ❚❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥
❞♦❡s t❤❡ ♦♣♣♦s✐t❡✳ ❲❤✐❧❡ t❤❡ ♣♦✐♥t❡r ✐s ❢♦❝✉s❡❞✱ r❡❣✐♦♥ ρ ✐s t❡♠♣♦r❛r✐❧② ❞✐s❛❜❧❡❞✿ ♣❡r♠✐ss✐♦♥
ρG ✐s r❡♣❧❛❝❡❞ ❜② σ −◦ ρ✳ ❆❞♦♣t✐♦♥ ✐s s✐♠✐❧❛r t♦ ✉♥❢♦❝✉s ✐♥ t❤❛t ✐t ♠♦✈❡s ❛ ✈❛r✐❛❜❧❡ ❢r♦♠ ❛
s✐♥❣❧❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✱ ❡①❝❡♣t t❤❛t t❤❡ ✈❛r✐❛❜❧❡ ✇❛s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✳

P❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ❝♦♥tr♦❧ t❤❡ st❛t❡ ♦❢ ♣♦✐♥t❡rs ✭♦♣❡♥ ♦r ❝❧♦s❡❞✮✳ P❛❝❦✐♥❣ ❣❡♥❡r❛t❡s
❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✿ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣ ♣❛❝❦❡❞ ♠✉st ❤♦❧❞✳

❲❡❛❦❡♥✐♥❣ ✐s str✐❝t❧② ❛ t②♣✐♥❣ ♦♣❡r❛t✐♦♥✳ ■t t❛❦❡s ❛♥ ❡♠♣t② ♦r ❝❧♦s❡❞ s✐♥❣❧❡t♦♥ r❡❣✐♦♥✱
❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥ ρ∅ ♦r ρ× ❛♥❞ ♣r♦❞✉❝❡s t❤❡ ❣r♦✉♣ ♣❡r♠✐ss✐♦♥ ρG✳

❆ss❡rt✐♦♥ ❛ss❡rt P ❝❤❡❝❦s t❤❛t ♣r❡❞✐❝❛t❡ P ❤♦❧❞s ❛t t❤❡ ❝✉rr❡♥t ♣r♦❣r❛♠ ♣♦✐♥t✳ ■t ❣❡♥❡r✲
❛t❡s P ❛s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳

▲❛❜❡❧ ❞❡❝❧❛r❛t✐♦♥ ❧❛❜❡❧ L ❜✐♥❞s ❧❛❜❡❧ ♥❛♠❡ L ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ♦❢ t❤❡ ❝✉rr❡♥t
❜❧♦❝❦✳ ❚❤❡ ❧❛❜❡❧ L t❤❡♥ ❞❡♥♦t❡s t❤❡ st❛t❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛t ✐ts ❞❡❝❧❛r❛t✐♦♥ ♣♦✐♥t✳

✹✳✶✳✶✷ ❋✉♥❝t✐♦♥ ❉❡❝❧❛r❛t✐♦♥s

❆ ❢✉♥❝t✐♦♥ ❞❡❝❧❛r❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

❢✉♥ f param: τ
❝♦♥s✉♠❡s Σ
♣r♦❞✉❝❡s Σ
♣r❡ P

♣♦st P

{
s;
· · ·
s;
r❡t✉r♥ e

}

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ r❡t✉r♥ t②♣❡ τ ✱ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s P ✱ ❜♦❞② s ❛♥❞ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥
e ✐s str❛✐❣❤t❢♦r✇❛r❞✳

❆r❣✉♠❡♥ts param ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✺✳ ❘❡❣✐♦♥ ❛r❣✉♠❡♥ts ❛r❡ r❡❣✐♦♥
❜✐♥❞❡rs✳ ❘❡❣✐♦♥s ❜♦✉♥❞ t❤✐s ✇❛② ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❞❡❝❧❛r❛✲
t✐♦♥✳ ❚②♣✐❝❛❧❧②✱ t❤❡② ❛r❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱ ♦r ♦❢ t❤❡ r❡t✉r♥ ✈❛❧✉❡ ✐❢ ✐t ✐s ❛ ♣♦✐♥t❡r✳
❆s ✉s✉❛❧ ✇✐t❤ r❡❣✐♦♥ ❜✐♥❞❡rs✱ ❡❛❝❤ r❡❣✐♦♥ ♣❛r❛♠❡t❡r ✐s ❣✐✈❡♥ ❛ ❝❧❛ss ❡①♣r❡ss✐♦♥ C✳

❚❤❡ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s st❛t❡ ✇❤✐❝❤ ♣❡r♠✐ss✐♦♥s Σ ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦✲
❞✉❝❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤❡② ❣✐✈❡ t❤❡ st❛t❡ ♦❢ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❢✉♥❝t✐♦♥



✼✹ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

✐s ❝❛❧❧❡❞✳

✹✳✷ ❚②♣✐♥❣

◆♦✇ t❤❛t ✇❡ ❧❛✐❞ ❞♦✇♥ t❤❡ s②♥t❛① ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛♥❞ ❧♦❣✐❝✱ ✇❡ ✐♥tr♦❞✉❝❡ t②♣✐♥❣ r✉❧❡s✳
❚❤❡r❡ ❛r❡ t❤r❡❡ ♠❛✐♥ ♠❡❝❤❛♥✐s♠s ✐♥✈♦❧✈❡❞✿ t②♣✐♥❣ ♦❢ ❡①♣r❡ss✐♦♥s✱ t②♣✐♥❣ ♦❢ ❧♦❣✐❝ t❡r♠s✱ ❛♥❞
♣❡r♠✐ss✐♦♥s✳ ❚②♣✐♥❣ ♦❢ ❡①♣r❡ss✐♦♥s ❛♥❞ ❧♦❣✐❝ t❡r♠s ✉s❡ r✉❧❡s s✐♠✐❧❛r t♦ t②♣❡ s②st❡♠s ♦❢ t❤❡
▼▲ ❢❛♠✐❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ✐♥✈♦❧✈❡ t②♣❡ ✈❛r✐❛❜❧❡s✳ ❈❛♣✉❝✐♥❡ ❛❧s♦ ✉s❡s r❡❣✐♦♥ ✈❛r✐❛❜❧❡s✱
✇❤✐❝❤ ❛r❡ s✐♠✐❧❛r t♦ t②♣❡ ✈❛r✐❛❜❧❡s ✐♥ t❤❡✐r ❜❡❤❛✈✐♦r✳ ❋♦r ✐♥st❛♥❝❡✱ ❝❧❛ss❡s ♠❛② ❤❛✈❡ t②♣❡
❛♥❞ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚②♣✐♥❣ ♦❢ ♣❡r♠✐ss✐♦♥s r❡✢❡❝ts ❤♦✇ ♣❡r♠✐ss✐♦♥s ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞
♣r♦❞✉❝❡❞ ❜② st❛t❡♠❡♥ts✳ P❡r♠✐ss✐♦♥s ❛r❡ ❛❧s♦ ✉s❡❞ ✐♥ t②♣✐♥❣ r✉❧❡s ♦❢ ❡①♣r❡ss✐♦♥s t♦ ❝❤❡❝❦
t❤❛t r❡❛❞✐♥❣ ❛❝❝❡ss ❛r❡ ❛❧❧♦✇❡❞✳ ❚❤❡② ❛r❡ ♥♦t ✉s❡❞ ✐♥ t②♣✐♥❣ r✉❧❡s ♦❢ t❡r♠s✱ ❜❡❝❛✉s❡ ♦✉r
♠♦❞❡❧ ❢♦r ❧♦❣✐❝ ✐s ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r ♣r♦❣r❛♠s ❛♥❞ ❛❧❧♦✇s r❡❛❞✐♥❣ ❡✈❡♥ ✇✐t❤ ♥♦
♣❡r♠✐ss✐♦♥✳

❲❡ ❛ss✉♠❡ ❛❧❧ ✐❞❡♥t✐✜❡rs ❛r❡ α✲r❡♥❛♠❡❞ ✇❤❡♥ ♥❡❡❞❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❛ss✉♠❡ ♣r♦❣r❛♠s
s✉❝❤ ❛s✿

❧❡t x = ✶;
❧❡t x = true;

❞♦ ♥♦t ♦❝❝✉r✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ❛❝t✉❛❧❧② tr❛♥s❢♦r♠s t❤✐s ♣r♦❣r❛♠ ✐♥t♦✿

❧❡t x1 = ✶;
❧❡t x2 = true;

✹✳✷✳✶ ❊①♣r❡ss✐♦♥s

❖✇♥❡❞ ❘❡❣✐♦♥s ❛♥❞ ❋✐❡❧❞ ❋✐rst ✇❡ ✐♥tr♦❞✉❝❡ t②♣✐♥❣ ❥✉❞❣❡♠❡♥ts ❢♦r ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞
✜❡❧❞s✿

s: C′ ∈x C

f : τ ∈x C

❚❤❡ ✜rst ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ s✱ ❞❡✜♥❡❞ ✐♥ ❝❧❛ss C✱ ❤❛s ❝❧❛ss C′ ✇❤❡♥
♦✇♥❡❞ ❜② ♣♦✐♥t❡r ✈❛r✐❛❜❧❡ x ✳ ❚❤❡ s❡❝♦♥❞ ❥✉❞❣❡♠❡♥t ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r ✜❡❧❞s✿ ✐t st❛t❡s t❤❛t
x .f ❤❛s t②♣❡ τ ✱ ✇❤❡r❡ f ✐s ❞❡✜♥❡❞ ✐♥ ❝❧❛ss C✳

❚❤❡s❡ ❥✉❞❣❡♠❡♥ts ✐♥✈♦❧✈❡ s✉❜st✐t✉t✐♦♥ ♦❢ t②♣❡ ❛♥❞ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ❞❡❝❧❛r❛t✐♦♥✿

❝❧❛ss C (α) [r : Long ]
{
s✐♥❣❧❡ s: List (α) [r ];
f : Array ([s]);
}

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ❣✐✈❡s t❤❡ t②♣❡ ♦❢ x ✿

σ: Long , ρ: C (int) [σ], x : [ρ]

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t ❤♦❧❞s✿
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Γ, r : C ⊢ r : C
❘❘♦♦t

Γ, x : [ρ] ⊢ ρ : C s : C′ ∈x C

Γ, x : [ρ] ⊢ x .s : C′
❘❖✇♥

❋✐❣✉r❡ ✹✳✶✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r r❡❣✐♦♥s

f : Array([x .s]) ∈x C (int) (σ)

◆♦t❡ ❤♦✇ Array ([s]) ✇❛s s✉❜st✐t✉t❡❞ t♦ Array ([x .s])✳ ❚❤✐s ✐❧❧✉str❛t❡s t❤❡ ♥❡❝❡ss✐t② ♦❢ x ✐♥
t❤❡ ∈x ❥✉❞❣❡♠❡♥t✳

❚❤✐s s✉❜st✐t✉t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s t❤❡ ✉s✉❛❧ ▼▲ ♠❡❝❤❛♥✐s♠ ❢♦r t②♣❡ ♣❛r❛♠❡t❡rs✱ ♦♥ t♦♣ ♦❢
✇❤✐❝❤ ✇❡ ❛❞❞ s✉❜st✐t✉t✐♦♥ ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s✳ ❙✉❜st✐t✉t✐♦♥ ❢♦r t②♣❡ ❛♥❞ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs
✉s❡ t❤❡ ▼▲ ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ✇❡ ❞♦ ♥♦t ❞❡t❛✐❧ ✐t✳ ❙✉❜st✐t✉t✐♦♥ ❢♦r ♦✇♥❡❞
r❡❣✐♦♥s ✐s q✉✐t❡ s✐♠♣❧❡✿ ❛❧❧ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s s ✇❤✐❝❤ ❛r❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ ❝❧❛ss C ❛r❡ s✉❜st✐t✉t❡❞
t♦ x .s✱ ✇❤❡r❡ x ✐s t❤❡ ✈❛r✐❛❜❧❡ ❜② ✇❤✐❝❤ ∈x ✐s ✐♥❞❡①❡❞✳

❊♥✈✐r♦♥♠❡♥ts ❚②♣✐♥❣ r✉❧❡s ❢♦r ❡①♣r❡ss✐♦♥s ✐♥✈♦❧✈❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t Γ✳ ■t ✐s ❛ ❧✐st ♦❢✿

• x : τ ♣❛✐rs✱ ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜❧❡ ❛♥❞ τ ✐s ✐ts t②♣❡❀

• r : C ♣❛✐rs✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ ❛♥❞ C ✐s ✐ts ❝❧❛ss ❡①♣r❡ss✐♦♥❀

• L: R ♣❛✐rs✱ ✇❤❡r❡ L ✐s ❛ ❧❛❜❡❧ ❛♥❞ R ✐s ❛ s❡t ♦❢ r❡❣✐♦♥ ♥❛♠❡s✳

❚❤❡ ♦r❞❡r ♦❢ t❤❡ ❧✐st ❞♦❡s ♥♦t ♠❛tt❡r✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ Γ, a: b t♦ ❞❡♥♦t❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t
❝♦♥t❛✐♥✐♥❣ ♣❛✐r a: b ❛s ✇❡❧❧ ❛s s♦♠❡ ♦t❤❡r ♣❛✐rs Γ✳ ❋♦r ❝❧❛r✐t②✬s s❛❦❡✱ ②♦✉ ♠❛② ❛ss✉♠❡ Γ t♦ ❜❡
❛ ❢✉♥❝t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ♥❡❝❡ss❛r②✳ ❋♦r ✐♥st❛♥❝❡✱ ❡♥✈✐r♦♥♠❡♥t x : int , x : bool ✇✐❧❧ ♥❡✈❡r
♦❝❝✉r ♥❛t✉r❛❧❧②✳

❘❡❣✐♦♥s ❘❡❣✐♦♥s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ ⊢ ρ: C

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ r❡❣✐♦♥ ρ ❝♦♥t❛✐♥s ♣♦✐♥t❡rs ♦❢ ❝❧❛ss ❡①♣r❡ss✐♦♥
C✳ ❋✐❣✉r❡ ✹✳✶ s❤♦✇s t②♣✐♥❣ r✉❧❡s ❢♦r r❡❣✐♦♥s✳

❘✉❧❡ ❘❘♦♦t st❛t❡s t❤❛t ✐❢ r : C ✐s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡♥ r ❝♦♥t❛✐♥s ♣♦✐♥t❡rs ♦❢ ❝❧❛ss C✳
❘✉❧❡ ❘❖✇♥ st❛t❡s ❤♦✇ t♦ t②♣❡ ♦✇♥❡❞ r❡❣✐♦♥ x .s✳ ❋✐rst ✇❡ ❧♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ x ✐♥ t❤❡

❡♥✈✐r♦♥♠❡♥t✳ ■t s❤♦✉❧❞ ❜❡ ❛ ♣♦✐♥t❡r t②♣❡ [ρ]✱ ✇❤❡r❡ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❲❡ t❤❡♥ t②♣❡ ρ ✐♥
t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ♦❜t❛✐♥ ✐ts ❝❧❛ss C✳ ❲❡ ✜♥❛❧❧② ❧♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ r❡❣✐♦♥ s ✐♥ ❝❧❛ss
❡①♣r❡ss✐♦♥ C ✇❤❡♥ ✐t ✐s ♦✇♥❡❞ ❜② ♣♦✐♥t❡r x ✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❧❛ss C′ ♦❢ x .s✳

❆❝❝❡ss✐❜❧❡ ❘❡❣✐♦♥s ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥ts ❛✐♠❡❞ ❛t ❞❡✜♥✐♥❣ ✇❤❡t❤❡r
t❤❡r❡ ❛r❡ ❡♥♦✉❣❤ ♣❡r♠✐ss✐♦♥s ❢♦r ❛ r❡❣✐♦♥ ρ t♦ ❜❡ ❛❝❝❡ss✐❜❧❡✳ ❆❝❝❡ss✐❜✐❧✐t② ♦❢ ❛ r❡❣✐♦♥ ❞❡♥♦t❡s
✇❤❡t❤❡r ✇❡ ❛r❡ ❛❜❧❡ t♦ tr❛♥s❧❛t❡ ❛♥ ❛❝❝❡ss t♦ t❤✐s r❡❣✐♦♥ t♦ ❝♦♠♣✉t❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❚♦
t❤✐s ❡♥❞ ✇❡ r❡q✉✐r❡ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ r❡❣✐♦♥ ❛♥❞ ✐ts ♦✇♥❡rs✳ ■♥ ♦t❤❡r ✇♦r❞s ✇❡ ♥❡❡❞ t♦
❦♥♦✇ t❤❡ st❛t❡ ♦❢ t❤❡ r❡❣✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡t❤❡r ✐t ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✳

• Γ, Σ ⊢◦ ρ

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ ✐s ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥
♦✇♥❡rs❤✐♣ tr❡❡✱ ✐✳❡✳ t❤❛t ρ ❛♥❞ ❛❧❧ ✐ts tr❛♥s✐t✐✈❡ ♦✇♥❡rs ❛r❡ ♦♣❡♥✳
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r◦{f1 , · · · , fk} ∈ Σ (k ≥ 0)

Γ, Σ ⊢◦ r
❆❝❝✶

x .s◦{f1 , · · · , fk} ∈ Σ (k ≥ 0) x : [ρ] ∈ Γ Γ, Σ ⊢◦ ρ

Γ, Σ ⊢◦ x .s
❆❝❝✷

Σ ∩ {r∅, r×, rG} 6= ∅

Γ, Σ ⊢× r
❆❝❝✸

σ −◦ r ∈ Σ Γ, Σ ⊢ σ

Γ, Σ ⊢× r
❆❝❝✹

Σ ∩ {x .s∅, x .s×, x .sG} 6= ∅ x : [ρ] ∈ Γ Γ, Σ ⊢◦ ρ

Γ, Σ ⊢× x .s
❆❝❝✺

σ −◦ x .s ∈ Σ Γ, Σ ⊢ σ x : [ρ] ∈ Γ Γ, Σ ⊢◦ ρ

Γ, Σ ⊢× x .s
❆❝❝✻

x : [ρ] ∈ Γ Γ, Σ ⊢× ρ

Γ, Σ ⊢× x .s
❆❝❝✼

Γ, Σ ⊢× ρ

Γ, Σ ⊢ ρ
❆❝❝✽

Γ, Σ ⊢◦ ρ

Γ, Σ ⊢ ρ
❆❝❝✾

❋✐❣✉r❡ ✹✳✷✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r r❡❣✐♦♥ ❛❝❝❡ss✐❜✐❧✐t②

• Γ, Σ ⊢× ρ

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ ✐s ✐♥ t❤❡ ❝❧♦s❡❞ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥
tr❡❡✳ ■t ❝❛♥ ❜❡ ❛t t❤❡ ❜♦r❞❡r ❜❡t✇❡❡♥ t❤❡ ❝❧♦s❡❞ ♣❛rt ❛♥❞ t❤❡ ♦♣❡♥ ♣❛rt✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥
ρ∅✱ ρ×✱ ρG ♦r σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡✳ ■❢ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s σ −◦ ρ✱ t❤❡♥ σ ♠✉st ❜❡ ❛❝❝❡ss✐❜❧❡✳
❖r ρ ❝❛♥ ❜❡ ❜❡❧♦✇ t❤❡ ❜♦r❞❡r✱ ✐✳❡✳ tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ r❡❣✐♦♥ ♦❢ t❤❡ ❜♦r❞❡r✳

• Γ, Σ ⊢ ρ

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t r❡❣✐♦♥ ρ ✐s ❛❝❝❡ss✐❜❧❡✱ ✇❤❡t❤❡r ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦r t❤❡ ❝❧♦s❡❞
♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✳

❋✐❣✉r❡ ✹✳✷ ❞❡✜♥❡s t❤❡s❡ ❥✉❞❣❡♠❡♥ts✳
❘✉❧❡s ❆❝❝✶ ❛♥❞ ❆❝❝✷ ❞❡✜♥❡ ❥✉❞❣❡♠❡♥t ⊢◦ ✳ ❆ r❡❣✐♦♥ ✐s ❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢

t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ ✐❢ t❤❡ r❡❣✐♦♥ ✐s ♦♣❡♥ ❛♥❞ ❡✐t❤❡r t❤❡ r❡❣✐♦♥ ✐s ❛t t❤❡ t♦♣ ♦❢ t❤❡ tr❡❡✱
✐✳❡✳ ✐s ❛ ✈❛r✐❛❜❧❡ r ✱ ♦r t❤❡ r❡❣✐♦♥ ✐s ♦✇♥❡❞ ❜② ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ ♦♣❡♥
♣❛rt ♦❢ t❤❡ tr❡❡✳

❘✉❧❡s ❆❝❝✸ t♦ ❆❝❝✼ ❞❡✜♥❡ ❥✉❞❣❡♠❡♥t ⊢× ✳ ❆ r❡❣✐♦♥ ρ ♦♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛ ❝❧♦s❡❞
♣❡r♠✐ss✐♦♥ ✭ρ∅✱ ρ×✱ ρG ♦r σ −◦ ρ ❢♦r s♦♠❡ r❡❣✐♦♥ σ✮ ✐s ❛t t❤❡ ❜♦r❞❡r ♦❢ t❤❡ tr❡❡ ✭r✉❧❡s ❆❝❝✸
t♦ ❆❝❝✻✮✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ♦✇♥❡❞✱ ✐ts ♦✇♥❡r ♠✉st ❜❡ ❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ tr❡❡
✭r✉❧❡s ❆❝❝✺ ❛♥❞ ❆❝❝✻✮✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ t❤❡ t❛r❣❡t r❡❣✐♦♥ σ ♠✉st ❜❡ ❛❝❝❡ss✐❜❧❡
✭r✉❧❡s ❆❝❝✹ ❛♥❞ ❆❝❝✻✮✳ ❋✐♥❛❧❧②✱ ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞ r❡❣✐♦♥ ✐s
❛❧s♦ ❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ ❝❧♦s❡❞ ♣❛rt ♦❢ t❤❡ tr❡❡ ✭r✉❧❡ ❆❝❝✼✮✳

❲❡ ❝❛♥♥♦t r❡❛❞ ❢r♦♠ ♦r ✇r✐t❡ ✐♥t♦ ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❛❝❝❡ss✐❜❧❡✳ ❚❤✉s ♠♦st t②♣✐♥❣
r✉❧❡s ✉s❡ t❤❡ r❡❣✐♦♥ ❛❝❝❡ss✐❜✐❧✐t② ❥✉❞❣❡♠❡♥t ⊢ ✳ ▼♦r❡ ❞❡t❛✐❧s ♦♥ ❤♦✇ ✇❡ ❛❝❝❡ss r❡❣✐♦♥s ❛♥❞
✇❤② t❤✐s t②♣✐♥❣ ❥✉❞❣❡♠❡♥ts ❛r❡ r❡q✉✐r❡❞ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ❙❡❝t✐♦♥ ✹✳✺✱ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✷✳
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x

y

· · · · · ·

· · · z

z

· · ·

s1

s3

s2 s4

r◦

x .s1
×

y .s3

r ′ −◦ x .s2

r ′◦

z .s4
G

focus

❋✐❣✉r❡ ✹✳✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ ❛♥❞ ✐ts ♦♣❡♥✴❝❧♦s❡ ❜♦r❞❡r

Σ ∩ {ρ∅, ρ×, ρG} 6= ∅

Γ, Σ ⊢−◦ ρ

ρ◦ ∈ Σ Γ ⊢ ρ : C
♦✇♥❡❞ r❡❣✐♦♥s ♦❢ C ❛r❡ r1 , · · ·, rn x : [ρ] ∈ Γ ❢♦r ❛❧❧ ✐✱ Γ, Σ ⊢−◦ x .ri

Γ, Σ ⊢−◦ ρ

❋✐❣✉r❡ ✹✳✹✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r ❢♦❝✉s✲❢r❡❡♥❡ss

■♥ ❢❛❝t✱ t❤✐s t②♣✐♥❣ r❡q✉✐r❡♠❡♥t ✐s ♦♥❧② ✉s❡❞ ✇❤❡♥ tr❛♥s❧❛t✐♥❣ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s t♦ ❲❤②
♣r♦❣r❛♠s✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳

❋✐❣✉r❡ ✹✳✸ ✐❧❧✉str❛t❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡✳ ❚❤❡ ❣r❛② ♣❛rt ♦❢ t❤❡ ✜❣✉r❡
✐s t❤❡ ❝❧♦s❡❞ ♣❛rt ♦❢ t❤❡ tr❡❡✳ ❘❡❣✐♦♥s r ❛♥❞ r ′ ❢♦r♠ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ tr❡❡✳ ❘❡❣✐♦♥ r ✐s
♦♣❡♥ ❛♥❞ s✐♥❣❧❡t♦♥❀ ✐t ❝♦♥t❛✐♥s ♦♥❡ ❧♦❝❛t✐♦♥ x ✳ ❚❤✐s ❧♦❝❛t✐♦♥ ♦✇♥s ❛ ❝❧♦s❡❞ s✐♥❣❧❡t♦♥ r❡❣✐♦♥
s1 ✳ ❚❤❡ ❧♦❝❛t✐♦♥ y ♦❢ s1 ♦✇♥s✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❛ ❣r♦✉♣ r❡❣✐♦♥ s3 ✳ ▲♦❝❛t✐♦♥ x ❛❧s♦ ♦✇♥s ❛
❣r♦✉♣ r❡❣✐♦♥ s2 ✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❧♦❝❛t✐♦♥ z ✇❤✐❝❤ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐♥ r❡❣✐♦♥ r ′✳ ▲♦❝❛t✐♦♥ z

♦✇♥s ❛ ❝❧♦s❡❞ ❣r♦✉♣ r❡❣✐♦♥ s4 ✳ ❚❤✉s t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t z ✐♥ x .s2 ✐s ✐♥❛❝t✐✈❡✿ ✐t ❤❛s ❜❡❡♥
♠♦✈❡❞ ✐♥t♦ r ′✳

❋♦❝✉s✲❋r❡❡ ❘❡❣✐♦♥s ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t ❛✐♠❡❞ ❛t ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ❛
r❡❣✐♦♥ ✐s ❢♦❝✉s✲❢r❡❡✿

Γ, Σ ⊢−◦ ρ

❚❤✐s st❛t❡s t❤❛t ρ ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ❛♥❞ t❤❛t ♥♦♥❡ ♦❢ ✐ts ✭tr❛♥s✐t✐✈❡❧②✮ ♦✇♥❡❞ r❡❣✐♦♥s ✐s
❜❡✐♥❣ ❢♦❝✉s❡❞ ❡✐t❤❡r✳ ❋✐❣✉r❡ ✹✳✹ ❞❡✜♥❡s t❤✐s ❥✉❞❣❡♠❡♥t✳

❆ s✐♠♣❧❡ ✇❛② t♦ ♣r♦✈❡ t❤❛t r❡❣✐♦♥ ρ ✐s ❢♦❝✉s✲❢r❡❡ ✐s ✐❢ ρ∅✱ ρ× ♦r ρG ✐s ❛✈❛✐❧❛❜❧❡✳ ❊❧s❡✱ t❤❡♥
ρ◦ ✐s ❛✈❛✐❧❛❜❧❡ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛ ✈❛r✐❛❜❧❡ x ♦❢ t②♣❡ [ρ] ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t s✉❝❤ t❤❛t ❛❧❧
♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s x .ri ❛r❡ ❢♦❝✉s✲❢r❡❡✳
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Γ, Σ ⊢ c : typeof (c)
❊❈♦♥st

(Γ, x : τ), Σ ⊢ x : τ
❊❱❛r

Γ, Σ ⊢ e1 : int Γ, Σ ⊢ e2 : int op ∈ {+, −, ×}

Γ, Σ ⊢ e1 op e2 : int
❊■♥t❖♣

Γ, Σ ⊢ e1 : bool Γ, Σ ⊢ e2 : bool op ∈ {✫✫, ||}

Γ, Σ ⊢ e1 op e2 : bool
❊❇♦♦❧❖♣

Γ, Σ ⊢ e1 : int Γ, Σ ⊢ e2 : int op ∈ {=, 6=, >, <, ≥, ≤}

Γ, Σ ⊢ e1 op e2 : bool
❊■♥t❈♦♠♣

Γ, Σ ⊢ e1 : τ Γ, Σ ⊢ e2 : τ op ∈ {=, 6=}

Γ, Σ ⊢ e1 op e2 : bool
❊❈♦♠♣

ρ◦{f } ∈ Σ

f /∈ f Γ, x : [ρ] ⊢ ρ : C (Γ, x : [ρ]), Σ ⊢ ρ f : τ ∈x C

(Γ, x : [ρ]), Σ ⊢ x .f : τ
❊❙❡❧❡❝t❖♣❡♥

Σ ∩ {ρ×, ρG, σ −◦ ρ} 6= ∅
Γ, x : [ρ] ⊢ ρ : C (Γ, x : [ρ]), Σ ⊢ ρ f : τ ∈x C

(Γ, x : [ρ]), Σ ⊢ x .f : τ
❊❙❡❧❡❝t

f : param1 · · · paramn → τ ❢♦r ❛❧❧ i : Γ, Σ, σ ⊢ arg i : parami

Γ, Σ ⊢ f arg1 · · · argn : σ(τ)
❊❆♣♣

❋✐❣✉r❡ ✹✳✺✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r ❡①♣r❡ss✐♦♥s

❚❤✐s ❥✉❞❣❡♠❡♥t ✐s ✉s❡❞ ✇❤❡♥ ❛ r❡❣✐♦♥ ✐s ♣❛ss❡❞ ❢r♦♠ ♣r♦❣r❛♠s t♦ ❧♦❣✐❝✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥♥♦t
r❡❛❞ ❢♦❝✉s❡❞ r❡❣✐♦♥s ✐♥ t❤❡ ❧♦❣✐❝✱ ♥♦r r❡❣✐♦♥s ✇❤✐❝❤ tr❛♥s✐t✐✈❡❧② ♦✇♥ ❛ ❢♦❝✉s❡❞ r❡❣✐♦♥✳

❊①♣r❡ss✐♦♥s ❊①♣r❡ss✐♦♥s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ, Σ ⊢ e: τ

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ✐❢ ♣❡r♠✐ss✐♦♥s Σ ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✇❤❡r❡
Σ ✐s ❛ ♠✉❧t✐s❡t✱ ❡①♣r❡ss✐♦♥ e ❤❛s t②♣❡ τ ✳ ◆♦t❡ t❤❛t ❛❧t❤♦✉❣❤ Σ ✐s ❛ ♠✉❧t✐s❡t✱ ✇❡ s❤♦✇ ✐♥
❙❡❝t✐♦♥ ✹✳✹ t❤❛t ✐❢ ✇❡ t②♣❡ ❛ ♣r♦❣r❛♠ ✇❤✐❝❤ st❛rts ✇✐t❤ ♥♦ ♣❡r♠✐ss✐♦♥✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r
t❤❡ s❛♠❡ ♣❡r♠✐ss✐♦♥ t♦ ❛♣♣❡❛r t✇✐❝❡ ❧❛t❡r ♦♥✳ ❋✐❣✉r❡ ✹✳✺ s❤♦✇s t②♣✐♥❣ r✉❧❡s ❢♦r ❡①♣r❡ss✐♦♥s✳

❘✉❧❡ ❊❈♦♥st st❛t❡s t❤❛t t❤❡ t②♣❡ ♦❢ ❛ ❝♦♥st❛♥t c ✐s typeof (c)✳ ■❢ c ✐s ❛♥ ✐♥t❡❣❡r✱ typeof (c)
✐s int ❀ ✐❢ c ✐s ❛ ❜♦♦❧❡❛♥✱ typeof (c) ✐s bool ❀ ✐❢ c ✐s t❤❡ ✉♥✐t ❝♦♥st❛♥t ()✱ t❤❡♥ typeof (c) ✐s unit ✳

❘✉❧❡s ❊■♥t❖♣✱ ❊❇♦♦❧❖♣ ❊■♥t❈♦♠♣ ❛♥❞ ❊❈♦♠♣ ❣✐✈❡ t❤❡ t②♣❡ ♦❢ ♦♣❡r❛t♦rs✳ ◆♦t❡
t❤❛t ♦♥❧② ✐♥t❡❣❡rs ♠❛② ❜❡ ❝♦♠♣❛r❡❞ ✉s✐♥❣ >✱ <✱ ≥ ♦r ≤✳

❘✉❧❡ ❊❱❛r st❛t❡s t❤❛t ✐❢ x : τ ✐s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡♥ ✈❛r✐❛❜❧❡ x ❤❛s t②♣❡ τ ✳
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Γ ⊢ ρ : σ(C) Γ, Σ ⊢ ρ

Γ, Σ, σ ⊢ [ρ] : [r : C]
❆❘❡❣✐♦♥

σ(x ) ✐s ✉♥❞❡✜♥❡❞ Γ, Σ ⊢ e : σ(τ)

Γ, Σ, σ ⊢ (e) : (x : τ)
❆❘❡❣✉❧❛r

σ(x ) = y Γ, Σ ⊢ y : σ(τ)

Γ, Σ, σ ⊢ (y) : (x : τ), σ
❆❱❛r✐❛❜❧❡

❋✐❣✉r❡ ✹✳✻✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r ❛r❣✉♠❡♥ts

❘✉❧❡s ❊❙❡❧❡❝t❖♣❡♥ ❛♥❞ ❊❙❡❧❡❝t st❛t❡s ❤♦✇ t♦ t②♣❡ ✜❡❧❞ s❡❧❡❝t✐♦♥ x .f ✳ ❋✐rst ✇❡ ❧♦♦❦
❢♦r t❤❡ t②♣❡ ♦❢ x ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■t s❤♦✉❧❞ ❜❡ ❛ ♣♦✐♥t❡r t②♣❡ [ρ]✱ ✇❤❡r❡ ρ ✐s t❤❡ r❡❣✐♦♥
♦❢ x ✳ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t t❤❡r❡ ✐s ❛ ♣❡r♠✐ss✐♦♥ ❛✈❛✐❧❛❜❧❡ ❢♦r r❡❣✐♦♥ ρ✱ ❜❡ ✐t ρ◦{f } ✇❤❡r❡ f

✐s ✐♥✐t✐❛❧✐③❡❞✱ ✐✳❡✳ ✐s ♥♦t ✐♥ f ✭r✉❧❡ ❊❙❡❧❡❝t❖♣❡♥✮ ♦r ρ×✱ ρG ♦r σ −◦ ρ ✭❢♦r ❛♥② r❡❣✐♦♥ σ ✖
r✉❧❡ ❊❙❡❧❡❝t✮✳ ❲❡ t❤❡♥ t②♣❡ ρ ✐♥ t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ ♦❜t❛✐♥ ✐ts ❝❧❛ss C✳ ❲❡ ✜♥❛❧❧②
❧♦♦❦ ❢♦r t❤❡ t②♣❡ ♦❢ ✜❡❧❞ f ✐♥ ❝❧❛ss ❡①♣r❡ss✐♦♥ C✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ t②♣❡ τ ♦❢ x .f ✳ ❆s ②♦✉ ❝❛♥
s❡❡✱ t❤✐s r✉❧❡ ✐s s✐♠✐❧❛r t♦ r✉❧❡ ❘❖✇♥✱ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥ ❝❤❡❝❦✳

❘✉❧❡ ❊❆♣♣ st❛t❡s ❤♦✇ t♦ t②♣❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥✳ ■t ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇
❥✉❞❣❡♠❡♥t✿

f : param1 · · · paramn → τ

✇❤✐❝❤ st❛t❡s t❤❛t f ❤❛s ❜❡❡♥ ❞❡❝❧❛r❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ n r❡❣✐♦♥ ♦r r❡❣✉❧❛r ❛r❣✉♠❡♥ts
param1 · · · paramn ❛♥❞ r❡t✉r♥✐♥❣ ❛ ✈❛❧✉❡ ♦❢ t②♣❡ τ ✳ ■t ❛❧s♦ ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ❥✉❞❣❡♠❡♥t✿

Γ, Σ, σ ⊢ arg : param

✇❤✐❝❤ st❛t❡s t❤❛t ❛r❣✉♠❡♥t arg ❤❛s t❤❡ t②♣❡ ♦❢ ❛r❣✉♠❡♥t ❞❡❝❧❛r❛t✐♦♥ param✱ ✉♥❞❡r ❡♥✈✐✲
r♦♥♠❡♥t Γ✱ ♣❡r♠✐ss✐♦♥s Σ✱ ❛♥❞ s✉❜st✐t✉t✐♦♥ σ✳ ❚❤✐s ❥✉❞❣❡♠❡♥t ✐s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻✳ ❚♦
s✉♠ ✉♣ ❤♦✇ ❛♣♣❧✐❝❛t✐♦♥ ✐s t②♣❡❞✱ ✜rst ✇❡ ✜♥❞ ❛ s✉❜st✐t✉t✐♦♥ σ ❢♦r t②♣❡ ✈❛r✐❛❜❧❡s α✱ r❡❣✐♦♥
✈❛r✐❛❜❧❡s r ✱ ❛♥❞ ✈❛r✐❛❜❧❡s x ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❛s ♣❛r❛♠❡t❡rs ♦❢ ❢✉♥❝t✐♦♥ f ✳ ❘❡❣✐♦♥ ✈❛r✐❛❜❧❡s
❛r❡ s✉❜st✐t✉t❡❞ t♦ t❤❡ r❡❣✐♦♥s ❣✐✈❡♥ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❱❛r✐❛❜❧❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦ t❤❡ ✈❛r✐✲
❛❜❧❡s ❣✐✈❡♥ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✭r✉❧❡ ❆❱❛r✐❛❜❧❡✮ ✐❢ ♥❡❡❞❡❞✳ ❚②♣❡ ✈❛r✐❛❜❧❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦
❡♥s✉r❡ ❛r❣✉♠❡♥ts ei ❛r❡ ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ❚❤❡ t②♣❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡♥ s✉❜st✐t✉t✐♦♥
σ ❛♣♣❧✐❡❞ t♦ t❤❡ r❡t✉r♥ t②♣❡ τ ✳

■❢ ❛ r❡❣✉❧❛r ❛r❣✉♠❡♥t ✐s ❛ ✈❛r✐❛❜❧❡ y ✱ r✉❧❡ ❆❱❛r✐❛❜❧❡ ♠❛② ❜❡ ❛♣♣❧✐❡❞ ✐♥st❡❛❞ ♦❢
❆❘❡❣✉❧❛r✳ ❘✉❧❡ ❆❱❛r✐❛❜❧❡ ❛❧❧♦✇s t♦ s✉❜st✐t✉t❡ y ✐♥ r❡❣✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ s❛② f ✐s
❞❡✜♥❡❞ ❛s✿

❧♦❣✐❝ f : [r : C ] (x : [r ]) → [x .s]

t❤❡♥ f [r ] (y) ❤❛s t②♣❡ [y .s]✳ ■♥ ❢❛❝t✱ ✐❢ t❤❡ ✈❛r✐❛❜❧❡ ♥❛♠❡ x ♦❢ ❛ ♣❛r❛♠❡t❡r param i = (x : τ)
✐s ✉s❡❞ ✐♥ t❤❡ t②♣❡ ♦❢ ❛♥♦t❤❡r ❢♦r♠❛❧ ♣❛r❛♠❡t❡r ♦r ✐♥ t❤❡ r❡t✉r♥ t②♣❡ τ ′✱ t❤❡♥ arg i ♠✉st ❜❡
❛ ✈❛r✐❛❜❧❡✱ ❛s ♦t❤❡r✇✐s❡ σ(τ ′) ✇♦✉❧❞ ♥♦t ❜❡ ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ ✐❢ arg i ✐s ♥♦t ❛ ✈❛r✐❛❜❧❡ t❤❡♥
r✉❧❡ ❆❘❡❣✉❧❛r ♠✉st ❜❡ ❛♣♣❧✐❡❞ ✐♥st❡❛❞ ♦❢ ❆❱❛r✐❛❜❧❡ ❢♦r parami ✱ t❤✉s ❢♦r❝✐♥❣ σ(x ) t♦ ❜❡
✉♥❞❡✜♥❡❞✳

✹✳✷✳✷ ❚❡r♠s ❛♥❞ Pr❡❞✐❝❛t❡s

❚❡r♠s ❛♥❞ ❘❡❣✐♦♥ ❚❡r♠s ❚❡r♠s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿
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Γ ⊢ c : typeof (c)
❚❈♦♥st

Γ, x : τ ⊢ x : τ
❚❱❛r

Γ ⊢ LT 1 : int Γ ⊢ LT 2 : int op ∈ {+, −, ×}

Γ ⊢ LT 1 op LT 2 : int
❚■♥t❖♣

Γ ⊢ LT 1 : bool Γ ⊢ LT 2 : bool op ∈ {✫✫, ||}

Γ ⊢ LT 1 op LT 2 : bool
❚❇♦♦❧❖♣

Γ ⊢ RT : C Γ ⊢ LT : [❴] f : τ ∈ C

Γ ⊢ get(RT , LT , f ) : τ
❚❙❡❧❡❝t

f : param1 · · · paramn → τ ❢♦r ❛❧❧ i : Γ, σ ⊢ larg i : parami

Γ ⊢ f larg1 · · · largn : σ(τ)
❚❆♣♣

L : R ∈ Γ r ∈ R

Γ, r : C ⊢ r❅L : C
❘❚❱❛r

Γ ⊢ RT : C′ Γ ⊢ LT : [❴] s : C ∈ C′

Γ ⊢ get(RT , LT , s) : C
❘❚❙❡❧❡❝t

❋✐❣✉r❡ ✹✳✼✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r t❡r♠s

Γ ⊢ RT : σ(C)

Γ, σ ⊢ [RT ] : [r : C]
▲❆❘❡❣✐♦♥

σ(x ) ✐s ✉♥❞❡✜♥❡❞ Γ ⊢ LT : σ(τ)

Γ, σ ⊢ (LT ) : (x : τ)
▲❆❘❡❣✉❧❛r

σ(x ) = y Γ ⊢ y : σ(τ)

Γ, σ ⊢ (y) : (x : τ)
▲❆❱❛r✐❛❜❧❡

❋✐❣✉r❡ ✹✳✽✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r ❧♦❣✐❝ ❛r❣✉♠❡♥ts

Γ ⊢ LT : τ

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ t❡r♠ LT ❤❛s t②♣❡ τ ✳ ❘❡❣✐♦♥ t❡r♠s ❛r❡
t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ ⊢ RT : τ

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ r❡❣✐♦♥ t❡r♠ RT ❤❛s ❝❧❛ss C✳ ❋✐❣✉r❡ ✹✳✼
s❤♦✇s t②♣✐♥❣ r✉❧❡s ❢♦r t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s✳

❘✉❧❡ ❚❆♣♣ ✐♥✈♦❧✈❡s t②♣✐♥❣ ❧♦❣✐❝ ❛r❣✉♠❡♥ts ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ, σ ⊢ larg : param

■t ✐s s✐♠✐❧❛r t♦ t❤❡ ❥✉❞❣❡♠❡♥t ❢♦r t②♣✐♥❣ ❛r❣✉♠❡♥ts ✐♥ ❡①♣r❡ss✐♦♥s ❛♥❞ ✐s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✽✳
❘✉❧❡s ❛r❡ s✐♠✐❧❛r t♦ ❡①♣r❡ss✐♦♥ ❛♥❞ r❡❣✐♦♥ t②♣✐♥❣ r✉❧❡s✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❛r❡ ❢♦r t❤❡

❛♣♣❧✐❝❛t✐♦♥ r✉❧❡ ❚❆♣♣ ❛♥❞ ❢♦r t❤❡ s❡❧❡❝t✐♦♥ r✉❧❡s ❚❙❡❧❡❝t ❛♥❞ ❘❚❙❡❧❡❝t✱ ❛s r❡❣✐♦♥ t❡r♠s
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Γ ⊢ ❚
P❚r✉❡

Γ ⊢ ❋
P❋❛❧s❡

Γ ⊢ P

Γ ⊢ ¬P
P◆♦t

Γ ⊢ P1 Γ ⊢ P2 op ∈ {∧, ∨, ⇒, ⇐⇒ }

Γ ⊢ P1 op P2

P❖♣

Γ ⊢ LT 1 : int Γ ⊢ LT 2 : int op ∈ {>, ≥}

Γ ⊢ LT 1 op LT 2

P■♥t❈♦♠♣

Γ ⊢ LT 1 : τ Γ ⊢ LT 2 : τ op ∈ {=, 6=}

Γ ⊢ LT 1 op LT 2

P❈♦♠♣

Γ, x : τ ⊢ P quant ∈ {∀, ∃}

Γ ⊢ quant x : τ. P
P◗✉❛♥t

Γ, r : C, ❤❡r❡ : (R ∪ {r}) ⊢ P quant ∈ {∀, ∃}

Γ, ❤❡r❡ : R ⊢ quant r❡❣✐♦♥ r : C. P
P❘❡❣✐♦♥◗✉❛♥t

p : param1 · · · paramn ❢♦r ❛❧❧ i : Γ, σ ⊢ larg i : parami

Γ ⊢ p larg1 · · · largn
P❆♣♣

Γ ⊢ LT : [❴] Γ ⊢ RT : C

Γ ⊢ LT ∈ RT
P■♥

❋✐❣✉r❡ ✹✳✾✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r ♣r❡❞✐❝❛t❡s

RT ❛r❡ ✐♥✈♦❧✈❡❞ ❛♥❞ get ❛❝❝❡♣t ❛♥② ♣♦✐♥t❡r t❡r♠ LT ✱ ✐♥st❡❛❞ ♦❢ ❥✉st ✈❛r✐❛❜❧❡s✳ ❲❡ ❛❧s♦ ❝❤❡❝❦
✐♥ ❘❚❱❛r t❤❛t ❧❛❜❡❧ L ✐s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳

❘✉❧❡ ❚❙❡❧❡❝t ✐♥✈♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ❥✉❞❣❡♠❡♥t✿

f : τ ∈ C

❚❤✐s ❥✉❞❣❡♠❡♥t ✐s s✐♠✐❧❛r t♦ f : τ ∈x C✱ ❡①❝❡♣t t❤❛t ❛❧❧ ♣♦✐♥t❡r t②♣❡s ❛r❡ s✉❜st✐t✉t❡❞ t♦ [❴]✳
■♥❞❡❡❞✱ ✐♥ t❤❡ ❧♦❣✐❝✱ ♣♦✐♥t❡r ♠❛② ❜❡❧♦♥❣ t♦ ❛♥② r❡❣✐♦♥✳ ❚❤✉s ♦✇♥❡r x ✐s ♥♦t ♥❡❡❞❡❞✳ ❙✐♠✐❧❛r❧②✱
r✉❧❡ ❘❚❙❡❧❡❝t ✐♥✈♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ❥✉❞❣❡♠❡♥t✿

r : C ∈ C′

✇❤✐❝❤ ❛❧s♦ ❞♦❡s ♥♦t ♥❡❡❞ ❛♥② ♦✇♥❡r x ❛s ♣♦✐♥t❡r t②♣❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② [❴]✳

Pr❡❞✐❝❛t❡s Pr❡❞✐❝❛t❡s ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ ⊢ P

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ✉♥❞❡r ❡♥✈✐r♦♥♠❡♥t Γ✱ ♣r❡❞✐❝❛t❡ P ✐s ✇❡❧❧✲t②♣❡❞✳ ❋✐❣✉r❡ ✹✳✾ s❤♦✇s
t②♣✐♥❣ r✉❧❡s ❢♦r ♣r❡❞✐❝❛t❡s✳
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❘✉❧❡s P❚r✉❡✱ P❋❛❧s❡✱ P◆♦t ❛♥❞ P❖♣ ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✳ ❚②♣✐♥❣ r✉❧❡s P■♥t❈♦♠♣
❛♥❞ P❈♦♠♣ ❞❡❛❧ ✇✐t❤ ❝♦♠♣❛r✐s♦♥s✳ ❚②♣✐♥❣ r✉❧❡s P◗✉❛♥t ❛♥❞ P❘❡❣✐♦♥◗✉❛♥t ❞❡❛❧ ✇✐t❤
q✉❛♥t✐✜❡rs✳ ❚❤❡② ✐♥tr♦❞✉❝❡ ♥❡✇ ✈❛r✐❛❜❧❡s ♦r r❡❣✐♦♥ ✈❛r✐❛❜❧❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t
t♦ t②♣❡ t❤❡ ❜♦❞②✳ ◆♦t❡ t❤❛t r❡❣✐♦♥s ❛r❡ ❛❧s♦ ❛❞❞❡❞ t♦ s♣❡❝✐❛❧ ❧❛❜❡❧ ❤❡r❡✳ ❘✉❧❡ P❆♣♣ ✐s s✐♠✐❧❛r
t♦ ❚❆♣♣✱ ❡①❝❡♣t t❤❛t t❤❡r❡ ✐s ♥♦ r❡t✉r♥ t②♣❡✳ ■t ✐♥✈♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ❥✉❞❣❡♠❡♥t✿

p: param1 · · · paramn

✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❡r♠s✳ ❘✉❧❡ P■♥ st❛t❡s ❤♦✇ t♦ t②♣❡ LT ∈ RT ✿ ✇❡ s✐♠♣❧②
❝❤❡❝❦ t❤❛t LT ✐s ❛ ♣♦✐♥t❡r ✭✐✳❡✳ ❤❛s t②♣❡ [❴]✮ ❛♥❞ t❤❛t RT ✐s ✇❡❧❧✲t②♣❡❞✳

❘❡❣✐♦♥ ◆❛♠❡s ❯s❡❞ ❜② ❛ Pr❡❞✐❝❛t❡ Pr❡❞✐❝❛t❡s ❛♣♣❡❛r✐♥❣ ✐♥s✐❞❡ ♣r♦❣r❛♠s✱ ✐✳❡✳ ✐♥ ♣r❡✲
❝♦♥❞✐t✐♦♥s✱ ♣♦st✲❝♦♥❞✐t✐♦♥s✱ ❛ss❡rt✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts✱ ♠❛② ♦♥❧② ♠❡♥t✐♦♥ ❢♦❝✉s✲❢r❡❡ r❡❣✐♦♥s✳
❚❤✐s ✐s ❡♥s✉r❡❞ ❜② t❤❡ t②♣✐♥❣ r✉❧❡s ❢♦r ❢✉♥❝t✐♦♥s✱ ❝❧❛ss❡s ❛♥❞ st❛t❡♠❡♥ts✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡
❧❛t❡r✳

❍❡r❡ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ freeregions ✱ ✇❤✐❝❤ t❛❦❡s ❛ ♣r❡❞✐❝❛t❡✱ ❛ t❡r♠ ♦r ❛ r❡❣✐♦♥ t❡r♠
❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ r❡t✉r♥s ❛❧❧ ❢r❡❡ r❡❣✐♦♥ ♥❛♠❡s ✉s❡❞ ❜② t❤❡ ❛r❣✉♠❡♥t✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s
str❛✐❣❤t❢♦r✇❛r❞✿ ✐t ❝♦❧❧❡❝ts ❛❧❧ r❡❣✐♦♥ ♥❛♠❡s r ✇✐t❤ ❧❛❜❡❧ ❤❡r❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♣r❡❞✐❝❛t❡
✇❤✐❝❤ ❛r❡ ♥♦t ❜♦✉♥❞ ❜② ∀r❡❣✐♦♥ r ♦r ∃r❡❣✐♦♥ r ✳ ■♥ ♣❛rt✐❝✉❧❛r✿

• freeregions(r❅❤❡r❡) = {r}❀

• freeregions(r❅L) = ∅ ✐❢ L 6= ❤❡r❡❀

• freeregions(get(RT , LT , s)) = freeregions(RT ) ∪ freeregions(LT )❀

• freeregions(∀r❡❣✐♦♥ r : C. P) = freeregions(P)−r ❀

• freeregions(∃r❡❣✐♦♥ r : C. P) = freeregions(P)−r ❀

• freeregions(p larg1 · · · largn) = freeregions(larg1 ) ∪ · · · ∪ freeregions(largn)❀

• freeregions(f larg1 · · · largn) = freeregions(larg1 ) ∪ · · · ∪ freeregions(largn)❀

◆♦t❡ t❤❛t t②♣✐♥❣ r✉❧❡s ❡♥❢♦r❝❡ r❡❣✐♦♥s ❜♦✉♥❞ ✉s✐♥❣ q✉❛♥t✐✜❡rs t♦ ♦♥❧② ❜❡ ✉s❡❞ ✇✐t❤ ❧❛❜❡❧
❤❡r❡ ❛♥②✇❛②✳ ❋✉♥❝t✐♦♥ freeregions ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ r❡❣✐♦♥s ✇❤✐❝❤ s❤♦✉❧❞ ❜❡
❢♦❝✉s✲❢r❡❡✳

✹✳✷✳✸ ❙t❛t❡♠❡♥ts

❙❡q✉❡♥❝❡s ❙t❛t❡♠❡♥ts ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ ⊢ {Σ} s {Σ′}, Γ′

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ❣✐✈❡♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ♣❡r♠✐ss✐♦♥s Σ✱ st❛t❡♠❡♥t s r❡t✉r♥s
♣❡r♠✐ss✐♦♥s Σ′ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t Γ′✱ ✇❤❡r❡ Σ ❛♥❞ Σ′ ❛r❡ ♠✉❧t✐s❡ts✳ ■♥❞❡❡❞✱ st❛t❡♠❡♥ts ♠❛②
❝❤❛♥❣❡ ♣❡r♠✐ss✐♦♥s✿ t❤❡② ❝♦♥s✉♠❡ s♦♠❡ ❛♥❞ ♣r♦❞✉❝❡ ♦t❤❡rs✳ ❚❤❡② ❛❧s♦ ♠❛② ✐♥tr♦❞✉❝❡ ♥❡✇
✈❛r✐❛❜❧❡s ♦r r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳

❙❡q✉❡♥❝❡s ♦❢ st❛t❡♠❡♥ts ❛r❡ t②♣❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✐❧❛r ❥✉❞❣❡♠❡♥t✿

Γ ⊢ {Σ} S {Σ′}, Γ′

❚❤✐s ❥✉❞❣❡♠❡♥t st❛t❡s t❤❛t ❣✐✈❡♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ♣❡r♠✐ss✐♦♥s Σ✱ s❡q✉❡♥❝❡ S r❡t✉r♥s
♣❡r♠✐ss✐♦♥s Σ′ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t Γ′✳ ❍❡r❡ ✐s t❤❡ t②♣✐♥❣ r✉❧❡ ❢♦r s❡q✉❡♥❝❡s✿
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for all i , Γi ⊢ {Σi} si {Σi+✶}, Γi+✶

Γ1 ⊢ {Σ1} s1 ; · · · ; sn {Σn+✶}, Γn+✶
❙❙❡q

❲❡ s✐♠♣❧② ❝❤❛✐♥ t❤❡ st❛t❡♠❡♥t ❥✉❞❣❡♠❡♥ts✳
❚♦ t②♣❡ ❜❧♦❝❦s✱ ✐✳❡✳ s❡q✉❡♥❝❡s ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ ❧✐♠✐t t❤❡ s❝♦♣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ✐♥tr♦❞✉❝❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❥✉❞❣❡♠❡♥t✿

Γ ⊢ {Σ} S {Σ′}

❚❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ✉♥❝❤❛♥❣❡❞✿ t❤❡ s❝♦♣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡
❜❧♦❝❦ ✐s t❤❡ ❜❧♦❝❦ ✐ts❡❧❢✳ ❚❤✐s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t ❛❧❧ ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ♠❡♥t✐♦♥ s✉❝❤ ✈❛r✐❛❜❧❡
♦r r❡❣✐♦♥ ♠✉st ❜❡ r❡♠♦✈❡❞✳ ❚❤✐s ✐s s❤♦✇♥ ❜② t❤❡ r✉❧❡ ❢♦r ❜❧♦❝❦s✿

Γ ⊢ {Σ} S {Σ
′
}, Γ′

Γ ⊢ {Σ} S {scope(Γ, Σ
′
)}

❙❇❧♦❝❦

✇❤❡r❡ scope(Γ, Σ) ✐s Σ ✇✐t❤♦✉t ❛❧❧ ♣❡r♠✐ss✐♦♥s ♠❡♥t✐♦♥✐♥❣ ❛ ✈❛r✐❛❜❧❡ x ♦r ❛ r❡❣✐♦♥ r ✇❤✐❝❤
✐s ♥♦t ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❛ ♣❛✐r ✐♥ ❡♥✈✐r♦♥♠❡♥t Γ✳

❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ✉♥❝❤❛♥❣❡❞ ✐s t❤❛t ✐❢ t❤❡ t②♣❡ ♦❢ ❛
✈❛r✐❛❜❧❡ ❝❤❛♥❣❡s ❞✉r✐♥❣ ❡①❡❝✉t✐♦♥ ❜❡❝❛✉s❡ ♦❢ ❛♥ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ♦r ✉♥❢♦❝✉s✱ t❤❡♥ ✐ts ♦r✐❣✐♥❛❧
t②♣❡ ✐s r❡st♦r❡❞✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❣r❛♠✿

❧❡t r❡❣✐♦♥ r : Long ;
❧❡t x = ♥❡✇ Long [r ];
✐❢ true t❤❡♥

{
❧❡t r❡❣✐♦♥ s: Long ;
✇❡❛❦❡♥ ❡♠♣t② s;
❛❞♦♣t x : r ❛s s;
}

❚❤❡ t②♣❡ ♦❢ x ❛❢t❡r t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐s [r ]✳ ❆❢t❡r t❤❡ ❛❞♦♣t✐♦♥ ✐t ✐s [s]✳ ❇✉t ❛❢t❡r t❤❡ ✐❢

st❛t❡♠❡♥t✱ t❤❡ t②♣❡ ✐s r❡st♦r❡❞ t♦ [r ]✳ ■t ✐s s❛❢❡ ❢♦r x t♦ ❤❛✈❡ t②♣❡ [r ]✱ ❜❡❝❛✉s❡ t②♣✐♥❣ r✉❧❡s
♣r❡✈❡♥t ❛❝❝❡ss✐♥❣ x ✇✐t❤ t②♣❡ [r ] ✐❢ ♥♦ ♣❡r♠✐ss✐♦♥ ♦♥ r ✐s ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ t❤❡ ❛❞♦♣t✐♦♥ ❝♦♥s✉♠❡s
r×✳ ◆♦t❡ t❤❛t ✇❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r ❤❛✈✐♥❣ ❜♦t❤ x : [r ] ❛♥❞ x : [s] ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛❢t❡r t❤❡
❛❞♦♣t✐♦♥✳

❙t❛t❡♠❡♥ts ❋✐❣✉r❡s ✹✳✶✵ ❛♥❞ ✹✳✶✶ s❤♦✇s t②♣✐♥❣ r✉❧❡s ❢♦r st❛t❡♠❡♥ts✳ ❚❤❡s❡ t②♣✐♥❣ r✉❧❡s
❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t r✉❧❡s ♦❢ ❈❛♣✉❝✐♥❡✱ ❛s t❤❡② ❛r❡ t❤❡ ♦♥❡s ✇❤✐❝❤ ❞❡❛❧ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✳
❘✉❧❡ ❙❈❛❧❧ ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t✱ ❛s ✐t r❡q✉✐r❡s r❡❣✐♦♥ ❛r❣✉♠❡♥ts t♦ ❜❡ s❡♣❛r❛t❡❞✳

❘✉❧❡ ❙▲❡t st❛t❡s ❤♦✇ t♦ t②♣❡ ❧❡t✲❜✐♥❞✐♥❣s✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐s t②♣❡❞✱ ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡
✐s ❣✐✈❡♥ t❤❡ t②♣❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♥❡✇ ❡♥✈✐r♦♥♠❡♥t✳ ◆♦ ♣❡r♠✐ss✐♦♥ ✐s ❝♦♥s✉♠❡❞ ♦r
♣r♦❞✉❝❡❞✳

❘✉❧❡ ❙■❢ st❛t❡s ❤♦✇ t♦ t②♣❡ ✐❢ st❛t❡♠❡♥ts✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♠✉st ❤❛✈❡ t②♣❡ bool ✳ ❚❤❡
t❤❡♥ ❜♦❞② ❛♥❞ t❤❡ ❡❧s❡ ❜♦❞② ♠✉st ❝♦♥s✉♠❡ ❛♥❞ ♣r♦❞✉❝❡ t❤❡ s❛♠❡ ♣❡r♠✐ss✐♦♥s✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❢r♦♠ ♣❡r♠✐ss✐♦♥s Σ ❛✈❛✐❧❛❜❧❡ ❜❡❢♦r❡ t❤❡ ✐❢✱ ❜♦t❤ ❜♦❞✐❡s ♠✉st r❡t✉r♥ t❤❡ s❛♠❡ s❡t
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Γ, Σ ⊢ e : τ

Γ ⊢ {Σ} ❧❡t x = e {Σ}, (Γ, x : τ)
❙▲❡t

Γ, Σ ⊢ e : bool Γ ⊢ {Σ} s1 ; · · · ; sn {Σ
′
} Γ ⊢ {Σ} s ′1 ; · · · ; s ′m {Σ

′
}

Γ ⊢ {Σ} ✐❢ e t❤❡♥ {s1 ; · · · ; sn} ❡❧s❡ {s
′
1 ; · · · ; s ′m} {Σ

′
}, Γ

❙■❢

f ❝♦♥s✉♠❡s Σ1 f ♣r♦❞✉❝❡s Σ2 f : param1 · · · paramn → τ
❢♦r ❛❧❧ i : Γ, Σ, σ ⊢ arg i : parami separated(arg1 , · · · , argn)

Γ ⊢ {Σ, σ(Σ1 )} ❧❡t x = f arg1 · · · argn {Σ, σ(Σ2 )}, (Γ, x : σ(τ))
❙❈❛❧❧

Γ ⊢ C

Γ ⊢ {Σ} ❧❡t r❡❣✐♦♥ r : C {Σ, r∅}, (Γ, r : C)
❙▲❡t❘❡❣✐♦♥

Γ ⊢ C Γ ⊢ ρ : C Γ, {Σ, ρ∅} ⊢ ρ f ❛r❡ t❤❡ ✜❡❧❞s ❞❡❝❧❛r❡❞ ✐♥ C

Γ ⊢ {Σ, ρ∅} ❧❡t x = ♥❡✇ C [ρ] {Σ, ρ◦{f }, ♦✇♥(x , C)∅}, (Γ, x : [ρ])
❙◆❡✇

Γ, {Σ, σ∅, ρG} ⊢ ρ Γ, {Σ, σ∅, ρG} ⊢ σ

Γ, x : [ρ] ⊢ {Σ, σ∅, ρG} ❢♦❝✉s x : ρ ❛s σ {Σ, σ×, σ −◦ ρ}, (Γ, x : [σ])
❙❋♦❝✉s

Γ ⊢ ρ : C
Γ, {Σ, ρ◦{f } } ⊢ ρ f : τ ∈x C (Γ, x : [ρ]), {Σ, ρ◦{f } } ⊢ e : τ

Γ, x : [ρ] ⊢ {Σ, ρ◦{f } } x .f ← e {Σ, ρ◦{f − f } }, Γ
❙❆ss✐❣♥

❋✐❣✉r❡ ✹✳✶✵✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r st❛t❡♠❡♥ts ✭✶ ♦❢ ✷✮
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Γ, {Σ, σ×, ρG} ⊢ ρ Γ, {Σ, σ×, ρG} ⊢ σ

Γ, x : [σ] ⊢ {Σ, σ×, ρG} ❛❞♦♣t x : σ ❛s ρ {Σ, ρG}, (Γ, x : [ρ])
❙❆❞♦♣t

Γ, {Σ, σ×, σ −◦ ρ} ⊢ ρ Γ, {Σ, σ×, σ −◦ ρ} ⊢ σ

Γ, x : [σ] ⊢ {Σ, σ×, σ −◦ ρ} ✉♥❢♦❝✉s x : σ ❛s ρ {Σ, ρG}, (Γ, x : [ρ])
❙❯♥❢♦❝✉s

Γ ⊢ ρ : C

Γ, x : [ρ] ⊢ {Σ, ρ×} ✉♥♣❛❝❦ x {Σ, ρ◦, s✐♥❣❧❡(x , C)×, ❣r♦✉♣(x , C)G}, Γ
❙❯♥♣❛❝❦

Γ ⊢ ρ : C Γ, {Σ, ρ◦, s✐♥❣❧❡(x , C)×, ❣r♦✉♣(x , C)G} ⊢ ρ

Γ, {Σ, ρ◦, s✐♥❣❧❡(x , C)×, ❣r♦✉♣(x , C)G} ⊢−◦ root(ρ)

Γ, x : [ρ] ⊢ {Σ, ρ◦, s✐♥❣❧❡(x , C)×, ❣r♦✉♣(x , C)G} ♣❛❝❦ x : C {Σ, ρ×}, Γ
❙P❛❝❦

Γ, {Σ, ρ∅} ⊢ ρ

Γ ⊢ {Σ, ρ∅} ✇❡❛❦❡♥ ❡♠♣t② ρ {Σ, ρG}, Γ
❙❲❡❛❦❡♥❊♠♣t②

Γ, {Σ, ρ×} ⊢ ρ

Γ ⊢ {Σ, ρ×} ✇❡❛❦❡♥ s✐♥❣❧❡ ρ {Σ, ρG}, Γ
❙❲❡❛❦❡♥❙✐♥❣❧❡

logicenv(Γ), ❤❡r❡ ⊢ P ❢♦r ❛❧❧ r ∈ freeregions(P)✿ Γ, Σ ⊢−◦ r

Γ ⊢ {Σ} ❛ss❡rt P {Σ}, Γ
❙❆ss❡rt

L /∈ Γ ❢♦r ❛❧❧ r ∈ R✱ t❤❡r❡ ✐s C s✉❝❤ t❤❛t r : C ∈ Γ

Γ ⊢ {Σ} ❧❛❜❡❧ L {Σ}, (Γ, L : R)
❙▲❛❜❡❧

❋✐❣✉r❡ ✹✳✶✶✿ ❚②♣✐♥❣ r✉❧❡s ❢♦r st❛t❡♠❡♥ts ✭✷ ♦❢ ✷✮



✽✻ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

♦❢ ♣❡r♠✐ss✐♦♥s Σ′✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s r❡t✉r♥❡❞ ❜② t❤❡ ✐❢ st❛t❡♠❡♥t✳ ❚❤❡
❡♥✈✐r♦♥♠❡♥t ✐s ✉♥❝❤❛♥❣❡❞✱ ❛s t❤❡ s❝♦♣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞ ✐♥ t❤❡
❜♦❞✐❡s ❛r❡ t❤❡✐r r❡s♣❡❝t✐✈❡ t❤❡♥ ♦r ❡❧s❡ ❜❧♦❝❦✳

❘✉❧❡ ❙❈❛❧❧ st❛t❡s ❤♦✇ t♦ t②♣❡ ❢✉♥❝t✐♦♥ ❝❛❧❧s✳ ❋✐rst ✇❡ t②♣❡ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ❛♥❞ ♥♦r♠❛❧
❛r❣✉♠❡♥ts✳ ❲❡ ♦❜t❛✐♥ ❛ s✉❜st✐t✉t✐♦♥ σ✳ ❲❡ ✉s❡ σ t♦ ❝♦♠♣✉t❡ ❝♦♥s✉♠❡❞ ♣❡r♠✐ss✐♦♥s ❛♥❞
♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❞❞ t❤❡ ♥❡✇ ❜♦✉♥❞ ✈❛r✐❛❜❧❡ x t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ✇✐t❤
t❤❡ r❡t✉r♥ t②♣❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ s✉❜st✐t✉t❡❞ ✉s✐♥❣ σ✳ ❚❤✐s r✉❧❡ ✉s❡s t❤r❡❡ ♥❡✇ ❥✉❞❣❡♠❡♥ts✱
✉s❡❞ t♦ r❡tr✐❡✈❡ t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❢✉♥❝t✐♦♥✿

f ❝♦♥s✉♠❡s Σ

✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ f st❛t❡s t❤❛t f ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s Σ✱

f ♣r♦❞✉❝❡s Σ

✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ f st❛t❡s t❤❛t f ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s Σ✱ ❛♥❞

f : param: τ

✇❤✐❝❤ ❣✐✈❡s t❤❡ r❡❣✐♦♥ ♥❛♠❡s ❛♥❞ t❤❡✐r ❝❧❛ss❡s ✐♥ t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ f ✱ t❤❡ ❛r❣✉♠❡♥t ♥❛♠❡s
❛♥❞ t❤❡✐r t②♣❡s✱ ❛♥❞ t❤❡ r❡t✉r♥ t②♣❡✳

❚❤❡ ❙❈❛❧❧ r✉❧❡ ❛❧s♦ r❡q✉✐r❡s separated(arg1 , · · ·, argn)✱ ✇❤✐❝❤ ✇❡ ♥♦✇ ❞❡✜♥❡ ❛s ❢♦❧❧♦✇s✿
❢♦r ❛❧❧ i , j ✱ ✐❢ arg i = [ρ] ❛♥❞ arg j = [σ]✱ t❤❡♥ root(ρ) 6= root(σ)✳ ❋✉♥❝t✐♦♥ root(σ) ✐s ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s✿ root(r) = r ✱ ❛♥❞ root(x .s) = root(ρx ) ✇❤❡r❡ x : [ρx ] ✐s ✐♥ Γ✳ ■♥❢♦r♠❛❧❧②✱ separated
st❛t❡s t❤❛t r❡❣✐♦♥ ❛r❣✉♠❡♥ts ❛r❡ ❞✐s❥♦✐♥t✳ ❲❡ ❦♥♦✇ t❤❛t t✇♦ r❡❣✐♦♥s ❛r❡ ❞✐s❥♦✐♥t ✐❢ t❤❡✐r r♦♦ts
❛r❡ ❞✐✛❡r❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❢✉♥❝t✐♦♥ f ❡①♣❡❝t✐♥❣ t✇♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ❝❛♥♥♦t ❜❡ ❝❛❧❧❡❞ ❛s
f [ρ] [x .s] ✐❢ x ❤❛s t②♣❡ [ρ]✳ ❚❤❡ separated ❝♦♥❞✐t✐♦♥ ♦❢ ❙❈❛❧❧ ❡♥s✉r❡s t❤❛t ✇❡ ❦♥♦✇ ❤♦✇ t♦
tr❛♥s❧❛t❡ t❤❡ ❝❛❧❧ ✐♥ ❲❤②✱ ❛♥❞ t❤✉s t❤❛t ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳

❘✉❧❡ ❙▲❡t❘❡❣✐♦♥ st❛t❡s ❤♦✇ t♦ t②♣❡ r❡❣✐♦♥ ❜✐♥❞✐♥❣✳ ❋✐rst ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ ❣✐✈❡♥ ❝❧❛ss
C ✐s ✇❡❧❧✲❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ❥✉❞❣❡♠❡♥t✿

Γ ⊢ C

❚❤✐s ❥✉❞❣❡♠❡♥t s✐♠♣❧② ❝❤❡❝❦s t❤❛t ❛❧❧ ✈❛r✐❛❜❧❡s✱ ❛❧❧ r❡❣✐♦♥s ❛♥❞ ❛❧❧ t②♣❡ ✈❛r✐❛❜❧❡s ❛r❡ ❜♦✉♥❞
✐♥ C✳ ❚❤❡♥ ✇❡ ❡♥t❡r t❤❡ ♥❡✇ r❡❣✐♦♥ r ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ✇✐t❤ ❝❧❛ss C✳ ❚❤✐s ♦♣❡r❛t✐♦♥
♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥ r∅✿ r❡❣✐♦♥ r ✐s ✐♥✐t✐❛❧❧② ❡♠♣t②✳

❘✉❧❡ ❙◆❡✇ st❛t❡s ❤♦✇ t♦ t②♣❡ ❛❧❧♦❝❛t✐♦♥ ✐♥ r❡❣✐♦♥ ρ✳ ❲❡ ✜rst t②♣❡ ρ ❛♥❞ ✐ts ❝❧❛ss C✳
❘❡❣✐♦♥ ρ ♠✉st ❜❡ ❡♠♣t② ❜❡❢♦r❡ t❤❡ ❛❧❧♦❝❛t✐♦♥✳ ❲❡ ❝❤❡❝❦ t❤✐s ❜② ❝♦♥s✉♠✐♥❣ ♣❡r♠✐ss✐♦♥ ρ∅✳
P❡r♠✐ss✐♦♥ ρ◦{f } ✇❤❡r❡ f ❛r❡ t❤❡ ✜❡❧❞s ♦❢ C ✐s ♣r♦❞✉❝❡❞✱ st❛t✐♥❣ t❤❛t ❛❢t❡r t❤❡ ❛❧❧♦❝❛t✐♦♥ t❤❡
r❡❣✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❡♠♣t② ❜✉t s✐♥❣❧❡t♦♥ ❛♥❞ t❤❛t ♥♦ ✜❡❧❞ ✐s ✐♥✐t✐❛❧✐③❡❞✳ P❡r♠✐ss✐♦♥s ♦✇♥(x , C)∅

❛r❡ ❛❧s♦ ♣r♦❞✉❝❡❞✳ ◆♦t❛t✐♦♥ ♦✇♥(x , C) ❞❡♥♦t❡s t❤❡ s❡t {x .r1 , · · ·, x .rn} ✇❤❡r❡ ri ❛r❡ t❤❡
♦✇♥❡❞ r❡❣✐♦♥s ✐♥ t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ ❝❧❛ss C✳ ◆♦t❛t✐♦♥ {ρ1 , · · ·, ρn}∅ ❞❡♥♦t❡s ρ1 ∅, · · ·, ρn

∅✳ ■♥
♦t❤❡r ✇♦r❞s✱ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ ❛ ♥❡✇❧②✲❛❧❧♦❝❛t❡❞ ♣♦✐♥t❡r ❛r❡ ✐♥✐t✐❛❧❧② ❡♠♣t②✳

❘✉❧❡ ❙❋♦❝✉s st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ❢♦❝✉s x :ρ ❛s σ ♦♣❡r❛t✐♦♥✳ ❱❛r✐❛❜❧❡ x ♠✉st ❤❛✈❡ t②♣❡
[ρ] ❜❡❢♦r❡✱ ❛♥❞ ✐ts t②♣❡ ✐s ❝❤❛♥❣❡❞ t♦ [σ]✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s σ∅ ❛♥❞ ρG✿
s♦✉r❝❡ r❡❣✐♦♥ ρ ♠✉st ❜❡ ❣r♦✉♣✱ ❛♥❞ t❛r❣❡t r❡❣✐♦♥ σ ♠✉st ❜❡ ❡♠♣t②✳ ❚❛r❣❡t r❡❣✐♦♥ ❜❡❝♦♠❡s
s✐♥❣❧❡t♦♥✿ ♣❡r♠✐ss✐♦♥ σ× ✐s ♣r♦❞✉❝❡❞✳ ❘❡❣✐♦♥ ρ ✐s t❡♠♣♦r❛r✐❧② ❞✐s❛❜❧❡❞✿ ♣❡r♠✐ss✐♦♥ σ −◦ ρ
✐s ♣r♦❞✉❝❡❞✳

❘✉❧❡ ❙❆ss✐❣♥ st❛t❡s ❤♦✇ t♦ t②♣❡ ❛ss✐❣♥♠❡♥t t♦ ❛ ✜❡❧❞ x .f ✳ ❋✐rst ✇❡ ❝❤❡❝❦ t❤❛t x ✐s ❛
♣♦✐♥t❡r ❛♥❞ ✇❡ ❧♦♦❦ ❢♦r ✐ts r❡❣✐♦♥ ρ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ t❤❡♥ ❧♦♦❦ ❢♦r t❤❡ ❝❧❛ss C ♦❢ ρ
❛♥❞ ✉s❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ t②♣❡ τ ♦❢ x .f ✳ ❲❡ ❝❤❡❝❦ t❤❡ t②♣❡ ♦❢ ❡①♣r❡ss✐♦♥ e ✐s
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τ ✳ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t x ✐s ♦♣❡♥✱ ✐✳❡✳ t❤❛t ♣❡r♠✐ss✐♦♥ ρ◦{f } ✐s ❛✈❛✐❧❛❜❧❡✳ ❚❤✐s ♣❡r♠✐ss✐♦♥
✐s ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❜② ρ◦{f−f }✱ ✇❤❡r❡ f−f ✐s f ✇✐t❤♦✉t ✜❡❧❞ f ✐❢ ✐t ✇❛s ✐♥ f ✱ ❛♥❞ f

♦t❤❡r✇✐s❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ f ✇❛s ♥♦t ✐♥✐t✐❛❧✐③❡❞✱ ✐t ✐s ♥♦✇✳
❘✉❧❡ ❙❆❞♦♣t st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ❛❞♦♣t x :σ ❛s ρ ♦♣❡r❛t✐♦♥✳ ■t ❝❤❛♥❣❡s t❤❡ t②♣❡ ♦❢ x ✱

✇❤✐❝❤ ♠✉st ❜❡ [σ]✱ t♦ [ρ]✳ ■t ❛❧s♦ ❝♦♥s✉♠❡s ♣❡r♠✐ss✐♦♥s σ× ✭r❡❣✐♦♥ σ ♠✉st ❜❡ s✐♥❣❧❡t♦♥ ❛♥❞
❝❧♦s❡❞✮ ❛♥❞ ρG ✭r❡❣✐♦♥ ρ ♠✉st ❜❡ ❣r♦✉♣✮✳ ◆♦ ♣❡r♠✐ss✐♦♥ ♦♥ σ ✐s ♣r♦❞✉❝❡❞✿ t❤❡ r❡❣✐♦♥ ✐s ♥♦
❧♦♥❣❡r ✉s❛❜❧❡✳ P❡r♠✐ss✐♦♥ ρG ✐s r❡♣r♦❞✉❝❡❞✳

❘✉❧❡ ❙❯♥❢♦❝✉s st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ■t ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s
t❤❡ ❛❞♦♣t ♦♣❡r❛t✐♦♥✿ ❛ ♣♦✐♥t❡r ✐s ♠♦✈❡❞ ❢r♦♠ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✳ ❍♦✇❡✈❡r✱
✉♥❢♦❝✉s ❞❡❛❧s ✇✐t❤ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣♦✐♥t❡r ❛❧r❡❛❞② ✇❛s ✐♥ t❤❡ ❣r♦✉♣ r❡❣✐♦♥ ♦♥❝❡✳ ❍❡♥❝❡ t❤❡
♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ❝♦♥s✉♠✐♥❣ ♣❡r♠✐ss✐♦♥ ρG✱ t❤❡ ♦♣❡r❛t✐♦♥ ❝♦♥s✉♠❡s σ −◦ ρ✳

❘✉❧❡s ❙❯♥♣❛❝❦ ❛♥❞ ❙P❛❝❦ st❛t❡ ❤♦✇ t♦ t②♣❡ ✉♥♣❛❝❦✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✳ ❯♥✲
♣❛❝❦✐♥❣ ❛ ♣♦✐♥t❡r x r❡q✉✐r❡s ✜♥❞✐♥❣ ✐ts r❡❣✐♦♥ ρ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❲❡ t❤❡♥ ❧♦♦❦ ❢♦r ✐ts
❝❧❛ss C✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♠♣✉t❡ ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s✳ ◆♦t❛t✐♦♥s s✐♥❣❧❡(x , C) ❛♥❞ ❣r♦✉♣(x , C)
❛r❡ s✐♠✐❧❛r t♦ ♦✇♥(x , C) ❡①❝❡♣t t❤❛t ✐♥st❡❛❞ ♦❢ ❞❡♥♦t✐♥❣ ❛❧❧ ♦✇♥❡❞ r❡❣✐♦♥s✱ t❤❡② ❛r❡ r❡str✐❝t❡❞
t♦ r❡❣✐♦♥s ✇❤✐❝❤ ✇❡r❡ ❞❡❝❧❛r❡❞ ❛s s✐♥❣❧❡t♦♥ ❛♥❞ ❣r♦✉♣✱ r❡s♣❡❝t✐✈❡❧②✳ ❯♥♣❛❝❦✐♥❣ ❝♦♥s✉♠❡s
ρ× ✭r❡❣✐♦♥ ρ ✐s ❝❧♦s❡❞✮ ❛♥❞ ♣r♦❞✉❝❡s ρ◦ ✭r❡❣✐♦♥ ρ ✐s ♦♣❡♥✮✱ ❛s ✇❡❧❧ ❛s ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞
r❡❣✐♦♥s✳ P❛❝❦✐♥❣ ❞♦❡s t❤❡ ♦♣♣♦s✐t❡✳ ◆♦t❡ t❤❛t ♣❛❝❦✐♥❣ x r❡q✉✐r❡s ❛❧❧ ✜❡❧❞s ♦❢ x t♦ ❜❡ ✐♥✐t✐❛❧✲
✐③❡❞✳ ❆❧s♦ ♥♦t❡ t❤❛t ♣❛❝❦✐♥❣ r❡q✉✐r❡s t❤❡ ♣❡r♠✐ss✐♦♥s ♦♥ ρ t♦ ❜❡ ❝♦♠♣❧❡t❡ ❛♥❞ ✐ts r♦♦t ♠✉st
❜❡ ❢♦❝✉s✲❢r❡❡✱ ❛s t❤❡ ✐♥✈❛r✐❛♥t ✐s r❡❛❞✳ ❯♥♣❛❝❦✐♥❣ ❞♦❡s ♥♦t✳

❘✉❧❡s ❙❲❡❛❦❡♥❊♠♣t② ❛♥❞ ❙❲❡❛❦❡♥❙✐♥❣❧❡ st❛t❡ ❤♦✇ t♦ t②♣❡ t❤❡ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛✲
t✐♦♥s✳ ❚❤❡② s✐♠♣❧② ❝♦♥s✉♠❡ t❤❡ ❡①♣❡❝t❡❞ ♣❡r♠✐ss✐♦♥ ρ∅ ♦r ρ×✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ♣r♦❞✉❝❡ t❤❡
❣r♦✉♣ ♣❡r♠✐ss✐♦♥ ρG✳

❘✉❧❡ ❙❆ss❡rt st❛t❡s t❤❛t t♦ t②♣❡ t❤❡ ❛ss❡rt P ♦♣❡r❛t✐♦♥✱ ✇❡ t②♣❡ t❤❡ P ♣r❡❞✐❝❛t❡ ✉♥❞❡r
❡♥✈✐r♦♥♠❡♥t logicenv(Γ)✳ ❚❤❡ logicenv ❢✉♥❝t✐♦♥ s✉❜st✐t✉t❡s ❛❧❧ ♣♦✐♥t❡r t②♣❡s [ρ]✱ ❢♦r ❛♥②
r❡❣✐♦♥ ρ✱ ✐♥t♦ t②♣❡ [❴] ✇❤✐❝❤ ✐s t❤❡ t②♣❡ ❢♦r ♣♦✐♥t❡rs ✐♥ t❤❡ ❧♦❣✐❝✳ ❋♦r ✐♥st❛♥❝❡✱ ❡♥✈✐r♦♥♠❡♥t✿

Γ = x : [r ], r : List ([y .s]), y : [r ′], r ′: Long

❜❡❝♦♠❡s✿

logicenv(Γ) = x : [❴], r : List ([❴]), y : [❴], r ′: Long

▲❛❜❡❧ ❤❡r❡ ✐s ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ t②♣✐♥❣ P ✳ ◆♦t❡ t❤❛t ❛❧❧ r❡❣✐♦♥s ✉s❡❞ ❜② t❤❡ ♣r❡❞✐❝❛t❡ s❤♦✉❧❞ ❜❡
❢♦❝✉s✲❢r❡❡✳

❋✐♥❛❧❧②✱ r✉❧❡ ❙▲❛❜❡❧ st❛t❡s ❤♦✇ t♦ t②♣❡ t❤❡ ❧❛❜❡❧ L st❛t❡♠❡♥t✳ ❲❡ ❝❤❡❝❦ t❤❛t L ✐s ♥♦t
❛❧r❡❛❞② ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ t❤❡♥ ✇❡ ❛❞❞ ✐t✳

✹✳✷✳✹ ❉❡❝❧❛r❛t✐♦♥s

❆ ♣r♦❣r❛♠ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡❝❧❛r❛t✐♦♥s✳ ❚❤❡ ✉s❡r ♠❛② ❞❡❝❧❛r❡ ♦r ❞❡✜♥❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s✱
♣r❡❞✐❝❛t❡s✱ ❛①✐♦♠s✱ ❧❡♠♠❛s✱ ❝❧❛ss❡s ❛♥❞ ❢✉♥❝t✐♦♥s✳

▲♦❣✐❝ ❉❡❝❧❛r❛t✐♦♥s ❆ ❧♦❣✐❝ t②♣❡ ❞❡❝❧❛r❛t✐♦♥✿

t②♣❡ t (α1 , · · ·, αn)

✐s q✉✐t❡ ❡❛s② t♦ t②♣❡✿ ✇❡ s✐♠♣❧② ❝❤❡❝❦ t❤❛t ❢♦r ❛❧❧ i 6= j ✱ αi 6= αj ✳ ❚❤❡ s❝♦♣❡ ♦❢ ❛ t②♣❡
❞❡❝❧❛r❛t✐♦♥ ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ✐✳❡✳ t②♣❡ t ♠❛② ❜❡ ✉s❡❞ ✐♥ ❛❧❧ ❞❡❝❧❛r❛t✐♦♥s ✇❤✐❝❤
❢♦❧❧♦✇ ✐ts ❞❡❝❧❛r❛t✐♦♥✳

❆ ♣r❡❞✐❝❛t❡ ❞❡❝❧❛r❛t✐♦♥✿



✽✽ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

❧♦❣✐❝ p param1 · · · paramn = P

♦r ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❞❡❝❧❛r❛t✐♦♥✿

❧♦❣✐❝ f param1 · · · paramn : τ = LT

r❡q✉✐r❡s ❝❤❡❝❦✐♥❣ t❤❛t ❡❛❝❤ ❛r❣✉♠❡♥t parami ✐s ✇❡❧❧✲❢♦r♠❡❞✳ ❆ r❡❣✐♦♥ ❛r❣✉♠❡♥t [r : C] ♦r ❛
r❡❣✉❧❛r ❛r❣✉♠❡♥t (x : τ) ✐s ✇❡❧❧✲❢♦r♠❡❞ ✐❢ ❝❧❛ss ❡①♣r❡ss✐♦♥ C ♦r t②♣❡ τ ♦♥❧② ♠❡♥t✐♦♥s r❡❣✐♦♥
✈❛r✐❛❜❧❡s r ❛♥❞ ✈❛r✐❛❜❧❡s x ❜♦✉♥❞ ✐♥ ♣r❡✈✐♦✉s ♣❛r❛♠❡t❡rs param1 · · · parami−✶✳ ❲❡ ❛❧s♦
❝❤❡❝❦ t❤❛t ❡❛❝❤ ♣❛r❛♠❡t❡r ♥❛♠❡ ✐s ✉♥✐q✉❡✳ ❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t ♣♦✐♥t❡r t②♣❡s✱ ❜❡✐♥❣ ❧♦❣✐❝
♣♦✐♥t❡rs ❛♥❞ ♥♦t ♣r♦❣r❛♠ ♣♦✐♥t❡rs✱ ❛r❡ ♦❢ t❤❡ ❢♦r♠ [❴] ✭❛♥❞ ♥♦t [ρ]✮✳ ❚❤❡ s❛♠❡ r❡str✐❝t✐♦♥
❛♣♣❧✐❡s ❢♦r t❤❡ r❡t✉r♥ t②♣❡ τ ❢♦r ❧♦❣✐❝ ❢✉♥❝t✐♦♥s✳ ❆❧❧ ❝❧❛ss ❡①♣r❡ss✐♦♥s C ❛♥❞ t②♣❡s τ ♠❛②
♠❡♥t✐♦♥ ❛♥② ♥✉♠❜❡r ♦❢ ❢r❡❡ t②♣❡ ✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❝♦♥s✐❞❡r❡❞ ✐♠♣❧✐❝✐t❡❧② ✉♥✐✈❡rs❛❧❧②
q✉❛♥t✐✜❡❞✱ ✐✳❡✳ t❤❡ ♣r❡❞✐❝❛t❡ p ♦r t❤❡ ❢✉♥❝t✐♦♥ f ✐s ♣♦❧②♠♦r♣❤✐❝✳

❚❤❡ ❜♦❞② ♦❢ ❛ ♣r❡❞✐❝❛t❡ ❞❡❝❧❛r❛t✐♦♥ s✉❝❤ ❛s t❤❡ ♦♥❡ ❛❜♦✈❡ ✐s t②♣❡❞ ❛s ❢♦❧❧♦✇s✿

param1 · · · paramn , ❤❡r❡: ∅ ⊢ P

❙✐♠✐❧❛r❧②✱ t❤❡ ❜♦❞② ♦❢ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s t②♣❡❞ ❛s ❢♦❧❧♦✇s✿

param1 · · · paramn , ❤❡r❡: ∅ ⊢ LT : τ

■❢ t❤❡ ❜♦❞② ✐s ♥♦t ❣✐✈❡♥ ❜② t❤❡ ✉s❡r✱ t❤✐s t②♣❡✲❝❤❡❝❦✐♥❣ ♦❢ ❝♦✉rs❡ ❞♦❡s ♥♦t ❤❛♣♣❡♥✳ ▲❛❜❡❧
❤❡r❡ ✐s ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ t②♣✐♥❣ P ❛♥❞ LT ✳ ■t ✐s t❤❡ ♦♥❧② ❧❛❜❡❧ ❛✈❛✐❧❛❜❧❡✳

❚❤❡ s❝♦♣❡ ♦❢ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ♦r ♣r❡❞✐❝❛t❡ ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✳ ■t ❝❛♥♥♦t ❜❡
✉s❡❞ ✐♥s✐❞❡ ✐ts ♦✇♥ ❜♦❞②✳ ❚♦ ❞❡✜♥❡ ❛ r❡❝✉rs✐✈❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ♦r ♣r❡❞✐❝❛t❡✱ t❤❡ ✉s❡r ♥❡❡❞s t♦
❣✐✈❡ ❛♥ ❛①✐♦♠❛t✐③❛t✐♦♥✳

❆①✐♦♠s ❛♥❞ ❧❡♠♠❛s ❞❡✜♥❡❞ ❛s✿

❛①✐♦♠ a: P
❧❡♠♠❛ l : P

❛r❡ t②♣❡✲❝❤❡❝❦❡❞ ❛s ❢♦❧❧♦✇s✿

❤❡r❡: ∅ ⊢ P

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❜♦❞② P ✐s t②♣❡❞ ✐♥ t❤❡ ❡♠♣t② ❡♥✈✐r♦♥♠❡♥t✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ♥♦t
❡①♣❧✐❝✐t❡❧② s❤♦✇♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❢♦r ♣♦❧②♠♦r♣❤✐❝ t②♣❡ ✈❛r✐❛❜❧❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ❢r❡❡ t②♣❡
✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❜♦❞② P ❛r❡ ❛❞❞❡❞ t♦ t❤✐s ❡♥✈✐r♦♥♠❡♥t✳ ▲❛❜❡❧ ❤❡r❡ ✐s ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ t②♣✐♥❣ P ✳
❆①✐♦♠s ❛♥❞ ❧❡♠♠❛s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❧❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛t❡❞
❜② ❞❡❝❧❛r❛t✐♦♥s ✇❤✐❝❤ ❢♦❧❧♦✇ t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦r ❧❡♠♠❛✳

❈❧❛ss ❉❡❝❧❛r❛t✐♦♥s ❈❧❛ss ❞❡❝❧❛r❛t✐♦♥s✿

❝❧❛ss C (α) [r : C]
{
size s : C;
f : τ ;
✐♥✈❛r✐❛♥t P ;
}

❛r❡ t②♣❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ❡❛❝❤ ❝❧❛ss ❡①♣r❡ss✐♦♥ C ✐s t②♣❡❞ ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤❡r❡
♣r❡✈✐♦✉s❧②✲❞❡❝❧❛r❡❞ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ❛♥❞ r❡❣✉❧❛r ✈❛r✐❛❜❧❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❲❡ ❛❧❧♦✇ r❡❝✉r✲
s✐✈❡ t②♣❡s✿ ❝❧❛ss C ✐s ❦♥♦✇♥ ✇❤❡♥ t②♣✐♥❣ ❛❧❧ ❝❧❛ss ❡①♣r❡ss✐♦♥s ✐♥ ✐ts ❞❡✜♥✐t✐♦♥✳ ❚❤✉s t❤❡



✹✳✷✳ ❚❨P■◆● ✽✾

s❝♦♣❡ ♦❢ C ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ♣❧✉s ✐ts ♦✇♥ ❞❡✜♥✐t✐♦♥✳ ❋✐❡❧❞ t②♣❡s τ ❛r❡ ❛❧s♦
t②♣❡✲❝❤❡❝❦❡❞✿ ❛❧❧ r❡❣✐♦♥s ❛♥❞ t②♣❡ ✈❛r✐❛❜❧❡s ♠✉st ❤❛✈❡ ❜❡❡♥ ❞❡❝❧❛r❡❞ ❜❡❢♦r❡ ✐♥ t❤❡ ❝❧❛ss ❞❡❢✲
✐♥✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛❧❧ ♣♦✐♥t❡r t②♣❡s ♠✉st ❜❡ ♦❢ t❤❡ ❢♦r♠ [ρ]✱ ✐✳❡✳ ♥♦t [❴]✳ ❆♥❞ ♦❢ ❝♦✉rs❡ ❛❧❧
❝❧❛ss ❡①♣r❡ss✐♦♥s ♠✉st ❤❛✈❡ t❤❡ r✐❣❤t ♥✉♠❜❡r ♦❢ ❛r❣✉♠❡♥ts ✭r❡❣✐♦♥s ❛♥❞ t②♣❡s✮✳

❚❤❡ ✐♥✈❛r✐❛♥t P ✐s t②♣❡✲❝❤❡❝❦❡❞ ❛s ❢♦❧❧♦✇s✿

logicenv(r1 : C1 , · · ·, rn : Cn , f1 : τ1 , · · ·, fn : τn), ❤❡r❡: ∅ ⊢ P

✇❤❡r❡ r1 , · · ·, rn ❛r❡ ❛❧❧ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ ❝❧❛ss C ✱ ♦❢ r❡s♣❡❝t✐✈❡ ❝❧❛ss❡s
C1 , · · ·, Cn ✳ ❋✐❡❧❞s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ P ✳ ▲❛❜❡❧ ❤❡r❡ ✐s ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ t②♣✐♥❣ P ✳

❘❡str✐❝t✐♦♥ ♦♥ ❈❧❛ss ■♥✈❛r✐❛♥ts ❲❡ ❛❞❞ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t r❡str✐❝t✐♦♥ t♦ t❤❡ ✐♥✈❛r✐❛♥t
♣r❡❞✐❝❛t❡ ♦❢ ❝❧❛ss❡s✿ ✐t ❝❛♥♥♦t r❡❛❞ ❢r♦♠ ❛ r❡❣✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ♦✇♥❡❞ ❜② ❝❧❛ss C ✳ ❋♦r ❡❛❝❤
s✉❜t❡r♠ get(r , LT , f )✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡✱ ✇❡ r❡q✉✐r❡ t❤❛t r ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢
C ✭✐✳❡✳ ♥♦t ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r✮✳ ❚❤✐s ✐s ❢✉♥❞❛♠❡♥t❛❧ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦❧♦❣②✳ ■t ✐s
s✐♠✐❧❛r t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❙♣❡❝★ ❬❇❛r♥❡tt✵✹❜❪✳

❋✉♥❝t✐♦♥ ❉❡❝❧❛r❛t✐♦♥s ❋✉♥❝t✐♦♥ ❞❡❝❧❛r❛t✐♦♥s✿

❢✉♥ f param1 · · · paramn : τ
❝♦♥s✉♠❡s Σ
♣r♦❞✉❝❡s Σ′

♣r❡ P

♣♦st Q

{
S;
r❡t✉r♥ e

}

❛r❡ t②♣❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst ✇❡ ❝❤❡❝❦ ❡❛❝❤ ❛r❣✉♠❡♥t param ❜② r❡q✉✐r✐♥❣ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ❛♥❞
r❡❣✉❧❛r ✈❛r✐❛❜❧❡s t♦ ❜❡ ❜♦✉♥❞✱ ✐✳❡✳ t♦ ❜❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛♣♣❡❛r✐♥❣ ❜❡❢♦r❡✳
❋r❡❡ t②♣❡ ✈❛r✐❛❜❧❡s ❛r❡ ♣♦❧②♠♦r♣❤✐❝ t②♣❡ ✈❛r✐❛❜❧❡s✳ ▲❡t Γ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿

Γ = param1 · · · paramn

❲❡ t②♣❡ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s P ❛♥❞ Q ✐♥ t❤✐s ❡♥✈✐r♦♥♠❡♥t✿

Γ, ❤❡r❡: R ⊢ P

Γ, ❤❡r❡: R, ♣r❡: R ⊢ Q

✇❤❡r❡ R ✐s t❤❡ s❡t ♦❢ r❡❣✐♦♥s ❞❡✜♥❡❞ ✐♥ ❛r❣✉♠❡♥ts param✳ ▲❛❜❡❧ ❤❡r❡ ✐s ❛✈❛✐❧❛❜❧❡ ❜♦t❤ ✐♥
t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ■♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ❧❛❜❡❧ ♣r❡ ✐s ❛❧s♦ ❛✈❛✐❧❛❜❧❡❀ ✐t
❞❡♥♦t❡s t❤❡ st❛t❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❡①❡❝✉t✐♦♥✳ ❲❡ ❛❧s♦ r❡q✉✐r❡✱
❢♦r ❛❧❧ r ✐♥ freeregions(P)✿

Γ, Σ ⊢−◦ r

❛♥❞ ❢♦r ❛❧❧ r ✐♥ freeregions(Q)✿

Γ, Σ′ ⊢−◦ r

❲❡ t❤❡♥ t②♣❡ t❤❡ ❜♦❞②✿
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Γ ⊢ {Σ} S {Σ0}, Γ
′

❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t Σ′ = scope(Γ, Σ0 )✳ ❋✐♥❛❧❧②✱ ✇❡ t②♣❡ t❤❡ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥ e ✐♥ t❤❡
✜♥❛❧ ❡♥✈✐r♦♥♠❡♥t✿

Γ′, Σ0 ⊢ e: τ

■ts t②♣❡ ♠✉st ❜❡ ❡q✉❛❧ t♦ t❤❡ ❞❡❝❧❛r❡❞ r❡t✉r♥ t②♣❡✳
❚❤❡ s❝♦♣❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ♥❛♠❡ f ✐s t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦❣r❛♠✱ ♣❧✉s ✐ts ♦✇♥ ❜♦❞②✳

■♥❞❡❡❞✱ ❛❧❧ ❢✉♥❝t✐♦♥s ♠❛② ❜❡ r❡❝✉rs✐✈❡✳
◆♦t❡ t❤❛t ❥✉st ❛s ✇❡ ❞♦ ♥♦t ♣r❡✈❡♥t t❤❡ ✉s❡r ❢r♦♠ ✇r✐t✐♥❣ ❋ ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ✇❡ ❞♦

♥♦t r❡q✉✐r❡ ❝♦♥s✉♠❡❞ ♣❡r♠✐ss✐♦♥s t♦ ❜❡ ❝♦♥s✐st❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✉s❡r ♠❛② r❡q✉✐r❡ t✇✐❝❡
t❤❡ s❛♠❡ ♣❡r♠✐ss✐♦♥ ρ×✳ ❍♦✇❡✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ ❝❛❧❧❛❜❧❡✱ ❛s t②♣✐♥❣ r✉❧❡ ❙❈❛❧❧
r❡q✉✐r❡s ❛❧❧ r❡❣✐♦♥s t♦ ❜❡ separated ✳

✹✳✸ ■♥t✉✐t✐✈❡ ▼❡♠♦r② ▼♦❞❡❧

P❛rt✐❛❧ ❋✉♥❝t✐♦♥s ❲❡ ✉s❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥s t♦ ♠♦❞❡❧ ❈❛♣✉❝✐♥❡ ❤❡❛♣s✳ ❆ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥
f ❤❛s ❛ ❞♦♠❛✐♥✱ ❞❡♥♦t❡❞ ❜② Dom(f )✳ ■t ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ f (x ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢
x ∈ Dom(f )✳

❲❡ ❞❡♥♦t❡ ❜② f [x 7→ v ] t❤❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ g s✉❝❤ t❤❛t✿

• Dom(g) = Dom(f ) ∪ {x}❀

• g(x ) = v ❀

• ❢♦r ❛❧❧ y ∈ Dom(f )−x ✱ ✇❡ ❤❛✈❡ g(y) = f (y)✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ x ∈ Dom(f )✱ ✐ts ✈❛❧✉❡ ✐s r❡♣❧❛❝❡❞ ❜② v ✳ ■❢ x /∈ Dom(f )✱ t❤❡♥ x ✐s ❛❞❞❡❞ t♦
t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ✈❛❧✉❡ ✐s ♥♦✇ v ✳

▼♦❞❡❧✿ ❱❛❧✉❡s✱ ❖❜❥❡❝ts✱ ❆❝t✐✈❡ ❘❡❣✐♦♥s ❛♥❞ ▲♦❝❛t✐♦♥s ❆ ✈❛❧✉❡ ✐s ❡✐t❤❡r ❛ ❧♦❝❛t✐♦♥
p✱ ❛♥ ✐♥t❡❣❡r✱ ❛ ❜♦♦❧❡❛♥ ♦r ✉♥✐t✳

❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ ❛ ❧♦❝❛t✐♦♥ ✐s t❤❡ r❡❣✐♦♥ ρ ✐♥ ✇❤✐❝❤ ✐ts ♦❜❥❡❝t s❤♦✉❧❞ ❜❡ r❡❛❞✳ ❯s✉❛❧❧②✱
❛ ♣♦✐♥t❡r ❜❡❧♦♥❣s t♦ ♦♥❧② ♦♥❡ r❡❣✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡♥ ✐ts ❛❝t✐✈❡ r❡❣✐♦♥✳ ❇✉t ❛ ❢♦❝✉s❡❞ ♣♦✐♥t❡r
❜❡❧♦♥❣s t♦ s❡✈❡r❛❧ r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛♥❞ ✐t ♠✉st ❜❡ r❡❛❞ ❢r♦♠ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤
✐t ❤❛s ❜❡❡♥ t❡♠♣♦r❛r✐❧② ❡①tr❛❝t❡❞✳ ❆❝t✐✈❡ r❡❣✐♦♥s ❛r❡ ♥♦t ✐♠♣♦rt❛♥t ❢♦r t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧✱
t❤❡② ❛r❡ ♦♥❧② ✉s❡❞ t♦ r❡❧❛t❡ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳

❆♥ ♦❜❥❡❝t ✐s ❛ ❢✉♥❝t✐♦♥ o ❢r♦♠ ✜❡❧❞ ♥❛♠❡s f t♦ ✈❛❧✉❡s✱ ❛♥❞ ❢r♦♠ r❡❣✐♦♥ ♥❛♠❡s r t♦ s❡ts
♦❢ ❧♦❝❛t✐♦♥s✳ ❚❤❡s❡ ❛r❡ t❤❡ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡ ♦✇♥❡❞ ❜② t❤❡ ♦❜❥❡❝t✳ ❙❡t o(r) ❝♦♥t❛✐♥s ❛❧❧
❧♦❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✐♥ t❤❡ r❡❣✐♦♥ r ♦✇♥❡❞ ❜② o✳ ❚❤✐s s❡t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞
♣♦✐♥t❡rs✱ ♦♥❧② ♦✇♥❡❞ ♣♦✐♥t❡rs✳ ◆♦t❡ t❤❛t o(r) ♠❛② ❝♦♥t❛✐♥ ❧♦❝❛t✐♦♥s ✇❤♦s❡ ❛❝t✐✈❡ r❡❣✐♦♥ ✐s
♥♦t r ✳

❲❡ ❛ss✉♠❡ ❧♦❝❛t✐♦♥s t♦ ❜❡ ✐♥✜♥✐t❡✱ ❝♦✉♥t❛❜❧❡ ❛♥❞ ♦r❞❡r❡❞✳ ●✐✈❡♥ ❛ ❧♦❝❛t✐♦♥ l ✱ ✇❡ ✇✐❧❧
❞❡♥♦t❡ t❤❡ ❧♦❝❛t✐♦♥ ❢♦❧❧♦✇✐♥❣ l ✉s✐♥❣ l+✶✳
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▼♦❞❡❧✿ ▲♦❣✐❝ ❘❡❣✐♦♥s ❋✉♥❝t✐♦♥s ❆ ❧♦❣✐❝ r❡❣✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ h ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ♦❜❥❡❝ts✱
❛♥❞ ❢r♦♠ ❛ s♣❡❝✐❛❧ s②♠❜♦❧ contents t♦ ❛ s❡t ♦❢ ♣♦✐♥t❡rs✳ ❚❤❡ ❝♦♥t❡♥ts h(contents) ❝♦♥t❛✐♥s
❧♦❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ✉s❡❞ t♦ ✐♥t❡r♣r❡t ♣r❡❞✐❝❛t❡ inRegion✳

❚❤❡ ❞♦♠❛✐♥ Dom(h) ♦❢ ❛ ❧♦❣✐❝ r❡❣✐♦♥ h ❝♦♥t❛✐♥s ♥♦t ♦♥❧② t❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ r❡❣✐♦♥✱ ❜✉t
❛❧s♦ ❛❧❧ ✭tr❛♥s✐t✐✈❡❧②✮ ♦✇♥❡❞ ❧♦❝❛t✐♦♥s✳ ❲❡ t❤✉s ❤❛✈❡ h(contents) ⊆ Dom(h)✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ Dom(h) ❛♥❞ h(contents)✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛✲
♣✉❝✐♥❡ ♣r♦❣r❛♠✿

❝❧❛ss Long

{
value: int ;
}

❝❧❛ss Pair

{
s✐♥❣❧❡ Rleft : Long ;
s✐♥❣❧❡ Rright : Long ;
left : [Rleft ];
right : [Rright ];
}

❧♦❣✐❝ PairSum [r : Pair ] (p: [r ]) =
p.left .value + p.right .value

❆ss✉♠❡ ❧♦❣✐❝ r❡❣✐♦♥ h ♠♦❞❡❧s t❤❡ r❡❣✐♦♥ r ♦❢ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ PairSum✳ ❚❤❡♥ t❤❡ ❞♦♠❛✐♥ ♦❢ h
✐s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❧♦❝❛t✐♦♥s✿

Dom(h) = {p, p.left , p.right}

✇❤❡r❡❛s t❤❡ ❝♦♥t❡♥ts ♦❢ h ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❧♦❝❛t✐♦♥s✿

h(contents) = {p}

❚❤❛t ✐s✱ ❛ss✉♠✐♥❣ r❡❣✐♦♥ r ✐s s✐♥❣❧❡t♦♥ ❛♥❞ ❝♦♥t❛✐♥s ♦♥❧② p✳
◆♦t❡ t❤❛t Dom(h) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❢♦♦t♣r✐♥t s♦♠❡t✐♠❡s ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡✱ ✐t ✐s ❡①❛❝t❧② t❤❡ ❢♦♦t♣r✐♥t ♦❢ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ PairSum✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡
❢♦♦t♣r✐♥t ♦❢ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛❧❧ ❧♦❣✐❝ r❡❣✐♦♥s ✇❤✐❝❤
❛r❡ ♣❛ss❡❞ ❛s ♣❛r❛♠❡t❡rs t♦ t❤❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥✳

▼♦❞❡❧✿ ❍❡❛♣ ❲❡ ♠♦❞❡❧ t❤❡ ❤❡❛♣ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ H✿

• H(p) r❡t✉r♥s t❤❡ ♦❜❥❡❝t ❛t ❧♦❝❛t✐♦♥ p❀

• H(x ) r❡t✉r♥s t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ x ❀

• H(r) r❡t✉r♥s t❤❡ s❡t ♦❢ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥ ♥❛♠❡ r ❀

• H(p❄) r❡t✉r♥s t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ρ ✭♦❢ t❤❡ ❢♦r♠ r ♦r x .s✮ ♦❢ ♣♦✐♥t❡r p❀

• H(next) r❡t✉r♥s t❤❡ ♥❡①t ❢r❡❡ ❧♦❝❛t✐♦♥ t♦ ❜❡ ❛❧❧♦❝❛t❡❞❀

• H(L) r❡t✉r♥s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ r❡❣✐♦♥ ♥❛♠❡s r t♦ t❤❡ ❧♦❣✐❝ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ r ❛t ❧❛❜❡❧ L✳
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◆♦t❡ t❤❛t ❧♦❝❛t✐♦♥s p✱ ✈❛r✐❛❜❧❡s x ✱ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s r ❛♥❞ ❧❛❜❡❧s L ❞♦ ♥♦t s❤❛r❡ t❤❡ s❛♠❡
♥❛♠❡s♣❛❝❡ ❛♥❞ next ✐s ❛ ✉♥✐q✉❡ s②♠❜♦❧✱ s♦ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✳

▲♦❣✐❝ ▼♦❞❡❧ ▲♦❣✐❝ ✈❛❧✉❡s ❛r❡ t❤❡ s❛♠❡ ❛s ♣r♦❣r❛♠ ✈❛❧✉❡s✱ ❛♥❞ ✇❡ s✐♠♣❧② ❝❛❧❧ t❤❡♠ ✈❛❧✉❡s✳
▲♦❣✐❝ ♦❜❥❡❝ts ❛r❡ ❛❧s♦ t❤❡ s❛♠❡ ❛s ♦❜❥❡❝ts✿ ❢✉♥❝t✐♦♥s ❢r♦♠ ✜❡❧❞ ♥❛♠❡s f t♦ ✈❛❧✉❡s v ❛♥❞ ❢r♦♠
♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡s s t♦ s❡ts ♦❢ ♣♦✐♥t❡rs P✳

❆ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L ✐s ❛ ❢✉♥❝t✐♦♥✿

• L(L) r❡t✉r♥s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ r❡❣✐♦♥ ♥❛♠❡s r t♦ t❤❡ ❧♦❣✐❝ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ r ❛t ❧❛❜❡❧ L❀

• L(x ) r❡t✉r♥s t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ x ✳

❚♦ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ❛ss✉♠❡ ❛ ♠♦❞❡❧ ♦❢ ✉s❡r✲❞❡❝❧❛r❡❞ t②♣❡s✱
❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s✳ ❚❤✐s ♠♦❞❡❧✱ ❣✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ ♦r ❛ ♣r❡❞✐❝❛t❡ f ❞❡❝❧❛r❡❞ ❛s✿

❧♦❣✐❝ f param1 · · · paramn · · ·

❞❡✜♥❡s Jf K ❛s ❛ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ n ❛r❣✉♠❡♥ts✳ ❚❤✐s ❢✉♥❝t✐♦♥ Jf K ✐s ❛ss✉♠❡❞ t♦ ♠♦❞❡❧ ✉s❡r
❛①✐♦♠s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♣r❡❞✐❝❛t❡s p✱ JpK(x ) ❡✐t❤❡r ❤♦❧❞s ♦r ❞♦❡s ♥♦t ❤♦❧❞✳

❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝ ❲❡ ❞❡✜♥❡ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ ❛ s❡t ♦❢ ❧♦❝❛t✐♦♥s P ✇✐t❤ r❡s♣❡❝t t♦
❛ ❤❡❛♣ H ❛s ❛❧❧ ❧♦❝❛t✐♦♥s ✐♥ ❛ r❡❣✐♦♥ tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② P✳ ❋♦r♠❛❧❧②✱ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P
✐s t❤❡ s❡t P ′ s✉❝❤ t❤❛t p ✐s ✐♥ P ′ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s q1 , · · ·, qn s✉❝❤ t❤❛t q1 ∈ P✱ p = qn
❛♥❞ ❢♦r ❛❧❧ i > 1✱ t❤❡r❡ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ r s✉❝❤ t❤❛t qi ∈ H(q i−✶)(r)✳

❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ lor ✭❧♦❣✐❝ ♦❢ r❡❣✐♦♥✮✿ ✐❢ H ✐s ❛ ❤❡❛♣ ❛♥❞ P ✐s ❛ s❡t ♦❢ ❧♦❝❛t✐♦♥s✱
lor(H, P) ✐s t❤❡ ❧♦❣✐❝ r❡❣✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ P ✐♥ H✳ ❆ss✉♠❡ P ′ ✐s t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✇✐t❤
r❡s♣❡❝t t♦ H✳ ❉♦♠❛✐♥ Dom(lor(H, P)) ✐s P ′ ∪ {contents}✳ ❋♦r ❛❧❧ p ✐♥ P ′✱ ✇❡ ❞❡✜♥❡✿

lor(H, P)(p) = H(p)

❲❡ ❛❧s♦ ❞❡✜♥❡✿

lor(H, P)(contents) = P

❲❡ ❞❡✜♥❡ loh ✭❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❤❡❛♣✮ ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ ❤❡❛♣s H t♦ ❧♦❣✐❝ ❡♥✈✐r♦♥✲
♠❡♥ts L✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ loh ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ H r❡str✐❝t❡❞ t♦ ✈❛r✐❛❜❧❡s x ❛♥❞ r❡❣✐♦♥ ♥❛♠❡s
r ✳ ❋♦r ❡❛❝❤ r❡❣✐♦♥ ♥❛♠❡ r ✐♥ Dom(H)✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ r ❛t ❧❛❜❡❧
❤❡r❡ ❛s ❢♦❧❧♦✇s✿

loh(H)(❤❡r❡)(r) = lor(H, H(r))

❋♦r ❡❛❝❤ ❧❛❜❡❧ L ✐♥ Dom(H)✱ ✇❡ ❞❡✜♥❡✿

loh(H)(L) = H(L)

❋♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ♥❛♠❡ x ✐♥ Dom(H)✱ ✇❡ ❞❡✜♥❡✿

loh(H)(x ) = H(x )

◆♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✇❛s ❣✐✈❡♥ ❢♦r ❛ ❤❡❛♣ H✱ ❜✉t ✐t ❛❧s♦ ❛♣♣❧✐❡s
❢♦r ❛ ❧♦❣✐❝ r❡❣✐♦♥ h✱ ❛s h(q)(r) ♠❛❦❡s s❡♥s❡ ❛s ✇❡❧❧✳ ❲❡ t❤✉s ❞❡✜♥❡ lor(h, P) ❛s ❛ ❧♦❣✐❝ r❡❣✐♦♥
♦❢ ❞♦♠❛✐♥ contents ♣❧✉s t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ P ✇✐t❤ r❡s♣❡❝t t♦ h✳ ❋♦r ❛❧❧ p ✐♥ t❤✐s ✢❛tt❡♥✐♥❣✱ ✇❡
❞❡✜♥❡✿
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lor(h, P)(p) = h(p)

❲❡ ❛❧s♦ ❞❡✜♥❡✿

lor(h, P)(contents) = P

❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝✿ ❊①❛♠♣❧❡ ❲❡ ✐❧❧✉str❛t❡ ❢✉♥❝t✐♦♥ loh ♦♥ ❛♥ ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r
❝❧❛ss Pair ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✿

❧❡t r❡❣✐♦♥ r : Pair ;
❧❡t pair = ♥❡✇ Pair [r ];
❧❡t left = ♥❡✇ Long [pair .Rleft ];
left .value ← ✹✷;
❧❡t right = ♥❡✇ Long [pair .Rright ];
right .value ← ✻✾;

■❢ ✇❡ st❛rt ✇✐t❤ ❛♥ ❡♠♣t② ❤❡❛♣ ❛♥❞ ❡①❡❝✉t❡ t❤❡ ♣r♦❣r❛♠✱ ✇❡ ♦❜t❛✐♥ ❤❡❛♣ H✱ ✇❤❡r❡ H ✐s
❞❡✜♥❡❞ ❛s t❤❡ s♠❛❧❧❡st ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿

H(r) = {✵}
H(pair) = ✵
H(left) = ✶
H(right) = ✷
H(✵)(Rleft) = {✶}
H(✵)(Rright) = {✷}
H(✵)(left) = ✶
H(✵)(right) = ✷
H(✶)(value) = ✹✷
H(✷)(value) = ✻✾
H(✵❄) = r

H(✶❄) = pair .Rleft
H(✷❄) = pair .Rright
H(next) = ✸

▲♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t loh(H) ✐s t❤❡ s♠❛❧❧❡st ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿

loh(H)(pair) = ✵
loh(H)(left) = ✶
loh(H)(right) = ✷
loh(H)(❤❡r❡)(r)(contents) = {✵}
loh(H)(❤❡r❡)(r)(✵)(Rleft) = {✶}
loh(H)(❤❡r❡)(r)(✵)(Rright) = {✷}
loh(H)(❤❡r❡)(r)(✵)(left) = ✶
loh(H)(❤❡r❡)(r)(✵)(right) = ✷
loh(H)(❤❡r❡)(r)(✶)(value) = ✹✷
loh(H)(❤❡r❡)(r)(✷)(value) = ✻✾

❲❡ ❤❛✈❡ Dom(loh(H)(❤❡r❡)(r)) = {contents, ✵, ✶, ✷}✳

❚❡r♠ ❊✈❛❧✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿

JLT KL
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JcKL = c

JLT 1 termop LT 2 KL = JLT 1 KL termop JLT 2 KL
Jx KL = L(x )
Jget(RT , LT , f )KL = JRT KL(JLT KL)(f )
Jf larg1 · · · largnKL = Jf K (Jlarg1 KL, · · ·, JlargnKL)

❙❡♠❛♥t✐❝s ♦❢ ❧♦❣✐❝ ❛r❣✉♠❡♥ts larg ✿
J [RT ] KL = JRT KL
J (LT ) KL = JLT KL

❋✐❣✉r❡ ✹✳✶✷✿ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡❧✮

Jr❅LKL = L(L)(r)
Jget(RT , LT , s)KL = lor(JRT KL, JRT KL(JLT KL)(s))

❋✐❣✉r❡ ✹✳✶✸✿ ❘❡❣✐♦♥ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡❧✮

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❡r♠ LT ✐♥ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L✳ ■t r❡t✉r♥s ❛ ✈❛❧✉❡ v ✳ ❋✐❣✉r❡ ✹✳✶✷ ❣✐✈❡s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ JLT KL✳

❲❡ ❞❡♥♦t❡ ❜②✿

JRT KL

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ r❡❣✐♦♥ t❡r♠ RT ✐♥ L✳ ■t r❡t✉r♥s ❛ ❧♦❣✐❝ r❡❣✐♦♥✳ ❋✐❣✉r❡ ✹✳✶✸ ❣✐✈❡s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ JRT KL✳

❙❡♠❛♥t✐❝s ❢♦r ❝♦♥st❛♥ts✱ ♦♣❡r❛t♦rs ❛♥❞ ✈❛r✐❛❜❧❡s ❛r❡ st❛♥❞❛r❞✳ ❆♣♣❧✐❝❛t✐♦♥ ✉s❡s t❤❡ ❛s✲
s✉♠❡❞ ✉s❡r✲❞❡✜♥❡❞ ♠♦❞❡❧ Jf K✳ ❋✐❡❧❞ s❡❧❡❝t✐♦♥ get(RT , LT , f ) r❡❛❞s ❧♦❝❛t✐♦♥ JLT KL ✐♥ ❧♦❣✐❝
r❡❣✐♦♥ JRT KL✱ ❛♥❞ t❤❡♥ r❡❛❞s ✜❡❧❞ f ✐♥ t❤❡ ♦❜t❛✐♥❡❞ ❧♦❣✐❝ ♦❜❥❡❝t✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ r❡❣✐♦♥
♥❛♠❡ r ❛t ❧❛❜❡❧ L ✐s L(L)(r)✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ r❡❣✐♦♥ t❡r♠ get(RT , LT , s) ✉s❡s roh t♦
r❡str✐❝t t❤❡ ❧♦❣✐❝ r❡❣✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ RT ✱ t♦ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s ✐♥ r❡❣✐♦♥
s ♦✇♥❡❞ ❜② LT ✳

Pr❡❞✐❝❛t❡ ❊✈❛❧✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿

JPKL

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ P ✐♥ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L✳ ■t ❡✐t❤❡r ❤♦❧❞s ♦r ❞♦❡s ♥♦t ❤♦❧❞✳
❋✐❣✉r❡ ✹✳✶✹ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ JPKL✳

❉❡✜♥✐t✐♦♥ ♦❢ JPKL ✐s st❛♥❞❛r❞ ❢♦r ♠♦st ♦♣❡r❛t♦rs✳ ❚❤❡ ✜rst ♥♦✈❡❧t② ✐s Jp largKL ✇❤❡r❡ p

✐s ❛ ♣r❡❞✐❝❛t❡ ♥❛♠❡✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ Jf largKL ✇❤❡r❡ f ✐s ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ♥❛♠❡✳ ❚❤❡ ♦t❤❡r
♥♦✈❡❧t✐❡s ❛r❡ J∀r❡❣✐♦♥ r : C. PKL ❛♥❞ J∃r❡❣✐♦♥ r : C. PKL✱ ✇❤✐❝❤ q✉❛♥t✐❢② ♦✈❡r ❧♦❣✐❝ r❡❣✐♦♥s✳
◗✉❛♥t✐✜❡❞ r❡❣✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛t ❧❛❜❡❧ ❤❡r❡✱ t❤❡ ❞❡❢❛✉❧t ❧❛❜❡❧✳

❊①♣r❡ss✐♦♥ ❊✈❛❧✉❛t✐♦♥ ❲❡ ♥♦✇ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ ❡①♣r❡ss✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜②✿

JeKH

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥ e ✐♥ ❤❡❛♣ H✳ ■t r❡t✉r♥s ❛ ✈❛❧✉❡ v ✳ ❋✐❣✉r❡ ✹✳✶✺ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ JeKH✳
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Jp larg1 · · · largnKL = JpK (Jarg1 KL, · · ·, JargnKL)
JP1 ∧ P2 KL ❤♦❧❞s ✐✛ JP1 KL ❤♦❧❞s ❛♥❞ JP2 KL ❤♦❧❞s
JP1 ∨ P2 KL ❤♦❧❞s ✐✛ JP1 KL ❤♦❧❞s ♦r JP2 KL ❤♦❧❞s
JP1 ⇒ P2 KL ❤♦❧❞s ✐✛ JP2 KL ❤♦❧❞s ♦r JP1 KL ❞♦❡s ♥♦t ❤♦❧❞
JP1 ⇐⇒ P2 KL ❤♦❧❞s ✐✛ JP1 KL ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ JP2 KL ❤♦❧❞s
J¬PKL ❤♦❧❞s ✐✛ JPKL ❞♦❡s ♥♦t ❤♦❧❞
J❚KL ❤♦❧❞s
J❋KL ❞♦❡s ♥♦t ❤♦❧❞
JLT 1 = LT 2 KL ❤♦❧❞s ✐✛ JLT 1 KL = JLT 2 KL
JLT 1 6= LT 2 KL ❤♦❧❞s ✐✛ JLT 1 KL 6= JLT 2 KL
JLT 1 > LT 2 KL ❤♦❧❞s ✐✛ JLT 1 KL > JLT 2 KL
JLT 1 ≥ LT 2 KL ❤♦❧❞s ✐✛ JLT 1 KL ≥ JLT 2 KL
J∀x : τ . PKL ❤♦❧❞s ✐✛ ❢♦r ❛❧❧ ✈❛❧✉❡ v ♦❢ t②♣❡ τ ✱ JPKL[x 7→ v ] ❤♦❧❞s
J∃x : τ . PKL ❤♦❧❞s ✐✛ t❤❡r❡ ✐s ❛ ✈❛❧✉❡ v ♦❢ t②♣❡ τ s✉❝❤ t❤❛t JPKL[x 7→ v ] ❤♦❧❞s
J∀r❡❣✐♦♥ r : C. PKL ❤♦❧❞s ✐✛ ❢♦r ❛❧❧ ❧♦❣✐❝ r❡❣✐♦♥ h✱ JPKL[❤❡r❡ 7→ L(❤❡r❡)[r 7→ h] ] ❤♦❧❞s
J∃r❡❣✐♦♥ r : C. PKL ❤♦❧❞s ✐✛ t❤❡r❡ ✐s h s✉❝❤ t❤❛t JPKL[❤❡r❡ 7→ L(❤❡r❡)[r 7→ h] ] ❤♦❧❞s
JLT ∈ RT KL ❤♦❧❞s ✐✛ JLT KL ✐s ✐♥ JRT KL(contents)

❋✐❣✉r❡ ✹✳✶✹✿ Pr❡❞✐❝❛t❡ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡❧✮

JcKH = c

Je1 op e2 KH = Je1 KH op Je2 KH
Jx KH = H(x )
Jx .f KH = H(H(x ))(f )
Jf arg1 · · · argnKH = Jf K (Jarg1 KH, · · ·, JargnKH)

❙❡♠❛♥t✐❝s ♦❢ ❛r❣✉♠❡♥ts arg ✿
J [ρ] KH = lor(H, H(ρ))
J (e) KH = JeKH

❋✐❣✉r❡ ✹✳✶✺✿ ❊①♣r❡ss✐♦♥ ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡❧✮
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❈♦♥st❛♥ts ❛♥❞ ♦♣❡r❛t✐♦♥s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛s t❤❡♠s❡❧✈❡s✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ✐♥
❡①♣r❡ss✐♦♥s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❢♦r t❡r♠s✱ ❡①❝❡♣t t❤❛t t❤❡ ♠♦❞❡❧ ❢♦r r❡❣✐♦♥s ✐s ❝♦♥str✉❝t❡❞
❢r♦♠ ♣r♦❣r❛♠ r❡❣✐♦♥s ρ✳ ❚♦ ❡✈❛❧✉❛t❡ ❛ ✈❛r✐❛❜❧❡ ✐s ❥✉st t♦ r❡❛❞ ✐ts ✈❛❧✉❡ ✐♥ t❤❡ ❤❡❛♣✳ ❚♦
❡✈❛❧✉❛t❡ x .f ✱ ✜rst ✇❡ r❡❛❞ ✈❛r✐❛❜❧❡ x t♦ ♦❜t❛✐♥ ❛ ❧♦❝❛t✐♦♥ p✱ t❤❡♥ ✇❡ r❡❛❞ ❛t ❧♦❝❛t✐♦♥ p t♦
♦❜t❛✐♥ ❛♥ ♦❜❥❡❝t✱ ❛♥❞ ✜♥❛❧❧② ✇❡ r❡❛❞ t❤❡ f ✜❡❧❞ ♦❢ t❤❡ ♦❜❥❡❝t✳

❙t❛t❡♠❡♥t ❊①❡❝✉t✐♦♥ ❲❡ ♥♦✇ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ st❛t❡♠❡♥ts✳ ❲❡ ❞❡♥♦t❡ ❜②✿

H, s =⇒ H′

t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ✇❤✐❝❤ tr❛♥s❢♦r♠s ❤❡❛♣ H ✐♥t♦ ❤❡❛♣ H′✳ ❲❡ ❞❡♥♦t❡ ❜②✿

H, s =⇒ ∞

t❤❡ ❢❛❝t t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ❞✐✈❡r❣❡s✳
❲❡ ✇r✐t❡✿

H, s1 ; · · ·; sn =⇒ H′

✐❢✱ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛❧❧ i ✿

Hi , si =⇒ Hi+✶

❛♥❞ H = H1 ❛♥❞ H′ = Hn+✶✳ ❲❡ ✇r✐t❡✿

H, s1 ; · · ·; sn =⇒ ∞

✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s s♦♠❡ i s✉❝❤ t❤❛t✿

H, s1 ; · · ·; si =⇒ H
′

❛♥❞✿

H′, s i+✶ =⇒ ∞

■❢ f ✐s ❛ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ ✭❛ ❤❡❛♣ H✱ ❢♦r ✐♥st❛♥❝❡✮ ✇❡ ❞❡♥♦t❡ ❜② f [ρ 7→ P] t❤❡ ❢✉♥❝t✐♦♥ g

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ r ✱ t❤❡♥ g(r) = P ❛♥❞ ❢♦r ❛❧❧ x 6= r ✱ g(x ) = f (x )✳
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛❧r❡❛❞②✲❞❡✜♥❡❞ f [r 7→ P ]✳ ❊❧s❡ ρ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ x .r ✱ ❛♥❞ t❤❡♥
g(x ) = g(x )[r 7→ P] ❛♥❞ ❢♦r ❛❧❧ y 6= x ✱ g(y) = f (y)✳

❲❡ ❞❡♥♦t❡ H(x .r) = H(H(x ))(r)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ H(ρ) ✇❤❡t❤❡r ρ
✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ ♦r ❛♥ ♦✇♥❡❞ r❡❣✐♦♥✳

❋✐❣✉r❡s ✹✳✶✻ ❛♥❞ ✹✳✶✼ ❣✐✈❡ s❡♠❛♥t✐❝s ❢♦r ❡❛❝❤ st❛t❡♠❡♥t ♦❢ t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡✳ ❋✐❣✲
✉r❡ ✹✳✶✻ ❞❡✜♥❡s t❤❡ s❡♠❛♥t✐❝s ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ t❡r♠✐♥❛t❡✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ✐♥❞✉❝t✐✈❡✳
❋✐❣✉r❡ ✹✳✶✼ ❞❡✜♥❡s t❤❡ s❡♠❛♥t✐❝s ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤ ❞✐✈❡r❣❡✱ ✇❤✐❝❤ ♠❛② ❤❛♣♣❡♥ ❞✉❡ t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ❝♦✐♥❞✉❝t✐✈❡✳ Pr♦❣r❛♠s ✇❤✐❝❤ ♥❡✐t❤❡r
t❡r♠✐♥❛t❡ ♥♦r ❞✐✈❡r❣❡ ❛r❡ ♣r♦❣r❛♠s ✇❤✐❝❤ ❜❧♦❝❦ ❜❡❝❛✉s❡ ♦❢ ❛♥ ❡rr♦r✳

❚❤❡ ❧❡t✲❜✐♥❞✐♥❣ st❛t❡♠❡♥t ✐♥s❡rts ❛ ♥❡✇ ✈❛r✐❛❜❧❡ ✐♥t♦ t❤❡ ❤❡❛♣✳ ■t ✉s❡s t❤❡ s❡♠❛♥t✐❝s ♦❢
❡①♣r❡ss✐♦♥s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✺ t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡ ❣✐✈❡♥ t♦ t❤❡ ✈❛r✐❛❜❧❡✳

❚❤❡ ❧❡t✲r❡❣✐♦♥ st❛t❡♠❡♥t s✐♠♣❧② ❛❞❞s t❤❡ ♥❡✇ r❡❣✐♦♥ ✐♥ t❤❡ ❤❡❛♣✱ ✐♥✐t✐❛❧❧② ❡♠♣t②✳
❚❤❡ ✉♥♣❛❝❦ ❛♥❞ ✇❡❛❦❡♥✐♥❣ st❛t❡♠❡♥ts ❞♦ ♥♦t❤✐♥❣ ❛♥❞ ❛❧✇❛②s r❡❞✉❝❡✳ ❚❤❡② ❛r❡ ♦♥❧② ✉s❡❞

❛s t②♣✐♥❣ ❛♥♥♦t❛t✐♦♥s✳
❚❤❡ ❢♦❝✉s st❛t❡♠❡♥t ✜rst ❝♦♠♣✉t❡s t❤❡ ❧♦❝❛t✐♦♥ p st♦r❡❞ ✐♥ ✈❛r✐❛❜❧❡ x ✳ ❚❤❡♥ ✐t s❡ts r❡❣✐♦♥

σ t♦ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② p✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ p ✐s ❝❤❛♥❣❡❞ t♦ σ✳
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H, ❧❡t x = e =⇒ H[x 7→ JeKH]
H, ❧❡t r❡❣✐♦♥ r : C =⇒ H[r 7→ ∅]
H, ✉♥♣❛❝❦ x =⇒ H
H, ✇❡❛❦❡♥ ❡♠♣t② ρ =⇒ H
H, ✇❡❛❦❡♥ s✐♥❣❧❡ ρ =⇒ H
H, ❢♦❝✉s x : ρ ❛s σ =⇒ H[σ 7→ {H(x )}][H(x )❄ 7→ σ]
H, ✉♥❢♦❝✉s x : σ ❛s ρ =⇒ H[H(x )❄ 7→ ρ]
H, x .f ← e =⇒ H[H(x ) 7→ H(x )[f 7→ JeKH] ]
H, ❛❞♦♣t x : σ ❛s ρ =⇒ H[ρ 7→ H(ρ) ∪ {H(x )}][H(x )❄ 7→ ρ]

H, ✐❢ e t❤❡♥ S ❡❧s❡ S′ =⇒ H′

✇✐t❤ H, S =⇒ H′ ✐❢ JeKH = true ❛♥❞ H, S′ =⇒ H′ ✐❢ JeKH = false✳

H, ❧❡t x = f arg1 · · · arg l =⇒ H4 [x 7→ JeK
H3

]
✇❤❡r❡✿
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ1 ] · · · [ρn ]✱
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✉❧❛r ❛r❣✉♠❡♥ts ✐s (e1 ) · · · (em)✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r1 , · · ·, rn ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✉❧❛r ❛r❣✉♠❡♥ts x1 , · · ·, xm ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ❜♦❞② s1 ; · · ·; sn ; r❡t✉r♥ e✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q ✱
H1 = H[x1 7→ Je1 KH]· · ·[xm 7→ JemKH]✱
H2 = H1 [r1 7→ H(ρ1 )]· · ·[rn 7→ H(ρn)][ρ1 ❄ 7→ r1 ]· · ·[ρn❄ 7→ rn ]✱
H2 , s1 ; · · ·; sl =⇒ H3 ✱
H4 = H3 [ρ1 7→ H3 (r1 )]· · ·[ρn 7→ H3 (rn)][r1 ❄ 7→ ρ1 ]· · ·[rn❄ 7→ ρn ]✱
❛♥❞ ♦♥❧② ✐❢ JPKloh(H2 )

❛♥❞ JQKloh(H3 [r❡s✉❧t 7→ JeKH3
]) ❤♦❧❞✳

H, ❧❡t x = ♥❡✇ C [ρ] =⇒ H[p 7→ o][x 7→ p][ρ 7→ {p}][p❄ 7→ ρ][next 7→ p+✶]
✇❤❡r❡ p = H(next) ❛♥❞ o ✐s ❛♥ ♦❜❥❡❝t ❛ss♦❝✐❛t✐♥❣ ∅ t♦ ❡✈❡r② r❡❣✐♦♥ ♦✇♥❡❞ ❜② C✳

H, ♣❛❝❦ x : C =⇒ H
✐❢ JInvC(H(x ))Kloh(H) ❤♦❧❞s✳

H, ❛ss❡rt P =⇒ H
✐❢ JPKloh(H) ❤♦❧❞s✳

H, ❧❛❜❡❧ L =⇒ H[L 7→ cur ]
✇❤❡r❡ cur ✐s loh(H) r❡str✐❝t❡❞ t♦ ❧❛❜❡❧s✳

❋✐❣✉r❡ ✹✳✶✻✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s ✭■♥t✉✐t✐✈❡ ▼♦❞❡❧✮



✾✽ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

H, ✐❢ e t❤❡♥ S ❡❧s❡ S′ =⇒ ∞
✇✐t❤ H, S =⇒ ∞ ✐❢ JeKH = true ❛♥❞ H, S′ =⇒ ∞ ✐❢ JeKH = false✳

H, ❧❡t x = f arg1 · · · arg l =⇒ ∞
✇❤❡r❡✿
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ1 ] · · · [ρn ]✱
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✉❧❛r ❛r❣✉♠❡♥ts ✐s (e1 ) · · · (em)✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r1 , · · ·, rn ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✉❧❛r ❛r❣✉♠❡♥ts x1 , · · ·, xm ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ❜♦❞② s1 ; · · ·; sn ; r❡t✉r♥ e✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q ✱
H1 = H[x1 7→ Je1 KH]· · ·[xm 7→ JemKH]✱
H2 = H1 [r1 7→ H(ρ1 )]· · ·[rn 7→ H(ρn)][ρ1 ❄ 7→ r1 ]· · ·[ρn❄ 7→ rn ]✱
H2 , s1 ; · · ·; sl =⇒ ∞

❋✐❣✉r❡ ✹✳✶✼✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s✿ ❉✐✈❡r❣❡♥❝❡ ✭■♥t✉✐t✐✈❡ ▼♦❞❡❧✮

❚❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t r❡st♦r❡s t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ x t♦ ρ✳

❚❤❡ ❛ss✐❣♥♠❡♥t st❛t❡♠❡♥t ✜rst r❡❛❞s t❤❡ ❧♦❝❛t✐♦♥ st♦r❡❞ ✐♥ ✈❛r✐❛❜❧❡ x ✳ ❚❤❡♥ ✐t ♠♦❞✐✜❡s
t❤❡ ♦❜❥❡❝t st♦r❡❞ ❛t t❤✐s ❧♦❝❛t✐♦♥ t♦ ❝❤❛♥❣❡ t❤❡ f ✜❡❧❞✳

❚❤❡ ❛❞♦♣t✐♦♥ st❛t❡♠❡♥t ❛❞❞s ❧♦❝❛t✐♦♥ p st♦r❡❞ ✐♥ ✈❛r✐❛❜❧❡ x t♦ t❤❡ s❡t ♦❢ ♣♦✐♥t❡rs ❞❡♥♦t❡❞
❜② r❡❣✐♦♥ ρ✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ p ❜❡❝♦♠❡s ρ✳

❚❤❡ ✐❢ st❛t❡♠❡♥t ✐s ♦♥❧② ❞❡✜♥❡❞ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ❡✈❛❧✉❛t❡s t♦ true ♦r false✳ ❚❤❡ ❜❧♦❝❦
✇❤✐❝❤ ✐s ❡①❡❝✉t❡❞ ❞❡♣❡♥❞s ♦♥ t❤✐s ✈❛❧✉❡✳

❚❤❡ ❝❛❧❧ st❛t❡♠❡♥t s❡♠❛♥t✐❝s ✐s ❛ ❧✐tt❧❡ tr✐❝❦②✳ ❇❡❝❛✉s❡ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥ f ✐s ❞❡✲
✜♥❡❞ ✉s✐♥❣ ❢♦r♠❛❧ ♣❛r❛♠❡t❡rs r1 , · · ·, rn ❛♥❞ x1 , · · ·, xn ✱ ✇❡ ❜✉✐❧❞ ❛ ❤❡❛♣ H2 ✐♥ ✇❤✐❝❤ t❤❡s❡
✈❛r✐❛❜❧❡s ♠❛❦❡ s❡♥s❡✳ ❚❤❡✐r ✈❛❧✉❡ ✐s t❤❡ ✈❛❧✉❡ ✇❤✐❝❤ ✇❛s ❣✐✈❡♥ ❛s ❛r❣✉♠❡♥t t♦ t❤❡ ❝❛❧❧✳
❚❤✐s ✐s s✐♠♣❧❡ ❢♦r ✈❛r✐❛❜❧❡s x1 , · · ·, xn ✳ ❋♦r r❡❣✐♦♥s r1 , · · ·, rn ✇❡ ❛❧s♦ ❤❛✈❡ t♦ ♠♦❞✐❢② t❤❡
❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❞❡✜♥❡ H[ρ❄ 7→ r ] ❛s f [p1 ❄ 7→ r ]· · ·[pn❄ 7→ r ]✱ ✐❢
{p | H(p❄) = ρ} = {p1 , · · ·, pn}✳ ◆♦t❡ t❤❛t ✇❡ ❛❧s♦ r❡q✉✐r❡ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ t♦ ❤♦❧❞ ✐♥ H2 ✳
❆❢t❡r t❤❡ ❝❛❧❧ ✇❡ ♦❜t❛✐♥ ❤❡❛♣ H3 ✱ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ♠♦✈❡ ♣♦✐♥t❡rs ❜❛❝❦ t♦ t❤❡✐r ♦r✐❣✐♥❛❧ r❡❣✐♦♥✳
❲❡ t❤✉s ♦❜t❛✐♥ H4 ✱ ✇❤✐❝❤ ✐s ❛❧♠♦st t❤❡ ✜♥❛❧ ❤❡❛♣✳ ❲❡ t❤❡♥ r❡t✉r♥ ❤❡❛♣ H4 ✇✐t❤ ❛❞❞✐t✐♦♥❛❧
✈❛r✐❛❜❧❡ x ✇❤♦s❡ ✈❛❧✉❡ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡t✉r♥ ❡①♣r❡ss✐♦♥ e ✐♥ ❤❡❛♣ H3 ✳ ◆♦t❡ t❤❛t ✇❡
❛❧s♦ ❛ss✉♠❡ t❤❛t ♥♦ ✈❛r✐❛❜❧❡ ❝❛♣t✉r❡ ♦❝❝✉rs✳

❚❤❡ ❛❧❧♦❝❛t✐♦♥ st❛t❡♠❡♥t t❛❦❡s t❤❡ ♥❡①t ❢r❡❡ ❧♦❝❛t✐♦♥ p ✐♥ t❤❡ ❤❡❛♣ ❛♥❞ ♣✉ts ✐t ✐♥ ♥❡✇❧②✲
❜♦✉♥❞ ✈❛r✐❛❜❧❡ x ✳ ❚❤❡♥ H(next) ❜❡❝♦♠❡s p+✶✳ ❆♥ ♦❜❥❡❝t o ✐s ❛❧❧♦❝❛t❡❞ ✐♥ H(p)✱ ✇✐t❤ ❡♠♣t②
s❡ts ❢♦r ❛❧❧ ♦✇♥❡❞ r❡❣✐♦♥s✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ p ✐s ρ✱ ❛♥❞ ρ ✐s s❡t t♦ ❜❡ t❤❡ s✐♥❣❧❡t♦♥ s❡t
{p}✳

❚❤❡ ♣❛❝❦ st❛t❡♠❡♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❤❡❛♣✱ ❜✉t ✐t ♦♥❧② r❡❞✉❝❡s ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡
♣♦✐♥t❡r ❜❡✐♥❣ ♣❛❝❦❡❞ ❤♦❧❞s✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❞❡✜♥❡ JInvC(p)KL✱ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ ❝❧❛ss
C ❛♣♣❧✐❡❞ t♦ ❧♦❝❛t✐♦♥ p✳ ■t ✐s ❡q✉✐✈❛❧❡♥t t♦ JPKL′ ✇❤❡r❡ P ✐s t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ❞❡✜♥❡❞
✐♥ t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ C✱ ❛♥❞ L′ ✐s ❛ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t s✉❝❤ t❤❛t✿ ❢♦r ❡❛❝❤ ✜❡❧❞ f ♦❢ C✱ ✇❡
❤❛✈❡ L′(f ) = L(p)(f ) ✭✜❡❧❞ ♥❛♠❡ f ✐s ✈✐❡✇❡❞ ❛s ❛ ✈❛r✐❛❜❧❡ ♥❛♠❡✮ ❛♥❞ ❢♦r ❛❧❧ r❡❣✐♦♥ r ♦❢ C✱
✇❡ ❤❛✈❡ L′(r) = L(p)(r)✳

❚❤❡ ❛ss❡rt st❛t❡♠❡♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❤❡❛♣✱ ❜✉t ✐t ♦♥❧② r❡❞✉❝❡s ✐❢ ✐ts ♣r❡❞✐❝❛t❡ ❤♦❧❞s
✐♥ t❤❡ ❝✉rr❡♥t ❤❡❛♣✳



✹✳✹✳ ❈❖❍❊❘❊◆❈❊ P❘❊❙❊❘❱❆❚■❖◆ ✾✾

✹✳✹ ❈♦❤❡r❡♥❝❡ Pr❡s❡r✈❛t✐♦♥

❚②♣❡ ♦❢ ❱❛❧✉❡s ❲❡ s❛② t❤❛t t②♣❡ τ ✐s ❛ ♣♦✐♥t❡r t②♣❡ ♦❢ ❝❧❛ss C ✐♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ❤❡❛♣
H ✐❢ τ ✐s [r ] ❛♥❞ r : C ✐s ✐♥ Γ✱ ♦r ✐❢ τ ✐s [x .r ]✱ x : τ ′ ✐s ✐♥ Γ✱ τ ′ ✐s ❛ ♣♦✐♥t❡r t②♣❡ ♦❢ ❝❧❛ss C′✱ ❛♥❞
r ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ ❝❧❛ss C ✐♥ t❤❡ ❝❧❛ss ❞❡✜♥✐t✐♦♥ ♦❢ C′✳

❲❡ s❛② t❤❛t p ✐s ❛ ❧♦❝❛t✐♦♥ ♦❢ ❝❧❛ss C ✐♥ ❤❡❛♣ H ✐❢ H(p)(f ) ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ✜❡❧❞ f

❞❡✜♥❡❞ ✐♥ C ❛♥❞ ✐s ❛ ✈❛❧✉❡ ♦❢ t❤❡ t②♣❡ ♦❢ f ✭s❡❡ ❜❡❧♦✇✮✱ ❛♥❞ H(p)(r) ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ r❡❣✐♦♥
r ❞❡✜♥❡❞ ✐♥ C✳

❲❡ s❛② t❤❛t v ✐s ❛ ✈❛❧✉❡ ♦❢ t②♣❡ τ ✐♥ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ❤❡❛♣ H ✐❢✿

• τ ✐s int ❛♥❞ v ✐s ❛♥ ✐♥t❡❣❡r❀

• ♦r τ ✐s bool ❛♥❞ v ✐s true ♦r false❀

• ♦r τ ✐s unit ❛♥❞ v ✐s t❤❡ ✉♥✐t ❝♦♥st❛♥t ()❀

• ♦r τ ✐s ❛ ✉s❡r t②♣❡ ❛♥❞ v ✐s ❛ ✈❛❧✉❡ ♦❢ t❤✐s t②♣❡❀

• ♦r τ ✐s ❛ ♣♦✐♥t❡r t②♣❡ ♦❢ ❝❧❛ss C ❛♥❞ v ✐s ❛ ❧♦❝❛t✐♦♥ ♦❢ ❝❧❛ss C✳

❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❝♦✐♥❞✉❝t✐✈❡✳ ❆♥ ✐♥❞✉❝t✐✈❡ ❞❡✜♥✐t✐♦♥ ✇♦✉❧❞ r❡str✐❝t ♦✉rs❡❧❢ t♦ ♣r♦❣r❛♠s
✇❤✐❝❤ ❞♦ ♥♦t ♠❛♥✐♣✉❧❛t❡ ❞❛t❛ str✉❝t✉r❡s ✇✐t❤ ❝②❝❧❡s✳

❈♦❤❡r❡♥❝❡ ❲❡ s❛② t❤❛t ❧♦❝❛t✐♦♥ p ✐s ❝❧♦s❡❞ ❢♦r ❝❧❛ss C ✐♥ ❤❡❛♣ H ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡
✐♥✈❛r✐❛♥t ♦❢ p ❤♦❧❞s ✐♥ H✱ ✐✳❡✳✿

JInvC(p)Kloh(H)

❛♥❞ ❛❧❧ ♦✇♥❡❞ ❧♦❝❛t✐♦♥s ♦❢ p ❛r❡ ❝❧♦s❡❞✱ ✐✳❡✳ ❢♦r ❛❧❧ r❡❣✐♦♥ r ✱ ❢♦r ❛❧❧ q ✐♥ H(p)(r) ✭✐❢ ❞❡✜♥❡❞✮✱
t❤❡♥ q ✐s ❝❧♦s❡❞ ✐♥ H✳ ▼♦r❡♦✈❡r✱ ✇❡ r❡q✉✐r❡ t❤❛t ✐❢ r ✐s ❞❡✜♥❡❞ ❛s ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ ✐♥ C✱
t❤❡♥ H(p)(r) ✐s ❛ s✐♥❣❧❡t♦♥ s❡t✳

❍❡❛♣ H ✐s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ♣❡r♠✐ss✐♦♥s Σ ❛♥❞ t②♣✐♥❣ ❡♥✈✐r♦♥♠❡♥t Γ ✐❢✱ ❛♥❞ ♦♥❧②
✐❢✿

✶✳ ✭✉♥✐❝✐t② ♦❢ ♣❡r♠✐ss✐♦♥s✮ ❢♦r ❛❧❧ r❡❣✐♦♥ ρ✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ ❢♦r♠
ρ∅✱ ρ◦✱ ρ×✱ ρG ♦r σ −◦ ρ ✐♥ Σ❀

✷✳ ✭❡♠♣t② ♣❡r♠✐ss✐♦♥s✮ ✐❢ ρ∅ ✐s ✐♥ Σ✱ t❤❡♥ H(ρ) = ∅❀

✸✳ ✭s✐♥❣❧❡t♦♥ ♣❡r♠✐ss✐♦♥s✮ ✐❢ ρ◦{f } ♦r ρ× ✐s ✐♥ Σ✱ t❤❡♥ t❤❡r❡ ✐s p s✉❝❤ t❤❛t H(ρ) = {p}❀

✹✳ ✭❝❧♦s❡❞ ♣❡r♠✐ss✐♦♥s✮ ✐❢ ρ× ♦r ρG ✐s ✐♥ Σ ❛♥❞ Γ ⊢ ρ: C✱ t❤❡♥ ❛❧❧ p ✐♥ H(ρ) ✐s ❝❧♦s❡❞
❢♦r C ✐♥ H❀

✺✳ ✭❢♦❝✉s ♣❡r♠✐ss✐♦♥s✮ ✐❢ σ −◦ ρ ✐s ✐♥ Σ ❛♥❞ Γ ⊢ ρ: C✱ t❤❡♥ ❛❧❧ p ✐♥ H(ρ) − H(σ) ✐s
❝❧♦s❡❞ ❢♦r C ✐♥ H❀

✻✳ ✭t②♣❡ ♦❢ ✈❛❧✉❡s✮ ❢♦r ❛❧❧ ❡①♣r❡ss✐♦♥ e s✉❝❤ t❤❛t Γ, Σ ⊢ e: τ ✱ t❤❡♥ JeKH ✐s ❞❡✜♥❡❞ ❛♥❞
✐s ❛ ✈❛❧✉❡ ♦❢ t②♣❡ τ ❀

✼✳ ✭r❡❣✐♦♥s ❛r❡ ❞❡✜♥❡❞✮ ❢♦r ❛❧❧ r❡❣✐♦♥ ρ s✉❝❤ t❤❛t Γ ⊢ ρ: C✱ t❤❡♥ H(ρ) ✐s ❞❡✜♥❡❞❀

✽✳ ✭❛❝t✐✈❡ r❡❣✐♦♥s✮ ❢♦r ❛❧❧ ❧♦❝❛t✐♦♥ p✱ ❢♦r ❛❧❧ r❡❣✐♦♥ ρ✱ ✐❢ p ∈ H(ρ) ❛♥❞ ❡✐t❤❡r ρ◦✱ ρ×✱ ρG

✐s ✐♥ Σ ♦r σ −◦ ρ ✐s ✐♥ Σ ❛♥❞ p /∈ H(σ)✱ t❤❡♥ H(p❄) = ρ❀



✶✵✵ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

✾✳ ✭❧❛❜❡❧s ❛r❡ ❞❡✜♥❡❞✮ ❢♦r ❛❧❧ L: R ✐♥ Γ✱ ❢♦r ❛❧❧ r ✐♥ R✱ H(L)(r) ✐s ❞❡✜♥❡❞✳

■t❡♠ ✶ ✐s r❡q✉✐r❡❞ ❢♦r ❝♦♥s✐st❡♥❝②❀ ❤❛✈✐♥❣ ❜♦t❤ ρ∅ ❛♥❞ ρ×✱ ❢♦r ✐♥st❛♥❝❡✱ ✇♦✉❧❞ r❡s✉❧t ✐♥ ρ
❜❡✐♥❣ ❜♦t❤ ❡♠♣t② ❛♥❞ ♥♦t ❡♠♣t②✳ ■t❡♠s ✷✱ ✸✱ ✹ ❛♥❞ ✺ st❛t❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❡❛❝❤ ♣❡r♠✐ss✐♦♥✳
■t❡♠s ✹ ❛♥❞ ✺ ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t✱ ❛s t❤❡② ❡♥s✉r❡ t❤❛t ✐♥✈❛r✐❛♥ts ❤♦❧❞ ✇❤❡♥ t❤❡② ❛r❡
s✉♣♣♦s❡❞ t♦✳ ■♥ ❢❛❝t✱ t❤❡② ❛r❡ t❤❡ ✐t❡♠s ✇❤✐❝❤ ♠❛tt❡r t❤❡ ♠♦st ❢r♦♠ ❛♥ ❡①t❡r♥❛❧ ♣♦✐♥t ♦❢
✈✉❡❀ ♦t❤❡r ✐t❡♠s str❡♥❣t❤❡♥ t❤❡ ❝♦❤❡r❡♥❝❡ ♣r❡❞✐❝❛t❡ t♦ ❜❡ ❛❜❧❡ t♦ ♣r♦✈❡ ✐t❡♠s ✹ ❛♥❞ ✺✳ ■t❡♠ ✻
♠❛✐♥❧② st❛t❡s t❤❛t ✈❛r✐❛❜❧❡s ❛♥❞ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❤❡❛♣ ❛r❡ ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ■t ❛❧s♦ st❛t❡s
t❤❛t ❛❧❧ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❝❛♥ ❛❝t✉❛❧❧② ❜❡ ❡✈❛❧✉❛t❡❞✳ ■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✱ ✐t❡♠ ✼ st❛t❡s
t❤❛t ❛❧❧ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥s ♠❛❦❡ s❡♥s❡ ✐♥ t❤❡ ❤❡❛♣✳ ■t❡♠ ✽ ❣✐✈❡s t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❛❝t✐✈❡ r❡❣✐♦♥s✳
■t❡♠ ✾ ❡♥s✉r❡s t❤❛t ❧❛❜❡❧s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛r❡ ✐♥ t❤❡ ❤❡❛♣ ❞♦♠❛✐♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❛t ❡①❡❝✉t✐♥❣ ❛ ♣r♦❣r❛♠ ✐♥ ❛ ❝♦❤❡r❡♥t ❤❡❛♣ r❡s✉❧ts ✐♥ ❛
❝♦❤❡r❡♥t ❤❡❛♣✳

❚❤❡♦r❡♠ ✶ ✭❈♦❤❡r❡♥❝❡ Pr❡s❡r✈❛t✐♦♥✮ ❋♦r ❛❧❧ ❤❡❛♣ H ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥
❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✱ ❢♦r ❛❧❧ st❛t❡♠❡♥t s✱ ✐❢

Γ ⊢ {Σ} s {Σ′}, Γ′

❛♥❞ ✐❢

H, s =⇒ H′

t❤❡♥ H′ ✐s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ′ ❛♥❞ Σ′✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ H, s =⇒ H′✳ ❲❡ ✜rst ♥♦t❡ t❤❛t ❛❧❧ st❛t❡♠❡♥ts
♣r❡s❡r✈❡ ✐t❡♠ ✶ ♦❢ ❝♦❤❡r❡♥❝❡✳ ❲❡ ✇✐❧❧ ✐♠♣❧✐❝✐t❡❧② ✉s❡ t❤✐s ❤②♣♦t❤❡s✐s ❡❛❝❤ t✐♠❡ ❛ r❡❣✐♦♥ ♦r ❛
❧♦❝❛t✐♦♥ ✐s ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❤❡❛♣ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛s❤✐♦♥✿ ✐❢ ✇❡ s❤♦✇ ✐t❡♠ ✷✱ ✸✱ ✹ ♦r ✺ ❢♦r ❛
❣✐✈❡♥ r❡❣✐♦♥ ρ✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ s❤♦✇ ❛♥② ♦t❤❡r ♦❢ t❤❡s❡ ✐t❡♠s ❢♦r r❡❣✐♦♥ ρ✱ ❡①❝❡♣t ❢♦r ρ×

✇❤✐❝❤ ✐s s❤❛r❡❞ ❜② ✸ ❛♥❞ ✹✳

• ❧❡t x = e

■t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞ ❜❡❝❛✉s❡ t❤❡ ♦♥❧② ♥❡✇ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s
x ♦❢ t❤❡ t②♣❡ τ ♦❢ ❡①♣r❡ss✐♦♥ e✱ ❛♥❞ t❤✉s t❤❡ ♦♥❧② ♥❡✇ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❛r❡ x ✱
❛♥❞ ♦t❤❡r ❡①♣r❡ss✐♦♥s ♠❡♥t✐♦♥♥✐♥❣ x ✳ ❚❤❡ ✈❛❧✉❡ ❣✐✈❡♥ t♦ x ✐♥ t❤❡ ❤❡❛♣ ✐s t❤❡ ✈❛❧✉❡
♦❜t❛✐♥❡❞ ❜② ❡✈❛❧✉❛t✐♥❣ e✳ ■t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ♦❢ H st❛t❡s t❤❛t t❤✐s ✈❛❧✉❡ ❤❛s t②♣❡ τ ✳
❋r♦♠ t❤❡r❡ ✇❡ ♣r♦✈❡ ✐t❡♠ ✻ ♦♥ ❛❧❧ ♥❡✇ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥s✱ ✐✳❡✳ t❤♦s❡ ✇❤♦ ♠❡♥t✐♦♥
x ✱ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡s❡ ❡①♣r❡ss✐♦♥s✳ ❖t❤❡r ✐t❡♠s ♦❢ ❝♦❤❡r❡♥❝❡ ❛r❡ tr✐✈✐❛❧✳

• ✐❢ e t❤❡♥ S1 ❡❧s❡ S2

❲❡ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ ❡✐t❤❡r S1 ♦r S2 ✱ ❞❡♣❡♥❞✐♥❣ ♦♥ JeKH✳

• ❧❡t x = f arg

❘❡❝❛❧❧ t②♣✐♥❣ r✉❧❡ ❙❈❛❧❧✿

f ❝♦♥s✉♠❡s Σ1 f ♣r♦❞✉❝❡s Σ2 f : param1 · · · paramn → τ
❢♦r ❛❧❧ i : Γ, Σ, σ ⊢ arg i : parami separated(arg1 , · · · , argn)

Γ ⊢ {Σ, σ(Σ1 )} ❧❡t x = f arg1 · · · argn {Σ, σ(Σ2 )}, (Γ, x : σ(τ))
❙❈❛❧❧
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❋✐rst ✇❡ s❤♦✇ t❤❛t H2 ✐s ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t Γ2 ❛♥❞
♣❡r♠✐ss✐♦♥s Σ2 ✇✐t❤ ✇❤✐❝❤ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥ f ✇❛s t②♣❡❞✳ ❚❤❡♥ ✇❡ ❛♣♣❧② t❤❡
✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♥❞ ♦❜t❛✐♥ t❤❛tH3 ✐s ❝♦❤❡r❡♥t✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛tH′ ✐s ❝♦❤❡r❡♥t✳

❍❡❛♣ H1 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② ❛❞❞✐♥❣ ✈❛r✐❛❜❧❡s x ✇✐t❤ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s JeKH✳ ❚②♣✐♥❣
❡♥s✉r❡s t❤❛t t❤❡ t②♣❡ ♦❢ t❤❡s❡ ✈❛❧✉❡s ✐s t❤❡ ❢♦r♠❛❧ t②♣❡ ♦❢ t❤❡ r❡❣✉❧❛r ❛r❣✉♠❡♥ts x ♦❢
f ✱ ❛♥❞ t❤✉s ✐t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ♦❢ H1 ✇✐t❤ r❡s♣❡❝t t♦ Γ′ ❤♦❧❞s✳

❍❡❛♣ H2 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H1 ❜② ❛❞❞✐♥❣ r❡❣✐♦♥s r ✇✐t❤ r❡s♣❡❝t✐✈❡ s❡ts H(ρ)✳ ❚②♣✐♥❣
♦❢ ♣❡r♠✐ss✐♦♥s ❡♥s✉r❡s t❤❛t ♣❡r♠✐ss✐♦♥s Σ1 ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤✉s ✐t❡♠s ✷✱ ✸✱ ✹ ❛♥❞ ✺ ♦❢
❝♦❤❡r❡♥❝❡ ❤♦❧❞ t♦♦✱ ❛♥❞ H2 ✐s ❝♦❤❡r❡♥t✳ ❚❤✉s H3 ✐s ❝♦❤❡r❡♥t✳

❲❡ ✉s❡ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❢r♦♠ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s t♦ s❤♦✇ t❤❛t H4 ✐s ❝♦❤❡r❡♥t
❛❢t❡r tr❛♥s❢❡rr✐♥❣ r❡❣✐♦♥s ❜❛❝❦✳ ❍❡❛♣ H′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H4 ❜② ❛❞❞✐♥❣ ✈❛r✐❛❜❧❡ x ♦❢
t❤❡ ❝♦rr❡❝t t②♣❡✱ t❤✉s ♣r❡s❡r✈✐♥❣ ❝♦❤❡r❡♥❝❡✳

• ❧❡t r❡❣✐♦♥ r : C

❚❤❡ ♦♥❧② ✐t❡♠s ♦❢ ❝♦❤❡r❡♥❝❡ ✇❤✐❝❤ ❛r❡ ♥♦t str❛✐❣❤t❢♦r✇❛r❞ ❛r❡ ✐t❡♠s ✷✱ ✻ ❛♥❞ ✼✱ ❛s t❤❡r❡
✐s ♥❡✇ ♣❡r♠✐ss✐♦♥ r∅ ❛♥❞ ♥❡✇ r❡❣✐♦♥ r ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■t❡♠ ✷ ❤♦❧❞s ❜② ❞❡✜♥✐t✐♦♥
♦❢ =⇒✳ ❚❤❡ ♦♥❧② ♥❡✇ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❛r❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s ✉s✐♥❣ r ✱
✇❤✐❝❤ ❛r❡ ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ❙♦ ✐t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
r❡❞✉❝t✐♦♥ r✉❧❡✱ H′(r) ✐s ❞❡✜♥❡❞✱ s♦ ✐t❡♠ ✼ ✐s ♣r❡s❡r✈❡❞✳

• ❧❡t x = ♥❡✇ C [ρ]

■t❡♠ ✻ ❤♦❧❞s ❛s x ✐s ❛ ♣♦✐♥t❡r ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡✳ ❊①♣r❡ss✐♦♥s x .f ✐s ♥♦t ✇❡❧❧✲t②♣❡❞
❛s ♣❡r♠✐ss✐♦♥ ♦♥ ρ st❛t❡s t❤❛t ♥♦ ✜❡❧❞ ✐s ✐♥✐t✐❛❧✐③❡❞✳ P❡r♠✐ss✐♦♥ ρ∅ ✐s ❝♦♥s✉♠❡❞ ❛♥❞
r❡♣❧❛❝❡❞ ❜② ρ◦ ❛♥❞ ❡♠♣t② ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ x ✳ ❘❡❣✐♦♥ ρ ✐s ✐♥❞❡❡❞
s✐♥❣❧❡t♦♥ ❛❢t❡r t❤❡ ❛❧❧♦❝❛t✐♦♥✱ ❛♥❞ ♦✇♥❡❞ r❡❣✐♦♥s ❛r❡ ✐♥❞❡❡❞ ❡♠♣t②✳ ▼♦r❡♦✈❡r✱ H(x .r)
✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ♦✇♥❡❞ r❡❣✐♦♥ r ✱ s♦ ✐t❡♠ ✼ ♦❢ ❝♦❤❡r❡♥❝❡ ✐s ♣r❡s❡r✈❡❞✳ ▲❡t p = H(next)✳
■t❡♠ ✽ ❤♦❧❞s ❛s ✇❡ ❤❛✈❡ p ∈ H′(ρ) ❛❧♦♥❣ ✇✐t❤ H′(p❄) = ρ ❛♥❞ ρ◦✳

• ❢♦❝✉s x : ρ ❛s σ

P❡r♠✐ss✐♦♥s ρG ❛♥❞ σ∅ ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❜② σ −◦ ρ ❛♥❞ σ×✳ ❚❤❡ ❧♦❝❛t✐♦♥
♣✉t ✐♥t♦ σ ✇❛s ✐♥ ρ❀ ✇❡ ✉s❡ ✐t❡♠ ✹ t♦ s❤♦✇ t❤❛t ✐t ✇❛s t❤✉s ❝❧♦s❡❞✱ ❛♥❞ ✐s st✐❧❧ ❝❧♦s❡❞
✐♥ σ✳ ❘❡❣✐♦♥ σ ✐s s✐♥❣❧❡t♦♥ ❛❢t❡r t❤❡ ♦♣❡r❛t✐♦♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ =⇒✳ ❚❤✉s ✐t❡♠s ✸ ❛♥❞
✹ ❛r❡ ♣r❡s❡r✈❡❞✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ✐s ❝❤❛♥❣❡❞ ❢r♦♠ σ t♦ ρ✱ t♦
♣r❡s❡r✈❡ ✐t❡♠ ✽✳

❱❛r✐❛❜❧❡ x ❤❛s ❝❤❛♥❣❡❞ t②♣❡ ❢r♦♠ [ρ] t♦ [σ]✱ ❜✉t ✐t ✐♥❞❡❡❞ ❝♦♥t❛✐♥s ❛ ❧♦❝❛t✐♦♥ ♦❢ σ✱ s♦
✐t❡♠ ✻ ✐s ♣r❡s❡r✈❡❞✳

• x .f ← e

❚❤✐s ♦♣❡r❛t✐♦♥ ❞♦❡s ♥♦t ❜r❡❛❦ ✐t❡♠s ✹ ❛♥❞ ✺ ♦❢ ❝♦❤❡r❡♥❝❡✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ t❤❛t t❤❡
✐♥✈❛r✐❛♥t ♦❢ ❛ ♣♦✐♥t❡r p ✐s ❜r♦❦❡♥ ❜② t❤✐s ❛ss✐❣♥♠❡♥t✳ ❚❤❡♥ t❤✐s ✐♥✈❛r✐❛♥t ❞❡♣❡♥❞s ♦♥
x .f ✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦♥ ✐♥✈❛r✐❛♥ts r❡q✉✐r❡s t❤❛t x ✐s ✭tr❛♥s✐t✐✈❡❧②✮ ♦✇♥❡❞ ❜② p✱ ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts ✐t❡♠ ✹ ♦❢ ❝♦❤❡r❡♥❝❡✳

■t❡♠ ✻ ❤♦❧❞s ❛s t②♣✐♥❣ ❡♥s✉r❡s t❤❛t JeKH ❤❛s t❤❡ t②♣❡ ♦❢ f ✱ ❛♥❞ t❤❡ ♦♥❧② ♥❡✇ ✇❡❧❧✲t②♣❡❞
❡①♣r❡ss✐♦♥ ✐s x .f ✭♣❡r♠✐ss✐♦♥s st❛t❡ t❤❛t f ✐s ♥♦✇ ✐♥✐t✐❛❧✐③❡❞ ✐❢ ✐t ✇❛s ♥♦t✮✳

• ❛❞♦♣t x : σ ❛s ρ
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P❡r♠✐ss✐♦♥ ρG ✐s ♣r♦❞✉❝❡❞✳ ❲❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ ♥❡✇ ♣♦✐♥t❡r ♦❢ ρ✱ ✐✳❡✳ x ✱ ✐s
❝❧♦s❡❞✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t σ× ✇❛s ❛✈❛✐❧❛❜❧❡ ❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳ ❚❤✉s
✐t❡♠ ✹ ✐s ♣r❡s❡r✈❡❞✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦❝✉s❡❞ ♣♦✐♥t❡r ✐s ❝❤❛♥❣❡❞ ❢r♦♠ σ t♦ ρ✱
t♦ ♣r❡s❡r✈❡s ✐t❡♠ ✽✳

❱❛r✐❛❜❧❡ x ❤❛s ❝❤❛♥❣❡❞ t②♣❡ ❢r♦♠ [σ] t♦ [ρ]✱ ❜✉t ✐t ✐♥❞❡❡❞ ❝♦♥t❛✐♥s ❛ ❧♦❝❛t✐♦♥ ✇❤✐❝❤ ✐s
♥♦✇ ✐♥ ρ✱ s♦ ✐t❡♠ ✻ ✐s ♣r❡s❡r✈❡❞✳

• ✉♥❢♦❝✉s x : σ ❛s ρ

P❡r♠✐ss✐♦♥ ρG ✐s ♣r♦❞✉❝❡❞ ✇❤✐❧❡ σ −◦ ρ ✇❛s ❛✈❛✐❧❛❜❧❡ ❜❡❢♦r❡✳ ❲❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇
t❤❛t t❤❡ ♣♦✐♥t❡r ♦❢ σ✱ ✐✳❡✳ x ✱ ✐s ❝❧♦s❡❞✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t σ× ✇❛s ❛✈❛✐❧❛❜❧❡
❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳ ❚❤✉s ✐t❡♠ ✹ ✐s ♣r❡s❡r✈❡❞✳ ❚❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦❝✉s❡❞ ♣♦✐♥t❡r
✐s ❝❤❛♥❣❡❞ ❢r♦♠ σ t♦ ρ✱ t♦ ♣r❡s❡r✈❡s ✐t❡♠ ✽✳

❱❛r✐❛❜❧❡ x ❤❛s ❝❤❛♥❣❡❞ t②♣❡ ❢r♦♠ [σ] t♦ [ρ]✱ ❜✉t ✐t ✐♥❞❡❡❞ ❝♦♥t❛✐♥s ❛ ❧♦❝❛t✐♦♥ ✇❤✐❝❤ ✐s
♥♦✇ ✐♥ ρ✱ s♦ ✐t❡♠ ✻ ✐s ♣r❡s❡r✈❡❞✳

◆♦t❡ ❤♦✇ ❝❧♦s❡ t❤✐s r❡❛s♦♥✐♥❣ ✐s t♦ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❛❜♦✈❡ ❢♦r ❛❞♦♣t✐♦♥✳ ■♥❞❡❡❞✱ ❛❞♦♣t
❛♥❞ ✉♥❢♦❝✉s ❛r❡ ✈❡r② s✐♠✐❧❛r ♦♣❡r❛t✐♦♥s✳

• ♣❛❝❦ x : C

P❡r♠✐ss✐♦♥ ρ× ✐s ♣r♦❞✉❝❡❞✱ ✇❤❡r❡ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❲❡ t❤✉s ❤❛✈❡ t♦ s❤♦✇ t❤❛t
x ✐s ❝❧♦s❡❞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ =⇒✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ❤♦❧❞s✳ ▼♦r❡♦✈❡r✱ t②♣✐♥❣ ❡♥s✉r❡s
t❤❛t ❝❧♦s❡❞ ♣❡r♠✐ss✐♦♥s ♦♥ ❛❧❧ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ x ❛r❡ ❝♦♥s✉♠❡❞✳ ❙♦ ✇❡ ✉s❡ ✐t❡♠ ✹ ♦❢
❝♦❤❡r❡♥❝❡ t♦ s❤♦✇ t❤❛t ❛❧❧ ✭tr❛♥s✐t✐✈❡❧②✮ ♦✇♥❡❞ ❧♦❝❛t✐♦♥s ❛r❡ ❝❧♦s❡❞✱ ❛♥❞ t❤✉s t❤❛t x ✐s
❝❧♦s❡❞ ✐ts❡❧❢✳

• ✉♥♣❛❝❦ x

P❡r♠✐ss✐♦♥ ρ◦ ✐s ♣r♦❞✉❝❡❞✱ ❛♥❞ ρ× ✐s ❝♦♥s✉♠❡❞ s♦ ρ ✐s ✐♥❞❡❡❞ s✐♥❣❧❡t♦♥✳ P❡r♠✐ss✐♦♥s ♦♥
♦✇♥❡❞ r❡❣✐♦♥s ❛r❡ ♣r♦❞✉❝❡❞✳ ❲❡ ✉s❡ ✐t❡♠ ✹ t♦ s❤♦✇ t❤❛t ❛❧❧ ♦✇♥❡❞ ❧♦❝❛t✐♦♥s ♦❢ x ❛r❡
❝❧♦s❡❞ ❛♥❞ t❤✉s t❤❛t ✐t❡♠ ✹ ✐s ♣r❡s❡r✈❡❞✳ ❲❡ ❛❧s♦ ✉s❡ ✐t❡♠ ✹ t♦ s❤♦✇ t❤❛t ❛❧❧ s✐♥❣❧❡t♦♥
♦✇♥❡❞ ❧♦❝❛t✐♦♥s ❛r❡ ✐♥❞❡❡❞ s✐♥❣❧❡t♦♥s✱ ❛♥❞ t❤✉s t❤❛t ✐t❡♠ ✸ ✐s ♣r❡s❡r✈❡❞✳

• ✇❡❛❦❡♥ ❡♠♣t② ρ

❆♥ ❡♠♣t② r❡❣✐♦♥ ❤❛s ♥♦ ♣♦✐♥t❡r✱ s♦ ✐t❡♠ ✹ tr✐✈✐❛❧❧② ❤♦❧❞s✳

• ✇❡❛❦❡♥ s✐♥❣❧❡ ρ

P❡r♠✐ss✐♦♥ ρ× ✐s ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❜② ρG✱ ✇❤✐❝❤ ♣r❡s❡r✈❡s ✐t❡♠ ✹ ♦❢ ❝♦❤❡r❡♥❝❡✳

• ❛ss❡rt P

❍❡❛♣✱ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ♣❡r♠✐ss✐♦♥s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❜② t❤✐s ♦♣❡r❛t✐♦♥✳

• ❧❛❜❡❧ L

❲❡ ❛❞❞ L: R ✐♥ Γ✱ s♦ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✐t❡♠ ✾ ♦❢ ❝♦❤❡r❡♥❝❡✳ ❚❤❡ t②♣✐♥❣ r✉❧❡ r❡q✉✐r❡s
❛❧❧ r❡❣✐♦♥ ♥❛♠❡s r ✐♥ R t♦ ❜❡ ✐♥ Γ✱ s♦ ❢r♦♠ ✐t❡♠ ✼ ♦❢ ❝♦❤❡r❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t H(r) ✐s
❞❡✜♥❡❞✳ ❙♦ loh(H)(r) ✐s ❞❡✜♥❡❞ ❛s ✇❡❧❧✱ ❛♥❞ t❤✉s H′(L)(r) ✐s ❞❡✜♥❡❞✳

✷
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✹✳✺ ❙❡♣❛r❛t❡❞ ▼❡♠♦r② ▼♦❞❡❧

✹✳✺✳✶ ❙❡♣❛r❛t❡❞ ❖♣❡r❛t✐♦♥❛❧ ❙❡♠❛♥t✐❝s

❲❡ ♥♦✇ ❣✐✈❡ ❈❛♣✉❝✐♥❡ ❛ ♠♦❞❡❧ ✇❤✐❝❤ ✐s ❧❡ss st❛♥❞❛r❞✱ ❜✉t ✇❤✐❝❤ ✐s ❝❧♦s❡r t♦ t❤❡ ❈❛♣✉❝✐♥❡✲
t♦✲❲❤② tr❛♥s❧❛t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❧♦❝❛t✐♦♥s ❞♦ ♥♦t
❜❡❧♦♥❣ t♦ t❤❡ ❤❡❛♣ ❜✉t t♦ r❡❣✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥st❡❛❞ ♦❢ ✇r✐t✐♥❣ H(p)✱ ✇❡ ✇r✐t❡ Hs(r)(p)
✇❤❡r❡ r ✐s t❤❡ r❡❣✐♦♥ ♦❢ ❧♦❝❛t✐♦♥ p✳ ▼♦r❡♦✈❡r✱ ✐❢ p ♦✇♥s ❛ r❡❣✐♦♥ s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ✐ts ♦❜❥❡❝t
❜② ✇r✐t✐♥❣ Hs(r)(p)(s)✳ ■❢ ❧♦❝❛t✐♦♥ q ❜❡❧♦♥❣s t♦ s✱ ✇❡ ❝❛♥ ✇r✐t❡ Hs(r)(p)(s)(q) t♦ ♦❜t❛✐♥ t❤❡
♦❜❥❡❝t ♦❢ q ✳

▼♦❞❡❧ ❲❡ ❞❡✜♥❡ ❛ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ ❧♦❝❛t✐♦♥s p t♦ s❡♣❛r❛t❡❞ ♦❜❥❡❝ts o✳
❆ s❡♣❛r❛t❡❞ ♦❜❥❡❝t ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ ✜❡❧❞ ♥❛♠❡s f t♦ ✈❛❧✉❡s✱ ❛♥❞ ❢r♦♠ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡s
r t♦ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s✳

❲❡ ❞❡✜♥❡ t❤❡ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs ❛s ❛ ❢✉♥❝t✐♦♥✿

• Hs(x ) r❡t✉r♥s t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ x ❀

• Hs(r) r❡t✉r♥s t❤❡ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ r❡❣✐♦♥ ♥❛♠❡ r ❀

• Hs(p❄) r❡t✉r♥s t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ ♣♦✐♥t❡r p❀

• Hs(next) r❡t✉r♥s t❤❡ ♥❡①t ❢r❡❡ ❧♦❝❛t✐♦♥ t♦ ❜❡ ❛❧❧♦❝❛t❡❞❀

• Hs(L)(r) r❡t✉r♥s ❛ r❡❣✐♦♥ ❢✉♥❝t✐♦♥✳

Hs(x )✱ Hs(p❄) ❛♥❞ Hs(next) ❛r❡ t❤❡ s❛♠❡ ❛s H(x )✱ H(p❄) ❛♥❞ H(next)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡
♦♥❧② ❝❤❛♥❣❡ ✐s t❤✉s t❤❛t H(p) ✐s ♠♦✈❡❞ ✐♥t♦ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s Hs(r)✳

❲❡ t❤❡♥ ❞❡✜♥❡Hs(p) ❛s ❢♦❧❧♦✇s✳ ■❢Hs(p❄) = r ✱ ✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ ♥❛♠❡✱ t❤❡♥ ✇❡
❞❡✜♥❡ Hs(p) = Hs(r)(p)✳ ■❢ Hs(p❄) = x .r t❤❡♥ ✇❡ ❞❡✜♥❡ Hs(p) = Hs(Hs(x ))(r)(p)✳ ❚❤✐s
✐s ❛ r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥✱ ❛♥❞ t❤✉s Hs(p) ✐s ♦♥❧② ❞❡✜♥❡❞ ✐❢ t❤❡ ♣❛t❤ ❞❡s❝r✐❜❡❞ ❜② Hs(p❄) ✐s
❞❡✜♥❡❞ ❛♥❞ ✜♥✐t❡✳

❲❡ ❞❡✜♥❡ Hs[p 7→ o] ❛s ❢♦❧❧♦✇s✳ ■❢ Hs(p❄) = r t❤❡♥✿

Hs[p 7→ o] = Hs[r 7→ Hs(r)[p 7→ o] ]

■❢ Hs(p❄) = x .r t❤❡♥✿

Hs[p 7→ o] = Hs[Hs(x ) 7→ Hs(Hs(x ))[r 7→ Hs(Hs(x ))(r)[p 7→ o] ] ]

■t ✐s ♦♥❝❡ ❛❣❛✐♥ ❛ r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥✳
❲❡ ❛❧s♦ ❞❡✜♥❡✿

Hs(p.r) = Hs(p)(r)

Hs(x .r) = Hs(Hs(x ))(r)

❛s ✇❡❧❧ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣❧❛❝❡♠❡♥ts✿

Hs[p.r 7→ g ] = Hs[p 7→ Hs(p)[r 7→ g ] ]

Hs[x .r 7→ g ] = Hs[Hs(x ) 7→ Hs(Hs(x ))[r 7→ g ] ]



✶✵✹ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

▲♦❣✐❝ ▼♦❞❡❧ ❚❤❡ s❡♣❛r❛t❡❞ ❧♦❣✐❝ ♠♦❞❡❧ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ s❡♣❛r❛t❡❞ ♣r♦❣r❛♠ ♠♦❞❡❧✳ ❆
s❡♣❛r❛t❡❞ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t Ls ✐s ❛ ❢✉♥❝t✐♦♥✿

• Ls(L)(r) r❡t✉r♥s ❛ r❡❣✐♦♥ ❢✉♥❝t✐♦♥❀

• Ls(x ) r❡t✉r♥s t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ x ✳

Ls t❤✉s ❧♦♦❦s ❧✐❦❡ ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ Hs ♦♥ r❡❣✐♦♥s ❛♥❞ ✈❛r✐❛❜❧❡s✳

❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝ ❲❡ ❞❡✜♥❡ lors(g)✱ ✇❤❡r❡ g ✐s ❛ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥✱
❛s t❤❡ ❧♦❣✐❝ r❡❣✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ g ✳ ❇② ❧♦❣✐❝ r❡❣✐♦♥ ✇❡ ♠❡❛♥ ✐♥t✉✐t✐✈❡ ❧♦❣✐❝ r❡❣✐♦♥ ❛s
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ♥♦t s❡♣❛r❛t❡❞ ❧♦❣✐❝ r❡❣✐♦♥✳ ❋♦r♠❛❧❧②✱ lors(g) ✐s ❞❡✜♥❡❞ ❛s t❤❡
s♠❛❧❧❡st ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t✿

lors(g)(contents) = Dom(g)

❛♥❞ ❢♦r ❛❧❧ n ≥ ✵✱ ❢♦r ❛❧❧ p1 , · · ·, pn ✱ ❢♦r ❛❧❧ r1 , · · ·, rn ✱ ❢♦r ❛❧❧ p✱ ❢♦r ❛❧❧ ✜❡❧❞ ♥❛♠❡ f ✱ ❢♦r ❛❧❧
♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡ s✱ ✐❢ g(p1 )(r1 )· · ·(pn)(rn)(p)(f ) ✐s ❞❡✜♥❡❞ t❤❡♥✿

lors(p)(f ) = g(p1 )(r1 )· · ·(pn)(rn)(p)(f )

❛♥❞ ✐❢ g(p1 )(r1 )· · ·(pn)(rn)(p)(r) ✐s ❞❡✜♥❡❞ t❤❡♥✿

lors(p)(s) = Dom(g(p1 )(r1 )· · ·(pn)(rn)(p)(s))

■❢ ❛ ❧♦❝❛t✐♦♥ ❛♣♣❡❛rs t✇✐❝❡ ✐♥ g ✱ t❤❡♥ lors(g) ✐s ♥♦t ❞❡✜♥❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ p ∈ Dom(g) ❛♥❞
p ∈ Dom(g(p)(s))✱ lors(g) ✐s ♥♦t ❞❡✜♥❡❞✳

❲❡ ❞❡✜♥❡ lors
′(g , Hs) ✇❤❡r❡ g ✐s ❛ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥✱ ❛s t❤❡ ❧♦❣✐❝ r❡❣✐♦♥ ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ g ✐♥ Hs✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ lors ✐s t❤❛t ✇❡ t❛❦❡ ❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs ✐♥
Hs ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤✉s✿

Dom(lors
′(g , Hs)) = Dom(lors(g))

❛♥❞ ❢♦r ❛❧❧ p ✐♥ Dom(lors(g))✿

lors
′(g , Hs)(p) = Hs(p)

❘❡♠❡♠❜❡r t❤❛t Hs(p) ✐s ❛❝t✉❛❧❧② ❛ ♥♦t❛t✐♦♥ ✇❤✐❝❤ ✉s❡s ❛❝t✐✈❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs✳ ❋✐♥❛❧❧②
✇❡ ♦❢ ❝♦✉rs❡ ❤❛✈❡✿

lors
′(g , Hs)(contents) = lors(g)(contents) = Dom(g)

❲❡ ❞❡✜♥❡ lohs ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ s❡♣❛r❛t❡❞ ❤❡❛♣s Hs t♦ s❡♣❛r❛t❡❞ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥ts
Ls✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ lohs ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ Hs r❡str✐❝t❡❞ t♦ ✈❛r✐❛❜❧❡s x ❛♥❞ r❡❣✐♦♥ ♥❛♠❡s r ✳
❋♦r ❡❛❝❤ r❡❣✐♦♥ ♥❛♠❡ r ✐♥ Dom(Hs)✱ ✇❡ ❞❡✜♥❡✿

lohs(Hs)(❤❡r❡)(r) = lors
′(Hs(r), Hs)

❋♦r ❡❛❝❤ ❧❛❜❡❧ L ✐♥ Dom(Hs)✱ ✇❡ ❞❡✜♥❡✿

lohs(Hs)(L) = Hs(L)

❋♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ♥❛♠❡ x ✐♥ Dom(Hs)✱ ✇❡ ❞❡✜♥❡✿

lohs(Hs)(x ) = Hs(x )
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LcMLs
= c

LLT 1 termop LT 2 MLs
= LLT 1 MLs

termop LLT 2 MLs

Lx MLs
= Ls(x )

Lget(RT , LT , f )MLs
= LRT MLs

(LLT MLs
)(f )

Lf larg1 · · · largnMLs
= Jf K (Llarg1 MLs

, · · ·, LlargnMLs
)

❙❡♠❛♥t✐❝s ♦❢ ❧♦❣✐❝ ❛r❣✉♠❡♥ts larg ✿
L [RT ] MLs

= LRT MLs

L (LT ) MLs
= LLT MLs

❋✐❣✉r❡ ✹✳✶✽✿ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡❧✮

Lr❅LMLs
= Ls(L)(r)

Lget(RT , LT , s)MLs
= lors(LRT MLs

(LLT MLs
)(s))

❋✐❣✉r❡ ✹✳✶✾✿ ❘❡❣✐♦♥ ❚❡r♠ ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡❧✮

❚❡r♠ ❊✈❛❧✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿

LLT MLs

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❡r♠ LT ✐♥ s❡♣❛r❛t❡❞ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t Ls✳ ■t r❡t✉r♥s ❛ ✈❛❧✉❡ v ✳ ❋✐❣✉r❡ ✹✳✶✽
❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ LLT MLs

✳
❲❡ ❞❡♥♦t❡ ❜②✿

LRT MLs

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ r❡❣✐♦♥ t❡r♠ RT ✐♥ Ls✳ ■t r❡t✉r♥s ❛ ❧♦❣✐❝ r❡❣✐♦♥✳ ❋✐❣✉r❡ ✹✳✶✾ ❣✐✈❡s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ LRT MLs

✳
❚❡r♠ ❡✈❛❧✉❛t✐♦♥ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❡r♠ ❡✈❛❧✉❛t✐♦♥ ✐♥ t❤❡ ✐♥t✉✐t✐✈❡

♠♦❞❡❧✳ ■♥ ❢❛❝t✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s ❡✈❛❧✉❛t✐♦♥ ♦❢ r❡❣✐♦♥ t❡r♠ get(RT , LT , s)✳ ◆♦t❡ t❤❛t
✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥♦t❤❡r ♠♦❞❡❧ Lf M ❢♦r ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s❀ ✐♥st❡❛❞ ✇❡ r❡✉s❡ t❤❡
❡①✐st✐♥❣ ♦♥❡ Jf K✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ✇❤❡♥ ❛♣♣❧②✐♥❣ f ✐♥ t❤❡ ✐♥t✉✐t✐✈❡
♠♦❞❡❧ ❛♥❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳

Pr❡❞✐❝❛t❡ ❊✈❛❧✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿

LPMLs

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ P ✐♥ s❡♣❛r❛t❡❞ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t Ls✳ ■t ✐s s✐♠✐❧❛r t♦ ♣r❡❞✐❝❛t❡
❡✈❛❧✉❛t✐♦♥ ✐♥ ❛♥ ✐♥t✉✐t✐✈❡ ❧♦❣✐❝ ❡♥✈✐r♦♥♠❡♥t L✱ ❡①❝❡♣t t❤❛t ✇❡ ✉s❡ t❤❡ s❡♣❛r❛t❡❞ t❡r♠ ❛♥❞
r❡❣✐♦♥ ❡✈❛❧✉❛t✐♦♥ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤✉s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ LPMLs

✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ JPKL ✐♥ ❋✐❣✉r❡ ✹✳✶✹✱ ❡①❝❡♣t t❤❛t ♠♦st J.K ❛r❡ r❡♣❧❛❝❡❞ ❜② L.M ❛♥❞ L ❜② Ls✳ ❲❡
♦♥❧② ❦❡❡♣ JpK ✐♥st❡❛❞ ♦❢ LpM ✐♥ ♣r❡❞✐❝❛t❡ ❛♣♣❧✐❝❛t✐♦♥✱ ❥✉st ❛s ✇❡ ❞✐❞ ❢♦r t❡r♠s✳

❊①♣r❡ss✐♦♥ ❊✈❛❧✉❛t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿

LeMHs

t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥ e ✐♥ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs✳ ❋✐❣✉r❡ ✹✳✷✵ ❣✐✈❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ LeMHs
✳

■t ✐s s✐♠✐❧❛r t♦ ❡①♣r❡ss✐♦♥ ❡✈❛❧✉❛t✐♦♥ ✐♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H ❛s ❞❡✜♥❡❞ ✐♥ ✹✳✶✺✱ ❡①❝❡♣t t❤❛t
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Hs(p) ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ H(p)✱ ❛♥❞ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
L [ρ] MH ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J [ρ] MH✳
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LcMHs
= c

Le1 op e2 MHs
= Le1 MHs

op Le2 MHs

Lx MHs
= Hs(x )

Lx .f MHs
= Hs(Hs(x ))(f )

Lf arg1 · · · argnMHs
= Jf K (Larg1 MHs

, · · ·, LargnMHs
)

❙❡♠❛♥t✐❝s ♦❢ ❛r❣✉♠❡♥ts arg ✿
L [ρ] MHs

= lors
′(Hs(ρ), Hs)

L (e) MHs
= LeMHs

❋✐❣✉r❡ ✹✳✷✵✿ ❊①♣r❡ss✐♦♥ ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡❧✮

❙t❛t❡♠❡♥t ❊①❡❝✉t✐♦♥ ❲❡ ❞❡♥♦t❡ ❜②✿

Hs, s =⇒ Hs
′

t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ✇❤✐❝❤ tr❛♥s❢♦r♠s s❡♣❛r❛t❡❞ ❤❡❛♣ Hs ✐♥t♦ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs
′✳

❲❡ ❞❡♥♦t❡ ❜②✿

Hs, s =⇒ ∞

t❤❡ ❢❛❝t t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ st❛t❡♠❡♥t s ❞✐✈❡r❣❡s✳ ■♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ ❛s ❢♦r t❤❡ ✐♥t✉✐t✐✈❡
s❡♠❛♥t✐❝s✱ ✇❡ ✇r✐t❡✿

Hs, s1 ; · · ·; sn =⇒ Hs
′

❛♥❞✿

Hs, s1 ; · · ·; sn =⇒ ∞

t❤❡ s❡♠❛♥t✐❝s ❢♦r s❡q✉❡♥❝❡s✳
❋✐❣✉r❡s ✹✳✷✶ ❛♥❞ ✹✳✷✷ ❣✐✈❡ s❡♠❛♥t✐❝s ❢♦r ❡❛❝❤ st❛t❡♠❡♥t ♦❢ t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡ ✐♥ ♦✉r

s❡♣❛r❛t❡❞ ♠♦❞❡❧✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ❛r❡ r❡s♣❡❝t✐✈❡❧② ✐♥❞✉❝t✐✈❡ ❛♥❞ ❝♦✐♥❞✉❝t✐✈❡✳
❲❡ ❞❡♥♦t❡ ❜② ∅ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❡♠♣t② ❞♦♠❛✐♥✳ ■t ✐s ✉s❡❞ ❜② t❤❡ ❧❡t r❡❣✐♦♥ st❛t❡♠❡♥t✱

✇❤✐❝❤ ❛❞❞s ❛♥ ❡♠♣t② r❡❣✐♦♥✱ ✐✳❡✳ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡♠♣t② ❞♦♠❛✐♥✱ t♦ t❤❡ ❤❡❛♣✳
▼♦st ❞❡✜♥✐t✐♦♥s ❛r❡ ✉♥❝❤❛♥❣❡❞ ❢r♦♠ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧✱ ♦r ❛t ❧❡❛st ❧♦♦❦s ✉♥❝❤❛♥❣❡❞

t❤❛♥❦s t♦ ♥♦t❛t✐♦♥s s✉❝❤ ❛s Hs[p 7→ · · ·]✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛ss✐❣♥♠❡♥t ❛♥❞
❢✉♥❝t✐♦♥ ❝❛❧❧s✳ ❉❡✜♥✐t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥ ❝❛❧❧s ✉s❡s ♥♦t❛t✐♦♥ f [ρ❄ 7→ · · ·] ✇❤✐❝❤ ✇❛s ❞❡✜♥❡❞ ❢♦r
t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧✳ ❚❤❡ ♦♥❧② ❞❡✜♥✐t✐♦♥s ✇❤✐❝❤ ❛❝t✉❛❧❧② ❧♦♦❦ ❞✐✛❡r❡♥t ❛r❡ ❞❡✜♥✐t✐♦♥s ❢♦r
❢♦❝✉s✱ ✉♥❢♦❝✉s✱ ❛❞♦♣t✐♦♥ ❛♥❞ ❛❧❧♦❝❛t✐♦♥✳

❆❞♦♣t✐♦♥ ❛♥❞ ❛❧❧♦❝❛t✐♦♥ ♥❡❡❞ t♦ ❜❡ r❡✇r✐tt❡♥ ❜❡❝❛✉s❡ r❡❣✐♦♥s ❛r❡ ♥♦ ❧♦♥❣❡r s❡ts✱ ❜✉t
❢✉♥❝t✐♦♥s ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ♦❜❥❡❝ts✳ ■♥ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡✱ ♥♦t❛t✐♦♥ (p 7→ o) ❞❡♥♦t❡s t❤❡
❢✉♥❝t✐♦♥ ♦❢ ❞♦♠❛✐♥ {p}✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s o t♦ p✳ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ✇❡ ♥❡❡❞ t♦ r❡✇r✐t❡ r✉❧❡s
❢♦r ❢♦❝✉s✱ ✉♥❢♦❝✉s ❛♥❞ ❛❞♦♣t✐♦♥✳ ■♥❞❡❡❞✱ t❤✐s t✐♠❡ t❤❡ ♦❜❥❡❝t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧♦❝❛t✐♦♥ ♠✉st
❜❡ ♠♦✈❡❞ ✇✐t❤ t❤❡ ❧♦❝❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ r✉❧❡ ❢♦r ❛❞♦♣t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ r✉❧❡ ❢♦r
✉♥❢♦❝✉s✳ ❆❧s♦ ♥♦t❡ t❤❛t ✐♥ t❤♦s❡ t✇♦ r✉❧❡s✱ ✐t ❤❛♣♣❡♥s t❤❛t p = Hs(x ) ❛♥❞ o = Hs(p)✳

❆❧❧♦❝❛t✐♦♥ ❆❧t❤♦✉❣❤ ♣♦✐♥t❡rs ❛r❡ s❡♣❛r❛t❡❞✱ t❤❡② ❛r❡ st✐❧❧ ❛❧❧♦❝❛t❡❞ ✉s✐♥❣ ❛ s✐♥❣❧❡ ❝♦✉♥t❡r
Hs(next)✳ ❚❤❡r❡ ✐s ♥♦t ♦♥❡ s✉❝❤ ❝♦✉♥t❡r ♣❡r r❡❣✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❛t ✐❢
t✇♦ ❧♦❝❛t✐♦♥s ❛r❡ ✐♥ t✇♦ ❞✐st✐♥❝t r❡❣✐♦♥s ❛♥❞ ✐❢ s♦♠❡ ♣❡r♠✐ss✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥ t❤♦s❡ t✇♦
r❡❣✐♦♥s✱ t❤❡♥ t❤❡ ❧♦❝❛t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤❡ ♣❡r♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦rt❛♥t ❛s s♦♠❡
❧♦❝❛t✐♦♥s ♠❛② ❛❝t✉❛❧❧② ❜❡ ✐♥ s❡✈❡r❛❧ r❡❣✐♦♥s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❝✉s ❛♥❞ ❛❞♦♣t ♦♣❡r❛t✐♦♥s✳ ❲❡
s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✺✳✼ ❤♦✇ t❤❡ ♣r♦❣r❛♠♠❡r ❝❛♥ ✉s❡ s✉❝❤ ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥✳
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Hs, ❧❡t x = e =⇒ Hs[x 7→ LeMHs
]

Hs, ❧❡t r❡❣✐♦♥ r : C =⇒ Hs[r 7→ ∅]
Hs, ✉♥♣❛❝❦ x =⇒ Hs

Hs, ✇❡❛❦❡♥ ❡♠♣t② ρ =⇒ Hs

Hs, ✇❡❛❦❡♥ s✐♥❣❧❡ ρ =⇒ Hs

Hs, x .f ← e =⇒ Hs[Hs(x ) 7→ Hs(x )[f 7→ LeMHs
] ]

Hs, ✐❢ e t❤❡♥ S ❡❧s❡ S′ =⇒ Hs
′

✇✐t❤ Hs, S =⇒ Hs
′ ✐❢ LeMHs

= true ❛♥❞ Hs, S
′ =⇒ Hs

′ ✐❢ LeMHs
= false✳

Hs, ❧❡t x = f arg1 · · · arg l =⇒ Hs4 [x 7→ LeM
Hs3

]
✇❤❡r❡✿
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ1 ] · · · [ρn ]✱
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✉❧❛r ❛r❣✉♠❡♥ts ✐s (e1 ) · · · (em)✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r1 , · · ·, rn ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✉❧❛r ❛r❣✉♠❡♥ts x1 , · · ·, xm ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ❜♦❞② s1 ; · · ·; sn ; r❡t✉r♥ e✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q ✱
Hs1 = Hs[x1 7→ Le1 MHs

]· · ·[xm 7→ LemMHs
]✱

Hs2 = Hs1 [r1 7→ Hs(ρ1 )]· · ·[rn 7→ Hs(ρn)][ρ1 ❄ 7→ r1 ]· · ·[ρn❄ 7→ rn ]✱
Hs2 , s1 ; · · ·; sl =⇒ Hs3 ✱
Hs4 = Hs3 [ρ1 7→ Hs3 (r1 )]· · ·[ρn 7→ Hs3 (rn)][r1 ❄ 7→ ρ1 ]· · ·[rn❄ 7→ ρn ]✱
❛♥❞ ♦♥❧② ✐❢ LPMlohs(Hs2 )

❛♥❞ LQMlohs(Hs3 [r❡s✉❧t 7→ LeMHs3
]) ❤♦❧❞✳

Hs, ❧❡t x = ♥❡✇ C [ρ] =⇒ Hs[ρ 7→ (p 7→ o)][x 7→ p][p❄ 7→ ρ][next 7→ p+✶]
✇❤❡r❡ p = Hs(next) ❛♥❞ o ✐s ❛♥ ♦❜❥❡❝t ❛ss♦❝✐❛t✐♥❣ ∅ t♦ ❡✈❡r② r❡❣✐♦♥ ♦✇♥❡❞ ❜② C✳

Hs, ♣❛❝❦ x : C =⇒ Hs

✐❢ LInvC(Hs(x ))Mlohs(Hs) ❤♦❧❞s✳

Hs, ❛ss❡rt P =⇒ Hs

✐❢ LPMlohs(Hs) ❤♦❧❞s✳

Hs, ❢♦❝✉s x : ρ ❛s σ =⇒ Hs[σ 7→ (p 7→ Hs(p))][p❄ 7→ σ]
✇❤❡r❡ p = Hs(x )✳

Hs, ✉♥❢♦❝✉s x : σ ❛s ρ =⇒ Hs[ρ 7→ Hs(ρ)[p 7→ o] ][p❄ 7→ ρ]
✐❢ Hs(σ) = p 7→ o✳

Hs, ❛❞♦♣t x : σ ❛s ρ =⇒ Hs[ρ 7→ Hs(ρ)[p 7→ o] ][p❄ 7→ ρ]
✐❢ Hs(σ) = p 7→ o✳

Hs, ❧❛❜❡❧ L =⇒ Hs[L 7→ cur ]
✇❤❡r❡ cur ✐s lohs(H) r❡str✐❝t❡❞ t♦ ❧❛❜❡❧s✳

❋✐❣✉r❡ ✹✳✷✶✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s ✭❙❡♣❛r❛t❡❞ ▼♦❞❡❧✮
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Hs, ✐❢ e t❤❡♥ S ❡❧s❡ S′ =⇒ ∞
✇✐t❤ Hs, S =⇒ ∞ ✐❢ LeMHs

= true ❛♥❞ Hs, S
′ =⇒ ∞ ✐❢ LeMHs

= false✳

Hs, ❧❡t x = f arg1 · · · arg l =⇒ ∞
✇❤❡r❡✿
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ1 ] · · · [ρn ]✱
arg1 · · · arg l r❡str✐❝t❡❞ t♦ r❡❣✉❧❛r ❛r❣✉♠❡♥ts ✐s (e1 ) · · · (em)✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✐♦♥ ❛r❣✉♠❡♥ts r1 , · · ·, rn ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ r❡❣✉❧❛r ❛r❣✉♠❡♥ts x1 , · · ·, xm ✐♥ t❤✐s ♦r❞❡r✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ❜♦❞② s1 ; · · ·; sn ; r❡t✉r♥ e✱
f ✇❛s ❞❡❝❧❛r❡❞ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q ✱
Hs1 = Hs[x1 7→ Le1 MHs

]· · ·[xm 7→ LemMHs
]✱

Hs2 = Hs1 [r1 7→ Hs(ρ1 )]· · ·[rn 7→ Hs(ρn)][ρ1 ❄ 7→ r1 ]· · ·[ρn❄ 7→ rn ]✱
Hs2 , s1 ; · · ·; sl =⇒ ∞

❋✐❣✉r❡ ✹✳✷✷✿ ❙t❛t❡♠❡♥t ❙❡♠❛♥t✐❝s✿ ❉✐✈❡r❣❡♥❝❡ ✭❙❡♣❛r❛t❡❞ ▼♦❞❡❧✮

✹✳✺✳✷ ■♥t✉✐t✐✈❡ ❛♥❞ ❙❡♣❛r❛t❡❞ ▼♦❞❡❧ ❊q✉✐✈❛❧❡♥❝❡

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ❛♥❞ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳ ❲❡ ❞❡✜♥❡ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
✐♥t✉✐t✐✈❡ ❤❡❛♣s ❛♥❞ s❡♣❛r❛t❡❞ ❤❡❛♣s✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ❡①❡❝✉t✐♥❣ ❛ st❛t❡♠❡♥t ♣r❡s❡r✈❡s t❤✐s
r❡❧❛t✐♦♥✳

❲❡ ❞❡✜♥❡ r❡❧❛t✐♦♥ Ro(o, os) ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H✱ ❛♥ ✐♥t✉✐t✐✈❡ ♦❜❥❡❝t o ❛♥❞ ❛
s❡♣❛r❛t❡❞ ♦❜❥❡❝t os ❛s t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥ ✈❡r✐❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ ❢♦r ❛❧❧ ✜❡❧❞ ♥❛♠❡ f ✱ o(f ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ os(f ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ os(f ) = o(f )❀

✷✳ ❢♦r ❛❧❧ r❡❣✐♦♥ ♥❛♠❡ r ✱ o(r) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ os(r) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱
Dom(os(r)) = o(r)✳

❲❡ ❞❡✜♥❡ r❡❧❛t✐♦♥ R(H, Hs) ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H ❛♥❞ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs ❛s
t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥ ✈❡r✐❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡ ♥❛♠❡ x ✱ H(x ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs(x ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱
Hs(x ) = H(x )❀

✷✳ ❢♦r ❛❧❧ ❧♦❝❛t✐♦♥ p✱ H(p❄) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs(p❄) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱
Hs(p❄) = H(p❄)❀

✸✳ ❢♦r ❛❧❧ ❧♦❝❛t✐♦♥ p✱ H(p) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs(p) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱
Ro(H(p), Hs(p))❀

✹✳ ❢♦r ❛❧❧ r❡❣✐♦♥ ♥❛♠❡ r ✱ H(r) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs(r) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱
Dom(Hs(r)) = H(r)❀

✺✳ H(next) = Hs(next)❀

✻✳ ❢♦r ❛❧❧ ❧❛❜❡❧ L✱ H(L) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs(L) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ H(L) = Hs(L)✳

◆♦t❡ t❤❛t ❢♦r t✇♦ ❤❡❛♣s t♦ ❜❡ ✐♥ r❡❧❛t✐♦♥✱ ✐t ✐s ♥❡❝❡ss❛r② ❢♦r ♣❛t❤s ❞❡s❝r✐❜❡❞ ❜② ❛❝t✐✈❡
r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs t♦ ❜❡ ✜♥✐t❡✳ ■♥❞❡❡❞✱ Hs(p) ✐s ♥♦t ❞❡✜♥❡❞ ♦t❤❡r✇✐s❡✳

❲❡ ✜rst s❤♦✇ t❤❛t t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s ❡✈❛❧✉❛t❡ t♦ t❤❡ s❛♠❡ ✈❛❧✉❡s ✐♥ ❜♦t❤ ♠♦❞❡❧s✳
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❚❤❡♦r❡♠ ✷ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ ❚❡r♠ ❊✈❛❧✉❛t✐♦♥✮ ▲❡t Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s✱
Γ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ RT ❛ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥ t❡r♠ ✇✐t❤ r❡s♣❡❝t t♦ Γ✱ LT ❛ ✇❡❧❧✲t②♣❡❞ t❡r♠ ✇✐t❤
r❡s♣❡❝t t♦ Γ✱ H ❛♥ ❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ ❛♥❞ Hs ❛ s❡♣❛r❛t❡❞ ❤❡❛♣
s✉❝❤ t❤❛t R(H, Hs)✳ ▲❡t L = loh(H) ❛♥❞ Ls = lohs(Hs)✳ ❚❤❡♥✿

✶✳ JRT KL ❛♥❞ LRT MLs
❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛❧ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s❀

✷✳ JLT KL ❛♥❞ LLT MLs
❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛❧ ✈❛❧✉❡s✳

Pr♦♦❢✳ ❇② str✉❝t✉r❛❧ ✐♥❞✉❝t✐♦♥ ♦♥ RT ❛♥❞ LT ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s
✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t x ❜❡ ❡✐t❤❡r ❛ ❛ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥ t❡r♠ ♦r ❛ ✇❡❧❧✲t②♣❡❞ t❡r♠✳ ❚❤❡♥ ❢♦r
❛❧❧ s✉❜✲r❡❣✐♦♥✲t❡r♠ RT ♦❢ x ✱ JRT KL ❛♥❞ LRT MLs

❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛❧ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s✳
❆♥❞ ❢♦r ❛❧❧ s✉❜✲t❡r♠ LT ♦❢ x ✱ JLT KL ❛♥❞ LLT MLs

❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ❛r❡ ❡q✉❛❧ ✈❛❧✉❡s✳
❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ t❡r♠✳

• c

❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛❧❧② ❡✈❛❧✉❛t❡❞ ❛s t❤❡ s❛♠❡ ✈❛❧✉❡s✳

• x

❋r♦♠ ✐t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ✇❡ ❦♥♦✇ t❤❛t H(x ) ✐s ❞❡✜♥❡❞✳ L(x ) ❛♥❞ Ls(x ) ❛r❡✱ ❜②
❝♦♥str✉❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ H(x ) ❛♥❞ Hs(x )✱ ✇❤✐❝❤ ❛r❡ ❡q✉❛❧ ❜② R ✐❢ t❤❡② ❛r❡
❞❡✜♥❡❞✳

• LT 1 termop LT 2

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT 1 ❛♥❞ LT 2 ✳ ❖♣❡r❛t✐♦♥s termop t❤❡♥ ❡✈❛❧✉❛t❡
❡q✉❛❧❧②✳

• f larg

❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t larg ✱ ✐❢ larg ✐s ♦❢ t❤❡ ❢♦r♠ [RT ] t❤❡♥ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤✲
❡s✐s ♦♥ RT ✱ ❡❧s❡ larg ✐s ♦❢ t❤❡ ❢♦r♠ (LT ) ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT ✳
❋✉♥❝t✐♦♥ Jf K ❛♣♣❧✐❡❞ t♦ t❤❡s❡ ❛r❣✉♠❡♥ts ✐s t❤❡♥ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ♠♦❞❡❧s✳

• get(RT , LT , f )

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✳

❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t lor ❛♥❞ lors ❝♦♥str✉❝t t❤❡ s❛♠❡ ❧♦❣✐❝ r❡❣✐♦♥✳ ❖♥ contents✱ t❤❡s❡
❧♦❣✐❝ r❡❣✐♦♥s ❛r❡ ❡q✉❛❧ ❜② R✳ ❖♥ ❡❛❝❤ ❧♦❝❛t✐♦♥ p✱ t❤❡s❡ ❧♦❣✐❝ r❡❣✐♦♥s ❛r❡ ❡q✉❛❧ ❜② R✳
❚❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡s❡ ❧♦❣✐❝ r❡❣✐♦♥s ❛r❡ ❡q✉❛❧ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✢❛tt❡♥✐♥❣s✳

❋✐♥❛❧❧② ✇❡ ✉s❡ R t♦ ♦❜t❛✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ f ✜❡❧❞s ❛r❡ ❡q✉❛❧ ✐♥ ❜♦t❤ ♠♦❞❡❧s✳

❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ r❡❣✐♦♥ t❡r♠✳

• r❅L

❚❤✐s ❝❛s❡ ❛♠♦✉♥ts t♦ s❤♦✇✐♥❣ t❤❛t lor ❛♥❞ lors ❝♦♥str✉❝t t❤❡ s❛♠❡ ❧♦❣✐❝ r❡❣✐♦♥✱ ✐♥
❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t❤❛♥ ❢♦r t❤❡ get(RT , LT , f ) ❝❛s❡ ❛❜♦✈❡✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t
H(L) = Hs(L)✳

• get(RT , LT , s)

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✱ ❛♥❞ t❤❡♥ ✇❡ s❤♦✇ t❤❛t lor ❛♥❞
lors ❝♦♥str✉❝t t❤❡ s❛♠❡ ❧♦❣✐❝ r❡❣✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t❤❛♥ ✇❡ ❞✐❞ ❢♦r t❤❡ ❛❜♦✈❡
get(RT , LT , f ) ❝❛s❡✳
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✷

❲❡ ❝❛♥ ♥♦✇ s❤♦✇ ❛ s✐♠✐❧❛r t❤❡♦r❡♠ ❢♦r ♣r❡❞✐❝❛t❡s✳

❚❤❡♦r❡♠ ✸ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ Pr❡❞✐❝❛t❡ ❊✈❛❧✉❛t✐♦♥✮ ▲❡t Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐s✲
s✐♦♥s✱ Γ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ P ❛ ✇❡❧❧✲t②♣❡❞ ♣r❡❞✐❝❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ logicenv(Γ)✱ H ❛♥ ❝♦❤❡r❡♥t
✐♥t✉✐t✐✈❡ ❤❡❛♣ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ ❛♥❞ Hs ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ s✉❝❤ t❤❛t R(H, Hs)✳ ▲❡t
L = loh(H) ❛♥❞ Ls = lohs(Hs)✳ ❚❤❡♥ JPKL ❛♥❞ LPMLs

❛r❡ ❞❡✜♥❡❞ ❛♥❞ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ P ✳ ❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✷ ♦♥ t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r
❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ LT ∈ RT ♣r❡❞✐❝❛t❡✳ ✷

❲❡ ♥♦✇ s❤♦✇ ❛ s✐♠✐❧❛r t❤❡♦r❡♠ ❢♦r ❡①♣r❡ss✐♦♥s✳

❚❤❡♦r❡♠ ✹ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ ❊①♣r❡ss✐♦♥ ❊✈❛❧✉❛t✐♦♥✮ ▲❡t Σ ❜❡ ❛ s❡t ♦❢
♣❡r♠✐ss✐♦♥s✱ Γ ❛♥ ❡♥✈✐r♦♥♠❡♥t✱ e ❛ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ H ❛♥
❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✱ ❛♥❞Hs ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ s✉❝❤ t❤❛tR(H, Hs)✳
❚❤❡♥ JeKH ❛♥❞ LeMHs

❛r❡ ❞❡✜♥❡❞ ❛♥❞ JeKH = LeMHs
✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ e✳ ■t❡♠ ✻ ♦❢ ❝♦❤❡r❡♥❝❡ ❡♥s✉r❡s t❤❛t JeKH ✐s ❞❡✜♥❡❞✳ ❲❡ ❝♦♥s✐❞❡r
❡❛❝❤ ❝❛s❡ ❢♦r e✳

• c

❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛❧❧② ❡q✉❛❧❧② ❡✈❛❧✉❛t❡❞✳

• x

❆s H(x ) ✐s ❞❡✜♥❡❞✱ s♦ ✐s Hs(x ) ❜② R ❛♥❞ t❤❡② ❛r❡ ❡q✉❛❧✳

• e1 op e2

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ e1 ❛♥❞ e2 ✳ ❖♣❡r❛t✐♦♥s op t❤❡♥ ❡✈❛❧✉❛t❡ ❡q✉❛❧❧②✳

• f arg

❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t arg ✱ ✐❢ arg ✐s ♦❢ t❤❡ ❢♦r♠ (e) ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥
e✳ ❊❧s❡ arg ✐s ♦❢ t❤❡ ❢♦r♠ [ρ]✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t lors′(Hs(ρ), Hs) = lor(H, H(ρ)) ❛s ✇❡
❞✐❞ ❢♦r t❤❡ r ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❋✉♥❝t✐♦♥ Jf K ❛♣♣❧✐❡❞ t♦ t❤❡s❡ ❛r❣✉♠❡♥ts ✐s t❤❡♥ t❤❡
s❛♠❡ ✐♥ ❜♦t❤ ♠♦❞❡❧s✳

• x .f

❇② ❞❡✜♥✐t✐♦♥ ♦❢ R✱ Hs(p) ✐s ❞❡✜♥❡❞ ❛♥❞ Ro(H(p), Hs(p))✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Ro✱ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t H(p)(f ) = Hs(p)(f )✳

◆♦t❡ ❤♦✇ s✐♠✐❧❛r t❤❡ ♣r♦♦❢ ✐s t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ✷

❲❡ ✜♥❛❧❧② s❤♦✇ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ ❢♦r st❛t❡♠❡♥ts✱ r❡❧❛t✐♥❣ ✐♥t✉✐t✐✈❡ ❛♥❞ s❡♣❛r❛t❡❞ ❤❡❛♣s✳

❚❤❡♦r❡♠ ✺ ✭❙♦✉♥❞♥❡ss ♦❢ ❙❡♣❛r❛t❡❞ ❙t❛t❡♠❡♥t ❊①❡❝✉t✐♦♥✮ ▲❡t s ❜❡ ❛ st❛t❡♠❡♥t
s✉❝❤ t❤❛t✿

Σ, Γ ⊢ {Σ} s {Σ′}, Γ′

▲❡t H ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣✱ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Σ ❛♥❞ Γ✳ ▲❡t Hs ❛ s❡♣❛r❛t❡❞ ❤❡❛♣✱ s✉❝❤
t❤❛t R(H, Hs)✳

❚❤❡r❡ ✐s H′ s✉❝❤ t❤❛t✿
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H, s =⇒ H′

✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s Hs
′ s✉❝❤ t❤❛t✿

Hs, s =⇒ Hs
′

❛♥❞ ✐❢ s♦✱ t❤❡♥ R(H′, Hs
′)✳

❆❞❞✐t✐♦♥❛❧❧②✿

H, s =⇒ ∞

✐❢✱ ❛♥❞ ♦♥❧② ✐❢✿

Hs, s =⇒ ∞

Pr♦♦❢✳ ❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ t❤❡ ❝❛s❡ ♦❢ ♣r♦❣r❛♠s ✇❤✐❝❤ t❡r♠✐♥❛t❡s✳ ❲❡ ♣r♦✈❡ t❤❡ ✜rst
✐♠♣❧✐❝❛t✐♦♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ H, s =⇒ H′✱ ❛♥❞ t❤❡ ♦t❤❡r ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡
❞❡r✐✈❛t✐♦♥ ♦❢ Hs, s =⇒ Hs

′✳ ❍❡r❡ ✇❡ ♦♥❧② t❛❝❦❧❡ t❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥❀ t❤❡ ♦t❤❡r ✐s s✐♠✐❧❛r✳
❲❡ ❡①❛♠✐♥❡ ❡❛❝❤ ♣♦ss✐❜❧❡ ❝❛s❡ ❢♦r s✳

• ❧❡t x = e

❚❤❡♦r❡♠ ✹ ❣✐✈❡s JeKH = LeMHs
= v ✳ ■♥str✉❝t✐♦♥ s r❡❞✉❝❡s ✐♥ H ✐♥t♦ H[x 7→ v ] ❛♥❞ ✐♥

Hs ✐♥t♦ Hs[x 7→ v ]✳ ❙♦ ✇❡ ❞♦ ❤❛✈❡ R(H′, Hs
′) ❛s H′(x ) = Hs

′(x ) = v ✳

• ✐❢ e t❤❡♥ σ1 ❡❧s❡ σ2

❋r♦♠ ❚❤❡♦r❡♠ ✹✱ JeKH = JeKHs
✳ ■❢ JeKH = true✱ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥

σ1 ✱ ❡❧s❡ ✇❡ ❛♣♣❧② ✐t ♦♥ σ2 ✳

• ❧❡t x = f arg

❲❡ ✜rst s❤♦✇ R(H1 , Hs1 ) ✇❤❡r❡ H1 ❛♥❞ Hs1 ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡✳ ❚♦
t❤✐s ❡♥❞ ✇❡ s✐♠♣❧② ❛♣♣❧② ❚❤❡♦r❡♠ ✹ ♦♥ ❡①♣r❡ss✐♦♥s e✳

❲❡ ♥♦✇ s❤♦✇ R(H2 , Hs2 )✳ ❋♦r ❛❧❧ i ✱ H1 (ρi) ✐s ❞❡✜♥❡❞ ❜② ✐t❡♠ ✼ ♦❢ ❝♦❤❡r✲
❡♥❝❡ ❛♥❞ Hs1 (ρi) ✐s ❞❡✜♥❡❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ R✳ ❋r♦♠ R(H1 , Hs1 ) ✇❡ ♦❜t❛✐♥
Dom(Hs1 (ρi)) = H1 (ρi)✳ ❙♦ Dom(Hs2 (ri)) = H2 (ri)✳ ❚②♣✐♥❣ r✉❧❡ r❡q✉✐r❡s t❤❛t ❢♦r
❛❧❧ i ❛♥❞ j s✉❝❤ t❤❛t i 6= j ✱ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ρi ❛♥❞ ρj ❞♦ ♥♦t s❤❛r❡ t❤❡ s❛♠❡ r♦♦t✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ρi 6= ρj ✳ ❙♦ ✐❢ H1 (p❄) = ρi ✱ t❤❡♥ H2 (p❄) = ri ✳ ❆s ✇❡ ❛❧s♦
❝♦♣✐❡❞ t❤❡ ❝♦♥t❡♥ts ♦❢ ri ✱ ✇❡ ❤❛✈❡ Ro(H2 (p), Hs2 (p))✳ ❆❝t✐✈❡ r❡❣✐♦♥ ♦❢ ♦t❤❡r ♣♦✐♥t❡rs
❞✐❞ ♥♦t ❝❤❛♥❣❡✳

❲❡ t❤❡♥ s❤♦✇ t❤❛t H3 ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs3 ✐s ❞❡✜♥❡❞✱ ❛♥❞ t❤❛t R(H3 , Hs3 )✳
❚♦ t❤✐s ❡♥❞ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❜♦❞② ♦❢ f ✳ ❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✸
♦♥ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ✐♥ H2 ❛♥❞ Hs2 ✱ ❛♥❞ ♦♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ✐♥ H3 ❛♥❞ Hs3 ✳

❚②♣✐♥❣ r✉❧❡ r❡q✉✐r❡s t❤❛t ❢♦r ❛❧❧ i ❛♥❞ j ✱ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ρi ❛♥❞ ρj ❞♦ ♥♦t s❤❛r❡ t❤❡
s❛♠❡ r♦♦t✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ♠♦❞✐❢②✐♥❣ Hs(ρi) ❝❛♥♥♦t ❛❧s♦ ❝❤❛♥❣❡ Hs(ρj ) ❛s ❛ s✐❞❡✲
❡✛❡❝t✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ■♥❞❡❡❞✱ ✐❢ root(ρi) = ra ❛♥❞ root(ρj ) = rb t❤❡♥ ra 6= rb ✳ ❆♥❞
❜② ❞❡✜♥✐t✐♦♥✱ ♠♦❞✐❢②✐♥❣ Hs(ρi) ♠♦❞✐✜❡s Hs(ra) ❛♥❞ ♦♥❧② Hs(ra)✱ ✇❤✐❧❡ r❡❛❞✐♥❣ Hs(ρj )
✐♠♣❧✐❡s r❡❛❞✐♥❣ Hs(rb) ❛♥❞ ♦♥❧② Hs(rb)✳

❲❡ ✜♥❛❧❧② s❤♦✇ t❤❛t H′ ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hs
′ ✐s ❞❡✜♥❡❞ ❛♥❞ t❤❛t R(H′, Hs

′)✳
❆s ✇❡ ♥♦t❡❞✱ r❡❣✐♦♥s ρi ❛❧❧ ❤❛✈❡ ❞✐✛❡r❡♥t r♦♦ts✱ s♦ ✇❡ ❤❛✈❡ Hs

′(ρi) = Hs3 (ri) ❢♦r ❛❧❧
i ✳ ❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✹ ♦♥ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥ e✱ ❛s ✇❡❧❧ ❛s ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ t♦ t❤❡
♦♥❡ ✇❡ ✉s❡❞ ❢♦r H2 ❛♥❞ Hs2 ♦♥ t❤❡ ❝♦♣② ❢r♦♠ ri r❡❣✐♦♥s t♦ ρi r❡❣✐♦♥s✳
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• ❧❡t r❡❣✐♦♥ r : C

❙t❛t❡♠❡♥t s ❛❧✇❛②s r❡❞✉❝❡ ✐♥ ❜♦t❤ ♠♦❞❡❧✳ ◆❡✇ r❡❣✐♦♥ r ✐s ❡♠♣t② ✐♥ ❜♦t❤ ❝❛s❡s✳

• ❧❡t x = ♥❡✇ C [ρ]

❋r♦♠ R ✇❡ ❤❛✈❡✿

p = H(next) = Hs(next)

❲❡ ❤❛✈❡✿

Dom(Hs
′(ρ)) = Dom(p 7→ o) = {p} = H′(ρ)

Hs
′(p❄) = ρ = H′(p❄)

Hs
′(x ) = p = H′(x )

❚❤❡r❡ ✐s ♥♦ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r ✜❡❧❞s ✐♥ ❜♦t❤ s❡♠❛♥t✐❝s✱ s♦ ❜♦t❤ H′(p)(f ) ❛♥❞ Hs
′(p)(f ) ❛r❡

✉♥❞❡✜♥❡❞✳ ❋♦r ❛❧❧ r❡❣✐♦♥ r ❞❡✜♥❡❞ ✐♥ H′(p)✱ H′(p)(r) ✐s t❤❡ ❡♠♣t② s❡t ❛♥❞ Hs
′(p)(r)

❤❛s ❡♠♣t② ❞♦♠❛✐♥✱ s♦ Ro(H
′(p), Hs

′(p))✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡✿

H′(next) = p+✶ = Hs
′(next)

• ❢♦❝✉s x : ρ ❛s σ

▲❡t p = Jx KH✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❡q✉❛❧ t♦ Lx MHs
❜② ❚❤❡♦r❡♠ ✹✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥

♦❢ t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡✿

Dom(Hs
′(σ)) = Dom(p 7→ o) = {p} = H′(σ)

Hs
′(p❄) = σ = H′(p❄)

❋✐♥❛❧❧②✱ ❜② R(H, Hs)✱ ❢♦r ❛❧❧ f ✇❡ ❤❛✈❡✿

H′(p)(f ) = H(p)(f ) = Hs(p)(f ) = Hs
′(p)(f )

❛♥❞ ❢♦r ❛❧❧ r❡❣✐♦♥ ♥❛♠❡ r ✿

H′(p)(r) = H(p)(r) = Dom(Hs(p)(r)) = Dom(Hs
′(p)(r))

• x .f ← e

❲❡ ❛♣♣❧② t②♣✐♥❣ r✉❧❡s ❛♥❞ ❝♦❤❡r❡♥❝❡ t♦ s❤♦✇ t❤❛t H(H(x ))(f ) ✐s ❞❡✜♥❡❞✱ ❛♥❞ r❡❧❛t✐♦♥
R t♦ s❤♦✇ t❤❛tHs(Hs(x ))(f ) ✐s ❞❡✜♥❡❞ ❛s ✇❡❧❧✳ ❙t❛t❡♠❡♥t t❤✉s r❡❞✉❝❡s ✐♥ ❜♦t❤ ♠♦❞❡❧s✳
❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✹ t♦ s❤♦✇ t❤❛t e ❡✈❛❧✉❛t❡s ✐♥t♦ t❤❡ s❛♠❡ ✈❛❧✉❡ ✐♥ ❜♦t❤ ❤❡❛♣s ✇❤✐❝❤
t❤✉s st❛② ✐♥ r❡❧❛t✐♦♥✳

• ❛❞♦♣t x : σ ❛s ρ

❘❡❣✐♦♥ σ ✐s s✐♥❣❧❡t♦♥ ❜② t②♣✐♥❣ ❛♥❞ t❤✉s ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ p ❜② ❝♦✲
❤❡r❡♥❝❡✳ ■ts ❛❝t✐✈❡ r❡❣✐♦♥ ❜❡❝♦♠❡s ρ✳ ❲❡ ❤❛✈❡ Hs

′(p) = Hs(σ)(p)✳ ■t❡♠ ✽
♦❢ ❝♦❤❡r❡♥❝❡ ❣✐✈❡s Hs(p❄) = σ ❛s σ× ✇❛s ❛✈❛✐❧❛❜❧❡ ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳ ❚❤✉s
Hs(p) = Hs(σ)(p) = Hs

′(p)✳
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• ✉♥❢♦❝✉s x : σ ❛s ρ

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❢♦r ❛❞♦♣t✐♦♥✱ ❛s t❤❡ ❡①❡❝✉t✐♦♥ r✉❧❡s ❛r❡ t❤❡ s❛♠❡✳

• ♣❛❝❦ x

❚❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦♥ x ❤♦❧❞s✳ ❲❡ ❛♣♣❧②
❚❤❡♦r❡♠ ✸ t♦ ♦❜t❛✐♥ t❤❛t t❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢
✐t r❡❞✉❝❡s ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳ ❚❤❡ ❤❡❛♣s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❛♥❞ t❤✉s ❛r❡ st✐❧❧ ✐♥
r❡❧❛t✐♦♥✳

• ✉♥♣❛❝❦ x ✱ ✇❡❛❦❡♥ ❡♠♣t② x ✱ ✇❡❛❦❡♥ s✐♥❣❧❡ x

❙t❛t❡♠❡♥t ❛❧✇❛②s r❡❞✉❝❡ ❛♥❞ ❤❡❛♣ ✐s ♥♦t ♠♦❞✐✜❡❞✳

• ❛ss❡rt P

❚❤✐s ✐s t❤❡ s❛♠❡ ♣r♦♦❢ t❤❛♥ ❢♦r ♣❛❝❦✐♥❣✱ ❡①❝❡♣t ✇✐t❤ ♣r❡❞✐❝❛t❡ P ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t✳

• ❧❛❜❡❧ L

■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤ ❧❛❜❡❧ L✱ ✇❡ ❤❛✈❡ loh(H)(L) = lohs(Hs)(L)✳ ▲❡t r
❜❡ ❛ r❡❣✐♦♥ ♥❛♠❡ s✉❝❤ t❤❛t H(r) ✐s ❞❡✜♥❡❞✳ ❚❤✉s loh(H)(L)(r) ✐s ❞❡✜♥❡❞✳ ❋r♦♠ R✱ s♦
✐s Hs(r) ❛♥❞ t❤✉s s♦ ✐s lohs(Hs)(L)(r)✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇♥ ❢♦r t❡r♠s ❤♦✇ t♦ ♣r♦✈❡
t❤❛t lor ❛♥❞ lors ❝♦♥str✉❝t t❤❡ s❛♠❡ ❧♦❣✐❝ r❡❣✐♦♥✳

❚❤❡ ♣r♦♦❢ ❢♦r ♣r♦❣r❛♠s ✇❤✐❝❤ ❞✐✈❡r❣❡ ✐s ❞♦♥❡ ❜② ❝♦✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥H, s =⇒ ∞
♦r Hs, s =⇒ ∞✳ ❊❛❝❤ ❝❛s❡ ✐s ❞❡❛❧t ✇✐t❤ s✐♠✐❧❛r❧② t♦ t❤❡ t❡r♠✐♥❛t✐♥❣ ❝❛s❡✳ ✷

❆ ❝♦r♦❧❧❛r② ♦❢ t❤✐s t❤❡♦r❡♠ ✐s t❤❛t ♣❛t❤s ❞❡s❝r✐❜❡❞ ❜② ❛❝t✐✈❡ r❡❣✐♦♥s ✐♥ H′ ❛r❡ ✜♥✐t❡✳
■♥❞❡❡❞✱ Hs

′ ✇♦✉❧❞ ♦t❤❡r✇✐s❡ ♥♦t ❡①✐st✳
❋✐♥❛❧❧②✱ ❧❡t✬s ❞❡✜♥❡ t❤❡ st❛rt✐♥❣ ✐♥t✉✐t✐✈❡ ❤❡❛♣ H0 ❛♥❞ t❤❡ st❛rt✐♥❣ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs0 ✱

❜♦t❤ ♦♥❧② ❞❡✜♥❡❞ ♦♥ next ✱ ❛♥❞ ✇✐t❤ Hs0 (next) = H0 (next)✳ ❲❡ r❡♠❛r❦ t❤❛t H0 ✐s ❝♦✲
❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♠♣t② ❡♥✈✐r♦♥♠❡♥t ❛♥❞ t❤❡ ❡♠♣t② ❧✐st ♦❢ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞ t❤❛t
R(H0 , Hs0 ) ❤♦❧❞s✳ ❲❡ t❤✉s ❞♦ ❤❛✈❡ ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ♦✉r ♣r♦❣r❛♠s✳

◆♦t❡ t❤❛t ✇❡ ❞✐❞ ♥♦t s❤♦✇ t❤❛t ✇❡❧❧✲t②♣❡❞ st❛t❡♠❡♥ts ❛❧✇❛②s r❡❞✉❝❡✳ ❚❤✐s ❛❝t✉❛❧❧② ✐s ❢❛❧s❡✱
❛s ✇❡ ❛❧s♦ r❡q✉✐r❡s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s t♦ ❜❡ ♣r♦✈❡♥ t♦ ❡♥s✉r❡ t❤❛t ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✱
✐♥✈❛r✐❛♥ts ❛♥❞ ❛ss❡rt✐♦♥s ❤♦❧❞✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss t❤✐s ✇❤❡♥ ✐♥tr♦❞✉❝✐♥❣ ❤♦✇ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s
❛r❡ ❝♦♠♣✉t❡❞✱ ✐♥ ❈❤❛♣t❡r ✺✳

✹✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ ❝♦r❡ ❧❛♥❣✉❛❣❡ ♦❢ ❈❛♣✉❝✐♥❡✳ ❲❡ ❣❛✈❡ ✐ts s②♥t❛①✱ t②♣✐♥❣
r✉❧❡s ✐♥✈♦❧✈✐♥❣ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞ s❡♠❛♥t✐❝s ❢♦r t✇♦ ❞✐✛❡r❡♥t ♠♦❞❡❧s✿ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ❛♥❞
t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳ ❚❤❡ ❢♦r♠❡r ✐s ❝❧♦s❡ t♦ ♠♦❞❡❧s ♦❢ ❡①✐st✐♥❣ ❧❛♥❣✉❛❣❡s✱ ✇❤✐❧❡ t❤❡ ❧❛tt❡r
s❡♣❛r❛t❡s r❡❣✐♦♥s ♠♦r❡ ❛♥❞ ✐s ❝❧♦s❡r t♦ t❤❡❲❤② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡✱ ✇❤✐❝❤ ✐s ❞✐s❝✉ss❡❞
✐♥ ❈❤❛♣t❡r ✺✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t✇♦ ♠❛✐♥ t❤❡♦r❡♠s✿ ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ ❤❡❛♣ ✐s ♣r❡s❡r✈❡❞ ✐♥ t❤❡
✐♥t✉✐t✐✈❡ ♠♦❞❡❧✱ ❛♥❞ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ ❛♥❞ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ ✐s ♣r❡s❡r✈❡❞✳
❋r♦♠ t❤✐s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ ❤❡❛♣ ✐s ♣r❡s❡r✈❡❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳

❚❤✐s ✇♦r❦ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✺ t♦ ♣r♦✈❡ ♣r♦♣❡rt✐❡s ❛❜♦✉t ✐♥t❡r♣r❡t❡❞ ♣r♦❣r❛♠s✱ ❛s
✇❡❧❧ ❛s ❛ ♣r♦❣r❡ss t❤❡♦r❡♠ st❛t✐♥❣ t❤❛t ❛ ✇❡❧❧✲t②♣❡❞ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ✇❤♦s❡ ♣r♦♦❢ ♦❜❧✐✲
❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ r❡❞✉❝❡s✳ ❲❡ ❝❛♥♥♦t st❛t❡ t❤✐s ♣r♦❣r❡ss t❤❡♦r❡♠ ②❡t✱ ❛s ✇❡ ✜rst
r❡q✉✐r❡ t♦ ❦♥♦✇ ❤♦✇ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛r❡ ♣r♦❞✉❝❡❞✳



✶✶✹ ❈❍❆P❚❊❘ ✹✳ ❈❆P❯❈■◆❊ ▲❆◆●❯❆●❊ ❙❨◆❚❆❳ ❆◆❉ ❙❊▼❆◆❚■❈❙

❋✐♥❞✐♥❣ t❤❡ r✐❣❤t ❞❡✜♥✐t✐♦♥ ❢♦r ❝♦❤❡r❡♥❝❡✱ ❛♥❞ t❤❡ r✐❣❤t ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ R r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ❛♥ ✐♥t✉✐t✐✈❡ ❤❡❛♣ ❛♥❞ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣✱ ✐s ❝r✉❝✐❛❧✳ ❚❤❡✐r ❦♥♦✇❧❡❞❣❡ ✐s ♥♦t ♥❡❡❞❡❞ t♦
✉s❡ ❈❛♣✉❝✐♥❡✱ ❜✉t t❤❡② ♣❧❛② ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ t❤❛t ❈❛♣✉❝✐♥❡ ✐s ❛ s♦✉♥❞ ❧❛♥❣✉❛❣❡✳
❋♦❧❧♦✇✐♥❣ t❤✐s✱ t❤❡ s❡♠❛♥t✐❝s ♠✉st ❜❡ ❞❡✜♥❡❞ ✇✐t❤ ❣r❡❛t ❝❛r❡✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ t♦ s❡❧❡❝t ✜❡❧❞s ✐♥ ❡①♣r❡ss✐♦♥s✱ ❜✉t t❤❛t
♥♦ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ t♦ s❡❧❡❝t ✜❡❧❞s ✐♥ t❡r♠s✳ ❚❤❡ ❧❛tt❡r ✐s ❛ str♦♥❣ ❢❡❛t✉r❡ ♦❢ ❈❛♣✉❝✐♥❡✿
♥♦ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ❣✐✈❡ s❡♠❛♥t✐❝s t♦ t❤❡ ❧♦❣✐❝ ♣❛rt ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✳ ■♥ ♣r♦❣r❛♠s✱ ❛
♣❡r♠✐ss✐♦♥ ♦♥ x ✐s ♥❡❡❞❡❞ t♦ r❡❛❞ x .f t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ x ✐s ❞❡✜♥❡❞❀ ❜✉t
t❤❡r❡ ✐s ♥♦ ❛❝t✐✈❡ r❡❣✐♦♥ ✐♥ t❤❡ ❧♦❣✐❝ ♠♦❞❡❧✳ ■t ✐s ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❧♦❣✐❝
❡♥✈✐r♦♥♠❡♥ts L ❛♥❞ Ls✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧② t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❧♦❣✐❝ r❡❣✐♦♥s ✉s✐♥❣ lor ❛♥❞
lors✳

❍♦✇❡✈❡r✱ t②♣✐♥❣ r❡q✉✐r❡s t❤❛t ♣r♦❣r❛♠ r❡❣✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❧♦❣✐❝ ❛r❡ ❢♦❝✉s✲❢r❡❡✳ ❚❤✐s
r❡str✐❝t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ♣r♦✈❡ t❤❛t t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ❛♥❞ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ❛r❡
❡q✉✐✈❛❧❡♥t✱ ❜✉t ✐t ❣r❡❛t❧② s✐♠♣❧✐✜❡s t❤❡ ❲❤② ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✺✳



❈❤❛♣t❡r ✺

●❡♥❡r❛t✐♦♥ ♦❢ ❱❡r✐✜❝❛t✐♦♥

❈♦♥❞✐t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss ❤♦✇ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛r❡ ♣r♦❞✉❝❡❞✳ ❲❡ ❛❧s♦
❞✐s❝✉ss ❤♦✇ ♣r♦✈✐♥❣ t❤❡s❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s r❡❧❛t❡ t♦ t❤❡ s♦✉♥❞♥❡ss ♦❢ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s✳

✺✳✶ ❚❤❡ ❲❤② ■♥t❡r♠❡❞✐❛t❡ ▲❛♥❣✉❛❣❡

■♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ ✇❡ ❡♥❝♦❞❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ❛s ❲❤② ♣r♦❣r❛♠s ❬❋✐❧✲
❧✐âtr❡✵✼❪✳ ❲❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❲❤② ❧❛♥❣✉❛❣❡ ✐♥❢♦r♠❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡
❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ s✉❜♣❛rt ♦❢ ❲❤② t❤❛t ✇❡ ✇✐❧❧ ❜❡ ✉s✐♥❣✶✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ♣r❡s❡♥t t❤❡
s②♥t❛① ♦❢ ❲❤② ♣r♦❣r❛♠s✳ ❲❡ ❞♦ ♥♦t ❢✉❧❧② ❢♦r♠❛❧✐③❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❲❤②✱ ✇❤✐❝❤ ✐s str❛✐❣❤t✲
❢♦r✇❛r❞✳ ❍♦✇❡✈❡r ✇❡ ❞♦ st❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✇❡ ✇✐❧❧ ❜❡ ✉s✐♥❣✱ ♥❛♠❡❧② t❤❛t ✐❢ t❤❡ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❲❤② t♦♦❧ ♦♥ ❛ ❲❤② ♣r♦❣r❛♠ ❛r❡ ♣r♦✈❡♥✱ t❤❡♥ t❤❡ ❲❤② ♣r♦❣r❛♠
❡①❡❝✉t❡s s❛❢❡❧②✳

❲❡ ✐♥❞❡① ❲❤② s②♥t❛❝t✐❝ ❝❧❛ss❡s ✇✐t❤ ❧❡tt❡r w✳ ❋♦r ✐♥st❛♥❝❡✱ ❲❤② t②♣❡s ❛r❡ τw✳ ❈♦♠♣❛r❡
t❤✐s t♦ ❈❛♣✉❝✐♥❡ t②♣❡s τ ✳

✺✳✶✳✶ ❚②♣❡s

❆ ❲❤② ❧♦❣✐❝ t②♣❡ ✐s ♦❢ t❤❡ ❢♦r♠✿

τw ::= t (τw, · · ·, τw) | int | bool | unit

■t ✐s t❤❡ s❡t ♦❢ ❈❛♣✉❝✐♥❡ t②♣❡s ✇✐t❤♦✉t ♣♦✐♥t❡r t②♣❡s✳ ❯s❡r t②♣❡s t ♠❛② ❤❛✈❡ ❛♥② ♥✉♠❜❡r ♦❢
♣❛r❛♠❡t❡rs✱ ❛♥❞ ❜❛s❡ t②♣❡s ❛r❡ t❤❡ ✉s✉❛❧ ✐♥t❡❣❡rs✱ ❜♦♦❧❡❛♥s ❛♥❞ ✉♥✐t✳

❆ ❲❤② ♣r♦❣r❛♠ t②♣❡ ✐s ❡✐t❤❡r ❛ ❲❤② ❧♦❣✐❝ t②♣❡✱ ♦r ❛ r❡❢❡r❡♥❝❡ ♦♥ ❛ ❲❤② ❧♦❣✐❝ t②♣❡✿

τw
′ ::= τw | r❡❢ (τw)

✺✳✶✳✷ ❚❡r♠s

❆ ❲❤② t❡r♠ ✐s ♦❢ t❤❡ ❢♦r♠✿

✶❚❤❡ s②♥t❛① ✇❡ ✉s❡ ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ❛❝t✉❛❧ s②♥t❛① ♦❢ ❲❤②✳

✶✶✺
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LTw ::= c

| x

| LTw termop LTw

| f (LTw)
| !x
| !x❅L

termop ::= + | − | × | ✫✫ | ||

✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ♦❢ ❛ ❜❛s❡ t②♣❡✱ ✐✳❡✳ ❡✐t❤❡r ❛♥ ✐♥t❡❣❡r ❧✐t❡r❛❧ ♦r ❛ ❜♦♦❧❡❛♥ true ♦r false✳
❚❤❡ s❡t ♦❢ ❲❤② t❡r♠s ❝♦♥t❛✐♥s ♠♦st ♦❢ ❈❛♣✉❝✐♥❡ t❡r♠s✱ ❜✉t t❤❡r❡ ✐s ♥♦ ✜❡❧❞ s❡❧❡❝t✐♦♥✳ ■♥st❡❛❞✱
✇❡ ♠❛② ❞❡r❡❢❡r❡♥❝❡ ❛ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡ x ✉s✐♥❣ !x ✱ ♦r ✉s✐♥❣ !x❅L ✇❤❡r❡ L ✐s ❛ ❧❛❜❡❧✳ ◆♦t❡
t❤❛t r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡s ❝❛♥ ♦♥❧② ❜❡ ♣r♦❣r❛♠ ✈❛r✐❛❜❧❡s✱ t❤❡② ❝❛♥♥♦t ❜❡ ❧♦❣✐❝❛❧❧② q✉❛♥t✐✜❡❞
✈❛r✐❛❜❧❡s✳ ❈♦♠♣❛r❡❞ t♦ ❈❛♣✉❝✐♥❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s s✐♠♣❧❡r✱ ❛s t❤❡r❡ ✐s ♥♦ r❡❣✐♦♥ t❡r♠✳

✺✳✶✳✸ Pr❡❞✐❝❛t❡s

❆ ❲❤② ♣r❡❞✐❝❛t❡ ✐s ♦❢ t❤❡ ❢♦r♠✿

Pw ::= p (LTw)
| Pw ∧ Pw | Pw ∨ Pw | Pw ⇒ Pw | Pw ⇐⇒ Pw | ¬Pw | ❚ | ❋
| LTw relop LTw

| ∀x : τw. Pw | ∃x : τw. Pw

relop ::= = | 6= | > | ≥ | < | ≤

❖♥❝❡ ❛❣❛✐♥✱ t❤✐s ✐s ❛ s✉❜s❡t ♦❢ ❈❛♣✉❝✐♥❡ ♣r❡❞✐❝❛t❡s✳ ❚❤❡r❡ ✐s ♥♦ r❡❣✐♦♥✱ t❤✉s t❤❡r❡ ✐s ♥♦
r❡❣✐♦♥ q✉❛♥t✐✜❝❛t✐♦♥ ♥♦r ❛♥② ∈ ♣r❡❞✐❝❛t❡✱ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ ✐s s✐♠♣❧❡r✳

✺✳✶✳✹ ❊①♣r❡ss✐♦♥s

❆ ❲❤② ❡①♣r❡ss✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠✿

ew ::= c ❈♦♥st❛♥t
| x ❱❛r✐❛❜❧❡
| ew op ew ❆r✐t❤♠❡t✐❝ ♦r ❧♦❣✐❝ ♦♣❡r❛t✐♦♥
| f (ew) ▲♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥
| ✐❢ ew t❤❡♥ ew ❡❧s❡ ew ❚❡st
| ❧❡t x = ew ✐♥ ew ▲❡t✲❜✐♥❞✐♥❣
| (ew, · · ·, ew) ❚✉♣❧❡
| proj i(ew) ❚✉♣❧❡ ♣r♦❥❡❝t✐♦♥
| ❧❡t x = r❡❢ ew ✐♥ ew ❘❡❢❡r❡♥❝❡ ❝r❡❛t✐♦♥
| !x ❉❡r❡❢❡r❡♥❝❡❞ ✈❛r✐❛❜❧❡
| x := ew ❆ss✐❣♥♠❡♥t
| ew; ew ❙❡q✉❡♥❝❡
| [{Pw} r❡❛❞s x ✇r✐t❡s x τw {Pw}] ❇❧❛❝❦ ❜♦①
| ❧❛❜❡❧ L; ew ▲❛❜❡❧

❊①♣r❡ss✐♦♥s ❲✐t❤♦✉t ❙✐❞❡✲❊✛❡❝ts ❈♦♥st❛♥ts ❛r❡ t❤❡ s❛♠❡ ❛s ❈❛♣✉❝✐♥❡ ❝♦♥st❛♥ts✿ ✐♥✲
t❡❣❡rs✱ ❜♦♦❧❡❛♥s ❛♥❞ ✉♥✐t✳ ❖♣❡r❛t✐♦♥s op ❛r❡ t❤❡ s❛♠❡ ❛s ❈❛♣✉❝✐♥❡ ♦♣❡r❛t✐♦♥s ♦♥ ✐♥t❡❣❡rs
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❛♥❞ ❜♦♦❧❡❛♥s✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ✐❢ t❡st ❛♥❞ ❧❡t✲❜✐♥❞✐♥❣ ❛r❡
❛❧s♦ ❡①♣r❡ss✐♦♥s✳ ❚✉♣❧❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ ❛ t✉♣❧❡ (x1 , · · ·, xn)✱ ✐✳❡✳
xi ✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ♣r♦❥❡❝t✐♦♥ proj i ✳

❊①♣r❡ss✐♦♥s ❲✐t❤ ❙✐❞❡✲❊✛❡❝ts ❲❤② ❡①♣r❡ss✐♦♥s ♠❛② ❝♦♥t❛✐♥ s✐❞❡✲❡✛❡❝ts✳ ❘❡❢❡r❡♥❝❡s
❝❛♥ ❜❡ ❝r❡❛t❡❞ ✇✐t❤ t❤❡ r❡❢ ❦❡②✇♦r❞✳ ❘❡♠❡♠❜❡r t❤♦✉❣❤ t❤❛t t❤❡ t②♣❡ s②st❡♠ ❡♥s✉r❡s t❤❛t
t❤❡r❡ ✐s ♥♦ ❛❧✐❛s✳ ❆ ✈❛r✐❛❜❧❡ x ♦♥ ❛ r❡❢❡r❡♥❝❡ ❝❛♥ ❜❡ ❞❡r❡❢❡r❡♥❝❡❞ ✇✐t❤ !x ✱ ❛♥❞ ❛ss✐❣♥❡❞ t♦
✇✐t❤ := ✳ ❚❤❡ s❡q✉❡♥❝❡ ✐s ❛❧s♦ ❛♥ ❡①♣r❡ss✐♦♥✳

❇❧❛❝❦ ❇♦①❡s ❇❧❛❝❦ ❜♦①❡s ❛r❡ s♣❡❝✐❛❧ ❡①♣r❡ss✐♦♥s ✇✐t❤ s✐❞❡✲❡✛❡❝ts✿

[{P} r❡❛❞s x ✇r✐t❡s y τw {Q}]

✐s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t②♣❡ τw✱ ✇✐t❤ ♣r❡✲❝♦♥❞✐t✐♦♥ P ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥ Q ✱ ❛♥❞ ✇❤✐❝❤ r❡❛❞s
r❡❢❡r❡♥❝❡s x ❛♥❞ ✇r✐t❡s r❡❢❡r❡♥❝❡s y ✳ ❚❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ r❡t✉r♥❡❞ ❜② t❤❡ ❜❧❛❝❦ ❜♦① ✐s ♥♦♥✲
❞❡t❡r♠✐♥✐st✐❝❀ ✐t ♦♥❧② ❤❛s t♦ ✈❡r✐❢② t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ ✐♥ ✇❤✐❝❤ ✈❛r✐❛❜❧❡ r❡s✉❧t ✐s ❜♦✉♥❞ t♦
t❤❡ r❡t✉r♥❡❞ ✈❛❧✉❡✳

❲❡ ♠❛② ♦♠✐t t❤❡ r❡❛❞s ❝❧❛✉s❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ x ✐s ✐♠♣❧✐❝✐t❡❧② ❡q✉❛❧ t♦ t❤❡ s❡t ♦❢ r❡❢❡r❡♥❝❡s
r❡❛❞ ❜② P ❛♥❞ Q ✳ ■❢ y ✐s t❤❡ ❡♠♣t② ❧✐st✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ✇r✐t❡s ❝❧❛✉s❡✳ ❲❡ ❞❡♥♦t❡ ❜②
❛ss❡rt Pw t❤❡ ❜❧❛❝❦ ❜♦① [{Pw} unit {❚}]✱ ❜② ❛ss✉♠❡ Pw t❤❡ ❜❧❛❝❦ ❜♦① [{❚} unit {Pw}]✱ ❛♥❞
❜② ❛♥② τ t❤❡ ❜❧❛❝❦ ❜♦① [{❚} τ {❚}]✳ ❋✐♥❛❧❧②✱ ✐❢ ew1 ❛♥❞ ew2 ❤❛✈❡ t②♣❡ τw✱ ✇❡ ❞❡♥♦t❡ ❜②✿

✐❢ Pw t❤❡♥ ew1 ❡❧s❡ ew2

t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❧❛❝❦ ❜♦①✿

[τw {Pw ⇒ r❡s✉❧t = ew1 ∧ ¬Pw ⇒ r❡s✉❧t = ew2}]

◆♦t❡ t❤❛t ❜❧❛❝❦ ❜♦①❡s✱ s✉❝❤ ❛s ❛ss✉♠❡ ❋ ❢♦r ✐♥st❛♥❝❡✱ ♠❛② ✐♥tr♦❞✉❝❡ ✐♥❝♦♥s✐st❡♥t ❤②♣♦t❤❡s❡s
✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ■t ✐s ✉♣ t♦ t❤❡ ✉s❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t ❜❧❛❝❦ ❜♦①❡s ❛r❡ r❡❛❧✐③❛❜❧❡✳

✺✳✶✳✺ ▲♦❣✐❝ ❉❡❝❧❛r❛t✐♦♥s

❚②♣❡s ❯s❡r t②♣❡s ♠❛② ❜❡ ✐♥tr♦❞✉❝❡❞ ✉s✐♥❣ ❛ ❞❡❝❧❛r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿

t②♣❡ t (α)

■t ✐s s✐♠♣❧② ❛ ♥❛♠❡ t ❛♥❞ ❛ ❧✐st ♦❢ t②♣❡ ✈❛r✐❛❜❧❡s ❛s ♣❛r❛♠❡t❡rs✳

▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ Pr❡❞✐❝❛t❡s ▲♦❣✐❝ ❢✉♥❝t✐♦♥s ♠❛② ❜❡ ✐♥tr♦❞✉❝❡❞ ✉s✐♥❣ ❛ ❞❡❝❧❛r❛t✐♦♥
♦❢ t❤❡ ❢♦r♠✿

❧♦❣✐❝ f (x : τw): τw = LTw

❚❤❡ ❜♦❞② LTw ♠❛② ❜❡ ♦♠✐tt❡❞✳ ■❢ ✐t ✐s✱ ✈❛r✐❛❜❧❡ ♥❛♠❡s x ♠❛② ❜❡ ♦♠✐tt❡❞ ❛s ✇❡❧❧✳ ■❢ ✐t ✐s
♥♦t✱ t❤❡ r❡t✉r♥ t②♣❡ ♠❛② ❜❡ ♦♠✐tt❡❞✿ ✐t ✇✐❧❧ ❜❡ ✐♥❢❡rr❡❞✳

Pr❡❞✐❝❛t❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✿

❧♦❣✐❝ p (x : τw) = Pw

❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❜♦❞② Pw ♠❛② ❜❡ ♦♠✐tt❡❞✱ ❛♥❞ ✐❢ s♦✱ ✈❛r✐❛❜❧❡ ♥❛♠❡s x ♠❛② ❜❡ ♦♠✐tt❡❞ ❛s
✇❡❧❧✳
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❆①✐♦♠s ❆①✐♦♠s ♠❛② ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❛ ❞❡❝❧❛r❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿

❛①✐♦♠ a: Pw

✇❤❡r❡ a ✐s t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❛①✐♦♠✳

✺✳✶✳✻ Pr♦❣r❛♠ ❉❡❝❧❛r❛t✐♦♥s

❋✉♥❝t✐♦♥s ❋✉♥❝t✐♦♥s ♠❛② ❜❡ ❞❡❝❧❛r❡❞ ❛s ❢♦❧❧♦✇s✳

❢✉♥ (x : τw): τw
♣r❡ Pw

♣♦st Pw

{
ew
}

❚❤❡② ❛r❡ s✐♠✐❧❛r t♦ ❈❛♣✉❝✐♥❡ ❢✉♥❝t✐♦♥ ❞❡❝❧❛r❛t✐♦♥s✱ ❡①❝❡♣t t❤❛t t❤❡r❡ ✐s ♥♦ ♣❡r♠✐ss✐♦♥s✱ ❛♥❞
t❤✉s ♥♦ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦❞② ✐s ♥♦t ❛ ❧✐st ♦❢ st❛t❡♠❡♥ts ❜✉t
❛♥ ❡①♣r❡ss✐♦♥✳ ❋✉♥❝t✐♦♥s ❣❡♥❡r❛t❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳

P❛r❛♠❡t❡rs P❛r❛♠❡t❡rs ❛r❡ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❜♦❞② { ew } ✇❛s ♦♠✐tt❡❞✿

❢✉♥ (x : τw): τw
♣r❡ Pw

♣♦st Pw

r❡❛❞s x

✇r✐t❡s x

◆♦t❡ t❤❛t t♦ r❡♣❧❛❝❡ t❤❡ ❜♦❞②✱ t❤❡r❡ ✐s r❡❛❞s ❛♥❞ ✇r✐t❡s ❝❧❛✉s❡s✳ ■♥ ❢❛❝t✱ ♣❛r❛♠❡t❡rs ❝❛♥
❜❡ s❡❡♥ ❛s ❜❧♦❝❦ ❜♦①❡s ✇✐t❤ ❛ ♥❛♠❡ ❛♥❞ ✇✐t❤ ❛r❣✉♠❡♥ts✳ ❚❤❡② ✇✐❧❧ ♥♦t ❣❡♥❡r❛t❡ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s ❛s t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳ ❚❤❡② ❝❛♥✱ ❤♦✇❡✈❡r✱ ❜❡ ❝❛❧❧❡❞ ❢r♦♠ ♦t❤❡r ❢✉♥❝t✐♦♥s✳

✺✳✶✳✼ ▼♦❞❡❧

❱❛❧✉❡s ❱❛❧✉❡s ❛r❡ ❡✐t❤❡r ✐♥t❡❣❡rs✱ ❜♦♦❧❡❛♥s✱ ✉♥✐t✱ t✉♣❧❡s✱ ♦r ✈❛❧✉❡s ♦❢ ✉s❡r✲❞❡✜♥❡❞ t②♣❡s✳

❍❡❛♣ ❆ ❲❤② ❤❡❛♣ Hw ✐s ❛ ❢✉♥❝t✐♦♥✿

• Hw(x ) ✐s t❤❡ ✈❛❧✉❡ ♦❢ ✈❛r✐❛❜❧❡ x ❀

• Hw(y , L) ✐s t❤❡ ✈❛❧✉❡ ♦❢ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡ y ❛t ❧❛❜❡❧ L✳

◆♦t❡ t❤❛t !y ✐s ❡✈❛❧✉❛t❡❞ ❛s Hw(y , ❤❡r❡)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❧❛❜❡❧ ❤❡r❡ ✐s t❤❡ ❞❡❢❛✉❧t ❧❛❜❡❧✳

❊①❡❝✉t✐♦♥ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❡①♣r❡ss✐♦♥s ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

ew, Hw
❲❤②

=⇒ v , Hw
′

✇❤✐❝❤ st❛t❡s t❤❛t ❲❤② ❡①♣r❡ss✐♦♥ ew ✉♥❞❡r ❤❡❛♣ Hw r❡❞✉❝❡s t♦ ✈❛❧✉❡ v ✱ ✇✐t❤ ♥❡✇ ❤❡❛♣ Hw
′✳

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❲❤② ❡①♣r❡ss✐♦♥ ew ♠✐❣❤t ❛❧s♦ ❞✐✈❡r❣❡✳ ❚❤✐s ✐s ❞❡♥♦t❡❞ ❜②✿

ew, Hw
❲❤②

=⇒ ∞
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■t ♠❛② ❤❛♣♣❡♥ ❜❡❝❛✉s❡ ♦❢ ❧♦♦♣s ❛♥❞ r❡❝✉rs✐✈❡ ❝❛❧❧s✳ ❲❡ ✇✐❧❧ ♥♦t ❜❡ ✉s✐♥❣ ❧♦♦♣s t❤♦✉❣❤✱ s♦
✇❡ ❛r❡ ♦♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ r❡❝✉rs✐✈❡ ❝❛❧❧s✳ ❆ ♣r♦❣r❛♠ ✇❤✐❝❤ ❞✐✈❡r❣❡s ❞♦❡s ♥♦t r❛✐s❡ ❛♥②
r✉♥✲t✐♠❡ ❡rr♦r✱ s♦ ✐t ✐s ❛ ❝♦rr❡❝t ♣r♦❣r❛♠✳ ◆♦t❡ t❤❛t ❜❡❝❛✉s❡ s♦♠❡ ❲❤② ❡①♣r❡ss✐♦♥s ❛r❡
♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✱ ❜♦t❤ ❥✉❞❣❡♠❡♥ts ♠❛② ❤♦❧❞ ❢♦r t❤❡ s❛♠❡ ♣r♦❣r❛♠✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❛t t❤❡ ❲❤② ❧❛♥❣✉❛❣❡ ✐s s♦✉♥❞ ❬❋✐❧❧✐âtr❡✵✸❪✳

❚❤❡♦r❡♠ ✻ ✭❲❤② ❙♦✉♥❞♥❡ss✮ ❆ss✉♠❡ ew ✐s ❛ ✇❡❧❧✲t②♣❡❞ ❲❤② ❡①♣r❡ss✐♦♥✱ ✇❤♦s❡ ♣r❡✲
❝♦♥❞✐t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ t♦ ❡♥t❛✐❧ ✐ts ✇❡❛❦❡st ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❆ss✉♠❡ t❤❛t ❛❧❧ ❢✉♥❝t✐♦♥s
❤❛✈❡ ❜❡❡♥ ♣r♦✈❡♥ t♦ ✈❡r✐❢② t❤❡✐r ❝♦♥tr❛❝t✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❤❡❛♣ Hw ✐♥ ✇❤✐❝❤ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥
❤♦❧❞s✱ ❡✐t❤❡r✿

ew, Hw
❲❤②

=⇒ ∞

♦r t❤❡r❡ ✐s v ❛♥❞ Hw
′ s✉❝❤ t❤❛t✿

ew, Hw
❲❤②

=⇒ v , Hw
′

✺✳✷ ❉✐r❡❝t ❊♥❝♦❞✐♥❣ ♦❢ t❤❡ ❙❡♣❛r❛t❡❞ ▼♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦ tr❛♥s❧❛t❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s ✐♥t♦ ❲❤② ♣r♦❣r❛♠s✳ ❲❡ ❜❛s❡
♦✉r ❡♥❝♦❞✐♥❣ ♦♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳

✺✳✷✳✶ P♦✐♥t❡rs✱ ❘❡❣✐♦♥s✱ ❚②♣❡s ❛♥❞ ❖❜❥❡❝ts

❯♥❞❡rst❛♥❞✐♥❣ ❤♦✇ s❡♣❛r❛t❡❞ ❤❡❛♣s Hs ❛r❡ ❡♥❝♦❞❡❞ ✐♥ ❲❤② ✐s ❦❡②✳ ■♥❞❡❡❞✱ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢
t❤❡ tr❛♥s❧❛t✐♦♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤✐s ❡♥❝♦❞✐♥❣✳

P♦✐♥t❡rs ❘❡❣✐♦♥s ❛r❡ ❡♥❝♦❞❡❞ ❛s ❧♦❣✐❝ ♠❛♣s✳ ❑❡②s t♦ t❤❡s❡ ♠❛♣s ❛r❡ ❧♦❝❛t✐♦♥s✿

t②♣❡ location

❚❤✐s t②♣❡ ✐s ❛❜str❛❝t✳ ❚❤❡ ♦♥❧② ✇❛② t♦ ❜✉✐❧❞ ❛ ❧♦❝❛t✐♦♥ ✐s ❜② ✉s✐♥❣ ❛ ❜❧❛❝❦ ❜♦① ♦❢ t②♣❡
location✳ ■♥❞❡❡❞✱ t❤❡r❡ ✐s ♥♦ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ r❡t✉r♥s ❛ location✳

❘❡❣✐♦♥s ❲❡ ❞❡❝❧❛r❡ t❤❡ ❲❤② t②♣❡ ♦❢ r❡❣✐♦♥s✿

t②♣❡ region (α)

■t ❞❡♥♦t❡s ♠❛♣s ❢r♦♠ location ✈❛❧✉❡s t♦ α ✈❛❧✉❡s✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥ set ❛❞❞s ❛ ❧♦❝❛t✐♦♥ ❛♥❞ ✐ts
α ✈❛❧✉❡ ✐♥t♦ ❛ r❡❣✐♦♥✿

❧♦❣✐❝ set (α region, location, α): region (α)

■❢ t❤❡ ❧♦❝❛t✐♦♥ ❛❧r❡❛❞② ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ ✐♥ t❤❡ ♠❛♣✱ ✐t ✐s r❡♣❧❛❝❡❞✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥ get

r❡❛❞s t❤❡ ✈❛❧✉❡ ♦❢ ❛ ❧♦❝❛t✐♦♥ ✐♥ ❛ r❡❣✐♦♥✿

❧♦❣✐❝ get (α region, location): α

❋✉♥❝t✐♦♥s get ❛♥❞ set ❛r❡ ❛①✐♦♠❛t✐③❡❞ ❛s ❢♦❧❧♦✇s✿

❛①✐♦♠ getSetEq :
∀r : region (α). ∀p: location. ∀x : α.
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get(set(r , p, x ), p) = x

❛①✐♦♠ getSetNeq :
∀r : region (α). ∀p: location. ∀q : location. ∀x : α.
p 6= q ⇒ get(set(r , p, x ), q) = get(r , q)

❚❤✐s ✐s t❤❡ ✉s✉❛❧ t❤❡♦r② ♦❢ ✐♥✜♥✐t❡ ❛rr❛②s✳
❲❡ ❛❞❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❞♦♠❛✐♥ ❢♦r r❡❣✐♦♥s✳ ▲♦❣✐❝ ❝♦♥st❛♥t empty ✐s ❛ r❡❣✐♦♥ ♦❢ ❡♠♣t②

❞♦♠❛✐♥✿

❧♦❣✐❝ empty : region (α)

Pr❡❞✐❝❛t❡ inRegion t❛❦❡s ❛ ❧♦❝❛t✐♦♥ ❛♥❞ ❛ r❡❣✐♦♥ ❛s ❛r❣✉♠❡♥ts✱ ❛♥❞ ❤♦❧❞s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡
❧♦❝❛t✐♦♥ ✐s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ r❡❣✐♦♥✿

❧♦❣✐❝ inRegion (location, region (α))

❚❤✐s ♣r❡❞✐❝❛t❡ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ ❢♦✉r ❛①✐♦♠s✳ ❚❤❡ ✜rst ♦♥❡ st❛t❡s t❤❛t t❤❡ ❡♠♣t② r❡❣✐♦♥ ✐s
❡♠♣t②✱ ✐✳❡✳ ❤❛s ❛♥ ❡♠♣t② ❞♦♠❛✐♥✿

❛①✐♦♠ notInEmptyRegion:
∀p: location.
¬inRegion(p, empty)

❆♥♦t❤❡r ♦♥❡ st❛t❡s t❤❛t ❧♦❝❛t✐♦♥ p ✐s ✐♥ r❡❣✐♦♥s ✐♥t♦ ✇❤✐❝❤ p ✇❛s ❛❞❞❡❞✿

❛①✐♦♠ inSetRegionEq :
∀p: location. ∀r : region (α). ∀v : α.
inRegion(p, set(r , p, v))

❚❤❡ ♥❡①t ♦♥❡ st❛t❡s t❤❛t set ♦♥❧② ♠❛❦❡s t❤❡ ❞♦♠❛✐♥ ❜✐❣❣❡r✿

❛①✐♦♠ inSetRegionNeq :
∀p: location. ∀q : location. ∀r : region (α). ∀v : α.
inRegion(p, r) ⇒ inRegion(p, set(r , q , v))

❚❤❡ ❧❛st ♦♥❡ st❛t❡s t❤❛t set ♦♥❧② ❛❞❞s ♦♥❡ ❧♦❝❛t✐♦♥✿

❛①✐♦♠ notInSetRegion:
∀p: location. ∀q : location. ∀r : region (α). ∀v : α.
p 6= q ⇒ ¬inRegion(p, r) ⇒ ¬inRegion(p, set(r , q , v))

◆♦t❡ t❤❛t r❡❣✐♦♥s ❛r❡ ✜♥✐t❡ ♠❛♣s✳ ❍♦✇❡✈❡r✱ ❛❧❧ ❲❤② ❢✉♥❝t✐♦♥s ❛r❡ t♦t❛❧✱ ✐♥❝❧✉❞✐♥❣ ❢✉♥❝t✐♦♥
get ✳ ❚❤✐s ♠❡❛♥s t❤❛t ♦♥❡ ❝❛♥ ✇r✐t❡ get(r , p) ❢♦r ❛♥② ❧♦❝❛t✐♦♥ p✱ ✐♥❝❧✉❞✐♥❣ ♦♥❡s ✇❤✐❝❤ ❛r❡
♥♦t ❛❝t✉❛❧❧② ✐♥ r❡❣✐♦♥ r ✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ❛①✐♦♠s ❞♦ ♥♦t s♣❡❝✐❢② t❤❡ r❡s✉❧t✱ ❛♥❞ ✇❡ ❝❛♥♥♦t
♣r♦✈❡ ❛♥②t❤✐♥❣ ❛❜♦✉t get(r , p) ❡①❝❡♣t t❤❛t ✐t ❡①✐sts✳ ❚❤❡ ❛❝t✉❛❧ ❞♦♠❛✐♥ ♦❢ r ✐s ❣✐✈❡♥ ❜②
♣r❡❞✐❝❛t❡ inRegion✳

❚②♣❡s ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ why(τ) ♦❢ t②♣❡ τ ❛s ❢♦❧❧♦✇s✿

• why(int) = int ❀

• why(bool) = bool ❀

• why(unit) = unit ❀
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• why([ρ]) = location❀

• why([❴]) = location❀

• why(t (τ1 , · · ·, τn)) = t (why(τ1 ), · · ·, why(τn))✳

❚❤✐s tr❛♥s❧❛t✐♦♥ ✐s r❡❝✉rs✐✈❡✱ ❛♥❞ ✐s ✇❡❧❧✲❢♦✉♥❞❡❞✳

❖❜❥❡❝ts ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ why(C) ♦❢ ❝❧❛ss ❡①♣r❡ss✐♦♥ C ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡
t❤❛t r1 : C1 , · · ·, rn : Cn ✐s t❤❡ ❧✐st ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ C✱ ❛♥❞ t❤❛t f1 : τ1 , · · ·, fm : τm ✐s t❤❡
❧✐st ♦❢ ✜❡❧❞s ♦❢ C✳ ◆♦t❡ t❤❛t t❤✐s ❛ss✉♠❡s t❤❛t t②♣❡ ♣❛r❛♠❡t❡rs ❛♥❞ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ✐♥
❝❧❛ss ❡①♣r❡ss✐♦♥ C ❤❛✈❡ ❜❡❡♥ s✉❜st✐t✉t❡❞ ✐♥ C1 , · · ·, Cn ❛♥❞ τ1 , · · ·, τm ✳ ❚❤❡♥ why(C) ✐s t❤❡
❢♦❧❧♦✇✐♥❣ ❲❤② t✉♣❧❡ t②♣❡✿

(region (why(C1 )) × · · · × region (why(Cn)) × why(τ1 ) × · · · × why(τm))

❆❣❛✐♥✱ t❤✐s tr❛♥s❧❛t✐♦♥ ✐s r❡❝✉rs✐✈❡✳ ■t ✐s ✇❡❧❧✲❢♦✉♥❞❡❞ ✐❢ ❝❧❛ss❡s ❛r❡ ♥♦t r❡❝✉rs✐✈❡✳ ❲❡ t❛❝❦❧❡
t❤❡ r❡❝✉rs✐✈❡ ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳

✺✳✷✳✷ ❊①♣r❡ss✐♦♥s ❛♥❞ ❘❡❣✐♦♥ ❊①♣r❡ss✐♦♥s

▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❲❡ ❛❧r❡❛❞② ❛ss✉♠❡❞ ❛ ♠♦❞❡❧ Jf K ❢♦r ❡❛❝❤ ✉s❡r✲❞❡✜♥❡❞ ❧♦❣✐❝ ❢✉♥❝t✐♦♥✳
❲❡ ❦♥♦✇ t❤❡r❡ ✐s ❛ ♠♦❞❡❧ ❢♦r ❧♦❣✐❝ ❢✉♥❝t✐♦♥s empty ✱ get ❛♥❞ set ✱ ❛♥❞ ❢♦r ♣r❡❞✐❝❛t❡ inRegion✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❲❤② ❧♦❣✐❝ ❢✉♥❝t✐♦♥ f r❡t✉r♥s t❤❡ ✈❛❧✉❡ r❡t✉r♥❡❞ ❜② t❤❡
♠♦❞❡❧ Jf K✳

❘❡❣✐♦♥ ❊①♣r❡ss✐♦♥s ❘❡❣✐♦♥ ❜✐♥❞❡rs ✐♥ ♣r♦❣r❛♠s✱ ✐✳❡✳ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ ❢✉♥❝t✐♦♥s
❛♥❞ t❤❡ ❧❡t r❡❣✐♦♥ st❛t❡♠❡♥t✱ ✐♥tr♦❞✉❝❡ t❤❡s❡ ✈❛r✐❛❜❧❡s ❛s r❡❢❡r❡♥❝❡s✳ ❚❤❡✐r t②♣❡ ✐s
region (why(C)) ✇❤❡r❡ C ✐s t❤❡ ❝❧❛ss ♦❢ t❤❡ r❡❣✐♦♥✳

❆ss✉♠❡ ρ ✐s ❛ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥✿

Γ ⊢ ρ: C

❛♥❞ ❛ss✉♠❡ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ why(ρ) ♦❢ ρ ✇✐t❤ r❡s♣❡❝t t♦
Σ ❛s ❢♦❧❧♦✇s✳

• why(r) = !r ❀

• ✐❢ x ❤❛s t②♣❡ [σ]✱ ✐❢ σ∅✱ σ◦✱ σ× ♦r σG ✐s ✐♥ Σ ♦r ✐❢ σ ✐s tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞
r❡❣✐♦♥ ✭✐✳❡✳ Γ, Σ ⊢× σ✮✱ t❤❡♥ why(x .s) ✐s✿

proj s(get(why(σ), x ))

✇❤❡r❡ proj s ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✇♥❡❞ r❡❣✐♦♥ s ✐♥ t✉♣❧❡ why(C)❀

• ✐❢ x ❤❛s t②♣❡ [σ]✱ ✐❢ σ′ −◦ σ ✐s ✐♥ Σ ❢♦r s♦♠❡ r❡❣✐♦♥ σ′✱ t❤❡♥ why(x .s) ✐s✿

proj r (get((✐❢ inRegion(x , why(σ′)) t❤❡♥ why(σ′) ❡❧s❡ why(σ)), x ))

◆♦t❡ t❤❛t t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ why(σ′) ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✉s✐♥❣ ❛ ❧❡t✲❜✐♥❞✐♥❣❀

❚❤✐s tr❛♥s❧❛t✐♦♥ ✐s ♥♦t ❛❧✇❛②s ❞❡✜♥❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ why(x .s) ✐s ♥♦t ❞❡✜♥❡❞ ✐❢ t❤❡r❡ ✐s ♥♦
❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ♦❢ x ✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐❢ ρ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ t❤❡♥ why(ρ) ❞❡♥♦t❡s ❛ r❡❣✐♦♥ ❢r♦♠ ✇❤✐❝❤
t❤❡ ♦♥❧② ♣♦✐♥t❡rs t❤❛t s❤♦✉❧❞ ❜❡ r❡❛❞ ❛r❡ t❤❡ ♦♥❡s ✇❤✐❝❤ ❤❛✈❡ ♥♦t ❜❡❡♥ ❢♦❝✉s❡❞✳ ■♥ ♦t❤❡r
✇♦r❞s✱ why(ρ) ❞❡♥♦t❡s Hs(ρ)✱ ❜✉t t❤❡r❡ ♠❛② ❜❡ ❛ ❧♦❝❛t✐♦♥ p ❢♦r ✇❤✐❝❤ get(why(ρ), p) ❞♦❡s
♥♦t ❞❡♥♦t❡ Hs(p)✳ ❚❤✐s ❤❛♣♣❡♥s ✐❢ Hs(p❄) ✐s ♥♦t ρ✳
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❊①♣r❡ss✐♦♥s ❆ss✉♠❡ e ✐s ❛ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥✿

Γ, Σ ⊢ e: τ

❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ why(e) ♦❢ e ❛s ❢♦❧❧♦✇s✿

• why(c) = c❀

• why(x ) = x ❀

• why(e1 op e2 ) = why(e1 ) op why(e2 )❀

• why(f arg1 · · · argn) = f (why(arg1 ), · · ·, why(argn)) ✇❤❡r❡ why(arg) = why(ρ) ✐❢ arg
✐s ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r [ρ]✱ ❛♥❞ why(arg) = why(e) ✐❢ arg ✐s ❛ r❡❣✉❧❛r ♣❛r❛♠❡t❡r (e)❀

• why(x .f ) ✐s ❞❡✜♥❡❞ ❜❡❧♦✇✳

❚❤❡ tr❛♥s❧❛t✐♦♥ why(x .f ) ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣❡ ♦❢ x ❛♥❞ ♦♥ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s✳ ❚②♣✐♥❣
r✉❧❡s ❡♥s✉r❡s t❤❛t x ❤❛s t②♣❡ [ρ] ❢♦r s♦♠❡ r❡❣✐♦♥ ρ ♦❢ ❝❧❛ss C✱ ♦❢ ✇❤✐❝❤ f ✐s ❛ ✜❡❧❞✳ ❚❤❡♥
why(x .f ) ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ proj f ♦♥ t❤❡ t✉♣❧❡ ❝♦♠♣♦♥❡♥t ♦❢ why(C) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ✱ ♦❢
t❤❡ ♦❜❥❡❝t obj (x , ρ) ♦❜t❛✐♥❡❞ ❜② ❧♦♦❦✐♥❣ ❢♦r x ✐♥ r❡❣✐♦♥ ρ✳ ❲❡ ♥♦✇ ❞❡✜♥❡ obj (x , ρ)✿

• ✐❢ ρ◦✱ ρ× ♦r ρG ✐s ✐♥ Σ✱ t❤❡♥ obj (x , ρ) ✐s get(why(ρ), x )❀

• ✐❢ σ −◦ ρ ✐s ✐♥ Σ✱ t❤❡♥ obj (x , ρ) ✐s✿
✐❢ inRegion(x , why(σ)) t❤❡♥ obj (x , σ) ❡❧s❡ get(why(ρ), x )✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐s s❡❧❡❝t✐♦♥ x .f ✱ ❛s t❤❡ ♦❜❥❡❝t ♦❢ x ♠✉st ❜❡ r❡❛❞ ❢r♦♠ ✐ts ❛❝t✐✈❡ r❡❣✐♦♥✳
❯s✉❛❧❧② t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ✐s t❤❡ r❡❣✐♦♥ ❣✐✈❡♥ ❜② t❤❡ t②♣❡ ♦❢ x ✳ ❇✉t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✐❢ x
✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♠❛② ❜❡ t❤❡ ❢♦❝✉s r❡❣✐♦♥✱ ♦r ❡✈❡♥ ❛♥♦t❤❡r
♦♥❡ ✐❢ ❛♥♦t❤❡r ❢♦❝✉s ❤❛♣♣❡♥❡❞✳ ◆♦t❡ t❤❛t ❢r♦♠ ❛ ❧❛♥❣✉❛❣❡ ❞❡s✐❣♥ st❛♥❞♣♦✐♥t✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❝♦♥s✐❞❡r ♣r❡✈❡♥t✐♥❣ t❤❡ ✉s❡r ❢r♦♠ r❡❛❞✐♥❣ ❛ ♣♦✐♥t❡r ✇❤✐❝❤ ✐s ✐♥ ❛ r❡❣✐♦♥ ❜❡✐♥❣ ❢♦❝✉s❡❞✳
■♥❞❡❡❞✱ ❡①♣❡r✐♠❡♥ts t❡♥❞ t♦ s❤♦✇ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ❛❝❝❡ss ✐s ♥♦t ✉s❡❢✉❧ ✈❡r② ♦❢t❡♥✳

❊①❛♠♣❧❡ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿

x : [y .s], y : [r ], r : C

❛♥❞ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✿

y .s×, r◦

t❤❡♥ t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ x .f ✐s✿

why(x .f ) = proj f (obj (x , y .s))
= proj f (get(why(y .s), x ))
= proj f (get(proj s(get(!r , y)), x ))

✇❤❡r❡ proj f ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ f ✜❡❧❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝❧❛ss t✉♣❧❡ ♦❢ x ✱ ❛♥❞ proj s ✐s
t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ s ♦✇♥❡❞ r❡❣✐♦♥ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝❧❛ss t✉♣❧❡ ♦❢ C✳

❚❤❡ ❡①♣r❡ss✐♦♥ ✇❡ ♦❜t❛✐♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝❝❡ss ✐♥ ♦✉r s❡♣❛r❛t❡❞ ♠♦❞❡❧✿

Hs(r)(y)(s)(x )(f )
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✺✳✷✳✸ ▲♦❣✐❝

❆ss✉♠❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤✱ ❣✐✈❡♥ ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ r ✱ st❛t❡s ✇❤❡t❤❡r r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥
✭✐✳❡✳ ❛ r❡❣✐♦♥ ❜♦✉♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ r❡❣✐♦♥ ♣❛r❛♠❡t❡r ♦r ❛ ❧❡t r❡❣✐♦♥ st❛t❡♠❡♥t✮ ♦r ❛ ❧♦❣✐❝ r❡❣✐♦♥
✭✐✳❡✳ ❛ r❡❣✐♦♥ ❜♦✉♥❞ ✉s✐♥❣ ❛ t❡r♠ ♦r ♣r❡❞✐❝❛t❡ ♣❛r❛♠❡t❡r✱ ♦r ❛ ∀r❡❣✐♦♥ ♦r ∃r❡❣✐♦♥ q✉❛♥t✐✜❡r✮✳

❘❡❣✐♦♥ ❚❡r♠s ❆ss✉♠❡ RT ✐s ❛ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥ t❡r♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥
why(RT ) ♦❢ RT ❛s ❢♦❧❧♦✇s✿

• why(r❅❤❡r❡) = !r ✐❢ r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥❀

• why(r❅L) = !r❅L ✐❢ r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥ ❛♥❞ L 6= ❤❡r❡❀

• why(r❅❤❡r❡) = r ✐❢ r ✐s ❛ ❧♦❣✐❝ r❡❣✐♦♥ ✭t②♣✐♥❣ ❡♥s✉r❡s t❤❡ ❧❛❜❡❧ ✐s ❤❡r❡✮❀

• why(get(RT , LT , s)) ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ s ❝♦♠♣♦♥❡♥t ♦❢✿
get(why(RT ), why(LT ))✳

❚❡r♠s ❆ss✉♠❡ LT ✐s ❛ ✇❡❧❧✲t②♣❡❞ t❡r♠✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ why(LT ) ♦❢ LT
❛s ❢♦❧❧♦✇s✿

• why(c) = c❀

• why(x ) = x ❀

• why(LT 1 termop LT 2 ) = why(LT 1 ) termop why(LT 2 )❀

• why(f larg1 · · · largn) = f (why(larg1 ), · · ·, why(largn)) ✇❤❡r❡ why(larg) = why(RT )
✐❢ larg ✐s ❛ r❡❣✐♦♥ ♣❛r❛♠❡t❡r [RT ]✱ ❛♥❞ why(larg) = why(LT ) ✐❢ larg ✐s ❛ r❡❣✉❧❛r ♣❛r❛♠✲
❡t❡r (LT )❀

• get(RT , LT , f ) ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ f ❝♦♠♣♦♥❡♥t ♦❢ get(why(RT ), why(LT ))✳

Pr❡❞✐❝❛t❡s ❆ss✉♠❡ P ✐s ❛ ✇❡❧❧✲t②♣❡❞ ♣r❡❞✐❝❛t❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ why(P) ♦❢
P ❛s ❢♦❧❧♦✇s✿

• why(P1 ∧ P2 ) = why(P1 ) ∧ why(P2 )❀

• why(P1 ∨ P2 ) = why(P1 ) ∨ why(P2 )❀

• why(P1 ⇒ P2 ) = why(P1 ) ⇒ why(P2 )❀

• why(P1 ⇐⇒ P2 ) = why(P1 ) ⇐⇒ why(P2 )❀

• why(¬P) = ¬why(P)❀

• why(❚) = ❚❀

• why(❋) = ❋❀

• why(LT 1 = LT 2 ) = (why(LT 1 ) = why(LT 2 ))❀

• why(LT 1 6= LT 2 ) = (why(LT 1 ) 6= why(LT 2 ))❀

• why(LT 1 > LT 2 ) = (why(LT 1 ) > why(LT 2 ))❀
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• why(LT 1 ≥ LT 2 ) = (why(LT 1 ) ≥ why(LT 2 ))❀

• why(∀x : τ . P) = ∀x : why(τ). why(P)❀

• why(∃x : τ . P) = ∃x : why(τ). why(P)❀

• why(∀r❡❣✐♦♥ r : C. P) = ∀r : region (why(C)). why(P)❀

• why(∃r❡❣✐♦♥ r : C. P) = ∃r : region (why(C)). why(P)❀

• why(p larg1 · · · largn) = p(why(larg1 ), · · ·, why(largn))❀

• why(LT ∈ RT ) = inRegion(why(LT ), why(RT ))✳

❚❤✐s ✐s ♣r❡tt② str❛✐❣❤t❢♦r✇❛r❞✳

✺✳✷✳✹ ❙t❛t❡♠❡♥ts

❆ss✐❣♥✐♥❣ ❆♥② ❘❡❣✐♦♥ ❆ss✉♠❡ s♦♠❡ t②♣✐♥❣ ❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ❲❡
❞❡✜♥❡ ♦♣❡r❛t✐♦♥ assign(ρ, w) ✇❤❡r❡ ρ ✐s ❛ ❈❛♣✉❝✐♥❡ r❡❣✐♦♥ ✭✐✳❡✳ r ♦r x .s✮ ❛♥❞ w ✐s ❛♥② ✇❤②
❡①♣r❡ss✐♦♥✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ❡♥s✉r❡s t❤❡ ✈❛❧✉❡ ♦❢ ρ ✐s ❝❤❛♥❣❡❞ t♦ w ✳

• assign(r , w) =

r := w

• ■❢ x ❤❛s t②♣❡ [σ] ❛♥❞ σ∅✱ σ◦✱ σ× ♦r σG ✐s ✐♥ Σ ♦r ✐❢ σ ✐s tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞
r❡❣✐♦♥ ✭✐✳❡✳ Γ, Σ ⊢× σ✮✱ t❤❡♥ assign(x .s, w) =

assign(σ, set(why(σ), x , sets(get(why(σ), x ), w)))

✇❤❡r❡ sets(o, w) s❡ts t❤❡ s ✜❡❧❞ ♦❢ ❛♥ ♦❜❥❡❝t t✉♣❧❡ o t♦ w ✳

• ■❢ x ❤❛s t②♣❡ [σ] ❛♥❞ σ′ −◦ σ ✐s ✐♥ Σ t❤❡♥ assign(x .s, w) =

✐❢ inRegion(x , why(σ′)) t❤❡♥

assign(σ′, set(why(σ′), x , sets(get(why(σ
′), x ), w)))

❡❧s❡

assign(σ, set(why(σ), x , sets(get(why(σ), x ), w)))

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿

r : C, r ′: C′, x : [r ], y : [r ′], y : [x .s]

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r♠✐ss✐♦♥s✿

r ′×, r ′ −◦ x .s, r◦

✇❤❡r❡ s ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ ❝❧❛ss C ❛♥❞ t ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ ♦❢ t❤❡ ❝❧❛ss ♦❢ s✳ ❚❤✐s s✐t✉❛t✐♦♥
✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❚❤❡♥ assign(z .t , w) ✐s✿

✐❢ inRegion(z , !r ′) t❤❡♥

r ′ := set(!r ′, z , set t(get(!r
′, z ), w))

❡❧s❡

r := set(!r , x , sets(get(!r , x ), set(proj s(get(!r , x )), z , set t(get(!r , z ), w))))
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x

· · · y· · ·z · · ·

yr◦ r×

r ′ −◦ x .s

z .t

y .t

s

t

t

focus

❋✐❣✉r❡ ✺✳✶✿ ❊①❛♠♣❧❡ s✐t✉❛t✐♦♥ t♦ ✐❧❧✉str❛t❡ t❤❡ assign ♦♣❡r❛t✐♦♥ ✭y ❛♥❞ z ♠❛② ❜❡ ❡q✉❛❧✮

❚r❛♥s❧❛t✐♦♥ ♦❢ ❙t❛t❡♠❡♥ts ❆ss✉♠❡ s ✐s ❛ ✇❡❧❧✲t②♣❡❞ st❛t❡♠❡♥t✳ ❲❡ ❞❡✜♥❡ t❤❡ ❲❤②
tr❛♥s❧❛t✐♦♥ why(s, cont) ♦❢ s ✇✐t❤ ❝♦♥t✐♥✉❛t✐♦♥ cont ✱ ✇❤❡r❡ cont ✐s ❛ ❲❤② ❡①♣r❡ss✐♦♥✳ ❋✐rst
✇❡ ❞❡✜♥❡ why(S, cont) ✇❤❡r❡ S ✐s ❛ st❛t❡♠❡♥t ❜❧♦❝❦ r❡❝✉rs✐✈❡❧②✿

why((s; S), cont) = why(s, why(S, cont))

❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❡❛❝❤ ♣♦ss✐❜❧❡ st❛t❡♠❡♥t✿

• why(❧❡t x = e, cont) =

❧❡t x = why(e) ✐♥

cont

• why(✐❢ e t❤❡♥ S1 ❡❧s❡ S2 , cont) =

(✐❢ why(e) t❤❡♥ why(S1 , ()) ❡❧s❡ why(S2 , ()));
cont

• why(❧❡t x = f arg1 · · · argm , cont) =

❧❡t r1 = r❡❢ (why(ρ1 )) ✐♥

· · ·
❧❡t rn = r❡❢ (why(ρn)) ✐♥

❧❡t x = f (whyarg(arg1 ), · · ·, whyarg(argn)) ✐♥

assign(ρ1 , !r1 );
· · ·
assign(ρn , !rn);
cont

✇❤❡r❡ arg1 , · · ·, argm r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ ❛r❣✉♠❡♥ts ✐s [ρ1 ], · · ·, [ρn ]✱ ✇❤❡r❡
whyarg((e)) ✐s why(e)✱ ❛♥❞ ✇❤❡r❡ whyarg([ρi ]) ✐s ri ✳

• why(❧❡t r❡❣✐♦♥ r : C, cont) =

❧❡t r = r❡❢ empty ✐♥

cont

• why(❧❡t x = ♥❡✇ C [ρ], cont) =
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❧❡t x = ❛♥② location ✐♥

assign(ρ, set(why(ρ), x , ❛♥② why(C)));
assign(x .r1 , empty);
· · ·
assign(x .rn , empty);
cont

❚❤❡ ♣♦✐♥t❡r ✐s ✐♥✐t✐❛❧✐③❡❞ t♦ s♦♠❡ ✉♥❦♥♦✇♥ ✈❛❧✉❡ ♦❢ location t②♣❡✳ ❲❡ ❞♦ ♥♦t ❛❝t✉❛❧❧②
r❡q✉✐r❡ t❤✐s ✈❛❧✉❡ t♦ ❜❡ ✏t❤❡ ♥❡①t ❢r❡s❤ ❧♦❝❛t✐♦♥✑ ❛s ✐♥ t❤❡ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ ✇❡ ♦♥❧② ♥❡❡❞
t♦ ♥♦✇ t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ✐s ❢r❡s❤ ✐♥ t❤❡ r❡❣✐♦♥ ✐t ✐s ❛❞❞❡❞ t♦✳ ❍❡r❡ ✐t ✐s ❛❞❞❡❞ t♦ ❛♥
❡♠♣t② r❡❣✐♦♥✱ s♦ t❤❡ ❧♦❝❛t✐♦♥ ✐s ♥❡❝❡ss❛r✐❧② ❢r❡s❤✳ ▲❛t❡r ✐t ♠✐❣❤t ❜❡ ❛❞❞❡❞ ✐♥t♦ ❛ ❣r♦✉♣
r❡❣✐♦♥ ρ ✉s✐♥❣ ❛❞♦♣t✐♦♥✱ ❛♥❞ ✇❡ ✇♦✉❧❞ t❤❡♥ ❜❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ✐s ❢r❡s❤
✐♥ ρ ❛s t❤❡ ❧♦❝❛t✐♦♥ ✇❛s ♥♦t ✐♥ ρ ❜❡❢♦r❡ t❤❡ ❛❞♦♣t✐♦♥✳

◆♦t❡ t❤❛t t❤❡ ♦♥❧② r❡❛s♦♥ ✇❡ ✐♥✐t✐❛❧✐③❡ t❤❡ ♦❜❥❡❝t ✐♥ ρ ✐s t♦ ❡♥s✉r❡ t❤❡ ❞♦♠❛✐♥ ♦❢ ρ ✐s
{x}✳ ❖t❤❡r✇✐s❡✱ ❢r♦♠ t②♣✐♥❣ ✇❡ ❝♦✉❧❞ ♣r♦✈❡ t❤❛t Dom(ρ) = {x} ✇❤✐❧❡ Dom(ρ) ✇♦✉❧❞
❛❝t✉❛❧❧② ❜❡ ❡♠♣t②✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ✇❡ ✐♥✐t✐❛❧✐③❡ ♦✇♥❡❞ r❡❣✐♦♥s r1 , · · ·, rn ✳

• why(x .f ← e, cont) =

assign(ρ, set(why(ρ), x , set f (get(why(ρ), x ), why(e))));
cont

✇❤❡r❡ x ❤❛s t②♣❡ [ρ] ❛♥❞ set f (x , y) ❛❧❧♦✇s t♦ ❝❤❛♥❣❡ t❤❡ f ❝♦♠♣♦♥❡♥t ♦❢ t✉♣❧❡ x t♦ y ✳

• why(❛❞♦♣t x : σ ❛s ρ, cont) =

assign(ρ, set(why(ρ), x , get(why(σ), x )));
cont

• why(❢♦❝✉s x : ρ ❛s σ, cont) =

assign(σ, set(empty , x , get(why(ρ), x )));
cont

◆♦t❡ t❤❛t ❛s why(σ) = empty ❜❡❢♦r❡ t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ✇❡ ❝♦✉❧❞ ❛❝t✉❛❧❧② ❤❛✈❡ ✉s❡❞
t❤❡ s❛♠❡ tr❛♥s❧❛t✐♦♥ t❤❛♥ ❢♦r ❛❞♦♣t✐♦♥✳

• why(✉♥❢♦❝✉s x : σ ❛s ρ, cont) =

assign(ρ, set(why(ρ), x , get(why(σ), x )));
cont

◆♦t❡ t❤❛t t❤✐s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❛❞♦♣t✐♦♥✳

• why(♣❛❝❦ x , cont) =

❛ss❡rt why(Inv(x ));
cont

✇❤❡r❡ Inv(x ) ✐s t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ t❤❡ ❝❧❛ss C ♦❢ x ✱ ❛♣♣❧✐❡❞ t♦ x .s1 , · · ·, x .sn
❛♥❞ x .f1 , · · ·, x .fm ✇❤❡r❡ s1 , · · ·, sn ❛r❡ t❤❡ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ C ❛♥❞ f1 , · · ·, fm ❛r❡ t❤❡
✜❡❧❞s ♦❢ C✳

• why(✉♥♣❛❝❦ x , cont) =

cont
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• why(✇❡❛❦❡♥ ❡♠♣t② ρ, cont) =

cont

• why(✇❡❛❦❡♥ s✐♥❣❧❡ ρ, cont) =

cont

• why(❛ss❡rt P , cont) =

❛ss❡rt why(P);
cont

• why(❧❛❜❡❧ L, cont) =

❧❛❜❡❧ L;
cont

❊①❛♠♣❧❡✿ ❋✉♥❝t✐♦♥ ❈❛❧❧ ❚r❛♥s❧❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ ❝❛❧❧s ✐s tr✐❝❦②✱ ❛s r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡
♣❛ss❡❞ ❛s ❛r❣✉♠❡♥ts ❛r❡ ❝♦♣✐❡❞ t♦ t❡♠♣♦r❛r② r❡❢❡r❡♥❝❡s✱ ❛♥❞ t❤❡♥ ♣✉t ❜❛❝❦ t♦ t❤❡✐r ♦r✐❣✐♥❛❧
❧♦❝❛t✐♦♥✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡✳ ❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿

r : C, x : [r ], y : [x .s]

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r♠✐ss✐♦♥s✿

r◦, x .sG

❚❤❡♥ t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿

❧❡t z = f [x .s] (y)

✇✐t❤ ❝♦♥t✐♥✉❛t✐♦♥ cont ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❤② ❡①♣r❡ss✐♦♥✿

❧❡t r1 = r❡❢ (proj s(get(!r , x ))) ✐♥
❧❡t z = f (r1 , y) ✐♥
r := set(!r , x , sets(get(!r , x ), !r1 ));
cont

✺✳✷✳✺ ❉❡❝❧❛r❛t✐♦♥s

▲♦❣✐❝ ❚②♣❡s ❈❛♣✉❝✐♥❡ ❧♦❣✐❝ t②♣❡s ❞❡❝❧❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

t②♣❡ t (α1 , · · ·, αn)

❚❤❡② ❛r❡ ❦❡♣t ❛s ✐t ✐♥ t❤❡ tr❛♥s❧❛t❡❞ ❲❤② ♣r♦❣r❛♠s✳

▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ Pr❡❞✐❝❛t❡s ❈❛♣✉❝✐♥❡ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡❝❧❛r❡❞ ❛s ❢♦❧❧♦✇s✿

❧♦❣✐❝ f param: τ = LT

❚❤❡② ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❲❤② ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❞❡❝❧❛r❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿

❧♦❣✐❝ f why(param): why(τ) = why(LT )

✇❤❡r❡ why(param) ✐s ❞❡✜♥❡❞ ❛s✿

• why((x : τ)) ✐s x : why(τ)❀
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• why([r : C]) ✐s r : region (why(C))❀

❖❢ ❝♦✉rs❡✱ ✐❢ t❤❡ ❜♦❞② LT ✐s ♦♠✐tt❡❞✱ ✐t ✐s ♦♠✐tt❡❞ ✐♥ t❤❡ tr❛♥s❧❛t❡❞ ❞❡❝❧❛r❛t✐♦♥ ❛s ✇❡❧❧✳
Pr❡❞✐❝❛t❡s ❛r❡ tr❛♥s❧❛t❡❞ ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛②✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❜♦❞②✱

✐❢ ❛♥②✱ ✐s ❛ ♣r❡❞✐❝❛t❡ ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ r❡t✉r♥ t②♣❡ t♦ tr❛♥s❧❛t❡✳

❆①✐♦♠s ❈❛♣✉❝✐♥❡ ❛①✐♦♠ ❞❡❝❧❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

❛①✐♦♠ a: P

❚❤❡② ❛r❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❲❤② ❛①✐♦♠s ❛s ❢♦❧❧♦✇s✿

❛①✐♦♠ a: why(P)

❋✉♥❝t✐♦♥s ❈❛♣✉❝✐♥❡ ❢✉♥❝t✐♦♥ ❞❡❝❧❛r❛t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠✿

❢✉♥ f param: τ
❝♦♥s✉♠❡s Σ
♣r♦❞✉❝❡s Σ′

♣r❡ P

♣♦st Q

{
S;
r❡t✉r♥ e

}

❆ss✉♠❡ r ✐s t❤❡ s❡t ♦❢ r❡❢❡r❡♥❝❡s r❡❛❞ ❜② ❲❤② ❡①♣r❡ss✐♦♥ why(S, why(e))✱ ❛♥❞ w ✐s t❤❡ s❡t ♦❢
r❡❢❡r❡♥❝❡s ✇r✐tt❡♥ ❜② why(S, why(e))✳ ❋✉♥❝t✐♦♥ f ❛❜♦✈❡ ✐s tr❛♥s❧❛t❡❞ ✐♥t♦ ❛ ❲❤② ♣❛r❛♠❡t❡r
❛♥❞ ❛ ❲❤② ❢✉♥❝t✐♦♥✿

❢✉♥ f why ′(param): why(τ)
♣r❡ why(P)
♣♦st why(Q)
r❡❛❞s r

✇r✐t❡s w

❢✉♥ fgoal why
′(param): why(τ)

♣r❡ why(P)
♣♦st why(Q)
{
why(S, why(e))
}

✇❤❡r❡ why ′(param) ✐s ❞❡✜♥❡❞ ❛s✿

• why ′((x : τ)) ✐s x : why(τ)❀

• why ′([r : C]) ✐s r : r❡❢ (region (why(C)))❀

❚❤✉s why ′(param) ✐s t❤❡ s❛♠❡ ❛s why(param)✱ ❡①❝❡♣t t❤❛t r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ❛r❡ r❡❢❡r❡♥❝❡s✳
❲❡ tr❛♥s❧❛t❡ t❤❡ ❢✉♥❝t✐♦♥ ✐♥t♦ ❛ ♣❛r❛♠❡t❡r f ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❧❡❞ ❢r♦♠ ✐♥s✐❞❡ t❤❡ ❜♦❞② ♦❢

❛♥② ❢✉♥❝t✐♦♥✳ ❋✉♥❝t✐♦♥ fgoal ✇✐❧❧ ♥♦t ❜❡ ❝❛❧❧❡❞✱ ❜✉t ❣❡♥❡r❛t❡s t❤❡ r❡q✉✐r❡❞ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳
❚❤✐s ✐s ❤♦✇ ✇❡ ❡♥❝♦❞❡ ♠✉t✉❛❧❧② r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳
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❝❧❛ss PosInt

{
value: int ;
✐♥✈❛r✐❛♥t value > ✵;
}

❝❧❛ss Triple

{
s✐♥❣❧❡ Ra: PosInt ;
❣r♦✉♣ Rbc: PosInt ;
a: [Ra];
b: [Rbc];
c: [Rbc];
}

❋✐❣✉r❡ ✺✳✷✿ ❉❡✜♥✐t✐♦♥ ♦❢ ❝❧❛ss❡s PosInt ❛♥❞ Triple

✺✳✷✳✻ ■❧❧✉str❛t✐♦♥

❲❡ ✐❧❧✉str❛t❡ ♦✉r ❡♥❝♦❞✐♥❣ ♦♥ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✳ ❲❡ ❝♦♥s✐❞❡r ❝❧❛ss PosInt ✱ ✇✐t❤ ♦♥❡ value

✐♥t❡❣❡r ✜❡❧❞ ✇❤✐❝❤ ♠✉st ❜❡ ♣♦s✐t✐✈❡✱ ❛♥❞ ❝❧❛ss Triple ✇✐t❤ t❤r❡❡ ♣♦✐♥t❡r ✜❡❧❞s ♦❢ ❝❧❛ss PosInt ✳
❚✇♦ ♦❢ t❤♦s❡ ✜❡❧❞s ♠❛② ❜❡ ❛❧✐❛s❡❞✳ ❲❡ ♣r♦❣r❛♠ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐♥❝r❡♠❡♥ts ❛❧❧ ♣♦✐♥t❡rs
♦❢ t❤❡ tr✐♣❧❡✳ ❋✐❣✉r❡ ✺✳✷ ❝♦♥t❛✐♥s t❤❡ ❈❛♣✉❝✐♥❡ ❝♦❞❡ ❞❡✜♥✐♥❣ ❜♦t❤ ❝❧❛ss❡s✱ ❛♥❞ ❋✐❣✉r❡ ✺✳✸
❝♦♥t❛✐♥s t❤❡ ❈❛♣✉❝✐♥❡ ❝♦❞❡ ♦❢ ♦✉r ✐♥❝r❡♠❡♥t❛t✐♦♥ ❢✉♥❝t✐♦♥ incrTriple✱ ❢✉❧❧② ❛♥♥♦t❛t❡❞ ❛♥❞
✇✐t❤ ♥♦ s②♥t❛❝t✐❝ s✉❣❛r✳

❚r❛♥s❧❛t✐♦♥ ❲❡ ♥♦✇ ❝♦♥str✉❝t✱ st❡♣ ❜② st❡♣✱ t❤❡❲❤② ❝♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛♥s❧❛t✐♦♥
♦❢ ❢✉♥❝t✐♦♥ incrTriple✳ ❍❡r❡ ✐s t❤❡ ❤❡❛❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿

❢✉♥ incrTriple

(r : r❡❢ (region (region (int) × region (int) × location × location × location)),
x : location): unit
♣♦st

proj value(get(projRa(get(!r , x )), proj a(get(!r , x )))) =
proj value(get(projRa(get(!r❅♣r❡, x )), proj a(get(!r❅♣r❡, x )))) + ✶ ∧

proj value(get(projRbc(get(!r , x )), proj b(get(!r , x )))) =
proj value(get(projRbc(get(!r❅♣r❡, x )), proj b(get(!r❅♣r❡, x )))) + ✶ ∧

proj value(get(projRbc(get(!r , x )), proj c(get(!r , x )))) =
proj value(get(projRbc(get(!r❅♣r❡, x )), proj c(get(!r❅♣r❡, x )))) + ✶

◆♦t❡ t❤❛t proj value ✐s ❛❝t✉❛❧❧② t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✱ ❛s t❤❡ t✉♣❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝❧❛ss Long
❤❛s ♦♥❧② ♦♥❡ ✐♥t❡❣❡r ❡❧❡♠❡♥t✳ ❙✐♠✐❧❛r❧②✱ setvalue(x , y) ✐s y ✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ tr❛♥s❧❛t✐♦♥
♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .a.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿

{
❧❡t a = proj a(get(!r , x )) ✐♥

r :=
set(!r , x ,
setRa(get(!r , x ),
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❢✉♥ incrTriple [r : Triple] (x : [r ]): unit
❝♦♥s✉♠❡s r×

♣r♦❞✉❝❡s r×

♣♦st

get(get(r , x , Ra), get(r , x , a), value) =
get(get(r , x , Ra), get(r , x , a), value)❅♣r❡ + ✶ ∧

get(get(r , x , Rbc), get(r , x , b), value) =
get(get(r , x , Rbc), get(r , x , b), value)❅♣r❡ + ✶ ∧

get(get(r , x , Rbc), get(r , x , c), value) =
get(get(r , x , Rbc), get(r , x , c), value)❅♣r❡ + ✶

{
✉♥♣❛❝❦ x ;

❧❡t a = x .a;
✉♥♣❛❝❦ a;
a.value ← a.value + ✶;
♣❛❝❦ a;

❧❡t b = x .b;
❧❡t r❡❣✐♦♥ Fb: PosInt ;
❢♦❝✉s b: r .Rbc ❛s Fb;
✉♥♣❛❝❦ b;
b.value ← b.value + ✶;
♣❛❝❦ b;
✉♥❢♦❝✉s b: Fb ❛s r .Rbc;

❧❡t c = x .c;
✐❢ b 6= c t❤❡♥

{
❧❡t r❡❣✐♦♥ Fc: PosInt ;
❢♦❝✉s c: r .Rbc ❛s Fc;
✉♥♣❛❝❦ c;
c.value ← c.value + ✶;
♣❛❝❦ c;
✉♥❢♦❝✉s c: Fc ❛s r .Rbc;
}
❡❧s❡ {}

♣❛❝❦ x ;
}

❋✐❣✉r❡ ✺✳✸✿ ❋✉♥❝t✐♦♥ incrTriple
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set(projRa(get(!r , x )), a,
setvalue(
get(projRa(get(!r , x )), a),
proj value(get(projRa(get(!r , x )), a)) + ✶))));

❛ss❡rt proj value(get(projRa(get(!r , x )), a)) > ✵;

❚❤❡ ❛ss✐❣♥♠❡♥t t♦ r ❝♦♠❡s ❢r♦♠ t❤❡ ❛ss✐❣♥♠❡♥t t♦ a.value✳ ❚❤❡ ❛ss❡rt st❛t❡♠❡♥t ❝♦♠❡s
❢r♦♠ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❢♦❝✉s✐♥❣ ♦❢ x .b✿

❧❡t b = proj b(get(!r , x )) ✐♥

❧❡t Fb = r❡❢ empty ✐♥

Fb := set(empty , b, get(projRbc(get(!r , x )), b));

◆❡①t ✐s t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿

Fb := set(!Fb, b, setvalue(get(!Fb, b), proj value(get(!Fb, b)) + ✶));
❛ss❡rt proj value(get(!Fb, b)) > ✵;

❚❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .b ❡♥❞s ✇✐t❤ t❤❡ ✉♥❢♦❝✉s✿

r := set(!r , x , setRbc(get(!r , x ), set(projRbc(get(!r , x )), b, get(!Fb, b))));

❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❛ss✐❣♥♠❡♥t t♦ x .c.value✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦
t❤❡ ♦♥❡ t♦ x .b.value✱ s♦ ✇❡ ❞♦ ♥♦t s❤♦✇ ✐t ❤❡r❡✳

Pr♦♦❢ ❖❜❧✐❣❛t✐♦♥s ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✿

• ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .a.value✱ ✐t ✐s st✐❧❧ ♣♦s✐t✐✈❡ ✭✐♥✈❛r✐❛♥t ♦❢ x .a✮❀

• ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value✱ ✐t ✐s st✐❧❧ ♣♦s✐t✐✈❡ ✭✐♥✈❛r✐❛♥t ♦❢ x .b✮❀

• ❛❢t❡r t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .c.value✱ ✐t ✐s st✐❧❧ ♣♦s✐t✐✈❡ ✭✐♥✈❛r✐❛♥t ♦❢ x .c✮❀

• ✐❢ x .b = x .c✱ t❤❡♥ x .a.value✱ x .b.value ❛♥❞ x .c.value ❛❧❧ ❤❛✈❡ ❜❡❡♥ ✐♥❝r❡♠❡♥t❡❞ ❜② ♦♥❡❀

• ✐❢ x .b 6= x .c✱ t❤❡♥ x .a.value✱ x .b.value ❛♥❞ x .c.value ❛❧❧ ❤❛✈❡ ❜❡❡♥ ✐♥❝r❡♠❡♥t❡❞ ❜② ♦♥❡✳

❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s st❛t✐♥❣ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐❢ x .b = x .c✿

∀r : (int region × int region × location × location × location) region.
∀a: location.
a = proj a(get(r , x )) ⇒
∀r1 : (int region × int region × location × location × location) region.
r1 =
set(r , x ,
setRa(get(r , x ),
set(projRa(get(r , x )), a,
setvalue(
get(projRa(get(r , x )), a),
proj value(get(projRa(get(r , x )), a)) + ✶)))) ⇒

∀b: location.
b = proj b(get(r1 , x )) ⇒
∀Fb: int region.
Fb = empty ⇒
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∀Fb1 : int region.
Fb1 = set(empty , b, get(projRbc(get(r1 , x )), b)) ⇒
∀Fb2 : int region.
Fb2 = set(Fb1 , b, setvalue(get(Fb1 , b), proj value(get(Fb1 , b)) + ✶)) ⇒
∀r2 : (int region × int region × location × location × location) region.
r2 = set(r1 , x , setRbc(get(r1 , x ), set(projRbc(get(r1 , x )), b, get(Fb2 , b)))) ⇒
∀c: location.
c = proj c(get(r2 , x )) ⇒
b = c ⇒
proj value(get(projRa(get(r2 , x )), proj a(get(r2 , x )))) =
proj value(get(projRa(get(r , x )), proj a(get(r , x )))) + ✶ ∧

proj value(get(projRbc(get(r2 , x )), proj b(get(r2 , x )))) =
proj value(get(projRbc(get(r , x )), proj b(get(r , x )))) + ✶ ∧

proj value(get(projRbc(get(r2 , x )), proj c(get(r2 , x )))) =
proj value(get(projRbc(get(r , x )), proj c(get(r , x )))) + ✶

❆✉t♦♠❛t✐❝ ♣r♦✈❡rs ❝❛♥ ♣r♦✈❡ t❤✐s ❧♦❣✐❝ ❢♦r♠✉❧❛ ❡❛s✐❧②✳ ■t ✐s ♦♥❧② ❛ ♠❛tt❡r ♦❢ s✉❜st✐t✉t✐♥❣
❛❧❧ ❡q✉❛❧✐t✐❡s✱ r❡✇r✐t✐♥❣ ❛①✐♦♠s r❡❣❛r❞✐♥❣ get ❛♥❞ set ❛♥❞ ✉♥❢♦❧❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡
♣r♦❥❡❝t✐♦♥s ❛♥❞ t✉♣❧❡ ♠❛❦❡rs s✉❝❤ ❛s proj value ❛♥❞ setvalue ✳

❍♦✇❡✈❡r✱ t❤✐s ❧♦❣✐❝ ❢♦r♠✉❧❛✱ ✇❤✐❧❡ st❛t✐♥❣ ❛ s✐♠♣❧❡ ❢❛❝t✱ ✐s ❤❡❛✈② ❛♥❞ ❤❛r❞ t♦ r❡❛❞✳ ❲❤✐❧❡
t❤❡ ❛①✐♦♠ ✐♥st❛♥t✐❛t✐♦♥s ❛r❡ s✐♠♣❧❡✱ t❤❡② ❛r❡ q✉✐t❡ ♥✉♠❡r♦✉s✳ ❚❤✐s tr❛♥s❧❛t✐♦♥ ❞♦ ♥♦t t❛❦❡
❡♥♦✉❣❤ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❣r❛♥t❡❞ ❜② t②♣✐♥❣✳ ■♥❞❡❡❞✱ ✇❤❡♥ ♠♦❞✐❢②✐♥❣
r❡❣✐♦♥s x .Ra ❛♥❞ x .Rbc✱ ✐t ✐s t❤❡ ✇❤♦❧❡ r❡❣✐♦♥ ♦❢ x ✇❤✐❝❤ ✐s ♠♦❞✐✜❡❞✳ ❙♦ ✐❢ ✇❡ ♠♦❞✐❢② x .Ra
❛♥❞ t❤❡♥ ✇❡ ♠♦❞✐❢② x .Rbc✱ t♦ ❛❝❝❡ss t❤❡ ✈❛❧✉❡ ♦❢ x .Ra ✇❡ ❤❛✈❡ t♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡
t✇♦ ❞✐✛❡r❡♥t ✜❡❧❞s ♦❢ ❛ t✉♣❧❡✱ ❛♥❞ t❤✉s t❤❛t ♠♦❞✐❢②✐♥❣ x .Rbc ❞♦❡s ♥♦t ♠♦❞✐❢② x .Ra✳ ■♥ t❤❡
♥❡①t s❡❝t✐♦♥s ✇❡ ❡①♣❧♦r❡ ✇❛②s t♦ ✉s❡ t②♣❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦❞✉❝❡ s✐♠♣❧❡r ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳

✺✳✷✳✼ ❙♦✉♥❞♥❡ss

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ♦✉r tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠s t♦❲❤② ♣r♦❣r❛♠s ✐s s♦✉♥❞✱
✇❡ ❛♣♣❧② ❛ ♠❡t❤♦❞♦❧♦❣② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳✷✳ ❲❡ ❞❡✜♥❡ ❛ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ❈❛♣✉❝✐♥❡ s❡♣❛r❛t❡❞ ❤❡❛♣s Hs ❛♥❞ ❲❤② ❤❡❛♣s Hw✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❡♦r❡♠s st❛t✐♥❣
t❤❛t ❡①♣r❡ss✐♦♥s✱ t❡r♠s✱ ♣r❡❞✐❝❛t❡s ❛♥❞ st❛t❡♠❡♥ts ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ tr❛♥s❧❛t✐♦♥ ❡✈❛❧✉❛t❡
❛♥❞ r❡❞✉❝❡ ❡q✉❛❧❧② ✐♥ r❡❧❛t❡❞ ❤❡❛♣s✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ s❛② t❤❛t ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs ✐s ❝♦❤❡r❡♥t✳ ❇② t❤❛t ✇❡ ♠❡❛♥
t❤❛t Hs ✐s ✐♥ r❡❧❛t✐♦♥ t♦ ❛ ❝♦❤❡r❡♥t ✐♥t✉✐t✐✈❡ ❤❡❛♣ H✳

❘❡❧❛t✐♦♥ ❆ss✉♠❡ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❈❛♣✉❝✐♥❡ ❧♦❝❛t✐♦♥s p✱ ❛♥❞ ❲❤② ✈❛❧✉❡s ♦❢ location
t②♣❡✳ ❲❡ ✇✐❧❧ ❛❧❧♦✇ ♦✉rs❡❧❢ t♦ ✉s❡ ❈❛♣✉❝✐♥❡ ❧♦❝❛t✐♦♥s ❛s ❲❤② ✈❛❧✉❡s✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

▲❡t C ❜❡ ❛ ❈❛♣✉❝✐♥❡ ❝❧❛ss✳ ❲❡ ❞❡✜♥❡ r❡❧❛t✐♦♥ Ro(o, v) ❜❡t✇❡❡♥ ❛ s❡♣❛r❛t❡❞ ♦❜❥❡❝t o ❛♥❞
❛ ❲❤② ✈❛❧✉❡ v ♦❢ t②♣❡ why(C)✱ ❛♥❞ r❡❧❛t✐♦♥ Rr(g , v) ❜❡t✇❡❡♥ ❛ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g

❛♥❞ ❛ ❲❤② ✈❛❧✉❡ v ♦❢ t②♣❡ region (why(C))✱ ❛s t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥s s✉❝❤ t❤❛t✿

• ✐❢ Rr(g , v) t❤❡♥ ❢♦r ❛❧❧ ❧♦❝❛t✐♦♥ p✱ ✐❢ g(p) ✐s ❞❡✜♥❡❞ t❤❡♥✿
Ro(g(p), get(v , p))❀

• ✐❢ Ro(o, v) t❤❡♥ ❢♦r ❛❧❧ r❡❣✐♦♥ ♥❛♠❡ s✱ ✐❢ o(s) ✐s ❞❡✜♥❡❞ t❤❡♥✿
Rr(o(s), proj s(v))❀
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• ✐❢ Ro(o, v) t❤❡♥ ❢♦r ❛❧❧ ✜❡❧❞ ♥❛♠❡ f ✱ ✐❢ o(f ) ✐s ❞❡✜♥❡❞ t❤❡♥✿
o(f ) = proj f (v)✳

❲❡ ❞❡✜♥❡ r❡❧❛t✐♦♥ R(Hs, Hw) ❜❡t✇❡❡♥ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ Hs ❛♥❞ ❲❤② ❤❡❛♣ Hw

❛s t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥ s✉❝❤ t❤❛t✿

• ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡ ♥❛♠❡ x ✱ Hs(x ) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hw(x ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ t❤❡♥
Hs(x ) = Hw(x )❀

• ❢♦r ❛❧❧ r❡❣✐♦♥ ♥❛♠❡ r ✱ Hs(r) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hw(r , ❤❡r❡) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱
t❤❡♥ Rr(Hs(r), Hw(r , ❤❡r❡))✳

• ❢♦r ❛❧❧ r❡❣✐♦♥ ♥❛♠❡ r ✱ ❢♦r ❛❧❧ ❧❛❜❡❧ L✱ Hs(L)(r) ✐s ❞❡✜♥❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ Hw(r , L) ✐s
❞❡✜♥❡❞ ❛♥❞ ✐❢ s♦✱ t❤❡♥ Rl(Hs(L)(r), Hw(r , L)) ✇❤❡r❡ Rl ✐s ❞❡✜♥❡❞ ❜❡❧♦✇✳

❲❡ ✜♥❛❧❧② ❞❡✜♥❡ r❡❧❛t✐♦♥ Rl(g , v) ❜❡t✇❡❡♥ ✢❛tt❡♥❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g ❛♥❞ ❲❤② r❡❣✐♦♥
✈❛❧✉❡ v ✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ❧♦❣✐❝✱ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ❡①♣❡❝t ✢❛tt❡♥❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s
❛♥❞ ♥♦t s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥s✳ ❆ ✢❛tt❡♥❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣
lor ♦r lors ✭s❡❡ ♣❛r❛❣r❛♣❤s ✑❋r♦♠ Pr♦❣r❛♠s t♦ ▲♦❣✐❝✑ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✹✳✺✳✶✱
r❡s♣❡❝t✐✈❡❧②✮✳ ❘❡❧❛t✐♦♥ Rl(g , v) ✐s t❤❡ s♠❛❧❧❡st r❡❧❛t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ❧♦❝❛t✐♦♥ p✱ ❢♦r ❛❧❧
✜❡❧❞ f ✱ ✐❢ t❤❡r❡ ❛r❡ ❧♦❝❛t✐♦♥s p1 , · · ·, pn ❛♥❞ r❡❣✐♦♥ ♥❛♠❡s r1 , · · ·, rn s✉❝❤ t❤❛t ✐❢ ❢♦r ❛❧❧ i > 1✱
vi = proj ri (get(v i−✶, pi)) ✇✐t❤ v1 = v ❛♥❞ inRegion(pi , v i−✶)✱ ❛♥❞ ✐❢ inRegion(p, vn)✱ t❤❡♥
t❤✐s ♣❛t❤ t♦ p ✐s ✉♥✐q✉❡ ❛♥❞ g(p)(f ) = proj f (get(vn , p))✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Rl(g , v) ✐❢ v ✐s t❤❡
s♠❛❧❧❡st r❡❣✐♦♥ ✈❛❧✉❡ ❞❡s❝r✐❜✐♥❣ g ✳

❚❤❡♦r❡♠ ✼ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❚❡r♠s✮ ▲❡t LT ❜❡ ❛ ❈❛♣✉❝✐♥❡ t❡r♠ s✉❝❤ t❤❛t✿

Γ ⊢ LT : τ

❛♥❞ RT ❜❡ ❛ ❈❛♣✉❝✐♥❡ r❡❣✐♦♥ t❡r♠ s✉❝❤ t❤❛t✿

Γ ⊢ RT : C

▲❡t Hs ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳
▲❡t Hw ❜❡ ❛ ❲❤② ❤❡❛♣ s✉❝❤ t❤❛t R(Hs, Hw)✳ ■❢ ✇❤② t❡r♠ why(LT ) ❡✈❛❧✉❛t❡s t♦ ✈❛❧✉❡
v ✐♥ Hw t❤❡♥ LLT Mlohs(Hs) = v ✳ ■❢ ✇❤② t❡r♠ why(RT ) ❡✈❛❧✉❛t❡s t♦ ✈❛❧✉❡ v ✐♥ Hw t❤❡♥
Rl(LRT Mlohs(Hs), v)✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ RT ❛♥❞ LT ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✐s t❤❡ ❢♦❧❧♦✇✲
✐♥❣✳ ▲❡t x ❜❡ ❡✐t❤❡r ❛ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥ t❡r♠ ♦r ❛ ✇❡❧❧✲t②♣❡❞ t❡r♠✳ ❚❤❡♥ ❢♦r ❛❧❧ s✉❜✲r❡❣✐♦♥✲
t❡r♠ RT ♦❢ x ✱ ❛♥❞ ❢♦r ❛❧❧ s✉❜✲t❡r♠ LT ♦❢ x ✱ RT ❛♥❞ LT ✈❡r✐❢② t❤❡ t❤❡♦r❡♠ st❛t❡♠❡♥t✳

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ t❡r♠✳

• c

❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛❧❧② ❡✈❛❧✉❛t❡❞ ❛s t❤❡ s❛♠❡ ✈❛❧✉❡s✳

• x

Ls(Hs)(x ) ✐s✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❡q✉❛❧ t♦Hs(x )✳ Lx Mlohs(Hs) ✐s t❤✉s ❡q✉❛❧ t♦Hs(x )✱ ✇❤✐❝❤
✐s ❡q✉❛❧ t♦ Hw(x ) ❜② R✳ ❆♥❞ x ❡✈❛❧✉❛t❡s t♦ Hw(x ) ✐♥ Hw✳

• LT 1 termop LT 2

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT 1 ❛♥❞ LT 2 ✳ ❖♣❡r❛t✐♦♥s termop t❤❡♥ ❡✈❛❧✉❛t❡
❡q✉❛❧❧②✳
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• f larg

❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t larg ✱ ✐❢ larg ✐s ♦❢ t❤❡ ❢♦r♠ [RT ] t❤❡♥ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤✲
❡s✐s ♦♥ RT ✱ ❡❧s❡ larg ✐s ♦❢ t❤❡ ❢♦r♠ (LT ) ❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ LT ✳
❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Jf K t❤✉s ②✐❡❧❞s t❤❡ s❛♠❡ r❡s✉❧t ✈❛❧✉❡ ✐♥ ❜♦t❤ ♠♦❞❡❧s✳

• get(RT , LT , f )

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✳ ❚❤❡ t❡r♠ ✐s ❡✈❛❧✉❛t❡❞ t♦
LRT MLs

(LLT MLs
)(f ) ✇❤❡r❡ Ls = lohs(Hs) ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✱ ❛♥❞ ✐s tr❛♥s❧❛t❡❞

t♦ proj f (get(why(RT ), why(LT )))✳ ❚❤❡ r❡❣✐♦♥ ✈❛r✐❛❜❧❡ r ❛♣♣❡❛r✐♥❣ ✐♥ RT ✐s ❡✐t❤❡r
❜♦✉♥❞ ✉s✐♥❣ ∀r❡❣✐♦♥ ♦r ∃r❡❣✐♦♥✱ ♦r ✐s ❛ ❢♦❝✉s✲❢r❡❡ ♣r♦❣r❛♠ r❡❣✐♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s ✇❡
✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Rl t♦ s❤♦✇ t❤❛t✿

LRT MLs
(LLT MLs

)(f ) = proj f (get(why(RT ), why(LT )))

■♥ t❤❡ ❝❛s❡ t❤❛t r ✐s ❛ ♣r♦❣r❛♠ r❡❣✐♦♥✱ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ❢♦❝✉s✲❢r❡❡ ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦
♦❜t❛✐♥ t❤❛t ❛❝t✐✈❡ r❡❣✐♦♥s ❛r❡ t❤❡ ♦♥❡s ✐♥ ✇❤✐❝❤ ✇❡ ❛❝t✉❛❧❧② r❡❛❞ ♣♦✐♥t❡rs✳

❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❛ r❡❣✐♦♥ t❡r♠✳

• r❅L

❋✐rst✱ ❛ss✉♠❡ L ✐s ❤❡r❡✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ R ✇❡ ❤❛✈❡✿

Rr(Hs(r), Hw(r , ❤❡r❡))

❋r♦♠ t❤✐s ✇❡ s❤♦✇ t❤❛t✿

Rl(lors(Hs(r)), Hw(r))

■♥❞❡❡❞✱ ❧❡t p ❜❡ ❛ ❧♦❝❛t✐♦♥ ✐♥ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ Hs(r)✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✢❛tt❡♥✐♥❣✱
t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛t❤ t♦ p ✐♥ Hs✱ ❜② ❢♦❧❧♦✇✐♥❣ ❛❝t✐✈❡ r❡❣✐♦♥s✳ ❲❡ ✉s❡ t❤✐s ✉♥✐q✉❡ ♣❛t❤
t♦ p t♦ ♣r♦✈❡ Rl ❢♦r ♣♦✐♥t❡r p✳ ❋♦r ❛❧❧ ✜❡❧❞ f ✱ ❜② Rr ✇❡ ❤❛✈❡✿

Hs(r)(p)(f ) = proj f (get(Hw(r , ❤❡r❡), p))

❚❤✐s ♣r♦✈❡s Rl(lors(Hs(r)), Hw(r))✳

❚❤❡♥ ❛ss✉♠❡ L ✐s ♥♦t ❤❡r❡✳ ❲❡ ✉s❡ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❜✉t ✉s✐♥❣✿

Rl(Hs(L)(r), Hw(r , L))

• get(RT , LT , s)

❚❤✐s ❝❛s❡ ✐s ❜❛s✐❝❛❧❧② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ get(RT , LT , f ) ❝❛s❡ ❛♥❞ t❤❡ s ❝❛s❡✳ ❘❡✲
♠❡♠❜❡r t❤❛t t❤❡r❡ ✐s ♥♦ ♣♦✐♥t❡r ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐♥ RT ✱ ❛s ❧♦❣✐❝ r❡❣✐♦♥s ❛r❡ r❡❝♦♥str✉❝t❡❞
❡♥t✐r❡❧② ✇✐t❤ lors✳

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ RT ❛♥❞ LT ✳ ❚❤❡ r❡❣✐♦♥ t❡r♠ ✐s ❡✈❛❧✉❛t❡❞ t♦
lors(LRT MLs

(LLT MLs
)(s)) ✇❤❡r❡ Ls = lohs(Hs) ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✱ ❛♥❞ ✐s tr❛♥s✲

❧❛t❡❞ t♦ proj s(get(why(RT ), why(LT )))✳ ❲❡ ❤❛✈❡✿

Rr(LRT MLs
(LLT MLs

)(s), proj r (get(why(RT ), why(LT ))))
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❛♥❞ ✇❡ s❤♦✇✿

Rl(lors(LRT MLs
(LLT MLs

)(s)), proj r (get(why(RT ), why(LT ))))

❛s ✇❡ ❞✐❞ ❢♦r t❤❡ r ❝❛s❡✳

✷

❚❤❡♦r❡♠ ✽ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ Pr❡❞✐❝❛t❡s✮ ▲❡t P ❜❡ ❛ ❈❛♣✉❝✐♥❡ ♣r❡❞✐❝❛t❡ s✉❝❤ t❤❛t✿

Γ ⊢ P

▲❡t Hs ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳
▲❡t Hw ❜❡ ❛ ❲❤② ❤❡❛♣ s✉❝❤ t❤❛t R(Hs, Hw)✳ ❲❤② ♣r❡❞✐❝❛t❡ why(P) ❤♦❧❞s ✐♥ Hw ✐❢✱ ❛♥❞
♦♥❧② ✐❢ LPMlohs(Hs) ❤♦❧❞s✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ P ✳ ❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✼ ♦♥ t❡r♠s ❛♥❞ r❡❣✐♦♥ t❡r♠s✳ ■♥ ♣❛rt✐❝✉❧❛r
❢♦r t❤❡ LT ∈ RT ❝❛s❡ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❞❡✜♥✐t✐♦♥ ♦❢ Rl ✉s❡s t❤❡ inRegion ♣r❡❞✐❝❛t❡✳ ✷

❲❡ ♥♦✇ st❛t❡ ❛♥ ✐♥t❡r♠❡❞✐❛r② t❤❡♦r❡♠ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♠♣❧✐❝✐t❡❧② ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ❢♦r
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥s ❛♥❞ st❛t❡♠❡♥ts✳ ❚❤✐s t❤❡♦r❡♠ st❛t❡s t❤❛t ✐❢ ❛❧❧ ♥❡❝❡ss❛r② ♣❡r✲
♠✐ss✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥ r❡❣✐♦♥ ρ✱ t❤❡♥ why(ρ) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

❚❤❡♦r❡♠ ✾ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❘❡❣✐♦♥s✮ ❆ss✉♠❡ ρ ✐s ❛ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥✿ Γ ⊢ ρ: C✳
❆ss✉♠❡ s♦♠❡ ♣❡r♠✐ss✐♦♥s Σ✳ ❆ss✉♠❡ ❢♦r ❛❧❧ x : [σ] ✐♥ Γ✱ σ∅ ✐s ♥♦t ✐♥ Σ✳ ■❢ Γ, Σ ⊢ ρ t❤❡♥
why(ρ) ✐s ❞❡✜♥❡❞✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ Γ, Σ ⊢ ρ✳
■❢ ρ = r ✱ t❤❡♥ why(ρ) ✐s ❞❡✜♥❡❞ ❛♥❞ ✐s !r ✳ ■❢ ρ = x .s✱ t❤❡♥ ❜② Γ, Σ ⊢ ρ✱ ✈❛r✐❛❜❧❡ x ❤❛s

t②♣❡ [σ] ❢♦r s♦♠❡ r❡❣✐♦♥ σ✳
■❢ x ✐s ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✱ ✐✳❡✳ Γ, Σ ⊢◦ σ✱ t❤❡♥ why(σ) ✐s ❞❡✜♥❡❞ ❜②

✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, Σ ⊢◦ σ✱ ❛♥❞ t❤✉s why(x .s) ✐s ❞❡✜♥❡❞✳
❆ss✉♠❡ x ✐s ♥♦t ✐♥ t❤❡ ♦♣❡♥ ♣❛rt ♦❢ t❤❡ r❡❣✐♦♥ tr❡❡✳ ■t ✐s t❤✉s ✐♥ t❤❡ ❝❧♦s❡❞ ♣❛rt✱ ✐✳❡✳

Γ, Σ ⊢× σ✳ ❲❡ ♣r♦✈❡ t❤❛t why(x .s) ✐s ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, Σ ⊢× σ✳

• ■❢ x ✐s ❜❡❧♦✇ t❤❡ ❜♦r❞❡r✱ ✐✳❡✳ σ = y .s ′✱ y : [σ′] ❛♥❞ Γ, Σ ⊢× σ′✱ t❤❡♥ ✇❡ ❛♣♣❧② t❤❡
✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ σ′ t♦ ♣r♦✈❡ t❤❛t why(σ′) ✐s ❞❡✜♥❡❞✱ ❛♥❞ t❤✉s t❤❛t why(σ) ✐s
❞❡✜♥❡❞✱ ❛♥❞ t❤✉s t❤❛t why(x .s) ✐s ❞❡✜♥❡❞✳

• ■❢ x ✐s ❛t t❤❡ ❜♦r❞❡r✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ ♣❡r♠✐ss✐♦♥ σ∅✱ σ×✱ σG ♦r σ′ −◦ σ ❢♦r s♦♠❡ σ′✱ ❛♥❞
✇❡ ❤❛✈❡ Γ, Σ ⊢◦ σ✱ s♦ why(σ) ✐s ❞❡✜♥❡❞ ✭❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ Γ, Σ ⊢◦ σ✮✳
■❢ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s σ∅✱ σ◦✱ σ× ♦r σG✱ t❤❡♥ why(ρ) ✐s ❞❡✜♥❡❞ ❛s✿

proj r (get(why(σ), x ))

❊❧s❡✱ t❤❡ ♣❡r♠✐ss✐♦♥ ✐s σ′ −◦ σ ❛♥❞ ✇❡ ❤❛✈❡ Γ, Σ ⊢ σ′✳ ❇② ✐♥❞✉❝t✐♦♥✱ why(σ′) ✐s ❞❡✜♥❡❞✳
❙♦ why(ρ) ✐s ❞❡✜♥❡❞ ❛s✿

proj r (get((✐❢ inRegion(x , why(σ′)) t❤❡♥ why(σ′) ❡❧s❡ why(σ)), x ))
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✷

❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ✇❤✐❝❤ s❤♦✇s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s t❤❡♦r❡♠ ❛♥❞ t❤❡ Γ, Σ ⊢ ρ t②♣✐♥❣
❥✉❞❣❡♠❡♥t✿

❝❧❛ss C

{
s✐♥❣❧❡ s: Long ;
}

❢✉♥ f [r : C ] (x : [r ]) (y : [x .s])
❝♦♥s✉♠❡s x .s◦

{
y .value ← ✸;
}

❲❡ ❝❛♥♥♦t tr❛♥s❧❛t❡ t❤❡ ❛ss✐❣♥♠❡♥t t♦ y .value ❛s ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ♣❡r♠✐ss✐♦♥ ♦♥ r ✱ t❤❡
r❡❣✐♦♥ ♦❢ x ✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ x ✐s ❛❝t✉❛❧❧② ✐♥ r ✱ ♦r ✐❢ r ❜❡✐♥❣ ❢♦❝✉s❡❞✳ ❚②♣✐♥❣ ❥✉❞❣❡♠❡♥t
Γ, Σ ⊢ x .s r❡q✉✐r❡s s♦♠❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ♦❢ x t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✶✵ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❊①♣r❡ss✐♦♥s✮ ▲❡t e ❜❡ ❛ ❈❛♣✉❝✐♥❡ ❡①♣r❡ss✐♦♥ s✉❝❤ t❤❛t✿

Γ, Σ ⊢ e: τ

▲❡t Hs ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✳ ▲❡t Hw ❜❡ ❛ ❲❤②
❤❡❛♣ s✉❝❤ t❤❛t R(Hs, Hw)✳ ❲❡ ❤❛✈❡✿

Hw, why(e)
❲❤②

=⇒ LeMHs
, Hw

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ e✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ❝❛s❡ ❢♦r e✳

• c

❈♦♥st❛♥ts ❛r❡ tr✐✈✐❛❧❧② ❡q✉❛❧❧② ❡✈❛❧✉❛t❡❞✳

• x

Hs(x ) ✐s ❡q✉❛❧ t♦ Hw(x ) ❜② R✳

• e1 op e2

❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ e1 ❛♥❞ e2 ✳ ❖♣❡r❛t✐♦♥s op t❤❡♥ ❡✈❛❧✉❛t❡ ❡q✉❛❧❧②✳

• f arg

❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t arg ✱ ✐❢ arg ✐s ♦❢ t❤❡ ❢♦r♠ (e) ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥
e✳

❊❧s❡ arg ✐s ♦❢ t❤❡ ❢♦r♠ [ρ]✱ ❛♥❞ ✐s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ❛s✿

lors
′(Hs(ρ), Hs)

❛♥❞ ❛s why(ρ) ✐♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t t❤❡② ❛r❡ ✐♥ r❡❧❛t✐♦♥ Rl ❛s ✇❡ ❞✐❞
❢♦r r❡❣✐♦♥ t❡r♠s RT ✱ ❛s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ lors′ ✐s s✐♠✐❧❛r t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ lors✳ ❲❡
✉s❡ ❝♦❤❡r❡♥❝❡ t♦ ❡♥s✉r❡ t❤❛t ❛❧❧ ❧♦❝❛t✐♦♥s ❛❝❝❡ss✐❜❧❡ ✐♥ why(ρ) ❛r❡ ❛❝t✉❛❧❧② ❞❡✜♥❡❞ ✐♥
lors

′(Hs(ρ), Hs)✳

❋✉♥❝t✐♦♥ Jf K ✐s t❤❡♥ ❡①❛❝t❧② t❤❡ ❲❤② ❢✉♥❝t✐♦♥ f ✳
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• x .f

❚❤✐s ❡①♣r❡ss✐♦♥ ❡✈❛❧✉❛t❡s✱ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✱ t♦ Hs(Hs(x ))(f )✳ ❍♦✇ ✐t ❡✈❛❧✉❛t❡s
✐♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ρ ♦❢ x ✱ ❛♥❞ ✇❡ ♣r♦✈❡
t❤❡ ♣r♦♣❡rt② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ obj (x , ρ)✳

■❢ t❤❡ r❡❣✐♦♥ ρ ♦❢ Hs(x ) ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✱ t❤❡♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ ✐s
proj f (get(why(ρ), x ))✳ ❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳

■❢ r❡❣✐♦♥ ρ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥ σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r s♦♠❡ r❡❣✐♦♥ σ✱ t❤❡♥
t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥ ✐s✿

proj f (✐❢ inRegion(x , σ) t❤❡♥ obj (x , σ) ❡❧s❡ get(why(ρ), x ))

■❢ x ✐s ✐♥ σ✱ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ obj (x , σ)✳ ■t x ✐s ♥♦t ✐♥ σ✱ ❜② ✐t❡♠ ✽
♦❢ ❝♦❤❡r❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❛❝t✐✈❡ r❡❣✐♦♥ ♦❢ x ✐s ρ✳ ❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ❛♥❞
✇❡ ❝♦♥❝❧✉❞❡✳

✷

❚❤❡♦r❡♠ ✶✶ ✭Pr♦❣r❡ss✮ ▲❡t s ❜❡ ❛ ❈❛♣✉❝✐♥❡ st❛t❡♠❡♥t s✉❝❤ t❤❛t✿

Γ ⊢ {Σ} s {Σ′}, Γ′

▲❡t Hs ❜❡ ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✳ ▲❡t Hw ❜❡ ❛ ❲❤②
❤❡❛♣ s✉❝❤ t❤❛t R(Hs, Hw)✳ ❆ss✉♠❡ ❛❧❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞✳ ❊✐t❤❡r t❤❡
❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ❞✐✈❡r❣❡s✿

Hs, s =⇒ ∞

♦r t❤❡r❡ ✐s ❛ s❡♣❛r❛t❡❞ ❈❛♣✉❝✐♥❡ ❤❡❛♣ Hs
′ ❛♥❞ s♦♠❡ ❲❤② ❤❡❛♣ Hw

′ s✉❝❤ t❤❛t R(Hs
′, Hw

′)
❛♥❞✿

Hw, why(s, unit)
❲❤②

=⇒ (), Hw
′

Hs, s =⇒ Hs
′

Pr♦♦❢✳ ❆❧❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞✱ s♦ ❜② ❚❤❡♦r❡♠ ✻✱ ❡✐t❤❡r✿

Hw, why(s, unit)
❲❤②

=⇒ ∞

♦r t❤❡r❡ ✐s Hw
′′ s✉❝❤ t❤❛t✿

Hw, why(s, unit)
❲❤②

=⇒ (), Hw
′′

❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ R(Hs
′, Hw

′′)✳ ■♥❞❡❡❞✱ t❤❡ ❲❤② ♣r♦❣r❛♠ ✐s ♥♦♥✲
❞❡t❡r♠✐♥✐st✐❝✳ ❋♦r ✐♥st❛♥❝❡✱ ❜❧❛❝❦ ❜♦①❡s s✉❝❤ ❛s ❛♥② τ ♠❛② r❡t✉r♥ ❛♥② ✈❛❧✉❡ ♦❢ t②♣❡ τ ✳
❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ❛❧❧♦❝❛t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✇❤❡♥ s❡✈❡r❛❧ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ❝❤♦✐❝❡s ❛r❡
♣♦ss✐❜❧❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ♦♥❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ❈❛♣✉❝✐♥❡ ♠♦❞❡❧✳
❖t❤❡r✇✐s❡ ✇❡ ❝❤♦♦s❡ Hw

′ = Hw
′′ ❛♥❞ ✇❡ s❤♦✇ R(Hs

′, Hw
′)✳

❲❡ ✜rst ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦r s♦♠❡ s❡q✉❡♥❝❡ s1 ; s2 ✳ ❇❡❝❛✉s❡ ♣r♦♦❢ ♦❜❧✐✲
❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡♥✱ ❢♦r ❛❧❧ ❲❤② ❤❡❛♣ ✇❤✐❝❤ ✈❡r✐❢② t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ why(s1 , unit)✱
❡①❡❝✉t✐♥❣ why(s1 , unit) ❡✐t❤❡r ❞✐✈❡r❣❡s ♦r r❡t✉r♥ ❛❲❤② ❤❡❛♣ ✇❤✐❝❤ ✈❡r✐✜❡s t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥
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♦❢ why(s2 , unit)✳ ❇② ✐♥❞✉❝t✐♦♥✱ s1 ❡✐t❤❡r ❞✐✈❡r❣❡s ♦r t❡r♠✐♥❛t❡s✳ ■❢ ✐t ❞✐✈❡r❣❡s✱ s1 ; s2 ❞✐✲
✈❡r❣❡s✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❤❡❛♣ ♦❜t❛✐♥❡❞ ❛❢t❡r ❡①❡❝✉t✐♥❣ s1 ✐s ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ ❛ ❲❤② ❤❡❛♣
♦❜t❛✐♥❡❞ ❜② ❡①❡❝✉t✐♥❣ why(s1 , unit) ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ s2 ✳ ❲❡
❣❡♥❡r❛❧✐③❡ t♦ ❛♥② s❡q✉❡♥❝❡ s1 ; · · ·; sn ❜② ✐♥❞✉❝t✐♦♥✳

❋✐rst✱ ✇❡ ❛ss✉♠❡ t❤❛t why(s, unit) t❡r♠✐♥❛t❡s✳ ❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✶ ❜② ✐♥❞✉❝t✐♦♥ ♦♥
t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ why(s, unit)✳ ❲❡ ❡①❛♠✐♥❡ ❡❛❝❤ ♣♦ss✐❜❧❡ ❝❛s❡ ❢♦r s✳

• ❧❡t x = e

❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✶✵ ♦♥ e t♦ s❤♦✇ t❤❛t t❤❡ ✈❛❧✉❡ ❣✐✈❡♥ t♦ x ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ s❡♣❛r❛t❡❞
♠♦❞❡❧ ❛♥❞ t❤❡ ❲❤② ✐♥t❡r♣r❡t❛t✐♦♥✳

• ✐❢ e t❤❡♥ S1 ❡❧s❡ S2

❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✶✵ ♦♥ e✳ ■❢ ✐t ❡✈❛❧✉❛t❡s t♦ true✱ ✇❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s
♦♥ why(S1 , unit)✳ ❊❧s❡ ✇❡ ❛♣♣❧② ✐t ♦♥ why(S2 , unit)✳

• ❧❡t x = f arg

❋✉♥❝t✐♦♥ f ✐s tr❛♥s❧❛t❡❞ ✐♥t♦ ❲❤② ♣❛r❛♠❡t❡r f ❛s ✇❡❧❧ ❛s ❲❤② ❢✉♥❝t✐♦♥ fgoal ✳ ❲❤②

♣❛r❛♠❡t❡r f ♠♦❞✐✜❡s t❤❡ ❤❡❛♣ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✐♥ s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ✇❛②s✳ ❖♥❡ ♦❢
t❤❡♠ ✐s t❤❡ ♦♥❡ ♣r♦✈✐❞❡❞ ❜② ❲❤② ❢✉♥❝t✐♦♥ fgoal ✱ ❛s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❡♥s✉r❡ t❤❛t fgoal
✈❡r✐✜❡s ✐ts ❝♦♥tr❛❝t✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦♥tr❛❝t ♦❢ ❲❤② ♣❛r❛♠❡t❡r f ✳ ❲❡ ✉s❡ t❤✐s ♦♥❡✳

▲❡t Hw2 ❜❡ t❤❡❲❤② ❤❡❛♣ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❜✐♥❞✐♥❣s ♦❢ ❲❤② ✈❛r✐❛❜❧❡s r1 , · · ·, rn ✳ ❚❤❡
✇❛② t❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ❛❧❧♦✇s ♣❛r❛♠❡t❡rs ❣✐✈❡♥ t♦ f t♦ ❜❡ ✐♥ r❡❧❛t✐♦♥ ✇✐t❤
t❤❡ ♦♥❡ ❣✐✈❡♥ t♦ t❤❡✐r ✈❡rs✐♦♥ ✐♥ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs2 ♦❢ t❤❡ s❡♣❛r❛t❡❞ ❡①❡❝✉t✐♦♥ r✉❧❡✳
❲❡ ❝❛♥ t❤✉s ❡①❡❝✉t❡ t❤❡ ❲❤② ✈❡rs✐♦♥ ♦❢ t❤❡ ❜♦❞② ♦❢ f ✐♥ Hw2 ❛♥❞ ♦❜t❛✐♥ Hw3 ✱ ✇❤✐❝❤
✐s ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ Hs3 ✐♥ t❤❡ s❡♣❛r❛t❡❞ ❡①❡❝✉t✐♦♥ r✉❧❡ ❜② ✐♥❞✉❝t✐♦♥✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡
❜♦❞② r❡❞✉❝❡s s❤♦✇s t❤❛t t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐♥ Hw2 ❛♥❞ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥
❤♦❧❞s ✐♥ Hw3 ✱ ❛♥❞ ✇❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✽ t♦ s❤♦✇ t❤❛t ✐t ❛❧s♦ ❤♦❧❞s ✐♥ t❤❡ s❡♣❛r❛t❡❞
♠♦❞❡❧✳ ▲❡t Hw

′ ❜❡ t❤❡ ❲❤② ❤❡❛♣ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ assign(ρi , !ri) ♦♣❡r❛t✐♦♥s✳ ❚❤❡
✇❛② t❤❡s❡ ❛ss✐❣♥♠❡♥ts ✐s ❞♦♥❡ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t Hw

′ ✐s ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡
s❡♣❛r❛t❡❞ ❤❡❛♣ Hs

′ ♦❜t❛✐♥❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❝❛❧❧ ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✳

▲❡t✬s ❜❡ ♠♦r❡ ♣r❡❝✐s❡ ❛❜♦✉t Hs2 ❛♥❞ Hw2 ✳ ■♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥✱ r❡❢❡r❡♥❝❡s ri ❛r❡
❣✐✈❡♥ ✐♥✐t✐❛❧ ✈❛❧✉❡s why(ρi)✳ ■♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧✱ r❡❣✐♦♥s ri ❛r❡ ❛ss✐❣♥❡❞ t♦ Hs(ρi)✳
❚❤❡✐r ♣♦✐♥t❡rs✬ ❛❝t✐✈❡ r❡❣✐♦♥ ✐s ♥♦✇ ri ✱ ❜❡❝❛✉s❡ t❤❡ t②♣✐♥❣ r✉❧❡ ✐♠♣❧✐❡s t❤❛t ρi 6= ρj
❢♦r ❛❧❧ i 6= j ✳ ❇② R(Hs, Hw)✱ t❤❡② ❛r❡ t❤❡ s❛♠❡ r❡❣✐♦♥ ✈❛❧✉❡s ❛♥❞ t❤✉s R(Hs2 , Hw2 )
❤♦❧❞s✳ ❲❡ ✉s❡ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ t♦ ♣r♦✈❡ R(Hs

′, Hw
′)✱ ❜② ❛❧s♦ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✵

❢♦r t❤❡ r❡t✉r♥ ✈❛❧✉❡ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t root(ρi) 6= root(ρj ) ❢♦r ❛❧❧ i 6= j ❛s ✇❡ ❞✐❞
✐♥ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ R r❡❧❛t✐♦♥✳

• ❧❡t r❡❣✐♦♥ r : C

❙t❛t❡♠❡♥t ❛❧✇❛②s r❡❞✉❝❡ ✐♥ ❜♦t❤ ♠♦❞❡❧✳ ◆❡✇ r❡❣✐♦♥ r ✐s ❡♠♣t② ✐♥ ❜♦t❤ ❝❛s❡s✱ ❛♥❞ t❤✉s
Rr(Hs

′(r), Hw
′(r)) ❤♦❧❞s✳

• ❧❡t x = ♥❡✇ C [ρ]

❲❡ ❜✐♥❞ x t♦ t❤❡ ♥❡①t ❢r❡s❤ ❧♦❝❛t✐♦♥ p ❛♥❞ p t♦ t❤❡ ❡♠♣t② ♦❜❥❡❝t ✐♥ t❤❡ s❡♣❛r❛t❡❞
✈❡rs✐♦♥ ♦❢ ρ✳ ■♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥✱ p ✐s ❞❡✜♥❡❞ ❜② ❛ ❜❧❛❝❦ ❜♦①✳ ❖♥❡ ♣❛rt✐❝✉❧❛r
r❡❞✉❝t✐♦♥ ♦❢ t❤✐s ❜❧❛❝❦ ❜♦① ✐s t❤✉s p✱ ❛♥❞ ✇❡ ❝❤♦♦s❡ t❤✐s ♦♥❡✳ ❚❤❡ s❛♠❡ ❣♦❡s ❢♦r t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t ✐♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✐♥✐t✐❛❧✐③❡❞ t♦ ❛ ❜❧❛❝❦
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❜♦①✱ ✇❤♦s❡ ✈❛❧✉❡ ✇❡ ❝❤♦♦s❡ t♦ ❜❡ ✐♥ r❡❧❛t✐♦♥ Ro ✇✐t❤ t❤❡ ❡♠♣t② ♦❜❥❡❝t ♦❢ t❤❡ s❡♣❛r❛t❡
r❡❞✉❝t✐♦♥ r✉❧❡✳ ❙✉❝❤ ❛ ✈❛❧✉❡ ❡①✐sts✳

• x .f ← e

❇② ❝♦♥str✉❝t✐♦♥ ♦❢ assign✱ ❛s t❤❡ r❡❣✐♦♥ ρ ♦❢ x ❤❛s ♣❡r♠✐ss✐♦♥ ρ◦ ❛♥❞ ✐s t❤✉s ♥♦t ❜❡✐♥❣
❢♦❝✉s❡❞✳ ❲❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✶✵ ♦♥ e✳

• ❢♦❝✉s x : ρ ❛s σ

▲❡t p = Lx MHs
✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❡q✉❛❧ t♦ Hw(x ) ❜② ❚❤❡♦r❡♠ ✶✵✳ P❡r♠✐ss✐♦♥ ρG ✐s ❝♦♥✲

s✉♠❡❞✱ s♦ r❡❣✐♦♥ ρ ✐s ♥♦t ❜❡✐♥❣ ❢♦❝✉s❡❞✳ P❡r♠✐ss✐♦♥ σ∅ ✐s ❝♦♥s✉♠❡❞✱ s♦ σ ✐s ❡♠♣t②
❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ assign✱ ❧♦❝❛t✐♦♥ p ✐♥ σ ✐s s❡t t♦ ✐ts ✈❛❧✉❡ ✐♥ ρ✳ ■ts
❛❝t✐✈❡ r❡❣✐♦♥ ✐s ♥♦✇ σ✱ ❛♥❞ t❤✉s t❤❡ t✇♦ ♦❜t❛✐♥❡❞ ❤❡❛♣s ❛r❡ t❤✉s ✐♥ r❡❧❛t✐♦♥✳

• ❛❞♦♣t x : σ ❛s ρ

❚❤✐s ✐s t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❢♦r t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ❡①❝❡♣t t❤❛t
t❛r❣❡t r❡❣✐♦♥ ✐s ❣r♦✉♣ ✐♥st❡❛❞ ♦❢ ❡♠♣t②✱ ❜✉t t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡ ♦♥❧② ❝❤❛♥❣❡s t❤❡ ✈❛❧✉❡
♦❢ ❧♦❝❛t✐♦♥ x ✳

• ✉♥❢♦❝✉s x : σ ❛s ρ

❚❤✐s ✐s t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ t❤❛♥ t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❢♦r t❤❡ ❛❞♦♣t ♦♣❡r❛t✐♦♥✱ ❡①❝❡♣t t❤❛t
t❛r❣❡t r❡❣✐♦♥ ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞✱ ❜✉t t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡ ♦♥❧② ❝❤❛♥❣❡s t❤❡ ✈❛❧✉❡ ♦❢ ❧♦❝❛t✐♦♥
x ✇❤✐❝❤ ✇❛s ✐♥ t❤❡ t❛r❣❡t r❡❣✐♦♥ ♦❢ t❤❡ ❛♥②✇❛②✱ s♦ ✐ts ✈❛❧✉❡ ✇❛s ♦❢ ♥♦ ✐♠♣♦rt❛♥❝❡✳

• ♣❛❝❦ x

❚❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦♥ x ❤♦❧❞s✳ ❲❡ ❛♣♣❧②
❚❤❡♦r❡♠ ✽ t♦ ♦❜t❛✐♥ t❤❛t t❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s ✐♥ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ✐❢✱ ❛♥❞ ♦♥❧②
✐❢ ✐t r❡❞✉❝❡s ✐♥ ✐ts ❲❤② tr❛♥s❧❛t✐♦♥✳ ❚❤❡ ❤❡❛♣s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❛♥❞ t❤✉s ❛r❡ st✐❧❧ ✐♥
r❡❧❛t✐♦♥✳

• ✉♥♣❛❝❦ x ✱ ✇❡❛❦❡♥ ❡♠♣t② x ✱ ✇❡❛❦❡♥ s✐♥❣❧❡ x

❙t❛t❡♠❡♥t ❛❧✇❛②s r❡❞✉❝❡ ❛♥❞ ❤❡❛♣ ✐s ♥♦t ♠♦❞✐✜❡❞✳

• ❛ss❡rt P

❚❤✐s ✐s t❤❡ s❛♠❡ ♣r♦♦❢ t❤❛♥ ❢♦r ♣❛❝❦✐♥❣✱ ❡①❝❡♣t ✇✐t❤ ♣r❡❞✐❝❛t❡ P ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t✳

• ❧❛❜❡❧ L

■♥ Hw
′✱ ❛❧❧ r❡❣✐♦♥ r❡❢❡r❡♥❝❡s r ❛r❡ ❝♦♣✐❡❞ ✐♥ Hw

′(r , L)✱ ✇❤✐❝❤ ✐s ✐♥ r❡❧❛t✐♦♥ Rl ✇✐t❤
Hs

′(L)(r)✳

■❢ t❤❡ ❲❤② ♣r♦❣r❛♠ ♥❡✈❡r t❡r♠✐♥❛t❡s✱ t❤❡♥ ✐t ❞✐✈❡r❣❡s ❛♥❞ ✇❡ ♣r♦✈❡ ❜② ❝♦✐♥❞✉❝t✐♦♥ t❤❛t
t❤❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ❞✐✈❡r❣❡s✳ ✷

✺✳✸ ❙✉♣♣♦rt ❢♦r ❘❡❝✉rs✐✈❡ ❈❧❛ss❡s

❖✉r tr❛♥s❧❛t✐♦♥ ❝❛♥♥♦t ❡♥❝♦❞❡ r❡❝✉rs✐✈❡ ❝❧❛ss❡s s✉❝❤ ❛s✿

❝❧❛ss List

{
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❣r♦✉♣ r : List ;
next : [r ];
value: int ;
}

❈❧❛ss List ✐s r❡❝✉rs✐✈❡ ❜❡❝❛✉s❡ ✐ts ♦✇♥❡❞ r❡❣✐♦♥ r ❤❛s ❝❧❛ss List ✳ ❙♦ why(List) ✐s ♥♦t ❞❡✜♥❡❞✳
❖♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r r❡♠♦✈✐♥❣ t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ region t②♣❡✿

t②♣❡ region

❚❤❡♥ why(List) ✇♦✉❧❞ s✐♠♣❧② ❜❡ (region × location × int)✳ ❍♦✇❡✈❡r✱ t❤✐s s♦❧✉t✐♦♥ ✐s ♥♦t
s♦✉♥❞ ✇❤❡♥ ♣r♦✈✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✉s✐♥❣ ♣r♦✈❡rs ✇❤✐❝❤ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t ❛❧❧ t②♣❡s ❛r❡
✐♥❤❛❜✐t❡❞✳ ▲♦❣✐❝ ❢✉♥❝t✐♦♥ get ✐s ❞❡✜♥❡❞ ❛s✿

❧♦❣✐❝ get (region, location): α

●✐✈❡♥ ❛ ✈❛❧✉❡ ♦❢ t②♣❡ region ❛♥❞ ❛ ✈❛❧✉❡ ♦❢ t②♣❡ location✱ t❤✐s ❢✉♥❝t✐♦♥ ❝❛♥ ❝r❡❛t❡ ❛ ✈❛❧✉❡
♦❢ ❛♥② t②♣❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❢❛❧s❡ ♣r❡❞✐❝❛t❡✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❈♦q ❬❈♦q❪ s❝r✐♣t ✇❤✐❝❤
✐❧❧✉str❛t❡s t❤✐s ♣r♦❜❧❡♠✿

Parameter region: Type.

Parameter get:

forall A: Type,

region -> location -> A.

Parameter r: region.

Parameter l: location.

Theorem bad: False.

apply get.

apply r.

apply l.

Qed.

P❛r❛♠❡t❡r region ✐s t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ ❲❤② t②♣❡ region✳ P❛r❛♠❡t❡r get ✐s t❤❡ tr❛♥s❧❛t✐♦♥
♦❢ ❲❤② ❧♦❣✐❝ ❢✉♥❝t✐♦♥ get ✳ ❲❡ ❛ss✉♠❡ ❛ r❡❣✐♦♥ r ❛♥❞ ❛ ❧♦❝❛t✐♦♥ l ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✇❤✐❝❤ ✐s
t❤❡ ❝❛s❡ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❚❤❡♦r❡♠ bad ✐❧❧✉str❛t❡s ❤♦✇ False ❝❛♥ ❜❡ ♣r♦✈❡♥✿ ✇❡ s✐♠♣❧②
❝♦♥str✉❝t t❤❡ ❈♦q t❡r♠ get False r l✳

❲❡ ❝❛♥✱ ❤♦✇❡✈❡r✱ ❝❤❛♥❣❡ ♦✉r tr❛♥s❧❛t✐♦♥ ✐♥ ❛ s♦✉♥❞ ✇❛②✱ ❡✈❡♥ ✇❤❡♥ t❛r❣❡tt✐♥❣ ♣r♦✈❡rs
s✉❝❤ ❛s ❈♦q✳ ❆ ✜rst s♦❧✉t✐♦♥ ✐s t♦ ✐♥tr♦❞✉❝❡ ♦♥❡ ❲❤② t②♣❡ regionC ♣❡r ❈❛♣✉❝✐♥❡ ❝❧❛ss C✳
▲♦❣✐❝ ❢✉♥❝t✐♦♥ get ✐s t❤❡♥ ❞✉♣❧✐❝❛t❡❞ ❢♦r ❡❛❝❤ ❝❧❛ss C✱ ✇✐t❤ t②♣❡✿

❧♦❣✐❝ getC (regionC , location): why(C)

❋♦r ✐♥st❛♥❝❡✱ ❤❡r❡ ✐s t❤❡ get ❢✉♥❝t✐♦♥ ❢♦r ❝❧❛ss List ✿

❧♦❣✐❝ getList (regionList , location): (regionList × location × int)

❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ❛❧❧ ♦t❤❡r ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ✭set ✱ empty ❛♥❞ inRegion✮ ♠✉st
❜❡ s♣❡❝✐❛❧✐③❡❞ ❢♦r ❡❛❝❤ ❝❧❛ss ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s get ✳ ❆①✐♦♠s ♠✉st ❜❡ ❞✉♣❧✐❝❛t❡❞ ❛s ✇❡❧❧✳

❆♥♦t❤❡r s♦❧✉t✐♦♥ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ❲❤② t②♣❡ C ❢♦r ❡❛❝❤ ❝❧❛ss C ✳ ❚②♣❡ C ❡♥❝❛♣s✉❧❛t❡s
t❤❡ ♦❜❥❡❝t t✉♣❧❡ ❢♦r ❝❧❛ss C ✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❢✉♥❝t✐♦♥ getC ❢r♦♠ C t♦ why(C ) t♦ r❡❛❞ ❛♥
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❡♥❝❛♣s✉❧❛t❡❞ t✉♣❧❡ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ makeC ❢r♦♠ why(C ) t♦ C t♦ ♠❛❦❡ ❛♥ ❡♥❝❛♣s✉❧❛t❡❞ t✉♣❧❡✳
❋♦r ✐♥st❛♥❝❡✱ ❤❡r❡ ✐s t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ❝❧❛ss List ✿

t②♣❡ EncapsulateList

❧♦❣✐❝ getList (EncapsulateList): (region (EncapsulateList) × location × int)
❧♦❣✐❝ makeList ((region (EncapsulateList) × location × int)): List

❛①✐♦♠ getmakeList :
∀x : (region (EncapsulateList) × location × int).
getList(makeList(x )) = x

■♥ ❈♦q✱ ✇❡ ❝♦✉❧❞ ♠♦❞❡❧ t②♣❡ EncapsulateList ✇✐t❤ ❛♥ ✐♥❞✉❝t✐✈❡ t②♣❡✳ ❲❡ ❝❛♥ t❤❡♥ ❦❡❡♣ t❤❡
♣♦❧②♠♦r♣❤✐❝ t②♣❡ α region✱ ❜✉t t❤❡ α ✐s ✐♥st❛♥❝✐❛t❡❞ ✇✐t❤ t②♣❡ EncapsulateList ✐♥st❡❛❞ ♦❢
why(List)✳ ❚❤✐s ✐s ♦❜✈✐♦✉s❧② ❛ ❜❡tt❡r ❡♥❝♦❞✐♥❣ ♦❢ r❡❝✉rs✐✈❡ ❝❧❛ss❡s✳

❇♦t❤ s♦❧✉t✐♦♥s ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦t❤❡r ❡①t❡♥s✐♦♥s t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥ ✺✳✹
❛♥❞ ❙❡❝t✐♦♥ ✺✳✺✳

✺✳✹ ❙✐♠♣❧✐❢② ❙✐♥❣❧❡t♦♥ ❘❡❣✐♦♥s

✺✳✹✳✶ ❙✐♥❣❧❡t♦♥ ▼❛♣s ❆r❡ ❱❛❧✉❡s

Pr♦♣♦s❛❧ ❖✉r ✜rst ♣r♦♣♦s❛❧ t♦ s✐♠♣❧✐❢② ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✐s t♦ ❡♥❝♦❞❡ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s
✇✐t❤♦✉t ❛ ♠❛♣✳ ■❞❡❛❧❧②✱ ✇❡ ✇♦✉❧❞ r❡♣r❡s❡♥t s✐♥❣❧❡t♦♥ r❡❣✐♦♥s ❜② ♦♥❡ s✐♥❣❧❡ ✈❛❧✉❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ t❤❡ ♦❜❥❡❝t t✉♣❧❡ st♦r❡❞ ✐♥ t❤❡ r❡❣✐♦♥✳ ❚❤❡ ✇❛② s✐♥❣❧❡t♦♥ r❡❣✐♦♥s r ✇❡r❡ ❡♥❝♦❞❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s ✉s✐♥❣ ❛ ♠❛♣ ❢r♦♠ ❛ s✐♥❣❧❡ ❧♦❝❛t✐♦♥ p t♦ ✐ts ♦❜❥❡❝t t✉♣❧❡ o✳ ❚♦ r❡❛❞
o r❡q✉✐r❡s ❛♣♣❧②✐♥❣ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥✿ get(r , p)✳ ❚♦ ❝❤❛♥❣❡ o t♦ o′ r❡q✉✐r❡s ❛♣♣❧②✐♥❣ ❛♥♦t❤❡r
❧♦❣✐❝ ❢✉♥❝t✐♦♥✿ set(r , p, o′)✳ ❇✉t ✐❢ r❡❣✐♦♥ r ✐s s✐♥❣❧❡t♦♥✱ t❤❡♥ t②♣✐♥❣ ❡♥s✉r❡s t❤❛t t❤❡ ♦♥❧②
❧♦❝❛t✐♦♥ ✇❡ ✇✐❧❧ r❡❛❞ ❢r♦♠ r ✐s ✐ts ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ p✱ ✇❤✐❝❤ ✐s t❤✉s ✐rr❡❧❡✈❛♥t✳ ❍♦✇❡✈❡r✱
s✐♥❣❧❡t♦♥ r❡❣✐♦♥s ✇❡r❡ ❛❝t✉❛❧❧② ❡♠♣t② ❜❡❢♦r❡ ❜❡✐♥❣ s✐♥❣❧❡t♦♥✱ ❛♥❞ s♦♠❡t✐♠❡s ❜❡❝♦♠❡ ❣r♦✉♣
t❤r♦✉❣❤ t❤❡ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥✳

❲❤❛t ✇❡ ❛❝t✉❛❧❧② ♣r♦♣♦s❡ ✐s t♦ r❡♣r❡s❡♥t ❡❛❝❤ r❡❣✐♦♥ ρ ✉s✐♥❣ t❤r❡❡ ❝♦♠♣♦♥❡♥ts✿

• t❤❡ ρP ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ p ♦❢ r❡❣✐♦♥ ρ ✇❤❡♥ ρ ✐s s✐♥❣❧❡t♦♥❀

• t❤❡ ρO ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✉♥✐q✉❡ ♦❜❥❡❝t t✉♣❧❡ o ♦❢ r❡❣✐♦♥ ρ ✇❤❡♥ ρ ✐s s✐♥❣❧❡t♦♥❀

• t❤❡ ρG ❝♦♠♣♦♥❡♥t✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠❛♣ r❡♣r❡s❡♥t✐♥❣ ρ ✇❤❡♥ ρ ✐s ❣r♦✉♣✳

■❢ t❤❡ r❡❣✐♦♥ ✐s ❛ r❡❣✐♦♥ ♥❛♠❡ ❛♥❞ ✐s t❤✉s r❡♣r❡s❡♥t❡❞ ❛s ❛ r❡❢❡r❡♥❝❡✱ ✐t ✐s ♥♦✇ r❡♣r❡s❡♥t❡❞
❛s t❤r❡❡ r❡❢❡r❡♥❝❡s✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ♦✇♥❡❞ ❛♥❞ ✐s t❤✉s ♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ ❛ t✉♣❧❡✱ ✐t ✐s ♥♦✇
r❡♣r❡s❡♥t❡❞ ❛s t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ t✉♣❧❡✳

❲❡ t❤❡♥ ✉s❡ ♣❡r♠✐ss✐♦♥s t♦ ❦♥♦✇ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t t♦ r❡❛❞✿

• ✐❢ ρ ✐s ❡♠♣t②✱ ✇❡ ❞♦ ♥♦t ❛❝❝❡ss ✐t❀

• ✐❢ ρ ✐s s✐♥❣❧❡t♦♥✱ ✇❡ ❛❝❝❡ss ✐t t❤r♦✉❣❤ ρP ❛♥❞ ρO ❀

• ✐❢ ρ ✐s ❣r♦✉♣✱ ✇❡ ❛❝❝❡ss ✐t t❤r♦✉❣❤ ρG ✳
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■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♥❡❡❞ t♦ ❜❡ ❝❛r❡❢✉❧ r❡❣❛r❞✐♥❣ st❛t❡♠❡♥ts ✇❤✐❝❤ ❝❤❛♥❣❡ t❤❡ st❛t✉s ♦❢ ❛ r❡❣✐♦♥
❢r♦♠ ❡♠♣t② t♦ s✐♥❣❧❡t♦♥✱ ❢r♦♠ ❡♠♣t② t♦ ❣r♦✉♣ ♦r ❢r♦♠ s✐♥❣❧❡t♦♥ t♦ ❣r♦✉♣✳

■♥ t❤❡ ❧♦❣✐❝ t❤♦✉❣❤✱ ✇❡ ❞♦ ♥♦t ❝❤❛♥❣❡ ❛♥②t❤✐♥❣✿ r❡❣✐♦♥s ❛r❡ st✐❧❧ ♠❛♣s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡
t❤❡r❡ ✐s ♥♦ ♣❡r♠✐ss✐♦♥ ✐♥ t❤❡ ❧♦❣✐❝✱ ❛♥❞ t❤✉s ✇❡ ✇♦✉❧❞ ♥♦t ❦♥♦✇ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t ρP ✱ ρO ♦r
ρG t♦ ✉s❡ ✇❤❡♥ tr❛♥s❧❛t✐♥❣ ❛❝❝❡ss❡s✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❛①✐♦♠s ♦r ♣r❡❞✐❝❛t❡ ❜♦❞✐❡s✳

❘❡❣✐♦♥ ❊①♣r❡ss✐♦♥s ■♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ ♦♥❡ s✐♥❣❧❡ ❢✉♥❝t✐♦♥ why(ρ)✱ ✇❡ ❞❡✜♥❡ t❤r❡❡ tr❛♥s✲
❧❛t✐♦♥ ❢✉♥❝t✐♦♥s whyP (ρ)✱ whyO(ρ) ❛♥❞ whyG(ρ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢
ρ✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t❤❛♥ why(ρ)✱ ❡①❝❡♣t t❤❛t t❤❡② r❡t✉r♥ t❤❡ ❡①♣❡❝t❡❞
❝♦♠♣♦♥❡♥t P ✱ O ♦r G ✳

❊①♣r❡ss✐♦♥s ❲❡ ❝❤❛♥❣❡ ❤♦✇ ❡①♣r❡ss✐♦♥ x .f ✐s tr❛♥s❧❛t❡❞✳ ▲❡t ρ ❜❡ t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ■❢
ρ◦{f1 , · · ·, fk} ✭k ≥ ✵✮ ♦r ρ× ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ x .f ✐s proj f (whyO(ρ))✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ♥❛♠❡ r ✱ t❤❡♥ why(x .f ) ✐s proj f (!rO)✱ ✇❤✐❝❤ ✐s s✐♠♣❧❡r t❤❛♥ ✇❤❛t ✇❡
❤❛❞ ❜❡❢♦r❡✿ proj f (get(!r , x ))✳ ■❢✱ ❤♦✇❡✈❡r✱ ρG ♦r σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡✱ ✇❡ tr❛♥s❧❛t❡ ❛s ❜❡❢♦r❡
✉s✐♥❣ whyG(ρ)✳

❙t❛t❡♠❡♥ts ■♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ ♦♥❡ s✐♥❣❧❡ ❢✉♥❝t✐♦♥ assign(ρ, v)✱ ✇❡ ❞❡✜♥❡ t❤r❡❡ ❢✉♥❝t✐♦♥s
assignP (ρ, v)✱ assignO(ρ, v) ❛♥❞ assignG(ρ, v) ✇❤✐❝❤ r❡s♣❡❝t✐✈❡❧② ❛ss✐❣♥ t❤❡ ρP ✱ ρO ❛♥❞ ρG
❝♦♠♣♦♥❡♥ts ♦❢ ρ✳ ◆♦✇ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♥❡✇ tr❛♥s❧❛t✐♦♥ ❢♦r st❛t❡♠❡♥ts ❞❡❛❧✐♥❣ ✇✐t❤ r❡❣✐♦♥s✳

• why(❧❡t r❡❣✐♦♥ r : C, cont) =

❧❡t rP = r❡❢ (❛♥② location) ✐♥

❧❡t rO = r❡❢ (❛♥② why(C)) ✐♥

❧❡t rG = r❡❢ empty ✐♥

cont

❇❧❛❝❦ ❜♦①❡s ❝♦♥str✉❝t ✉♥❦♥♦✇♥ ✈❛❧✉❡s✱ ✇❤✐❝❤ ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ❛s t❤❡ r❡❣✐♦♥ ❜❡✐♥❣
❡♠♣t②✱ ♥♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ✇✐❧❧ ❜❡ ❛❝❝❡ss❡❞ ❛♥②✇❛②✳

• why(❧❡t x = ♥❡✇ C [ρ], cont) =

❧❡t x = ❛♥② location ✐♥

assignP (ρ, x );
assignO(ρ, ❛♥② why(C));
cont

■♥t❡r❡st✐♥❣❧② ❡♥♦✉❣❤✱ ✇❡ ❝♦✉❧❞ ✐♥✐t✐❛❧✐③❡ x t♦ whyP (ρ)✱ ❛s t❤✐s ❝♦♠♣♦♥❡♥t ♦❢ ❡♠♣t②
r❡❣✐♦♥s ✐s ✐♥✐t✐❛❧✐③❡❞ t♦ ❛ ❜❧❛❝❦ ❜♦① ❛s ✇❡❧❧✳ ❙❛♠❡ ❣♦❡s ❢♦r t❤❡ ✐♥✐t✐❛❧ ♦❜❥❡❝t t✉♣❧❡✳

• why(x .f ← e, cont) =

assignO(ρ, set f (whyO(ρ), why(e)));
cont

❘❡❣✐♦♥ ρ ✐s t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❚❤✐s ✐s q✉✐t❡ s✐♠♣❧❡r t❤❛♥ ❜❡❢♦r❡ ❛s ✇❡ ❦♥♦✇ t❤❛t ρ ✐s
s✐♥❣❧❡t♦♥✱ ❛s ♣❡r♠✐ss✐♦♥ ρ◦{f1 , · · ·, fk} ✭k ≥ ✵✮ ✐s ❛✈❛✐❧❛❜❧❡✳

• why(❛❞♦♣t x : σ ❛s ρ, cont) =

assignG(ρ, set(whyG(ρ), x , whyO(σ)));
cont

❲❡ s✐♠♣❧✐❢② ❤♦✇ ✇❡ r❡❛❞ t❤❡ ♦❜❥❡❝t ♦❢ x ✱ ❛s ✐ts r❡❣✐♦♥ σ ✐s s✐♥❣❧❡t♦♥✳
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• why(❢♦❝✉s x : ρ ❛s σ, cont) =

assignP (σ, x );
assignO(σ, get(whyG(ρ), x ));
cont

❚❤✐s ✐s ♥♦ ❧♦♥❣❡r ❛♥ ✐♥st❛♥❝❡ ♦❢ ❛❞♦♣t✐♦♥✱ ❛s t❛r❣❡t r❡❣✐♦♥ ✐s s✐♥❣❧❡t♦♥ ❛❢t❡r t❤❡ ♦♣❡r❛✲
t✐♦♥✳

• why(✉♥❢♦❝✉s x : σ ❛s ρ, cont) =

assignG(ρ, set(whyG(ρ), x , whyO(σ)));
cont

❖♥❝❡ ❛❣❛✐♥✱ t❤✐s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❛❞♦♣t✐♦♥✳

• why(✇❡❛❦❡♥ ❡♠♣t② ρ, cont) =

assignG(ρ, empty);
cont

❲❡ ❛ss✐❣♥ t❤❡ ρG ❝♦♠♣♦♥❡♥t t♦ ❡♠♣t②✱ ❜✉t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ❛s ✐t ❛❧r❡❛❞② ✇❛s ❡♠♣t②

✭s❡❡ t❤❡ ❧❡t r❡❣✐♦♥ st❛t❡♠❡♥t✮✳ ■t ✐s s✐♠♣❧② ❛ ❧✐tt❧❡ ❡❛s✐❡r ❢♦r t❤❡ ✉s❡r ✇❤❡♥ ρ ✐s ❛ r❡❣✐♦♥
♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝✉rr❡♥t ❢✉♥❝t✐♦♥✱ ❛s t❤❡♥ t❤❡ ❢❛❝t t❤❛t ρG ✐s ❡♠♣t② ✇♦✉❧❞ ♦t❤❡r✇✐s❡
❤❛✈❡ t♦ ❜❡ ❣✐✈❡♥ ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✳

• why(✇❡❛❦❡♥ s✐♥❣❧❡ ρ, cont) =

assignG(ρ, set(empty , whyP (ρ), whyO(ρ));
cont

■♥t❡r❡st✐♥❣❧② ❡♥♦✉❣❤✱ ✇❤✐❧❡ t❤❡ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥ ❢r♦♠ s✐♥❣❧❡t♦♥ t♦ ❣r♦✉♣ ❞✐❞ ♥♦t
❞♦ ❛♥②t❤✐♥❣ ❜❡❢♦r❡✱ ✐t ♥♦✇ ❤❛s t♦ tr❛♥s❢❡r t❤❡ ρP , ρO ❝♦♠♣♦♥❡♥ts ✐♥t♦ ρG ✳

❋✉rt❤❡r ❙✐♠♣❧✐✜❝❛t✐♦♥ ■❢ ❛ r❡❣✐♦♥ ρ ✐s ♥❡✈❡r s✐♥❣❧❡t♦♥✱ ✇❡ ♠❛② ♦♠✐t t❤❡ ρP ❛♥❞ ρO
❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ❲❤② tr❛♥s❧❛t✐♦♥✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ρ ✐s ❛❧✇❛②s s✐♥❣❧❡t♦♥✱ ✇❡ ♠❛② ♦♠✐t t❤❡
ρG ❝♦♠♣♦♥❡♥t✳

◆♦t❡ t❤❛t t❤✐s ❝❛♥ ❡✈❡♥ ❜❡ ❞♦♥❡ ✐❢ ρ ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ ❛ ❢✉♥❝t✐♦♥✳ ❈♦♥s✐❞❡r ❢✉♥❝t✐♦♥ incr ✿

❢✉♥ incr [r : Long ] (x : [r ]): unit
❝♦♥s✉♠❡s r×

♣r♦❞✉❝❡s r×

{
r .value ← r .value + ✶;
}

❘❡❣✐♦♥ r ✐s ❛❧✇❛②s s✐♥❣❧❡t♦♥ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ incr ✳ ■♥st❡❛❞ ♦❢ ❡①♣❡❝t✐♥❣ t❤r❡❡ r❡❢❡r❡♥❝❡
❛r❣✉♠❡♥ts rP ✱ rO ❛♥❞ rG ✱ ❢✉♥❝t✐♦♥ incr ❡①♣❡❝ts ♦♥❧② t❤❡ ✜rst t✇♦✳ ❲❤② ♣❛r❛♠❡t❡r incr

❜❡❝♦♠❡s✿

♣❛r❛♠❡t❡r incr (rP : r❡❢ (pointer), rO : r❡❢ (int), x : pointer): unit
· · ·

◆♦t❡ t❤❛t ✐♥ ♣r❛❝t✐❝❡✱ incr ✇✐❧❧ ❛❧✇❛②s ❜❡ ❝❛❧❧❡❞ ✇✐t❤ x = !rP ✳ ❲❡ ❦♥♦✇ t❤✐s ❢r♦♠ t❤❡ ❢❛❝t
t❤❛t r ✐s s✐♥❣❧❡t♦♥✳ ❆♥♦t❤❡r s✐♠♣❧✐✜❝❛t✐♦♥ ❝♦✉❧❞ t❤✉s ❜❡ t♦ ❛✉t♦♠❛t✐❝❛❧❧② r❡♠♦✈❡ ❛r❣✉♠❡♥t
rP ♦r x ✳
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❲❡ r❡✉s❡ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸✳ ❲❡ s❤♦✇ ❤♦✇ ✐t ✐s tr❛♥s❧❛t❡❞ ✉s✐♥❣
♦✉r s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s✱ ❛♥❞ t❤❡♥ s❤♦✇ t❤❡ ♥❡✇ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❢♦r t❤❡ ♣♦st✲
❝♦♥❞✐t✐♦♥✳

❚r❛♥s❧❛t✐♦♥ ❲❡ ❝♦♥str✉❝t t❤❡ ❲❤② ❝♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥❡✇ tr❛♥s❧❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥
incrTriple✳ ❍❡r❡ ✐s t❤❡ ❤❡❛❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✿

❢✉♥ incrTriple

(r : r❡❢ (region (int × region (int) × location × location × location)),
x : location): unit
♣♦st

proj value(projRa(get(!r , x ))) =
proj value(projRa(get(!r❅♣r❡, x ))) + ✶ ∧

proj value(get(projRbc(get(!r , x )), proj b(get(!r , x )))) =
proj value(get(projRbc(get(!r❅♣r❡, x )), proj b(get(!r❅♣r❡, x )))) + ✶ ∧

proj value(get(projRbc(get(!r , x )), proj c(get(!r , x )))) =
proj value(get(projRbc(get(!r❅♣r❡, x )), proj c(get(!r❅♣r❡, x )))) + ✶

❘❡❣✐♦♥ x .Ra ✐s s✐♥❣❧❡t♦♥ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ✇✐❧❧ ♥♦t ♥❡❡❞
t❤❡ P ❝♦♠♣♦♥❡♥t ❛s ♥♦ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ♦r ✉♥❢♦❝✉s ✇✐❧❧ ❜❡ ❞♦♥❡✳ ❙♦ ✇❡ ♠♦❞❡❧ x .Ra ✉s✐♥❣ ❛
s✐♠♣❧❡ ✐♥t❡❣❡r✳ ❘❡❣✐♦♥ x .Rb ✐s ❣r♦✉♣ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❡①❡❝✉t✐♦♥✱ s♦ ✇❡ ♠♦❞❡❧ ✐t ❛s ❜❡❢♦r❡
✉s✐♥❣ ❛ r❡❣✐♦♥ ♠❛♣✳ ❚❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦t ♥❡❡❞❡❞✳ ❆s ②♦✉ ❝❛♥ s❡❡✱ t❤❡ r❡s✉❧t ✐s ❛
s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡
✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .a.value✿

{
❧❡t a = proj a(get(!r , x )) ✐♥

r :=
set(!r , x ,
setRa(get(!r , x ),
setvalue(
projRa(get(!r , x )),
proj value(projRa(get(!r , x ))) + ✶)));

❛ss❡rt proj value(projRa(get(!r , x ))) > ✵;

❖♥❝❡ ❛❣❛✐♥✱ t❤❡ r❡s✉❧t ✐s s❧✐❣❤t❧② s✐♠♣❧✐✜❡❞ t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t Ra ✐s s✐♥❣❧❡t♦♥✳ ❲❡
❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❢♦❝✉s✐♥❣ ♦❢ x .b✿

❧❡t b = proj b(get(!r , x )) ✐♥

❧❡t FbP = r❡❢ (❛♥② location) ✐♥

❧❡t FbO = r❡❢ (❛♥② int) ✐♥

FbP := b;
FbO := get(projRbc(get(!r , x )), b);

❆s t❤❡ t❛r❣❡t r❡❣✐♦♥ Fb ♦❢ t❤❡ ❢♦❝✉s ✐s ❛❧✇❛②s ❡✐t❤❡r ❡♠♣t② ♦r s✐♥❣❧❡t♦♥✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t❤❡
G ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡❣✐♦♥✳ ❲❡ ❞♦ ♥❡❡❞ t❤❡ P ❝♦♠♣♦♥❡♥t ❢♦r t❤❡ ✉♥❢♦❝✉s ✇❤✐❝❤ ✐s t♦ ❝♦♠❡✳
◆❡①t ✐s t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿

FbO := setvalue(!FbO , proj value(!FbO) + ✶);
❛ss❡rt proj value(!FbO) > ✵;
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❚❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .b ❡♥❞s ✇✐t❤ t❤❡ ✉♥❢♦❝✉s✿

r := set(!r , x , setRbc(get(!r , x ), set(projRbc(get(!r , x )), b, !FbO)));

❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❛ss✐❣♥♠❡♥t t♦ x .c.value✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦
t❤❡ ♦♥❡ t♦ x .b.value✱ s♦ ✇❡ ❞♦ ♥♦t s❤♦✇ ✐t ❤❡r❡✳

Pr♦♦❢ ❖❜❧✐❣❛t✐♦♥s ❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s st❛t✐♥❣ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐❢
x .b = x .c✿

∀r : (region × int region × location × location × location) region.
∀a: location.
a = proj a(get(r , x )) ⇒
∀r1 : (region × int region × location × location × location) region.
r1 =
set(r , x ,
setRa(get(r , x ),
setvalue(
projRa(get(r , x )),
proj value(projRa(get(r , x ))) + ✶))) ⇒

∀b: location.
b = proj b(get(r1 , x )) ⇒
∀FbP : location.
∀FbO : int .
FbP = b ⇒
FbO = get(projRbc(get(r1 , x )), b) ⇒
∀FbO✱1 : int .
FbO✱1 = setvalue(FbO , proj value(FbO) + ✶) ⇒
∀r2 : (region × int region × location × location × location) region.
r2 = set(r1 , x , setRbc(get(r1 , x ), set(projRbc(get(r1 , x )), b, FbO✱1 ))) ⇒
∀c: location.
c = proj c(get(r2 , x )) ⇒
b = c ⇒
proj value(projRa(get(r2 , x ))) =
proj value(projRa(get(r , x ))) + ✶ ∧

proj value(get(projRbc(get(r2 , x )), proj b(get(r2 , x )))) =
proj value(get(projRbc(get(r , x )), proj b(get(r , x )))) + ✶ ∧

proj value(get(projRbc(get(r2 , x )), proj c(get(r2 , x )))) =
proj value(get(projRbc(get(r , x )), proj c(get(r , x )))) + ✶

❆s ②♦✉ ❝❛♥ s❡❡✱ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s s✐♠♣❧❡r r❡❣❛r❞✐♥❣ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s x .Ra ❛♥❞ Fb✱ ❛s
t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❛❝❝❡ss t❤❡ ✈❛❧✉❡ ✇✐t❤ get ❛♥❞ t♦ ❝❤❛♥❣❡ ✐t ✉s✐♥❣ set ✳ ■t ✐s t❤✉s ♠♦r❡
r❡❛❞❛❜❧❡ ❛♥❞ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❛♣♣❧② ❛①✐♦♠s ❞❡✜♥✐♥❣ get ❛♥❞ set ❛s ♠✉❝❤✳ ❚❤❡ ❝♦♠♣❧❡①✐t②
r❡❣❛r❞✐♥❣ ❣r♦✉♣ r❡❣✐♦♥s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡✳

✺✳✹✳✸ ❙♦✉♥❞♥❡ss

❲❡ s❤❛❧❧ ♥♦t ♣r♦✈❡ t❤❛t ♦✉r ♥❡✇ tr❛♥s❧❛t✐♦♥ ✐s s♦✉♥❞ ✇✐t❤ ❛s ♠✉❝❤ ❞❡t❛✐❧s ❛s ✇❡ ❞✐❞ ❢♦r
♦✉r ♦r✐❣✐♥❛❧ tr❛♥s❧❛t✐♦♥✳ ❲❡ ❞♦✱ ❤♦✇❡✈❡r✱ s❦❡t❝❤ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s t❤❛t ♠✉st ❜❡ ❞♦♥❡ t♦ t❤❡
♣r♦♦❢✳ ❘❡❧❛t✐♦♥ Rr ♥♦✇ t❛❦❡s t❤r❡❡ ❲❤② ✈❛❧✉❡s vP ✱ vO ❛♥❞ vG ✐♥st❡❛❞ ♦❢ ♦♥❧② ♦♥❡✳ ❊❛❝❤ ♦❢
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t❤❡s❡ ✈❛❧✉❡ ♠♦❞❡❧s ♦♥❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r❡❣✐♦♥✳ ❚❤❡♥ ✇❡ ✉s❡ ♣❡r♠✐ss✐♦♥s t♦
❦♥♦✇ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t s❤♦✉❧❞ ❜❡ ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ s❡♣❛r❛t❡❞ r❡❣✐♦♥ ❢✉♥❝t✐♦♥ g ✳ ■❢ t❤❡ r❡❣✐♦♥
✐s s✐♥❣❧❡t♦♥✱ t❤❡♥ g s❤♦✉❧❞ ❜❡ ♦❢ s✐♥❣❧❡t♦♥ ❞♦♠❛✐♥ {vP}✱ ❛♥❞ g(vP ) s❤♦✉❧❞ ❜❡ ✐♥ r❡❧❛t✐♦♥ Ro

✇✐t❤ vO ✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s ❣r♦✉♣✱ t❤❡♥ ❛❧❧ ❧♦❝❛t✐♦♥ p ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ g s❤♦✉❧❞ ❜❡ ✐♥ r❡❧❛t✐♦♥
Ro ✇✐t❤ get(p, vG)✳

❑♥♦✇✐♥❣ ✇❤❡t❤❡r t❤❡ ❝♦♥s✐❞❡r❡❞ r❡❣✐♦♥ ✐s s✐♥❣❧❡t♦♥ ♦r ❣r♦✉♣ r❡q✉✐r❡s ❛❞❞✐♥❣ ♠♦r❡ ❛r❣✉✲
♠❡♥ts t♦ t❤❡ r❡❧❛t✐♦♥s Rr✱ Ro ❛♥❞ R✳ ❲❡ ♥❡❡❞ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ r❡❣✐♦♥ ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞
❛s ✇❡❧❧ ❛s ♣❡r♠✐ss✐♦♥s Σ✳

✺✳✺ ❋❧❛tt❡♥✐♥❣ ❘❡❣✐♦♥s ❢♦r ▼♦r❡ ❙❡♣❛r❛t✐♦♥

✺✳✺✳✶ ●❡♥❡r❛❧✐③✐♥❣ ❚❤❡ ❈♦♠♣♦♥❡♥t✲❛s✲❆rr❛② ▼♦❞❡❧

❚❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡❞ ❢♦r s✐♥❣❧❡t♦♥ r❡❣✐♦♥s ✐s ♥✐❝❡✱ ❜✉t ✐t ❞♦❡s ♥♦t ✐♥tr♦❞✉❝❡ ♠♦r❡
st❛t✐❝ s❡♣❛r❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❇✉rst❛❧❧✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲
❛rr❛② ♠♦❞❡❧ ❬❇♦r♥❛t✵✵❪✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✸✱ ❛♥❞ ❣❡♥❡r❛❧✐③❡ ✐t ❢♦r ❈❛♣✉❝✐♥❡✳
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✉s✐♥❣ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✺✳✷ ❛♥❞
❋✐❣✉r❡ ✺✳✸✳

❘❡♦r❞❡r✐♥❣ ❍❡❛♣ ❆r❣✉♠❡♥ts ■♥ t❤❡ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❢✉♥❝t✐♦♥
incrTriple✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✱ ✇❤❡r❡ p ✐s ❛♥② ❧♦❝❛t✐♦♥✿

Hs(r)(p)(Ra)(p)(value): int
Hs(r)(p)(Rbc)(p)(value): int
Hs(r)(p)(a): location
Hs(r)(p)(b): location

❲❡ ❝❛♥ r❡♦r❞❡r t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❢✉♥❝t✐♦♥ Hs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❤❡r❡ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ r❡♦r❞❡r✐♥❣✿

Hs
′(r)(Ra)(value)(p)(p): int

Hs
′(r)(Rbc)(value)(p)(p): int

Hs
′(r)(a)(p): location

Hs
′(r)(b)(p): location

❚❤✐s r❡♦r❞❡r✐♥❣ ❤❛s s❡✈❡r❛❧ ❝♦♥s❡q✉❡♥❝❡s✳ ❖♥❡ ♦❢ t❤❡♠ ✐s t❤❛t ✐t ✐s ❤❛r❞❡r t♦ ❛❝❤✐❡✈❡ ♣❛rt✐❛❧
❛♣♣❧✐❝❛t✐♦♥ Hs(r)(p)(Ra)✱ ❢♦r ✐♥st❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✐t ❛❧s♦ ❤❛s ❜❡♥❡✜ts ✇❤✐❝❤ ✇❡ ❡①♣❧♦r❡ ✐♥ t❤❡
♥❡①t ♣❛r❛❣r❛♣❤s✳

❋❧❛tt❡♥✐♥❣ ❋✐♥✐t❡ ❆r❣✉♠❡♥ts ❚❤❡ ✜rst ❛r❣✉♠❡♥t ♦❢ ❢✉♥❝t✐♦♥Hs
′ ❛❜♦✈❡ ✐s ❛ r❡❣✐♦♥ ♥❛♠❡✳

❚❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ r❡❣✐♦♥ ♥❛♠❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❜♦❞② ♦❢ incrTriple✳
❇❡❝❛✉s❡ t❤✐s ♥✉♠❜❡r ✐s ✜♥✐t❡✱ ✇❡ ❝❛♥ s♣❧✐t t❤❡ ❢✉♥❝t✐♦♥ ✐♥t♦ ♦♥❡ ❢✉♥❝t✐♦♥ ♣❡r ❛r❣✉♠❡♥t✳ ❍❡r❡✱
t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣♦ss✐❜❧❡ ❛r❣✉♠❡♥t✿ r❡❣✐♦♥ r ✳ ❙♦ ✇❡ tr❛♥s❢♦r♠ Hs

′ ✐♥t♦ ♦♥❡ ❢✉♥❝t✐♦♥ Hsr

✇✐t❤ ♦♥❡ ❧❡ss ❛r❣✉♠❡♥t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✿

Hsr (Ra)(value)(p)(p)
Hsr (Rbc)(value)(p)(p)
Hsr (a)(p): location
Hsr (b)(p): location
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❚❤❡ ♥❡①t ❛r❣✉♠❡♥t ❝❛♥ ❛❧s♦ ♦♥❧② t❛❦❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✈❛❧✉❡s✿ t❤❡ ♥❛♠❡s ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s
❛♥❞ ✜❡❧❞s ♦❢ t❤❡ ❝❧❛ss ♦❢ ♣♦✐♥t❡rs ✐♥ r ✱ ♥❛♠❡❧② Ra✱ Rbc✱ a ❛♥❞ b✳ ❙♦ ✇❡ ❝❛♥ s♣❧✐t ❢✉♥❝t✐♦♥ Hsr

✐♥t♦ ❢♦✉r ❢✉♥❝t✐♦♥s Hsr ✱Ra ✱ Hsr ✱Rbc ❛♥❞ Hsr ✱a ❛♥❞ Hsr ✱b ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✿

Hsr ✱Ra(value)(p)(p)
Hsr ✱Rbc(value)(p)(p)
Hsr ✱a(p): location
Hsr ✱b(p): location

❙✐♠✐❧❛r❧②✱ ❝❧❛ss Long ❤❛s ♦♥❧② ♦♥❡ ✜❡❧❞ value✱ ❛♥❞ t❤✉s t❤❡ ✜rst ❛r❣✉♠❡♥t ♦❢ ❢✉♥❝t✐♦♥s Hsr ✱Ra

❛♥❞ Hsr ✱Rbc ✐s ❛❝t✉❛❧❧② ✐rr❡❧❡✈❛♥t✳ ❲❡ ❞❡❧❡t❡ t❤✐s ❛r❣✉♠❡♥t ❛♥❞ r❡♥❛♠❡ t❤❡s❡ ❢✉♥❝t✐♦♥s
Hsr ✱Ra✱value ❛♥❞ Hsr ✱Rbc✱value ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t❤s ❛r❡ ❞❡✜♥❡❞✿

Hsr ✱Ra✱value(p)(p)
Hsr ✱Rbc✱value(p)(p)
Hsr ✱a(p): location
Hsr ✱b(p): location

❚♦ s✉♠ ✉♣✱ ✇❤❛t ✇❡ ❞✐❞ ✐s s✐♠♣❧②✿

• r❡♦r❞❡r t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❤❡❛♣ ❢✉♥❝t✐♦♥ s♦ t❤❛t ✜♥✐t❡ ❞♦♠❛✐♥s ❛♣♣❡❛r ✜rst❀

• s♣❧✐t ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ ✐♥t♦ s❡✈❡r❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ♦♥❡ ❧❡ss ❛r❣✉♠❡♥t✳

❚❤✐s ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❇✉rst❛❧❧✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛② ♠♦❞❡❧✳ ■♥❞❡❡❞✱ ✐♥ ❛
♥❛✐✈❡ ♠♦❞❡❧ t❤❡ ❤❡❛♣ ✐s ❛ ❢✉♥❝t✐♦♥ h ♦❢ ❧♦❝❛t✐♦♥s p ❛♥❞ ✜❡❧❞ ♥❛♠❡s f ✳ ❲❡ r❡♦r❞❡r h(p)(f )
✐♥t♦ h(f )(p)✱ ❛♥❞ t❤❡♥ ✢❛tt❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐♥t♦ hf (p)✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♠♣♦♥❡♥t✲❛s✲❛rr❛②
♠♦❞❡❧✳

❙✐♥❣❧❡t♦♥ ❘❡❣✐♦♥s ❚❤✐s ❛♣♣r♦❛❝❤ ❝♦♠❜✐♥❡s ✇❡❧❧ ✇✐t❤ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ s✐♥❣❧❡t♦♥ r❡✲
❣✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳ ❚❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts P ✱ O ❛♥❞ G ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥
❛❞❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥t ♦❢ t❤❡ ❤❡❛♣ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛r❣✉♠❡♥t ❝❛♥ ♦♥❧② t❛❦❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢
✈❛❧✉❡s✱ ♥❛♠❡❧② P ✱ O ❛♥❞ G ✳ ❖♥❧② t❤❡ G ❝♦♠♣♦♥❡♥t ❤❛s ❛ ♣♦✐♥t❡r ❛r❣✉♠❡♥t✱ ❛s ✐t ✐s ❛ ♠❛♣✳

■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t❤s ✇♦✉❧❞ ❜❡ ❞❡✜♥❡❞✿

Hs(r)(P): location

Hs(r)(O)(Ra)(P): location
Hs(r)(O)(Ra)(O)(value): int
Hs(r)(O)(Ra)(G)(value)(p): int
Hs(r)(O)(Rbc)(P): location
Hs(r)(O)(Rbc)(O)(value): int
Hs(r)(O)(Rbc)(G)(value)(p): int
Hs(r)(O)(a): location
Hs(r)(O)(b): location
Hs(r)(O)(c): location

Hs(r)(G)(p)(Ra)(P): location
Hs(r)(G)(p)(Ra)(O)(value): int
Hs(r)(G)(p)(Ra)(G)(value)(p): int
Hs(r)(G)(p)(Rbc)(P): location
Hs(r)(G)(p)(Rbc)(O)(value): int
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Hs(r)(G)(p)(Rbc)(G)(value)(p): int
Hs(r)(G)(p)(a): location
Hs(r)(G)(p)(b): location
Hs(r)(G)(p)(c): location

❲❤❡♥ ❛ r❡❣✐♦♥ ✐s ❛❧✇❛②s s✐♥❣❧❡t♦♥✱ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ G ❝♦♠♣♦♥❡♥t✳ ❲❤❡♥ ❛ r❡❣✐♦♥ ✐s ❛❧✇❛②s
❣r♦✉♣✱ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ P ❛♥❞ O ❝♦♠♣♦♥❡♥ts✳ ❘❡❣✐♦♥ r ✐s ❛❧✇❛②s s✐♥❣❧❡t♦♥✱ r❡❣✐♦♥ Ra ✐s
❛❧s♦ ❛❧✇❛②s s✐♥❣❧❡t♦♥✱ ❛♥❞ r❡❣✐♦♥ Rbc ✐s ❛❧✇❛②s ❣r♦✉♣✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛t❤s✿

Hs(r)(P)
Hs(r)(O)(Ra)(P)
Hs(r)(O)(Ra)(O)(value)
Hs(r)(O)(Rbc)(G)(value)(p)
Hs(r)(O)(a)
Hs(r)(O)(b)
Hs(r)(O)(c)

❆❢t❡r ❛♣♣❧②✐♥❣ ♦✉r r❡♦r❞❡r✲✢❛tt❡♥ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿

Hsr ✱P

Hsr ✱O✱Ra✱P

Hsr ✱O✱Ra✱O✱value

Hsr ✱O✱Rbc✱G✱value(p)
Hsr ✱O✱a

Hsr ✱O✱b

Hsr ✱O✱c

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ ✐♥✐t✐❛❧ ❤❡❛♣ ♦❢ t❤❡ incrTriple ❢✉♥❝t✐♦♥ ✉s✐♥❣ s✐①❲❤② ✈❛❧✉❡s✿

• Hsr ✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r x ♦❢ r❡❣✐♦♥ r ❀

• Hsr ✱O✱Ra✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r x .a ♦❢ r❡❣✐♦♥ x .Ra❀

• Hsr ✱O✱Ra✱O✱value ✱ t❤❡ ✐♥t❡❣❡r ✈❛❧✉❡ ♦❢ x .a.value❀

• Hsr ✱O✱Rbc✱G✱value ✱ t❤❡ ♠❛♣ ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ✐♥t❡❣❡rs ❢♦r r❡❣✐♦♥ x .Rbc❀

• Hsr ✱O✱a ✱ t❤❡ ❧♦❝❛t✐♦♥ ✈❛❧✉❡ ♦❢ x .a❀

• Hsr ✱O✱b ✱ t❤❡ ❧♦❝❛t✐♦♥ ✈❛❧✉❡ ♦❢ x .b✳

• Hsr ✱O✱c ✱ t❤❡ ❧♦❝❛t✐♦♥ ✈❛❧✉❡ ♦❢ x .c✳

✺✳✺✳✷ ❈♦♠♣✉t✐♥❣ Pr❡✜① ❚r❡❡s

❈♦♠♣r♦♠✐s❡s ■♥ ❙❡❝t✐♦♥ ✺✳✺✳✶✱ ✇❡ ❣❛✈❡ t❤❡ ✐♥t✉✐t✐♦♥ ❢♦r ♦✉r ♥❡✇ s✐♠♣❧✐✜❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱
♦♥❡ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s✿ ❤♦✇ ❞❡❡♣ s❤♦✉❧❞ ✇❡ ✢❛tt❡♥ t❤❡ ❤❡❛♣ ❄ ❋❧❛tt❡♥✐♥❣ ♠♦r❡ ✐s ❣r❡❛t t♦
✐♥tr♦❞✉❝❡ ♠♦r❡ s❡♣❛r❛t✐♦♥ ❛♥❞ ✉s✐♥❣ ❧❡ss ❛r❣✉♠❡♥ts ❢♦r ❢✉♥❝t✐♦♥s✱ ✐✳❡✳ ❧❡ss ♠❛♣s ✐♥ t❤❡ ❲❤②
tr❛♥s❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✢❛tt❡♥✐♥❣ ✐♥tr♦❞✉❝❡s ♠♦r❡ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡s✳ ❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡
t❤❛t t❤❡r❡ ❛r❡ n r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs ♦❢ ❝❧❛ss C ✱ ❛♥❞ ❝❧❛ss C ❤❛s m ✐♥t❡❣❡r ✜❡❧❞s✳ ■❢ ✇❡ ✢❛tt❡♥
❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✱ ✇❡ ♦❜t❛✐♥ n×m ✈❛r✐❛❜❧❡s✳ ■❢ ✐♥st❡❛❞ ❝❧❛ss C ❤❛s m r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs
✇✐t❤ o ✜❡❧❞s✱ ✇❡ ♦❜t❛✐♥ n × m × o ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s t❤✉s ❣r♦✇s q✉✐❝❦❧②
✇❤❡♥ t❤❡ r❡❣✐♦♥ tr❡❡ ❜❡❝♦♠❡s ❞❡❡♣❡r✳ ❆♥♦t❤❡r ✐ss✉❡ ✐s ✐❢ t❤❡ tr❡❡ ✐s ♥♦t st❛t✐❝❛❧❧② ✜♥✐t❡✱ ✐✳❡✳
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✐❢ ✐t ✐♥✈♦❧✈❡s r❡❝✉rs✐✈❡ ❝❧❛ss❡s✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✇❛②s ✇❡ ❝❛♥ ✢❛tt❡♥ t❤❡
tr❡❡✳

Pr❡✜① ❚r❡❡s ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡✜① tr❡❡✳ Pr❡✜① tr❡❡s ❞❡s❝r✐❜❡ ❤♦✇ ❞❡❡♣ ✐♥t♦
t❤❡ ❤❡❛♣ tr❡❡ ✇❡ ✇❛♥t t♦ ✢❛tt❡♥✳ ❲❡ ✜rst ❝♦♠♣✉t❡ ❛ ♣r❡✜① tr❡❡✱ ❛♥❞ ♦♥❧② t❤❡♥ ✇❡ tr❛♥s❧❛t❡
t❤❡ ❝♦❞❡ ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ♣r❡✜① tr❡❡✳ ❍❡r❡ ❛r❡ s♦♠❡ ♣♦ss✐❜❧❡ ♣r❡✜① tr❡❡s✿

• t❤❡ ❡♠♣t② tr❡❡✱ ✇❤✐❝❤ s❛②s ♥♦t t♦ ✢❛tt❡♥ ❛t ❛❧❧✱ ❛♥❞ ❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❣✉❧❛r
❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✷❀

• t❤❡ ✇❤♦❧❡ ❤❡❛♣ tr❡❡✱ ✇❤✐❝❤ ✐s ♦♥❧② ❞❡✜♥❡❞ ✐❢ t❤❡r❡ ✐s ♥♦ r❡❝✉rs✐✈❡ ❝❧❛ss ✐♥✈♦❧✈❡❞❀

• t❤❡ ♣❛t❤s t❤❛t ❛r❡ ❛❝t✉❛❧❧② ✉s❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥❀

• t❤❡ ♣❛t❤s t❤❛t ❛r❡ ❛❝t✉❛❧❧② ✉s❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛ ✜①❡❞ ❞❡♣t❤ ❧✐♠✐t✳

❚❤✐s ❢♦✉rt❤ ✇❛② ♦❢ ❝♦♠♣✉t✐♥❣ ♣r❡✜① tr❡❡s ✐s t❤❡ ♦♥❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ■❢✱ s❛②✱ ♣❛t❤
Hs(r)(p)(value) ✐s ❛❝❝❡ss❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ❜❡✐♥❣ tr❛♥s❧❛t❡❞✱ t❤❡♥ ✐t ✐s ❛ ❣♦♦❞ ✐❞❡❛ t♦ ✢❛tt❡♥
t❤✐s ♣❛t❤ ❛s Hsr ✱value(p)✳

❋♦r♠❛❧❧②✱ ❛ ♣r❡✜① tr❡❡ ✐s ❛ tr❡❡ ✇❤♦s❡ r♦♦t ✐s ❧❛❜❡❧❡❞ Hs✳ ❚❤✐s r♦♦t ❝❛♥ ❜❡ ✢❛tt❡♥❡❞✳ ■❢
s♦✱ ✇❡ ♦❜t❛✐♥ n ❝❤✐❧❞r❡♥✱ ✇✐t❤ n ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ r♦♦t r❡❣✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ tr❛♥s❧❛t✐♦♥✳
❊❛❝❤ ❝❤✐❧❞ ✐s t❤❡♥ ❧❛❜❡❧❡❞ ✇✐t❤ ❛ r❡❣✐♦♥ ♥❛♠❡✳ ❊❛❝❤ r❡❣✐♦♥ ♥♦❞❡ ❝❛♥ ❛❧s♦ ❜❡ ✢❛tt❡♥❡❞✱ ❛♥❞
t❤❡♥ ❝❤✐❧❞r❡♥ ❧❛❜❡❧❡❞ ✇✐t❤ t❤❡ ♥❛♠❡ ♦❢ ❡❛❝❤ ♦✇♥❡❞ r❡❣✐♦♥ ❛♥❞ ✜❡❧❞ ❛r❡ ❛❞❞❡❞ t♦ t❤❡ r❡❣✐♦♥
♥♦❞❡✳ ❊❛❝❤ ♦✇♥❡❞ r❡❣✐♦♥ ♥♦❞❡ ❝❛♥ ❜❡ ✢❛tt❡♥❡❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✳

❈♦♠♣✉t✐♥❣ Pr❡✜① ❚r❡❡s ❚♦ ❝♦♠♣✉t❡ ♣❛t❤s ✇❤✐❝❤ ❛r❡ ❛❝t✉❛❧❧② ✉s❡❞ ❜② ❢✉♥❝t✐♦♥ ❜♦❞✐❡s✱
✇❡ ❛❞❞ ❡❛❝❤ ✉s❡❞ ♣❛t❤ ✐♥ t❤❡ ❝♦❞❡ t♦ t❤❡ tr❡❡ ❜② ✢❛tt❡♥✐♥❣ ❛❧❧ ♥♦❞❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣❛t❤✳ ❆
♣❛t❤ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛ r❡❣✐♦♥ ♥❛♠❡✱ ❢♦❧❧♦✇❡❞ ❜② s♦♠❡ ♦✇♥❡❞ r❡❣✐♦♥ ♥❛♠❡s✱ ♣♦ss✐❜❧② ❡♥❞❡❞
❜② ❛ ✜❡❧❞ ♥❛♠❡✳ ❊❛❝❤ ❡①♣r❡ss✐♦♥ x .f ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❜♦❞② ❛❞❞s t❤❡ ♣❛t❤ t♦ x .f ✱ ❝♦♠♣✉t✐♥❣
❢r♦♠ t❤❡ t②♣❡ ♦❢ x ❛♥❞ ♣❡r♠✐ss✐♦♥s✱ t♦ t❤❡ ♣r❡✜① tr❡❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ x ❤❛s t②♣❡ [y .s] ❛♥❞
y ❤❛s t②♣❡ [r ]✱ t❤❡ ♣❛t❤ r , s, f ✐s ❛❞❞❡❞ t♦ t❤❡ ♣r❡✜① tr❡❡✳ ❚❤❡ s❛♠❡ ❣♦❡s ✐❢ x .f ✐s ❛ss✐❣♥❡❞
❜② ❛ st❛t❡♠❡♥t✳ ❆❞♦♣t✐♦♥✱ ❢♦❝✉s✱ ✉♥❢♦❝✉s ❛❧❧♦❝❛t✐♦♥ ❛♥❞ r❡❣✐♦♥ ❜✐♥❞❡rs ❛❧❧ ❛❞❞ ♣❛t❤s t♦ t❤❡
♣r❡✜① tr❡❡ ❛s t❤❡② ✐♥✈♦❧✈❡ ❝r❡❛t✐♥❣✱ r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣ r❡❣✐♦♥s✳

❆❧t❡r♥❛t✐✈❡ ❲❛② ♦❢ ❋❧❛tt❡♥✐♥❣ ■♥st❡❛❞ ♦❢ ✢❛tt❡♥✐♥❣ ❛ ♥♦❞❡ ❜② ❛❞❞✐♥❣ ❛❧❧ ✐ts ❝❤✐❧❞r❡♥
✐♥t♦ ✐t✱ ✇❡ ❝❛♥ ❦❡❡♣ ♦♥❧② t❤❡ ♥❡❡❞❡❞ ❝❤✐❧❞r❡♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
❜❡❢♦r❡ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❧✐♠✐ts t❤❡ ♥✉♠❜❡r ♦❢ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡s ✐♥✈♦❧✈❡❞✳ ❲❡ ✇✐❧❧ ♥♦t
❞❡t❛✐❧ t❤✐s ❛♣♣r♦❛❝❤ ✐♥ t❤✐s t❤❡s✐s✳

✺✳✺✳✸ ❯s✐♥❣ Pr❡✜① ❚r❡❡s ❲❤❡♥ ❚r❛♥s❧❛t✐♥❣

❊①♣r❡ss✐♦♥s ❛♥❞ ❙t❛t❡♠❡♥ts ❲❤❡♥ ❛❝❝❡ss✐♥❣ ❛ ♣❛t❤ Hs(x1 )· · ·(xn)✱ ✇❡ ✜rst s♣❧✐t t❤❡
♣❛t❤ ✐♥t♦ t✇♦ ♣❛rts✿ Hs(x1 )· · ·(xk )(y1 )· · ·(yl) ✇❤❡r❡ k + l = n✱ ❛♥❞ ✇❤❡r❡ ❡✐t❤❡r✿

• ♣❛t❤ Hs(x1 )· · ·(xk ) ❧❡❛❞s t♦ ❛ ❧❡❛❢ ✐♥ t❤❡ ♣r❡✜① tr❡❡❀

• ♦r l = 0 ❛♥❞ t❤❡ ✇❤♦❧❡ ♣❛t❤ ✐s ✐♥ t❤❡ ♣r❡✜① tr❡❡✳



✶✺✵ ❈❍❆P❚❊❘ ✺✳ ●❊◆❊❘❆❚■❖◆ ❖❋ ❱❊❘■❋■❈❆❚■❖◆ ❈❖◆❉■❚■❖◆❙

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ♣❛rt ♦❢ t❤❡ ♣❛t❤ ✇❤✐❝❤ ✐s ✐♥ t❤❡ ♣r❡✜① tr❡❡✳
■❢ l > 0✱ Hs(x1 )· · ·(xk ) ✐s r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ❛ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡ ❛♥❞ ✇❡ r❡❛❞ ❢r♦♠ t❤✐s

✈❛r✐❛❜❧❡✳ ❲❡ ❛❝❝❡ss t❤❡ r❡♠❛✐♥❞❡r y1 , · · ·, yl ♦❢ t❤❡ ♣❛t❤ ✉s✐♥❣ get ❛♥❞ t✉♣❧❡ ♣r♦❥❡❝t✐♦♥s✳ ■❢
✇❡ ❛r❡ ❛ss✐❣♥✐♥❣ t❤❡ ♣❛t❤✱ ✇❡ ✉s❡ t❤❡ ✉s✉❛❧ set ❛♥❞ t✉♣❧❡ ♠❛❦❡rs✳

■❢ l = 0 ❛♥❞ Hs(x1 )· · ·(xk ) ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛ ❧❡❛❢ ✐♥ t❤❡ ♣r❡✜① tr❡❡✱ t❤❡♥ t❤❡ ♣r❡✜① tr❡❡ ✐s
❜✐❣❣❡r t❤❛♥ ✇❤❛t ✐s ❜❡✐♥❣ r❡❛❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Hs(x1 )· · ·(xk ) ✐s ♥♦t r❡♣r❡s❡♥t❡❞ ❜② ❛ s✐♥❣❧❡
r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡✱ ❜✉t ❜② s❡✈❡r❛❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✿

• t❤❡ ♥♦❞❡ ✐s ❜❡✐♥❣ r❡❛❞ ❛s ❛ ✇❤♦❧❡✱ ❢♦r ✐♥st❛♥❝❡ ❛s ❛ r❡❣✐♦♥ ❣✐✈❡♥ t♦ ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥❀

• t❤❡ ♥♦❞❡ ✐s ❜❡✐♥❣ ❝♦♣✐❡❞ ✐♥t♦ ❛♥♦t❤❡r ♥♦❞❡✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❢♦❝✉s✐♥❣✱ ❛❞♦♣t✐♥❣ ♦r
✉♥❢♦❝✉s✐♥❣✳

■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ r❡❝♦♥str✉❝t t❤❡ ♥♦❞❡ ❢r♦♠ ✐ts ♣❛rts✳ P❛t❤ Hs(x1 )· · ·(xk ) ❧❡❛❞s t♦ ❛ ♥♦❞❡
✇✐t❤ s❡✈❡r❛❧ ❝❤✐❧❞r❡♥✱ r❡♣r❡s❡♥t❡❞ ❛s s❡✈❡r❛❧ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡s✳ ❲❡ t❛❦❡ ❛❧❧ t❤❡s❡ ✈❛r✐❛❜❧❡s
❛♥❞ r❡❝♦♥str✉❝t ♦♥❡ ❲❤② ✈❛❧✉❡ r❡♣r❡s❡♥t✐♥❣ Hs(x1 )· · ·(xk )✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❞♦ ♥♦t
♥❡❝❡ss❛r✐❧② ♥❡❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ ♥♦❞❡ ✐❢ t❤❡ t❛r❣❡t ♥♦❞❡ ✐♥t♦ ✇❤✐❝❤ ✇❡ ❛r❡ ❝♦♣②✐♥❣ ✐s ✐ts❡❧❢
✢❛tt❡♥❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝♦♣② ❡❛❝❤ s♦✉r❝❡ ❝❤✐❧❞ ♥♦❞❡ ✐♥t♦ ❡❛❝❤ t❛r❣❡t ❝❤✐❧❞ ♥♦❞❡✳

❋✉♥❝t✐♦♥ ❈❛❧❧s ■♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ ❲❤② ♣❛r❛♠❡t❡r t♦ ❡♥❝♦❞❡ ❢✉♥❝t✐♦♥ ❝❛❧❧s✱ ✇❡ ❝❛♥ ✐♥❧✐♥❡
t❤❡ ❢✉♥❝t✐♦♥ ❛s ❛ ❜❧❛❝❦ ❜♦① ✇✐t❤ t❤❡ s✉❜st✐t✉t❡❞ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ♣♦st✲❝♦♥❞✐t✐♦♥✱ r❡❛❞s ❝❧❛✉s❡
❛♥❞ ✇r✐t❡s ❝❧❛✉s❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ♣r❡✜① tr❡❡ ✉s✐♥❣ t❤❡ ✐♥❧✐♥❡❞
✈❡rs✐♦♥s ♦❢ t❤❡s❡✳ ❚❤✐s ❛❧❧♦✇s t❤❡ ♣r❡✜① tr❡❡ t♦ ❜❡ ❞❡❡♣❡r✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱ ❢✉♥❝t✐♦♥ f t❛❦❡s x
❛s ❛♥ ❛r❣✉♠❡♥t ❛♥❞ ❛ss✐❣♥s x .f ✱ ❛♥❞ f (y .g) ✐s ❝❛❧❧❡❞✱ t❤❡♥ y .g ❝❛♥ ❜❡ ✢❛tt❡♥❡❞ s♦ t❤❛t y .g .f
❛♣♣❡❛rs ❛s ❛ s❡♣❛r❛t❡❞ r❡❢❡r❡♥❝❡ ✈❛r✐❛❜❧❡✳

■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ r❡❛❞s ❛♥❞ ✇r✐t❡s ❝❧❛✉s❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛ ✜♥❡r ❢❛s❤✐♦♥
✉s✐♥❣ ♦✉r ✢❛tt❡♥✐♥❣ ♠❡t❤♦❞♦❧♦❣②✳ ❙❛②✱ ❢♦r ✐♥st❛♥❝❡✱ ❢✉♥❝t✐♦♥ f t❛❦❡s ❛r❣✉♠❡♥t x ♦❢ t②♣❡ [r ]✱
✇❤❡r❡ r ✐s ❛ r❡❣✐♦♥ ❝♦♥t❛✐♥✐♥❣ Triple ♣♦✐♥t❡rs✳ ❙❛② f ♦♥❧② ❛ss✐❣♥s x .a.value✳ ❲✐t❤ ♦✉r ❞✐r❡❝t
❡♥❝♦❞✐♥❣✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ r❡❢❡r❡♥❝❡✿ r ✱ ✇❤✐❝❤ ♠✉st ❛♣♣❡❛r ✐♥ t❤❡ ✇r✐t❡s ❝❧❛✉s❡✳ ❲✐t❤ ♦✉r
✢❛tt❡♥✐♥❣ ♠❡t❤♦❞♦❧♦❣②✱ r ❝❛♥ ❜❡ ✢❛tt❡♥❡❞ ✐♥t♦ s❡✈❡r❛❧ r❡❢❡r❡♥❝❡s✱ ❛♥❞ ✇❡ ❝❛♥ ♣✉t ♦♥❧② t❤❡
♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x .a.value ✐♥ t❤❡ ✇r✐t❡s ❝❧❛✉s❡✳ ❚❤❡♥ ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ✇♦r❧❞ ✇❡ ❦♥♦✇
t❤❛t ✇❤❡♥ ❝❛❧❧✐♥❣ f ✱ x .b.value ✐s ♥♦t ♠♦❞✐✜❡❞✳ ❚❤✐s ✐s q✉✐t❡ ♣♦✇❡r❢✉❧ ❛s t❤❡ ✉s❡r ❞♦❡s ♥♦t
❤❛✈❡ t♦ ♣✉t ❛♥♥♦t❛t✐♦♥s ✐♥ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ t♦ st❛t❡ t❤❛t x .b.value ✐s ✉♥❝❤❛♥❣❡❞✳ ■♥st❡❛❞✱
t❤❡ r❡❢❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x .b.value ✐s s✐♠♣❧② ♥♦t ❛ss✐❣♥❡❞✳

❘❡❣✐♦♥ ❆r❣✉♠❡♥ts ♦❢ ▲♦❣✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ Pr❡❞✐❝❛t❡s ■♥ ❛①✐♦♠s✱ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s
❛♥❞ ♣r❡❞✐❝❛t❡s✱ t❤❡r❡ ✐s ♥♦ ❛ss✐❣♥♠❡♥t✱ ❛♥❞ t❤✉s t❤❡ ♥❡❡❞ ❢♦r ✢❛tt❡♥✐♥❣ ✐s ❧❡ss❡r✳ ❆❝t✉❛❧❧②✱
✢❛tt❡♥✐♥❣ ✐♥ t❤❡ ❧♦❣✐❝ ❤❛s ❜❛❞ ♣r♦♣❡rt✐❡s✳ ❈♦♥s✐❞❡r ❢✉♥❝t✐♦♥ f ✿

❧♦❣✐❝ f [r : Triple] (x : [r ]): int

❙❤♦✉❧❞ r❡❣✐♦♥ r ❜❡ ✢❛tt❡♥❡❞❄ ■❢ s♦✱ ❤♦✇ ❞❡❡♣ s❤♦✉❧❞ ✐t ❜❡ ✢❛tt❡♥❡❞❄ ■t ♥♦t ♦♥❧② ❞❡♣❡♥❞s
♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ✱ ✇❤✐❝❤ ♠❛② ♥♦t ❡✈❡♥ ❜❡ ♣r♦✈✐❞❡❞❀ ❜✉t ✐t ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦❞❡
✇❤✐❝❤ ❛♣♣❧✐❡s f ✳ ❑♥♦✇✐♥❣ ✇❤❡t❤❡r r s❤♦✉❧❞ ❜❡ ✢❛tt❡♥❡❞ ✐s t❤✉s ♥♦t ♠♦❞✉❧❛r✳ ❚♦ ❜❡ ♠♦❞✉❧❛r
✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ♦♥❡ ✢❛tt❡♥✐♥❣ ❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ✱ ♥♦t ❛❢t❡r✳ ❈❛♥❞✐❞❛t❡s ❢♦r ✢❛tt❡♥✐♥❣
✐♥❝❧✉❞❡ ♥♦ ✢❛tt❡♥✐♥❣ ♦r ❢✉❧❧ ✢❛tt❡♥✐♥❣✳ ❋✉❧❧ ✢❛tt❡♥✐♥❣ ✐s ♦♥❧② ♣♦ss✐❜❧❡ ✇❤❡♥ ✐♥✈♦❧✈❡❞ ❝❧❛ss❡s
❛r❡ ♥♦t r❡❝✉rs✐✈❡✳ ❲❡ ❝♦✉❧❞ ❛❧s♦ ❝❤♦♦s❡ t♦ ❞❡✜♥❡ s❡✈❡r❛❧ ❲❤② ✈❡rs✐♦♥s ♦❢ f ✱ ❢♦r ✐♥st❛♥❝❡ ♦♥❡
❢♦r ❡❛❝❤ ♣r♦❣r❛♠ ❢✉♥❝t✐♦♥✳

❲❤❛t ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✐♥ ♦✉r ♣❛rt✐❝✉❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ✐s ♥♦t t♦ ✢❛tt❡♥
❧♦❣✐❝ r❡❣✐♦♥s ❛t ❛❧❧✳ ❘❡❣✐♦♥s ❣✐✈❡♥ ❛s ❛r❣✉♠❡♥ts t♦ ❧♦❣✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r❡❞✐❝❛t❡s ❤❛✈❡ t♦
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❜❡ r❡❝♦♥str✉❝t❡❞✳ ■t ✐s ❛ ❜✐t ❤❡❛✈② s♦♠❡t✐♠❡s✱ ❛♥❞ ✐t ❝❛♥ ❜❡ ❛r❣✉❡❞ t❤❛t ❛ ❣❧♦❜❛❧ ❛♥❛❧②s✐s✱
❛❧t❤♦✉❣❤ ♥♦t ♠♦❞✉❧❛r✱ ✇♦✉❧❞ ❧❡❛❞ t♦ s✐♠♣❧❡r ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❢♦r ❝❧❛ss List ❛♥❞ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ length✱
✇❤✐❝❤ r❡t✉r♥s t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ❧✐st✿

❝❧❛ss List

{
❣r♦✉♣ Rnext : List ;
next : option ([Rnext ]);
}

❧♦❣✐❝ length [r : List ] (l : [r ]): int

❲❡ ❝❤♦♦s❡ ♥♦t t♦ ✢❛tt❡♥ r ❛t ❛❧❧✱ ❛♥❞ t❤❡❲❤② tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ❞❡❝❧❛r❛t✐♦♥ ♦❢ length ✐s t❤✉s✿

❧♦❣✐❝ length (r : regionList , l : pointer): int

❍♦✇❡✈❡r✱ ✐❢ length ✐s ❛❧✇❛②s ❛♣♣❧✐❡❞ ♦♥ ❧✐sts ✇❤✐❝❤ ❛r❡ ✢❛tt❡♥❡❞ ♦♥❝❡✱ ✐✳❡✳ t❤❡✐r r❡❣✐♦♥ ✐s
r❡♣r❡s❡♥t❡❞ ❛s t✇♦ r❡❢❡r❡♥❝❡s✱ ♦♥❡ ❢♦r Rnext ❛♥❞ ♦♥❡ ❢♦r next ✱ t❤❡♥ ✐t ✇♦✉❧❞ ❜❡ ❛ ❣♦♦❞ ✐❞❡❛
t♦ ❝❤❛♥❣❡ t❤❡ ❲❤② ❞❡❝❧❛r❛t✐♦♥ t♦✿

❧♦❣✐❝ length (Rnext : regionList , next : pointer , l : pointer): int

■♥❞❡❡❞✱ ✇✐t❤ t❤✐s tr❛♥s❧❛t✐♦♥ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ r❡❝♦♥str✉❝t r ❢r♦♠ Rnext ❛♥❞ next ❡❛❝❤ t✐♠❡
✇❡ ❛♣♣❧② length✳

✺✳✺✳✹ ■❧❧✉str❛t✐♦♥

❲❡ ♦♥❝❡ ❛❣❛✐♥ ❝♦♥str✉❝t t❤❡❲❤② ❝♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥ incrTriple✱
✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ s✐♥❣❧❡t♦♥
r❡❣✐♦♥s✳

❈❤♦♦s✐♥❣ ❚❤❡ Pr❡✜① ❚r❡❡ ■♥st❡❛❞ ♦❢ ✉s✐♥❣ ♥❛♠❡s s✉❝❤ ❛s Hsr ✱O✱Ra✱P ✱ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡
s✐♠♣❧❡r✱ ✇❡❧❧✲❝❤♦s❡♥ ♥❛♠❡s✿

• Hsr ✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r ♦❢ r ✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ rP ❀

• Hsr ✱O✱Ra✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r ♦❢ x .Ra✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ RaP ❀

• Hsr ✱O✱Ra✱O✱value ✱ t❤❡ ✈❛❧✉❡ ♦❢ x .a.value✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ Ravalue ❀

• Hsr ✱O✱Rbc✱G✱value ✱ t❤❡ r❡❣✐♦♥ ♠❛♣ ♦❢ Rbc✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ Rbc❀

• Hsr ✱O✱a ✱ t❤❡ ✈❛❧✉❡ ♦❢ x .a✱ ✐s r❡♥❛♠❡❞ ra ❀

• Hsr ✱O✱b ✱ t❤❡ ✈❛❧✉❡ ♦❢ x .b✱ ✐s r❡♥❛♠❡❞ rb ❀

• Hsr ✱O✱c ✱ t❤❡ ✈❛❧✉❡ ♦❢ x .c✱ ✐s r❡♥❛♠❡❞ rc ❀

• HsFb✱P ✱ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t❡r ♦❢ Fb✱ ✐s r❡♥❛♠❡❞ ✐♥t♦ FbP ❀

• HsFb✱O✱value ✐s r❡♥❛♠❡❞ ✐♥t♦ Fbvalue ✳
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❚r❛♥s❧❛t✐♦♥ ❍❡r❡ ✐s t❤❡ ❤❡❛❞❡r ♦❢ t❤❡ ❢✉♥❝t✐♦♥✿

❢✉♥ incrTriple

(rP : r❡❢ location,
RaP : r❡❢ location,
Ravalue : r❡❢ int ,
Rbc: r❡❢ (region (int)),
ra : r❡❢ location,
rb : r❡❢ location,
rc : r❡❢ location): unit
♣♦st

!Ravalue = !Ravalue❅♣r❡ + ✶ ∧
get(!Rbc, !rb) = get(!Rbc❅♣r❡, !rb❅♣r❡) ∧
get(!Rbc, !rc) = get(!Rbc❅♣r❡, !rc❅♣r❡)

❚❤❡ ❜❡♥❡✜ts ♦❢ ♦✉r ✢❛tt❡♥✐♥❣ ♠❡t❤♦❞♦❧♦❣② ✐s ❛❧r❡❛❞② q✉✐t❡ ✈✐s✐❜❧❡✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡
✐♥❝r❡♠❡♥t❛t✐♦♥ ♦❢ x .a.value✿

{
❧❡t a = !ra ✐♥

Ravalue := !Ravalue + ✶;
❛ss❡rt !Ravalue > ✵;

■t ❝❛♥♥♦t ❣❡t s✐♠♣❧❡r t❤❛♥ t❤✐s✳ ◆♦t❡ t❤❛t ✈❛r✐❛❜❧❡ a ✐s ♥♦t ❛❝t✉❛❧❧② ✉s❡❢✉❧ ❤❡r❡✳ ❲❡ ♦♥❧②
❦❡❡♣ ✐t ❜❡❝❛✉s❡ ✐t ❝♦♠❡s ❢r♦♠ t❤❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✳ ❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❢♦❝✉s✐♥❣ ♦❢ x .b✿

❧❡t b = !rb ✐♥

❧❡t FbP = r❡❢ (❛♥② location) ✐♥

❧❡t Fbvalue = r❡❢ (❛♥② int) ✐♥

FbP := b;
Fbvalue := get(!Rbc, b);

◆❡①t ✐s t❤❡ ❛ss✐❣♥♠❡♥t t♦ x .b.value ❛♥❞ t❤❡ ♣❛❝❦ st❛t❡♠❡♥t✿

Fbvalue := !Fbvalue + ✶;
❛ss❡rt !Fbvalue > ✵;

❋✐♥❛❧❧②✱ ❤❡r❡ ✐s t❤❡ ✉♥❢♦❝✉s ♦❢ x .b✿

Rbc := set(!Rbc, b, !Fbvalue);

❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s s✐♠✐❧❛r✳

Pr♦♦❢ ❖❜❧✐❣❛t✐♦♥ ❍❡r❡ ✐s t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐❢
x .b = x .c✿

∀rP : location.
∀RaP : location.
∀Ravalue : int .
∀Rbc: (region (int)).
∀ra : location.
∀rb : location.
∀rc : location.
∀a: location.
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a = ra ⇒
∀Ravalue✱1 : int .
Ravalue✱1 = Ravalue + ✶ ⇒
∀b: location.
b = rb ⇒
∀FbP : location.
∀Fbvalue : int .
FbP = b ⇒
Fbvalue = get(Rbc, b) ⇒
∀Fbvalue✱1 : int .
Fbvalue✱1 = Fbvalue + ✶ ⇒
∀Rbc1 : (region (int)) ⇒
Rbc1 = set(Rbc, b, Fbvalue✱1 ) ⇒
∀c: location.
c = rc ⇒
b = c ⇒
Ravalue✱1 = Ravalue + ✶ ∧
get(Rbc1 , rb) = get(Rbc, rb) + ✶ ∧
get(Rbc1 , rc) = get(Rbc, rc) + ✶

❚❤✐s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s ❛r❣✉❛❜❧② ♠✉❝❤ ♠♦r❡ r❡❛❞❛❜❧❡ t❤❛♥ t❤❡ ♦♥❡s ✇❡ ❤❛❞ ✇✐t❤ ♣r❡✈✐♦✉s
❡♥❝♦❞✐♥❣s✳ ■t ✐s ❛❧s♦ s✐♠♣❧❡r t♦ ♣r♦✈❡✱ ❛s ❛①✐♦♠s getSetEq ❛♥❞ getSetNeq ❤❛✈❡ t♦ ❜❡ ✐♥st❛♥❝✐✲
❛t❡❞ ❧❡ss ♦❢t❡♥✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ❤❡❧♣s t❤❡♦r❡♠ ♣r♦✈❡rs✳ ■t t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s❡♣❛r❛t✐♦♥
✐♥❢♦r♠❛t✐♦♥ ❣r❛♥t❡❞ ❜② t②♣✐♥❣✳ ■♥❞❡❡❞✱ ✇❤❡♥ ♠♦❞✐❢②✐♥❣ x .a.value✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ♦♥❧② r❡❢✲
❡r❡♥❝❡ ✇❤✐❝❤ ✐s ♠♦❞✐✜❡❞ ✐s t❤❡ ♦♥❡ r❡♣r❡s❡♥t✐♥❣ x .a.value✳ ❚❤❡ r❡❢❡r❡♥❝❡ r❡♣r❡s❡♥t✐♥❣ x .Rbc✱
✐♥ ♣❛rt✐❝✉❧❛r✱ ✐s ❧❡❢t ✉♥❝❤❛♥❣❡❞✳

✺✳✺✳✺ ❙♦✉♥❞♥❡ss

❖♥❝❡ ❛❣❛✐♥✱ ✇❡ s❤❛❧❧ ♥♦t ♣r♦✈❡ t❤❛t ♦✉r ♥❡✇ tr❛♥s❧❛t✐♦♥ ✐s s♦✉♥❞ ✇✐t❤ ❛s ♠✉❝❤ ❞❡t❛✐❧s ❛s ✇❡
❞✐❞ ❢♦r ♦✉r ♦r✐❣✐♥❛❧ tr❛♥s❧❛t✐♦♥✳ ❲❡ s✐♠♣❧② r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ❛ s✐♠♣❧❡ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦s❡♥ ♣r❡✜① tr❡❡✳

✺✳✻ ❊①♣❡r✐♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ r❡s✉❧ts ♦❢ ❡①♣❡r✐♠❡♥ts ❛✐♠❡❞ ❛t ❝♦♠♣❛r✐♥❣ ✇❤❡t❤❡r ❛✉t♦♠❛t✐❝
t❤❡♦r❡♠ ♣r♦✈❡rs ❛r❡ ♠♦r❡ ❡✣❝✐❡♥t ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✺ ♦r ✇✐t❤ t❤❡
❞✐r❡❝t ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳ ❲❡ ❝♦♥❞✉❝t ♦✉r ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ t✇♦ t❤❡♦r❡♠ ♣r♦✈❡rs✿ ❆❧t✲
❊r❣♦ ❬❆❧t❊r❣♦❪ ❛♥❞ ❩✸ ❬❩✸❪✱ ❛♥❞ ♦♥ t❤r❡❡ ♣r♦❣r❛♠s✿ t❤❡ ❜♦✉♥❞❡❞ ❛rr❛②s✱ t❤❡ s♣❛rs❡ ❛rr❛②s
❛♥❞ t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣❧❡s ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳

❲❡ ❝♦♥❞✉❝t ♦✉r ❡①♣❡r✐♠❡♥ts ♦♥ ❛♥ ■♥t❡❧ ❈♦r❡ ✷ ❉✉♦ ❈P❯ ❊✻✽✺✵ ❛t ✸✳✵✵●❍③ ✇✐t❤ ✸●❇
♦❢ ♠❡♠♦r②✳ ❚♦ ❧♦✇❡r t❤❡ ✐♠♣❛❝t ♦❢ ♠❡♠♦r② s✇❛♣♣✐♥❣✱ ✇❡ r✉♥ t❤❡ ❡①♣❡r✐♠❡♥ts ♦♥❝❡ ❜❡❢♦r❡
r✉♥♥✐♥❣ t❤❡♠ ❛❣❛✐♥✱ ❛♥❞ ✇❡ ♦♥❧② ❦❡❡♣ t❤❡ s❡❝♦♥❞ r❡s✉❧t✳ ❚❤✐s ✇❛② ✇❡ ❡♥s✉r❡ t❤❛t t❤❡ ❛♠♦✉♥t
♦❢ ♠❡♠♦r② r❡q✉✐r❡❞ ❜② t❤❡ ♣r♦✈❡r ✐s ❛❝t✉❛❧❧② ❢r❡❡ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ s❡❝♦♥❞ r✉♥✳

❙♣❛rs❡ ❆rr❛②s ❆ss❡rt✐♦♥s ❚❤❡ ✜rst r❡s✉❧t ✇❡ ♦❜s❡r✈❡ ✐s t❤❛t s♦♠❡ ❛ss❡rt✐♦♥s t❤❛t ✇❡ ♣✉t
✐♥ t❤❡ ❝♦❞❡ ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣❧❡ t♦ ❤❡❧♣ ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ❛r❡ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❡
♣r♦❣r❛♠ ❡♥t✐r❡❧② ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❜✉t ❛r❡ ♥♦t ♥❡❡❞❡❞ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳
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❇♦✉♥❞❡❞ ❛rr❛②s✿ arrayCreate

✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ ❛rr❛② ✵✳✶✷✵s ✵✳✵✻✽s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✵✹s ✵✳✵✵✵s

❇♦✉♥❞❡❞ ❛rr❛②s✿ arrayGet

♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✵✵s ✵✳✵✵✵s

❇♦✉♥❞❡❞ ❛rr❛②s✿ arraySet

✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♠♦❞✐✜❡❞ ❛rr❛② ✵✳✵✵✹s ✵✳✵✵✵s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭❝♦♥t❡♥ts✮ ✵✳✵✵✹s ✵✳✵✵✹s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭❧❡♥❣t❤✮ ✵✳✵✵✹s tr✐✈✐❛❧

❋✐❣✉r❡ ✺✳✹✿ ❊①♣❡r✐♠❡♥t r❡s✉❧ts ❢♦r ❜♦✉♥❞❡❞ ❛rr❛②s

❚❤❡r❡ ❛r❡ ✸ ♦❢ t❤❡♠✳ ❲❡ t❤✉s ❤❛✈❡ r❡♠♦✈❡❞ t❤❡♠ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts ♦♥ s♣❛rs❡
❛rr❛②s ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳

❆❧t✲❊r❣♦ ❲❡ ✜rst ✈❡r✐❢② ♦✉r ♣r♦❣r❛♠s ✇✐t❤ t❤❡ ❆❧t✲❊r❣♦ t❤❡♦r❡♠ ♣r♦✈❡r✳ ❚❤❡ ♣r♦t♦❝♦❧
✉s❡❞ ✐s s✐♠♣❧❡✿ ✇❡ r✉♥ ❆❧t✲❊r❣♦ ♦♥ t❤❡ ✜❧❡ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❣♦❛❧s✳ ❆❧t✲❊r❣♦ r❡t✉r♥s✱
❢♦r ❡❛❝❤ ❣♦❛❧✱ ✇❤❡t❤❡r ✐t ✇❛s ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐♥❣ ✐t ♦r ♥♦t✳ ■t ❛❧s♦ r❡t✉r♥s t❤❡ t✐♠❡ t❛❦❡♥ t♦
✈❡r✐❢② ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳

❘❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡s ✺✳✹✱ ✺✳✻✱ ❛♥❞ ✺✳✼✳ ❚❤❡ ❧❡❢t ❝♦❧✉♠♥ ✐s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♠✐❞❞❧❡ ❝♦❧✉♠♥ ✐s t❤❡ t✐♠❡ t❛❦❡♥ ❜② ❆❧t✲❊r❣♦ t♦ ♣r♦✈❡ t❤❡ ✈❡r✐✜✲
❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✳ ❚❤❡ r✐❣❤t ❝♦❧✉♠♥ ✐s t❤❡ t✐♠❡ t❛❦❡♥ ❜② ❆❧t✲❊r❣♦ t♦
♣r♦✈❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❙♦♠❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛r❡ s♦
tr✐✈✐❛❧ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ t❤❛t t❤❡② ❛r❡ ❞✐s❝❤❛r❣❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ❲❤②✳ ❚❤♦s❡
❛r❡ ♠❛r❦❡❞ ❛s ✏tr✐✈✐❛❧✑ ✐♥ t❤❡ t❛❜❧❡s✳ ❆ss❡rt✐♦♥s ✇❤✐❝❤ ✇❡r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s♣❛rs❡ ❛rr❛②s
❡①❛♠♣❧❡ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❛r❡ ♠❛r❦❡❞ ❛s ✏♥♦t ✉s❡❞✑✳ ❆ss❡rt✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t
♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ❆❧t✲❊r❣♦ ❛r❡ ♠❛r❦❡❞ ❛s ✏♥♦t ♣r♦✈❡❞✑✳

❚❤❡ t♦t❛❧ t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② ❜♦✉♥❞❡❞ ❛rr❛②s ✐s ✵✳✶✸✻s ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❛♥❞
✵✳✵✼✷s ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤❡s❡ ♥✉♠❜❡r ❛r❡ t♦♦ s♠❛❧❧ t♦ ❜❡ s✐❣♥✐✜❝❛♥t✳ ❲❤❛t
✐s s✐❣♥✐✜❝❛♥t t❤♦✉❣❤ ✐s t❤❡ ❢❛❝t t❤❛t ♦♥❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s s♦ tr✐✈✐❛❧ ✇✐t❤ ♣r❡✜① tr❡❡s t❤❛t
✐t ✐s ❞✐s❝❤❛r❣❡❞ ❜② ❲❤② ❛♥❞ ✐s t❤✉s ♥♦t ❡✈❡♥ s❡♥t t♦ t❤❡ t❤❡♦r❡♠ ♣r♦✈❡r✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡
s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❤❡❛♣ ❜❡t✇❡❡♥ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s
♣r♦✈❡♥ ❛❧♠♦st ✐♥st❛♥t❧② ❛♥②✇❛② ❡✈❡♥ ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✳

❚❤❡ t♦t❛❧ t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣❧❡ ✐s ♥♦t s✐❣♥✐✜❝❛♥t✿ ✐t t❛❦❡s
♠✉❝❤ ❧❡ss t✐♠❡ ✭❛❜♦✉t ✶✳✷s ✐♥st❡❛❞ ♦❢ ❛❜♦✉t ✶✹s✮ t♦ ♣r♦✈❡ ♦❜❧✐❣❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣r♦✈❡❞✱ ❜✉t
♦♥❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ♣r♦✈❡❞ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ■t ✐s✱ ❤♦✇❡✈❡r✱ ♣r♦✈❡❞
✉s✐♥❣ ❩✸ ✐♥ ❧❡ss t❤❛♥ ✶s✳ ❚❤✐s ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ main ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞
❛✉t♦♠❛t✐❝❛❧❧② ❛♥❞ ✐♥ ❛ q✉✐t❡ ❢❛st ❢❛s❤✐♦♥ ✇✐t❤ ❜♦t❤ ❡♥❝♦❞✐♥❣✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ♦♠✐tt❡❞ t❤❡
r❡s✉❧ts ❢♦r t❤✐s ❢✉♥❝t✐♦♥✳ ❙♦♠❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛r❡ ♥♦t ♣r♦✈❡❞ ❜② ❆❧t✲❊r❣♦ ✐♥ ❜♦t❤ ❝❛s❡s✳
❚❤❡② ❛r❡ ♣r♦✈❡❞ ❜② ❛♥♦t❤❡r t❤❡♦r❡♠ ♣r♦✈❡r✳ ❖♥❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ ❜❡❝♦♠❡s tr✐✈✐❛❧ t❤❛♥❦s t♦
s❡♣❛r❛t✐♦♥✳

❚❤❡ t♦t❛❧ t✐♠❡ t❛❦❡♥ t♦ ✈❡r✐❢② s♣❛rs❡ ❛rr❛②s ✐s ♠♦r❡ t❤❛♥ ✶✷✵s ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱
❛♥❞ ✐s ❛❜♦✉t ✷✻s ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤✐s ✐s ❛ ♣r❡tt② s✐❣♥✐✜❝❛♥t ❣❛✐♥✳ ❚❤❡ ♠♦st
✐♠♣r❡ss✐✈❡ ❝❛s❡ ✐s t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ✐♥ ❢✉♥❝t✐♦♥
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❈♦✉rs❡ ❛♥❞ st✉❞❡♥ts✿ createCourse
✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ ❝♦✉rs❡ ✵✳✶✻✽s ✵✳✵✹✽s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✷✹s ✵✳✵✶✷s

❈♦✉rs❡ ❛♥❞ st✉❞❡♥ts✿ addStudent
✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ st✉❞❡♥t ✵✳✵✵✽s ✵✳✵✵✹s
✐♥✈❛r✐❛♥t ♦❢ t❤❡ ♠♦❞✐✜❡❞ ❝♦✉rs❡ ♥♦t ♣r♦✈❡❞ ♥♦t ♣r♦✈❡❞
♣♦st✲❝♦♥❞✐t✐♦♥ ✭♠❛r❦✮ ✶✷✳✾✶✼s ✵✳✾✷✽s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭❝♦✉♥t✮ ✵✳✵✻✽s ✵✳✵✷✹s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭s✉♠✮ ✵✳✵✽✵s ✵✳✵✷✵s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭♦t❤❡r ♠❛r❦s✮ ✵✳✷✷✽s ✵✳✵✹✵s

❈♦✉rs❡ ❛♥❞ st✉❞❡♥ts✿ changeMark

✐♥✈❛r✐❛♥t ♦❢ t❤❡ st✉❞❡♥t ✵✳✵✵✽s ✵✳✵✵✹s
❛ss❡rt✐♦♥ t♦ ❤❡❧♣ ♣r♦✈❡rs ♥♦t ♣r♦✈❡❞ ♥♦t ♣r♦✈❡❞
✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝♦✉rs❡ ✷✹✳✼✸✸s ♥♦t ♣r♦✈❡❞
♣♦st✲❝♦♥❞✐t✐♦♥ ✭♠❛r❦✮ ✵✳✵✽✵s ✵✳✵✸✻s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭s✉♠✮ ✵✳✵✼✷s ✵✳✵✸✷s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭❝♦✉♥t✮ ✵✳✵✵✵s tr✐✈✐❛❧
♣♦st✲❝♦♥❞✐t✐♦♥ ✭♦t❤❡r ♠❛r❦s✮ ✵✳✵✵✹s ✵✳✵✵✹s

❋✐❣✉r❡ ✺✳✺✿ ❊①♣❡r✐♠❡♥t r❡s✉❧ts ❢♦r ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts

sset ✿ ✐t t❛❦❡s ❛❜♦✉t ✷✼s ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✱ ❛♥❞ ❛ t❤✐r❞ ♦❢ ❛ s❡❝♦♥❞ ✇✐t❤ t❤❡ ♣r❡✜①✲tr❡❡
❡♥❝♦❞✐♥❣✳ ❲❤❛t ✐s ❛❧s♦ q✉✐t❡ ✐♥t❡r❡st✐♥❣ ✐s t❤❛t ♠❛♥② ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛r❡ tr✐✈✐❛❧ ✇✐t❤ t❤❡
♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✱ ❛♥❞ t❤❛t ❛ss❡rt✐♦♥s t♦ ❤❡❧♣ ♣r♦✈❡rs ❛r❡ ♥♦t ♥❡❡❞❡❞✳

❩✸ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❞♦❡s ♥♦t ♦♥❧② ❤❡❧♣ ❆❧t✲❊r❣♦ ❜✉t ♦t❤❡r
t❤❡♦r❡♠ ♣r♦✈❡rs ❛s ✇❡❧❧✱ ✇❡ ❛❧s♦ ♠❡❛s✉r❡❞ t❤❡ t✐♠❡ ❩✸ t❛❦❡s t♦ ♣r♦✈❡ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐✲
t✐♦♥s✳ ◆♦t❡ t❤❛t ✇❤✐❧❡ ❆❧t✲❊r❣♦ ❣✐✈❡ t❤❡ t✐♠❡ t❛❦❡♥ t♦ ♣r♦✈❡ ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ❩✸
❞♦❡s ♥♦t✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❝❤♦♦s❡ t♦ ♦♥❧② ♠❡❛s✉r❡ t❤❡ t✐♠❡ t❛❦❡♥ ❢♦r t❤❡ ✇❤♦❧❡ ♣r♦❣r❛♠✳ ■t
❛❧s♦ ❢♦❧❧♦✇s t❤❛t t❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ♥♦t ❝♦♠♣❛r❛❜❧❡✱ ❛♥❞ t❤✉s t❤❛t ♦♥❡ s❤♦✉❧❞ ♥♦t ❞❡❞✉❝❡
❢r♦♠ t❤❡s❡ ❡①♣❡r✐♠❡♥ts t❤❛t ♦♥❡ ♣r♦✈❡r ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♦t❤❡r✳ ❍♦✇❡✈❡r✱ ✐t ✐s s✉✣❝✐❡♥t t♦
❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❤❡❧♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ♦r ♥♦t✳

❚❤❡ ♣r♦t♦❝♦❧ ✉s❡❞ ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ r✉♥ ❩✸ ♦♥ ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ♦♥❡ ❛t ❛ t✐♠❡✱
✇✐t❤ ❛ t✐♠❡♦✉t ♦❢ ✶✵ s❡❝♦♥❞s ❢♦r ❡❛❝❤ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✳ ■❢ ❩✸ ❢❛✐❧s t♦ ♣r♦✈❡ ❛ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥ ❛❢t❡r ✶✵ s❡❝♦♥❞s ✐t ✇✐❧❧ ❛❜♦rt ❛♥❞ ❣♦ ♦♥ t♦ t❤❡ ♥❡①t ♦♥❡✳ ❲❡ ♠❡❛s✉r❡ t❤❡ t✐♠❡ ✐t
t❛❦❡s ❢♦r ❩✸ t♦ r✉♥ ♦♥ ❛❧❧ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❲❡ ❛❧s♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡♦✉ts✳ ◆♦t❡
t❤❛t ✇❤❡♥ ❩✸ ❝❛♥♥♦t ♣r♦✈❡ ❛ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ✐t ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ r✉♥ ✉♥t✐❧ t❤❡ t✐♠❡♦✉t✳
❲❡ ❛❧s♦ tr✐❡❞ t♦ r✉♥ t❤❡ ❡①♣❡r✐♠❡♥t ✇✐t❤ ♥♦ t✐♠❡♦✉t✱ ❜✉t ✇❡ ❛❜♦rt❡❞ ✐t ❛❢t❡r ♠❡♠♦r② st❛rt❡❞
s✇❛♣♣✐♥❣ t♦♦ ♠✉❝❤✳

❚❤❡ r❡s✉❧ts ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ✐t t❛❦❡s ❛❜♦✉t ✼✷ s❡❝♦♥❞s✱ ✐♥❝❧✉❞✐♥❣ ✼ t✐♠❡♦✉ts✱ ❢♦r t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣❧❡
✉s✐♥❣ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣❀

• ✐t t❛❦❡s ❛❜♦✉t ✸✶ s❡❝♦♥❞s✱ ✐♥❝❧✉❞✐♥❣ ✸ t✐♠❡♦✉ts✱ ❢♦r t❤❡ ❝♦✉rs❡ ❛♥❞ st✉❞❡♥ts ❡①❛♠♣❧❡
✉s✐♥❣ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣❀
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❙♣❛rs❡ ❛rr❛②s✿ create

♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayCreate ✵✳✵✵✹s ✵✳✵✵✹s
❛ss❡rt✐♦♥ t♦ ❤❡❧♣ ♣r♦✈❡rs ✵✳✸✷✽s ♥♦t ✉s❡❞
✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❝r❡❛t❡❞ s♣❛rs❡ ❛rr❛② ✷✳✻✾✻s ✵✳✵✸✷s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭s✐③❡✮ ✵✳✶✽✹s ✵✳✵✶✻s
♣♦st✲❝♦♥❞✐t✐♦♥ ✭♠♦❞❡❧✮ ✶✳✵✹✹s ✵✳✶✽✹s

❙♣❛rs❡ ❛rr❛②s✿ sget

♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayGet ♦♥ a.idx ✵✳✵✵✽s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayGet ♦♥ a.idx ✵✳✵✵✽s ✵✳✵✵✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayGet ♦♥ a.back ✵✳✵✵✽s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayGet ♦♥ a.value ✵✳✵✶✷s ✵✳✵✵✽s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✹✹s ✵✳✶✾✷s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✷✹s ✵✳✶✺✻s
❛ss❡rt✐♦♥ t♦ ❤❡❧♣ ♣r♦✈❡rs ✵✳✵✷✹s ♥♦t ✉s❡❞
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✹✵s ✵✳✸✷✵s

❙♣❛rs❡ ❛rr❛②s✿ sset

♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arraySet ♦♥ a.value ✵✳✵✵✽s ✵✳✵✵✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arraySet ♦♥ a.value ✵✳✵✵✽s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayGet ♦♥ a.idx ✵✳✵✹✵s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arrayGet ♦♥ a.back ✵✳✵✹✵s ✵✳✵✵✽s
❛ss❡rt✐♦♥ t♦ ❤❡❧♣ ♣r♦✈❡rs ✵✳✵✷✵s ♥♦t ✉s❡❞
✐♥✈❛r✐❛♥t ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ✵✳✹✻✽s ✵✳✵✸✻s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✻✽s tr✐✈✐❛❧
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✽✷✹s ✶✳✹✷✵s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✵✽✹s ✵✳✷✸✷s
❛ss❡rt✐♦♥ a.n < a.size ♥♦t ♣r♦✈❡❞ ♥♦t ♣r♦✈❡❞
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arraySet ♦♥ a.back ✵✳✻✸✻s ✵✳✵✸✷s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arraySet ♦♥ a.back ✵✳✵✼✹s ✵✳✵✶✷s
❛ss❡rt✐♦♥ t♦ ❤❡❧♣ ♣r♦✈❡rs ✵✳✷✵✹s ♥♦t ✉s❡❞
✐♥✈❛r✐❛♥t ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ✻✳✵✵✹s ✵✳✷✵✹s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✶✺✷s tr✐✈✐❛❧
♣♦st✲❝♦♥❞✐t✐♦♥ ✸✳✹✽✵s ✷✳✵✵✵s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✷✹✵s ✵✳✷✶✻s
❛ss❡rt✐♦♥ a.n < a.size ♥♦t ♣r♦✈❡❞ ♥♦t ♣r♦✈❡❞
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arraySet ♦♥ a.back ✵✳✾✻✽s ✵✳✵✸✻s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ arraySet ♦♥ a.back ✵✳✶✷✵s ✵✳✵✶✻s
❛ss❡rt✐♦♥ t♦ ❤❡❧♣ ♣r♦✈❡rs ✶✳✵✷✽s ♥♦t ✉s❡❞
✐♥✈❛r✐❛♥t ♦❢ t❤❡ s♣❛rs❡ ❛rr❛② ✷✼✳✶✾✽s ✵✳✸✻✹s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✷✼✷s tr✐✈✐❛❧
♣♦st✲❝♦♥❞✐t✐♦♥ ✻✳✼✹✵s ✸✳✾✵✵s
♣♦st✲❝♦♥❞✐t✐♦♥ ✵✳✹✹✽s ✵✳✹✷✵s

❋✐❣✉r❡ ✺✳✻✿ ❊①♣❡r✐♠❡♥t r❡s✉❧ts ❢♦r s♣❛rs❡ ❛rr❛②s ✭✶✴✷✮
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❙♣❛rs❡ ❛rr❛②s✿ test

♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ create ✵✳✵✵✹s ✵✳✵✵✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ a ✵✳✵✵✹s ✵✳✵✵✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ b ✵✳✵✵✽s ✵✳✵✵✹s
❛ss❡rt✐♦♥ ✵✳✵✵✽s ✵✳✵✶✷s
❛ss❡rt✐♦♥ ✵✳✵✶✷s ✵✳✵✶✷s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ a ✵✳✵✵✽s ✵✳✵✵✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ b ✵✳✵✵✹s ✵✳✵✵✽s
❛ss❡rt✐♦♥ ✵✳✵✵✽s ✵✳✵✵✹s
❛ss❡rt✐♦♥ ✵✳✵✵✽s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ a ✵✳✵✵✽s ✵✳✵✵✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ b ✵✳✵✵✽s ✵✳✵✵✽s
❛ss❡rt✐♦♥ ✽✳✶✹✹s ✷✳✸✼✷s
❛ss❡rt✐♦♥ ✼✳✾✵✺s ✷✳✸✷✹s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ a ✵✳✵✵✽s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ b ✵✳✵✵✽s ✵✳✵✵✽s
❛ss❡rt✐♦♥ ✷✺✳✽✹✷s ✻✳✵✵✵s
❛ss❡rt✐♦♥ ✷✹✳✼✾✸s ✺✳✻✷✵s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ a ✵✳✵✵✽s ✵✳✵✵✽s
♣r❡✲❝♦♥❞✐t✐♦♥ ♦❢ sget ♦♥ b ✵✳✵✶✷s ✵✳✵✵✽s

❋✐❣✉r❡ ✺✳✼✿ ❊①♣❡r✐♠❡♥t r❡s✉❧ts ❢♦r s♣❛rs❡ ❛rr❛②s ✭✷✴✷✮

• ✐t t❛❦❡s ❛❜♦✉t ✶✺✻ s❡❝♦♥❞s✱ ✐♥❝❧✉❞✐♥❣ ✶✵ t✐♠❡♦✉ts✱ ❢♦r t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣❧❡ ✉s✐♥❣
t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣❀

• ✐t t❛❦❡s ❛❜♦✉t ✺✸ s❡❝♦♥❞s✱ ✐♥❝❧✉❞✐♥❣ ✸ t✐♠❡♦✉ts✱ ❢♦r t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣❧❡ ✉s✐♥❣
t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳

❖♥❝❡ ❛❣❛✐♥ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❤❡❧♣s t❤❡ ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠ ♣r♦✈❡r✱ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡
s♣❛rs❡ ❛rr❛②s ❡①❛♠♣❧❡ ✇❤❡r❡ ✐t ✐s ❛❜♦✉t ✸ t✐♠❡s ❢❛st❡r ❛♥❞ ✐s ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐♥❣ ♠♦r❡ ✈❡r✐✜✲
❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❙♦♠❡ ♦❢ t❤❡ ♦t❤❡r ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❝❛♥♥♦t ❜❡ ♣r♦✈❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥ ❛
r❡❛s♦♥❛❜❧❡ t✐♠❡ ✇✐t❤ t❤❡ ❞✐r❡❝t ❡♥❝♦❞✐♥❣✳

❈♦♥❝❧✉s✐♦♥ ❊①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ❣r❡❛t❧② ❤❡❧♣s ❛✉t♦♠❛t✐❝ t❤❡✲
♦r❡♠ ♣r♦✈❡rs✳ ◆♦t ♦♥❧② ❞♦ t❤❡② r✉♥ ❢❛st❡r✱ ❜✉t t❤❡② ❛r❡ ❛❧s♦ ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐♥❣ ♠♦r❡ ♣❛rts
♦❢ t❤❡ ♣r♦❣r❛♠ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ t✐♠❡✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦✈❡r
❤❛s t♦ ✐♥st❛♥❝✐❛t❡ ❛①✐♦♠s ❢♦r get ❛♥❞ set ♠✉❝❤ ❧❡ss ♦❢t❡♥ ✉s✐♥❣ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳

❇❡❢♦r❡ ❝♦♥❞✉❝t✐♥❣ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ t❤♦✉❣❤t t❤❛t t❤❡ ♥❡❡❞ t♦ r❡❝♦♥str✉❝t r❡❣✐♦♥s
✇❤❡♥ ✉s✐♥❣ t❤❡♠ ✐♥ t❤❡ ❧♦❣✐❝ ✇♦✉❧❞ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡♦r❡♠ ♣r♦✈❡rs✳ ■t ❞♦❡s ♠❛❦❡
♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛ ❧✐tt❧❡ ❧❡ss r❡❛❞❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡ ✐t s❡❡♠s t❤❛t t❤✐s ❞✐s❛❞✈❛♥t❛❣❡ ✐s
❧❛r❣❡❧② ♦✈❡r❝♦♠❡ ❜② t❤❡ ❛❞✈❛♥t❛❣❡ ❣✐✈❡♥ ❜② s❡♣❛r❛t✐♦♥✳ ■t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡ t♦ ❜✉✐❧❞ ❡①❛♠♣❧❡s
✇❤❡r❡ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ❜✉t ♦♥ ♦✉r t✇♦ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡s t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣ ✐s str✐❝t❧②
s✉♣❡r✐♦r✳

❲❡ ❞✐❞ ♥♦t r✉♥ t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥ts t♦ t❡st t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✹✳ ❚❤❡ r❡❛s♦♥
✐s t❤❛t t❤❡r❡ ✐s ♥♦ ✈❡rs✐♦♥ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❤✐❝❤ ❢❡❛t✉r❡s ❜♦t❤ s✐♠♣❧✐✜❡❞ s✐♥❣❧❡t♦♥
r❡❣✐♦♥s ❛♥❞ t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳ ❚❤❡r❡ ✐s ❛ ✈❡rs✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ✇❤✐❝❤ ❢❡❛t✉r❡s s✐♠♣❧✐✜❡❞
s✐♥❣❧❡t♦♥ r❡❣✐♦♥s✱ ❜✉t ✐t ✐s ♦❧❞ ❛♥❞ ✐s ♥♦t ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤❡ ❝✉rr❡♥t ✈❡rs✐♦♥✳ ❲❡ ❜❡❧✐❡✈❡
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t❤❛t✱ ❛s t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✹ ❢✉rt❤❡r ❧♦✇❡rs t❤❡ ♥❡❡❞ t♦ ✐♥st❛♥❝✐❛t❡ ❛①✐♦♠s✱ ✐t ❝❛♥ ♦♥❧②
❜❡ ❜❡♥❡✜❝✐❛❧✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣❛❝t ✇♦✉❧❞ ♣r♦❜❛❜❧② ❜❡ ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❡ ♦♥❡ ♣r♦✈✐❞❡❞ ❜②
t❤❡ ♣r❡✜①✲tr❡❡ ❡♥❝♦❞✐♥❣✳

❚❤❡r❡ ❛r❡ ✈❡r② ❢❡✇ ❡①✐st✐♥❣ ✇♦r❦ ❝♦♠♣❛r✐♥❣ ❡①♣❡r✐♠❡♥t❛❧❧② t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢ ♠❡♠♦r②
♠♦❞❡❧s✳ ❆ ♥♦t❛❜❧❡ r❡❝❡♥t ❡①❝❡♣t✐♦♥ ✐s t❤❡ ✇♦r❦ ♦❢ ❙❛s❝❤❛ ❇ö❤♠❡ ❛♥❞ ▼✐❝❤❛➟ ▼♦s❦❛❧ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❱❈❈ ♣r♦❣r❛♠ ✈❡r✐✜❡r ❛♥❞ ✉s✐♥❣ ❩✸ ❬❇ö❤♠❡✶✶❪✳ ❚❤❡② r❡❛❝❤ t❤❡ s❛♠❡
❝♦♥❝❧✉s✐♦♥ t❤❛t ♠♦❞❡❧s ✇❤✐❝❤ ✐♥❝❧✉❞❡ s❡♣❛r❛t✐♦♥ ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ ♦t❤❡rs✳

✺✳✼ ❯s✐♥❣ ❚②♣✐♥❣ ■♥❢♦r♠❛t✐♦♥ ✐♥ Pr♦♦❢s

❚❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✺✳✸ ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡
✐♥✈❛r✐❛♥t ♦❢ x .a st✐❧❧ ❤♦❧❞s ❛❢t❡r ✐t ❤❛s ❜❡❡♥ ✐♥❝r❡♠❡♥t❡❞✳ ❚❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ♣r❡✜①
tr❡❡ ❡♥❝♦❞✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✺✳✺✳✹ ❛♥❞ ❛❢t❡r r❡♠♦✈✐♥❣ ✉♥✉s❡❞ ✈❛r✐❛❜❧❡s ❛♥❞ ✉s❡❧❡ss ❤②♣♦t❤❡s❡s✱ ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❣✐❝ ❢♦r♠✉❧❛✿

∀Ravalue✱1 : int .
Ravalue✱1 = Ravalue + ✶ ⇒
Ravalue✱1 > ✵

❚❤✐s ❢♦r♠✉❧❛ ❝❛♥♥♦t ❜❡ ♣r♦✈❡♥✳ ❲❡ ♠✐ss t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x .a ❤❡❧❞ ❜❡❢♦r❡
t❤❡ ❛ss✐❣♥♠❡♥t✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s ❦♥♦✇♥ ❜② t②♣✐♥❣✳ ■♥❞❡❡❞✱ ♣❡r♠✐ss✐♦♥ x .Ra× ✐s ❛✈❛✐❧❛❜❧❡
❜❡❢♦r❡ t❤❡ ✉♥♣❛❝❦ a ♦♣❡r❛t✐♦♥✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❢❛❝ts t❤❛t ❛r❡ ❦♥♦✇♥ ❜② t②♣✐♥❣ ❛♥❞ t❤❛t ✇❡ ✇❛♥t t♦ ✉s❡ ✐♥ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s✳ ❲❡ r❡✈✐❡✇ s❡✈❡r❛❧ ♦❢ t❤❡♠ ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ t♦ ✐♥tr♦❞✉❝❡ t❤❡♠
✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✉s✐♥❣ ❛ss✉♠❡ ❝❧❛✉s❡s✳ ❙♦✉♥❞♥❡ss ✐s ❣✐✈❡♥ ❜② ❝♦❤❡r❡♥❝❡✳ ■♥❞❡❡❞✱ t❤❡
❲❤② ❤❡❛♣ ✐s ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥t✉✐t✐✈❡
❝♦❤❡r❡♥t ❤❡❛♣✳ ❋r♦♠ t❤✐s ✇❡ s❤♦✇ t❤❛t ❡❛❝❤ ♣r♦♣❡rt② ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s ✉s✐♥❣ ❛ss✉♠❡ ❝❧❛✉s❡s ❛❝t✉❛❧❧② ❤♦❧❞✳

✺✳✼✳✶ ■♥✈❛r✐❛♥ts

❚❤❡ ✜rst ❢❛❝t ✇❡ ✇❛♥t t♦ ✉s❡ ❢r♦♠ t②♣✐♥❣ ✐s t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❝❧♦s❡❞ ♣♦✐♥t❡rs ❤♦❧❞✳ ❲❡
✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿

✉s❡ ✐♥✈❛r✐❛♥t x

✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜❧❡ ♥❛♠❡✳ ❚②♣✐♥❣ r❡q✉✐r❡s t❤❛t x ✐s ❝❧♦s❡❞✱ ✐✳❡✳ t❤❛t x : [ρ] ✐s ✐♥ t❤❡ ❝✉rr❡♥t
❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❡✐t❤❡r✿

• ρ× ♦r ρG ✐s ✐♥ Σ❀

• ♦r ρ ✐s y .s✱ y : σ ✐s ✐♥ Γ✱ ❛♥❞ σ ✐s ❝❧♦s❡❞ ✐♥ Σ✳

❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿

❛ss✉♠❡ why(Inv(x ))

✇❤❡r❡ Inv(x ) ✐s t❤❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ♦❢ x ❛♣♣❧✐❡❞ t♦ ✐ts ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ✜❡❧❞s✳
❲❡ ❝❛♥ ❛❧s♦ ❛❧❧♦✇ ✉s❡ ✐♥✈❛r✐❛♥t x t♦ ❜❡ ❛♣♣❧✐❡❞ ✇❤❡♥ x ❤❛s t②♣❡ [ρ] ❛♥❞ ♣❡r♠✐ss✐♦♥

σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r s♦♠❡ σ✱ ❜✉t t❤❡♥ t❤❡ ♦♣❡r❛t✐♦♥ tr❛♥s❧❛t❡s t♦✿

❛ss✉♠❡ ¬inRegion(x , why(σ)) ⇒ why(Inv(x ))
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■♥ ♦t❤❡r ✇♦r❞s✱ t♦ ✉s❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x t❤❡ ✉s❡r ❤❛s t♦ ♣r♦✈❡ t❤❛t x ✐s ♥♦t t❤❡ ♣♦✐♥t❡r ♦❢ ρ
❜❡✐♥❣ ❢♦❝✉s❡❞✳

❊①❛♠♣❧❡s ❙❡❝t✐♦♥ ✸✳✹ ❝♦♥t❛✐♥s s❡✈❡r❛❧ ✐♥st❛♥❝❡s ♦❢ t❤❡ ✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✳ ■♥ ♣❛rt✐❝✲
✉❧❛r✱ ❢✉♥❝t✐♦♥s arraySet ✱ sget ❛♥❞ sset ♦❢ t❤❡ s♣❛rs❡ ❛rr❛②s ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✸ ❛❧❧ ✉s❡
t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡✐r ♣❛r❛♠❡t❡r✳

✺✳✼✳✷ ❘❡❣✐♦♥ ❉✐s❥♦✐♥t♥❡ss

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✱ ❜✉t ✇❡ r❡♠❛r❦ t❤❛t ✇❡ ❝❛♥ s♦♠❡t✐♠❡s
❞❡❞✉❝❡ ❢r♦♠ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s t❤❛t t✇♦ r❡❣✐♦♥s ρ ❛♥❞ σ ❛r❡ ❞✐s❥♦✐♥t✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱
✇❡ ✇✐❧❧ ✉s❡ t❤✐s t♦ ♣r♦✈❡ ♣♦✐♥t❡r ❞✐s❡q✉❛❧✐t✐❡s✱ ❛s ✇❡❧❧ ❛s t♦ ♣r♦✈❡ t❤❛t s♦♠❡ ♣♦✐♥t❡r ✐s ♥♦t ✐♥
s♦♠❡ r❡❣✐♦♥✳ ❖✉r ❝♦♥❞✐t✐♦♥ ♦♥ ♣❡r♠✐ss✐♦♥s ✐s ♥♦t ♥❡❝❡ss❛r②✱ ❜✉t ✐t ✐s s✉✣❝✐❡♥t✳

❚❤❡♦r❡♠ ✶✷ ✭❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❢♦r ❉✐s❥♦✐♥t♥❡ss✮ ▲❡t ρ ❛♥❞ σ ❜❡ r❡❣✐♦♥s✳ ▲❡t Γ ❜❡
❛♥ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ Σ ❜❡ ❛ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s✳ ■❢ Σ = Σ′, Σρ, Σσ s✉❝❤ t❤❛t✿

• Σρ ✐s ❡✐t❤❡r ρ∅✱ ρ◦✱ ρ× ♦r ρG❀

• Σσ ✐s ❡✐t❤❡r σ∅✱ σ◦✱ σ× ♦r σG✱

t❤❡♥ ❢♦r ❛❧❧ s❡♣❛r❛t❡❞ ❤❡❛♣ Hs ❝♦❤❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✱ t❤❡♥ Dom(Hs(ρ)) ❛♥❞
Dom(Hs(σ)) ❛r❡ ❞✐s❥♦✐♥t✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡r❡ ✐s p ✐♥ Dom(Hs(ρ)) ❛♥❞ ✐♥ Dom(Hs(σ))✳ ❚❤❡♥ ❜② ✐t❡♠ ✽ ♦❢ ❝♦❤❡r❡♥❝❡
❛♥❞ ♣❡r♠✐ss✐♦♥s Σρ ❛♥❞ Σσ ✇❡ ❤❛✈❡ Hs(p❄) = ρ ❛♥❞ Hs(p❄) = σ✱ t❤✉s ρ = σ✳ ■t❡♠ ✶ ♦❢
❝♦❤❡r❡♥❝❡ st❛t❡s t❤❛t t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✱ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t❤❡ t✇♦ ♣❡r♠✐ss✐♦♥s Σρ ❛♥❞ Σσ

❛✈❛✐❧❛❜❧❡✳ ✷

✺✳✼✳✸ P♦✐♥t❡r ❘❡❣✐♦♥

P♦s✐t✐✈❡ ❆♥♦t❤❡r ❢❛❝t ✇❡ ✇❛♥t t♦ ✉s❡ ❢r♦♠ t②♣✐♥❣ ✐s t❤❛t ✐❢ ❛ ♣♦✐♥t❡r ❤❛s t②♣❡ [ρ]✱ t❤❡♥ ✐t
✐s ❛❝t✉❛❧❧② ✐♥ ρ✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿

✉s❡ x ∈ ρ

❚②♣✐♥❣ r❡q✉✐r❡s t❤❛t x : [ρ] ✐s ✐♥ t❤❡ ❝✉rr❡♥t ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s❧❛t❡❞ ✐♥t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿

❛ss✉♠❡ inRegion(x , why(ρ))

◆❡❣❛t✐✈❡ ❲❡ ❝❛♥ ❛❧s♦ ✉s❡ ❢r♦♠ t②♣✐♥❣ t❤❛t ❛ ♣♦✐♥t❡r ✐s ♥♦t ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡
❛ ♥❡✇ st❛t❡♠❡♥t✿

✉s❡ x /∈ ρ

❚②♣✐♥❣ r✉❧❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
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x : [σ] ∈ Γ ρ∅ ∈ Σ

Γ ⊢ {Σ} ✉s❡ x /∈ ρ {Σ}, Γ

x : [σ] ∈ Γ Σ = Σ
′
, Σσ, Σρ Σσ ∈ {σ

◦, σ×, σG} Σρ ∈ {ρ
◦, ρ×, ρG}

Γ ⊢ {Σ} ✉s❡ x /∈ ρ {Σ}, Γ

❚❤❡ ✜rst r✉❧❡ st❛t❡s t❤❛t ✐❢ ρ ✐s ❡♠♣t②✱ t❤❡♥ x ✐s ♥♦t ✐♥ ρ✳ ❚❤❡ s❡❝♦♥❞ r✉❧❡ ✉s❡s t❤❡ s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✼✳✷ t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ r❡❣✐♦♥ ♦❢ x ✐s ❞✐s❥♦✐♥t ❢r♦♠ ρ✱ ❛♥❞ t❤✉s t❤❛t
x ✐s ♥♦t ✐♥ ρ✳

❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿

❛ss✉♠❡ ¬inRegion(x , why(ρ))

❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❛ ♣♦✐♥t❡r ✐s ❢r❡s❤ ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❣r❛♠✿

❧❡t x = ♥❡✇ Long [σ];
✉s❡ x /∈ ρ;
❛❞♦♣t x : σ ❛s ρ;

❆❢t❡r t❤❡ ❛❞♦♣t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t x ✐s ✐♥ ρ✱ ❜✉t t❤❛t ✐t ✇❛s ♥♦t ❜❡❢♦r❡✳ ❆s ✐t ✐s t❤❡ ♦♥❧②
♥❡✇ ♣♦✐♥t❡r ✐♥ ρ✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t x ✐s ❞✐✛❡r❡♥t t❤❛♥ ❛❧❧ ♣♦✐♥t❡rs t❤❛t ✇❡r❡ ✐♥ ρ ❜❡❢♦r❡ t❤❡
❛❞♦♣t✐♦♥✳

❊①❛♠♣❧❡ ❚❤❡ ❈♦✉rs❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✺ ✐❧❧✉str❛t❡s st❛t❡♠❡♥t ✉s❡ x ∈ ρ✱ ✐♥ ❢✉♥❝t✐♦♥
changeMark ✳

✺✳✼✳✹ P♦✐♥t❡r ❊q✉❛❧✐t✐❡s

❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t t✇♦ ♣♦✐♥t❡rs ❛r❡ ❡q✉❛❧ ✐❢ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐♥❣❧❡t♦♥ r❡❣✐♦♥✳ ❲❡
✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿

✉s❡ x = y

❚②♣✐♥❣ r❡q✉✐r❡s x ❛♥❞ y t♦ ❜❡ ✐♥ t❤❡ s❛♠❡ r❡❣✐♦♥ ρ✳ ■t r❡q✉✐r❡s ❛ ♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ ❢♦r♠
ρ◦{f1 , · · ·, fn} ✭n ♠❛② ❜❡ ③❡r♦✮ ♦r ρ×✳

❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿

❛ss✉♠❡ x = y

✺✳✼✳✺ P♦✐♥t❡r ❉✐s❡q✉❛❧✐t✐❡s

❚❤❡ ✉s❡ x /∈ ρ st❛t❡♠❡♥t ❛❧❧♦✇s t❤❡ ✉s❡r t♦ ♣r♦✈❡ ♣♦✐♥t❡r ❞✐s❡q✉❛❧✐t✐❡s✳ ❋♦r ✐♥st❛♥❝❡✿

❧❡t r❡❣✐♦♥ σ: Long ;
❧❡t r❡❣✐♦♥ ρ: Long ;
❧❡t x = ♥❡✇ Long [σ];
❧❡t y = ♥❡✇ Long [ρ];
✉s❡ x /∈ ρ;
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✉s❡ y ∈ ρ;
❛ss❡rt x 6= y ;

❚❤❡ ❧❛st ❛ss❡rt✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡♥✳ ❇✉t ✐t ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳
❚♦ ❛✈♦✐❞ t❤❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ st❛t❡♠❡♥t✿

✉s❡ x 6= y

❚❤❡ t②♣✐♥❣ r✉❧❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

x : [σ] ∈ Γ

y : [ρ] ∈ Γ Σ = Σ
′
, Σσ, Σρ Σσ ∈ {σ

◦, σ×, σG} Σρ ∈ {ρ
◦, ρ×, ρG}

Γ ⊢ {Σ} ✉s❡ x 6= y {Σ}, Γ

❖♥❡ ❛❣❛✐♥✱ ✇❡ ✉s❡ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✼✳✷ t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡❣✐♦♥s ♦❢ x ❛♥❞
y ❛r❡ ❞✐s❥♦✐♥t✳ ❲❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t x ❤❛s t②♣❡ [σ] t♦ ♣r♦✈❡ t❤❛t x ✐s ✐♥ σ✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
y ❤❛s t②♣❡ [ρ] t♦ ♣r♦✈❡ t❤❛t y ✐s ✐♥ ρ✳ ❇❡❝❛✉s❡ σ ❛♥❞ ρ ❛r❡ ❞✐s❥♦✐♥t✱ ✇❡ t❤✉s ❤❛✈❡ x 6= y ✳

❚❤✐s ♦♣❡r❛t✐♦♥ ✐s tr❛♥s❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❤② st❛t❡♠❡♥t✿

❛ss✉♠❡ x 6= y

◆♦t❡ t❤❛t ✐❢ ❛ ♣♦✐♥t❡r ❝♦♠♣❛r✐s♦♥ x = y ♦r x 6= y ❛♣♣❡❛rs ✐♥s✐❞❡ ❛ ♣r❡❞✐❝❛t❡ ♦r ❛♥ ❡①✲
♣r❡ss✐♦♥✱ ❛♥❞ ✐❢ ✇❡ ❝❛♥ ♣r♦✈❡ ❢r♦♠ t②♣✐♥❣ t❤❛t t❤❡ ❧♦❝❛t✐♦♥s ❛r❡ ❛❧✇❛②s ❡q✉❛❧ ♦r ❛r❡ ❛❧✇❛②s
❞✐✛❡r❡♥t✱ t❤❡♥ ✇❡ ❝❛♥ ❡♠✐t ❛ ✇❛r♥✐♥❣ t♦ t❤❡ ✉s❡r✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❣r❛♠✿

❧❡t r❡❣✐♦♥ r : Long ;
❧❡t x = ♥❡✇ Long [r ];
❧❡t r❡❣✐♦♥ s: Long ;
❧❡t y = ♥❡✇ Long [s];
✐❢ x = y t❤❡♥ · · ·

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❢r♦♠ t②♣✐♥❣ t❤❛t x 6= y ✱ ❛♥❞ t❤✉s t❤❛t t❤❡ t❤❡♥ ❜r❛♥❝❤ ♦❢ t❤❡ ✐❢ st❛t❡♠❡♥t
✇✐❧❧ ♥❡✈❡r ❜❡ ❡①❡❝✉t❡❞✳

❊①❛♠♣❧❡ ❚❤❡ ❈♦✉rs❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✺ ✐❧❧✉str❛t❡s st❛t❡♠❡♥t ✉s❡ x 6= y ✱ ✐♥ ❢✉♥❝t✐♦♥
addStudent ✳ ❚❤❡ ❧❛tt❡r ❛❝t✉❛❧❧② ♥❡❡❞s ❛ s♠❛❧❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ st❛t❡♠❡♥t✿

✉s❡

∀i : int . i ≥ ✵ ∧ i < c.count ⇒
select(c.students, i) 6= s

■♥❞❡❡❞✱ x ✐s ♥♦ ❧♦♥❣❡r ❛ ✈❛r✐❛❜❧❡ ❜✉t ❛ t❡r♠ ✭❤❡r❡ select(c.students, i)✮✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❞❡❡♣
✐♥s✐❞❡ ❛ ♣r❡❞✐❝❛t❡✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✇❡ r❡♣❧❛❝❡ select(c.students, i) 6= s ❜② ❚✱ ❛♥❞ t❤❡♥
s✐♠♣❧✐❢② t❤❡ ♣r❡❞✐❝❛t❡ ✉s✐♥❣ ✭❛♠♦♥❣ ♦t❤❡rs✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛✇s✿ P ⇒ ❚ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❚✱
❛♥❞ ∀x : τ . ❚ ✐s ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦ ❚✳ ▼♦r❡♦✈❡r✱ t❤❡ t②♣✐♥❣ r✉❧❡s ❢♦r ♣r❡❞✐❝❛t❡s ♠✉st ❜❡ ❝❤❛♥❣❡❞
s❧✐❣❤t❧② t♦ ❜❡ ❛❜❧❡ t♦ st❛t❡ t❤❛t select(c.students, i) ❤❛s t❤❡ ♠♦r❡ ♣r❡❝✐s❡ t②♣❡ [c.Rstudents]
✐♥st❡❛❞ ♦❢ [❴]✳ ❆❧❧ t❤❡s❡ ❡①t❡♥s✐♦♥s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞ ✇❡ s❤❛❧❧ ♥♦t ❞❡t❛✐❧ t❤❡♠ ✐♥ t❤✐s
t❤❡s✐s✳ ❚❤❡② ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡✳
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✺✳✽ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇❡❞ ❤♦✇ t❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ♦❢ ❈❛♣✉❝✐♥❡ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡
❲❤② ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡✳ ❚❤❡ ❲❤② t♦♦❧ t❤❡♥ ❝♦♠♣✉t❡s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❲❡ s❤♦✇❡❞
t❤❛t ✐❢ t❤♦s❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ✈❛❧✐❞✱ t❤❡♥ t❤❡ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ❡①❡❝✉t❡s ✐♥ t❤❡
s❡♣❛r❛t❡❞ ♠♦❞❡❧ ♦❢ ❈❛♣✉❝✐♥❡ ✭❚❤❡♦r❡♠ ✶✶✮✳ ■t t❤✉s ❛❧s♦ ❡①❡❝✉t❡s ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ❛♥❞
❛❧❧ ❛ss❡rt✐♦♥s✱ ❛❧❧ ❢✉♥❝t✐♦♥ ❝♦♥tr❛❝ts ❛♥❞ ❛❧❧ ❞❛t❛ ✐♥✈❛r✐❛♥ts ❢♦r ❝❧♦s❡❞ ♦❜❥❡❝ts ❛r❡ ✈❛❧✐❞ ✐♥ t❤✐s
♠♦❞❡❧✳

❲❡ s❤♦✇❡❞ s❡✈❡r❛❧ ♠❡t❤♦❞s t♦ ✉s❡ r❡❣✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t②♣✐♥❣ t♦ ♣r♦❞✉❝❡ s✐♠♣❧❡r
✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❢❛❝t t❤❛t ❛ r❡❣✐♦♥ ✐s s✐♥❣❧❡t♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❢✉rt❤❡r s✐♠♣❧✐❢②
❧♦❣✐❝ ❢♦r♠✉❧❛s✳ ❚❤❡ s❡♣❛r❛t❡❞ ♠♦❞❡❧ ❛❧r❡❛❞② ❜❡♥❡✜ts ❢r♦♠ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ r❡❣✐♦♥s✱ ❛♥❞
t❤✐s r❡✢❡❝ts ✐♥ ❧♦❣✐❝ ❢♦r♠✉❧❛s t❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡✳ ❲❡ ❝❛♥ ✉s❡ ✢❛tt❡♥✐♥❣ t❡❝❤♥✐q✉❡s ❜❛s❡❞
♦♥ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ t♦ st❛t✐❝❛❧❧② s❡♣❛r❛t❡ r❡❣✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇❡❞ ❤♦✇ t❤❡
t②♣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t❤❛t s♦♠❡ ✐♥✈❛r✐❛♥t ❤♦❧❞s✱ ♦r t❤❛t ❛ ♣♦✐♥t❡r ❜❡❧♦♥❣s t♦ ❛ r❡❣✐♦♥✱ ♦r t❤❛t
t✇♦ r❡❣✐♦♥s ❛r❡ ❞✐s❥♦✐♥t ❝❛♥ ❜❡ ❛❞❞❡❞ ❛s ❛♥ ❤②♣♦t❤❡s✐s ✐♥ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❇❡✐♥❣ ❛❜❧❡
t♦ ✉s❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t②♣✐♥❣ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✐s ❛♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ❈❛♣✉❝✐♥❡✳



❈❤❛♣t❡r ✻

■♥❢❡r❡♥❝❡ ♦❢ ❘❡❣✐♦♥ ❆♥♥♦t❛t✐♦♥s

❚❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡ ❢❡❛t✉r❡s ♠❛♥② r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ❛♥❞ ♦♣❡r❛t✐♦♥s✳ ❚❤❡s❡ ♠❛② ❜❡❝♦♠❡
t❡❞✐♦✉s t♦ ✇r✐t❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❧❛r❣❡r ♣r♦❣r❛♠s✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❡①♣❧♦r❡ ❤♦✇ t❤✐s ❜✉r❞❡♥
❝❛♥ ❜② ❧✐❣❤t❡♥❡❞ ✉s✐♥❣ ✐♥❢❡r❡♥❝❡✳ ■♥ ❙❡❝t✐♦♥ ✻✳✶ ✇❡ ♠♦t✐✈❛t❡ t❤❡ ♥❡❡❞ ❢♦r ✐♥❢❡r❡♥❝❡ ✉s✐♥❣
❡①❛♠♣❧❡s✳ ■♥ ❙❡❝t✐♦♥ ✻✳✷ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ♥♦ ❜❡st ✇❛② t♦ ✐♥❢❡r r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s✱
❛♥❞ ✇❡ ❞✐s❝✉ss ✇❤✐❝❤ ♦❢ t❤❡♠ s❤♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ✐♥❢❡rr❡❞✳ ■♥ ❙❡❝t✐♦♥ ✻✳✸ ✇❡ ♣r❡s❡♥t t❤❡
❝♦r❡ ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✺ ✇❡ ♣r♦♣♦s❡ ❡①t❡♥s✐♦♥s t♦ ❢✉rt❤❡r s✐♠♣❧✐❢②
t❤❡ ✇♦r❦ ♦❢ t❤❡ ♣r♦❣r❛♠♠❡r✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✻✳✻ ✇❡ ✐❧❧✉str❛t❡ ❤♦✇ ✐♥❢❡r❡♥❝❡ ❤❡❧♣s t❤❡
♣r♦❣r❛♠♠❡r ✉s✐♥❣ ❡①❛♠♣❧❡s✳

✻✳✶ ◆❡❡❞ ❢♦r ■♥❢❡r❡♥❝❡

❙✐♠♣❧❡ ❊①❛♠♣❧❡ ❙✐♠♣❧❡ ❈ ♣r♦❣r❛♠s s✉❝❤ ❛s✿

typedef struct {

int value;

} long;

void incr(long* i)

{

i->value = i->value + 1;

}

♥❡❡❞ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ✐♥ ❈❛♣✉❝✐♥❡✿

❝❧❛ss long

{
value: int ;
}

❢✉♥ incr [r : long ] (i : [r ]): unit
❝♦♥s✉♠❡s r×

♣r♦❞✉❝❡s r×

{
✉♥♣❛❝❦ i ;

✶✻✸



✶✻✹ ❈❍❆P❚❊❘ ✻✳ ■◆❋❊❘❊◆❈❊ ❖❋ ❘❊●■❖◆ ❆◆◆❖❚❆❚■❖◆❙

i .value ← i .value + ✶;
♣❛❝❦ i ;
}

■❢ t❤❡ r❡❣✐♦♥ r ✐s ❣r♦✉♣✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ ✐♥s❡rt❡❞ ❛s ✇❡❧❧✿

❧❡t r❡❣✐♦♥ s: long ;
❢♦❝✉s i : r ❛s s;
✉♥♣❛❝❦ i ;
i .value ← i .value + ✶;
♣❛❝❦ i ;
✉♥❢♦❝✉s i : s ❛s r ;

❆❧❧ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ ❥✉st ❢♦r ♦♥❡ s✐♥❣❧❡ ❛ss✐❣♥♠❡♥t✳ ■t q✉✐❝❦❧② ❜❡❝♦♠❡s t❡❞✐♦✉s
t♦ ✇r✐t❡ t❤❡♠✳

▼♦st ♦❢ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♦❜✈✐♦✉s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ i .value ✐s ❛ss✐❣♥❡❞✱ t❤❡♥ i ♠✉st
❜❡ ✐♥ ❛♥ ♦♣❡♥ r❡❣✐♦♥ r ✳ ■❢ r ✐s ❝❧♦s❡❞✱ t❤❡ ✉♥♣❛❝❦ ✐s ♦❜✈✐♦✉s✳ ■❢ r ✐s ✐♥ ❛ ❣r♦✉♣ r❡❣✐♦♥✱ t❤❡
❢❛❝t t❤❛t ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐s ♥❡❡❞❡❞ ✐s ♦❜✈✐♦✉s✳

▼♦r❡♦✈❡r✱ ❝♦♠♠♦♥ ♣❛tt❡r♥s ❡♠❡r❣❡✱ s✉❝❤ ❛s ❧❡t r❡❣✐♦♥ ✕ ❢♦❝✉s ✕ ✉♥♣❛❝❦ ✕ ♣❛❝❦ ✕ ✉♥❢♦❝✉s
✐❧❧✉str❛t❡❞ ❛❜♦✈❡✳ ❆♥♦t❤❡r ♦♥❡ ✐s ❛❧❧♦❝❛t✐♦♥ ✐♥t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥ r ✿

❧❡t r❡❣✐♦♥ s: long ;
❧❡t i = ♥❡✇ [s];
♣❛❝❦ i ;
❛❞♦♣t i ✐♥ [r ];

❚❤❡ ❧❡t r❡❣✐♦♥ ✕ ♣❛❝❦ ✕ ❛❞♦♣t s❡q✉❡♥❝❡ ✐s ❛ ❝♦♠♠♦♥ ♣❛tt❡r♥✳
❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ♠♦t✐✈❛t❡ t❤❡ ♥❡❡❞ ❢♦r ✐♥❢❡r❡♥❝❡ ♦❢ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ✐♥ ❈❛♣✉❝✐♥❡✳

❚❤❡ q✉❡st✐♦♥ ✐s✿ ✇❤❛t ❝❛♥ ✇❡ ✐♥❢❡r❄

❈❛♥❞✐❞❛t❡s ❢♦r ■♥❢❡r❡♥❝❡ ■♥ ❛♥ ✐❞❡❛❧ ✇♦r❧❞✱ ✇❡ ❝♦✉❧❞ ✐♥❢❡r ❡✈❡r② r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥ ❛♥❞
❜❡ ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❈✳ ❚❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡✿

• r❡❣✐♦♥ ❜✐♥❞❡rs✱ ❜❡ t❤❡② ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts ♦r ❜♦✉♥❞ ✉s✐♥❣ ❧❡t r❡❣✐♦♥❀

• r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡rs✱ ❜❡ t❤❡② ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts ♦r ❛❧❧♦❝❛t❡❞ ✉s✐♥❣ ♥❡✇❀

• ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s ♦❢ ❢✉♥❝t✐♦♥s❀

• ❛❞♦♣t✐♦♥✱ ❢♦❝✉s✱ ✉♥❢♦❝✉s✱ ♣❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ♦♣❡r❛t✐♦♥s✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ tr② ❛♥❞ s❡❡ ✇❤✐❝❤ ♦❢ t❤❡s❡ ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r ✐♥❢❡r❡♥❝❡✱ ❛♥❞
✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❜❡tt❡r ❧❡❢t ❢♦r t❤❡ ✉s❡r t♦ ✇r✐t❡✳

✻✳✷ ❚❤❡r❡ ■s ◆♦ Pr✐♥❝✐♣❛❧✐t②

Pr✐♥❝✐♣❛❧ ❚②♣❡s ❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t②♣❡ s②st❡♠s ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡♠ ❢♦r ✐♥✲
❢❡r❡♥❝❡ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣r✐♥❝✐♣❛❧ t②♣❡s✳ ▼▲ ❡①♣r❡ss✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡✱ ❤❛✈❡ ❛ ♠♦st ❣❡♥❡r❛❧
t②♣❡ ❢♦r ❡❛❝❤ ❡①♣r❡ss✐♦♥✳ ❲❡ ❝❛❧❧ ✐t t❤❡ ♣r✐♥❝✐♣❛❧ t②♣❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳ ❆❧❧ ♦t❤❡r t②♣❡s ❝❛♥
❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♣r✐♥❝✐♣❛❧ t②♣❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❖❈❛♠❧ ❡①♣r❡ss✐♦♥✿

fun x → x
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❍❛s t②♣❡s int → int ❛♥❞ bool → bool ✭❛♠♦♥❣ ♦t❤❡rs✮✱ ❜✉t ❜♦t❤ ♦❢ t❤❡s❡ t②♣❡s ❝❛♥ ❜❡
❞❡r✐✈❡❞ ❢r♦♠ ✐♥st❛♥❝✐♥❣ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ t②♣❡ α → α✱ ✇❤✐❝❤ ❤❛♣♣❡♥s t♦ ❜❡ t❤❡ ♣r✐♥❝✐♣❛❧
t②♣❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳ ●♦♦❞ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠s ✐♥❢❡r ♣r✐♥❝✐♣❛❧ t②♣❡s✱ t❤✉s ❡♥s✉r✐♥❣ t❤❛t
♥♦ ❡①♣r❡ss✐✈✐t② ✐s ❧♦st ✐♥ t❤❡ ♣r♦❝❡ss✳

❆r❡ ❘❡❣✐♦♥s ❙❡♣❛r❛t❡❞ ■♥ ❈❛♣✉❝✐♥❡ ❤♦✇❡✈❡r✱ ✐♥ ❣❡♥❡r❛❧ t❤❡r❡ ✐s ♥♦ ♣r✐♥❝✐♣❛❧✐t②✳ ❈♦♥✲
s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣s❡✉❞♦✲❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✿

❢✉♥ incrPair(x : long ; y : long)
{
x .value ← x .value + ✶;
y .value ← y .value + ✶;
}

❲❡ ♥❡❡❞ t♦ ❣✐✈❡ r❡❣✐♦♥s t♦ x ❛♥❞ y ✳ ❙❤❛❧❧ ✇❡ ❣✐✈❡ t❤❡ s❛♠❡ r❡❣✐♦♥ ❢♦r ❜♦t❤✱ ♦r s❤♦✉❧❞ t❤❡②
❜❡ ✐♥ ❞✐✛❡r❡♥t✱ s❡♣❛r❛t❡❞ r❡❣✐♦♥s❄ ❘❡❣✐♦♥s ❛r❡ ♣♦❧②♠♦r♣❤✐❝✱ ❛♥❞ ✇❡ ❝♦✉❧❞ t❤✐♥❦ t❤❛t ✐❢ ✇❡
♣✉t x ❛♥❞ y ✐♥ t✇♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s✱ ✇❡ ❝♦✉❧❞ ✐♥st❛♥t✐❛t❡ incrPair ✇✐t❤ t❤❡ s❛♠❡ r❡❣✐♦♥ ❢♦r
x ❛♥❞ y ✳ ❚❤❡ ❝♦❞❡ ✇♦✉❧❞ ❜❡❝♦♠❡✿

❢✉♥ incrPair [r : long , s: long ] (x : [r ], y : [s])
❝♦♥s✉♠❡s r× s×

♣r♦❞✉❝❡s r× s×

· · ·

❇✉t ✐❢ ❛ ❝❛❧❧ t♦ incrPair ❣✐✈❡s t❤❡ s❛♠❡ r❡❣✐♦♥ ρ t✇✐❝❡✿

incrPair [ρ, ρ] (x , y)

t❤❡♥ ♣❡r♠✐ss✐♦♥ ρ× ✐s ❝♦♥s✉♠❡❞ t✇✐❝❡✱ ✇❤✐❝❤ ✐s ♣r❡✈❡♥t❡❞ ❜② t❤❡ t②♣❡ s②st❡♠✳ ❙♦ t❤✐s ✈❡rs✐♦♥
♦❢ incrPair ✐s ♥♦t ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♦♥❡ ✇❤❡r❡ x ❛♥❞ y s❤❛r❡ t❤❡ s❛♠❡ r❡❣✐♦♥✳

▼♦r❡♦✈❡r✱ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ incrPair ✱ ❛♥♥♦t❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦st✲
❝♦♥❞✐t✐♦♥✿

x .value = x .value❅♣r❡ + ✶

❚❤✐s ♣♦st✲❝♦♥❞✐t✐♦♥ ♦♥❧② ❤♦❧❞s ✐❢ x 6= y ✳ ❖♥❡ ❝♦✉❧❞ t❤✉s ❛r❣✉❡ t❤❛t ✇✐t❤ t❤✐s ♣♦st✲❝♦♥❞✐t✐♦♥✱
♣♦✐♥t❡rs x ❛♥❞ y ♠✉st ❜❡ s❡♣❛r❛t❡❞ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳ ❇✉t✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❦♥♦✇✐♥❣ ✇❤❡t❤❡r
♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s r❡q✉✐r❡ ♣♦✐♥t❡rs t♦ ❜❡ s❡♣❛r❛t❡❞ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳ ❆♥❞ ✐t ✐s ♥♦t
♥❡❝❡ss❛r② ❢♦r x ❛♥❞ y t♦ ❜❡ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s t♦ ❜❡ ❞✐✛❡r❡♥t✿ t❤❡② ❝❛♥ ❜❡ ✐♥ t❤❡ s❛♠❡ ❣r♦✉♣
r❡❣✐♦♥✳

■s ❚❤❡ ■♥✈❛r✐❛♥t ◆❡❡❞❡❞ ❚❤❡ ♥❡①t ✐ss✉❡ ✐s t❤❡ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s✳ ❈♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣s❡✉❞♦✲❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✿

❝❧❛ss posint

{
value: int ;
✐♥✈❛r✐❛♥t value > ✵;
}

❢✉♥ incr [r : posint ] (x : [r ])
♣♦st x .value > ✵
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{
x .value ← x .value + ✶;
}

❙❤❛❧❧ t❤✐s ❢✉♥❝t✐♦♥ ❝♦♥s✉♠❡ ♣❡r♠✐ss✐♦♥ r◦✱ r× ♦r rG❄ P❡r♠✐ss✐♦♥ r◦ ❝♦✉❧❞ ❜❡ ♣❡r❝❡✐✈❡❞ ❛s
♠♦r❡ ❣❡♥❡r❛❧ ❛s t❤❡ ♣❡r♠✐ss✐♦♥ ✐s ♥❡❡❞❡❞ ❛♥②✇❛② ❢♦r t❤❡ ❛ss✐❣♥♠❡♥t✳ ❚❤❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢
✉♥♣❛❝❦✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ✇♦✉❧❞ t❤❡♥ ❢❛❧❧ t♦ t❤❡ ❝❛❧❧❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ x ✐s ♥❡❡❞❡❞
t♦ ♣r♦✈❡ t❤❡ ♣♦st✲❝♦♥❞✐t✐♦♥✱ s♦ ♣❡r♠✐ss✐♦♥ r× ✐s ❛❝t✉❛❧❧② r❡q✉✐r❡❞ ❜② incr ✳ ❆♥❞ ♦❢ ❝♦✉rs❡✱
❦♥♦✇✐♥❣ ✇❤❡t❤❡r t❤❡ ✐♥✈❛r✐❛♥t ✐s ♥❡❡❞❡❞ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

❈♦♥❝❧✉s✐♦♥ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ♥♦ ❜❡st ✇❛② t♦ ❝❤♦♦s❡ t❤❡ r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r
❛r❣✉♠❡♥ts✱ ❛♥❞ t❤❡ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡s❡ r❡❣✐♦♥s✳ ◆♦t✐❝❡ t❤❛t ✏❜❡st ✇❛②✑ ✐s ❛♥♦t❤❡r ✇❛②
♦❢ s❛②✐♥❣ ✏♣r✐♥❝✐♣❛❧✑✳ ■♥ ❈❛♣✉❝✐♥❡✱ ✇❡ t❤✉s ❝❤♦♦s❡ ♥♦t t♦ tr② t♦ ✐♥❢❡r r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r
❛r❣✉♠❡♥ts ❛♥❞ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s✳ ❋r♦♠ ❛ ❧❛♥❣✉❛❣❡ ❞❡s✐❣♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s
♠❛❦❡s s❡♥s❡✿ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♣❛rt ♦❢ t❤❡ ❝♦♥tr❛❝t ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤❡② ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥
♦♥ t❤❡ ✐♥t❡♥t ♦❢ t❤❡ ♣r♦❣r❛♠♠❡r✳

✻✳✸ ■♥❢❡rr✐♥❣ ▼♦st ❘❡❣✐♦♥ ❆♥♥♦t❛t✐♦♥s

❲❡ ❤❛✈❡ ❝❤♦s❡♥ ♥♦t t♦ ✐♥❢❡r ✇❤❛t ✐s ✈✐s✐❜❧❡ ❢r♦♠ ♦✉ts✐❞❡ ♦❢ ❢✉♥❝t✐♦♥ ❞❡✜♥✐t✐♦♥s✿ r❡❣✐♦♥s ♦❢
♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱ ❛♥❞ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s✳ ❋r♦♠ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s✱ ✇❡ ❛r❡
❝❛♣❛❜❧❡ ♦❢ ✐♥❢❡rr✐♥❣ s♦♠❡ ❛♥♥♦t❛t✐♦♥s ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❛❞❞❡❞ ✐♥s✐❞❡ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥s✳

❋♦r✇❛r❞ ■♥❢❡r❡♥❝❡ ❲❡ st❛t❡ t❤❡ ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s Σ✱ ❛♥
❡♥✈✐r♦♥♠❡♥t Γ ❛♥❞ ❛ st❛t❡♠❡♥t s✱ ❝❛♥ ✇❡ ❝♦♠♣✉t❡ ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡♠❡♥ts S; s ′✱ ❛ ❧✐st ♦❢
♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s Σ′ ❛♥❞ ❛ ♥❡✇ ❡♥✈✐r♦♥♠❡♥t Γ′ s✉❝❤ t❤❛t✿

Γ ⊢ {Σ} S; s ′ {Σ′}, Γ′

▼♦r❡♦✈❡r✱ S s❤♦✉❧❞ ♥♦t ❝❤❛♥❣❡ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ t❤❡ ♣r♦❣r❛♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ ♣r♦❣r❛♠ s❤♦✉❧❞ r❡t✉r♥ ❛ ❤❡❛♣ ✐♥ ✇❤✐❝❤ ✇❡❧❧✲t②♣❡❞ ❡①♣r❡ss✐♦♥s ❡✈❛❧✉❛t❡ t♦ ✉♥❝❤❛♥❣❡❞
r❡s✉❧ts✳ ❙❡q✉❡♥❝❡ S ♠❛② ♦♥❧② ❜❡ ❝♦♠♣♦s❡❞ ♦❢ ❧♦❝❛❧ ❜✐♥❞❡rs ✭❧❡t ♦r ❧❡t r❡❣✐♦♥✮✱ ❛❞♦♣t✐♦♥s✱
❢♦❝✉s✱ ✉♥❢♦❝✉s✱ ✉♥♣❛❝❦✱ ♣❛❝❦ ❛♥❞ ✇❡❛❦❡♥✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✐❢ S ❝♦♥t❛✐♥s ❧❡t✲❜✐♥❞✐♥❣s
s✉❝❤ ❛s ❧❡t x = e✱ t❤❡♥ r❡♣❧❛❝✐♥❣ ❛❧❧ s✉❝❤ ✈❛r✐❛❜❧❡s x ❜② t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣r❡ss✐♦♥ e ✐♥
s ′ s❤♦✉❧❞ r❡s✉❧t ✐♥ s✳ ❘❡♠❡♠❜❡r t❤❛t t❤❡r❡ ✐s ♥♦ s✐❞❡✲❡✛❡❝t ✐♥ ❡①♣r❡ss✐♦♥s✳ ❲❡ s❛② t❤❛t S; s ′

❛♥❞ s ❛r❡ ❡q✉✐✈❛❧❡♥t✳
❲❡ ❝❛❧❧ t❤✐s ❢♦r✇❛r❞ ✐♥❢❡r❡♥❝❡ ❜❡❝❛✉s❡ ✇❡ ❝♦♠♣✉t❡ S ❣✐✈❡♥ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s Σ✱

✐♥st❡❛❞ ♦❢ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s Σ′✳ ❖t❤❡r ❢♦r♠s ♦❢ ✐♥❢❡r❡♥❝❡ ♠✐❣❤t ❛❧s♦ ❜❡ ✐♥t❡r❡st✐♥❣✱ s✉❝❤
❛s✿

• ❣✐✈❡♥ Σ′✱ ❝♦♠♣✉t❡ S ❛♥❞ Σ s✉❝❤ t❤❛t s; S ✐s ✇❡❧❧✲t②♣❡❞❀

• ❣✐✈❡♥ S✱ ❝♦♠♣✉t❡ ❜♦t❤ Σ ❛♥❞ Σ′ ✇❤✐❧❡ ✐♥s❡rt✐♥❣ ♥❡✇ st❛t❡♠❡♥ts ✐♥ S s✉❝❤ t❤❛t S ✐s
✇❡❧❧✲t②♣❡❞✳

❚❤❡ ❢♦r♠❡r ❦✐♥❞ ♦❢ ✐♥❢❡r❡♥❝❡ ✇♦✉❧❞ ❜❡ ❜❛❝❦✇❛r❞ ✐♥❢❡r❡♥❝❡✳ ❲❡ t❤✐♥❦ ✐t ✐s ❧❡ss ♣r❡❞✐❝t❛❜❧❡
❢♦r t❤❡ ✉s❡r ❛♥❞ t❤✉s ❤❛r❞❡r t♦ ✇♦r❦ ✇✐t❤ ✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡ ❧❛tt❡r ❦✐♥❞ ♦❢ ✐♥❢❡r❡♥❝❡ ✇♦✉❧❞ ❜❡
t❤❡ str♦♥❣❡st✳ ❍♦✇❡✈❡r✱ ♥♦t ♦♥❧② ✇♦✉❧❞ ✐t ❜❡ ❡✈❡♥ ❧❡ss ♣r❡❞✐❝t❛❜❧❡✱ ✐t ❛❧s♦ ✐♠♣❧✐❡s ❜❡✐♥❣ ❛❜❧❡
t♦ ✐♥❢❡r ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ❜② ❢✉♥❝t✐♦♥s✳ ❲❡ ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞
✇❤② t❤✐s ✇❛s ♥♦t ✇❤❛t ✇❡ ✇❛♥t❡❞ ❢♦r ❈❛♣✉❝✐♥❡✳
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❯♥✐✜❝❛t✐♦♥ ❖✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✉s❡s t❤❡ ✉s✉❛❧ ▼▲ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥
✉♥✐✜❝❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s s♦❧✈❡s t❤❡ ✐ss✉❡ ♦❢ ✜♥❞✐♥❣ s✉❜st✐t✉t✐♦♥s σ ✇❤❡♥ ❛♣♣❧②✐♥❣
♣♦❧②♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ✉♥✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s ❛♣♣❧✐❡❞ ♥♦t ♦♥❧② ♦♥ t②♣❡ ✈❛r✐❛❜❧❡s
❜✉t ❛❧s♦ ♦♥ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s✳ ■❢ ✉♥s♦❧✈❛❜❧❡ ❝♦♥str❛✐♥ts r❡s✉❧t ❢r♦♠ ✉♥✐✜❝❛t✐♦♥✱ t❤❡ ✐♥❢❡r❡♥❝❡
♠❡❝❤❛♥✐s♠ ❢❛✐❧s✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦♥ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳

▼❛✐♥ ▲♦♦♣ ❖✉r ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ t❛❦❡s ❛s ✐♥♣✉t✿

• ❛ ❧✐st ♦❢ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s Σ0 ❀

• ❛♥ ✐♥✐t✐❛❧ ❡♥✈✐r♦♥♠❡♥t Γ0 ❀

• ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡♠❡♥ts S0 ✳

■t ♠❛② ❡✐t❤❡r ❢❛✐❧ ♦r r❡t✉r♥ ❛ s❡q✉❡♥❝❡ S′ ❡q✉✐✈❛❧❡♥t t♦ S0 s✉❝❤ t❤❛t t❤❡r❡ ✐s Σ′ ❛♥❞ Γ′ s✉❝❤
t❤❛t✿

Γ0 ⊢ {Σ0} S
′ {Σ′}, Γ′

■t ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿

• ❛ s❡q✉❡♥❝❡ ✭r❡♣r❡s❡♥t❡❞ ❛s ❛ ❧✐st✮ ♦❢ st❛t❡♠❡♥ts S❀

• t❤❡ ❧✐st ♦❢ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s Σ❀

• t❤❡ ❝✉rr❡♥t ❡♥✈✐r♦♥♠❡♥t Γ❀

• t❤❡ r❡s✉❧t ❜❡✐♥❣ ❜✉✐❧t S′✳

❍❡r❡ ✐s t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ❛♥❞ ❤♦✇ t♦ ❛♣♣❧② t❤❡♠ ✐s ❣✐✈❡♥ ✐♥
❛ ❧❛t❡r ♣❛r❛❣r❛♣❤✳ ❚❤❡ ✇❛② Sprod ✐s ❝♦♠♣✉t❡❞✱ ❛♥❞ ❤♦✇ ❜r❛♥❝❤❡s ❛r❡ ❥♦✐♥❡❞✱ ❛r❡ ❛❧s♦ ❣✐✈❡♥
✐♥ ❧❛t❡r ♣❛r❛❣r❛♣❤s✳

✶✳ ■♥✐t✐❛❧✐③❡ S t♦ S0 ✱ Σ t♦ Σ0 ✱ Γ t♦ Γ0 ❛♥❞ S′ t♦ t❤❡ ❡♠♣t② ❧✐st✳

✷✳ ❲❤✐❧❡ S ✐s ♥♦t ❡♠♣t②✱ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✭❛✮ ▲❡t s ❜❡ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ S✳

✭❜✮ ■❢ s ✐s ✐❢ e t❤❡♥ S1 ❡❧s❡ S2 ✿

✐✳ ❝❛❧❧ t❤❡ ❛❧❣♦r✐t❤♠ r❡❝✉rs✐✈❡❧② ♦♥ S1 ❛♥❞ S2 ✱ t❤✉s ♦❜t❛✐♥✐♥❣ ✇❡❧❧✲t②♣❡❞ st❛t❡✲
♠❡♥ts S1

′ ❛♥❞ S2
′ r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ S1 ❛♥❞ S2 ❀

✐✐✳ ✉s✐♥❣ t②♣✐♥❣ r✉❧❡ ❙❇❧♦❝❦✱ ❝♦♠♣✉t❡ ♣❡r♠✐ss✐♦♥s Σ1 ❛♥❞ Σ2 ♣r♦❞✉❝❡❞ ❜② S1

❛♥❞ S2 ❀
✐✐✐✳ ❥♦✐♥ Σ1 ❛♥❞ Σ2 ✐♥ S1

′ ❛♥❞ S2
′✱ ♦❜t❛✐♥✐♥❣ S1

′′ ❛♥❞ S2
′′❀

✐✈✳ ❛❞❞ ✐❢ e t❤❡♥ S1
′′ ❡❧s❡ S2

′′ ❛t t❤❡ ❡♥❞ ♦❢ S′❀
✈✳ r❡♠♦✈❡ s ❢r♦♠ S❀
✈✐✳ ❞♦ ♥♦t ❡①❡❝✉t❡ t❤❡ r❡st ♦❢ t❤❡ ❝✉rr❡♥t ❧♦♦♣ ✐t❡r❛t✐♦♥✳

✭❝✮ ▲❡t rc ❜❡ t❤❡ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ♦❢ s ✇✐t❤ r❡s♣❡❝t t♦ Γ ❛♥❞ Σ✳

✭❞✮ ■❢ rc ✐s ♥♦t ❡♠♣t②✱ ❛♣♣❧② r❡❣✐♦♥ ❝♦♥str❛✐♥ts rc✳
❊❧s❡✿

✐✳ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s Σs ❝♦♥s✉♠❡❞ ❜② s❀
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✐✐✳ ❝♦♠♣✉t❡ ❛ s❡q✉❡♥❝❡ Sprod s✉❝❤ t❤❛t✿
Γ ⊢ {Σ} Sprod {Σs , Σrem}, Γ

′

✐✐✐✳ ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ Γ t♦ Γ′✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ Σ t♦ (Σs , Σrem)❀
✐✈✳ ❛❞❞ Sprod ; s ❛t t❤❡ ❡♥❞ ♦❢ S′❀
✈✳ r❡♠♦✈❡ s ❢r♦♠ S✳

✸✳ ❘❡t✉r♥ S′✳

❈♦♠♣✉t❡ ❘❡❣✐♦♥ ❈♦♥str❛✐♥ts ❚❤❡ ✜rst st❡♣ ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✐s t♦ ❝♦❧❧❡❝t
r❡❣✐♦♥ ❝♦♥str❛✐♥ts ❢r♦♠ st❛t❡♠❡♥t s✳ ❆ r❡❣✐♦♥ ❝♦♥str❛✐♥t ✐s ❛ tr✐♣❧❡ (e, σ, ρ)✱ ✇❤♦s❡ ✐♥❢♦r♠❛❧
♠❡❛♥✐♥❣ ✐s t❤❛t ❡①♣r❡ss✐♦♥ e✱ ♦❢ t②♣❡ [σ]✱ s❤♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ♦❢ t②♣❡ [ρ]✳

❘❡❣✐♦♥ ❝♦♥str❛✐♥ts ❝♦♠❡ ❢r♦♠ ✉♥✐✜❝❛t✐♦♥ ❢❛✐❧✉r❡s ❜❡t✇❡❡♥ r❡❣✐♦♥s✳ ■♥ ❈❛♣✉❝✐♥❡✱ r❡❣✐♦♥
❝♦♥str❛✐♥t (e, σ, ρ) ♠❛② ❜❡ ❣❡♥❡r❛t❡❞ ✐♥ ❛♥② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝✐r❝✉♠st❛♥❝❡s✿

• s ✐s x .f ← e ❛♥❞ x .f ❤❛s t②♣❡ [ρ]❀

• s ✐s ❛ ❢✉♥❝t✐♦♥ ❝❛❧❧ ❛♥❞ e ✐s ♦♥❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ✇❤♦s❡ ❡①♣❡❝t❡❞ t②♣❡ ✐s [ρ]❀

• s ❝♦♥t❛✐♥s ❛ s✉❜✲❡①♣r❡ss✐♦♥ e ′ ✇❤✐❝❤ ✐s ❛ ❧♦❣✐❝ ❢✉♥❝t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥✱ ♦❢ ✇❤✐❝❤ e ✐s ❛
♣❛r❛♠❡t❡r ✇❤♦s❡ ❡①♣❡❝t❡❞ t②♣❡ ✐s [ρ]✳

❯♥✐✜❝❛t✐♦♥ ❢❛✐❧✉r❡ ♦♥ r❡❣✐♦♥s ♠❛② ❛❧s♦ ❤❛♣♣❡♥ ✐♥ ♦t❤❡r ❝✐r❝✉♠st❛♥❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✉♥✐✜✲
❝❛t✐♦♥ ♦❢ Array ([ρ]) ❛♥❞ Array ([σ]) ❧❡❛❞s t♦ ✉♥✐✜❝❛t✐♦♥ ♦❢ ρ ❛♥❞ σ✳ ❍♦✇❡✈❡r✱ ✐♥ ❣❡♥❡r❛❧ ✇❡
❞♦ ♥♦t ❤❛✈❡ ❛♥② ❡①♣r❡ss✐♦♥ e ✇❤♦s❡ t②♣❡ [σ] s❤♦✉❧❞ ❜❡ [ρ]✳ ❙♦ ✐♥st❡❛❞ ♦❢ ❣❡♥❡r❛t✐♥❣ ❛ r❡❣✐♦♥
❝♦♥str❛✐♥t✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ❥✉st ❢❛✐❧s✳ ❖♥❧② ✐♥ t❤❡ t❤r❡❡ ❝❛s❡s ❛❜♦✈❡ ❞♦ ✇❡ ❤❛✈❡ s✉❝❤
❛♥ ❡①♣r❡ss✐♦♥ e✳

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠✳

❝❧❛ss Long

{
value: int ;
}

❝❧❛ss Pair

{
❣r♦✉♣ Rleft : Long ;
❣r♦✉♣ Rright : Long ;
left : [Rleft ];
right : [Rright ];
}

❢✉♥ f [r : Pair ] (p: [r ], i : [p.Rright ]): unit
· · ·

❢✉♥ initPair [r : Pair ] (p: [r ]): unit
❝♦♥s✉♠❡s r◦{left , right}, p.Rleft∅, p.Rright∅

· · ·
{
❧❡t r❡❣✐♦♥ s: Long ;
❧❡t x = ♥❡✇ Long [s];
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p.left ← x ; (✶)
f [r ] (p, p.left); (✷)
}

▲✐♥❡ (✶) ❣❡♥❡r❛t❡s r❡❣✐♦♥ ❝♦♥str❛✐♥t (x , s, p.Rleft)✱ ✐✳❡✳ ♣♦✐♥t❡r x ✐s ✐♥ s ❜✉t ✐t r❡❛❧❧②
s❤♦✉❧❞ ♥♦✇ ❜❡ ✐♥ p.Rleft ✳ ❆ss✉♠✐♥❣ ✐t ♥♦✇ ✐s✱ ❧✐♥❡ (✷) ❣❡♥❡r❛t❡s r❡❣✐♦♥ ❝♦♥str❛✐♥t
(p.left , p.Rleft , p.Rright)✳

❆❞❞✐t✐♦♥❛❧❧② ✇❡ ✇❛♥t t♦ ❜❡ ❛❜❧❡ t♦ ✐♥❢❡r ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥ ❢♦r x ✇❤❡♥ s = x .f ← e ❛♥❞
t❤❡ r❡❣✐♦♥ ♦❢ x ✐s ❣r♦✉♣✳ ■❢ x : [ρ] ✐s ✐♥ Γ✱ ❛♥❞ ✐❢ ρG ♦r σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡ ♦r ✐❢ ρ = y .s ✐s
tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞ r❡❣✐♦♥ ❛♥❞ s ✐s ❞❡✜♥❡❞ ❛s ❣r♦✉♣✱ t❤❡♥ ρ ✐s ❣r♦✉♣ ❛♥❞ ❛ ❢♦❝✉s
✐s ♥❡❡❞❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❜✐♥❞ ❛ ❢r❡s❤ r❡❣✐♦♥ r ✉s✐♥❣ ❧❡t r❡❣✐♦♥ ❛♥❞ ✇❡ ❣❡♥❡r❛t❡ r❡❣✐♦♥
❝♦♥str❛✐♥t (x , ρ, r)✳

❆♣♣❧② ❘❡❣✐♦♥ ❈♦♥str❛✐♥ts ❚❤❡ ♥❡①t st❡♣ ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✐s t♦ ❛♣♣❧② r❡❣✐♦♥
❝♦♥str❛✐♥ts✳ ❋✐rst✱ ✇❡ ❛♣♣❧② ❛ tr❛♥s❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ❢♦r ❛❧❧ r❡❣✐♦♥ ❝♦♥str❛✐♥t
(e, σ, ρ)✱ ❡①♣r❡ss✐♦♥ e ✐s ❛❧r❡❛❞② ❛ ✈❛r✐❛❜❧❡✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■❢ e ✐s
❛❧r❡❛❞② ❛ ✈❛r✐❛❜❧❡✱ ❞♦ ♥♦t❤✐♥❣✳ ❊❧s❡✿

• ❝❤♦♦s❡ ❛ ❢r❡s❤ ✈❛r✐❛❜❧❡ ♥❛♠❡ x ❛♥❞ ❛❞❞ st❛t❡♠❡♥t ❧❡t x = e t♦ t❤❡ S′✱ t❤❡ r❡s✉❧t
s❡q✉❡♥❝❡ ❜❡✐♥❣ ❜✉✐❧t ❜② t❤❡ ♠❛✐♥ ❧♦♦♣❀

• s②♥t❛❝t✐❝❛❧❧② r❡♣❧❛❝❡ e ❜② x ✐♥ t❤❡ ❝✉rr❡♥t st❛t❡♠❡♥t s✱ ❜♦t❤ ✐♥ ✈❛r✐❛❜❧❡ s ♦❢ t❤❡ ♠❛✐♥
❧♦♦♣ ❛♥❞ ✐♥ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ ✈❛r✐❛❜❧❡ S ♦❢ t❤❡ ♠❛✐♥ ❧♦♦♣ ✭✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ s✮✳

❊♥s✉r✐♥❣ t❤❛t ❛❧❧ ❡①♣r❡ss✐♦♥s e ❛r❡ ❛❝t✉❛❧❧② ✈❛r✐❛❜❧❡s ✐s ♥❡❝❡ss❛r②✱ ❛s ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞
✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s ♦♥❧② ❝❤❛♥❣❡ t❤❡ t②♣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱
❝♦♥s✐❞❡r t❤❡ ❝♦♥str❛✐♥t ❣❡♥❡r❛t❡❞ ❜② ❧✐♥❡ (✷) ✐♥ t❤❡ initPair ❡①❛♠♣❧❡✳ ❚❤❡ t②♣❡ ♦❢ ❡①♣r❡ss✐♦♥
p.left ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❢r♦♠ [p.Rleft ] t♦ [p.Rright ] ❡✈❡♥ ✐❢ ✇❡ ❛❞♦♣t t❤❡ ♣♦✐♥t❡r✳ ❍♦✇❡✈❡r✱
✐❢ ✇❡ ✐♥s❡rt ❧❡t x = p.left ❜❡❢♦r❡ ❛♥❞ ❛❞♦♣t x ✱ t❤❡♥ t❤❡ t②♣❡ ♦❢ x ❝❤❛♥❣❡s✳ ◆♦t❡ t❤❛t t❤✐s
tr❛♥s❢♦r♠❛t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ♣r♦❣r❛♠ ❜❡❝❛✉s❡ ❡①♣r❡ss✐♦♥s ❞♦ ♥♦t ❤❛✈❡
s✐❞❡✲❡✛❡❝ts✳

❲❡ ❛r❡ ❧❡❢t ✇✐t❤ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ (x , σ, ρ)✱ ✇✐t❤ σ 6= ρ✳ ❖✉r ❣♦❛❧ ✐s t♦ ✐♥s❡rt
❛♥ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ♦r ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ❡♥s✉r✐♥❣ t❤❛t x ✐s ♠♦✈❡❞ ❢r♦♠ σ t♦ ρ✳ ❲❡ ❝❤♦♦s❡
t❤❡ ♦♣❡r❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥s ♦♥ σ ❛♥❞ ρ✳ ❖r✱ r❛t❤❡r✱ ♦♥ ♣❡r♠✐ss✐♦♥s ✇❡
❝♦✉❧❞ ♦❜t❛✐♥ ♦♥ σ ❛♥❞ ρ✳

❚♦ ✉♥❢♦❝✉s x ❢r♦♠ σ t♦ ρ✱ ✇❡ ♥❡❡❞ ♣❡r♠✐ss✐♦♥ σ −◦ ρ✳ ❚❤❡ ♦♥❧② ♦♣❡r❛t✐♦♥ ✭❜❡s✐❞❡ ❢✉♥❝t✐♦♥
❝❛❧❧s✮ ✇❤✐❝❤ ♣r♦❞✉❝❡s σ −◦ ρ ✐s t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ■t ✐s ❛ ♣r♦♣❡rt② ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠
t❤❛t t❤❡ ♦♥❧② ✇❛② ❢♦❝✉s ♦♣❡r❛t✐♦♥s ❛r❡ ✐♥❢❡rr❡❞ ✐s ❜② ❛♣♣❧②✐♥❣ r❡❣✐♦♥ ❝♦♥str❛✐♥ts✳ ❙♦ ✐❢ σ −◦ ρ
✐s ♥♦t ❛✈❛✐❧❛❜❧❡✱ ✇❡ ❦♥♦✇ t❤❛t ❛♣♣❧②✐♥❣ r❡❣✐♦♥ ❝♦♥str❛✐♥t (x , σ, ρ) s❤♦✉❧❞ ♥♦t ❜❡ ❞♦♥❡ ✉s✐♥❣
❛♥ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐s σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❛t ✉♥❢♦❝✉s✐♥❣ ✐s t❤❡
✇❛② t♦ ❣♦✳ ❚♦ s✉♠ ✉♣✱ t❤❡ ♦♣❡r❛t✐♦♥ ✇❡ tr② t♦ ✐♥❢❡r ✐s ✉♥❢♦❝✉s x : σ ❛s ρ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢
σ −◦ ρ ✐s ✐♥ Σ✳

❚♦ ❢♦❝✉s x ❢r♦♠ σ t♦ ρ✱ ✇❡ ♥❡❡❞ ♣❡r♠✐ss✐♦♥ ρ∅✳ ❚❤❡ ♦♥❧② ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ♣r♦❞✉❝❡ ρ∅ ❛r❡
r❡❣✐♦♥ ❜✐♥❞✐♥❣ ❛♥❞ ❛❧❧♦❝❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ✐♥❢❡r ❞✉r✐♥❣ t❤❡ r❡❣✐♦♥ ❝♦♥str❛✐♥t ❛♣♣❧✐❝❛t✐♦♥
♣❤❛s❡✳ ❙♦ ✐❢ ρ∅ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡✱ ✇❡ s❤❛❧❧ ♥♦t ✐♥❢❡r ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥ t♦ ❛♣♣❧② t❤❡ r❡❣✐♦♥
❝♦♥str❛✐♥t✳ ■♥st❡❛❞ ✇❡ s❤❛❧❧ tr② t♦ ✐♥❢❡r ❛♥ ❛❞♦♣t✐♦♥✳

■❢ ρ∅ ✐s ❛✈❛✐❧❛❜❧❡✱ ✇❡ ❤❛✈❡ t✇♦ ❝❤♦✐❝❡s✿ ❡✐t❤❡r ❢♦❝✉s ✐♥t♦ ρ✱ ♦r ✇❡❛❦❡♥ ρ t♦ ♦❜t❛✐♥ ρG ❛♥❞
t❤❡♥ ❛❞♦♣t ✐♥t♦ ρ✳ ❚❤✐s ❝❤♦✐❝❡ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r σ ✐s ❣r♦✉♣ ♦r ♥♦t✳ ❘❡❣✐♦♥ σ ✐s ❣r♦✉♣
✐❢ σG ♦r σ′ −◦ σ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r s♦♠❡ r❡❣✐♦♥ σ′ ❞✐✛❡r❡♥t t❤❛♥ σ✱ ♦r ✐❢ σ ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥
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tr❛♥s✐t✐✈❡❧② ♦✇♥❡❞ ❜② ❛ ❝❧♦s❡❞ r❡❣✐♦♥✳ ■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱ σ ✐s s✐♥❣❧❡t♦♥✱ ❛♥❞ ✇❡ ❞♦ ♥♦t ✇✐s❤
t♦ ✇❡❛❦❡♥ ✐t ❛s ❛ ❣r♦✉♣ r❡❣✐♦♥ ❥✉st t♦ ❢♦❝✉s ❢r♦♠ ✐t✳ ❙♦ ✇❡ ❝❤♦♦s❡ t♦ tr② t♦ ✐♥❢❡r ❛♥ ❛❞♦♣t✐♦♥✳

❖♥❝❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✇❤✐❝❤ ♦♣❡r❛t✐♦♥ s ′ ✇❡ ✇❛♥t t♦ tr② t♦ ✐♥❢❡r ✭❡✐t❤❡r ❛❞♦♣t✐♦♥
❛❞♦♣t x : σ ❛s ρ✱ ❢♦❝✉s ❢♦❝✉s x : σ ❛s ρ ♦r ✉♥❢♦❝✉s ✉♥❢♦❝✉s x : σ ❛s ρ✮✱ ✇❡ ❛❞❞ s ′ ❛t t❤❡ ❜❡✲
❣✐♥♥✐♥❣ ♦❢ ✈❛r✐❛❜❧❡ S ♦❢ t❤❡ ♠❛✐♥ ❧♦♦♣✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❧❡❛✈❡ t❤❡ ✇♦r❦ ♦❢ ♣r♦❞✉❝✐♥❣ t❤❡
❝♦rr❡❝t ♣❡r♠✐ss✐♦♥s ♥❡❡❞❡❞ ❜② s ′ t♦ t❤❡ ♦t❤❡r ♣❛rts ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳

■❢ st❛t❡♠❡♥t s ❣❡♥❡r❛t❡s s❡✈❡r❛❧ ❝♦♥str❛✐♥t✱ ✇❡ ✐♥s❡rt t❤❡✐r r❡s♣❡❝t✐✈❡ ♦♣❡r❛t✐♦♥ ✐♥ ❛♥
✉♥s♣❡❝✐✜❡❞ ♦r❞❡r✳ ❚❤❡ r❡❛s♦♥✐♥❣ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t ✐❢ ❛♣♣❧②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ✐♥ s♦♠❡ ♦r❞❡r
❢❛✐❧s✱ t❤❡♥ ❛♣♣❧②✐♥❣ t❤❡♠ ✐♥ ❛♥② ♦r❞❡r ✇✐❧❧ ❢❛✐❧✱ ❜❡❝❛✉s❡ ✐t ❜❛s✐❝❛❧❧② ♠❡❛♥s t❤❛t ❛ ♣♦✐♥t❡r
s❤♦✉❧❞ ❜❡ ✐♥ t✇♦ r❡❣✐♦♥s ❛t t❤❡ s❛♠❡ t✐♠❡✳

▲❡t✬s ✐❧❧✉str❛t❡ r❡❣✐♦♥ ❝♦♥str❛✐♥t ❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❢✉♥❝t✐♦♥ initPair ✳ ❚❤❡ ✜rst ❝♦♥str❛✐♥t
(x , s, p.Rleft) ✐s s♦❧✈❡❞ ❜② ✐♥s❡rt✐♥❣ ❛♥ ❛❞♦♣t✐♦♥✱ ❛s s ✐s s✐♥❣❧❡t♦♥ ❛♥❞ p.Rleft ✐s ♥♦t ❜❡✐♥❣
❢♦❝✉s❡❞✳ ❍❡r❡ ✐s t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥ initPair ✉♣ t♦ ❧✐♥❡ (✶) ❛❢t❡r ✐♥❢❡r❡♥❝❡✿

❧❡t r❡❣✐♦♥ s: Long ;
❧❡t x = ♥❡✇ Long [s];
✇❡❛❦❡♥ ❡♠♣t② p.Rleft ;
♣❛❝❦ x ;
❛❞♦♣t x : s ❛s p.Rleft ;
p.left ← x ;

❚❤❡ ✇❡❛❦❡♥✐♥❣ ❛♥❞ ♣❛❝❦✐♥❣ ❛r❡ ❛❞❞❡❞ ❜② ❛♥♦t❤❡r ♣❛rt ♦❢ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ◆♦✇ ✇❡
❤❛✈❡ ♣❡r♠✐ss✐♦♥s p.RleftG ❛♥❞ p.Rright∅✳ ❙♦ t❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t (p.left , p.Rleft , p.Rright)
✐s s♦❧✈❡❞ ❜② ❛ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ❛❢t❡r r❡♣❧❛❝✐♥❣ p.left ❜② ❛ ✈❛r✐❛❜❧❡✿

❧❡t y = p.left ;
❢♦❝✉s y : p.Rleft ❛s p.Rright ;
f [r ] (p, y);

❚❤❡ ❢✉♥❝t✐♦♥ ✐s ♥♦✇ ✇❡❧❧✲t②♣❡❞✱ ❛ss✉♠✐♥❣ t❤❡ ❝♦♥s✉♠❡s ❝❧❛✉s❡ ♦❢ f ❛♥❞ t❤❡ ♣r♦❞✉❝❡s ❝❧❛✉s❡
♦❢ initPair ✐s✿

p◦{right}, p.Rright −◦ p.Rleft , p.Rright×

◆♦t❡ t❤❛t ✐❢ t❤❡ ❝♦♥s✉♠❡s ❝❧❛✉s❡ ♦❢ initPair ✐s t❤❡ ♠♦r❡ ♥♦r♠❛❧ p×✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠
✇✐❧❧ ❢❛✐❧ ❛s t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ♣✉t t❤❡ ♣♦✐♥t❡r ♦❢ p.Rright ❜❛❝❦ ✐♥t♦ p.Rleft ✇✐t❤♦✉t ❧♦s✐♥❣ t❤❡
♣❡r♠✐ss✐♦♥ ♦♥ p.Rright ✱ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ♣❛❝❦ p✳

❈♦♠♣✉t❡ P❡r♠✐ss✐♦♥ ❈♦♥str❛✐♥ts ❚❤❡ ♥❡①t st❡♣ ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s
❜❡✐♥❣ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s Σs ❝♦♥s✉♠❡❞ ❜② ❛♥② st❛t❡♠❡♥t s✱ ❣✐✈❡♥ ❝✉rr❡♥t
♣❡r♠✐ss✐♦♥s Σ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t Γ✱ ❛♥❞ ❣✐✈❡♥ t❤❛t s ✐s ♥♦t ❛♥ ✐❢ st❛t❡♠❡♥t✳ ❚❤❡ s❡t Σs ✐s
❣✐✈❡♥ ❜② t②♣✐♥❣ r✉❧❡s ♦❢ ❋✐❣✉r❡s ✹✳✶✵ ❛♥❞ ✹✳✶✶ ❢♦r st❛t❡♠❡♥ts✳ ❍❡r❡ ✐s ❛ s✉♠♠❛r②✳

• ❙t❛t❡♠❡♥ts ❧❡t x = e✱ ❧❡t r❡❣✐♦♥ r : C✱ ❛ss❡rt P ❛♥❞ ❧❛❜❡❧ L ❝♦♥s✉♠❡ ♥♦ ♣❡r♠✐ss✐♦♥s✳

• ❚❡st ✐❢ e t❤❡♥ S1 ❡❧s❡ S2 ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ✇❤✐❝❤ ✐s ❤❛♥❞❧❡❞ s❡♣❛r❛t❡❧②✳

• ❋✉♥❝t✐♦♥ ❝❛❧❧ ❧❡t x = f arg ❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❜② f ✱ ❛❢t❡r ❤❛✈✐♥❣
❛♣♣❧✐❡❞ t❤❡ s✉❜st✐t✉t✐♦♥ σ ♦❜t❛✐♥❡❞ ❜② ✉♥✐✜❝❛t✐♦♥✳

• ❆❧❧♦❝❛t✐♦♥ ❧❡t x = ♥❡✇ C [ρ] ❝♦♥s✉♠❡s {ρ∅}✳

• ❋♦❝✉s ❢♦❝✉s x : ρ ❛s σ ❝♦♥s✉♠❡s {ρG, σ∅}✳
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• ❆ss✐❣♥♠❡♥t x .f ← e ❝♦♥s✉♠❡s ❛♥ ♦♣❡♥ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ r❡❣✐♦♥ ρ s✉❝❤ t❤❛t x : [ρ] ✐s
✐♥ Γ✳ ■❢ ρ◦{f1 , · · ·, fn} ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ Σ✱ ✇❡ ❞❡✜♥❡ Σs = {ρ◦{f1 , · · ·, fn} }✳ ❊❧s❡✱ ✇❡
❝❛♥ ♦♥❧② ♦❜t❛✐♥ ρ◦ ❜② ✉♥♣❛❝❦✐♥❣ ρ✱ s♦ ❛❧❧ ✜❡❧❞s ❛r❡ ✐♥✐t✐❛❧✐③❡❞✱ ❛♥❞ ✇❡ ❝❛♥ t❤✉s ❞❡✜♥❡
Σs = {ρ◦}✳

• ❆❞♦♣t✐♦♥ ❛❞♦♣t x : σ ❛s ρ ❝♦♥s✉♠❡s {σ×, ρG}✳

• ❯♥❢♦❝✉s ✉♥❢♦❝✉s x : σ ❛s ρ ❝♦♥s✉♠❡s {σ×, σ −◦ ρ}✳

• P❛❝❦✐♥❣ ♣❛❝❦ x ✱ ✐❢ x : [ρ], ρ: C ✐s ✐♥ Γ✱ ❝♦♥s✉♠❡s {s✐♥❣❧❡(x , C)×, ❣r♦✉♣(x , C)G, ρ◦}✳

• ❯♥♣❛❝❦✐♥❣ ✉♥♣❛❝❦ x ✱ ✐❢ x : [ρ] ✐s ✐♥ Γ✱ ❝♦♥s✉♠❡s {ρ×}✳

• ❲❡❛❦❡♥✐♥❣ ✇❡❛❦❡♥ ❡♠♣t② ρ ❝♦♥s✉♠❡s {ρ∅}✳

• ❲❡❛❦❡♥✐♥❣ ✇❡❛❦❡♥ s✐♥❣❧❡ ρ ❝♦♥s✉♠❡s {ρ×}✳

❙♦❧✈❡ P❡r♠✐ss✐♦♥ ❈♦♥str❛✐♥ts ◆♦✇ t❤❛t ✇❡ ❦♥♦✇ ✇❤✐❝❤ ♣❡r♠✐ss✐♦♥s Σs ✇❡ ❤❛✈❡ t♦
♣r♦❞✉❝❡✱ ✇❡ ❧♦♦❦ ❢♦r S s✉❝❤ t❤❛t t❤❡r❡ ✐s Σ′ ❛♥❞ Γ′ s✉❝❤ t❤❛t✿

Γ ⊢ {Σ} S {Σs , Σ
′}, Γ′

❖✉r ♠❡t❤♦❞♦❧♦❣② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

• ❋✐rst ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ operations(Γ, Σ) ✇❤✐❝❤ r❡t✉r♥s t❤❡ ❧✐st ♦❢ st❛t❡♠❡♥ts ✇❤✐❝❤
♣r♦❞✉❝❡ Σ ✉♥❞❡r t❤❡ ❡♥✈✐r♦♥♠❡♥t Γ✳ ❚❤❡ ❧✐st ♦♥❧② ❝♦♥t❛✐♥s st❛t❡♠❡♥ts ✇❤✐❝❤ ✇❡ ❛r❡
✇✐❧❧✐♥❣ t♦ ✐♥s❡rt ❛s ✐♥❢❡rr❡❞ ♦♣❡r❛t✐♦♥s✳

• ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ produce(Γ, Σ, Σ) ✇❤✐❝❤ r❡t✉r♥s ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ♣r♦❞✉❝❡s✱
❛♠♦♥❣ ♦t❤❡rs✱ ♣❡r♠✐ss✐♦♥ Σ ❢r♦♠ Σ✳

• ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ producelist(Γ, Σ, Σ′) ✇❤✐❝❤ r❡t✉r♥s ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ♣r♦❞✉❝❡s✱
❛♠♦♥❣ ♦t❤❡rs✱ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s Σ′ ❢r♦♠ Σ✳ ❋✉♥❝t✐♦♥s produce ❛♥❞ producelist ❛r❡
♠✉t✉❛❧❧② r❡❝✉rs✐✈❡✳

• ❲❡ ❛r❡ t❤❡♥ ❝❛♣❛❜❧❡ ♦❢ ♣r♦❞✉❝✐♥❣ Σs ✉s✐♥❣ produce(Γ, Σ, Σs)✳

❋✉♥❝t✐♦♥ operations ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ operations(Γ, Σ) ❜② ♣❛tt❡r♥✲♠❛t❝❤✐♥❣ ♦♥ Σ✳

• operations(Γ, ρ∅) = ∅

❚❤❡ ♦♥❧② ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ♣r♦❞✉❝❡ ρ∅ ❛r❡ ❧❡t r❡❣✐♦♥✱ ♦♥❧② ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡✱
❛♥❞ ♥❡✇✳ ❘❡❣✐♦♥ ❜✐♥❞❡rs ❛r❡ ♦♥❧② ♥❡❡❞❡❞ ❜② ❢♦❝✉s ❛♥❞ ♥❡✇ ♦♣❡r❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✻✳✺ ❞✐s✲
❝✉ss❡s ❤♦✇ r❡❣✐♦♥ ❜✐♥❞❡rs ❛r❡ ✐♥❢❡rr❡❞ ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s✳ ❚❤✐s ✐s ✇❤② operation(Γ, ρ∅)
r❡t✉r♥s t❤❡ ❡♠♣t② s❡t ♦❢ ♦♣❡r❛t✐♦♥s✳

• operations(Γ, ρ◦{f1 , · · ·, fk}) = ∅

❚❤✐s ❛ss✉♠❡s k ≥ ✶✳ ❖♥❧② ♥❡✇ ❝❛♥ ♣r♦❞✉❝❡ s✉❝❤ ❦✐♥❞ ♦❢ ♣❡r♠✐ss✐♦♥✱ ❛♥❞ ✇❡ ❞♦ ♥♦t
✇✐s❤ t♦ ✐♥❢❡r ♥❡✇ ♦♣❡r❛t✐♦♥s✳

• operations(Γ, ρ◦) = {✉♥♣❛❝❦ x}

❚❤✐s ❛ss✉♠❡s x : [ρ] ✐s ✐♥ Γ✳ ■❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s ♦❢ t②♣❡ [ρ] ❛r❡ ✐♥ Γ✱ ✇❡ ♣✐❝❦ ♦♥❡ ❛t
r❛♥❞♦♠✱ ❛s t❤❡✐r ✈❛❧✉❡ ✐s t❤❡ s❛♠❡ ✭t❤❡ ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ ♦❢ ρ✮✳
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• operations(Γ, ρ×) = {♣❛❝❦ x} ∪ A

❚❤✐s ❛ss✉♠❡s x : [ρ] ✐s ✐♥ Γ✳ ❖♣❡r❛t✐♦♥ s❡t A ✐s ❞❡✜♥❡❞ ❛s✿

✕ A = ∅ ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡❀

✕ A = {✉♥♣❛❝❦ y} ✐❢ ρ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ y .s✳

• operations(Γ, ρG) = {✇❡❛❦❡♥ ❡♠♣t② ρ, ✇❡❛❦❡♥ s✐♥❣❧❡ ρ} ∪ A ∪ B

❖♣❡r❛t✐♦♥ s❡t A ✐s ❞❡✜♥❡❞ ❛s✿

✕ A = ∅ ✐❢ ρ ✐s ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡❀

✕ A = {✉♥♣❛❝❦ y} ✐❢ ρ ✐s ❛♥ ♦✇♥❡❞ r❡❣✐♦♥ y .s✳

❖♣❡r❛t✐♦♥ s❡t B ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ❛❧❧ ✉♥❢♦❝✉s x : σ ❛s ρ ✇❤❡r❡ x : [σ] ✐s ✇❡❧❧✲t②♣❡❞
✇✐t❤ r❡s♣❡❝t t♦ Γ✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ♠❛② r❡str✐❝t t❤✐s s❡t t♦ r❡❣✐♦♥s σ s✉❝❤ t❤❛t σ −◦ ρ ✐s
❛✈❛✐❧❛❜❧❡✳

❋✉♥❝t✐♦♥ produce ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ produce(Γ, Σ, Σ, Σno) ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳
❆r❣✉♠❡♥t Σno st♦r❡s t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ✇❡ ❛r❡ ❛❧r❡❛❞② tr②✐♥❣ t♦ ♣r♦❞✉❝❡✱ t♦ ❡♥s✉r❡
t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s✳ ❚❤✐s ❛r❣✉♠❡♥t ✐s ❛❧s♦ ❛❞❞❡❞ t♦ producelist ✳

✶✳ ■❢ Σ ✐s ✐♥ Σ✱ r❡t✉r♥ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡✳

✷✳ ■❢ Σ ✐s ✐♥ Σno ✱ ❢❛✐❧✳

✸✳ ▲❡t ops ❜❡ operations(Γ, Σ)✳

✹✳ ❋♦r ❡❛❝❤ s ✐♥ ops✱ ❧❡t Σ0 ❜❡ t❤❡ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❜② s ❛♥❞ tr② t♦ ❝♦♠♣✉t❡✿
S = producelist(Γ, Σ, Σ0 , (Σno , Σ))✳

✭❛✮ ■❢ ✐t ❢❛✐❧s✱ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ♥❡①t ♦♣❡r❛t✐♦♥❀ ✐❢ t❤❡r❡ ✐s ♥♦ ♠♦r❡ ♦♣❡r❛t✐♦♥✱ ❢❛✐❧✳

✭❜✮ ❊❧s❡ r❡t✉r♥ S; s✳

❲❡ t❤❡♥ ❞❡✜♥❡✿

produce(Γ, Σ, Σ) = produce(Γ, Σ, Σ, ∅)

❋✉♥❝t✐♦♥ producelist ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥ producelist(Γ, Σ, Σ′, Σno) ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧✲
❣♦r✐t❤♠✳

✶✳ ■❢ Σ′ ✐s ❡♠♣t②✱ r❡t✉r♥ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡✳

✷✳ ❙❡❧❡❝t ❛♥② Σ ❢r♦♠ Σ′ = Σ, Σrem ✳

✸✳ ❚r② t♦ ❝♦♠♣✉t❡ S = produce(Γ, Σ, Σ, Σno)✳

✹✳ ■❢ ✐t ❢❛✐❧s✱ ❢❛✐❧✳

✺✳ ▲❡t Σ1 ❛♥❞ Γ1 s✉❝❤ t❤❛t✿

Γ ⊢ {Σ} S {Σ1}, Γ1

✻✳ ❚r② t♦ ❝♦♠♣✉t❡ S′ = producelist(Γ1 , Σ1 , Σrem , Σno)✳
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✼✳ ■❢ ✐t ❢❛✐❧s✱ ❢❛✐❧✳

✽✳ ▲❡t Σ2 ❛♥❞ Γ2 s✉❝❤ t❤❛t✿

Γ ⊢ {Σ} S; S′ {Σ2}, Γ2

✾✳ ■❢ Σ ✐s ✐♥ Σ2 ✱ r❡t✉r♥ S; S′✳

✶✵✳ ❊❧s❡✱ ❢❛✐❧✳

❲❡ t❤❡♥ ❞❡✜♥❡✿

producelist(Γ, Σ, Σ′) = producelist(Γ, Σ, Σ′, ∅)

❚❤✐s ❢✉♥❝t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ♣❡r♠✐ss✐♦♥s ♦❢ ❝♦♥s✉♠❡s ❝❧❛✉s❡s ♦❢ ❢✉♥❝t✐♦♥s✳

❏♦✐♥✐♥❣ ❇r❛♥❝❤❡s ❲❡ ❞❡t❛✐❧ t❤❡ ❝❛s❡ ✇❤❡♥ s ✐s ❛♥ ✐❢ e t❤❡♥ S1 ❡❧s❡ S2 st❛t❡♠❡♥t✳ ❲❡
❛♣♣❧② t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ r❡❝✉rs✐✈❡❧② ♦♥ S1 ❛♥❞ S2 ✱ ♦❜t❛✐♥✐♥❣ S1

′ ✇❤✐❝❤ ♣r♦❞✉❝❡s
♣❡r♠✐ss✐♦♥s Σ1 ❛♥❞ S2

′ ✇❤✐❝❤ ♣r♦❞✉❝❡s ♣❡r♠✐ss✐♦♥s Σ2 ✱ ❛♥❞ s✉❝❤ t❤❛t s ✐s ❡q✉✐✈❛❧❡♥t t♦
s ′ = ✐❢ e t❤❡♥ S1

′ ❡❧s❡ S2
′✳ ❍♦✇❡✈❡r✱ s ′ ✐s ♥♦t ✇❡❧❧✲t②♣❡❞ ✐❢ Σ1 6= Σ2 ✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ ✇❡

tr② t♦ ❝♦♠♣✉t❡ ♦♣❡r❛t✐♦♥s Sa ❛♥❞ Sb s✉❝❤ t❤❛t t❤❡r❡ ✐s Σ′ s✉❝❤ t❤❛t✿

Γ ⊢ {Σ1} Sa {Σ
′}

Γ ⊢ {Σ2} Sb {Σ
′}

❚❤✐s ❡♥s✉r❡s t❤❛t✿

s ′′ = ✐❢ e t❤❡♥ S1
′; Sa ❡❧s❡ S2

′; Sb

✐s ❡q✉✐✈❛❧❡♥t t♦ s ❛♥❞ ✐s ✇❡❧❧✲t②♣❡❞✳
❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ r❡❣✐♦♥ ρ ❛♣♣❡❛r✐♥❣ ✐♥ Σ1 ♦r Σ2 ❛♥❞ ✐♥ Γ✳ ❆ss✉♠❡ ✐t ❛♣♣❡❛rs ✐♥ Σ1 ❀ t❤❡

♦t❤❡r ❝❛s❡ ✐s s②♠♠❡tr✐❝✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ♣♦ss✐❜❧❡ ❝❛s❡ (Σ1 , Σ2 ) ✇❤❡r❡ Σ1 ✐s t❤❡ ♣❡r♠✐ss✐♦♥
♦♥ ρ ✐♥ Σ1 ❛♥❞ Σ2 ✐s t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ ρ ✐♥ Σ2 ✐❢ t❤❡r❡ ✐s ❛♥②✱ ♦r ⊥ ✐❢ t❤❡r❡ ✐s ♥♦ s✉❝❤
♣❡r♠✐ss✐♦♥✳

• ■❢ Σ1 = Σ2 ✱ ❞♦ ♥♦t❤✐♥❣✳

• Σ1 = ρ∅

✕ Σ2 = ρ◦{f1 , · · ·, fk} ✭k ≥ ✵✮ ♦r Σ2 = ρ×

❋❛✐❧✳ ❲❡ ❞♦ ♥♦t ✐♥❢❡r ❛❧❧♦❝❛t✐♦♥s✳

✕ Σ2 = ρG

❆❞❞ ✇❡❛❦❡♥ ❡♠♣t② ρ ❛t t❤❡ ❡♥❞ ♦❢ Sa ✳

✕ Σ2 = σ −◦ ρ

❆❞❞ ✇❡❛❦❡♥ ❡♠♣t② ρ ❛t t❤❡ ❡♥❞ ♦❢ Sa ✱ ❛♥❞ ❛❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢
Sb ✱ ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐❧✳

✕ Σ2 = ⊥

❋❛✐❧✳
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• Σ1 = ρ◦{f1 , · · ·, fk} ✭k ≥ ✶✮

❋❛✐❧✳

• Σ1 = ρ◦

✕ Σ2 = ρ×

❆❞❞ ✉♥♣❛❝❦ x ❛t t❤❡ ❡♥❞ ♦❢ Sb ✱ ✇❤❡r❡ x : [ρ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐❧✳

✕ Σ2 = ρG

❆❞❞ ♣❛❝❦ x ; ✇❡❛❦❡♥ s✐♥❣❧❡ ρ ❛t t❤❡ ❡♥❞ ♦❢ Sa ✱ ✇❤❡r❡ x : [ρ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s
♥♦ s✉❝❤ x ✱ ❢❛✐❧✳ ❊♥s✉r❡ ❛❧❧ ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s ♥❡❡❞❡❞ ❜② t❤❡ ♣❛❝❦ st❛t❡♠❡♥t ❛r❡
❛✈❛✐❧❛❜❧❡✱ ❜② r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✳

✕ Σ2 = σ −◦ ρ

❉♦ t❤❡ s❛♠❡ t❤❛♥ ❢♦r t❤❡ Σ2 = ρG ❝❛s❡✱ ❡①❝❡♣t ❛❧s♦ ❛❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t
t❤❡ ❡♥❞ ♦❢ Sb ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐❧✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥
σ× ♥❡❡❞❡❞ ❜② t❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❜② r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡
✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✳

✕ Σ2 = ⊥

■❢ ρ = x .s ❛♥❞ s ✐s ❞❡❝❧❛r❡❞ ❛s s✐♥❣❧❡✱ tr② ✉♥♣❛❝❦✐♥❣ t❤❡ ♦✇♥❡rs ♦❢ ρ✱ ❡♥❞✐♥❣ ✇✐t❤
x ✱ ❢r♦♠ t❤❡ ✜rst ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ tr❛♥s✐t✐✈❡ ♦✇♥❡r ♦❢ ρ ✐♥ Σ2 ✳ ■❢ t❤❡r❡
✐s ♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✱ ❢❛✐❧✳ ❊❧s❡✱ ❛❞❞ ❛❧❧ t❤❡s❡ ✉♥♣❛❝❦✐♥❣ st❛t❡♠❡♥ts ✐♥ Sb ✳ ❚❤❡♥
✉♥♣❛❝❦ y ♦❢ t②♣❡ [ρ]✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ y ✱ ❢❛✐❧✳

• Σ1 = ρ×

✕ Σ2 = ρG

❆❞❞ ✇❡❛❦❡♥ s✐♥❣❧❡ ρ ❛t t❤❡ ❡♥❞ ♦❢ Sa ✳

✕ Σ2 = σ −◦ ρ

❆❞❞ ✇❡❛❦❡♥ s✐♥❣❧❡ ρ ❛t t❤❡ ❡♥❞ ♦❢ Sa ✳ ❆❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ Sb

✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ x ✱ ❢❛✐❧✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ× ♥❡❡❞❡❞ ❜② t❤❡
✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❜② r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✳

✕ Σ2 = ⊥

■❢ ρ = x .s ❛♥❞ s ✐s ❞❡❝❧❛r❡❞ ❛s s✐♥❣❧❡✱ tr② ✉♥♣❛❝❦✐♥❣ t❤❡ ♦✇♥❡rs ♦❢ ρ✱ ❡♥❞✐♥❣ ✇✐t❤
x ✱ ❢r♦♠ t❤❡ ✜rst ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ tr❛♥s✐t✐✈❡ ♦✇♥❡r ♦❢ ρ ✐♥ Σ2 ✳ ■❢ t❤❡r❡ ✐s
♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✱ ❢❛✐❧✳ ❊❧s❡✱ ❛❞❞ ❛❧❧ t❤❡s❡ ✉♥♣❛❝❦✐♥❣ st❛t❡♠❡♥ts ✐♥ Sb ✳

• Σ1 = ρG

✕ Σ2 = σ −◦ ρ

❆❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ Sb ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤
x ✱ ❢❛✐❧✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ× ♥❡❡❞❡❞ ❜② t❤❡ ✉♥❢♦❝✉s st❛t❡♠❡♥t ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❜②
r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✳

✕ Σ2 = ⊥

■❢ ρ = x .s ❛♥❞ s ✐s ❞❡❝❧❛r❡❞ ❛s ❣r♦✉♣✱ tr② ✉♥♣❛❝❦✐♥❣ t❤❡ ♦✇♥❡rs ♦❢ ρ✱ ❡♥❞✐♥❣ ✇✐t❤
x ✱ ❢r♦♠ t❤❡ ✜rst ❛✈❛✐❧❛❜❧❡ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ tr❛♥s✐t✐✈❡ ♦✇♥❡r ♦❢ ρ ✐♥ Σ2 ✳ ■❢ t❤❡r❡ ✐s
♥♦ s✉❝❤ ♣❡r♠✐ss✐♦♥✱ ❢❛✐❧✳ ❊❧s❡✱ ❛❞❞ ❛❧❧ t❤❡s❡ ✉♥♣❛❝❦✐♥❣ st❛t❡♠❡♥ts ✐♥ Sb ✳



✻✳✹✳ ❚❊❘▼■◆❆❚■❖◆✱ ❙❖❯◆❉◆❊❙❙ ❆◆❉ ❈❖▼P▲❊❚❊◆❊❙❙ ✶✼✺

• Σ1 = σ −◦ ρ

✕ Σ2 = σ′ −◦ ρ ✭✇✐t❤ σ 6= σ′✮

❆❞❞ ✉♥❢♦❝✉s x : σ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ Sa ✇❤❡r❡ x : [σ] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤
x ✱ ❢❛✐❧✳ ❆❞❞ ✉♥❢♦❝✉s y : σ′ ❛s ρ ❛t t❤❡ ❡♥❞ ♦❢ Sb ✇❤❡r❡ y : [σ′] ✐s ✐♥ Γ✳ ■❢ t❤❡r❡ ✐s
♥♦ s✉❝❤ y ✱ ❢❛✐❧✳ ❊♥s✉r❡ ♣❡r♠✐ss✐♦♥ σ× ❛♥❞ σ′× ♥❡❡❞❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ✉♥❢♦❝✉s

st❛t❡♠❡♥t ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❜② r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✳

✕ Σ2 = ⊥

❋❛✐❧✳

❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ❛r❡ s②♠♠❡tr✐❝✳ ❲❡ st❛rt ✇✐t❤ Sa ❛♥❞ Sb ❜❡✐♥❣ ❡♠♣t②✳ ❊❛❝❤ r✉❧❡ ❡♥s✉r❡s
t❤❛t Σ1 ❛♥❞ Σ2 ❛r❡ ❝♦♥s✉♠❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❜② ✐❞❡♥t✐❝❛❧ ♣❡r♠✐ss✐♦♥s✳ ❊❛❝❤ t✐♠❡ ❛ r✉❧❡ ✐s
❛♣♣❧✐❡❞✱ ✇❡ r❡♠♦✈❡ t❤❡s❡ ✐❞❡♥t✐❝❛❧ ♣❡r♠✐ss✐♦♥s ❢r♦♠ Σ1 ❛♥❞ Σ2 ✳ ❆❧❧ t❤❡s❡ r✉❧❡s ❛r❡ ❛♣♣❧✐❡❞
✐♥ ❛♥② ♦r❞❡r ✉♥t✐❧ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡♠ ❢❛✐❧s✱ ♦r Σ1 = Σ2 = ∅✳

◆♦t✐❝❡ t❤❛t ✇❤❡♥ ❛ r❡❣✐♦♥ ✐s ♦♣❡♥❡❞ ✐♥ ❛ ❜r❛♥❝❤ ❛♥❞ ❝❧♦s❡❞ ✐♥ t❤❡ ♦t❤❡r✱ ✇❡ ♠❛❞❡ t❤❡
❝❤♦✐❝❡ ♦❢ ✉♥♣❛❝❦✐♥❣ t❤❡ r❡❣✐♦♥ ✐♥ t❤❡ ❧❛tt❡r ✐♥st❡❛❞ ♦❢ ♣❛❝❦✐♥❣ ✐t ✐♥ t❤❡ ❢♦r♠❡r✳ ❚❤❡ r❡❛s♦♥
✐s t❤❛t ♣❛❝❦✐♥❣ ❣❡♥❡r❛t❡s ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥✳ ■❢ t❤❡ r❡❣✐♦♥ ✐s r❡q✉✐r❡❞ t♦ ❜❡ ❝❧♦s❡❞ ❛❢t❡r
t❤❡ ✐❢ st❛t❡♠❡♥t✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✇✐❧❧ ✉♥♣❛❝❦ ✐t ❛❢t❡r t❤❡ ✐❢ st❛t❡♠❡♥t✳ ❚❤❡ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥ ✇✐❧❧ t❤❡♥ ❜❡ s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ✇✐t❤ t❤❡ t✇♦ ❜r❛♥❝❤❡s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t✱
♦♥❡ ♦❢ t❤❡♠ ❜❡✐♥❣ tr✐✈✐❛❧ ❛s t❤❡ r❡❣✐♦♥ ✇❛s ❝❧♦s❡❞ s♦ t❤❡ ✐♥✈❛r✐❛♥t ❤❡❧❞✳

✻✳✹ ❚❡r♠✐♥❛t✐♦♥✱ ❙♦✉♥❞♥❡ss ❛♥❞ ❈♦♠♣❧❡t❡♥❡ss

❚❡r♠✐♥❛t✐♦♥ ❲❡ ♥♦✇ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠✳ ❋✐rst✱ ✇❡ ♣r♦✈❡
t❤❛t ✐t t❡r♠✐♥❛t❡s✳

❚❤❡♦r❡♠ ✶✸ ✭❚❡r♠✐♥❛t✐♦♥✮ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ♦♥ ❛❧❧ ✐♥♣✉ts✳

Pr♦♦❢✳ Pr♦✈✐♥❣ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ r❡❣✐♦♥ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ t❡r♠✐♥❛t❡
✐s str❛✐❣❤t❢♦r✇❛r❞✳ Pr♦✈✐♥❣ t❤❛t ❢✉♥❝t✐♦♥s produce ❛♥❞ producelist t❡r♠✐♥❛t❡ ✐s ❛❧s♦ ❡❛s②✿ t❤❡
♠❛✐♥ ❛r❣✉♠❡♥t ✐s t❤❛t ❛r❣✉♠❡♥t Σno str✐❝t❧② ❣r♦✇s ❡❛❝❤ t✐♠❡ produce ✐s ❝❛❧❧❡❞ r❡❝✉rs✐✈❡❧②✱
❛♥❞ ❝❛♥♥♦t ❣r♦✇ ♠♦r❡ t❤❛♥ t❤❡ s❡t ♦❢ ❛❧❧ ♣❡r♠✐ss✐♦♥s ♦♥ ✇❡❧❧✲t②♣❡❞ r❡❣✐♦♥s✱ ✇❤✐❝❤ ✐s ✜♥✐t❡✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❥♦✐♥✐♥❣ ❜r❛♥❝❤❡s t❡r♠✐♥❛t❡s✳ ❘❡❝✉rs✐✈❡ ❝❛❧❧s t♦ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠
❛r❡ ♦♥❧② ❞♦♥❡ t♦ ♣r♦❞✉❝❡ ♣❡r♠✐ss✐♦♥s ♦❢ t❤❡ ❢♦r♠ ρ×✱ s♦ t❤❡ r❡❝✉rs✐✈❡ ❝❛❧❧ ✇✐❧❧ ♥♦t tr② t♦
❥♦✐♥ ♦t❤❡r ❜r❛♥❝❤❡s✳ ❲❡ r❡♠♦✈❡ ♣❡r♠✐ss✐♦♥s ❢r♦♠ Σ1 ❛♥❞ Σ2 ❡❛❝❤ t✐♠❡ ❛ r✉❧❡ ✐s ❛♣♣❧✐❡❞
s✉❝❝❡ss❢✉❧❧②✱ ❜✉t ✇❡ ❛❧s♦ s♦♠❡t✐♠❡s ♦❜t❛✐♥ ♥❡✇ ♣❡r♠✐ss✐♦♥s ✇❤❡♥ ✉♥♣❛❝❦✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡s❡
♥❡✇ ♣❡r♠✐ss✐♦♥s ❛r❡ ♦♥❧② ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✱ ♦♥ ✇❤✐❝❤ t❤❡r❡ ❛❧r❡❛❞② ✇❛s ❛ ♣❡r♠✐ss✐♦♥ ✐♥ t❤❡
♦t❤❡r ❜r❛♥❝❤✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ t❡r♠✐♥❛t✐♦♥ ❛r❣✉♠❡♥t ✐s t❤✉s t❤❛t ✇❡ ❝❛♥♥♦t ❣r♦✇ ❛
♣❡r♠✐ss✐♦♥ s❡t ♠♦r❡ t❤❛♥ s♦♠❡ ❜♦✉♥❞❛r② ❣✐✈❡♥ ❜② t❤❡ ♣❡r♠✐ss✐♦♥ s❡t ♦❢ t❤❡ ♦t❤❡r ❜r❛♥❝❤ ❛t
t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ✷

❙♦✉♥❞♥❡ss ❲❡ t❤❡♥ ♣r♦✈❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s s♦✉♥❞✳

❚❤❡♦r❡♠ ✶✹ ✭❙♦✉♥❞♥❡ss✮ ●✐✈❡♥ ✐♥♣✉ts Γ✱ Σ ❛♥❞ S✱ ✐❢ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t
❢❛✐❧✱ ✐t r❡t✉r♥s st❛t❡♠❡♥t S′ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ S✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ Σ′ ❛♥❞ Γ′ s✉❝❤
t❤❛t✿

Γ ⊢ {Σ} S′ {Σ′}, Γ′
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Pr♦♦❢✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❛t S′ ✐s ❡q✉✐✈❛❧❡♥t t♦ S✳ ❚❤❡ ♠❛✐♥ ❧♦♦♣ ❛❧✇❛②s ❛❞❞s s t♦ S′ ❜❡❢♦r❡
r❡♠♦✈✐♥❣ s ❢r♦♠ S✳ ❚❤✐s s ♠❛② ❤❛✈❡ ❜❡❡♥ ♠♦❞✐✜❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t✱ ❜✉t ♦♥❧② ❜② r❡♣❧❛❝✐♥❣
s♦♠❡ s✉❜✲❡①♣r❡ss✐♦♥s e ✇✐t❤ ✈❛r✐❛❜❧❡s x ✇❤♦s❡ ✈❛❧✉❡ ✐s ❜♦✉♥❞ t♦ e ❥✉st ❜❡❢♦r❡ s✳

❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t S′ ✐s ✇❡❧❧✲t②♣❡❞✳ ❚❤❡ ✉♥✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✭❛❧♦♥❣ ✇✐t❤ r❡❣✐♦♥
❝♦♥str❛✐♥ts✮ ❡♥s✉r❡s t❤❛t t❤❡ t②♣❡s ❛r❡ ❝♦rr❡❝t✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ♣❡r♠✐ss✐♦♥s ❛r❡ ❝♦rr❡❝t✳
■♥ t❤❡ ♠❛✐♥ ❧♦♦♣✱ t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❜② s✱ ❞❡♥♦t❡❞ Σs ✱ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t②♣✐♥❣
r✉❧❡s✳ ❆ss✉♠✐♥❣ Sprod ✐s ❝♦♠♣✉t❡❞ s✉❝❤ t❤❛t✿

Γ ⊢ {Σ} Sprod {Σs , Σrem}, Γ
′

t❤❡♥ Σs ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛♥❞ t❤✉s Sprod ; s ✐s ✇❡❧❧✲t②♣❡❞✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t Sprod ✐s ❝♦♠♣✉t❡❞
✐♥ s✉❝❤ ❛ ❢❛s❤✐♦♥✳ ❋✐rst ✇❡ ♣r♦✈❡ ❢r♦♠ t②♣✐♥❣ r✉❧❡s t❤❛t operations(Γ, Σ) r❡t✉r♥s ❛ s❡t ♦❢
✇❡❧❧✲t②♣❡❞ st❛t❡♠❡♥ts ✇❤✐❝❤ ❛❧❧ ❤❛♣♣❡♥ t♦ ♣r♦❞✉❝❡ Σ✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t
produce ❛♥❞ producelist r❡t✉r♥ ✇❡❧❧✲t②♣❡❞ s❡q✉❡♥❝❡s r❡t✉r♥✐♥❣ t❤❡ r❡q✉✐r❡❞ ♣❡r♠✐ss✐♦♥ ♦r s❡t
♦❢ ♣❡r♠✐ss✐♦♥s✳ ❋♦r produce ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❋♦r producelist ✱ ✇❡ ♥♦t❡ t❤❛t ✈❛r✐❛❜❧❡ Σ2

❝♦♥t❛✐♥s Σrem ❜② ✐♥❞✉❝t✐♦♥✱ ❛♥❞ Σ t❤❛♥❦s t♦ t❤❡ t❡st✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t ❜r❛♥❝❤❡s ❛r❡
❥♦✐♥❡❞ ❝♦rr❡❝t❧② ❜② ♥♦t✐♥❣ t❤❛t ❛❧❧ ✐♥❢❡rr❡❞ st❛t❡♠❡♥ts ❛r❡ ✇❡❧❧✲t②♣❡❞✳ ✷

❈♦♠♣❧❡t❡♥❡ss❄ ■❞❡❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r♦✈❡ ❛ t❤❡♦r❡♠ st❛t✐♥❣ t❤❛t ✐❢ ❛ ❈❛♣✉❝✐♥❡ ♣r♦✲
❣r❛♠ ❝❛♥ ❜❡ ❛♥♥♦t❛t❡❞ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ✐ts r❡s✉❧t s✉❝❤ t❤❛t t❤❡ ♣r♦❣r❛♠ ❜❡❝♦♠❡s ✇❡❧❧✲t②♣❡❞✱
t❤❡♥ t❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ✜♥❞s s✉❝❤ ❛♥♥♦t❛t✐♦♥s✳ ❲❡ ❝♦✉❧❞ ♥♦t ✜♥❞ ❛♥② ❝♦✉♥t❡r✲❡①❛♠♣❧❡✱
❛♥❞ ✇❡ ❜❡❧✐❡✈❡ t❤❛t s✉❝❤ ❛ t❤❡♦r❡♠ ❝♦✉❧❞ ❜❡ ♣r♦✈❡♥✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥
✉s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❤❡❧♣ ✉s ✇r✐t❡ ♠♦r❡ ❝♦♥❝✐s❡ ❡①❛♠♣❧❡s t❤❛♥ ✇❡ ❛r❡ ✐♥ ♣r♦✈✐♥❣ t❤❛t ✐t ✐s
❛❝t✉❛❧❧② ❝♦♠♣❧❡t❡✳ ❙♦ ❢❛r✱ ✇❡ ❛r❡ ♣❧❡❛s❡❞ ✇✐t❤ t❤❡ r❡s✉❧ts✳

❲❡ ♥❡✈❡rt❤❡❧❡ss ❣✐✈❡ s♦♠❡ ✐♥t✉✐t✐♦♥s ❛❜♦✉t ❝♦♠♣❧❡t❡♥❡ss✳ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ✐s ❞❡✲
✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♠♦r❡ ❜❛❝❦tr❛❝❦✐♥❣ ❝♦✉❧❞ ❜❡ ❞♦♥❡ t♦ ✜♥❞ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥s✳ ❍♦✇❡✈❡r✱
♦✉r ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r② t❤❛♥❦s t♦ ♣r♦♣❡rt✐❡s ❛❜♦✉t r❡❣✐♦♥ tr❡❡s✳

❲❡ ❛❧r❡❛❞② st❛t❡❞ t❤❛t ✇❤❡♥ ❛♣♣❧②✐♥❣ ♠✉❧t✐♣❧❡ r❡❣✐♦♥ ❝♦♥str❛✐♥ts✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡♠ ✐♥
❛♥② ♦r❞❡r ❜❡❝❛✉s❡ ✐❢ ❛♥② ♦r❞❡r ❢❛✐❧s✱ t❤❡♥ ✐t ♠❡❛♥s t❤❛t ❛ ♣♦✐♥t❡r s❤♦✉❧❞ ❜❡ ✐♥ t✇♦ r❡❣✐♦♥s ❛t
t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ t❤✉s ❛❧❧ ♦t❤❡r ♦r❞❡rs ✇✐❧❧ ❢❛✐❧ ❛s ✇❡❧❧✳

❚❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ ✇❡ ❛♣♣❧② t❤❡ r✉❧❡s t♦ ❥♦✐♥ ❜r❛♥❝❤❡s ❞♦❡s ♥♦t ♠❛tt❡r ❡✐t❤❡r✳ ❚❤❡
✐♥t✉✐t✐♦♥ ✐s t❤❛t ✇❡ ❝❛♥ ✜rst ✉♥♣❛❝❦ ❡✈❡r②t❤✐♥❣ t❤❛t ♥❡❡❞s t♦ ❜❡ ✉♥♣❛❝❦❡❞✳ ■♥❞❡❡❞✱ ❛ss✉♠❡
✇❡ ❛♣♣❧② ❛ r✉❧❡ A ✇❤✐❝❤ ❞♦❡s ♥♦t ✐♠♣❧② ✉♥♣❛❝❦✐♥❣ ❜❡❢♦r❡ ❛ r✉❧❡ B ✇❤✐❝❤ ✐♠♣❧✐❡s ✉♥♣❛❝❦✐♥❣✳
■❢ ✇❡ ❝❛♥♥♦t ❛♣♣❧② A ❛❢t❡r B✱ t❤❡♥ A ✐♠♣❧✐❡s s♦♠❡ ✇❡❛❦❡♥✐♥❣ ♦r ✉♥❢♦❝✉s✐♥❣ ✇❤✐❝❤ ✇♦✉❧❞
❝♦♥s✉♠❡ s♦♠❡ ♣❡r♠✐ss✐♦♥ ✇❤✐❝❤ ✇♦✉❧❞ ♣r❡✈❡♥t B ❢r♦♠ ❜❡✐♥❣ ❛♣♣❧✐❡❞ ❛❢t❡r A✳ ❙♦ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t ❛❧❧ ✉♥♣❛❝❦✐♥❣ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ❛♥❞ t❤❛t ❡❛❝❤ ♣❡r♠✐ss✐♦♥ ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣
♣❡r♠✐ss✐♦♥ ✐♥ t❤❡ ♦t❤❡r ❜r❛♥❝❤✳ ❲❡ t❤❡♥ s❤♦✇ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ r✉❧❡s t❤❛t ❞♦ ♥♦t ✐♠♣❧② ❛♥②
✉♥♣❛❝❦✐♥❣ t❤❛t ✇❡ ❝❛♥ s✇✐t❝❤ t❤❡ ♦r❞❡r ♦❢ t❤❡ t✇♦ r✉❧❡s✱ ❛s t❤❡② ❞❡❛❧ ✇✐t❤ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳
❚❤❡r❡ ✐s ♦♥❡ ❡①❝❡♣t✐♦♥✱ ✇❤✐❝❤ ✐s ✐❢ ❛♥ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐s ❣❡♥❡r❛t❡❞✳ ❇✉t ♦♥❝❡ ❛❣❛✐♥✱ ✐t
✇♦✉❧❞ ✐♠♣❧② t❤❛t t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ s♦✉r❝❡ r❡❣✐♦♥ ✐s ♥❡❡❞❡❞ ❛❢t❡r✇❛r❞s✳

■t r❡♠❛✐♥s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✇❤❡t❤❡r produce ❛♥❞ producelist ❝♦✉❧❞ ✉s❡ ♠♦r❡ ❜❛❝❦tr❛❝❦✐♥❣
♦r ♥♦t✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡② ❞♦ ♥♦t✱ ❜✉t ✐t r❡♠❛✐♥s t♦ ❜❡ ♣r♦✈❡❞✳

✻✳✺ ❙✐♠♣❧✐❢② ❆❧❧♦❝❛t✐♦♥ ❛♥❞ ❋♦❝✉s

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛❧t❡r♥❛t✐✈❡ ✈❡rs✐♦♥s ♦❢ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❢♦❝✉s ✐♥ ♦r❞❡r t♦ ❡❛s❡ t❤❡ ✇♦r❦ ♦❢
t❤❡ ♣r♦❣r❛♠♠❡r✳ ❚❤✐s ✐♠♣❧✐❡s ❛❞❞✐♥❣ ❛ ♥❡✇ st❡♣ ♦❢ ✐♥❢❡r❡♥❝❡ ❜❡❢♦r❡ t❤❡ st❡♣s ✇❡ ❛❧r❡❛❞②
♣r❡s❡♥t❡❞✳ ■♥❞❡❡❞✱ t❤✐s ♥❡✇ st❡♣ ✐s ❞♦♥❡ ❛t t❤❡ ❜✐♥❞✐♥❣ st❛❣❡ ♦❢ t②♣✐♥❣✳
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❆❧❧♦❝❛t✐♦♥ ❚❤❡ ♥❡✇ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❧♦❝❛t✐♦♥ st❛t❡♠❡♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❧❡t x = ♥❡✇ C

❈♦♠♣❛r❡❞ t♦ t❤❡ ♦❧❞ ♦♥❡✱ t❤❡ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤✐s
♦♣❡r❛t✐♦♥ ✐s ❛✉t♦♠❛t✐❝❛❧❧② r❡♣❧❛❝❡❞ ❜②✿

❧❡t x = ♥❡✇ C [r ]

✇❤❡r❡ r ✐s ❛ ❢r❡s❤ r❡❣✐♦♥ ♥❛♠❡✳ ❆ r❡❣✐♦♥ ❜✐♥❞❡r✿

❧❡t r❡❣✐♦♥ r : C

✐s ❛❞❞❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝✉rr❡♥t ✐♥♥❡r♠♦st ❜❧♦❝❦✳ ❆ ❜❧♦❝❦ ✐s ❡✐t❤❡r ❛ ❜r❛♥❝❤ ♦❢ ❛♥
✐❢ st❛t❡♠❡♥t✱ ♦r t❤❡ ❜♦❞② ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ■t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r t❤❡ s❝♦♣❡ ♦❢ r t♦ ❜❡ ❧♦♥❣❡r
t❤❛♥ t❤❡ s❝♦♣❡ ♦❢ x ✱ ❛♥❞ t❤❡ s❝♦♣❡ ♦❢ x ✐s t❤❡ ❝✉rr❡♥t ✐♥♥❡r♠♦st ❜❧♦❝❦✳

❋♦❝✉s ❚❤❡ ♥❡✇ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢♦❝✉s st❛t❡♠❡♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❢♦❝✉s x : ρ

❈♦♠♣❛r❡❞ t♦ t❤❡ ♦❧❞ ♦♥❡✱ t❤❡ t❛r❣❡t r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s
❛✉t♦♠❛t✐❝❛❧❧② r❡♣❧❛❝❡❞ ❜②✿

❢♦❝✉s x : ρ ❛s r

✇❤❡r❡ r ✐s ❛ ❢r❡s❤ r❡❣✐♦♥ ♥❛♠❡✱ ❜♦✉♥❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ t❤❛♥ t❤❡ ❢r❡s❤ r❡❣✐♦♥ ✐s ❜♦✉♥❞ ❢♦r
❛❧❧♦❝❛t✐♦♥✳ ■t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r t❤❡ s❝♦♣❡ ♦❢ r t♦ ❜❡ ❧♦♥❣❡r t❤❛♥ t❤❡ s❝♦♣❡ ❞✉r✐♥❣ ✇❤✐❝❤
t❤❡ t②♣❡ ♦❢ x ❝❤❛♥❣❡s ❢r♦♠ ρ t♦ r ✱ ✐✳❡✳ t❤❡ ❝✉rr❡♥t ✐♥♥❡r♠♦st ❜❧♦❝❦✳

❙②♥❡r❣② ❲✐t❤ ❆❞♦♣t✐♦♥ ■♥❢❡r❡♥❝❡ ❚❤❡ q✉❡st✐♦♥ ✇❤✐❝❤ ❝♦♠❡s t♦ ♠✐♥❞ ✐♠♠❡❞✐❛t❡❧② ✐s✿
❜✉t ✇❤❛t ✐❢ t❤❡ ✉s❡r ❞✐❞ ♥♦t ✇❛♥t t♦ ♣✉t t❤❡ ♣♦✐♥t❡r ✐♥ ❛ ❢r❡s❤ r❡❣✐♦♥✱ ❜✉t ✐♥ ❛♥ ❡①✐st✐♥❣
r❡❣✐♦♥ ✐♥st❡❛❞❄ ❋✐rst✱ t❤❡ ♦❧❞ ♦♣❡r❛t✐♦♥ ✐s st✐❧❧ ❛✈❛✐❧❛❜❧❡ ✐❢ ♥❡❡❞❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ❛❞♦♣t✐♦♥
✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✻✳✸ ❝❛♥ s♦♠❡t✐♠❡s ❛✉t♦♠❛t✐❝❛❧❧② ✐♥s❡rt ❛♥ ❛❞♦♣t

♦♣❡r❛t✐♦♥ t♦ ♠♦✈❡ t❤❡ ♣♦✐♥t❡r ❢r♦♠ t❤❡ ❢r❡s❤ r❡❣✐♦♥ t♦ ✐ts ✐♥t❡♥❞❡❞ r❡❣✐♦♥✳
❍♦✇❡✈❡r✱ ❛❞♦♣t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ❞♦♥❡ ❢r♦♠ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✳ ■❢ t❤❡

t❛r❣❡t r❡❣✐♦♥ ρ ✐s ❡♠♣t② ✭♣❡r♠✐ss✐♦♥ ρ∅✮✱ ❛❞♦♣t✐♥❣ ❛ ♣♦✐♥t❡r ✐♥t♦ ✐t r❡s✉❧ts ✐♥ ♣❡r♠✐ss✐♦♥ ρG

✇❤✐❧❡ ρ× ✇♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ♣♦ss✐❜❧❡✳ P❡r♠✐ss✐♦♥ ρ× ✐s str♦♥❣❡r ❛♥❞ ✐s t❤✉s ♣r❡❢❡r❛❜❧❡✳ ■t
✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳ ❚❤✐s ✐s ♦♥❡ ♠♦t✐✈❛t✐♦♥ ❢♦r
❛❞❞✐♥❣ ♠♦r❡ ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥s t♦ ❈❛♣✉❝✐♥❡✳ ❙❡❡ ❙❡❝t✐♦♥ ✼✳✷✳✹ ❢♦r ♠♦r❡ ❞✐s❝✉ss✐♦♥✳

❊①❛♠♣❧❡ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t♦r✿

❢✉♥ newLong [r : Long ] (): [r ]
❝♦♥s✉♠❡s r∅

♣r♦❞✉❝❡s r×

{
❧❡t x = ♥❡✇ Long ;
r❡t✉r♥ x

}

❚❤❡ ❜♦❞② ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❡①♣❛♥❞❡❞ ✐♥t♦✿
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{
❧❡t r❡❣✐♦♥ s: Long ;
❧❡t x = ♥❡✇ Long [s];
r❡t✉r♥ x

}

❚❤❡ ✉♥✐✜❝❛t✐♦♥ ♦❢ t❤❡ t②♣❡ [s] ♦❢ t❤❡ r❡t✉r♥❡❞ ❡①♣r❡ss✐♦♥ x ✱ ✇✐t❤ ❡①♣❡❝t❡❞ r❡t✉r♥ t②♣❡ [r ]✱
tr✐❣❣❡rs t❤❡ ✐♥s❡rt✐♦♥ ♦❢ ❛♥ ❛❞♦♣t✐♦♥✿

{
❧❡t r❡❣✐♦♥ s: Long ;
❧❡t x = ♥❡✇ Long [s];
❛❞♦♣t x ❛s r ;
r❡t✉r♥ x

}

❆ss✉♠✐♥❣ ❛❞♦♣t✐♦♥ ♣r♦❞✉❝❡s r× ✐♥st❡❛❞ ♦❢ rG ✭s❡❡ ❙❡❝t✐♦♥ ✼✳✷✳✹✮✱ t❤✐s ❜♦❞② ✐s ♥♦✇ ✇❡❧❧✲t②♣❡❞✳

✻✳✻ ❊①♣❡r✐♠❡♥ts

❊①❛♠♣❧❡s ♦❢ ❈❤❛♣t❡r ✸ ✐❧❧✉str❛t❡ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✳ ■♥❞❡❡❞✱ t❤❡r❡ ❛r❡ ❛❧♠♦st ♥♦ r❡❣✐♦♥
♦♣❡r❛t✐♦♥s✿ t❤❡② ❛r❡ ❛❧❧ ✐♥❢❡rr❡❞✳ ❚❤❡ ♦♥❧② ♦♣❡r❛t✐♦♥s t❤❛t ❛r❡ ❧❡❢t ❛♥❞ t❤❛t ✇❡ ✇♦✉❧❞ ✇❛♥t
t♦ ✐♥❢❡r ❛r❡✿

• t❤❡ ❛❞♦♣t st❛t❡♠❡♥t✱ t❤❡ ❧❡t r❡❣✐♦♥ ❛♥❞ t❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ♥❡✇ ✐♥ ❢✉♥❝t✐♦♥ addStudent ❀

• t❤❡ ❢♦❝✉s ♦♣❡r❛t✐♦♥✱ ✐ts ❛ss♦❝✐❛t❡❞ ❧❡t r❡❣✐♦♥ ❛♥❞ t❤❡ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥ ✐♥ ❢✉♥❝t✐♦♥
changeMark ❀

• t❤❡ r❡❣✐♦♥s ✐♥ ✇❤✐❝❤ ♥❡✇ st❛t❡♠❡♥ts ❛❧❧♦❝❛t❡ t❤❡✐r ♣♦✐♥t❡rs✱ ✐♥ ♦t❤❡r ❢✉♥❝t✐♦♥s✳

❆❧❧ t❤♦s❡ st❛t❡♠❡♥ts ❛r❡ ❛❝t✉❛❧❧② ♥♦t ♥❡❝❡ss❛r② ❛s t❤❡② ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❛s ✇❡❧❧✳ ❲❡ ♦♥❧② ❧❡❢t
t❤❡♠ t♦ ✐❧❧✉str❛t❡ t❤❡✐r ✉s❡✳ ❚♦ s✉♠ ✉♣✱ t❤❡ ♦♥❧② ❛♥♥♦t❛t✐♦♥s r❡❧❛t❡❞ t♦ r❡❣✐♦♥s ✇❤✐❝❤ ❛r❡
♥❡❡❞❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡s ♦❢ ❈❤❛♣t❡r ✸ ❛r❡ ❢✉♥❝t✐♦♥ ❝♦♥tr❛❝ts ✭r❡❣✐♦♥s ♦❢ ♣♦✐♥t❡r ❛r❣✉♠❡♥ts✱
❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥s✮ ❛♥❞ ✉s❡ st❛t❡♠❡♥ts✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ✐♥❢❡r❡♥❝❡
❛❧❣♦r✐t❤♠ ✐s q✉✐t❡ ❤❛♥❞② ✐♥ ♣r❛❝t✐❝❡✳

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❢✉❧❧②✲❛♥♥♦t❛t❡❞ ✈❡rs✐♦♥ ♦❢ addStudent ✿

❢✉♥ addStudent [Rc: Course] (c: [Rc], m: int): [c.Rstudents]
❝♦♥s✉♠❡s Rc×

♣r♦❞✉❝❡s Rc×

♣♦st · · ·
{
✉s❡ ✐♥✈❛r✐❛♥t c;
❧❡t r❡❣✐♦♥ Rstud : Student ;
❧❡t s = ♥❡✇ [Rstud ];
s.mark ← m;
✉s❡ · · ·;
♣❛❝❦ s;
❛❞♦♣t s: Rstud ❛s c.Rstudents;
✉♥♣❛❝❦ c;



✻✳✼✳ ❈❖◆❈▲❯❙■❖◆ ✶✼✾

c.students ← store (c.students, c.count , s);
c.sum ← c.sum + m;
c.count ← c.count + ✶;
♣❛❝❦ c;
r❡t✉r♥ s

}

❈♦♠♣❛r❡ t❤✐s ✇✐t❤ t❤❡ ❧✐❣❤t✇❡✐❣❤t ✈❡rs✐♦♥ ✇❤✐❝❤ ✉s❡s t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠✿

❢✉♥ addStudent [Rc: Course] (c: [Rc], m: int): [c.Rstudents]
❝♦♥s✉♠❡s Rc×

♣r♦❞✉❝❡s Rc×

♣♦st · · ·
{
✉s❡ ✐♥✈❛r✐❛♥t c;
❧❡t s = ♥❡✇ Student ;
s.mark ← m;
✉s❡ · · ·;
c.students ← store (c.students, c.count , s);
c.sum ← c.sum + m;
c.count ← c.count + ✶;
r❡t✉r♥ s

}

❲❡ r❡♠♦✈❡❞ ✺ ❧✐♥❡s ♦❢ ❝♦❞❡ ♦✉t ♦❢ ❧❡ss t❤❛♥ ✷✵✳
❚❤❡ t✐♠❡ t❛❦❡♥ t♦ ✐♥❢❡r ❛♥❞ t②♣❡ ❛ ❈❛♣✉❝✐♥❡ ♣r♦❣r❛♠ ✐s ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳ ■t t❛❦❡s

❧❡ss t❤❛♥ ✶✻♠s ♦♥ ❛♥ ■♥t❡❧ ❈♦r❡ ✷ ❉✉♦ ❈P❯ ❊✻✽✺✵ ❛t ✸✳✵✵●❍③ ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛② ❡①❛♠♣❧❡✱
❛♥❞ ❧❡ss t❤❛♥ ✶✹♠s ❢♦r t❤❡ ❈♦✉rs❡ ❡①❛♠♣❧❡✳ ◆♦t❡ t❤❛t ♠♦st ♦❢ t❤✐s t✐♠❡ ✐s ❛❝t✉❛❧❧② s♣❡♥t
❧♦❣❣✐♥❣ ✈❛r✐♦✉s ❞❡❜✉❣❣✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✭✶✻✸ ❧✐♥❡s ♦❢ t❡①t ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛② ❡①❛♠♣❧❡ ❛♥❞
✶✾✹ ❧✐♥❡s ❢♦r t❤❡ ❈♦✉rs❡ ❡①❛♠♣❧❡✮ ✉s✐♥❣ printf ❝♦♠♠❛♥❞s✳ ❆❧s♦ ♥♦t❡ t❤❛t ✇❡ ❞✐❞ ♥♦t tr② t♦
♦♣t✐♠✐③❡ t❤❡ ❛❧❣♦r✐t❤♠ ❛t ❛❧❧✳

✻✳✼ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ ✐♥❢❡r t❡❞✐♦✉s ❛♥♥♦t❛t✐♦♥s t♦ ❧✐❣❤t❡♥ t❤❡ ✇♦r❦ ♦❢ t❤❡ ✉s❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✿

• ♠♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ ✉s❡r ❞♦ ♥♦t ❤❛✈❡ t♦ ❛♥♥♦t❛t❡ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ♣♦✐♥t❡rs ❛r❡
❛❧❧♦❝❛t❡❞❀

• ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥s❡rt❡❞ ✐❢ ♥❡❝❡ss❛r② ✇❤❡♥ ❛ ♣♦✐♥t❡r ✐s
♠♦❞✐✜❡❞❀

• ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ❛r❡ ❛❧s♦ ✐♥s❡rt❡❞ ✇❤❡♥ ❛ ❢✉♥❝t✐♦♥ ❝❛❧❧ ❡①♣❡❝ts ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥✱ ✐❢
❛ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ r❡❣✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡❀

• ♣❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥s❡rt❡❞ ✐❢ ♥❡❝❡ss❛r② ❛s ✇❡❧❧❀

• ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥s❡rt❡❞ ✇❤❡♥ t❤❡ ♣♦✐♥t❡r t♦ ❜❡ ❛❞♦♣t❡❞ ✐s ❛✈❛✐❧✲
❛❜❧❡ ❛s ❛ ✈❛r✐❛❜❧❡✳

Pr❛❝t✐❝❡ s❤♦✇s t❤❛t t❤✐s ♠❛❦❡s t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡ ♠✉❝❤ ❡❛s✐❡r t♦ ♣r♦❣r❛♠ ✇✐t❤✳ ❍♦✇❡✈❡r✱
s♦♠❡ ❛♥♥♦t❛t✐♦♥s ❛r❡ ♥♦t ✐♥❢❡rr❡❞✱ ♥♦t❛❜❧②✿
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• r❡❣✐♦♥ ❛r❣✉♠❡♥ts✱ ❝♦♥s✉♠❡s ❛♥❞ ♣r♦❞✉❝❡s ❝❧❛✉s❡s ♦❢ ❢✉♥❝t✐♦♥s❀

• ❛❞♦♣t✐♦♥ ♦❢ ❝♦♠♣❧❡① ❡①♣r❡ss✐♦♥s✳

❲❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ ✇❤② t❤♦s❡ ✇❡r❡ ♥♦t ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r ✐♥❢❡r❡♥❝❡✳

❲❤✐❧❡ ▲♦♦♣s ❚❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❧♦♦♣s✳ ❲❡ ❡♥❝♦❞❡ t❤❡♠ ✉s✐♥❣
r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥ ❝❛❧❧s✳ ■❢ ✇❤✐❧❡ ❧♦♦♣s ✇❡r❡ t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❝♦r❡ ❧❛♥❣✉❛❣❡✱ t❤❡② s❤♦✉❧❞ ❜❡
❛♥♥♦t❛t❡❞ ✉s✐♥❣ ❛ ♣❡r♠✐ss✐♦♥ ✐♥✈❛r✐❛♥t✱ ✐✳❡✳ ❛ ❧✐st ♦❢ ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❛✈❛✐❧❛❜❧❡
❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❧♦♦♣✳ ❚❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞
t❤❡♥ ✉s❡ t❤✐s ♣❡r♠✐ss✐♦♥ ✐♥✈❛r✐❛♥t ❛s t❤❡ s❡t ♦❢ ♣❡r♠✐ss✐♦♥s ❝♦♥s✉♠❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ❜❛❝❦ ❜②
t❤❡ ❧♦♦♣ ❜♦❞②✳



❈❤❛♣t❡r ✼

❈♦♥❝❧✉s✐♦♥

❇❡❢♦r❡ ❝♦♥❝❧✉❞✐♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ✇♦r❦ ✇✐t❤ r❡❧❛t❡❞ ✇♦r❦✳ ❚❤❡♥ ✇❡ ❣✐✈❡ s♦♠❡
✐❞❡❛s ❢♦r ❡①t❡♥s✐♦♥s t❤❛t ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❈❛♣✉❝✐♥❡✳

✼✳✶ ❘❡❧❛t❡❞ ❲♦r❦ ❛♥❞ ❈♦♥tr✐❜✉t✐♦♥s

✼✳✶✳✶ ❖t❤❡r ▼❡♠♦r② ▼♦❞❡❧s

■♥ ❙❡❝t✐♦♥ ✷✳✹✳✶ ✇❡ ✐♥tr♦❞✉❝❡❞ ❛ s✐♠♣❧❡ ♠❡♠♦r② ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❤❡❛♣ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛
s✐♥❣❧❡ ❛rr❛② ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ✈❛❧✉❡s✳ ❚❤✐s ♠♦❞❡❧ ✐s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✉s❡❞ ✐♥ t❤❡ ❙♣❡❝★ ❬❇❛r✲
♥❡tt✵✹❛❪ ♣❧❛t❢♦r♠ ✇❤❡♥ ♣r♦❞✉❝✐♥❣ ❇♦♦❣✐❡ ❬❇❛r♥❡tt✵✺❪ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❣r❛♠s✳ ❲❡ ❛r❣✉❡❞
✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✷ t❤❛t t❤✐s ♠♦❞❡❧ ❧❛❝❦❡❞ st❛t✐❝ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ♣♦✐♥t❡rs✳ ■♥ ❙❡❝t✐♦♥ ✷✳✹✳✸
✇❡ s❤♦✇❡❞ ❤♦✇ t♦ ♦❜t❛✐♥ s♦♠❡ st❛t✐❝ s❡♣❛r❛t✐♦♥ t❤❛♥❦s t♦ t❤❡ ❇✉rst❛❧❧✲❇♦r♥❛t ❝♦♠♣♦♥❡♥t✲
❛s✲❛rr❛② ♠♦❞❡❧ ❬❇♦r♥❛t✵✵❪✳ ❚❤✐s ♠♦❞❡❧ s♣❧✐ts t❤❡ ❛rr❛② r❡♣r❡s❡♥t✐♥❣ t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛❧
❛rr❛②s✱ ♦♥❡ ❢♦r ❡❛❝❤ str✉❝t✉r❡ ✜❡❧❞✳

■♥ ❙❡❝t✐♦♥ ✷✳✹✳✹ ✇❡ s❤♦✇❡❞ ❤♦✇ ❚❤✐❡rr② ❍✉❜❡rt ❛♥❞ ❈❧❛✉❞❡ ▼❛r❝❤é ❬❍✉❜❡rt✵✼✱ ❍✉❜❡rt✵✽❪
♣r♦♣♦s❡❞ ❛ s❡♣❛r❛t✐♦♥ ❛♥❛❧②s✐s ❢♦r t❤❡ ❲❤② ♣❧❛t❢♦r♠ ❬❋✐❧❧✐âtr❡✵✼❪✳ ❚❤✐s s❡♣❛r❛t✐♦♥ ❛♥❛❧②s✐s
❣✐✈❡s ❡❛❝❤ ♣♦✐♥t❡r ❛ r❡❣✐♦♥ ✈❛r✐❛❜❧❡✱ ✉♥✐✜❡s t❤❡s❡ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ✉s✐♥❣ t❤❡ ▼▲ ✉♥✐✜❝❛t✐♦♥
♠❡❝❤❛♥✐s♠ ❛♥❞ t❤❡♥ s♣❧✐ts t❤❡ ❤❡❛♣ ✐♥t♦ s❡✈❡r❛❧ ❛rr❛②s✱ ♦♥❡ ❢♦r ❡❛❝❤ r❡❣✐♦♥✳ ❚❤✐s ♠❡❝❤❛♥✐s♠
❤❛s ❛❧s♦ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❬▼♦②✵✾❪ ✐♥ t❤❡ ❏❡ss✐❡ ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡ ❬▼❛r❝❤é✵✼❪ ♦❢ t❤❡
❲❤② ♣❧❛t❢♦r♠✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ■♥ ❈❛♣✉❝✐♥❡✱ ♣♦✐♥t❡rs ♠❛② ♦✇♥ r❡❣✐♦♥s ❛♥❞ t❤❡ ❤❡❛♣ ✐s
t❤✉s ❛ tr❡❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ ✇❡ r❡♣r❡s❡♥t t❤✐s tr❡❡✱ ✇❡ ❛❝❤✐❡✈❡ ♠♦r❡ ♦r ❧❡ss s❡♣❛r❛t✐♦♥✳ ■♥
❙❡❝t✐♦♥ ✺✳✷ ✇❡ ♣r❡s❡♥t ❛ s✐♠♣❧❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ❤❡❛♣ ✇❤❡r❡ ♦♥❧② r♦♦t r❡❣✐♦♥s✱ ✐✳❡✳ r❡❣✐♦♥s ❛t
t❤❡ t♦♣ ♦❢ t❤❡ tr❡❡✱ ❛r❡ s❡♣❛r❛t❡❞ ❛s st❛t✐❝❛❧❧② ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s✳

■♥ ❙❡❝t✐♦♥ ✺✳✺ ✇❡ s❤♦✇ t❤❛t ✉s✐♥❣ ♣r❡✜① tr❡❡s ✇❡ ❝❛♥ s♣❧✐t t❤❡ ❤❡❛♣ ♥♦t ♦♥❧② ❜② r♦♦t
r❡❣✐♦♥s✱ ❜✉t ❛❧s♦ ❜② ♦✇♥❡❞ r❡❣✐♦♥s ❛♥❞ ❝❧❛ss ✜❡❧❞s✳ ❚❤✐s ❛❧❧♦✇s ❈❛♣✉❝✐♥❡ t♦ ❛❝❤✐❡✈❡ s❡♣❛r❛t✐♦♥
s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❏❡ss✐❡✱ ❡①❝❡♣t t❤❡ r❡❣✐♦♥ ❧❛♥❣✉❛❣❡ ✐s r✐❝❤❡r ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r
♣♦✐♥t❡rs t♦ ♠♦✈❡ ❢r♦♠ t❤❡✐r r❡❣✐♦♥ ✐♥t♦ ❛♥♦t❤❡r✱ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✐♠♣❧❡♠❡♥t ❢✉♥❝t✐♦♥s ✇❤✐❝❤
❛❧❧♦❝❛t❡✱ ✐♥✐t✐❛❧✐③❡ ❛♥❞ r❡t✉r♥ ♥❡✇ ♣♦✐♥t❡rs✱ ❛♥❞ ❧❛st ❜✉t ♥♦t ❧❡❛st✱ t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ♣♦✐♥t❡rs
t♦ ♦✇♥ r❡❣✐♦♥s✳ ❚❤❡ ❝❛✈❡❛t ✐s t❤❛t ♣r❡✜① tr❡❡s ❛r❡ ❤❛r❞❡r t♦ ✉s❡ ❢♦r r❡❣✐♦♥ ❛r❣✉♠❡♥ts ♦❢ ❧♦❣✐❝
❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ s❡♣❛r❛t✐♦♥ ❣r❛♥t❡❞ ❜② ❤❛✈✐♥❣ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s ❢♦r ♣❛rts ♦❢ t❤❡ ❤❡❛♣
✐s ♠♦st ✉s❡❢✉❧ ✇❤❡♥ t❤❡s❡ ♣❛rts ❛r❡ ❛ss✐❣♥❡❞ ♥❡✇ ✈❛❧✉❡s✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛♣♣❡♥ ✐♥ t❤❡ ❧♦❣✐❝✳

✶✽✶
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■♥ ❙❡❝t✐♦♥ ✺✳✹ ✇❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥ r❡♣r❡s❡♥t ♣♦✐♥t❡rs ♦❢ s✐♥❣❧❡t♦♥ r❡❣✐♦♥s s✐♠♣❧② ✉s✲
✐♥❣ t❤❡✐r ✈❛❧✉❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤♦s❡ ♣♦✐♥t❡rs ❛r❡ st❛t✐❝❛❧❧② s❡♣❛r❛t❡❞ ❢r♦♠ ❡✈❡r② ♦t❤❡r
♣♦✐♥t❡r✱ t❤✉s s✐♠♣❧✐❢②✐♥❣ r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ♣r♦❣r❛♠✳ ❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ✐♥s♣✐r❡❞ ❜② ✇♦r❦
❜② ❈❤❛r❣✉ér❛✉❞ ❛♥❞ P♦tt✐❡r ♦♥ tr❛♥s❧❛t✐♦♥ ♦❢ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ✐♥t♦ ♣✉r❡ ♣r♦❣r❛♠s ✉s✐♥❣
❝❛♣❛❜✐❧✐t✐❡s ❬❈❤❛r❣✉ér❛✉❞✵✽❪✳ ❈❛♣❛❜✐❧✐t✐❡s ❛r❡ s✐♠✐❧❛r t♦ ♣❡r♠✐ss✐♦♥s✳

✼✳✶✳✷ ❉❛t❛ ●r♦✉♣s

❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦ ♣r♦♣♦s❡❞ ❞❛t❛❣r♦✉♣s t♦ r❡❛s♦♥ ❛❜♦✉t s✐❞❡✲❡✛❡❝ts ✐♥ ❛ ♠♦❞✉❧❛r ❢❛s❤✲
✐♦♥ ❬▲❡✐♥♦✾✽✱ ▲❡✐♥♦✵✷❪✳ ❖♥❡ ♠❛② ❞❡❝❧❛r❡ ❞❛t❛❣r♦✉♣s ✐♥s✐❞❡ ❝❧❛ss❡s✳ ❖♥❡ t❤❡♥ ❞❡❝❧❛r❡ t❤❛t
s♦♠❡ ✜❡❧❞s ❜❡❧♦♥❣ t♦ s♦♠❡ ❞❛t❛❣r♦✉♣✳ ❖♥❡ ♠❛② ❛❧s♦ ❞❡❝❧❛r❡ t❤❛t s♦♠❡ ❞❛t❛❣r♦✉♣s ❛r❡ ✐♥✲
❝❧✉❞❡❞ ✐♥ s♦♠❡ ♦t❤❡rs✳ ❙t❛t✐❝ r❡str✐❝t✐♦♥s ♣r❡✈❡♥t ♣✐✈♦t ✜❡❧❞s ❢r♦♠ ❜❡✐♥❣ ❛❧✐❛s❡❞✳ ❆ ♣✐✈♦t
✜❡❧❞ ✐s ❛ ✜❡❧❞ ✇❤♦s❡ t②♣❡ ✐s ❛ ❝❧❛ss ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❞❛t❛❣r♦✉♣ H ❛♥❞ ✇❤✐❝❤ ✐s ❞❡❝❧❛r❡❞ ✐♥ ❛
❝❧❛ss ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❞❛t❛❣r♦✉♣ G ✳ ◆♦t❡ t❤❛t ✐♥ s✉❝❤ ❛ ❝❛s❡ ✇❡ ♠❛② ✇❛♥t t♦ s♣❡❝✐❢② t❤❛t
G ✐♥❝❧✉❞❡s H ✳

❉❛t❛❣r♦✉♣s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❤✐❞❡ ♣❛rts ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❝❧❛ss❡s✳ ❚❤❡ ✜❡❧❞s ♦❢ ❛
❞❛t❛❣r♦✉♣ ♠❛② ❜❡ ❤✐❞❞❡♥✳ ❊✛❡❝ts ♦♥ t❤❡ ✜❡❧❞s ❛r❡ t❤❡♥ ♠♦❞❡❧❡❞ ❜② ❡✛❡❝ts ♦♥ t❤❡ ❞❛t❛❣r♦✉♣✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❉❛t❛❣r♦✉♣s ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ r❡❣✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡✳ ❚❤❡
✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞❛t❛❣r♦✉♣s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ ♦✇♥❡rs❤✐♣✳ ■♥t✉✐t✐✈❡❧②✱ ✐❢ ❛ ♣♦✐♥t❡r x
♦✇♥s s♦♠❡ r❡❣✐♦♥ x .r ✱ t❤❡♥ x .r ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ x ✳ ❖✇♥❡❞ r❡❣✐♦♥s ❛r❡ ❡♥❝❛♣s✉❧❛t❡❞
✐♥ t❤❡✐r ♦✇♥❡rs✱ ❛♥❞ t❤❡ ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s ❛r❡ ❤✐❞❞❡♥ ✇❤❡♥ t❤❡ ♦✇♥❡r ✐s ❝❧♦s❡❞✳
❚❤✐s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❞❛t❛ ❛❜str❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠ ♣r♦✈✐❞❡❞ ❜② ❞❛t❛❣r♦✉♣s✳

✼✳✶✳✸ ❙♣❡❝★ ❖✇♥❡rs❤✐♣ ▼❡t❤♦❞♦❧♦❣② ❢♦r ❉❛t❛ ■♥✈❛r✐❛♥ts

■♥ ❙❡❝t✐♦♥ ✷✳✺ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ✐♥ t❤❡ ❙♣❡❝★ ♣❧❛t❢♦r♠ ❬❇❛r✲
♥❡tt✵✹❜❪✳ ❚❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❈❛♣✉❝✐♥❡ ✐s ❧❛r❣❡❧② ❜❛s❡❞ ♦♥ t❤❡ ❙♣❡❝★ ♠❡t❤♦❞✲
♦❧♦❣②✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥ ❈❛♣✉❝✐♥❡✱ ♦✇♥❡rs❤✐♣ ✐s ❤❛♥❞❧❡❞ ❜② t❤❡ t②♣❡ s②st❡♠✳
❆♥♦t❤❡r ❦❡② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ♦❜❥❡❝ts ♦✇♥ r❡❣✐♦♥s ✐♥st❡❛❞ ♦❢ ♦t❤❡r ♦❜❥❡❝ts✳ ■♥ ♦t❤❡r ✇♦r❞s✱
✐♥ ❈❛♣✉❝✐♥❡ ♦❜❥❡❝ts ♦✇♥ ❣r♦✉♣s ♦❢ ♣♦t❡♥t✐❛❧❧② ❛❧✐❛s❡❞ ♦t❤❡r ♦❜❥❡❝ts✳ ❘❡❣✐♦♥s ❤❛♣♣❡♥ t♦ ❜❡
t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ ❈❛♣✉❝✐♥❡ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❝♦♥tr♦❧ ❛❧✐❛s✐♥❣ ✉s✐♥❣ t❤❡ t②♣❡ s②st❡♠✳ ❚❤✐s
❡①♣❧❛✐♥s ✇❤② ♦❜❥❡❝ts ♦✇♥ r❡❣✐♦♥s ✐♥st❡❛❞ ♦❢ s✐♥❣❧❡ ♦❜❥❡❝ts✳ ◆♦t❡ t❤❛t ✐❢ ❛ r❡❣✐♦♥ ✐s ❛❧✇❛②s
s✐♥❣❧❡t♦♥ ✭✐✳❡✳ ✐s ♠❛r❦❡❞ ❛s s✐♥❣❧❡ ✐♥ t❤❡ ♦✇♥❡r ❝❧❛ss✮✱ t❤❡♥ ✐t ♣❧❛②s t❤❡ s❛♠❡ r♦❧❡ ❛s ❛♥ ♦✇♥❡❞
♦❜❥❡❝t ✐♥ ❙♣❡❝★ ✭✐✳❡✳ ❛ ✜❡❧❞ ♠❛r❦❡❞ ❛s r❡♣✮✳

❚❤❡ ✉s❡ ♦❢ ❛ t②♣❡ s②st❡♠ t♦ ❝♦♥tr♦❧ ♦✇♥❡rs❤✐♣ ❛❧❧♦✇s ❈❛♣✉❝✐♥❡ t♦ ❣❡♥❡r❛t❡ ❧❡ss ♣r♦♦❢ ♦❜❧✐✲
❣❛t✐♦♥s✳ ■♥ ❙♣❡❝★✱ t❤❡ ✉s❡r ✇r✐t❡s ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s x.inv == ClassName

t♦ st❛t❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❝❧❛ss ClassName ❤♦❧❞ ❢♦r ♦❜❥❡❝t x ✳ ❚❤✐s ❡q✉❛❧✐t② t❤❡♥ ❛♣✲
♣❡❛rs ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✐t ✇❤❡♥ ❝❛❧❧✐♥❣ ❢✉♥❝t✐♦♥s ✇❤✐❝❤
❛ss✉♠❡ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡✐r ❛r❣✉♠❡♥ts✳ ■♥ ❈❛♣✉❝✐♥❡ ❤♦✇❡✈❡r✱ t❤✐s ❡q✉❛❧✐t② ✐s r❡♣❧❛❝❡❞ ❜②
♣❡r♠✐ss✐♦♥ ρ×✱ ρG ♦r σ −◦ ρ✱ ✇❤✐❝❤ ✐s ❤❛♥❞❧❡❞ ❜② t❤❡ t②♣❡ s②st❡♠✳

❚♦ s♦♠❡ ❡①t❡♥t✱ t❤❡ ✉s❡ ♦❢ ❛ t②♣❡ s②st❡♠ ❛❧s♦ ❛❧❧♦✇s ❈❛♣✉❝✐♥❡ t♦ ✐♥❢❡r t❤❡ ♣❛❝❦ ❛♥❞ ✉♥♣❛❝❦

st❛t❡♠❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❈❛♣✉❝✐♥❡ ❛✉t♦♠❛t✐❝❛❧❧② ✉♥♣❛❝❦s ♦❜❥❡❝ts
❜❡✐♥❣ ♠♦❞✐✜❡❞✳ ❚❤❡ ♦❜❥❡❝t ✐s t❤❡♥ ❛✉t♦♠❛t✐❝❛❧❧② ♣❛❝❦❡❞ ✇❤❡♥ t❤❡ ✐♥✈❛r✐❛♥t ✐s r❡q✉✐r❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✉s❡ ♦❢ ❛ t②♣❡ s②st❡♠ ✐♠♣❧✐❡s s♦♠❡ r❡str✐❝t✐♦♥s✳ ❖✇♥❡rs❤✐♣ tr❛♥s❢❡r
✐s ♣♦ss✐❜❧❡ ✐♥ ❈❛♣✉❝✐♥❡ ✉s✐♥❣ ❛❞♦♣t✐♦♥ ❛♥❞✴♦r ❢♦❝✉s✐♥❣✱ ❜✉t t❤✐s ❝♦♥s✉♠❡s t❤❡ ♣❡r♠✐ss✐♦♥ ♦♥
t❤❡ s♦✉r❝❡ r❡❣✐♦♥✱ ❞✐s❛❜❧✐♥❣ t❤❡ r❡❣✐♦♥ ❝♦♠♣❧❡t❡❧②✳ ■♥ ❣❡♥❡r❛❧✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ r❡♠♦✈❡ ❛
❧♦❝❛t✐♦♥ x ❢r♦♠ ❛ r❡❣✐♦♥ ρ s❛❢❡❧② ✇✐t❤♦✉t ❞✐s❛❜❧✐♥❣ t❤❡ r❡❣✐♦♥✳ ❲❡ s❤♦✉❧❞ ❡♥s✉r❡ t❤❛t t❤❡



✼✳✶✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ❆◆❉ ❈❖◆❚❘■❇❯❚■❖◆❙ ✶✽✸

t②♣❡ ♦❢ ❛❧❧ ❡①♣r❡ss✐♦♥s ❞❡♥♦t✐♥❣ t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ❛s x ❝❤❛♥❣❡s s♦ t❤❛t t❤❡ ❧♦❝❛t✐♦♥ ❝❛♥♥♦t
❜❡ ❛❝❝❡ss❡❞ ❢r♦♠ ρ✱ ❜✉t ❦♥♦✇✐♥❣ ✇❤✐❝❤ ❧♦❝❛t✐♦♥s ❛r❡ ❡q✉❛❧ t♦ x ✐s ❛♥ ✉♥❞❡❝✐❞❛❜❧❡ ♣r♦♣❡rt②✳

❆❧s♦✱ ❛s t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts ✐s ❡♥❝♦❞❡❞ ❛s ❛ ✜❡❧❞ ✐♥ ❙♣❡❝★✱ t❤❡ ✉s❡r ❝❛♥ ✉s❡ ❝♦♠♣❧❡①✱
✉♥❞❡❝✐❞❛❜❧❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s✿ ✏t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ♠② ❛r❣✉♠❡♥t s❤♦✉❧❞ ❤♦❧❞ ✐❢ x + y > 0✑✳
❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✱ ❛❧t❤♦✉❣❤ t❤❡ ❡①t❡♥s✐♦♥ ✇❡ s❦❡t❝❤ ✐♥ ❙❡❝t✐♦♥ ✼✳✷✳✷ ♠✐❣❤t
❛❧❧♦✇ s✉❝❤ ❦✐♥❞ ♦❢ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❙♣❡❝★ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♦❜❥❡❝t ✐♥❤❡r✐t❛♥❝❡✳ ■♥ ❈❛♣✉❝✐♥❡✱
t❤❡r❡ ✐s ♥♦ ✐♥❤❡r✐t❛♥❝❡✳ ❆s t❤❡ ♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ✐s ✈❡r② s✐♠✐❧❛r✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ✐❢
✐♥❤❡r✐t❛♥❝❡ ✇❡r❡ t♦ ❜❡ ❛❞❞❡❞ t♦ ❈❛♣✉❝✐♥❡✱ ✇❡ ❝♦✉❧❞ ✉s❡ t❤❡ ✐❞❡❛s ♦❢ ❙♣❡❝★ t♦ ❡①t❡♥❞ t❤❡
♦✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❈❛♣✉❝✐♥❡ t♦ ❤❛♥❞❧❡ ✐t✳

✼✳✶✳✹ ❖✇♥❡rs❤✐♣ ❚②♣❡s

❉❛✈✐❞ ●✳ ❈❧❛r❦❡✱ ❏♦❤♥ ▼✳ P♦tt❡r ❛♥❞ ❏❛♠❡s ◆♦❜❧❡ ♣r♦♣♦s❡ ♦✇♥❡rs❤✐♣ t②♣❡s ❬❈❧❛r❦❡✾✽❪✳ ❆s
t❤❡ ♥❛♠❡ s✉❣❣❡sts✱ ✐t ✐s ❛ t②♣❡ s②st❡♠ ❛✐♠❡❞ ❛t ❝♦♥tr♦❧❧✐♥❣ ❛❧✐❛s✐♥❣ ✉s✐♥❣ ♦✇♥❡rs❤✐♣✳ ■t ✐s
❜❛s❡❞ ♦♥ ❛♥ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❧❛♥❣✉❛❣❡✳ ❚②♣❡s ❛r❡ ❛♥♥♦t❛t❡❞ ❜② t❤❡✐r ❝♦♥t❡①t✳ ❆ ❝♦♥t❡①t ✐s
❛ s❡t ♦❢ ❧♦❝❛t✐♦♥s✳ ❚❤❡r❡ ✐s ❛ r♦♦t ❝♦♥t❡①t✱ ❞❡♥♦t❡❞ ♥♦r❡♣✱ ♦✇♥❡❞ ❜② ♥♦❜♦❞②✳ ❊❛❝❤ ♦❜❥❡❝t
♦✇♥s ❛ ❝♦♥t❡①t✳ ❚❤❡ ❝♦♥t❡①t ♦✇♥❡❞ ❜② t❤❡ ❝✉rr❡♥t ♦❜❥❡❝t t❤✐s ✐s ❞❡♥♦t❡❞ r❡♣✳ ❈❧❛ss❡s ❝❛♥
❜❡ ♣❛r❛♠❡t❡r✐③❡❞ ❜② ❝♦♥t❡①t ✈❛r✐❛❜❧❡s m✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❚❤❡ t②♣❡ s②st❡♠ ♦❢ ❈❛♣✉❝✐♥❡ ❣❡♥❡r❛❧✐③❡s ♦✇♥❡rs❤✐♣ t②♣❡s✳
❘❡❣✐♦♥s ❛r❡ ♦❜✈✐♦✉s❧② s✐♠✐❧❛r t♦ ❝♦♥t❡①ts✳ ❈❛♣✉❝✐♥❡ ♣♦✐♥t❡r t②♣❡s ❛r❡ ❛❧s♦ ❛♥♥♦t❛t❡❞ ❜② t❤❡✐r
r❡❣✐♦♥✳ ■♥ ❈❛♣✉❝✐♥❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ r♦♦t r❡❣✐♦♥s ✐♥st❡❛❞ ♦❢ ♦♥❧② ♦♥❡ r♦♦t ❝♦♥t❡①t ♥♦r❡♣✳
❚❤♦s❡ r♦♦t r❡❣✐♦♥s ❛r❡ t❤❡ s❡t ♦❢ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s ❜♦✉♥❞ ❜② t❤❡ ♣r♦❣r❛♠♠❡r✳ ❙✐♠✐❧❛r❧②✱ ❛♥
♦❜❥❡❝t ♠❛② ♦✇♥ ③❡r♦✱ ♦♥❡ ♦r s❡✈❡r❛❧ r❡❣✐♦♥s ✐♥ ❈❛♣✉❝✐♥❡✳ ❈❛♣✉❝✐♥❡ ✐s ♥♦t ♦❜❥❡❝t✲♦r✐❡♥t❡❞✱
❛♥❞ t❤✉s t❤❡r❡ ✐s ♥♦ s♣❡❝✐❛❧ ♦❜❥❡❝t t❤✐s❀ r❡❧❛t✐✈❡ ❝♦♥t❡①t r❡♣ ❤❛s ♥♦ ♠❡❛♥✐♥❣✳ ❲❡ ❝❛♥ ❡♥❝♦❞❡
♠❡t❤♦❞s ✉s✐♥❣ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛♥ ❛r❣✉♠❡♥t ❝❛❧❧❡❞ t❤✐s✳ ❈♦♥t❡①t r❡♣ ♦❢ ♦✇♥❡rs❤✐♣ t②♣❡s t❤❡♥
❝♦rr❡s♣♦♥❞s✱ ✐♥ ❈❛♣✉❝✐♥❡✱ t♦ t❤❡ ✉♥✐♦♥ ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s ♦❢ this✳ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s r❡❣✐♦♥
♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤ ❛r❡ s✐♠✐❧❛r t♦ ❝♦♥t❡①t ♣❛r❛♠❡t❡rs✳

▼♦r❡♦✈❡r✱ t❤❡ ❈❛♣✉❝✐♥❡ ❧❛♥❣✉❛❣❡ ♣r♦✈✐❞❡s ❣r❡❛t❡r ✢❡①✐❜✐❧✐t②✳ ■♥ ❈❛♣✉❝✐♥❡✱ ✇❡ ♠❛② ✇r✐t❡
r❡❣✐♦♥ x .s ❢♦r ❛♥② ✈❛r✐❛❜❧❡ x ✳ ❲❡ ❛r❡ t❤✉s ♥♦t ❧✐♠✐t❡❞ t♦ ❝♦♥t❡①ts r❡♣ ♦r ♥♦r❡♣✱ ❛s x ♠❛②
❜❡ ❛♥② ❛r❣✉♠❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ♦r ❛♥② ❧♦❝❛❧ ✈❛r✐❛❜❧❡✳ ■♥ ❈❛♣✉❝✐♥❡ ✇❡ ❛❧s♦ ❤❛✈❡ r❡❣✐♦♥
♣❛r❛♠❡t❡rs ❢♦r ❢✉♥❝t✐♦♥s✱ ♥♦t ❥✉st ❢♦r ❝❧❛ss❡s✳ ❚❤♦s❡ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ♠❛② ❜❡ ✉s❡❞ ✐♥
♣❛rt✐❝✉❧❛r t♦ s♣❡❝✐❢② ✇❤❡t❤❡r t✇♦ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♠❛② ❜❡ ❛❧✐❛s❡❞ ♦r ♥♦t✳

❈❛♣✉❝✐♥❡ ❛❞❞s t❤❡ ❛❜✐❧✐t② t♦ tr❛❝❦ t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts t♦ t❤❡ t②♣❡ s②st❡♠✳ ■t ❛❧s♦
❛❧❧♦✇s t♦ ♠♦✈❡ ❧♦❝❛t✐♦♥s ❢r♦♠ t❤❡✐r ❝✉rr❡♥t ❝♦♥t❡①t t♦ ❛♥♦t❤❡r✱ ✉s✐♥❣ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞
✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥s✳

✼✳✶✳✺ ❯♥✐✈❡rs❡ ❚②♣❡s

❲❡r♥❡r ❉✐❡t❧ ❛♥❞ P❡t❡r ▼ü❧❧❡r ♣r♦♣♦s❡ ❯♥✐✈❡rs❡ t②♣❡s ❬❉✐❡t❧✵✺❪✳ ❚❤❡ ❯♥✐✈❡rs❡ t②♣❡ s②st❡♠
♣r♦✈✐❞❡s ♦✇♥❡rs❤✐♣ ❝♦♥tr♦❧ ❢♦r ❏▼▲ ❬❇✉r❞②✵✹❪✳ ❯♥✐✈❡rs❡ t②♣❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❧✐❣❤t✇❡✐❣❤t
✈❡rs✐♦♥ ♦❢ ♦✇♥❡rs❤✐♣ t②♣❡s ❬❈❧❛r❦❡✾✽❪✳

❆ ❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♦✇♥❡rs❤✐♣ t②♣❡s ❛♥❞ ❯♥✐✈❡rs❡ t②♣❡s ✐s t❤❛t ✇❤✐❧❡ ♦✇♥❡rs❤✐♣ t②♣❡s
❡♥❢♦r❝❡ t❤❡ ♦✇♥❡r✲❛s✲❞♦♠✐♥❛t♦r ♣r♦♣❡rt②✱ t❤❡ ❯♥✐✈❡rs❡ t②♣❡ s②st❡♠ ❡♥❢♦r❝❡s t❤❡ ♦✇♥❡r✲❛s✲
♠♦❞✐✜❡r ♣r♦♣❡rt②✳ ❚❤❡ ♦✇♥❡r✲❛s✲❞♦♠✐♥❛t♦r ♣r♦♣❡rt② ❡♥s✉r❡s t❤❛t t❤❡ ♦✇♥❡r ♦❢ ❛♥ ♦❜❥❡❝t x
❝♦♥tr♦❧s ❤♦✇ x ✐s r❡❛❞ ❛♥❞ ♠♦❞✐✜❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t♦ ❛❝❝❡ss x✱ ♦♥❡ ♠✉st ❣♦ t❤r♦✉❣❤ t❤❡
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♦✇♥❡r ♦❢ x✳ ❇② ❝♦♥tr❛st✱ t❤❡ ♦✇♥❡r✲❛s✲♠♦❞✐✜❡r ♣r♦♣❡rt② ♦♥❧② r❡str✐❝ts ♠♦❞✐✜❝❛t✐♦♥s✿ ♦♥❡
❝❛♥ r❡❛❞ ❛♥② ♦❜❥❡❝t✳ ❚❤✐s ♣r♦♣❡rt② ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❛t ✐♥✈❛r✐❛♥ts ❛r❡ ♠❛✐♥t❛✐♥❡❞✳

❯♥✐✈❡rs❡ t②♣❡s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❏▼▲✳ ❚❤❡ t②♣❡ s②st❡♠ ❝❛♥ t❤✉s
❜❡ ✉s❡❞ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ❡✐t❤❡r r✉♥t✐♠❡ ❝❤❡❝❦✐♥❣ ♦r st❛t✐❝ ✈❡r✐✜❝❛t✐♦♥ ✉s✐♥❣ ✈❡r✐✜❝❛t✐♦♥
❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ ❯♥✐✈❡rs❡ t②♣❡s✱ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t②♣✐♥❣
❛♥❞ ❛ ♠♦❞❡❧❧✐♥❣ ❧❛♥❣✉❛❣❡ ♣r♦✈✐❞❡s ❣r❡❛t ❡①♣r❡ss✐✈❡♥❡ss✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❏▼▲ ❢❡❛t✉r❡s ♦❜❥❡❝t
✐♥✈❛r✐❛♥ts✳ ❚❤❡ ❯♥✐✈❡rs❡ t②♣❡ s②st❡♠ ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦❧♦❣②✱ ❜✉t ❛s ✐t
♣r♦✈✐❞❡s ♦✇♥❡rs❤✐♣✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥s✉r❡ t❤❡ ❝❤♦s❡♥ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦❧♦❣② ✐s s♦✉♥❞✳

❯♥✐✈❡rs❡ t②♣❡s ❛r❡ ❛♥♥♦t❛t❡❞ ❜② ❡✐t❤❡r r❡♣✱ ♣❡❡r ♦r r❡❛❞♦♥❧②✳ ❈♦♥t❡①t r❡♣ ♦❢ ❯♥✐✈❡rs❡
t②♣❡s ✐s s✐♠✐❧❛r t♦ ❝♦♥t❡①t r❡♣ ♦❢ ♦✇♥❡rs❤✐♣ t②♣❡s✿ ✐❢ ❛♥ ♦❜❥❡❝t ✐s ❛♥♥♦t❛t❡❞ ✇✐t❤ r❡♣✱ t❤❡♥ t❤❡
♦❜❥❡❝t ✐s ♦✇♥❡❞ ❜② t❤✐s✳ ■❢ ❛♥ ♦❜❥❡❝t x ✐s ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣❡❡r✱ t❤❡♥ t❤❡ ♦❜❥❡❝t ❤❛s t❤❡ s❛♠❡
♦✇♥❡r t❤❛t t❤✐s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ x ❛♥❞ t❤✐s ❛r❡ ❜r♦t❤❡rs ✐♥ t❤❡ ♦✇♥❡rs❤✐♣ tr❡❡✳ ❋✐♥❛❧❧②✱ ✐❢ ❛♥
♦❜❥❡❝t ✐s ❛♥♥♦t❛t❡❞ ✇✐t❤ r❡❛❞♦♥❧② t❤❡♥ t❤❡ ♦❜❥❡❝t ♦✇♥❡r✱ ❛♥❞ t❤✉s ✐ts ❝♦♥t❡①t✱ ✐s ✉♥❦♥♦✇♥✳
❙✉❜t②♣✐♥❣ ❛❧❧♦✇s ❛ r❡♣ ♦r ❛ ♣❡❡r ♦❜❥❡❝t t♦ ❜❡ s❡❡♥ ❛s ❛ r❡❛❞♦♥❧② ♦❜❥❡❝t✳

❉♦✇♥❝❛st✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✈✐❡✇ ❛ r❡❛❞♦♥❧② ♦❜❥❡❝t ❛s ❛ r❡♣ ♦r ❛ ♣❡❡r ♦❜❥❡❝t✳ ❆ ♣r❡✲
❝♦♥❞✐t✐♦♥ ✐s r❡q✉✐r❡❞ ❢♦r ❞♦✇♥❝❛sts✱ ♥❛♠❡❧② t❤❛t t❤❡ ♦✇♥❡r ♦❢ t❤❡ ♦❜❥❡❝t ✐s t❤✐s ✭✇❤❡♥ ❞♦✇♥✲
❝❛st✐♥❣ t♦ r❡♣✮ ♦r ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦✇♥❡r ♦❢ t❤✐s ✭✇❤❡♥ ❞♦✇♥❝❛st✐♥❣ t♦ ♣❡❡r✮✳ ❚❤✐s ✐♠♣❧✐❡s
❤❛✈✐♥❣✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ t②♣❡ s②st❡♠✱ ❛ ✇❛② t♦ ❡①♣r❡ss ♦❜❥❡❝t ♦✇♥❡rs ✐♥ t❤❡ ♠♦❞❡❧❧✐♥❣ ❧❛♥✲
❣✉❛❣❡✳ ■♥ ❏▼▲✱ t❤✐s ✐s ❞♦♥❡ ✉s✐♥❣ ❛ ❣❤♦st ✜❡❧❞ ❝❛❧❧❡❞ owner ✳ ❚②♣❡ ❛♥♥♦t❛t✐♦♥s r❡♣✱ ♣❡❡r
❛♥❞ r❡❛❞♦♥❧② ♦❢ ♠❡t❤♦❞ ❛r❣✉♠❡♥ts✱ r❡t✉r♥ ✈❛❧✉❡s ❛♥❞ ❛❧❧♦❝❛t❡❞ ♦❜❥❡❝ts ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ❛s
❝♦♥❞✐t✐♦♥s ♦♥ owner ✜❡❧❞s✳

❖♥❧② t❤❡ ✜❡❧❞s ♦❢ r❡♣ ❛♥❞ ♣❡❡r ♦❜❥❡❝ts ❝❛♥ ❜❡ ♠♦❞✐✜❡❞✳ ❋✐❡❧❞s ♦❢ r❡❛❞♦♥❧② ♦❜❥❡❝ts
❝❛♥♥♦t✿ t❤❡② ❝❛♥ ♦♥❧② ❜❡ r❡❛❞✳ ❚❤✐s ❡♥s✉r❡s t❤❡ ♦✇♥❡r✲❛s✲♠♦❞✐✜❡r ♣r♦♣❡rt②✳

❚❤❡ ❯♥✐✈❡rs❡ t②♣❡ s②st❡♠ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❝♦♥t❡①t ♣❛r❛♠❡t❡rs ❢♦r ❝❧❛ss❡s✳ ■♥st❡❛❞ ♦❢
✉s✐♥❣ ❛ ❝♦♥t❡①t ♣❛r❛♠❡t❡rs✱ ♦♥❡ ✉s❡s t❤❡ r❡❛❞♦♥❧② ❛♥♥♦t❛t✐♦♥✳ ❚♦ ♠♦❞✐❢② r❡❛❞♦♥❧② ✈❛r✐❛❜❧❡s
x✱ ♦♥❡ ❤❛s t♦ ✉s❡ ❛ ❞♦✇♥❝❛st✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ ❤❛s t♦ ♣r♦✈❡ t❤❛t x ✐s r❡♣ ♦r ♣❡❡r ❜❡❢♦r❡
♠♦❞✐❢②✐♥❣ ✐t✳ ❚❤✐s tr❛❞❡✲♦✛ ♠❛❦❡s ♣r♦❣r❛♠s ♠♦r❡ r❡❛❞❛❜❧❡ ❛♥❞ t❤❡ t②♣❡ s②st❡♠ ✐s ❧✐❣❤t❡r✱
❛t t❤❡ ❝♦st ♦❢ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ r✉♥t✐♠❡ ❝❤❡❝❦❡r ♦r st❛t✐❝ ✈❡r✐✜❡rs✳

❇② ❞❡❢❛✉❧t✱ ❛❧❧ r❡❢❡r❡♥❝❡s ❛r❡ ♣❡❡r✱ ❡①❝❡♣t ❢♦r ♣✉r❡ ♠❡t❤♦❞s ❛♥❞ ❡①❝❡♣t✐♦♥s ✇❤✐❝❤ ❛r❡
r❡❛❞♦♥❧②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❜② ❞❡❢❛✉❧t ❡✈❡r②♦♥❡ ✐s ✐♥ t❤❡ s❛♠❡ ❝♦♥t❡①t✳ ❚❤✐s ❛❧❧♦✇s t♦ ❜❡
❜❛❝❦✇❛r❞ ❝♦♠♣❛t✐❜❧❡ ❛♥❞ t②♣❡ ♠♦st ❛❧r❡❛❞②✲❡①✐st✐♥❣ ♣r♦❣r❛♠s✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❆❧❧ r❡♠❛r❦s t❤❛t ✇❡ ♠❛❞❡ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ ❈❛♣✉❝✐♥❡ ❛♥❞
♦✇♥❡rs❤✐♣ t②♣❡s st✐❧❧ ❤♦❧❞ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ ❈❛♣✉❝✐♥❡ ✇✐t❤ t❤❡ ❯♥✐✈❡rs❡ t②♣❡ s②st❡♠✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❝♦♥t❡①ts ❛♥❞ r❡❣✐♦♥s ❛r❡ s✐♠✐❧❛r✱ ❛❧t❤♦✉❣❤ ✐♥ ❈❛♣✉❝✐♥❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ r♦♦t
r❡❣✐♦♥s ❛♥❞ ❛♥ ♦❜❥❡❝t ♠❛② ♦✇♥ s❡✈❡r❛❧ r❡❣✐♦♥s✳

■♥ ❈❛♣✉❝✐♥❡ t❤❡r❡ ✐s ♥♦ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡❛❞♦♥❧② ❝♦♥t❡①t ❛♥♥♦t❛t✐♦♥✳ Pr❡❝✐s❡ r❡❣✐♦♥
❛♥♥♦t❛t✐♦♥ ✐s t❤✉s r❡q✉✐r❡❞✱ ✇❤✐❝❤ ❝❛♥ s♦♠❡t✐♠❡s ❜❡ ❤❡❛✈② ❛♥❞ ♠♦st ✐♠♣♦rt❛♥t❧②✱ ❞♦❡s
♥♦t ♣r♦✈✐❞❡ t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ❡①♣r❡ss✐✈❡♥❡ss✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡❣✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞
♣♦❧②♠♦r♣❤✐s♠ ♣r♦✈❡❞ t♦ ❜❡ ❡♥♦✉❣❤ ❢♦r t❤❡ ❡①❛♠♣❧❡s ✇❡ ✇❡r❡ ✐♥t❡r❡st❡❞ ✐♥✱ ❛♥❞ t❤❡② ❞♦
♥♦t ❣❡♥❡r❛t❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✇❤❡r❡❛s ❞♦✇♥❝❛sts ❢r♦♠ r❡❛❞♦♥❧② t♦ r❡♣ ♦r ♣❡❡r ❞♦✳ ■♥
❈❛♣✉❝✐♥❡ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ❛♥ owner ❣❤♦st ✜❡❧❞✿ ♦✇♥❡rs❤✐♣ ♣r♦♣❡rt✐❡s ❛r❡ ✈❡r✐✜❡❞ ❜② t❤❡
t②♣❡ s②st❡♠✱ ♥♦t ❜② ❛ r✉♥t✐♠❡ ❝❤❡❝❦❡r ♦r ❛ st❛t✐❝ ✈❡r✐✜❡r✳ ▼♦r❡♦✈❡r✱ ✇✐t❤ ❯♥✐✈❡rs❡ t②♣❡s
t❤❡r❡ ✐s s♦♠❡t✐♠❡s t❤❡ ♥❡❡❞ ❢♦r ❛♥ ✐♥✈❛r✐❛♥t st❛t✐♥❣ ✇❤♦ ✐s t❤❡ ♦✇♥❡r ♦❢ r❡❛❞♦♥❧② r❡❢❡r❡♥❝❡s✳
❚❤❡r❡ ✐s ♥♦ s✉❝❤ ♥❡❡❞ ✐♥ ❈❛♣✉❝✐♥❡✿ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ t②♣❡✳

❖✇♥❡rs❤✐♣ tr❛♥s❢❡r ✐♥ ❈❛♣✉❝✐♥❡ ❝❛♥ ❜❡ ♠❛❞❡ ✉s✐♥❣ ❛❞♦♣t✐♦♥ ❛♥❞ ❢♦❝✉s✱ ❛t t❤❡ ❝♦st ♦❢
❞✐s❛❜❧✐♥❣ t❤❡ s♦✉r❝❡ r❡❣✐♦♥✳ ❲✐t❤ ❯♥✐✈❡rs❡ t②♣❡s✱ ✐t ✐s ♥♦t ❝❧❡❛r ❤♦✇ s✉❝❤ tr❛♥s❢❡rs ❝♦✉❧❞ ❜❡
❞♦♥❡✳ ■❢ ❛ ❧♦❝❛t✐♦♥ x ✐s r❡♣ ❛♥❞ ✐❢ x.owner ✐s ❝❤❛♥❣❡❞✱ t❤❡♥ x st✐❧❧ ❤❛s t②♣❡ r❡♣ ❡✈❡♥ t❤♦✉❣❤ ✐ts



✼✳✶✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ❆◆❉ ❈❖◆❚❘■❇❯❚■❖◆❙ ✶✽✺

♦✇♥❡r ♠✐❣❤t ♥♦t ❜❡ t❤✐s ❛♥②♠♦r❡✳ ■❢ ♦♥❡ ❝♦✉❧❞ ❡♥s✉r❡ t❤❛t ❛❧❧ ❡①♣r❡ss✐♦♥s ❞❡♥♦t✐♥❣ ❧♦❝❛t✐♦♥
x ❤❛❞ t②♣❡ r❡❛❞♦♥❧②✱ t❤❡♥ ♦♥❡ ❝♦✉❧❞ ❛❧❧♦✇ ❝❤❛♥❣✐♥❣ t❤❡ owner ❣❤♦st ✜❡❧❞✳ ❇✉t ❡♥s✉r✐♥❣
s✉❝❤ ❛ t②♣✐♥❣ ♣r♦♣❡rt② ❞♦❡s ♥♦t s❡❡♠ r❡❛s♦♥❛❜❧❡✳ ❲❡ ❢♦✉♥❞ ❛ s✐♠✐❧❛r ♣r♦❜❧❡♠ ✇✐t❤ ❈❛♣✉❝✐♥❡
✇❤❡♥ ✇❡ tr✐❡❞ t♦ ❡①tr❛❝t ❛ ♣♦✐♥t❡r ❢r♦♠ ❛ r❡❣✐♦♥ ✇✐t❤♦✉t ❞✐s❛❜❧✐♥❣ t❤❡ r❡❣✐♦♥✳

■t ✐s ❝❧❡❛r t❤❛t ❈❛♣✉❝✐♥❡ ❡♥❢♦r❝❡s t❤❡ ♦✇♥❡r✲❛s✲♠♦❞✐✜❡r ♣r♦♣❡rt②✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♦♥❡
♠✉st ✉♥♣❛❝❦ ❛❧❧ tr❛♥s✐t✐✈❡ ♦✇♥❡rs ♦❢ ❛♥ ♦❜❥❡❝t ❜❡❢♦r❡ ♠♦❞✐❢②✐♥❣ t❤❡ ♦❜❥❡❝t✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t
❝❧❡❛r ✇❤❡t❤❡r ❈❛♣✉❝✐♥❡ ❡♥❢♦r❝❡s t❤❡ ♦✇♥❡r✲❛s✲❞♦♠✐♥❛t♦r ♣r♦♣❡rt②✳ ■♥❞❡❡❞✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞
♦♥❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ✉♥♣❛❝❦ ❛♥ ♦❜❥❡❝t x ❛♥❞ ✐ts ♦✇♥❡rs t♦ ❜❡ ❛❜❧❡ t♦ r❡❛❞ ✐t✱ ❜✉t ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞ ❛ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ♦❢ x ✐s r❡q✉✐r❡❞✳ ▼♦r❡♦✈❡r✱ ❛❝❝❡ss✐❜✐❧✐t② r✉❧❡s ✭❋✐❣✉r❡ ✹✳✷✮
r❡q✉✐r❡ ♥♦t ♦♥❧② ❛ ♣❡r♠✐ss✐♦♥ ♦♥ x ❜✉t ❛❧s♦ ♣❡r♠✐ss✐♦♥s ♦♥ t❤❡ ♦✇♥❡rs ♦❢ x✳ ❍♦✇❡✈❡r✱ t❤✐s
♣❡r♠✐ss✐♦♥ r❡q✉✐r❡♠❡♥t ✐s ♦♥❧② ❤❡r❡ t♦ ❡♥s✉r❡ t❤❡ s❡♣❛r❛t❡❞ tr❛♥s❧❛t✐♦♥ ♦❢ ❈❤❛♣t❡r ✺ ✐s s♦✉♥❞✳
■❢ ✇❡ ❤❛❞ ❝❤♦s❡♥ ❛ ♠♦r❡ ❝❧❛ss✐❝ tr❛♥s❧❛t✐♦♥ ✇✐t❤ ♦♥❧② ♦♥❡ ❤❡❛♣ ❛rr❛②✱ ✐✳❡✳ ❛ tr❛♥s❧❛t✐♦♥ ❝❧♦s❡r
t♦ t❤❡ ✐♥t✉✐t✐✈❡ ♠♦❞❡❧ ♦❢ ❈❛♣✉❝✐♥❡ ✭❙❡❝t✐♦♥ ✹✳✸✮ ❛♥❞ t♦ t❤❡ ❙♣❡❝★✲t♦✲❇♦♦❣✐❡ tr❛♥s❧❛t✐♦♥✱
t❤❡♥ ✇❡ ✇♦✉❧❞ ♥♦t ♥❡❡❞ t♦ r❡q✉✐r❡ ❛♥② ♣❡r♠✐ss✐♦♥ ♦♥ x❀ ❜✉t ✇❡ ✇♦✉❧❞ ♥♦t ❜❡♥❡✜t ❢r♦♠ t❤❡
s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r tr❛♥s❧❛t✐♦♥✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ❞❡❢❛✉❧t ♣❡❡r t②♣❡ ✐♥ t❤❡ ❯♥✐✈❡rs❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ ✉s❡ ♦❢ ❛ ✉♥✐q✉❡ ❣r♦✉♣ r❡❣✐♦♥ ✐♥ ❈❛♣✉❝✐♥❡✳ ❚❤✐s ✇♦✉❧❞ ❧❡❛❞ t♦ t❤❡ ♥❛✐✈❡
tr❛♥s❧❛t✐♦♥ ✇✐t❤ ♦♥❧② ♦♥❡ ♥♦♥✲s❡♣❛r❛t❡❞ ❤❡❛♣✱ ✇✐t❤ ♥♦ ❛❧✐❛s ❝♦♥tr♦❧✱ ❛♥❞ t❤✉s t♦ t❤❡ s❛♠❡
r❡s✉❧t✳

✼✳✶✳✻ ❘❡❣✐♦♥s✱ ❈❛♣❛❜✐❧✐t✐❡s ❛♥❞ ❆❧✐❛s ❚②♣❡s

❘❡❣✐♦♥s ❘❡❣✐♦♥s ❛r❡ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ▼❛❞s ❚♦❢t❡ ❛♥❞ ❏❡❛♥✲P✐❡rr❡ ❚❛❧♣✐♥ ❬❚♦❢t❡✾✹✱
❚♦❢t❡✾✼❪✳ ❚❤❡② str✉❝t✉r❡ t❤❡ st♦r❡ ❛s ❛ st❛❝❦ ♦❢ r❡❣✐♦♥s t♦ ❝♦♥tr♦❧ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❞❡❛❧❧♦❝❛t✐♦♥✳
❘❡❣✐♦♥s ❛r❡ ❛❧❧♦❝❛t❡❞ ❛♥❞ ❞❡❛❧❧♦❝❛t❡❞ ❛s ❛ ✇❤♦❧❡✳ ❆❧❧ ♣♦✐♥ts ♦❢ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❞❡❛❧❧♦❝❛t✐♦♥
❛r❡ ✐♥❢❡rr❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t♦r ✐s ♥♦t r❡q✉✐r❡❞✳

❈❛♣❛❜✐❧✐t✐❡s ❑❛r❧ ❈r❛r②✱ ❉❛✈✐❞ ❲❛❧❦❡r ❛♥❞ ●r❡❣ ▼♦rr✐s❡tt ♣r♦♣♦s❡ ❛ ❝❛❧❝✉❧✉s ♦❢ ❝❛♣❛❜✐❧✲
✐t✐❡s t♦ t②♣❡ ♠❡♠♦r② ♠❛♥❛❣❡♠❡♥t ❬❈r❛r②✾✾❪✱ ✉s✐♥❣ r❡❣✐♦♥s s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ ▼❛❞s ❚♦❢t❡
❛♥❞ ❏❡❛♥✲P✐❡rr❡ ❚❛❧♣✐♥✳ ❈❛♣❛❜✐❧✐t✐❡s ❛r❡ s✐♠✐❧❛r t♦ ♣❡r♠✐ss✐♦♥s✿ t❤❡② ❝❛♥♥♦t ❜❡ ❞✉♣❧✐❝❛t❡❞
❛♥❞ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t r❡❣✐♦♥s✳ ❚❤❡✐r ✇♦r❦ ✐s ♣r❡s❡♥t❡❞ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❣❛r❜❛❣❡
❝♦❧❧❡❝t♦rs✳ ❈❛♣❛❜✐❧✐t✐❡s ❛r❡ ✉s❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦ ❦♥♦✇ ✇❤✐❝❤ r❡❣✐♦♥s ❝❛♥ ❜❡ ❞❡❛❧❧♦❝❛t❡❞✳

❏♦❤♥ ❚❛♥❣ ❇♦②❧❛♥❞✱ ❏❛♠❡s ◆♦❜❧❡ ❛♥❞ ❲✐❧❧✐❛♠ ❙ ❘❡t❡rt ♣r♦♣♦s❡ ❛ t②♣❡✲s②st❡♠ ❢♦r ❝❛♣❛✲
❜✐❧✐t✐❡s ❬❇♦②❧❛♥❞✵✶❪ ❢♦r ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s✳ ■t ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ♠❛♥② ✉s✉❛❧ ❏❛✈❛
❛♥♥♦t❛t✐♦♥s s✉❝❤ ❛s ✉♥✐q✉❡ ♦r r❡❛❞♦♥❧②✳ ❚❤❡ ❧❛♥❣✉❛❣❡ ✐s q✉✐t❡ ❣❡♥❡r❛❧ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦
❡♥❝♦❞❡ ♠❛♥② s✉❝❤ ♣♦❧✐❝✐❡s✳ ❚❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♣❡r♠✐ss✐♦♥s s❡♣❛r❛t❡s r❡❛❞ ❛♥❞ ✇r✐t❡ ❛❝❝❡ss❡s✳
❚❤❡② ❛❧s♦ ♣r♦♣♦s❡ ❛ ♣❡r♠✐ss✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛❧❧♦✇ t♦ ❛❝❝❡ss ❛ ♣♦✐♥t❡r ❜✉t ✇❤✐❝❤ st✐❧❧ ❛❧❧♦✇s
t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t❡r t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♦t❤❡rs✳ ❙♦♠❡ ♣❡r♠✐ss✐♦♥s ❞❡♥♦t❡ t❤❡ ❢❛❝t
t❤❛t ♥♦❜♦❞② ❡❧s❡ ❤❛s t❤❡ ♣❡r♠✐ss✐♦♥✳ ❚❤❡s❡ ❛❧❧♦✇ t♦ ❝♦♥tr♦❧ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥✱ ❛♥❞
t❤✉s t♦ ❡♥❝♦❞❡ ❧✐♥❡❛r ♦r ❛✣♥❡ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❛✉t❤♦rs ❡①t❡♥❞ t❤❡✐r t②♣❡✲s②st❡♠ ✇✐t❤ ❛❞♦♣✲
t✐♦♥ ❬❇♦②❧❛♥❞✵✺❪✳ ❚❤❡② ❝❛❧❧ t❤✐s ♦♣❡r❛t✐♦♥ ♥❡st✐♥❣✱ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♦♣❡r❛t✐♦♥
✐s ♠♦r❡ ✜♥❡✲❣r❛✐♥❡❞ t❤❛♥ ❛❞♦♣t✐♦♥ ❛s ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s✐♥❣❧❡ ✜❡❧❞s ✐♥st❡❛❞ ♦❢ ❛ ✇❤♦❧❡
♦❜❥❡❝t✳

❆❧✐❛s ❚②♣❡s ❋r❡❞❡r✐❝❦ ❙♠✐t❤✱ ❉❛✈✐❞ ❲❛❧❦❡r ❛♥❞ ●r❡❣ ▼♦rr✐s❡tt ♣r♦♣♦s❡ ❛❧✐❛s
t②♣❡s ❬❙♠✐t❤✵✵✱ ❲❛❧❦❡r✵✵❪✱ ✇❤✐❝❤ ❛r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ ❝❛❧❝✉❧✉s ♦❢ ❝❛♣❛❜✐❧✐t✐❡s✳ ❚❤❡ ✐❞❡❛ ✐s
t♦ ❝♦♥tr♦❧ ❛❧✐❛s✐♥❣ ✉s✐♥❣ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s✳ ■t ❛❧❧♦✇s t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ s✐♥❣❧❡t♦♥
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❛♥❞ ❣r♦✉♣ r❡❣✐♦♥s✳ ❚❤✐s ❞✐st✐♥❝t✐♦♥ ❛❧❧♦✇s str♦♥❣ ✉♣❞❛t❡✿ ❛s t❤❡ t②♣❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡❣✐♦♥
✐s ❝♦♥t❛✐♥❡❞ ✐♥ ✐ts ❝❛♣❛❜✐❧✐t②✱ ✇❤✐❝❤ ✐s ❧✐♥❡❛r✱ ✐t ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ s❛❢❡❧②✳

▼❛♥✉❡❧ ❋ä❤♥❞r✐❝❤ ❛♥❞ ❘♦❜❡rt ❉❡▲✐♥❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s ♦♣❡r❛✲
t✐♦♥s ❬❋ä❤♥❞r✐❝❤✵✷❪✳ ■t ❡①t❡♥❞s t❤❡ ❝❛❧❝✉❧✉s ♦❢ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ❛❧✐❛s t②♣❡s✳ ❚❤❡s❡ ♦♣❡r❛t✐♦♥s
❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ✉s❡❞ ❜② ❈❛♣✉❝✐♥❡✳

■♠♣❡r❛t✐✈❡ Pr♦❣r❛♠ ❊♥❝♦❞✐♥❣ ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r ♣r♦♣♦s❡ ❛
t②♣❡ s②st❡♠ ❜❛s❡❞ ♦♥ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ✉s❡ ✐t t♦ ❡♥❝♦❞❡ ✐♠♣❡r❛t✐✈❡ ♣r♦❣r❛♠s ✐♥t♦ ♣✉r❡ ❧❛♥✲
❣✉❛❣❡s ❬❈❤❛r❣✉ér❛✉❞✵✽❪✳ ❚❤❡✐r ♦r✐❣✐♥❛❧ ♣❧❛♥ ✇❛s t♦ ✉s❡ t❤✐s ❛s ❛ ❜❛s✐s ❢♦r ♣r♦❣r❛♠ ✈❡r✐✜❝❛✲
t✐♦♥✳ ❈❛♣✉❝✐♥❡ ✐s ❧❛r❣❡❧② ❜❛s❡❞ ♦♥ t❤✐s ✐❞❡❛✳ ❚❤❡✐r tr❛♥s❧❛t✐♦♥ ✐♥t♦ ♣✉r❡ ❧❛♥❣✉❛❣❡s ♣r♦✈✐❞❡s
❛ s♦❧✐❞ ❜❛s✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❝❛♣❛❜✐❧✐t✐❡s✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❝❛♣❛❜✐❧✐t✐❡s ❛r❡
❡♥❝♦❞❡❞ ❛s ✈❛❧✉❡s ✐♥ t❤❡ ♣✉r❡ ❧❛♥❣✉❛❣❡✱ ❡❛❝❤ ❝❛♣❛❜✐❧✐t② ❞❡♥♦t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ ❧♦❝❛t✐♦♥s ♦❢
✐ts r❡❣✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ t❤❡ r❡❣✐♦♥ ✐s s✐♥❣❧❡t♦♥✱ t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ❝❛♣❛❜✐❧✐t② ❞❡♥♦t❡s
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ r❡❣✐♦♥✱ ❛♥❞ ✐❢ t❤❡ r❡❣✐♦♥ ✐s ❣r♦✉♣✱ t❤❡ ❝❛♣❛❜✐❧✐t②
✐s ❡♥❝♦❞❡❞ ❛s ❛ ♠❛♣ ❢r♦♠ ❧♦❝❛t✐♦♥s t♦ ✈❛❧✉❡s✳ ❆❧❧♦❝❛t✐♦♥ ♣r♦❞✉❝❡s ❛ ♣❡r♠✐ss✐♦♥ ♦♥ ❛ ♥❡✇
r❡❣✐♦♥✱ ✇❤✐❝❤ tr❛♥s❧❛t❡s t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ ♥❡✇ ✈❛❧✉❡ ✐♥ t❤❡ ♣✉r❡ ♣r♦❣r❛♠✳ ❉❡❛❧❧♦❝❛t✐♦♥
❝♦♥s✉♠❡s ❛ ♣❡r♠✐ss✐♦♥ ♦♥ t❤❡ r❡❣✐♦♥ ❜❡✐♥❣ ❢r❡❡❞✱ ✇❤✐❝❤ tr❛♥s❧❛t❡s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡
✐♥ t❤❡ ♣✉r❡ ♣r♦❣r❛♠ ♥♦ ❧♦♥❣❡r ❜❡✐♥❣ ✉s❡❞✳ ▼♦❞✐✜❝❛t✐♦♥ ❝♦♥s✉♠❡s ❛ ♣❡r♠✐ss✐♦♥ ❛♥❞ ♣r♦❞✉❝❡s
✐t ❜❛❝❦✱ ✇❤✐❝❤ tr❛♥s❧❛t❡s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ❜❡✐♥❣ ♠♦❞✐✜❡❞ ✐♥ t❤❡ ♣✉r❡ ♣r♦❣r❛♠✳
❚❤❡ t②♣❡ s②st❡♠ ♦❢ ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r ❛❧s♦ ❢❡❛t✉r❡s str♦♥❣ ✉♣❞❛t❡✳
❈♦♥tr❛r② t♦ ♣r❡✈✐♦✉s ✈❡rs✐♦♥s ♦❢ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ❝❛♣❛❜✐❧✐t✐❡s ❬❈r❛r②✾✾✱ ❋ä❤♥❞r✐❝❤✵✷❪✱ t❤❡✐r
t②♣❡ s②st❡♠ ❛❧s♦ ❛❧❧♦✇s r❡❣✐♦♥s t♦ ❝♦♥t❛✐♥ ♥♦t ♦♥❧② ❧♦❝❛t✐♦♥s ❜✉t ❛❧s♦ ❛♥② ✈❛❧✉❡✳ ❚❤✐s ❛❧❧♦✇s
♠♦r❡ ❡①♣r❡ss✐✈❡ t②♣❡s ❛♥❞ ❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s s✉♠ t②♣❡s ❛♥❞ t❤✉s ❧✐♥❦❡❞ ❧✐sts✳ ❚❤❡② ❛❧s♦
❢❡❛t✉r❡ ♣♦❧②♠♦r♣❤✐s♠ à ❧❛ ❙②st❡♠ ❋ ❬●✐r❛r❞✼✶✱ ❘❡②♥♦❧❞s✼✹❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t②♣❡ s②st❡♠
❢❡❛t✉r❡s ❡①✐st❡♥t✐❛❧ t②♣❡s✳

❈♦♥❝✉rr❡♥❝② ❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣❡r♠✐ss✐♦♥s ✐s t♦ ❝♦♥tr♦❧ ✇❤✐❝❤ ♣r♦❝❡ss ♠❛② ❛❝❝❡ss
s♦♠❡ ♣❛rt ♦❢ t❤❡ ♠❡♠♦r② ✐♥ ❛ ❝♦♥❝✉rr❡♥t s❡tt✐♥❣✳ ▲❡t✬s s❤♦✇ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✿

*x = 2;

*y = 49 / *x;

■❢ t❤❡ ♠❡♠♦r② ❝❡❧❧ ❞❡♥♦t❡❞ ❜② ♣♦✐♥t❡r x ✐s ❛ss✐❣♥❡❞ t♦ ③❡r♦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧✐♥❡s ♦❢ t❤✐s
♣r♦❣r❛♠✱ ❛ ❞✐✈✐s✐♦♥ ❜② ③❡r♦ ♦❝❝✉rs✳ ❚❤❡ ✉s✉❛❧ ✇❛② t♦ ♣r❡✈❡♥t t❤✐s ❢r♦♠ ❤❛♣♣❡♥✐♥❣ ✐s ❜② ✉s✐♥❣
❧♦❝❦s ♦r ♠✉t❡①❡s t♦ ♠❛❦❡ t❤❡s❡ t✇♦ ❧✐♥❡s ❛t♦♠✐❝✱ ✐✳❡✳ t♦ ❡♥s✉r❡ t❤❛t ♥♦t❤✐♥❣ ✇✐❧❧ ❜❡ ❡①❡❝✉t❡❞
❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♦♣❡r❛t✐♦♥s✳ P❡r♠✐ss✐♦♥s ❛r❡ ❛ ✇❛② t♦ ♣r❡✈❡♥t x ❢r♦♠ ❜❡✐♥❣ ♠♦❞✐✜❡❞✳ ❚❤❡
♣r♦❝❡ss r✉♥♥✐♥❣ t❤❡ ❛❜♦✈❡ t✇♦ ❧✐♥❡s r❡q✉✐r❡s ♣❡r♠✐ss✐♦♥s x ❛♥❞ y✱ ❛♥❞ ❜❡❝❛✉s❡ ♣❡r♠✐ss✐♦♥s
❝❛♥♥♦t ❜❡ ❞✉♣❧✐❝❛t❡❞✱ ♥♦ ♦t❤❡r ♣r♦❝❡ss ❝❛♥ ♠♦❞✐❢② x✳ ❚❤♦s❡ t✇♦ ❧✐♥❡s ❛r❡ ♥♦ ❧♦♥❣❡r ❛t♦♠✐❝✱
②❡t ♥♦t❤✐♥❣ t❤❛t ❝❛♥ ❜r❡❛❦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❣r❛♠ ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ❜❡t✇❡❡♥ t❤❡♠✳

Pr♦t♦❝♦❧ ❆P■ ❙♣❡❝✐✜❝❛t✐♦♥ ❑❡✈✐♥ ❇✐❡r❤♦✛ ✉s❡s ♣❡r♠✐ss✐♦♥s ✐♥ ❤✐s P❤❉ t❤❡s✐s t♦ s♣❡❝✐❢②
♣r♦t♦❝♦❧ ❆P■s ❬❇✐❡r❤♦✛✵✾❪✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❝❤❛♥♥❡❧ ♠❛② ❜❡ ♦♣❡♥❡❞✱ ❛❝❝❡ss❡❞ ❛♥❞ t❤❡♥ ❝❧♦s❡❞✱
✐♥ t❤✐s ♦r❞❡r✳ ❆❝❝❡ss t♦ ❛ ❝❧♦s❡❞ ❝❤❛♥♥❡❧ ✉s✉❛❧❧② ❧❡❛❞s t♦ ❛ r✉♥✲t✐♠❡ ❡rr♦r✱ ❜✉t ❛ t②♣❡
s②st❡♠ ✉s✐♥❣ ♣❡r♠✐ss✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛t❝❤ t❤✐s ❡rr♦r ✇❤❡♥ ❝♦♠♣✐❧✐♥❣✳ ■♥❞❡❡❞✱ ♦♥❡ ♠❛②
s♣❡❝✐❢② ❝❤❛♥♥❡❧ ❝r❡❛t✐♦♥ t♦ ♣r♦❞✉❝❡ ❛ ♣❡r♠✐ss✐♦♥ ✇❤✐❝❤ ✐s ❝♦♥s✉♠❡❞ ✇❤❡♥ t❤❡ ❝❤❛♥♥❡❧ ✐s
❝❧♦s❡❞✱ ❛♥❞ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ❛❝❝❡ss t❤❡ ❝❤❛♥♥❡❧✳ ❑❡✈✐♥ ❇✐❡r❤♦✛ ❛♣♣❧✐❡s t❤✐s ❛♣♣r♦❛❝❤ t♦
♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❧❛♥❣✉❛❣❡s ❛♥❞ ♣r♦♣♦s❡ t♦ s♣❧✐t t❤❡ st❛t❡ s♣❛❝❡ ♦❢ ♦❜❥❡❝ts ✉s✐♥❣ ❤✐❡r❛r❝❤✐❝❛❧
r❡✜♥❡♠❡♥ts✳ ❊❛❝❤ r❡✜♥❡♠❡♥t ❞❡s❝r✐❜❡s ♦♥❡ ✐♥t❡r❢❛❝❡ ❢♦r ❛♥ ♦❜❥❡❝t✳ P❡r♠✐ss✐♦♥s st❛t❡ ✐♥
✇❤✐❝❤ ❡①❛❝t r❡✜♥❡♠❡♥t t❤❡ ♦❜❥❡❝t ✐s✱ ❛♥❞ t❤✉s ✇❤✐❝❤ ♠❡t❤♦❞s ♠❛② ❜❡ ❝❛❧❧❡❞✳
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❚❤❡ ✇♦r❦ ♦❢ ❑❡✈✐♥ ❇✐❡r❤♦✛ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛♥ ❊❝❧✐♣s❡ ♣❧✉❣✐♥ ❝❛❧❧❡❞ P❧✉r❛❧ ❬❇✐❡r✲
❤♦✛✶✶❪✳ ❚❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♣❡r♠✐ss✐♦♥s ❞❡s❝r✐❜❡s t❤❡ st❛t❡ ♦❢ ❛♥ ♦❜❥❡❝t✿ ❡①❝❧✉s✐✈❡ ❛❝❝❡ss
✭✉♥✐q✉❡✮✱ ❡①❝❧✉s✐✈❡ ✇✐t❤ r✐❣❤t t♦ ♠♦❞✐❢② ✭❢✉❧❧✮✱ r❡❛❞✲♦♥❧② ✭♣✉r❡✮✱ ✐♠♠✉t❛❜❧❡✱ ❛♥❞ s❤❛r❡❞
❛❝❝❡ss ✭s❤❛r❡❞✮✳ P❡r♠✐ss✐♦♥s ♠❛② ♦♥❧② ❝♦❡①✐st ✐❢ t❤❡② ❞♦ ♥♦t ✈✐♦❧❛t❡ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡② ❝❛♥
❜❡ ❞❡❝♦♠♣♦s❡❞ ❛♥❞ r❡❝♦♠♣♦s❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✉♥✐q✉❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣✉r❡ ♣❧✉s ❢✉❧❧✳ ❚❤❡
❧❛♥❣✉❛❣❡ ❛❧s♦ ❢❡❛t✉r❡s ❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s ❬❇♦②❧❛♥❞✵✸❪✱ ❛❧t❤♦✉❣❤ t❤❡ ❛✉t❤♦rs ❝❧❛✐♠ ♥♦t t♦
♥❡❡❞ t❤✐s ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡ t❤❛t ♦❢t❡♥✳ ❋♦r ✐♥st❛♥❝❡✱ ❢✉❧❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♦♥❡ ❤❛❧❢ ♦❢ s❤❛r❡❞
♣❧✉s ♦♥❡ ♦t❤❡r ❤❛❧❢ ♦❢ s❤❛r❡❞✳ ❚❤❡ ❛✉t❤♦rs ♦❢ P❧✉r❛❧ ❢♦✉♥❞ ♣❡r♠✐ss✐♦♥s t♦ ❜❡ q✉✐t❡ ❛ ♣♦✇❡r❢✉❧
t♦♦❧ ❢♦r s♣❡❝✐✜❝❛t✐♦♥✳

P❧❛✐❞ ❏♦♥❛t❤❛♥ ❆❧❞r✐❝❤ ❡t ❛❧✳ ♣r♦♣♦s❡ t♦ ❞❡s✐❣♥ ❛ ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥✲
❣✉❛❣❡ ❬❆❧❞r✐❝❤✶✶❪✳ ❚❤❡✐r ✇♦r❦ ✐s ✐♥s♣✐r❡❞ ❜② P❧✉r❛❧ ✿ t❤❡ st❛t❡ ♦❢ ♦❜❥❡❝ts ♠❛② ❝❤❛♥❣❡ ❛♥❞
♣❡r♠✐ss✐♦♥s tr❛❝❦ t❤❡ ❝✉rr❡♥t ✐♥t❡r❢❛❝❡ ♦❢ ❛♥ ♦❜❥❡❝t✳ ❚❤❡② s❦❡t❝❤ t❤❡✐r ♦✇♥ ♣r♦♣♦s❛❧✱ ❝❛❧❧❡❞
P❧❛✐❞✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ✐s t♦ ♣r♦✈✐❞❡ ♣❡r♠✐ss✐♦♥s ❛s ❛ s♣❡❝✐✜❝❛t✐♦♥ t♦♦❧ t♦✱ ✐♥ ♣❛rt✐❝✉✲
❧❛r✱ s♣❡❝✐❢② ♦✇♥❡rs❤✐♣ ✐♥ ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠s✱ ❝❤❡❝❦ ♣r♦t♦❝♦❧ ❆P■s ❛♥❞ ❡♥s✉r❡ t❤❛t s♦♠❡ ✈❛❧✉❡s
❛r❡ ♥♦t ❧❡❛❦❡❞ ♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ ❛ ♠♦❞✉❧❡✳ ❚❤❛t ❧❛st ♣r♦♣❡rt② ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ ❡♥s✉r❡
s❡❝✉r✐t② ♣r♦♣❡rt✐❡s ❛♥❞ ❡♥❝❛♣s✉❧❛t✐♦♥✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ❛✉t❤♦rs ❞♦ ♥♦t ✇✐s❤
t♦ r❡str✐❝t t❤❡♠s❡❧✈❡s t♦ ❛ t②♣❡ s②st❡♠✿ t❤❡② ❝♦♥s✐❞❡r ❞②♥❛♠✐❝ ♣❡r♠✐ss✐♦♥s✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡
❝❤❡❝❦❡❞ ❛t r✉♥✲t✐♠❡✳ ❚❤✐s ✇♦✉❧❞ ♣r♦✈✐❞❡ ♠♦r❡ ❡①♣r❡ss✐✈❡♥❡ss ✇❤❡♥ r❡q✉✐r❡❞✳

P❡r♠✐ss✐♦♥s ❛♥❞ ❖✇♥❡rs❤✐♣ ❨❛♥❣ ❩❤❛♦ ❛♥❞ ❏♦❤♥ ❚❛♥❣ ❇♦②❧❛♥❞ ♣r♦♣♦s❡ t♦ ✉s❡ ♣❡r♠✐s✲
s✐♦♥s t♦ ❡♥❝♦❞❡ ♦✇♥❡rs❤✐♣ ❬❩❤❛♦✵✽❪✳ P❡r♠✐ss✐♦♥s ♠❛② ❜❡ ♥❡st❡❞ ✐♥s✐❞❡ ♦t❤❡rs✳ ❆s ❛ r❡s✉❧t✱
t❤❡ ♥❡st❡❞ ♣❡r♠✐ss✐♦♥ ✐s ✏♣r♦t❡❝t❡❞✑✿ ♦♥❡ ❤❛s t♦ ✏✉♥✲♥❡st✑ t❤❡ ♥❡st❡r ♣❡r♠✐ss✐♦♥ t♦ ♦❜t❛✐♥ t❤❡
♥❡st❡❞ ♦♥❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♣❡r♠✐ss✐♦♥s ❝❛♥ ❜❡ ♥❡st❡❞ ✐♥s✐❞❡ ♦❜❥❡❝t ✜❡❧❞s✳ ❚❤✐s ✐s ❡♥❝♦❞❡❞
✉s✐♥❣ ❧✐♥❡❛r ✐♠♣❧✐❝❛t✐♦♥✳ ❚❤❡ ❛✉t❤♦rs s❤♦✇✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❤♦✇ t❤❡ ♦✇♥❡r✲❛s✲❞♦♠✐♥❛t♦r ♣♦❧✐❝②
❝❛♥ ❜❡ ❡♥❢♦r❝❡❞✳ ❚❤❡② ❞✐s❝✉ss ❤♦✇ ❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ♣r♦✈✐❞❡ ♠✉❧t✐♣❧❡
♦✇♥❡rs❤✐♣✳ ❚❤❡② ❛❧s♦ ❛r❣✉❡ t❤❛t t❤✐s ♣r♦✈✐❞❡s ❡♥❝❛♣s✉❧❛t✐♦♥✳

❈♦♥❞✐t✐♦♥❛❧ P❡r♠✐ss✐♦♥s ❙♦♠❡ ♦❢ t❤❡ ❛❜♦✈❡ r❡❧❛t❡❞ ✇♦r❦ ❢❡❛t✉r❡ ❝♦♥❞✐t✐♦♥❛❧ ♣❡r♠✐s✲
s✐♦♥s ❬❇♦②❧❛♥❞✵✺✱ ❘❡t❡rt✵✾✱ ❩❤❛♦✵✽❪✳ ❚❤❡② ❛r❡ ♣❡r♠✐ss✐♦♥s ✇❤✐❝❤ ❛r❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ ✐❢ s♦♠❡
❜♦♦❧❡❛♥ ♣r❡❞✐❝❛t❡ ❡✈❛❧✉❛t❡s t♦ tr✉❡✳ ❚❤❡② ❝❛♥ ✐♥ ♣❛rt✐❝✉❧❛r ❜❡ ✉s❡❞ t♦ s♣❡❝✐❢② t❤❡ ❝❛s❡s ✇❤❡r❡
❛ ♣♦✐♥t❡r ✐s ♥✉❧❧✳

■♥❢❡r❡♥❝❡ ♦❢ P❡r♠✐ss✐♦♥s ❇♦t❤ ❲✐❧❧✐❛♠ ❙ ❘❡t❡rt ❛♥❞ ❑❡✈✐♥ ❇✐❡r❤♦✛ ❞✐s❝✉ss✱ ✐♥ t❤❡✐r P❤❉
t❤❡s✐s✱ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t t❤❡✐r ♣❡r♠✐ss✐♦♥ t②♣❡✲s②st❡♠ ❬❘❡t❡rt✵✾✱ ❇✐❡r❤♦✛✵✾❪✳ ❚❤❡ ♣r♦❜❧❡♠
✐s✿ ❣✐✈❡♥ ❛ ♣r♦❣r❛♠ ✇❤✐❝❤ ✐s ♣❛rt✐❛❧❧② ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✱ ❝❛♥ ✇❡ st❛t✐❝❛❧❧② ♣r♦✈❡
t❤❛t t❤♦s❡ ♣❡r♠✐ss✐♦♥s ✇✐❧❧ ✐♥❞❡❡❞ ❜❡ ❛✈❛✐❧❛❜❧❡ ❛t r✉♥✲t✐♠❡❄ ❚❤❡ ♠❛✐♥ ✐ss✉❡ s❡❡♠s t♦ ❞❡❝✐❞❡
✇❤❡♥ ♣❡r♠✐ss✐♦♥s s❤♦✉❧❞ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛♥❞ r❡❝♦♠♣♦s❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜♦t❤ s②st❡♠s ❢❡❛t✉r❡
❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s✳ ❲✐❧❧✐❛♠ ❙ ❘❡t❡rt ✐♥tr♦❞✉❝❡s ❛ ❧❛tt✐❝❡ ♦❢ ♣❡r♠✐ss✐♦♥s✳ ❆ ❝♦♥tr♦❧✲✢♦✇
❛♥❛❧②s✐s ❣❡♥❡r❛t❡s ❝♦♥str❛✐♥ts✱ ❛♥❞ ❛ ✜①♣♦✐♥t ✐s ❢♦✉♥❞ ✐♥ t❤✐s ❧❛tt✐❝❡✳ ❑❡✈✐♥ ❇✐❡r❤♦✛ ✈✐❡✇s
♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ❛ss❡rt✐♦♥s ❛s ❛ ❞❡❝✐❞❛❜❧❡ ❢r❛❣♠❡♥t ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❲❤✐❧❡ t❤❡ t②♣❡ s②st❡♠ ♦❢ ❈❛♣✉❝✐♥❡ ✐s ❧❛r❣❡❧② ❜❛s❡❞ ♦♥ t❤❡
✐❞❡❛s ♦❢ r❡❣✐♦♥s ❛♥❞ ❝❛♣❛❜✐❧✐t✐❡s✱ ✐t ❢❡❛t✉r❡s s♦♠❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s✳ ❚❤❡ ✜rst ❝❤❛♥❣❡
✐s t❤❛t ❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ♣♦❧②♠♦r♣❤✐s♠ à ❧❛ ❙②st❡♠ ❋✳ ■t ✐s ❝❧♦s❡r t♦ ▼▲✱ ❛♥❞
♠❛② t❤✉s ❜❡ ❝♦♥s✐❞❡r❡❞ s✐♠♣❧❡r✱ ❛❧❜❡✐t ❧❡ss ❡①♣r❡ss✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r



✶✽✽ ❈❍❆P❚❊❘ ✼✳ ❈❖◆❈▲❯❙■❖◆

❡①✐st❡♥t✐❛❧ t②♣❡s✱ ❛❧t❤♦✉❣❤ ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s ❝❛♥ ❜❡ s❡❡♥ ❛s ❡①✐st❡♥t✐❛❧ r❡❣✐♦♥s✳ ❆❧❧♦❝❛t✐♦♥✱
✐♥ ♣❛rt✐❝✉❧❛r✱ t❛❦❡s ❛♥ ❡♠♣t② r❡❣✐♦♥ ❛s ❛♥ ❛r❣✉♠❡♥t✳

P❡r♠✐ss✐♦♥s ♦❢ ❈❛♣✉❝✐♥❡ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ tr❛❝❦✐♥❣ t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts✳ P❡r♠✐ss✐♦♥s ρ×

❛♥❞ ρG ✐♠♣❧② t❤❛t t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❛❧❧ ♦❜❥❡❝ts ♦❢ ρ ❤♦❧❞✱ ❛♥❞ ♣❡r♠✐ss✐♦♥ σ −◦ ρ ✐♠♣❧② t❤❛t
t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❛❧❧ ♦❜❥❡❝ts ♦❢ ρ✱ ❡①❝❡♣t ♣♦ss✐❜❧② t❤❡ ♦❜❥❡❝ts ✇❤✐❝❤ ❛r❡ ❛❧s♦ ✐♥ σ✱ ❤♦❧❞✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❝❤❛♥❣❡ ✐s t❤❛t ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ❛ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡✳ ❆ ❝❧♦s❡❞
♣❡r♠✐ss✐♦♥ ❡♥❝❛♣s✉❧❛t❡s ♦t❤❡r ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s✱ ❛s ✐❢ t❤❡s❡ ♣❡r♠✐ss✐♦♥s ✇❡r❡
♣❛rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡ ✐s ✉s❡❞ t♦
❡♥s✉r❡ t❤❡ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦❧♦❣② ✐s s♦✉♥❞✳

❈♦♠♣❛r❡❞ t♦ t❤❡ t②♣❡ s②st❡♠ ♦❢ ❆rt❤✉r ❈❤❛r❣✉ér❛✉❞ ❛♥❞ ❋r❛♥ç♦✐s P♦tt✐❡r✱ t❤❡ r❡❣✐♦♥s
♦❢ ❈❛♣✉❝✐♥❡ ♠❛② ♦♥❧② ❝♦♥t❛✐♥ ❧♦❝❛t✐♦♥s✳ ❚❤❡② ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥② ✈❛❧✉❡✳ ❈❛♣✉❝✐♥❡ ✐s t❤✉s
❝❧♦s❡r t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝❛❧❝✉❧✉s ♦❢ ❝❛♣❛❜✐❧✐t✐❡s ❛♥❞ ❛❧✐❛s t②♣❡s✳

❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❞❡❛❧❧♦❝❛t✐♦♥✳ ❲❡ ❛ss✉♠❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣❛r❜❛❣❡ ❝♦❧❧❡❝t♦r✳
❆❞❞✐♥❣ ❞❡❛❧❧♦❝❛t✐♦♥ ✇♦✉❧❞ ♥♦t ❜❡ ❤❛r❞ t❤♦✉❣❤✿ t❤❡ ♦♣❡r❛t✐♦♥ ✇♦✉❧❞ s✐♠♣❧② ❝♦♥s✉♠❡ t❤❡
♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ r❡❣✐♦♥ ✐t ❞❡❛❧❧♦❝❛t❡s✱ ❥✉st ❛s ✐t ✐s ❞♦♥❡ ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ❝❛♣❛❜✐❧✐t✐❡s✳

❚❤❡ ✐♥❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ♦❢ ❈❛♣✉❝✐♥❡ ✐s ♠♦r❡ s♣❡❝✐❛❧✐③❡❞ t❤❛♥ t❤❡ ♦♥❡s ♦❢ ❲✐❧❧✐❛♠ ❙
❘❡t❡rt ❛♥❞ ❑❡✈✐♥ ❇✐❡r❤♦✛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❈❛♣✉❝✐♥❡ ❞♦❡s ♥♦t ❢❡❛t✉r❡ ❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s✱
❝♦♥❞✐t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s✱ ♦r ♣❡r♠✐ss✐♦♥s ❞✐s❥✉♥❝t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❞♦❡s ❢❡❛t✉r❡
❛❞♦♣t✐♦♥✱ ❢♦❝✉s ❛♥❞ ✉♥❢♦❝✉s✱ ❛s ✇❡❧❧ ❛s r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ ✭✐✳❡✳ ♣❡r♠✐ss✐♦♥ ♥❡st✐♥❣✮✳ ▼♦r❡♦✈❡r✱
❈❛♣✉❝✐♥❡ ✐♥❢❡rs r❡❣✐♦♥ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ❛♥ ❡✛❡❝t ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❲❤② ♣r♦❣r❛♠✳ ❆s ❛
r❡s✉❧t✱ s♦♠❡ ❝❛r❡ ❤❛s t♦ ❜❡ t❛❦❡♥ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣r♦❣r❛♠ s❡♠❛♥t✐❝ ✐s ✉♥❝❤❛♥❣❡❞✳

✼✳✶✳✼ ❙❡♣❛r❛t✐♦♥ ▲♦❣✐❝

❏♦❤♥ ❘❡②♥♦❧❞s ♣r♦♣♦s❡ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ t♦ r❡❛s♦♥ ❛❜♦✉t ♣♦t❡♥t✐❛❧❧②✲❛❧✐❛s❡❞ ❞❛t❛ str✉❝✲
t✉r❡s ❬❘❡②♥♦❧❞s✵✷❪✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t ♣r❡❞✐❝❛t❡s ❞❡s❝r✐❜❡ t❤❡ ❤❡❛♣ ✉s✐♥❣ t❤❡ s❡♣❛r❛t✐✈❡
❝♦♥❥✉♥❝t✐♦♥ P ∗Q✱ ✇❤✐❝❤ st❛t❡s t❤❛t P ❤♦❧❞s ✐♥ ❛ ♣❛rt ♦❢ t❤❡ ❤❡❛♣ ✇❤✐❝❤ ✐s s❡♣❛r❛t❡❞ ❢r♦♠
Q✳ ❋♦r ✐♥st❛♥❝❡✱ i →֒ v ∗ j →֒ w st❛t❡s t❤❛t t❤❡ ❤❡❛♣ ❝♦♥t❛✐♥s ❡①❛❝t❧② t✇♦ ❞✐st✐♥❝t ❧♦❝❛t✐♦♥s
i ❛♥❞ j ♦❢ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s v ❛♥❞ w✳

❚♦ r❡❛s♦♥ ❛❜♦✉t r❡❝✉rs✐✈❡ ❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s ❧✐sts ✉s✐♥❣ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✱ ✇❡ ✉s❡
♣❛❝❦✐♥❣ ❛♥❞ ✉♥♣❛❝❦✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ s❛② Plist(i) ✐s ❛ ♣r❡❞✐❝❛t❡ st❛t✐♥❣ t❤❛t i ✐s
❛ ❧♦❝❛t✐♦♥ ❢♦r ❛ ❧✐♥❦❡❞ ❧✐st✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ❝❛♥ ❜❡ ✉♥♣❛❝❦❡❞ t♦ ♦❜t❛✐♥ i →֒ (v, j) ∗ Plist(j) ✐❢
t❤❡ ❧✐st ✐s ♥♦t ❡♠♣t②✳ ❱❛❧✉❡ v ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥♦❞❡ st♦r❡❞ ❛t ❧♦❝❛t✐♦♥ i✱ ❛♥❞ ❧♦❝❛t✐♦♥ j ✐s
t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♥❡①t ♥♦❞❡✳

❙❡♣❛r❛t✐✈❡ ❝♦♥❥✉♥❝t✐♦♥ ∗ ❤❛s ❛ ❞✉❛❧ ♦♣❡r❛t✐♦♥ P −∗ Q✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ❞❡s❝r✐❜❡s ❛ ❤❡❛♣
✐♥ ✇❤✐❝❤ Q ✇♦✉❧❞ ❤♦❧❞ ✐❢ ❛ s❡♣❛r❛t❡❞ ❤❡❛♣ ✐♥ ✇❤✐❝❤ P ❤❡❧❞ ✇❡r❡ ♣r♦✈✐❞❡❞✳ ❚❤✉s P ❞❡♥♦t❡s
❛ ✏❤♦❧❡✑ ✐♥ Q✳

❱❡r✐❋❛st ❬❏❛❝♦❜s✵✽❪ ✐s ❛ ♣r♦❣r❛♠ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧ ❢♦r ♣r♦❣r❛♠s ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣r❡✲
❝♦♥❞✐t✐♦♥s ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s ✇r✐tt❡♥ ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳ ❚❤❡ ♣r♦❣r❛♠♠❡r ♠❛② ✉s❡ ♦♣❡♥
❛♥❞ ❝❧♦s❡ ♦♣❡r❛t✐♦♥s t♦ r❡s♣❡❝t✐✈❡❧② ✉♥♣❛❝❦ ❛♥❞ ♣❛❝❦ ♣r❡❞✐❝❛t❡s s✉❝❤ ❛s Plist ✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❙❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❢♦❝✉s❡s✱ ❛s ✐ts ♥❛♠❡ s✉❣❣❡sts✱ ♦♥ t❤❡ ❧♦❣✐❝✱
✇❤❡r❡❛s ❈❛♣✉❝✐♥❡ ❢♦❝✉s❡s ♦♥ ✐ts t②♣❡ s②st❡♠✳ ❙❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❡♥❝♦❞❡s s❡♣❛r❛t✐♦♥ ✐♥❢♦r♠❛✲
t✐♦♥ ✐♥ ❧♦❣✐❝ ❝♦♥♥❡❝t✐✈❡s ✇❤❡r❡❛s ❈❛♣✉❝✐♥❡ r❡❧✐❡s ♦♥ ✐ts t②♣❡ s②st❡♠✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ♥❡❡❞ s♣❡❝✐❛❧ t❤❡♦r❡♠ ♣r♦✈❡rs t♦ ❜❡ ♣r♦✈❡♥✱ ❛✉t♦♠❛t✐❝❛❧❧② ♦r ♥♦t✳ ❍♦✇❡✈❡r✱
s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ✐s ❛❧s♦ ♠♦r❡ ❡①♣r❡ss✐✈❡ ❛s ❛ r❡s✉❧t✳

◆♦t❡ t❤❛t ♣❡r♠✐ss✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ♣r❡❞✐❝❛t❡s✳ ■♥❞❡❡❞✱ ❛ ♣❡r♠✐ss✐♦♥
❞❡♥♦t❡s s♦♠❡ ♣r♦♣❡rt② ❛❜♦✉t s♦♠❡ r❡❣✐♦♥✱ ✐✳❡✳ s♦♠❡ ♣❛rt ♦❢ t❤❡ ❤❡❛♣✳ ■❢ ❛ ♣❛✐r ♦❢ ♣❡r♠✐ss✐♦♥s



✼✳✶✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ❆◆❉ ❈❖◆❚❘■❇❯❚■❖◆❙ ✶✽✾

Σ1 , Σ2 ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ❈❛♣✉❝✐♥❡✱ t❤❡♥ t❤❡ r❡❣✐♦♥ ♦❢ Σ1 ✐s ❞✐s❥♦✐♥t t❤❛♥ t❤❡ r❡❣✐♦♥ ♦❢ Σ2 ✳ ❚❤✉s
t❤✐s ♣❛✐r ♦❢ ♣❡r♠✐ss✐♦♥ ✐s s✐♠✐❧❛r t♦ ❛ s❡♣❛r❛t✐✈❡ ❝♦♥❥✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ♣❡r♠✐ss✐♦♥ σ −◦ ρ ✐s
❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ♠❛❣✐❝ ✇❛♥❞ −∗ ♦❢ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳ ■♥❞❡❡❞✱ ♣❡r♠✐ss✐♦♥ σ −◦ ρ ❞❡♥♦t❡s
♣❡r♠✐ss✐♦♥ ρG ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t σ× ✐s ❣✐✈❡♥ ❜❛❝❦✳

❚❤❡ ♦♣❡♥ ❛♥❞ ❝❧♦s❡ ♦♣❡r❛t✐♦♥s ♦❢ ❱❡r✐❋❛st ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ✉♥♣❛❝❦ ❛♥❞ ♣❛❝❦ st❛t❡♠❡♥ts
♦❢ ❈❛♣✉❝✐♥❡✳ ❇② ✉♥♣❛❝❦✐♥❣ ❛ ❈❛♣✉❝✐♥❡ ♣♦✐♥t❡r x ✇❡ ♦❜t❛✐♥ ♣❡r♠✐ss✐♦♥s ♦♥ ♦✇♥❡❞ r❡❣✐♦♥s
♦❢ x ✳ ❲✐t❤ ❱❡r✐❋❛st✱ ❜② ♦♣❡♥✐♥❣ ❛ ♣r❡❞✐❝❛t❡ ✇❡ ♦❜t❛✐♥ ✏♦✇♥❡❞✑ ♣r❡❞✐❝❛t❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❜②
♦♣❡♥✐♥❣ Plist(i) ✇❡ ♦❜t❛✐♥ Plist(j ) ✇❤❡r❡ j ✐s t❤❡ ♥❡①t ♥♦❞❡ ♦❢ ❧✐st i ✳

✼✳✶✳✽ ❉②♥❛♠✐❝ ❋r❛♠❡s

■♦❛♥♥✐s ❚✳ ❑❛ss✐♦s ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❢r❛♠❡s ❬❑❛ss✐♦s✵✻❪ t♦ r❡❛s♦♥ ❛❜♦✉t ♣♦✐♥t❡r ❛❧✐❛s✐♥❣
✐♥ ❛ ♠♦❞✉❧❛r ❢❛s❤✐♦♥✳ ❆ ❢r❛♠❡ ✐s ❛ s❡t ♦❢ ❧♦❝❛t✐♦♥s✳ ❆ s♣❡❝✐✜❝❛t✐♦♥ ✈❛r✐❛❜❧❡ ✐s ❛ ✈❛r✐❛❜❧❡
✇❤✐❝❤ ♠❛② ♦♥❧② ❜❡ ✉s❡❞ ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s♣❡❝✐✜❝❛t✐♦♥ ✈❛r✐❛❜❧❡s ♠❛② ❜❡
❢r❛♠❡s✳ ❚❤❡ ♣r♦❣r❛♠♠❡r ❝❛♥ t❤✉s ✉s❡ ❢r❛♠❡s t♦ st❛t❡ ❛❧✐❛s✐♥❣ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ♣r♦❣r❛♠
s♣❡❝✐✜❝❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡♥ ♣r♦✈❡❞ ❛s ✉s✉❛❧ ✉s✐♥❣ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t ❞②♥❛♠✐❝ ❢r❛♠❡s ❛♣♣❡❛r ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✱ ❤❡♥❝❡ t❤❡ ✏❞②♥❛♠✐❝✑ ♥❛♠❡✳

Pr❡❞✐❝❛t❡ Ξ(f) st❛t❡s t❤❛t ❢r❛♠❡ f ✐s ♣r❡s❡r✈❡❞✱ ✐✳❡✳ ♥♦ ❧♦❝❛t✐♦♥ ♦❢ f ✐s ♠♦❞✐✜❡❞✳ ❚❤✐s
♣r❡❞✐❝❛t❡ ✐♠♣❧✐❝✐t❡❧② t❛❦❡s t✇♦ st❛t❡s s, s′ ❛s ❛r❣✉♠❡♥ts✱ ✇❤❡r❡ s ✐s t❤❡ ♣r❡✲st❛t❡ ❛♥❞ s′ ✐s
t❤❡ ♣♦st✲st❛t❡✳ ■t st❛t❡s t❤❛t ❢♦r ❡✈❡r② ❧♦❝❛t✐♦♥ l ✐♥ f ✱ s(l) = s′(l)✳

Pr❡❞✐❝❛t❡ ∆(f) st❛t❡s t❤❛t ❢r❛♠❡ f ✐s ♠♦❞✐✜❡❞✱ ✐✳❡✳ ♥♦ ❧♦❝❛t✐♦♥ ♦t❤❡r t❤❛♥ t❤♦s❡ ✐♥ f ❛r❡
♠♦❞✐✜❡❞✳ ■❢ all ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❧♦❝❛t✐♦♥s✱ ∆(f) ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s Ξ(all − f)✳

Pr❡❞✐❝❛t❡ Λ(f) st❛t❡s t❤❛t ❢r❛♠❡ f ❤❛s ❣r♦✇♥ ✉s✐♥❣ ❢r❡s❤ ❧♦❝❛t✐♦♥s ♦♥❧②✳ ■t ✐s s♦♠❡t✐♠❡s
❝❛❧❧❡❞ t❤❡ s✇✐♥❣✐♥❣ ♣✐✈♦t r❡q✉✐r❡♠❡♥t✳ ■t ✐s ✉s❡❢✉❧ t♦ ❞❡❛❧ ✇✐t❤ ❛❧❧♦❝❛t✐♦♥s✳

Pr❡❞✐❝❛t❡ disjoint(f, g) st❛t❡s t❤❛t ❢r❛♠❡s f ❛♥❞ g ❛r❡ ❞✐s❥♦✐♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♥♦ ❧♦❝❛t✐♦♥
♦❢ f ✐s ✐♥ g ❛♥❞ ✈✐❝❡✲✈❡rs❛✳

Pr❡❞✐❝❛t❡ f ❢r❛♠❡s e st❛t❡s t❤❛t ✐❢ ❢r❛♠❡ f ✐s ♣r❡s❡r✈❡❞ ✭✐✳❡✳ Ξ(f)✮✱ t❤❡♥ e ✐s ♥♦t ♠♦❞✐✜❡❞✱
✇❤❡r❡ e ✐s ❛ s✐❞❡✲❡✛❡❝t✲❢r❡❡ ❡①♣r❡ss✐♦♥✱ ❛ t❡r♠ ♦r ❛ ♣r❡❞✐❝❛t❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ f ✐♥❝❧✉❞❡s t❤❡
❧♦❝❛t✐♦♥s ❛♣♣❡❛r✐♥❣ ✐♥ e✳

❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥ st❛t❡s t❤❛t ✈❛r✐❛❜❧❡s x ❛♥❞ y ❛r❡ ♥♦t ❛❧✐❛s❡❞✿

f ❢r❛♠❡s x ∧ g ❢r❛♠❡s y ∧ disjoint(f, g)

■♥❞❡❡❞✱ x ❛♥❞ y ❛r❡ ✐♥ ❞✐s❥♦✐♥t ❢r❛♠❡s ❛♥❞ s♦ t❤❡② ♠✉st ❞❡♥♦t❡ ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s✳
❯s✉❛❧❧②✱ ❢r❛♠❡ ✈❛r✐❛❜❧❡s f ❛r❡ s❡❧❢✲❢r❛♠❡❞✱ ✐✳❡✳ ✇❡ ✇r✐t❡ f ❢r❛♠❡s f ✐♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ♥♦ ❧♦❝❛t✐♦♥ ✐s ❛❞❞❡❞ t♦ ♦r r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥ ✇❤✐❝❤ f ✐s
✐♥t❡♥❞❡❞ t♦ ❞❡♥♦t❡✱ t❤❡♥ ✈❛r✐❛❜❧❡ f ✐s ✉♥❝❤❛♥❣❡❞✳

❆ ❞❛t❛ str✉❝t✉r❡ ✐s t②♣✐❝❛❧❧② s♣❡❝✐✜❡❞ ✉s✐♥❣ ❛ s❡❧❢✲❢r❛♠❡❞ ❢r❛♠❡ s♣❡❝✐✜❝❛t✐♦♥ ✈❛r✐❛❜❧❡
♥❛♠❡❞ rep✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❛❧❧ ❧♦❝❛t✐♦♥s ✉s❡❞ ❜② t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❧✐♥❦❡❞
❧✐st ✇✐❧❧ ❤❛✈❡ ❛❧❧ ✐ts ♥♦❞❡s ❛♥❞ ✐ts ✈❛❧✉❡s ✐♥ rep✳ ❆❞❞✐♥❣ ❛ ♥❡✇ ♥♦❞❡ t♦ t❤❡ ❧✐st ✇✐❧❧ ❣r♦✇ rep

✉s✐♥❣ t❤❡ ♥❡✇ ♥♦❞❡ ❧♦❝❛t✐♦♥✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❉②♥❛♠✐❝ ❢r❛♠❡s ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❞❡❞ t♦ ❡①✐st✐♥❣ ❞❡❞✉❝t✐✈❡
✈❡r✐✜❝❛t✐♦♥ s②st❡♠s✱ ❛s ❢r❛♠❡s ❛r❡ ✈❛r✐❛❜❧❡s ❛s ❛♥② ♦t❤❡r✳ ❍♦✇❡✈❡r✱ ❈❛♣✉❝✐♥❡ r❡q✉✐r❡s t❤❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ t②♣❡ s②st❡♠✳

❈❛♣✉❝✐♥❡ ♣✉ts t❤❡ ❡♠♣❤❛s✐s ♦♥ st❛t✐❝ ♣r♦♣❡rt✐❡s✿ ✐t ✉s❡s ❛ t②♣❡ s②st❡♠ ❝❛♣❛❜❧❡ ♦❢ r❡❛✲
s♦♥✐♥❣ ✇✐t❤ ❧♦❝❛t✐♦♥ s❡ts✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ r❡❣✐♦♥s✳ ❉②♥❛♠✐❝ ❢r❛♠❡s ❛❧s♦ ❛✐♠ ❛t s♣❡❝✐❢②✐♥❣
❧♦❝❛t✐♦♥ s❡ts✱ ❝❛❧❧❡❞ ❢r❛♠❡s✳ ❚❤✉s r❡❣✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ ❢r❛♠❡s✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❣✐♦♥s ♦❢
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❈❛♣✉❝✐♥❡ ❛♣♣❡❛r ✐♥ t②♣❡s✱ ✇❤❡r❡❛s ❞②♥❛♠✐❝ ❢r❛♠❡s ❛♣♣❡❛r ✐♥ t❤❡ ❧♦❣✐❝✳ ❈❛♣✉❝✐♥❡ r❡❣✐♦♥s ❞♦
❛♣♣❡❛r ✐♥ t❤❡ ❧♦❣✐❝ ❛s ✇❡❧❧✱ ❜✉t ✇✐t❤ ❧❡ss ❛✈❛✐❧❛❜❧❡ ♦♣❡r❛t✐♦♥s✳ ❚❤✉s ❞②♥❛♠✐❝ ❢r❛♠❡s ♣✉t t❤❡
❡♠♣❤❛s✐s ♦♥ ❞②♥❛♠✐❝ ♣r♦♣❡rt✐❡s✱ ✐✳❡✳ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ❛r❡ ✈❡r✐✜❡❞ ✉s✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳
◆❛t✉r❛❧❧②✱ t❤✐s ♠❛❦❡s t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ ❞②♥❛♠✐❝ ❢r❛♠❡s str♦♥❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❈❛✲
♣✉❝✐♥❡✱ ❛s ❛ t②♣❡ s②st❡♠ ❝❛♥♥♦t ❤❛♥❞❧❡ ✉♥❞❡❝✐❞❛❜❧❡ ♣r♦♣❡rt✐❡s ✇✐t❤♦✉t r❡s♦rt✐♥❣ t♦ ♣r♦♦❢
♦❜❧✐❣❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♠❛♥② ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✉s✐♥❣ ❞②♥❛♠✐❝ ❢r❛♠❡s ❝♦✉❧❞ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧②
❞✐s❝❤❛r❣❡❞ ✉s✐♥❣ ❛ t②♣❡ s②st❡♠ s✉❝❤ ❛s ❈❛♣✉❝✐♥❡✳

❚❤❡ st❛t✐❝ ♠❡❛♥s ❈❛♣✉❝✐♥❡ ✉s❡s t♦ s♣❡❝✐❢② r❡❣✐♦♥ ♣r♦♣❡rt✐❡s ❛❧❧♦✇ r❡❣✐♦♥s t♦ ❜❡ st❛t✐❝❛❧❧②
s❡♣❛r❛t❡❞ ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✉s✐♥❣ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s✳ ❚❤✐s s✐♠♣❧✐✜❡s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ❛♥❞
❤❡❧♣s ❛✉t♦♠❛t✐❝ ♣r♦✈❡rs ❣r❡❛t❧②✳ ◆♦t ♦♥❧② s❡♣❛r❛t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ♣r♦✈❡❞✱ ✐t ✐s ❛❧s♦
❡❛s✐❡r t♦ ✉s❡ t♦ ♣r♦✈❡ ♦t❤❡r ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❉②♥❛♠✐❝ ❢r❛♠❡s✱ ❜❡✐♥❣ ❞②♥❛♠✐❝✱ ❞♦ ♥♦t ♣r♦✈✐❞❡
s✉❝❤ st❛t✐❝ s❡♣❛r❛t✐♦♥✳

✼✳✶✳✾ ■♠♣❧✐❝✐t ❉②♥❛♠✐❝ ❋r❛♠❡s

❏❛♥ ❙♠❛♥s✱ ❇❛rt ❏❛❝♦❜s ❛♥❞ ❋r❛♥❦ P✐❡ss❡♥s r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ✐♠♣❧✐❝✐t ❞②♥❛♠✐❝
❢r❛♠❡s ❬❙♠❛♥s✵✽✱ ❙♠❛♥s✵✾❪ t♦ ✉♥✐❢② ❞②♥❛♠✐❝ ❢r❛♠❡s ❬❑❛ss✐♦s✵✻❪ ❛♥❞ s❡♣❛r❛t✐♦♥
❧♦❣✐❝ ❬❘❡②♥♦❧❞s✵✷❪✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ✐♥st❡❛❞ ♦❢ ❜❡✐♥❣ ❡①♣❧✐❝✐t❧② s♣❡❝✐✜❡❞✱ ❢r❛♠❡s ❛r❡ ❝♦♠♣✉t❡❞
❢r♦♠ ❢✉♥❝t✐♦♥ ♣r❡✲ ❛♥❞ ♣♦st✲❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ♠❛② ❝♦♥t❛✐♥ ✐♥st❛♥❝❡s ♦❢ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✲
✐❝❛t❡ ❛❝❝(e)✳ ❚❤✐s ♣r❡❞✐❝❛t❡ st❛t❡s t❤❛t ❧♦❝❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ❜② t❡r♠ t ❛r❡ ❛❝❝❡ss✐❜❧❡✳ ■❢ ❢✉♥❝✲
t✐♦♥ r❡❛❞s ♦r ✇r✐t❡s s♦♠❡ ❧♦❝❛t✐♦♥✱ ✐t ♠✉st ❜❡ r❡q✉✐r❡❞ t♦ ❜❡ ❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ ♣r❡✲❝♦♥❞✐t✐♦♥✳
❉②♥❛♠✐❝ ❢r❛♠❡s ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡s ❝♦♥t❛✐♥❡❞ ✐♥ ♣r❡✲❝♦♥❞✐t✐♦♥s✳
❚❤❡ s❡♣❛r❛t✐♥❣ ❝♦♥❥✉♥❝t✐♦♥ ∗ ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ♣r❡❞✐❝❛t❡s✳

❚❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ ✐s ❡♥❝♦❞❡❞ ❛s ❛ ❜♦♦❧❡❛♥ ❣❤♦st ✜❡❧❞ ❛❝❝ ✐♥ ❡❛❝❤ ♦❜❥❡❝t✱ st❛t✐♥❣
✇❤❡t❤❡r t❤❡ ♦❜❥❡❝t ✐s ❛❝❝❡ss✐❜❧❡✳ ❚❤❡ ✈❡r✐✜❡r t❤❡♥ ❝❤❡❝❦s ❜❡❢♦r❡ ❡❛❝❤ ✜❡❧❞ ❛❝❝❡ss t❤❛t t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛t✐♦♥ ✐s ❛❝❝❡ss✐❜❧❡✱ ✐✳❡✳ t❤❡ ✈❛❧✉❡ ♦❢ ✐ts ❛❝❝ ✜❡❧❞ ✐s tr✉❡✳

P✉r❡ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ ❛r❡ ✉s❡❞ t♦ ❡♥❝♦❞❡ ❛❜str❛❝✲
t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥st❡❛❞ ♦❢ ❞✐r❡❝t❧② ✉s✐♥❣ s♦♠❡ f ✜❡❧❞ ✐♥ ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✱ ♦♥❡ ❝❛♥ ❛♣♣❧② ❛
♠❡t❤♦❞ getf ✇❤✐❝❤ r❡t✉r♥s t❤❡ ✈❛❧✉❡ ♦❢ f ✳ ❋✐❡❧❞ f ❝❛♥ t❤❡♥ ❜❡ ❤✐❞❞❡♥✳

❆❧❧♦❝❛t✐♦♥ ✐♠♣❧✐❝✐t❡❧② r❡t✉r♥s ❛ ❢r❡s❤ ❧♦❝❛t✐♦♥✳ ❚❤✐s ❧♦❝❛t✐♦♥ ✐s t❤✉s s❡♣❛r❛t❡❞ ❢r♦♠
♣r❡✈✐♦✉s❧②✲❛❧❧♦❝❛t❡❞ ♦♥❡s✳

❚❤❡ ❈❤❛❧✐❝❡ ❧❛♥❣✉❛❣❡ ❢❡❛t✉r❡s ✐♠♣❧✐❝✐t ❞②♥❛♠✐❝ ❢r❛♠❡s ❬▲❡✐♥♦✵✾❪✳ ■♠♣❧✐❝✐t ❞②♥❛♠✐❝
❢r❛♠❡s ❛r❡ s❡❡♥ ❛s ♣❡r♠✐ss✐♦♥s✳ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦ ❛♥❞ P❡t❡r ▼ü❧❧❡r s❤♦✇ ❤♦✇ ♣❡r♠✐s✲
s✐♦♥s ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s ✐♥t❡❣❡rs ✐♥ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ❇② ❝♦♥tr❛st✱ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ✈❡r✐✜❡rs
✉s✉❛❧❧② ♣❡r❢♦r♠ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❚❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ ♣❧❛②s ❛ r♦❧❡ s✐♠✐❧❛r t♦ ♣❡r♠✐s✲
s✐♦♥s✿ t❤❡② ❛r❡ ❜♦t❤ r❡q✉✐r❡❞ t♦ ❛❝❝❡ss s♦♠❡ ❧♦❝❛t✐♦♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s✱ ♦♥❝❡ ❛❣❛✐♥✱ t❤❛t
♣❡r♠✐ss✐♦♥s ❛r❡ ♣❛rt ♦❢ t❤❡ t②♣❡ s②st❡♠✱ ✇❤✐❧❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡s ❛r❡ ♣❛rt ♦❢ t❤❡ ❧♦❣✐❝
❛♥❞✱ ❛s s✉❝❤✱ ❣❡♥❡r❛t❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ■♠♣❧✐❝✐t ❞②♥❛♠✐❝ ❢r❛♠❡s ❞♦ ♥♦t r❡q✉✐r❡ ❡✛❡❝t ❛♥✲
♥♦t❛t✐♦♥s✱ ❛s t❤❡② ❛r❡ ✐♥❢❡rr❡❞✳ ❈❛♣✉❝✐♥❡ ❛❧s♦ ✐♥❢❡rs ❡✛❡❝ts✳ ❇② ✏❡✛❡❝ts✑ ✇❡ ♠❡❛♥✿ ✇❤✐❝❤
r❡❣✐♦♥s ❛r❡ r❡❛❞ ❛♥❞ ✇❤✐❝❤ r❡❣✐♦♥ ❛r❡ ♠♦❞✐✜❡❞✳

■♠♣❧✐❝✐t ❞②♥❛♠✐❝ ❢r❛♠❡s t❛❝❦❧❡ t❤❡ ✐ss✉❡ ♦❢ ♠♦❞✉❧❛r✐t② ✉s✐♥❣ ♣✉r❡ ♠❡t❤♦❞s✳ ❈❛♣✉❝✐♥❡
♣r♦✈✐❞❡s ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❛❜str❛❝t✐♦♥ t❤r♦✉❣❤ ❡♥❝❛♣s✉❧❛t✐♦♥ ♦❢ ♦✇♥❡❞ r❡❣✐♦♥s✿ ❛ ❝❧♦s❡❞ ♣❡r✲
♠✐ss✐♦♥ ❡♥❝❛♣s✉❧❛t❡s ❛❧❧ ✐ts ♦✇♥❡❞ ♣❡r♠✐ss✐♦♥s✱ t❤✉s ❤✐❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❣✐♦♥s✳



✼✳✶✳ ❘❊▲❆❚❊❉ ❲❖❘❑ ❆◆❉ ❈❖◆❚❘■❇❯❚■❖◆❙ ✶✾✶

✼✳✶✳✶✵ ❘❡❣✐♦♥❛❧ ▲♦❣✐❝

❆♥✐♥❞②❛ ❇❛♥❡r❥❡❡ ♣r♦♣♦s❡ r❡❣✐♦♥❛❧ ❧♦❣✐❝ ❬❇❛♥❡r❥❡❡✵✽❪ t♦ r❡❛s♦♥ ❛❜♦✉t ❣❧♦❜❛❧ ✐♥✈❛r✐❛♥ts ✐♥ ❛
❧♦❝❛❧ ❢❛s❤✐♦♥✳ ❍✐s ❛♣♣r♦❛❝❤ ❢♦❧❧♦✇s t❤❡ ✐❞❡❛s ♦❢ ❞②♥❛♠✐❝ ❢r❛♠❡s ❬❑❛ss✐♦s✵✻❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❤❡ ❛❣❛✐♥ ❞❡✜♥❡s r❡❣✐♦♥s ❛s s❡ts ♦❢ ❧♦❝❛t✐♦♥s✳ ❚❤❡s❡ r❡❣✐♦♥s ❛r❡ ❣❤♦sts ✈❛r✐❛❜❧❡s✱ ✉s❛❜❧❡ ✐♥
s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ ❡✛❡❝ts✳ ❚❤❡② ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❜② s♣❡❝✐✜❝❛t✐♦♥ ❛♥♥♦t❛t✐♦♥s ✐♥ t❤❡ ♣r♦❣r❛♠✱
❜✉t t❤❡② ❝❛♥♥♦t ❜❡ ✉s❡❞ t♦ ❝❤❛♥❣❡ t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣r♦❣r❛♠✳ ❘❡❣✐♦♥s t❡r♠s ✐♥❝❧✉❞❡ t❤❡ ❡♠♣t②
r❡❣✐♦♥✱ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ ❞❡✜♥❡❞ ❜② ❛♥ ❡①♣r❡ss✐♦♥ ❞❡♥♦t✐♥❣ t❤❡ ✉♥✐q✉❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ r❡❣✐♦♥✱
❛♥❞ t❤❡ r❡❣✐♦♥ ❝♦♠♣♦s❡❞ ♦❢ ❛❧❧ ❧♦❝❛t✐♦♥s✳ ❘❡❣✐♦♥ ♦♣❡r❛t✐♦♥s ✐♥❝❧✉❞❡ ✉♥✐♦♥✱ ✐♥t❡rs❡❝t✐♦♥ ❛♥❞
❞✐✛❡r❡♥❝❡✳ ❘❡❣✐♦♥ ♣r❡❞✐❝❛t❡s ✐♥❝❧✉❞❡ ✐♥❝❧✉s✐♦♥ ❛♥❞ ❞✐s❥♦✐♥t♥❡ss✳ ❆♥ ✐♠♣♦rt❛♥t ♣r❡❞✐❝❛t❡ ✐s
t❤❡ ❢r❛♠❡ ♣r❡❞✐❝❛t❡ P ⊢ e ❢r♠ P ′✱ ✇❤✐❝❤ st❛t❡s t❤❛t✱ ✐❢ ♣r❡❞✐❝❛t❡ P ✐s ✈❛❧✐❞✱ t❤❡♥ ♣r❡❞✐❝❛t❡
P ′ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ❧♦❝❛t✐♦♥s r❡❛❞ ❜② ❡✛❡❝ts e✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♣r❡❞✐❝❛t❡ ✐s er ⋆ew✱ ✇❤✐❝❤
st❛t❡s t❤❛t ❡✛❡❝ts ew ❝❛♥♥♦t ♠♦❞✐❢② ✇❤❛t ✐s r❡❛❞ ❜② ❡✛❡❝ts er✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ✐s ❝❧♦s❡ t♦ t❤❡
s❡♣❛r❛t✐✈❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❆s ✇✐t❤ ❞②♥❛♠✐❝ ❢r❛♠❡s ❬❑❛ss✐♦s✵✻❪ ❛♥❞ s❡♣❛r❛t✐♦♥
❧♦❣✐❝ ❬❘❡②♥♦❧❞s✵✷❪✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡❣✐♦♥❛❧ ❧♦❣✐❝ ❛♥❞ ❈❛♣✉❝✐♥❡ ✐s t❤❛t ❈❛♣✉❝✐♥❡
✐s ❜❛s❡❞ ♦♥ ❛ t②♣❡ s②st❡♠ t♦ ❝♦♥tr♦❧ ❛❧✐❛s ♣r♦♣❡rt✐❡s✱ ✇❤✐❧❡ r❡❣✐♦♥❛❧ ❧♦❣✐❝ ❝❤❡❝❦s s❡♣❛r❛t✐♦♥
❛t ✈❡r✐✜❝❛t✐♦♥ t✐♠❡✳ ❚❤✐s r❡s✉❧ts ✐♥ r❡❣✐♦♥❛❧ ❧♦❣✐❝ ❜❡✐♥❣ ♠♦r❡ ❡①♣r❡ss✐✈❡✱ ❛t t❤❡ ❝♦st ♦❢ ❛ ♥❡❡❞
❢♦r ♠♦r❡ ❛♥♥♦t❛t✐♦♥s ❢r♦♠ t❤❡ ♣r♦❣r❛♠♠❡r ❛♥❞ ♠♦r❡ ✈❡r✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳

✼✳✶✳✶✶ ❈♦♥s✐❞❡r❛t❡ ❘❡❛s♦♥✐♥❣

▲✐♠✐ts ♦❢ ❖✇♥❡rs❤✐♣ ▼❡t❤♦❞♦❧♦❣✐❡s ▼❛tt❤❡✇ P❛r❦✐♥s♦♥ ❛r❣✉❡s ❬P❛r❦✐♥s♦♥✵✼❪ t❤❛t
❝❧❛ss ✐♥✈❛r✐❛♥ts ♠❛② ♥♦t ❜❡ t❤❡ ❝♦rr❡❝t ❢♦✉♥❞❛t✐♦♥ ❢♦r ✈❡r✐❢②✐♥❣ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s✳
■♥❞❡❡❞✱ ✐♥✈❛r✐❛♥ts ♦❢t❡♥ r❡❧❛t❡ s❡✈❡r❛❧ ♦❜❥❡❝ts t♦❣❡t❤❡r✳ ❚❤✐s ♠❡❛♥s t❤❛t ♠♦❞✐❢②✐♥❣ ♦♥❡
♦❜❥❡❝t ♠❛② ❜r❡❛❦ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ♦t❤❡r ♦❜❥❡❝ts✳ ❖✇♥❡rs❤✐♣ ♠❡t❤♦❞♦❧♦❣✐❡s ❛❧❧♦✇ ❝♦♥tr♦❧ ♦❢
✇❤✐❝❤ ♦❜❥❡❝ts ♠❛② ❜❡ ♠♦❞✐✜❡❞✱ ❛♥❞ t❤❡② ❛❧s♦ str✉❝t✉r❡ t❤❡ ❤❡❛♣ ❛s ❛ tr❡❡✳

❍♦✇❡✈❡r✱ ✐♥ s♦♠❡ ❞❡s✐❣♥ ♣❛tt❡r♥s s✉❝❤ ❛s ❙✉❜❥❡❝t✲❖❜s❡r✈❡r t❤❡r❡ ✐s ♥♦t ❛ ❝❧❡❛r ♦✇♥❡rs❤✐♣
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♦❜❥❡❝ts✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❤❡❛♣ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ tr❡❡✳ ❚❤❡ ❙✉❜❥❡❝t✲
❖❜s❡r✈❡r ♣❛tt❡r♥ ✐♥✈♦❧✈❡s ♦♥❡ s✉❜❥❡❝t ✇❤✐❝❤ ✐s ♦❜s❡r✈❡❞ ❜② s❡✈❡r❛❧ ♦❜s❡r✈❡rs✳ ❲❤❡♥ t❤❡
s✉❜❥❡❝t ✐s ♠♦❞✐✜❡❞✱ ✐t ♥♦t✐✜❡s ✐ts ♦❜s❡r✈❡rs s♦ t❤❛t t❤❡② ❝❛♥ ❛❝t ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡r❡ ✐s ❛♥
✐♥✈❛r✐❛♥t r❡❧❛t✐♥❣ t❤❡ s✉❜❥❡❝t ❛♥❞ t❤❡ ♦❜s❡r✈❡rs✱ ❛♥❞ t❤✉s t❤❡r❡ ♠✉st ❜❡ ❛♥ ♦✇♥❡rs❤✐♣ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡ ♦❜s❡r✈❡rs ❝❛♥♥♦t ♦✇♥ t❤❡ s✉❜❥❡❝t✱ ❜❡❝❛✉s❡ ❛♥ ♦❜❥❡❝t ❝❛♥ ♦♥❧② ❜❡ ♦✇♥❡❞
❜② ♦♥❡ ♦t❤❡r ♦❜❥❡❝t✳ ❙♦ t❤❡ s✉❜❥❡❝t ♠✉st ♦✇♥ ✐ts ♦❜s❡r✈❡rs✳ ❚❤✐s ♣r❡✈❡♥t ♦t❤❡r ♦❜❥❡❝ts ❢r♦♠
♦✇♥✐♥❣ t❤❡ ♦❜s❡r✈❡rs✳

❚❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥ ❊✈❡♥ ✐♥ tr❡❡ ❞❛t❛ str✉❝t✉r❡s✱ ♦✇♥❡rs❤✐♣ ♠❛② ❧✐♠✐t ❡①♣r❡ss✐✈✐t②✳
❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✐s t❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥ ❬❘♦❜❜②✵✽❪✳ ■t ❝♦♥s✐sts ♦❢ ❛ tr❡❡ ❞❛t❛ str✉❝t✉r❡
✇❤❡r❡ ❡❛❝❤ ♥♦❞❡ ♠❛✐♥t❛✐♥s s♦♠❡ ✐♥✈❛r✐❛♥t ❛❜♦✉t ✐ts s✉❜tr❡❡✱ s✉❝❤ ❛s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
❝❤✐❧❞r❡♥✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ ♥♦❞❡ ❝♦♥t❛✐♥s ❛ ❜❛❝❦✲♣♦✐♥t❡r t♦ ✐ts ♣❛r❡♥t ✐♥ t❤❡ tr❡❡✳ ❚❤✐s ❛❧❧♦✇s
t♦ ❛❞❞ ♥❡✇ ♥♦❞❡s ❛♥②✇❤❡r❡ ✐♥ t❤❡ tr❡❡✿ ❣✐✈❡♥ ❛ ♥♦❞❡✱ ♦♥❡ ❝❛♥ ❛❞❞ ❝❤✐❧❞r❡♥ t♦ t❤❡ ♥♦❞❡
✇✐t❤♦✉t st❛rt✐♥❣ ❢r♦♠ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✳ ❚❤❡ ✐♥✈❛r✐❛♥t ✐s t❤❡♥ r❡✲❡st❛❜❧✐s❤❡❞ ❜② ❢♦❧❧♦✇✐♥❣
t❤❡ ❜❛❝❦✲♣♦✐♥t❡rs ✉♣ t♦ t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✱ ✐♥st❡❛❞ ♦❢ st❛rt✐♥❣ ❢r♦♠ t❤❡ r♦♦t ❛♥❞ t❤❡♥ ❣♦✐♥❣
❞♦✇♥✳ ❍♦✇❡✈❡r✱ ♦✇♥❡rs❤✐♣ ✐s ❛ ♠❡t❤♦❞♦❧♦❣② ✇❤✐❝❤ r❡q✉✐r❡s ✉♥♣❛❝❦✐♥❣ ❢r♦♠ t❤❡ r♦♦t ♦✇♥❡r
t♦ ♠♦❞✐❢② ❛ ❞❡❡♣❡r ♥♦❞❡✳ ■t ✐s t❤✉s ♥♦t ✢❡①✐❜❧❡ ❡♥♦✉❣❤ t♦ ❤❛♥❞❧❡ t❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥✱
✉s✐♥❣ ❏❛✈❛✲❧✐❦❡ s②♥t❛①✳
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class Node

{

Node parent;

List<Node> children;

int count = 1;

void Add(Node n)

{

n.parent = this;

children.Add(n);

IncrCount();

}

void IncrCount()

{

count = count + 1;

if (parent != null)

parent.IncrCount();

}

}

❚❤❡ ✐♠♣❧✐❝✐t ✐♥✈❛r✐❛♥t ✐s t❤❛t ✜❡❧❞ count ❝♦♥t❛✐♥s t❤❡ s✉♠ ♦❢ ❛❧❧ count ✜❡❧❞s ♦❢ ❛❧❧
children ♥♦❞❡s✱ ♣❧✉s 1✳ ❚❤❡ Add ♠❡t❤♦❞ ❛❞❞s ❛ ♥❡✇ ❝❤✐❧❞ t♦ ❛ Node✱ ❛♥❞ r❡st♦r❡s
t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛❧❧ Nodes ❜② ❝❛❧❧✐♥❣ IncrCount✳

❈♦♥s✐❞❡r❛t❡ ❘❡❛s♦♥✐♥❣ ❆s ❛♥ ❛♥✇s❡r t♦ t❤❡ ♣♦s✐t✐♦♥ ♣❛♣❡r ♦❢ ▼❛tt❤❡✇ P❛r❦✐♥✲
s♦♥ ❬P❛r❦✐♥s♦♥✵✼❪✱ ❆❧❡①❛♥❞❡r ❏✳ ❙✉♠♠❡rs✱ ❙♦♣❤✐❛ ❉r♦ss♦♣♦✉❧♦✉ ❛♥❞ P❡t❡r ▼ü❧❧❡r ❛r❣✉❡ t❤❛t
❝❧❛ss ✐♥✈❛r✐❛♥ts ❛r❡ ❛ ✉s❡❢✉❧ s♣❡❝✐✜❝❛t✐♦♥ t♦♦❧ ✭❙❡❝t✐♦♥ ✶✳✸ ❝♦✈❡rs s♦♠❡ ♦❢ t❤❡✐r ❛r❣✉♠❡♥ts✮✱
❜✉t t❤❡② ❛❣r❡❡ t❤❛t t❤❡② ♥❡❡❞ t♦ ❜❡ ♠♦r❡ ✢❡①✐❜❧❡ ❬❙✉♠♠❡rs✵✾❪✳ ❆❧❡①❛♥❞❡r ❏✳ ❙✉♠♠❡rs ❛♥❞
❙♦♣❤✐❛ ❉r♦ss♦♣♦✉❧♦✉ ♣r♦♣♦s❡ ❈♦♥s✐❞❡r❛t❡ ❘❡❛s♦♥✐♥❣ t♦ ♣r♦✈✐❞❡ s✉❝❤ ✢❡①✐❜✐❧✐t② ❬❙✉♠♠❡rs✶✵❪✳
■♥ t❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥✱ t❤❡ ♠❡t❤♦❞ ✇❤✐❝❤ ❛❞❞s ❛ ❝❤✐❧❞ t♦ ❛ ♥♦❞❡ ♠✉st ❜❡ ❝♦♥s✐❞❡r❛t❡ ❛♥❞
r❡✲❡st❛❜❧✐s❤ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛❧❧ ❜r♦❦❡♥ ♦❜❥❡❝ts✱ ✐✳❡✳ ❛❧❧ tr❛♥s✐t✐✈❡ ♣❛r❡♥ts ♦❢ t❤❡ ❛❞❞❡❞ ♥♦❞❡✳

❈♦♥s✐❞❡r❛t❡ ❘❡❛s♦♥✐♥❣ r❡q✉✐r❡s ❜❡✐♥❣ ❛❜❧❡ t♦ st❛t❡ ✇❤✐❝❤ ✐♥✈❛r✐❛♥ts ♦❢ ✇❤✐❝❤ ♦❜❥❡❝ts
♠❛② ❜❡ ❜r♦❦❡♥ ✇❤❡♥ ❛ ❣✐✈❡♥ ✜❡❧❞ ✐s ♠♦❞✐✜❡❞✳ ■♥ t❤❡ ❛❜♦✈❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥✱ ❛❞❞✐♥❣ ❛ ❝❤✐❧❞ t♦ this.children ✜❡❧❞ ✇✐❧❧ ❜r❡❛❦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ this✳ ❆♥
♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ♦❜❥❡❝ts ✇❤♦s❡ ✐♥✈❛r✐❛♥ts ♠❛② ❜r❡❛❦ ❝❛♥ ✉s✉❛❧❧② ❜❡ ❝♦♠♣✉t❡❞
❛✉t♦♠❛t✐❝❛❧❧②✳

❈♦♥s✐❞❡r❛t❡ ❘❡❛s♦♥✐♥❣ ❛❧s♦ r❡q✉✐r❡s ❜❡✐♥❣ ❛❜❧❡ t♦ st❛t❡ t❤❛t ❛ ♠❡t❤♦❞ ❞♦❡s ♥♦t ❡①♣❡❝t
s♦♠❡ ✐♥✈❛r✐❛♥t t♦ ❤♦❧❞✳ ■♥ t❤❡ ❛❜♦✈❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ IncrCount ❞♦❡s
♥♦t r❡q✉✐r❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ this t♦ ❤♦❧❞✳ ❚❤❡ ♠❡t❤♦❞ ❝❛♥ t❤✉s ❜❡ ♠❛r❦❡❞ ✉s✐♥❣ t❤❡ broken
❦❡②✇♦r❞✱ ✇❤✐❝❤ st❛t❡s ❡①❛❝t❧② t❤✐s✿ t❤❡ ♠❡t❤♦❞ ✇✐❧❧ r❡st♦r❡ t❤❡ ❜r♦❦❡♥ ✐♥✈❛r✐❛♥t✳

❈❛♣✉❝✐♥❡ ❛♥❞ t❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥ ❇❡❝❛✉s❡ ❈❛♣✉❝✐♥❡ ✐♠♣❧❡♠❡♥ts ❛♥ ♦✇♥❡rs❤✐♣
♠❡t❤♦❞♦❧♦❣② ✇❤✐❝❤ r❡q✉✐r❡s ✉♥♣❛❝❦✐♥❣ ❢r♦♠ t❤❡ r♦♦t ♦✇♥❡r ❞♦✇♥ t♦ t❤❡ ♦❜❥❡❝t ❜❡✐♥❣ ♠♦❞✲
✐✜❡❞✱ t❤❡ ❈♦♠♣♦s✐t❡ P❛tt❡r♥ ❞♦❡s ♥♦t ❜❡♥❡✜t ❢r♦♠ t❤❡ ❈❛♣✉❝✐♥❡ ♦✇♥❡rs❤✐♣ ❛♣♣r♦❛❝❤✳ ❚❤❡
Add ♠❡t❤♦❞ ✇♦✉❧❞ r❡q✉✐r❡ ❛ ♣❡r♠✐ss✐♦♥ ♦♥ this✱ ❛♥❞ s✉❝❤ ♣❡r♠✐ss✐♦♥ ✇♦✉❧❞ ♥♦t ❜❡ ❛✈❛✐❧✲
❛❜❧❡ ✐❢ this ❤❛❞ ❛ ♣❛❝❦❡❞ ♣❛r❡♥t✳ ❚❤❡ ❝❛❧❧❡r ✇♦✉❧❞ t❤✉s r❡q✉✐r❡ t♦ ✉♥♣❛❝❦ t❤❡ ♣❛r❡♥t ♦❢
this✱ ❛♥❞ ♠❛②❜❡ t❤❡ ♣❛r❡♥t ♦❢ t❤❡ ♣❛r❡♥t ❛s ✇❡❧❧✱ ❛♥❞ s♦ ♦♥✳ ❚❤✐s ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡



✼✳✷✳ ❋❯❚❯❘❊ ❲❖❘❑ ✶✾✸

❈♦♠♣♦s✐t❡ P❛tt❡r♥ ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ✐♥ ❈❛♣✉❝✐♥❡✱ ❜✉t t❤✐s ♠❡❛♥s t❤❛t ♣❛r❡♥ts ❝❛♥♥♦t ♦✇♥
t❤❡✐r ❝❤✐❧❞r❡♥✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ✐♥t✉✐t✐✈❡ ✇❛② t♦ ✐♠♣❧❡♠❡♥t tr❡❡s ✐♥ ❈❛♣✉❝✐♥❡✳ ❚♦ ❡♥❝♦❞❡ t❤❡
❈♦♠♣♦s✐t❡ P❛tt❡r♥ ✐♥ ❈❛♣✉❝✐♥❡ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❝♦❞❡ t♦ ✉♥♣❛❝❦ ❢r♦♠ t❤❡ t♦♣ ♦❢ t❤❡
tr❡❡ t♦ t❤❡ t❛r❣❡t ♥♦❞❡✱ ✇❡ ♥❡❡❞ t♦ ♣✉t ❛❧❧ ♥♦❞❡s ✐♥ ❛ s✐♥❣❧❡ ❣r♦✉♣ r❡❣✐♦♥ ❛♥❞ ✉s❡ ❛ ❝♦♠♣❧❡①
✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ❬❍✉❜❡rt✵✺❪✳ ❚❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡ ✐♥✈❛r✐❛♥t ❝♦✉❧❞ ♥♦t ❜❡ ❡♥❝♦❞❡❞ ✉s✲
✐♥❣ ❈❛♣✉❝✐♥❡ ❜✉✐❧t✲✐♥ ✐♥✈❛r✐❛♥ts✳ ❍♦✇❡✈❡r✱ r❡❣✐♦♥s ❝♦✉❧❞ ❡♥❝♦❞❡ s♦♠❡ s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt✐❡s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ Add ♠❡t❤♦❞ ❝♦✉❧❞ r❡q✉✐r❡ n t♦ ❜❡ ✐♥ ❛ r❡❣✐♦♥ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ r❡❣✐♦♥ ♦❢
this✱ ❛♥❞ t❤❡♥ ❛❞♦♣t ✐t✳

✼✳✶✳✶✷ ▲✐q✉✐❞ ❚②♣❡s ❢♦r ■♥✈❛r✐❛♥t ■♥❢❡r❡♥❝❡

P❛tr✐❝❦ ▼✳ ❘♦♥❞♦♥✱ ▼✐♥❣ ❲✳ ❑❛✇❛❣✉❝❤✐ ❛♥❞ ❘❛♥❥✐t ❏❤❛❧❛ ♣r♦♣♦s❡ ▲♦❣✐❝❛❧❧② ◗✉❛❧✐✜❡❞ ❉❛t❛
❚②♣❡s✱ ❛❜❜r❡✈✐❛t❡❞ t♦ ▲✐q✉✐❞ ❚②♣❡s✱ ❛ t②♣❡ s②st❡♠ ✇❤❡r❡ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡s ❛r❡ ❛ss♦❝✐❛t❡❞
t♦ t②♣❡s ❬❘♦♥❞♦♥✵✽❪✳ ❚❤❡ s②st❡♠ ✐s t❤❡♥ ❝❛♣❛❜❧❡ ♦❢ ✐♥❢❡rr✐♥❣ s✉❝❤ t②♣❡s✱ ✐♥❝❧✉❞✐♥❣ ✐♥✈❛r✐❛♥ts✳
❊①❛♠♣❧❡s ♦❢ ✐♥❢❡rr❡❞ ✐♥✈❛r✐❛♥ts ✐♥❝❧✉❞❡ ✐♥t❡r✈❛❧s✿ t②♣❡ {x : int | 1 ≤ x ≤ 99} ❞❡♥♦t❡s t❤❡
t②♣❡ ♦❢ ✐♥t❡❣❡rs ✇❤✐❝❤ ❛r❡ ❜❡t✇❡❡♥ 1 ❛♥❞ 99✳

❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❈❛♣✉❝✐♥❡ ❈❛♣✉❝✐♥❡ ✐s ♥♦t ❝❛♣❛❜❧❡ ♦❢ ✐♥✈❛r✐❛♥t ✐♥❢❡r❡♥❝❡✿ ✐♥✈❛r✐❛♥ts
♠✉st ❜❡ ❣✐✈❡♥ ❜② t❤❡ ✉s❡r✳ ■♥ t❤❡ ❜♦❞② ♦❢ ❢✉♥❝t✐♦♥s✱ ❈❛♣✉❝✐♥❡ ✐s ❝❛♣❛❜❧❡ t♦ ✐♥❢❡r ✇❤❡♥
✐♥✈❛r✐❛♥ts ❤♦❧❞✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ tr② ❛♥❞ ❝♦♠❜✐♥❡ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s✳ ❍♦✇❡✈❡r✱
t❤❡ ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ❢♦r ❧✐q✉✐❞ t②♣❡s ✐s ♥♦t ♠♦❞✉❧❛r✿ t❤❡ ✇❤♦❧❡ ♣r♦❣r❛♠ ♠✉st ❜❡ ❛♥❛❧✐③❡❞
t♦ ❜❡ ❛❜❧❡ t♦ ✐♥❢❡r ✐♥✈❛r✐❛♥ts ❢♦r ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥ts✳

✼✳✷ ❋✉t✉r❡ ❲♦r❦

✼✳✷✳✶ ❊♥❝♦❞✐♥❣ ▼❛✐♥str❡❛♠ ▲❛♥❣✉❛❣❡s ■♥t♦ ❈❛♣✉❝✐♥❡

❈❛♣✉❝✐♥❡ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡✳ ■t ✐s ♥♦t ❞❡s✐❣♥❡❞ t♦ ♣r♦❣r❛♠ ✇✐t❤ ❞✐r❡❝t❧②✳ ■ts ♣✉r♣♦s❡
✐s s✐♠✐❧❛r t♦ t❤❡ ♣✉r♣♦s❡ ♦❢ ❏❡ss✐❡ ❬▼❛r❝❤é✵✼❪✿ s❡r✈❡ ❛s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡ ❢♦r t❤❡ ❲❤②
♣❧❛t❢♦r♠ ❬❋✐❧❧✐âtr❡✵✼❪✱ t♦ ♣r♦✈✐❞❡ ❛ ♠❡♠♦r② ♠♦❞❡❧ ❛♥❞ t❤❡ t♦♦❧s t♦ r❡❛s♦♥ ♦♥ t❤✐s ♠♦❞❡❧✳ ❚❤❡
♥❡①t st❡♣ ✐s t❤✉s t♦ ❜✉✐❧❞ ❛ ❢r♦♥t ❡♥❞ ✇❤✐❝❤ ✇♦✉❧❞ t❛❦❡ ♣r♦❣r❛♠s ✇r✐tt❡♥ ✐♥ ♠♦r❡ ♠❛✐♥str❡❛♠
❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❈✱ P❛s❝❛❧✱ ❏❛✈❛ ♦r ❖❈❛♠❧✱ ❛♥❞ tr❛♥s❧❛t❡ t❤❡♠ ✐♥t♦ ❈❛♣✉❝✐♥❡✳ ❚❤✐s r❛✐s❡s
s❡✈❡r❛❧ q✉❡st✐♦♥s✳

❆ ✜rst q✉❡st✐♦♥ ✐s✿ ✇❤❛t s❤♦✉❧❞ t❤❡ ❛♥♥♦t❛t✐♦♥ ❧❛♥❣✉❛❣❡ ❧♦♦❦ ❧✐❦❡❄ ❚❤❡ ❏❛✈❛ ▼♦❞❡❧✲
✐♥❣ ▲❛♥❣✉❛❣❡ ✭❏▼▲✮ ❬❇✉r❞②✵✹❪ ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ t❤❡ ❆◆❙■✴■❙❖ ❈ ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡
✭❆❈❙▲✮ ❬❇❛✉❞✐♥✵✾❪ ✐s ❛❧r❡❛❞② ✉s❡❞ ✐♥ t❤❡ ❲❤② ♣❧❛t❢♦r♠ ❛♥❞ ❜② ❋r❛♠❛✲❈ ❬❋r❛♠❛❈❪✱ ❜✉t
❜♦t❤ ❧❛♥❣✉❛❣❡s ❧❛❝❦ t❤❡ ♥❡❝❡ss❛r② r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s t❤❛t ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞ ❜② ❈❛♣✉❝✐♥❡✳ ❆
♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ t♦ ✇♦r❦ ♦♥ ✐♥❢❡r❡♥❝❡ ♦❢ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s s♦ t❤❛t t❤❡② ❛r❡ ❝♦♠♣❧❡t❡❧②
tr❛♥s♣❛r❡♥t✱ ❜✉t ❛s ✇❡ ❛r❣✉❡❞ ✐♥ ❈❤❛♣t❡r ✻✱ t❤✐s ✇♦✉❧❞ ♣r♦❜❛❜❧② ♥♦t ❜❡ ❢✉❧❧② s❛t✐s❢②✐♥❣✱ ✐♥
♣❛rt✐❝✉❧❛r ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞ ♣r♦❜❛❜❧② ♥♦t ❜❡ ♠♦❞✉❧❛r✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ t♦ ❞❡s✐❣♥
❛ ♥❡✇ ❛♥♥♦t❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✇❤✐❝❤ ✇♦✉❧❞ ❜❛s✐❝❛❧❧② ❜❡ ❏▼▲ ♦r ❆❈❙▲ ♣❧✉s r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s✳

❆♥♦t❤❡r q✉❡st✐♦♥ ✐s✿ ❤♦✇ ❝❛♥ ✇❡ ❡♥❝♦❞❡ ❝♦♠♣❧❡① ❞❛t❛ str✉❝t✉r❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ s♦✉r❝❡
❧❛♥❣✉❛❣❡ ✐♥t♦ ❈❛♣✉❝✐♥❡❄ ■♥ ♣❛rt✐❝✉❧❛r✱ ❤♦✇ ❝❛♥ ✇❡ ❡♥❝♦❞❡ ♦❜❥❡❝ts ❛♥❞ ✐♥❤❡r✐t❛♥❝❡❄ ❲❡
❛❧r❡❛❞② ❦♥♦✇ ❤♦✇ t♦ ❡♥❝♦❞❡ ♦❜❥❡❝ts ✐♥t♦ ❏❡ss✐❡✱ ❛♥❞ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t t❤❡ ✐♥✈❛r✐❛♥t
♠❡t❤♦❞♦❧♦❣② ♦❢ ❙♣❡❝★ ❤❛♥❞❧❡s ✐♥❤❡r✐t❛♥❝❡ ❬❇❛r♥❡tt✵✹❜❪✳ ■♥ ❢❛❝t✱ ✇❡ ❛❧r❡❛❞② ❛♣♣❧✐❡❞ t❤❡
❙♣❡❝★ ♠❡t❤♦❞♦❧♦❣②✱ ✐♥❝❧✉❞✐♥❣ ✐♥❤❡r✐t❛♥❝❡✱ ✐♥ ❏❡ss✐❡ ❬❇❛r❞♦✉✵✼❪✳ ❲❡ t❤✉s ❜❡❧✐❡✈❡ t❤❛t ✇❡
❤❛✈❡ ❛❧❧ t❤❡ t♦♦❧s ✇❡ ♥❡❡❞ ❢♦r s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥✳ ■t ✐s ❤♦✇❡✈❡r ♥♦t ❝❧❡❛r ❤♦✇ ❢✉♥❝t✐♦♥❛❧



✶✾✹ ❈❍❆P❚❊❘ ✼✳ ❈❖◆❈▲❯❙■❖◆

♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s ❖❈❛♠❧ s❤♦✉❧❞ ❜❡ ❡♥❝♦❞❡❞ ❜❡❝❛✉s❡ ♦❢ ❤✐❣❤❡r✲♦r❞❡r ❢✉♥❝✲
t✐♦♥s✳ ❲♦r❦ ❜② ❏♦❤❛♥♥❡s ❑❛♥✐❣ s❤♦✇ ♦♥❡ ♣♦ss✐❜❧❡ ✇❛② t♦ ❤❛♥❞❧❡ ❡✛❡❝ts ✐♥ s✉❝❤ ❦✐♥❞ ♦❢
❧❛♥❣✉❛❣❡s ❬❑❛♥✐❣✶✵❪✳

✼✳✷✳✷ ❈♦♥❞✐t✐♦♥❛❧ P❡r♠✐ss✐♦♥s

❆♥ ✐❞❡❛ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐♥✈❡st✐❣❛t❡ ✐s t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s✱ ✐✳❡✳ ♣❡r♠✐ss✐♦♥s
♦❢ t❤❡ ❢♦r♠ P ⇒ Σ ✇❤❡r❡ P ✐s ❛ ♣r❡❞✐❝❛t❡ ❛♥❞ Σ ✐s ❛ r❡❣✉❧❛r ♣❡r♠✐ss✐♦♥ s✉❝❤ ❛s ρ∅✱ ρ◦✱ ρ×✱
ρG ♦r σ −◦ ρ✳ ■♥❢♦r♠❛❧❧②✱ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s ♣❡r♠✐ss✐♦♥ ✐s✿ ✏✐❢ P ❤♦❧❞s✱ t❤❡♥ Σ ✐s ❛✈❛✐❧❛❜❧❡✑✳
❚❤✐s ✐❞❡❛ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ♦t❤❡r ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ t②♣❡ s②st❡♠s ❬❇♦②❧❛♥❞✵✺✱
❘❡t❡rt✵✾✱ ❩❤❛♦✵✽❪✳ ❲❡ ✇♦✉❧❞ ❛❞❞ ❛ ♥❡✇ st❛t❡♠❡♥t ✉s❡ Σ✳ ❚❤✐s st❛t❡♠❡♥t ✇♦✉❧❞ ❝♦♥s✉♠❡
P ⇒ Σ✱ ♣r♦❞✉❝❡ Σ✱ ❛♥❞ ✇♦✉❧❞ r❡q✉✐r❡ P ❛s ❛ ♣r❡✲❝♦♥❞✐t✐♦♥✳ ❆t ❛♥② t✐♠❡ Σ ❝♦✉❧❞ ❜❡ ✇❡❛❦❡♥❡❞
t♦ P ⇒ Σ✳

❖✉r ♦r✐❣✐♥❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s ✐s ❧✐♥❦❡❞ ❧✐sts✿

❝❧❛ss List

{
❣r♦✉♣ Rnext ;
next : option ([Rnext ]);
}

❚❤❡ ❢❛❝t t❤❛t Rnext ✐s ❛ ❣r♦✉♣ r❡❣✐♦♥ ✐s ♥♦t ✈❡r② s❛t✐s❢②✐♥❣✱ ❛s Rnext ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡
❧♦❝❛t✐♦♥✳ ❲❡ ❝❛♥♥♦t ♠❛r❦ t❤❡ r❡❣✐♦♥ ❛s s✐♥❣❧❡ ✐♥st❡❛❞ ♦❢ ❣r♦✉♣ ❡✐t❤❡r✱ ❜❡❝❛✉s❡ t❤❡♥ ♥♦
❝❧♦s❡❞ ❧✐st ❝♦✉❧❞ ❜❡ ❜✉✐❧t ❛s ❛ ❝❧♦s❡❞ ❧✐st ✇♦✉❧❞ ♥❡❝❡ss❛r✐❧② ❜❡ ✐♥✜♥✐t❡✳ ■♥st❡❛❞✱ ✇❡ ♣r♦♣♦s❡ t♦
❡①♣❧✐❝✐t❧② st♦r❡ t❤❡ st❛t❡ ♦❢ t❤❡ r❡❣✐♦♥ ✭✐✳❡✳ ✐ts ♣❡r♠✐ss✐♦♥✮ ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ❛s ❢♦❧❧♦✇s✿

❝❧❛ss List

{
r❡❣✐♦♥ Rnext ;
next : option ([Rnext ]);
✐♥✈❛r✐❛♥t (next = none ⇒ Rnext∅) ∧ (next 6= none ⇒ Rnext×);
}

❚❤❡ ✐♥✈❛r✐❛♥t ❝♦♥t❛✐♥s t✇♦ ❝♦♥❞✐t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s✳ ❚❤❡ ✜rst ♦♥❡ st❛t❡s t❤❛t ✐❢ next ✐s
none t❤❡♥ Rnext ✐s ❡♠♣t②✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ st❛t❡s t❤❛t ✐❢ next ✐s ♥♦t none t❤❡♥ Rnext

✐s s✐♥❣❧❡t♦♥ ❛♥❞ ❝❧♦s❡❞✳ ❚♦ ✉s❡ t❤❡ ♣❡r♠✐ss✐♦♥s ♦❢ t❤❡ ✐♥✈❛r✐❛♥ts✱ ♦♥❡ ✇♦✉❧❞ ✜rst ✇r✐t❡ ❛
✉s❡ ✐♥✈❛r✐❛♥t st❛t❡♠❡♥t✱ ❢♦❧❧♦✇❡❞ ❜② ✉s❡ Rnext∅ ♦r ✉s❡ Rnext×✳

■♥t❡r❡st✐♥❣ q✉❡st✐♦♥s ❛r✐s❡✳ ❈❛♥ ✇❡ s✐♠♣❧✐❢② t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ Rnext ❛s ✇❡ ❞✐❞ ✐♥ ❙❡❝✲
t✐♦♥ ✺✳✹❄ ❍♦✇ ♠✉❝❤ ❡①♣r❡ss✐✈❡♥❡ss ✇♦✉❧❞ t❤✐s ❡①t❡♥s✐♦♥ ❛❞❞ t♦ ❈❛♣✉❝✐♥❡❄ ❆r❡ t❤❡r❡ ♦t❤❡r
✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s t❤❛t ✇♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ ❝♦♥❞✐t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s❄

✼✳✷✳✸ ❈♦♠❜✐♥❡ ❲✐t❤ ❖t❤❡r ❆♣♣r♦❛❝❤❡s ❢♦r ●r♦✉♣ ❘❡❣✐♦♥s

❊✈❡♥ t❤♦✉❣❤ ❈❛♣✉❝✐♥❡ ♣r♦✈✐❞❡s ♠❛♥② t♦♦❧s t♦ s❡♣❛r❛t❡ ♣♦✐♥t❡rs✱ s♦♠❡t✐♠❡s ✇❡ ❤❛✈❡ ♥♦
❝❤♦✐❝❡ ❜✉t t♦ ❣r♦✉♣ ♠❛♥② ♦❢ t❤❡♠ ✐♥ ❛ s✐♥❣❧❡ ❣r♦✉♣ r❡❣✐♦♥✳ ❆❧s♦✱ ❛s ✇❡ ❛❧r❡❛❞② ♥♦t✐❝❡❞ ✐♥
❙❡❝t✐♦♥ ✼✳✶✳✶✶✱ s♦♠❡ ❞❛t❛ str✉❝t✉r❡s ❞♦ ♥♦t ❜❡♥❡✜t ❢r♦♠ t❤❡ ♦✇♥❡rs❤✐♣ ❛♣♣r♦❛❝❤✳ ❲❤❡♥ ✇❡
❡♥❝♦✉♥t❡r t❤❡s❡ ❧✐♠✐t❛t✐♦♥s ✇❡ ❤❛✈❡ t♦ ♣✉t ❛❧❧ ♣♦✐♥t❡rs ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡ ✐♥ ❛ s✐♥❣❧❡ ❣r♦✉♣
r❡❣✐♦♥✳

●r♦✉♣ r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧✐♠✐t ♦❢ ✇❤❛t t❤❡ ❈❛♣✉❝✐♥❡ t②♣❡ s②st❡♠ ❝❛♥ ♣r♦✈✐❞❡ ❛s ❛
♠❡❛♥s ❢♦r s❡♣❛r❛t✐♦♥✳ ❇❡②♦♥❞ t❤✐s ❧✐♠✐t✱ ✇❡ ♥❡❡❞ t♦♦❧s ✇❤✐❝❤ ❛r❡ ♥♦t ❜❛s❡❞ ♦♥ t②♣❡s✳ ❘✐❣❤t
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♥♦✇✱ ✐♥s✐❞❡ ❛ ❣r♦✉♣ r❡❣✐♦♥ ✇❡ ♦♥❧② ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ ❜❛s✐❝ t♦♦❧s ♣r♦✈✐❞❡❞ ❜② ❞❡❞✉❝t✐✈❡
✈❡r✐✜❝❛t✐♦♥✱ ❛❧t❤♦✉❣❤ t❤❡ ✐♥✈❛r✐❛♥t ♠❡t❤♦❞♦❧♦❣② ♦❢ ❈❛♣✉❝✐♥❡ ❞♦❡s ❤❡❧♣✳ ❋♦r ✐♥st❛♥❝❡✱ ❛
t②♣✐❝❛❧ ✐♥✈❛r✐❛♥t ✇❡ ✇❛♥t t♦ st❛t❡ ✐s t❤❛t ❛❧❧ ❧♦❝❛t✐♦♥s st♦r❡❞ ✐♥ ❛♥ ❛rr❛② ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤❡
❈♦✉rs❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳✺ ♣r♦✈✐❞❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ✐♥✈❛r✐❛♥t✳

❚❤✐s ❧❡❛❞s ✉s t♦ q✉❡st✐♦♥ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❜r✐♥❣✐♥❣ ❞❡❞✉❝t✐✈❡ t♦♦❧s t❛✐❧♦r❡❞ ❢♦r s❡♣❛r❛t✐♦♥
❛♥❛❧②s✐s t♦ ❈❛♣✉❝✐♥❡✳ ❋♦r ✐♥st❛♥❝❡✱ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✱ ❞②♥❛♠✐❝ ❢r❛♠❡s ❛♥❞ r❡❣✐♦♥❛❧ ❧♦❣✐❝ ❛❧❧
❛r❡ ✐♥t❡r❡st✐♥❣ ❝❛♥❞✐❞❛t❡s✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❡t❤❡r s✉❝❤ ❦✐♥❞ ♦❢ ❧♦❣✐❝ ❝❛♥
r❡♣❧❛❝❡ t❤❡ ❧♦❣✐❝ ♦❢ ❈❛♣✉❝✐♥❡✳ ❲❡ ✇♦✉❧❞ st✐❧❧ ❤❛✈❡ st❛t✐❝ s❡♣❛r❛t✐♦♥ t❤r♦✉❣❤ t②♣✐♥❣✱ ❜✉t ✇❡
✇♦✉❧❞ ❤❛✈❡ ♠♦r❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ✇❤❡♥ t②♣✐♥❣ ✐s ♥♦t ❡♥♦✉❣❤✳

✼✳✷✳✹ ▼♦r❡ ❆❞♦♣t✐♦♥ ❖♣❡r❛t✐♦♥s

■♥ ♦✉r ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❈❛♣✉❝✐♥❡ ✇❡ ❝❤♦s❡ t♦ st❛② s✐♠♣❧❡ ❛♥❞ ✇❡ ❤❛✈❡ ♦♥❧② ♦♥❡ ❦✐♥❞ ♦❢
❛❞♦♣t✐♦♥✿

❛❞♦♣t x : σ ❛s ρ

✇❤✐❝❤ t❛❦❡s ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ σ ❛♥❞ ❛ ❣r♦✉♣ r❡❣✐♦♥ ρ✱ ❛♥❞ ♣✉ts t❤❡ ♣♦✐♥t❡r ♦❢ σ ✐♥t♦ ρ✳ ❚❤✐s
✐s s✉✣❝✐❡♥t ♠♦st ♦❢ t❤❡ t✐♠❡ ✇❤❡♥ ✇❡ ✇r✐t❡ r❡❣✐♦♥ ❛♥♥♦t❛t✐♦♥s ❜② ❤❛♥❞✳ ■♥ ♣r❛❝t✐❝❡ ❤♦✇❡✈❡r✱
♦✉r ✐♥❢❡r❡♥❝❡ ♠❡❝❤❛♥✐s♠ ♠♦t✐✈❛t❡s ✉s t♦ ❛❞❞ ♦t❤❡r ❦✐♥❞s ♦❢ ❛❞♦♣t✐♦♥s✳ ❍❡r❡ ❛r❡ ♣♦t❡♥t✐❛❧
❝❛♥❞✐❞❛t❡s✳

❋r♦♠ ❙✐♥❣❧❡t♦♥ ❚♦ ❊♠♣t② ▼♦✈✐♥❣ ❛ ♣♦✐♥t❡r ❢r♦♠ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥ σ t♦ ❛♥ ❡♠♣t②
r❡❣✐♦♥ ρ ✐s ❛❧r❡❛❞② ♣♦ss✐❜❧❡ ❜② ✇❡❛❦❡♥✐♥❣ t❤❡ ❡♠♣t② r❡❣✐♦♥ ✜rst✱ ❜✉t t❤❡ r❡s✉❧t ✐s t❤❛t ρ
❜❡❝♦♠❡s ❣r♦✉♣✳ ❲❡ ❦♥♦✇✱ ❤♦✇❡✈❡r✱ t❤❛t ❛❢t❡r t❤✐s ❦✐♥❞ ♦❢ ❛❞♦♣t✐♦♥✱ ρ ✐s ❛❝t✉❛❧❧② s✐♥❣❧❡t♦♥✱
✇❤✐❝❤ ✐s str✐❝t❧② str♦♥❣❡r ✐♥❢♦r♠❛t✐♦♥✳ P❡r♠✐ss✐♦♥ ρ× ❝♦✉❧❞ t❤✉s ❜❡ ♣r♦❞✉❝❡❞ ✐♥st❡❛❞ ♦❢ ρG✳
■t ✇♦✉❧❞ ♥♦t ❜❡ ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ✐s s♦✉♥❞✳ ■t ❛❧s♦ ❝♦♠❜✐♥❡s ✇❡❧❧ ✇✐t❤ t❤❡
❡①t❡♥s✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✺✳✹✱ ❛♥❞ ✐s ❛❧♠♦st ♥❡❝❡ss❛r② t♦ ♠❛❦❡ ❣♦♦❞ ✉s❡ ♦❢ ❙❡❝t✐♦♥ ✻✳✺✳

❋r♦♠ ●r♦✉♣ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❡①t❡♥s✐♦♥ ✇♦✉❧❞ ❜❡ ❛❞♦♣t✐♦♥ ❢r♦♠ ❛ ❣r♦✉♣ r❡❣✐♦♥ ✐♥st❡❛❞
♦❢ ❛ s✐♥❣❧❡t♦♥ r❡❣✐♦♥✳ ❆❧❧ ♣♦✐♥t❡rs ✇♦✉❧❞ ❜❡ ❛❞♦♣t❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ r❡s✉❧t ✇♦✉❧❞ ❜❡
❛ ✉♥✐♦♥ ♦❢ t❤❡ t✇♦ r❡❣✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❞✐s❥♦✐♥t ❜❡❢♦r❡ t❤❡ ♦♣❡r❛t✐♦♥✳

❋r♦♠ ♦r ■♥t♦ ❋♦❝✉s ❙❛② ✇❡ ✇❛♥t t♦ ❛❞♦♣t r❡❣✐♦♥ σ ✐♥t♦ r❡❣✐♦♥ ρ✳ ❆ss✉♠❡ ♦♥❡ ♦❢ t❤❡ t✇♦
r❡❣✐♦♥s ✐s ❜❡✐♥❣ ❢♦❝✉s❡❞ ❜② ❛ t❤✐r❞✱ ❞✐st✐♥❝t r❡❣✐♦♥ σ′✱ ✐✳❡✳ ❡✐t❤❡r ✇❡ ❤❛✈❡ σ× ✭♦r σG✮ ❛♥❞
σ′ −◦ ρ ♦r ✇❡ ❤❛✈❡ σ′ −◦ ρ ❛♥❞ ρG✳ ❘✐❣❤t ♥♦✇ ✇❡ ❤❛✈❡ t♦ ✉♥❢♦❝✉s t❤❡ ❢♦❝✉s❡❞ r❡❣✐♦♥ ✜rst✳
❇✉t ✐♥ ♣r❛❝t✐❝❡ ✇❡ ❝♦✉❧❞ ❛❧❧♦✇ t❤❡ ❛❞♦♣t✐♦♥ ❛♥❞ ♣r♦❞✉❝❡ ♣❡r♠✐ss✐♦♥ σ′ −◦ ρ✳

❯♥❢♦❝✉s ❆ ●r♦✉♣ ❘❡❣✐♦♥ ❚❤✐s s✉❣❣❡st✐♦♥ ✐s ♥♦t ❛ ♥❡✇ ❛❞♦♣t✐♦♥ ♦♣❡r❛t✐♦♥ ❜✉t ❛ ♥❡✇
✉♥❢♦❝✉s ♦♣❡r❛t✐♦♥✳ ❘✐❣❤t ♥♦✇✱ ✐❢ ✇❡ ❢♦❝✉s ❢r♦♠ ρ ✐♥t♦ σ ❛♥❞ t❤❡♥ ✇❡❛❦❡♥ σ t♦ ❛ ❣r♦✉♣ r❡❣✐♦♥✱
✇❡ ❝❛♥♥♦t ✉♥❢♦❝✉s σ ❜❛❝❦ ✐♥t♦ ρ✳ ❍♦✇❡✈❡r✱ t❤✐s ✇♦✉❧❞ ♥♦t ♥❡❝❡ss❛r✐❧② ♣♦s❡ ❛♥② ♣r♦❜❧❡♠ ❛s
❧♦♥❣ ❛s σG ✐s ❝♦♥s✉♠❡❞✳ ■♥❞❡❡❞✱ t❤❡ ♣♦✐♥t❡r ✇❤✐❝❤ ✇❛s ❢♦❝✉s❡❞ ✇♦✉❧❞ ❜❡ ❜❛❝❦ ✐♥ ρ✱ ❛♥❞ t❤❡
❢❛❝t t❤❛t ♠♦r❡ ♣♦✐♥t❡rs ❝❛♠❡ ✇✐t❤ ✐t ✐s ♥♦t ❛♥ ✐ss✉❡✳

✼✳✷✳✺ ▼✉❧t✐♣❧❡ ❋♦❝✉s

❆♥♦t❤❡r ❡①t❡♥s✐♦♥ ✇❤✐❝❤ ♠✐❣❤t ♣r♦✈❡ ✉s❡❢✉❧ ✐s ❜❡✐♥❣ ❛❜❧❡ t♦ ❢♦❝✉s s❡✈❡r❛❧ ♣♦✐♥t❡rs ❢r♦♠ t❤❡
s❛♠❡ r❡❣✐♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤❡ ✐❞❡❛ ✇♦✉❧❞ ❜❡ t♦ ✐♠♣r♦✈❡ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ♣❡r♠✐ss✐♦♥s✱
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t♦ ❜❡ ❛❜❧❡ t♦ ✇r✐t❡ ♣❡r♠✐ss✐♦♥s s✉❝❤ ❛s (σ, σ′) −◦ ρ✳ ❙✉❝❤ ❛ ♣❡r♠✐ss✐♦♥ ✇♦✉❧❞ st❛t❡ t❤❛t t✇♦
♣♦✐♥t❡rs ♦❢ ρ ❛r❡ ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐♥ σ ❛♥❞ σ′ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❛t ρ ✐s ❞✐s❛❜❧❡❞ ✉♥t✐❧ σ× ❛♥❞
σ′× ❛r❡ ❣✐✈❡♥ ❜❛❝❦✳

❆ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ s❤♦✉❧❞ ❜❡ ♣r♦❞✉❝❡❞ ✇❤❡♥ ❢♦❝✉s✐♥❣ ❢r♦♠ ρ ✐♥t♦ σ′ ✐❢ σ −◦ ρ ✐s ❛✈❛✐❧❛❜❧❡✳
■♥❞❡❡❞✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣ ❢♦❝✉s❡❞ ✐s ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ♣♦✐♥t❡r
✇❤✐❝❤ ✇❛s ❢♦❝✉s❡❞ ✐♥ σ✳

❲❡ ❝❛♥ t❤❡♥ ❣❡♥❡r❛❧✐③❡ ✇✐t❤ ❛♥② ❧✐st ♦❢ ♣❡r♠✐ss✐♦♥s✿

(σ1 , · · ·, σn) −◦ ρ

❲❤❡♥ ❢♦❝✉s✐♥❣ ❢r♦♠ ρ ✐♥t♦ σ✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❛ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥ st❛t✐♥❣ t❤❛t t❤❡ ♣♦✐♥t❡r ❜❡✐♥❣
❢♦❝✉s❡❞ ✐s ❞✐✛❡r❡♥t t❤❛♥ ❛❧❧ ♣♦✐♥t❡rs ♦❢ r❡❣✐♦♥s σ1 , · · ·, σn ✳ ❚❤❡ ♣r♦❞✉❝❡❞ ♣❡r♠✐ss✐♦♥ ♦♥ ρ
✇♦✉❧❞ ❜❡✿

(σ1 , · · ·, σn , σ) −◦ ρ

❚❤✉s ❣r♦✇✐♥❣ t❤❡ ❧✐st ♦❢ r❡❣✐♦♥s ❛t t❤❡ ❧❡❢t ♦❢ t❤❡ ❧♦❧❧✐♣♦♣✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ t♦
❤❛✈❡ ❣r♦✉♣ r❡❣✐♦♥s ❛t t❤❡ ❧❡❢t ♦❢ t❤❡ ❧♦❧❧✐♣♦♣✱ t♦ ❢♦❝✉s s❡✈❡r❛❧ ♣♦✐♥t❡rs ✐♥t♦ t❤❡ s❛♠❡ r❡❣✐♦♥
σ✳ ■t r❡♠❛✐♥s t♦ ❜❡ ❡①♣❧♦r❡❞ ✇❤❡t❤❡r t❤✐s ❡①t❡♥s✐♦♥ ✇♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ✉s❡❢✉❧ ♦r ✐❢ ✐t ✇♦✉❧❞
❥✉st ❝♦♠♣❧✐❝❛t❡ t❤❡ t②♣❡ s②st❡♠✳
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✼✳✸ ❈♦♥❝❧✉s✐♦♥

❈❛♣✉❝✐♥❡ ❝♦♠❜✐♥❡s s❡✈❡r❛❧ ✐♥❣r❡❞✐❡♥ts ❢r♦♠ ✈❛r✐♦✉s ❡①✐st✐♥❣ ✇♦r❦✳ ❆ ✜rst ✐♥❣r❡❞✐❡♥t ✐s ❞❡❞✉❝✲
t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✿ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ❢✉♥❝t✐♦♥ ❝♦♥tr❛❝ts ✉s✐♥❣ ✜rst✲♦r❞❡r ❧♦❣✐❝ t♦ ❞❡s❝r✐❜❡ t❤❡
❜❡❤❛✈✐♦r ♦❢ ♣r♦❣r❛♠s✳ ❆ s❡❝♦♥❞ ✐♥❣r❡❞✐❡♥t ✐s r❡❣✐♦♥s✿ ❈❛♣✉❝✐♥❡ ❢❡❛t✉r❡s ❛ t②♣❡ s②st❡♠ ✇❤❡r❡
❡❛❝❤ ♣♦✐♥t❡r ❜❡❧♦♥❣s t♦ ❛ r❡❣✐♦♥✳ ❆ t❤✐r❞ ✐♥❣r❡❞✐❡♥t ✐s ▼▲ ♣♦❧②♠♦r♣❤✐s♠✳ ❆ ❢♦✉rt❤ ✐♥❣r❡❞✐❡♥t
✐s ♣❡r♠✐ss✐♦♥s✳ ❆ ✜❢t❤ ✐♥❣r❡❞✐❡♥t ✐s ♦✇♥❡rs❤✐♣✿ t❤❡ ❤❡❛♣ ✐s str✉❝t✉r❡❞ ❛s ❛♥ ♦✇♥❡rs❤✐♣ tr❡❡✳
❆ s✐①t❤ ✐♥❣r❡❞✐❡♥t ✐s ❞❛t❛ ✐♥✈❛r✐❛♥ts✳

❙❡✈❡r❛❧ s②♥❡r❣✐❡s ❛♣♣❡❛r ❜❡t✇❡❡♥ ❡❛❝❤ ✐♥❣r❡❞✐❡♥t✳ ■♥✈❛r✐❛♥ts ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❧♦❣✐❝
✉s❡❞ ❜② t❤❡ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✐♥❣r❡❞✐❡♥t✳ ❚❤❡② ❛❧s♦ ❜❡♥❡✜t ❢r♦♠ ♦✇♥❡rs❤✐♣ ✇❤✐❝❤ ❛❧❧♦✇s
✐♥✈❛r✐❛♥ts t♦ ❞❡♣❡♥❞ ♦♥ ♠♦r❡ ♣♦✐♥t❡rs✳ P❡r♠✐ss✐♦♥s ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t r❡❣✐♦♥s✱ tr❛❝❦✐♥❣
t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts ❛♥❞ ♦❢ t❤❡ r❡❣✐♦♥ ♦✇♥❡rs❤✐♣ tr❡❡✳ ❚❤❡② ❛❧❧♦✇ ♦♣❡r❛t✐♦♥s t♦ ♠♦✈❡
♣♦✐♥t❡rs ❢r♦♠ r❡❣✐♦♥s ✐♥t♦ ♦t❤❡rs✳ ❘❡❣✐♦♥s ❜❡♥❡✜t ❢r♦♠ ▼▲ ♣♦❧②♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ✐s ❛♣♣❧✐❡❞
♦♥ r❡❣✐♦♥ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✐♥❣r❡❞✐❡♥t ❜❡♥❡✜ts ❢r♦♠ r❡❣✐♦♥s ❛s ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t ❛❧✐❛s✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ ✇❤❡♥ ♣r♦❞✉❝✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s✳ ■t ❛❧s♦ ❜❡♥❡✜ts ❢r♦♠ ♣❡r♠✐ss✐♦♥s
❛s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ st❛t❡ ♦❢ ✐♥✈❛r✐❛♥ts ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ t②♣✐♥❣✳ ❋✐♥❛❧❧②✱ ❞❡❞✉❝t✐✈❡
✈❡r✐✜❝❛t✐♦♥ ❜❡♥❡✜ts ❢r♦♠ ♦✇♥❡rs❤✐♣ ❛s ♦✇♥❡rs❤✐♣ str✉❝t✉r❡s t❤❡ ❤❡❛♣ s♦ t❤❛t r❡❛s♦♥✐♥❣ ❝❛♥
❜❡ ❞♦♥❡ ✐♥ ❛ ♠♦❞✉❧❛r ❢❛s❤✐♦♥✳

❚❤❛♥❦s t♦ ❛❧❧ t❤❡s❡ ✐♥❣r❡❞✐❡♥ts✱ ❈❛♣✉❝✐♥❡ ❛❝❤✐❡✈❡s ✇❤❛t ✇❡ ❤❛✈❡ st❛t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
t♦ ❜❡ t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s t❤❡s✐s✿ ❛ t②♣❡ s②st❡♠ ✉s✐♥❣ r❡❣✐♦♥s ❛♥❞ ♣❡r♠✐ss✐♦♥s t♦
str✉❝t✉r❡ t❤❡ ❤❡❛♣ ✐♥ ❛ ♠♦❞✉❧❛r ❢❛s❤✐♦♥✱ ❝♦♥tr♦❧ ♣♦✐♥t❡r ❛❧✐❛s✐♥❣ ❛♥❞ ❞❛t❛ ✐♥✈❛r✐❛♥ts ❛♥❞
♣r♦❞✉❝❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✇❤❡r❡ ♣♦✐♥t❡rs ❛r❡ s❡♣❛r❛t❡❞✳

❖♥ ❛♥ ✐♠❛❣✐♥❛r② s❝❛❧❡ ❜❡t✇❡❡♥ t②♣✐♥❣ ❛♥❞ ❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥✱ ❈❛♣✉❝✐♥❡ st❛♥❞s s♦♠❡✲
✇❤❡r❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ❛♥❞ ❜❡♥❡✜ts ❢r♦♠ ❜♦t❤ ✇♦r❧❞s✳ ■t ❢❡❛t✉r❡s t❤❡ ♣♦✇❡r ♦❢ ✜rst✲♦r❞❡r
❞❡❞✉❝t✐✈❡ ✈❡r✐✜❝❛t✐♦♥ ✇❤✐❧❡ st✐❧❧ ♣✉tt✐♥❣ ❛ ❧♦t ♦❢ ❡♠♣❤❛s✐s ♦♥ t❤❡ t②♣❡ s②st❡♠✳ ❚❤❡ t②♣❡
s②st❡♠ ❞✐s❝❤❛r❣❡s s♦♠❡ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✉♥✐♥t❡r❡st✐♥❣✱ ❛♥❞ t❤♦s❡
t❤❛t r❡♠❛✐♥ ❜❡♥❡✜t ❢r♦♠ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❣❛✐♥❡❞ t❤r♦✉❣❤ t②♣✐♥❣✳

❨❡t✱ t❤❡r❡ ✐s st✐❧❧ ✇♦r❦ t♦ ❜❡ ❞♦♥❡ ❜❡❢♦r❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s t❤❡s✐s ❝❛♥ ❜❡ ✉s❡❞ ♠♦r❡
❡✛❡❝t✐✈❡❧②✳ ❚❤❡ ❧❛♥❣✉❛❣❡ ❝❛♥ ❜❡ ❡♥❤❛♥❝❡❞ ✇✐t❤ ♠♦r❡ ❢❡❛t✉r❡s t♦ ❝♦♥tr♦❧ ♣♦✐♥t❡r ❛❧✐❛s✐♥❣✳
❈❛♣✉❝✐♥❡ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❧❛♥❣✉❛❣❡✱ ❛♥❞ ♠❛♥② ❢❡❛t✉r❡s ♦❢ ♠❛✐♥str❡❛♠ ❧❛♥❣✉❛❣❡s s✉❝❤ ❛s
✐♥❤❡r✐t❛♥❝❡ st✐❧❧ ♥❡❡❞ t♦ ❜❡ ❡♥❝♦❞❡❞✳ ❙♦♠❡ ♦❢ t❤❡s❡ ❢❡❛t✉r❡s✱ s✉❝❤ ❛s ❤✐❣❤❡r✲♦r❞❡r ❢✉♥❝t✐♦♥s✱
✇✐❧❧ ♣r♦✈❡ t♦ ❜❡ q✉✐t❡ ❝❤❛❧❧❡♥❣✐♥❣✳

❯♥t✐❧ ❛ ❤✐❣❤❧②✲❤②♣♦t❤❡t✐❝❛❧ ❞❛② ✇❤❡♥ ♣r♦❣r❛♠♠❡rs ❧❡❛✈❡ t❤❡ ✐♠♣❡r❛t✐✈❡ ❛♥❞ ♦❜❥❡❝t✲
♦r✐❡♥t❡❞ ♣❛r❛❞✐❣♠s ❜❡❤✐♥❞ ❛♥❞ ❢♦❝✉s ♦♥ ♣✉r❡ ❢♦♥❝t✐♦♥❛❧ ♣r♦❣r❛♠♠✐♥❣✱ ■ ❤♦♣❡ t❤❛t t❤✐s ✇♦r❦
✇✐❧❧ ❤❡❧♣ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t♦ ✇r✐t❡ s❛❢❡r ♣r♦❣r❛♠s ✇✐t❤ ♣♦✐♥t❡rs✳
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▲✐st ♦❢ ❋✐❣✉r❡s

✸✳✶ Ps❡✉❞♦✲❏❛✈❛ ❝♦❞❡ ❢♦r t❤❡ ❙♣❛rs❡ ❆rr❛②s ❝❤❛❧❧❡♥❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✸✳✷ ❊①❛♠♣❧❡ ♦❢ ❙t❛t❡ ♦❢ ❛ ❙♣❛rs❡ ❆rr❛② ❙tr✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✸✳✸ ❏❛✈❛ ❝♦❞❡ ❢♦r t❤❡ ♠❡♠♦✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
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http://frama-c.cea.fr/acsl.html
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❬❇♦②❧❛♥❞✵✶❪ ❏♦❤♥ ❚❛♥❣ ❇♦②❧❛♥❞✱ ❏❛♠❡s ◆♦❜❧❡✱ ❲✐❧❧✐❛♠ ❙ ❘❡t❡rt✳ ❈❛♣❛❜✐❧✐t✐❡s ❢♦r
❙❤❛r✐♥❣✿ ❆ ●❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❯♥✐q✉❡♥❡ss ❛♥❞ ❘❡❛❞✲❖♥❧②✳ ✭❊❈❖❖P
✷✵✵✶✮

❬❇♦②❧❛♥❞✵✸❪ ❏♦❤♥ ❚❛♥❣ ❇♦②❧❛♥❞✳ ❈❤❡❝❦✐♥❣ ■♥t❡r❢❡r❡♥❝❡ ✇✐t❤ ❋r❛❝t✐♦♥❛❧ P❡r♠✐s✲
s✐♦♥s✳ ✭❙❆❙ ✷✵✵✸✮
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❬❇✉r❞②✵✹❪ ▲✐❧✐❛♥ ❇✉r❞②✱ ❨♦♦♥s✐❦ ❈❤❡♦♥✱ ❉❛✈✐❞ ❈♦❦✱ ▼✐❝❤❛❡❧ ❊r♥st✱ ❏♦❡ ❑✐♥✐r②✱
●❛r② ❚✳ ▲❡❛✈❡♥s✱ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✱ ❊r✐❦ P♦❧❧✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢
❏▼▲ t♦♦❧s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦♥ ❙♦❢t✇❛r❡ ❚♦♦❧s
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❧❡♥❣❡ ❢♦r ❆✉t♦♠❛t❡❞ Pr♦✈❡rs✳ ✭❈❆❉❊ ✷✵✶✶✮
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❝❛❧ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ●❧♦❜❛❧ ■♥✈❛r✐❛♥ts ✐♥ ❈♦♥❝✉rr❡♥t Pr♦❣r❛♠s✳ ✭❈❆❱
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♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✈♦❧✳ ✶✷✱ ♥♦✳ ✶✵✱ ❖❝t♦❜❡r ✶✾✻✾✱ ♣♣✳ ✺✼✻✕✺✽✵
❛♥❞ ✺✽✸✳

❬❍✉❜❡rt✵✺❪ ❚❤✐❡rr② ❍✉❜❡rt✱ ❈❧❛✉❞❡ ▼❛r❝❤é✳ ❆ ❝❛s❡ st✉❞② ♦❢ ❈ s♦✉r❝❡ ❝♦❞❡ ✈❡r✐✲
✜❝❛t✐♦♥✿ t❤❡ ❙❝❤♦rr✲❲❛✐t❡ ❛❧❣♦r✐t❤♠✳ ✭❙❊❋▼ ✷✵✵✺✮

❬❍✉❜❡rt✵✼❪ ❚❤✐❡rr② ❍✉❜❡rt✱ ❈❧❛✉❞❡ ▼❛r❝❤é✳ ❙❡♣❛r❛t✐♦♥ ❆♥❛❧②s✐s ❢♦r ❉❡❞✉❝t✐✈❡
❱❡r✐✜❝❛t✐♦♥✳ ✭❍❆❱ ✷✵✵✼✮
http://www.lri.fr/~marche/hubert07hav.pdf

❬❍✉❜❡rt✵✽❪ ❚❤✐❡rr② ❍✉❜❡rt✳ ❆♥❛❧②s❡ ❙t❛t✐q✉❡ ❡t ♣r❡✉✈❡ ❞❡ Pr♦❣r❛♠♠❡s ■♥❞✉s✲
tr✐❡❧s ❈r✐t✐q✉❡s✳ ❚❤ès❡ ❞❡ ❞♦❝t♦r❛t✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞✱ ❏✉♥❡ ✷✵✵✽✳
http://www.lri.fr/~marche/hubert08these.pdf
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❬❍✉❣❤❡s✽✾❪ ❏♦❤♥ ❍✉❣❤❡s✳ ❲❤② ❋✉♥❝t✐♦♥❛❧ Pr♦❣r❛♠♠✐♥❣ ▼❛tt❡rs✳ ❈♦♠♣✉t❡r
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❬❏❛❝♦❜s✵✽❪ ❇❛rt ❏❛❝♦❜s✱ ❋r❛♥❦ P✐❡ss❡♥s✳ ❚❤❡ ❱❡r✐❋❛st ♣r♦❣r❛♠ ✈❡r✐✜❡r✳ ❚❡❝❤✲
♥✐❝❛❧ ❘❡♣♦rt ❈❲✲✺✷✵✱ ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡s✱ ❑❛t❤♦❧✐❡❦❡
❯♥✐✈❡rs✐t❡✐t ▲❡✉✈❡♥✱ ❇❡❧❣✐✉♠✱ ❆✉❣✉st ✷✵✵✽✳

❬❑❛♥✐❣✶✵❪ ❏♦❤❛♥♥❡s ❑❛♥✐❣✳ ❙♣é❝✐✜❝❛t✐♦♥ ❡t ♣r❡✉✈❡ ❞❡ ♣r♦❣r❛♠♠❡s ❞✬♦r❞r❡
s✉♣ér✐❡✉r✳ ❚❤ès❡ ❞❡ ❞♦❝t♦r❛t✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞✱ ❏✉♥❡ ✷✵✶✵✳

❬❑❛ss✐♦s✵✻❪ ■♦❛♥♥✐s ❚✳ ❑❛ss✐♦s✳ ❉②♥❛♠✐❝ ❢r❛♠❡s✿ ❙✉♣♣♦rt ❢♦r ❢r❛♠✐♥❣✱ ❞❡♣❡♥❞❡♥✲
❝✐❡s ❛♥❞ s❤❛r✐♥❣ ✇✐t❤♦✉t r❡str✐❝t✐♦♥s✳ ✭❋▼ ✷✵✵✻✮

❬▲❡✐♥♦✾✽❪ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✳ ❉❛t❛ ●r♦✉♣s✿ ❙♣❡❝✐❢②✐♥❣ t❤❡ ▼♦❞✐✜❝❛t✐♦♥ ♦❢
❊①t❡♥❞❡❞ ❙t❛t❡✳ ✭❖❖P❙▲❆ ✶✾✾✽✮

❬▲❡✐♥♦✵✷❪ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✱ ❆r♥❞ P♦❡t③s❝❤✲❍❡✛t❡r✱ ❨✉♥❤♦♥❣ ❩❤♦✉✳ ❯s✐♥❣
❞❛t❛ ❣r♦✉♣s t♦ s♣❡❝✐❢② ❛♥❞ ❝❤❡❝❦ s✐❞❡ ❡✛❡❝ts✳ ✭P▲❉■ ✷✵✵✷✮

❬▲❡✐♥♦✵✹❪ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✱ P❡t❡r ▼ü❧❧❡r✳ ❖❜❥❡❝t ■♥✈❛r✐❛♥ts ✐♥ ❉②♥❛♠✐❝
❈♦♥t❡①ts✳ ✭❊❈❖❖P ✷✵✵✹✮

❬▲❡✐♥♦✵✺❪ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✳ ❊✣❝✐❡♥t ✇❡❛❦❡st ♣r❡❝♦♥❞✐t✐♦♥s✳ ■♥❢♦r♠❛t✐♦♥
Pr♦❝❡ss✐♥❣ ▲❡tt❡rs✱ ✈♦❧✳ ✾✸✱ ♥♦✳ ✻✱ ▼❛r❝❤ ✷✵✵✺✱ ♣♣✳ ✷✽✶✕✷✽✽✳

❬▲❡✐♥♦✵✾❪ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✱ P❡t❡r ▼ü❧❧❡r✳ ❆ ❇❛s✐s ❢♦r ❱❡r✐❢②✐♥❣ ▼✉❧t✐✲
❚❤r❡❛❞❡❞ Pr♦❣r❛♠s✳ ✭❊❙❖P ✷✵✵✾✮

❬▲❡✐♥♦✶✵❪ ❑✳ ❘✉st❛♥ ▼✳ ▲❡✐♥♦✱ ▼✐❝❤❛➟ ▼♦s❦❛❧✳ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❛♠♣❧❡ ❝♦rr❡❝t♥❡ss
♦❢ ✐♥✈❛r✐❛♥ts ♦❢ ❞❛t❛✲str✉❝t✉r❡s✱ ❡❞✐t✐♦♥ ✵✳ Pr♦❝❡❡❞✐♥❣s ♦❢ ❚♦♦❧s ❛♥❞
❊①♣❡r✐♠❡♥ts ❲♦r❦s❤♦♣ ❛t ❱❙❚❚❊✱ ✷✵✶✵✳
http://vacid.codeplex.com

❬▲✉✵✼❪ ❨✐ ▲✉✱ ❏♦❤♥ ▼✳ P♦tt❡r✱ ❏✐♥❣❧✐♥❣ ❳✉❡✳ ❱❛❧✐❞✐t② ■♥✈❛r✐❛♥ts ❆♥❞ ❊✛❡❝ts✳
✭❊❈❖❖P ✷✵✵✼✮

❬▼❛r❝❤é✵✼❪ ❈❧❛✉❞❡ ▼❛r❝❤é✳ ❏❡ss✐❡✿ ❛♥ ■♥t❡r♠❡❞✐❛t❡ ▲❛♥❣✉❛❣❡ ❢♦r ❏❛✈❛ ❛♥❞ ❈
❱❡r✐✜❝❛t✐♦♥✳ ✭P▲P❱ ✷✵✵✼✮

❬▼♦②✵✾❪ ❨❛♥♥✐❝❦ ▼♦②✳ ❆✉t♦♠❛t✐❝ ▼♦❞✉❧❛r ❙t❛t✐❝ ❙❛❢❡t② ❈❤❡❝❦✐♥❣ ❢♦r ❈ Pr♦✲
❣r❛♠s✳ P❤❉ ❚❤❡s✐s✱ ❯♥✐✈❡rs✐té P❛r✐s✲❙✉❞✱ ❏❛♥✉❛r② ✷✵✵✾✳
http://www.lri.fr/~marche/moy09phd.pdf

❬▼ü❧❧❡r✵✷❪ P❡t❡r ▼ü❧❧❡r✳ ▼♦❞✉❧❛r ❙♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❱❡r✐✜❝❛t✐♦♥ ♦❢ ❖❜❥❡❝t✲
❖r✐❡♥t❡❞ Pr♦❣r❛♠s✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✈♦❧✳ ✷✷✻✷✱
✷✵✵✷✳

❬▼ü❧❧❡r✵✻❪ P❡t❡r ▼ü❧❧❡r✱ ❆r♥❞ P♦❡t③s❝❤✲❍❡✛t❡r✱ ●❛r② ❚✳ ▲❡❛✈❡♥s✳ ▼♦❞✉❧❛r ■♥✲
✈❛r✐❛♥ts ❢♦r ▲❛②❡r❡❞ ❖❜❥❡❝t ❙tr✉❝t✉r❡s✳ ❙❝✐❡♥❝❡ ♦❢ ❈♦♠♣✉t❡r Pr♦✲
❣r❛♠♠✐♥❣✱ ✈♦❧✳ ✻✷✱ ✷✵✵✻✱ ♣♣✳ ✷✺✸✕✷✽✻✳

❬❖❈❛♠❧❪ ❚❤❡ ❖❜❥❡❝t✐✈❡ ❈❛♠❧ ▲❛♥❣✉❛❣❡✳
http://caml.inria.fr/
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❬❘❡②♥♦❧❞s✼✹❪ ❏♦❤♥ ❘❡②♥♦❧❞s✳ ❚♦✇❛r❞s ❛ ❚❤❡♦r② ♦❢ ❚②♣❡ ❙tr✉❝t✉r❡✳ ✭❈♦❧❧♦q✉❡ s✉r
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❬❘❡②♥♦❧❞s✵✷❪ ❏♦❤♥ ❘❡②♥♦❧❞s✳ ❙❡♣❛r❛t✐♦♥ ❧♦❣✐❝✿ ❛ ❧♦❣✐❝ ❢♦r s❤❛r❡❞ ♠✉t❛❜❧❡ ❞❛t❛
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