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)&'/,)+ )2 (+0'/:%)- 01#+& #2 (+#(#&) 5I%'/1/&)+ 1) (+/; 5) 10 +#$%&')&&) 9#,,)

%2) .01)%+ 5) +>C>+)29)* J2 ()%' (0+ );),(1)- 9#,(0+)+ 1) (+/; 5) 10 +#$%&4

')&&) 0.)9 %2) C+09'/#2 5% 9#?' 5) +),>102A) ! 1) 9#?' 5) 10 +)9)'') H (+#5%/+)

(#%+ 9#++/A)+ 1) ,>102A) C0$+/:%> 0% (+>010$1) )' :%/ )&' K#+& &(>9/L90'/#2&* M1

()%' 0++/.)+- 9#,,) #2 1) ,#2'+) 502& %2 );),(1) +>)1- :%) 9)'') .01)%+ &#/'

5>DH &%(>+/)%+) 0% (+/; 5) 10 +#$%&')&&)*

 !"#$%#&$'$() *+ ,-.&'/01 *1 2)'#!31

N2) /2&'029) 5% 67 (B, v,b0, V0, c,u,u,y- y) )&' 5>')+,/2>) (0+ 1)& 9#,4

(#&02'& B- 1) .#1%,) v- 1) C#25 5% $09 b0 )' &#2 .#1%,) V0- 1)& 9#?'& 5)&

9#,(#&02')& c- 1)& $#+2)& K35+0%1/:%)& )' 5) 5/&(#2/$/1/'> 5)& 9#,(#&02'& u
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 ! u  ! "#$ % & '($) & &*$ % & "$("$+,!,& y  ! y- . /0#1* +!,$#!+()2 %# 3,!0(4 

567 $,&(*! % 89 #:) 4 "$(4*+$ 2 &+ "(&&+'% 2 %# $ / !! 4 /(;! 3+)+3*3-

<+ % 89  &! +)=#+&#'% 2 / $!#+) & '($) & &()! #&&(*"%+ &  ! *) 3,%#)> =#+&#'% 

#? / &*$1*#%+!, 3+)+3#%  &! $ /0 $/0,- @# 3,!0(4 !+ )! /(3"! 4 & "(&&+'% &

3(4+:/#!+() 4 %A+)&!#)/ 4* 89 "(*$ ('! )+$ 4 3 +%% *$& $,&*%!#!&- 8%*& "$,B

/+&,3 )!2 % & ?(%*3 & V0  ! v &()! *!+%+&,& /(33 ?#$+#'% & 4 /()!$C% 4#)& % 

3(4D% #:) 4 "$(4*+$ *) $ / !! "%*& ,/()(3+1* (* =#+&#'% %($&1* % & ?#B

% *$& ($+>+)#% & 4 V0  ! v ) % " $3 !! )! "#&- E#)& / $!#+)& /#&2 3F3 #? /

/ 4 >$, 4 %+' $!, &*""%,3 )!#+$ 2 % 89 $ &! +)=#+&#'% "(*$ % & ?(%*3 &

$ 1*+&- .%($&2 "(*$ #&&*$ $ %# /()!+)*+!, 4 %A(",$#!+()2 %# 3,!0(4 "$("(& 4 

"$(4*+$ % 3,%#)> +)=#+&#'% % "%*& "$(/0 4* 3,%#)> /+'% yt-

E#)& / /0#"+!$ 2 () &A+)!,$ && G 3 &*$ $  ! ?+&*#%+& $ %A+)=#+&#'+%+!, 4*

89  ! G %A*!+%+&#!+() 4A#*!$ & "#$#3D!$ & 4 %A+)&!#)/ 4* 89 "(*$ /()!$C% $

% "$(/,4, 4 3,%#)> - 7*!$ % & ?(%*3 & v  ! V02 %# 4+&"()+'+%+!, 4 & /(3"(B

&#)!&2 % & '($) & 0H4$#*%+1* & (*  )/($ % & /(3"(&#)!& " *? )! F!$ *!+%+&,&

"(*$ "+%(! $ % "$(/ &&*& 4 3,%#)> - I/+2 () #)#%H&  J/%*&+? 3 )! %# 3(4+:B

/#!+() 4 & '($) & 4 4+&"()+'+%+!,  ! 0H4$#*%+1* &-

#$% &!"$'( )*!&+'!%',!-!./ )( 012,-34$ )$ 4/-'&5$

E,:)+&&()& % "(%H!(" 

CU1 = CU ∩ S1

4#)& %A &"#/ 4 & /(3"(&#)!&  ! % "(%H!(" 

CY 1 = {y(u) ∈ R
m | u ∈ CU1}

4#)& %A &"#/ 4 & "$("$+,!,&-

<+ % 89  &! +)=#+&#'% "(*$ *) "#+$ 4 ?(%*3 & :J & KV0, vL  ! &+ %A()

&*""(& 1* U 6= ∅2 #%($& () " *! #?(+$ 3 4+M,$ )!& )+? #*J 4A+)=#+&#'+%+!, 1*+

" *? )! F!$ ,)()/, &  ) ! $3 & 4 "(%H!(" & 4 3,%#)> N

O+? #* P- CU1 6= ∅  ! U ∩ CU1 = ∅-

O+? #* Q- CU 6= ∅  ! CU1 = ∅-

O+? #* R- CU = ∅-

8(*$ % & !$(+& )+? #*J 4A+)=#+&#'+%+!,2 () " *! 3(4+: $ % & "$("$+,!,& 4 & /(3B

"(&#)!& K%# 3#!$+/ BL  ! =($/ $ % "(%H!(" CU G #?(+$ *) +)! $& /!+() )()

?+4 #? / % "(%H!(" U  ) "$(4*+&#)! 4 / !! 3#)+D$ *) 3,%#)> =#+&#'% -

EA#*!$ "#$!2 /(33 % &+3"% J S1 /()!+ )! !(*! & % & $ / !! & =#+&#'% &2 #%($&

CU1 $ "$,& )! %A )& 3'% 4 !(*! & % & $ / !! & #H#)! % *$& "$("$+,!,& KCY 1L
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 !"# $%# #&'()*(!+),"#- ." &,$/+,&% U &%0+ !++%)" 1%2 &!1  %# 3, )*(!+),"#

 %# 4,1"%#2 0" &,)"+ u ∈ CU \ U ##) u ∈ S12 (5%#+676 )1% #) %+ #%0$%3%"+ #) $%

89 ! 0"% )":!)#!4)$)+'  % ");%!0 1-

"#$%&# '# ()*+,-*$-.*(*/0 #/ '*&#1/*2+$ ,-*$-.(#$

8,01 (<!=0% ");%!0  5)":!)#!4)$)+'2 ," &%0+  '*")1 $5 !"# $#% & '(  0 89 %"

+%13%#  %# &,$/+,&%#  % 3'$!">% ? $5)":!)#!4)$)+'  % ");%!0 1 %#+  '*")% &!1

DU = D(U,CU1) %+ DY = D(P,CY 1)

$5)":!)#!4)$)+'  % ");%!0 2 &!1

DU2 = D(U,CU) %+ DY 2 = D(P,CY )

%+ $5)":!)#!4)$)+'  % ");%!0 3 &!1

DY 3 = D(P,C).

@'*")##,"# 0"% ) *+,' -! "# $#%&+  !"# $5%#&!(%  %# (,3&,#!"+# (,33% 0"%

 )1%(+),"  % +1!"#$!+),"  %# &,$/+,&%# U ,0 CU &1, 0)#!"+ #! (,$$)#)," %+ &!1

(,"#'=0%"+ $! :!)#!4)$)+'  0 89- ."%  )1%(+),"  % +1!"#$!+),"  %# &,$/+,&%#

P ,0 CY &1, 0)#!"+ #! (,$$)#)," %#+ !&&%$'% '>!$%3%"+ 0"%  )1%(+)," :!)#!4$%

A !"# $5%#&!(%  %# &1,&1)'+'#B2 (!1 %$$% &%0+ C+1% ;0% (,33% $5)3!>% &!1 $5'=0!6

+),"  % 4!#%  50"%  )1%(+)," :!)#!4$%  !"# $5%#&!(%  %# (,3&,#!"+#-

D,33% ," "% (,"#) E1% =0%  %# 3, )*(!+),"#  %# 4,1"%# &,01 +1!"#:,16

3%1  5)":!)#!4$% %" :!)#!4$% 0"% )"#+!"(%  0 892  !"# (% =0) #0)+2 ",0# !$$,"#

#%0$%3%"+  ';%$,&&%1 $5!"!$/#%  % $5)":!)#!4)$)+'  % ");%!0 1- @!"# $5%#&!(%  %#
(,3&,#!"+# ," #5)"+'1%##% !0 (!$(0$  % $5'(!1+ %"+1% $%# &,$/+,&%# U %+ CU1- F%#

 %0G &,$/+,&%# #,"+  '(1)+#  !"# $%01# :,13%#  0!$%#- @,"(2 ," &%0+ (!$(0$%1

#!  )#+!"(% &!1 $! 1'#,$0+),"  0 &1,4$E3% ?

min ‖t− u‖ AH-IJB

#-+-

u ∈ U, t ∈ CU1.

K) u∗ ∈ U %+ t∗ ∈ CU1 %#+ 0"% #,$0+),"  0 &1,4$E3% AH-IJB2 !$,1# DU =
d(u∗, t∗) = ‖t− u‖ %+

wU =
t∗ − u∗

DU

AH-ILB
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 !" #$ %&' ("&)$ *+&!+,- %+$! -. !/+( % ! ()0/)!+$"! 1#&  2/'&0 -+ %&' ("&)$

% %3/-+( 0 $" %. 4)'" 0&$&0+- % U /)#' ' $()$"' ' CU15

6$ ),! '7 1# p∗ = y(u∗) ∈ P  " q∗ = y(t∗) ∈ CY 15 8-)'!9

wU
Y =

q∗ − p∗

‖q∗ − p∗‖

 !" #$ %&' ("&)$ *+&!+,- %+$! -. !/+( % ! /')/'&3"3!5

:)#' (+-(#- ' -+ %&!"+$(  $"' - ! /)-;")/ ! P  " CY 19 )$ %)&" $)" ' 1# 

/)#' ( ! /)-;")/ ! $)#! $.+7)$! $& - #' ' /'3! $"+"&)$ /'&0+- $& - #' ' /'3<

! $"+"&)$ %#+- 5 =)#" *)&!9 )$ / #" (+-(#- ' !+ %&!"+$( &$%&' (" 0 $" > /+'"&'

% ! /)-;")/ ! U  " CU1  " % -.31#+"&)$ % ,+! 5 ?$ '3!)-7+$" - /'),-@0 

min ‖y(t)− y(u)‖

!5"5

u ∈ U, t ∈ CU1

)$ ),"& $" p∗ = y(u∗) ∈ P  " q∗ = y(t∗) ∈ CY 1 " - 1# DY = d(p∗,q∗)5 8-)'!9

wY =
q∗ − p∗

DY

AB5CDE

 !" -+ /-#! ()#'" %&' ("&)$ % %3/-+( 0 $" % P /)#' F)&$%' CY 1  "

wY
U =

t∗ − u∗

‖t∗ − u∗‖

 !" -+ %&' ("&)$ *+&!+,- ()'' !/)$%+$" %+$! -. !/+( % ! ()0/)!+$"!5

#"$%&'"$&(")* +, '-"*.,&$"/"'"(0 +&*$ '-,$1&2, +,$ 2)31)$&*($

G)&" w1 = wU  " w2 = wY
U5 H ! 7 (" #'! %3I$&!! $" #$ /-+$ JK %+$! -. !/+( 

% ! ()0/)!+$"! %)$" -.31#+"&)$ /+'+03"'&1#  !"

H2 = {u(s) | u(s) = uM +wT · s}

+7 ( s = (s1, s2)
T ∈ R

2
9 w = (w1,w2)

T
 " uM - 0&-& # %# ! L0 $" [u∗, t∗]5

K3!&L$)$! /+' U2  " C2 - ! ()#/ ! % U  " CU1 +7 ( H25 :)#' /')%#&' 

-+ 7&!#+-&!+"&)$ % -.&$*+&!+,&-&"3 %+$! -. !/+( % ! ()0/)!+$"!9 )$ % !!&$ - !

/)-;L)$ ! U2  " C2 %+$! - /-+$ H2 +7 ( uM /'&! ()00 ( $"' % ())'%)$$3 !

 " - ! 7 (" #'! % w1  " w2 ()00 +2 ! A7)&' M&L#' DE5

N-  !" &0/)'"+$" % ' 0+'1# ' - ! (+'+("3'&!"&1# ! % ( "" 7&!#+-&!+"&)$5
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U2

C2

DU

w1

w2

 !"#$%  ! "#$%&'#$&(#)* +, '-#*.&#$&/#'#(0 +&*$ '-,$1&2, +,$ 2)31)$&*($4

5)33, )* '-)/(#,*( ,* 2)%1&*( ',$ 1)'6()1,$ U ,( CU1 &7,2 %* 1'&* +08*# 1&9

wU ,( wY
U :%# 1&$$, 1&9 ',$ 1)#*($ ',$ 1'%$ 19)2;,$ +&*$ ',$ +,%< 1)'6()1,$= '&

+#$(&*2, ,*(9, ',$ 1)'6>)*,$ U2 ,( C2 ,$( DU ?'& +#$(&*2, ,*(9, ',$ 1)'6()1,$

U ,( CU1 +&*$ ', n@,$1&2, )9#>#*&'A4 B)%9 '& 3C3, 9&#$)*= '-&*>', ,*(9, ',$

+#9,2(#)*$ wU ,( wY
U ,$( 190$,970,4

 !"#$%!"$&!'( )* %+!(,$!"$-!%!&. )$(" %+*"/$0* )*" /1'/1!.&."

5)*$#+09)*$ ',$ +#9,2(#)*$ .&#$&/',$ +&*$ '-,$1&2, +,$ 19)19#0(0$ w1 = wY ,(

w2 = wU
Y ,( +,*)()*$ H2 ', DE@1'&* +08*# 1&9

H2 = {y(s) ∈ R
2 | y(s) = yM +wT · s}

&7,2 s = (s1, s2)
T ∈ R

2
= w = (w1,w2) ,( yM ', 3#'#,% +% $,>3,*( [p∗,q∗]4

B)%9 19)+%#9, '& 7#$%&'#$&(#)* +, '-#*.&#$&/#'#(0 +&*$ '-,$1&2, +,$ 19)19#0(0$= )*

1,%( 90%(#'#$,9 '& 19)20+%9, $%#7#, +&*$ '-,$1&2, +,$ 2)31)$&*($= F 2)*+#(#)*

+-&7)#9 '& +,$29#1(#)* +%&', +,$ 1)'6()1,$ P ,( CY 14 G)%$ *-&7)*$= *# '& +,$@

29#1(#)* 19#3&', *# '& +,$29#1(#)* +%&', +, 2,$ 1)'6()1,$= 3&#$ )* 1,%( ',$ &7)#9

?&% 3)#*$ (;0)9#:%,3,*(A F 1&9(#9 +,$ 1)'6()1,$ U ,( CU1 ,( +, '-0:%&(#)*

+, /&$,4 H, 19)/'I3, +-0*%309&(#)* +,$ $)33,($ +-%* 1)'6()1, :%,'2)*:%,

,$( %* 19)/'I3, )%7,9( ?)* *, 2)**&J( 1&$ +-&'>)9#(;3, 1)'6*)3#&' 1)%9 ',
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 !"#$% &'( )&*&+%,+-. /, "- $0-$ & %&" *#/1-#*&" U &- CU1 &- /&$ " -,2//&"

3m,n ≤ 20'. *& 4&--&+- /5#6-&+-2#+ %& /&$ " "#44&" %5$+& 4,+27 & &80,0&(

9$ 0#+- ,2 &. /&" :,0&--&" %& P &- CY 1 +& *&$;&+- *," -#$<#$ " =- & #6-&+$&"

%& 4,+27 & &80,0&( >, :#2". +#$"  &+0#+- #+" %&" *#/1-#*&" P &- CY 1 *#$ 

/&"?$&/" /5!+$4! ,-2#+ %& :,0&--&" &"- - 7" 0#@-&$"& &+ -&4*" %& 0,/0$/( 92+"2.

#+ 4#%2A& /, * #0!%$ & *#$ #6-&+2 /&" *#/1B#+&" P2 &- C2 &+ 0#$*,+- /&"

*#/1-#*&" P &- CY 1 C *, -2 %& /&$ :# 4& * 24,/&(

#$!$%"& '(")(*+$ $, &-*.),$

D,+" /, %& +27 & "&0-2#+ #+ , 4#+- ! 0#44&+- 4&"$ & &- ;2"$,/2"& /52+:,2",62E

/2-! %$ >F( G+ ;, ;#2 4,2+-&+,+- /&" 4#%2A0,-2#+" %&" 6# +&" H1% ,$/2?$&"

&- %& %2"*#+262/2-! ,A+ %5,4!/2# & /, ?$,/2-! %$ 4!/,+B& &- %& * #%$2 &. "2

*#""26/&. $+&  &0&--& :,2",6/&( >/$" * !02"!4&+-. #+ ;, - ,+":# 4& /& *#/1-#*&

U %,+" /& *#/1-#*&

UNEW = {u ∈ R
n | u−∆ ≤ u ≤ u+∆ , 1T · u = 1, 0 ≤ u ≤ 1}

&+ 0H#2"2"",+- /&" ;, 2,6/&" !/,"-2?$&" ,** #* 2!&" ∆,∆ ∈ R
n+

%& :,I#+ C ,;#2 

UNEW ∩ CU1 6= ∅(

G+  &4, ?$& ?$& /&" 6# +&" H1% ,$/2?$&" &- %& %2"*#+262/2-! *&$;&+- =- &

,<$"-!&" 2+%2;2%$&//&4&+- &- *&$;&+- ,--&2+% & /&$ " /242-&" 2+:! 2&$ & &- "$*!E

 2&$ & J [0, 1]( K+ %5,$- &" -& 4&". /& *#/1-#*& UNEW *&$- ,--&2+% & +524*# -&

?$&//&  &0&--& %& CU1 0, CU1 ⊆ S1( D5,$- & *, -. 0&" 6# +&" "#+- AL!&"

0#+:# 4!4&+- C /, */,+2A0,-2#+ B/#6,/& &- *, %&" 6&"#2+" #*! ,-2#++&/" 3*, 

&L&4*/&. *#$ * #4#$;#2 /5$-2/2",-2#+ %&" 0#4*#",+-" ,6#+%,+-" #$ *&$ 0#@E

-&$L. #$ ,A+ %& ;2%& /& 6,0 %5$+ 0#4*#",+-'( M524*,0- %& /, ;2#/,-2#+ %&"

6# +&" "$ /, *& :# 4,+0& B/#6,/& %& /,  ,8+& 2& &"- %2802/& C 4&"$ & ( K+0# &

*/$" %2802/& &"- %5&"-24& /524*,0- 2+%2;2%$&/ %& /, ;2#/,-2#+ %& 0H,?$& 6# +&(

>#$ 0&--&  ,2"#+. +#$" ,;#+" %!02%! %& * #0!%& 0#44& "$2- J %5,6# %. #+

0,/0$/& /, 4&2//&$ &  &0&--& u∗ ∈ CU1 C * #%$2 & "&/#+ $+ 0 2-7 & %5#*-242",-2#+

&- &+"$2-&. #+ #6-2&+- /&" 4#%2A0,-2#+" %&" 6# +&" *#$ ,;#2 u∗ ∈ UNEW (

G+ #6"& ;& ?$&. &+ $-2/2",+- /&" ;&0-&$ " u−,u+ ∈ R
n+

. #+ *&$-  &"- &2+% &

/&" 4#%2A0,-2#+" %&" 6# +&" &+ 0H& 0H,+- /, 4&2//&$ &  &0&--& u∗
%,+" U+∩CU

3;#2 K?$,-2#+ N(OP' ,$ /2&$ %& CU1(

U+ = {u ∈ R
n | 0 ≤ u− u− ≤ u ≤ u+ u+ ≤ 1 , 1T · u = 1} 3N(OP'

K+ #$- &. %,+" /, Q&0-2#+ 3R(S' #+ 0#+"- $2- %&"  &*7 &" 0#+0& +,+- /524*,0-

%&" 6# +&" %&" 0#4*#",+-" "$ /& 0#@- &- /, "$ E?$,/2-! %$ 4!/,+B& &- "$ 

/& ;#/$4& +!0&"",2 & C 0#$/& *#$ ,;#2 /& * &42& 4!/,+B& :,2",6/&( )&--&
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 !"#$%&' #! (#)$$& ' *'$+ )' ,+ (#)$ -./ -+$ 0 ,1#! &((, 2)+ #) !#! ,+0 %#- 3

4/&' #!0 -+0 5#$!+06

7&$% ,+0 /$ '8$+0 -1#(' % 0&' #! (#)$ /9+$/9+$ ,& %+ ,,+)$+ $+/+''+ u∗ ∈
CU1 #! (+)' % ! % 0+$ ,1 !"& 0& 5 , '. :,& - 0'&!/+ +!'$+ ,+0 (#,;'#(+0 /#$$+03

(#!-&!'0<= % ! % 0+$ ,+0 %#- 4/&' #!0 -+0 5#$!+0 #) ,1#! (+)' )' , 0+$ ,+0

%*%+0 /$ '8$+0 -+ ,& %.'9#-+ >?@6 A!+ "# 0 ,& $+/+''+ u∗
-.'+$% !.+= #!

#5' +!' ,+0 %#- 4/&' #!0 #(' %&,+0 -+0 5#$!+0

∆∗ = max{0,u− u∗} +' ∆
∗
= max{0,u∗ − u}

2) !#)0 (+$%+''+!' -+ ($#-) $+ u∗
6 @! -.0 B!+ (&$

E =
n∑

i=1

(∆∗
i +∆

∗

i )

,1+C#$' $+2) 0 (#)$ +C+/')+$ ,& '$&!0"#$%&' #! -+ ,1 !0'&!/+ -) 7D6

E1&(($#/9+ -./$ '+ ($./.-+%%+!' !+ /#!0 -8$+ (&0 ,1 !/+$' ')-+ -) 7D 2) 

(+)' ($#F#2)+$ 2)+ ,+ %.,&!B+ "& 0&5,+ #5'+!) (#)$ ,+0 -#!!.+0 !#% !&,+0 0# '

+! $.&, '.  !"& 0&5,+6 G+''+ 0 ')&' #! 01+H(, 2)+ (&$ ,+ "& ' 2)+ ,+0 (#,;'#(+0

UNEW +' CU1 0+ '#)/9+!' I (+ !+ :F# $ J B)$+ K<6 L#!/= '#)'+ (+' '+ - C.3

$+!/+ +!'$+ ,& F&,+)$ !#% !&,+ +' ,+0 -#!!.+0 $.+,,+0 (+)' +!'$&M!+$ )!+ "&)00+

 !'+$0+/' #!6 7#)$ $+%.- +$ I /+''+ "$&B , '. +' /#!0'$) $+ )! %.,&!B+ $#5)0'+=

 , 0)N' -+ 0)50' ')+$ -&!0 ,& ($#/.-)$+ ($./.-+!'+= /9&2)+ (#,;'#(+0 (&$ 0#!

$#5)0'#(+ /#$$+0(#!-&!' '+,0 2)1 ,0 #!' .'. -.'+$% !.0 -&!0 ,& O+/' #! :P6Q<6

L+ /+''+ "&R#!= ,& $+/+''+ u∗
0+$& /9# 0 5 +! I ,1 !'+$ +)$ -) (#,;'#(+ CU1 +'

$.0 0'+$& I '#)'+ F&$ &' #! -+0 -#!!.+0= -&!0 ,+0 , % '+0 ($.3.'&5, +06

"#!$%&' $# ()*+,$, $' -,.%/&'

E#$0 -) ($#/.-. -+ %.,&!B+= #! (+)' F#),# $ #5'+! $ )! %.,&!B+ "& 0&5,+ I (&$3

' $ -1)! %.,&!B+  !"& 0&5,+ :b0< '#)' +! F+$0&!' ,+ %# !0 -+ F#,)%+ (#00 5,+6

G+ /$ '8$+ 0+ $.F8,+ *'$+ '$80 ($&' 2)+ +! /&0 -1.F.!+%+!'0  %($.F)0= /#%%+

,+ %&!2)+ -1)! #) (,)0 +)$0 /#%(#0&!'0 #) ,1&$$*' -1)!+ (#%(+= #5, B+&!'

I  !'+$$#%($+ ($.%&')$.%+!' ,+ ($#/.-. -+ %.,&!B+6 S! #)'$+=  , (+$%+' -+

F+!-$+ ,+ %.,&!B+ ,+ (,)0 'T' (#00 5,+ +! $.-) 0&!' & !0 ,+0 /#U'0 -1 !F+!'& $+6

7#)$ '$#)F+$ ,+ ($+% +$ %.,&!B+ "& 0&5,+ :+! '+$%+0 -+ F#,)%+<= #! ($#/8-+



  

U

CU1

UNEW

u∗

 !"#$%  ! "#$%&'(#)$*+(% ,- .(/0*(.1 U .(-# $**1+%,#1 /1 )2/$%31 '$+&$4/1

u∗ ∈ CU15

6())1 &-+*5 "(-* ,7$4(#,8 (% #2&(-* /1& .#(4/9)1&

max (min) u0 :;5<=>

&5*5

u ∈ CU1

u0 ≥ 0.

.(-# *#(-?1# u0Max 1* uMin1 :u0Min 1* uMax1>5 @-+&8 A .$#*+# ,1 61& ?$/1-#& 1*

,1 /$ #1/$*+(% u0 = V0/v (% (4*+1%* /7+%*1#?$//1 ,1 ?(/-)1&

[VMin1, VMax1]

.(-# /1&B-1/& CU1 6= ∅5 C1& )2/$%31& yMin1 = y(uMin1) 1* yMax1 = y(uMax1)
&(%* /1 .#1)+1# 1* /1 ,1#%+1# )2/$%318 1% *1#)1& ,1 ?(/-)18 B-1 /7(% .1-*

.#(,-+#1 1% )(,+D$%* /1& 4(#%1& ,1& 6().(&$%*&5 E%D%8

∆∗ = max{0,u− uMin1} 1* ∆
∗
= max{0,uMin1 − u}

&(%* /1& )(,+D6$*+(%& )+%+)$/1& ,1& 4(#%1& .(-# $**1+%,#1 /1 )2/$%31 yMin1

$- ?(/-)1 VMin15 C$ #1/$*+(% 1%*#1 61& ?(/-)1& 1* /7+).$6* ,1& 4(#%1& ,1&

6().(&$%*& &-# /1 .#(62,2 ,1 )2/$%31 .1-* F*#1 )+1-G 1G./+B-2 1% #1%?(0$%*

A /$ H+3-#1 =5
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yMax
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yMin
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P (VMin1)
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CY 1

CP ∩ C
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CP

 !"#$%  ! "#$%&' () *% #+(,-&%',+. ()/ 0+1.)/ ()/ &+#$+/%.'/ /21 *) $1+&3(3

() #3*%.4)5

6%./ &)'') -421)7 *) $+*8'+$) P 9% () P (0) = b0 : P (∞) ;+1#%.' *) &<.) !

CP =
{
y ∈ R

m | y = conv
{
VP (∞) ∪ b0

}}
.

=)/ $+,.'/ yMin ∈ P (VMin) ∩ C )' yMax ∈ P (VMax) ∩ C /+.' *) $1)#,)1 )' *)

()1.,)1 #3*%.4) >2) *?+. $)2' $1+(2,1)5

6?%2'1) $%1'7 &+##) U ⊆ S1 %*+1/ P (v) ⊆ P1(v) = y(S1), ∀v ≥ 05 @%1
&+./3>2).'7 P1(v) (3&1,' *) &<.) !

CP1 =
{
y ∈ R

m | y = conv
{
VP1(∞) ∪ b0

}}

>2, &+#$1).( '+2/ *)/ #3*%.4)/ $1+(2&',0*)/ >2%.( *)/ 0+1.)/ A8(1%2*,>2)/ )'

() (,/$+.,0,*,'3 .) /+.' $%/ 1)/$)&'3)/5 =) $1)#,)1 )' *) ()1.,)1 () &)/ #3*%.4)/

3'%.' (%./ *)/ /$3&,-&%',+./ B(%./ *) $+*8'+$) CC /+.' *)/ #3*%.4)/ yMin1 )'

yMax15 =?,.')1/)&',+. () CP1 %9)& C )/' *) $+*8'+$) CY 1 )' *% 9,/2%*,/%',+.

(%./ *?)/$%&) ()/ $1+$1,3'3/ $1)/).'3) (%./ *% D)&',+. BE5FC7 &?)/' 2.) &+2$)

()/ $+*8'+$)/ CP (v) )' CY 1(v) $+21 2. 9+*2#) v -G)5

H.-.7 /2$$+/+./ >2) c∗ )' q∗ Bc∗1 )' q∗1C /+.' *) &+I' )' *% /21J>2%*,'3

#,.,#%2G >2, $)29).' K'1) %''),.'/ $%1 2. #3*%.4) (%./ CP ∩C B(%./ CY 1C5

L*+1/7 &+##) P (v) ⊆ P1(v) $+21 '+2' v ≥ 07 ,* 13/2*') >2) P ∩ C ⊆ CY 15

@%1 &+./3>2).'7 VMin1 ≤ VMin7 c∗1 ≤ c∗ )' q∗1 ≤ q∗5 L,./,7 .+2/ $+29+./
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 !"# $%# &#' ()"*#'  #' +),-)'.*/' ')*/ "#'-)*'.(&#'  # &0.%1,#*/./!)*  %

+)2/ -." 3c∗ − c∗145  # &0.%1,#*/./!)*  # &. '%"6$%.&!/7 -." 3q∗ − q∗14 #/  %

8)&%,# '%--&7,#*/.!"# 9 8#"'#" 3.:*  0.8)!" &# -"#,!#" ,7&.*1# ;.!'.(&#4 -."

3VMin − VMin14< =)*+5 )* +)*/)%"*# &.  !>+%&/7 9  7/#",!*#" &#' +)2/'  #

,) !:+./!)*  #' ()"*#'5 #* ;)%"*!''.*/ &#' !* !+#'

KC =
c∗ − c∗1

c∗1
, KQ =

q∗ − q∗1
q∗1

, KV =
VMin − VMin1

VMin1

<
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 !"# $% &!'()*"

 ! "#$%&'%( )*)+$,! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -

-! ./$ -0)',1#$2 3%& 40567$ '% R
3
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 8

-!- 932',6, (31 &$:%$& 7* +/$ /*1$;1#3%$ <=! ! ! ! ! ! ! ! ! ! >

-!4 "#$%&'%( 1?#*+?1$) '% R
2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  -

4! @?#*+?1$ P (v) A'+/ b0 /∈ P (∞)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  B

4!- @?#*+?1$ P (v) A'+/ b0 ∈ P (∞)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  8

4!4 "#$%&'%( C;?, 3 1;$D'?6) 7#$%& '% R
2
! ! ! ! ! ! ! ! ! ! ! ! ! ! !  E

4!F GD?#6+'?% ?C 1?#*+?1$ P A'+/ +/$ 7#$%&'%( D?#6,$! ! ! ! ! ! !  >

4!H I.J ,$+/?&! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! --

4!B I?76)+?1$ RCU ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -F

4!8 K?,16+'%( 3 ;?76)+ 7#$%& '% R
2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -E

F! L%C$3)'7'#'+* #$D$#)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! FM

F!- L%C$3)'7'#'+* D')63#'N3+'?% '% 5?,1?%$%+) )135$! ! ! ! ! ! ! ! ! ! FF

F!4 O#(?;'+/, -P0K6+ C;?, 1;',3# C?;,! ! ! ! ! ! ! ! ! ! ! ! ! ! ! F8

F!F L%C$3)'7'#'+* D')63#'N3+'?% '% 1;?1$;+'$) )135$! ! ! ! ! ! ! ! ! ! ! FE

F!H .;3%)C?;,'%( U ?%+? UNEW +? ;$35/ +/$ C$3)'7#$ 7#$%& u∗
! ! ! F>

F!B .;3%)C?;,'%( RU ?%+? RUNEW +? ;$35/ +/$ ;?76)+ 7#$%& u∗
! ! H 

F!8 L,135+ ?C +/$ 5?,1?%$%+)Q 7?6%&) ?% +/$ 7#$%&'%( 1;?5$))! ! ! H4

F!E 9?%'+?;'%( +/$ 7#$%&Q) 1;?1$;+'$)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! HF

F!> 9?%'+?;'%( +/$ 7#$%&Q) 1;?1$;+'$) R%$A '%C?;,3+'?% $#$,$%+)S! HH

F! M BP (1)T L,135+ ?C +/$ 5?,1?%$%+)Q 7?6%&)! ! ! ! ! ! ! ! ! ! ! H8

F!  BP (1)T L%C$3)'7'#'+* D')63#'N3+'?% '% 5?,1?%$%+) )135$! ! ! ! ! H>

F! - BP (1)T L%C$3)'7'#'+* D')63#'N3+'?% '% 1;?1$;+'$) )135$! ! ! ! ! ! BM

F! 4 BP (1)T I$35/ +/$ 5/$31$)+ ;$5'1$! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B 

F! F BP (1)T I$35/'%( 3 ;?76)+ ;$5'1$! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B4

F! H BP (1)T 9?%'+?;'%( +/$ 1;?1$;+*  ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BF

F! B BP (1)T 9?%'+?;'%( +/$ 1;?1$;+* -! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BF

F! 8 BP (1)T 9?%'+?;'%( +/$ 1;?1$;+* 4! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BH

F! E BP (1)T 9?%'+?;'%( +/$ 1;?1$;+* F! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BH

F! > BP (1)T 9?%'+?;'%( +/$ 1;?1$;+* H! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BB

F!-M BP (1)T 9?%'+?;'%( +/$ 1;?1$;+* B! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BB

F!- BP (1)T 9?%'+?;'%( +/$ 1;?1$;+* 8! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B8

O! J7+3'%'%( 3 1?#*+?1$ '% 5#3)) Π C;?, +/$ 3− cube ! ! ! ! ! ! ! 84

O!- I$5'1$Q) 1?#*+?1$ 3%& '+) 7?6%&3;* 1?#*+?1$ P�
! ! ! ! ! ! ! ! 8H

O!4 U$3;5/ +;$$ ($%$;3+$& 7* 3#(?;'+/,  ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 8H

O!F I$5'1$Q) 1?#*+?1$ U A'+/?6+ 3 V%?A% 7?6%&3;* 1?#*+?1$! ! ! 8B
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 !"#$%&'"($!

 !" #$% &%"'($') *+#,"-- ,#'-$-.- $' ("."+/$'$') .!" #*.$/0% *+#*#+.$#'- .#

&%"'( 1+#/ 0 -". #1 020$%0&%" 1""(-.#,3- #+ ,#/*#'"'.- -4,! .!0. .!" 5'0%

*+#(4,. #&.0$'"( 14%5%%- 0 -". #1 -*",$5,0.$#'- #' .!"$+ *+#*"+.$"-6 7%"'(8

$') *+#&%"/- 97:; 0+$-" .<*$,0%%< $' .!" *".+#,!"/$,0% $'(4-.+< =!"+" -"2"+0%

.<*"- #1 +0= ,#/*#'"'.- 0+" &%"'("( .# *+#(4," )0-#%$'" 0'( #.!"+ #$%- =$.!

-*",$5"( *+#*"+.$"-6

 !" &%"'($') -<-."/ $- .<*$,0%%< ,#'-.$.4."( &< .!+"" 14',.$#'0% -4&-<-8

."/-> .!" -,!"(4%$') -4&-<-."/? .!" #'8%$'" #*.$/$@"+ 0'( .!" ,#'.+#% -4&8

-<-."/6  !" -,!"(4%$') -4&-<-."/ $- .!" #'" $' ,!0+)" #1 .!" )"'"+0% +"5'"+<

*+#(4,.$#' *%0''$') 0'( -*",$5,0%%<? $. )"'"+0."- .!" $'$.$0% .0+)". +",$*" 1#+

0'< &%"'( #*"+0.$#' -,!"(4%"(6 A"2"+0% -#4+,"- #1 4',"+.0$'.< 9-"" &"%#=;

*"+20(" .!" *+#,"--6  !" #'8%$'" #*.$/$@"+ $- .!"' +"B4$+"( .# 4*(0." .!"

.0+)". +",$*" =!$,! /0< &",0/" -4&8#*.$/0%? #+ "2"' $'1"0-$&%"? (4" .# .!"-"

($-.4+&0',"- $' .!" *+#,"--6  !" 1""(&0,3 $- &0-"( #' /"0-4+"- #1 .!" &%"'(-C

0'( ,#/*#'"'.-C *+#*"+.$"- )0.!"+"( &< #'8%$'" 0'0%<@"+-6 D$'0%%<? .!" ,#'.+#%

-4&-<-."/ $- $' ,!0+)" .# 0(E4-. .!" ,#/*#'"'.- F#= +0."- $' #+("+ .# 0..0$'

.!" ,4++"'. .0+)". +",$*" *+#(4,"( &< .!" #'%$'" #*.$/$@"+6 G' D$)4+" H6H? ="

-!#= .!" $'.")+0.$#' #1 .!"-" -<-."/- 0'( .!" F#= ,!0+. =!$,! ("-,+$&"- 0

.<*$,0% &%"'($') *+#,"--6

G' .!$- =#+3 =" ,#',"'.+0." #' .!" 0'0%<-$- #1 .!"  !"# $%&! '()%&%*")%+,

9I J; -<-."/ 1#+/"( &< .!" #'8%$'" #*.$/$@"+ 0'( .!" ,#'.+#% -4&-<-."/6 K

/0$' 0--4/*.$#' !"+" $- .!0. .!" *+#*"+.$"- #1 0 &%"'( 0+" ("."+/$'"( 0- 0

%$'"0+ ,#/&$'0.$#' #1 .!" ,#/*#'"'.- *+#*"+.$"-? .!0. $-? =" -4**#-" .!0.

*+#*"+.$"- &%"'( %$'"0+%<6 G' )"'"+0% .!"< (# '#.? &4. .!"< ,0' &" +"*%0,"(

&< 0**+#L$/0."( &< %$'"0+ 14',.$#'- #1 #.!"+ &%"'(C- *+#*"+.$"-M -""? "6)6? NOPQ

0'( NROQ6 S" =#4%( %$3" .# /"'.$#' .!0. .!$- 0--4/*.$#' $- &< '# /"0'- 0'

#2"+ -$/*%$5,0.$#' #1 .!" *+#&%"/6 K,.40%%<? .!" %$'"0+ &%"'($') /#("% $- #'

.!" &0-$- #1 .!" #'8%$'" #*.$/$@"+ #1 .!" K'0/"% -#1.=0+" =!$,! $- 4-"( &<

-#/" &%"'($') 4'$.- =$.!$' .!"  J KT )+#4* 9-"" NHOQ;6 K(($.$#'0%%<? ="

1#,4- #' .!" *+#(4,.$#' #1 0 -$')%" &%"'( 1+#/ 0 -". #1 ,#/*#'"'.- 0'( ="

,#'-$("+ .!" ,0-" =!"' .!" ,#/*#'"'.- 0+" -.#,3"( $' -./,,%,0- )",126  !0.

$-? =!"' .!" ,#/*#'"'.-C .0'3- 0+" ,#''",."( ($+",.%< .# 4*-.+"0/ *+#,"--"-

=!"+" .!" ,#/*#'"'.- 0+" &"$') *+#(4,"(6  !"-" #'"- 0+" F#=$') $'.# .!"$+

.0'3- 0. .!" -0/" .$/" .!0. .!"< 0+" &%"'("(6

H



 !"#$%&' () *+%',-./%0,+

CONTROL

OPTIMIZER
Feedback

New recipe

SCHEDULING

Initial recipe

Analyzer

Pump

PRODUCTION OF COMPONENTS

 !"#$% &'&( )*%+,!+" -.-/%0'

1+ !023$/4+/ 564$45/%$!-/!5 !+ /6% 3!* 7*%+,!+" 2$35%-- !- /6% -/$!5/ $%8

9#!$%0%+/- :;64$, 73#+,-;< 3=%$ -30% 7*%+,>- 2$32%$/!%- 53+/$3**%, 7. %+8

=!$3+0%+/4*? *%"4* 4+, /%56+3*3"!54* -/4+,4$,-' @A /6% 7*%+, ,3%- +3/ -4/!-A.

/6%-% 64$, 73#+,-? /6%+ !/ !- +3/ -%**47*% 4+, 3+% 0#-/ $%7*%+, !/'  !"#!$%&$'

$%,#5%- /6% $%B+%$.>- 54245!/. C!/6 -%=%$4* !+=3*=%, 53-/- :%'"'? /6% /4+D $%+/?

/6% *3"!-/!5 4+, !+=%+/3$. 53-/-?'''<' E3? 3+% -63#*, 53+-!,%$ /6%-% 7*%+,->

73#+,- 4- 64$, 53+-/$4!+/- C6!56 0#-/ 7% -4/!-B%,'

F+ /6% 3/6%$ 64+, /6%$% 4$% ;-3A/ 73#+,-;' @A /6% 7*%+, 2$3,#5%, ,3%-

+3/ A#*B** /6% $%9#!$%0%+/- !023-%, 7. /6%-% 73#+,-? /6%+ !/ !- 7%//%$ /64+

C64/ !- $%9#!$%, 4+, /6%$% !- 4 53-/ C% !+5#$ A3$ /6% 7*%+,>- ()*#&+, '&-!*.*,'

G6% 3!* 7*%+,!+" !- 4 5302*%H 2$35%-- C6%$% -%=%$4* #+D+3C+ 4+, #+8

5%$/4!+ A45/3$- 4I%5/ /6% 7*%+,>- 2$32%$/!%-' @+ 4,,!/!3+ /3 /6% 2*4+/803,%*

%$$3$ 2$3,#5%, 7. /6% *!+%4$!J4/!3+ 3A 7*%+,!+" *4C-? /6%$% 4$% 3/6%$ -3#$5%-

3A #+5%$/4!+/.( 0%4-#$% %$$3$- 3+ 53023+%+/- 4+, 2$32%$/!%- 54#-%, 7. !+8

-/$#0%+/-> 2$%5!-!3+K #+5%$/4!+ D+3C*%,"% 3A /6% 53023+%+/-> 2$32%$/!%- ,#%

/3 #2-/$%40 2$35%-- =4$!4/!3+- 4+, #+53+/$3**%, 7*%+,!+" 53+,!/!3+- -#56 4-

4!$ /%02%$4/#$%? 6#0!,!/.? %/5' 1** /6%-% 4$% /.2!54* #+5%$/4!+/!%- 4$!-!+" !+

4+. LGF 2$37*%0 :5A' MNOP<'

Q4$, 53+-/$4!+/- 3+ /6% 7*%+,-> 2$32%$/!%- 5307!+%, /3 /6%-% -3#$5%- 3A #+8

5%$/4!+/. 4$% /6% !,%4* 564$45/%$!-/!5- /3 422*. /6%  /")0+ 12+&3&4*+&/$ :LF<

/%56+!9#%- :-%% MRP<' L37#-/ F2/!0!J4/!3+ !- 4+ 422$3456 /3 32/!0!J% #+,%$

#+5%$/4!+/.' 1 04!+ !--#% !+ /6% LF /%56+!9#%- !- /3 53+-!,%$ 4 ,%/%$0!+!-/!5

4+, -%/874-%, #+5%$/4!+/. 03,%*' S3 2$3747!*!-/!5 4--#02/!3+ !- 04,% 3=%$

/6% #+5%$/4!+/. 4+, /6% -3*#/!3+ 37/4!+%, !- 32/!04* A3$ 4+. $%4*!J4/!3+ 3A /6%

#+5%$/4!+/. !+ 4 "!=%+ -%/' LF /%56+!9#%- -%%0 /3 7% 4, 635 /3 4,,$%-- 4+



 

 !"#$%&'! ()* +$,-.#/ 01#$# %1# 2#&3'-'.'%4 '3 %1# +$'/&$4 ",!"#$!5

6#7#$&. +$#7', 3 0,$83 93##: #5;5: <=>: ?=: =@: =ABC D#&. 0'%1 %1# EF 2#&3'G

-'.'%4 &!D ,+%'/'H&%',!5 )1# 2#&3'-'.'%4 ,2 3#7#$&. -.#!D3 %, -# +$,D "#D 2$,/

%1# 3&/# 3#% ,2 ",/+,!#!%3 '3 ",!3'D#$#D '! <?IB5 J&%#$: '! <@KB %1# & %1,$ '3

",!"#$!#D 0'%1 %1# +$,+#$%'#3L  !"#$%&'!%4 %,,5 M# D#7#.,+3 & 3#!3'%'7'%4 &!&.G

43'3 ,2 %1# $#"'+# 01#! /#&3 $#/#!% #$$,$3 '! %1# ",/+,!#!%3 +$,+#$%'#3 7&$4

'! &! #..'+3,'D5 N! <OPB &! ,!G.'!# ,+%'/'H&%',! /#%1,D '3  3#D %,  +D&%# %1#

$#"'+# &!D $#D "# %1# +.&!%Q/,D#. /'3/&%"1 "& 3#D -4  !"#$%&'!%45 N! <?AB: &

;#,/#%$'" &++$,&"1 '3 +$#3#!%#D 2,$ %1# +$,D "% &!D /'R% $# D#3';! +$,-.#/3

- % ,!.4 ",!3'D#$'!; %1#  !"#$%&'!%4 D # %, /#&3 $#/#!% '/+$#"'3',!35 ),

D#&. 0'%1 ",/+,!#!%3L +$,+#$%'#3  !"#$%&'!%4: <=OB &!D <OIB +$,+,3#D & .'!G

#&$ &!D !,!G.'!#&$ -.#!D'!; ()* 343%#/3 -&3#D ,! +$#D'"%',!3 ,2 2##D3%,"83

+$,+#$%'#3 01#$#&3 <==B +$#3#!%#D & "1&!"# ",!3%$&'!% /,D#. &!D &! 14-$'DS

!# $&. !#%0,$83 G ;#!#%'" &.;,$'%1/ 3,. %',!5 T,$# $#"#!%.4: <@OB '!%$,D "#D

& .'!#&$ -.#!D'!; ",!%$,. &.;,$'%1/ 01'"1 1&!D.#3 %1'3 %4+# ,2  !"#$%&'!%'#3

7'& &! #3%'/&%,$ ,2 %1# ",/+,!#!%3L +$,+#$%'#35 U /,$# ;#!#$&. /#%1,D 2,$

%1# !,!G.'!#&$ -.#!D'!; /,D#. -&3#D ,! 3%,"1&3%'" +$,;$&//'!; 01'"1 ",7#$3

7&$', 3 %4+#3 ,2  !"#$%&'!%4 '3 +$#3#!%#D '! <=PB5

)1'3 0,$8 %$'#3 %, &!30#$ & ! /-#$ ,2 $#&. 0,$.D V #3%',!3 ",/'!; 2$,/

%1# +#%$,.# / -.#!D'!; '!D 3%$45 )1# &!30#$3 %, %1#3# V #3%',!3 &$# $#V '$#D

%, ,+%'/'H# &!D ",!%$,.: '! $#&. %'/#: %1# +$,D "%',! ,2 $,- 3% -.#!D35 )1'3

#R+.&'!3 %1# !##D 2,$ D#7#.,+'!; #W"'#!% ",/+ %&%',!&. %,,.35 U!,%1#$ '/G

+,$%&!% +,'!% ,2 %1'3 0,$8 '3 %1# ;#!#$&%',! ,2 3 ++,$%'7# 7'3 &.'H&%',!3 ,2 %1#

,-X#"%3  !D#$ &!&.43'3 01'"1 &$# '!%#!D#D %, 1#.+ %1# D#"'3',!G/&8'!;5

N! Y1&+%#$ ? 0# +$#3#!% %1# E.#!D'!; F,.4%,+#3 '!1#$#!% %, %1# E.#!D'!;

F$,-.#/ &!D %1# E&3'" ZV &%',! 01'"1 0'.. -#  3#D %, '!%$,D "# %1#  +D&%#D

D&%& '! %1# ()* /#%1,D D#7#.,+#D '! Y1&+%#$ O5 M#$# 0# &!&.4H# %1# 2#&G

3'-'.'%4 ,2 & -.#!D %, -# +$,D "#D 2$,/ & 3#% ,2 ",/+,!#!%3 01#! %1# 1##.

,2 & +$#7', 3 -.#!D '3  3#D '! %1# ",/+,3'%',! ,2 %1# !#0 -.#!D5 Y$'%'"&.

'!2,$/&%',! 2,$ %1# ",!%$,. 343%#/ '3 %1#! +$,D "#D5 [,$ '!3%&!"#: 8!,0'!;

%1# /'!'/&. 7,. /# %, +, $ -#2,$# ;#%%'!; & $,- 3% 2#&3'-.# -.#!D $#D "#3

%1#  !!#"#33&$4 ",!%$,. 343%#/ '!%#$7#!%',!35 )1#3# ,!#3 %$4 %, /&'!%&'! %1#

-.#!D 0'%1'! 3+#"'\"&%',!3 -4 /,D'24'!; %1# $#"'+# +$,D "#D -4 %1# ,!G.'!#

,+%'/'H#$ - % ,2%#! -&3#D ,! & .'/'%#D 7'#0 ,2 %1# +$,-.#/5 J&%#$ 0# /,D#.

D']#$#!% 3, $"#3 ,2  !"#$%&'!%4 &$'3'!; '! %1# -.#!D'!; +$,"#33 &!D 0# +$,+,3#

& $,- 3% ()* /#%1,D -&3#D ,! %1# (* %#"1!'V #35 )1# /#%1,D +$#3#!%#D

'3 '!%#!D#D %, &7,'D $#-.#!D'!; &!D 0# /#&3 $# '%3 +#$2,$/&!"# '! %#$/3 ,2

%1# -.#!D V &.'%4 ;'7#&0&4 &!D %1# $#"'+#L3 ",3%5 #̂ +$,+,3# %, ",/+&$# %1#

+$'"# ,2 $,- 3%!#33 9%1# ",3% D']#$#!"# -#%0##! %1# $,- 3% &!D %1# !,/'!&.

$#"'+#3C 0'%1 %1# $#-.#!D'!; ",3% '! ,$D#$ %, &DX 3% %1# .#7#. ,2 ",!3#$7&%'3/

'! %1# /,D#.5 ['!&..4: 3,/# ! /#$'"&. #R&/+.#3 &$# +$#3#!%#D5

N! Y1&+%#$ = 0# &!&.4H# %1# "&3# 01#! %1# ()* /#%1,D 2&'.3 %, +$,D "#
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9$#5 &$:" ./" 02 $'!" #$%$&$.3) ; <'"  ' &3#$# -! ./" 8-4,-'"'.# %-5'(# 4-(=

$<8 .$-'# $# 8-'(58."( .- 15$(" ./" ,6-8"## .-> 6(# ./" ?%"#.? 6-%5#. %&"'()

; #". -! $'($8"#  '( 9$#5 &$: .$-'# ,6-9$("  /"&,!5& #5,,-6. !-6 ./" ("8$#$-'

4 @"6)

A$' &&37 $' ./" ;,,"'($+ ; >" ,6"#"'.  85#.-4$:"(  &1-6$./4 !-6 8-4,5.=

$'1 ./" 9"6.$8"# -! ./" %&"'($'1 ,-&3.-,"#  '( $' ./" ;,,"'($+ 0 >" ,6"#"'.

#-4" #86""'#/-.# -! ./" 9$#5 &$: .$-' #3#."4 BCD;EFG $' >/$8/ >" / 9"

$4,&"4"'."( #-4" -! ./" $(" # ,6"#"'."( $' ./$# >-6@)
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 !"#$ % &#" '! ($#)*+*,%$- .#/,*"*',&0 !'1$ *,"$*,&*2 (')-"'(#& '! "3# 4)#,.*,5

($'4)#+ %$# *,"$'.12#.6 73#&# (')-"'(#& 2',&"*"1"# "3# 2'$# '! "3*& 8'$9

4#2%1&# "3#- .#/,# % ,%"1$%) !$%+#8'$9 !'$ "3# &"1.- '! "3# !#%&*4*)*"- %,.

*,!#%&*4*)*"- '! "3# :;6 73# .*&"%,2# 4#"8##, "3# (%*$& '! (')-"'(#& 5*<#& %

+#%&1$# '! "3# :; *,!#%&*4*)*"- %,. .#"#$+*,#& % &#" '! &*5,*/2%," ('*,"& %,.

(')-5',& %))'8*,5 *"& <*&1%)*=%"*',6

 !" #$%&'(')*$'%+

># 4$*#?- $#<*#8 &'+# '! "3# 4%&*2 .#/,*"*',& ', (')-"'(# "3#'$- %,. 2',@

<#A*"- 1&#. *, "3*& 8'$96  2'+()#"# "$#%"+#," '! "3#&# /#).& 2%, 4# !'1,.

*, BCDE %,. BCFE6 G'$ "3# 4%&*2 ,'"*',& ', 2'+()#A*"- "3#'$- 8# $#!#$ "' BHHE6

73$'153'1" "3*& 8'$9 8# 8*)) .#,'"# 4- ‖x‖p "3# Lp  !"# '! % <#2"'$

x ∈ R
d
6 73$## *+('$"%," 2%&#& %$# "3# L1  !"#

‖x‖1 =
d∑

i=1

|xi|,

"3# $%&'()*+  !"#

‖x‖2 =
d∑

i=1

x2
i

%,. "3# L∞  !"#

‖x‖∞ = max
i=1,...,d

|xi|.

G'$ S ⊆ R
d
0 "3# 2',<#A 31)) &! ,-./ '! S *& "3# &+%))#&" 2',<#A &#" *, R

d

2',"%*,*,5 S6  V01!'23!1* *& "3# 2',<#A 31)) '! % /,*"# &#" '! ('*,"& *, &'+#
R

d
6  &14&#" P '! R

d
*& 2%))#. %, H01!'24*)"! *! *" *& "3# *,"#$&#2"*', '! %

/,*"# &#" '! 3%)!&(%2#& *, &'+# R
d
6  , H01!'23!1* *& %, H01!'24*)"! "3%"

*& 4'1,.#.6  1!'23!1* *& % &#" P ⊆ R
d
83*23 2%, 4# ($#&#,"#. #*"3#$ %& %

V01!'23!1* '$ %& %, H01!'23!1*6

73# )(#* 5(! '! % (')-"'(# *& "3# .*+#,&*', '! *"& %I,# 31)) %,. % )0

1!'23!1* *& % (')-"'(# '! .*+#,&*', d *, &'+# Re
Je ≥ dK6

F



 !"#$%&' () *+&,-.,/ 01+2%1$&3

 !" P ⊆ R
d
#! $ %&'("&%!) * '+,!$- +,!./$'+"( ax ≤ b +0  !"#$ 1&- P +1 +"

+0 0$"+02!3 1&- $'' x ∈ P ) * %!&' &1 P +0 $,( 0!" &1 "4! 1&-5

F = P ∩ {x ∈ R
d | ax = b}

64!-! ax ≤ b +0 $ 7$'+3 +,!./$'+"( 1&- P ) 84! $#(')*#+) &1 $ 1$9! &1 P +0 "4!

3+5!,0+&, &1 +"0 $:,! 4/''; 3+5<, = > 3+5<$?<, ==) 84! 1$9!0 &1 3+5!,0+&,0

@A BA 3+5(P )− 2A $,3 3+5(P )− 1 $-! 9$''!3  '-.#&'*A '$/'*A -#$/'* $,3 %!&'.*

-!0%!9"+7!'() C! 3!,&"! "4! 0!" &1 7!-"+9!0 &1 P #( V )

D7!-( %&'("&%! 4$0 "6& -!%-!0!,"$"+&,0) 84! 0-#(!" -'0-'*').!.#+) $0 "4!

9&,7!E 4/'' &1 "4! 2,+"! 0!" &1 +"0 7!-"+9!0;

PP = {v ∈ R
d | v =

s∑

k=1

λkvk,

s∑

k=1

λk = 1, λk ≥ 0, k = 1, . . . , s}

$,3 "4! $1!" -'0-'*').!.#+) $0 "4! +,"!-0!9"+&, &1 $ 2,+"! 0!" &1 4$'1F0%$9!0;

PD = {x ∈ R
d | Ax ≤ b}.

84! ./!0"+&, &1 4&6 $ %&'(4!3-&, +0 -!%-!0!,"!3 4$0 7!-( +5%&-"$," %-$9"+9$'

9&,0!./!,9!0) *0 $ 0+5%'! !E$5%'! 9&,0+3!- "4! $2&13' ;

Cd = {x ∈ R
d | −1 ≤ xi ≤ 1, i = 1, ..., d}

$,3 "4! 3/$' -!%-!0!,"$"+&, +0 3!09-+#!3 #( 2d '+,!$- +,!./$'+"+!0A 64+'! "&

3!09-+#! +" +, +"0 %-+5$' 1&-5A 2d %&+,"0 $-! -!./+-!3 <"4! $27!9"&-0 $'' &1

64&0! 9&5%&,!,"0 $-! B &- FB=) 84/0 "4! 0+G! &1 "4! "6& -!%-!0!,"$"+&,0

3+?!-0 H-!$"'(A 1&- '$-H! d) 84+0 1$9" 4$0 +5%&-"$," 9&,0!./!,9!0 +, %-$9"+9!
64!, 9&5%/"+,H "+5! +0 $ 9-/9+$' +00/!)

* $2%&'("&%! +0 9$''!3 *#(0"' +1 !$94 7!-"!E +0 9&,"$+,!3 +, !E$9"'( d 1$9!"0
$,3 +0 9$''!3 *#(0"#&#!" +1 !$94 1$9!" 9&,"$+,0 !E$9"'( d 7!-"+9!0) * 7!-"!E '(+,H

&, 5&-! "4$, d 1$9!"0 +0 I,&6, $0 $ $'/')'-!.' 7!-"!E) J, K+H/-! L)B 6! 0I!"94

"4! 42*#(0"'5

S1 = {x ∈ R
3 | 0 ≤ x ≤ 1, x1+x2+x3 = 1} = 9&,7{(1, 0, 0), (0, 1, 0), (0, 0, 1)}

$,3 "4! 62&13'

C3 = {x ∈ R
3 | −1 ≤ x ≤ 1} = 9&,7

{
<FBAFBAFB=A <FBAFBAB=A <FBABAFB=A <FBABAB=A

<BAFBAFB=A <BAFBAB=A <BABAFB=A <BABAB=

}

+, R
3
) M&"4 %&'("&%!0 $-! 0+5%'! #/" &,'( "4! 0+5%'!E +0 0+5%'+9+$')

8-$,01&-5+,H $ %&'("&%! 1-&5 +"0 %-+5$' 1&-5 "& +"0 3/$' 1&-5 $,3 7+9!

7!-0$ $-! I,&6, $0 "4! %!&'. ')1('-!.#+) <KD= $,3 "4!  '-.'5 ')1('-!.#+)
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3
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89:; /$<70%.- $%-/%6=!>%0?' *+%-% /$<70%.- 2$% %@#!>20%3= #34%$ /<02$ 4#20,

!=?)  $<. 2 /<0?=</% P "!>%3 !3 !=- 4#20 A<$.B C% <7=2!3 4!$%6=0? =+% /$!.20

$%/$%-%3=2=!<3 <A !=- 4#20 8P△
;' *+%3B -<0>!3" =+% A26%= %3#.%$2=!<3 /$<70%.

A<$ P△
C% <7=2!3 !=- 4#20 $%/$%-%3=2=!<3 234 A$<. =+!- C% "%= =+% /$!.20 A<$.

<A P '

D!36% =+% 3#.7%$ <A >%$=!6%- <A 2  !/<0?=</% P C!=+ m A26%=- !- O(m⌊d/2⌋)
E5FGB =+%3 != !- 6<..<3 =< .%2-#$% =+% %H6!%36? <A 2 >%$=%1 %3#.%$2=!<3 20,

"<$!=+. !3 =%$.- <A 7<=+ =+% -!I% <A =+% !3/#= 234 =+% -!I% <A =+% <#=/#= 8-%%

%'"'B EJ&G;' K34%$ =+!- -6+%.%B 2 9: 20"<$!=+. !- "#$%&#'()$ !A !=- $#33!3"

=!.% !- 7<#34%4 7? 2 /<0?3<.!20 !3 d,m 234 =+% 3#.7%$ <A >%$=!6%- v'

*+% >%$=%1 %3#.%$2=!<3 /$<70%. A<$ /<0?+%4$2 !- L3<C3 =< 7% 2 MN,O2$4

/$<70%. E&FG 234 A<$ "%3%$20 /<0?=</%- =+% 6<./0%1!=? !- 23 </%3 /$<70%.'

O<C%>%$B A<$ -<.% /2$=!6#02$ =?/%- <A /<0?=</%- =+% >%$=%1 %3#.%$2=!<3 623

7% .24% %H6!%3=0?'  <$ !3-=236%B !A P !- 2 /<0?=</% -!./0% <$ 2 *+,!"#$%-#".B

C% 623 P34 !=- >%$=!6%- !3 0!3%2$ =!.% <3 v #-!3" =+% $%>%$-% -%2$6+ .%=+<4
EFG 234 2 726L=$26L!3" 2//$<26+ E((G $%-/%6=!>%0?' Q *+,!"#$%-#". !3 R

d
!- <3%

+2>!3" 200 !=- >%$=!6%- !3 {0, 1}d'

R2=%$ C% C!00 3%%4 =< 6<./#=% =+% >%$=%1 -%= A<$ =+% 70%34!3" /<0?=</%-

!3=$<4#6%4 !3 D%6=!<3 &'5' *+%-% 2$% 3<= -!./0% /<0?=</%- 7#= =+%!$ -=$#6=#$%

234 =+%!$ -!I% 623 7% %1/0<!=%4 7? 2 726L=$26L!3" 20"<$!=+. C+!6+ C% /$%-%3=

!3 =+% Q//%34!1 Q'
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 ! "#$%&'() *)%+))' ,-./%-0)$

 !" #$%&'()" *"&+""( &!" ,-./&-,"% A '(# B $% 0$1"( */

D(A,B) = min{‖x− y‖ | x ∈ A, y ∈ B}

+$&! &!" 2-%& %3$&'*." (-42 5-4 &!" )-(&"6&7 8"4" +" +$.. (""# &- )-2,3&"

D(A,B) 5-4 &!" 93).$#"'( (-42 '(# &!" L1 (-427 :-; $( &!" 5-..-+$(0 +"

#$%)3%% &!" &4')&'*$.$&/ -5 &!" #$%&'()" ,4-*."2 5-4 &!"%" (-42% '(# *-&!

4",4"%"(&'&$-(% -5 &!" ,-./&-,"% A '(# B7

<"&=% '%%32" &!'& Ap; Bp; Ad '(# Bd '4" &!" ,4$2'. '(# #3'. 5-42% -5 &!"

,-./&-,"% A '(# B7 >5 A '(# B '4" 0$1"( $( &!"$4 #3'. 4",4"%"(&'&$-( '(# &!"

#$%&'()" $% 2"'%34"# */ &!" 93).$#"'( (-42; &!"( &!" #$%&'()" ,4-*."2 $% '

)-(1"6 ?3'#4'&$) ,4-04'22$(0 ,4-*."2@

min{‖x− y‖22 %7&7 x ∈ Ad, y ∈ Bd}.

>5 &!" L1 (-42 $% 3%"#; &!"( D(A,B) )'( *" -*&'$("# */ %-.1$(0 &!" .$("'4
,4-04'22$(0 ,4-*."2

min 1Ts AB7CD

%7&7

s ≥ x− y

s ≥ y − x

x ∈ Ad, y ∈ Bd.

E( &!" -&!"4 !'(#; $5 A '(# B '4" 0$1"( $( &!"$4 ,4$2'. 5-42; +" )'(

,4-)""# $( ' #$F"4"(& +'/7 G/ &!" %",'4'&$(0 !/,"4,.'(" &!"-4"2 A%""; "707;

HIJKD; A∩B = ∅ $5 '(# -(./ $5 &!"4" $% '( !/,"4,.'(" H(w, b) = {x ∈ R
d | wT ·

x−b = 0} %&4$)&./ %",'4'&$(0 A 54-2 B; $7"7; %3)! &!'& wT ·x−b ≥ 0 ∀x ∈ A
'(# wT · x− b < 0 ∀x ∈ B7 L" #"M(" &!"  !" -5 H(w, b) '% &!" %32 -5 &!"

%!-4&"%& #$%&'()"% &- H 54-2 &!" ("'4"%& ,-$(& $( "')! ,-./&-,"7 >( N$034" B7B;

+" %!-+ &+- !/,"4,.'("% %",'4'&$(0 &!" ,-./&-,"% A '(# B7  !" !/,"4,.'("
-5 2'6$232 0', $% H∗

'(# $&% 0', A4",4"%"(&"# '% &!" #$%&'()" *"&+""( &!"

,'4'..". #-&&"# .$("% &- H∗
D $% d(xi, H

∗) + d(yj, H
∗) = D(A,B)7

 !"(; '% %!-+( $( HCK '(# &!" #"1".-,2"(& -5 %3,,-4& 1")&-4 2')!$("% HCOK;

M(#$(0 &!" #$%&'()" *"&+""( A '(# B A3%$(0 &!" (-42 ‖·‖D $% "?3$1'."(& &-
)-2,3&$(0 &!" %",'4'&$(0 !/,"4,.'(" +$&! &!" .'40"%& 0',@

A$D A ∩B = ∅ ⇔ ∃w ∈ R
d, b ∈ R %3)! &!'& (w, b) ∈ H.

A$$D A ∩B = ∅ ⇒ D(A,B) = 2/min{‖w‖′ | (w, b) ∈ H}
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xiA

yj

B

H∗ H

 !"#$% &'&( )*+!,#, "*- .%/0%. 12 34% 42-%$-5*0% 67'

84%$%9

H = {(w, b) ∈ R
d+1 | wT · x− b ≥ 1 ∀x ∈ A, wT · x− b ≤ −1 ∀x ∈ B}

!: 34% ;*,!52 <; 42-%$-5*0%: :%-*$*3!0" :3$!=352 A ;$<, B *0. ‖·‖′ !: 34%  !"#
$%&' 3< ‖·‖'

>:!0" 34% ?#=5!.%*0 0<$,9 D(A,B) $%.#=%: 3< :<5@% * A#*.$*3!= -$<15%,
*0. !; 34% L1 0<$, !: #:%.9 34% $%:#53!0" -$<15%, !: min{‖w‖∞ | (w, b) ∈ H}
84!=4 =*0 *5:< 1% :3*3%. *: * 5!0%*$ -$<"$*, :!,!5*$ 3< -$<15%, B&'CD B:%%

ECFGD'  !0*5529 H0<8!0" 34*3 34% =<0@%+ A#*.$*3!= -$<"$*,,!0" -$<15%, =*0

1% :<5@%. !0 -<520<,!*5 3!,% E&IG9 !3 ;<55<8: 34*3 =<,-#3!0" D(A,B) =*0 1%
.<0% %J=!%0352 %!34%$ !; 1<34 -<523<-%: *$% "!@%0 !0 34%!$ -$!,*5 ;<$,: <$ !0

34%!$ .#*5 ;<$,:'

 !" #$%&'(&) *+$,-+.%/

K%3L: .%0<3% 12 n *0.m 34% 0#,1%$ <; =<,-<0%03: *0. -$<-%$3!%: $%:-%=3!@%52

B#:#*5529 1<34 m *0. n *$% 5<8%$ 34*0 20D'
K%3 S1 1% 34% :!,-5%+ .%/0%. *:

S1 = {u ∈ R
n | 0 ≤ u ≤ 1, 1T · u = 1}.

M% 8!55 $%-$%:%03 * (#)$ *+ &),-.) B&),-.) !0 :4<$3D 12 * @%=3<$ u ∈ S1 :#=4

34*3 uj !: 34% -%$=%03*"% <; 34% =<,-<0%03 j -$%:%03 !0 34% 15%0. 84%$%*: 34%
(#)$ *+ .&%.)&/-)+ B.&%.)&/-)+D 8!55 1% .%0<3%. 12 * @%=3<$ y ∈ R

m
' N4%0 34%

:%3 <; ,%'.%$)$/+ !: .%:=$!1%. 12 34% m × n ,*3$!+ B 84%$%9 Bi,j !: 34% ith



 ! "#$%&'( )* +,'-./-0 12,3&2%'4

 !"#$%&' &()*+, %!-.$%&' %!&,&%/-,$#/$% +0 /!- %+. +(-(/ j1

2!-( 3'-()$(4 $/ $# %5#/+.&," /+ 5#- /!- !--' +0 &  ,-6$+5# 3'-() /+

 ,+)5%- & (-7 +(-1 8!-  ,+%-## #/&,/# /!-( 7$/! & 6+'5.- V0 +0 &  ,-6$+5#

3'-() 7$/!  ,+ -,/$-# b0 ∈ R
m
&() %+(/$(5-# &))$(4 4,&)5&''" & 6+'5.- v +0

/!- (-7 3'-() /+ +3/&$( & 9(&'  ,+)5%/:# 6+'5.- Vtotal = V0 + v1

;( /!$# 7+,< 7- #5  +#- /!&/ 3'-():#  ,+ -,/$-# &,- '$(-&, %+.3$(&/$+(

=+, .+,-  ,-%$#-'"> & %+(6-? %+.3$(&/$+(@ +0 %+. +(-(/#:  ,+ -,/$-#1 A()-,

/!$# &##5. /$+(#> 0+, &(" v ≥ 0 /!- 3'-():#  ,+ -,/$-# +0 /!- ,-%$ - u &,-

)-/-,.$(-) 3" /!-  !"#$ %&'!(#)* )-9(-) &# /!- '$(-&, .&  $(4 y : Rn → R
m

#5%! /!&/B

y(u) = αv b0 + βv Bu =C1C@

7!-,-> αv =
V0

V0+v
&() βv =

v
V0+v

1

D&6$(4  +5,-) & 3'-():# 6+'5.- vi 7$/!  ,+ -,/$-# bi> 7- %&( 5#- /!- 3&#$%

-E5&/$+( /+ /5(- 5 /!-  ,+)5%/$+( +0 /!- ,-.&$($(4 6+'5.- /+ 3'-()1 8+ )+

/!$#> 7- F5#/ (--) /+ 5 )&/- b0 &() V0 &() #-'-%/ /!- (-7 6+'5.- /+  '&(B

v ∈ [0, v − vi]1 8!$# $# /!- <-,(-' +0 /!- G8H .-/!+)  ,-#-(/-) $( I-%/$+(

J1C1 K+, /!$#  '&(($(4 !+,$L+( =v@> 7- %&( #-&,%! /!- + /$.&' %+#/ ,-%$ - 3"

#+'6$(4 /!- +,%*-#*. /0) ,%1 =MN@B

min cT · u

#1/1

u ≤ u ≤ u =C1J@

y ≤ y(u) ≤ y =C1O@

1T · u = 1, 0 ≤ u ≤ 1. =C1P@

D-,- /!- 6-%/+, c ∈ R
n
,- ,-#-(/# /!- %+. +(-(/#: %+#/#1 Q ,-%$ - u $# #53R

F-%/ /+ %+. +(-(/# &6&$'&3$'$/" &() !"),&5'$% 3+5()# 7!$%! $. +#- /!- %+.R

 +(-(/# %+(#/,&$(/# =C1J@1 ;( & #$.$'&, 7&"> /!-  ,+ -,/$-# %+(#/,&$(/# =C1O@

&,- )-/-,.$(-) 3" SE5&'$/"T '+7-, =y@ &() 5  -, =y@ 3+5()#1 8!-#-  ,+ -,R

/$-# 3+5()# &,- '&3-'-) &# 2!0- =y
H
, yH@ +, ")3( =y

S
, yS@1 D&,) 3+5()# &,-

,-'&/-) /+ %+..-,%$&' &() -(6$,+(.-(/&' # -%$9%&/$+(# 7!$%! .5#/ 3- #&/$#R

9-) 7!-,-&# #+0/ 3+5()# %&( 3- 6$+'&/-) 35/ $(%5,,$(4 $(/+ E5&'$/" 4$6-&7&"1

K$(&''"> =C1P@ &,- /!-  -,%-(/&4- %+(#/,&$(/#1

U-+.-/,$%&''"> /!- $(/-,#-%/$+( +0 /!- ,-4$+(# )-/-,.$(-) 3" /!- %+. +R

(-(/# %+(#/,&$(/# &() S1 )-9(-# /!- 0%$#4%5" 4),6()4% B

U = {u ∈ R
n | u ≤ u ≤ u , 1T · u = 1, 0 ≤ u ≤ 1}

7!$%! ,- ,-#-(/# /!- #-/ +0 &'' /!- ,-%$ -# /!&/ %&( 3-  ,+)5%-)1 H( /!-

+/!-, !&()> /!-  ,+ -,/$-# %+(#/,&$(/# )-9(- /!-  +'"!-),+( =&# $/ .&" 3-



 !"! #$%&'(&) *+$,-+.%/ 00

 !"# !$%$&'

CU = {u ∈ R
n | y ≤ y(u) ≤ y}.

(#)* +,% $%-!%$ .! )*%  !"#!$%$&' '#( %/

0! #)!#%)&*%' '#( %1 )*% .2+3%4 #5 U +!$ CU  !$%, )*% "+4.6 %7 +).#! +,%

)*% 8#9:)#8%4

P = {y(u) ∈ R
m | u ∈ U}

+!$

CY = {y(u) ∈ R
m | u ∈ CU}.

0) .4 .28#,)+!) )# !#)% *%,%1 )*+) )*% 9+4) );# 8#9:)#8%4 +,% !#) 3.<%! .! +

8,.2+9 #, $ +9 5#,2/ =+:"%1 )*.4 .4 )*% ,%+4#! ;*: )*%: ;%,% !#) 4) $.%$

8,%<.# 49:/ >% 4*#; 5 ,)*%, *#; )*% "+4.6 %7 +).#! +!$ )*% 4), 6) ,% #5 U
+!$ CU +,% %?89#.)%$ .! #,$%, )# ),%+) )*%2/

@.!+99:1 )*% &()+%& #!,-&!#% .4 $%-!%$ ":

C = {y ∈ R
m | y ≤ y ≤ y}.

0! )*.4 8#9:)#8% ;% $.4).!3 .4* )*% &()+%& .,%$/ yT ;*.6* .4 + "9%!$ 8,#<.$%$

": )*% 46*%$ 9.!3 $%8+,)2%!) *+<.!3 )*% 2.!.2+9 7 +9.): 3.<%+;+: +!$ #)*%,

$%4.,+"9% 6*+,+6)%,.4).64/ A*.4 "9%!$ ;.99 "% 6#!4.$%,%$ +4 )*% .$%+9 "9%!$ )#

8,#$ 6% ;*%! )*% (B 5+.94 )# 3%!%,+)% + 5%+4."9% ,%6.8%/

C!: 8#.!) .! P ,%8,%4%!)4 )*% 8,#8%,).%4 #5 + "9%!$ .44 %$ 5,#2 #!% #, 2#,%

,%6.8%4 .! U ;*%,%+4 C $%8.6)4 )*% 4%) #5 8,#8%,).%4 ;.)*.! 48%6.-6+).#!4/

A*% 8#9:*%$,#! CU 6#!)+.!4 +99 )*% 8#.!)4 D!#) !%6%4+,.9: ,%6.8%4& .! )*%

6#28#!%!)4 48+6% )*+) +,% 2+88%$ ": y #!)# 8,#8%,).%4 ;.)*.! 48%6.-6+).#!4

5#,2.!3 )*% 8#9:)#8% CY ⊆ C/

>% !#).6% )*+) )*% 8#9:)#8%41 P 1 CU +!$ CY $%8%!$ #! v/ @#, )*%4%

8#9:)#8%4 +4 5#, )*% "+4.6 %7 +).#! ;% #2.) )*% v ;*%! .) .4 6#!4.$%,%$ )# "%

-?%$/

C) )*.4 8#.!) ;% *+<% .$%!).-%$ )*% 8#9:)#8%4  !$%,9:.!3 )*% (B +!$

;% #"4%,<% )*+) 5#, + -?%$ <#9 2% v1 + 5%+4."9% 4#9 ).#! #5 (B .4 + ,%6.8%

u ∈ U ∩ CU ;.)* 8,#8%,).%4 y(u) ∈ P ∩ CY / E7 .<+9%!)9:1

(B .4 .!5%+4."9% ⇐⇒ P ∩ CY = ∅ ⇐⇒ U ∩ CU = ∅. DF/G&

1234.$%  !0 #$%&'(&) *+$,-+.%/

H%)I4 6#!4.$%, )*% 8,#$ 6).#! #5 DVtotal = 10m3
& #5 "9%!$ 5,#2 );# 6#28#!%!)4



 ! "#$%&'( !) *+',-.,/ 01+2&1%'3

 !" #$%& '!() '!* +,'+*,%) %' -'!%,'(. /&* -'0+'!*!%1  ,* "*%*,0$!*" 2)

%&* 0 %,$3 B = (4, 8)  !" %&*$, 2'4!"1  ,*

u = (0, 0.3)T  !" u = (0.6, 1)T.

5*  ,* !'% 41$!6  !) +,*7$'41 2(*!" 8V0 = 09 %&*! #* !**" %' +,'"4-*

8v = 10m3
9 ': ;:,*1&; 2(*!". 5* 14++'1* %& % %&* 2(*!"<1 +,'+*,%) 041%

2*('!6 %' %&* $!%*,7 ( [y, y] = [9, 11]  !" %& % %&* 2(*!" #$%& 0$!$0 ( =4 ($%)

6$7* # ) $1 yT = 9.
>! ?$64,* @.A #* +,*1*!% %&* 2(*!"$!6 +'()%'+*1 $! 2'%& 1+ -*1. >! -'0+'B

1

1

S1

0.60

0.3

U

CU

Components Space

9 11

C

5.6 8

P

Properties Space

?$64,* @.AC D(*!"$!6 +'()%'+*1 $! R
2
.

!*!%1 1+ -* 8R
2
9E#* *3&$2$% %&* +'()%'+*

U = {(u1, u2) ∈ R
2 | 0 ≤ u1 ≤ 0.6, 0.3 ≤ u2 ≤ 1, u1 + u2 = 1}

 !" %&* 4!2'4!"*" +'()&*",'!

CU = {(u1, u2) ∈ R
2 | 9 ≤ 4u1 + 8u2 ≤ 11}.

>! +,'+*,%$*1 1+ -* 8R
1
9E #* 1&'# %&* +'()%'+* P  !" %&* +'()%'+* CY #&$-&

-'$!-$"*1 %&$1 %$0* #$%& %&* % ,6*% +'()%'+* C. F*,*E %&* 7*,%$-*1 ': U  ,* %&*

+'$!%1 (0.6, 0.4)  !" (0, 1) #&$-& %, !1:',01 4!"*, y $! %&* 7*,%$-*1 ': P C 5.6
 !" 8. /&* 6 + 2*%#**! %&* +'()%'+*1 U  !" CU  !" 2*%#**! P  !" CY 1&'#

41 %&* $!:* 1$2$($%) ': %&$1 DG $!1% !-*. H',*'7*,E $! %&$1 - 1* %&* +'()%'+*

CU "'*1 !'% -'!% $!  !) ,*-$+*  1 CU ∩ S1 = ∅. ?$! (()E #* '21*,7* %& %

41$!6 %&* ,*-$+* (0, 1)E %& % $1E +,'"4-$!6 %&* 2(*!" #$%& 100% ': %&* 1*-'!"

-'0+'!*!%E #* '2% $! %&* -('1*1% 2(*!" %' yT . /&$1 $!:* 1$2(* 2(*!" & 1 %&*!
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 !"#$%& '

 !"#$%  &' ()%*!+

 !" #$"%&'%( )*)+", ') +*-'./$$* .0%)+'+1+"& #* +!2"" 31%.+'0%/$ )1#)*)+",)4

+!" ).!"&1$'%( )1#)*)+",5 +!" 0%6$'%" 0-+','7"2 /%& +!" .0%+20$ )1#)*)+",8

 !" ).!"&1$'%( )1#)*)+", -12-0)" ') +0 -$/% +!" 2"9%"2* 0-"2/+'0%) 302 &'36

3"2"%+ +'," !02'70%)8 :% +!" $0%(6+"2,5 -20&1.+'0% +/2("+) /2" &"+"2,'%"&

1)'%( $0%(6+"2, 302"./)+) 03 -20&1.+ &",/%&) /%& 0'$ -2'.")8 :% +!" ,"&'1,6

+"2, -$/%%'%(5 +!")" +/2("+) /2" 2";')"& /%& /&<1)+"& 2"(/2&'%( +!" ")+',/+")

03 .0,-0%"%+) /%& +/%=) /;/'$/#'$'+'")8 >'%/$$*5 '% +!" )!02+6+"2, +!" -$/%6

%'%( .0%."%+2/+") 0% +!" -20&1.+'0% 03 +/2("+ 2".'-") 302 /%* #$"%& 0-"2/+'0%

).!"&1$"&8  !" ;0$1," +0 -20&1."5 +!" .0,-0%"%+) +0 #$"%& /%& /$$ +!" 0+!"2

-/2/,"+"2) %""&"& +0 .0,-1+" +!" +/2("+ 2".'-" /2" &"+"2,'%"& /+ +!') $";"$

/%& /..02&'%( +0 +!" ("%"2/$ 2"9%"2* -$/%%'%(8 ?% +!")" #/)')5 0%" )!01$&

"@-".+ +!" AB '%)+/%." +0 !/;" /$C/*) / 3"/)'#$" )0$1+'0%8 D0C";"25 +!" +/2("+

2".'-" .0,-1+/+'0% ') ,0)+ 03 +!" +',") #/)"& 0% -2"&'.+'0%) /%& 0../)'0%/$$*

0% ,"/)12","%+) 03 +!" .0,-0%"%+) -20-"2+'")8 :% #0+! ./)") +!" /..12/.* 03

+!" ,0&"$ ') /E".+"&4 '% +!" 92)+ ./)" +!" ,0&"$ '%!"2'+) +!" ',-2".')'0%) 03

+!" -2"&'.+'0%) /%& '% +!" )".0%& ./)" #"./1)" +!" .0,-0%"%+) ,"/)12","%+)

./% #" /$)0 '%/..12/+" /%& &"$/*"& FGHI8 J.+1/$$*5 /) +!" .0,-0%"%+) /2" '%

-20&1.+'0% /+ +!" )/," +'," +!/+ +!"* /2" #$"%&"&5 +!"2"302"5 +!" ',-2".')'0%

'% +!" ,0&"$ '%&1."& #* +!" &"3".+';" =%0C$"&(" 03 +!" .0,-0%"%+) -20-"2+'")

2",/'%) &12'%( /$$ +!" -20."))8 >02 +!') /%& 0+!"2 +*-") 03 1%."2+/'%+'")5 +!"

+/2("+ 2".'-" ,/* #"./," )1#60-+',/$ 02 ";"% '%3"/)'#$"8

:% 02&"2 +0 2"&1." +!" ,'),/+.! #"+C""% +!" ,0&"$ /%& +!" 2"/$ )*)+",5

+!" 0%6$'%" 0-+','7"2 1-&/+") +!" +/2("+ 2".'-" '% / .$0)"& $00- .*.$" 1)'%(

+!" 0%6$'%" ,"/)12") 03 +!" #$"%&K) /%& .0,-0%"%+)K -20-"2+'")8  !" 1-&/+"&

2".'-" C'$$ )"2;" +!" .0%+20$$"2 +0 (1'&" +!" #$"%&'%( -20."))8

:% +!') .!/-+"2 C" 30.1) 0% +!" L ? )*)+", 302,"& #* +!" 0%6$'%" 0-+'6

,'7"2 /%& +!" .0%+20$ )1#)*)+",8 M-".'9./$$*5 '% M".+'0% H8G C" /%/$*7" +!"

#$"%&'%( -20.")) C!"% +!" !""$ 03 / -2";'01) #$"%& ') 1)"& '% +!" .0,-0)'+'0%

03 +!" %"C #$"%&8  !') /%/$*)') +12%) 01+ +0 #" ;"2* ',-02+/%+ 302 +!" &"6

;"$0-,"%+ 03 +!" L ? ,"+!0& -2")"%+"& '% M".+'0% H8N8  !" L ? ,"+!0& ')

#/)"& 0% +!" #/)'. "O1/+'0% /%& +!" #$"%&'%( -0$*+0-")5 '+ ') '%+"%&"& +0 /;0'&

2"#$"%&'%( /%& C" ,"/)12" '+) -"2302,/%." '% +"2,) 03 +!" #$"%& O1/$'+* (';"6

/C/* /%& +!" 3""&)+0.=) -2'.")8 :% M".+'0% H8H5 C" /%/$*7" 320, / ("0,"+2'.

-0'%+ 03 ;'"C )";"2/$ +*-") 03 1%."2+/'%+* /2')'%( '% +!" #$"%&'%( -20.")) /%&

C" 01+$'%" !0C +0 9@ +!" L ? ,"+!0& /(/'%)+ +!")" +*-") 03 1%."2+/'%+*8 :%

GP



 ! "#$%&'( )* +,-./& +01 2'&#,3

 !"#$%& '() *! "%&+#,-"# #.! "%,,!+/%&0$&1 -&"!,#2$&#3 +!#+ 4%, #.!+! #3/!+ %4

-&"!,#2$&#3 -+$&1 #.! ,%5-+# %/#$6$72#$%& #!".&$8-!+( 9.!+! +!#+ 0!#!,6$&!

#.! ,%5-+# ,!1$%&+ 4%, #.! 5:!&0$&1 /%:3#%/!+ $& *.$". #.! &!* ,%5-+# ;9<

=;;9<> 6!#.%0 $+ 52+!0( ?$&2::3@ $&  !"#$%& '(A *! /,!+!&# +%6! &-6!,$"2:

!B26/:!+ #% $::-+#,2#! 2&0 "%6/2,! +%6! C!3 2+/!"#+ %4 #.! ;9< 6!#.%0 2&0

$#+ ,%5-+# "%-&#!,/2,#( 9.! 0$D!,!&"! 5!#*!!& #.! ,%5-+# 2&0 #.! &%6$&2:

,!"$/!+ =#.! /,$"! %4 ,%5-+#!++> $+ "%6/2,!0 *$#. 2 "%6/%&!&# %4 #.! ,!5:!&0E

$&1 "%+#( 9.$+ $4%,62#$%& "2& 5! -+!0 #% 20F-+# #.! :!G!: %4 "%&+!,G2#$+6 $&

#.! 6%0!:(

 !" #$%&'(&) *+,- . /+%0(,12 3$%&'

H4 #.! 5:!&0 $+ /,%0-"!0 4,%6 +",2#". %, #.! G%:-6! #% /%-, $+ #%% 5$1 "%6E

/2,!0 *$#. #.! .!!:I+ G%:-6!@ #.2# $+@ $4 V0 = 0 %, v → ∞ #.!& #.! 52+$"

!8-2#$%& ,!0-"!+ #% y(u) = Bu 2&0 #.! /%:3#%/! P (v) 0%!+ &%# 0!/!&0 %&

V0( J%*!G!,@ #.! 42"# %4 -+$&1 #.! 2"#-2: 5:!&0I+ /,%/!,#$!+ b0 $& #.! 52+$"

!8-2#$%& #% -/02#! #.! 6%0!: $&+$0! #.! ;9< :%%/ 62C!+ 5:!&0$&1 4,%6 2

/,!G$%-+ 5:!&0 #.! ,!1-:2, "2+!( 9.-+@ *! .2G! V0 6= 0 2&0 P (v) $+ 2 /%:3#%/!
.%6%#.!#$" #% P (∞) *$#. b0 2+ "!&#!, %4 .%6%#.!"3( H& /,%/!,#$!+ +/2"!

b0

P (VMin)

P (VMax)C

P (∞)

?$1-,! '(KL M%:3#%/! P (v) *$#. b0 /∈ P (∞)(

#.! /%:3#%/! C 0%!+&I# 0!/!&0 %& v( 9.!,! !B$+#+ #.!& 2& $&#!,G2: =/%++$5:3

!6/#3> %4 G%:-6!+ [VMin, VMax] +-". #.2# P (v) ∩ C 6= ∅, ∀v ∈ [VMin, VMax](



 !"! #$%&'(&) *+,- . /+%0(,12 3$%&' "4

 !" #$ %& '"(&%)*" +,*- '+. /!"&" 0+*12"& 3&"" 4%51."& 678 (,9 67:;7

<(0%,5 /!" 0(*1"& +' VMin (,9 VMax !"*=& /+ &"*">/ /!" (==.+=.%(/" =*(,?

b0

C

P (VMin)

P (∞)

4%51." 67:@ $+*-/+=" P (v) A%/! b0 ∈ P (∞)7

,%,5 !+.%B+, (/ "(>! C D *++=7 E&1(**-F /!" 0+*12" /+ =.+91>" %& GH"9 )- /!"

&>!"91*%,5 9"=(./2",/ )1/ /!" %,(>>1.(>- %, /!" 2+9"* (,9 /!" 1,>"./(%,/-

=".0(9%,5 /!" =.+>"&& 2(- ."I1%." ( >+,&/(,/ ."0%"A +' /!"&" 0+*12"&7 J!++&?

%,5 ( =*(,,%,5 !+.%B+, )- /(K%,5 ( 0+*12" v < VMin =.+91>"& (, %,'"(&%)*"

#$ (,9 2(K"& %/ ,">"&&(.- /+ 5",".(/" (, (*/".,(/%0" .">%=" A%/! ( =+&&%)*"

9"/".%+.(/%+, +' /!" +0".(** =".'+.2(,>" +' /!" C D 2"/!+97 D, /!" +/!".

!(,9F VMax %& /!" 2(H%212 0+*12" /+ )*",9 A!", *++K%,5 '+. ( )*",9 A%/!%,

&=">%G>(/%+,&7 L'/". VMax !(& )"", =+1."9F P (v) 2+0"& (A(- '.+2 C (,9 /!"

)*",9M& =.+="./%"& 9"/".%+.(/" =.+5."&&%0"*-7

N, =.(>/%>"F A!", ( )*",9 %& +O?&=">F /!" >+,/.+* &-&/"2 /.%"& /+ >+..">/ %/

(,9 2(K" %/ /+ )" A%/!%, &=">%G>(/%+,&7  + 9+ /!%&F ( &2(** &1)&"/ +' >+2=+?

,",/& %& 1&"9 3/!" 2+." ">+,+2%>(* +. /!+&" !(0%,5 /!" =.+="./%"& /+ >+..">/

/!" )*",9 '(&/".; (,9 +'/", )(&"9 +, ( *%2%/"9 0%"A +' /!" =.+)*"27 L )+,1&

+' K,+A%,5 VMin (,9 VMax %& /!(/ %/ !"*=& /!" >+,/.+* &-&/"2 /+ +=/%2%B" /!"%.

%,/".0",/%+,&7

N, ( &%2%*(. A(-F A" >(, (,(*-B" /!" .+*" +' /!" 1&" +' V0 %, /!" '"(&%)%*%/-

+' /!" #$7 4.+2 /!" )(&%> "I1(/%+,F A" ,+/%>" /!(/ *"//%,5 GH"9 /!" 0+*12" vF
/!" =+*-/+=" P 2+0"& '.+2 P (∞) /+ b0 (& /!" 0+*12" V0 %,>."(&"&7 N, /!%&

>(&"F /!"." "H%&/& (*&+ (, %,/".0(* 3=+&&%)*- "2=/-; +' 0+*12"& [V0Min, V0Max]
+' /!" =."0%+1& )*",9 (**+A%,5 1& /+ =.+91>" ( )*",9 A%/!%, &=">%G>(/%+,&7



 ! "#$%&'( )* +,-./& +01 2'&#,3

 !"#$% u0 =
V0

v
& '( )!$ *('*#+( +,( -!.#) (/0!+#1$ #$ !$ 0.(203 '!45

y(u) =
u0b0

1 + u0

+
Bu

1 + u0

. 6789:

;.#$% +,#. (/0!+#1$& '( )!$ <(+(*=#$( +,( #$+(*>!3 [u0Min, u0Max] 21* ',#),
P ∩ C 6= ∅ 6!$< (/0#>!3($+34 U ∩ CU 6= ∅:8 ?,(.( >!30(. %#>( 0. !33 +,( )1=@
-#$!+#1$. 12 >130=(. 6V0, v: A*1<0)#$% ! 2(!.#-3( -3($<8
B#$!334& '( <(<#)!+( .1=( !++($+#1$ +1 +,( )1.+ 12 *(-3($<#$% ! -3($< ',#),

2!#3(< +1 -( '#+,#$ .A()#C)!+#1$.8 ?,( *(-3($<#$% )1.+ ,!. .(>(*!3 )1=A1$($+.&

.1=( 12 ',#), !*( <#D)03+ +1 (.+#=!+(8 B#*.+ 12 !33& *(-3($<#$% !E()+. +,( *(@

C$(*4F. .),(<03#$% !$< A!*+#)03!*34& +,( .!3(. A*1%*!=8 ?,( -3($< 1E@.A()

=!4 *(/0#*( +1 -( +*!$.2(*(< +1 ! <#E(*($+ +!$" !$< $((<. +1 -( .+1)"(< 0$+#3

#+. *(A*1)(..#$%8 ?,#. %($(*!+(. 31%#.+#)& .+1*!%( !$< #$>($+1*4 (GA($.(.8 H<@

<#+#1$!334& *(-3($<#$% =!4 <(=!$< +,( 0.( 12 $1$ .+!$<!*< )1=A1$($+. '#+,

+,( .0#+!-3( A*1A(*+#(. #$ 1*<(* +1 *()+#24 +,( -3($< 1E@.A()8 ;.#$% !<<#+#>(.

1* =1<#24#$% +,( 0A.+*(!= A*1)(..(. +1 %#>( +,( )1=A1$($+. +,( <(.#*!-3(

),!*!)+(*#.+#). ',#), +,(4 3!)"& #$)*(!.( +,(#* )1.+.8 I($)(& +,( )1.+ <#E(*@

($)( -(+'(($ +,( 1A+#=!3 *()#A(. )1=A0+(< ',($ +,( ,((3F. >130=( #. 0.(<

!$< ',($ #+ #. $1+& #. !3.1 ! )1=A1$($+ 12 +,( *(-3($<#$% )1.+8

45$6%7' )* 87'93:9; <(,6 $ %('=:,./ -7'93

I(*(& '( )1$+#$0( +,( (G!=A3( J89 -0+ )1$.#<(*#$% +,( 0.( 12 66m3
: 12 !

A*(>#10. -3($< '#+, +,( A*1A(*+4 b0 = 158 K$ +,#. )!.(& +,( A134+1A(. U !$<

1

1

S1

0

U

CU

Components Space

9 11

C

12.2

P

15

b0

Properties Space

B#%0*( 7875 L3($<#$% 2*1= ! A*(>#10. -3($< #$ R
2
8



 !"! #$%&'(&) *+,- . /+%0(,12 3$%&' "4

CY  ! "!# $%&"'( )*# #%( +!,-#!+(. CU &" P  !/

CU = {(u1, u2) ∈ R
2 | 9 ≤

6

10
× 15 +

4

10
(4u1 + 8u2) ≤ 11}

0%1,( #%( 2(3#1$(. !4 P &3( y(0.6, 0.4) = 11.24 &" y(0, 1) = 12.2/
5" 61'*3( 7/7 0( .%!0 #%(.( +!,-#!+(. &" 0( !).(32( #%&# #%( 89 4!3 #%(

"(0 2!,*:(. 1. &'&1" 1"4(&.1),(/ ;!3(!2(3< ,!!=1"' #%( ),(" 1"' +!,-#!+(. 1"

#%( +3!+(3#1(. .+&$( 0( $&"  ( *$( #%&# 0( &3( #&=1"' >#!! :*$%> 2!,*:(

43!: #%( +3(21!*. ),(" !3 #%&# 0( "(( #! +!*3 .!:( (?#3& 2!,*:( 1" !3 (3

#! %&2( & 4(&.1),( ),(" / @!< ,(#A. $!:+*#( #%( (?#3(:( 2&,*(. !4 V0 &" v 4!3

0%1$% #%( 89 1. 4(&.1),(/

54 0( *.( #%( )&.1$ (B*&#1!" 7/C #!  (.$31)( #%( +!,-#!+( CU 1" #(3:. !4

C b0

P (∞)

Pf

Pl

 !"#$% &'() *+,-#.!,/ ,0 1,-2.,1% P 3!.4 .4% 5-%/6!/" +,-#7%'

u0 8/6 u9 3% 48+%
9− Bu

6
≤ u0 ≤

11− Bu

4
.

:4#;9 .4% 7!/!7#7 8/6 78<!7#7 +8-#%; ,0 u0 ;#=4 .48. U ∩ CU 6= ∅ 8$%
,5.8!/%6 =,71#.!/" uM = maxu∈U{Bu} 8/6 um = minu∈U{Bu} $%;1%=.!+%-2'
>%$%9 3% =8/ ?/6 6!$%=.-2 .4%;% +8-#%; 52 %+8-#8.!/" Bu !/ .4% +%$.!=%; ,0 U '
:4%/9 3% "%. uM = B(0, 1)T = 8 8/6 um = B(0.6, 0.4)T = 5.6' >%/=%9

u0Min = max{0, 9−8
6
} = 1

6
8/6 u0Max = max{0, 11−5.6

4
} = 1.35'

@,39 52 7%8/; ,0 .4% $%-8.!,/ u0 = V0

v
3% =8/ ;%-%=. 8 ;#!.85-% 18!$ ,0

+,-#7%; AV0, vB 1$,6#=!/" 8 0%8;!5-% 5-%/6'  ,$ !/;.8/=%9 #;!/" 8-- .4% 8+8!-85-%
1$%+!,#; 5-%/6 AV0 = 6m3

B9 3% /%%6 ., 1$,6#=% 8. -%8;. VMin = 4.44m3
8/6

/, 7,$% .48/ VMax = 36m3
!/ ,$6%$ ., 48+% 8 0%8;!5-% 5-%/6' C.4%$3!;%9



 ! "#$%&'( )* +,-./& +01 2'&#,3

 !"#$%&'( v = 4m3
%"')*!+&'*) *,- $)- ". V0 +) ."//"0)1 V0Min = 0.66m3

+'#

V0Max = 5.4m3
2

3' 4&($!- 5267 0- #- &%* *,- -8"/$*&"' ".  "/9*" - P .!": b0 *" P (∞)2 ;//
*,-  "/9*" -) P  !"#$%&'( + .-+)&</- </-'# +!- &' *,- ),+#-# !-(&"'2 =,- >!)*

?Pf @ +'# /+)* ?Pl@ *"$%,&'( C7 +!- "<*+&'-# .!": +'9  +&! ". 8"/$:-) ?V0, v@
)+*&).9&'(

V0

v
= u0Max +'#

V0

v
= u0Min !-) -%*&8-/92

 !" #$% &'()*+

A-*B) #-'"*- <9

CUH = {u ∈ R
n | y

H
≤ y(u) ≤ yH}

*,-  "/9,-#!"' #->'-# <9 *,- ,+!# %"')*!+&'*)2

;* +'9 C=D /"" 0-  !"%--# +) ."//"0)1

456,(7&#8 )*9 :5';37;6 +01 2'&#,3

3 3'%"! "!+*- *,- '-0 +8+&/+</- &'."!:+*&"' ?V07 b07 B +'# v@ &' *,- <+)&%

-E$+*&"'2 3. V0 = 07 )"/8- *,-  !"</-:) ?525@7 ?52F@ +'# ?52G@ &' *,&) "!#-!

$'*&/ ,+8&'( + .-+)&</- )"/$*&"'2 D*,-!0&)-7 (" *" )*- 332

33 H": $*- VMin ?VMax@ <9 )"/8&'( *,- /&'-+!  !"(!+::&'(  !"</-:1

max (min) u0 ?52I@

)2*2

u ∈ U ∩ CU

u0 ≥ 0.

3. J!"</-: ?52I@ &) &'.-+)&</- "! &. v /∈ [VMin, VMax] *,-' (" *" )*- 3K2

333 H": $*- *,- " *&:+/ !-%& -1

min cT · u ?525@

)2*2

u ∈ U ∩ CU .

3K 4"!(-* *,- %": "'-'*) %")*) +'# ."%$) "'/9 "' *,- ,+!# %"')*!+&'*)2 H":L



 !"! #$% &'()*+ ",

 !"# "$# %&"#'()* [VMin, VMax] +, -.*(%&/ "$#  '.+*#01

max (min) u0 23456

-4"4

u ∈ U ∩ CUH

u0 ≥ 0.

78 "$%-  '.+*#0 %- %&8#)-%+*# .' %8 v /∈ [VMin, VMax] "$#& /. ". -"# 974

9 :.0 !"# "$# '#;% # u ∈ U ∩ CUH  '.<!;%&/ "$# +*#&< =%"$ 0%&%0)*

>!)*%", /%(#)=),4

min ‖y(u)− yT‖1 234?6

-4"4

u ∈ U ∩ CUH .

97 @%&< u ∈ U ".  '.<!;# ) (.*!0# v .8 +*#&< =%"$  '. #'"%#- )- &#)' )-

 .--%+*# ". yT1

min ‖y(u)− yT‖1 234A6

-4"4

u ∈ U.

@.**.=%&/ "$#-# -"# -B "$# CDE 0#"$.< )*=),-  '.<!;#- ) '#;% # "$)"

/!%<#- "$# ;.&"'.*  '.;#-- 2-## @%/!'# 34?64 7& -"# 7B V0 = 0 )&< -.*(%&/ "$#

F'.+*#0- 23436B 234?6 )&< 234A6 =# .+")%& "$# 8#)-%+*# '#;% # .8 0%&%0)* ;.-"B

"$# +*#&< =%"$ 0%&%0)* >!)*%", /%(#)=), .' "$# ;*.-#-" .GH- #; +*#&< ". yT4

78 IF %- 8#)-%+*# 8.' -.0# (.*!0# v ∈ [VMin, VMax] "$#& "$# 0#"$.< /#&#')"#-

"$# 8#)-%+*# +*#&< .8 0%&%0)* ;.-" 2-"# 77764 E"$#'=%-#B "$# $)'< ;.&-"')%&"-

+#;.0# "$#  '%.'%", )&< "$# 0#"$.< -#)';$#- ) +*#&< -)"%-8,%&/ "$#0 =$%*#

0%&%0%J%&/ "$# +*#&<K- >!)*%", /%(#)=), 2-"# 964 @%&)**,B %8 "$#'# %- &. +*#&<

-)"%-8,%&/ "$# $)'< ;.&-"')%&"-B "$# '#;% #  '.<!;%&/ "$# +*#&< =%"$  '. #'"%#-

)- ;*.-# )-  .--%+*# ". yT %-  '. .-#< 2-"# 9764

L."%;# "$)" %8 =# ;)& *#" "$# +*#&<K- (.*!0# ". +# 8'## %& -.0# %&"#'()*

[v, v] ⊆ [VMin, VMax]

"$#& -.*(%&/ F'.+*#0 23436 =%"$ v 8'## )&< "$# )<<%"%.&)* ;.&-"')%&"1

V0/v ≤ u0 ≤ V0/v

=# /#" )" "$# -)0# "%0# "$# . "%0)* +*#&<%&/ $.'%J.& v∗ ∈ [v, v] )&< "$#

. "%0)* '#;% # 8.' "$%- (.*!0#4 M%0%*)'*,B %& -"# - 9 )&< 97B =# ;)& .+")%&



  !"#$%&' () *+,-.% */0 1&%"+2

I. Feedback

(V0,b0,B,v)

II. Compute

[VMin, VMax]

III. Solve

min c
T · u

s.t.

u ∈ U ∩ CU .

IV. Compute

[VMinH , VMaxH ]

V. Solve

min ||y(u)− yT||1

s.t.

u ∈ U ∩ CUH .

VI. Solve

min ||y(u)− yT||1

s.t.

u ∈ U.

Minimal cost
recipe u

∗

Minimal quality
giveaway blend y(u∗)

Closest blend
y(u∗) to yT

V0 6= 0

V0 == 0 v ∈ [VMin, VMax]

v /∈ [VMin, VMax]

Infeasible

Feasible

v ∈ [VMinH , VMaxH ] v /∈ [VMinH , VMaxH ]

Infeasible

Feasible Feasible

 !"#$% &'() *+, -%./01'

./% 02.!-34 504#-% v∗ ∈ [v, v] 361 ./% 74%61 8!./ -!6!-34 9#34!.: "!5%383:
!6 ./3. $36"%' +0 10 ./!;< 8% 2%$=0$- 3 1!>/0.0-!> ;%3$>/ 05%$ v ;045!6" 3.
%3>/ ;.%2 ?8!./ v @A%1B ./% C$074%-; ?&'(B 361 ?&'DB $%;2%>.!5%4:'

E% @6!;/ ./!; ;%>.!06 7: ;.$%;;!6" ./% 20;;!74% 3224!>3.!06 0= ./% *+,

-%./01 .0 1%.%$-!6% ./% 322$02$!3.% /%%4F; 504#-% .0 #;% 3. ./% 7%"!66!6"

0= ./% 74%61!6" 2$0>%;;' G6 0#$ 3634:;!;< V0 !; >06;!1%$%1 3; @A%1 7#. 8% >36

;045% ./% C$074%- &'& 24#; ./% >06;.$3!6.;

u0Min ≤ u0 ≤ u0Max ?&'HB

V0 ≥ 0, v ≥ 0

!6 0$1%$ .0 07.3!6 ./% >/%32%;. $%>!2% 8!./ u∗
0 ∈ [u0Min, u0Max]' +/%6 8% >36

@61 ?7: -%36; 0= ./% $%43.!06 u0 =
V0

v
B 3 ;#!.374% 23!$ 0= 504#-%; ?V0, vB'

 ! "# $%&'()*+%),

G6 ./% 2$%5!0#; ;%>.!06 8% 2$020;%1 3 74%61 *+, -%./01 73;%1 06 ./% I4%61J

!6" C04:.02%; 361 !.; %504#.!06 8!./ ./% 74%61%1 504#-%' K00L!6" .0 $%1#>%

./% -01%4 1%5!3.!06; 2$01#>%1 7: ;0-% #6>%$.3!6.!%;< ./% -%./01 #;%; 74%61F;

361 >0-206%6.;F 2$02%$.!%; #213.%; .0 =%%173>L ./% -01%4 5!3 ./% 73;!> %9#3J



 ! ! "# $%&'()*+%), - 

 !"#$ %"&'(')* +",'- ./,0 !#1 +02 30!-  " 1.0)0# '' '('# 0 3'04!5-' 4"-. !"#$

6 +0!# )'04"# "3  7!4 30!-.)' !4  7' !+/-!8! 044.+/ !"#  70 ,0 0 )'+0!#4

.#870#1', !#4!,' '087 9:; -""/$

<7'# 5-'#,!#1 3)"+ ).##!#1  0#=4* B′s (0-.'4 >.8 .0 ' &! 7  !+' 5'80.4'

 7' 8"+/"#'# 4 0)' !44.', 3)"+ ,!?')'# /)"8'44'4 /)'4'# !#1 0-4" /') .)50@

 !"#4$ :" 0,,)'44  7!4 /)"5-'+* ABCD /)"/"4', 0 5-'#,!#1 9:; +' 7", &7!87

./,0 '4  7' +",'- &! 7 /)',!8 !"#4 "3  7' 8"+/"#'# 4E /)"/') !'4$ 6- 7".17

 7!4 +' 7", !+/)"('4  7' +",'- 088.)082* ! 8"# !#.'4  " 5' #"# )"5.4 04 ! 

,'/'#,4 "#  7' F.0-! 2 "3  7' /)',!8 !"#4$ G")'"(')*  7' .#8') 0!# 2 !#  7'

5-'#,!#1 /)"8'44 0?'8 4 " 7')  70# B′s (0-.'4 04 &' &!-- 4'' 5'-"&$

H# 088"),0#8' &! 7 AIJD* .#8') 0!# 2 !# 0#2 9:; 424 '+ +02 5' "3 3".)

 2/'4K

L$ M)"8'44 .#8') 0!# 2K 8"+/"#'# 4 /)"/') !'4* 'N ')#0- 308 ")4 O '+/')0@

 .)'* 7.+!,! 2* $ $ $ P$

Q$ G'04.)'+'# .#8') 0!# 2$

B$ G",'- .#8') 0!# 2$

I$ G0)=' .#8') 0!# 2K 8"+/"#'# 4 0(0!-05!-! !'4 0#, /)!8'4* 5-'#,4 ,'@

+0#,4* ' 8$

H#  7!4 &")= &' 0,,)'44  7' +",'- .#8') 0!# 2 O 2/' BP  7)".17  7' 9:;

+",'- ./,0 ' 487'+0$ <' 8"#4!,') 0-4"  7' .#8') 0!# !'4 0)!4!#1 3)"+ 8"+@

/"#'# 4 +'04.)'+'# 0#, 5-'#,E4 /)"/') !'4 +'04.)'+'# O 2/' QP 0#,  7'

.#8') 0!# 2 80.4', 52  7' !+/)'8!4' =#"&-',1' "3  7' 8"+/"#'# 4 /)"/') !'4

O 2/' LP$

G'04.)'+'# 0#, 8"+/"#'# 4 /)"/') !'4 .#8') 0!# !'4 +0#!3'4 1'"+' )!@

80--2 !# ,!?')'# &024K R")  7' S)4  2/'*  7' )'0- )'8!/' O 7' )'0- /')8'# 01'4

"3 '087 8"+/"#'# .4', !#  7' 5-'#,P 0#, ! 4 /)"/') !'4 +02 ,!?') 3)"+  7'

#"+!#0- "#'4$ T"*  7' )'0- )'8!/' 0#, ! 4 /)"/') !'4 0)' -"80 ', !# #'!175")@

7"",4 "3  7' #"+!#0- )'8!/' 0#, ! 4 /)"/') !'4 )'4/'8 !('-2$ R")  7' 4'8"#,

 2/'*  7' )'0- +0 )!N B̃ O 7' )'0- 8"+/"#'# 4E /)"/') !'4P ,!?')4 3)"+  7'

#"+!#0- +0 )!N B$ %'#8'  7' )'0- /"-2 "/' C̃U !4 ,!?')'# 3)"+  7' #"+!#0-

/"-2 "/' CU $ H# 5" 7 804'4* &7'# 0 #"+!#0- 3'04!5-' )'8!/' u ∈ U ∩ CU !4

8"+/. ',*  7' )'0- )'8!/' +02 30-- ". 4!,'  7' /"-2 "/'4 U 0#, CU &7')'04

 7' )'0- 5-'#,E4 /)"/') !'4 +02 5' ". 4!,'  7' /"-2 "/'4 P 0#, C$ :7'#*  7'

)'0- )'8!/' )'4.- 4  " 5' !#3'04!5-'$

6# !# .! !(' !,'0  " SN ".) 9:; +' 7", 010!#4 +'04.)' 0#, B′s .#@

8') 0!# 2 3"--"&4 3)"+  7' /)'(!".4 1'"+' )!8 !#3")+0 !"#$ :7' !,'0 8"#4!4 4

!# 8"+/. !#1 3")  7' /"-2 "/' CU ! 4 8"#('N  !"#$%  &'(!) RCU 4.87  70 

0#2 /"!# !#  7!4 )'1!"# )'4!4 4  " B′s .#8') 0!# 2 0#,  " +'04.)'+'# '))")4$



 ! "#$%&'( )* +,-./& +01 2'&#,3

RCU

U

CU

C̃U

uR

ũR

 !"#$% &'() *+,#-.+/% RCU '

012. !-3 245 /+!4. u ∈ RCU !- "#2$24.%%6 .+ $%72!4 !4-!6% .1% $%28 /+85.+/%

9+$ 288 /+--!,8% $%28!:2.!+4- +9 B 246 245 7%2-#$%7%4. %$$+$3 ;!.1!4 -+7% $%2<

-+42,8% 8!7!.-'

=4  !"#$% &'(3 ;% -1+; .1% 4+7!428 /+85.+/%- U 246 CU 3 .1% >$+,#-.+/%>

RCU 246 .1% $%28 /+85.+/% C̃U ' 01% 6!?%$%4@% ,%.;%%4 .1% 4+7!428 246 $%28

/+85.+/%- CU 246 C̃U $%-#8.- 9$+7 2 6!?%$%4@% ,%.;%%4 .1% 4+7!428 72.$!A

B 246 .1% $%28 72.$!A B̃' B45 /+!4. !4 RCU C%'"' .1% 4+7!428 $+,#-. $%@!/%

uRD .$24-9+$7- !4 2 /+!4. !4 !.- 4%!"1,+$1++6 C.1% $%28 $+,#-. $%@!/% ũRD ,%<

@2#-% +9 7%2-#$%7%4. %$$+$-' 01% $+,#-.+/% RCU !- @+7/#.%6 -#@1 .12. 245

/+!4. !4 !.- 4%!"1,+$1++6 C.1% 6+..%6 $%"!+4D $%72!4- !4-!6% .1% $%28 /+85.+/%

C̃U ' E%$% ;% 2$% 4+. @+7/#.!4" .1% $+,#-. $%"!+4 +9 /+85.+/% U ,%@2#-% .1%

@+7/+4%4.- @+4-.$2!4.- 2$% @+4-!6%$%6 2- -+9. @+4-.$2!4.-' 01% $%28 $%@!/% ũR

!- #-2,8% %F%4 !9 !. 9288- -8!"1.85 +#.-!6% .1% /+85.+/% U '
=4 .1!- ;253 $%/82@!4" .1% /+85.+/% CU ,5 RCU !4 .1% *0G 7%.1+6 /$%<

-%4.%6 !4 H%@.!+4 &'I3 ;% 12F% 2 4%; $+,#-. *0G 7%.1+6' 0+ 6%F%8+/ .1!-

!6%23 J$-. ;% 4%%6 .+ 7+6%8 246 7%2-#$% .1% #4@%$.2!4.5 ;% ;+#86 8!K% .+ ,%

/$+.%@.%6 +9 246 .1%4 .+ @+7/#.% .1% 2//$+/$!2.% $+,#-. $%"!+4 +9 CU ' 01!-

6%F%8+/7%4. 9+88+;- .1% $+,#-. +/.!7!:2.!+4 .1%+$5 C-%% LMND'
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 !" #$%&'( #)*+$,' -,. #$%&'( #/0

 !" u #! $ %&'(%$) *!+(,! $%- y(u) (". ,*&,!*"(!./ 0& '&-!) "1! +&',&%!%".
$%- ,*&,!*"(!. '!$.2*!'!%" 2%+!*"$(%"(!.3 4! .2,,&.! "1$" "1! *!$) *!+(,! ũ

)(!. (% "1! #$)) S(u, δu) &5 *$-(2. δu $%- +!%"!* u 41!*!$. "1! *!$) #)!%-6.

,*&,!*"(!. ỹ )(!. (% "1! #$))

S(y(u), δy) = {y ∈ R
m | y ∈ [y(u)− δy,y(u) + δy]}

4("1 +!%"!* y(u)/ 7(%$))83 "& '&-!) '$"*(9 B 2%+!*"$(%"83 4! 2.! (%"!*:$)

.!"./ 01$" (.3 4! .2,,&.! "1$" 5&* !$+1 i = 1, . . . ,m $%- j = 1, . . . , n3 "1! *!$)
:$)2! B̃i,j (. +&',*(.!- (% "1! (%"!*:$)

Ii,j = [Bi,j − ε−i,j, Bi,j + ε+i,j]

$*&2%- (". %&'(%$) :$)2! Bi,j 5&* .&'! ε
−
i,j, ε

+
i,j ∈ R

+
/

;!*! 4! +$% 2.! -(<!*!%" .!". $%- $%8 %&*' "& '&-!) "1! 2%+!*"$(%"8/ 01!

)!:!) &5 +&%.!*:$"(.' =1&4 '2+1 4! 4$%" "& #! ,*&"!+"!- &5 2%+!*"$(%"8> $%-

"1! ,*&#)!' +&',)!9("8 -!,!%- &% "1!.! .!)!+"(&%./ 0$?(%@ (%"!*:$) .!". $%-

"1! %&*' L∞3 "1! *&#2." *!@(&%. &#"$(%!- $*! ,&)8"&,!. $%- "1! +&',)!9("8

(% "1! '&-!) (. ,*!.!*:!- $" "1! !9,!%.! &5 #!(%@ ,*&#$#)8 "&& +&%.!*:$"(:!

=4! $*! ,*&"!+"!- 5*&' "1! A4&*."B -!:($"(&%. &5 $)) B′s :$)2!. $%- 5*&' "1!

#(@@!." '!$.2*!'!%" !**&*. &++2**(%@ $)) $" "1! .$'! "('!>/ C&4 4! ,*&+!!-

"& +&%."*2+" "1! *&#2." *!@(&% &5 ,&)8"&,! CU /

D%8 ,&(%" u ∈ CU (. *&#2." *!@$*-(%@ B 2%+!*"$(%"8 (<

y ≤ ỹ(u) ≤ y.

01$" (.3 (< 5&* $%8 B̃ .2+1 "1$" B̃i,j ∈ Ii,j3

y
i
≤ αv b0i + βv B̃i · u ≤ yi, ∀i = 1, . . . ,m =E/F>

1&)-./ C&"(+! "1$" $%8 B̃i ∈ Ii +$% #! !9,*!..!- ,$*$'!"*(+$))8 $.

B̃i(z) = Bi + z−TQ−
i + z+TQ+

i =E/G>

4("1 Q−
i = diag(ε−i,1, . . . , ε

−
i,n)3 Q

+
i = diag(ε+i,1, . . . , ε

+
i,n)3 z

− = min{0, z} $%-
z+ = max{0, z} 5&* .&'! z ∈ R

n
.2+1 "1$" ‖z‖∞ ≤ 1/ ;!%+!3 *!,)$+(%@ =E/G>

(% =E/F> 4! 1$:! "1$" u ∈ CU (. BH*&#2." (<

y
i
−βv(z

−TQ−
i +z+TQ+

i )·u ≤ yi(u) ≤ yi−βv(z
−TQ−

i +z+TQ+
i )·u, ∀i = 1, . . . ,m



 ! "#$%&'( )* +,-./& +01 2'&#,3

 ! "#$ % &'( #$$ z ∈ R
n

!)*+ ,+#, ‖z‖∞ ≤ 1- .'/0 #!

min
z∈Rn:‖z‖∞≤1

{z−TQ−
i + z+TQ+

i } = −ε
−

i , ∀i = 1, . . . ,m

#1%

max
z∈Rn:‖z‖∞≤1

{z−TQ−
i + z+TQ+

i } = ε
+
i , ∀i = 1, . . . ,m,

,+21 /2 +#"2 ,+#, u ∈ CU  ! B3('4)!,  5

y
i
+ βvε

−

i · u ≤ yi(u) ≤ yi − βvε
+
i · u, ∀i = 1, . . . ,m. 67-89:

;('< 1'/ '1 /2 %21',2

γ−
i (u) = βvε

−

i · u #1% γ+
i (u) = βvε

+
i · u, ∀i = 1, . . . ,m.

=1 #%% , '1 ,' B )1*2(,# 1,>0 u ∈ CU (2! !,! #$!' ,' *'<?'121,!@ <2#!)(2

)1*2(,# 1,>  & #1% '1$>  & #1> ?' 1,  1 S(u, δu) !#, !A2! 67-89:- B+#,  !0  5

y
i
+ γ−

i (u) ≤ yi(u+ z) ≤ yi − γ+
i (u), ∀i = 1, . . . ,m,

+'$%! &'( #$$ z ∈ R
n

!)*+ ,+#, ‖z‖2 ≤ δu- B+210 1', * 1C ,+#,

min
z∈Rn:‖z‖2≤δu

{Bi · z} = −δu‖Bi‖2, ∀i = 1, . . . ,m

#1%

max
z∈Rn:‖z‖2≤δu

{Bi · z} = δu‖Bi‖2, ∀i = 1, . . . ,m

/2 +#"2 ,+#, 67-D:  ! ,()2  5

y
i
+ γ−

i (u) + δi ≤ yi(u) ≤ yi − γ+
i (u)− δi, ∀i = 1, . . . ,m 67-88:

/ ,+ δi = βvδu‖Bi‖2-

EF) "#$21,$>0 #1> (2* ?2 u ∈ CU  ! ('4)!, (2C#(% 1C B )1*2(,# 1,> #1%

?('?2(, 2!@ <2#!)(2 )1*2(,# 1,>  5

y
i
+ γ−

i (u) ≤ yi(u) + Zi ≤ yi − γ+
i (u), ∀i = 1, . . . ,m 67-8G:

 ! "#$ % &'( #$$ Z ∈ R
m

!)*+ ,+#, |Zi| ≤ δyi- H! ?(2" ')!$>0 *'<?), 1C ,+2

< 1 <)< #1% <#I <)< '1 Z0 67-8G: +'$%!  5

y
i
+ γ−

i (u) + δyi ≤ yi(u) ≤ yi − γ+
i (u)− δyi, ∀i = 1, . . . ,m 67-87:



 !"! #$%&'( #)*+$,' -,. #$%&'( #/0 12

 !"#$$%& $'((!") ∆i = max{δi, δyi} *' +,(#!" (-'  !"#$%!&' RCU +. /+$%(+/'

CU 0

RCU = {u ∈ R
n | y

i
+γ−

i (u)+∆i ≤ yi(u) ≤ yi−γ+
i (u)−∆i, ∀i = 1, . . . ,m}.

1"% u ∈ RCU 2'3!3(3 (+ B 4"5'2(#!"(% #"6 (+ 5+7/+"'"(3 #"6 /2+/'2(!'3

7'#342'7'"( 4"5'2(#!"(%8

9+ 3477#2!:'& $'(;3 5+"3!6'2 # "+7!"#$ .'#3!,$' 2'5!/' u ∈ U ∩ CU 8 <. *'

34//+3' (-#( ũ ∈ S(u, δu) #"6 ỹ ∈ S(y(u), δy) .+2 3+7' δu ∈ R
+
#"6 δy ∈

R
m+

#"6 !. B̃i,j ∈ Ii,j .+2 3+7' ε
−
i,j, ε

+
i,j ∈ R

+
& ∀i = 1, . . . ,m, ∀j = 1, . . . , n&

(-'" (-' 2'#$ 2'5!/' ũ *!$$ 3#(!3.% (-' 2'#$ -#26 5+"3(2#!"(30 ũ ∈ C̃U 8

9-' =9> 7'(-+6 /2+/+3'6 !" ?'5(!+" @8A (2#"3.+273 (-'" !"(+ # 2+,43(

=9> 7'(-+6 ,% # 3!7/$' 34,3(!(4(!+" +. CU *!(- RCU 8 9-!3 2+,43( =9>

7'(-+6 6'/'"63 5+7/$'('$% +" (-' 2+,43(+/' RCU #"6 (+ +,(#!" !( *' +"$%

"''6 (+ 6'('27!"' (-' B#$4'3 +. ε−& ε+& δu #"6 δy8 <(;3 *+2(-*-!$' (+ 7'"(!+"

(-#( *-!$' δu #"6 δy #2' CD'6 B#$4'3 !"6'/'"6'"( +. (-' =9> $++/;3 $'")(-&

(-' /#2#7'('23 ε− #"6 ε+ 6'/'"6 +" !(8 13 E45(4#(!+"3 +" B 7#% #55474$#('

+B'2 (!7'& (-' $+")'3( (-' $++/;3 $'")(- !3& (-' ,!))'3( (-'3' E45(4#(!+"3 5#"

,'8

F' "+(!5' (-#( *-'" v #"6 V0 #2' 5+"3!6'2'6 #3 .2'' B#2!#,$'3 !" (-' =9>

7'(-+6& (-' B#$4' +. βv !3 "+( 6'('27!"'68 <" (-!3 5#3'& *' "''6 (+ 43' (-'

!6'"(!(% βv = 1
1+u0

#"6 (-' GH4#(!+"3 I@8JJK #"6 I@8J@K (+ 6'352!,' (-' /+$%L

(+/' RCU 8

<" (-' /2'B!+43 6!35433!+"& *' $!7!( (-' #"#$%3!3 (+ 7'#342'7'"( #"6 5+7L

/+"'"(3 /2+/'2(!'3 4"5'2(#!"(!'38 M+*'B'2& +(-'2 (%/'3 +. 4"5'2(#!"(% 7#"!L

.'3( )'+7'(2!5#$$% !" (-' 3#7' *#% #"6 (-43 5#" ,' (2'#('6 !6'"(!5#$$%8  +2

!"3(#"5'& *-'" (-' 4"5'2(#!"(% !3 64' (+ 4"5+"(2+$$'6 .#5(+23 $!N' ('7/'2#(42'

+2 -47!6!(%& (-' 2'#$ ,$'"6;3 /2+/'2(!'3 #2' $+5#('6 !" # ,#$$ #2+4"6 (-' "+7L

!"#$ ,$'"6;3 /2+/'2(!'38 F' 5#" !"5$46' (-'3' 4"5'2(#!"(!'3 ,% (#N!") δy #3

(-' 7#D!747 2#6!43 +. (-'3' ,#$$38 9+ 7+6'$ (-' 4"5'2(#!"(% !" (-' 5+7/+L

"'"(3 /2!5'3& *' 5#" (2#"3.+27 (-' +/(!7!:#(!+" /2+,$'7 (+ +"' *!(- 5'2(#!"

+,O'5(!B' .4"5(!+" #"6 345- (-#( 4"5'2(#!"(% #//'#23 #3 # 5+"3(2#!"( *-!5-

7#% ,' 5+"3!6'2'6 #3 # 2+* +. (-' 7#(2!D B8 F' 5#" /2+5''6 3!7!$#2$% (+ 6'#$
*!(- (-' 4"5'2(#!"(% !" (-' 5+7/+"'"(3 #B#!$#,!$!(!'38 <" (-!3 5#3' (-' 2+,43(

2')!+" RU +. /+$%(+/' U "''63 (+ ,' 6'('27!"'68

34-567)  !1 8$56&(+,* - 9$%&'( %7),.

<" (-' 'D#7/$' @8J *' 6'('27!"' (-' !"('2B#$ [u0Min, u0Max] = [1
6
, 1.35] .2+7

*-!5- *' 5#" 5+7/4(' #$$ (-' 5+4/$'3 (V0, v) /2+645!") # .'#3!,$' ,$'"68 P'(;3
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0

Components Space

1

1

S1

U

CU

RCU

uN

uR

-c

 !"#$% &'() *+,-#.!/" 0 $+1#2. 13%/4 !/ R
2
'

2#--+2% .50. 6% 60/. .+ %,-.7 .5% 8+/.0!/%$ +9 .5% -$%:!+#2 13%/4 ;V0 = 6m3
<

-$+4#8!/" /+ ,+$% .50/ v = 6m3
+9 .5% /%6 13%/4 0/4 3%.=2 022#,% .50. .5%

8+2. +9 .5% 8+,-+/%/. u1 !2 .5$%% .!,%2 .5% 8+2. +9 8+,-+/%/. u2 ;c = (3, 1)<'
>5% $%2#3.!/" 13%/4!/" -+37.+-%2 9+$ .5%2% :+3#,%2 0/4 .5% +-.!,03 /+,!/03

$%8!-% uN = (0.25, 0.75) 6!.5 8+2. c∗N = 1.5 0$% 25+6/ !/  !"#$% &'('

?9 6% 2#--+2% .50. 8+,-+/%/.2 0/4 -$+-%$.!%2 ,%02#$%,%/. %$$+$2 0$%

1+#/4%4 17 δu = 0.01 0/4 δy = 0.01 0/4 .50. B 80/ :0$7 !/ .5% !/.%$@

:03 [B−, B+] = [[3.9, 7.9], [4.1, 8.1]]A .5%/ .5% $%8!-% uN $!2B2 .+ 1% !/9%02!13%'

>+ "%/%$0.% 0 $+1#2. 13%/4 65!85 $%2!2.2 .+ .5%2% #/8%$.0!/.!%2A 6% 8+,-#.%

γ−
1 (u) = γ+

1 (u) = 0.05u1 + 0.05u2 0/4 ∆1 = δ1 = 0.0447 !/ +$4%$ .+ +1.0!/
.5% $+1#2.+-%

RCU = {(u1, u2) ∈ R
2 | 0.7922 ≤ u1 + 2.02u2, u1 + 1.97u2 ≤ 1.6855}.

>5% +-.!,03 $+1#2. $%8!-% !2 uR = (0.2933, 0.7067) 0/4 502 0 8+2. +9 c∗R =
1.59' ?/ .5!2 802%A -$+4#8!/" .5% $+1#2. $%8!-% !2 5.7% ,+$% %C-%/2!:% .50/

-$+4#8!/" .5% /+,!/03 +/%'



 !"! #$%&'() *+

 !" #$%&'()

 ! "#$% %&'"$(! )& *+&%&!" ,! &-,.*/& "( $//0%"+,"& ,!1 '(.*,+& %(.& 2&3

,%*&'"% (4 "#& 567 .&"#(1 ,!1 $"% +(80%" '(0!"&+*,+"9 6#& BP (1) '(!%$%"%

$! *+(10'$!: , ;-&1 <(/0.& Vtotal = 5000m3
(4 8/&!1 4+(. 8 '(.*(!&!"% ,!1

V0 = 2000m3
(4 "#& #&&/=% <(/0.& 4+(. , *+&<$(0% 8/&!19 >,'# '(.*(!&!"

,!1 "#& *+&<$(0% 8/&!1 #,% 7 *+(*&+"$&% "( 8& '(!"+(//&1 10+$!: "#& *+('&%%

,!1 "#&3 ,+& +&*+&%&!"&1 83 "#& 7 × 8 .,"+$- B ,!1 <&'"(+ b0 +&%*&'"$<&/39

?&'"(+% y@ y ,!1 u@ u %",!1 4(+ "#& *+(*&+"$&% ,!1 '(.*(!&!"% 8(0!1% +&A

%*&'"$<&/3 )#$/& <&'"(+ c 1&!("&% "#& '(.*(!&!"% '(%"%9

B =




BC9DDDD BC9DDDD BE9DDDD FE9DDDD GC9DDDD BG9DDDD BH9DDDD FC9DDDD

D9DFBF D9DFBF D9DECE D9DIHD D9DIHD D9GBCI D9DHCI D9HFJB

CBD9DDDD CED9DDDD CDD9DDDD HJD9DDDD CED9DDDD CDD9DDDD HFD9DDDD FHD9DDDD

BE9IIDC BE9IIDC BE9IIDC GC9KJDI GC9KJDI BI9IGHI EF9DIID J9EHKC

KBI9KFCD KBI9KFCD CBC9CGID GKK9DHID GKK9DHID GID9FIFD GBJG9KDDD E9JDBF

D9JDDD D9GDDD D9DHDD D9DFDD G9HDDD E9HDDD D9DHDD D9DDHD

HD9DDDD FK9DDDD HD9DDDD HH9DDDD EH9DDDD BK9DDDD FG9DDDD FH9DDDD




[b0,y,y] =




30.0000 30.0000 46.0000
1.2327 0.0262 1.2327

640.0000 540.0000 640.0000
35.1902 22.8734 35.1902

1381.9000 3.2734 432.0940
10.2000 0.0000 10.0000
40.0000 40.0000 55.0000




c =
(
87.6 87.6 87.2 86.0 83.8 78.5 87.6 117.1

)T

u =
(
0.1428 0.0819 0.0352 0.0881 0.0338 0.0100 0.0352 0.0100

)T

u =
(
0.4225 0.1930 0.0704 0.1690 0.2000 0.2000 0.3592 0.2000

)T

 ! (+1&+ "( *+(10'& , +(80%" +&'$*&@ )& ,%%0.& "#," '(.*(!&!"% ,!1 *+(*&+"$&%

.&,%0+&.&!" &++(+% ,+& 8(0!1&1 83 δu = 0.01 ,!1

δy =
(
0.1200 0.0003 4.5000 0.0826 0.0280 0.000049 0.2000

)T

+&%*&'"$<&/39 5&:,+1$!: B 0!'&+",$!"3@ )& 1$%*(%& (4 B−
,!1 B+

"#& ,8%(/0"&

/()&+ ,!1 0**&+ /$.$"% (4 .,"+$- B9 L(@ )& 1&;!& τ− = B−B−
@ τ+ = B+−B

,!1 T = B+ − B−
9 M& %0**(%& "#," B′s +&,/ <,/0&% ,+& '(.*+$%&1 $! "#&

$!"&+<,/% [B − ε−, B + ε+] )$"# ε− = min{τ−, θT} ,!1 ε+ = min{τ+, θT} 4(+

%(.& θ ∈ [0, 1]9 N% )& %","&1 *+&<$(0%/3@ "#& <,/0&% (4 δu ,!1 δy ,+& ;-&1



 ! "#$%&'(  ) *+,-.& */0 1'&#+2

 !"#$% &'( )"*+(,, -'("(., θ #,  #"(+&/0 "(/.&( &* &'( 123 /**),4 /($%&'5 6(

&.7( θ = 0.01 8*" &'( 9:'*!", /($%&' 123 /**),5

;*/<#$% ="*>/(? @A59B -( %(&

[u0MinR, u0MaxR] = [0, 0.0362].

2'( 8.+& *8 '.<#$% u0MinR = 0 '., . ,)(+#./ ?(.$#$% &'.& -( ."( %*#$% &*

(C)/*#& #$ &'#, (C.?)/(5 D, u0 =
V0

V
E &'($ &.7#$% V0 = 0 @)"* !+#$% &'( >/($ 

8"*? ,+".&+'B &'("( (C#,&, . "*>!,& "(+#)( 8*" .$0 <*/!?( v > 05 F*" &'(

?*?($&E /(&4, +*$,# (" V0 = 2000m3
5 2'#, %#<(, &'( "*>!,& 8(.,#>/( <*/!?(,

#$&("<./G

[VMinR, VMaxR] = [55304,∞).

2'( +*""(,)*$ #$% #$&("<./ 8*" &'( $*?#$./ +.,( #,G

[VMin, VMax] = [34578,∞).

2'#, ?(.$, &'.& -( $(( &* )"* !+( .& /(.,& 34578m3
@55304m3

B #$ *" (" &*

%(& . @"*>!,&B >/($ -#&'#$ ,)(+#H+.&#*$, -'#+' !,(, +*?)/(&(/0 V05 F*" &'(

)"*>/(? -#&' *$/0 &'( '." +*$,&".#$&,E -( *>&.#$ ,#?#/." #$&("<./,5

I8 -(  (+# ( &* )"* !+( Vtotal = 5000m3
!,#$% V0 = 2000m3

E -( ,*/<(

="*>/(? @A5JB .$ -( *>&.#$ . "(+#)( -#&' +*,& 90.72 )(" m3
>!& )"* !+#$%

. >/($ *!& *8 ,)(+#H+.&#*$,5 I$,&(. *8 &'#,E -( +.$ +*?)!&( &'( >#%%(,&

'((/4, <*/!?( .//*-#$% !, &* )"* !+( 5000m3
*8 "*>!,& >/($ G F"*? "(/.&#*$,

u0MaxR = V0

V
.$ Vtotal = V0 + v -( *>&.#$

V0MaxR =
Vtotal × u0MaxR

1 + u0MaxR

= 174.5m3.

K(C&E HC#$% V0 = 174.5m3
.$ v = 4825.5m3

-( ,*/<( ="*>/(? @A5AB &*

*>&.#$ &'( *)&#?./ "*>!,& "(+#)(G

u∗
R =

(
0.1428 0.0819 0.0352 0.1049 0.2000 0.2000 0.0352 0.2000

)T

-#&' +*,& c∗R = 90.725 I$+# ($&.//0E &'#, #, &'( ,.?( "(+#)( &'.& )"* !+(, &'(
>/($ *!& *8 ,)(+#H+.&#*$,L

3$ &'( *&'(" '.$ E &'( *)&#?./ $*?#$./ "(+#)(G

u∗
N =

(
0.1428 0.0819 0.0478 0.1690 0.2000 0.2000 0.0352 0.1233

)T

'., +*,& c∗N = 88.355 2'("(8*"(E )"* !+#$% . "*>!,& "(+#)( #$ !+(, . +*,& #$:

+"(.,( *8 2.68% *<(" &'( $*?#$./ "(+#)(4, +*,&5 2'#, #, &'( )"#+( *8 "*>!,&$(,,5

M*-(<("E &.7#$% V0 = 0 @$* "(>/($ #$%BE &'( "*>!,& "(+#)( +*,& #, c∗R0 = 87.70
.$ &'( $*?#$./ "(+#)( +*,& #, c∗N0 = 87.045 M($+(E &'( )"#+( *8 "*>!,&$(,,

#, *$/0 0.76%5 N*"(*<("E -( *>,("<( &'.& >*&'E &'( $*?#$./ .$ &'( "*>!,&



 !"! #$%&'()  *

 !"#" $%&' (' )'%"'(* +$' (,-')'. ' c∗N−c∗N0 ," %  !/0!.'.# !1 #$' )'23'.(,.4

 !"#*

5)!/ #$'"' )'"63#" 7' %)' ,.#')'"#'( ,.  !/0%),.4 #$' 0), ' !1 )!26"#8

.'"" 7,#$ %  !/0!.'.# !1 #$' )'23'.(,.4  !"# 9#$'  !"# (,-')'. ' 2'#7''.

#$' )' ,0'" !2#%,.'( 7$'. #$' $''3:" &!36/' ," 6"'( %.( 7$'. ,# ," .!#;* <'

.!#, ' #$%# #$,"  !/0%),"!. ," 2,%"'( %4%,."# #$' 0), ' !1 )!26"#.'"" %" #$'

 !/0!.'.#" 1!) #$' 23'.(,.4 0)! '"" %)' "'3' #'(= !2&,!6"3>= %  !)(,.4 #! #$'

0)!0')#,'" !1 #$' 0)'&,!6" 23'.(* +$6"= #)>,.4 #! 0)!(6 ' % 23'.( 1)!/ #$'

"%/'  !/0!.'.#" 7,#$!6# 6",.4 #$' 0)'&,!6" 23'.(= /%> )'"63# /!)' '?0'.8

",&' !) '&'. ,.1'%",23'* @. % 1%,)  !/0%),"!.= 7' "$!63( "'3' # #$' 2'"# %&%,3%23'

 !/0!.'.#" #! 0)!(6 ' #$' 23'.( 1)!/ " )%# $* <' (! .!# $%&' #$' '3'/'.#"

#! (! #$,"= 26# ,. !)(') #! 0)!&,(' %  !/0%),"!. %" 1%,) %" 0!"",23'= #$' 0), '

!1 )!26"#.'"" ," !2#%,.'( 2> #%A,.4 V0 = 0 9.! )'23'.(,.4 ,.&!3&'(; %.( #$'

)'23'.(,.4  !"# 1)!/ #$' .!/,.%3 )' ,0'" 9.! )!26"#.'"" ,.&!3&'(;*

+!  !/06#' #$' 0), ' !1 )!26"#.'"" 7'  !.(6 # % 23'.(,.4 ",/63%#,!. !&')

36 B+C 3!!0" !1 D8$!6)" 3'.4#$* @. +%23' 9E*F; 7' "$!7 #$' %&')%4' )' ,0':"

 !"# !&') #$' 36 0'),!(" %.( #$' 0') '.#%4'  !"# ,. )'%"' 9∆c; 1)!/ #$' .!/8

,.%3 )' ,0' #! #$' )!26"# )' ,0' 1!) (,-')'.# θ &%36'" %.( #%A,.4 V0 = 0*

+$'. 7' 4'.')%#' #$' !0#,/%3 .!/,.%3 )' ,0'" 7$'. V0 = 168.44 9V0Max

θ c∗R c∗N ∆c(%)
G*GF HI*EHJF HI*FGKI G*ED

G*GD HI*EJLD HI*GIME G*ED

G*GE HI*EHLI HI*FGEM G*ED

G*GL HI*EMED HI*GIKJ G*ED

G*GJ HI*LGJH HI*FFKL G*EE

G*GM HI*LFEL HI*FDLK G*EE

G*GI HI*LDED HI*FEGK G*EE

G*GH HI*LDJH HI*FEGM G*EL

G*GK HI*LDKI HI*FEGI G*EL

G*FG HI*LGII HI*FGMD G*EJ
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@) &,! ()#%$&2(" ".. (/"&(')$A 8,!) "  ()!"2 .2'+2"--()+ .2'1 !- 2!$% &$ &'

1! ()0!"$(1 !A &,! #!/($(') -"B!2 0"/!$ &,! .2'1 !- '0 C)#()+ " 8"9 &' &2")$5

0'2- &,! ()0!"$(1 ! -'#! ()&' " 0!"$(1 ! ')!3 D,! ()0!"$(1( (&9 '0 &,! .2'1 !-
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H'$&  ()!"2 $' *!2$ $/" ! &,! /')$&2"()&$ E$!! 1! '8G () " .2!.2'/!$$()+ $&"+!

&' (-.2'*! &,! /,"2"/&!2($&(/$ '0 &,! -'#! ")# -"B! (& 1!$& $%(&!# 0'2 (&$

$' %&(')3 I'8!*!2A &,! ()0!"$(1( (&9 /") 1! " $' &,! 2!$% & '0 " $!& '0 ()/'-5

."&(1 ! 2!7%(2!-!)&$ () &,! -'#! 8,(/,A (0 $!!) ()#(*(#%"  9A "2! /'-. !&! 9

.!2&()!)&3 D,! #!&!/&(') '0 &,!$! ()/'-."&(1( (&(!$ ")# &,! $&%#9 '0 &,! 2!5

7%(2!# -'#(C/"&(')$ &' 2!."(2 &,! .2'1 !- ()$&")/! ($ B)'8) "$  !"#$%&'&(&)*

+!$(*%&% E$!! EJK>LG 0'2 " 2!/!)& 2!*(!8 '0 &,($ $%1M!/&G3 D,! .'&!)&(" 2($B '0

()/')$($&!)/(!$ ")# &,! /'-. !<(&9 &' #!&!/& &,!- ()/2!"$!$ 8(&, &,! .2'1 !-

$(:!3 D,!  ()!"2 .2'+2"--()+ -'#! $ "2($()+ () ()#%$&2(" ".. (/"&(')$ &'#"9

"2! ()/2!"$()+ 9 /'-. !< ")# /") ,"*! %. &' -(  (')$ '0 /')$&2"()&$3 N'2 &,($

2!"$')A (& ($ 1!/'-()+ -'2! )!/!$$"29 &' ,"*! "%&'-"&!# -!&,'#$ &' #!&!/&
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+%"2")&!!$ &,! /')&()%(&9 '0 &,! '.!2"&(') !*!) (0 &,! .2'1 !- ($ ()0!"$(1 !3

; -!&,'# &' (#!)&(09 &,! /"%$!$ '0 ()0!"$(1( (&9 ")# &' .2'.'$! ,'8 &' 2!."(2

&,! -'#! 8(  1! *!29 %$!0% &' #2(*! &,! .2'/!$$ &'8"2#$ " &"( '2!# 0!"$(1 !

$' %&(')3

D,! -'$& %$%" -!&,'# &' -!"$%2! &,! ()0!"$(1( (&9 '0 " .'()& x *(' "&()+

") ()#(*(#%" /')$&2"()& Aix ≤ bi ($ &,! #(O!2!)/! Aix − bi3 D,($ -!&,'#

!<&!)#$ &' -!"$%2! &,! ()0!"$(1( (&9 '0 " .'()& '*!2 " $!& '0 /')$&2"()&$ () &8'

-"() 8"9$R
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 ! "#$%&'%() $ %*!+&#$'!& '+ %*!+',(#(, $+ -'*.$&(, '/ &0( -'*.$&'*! (1%((,+ $

&*.(#$!%( τ 2 30$& '+) '/ Aix − bi > τ 2 30'+ &(+& '+ -(#4 ($+4 &* %*5"6&( 76&

'& '+ -(#4 +(!+'&'-( &* +%$.'!8 /$%&*#+ $+ 9( %$! +(( '! &0( /*..*9'!8 (1$5".(2

:(&;+ %*!+',(# &0( %*!+&#$'!& x ≤ 1 (-$.6$&(, $& x = 1 + τ
2
2 <65(#'%$..4) &0'+

%*!+&#$'!& '+ %*!+',(#(, $+ +$&'+=(,2 >*9(-(#) &0( +$5( %*!+&#$'!& +%$.(, 74

10 ?10x ≤ 10@ $!, (-$.6$&(, $& &0( +$5( "*'!& "#*,6%(+ $ -'*.$&'*! */ &0(

+$5( *#,(# &0$! &0( +%$.'!8 /$%&*#A 10 + 10× τ
2
− 10− τ = 4τ 2

3* $-*', &0'+ "#*7.(5) *!( %$! +%$.( &0( %*!+&#$'!&+ &* (!+6#( $.. &0( %*B

(C%'(!&+ &* 0$-( $""#*1'5$&(.4 &0( +$5( 5$8!'&6,( 7(/*#( 5($+6#'!8 &0(

'!/($+'7'.'&42 D ,'E(#(!& $""#*$%0) (1(5"& /#*5 +%$.'!8 '++6(+) %*!+'+& '! 5($B

+6#'!8 &0( '!/($+'7'.'&4 $+ &0( F6%.',($! ,'+&$!%( 7(&9((! x $!, &0( %.*+(+&

"*'!& '! &0( /($+'7.( #(8'*! ,(=!(, 74 &0( +(& */ %*!+&#$'!&+2  ! G(%&'*! H2I

9( 9'.. 6+( &0'+ ',($ &* 5($+6#( &0( '!/($+'7'.'&4 */ &0( 90*.( JK2

D5*!8 &0( &**.+ ,(-(.*"(, &* ,(&(%& $!, #("$'# &0( '!/($+'7'.'&4 &0(#( $#(

&0#(( 5$'! $""#*$%0(+ ?LMHN@A

•  ,(!&'=%$&'*! */ $!  !!"#$%&'("  )*"+,&'(" -$',". ?  G@ */ %*!+&#$'!&+2

•  ,(!&'=%$&'*! */ $ /+0&1$1 2"+,&'(" -$',". ?O$1 PG@ */ %*!+&#$'!&+2

• 3",. 4"5+&! "#*"*+$. */ &0( 5*,(.2

D!   G 0$+ &0( "#*"(#&4 */ 7('!8 '!/($+'7.( 76& 7(%*5(+ /($+'7.( '/ $!4 +'!8.(

%*!+&#$'!& '+ #(5*-(,2 Q(&(%&'*! */   G $..*9+ &0( ,(%'+'*! 5$R(# &* %*!%(!B

&#$&( '! +5$.. +67+(&+ */ '!%*!+'+&(!%'(+ 90'%0 $#( ($+'(# &* 6!,(#+&$!,2 <*&'%(
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',(!&'=%$&'*! */ $ O$1 PG */ %*!+&#$'!&+ %$! $.+* 7( -'(9(, $+ &0( ,(&(%&'*!

*/ &0( 5'!'565 !657(# */ %*!+&#$'!&+ 90*+( #(5*-$. .($-(+ $ /($+'7.( +4+&(52

30'+ '+ &0( 1&)&1$1 $),+.&,6"# (&)"+! !"(+.&7) "#*7.(5 ?O < S:T@ 90'%0 '+

R!*9! &* 7( <KB>$#, ?+(( LMIN@2 J*&0 $""#*$%0(+)   G $!, O$1 PG ,(&(%&'*!
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5$R(# &* 6+( '&+ (1"(#&'+( &* #("$'# &0( 5*,(.2 30'+ '!&(#-(!&'*! &6#! &0(5 '!

+(5'B$6&*5$&(, 5(&0*,+2 D! (5"'#'%$. $!$.4+'+ */ &0#(( 5(&0*,+ ?'!%.6,'!8

  G@ &* ',(!&'/4 $!, '+*.$&( &0( '!/($+'7'.'&4 '! $ J.(!,'!8 K#*7.(5 9$+ %*!B

,6%&(, '! MUUI ?LIVN@2 30( %*!%.6+'*!+ */ &0( +&6,4 "*'!&+ *6& &0( +6"(#'*#'&4

*/ &0(   G 5(&0*, *-(# &0( *&0(#+) 76& '& $.+* 0'80.'80&+ &0( ,'C%6.&4 &* #(.($+(

6+(/6. '!/*#5$&'*! /#*5 &0( '+*.$&'*! */ &0( '!/($+'7'.'&42

30( 7(+& #("$'# "#*"*+$. $""#*$%0 ,'E(#+) /#*5 &0( .$&(# &9*) '! &0'+ +(!+(2

 & /*%6+(+ *! ,(&(#5'!'!8 $.8*#'&05'%$..4 &0( 7(+& 5*,'=%$&'*! &* &0( "#*7B

.(5; %*!+&#$'!&+ 9'&0 #(+"(%& &* $ "#(,(=!(, %#'&(#'*!2 D5*!8 &0( 5(&0*,+

*/ &0'+ &4"( &0(#( $#( &0*+( &0$& *!.4 5*,'/4 &0( #'80& 0$!, +',( -(%&*# ?T>G

O(&0*,+@ $!, &0*+( .**R'!8 &0( /($+'7'.'&4 */ &0( "#*7.(5 74 5*,'/4'!8 $..



 ! "#$%&'( )* +,'-./-0 1(23,'4 5-6'$7/3/,/&8

 !" #$"%#&"' ( $)  !" #$'( *+&' (, -!" .+( /*$0."12 13#! 1$*" 4&%#3.  !+'

 !" )$*1"* $'" &( 3(3+..5 +44*"(("4 05 1&'&1&6&'7  !" '$*1 $) + #$**"# &$'

1+ *&8 H 9("" :;<=, >$11" #$11$' #!$&#"( )$*  !" 1+ *&8 '$*1 +*" L1 +'4

L∞ +'4  !" ∞?'$*1 @ ‖H‖∞ = maxi
∑

j |hij|, A' 9:;<=  !" B*$0"'&3( '$*1

&( 3("4, -!" $/ &1+. 1+ *&8 #$**"# &$' 9+##$*4&'7  $ ($1" #*& "*&$'= 7&C"( +

*".+ &C".5 (&1&.+* )"+(&0." (5( "1 $) #$'( *+&' (2 +. !$37! & &( '$ +.D+5( #."+*

!$D  $ 3("  !&( &')$*1+ &$', E"*"2 D" D&.. )$#3( $'  !" FE> G" !$4(,

9:; <'&#2.7

A' :HH<2  !" +3 !$*( 4&( &'73&(! )$3* 4&I"*"' #*& "*&+  $  *+'()$*1  !"

&')"+(&0." (5( "1 Ax ≤ b $' $ + )"+(&0." $'" 3(&'7 $'.5 FE>J( 1$4&K#+ &$'(@

 !" #$%&&"'( )!%*+"' ,-."&/ -!&( 1$4". (""L(  $ 1$4&)5  !" 1&'&131 '31?

0"* $) FE>  "*1( 9"M3&C+."'  $  !" GAN OPF /*$0."1=,

 !" #$%&&"'( 0"*%&(1 ,-."&/ A)  !" /"'+. 5 #$( fi $) #!+'7&'7  !" FE> bi &(

K8"4 )$* +.. i 94$"( '$ 4"/"'4 $'  !" 1$4&K#+ &$'J( 1+7'& 34"=2  !&( 1" !$4

(""L(  $ #!+'7"  !" (" $) biJ( 1+L&'7  !" /*$0."1 )"+(&0." D!&." 1&'&1&6&'7

 !" +(($#&+ "4 (31 $) /"'+. &"(,

 !" #$%&&"'( 2%34%5&" )-'( ,-."&/ A)  !" /"'+. 5 #$( 4"/"'4( $'  !" +1$3' 

$) "+#! #!+'7"2  !&( 1$4". (""L(  $ 1&'&1&6"  !"  $ +. C+*&+0." #$( $) +..  !"

#!+'7"(  $  !" biJ( D!&#! 1+L"(  !" /*$0."1 )"+(&0.", -!&( #+' 0" D*&  "' +(

 !" )$..$D&'7 .&'"+* /*$7*+1@

min
m∑

i=1

(
c+i e

+
i + c−i e

−
i

)
+

m+p∑

i=m+1

c−i e
−
i

s.t.

Aix+ e−i − e+i = bi, i = 1, . . . ,m

Aix+ e−i ≥ bi, i = m+ 1, . . . ,m+ p

e−i , e
+
i ≥ 0, i = 1, . . . ,m+ p

D!"*" c+i 9c−i = 4"'$ "  !" '$'?'"7+ &C" #$( /"* 3'& &'#*"+(" 94"#*"+("= &'

 !" C+.3" $) bi, -!" C+*&+0."( e+i +'4 e−i +*" #+.."4 "&%'(46 7%34%5&"' +(  !"5

."  !" #$'( *+&' (  $ Q( *" #!Q  $ 1+L"  !" )"+(&0." *"7&$' '$'"1/ 5, N$ &#"

 !+ )$*  !" biJ( +(($#&+ "4  $  !" &'"M3+.& 5 #$'( *+&' (2 D" $'.5 '""4  !"

".+( &# C+*&+0."( &'#*"+(&'7  !" )"+(&0." *"7&$', >$2 D" ." e+i = 0 )$* i =
m+ 1, . . . ,m+ p, A) (x∗, e−∗

i , e+∗
i ) &( +' $/ &1+. ($.3 &$' $)  !&( /*$0."'2  !"'

b′i = bi − e−i + e+i )$* +.. i &(  !" $/ &1+. 1$4&K#+ &$' $) b 3'4"*  !&( 1$4".

+'4 x∗
&( + )"+(&0." ($.3 &$' $)  !" 1$4&K"4 /*$0."1,



 !"! #$%&'()*)+),- .&/&+( 01

 !" #$%&&"'( )%*+%,&" -.'( /.0"& 1+(! 2.340'5  !"# "# $!% #&'% &# $!% ()%*

+",-# ',.%/0 %12%($ $!&$ 3,-4.# &)% "'(,#%. ,4 $!% 2!&45%#6  !%40 /%$$"45

u+
i ≥ 0 7u−

i ≥ 08 3% $!% '&1"'-' (,##"3/% "42)%&#% 7.%2)%&#%8 ,4 bi 9,) &// i0
:% !&+%;

min

m∑

i=1

(
c+i e

+
i + c−i e

−
i

)
+

m+p∑

i=m+1

c−i e
−
i

s.t.

Aix+ e−i − e+i = bi, i = 1, . . . ,m

Aix+ e−i ≥ bi, i = m+ 1, . . . ,m+ p

0 ≤ e−i ≤ u−
i , 0 ≤ e+i ≤ u+

i , i = 1, . . . ,m+ p.

<9 #,'% bi 2&44,$ 3% "42)%&#%.0 .%2)%&#%. ,) ',."=%. &$ &//0 :% =1 u+
i = 00

u−
i = 0 ,) u+

i = u−
i = 06

>$!%) ."?%)%4$ '%&#-)%# ,9 $!% )%@-")%. &.A-#$'%4$ $, $!% BCD 2&4 3% 2,4#".*

%)%.0 %6560 min‖(b−Ax)+‖1 ,)min
∑m

i=1 [(bi − Aix)
+]2 :"$! (·)+ = max{0, (·)}6

E// $!%#% '%$!,.# !&+% ."?%)%4$ .%#")&3/% 2!&)&2$%)"#$"2# $!&$ ."#$"45-"#!

$!%' 7),3-#$4%##0 %&#% ,9 2&/2-/&$",40 %$2686 C,:%+%)0 $!% F3%#$F :&G $, )%(&")

&4 "49%&#"3/% (),3/%' .%(%4.# ,4 $!% (&)$"2-/&) #"$-&$",46

 !" #$%&'()*)+),- .&/&+(

H%$I# .%=4% $!% (,/G$,(%

CU1 = CU ∩ S1

"4 2,'(,4%4$# #(&2% &4. $!% (,/G$,(%

CY 1 = {y(u) ∈ R
m | u ∈ CU1}

"4 (),(%)$"%# #(&2%6

<9 $!% JK )%#-/$# $, 3% "49%&#"3/% 9,) & =1%. (&") ,9 +,/-'%# 7V0, v8 &4.
&##-'"45 $!&$ U 6= ∅0 $!%4 ,4% '&G !&+% 3 ."?%)%4$ /%+%/# ,9 "49%&#"3"/"$G
:!"2! 2&4 3% #$&$%. "4 $%)'# ,9 $!% 3/%4."45 (,/G$,(%#;

H%+%/ L6 CU1 6= ∅ &4. U ∩ CU1 = ∅6

H%+%/ M6 CU 6= ∅ &4. CU1 = ∅6

H%+%/ N6 CU = ∅6

O,) $!% $!)%% /%+%/# ,9 "49%&#"3"/"$G0 :% 2&4 ',."9G $!% 2,'(,4%4$# (),(%)*

$"%# 7$!% '&$)"1 B8 &4. 9,)2% $!% (,/G$,(% CU $, !&+% & 4,4 %'($G "4$%)#%2*

$",4 :"$! $!% (,/G$,(% U (),.-2"45 "4 $!"# :&G & 9%&#"3/% 3/%4.6 >4 $!% ,$!%)



 ! "#$%&'(  ) *+',-.,/ 0(12+'3 4,5'$6.2.+.&7

 !"#$ !% & ' %()*+', S1 -."&!("% !++ & ' *.%%(/+' 0'-(*'%$ & '" CU1 0'*0'%'"&%

& ' %'& .1 !++ & ' 0'-(*'%  !2("3 & '(0 *0.*'0&('% 4CY 15 6(& (" %*'-(7-!&(."%8 9

*.+:&.*' U -!" 0'!- $ /: /.;"#% ).#(7-!&(."%$ ! *.("& u ∈ CU \U (< u ∈ S18

= !& (%$ (< & ' >?  !% ("1'!%(/(+(&: .1 +'2'+ 18
@" A(3;0' B8C 6' % .6 & ' & 0'' +'2'+% .1 ("1'!%(/(+(&: 1.0 ! >? ("%&!"-'

1

1 S1

Level 3

u1
u
1

u2

u
2

U

S1

Level 2

U

CU

S1

Level 1

U

CU

CU1

A(3;0' B8CD @"1'!%(/(+(&: +'2'+%8

 !2("3 &6. -.)*."'"&% !"# &6. *0.*'0&('%8 E '" & ' ("1'!%(/(+(&: (% .1 +'2'+

1$ 6' ./%'02' & !& ).#(1:("3 u 1 !"# u 2 & ' *.+:&.*' U ',*!"#% !"# 6' -!"

0'!- !": 0'-(*' u ∈ CU18 @" -."&0!%&$  !2("3 ("1'!%(/(+(&: .1 +'2'+% 2 !"# 3 6'
"''# &. - !"3' & ' -.)*."'"&% 4B5 (" .0#'0 &. 3'& ! "." ')*&: CU &.;- ("3

& ' *.+:&.*' U 8 @" & (% -!%'$ (& (% & ' *.+:&.*' CU 6 (- (% ).#(7'# 6 (+' U
%&!:% ;"- !"3'#8

A.0 '!- ("1'!%(/(+(&: +'2'+$ & ' ("1'!%(/(+(&: .1 ! 0'-(*' u ∈ U -!" /' )'!F

%;0'# (" /.& %*!-'% !% & ' G;-+(#'!" #(%&!"-' /'&6''" u !"# & ' -+.%'%& *.("&

(" & ' -.00'%*."#("3 *.+:&.*'8 @" & ' -.)*."'"&% %*!-'$ 1.0 +'2'+% C !"# H$

!% & ' #(%&!"-' /'&6''" u !"# & ' -+.%'%& *.("& (" CU1 !"# CU 0'%*'-&(2'+:8

@" & ' *0.*'0&('% %*!-'$ 1.0 & ' & 0'' +'2'+% .1 ("1'!%(/(+(&:$ !% & ' #(%&!"-'

/'&6''" y(u) !"# & ' -+.%'%& *.("& (" CY 1$ CY !"# C8
@" ! "!&;0!+ 6!:$ 6' -!" #'7"' & '" & '  ! "#$%&'"(")"*+ (" &'0)% .1 & '

/+'"#("3 *.+:&.*'%D & ' >? ("1'!%(/(+(&: .1 +'2'+ 1 (% #'7"'# /:

DU = D(U,CU1) !"# DY = D(P,CY 1)



 !"! #$% &'(%)*$*+', $,- ./$0+12/ 3+4/5*+',0  6

 !" #$%"&'#(#)# * +% )",") 2 (*

DU2 = D(U,CU) &$- DY 2 = D(P,CY )

&$-  !" #$%"&'#(#)# * +% )",") 3 (*

DY 3 = D(P,C).

.!"'" -#' &$/"' 0#," 1' 2")",&$ #$%+23& #+$ %+2  !" &$&)*'#' +% #$%"&'#(#)# *4

&) !+10! +% -#5"2"$ 6#$-7 8$  !" /+39+$"$ ' '9&/"4 DU &$- DU2 &2" "' #:

3& "' +%  !" 2";1#2"- <"5+2 <  + +( &#$ & %"&'#()" => #$' &$/" (* !*-2&1)#/

&$- &,&#)&(#)# * (+1$-' 3+-#?/& #+$' &$- (* /+39+$"$ ' 3+-#?/& #+$' 2":

'9"/ #,")*@ .!"'" -#' &$/"' &2" +$)* &$ "' #3& " ("/&1'"4 &' A" A#)) '"" )& "24

 !" 2";1#2"- "5+2  +  2&$'%+23  !" #$' &$/" -"9"$-' +$  !"  *9" +%  2&$':

%+23& #+$ &99)#"- &$- +$  !" A&*  + 3"&'12"  !" "5+2 @ 8$  !" 92+9"2 #"'

'9&/"4 DY 4 DY 2 &$- DY 3 3"&'12"  !" ()"$-B' ;1&)# * )+''"  !& /&$ (" '&,"-

(* /+39+$"$ ' (+1$-' 3+-#?/& #+$' &$-C+2 (* /+39+$"$ ' 3+-#?/& #+$'@

 !" #$% &'(%)*$*+', $,- ./$0+12/ 3+4/5*+',0

D" B' -"?$" &  !"#$%&! '$(!)*$+, #$ /+39+$"$ B' '9&/" &' &  2&$')& #+$ -#2"/ #+$

+% 9+)* +9"' U +2 CU 92+-1/#$0 # ' /+))#'#+$ &$-  !"2"%+2"  !" => %"&'#(#)# *@

E  2&$')& #+$ -#2"/ #+$ +% 9+)* +9"' P +2 CY 92+-1/#$0  !"#2 /+))#'#+$ #' /&))"-

&)'+ & %"&'#()" -#2"/ #+$ F#$ 92+9"2 #"' '9&/"G &' # /&$ (" '""$ &'  !" #3&0"

1$-"2  !" (&'#/ ";1& #+$ +% & %"&'#()" -#2"/ #+$ #$ /+39+$"$ ' '9&/"@

E' A" !&," ' & "- "&2)*4 !"2" A" &2" /+$'#-"2#$0 +$)* (+1$-' 3+-#?/& #+$'

 +  2&$'%+23 &$ #$%"&'#()" => #$' &$/" #$ + & %"&'#()" +$"@ 8$  !" %+))+A#$04

A" A#)) +$)* -",")+9  !" &$&)*'#' %+2  !" #$%"&'#(#)# * +% )",") 1@ H+A","24 A"

$+ #/"  !& A" /&$ 3"&'12" &$- /+$' 21/  !" ,#'1&)#I& #+$' FA!"$  !"* "J#' G

%+2  !" #$%"&'#(#)# * +% )",")' 2 &$- 3@ K" A#)) !#0!)#0!  !" -#5"2"$/"' #$  !"

92+/"-12" "J9)&#$"- (")+A@

8$ /+39+$"$ ' '9&/" A" &2" #$ "2"' "- #$ /+391 #$0  !" 0&9 (" A""$ 9+)*:

 +9"' U &$- CU1@ =+ ! 9+)* +9"' &2" -"'/2#("- #$  !"#2 -1&) %+23@ L+4 &'

-#'/1''"- #$ L"/ #+$ M@M4 A" /&$ /+391 "  !#' -#' &$/" (* '+),#$07

min ‖t− u‖22 FN@OG

'@ @

u ∈ U, t ∈ CU1.

8% u∗ ∈ U &$- t∗ ∈ CU1 #' & '+)1 #+$  + 92+()"3 N@O4  !"$ DU = d(u∗, t∗) &$-

wU =
t∗ − u∗

DU

FN@MG



 ! "#$%&'(  ) *+',-.,/ 0(12+'3 4,5'$6.2.+.&7

 ! " #$"! %&$ ' ($)* +,  , )+-.+,$,*! !.")$ /0 )0 $1.($!!$! *0$ - , -"& $2+(*

-+3 ,4 ' ($)* +, +# U  , +('$( *+ -$$* CU15

6$ +%!$(3$ *0"* p∗ = y(u∗) ∈ P ",' q∗ = y(t∗) ∈ CY 15 708!9

wU
Y =

q∗ − p∗

‖q∗ − p∗‖2

 ! " #$"! %&$ ' ($)* +,  , .(+.$(* $! !.")$5

7+ )+-.8*$ *0$ ' !*",)$ %$*/$$, .+&:*+.$! P ",' CY 19 /$ !0+8&' ,+* )$

*0"* #+( *0$!$ .+&:*+.$! /$ '+,;* 0"3$ ,$ *0$( *0$ .( -"& ,+( *0$ '8"& ($.($<

!$,*"* +,!5 =+/$3$(9 /$ )", )+-.8*$ *0$ ( ' !*",)$  ,' ($)*&: #(+- .+&:*+.$!

U ",' CU1 ",' *0$ %"! ) $>8"* +,5 ?+&3 ,4 *0$ .(+%&$-

min ‖y(t)− y(u)‖1

!5*5

u ∈ U, t ∈ CU1

/$ +%*" , p∗ = y(u∗) ∈ P ",' q∗ = y(t∗) ∈ CY 1 !8)0 *0"* DY = d(p∗,q∗)5
70$,

wY =
q∗ − p∗

DY

@A5BC

 ! *0$ !0+(*$!* -+3 ,4 ' ($)* +, +# P  , +('$( *+ -$$* CY 1 ",'

wY
U =

t∗ − u∗

‖t∗ − u∗‖2

 ! *0$ )+(($!.+,' ,4 #$"! %&$ ' ($)* +,  , )+-.+,$,*! !.")$5

70$ ' !*",)$! DU2 ",' DY 2 )", %$ +%*" ,$'  , *0$ !"-$ /":D 70$ .+&:<

*+.$ CU2  ! 4 3$,  ,  *! '8"& #+(- ",' CY 2  ! *0$  -"4$ +# CU2 8,'$( *0$ %"! )

$>8"* +,5 E, )+,*("!*9 *0$ .+&:*+.$ C 0"! ,+ .($ -"4$ /0$, *0$  ,#$"! % & *:

 ! +# &$3$& 35 =$,)$9 DY 3 !0+8&' %$ )+-.8*$' ' ($)*&:  , *0$ .(+.$(* $! !.")$5

70$ 3$(* )$! +# C "($ $"!: *+ +%*" , ",'  , ?$)* +, A5F9 /$ / && !0+/ 0+/ *+

4$* *0+!$ +,$! +# P 5 70$,9 )+-.8* ,4 *0$ !$."("* ,4 0:.$(.&",$ +# &"(4$!*

4". %$*/$$, *0$ .+&:*+.$! P ",' C  , *0$ ( .( -"& #+(- @!$$ ?$)* +, G5GC9 /$

0"3$ DY 35

E, *0 ! !$)* +, /$ 0 40& 40* *0$ $1 !*$,)$ +# *0$ HI  ,0$($,* #$"! %&$ ' <

($)* +,!D

@ C wU ",' wY
U  , )+-.+,$,*! !.")$ ",'

@  C wY ",' wU
Y  , .(+.$(* $! !.")$5

J$1* /$ "($ 4+ ,4 *+ $1.&+ * *0$!$ ' ($)* +,! *+ +%*" , GK<3 !8"& L"* +,! +#

*0$ HI  ,#$"!"% & *:  , $")0 !.")$5



 ! ! "#$%&'()(*(+, -('.&*(/&+(0# (# 10230#%#+' 43&5%  6

 ! "#$%&'()(*(+, -('.&*(/&+(0# (# 10230#%#+'

43&5%

 !" w1 = wU #$% w2 = wY
U& '(!)! *!+",-) %!.$! # /0123#$! 4$ "(! +,52,1

$!$") )2#+! 6(,)! 2#-#5!"-4+ !78#"4,$ 4)

H2 = {u(s) | u(s) = uM +wT · s}

64"( s = (s1, s2)
T ∈ R

2
9 w = (w1,w2)

T
#$% uM "(! 54%2,4$" ,: "(! )!;5!$"

[u∗, t∗] <)!! =78#"4,$ <>&/??&
 !"@) %!$,"! AB U2 #$% C2 "(! +8") ,: U #$% CU1 64"( H2& '(! 2,3B;,$!

U2 4) "(!$ %!)+-4A!% AB "(! )!" ,: 2,4$") u(s) ∈ H2 *!-4:B4$;C

1T · u(s) = 1 <>&>?

u ≤ u(s) ≤ u. <>&D?

=78#"4,$ <>&>? 4) )#"4).!% AB #33 u(s) ∈ H2 )4$+! uM ∈ S1 #$% 1T ·w = (0, 0)&
'(8) "(! *!-"!E )!" ,: U2 +#$ A! +#3+83#"!% F!E234+4"3BG A!+#8)! 4" 4) "(!

4$"!-)!+"4,$ ,: "(! )!" ,: 34$!) 4$ H2 %!)+-4A!% AB <>&D?& H$ "(! )#5! 5#$$!-9

6! +#$ .$% "(! *!-"4+!) ,: "(! 2,3B;,$!

C2 = {u(s) ∈ H2 | y ≤ y(u(s)) ≤ y, u(s) ∈ S1}

#) "(! 4$"!-)!+"4,$ ,: # )!" ,: 34$!) 4$ H2& I! J$,6 "(#"

1T · u(s) = 1, ∀u(s) ∈ H2,

"(!-!:,-! C2 4) +,523!"!3B +(#-#+"!-4K!% AB "(! )!" ,: 2,4$") u(s) ∈ H2 )8+(

"(#"C

0 ≤ u(s) ≤ 1 <>&L?

y ≤ αv b0 + βv Bu(s) ≤ y. <>&M?

N4$#33B9 -!23#+4$; u(s) 4$ <>&L? #$% <>&M? 6! ;!" "(! )!" ,: 34$!) 4$ H2 6(,)!

4$"!-)!+"4,$ %!"!-54$!) "(! *!-"!E )!" ,: C2C

−BuM ≤ wT · s ≤ 1− BuM

y − αvb0

βv

− BuM ≤ (Bw)T · s ≤
y − αvb0

βv

− BuM.

', ,A"#4$ "(! 4$:!#)4A434"B *4)8#34K#"4,$ 4$ +,52,$!$") )2#+! <)!! N4;8-!

>&/?9 6! )4523B %-#6 "(!)! 2,3B;,$!) 4$ "(! 23#$! H2 64"( uM "#J!$ #) "(!

+!$"!- ,: +,,-%4$#"!) #$% *!+",-) w1 #$% w2 #) "(! #E4)& O,"4+! "(#" "(!)!

#E4) #-! $," ,-"(,;,$#3 4$ ;!$!-#3&



  !"#$%&'  ( )*&+,-+. /'01*&2 3+4&#5-1-*-%6

 ! "# "$%&'!()! !& '*$('+ !,* -,('(-!*'"#!"-# &. !,"# /"#0(1"2(!"&)3 4# 5*

U2

C2

DU

w1

w2

6"70'* 839:  ).*(#";"1"!< /"#0(1"2(!"&) ") -&$%&)*)!# #%(-*3

&;!(") "! ;< -0!!")7 %&1<!&%*# U ()= CU1 5"!, ( %1()* =*>)*= ;< wU ()=

wY
U 5,"-, %(##*# !,'&07, !,* )*('*#! %&")!# ") ;&!, %&1<!&%*#? !,* ="#!()-*

;*!5**) !,* %&1<7&)*# U2 ()= C2 "# DU 3 @,* ="#!()-* ;*!5**) !,* %&1<!&%*#

U ()= CU1 ") !,* &'"7")(1 nA#%(-*3 B< !,* #($* '*(#&)? !,* ()71* ;*!5**)

="'*-!"&)# wU ()= wY
U "# %'*#*'/*=3

 !" #$%&'()*)+),- .)(/'+)0',)1$ )$ 2314&3,)&(

54'6&

6&11&5")7 !,* #($* 1")*# &. !,* %'*-*=")7 #*-!"&)? 1*!C# -&)#"=*' !,* .*(#";1*

="'*-!"&)# ") !,* %'&%*'!"*# #%(-* w1 = wY ()= w2 = wU
Y ()= 1*!C# =*)&!*

;< H2 !,* 9DA%1()* =*>)*= ;<

H2 = {y(s) ∈ R
2 | y(s) = yM +wT · s}

5,*'* s = (s1, s2)
T ∈ R

2
? w = (w1,w2) ()= yM "# !,* $"=%&")! &. !,*

#*7$*)! [p∗,q∗] E#** FG0(!"&) E83HII3 J* -() '*0#* !,* #($* =*/*1&%$*)! &.

!,* %'*/"&0# #*-!"&) !& &;!(") !,* %&1<7&)# P2 ()= C2 ;< -0!!")7 P ()= CY 1

5"!, H2 &) -&)="!"&) !& ,(/* !,* =0(1 =*#-'"%!"&) &. P ()= CY 13 J* =&)C!

,(/* )*"!,*' !,* %'"$(1 )&' !,* =0(1 =*#-'"%!"&) &. !,*#* %&1<!&%*# ;0! !,*<



 !"! #$%&'()*)+),- .)(/'+)0',)1$ )$ 2314&3,)&( 54'6&  "

 !" #$ %#&!'"$( )!& *$!+& &,$%-$&' !**./ !+ 0%**%1+2

3$& VU !"( VP #$ &,$ 4$-&$5 +$&+ %0 6%*.&%6$+ U !"( P 2 7'-+&8 1$ %#+$-4$

&,!& VP '+  %"&!'"$( '" &,$ '9!:$ %0 VU ;"($- &,$ #!+' $<;!&'%" !+ +&!&$( '"

&,$ "$5&

2314&3,-  !"!7!  ! VP "#$ VU "%& '(& )&%'&* +&'+ ,! -,./',-&+ P "#$ U
%&+-&0'1)&./ '(&# VP ⊆ {y(u) | u ∈ VU}2

2311%! 3$& y(u) ∈ VP !"( +;66%+$ u /∈ VU 2 =,$" u '+ !  %"4$5  %9#'"!&'%"

%0 VU 1'&, !& *$!+& &1%  %$> '$"&+ +&-' &*. 6%+'&'4$?

u =
∑

ui∈VU

λiui

1'&, ∑

ui∈VU

λi = 1, λi ≥ 0 !"( λ1, λ2 > 0.

@66*.'": &,$ #!+' $<;!&'%" &% u 1$ ,!4$

y(u) = αv b0 + βv Bu =
∑

ui∈VU

λi(αv b0 + βv Bui)

1'&, ∑

ui∈VU

λi = 1, λi ≥ 0 !"( λ1, λ2 > 0.

A%8 y(u) '+ !  %"4$5  %9#'"!&'%" %0 4$ &%-+ '" P 1,' ,  %"&-!(' &+ %;- !+B

+;96&'%"2 �

=,$"8 1$ %#&!'" &,$ 6-'9!* !"( (;!* -$6-$+$"&!&'%"+ %0 P 0-%9 &,$ (;!*

%0 U '" &,-$$ +&$6+?

)C/ D%96;&$ VU = {u1,u2, . . . ,uN} !"( &,$" V = {vi | vi = y(ui) , i =
1, . . . , N}2

)CC/ E$*$&$ 0-%9 V '&$-!&'4$*. $! , vi 1,' ,  !" #$ $56-$++$( !+ !  %"4$5

 %9#'"!&'%" %0 V \ vi &% %#&!'" VP 2

)CCC/ A%*4$ &,$ 0! $& $";9$-!&'%" 6-%#*$9 0%- &,$ +$& VP 2

F$  !" 6-% $$( '" &,$ +!9$ 1!. &%  %"+&-; & &,$ 6-'9!* !"( (;!* 0%-9+ %0

CY 12

C" A$ &'%" G2H 1$ +&!&$ &,!& 4$-&$5 !"( 0! $& $";9$-!&'%" !-$ ('> ;*&

6-%#*$9+ 0%- :$"$-!* 6%*.&%6$+2 C0 1$ 1!"& &% -$;+$ &,$ *!+& +$ &'%" 6-% $(;-$

&% 6-%(; $ &,$ '"0$!+'#'*'&. 4'+;!*'I!&'%" '" 6-%6$-&'$+ +6! $8 1$ "$$( &% +%*4$

#%&, 6-%#*$9+2 C" 6-! &' $8 &,$ 4$-&$5 $";9$-!&'%" 0%- 6%*.&%6$+ U !"( CU1



 ! "#$%&'(  ) *+',-.,/ 0(12+'3 4,5'$6.2.+.&7

 !" #$ %&"$ $' ($")*+, -$  !" .!/)(!**+ $0.*!(" )1(2 2()3!)(&" #+ "&)( ("4

)1!) .&*+)&.$ U 1!2 ! .!/)( 3*!/*+ 2(5.*$ 2)/3 )3/$ )1!)  !" #$ $0.*&()$% #+

!  32)&5(6$% !*4&/()15, 7) (2 )1$ (")$/2$ )(&" &8 ! .!/!**$*$.(.$% 9()1 )1$

2(5.*$0 S1 !"% !** ()2 :$/)( $2 !/$ $()1$/ :$/)( $2 &8 )1$ .!/!**$.(.$% &/ )1$+

*($ (" )1$ (")$/(&/ &8 ()2 $%4$2 ;2$$ <..$"%(0 <=,

>" )1$  &")/!/+? )1$ 8! $)2 &8 P !"% CY 1  !" "&) !*9!+2 #$ &#)!("$% $'@

 ($")*+, >  !2(&"!**+? 9$ $" &3")$/ .&*+)&.$2 P !"% CY 1 8&/ 91( 1 )1$ 8! $)

$"35$/!)(&" (2 :$/+ )(5$  &"235("4 ;2$:$/!* 5("3)$2=, A&/ )1$ ./! )( !* !.@

.*( !)(&" )1(2  &5.3)("4 )(5$2 !/$ 3"!  $.)!#*$? )132 9$ "$$% )& 5&%(8+ )1$

./& $%3/$ )& 4$"$/!)$ )1$ %$2(/$% :(23!*(6!)(&" (" )1$ ./&.$/)($2 2.! $ !:&(%@

("4 )1$ %3!*  &"2)/3 )(&", B.$ (C !**+? (" )1$ 8&**&9("4 !*4&/()15 9$ ./&%3 $

)1$ .&*+4&"2 P2 !"% C2 #+  3))("4 P !"% CY 1 9()1 H2 #3) 1!:("4 P !"% CY 1

(" )1$(/ ./(5!* 8&/5,

8+/1(.&#3  )9 :;<"=& 0(.3$+ >1(3

?&$(&

D&5.3)$ )1$ $0)/$5$ .&(")2 &8 P ∩H2 (" )1$ %(/$ )(&"2 w1 !"% w2 #+ 2&*:("4

)1$ ./&#*$5E

max dT · s

2,),

yM +wT · s =
∑

pi∈VP

λipi

∑

pi∈VP

λi = 1

λi ≥ 0, i = 1, . . . , |VP |

;F,G=

8&/ dT = [1, 0]? dT = [0,−1]? dT = [−1, 0] !"% dT = [0, 1] ;2$$ A(43/$ F,H!=,

I$) P2 = {p2(1), . . . ,p2(k)} #$ )1$ .&*+4&" &#)!("$% 9()1 !) *$!2) &"$ :$/)$0

;p∗
(2 )1$ &.)(5!* 2&*3)(&" &8 J/&#*$5 ;F,G= 8&/ dT = [1, 0]=,

78 P2 1!2 5&/$ )1!" &"$ :$/)$0? )1$" 9$ 2$) i = 1 !"% 9$ )/+ )& $0.!"% P2

()$/!)(:$*+ (" )1$ "$0) 2)$., K*2$? 9$ 4& )& @,-,

@A%$,-

-$ *&&L 8&/ ! "$9 :$/)$0 (" )1$ &3)$/ "&/5!* %(/$ )(&" dout )& )1$ $%4$

(p2(i),p2(j))? 91$/$ j = (i+1) mod (|VP2
|), M1(2 (2 %&"$ #+ 2&*:("4 J/&#*$5

;F,G= 9()1 d = dout, I$) q∗
#$ )1$ &.)(5!* 2&*3)(&" 8&/ )1(2 ./&#*$5,

78 dT · p2(i) < dT · q∗
)1$" q∗

(2 ! "$9 :$/)$0 (" P2 ;2$$ A(43/$ F,H#=, -$

("2$/) q∗
(" )1$ :$/)$0 *(2) !) .&2()(&" i+ 1,



 !"! #$%&'()*)+),- .)(/'+)0',)1$ )$ 2314&3,)&( 54'6&  7

 !"#$%&'#( %# '#! i = i+ 1)
*+ i < |VP2

|( %# $#!,$- !. 894'$:)

8$:

o
w1

w2

p2(1) = p0
p2(2)

p2(3)

P2

 !"# $%!&%'

o

dout

p2(i)

p2(j)q

P2

 ("# )*+!,-'

/&0,$# 1)23 450.$&!"6 789:,! +$.6 ;$&6<5 +.$6)

=# ;$.>##? '&6&5<$5@ !. .A!<&- !"# ;.5@0.- C2 <-? B-<55@ ;$.?,># !"# &-+#<9

'&A5# C&',<5&D<!&.- &- !"# ;$.;#$!&#' ';<># E'## /&0,$# 1)1F) G"&' C&',<5&D<!&.-

<5'. ;$#'#$C#' !"# '<6# &6;.$!<-! >"<$<>!#$&'!&>' <' &- >.6;.-#-!' ';<>#3 G"#

?&'!<-># DY A#!%##- ;.5@0.-#' P2 <-? C2 %"&>" &' !"# '<6# <' !"# ?&'!<->#

A#!%##- P <-? CY 1 <-? !"# <-05# A#!%##- ?&$#>!&.-' wY <-? wU
Y)

=# B-&'" !"&' '#>!&.- $#6<$H&-0 !"<! %# ><- ,'# !"# <50.$&!"6 E1)IF !.

;$.?,># !"# C&',<5&D<!&.-' +.$ !"# &-+#<'&A&5&!@ .+ 5#C#5' 2 <-? 3) /.$ !"# 5#C#5
2( DU2 <-? DY 2 ?#!#$6&-# 4 +#<'&A5# ?&$#>!&.-' E2 &- #<>" ';<>#F !"<! ?#B-#
!"# 798 ;5<-' %&!" %"&>" !. >,! !"# ;<&$ .+ ;.5@!.;#' EU ( CUF &- !"# >.69

;.-#-!' ';<># <-? EP ( CY F &- !"# ;$.;#$!&#' ';<>#) /.$ !"# &-+#<'&A&5&!@ .+

5#C#5 3( %# "<C# .-5@ !"# +#<'&A5# ?&$#>!&.- 0#-#$<!#? A@ !"# >5.'#'! ;.&-!' &-
P <-? C E!"# ;.5@!.;# CU1 &' #6;!@F) G"#-( < '#>.-? ?&$#>!&.- &' >"..'#-
J>.-C#-&#-!5@J &- .$?#$ !. 0#! <- &-+#<'&A&5&!@ C&',<5&D<!&.- &- !"# ;$.;#$!&#'

';<>#)



 ! "#$%&'(  ) *+',-.,/ 0(12+'3 4,5'$6.2.+.&7

P2 C2

DY

w1

w2

 !"#$% &'&( )*+%,-!.!/!01 2!-#,/!3,0!4* !* 5$45%$0!%- -5,6%'

 !" #$%&'()* +$,-(./$ ,)0 1&.2-3

)* 07% 5$%2!4#- -%60!4*- 8% -748%9 748 04 :%,-#$% ,*9 2!-#,/!3% 07% ;<

!*+%,-!.!/!01' =%0>- *48 64*-!9%$ 748 04 :49!+1 07% 719$,#/!6 ,*9 ,2,!/,.!/!01

.4#*9- !* 4$9%$ 04 !:5$42% 07% ./%*9>- ?#,/!01 ,*9 04 5$49#6%@ !+ 54--!./%@ ,

+%,-!./% $%6!5%' A5%6!B6,//1@ 8% ,$% "4!*" 04 0$,*-+4$: 07% 54/1045% U !*04

07% 54/1045%(

UNEW = {u ∈ R
n | u−∆ ≤ u ≤ u+∆ , 1T · u = 1, 0 ≤ u ≤ 1}

.1 6744-!*" 07% ,55$45$!,0% %/,-0!6 2,$!,./%- ∆,∆ ∈ R
n+

,*9 /44C!*" 04 7,2%

UNEW ∩ CU1 6= ∅'

D% *40!6% 07,0 719$,#/!6 ,*9 ,2,!/,.!/!01 .4#*9- 6,* .% ,9E#-0%9 !*9!F

2!9#,//1 ,*9 6,* $%,67 07%!$ /48%$ ,*9 #55%$ /!:!0-( [0, 1]' )* 407%$ 84$9-@
07% 54/1045% UNEW 6,* ,00,!* ,*1 $%6!5% !* CU1 ,- CU1 ⊆ S1' G* 07% 407%$

7,*9@ 07%-% .4#*9- ,$% -%00/%9 !* ,664$9,*6% 8!07 07% "/4.,/ $%B*%$1 5/,*F

*!*" ,*9 .1 45%$,0!4*,/ $%?#!$%:%*0- H%'"'@ 04 5$4:40% 07% #-% 4+ 5/%*0!+#/ 4$

!*%I5%*-!2% 64:54*%*0-@ 4$ !* 4$9%$ 04 %:501 4*% 64:54*%*0>- 0,*CJ' K7%

!:5,60 4+ 07% .4#*9- 2!4/,0!4* 4* 07% 42%$,// $%B*%$1>- 5%$+4$:,*6% !- 9!L6#/0

04 :%,-#$%' M2%* 7,$9%$ !- 04 %-0!:,0% 07% !*9!2!9#,/ !:5,60 4+ %,67 .4#*9

2!4/,0!4*'  4$ 07!- $%,-4*@ 8% 9%6!9% 04 5$46%%9 ,- +4//48-(  !$-0 8% 64:5#0%

07% .%-0 $%6!5% u∗ ∈ CU1 04 5$49#6% ,664$9!*" 04 -4:% 450!:!3,0!4* 6$!0%$!4*

,*9 07%* 8% 4.0,!* 07% .4#*9-> :49!B6,0!4*- 04 7,2% u∗ ∈ UNEW H-%%  !"#$%

&'NJ'



 !"! #$%&'()* +$,-(./$ ,)0 1&.2-3  4

U

CU1

UNEW

u∗

 !"#$% &'() *$+,-./$0!," U /,1/ UNEW 1/ $%+23 13% .%+-!45% 45%,6 u∗
'

7% /4-%$8% 13+1 23//-!," 13% 8%21/$- u−,u+ ∈ R
n+
9 :% 2+, 2/,-1$+!, 13%

4/#,6- 0/6!;2+1!/,- 4< -%+$23!," 13% 4%-1 $%2!=% u∗
!, U+∩CU >-%% ?@#+1!/,

&'AB !,-1%+6 /. CU1'

U+ = {u ∈ R
n | 0 ≤ u− u− ≤ u ≤ u+ u+ ≤ 1 , 1T · u = 1} >&'AB

C, =+$1!2#5+$9 ;D!," u−
i = 0 /$ u+

i = 0 :% ./$4!6 13% 0/6!;2+1!/, /. 13%

5/:%$ /$ #==%$ 4/#,6 ./$ 13% ith 2/0=/,%,1' E6!1!/,+55<9 !, F%21!/, &'G :%
2/,-1$#21 -/0% 4%,230+$H- /. 13% !0=+21 /. 13% 2/0=/,%,1- 4/#,6- /, 13%

45%,6-I 2/-19 /, 13% @#+5!1< "!8%+:+< +,6 /, 13% 45%,6!," 8/5#0%' *3%-%

4%,230+$H- 0!"31 4% #-%.#5 1/ 6%2!6% :3%13%$ /$ ,/1 1/ +==5< 13% 4/#,6-I

0/6!;2+1!/,-'

F/0% =+$1!2#5+$ /=1!0!J+1!/, 2$!1%$!+ 1/ -%+$23 13% 4%-1 $%2!=% +$% 13% 0!,K

!0!J+1!/, /. 13% !,.%+-!4!5!1!%- /. 5%8%5 1 !, 4/13 -=+2%- +,6 13% 0!,!0!J+1!/,
/. 13% 4/#,6-I 0/6!;2+1!/,-' *3!- 5+-1 /,% !- 13% -0+55%-1 8+$!+45% 2/-1 0/6%5

>-%% F%21!/, &'LB :!13 +55 13% 2/-1- 3+8!," 13% 8+5#% 1'

E,/13%$ ,+1#$+5 23/!2% !- 1/ -%5%21 u∗ ∈ CU1 #-!," 13% -+0% /=1!0!J+1!/,

2$!1%$!+ +==5!%6 !, 13% M*N 0%13/6) :% -1+$1 -%+$23!," + .%+-!45% $%2!=% /.



 ! "#$%&'( )* +,'-./-0 1(23,'4 5-6'$7/3/,/&8

 !"! #$ %&'( )* '&$+!", (-. /0&)$. 

min cT · u 123456

'3(3

u ∈ CU1.

78 (-. /0&)$. 2345 !' !"8.#'!)$. 1CU1 = ∅69 (-." :. '.#0%- (-. )$."; :!(-
 !"! #$ <=#$!(* ,!+.#:#* )=( %&"'!;.0!", .>%$='!+.$* (-. -#0; %&"'(0#!"('?

min ‖y(u)− yT‖1 123446

'3(3

u ∈ CU1H .

@!"#$$*9 !8 (-. /0&)$. 2344 !' !"8.#'!)$. 1CU1H = ∅69 (-." :. %#" "&( (0#"'8&0 
U !"(& UNEW (& 0.#%- # 8.#'!)$. 0.%!/. )=( '&$+!",

min ‖y(u)− yT‖1 1234A6

'3(3

u ∈ S1

:. &)(#!" (-. 0.%!/. :!(- /0&/.0(!.' #' %$&'. #' /&''!)$. (& yT3

B"%. (-. 0.%!/. u∗
!' ;.(.0 !".;9 :. ,.( (-. &/(! #$ )&=";'C  &;!D%#(!&"'

∆∗ = max{0,u− u∗} #"; ∆
∗
= max{0,u∗ − u}

#$$&:!", =' (& /0&;=%. u∗
3 E. ;."&(. )*

E =
n∑

i=1

(∆∗
i +∆

∗

i ) 1234F6

(-. 0.<=!0.; .G&0( (& /.08&0 (-. HI !"'(#"%. (0#"'8&0 #(!&"3

J-. #//0&#%- ;.'%0!).; !" (-!' '.%(!&" ;&.' "&( %&"'!;.0 (-. HI ="%.0K

(#!"(* :-!%-  #* %#='. (-. 8.#'!)$. )$."; &)(#!".; 8&0 (-. "& !"#$ ;#(# (&

). !" 0.#$!(* !"8.#'!)$.3 J-!' '!(=#(!&" !' 0.L.%(.; )* (-. 8#%( (-#( /&$*(&/.'

UNEW #"; CU1 #0. M='( (&=%-!", 1'.. @!,=0. 23N63 O&9 .+." # $!(($. ;!G.0."%.

).(:.." (-. "& !"#$ #"; (-. 0.#$ ;#(#  #* 0.'=$( !" # 8#$'. !"(.0'.%(!&"3 7"

&0;.0 (& &+.0%& . (-!' 80#,!$!(* #"; %&"'(0=%( # 0&)='( )$.";9 :. &"$* "..;

(& '=)'(!(=(. !" (-. /0.+!&=' /0&%.;=0. (-. /&$*(&/.' )* (-.!0 %&00.'/&";!",

0&)='(&/.' #' ;.(.0 !".; !" O.%(!&" F323 7" (-!' :#*9 (-. 0.%!/. u∗
:!$$ ).

'.$.%(.; ;../$* !"'!;. (-. /&$*(&/. CU1 #"; :!$$ 0.'!'( (& #"* +#0!#(!&" !" (-.

;#(#9 :!(-!" (-. /0.K.'(#)$!'-.; $! !('3 7" @!,=0. 23P :. !$$='(0#(. (-. 0.'=$(

&)(#!".; 80& (-!' /0&%.;=0.3 7" (-!' %#'.9 (-. %& /&"."('C )&=";' #0. #$'&



 !"! #$%&'%%()* +,% -.%)/()* 0&12%'' 34

 !"#$%&'&% (# )('%  !"#*'($"*# +)$ ) ,-#* .& #(*$#/&%0 1!2 (3*&' #&4& *$"5 *)&

'!.-#* '& $6& u∗ ∈ RCU1 +& *'("#3!', *)& '!.-#*!6& RU !"*! RUNEW $"

!'%&' *! )(7& u∗ ∈ RUNEW ∩RCU10

U

RU CU1

RCU1

RUNEW u∗

8$5-'& 90:; <'("#3!',$"5 RU !"*! RUNEW *! '&( ) *)& '!.-#* .4&"% u∗
0

 !" #$%&'%%()* +,% -.%)/()* 0&12%''

<)& .!-"%=# ,!%$/ (*$!" 6'! &%-'& !3 *)& 6'&7$!-# #& *$!" +(# %&7&4!6&% *!

/> *)& ?@ $"3&(#$.$4$*A $" (  !'%(" & *! *)& !6*$,$B(*$!"  '$*&'$( !3 *)& C<D

,&*)!%0 E&'&2 +& 6'&#&"* !*)&' ,&("$"53-4 !.F& *$7& *!+('% +)$ ) *! %'$7&

*)& ?4&"%$"5 @'! &##0

G)&" .4&"%$"52 !"& ,(A .& $"*&'&#*&% $" 5&**$"5 3'!, *)&  -''&"* $"3&(#$H

.4& .4&"% Ib0J ( 3&(#$.4& !"& +)$4& 6!-'$"5 *)& 4&(#* 6!##$.4& .4&"%=# 7!4-,&0

<)$#  '$*&'$!" *-'"# !-* *! .& 7&'A 6'( *$ (4 $"  (#& !3 -"3!'&#&&" &7&"*#2 4$K&

(  !,6!"&"* #)!'*(5& !' ( 6-,6 )(4*2 '&L-$'$"5 *! $"*&''-6* 6'&,(*-'&4A *)&

.4&"%$"5 6'! &##0 M!'&!7&'2 $* (44!+# *! #&44 *)& .4&"% (# #!!" (# 6!##$.4& *)-#

'&%- $"5 *)& $"7&"*!'A  !#*#0 N&>* +& %&# '$.& *)& 6'! &%-'& *!  !,6-*& *)&

/'#* '&( )(.4& .4&"% I$" *&',# !3 7!4-,&J +$*)$" #6& $/ (*$!"#0 8$'#*2 #!47$"5



 ! "#$%&'( )* +,'-./-0 1(23,'4 5-6'$7/3/,/&8

 !" #$%&'"()

max (min) u0 *+,-+.

), ,

u ∈ CU1

u0 ≥ 0.

/" %& 012 u0Max 023 uMin1 *u0Min 023 uMax1., 4!"25 6$%(  !")" 70'8") 023

 !" $"'0 1%2 u0 = V0/v /" 9"  !" 7%'8(") 12 "$70'

[VMin1, VMax1]

6%$ /!1:! CU1 6= ∅, 4!" &'"23) yMin1 = y(uMin1) 023 yMax1 = y(uMax1) 0$"

 !" ;$) 023 '0) &'"23)5 12  "$() %6 7%'8("5  !0 :02 &" #$%38:"3 &< ("02)

%6 =)%("= &%823)> (%31;:0 1%2), ?120''<5

∆∗ = max{0,u− uMin1} 023 ∆
∗
= max{0,uMin1 − u}

0$"  !" (121(0' &%823) (%31;:0 1%2)  % $"0:!  !" &'"23 yMin1  ! "#$%&'

VMin1(

)'* +,-.* +#/%0!.'001 2' #.$3 .'', !# +'4$ 5' !6' 4#$3!#4' CU1 /3 -!0

+#/%0!#4' RCU1 -. 7+#/$'& 89(:9; -. #+,'+ !# +'5#"'+ !6' <+0!  ., $ 0! 4+#=

,%5-/$' +#/%0! /$'.,0 26'. .# /#%.,0  +' 5#.0-,'+',(

>6' 4+#5',%+' !# #/! -. [VMin1, VMax1] -0 !6' 0 &' 2' %0', -. !6' )>?

&'!6#, !# 5#&4%!' !6' @' 0-/$' "#$%&'0 -.!'+" $ [VMin, VMax] /%! ! A-.* U∩S1

-.0!' , #@ U ∩CU ( >6' +'$ !-#. /'!2''. !6'0' "#$%&'0  ., !6' -&4 5! #@ !6'

5#&4#.'.!0 /#%.,0 #. !6' /$'.,-.* 4+#5'00 5 . /' /'!!'+ 'B4$ -.', /3 +'=

@'++-.* !# C-*%+' 9(D( E. !6-0 <*%+'1 !6' 4#$3!#4' P +%.0 @+#& P (0) = b0 !#

P (∞) @#+&-.* !6' 5#.'

CP =
{
y ∈ R

m | y = conv
{
VP (∞) ∪ b0

}}
.

>6' 4#-.!0 yMin ∈ P (VMin) ∩ C  ., yMax ∈ P (VMax) ∩ C  +' !6' <+0!  .,

$ 0! @' 0-/$' /$'.,0 !6 ! 5 . /' 4+#,%5',(

?. !6' #!6'+ 6 .,1  0 U ⊆ S1 !6'. P (v) ⊆ P1(v) = y(S1), ∀v ≥ 0(
>6'+'@#+'1 P1(v) ,'05+-/'0 !6' 5#.'

CP1 =
{
y ∈ R

m | y = conv
{
VP1(∞) ∪ b0

}}

26-56 5#.0-0!0 #@  $$ !6' 4+#,%5-/$' /$'.,0 26'. !6' 63,+ %$-5  .,  " -$ /-$-!3

/#%.,0  +' ,-0+'* +,',( >6' <+0!  ., $ 0! #@ !6'0' /$'.,0 /'-.* 2-!6-. 04'5-=

<5 !-#.0 8-. 4#$3!#4' C;  +' yMin1  ., yMax1( >6' -.!'+0'5!-#. #@ CP1 2-!6

C -0 !6' 4#$3!#4' CY 1  ., !6' "-0% $-F !-#. -. 4+#4'+!-'0 04 5' 4+'0'.!', -.
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b0

yMax

yMax1

yMin

yMin1

P (VMin)

P (VMin1)

P1(VMin1)

CY 1

CP ∩ C

C

CP1

CP

 !"#$% &'() *+,-./ 01 /2% .0+,03%3/45 60#374 03 /2% 68%37!3" ,$0.%44'

9%./!03 &':; !4 - .#/ 01 /2% ,08</0,%4 CP (v) -37 CY 1(v) 10$ - =>%7 ?08#+% v'

 $0+ /2% 6-4!. %@#-/!03 AB@#-/!03 C'CD; E% 2-?% /2-/ /2% !3!/!-8 68%37 b0

7!8#/%4 !3 /2% 3%E 68%37 -4 /2% ,0#$%7 ?08#+% !3.$%-4%4' F2%$%10$%; /2% ,04G

4!68% +07!=.-/!034 /0 b0 ,$0?!7%7 6< /2% 3%E 68%37 $%7#.% E!/2 /!+%' F2!4

/$-7#.%4 !3 - $%7#./!03 01 /2% +0?%+%3/ 4,%%7 01 ,08</0,%4 P -37 P1 -4 /2%<

+0?% -E-< 1$0+ b0'  0$ /2% 4-+% $%-403; /2% 038< ?-$!-/!03 !3 /2!4 ="#$%

E2%3 E% #4% - 7!H%$%3/ !3!/!-8 ?08#+% V0; !4 /2% +0?%+%3/ 4,%%7 01 P -37 P1)

$%7#.!3" V0 4,%%74 #, /2% +0?%+%3/ 01 60/2 ,08</0,%4 -4 E% 3%%7 /0 ,0#$ -

4+-88%$ -+0#3/ 01 68%3754 ?08#+% !3 0$7%$ /0 +07!1< b0'

 !3-88<; 8%/54 4#,,04% /2-/ c∗ -37 q∗ Ac∗1 -37 q∗1D -$% /2% +!3!+-8 .04/ -37
+!3!+-8 @#-8!/< "!?%-E-< /2-/ .-3 6% -.2!%?%7 6< -3< 68%37 !3 CP ∩ C A!3

CY 1D' I%3.%; -4 P (v) ⊆ P1(v) 10$ -88 v ≥ 0; !/ 10880E4 /2-/ P ∩ C ⊆ CY 1'

J034%@#%3/8<; VMin1 ≤ VMin; c
∗
1 ≤ c∗ -37 q∗1 ≤ q∗' F2#4; E% .-3 4-< /2-/ /2%

.0+,03%3/4 60#374 2-?% -3 !+,-./ 01 Ac∗−c∗1D !3 /2% 68%3754 .04/; 01 Aq
∗−q∗1D

!3 /2% 68%3754 @#-8!/< "!?%-E-< -37 01 AVMin − VMin1D !3 /2% $%@#!$%7 ?08#+%

/0 ,0#$ !3 0$7%$ /0 2-?% /2% =$4/ 1%-4!68% 68%37'

*/ !4 E0$/2 /0 +%3/!03 /2-/ E% .-3 "%3%$-/% /2!4 4#,,0$/!?% ?!4#-8!K-/!03

-/ -3< /!+% !3 /2% 68%37!3" ,$0.%44' L88 /2-/ E% 3%%7 /0 70 !4 /0 .0+,#/%

/2% ?%$/%> 4%/4 V C; V P (∞) -37 V P1(∞)' F2%3; -77!3" /2% ,0!3/ b0 /0 V P
-37 /0 V P1; E% 2-?% /2% ,$!+-8 7%4.$!,/!03 01 CP -37 CP1' M%>/ /-N!3"



 ! "#$%&'( !) *+',-.,/ 0(12+'3 4,5'$6.2.+.&7

 !" #$%"& $'() w1 = yMin − b0 *(# w2 = yMin1 − b0 *(# +, -"*() '.  !"

*/0'%$ !- 123456 7" '+ *$(  !" &8 ) '. C6 CP *(# CP1 7$ !  !" 9:;</*(" H2

#"=("# +,

H2 = {y(s) | y(s) = b0 +wT · s}

7!"%" s = (s1, s2)
T ∈ R

2
*(# w = (w1,w2)3

>(  !" +/"(#$(0 <%*& $&"6 $ $) &'--'(  ' -'($ '% 0%*<!$&*//,  !" <%'<"% $")

'.  !" +/"(# #8%$(0 $ ) <%'#8& $'( 1)"" ?$08%" 23@53 A!")" 0%*<!) 'B"% * *

0/*(&" 8)".8/ $(.'%-* $'( .'%  !" &'( %'/ #"<*% -"( 3 ?'% $() *(&"6 '(" &*(

V

yi

y1

y1

b0

y2

y2

b0

y3

y3

b0

?$08%" 23@C D'($ '%$(0  !" +/"(#E) <%'<"% $")3

#$) $(08$)! $() *( /, 7!$&! <%'<"% $") *%" '8 '. )<"&$=&* $'() *(# !*F" *

F$)8*/ ") $-* $'( '.  !" +'8(#) F$'/* $'()3 A!"(6 .'//'7$(0  !" #* *  %"(#

*(# !*F$(0 * 0''# G('7/"#0" '.  !" &'-<'("( ) $( 8)"6  !" &'( %'/ ) *B

&*( #"#8&"  !" %"H8$%"# *#I8) -"(  '  !" %"&$<" $( '%#"%  ' %"#8&"  !")"

F$'/* $'()3

>(  !$) <*%*0%*<!6 7" <%'<')" *( $-<%'F"-"( .'%  !")" 0%*<!) $()<$%"#

+, ?$08%" 23J3 A!" "(!*(&"-"( &'()$) ) $( *##$(0 *  !" "(# '.  !" '+)"%F"#

#* *6 * )8$ *+/" &8 '.  !" +/"(#$(0 &'(") CP *(# CP1 *(# '.  !"  *%0" 



 !"! #$%&'%%()* +,% -.%)/()* 0&12%'' 33

 !"#$! % C& '%$() )*  !)% $+,$ b0 -) $+% ,.$*," /"%01 ,01 y∗ ∈ P ∩ C -)

$+% ! $-2," /"%01 $!  3!1*.%& 4+%05 .*$$-06 CP 5 CP1 ,01 C 7-$+ $+%  ",0%

1%80%1 /# 9%.$!3) w1 = y∗ − b0 ,01 w2 = ei :$+% ith .,0!0-.," 9%.$!3

-0 R
m
; ,01  ,))-06 $+3!*6+ b05 7% !/$,-0 $+% 1%)-3%1 .*$ :)%% <-6*3% =&>;&

?0 $+-) 9-)*,"-@,$-!05 7% 1-)$-06*-)+ )!2% 0%7 -0A!32,$-!0 %"%2%0$)B 4+%

V

yi

yi

yi

b0

C

CP

CP1

y∗ yT

<-6*3% =&>B C!0-$!3-06 $+% /"%01()  3! %3$-%) 7-$+ 0%7 -0A!32,$-!0 %"%2%0$)&

1!$$%1 "-0% /%$7%%0 b0 ,01 y∗
3% 3%)%0$) $+% D0!2-0,"  ,$+D !A $+% ith /"%01()

 3! %3$# -&%&5 $+%  ,$+ $! /% A!""!7%1 /# $+% ith /"%01()  3! %3$# -0 ,/)%0.% !A

*0.%3$,-0$#& 4+% .!0% CP )+!7) $+% "-2-$,$-!0) -2 !)%1 /# $+% .!2 !0%0$)

/!*01) !0 $+% 3,06% !A ,$$,-0,/"% 9,"*%) A!3 $+%  3! %3$# i ,01 $+% .!0%

CP1 )+!7) ,"" $+%  !))-/"% 9,"*%) !A  3! %3$# i -A $+% .!2 !0%0$) /!*01)

,3% 1-)3%6,31%1& 4+% 3%",$-9% "!.,$-!0 !A $+% $,36%$ /"%01 7-$+ 3%) %.$ $!

$+% /"%01-06  !"#$! %) :+%3%5 7% !/)%39% $+,$ yT -) !*$ !A 3%,.+ %9%0 7-$+

/!*01) 2!1-8.,$-!0); ,01 80,""#5 $+% "!.,$-!0 !A y∗ -0 C ,01 CP1 6-9% *)

)!2% -0A!32,$-!0 ,/!*$ $+% 0!0E3!/*)$0%)) !A y∗ ,01 $+% ., ,.-$# $! .!33%.$

-$& F%3%5 $+% /"%01 y∗ -) "!.,$%1 !0 $+% /!*01,3# !A C ,01 -)  3!0% $! /%.!2%

-0A%,)-/"%5 +!7%9%35 7-$+ /!*01) 2!1-8.,$-!0) , 2!3% 3!/*)$ /"%01 .,0 /%

 3!1*.%1&

G!7 7% %H ",-0 +!7 $!  3!1*.% )!2% /%0.+2,3I) !A $+% -2 ,.$ !A $+%
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 !"#!$%$&' (!)$*' !$ &+% (,%$*'-  !'&. !$ &+% /)0,1&2 314%0502 0$* !$ &+%

(,%$*1$3 4!,)"%6 7+%'% (%$ +"089' "13+& (% )'%:), &! *% 1*% 5+%&+%8 !8 $!&

&! 0##,2 &+% (!)$*'- "!*1; 0&1!$'6

<18'& 5%  !$'&8) & 0  !'&=8%,0&%* (%$ +"089 KC 6 7! *! &+1'. ,%&-'  !$'1*%8

&+% >8!(,%" ?@6@A 51&+ &+% 0**1&1!$0,  !$'&801$&' ?@6BAC

min cT · u ?D6EFA

'6&6

u ∈ U ∩ CU ?D6EGA

u0Min ≤ u0 ≤ u0Max. ?D6EBA

H%& u∗
(% &+% !#&1"0, '!,)&1!$ 0$* c∗ 1&'  !'&6 7+1' 1' &+%  +%0#%'& 8% 1#%

5%  0$ #8!*) % 5+1,% '0&1':21$3 &+%  !"#!$%$&' (!)$*'6 7+%$. 8%#,0 1$3 &+%

 !$'&801$&' D6EG 0$* D6EB (2

u ∈ CU1

u0Min1 ≤ u0 ≤ u0Max1

5% 13$!8% &+%  !"#!$%$&'- (!)$*' 0$* 5% 3%& &+% !#&1"0, 8% 1#% u∗
1 51&+  !'&

c∗16 7+% 80&1!

KC =
c∗ − c∗1

c∗1

"%0')8%' &+% 8%,0&14%  !'& 1$ 8%0'% #8!*) %* (2 &+%  !"#!$%$&' (!)$*'6

I1"1,08,2. (2 "%0$' !: 0 *1 +!&!"1 '%08 + !4%8 v 0$* '!,41$3 &+% #8!(,%"

min ‖y(u)− yT‖1 ?D6EJA

'6&6

u ∈ U

51&+ v ∈ [VMin, VMax] ;K%* 0& %0 + '&%#. 5% 3%& &+% (,%$* 1$ P ∩ C 51&+

"1$1"0, /)0,1&2 314%0502 q∗6 7+%$. 0:&%8 8%#,0 1$3 U (2 S1. 0$* [VMin, VMax]
(2 [VMin1, VMax1] 5% !(&01$ &+% (,%$* 1$ CY 1 51&+ "1$1"0, /)0,1&2 314%0502

q∗16 L$ &+1'  0'%. &+% 80&1!

KQ =
q∗ − q∗1

q∗1

"%0')8%' &+% 8%,0&14% /)0,1&2 314%0502 1$ 8%0'% #8!*) %* (2 &+%  !"#!$%$&'

(!)$*'6

<1$0,,2. &+% /)!&1%$& KV = (VMin − VMin1)/VMin1 "%0')8%' &+% 1"#0 & !:

+2*80),1 0$* 0401,0(1,1&2 (!)$*' !$ &+% (,%$*1$3 4!,)"% 8%/)18%* &! #8!*) %

&+% ;8'& :%0'1(,% (,%$*6

M% +13+,13+& &+% #!''1(1,1&2 &!  !"#)&% &+%'% (%$ +"089' 1$ !8*%8 &! 9$!5



 !"! #$%&'() *+

 !" #$%&' () & *#+,-" .(/+0 (1 & *" () .(/+0* (+  !"  !1"" .-"+02* 3/&-# #"*4

'(* 5 ,#6"&7&8 &+0 6(-/$"9 :( 0(  !#*5 7" *#$%-8 ;<  !" '(11"*%(+0#+, 6&1#=

&.-"* u−
i &+0>(1 u+

i  ( ?"1( )(1 &--  !" '($%(+"+ * .(/+0* /+0"1 &+&-8*#* &+0

7" -"  !" ( !"1 .(/+0*  ( ." 6&1#&.-"9

 !" #$%&'()

@" 2* '(+*#0"1  !" AB #+* &+'" BP (1) = (B, v,b0, V0,u,u,y5 y, c) %1"*"+ "0

#+  !" "<&$%-" () C"' #(+ D9E9

:!" +"< 0#*'/**#(+ '&+ ." )(--(7"0 #+ F#,/1" G9HI 7!#'! 7&* %1(0/'"0 .8

'/  #+,  !" .-"+0#+, '(+"* &+0  !"  &1," %(-8 (%" 7# !  !" %-&+" 0" "1$#+"0

.8  !" 6"' (1* yMin − b0 &+0 yMin1 − b0 %&**#+,  !1(/,! b05 J*"" G9KL9 M+

 !#* 6#*/&-#?& #(+5 7" (.*"16" !(7 %(-8 (%"* P &+0 P1 "6(-6" #+  #$" &*  !"

.-"+0#+, 6(-/$" #+'1"&*"*9 F1($ b0 = P (0) = P1(0) /+ #- P (∞) &+0 P1(∞)
 !"8 )(1$  !" '(+"* CP &+0 CP1 1"*%"' #6"-89

N* 7" !&6" *""+ #+ C"' #(+ D9E5  !" BP (1) #* #+)"&*#.-" #) 7" 7&+  (

Properties Space

y
Min1

b
0

y
Min

P(5100)

CP

CP
1

P(34578) P(∞)

P
1
(5100)

P
1
(∞)

C

F#,/1" G9HI4 BP (1)4 M$%&' ()  !" '($%(+"+ *2 .(/+0* (+  !" .-"+0#+, %1(=

'"**9



 ! "#$%&'( )* +,'-./-0 1(23,'4 5-6'$7/3/,/&8

 !"#$%& ' (")$*& Vtotal = 5000m3
"+ ,)&-# '-# $./-0 V0 = 2000m3

"+ 12&

 !&(/"$. ,)&-#3 42& /-+&'./,)& ,)&-# y1  !"#$%/-0 12& */-/*') 5$')/16 0/(&7

'8'6 8'. 12&- %"* $1&#3 42& %".19 12& 5$')/16 0/(&'8'6 '-# 12& !&5$/!&#

&:"!1 ;.&& <5$'1/"- =3>?@ 1" !&'%2 y1 '!& 0!"$ &# /- /1.  !"#$%& '()%*+ A

Q(y1) = [90.7162 422.9910 0]T.

42&- 8& %"* $1& 12& /-1&!(') [u0Min, u0Max] +"! 82/%2 ' +&'./,)& ,)&-# &B/.13

C!"* 12&.& (')$&. '-# 12& !&)'1/"- u0 = V0/v9 8& %'- %"* $1& ')) 12& %"$ )&.

;V0, v@  !"#$%/-0 ' ,)&-# 8/12/- . &%/D%'1/"-.3 E-  '!1/%$)'!9 ' */-/*$*

(")$*& v = 34578m3
-&&#. 1" ,&  !"#$%&# /+ 8& 8'-1 1" $.& %"* )&1&)6 12&

2&&)F. (")$*&3 G)) 12/. /. !&H&%1&# /- C/0$!& =3>I9 82&!& 12& ,)&-# yMin ∈
P (34578) ∩ C /. 12& D!.1 +&'./,)& ,)&-# "- 12&  '12 +"))"8&# ,6 12&  ")61" &

P 3

C!"* 12& *'1&!/')  !&.&-1&# /- 12/. %2' 1&!9 8& 2'(& *"!& /-+"!*'1/"-

',"$1 12& BP (1) /-+&'./,/)/163 42&  !",)&* 2'. /-+&'./,/)/16 "+ )&(&) 3 '. 12&

 ")61" & CU(3000) /. &* 163 42/. *&'-. 12'1 +"! v = 3000m3
'-# V0 =

2000m3
9 ,"$-#. *"#/D%'1/"-. #" -"1 .$J%& 1" '11'/- ' +&'./,)& ,)&-#3 C"!

12&.& (")$*&.9 12& ,&.1 8& %'- #" /. 1" &B1&-# 12&  ")61" & U 1" !&'%2 12&

!&%/ & u2 ∈ S1 8/12 */-/*') 5$')/16 0/(&'8'6 ,$1 !&*'/-/-0 /-+&'./,)&3 4"

#" 12/.9 8& .")(& 12& K!",)&* ;=3>L@ 0&11/-0 12& ,)&-# y2 8/12 5$')/16 (&%1"!

Q(y2) = [111.0754 156.1711 1.0614]T.

M12&!8/.&9 .")(/-0 12& K!",)&* ;=3>=@ 8& 0&1 ;u0Max1, u0Min1@ '-# +!"*

12&*9 1'N/-0 V0 = 2000m3
8& %"* $1& 12& !'-0& "+ (")$*&.

[VMin1, VMax1] = [5100,∞)

+!"* 82/%2 ,"$-#. *"#/D%'1/"-.9 /-%)$#/-0 12& -$)) *"#/D%'1/"-9 %'-  !"#$%&

' +&'./,)& ,)&-#3 E- C/0$!& =3>I9 12& ,)&-# yMin1 ∈ P1(5100) ∩ C /. 12& D!.1

!&'%2',)& ,)&-# ,6 ,"$-#. *"#/D%'1/"-.3 C"! '-6 (")$*& )&.. 12'- 51009 12&
%"-& CP1 #"&. -"1 /-1&!.&%1 C3

C"! v = 51009 12&  !",)&* %"-1/-$&. 1" ,& /-+&'./,)& ,$1 "+ )&(&) 13
42&  ")61" &. U '-# CU1 '!& '1 #/.1'-%& DU = 0.5404 82&!&'. 12& #/.1'-%&

,&18&&- P '-# CY 1 /. DY = 2343 4'N/-0 w1 = wU '-# w2 = wY
U 8& %$1

12&  ")61" &. U '-# CU1 1" 0&1 12& /-+&'./,/)/16 (/.$')/O'1/"- /- %"* "-&-1.

. '%& ;.&& C/0$!& =3>>@3 42& #/.1'-%& ,&18&&- 12&  ")61" &. U '-# CU1 )/(/-0

/- R
8
/. &B'%1)6 12& 0' #& /%1&# ,&18&&- 12& %$1. "+ U '-# C3 42& )'.1 "-&

%"-./.1. "-)6 "+ 12&  "/-1 t∗3

E-  !" &!1/&. . '%&9 12& (/.$')/O'1/"- ;.&& C/0$!& =3>L@ /. 0&-&!'1&# $./-0

12& (&%1"!. w1 = wY '-# w2 = wU
Y3 P&!& '0'/-9 12& %$1 "+ CY 1 %"-./.1. "-)6

"+ 12&  "/-1 q∗
3 42& 0' .& '!'1/-0 12& #"1&# )/-&. /. 12& #/.1'-%& ,&18&&-
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Components Space

u
*

t
*

d
U
 = 0.5404

U

 !"#$% &'(() BP (1)) *+,%-.!/!0!12 3!.#-0!4-1!5+ !+ 65785+%+1. .8-6%'

19% 8502158%. P -+: CY 1 0!3!+" !+ R
7
'

;-3!+" !+,%-.!/!0!12 5, 0%3%0 1< =% 6-+ 6578#1% 19% 7!+!7-0 65.1 $%6!8%

u3 =
(
0 0 0 0 0 0.3389 0 0.6611

)T

!+ CU1(5100)' >9!. $%6!8% 6-+ /% -11-!+%: /2 19% 8502158% U -8802!+" 19%

,5005=!+" /5#+:.? 75:!@6-1!5+.)

(∆,∆) =




0.1428 0
0.0819 0
0.0352 0
0.0881 0
0.0338 0

0 0.1389
0.0352 0

0 0.4611




'

>9% A#-0!12 3%615$ 5, 19!. /0%+: !.

Q(y3) = [104.0023, 17.2782, 1.017].
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Properties Space

P

d
Y
 = 234

q
*p

*

 !"#$% &'()* BP (1)* +,-%./!0!1!23 4!/#.1!5.2!6, !, 7$67%$2!%/ /7.8%'

.,9 2:% 4!/#.1!5.2!6, 6- 2:!/ 2$.,/-6$;.2!6, !/ 7$%/%,2%9 !,  !"#$% &'(<' =%$%

>% .$% 8#22!," 2:% 7613267%/ U ? UNEW .,9 CU1 #/!," w1 = wU .,9 w2 =
u3 − uM' +, 2:!/ >.3? >% "%2 !, 2:% /.;% 8#2 2:% 8:%.7%/2 $%8!7% u3 .,9 2:%

816/%/2 6,% t∗' @:!/ %A71.!,/ >:3 2:% 8#2/ 6- U .,9 CU1 .$% 9!B%$%,2 -$6;

2:% 6,%/ 6- 2:%  !"#$% &'((' =%$%? 2:% 8#2 6- U 86,/!/2/ 6,13 6- 2:% 76!,2 u∗

>:%$%./ 2:% 8#2 6- C !/ 2:% /%";%,2 [t∗,u3]'

C6> >% 7$68%%9 26 ;%./#$% 2:% !;7.82 6- 2:% 86;76,%,2/D 06#,9/ 6, 2:%

01%,9!," 7$68%//' +,  !"#$% &'(E? >% 8., /%% .2 . "1.,8% :6> 2:% 86;76,%,2/

06#,9/ !;76/% 1!;!2.2!6,/ ,62 6,13 6, 2:% /!5% 6- 2:% -%./!01% $%"!6, CP ∩ C
0#2 .1/6 26 2:% $%F#!$%9 2!;% G2:.2 !/ 2:% 461#;% 26 76#$H 26 $%.8: . -%./!01%

01%,9' C#;%$!8.113? 2:% !;7.82 6- 2:% 86;76,%,2/ 06#,9/ 6, 2:% 672!;.1

01%,9D/ 86/2? 6, 2:% F#.1!23 "!4%.>.3 .,9 6, 2:% $%F#!$%9 461#;% 26 76#$

0%-6$% "%22!," 2:% I$/2 -%./!01% 01%,9 .$%*

KC = 9.71% KQ = 234.38% KV = 578.10%

@:%/% !,9!8%/ 2%11 #/ 2:.2 86;76,%,2/D 06#,9/ .$% $%/76,/!01% 6- ., !,8$%./% 6-

.1;6/2 10% !, 2:% 01%,9D/ 86/2? 6- 234% !, 2:% 01%,9D/ F#.1!23 "!4%.>.3 .,9

6- 578% !, 2:% 01%,9!," 461#;% $%F#!$%9 26 7$69#8% 2:% I$/2 01%,9 >!2:!,
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 !"#$% &'()* +,#-./ 0,.!1234!,-/ ,5 6,784,6% U 4, 3443!- 49% 29%36%/4 $%2!6%

u3 ∈ CU1'

/6%2!1234!,-/'

:,;< ;% 0%3/#$% 49% !06324 ,5 %329 =,#-. ,- 49% =7%-.>/ ?#37!4!%/' @934

!/< ;% 2,063$% 49% ,64!037 =7%-.>/ ?#37!4!%/ 5,$ 49% BP (1) ;9%- 377 49% 2,0A
6,-%-4/ =,#-./ 3$% .!/$%"3$.%. B%$/#/ 49% BP (1) ;9%- ,-78 ,-% =,#-. 34 3
4!0% !/ 324!B%' @9%/% !-.!2%/ 3$% /9,;%. C!- 6%$2%-43"%D !- @3=7% &'(' @9%$%

;% 23- $%3.< 5,$ !-/43-2%< 4934 49% #66%$ =,#-. 8 93/ -, !-2!.%-2% ,- 49%
=7%-.>/ 2,/4< 3-. 4934 !4 !-2$%3/%/ 49% ?#37!48 "!B%3;38 !- 107% 3-. 49% 0!-!A

037 =7%-.!-" 4!0% !- 26%' @9!/ .,%/ -,4 0%3- 4934 377,;!-" 49% 0,.!1234!,-
,5 #8 ;!77 $%.#2% 49% ?#37!48 "!B%3;38 3-. 49% =7%-.!-" 4!0% =8 49%/% ?#3-A

4!4!%/' E934 49!/ $%3778 0%3-/ !/ 4934 #8 6$%B%-4/ 4, $%.#2% =8 0,$% 493-

9375 49% ?#37!48 "!B%3;38 3-. =8 26% 49% =7%-.!-" 4!0%< %B%- !5 377 49% ,49%$

=,#-./ 3$% 5$%% 4, =% 0,.!1%.'

F%"3$.!-" 49% #-2%$43!-48 !- 49% 6$,2%//< 7%4>/ /#66,/% 4934 ;% ;3-4 4, =%

6$,4%24%. 5$,0 0%3/#$%0%-4 3-. B>/ #-2%$43!-48 ;!49!- 49% 5,77,;!-" 7!0!4/*

δy =
(
0.1200 0.0003 4.5000 0.0826 0.0280 0.000049 0.2000

)T



 ! "#$%&'( )* +,'-./-0 1(23,'4 5-6'$7/3/,/&8

 !"#!$%$&

'( )(

KC KQ KT KC KQ KT

* * +, -. / / /

, * *0 ,+ / / /

+ / - 1 / / /

- / ,1 - / / /

1 / / * / / /

0 / / / 1 2 +,

3 / / *0 / / /

. / / / / */3 ,0

4567% -8*9 BP (1)9 :$;<=<;>57 6!>$;? <"#5@& !$ &A% 67%$;B? C>57<&<%?8

δu = 0.01 5$; θ = 0.01 5? D% ;<; 5& &A% 6%E<$$<$E !F &A% %G5"#7% <$ H%@&<!$
+818 4A%$ D% @!"#>&% &A% I!6>?& =!7>"%? <$&%I=57?9

[VMinR, VMaxR] = [55304,∞)

5$;

[VMin1R, VMax1R] = [5784,∞).

4A<? "%5$? &A5& D% $%%; &! #!>I 5 ?>I#7>? !F 784m3
!F 67%$; <$ !I;%I &! 6% <$

I5$E% !F E%&&<$E 6J 6!>$;? "!;<K@5&<!$? &A% KI?& I!6>?& 67%$;8 '%&B? #I!;>@%

5784m3
!F 67%$; 5$; 7%&

u6 =
(
0 0 0 0 0 0.4793 0 0.5207

)T

5$;

u7 =
(
0 0 0 0 0 0.6014 0 0.3986

)T

6% &A% "<$<"57 @!?& !F I!6>?& 5$; $!"<$57 I%@<#%? &A5& @5$ 6% I%5@A%; 6J

6!>$;? "!;<K@5&<!$?8 4A% C>57<&J =%@&!I? !F &A%?% 67%$;? 5I%9

(7%$;  !?& L>57<&J M<=%5D5J NO!I&

y6 2.81.,- -18-*,/ *8/*3

y7 2+8.3,2 --8+*,3 *8/*3

PI!" &A%?% =%@&!I? D% !6?%I=% &A5& &A% @!?& !F &A% I!6>?& 67%$; y6 <? 5.01%
A<EA%I &A5$ &A% @!?& !F &A% $!"<$57 67%$; y78 :$ @!$&I5?&Q D% I%57<R% &A5& &A%

@!?& !F &A% $!"<$57 67%$; y3 SF!I v = 5100T <? 10.79% A<EA%I &A5$ &A% @!?& !F

y78 4A>?Q #I!;>@<$E &A% 67%$;B? ?>I#7>? !F 784m
3
D% @5$ I%5@A 5 I!6>?& 5$;

@A%5#%I 67%$; &A5$ y38

:$ P<E>I% -8*- D% ?A!D &A% <$F%5?<6<7<&J =<?>57<R5&<!$ <$ @!"#!$%$&? ?#5@%

F!I v = 57848 4A<? &<"% D% 5I% @>&&<$E &A% #!7J&!#%? U Q UNEW Q CU1 5$;
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 !"#$% &'(&) *$+,-./$0!," 1/234/1% U 4/ $%+56 46% $/7#-4 $%5!1% u6'

RCU1 4+8!," 46% 9%54/$- w1 = wU +,: w2 = u6 − uM' *6% 5#4 /. RCU1

7%!," 46% 2!,% -%"0%,4 [t∗,u6]' ;/4!5% 46+4 46% $/7#-4 $%5!1% u6 !- 2/5+4%:

/, 46% 7/#,:+$3 /. 46% 1/234/1% CU1' </,4$+$3 4/ 46% !,4#!4!/,= 46!- 5+,

6+11%, 7%5+#-% 46% 7/#,:+$3 >6%$% u6 !- 2/5+4%: !- + 7/#,:+$3 /. S1) $%5+22

46+4 CU1 = CU ∩ S1 +,: /7-%$9% 46+4 u6 !- 46% -4$!54 5/,9%? 5/07!,+4!/,

/. 4>/ 9%$4!5%- /. S1' *6#-= ,/4 7%!," u6 /, 46% 7/#,:+$3 /. CU = !4 5+, 7%

$/7#-4 4/ 1$/1%$4!%- 0%+-#$%0%,4 +,: 4/ B@- #,5%$4+!,43' A/$%/9%$= +- !4 !-
!01/--!72% 4/ 1$/:#5% + $%5!1% /#4-!:% S1= 46%, u6 !- $/7#-4 +2-/ 4/ 5/01/,%,4-

0%+-#$%0%,4 #,5%$4+!,43'

;/>= !,  !"#$%- &'(B 4/ &'C( >% -6/> 46% 9!-#+2!D+4!/,- 4/ 0/,!4/$ 46%

72%,:@- 1$/1%$4!%- /. BP (1)' E%$%= >% +$% 4$+58!," 46% 72%,:

y∗ =
(
33.2649 0.2305 579.2266 24.3628 432.0940 1.4379 41.8209

)T

>6!56 !- 46% F$-4 .%+-!72% 72%,: 46+4 5+, 7% 1$/:#5%:' G% ,/4!5% 46+4 +4 46%

7%"!,,!," /. 46% 1$/5%-- b0 6+- 5 /. 7 1$/1%$4!%- >!46!, -1%5!F5+4!/,- +,:

46+4 46% 1$/1%$43 5 >!22 7% 46% 2+-4 1$/1%$43 4/ $%+56 !4- -1%5!F5+4!/,-' H,
46!- %?+012%= 46% 5#4- /. CP +$% 9%$3 46!, +,: +$% 5/,.#-%: >!46 46% ,/0!,+2

1+46 /. y∗
' G% /7-%$9% +2-/ 46+4 46% 4+$"%4 72%,: !- /#4 /. $%+56 %9%, >!46

7/#,:- 0/:!F5+4!/,- IyT /∈ CP1J'  !,+223= $%"+$:!," 46% $/7#-4,%-- /. y
∗
= !4

-%%0- 46+4 46% 1$/1%$4!%- +4 0/-4 $!-8 +$% 46% 1$/1%$4!%- 5 +,: 6'
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2('50+67 /8%+, '! "#+%+ 4'03"'4+% &+ 4('4'%+, 8 (+80 "$6+ '4"$6$98"$'!

:;<=> 6+"#', ?'( "#+ 0$!+8( '$0 50+!,$!1 4('.+%%7 <#$% 6+"#', $% $!"+!,+, "'

8@'$, (+50+!,$!1 &#$0+ 6$!$6$9$!1 "#+ 50+!,A% .'%" 8!, "#+ B-80$"3 1$@+8&837

C 68$! .#8(8."+($%"$. '? '-( ;<= 6+"#', $% "#+ $!"+1(8"$'! '? "#+ .8%+

&#+! "#+ 50+!, #8% "' 5+ 4(',-.+, -%$!1 "#+ #++0 '? 8 4(+@$'-% 50+!,7 <#$%

?+8"-(+ 4('@$,+% 6+8!$!1?-0 $!?'(68"$'! ?'( "#+ .'!"('0 %3%"+6* ?'( $!%"8!.+*

"' ,+"+(6$!+ "#+ 844('4($8"+ #++0A% @'0-6+ "' -%+ $! "#+ 50+!, '( "' #8@+ 8!

+%"$68"+ '? "#+ (+B-$(+, @'0-6+ "' 4'-( 5+?'(+ 1+""$!1 "#+ D(%" 50+!, &$"#$!

%4+.$D.8"$'!%7

E+@+(80 %'-(.+% '? -!.+("8$!"3 4+(@8,+ "#+ 50+!,$!1 4('.+%%7 F+ $,+!"$D+,

8!, 6',+0+, %'6+ ,$G+(+!" "34+% '? "#+6 ?'00'&$!1 "#+ ;= "+.#!$B-+%7 H%$!1

$!"+(@80 %+"%* "#+ ('5-%" (+1$'!% 8(+ 4'03"'4+% 8!, 8 %"(8$1#"?'(&8(, ('5-%"

@+(%$'! '? "#+ ;<= 6+"#', $% '5"8$!+,7

;+50+!,$!1 8 4(+@$'-% 50+!, &#$.# ?8$0+, "' 5+ &$"#$! %4+.$D.8"$'!% #8%

%+@+(80 .'%"% 8%%'.$8"+,I <#+ "8!) (+!"* "#+ 0'1$%"$. 8!, $!@+!"'(3 .'%"% . . .
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&$"# "#+ 4($.+ '? ('5-%"!+%% "' %"(+%% "#+ .'!@+!$+!.+ '? 4(',-.$!1 ('5-%"

(+.$4+% 8!, 4(+@+!" (+50+!,$!17 <#+ +L8640+ 4(+%+!"+, 8!, "#+ 0$6$"+, %+" '?

'"#+( %$6-08"$'!% "#8" &+ .'!,-."+, 8(+ !'" .'!.0-%$@+ 8!, ?-("#+( %"-,$+% 8(+
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.(56"(.&% U *!, CU17 8(+ '(-.5&"&!&%%9 $! :&'"$(! ;7< )& +&)+$"& %(-&

,&=!$"$(!% *!, )& .+&%&!" * 4+$&3 %/+1&6 (3 "#& &2$%"$!0 -&"#(,% "( %(51& "#&
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8!(*.) %* %&$- 3('-- *7 ,*(6%*,!-; ?* !#!"@ %&! '()*"$%&+ A!"B.! ,"*#$/!-

$.-$)&% $.%* %&! 3&'"'3%!"$-%$3- *7 %&! 8(!./$.) ,*(6%*,!- './  ! !C,(*$% %&$-
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; E. H+,&-./&,! $- '. H+,&-.0!1"&$ %&'%

$- 8*4./!/; E ,&-./&,! $- ' -!% P ⊆ R
d
 &$3& 3'. 8! ,"!-!.%!/ !$%&!" '- '

V+,&-./&,! *" '- '. H+,&-./&,!;

I#!"6 ,*(6%*,! &'- %&!. % * "!,"!-!.%'%$*.-; <&! ,"234- "!,"!5!$/4/2&$

'- %&! 3*.#!C &4(( *7 %&! H.$%! -!% *7 $%- #!"%$3!-J
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λk = 1, λk ≥ 0, k = 1, . . . , s} KE;1L

'./ %&! 164- "!,"!5!$/4/2&$ '- %&! $.%!"-!3%$*. *7 ' H.$%! -!% *7 &'(7:-,'3!-J

PD = {x ∈ R
d | Ax ≤ b}. KE;ML

<&! %"'.-7*"+'%$*. E;1 %* E;M $- >.* . '- %&! '!"/!7 !$63!"4/2&$ KNIL

,"*8(!+ './ 7"*+ E;M %* E;1 $- >.* . '- %&! 84%!/ !$63!"4/2&$ KGIL ,"*8:

(!+;

<&! 123!$52&$ *7 ' ,*(6%*,! $- %&! /$+!.-$*. *7 $%- '5.! &4(( './ ' 1+

,&-./&,! $- ' ,*(6%*,! *7 /$+!.-$*. d $. -*+! Re
Ke ≥ dL;

E 1+,*(6%*,! $- 3'((!/ 523,-! $7 !'3& #!"%!C $- 3*.%'$.!/ $. !C'3%(6 d 7'3!%-
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978&#$)'" 3'*)+" *+ $+&.' GH #$ *)' #!$'/*#+! 3'*)+" :;D=> !+5 4!+5!  $ *)'

'.01$( '( %+!#,!.* "(,2.'0 N' UU 3'*)+" #!.+&.'$ *)' #!$'/*#+! +( %+!$*/ #!*$

#*'/ *#.'&&-0 1* ' %) $*'9>  .'/*', &#$* #$ 79" *'"S *)' +&" .'/*#%'$ 5)#%) 8'@

%+3' #!(' $#8&'$ #! *)' !'5 $-$*'3  /' "'&'*'" 5)'/' $ *)' .'/*#%'$ 2'!'/ *'"

8- *)' !'5 %+!$*/ #!*  /' #!$'/*'"0 N+ "'*'%* *)' !'5 .'/*#%'$  * ' %) $*'9>

*)' UU 3'*)+"  !" #*$ . /# !*$ 37$* "'*'/3#!' 5)'*)'/ *5+ (+/3'/ .'/*#%'$

xi  !" xj  /'  "V %'!*0 N)' %+39&',#*- +( *)#$ *'$* "'9'!"$ $*/+!2&- +! *)'

!738'/ +( 9/'$'!* .'/*#%'$  * ' %) $*'9  !" *)7$ +! *)' #!$'/*#+! +/"'/ +(

*)' %+!$*/ #!*$0 I! :JK=>  ! ', 39&' #$ 9/'$'!*'" *+ $)+5 *) * *)' 5+/$*@% $'

%+39&',#*- +( *)' #!$'/*#+! 3'*)+"$ #$ !+* 8+7!"'" 8-  9+&-!+3# & (7!%*#+!

+! m,n  !" v0 Q+5'.'/>  $$73#!2 *) * *)' !738'/ +( 9/'$'!* .'/*#%'$  *

#!*'/3'"# *' $*'9$ /'3 #!$ #! O(v)> *)' 5)+&' %+39&',#*- +( *)' UU 3'*)+"

#$ #! O(m2v3) B$'' :DJ= (+/ '?%#'!* #39&'3'!* *#+!$E0

N)' #!3.,!*) "(,2.' > #!$9#/'" 8- *)' $#39&', 3'*)+"> ',9&+#* *)' /'& @

*#+! 8'*5''! *)' 9+&-*+9'W$ .'/*#%'$  !" *)' 4& !% 5(& !1$( 6.$0,!.* B$''>

'020> :JM=E0 R+/ $#39&' 9+&-*+9'$ *)#$ /'& *#+! #$ +!' *+ +!' 5)'/' $ (+/ *)'

"'2'!'/ *' % $'>  "'2'!'/ *' .'/*', #$ /'& *'" *+ $'.'/ & XR60 N)'$' 3'*)+"$

$* /* 9/+"7%#!2  !  /8#*/ /- .'/*',  !" %+!*#!7' #*'/ *#.'&- 2'!'/ *#!2  && *)'

!'#2)8+/ XR6 9/+"7%'" 8-  9#.+*#!2 $*'90 H %) !'#2)8+/ XR6 "'*'/3#!'$

 .'/*', 5)#%) 3#2)* ) .' 8''! "#$%+.'/'"  *  9/'.#+7$ $*'90 N)7$> *)'

3'*)+" 37$* #!%&7"'  *'$* *+ 9/'.'!* "79&#% *'" .'/*#%'$ *+ 8' +7*97*0 I!

*)' 5+/$* % $'  9+&-*+9' 3 - ) .'  7!#Y7' .'/*',  !" 79 *+

(
m
d

)
XR60 N)7$>

*)' 9#.+*#!2 3'*)+"$  /' !+* '?%#'!* (+/ "'2'!'/ *'" 9+&-*+9'$0

R+/ $+3' $9'%# & %& $$'$ +( 9+&-*+9'$> '?%#'!*  &2+/#*)3$ ) .' 8''! 9/+@

9+$'"0 R+/ ', 39&'> #( P #$  9+&-*+9' $#39&'> :JK= 9/'$'!*'" *)' T/$* &#!' /@

*#3'  &2+/#*)3 B+! vE *+ $+&.' *)' GH 9/+8&'30 N)'  &2+/#*)3 9'/(+/3$  

"'9*) T/$* $' /%) +! *)' )+&#2 +( P  !" 7$'$  1&$&*%(' ,+(( B$''> '020> :;=E *+



 !"! #$%&'$  ()*%+,-. /0

 !"#$ !%$ &"'(!"&$ )$#!*+$ , -.!$#/ !%$  !"! #! #!$ %& '!(&)* 0. &#$ $1!$2

*1 345, 6%* 7$!%"2 $187$#.!$ !%$ )$#!*+$ "9 P *1 !*7$ O(ndv) .12 %. !%$

.2).1!.:$ "9 8 *1: . 7$7"#(  &.+$ 0%*+% * ;"812$2 ;( . &"'(1"7*.' *1 !%$

*1&8!  *<$, ="# &"'(!"&$ .#* *1: 9#"7 1$!0"#> / 3?@5 :*)$ .1 .':"#*!%7 *1

O(v2) .12 9"# &"'(!%$2#. .  "+*.!$2 0*!% 28.' -ABCD  ( !$7 B ( !$7 %.)E

*1: .! 7" ! !0" 1"1<$#" +"$F+*$1! &$# +"1 !#.*1!D/ 3C5 &#$ $1! . &*)"!*1:

.':"#*!7 #811*1: *1 O(nv), ="# &"'(!"&$ %.)*1: .'' *! )$#!*+$ *1 {0, 1}d/ .

;.+>!#.+>*1: .&&#".+% * &#$ $1!$2 *1 3GG5 0%*+% #81 *1 &"'(1"7*.' !*7$ "1

!%$ *1&8!  *<$ .12 *1 '*1$.# !*7$ "1 !%$ 187;$# "9 )$#!*+$ ,

H).*'.;'$ +"2$ *7&'$7$1!*1:  "7$ "9 !%$ $ 7$!%"2 +.1 ;$ 9"812 *1

3CI/ @/ G@/ ?I5,

 !" #$%&'$  ()*%+,-.

-$! P ;$ . &"'(!"&$ 2$ +#*;$2 *1 *! 28.' 9"#7 .12 '$!J 2$1"!$ ;( P�
!%$ +'.  

"9 &"'(!"&$ 0%*+% .#$ %)'+,-$() ,$../ !01,"$.!-( !" . dE+8;$ "9 .&&#"&#*.!$

2*7$1 *"1, 6%.! * / *! $K* ! . ;*L$+!*"1 ;$!0$$1 !%$ 9.+$ "9 !%$ dE+8;$ .12

!%" $ "1$ "9 P� ∈ P�
!%.! &#$ $#)$ !%$ *1+'8 *"1 #$'.!*"1, =*1.''(/ '$! Π

!%$ +'.  "9 &"'(!"&$ 0%*+% +.1 ;$ ";!.*1$2 !.>*1: !%$ +"1)$K %8'' "9 .  $! "9

)$#!*+$ 9#"7 . &"'(!"&$ P� ∈ P�
, A1 =*:8#$ H,G 0$ 2$&*+! !%$ +"1 !#8+!*"1

*1 2*7$1 *"1 ? "9 . &"'(!"&$ P *1 !%* +'.  ,

1 2

3

4

5
6

7
8

1
2

3
4

5

6

7

8

1

3

6

8

C3 P ∈ P� P ∈ Π

=*:8#$ H,GM N;!.*1*1: . &"'(!"&$ *1 +'.  Π 9#"7 !%$ 3− cube ,

A1 3GG5 !%$ .8!%"# &#$ $1!$2 . ;.+>!#.+>*1: .':"#*!%7 !" +"7&8!$ !%$

)$#!$K  $! "9 . &"'(!"&$ P *1 +'.  Π, 6%$ .':"#*!%7 .  87$ !%$ >1"0'$2:$

"9 !%$ 28.' 2$ +#*&!*"1 "9 P� ∈ P�
.12 #81 *1 O(v × n× TLP ) 0%$#$ TLP * 



 ! "##$%&'( ") *$+,$( -%./$+0,'1%

 !" #$%&'"() * $+ , +",-).)') * #!"#/0

1" 2$34 /3$5 )+  !" .'"32)36 &$'* $&"- ."'$36  $  !" #',-- Π 7-"" ."'$580

9$5":";< 5" #$3 )3="  $ &;"-"3  !)- ,'6$;) !% ,- ) )-  !" .,-)- +$;  !" :"; "(

"3=%";, )$3 ,'6$;) !%  !, 5" )3 ;$2=#" )3 >"# )$3 ?0@0

>)%)',;  $  !" 2=,' 2"-#;)& )$3 $+  !" dA#=."< 5" #,3 2"-#;)." ,3* &$'* $&"

P� ∈ P�
,-

P� = {x ∈ R
n | ALx ≤ bL, AUx ≤ bU}

5!";" AL, AU ∈ R
n×n

< ,32 ",#! :"; "( $+ P�
)- =3)B="'* 2" ";%)3"2 .* n

)3"B=,') )"- -, )-C"2 5) ! "B=,') *0

D"$%" ;)#,''*< 5" !,:" n &,);- $+ )3"B=,') )"-  !, ;"&;"-"3 $&&$-) " +,#" -

$+ P�
,32 ":";* :"; "( v $+ P�

)- 2" ";%)3"2 .* ,  !"#$#$%& L ∪ U $+  !"

)32)#"- {1, . . . , n} +$; 5!)#! AL
L

= bL
L

,32 AU
U

= bU
U
0

D):"3 , &$'* $&" P ∈ Π< 5" ,22  !" ;"2=32,3 2"-#;)& )$3 $+ ) - '%(&)!"*

 %+*#% , P�
0 E!" ,'6$;) !% F 6"3";, "- ;"#=;-):"'* ,''  !" &,; ) )$3- L ∪U

$+  !" ;$5-4 )32)#"- =-)36  !" #$3- ;,)3 - AL
L
x = bL

L
,32 AU

L
x = bU

U
 $ '$#, "

",#! :"; "( $+ P 5!";",- ) - +",-).)') * )-  "- "2 =-)36 Ax ≤ b0

G$; , -" $+ ;$5-4 )32)#"- L < U < '" 4- 2"C3"  !" &$'* $&"

P(L ,U ) = {x ∈ R
n | Ax ≤ b, AL

L
x = bL

L
, AU

U
x = bU

U
}.

E!"3<  !" ,'6$;) !% #,3 ." 2"-#;)."2 ,- +$''$5-H

"231+',4/ 5 I"; "( "3=%";, )$3 +$; &$'* $&"- )3 #',-- Π

 ! 6.%7,'1% enum(L ,U ) J)3) ),' #,'' 5) ! L = U = ∅K
"! '6 P(L ,U ) 6= ∅ ,4$%

#! last = max{{0},L ,U }
$! '6 last == n ,4$%

%! 1.,#.,7x8 J !" :"; "( 2"C3"2 .* L ,32 U K

&! $28$ Jlast < nK
'! enum(L ∪ {last+ 1},U )
(! enum(L ,U ∪ {last+ 1})
)! $%& '6

 *! $%& '6

  ! $%& J"3=%K

E!" #$%&'"() * $+  !" ,'6$;) !% F 7O(nvTLP )8 +$''$5- +;$%  !" +,#  !, 

",#! :"; "( v ∈ V )- 6"3";, "2 $3'* $3#" ,32 ;"B=);"- , %$- n +",-).)') *

 "- -0 L3 $;2";  $ "("%&')+*  !" ,'6$;) !%< '" 4- #$3-)2";  !" ;"#)&"4- &$'* $&"

U = {u ∈ R
3 | 0.2 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1, u1 + u2 + u3 = 1}



 !"! #$%&'$  ()*%+,-. /0

 !"#! "$ %&'"#(&% ") (!& *"+,-& ./0/ 1) (!"$ #2$&3  & )4("#& (!2( (!& '456(4'&

U

0.2 1

0.8

0.8

*"+,-& ./07 8&#"'&9$ '456(4'& 2)% "($ :4,)%2-6 '456(4'& P�
/

U :&54)+$ (4 (!& #52$$ Π 2$ "( #2) :& 4:(2")&% ;-4< (!& '456(4'&

U� = {u ∈ R
3 | 0.2 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 0.8, 0 ≤ u3 ≤ 0.8, u1 + u2 + u3 = 1}

") #52$$ P�
=$!4 &% ") %4((&% 5")&$>/ ?!&)3 ,$")+ :4(! -&'-&$&)(2("4)$ U 2)%

∅

u
3

(0.2,0,0.8)

u3

u
2

(0.2,0.8,0)

u
3

∅

u3

u2

u
1

(1,0,0)

u
3

∅

u3

u
2

∅

u2

u1

*"+,-& ./@7 A&2-#! (-&& +&)&-2(&% :6 25+4-"(!< B/

U�
") 25+4-"(!< B3  & 4:(2") (!& $&2-#! (-&& 4,(5")&% ") *"+,-& ./@ 2)% (!&

C&-(&D $&(

VU = {(0.2, 0, 0.8), (0.2, 0.8, 0), (1, 0, 0)}.



 ! "##$%&'( ") *$+,$( -%./$+0,'1%

 !" #$%& '()*+,'- .' .'"' )/,' #! !/#)%0 #$' /!102)"3 +!,3#!+' U� ∈ P�

!4 #$' "'5%+'6& +!,3#!+' U /3 &$"%07%08 ),, %#& "'2102)0# /!102&9 :22%08

U�
#! #$' 2'&5"+#%!0 !4 U - ),, #$' ;'"#%5'& %0 VU /'5!*' 2'8'0'")#'9 <)5$

;'"#'( %& 2'#'"*%0'2 /3 #$"'' /!102& )02 ),, !4 #$'* &)#%&43 #$' '=1),%#3

u1 + u2 + u3 = 19 >$1&- .' 5)0 %80!"' #$' '=1),%#3 5!0&#")%0# 4!" #$' ,!5)#%!0
!4 #$' ;'"#%5'& )02 1&' %# !0,3 4!" #$' 4')&%/%,%#3 #'&#9

>$%& +"!5'21"' 2!'& 0!# .!"7 %0 8'0'"), )02 .' 2!06# 70!. %4 #$' /,'02%08

+!,3#!+'& /',!08 !" 0!# #! #$' 5,)&& Π9 ?0 #$'  %81"' :9@ .' &$!. #$' "'5%+'6&

+!,3#!+'

U2 = {u ∈ R
3 | 0 ≤ u1 ≤ 0.8, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 0.8, u1 + u2 + u3 = 1}.

?0 #$%& 5)&'- #$' 5!0&#")%0#& 0 ≤ u1 ≤ 0.8, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 0.8 4!"*
) +!,3#!+' %0 P�

/1# U2 5)0 0!# /' !/#)%0'2 )& ) 5!0;'( 5!*/%0)#%!0 !4

) &1/&'# !4 %#& ;'"#%5'&9 >$' +!,3#!+' U2 $)& 4!1" 0!0A2'8'0'")#' ;'"#%5'&-

U2

0.2

1

0.8

0.2

0.8

0.2

 %81"' :9@B C'5%+'6& +!,3#!+' U .%#$!1# ) 70!.0 /!102)"3 +!,3#!+'9

(0.2, 0, 0.8)- (0, 0.2, 0.8)- (0.8, 0, 0.2) )02 (0.8, 0.2, 0) .$%5$ "'=1%"' #$' 1&' !4
#$' '=1),%#3 5!0&#")%0# 4!" #$'%" ,!5)#%!09

?0 5!05,1&%!0- )& .' 2!06# $);' ) *'#$!2 #! +"!215' U�
D%4 #$%& '(%&#&E-

#$'0 .' 5)0 0!# )++,3 #$' F'"G0' ),8!"%#$* #! #$' "'5%+'6& +!,3#!+'9 ?0

#$' 0'(# &'5#%!0 .' +"'&'0# ) ;'"3 4)&# H< ),8!"%#$* 4!" #$' "'5%+'6& +!,3#!+'

.$%5$ '(+,!"'& #$' "!.& +)"#%#%!0& )02 '(+,!%#& #$' 4)5# #$)# #$' 4')&%/%,%#3 #'&#

%0;!,;'& !0,3 !0' )22%#%!09 I'4!"' +"'&'0#%08 #$' ),8!"%#$*- .' 2%&51&& &!*'

%&&1'& "'8)"2%08 #$' 01*/'" !4 2'8'0'")#' ;'"#%5'& !4 #$' "'5%+'6& +!,3#!+'9

2+1#$+,3 ")4)5)  !"#$%"&' %()*+(%" U $, R
n
#-, .-/" 0% +(

(
n

⌊n/2⌋

)
1"2",3

"!-+" /"!+$#"'4
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4%../!  !" #$%&"' () *"+"#"',-" ."'-/0"1 () U "2$,31 -!" #$%&"' () ."'-/0"1

() -!" n45,',33"5/5"*

L = {u ∈ R
n | u ≤ u ≤ u}

36/#+ /# -!" 1/%53"7

S1 = {u ∈ R
n | 0 ≤ u ≤ 1, 1T · u = 1}.

8(9 3"-:1 0(#1/*"' -!" 5,',33"5/5"* Ln,k *";#"* &6 u = s/k ,#* u = (1 −
s)/(n− k) )(' 1(%" 0.5 < s < 1 ,#* 1 < k < n− 1<

 !" #$%&"' () ."'-/0"1 /# Ln,k *"-"'%/#"* &6 k $55"' &($#*1 ,#* n − k
3(="' &($#*1 /1

(
n
k

)
,#* &6 0(#1-'$0-/(# ,33 () -!"% ,'" /# S1<  !"#9 ,1

(
n
k

)

'",0!"1 /-1 %,7/%$% =!"# k = ⌊n/2⌋9 -!" '"0/5":1 5(36-(5" U 0,# !,." $5

-(

(
n

⌊n/2⌋

)
*"+"#"',-" ."'-/0"1< �

 !"1" 5,-!(3(+/0,3 5(36-(5"1 !,."

(
n

⌊n/2⌋

)
."'-/0"1 ,33 () -!"% *"+"#"',-"

,#* ",0! ."'-"7 /1 *"-"'%/#"* &6 "7,0-36

(
n

n−1

)
= n 5,'-/-/(#1 L ∪U () n−1

'(=1: /#*/0"1<

 !" #$%&$' ()*+$%,&-.) ./ 01$)2-)3 4.15&.6$7

># -!/1 1"0-/(# =" /#-'(*$0" , 0$1-(%/?"* @A ,3+('/-!% )(' -!" '"0/5":1 5(364

-(5" U <  !" ,3+('/-!% /1 /#15/'"* )'(% -!" ?"'B#" %"-!(* ,#* "753(/-1 -!"

1-'$0-$'" () -!" '"0/5":1 5(36-(5"< C1 ",0! ."'-"7 u ∈ U /1 *"-"'%/#"* &6 n
&($#*1 (' &6 n − 1 &($#*1 ,#* -!" 5"'0"#-,+" 0(#1-',/#- D1T · u = 1E9 -!"#
u /1 "/-!"' , ."'-"7 () -!" 5,',33"5/5"* L (' /- 3/"1 /# -!" /#-"'/(' () (#" ()

/-1 "*+"1<  !$19 =" #""* -( 1",'0! -!" ."'-/0"1 () U /# -!" "*+"1 () L /# ,#

"F0/"#- %,##"'<  !" 1"0(#* 5'(5"'-6 -!,- =" $1" /1 -!" 1/%53/0/-6 () -!"

)",1/&/3/-6 -"1-G , 5,'-/-/(# p ∈ L ∪ U /1 )",1/&3" /H -!" 0(('*/#,-"1 () -!"

."'-"7 v(p) *"-"'%/#"* &6 p 1$% (#"<

I"-:1 *"#(-" &6 s = u− u -!" 13,0J &"-=""# -!" 0(%5(#"#-1 &($#*1 ,#*

&6 ei -!" i4-! 0,#(#/0,3 ."0-(' /# R
n
< K(' 0(#."#/"#0"9 =" *"#(-" , 5,'-/-/(#

p ∈ L ∪U ,1 , #,-$',3 #$%&"' =!(1" &/#,'6 '"5'"1"#-,-/(# !,1 -!" i4-! &/-
1"- -( L /H i ∈ U <  !" 1"- () 2n 5,'-/-/(#1 "#0(*" -!" ."'-/0"1 () L ,#* -!"

)$#0-/(#  !"#$ 5'"1"#-"* /# -!" C3+('/-!% M 0(#*$0-1 , % &'()*+,-.'( / -0.

1+20 2 ,+(. (# -!"% /# ('*"' -( *"-"0- -!(1" =!/0! ,'" ,31( ."'-/0"1 () U <
 !" )$#0-/(#  !"#$ /1 0,33"* =/-! -!'"" 5,',%"-"'1<  !" 5,'-/-/(# p -(

&" ,#,36?"*9 -!" %(1- 1/+#/;0,#- ,0-/." &/- () p D=!/0! 0(''"15(#*1 =/-! -!"
&/++"1- /#*"7 () -!" $55"' &($#*1 $1"* /# pE ,#* -!" 1$% () -!" &($#*1 *"4

-"'%/#/#+ -!" 5,'-/-/(# pG sump =
∑n

i=1 piui + (1− pi)ui< >#/-/,336 =" 0,33

 !"#$ =/-! p = 09 last = 0 ,#* sum0 =
∑n

i=1 ui<  !,- /19 -!" %"-!(* 1-,'-1



 ! "##$%&'( ") *$+,$( -%./$+0,'1%

 !" #$% &'&()*+',  !" -". "/ 0$ L #" ".1+'"# 2) &((  !" (03". 204'#%5 6"

%4770%"  !& sum0 < 1 0 !".3+%" L !&% '0 +' ".%"8 +0' 3+ ! S1 &'# U = ∅ 0.

u +%  !" 0'() -". "/ 0$ U 5

9' ,"'".&(: "&8! 7&. + +0' p 2"+', &'&()*"# %& +%;"% sump < 15 <!" &'&(=

)%+% 0$ p 80'%+% % +' %8&''+', &((  !" '"+,!20. 7&. + +0'% q %48!  !& p <Lex q5
9$ sumq < 1  !"' 3" 7.08""#  0 &'&()*" q5 9$ sumq = 1  !"' q #" ".1+'"% &

>#","'".& "? -". "/ 0$ U &'# +$ sumq > 1  !"'  !" "#," (p, q) 0$ L 80' &+'%

 !" -". "/ v(p) + (1− sump) ek 0$ U : 3!"." k +%  !" 0'() #+@"."' 800.#+'& "

2" 3""' p &'# q5

"231+',4/ 5 A". "/ "'41".& +0' $0.  !" ."8+7"B% 70() 07"%

 ! 6.%7,'1% enumU(p, last, sump)
"! 61+ i = last+ 1  0 n &1

#! q = p+ 2i−1

$! sumq = sump + si
%! '6 sumq < 1 ,4$%
&! enumU(q, i, sumq)
'! $28$

(! '6 sumq > 1 ,4$%
)! 1.,#.,>v(p) + (1− sump) ei?

 *! $28$

  ! 1.,#.,>v(q)?
 "! $%& '6

 #! $%& '6

 $! $%& 61+

 %! 61+ i = 1  0 last− 1 &1
 &! q = p+ 2i−1

 '! sumq = sump + si
 (! '6 (p(i) == 0) and (sumq > 1) ,4$%
 )! 1.,#.,>v(p) + (1− sump) ei?
"*! $%& '6

" ! $%& 61+

""! $%& C"'41DE

<0 %!03  !" -&(+#+ ) 0$  !" 1" !0#: 3" '0 +8"  !& &') -". "/ 0$ U +%

"+ !".  !" "/ ."1" 70+' q 0. &' +' ".+0. 70+' 0$ &' "#," (p, q) 0$ L 3!"."

sump < 1 ≤ sumq5 <!" &(,0.+ !1 &'&()*"% &((  !" 7&. + +0'% p %48!  !& 

sump < 1 &'# %8&'% "/&8 () 0'8" &((  !" "#,"% (p, q) 3+ ! sumq ≥ 15 <!"."$0.":

&') -". "/ 0$ U +% "'41".& "# 2)  !" &(,0.+ !15 F+'&((): & 7&. + +0' q %48!

 !& sumq = 1 +% #" "8 "# 0'() 0'8" >(+'" GG 0$  !" &(,0.+ !1? 2"8&4%" 0$  !"
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