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Introduction

Cette these est divisée en deux parties. Dans un premier temps (Chapitre 1), on se concentre sur
la présentation d’'un nouveau modele, basé sur un processus de Poisson a modulation markovi-
enne, pour décrire un processus de pertes en assurance. On expose également une technique pour
I'estimation des parametres de ce modele. Dans une seconde partie indépendante, on considere un
probléme de théorie des valeurs extrémes : l’estimation du point terminal (Chapitre 2) ou de la
frontiere (Chapitre 3) d’une distribution. On décrit une méthode d’estimation utilisant des mo-
ments d’ordre élevé de ’échantillon. Avant de présenter les résultats obtenus, on rappelle quelques

éléments de base nécessaires pour ces travaux.

Premiere partie : Processus de pertes a modulation markovi-

enne exn assurance

Contexte général

La plupart des applications de la théorie des probabilités utilisent les processus stochastiques. Parmi

eux, on peut distinguer les processus a temps continu, qui sont utilisés notamment pour
e l'actuariat, lorsqu’on étudie les réserves d’une compagnie d’assurances ;

e la finance, pour le calcul du cours d’une action sur les marchés financiers ;

les télécommunications, pour modéliser le nombre de requétes regues par un serveur ;

la biologie, afin d’étudier 1’évolution d’une population au cours du temps.

Dans la premiere partie de ce travail, on s’intéresse a une généralisation de ce qu’on peut considérer
comme étant I'exemple le plus simple de processus a temps continu : le processus de Poisson

homogene. Ce processus est défini de la fagon suivante (voir Cinlar [25]) :

Définition. Un processus de Poisson homogéne est un processus a temps continu (N (t))i>0, a

valeurs réelles et non identiquement nul, tel que
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e N(0) =0 et les trajectoires de N sont des fonctions en escalier continues & droite ;

les sauts de N sont égaux a 1 presque strement ;

e N est a accroissements indépendants : pour tous 0 < s < t, la variable aléatoire N (t) — N(s)

est indépendante de {N(u), u < s} ;

o N est & accroissements stationnaires : pour tous 0 < s < t, la variable aléatoire N (t) — N(s)

a la méme loi que la variable aléatoire N (t — s).

Le résultat suivant résume quelques propriétés fondamentales de ces processus. On renvoie le lecteur

& [25], Théoreme 1.9 p. 74 et Théoreme 2.5 p. 80 pour plus de détails.
Proposition. Soit N un processus de Poisson homogéne. Alors il existe A > 0 tel que :
e Pour tout t >0, N(t) suit une loi de Poisson de paramétre At.

e FEn définissant les instants de saut de N par
70=0, et Yn €N, 1,41 =inf{t > 7, | N(t) > n},

alors (Tn41 — Tn)n>0 est une suite de variables aléatoires indépendantes de méme loi exponen-

tielle de parametre .
Le réel A est appelé intensité du processus de Poisson homogene N.

Un processus de Poisson homogene possede donc de bonnes propriétés théoriques, ce qui explique
qu’il constitue une excellente approximation pour modéliser un grand nombre de phénomenes.
Par exemple, les bases de la théorie du risque, posées par Lundberg en 1903, s’appuyaient sur des
processus de Poisson homogenes pour représenter le processus d’arrivée des sinistres: pour davantage
d’informations sur ce sujet, nous renvoyons le lecteur & Klugman et al. [74] et Rolski et al. [94]. Une
telle hypothese permet d’obtenir un grand nombre de résultats et rend le modele facile d’utilisation.
Cependant, les propriétés d’un tel modele peuvent paraitre trop fortes a certains égards. Par
exemple, il est assez rare que les temps 7,41 — 7, séparant la survenue de deux évenements soient
indépendants de méme loi exponentielle. De plus, on peut imaginer que le comportement de N soit
influencé par des facteurs externes, de sorte que I’hypothese de stationnarité ne soit plus vérifiée.
Une premiere tentative pour introduire de l'irrégularité dans le modele est d’utiliser une définition

généralisée du processus de Poisson :

Définition. Un processus de Poisson (peut-étre inhomogene) est un processus & temps continu

(N(t))t>0, & valeurs réelles et non identiquement nul, tel que

e N(0) =0 et les trajectoires de N sont des fonctions en escalier continues & droite ;



e les sauts de N sont égaux a 1 presque strement ;

e N est a accroissements indépendants : pour tous 0 < s < t, la variable aléatoire N (t) — N(s)

est indépendante de {N(u), u < s}.

Plus simplement, un tel processus sera appelé processus de Poisson. Sa loi est connue (voir [25],

Proposition 7.9 p. 97) :

Proposition. Soient N un processus de Poisson et t — u(t) la fonction définie par u(t) = E(N(t)).
On suppose que la fonction p est continue. Alors il existe une fonction positive et localement

intégrable X telle que pour tous 0 < s <t, N(t) — N(s) suit une loi de Poisson de paramétre

t
u(e) ~ u(s) = [ Aw)du.

S
La fonction A est appelée intensité du processus de Poisson N.

L’intensité d’un processus de Poisson varie avec le temps : remarquons qu'un tel processus est un
processus de Poisson homogene si et seulement si son intensité est constante. Ceci rend possible
la construction de modeles plus réalistes : supposons par exemple que 'on souhaite modéliser le
nombre de tempétes affectant une région donnée du monde. La probabilité d'une tempéte dépend de
la saison dans laquelle on se trouve : partant de ce constat, on peut construire un processus N dont
le taux de saut sera élevé pour certaines saisons et faible pour d’autres. Un tel processus n’est par
conséquent pas stationnaire et bien sir, les temps entre les sauts ne suivent pas une loi exponentielle.
Ceci étant, les accroissements de IV sont encore indépendants. De plus, on peut vouloir construire
une dépendance stochastique du taux de saut en des parametres environnementaux, comme la
météorologie ou le contexte économique, par exemple. Dans le modele précédent, on ne tient
notamment pas compte de phénomenes climatologiques comme El Nino ou La Nina, dont on sait
qu’ils augmentent la probabilité d’évenements extrémes comme les tempétes, mais ne surviennent
pas de facon réguliere dans 'année. Pour intégrer ce type de dépendance, on peut par exemple
considérer un processus de Poisson & modulation markovienne : avant de définir ce type de processus,

on rappelle le concept de dépendance markovienne.

Définition. Une chaine de Markov (homogeéne) sur un espace d’états fini {1, ..., r}, r € N\ {0}

est un processus & temps discret (X,,), & valeurs dans {1, ..., r}, tel que
e pour tout n € N\ {0}, sachant X,,, X,,+1 est indépendante de (X;)i<n—1 ;
e il existe une matrice carrée P de taille r telle que

anNa Vivje{lv"'ar}a ]P)(Xn+1:j|Xn:Z):P'L
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La matrice P est appelée matrice de transition de X et la loi 7 sur {1, ..., r} définie par
Vie{l,...,r}, m=P(Xo=1)

est appelée loi initiale de X. Enfin, une chaine de Markov X avec matrice de transition P est dite

irréductible si pour tous i et j, il existe n € N\ {0} tel que (P™);; > 0.

En d’autres termes, la dépendance markovienne se traduit par une indépendance du futur du
processus et de son passé conditionnellement a son présent. L’analogue en temps continu d’une

chaine de Markov est appelé processus de Markov :

Définition. Un processus de Markov (homogene) sur un espace d’états fini {1, ..., r}, r € N\ {0}

est un processus a temps continu (J(t));>o0, & valeurs dans {1, ..., r}, tel que

e pour tous n € N\ {0} et 0 < 1 < ... <ty < ty+1, sachant J(t,), J(tn4+1) est indépendante
de (J(t;))i<n—1 et sa loi ne dépend que de l'accroissement t,41 — t,. Autrement dit, pour

toute fonction f: {1, ..., r} — [0, 00),
E(f(J(tng1)) [ I (t:), 1 < i < m) = B(f(J (tn1 — ta)) | J(0)) 5
e les trajectoires de J sont des fonctions en escalier presque stirement continues a droite ;

e quand t — 0,

Vi, je{l,...,r}, P(J()=7]J(0)=1) = Ng—j.
La loi w définie sur {1, ..., r} par
Vie{l,...,r}, m =P(J0)=1)
est appelée loi initiale de J. Le processus J est dit irréductible si
Vi>0, Vi,je{l,...,r}, PJ@E)=4|J0)=1)>0.

Les conditions de la définition précédente assurent qu'il existe une matrice L = (¢;;), appelée
générateur de J, dont les éléments non diagonaux sont positifs et telle que la somme des éléments
de chaque ligne de L vaut 0, de sorte que les temps de saut de J suivent une loi exponentielle, de
parametre —¢;; > 0 quand J est dans ’état i ; dans ce cas, J va dans I'état j # i avec probabilité
—0;;/li;. L caractérise donc completement le comportement de J ; de plus, pour tout ¢ > 0, si P(t)
est la matrice carrée de taille  dont les éléments sont les P(J(t) = j|J(0) =), 4, j € {1, ..., r},
on a P(t) = exp(tL).

Revenons a notre cadre de travail : grossierement, un processus de Poisson a modulation markovi-
enne (MMPP, pour Markov-modulated Poisson process) est un processus de Poisson dont I'intensité

est controlée par un processus de Markov sous-jacent. Plus précisément :



Définition. Un processus de Poisson a modulation markovienne est un processus a temps continu

(J(t), N(t))t=0 tel que

e J est un processus de Markov irréductible sur un espace d’états fini {1, ..., r}, » € N\ {0},

dont le générateur est noté L et la loi initiale est notée 7 ;

e il existe Ay, ..., A, > 0 tels que sachant J, le processus N est un processus de Poisson ayant

pour intensité t = A ().

Lorsque (J, N) est un MMPP, le processus N est un cas particulier des processus de Poisson
doublement stochastiques : on renvoie le lecteur & Grandell [51] pour plus d’informations. Les

MMPPs servent notamment a modéliser :
e le processus de réserve d’une compagnie d’assurances (Asmussen [5]) ;
e des phénomenes environnementaux, comme la pollution de lair (Davison et Ramesh [28]) ;

e des réseaux de communication (Heffes et Lucantoni [64], Kawashima et Saito [71]).

Dans la suite, on se donne un MMPP (J, N), on note 7, 'instant du n—iéme saut de N, J,, = J(7,,)
létat de J au moment de ce saut et V;, = 7, — 7,—1 le temps écoulé entre le (n — 1)—ieéme et le
n—ieme saut de N, avec par convention Yy = 0. Enfin, soit A la matrice diagonale dont les éléments
sont les \j, 1 < j < r. Dans ce cadre, les temps Y, ne sont ni indépendants, ni identiquement
distribués, puisque l'intensité de N dépend de 'état de J. Ceci étant, la structure de dépendance

associée a un tel processus est également markovienne :

Proposition. Le processus (Jn, Yy) est un processus & renouvellement markovien (MRP, pour

Markov renewal process). Autrement dit :

o le processus (J,) est une chaine de Markov irréductible d espace d’états fini {1, ..., r}, r €

NA{0} ;

e pour tout n € N\ {0}, conditionnellement & J,, le couple (Jni1, Yni1) est indépendant de
((Jia }/i)ign—l, Yn)

Pour plus de détails sur les MRPs, on renvoie le lecteur & [25]. Le comportement d'un MMPP a
Iinstant ¢ dépend donc seulement de 1'état de J a linstant ¢ et au moment du dernier saut de
N : ceci s’interprete comme une structure de dépendance markovienne, qui provient du caractere

markovien de J.

Afin de pouvoir développer des techniques d’inférence pour de tels processus, il est important de
savoir calculer leur loi. Pour cela, la premiere étape consiste a déterminer I’expression de la densité

conditionnelle de Y7 sachant I’état initial (voir par exemple Meier-Hellstern [85]) :
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Proposition. Posons, pour toust >0 et i, j € {1, ..., r},
fij(t)dt :=PY1 edt, J(t) =j|J(0) =1).
Alors, si f(t) est la matrice carrée de taille v dont les éléments sont les f;;(t), on a
£(t) = exp(t(L — A))A.
Avant d’aller plus loin, remarquons qu’en intégrant f, on obtient la matrice de transition de (.J,,) :
P=(A—-L)"'A.

D’apreés Rydén [97], cette matrice possede une unique loi stationnaire 7, telle que m; est strictement
positif si et seulement si \; I'est. Si la loi initiale de J est exactement m, alors le processus (J,,, Ys,)

est stationnaire et par conséquent
VneN\{0}, Vy>0, PY,ecdy, J,=7j|Jn-1=1)= fi;(y)dy.

Cette identité est Pargument clé pour calculer la loi du processus (J,,, Y3,), grace au résultat suivant

(voir [25], Proposition 1.10 p. 314) :

Proposition. Soit (J,, Y,) un MRP. Supposons que pour tous i, j, il existe une fonction positive

et localement intégrable f;; telle que

Y
0

Alors, pour tous jo, (41, Y1) - -5 (Jn, Un), 0N a
n n
P <J0 = jo, ({Ji =Ji Yi € dyi}) = Tjo (H fﬁuﬁ(%)) dyi -+ dyn.
i=1 i=1
Ce résultat entraine que la vraisemblance de (yi, ..., yn) est
n
Yy, ._.,ynERd, Ly, -y yn) = Z Tjo <Hfji17ji(yi)> : (1)
305 e dn i=1

La complexité de cette expression est exponentielle en n, ce qui est bien trop élevé du point de vue
du temps de calcul. En fait, en notant f(y) la matrice carrée de taille  dont les éléments sont les

fij(y) et 1 le vecteur colonne de taille r n’ayant que des 1, la somme (1) se réécrit

VylavynGRda ‘C(y177yn)7r<]:[f(yz)> 1.
i=1

Par conséquent, pour calculer la densité de (Y1, ..., Y;,), il suffit de calculer un produit de n matrices
carrées de taille r. La complexité de cette opération est alors quadratique en n, ce qui est acceptable

en pratique.

Une autre fagon de voir un MMPP consiste a poser J), = (J,_1, Jy,) et & considérer (J', Y) comme

un modele de Markov caché, dont la définition est donnée ci-dessous :



Définition. Un modéle de Markov caché (HMM, pour hidden Markov model) est un processus &

temps discret (X,,, Y;,) tel que
e le processus X est une chaine de Markov a espace d’états fini ;

e pour tout n € N\ {0}, sachant X,,, Y, est indépendante de (X;, Y;)i<n—1 et a pour densité
Ix,-

Que ce soit pour les MRPs ou les HMMs, la chaine de Markov sous-jacente est vue comme un
processus de données manquantes, qui influence le comportement du processus Y. La principale
différence entre ces deux facons de voir un MMPP réside dans l'interprétation du modele : dans le
cas d'un MRP, on considére que la chaine de Markov évolue en méme temps que le processus Y (&
cause de la dépendance de Y;, en J,,_1 et J,,), alors que pour un HMM, la chaine de Markov évolue

en premier, suivi du processus observé Y.

Les HMMs ont été introduits en 1966 par Baum et Petrie [9] et sont utilisés dans la modélisation

d’une grande variété de phénomenes, notamment :
)

e cn biosciences : modélisation de PADN (Churchill [24]) ;
e cn reconnaissance vocale (Juang et Rabiner [70]) ;
e cn économétrie : modélisation de la volatilité (Kim et al. [72]) ;

e cn climatologie : pour modéliser 'occurrence des jours de pluie (Smith [101]).
On renvoie le lecteur & Cappé et al. [18] pour un ouvrage récent sur le sujet.

La plupart des méthodes d’inférence statistique pour les modeles de Markov caché se basent sur
I’étude de la vraisemblance : pour des HMMs classiques, la consistance de I'estimateur du maxi-
mum de vraisemblance (EMV) a été prouvée par Leroux [78], la preuve s’inspirant d’une méthode
développée par Baum et Petrie [9]. La normalité asymptotique de cet estimateur a été obtenue
par Bickel et al. [12]. Pour les MMPPs, la consistance de 'EMV a été obtenue par Rydén [97], la
preuve s’inspirant de celle de Leroux dans le cas des HMMs, mais avec des hypotheses plus faibles.
Le calcul de PFEMV dans ce cas se fait en général en utilisant 'algorithme de Nelder-Mead (voir
Press et al. [92]), un algorithme de quasi-Newton ou un algorithme EM (voir Baum et al. [10]).
On rappelle brievement ici le principe de I’algorithme EM : pour plus de détails a ce sujet, voir par

exemple McLachlan et Krishnan [84].

Supposons que (X,,, Y,,)n>1 est une suite de variables aléatoires dont la distribution est décrite par
un parametre ® € R%. On suppose que le processus Y est observé et que le processus (& valeurs
discretes) X est manquant : la vraisemblance du modele est alors

L(Vihicicn, ®) = Y L((Xs, Y)i<icn, D)

Xla' ’ n
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ot L((X;, Yi)1<i<n, ) est appelée la vraisemblance compléte du modele. L’EMV du parametre ®

est défini comme

~

®,, = argmax L((Yi)1<i<n, ®).
[}

Cependant, la vraisemblance est, dans la plupart des cas, impossible & maximiser directement
en pratique. On ne peut donc pas calculer 'EMV de facon classique. L’algorithme EM est une
procédure itérative qui consiste & maximiser la vraisemblance complete du modele conditionnelle-
ment au processus observé, plutot que de travailler directement avec la vraisemblance du processus.

L’algorithme est le suivant :

Expectation step (E step): Calculer 'espérance conditionnelle de la log-vraisemblance compleéte

sachant les données observées, sous le parametre courant ) :
Q (q> ‘qﬁ)) = Ego [ L((X;, Yi)1<icn, @) |V, 1< <n).
Maximisation step (M step): Trouver un paramétre ®(+1 qui maximise cette quantité :
P+ — argglaXQ (@ }fl)(t)) .

Le résultat suivant (voir Dempster et al. [30]) montre que cet algorithme fait croitre la vraisemblance

a chaque étape :
Théoréeme. Soit (@(t))t>0 une suite de parametres construite a l'aide de l'algorithme EM. Alors
vteN, L ((Yi)lsigm ‘I)(t+1)) z L <(Yi)1Si§na @(t)) '

Un des principaux avantages de l'algorithme EM est qu’il ne requiert pas de calculer les dérivées
de la log-vraisemblance, contrairement & la majorité des méthodes d’optimisation standard (comme
Palgorithme du gradient ou la méthode de Newton). Cependant, il est possible que I'étape M
de 'algorithme soit non explicite, ce qui impose d’utiliser un algorithme d’optimisation classique
pour calculer ®®). Tl se trouve heureusement que ce n’est pas le cas pour les MMPPs, voir Rydén
[100]. De plus, la convergence de la suite (<I>(t)) vers TEMYV n’est pas garantie : en effet, la suite
ainsi construite pourrait converger vers un point-selle de la log-vraisemblance. Cette sensibilité
de l'algorithme EM a D’estimation initiale peut étre résolue en pratique en calculant une premiere
estimation proche de 'TEMV (ce qui aura pour effet de diminuer le nombre d’itérations nécessaires &

la convergence de I’algorithme), ou en démarrant I’algorithme & partir de plusieurs points différents.

Pour d’autres méthodes basées sur la vraisemblance, on peut citer Deng et Mark [31], Holst [66]
et Meier-Hellstern [85]. Parmi les techniques n’utilisant pas la vraisemblance, citons une méthode
d’estimation des moments et des fonctions de covariance (voir Gusella [54] et Rossiter [96]), ou la
maximisation d’une vraisemblance “découpée”, introduite par Rydén dans [98, 99], étudiée ensuite

par Vandekerkhove [104] dans le cadre de mélanges de modeles de Markov cachés.



Un processus de pertes a modulation markovienne

Dans [82], Loisel suggere que la corrélation entre différentes branches d’une compagnie d’assurances
peut provenir de chocs communs et d’une modulation par un processus d’environnement markovien.
Dans le Chapitre 1, nous introduisons et nous étudions un processus de pertes a modulation markovi-
enne, de la forme (J, N, S), ot (J, N) est un MMPP et S = (51, ..., Sy,) est un processus de pertes
(éventuellement multivarié) : autrement dit, les trajectoires des Si sont des fonctions en escalier
dont les sauts sont positifs. Le comportement de S est supposé étre controlé par (J, N) de la
fagon suivante : les S; ne peuvent sauter qu’a un instant de saut de N et si N saute lorsque J
est dans 'état i, alors un saut des processus Sk, ..., Sk, se produit avec probabilité p(i, e), ot
e = {k1, ..., kp}. Dans ce cas, la valeur X du saut a pour loi Py, ), olt (IPg)ece est un modele
statistique paramétrique. Enfin, les sauts de S sont indépendants sachant (J, N). Ce modele est

un modele & chocs communs (voir Lindskog et McNeil [80]). Ses parametres sont :

e les éléments ¢;; du générateur L de J ;

les intensités de saut \; de N ;

les probabilités p(i, e) ;
e les parametres 6(i, e).

En supposant disposer des données suivantes :
e le nombre d’états r de J ;

e la connaissance des processus N et S jusqu’a un certain temps 7', qu’on suppose étre un

instant de saut de IV,

on démontre la consistance de 'TEMV du parameétre global & du modele. Dans ce but, on adapte
la preuve de Rydén [97] de la consistance de 'TEMV pour un MMPP. On donne un algorithme EM,
adapté de [100], pour calculer 'EMYV, ainsi qu'une procédure d’estimation initiale. On utilise ce
procédé sur des jeux de données réelles en assurance dans le cas univarié. Enfin, on réalise une

étude sur simulations dans le cas d'un processus S multivarié.

Deuxieme partie : Méthode des moments d’ordre élevé et
estimation d’un point terminal

Le contexte de la théorie des valeurs extrémes

La théorie des valeurs extrémes a pour but de modéliser et de décrire la survenue et l'intensité

d’évenements dits “rares”. Les champs d’application de cette théorie sont tres variés, notamment :
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e la climatologie : événements climatiques extrémes (précipitations, températures, chutes de

neige), modélisation des grands feux de forét (Alvarado et al. [3]) ;

e 'hydrologie : crues consécutives a des pluies torrentielles (crue de ’Ouveze & Vaison-La-
Romaine, 1992) ; aux Pays-Bas, digues menacées par l'effet conjoint des grandes marées et

des conditions climatiques en Mer du Nord (inondation de 1953) ;

e l'agsurance : survenue de sinistres d’intensité exceptionnelle (ouragan Katrina en 2005, im-
portants incendies en risques industriels, sinistres graves en responsabilité civile automobile)
qui peuvent avoir des conséquences négatives sur les résultats et la solvabilité des organismes

d’assurance ;

e la finance : fortes variations du cours d’actifs financiers, gestion du risque opérationnel des

banques (crise des subprimes, fin des années 2000).

L’approche standard en théorie des probabilités place ’accent sur le comportement en moyenne
et la variabilité autour de la moyenne, par le biais d’outils probabilistes comme par exemple la
loi des grands nombres ou le théoréeme central limite. La particularité de la théorie des valeurs
extrémes est qu’elle se concentre sur la queue des distributions engendrant les divers phénomenes
extrémes étudiés. Les évenements considérés étant rares, le statisticien dispose de peu d’observations
pour analyser les données. Un des problemes principaux en théorie des valeurs extrémes consiste a
concevoir des techniques permettant d’estimer de maniere efficace les quantiles des lois de probabilité
étudiées : pour p € [0, 1], le quantile d’ordre 1 — p d’une fonction de répartition F associée a la

variable aléatoire X est le réel z,, tel que
xp =sup{z € R|F(z) <1 - p}.

x, représente la premiere valeur de X qui sera dépassée avec probabilité inférieure & p. Dans notre
contexte, les quantiles d’intérét sont ceux pour lesquels p est “petit”. En climatologie par exemple,
X peut représenter un niveau de retour de pluie journalier. On cherche alors a estimer un niveau

atteint “rarement”, par exemple, en moyenne une fois tous les 10 ans.

Dans la deuxieme partie de ce travail, on s’intéresse plus particulierement au cas ou le point terminal
0 =sup{z e R|F(z) < 1}

de F est fini. La variable aléatoire X associée a F' a alors un support borné a droite et 6 peut
étre vu comme un quantile de F' pour p = 0. Cette situation se présente par exemple lorsqu’on
étudie certains phénomeénes environnementaux (Neves et Pereira [89]). Notre but est de présenter

une approche nouvelle permettant d’estimer 6.

Avant de décrire notre méthode, rappelons dans un premier temps quelques éléments de la théorie

des valeurs extrémes nécessaires a notre étude.
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Cadre univarié

Le cadre de la théorie des valeurs extrémes est le suivant. Supposons que (X,,) est une suite de copies
indépendantes d’une variable aléatoire X. Soient X; ,, < X5 ,, < ... <X, , les statistiques d’ordre
du n—échantillon (X1, ..., X,,). On s’intéresse au comportement asymptotique du maximum X,, .
Soit F' la fonction de répartition de X. Si € est le point terminal (peut-étre infini) de F', une
application directe du lemme de Borel-Cantelli donne X, ,, L 0, ce qui n’est pas un résultat tres
précis, notamment du point de vue de la vitesse de convergence. On s’intéresse par conséquent au

comportement asymptotique des maxima renormalisés

(2)

ou (ay) et (by) sont deux suites réelles, avec a,, > 0. Les deux premieres questions essentielles de

la théorie des valeurs extrémes sont alors :
e de trouver les limites possibles (en loi) de la suite (Y;,) ;

e de donner des conditions sur F' pour qu'il existe des suites (a,,) et (by,) telles que la suite (Y},)

possede une limite en loi.

La réponse a la premiere question a été donnée par Fisher et Tippett en 1928 [38] et Gnedenko en

1943 [49] sous la forme du résultat suivant :

Théoréme (Fisher et Tippett [38], Gnedenko [49]) Supposons que la suite (Yy,) définie en (2)
converge en loi vers une variable Y, supposée non constante, de fonction de répartition G. Alors il

existe a, b, v € R tels que G(z) = G, (ax +b), ot

exp (—(L4+~y2)~ YY) siy#0et1+vyz >0,
G (x) :=
exp (— exp(—x)) sty =0.

Dans ce cas, on dit que F' appartient au domaine d’attraction de G et on note F' € D(G,).

Les distributions G, sont appelées distributions GEV (pour Generalised Extreme-Value). Par

définition de G, on peut distinguer trois types de distributions GEV, suivant la valeur du parametre

v
e le cas v > 0, ot 1 — G est a support borné a gauche et a queue lourde :

1—Gy(z) = (v2)"Y7(1 +0o(1)) quand z — oo;

e le cas v <0, ot 1 — G est a support borné a droite ;

e lecas v =0, ot 1 — G, est a décroissance exponentielle.
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Ceci conduit a distinguer ces trois domaines, via la définition suivante.
Définition. Avec les notations du Théoreme de Fisher-Tippett-Gnedenko :

e L’ensemble U D(G,) est appelé domaine d’attraction de Fréchet.
v>0

e [’ensemble U D(G5) est appelé domaine d’attraction de Weibull.
v<0

e L’ensemble D(Gy) est appelé domaine d’attraction de Gumbel.
La question est alors de caractériser les fonctions F' appartenant a chaque domaine d’attraction.
La réponse est fournie par le théoreme suivant, di & Gnedenko [49] et de Haan [55] :
Théoréme (Gnedenko [49], de Haan [55]) Soit v € R. La fonction de répartition F ayant pour
point terminal 0 appartient o D(G.) si et seulement si

e poury >0 : 0 est infini et
1-— F(t.’L') :C_l/,y

VZC>O, W qucmdt—>oo,
e poury <0 : 0 est fini et
1
el ]
Va >0, —f%zl/'y quand t — o0 ;
]

e poury =0 : on ne peut rien dire a propos de 0 et il existe une fonction [ strictement positive
telle que
1—F(t+af(t)) -

Va >0, 17—F(t)%e quand t 1 6.

Le réel v est appelé indice des valeurs extrémes de X.

Ce résultat nous permet de donner quelques exemples de distributions appartenant aux différents

domaines d’attraction :

e Domaine d’attraction de Fréchet : Fréchet, Cauchy, Burr type III, Burr type XII, Pareto,
Log-Gamma, Student.

e Domaine d’attraction de Weibull : Uniforme, Beta, Reverse Burr.
e Domaine d’attraction de Gumbel : Weibull, Gamma, Normale, Log-normale.
En notant F =1 — F la fonction de survie associée & F, on a alors

e pour v > 0: F € D(G,) si et seulement si 6 est infini et

F(t
Vo >0, ﬂ—mfl/'y

— uand t — 00;
0 !
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e pour v < 0: F € D(G,) si et seulement si 0 est fini et, en notant G : x — F(0 — 1/x),

G(tx)

V>0, —
! ()

— 27 quand ¢t — co.

Les fonctions F' et G ci-dessus font ainsi partie de la classe des fonctions a variation réguliere, dont

on rappelle la définition ci-dessous :

Définition. Une fonction L mesurable strictement positive a l'infini est dite a variation réguliére

d’indice o € R si
L(tx)
L(t)

Vo >0, — % quand t — oo.

Si o =0, on dit que L est a variation lente. L’ensemble des fonctions a variation réguliere d’indice

a est noté RV,,.

Il est clair que si L est une fonction a variation lente et si a € R, alors la fonction f définie par
f(x) = a® L(z) pour tout = > 0 appartient & RV,. En fait, RV, est exactement composé de toutes

ces fonctions :

Proposition. Soient « € R et f € RV,,. Alors il existe une fonction a variation lente L telle que
Ve >0, f(x)=az"L(z).

Ce résultat montre que ’étude des fonctions a variation réguliere se ramene a celle des fonctions a

variation lente. Parmi les fonctions a variation lente, on peut citer
e les fonctions possédant une limite strictement positive a 'infini ;
e les fonctions de la forme f: x> [Inz|?, B € R ;

e les fonctions L telles que
IM >0, Yz>M, L(z)=C+ Dz P(1+4)) (3)

ouC, f>0,D € R\ {0} et ¢ est une fonction mesurable tendant vers 0 & I'infini. L’ensemble

de ces fonctions L est appelé classe de Hall.

Pour de plus amples informations sur la théorie des fonctions a variation réguliere, on renvoie le

lecteur & Bingham et al. [14].

En utilisant la notion de fonction a variation réguliere, on obtient un critere pratique pour tester

I’appartenance aux domaines d’attraction de Weibull ou de Fréchet :

Théoreme (Gnedenko [49], de Haan [55]) Soient v # 0, F' une fonction de répartition avec point

terminal 0 et F la fonction de survie associée. Alors F appartient ¢ D(G.) si et seulement si
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o poury >0 : 0 est infini et F € RV_y/y 5
o poury <0 : 0 estfinietxrs F(O—1/z)€ RVy,,.

On dégage deux corollaires importants de ce résultat :
e dans le cas v > 0, la fonction de survie F est & décroissance polynomiale ;

e dans le cas v < 0, la fonction de survie F' se comporte comme un polynéme au voisinage du

point terminal.

De plus, les domaines d’attraction de Fréchet et Weibull sont étroitement liés : si 0 € R est
un réel fixé et si X est une variable aléatoire dont la fonction de répartition appartient au do-
maine d’attraction de Fréchet, alors la fonction de répartition de § — 1/X appartient au domaine
d’attraction de Weibull. Réciproquement, si Y est une variable aléatoire dont la fonction de
répartition appartient au domaine d’attraction de Weibull, avec point terminal 6, alors la fonc-

tion de répartition de (6 — Y)~! appartient au domaine d’attraction de Fréchet.

Notre but étant d’exposer une nouvelle méthode d’estimation du point terminal 0, on s’intéresse en
particulier au cas ou F' appartient au domaine d’attraction de Weibull. On présente rapidement ici

quelques approches existantes pour ce probleme :

L’estimateur du maximum :

L’estimateur du maximum est I'outil le plus ancien disponible pour estimer un point terminal :
c’est l'estimateur 5,11” o = X, n. Ses propriétés asymptotiques sont bien connues (voir de Haan et
Ferreira [57]) ; en particulier, il est presque stirement convergent quelle que soit la distribution de
X . Notons que de nombreux raffinements de cette méthode ont été étudiés, voir par exemple Cooke

[26], de Haan [56], Miller [88] et Robson et Whitlock [93].

L’estimateur du maximum est particulierement adapté lorsque les données a exploiter sont obtenues
sous forme de maxima, par exemple lorsqu’on travaille sur des maxima de températures ou de
précipitations en climatologie. Cependant, cette approche est critiquable dans le sens ou elle n’utilise
qu’une seule valeur de I’échantillon de données disponibles. La déperdition d’information est ainsi
tres importante. De plus, les performances de cet estimateur se dégradent fortement lorsque l'indice

des valeurs extrémes tend vers 0.

L’estimateur du maximum de vraisemblance de Hall (Hall [58]) :

L’estimateur du maximum de vraisemblance de Hall est une solution é\f de I’équation

rn{ — L — T_ll }:1, 0> X, n
2]21 1n(1+‘£j,n(9)) 2]21 gj,n(e)



15

ol r,, est une suite intermédiaire d’entiers, c’est-a-dire telle que 1 < r,, < n, r,, = 0o et r,/n — 0

quand n — oo et
5' ( ) _ anjJrl,n - anrnJrl,n
o 0— Xn—j—i—l,n

Les propriétés asymptotiques de cet estimateur ont été étudiées par Hall [58], dans le cas particulier
ou L appartient & la classe de Hall (3). Il est assez instable et n’est pas explicite. Il a été récemment

amélioré par Li et Peng [79].

L’idée d’utiliser un nombre croissant de statistiques d’ordre de I’échantillon a ensuite été plus large-
ment développée dans le cadre de lapproche Peaks Over Thresholds (POT), via 'approximation
de la loi des exces au-dela d’un seuil élevé par des GPD (Generalised Pareto Distributions). Plus
précisément, soient u < 0 et Fy, la fonction de répartition des excés définie par

F(u+zx)— F(u)
1—F(u)

Fu(z) =P(X —u<z|X >u)=

F,, décrit la loi de X sachant {X > u}. On a alors le résultat suivant, dia & Balkema et de Haan [8]
et Pickands [91]:

Théoréme (Balkema et de Haan [8], Pickands [91]) Soit v € R. La fonction de répartition F avec
point terminal associé 8 appartient a D(G~) si et seulement s’il existe une fonction o strictement
positive telle que la loi des excés F,, puisse étre uniformément approchée par une GPD G, ,, c’est-
a-dire

sup ’Fu(x) - Gv,o(u) (:C)‘ —0
0<z<f—u

quand u — 0, ot

x\~1/7 T
lf(lJr'y—) siy#£0etl4+~vy— >0,
Gy o(x) = o o
1—e %/ sty =0.
Ce théoreme montre que lorsque le seuil u est suffisamment grand, la loi des exces au-dela de
u peut étre approchée par une GPD de parametres v et o. On présente maintenant quelques
estimateurs dont la construction se base sur ce résultat. Soit (k,) une suite intermédiaire d’entiers.

La construction générique est la suivante : si (3,, 0,) sont des estimateurs de (v, o) tels que

(Ans Ony Xn—k,,n) est asymptotiquement normal, alors la variable aléatoire

~

~ Un
0:= Xn—kn,n - =
Tn

est un estimateur asymptotiquement normal de 6, voir [57], Théoreme 4.5.1 et Corollaire 4.5.2

p. 146.

Il suffit donc de donner des estimateurs de 'indice des valeurs extrémes v et du parametre d’échelle

o. Citons, de maniére non exhaustive, quelques approches possibles :
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L’estimateur des moments (Dekkers et al. [29]) :

Pour j € {1, 2}, on note

kn—1
) 1< ]
M) = > (I Xniin — X p,,n) -
" i=0

M,Sl) est 'estimateur de Hill de ~y, dont les propriétés sont données dans Hill [65]. L’estimateur des

moments de 7 présenté dans [29] est alors

®)?
)

1
M. () 4 5 S ot )
Vo =My 4o, Ao =1 5 7(12)

L’estimateur du parametre d’échelle est

oM = X, MV —7F0).

n

M =M
)

En ce qui concerne les propriétés asymptotiques du couple (ﬁ o ), voir [57]. Une version plus

performante de Uestimateur dans le cas v < —1/2 a été étudiée par Aarssen et de Haan [1] : elle

est donnée par
1 ~
Xn_kla n Mfz,;cl (1 - ’Y—)

M
Tn

ouky €{1,2,..., n—1} est un seuil fize, indépendant de n et

M,
en = Xn—kl,n -

k1—1
1
1

MY, = i S I Xpin — Xy g, ).

i=0
Estimateur des moments pondérés (Hosking et Wallis [67]) :
On définit les moments pondérés d’une variable aléatoire Y de fonction de répartition ' comme
étant

Vp,r,s>0, My, =EXP[FY)]"[1-F))

(voir Greenwood et al. [52]). D’aprés [67], si Y a une distribution de Pareto généralisée de

parametres (u, o),

En notant
1 e
Py o= k. (Xn—j,n = Xn—kn,n),
n
=0
kp—1
1< j
PR o U NG
Fn e b

P, et @y sont respectivement les moments empiriques correspondant a M g0 et Mj o1 ; les

estimateurs de v et o sont alors

'/Y\PWM — Pn - 4Qn
" . Pn - 2Qn,
8PWI\/[ = 2P’ﬂQ"
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La normalité asymptotique du couple (ﬁp WM GPWM ) a été établie dans [67]. Ces estimateurs ont

depuis été généralisés par Diebolt et al. [33, 34].

L’estimateur du maximum de vraisemblance (Smith [102]) :

La log-vraisemblance d’un échantillon de variables GPD de taille k,, étant

k
1 - y
LYy, ..., Y, ;7v,0)=—kp,lno—|—+1 1[1 —Y—],
(Vivooos Y370 0) = ~ky o = [ 241 Y14 2y;

SR Rt

le couple d’estimateurs du maximum de vraisemblance de (v, o) est

(ﬁfyLE, 8MLE) =argmax (Y7, ..., Yi, ; 7, 0).

" (3,0)

On renvoie le lecteur & Drees et al. [35] pour I’étude détaillée de ces estimateurs.

Pour conclure ce tour d’horizon des méthodes d’estimation de point terminal, citons Athreya
et Fukuchi [7] et Loh [81] pour des méthodes bootstrap, Goldenshluger et Tsybakov [50] pour
Pestimation de point terminal en présence d’un bruit, Hall et Wang [61] pour une méthode de

minimisation et Hall et Wang [62] pour une approche bayésienne.

Point terminal : le cas avec covariable

Dans ce paragraphe, on se concentre sur ’estimation en présence d’une covariable. Plus précisément,
on suppose disposer de copies indépendantes (X;, ¥;) d’un couple (X, Y), out X est & valeurs dans
R? et Y est & valeurs dans [0, o). On suppose que X est & densité f dont le support est un compact
Q2 C RY et que, conditionnellement &4 X = x, la loi de Y est & support borné [0, g(z)]. La fonction g
est appelée frontiére du support de (X, Y'). La question analogue & celle de l'estimation d’un point
terminal est ici d’estimer la frontiere g en un point x € €2 quelconque. En économétrie par exemple,
dans le cadre d’études de productivité, X désigne la production d’une unité et Y représente son

cotit de fonctionnement (Cazals et al. [19]).

Du point de vue de I'estimation, on ne peut pas utiliser directement les techniques développées dans
le cas univarié, puisque la probabilité quune des X; au moins soit égale & un point = fixé est nulle.
Une premiere idée est de chercher comment estimer f elle-méme. Un estimateur tres populaire pour

ce probleme est l'estimateur de Parzen-Rosenblatt [90, 95], défini par :
- 1 <&
Ve eR, fu(x) == K, (x— X))
Lt
ou (hy,) est une suite de réels positifs qui tend vers 0, appelée fenétre et

VueR?Y, Kpu)= %K (%)
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ot K est une densité de probabilité sur R%, généralement & support compact, qu’on appelle noyau.
En d’autres termes, pour estimer la densité f en un point 2 € R%, on calcule la moyenne pondérée
des observations dans un voisinage du point z, chacune étant affectée d’un poids selon leur distance
a ce point. Cette technique possede d’excellentes propriétés tant théoriques ([90, 95]) que pratiques.
Elle suggere de plus que dans le cadre d’un probleme avec covariable ayant une loi a densité, il peut

étre utile de tenir compte des observations au voisinage du point considéré.

Comme dans le cadre univarié, de nombreuses méthodes ont été proposées pour ce probleme

d’estimation. Nous en citons (de maniére non exhaustive) quelques-unes ici.

Méthode utilisant la théorie des valeurs extrémes :

En premier lieu, on peut penser a adapter 'estimateur du maximum au contexte avec covariable,
en considérant le maximum des observations au voisinage d’'un point. Ce travail a été effectué par
Geffroy [40] dans le cas o d = 1 et © = [0, 1] : soient (k) une suite strictement croissante d’entiers

et I, , = [(r —1)/kn, r/ky] pour r € {1, ..., k,}. On pose
Vre{l, ..., k}, U, ,=max{¥;|X; €I, .}

L’estimateur de Geffroy de g est alors

kn
Vo eRY, §9x) = UnrNiger, )

r=1
Tout comme son analogue dans le cas univarié, cet estimateur possede des propriétés théoriques
satisfaisantes (voir [40]), mais ses performances s’averent malheureusement assez mauvaises en
pratique lorsqu’on dispose de peu de points au voisinage de la frontiere, comme par exemple lorsque
la loi conditionnelle de Y sachant {X = z} est une distribution GEV avec un indice des valeurs
extrémes proche de 0. De plus, il nécessite de subdiviser a priori le support de X. Signalons que des
généralisations de cet estimateur ont été proposées pour en améliorer les performances, notamment

par Girard et Jacob [45].

L’approche utilisant la théorie des valeurs extrémes a également donné lieu a 1’étude d’autres
procédés, notamment lorsque les observations sont des réalisations d’un processus ponctuel : parmi
les approches développées dans ce cadre, citons Gardes [39], Girard et Jacob [43, 44] (en utilisant
une méthode de projection décrite par Jacob et Suquet [68]) et Menneteau [86]. Des techniques

générales d’étude de ces estimateurs dans ce contexte sont proposées par Girard et Menneteau [48].

Méthode par polyndomes locaux (cas d =1) :
Cette méthode consiste a approcher g par une courbe polynomiale par morceaux. La technique
générale est la suivante : on subdivise le support 2 de f en sous-ensembles disjoints 21, ..., Q,, et

on fixe des points u; € Q; pour tout i € {1, ..., m}. Un estimateur localement polynomial de g de
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degré k est de la forme

les @;, ; sont les coefficients des polynémes utilisés pour U'interpolation de g. En général, ce sont les
solutions d’un probléme de minimisation : voir par exemple Hall et Park [59], Hall et al. [60], Hérdle
et al. [63], Knight [75], Korostelev et Tsybakov [77]. Ces estimateurs sont appréciés pour leurs
bonnes propriétés théoriques ; les défauts principaux de cette approche sont la nécessité d’imposer

un partage a priori du domaine € et que les estimateurs obtenus peuvent étre non explicites.

11 existe encore d’autres méthodes, comme les méthodes d’optimisation linéaire (Girard et al. [42]).
Signalons enfin que dans le cas d’une covariable réelle (d = 1) et lorsque la frontiere g est une
fonction croissante, le point g(x) peut s’interpréter comme le point terminal de la distribution de
Y sachant {X < z}. Ce type de situation est notamment courant en économétrie. Des résultats
dans ce cadre particulier ont été obtenus par Deprins et al. [32], Farrell [36], Gijbels et al. [41],
Korostelev et al. [76] ou Aragon et al. [4], Cazals et al. [19], Daouia et Simar [27] pour des

estimateurs robustes.

Méthode des moments d’ordre élevé

La seconde partie de ce travail se concentre sur des estimateurs utilisant la méthode des moments
d’ordre élevé. Cette méthode a été introduite, dans le cadre multivarié, par Girard et Jacob [46]
qui ont considéré I'estimateur

n 1/Pn
> VP K, (v — Xi)
VeeR, gl (x) = |(pn+ 1)

Z K, (z — X;)

ol (p,) est une suite de réels positifs tendant vers I'infini. L’utilisation de la fenétre (h,,) permet
comme précédemment de choisir les observations pour lesquelles la covariable est proche de z ; la
nouveauté vient de l'utilisation de la puissance p,, — 00, qui permet de donner (exponentiellement)
plus de poids aux observations Y; proches de g(z). La procédure conserve par conséquent toute
I'information donnée par I’échantillon, en pénalisant les points éloignés de la frontiere. Cet estima-
teur est consistant quelle que soit la loi de Y sachant X et il est asymptotiquement normal dans
le cas ou Y sachant X suit une loi uniforme. Il possede également un comportement satisfaisant
en pratique. Cependant, lorsque la loi de Y sachant X n’est pas uniforme, cet estimateur n’est
pas asymptotiquement normal (Chapitre 3, Théoréme 3.2). Signalons que la méthode des moments
d’ordre élevé a aussi été employée par Girard et Jacob dans [47] dans le cadre d’une estimation par

polynomes locaux, mais la loi asymptotique de I’estimateur n’est pas connue.
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La méthode des moments d’ordre élevé donnant de bons résultats en pratique, on souhaite trouver un
estimateur défini sous forme explicite, utilisant cette approche, qui soit asymptotiquement normal
dans un cadre moins restrictif. Pour ce faire, on considere d’abord le cas univarié, en introduisant

I'estimateur

1 1 H(a+1)pn .
= = — |((a+ Dpo + 1) =02 — (p, 4 1)
0, apn H(a+1)p,+1 Hp,,+1
oua>0et
1 n
Hp, = n Z szn
i=1
qui est l'estimateur empirique classique du moment pu,, = E(X?*). Dans le cas multivarié,
Pestimateur considéré est
1 1 i x iy, (x
VzeR! — —[((a+1)pn+1)M(pn+1)M
gn(x)  apn H(a+1)pnt1(2) fip,+1(x)

ou
n

- 1
Fp, () = — > VP K, (¢ — X))

i=1
est 'estimateur empirique & noyau du moment conditionnel m,,, (z) = E(YP | X = x) : c’est la

généralisation au cas avec covariable de 'estimateur qu’on considere dans le cas univarié.

Ces deux estimateurs sont obtenus par des considérations sur les moments de 1’échantillon. Nos

résultats sont les suivants :

e Dans le Chapitre 2, on montre que I'estimateur des moments d’ordre élevé dans le cadre uni-
varié est consistant sans hypothese paramétrique supplémentaire sur la loi de X. La normalité
asymptotique de I'estimateur est également établie en supposant que X est positive et sa loi
appartient au domaine d’attraction de Weibull avec une condition classique de régularité sur
la fonction a variation lente perturbatrice, ou lorsque cette fonction appartient a la classe de
Hall (3) sans hypothese supplémentaire. On s’inspire ensuite de la technique utilisée pour
construire un estimateur du point terminal lorsque X n’est plus nécessairement positive et on
démontre ses propriétés asymptotiques. On compare enfin, sur simulations, les performances

de nos estimateurs avec celles d’estimateurs classiques.

e Dans le Chapitre 3, on montre que l'estimateur des moments d’ordre élevé dans le cadre avec
covariable est consistant sans hypothese paramétrique supplémentaire sur la loi conditionnelle
de Y sachant X. La normalité asymptotique de I'estimateur est établie en supposant que la
loi conditionnelle de Y sachant X est positive et appartient & la classe de Hall (3). Les
performances de notre estimateur sont comparées avec celles d’autres estimateurs classiques

sur simulations.
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1 Estimation of the parameters
of a Markov-modulated loss

process in insurance

1.1 Model, assumptions and notation

We briefly recall the context of our study. We consider an MMPP (J, N), where J is an irreducible
continuous-time Markov process with transition intensity matrix L on the state space {1, ..., r},
where r € N\ {0}, and N is a univariate counting process such that, when J is in state i, N is a
Poisson process with intensity \;. It is assumed that (J, N) is nontrivial: there existsi € {1, ..., r}
such that A; > 0. We further consider a loss process S = (S1, ..., S,) (namely, the sample paths
of the Sy are step functions with nonnegative increments) whose behaviour is driven by N in the
following sense: assume that the Si can only jump when N does, and that if N jumps at time
t when J is in state 4, then a simultaneous jump of the processes S, ..., Sk, at time ¢ occurs
with probability p(i, e) where e = {k1, ..., kp} is a subset of {1, ..., n}. We then assume that the
random variables E, such that the S with k € F, (and only these) jumped at the time of the sth
jump of N, are independent given the process (J, N). Finally, assume that the value of the jump
Xs = S(75) — S(7s=1), where (7;) is the sequence of the times when N jumps, has a distribution

Py, ), where (Pp)oco is a parametric statistical model, that is
P(S(1s) = S(1s—1) = x| J(75) =i, By =€) = Py, (Vm, m € e = Xy = )

where X is a random vector with distribution Py, ), with clearly x,,, = 0 if m ¢ e. Note that this
model can be seen as a common shock model as in [80]: it is assumed that given the process (J, N)

and the sequence (Fy), the process (S(75)) has independent increments.

The context of our work is the following: let us assume that the process S has been observed up to

time 7T, so that the available data is:

23
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e The number r of states of .J;

e The full knowledge of the processes N and S between time 0 and time 7', both assumed to

be times when N jumps.
The goal is to estimate the unknown parameters of the model, namely:
e The elements /;; of the transition intensity matrix L of J;
e The jump intensities A; of NV;
e The probabilities p(i, €);
e The parameters 0(i, ¢).

Notice that the process J is not observed, which induces technical difficulties. For the sake of brevity,
we let @ be the global parameter of the model. The distribution of the process with parameter ®
is then denoted by Ps.

1.2 Asymptotic properties of the maximum likelihood esti-

mator

Our aim is to estimate the parameters with a maximum likelihood estimator (MLE). The available

data is:

e The values 0 < t1 < ... <ty = T of the 7;, i.e. the times when N jumps (equivalently, the

inter-event times y1, ..., Yr);
® ey, ..., e, the successive values of the F;;
e 11, ..., x} the successive values of the X;.
Let now
fij(t, ®)dt = Po(m €dt, J(t)=37|J(0)=1)
Fij(t,®) = Po(ry >t, J(t)=j]J(0) =1i).

Setting A = diag(\;, 1 <i <), recall that
£t @) = exp(t(L(D) ~ A@)A@),  F(t, @) = exp(t(L(®) — A(D))).
Let then

p(- e, ®) = diag(p(i, e, ®), 1 <i <),

Poie,0)(X =2) = diag(Pg,e, ) (X =2), 1 <i <),
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and in matrix notation

Vec{la "'7”}7 6#@, g(ta €, T, q)) = f(tv (I))p(v €, @)Pe(v,eﬁb)(X:x)
g(ta g, x, (I)) = f(ta (I))p(a g, (I)) ]l{I:O}'

With these notations, the (i, j)th element of the matrix g(¢, e, z, @) is

Vec{la "'7”}5 6#@, gz](ta €, T, (I)> = fzj(ta q))p(jv €, (I))]P)G(j,e,(b)(X:x)
gl](ta @a €, (I)) = fZ](ta (I))p(.ja @, (I)) H{IZO}'

It is now sufficient to specify the initial distribution of J to compute the likelihood of the obser-
vations. Denote by P(®) the transition matrix of the discrete-time Markov chain (J; = J(7)):

integrating f, one gets

P(®) = (A(®) — L(®)) " A(®).

According to [97], P(®) has a unique stationary distribution 7(®) and we have, if a(®) is the only
stationary distribution of the continuous-time process (J(t));>0 and 1 is the column vector of size

r with all entries equal to 1,
_ a(®)A(®)
(®) = THA@)T

From now on, we shall assume that the initial distribution of J is 7(®); the process (J;, V;, E;, X;)
is then Pg —stationary, because the bivariate process (J;, Y;) is a stationary Markov renewal process.

Thus, the likelihood of the observed data under the distribution Pg is

k
L((yis e, Ti)1<i<k, ) =m(P) <H9(?Ji, €, Ti, ‘P)) 1.
i=1

Assuming now that we know the states j; = J(¢;), the complete likelihood of the data is
k
L((Ji)o<i<ks (Yis €iy Ti)1<i<h, ) = 75 (P) (ngm,ji(yi, €is Ti ‘1))> -
i=1
To give a result on the strong consistency of the MLE, we first need some notations: for an arbitrary

parameter ®, denote by Fg the set of all parameters ®’ such that for all e
(Vie{l,....r} N(®)p(j, e, ®) =0) = (Vje{1, ..., 7}, \j(®)p(j, e, D) =0).

Fs can be thought of as the set of the elements ®" such that a simultaneous jump of the processes
Skys -5 Sk, is a.s. impossible under the law P if and only if it is a.s. impossible under the law
Pg. Write further ® ~ &' whenever (Y;, E;, X;) has the same law under Pg and under Pg.

We finally write down the hypotheses we need to state our main result:

(A1) For all e # @, the distributions Py,. ., have the same support, with no atom at 0.
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(A2) For all e # @ and all ®, &', there exists a neighborhood G of ®' such that for every subset
Gg of Gand all 4, j € {1, ..., r},

/

(Az) Foralle # @, alli € {1, ..., r} and all x, = Py(; ¢, ,)(m € e = X,y = ) is @ continuous

In sup Py, e, p)(m € € = Xy = )| Pogj,e, 0)(m € e = Xy = ) dv < 00.
©eGgr

function.

This allows us to state our main result:

Theorem 1.1. Assume that (Ay — As) hold. Let ®g be the true value of the parameter, and let
C be a compact set of Fg, such that ®o € C. Let </I;k be the MLE for ®y on C, computed with k
observations. Then if O C C' is an open set in Fp, containing the equivalence class of ®y modulo

~, one has &)k € C a.s. for k large enough.

Proof of Theorem 1.1. We closely follow the proof of Theorem 1 in [97]: pick ®' € Fg, such
that @ »~ ®j. Lemma 1.8 implies that there exists € > 0 such that H(®g, ®') < H(Pg, Py) — 2¢.
Now, with the notations of Lemma 1.3, Lemma 1.5 entails that there exists N € N\ {0} with

1
NE% (qon (D)) — H(Do, )| < ¢

so that

1
NE% (qon (@) < H(®g, Do) —&.

We then pick a neighborhood G of ®' in F, given by Lemma 1.3; in particular, for every subset

Gg: of G containing @,

Eo, [In sup qon(¢)| < oo.

peG g1

Letting B, be the open ball centered at ®" with radius r, the continuity of qon gives, as r — 0:

In sup  qon(p) = Ingon(P).
weGN B,

Set now A, = { sup  qon (@) < 1}, and let AS denote the complement of A,. Notice that

weGN B,
In  sup QON(@)‘ =—In [ sup qozv(so)} 14, +In [ sup qozv(w)] T4e
eeGN B, weGN B, eeGN B,

which entails

In sup QON(‘P)‘ :

I sup qomo)] < [Inqow (®)] +
peG

eeGN B,

We can then use the dominated convergence theorem to get a neighborhood G¢ C G of @' in Fg,

such that
1

N

1 € €
< NE%(lanN(‘I")) +5 < H(Qo, o) — 3.

Eg, 5

In sup qon ()
pEG g/
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Now, because (Zst =Insup,cq,, qSt(cp)) is Py, —subadditive and ergodic, Kingman’s theorem (see

Theorem 1.2) implies that there exists a finite constant H(®g, ®’, G/) such that
1 /
EE% In sup qor(e)| = H(Po, ', Go)
©eGgr

and

1
7o sup qok(p) — H(®o, ', Gar) Pg, —aus.
peGgr

as k — 0o. Theorem 1.1 in [73] entails

1 €
H(®g, ', Go) < —=Eg, |In sup qon(¢)| < H(Pg, Po) — =;
N ©eGgr 2

putting
pst(]J(0) = i) = L((Yi, Ei, Xi)sr<i<e, 0] J(0) =)

and remarking that for all p € Gg

wor(e) = | D m() iglcﬁ(ti)p%(%ﬂj(o):i)
i€C(y)
> Z mi(p)pok (¢ | J(0) = )
i€C(p)
= pok(p),

one gets In sup por(p) —In sup qor(p) < 0 and thus
pEG g/ pEG g/

1
limsup § 7 1o sup por(p) p < H(Po, ', Gar) < H(®o, ®o) — .
k— oo ©EGgr 2

Cover now the compact set O° N C by the G@;, 1 <i<d. We have

sup {Inpox(p) — Inpox(Po)} < max ¢In sup por(p) — Inpox(Po) p — —o0
peO" 1<i<d 4P€Gq>;

with Py, —probability 1 as K — oco. This shows that necessarily &)k € C a.s. for k large enough,

and completes the proof. [ |

Notice that since our model is not identifiable, any convergence result has to be stated modulo ~.

In that sense, this result is the best possible one.

Under some additional assumptions, one can apply the asymptotic normality theorem in [12] in
order to obtain the one of our estimator. This result is rather technical: we refer the reader to

Guillou et al. [53] for details.
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1.3 An EM algorithm to compute the MLE

We now give an EM algorithm, adapted from [100], allowing us to compute the MLE in our context.
Recall the available data:

e The values 0 < t; < ... <ty = T of the 7;, i.e. the times when N jumps (equivalently, the

inter-event times y1, ..., Yx);
e ¢1, ..., e; the successive values of the E;;
e I, ..., x} the successive values of the X;.

We want to estimate

The elements /;; of the transition intensity matrix L of J;

The jump intensities A; of N;

The probabilities p(i, €);

The parameters 6(i, e).

We let 0 < up < ... < Uy < T be the jump times of J in the time interval [0, T], up = 0 and
Um+1 = T'; let further s; be the state of J on the interval [u;—1, u;), Au; = u; — u;—1 and z; be the

number of jumps of N in the interval [u;_1, u;).

Recall that, if N is a homogeneous Poisson process, then given {N’(¢) = n}, the event times of
N’ in the interval [0, ¢] are uniformly distributed. Consequently, Bayes’ formula implies that the
complete likelihood of the data is

LAY
Lo = Tsy thiw( 651‘,5«; eXp(gSi,SiAui)) eXp(gSm+1ySm+1Aum+1)

Siy Si

m+1
A Zz |
% [H )\sZ Uz ( )\MAUZ)(AZ)
w;

=

> H p(L e)card(A(i,e)) H Pe(i,e) (Vm e, X,, = zm,j) p(i, g)card(A(i,z))
i=1 |ec{1,...,n} JEA(i, €)
e#£D
where A(i, e) ={j € {1, ..., k}| J(t;) =i, e; = e} stands for the set of the jump times of N when

the S, with m € e (and only these) jump and J is in state i; A(i, &) stands for the set of the jump

times of N when none of the S, jumps and J is in state 3.
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From that identity, we deduce that the complete log-likelihood is

Infc — ZH{X(O z}lnﬂ'z'i_ZTE“—’—zsz lnfu—‘,—z n; In X ; — \;

=1 j=1 i=1
J#i

+ Z Z card(A(i, e)) Inp(i, e)

i=1eC{l,...,n}

r k
Z Z ZlnPe(i,e) (VYm e e, X =om ;) Ujcai, ey

i=1eC{l,...,n}j=1
e#£J

_|_

where

T
o T = / ¢ y(u)y=iy du is the time spent by the process J in state ¢ until time 77
0

)

29

o m;;(T) = card{s|0 < s <T, J(s—) =1, J(s) = j} is the number of jumps from state i to

state j of the process J;
k
e n; = Z U y(¢;)=iy is the number of events that occurred when J is in state i.
j=1

The M step. We now compute the conditional expectation of In £¢(®) under a parameter ¢,

given the event {N(u), S(u), 0 < u < T}: one has

InLe(®) = Zn{x(o Z}lnm—i—ZT Eu—i—ZZmU lnElJ—I—Z(nl X — A 7))

=1 j=1 1=1
J#i

+ 3 Y card(AG, €) np(i, ¢)

i=1 eC{1,....,n}

r k
Z Z Zln]f%m e) (Vm ce, X, = :Cmyj) ]1{]:4(1\,6)}

i=1 ec{l, ..,n} =1
e#£D

+

where Z = E,(Z | N(u), S(u), 0 <u <T).

For T large enough, the first term may be neglected; recalling that

Zew, pli, @) =1- > pli,e), card(A(i, @) =n;— Y card(A(i, ),

eC{l,...,n} eC{l,...,n}
j;ﬁz e£D e#£D
one gets, for all 4, j € {1, ..., r} and i # j, the identities
o card(AGe)  ~ my(D)
= %a gl = ]/\ ) )‘l = =
i ¢) = 2 =" ;
Zilnpe(i e)(VTI’LE@ X =T, ) ﬂ{'eA(i e)} =0
— 90(i, €) ’ ’ J _ J ’ ’
j=1 0(i,e)=0(i,e)

where p(i, e), 6/; and ); are the desired estimators, and the last set of equations is to be solved

taking the properties of the statistical model (Py) into account.
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T

The E step. According to Lemma 1.9, if A(e) = U A(i,e)={je{l,..., k}|e; = e}, then

= TP, (J(v) =4, N(u), S(u), 0 < u < v)
L = /0 P,(N(u), S(u), 0 <u<T)
X Py (N(u), S(u), v <u<T|J(v)=1)dv,
& P(J(t) =i, N(u), S(u), 0 < u < T)
= ; P,(N(u), S(u),0<u<T)
Ujea, ey = gjeaey Pe(J(t;) =i N(u), S(u), 0 <u<T),

k k
card(Ai(e)) = > Tgeag.ey = 2 Wjeagey Po(J(t;) =i | N(u), S(u), 0 <u < T),
j=1 j=1

— TP, (J(v) =i, N(u), S(u), 0 <u < v)
moll) = tyly) | SIS S
x P, (N(u), S(u), v <u<T|J(v) =j)dv.

Let w; be the column vector of size r with all entries except the ith equal to 0, and its ith entry
equal to 1. Firstly,
N(v) .
]P)@(N(u)v S(u),0§u<v, J(’U):Z):W(QD) H g(ijejv'rja 50) F(vftN(U)a @)wi
j=1
Secondly, if w! is the transpose of wj,
P(N(u), S(u), v < u < T, 9| J(v) = )
k
- wzt g(tN(’U)-'rl —U; EN(v)+1y TN(v)+1s 50) H g(yja €jy Lyj, 90) 17
J=N(v)+2
and finally
Py (J(t;) =i, N(u), S(u), 0 <u<T)
J k
=7(p) (H 9(Wp; €p, Tp, w)) wiw! | [] 9wp: eps 7, @) | 1.
p=1 p=j+1

0 is generally estimated with a numerical (e.g. quasi-Newton) method.

Procedure. Here, we describe a way of implementing our algorithm, by induction on ¢ € N.

Define, if ®; is the parameter estimate at step ¢,
b Ge(O) = W(q)z) and V 0 < q < k— 17 Ge(q + 1) = Ge(‘]) g(qurlv €q+1, Lg+1, (I)E),

° Dg(k/‘) =land VO S q S k— 1, Dg(k —q— 1) = g(yk_q, €k—qs Tk—q> (I)g) Dg(k/‘ — q).
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Set then A;;(®y) = B;(-, ®¢) = C;(P,) = 0 and do, for all ¢ € N such that 1 < ¢ <,

tqg o
Aij(®r) + Ai(Pe) +/ Gelg—1) F(t —tg_1, ®o) wiwj gty —t, eq, x4, Pe) De(q) dt,
tq71

Bi(g, ®7) +  Gilq) w; w! De(q),

Ci(®e) < Ci(®e) + Bilg, o).

The estimates at step £ + 1 are then

. SF e BilG, ®0) —~ D) Oy
pli. o) = =2 Ty = (@) G0 (@0)

o~

and the 6(i, e) that maximise the functionals

k
01— Pa(Vm € e, X =am, ;) Bi(j, ®o) Ljeace-

j=1
1.4 A posteriori reconstruction of the states

Once the parameters of the model are estimated, it can be interesting to estimate the successive
states of the Markov chain (J;). To this end, we can adapt the procedure described in [85]: consider

the complete log-likelihood as a function of the missing data:
~ k ~
(jo, ey jk) — In (ﬂ-jo ((I))) + Zlngji717ji (y“ €e;, Tj;, (I)) .
i=1

An estimator of (jo, ..., ji) is then a (k+ 1)—tuple (jAO, cey _j/];) which maximises this functional.
Such an estimator has excellent properties, see Caliebe [17]. From a practical point of view, one

may reconstruct the states using the Viterbi algorithm (see [105]), namely:
1. Set V; =0and C; = [j] forall j € {1, ..., 7}, and ¢ = 1.

2. If g > k+1, go to step 6. Otherwise, set
OC(Q) —1n g (/I;
i = M Gij (Yk—q+1) Ck—q+1s Th—qt1, .

3. For all 4, j € {1, ..., r}, compute 51,(‘1]), = a9 + V; and an index j(q) such that B_(q)_(q) =
, i ¢

1,7 7
max 8).
FIS RTINS

4. For all i € {1, ..., r}, replace V; by ﬁ;fqu) and C; by [ji(q), cyl.
5. Replace ¢ by ¢ + 1 and go back to step 2.

6. Find an index 7 such that V; = max V.
je{L""T}

An estimate of the states is then the sequence (jAO, cee _7/];) =Cj;.
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1.5 Numerical illustrations

1.5.1 Computing a first estimate

Providing a first estimate for an iterative algorithm is usually a daunting task. Here, we describe a

procedure, adapted from the one given in [85], which worked fairly well in our examples:

1. Compute the average of the inter-event times =k /T, and mobile averages of the inter-event

times y;, denoted by z; (for the first and last times of the observed sample, put z; = y;).

o~

2. Set J()=0;pick 1 <1< qa<...<qm1. Forall j€{1,..., k}:

~

1
(a) if zj > —=, set J(tj) =1;

@A
1 1 ~
b) forallie{l,...,r =2}, if ——= < 2; < —,set J(t;) =1+ 1;
j J
qit1A* qiN*
1 ~
(c) if z; < ——, set J(t;) =
QT—I)\*
k—1

3. Compute n; = Z ]l{f(tj):i} forie{1,...,r}
j=1

4. Compute, for all 4, j € {1, ..., r}

k
~ 1
Pij = 7 ; ]l{f(tg,l):i, T(te)=35}

which is the first estimate of P;;, the probability that the Markov chain (J;) jumps from state

1 to state j.
5. Calculate, for all 4 1 7= (& 1 the fi i f
. Calculate, for all i € {1, ..., r}, 7 = T (nz + {.T(tk.):i})’ e first estimate of ;.
6. Let A* = >°7_; \; a; be the average jump rate of N; thanks to the identities

Vie{l,...,r}, MN=XNma ' and L=A(Id-P1),

and under the constraint 2:21 a; = 1, consider L and A as functions of ay, ..., a,_1, and,
given X:, 70, ....70, P, yi, ..., yp and J, maximise the complete likelihood with respect to
the parameters ay, ..., a,_1: let @y, ..., d,_1 be the estimates obtained this way.

7. For all ¢ € {1, ..., r}, compute o= Xiﬁ a; ', let

~ ~

A = diag (X 1§i§r) and L:K(Id-ﬁ*l).

These are rough estimates for A and L.



1.5. NUMERICAL ILLUSTRATIONS 33

8. Use L and A as initial values for an EM algorithm to provide estimates for L and A (see
[100]), which we denote by L and A. Compute the corresponding stationary distributions @

and 7.

9. Perform a state reconstruction of J with the Viterbi algorithm using L and A, and let J be
the process obtained this way.

k—1
10. For alli € {1, ..., r}, calculate m; = Z ﬂ{?(tj):i}'
j=1

11. For all e C {1, ..., n}, compute

k—1

. 1

pli, ¢) = Z ﬂ{?(tj):z‘} Wpvme 1, .ccn}, S (t))=Sum(t5-1)>0 & mee}
=1

i
j
which is the initial estimate of p(i, e).

12. Foralli =1, ..., r and e # &, consider the x; such that J(¢;) = i and e; = e as realisations of
independent and identically distributed random variables with parameter 6(i, ), and estimate

(i, e) with a standard method (maximum likelihood method for instance).

This procedure is adapted in the particular case when \; < ... < A, strongly differ, which shall be

the case in our numerical study below.

1.5.2 A non-life insurance example

We now use our algorithm on a real set of non-life insurance data. From January 2004 to November
2009, 594 accidents corresponding to blazes causing industrial damage or losses were observed. The
days of these events were recorded, and so were, if necessary, the compensations for the victims;
the processes N and S obtained this way are shown on Figure 1.1-1.2. This situation corresponds
to the case n = 1 of our model. We finally choose r = 2, which is justified by the fact that the
MLE, computed only for L and A with » = 3 sets all parameters corresponding to the third state

to 0. Before modeling the claims themselves, the parameters of this model are
e /15 and {51, the jump rates of the hidden Markov process J;
e )\ and Ao, the jump intensities of the shock counting process N;

e p(1, 1) and p(2, 1), the probabilities that, when an accident happens, the insurance firm has

to compensate.

As for the claim sizes, a quick analysis of the data shows that some claims have a small size and a
few others are very large, which prevents us from modeling the situation by a log-Normal, Gamma

or Generalised Pareto distribution (GPD). In actuarial statistics, one may either try to separate
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so-called attritional claims and large claims thanks to some threshold as in many Solvency II partial
internal models, or deal directly with a mixture of distributions, or with a distribution that looks like
Lognormal or Gamma distributions for small values and gets more and more Pareto-type for large
values, like the Champernowne distribution (see Champernowne [20, 21] and Johnson et al. [69]).
Another possibility is to use a classical kernel density estimator after transforming the data (see
Buch-Larsen et al. [15]). Here, we use a mixture of a light-tailed and a heavy-tailed distribution,

namely a Gamma distribution and a GPD. Py then has density

—ba 1 &z —p —1-1/e
be b ]1{96>0} + (1 - Q) (1 + %) H{z>u}

o

where a, b, 0, £ > 0,0 < ¢ <1 and p = 49.33 is the minimal (observed) claim size (the unit is the
euro).

Consequently, the parameters to be estimated are ¢12, f21, A1, A2, p(1, 1), p(2, 1), a1, as, b1, b, 01,
o2, &1, §2, @1 and ga.

Estimating the parameters with the EM algorithm, with a quasi-Newton algorithm to estimate the

parameters a;, b;, 0, & and ¢; during the M step gives the following results:

> —00065  0.0065 o [o0a62 0
0.0018 —0.0018 | 0 0214
R 0963 0 R 0037 0
p('a 1): P p('a 0):
0 0947 0 0.053
~ 452\ - 0.011 ~ 1145 \ 145 \ 0.230
a = 9 b == b O— == b g == 9 q =
4.14 0.0073 1216 1.31 0.335

Theoretically, the claim sizes thus have infinite means in both states. This means that the tail of
the claim size distribution is very heavy. However, reinsurance mechanisms and other guarantees
may enable the insurer to provide insurance coverage of those risks up to some high threshold level.

A further analysis then shows that
1. Sojourn times in state 1 are on average 3.5 times shorter than in state 2;
2. There are more accidents when .J is in state 1 than in state 2;

3. Because p(1, 1) is slightly greater than p(2, 1), these accidents cause more losses to the insur-

ance firm;
4. Losses in state 1 are more likely to be heavy-tailed than in state 2.

An a posteriori reconstruction of the states of J is given in Figure 1.3.
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T T T
0 500 1000 1500 2000

Figure 1.3: A posteriori reconstruction of the states of J

1.5.3 A life insurance data set

Let us now present an application in the life insurance field. From January 2006 to July 2010, 1507
closures of savings accounts (also called surrenders) were observed. The months of these events were
recorded, along with the amount of money withdrawn. Early surrenders can be regarded as claims
for the insurance company in some cases, because it corresponds to a drop in future business, and
because sometimes the insurer has been unable to charge all the fees (that are often partly paid
by the policyholder at each time period and not upfront) before the surrender. Surrender risk is
complex: tax and penalty relief, interest rate levels, competition between insurance companies, as
well as other factors are at stake. For a review on surrender triggers, the interested reader might
consult Loisel and Milhaud [83] or Milhaud et al. [87]. In the present data study, we are interested
in the big picture in a quite stable regime (and not in prediction of future surrender rates): in
the considered period, the portfolio seems to have been pretty stable, mainly sensitive to external
competition (which is difficult to observe in practice). We assume that conditionally with respect to
the state of the environment, the probability for one policyholder to surrender his contract does not
depend on the amount of savings. To set a precise date for the kth surrender, we draw a uniform
random variable and add it to the month of this event to obtain an exact date. Here, the “claims”
are the amounts of money withdrawn; the processes N and S are represented on Figure 1.4-1.5,

the unit of time being the month. Again, this situation fits the case n = 1 of our model; we use a
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two-state model for this situation, so that the parameters are
e /15 and fo1, the jump rates of the hidden Markov process J;
e )\; and Ag, the jump intensities of the shock counting process N.

Note that in this example, there is no need to estimate p(1, 1) and p(2, 1). In state 1, we use a
mixture of a light-tailed and a heavy-tailed distribution, namely a Weibull distribution and a GPD,

the density of Py then being

a—1 —-1-1/¢
alx—p (1) /) 1 E(x —p)
quE[ . } o~(a=m)/b) ]1{I>H}+(1_q);(1+T ooy
where a, b, 0, > 0,0 < ¢ < 1 and g = 1.1 is the minimal (observed) amount (the unit is the
euro). In state 2, we fit a GPD, whose density is

T
— |14+ 1 1.1
€T +— o ( + o {m)p} ( )

where o, £ > 0 and again p = 1.1. Of course, surrender amounts are not completely independent
at the microscopic level as each policyholder has a certain balance on his savings account that is
known at a precise date. We are aware that in theory, the X; are not independent and identically
distributed in each state, but in practice there are enough policyholders and enough randomness in
the surrendered amounts for this assumption to be acceptable in practice at the macroscopic level

in each state of the environment (this is supported by statistical tests).
Consequently, the parameters to be estimated are {12, f21, A1, A2, a, b, 01, 032, &1, & and q.

Estimating the parameters with the EM algorithm, with a quasi-Newton algorithm to estimate the

parameters a, b, 0;, & and ¢ during the M step gives the following results:

~ —0.254  0.254 ~ 34.2 0
L= 5 A= )
0.373 —0.373 0 174
R ~ N 22350 ~ 0.17 R
G=1.65 b=09141, 5 = €= . G = 0.306.
14591 0.40

An a posteriori reconstruction of the states of J is shown in Figure 1.6.

Note that results show that during some fierce competition periods, surrender rates become more
important (they double from one state to the other). In the state where surrender rates are higher,
the surrendered amount fitted distribution is composed of a light-tailed part and a heavy-tailed
part, whereas for smaller surrender rates, this distribution does not incorporate any light-tailed
part. This suggests that policies with smaller facial amounts are more sensitive to changes in the
environment. Once again, here, the heavy-tailed part must be regarded as a statistical fit, and the

tail would have to be cut at an appropriate level a posteriori.
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Figure 1.6: A posteriori reconstruction of the states of J

1.5.4 Simulations in the multivariate setting

Motivation

One of the main purposes of insurance is risk diversification and mutualisation: the law of large
numbers and the central limit theorem often apply in practice when independence between individ-
ual risks is not too unrealistic. For example, this works fairly well for motor insurance portfolios
(without motor liability insurance) at the national level. However, when it comes to hurricane risks
or earthquake risks, individual risks are only conditionally independent with respect to the occur-
rence or not of such events in the country. This correlation makes it difficult to diversify those risks
at the national level, and one often uses reinsurance: risks are then diversified at the global level
(floods in Australia, tsunamis in Asia, hurricanes in the East Coast of North America, earthquakes
in Japan, Monte Carlo and San Francisco, storms in Europe for instance). Nevertheless, those risks
are not really independent, as some (often ignored) correlation factors are present. Even if they are
geographically scattered, meteorological phenomena like the El Nino-La Nina Southern Oscillation
(ENSO) may simultaneously influence claim occurrence and severity in those different zones. For
example, it is now accepted that the probabilities of severe floods in Australia, strong snowstorms
in North America and hurricanes on the US East Coast increase during La Nina episodes, while

other kinds of events are more likely during El Nino episodes. To build a model for ENSO and
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to understand all its impacts on different areas of the world is far beyond the scope of this paper.
Of course, ENSO is observed and can be (partly) measured, its behaviour is not really Marko-
vian and claim arrival processes feature seasonality. There are certainly other kinds of unobserved
environment processes that jointly modulate claim processes in different regions of the world. In
our illustrative example, we just imagine that some unobserved Markov process influences claim
frequencies in three regions A (k = 1), B (k = 2) and C (k = 3). Regions A and B are assumed
to be close to each other, so that common shocks (events that simultaneously cause claims in both
regions) are possible. In our example, phase changes are more frequent than for the ENSO cycle.
We simulate the corresponding multivariate risk process, and we check whether it would be possible
or not for us to estimate the parameters of the model and to re-build the states of the environment

modulating process (without observing it of course).

A model with 2 states of the environment

We first assume that » = 2: in state 1, claims are less frequent and less severe in the three zones, and
common shocks are not present, i.e. p(1, e) = 0if Card(e) > 2. In state 2, claims are more likely and
more severe in average, and common shocks are possible for zones A and B, i.e. p(2, {1, 2}) > 0.
Take A1 = 20, A2 = 200, p(1, {1}) = p(1, {2}) = 0.3, p(1, {3}) = 04, p(2, {1}) = p(2, {2}) = 0.2,
p(2, {3}) = 0.4 and p (2, {1, 2}) = 0.2. The univariate claim severity distributions are chosen to be
GP distributed as in (1.1), with the parameters being

p({1}) = p({2}) = p({3}) = 1,
o(l, {1}) = a(1, {2}) = o(1, {3}) = 1,
o(2, {1}) = 0(2, {2}) = 0(2, {3}) = 20,
§(1, {1}) = €1, {2}) = €(1, {3}) = 1/2,
€2, {1}) = £(2,{2}) = &(2, {3}) = 2.

Univariate claims are therefore more severe in average and in the tail for state 2 for all three lines.
As far as the bivariate claims in state 2 are concerned, we model them by a bivariate GPD as in

Cai and Tan [16] and Chiragiev and Landsman [22]; namely, their density has the form

(x,y)Ha(OH—l)( T— 1 T — o

1+ ——+
0102 01 g2

—a—2
) Was iy Uyspoy
where «, p1, po, 01, 0o > 0, and we choose
3 30
n({1, 2}) = s o(2,{1,2}) = 20 | a2, {1,2}) =2.

Assume that we observe the multivariate claim process during 30 years, and that the average time
spent in state 1 (before switching to state 2) is 1 year, while the average time spent in state 2

(before switching to state 1) is 3 months. Namely, £15 = 1 and {o; = 4.
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The estimate of u({e}), e # @ is chosen as the vector of the minima of the claims arising when
a shock affects simultaneously the lines Ly, , ..., Ly, , with e = {ki1, ..., k,}. Results are given

below:

(1o = 1.064, f3 = 3.891,
o= 21.21, Ao = 195.7,

P(1, {1}) = 0.340, B(1, {2}) = 0.276, p(1, {3}) = 0.384,
P2, {1}) = 0.227, B(2, {2}) = 0.182, P(2, {3}) = 0.394,
P(2, {1, 2}) = 0.197,

A({1}) = 1.002, A({2}) = 1.000, 7({3}) = 1.004,

5(1, {1}) = 0.950, 5(1, {2}) = 1.393, (1, {3}) = 0.999,
5(2, {1}) = 18.22, 5(2, {2}) = 19.18, 5(2, {3}) = 24.83,
€1, {1}) = 0.552, £(1, {2}) = 0.507, &(1, {3}) = 0.493,
£(2, {1}) = 2.206, £(2, {2}) = 2.220, £(2, {3}) = 1.888,
R 3142 \ 2598 \
a({1, 2}) = L 52, {1,2)) = L a2, {1, 2}) = 1.79.
3.040 18.06

The estimation procedure yields fairly good results and the states are correctly retrieved, see Fig-
ure 1.9. Of course, if the observation period was shorter, or if the phase change intensities were

smaller, then it would be impossible to estimate transition rates accurately.
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)

Figure 1.9: Reconstruction of the hidden Markov process J: top:

reconstructed process J

A model with 3 states of the environment

We now assume that » = 3 and that common shocks are not

"5 30

the true process J, bottom: the

present, i.e. for i € {1, 2, 3},

p(i, ) = 0 if Card(e) > 2. In state 1, claims are not very frequent and not very severe in the three

zones. In state 2, claims are more likely and more severe in average for the three zones. State 3

corresponds to exceptional conditions that favor extremely severe claims for zones A and B but
protect zone C. Take A; = 20, Ao = 200, A3 = 1000, p(1, {1}) = p(1, {2}) = 0.3, p(1, {3}) = 0.4,
p(2, {1}) = p(2, {2}) = 0.3, p(2, {3}) = 0.4, p(3, {1}) = p(3, {2}) = 0.45 and p(3, {3}) = 0.1. The

claim severity distributions are once again modeled by GP distributions, with

p({1}) = p({2}) = p({3}) = 1,

o(L, {1}) = o(1, {2}) = o(1, {3}) = 1,
o(2, {1}) = (2, {2}) = 0(2, {3}) = 20,
o3, {1}) = o(3, {2}) = 200, o(3, {3}) = 0.5,
€01, {1}) = &(1, {2}) = £(1, {3}) = 1/4,
§(2,{1}) = €2, {2}) = €(2, {3}) = 1/2,
€2, {1}) = €2, {2}) = 1, €2, {3}) = 1/3,

These parameters are chosen so that claims for zone C in state 3 are very small compared to those

for zones A and B. Assume that we observe the multivariate claim process during 30 years, that
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the average time spent in state 1 (before switching to another state) is 1 year (resp. 3 months for
state 2, 1 month for state 3), and that jumps from state 1 to state 3 or from state 3 to state 1 are
a.s. impossible. Assume finally that when one leaves state 2, the probability to go to state 1 is
2/3. The intensity transition parameters are then 10 = 1, f13 = 0, loy = 8/3, lag = 4/3, l31 = 0,
l3o = 12.

Again, the estimate of u({i}), i € {1, 2, 3} is chosen as the minimum of the claims affecting line 1.

The results are the following;:

1o = 1.691, l15 =0, loy = 2.513, log = 1.288, U3, = 0, I35 = 10.76,
= 27.44, \o = 198.3, A3 = 976.3,
A1, {11) = 0.289, B(1, {2}) = 0.332, B(1, {3}) = 0.379,
B2, {1}) = 0.306, (2, {2}) = 0.298, B(2, {3}) = 0.396,
B(3, {11) = 0.448, p(3, {2}) = 0.444, B(3, {3}) = 0.109,
A({1}) = 1.003, f({2}) = 1.001, fi({3}) = 1.000,

5(1, {1}) = 1.013, 5(1, {2}) = 1.065, 5(1, {3}) = 1.016,
5(2, {1}) = 19.17, 5(2, {2}) = 19.85, 5(2, {3}) = 20.83,
5(3, {1}) = 191.9, 5(3, {2}) = 191.2, 5(3, {3}) = 0.472,
€(1, {1}) = 0.356, £(1, {2}) = 0.298, £(1, {3}) = 0.251,
(2, {1}) = 0.504, £(2, {2}) = 0.437, £(2, {3}) = 0.433,
(2, {1}) = 0.957, £(2, {2}) = 0.948, £(2, {3}) = 0.443.

Once again, results are correct because we have enough environment process changes during our
observation period, see Figure 1.12. Results are slightly less accurate than in the 2-dimensional
case, for example regarding ;. Note that although results would be completely inaccurate for large
numbers of lines or numbers of states of the environment, estimation and reconstruction results are

acceptable for 3 lines and 3 states of the environment.
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Figure 1.12: Reconstruction of the hidden Markov process J: top: the true process J, bottom: the

reconstructed process J

1.6 Appendix A: Auxiliary results

We first state three technical lemmas in order to adapt the intermediate results of [97]:

Lemma 1.1. Let (X, M, u) be a finite measure space. Assume that f and g are two Borel non-

negative functions on X such that In f and Ing are p—integrable. Then In(f 4 g) is p—integrable.
Let g; = Z gij- The next lemma is an integrability result on In g;.

j=1
Lemma 1.2. For all ® and ®' € Fy, set C(¥') = {i € {1, ..., r}|m(®') > 0}. Then, for all
i€ C(P'), one has

Ee | max |Ing;(Yq, Ei, X1, ®)|| < 0.
i€C(D')

Before stating our third lemma, we recall Kingman’s result on subadditive processes (see Theorems

1.5 and 1.7 in [73]).

Theorem 1.2 (Kingman [73]) Let (Wy;) be a real-valued double-index process. Assume that (W)

15 subadditive, namely
° VS<’U,<t, Wst§W5u+Wut7'

o (Wy,) is stationary relative to the shift Wo, — Wi, 1415
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o Vi, E|Wy < oco;
e JAER, Vt, E(Wy) > —At.
Then there exists an integrable random variable & such that
(i) @ — & a.s. and in L' ast — oo;
(ii) If the o—algebra invariant relative to the shift in 2. is a.s. trivial, then £ is a.s. constant.

Using this formalism, we get another result on our process:

Lemma 1.3. Pick an arbitrary parameter ®, and set for all ' € Fg

¢st(®) = max L((Y;, Ei, Xi)st1<i<t, | J(0) = j).
JEC(®’)

Then there exists a neighborhood G of ® in Fg such that for all Ge: C G containing ®', the process
(Zst =1In SUDyeq,, qst(go)) 1s Py —subadditive and ergodic.

We now write analogues of the lemmas of [97], in order to show our main theorem. Note that, using
the finite dimensional distributions of the stationary process (J;, Y;, E;, X;), it is possible to extend
the sequences (J;);>0 and (Y;, E;, X;);>1 to doubly infinite sequences (J;);cz and (Y5, E;, X;)icz.
Because (J;, Y;) is an MRP, it holds that

LYy, By, X1, @ (Y, Eiy Xi)on<ico) = Y Pa(Xo = j| (Y, Ei, Xi)-n<i<o) 9;(Y1, Er, X1, ®).

j=1
Remark that, letting F,, be the o—field F,, = o((Y;, Ei, Xi)—n<i<o0), the sequence (F,)n>0 is
nondecreasing. A martingale theorem of Lévy (see Theorem 35.5 p. 358 in Billingsley [13]) then
yields, for all j € {1, ..., r},

Py (Xo = j| (Y, Ei, Xi)—n<i<o0) = Po(Xo =7 | (Y3, Bi, Xi)i<o) Po —as.
as m — 0o, which in turn gives a definition of £L(Y1, Ev, X1, | (Yi, Ei, Xi)i<o)-
Lemma 1.4. For all ®, In L(Y1, E1, X1, ©|(Yi, Ei, Xi)i<o) is Po—integrable. Let

H(®) = Eo(—In L(Y1, 1, X1, ®| (Yi, Bi, Xi)i<o))-
Then, as n — oo,
(i) %I&p In L((Y;, Ei, Xi)1<i<n, ®) — —H(®);
(ii) %mz((yi, Ei, Xi)i<icn, ®) — —H(®) Po—a.s.

Lemma 1.5. For all ® and all ' € Fg, there exists a finite real number H(®, ®') such that, as

n — oo,
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(i) lE@ In L((Y;, Ei, Xi)i<i<n, ®') — H(®, ');
0 <i<

1
(ZZ) —Eq> max AC((Y;, Ei, Xi)1<i<n; (I)I | J(O) :_j) — H((I), (I)I),'
n JEC(P) -

1
(ZZZ) — lnﬁ((}/“ Ei, Xi)1<i<n; (I)/) — H((I), (I)/) P@-G.S.,’
n s

1
(Z’U) — max AC((Y;, Ei, Xi)1<i<na ol | J(O) = _j) — H((I), (I)I) Py —a.s.
n jec(e’) -

To adapt Lemma 6 of [97], define
Q = {yi; €y Xq, ’U,l(’L — 1), ey ’LLT(Z — 1)}1'21

where y; € [0, 00), ¢; € {0, 1}, z; € [0, 00)", u;(i — 1) € [0, 1]. Q is equipped with its Borel
o—algebra B (to define a topology on 2, use a weighted sum of metrics so that €2 is complete and

separable).
Define by induction on k € N

> i 9ii (U e, T, P)ui(k —1, @)
(0. ®) = 7 (P (k. ®) = &
’U,]( ) ) 7Tj( )a Uj( ) ) Zigi(yk’ €k, Tk, P) Uz(k/’ —1, ®) s

so that Bayes’ formula yields u;(k, ®) = Po(Jx = 7| (vs, €, ®i)1<i<k)-

Let now P,, be the set of all subsets of {1, ..., n} and define, for all Borel sets B C [0, c0)* x P¥ x
[07 oo)nk % [07 1]7‘k}7

Po, o/ (B) = Po((yi, €, zi, u(i — 1, ®'))1<i< € B).

Welet S : Q = Q, (v, ei, x;, u(i — 1, ®)) — (Yir1, €it1, Tit1, u(i, )) be the standard shift

transformation, and
| Nl
pWN) L —i
P¢’¢/7NZ]ID¢7¢,/OS .
=0
Finally, we let Y;, E;, X; and U(i — 1, ®’) be the corresponding coordinate mappings.

Lemma 1.6. For all ® and ®' € Fg, there exist an increasing sequence of integers (N;) and a

probability measure IFEP, & on §) such that

1) For all k, the law of (Y;, E;, X;, U(i — 1, ®))1<i<r under the probabilit ﬁ’(Nj)/ converges
() ’ ) ) I I S1S p y D, D .g
weakly to the law of (Yi, By, X, U(i — 1, ®))1<i<k under the probability IF)<1>,(1>/,'

(ii) The process (Y;, E;, X;, U(i — 1, @')) is I?P"@@/—stationary;
(i1i) The process (Y;, E;, X;) has the same law under IF)@,@/ and under Pg.

The analogue of Lemma 7 in Rydén gives a representation of H(®, ®’):
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Lemma 1.7. Let ® be an arbitrary parameter and ® € Fg. Then

H(®, ®') = Eg, ¢

In <Z Ul(oa (I)/) gi(lea Ela X17 (I)I)>

i=1

For all ® and @' € Fy, set now K(®, ') = H(®, ) — H(D, ®'): this real number is well defined

and finite. We state a result similar to Lemma 8 of [97]:
Lemma 1.8. Pick ® and &' € Fy. Then K(®, ®') > 0, and (K(®, ?') =0) & (P ~ D).
We finally write a result that solves the E step of the EM algorithm in Section 1.3:

Lemma 1.9. Retain the notations of Section 1.3, and let

T

Then
= TP, (J(v) =i, N(u), S(u), 0 <u < v)
L = /0 P, (N(u), S(u), 0< u < T)
x P, (N(u), S(u), v <u<T|J(w) =1)dv,
= Pu(J(ty) =i, N(u), S(u), 0 < u < T)
= q; P,(N(u), S(u),0<u<T)
Ueai ey = lgjea) Po(J(t;) =i N(u), S(u), 0 <u<T),
k
card(A(i, €)) = Z]l{jeA(e)} Py (J(tj) =i| N(u), S(u), 0 <u<T),
— =, TP, (J(v) =i, N(u), S(u), 0 <u < v)
D) = o) [ R S 0 2T

1.7 Appendix B: Proofs

Proof of Lemma 1.1. Start by writing

/X I/ + g)| dyt = /{ o ) / In(f + g) du.

{f+g<1}

Now f < f+g, so that —In(f + g) Iyp1g<1y < —Inf s gc13. Therefore

/Iln(f+g)|du§/ 1n(f+g)du+/ | n £ dp.
X {f+g>1} X

Thus, it is enough to prove that / In(f 4 g)du < .
{f+g>1}

Notice that

1 1
Va,y > 2, ln<—+—)§0
xr oy



50 CHAPTER 1. ESTIMATION FOR A MARKOV-MODULATED LOSS PROCESS

which leads to
Ve, y>2, In(z4+y) <lnz+Iny.

Consequently

[ mgegd
{f+9>1}

/ In(f +g) dp + / In(f + g) dp
{(F+9>1, f>2,9>2) {(F+9>1, f<2,9<2}
In(f +g)dp+ / In(f +g)du

/{f+9217f227g<2} {f+g>1, f<2,9>2}

IN

/ Inf+Ingldu+p(X)2In2
{f+921, f>2,9>2}

1n(f+2)du+/ In(g + 2) dp

/{f+g>17f>279<2} {f+9>1, f<2,9>2}

2/ |lnf|du+2/ [Ing|dp+ p(X)41n2
X b's

IN

which gives / In(f + ¢g) du < oo and ends the proof of this lemma. [ ]
{f+g9>1}

Proof of Lemma 1.2. First, note that

Eo { max [Ing;(V1, Ev, X, @’)|] < Z Eo|lngi(Y1, Er, X1, ®')[;
i€C(®’) iec(@)

we shall then prove that for all ® € Fp and i € C(®'), Eg|Ing; (Y1, F1, X1, )| < co. Write
Eg|Ing;(Y1, E1, X1, ®)[ = Z/Hngi(y, e, x, )| L(dy, e, dz, ).

Using the equality g; = > ; 9ij and Lemma 1.1, it is enough to show that for all 7 and all j, e such
that A;(®) p(4, e, ') > 0, the function

(3, ) = In [exp(y(L(D") — A®))); 3 Ay () p(j, € ) oy 0. a0 (1 € € = X = )]
is L(-, e, -, P)—integrable. The hypothesis on the statistical model (IPy) first gives, for all 4, j,
/‘lnIP(,(%&@/)(m ce= X, = mm)’ Poi e, d)(m € e = Xy € day,) < 00.

Because J is a Pgs—irreducible Markov process, for all j # i, one has

1 . ;
Vy >0, exp(y(L(®)—A(D))):; = —)\‘((I),)P@(J(y) =4, Y1 edy|J0)=1i)>0
J
and therefore, since for a given matrix A
v R A) = A
Yy eR, eXp(y )720Fy7

there exists an integer n(i, j) such that (L(®') — A(@’))-’(J?’j) > 0, which we pick to be minimal

among the integers satisfying this property. Consequently, in a neighborhood of 0,
’ / i (i, ) yn(i,j)
exp(y(L(®') — A(P)))s,; = (L(2) — A(P"));

_ Oy +1
ATy I
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so that the functions
y = In fexp(y(L(®) — A(P"))):, ; A (@) p(4, e, )] L(y, e, @)

are integrable in a neighborhood of 0.

Using a corollary of Perron-Frobenius’ theorem (see e.g. Appendix A.4.8 in Asmussen [6]) entails
that there exist a matrix A with positive entries and two real numbers p > ¢ > 0 such that, as
Y — 00,

exp(y(L(®') — A(D))) = exp(—dy) A+ O(exp(—py));

thus, for all ¢, j € {1, ..., r}, there exists a; ; > 0 such that, as y — o0,
exp(y(L(®') — A(®)))i,j = exp(—dy) ai, j + O(exp(—py)).
Therefore, the functions
y = In [exp(y(L(27) — A(®)))i,; A; () p(j, e, D) L(y, e, P)

are integrable in a neighborhood of co. Finally, Lemma 1.2 follows. [ ]

Proof of Lemma 1.3. A proof similar to the one of [97] shows that the first and second hypothesis
are satisfied for any G, and that the process is ergodic. To show the third one, let G be an arbitrary

subset of Fgp containing ®'. Set B = {SUPapeG qot () < 1}. The inequality

t

q0t Hzlz

and the stationarity of the process (Y;, E;, X;) together imply

Eq |In sup %t(‘P)’ = -Eo [hﬂ sup qm(w)llB} + Eg [ln sup th(sD)lch]
peG peG peG
< Egllnge(®)| + tEg |In sup q01(<p)‘ .
weG
Now
(I)I = Y;a Es, st (I)
qot(®") Jax > H [ )

ki,...,ke€C(P’) s=1

so that, because

In max a;| < max |Ina;| for all real numbers (a;)1<i<n,
1<i<n 1<i<n ='=

/ /
[Ingo: (@) < kgglca()é') In Z Hgks,l,ks (Ys, By, Xs, @)
| k1. ke€C(@r) s=1

< Y [ Z Hgkslst,Es,Xs,m

koeC(®) | k1. ke€C(@r) s=1
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To show that Eg|lng:(®’)| < oo, we notice that applying Lemma 1.1 and using the properties
of the logarithm function, it is enough to show that for all s, e; and ks_1, ks € C(®’) such that
>\ks (q)/)p(km €s, @/) >0,

/|1ngk571,ks (ysa €sy, Ls, @/)| E((dy]’ €55 dxj)lﬁjﬁt’ q)) < 00,
which was already shown in the proof of Lemma 1.2. It is therefore enough to show that

Eo

In sup qm(go)‘ < 00.
weG

Put then C = {SUngeG qo1(p) < 1} and write

Eo

In sup qo1 ((p)} = —Es {ln sup q01(<p)]lc] + Eo [hﬁ sup qm((p)]lcc}
peG peG peG

IN

Eo|In goy (2] + Eg [m sup q01<sa>nm} |
peG

Because Eg | In go1 (P')| < o0, it is sufficient to prove that there exists a neighborhood G of @ in Fi
such that for every subset Gg/ of G containing @',
Eo [ln sup q01(<p)]lcc] < 00.
pEG g/

Since

qo1(p) = ,IenCa(LX)gi(Yl, By, X1, 9) <> g:(V1, B1, X1, )
vl i=1

one has

T
sup qo1 () < Y sup gi; (Y1, By, X1, ).
el i =1 el

Lemma 1.1 therefore shows that it is enough to find a neighborhood G of ®' in Fg such that for all
J, e such that X\;(®") p(j, e, @) > 0 and every subset G¢/ of G containing ®’, we have

In sup gz](yv €, T, 90) ‘C(dya €, dZL', (I)) < 0.

©EGgr

Vie{l,...,r}, /

The hypothesis on the statistical model (Pyp) and the fact that J has a finite state space together
imply that there exists a neighborhood Go of ®’ such that for all i, j and every subset Gg of G

containing @,

/

it is finally enough to find, for every e, a neighborhood G; of ® such that for every subset Gg: of

In sup Py e, p)(mece= Xp =)

Poij,e,d)(m € e = Xy = ) dr < 00;
pEG g/

Gy containing @',

/

Pick then a neighborhood G of ® in Fg such that

In sup exp(y(L(p) — A(®)))i,j Aj(0) p(d, € )| L(dy, e, @) < oo.

pEG g/
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o V3, sup 1A () = A (@) < A (D) Dx, (@) > 033
e

L4 vev j7 Sug |p(]a €, 50) 7p(j7 €, q)/)| < p(]v €, q)/>]1{p(j,e,ll>’)>0}7
pe

so that if ¢ € G = G1 N Go, the parameters A;(¢) and p(J, e, ) are bounded for all j and e, and

if one of the parameters is positive under Pg-, then it is also under P,. Set

M = sup max A; () p(j, €, ¢).
peG 1€

For all ¢ € GG, the inequalities

e exp(y(L(p) — A(p)))i,j < exp(y(L(p) — Alp)))i, ; Aj(w)p(d, e, ») < M

hold, if € > 0 is defined by
€= ing{)\k(tp)p(k, e, ), k, e such that A\ (®) p(k, e, ®') > 0}.
we
Therefore, for all ¢ € G,

e exp(y(L(p) = A(®)))i s < zggexp(y(L(w) = AW)))i i A (W) PG €, ¢) < M.

Especially,

In(e exp(y(L(P) — A(®'))),;) <In sup exp(y(L(¥) — A()))i, j Aj(¥) p(d, €, ¥) | < InM

and because the function
y = In(e exp(y(L(®') — A(®)))i, ;) L(y, e, P)
is integrable, the result is proven.

To show that the fourth requirement is met, notice that Zy; > In goi(®’). Furthermore,
t
goi(®)= max > J]gr_sk(Ye Bs, X, @),
kocc(® )ku o keeC(@7) s=1
Using the definition of Fg, we see that we may focus on the indices e such that there exists an index
jeA{l, ..., r} with \;(®') p(j, e, ') > 0. Let I be the set of these indices.
Put then v = min{\;(®) p(4, e, ®’), j, e such that \;(®") p(j, e, ') > 0}. We set indices e; € I
for all j € {1, ..., t}. There exist ki(e1), ..., k:(e+) such that

V] S {1, ceey t}, Akj(ej)(q)/>p(kj(€j>a €j, (I)I) > > 0.

Since

t
ao(®) = max > o k(G B X, @)
0€C( )kl,.,.,ktGC(':b’)S:l

t
> max Y,, Es, X, o'
- koeC(‘b’)Sglgksfl(Esflxks(Es)( )
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and
Gk 1(ear), ko(es) Ys, €55 Ts, D)
> 7 exp(ys (L(P) = AP))) k. (eamr), kalen) Polka(en), en, a0y (M € €5 = Xop = T, )

we get, for all ko = ko(eg) € C(P'),

Eelngou(®) > Y /1neXp(ys(L(‘I") = AMP))ka 1 (en 1), bate) LUy €5, dzj)i<j<e, P)
1egsseglt
+ Z /111?9(1%(63)763,@/)(7’)1 Ces = X = xmys)[,((dyj, €j, dxj)lgjgt, q))

es€l
1<s<t

+ tCln~v

where C' = card . We can eliminate the condition e; € I because the terms with e; ¢ I do not

contribute, and thus

Eolngu(®) > Y / I exp(ys(L(2) — MA@y o011,k o) L(AYss eam1, €0, )

s
1<s<t

+ Z /1nP0(k5(eS),es,<I>’)(m ces = Xm = xm,s) E(es; d.’L‘S, (I))
1<e<t
+ tCln~.

The stationarity of the process (Y;, E;, X;) yields

Z /lnpg(ks(es),es,@)(m €es = X =Tm,s) L(es, dvs, @)

1<s<t
< tZ/ |1nP9(k1(el),e1,<I>’)(m ce = Xm = zm,l)} E(el, d'rlv (I)) < o0
e1

and

Z /lnexp(ys(L(@/) - A((I)/)))ksfﬂes,l),ks(es) ‘C(dysv €s—1, €s, q))

2< <t
< (t - 1) Z ‘hlexp(yQ(L(q)/) - A((I)/)))k1(e1),k2(62)‘ ‘C(dy27 €1, €2, q)) < Q.
€1, €2
The term with s = 1 is also finite, which completes the proof of our result. [ |

Proof of Lemma 1.4. To show Lemma 1.4, notice that applying Lemma 1.2 yields

Es {max [Ing; (Y1, E1, X1, ®)|| < o0
ieC(@)

and adapt the proof of Lemma 4 in [97]. [ |
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Proof of Lemma 1.5. Retaining the notation of Lemma 1.3, the process (In ¢+ (®’)) is subadditive

and ergodic; the proof is then similar to the proof of Lemma 5 in [97] and is therefore omitted. M

Proof of Lemma 1.6. The argument follows the proof of Lemma 6 in [97] and is omitted. [ |
Proof of Lemma 1.7. The proof is the same as the proof of Lemma 7 in [97]. |
Proof of Lemma 1.8. The proof is an easy adaptation of the proof of Lemma 8 in [97]. [ |

Proof of Lemma 1.9. Since {N(u), S(u),v < u < T} and {N(u), S(u),0 < u < v} are
independent given {J(v) = i},

T, = /TPV,(J(U) =i|N(u), S(u), 0 <u<T)dv
B /T P,(J(v) =1, N(u), S(u),0 <u<T) 0
o Pyo(N(u), S(u), 0 <u <T)
B /T P,(J(v) =14, N(u), S(u), 0 <u <wv)
o Py (N(u), S(u), 0 <u <T)
X Py (N(u), S(u), v <u<T|J(v)=1i)dv
To get n;, write
k
A o= Y Pu(J(ty) =i|N(u), S(u),0 <u<T)
k

Then
Wjea, ey = Ujeaceyy Po(J(t;) =i N(u), S(u), 0 <u < T).

Consequently, we have
- k . k
card(A(i, €)) = Y _Igjeag, oy = Y Ujeacey Po(J(t;) =i N(u), S(u), 0 <u < T).
j=1 j=1

We finish by showing how to compute mw/(\T ). First, if (U;) stands for the sequence of the jump
times of J,
mii(T) = card{s|0<s<T, J(s_)=1, J(s) =4}

= card{Q € N\ {0} | J(Uqg1) = i, J(Ug) = j. Ug < T}

= Y W Woor)=i. J(Ua) =1 Uo<T}
Q=1
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and therefore

—

mi(T) = Y Po(J(Uqg-1) =i, J(Ug) = j, Ug < T|N(u), S(u), 0 <u<T)

_ /T i Py(J(Ug) =i, J(v) = j, Ug € dv, N(u), S(u), 0<u<T) -
0 5o Py(N(u), S(u), 0 <u<T)
Now, using independence given {J(v) = j}, one has for all € N\ {0},
P (J(Ug—1) =i, J(v) = j, Ug € dv, N(u), S(u), 0 < u < T)
= Py(N(u), S(u), v <u<T[J(v) =7)
< Pu(J(Ug—1) =i, J(v) = j, Ug € dv, N(u), S(u), 0 < u < v).
Notice that for all Q € N\ {0},
P, (J(U0) = Vg~ Ugms € v J(Ug-1) =) = 22k (tip) exp(tui) ) do
Po(Ug —Ug-1>v[J(Ug-1) =1) = exp(lii(¢)v)

so that
Po(J(Uq) =J, Ug —Ug-1 € dv | J(Ug-1) = i) = lij(¢) Po(Ug — Ug-1 > v | J(Ug-1) = i) dv.
Write then

P,(J(Ug-1) =1, J(Ug) = j, Ug € dv, N(u), S(u), 0 <u <)

Q-2 Q-1
:/} > P <ﬂ{J(sq)=jq}, () {Uq € dsy}, J(Ug-1) =i, J(Uq) = j,

0y JQ—2 q=0
Ug € dv, N(u), S(u), 0 <u< v).

Given the event
Q-2 Q-1
{ (N {I(sq) = da}s (VAU € dsg}, T(Uq-1) =i, J(Uq) = j, Uq € dv} :
q=0 q=0
the distribution of {N(u), S(u), 0 < u < v} is equal to the distribution of {N(u), S(u), 0 < u < v}
given
Q-2 Q-1
{ ﬂ {J(sq) = Ja}, m {Ug € dsg}, J(Ug-1) =1, Ug > U} )
q=0 q=0
because the jump intensities of N and the shock probabilities in the interval [0, v) are determined

by the values of J in [0, v). Consequently, using Bayes’ formula,

Py (J(Ug-1) =1, J(Ug) = j, Ug € dv, N(u), S(u), 0 <u<wv)
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Q-2 Q-1
:/ Y (P, (ﬂ {J(sq) = o}, [V {Uq € dsg}. J(Uq-1) =i, Ug > v,

Jo, - JQ—2 q=0 q=0

N(u), S(u), 0 <u< v) dv
which yields
Py (J(Ug-1) =1, J(Ug) = j, Ug € dv, N(u), S(u), 0 <u <wv)
=Lij(P)Pu(J(Ug-1) =i, Ug—1 < v, Ug > v, N(u), S(u), 0 <u < v)dv,

thus implying that

> P (J(Ug-1) =i, J(Ug) = j, Ug € dv, N(u), S(u), 0 < u < v)
Q=1

=1ij(p)Pu(J(v) =1, N(u), S(u), 0 <u < v)dv.
From that, we deduce

P T v) =i u w "<
mi(T) = ez-j(@/o Py(J(v) =i, N(u), S(u), 0 < u < v)

which completes the proof. [ ]
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2 Endpoint estimation with high

order moments

2.1 The problem

In this chapter, we let (X1, ..., X,,) be n independent copies of a random variable X, with support
bounded to the right. Namely, we assume that the right endpoint = sup{x € R|F(z) < 1} of
the cumulative distribution function F' of X is finite. We address the problem of estimating the
real number # with a high order moments method. In Section 2.2, we examine the case where X is
positive; that hypothesis shall be dropped in Section 2.3. In Section 2.5, we present some particular
examples where our assumptions hold. A simulation study is proposed in Section 2.6 to illustrate
the efficiency of our estimators, and to compare them with estimators of the endpoint estimation

literature. Auxiliary results are postponed to Appendix A and proven in Appendix B.

2.2 The positive case

In this section, we assume that X has a bounded support [0, 6], and we introduce an estimator of

0 using high order moments of the variable of interest X. More precisely, the estimator is given by

1 1 Ha+1)p, Lop,,
— = — [((a+ V)p, + 1) 4 1) Hen (2.1)
0, apn H(a+1)pn+1 Hp,,+1

where (p,) is a nonrandom positive sequence such that p,, — oo, a > 0 and

1 n
ﬁpn = ; Zle"
i=

is the classical moment estimator of p,, := E(X?*). From a practical point of view, taking high
order moments gives more weight to observations close to . From a theoretical point of view, the
estimator gn converges in probability to 6 without any parametric assumption on the distribution
of X, see Section 2.2.2. The asymptotic normality of the estimator is established in Section 2.2.3

when the cumulative distribution function F' of X belongs to the Weibull max-domain of attraction.
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2.2.1 Construction of the estimator

To justify the introduction of our estimator (2.1), pick 8, o > 0 and let first Y be a random variable

with survival function G defined by G(y) = (1 —y/6)® for all y € [0, 0]. We get, for all p > 1,

My B?) =p [ Gl dy = at” B+ 1, a) (2:2)

1
where B(z, y) = / t*71 (1 — t)"1 dt is the Beta function. This yields, for all p > 1,
0

M. 1
My :_[H—a ] (2.3)
Merl 9 erl

leading to, for every nonrandom sequence (p,,) of real numbers > 1 and every a > 0,

1 Mas1)p M, ]
- = — a+p,+1)————— —(pp +1)———| .
0 aPn [(( ) )M(a-‘,-l)pn-i-l ( )Manrl

Using the above ideas, we shall then define our estimator in two steps. First, the moment M, is

replaced by the true moment g, , we assume that p, — oo and we set

1 1 Ha+1)p Hp
L L S L
0, ap, [ H(a+1)pn+1 Hpo+1

Second, fip, is estimated by the corresponding empirical moment fi,, ; plugging fi,,, in 1/0,, yields

the estimator (2.1) of 1/6.

2.2.2 Consistency

In this section, we state and prove the consistency of our estimator in a nonparametric context.

The only hypothesis is
(Ap) X is positive and the endpoint 6 = sup{x > 0| F(z) < 1} of X is finite.

To this end, the first step is to prove a result similar to (2.3) for p,, .
Proposition 2.1. Assume that (Ao) holds. Then pp,/ppr1 — 1/0 as p — oo.

Proof. Let Z = X/0. Then Z is a positive random variable with endpoint equal to 1, and

0 IU’P E(Zp)

fpei | E(Z0)

Applying Lemma 2.2 gives the result. [ |

The second step consists in showing that p,, can be replaced by its empirical counterpart fip, .
To this end, let us recall a weak law of large numbers for triangular arrays of nonnegative random

variables (see e.g. Corollary 2 p. 358 in Chow and Teicher [23]):
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Theorem 2.2 (A weak law of large numbers) Let (Y,,;) be an infinite double array of nonnegative

random variables. Assume that

o For alln € N\ {0}, the Y,;, 1 <j <n are independent;

e For allm € N\ {0}, ZE(Y"j) =1;

j=1

e For alle >0, ZE (Yn]— ll{ymz,g}) — 0 as n — oo.

j=1

Then Y Ynj — 1.
j=1
We have the following result:

Proposition 2.3. Assume that (Ag) holds. If np,, /0P" — oo, then fip, /ip, L1 asn— .

Proof. Let Y,; := XJ"/(npy,) for 1 < j < n. The desired result is then tantamount to
2?21 Yo, -5 1. Notice next that for all n, the Y;,;, 1 < j < n are positive independent ran-

dom variables, and 2?21 E(Y,;) = 1. Using Theorem 2.2, it is enough to show that

Ve>0, Y E(Yily,,5) =0

j=1
as n — 00. The Yy,;, 1 < j < n being identically distributed, it is equivalent to prove that

P
Ve >0,

E (Zp" H{anzsn#pn/e”"}) —0
Hp,,

where Z = X /6 € [0, 1] almost surely. Since n p,, /0P — oo, we get, for sufficiently large n
Gpn
Hpn

E (Zp" ]l{an,an ,upn/ep"'}) =0,

and the result is proven. [ |

Theorem 2.4. Assume that (Ag) holds. If n piaq1)p, /00t Pn s o0 then 0, — 0 as n — oo.

Proof. Remark first that

! 1
% = (““)pn/ y @IV (0y) dy < (a+1)pn/ y T Oy dy = (a+ 1)52
0 0

and use the hypothesis to get n p,, /0P — co. Second, Lemma 2.2 entails n p,, +1/0P» T — oo
and nu(a+1)pn+1/9(“+1)p"+1 — o0 as n — oo. We can then apply Proposition 2.3 to rewrite the
frontier estimator as
= (@t Do+ D (1 (1) (4 1) (14 0r(1)
Ha+1)pn+1 Hopp, 41
Using Proposition 2.1 yields gy, /ptp, +1 — 1/0 and pia41)p, /th(at+1)p+1 — 1/0 as n — oo. Replac-

ing in the above equality, the conclusion follows. [ |
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2.2.3 Asymptotic normality

We now examine the asymptotic normality of our estimator. Before stating our results, we write
a technical hypothesis in the regular variation framework: for an arbitrary b € [0, 1], we shall say

that a slowly varying function L satisfies hypothesis (H) if:

(Hp) One has
Vo> b, L(m)zcexp(/lmwdt),

t
where ¢ is a positive constant and 7 is a bounded Borel function tending to 0 at oo, continuously
derivable on (b, c0), ultimately monotonic and non identically 0, such that || is regularly varying

and there exists v < 0 with

The equality L(z) = ¢ exp ( flz n(t)t=! dt) is the Karamata representation for normalised slowly
varying functions (see Theorem 1.3.1 p. 12 in [14]):

Theorem 2.5 (Karamata) Let L be a slowly varying function. Then there exist an ultimately
positive Borel function C' having a finite limit ¢ > 0 at co and a Borel function n, converging to 0

at 0o, such that

vz >0, L(z)=Clz)exp (/f@dt)

The function L is said to be normalised when C is a positive constant.

Under (Hy), the function |n| is ultimately nonincreasing and regularly varying with index v, and
the function x — « |n’(z)| is regularly varying with index v. In the extreme-value framework, v is
referred to as the second order parameter and (Hp) is a second order condition. Finally, let us note

that (Hp) entails 2 n/(z) = O(n(x)), so that zn'(z) = 0 as x — oo.
We can now introduce the additional assumptions needed for our study:

(A1) Vz €0, 0], F(z) = (1 —2/6)* L ((1 —2/0)"') where 6, « > 0 and L is a slowly varying

function.

(A2) L satisfies hypothesis (H;).

Note that in the general context of extreme-value theory, (A7) entails that the distribution belongs

to the Weibull max-domain of attraction with extreme-value index —1/av.

We first show that (2.3) still holds, up to an error term, when M, is replaced by f,.

Proposition 2.6. Assume that (A1) and (A2) hold. Then,

pp My +O(|n(p)l)_
Pp+1 Mpia p
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1
Proof. Considering the change of variables x = —(1 — y/0)~! in (2.2) yields
p
M, =p * 0¥ I(a+1)Ru(p)
with T'(z) = / t*~t e~ dt being the Gamma function and
0

Iy Ei(p) + Iz Es(p)
INa+1) ’

Ry(p) =1+

where I, Iz, F1(p) and Es(p) are defined in Lemma 2.9 by
Ei(p) = / fpl@) a2 dz — 1, L = / y“e Y dy,
1

1
Esy(p) = 12/1 gp(x)z™*Pde—1, I, = /Oy”‘e‘ydy,

and where f,, g, are the functions introduced in Lemma 2.8:

Ve (0,1], fplz) = (1 - %)_a_l (1+ (pll)z)_a_2 (1 - m)p‘l,

Vre[l, o00), golz) = <1i>p1.

The same change of variables yields

Py = p/ooo Y F(y)dy =p~*0” L(p)T(a+ 1) [Ru(p) + Rs(p)]

with
11 61(p) + 12 62(p)
Ia+1)

where 1 (p) and d2(p) are defined in Lemmas 2.10 and 2.11 by

Rs(p) =

01(p) / fp(z [ 11)) z) _ x} x= 3 da, Li(x) = xzL(xz+1),
_ Lz(px) L) _ L)
we) = 1 [ e [Pt L) =
p+1
Since /p @ dt =0 (@), one clearly has
ip M, 1 11° Ru(p) + Rs(p)  Rulp) [n(p)l
m_m_9[l+p} [RM(p+1)+R5(p+1) RM(p+1)}+O( p )
and it is straightforward that
Ry (p) + Rs(p) Ruy(p)  Rs(p) Ru(p+1) — Rs(p+1) Ru(p)

Ru(p+1)+Rs(p+1) Ru(p+1) [Ru(p+1)+Rs(p+ 1] Ru(p+1)°

Furthermore

65

(2.4)

Rs(p) Ry (p+1)— Rs(p+1) R (p) = [Rs(p) — Rs(p+1)] Ru(p+1) — Rs(p+1) [Rar(p) — Ru (p+1)];
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Lemmas 2.9, 2.10 and 2.11 entail that Ry; — 1 and Rs — 0 as p — oo, and

Rop+1) = O (no)] (1 + L)),
Ru(p) — Ru(p+1) = O<}% ,
Rsto) -~ R+ 1) = o (2L,

where L is a slowly varying function. Consequently,

R (p) + Rs(p) Rulp) _ <|77(p)| L @)+ E(p))> —0 (In p)|> 7

Ru(+ 1)+ Rs(p+1) Rulp+1) p p

and replacing in (2.5) yields the desired result. [ |

Applying Proposition 2.6 enables us to control the bias term introduced when M, is replaced by

@in%+o<%). (2.6)

To study the random term, we shall use Lyapounov’s central limit theorem, which we recall below

/’[/pn :

(see e.g. Theorem 27.3 p. 312 in Billingsley [13]):
Theorem 2.7 (Lyapounov) Let (Y,;) be an infinite double array of centered random variables.

Assume that there exists 6 > 0 such that Y,; € L?%9 for all n and j, and that

o For allm € N\ {0}, the Y,,;, 1 <j <n are independent;

o Setting S, 1= ZYM and o2 = Var(S,,), one has

Jj=1

—0 asn— oo.

"\ E| Y20
2 : 2445
j=1

Then Sp/om —= N(0,1).
Turning to the random term, the following result holds:

Theorem 2.8. Assume that (A1) and (A2) hold. If np, ® L(p,) — oo then

0
Up <®— - 1) i>./\/(0, V(a, a)) asn— oo,
with v, = nL(pn)pEO‘/2+1 and
a+l [, o _(atDF
1% == |27 =-2———£ 427 .
(2 0) = 5T () [ (at2)rz * (a+1)

Proof. Our goal is to prove that the sequence of random variables (57(11)) defined by

0 1 1
()
n V(a, a) 6, ©On
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converges in distribution to a standard Gaussian random variable, Theorem 2.8 then being a simple

consequence of this result.

The first step consists in using Lemma 2.13i) in order to linearise 57(11):

57(11) - ngl,)a [<(1 n 4 (Mpnﬂ _ 1) C7(11,2) n (1 n apn )(li(aJrl)PnJrl _ 1) C,(,l’g)] (14 o(1))
Fip,+1 Pn+ 1/ \Ha+1)p,+1

= ul, [+ op (82 +o0p (¢£2) ] (1 +0(1)),

in view of Proposition 2.3. Thus, to conclude the proof, it is enough to show that

(1) ) ¢ D) BN N(0,1), (2.7a)
(1) ) ¢(h2) 4, N(0, Cs), (2.7b)
ull, ¢ L N(0, Ca), (2.7¢)

where Cs and C are suitable constants. Note that in fact, (2.7b) and (2.7c) are stronger than what

is necessary, but their proofs are similar to (2.7a). Let us then write (5 () =>r 57(11%1), where

Sfll,kl) _ 1 {Ag)}t [X,f", X}fnﬂ, X}ga+1)pn7 X}ga+1)pn+1 t7
’ n
t
A’Ell) - {agzl,yol)a agzl,ﬁll)’ agzl,121)’ 5;1,131):| ’
0’511,101) = _15
1,1 Hp,,
a’gl,l) = L )
Hpn+1
TP (1
1 Pt 1/ fatiyp,+1
N <1+ apn >upn2+1 Mat1ypn
Pt 1) Basiyp,+1

with A! standing for the transposed matrix of A. Since the Sél’kl), 1 < k < n are independent,
identically distributed and centered random variables, in order to use Theorem 2.7, it remains to
prove that

g’

n,1
NG {Var (57(11,,11))}3/2 —0

. . (1,1) (1]
as n — oo, which requires to control Var (5, ") and E|S; 17| .

E

(2.8)

1)) remark that Var (S(l 1)) % {A%l)}t M,(Ll) Asll) with

. 1
To compute an equivalent for Var (S 1, 1

n,1

H2p,, H2p,+1 H(a+2)p, H(a+2)p,+1

M — H2pp+1 H2py+2 H(a+2)pn+1  H(a+2)pn+2
n

H(a+2)pn, H(a+2)p,+1 H(2a+42)p,, H(2a+2)p,+1

Ha+2)pn+1  H(a+2)pn+2  H(2a+2)pn+1  H(2a+2)p,+2
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Let us rewrite that as

1 apn Hpn+1
Var (57(11’1)) = — {w 1, 1,pn)—2(1+ ) oo w(l, a+1, py)
,1 n2 ( p'n, + 1 M(a+1)pn+1 (

2 2
a
+ <1+ Pn ) 2'up"+1 wla+1,a+1, p,)
pn + 1 u(a"l‘l)pn"l‘l

where, by analogy with Lemma 2.14,

H(s+t H(s+t 1 !
’LU(S, t, pn) _ |:_1’ Hsp, :| (s+t)pn (s+t)pn+ |:_1’ Htp, :| .
Hspnt1 H(s4t)pn+1  M(s+t)pn+2 Hipn+1

We now use (2.4) together with Lemmas 2.9, 2.10, 2.11 and 2.14 to get

MNa+1)a(a+1)

_ (s+t)pn ,,—a—2
w(s, t, pp) = 510 OlTIPn =2 1(p,) (1 + o(1)).
Taking into account that
» 1 a+1
(1 + > ot (0 Do), (2.9)
Dn + 1 H(a4+1)p,+1 garn
we get
02 pr, % L(pn)
1,1 n n
Var (S’,(L 1 )) =a’T?(a+1)V(a, a) — (14 0(1)).

Since np, * L(p,) — oo, it now suffices to prove that

E[s"]" =0 (n36%n pro-3 L
1 (n P "% L(pn)) -

To this aim, let us introduce Z; = X;/6: Holder’s inequality leads to

3

1,1

E|s{Y
n=363%n

3
+ 4E ‘Z£a+1)Pn {aglqu;) §aPn a5117731) garn+1 Zl} ‘ .

3
1E |20 [alld + ol 02|

The random variable Z; has survival function F'y(z) = (1 — 2)* L ((1 — )™'); setting

1,1
H'EL,O )(Z) - 717
BV () = oz
gV = (1 4 n > gorn Hputl
’ Dn + 1 H(a4+1)p,+1
’ pn+1 P(a+1)p,+1 @+ 1

some straightforward computations show that there exist two sequences of Borel functions (ngl’ 1))

and (XS’”) uniformly converging to 0 on [0, 1] such that for all z € [0, 1],

H(l’l) . _’_Xsll,l) p
) bl D 0: = HEDE -4 Dot EE )
HD ) + x5 ()

Pn

agi’;) 0P + ag,;) garntl, — HT(:’;)(Z)(I —2)+
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Recalling (2.9), we obtain that the Hr(:’jl), j € {0, 1, 2, 3} are Borel uniformly bounded functions

3
on [0, 1], so that we can use Lemma 2.15 twice to obtain the desired bound for E ‘5(1’11)‘ . Finally,

n1

applying Theorem 2.7 concludes the proof of (2.7a).

Proofs of (2.7b) and (2.7c) are completely similar since Q(ll’ % and Q(Ll’ % can be rewritten as

(2 257(111,]3) with 57(117,13) == [af},ﬁ), af};f)} [Xlz;n, Xl;:n-i-l} ’
k=1
" 1 a a t
¢.3) 257(11,,]3) with Sff,’;f) =~ [aff,’os), ag{,ls)} [ng eyl +1>pn+1}
k=1
where
0511,702) = -1
a511,12) _ Mo :
' Hpn+1
a511703) = Lrntl )
’ :U/(aJrl)anrl
(1,3 _ Bpn+1 H(a+1)pn
an71 = I
Hat1)pn+1
Applying Lemma 2.15 with
1,2
H7(z,0)(z) 717
Hg’f)(z) az,
HEDE) = g te
M(a—i—l)pn-l-l
HOP(2) = —gorn Mt 02

Pa+1)p,+1 @+ 1

13
yields E S’,(:’l]) = O (n=26%" p, 3 L(pyn)), j € {2, 3}. Using Theorem 2.7 then allows us to
complete the proof of Theorem 2.8. [ |

The asymptotic normality of én centered on the true endpoint 6 is then a consequence of (2.6) and

Theorem 2.8:

Theorem 2.9. Assume that (A1) and (Az) hold. If np,“ L(p,) — oo and np,“ L(pn) n*(pn) — 0,

then

Un (% - 1) —d>./\/(0, Via, a)) asn— oo,

with the notations of Theorem 2.8.

Proof. Notice that
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Since ©,,/60 — 1 as n — oo, Theorem 2.8 and Slutsky’s lemma yield

0, |6,
A 11 i)N(O, V(a, a)) asn — oo.
Recalling (2.6), we get, using the hypothesis n p,,® L(p,) n*(pn) — 0,
O,
w2~ 1 =0
%]
as n — co. Using once again Slutsky’s lemma completes the proof. [ |

2.2.4 A special case: the Hall model

Here, we focus on the particular case of the Hall model (3): namely,
IM >0, Yz>M, L(x)=C+ Dz P(1+6x))

where C, >0, D € R\ {0} and ¢ is a bounded Borel function going to 0 at co. We state analogues
of Theorems 2.8 and 2.9; the proofs are based on those of these results, and we only show the main

differences between the general case and the Hall case.

Note first that putting

M,l ifl<az<M

d(x) if o > M
and noting that L is locally bounded away from 0 and oo on [1, co) because F is a survival function,

5 is then a bounded Borel function going to 0 at oco. Moreover,
Ve >1, L(z)=C+ Dz™" (1 + g(x)) .
Consequently, we may restrict ourselves to the case M = 1. We therefore write
pp =Cab? B(p+1, a)(1+e(p))

where the error term is

1
—1 _ a+p _ —1
:BB(p,a+ﬂ+1) 1+/0xp (1-2)*™6(1-2)7") da
C Bp,a+1) B(p, a+p+1)

e(p) (2.10)

We are now ready to state our results in that context. Note that, contrary to the general case, there

is no regularity hypothesis on the function L. The first theorem is an analogue of Theorem 2.8.

Theorem 2.10. In the case of the Hall model (3), assume that np,“ — oo as n — oco. Then
wn< —1>i>/\f(0, V(a,a)) as n — oo

C
with w, = \/ﬁp;a/QH.

B
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Proof of Theorem 2.10. Using Tricomi and Erdélyi [103] and Lemma 2.16iii) entails

s Bpn + 2, a+F+1)
B(pn +x, a+1)

(TL, 1') = (pn + 1') € &s.

Recalling (2.10), applying Lemmas 2.16i) and 2.17 leads to
(TL, 1') = (pn + x)ﬁ E(pn + SC) €&s.

With the help of the equality

o _ 1 [HL] [1 £p) —=(p+1)

fp1 0 p+1 L+e(p+1)

)

the proof is then a straightforward adaptation of the one of Theorem 2.8. [ |

Because (n, ) +— (p, + 2)? e(pn + 2) € Ca, one has, as n — 0o

PP e(pn + 1) — e(pn)} — 0.

This is the key to the proof of the asymptotic normality of gn centered on the parameter 6:

Theorem 2.11. In the case of the Hall model (3), assume that np,® — oo and that np, 2% — 0

W, <%—1> i>/\/'(0, Vi, a) a)) asmn — 0o

as n — oo. Then

C

with the notations of Theorem 2.10.

Proof. The proof is an immediate adaptation of that of Theorem 2.9. [ ]

To conclude this section, let us finally draw a comparison between the hypotheses of Theorem 2.9
and Theorem 2.11. Elementary computations show that in the case of the Hall model, if ¢ is a
twice derivable bounded function, with z¢'(x) — 0 and 22 §”(z) — 0 as ¥ — oo, then L is twice

continously derivable on (1, co), with

L'(y)

o _ -8y 8 () — B +6(y))
ny) =y ) Dy

C+ Dy=P(1+6(y))

L

and
() _s(1=B)d(y) +yd"(y)

so that hypothesis (Az) holds. Moreover,

np) = B 2 (1-+0(1)

so that the hypotheses of Theorem 2.9 on the rate of divergence of (p,) translate to np,* — oo

and np,;*~2%¥ — 0 as n — oo, which are the hypotheses of Theorem 2.11.
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2.3 The general case

2.3.1 The framework

In this section, we no longer assume that X is positive. It is therefore impossible to use moments
of the variable of interest X, since |X| could have an infinite mean. To solve this problem, we
consider the random variables (Y3, ..., Y,,) such that Y, = eX*. Y has a bounded support [0, ¢]
where ¢ = e?. Tt is enough to provide an estimate @, of ¢; we introduce an estimator using high

moments of the variable of interest Y. More precisely, the estimator is given by

~ ~ 1/a
o [ m,, m(a+1)pn+a+1:| (2.11)

On = | = —
M M,
where (p,,) is a nonrandom positive sequence such that p,, — oo, a > 0 and

n

n
fﬁpn — l E }/ipn _ l E epnxi
n 4 n

i=1

i=1
is the classical empirical counterpart of m,,, := E(YP") = E (eP»X). Our estimator of 6 is then

0, :=Ing, = 1 {hl {jﬂp" ] —1In [M] } . (2.12)
a My, +1 M(a+1)pn+atl

We shall show the consistency of our estimator without any parametric hypothesis on the cumulative

distribution function of X: we only assume that
(Bo) The endpoint § = sup{z € R| F(z) < 1} of X is finite.

We further prove that our estimator is asymptotically Gaussian when the cumulative distribution

function of X belongs to the Weibull max-domain of attraction.

2.3.2 Construction of the estimator
To justify the introduction of our estimator, we first state an analogue of Proposition 2.1.

Proposition 2.12. Assume that (By) holds. Then for all w > 1, one has mpy/mpy,, — 1/0% as

p — 00.

Proof. Like in the proof of Proposition 2.1, let Z =Y /¢ and write
m, E(ZP)

u

Myt E(ZPHH)

Applying Lemma 2.2 to the random variable Z completes the proof. [ ]

Picking a > 0, if (p,,) is a nonrandom positive sequence such that p, — oo, one then has

1/a
m a a
o =0, (1+0(1) where @, = |—pn DlatDputarl) (2.13)
Mp,+1  Mat+1)p,
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Using this idea, our estimator is defined by replacing the true moment m,,  with its empirical coun-
terpart m,,, in the expression of ®@,,, thus yielding the estimator (2.11) of ¢, and the corresponding

estimate of 6 is 6,, = In 3, as in (2.12).

2.3.3 Asymptotic properties

Before stating the consistency of our estimator, we give a straightforward analogue of Proposi-

tion 2.3:

Proposition 2.13. Assume that (By) holds. If nm,, /o™ — oo, then my, /my,, L1 asn— .
The consistency of our estimator is now an easy consequence of Proposition 2.13:

Theorem 2.14. Assume that (Bo) holds. If nm,y1,, /¢ @TVP" — oo, then O — 0 asn — oo.

Proof of Theorem 2.14. The same ideas that were used in the proof of Theorem 2.4 yield
M (i 1)p, /P @TIP < (a + 1)m,,, /@Pr, and therefore nm,, /¢P" — co. Use now Lemma 2.2 to
obtain nm,, 41/¢P" ! — oo and nm,i1)p, rat1/e TP — 00 asn — co. We can then apply
Proposition 2.3 to get @, /P, 1. Recalling (2.13), we obtain @, £ @: taking logarithms, the

conclusion follows. [ |

To get the limiting distribution of our estimator, we need some more hypotheses:

(Bi) Vo < 0, F(z) = (0 —2)*L((0 —x)~') where § € R, a > 0 and L is a slowly varying

function.
(B2) L satisfies hypothesis (Hyp).
Note that (B;) and (Bs) are the exact analogues of (A1) and (Az) if the positivity assumption on X

is dropped. In particular, hypothesis (B1) holds if and only if F' belongs to the Weibull max-domain

of attraction.
We now compute an asymptotic expansion of m,/m, 1, in that particular context, which is the key

to our analysis below:

Proposition 2.15. Assume that (B1) and (Bz) hold. Then, with previous notations,

Yu > 1, &L[HE] +o<|”(p)|),
Mpyty (pu P D

1

1
Proof of Proposition 2.15. Using the change of variables z = —(Inyp — Iny) ™" in the equality
p

® _
m, =p/ y?~ ' F(Iny) dy
0
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entails
mp =p~* " L(p) [[(a+ 1) + L1 €1(p) + L2 €2(p)] (2.14)
where
ei1(p) = % ; e VT gma=3 [lgl(g)ﬂﬁ)) —x] dx, Li(x) = xL(x),
Putting
(. u) = Lifei(p) —e1(p + )] + Iz[e2(p) — e2(p + u)]
P T N e ¥ )+ herp+u) + Lea(p+u)

one has

1 « PTU (¢
Vu>1, e = [1—1—2} exp [—/ Mdt} 1+ 7(p, uw).
Mptu o p P 3

pt+u t
Besides, Lemmas 2.10 and 2.11 give 7(p, u) = O (M), because / Q dt =0 (M),
p P

Lo ()
mp-l—u (pu p p

which ends the proof. [ |

one clearly has

Applying Proposition 2.15 enables us to control the bias term introduced when ¢ is replaced by
(O

P, =¢p+0 (Ing'%)l) . (2.15)

We now turn to the random term. We have:

Theorem 2.16. Assume that (B1) and (Bg) hold. If np,* L(p,) — oo, then
U (P — D) LN (0, ¥**a*V(a, a)) asn— oo
with the notations of Theorem 2.8.

Proof of Theorem 2.16. We closely follow the proof of Theorem 2.8: our goal is to prove that
the sequence of random variables ( 7(12)) defined by

(‘0—11

- £
n a\/V(a, a)

un (P, — @7)
converges in distribution to a standard Gaussian random variable, Theorem 2.16 then being a simple

consequence of this result.

Lemma 2.13ii) allows us to linearise 57(12):

1 M i1)p,tat1 My, 41 M(a41)p,
57(12) - Ug,)a |:Cr(l2,1) + (waﬂ (ﬁ )p IT1p + _1) <7(12,2) + (ﬁ(i)p _ 1) 4}(12’3)}
(a+1)ps Pntl (a+1)pn
X (L+o(1)).
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Proposition 2.3 and Lemma 2.12 then lead to the equality

G =2 68 won (99) e (629)] 4ot

Thus, to conclude the proof, it is enough to show that

u, 2D L N0, 1), (2.16a)
u?, 22 L N0, Cy), (2.16b)
u?, 3 L N(0, Cy), (2.16¢)

where Cy and C3 are suitable constants. Let us then write Q(f’ R 2221 8’7(12’,61), where

1
n

2,1 K n w1 a+1)pn atD)pn+at1]t
Se0 = LLawY [ige, v, yferte, yiesese]

A — {a(zl) (2,1) (2,1 (2,1)}’5

n,0 > a’n,l ’ a’n,2 ’ a’n,B

2.1 _

a,’o = 1,

(2,1) _ My,

a‘n,l - ’
mpn"l‘l

a2 L My, Mat1)p,+atl

n,2 - a+1 2 ’
¢ Mat1)p,

@y _ L —my,

an,3 -

L
e Maq1)p,,

Because the Sff’kl), 1 < k < n are independent, identically distributed and centered random vari-
ables, we shall prove that
3
(2,1
Sn, 1 )

e ()

E

as n — 0o, and use Theorem 2.7.

1 t
L LAPY 3 42 with

To compute an equivalent for Var (S (2, 1)), remark that Var (57(12’11)) =
: n

n, 1

M2p, M2p,+1 M(a+2)p, M(a+2)p,+a+1

M@ _ M2p,, +1 M2p,, +2 M(at+2)pnt1  M(a+2)pntat2
=

m(a+2)pn m(a+2)pn+1 m(2a+2)pn m(2a+2)pn+a+1

m(a+2)pn+a+1 m(a+2)pn+a+2 m(2a+2)pn+a+l m(2a+2)pn+2a+2

Rewrite that as

2 My, M(at1)p,+atl

Var (57(12,’11)) w(l, 1,1, 1, p,) — w(l,a+1,1,a+1, p,)

2 2
n? P M,
1 m2m? ., L
+— Pn_(atl)pntat wle+1l,a+1,a+1,a+1, p,)
(a+1) m4
¥ (a+1)pn
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where, as in Lemma 2.14,

t
mip] M(sttpn  Mlsttpnto {1 mip}
, .

’U_)(S, ta u, v, pn) = |:17 -
mspn-‘,-u

m
Mst+t)pntu  M(s+t)pntutv tpntv

We now use the expansion (2.14) and apply Lemmas 2.9, 2.10, 2.11 and 2.14 to obtain

Pla+1)a(a+1)uv
(s +t)at2

w(s, t, u, v, pn) = QP =2 [(p,) (1 4+ o(1))

so that, thanks to the equivalent

1 My, Mati)ptat1  (a+1)¢
a+1 - m(2 . - apn (1 + 0(1))’
14 (a+1)pn v

we get

p%Pn p;Z;QL(pn) (1 +0(1)).

Var (Sfff’) =a®T%(a+1) V(e a)

3
To control E Sr(f’ll) , write Z1 = Y1/ and use Holder’s inequality to get

S(21 1) 3

77"7

E

IN

3
12,1 2.1

n—3 p3bn 4E‘Zf [ag,o)—i—ag,l)(le”

3

b

b AB|Z I (oD g g o3 D gttt 7]

n7

Zy has survival function G; defined by Gy (z) = (—Inz)* L ((—Inz)~!) Vz € (0, 1). Setting

2D () = 1,
H3V(2) = -az,
H(2’21)(Z) = —%n My, 1— 0t
" Matn)p, 1—2
HEDG) = apon T

' M(a+1)p,

some more easy computations show that there exist two sequences of Borel functions (xg’ 1)) and

(x;“)) uniformly converging to 0 on [0, 1] such that for all z € [0, 1],

(2,1) (2,1)

n Z)+ Xn z
B bl = HED (0 -z 4 R0 D)
H(2,1) 2) + 5}2,2) p
0/512,121) (papn_’_a/’fi,gl) (pal)n'f‘a-‘rlza-‘rl _ H,r(fél)(z)(l_z)‘f' n,3 ( )p X ( )
Recalling that, as n — oo,
e s (1),
Ma+1)pn

we obtain that the Hff’jl), j €40, 1, 2, 3} are Borel uniformly bounded functions on [0, 1], so that
3
we can use Lemma 2.15 twice to obtain E ’Sr(f’ll) =0 (n=3 %" p;*=3 L(py)). Finally, applying

Theorem 2.7 finishes the proof of (2.16a).
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Proofs of (2.16b) and (2.16¢) are completely similar since ¢{#? and ¢ can be rewritten as

G = 257(12,’162) with 57(12,71@2) = [agﬁ), afff)} {Ykpna Ykpnﬂ} ’
k=1
< 1 a a a t
G = 257(12,1163) with 57(12,71@3) = [af,’og)a an%’lg)} [Yk( Jrl)pn, Yk( Tt H}
k=1
where
D - a2
)
£ = oD
0P = o®D,
Applying Lemma 2.15 with
2,2 2,1
H;O)(z) = H7(z,0)(z)a
2,2 2,1
H7(z,1)(z) = Hfz,l)(z)v
2,3 2,1
Hfz,o)(z) = HfLQ)(z),
2,3 2,1
ORI SO
13
yields E Sff’lj) = 0 (n 3% p*3 L(pyn)), j € {2, 3}. Using Theorem 2.7 then allows us to
complete the proof of Theorem 2.16. [ |

Recalling (2.15) makes it possible to derive the asymptotic normality of ¢% centered on p®:

Theorem 2.17. Assume that (By) and (Bs) hold. If np;* L(p,) — 0o and np,® L(p,)n*(pn) —
0, then
vn (32 — %) ~5 N (0, 9™ a® Ve, @) as n — oo,

Proof. Notice that
Gn — " = (gn — ) — (" — 0.
Theorem 2.16 yields
vn (P — @) LN (0, 9**a*V(a, a)) asn — oo.
Besides, (2.15) and the hypothesis n p,,® L(p,) n*(pn) — 0 entail
Up (" = Pp) =0

as n — oo. Using Slutsky’s lemma completes the proof. [ |
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Since 9~n = Ing,, the delta method thus yields the asymptotic normality of §n:

Theorem 2.18. Assume that (By) and (Ba) hold. If np,® L(p,) — 0o and np,* L(p,) n*(pn) —
0, then
Un, (5,1 - 9) N N (0, V(a, a)) asn— occ.

It can be noted that, contrary to the estimator én in the positive case, the asymptotic distribution

of 9~n — 6 does not depend on 6.

We finally state the analogue of Theorem 2.18 in the case of the Hall model. The proof is similar
to that of Theorem 2.11 and is omitted.

Theorem 2.19. In the case of the Hall model (3), assume that np,~ — oo and np, "2 — 0 as

n — oo. Then

wn(§n9)4d>./\/<0, w> as n — 0o

with the notations of Theorem 2.10.

2.4 Optimal convergence rates

We conclude the theoretical study of our estimators by comparing the convergence rate of the
high order moments estimator to that of the extreme-value moment estimator of Aarssen and de
Haan [1], which we shall consider in our numerical experiments below. We begin by considering the

latter estimator:

1. If a > 2, then the extreme-value moment estimator has the rate of convergence

_ Vk

T a(n/)
provided k = k(n) — oo, k/n — 0, and if, setting U = (1/F)“ where < denotes the
left-continuous inverse, In U satisfies the second order condition (see [57], p. 103)

nU(tz) —InU@F) 27 -1

a(t)/U(t) 5 _)1 -1 2 -1
Q(t) pL v+p gl
for all x > 0 as t — oo, where v = —1/a is the extreme-value index of F, p = —v~ is assumed

to be different from +, a is a regularly varying function with index v, @) has a constant sign
at infinity and converges to 0 at infinity: moreover, it is required that vk Q(n/k) — A,
A € R. Here, we shall assume that v > —1, so that @ is regularly varying with index p
(see [57], p. 103). In that case, up to a slowly varying factor, the rate of convergence (w.,)
is n=7 kYt1/2. As a consequence, (wy,) increases as k increases; since the largest sequence k
satisfying the condition vk Q(n/k) — A, A € R has order n?/(?=1/2) the rate of convergence

(wy) has order n(t=¥)/(a=2v),
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2. If a < 2, i.e. if the extreme-value index 7 of F satisfies v < —1/2, provided the second order
condition for InU and the requirements on k above hold, then the extreme-value moment
estimator and the maximum estimator have the same rate of convergence n'/® (see [57],

Corollary 1.2.4 p. 21 and Remark 4.5.5 p. 147).

We now turn to the high order moments estimator: up to the slowly varying factor \/L(p,,), the rate
of convergence is vy, = /1 pn />, where (p,,) satisfies np>® L(p,) — 00 and np @ L(pn) n2(pn) —

0. Once again, we shall consider the cases a > 2 and « < 2 separately:

1. If @ > 2, then the smaller the sequence (p,,) is, the higher the rate (v,) is. The constraint
on (p,) is therefore the condition np,“ L(p,)n*(pn) — 0. Since |n| is regularly varying
with index v, this condition is essentially n p?*~® — 0: the smallest possible sequence (p;,)

n

satisfying this requirement has order n'/(®=2*) " Consequently, (vn,) has order n=v)/(a=2v),

2. If now a < 2, then the rate (v,) increases as (py) increases: the constraint on (py) is the
condition np,* L(p,) — co. The largest possible sequence (p,,) satisfying this condition has

1/«

order n'/ which yields a rate (v,) with order n'/®.

Both estimators therefore essentially have the same optimal rates of convergence.

2.5 Examples

In this section, we highlight some cases where our hypotheses hold. Since n(z) = x L'(z)/L(x), one

can see that either (A; — Ay) or (By — Bs) are satisfied in the general context of:

1. The Hall model (3), if ¢ is a bounded, twice continuously derivable function such that é(x) — 0,

28 (z) — 0 and 228" (z) — 0 as & — oo. In that case, v = —3 < 0.
2. The case L(z) = f(Inz), where f is a rational function with positive coefficients. Here, v = 0.

Let us now focus on four particular distributions that are also used for the numerical experiments

of Section 2.6.

2.5.1 The positive case

We first give two examples in the case of positive random variables. Both of them have an endpoint

0 = 1; the first distribution has survival function

—T2

1+ (1 - 1) _ﬁ] . xe(0,1), (2.17)

F(z) =

xT
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with 71, 72 > 0. Remark that, if X is distributed from (2.17), then X =1—1/(1 +Y) where Y has
a Burr(1, 71, 72) type XII distribution as in Beirlant et al. [11]: namely, Y has survival function
Gly)=Q1+y™)™™, y=0.

It is straightforward to check that (A;) holds with o = 71 75 and

y" ”
Vy>1, L(y)= .
v= () [1+(y1)ﬁ]
L is clearly infinitely derivable on (1, co) and one readily obtains

_ L'y _ 1—(y—1)n !
Vy>1, n(y) =y L(y) =T T2 w

As a result, 7 is bounded, continuously derivable on (1, co), ultimately monotonic and non identi-

cally 0. Straightforward computations show that |n’| is regularly varying, and

/ -1 T1—2 —1 T1—1
' (y) :—y[(ﬁ—n (y—1) — in (y—1) ;
n(y) l—(y—-1m L+ (y—-1m
as y — 00. Thus (A3) holds with ¥ = —min(7y, 1). Note that one can also show that L belongs to
the Hall class (3).

— —min(r, 1) <0,

The second considered distribution has survival function

=0 L > b—1 ) =\t "
F@) = 5 [ ln(liz)(m XeMdt, x€(0,1), (2.18)

with b > 1 and A > 0. Here, when X is distributed from (2.18), it can be rewritten as X =1 —e~Y

where Y is Gamma(b, A) distributed: the survival function of Y is

_ 1 oo
G(y) = —/ (M)t e at, y>o0.
() J,
In this example, (A;) holds with o = A, and for all y > 1
)\b—l b1
L(y) = 0] (Iny]""[1+d(y)], (2.19)
1 o b1y % b2 —A(u-1)In
éy) = N Ty g Ulny(/\t)b e Atdt] —1:(b71)/1 uP=2 e MDY gy (2.20)

The function ¢ is infinitely derivable on (1, co) and goes to 0 at co. Therefore, L is slowly varying

and infinitely derivable on (1, c0). (2.19) and (2.20) together give

b—1,—A b—1
Y PR [Iny] ;
L(y) / ()\t)b_l )\e—kt dt
1

ny

as a consequence, 7 is bounded in a neighborhood of 1. Besides, (2.19) and (2.20) yield

_b—1 yd'(y)
) = Iny Jr1—|—<5(y)
b—1

- A - 1)/ (1 — 1) ub=2 =M=y g (1 4 (1))
Iny 1

b—1 ( 1 >
= +o| — s
Iny Iny
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so that 7 is bounded and positive in a neighborhood of co. Finally, remarking that
d AN(b—=1 00 .
— [y (y)] = Q/ (u— 1)2ub=2 e Me=DIny gy — ( 2)
W v y[ny]

it follows that

(1-b)

) = y[lny]?

entailing that 7 is ultimately nonincreasing, that || is regularly varying and that yn'(y)/n(y) — 0

(140(1)),

as y — 00. As a conclusion, (Asz) holds with v = 0.

2.5.2 The general case

Both of the next two examples we consider are negative distributions with endpoint § = 0. Their
construction is an analogue of that of the examples in Section 2.5.1; the first one has survival
function

F(x) = {ﬁy z <0 (2.21)

with 71, 70 > 0, that is, X = —1/Y where Y has a Burr(1, 71, 72) type XII distribution. It is easy
to show that (B1) holds, with & = 71 72 and

1 =

L is infinitely derivable on (0, co), and one has

yL/(y): T1 T2
Lly) 1+ym

Vy>0, n(y) =

As a consequence, 7 is bounded, continuously derivable on (0, o0), monotonic and non identically

0. Direct computations show that

' (y) —Ti
Vy>0, y = — —711 <0,
ny) 1+y ™

so that || is regularly varying and therefore (Bs) is satisfied, with v = —7;. It would again be

easy to check that L belongs to the Hall class (3).

Our second example in this section has survival function
oo

— 1
F(z) = _/ MY e M, x <0 2.22)
( ) F(b) ln(l—l/m)( (

with b > 1 and A > 0, which is tantamount to X = —1/(e¥ —1) where Y is Gamma(b, \) distributed.
Here, (By) is satisfied with o = X and
b—1

T(0)

Vy>0, L(y)= (1+y )7 Iy + D] 1 +6(y + 1)]

with ¢ as in (2.20). It follows that (Bg) holds with v = 0.
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2.6 Numerical experiments

In this section, we shall examine the performances of our estimators on samples with size n = 500
on sixteen situations obtained by considering the models (2.17), (2.18), (2.21) and (2.22) with
four different sets of parameters, see the first columns of Tables 1-2. In the first eight examples,
which are based on models (2.17) and (2.18), we consider the high order moments estimator gn;
in the last eight situations, based on Examples (2.21) and (2.22), the estimator 6, is chosen. We
let p, = nt/® /Inlnn in order to satisfy the assumptions in Theorems 2.9 and 2.18, and a set
A ={0.1,0.2,0.3, ..., 25} of different values of a is tested. In each of the sixteen situations,
N = 1000 replications of the sample are generated, and we compare our estimators to the extreme-
value moment estimator of [1] with a fixed threshold k; = 1, which depends on a parameter
k€ {2,3,...,n— 1}, and to the (naive) maximum estimator. Note that for Examples (2.21)
and (2.22), since the extreme-value moment estimator can only be computed for random variables

X;

with a positive endpoint, the random variables Y; = e** were used. For each estimator, depending

on a parameter p, the procedure is the following: the average L'—error is computed
1Y _
Ep) =« Zl e(j, p)|, where (j,p) =097 —0
‘7:

with 6U:P) being the estimator computed on the jth replication with parameter p and 6 be-
ing the endpoint of the chosen distribution. Then, the “optimal” value of p is retained: p* =
argmin{E(p), p € P}, where P is the set of tested values of p. Remark that, since the maximum
estimator does not depend on any parameter, the associated function E is constant. Numerical

results are summarised in Tables 1 and 2, where “optimal” errors are displayed.

In the upper part of Table 1, it appears that, for the distribution (2.17), all three estimators perform
worse as |v| decreases. This phenomenon can be explained since v drives the bias of most extreme-
value estimators. For instance, when |v| is small, n converges slowly to 0 and Proposition 2.6 shows
that the approximation error of u,/pp41 by M,/M,yq is large. The same type of behaviour is
observed in Example (2.21), see the upper part of Table 2. Besides, the lower part of Table 1 shows
that, for the distribution (2.18), when « increases, the average L!—errors increase as well, since
the simulated points are getting more and more distant from the endpoint. This phenomenon also
happens for Example (2.22), see the lower part of Table 2. Let us highlight that, in all the considered
situations, our estimators yield slightly better (optimal) results than the maximum estimator and

the extreme-value moment estimator.

To further compare the behaviour of the estimators in the “optimal” case, boxplots of the associated
errors £(j, p*) are displayed on Figures 2.1-2.2 and Figures 2.7-2.8. Clearly, the maximum as well

as our estimators underestimate the endpoint. However, the errors associated to our estimators are
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smaller than the error of the maximum. Besides, our estimators have a smaller variance than both

the maximum estimator and the extreme-value moment estimator.

A graphical comparison on both models of the functions E associated to the four estimators is
proposed on Figures 2.3-2.6 and Figures 2.9-2.12. On models (2.18) and (2.22), the shapes of
the curves associated to our estimators and to the extreme-value moment estimator are similar,
see Figures 2.5-2.6 and Figures 2.11-2.12. On the contrary, it appears on Figures 2.3-2.4 and
Figures 2.9-2.10 that, on models (2.17) and (2.21), the functions E associated to the extreme-value
moment estimator and our estimators have very different shapes, even though they have similar
minima. The error associated to the extreme-value moment estimator is very sensitive to the choice
of the parameter k£ whereas the error functions associated to our estimators are stable for a large

panel of a values.
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Extreme-value High order
Distribution Maximum -
moment estimator | moments estimator 6,,
- 1
1+ Burr(1, 71, 72)
T, T2) = (1, 1
(,m) =1, 1) 2.0-1073 1.8-1073 1.7-1073
= (o, v) = (1, -1)
T1, T2) = (5/6, 6/5
(1, 72) = (5/6, 6/5) 2.0-10-3 2.1-10-3 1.7-10-3
= (o, v) = (1, =5/6)
T, T2) = (2/3, 3/2
(1, m2) = (2/3,3/2) 92.1.10-3 2.0-10-3 1.8-10-3
= (a, v) = (1, —2/3)
T, T2) = (1/2, 2
(i, m2) = (1/2,2) 2.3.10-3 2.4.10-3 2.0-10-3
= (o, v) = (1, -1/2)
1 — exp(—Gamma(b, \))
(b, \)=1(2,1)
2.3-107* 1.9-107* 1.9-107*
= (o, v) = (1, 0)
b, \) =(2,5/4
(b, 2) = (2, 5/4) 1.1-1073 9.2-10~4 8.4-10~4
= (o, v) = (5/4,0)
b, \) = (2,5/3
(b, ) = (2,5/3) 5.7-1073 4.5-1073 3.9-1073
= (o, v) = (5/3,0)
b, \) = (2,5/2
(b, ) = (2,5/2) 3.0-1072 2.1-1072 1.8-1072
= (o, v) = (5/2,0)

Table 2.1: Mean L'—errors associated to the estimators in Examples (2.17) and (2.18).
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Figure 2.1: Boxplots of (4, p*) on model (2.17). Left: maximum estimator, middle: extreme-value

moment estimator, right: high order moments estimator é\n. Top left: (71, 2) = (1, 1); top right:

(11, 72) = (5/6, 6/5); bottom left: (11, 2) = (2/3, 3/2); bottom right: (71, 72) = (1/2, 2).
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Figure 2.2: Boxplots of &(j, p*) on model (2.18). Left: maximum estimator, middle: extreme-value

moment estimator, right: high order moments estimator 0. Top left: (b, \) = (2, 1); top right:
(b, \) = (2, 5/4); bottom left: (b, A) = (2, 5/3); bottom right: (b, \) = (2, 5/2).
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Figure 2.3: Comparison of the maximum and extreme-value moment estimators on model (2.17).
Horizontally: parameter k, vertically: error E, dashed line: maximum estimator, solid line:
extreme-value moment estimator. Top left: (m1, 72) = (1, 1); top right: (71, 2) = (5/6, 6/5);

bottom left: (71, 72) = (2/3, 3/2); bottom right: (71, 72) = (1/2, 2).
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Figure 2.4: Comparison of the maximum estimator and high order moments estimator @Z on
model (2.17). Horizontally: parameter a, vertically: error E, dashed line: maximum estimator, solid
line: high order moments estimator 8,,. Top left: (71, 72) = (1, 1); top right: (11, 72) = (5/6, 6/5);
bottom left: (71, 7o) = (2/3, 3/2); bottom right: (71, 72) = (1/2, 2).
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Figure 2.5: Comparison of the maximum and extreme-value moment estimators on model (2.18).
Horizontally: parameter k, vertically: error E, dashed line: maximum estimator, solid line:
extreme-value moment estimator. Top left: (b, A\) = (2, 1), top right: (b, A) = (2, 5/4), bottom
left: (b, A\) = (2, 5/3), bottom right: (b, A) = (2, 5/2).
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Figure 2.6: Comparison of the maximum estimator and high order moments estimator §n on
model (2.18). Horizontally: parameter a, vertically: error F, dashed line: maximum estimator,
solid line: high order moments estimator 0,. Top left: (b, A) = (2, 1), top right: (b, \) = (2, 5/4),
bottom left: (b, A) = (2, 5/3), bottom right: (b, \) = (2, 5/2).
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Extreme-value High order
Distribution Maximum ~
moment estimator | moments estimator 6,,
—1/Burr(1, 71, 72)
T, T2) = (1,1
( ' 2) ( ) 2.0-1073 2.1-1073 1.7-1073
= (o, v) = (1, -1)
T1, T2) = (5/6, 6/5
(71, 72) ( / / ) 2.0-1073 2.0-1073 1.7-1073
= (a, v) = (1, —=5/6)
T, T2) = (2/3, 3/2
(1, 72) = (2/3, 3/2) 2.2.10-3 2.0-10-3 1.8-1073
= (o, v) = (1, —2/3)
T, T2) = (1/2, 2
(. ) = (1/2,2) 2.3.1073 2.3.10~3 2.0.10-3
= (o, v) = (1, -1/2)
—1/(exp(Gamma(b, A)) — 1)
(ba )‘) = (2a 1)
2.3-1074 2.2-1074 1.9-1074
= (o, v) = (1, 0)
b, \)=(2,5/4
( ) ( / ) 1.1-1073 9.2.107% 8.5-107%
= (a,v) =(5/4,0)
b, \) = (2,5/3
( ) ( / ) 5.7-1073 4.6-1073 4.1-1073
= (o, v) = (5/3,0)
b, \)=1(2,5/2
( ) ( / ) 3.1-1072 2.4-1072 2.3-1072
= (o, v) = (5/2,0)

Table 2.2: Mean L!—errors associated to the estimators in Examples (2.21) and (2.22).
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Figure 2.7: Boxplots of e(j, p*) on model (2.21). Left: maximum estimator, middle: extreme-value

moment estimator, right: high order moments estimator 9~n. Top left: (71, 2) = (1, 1); top right:

(11, 72) = (5/6, 6/5); bottom left: (11, 2) = (2/3, 3/2); bottom right: (71, 72) = (1/2, 2).
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Figure 2.8: Boxplots of &(j, p*) on model (2.22). Left: maximum estimator, middle: extreme-value

moment estimator, right: high order moments estimator O,. Top left: (b, \) = (2, 1); top right:
(b, \) = (2, 5/4); bottom left: (b, A) = (2, 5/3); bottom right: (b, \) = (2, 5/2).
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Figure 2.9: Comparison of the maximum and extreme-value moment estimators on model (2.21).
Horizontally: threshold k, vertically: error E, dashed line: maximum estimator, solid line: extreme-
value moment estimator. Top left: (71, ™) = (1, 1); top right: (71, 72) = (5/6, 6/5); bottom left:
(11, T2) = (2/3, 3/2); bottom right: (71, 72) = (1/2, 2).
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Figure 2.10: Comparison of the maximum estimator and high order moments estimator 9~n on
model (2.21). Horizontally: parameter a, vertically: error E, dashed line: maximum estimator, solid
line: high order moments estimator 6,,. Top left: (71, 72) = (1, 1); top right: (11, 72) = (5/6, 6/5);
bottom left: (71, 7o) = (2/3, 3/2); bottom right: (71, 72) = (1/2, 2).
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Figure 2.11: Comparison of the maximum and extreme-value moment estimators on model (2.22).
Horizontally: threshold k, vertically: error E, dashed line: maximum estimator, solid line: extreme-
value moment estimator. Top left: (b, \) = (2, 1); top right: (b, A\) = (2, 5/4); bottom left:
(b, A) = (2, 5/3); bottom right: (b, \) = (2, 5/2).
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Figure 2.12: Comparison of the maximum estimator and high order moments estimator gn on
model (2.22). Horizontally: parameter a, vertically: error F, dashed line: maximum estimator,
solid line: high order moments estimator ,,. Top left: (b, A) = (2, 1); top right: (b, \) = (2, 5/4);
bottom left: (b, A) = (2, 5/3); bottom right: (b, \) = (2, 5/2).
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2.7 Appendix A: Auxiliary results

The first lemma is a technical result we shall need several times in the proofs.

Lemma 2.1. Let f be a positive bounded Borel function on (0, 1). Then
1 1
vée (0, 1), / xpf(x)dac:/ xP f(z)dx (1 +0(1)) asp— oo.
0 1-6
The next result deals with the behaviour of the high order moment E(Z?), p — oo, when Z is a

positive random variable with right endpoint equal to 1.

Lemma 2.2. Let Z be a positive random variable with right endpoint equal to 1. Then for all

u>1, BE(ZP)/E(ZPT%) — 1 as p — 0.

Before making further progress, we state a classical uniform convergence result in the regular

variation framework.

Lemma 2.3. Pick a# 0 and let f € RV,.

t
(i) If « <0, then for allb >0, sup ‘ff((:)) —x% =0 ast — 0.
z€[b, 00)
t
(i1) If a > 0, then for all b >0, sup M—xa — 0 ast — oo.
z€(0,b] f(t)

The next lemma draws some consequences from the property (Hj) on the function 7.

Lemma 2.4. Pickb € [0, 1] and let n be a continuously derivable function on (b, 0o) such that |n'|

is regqularly varying with index v — 1, where v <0, and zn'(x) = 0 as x — oo. Then, for allu > 1,
(i) t sup|n(tx) — n((t +u)x)| — 0 as t — oco.
x>1

(i) For allg> —v,t sup z? |n(tz+b) —n((t +u)z+0b)| = 0 ast — oco.
z€(0,1]
Before proceeding, let us introduce some more notations. For all k£ € R, let P, be the set of

collections of Borel functions (f,) on (0, 1] such that
e dppr>1, IC, >0, Vp>pi, Vre(0,1], |fp(z)|<Ckar,
° VUZL Epkzl, 30}9205 szpkv VZL'G(O, 1]7 p2|fp+u7fp|(1')§0k$k,

e Vu,v>1, Vaze (Oa 1]3 p2|fp+u+v - fp-‘rv - [fp-i—u - fp“(x) —0asp— o0,

Let P = ﬂ Py,. Besides, let U be the set of collections of Borel functions (f,) on [1, co) such that
k>0

o sup f,(z)] = O(1) as p — o,
x>1

o Vu>1, p?sup|fpru— fo|(x) =0(1) as p — o,
z>1
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o Vu,v>1, p2 Sgl;|fp+u+v — [ptv — [fp-i—u - fp”(x) — 0 asp— o0,
=z

These sets will reveal useful to study the asymptotic properties of our estimators since they are
based on increments of sequences of functions. A stability property of the set P is given in the next

lemma.

Lemma 2.5. Let (f,), (gp) be two collections of Borel functions. If for some k € R, (fp) € Py and
(gp) € P, then (f,g,) € P.

We now give a continuity property of some integral transforms defined on P and U.

Lemma 2.6. Let (f,) € P, (9p) € U and (up), (vp) be two collections of Borel functions such

that there exist four Borel functions f, g, u, v, with f and w (resp. g and v) being defined on (0, 1]

(resp. [1, 00)), fyl) = F(a) for all z € (0, 1,
sup |gp(x) — g(x)| — 0, sup |up(z) — u(z)| — 0 and sup |vy(z) —v(z)| = 0 as p — co.
r>1 O0<x<1 r>1

Assume further that w and v are bounded. Then, for all k > 1,
1 1
/ zF fp(@)up(z)de — / =% f(z)u(z) dz,
0 0
/ e g, (x)vp(x)de  — / 7% g(z)v(z) d
1 1
as p — 00.

The following lemma provides sufficient conditions on collections of functions to belong to the

previous sets.

Lemma 2.7. Let (fp), (gp) be two collections of Borel functions. Assume that there exist Borel

functions F; and bounded Borel functions G;, 0 < i < 2, such that

Vx e (0,1], p? — 0 as p — oo,

fol@) =Y pFFi()
k=0

— 0 as p = 0.

gp(@) =Y Gi()
k=0

p* sup
x>1

Then, for all z € (0, 1] and u, v > 1, p*|fptrutv — fotv — [fotu — [p]|(®) = 0 as p — oo, and
(9p) € U.

We are now in position to exhibit two particular elements of P and U:

Lemma 2.8. Let (f,) and (gp)

iy e
weot s = (123) " (gtn) T (o pmh)
¢

a—1
1\"!
)

1 be two collections of Borel functions defined by

Ve e[l, ), gplx) =
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Then (f,) € P, (gp) € U and

Voe (0,1, fo(x)— e Y and sup|gy(x) —e /7| =0 as p — co. (2.23)
r>1

Lemmas 2.9, 2.10 and 2.11 are the key tools for establishing precise expansions of the moments M,

tp and my,.

Lemma 2.9. Let (f,) € P and (g9p) € U such that (2.23) holds and define

1 1 oo
El(p) = H/O fp($)$7a72d$—1, L = /1 y“e Ydy,
1 [ o o
Es(p) = 1—2/1 gp(x)z*Pde—1, I, = /0 y* eV dy.

Then, for all i € {1, 2} and all u, v > 1,
(i) Ei(p) =0 as p = oo,
(ii) p*(Ei(p+ u) — Ei(p)) = O(1),
(iii) p*(Ei(p +u+v) — Ei(p+v) — [Ei(p +u) — Ei(p)]) = 0 as p — oo.

Lemma 2.10. Pick b € [0, 1]. Let (f,) € P such that f,(z) — e ¥/* as p — oo for all x € (0, 1]
and define

51(p)1—11/0 fol@) [%x e 3 dy, (y(z) =z l(z +b),

where £ is a slowly varying function. Then
(i) 61(p) = 0 as p — ©.
Moreover, if £ satisfies (Hy), then for all u, v > 1,

(ii) There exists a slowly varying function L such that 61(p) = O (|n(p)| L(p)),

(iii) 81(p 4+ u) — 61(p) = O (mng”),

(iv) p*(61(p + u+v) = 61(p+v) — [61(p + u) — 61(p)]) — 0 as p — 0.

Lemma 2.11. Let (g,) € U such that sup ’gp(x) —e e

— 0 as p — oo and define

) = 7. [ ale) [0 2 et o) = 1,

where £ is a slowly varying function. Then
(i) 62(p) — 0 as p — oco.

Moreover, if £ satisfies (Hp) for some b € [0, 1], then for all u, v > 1,
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(ii) 52(p) = O (In(p)|),

i) dalp+ 10— 6a(p) = 0 (121,
(iv) p*(02(p +u +v) = 02(p +v) — [02(p +u) — 62(p)]) — 0 as p — oo.
The following result gives an equivalent of the high order moment E(Z?), p — oo when Z is a positive

random variable whose cumulative distribution function satisfies a parametric requirement.

Lemma 2.12. Let Z be a random variable with survival function z — fog(z), z € (0, 1), where f
is reqularly varying with index —a < 0, say f(x) = 2= L(x) where L is a slowly varying function,
and (1 —xz)g(x) = 1, x = 1. Then, as p — o0,

E(ZP)=p~“L(p)T(a+1) (1 4+ o(1)).
The lemma below gives linearisations of the sequences of random variables (57(11)) and (57(12)) ap-
pearing in the proofs of Theorems 2.8 and 2.16:
Lemma 2.13. Let (p,,) be a positive sequence tending to oo.

(1) Let ul(jl) = lp — fp- If (A1) is satisfied, then

e = ngl,)a [9(3,1) + (M _ 1) ¢2) 4 (1 4 _n )(M(aJrl)PnJrl _ 1) 47(11,3)} (1+0(1)),

Hopp, 41 pnt1 H(a+1)pn+1

where

cLY ey [1 N &} )

Pn+1
. Hp,, (1)
with ¢(1? = —pU 4 LPo )00
Pn ,LLpTLJrl pn+1
§(1,3) _ Hpp+1 [ (1) Hia+1)pn 1/(1) ]
" ,U/(aJrl)anrl (a+1)pn ,U/(aJrl)anrl (a+1)pn+1
1 1 P Un

d (€5 — ’
and Uy’ al(a+ 1)\ V(a, a) 6P~ L(p,)

(11) Let ul(f) =m, —my,. If (B1) is satisfied, then

@ _ @ |21 1 Mat)p,tatt Mp,41 22 . (MatDpn (2.3)
& Uy oo |G+ L)Go7 + (= 1) ¢,

e WMaynp,  Wp,4a M(a+1)pn
x (1+0(1))
where
47(127 1) _ @(}2) + <7(12,3)’
o (22— @) _ My, (2
wr Cn Vpn m, 1 Vpn+1a
2y _ 1 My, Mai1)p,tatt {V(z) 4 Mathe @)
n potT m%@ﬂ)pn (a+1)pn M (ot 1)pntat1 (a+1)pn+a+1
and “512)(1 = ! ! Pr Un

al(a+ 1)\ V(a, a) oPn L(p,)
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The next result is a key element of the proofs of Theorems 2.8 and 2.16.

Lemma 2.14. Let Z be a bounded random variable such that
Vp>1, E(Z2°)=p “L(p)T(a+1)[1+e(p)

where a > 0, L is a slowly varying function satisfying condition (Hy) for some b € [0, 1], and € is

a function tending to 0 at oo such that for all u, v > 1

e pe(p+u)—e(p)) =0 asp— oo;

o P*(e(p+utv)—elp+v)—[e(p+u)—e(p)]) = 0 asp — oco.
Let

E(Z*) E(zH0r) B (20100) E(z') 1
w(s, t, u, v, p) = {1, —_— ] [ , ]
E(Zrr) | | B (zG+ortu)  E (z(+0ptuty) E(Zwtv)

Then, as p — o0,

NNa+1)a(a+1)uw

oo T L@ A+ oh)).

’LU(S, ta u, v, p) =

The next lemma of this section provides an asymptotic bound of the third-order moments appearing

in the proofs of Theorems 2.8 and 2.16.

Lemma 2.15. Let m € N, (H,, ;), 0 < j < m be sequences of Borel uniformly bounded functions
on (0, 1) and (p,) be a positive sequence tending to co. Write further

m

Vze (0’ 1)3 hn(Z) = M

5 (1—z)™,
j=0 Pn
Next, let Z be a random wvariable with survival function z — f o g(z), z € (0, 1), where f is

regularly varying with index —a < 0, say f(x) = 2~ L(x) where L is a slowly varying function,

and (1 —z)g(x) = 1, x — 1. Then

E|ZP" h,(Z)]* = O (p;,*~*™ L(py)) -

n

The final two lemmas are dedicated to the study of the particular case of the Hall model. Before
stating these results, let us introduce some additional tools: let Co C F(N x [0, 00), R) be the set
of all sequences of functions u : N x [0, co) — R, denoted by w, (x), such that u meets the following

requirements:
(Q1) For all z € [0, ), (un(z)) is a bounded sequence.
(Q2) For all 0 < z <y, pplun(y) — un(z)] — 0 as n — .

(Q3) For all 0 <z <y and z > 0, p2 [un(y + 2) — un(y) — {un(z + 2) — un(z)}] — 0 as n — oo,
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Set now
D = {ueF(Nx][0,00), R)|Vzel0, ), up(zr)—0 as n— oo},
E = {ueFNx[0,00),R)|V2ze[0,c0), IM(x)>0, VneN, wu,(x)>Mx)}

and Dy = DNCy E = ENCy. Lemma 2.16 gives some properties of the sets Ca, Do and &;.
Lemma 2.16. The sets Co, Dy and E; have the following properties:

(i) Co and Do are sub-algebras of F(N x [0, o0), R).

(ii) Es is closed under division.

(i1i) Letu € F(Nx 0, 00), R) such that there exist ¢ € N\ {0}, a1 < ... < aq € [0, 2] and bounded

real sequences (0n,1), - - (On,q) with
L Oy 1
Ve [0, 00), un(x)zl—l-ZA—i—o(—Q).

Then u € &E;.
The last lemma is an essential element of the proof of Theorem 2.10.

Lemma 2.17. Let o > 0 and § be a bounded Borel function on [0, 1], going to 0 at 1. Set

1
/ aPr (1 —2)*(x) dx
0
Bpn+1,a+1)

q(pn) =

Then (n, x) — q(p, + x) € Ds.

2.8 Appendix B: Proofs

Proof of Lemma 2.1. Pick § > 0: we write

1-5
1 1 / aP f(x)dx
/ xpf(x)dx:/ 2 f(z)de |1+ 22—
0 1

-0 2P f(z)dx
1-96

Notice then that

1-96
/ aP f(x)dx (1—20) sup f (1—20) sup f
0 < 20 (0,1) (0,1)

N = R = e

Since {11 0/2

P
} — 00 as p — 00, we get the desired result. [ |
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Proof of Lemma 2.2. Let G be the survival function of Z and I, = E(Z?)/p. Lemma 2.1 yields

Ve>0, I,= /1 yP G (y) dy (1 +0o(1)).

—€
In view of )
/ y* ! Gly)dy )
1—e <
1 = — (1 _ E)u
yP T Gly) dy

l1—¢

Ve>0, 1<

and (2.24), one thus has I,/I,4, — 1 as p — oo and Lemma 2.2 is proven.

Proof of Lemma 2.3. See [14], Theorem 1.5.2 p. 22.

Proof of Lemma 2.4. Let us consider (i) and (ii) separately.

(i) Let t, > 1. The mean value theorem shows that there exists hy (¢, ) € (0, u) such that

¢
YT, x)

wsup lyn'(y)| — 0
y=>t

tn(t) —n((t + u)z)] [+ ha(t, 2))a] 0" [(t + ha(t, 2))z]]

IN

uniformly in x > 1, as t — oo.

(2.24)

(ii) Since the function x — n(x + b) is continuously derivable on (0, cc), we shall only consider the

case b = 0 without loss of generality. Pick ¢ > 1 and x € (0, 1]: applying the mean value theorem

again shows that there exists ha(t, ) € (0, u) such that

ta? [n(te) —n(t +w)z)| = 29u T T) [t + ha(t, 2))a] 0" [(t + ha(t, x))z]]

w [[(t+ ha(t, )z 0 [(t + ha(t, x))z]|.

IN

Now, for all h € (0, u), one has

[t + h)a] "™ o (¢ + h)a)
(t + h)a+1y/(t + h)

(t + h)z?™ ' ((t + h)x) = { } (t+h)n'(t + h).

Since x +— x9TL |n/(z)| is regularly varying with index ¢ + v > 0, Lemma 2.3 yields

[(E+ R)a] ™ 0/ ((t + b)) _ ety

G+ Rt h) -0

sup
z€(0,1]
he(0, u)

as t — oo. Using the hypothesis 2 7/(z) — 0 as 2 — oo then gives

(t+h)z? ' ((t 4+ h)z) — 0

as t — oo, uniformly in 2 € (0, 1] and h € (0, u), which concludes the proof of Lemma 2.4.
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Proof of Lemma 2.5. This result easily follows from the identities

(fg)p-i-u - (fg):ﬂ
(fg)p-'ru-i-v - (fg)p-i-v - [(fg)p-i-u - (fg)p]

fptu [gp-i-u - gp] + gp [fp-‘ru - fp]’

[fp+u+v — fotv — [fp—i—u - fp]] Ip+utv

+  Uptu = fol [9p+uto — Gp+ul
+ [prrv - f:n] [g:DJru - gp]
+ fp+’U [ngrquv — Gpt+v — [ngru - gp]]
and from the properties of (f,) and (gp). [ |

Proof of Lemma 2.6. Remark that, for p large enough,
Va e (0,1, a7 |fp(@)]up(2)] < Crflu(z)] +r(2)}

where r is a bounded Borel function on (0, 1]. The upper bound is an integrable function on (0, 1],

so that the dominated convergence theorem yields

/01 ™ fola) up(x) do — /01 2k f(2) ulz) do

as p — 0o, which proves the first part of the lemma.

Since v is bounded on [1, o), (g, v,) converges uniformly to gv on [1, 0o). The function z +— x=*
being integrable on [1, co), the dominated convergence theorem yields
/ 7k g, (x) vy (z) dz — / 7% g(z)v(z) dx
1 1
as p — 0o, which concludes the proof of Lemma 2.6. [ |
Proof of Lemma 2.7. Remark that
1 1 1 1 1 1 1 1
-of2) o el -o(3)

pt+u p p ptut+v p+v ptu p p

to obtain the result. ]

Proof of Lemma 2.8. — It is clear that for all x € (0, 1], f,(z) — e~ ¥/% as p — oo. In order to

prove that (f,) € P, let us rewrite f,(z) as f,(z) = op ¢p(2) p(x) where

Ip = <1 - ]_1)>“1 , epla) = <1 + ﬁ)CVQv Up(x) = (1 - m)pl ;

for all € (0, 1], and prove that (o,) € Fo, (¢p) € P_1 and (¢,,) € P. First, note that

a+1+(a+1)(a+2)1%+0<1>

=1 —
Op + » 5

p2
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so that the collection of constant functions (o) lies in Py. Second, we have
Vp>1, Vze (0,1, |pp(z)] <1<zt (2.25)

Moreover,

(s — 2l@) = 2y() [(1 R I (e 1] ,

and since
T

[ Y vy e

<

3

1
p

Taylor expansions yield, uniformly in = € (0, 1],

[epu — 20)(@) = () [% +0 (f >] '

From this equality and (2.25), it follows that there exists a positive constant C'") such that
Plppru — opl () < CW ™, (2.26)

Third, let z € (0, 1], and consider a pointwise Taylor expansion of ¢, to get

(z)ilia+2+a+2 71+04+3 to 1
Prit) = pr Pz 2x p2 )’

Using (2.25), (2.26) and applying Lemma 2.7 therefore shows that (p,) € P_1.

Let z € (0, 1] and ¥, (p) = (1 — 1/(pz + 1))”, so that 1, (z) = ¥,(p — 1). Since

o’ 1 1
Vp>1, w(p)ln[1 }+
U, (p) pr+1 pr+1

and because

Vhe(0,1), In(l—h)<—h,

we get that ¥, (p) is a positive nonincreasing function of p. Pick k > 0: as a consequence, for all
p>k+1and for all x € (0, 1], 1, () < tg41(z). Remarking that ¢y41(z) < k¥ 2* for all 2 € (0, 1],
it follows that

V>0, Ipp>1, 3C, >0, Yp>pp, Yae(0,1], [|P(z) <Cpar. (2.27)

Recall that ¥, is nonincreasing and write

by () = (@) {1 - [1 - m] [1 st J’H [1 - mrl}.

Taylor expansions of the logarithm function at 1 and of the exponential function at 0 imply that,

uniformly in z € (0, 1],
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ur p-1
[1—]
p+u—1)x+1

S EE T I PO Vi S ) I AN R}
P (p+u—1)z+1 p+u—1zx+1 2|[(p+tu—1z+1 p2) [

Since
1
W 0,1 0<— <1

applying the mean value theorem to the function h +— [(1 — h)eh}u gives

Hl—m}uexp [m} ‘1’§ CITEEaV

p—1 2
u “ U 1
] =g (R)

then yields, uniformly in z € (0, 1],

Writing

2

[Vpu = pl(2) < Pp(@) Keu + ;_p> ((p +u —11):5 i O <z%)] '

Therefore, there exists C?) > 0 such that, for all p large enough,

PP [pru = ¥l () < 9hp(2) C 72,
Taking (2.27) into account, this entails
Vk>0, 3pp>1, 3C>0, Vp>pr, YVre (0,1, p*[pru—Upl(x) <Cra. (2.28)
A pointwise Taylor expansion of v, finally gives

1 1 /1 1 1 1
_ e arls g tae) ol
Up(z) =e Y oper T <2 3$+83€2>+0<P2>}

Using (2.27), (2.28) and applying Lemma 2.7 shows that (¢,) € P. Lemma 2.5 therefore shows
that (f,) € P.

Finally, a Taylor expansion entails, as p — oo,

(x) ey Loy Lot -0
Ip\¥) ¢ px 2x p?x?2 \2 6z 8x2 '

— 0 as p — co. Lemma 2.7 then shows that (g,) € U. [

p® sup
r>1

It follows that sup
x>1

gp(T) — e /e

Proof of Lemma 2.9. The lemma is a simple consequence of (f,) € P, (gp) € U, (2.23) and of

the dominated convergence theorem. [ |
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Proof of Lemma 2.10. Before showing the lemma, notice that if £ is a slowly varying function
satisfying (Hp), then

< op(t Tt tn(t+b
Vo >0, {(x+b)=cpexp (/ an()dt) , with ¢, = ¢ exp (/ #dt) and (1) = %,
1 1

so that the slowly varying function z — {(xz + b) satisfies (Hy); moreover, if (f,) € P, then

(fp+p) € P. Without loss of generality, we shall then prove the results in the case b = 0.

(i) Let us introduce

Ve (0, 1], Qz(,l)(x) = bi(pr) —x

t1(p)

so that
6. (p /f QWM (x) x~7* da.

Since #; is regularly varying with index 1, Lemma 2.3 entails Qz()l)(x) — 0 uniformly in z € (0, 1]

as p — 0o. Applying Lemma 2.6 yields 01(p) — 0 as p — oo.

(ii) In the following, we let p be large enough so that |n| is nonincreasing in [p, o0). Pick s > 1 —v

and let Ql(,l’ 1)(90) =z’ Q](gl)(ac). Using the ideas of the proof of Lemma 2.6, one has

|1, 01 (p |‘/ fp (11 )1,7047573(11,

=0 ( sup z~! ‘Qél’l)(z)’) .

0<z<1

Introducing

P
RI()LI)(:E) ::/ wdt,
P

s b

(Ay) and the well-known inequality |e¥ — 1| < |y|e!¥! for all y € R yield

sup x ! ’Ql(,l’l)(:c)‘ = 0 < sup {:L's ’1 —exp (fR}(,l’l)(x)) ’})

0<z<1 0<z<1
= O< sup {:L'S
0<z<1

Letting 7j(t) = t'=¥ n(t) and using the change of variables t = wx, we get

R( 1)(50)‘ exp ]R;L 1)(z)’}> . (2.29)

e R}(’Ll)(z)’ _ ps—(1-w)
/T T d
s—(l—u)/ [n(wx) _ ’ } - w
T e~ r|+x| n(w .
» 7(w) [7(w)] w2—v

Remarking that 7 is regularly varying with index 1, Lemma 2.3 implies that for p large enough,

IN

sup
0<z<1
w>p
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We then get, for p large enough,

:L,S

1 p/z dw
I T ]
p
p/z dw
9 25~ (1-) / In(w)) 22
P

P/T du
) s—(1-v) / w
In(p)| = W

IN

IN

IN

2ln(p)| sup |07 Inal

z€(0,1]

= O(n®1, (2.30)

uniformly in z € (0, 1], since # ~ 2*~(1=%) Inz is bounded on (0, 1]. Let us now consider the
function L(y) = exp ([ [n(t)|t~'dt). L is clearly slowly varying and exp ’R](gl’l)(x)‘ < L(p).
Consequently, in view of (2.29) and (2.30), it follows that

sup 2 Q" V()| = O(ln(p)| L(p)). (2:31)

0<z<1
and therefore d1(p) = O(|n(p)| L(p))-

(iil) Keeping in mind that s > 1 — v, the following expansion holds
' (L)
B+ -am) = [ A Q) - @t e
0
1

+ / Ut — Fol (@) QD (@) 2==573 . (2.33)
0

Let us first focus on (2.32). In view of (As), and considering

(ptu)z
1,2 L n(t)
R4 (z) = /px = dt,
for « € (0, 1], one obtains

QI()IJ;}L) — QU 1)} () = z° fl((ﬁlz;;t)x) - —]i . {exp (7R1()1,2)(1)) —exp (7R](31,2)($)) } _

Mimicking the proof of (ii), we get for p large enough
n(wz)

(1,2) - [T
R’x)‘gx“ﬂ’/ [~
. T
U
2[n(p)] In (1 ¥ —)
p

- 0 <|77§Tp)|) : (2.34)

x® —

IN

uniformly in 2 € (0, 1]. A Taylor expansion of the exponential function at 0 then entails

exp (le(jl’Q) (z)) =1- 1 {:cSRl(jl’Q)(:c)} [1 +p (31()1,2) (z))}

.TS
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where p is locally bounded on R. Since

sup ’RZ()LQ)(:C)‘ <wsupln(t)] = sup ’p (Rz()l’Q) (z))‘ < 00, (2.35)
0<z<1 t>1 0<z<1
p=>1 p>1

it follows that

o (- 410) <1} —o (121

sup {xs
O0<x<1

Applying Lemma 2.3 to ¢; yields

: n(p)
sup [0l - | @) = o (1121

O0<x<1

and consequently,

[ o) [0fd Q] amemr—rar o (1120, (2.36)

Focusing on (2.33), for all 0 < 2 < 1, because (f,) € P, we get for all sufficiently large p

p2 xia7572 |fp+u - fp|(z) < Ca+s+2

which is integrable on (0, 1]. Consequently, in view of (2.31),

/Ol[fp+u—fp]( ) Oy (@)a= P dr = 0 (M):O(M) 230

p
Collecting (2.36) and (2.37) yields 61 (p + u) — 61(p) = O <_|77(p)|>
p
(iv) Let ¢ > 1 — v and QS’Q) (z) = x2at! Ql(,l)(x) 5o that

Il 51 / fp 1 2) ) —a—2q—4 dr
and the following expansion holds

Li{61(p+u+v) = d1(p+v) = [01(p+u) —6:1(p)]}

1
= LA[LHu—fu<>[Q;£Lv—cx:?}cwx*w*¢4dx (2.38)

+

1
/O[fp+u Fl(@) [Qpﬁ) QS’”} (z) 2~ day (2.39)
! 1,2 1,2 1,2
+ /0 foto () [Q;-‘;—ulv - Q;SH’-U) - |:Q§7-‘,,-u) - Qz(jl’m” (z)x= 24 dy (2.40)

1
+ @mW~mrmﬂfMﬂ&mwaHm. (2.41)

Considering (2.38) and (2.39), arguments given in the proof of (iii) show that
1
1,2 1,2 —a—2g—
[ U= 5l [@52 - QY] o tan = o), (2.4

/Ol[f;DJrU ~ @) [Qéﬁ) QL 2)} (x)a=e72de = o (—2> : (2.43)
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Let us now focus on (2.40). From (2.34), (2.35) and (Az), a Taylor expansion yields

Q%2 - Qld - [l - ]| @)

L(lp+u+v)x) p - - 1
_ 2q+1°1 R1L2) (1 ,R( 2) (1 R( ,2) _ g2 1
’ El(p) p+U+U{ p ( ) pt+v ( )+ p+v (SC) P (SC)} +O p2 I

uniformly in z € (0, 1]. Let = € (0, 1]: we obtain

/p” n((t +v)a) —nlte)  viltz)

2¢+1 |Rp(L2) 1y _ R(1,2) ‘ _2q+1
x P+v (ZL') ($) &€ f—f—’U t(f—f—’U)

t ‘

2! [igg {tIn((t +v)z) = ntz)[} +v sup {z In(tw)l}] 1%-

IN

Moreover, since t — t915(t) is regularly varying with index ¢ + 1 + v > 0, Lemma 2.3 yields

(tx) T n(tx)

q+1 t —
o4 )] = |

In(t)] =0

uniformly in « € (0, 1] as t — co. Lemma 2.4ii) therefore entails that, as p — oo,

v s |Qpiih, - @i - [ - Q]| @) o
<z<

The dominated convergence theorem then yields

1
/0 Jpto(T) [Qj(ol«ﬁzlru - Q;(nig) - {Q;ﬂl’i) - Q](gl’Q)H (x) 20 gy = o (}%) . (2.44)

Let us finally consider (2.41). Since (f,) € P and in view of the triangular inequality, we have, for

p large enough,

p2 D |fp+u+v - prrv - [prru - fp”(z) < CG+QQ+4'

Because (fp) € P, the dominated convergence theorem yields

1 1
/0 Upatn — Foto — Ura — FJ1@) QU2 (2) a2 do = o (p—) S ()

Collecting (2.42), (2.43), (2.44) and (2.45), (iv) follows. [ |

Proof of Lemma 2.11. (i) Let us introduce

p

Ve>1, Q¥(x)= fé,

so that
o > (2) —a—1
L 6(p) = / 6p(2) Q) () 2= da.
1

Since f5 is regularly varying with index —1, using Lemma 2.3 leads to Q](f) () = 0as p = o

uniformly in 2 > 1. Applying Lemma 2.6 entails d2(p) — 0 as p — oo.
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(ii) In the sequel, we let p be so large that || is nonincreasing in [p, 00). Recalling that for all

y R, |e¥ — 1] < |ylelY!, we have, for all 2 > 1

’Q,(f)(w)‘ <zt /ppw n®) dt’ exp

t

pT (4
/ th’ < |n(p)|$|n(p)|—1 Inz. (2.46)
P

Let p be so large that |n(p)| < 1. Since z — =%~ ! Inz is integrable on [1, 00), the arguments of

the proof of Lemma 2.6 entail

|12 02(p)| = ’/1 gp(2) QI()Q)(Z'>:C7&71 du

< In(p) / " o)z Iz dz = O (jn(p)))

which shows (ii).

(iii) Let us remark that

L [82(p+u) = 62(p)] = /1 Oogpcc)[ b~ QP | (@) e do (2.47)
[ 9@ QR @ an (2.48)

Consider first (2.47). Because (As) holds, setting

ptu t
» t

for all x > 1, we get

0% - 0 ) = 2R [ (-0 o (-7 )

Since for all > 1, we have p ’R}(,Q) (z)’ < un(p)|, and recalling that, as p — oo

l 1
|0 Fwa) 1)
e>1]  L2(p) x
a Taylor expansion of the exponential function at 0 yields
p
sup ’foﬁu - fo)’ () =0 <|77§T)|) . (2.49)

Taking into account that (g,) € U and using (2.46), it follows that

[ s = ) Qo) o an = o (121, o

Moreover, from (2.49), the uniform convergence of (g,) to @ + e~'/* on [1, c0) and the dominated

convergence theorem, (2.48) is controlled as

/loo 9p(2) [ 2, - Qf)} ()™ 'de =0 ('77ng)|> . (2.51)

(2.50) and (2.51) lead to d2(p + u) — d2(p) = O (M> and establish (iii).
p
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(iv) One has

Iy {02(p + u +v) = d2(p + v) — [d2(p + u) — d2(p)]}

= [l - 9@ [0 - Q] @ e (2.52)
+ /1oo[gp+v — gpl(x) [Qfﬁu -Q 2’} (z) z= 2074 gy (2.53)
b [ @ (O - G - [@ - P @a e @s)
[l = g = g~ 90 Qg (a) d (2.55)

and the four terms are considered separately. Firstly, ideas similar to those developed in the proof

of (iii) allow us to control (2.52) and (2.53):

[ = 0@ [0 - @R Wt = o (3), 2.56)
/1 Tl - (@) [Q2 - Q] @)t = o(%) (2.57)

Secondly, since p ‘R](g ) ‘ — 0 as p — oo uniformly in z > 1, (As) entails
(2) (2) (2) (2)
[Qp+u+v - Qp-‘rv - [Q;D-i-u - ” ( )

_ Ll rutve) prutvype g 5o @ () - RO ()} 1o L
= 62(p> p {Rp ( ) — Rp+v( )+Rp+v( ) Rp ( )}+ (p2),

uniformly in > 1. Remarking that

2) (o _ R ’ —
Rerv(z) Rp (:L') t+v t(t+’l))

/p—i-u n((t+v)x) —nltx)  vntz) dt‘
< pﬂ Eglg {tIn(tz) —n((t +v)2)[} + U|77(P)|] :

Lemma 2.4i) and Lemma 2.3 imply that

P sup Qe — Q4 — Q2 - @] (2) — 0

as p — 00. The uniform convergence of (g,) to z — e~*/% on [1, 0o) and the dominated convergence

theorem then yield the following bound for (2.54):
o0 o 1
/1 gp-l—v( ) {Qerquv Qp+v - |:Qp+u Q(Q)}} ( ) ! dr=o0 (F) . (258)

Finally, recalling that (g,) € U and the uniform convergence of ( 1(92)) to 0 on [1, o), (2.55) is

controlled as
> 1
[ s = s = = 910) Qo) e =0 (). (2.59)

Collecting (2.56), (2.57), (2.58) and (2.59), (iv) follows and the lemma is proven. |



108 CHAPTER 2. ENDPOINT ESTIMATION WITH HIGH ORDER MOMENTS

Proof of Lemma 2.12. We first write

1
E(ZP) = p/o 2P~ fog(z)dz

S Eal BRI ol )

Because L is a slowly varying function, Theorem 2.5 entails

1—2z)—1 t
where C' is an ultimately positive Borel function having a finite limit ¢ > 0 at oo and 7 is a Borel

function tending to 0 at co. Letting I, be the interval

I, = [min {(1 — z)fl, g(z)} , max{(l — z)fl, g(z)H

we get
L(g(2)) Cly(2))
In|—————5F—|| < |In | = In((1 — .
| 702 | < o a2 |+ suw ol e = 296
Lettin 1 M 1
g z — 1 gives AGESED) — 1. Therefore, for all € > 0, there exists § > 0 such that

3
— — =<
Vzel—-61], 1 4_[(

=~ m

Applying Lemma 2.1 yields

E(Z7) :p/:g""p_l -2 -2 { = z)g(zf T | 4= o)

and therefore, for all sufficiently large p,

E(ZP)
p/1 P 1=2)*L((1—2)7") de

—0

1--<

Do | M

<
2
Finally, applying Lemma 2.1 once again entails that for sufficiently large p,

E(ZP
17€§ ( )

I <l+4e

p/o 2P~ (172)(11;((172)7 ) dz

and thus, as p — oo,

E(ZP) = p/o N1 —2)*L((1—2)7") dz (1 +o0(1)).

Retaining notations of Lemma 2.8 and defining €;, €2 by

El(p) = 1—11/0 f;n($)z*‘l*3 {%x} dx, Ll(x) = :EL(:E+1),
ea(p) = 1_12 1oogp(x)$a1 |:LLQ2(€);))—%:| dz, Lo(x) = L:(Ex)7

the change of variables x = (1 — 2)~! gives

p / (1= 2)2 L ((1 - 2)7Y) dz = p= L(p) [Da + 1) + L e1(p) + I ea(p)]

Since by Lemmas 2.10 and 2.11, €1(p) and £2(p) go to 0 as p — oo, the result follows. [ |
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Proof of Lemma 2.13. (i) Let us remark that, from Lemma 2.12,

(1)
(1) _ Hpnt1lUna i _ L 1 1 2.60
el Mt o, (= ) (1ol (2.60)
and consider the expansion
11 fi(a a ~ a fi(a
apy, (A_ B _) — ((a+)pn+ 1)M( +D)pn M(A+1)pn+1 Ha+1)pn H(a+1)pn+1
971 67’1 'Lt(a"l‘l)pn"'l M(a+1)pn+1
_ (p + 1)//’21771 /’[/pn"l‘l B lu’pn //’an"l‘l
Hpn+1 Hp,+1
—. AS’” — AS’Q)
with
Hp,,+1 AL . {1+ apn ] Hp, 41 {M(a+1)pn+1 [ (1) __H(a+1)pn ey ]}
Pn + 1" Pn + 1 Hla+1)pn+1 L H(a+1)pn+1 (a+1)pn H(a4+1)p,+1 (a+1)pn+1 ,
Fpntl A(1,2) . Fpotl [V(l) _ _Hpn (D ]
pnt1 " [ip,+1 fp,pr Pt
Replacing in (2.60), (i) follows.
(ii) We first notice that, using Lemma 2.12,
2 My, +1 Ug)a ~,
&) = gt (& — ®5) (1 +0(1)). (2.61)
We have pff — 0% = Ag’ D + Ag’ ) where
AR _ { m,,  my, ] M(a11)p,tat1
" Mp,+1 Mp,4+1 M(a+1)pn
A2:2) {ﬁ(a-‘rl)pn-i-a-kl B m(a+1)pn+a+1] My,
" M(a+1)p, M(a+1)p, My, +1
rewriting
ARD 1 Tpn,+1 ITl(a:rl)zwraﬂ [V(g) Wy, ) 1}
" My, +1 Mp,+1 M(at1)p, Py, g PF
A2 _ Mathpatatt Batip, My, { @ L Metp @) ]
! Moinp,  MatDp, Mpt (@HDPn " Mg ityp,pasr CTDPRtOH
and replacing in (2.61) shows (ii). [ |

Proof of Lemma 2.14. Remark first that

Vu>1, /ppﬂ@dto('”;fp)')o@),

Noticing that
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a Taylor expansion of the exponential function at 0 and the first hypothesis on ¢ yield
E(Z7) u]® 1
—— = |1+ — - . 2.62
E(ZP+v) [ +p] +O(p> (26
This makes it possible to write

(s 1 o) , u:|a:| IE(Z(SH)I’) E(Z(S+t)p+'u) { s U]Tt
wis, t, u, v, = -1, -1, -

E (Z(SJFt)PJru) E (Z(s+t)p+u+v)

| |
+ 1 [1+£r} E (Z(+0p) R (Z(s+0p+0) {0, ) (I_l))]t
(

E (Z(SJFt)PJru) E (Z(s+t)p+u+v)

E (Z(s+0p) E (Z(s+0pt) b 707
E (Z(SJFt)PJru) E (Z(s+t)p+u+v)

|
} E (Z(s+t)p) E (Z(S-i-t)p-i-v) {07 ) (I_l))]t

E (Z(SJFt)PJru) E (Z(s+t)p+u+v)

Clearly, for all b > 1, because of (2.62) and the hypothesis on Z,

E (Z(s+0p) E (Z(s+pto) 1107t
)]
E (Z(S-H)p-i-U) E (Z(S+t)17+u+v) bp

= E (Z(S+t)P+u+v) { {1 + i} : _ M}

bp E (Z(sttptutv)

[0, 1]

= O(p"'L(p).
Besides, Lemma 2.12 yields

E (Z(s+t)p) E (Z(s+t)p+v)

0,1 0. 11! = E ( zGtptute) — o ([,
0. 1] E(Z(5+t)P+U) E(z(8+t)p+u+v) [0, 1] ( ) (p (p))
so that
a E Z(ert)p E Z(ert)erv a-t
S | Fr g S
sp E (Z(s+t)p+u) E (Z(s+t)17+u+'u) tp
4+ o (p_o‘_2 L(p)) .
Set now
pt+u
_ n(t) e(p+u) —e(p)
1+T(p,U)eXp[/p ; dt] [1+—1+5(p)
to obtain
1 E (Z(s+0)p) E (Z(s+0p+v)

E (Z(ert)p) E (Z(S+t)P+“) E (Z(Sth)PJrquv) - Ml(s’ ¢ u, v, p) + MQ(Sa t, u, v, p)
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where
Mi(s, t, u, v, p) = : [1+ﬁ] a |
el e
Ma(s, t, u, v, p) = | ’ {Hﬁ]_aﬂ(sﬂ)p, v)
L [1 ’ (STut)p} TG o) [1 - ﬁ] T+ B, wt o)

Because of the hypotheses on e and since L meets the second-order condition (Hy), we get, for all

T(p,u):Lp+u@dt+w+o(l) :O(l)

t 1+e(p) P P

u>1,

and, for all u, v > 1,

T(p, U+ U) - T(p, u) - T(p, v) = - dt

t+ v t(t +v)
e(ptutv)—elp+v) —[elp+u) — @) +°(i)

1+e(p)
()
= ol|—=|;
p2
as a consequence,

« aqt
1
|:_1a |:1+£:| :| MQ(Sa ta u, v, p) |:_1a |:1+£:| :| :O(_2)
sp tp D
and therefore

@ aqt
U}(S, ta u, v, p) o E B E i
E (Z(ert)p) - |:1’ |:1 + Sp:| :| Ml(sv t, u, v, p) |: 1, |:1 + tp:| :| +o0 <p2 .

Some straightforward computations yield

[ s T e fog] T oo (5)

because L is slowly varying, E (Z5T9P) = (s + )= p~* L(p) ['(a + 1) (1 4 o(1)), which completes

/”*“ n(t+v) =nt) vt

the proof. [ |

Proof of Lemma 2.15. Holder’s inequality yields

E|Z ho(Z)]° < (m+1)% | — sup |H, PE[Z0 (1 2)"7)*|.
0 Pn [0,1]
I=0TT L eN\{0)

It is then sufficient to prove that

Vie{0,.om}, E[Z (1= 2) P = 0 (pr ot Lipy))
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An integration by parts gives

Bz (-2 = [ [ (e 2] feg) s

It is now enough to notice that, if (s,) is a positive real sequence tending to oo and d > 0,

E (W)

1
/0 20 (1—2)4 fog(z)dz = P

where W has survival function z + (1 — 2)¢ f 0 g(2). Applying Lemma 2.12 therefore yields

E (W) =5, L(s,) T(a+d+1) (1 +0(1)),
which establishes Lemma 2.15. [ ]
Proof of Lemma 2.16. (i) It is enough to prove that (i) holds for Cq. It is straightforward that

Co is a linear subspace of F(N x [0, 00), R); let now u and v lie in Co and set wy, (z) = up () vp ().

Condition (@) clearly holds for w. Then, one has, for all 0 < z < y:

Wy (Y) — Wi () = un(Y)[vn(y) — v ()] + 00(2) [n (y) — un ()]
so that w satisfies (Q2).
We shall use this equality to prove that w satisfies (Q3). Pick 0 < z < y and z > 0: we have

wn(y + 2) — wn(y) — {wn(z +2) —wn(2)}

un(y + 2)[vn(y + 2) — v (V)] + v (W) [un(y + 2) — un(y)]

— Aup(x + 2)[vn(z + 2) — v ()] + vp(2) [un (@ + 2) — up(x)]}
= un(y +2)[vn(y +2) — vn(y) — {va(z + 2) — va(2)}]

+ vn(y)[un(y + 2) — ualy) — {un(z + 2) — un(@)}]

+  [un(y + 2) — up(z + 2)]|[vn(x + 2) — v, (2)]

+  [n(y) — vn(@)][un(z + 2) — un(z)]
and recall that u, v € Ca, so that w satisfies (Q3).

(ii) Because & C Cy which is a sub-algebra of F(N x [0, 00), R), it is enough to prove that if
u € &, then 1/u € &. Let then w = 1/u and denote by f the function defined by f(z) = 1/z, so
that wy(z) = f(us(z)): w clearly satisfies (Q1) and belongs to €. Pick now z € [0, co); because
the sequence (u,(x)) is bounded from below by a positive constant, f is three times continuously
derivable on the interval I := [min(u,(0), u,(x)), max(u,(0), u,(x))], so that a Taylor formula

yields

Up(T) —u I @)
Mﬂﬂ(un(mwl/u (un () = 1)* fO (1) dt.

wn(e) = f(un(@)) = - 2 Jun o)
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Clearly, because of (i), for all 0 < j < 2, the sequence

[n(@) = nOF 15)(,,. (o))

9 (n, ) — '
J!

lies in C3. Now, since u € Ca, [un(z) — 1, (0)]* = O (1/p3): therefore,

/ o (un(x) — )% fO(t) dt

u ) —Uu 3 u (3) = i
- < un(&) ~ ua O) sup 17 0(p3>

n

so that, putting v = Z?ZO’UU) € Cy, wy(x) = vy(x) + 0 (1/p2). This is enough to conclude that
w € Ca, and thus w € &, which finishes the proof.

(iii) Note first that if 8 < 0 and u,(z) = (p, + x)”, one has

_ 2
un(z) = p? 1+ﬂ}%+@;—2+0(%)]

2
Since clearly (n, z) — < and (n, x) — $—2 belong to Da, one gets

v5<05 (7’L, x)H(pN""‘T)BEDQa

from which (iii) readily follows. ]

Proof of Lemma 2.17. To prove that ¢(p,) — 0 as n — oo, pick € > 0 and p > 0 such that
€
Vr e [1 - P 1]a |5(‘T)| < 5
Applying Lemma 2.1 yields

/11 2 (1 — 2)° 6(2) da

/01 2 (1— 2)° 6(x) da

1 = —pl (1 + 0(1));
/ aPr (1 —x)%de / aPr (1 —ax)"de
0 1—p
because
1 oot
/ P (1 —a)*d(x)de| < 5 / P (1 — ) d,
1—p 1—p

one gets, for all sufficiently large n,
1
/ aPr (1 —x)*d(x) de
0
T
/ aPr (1 —x)%de
0

<e

f— )

which shows that ¢(p,) — 0 as n — occ.

Next, let for every 8 > 0 and every bounded Borel function g on (0, 1),

I, (Pn) = /0 2P (1 —2)? g(z) da.



114 CHAPTER 2. ENDPOINT ESTIMATION WITH HIGH ORDER MOMENTS

Notice that
(pn + w)a+2

o+l B 1 1) =
(pn + ) (pn +2+1, a+1) T

B(pn + z, o+ 2);
using [103] and Lemma 2.16iii), we get
(n, ) = (pp +2)* ' Blpp + 2+ 1, a+1) € &.
Lemma 2.161) and ii) then show that it is enough to prove that
(n, 2) = (pn + )" 1o, 5(pn + ) € Ds.

a+1

Because (p, + x) = poTt(1 4 2/p,)®t and (n, z) — (1 + x/p,)** € &, we deduce from

Lemma 2.161) and ii) that is sufficient to show that
(n, @) = Py Lo, s(pn + ) € Da.
For all ¢t > 0, let then 7, : (0, 1) — [0, o) be the map defined by

Vy € (0’ 1), rt(y) =

For all ¢ > 0, r; is a bounded Borel function on (0, 1). Moreover, for all 0 < 2 < y and all z > 0,

Pn [wn (y) — Wnp (z)] = *pi’i” Tot1, Ory—x (pn + z)
pi[wn(y +2) —wn(y) —{wn(z 4 2) —wp(x)}] = p%Jrg Toyo, ry_ars (pn + )
Because for all 2, m > 0 and every bounded Borel function S on (0, 1) we have

P Lagm, 55 (pn + ) = 0

as n — 0o, Lemma 2.17 is proven. [ |



3 Frontier estimation with high

order moments

3.1 Context

First and foremost, we briefly recall the framework of our study. Let (X1, Y1), ..., (X,, Y.) be
n independent copies of a random pair (X, Y) such that their common distribution has a support
defined by S = {(z, y) € 2 xR; 0 <y < g(z)}, where Q is a compact subset of R%, and X has a
probability density function f on R?. We address the problem of estimating the function g, which
is called the frontier of S. Girard and Jacob’s estimator [46] of g is defined by

n 1/]-777,
> Y K, (v — X))
3@ = | (pa + 1)

Z Kn, (z — X;)

where (p,,) is a nonrandom sequence of positive numbers tending to oo, (h,) is a nonrandom
sequence of positive numbers tending to 0, and Kj(u) = h~? K(u/h) where K is a probability
density function with support included in the unit ball B of R%.

In the particular case where Y given X = x is uniformly distributed, this estimator is asymptotically
Gaussian (see [46]). Here, we first prove that this conclusion fails to hold if Y given X = z is not
uniformly distributed, see Section 3.2. In Section 3.3, we then introduce another estimator based
on a kernel regression on high order moments of the data, whose asymptotic properties are studied,
see Sections 3.3.2 and 3.3.3. The performances of our estimator are examined on some finite sample

situations in Section 3.4. Auxiliary results are postponed to Appendix A and proofs to Appendix B.

3.2 A drawback of Girard and Jacob’s estimator

Our aim here is to prove that when Y given X = x is not uniformly distributed, the estimator

357 (z), centered on g(z), is not asymptotically Gaussian. To this end, we shall first show that the

115
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estimator
1/pn

S VP K, (x - X))
1 1=1

C(x) a(z) B(pn +1, a(x))

— (3.1)
ZK,M (r — X3)

where, as in Section 2.2.1, B is the Beta function, is asymptotically Gaussian if the cumulative
distribution function F(-|x) of Y given X = x satisfies the parametric assumption

(P)Vy € [0,9(x)], Fly|z) =1— (1 —y/g(x))*® L (z, (1 —y/g(z))!), where L is bounded
on R? x [1, oo) and satisfies

VreQ, IM(x)>1, Vz>M®), Lz, 2)=C(x)+ D)z 1+, 2)]

where «, 5 and C' are positive Borel functions, D is a Borel function which never vanishes, and ¢

is a locally bounded Borel function on Q x [1, co) such that for all 2z € Q, §(x, -) goes to 0 at oo.

Of course, one has

1 1/pn o
(Pn +1) Cz) a(z) B(pn + 1, a(z))

95 (@) =

so that Girard and Jacob’s estimator g5/ () is obtained in the case a(z) = 1 and C(x) = 1. Here,
for all z € Q, the function z — L(z, z) is slowly varying and belongs to the Hall class (3). In the
general context of extreme-value theory, the conditional distribution of Y given X = z belongs to

the Weibull max-domain of attraction with conditional extreme-value index —1/a/(z).
We shall assume that
(K) The kernel K is bounded and its support is included in the unit ball B of R<.

Note that (K) implies that V¢ > 1, / K%(u)du < co. The following regularity assumptions are
B

introduced:
(A1) f and g are locally Holder continuous with respective exponents 7 and 7.
(A2) @, B, C and D are locally Hélder continuous with respective exponents 7., 13, nc and 1p.
(A3) The function x — M (z) is locally bounded on 2.

(Ay) Ve € Q, sup sup|d(z, 2) —d(x +h, z)] > 0ase — 0 and T — occ.
[hll<e 22T

Notice that if (P) and (A — A4) hold, then 8, C and D are bounded away from 0 and oco. Therefore,
putting
B ,B(x) L(z, z) - C(x)
S, 2) = Di)
6(z, 2) if z > M(x)

-1 if1 <2< M(z)
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then 0 is a locally bounded Borel function on 2 x [1, co) such that, for all 2 € Q, g(ac, -) goes to 0

at oo; besides, one has
VeeQ, Vz>1, L(z z)=C(z)+ D(x)z"P® (1 +8(a, z))

and 4 satisfies (A4). In the parametric setting (P), we may therefore assume that M is constant

equal to 1.

Let us introduce some more notations: for all z € R%, we set

n n

(@) = = SV Ko (e — X and Fufa) =~ S0 K, (0 - Xo)

=1 =1

Note that fip, () is the standard empirical estimator of the moment p,,, () = E(Y?" K}, (xz — X)),

itself a smoothed version of the conditional moment m,,, (z) = E(Y?" | X = z): that is,

pp, (€)= | K (@ =) myp, (v) f(v) dv.

fA’n(:c) is the classical kernel estimator of f (see Parzen [90]), and 7, (x) = [ip,, (z)/ﬁl(x) We may

then rewrite &7 * () as

1/pn
~GJ, * 7) = 1 = (r
R e e e i)
We let
I I 1 R
O R ey M S \ o B e )
be the deterministic counterparts of 7, (z) and g&” *(z).

Finally, for any real-valued function ¢ on R?, the oscillation of ¢ between two points  and z — h,u,

u € B, is defined by
Af(z, u) = p(x — hnu) — @(z).

Our first asymptotic result is the asymptotic normality of g&* *(x), centered on G (z):

Proposition 3.1. Assume that (P), (K) and (A1 — Ay) hold. Let x € Q such that f(z) > 0. If

np;a(m) hfll — 00 and py hy? — 0 then

G5+ () a 20 ||K|)3
“"‘””’( G (@) ‘1) N (0’ f(sc>c<sc>r<a<sc>+1>)’ e

where vy, () = \/ﬁp;a(z)/QH h? and K3 = / K2(u) du.
B



118 CHAPTER 3. FRONTIER ESTIMATION WITH HIGH ORDER MOMENTS

Proof. First, notice that

r n Pn 1/pn
Z{ Y } K, (x — X;)
/\G.],*( ) _ ( ) 1 i=1 g(ac)
9,7 (x) = g=x C(z) a(x) B(pn, + 1, a(x)) z":Kh o X ;
: :Y Pn 1/pn
) - o 1 () Ket-9)
" C(z) a(z) B(p, + 1, a(z)) E(Khp, (z — X)) ’

because the frontier of the random pair (X, Y/g(x)) is equal to 1 at x, it is enough to prove our

result when g(z) = 1.

We therefore start by showing that, as n — oo,

vp(z) (Tu(z) ) 4 9-a(@) || K |2
Pn <Rn(:c) 1) HN@’ f(x)C(ac)F(a(x)+1)>' (3.2)

To this end, write

o) Ry @) (B @)  Falw) | 1 () {L o z} -
) ) Fa(z) | Hpn(2) E(ﬁ(z)) Vi fu(z) \/ﬁ; ) 33

Y2 Ky, (z— X3)  Kp, (¢ —X
o () = ho (@ = Xi) K, (2 = Xp)

fip,, () E (j?n(z))

Because for all n, the o, x(z), 1 < k < n are independent, identically distributed and have zero

mean, to apply Theorem 2.7, it only remains to prove that

Eloy..(@)l°
VilVar(oy, ()7

as n — o0o. Since 0y, 1(x) has zero mean, we have Var(o,, 1(z)) = E|o, 1(x)|?, so that

— 0

Var(om 1(2)) = = (v KR, (e~ X)) | E(K},(x-X))  E(YVPE} (- X))

i, (@) = (h@)] i, (0) E (Ful))

Now, for all ¢ > 1, the change of variables v = x — h,u yields

E(Kgn(z—X)) = | K/

(z —v) f(v) dv = h;4a=D / flx — hpu) K9(u) du.
Q B

n

Using Lemma 3.1, we therefore obtain
E (KZTL(J: - X)) = hda=1 f(ac)/ K9(u)du [1+ 0O (hy')].
B
In particular, E (fA’n (x)) = f(x) (1 4 o(1)). Furthermore, applying Lemma 3.3 gives

E (an, Kgn (x — X)) = f(x) C(z) Ma(x) + 1)p;a(z) h;d(q_l) /BK‘](U) du (1+0(1))
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and especially
fp, (x) = f(2) C(x) D(a(z) + 1) p, *@ (1 +0(1)).
Thus
2@ |K|3
f@) @) T(alz) + 1)

. Holder’s inequality entails

Var(o,, 1(x)) = pe@ p—d (1 4 0(1)). (3.4)

It remains to control E|o,, 1(z)[?

E (K} (z— X)) N E (Y3 K (z — X))
[E ( 7, (x))] 3 s, ()

Elo,, 1($)|3 <4 =0 (pff‘(z) h;Qd) .

Consequently, as n — oo,

Bo@f ! »
Vn[Var(o,, 1(x))]3/2 \/ﬁp;a(m)/2 XE

so that Theorem 2.7 gives

1 1 X .,
T V) A0

Reporting in (3.3), recalling R, (x) = pp, (z)/E (fn and E (fn ) = f(x) (1 +o(1)) yields

0 A (2)
V@) o @) [R ]HN(O D

Because n h? — oo, it holds that f,(z) N f(z) (see [90]). Slutsky’s lemma and (3.4) then yield
(3.2). To conclude the proof, remark that

ot (Bl0)) - w00, (200,

from (3.2), the delta-method yields

39 (2)\ 4 27 K3
”"(””””( G (@) )_’N (0’ f<z>c<x>r<a<z>+1>)'

The result follows by using the delta-method once again. [ |

From Proposition 3.1, we deduce that Girard and Jacob’s estimator g&”/(x), centered on the true

function g(x), is not asymptotically normal if Y| X = 2 is not uniform on [0, g(z)]:

Theorem 3.2. Assume that (P), (K) and (A1 — Ay4) hold. Let x € Q such that f(x) > 0, and
assume that a(x) # 1 or C(x) # 1. If np;a(x) hd — co and p, hy? — 0, then the decomposition

AGLJ(QC) —1=2,(x) + w,(x
holds, where "
) 0K e
0 285 N (0 T e 5T -

with vy (x) = \/ﬁp;a(z)/Q-H h/? as in Proposition 8.1 and (wn(2)) is a deterministic sequence such

that wy,(x) = 0 and v, (z)|w, (x)] = oo.
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Proof. Let first G, (2) = {(pn + 1) Ry (2)}'/?" and remark that

gl (@) _ gih (@)

Gu(a) — Gi(x)

Consequently, Proposition 3.1 yields

~GJ 9—o() || |2
v () (g" (z) _ 1) N (0, K12 ), as n — 00.

HE F@ C@ T a(e) 1

Let then
20 = 6a0) [ 2D 1] and wa(0) = 6,0) — 0.

We have

as n — oQ.

)

2@ || K||3 >
f(x) Clx) Ta(z) +1)

Notice now that

Gu(@) = {(pn + 1) C(z) a(z) B(py + 1, a(x))}/"" Gi(x),

which gives the representation w, (z) = w%l)(:c) +w? (x), where

W) = Gilw) — (o)
W@ (@) = [{pn+ 1) C@ a@) Blon +1, a@)}™ —1] Gi(2).

We shall first control w,(ll)(x). Use Lemmas 3.3 and 3.4 together with the estimation E (]?n(ac)) =

f(@) 4+ O (k') to get

Ru(@) = g7 (@) (o) ) B(pa +1, a(a) [1+O (pu b+ Inlpn) Wt + b+ 1 45, 7)) |

Consequently,

1 1/Pn
%) = | cwaw BT aw) )
1 Zf nc
g(z) + O (hzg 2P pna fin” + b _i_p;B(w)—l)

Pn Pn Pn

and therefore

Inp, hpy! hle
w(z) = O (hza + 2P g 2y D +p;5<z>‘1) : (3.5)

We now turn to wgf)(x). [103] yields

(5 +1) C() a(z) Blpn + 1, alz)) = C(a) T(a(z) + 1) poo@+1 [1 e <pi)]
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and particularly

oD (@) — G (@) {(1 gy, MO@ @ 1) ( 1 )} | 36)

Pn Pn Pn

Collecting (3.5) and (3.6), provided a(x) # 1 or C(x) # 1, one has

0 (@) [wa (@) = va(@) [P ()] (1+0(1))

and thus
on(z) |wn (z)| = g(x) v;(j) (1 = a(z)) In(pn) + In(C(z) I'(e(z) +1))| (14 0(1)) — oo,
which ends the proof. [ |

3.3 An estimation procedure using high order moments

We now introduce an estimator based on a kernel regression on high order moments of the variable

of interest Y. The estimator is given by

1 1 H(at 1)p, (2) Lip, ()
= (a1 et gy Hen () 3.7
@ amn | ermn@ TV W 3.7

where (p,,) is a nonrandom positive sequence such that p, — oo and a > 0. From a practical point
of view, the use of a small window-width h,, allows to select the pairs (X;, Y;) such that X; is close
to x while the use of the high power p,, gives (exponentially) more weight to the Y; close to g(x).
Moreover, our estimator has an explicit formulation, and the kernel regression enables us to avoid
the partitioning of S. Let us also highlight that, compared to the estimator g&'/+*(z) suggested in
(3.1), our proposition (3.7) does not require the knowledge of the conditional extreme-value index.
The asymptotic properties of g, () are investigated under two different types of assumptions. The

first ones are nonparametric assumptions on the conditional survival function F(-|z) of Y given

X = x: it is assumed that
(NPy) Given X =z, Y is positive and has a finite right endpoint g(x).

(N P;) The conditional survival function F(-|x) of Y given X = x satisfies

F B hn - hn
Ve e, Jye(0,1), sup  sup (9(z u)y |z u)

— — 1| —0 as n — co.
velyo, 1] ueB F(g(z)y|z)

We shall show in Section 3.3.2 that, under (N Py — N P,), the estimator g, (z) converges in probability
to g(x) without any parametric assumption nor on the distribution of X neither on the distribution
of Y given X = z. Remark that, although our estimator g,(x) is based on a kernel regression,
classical results do not apply (see for instance Ferraty and Vieu [37, Theorem 6.11]) since the

condition p,, — oo induces technical difficulties.
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Note that (P) and (A1 — A4) imply (NP — NP,); in Section 3.3.3, the estimator is proven to be
asymptotically Gaussian in the parametric framework (P). The results and their proofs are similar

to what was obtained in Chapter 2.

Some simulations are proposed in Section 3.4 to illustrate the efficiency of our estimator and to
compare it with some estimators of the frontier estimation literature, particularly g&”/(z). Auxiliary

results are postponed to Appendix A and proven in Appendix B.

3.3.1 Construction of the estimator

To motivate the construction of our estimator of g(x), let us first focus on the parametric setting
(P) and especially on the case where C' = 1 and D = 0. Let z € Q and consider the conditional
moment

My, () = pn /000 YV F(y | x) dy = a(z) g™ (x) Blpn + 1, a(x)).

Therefore, as in Section 2.2.1,

mp, (€)1 (1 N a(z)> (3.8)

mp,+1(x)  g(x) pn+1
which leads to, for every nonrandom sequence (p,,) of real numbers > 1 and every a > 0,

mae) ]

myp, +1()

1 1
9@ ~ apn [((a+1)Pn+ 1)

M(at1)p, ()

- (pn + 1)
m(a"l‘l)pn"l‘l(z)

On the basis of this result, the estimator of g(x) is built in two steps. First, the conditional moment
my, () is replaced by its smoothed version iy, (), and we set

Lo [(<a+ Dpn +1)

Gn(z)  apn

_ fip, (T)
H(a+1)pn+1(T) (Pn+1) ]

:u’Pn,'f‘l (‘T)

where p, — oco. Second, pp, () is estimated by the corresponding empirical moment fip, ().

Plugging i, (z) in 1/Gy(z) leads to the expression (3.7) of the estimator 1/g,(z) of 1/g(x).

3.3.2 Consistency

In this section, the consistency of g, (x) is established in the nonparametric context (NP). To this
end, the first step is to prove that an analogue of (3.8) still holds, up to an error term, when m,, (x)

is replaced by pp, ().

Proposition 3.3. Assume that (NP, — NP), (K) and (A1) hold. Let x € Q such that f(z) > 0.
If pn by — 0, then

Hpr () 1
lpni1 (@) g(@)

This result is a straightforward consequence of Lemma 3.2i) and ii). The second step consists in

as n — o00.

showing that p,, (z) can be replaced by its empirical counterpart [y, (z). The following result

holds:
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Proposition 3.4. Assume that (NP; — NP,), (K) and (A1) hold. Let x € Q such that f(z) > 0.
If nm,, (z) hi/gPm () — oo and py, by’ — 0 as n — oo, then

Mp"(x) i>1 as n — o0.
M;Dn(x)

Proof. We follow the proof of Proposition 2.3. Let, for all 1 < j < n,

S i NCEE
n fip, ()

The desired result is then tantamount to Z?Zl Uy 5 1asn — oo. Let us highlight that, for all
n, the U,;, 1 < j <n are nonnegative independent random variables, and 2?21 E(U,;) = 1. Using

Theorem 2.2 makes it enough to show that
n
Ve>0, > E(Unjly,>e) =0
j=1
as n — 00. Remark that the U,,; can be rewritten as

_ Vo K, (2 = X))

Upi
! nM,, (z)

where

Vij = L and M, (r) = —Leel®)
7 sup g (z — hyu) P sup ¢’ (z — hpu)

ueB ueB

The U,,;, 1 < j < n being identically distributed, it is equivalent to prove that, for all € > 0,

1
My, (z)

E (Vo1 Kn, (2 — X) Wy, K, (a—X)>en My, (2)}) — O-
Pick then € > 0 and notice that

Vi K, (x — X) > en M, (z) < he Vi Ky, (x — X) > en M, (z)he. (3.9)

n

The left-hand side of the second inequality is nonnegative and bounded by supga K. In view
of Lemma 3.2ii), condition nm,, (v)he/gP"(x) — oo is equivalent to n u,, (z) ke /gl (x) — oo.

Besides, p, hn’ — 0 and (3.26) in the proof of Lemma 3.2ii) imply that

gPm(x — hpu)
sup ——————
ueB gpn(x)

so that n M,, () h% — 0o as n — oo. As a consequence, the right-hand side of (3.9) goes to oco:

therefore

1
————E (Va1 K, (¢ — X) Upa v,,, K, (0~ X)>en My, (2) hd}) = 0
My, ()

n

eventually, and the result is proven. [ ]
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As a consequence of the two previous results, we have:

Theorem 3.5. Assume that (NP; — NPs), (K) and (A1) hold. Let x € Q such that f(x) > 0. If
nMgi1)p, () he /g TP (z) — 0o and p, hy? — 0, then G (x) N g(x) as n — co.
Proof. Note that, according to the proof of Theorem 2.4,

mp, ()
g7 ()

M(a+1)pn ()

S@ pn(z) = (a+1)

)

which implies nm,, (z) he/gP (x) — oo. Thus, Lemma 3.2i) entails

Mat1)p,+1(2) 4
gPnti(z) " n et () he — 00 asn — oo.

We can then apply Proposition 3.4 to rewrite the frontier estimator as:

CHN a M o _ Hp, () o
o) apn ((a+1)py, + 1)u(a+1>pn+1(x)(1 +op(1)) — (pn + 1)7%”“@)(1 +op(1))|. (3.10)

From Proposition 3.3, we have

lu’pn (‘r) N 1 and M(a+1)pn (:C) — 1
Hpn+1($) g(x) M(a+1)pn+1($) g(x)
as n — 0o. Replacing in (3.10), the conclusion follows. [ |

3.3.3 Asymptotic normality

We now establish the asymptotic distribution of g, () under the assumption (P). The parametric
model enables us to compute a more precise asymptotic expansion of i, (2)/pip, +1(z) than under

the nonparametric assumption, see Proposition 3.3.

Proposition 3.6. Assume that (P), (K) and (A; — A4) hold. Let © € Q such that f(z) > 0. If
Pn ha? — 0, then

fp, (T) 1 [ a(z) } ( hle 5(1)1)
= 1+ +O | hly +—+p, :
tpnt1(x)  g(x) Pn+1 . 7

Proof. Remark that, retaining notations of Lemma 3.3, we have

(a, C) 1 AY A hls e
En( C(})m+ , T, U) - 14 oz, u)  Af(z, u)JrO( o i )
Ly (pn, x, u) g(z) Pn Dn Dy,

uniformly in u € B. Using Lemma 3.3ii) with ¢ = 1 then entails

{5 [+ a(@ﬂl M (L, po, 2)
g9(x) pn+1 M, po + 1, 3)

/ £ 2 u) K (u) du
B
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From Lemma 3.3i), E%a’c)(pn, z, u) — 1 as n — oo uniformly in u € B, so that

/BE%Q’C)(pm z, u) {A%}(;:, D A%g((fc,)uq Fw) du -0 (h?f + hﬁ) .

/ £ 2 u) K (u) du n
B

Besides, applying Lemma 3.4 yields 7,,(1, pp, ) = O (p;B(z)_l); use then (3.23) to obtain

Na
tp, (2) [1 L@ ] +0 (th s +p55(z)_1>
fp,+1(z)  g() pn+1 Pn

which completes the proof of Proposition 3.6. [ |

As a straightforward consequence, we obtain a control of the bias introduced by replacing m,, (x)

by fip, (x). If p, hn? — 0, then

1 1 hle
— +0 (hzg 4+ 7:B(Z)—l) ) 3.11
Gn(z)  g() Pl )

Let us now turn to the random term:

Theorem 3.7. Assume that (P), (K) and (A; — A4) hold. Let x € Q such that f(x) > 0. If

np;a(m) hi — 00 and py kY — 0 then

i () o ),

where vy, (x) = \/ﬁp;a(m)/%—l h/? as in Proposition 3.1, and

Via(z), a) =

a(x)+1
OA(SC) +1 |:2a(x)2 _ (a + 1) (=) + 27a(m)72(a + l)a(z)

@ T(a@)) (a +2)2(072

as in Theorem 2.8.

Proof. The proof is an adaptation of the one of Theorem 2.8. Our goal is to prove that the

sequence of random variables

= AL [I0CE (L L)

1K\ Via@), @) ™ \Ga@) ~ Gul)

converges in distribution to a standard Gaussian random variable. The first step consists to use
Lemma 3.5 in order to linearise &, (x):

6 = [d@+ () (@) + (14 22 )(*‘(“*1’““@—1) )

Fpn+1() P+ 1) \Hat1)p,+1(2)
X (@) (14 0(1)).

Now, Proposition 3.4 yields
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and to conclude the proof, it is enough to establish that

tn, o () (S () = N (0, 1), (3.12a)
tn, a(2) (P (2) 5 N(0, Ca), (3.12D)
tn, () (&) (x) —5 N (0, Cs), (3.12¢)

where C and C5 are positive constants. In all the sequel, we set
z (@) = Vi K, (2~ Xi),

so that fp, 1+;(z) = E (2™ =9 (z)). To prove (3.12a), remark that Cr(ll)(z) can be expanded as the

sum of independent, identically distributed and centered random variables: ¢\” () =>1_, Sfll)k(x)

with
1 t n n n,a n,a t
sh@ = {ab@} 7@, 20 V@), 70w, 2 @)
t
1
AP@) = |allh(@), oli(@), ally(@), aly@)]
0’511)0(1'> = 717
(1) Pp, (7)
a,1(x) = ————,
n,l( ) /Lanrl(l')
1) _ apn ) fp,+1(2)
a, o(r) = 1+ ,
) ( P+ 1) pattyp,+1(2)
agll)g(w) _ (1+ aPnp ):U’Pn-i';(‘r) :U’(aJrl)pn(x).
; pn +1 'u’(a+1)pn+1('r)

In order to use Theorem 2.7, it remains to prove that

E

3
57(11,)1@)‘

(3.13)

372 —0
Vi [Var () (2))]

3
57(11,)1 (x)‘ . The variance is rewritten as

as n — 0o, which requires to control Var (Sr(:)l (x)) and E

1 apy fipa+1(2)
Var (S (& :—[wl,l, n x—2(1—|— ) Pn w(l, a+1, p,)(x
(s8h@) = =5 |w(t, 1 pa)(@) i) T pa)(@)

2 2

X

+ (1+ o ) St ® 0 a1, )
Pnt1 'u(a-i-l)pn—i-l(x)

where, in the same fashion as in Lemma 2.14,
w(s, t, p)(z) = [_1 M} M (s, t)(2) [_1 M}t
B " pspari(@) ] " bup,+1(T)

with M,, (s, t)(z) being the 2 x 2 covariance matrix defined by

E (Z(n,s,O)(:L.) Z("’t’o)(x)) (Z(n,s,O)(:L.) Z("’t’l)(x))

M (s, 1)(x) = i
n\S, o E (Z(n,s, 1)(:6) 7(n,t,0) (x)) E (Z(n’ s, 1)(:6) Z(n,t, 1)(50))
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Since Lemma 3.3iii) provides an asymptotic expansion of the matrix M., (s, t)(x), it is therefore
sufficient to compute an asymptotic expansion of w,, (x)/p,+1(x). Using Proposition 3.6, tedious

computations lead to

g% () pu "2

o (1+0(1). (3.14)

Var (S (2)) =a? | K13 £(2) C(2) T*(a(x) + 1) V(al), a)
Now, focusing on the third-order moment, Holder’s inequality yields
3 3

RE[SU@)] < 4E|alh@) 20" @)+l (@) 20 V(@)

3
+ 4E|a (x)zf"*a“v‘”(z)+ag{>3(z>z§”va“vl>(x)‘ .

n,2

The next step consists in applying Lemma 3.6 to each term of the right-hand side of this inequality.

To this end, let us consider the functions

H () = alz)y,
’2() pnt1 ( :“(a-i-l)pn—i-l(x)

HO.(y) = _(1+ apn )gapn o) Feat1(@) a2y
m3(0) pnt1 ( )u<a+1>pn+1(:c) a+1

and note that there exist two sequences of Borel functions (x%l)) and (Xsf)) uniformly convergent

to 0 on [0, 1] such that

‘Hﬁl)l(y)‘ +xP )

)

sup aly(@) + ol (z) gl — hnU)y} < }Hﬁf)o(y)} (1—y)+ 5 :
ue n
H(l)( >’+ (2)( )
1 n,3 Y Xn \Y
sup [a{!(2) + allh(2) (o — haw)y| < —— | [H ()| (1 y) +
ueB gepn (1'> DPn

Since
a M;Dn'i‘l(x) a(x)
g (o) 2D (g4 1)
Ha+1)p,+1 (‘T)

as n — oo, the functions H(l)j, j €40, 1, 2,3} are bounded on [0, 1], uniformly in n, and thus

n1

Lemma 3.6 entails that

3
B[S0 @) =0 (n7 g% (@) p 2@ ). (3.15)

n1

Combining (3.14) and (3.15), convergence (3.13) follows from the condition np,*™ hé¢ — oo and

therefore (3.12a) holds.

Proofs of (3.12b) and (3.12c¢) are similar since ¢ (x) and ¢ (z) can be rewritten as

(250, a?y@)] [20 0 @), 20V @)

M=

- 1
(@) = Y SE(@) with 5% (@) =~

)

k=1 k=1

(@) = 3 8P, () with S (x) =
k=1 k

t
[0Ph@), o @) [20 O @),z D w)]

S|
M=

1
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where
agzl,)O(x) = -1,
(1) _ Mpn (1‘)
ay’y(z) = —2——
11( ) /’[’pn"l‘l(x)
V@) = Lol
’ M(a+1)pn+1($)
O () =  ip,+1(%) fat1)p, (2)
n,3 - 2 :
Hat1)pn+1(2)
Applying Lemma 3.6 with
H2\(y) = ol)y,
) = (e Lt
0 H(a+1)pn+1(T)
Hn3) y) — _gapn, ZC) :u’l)n,-i-l(‘r) CY(ZC)y
A ( fat1)p,+1(7) a+1
4 3
yields E 57(13,)1(,7:)‘ =0 (n’3 g (ac)p;a(m)_3 h;Qd), j € {2, 3}. Theorem 2.7 then gives (3.12b)
and (3.12c): Theorem 3.7 is therefore established. [ |

The asymptotic normality of g,,(x) centered on the true function g(z) is then readily obtained:

Theorem 3.8. Assume that (P), (K) and (A1 — Ayg) hold. Let x € Q such that f(x) > 0. If

np;a(z) h;il — 00, np;a(z)72ﬁ(z) h‘fl — 0, np;a(z)Jr2 hiwm’ — 0 and np;a(x) hﬁ”% — 0, then

i (90) (o ),

with the notations of Theorem 3.7.

Proof. The proof is an analogue of that of Theorem 2.8: write

Fe el o e S R e e

Use the convergence Gy, (z)/g(x) — 1 as n — oo, Theorem 3.7 and Slutsky’s lemma to get

Golw) . [Gale) ] a IKI2V (a(2), a)
o(a) “"(I)[ 1}HN (O’ /@) Ca)

G (x)
Besides, the convergences n pp @) ~28@) hd — 0, npp @2 T2y and np, @ hd+2ma ()
along with (3.11) yield
Gn
vp () { (z) _ 1] -0

g9(z)

as n — o0o. Using once again Slutsky’s lemma completes the proof. [ |

), as n — oo.
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() a(a)+2

Let us note that n p, * h;il — oo and np, i”"g — 0 imply that p, hy¢ — 0. Besides, if we

assume that o has greater regularity than g, namely 7, > 74, then the hypotheses needed to apply

Theorem 3.8 can be reduced to np;a(z) hd — oo, np;a(m)_w(m) hd — 0 and np;O‘(I)JF2 AR}

Let now x € © such that f(z) > 0 and note that the sequences

B () = 55(1)*1 n~ 1/ (d+nga(@) 414 po(z) = et Mo/ (d+nga(z))

can be chosen to check the assumptions of Theorem 3.8, where (g,) is an arbitrary sequence of
positive real numbers tending to 0 such that n=%e,, — 0 for all § > 0. With such choices, the rate
of convergence v, () of the estimator is then n%s/(@+75%®) yp to an ¢, term. In the uniform case
(that is, when « is constant equal to 1), the rate of convergence of the estimator is then nie/ (dtng)
up to the factor &,,, which is also the rate of convergence for the estimator g&7(x). Let us note that
this rate of convergence has been shown to be minimax in [63] for a particular class of densities
with a L! risk.

Moreover, the rate of convergence v, (x) is the same for both our estimator and the estimator
957 *(x); note however that computing g&/» *(x) requires the knowledge of the conditional extreme-
value index a(z) and of the constant C'(z). From that point of view, our method is an improvement
of Girard and Jacob’s approach [46] since it does not demand a precise knowledge of the conditional

distribution of Y given X.

3.4 A simulation study

The behaviour of the proposed frontier estimator is investigated on different situations. In partic-
ular, we examine the case d = 1 where X is uniformly distributed on 2 = [0, 1] and the case d = 2

where X = (X1, X5) is uniformly distributed on Q = [0, 1]2.

(i) Let us first focus on the case d = 1. Three frontiers are considered:

1+ exp (760 (x — 1/4)2) if zel0,1/3],
@) 1+exp(—5/12) if e (1/3,2/3],
alr) =
1+5exp(—5/12) —6exp(—5/12)x if z € (2/3,5/6],
6z — 4 it xe(5/6,1],
g2(x) = [1—10 —l—sin(mc)} E—(l) - % exp (—64 (x — 1/2)2)] ,
gs(a) = 2 —2(1-2)

Note that g; is continuous but not derivable at x = 1/3, x = 2/3 and « = 5/6 while g, and g3 are

infinitely derivable.
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We consider three different models for the distribution of Y given X = x. The first one is the simple

“power law” model
Flylz) = (1-y/g9(2))*™, Vyeo,g(x). (3.16)

In this framework, we examine the cases g = g1 and g = go; besides, two models for the function «
are considered:

5 5 1
ar(x) = 1 and as(z) = 1 + §|cos(27r:c)|.

The second model is a “contaminated” version of the previous one, namely

Fly|z) = C(x) (1 —y/9(2)*™) + (1 = O(x)) (1 —y/g(2))* @V vy 0, g()],  (3.17)

with C(z) = ¢+ sin(272)/16 and ¢ € {1/8, 3/8, 5/8, 7/8}. Let us highlight that the smaller ¢ is,

the larger the contamination is.

The last model we consider is

_ 1 9(@) 1 o, a(z)—1 ” b(z)—1 du
o gy ), wwl aw] e EReel @
where
1 1 . 5
a(x) = 3 + 1 sin(ma), b(x) = 1 + Bl cos(2mz)|, B €{0,1/2}. (3.19)

Namely, given X = x, the random variable Y/g(z) is Beta(a(z), b(x)) distributed, and b is equal
to either ay or ap. This situation fits our parametric model (P), with a(z) = b(z) (see [11]). The

cases g = g1 and g = g are tested.

The uniform kernel is chosen:

K(r) = 311 (@)

with associated bandwidth h™ = 26(X) /nt/(1+ex=) and p{™ = nt/(+ace) 1\ /In(n), where 5(X) is
the empirical standard deviation of X and a., = maxq «, which is finite since « is continuous and
Q is a compact subset of R. These sequences are chosen to check the hypotheses of Theorem 3.7.
Note that the multiplicative constant (X ) has been suggested by [46], whereas the constant 2 was

empirically chosen. The sample size is fixed to n = 500.

(ii) In the case d = 2, we limit ourselves to a unique model

3 5 1
gz, y) =1+ 591@)% and oz, y) = 1t §| cos(2mz) sin(2my)|, (3.20)

the kernel being

1
K(ZL', y) = Z]l[—l,l]x[—l,l] (ZL', y)v

with bandwidth A" = 4,/5(X1)5(X2)/nt/@+a=) and pi™ = nl/(+ex<)/, /In(n). The sample
size is fixed to n = 1000.



3.4. A SIMULATION STUDY 131

In all cases, our moment estimator is computed with a = 15, the constant a having been chosen after
intensive simulations. Our estimator is compared to the two estimators proposed by Geffroy [40] and
Girard and Jacob [46]. Let us recall that the estimator in [40] is based on the extreme values of the
sample and does not involve any smoothing, as opposed to both Girard and Jacob’s estimator [46]
and our estimator. For Girard and Jacob’s estimator, we set h%gj) = 48(X)/\/ﬁ and p%gj) =
Vn/In(n) if d = 1, and b7 = 4,/5(X1)5(X2)/n/3 and p'¥? = n'/3/,/In(n) when d = 2. The
L' —errors associated to each estimator are computed on 500 replications of the initial sample and

the minimum, maximum and mean L!—errors are reported in Table 3.1.

It appears that, in all the considered situations, our moment estimator yields better results than
both the estimators of [40] and [46]. For a fixed frontier, all the estimators perform better on the
situation a(x) = a1 (z) than on the situation a(z) = as(x). This behaviour is a natural consequence
of the inequality ag(z) > aq(x) for all x € Q: as a(z) increases, the simulated points tend to move
away from the frontier g(z). This phenomenon is illustrated in the case d = 1 on Figures 3.1-3.2
and 3.3-3.4. On each of the upper panels the best situation is represented, i.e. the replication that
yields the smallest L!—error for g, in Table 3.1. Similarly, the worst situation is depicted on the
lower panels, i.e. the replication that yields the largest L'—error for g, in Table 3.1. In all cases,

Jn is superimposed to the frontier g.



132

CHAPTER 3. FRONTIER ESTIMATION WITH HIGH ORDER MOMENTS

Situation

Moment estimator

Girard-Jacob estimator

Geffroy estimator

Case d = 1, model (3.16)

a(z) = ar(x)
Frontier ¢;

Frontier g

0.082 [0.051, 0.117]
0.045 [0.032, 0.070]

0.089 [0.052, 0.135]
0.047 [0.031, 0.078]

0.107 [0.058, 0.168]
0.050 [0.029, 0.089]

a(z) = az(z)
Frontier ¢,

Frontier g

0.109 [0.073, 0.179]
0.064 [0.042, 0.088]

0.162 [0.093, 0.241]
0.067 [0.037, 0.099]

0.169 [0.087, 0.248]
0.072 [0.041, 0.115]

Case d = 1, model (3.17)

Frontier ¢;

Frontier g

0.111 [0.060, 0.168]
0.053 [0.032, 0.083]

0.147 [0.076, 0.205]
0.065 [0.035, 0.102]

c=17/8 0.055 [0.032, 0.101] 0.108 [0.070, 0.157] 0.107 [0.067, 0.174]
c=5/8 0.058 [0.032, 0.101] 0.116 [0.076, 0.161] 0.112 [0.069, 0.154]
c=3/8 0.063 [0.030, 0.111] | 0.127 [0.083, 0.171] | 0.122 [0.062, 0.177]
c=1/8 0.070 [0.037, 0.136] 0.137 [0.086, 0.190] 0.131 [0.085, 0.194]
Case d = 1, model (3.18)
b(z) = o ()

0.149 [0.067, 0.236]
0.067 [0.037, 0.104]

b(z) = as(x)
Frontier ¢,

Frontier g

0.133 [0.074, 0.212]
0.064 [0.043, 0.098]

0.242 [0.163, 0.357]
0.095 [0.062, 0.140]

0.235 [0.141, 0.338]
0.097 [0.057, 0.145]

Case d = 2, model (3.20)

0.036 [0.024, 0.058]

0.146 [0.105, 0.195]

0.176 [0.124, 0.213]

Table 3.1: Mean L'—errors and [minimum, maximum] L!—errors associated to the estimators in

the different situations.




3.4. A SIMULATION STUDY 133

o + b TEE
P f R i{ﬁ iy T ﬁﬁ% fft Ty
0.0 ++x ert;vtx fhﬁ er + x+ T T # T ?L+4Nfi+y +f++y w#%ﬁ tf +
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 3.1: Case d = 1, model (3.16) and a(x) = ay(z): the frontier g; (solid line) and its moment

estimate g,, (dotted line) with a = 15. Top: best situation, bottom: worst situation.
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Figure 3.2: Case d = 1, model (3.16) and a(x) = aa(z): the frontier g; (solid line) and its moment

estimate g, (dotted line) with a = 15. Top: best situation, bottom: worst situation.
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Figure 3.3: Case d = 1, model (3.18) and b(x) = aq(z): the frontier gs (solid line) and its moment

estimate g,, (dotted line) with a = 15. Top: best situation, bottom: worst situation.



136 CHAPTER 3. FRONTIER ESTIMATION WITH HIGH ORDER MOMENTS

1.0
o
0.5
] N N
R N
b +ﬁ+ - i H Ji %ﬁ:ﬁrj
Jr e Eﬁ + B T
B :# i+ +++ H +<H> L F #:
0.0 5= H- i + # s 5'5 &
0.0 0.1 0.2 03 0.4 05 0.6 07 08 0.9 1.0

Figure 3.4: Case d = 1, model (3.18) and b(x) = az(z): the frontier gs (solid line) and its moment

estimate g, (dotted line) with a = 15. Top: best situation, bottom: worst situation.
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3.5 Appendix A: Auxiliary results

We first state a simple technical result we shall use several times in the proofs. Recall from Sec-

tion 3.2 the notation

Af(z, u) = (2 = hpu) — @(z).

Lemma 3.1. Let ¢ be a real-valued locally Hélder continuous function on R with exponent 1.
Then

Ve RY  sup |AY(z, u)| = O(RT).
u€B
If moreover ¢(x) # 0, then
o —hw) 1’ — o).
p(z)

The next lemma focuses on the behaviour of the moments m,,, (z) and pp,, ().

sup
ueB

Lemma 3.2. Assume that (NP; — NP,), (K) and (A1) hold. Let x € Q such that f(x) > 0. If
Pn ha? — 0, then

(i) 1y, (@) /1y, +1(x) = 1/g(2) as n— oo;
(i6) tp, (@) = F(@) my, (@) (14 0(1)) as n — .

Before proceeding, we need some additional notations. Let Fy . (y|z) = (1 — y/g(x))"®); we can

then write
F(y|z)=C@)Fgaly|z) + D(@) Fyarsly|z) [L+0 (2, (1 —y/g(z)"")].

Pick z € R%, and set for every ¢ > 1, every positive locally Holder continuous function v on R? and

every locally bounded Borel function W on R¢
MO (g, pu, @) 1= / )W () Kjj (z —v) [ n/ YTt Fg o (y|v) dy| dv
Q 0
h;d(qfl) / (fWgP)(x — hpuw) pr B(pn, v(x — hyu) + 1) K9(u) du.
B

Let further
1
Zy, &(pn: v) :=/ YT FLs (o) R (v, (L-y) ) dy (3.21)

0
for every Borel function R on Q x [1, co) such that for all v € Q, R(v, -) is bounded.
With these notations,

E (Y K} (x— X)) = M{*“(q, pn, 2)[1 + €n(g, pn, @)]

with the error term being

(a+p, D)
Mn L+ ECD) (g, p, )

q; Pn, T
En(qa Pn, -T) = — ) |:

MT(la’ < (Qa Pn;s 1')
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if we set
[ W) = ha)pa (. 2 o) K () du

ES W) (q, pp, @) = @D AW (g o ) (3.22)
Finally, letting
) = SIS
we obtain )
tonl0) M 0 o, [+ 7u(1, pn, 2)]- (3.23)

ppnt1() M, py+ 1, 2)
The next result of this section is technical: it provides precise expansions of MT({Y’ w) (q, pn, ) for

all ¢ > 1, when p,, hy? — 0. This result will be useful for the proofs of our next lemmas and of

Theorem 3.7.

Lemma 3.3. Let v, W be locally Hélder continuous functions on R? with respective exponents Ty
and ny. We assume that vy is positive and W is bounded away from 0. Pick ¢ > 1, x € R? such
that f(xz) > 0. For all u € B and n € N\ {0}, let

(v, W) oou) = (fW)(x — hpu) T(y(z — hpu) + 1) ox AY(x, u) I Y
El e GG R I G R S &
(v, W)
(v, W) ) = d(g—1) Mn (q7 Pn, SC)
e ) = I g )

Assume that (Ay) holds. If p, hy' — 0, then
(i) E%V’W)(pn, x, u) = 1 as n — oo uniformly in u € B.

(i1) For all g > 1,

Agﬂ,w)(q, Pns 1') - (v, W) B & M 2 .
'7(.%‘) B(Pn +1, 'y(x)) - /B‘Cn (pn, x, U) 1 < ) > K (u) du

1 AY
— e P ) () 4 1] K ) d
Pn JB
hy? by
T o( n 2).
pn pn

(iii) For all ¢ > 1,

(v, W) . x T n 9(x, u 2
AR (g, pa, )) :/Bﬁg,m(pm v, u) ll @)@ +1) pa (M) 1 K9(u) du
1

T(v(z) + 1) pn @ 2pn 2\ g

[V ) 220 ) (@) 41 K9 ) d
V@) ) + DG F Y@ D) [ g (1
- 2402 /BK()C” (2)

Lemma 3.3 is the key tool to a detailed study of the functions e, (q, p,, ), which is the focus of

Lemma 3.4 below.
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Lemma 3.4. Let v, W be locally Hélder continuous functions on R®. Assume that v is positive
and W is bounded away from 0. Pick q > 1 and x € R? such that f(z) > 0. Assume that hypotheses
(A1) and (A4) hold, and p, hy? — 0 as n — oo. Then

(i) (n, ) = (pn + )@ M"Y (q, po + 1, ) € Ca.
(ii) (n, t) = ES"Y)(q, pn +t, z) € Ds.

Our next lemma, which is similar to Lemma 2.13, consists in linearizing the random variable &, (x)

appearing in Theorem 3.7.

Lemma 3.5. Assume that (P), (K), (A1 — Ay) hold. Let x € Q such that f(x) > 0. If p, ha’ — 0
then

b0 = [c@+ (LD )+ (14 )(*‘(“*1’““@—1) )

Hip,+1() Pr+ 1) \ Bat1)pn+1(2)
X Up,o(z) (1 +0(1))

where, letting v,(x) = fip(z) — pp(x),

(D(x) = D)+ [H‘ﬂ] 9 ()

pn +1
with (?)(z) = —upn<w>+%upn+l<x>,
Pn
(3) _ Hpn+1(2) _ tp,+1(T) f(at1)p, (T)
G (x) 7/”’(@4—1)1)”-{-1(1') V(a+1)pn () N%aﬂ)pnﬂ(z) V(a+1)pn+l($)
d _ 1 1 P v, (2)
and uno(®) = R Te@ 1)\ J@ 0@ Va@, @) g @)

Finally, the following result provides an asymptotic bound of the third-order moments appearing

in the proof of Theorem 3.7.

Lemma 3.6. Assume that (P), (K), (A1 — Ay4) hold and p, hy?! — 0 asn — oco. Let k € N, (b, ;),
0 < j <k be sequences of real numbers and x € R? such that there exist m € N and sequences of

measurable functions (Hy,;), 0 < j < m, uniformly bounded on [0, 1] with

k m
Yy e[0,1], su b i ¢ (x — hpu)y’ | < 27 1—y)m 7,
y €10, 1] uegg 39 ( )y E (1-y)

Let us consider
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3.6 Appendix B: Proofs
Proof of Lemma 3.1. Just notice that for all sufficiently large n,

Ve eRY Je, >0, VueB, |AL(x, u)|<epllhaul? <e,hl

to obtain the result. [ |

Proof of Lemma 3.2. (i) Set I, (z) := mp+(f)) and F(y|z) = F(g(z)y| ), so that
Pn gom (X

1
I, (z) = / YV Fy | 2) dy.
0

Pick yo as in (NP»), let € € (0, 1 — yo) and u € B. The integral I, (z — h,u) is rewritten as:

1—e
—_— [ w1 Fwle - hwdy

I (& — hou) = / PV F(y |2 — o) dy |14 22
/ YV F(y |2 — hou) dy

1—¢

As in the proof of Lemma 2.2, one has

1—¢
[ Fwle - hwdy .
0< 20 <

— 1

_ - 1 _ 2 pn—1 1 _ :
Yy Fy | o — hau) dy [75/} / Fylz — hyu)dy
1

1—¢ l—e¢ —&/2

Moreover

1
< / sup |F(y |z — hnu) — Fly| )| dy,
1—e/2 u€B

/11 f(y|xhnu>dy/1 Fly|2) dy

—/2 1—¢/2

sup
ueB

and (N P,) ensures that for all y € [1 — ¢, 1], the map x — F(y|z) is continuous, so that, by the

dominated convergence theorem,

1 1
/ f(y|x—hnu)dy% f(y|x)dy>0
1—¢/2 1—¢/2

as n — oo, uniformly in u € B.

Since [1176/2

pn—1
} — 00 as n — 0o, we therefore get, uniformly in v € B,
—€

I, (& — hyu) = / yPr Fy | — how) dy (1 + o(1).

—E&
Because

1
/ y' T Fy | @) dy
1

—E

1

VEE(OaliyO)a 1§ 1 =1 _c
/ yPr Fly|x)dy
1

—€
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one has I, (z)/I,,+1(x) — 1 as n — oo. Hence my,, (z)/m1 p,+1(x) — 1/g(x) as n — oo, which

completes the proof of (i).

(i) Write
! pn—17TF ! Pn—1"T ?(y|z*hnu)
Yy Flyle — hypu) dy yor ]:(?J|$)W—1 dy
sup | = —1| < sup =S T 4
ueB 1= ueB 1=
/ y" T Fy| @) dy / y T Flyla) dy
l1—¢ 1—¢
_ Ch
< sup sup Ml'ﬁo
y€[yo, 1] ueB Fylz)
as n — co. Consequently,
I, (x — hpu) = I, (z) (1 + o(1)) (3.24)
uniformly in u € B.
Besides, (A1) and Lemma 3.1 yield
flx = hau) ‘ n
sup | —————= —1| = O(h)) =0, 3.25
N e (1) 529
AY
and Dn SUP a(z, v) = Of(pnhl),
ueB g(l‘)
so that the hypothesis p,, ha? — 0 gives
Pn — hn Ag
n [M} = puln {1 n W} =O(pnhl) =0 (3.26)

()

g7 ()

uniformly in v € B as n — co. Now, recall that

tp, () = pp /B flx = hpu) gP(x — hpu) L, (x — hpu) K(u) du.

Collecting (3.24), (3.25) and (3.26), the dominated convergence theorem therefore gives (ii).

Proof of Lemma 3.3. (i) Let us introduce

W)@ = hpu) T(y(2 = hnu) +1)
(W) () T(y(x) +1) '

Q" (@, u) =

Since f, W and ~ are continuous at « and I" is continuous on (0, c0), one has Qg’ W) (x, u) = 1 as

n — oo, uniformly in v € B. Moreover, since p, h,’ — 0, we have

ueB p;?l'y /g
Lemma 3.1 gives

sup p,, |AY(z, u)] =0 asn — oo;
ueB

as a conclusion, E%'Y’W)(pn, z, u) — 1 as m — oo, uniformly in u € B.

1
sup In(py,) [A] (2, u)| = O (B} Inp,) = O <[hggpn]m/ng npy, ) o
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(ii) By definition of the Beta function,
ny r n 1 P - hn
V() B(pn + 1, () L(pn +1+7(z = hou)) g7 (z)
Following Formula 6.1.50 p. 258 in Abramovitz and Stegun [2], simple calculations yield

— exp(— In(pa) AL (@, u)) [1 - % (L4 (& — hot) + ()

L0 <”;) (3.28)

Py

A%’Yv W)(

L(pn + 14 7(2))
L(pn + 14 v(x — hyu))

uniformly in v € B. Besides

9P (x — hyu) exp[pl ( AY(z, u))]

@) o) 2
= ow p, 20 [ =)
(

uniformly in u € B. Replacing (3.28) and (3.29) in (3.27) gives the first desired expansion.

—_

+0 <th> (3.29)

Pn

(iii) According to [103], for all x and ¢, one has

as r — oo, where

Sik, ) = (fﬁ—L)(f;—i—L—l)7
(FL—L)(H—L—1)(3(/€+L—1)2—/€+L—1)-

24

d2(k, t)

Consequently

(L, v(z)+1) n 02(1, y(z) + 1) o (%)] -

Blpn + 1. 7() = o (0)) 7 |14 201 -

Replacing in the expansion (ii) and remarking that, from (i),

1 1 1
= | LY o, 2, ) K(u)du = — [ K(u) du+0<_2)
bn JB P JB p2

yields (iii). .

Proof of Lemma 3.4. (i) Like in the proof of Lemma 3.3, we have

hd(q—l) M'r(l’y’ ") (qv Pn, $)
" (@) Blpa + 1, v(2)) (fWgrn)(x)

[ oWy gy LPnA1+@) gz —ha) g
_/an(, o T ) ey K du

Since
(pn + t)v(z)+1

(pn—|—t)7($)B(pn+t+ 1, '7(1')) = ~(z)

B(pn +t, y(zx) + 1),



3.6. APPENDIX B: PROOFS 143
using [103] and applying Lemma 2.16iii), we obtain that
(n, 1) = (pn + t)'Y(z) B(pn +t+1,v(z)) € &.

Consequently, it is enough to show that

C(pn+t+1+7(x) g\ (x — hpu)
L(pp+t+1+~(x—hyu))  gPrti(z)

(n, t) — /BQ;”’W) (x, u) K9(u) du

lies in Cs.

Recalling (3.28) and (3.29), Taylor expansions and Lemma 2.16iii) imply that

(n, t) — exp { In <1 + i) A7) (x, u)} € Co,
Pn
YuebB,

(n, t) — exp {t %] € C;

noticing that
exp (— In(pn + )AY(z, w)) = exp(—In(pn)Al(z, u)) exp [ In <1 + p%) A (z, u)] ,
TR ) QR S ) e e e

9(@) g(a 9(@)
Lemma 2.161) entails that

(TL, t) = exXp (7 ln(pn + t)A;Yl(:L', u)) € C2a
YueB
’ AY (z, u)
(TL, t) = exp |:(pn + t) 79(:6) :| € Cs.

Furthermore, the convergences that hold for these sequences (in the definition of C2) are uniform

in u € B. Applying Lemma 2.161) once again then yields

L(pp +t+147(x))
D(pn+t+ 1 +~(z — hpu))
gp"th(x - hnu)

grrTt(z)

(TL, t)'_) € Cy,
VuebB,

(7’L, t) — € CQ,

and the convergences these sequences satisfy are uniform in u € B: (i) is proven.

(ii) To prove that for all ¢ > 0 the sequence (Ef{y w) (q, pn + 1, ac)) goes to 0 as n — oo, pick e > 0
and use hypothesis (A4) to get p € (0, 1) and Ny € N\ {0} such that

Vn > Ny, sup sup ‘5 (z — hnu, (1— y)_l)‘ <
ueB y=1-p

| ™

Recall (3.21) and (3.22) to write

/ (fWgP ™) (x — huu) Iy, 5(pn + t, & — hypu) K9(u) du
Er(z’y’W) (Qa Pntt,x) = £

/5 (fWgP ") (& — hpu) B(pn +t, (2 — hyu) + 1) K9(u) du
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Since, for n > Ny and u € B,

Vyel0,1—p], ¢ 1|6 (x—hau, (1 —y) ") <A =p)PT" sup [0(z+h, 2)|
h||<h,
s

and

Vye[l—np,l1], |5($—hnu, (1 —y)_1)| < %,

we get
g
|I’Y,5(pn + ta T — hnu)' < (1 - p)pn,-i-t sSup |6(‘T + ha Z)| + 5 B(pn + ta ’7(1' - hnu) + 1)

bl <hn
z<1/p

(3.28) and [103] show that
B(pa + £, 3(@ = hyu) + 1)
P(y(@) + 1) pa”

as n — 0o, uniformly in u € B, so that

(1—p)pntt

— 0
B(pn +t, v(z — hou) + 1)

as n — oo, uniformly in u € B. Consequently, for all n large enough, uniformly in u € B,

|Zy,5(pn +t, . — hyu)| < e B(pp +t, v(x — hpu) +1).

It is now clear that for all € > 0, for sufficiently large n, E,({Y’ W)(q, pn +t, )| < e, which is what

we wanted to prove.
To show that (n, t) — E,SY’ w) (q, pn +t, ) € Ca, notice that

g"" (x — hnpu)

/B (W)ta = o) 2

7 ha
/B (W) = ) £ )

Using (3.28) and [103] again, Lemma 2.16iii) yields

Zy, 5(pn, * — hpu) K9(u) du

E’r(L’Y.’W)(qv Pn, :C) = )
B(pn, (@ — hyu) + 1) K9(u) du

(n, £) = (pn+ 07T By + 1, (@ — hou) +1) € &
the convergences this sequence satisfies being uniform in u € B, we deduce that

(n, £) = (pn +1)7@F /B(fW)(:c = ) %

is an element of &. It follows from Lemma 2.161) that it is sufficient to prove that

B(pn +t, y(z — hpu) + 1) K9(u) du

gP (@ — hau)

prRET L, s(pn +t, x — hpu) K9(u) du

(n, £) = (pp + 1) / (W) (@ = hnu)
B
lies in Ds. Pick u € B; it is enough to show that

(7’L, t) = (pn + t)V(z)—H I’y, 6(pn +t, xr— hnu)
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belongs to Do and the convergences it satisfies are uniform in v € B. Because
(n + 1) = L (14 1/p,) @

and (n, t) > (14+t/p,) 7@+ € & Lemma 2.161) and ii) make it enough to show the latter property

for

W, (t) = Pl s(pn +t, @ — hau).

For all t > 0, let R; : [1, c0) — [0, o0) be the function defined by

Vy > 1, Rt(y)y{l [lﬂt}

For all t > 0, R; is a bounded Borel function on [1, o0), and one has, for all 0 < ¢; < t3 and all

ts > 0,

prlwn(t2) —wn(t1)] = —PZ(ZHZ Zy41,6Rey—1, (Pn +t1, z — hpu),

Ph[wn(ta + t3) — wnlta) — {wn(ts +t3) —wn(t)}] = Pl L 0 sm, , Ry, (Pn +t1, @ — houw).
Because for all ¢1, to > 0 and every bounded Borel function S on © x [1, co0) we have, as n — o0,
p’?z(Z)—HTi_l I’Y+t2755(pn + tla T — hnu) —0

uniformly in v € B, Lemma 3.4ii) is proven. [ |

Proof of Lemma 3.5. We closely follow the proof of Lemma 2.13i). Let us first remark that,

from Lemma 3.3i) and iii) with ¢ = 1,

Hpor1(@) = f(2) Cx) Da(a) + 1) g" (@) p, ) (1 +0(1)),

leading to

_ 9@ [f@c@
a[K]l; \| Via(z). a)

Fopn+1(2) Un, o () vn (@) (1 +0(1)), (3.30)

and therefore

fp,+1(T) Un, o (T) ( 1 1 )
n(x) = ap, | = — 1+o0(1)). 3.31
6ula) = Kottt o), (s — s ) (14 0(1) 3.31)
Besides,
1 1 li(a a —~ Ha fi(a
Dn <A _ > = ((a+)p, + 1)“( +1pn (ZE)M(A+1)pn+1(~’C) Hat1)p, (%) Bat1)p, +1(2)
gn(r)  Gn() H(a+1)pn+1 (z) H(a+1)pn+1 (z)

tip, (%) prp,+1(2) — pp,, () Pp,+1(7)
pn+1 () Hpn+1 (z)
= AL () - AP ()

- (pn+1)
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with
+ Dpn +1 fiat1p,+1(2) f(a+1)p, (%)
Al (z) = la = = Viat1)p, (€) — — "= v(a 41 1) )
M@t 1pn+1(2) Fasnp, (@) T Hat1)p,41(@) FIP
nt 1 prp,41(2) pp, (7)
AP (2) = L vy (2) = L2y, (@) )
D @ ) T, S
which leads to
a x
Hpn+1(T) AS)(J:) _ (1+ apPn )li( +1)pn+1( )Q}(f’)(w),
Pn + 1 Pn + 1 ,U'(a—‘,-l)pn-‘,-l(x)
M;Dn'i‘l(x) A(Q)(ZE) _ _:u’Pn,'l‘l(‘r) C(Q)(x)
pt+1 7" fip,+1(x) ™"
Replacing in (3.31) concludes the proof of Lemma 3.5. [ ]
Proof of Lemma 3.6. Conditioning on X yields
3
1 & :
ESu(@) = — [ E||> busYPH Ky (x —v) ‘X —vl| fv)dv
n Rd =0
. 3
n3h2d/ Z jYPntd ‘X:x—hnu K3(u) f(x — hpu) du.
=0
N iven X h have W, (z, u) Y < 1; setti
0 e =x — hpu, we have Wy, (z, u) == ——— < 1; in
w, given x u o= ) g

3Pn(p
g°Pr(x — hpu)
en(z) = (m+1)% sup H, ; sup{i},
(@)= (m+ 1% sp sl 08 )
0<j<m
neN\{0}

which, according to (3.26), is a bounded sequence, Holder’s inequality entails, given X = z — hyu,

3 3
k k
an,jYp"H = ¢ (x — hyu) (WP (2, u an Iz, u)g? (x — hpu)
Jj=0 j=0
< eale) g7 (@) 30 W o, (1 = W, ).
j=0 Pri
It is therefore sufficient to prove that, for all j € {0, ..., m}, uniformly in u € B,

E(W3Pr (2, u)(1 — W (z, u))*™ ) | X =2 — hyu) = O (p;a(””)_(3m_3j)) .

Define F(y |v) = F(g(v)y|v) as in the proof of Lemma 3.2: using an integration by parts, one has

E(WiPr (2, u)(1 = Wa(z, w))*™ 9 | X = 2 — hyu)

1
I N 3(m—j) _
—/0 a [y (1-y) } Fly|z — hou)dy
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since, given X = x — hpu, Wy, (x, u) has survival function ?(- | £ — hyu). To conclude, notice that
if v is a positive locally Hélder continuous function on R? and (s,,) is a positive sequence tending

to oo such that s, hy? — 0 as n — oo, we obtain following (3.28) and [103]
1 p—
/ Y Fi, 4y |z —hpu)dy = B(s, + 1, v(x — hpu) +1) =0 (s;'y(m)fl)
0
uniformly in v € B. Since
Flylv) =C(0) F1aly|v) + D) F1ats(ylv) [L+6 (v, (1—y) )],
using Lemmas 3.31), 3.3ii) and 3.4ii) yields
E(W (@, w)(1 = Wa(@, w9 | X =2 hyu) = O (p, )03

uniformly in u € B, which ends the proof of Lemma 3.6. [ |
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Conclusion et perspectives

Dans ce travail, divisé en deux parties, on a dans un premier temps présenté un nouveau modele de
processus de pertes en assurance, ainsi qu'un procédé permettant I’estimation des parametres de ce
modele. L’algorithme EM développé dans ce contexte a été appliqué a la fois a des données réelles
dans le cas univarié et a des données simulées dans le cas multivarié, permettant ainsi de mettre en

évidence 1'utilité de ce processus en pratique.

Les résultats obtenus a cette occasion ouvrent différentes perspectives de travail, par exemple :

Modele a chocs communs sur des données réelles : Le modele présenté est un modele avec
possibilité de chocs communs entre les différentes branches d’activité. La technique d’estimation
proposée a été appliquée a des données réelles, mais seulement dans le cas univarié, les essais ayant
été faits sur simulations dans le cas des chocs communs. On pourrait utiliser cette méthode pour

analyser des données réelles dans ce cadre.

Procédure d’estimation initiale des parametres : L’algorithme EM utilisé étant un algorithme
itératif, il nécessite I'utilisation d’une estimation initiale. La procédure décrite est adaptée dans
les cas particuliers que nous avons étudiés, mais n’est pas universelle. Un theme de recherche
possible est donc de développer une procédure d’estimation initiale qui soit efficace dans davantage

de situations.

Saisonnalité : De nombreux phénomenes considérés en assurance, par exemple les épisodes clima-
tiques majeurs, présentent une certaine forme de saisonnalité. Le modele présenté n’en tient pas
compte. Il serait donc intéressant d’y remédier en proposant une nouvelle procédure d’estimation

et d’en examiner les performances.

Effet de tendance : Certaines catégories de sinistres considérés en assurance, comme les accidents
de la route, voient leur fréquence augmenter ou diminuer en moyenne au cours du temps. En
d’autres termes, les intensités de survenue des sinistres, dans chaque état du processus de Markov
sous-jacent, ne sont pas constantes, mais sont des fonctions croissantes ou décroissantes du temps.

On pourrait envisager de développer la aussi une technique d’estimation et 1'utiliser sur des cas
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pratiques.

Dans un deuxiéme temps, on a introduit une nouvelle méthode pour estimer le point terminal d’une
distribution. Les propriétés tant théoriques que pratiques des estimateurs obtenus ont été étudiées.
Une généralisation a 'estimation du support d’un couple aléatoire a été proposée dans le cas avec

covariable.

Cette deuxieme partie ouvre elle aussi un certain nombre d’axes de recherche, dont on donne une

liste non exhaustive ci-dessous.

Adaptation au cas fonctionnel : Dans le cas multivarié, notre estimateur a été défini dans le
cadre d’une covariable de dimension finie. On pourrait réfléchir a la généralisation de cette construc-

tion au cas d’une covariable fonctionnelle, ce qui présente notamment un intéret en économétrie.

Estimation de ’indice des valeurs extrémes : En utilisant des moments d’ordre élevé, on a
fourni plusieurs méthodes d’estimation du point terminal 6, dont les propriétés asymptotiques ont
été étudiées dans le cadre du domaine d’attraction de Weibull. Une piste intéressante serait de
développer et étudier des estimateurs de I'indice des valeurs extrémes -« basés sur cette technique,
particulierement dans le domaine d’attraction de Fréchet, et de les comparer a des estimateurs

classiques de la théorie des valeurs extrémes.

Etude d’autres estimateurs : Dans le cas univarié, rappelons que si Y est une variable aléatoire

positive ayant pour fonction de survie G avec G(y) = (1 — y/6)® pour tout y € [0, 6], alors

E(Y?) p+l+ta

Vp>1, Alp):=(+ 1)]E(Yp+1) ==

Par conséquent

Ve el0,00), Vp>1, A(px+1))—Alp) ==—.

o0
Si H : [0, o) — [0, 00) est une fonction positive & variation bornée telle que / xdH (z) < oo, on
0

a donc
L1 A6 ) - Ap) dH )
0
Vp > 17 5 =~ )
p / xdH (x)
0
En posant
IR
N’pn - ﬁ ZX]::”
k=1
puis

~ fp,
Alpy) = (pn + 1) =22,
lupn"l‘l
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on pourrait alors étudier des estimateurs de 1/6 de la forme

11 /OOO [g(pn(fc +1) - g(pn)} dH (z)

O Pn / xdH (x)
0

Notons que, si H = 1, ),

L[ A ) - Apa)] di(a) Alass i
1 Jo - —[((a+1)pn+1)~17pn(pn+1)/\ be )
Pn / v dH () e pesen o

0

de sorte que ces estimateurs sont des généralisations de notre estimateur dans le cas ou X est

positive.

Choix des parameétres : Les estimateurs des moments d’ordre élevé présentés ici ont plusieurs
parametres : a et la suite (p,) dans le cas univarié, ainsi que la fenétre (h,,) dans le cas multivarié.
Pour pouvoir utiliser ces estimateurs en pratique, il serait intéressant de donner des techniques de

sélection de ces parametres.

Convergence dans L' dans le cas multivarié : Dans le cas multivarié, on a prouvé la consistance
et la normalité asymptotique ponctuelles de l'estimateur g, (z). Sur simulations, il apparait que
notre estimateur possede des propriétés satisfaisantes en moyenne d’ordre 1. Il serait intéressant

d’essayer de donner des propriétés asymptotiques de I'erreur L' de notre estimateur.
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