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.#' 1 /%<%/ / 0.* 3#$%.#226 %'$& $*+  3#%' 0$ >0( R$ $* 4+0$ 0$ >- #,$ + /%0.+ $%S#$%&'

%' $%3 &, GT(JL &' .#2."2#$ 0 %'$ +3 /%#$ B8+&';B < 2&.%$6 4 2/v � 8%$*

v � ! vn
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+ ( v � r )v =

r [� (r )(r v + ( r v)T )]
�

+
f
�

; GT(KL

U* + �t %0 $* $%3 0$ >( ?&$ $*#$ $* >+ 00"+ $ +3 %0 &3%$$ / %' GT(KL(

v � = vn + �t
�

r [� (r )(r v + ( r v)T )]
�

+
f
�

! (v � r )v
�

: GT(IL

)& .#2."2#$ $* /%< +; '. ,+  < 2&.%$6 4 2/ vn+1 G$* B+ #2B < 2&.%$6L #$ $%3 0$ >
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�t
+

r p
�

= 0: GT(HVL

?&$ $*#$ %, 8 .&31%'  !"#$%&'0 GT(KL #'/ GT(HVL $* v � 8%22 .#'. 2 #'/ 8 &1$#%'

 !"#$%&' GT(JL /%0.+ $%S / %' $%3 (

W6 )#9%'; /%< +; '. &, GT(HVL #'/ "0%'; GT(OL %( ( %'.&3>+ 00%1%2%$6 .&'/%$%&' ,&+

$* ' 8 < 2&.%$6 4 2/ (r � vn+1 = 0) &' &1$#%'0
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�
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�

�
=

r� v �

�t
: GT(HHL
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� p = r� v � �
�t
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 ! "#$%! &'(!)*+,$$- ./! 0#*""#&1" !2',.*#& 345678 .# 9&: ./! ;)!""')! 9!$: p <- '"*&=

*&.!)(!:*,.! %!$#+*.- 9!$: v � > ./*" *" ./! "!+#&: ".!; #? ./! 0)#@!+.*#& A!./#:5 B#

"#$%! !2',.*#& 345678> C! '"! .C# :*D!)!&. (!./#:" :*"+'""!: <!$#C *& "!+.*#& 45E5

F. ./! $,". ".!; #&! '"!" !2',.*#& 3456G8 .# #<.,*& &!C %!$#+*.- 9!$: vn+1 ,. .*(!

".!; n + 1 '"*&= %!$#+*.- 9!$:v � ,&: ;)!""')! 9!$: p>

vn+1 = v � !
�t
�

r p: 345648

 !" #$% &'() *+) )(,-'./(0*/(1+

H2',.*#&" 345I8> 345678 ,&: 345648 ,)! "#$%!: &'(!)*+,$$- #& , ./)!!J:*(!&"*#&,$ ";!+*,$

=)*: "# +,$$!: KA,)L!) F&: M!$$" =)*:K 3AFM =)*:8 NOE> OP> OIQ5 R& ./! AFM =)*: "+,$,)

%,$'!" "'+/ ," ;)!""')! pi;j;k ,&: %*"+#"*.- � i;j;k ," C!$$ ," ".)!"" .!&"#) � i;j;k ,)! :!9&!: ,.

./! +!&.!) #? ./! (i; j; k ) +!$$ C/*$! %!$#+*.-v = (u; v; w) +#(;#&!&."S ui � 1
2 ;j;k ; vi;j � 1

2 ;k

,&: wi;j;k � 1
2

,)! :!9&!: ,. ./! +#))!";#&:*&= ?,+!" #? ./! (i; j; k ) +!$$ ," "/#C& *& 9=')!

4575 T#) ./! +#(;#&!&." #? !2',.*#& 345I8 #&! 9&:"S

u� = un + �t
�

(2�u x )x + ( � (uy + vx ))y + ( � (uz + wx ))z

�
+

f x

�
! (v � r )u

�
; 3456O8

v� = vn + �t
�

(� (uy + vx ))x + (2 �v y)y + ( � (vz + wy))z

�
+

f y

�
! (v � r )v

�
; 3456E8

w� = wn + �t
�

(� (uz + wx ))x + ( � (vz + wy))y + (2 �w z)z

�
+

f z

�
! (v � r )w

�
: 3456P8

B# +,$+'$,.! ./! %!$#+*.- +#(;#&!&." (u� ; v� ; w� ) ,&: ./!& ';:,.! %!$#+*.- +#(;#&!&."

(u; v; w) !2',.*#&" 3456O8> 3456E8 ,&: 3456P8 ,)! C)*..!& #& ,;;)#;)*,.! +!$$ ?,+!"5 U#.!

./,. C! +#&"*:!) 9!$: � (r ) C/*+/ C*$$ <! '"!?'$ *& #') &'(!)*+,$ (!./#:5 V*"+)!.*W,.*#&

#? ./! 9)". %*"+#'" .!)( (2�u x )x *& ./! !2',.*#& 3456O8 ,. ./! ;#*&. x i +1 =2;j;k C/!)! ux

:!&#.!" ./! ;,).*,$ :!)*%,.*#& #? ./! %!$#+*.-

ux =
@u
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ii-1 i+1

j

j+1

j-1

vi,j+1/2,k

Pi,j,k
s i,j,k

h i,j,k

vi,j-1/2,k

ui+1/2,j,kui-1/2,j,k

"#$%&' ()*+ !" #$% &"'!(

)'*+, -!" ."+-/01 2*3"/"+.*+, ,*4"'5

(2�u x )x =
2� i +1 ;j;k (ux ) i +1 ;j;k ! 2� i;j;k (ux ) i;j;k

dx
; 67(89:

;!"/"

(ux ) i;j;k =
ui +1 =2;j;k ! ui ! 1=2;j;k

dx
; 67(8<:

0+2 =+011>

(2�u x )x =
2

dx

�
� i +1 ;j;k

ui +3 =2;j;k ! ui +1 =2;j;k

dx
! � i;j;k

ui +1 =2;j;k ! ui ! 1=2;j;k

dx

�
:  !"#$%

&'( )*+ ,+-'./ 01,-'2, )+(3 1. )*+ +425)1'.  !"#6% 5) )*+ ,53+ 7'1.) x i +1 =2;j;k '.+ 8./,9

(� (uy + vx ))y =
� i +1 =2;j +1 =2;k (uy + vx ) i +1 =2;j +1 =2;k ! � i +1 =2;j ! 1=2;k (uy + vx ) i +1 =2;j ! 1=2;k

dy
:

 !":;%

<*+(+

(uy) i +1 =2;j +1 =2;k =
ui +1 =2;j +1 ;k ! ui +1 =2;j;k

dy
;  !":#%
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ii-1 i+1

j

j+1

j-1

vi,j+1/2,k

i+1/2,j,k

vi,j-1/2,k vi+1,j-1/2,k

vi+1,j+1/2,k

"#$%&' ()(*  !" XY #$%&& &"#'(%) %* '!" +,- ."&!/

(uy) i +1 =2;j ! 1=2;k =
ui +1 =2;j;k ! ui +1 =2;j ! 1;k

dy
; 01/223

4)5

(vx ) i +1 =2;j � 1=2;k =
vi +1 ;j � 1=2;k ! vi;j � 1=2;k

dx
: 01/213

 !" 6(&#%&('7� (& 5"8)"5 4' '!" #")'"$ %* #"99& 0%) '!" :$(5 ;%()'&3/ <=' >7 &(.;97

46"$4:(): (' #4) >" 5"8)"5 "6"$7?!"$"@

� i +1 =2;j � 1=2;k =
� i;j;k + � i +1 =2;j;k + � i;j � 1=2;k + � i +1 =2;j � 1=2;k

4
: 01/2A3

B) '!" &4." ?47 '!" '!($5 6(&#%=& '"$. () '!" "C=4'(%) 01/DA3 ?(99 >" 5(&#$"'(E"5 4&

*%99%?&@

(� (uz + wx ))z =
� i +1 =2;j;k +1 =2(uz + wx ) i +1 =2;j;k +1 =2 ! � i +1 =2;j;k ! 1=2(uz + wx ) i +1 =2;j;k ! 1=2

dz
;

01/2F3

?!"$"

(uz) i +1 =2;j;k +1 =2 =
ui +1 =2;j;k +1 ! ui +1 =2;j;k

dz
; 01/2G3



 !"! #$%&'()*+ *+,-'(./% 0-' ./& 012 %&./-2  !

(uz) i +1 =2;j;k ! 1=2 =
ui +1 =2;j;k ! ui +1 =2;j;k ! 1

dz
;  !"#$%

&'(

(wx ) i +1 =2;j;k � 1=2 =
wi +1 ;j;k � 1=2 ! wi;j;k � 1=2

dx
:  !"#)%

*' & +,-,.&/ -&''0/ 120 3,+456+ 10/-+ 57 086&1,5'+  !"9:% &'(  !"9;% 4&' <0 (,+4/01,=0(

&+ >0.."

?,+4/01,=&1,5' 57 120 45'3041,30 10/-+ ,' 086&1,5'+  !"9@A!"9;% 75/ 0B&-C.0(v � r )u

&1 120 C5,'1x i +1 =2;j;k >20/0 5'.D 120 E/+1 45-C5'0'1 57 30.54,1Dui +1 =2;j;k ,+ (0E'0(

/086,/0+ &30/&F,'F 75/ 5120/ 30.54,1D 45-C5'0'1+" *' EF6/0 !"! ,1 ,+ +25>' 120xy 4/5++

+041,5' 57 120 GHI -0+2" J20 30.54,1,0+ 5' 120 /0( C5,'1+ &/0 6+0( 15 4&.46.&10 120

30.54,1D 45-C5'0'1vi +1 =2;j;k &1 120 C5,'1x i +1 =2;j;k  <.60 C5,'1%"

vi +1 =2;j;k =
vi;j ! 1=2;k + vi;j +1 =2;k + vi +1 ;j ! 1=2;k + vi +1 ;j +1 =2;k

4
;  !"#K%

&'(

wi +1 =2;j;k =
wi;j;k ! 1=2 + wi;j;k +1 =2 + wi +1 ;j;k ! 1=2 + wi +1 ;j;k +1 =2

4
:  !"!L%

*' 086&1,5' !"K 15 2&'(.0 120 &(3041,30 10/-(v � r )vM >0 6+0 NOPQ -0125(  N0,F210(

O++0'1,&..D P5'AQ+4,..&15/D C5.D'5-,&. ,'10/C5.&1,5' 57 (&1& 75/ 120 '6-0/,4&. +5.61,5'

57 45'+0/3&1,5' .&>+% -0125( R@:S"

 !" #$%&'()*+ *+,-'(./% 0-' ./& 123 %&./-4

*' 12,+ +041,5'M >0 C/0+0'1 +0860'40+ 57 +6440++,30 <&+,4 '6-0/,4&. 5C0/&1,5'+ ,' 120

T.6,( U&/1,4.0 ?D'&-,4+ -0125( &'( +5-0 +C04,E4 (01&,.+ 57 120 -0125(" T5/ +&V0 57

+,-C.,4,1DM >0 '0F.041 120/-&. W6416&1,5'+ &'( &++6-0 12&1 120 (0'+,1D 57 120 +6+C0'(0(

W6,( C&/1,4.0+ ,+ 120 +&-0 &+ 120 (0'+,1D 57 120 +5.30'1" N0 45'+,(0/ 120 .5> X0D'5.(+

'6-<0/ W6,(+ &'( 120/075/0 120 &(3041,30 10/-(v � r )v ,' -5+1 4&+0+ ,+ '0F.,F,<.0 &'(

,' +642 4&+0+ >0 '0F.041 ,1" Y5>030/M 120 &<+0'40 57 120 ,'0/1,&. 10/-+ ,+ 120 5/,F,'

57 & +.5> &/1,E4,&. C&/1,4.0 -,F/&1,5' C0/C0'(,46.&/ 15 120 W5>" J20/075/0M ,' +5-0

4&+0+ >20' >0 '00( .5'F 10/- 5<+0/3&1,5' 57 & +6+C0'+,5'  75/ 0B&-C.0 >20' '6-<0/

57 ,10/&1,5' ,+ -642 -5/0 12&' 106% 120 45'3041,30 10/- 4&' <0 ,-C5/1&'1 &'( >0 V00C
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Y
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!"#$%& '()*  !"#$ %&'(

)*(

+,)*)#--./ '" *#0" *!$""12)3",4)&,#- [Nx ] [Ny] [Nz] "56#- 47#8),9(dx = dy = dz = � =

1) :;< 9$)2 #,2 ),)*)#-)=" 7#$#3"*"$4 468! #4 ,63>"$ #,2 4)=" &? 4647",2"2 7#$*)8-"4

@&>A"8*4B( C!" ,"D* 4*"7 )4 *& 2"E," #, ),)*)#- %&'( +, *!" 8#4" &? # 4!"#$ %&'/ '"

")*!"$ )37&4" 8&,4*#,* #,2 &77&4)*" F#-6"4 &? F"-&8)*)"4 &, *'& &77&4)*" 7-#*"4 ), #

9)F", 2)$"8*)&, &$ )37&4" ),)*)#- F"-&8)*. "F"$.'!"$" ),4)2" *!" %6)2 #4

w(x) = _
x; @G(GHB

'!"$" _
 )4 *!" 4!"#$ $#*" #,2 F"-&8)*)"4 &? 7-#*"4 #$"v = � _
h= 2; !"$" h )4 *!" 2)4*#,8"

>"*'"", *!" 7-#*"4 @4"" E96$" G(IB( J" 64" ,&14-)7 8&,2)*)&,4 #* *!" %6)2K'#--4 ),*"$?#8"(

L&$ "D#37-" ), *!" 8#4" &? # M&)4"6)--" %&'/ '" 8#, )37&4" 7$"446$" 9$#2)",* ), &,"

2)$"8*)&,( J" )37&4" *!" 7"$)&2)8 >&6,2#$. 8&,2)*)&, ), *!" 4#3" 2)$"8*)&, @*!" z

2)$"8*)&, &, E96$" G(IB( +,x #,2 y 2)$"8*)&,4/ '" 8&,4)2"$ '#--4 ')*! ,&14-)7 >&6,2#$.

8&,2)*)&,4( ;?*"$ ),)*)#-)=),9 *!" %&'/ '" 4"* *!" ),)*)#- 7&4)*)&,4 #,2 &$)",*#*)&,4 &? *!"

4647",2"2 &>A"8*4( C!&4" &>A"8*4 8#, >" 4)37-" 47!"$)8#- 7#$*)8-"4/ "--)74&)2#- 7#$*)8-"4/

263>>"--4 &$ 8!#), &? # ?"' 47!"$)8#-K"--)74&)2#- 7#$*)8-"4( C& 4*62. # 2)4&$2"$"2 7!#4"

&? # 4647",4)&,/ '" $#,2&3-. #,2 )4&*$&7)8#--. 2)4*$)>6*" &>A"8*4 ), *!" 4)36-#*)&, >&D
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 !"#$%& '"() !* "+*$, "%- *+)(."/012 3* *4!"$% " ("%,*5 ,$0!($46!$*% *7 /"(!$'.)08 $! $0

'*%+)%$)%! !* 60) " ("%,*5 +"($"4.) 6%$7*(5.- ,$0!($46!), *%[0; 1]$%!)(+".(x i 2 [0; 1])8

r i = ai + ( bi ! ai )x i

9:)() i = 1; 2; 3 7*( " !:());,$5)%0$*%". 4*<8 ai "%, bi "() !:) ),&)0 *7 " 4*< $% )"':

,$()'!$*% "%, r i $0 !:) ("%,*5 %654)( $% !:) [ai ; bi ] $%!)(+".2 3* *4!"$% "% $0*!(*/$'

("%,*5 ,$0!($46!$*% *7 *4=)'!0 *%) %)),0 "% $0*!(*/$' ,$0!($46!$*% *7 +)'!*(0 $% !:())

,$5)%0$*%02 3:$0 '"% 4) *4!"$%), $% !:) 0/:)($'". '**(,$%"!) 4- ,)>%$%& !:) "%&6."(

+"($"4.)0 "0 7*..*9?

� @� (1 ! 2x1)

"%,

cos(� ) = 1 ! 2x2

9:)() x1 "%, x2 "() ("%,*5 +"($"4.)0 ,)>%), $% !:) [0; 1] $%!)(+".2 A*!) !:"! !:)

,$0!($46!$*% "00*'$"!), 9$!: !:) ("%,*5 +"($"4.) $0 6%$7*(5 $%[0; 1] $%!)(+".2

B7!)( $%$!$".$C$%& !:) /"(!$'.)0 /*0$!$*%8 9) '"% ,)>%) !:) +$0'*0$!- >)., $% !:) 9:*.)

060/)%0$*% 60$%& !:) )D6"!$*%0  E2F1 "%,  E2G12 3:) %)<! 0!)/ $0 !:) '".'6."!$*% *7

!:) +$0'*60 !)(508 ",+)'!$+) !)(50 (v � r )u  $7 $! $0 !"#)% $%!* "''*6%!1 "%, 7*(')0f

$% )D6"!$*%0  E2HF18  E2HG1 "%,  E2HI12 3:) '".'6."!$*% *7 7*(')0 +"($)0 ,)/)%,$%& *%

!:) ':*0)% 0-0!)5 *7 060/)%,), *4=)'!08 /()0)%') *7 "% )<!)(%". >).,8 '*%>&6("!$*% *7

060/)%0$*%08 )!'2 J%') +$0'*60 !)(508 ",+)'!$+) !)(50 "%, 7*(')0 "() '".'6."!),8 9) '"%

'".'6."!) v � +).*'$!- >)., 60$%& !:) )D6"!$*%0  E2HF;E2HI12 3:$0 $0 !:) >(0! 0!)/ *7 !:)

K(*=)'!$*% L)!:*,  KL12 3:)% 60$%& v � 8 9) 0*.+) !:) K*$00*%M0 )D6"!$*%  E2HN1 !* >%,

!:) /()006() >).,  0)'*%, 0!)/ *7 !:) KL12

3* 0*.+) !:) K*$00*%M0 )D6"!$*%8 9) 60) )$!:)( *%) *7 !9* ,$O)()%! %65)($'". 5)!:*,02

3:) >(0! 5)!:*, $0 !:) P6'')00$+) J+)( Q)."<"!$*%  PJQ1 5)!:*, 9:)() $%0!)", *7

,$()'!.- 0*.+$%& !:) K*$00*%M0 )D6"!$*%  E2HN18 9) 0*.+) !:) 7*..*9$%& )D6"!$*%?

@p
@�

= � p ! r� v � �
dt

:  E2EN1

R)() � $0 "% "(!$>'$". !$5) "%, !:) )D6"!$*%  E2EN1 $0 0*.+), 4- "3rd *(,)( S6.)( 5)!:*,

6%!$. "% "40*.6!) +".6) *7 )"': 0$,) *7 !:) )D6"!$*% $0 05"..)( !:"% !:) ':*0)% +".6)
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F P D

Initialisation of
parameters

Initial position
of particles Initial flow

yes

calculate
viscosity

      if
activated

calculate 
viscous terms

calculate
advection term

calculate 
forces

yes

calculate temporary velocity
field   -  step I of the PM

calculate pressure field     
     step II of the PM

calculate new velocity field   
      step III of the PM

end

update positions
of particles

      if
activated

yes

Print Velocity and
pressure fields

measure stress
on the plates

t = t + dt

no

t < tmax

"#$%&' ()*+ !"#$ %&' $(!)* &+ !, !-.&)#*(/ +&) *(0 123 /0*(&45



 !"! #$%$&'()*%(+) +, %-$ .+/0'$ ,&*1%(+)  !

 !"#! $%&'%( )' )##*+)#, -. /!% '*0%+"#)1 (-1*/"-'2 3!% (%#-'$ 0%/!-$  !"#!  % *(%

/- #)1#*1)/% '*0%+"#)11, /!% %4*)/"-' 562789 "( :)(%$ -' $"+%#/ (-1;%+ -. /!% <-"((-'=(

%4*)/"-' .+-0 /!% >?@A<BCD 1":+)+, EFGH2 I'#% /!% /%0J-+)+, ;%1-#"/, &%1$v � )'$

J+%((*+% &%1$ "( .-*'$ *("'K /!% %4*)/"-' 562769 /!% '% ;%1-#"/, &%1$vn+1 #)' :%

#)1#*1)/%$ "00%$")/%1,2 3!"( "( /!% /!"+$ (/%J -. /!% <L2 B/ /!"( (/)K%M  % !);% .*11

"'.-+0)/"-' ):-*/ ;"(#-("/,M ;%1-#"/, )'$ J+%((*+% &%1$ "'  !-1% (*(J%'("-' )/ J+-J%+

J1)#%( 5;"(#-("/, )'$ ;%1-#"/, )+% $%&'%$ )/ /!% #%'/%+ -. #%11( )'$ ;%1-#"/, #-0J-'%'/(

)+% $%&'%$ -' /!% #-++%(J-'$"'K .)#%(9 )'$  % #)' #)1#*1)/% /!% (/+%(( #-0J-'%'/(2

3!% 1)(/ (/%J -. /!% .*11 1--J "( *J$)/"'K J-("/"-'( -. /!% J)+/"#1%( "' /!% (*(J%'("-' )(

.-11- "'KN

r n (t + dt) = r n (t) + hvn i dt; 562669

 !%+%r n "( /!% #--+$"')/% -. /!% n ! th J)+/"#1% #%'/%+ )'$hvn i $%'-/%( /!% );%+)K%

;%1-#"/, "'("$% -. /!"( J)+/"#1%N

hvn i =
P

� vn+ 1

P
�

: 5626O9

3- %'(*+% );%+)K"'K "'("$% ) J)+/"#1% "'"/")11,M  % /)P% ) #1-(% #*:% )+-*'$ /!% J)+/"#1%

)'$ /!%' *(% /!% .)#/-+M

� =
� i;j;k ! �
� p ! �

;

 !"#! "( #1-(% /- 1:0 "'("$% /!% J)+/"#1% 5"' !"K! ;"(#-("/, +%K"-'9 )'$ $%#+%)(%( $- ' /-

Q%+- -*/("$% )'$ #1-(% /- /!% J)+/"#1%2 R!%'� = 0M /!%+% )+% -'1, / - J-((":1% ;)1*%(

.-+ � N "'("$% J)+/"#1%(� = 1 )'$ %;%+, !%+% %1(%� = 0: 3!% :)("# S- #!)+/ -. )'

)1K-+"/!0 .-+ /!% ><T 0%/!-$ "( (!- ' "' &K*+% 62F2

 !" #$%$&'()*%(+) +, %-$ .+/0'$ ,&*1%(+)

3!% ;-1*0% .+)#/"-' � -. ) (*(J%'("-' "( $%&'%$ )( /!% ;-1*0% -. (*(J%'$%$ J!)(%

5J)+/"#1%( .-+ %U)0J1%9 $";"$%$ :, /!%  !-1% ;-1*0% -. /!% (*(J%'("-'2

� =
P N

i =1 V 0
i

V
; 5626F9
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