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Résumé

Ce manuscrit est dédié & l'analyse de performances en traitement d’antenne pour ’estimation

des paramétres d’intérét a ’aide d’un réseau de capteurs. Il est divisé en deux parties :

— Tout d’abord, nous présentons 1’étude de certaines bornes inférieures de l'erreur quadra-
tique moyenne liées a la localisation de sources dans le contexte champ proche. Nous
utilisons la borne de Cramér-Rao pour I'étude de la zone asymptotique (notamment en
terme de rapport signal a bruit avec un nombre fini d’observations). Puis, nous étudions
d’autres bornes inférieures de I'erreur quadratique moyenne qui permettent de prévoir le
phénomene de décrochement de l'erreur quadratique moyenne des estimateurs (on cite, par
exemple, la borne de McAulay-Seidman, la borne de Hammersley-Chapman-Robbins et la
borne de Fourier Cramér-Rao).

— Deuxiémement, nous nous concentrons sur le concept du seuil statistique de résolution
limite, c’est-a-dire, la distance minimale entre deux signaux noyés dans un bruit additif qui
permet une "correcte” estimation des paramétres. Nous présentons quelques applications
bien connues en traitement d’antenne avant d’étendre les concepts existants au cas de
signaux multidimensionnels. Par la suite, nous étudions la validité de notre extension en
utilisant un test d’hypothéses binaire. Enfin, nous appliquons notre extension & certains
modeéles d’observation multidimensionnels.

Mots clés : Traitement d’antenne, théorie de ’estimation, théorie de la détection, seuil
statistique de résolution limite, étude des performances asymptotiques et non-asymptotiques des
estimateurs, estimation de direction d’arrivée en champ proche, bornes inférieures de Ierreur
quadratique moyenne, signaux multidimensionnels.
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Abstract

This manuscript concerns the performance analysis in array signal processing. It can be

divided into two parts :

— First, we present the study of some lower bounds on the mean square error related to the
source localization in the near field context. Using the Cramér-Rao bound, we investigate
the mean square error of the maximum likelihood estimator w.r.t. the direction of arrivals
in the so-called asymptotic area (i.e., for a high signal to noise ratio with a finite number
of observations.) Then, using other bounds than the Cramér-Rao bound, we predict the
threshold phenomena.

— Secondly, we focus on the concept of the statistical resolution limit (i.e., the minimum dis-
tance between two closely spaced signals embedded in an additive noise that allows a correct
resolvability /parameter estimation.) We define and derive the statistical resolution limit
using the Cramér-Rao bound and the hypothesis test approaches for the mono-dimensional
case. Then, we extend this concept to the multidimensional case. Finally, a generalized li-
kelihood ratio test based framework for the multidimensional statistical resolution limit is
given to assess the validity of the proposed extension.

Keywords : Array processing, estimation theory, detection theory, statistical resolution limit,
asymptotic and non-asymptotic performance analysis, near field, lower bounds on the mean
square error, multidimensional signals.
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! A ou A est
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Chapitre 1

Introduction

L’extraction d’information pertinente cachée dans des observations bruitées est I'un des ob-
jectifs du traitement du signal. Une telle information est généralement décrite par un ou plu-
sieurs parametres d’intérét [Van68, Rendf] (par exemple : une fréquence, une phase, une direction
d’arrivée etc..) La théorie de 'estimation a pour but de présenter un cadre formel pour résoudre
ce type de probléme [Sch91, Leh83|. Plus particuliérement, ’estimation paramétrique, consiste
A estimer les paramétres d’intérét en se basant sur un modéle d’observation. En traitement du
signal, le modéle d’observation est pré-défini grace a des connaissances a priori du processus phy-
sique et dépend, non seulement des paramétres d’intérét, mais aussi des paramétres de nuisance
(dont la variance du bruit) incorporant ainsi un modéle statistique [Kay93, Van01].

Le probléme de 'estimation de paramétres d’intérét a fait ’'objet de nombreuses recherches en
traitement d’antennes. Plus particuliérement, le traitement d’antennes utilise I'information me-
surée par un réseau de capteurs afin d’estimer les directions d’arrivées d’un nombre fini d’émet-
teurs [BK83, B6h86,SN90a, SN90b, Mar98, OVSN93, VO91, VOKI1, VSO97|. Ce dernier a donné
lieu & I’élaboration d’une pléthore d’algorithmes de Pestimation & haute résolution [KV96] (par
exemple, MUSIC [Sch81|, ESPRIT [RPKS86,YF98], root-MUSIC [RH89|, ZF-MUSIC [EBBMO09],
PCM-MUSIC [EBMO09] etc..) Par contre, il existe moins de travaux étudiant les performances
optimales associées aux différents modéles parameétriques.

L’erreur quadratique moyenne est 'indicateur de performance le plus utilisé [SN89, Sch91,
Kay93, Bel95, VON95, Mar98, BFL.04, SM05b, Ath05, Rendf, EBRM10a|. On constate (pour des
problémes non linéaires) que l'erreur quadratique moyenne de U'estimateur du maximum de vrai-
semblance est répartie en trois régions bien distinctes selon la valeur du rapport signal sur bruit
(voir, figure 1.1 [Van68, RB74, Rendf]) :

— la zone dite asymptotigue ou la valeur estimée du parameétre est proche de la vraie valeur,

— la zone dite de décrochement due a un accroissement brusque de ’erreur quadratique
moyenne (dont la cause est 'apparition d’observations aberrantes),

— et enfin, la zone dite de non-information ou I'observation se réduit principalement & la com-
posante du bruit, d’ou la distribution des estimées quasi uniforme de ’erreur quadratique
moyenne.

Ainsi, la zone de décrochement d’un estimateur délimite sa zone de fonctionnement optimal.

D’ou I'importance de ’analyse de performance afin de déterminer

— le comportement asymptotique des estimateurs,

— la prédiction du décrochement.

Par ailleurs, le seuil de résolution limite, appelé aussi pouvoir séparateur, est un autre indi-
cateur de performance moins utilisé mais d’une importance croissante dans tout probléme d’es-
timation paramétrique. Ce dernier traduit la capacité d’un algorithme a séparer deux sources
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FiGURE 1.1 — Illustration de la zone asymptotique, la zone de décrochement et la zone de non-
information pour un probléme de localisation de source en champ lointain [ML99].
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Fi1GURE 1.2 — Illustration du cas sources résolues et sources non résolues en probléme d’estimation
paramétrique a 'aide d’une allure générale d’un pseudo-spectre d’algorithme [Mar98].

proches [Mar98|. Plus précisément, il représente la distance minimale entre deux signaux per-
mettant une séparation/estimation correcte des parameétres d’intérét (voir, figure 1.2).
Les travaux présentés dans ce document s’inscrivent dans cette thématique.

1.1 Objectif de la thése

Initialement, nous nous sommes intéressés au probléme de la localisation de sources en champ
proche qui fait 'objet de peu de travaux dans la littérature (par rapport a la localisation en
champ lointain) bien que présentant un intérét certain. Lors d’une localisation de sources en
champ proche & ’aide d’un réseau de capteurs passif, on fait ’hypothése que 'amplitude et la
phase des sources varient au cours du temps, et que les sources sont situées prés de ’antenne.
Dans ce cas, la formulation sources lointaines (fronts d’ondes plans) n’est plus valable et de
ce fait, on doit prendre en compte un modéle paramétré non seulement par 'azimut (le méme
que dans le cas du champ lointain), mais aussi par la distance entre la source et un capteur de
référence. Dans la littérature, on trouve une pléthore de méthodes d’estimation pour ce type
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de problemes [HB91, YF98, GAMHO05, ZC07, BP08|, cependant les performances ultimes de tels
estimateurs n’ont pas complétement été étudiées en détails.

Ainsi, nos objectifs initiaux étaient les suivants :

— Caractériser les performances asymptotiques ultimes de Iestimateur du maximum de vrai-
semblance en terme d’erreur quadratique moyenne a ’aide de la borne de Cramér-Rao
[Fis22, Dug37, Fre43, Rao45, Cra46],

— Prédire le décrochement de ce méme estimateur a l'aide d’autres bornes inférieures de
Perreur quadratique moyenne plus précises que la borne de Cramér-Rao [Gla72, FL02,
CGQLO08, TT10],

— Caractériser les performances asymptotiques ultimes en terme de seuil statistique de ré-
solution limite [Cox73,SD95, Lee92, Lee94, Smid8, Mar98, SM04, LN0O7, AW08, EBRM10b,
KBRM11b,KBRM11a].

1.2 Reésultats de la thése

Dans ce manuscrit, nous calculons et analysons différentes bornes inférieures de U'erreur qua-
dratique moyenne dans le cadre de la localisation passive d’une source située en champ proche &
savoir la borne la plus connue, c’est-a-dire, la borne de Cramér-Rao [Cra46|, mais aussi la borne
de McAulay-Seidman [MS69], la borne de Hammersley-Chapman-Robbins [Ham50], la borne de
McAulay-Hofstetter [MHT71] et, plus particuliérement, une borne récemment introduite dans la
littérature dénommeée borne de Fourier Cramér-Rao [TT10]. Lors de cette étude nous avons ca-
ractérisé les performances optimales asymptotiques et non-asymptotiques des estimateurs et, en
particulier, de l'estimateur du maximum de vraisemblance. Nous nous sommes intéressés a la
prédiction du phénoméne de décrochement pour lequel ces bornes sont utiles. Cette analyse est
pertinente, d’autant plus, qu’a notre connaissance, aucun résultat concernant des bornes infé-
rieures autres que la borne de Cramér-Rao, n’est disponible dans la littérature. A cet effet, nous
rappelons que la borne de Cramér-Rao est une borne optimiste (et méme non valable) dans les
zones dites non-asymptotiques (lorsque le rapport signal sur bruit ou le nombre d’observations
décroit), et donc non utilisable dans ces zones.

Cette étude nous a permis d’avoir une analyse des performances asymptotiques mais aussi
une bonne prédiction du phénomeéne de décrochement. De plus, nous avons démontré que la borne
de Fourier Cramér-Rao, récemment proposée, demeure moins performante que certaines de ses
prédécesseurs, on cite en particulier la borne de McAulay-Hofstetter. Et ceci, contrairement aux
résultats proposés dans [TT10].

Pour compléter notre analyse, il nous fallait caractériser les performances asymptotiques
ultimes de 'estimateur du maximum de vraisemblance en terme du seuil statistique de résolution
limite. Nous nous sommes basés principalement sur deux approches : 'approche basée sur la
borne de Cramér-Rao [Lee92, LL93, Lee94, Smi05| et ’approche basée sur un test d’hypothéses
[LNO7]. Or, nous avons constaté que le seuil de résolution limite basé sur I’approche par la
borne de Cramér-Rao n’était introduit que dans le cas monodimensionnel (nous rappelons qu’une
source située dans le champ proche est paramétrée par deux paramétres d’intérét : I'azimut et
la distance. Nous étions donc en face d’'un probléme multidimensionnel.) Ceci nous a poussé a
introduire et & étendre les résultats de Smith sur le seuil de résolution limite pour des signaux
monodimensionnels au cas multidimensionnel. Dés lors, nous avons aussi étendu nos objectifs
initiaux et nous nous sommes intéressés en détails au seuil de résolution limite pour un modéle
multidimensionnel plus général & P paramétres d’intérét par signal. Ainsi, nous avons étudié le
seuil de résolution limite pour un modéle harmonique multidimensionnel (en utilisant ’approche
basée sur la borne de Cramér-Rao), pour la localisation de sources se situant en champ proche (en
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utilisant approche basée sur un test d’hypotheses) mais aussi pour le radar MIMO en présence
d’interférences (en utilisant les projecteurs obliques |[BS94| et 'approche dite matched subspace
filter [SF94,KS99, KSMO01, JF05]).

1.3 Structure du manuscrit

Nous avons choisi de présenter ce manuscrit en nous appuyant sur les publications citées
ci-dessous. Ainsi, nous ne présenterons que les principaux résultats et quelques résultats de simu-
lations. Les détails calculatoires, les simulations et des analyses plus approfondies sont présentés
dans les publications citées ci-dessous. Le manuscrit de thése est organisé comme suit :

— le chapitre 2 est dédié aux bornes inférieures de l'erreur quadratique moyenne pour la

localisation de sources en champ proche. La premiére partie de ce chapitre est consacrée
a ’étude de la borne de Cramér-Rao. Dans la seconde partie, nous nous intéressons a la
prédiction du décrochement & l'aide de bornes plus précises.

— le chapitre 3 est dédié au seuil de résolution limite. Nous commencerons par ’étude
du seuil de résolution limite pour des signaux monodimensionnels (en nous basant sur
différentes approches.) Ensuite, nous introduirons ’extension au cas multidimensionnel.
Une analyse sur la pertinence de cette extension est aussi fournie. De plus, nous traitons,
en exemple, le modele harmonique & P parameétres d’intérét par signal (rappelons que ce
modéle est plus général que le modéle de localisation de sources en champ proche.) Enfin,
nous fournissons aussi, une autre approche pour le calcul du seuil de résolution limite dans
le cas multidimensionnel (ol nous traiterons aussi le cas du champ proche.)

Enfin, notons que par souci d’uniformisation, nous avons choisi de ne pas inclure nos travaux

concernant ’estimation paramétrique dans le contexte du champ lointain et du champ proche
qui ont donné lieu aux publications suivantes [J5], [C2], [C4] et [C5].

1.4 Publications

Les travaux reportés dans ce document ont donné lieu aux articles et communications sui-
vants :

Revues internationales (papiers acceptés ou publiés)

[J1] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Conditional and unconditional
Cramér-Rao bounds for near-field source localization", IEEE Transactions on Signal Processing,
Volume : 58, Issue : 5, May 2010, pp. 2901-2907.

[J2] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Statistical Resolution Limit
of the Uniform Linear Cocentered Orthogonal Loop and Dipole Array", IEEFE Transactions on
Signal Processing, Volume : 59, Issue : 1, Jan 2011, pp. 425-431.

[J3] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Statistical Resolution Limit
for the Multidimensional Harmonic Retrieval Model : Hypothesis Test and Cramer-Rao Bound
Approaches", EURASIP Journal on Advances in Signal Processing, special issue on "Advances in
Angle-of-Arrival and Multidimensional Signal Processing for Localization and Communications",
Jun 2011, p. 1-14, doi :10.1186/1687-6180-2011-12.

[J4] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "A Statistical Analysis of
Achievable Resolution Limit in the Near Field Context Using Nonuniform and Lacunar Array",
accepté a Signal Processing, Elsevier.
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Revues internationales (papiers soumis)

[J5] M. N. El Korso, R. Boyer and S. Marcos, "Fast Sequential Direction Of Arrival Finding
Using the Projected Companion Matrix", soumis & Digital Signal Processing, Novembre 2010.

[J6] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "On the Statistical Resolvability
Of Point Sources in Subspace Interference Using a GLRT-Based Framework", soumis & Signal
Processing, Flsevier, Avril 2011.

[J7] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Statistical Resolution Limit
for Source Localization With Clutter Interference in a MIMO radar Context", soumis & IEEFE
Transactions on Signal Processing, Avril 2011.

Congrés avec comité de lecture et actes

[C1] M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Non-matrix closed form ex-
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International Conference on Acoustics, Speech, and Signal Processing, ICASSP-09, Taipei, Tai-
wan.

[C2] M. N. El Korso, G. Bouleux, B. Boyer and S. Marcos, "Sequential estimation of the
range and the bearing using the zero-forcing MUSIC approach", in Proc. of the 17th European
Signal Processing Conference, EUSIPCO-09, Glasgow, Scotland.
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Chapitre 2

Bornes inférieures de 'erreur
quadratique moyenne pour la
localisation de sources en champ proche

2.1 Introduction

La localisation passive de sources a 'aide d’une antenne composée d’un réseau de capteurs
est un sujet d’une importance croissante avec plusieurs applications & la clef : radar, sismolo-
gie, communication numériques, etc. Le cas de la localisation de sources en champ lointain a
été largement traité et une pléthore d’algorithmes d’estimation a été proposée dans la littéra-
ture |Kie52, Cap69, Leh83, K'T83, LVT89, Van95, CM97, KV96, Mar98, Van02, SM05b|. Dans cette
configuration, on peut faire ’hypothése que les fronts d’ondes sont plans. Cependant, si les sources
sont localisées dans le champ proche, la courbure des fronts d’ondes incidentes sur les capteurs ne
peut plus étre négligée. Par conséquent, chaque source doit étre caractérisée par son azimut et sa
distance (la distance entre la source et un point de référence sur antenne considérée.) Il existe dif-
férents algorithmes d’estimation adaptés a ce probleme [HB91,YF98, GAMHO05,ZC07, EBBMO09],
mais il existe trés peu de travaux étudiant les performances optimales associées a ce modéle.

FEn traitement d’antenne on peut distinguer deux types de modéles concernant les signaux
issus de sources [Van68, SN89, Kay93, OVSN93| : 1) le modele déterministe (ou conditionnel),
c’est-a-dire, ou I'on suppose que les signaux sont déterministes mais inconnus, et 2) le modéle
stochastique (ou inconditionnel), c¢’est-a-dire, ou 'on suppose que les signaux émis suivent une
loi Gaussienne complexe circulaire de moyenne nulle et de matrice de covariance 3 inconnue. La
validité du modéle dépend de 'application en question. En effet, ’hypothése du modéle stochas-
tique n’est pas valable pour des applications telles que le radar avec des formes d’onde connues
a ’émission [Van01, BT06, NS09] ou la communication radio [LC03| par exemple. Dans ce cas,
le choix légitime serait alors de considérer un modéle déterministe. Cependant, d’autres applica-
tions sont mieux décrites par le modéle stochastique, comme, le traitement sismique [Van02]| ou
la tomographie [Hay85|.

Pour caractériser les performances des estimateurs, la borne de Cramér-Rao (BCR) est un
outil mathématique trés utilisé en traitement du signal. Cette derniére exprime une borne infé-
rieur de la matrice de covariance d’erreur de tout estimateur non biaisé [Cra46|. Bien entendu,
la BCR dépend du modeéle considéré. De ce fait, dans le cas de 'estimation de direction d’ar-
rivée d’une source située en champ proche nous allons étudier les deux BCRs; la BCR pour le
modéle déterministe, dénommeée la BCR déterministe (BCRD) et la BCR pour le modéle aléa-
toire, dénommeée la BCR stochastique (BCRS). Il faut noter qu’asymptotiquement, la BCRS
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est atteinte en terme de nombre d’observations par 'estimateur du maximum de vraisemblance
stochastique (MVS) [SN89,OVSN93|. La BCRD est, quant a elle, atteinte asymptotiquement en
terme de rapport signal a bruit (RSB) (ou en nombre de capteurs) par 'estimateur du maximum
de vraisemblance déterministe (MVD) [RFCLO06].

La plupart des résultats existants dans la littérature sur la BCRS et la BCRD concerne la
localisation de sources en champ lointain. De plus, il est important de dire que la majeure partie
de ces résultats donnent seulement des expressions matricielles de la matrice d’information de
Fisher (MIF) qui est 'inverse de la BCR. De ce fait, le coiit calculatoire associé a la BCR est trés
important pour un grand nombre des observations (en ce qui concerne la BCRD) ou un grand
nombre de capteurs (en ce qui concerne la BCRS), d’ou la nécessité d’avoir des expressions non
matricielles pour le calcul de la BCR. Dans [SN90b|, la BCRS a été indirectement calculée dans
le cas asymptotique (en terme de nombre des observations) comme étant équivalente a la matrice
de covariance du MVS. Dix ans apres, Stoica et al. [SLGO01|, Pesavento et Gershman [PGO01] et
Gershman et al. [GSPLO02| ont recalculé la BCRS sous forme matricielle (avant inversion de la
MIF qui est simplement donnée par la formule de Slepian Bang [SM05b]) dans le cas d'un bruit
blanc, coloré et de matrice de covariance inconnue. D’autre part, la BCRD pour le contexte
champ lointain a été calculée par Stoica et al. dans [SN89].

Contrairement au champ lointain, la BCR pour les problémes de localisation de source en
champ proche a été peu étudiée. On peut trouver des expressions matricielles pour la BCRS dans
[WF93|. Récemment, Grosicki et al. [GAMHO05]| ont étendu les formules matricielles de la BCRS
dans le contexte du champ lointain au champ proche. A notre connaissance, aucune expression
analytique non matricielle de la BCRS ou de la BCRD n’est disponible dans la littérature. Un
des buts de ce chapitre est de combler ce manque. En particulier, nous calculons et analysons des
expressions non matricielles compactes de la BCRD et de la BCRS dans le cas d’une source a
bande étroite située en champ proche. Nous calculons analytiquement la BCRS et la BCRD par
rapport aux parameétres physiques du probléme, a savoir, 'azimut, la distance, 'amplitude et la
phase de la source. Nous analysons aussi, le comportement de la BCR par rapport & certains
de ces paramétres, a savoir, la fréquence porteuse du signal, la distance, ’azimut et le nombre
de capteurs. De plus, nous validons nos différentes expressions théoriques par des simulations
numériques et nous comparons les deux BCRs.

Nous rappelons que la BCR est une borne non utilisable dans les zones non-asymptotiques, et
donc non utilisable dans ces zones. De ce fait, nous complétons cette analyse par la prédiction du
décrochement. La zone dite de décrochement est un accroissement brusque de I’erreur quadratique
moyenne (dont la cause est I'apparition des observations aberrantes). Ainsi, la zone de décroche-
ment d’un estimateur délimite sa zone de fonctionnement optimal. Nous calculons et analysons
différentes bornes déterministes inférieures de ’erreur quadratique moyenne dans le cadre de la
localisation passive d’une source en champ proche : la borne de McAulay-Seidman (BMS) [MS69],
la borne de Hammersley-Chapman-Robbins (BHCR) [Hamb0], la borne de McAulay-Hofstetter
(BMH) [MHT71] et, plus particuliérement, une borne récemment introduite dans la littérature
dénommeée la borne de Fourier Cramér-Rao (BFCR) |[T'T10]. Le but de cette étude est de carac-
tériser les performances optimales non-asymptotiques des estimateurs dans le contexte champ
proche. Plus particuliérement, on s’intéresse a la prédiction du phénomeéne de décrochement pour
lequel ces bornes sont utiles. Cette analyse est pertinente, d’autant plus, qu’a notre connaissance,
aucun résultat concernant des bornes inférieures autres que la BCR (par rapport a la localisation
en champ proche), n’est disponible dans la littérature.

Dans ce qui suit, nous ne citerons que les principaux résultats, les détails calculatoires sont
détaillés dans article associé a ce chapitre qui se trouve & ’Annexe A.1 (M. N. El Korso, R.
Boyer, A. Renaux and S. Marcos, " Conditional and unconditional Cramér-Rao bounds for near-
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field source localization", IEEE Transactions on Signal Processing, Volume : 58, Issue : 5, May
2010, pp. 2901-2907) et ’Annexe A.2 (M. N. El Korso, A. Renaux, R. Boyer and S. Marcos,
"Deterministic Lower Bounds on the Mean Square Error for Near Field Source Localization", en
préparation pour IEEE Transactions on Signal Processing).

2.2 Modéle des observations

Considérons une Antenne Linéaire Uniforme (ALU) composée de N (N > 1) capteurs avec
une distance entre capteurs notée d. L’ALU recoit un signal émis par une source a bande étroite
située dans le champ proche. Par conséquent, le modéle d’observation peut s’écrire comme suit

Yn(t) = s(t)e?™ + v, (1),

avect = 1,....,T et n =0,...,N — 1. y,(t) et s(t) représentent le signal observé a la sortie
du n®m¢ capteur et le signal source, respectivement. Le processus aléatoire v, (t) est un bruit
additif et T est le nombre d’observations. Puisque la source est supposée dans le champ proche
de 'antenne, le retard temporel 7,, qui représente le temps de propagation du signal de la source
au n®m¢ capteur est donné par [GAMHO5]

2mr \/ n2d? 2ndsinf
= W O _1),
A r2 r

ou A est la longueur d’onde et r, 6 € [0, 7/2] représentent la distance et 1’azimut du signal source,
respectivement. Si la distance appartient a la région de Fresnel [HB91]|, c’est-a-dire, si

0.62(d*(N — 1)3/0N)Y? < r < 2d*(N — 1)?/), (2.1)

alors le temps de propagation 7, peut étre approximé par

2
Tn =wn + é¢n? + O <(12> , (2.2)
T

oll w et ¢ sont généralement appelées les angles électriques. Ils s’exprimeglt en fonction des
parameétres physiques du probléme a 'aide de w = —271% sin(f) et de ¢ = ﬂ'% cos?(6).
Par conséquent, en utilisant (2.2), le modeéle des observations peut s’écrire comme suit

yn(t) = s(t)e? o) 4o (1), (2.3)
De ce fait, le vecteur d’observation peut étre exprimé comme suit
y(t) = [ (t)...yn(®)]" = a(w, d)s(t) + v(1), (2.4)
ott v(t) = [v1(t)...on(t)]T et ot le n®™¢ élément du vecteur directionnel a(w, ¢) est donné par
[a(w, ¢)], = € (wn+¢n?) (notons que pour le champ lointant ¢ est supposé égal a zero).
2.3 Les bornes de Cramér-Rao
Dans ce qui suit, nous utiliserons les hypothéses suivantes :

— On admet que le bruit est un processus complexe circulaire blanc Gaussien aléatoire avec

une moyenne nulle et une variance inconnue o2,
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— Le bruit est supposé décorélé temporellement et spatialement,
La fonction de densité de probabilité conjointe des observations x = [y (1)...y"(T)]" pour
un vecteur de paramétres inconnus & donné peut s’écrire comme suit :

1 Hy-1
_ —(x—p)"E7 (x—m) 2.5
oll X et u représentent la matrice de covariance et la moyenne de x, respectivement.
Le but de cette section est ’obtention de la BCRD et de la BCRS pour le modeéle donné en
(2.4) en fonction de la distance r et de I"azimut 6.

2.3.1 Expressions analytiques

Notons F {(é’ — 5)(% — £)T} la matrice de covariance d’un estimateur non biaisé de &€, noté

. . . 2
par &. Le principe d’inégalité de covariance stipule que [Cra46] MSE([¢];) = E { ([5]1 — [S]O } >

BCR([¢];), ot BCR([¢];) = [MIF~!(€)];, et ot MIF () représente la MIF. Par conséquent, nous
donnerons une inversion analytique de la MIF qui nous conduit & des expressions non matricielles
compactes de la BCR. Enfin, en utilisant la formule de changement de variable [Kay93|, nous
fournirons des expressions (non matricielles) de la BCR en fonction des paramétres physiques du
probléme qui sont la distance et ’azimut.

Du fait que nous travaillons avec un modéle des observations Gaussien (2.5) (pour un modeéle
déterministe, c’est-a-dire, & moyenne paramétrée ou pour un modéle stochastique, c’est-a-dire, &
covariance paramétrée), le i€, k¥ ¢lément de la MIF correspondant au vecteur de paramétre
& peut étre écrit sous cette forme [SM05b]| (formule dite de Slepian-Bang)

B 4, 0¥ _, 0% out | o
MR = {2 g = g Gl @9

Dans ce qui suit nous noterons BCRD et MIFD, respectivement, la matrice de Cramér-Rao
et la matrice d’information de Fisher déterministes. De méme BCRS et MIFS représentent,
respectivement, la matrice Cramér-Rao et la matrice d’information de Fisher stochastiques.

BCR pour le modéle déterministe

Premiérement, nous considérons le modéle déterministe avec s(t) = af(t)el 2 fot+¥ () re.
présente le signal émis pour une fréquence porteuse valant fy et «f(t), ¥(t) représentent 'am-
plitude réelle et la phase de la source, respectivement. Notons ¥ = [1(1)...¢(T)]" et a =
[a(1)...a(T)]T ot les vecteurs de paramétres inconnus sont € = [w ¢ T a” %7 (si on s’inté-
resse aux angles électriques) ou k = [0 7 9T o 0?7 (si on s’intéresse aux paramétres physiques).
Ainsi, dans (2.6), on aura ¥ = o?Iyr et p = [s(1)a’ (w, ) ...s(T)a’ (w,$)]’. Nous commen-
cerons par calculer BCRD(€), puis, nous en déduirons BCRD(k) grace a un changement de
variables. Notons que Kk et £ sont supposés déterministes et de ce fait, leur taille croit avec le
nombre d’observations (dans ce cas la, la BRCD est atteinte a fort RSB [RFCL06].)

En utilisant (2.6), on obtient

9 [€]; 9 €]y

NT 2 2 9 H
_ NT 90° 0o %{au o } 27)

DO =551 5 1g, 01e],
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Structure bloc diagonale de ’information de Fisher : En utilisant (2.7) et aprés quelques
calculs algébriques on obtient le lemme suivant :

Lemme 1 La structure bloc diagonale de la matrice MIFD(E) pour une source située dans le
champ proche est donnée par

MIFD(¢) = bdiag(Q,Y), (2.8)
o
fww fw¢ fw'¢
Q= | fow [foo| fonp |, (2.9)
fpo Ty | Fypu

et Y = bdiag (%IT, %) On notera le RSB “déterministe” Drsp = ||c||?/0?. Les élements de
la matrice Q sont donnés par

N(N —1)(2N —1)

fww:DRSBT 3 3
N(N —1)(2N —1)(3N2 —-3N — 1
Fos = D T ( )( )( )7
15
et
N2(N —1)2
Jwp = few = DrsB T(2)~

De plus, les vecteurs, de taille T x 1, £y, fﬂ/}, £y et fgd) sont donnés par

1
fo = ffw = ﬁN(N ~1D(a® a),

et
1 N(N-1)(2N —-1)
fpo = fop = —3 (@ ® ).
o 3
Enfin, la matrice Fqyy, de taille T' < T, est donnée par
2N
Fyy = ?diag(a O ). (2.10)

Notons que, grace a la diversité temporelle de la source, Faq = FL o Sont des matrices nulles
(c’est-a-dire que les parameétres 1 et a sont découplés.) Nous remarquons une propriété bien
connue, i savoir que la variance du bruit est bien découplée par rapport aux autres paramétres
|[Kay93,SMO05b]. Les termes nuls restants sont la conséquence de 'application de la partie réelle
dans (2.7) a des termes purement imaginaires.

Inversion analytique : La taille de la MIF donnée en (2.8) dépend du nombre des obser-
vations. C’est pourquoi son inversion numérique peut étre une opération trés coiiteuse pour
un grand nombre des observations. C’est 1'une des raisons pour laquelle nous avons proposé une
inversion analytique. En utilisant la partition dans (2.8) et aprés ’écriture analytique de 'expres-
sion de I'inverse du complément de Schur de Fy;, , [GL89|, I'expression compacte non matricielle
de la BCRD par rapport a £ associée au modele (2.3) s’exprime suivant le théoréme :
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Théoréme 1 Les expressions non matricielles de la matrice BCRD(E) correspondant auz angles
électriques, pour N > 3, sont données par

6(2N — 1)(8N — 11)
Drsp(N2 —1)N(N2 — 4)’

90
BCRD(¢) = sV~ NV =) (2.12)

1 N4 —31N3 4+ 48N2 — 26N + 2
BCRD (¢(t)) = Vi (2.13
W) = sbrss NN —a) 0 )

0_2

BCRD(w) (2.11)

BCRD = — 2.14
CRD(o(t) = o W (2.14)
et
2 o
BCRD = —. 2.1
CRD (o°) NT (2.15)
Et les termes croisés sont donnés par BCRD (w, ¢) = BCRD (¢,w) = 90

" DrspN(N2—4)(N+1)"

Changement de vecteur de paramétres : Meéme si le modeéle (2.3) est fréequemment uti-
lisé en traitement d’antenne, sa BCRD par rapport & £ ne nous apporte aucune information
concernant les paramétres physiques réels du probléme. De ce fait, il est intéressant d’analyser
la BCRD par rapport a la distance et a I’azimut directement. En partant de BCRD(&), nous
pouvons facilement obtenir BCRD(k) en utilisant la propriété suivante (voir [Kay93| p. 45)

T
BCRD(x) = agf)BCRD(ﬁ)agaég), (2.16)
ou
2
k=g(&) = [~ arCSin(%) 7;5; cos? <arcsin(;7:;l)) T al Y7,
et ou la matrice Jacobienne, 8%(55), est donnée par
-5 )
%2(&) 0 0 . 0
8 oo
9g(§) : 2
AL — DY 2.1
0% 001 0 (217)
L 0 0 0 1]
avec
9g1(§) _ A 218
98 ZTrdW
d92(§) Aw o \w 1
- 2.19
0€, om0 cos ar051n(27rd) — (%)2’ ( )
et
2
(9982&(25) _ _;T;; cos? (arcsin(%)) . (2.20)

En utilisant (2.16), Uexpression de la matrice Jacobienne ci-dessus et aprés quelques efforts
calculatoires nous obtenons
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Théoréme 2 Les expressions non malricielles de la BCRD pour une source située dans le champ
proche, avec N > 3 et 0 # 5, sont données par

3\° (8N — 11)(2N — 1)
BCRD(6) = 2Drspd?m? cos?(f) (N2 —1)N (N2 — 4)7 (2.21)
BCRD(r) = 6rix° y 1572 + 30drp; (N) sin(0) + d?pa(N) sin?(6)
~ Dpspm?d* p3(N) cos(0) :

ot p1 (N) =N —1, po(N) = (8N — 11)(2N — 1) et p3(N) = N(N? — 1)(N? — 4).
Notons que, bien sir, BCRD (¢), BCRD («) et BCRD (02) restent inchangées. Ft les
termes croisés entre 0 el r s’expriment désormais comme suil

_ 33X 15rpi(N) + dpa(N) sin(6)
Drspm2d? p3(IN) cos?(0)

BCRD (6,r) = BCRD (r,0) = (2.22)

BCR pour le modéle aléatoire

Maintenant, nous allons nous intéresser au calcul de la BCRS pour des signaux sources
supposés complexes circulaires Gaussiens (de moyenne nulle et de variance o2) indépendants
du bruit. Dans cette configuration les vecteurs de paramétres inconnus sont donnés par p =
[w ¢ 02 0?7 (si on s'intéresse aux angles électriques) ou 9 = [0 r 02 02]7 (si on s’intéresse aux
parameétres physiques). De ce fait, y(t)|p ~ CN(0,X) Vt = 1,...,T, ou la matrice de covariance

est donnée par ¥ = o2a(w, ¢)a’! (w, ¢)+02Iy. Par conséquent, la MIF donnée par (2.6) s’exprime
ainsi 5 5
3 3
[MIFS(p),, =T tr {2—1 > } : (2.23)
’ dlpl; Olply

En utilisant les résultats de [SLGO1] pour deux parameétres d’intérét, nous obtenons

[BCRS(p)],.51.5 = W <§R { (DHH;(W)D) o(l® aH(w,¢)2_1a(w7¢))T}>_l :
(2.24)

ol Sprsp = Z—g est le RSB associé au modeéle aléatoire, on J = 1212 avec 15 = [1 1]T, D =
aa(w7¢) aa(‘:;?(b) et HJ_

Ow 0 a(

pour obtenir des expressions non matricielles de BCRS(p).

we) =IN— +a(w, ¢)af (w, ¢). Dans ce qui suit, nous allons utiliser (2.24)

Inversion analytique

Théoréme 3 Les expressions non matricielles de BCRS(p) correspondant aux angles élec-
triques, pour N > 3, sont données par

B 1 6(2N —1)(8N — 11)
BCRS(w) = (1+ Sren N> Snon TN - DN(N? — )" (2.25)
BCRS = (1 1 %0 2.26
(#) = < + SrsB N) Spsp T(N?2 —1)N(N2 —4)° (2.26)

De plus, les termes croisés sont donnés par

[BCRS(p)]1,2 = [BCRS(p)2,1 = — (1 * SR; N ) SrsB TN(]\?QO— 4)(N +1)
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Changement de variables : En utilisant le méme changement de variable donné par (2.16)-
(2.20), on peut facilement obtenir le résultat suivant

Théoréme 4 Les expressions non matricielles de BCRS() pour une source située dans le
champ proche, avec N > 3 et 0 # 7, sont données par

BCRS(0) = (1 L ) 3\ (8N —11)(2N — 1)

+ SRSB N QSRSB Td271'2 COSQ(Q) N(N2 — 1)(N2 — 4)’ (2.27)

2,2 2 1)« 2 _ 1) ein2
BORS(r) = (1+ 1 ) 672\ 15r* 4 30dr(N — 1)sin(f) + d*(8N — 11)(2N — 1) sin (9)

SRSB N SRSB Tr2d* NZ(szl)(N274)COS4(9)
(2.28)

Les termes croisés entre 0 et r sont donnés par

[BCRS(¥)]12 = [BCRS(I)]21
e 1 3\r  15r(N — 1) +d(8N — 11)(2N — 1) sin(6)
- < * Snsn N) Snsp Tr2d N(N2 — 1)(N2 — 4) cos®(0)

(2.29)

2.3.2 Reésultats de simulation et analyse

Le but de cette section est de valider et d’analyser les expressions non matricielles compactes
données dans les sections précédentes.

Comportement de la BCRD et de le BCRS

Pour ces simulations, nous avons considéré une ALU de 10 capteurs avec une distance entre
capteurs d = % Le nombre d’observations est égal a T' = 20 et la source est repérée par les
coordonnées suivantes (0, 7) = (30°,6)) (qui appartient & la région de Fresnel selon (2.1)). Dans
les Fig. 2.1 et Fig. 2.2, nous avons superposé les BCRD /BCRS analytiques, obtenues par (2.21),
(2.22), (2.27) et (2.28), avec les BCRS/BCRD exactes calculées par inversion numérique de la
MIF. De plus nous avons fait varier la variance du bruit de 0.1 & 1 pour différentes valeurs
de la fréquence porteuse (A = f%? ou c¢ représente la vitesse de la lumiére). On observe que ces
figures valident bien nos expressions analytiques. De plus, 4 'aide des expressions non matricielles
données par (2.21), (2.22), (2.27) et (2.28), nous remarquons que

— La BCRD et la BCRS sont invariantes par rapport & la phase du signal source.

— Comme dans le cas du champ lointain, BCRD(#) et BCRS(#) ne dépendent que de 'azimut
selon 1/ cos?(6). De ce fait, ’ALU n’est pas une antenne isotrope pour une source située
en champ proche.

— BCRD(r) et BCRS(r) dépendent a la fois de I’azimut et de la distance. Pour \,r « d, la
dépendance par rapport 4 la distance est quant 4 elle de O(r?), ce qui veut dire que ’esti-
mation s’améliore quand la source se rapproche de I'antenne (cependant il faut respecter la
contrainte de la région de Fresnel 2.1). La dépendance en la distance par rapport a ['azimut
est 1/ cos*(#). Si 6 est proche de /2, BOR(r) tend vers linfini et cette convergence est
plus rapide que celle de BCR(6).

— Pour un nombre suffisant de capteurs, BCRD(6), BCRD(r), BCRS(6) et BCRS(r) sont de
I'ordre de O(1/N3).
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— Pour A o< d, BCRD(#) et BCRS(0) sont indépendantes de la fréquence porteuse fy. Ce qui
n’est pas le cas de BCRD(r) et de BCRS(r). La Fig. 2.1 montre que, pour différentes valeurs
de 'azimut et pour une variance de bruit fixée (62 = 0.5), plus grande est la fréquence
porteuse, plus bas sont BCRD(r) et BCRS(r).

— Pour un grand nombre de capteurs et une distance entre capteurs fixée, BCRD(6) et
BCRS(0) exprimées dans le champ proche tendent vers les BCR exprimées dans le champ
lointain [SN90a]. Cette derniére remarque est en adéquation avec Uintuition car, du fait
de la contrainte (2.1) un grand nombre de capteurs implique une grande distance entre la
source et 'antenne (tout en restant dans le région de Fresnel.)

— Les expressions de la BCRD montrent que les paramétres physiques d’intérét sont forte-
ment couplés vu que BCRD (0, 7) est O(1/N3) comme BCRD(6) et BORD(r). Les méme
remarques s’appliquent pour la BCRS.

Comparaison entre la BCRD et la BCRS

Comme le modéle déterministe ne requiert aucune hypothése sur le signal de la source, nous
supposerons alors que la phase et 'amplitude du signal source sont une réalisation donnée d’un
processus complexe circulaire blanc Gaussien aléatoire avec une moyenne nulle est une variance
o2. Ceci nous permettra de faire une comparaison entre la BCRD et la BCRS. Nous considérons
ici les deux quantités Drgp et Srsp égales que nous noterons simplement par RSB.

a)

b)

Fréquence [Hz] X 105 Fréquence [Hz] X 105

FIGURE 2.1 — BCR(r) en fonction de fo pour 02 = 0.5 et pour différentes valeurs de 0 =
102,30°,50° : a) BCRD(r), b) BCRS(r).

Corollaire 1 En utilisant (2.11), (2.12), (2.95) et (2.26), on obtient : BEES) _ (1 n m),

CRS BCRD(w)
BCRS(¢) _ 1
¢t BORD(6) — (1 + m) :

BCRS@®)

De méme, grice a (2.21), (2.22), (2.27) et (2.28), on obtient : BCRD©) — (1 + m) ,

BCRS(r s
et WD&Q) = (1+m), ¢’est-a-dire, BCRS(w) > BCRD(w), BCRS(¢) > BCRD(¢),
BCRS(8) > BCRD(0) et BCRS(r) > BCRD(r) (voir Fig. 2.2). Le lecteur pourra trouver des

résultats similaires dans [SN9Ob] pour le contexte du champ lointain.

De plus,
— Pour un nombre de capteurs fixé :

BCRD(9) 5B BCRS(0),
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1073 a) o3 b)
O *BCRD(4) o xBCRD(r)
35 0 BCRS(4) 0 -BCRS(r)
. 0.2% 4
3 0.18
R o046t
S28 o = o
g ° G o4l -
2 1 012
O (]
* 0.1 *
15- o 1 °
x 008 x
D
L L L L L L X A L L L L L
Yo 25 30 35 40 45 50 55 0 0%, 25 3 35 40 45 50 55 60

observations observations

FIGURE 2.2 - BCR en fonction du nombre d’observations et pour N = 10 capteurs : a) BCRD(6)
et BCRS(6), b) BCRD(r) et BCRS(r).

et
RSB—oo

BCRD(r) =" BCRS(r).
— Pour un RSB fixé :
BCRD(9) V=™ BCRS(6),
et

N—oo

BCRD(r) "= BCRS(r).
— Et enfin, pour m <L1:

BCRD(6) ~ BCRS(6),

et
BCRD(r) ~ BCRS(r).

Nous rappelons que la BCR est une borne optimiste (et méme non valable) dans les zones
non-asymptotiques, et donc non utilisable dans ces zones. Le but de la section suivante est de
montrer I’apport des autres bornes plus précises que la BCR pour prédire le phénoméne de
décrochement.

Dans la section suivante nous ne citerons que les principaux résultats, les détails calculatoires
sont explicités dans ’Annexe A.2 (M. N. El Korso, A. Renaux, R. Boyer and S. Marcos, "De-
terministic Performance Bounds on the Mean Square Error for Near Field Source Localization",
en préparation pour [EEE Transactions on Signal Processing.).

2.4 Autres bornes inférieures de ’erreur quadratique moyenne

Dans ce qui suit, nous utiliserons les hypothéses suivantes :
— On admet que le bruit suit une loi normale complexe circulaire multidimensionnelle, de
moyenne nulle et de matrice de covariance 3, connue et supposée de rang plein.
— Le vecteur de paramétres inconnus est défini par € = [w ¢]7 [LC93,Ren07].
La fonction de vraisemblance relative au vecteur des observations x = [y? (1)...yZ(T)]T ~
CN(u(&y),X(&p)) pour un &, donné, s’écrit simplement par :

1 H 1
— —(x—1(&0)) " 2(&) T (x—1(&0))
p(X|€O) ANT Jet {2(50)}6 )
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ol £y, wo, ¢g représentent les vraies valeurs des parameétres candidats &, w et ¢, respectivement.
Les valeurs de pu(&,) et X(&,) seront spécifiées par la suite (selon le modéle déterminisite ou
aléatoire).

2.4.1 Expressions Analytiques

Dans |Gla72, FL02, CGQLO08, TT10] les auteurs ont proposé une unification de différentes
bornes sur l'erreur quadratique moyenne. Plus précisément, s’appuyant sur un probléme d’opti-
misation sous contraintes, Forster et Larzabal [FLO02], ont présenté une unification de bornes sur
I'erreur quadratique moyenne en imposant des contraintes sur le biais. Ils ont montré, par un
choix judicieux de ces contraintes, qu’on pouvait ainsi donner une expression explicite de la borne
de Cramér-Rao, la borne de Barankin ou la borne de Battacharya. Notons que 'on peut trouver
Pextension des travaux de Forster et Larzabal [FL02| dans le cas de plusieurs paramétres inconnus
déterministes dans [CGQLO08|]. Dans [TT10], Todros et Tabrikian ont proposé une nouvelle classe
de bornes sur 'erreur quadratique moyenne en utilisant la transformation intégrale généralisée
appliquée a la fonction de vraisemblance. Ainsi, ils ont montré que certaines bornes sur Ierreur
quadratique moyenne (par exemple, la borne de Cramér-Rao, la borne de McAulay-Seidman et
la borne de Battacharya) sont obtenues par un choix approprié du noyau de la transformation
intégrale de la fonction de rapport de vraisemblance.

En utilisant I'une des deux approches, on constate que l'unification s’exprime & 1’aide d’une
matrice K inversible et d’'une matrice I'" & valeurs complexes, comme suit :

usp@) = [ (6-&) (€-&) pixiéix - C =TET! (230)

ou K peut étre décompsée a l'aide de v comme suit K = f(cNT Yy p(x|€y)dx et on é est un
estimateur du vrai parametre déterministe £, et ot A = B signifie que la matrice A — B est
définie non négative. Par consequent, pour différentes valeurs de I' et de =, on aura différentes
bornes inférieures de l'erreur quadratique moyenne. La BCR (notée dans cette section Cpcr par
souci d'uniformisation) est donnée par le couple :

I'Bcr = 1o,
_ 31HP($\E)‘
- 3 &=

ﬂYBCR 60’
ou 1; représente le vecteur de dimension | € {1,...,L} rempli de 1. La borne de McAulay-
Seidman (BMS) [MS69] peut étre définie par le couple suivant :
I'ems =@,
Yems = [v(@l&r) ... v(xl€)],
ou v(x|§) = ;’((z"éé)),@ =[& —& ... & — &7 avec {&,...,€,} qui représente un ensemble

de points test appartenant & . La borne de Hammersley-Chapman-Robbins (BHCR) [Ham50]
est, quant a elle, donnée par :

9

I'sicr = [02 ®],
Yeucr = [1 YBums)®

ou 0; représente le vecteur de dimension [ € {1,..., L} rempli de 0 et enfin la borne de McAulay-
Hofstetter (BMH) [MHT71] peut étre exprimée par :

I'evu = 12 @],
Yemu = [YBCR ’YBMS}T

)



CHAPITRE 2. BORNES INFERIEURES DE I’ERREUR QUADRATIQUE MOYENNE POUR LA
18 LOCALISATION DE SOURCES EN CHAMP PROCHE

ou Iy est la matrice identité d’ordre 2. La borne de Fourier Cramér-Rao (BFCR), récemment
proposée [TT10], peut également étre écrite sous la forme (2.30). Pour avoir un gain en temps de
calcul, cette derniére utilise la transformée de Fourier discréte (TFD) des vecteurs ® et ygpg. La
TFD peut étre obtenue grace a une multiplication matricielle notée W. Ainsi, le couple (T, ~)
adéquat pour la BFCR est donné par :

r =[I, dWH
YBrcr = [YBer YBMsW ']
ol
[Wpa = exp(—if2) €)) (2.32)

représente la matrice de transformation relative & la TFD bi-dimensionelle et 2, s’exprime a

. ! T
I'aide du p®"® point test frequentiel f, = [f, fz'g]T comme suit : 2, = [6([25{&1 5([2613)@ , avec

L = L1Ly, tel que f, € {1,..., L1}, f, € {1,..., L2}, L; est le nombre de points test associé
la variable [€]; et 0([€];) est la distance (constante) entre deux points test associée a la variable
€], i =1,2.

Aprés calcul, on peut montrer que les bornes précitées peuvent étre écrites comme suit pour
le modéle d’observation sus-mentionné

cl =aov a7

Clien =@ (2 —117) " @7,

Cl(Blll\)lH = Cgcr + QR'Q7,

b)) — Cpon + QWH (WRWH) " wQ”,

2.33
2.34
2.35

)
)
)
2.36)

(
(
(
(

otl nous avons introduit la dépendance de ces bornes par rapport aux points test! (symboles L
et P). Notons DKL (p(z|&;)||p(x|€y)), la distance de Kullback-Leibler [Sch91]| entre p(x|g;) et
p(x|€y). On peut alors définir tous les éléments apparaissant dans (2.33)-(2.36) comme suit :

Q = CpcrD - 2@, (2.37)
tel que
D=[d(&) .. d(&)],
et -
ODKL (p(x|&;)|p(x|€))
d§;) =— l le=¢, (2.38)
2
ott la dérivée vectorielle est donnée par [f1(§)]; ; = a[g[g)]i l¢=¢,- De plus, la matrice R est donnée
: i
par
R=% — DTCpcrD, (2.39)

et les éléments de la matrice ¥ sont définis par

[lIl]m,n = EX|§0 {U(ZC, sm)v(mv én)} ) (240)

1. Notouns par ailleurs que les valeurs des points tests qui maximisent les bornes (dites bornes optimales) sont
celles ou la fonction d’ambiguité exhibe des maxima locaux [Rendf, RM95, XBR04,RM97, TK99, Xu01,RAFL07].
Cela étant dit, il a été montré que, dans le cas oil, les points tests couvrent les extrémités de © et aussi la vraie
valeur du paramétre £, alors méme si on obtient des bornes en dessous des bornes optimales, la différence est
suffisamment faible pour que leur utilisation reste pertinente [Rendf].
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ot Ey¢, {-} indique Popérateur d’espérance mathématique relatif a p(x|§;)-
Sachant que, pour un modéle Gaussien (circulaire) & moyenne paramétrée ou a covariance
paramétrée, Cpcr est donné par Uinverse de la MIF (2.6), alors dans la suite nous ne donnerons

que Pexpression de D et W. Ainsi, en utilisant la valeur de D et de ¥ et (2.37) et (2.39), nous

obtiendrons C'\Lg, CUH) o CU et CUD) (voir (2.33), (2.34), (2.35) et (2.36).)

Expressions analytiques pour le modéle déterministe

Pour le modeéle déterministe, nous avons x ~ CN (u(&y), Xpruit) avec

(&) = [s(1)a’ (wo, é) - - - s(L)a’ (wo, dp)]",

et

_ 5#(‘50)H —1 9p(o) - _
[FIM]“C = 2R {a[ﬁo]igb“ﬂt 9ol } ,1=1,2, k=1,2. (2.41)

Notons que :

p(x|€,)
p(xl8) “

- /c (= ()™ ki (x = 1(8) = (x — 1) By, (x = w(€L)| P(XIE,)aX

KLD (p(xlé,)[Ip(x1€) = | plxi€, )L

p
CNT

= /CNT X B (1(85) = 1(8) — 1(€) " Sz (x — 1(€)] F(xI€n)dx
= (n(&,) — nE€)" By ((€y) — n(8)) - (2.49)

De plus, les éléments de la matrice ¥ peuvent étre donnés par :

= [ e (O (60" Bk, (x - o)) »

CNT T |2bruit|
exp (= (x = 1€ )" by (x = 1lE)) = (x = mEN)" Zp iy (x — (EL)) ) dx

— em:€n) [ o0 = 0= ) = (6,) + 1(E0) " Bk, Oc — (€) — p(€) + pa€o)) dx
s |2brult| CNT
7| Bpruit]
= O‘(gmasn)’
ou

a(€,, &) =exp(—2p(&0) T2 L m(€o) — (&) S0 (&) + 1(&,))
+ p(€,) TS0 (€)= (€o) + (&) TS0k (B(E,) — r(&))). (2.43)

De ce fait, en utilisant (2.35), (2.34), (2.33) et (2.36), C'2ly, CLp, CRg et CUP) sont

données en remplagant (2.41), (2.42) et (2.43) dans (2.37) et (2.39).

Expressions analytiques pour le modéle stochastique

Pour le modéle stochastique nous avons x ~ CN(0, 2(&,)) ott (&,) = o2Ir®a(wo, ¢y)a! (wo, ¢y)+
ZJ’bruitv avec

~19%(&o)
9 [&ol;

~10%(&)
9 [&ol},

(&) } i=1,2 k=12 (2.44)

[FIM],, =T tr {2(50)



CHAPITRE 2. BORNES INFERIEURES DE I’ERREUR QUADRATIQUE MOYENNE POUR LA
20 LOCALISATION DE SOURCES EN CHAMP PROCHE

Notons que :

_ LPIXI€n)
KLD ((xJ€,) Ip(x€)) = /@ o Pl P Xy
) ’ ) ()
= /CNT 7TNT|2 (XH (2(&, (&)™) x) exp (—x"E(€,) ') dx +Lnggrey)
= Exe, {XHE(E)X} + Byle, IxX"=(&,)x} +In E((f))‘| . (2.45)
Comme
NT NT
Eye, (X"(0x) =33 Bye, {1 0, [297],,} =0 (B€)2© ) (246
i=1 j=1
et
Eye, {x"=(&)'x} = NT. (2.47)
Alors, en remplacant (2.46) et (2.47) dans (2.45) nous obtenons :
KLD (/€)1 (€)= L =l o (B(6,)2(€) ) + NT. (2.48)

De plus, on notera que :

B
o 7TNT|2<€m)| ‘2(£n)| CNT

(@] exp (—x" (B(&,) T+ 2(&) T - (&) ) x) dx (2:49)

mNT|(2(€,,) LB, () ) '
) (&)
1Z(&)] (€] E(Em) ! +2(€,) 71 — (&)
De ce fait, en utilisant (2.35), (2.34), (2.33),(2.36) et 22Ol — ¢ {2(5)—1%25)} [PPO6],

C'](Bij)IH, C’](BLH)CR, C](3L1\3[S et C! CR)F sont données en remplacant (2 41), (2.42) et (2.43) dans (2.37)
et (2.39).

(2.50)

2.4.2 Analyse numérique

Pour ces simulations, nous avons considéré une antenne composée de N = 10 capteurs avec
une distance inter-capteurs d = % La source, située dans la région de Fresnel, est repérée par les
coordonnées suivantes (#,7) = (30°,6)). On supposera également que Xy = 021,

Il est & noter que les EQM empiriques de I'estimateur du MVD représentées dans les Fig.
2.3 et 2.4, ont été obtenues avec 1000 tirages de type Monte-Carlo. L’ensemble des points tests
utilisés pour la BMS, la BHCR, la BMH et la BFCR est égal & L = 2' (plus précisément,
I’ensemble des points test suivant le paramétre w est fixé & L1 = 27, de méme que celui par
rapport & ¢ qui est donné par Lo = 27). La BFCR se calcule aussi en choisissant un ensemble
de points de test fréquentiels. A cet effet, et pour garder une complexité de calcul sensiblement
égale a la BMS, la BHCR et la BMH, on a choisi deux points tests fréquentiels parmi les 2
maximisant la BFCR.

Pour le modéle déterministe, les Fig. 2.3 et Fig. 2.4 nous montrent les différentes bornes de
I'EQM des deux paramétres d’intérét w et ¢. On constate tout d’abord que PEQM sur ¢ est
inférieure & celle sur w, ce qui était prévisible vue la plage de variation des deux paramétres.
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FiGURE 2.3 — Bornes inférieures de ’erreur
quadratique moyenne pour le modéle dé-
terministe en fonction de w pour (0,7) =
(30°,6)\) et T' = 15.
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FIGURE 2.5 — Bornes inférieures de 'erreur
quadratique moyenne pour le modéle aléa-
toire en fonction de w pour (6,7) = (30°,6))
et T' = 100.
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FIGURE 2.4 — Bornes inférieures de ’erreur
quadratique moyenne pour le modéle dé-
terministe en fonction de ¢ pour (6,r) =
(30°,6)\) et T = 15.
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FIGURE 2.6 — Bornes inférieures de l’erreur
quadratique moyenne pour le modéle aléa-
toire en fonction de ¢ pour (6,r) = (30°,6))
et T = 100.

De plus, la BMS, la BHCR, la BMH et la BFCR décrivent bien le décrochement du MV. Cela
étant dit, on remarque que la BMH est la plus pertinente (prédiction du décrochement & moins
de 4 dB), vient ensuite la BHCR et la BMS (prédiction du décrochement & moins de 7 dB).
Enfin, la BFCR nous fournit une prédiction du décrochement avoisinant les 10 dBs. Les mémes
conclusions peuvent étre déduites pour le modéle aléatoire (voir les Fig. 2.5 et Fig. 2.6.)

De facon générale on constate que la BFCR demeure moins performante que toutes les bornes
présentées dans cette contribution. Ceci est da au fait que la BFCR "comprime” les contraintes
en appliquant la TFD. Cette compression de contraintes est a I'origine de la dégradation de cette
borne. Ce point n’a pas été mentionné dans [TT10] oi la BFCR apparait comme une borne plus
pertinente par rapport & la BMS, BHCR et la BMH dans le cas particulier de I’analyse spectrale.
Cela étant dit, il faut noter que la BFCR a été calculée & partir de 2° points tests, or les autres
bornes (BMS, BHCR et la BMH) ont étés calculées en maximisant seulement 1 point test parmi
29. Ceci explique, pourquoi dans [TT10] la BFCR apparait comme étant plus précise que les

autres bornes contrairement & ’exemple traité ici.
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Chapitre 3

Seuil de résolution limite en traitement
d’antenne

3.1 Introduction

Le seuil statistique de résolution limite (SRL), aussi nommé pouvoir séparateur, c¢’est-a-dire,
la distance minimale entre deux signaux! permettant une correcte séparation/estimation des
parameétres d’intérét, est un sujet d’'une importance croissante et qui vise diverses applications
comme le radar, le sonar, le traitement d’images, analyse spectrale, etc. Pour la formation de
voies, le seuil de résolution ne dépend que de 'ouverture de 'antenne [Ste76|. Ainsi, on peut citer
la résolution de Fourier et de Rayleigh données respectivement par la largeur du lobe principal
de la fonction de directivité et sa largeur & 3 dB [Mar98, Abe(6], respectivement. Avec la venue
des méthodes & haute résolution, les seuils de la résolution définis par Fourier et Rayleigh ont été
repoussés, d’oul 1a nécessité d’introduire de nouveaux critéres du seuil statistique de résolution
limite.

Dans la littérature on définit/calcule le SRL principalement selon trois familles de critéres
[Cox73, KB86,Lee92, Lee94, SD95, Dil98, Smi9d8, SM05a, Smi05, DA06, LN07, FLV08, AW08, ADO0S,
KG09, KBRM11b, KBRM11a, VEB*11, EBRM11a, EBRM11b] :

1. La premiére famille est basée sur le pseudo-spectre des algorithmes d’estimation (voir fi-
gure 3.1.) Si nous supposons, par exemple, que deux signaux sont paramétrés par les di-
rections d’arrivée (DDA) 601 et 0a, alors, le critére de Cox [Cox73| stipule que les deux
stgnauz sont résolus si les moyennes des valeurs du pseudo-spectre aux points 01 et 02 sont
inférieures a la moyenne de la valeur du pseudo-spectre au point % Un second critére,
basé lui aussi sur le pseudo-spectre, a été proposé par Sharman et Durrani [SD95] et stipule
que les deuz signaux sont résolus si la dérivée seconde de la moyenne du pseudo-spectre au
point % est négative.

A noter qu’il existe une approche dite stochastique pour laquelle on définira une probabilité
de résolution. Celle-ci a été peu étudiée en raison de sa difficulté [LW90].

On remarque bien que cette famille de critéres est spécifique aux algorithmes utilisés. Pour
plus d’exemples, le lecteur pourra se référer aux références suivantes [Cox73, KB86, SD95,
ADO8|. Dans la suite, nous présenterons deux autres familles de critéres valables pour tout
type d’algorithme.

1. Dauns la suite, la notion de distance entre deux signaux correspond a la métrique (d, C'), tel que d : CxC — R
ot d et C représentent la distance de Minkowski et I’espace des paramétres d’intérét des signaux (par exemple,
distance entre deux fréquences en analyse spectrale, distance entre deux directions d’arrivées en localisation de
sources, etc ...), respectivement.
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2. La seconde famille est basée sur un test d’hypothéses binaire [SM05a,LN07, AW08|. L’idée

principale consiste a utiliser ces tests d’hypothéses pour décider si un ou deux signaux sont
présents. Le but est alors de relier la distance minimale (entre les deux signaux pour un
rapport signal & bruit donné) a la probabilité de fausse alarme Py, et/ou & la probabilité de
détection Pj. Ainsi, dans [SM05a], Sharman et Milanfar ont considéré le probléme du calcul
du SRL en analyse spectrale en utilisant le test du rapport de vraisemblance (TRV). Par
conséquent, les auteurs ont calculé I'expression du SRL pour une Py, et une F; données.
Dans [LNO7|, Liu et Nehorai ont défini le seuil de résolution limite angulaire (c’est-a-dire,
le SRL par rapport aux DDA) en utilisant le TRV dans sa forme asymptotique en terme
de nombre d’observations. A cet effet, les auteurs ont relié I’expression du SRL & la borne
de Cramér-Rao. Enfin, on peut trouver dans [AWO08] le calcul du SRL par rapport aux
fréquences pour des sinusoides complexes en utilisant, cette fois ci, approche Bayésienne.

. La troisiéme famille est basée sur la précision d’estimation des paramétres en terme de va-

riance [Lee92,L1.93,Lee94, Smid8, Dil98, Smi05, EBRM10b, KBRM11b, KBRM11a|. Puisque
la BCR est une borne inférieure de l'erreur quadratique moyenne, elle exprime ainsi les
performances ultimes en terme d’estimation paramétrique. Par conséquent, elle peut étre

utilisée pour définir/obtenir le SRL. De ce fait, on distingue deux critéres intuitifs du SRL
basés sur la BCR :

i) Le premier critére a été introduit par Lee en 1992 [Lee92|. Dans un contexte de traite-
ment d’antenne, il stipule que deuz signauz sont correctement résolus par rapport auz
DDA, si l’écart type mazimale est inférieure a au moins deuz fois la différence entre 01
et 0. Ainsi, et sous certaines conditions de régularité [Leh83|, les écarts types oy, €t

0p,, d'un estimateur non biaisé 0= [@1 @Q]T peuvent étre approximées par /BCR(6;)
et \/BCR(62), respectivement. Par conséquent, le SRL est, selon le critére de Lee, égal
a 2max {\/BCR(Hl), \/BCR(GQ)}. Pour des applications se basant sur le critére de

Lee, le lecteur pourra se référer a [Lee92, Lee94, Dil98].

ii) On peut noter que le couplage entre les parameétres est ignoré par ce dernier critére
(c’est-a-dire, absence du terme croisé dans la matrice de Cramér-Rao BCR(61,62)).
C’est pour cela que Smith [Smi98, Smi05] a introduit un critére qui tient compte de
ce couplage entre les paramétres d’intérét. Ce critére est donné comme suit : deuz
signauzx sont résolus par rapport aux DDA si la différence entre les DDA, §, est plus
grande que ’écart type de la différence de ces DDA. 1’écart type peut étre approximée
par la BCR (sous certaines conditions de régularité.) Par conséquent, le SRL au sens
de Smith peut étre défini comme étant § = [#; — 62| pour lequel I'inégalité suivante

5 < /BCR (9)

est atteinte. Par conséquent, le SRL est donné par la solution de I’équation suivante
62 = BCR(9).

Dans [Smi98,Smi05], Smith a calculé le SRL (en terme des DDA) pour deux signaux
modélisés par des poles complexes. Dans [DA06], Delmas et Abeida ont calculé le
SRL en terme de DDA suivant le critére de Smith pour des signaux sources discrets
modulés en BPSK (binary phase-shift keying), QPSK (quadrature phase-shift keying)
et MSK (minimum-shift keying.)

On notera que le SRL basé sur la précision de 'estimation (c’est-a-dire, basé sur la BCR)

est un concept intuitif. Dans [LNO7], les auteurs ont relié le SRL basé sur un test d’hypothéses a
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Amplitude de la moyenne du spectre

N

Sources non
résolues

Sources
résolues

! ] Sy
Fd

Source 1 Source 2
Position sources

FIGURE 3.1 — Tllustration du cas sources résolues et sources non résolues & 1’aide d’un pseudo-
spectre d’algorithme d’estimation.

celui basé sur la BCR (plus particuliérement celui basé sur le critére de Smith). Ainsi, et pour un
grand nombre d’observations, les auteurs ont montré que le SRL basé sur un test d’hypothéses
binaire peut étre écrit comme la solution de I’équation suivante [LNO7, eq. 9]

62 = A BCR(9),

ol A est un facteur de translation exprimé en fonction de Py, et Py.

A noter qu’il existe deux autres critéres moins utilisés dans la littérature. Le premier est
basé sur le critére d’information d’Akaike (CIA). Dans [SSS95] les auteurs ont relié la fonction
relative au CIA & la séparation §. Un autre critére est basé sur ’application du lemme de Stein
permettant ainsi de relier la distance de Kullback-Leibler & la séparation § [VEB'11]

La premiére partie de ce chapitre est consacrée au calcul du SRL pour la localisation de sources
polarisées (voir, section 3.2.1) et pour la localisation de sources en présence des interférences
(voir, section 3.2.2) qui sont des applications pour lesquelles aucun résultat n’était disponible
dans la littérature. Notre but initial était de continuer I’étude des performances proposée au
chaptire 2, & savoir la localisation de sources en champs proche. Lors du calcul du SRL dans le
contexte champ proche (c’est-a-dire, deux parameétres d’intérét par source qui sont la distance et
la DDA), nous avons constaté que tous les critéres susmentionnés ont été introduits dans le cas
d’un seul paramétre d’intérét par signal. Toutefois, dans de nombreux problémes d’estimation, les
signaux sont paramétrés par plus d’un parameétre d’intérét par signal. On peut citer les problemes
liés au cas Multiple-Input Multiple-Output (MIMO) [God97, THL*01,GS05,STWT06,NS09] ou
dans le cadre général des problémes d’harmoniques multidimensionnelles [JStB01, MSPMO04],
etc. A cet effet, dans la section 3.3 nous avons proposé un critére du SRL pour des signaux
multidimensionnels, nommé SRLM. Ainsi que le calcul du SRLM pour les modéles suivants :
modéle harmonique multidimensionnel, le radar MIMO mais aussi la localisation de sources en
champ proche.
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3.2 Seuil de résolution limite pour des signaux monodimension-
nels

Dans cette section, nous présenterons deux exemples applicatifs du calcul du SRL pour des
signaux monodimensionels, c¢’est-a-dire, des signaux comportant un seul parameétre d’intérét par
source. Dans la section 3.2.1, nous allons tout d’abord étudier le probléme de localisation de
sources polarisées situées dans le champ lointain. Puis, dans la section 3.2.2, nous présenterons
un résultat du calcul du SRL pour le probléme de localisation de sources en champ lointain en
présence d’interférences structurées.

Dans ce qui suit, nous ne citerons que les principaux résultats. Le lecteur trouvera les détails
calculatoires ainsi qu'une analyse théorique et numérique plus approfondie dans I’Annexe B.1
(M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Statistical Resolution Limit of the Uniform
Linear Cocentered Orthogonal Loop and Dipole Array", IEEE Transactions on Signal Processing,
Volume : 59, Issue : 1, Jan 2011, pp. 425-431) et I’Annexe B.2 (M. N. El Korso, R. Boyer, A.
Renaux and S. Marcos, "On the Statistical Resolvability Of Point Sources in Subspace Interference
Using a GLRT-Based Framework", soumis & Elsevier Signal Processing).

3.2.1 Seuil de résolution limite pour la localisation de sources polarisées
Modéle des observations

Considérons une antenne linéaire uniforme de type COLD (cocentered orthogonal loop and
dipole array) notée ALU-COLD composée de N capteurs; o chaque capteur est formé d’une
boucle et d'un dipole. Cette ALU-COLD regoit deux signaux provenant de deux sources émet-
trices. Le signal observé par le £™¢ capteur & la t“¢ observation est donnée par [LC91,L.SZ96]

2
yo() = [(t) wa®]" = am(Oyume’™n + vq(t), (3.1)

m=1

ot =0...N—1ett=1...T avec T représentant le nombre d’observations. Notons w,,, =
2T”d sin(6,,) I'angle électrique ot 6,,,, d et A représentent 1’azimut de la m®™® source, I’espacement
inter-capteur et la longueur d’onde, respectivement. Les deux signaux sources sont modélisés par
U (1) = @y, €727 I0tH0m 1) o g, est Pamplitude du signal (non nulle), ¢,,(t) la phase du signal et
fo la fréquence porteuse du signal. Le bruit additif sera noté v,(t) = [vp(t) Ud(t)]T. Le vecteur
de polarisation u,, est donné par

2j7TAsl
_ 5t cos(pp,) 5
o [—z@dsnmpngeﬂwm ’ (32)

ou p,, € [0,7/2] et ¢, € [—m, 7] sont les parameétres de polarisation.
Par conséquent, la forme vectorielle du modéle des observations & la t¥™¢ observation est
donné par :

2
T T
vt =0 . yha0] =) Anlan+ [vl®) . wha@] (33
m=1
ot Ay, (t) = I,® (v (t)up,). Le vecteur directionnel est défini par ap, = [1 elom ... ej(N_l)‘”m]T.

Dans la suite de cette section, nous ferons les hypothéses suivantes :

— Le bruit est supposé complexe circulaire blanc Gaussien de moyenne nulle et de variance

inconnue o2.
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— Les signaux sources sont supposés connus ? et déterministes [LC93, LHSV95, CM97, Ren07].
Le vecteur de parameétres inconnus est alors donné par & = [wy ws o?]7.

— Afin de simplifier les calculs, et sans perte de généralité, on supposera Lgg = QWTASZ =1
[LSZ96] et w1 > wo.
Apres calcul (application de (2.6) puis inversion de la MIF), on trouve :
o? aso
BCR = 2 3.4
(wn) 2N a?a2a? — R2{rprullugn}’ (34)
o? a’o
BCR = — 1 : 3.5
(w2) 2N a?a2a? — R2{rruifusn} (3:5)
2 R H
BCR(wi,ws) = —— {rovyugny (3.6)

2N a2a2a? — R2{rrufluyn}

ot a = LN —1)N@CN —1), rr = = 3] ai(t)as(t) et

_ 2 —j(wi—w2)l _ 2 —jsgn(wl—w2)5ﬁ,COLD>g
= Z e = Zf e ,
£=0 =0

COLD
avec 5( ) = w1 — wa.

Calcul du SRL

(COLD)

Notons dy, le SRL associé au modeéle (3.3) qui est donné par le critére de Smith [Smi05]

comme suit :

5(COMP) = \/BCR(5SO™)) = f(8(COMP)) = (a? + ) a, (3.7)
ou dans notre cas f(d COLD)) = 022T2 (aa3a? — R2{rruilusn}) (( COLD)) + 2BCR(UJ1’(/J2)>
et

BCR(6(°CP)) = BCR(w;) + BCR(w2) — 2BCR (w1, ws). (3.8)

Par conséquent, en utilisant (3.4-3.6) et aprés calcul on obtient :

i) Le SRL, solution de I’équation implicite (3.7), pour des signaux sources orthogonaux (c’est-
a-dire, rp = %Zthl o (t)aa(t) = 0 [LCI3]), est donné par

sicorp-0) _ _7_ [a1 T (3.9)

V2Ta\ a?dd

Enfin, dans le cas de deux signaux sources ayant la méme puissance (c’est-a-dire, a; =
as = a), on obtient

1
JOMD=0) = — 3.10
“ VTaRSB (3.10)

ott RSB = a?/0?%. Ce résultat est qualitativement équivalent & celui trouvé dans [DA0G,
AWO8| pour des sources non polarisées.

2. Le lecteur notera que le SRL pour des signaux sources connus est sensiblement égal a celui des signaux
sources inconnues, pour plus de détails voir ’Annexe B.1.
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m=solution numérique exacte basé sur (3.7)
SRL basé sur(3.11)
@ SRL basé sur(3.12)
w1 SRL basé sur le test d’hypothese(Pa. Pra) = (0.37,0.1)

1@+ SRL basé sur le test d’hypothese(Py. Pf,) = (0.32,0.1)

0.014] @ SRL basé sur le test d’hypothese(Pg, Pro) = (0.49,0.3)

FIGURE 3.2 — Le SRL en fonction de ¢ pour T = 100 observations : Le SRL basé sur ’équa-
tion (3.11) et (3.12) est sensiblement égal & la solution numérique exacte basée sur (3.7).
Ceci valide nos expressions du SRL. De plus, on note que, par exemple, pour P; = 0.37 et
Pfq, = 0.1, le SRL basé sur le critére de Smith est sensiblement égal au SRL calculé en utilisant
le test d’hypothése (voir Annexe B.1). Les courbes correspondant a (Py, Py,) = (0.49,0.3) et
(Py, Ptq) = (0.32,0.1), nous montrent 'influence du facteur de translation sur le SRL.

ii) Le SRL, solution implicite de I’équation (3.7) pour des signaux sources non-orthogonaux
(c’est-a-dire, rp # 0), est donné par :

6(COLD) _

ata? — R2{rrulluy} 11 20263{rrulluy} ((af + a3) + 2R{rpulfu,})
2683 {rrui’uz} oT (R2{rruf'up} —afa3)? |’

(3.11)

ou f = ZéV:BI 3 = 3(N — 1)>2N2. Pour un grand nombre d’observations (voir, Fig. 3.2),
on peut exprimer le SRL par

as + a2 + 2R {rrull u2}

V2T« \/ a2a? — R2{rpruluy}

Remarquons, que dans ce cas, le SRL est fonction des paramétres de polarisation. De plus,
dans le cas de signaux sources ayant la méme puissance, on obtient :

5(COLD

(3.12)

5(COLD) _ 1+ R{Frufuy}

v \/TaRS \/1 — R2{Frullu,}’

ou Fr = % Zle eI (@2(t) =01 (1))

(3.13)

Analyses numériques

Dans ce qui suit, nous allons comparer le SRL pour des sources polarisées & celui des sources
non-polarisées. Par un calcul analogue a celui de la section 3.2.1, on obtient le SRL pour des
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sources non-polarisées :

2 2
sALY) _ _ 7 ai +aj + 2R{rr} (3.14)

Y V2Ta\ ajai—R{rr}

i) On remarque d’apres (3.9) et (3.14) que le SRL pour des signaux sources orthogonaux (c’est-
a~dire 7 = 0 [LCY3]) et polarisées est égale au SRL pour des signaux sources orthogonaux
non-polarisées. Par conséquent, la polarisation n’apporte aucune amélioration du SRL pour
des signaux sources orthogonaux.

ii) Intéressons nous maintenant aux signaux sources non orthogonaux. De (3.12) et (3.14), on
peut vérifier que

§LOOID) < (ALU) s R{rp) > R{rrulluy). (3.15)

De plus, comme R{rrufuy} = R{rr}R{ufus} — I{rr}S{ulfuy} et R{ulfuy} < 1, 1a

condition (3.15) est satisfaite pour S{ry} = 0 et/ou pour F{u'uy} = 0. Par conséquent,
(COLD) _ (ALU) . . .
0o < 0y pour les trois cas suivants :

C1. si les signaux sources sont réels et positifs, c’est-a-dire, {ry} = 0 ou a phase com-
mune, c’est-a-dire, ¢, (t) = ¢o(t), Vt.

C2. si ¢; = 1y, cest-a-dire, S{ulluz} = 0.

C3. si p; = 0 ou py = 0, c’est-a-dire, I{ulluy} = 0.

Les conditions C1., C2. et C3. sont des conditions suffisantes pour avoir 6&COLD) < 55)ALU).

Afin d’étudier les autres cas, on a tracé dans la Fig. 3.3 la variable D(rp,ulfuy) =

R{rr} — R{rrulus} en fonction des paramétres de polarisation p et ). On constate que

si D > 0 alors 5&COLD) < 5L(UALU). La Fig. 3.3 montre qu’en général 5&COLD) < 5&ALU) et

que 5&COLD) > 54(,JALU) seulement pour une petite région (celle qui correspond a la partie

inférieure délimitée par le plan horizontal.) Cela signifie, que généralement, le SRL est
amélioré grace aux parameétres de polarisation pour des signaux sources non-orthogonaux.
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FI1GURE 3.3 — D(rp, u{{ug) en fonction des parameétres de polarisation p et ¢ ; a; = 2, ag = 3,

rr = 12—J6i avec N = 20. (a gauche) p, = 85 deg et (a droite) p, =5 deg.

3.2.2 Seuil de résolution limite pour des sources en présence d’interférences

Dans cette section, nous allons calculer le SRL pour des sources en champ lointain. Contrai-
rement aux précédents travaux sur le SRL [SM04, SM05a, LN07, AW08|, dans ce contexte nous
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considérons un modéle plus riche incluant la présence de sources interférences. En effet, nous
considérons le probléme du calcul du SRL pour deux sources d’intérét (notées s; et S2) noyées
dans un sous-espace des interférences engendré par des sources de nuisance (voir, Fig. 3.4).

Modéle des observations

Considérons une antenne linéaire non uniforme (ALNU) avec N capteurs, qui regoit un signal
émis par M sources se situant dans le champ lointain {s1(t),..., sy (¢)} (M étant supposé connu
ou précédemment estimeé [Van68]). Le signal observé a la t™¢ observation par rapport au n®m¢
capteur est donné par [KV96]

M
Un() = Y sm(t) exp(jwmdn) +va(t), t=1,...,T, n=0,...,N -1, (3.16)
m=1
ou T représente le nombre d’observations, w,, = —2wsin(f,,)/v le paramétre d’intérét de la

m"¢ source avec 6, et v qui représentent ’angle d’arrivée et la longueur d’onde. Dans la suite,
on notera d,, la distance entre le premier capteur et le n®¢ capteur. Le bruit additif vy, () est
supposé complexe circulaire Gaussien de moyenne nulle et de variance o2. La forme vectorielle

des observations & la t“™ observation est donnée par
y(t) = [w®) .. yva®)] =[ar ... au]E() + o), (3.17)
ou v(t) = [wo(t)...on—1 (D], 8(t) = [s1(t) ... sm(®)]” et [am],iy = exp(jwmdn), m =
1,2,..., M. Par conséquent, le vecteur des observations complet est donné par
y= [T ¥ ... yT@)]" (3.18)

Dans la suite nous nous proposons de calculer le SRL, ¢, dans le contexte de la localisation
de sources en présence des interférences (voir, Fig. 3.4). A cet effet, nous supposons que :
— Les deux sources d’intérét (SDI) sont notées s; et sy (avec s1 # s2). Par conséquent, le
SRL (c’est-a-dire, la séparation) est défini par § 2 Wy — w1
— Le sous-espace des interférences (SI) [BS94| est représenté par les M — 2 sources restantes
{s3,...,8nm}. Chaque paire de sources est considérée comme largement espacée. Une condi-
tion suffisante est que la séparation minimale sur I’ensemble de la combinaison des paires
de sources des interférences, notée A, doit vérifier A, > 6.
Pour calculer le SRL nous utilisons le critére basé sur le test d’hypothéses. L’hypothése Hy
représente le cas ou les deux SDI sont combinées en un seul signal, alors que ’hypothése H;
incarne la situation ol les deux SDI sont résolues.

Ho: 0=0, (3.19)
Hy: 6#£0.

La séparation § est un paramétre inconnu, donc, il est impossible de concevoir un test de
détection du type Neyman-Pearson. L’alternative la plus utilisée en traitement du signal est alors
l'utilisation du test du rapport de vraisemblance généralisé (TRV) [Kay98| dont la statistique
est donnée par :

maxs,p, p(yld, p1, H1) _ plyld, pr, H)

Glar) — _ pylo, : 3.20
(v) max,, p(y|pg, Ho) p(ylpo, Ho) 7§0 ! 3:20)
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sources d’intéréts . 3
® interférence

interférence
@ o

interférence

1 capteur néme capteur 1.&me capteur

FI1GURE 3.4 — Deux SDI proches noyées dans les interférences formées par 3 sources de nuisance.

ou p(y|pg, Ho) et p(y|d, p1, H1) représentent la densité de probabilité des observations sous Ho
et H1, respectivement, et ou 7/, 5 et p; sont le seuil de détection, 'estimation du maximum
de vraisemblance de § sous H; et le 'estimation du maximum de vraisemblance du vecteur p;
(qui contient tous les paramétres de nuisance) sous H;,i = 0,1. Malheureusement, la solution
analytique relative au test (3.20) par rapport & 0 n’existe pas & cause de la non-linéarité¢ du
modéle des observations [SM04, Van68, Van02,0VSN93]. De ce fait, nous proposons d’approximer
le modele d’observation en nous basant sur I’hypothése que § est proche de zéro (cette hypothése
est soutenue par le fait que les algorithmes & haute résolution ont, asymptotiquement, un pouvoir
de résolution infini [Van02|.) Par conséquent, le modeéle approché (a I'aide d’un développement

limité & l'ordre 1 en 6 = 0, tel que w1 = w, — g et wyg = we + %) s’écrit :

y=As;+IBs_+e+w, (3.21)

ou e = Cs. La matrice C supposée connue ou précédemment estimée [Beh90] est donnée par
C=[A3 ... Ay, s=1[s] ... 817 et

Sy = 81+ s, (3.22)
s_ = 8§3— 81, (3.23)
avec 8; = [s;(1) ... s;(T)]Y. d = [do di ... dy_1]T et a représente le vecteur directionnel
par rapport au parameétre w, = % supposé connu [LNO7] ou précédemment estimé [SMO05a]
(c’est-a-dire, [a], = exp(jwedy), n =0,...,N —1). On définit aussi
a 0
0 a] (NT)xT
B 2 %IT®C'L, avec G2 a®d, (3.25)
A, 2 Ir®a,, pourm=3,...,M. (3.26)

Le modeéle (3.21) étant linéaire en §, nous pouvons alors calculer le SRL.
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Calcul du SRL

La relation entre le SRL et le RSBI-RSB requis pour résoudre deux SDI pour différents cas
(SDI connue ou inconnue, SI connu ou inconnu avec variance du bruit connue ou inconnue)
est représenté dans le tableau 3.1 ou on a défini w = Bs_ et D = [A C] avec le rapport

2 2
signal & bruit et le rapport signal & bruit plus les interférences défini par RSB 2 Zm:}jw et

2 2
RSBI £ M, respectivement. §; et \;, 1 = 1,...,4, représentent le SRL et le facteur de

lIs[I”+02
translation pour le i®™¢ cas, respectivement. La loi du chi2 centré avec i degrés de liberté est
désignée par X? et la loi du F centrée avec i1 et i3 degrés de liberté est notée F;, ;,. Le paramétre
de translation A\; est estimé numériquement comme solution de Q;Ql(Pfa) = Q;zl(/\l)(Pd), ol
1 1

e

Q;;(.) est la fonction inverse de Q,2(.) qui désigne la surface de la queue de distribution a
1
droite de la loi 7. De méme on définit A, A3 et A4 comme solution de Q;zl(Pfa) = Q;QI(/\Q)(Pd),
1 1
-1 _ -1 —1 | .
ngT(Pfa) = ngT(A:ﬁ)(Pd)’ et QFQL,z(N—ILI)T(Pfa) = QQL,2(N—M)T()\4)(Pd)’ respectivement. Le
lecteur trouvera les détails calculatoires dans I’Annexe B.2, ainsi que certaines expressions du

SRL pour des cas particuliers (par exemple, sources orthogonales, sans présence des interférences,
relations avec les BCRs adéquates, etc.)

SDI SI Variance RSBI RSB
du bruit pour M > 2 pour M =2
1l +s2l” Is1l®+s2]”
Cas 1 | connue connu connue o7+ 2 5wl A1 27w

s+ [[s2] PN
IsI?+2 33| Pgwl” | ™% 203wl
[s1]*+[[s2] PN
[sIP+Za3lIPHwl? | 2 283[[Phwl?
1]+ [[s2] 3, s+ s
Is*+-233[PHwl | 263 PLwl?

Cas 2 | connue | inconnu | connue

2
Il

Cas 3 | inconnue | inconnu | connue

Cas 4 | inconnue | inconnu | inconnue

TABLE 3.1 — La relation entre le SRL et le RSBI/RSB requis pour résoudre deux SDI.

La Fig. 3.5 représente le RSBI en fonction du SRL pour les différents cas (avec T = 100
observations, v = 0.5m et (Pfq, Py) = (0.01,0.99).) Nous remarquons que la différence entre le
cas 1 et le cas 2 (10 dB) est due au projecteur orthogonal sur I'espace des interférences Pé.
De méme la différence entre le cas 2 et le cas 3 (25 dB) est due principalement au projecteur
orthogonal sur l'espace engendré par la direction centrale w. et les interférences présente dans
P$. Enfin, la difféerence entre le cas 3 et le cas 4 est minime (0.5 dB) et est seulement due au
paramétre de translation A4. En conclusion, les différences des RSBIs et donc des SRLs sont
principalement dues

— a Deffet des sous espaces des interférences ((C) et (D)),
— et, avec un degré moindre, au facteur de translation A;.

De plus, dans I’Annexe B.2, le lecteur trouvera la démonstration permettant de comparer
les 4 cas cités dans le tableau 3.1, c’est-a-dire, pour le méme SRL, nous avons démontré que

RSBI; < RSBI> < RSBI3 < RSBIy.
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Fi1GURE 3.5 — RSBI en fonction du SRL pour des sources en champ lointain en présence d’inter-
férences.
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FIGURE 3.6 — (@ gauche) Le RSBI requis pour résoudre deux SDI connues/inconnues pour une
ALU avec N = 10 capteurs, d = 5 et M =4 avec A, = 0.75. (a droite) Le RSBI requis pour
résoudre deux SDI inconnues pour une ALU avec N = 10 capteurs, d = 5 et pour différentes

valeurs de M et de A,.

Simulations numériques

Cette section est consacrée & 'analyse numérique du RBSI en fonction du SRL. Le nombre
d’observations est fixé & T' = 100 avec v = 0.5m et (Pfq, Py) = (0.01,0.99). Nous constatons que
le RSBI (ou par équivalence le SRL) est affecté par :
— la connaissance a priori des signauzr sources : en effet, on constate que la connaissance a
priori des sources a un fort impact sur le SRL évalué approximativement a 40 dB (voir,
Fig. 3.6(a gauche)),

— les sources des interférences : de la Fig. 3.6(a droite) nous constatons que les sources
des interférences additionnelles n’ont aucun effet si elles sont bien espacées, c’est-a-dire, si
Ay, > 0. Par contre si A, est de l'ordre de § alors la dégradation du SRL est évalué a
30 dB.

— L’orthogonalité des sources améliore aussi le SRL. De la Fig. 3.7 nous constatons que le

gain apporté par l'orthogonalité est approximativement égal a 3 dB,
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Ficure 3.7 — Le RSBI requis pour résoudre deux sources du type BPSK inconnues
orthogonales /non-orthogonales pour une ALU avec N = 10 capteurs, d = § et M = 4.

RSBI [dB]
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FiGURE 3.8 — Le RSBI requis pour résoudre deux sources connues a ’aide d’une antenne parfaite
Ay, une antenne quelconque A) 4 et une antenne & minimum de redondance Ay 5 décrites au
tableau 3.2.

— la géométrie d’antenne : dans le tableau 3.2, nous avons présenté certaines géométries
d’antenne linéaire pour N = 4 capteurs. D’aprés les simulations de la Fig. 3.8, nous remar-
quons que 'ouverture d’antenne (c’est-a-dire, l'ajout d’une distance d) produit un gain de
2 dB par rapport au SRL. D’un autre c6té, nous constatons que le SRL est sensiblement le
méme pour différentes géomeétries d’antennes avec le méme nombre de capteur et la méme
ouverture d’antenne (une différence de seulement 1 dB).

3.3 Seuil de résolution limite pour des signaux multidimension-
nels

Aprés avoir traité dans les sections 3.2.1 et 3.2.2 le SRL dans le cas monodimensionnel, dans
cette section, nous nous intéressons au seuil statistique de résolution limite pour des signaux
multidimensionnels (SRLM). Nous rappelons que le seuil de résolution limite basé sur 'approche
par la borne de Cramér-Rao n’était introduit que dans le cas monodimensionnel. Pour ce faire,
nous allons tout d’abord introduire un critére du SRLM basé sur I’extension du critére de Smith.
En deuxiéme lieu, nous montrerons que le critére proposé est asymptotiquement équivalent (a
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Configuration Position des capteurs | ouverture | distance redondante | Ecart manquant
Antenne parfaite Ay [0,1,4, 6] 6d R={} G=1{}
Antenne quelconque A [0,1,2,6] 6d R={1} G ={3}
Antenne & minimum [0,1,2,5] 5d R={1} G={}
de redondance Ay 5

TABLE 3.2 — Caractéristique des différentes géomeétries d’antennes avec le méme nombre de cap-
teurs et des ouvertures différentes. L’antenne parfaite ne contient pas de redondance et aucun
écart n’est manquant. La position des capteurs traduit leur coordonnées sur ’axe des abscisses.
L’unité, d, correspond & I’écart minimal entre deux capteurs successifs. L’écart entre deux cap-
teurs est donc un multiple de d qui doit étre compris entre d et (L —1)d. Une distance redondante
se traduit par la répétition d'un écart [VH86]|. Un écart manquant est dia a l’absence d'un écart
entre d et (L — 1)d [Mof68|. Une antenne est dite parfaite, si aucun écart n’est manquant et si
aucune distance n’est redondante [AGGS96, ASG99, MDO1].

un facteur de translation prés) a un test UPP (uniformément le plus puissant). Enfin, nous
donnerons quelques exemples applicatifs (modéle harmonique multidimensionnel, radar MIMO
mais aussi le SRLM dans le contexte de la localisation de sources en champ proche).

Dans ce qui suit, nous ne citerons que les principaux résultats. Le lecteur trouvera le détail
calculatoire, ainsi qu'une analyse théorique et numérique plus approfondie dans I’Annexe C.1
concernant le critére du SRLM (M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "Statistical
resolution limits for multiple parameters of interest and for multiple signals", in Proc. of IEEE
International Conference on Acoustics, Speech, and Signal Processing, ICASSP-10, Dallas, TX,
USA), dans ’Annexe C.2 concernant l’analyse du critére du SRLM (M. N. El Korso, R. Boyer,
A. Renaux and S. Marcos, " A GLRT-based framework for the multidimensional statistical re-
solution limit", Proc. in Workshop on Statistical Signal Processing SSP-11, Nice, France), dans
les Annexes C.3 4 C.5 pour quelques applications du SRLM (M. N. El Korso, R. Boyer, A.
Renaux and S. Marcos, "Statistical Resolution Limit for the Multidimensional Harmonic Retrie-
val Model : Hypothesis Test and Cramer-Rao Bound Approaches", accepté, FEURASIP Journal
on Advances in Signal Processing, special issue on "Advances in Angle-of-Arrival and Multidi-
mensional Signal Processing for Localization and Communications"),( M. N. El Korso, R. Boyer,
A. Renaux and S. Marcos, "Statistical Resolution Limit for Source Localization With Clutter
Interference in a MIMO radar Context", soumis & /EEFE Transactions on Signal Processing),(
M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "A Statistical Analysis of Achievable Reso-
lution Limit in the Near Field Context Using Nonuniform and Lacunar Array", soumis & IEEE
Transactions on Signal Processing).

3.3.1 Modéle d’observation

Dans ce qui suit nous allons utiliser un modéle d’observation généré par deux signaux sources
avec P paramétres d’intérét par signal. Le modéle d’observation est structuré sous forme vecto-
rielle comme suit :

y =)+ f(&)+v, (3.27)
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oty € RN et v € RV représentent respectivement le vecteur d’observation® et le vecteur
bruit avec une densité de probabilité connue. Le vecteur de parameétres inconnu est donné par
£, C RP*m = 1,2 avec q1 + g2 = Q ou ¢, représente la dimension des paramétres de
nuisance par signal. Nous supposerons aussi que le modeéle (3.27) est identifiable et que la matrice
d’information de Fisher existe et est inversible. Nous pouvons rassembler tous les paramétres dans
un vecteur E = [£1T£2T]T € R?P+Q_ En réarrangeant les élements du vecteur E’, nous obtenons

T . ) . .
£ = [wT pT} ol w € R?P et p € R? représentent, respectivement, le vecteur des paramétres
d’intérét, et le vecteur des paramétres de nuisance.

3.3.2 Extension du seuil de résolution limite au cas multidimensionnel
Critére du SRLM

Dans ce qui suit nous allons considérer les hypothéses suivantes :
— A1. Les éléments du vecteur w sont de la méme nature, ¢’est-a-dire, les parameétres d’intérét
ont la méme unité de mesure (par exemple des fréquences).

— A2. Chaque p®® paramétre, noté wgp ), correspondant & la premiére source, peut étre aussi

(p)

proche que possible du p®™¢ parameétre, wgy ', correspondant & la deuxiéme source, mais
jamais égal. Cette hypothése est fréquemment utilisée pour les signaux multidimensionnels,
car I’événement wgp ) = wgp ) est considéré comme ayant une probabilité quasi-nulle [GS05,
p74].
Sous ces hypotheéses (& noter que ces hypothéses peuvent étre relaxées, pour plus de détails
voir ’Appendice C.1), nous proposons le critére du SRLM comme suit
Le SRLM, noté &, pour le modéle (3.27) est donné comme la solution implicite de [’équation
sutvante

62 = BCR (9) (3.28)
avec
5= 0y, (3.29)
p=1
ot §, représente le SRL dit "local” qui est donné par §, = ‘wgp) — wgp)‘.

Apreés calcul, nous obtenons le résultat suivant :

Théoréme 5 Le SRLM pour le modéle (3.27) a P paramétres d’intérét par signal est donné par
&, qui représente la solution implicite de l'équation suivanie :

62 - Adirect - Acroisé = 07 (330)

0t Agdirect TEpTésente la contribution des termes directs (c’est-a-dire, par rapport au méme para-
métre p)
P

Agireet = > | BCR(@) + BCR(WY) — 2BCR(w{ )] | (3.31)
p=1

3. Si les observations sont complexes, alors le vecteur d’observation (3.27) sera formé par la concaténation de
la partie réelle et de la partie imaginaire des observations complexes. De ce fait, I’étude proposée dans la suite de
la section reste valide.
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et ot Acoise représente la contribution des termes croisés (entre le p™¢ paraméire et le p'®™*

paramétre) qui est donnée par

Acroisé

1
M~
M~

IpGp' (BCR(wgp),w(lp/)) + BC’R(wgp),wgp,)) — ZBCR(wgp),w(Qp/))) . (3.32)

avec gp = sgn (wgp) - wgp)).

Le critére précédemment introduit est un critére intuitif car il est basé sur le critére de Smith.
Dans la section suivante, nous allons ’analyser et prouver que ce dernier est asymptotiquement
équivalent (& un facteur de translation prés) a un test d’hypothéses UPP (uniformément le plus
puissant. )

Analyse du critére du SRLM

Pour analyser le SRLM nous nous replagons dans le cadre d'un test d’hypothéses [SMO05a,

LNO07, AWO08|. Plus précisément, ’hypothése Hg représente le cas ou les deux sources d’intérét

(SDI) sont combinées en un seul signal (c’est-a-dire, Vp € [1...P], wgp) = wép)), alors que

Ihypotheése H; incarne la situation ou les deux SDI sont résolues (c’est-a-dire, Ip € [1... P],
(/Jgp) 7& wép)) .

Ho : ddetection = 0, (333)
Hi: 6detection > 0;
Ol dgetection Teprésente la distance entre C et Cy avec Cy = {wgl),wgz), ... ,wgp)}, q=1,2. Par

conséquent, la mesure naturelle est celle de Minkowski a 'ordre 1 qui est donnée comme suit :
P
detection = Z ‘ng) - ng)‘ . (334)
p=1

Comme dans le cas monodimensionnel, la distance dgetection €St un parameétre inconnu, donc,
il est impossible de concevoir un test de détection du type Neyman-Pearson. L’alternative la
plus utilisée en traitement du signal est alors I'utilisation du test du rapport de vraisemblance
(TRV) [Kay98| dont la statistique est donnée par :

max(sdctcctionvp1 p(Y|6detection7 P1> Hl)
maXp, p(}’|p07 7'[0)

8 etection) p ) "

p(y|i)07H0) Ho

La(y) =

ou p(y|pg, Ho) et p(y|d, p1, H1) représentent la densité de probabilité des observations sous Hy et
H1, respectivement, et ot ¢/, Sdetection et p; sont le seuil de détection, 'estimation du maximum
de vraisemblance de dgetection Sous Hi et Iestimation du maximum de vraisemblance du vecteur
p; (qui contient tous les parameétres de nuisance) sous H;,7 = 0,1. Pour simplifier les calculs,
nous considérons la statistique équivalente a (3.35) :

Ha
Te(y) = Ln Lg(y) 2 ¢ = Lng, (3.36)
Ho
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Malheureusement, la solution analytique relative au test (3.36) n’existe généralement pas
[SM04, Van68, Van02, OVSN93|. Par conséquent, nous considérerons le cas asymptotique (en
terme d’observations [LNO7]). Dans [Kay98, eq (6C.1)], 'auteur a démontré (pour un grand
nombre d’observations) que la statistique T (y) suivait les lois de probabilité suivantes :

Te(y) ~ X% sous Ho (3.37)
X3 (k' (Pfa, Pa)) sous Hy

ou Py, et Py représentent, respectivement, la probabilité de fausse alarme et la probabilité de
détection par rapport au test (3.33). Supposons que BCR(getection) €xiste (voir les hypothéses
A.1 et A.2), le parameétre de décentrage k' (Pyq, Py) [Kay98, p.239] est alors donné par

Hl (Pfa; Pd) = 5(2ietection (BCR(édetection))_l . (338)

D’un autre coté, le paramétre de décentrage peut étre évalué a 'aide de Py, et Py [Sch91,LNO7|
comme solution de I’équation suivante :

Qi (Pra) = Q7 (Pa), (3.39)

X3 (K (Psa,Pa))

N —1 —1 . . .
ou QX% (Pfq) et QX%(H/(mePd))(Pd) sont, respectivement, les fonctions inverses de Q,2(.) et

QX%(H,( P, Pd))(') qui désignent la surface de la queue de distribution & droite des lois x? et

X3 (K (Pfa; Pa))-
En combinant, (3.38) et (3.39) nous obtenons

5detection = ’{(me Pd) \/BCR((;detection), (340)

ot1 le facteur de translation est donné par x(Pyq, Py) = \/+'(Pfa, Py) (voir, Fig. 3.9).

11 est intéressant de noter que le test d’hypothéses (3.33) est un test binaire unilatéral et que
Pestimateur du MV utilisé est sans contrainte. Ainsi, on peut en déduire que le TRV, utilisé pour
déterminer le SRLM, est [Leh83,Sch91, Kay98] : ) asymptotiquement UPP, et ii) a un taux de
fausse alarme asymptotiquement constant.

Par conséquent, de (3.28) et (3.40), nous tirons le résultat suivant :

Théoréme 6 Le SRLM, donné en (3.28), basé sur l'extension du critére de Smith est asympto-
tiquement équivalent (G un facteur de translation prés) a un test d’hypothéses UPP (3.33).

Enfin, de (3.40) on note que le SRLM basé sur I’extension de Smith est exactement égal au
SRLM basé sur le test d’hypothéses (3.33) pour toute valeur de Py, et Py vérifiant x(Ppq, Py) =1
(voir, Fig. 3.9)

3.3.3 Applications aux modéles harmoniques multidimensionnels
Modéle d’observation

Dans cette section, nous appliquons le critére énoncé dans la section précédente au calcul
du SRLM pour le modéle multidimensionnel harmonique, & deux sources et & P paramétres
d’intérét par source. Ce modéle trés général peut étre ainsi utilisé dans plusieurs applications,
par exemple, la localisation de sources sous marines acoustiques [WZ97], le sondage de canal sans
fil [MSPMO04, STWTO06], la localisation de sources en champ proche [EBRMO09|, la localisation
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FIGURE 3.9 — Le facteur de translation x en fonction de la probabilité de fausse alarme Py, et la
probabilité de détection Py. On peut remarquer qu’augmenter P, ou diminuer Py, a pour effet
d’augmenter la valeur du facteur de translation x (ce qui est normal, puisque ceci correspond a
un test d’hypotheéses plus sélectif [Sch91, Kay98].

des cibles multiples dans un systéme radar MIMO [NS09] etc. Le modéle multidimensionnel
harmonique est donné par [HN98, PMB04, GS05, RHG07, Boy08,NS10] :

VOl = X Oy + VOl nps E=1, Ty et ny=0,...,N, — 1, (3.41)

ou les tenseurs Y(t), X (t) et V(t) représentent les observations bruitées, les observations non
bruitées et le bruit additif. Le nombre d’observations et le nombre de capteurs dans chaque
vecteur sont notés T' et (Ni,..., Np), respectivement. Plus précisément, les observations pour
le modele multidimensionnel harmonique non bruitées sont données par [PMB04, HN98, RHGO7,
Boy08] :

2 P
X O)ynp = D sm® ] eIy, (3.42)

m=1 p=1

()

otl wyh et s, (t) sont la m®™ fréquence le long de la p®™¢ dimension et le m®™® signal source,
respectivement. Le signal source est supposé de la forme s,,(t) = am(t)e?®n®) on q,,(t) et
¢, (t) représentent 'amplitude réelle et la phase du m®™® signal source a la t™¢ observation,
respectivement. Afin de simplifier les expressions, nous supposerons que le bruit est un processus
aléatoire blanc, complexe circulaire, Gaussien de moyenne nulle et de variance inconnue 2. De
plus, les signaux sources sont supposés connus et orthogonaux [LC93,NS09].

eme

Le calcul du SRLM

En utilisant les hypothéses énoncées & la section 3.3.3, le vecteur de parameétres inconnus est
alors donné par

¢=[w" o', (3.43)

ou

avec

T
w® — {wgp) wép)} . (3.44)
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Afin d’appliquer (3.40) nous commengons par calculer la BCR. Rappelons, qu’a notre connais-
sance, aucune expression analytique non matricielle de la BCR pour le modéle (3.41) n’est dis-
ponible dans la littérature. Aprés calculs, nous obtenons le résultat énoncé dans le théoréme
suivant :

Théoréme 7 La BCR pour le modéle harmonique multidimensionnel o P paramétres d’intérét

par source, sous I’hypothése d’orthogonalité des signauz sources, pour le parametre w%) est donné

par

6

BORW) = Trnsm,,

Cp,, me{l,2}, (3.45)

2

oty N = H;}D:l Ny, RSB,, = HO‘U’ZH représente le rapport signal & bruit de la m®™

€ source et ou

N,(1-3Vp)+3Vp+1 1
C,=-"L avec Vp = .
P N+ (G- 1+3%,0 5

De plus, les termes croisés sont donnés par

BC’R(w%),w(pi)) =

0 our m # m/’,
{ P 7 (3.46)

ﬁcp,p’ pour m =m' et p #£p/,

o
~ 3Vp

C. . )
PP (Np + 1) (Ny + 1)

En remplacant (3.45) et (3.46) dans (3.30), nous obtenons le SRLM pour le modeéle (3.41)

Théoréme 8 Le SRLM pour le modéle harmonique multidimensionnel o P parameétres d’intérét
par source, sous I’hypothése d’orthogonalité des signauz sources, est donné par

P P
6 -
0= | 55— Cp — Cp 3.47
TNRSBg ; : Z: R (347
Si o’
ot le RSB étendu est donné par RSB = % avec g, = Sgn (wgp) - wgp))

Analyse numérique du SRLM

— Tout d’abord, de la Fig. 3.10 notons que la solution numérique du SRLM basée sur (3.47)
est en bon accord avec le critére donné en (3.30). Ceci valide nos expressions analytiques.
De plus, nous remarquons que pour Py = 0.37 et Py, = 0.1, le SRLM basé sur la BCR est
exactement égal au SRLM basé sur le test d’hypotheses. Dans le cas Py = 0.49 et P, = 0.3
et/ou Py = 0.32 et P = 0.1, on peut noter I'influence du facteur de translation, k(Pfq, Py)
sur le SRLM.

— Le SRLM est O (, /ﬁBE) ce qui est conforme avec les résultats antérieurs pour le cas

P =1 [SM05a, DA06, AWOS].
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— SRLMbasé sur le test d’hypothése (Py. Pra) = (0.49,0.3)
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FIGURE 3.10 — SRLM en fonction de o pour 7' = 100.

— De (3.47) et pour un grand nombre de capteurs Ny = Ny = --- = Np = N > 1, nous
obtenons une expression plus compacte :

5= \/ 12 P
~ VTNFPHRSBg 1+ 3P

Par conséquent, le SRLM est, dans ce cas, de 'ordre de O (w / ﬁ)

— De plus, pour P > 1, nous avons % < 1, par conséquent, le rapport entre le

SRLM pour P paramétres d’intérét, noté dp, et le SRLM pour P + 1 paramétres d’intérét,
noté dpy1, est donné par

(3.48)

dpy1 |[(P+1)(BP+1)
5p NP (3P+4) ~’

ce qui signifie que le SRLM pour P + 1 parametres d’intérét est inférieur & celui pour P
parameétres d’intérét (voir Fig. 3.11). Cela peut s’expliquer par le rajout d’observations
dioala (P+ 1)éme dimension supplémentaire. Il convient de noter que cette propriété est
prouvée théoriquement, grace a (3.48) en supposant un nombre important de capteurs.
Cependant, de la Fig. 3.11 nous remarquons que, dans la pratique, 6, > d,41 peut étre
vérifié méme pour un petit nombre de capteurs (par exemple, dans Fig. 3.11 nous avons
utilisé 3 < N, <5 pour p=3,...,6).

— En utilisant le fait que
1 <dp < <-e <0
V TNPHIRSBg = 7~ P !
nous pouvons alors noter que le SRLM est borné inférieurement par , /m.
E

3.3.4 Autre approche pour le calcul du SRLM

Afin de clore cette section consacrée au SRLM, nous présentons une autre approche pour
le calcul du SRLM en traitant briévement deux exemples assez connus en traitement d’antenne
qui sont : la localisation de sources en champ proche et la localisation de cibles & 'aide d’un
radar MIMO en présence d’interférences. Cette approche alternative différe de la précédente
(celle présentée a la section 3.3.2) dans le sens ou le SRLM sera considéré comme un vecteur
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Fi1GURE 3.11 — Le SRLM pour le modéle harmonique avec M sources, avec P = 3,4,5,6, T = 100,
et N1 =3, No =5, N3 =4, Ny=4, Ns =4 et Ng=3.

comportant tous les écarts des paramétres d’intérét. Dés lors, le test d’hypothéses adéquat est le
suivant :

T
Ho: O 2 [wgl) — wél) wgp) — wép) =0,

Hi: 6 #0,

(3.49)

ol I’hypothése Ho représente le cas oil les deux sources sont combinées en une seule source, alors
que ’hypothése H; incarne la situation ot les deux sources sont résolues.

SRLM pour la localisation de sources en champ proche

Dans cette section nous présentons le résultat du calcul du SRLM pour la localisation de
sources en champ proche. Les détails calculatoires, des simulations et une analyse plus approfon-
die sont présentés dans ’Annexe C.4 (M. N. El Korso, R. Boyer, A. Renaux and S. Marcos, "A
Statistical Analysis of Achievable Resolution Limit in the Near Field Context Using Nonuniform
and Lacunar Array", soumis a /EEE Transactions on Signal Processing.)

Dans ce qui suit, nous utiliserons le modéle déterministe d’observations défini & la section 2.2
pour la localisation de sources en champ proche avec deux sources émettrices. De plus nous
supposerons que les signaux sources sont connus. Nous avons montré dans ’Annexe C.4, pour
un nombre d’observations trés grand, que le SRLM s’exprime comme suit :

Théoréme 9 La relation entre le SRLM et le rapport signal a bruit (RSB) requis pour résoudre
deuz sources connues se situant dans le champ proche est donnée par

2 2
811" + [l szl

2 2
A llsull” + ls2ll” _
2s_||I*> 6T Fo

RSB = 5 A Prq, Py) (3.50)

a

|7 avec p,, = =2

| fe f3
- oo

sin(fp,) et km = ;1 cos?(0,,). Avec

ot 6 =[5, 3a]" = [po = p1 K2 — K1 or
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FiGURE 3.12 — Le RSB requis pour résoudre deux sources situées en champ proche en fonction
de ¢, pour d,, = 0.003. On remarque le méme comportement du RSB en fonction de 4, pour d,
fixe.

== sources orthogonales

@sources nonorthogonales|
" 2 3 4 5 6 1 8
% x10°

FiGURE 3.13 — Le RSB requis pour résoudre deux sources situées en champ proche en fonction
de 4, pour ¢, = 0.003 dans le cas de signaux sources orthogonaux et signaux sources non
orthogonaux. On remarque le méme comportement du RSB en fonction de d,, pour §, fixe.

et f; = Zg;ol (dn)l ou d,, représente la distance entre le premier capteur et le n®™

N(Pfq, Py) est solution de Q(*)}(mepd))(Pd) = Q N (Pta).

¢ capteur ou

Le lecteur notera que (3.50) a été calculé sous 'hypothése de connaissance des variables p, =
plzﬂ et ke = % Toutefois, dans ’Annexe C.4 nous avons montré par simulation que cette
hypothése n’affecte pas la valeur du SRLM (voir, figure 3.12). Pour des sources orthogonales
(c’est-a-dire, sisy = 0) nous obtenons le résultat suivant (voir, figure 3.13) :

Théoréme 10 La relation entre le SRLM et le rapport signal & bruit requis pour résoudre deux
sources orthogonales connues, RSBy, se situant dans le champ proche est donnée par

A(Pfa; La)

RSB, =
20T F§

(3.52)

SRLM pour le MIMO radar en présence des interférences

Dans cette section, nous présentons le résultat du calcul du SRLM pour la localisation de
sources & 'aide d’un radar MIMO. Les détails calculatoires, les simulations et une analyse plus
approfondie sont présentés dans ’Annexe C.5 (M. N. El Korso, R. Boyer, A. Renaux and
S. Marcos, "Statistical Resolution Limit for Source Localization With Clutter Interference in a
MIMO radar Context", soumis & IEEE Transactions on Signal Processing).
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Les observations issues d’un radar MIMO (dans le cas d’antennes réceptrice et émettrice
espacées entre elles [JLL09]) qui recoit un signal réfléchi sur M cibles sont données pour la £¢
impulsion par

Z oo™l ag (W ar(WINTS +V,, £e[0:L—1] (3.53)

ou L, p,, et fn représentent le nombre d’échantillons par période d’impulsion, un coefficient
proportionnel a la section efficace du radar et la fréquence Doppler normalisée de la mé™e cible,
respectivement. T', Ny et N sont, respectivement, le nombre d’observations, le nombre de
capteurs émetteurs et le nombre de capteurs a la réception. Dans la suite, les symboles T et R
représenteront la partie émettrice et la partie réceptrice du radar MIMO.

De plus, la matrice sources de taille Ny x T est donnée par S = [so sNT_l]T ol
sn, = [swm(1) ... s, (T)]T, et Vy (de taille Ng x T') représente la matrice du bruit. Les
vecteurs directionnels de transmission et de réception sont donnés par a7 (.) et ag(.). Le €€
élément de chaque vecteur directionnel est donné par [aT(wg ))]Z edom 47 o [a R(w%2 ))]Z =

edom d) o W'l = 2T sin(v,,), Wi = 2T $in(6,,) et 1, est Pangle de la cible vu de l’antenne
émettrice, Hm est langle de la cible vu de 'antenne réceptrice, v est la longueur d’onde. La

distance entre le premier capteur et le i¢¢ capteur est noté dET) et dER) pour 'antenne de

transmission et pour antenne de réception, respectivement. Avant de présenter les résultats,

. . .. . . (7-) (T)er(T) (R) (R)+w(72)
commencons par introduire les quantités suivantes : we A2 et we ! = L—2—

qui représentent les paramétres centraux. a7y (.) 2 ar(.) ©dr, et aR(.) = ar(.) ® dR avec
T T T R R R
dr = [d di” ..o d])_ T et dp = [d)Y & L dD )"
A Tinstar de la section 3.3.4, nous appliquons un test d’hypothéses binaire

me

Ho: (dr,07)=(0,0),
Hi: (572757—) # (070)7
ol o 2 ng) — wg ) et o = ng) — ng).
Le tableau 3.3 (voir aussi figure 3.14) résume le lien entre le rapport signal a bruit (défini
comme RSB 2 tr{gfi}) et le SRLM pour le modéle (3.53) sous les hypothéses suivantes :
Avec interférences | Sans interférences Sans interférences
M =2 et antennes symétriques
. N7k (Pfa,Pa) Ak (Pfa,Pa) 2N7 Ak (Pfa,Pa)
Variance connue —2CHGHPP$GGC SLCTEKC (0% +0%) (as— ) >+0% 02 (anta1)")
. . N7y (Pfa,Pa) AU (Pya,Pa) 2N7 v (Pfa,Pa)
Variance inconnue —2CHGHPP%)GGC SLCTKC L8400 (=P +3%e T (aarar)?)

TABLE 3.3 — Le RSB requis pour résoudre deux cibles.

— Le sous-espace des interférences (engendré par les M — 2 sources restantes) est connu,
T R P p o
— Les paramétres centraux, w( ) et wg ) sont supposés connus ou préalablement estimés.
— Les ay,, © = 1... M sont considérés déterministes inconnus.
7
2

— le bruit est Gaussien complexe blanc circulaire de moyenne nulle et de variance o~.
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' --- Variance connue
— Variance inconnue
0.6 .
Cas clairvoyant
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FIGURE 3.14 — o en fonction du RSB requis pour résoudre deux sources en présence d’une
source interférente avec une ALU en émission et réception avec Ng = Ny = 4 capteurs, L =4
et T' = 100 observations. Le cas dit clairvoyant correspond au cas idéal ou tous les paramétres
sont connus y compris 0.

Les différentes variables données dans le tableau 3.3 sont explicitées comme suit : G =

i
|

Q2 03 94},

la matrice des interférences D = [gl gs ... gM}, o= [oq +a9 a3 ... ap| avec

j Ir(ag —ar)
C=51. dr(az —a1) |, (3.55)
%57357‘(041 + Ckg)

et ot g = c(f)@ar (W )@ar (W), 0, = c(f)ar(w!)@ar W), 03 = c(f)@ar (W)

ar (@), 0 = e(f) ® ar(@") ® ar W) et e(f) = [1...e2IEDT. De plus, Ppy g =
L L . -1 _ -1

Py — P[GD}. MK (Pfa, Py) et Au(Pgq, Pg) sont solutions de ngr(Pfa) = QX%T()\B(PJ‘de))(Pd)

et Q;; L (Pra) = Q;; o 0 (Pra Pd))(Pd)7 respectivement, avec r = TNpNgp — M + 1 et 1/ =

TNTNRr — (M + 2). ,

3.3.5 Choix du critére du seuil de résolution limite multidimensionnel

Dans les sections 3.3.2 et 3.3.4, nous avons proposé quelques critéres pour le seuil de résolution
limite multidimensionnel dont voici un récapitulatif :

o Critére basé sur la borne de Cramér-Rao : Plus précisément, dans la section 3.3.2, nous avons
proposé un critére pour le SRLM basé sur la BCR en utilisant la distance [ (3.29). Nous
avons montré que ce critére est équivalent a un test UPP (& un facteur multiplicateur pres.)
Cette extension peut étre naturellement faite pour une distance Il avec k entier supérieur
a zéro (voir, ’Appendice C.1.) Suivant la méme démarche que celle dans la section 3.3.2,
on peut montrer que le critére du SRLM basé sur la BCR en utilisant la distancely est lui
aussi équivalent & un test UPP (& un facteur multiplicateur pres). Ce critére s’exprimera
comme suit :

Théoréme 11 Le SRLM pour le modéle (3.27) & P paramétres d’intérét par signal en uti-
B\ L/

lisant la distance 1, est donné par § = (Z;]:1 ‘wgp) — wgp)) > , qui représente la solution

implicite de ’équation suivante :

52k - Adirect - Acroisé = 07 (356)
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on

P
Adgirecre = > 02070 (BCR(Y) + BCR(w) — 2BCRWY, o)) (3.57)
p=1
el

P
Acroiss = Z Z 5]1;_15;—191)9# (BCR(wgp),wgp )) + BCR(wgp),wép )) — ZBCR(wgp)’w;p ))) ,
p=1

Sl
S

p/
P
(3.58)

avec 6 = ‘wgp) — wgp)‘ et gp = sgn (wgp) — wgp))

o Critére basé sur le test d’hypothéses : Ce critére utilise un test d’hypothéses binaire qui décrit
bien la situation de la figure 3.1. L’hypothése Hg représente le cas oul les deux sources sont
combinées en une seule source, alors que 'hypothése H; représente la situation ou les deux
sources sont résolues. Dés lors, le test d’hypothéses adéquat est donné par

Ho: 02 [, P) (P)}T _o

5 ... Wy —ws (3.59)
Hi: 0#0,

Ainsi, dans cette section nous avons proposé plusieurs approches pour le calcul du SRLM.
La question naturelle qui se pose est alors quel critére choisir ?
Pour répondre & cette question, notons tout d’abord que :

e Le SRLM est un concept récent. Les critéres que nous avons proposés dépendent de la mesure
du SRLM proposé (SRLM sous forme scalaire en utilisant une distance [, ou SRLM vectoriel
en utilisant un test d’hypotheéses binaire.) Dans ce qui suit, nous donnerons les inconvénients
de chaque critére. Cela étant dit, tous les critéres proposés ont un sens puisqu’ils reflétent
bien la situation présentée dans la figure 3.1.

e A titre de comparaison, I’analyse de performance en terme d’erreur d’estimation se fait en se
basant sur 'erreur quadratique moyenne. I’erreur quadratique moyenne est une mesure qui
a été arbitrairement et naturellement choisie pour ’analyse de performances. Cependant,
rien ne nous empéche d’analyser les performances en terme de la valeur absolue de I'erreur
moyenne, ou méme, en terme de la valeur absolue de ’erreur cubique moyenne.

Ainsi, le but de cette section a été, en premier lieu, de présenter les différents critéres possibles.
Dans ce qui suit nous présenterons aussi leurs inconvénients et leurs avantages et ce sera a
I'utilisateur de choisir le critére le plus adapté & son application :

o Critére basé sur le test binaire : Ce critére ne requiert aucune supposition, mis a part, que
le modéle des observations soit identifiable. Cependant, 'inconvénient principal de cette
approche est que le test (3.59) est difficilement traitable et devient rapidement impossible
pour P > 2 (sauf pour certains modeéles triviaux.)

o Critere basé sur la borne de Crameér-Rao : Ce critére suppose que principalement les éléments
du vecteur w sont de la méme nature, c’est-d-dire, que les parameétres d’intérét ont la
méme unité de mesure. Dans le cas contraire, nous serons obligés de faire un changement
de variable pour obtenir des parameétres ayant la méme unité de mesure (par exemple,
dans le contexte de la localisation de sources en champ proche, nous pourrons utiliser les
angles électriques (paramétres non physiques) au lieu de l'élévation 6 et de la distance r
(paramétres physiques), voir section 2.2). En ce qui concerne le choix de la norme, ¢’est-a-
dire, la valeur de 'entier k :
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* Si k=1, 1le SRLM est facilement calculable en résolvant (3.56). Par contre, on imposera
la condition suivante : Vp, wgp ) %+ wép ). Cette condition est die a la non dérivabilité de
5’; par rapport a wgp) et wgp) pour k = 1.

* Pour k > 1, le calcul du SRLM devient trés compliqué, voir impraticable analytiquement
dans de nombreuses situations. Cela étant dit, il est facilement calculable numérique-

ment. De plus, pour des valeurs de k pair, la condition Vp,wgp) % wgp) est relaxée.
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Chapitre 4

Conclusion et perspectives

Dans ce manuscrit nous nous sommes intéressés & ’analyse de performances en traitement
d’antenne. Nous avons essayé de traiter plusieurs aspects de ’analyse de performances, c’est-a-
dire,

— T’étude asymptotique de 'erreur quadratique moyenne, qui nous permet de caractériser les

performances ultimes d’estimation qu'un algorithme peut espérer atteindre,

— I’étude du décrochement de erreur quadratique moyenne, qui délimite la zone de fonc-
tionnement optimal de ’estimateur du maximum de vraisemblance, et enfin,

— T’étude du seuil statistique de résolution limite, appelé aussi pouvoir séparateur. Ce dernier
est un autre indicateur de performance moins utilisé mais d’une importance croissante
dans tout probléme d’estimation paramétrique. Il traduit la capacité d’un algorithme a
séparer deux sources proches. Plus précisément, il représente la distance minimale entre
deux signaux permettant une correcte séparation/estimation des paramétres d’intérét.

Plus particuliérement, nous nous sommes initialement intéressés & ’analyse de performances
pour la localisation de sources en champ proche. Dans le cas de sources proches de ’antenne,
les fronts d’ondes ne sont plus plans et il faut prendre en compte un modéle d’observations
paramétré par ’azimut de chaque source, d’une part, mais aussi par la distance entre les sources
et un référentiel vis-a-vis de 'antenne. Ainsi, dans ce manuscrit :

— nous avons calculé et analysé les bornes de Cramér-Rao dans le cas d’une source située
en champ proche. Notre approche comporte deux avantages : (1) le cott calculatoire des
bornes de Cramér-Rao, pour un grand nombre d’observations, sous forme matricielle peut
étre trés colteux, ce qui n’est pas le cas de nos expressions non-matricielles et (2) des
informations pertinentes concernant les performances du systéme peuvent étre facilement
déduites,

— nous avons continué notre analyse afin de prédire la zone de décrochement. Ainsi, nous
avons calculé et analysé différentes bornes inférieures de 'erreur quadratique moyenne :
la borne de McAulay-Seidman, la borne de Hammersley-Chapman-Robbins, la borne de
McAulay-Hofstetter et, plus particuliérement, une borne récemment introduite dans la
littérature dénommée la borne de Fourier Cramér-Rao. Le but de cette étude est de ca-
ractériser les performances optimales non-asymptotiques des estimateurs, dans le contexte
champ proche. Plus particuliérement, nous nous sommes intéressés & la prédiction du phé-
nomeéne de décrochement pour lequel ces bornes sont utiles. Cette analyse est pertinente,
d’autant plus, qu’a notre connaissance, aucun résultat concernant des bornes inférieures
autres que la borne de Cramér-Rao, n’est disponible dans la littérature. Cette analyse
nous a permis d’avoir une bonne prédiction du phénoméne de décrochement. Et ceci, pour
un modéle d’observation corrompu par un bruit spatialement coloré. De plus, nous avons

49



50

CHAPITRE 4. CONCLUSION ET PERSPECTIVES

démontré, lors de cette étude, que la borne de Fourier Cramér-Rao, récemment propo-
sée, demeure moins performante que certaines de ses prédécesseurs, on cite la borne de
McAulay-Hofstetter comme exemple.

En voulant étudier ’analyse de performances en terme du seuil statistique de résolution
limite, nous nous sommes rendus compte que cet aspect est trés peu étudié par la commu-
nauté du traitement d’antenne. A cet effet, nous avons tout d’abord caractérisé le seuil de
résolution limite pour des problémes fréquents en traitement d’antenne dans le contexte
de la localisation de sources en champ lointain. Plus particuliérement, nous avons traité
le cas de sources polarisées et le cas de sources en présence d’interférences, qui sont des
applications pour lesquelles aucun résultat n’était disponible dans la littérature.

Lorsque nous nous sommes intéressés au seuil de résolution limite pour la localisation de
sources en champ proche qui était notre sujet initial, nous avons constaté que tous les
critéres concertant le seuil de résolution limite ont été introduits dans le cas d’un seul
paramétre d’intérét par signal. Toutefois, dans de nombreux problémes d’estimation, les
signaux sont paramétrés par plus d’un paramétre d’intérét par signal. A cet effet, nous avons
étendu le critére du seuil de résolution limite au cas multidimensionnel. Cette extension,
initialement intuitive, est validée par une étude se basant sur un test d’hypothéses. Ainsi,
nous avons montré que notre extension est asymptotiquement équivalente (& un facteur
de translation prés) a un test d’hypothéses uniformément le plus puissant. Enfin, nous
avons appliqué notre extension & plusieurs applications de traitement d’antenne (modéle
harmonique multidimensionnel, modéle du champ proche et le modéle du MIMO radar).

Les perspectives de ce travail peuvent étre séparées en deux groupes

o Concernant les bornes inférieures de Uerreur quadratique moyenne pour la localisation de

sources en champ proche, il convient aussi d’étendre cette étude

— dans le cas le plus général (par exemple, un bruit non Gaussien avec une matrice de
covariance inconnue mais aussi pour un vecteur de paramétres inconnu contenant tous
les paramétres d’intérét et de nuisance),

— pour un modéle d’observations multi-sources en présence d’interférences,

— d’inclure les erreurs de modéle dans ’analyse des bornes inférieures de ’erreur quadra-
tique moyenne.

Ainsi, on pourra étudier 'influence des interférences, de la statistique du bruit et des erreurs

du modele sur les performances asymptotiques et/ou sur le décrochement.

o Concernant le seuil de résolution limite en traitement d’antenne, des perspectives intéressantes

seraient de :

— appliquer le seuil de résolution limite pour d’autres problémes d’estimation, en particulier
dans un contexte multi-parameétres,

— trouver la configuration optimale pour avoir le seuil de résolution limite le plus bas en
utilisant les degrés de liberté du probléme (par exemple, minimiser le seuil de résolution
limite par rapport aux paramétres de polarisation, par rapport & la géométrie d’antenne
ou par rapport & la sélection de forme d’onde), et enfin,

— étudier influence d’erreur de modéle sur le seuil de résolution limite.
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Conditional and Unconditional Cramér—Rao Bounds for
Near-Field Source Localization

Mohammed Nabil El Korso, Rémy Boyer, Alexandre Renaux, and
Sylvie Marcos

Abstract—Near-field source localization problem by a passive antenna
array makes the assumption that the time-varying sources are located near
the antenna. In this context, the far-field assumption (i.e., planar wave-
front) is, of course, no longer valid and one has to consider a more com-
plicated model parameterized by the bearing (as in the far-field case) and
by the distance, named range, between the source and a reference coordi-
nate system. One can find a plethora of estimation schemes in the litera-
ture, but their ultimate performance in terms of mean square error (MSE)
have not been fully investigated. To characterize these performance, the
Cramér-Rao bound (CRB) is a popular mathematical tool in signal pro-
cessing. The main cause for this is that the MSE of several high-resolution
direction of arrival algorithms are known to achieve the CRB under quite
general/weak conditions. In this correspondence, we derive and analyze
the so-called conditional and unconditional CRBs for a single time-varying
near-field source. In each case, we obtain non-matrix closed-form expres-
sions. Our approach has two advantages: i) due to the fact that one has
to inverse the Fisher information matrix, the computational cost for a large
number of snapshots (in the case of the conditional CRB) and/or for a large
number of sensors (in the case of the unconditional CRB), of a matrix-based
CRB can be high while our approach is low and ii) some useful information
can be deduced from the behavior of the bound. In particular, an explicit
relationship between the conditional and the unconditional CRBs is pro-
vided and one shows that closer is the source from the array and/or higher
is the signal carrier frequency, better is the range estimation.

Index Terms—Bearing and range estimation, Cramér—Rao bound, near
field, performance analysis, performance bound, source localization.

I. INTRODUCTION

Passive sources localization by an array of sensors is an important
topic with a large number of applications, such as sonar, seismology,
digital communications, etc. Particularly, the context of far-field
sources has been widely investigated in the literature and several
algorithms to estimate the localization parameters have been proposed
[2]. In this case, the sources are assumed to be far from the array of
sensors. Consequently, the propagating waves are assumed to have
planar wavefronts when they reach the array. However, when the
sources are located in the so-called near-field region, the curvature
of the waves impinging on the sensors can no longer be neglected.
Therefore, in this scenario, each source is characterized by its bearing
and its range.

In array processing, there exist two different models depending on
the assumptions about the signal sources: 1) the so-called conditional
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model, i.e., when the signals are assumed to be deterministic but un-
known and 2) the so-called unconditional model, i.e., when the signals
are assumed to be driven by a Gaussian random process. Each model
is appropriate for a given situation. For example, the assumption of
Gaussian source signal is not realistic for several applications (for ex-
ample, in radar [3] or radio communication applications [4]). A legiti-
mate choice is then to assume that the emitted signals are deterministic
and unknown. On the other hand, in some applications it is appropriate
to model the sources as stationary Gaussian processes (for examples
in seismology and tomography, see [5]). One can find many estima-
tion schemes adapted to near-field source localization (e.g., [6]—[8]),
but only a few number of works studying the optimal performance as-
sociated with this model have been proposed. To characterize the per-
formance of an estimator in terms of mean square error (MSE), the
Cramér—Rao bound (CRB) is certainly the most popular tool [9].

Since, in array processing, two signals models are generally used, it
exists two distinct CRB named the Unconditional CRB (UCRB) and
the Conditional CRB (CCRB). More precisely, the UCRB is achieved
asymptotically, i.e., for a large number of snapshots, by the Uncondi-
tional Maximum Likelihood (UML) estimator [10], whereas the CCRB
is achieved asymptotically, i.e., at high signal-to-noise ratio, by the
Conditional Maximum Likelihood (CML) estimator [11].

Most of the results concerning the UCRB and the CCRB available in
the literature deal with the far-field case. Moreover, in some works, only
closed-form expressions of the Fisher information matrix are given. We
call these cases matrix expression of the CRB since the inversion of the
FIM is not presented. On the other hand, we will refer to a non-ma-
trix expression of the CRB when the inversion of the FIM is proposed.
Note that, in the conditional signal model case, this distinction is fun-
damental since the size of the parameter vector grows with the number
of snapshots.

In [12], the UCRB was indirectly derived as the asymptotic, in terms
of number of snapshots, covariance matrix of the UML estimator. Ten
years after, Stoica et al. [13], Pesavento and Gershman [14] and Ger-
shman et al. [15] provided a direct (but similar) matrix-based derivation
of this bound using the extended Slepian—Bangs formula for a uniform,
a nonuniform, and an unknown noise field, respectively. On the other
hand, a matrix-based expression of the CCRB for the far-field case was
derived by Stoica et al. in [16].

Unlike the far-field case, the CRB for the near-field localization
problem has been less studied. One can find in [17] matrix-based
expressions of the UCRB for range and bearing estimation. Ottersten
et al. derived a general matrix-based expressions of the UCRB for
unknown parameters associated with the emitted signal [10]. Recently,
Grosicki et al. [6] extended, to the near-field case, the matrix-form
expression for the UCRB similar to that given in [12] in the far-field
case. Again, one should note that all the closed-form expressions,
given in the literature and above concerning the near-field case, are
matrix-based expressions stopped before the inversion of the Fisher
information matrix. To the best of our knowledge, no non-matrix
expressions are available concerning the CCRB and UCRB for range
and bearing estimation in the near-field context. The goal of this
correspondence is to fill this lack. Particularly, non-matrix closed-form
expressions of the CRB in the case of a single deterministic (but
unknown) and stochastic time-varying narrowband source in the
near-field region are derived and analyzed. Consequently, this ap-
proach avoids the costly computational cost of the matrix-based
CRB expressions particularly for a large number of snapshots (for the
CCRB) and/or for a large number of sensors (for the UCRB). However,
it is not the only reason concerning the usefulness of these non-matrix
expressions. Deriving non-matrix expressions of the CRB enables us

1053-587X/$26.00 © 2010 IEEE
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to characterize the performance of any unbiased estimator and to use
it to deduce some useful information describing the behavior of the
MLE variance as a function of the physical parameters.

This correspondence is organized as follows. Section II formulates
the problem and basic assumptions. In Section III we present our
derivation of the CCRB and the UCRB in the near-field region.
Section 1V is devoted to the analytical and numerical analysis of the
CRB where we provide a discussion on the CRB’s behavior. Fur-
thermore, simulation results are provided to validate this theoretical
analysis. Finally, conclusions are given in Section V.

Glossary of Notation: The following notations are used through
the correspondence. Matrices and vectors are represented by bold
uppercase and bold lowercase characters, respectively. Vectors are,
by default, in column orientation, whereas AN A Al ,tr{Z} and
det{Z} denote the transpose, the conjugate, the conjugate transpose,
the trace and the determinant of the matrix Z, respectively. [z]; and
[Z]; . denote the ith element of the vector z and the ¢th row and
the %th column element of the matrix Z, respectively. Furthermore,
®{-}, E{-},®, 2, diag(.), bdiag(.), vec(.), §(.) and mod(.) stand
for the real part, the expectation, the Hadamard product, the Kro-
necker product, the diagonal operator, the block diagonal operator,
the vec-operator, the Kronecker symbol and the modulo operator,
respectively. 17, and 17, denote the vector of dimension L X 1 filled
by ones and the identity matrix of size L x L, respectively. Finally
4. O(v) and ||as||* = (1/L) Y., a?(t) denote the complex number
/=1, the terms of order larger or equal to » and the normalized norm
of the vector «;.

II. PROBLEM SETUP AND ASSUMPTIONS

Consider an uniform linear array (ULA) of N sensors with inter-ele-
ment spacing d that receives a signal emitted by a single near-field and
narrowband source. Consequently, the observation model is as follows:

2 (1) = s(0)e’?™™ 4 v, (1),
n=0,....,N -1

where x, (t) is the observed signal at the output of the (n 4+ 1)th sensor.
In the conditional case, s(t) = a'(f)cj(z""fotwm) is the source signal
with a carrier frequency equals to fy where a(¢) and ¢ () are the real
amplitude and the shift phase, respectively. The random process vy, (t)
is an additive noise and L is the number of snapshots. The time delay
Tn associated with the signal propagation time from the first sensor to
the (n + 1)th sensor is given by [6]

S \/1+ n2d? B 2nd sin ¢ 1
" 27 r? r

where A is the signal wavelength and where r and # € [0, 7 /2] denote
the range and the bearing of the source, respectively. It is well known
that, if the source range is inside of the so-called Fresnel region [7], i.e.,

_ 133\ /2 N 1)2
0.62(4*%) <r<2d2(1\T1)7 1)

then the time delay 7, can be approximated by 7. = (wn +
én?)/(2w) + O(d*/r?). w and ¢ are the so-called electric angles
which are connected to the physical parameters of the problem by:
w = —2xdsin(#)/X and ¢ = wd® cos”(#)/(Ar). Then, neglecting
O(d? / 7'2) in the time delay expression [7], the observation model
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becomes ¥, (t) = s(t) leomton®) 4o, (t). Consequently, the obser-
vation vector can be expressed as

2(t) = aw. 0)s(t) + v(t) )

where 2(t) = [zo(t) ... 2x_1()]F, v(t) = [vo(#) ... ox_1(#)]T and
where the (n + 1)th element of the steering vector a(w, ¢) is given
by [a(w, ¢)]nt1 = ¢/ +97*) The noise will be assumed to be a
complex circular white Gaussian random process with zero-mean and
unknown variance o2, uncorrelated both temporally and spatially. Con-
sequently, the joint probability density function of the observations
x = [&7(1)--- 2T (L)]T given a parameter vector 7 is given by
T,

p(xn) = [[ p((t)lm) =

t=1

—(x—m) TR~ (x—p)

1
VL det{R} ¢

where R and p denote the covariance matrix and the average of x,
respectively.

III. CRAMER-RAO BOUNDS DERIVATION

The goal of this section is to derive the CCRB and the UCRB
with respect to the bearing and the range. Let E{(fj — n)(% — )T}
be the covariance matrix of an unbiased estimator, 7, of a deter-
ministic parameter vector 7. The covariance inequality principle
states that, under quite general/weak conditions, the variance sat-
isfies MSE([0]:) = E{([li — []:)*} > [CRB(n)]i,; where
CRB(5n) = FIM™'(5). In the following, for sake of simplicity the
notation, CRB(([g];) will be used instead of [CRB(#)]; ;. Since we
are working with a complex circular Gaussian observation model,
the (ith, kth) element of the Fisher information matrix (FIM) for the
parameter vector 7 is well known and can be written as [18]

—1 GR —1 aR }
R
Onlx

Imli
+2,sre{

[FIM(7q)]i . = tr {R
ap,H
Olm):

—1 8[14
i) ©

Note that (3) depends on the assumptions on the parameters of the
model (equivalently, on the parameter vector 7) via the probability
density function p(x|n). The remaining of the section is dedicated to
the study of two source models: ¢) the conditional model for which
CFIM(n) and CCRB(n) will denote the conditional FIM and the
conditional CRB w.r.t. the parameter vector 7, respectively; i) the un-
conditional model for which UFIM(75) and UCRB(5) will denote
the unconditional FIM and the unconditional CRB w.r.t. the param-
eter vector 7, respectively. For each case we provide an analytical in-
version of the FIM which leads to a non-matrix closed-form expres-
sion of the CRB according to the electrical angles. Finally, by using a
simple change of variables, we obtain the (non-matrix) expression of
CRB according to the physical parameters (bearing and range) for a
single source.

A. The Conditional Model

First, let us consider the conditional model. Let us define
¥ = [w(l)---¢(L)]F and @ = [a(1)--- «(L)]T. The unknown pa-
rameter vectors are £ = [wo ¥’ a’ o?|T ork = [0r9” o o7
depending if we are working on the electrical angles or on the physical
parameters of interest. First, we derive CCRB(&). Second, by using
an appropriate change of variables we will deduce CCRB(x). Note
that k and & are assumed to be deterministic and that their size grows
with the number of snapshots. First, let us focus on the derivation
of CCRB(£). Due to the conditional model assumption we have
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R = ¢’Iny, and p = [s(1)a” (w,0)---s(L)a’ (w,6)]”. Conse-
quently, by applying (3) one obtains
NL d0® 9o

[CFIM(O)i = =5 51, 218

25 ou" op }
oz‘R{a[ﬂi e @

1) Block-Diagonal Structure of the Fisher Information Matrix:
Using (4) and after some tedious, but straightforward, algebraic
calculations, one can easily prove the following lemma:

Lemma 1: The structure of CFIM(&) for a single near-field source
is given by

CFIM(¢) = bdiag(Q.Y), ®)
in which

fr.uu: quﬁ fwl/)
Q= |fon [Joo foup | > (6)

foo foo | Fuu
and Y = bdiag((2N/e*)1;,, NL/o*),
where the conditional SNR is denoted by
Csnr = ||a||2/(72, fow = CsnrLN(N — 1)(2]\T — 1)/3,
fse = Csxe LN(N —1)(2N —1)(3N? — 3N —1)/15,
and foo = few = Csne LN*(N - 1)2/2 Furthermore,

the L x 1 vectors fy., (foy)',fps and (fsy)" are given by
fo. = (f.p)7 = N(N - D)(a®a)/o? and £y = (fs0)7 =
N(N —1)(2N — 1)(a ® @)/(30?). The L x L matrix Fy is given
by Fyy = 2Ndiag(a ® a)/c”.

We notice that, thanks to the time-diversity of the source signal,
Foyp = (F,L,D,)T are null matrices. We also note the well-known prop-
erty that the signal parameters (i.e., w, ¢, ¥, a) are decoupled from the
noise variance [19]. The other zero terms are due to the consideration
on the real part which appears in (4) applied to purely imaginary quan-
tities and imply that the amplitude of the signal source « is decoupled
from the other model signal parameters (i.e., w, ¢ and ).

a) Analytical Inversion: Since the size of CFIM(&) proposed
in (5) is equal to (2L + 3) X (2L + 3), it depends on the number of
snapshots. A brute-force numerical inversion to obtain CCRB(€) can
consequently be a costly operation. Using an appropriate partition of
CFIM() and after writing analytically the expression of the inverse
of the Schur complement of the square matrix Fy,y in the upper-left
block matrix of CFIM(E), we can state the following theorem.

Theorem 1: Non-matrix closed-form expressions of CCRB(§)
corresponding to the electrical angles, the amplitudes and the

shift phases relatively to the model (2) exist iff N > 3 and
a(t) £ 0Vt =1--- L. They are expressed as follows:
. 6(2N — 1)(8N —11)
"RB(w) = -
CCRB(w) Csnr L(N2 —1)N(N2 —4)’ M
CCRB(6) 2 ®)

~ Csnr L(N? —1)N(N2 —4)’

8N? — 12N + 4 + Lllaf[*(N” + 3N? + 2N)

CCRB(v()) = Csnr 02(HN2(N + 1)(N + 2)
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and
, o?
Furthermore, the cross terms are given by
-90
[CCRBE)l2n = 51 LN(N? —4)(N + 1)
[CCRB({)]1,3:3+1 =
—-9(2N - 1) T
CCRB({)]s.: = 17,
[ ()]s Csnr LN(N +1)(N +2) L
and
[CCRB(£)]2,3:3+L =
15 %
CCRB(§)]3:3+41,2 = — « 17.
[ @i = o vy T ST
Proof: See Appendix A. d

b) Change of Variables: Even if the model (2) is widely used in
array signal processing, its CRB relating to & does not bring us physical
information. Then, it is interesting to analyze the CRB regarding the
bearing # and the range r which are the real physical parameters of
the problem. From CCRB(£), one can easily obtain CCRB(k) by
using a change of variables formula (see [19, p. 45]):

CCRB(k) = 8§§E)CCRB(5)%§£)

where

£ =g(¢) ‘
= [ —arcsin(£2)) % cos?(arcsin(22)) ¢’ alo? L.
Note that the function g(&) is well-defined iff ¢ # 0 mod(m) which
implies # # /2 mod(r). This condition is intuitive since it corre-
sponds to the ULA ambiguity situation. Then, if ¢ # 0 mod(x), the
Jacobian matrix is given by dg(€)/0€" = bdiag(A, Is7+1), where

—A 1 0
A=~ :
2rd cos(f) | —2r tan(f) #ﬁ(ﬁ) ©

Consequently, one obtains the following theorem:

Theorem 2: Non-matrix closed-form expressions of CCRB(k)
corresponding to the bearing, the range, the amplitude and the shift
phases relatively to the model (2) exist iff N > 3 and 6 # 7 /2 mod(m)
and «(t) # 0, VYt = 1---L and they are given by (10) and (11),
shown at the bottom of the page. Furthermore, the cross terms between
# and r are as follows:

_ _ —3x%p
[CCRB(KI)]LZ = [CCRB(R)]z,l = m
« 157(N — 1)+ d(8N — 11)(2N — 1) sin(f)
N(N2 —1)(N? —4)cos3(8) '

_ 37 (SN —11)(2N =1)
CORB() = S an LT cos () N(NZ = 1)(NZ =4’ 1o
242 502 4 30dr (N — 1) si 28N — IN — 1) sin?
CCRB(r) = 61\ . 157 4+ 30dr( - 1)vq1n(0) ,+,(] (8] 11)(2N = 1) sin (6’) (11
Csnr Lw2d? N(N2 —1)(N? — 4)cos*(8)
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B. The Unconditional Model

Let us consider now the unconditional model, i.e., when the sig-
nals are assumed to be Gaussian (with zero mean and variance o)
independent of the noise. The unknown parameter vectors are p =
[woa2a®]P ord = [0ra?o?]" depending if we are working on
the electrical angles or on the physical parameters of interest. We first
focus on the derivation of UCRB(p).

Under the unconditional model assumption, z(t)|p ~
CN(O,R) Vt = 1,...,L, where the covariance matrix
R = ¢2a(w, ¢)a (w,¢) + oIy . Consequently, the FIM in (3) be-
comes [UFIM(p)]:x = L tr{R(0R/9[p]:) R (OR/I[p]s)}.
The matrix expression of [UCRB(p)]i:2,1:2 can be readily
established (we omit the proof since it is obtained in the same way as
in [13]) according to

[UCRB(p)|12102 = m (%{(DHH;M,@D)
o) (J ® aH(w,é)R_la(w,gb))T})

—1

(12)

where Usnp = (r? /02 denotes the unconditional SNR, J =
114D = [(da(w,s)/dw)(da(w.0)/06)] and Ly, , =
Inv — a(w,é)(a(w,¢)alw, o)) *a (w,s). In the following we
use (12) to derive non-matrix expressions of UCRB(p).

1) Analytical Inversion:

Theorem 3: Non-matrix expressions of UCRB(p) corresponding
to the electrical angles are, well-defined iff N > 3, and are given by

, 1 6(2N — 1)(8N — 11)
J w) =
UCRB(w) (1 + e N> Com IV _ DN —1 1
T 1 90
UCRB(9) = (1 T U N> T E(V2 — N (Ve — 4 1Y

Furthermore, the cross terms are given by

[UCRB(p)]i,2 = [UCRB(p)]2,1

1 90
=— (14 — - — - .
Usnr IV ) Usng LN(N2 —4)(N + 1)

Proof: See Appendix B. O

2) Change of Variables: using the same change of variables formula
as for Theorem 2 one can easily prove.

Theorem 4: Non-matrix closed-form expressions of UCRB(#)
corresponding to the range and bearing for a single narrowband near-
field source are well-defined iff N > 3 and 6 # 7 /2mod(x) and they
are expressed in (15) and (16), shown at the bottom of the page. Fur-
thermore, the cross terms between ¢ and r are given by

[UCRB(9)],» = [UCRB(9)]>.1
3 (1 L1 ) 3N%r
Usng NV ) Usnr Ln2d?
157(N — 1) 4+ d(8N — 11)(2N — 1)sin(h)
N(NZ —1)(N? — 4) cos? () '
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IV. ANALYSIS OF THE CRB

The goal of this Section is to validate and analyze the proposed
closed-form expressions. The behaviors of the CRB are detailed with
respect to physical parameters of the problem.

A. Conditional and Unconditional CRB’s Behavior

The scenario used in these simulations is an ULA of N = 6 sensors
spaced by d = 0.125 m. The number of snapshots is equal to L = 100
and the location of the source is set as + = 1.25 m (which belongs
to the Fresnel region according to (1) for fo € [600,1200] MHz). In
Fig. 1, we superimpose the CRBs, obtained from (11) and (16) to the
computed CRBs. For these simulations, the signal source is a sample
of a complex random Gaussian process with variance o2 = 10. The
variance of the noise varies from 0.1 to 1.

Moreover, Fig. 1 shows the dependence of the CCRB(r) and
UCRB(r) w.r.t. the carrier frequency fo and suggests that higher
is the carrier frequency, lower is the bound. Furthermore, from the
closed-form expressions given in (10), (11), (15) and (16), we notice
the following.

* UCRB and CCRB are phase-invariant.

¢ CCRB(#) and UCRB(#) are just bearing-dependent as in the
far-field scenario w.r.t. O(1/ cos®(#)). It means that the ULA in
the near-field case is not isotropic.

e For large N and fixed inter-spacing sensor, CCRB(6)
and UCRB(#) in the near-field case tend to the asymp-
totic CRBs in the far-field case which are given by
(3A%)/(SNR2d*w* cos*(§)N®). This is consistent with the
intuition since, due to the Fresnel constraint, large /N implies
large range, which corresponds to the far-field scenario.

¢ CCRB(r) and UCRB(r) are bearing-dependent and range-de-
pendent. For r proportional to d, the dependence w.r.t. the range
is O(r?), meaning that nearer is the source better is the range es-
timation (keeping in mind the Fresnel constraints).

+ The dependence of the range w.r.t. the bearing is O(1/ cos*(8)).
For 8 close to /2 (i.e., close to the ambiguity situation), we ob-
serve that CCRB(r) and UCRDB(r) go to infinity but faster than
CCRB(#) and UCRB(#), respectively.

e For a sufficient number of sensors, CCRB(#), UCRB(#),
CCRB(r) and the UCRB(r) are O(1/N?).

* For )\ proportional to d, CCRB(#) and UCRB(#) are indepen-
dent of the carrier frequency fo. This is not the case for CCRB(r)
and UCRB(r). Furthermore, note that higher is the carrier fre-
quency, better is the estimation of the range (cf. Fig. 1).

* Note that the expressions of [CCRB(&)]1,2, [CCRB(k)]2.1,
[UCRB(?)]1,> and [UCRB(¥)]2,1 show that the phys-
ical parameters of interest are strongly coupled since
[CCRB(k)]i2 and [UCRB(#)]i2 are O(1/N®) as
CCRB(4), CCRB(r), UCRB(#) and UCRB(r).

* Finally, since UCRB(w) is O(1/N®) and UCRB(¢) is
o1/ N'S), thus, for a sufficient number of sensors the esti-
mation of the so-called second electrical angle ¢ is more accurate
than estimating the first electrical angle w.

UCRB(#) = <1 + =

UCRB(r) = (1 + =

1 ) 32 (8N —11)(2N — 1) (15)
Usne N ) 2Ugng Ld2m2 cos?(8) N(N2 — 1)(N2 — 4)°

1 ) 6r2A? 1577 4+ 30dr (N — 1)sin(f) + d*(8N — 11)(2N — 1) sin®(4) (16)
Usxr N ) Usngr Lw2d? '

NZ(N2 —1)(NZ — 4) cos*(f)
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Fig. 1. CRB(r) versus fo for 6> = 0.5 and different values of

6 = 10°,30°,50°: (a) CCRB(r) and (b) UCRB(r).

B. Analytical and Numerical Comparison Between the
CCRB and the UCRB

Since the conditional model does not make any assumptions on the
source, we can chose the phase and the amplitude of the source as sam-
ples of a random process. In this case, we can study an analytical and
numerical comparison between the conditional and the unconditional
CRB. Furthermore, we assume that the two physical quantities Csngr
and Usnr are equals to the same quantity denoted by SNR.

Corollary 1: From (7) and (13), one obtains the fol-
lowing: UCRB(w)/CCRB(w) = 1 + (1/(SNR N)),
and UCRB(¢)/CCRB(¢) = 1 + (1/(SNR N)). In
the same way, from (10) and (15), one obtains the fol-

lowing: UCRB(#)/CCRB(/) = 1 + (1/(SNR N)), and
UCRB(r)/CCRB(r) = 1+ (1/(SNR N)), i.e., UCRB(w) >
CCRB(w), UCRB(¢) > CCRB(¢) and UCRB(¢) > CCRB(9),
UCRB(r) > CCRB(r) (cf. Fig. 2). Note that, a similar result has
been shown in the far-field case in [12].

Furthermore,

« for a fixed N: CCRB(A) "5  UCRB(#), and
CCRB(r) V% UCRB(r). ,
o for a fixed SNR: CCRB(§) "=~ UCRB(¢) and

CCRB(r) "= UCRB(r).
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Fig. 2. CRBs versus the number of snaphots for N = 10: (a) CCRB(#) and
UCRB(#), (b) CCRB(r) and UCRB(r).

e and finally, for 1/(SNR N) < 1: CCRB(#) ~ UCRB(#) and
CCRB(r) ~ UCRB(r).

V. CONCLUSION

In this correspondence, the conditional and the unconditional
Cramér—Rao bounds are derived in a closed-form expressions for a
single near-field time-varying narrowband source in terms of range
and bearing. These expressions are given in non-matrix forms which
are important in order to avoid a costly Fisher information matrix
numerical inversion. Moreover these expressions provide useful
information concerning the behavior of the bounds. In this way, the
proposed expressions have been analyzed with respect to the physical
parameters of the problem. In particular, we provided an explicit link
between the conditional and the unconditional CRB and we shown
that higher is the carrier frequency and/or closer is the source from the
array, better is the estimation of the range.

APPENDIX A

In this Appendix, we highlight the major steps leading to Theorem 1.
From (5) one has,

det{CFIM({)} = det{@Q}det{Y}

= det {AF«N }det{Fyy}tdet{Y} (17
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1\7

N—1 N—-1 N—-1
Zn:o “J (Zn:[) /L) (Zn:O nz)
N—-1 N—1 2
St = & (X0 )

where A, denotes the Schur complement w.r.t. the matrix Fyy.
Assuming that «(t) # 0, ¥t = 1---L,Fy, is invertible and the
Schur complement is expressed as follows:

fwu: fwd):| |:f :|
Ap, = { ) - F fy. f
v fow f¢9> fé#’ 1/"/)[ v 'M)]
=B - ZV —Wdiag(a ©® )71WT (18)
where
(2N —1) N(N—1)
B=Csne LN(N - 1) {Mm 1) (zm’fl)(:iﬁ'zfstl)] ’
15
and
1 N(N -1 k
W = py {N(N(fl)(zi\f—)l) ] @ (a® Q)T-
3

Thus, by replacing (18) in (17) oner obtains
1 [2N)°

let{ CFIM =—— | ==

aerfernvie)) = o (7

L
]\,7'2(]\/72 _ 4)(;\7 _ 1)2(A7 + 1)2”&“2 H (yz(t).

Consequently, det{ CFIM(&)} # 0 iff N > 3 and a(t) # 0Vt =
1...L. Assuming N > 3 and a(t) # 0Vt = 1... L, one has

CFIM '(¢) = bdiag(Q ', Y ')

where
—1 . 2 0'4
Y = bdlag (WII N ZVL) .

In order to derive @', we use the Schur complement Ay »yp Slvenin
(18). Thus,

[CCRB(§)]i212 = AEJ"I’.

Since the Schur complement Ay, is a 2 X 2 matrix, its inverse is
easily derivable and leads to (7), (8). The other terms are directly de-
rived from the following calculation, where

2

CCRB(¢) = J—Ndiag(a Sa)!
<1, + ﬁW "Ag,, Wdiag(a © a)” >
[CCRB(ﬁ)]l 25042 = ((CCRB(E)]5.042,1:2)"

AF¢¢Wdlag(a a) .

T 2N?
APPENDIX B

In this Appendix, the dependence on (w, @) of a{w, @) is omitted
for sake of simplicity. Applying the matrix inversion lemma [18] to R,

one obtains
_ 1 i 1 -
R !'=— In
o2 <aa + Usnr ‘N>

US\IR

H
aa
I INR————— | .
( N = Usnn 1+ USNR,N)

Thus, using the above equation one has

USNR J\'TZ

P 2_Hp—1 2 2 T
@ = Ta - 9
J@ (asa R aos) O'SLSNR (Z\/ 1 s 7 )J (l )

On the other hand, the derivation of @ w.r.t. w and ¢ leads to

[Dlik = J(( = 1)a(k = 1)+ (i = 1)%(k — 2))e/ 4

Vi = N andVk =1,2.
Consequently [see the equation shown at the top of the page]. Thus,

using the above expression and (19) and after some simplifications, we
obtain

(o) )

. . 15 15
_ Ve LN(V? = 4) {(Nz—l) =) } (20)
- « N 15 (2N—-1)(8N—-11)

6Usxp N +6 (N+D) (NZ2—1)

which leads to
det {033% { (DHHjD) ©@® aHRfla)T}}

U%I\R

= %USNR <1 + ) N*(N? —4)(N = 1)*(N +1)°.

Consequently,
det {ajﬂ%{(DﬂnL ) (I oa’Ra)’ }} £0e N >3.
Then, assuming that N > 3 and replacing (20) in (12), we obtain

[UCRB(p)li.2,1:2 =

1+ L 6
Usnr V) Usnr L(N?Z — 4)

(@N-1)(8N=11) 15
(N+1)
] )

(N2=1)
15
(1\72 —1)
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Optimal Relay Function in the Low-Power Regime for
Distributed Estimation Over a MAC

Marco Guerriero, Stefano Marano, Vincenzo Matta, and
Peter Willett, Fellow, IEEE

Abstract—A random parameter is estimated by a distributed network of
sensors that communicate over a common multiple-access channel (MAC).
A MAC implies an additive fusion rule, and the goal here is to design a
power-constrained forwarding strategy and fusion center post-processing.
To get an explicit solution we appeal to asymptotics, meaning that we design
the locally optimal scheme for the limiting case that the received power goes
to zero.

Index Terms— Distributed estimation, MAC, relay.

I. INTRODUCTION AND BACKGROUND

Reliable data delivery from several remote sensors sharing a
common transmission medium is possible, and can be realized by
employing source and channel coding strategies borrowed from (or
extending) classical point-to-point results. This approach decouples
the source and channel coding stages; however, it is known that
this separation is not necessarily optimal [1] when the sources are
correlated and/or one’s goal is not direct recovery of the observations.

A basic lesson from [2] is that there exist cases in which a simple
amplify-and-forward strategy outperforms the best separate scheme by
orders of magnitude. This happens, for instance, for Gaussian estima-
tion problems over a Gaussian MAC [3], and it is due to the perfect
match between the (additive) nature of the optimal MMSE estimator
and the (additive) channel structure. In this work, we depart from the
source/channel Gaussian model and the corresponding amplify-and-
forward solution, allowing the local encoders to apply a nonlinear trans-
formation to arbitrarily distributed observations (see Fig. 1). We limit
ourselves to the ideal MAC—not necessarily a Gaussian one—that re-
quires perfect synchronization of the transmissions, both in time and
phase, at the local sensors, and we operate under a relayed power con-
straint.

Joint consideration of the estimation problem and the noisy MAC
is in [4] and [5], in which in the asymptote of an increasingly large
number of sensors an optimal communication/estimation scheme
(called type-based multiple access, or TBMA) was proposed for
quantized observations. A likelihood-based multiple access (LBMA)
scheme, suitable for continuous observations, was discussed in [6], and
yields asymptotically efficient estimation over a waveform channel.
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Deterministic Lower Bounds on the Mean Square
Error for Near Field Source Localization

Mohammed Nabil EL KORSO, Student Member, IEEE, Alexandre RENAUX, Member, IEEE, Rémy BOYER,
Member, IEEE and Sylvie MARCOS

Abstract—This correspondence investigates deterministic
lower bounds on estimator’s mean square error applied to the
passive near field source localization. More precisely, we focus on
the so-called threshold prediction. As a by product, we give closed
form expressions of the McAulay-Seidman, the Hammersley-
Chapman-Robbins, the McAulay-Hofstetter bounds and also, a
new proposed bound, the so-called Cramér-Rao Fourier bound,
for the conditional model observation (i.e., parameterized mean)
and the unconditional model observation (i.e., parameterized
covariance matrix). Finally, numerical simulations are given to
assess the efficiency of these lower bounds to approximate the
estimator’s mean square error and to predict the threshold effect.

Index Terms— Near field source localization, performance
analysis, mean square error, threshold prediction, deterministic
lower bounds.

I. INTRODUCTION

The near field source localization is an important and
challenging topic with several applications such as sonar,
seismology, digital communications, etc. Unlike the far field
assumption, in the near field context the curvature of the
waves impinging on the sensors is not planar. Consequently,
each source is characterized not only by its bearing but, also
by its range making the estimation scheme more complex.
Nevertheless, one can note the existence of a large number of
estimation algorithm adapted to the passive near field source
localization [1]-[5].

There exist only a few number of works studying the
optimal asymptotic estimation performance in this context [3],
[6] (by asymptotic we mean a large signal to noise ratio
or a large number of snapshots [7], [8]). More precisely, to
characterize the asymptotic performance of an estimator in
terms of the mean square error, the Cramér-Rao bound is the
most popular tool [9] which is a tight bound under certain
mild/general condition [10]. However, the Cramér-Rao bound
becomes too optimistic in the non-asymptotic region which
has the effect of making the Cramér-Rao bound a not tight
and not valid bound in the non-asymptotic region [11]. This
non-asymptotic region is delimited by the so-called threshold
or breakdown point (i.e., when the estimator’s mean square
error increases dramatically due to the outlier effect [12]).
One should note that the prediction of this threshold is of
great important since it delimits the optimal operation zone of
the estimator’s working range.
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However, and to the best of our knowledge, no result can
be find in the literature concerning the threshold prediction
in the near field source localization. In this correspondence,
we fill this lack. More precisely, we consider the two source
signal model assumptions (where the observation model is
corrupted by a spatially colored noise): the conditional model
(i.e., when the signals are assumed to be deterministic) and the
unconditional model (i.e., when the signals are assumed to be
driven by a Gaussian random process). For each model, we
propose to characterize the threshold region using some deter-
ministic lower bounds on the estimator’s mean square error. In
particular, we derive and analyze the following deterministic
lower bounds: the McAulay-Seidman [13], the Hammersley-
Chapman-Robbins [14], [15], the McAulay-Hofstetter [16]
bounds and also, a new proposed bound, the so-called Cramér-
Rao Fourier bound [17].

II. MODEL SETUP

Let us considere a uniform and linear array (ULA) com-
posed of N sensors with an inter-element spacing d. We
suppose that the ULA recieve a single near-field and narrow-
band source. Consequently, the observation model is given as
follows [1]:

T, (t) = s(t)e’™4uv,(t), t=1,...,T and n=0,..., N—1,
¢y
where T denotes the number of snapshots, whereas, () is
the observed signal at the output of the (n + 1)th sensor. The
source signal is denoted by s(t). The random process vy, (t) is
an additive noise. The time delay 7,, associated with the signal
propagation time from the first sensor to the (n + 1)th sensor

is given by [3]:
Tn:?ﬂ \/1_‘_712d2_2ndsin€_1 7 )
A 72 r

where \ is the signal wavelength and where r and 0 € [0, 7/2]
denote the range and the bearing of the source, respectively.
In the following we assume that the source is located in the
so-called Fresnel region [2], meaning that,

0.62(d*(N — 1)3/NY? <r < 2d*(N —1)2/\,  (3)

in this case, the time delay is given by:

2
Tn:wn—i—qﬁnQ—i—O(i), “4)



where O (f—i) denotes the terms of order larger or equal to

& , in which the so-called electrical angles are given by:

w= —27r§ sin(6), )
and
d? 9
¢ = T3 €08 ). (6)

Neglecting O ( f—z), the time delay 7,, can be approximated by

the following quadratic form 7,, = wn + ¢n?. Consequently,
the observation vector can be expressed as:

x(t) = [21(t) ... an (D] = aw, @)s(t) +v(t), (D)

where v(t) = [v1(t) ... vy (t)]T, and where, the (n+ 1)th ele-
ment of the steering vector a(w, ¢) is given by [a(w, ¢)]

5 n+1 =
i (wnton?).

In the remaining of this paper, we will use the following
assumptions :

o The noise will be assumed to be a complex circular with
zero mean with a known covariance full rank matrix
2noise-

o For both conditional (i.e., deterministic [7]) and uncon-
ditional (i.e., stochastic [18]) model, the unknown vector
parameter is given by & = [w ¢]%.

In the following &,,wo and ¢ represent the real value
of the candidate parameters &,w and ¢, respectively. The
joint probability density function of the observations x =
x"(1)...x"(T)]" ~ CN(u(&p), =(&)) for a given &, is
expressed as:

1

. _ —(x—1(£))T2(&0) " (x—1(£0))
p(x;&o) 7TNT|E(£0)|6 )

®)

in which |.| denotes the determinate operator.

III. DETERMINISTIC LOWER BOUNDS DERIVATION

In [17], [19] the authors provide a different unification
of some well known lower bounds on the mean square
error of unbiased estimators of deterministic parameters. More
precisely, in [19], Forster and Larzabal, solved the problem
of establishing lower bounds on the mean square error for
deterministic parameter estimation using a constrained opti-
mization problem. By imposing some adequate constraints on
the bias for the considered optimization problem, they obtained
several lower bounds as the Cramér-Rao, the Barankin and the
Battacharya bounds. In [17], Todros and Tabrikian propose a
new class of performance lower bounds using the so-called
integral transform which generalizes the derivative applied on
the likelihood-ratio function. Thus, they showed that some
well known lower bounds (as the Cramér-Rao, the McAulay-
Seidman and the Battacharya bounds) are obtained by a proper
choice of the kernel of the integral transform.

A. Deterministic lower bounds unification

The two unifications presented in [17], [19] are formulated
differently but lead to the same result. In the remanning of this
correspondence, we chose to adopt the unification presented
in [17]. It is shown that each lower bound can be written in
the following form:

R R T
[CNT (5 - Eo) (5 - 50) p(x;€)dx = C =TK~'T"
) ©
with K = Fy.¢, {’y’yH } , where & denotes the estimate of
the true value parameter £, Ey.¢ {.} is the expectation w.r.z.
p(x;&p), C is a lower bound matrix, A = B means that the
matrix A — B is non-negative defined. Consequently, for a
specific choice of the couple (T',4), one obtains a specific
lower bound. In this way, the Cramér-Rao bound (CRB) can
be defined using the following couple:

Tcerp = 1o,
ol ;
YCerB = %k:%’

where 15 denotes the 2 x 1 vector filled by ones. For the
following couple:
= @7

{FMSB
Yusp = V(®:€y) - V(93§€L)]T7

one obtains the McAulay-Seidman bound (MSB), in which the
so-called ratio-likelihood function is given by:

(10)

an

p(x; &)
v(x; &) = ——» (12)
( 2 p(x; &)
and where &, for [ = 1,...,L denotes the L test points,

whereas ® = [¢; — &, ... &, — &]T. The Hammersley-
Chapman-Robbins bound (HCRB) can be defined using
T'ucrs and ~vgerp in which:

T'ucrs

YHCRB
where 05 denotes the 2 x 1 vector filled by zeros. Finally, one
can define the McAulay-Hofstetter bound (MHB) using:

I'vus
YMHB

where I5 denotes the 2 x 2 identity matrix.
Recently, a new deterministic lower bound, called the
Cramér-Rao Fourier bound (CRFB), was proposed in [17]. To
have a gain in computing time, this latter applies the discrete

Fourier transform (DFT) on @ and «p),;g. Consequently, it is
given thanks to the following couple:

Corpp = [[o ®WH],
= [’YCRB 7MSBWT]T7

= [0, @],

(13)
=1 yyussl’s

= [IQ QL

(14)
= [YcrB "/MSB]T7

(15)
YCRFB

where, in the near field context, the bi-dimensional discrete
Fourier transform W is given by

[(W,1 = exp(—if2.€)), (16)



in which €2, is expressed for the pth frequency test bin f,, =

5 )7 )
_[2nf, 27Tf1/,
= {Ale AyLy ’ (n

where L = LiLs, f, € {1,..., L1} and f, € {1,..., Lo}
in which Ly and Ly are the number of test points w.r.t. w
and ¢, respectively. A, and Ay denote the uniform inter-test
point w.rt. w and ¢, respectively. Consequently, the index p
is a unique combination of { fps lev} where the total number
of these combinations is denoted by P.

One should note that the aforementioned bounds depend
generally on the number of test points L and/or the number
of frequency test-bins P. Thus, in the following these bounds
are indexed by L and/or P.

B. Deterministic lower bounds matrix expressions

After some straightforwerd calculation it can be shown (see
[17, Appendix M]) that the CRFB is expressed as

cl) = Cpen + QWY (WRWH) wQT, (18)

where
Q =CgcrD - 2, (19)
in which
D =[d&,) ... d(&)], (20)
and
OKLD (p(x; €)|lp0c: €)\ "
d(g) = — (P(x; €)llp(x;: £)) e, Q1)
29
where the KLD denotes the kullback-Leibler divergence and
R =¥ — D"CgcrD with [¥], (22)
X;€o {U(X> gm)v(Xa gn)} (23)
where m = 1,...,L, n = 1,..., L. Following the same

methodology, one can easily obtains the following matrix
expressions:

Clls = 20 'a, 24)
Ciden =@ (¥ —1,17) ' 87, (25)
c) = Crer+QR'QT. (26)

In the following we %ive closed form expression of the
elements of Cl(\/fIZIB, Cl(\fHCB, C%va)B and Céﬁ{?ﬁ. Since the
expression of Cpcr is well known for complex circular
Gaussian observations x ~ CN(u(&)), X(&,)) [20] (see
(27)), we focus only on D and .

Cper = FIM ™! where 27)
_ ~10%(&) 1 03(&)
3u(€O)H —1 8#(50)
! 2%{ ool & Dl } ’ 29

in which tr {.} and $ {.} denote the trace operator and the real
part, respectively.

1) The conditional case: In the conditional case we assume
that s(t) = a(t)e/@mfot+¥(®) js the source signal with a
carrier frequency equals to fp where «(t) and v (¢) are the
known real amplitude and the known shift phase, respectively.
Consequently, one has an observation model with a parameter-
ized mean such that x ~ CN (u(&)), Znoise) Where p(€,) =
[s(1)aT (wo, ¢o) - - - s(L)aT (wp, o)]T. Consequently, by ap-
plying (27) one has

Bu(éo)H -1 8“(50)} .
FIM]. , = 2R »-L L i=1,2,k=1,2.
[ ]z,k { F) [60]1 noise g [So]k ? (30)

On one hand, one obtains:

KLD (p(x;En)llp(x;{)):/ p(; €, )LnEXEEn) 4o
CNT P
= / |:(X - II‘(S))H 2]ITolise]
CNT
(= (€)= (x — )" S X~ m(€)] 6D

p(x; €,)dx 32)
= [ Sk () — €)1 B (x — (O]
f(x: &,)dx (33)
= (u(&,) — m(&) " Bpoee (W(E,) — 1(8)). (34)

On the other hand, one has:

1
[‘I’]m,n = /(CNT T [ Znoisel x
exp (= (x = #(€)" B (x — mlE m» (X~ )" Take)

exp ((x = p€,)) + (x — (€)™ Sihe (X — (£0)) ) dx
= a(£WL7€TL)7

in which
a(&,,,€,) =exp(— QN(EO)HEnmseI’I’(EO) - “(50)1{2;01156
(n(&,,) + 1(€)) (35)
+1(€) T S e (B(€,) — 1(&0)) + 1(€,) Bk
(36)
(&) — 1(&o)))- (37

Consequently, Cl(va})IB’ CI(VI[’})ICB, Cl(\/Ifs)B and Cg%gg are

given by plugging (30), (34) and (36) into (26), (25), (24) and
(18), respectively. See Appendix A for closed form expressions
of C(chii“)B in the case P = 1.

2) The unconditional case: Let us consider the uncon-
ditional model, i.e., when the signals are assumed to be
Gaussian (with zero mean and variance o2) independent of
the noise. Under this assumption, one obtains an observa-
tion model with a parameterized covariance matrix such that
X ~ CN(0,3(¢&,)) where the covariance matrix 3(&,) =
021t ®a(wo, po)all (wo, do) + Snoise in Which ® denotes the
Kronecker product. Consequently, the FIM in (27) becomes:

e 175 g 1 95(E)
i = 7 e { w60 e T }(,38)

i=1,2 k=12



First, note that:
p(x:€n)

D) = [ ol Xy
1 o B -
:[CNT TS (X" ()" -2 ) x)

KLD (p(x; €

(o Hse 11 = ()|
exp (—x"'2(§,) " x) dx +Lnsre (39)
b3
= Lx;¢, {XHE(QX} + Ex;ﬁn {XHE(En)X} + an((g))'
(40)
Noting that:
NT NT
Exe, {XHE X} ZZE 13 { } [E(‘E) ] }
=1 1
" (41)
NT
=) [BE)EE ], =u(ZE)=© ) (42)
j=1
and, in the same way,
Exe, {x"2(&) 'x} = NT. 43)

Consequently, plugging (41) and (43) into (40) one obtains

KLD (p(x: .11/ (x: €)) = an'é')ﬂr (2=
" (44)
Second, one has:
_ I5(&,)]
Bl = N[5, )| [S(E,)] “5)

T (BE,) "+

/C e (-

TNT|(B(E,,) T HE(E,) T -2 (&) )

- 3(&) ") x) dx

(46)
_ (&)l
12 (&) [ZENEE) ! + (€)= (&)
(47)
Consequently, using the fact that oLn=()| =

o€ =
tr{E(ﬁ)’laZ:a—éa} [21] and plugging (38), (44) and
(47) into (26), (25). (24) and (18) one obtains C\:jp.
CI(V?})ICB, C&fS)B and C(CLPQII;])Z,,, respectively. See Appendix A

for closed form expressions of C(chllF)B in the case P = 1.

IV. NUMERICAL SIMULATIONS

The scenario used in these simulations is a ULA of N =
5 sensors spaced by d = % The noise is assumed to be a
complex circular white Gaussian random process with zero-
mean and known variance o2, uncorrelated both temporally
and spatially.

To compare the threshold prediction accuracy we plot the
MSE w.rt. w and ¢ using 250 Monte Carlo trials. In both
conditional and unconditional cases (see Fig. 1-4), we compute
CI(V];“})IB, Cl(v%l){CB’ Cl(\fS)B using L = 210 test points (more
precisely, we used L; = 2° test points over the parameter

w and Ly = 2° test points over the parameter ¢.) The CRFB,
cil., is obtained using L = 20 test points and also
by numerical maximization over 2'° frequency test bins for
P=1.

Fig. 1-4 provide an illustration of the usefulness of the
aforementioned deterministic lower bounds in the case of
conditional and unconditional model assumptions for w and
¢. First, one can notice that the MSE of ¢ is lower than
the MSE of w which is expected due the range of those
parameters and from the fact that ¢ is the coefficient of the
second order, whereas, w is the coefficient of the first order
w.rt. to the time delay (see (4)). Second, one can notice that
all the aforementioned bounds provide a good prediction of
the MSE threshold. Nevertheless, we notice that the MSB is
more accurate than the others (error of the threshold prediction
less than 4 dB).

Finally, one can note that the advantage of the CRFB is
its computational cost (the computational complexity of the
CRFB is lower in comparison to the MSB, HCRB and MHB
due to the inversion matrix, see (26), (25), (24) and (18) in the
case where P < L.) However, the degradation of the threshold
prediction can be explained as follow: applying the DFT on &
and «yg)yg to obtain the CRFB, is equivalent to compress (to
reduce) the constraints on the bias (see Appendix B). Since,
the reduction of the constraints will decrease the accuracy

)+N 'bf the lower bound [22], then, one expects to obtain a less

accurate bound. This loss of accuracy affect only the threshold
prediction and does not affect the asymptotic performance
prediction of the MLE. This can be argued by the fact that the
DFT is applied only on the ¥ and ~,;g compounds without
affecting yorp (we recall that yv-rp reflects the constraints
on the bias used to compute the CRB which is a tight bound
in the asymptotic region.)

V. CONCLUSION

In this paper, we present the derivation of different some
deterministic lower bounds on the MSE in near field source
localization context. This analysis allowed us to characterize
the non-asymptotic performance estimators mean square error.
In particular, we focused on the threshold/breakdown predic-
tion. Furthermore, we demonstrated in this study, that Cramér-
Rao Fourier bound recently proposed remains less efficient
than some of its predecessors as, for example, the McAulay-
Hofstetter bound.

APPENDIX A

In this appendix, we give closed form expression of the
CREFB for the case P = 1. In this case, the matrix W will be
reduced to a row vector of dimension L, such that:

-1
(W], =exp <_j27TL> . l=1,...,L. (48
Let p = WRW? | consequently, one has:
- n—m
= . 49
>SS, () @

m=1n=1
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Fig. 1. Conditional deterministic lower bounds on the mean square error
w.rt. w for near field source localization, with T = 10 and (6,r) =
(45°,6X).
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Fig. 2. Conditional deterministic lower bounds on the mean square error

W.LL.

(45°,

¢ for near field source localization, with 7" = 10 and (0,7) =
6A).

On the other hand, using (22), one obtains:

[R]m,n = [‘Il]m,n (50)
2 2 ) . T

_ZZ<8KLD(p(?[Zn)Ip( ,£)>> e, G

Consl, (aKLD <p<g;é]n>|p<m;s>>> e )

Consequently, one obtains the closed form expression given
in the following

{CEILR;)B} = [Ccral,, ©3)
L
+; Zzg n) exp <j27ran>, (54)
in which
2
Z [Ccral,, (55)
q=1
T
0 1&n )
( KLD <p<z é}q)lp(w s») ece, + [€0], — [E,], - (56)

A. The conditional case:
Plugging (34) and (36) into (53), one obtains

{C(CLR;)B} v = [CCRB}p,q (57)
N S oy Bp,m)B(g,n) exp (j27f%)’ 58)

Yoy Yoy Y(m,m) exp (™)

where

7(m7n) = a(€m7€n) - Z Z K

(n,q) [Ccril, , »

et (59)
in which
_ [0 (w(€) — 1(€)" Brhe (1(€,) — 1(8))
K’(”’VQ) - 8[6] ‘5250
' (60)
l"‘q£O noise (61)
x (1(€,) — (&) + (m(€,) — m(€) Do — g (&)
(62)
and where (&) = [s(1) s(T)" ®

([0... (n— 1)‘1]% ® a(wo, ¢0)), in which © denotes
the element wise product and where

B(p.m) = 3" [Ccral,, (82%’ q)> le—e, + €], — €.,

(63)
B. The unconditional case:
Plugging (44) and (47) into (53), one obtains
[Clis| = Consl,, (64)
+ Z’m:lLZ’nzl f(p7 m)ﬁ(q’ n) EXI.) (-]271-%) , (65)
> om=1 2n=1Y(m,n)exp ( = Lm)
where
_ 1Z(&o)l
) = IS TS € 5 €, +5(E,) T — (&)
(66)
2 2
= > k(m,p)r(n,q) [Ccrsl,,, (67)
p=1qg=1
in which
o (LS8 +u (2(6,)(9) )
K(n,q) = - le=¢, =
a¢l, 0
(63)
103(€ 19)>
o {260 B 260 B e ©
and where
- r(n, q)
=> [Ccrsl,, le=¢, + [€0l, — [&nl,
2 o],

(70)
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Fig. 3. Unconditional deterministic lower bounds on the mean square
error w.r.t. w for near field source localization, with 7" = 100 and (0, ) =
(30°,6X).
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Fig. 4. Unconditional deterministic lower bounds on the mean square
error w.r.t. ¢ for near field source localization, with 7" = 100 and (0, 7) =
(30°,6X).

APPENDIX B

In this appendix, we rewrite the CRFB presented in [17]
using the minimization formulation as presented in [19]. The
aim is then, to explore the constraints on the bias due to the
CREFB. In the following, and due to the space limitation, we
consider only the case of one unknown parameter denoted &.
The extension of an unknown vector parameter is tedious/long
but straightforward and will not be presented in this appendix.

In the case of one unknown parameter &, one has:

chh) —THK-'T, (71)
where
1
= [W(IJ , (72)
in which
& — &
o= (73)
§1— &L
and
Tyox,H
K- FIM D'W (74)

WD Wewh|’

in which
KLD (p(x; ;
(3 (p(%gél)l\p(x E))) le—es
D=— : (75)
KLD (p(x; ;
(3 (p(xagL)Hp(x &))) le—e,
Let us rewrite K as
[K]m,n = /gmgndX (76)
then,
Oln
o= / ol X Ve Volcboldx a7
8p(x,£) 1
= le=¢ dx (78)
/ 23 V(&)
and
Oln . n
Z / IIOGE) i) expl—s2mm )i
(79)
L
. n
= p(x:6n) exp(—j2mm 1), (80)
n=1

Note that, [K]
{p(x, €n) }=_, where
0l
o) = [ “;‘g" )lecerp

On the other hand, we can rewrite [K]

8111 n
Z/ P(X 3 | _fom P(Xngo)

(82)

m.1 represents the DFT of the sequence

(x; €n)dx 81)

m.1 @s follows

. n
eXp(—ﬂm?TZ)dx = /g1gmdx, (83)

in  which gm represents the DFT of the sequence

P(X;6n) } ;
Aden, given as follows
{ Vvpxso) J 4

= f(xin)
m = _JA s (84)
’ n;\/p(x;fo)
exp(—jZmﬂ%). (85)

. _ 1 th s
Since, T' = [W ‘IJ , then that m*” line the vector W ® rep-

resent the spectrum frequency for the sequence {¢&,, — 50}521
at the m'" frequency. In the same way, each g,, represents
L

p(z:én)
the spectrum frequency of the sequence { m}n_l at
the m*" frequency.

Finally, the TTB bound can be viewed as a compression (in
the frequency domain) of the Barankin constraints, i.e., the
constraint due to the construction of the TTB, are the DFT of
a large sequence, this sequence reflects a null bias on several
test points.
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Statistical Resolution Limit of the Uniform Linear
Cocentered Orthogonal Loop and Dipole Array

Mohammed Nabil El Korso, Rémy Boyer, Alexandre Renaux, and
Sylvie Marcos

Abstract—Among the family of polarization sensitive arrays, we can find
the so-called cocentered orthogonal loop and dipole uniform linear array
(COLD-ULA). The COLD-ULA exhibits some interesting properties, e.g.,
the insensibility of the polarization vector with respect to the source lo-
calization in the plan of the array. In this correspondence, we derive the
statistical resolution limit (SRL) characterizing the minimal separation,
in terms of direction-of-arrivals, to resolve two closely spaced known po-
larized sources impinging on a COLD-ULA. Toward this end, nonmatrix
closed form expressions of the deterministic Cramér—Rao bound (CRB) are
derived and thus, the SRL is deduced. A comparison between the SRL of the
COLD-ULA and the classical ULA are given. Particularly, it is shown that,
in the case of orthogonal known signal sources, the SRL of the COLD-ULA
is equal to the SRL of the ULA, meaning that it is not a function of polar-
ization parameters. Furthermore, due to the derived SRL, it is shown that,
under some general conditions, the SRL of the COLD-ULA is smaller than
the one of the ULA.

Index Terms—Cocentered orthogonal loop and dipole (COLD) array, po-
larized sources localization, statistical resolution limit.

1. INTRODUCTION

Polarized sources localization by an array of sensors is an impor-
tant topic with a large number of applications especially in wireless
communication and seismology [1]. Particularly, the context of po-
larized sources has been investigated in the literature and several
algorithms, to estimate the localization and polarization parameters,
have been proposed [1]-[4]. Among the different types of arrays, the
crossed-dipole array (constituted by several couple of dipoles) is sen-
sitive to the source’s polarization and thus, is adequate to this context.
In particular, the cocentered orthogonal loop and dipole uniform linear
array (COLD-ULA) exhibits some interesting properties [S], [6], as
for instance, the insensibility of the polarization vector with respect to
the source localization in the plan of the array or, the constant norm
of the polarization vector. Note that these properties are not shared
by the standard crossed-dipole array [5]. The optimal performance in
terms of mean square error by way of the Cramér—Rao bound (CRB)
for the COLD-ULA array has already been investigated in [5], [6].
In [5], matrix expressions of the CRB was given, whereas, in [6] the
asymptotic (in terms of sensors) CRB was derived. However, to the
best of our knowledge, no works has been done on the resolvability of
closely polarized sources.
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A common tool to characterize the resolvability between two signals
is the so-called statistical resolution limit (SRL). The SRL [7]-[19],
defined as the minimal separation between two signals in terms of the
parameter of interest, is a challenging problem and an essential tool to
quantify estimator performance.

One can find in the literature three main approaches to characterize
the SRL:

i) The first is based on the concept of mean null spectrum and is
relevant to a specific high-resolution algorithm [7], [8].

ii) The second approach is based on a hypothesis test using the gen-
eralized likelihood ratio test (GLRT) [9]-[11] or the Bayesian
approach [12].

iii) The third method is based on the estimation accuracy concept
[13]-[18].

In this context, one can distinguish two main criteria. The first one was
introduced by Lee in [13] and states that rwo signals are resolvable,
w.r.t. the parameter of interest w1 and w, if the maximum standard
deviation, of wy and w2, is less than half the difference between w1 and
wz. However, one can note that the Lee criterion ignores the coupling
between the parameters of interest [19]. To take into account this ef-
fect, Smith [16], proposed the second following criterion based on the
CRB: two signals are resolvable if the separation between wi and w2,
is less than the standard deviation of the separation estimation. Conse-
quently, the SRL in the Smith sense is defined as the separation between
the parameters of interest that is equal to the standard deviation of the
separation.

To the best of our knowledge, all the works related to the resolv-
ability of closely spaced sources concern the case of non-polarized
sources [7]-[9], [11]-[18], and no studies/results are available con-
cerning the case of polarized sources. The goal of this correspondence
is to fill this lack.

Since the mean null spectrum approach is relevant to a specific high-
resolution algorithm, in this correspondence we focus mainly on the
SRL derivation for known polarized sources in the Smith sense. Fur-
thermore, since it exists a relationship between the SRL based on the
Smith criterion and the SRL based on a hypothesis test [11] in the
asymptotic case, the SRL based on a hypothesis test is deduced and
compared to the derived SRL based on the Smith criterion.

Consequently, in this correspondence, we derive and analyze the
minimum direction-of-arrivals (DOA) separation between two known
polarized sources that allows a correct sources resolvability for the
COLD-ULA in the Smith sense. As a by product, a closed-form expres-
sion of the true (non-asymptotic) deterministic CRB is given (which is
not available in the literature). Finally, the SRL using an ULA is derived
and compared to the SRL using a COLD-ULA. It is shown that, in the
case of orthogonal known signal sources, the SRL is not a function
of polarization parameters (i.e., the SRL of the COLD-ULA is equal
to the SRL of the ULA). Furthermore, in the case of non-orthogonal
known signal sources and under some general conditions, the SRL of
the COLD-ULA is shown to be smaller than the one of the ULA.

II. MODEL SETUP

Consider a COLD-ULA made from L COLD sensors (a COLD
sensor is formed by a loop and a dipole [5]) with interelement spacing
d that receives a signal emitted by M radiating far-field and narrow-
band sources. Assuming that the array and the incident signals are
coplanar [5], i.e., the elevation is fixed to w/2, the observed signal

1053-587X/$26.00 © 2010 IEEE
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model on the ¢ COLD sensor at the ™ snapshot is given by! [2],
[5]12¢(t) = [F100p (1) Zdipole(t)]” = Z:\n[ L W ()W e (1),
where {f = 0...L —1and¢ = 1... N, in which N is the number
of snapshots. wp, (2w /X)dsin(8,,) is the spatial phase factor
in which #,, and M\ are the azimuth of the m*™ source and the
wavelength, respectively. The time-varying source is modelled by?2
U (1) = e’ 70+ m (D) iy which a,, is the non-zero real ampli-
tude, ¢, ( t) is the time-varying modulating phase and fo denotes the
carrier frequency of the incident wave. The additive noise is denoted
by v¢(t) = [Vloop (t) Vdipole (t)]'T. The polarization state vector u,, is
given by

where pr, € [0,7/2] and ¢, € [—m, 7] are the polarization state
parameters. From a modelling point of view, each dipole in the array is
assumed to be a short dipole (w.r.t. the distance d) with the same length
L4 and each loop is assumed to be a short loop (w.r.t. the distance
d) with the same area A,;. Under these assumptions, the total output
vector received by the COLD-ULA for the t*® snapshot can be written
as follows:

2”'\451 COq(Pm)
—Lsgsin(p., )e'¥vm

vy =[elie) . 2]

M B B -
S Au®da+ [0 . viam] W
m=1

where the (2L) x L matrix A,,,(t) = Iz @ (m(#)u,y,) in which
the operator © stands for the Kronecker product. The steering vector
is defined by d,,, = [1 ™™ ... ei(L_l)””’]T. Since the problem ad-
dressed herein is to derive the SRL based on the CRB for the proposed
model, we first start by deriving the CRB for (1) in the case of M = 2
sources.

III. DETERMINISTIC CRAMER-RAO BOUND DERIVATION

In the remaining of the correspondence, we will use the following
assumptions:

Al. The noise is assumed to be a complex circular white Gaussian
random noise with zero-mean and unknown variance o>, In ad-
dition, it is assumed to be both temporally and spatially uncor-
related.

A2. The sources are assumed to be known and deterministic (see,
e.g., [20]-[24]). The unknown parameter vector is then given
by € = w1 ws 0?]"

A3. Furthermore, from a modelling point of view, we can assume,
without loss of generality [5], that Lsqg = 27 Ag /A = 1.

Using Al, the joint probablhty densn%/ function of the full obser-

vation vector x = [y7 (1) ... 7 (N)]" given £ can be written as
follows:

1
p(X|£): ST C o(X wH(x—m)
(ma?)”

where p = 32 [dL A1) ... dLAL(N)Y]. Let E{(€ -
€)(& — &)T} be the covariance matrix of an unbiased estimator of

10ne should note that due to the nature of the COLD array sensors, one has
twice the number of measurements w.r.t. a ULA array with the same number of
sensors and the same array’s aperture.

2Note that this source model is commonly used in many digital communica-
tion systems (see [5] and references therein).

3Note that the state parameter vector is assumed to be known. However, this
assumption is not severe (since the numerical simulations part).
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&, denoted by é . The covariance inequality principle states that under
quite general/weak conditions MSE([¢];) = E{([¢]: — [€]:)*} >
CRB([€];), where CRB([£];) = [FIM™'(£)];.; in which FIM(¢)
denotes the Fisher information matrix (FIM) regarding to the vector
parameter §.

Since we are working with a Gaussian observation model (assump-
tion A1), the i, 7** element of the FIM for the parameter vector § can
be written as [25]

~ _NL do? Oo> o™ ou
FIGE = 5 e + o™ e e
where (i,7) € {1,2,3}?.[€]: and ®{z} denote the i*" element of £

and the real part of z, respectively. Then, the FIM for the proposed
model is block-diagonal
F 0
— |:0T NI ] 2

FIM(¢) =

I\D
|\,

where

_ ou™ op
[ ]rnp R{a Wm a-‘-}p}

=NR {m (u{i w,d?D%d, + AI)} ,

(m.p) € {1.2}*

3
in which D = diag{0,...,L — 1},7ry = (1/N) 1, ot (t)as(t)
and

- dull Ou . 4311 ) B S
Ky = B 9o Pd,,,d '"8’ Pded + ¢ W mu[, d,.Dd,.

Using the fact that the polarization state vector of a COLD

array is not a function of the direction parameter, thus
My /Owm = 0. Consequently Ky, = 0 and (3) be-
comes  [Flump = NR{ryu/lu,d’’D?d,}. Furthermore,
as |Ju.||? = 1, one obtains [F];; = Nafa fori = 1,
2 where « = (1/6)(L — 1)L(2L - 1). The cross terms
are given by [Fli2 = [Flon1 = NR{ryu um} where

ulluy = cos(py) cos(pz) + sin(p1) sin(p2)e’¥27¥1) and

— TRy — L isen( w1 —ws)s(COLD),
n= Z ﬂZe i(wy—wo)l — Z 628 isgn(wy —wa2)b,, ¢ (4)
£=0 £=0

in which 6£,OOLD) = |w1 — wo| and sgn(z) = =z z # 0.

To simplify the derivations and without loss of generality, we choose
w1 > wsy in the following. Consequently, the inverse of the FIM is
given by

. N
T det{F}

—R {rNu{Tuzn}
ata

2
55383

—R {rNu{{uzn}

where det{F} = N?(aiaja”® — R* {7 ~vutu,n}). Finally, replacing
(2) and (5) into CRB(¢) = FIM *(€), the CRBs (see Fig. 1) are

®)

given by

) 2
CRB(wy) 2[F 11 = aze 6
(W) =[F ha = 2 Caa® — R {ryul ) Q)

2.
CRB(ws) A[F Yy = O 0i0 ,
(MJZ) [ ]Z,Z ON (J,f(lé(l’z — R2 {'71]\’11{{1127]} @)

‘ _ 2 R {ryulugg

CRB(wi,w2) 2[F 1o = -2 {rvur’wan} ®)

2N a2a2a? — R? {ryuflusy}’

IV. STATISTICAL RESOLUTION LIMIT

This section is devoted to the derivation of the SRL of the COLD-
ULA. Taking advantage of the previously derived CRBs (6), (7), and



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 59, NO. 1, JANUARY 2011

ok
==CRB for ULA
1k ===CRB for COLD array
0.8t &
N
S
m 0.6f J
x
O
0.4t 1
0.2t .
0 1 1 1 1 1
0.005 0.01 0.015 0.02 0.025
lo,-0,|
21
Fig. 1. The CRB for the COLD array and the ULA with NV = 100 snapshots

and L = 25 sensors. One can notice that for a small separation the CRB for
the ULA goes to infinity faster than the CRB for the COLD array. This can be
explained by the additional knowledge about polarization parameters in the case
of the COLD array.

(8), the SRL in the Smith sense is derived in Section IV-A. Then, the
SRL based on a hypothesis test is deduced in Section IV-B. One should
note that the SRL of the ULA according to the model (1) is not derived
in the literature. This latter can be derived following the same steps as
in Section I'V-A leading to

aj —|—a + 2R {rn~}
- R{rn}

S(UTA) _

e

A. Statistical Resolution Limit for a COLD-ULA

Let 6470 denoting the SRL of COLD-ULA according to the
model (1). Thus, one obtains (see [19])

CRB (55}‘0“’)) = CRB(w1) + CRB(w2) — 2CRB(w1,ws2). (9)

Consequently, the SRL# is defined as the minimal separation, denoted

50D , which resolves the following implicit equation:

6SjOLD) — ./CRB (&JCOLD)) <=>f( COLD)) A (10)
where )
F(6LCOMD)) = (2/5%)det{F} ((5EFOLD>) + 2CRB(w1,w2)) and

A = (af + a3)a. In the following, (10) is solved to obtain the desired
SRL for the orthogonal and non-orthogonal signal sources cases.

1) The Orthogonal Signal Sources Case: In the case of orthogonal
signal sources [20], one has rx = (1/N) Z;N:l ot (t)as(t) = 0. This
implies that the FIM is diagonal (i.e., the parameters of interest are
decoupled). Thus, replacing CRB(w1,w2) = 0 and rx = 0 into (10),
the SRL in the orthogonal signal sources case, denoted by §LoOLL =)
is given by

’

2 2
slcop—0) _ _ 7 ay + a3
o = .

V2Na \l did3

It can be readily checked that the SRL is not a function of the polar-
ization parameters. Consequently, in comparison to the classical ULA

Y

4From (9), one should note that the SRL using the Smith criterion [16] takes
into account the coupling between the parameters of interest unlike the Lee cri-
terion [13], see Fig. 2 (right).
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array, the use of the COLD array cannot improve the resolvability of
the sources in this scenario. Moreover, for equipowered sources (a1 =
as = a), one obtains

s(COLD—0) _ 1

v NaSNR

where SNR = «?/o”. Furthermore, for equipowered sources and a
large number of sensors (L > 1), the SRL can be approximated by
§COLP=O) ~ /3/(NY/2SNRY2L/?). Note that, in this case, the
SRL is proportlonal to the inverse square root of the number of snap-
shots, to the inverse square root of the SNR and to inverse of LVI.
Also note that, the SRL obtained here is qualitatively consistent with
the SRL derived in [12], [17] in the case of a classical ULA array.

2) The Non-Orthogonal Signal Sources Case: The analysis in
the general case of non-orthogonal signal sources (i.e., ry # 0)
is more complex and needs some approximations. Considering
the second-order Taylor expansion of the functional 7 (see
(4)) around 6((OLD) = 0, one obtains, for Lé(( OLD) < 1,
n o~ YETIR(1 4 iSOy a + i385 where
8 = T:_' £ = (1/4)(L — 1)*L* (note that this approxima-
tion is not severe, since numerical simulation shows that the SRL
based on the second-order Taylor expansion of 7 is close, and in a
good agreement with the exact SRL; see Fig. 3). One can note that
expression (10), for non-orthogonal signal sources, becomes, for
LsCOID) o 1

12)

5(COLD)

(6((?0TI))>2 _ o> A+2B-2
“ 2N o _ (B _ (SEUCOLD)B)Z

where B = aR{ryuf'u.}, B = §3{ryufus} and C' = ayaz2a in
which S{z} denote the imaginary part of z. Expression (13) is in fact
the roots of the following polynomial

(13)

p(x) = ONBz* + ANBBa2® + QN(B2 — 02)12

—26°Bx + o¢* (A+2B) (14

where x = 6(COLD)

Resolving this polynomial can be facilitated by noticing that, if

8579 s a root then —6 ™™ is also a root.5 Consequently, p(x)
can be rewritten as p(z) = (x — 85O (@ 4 87PNy —

s1)(@ — s2), where s1 and s2 are the unwanted roots. From the latter
expression and (14), one obtains
S1 + S92 = QAYB
. 2 2_ 2
189 — (6S_,0LD)) _ (B ];(,/ )

. A\ 2 5
(5&(,()141_))) (51 4+ 82) = %

- 2
_ ((%J(,OLT))) $18 =

Using the second and last equation of (15) one obtains the SRL as
the root (we keep only the positive root whatever the sign of B) of

ZNB((SEJCOLD)) + 2N(B2 _ 02)(651(7()L]’)))2+0_2(‘4 4 ZB) = 0.

Consequently,
2 _ p2 » : R
_C-B 1—202—(‘“'23)22 .
2B (B2 —C2)? N

~ SIndeed, using the change variable formula (see [26] p. 45) w.r.t.

6 = —6(COLP) | the Jacobian matrix J is reduced to a scalar J = —1. Thus,

CRB(=§(C°L)) = CRB(§) = JECRB(5(OL)) =CRB(S(COLD)).

Consequently, if §(°CP) is a root of (§(C°¥P))> = CRB(6(°OP)) then
—58(COLD) 5 also a root.

15)

c2(A+2B)
2NB

(b:(dCOLD))Z



428

& 10
RF'SRL for COLD array
£3 SRL for CCD array
5.5 ol
5t ]
x45- @NN‘ i
005 0.1 0.15 02 0.25 03 0.35 0.4 0.45 05
2
G

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 59, NO. 1, JANUARY 2011

10°

@ SRL based on the Smith criterion for non orthognal sources
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O SRL based on the Smith criterion for orthognal sources
# SRL based on the Lee criterion for orthognal sources
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Fig. 2. Left: The SRL using a COLD and a cocentered crossed-dipole (CCD) [5]. One notices that the SRL of a CCD array is in a good agreement with the SRL of
a COLD array. However, the SRL closed form expression of the COLD array is easier to derive since the COLD array exhibits some interesting properties, as for
instance, the insensibility of the polarization vector to the source localization in the plan of the array and the constant norm of the polarization vector. Right: The
SRL based on the Smith and Lee criterion. One can notice that in the case of orthogonal signal sources, the SRL based on the Smith and Lee criterion coincides
(upon a normalization factor). However, in the general case (i.e., not orthogonal signal sources) the Lee criterion, unlike the Smith criterion, ignores the coupling

terms between the parameters of interest.

0.02

0.018F =

0.016

Smat
it 1

0.014-

@N

0.012

roots

ot
K
e

s 2p(x)
P i m
QP

0.01

0.008-

0006
Lt

—
{ Llpy(x)
0.0043 02 03 04 05 06 07 08 09 1

02

=Exact SRL
=== SRL based on (16)
@ SRL based on (17)

#/SRL based on deteation theory (P, P,,)=(0.34,0.25)

© SRL based on detection theory (P, P,,)=(0.38,0.1)

SRL based on detection theory (Pd,P'a)=(O 49,0.31) -

0.25 03 0.35 0.4 0.45 05
2
(o)

Fig.3. Left: Illustration of the desired roots of the polynomials p» (), p5 (), ps(x) and p4(2). Right: Comparison with literature results: The SRL versus o2 for
N = 100: the approximated SRL based on (16) and (17) is in good agreement with the exact SRL (i.e., the numerical solution of (10) without any approximation).
This validate the closed-form expressions given in (16) and (17). Furthermore, one can notice that, for example, for P; = 0.37 and FP;, = 0.1 the SRL based on
the SRL (16) and (17) is almost equal to the SRL based on a hypothesis test [11] derived in the asymptotic case. From the case P; = 0.49 and P, = 0.3 or/and
P, = 0.32 and P, = 0.1, one can notice the influence of the translation factor p on the SRL.

One should note that under realistic conditions 6LCOLD)

exists since
(A+2B) B - r 1 . (A+2B) \ B 1).C 1 h
Br_c? N 1S o( xrs) (e, |m)ﬁ < 1). Consequently, the

desired SRL is given by (we discard the negative root) (see (16), shown
at the bottom of the page). Note that, unlike the orthogonal signal
sources case, the SRL depends on the state vector parameter.

Remark 1: Note that the latter formula is valid if B # 0.

When B = 0, the roots of p(x) (which become the roots of

pa(z) 2 2N(B> — C%)a®> + o2(A + 2B)) are given by
2

2? = %. The real root exists if in particular C* — B> > 0

and A + 2B > 0. Since |R{zy}| < |zy| < |z||ly|, where |.|

denotes the absolute value of a real number or the modulus
of a complex number, then, for a fixed value of ¢, one has
|§R{e’3(¢2(”*‘“ﬁ‘1(t)}uf’u2}| < e.i(éz(t)fm(fJ)Hu{’uﬂ < 1.
Thus, |%{Z;\f:1 ei(#/»z(f)—(m(t))uyuQH <

S R P2 yllg, ) < N < N%. Consequently,
A > —2D is satisfied. On the other hand, since S‘{rNquuz} =0,
thus, |R{ryulu,}| = |rn|luluy|. Assuming different
polarization state vectors, i.e., (p1,%¥1) # (p2,12), one obtains
o] < fra] < (araa/N) D0 [X@OAO] = gy,
Thus, B? < C?. Finally, one concludes that the root of (14) in

§47OLP) = % 1- \/1—20

, (A+2DB)
(B2 - C?)

B
N

a?a2 — N2 {ryutfus}
233 {rrvufus}

1_%_

aN (R2 {ryullu} — aa3)?

20233 {rvulus} ((a? + a2) + 2R {ryul! 112})) »
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Fig. 4. The SRL of the COLD-ULA with (left) N = 40 snapshots and L = 5 sensors, and (right) N = 100 snapshots and L = 10 sensors. Note that the SRL
using the assumption of known state parameter vector is almost identical to the SRL of unknown state parameter vector.

the case I{ry u1Hu2} = 0 exists and is given by (we discard the
negative root)

a? —}-a2 + 2R {ryuf uz}
R2 {ryuffus}

(coLb) _
6. \/W \/ 17)
Remark 2: From Fig. 3 (left), one can notice that the desired roots of
pa(x),ps(w) 2 ANBB+*+2N(B? —C*)a?—20*Ba+0?(A+2D),
po(x) and ph(z) £ 2N(B> — C?)a® — 20°Bx + (A + 2B) are
almost identical for various values of o2. Indeed, this is expected since
the desired roots, corresponding to the SRL, are small (i.e., 50D «
1). Furthermore, for a sufficient number of sensors, the coefficient cor-
responding to the fourth, third and first degree of the polynomial p(x)
are small (i.e, 2NB ~ O(1),4NBB ~ O(1/N) and 26°B ~
O(1/N) whereas 2N (B? — C?) ~ O(N)).

a?al —

Remark 3: On the other hand, since | % % & 1, the second-
order Taylor expansion of (16) around % % = 0 gives

aj +“z + 2R {ryuffus}
- R2 {ryuffus}

S(c JOLD) _ 1
\/—\/ (18)
which is the same expression as in (17). Furthermore, for orthogonal
signal sources, one obtains (11). Consequently, (17) unifies the dif-
ferent cases of the SRL derivation results.
Remark 4: Finally, using (17) and for equipowered sources (i.e.,
a; = as = a), one obtains

14+ R {Fyullus}
VNaSNR || 1 — R2 {Fyullu,}

in which 7y = (1/N) 2N ¢/(@2(0=¢1(") Note that, the SRL ob-
tained in (19) is qualitatively consistent with the SRL derived in [12]
and [17] in the case of a classical ULA array.

Remark 5: The polarization state vector of a COLD array is not
function of the direction parameter (i.e., du,, /dw, = 0 for m =
1, 2). Remark that this is not the case for Cocentered Crossed-Dipole
(CCD) antenna. This nice property of the COLD array allows to greatly
simplify the analysis of the SRL, see Fig. 2 (left) for a comparison
between the CCD-ULA and the COLD-ULA SRL.

Furthermore, from A2, one can note that the state parameter vector
is assumed to be known. However, this assumption is not severe, since
numerical simulations show that the SRL of a known state parameter
vector is close to the SRL of a unknown state parameter vector (even
for a low number of sensors L = 5 and/or a low number of snapshots
N = 40); see Fig. 4.

(3(((” D) _

19)

B. SRL Based on a Hypothesis Test

Another approach to derive the SRL is based on a hypothesis test. In
this Subsection, we show that the results of [11] in the case of non-po-
larized sources can be extended to the polarized sources case. Indeed,
using a binary hypothesis test and the same method as in [11], the
asymptotic (in terms of snapshots) SRL based on a hypothesis test is
given as the root of (proof: see the Appendix)

Sdetection = P/ CRB(bdetection )- (20)
The so-called translation factor, p, is determined numerically, for a
given probability of detection F; and a given probability of false alarm

Pr., as the root of Q ,13( )<Pd) Q (Pfa) In which O ( ) and
2_,2( )( ) denote the inverse of the rlght tail probability of the cen-

tral chi-squared pdf Y2 and the noncentral chi-squared pdf ' i(p),
respectively).

Remark 6: The hypothesis test used to derive (20) is a binary
one-sided test and the MLE used is an unconstrained estimator
(see the Appendix), thus, one can deduce that the GLRT, used to
derive the asymptotic SRL, is [27] 1) asymptotically uniformly most
powerful (UMP) test among all invariant statistical tests, and 2) has
asymptotic constant false-alarm rate (CFAR).

Fig. 3 (right) shows that the derived SRL (17) is in agreement, with
respect to the translation factor, with the extension of the SRL based
on a UMP and CFAR hypothesis test in the asymptotic case, which as-
sesses the validity of our results. In addition, this figure shows that the
derived SRL is tight w.r.t. the exact SRL (i.e., the numerical solution of
(10) without any approximation). Furthermore, Fig. 3 (right) assesses
remark 2 and 3 since the SRL (17) derived using p2(x) is almost iden-
tical to the SRL (16) derived using p(z).

In the following section, a comparison between the SRL of two po-
larized sources impinging on a COLD-ULA and on an ULA, is done.

V. COMPARISON BETWEEN THE STATISTICAL RESOLUTION LIMIT OF A
COLD-ULA AND AN ULA AND NUMERICAL ANALYSIS

Consider two radiating far-field and narrowband sources observed
by a classical ULA of L sensors with interelement spacing d [25]. The
array and the emitted signals are coplanar. Following the same steps
leading to §{COLD=09) , one obtains after some algebra calculations the
SRL of the ULA denoted by §7EA79) The derivations are not re-
ported here since they are similar to the ones presented for the COLD
array. As in Section IV, we detail the orthogonal and non-orthogonal
signal sources case.
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A. Comparison in the Orthogonal Signal Sources Case

In the case where the signal sources are orthogonal (i.e., rvy = 0
[20]), one obtains (after calculus) 6&ULA70) = (SEJC’OLD*O meaning
that the COLD-ULA and the classical ULA have the same resolvability
capacity.

B. Comparison in the Non-Orthogonal Signal Sources Case

In the following we focus on the SRL given by (18) (see remark 3).
After calculus, one obtains the SRL of the ULA

S(ULA) _ T (af 4+ a2)+2R{rn} @1
- V2Na a?a3 — R2{rn}
Thus, from (17) and (21), one can check that
5COID) < S(ULA) i Ry > R {rNu{f uz}. 22)

As R{rvulus} = R{rnIR{u{us} — 3{rx}3{uus} and
R{ufus} < 1, condition (22) is satisfied for S{ry} = 0 or/and
S{uf’us} = 0. Consequently, we have §L0CMD)  §CUEA) for the
following cases:

Cl1. if the signals are real and positive, i.e., S{rx } = 0 or with the

same phase, i.e., ¢1(t) = ¢2(¢), Vt;

C2. if 1 = ¢o,ie., S{uf'uz} = 0;

C3. ifpr =0orp2 =0,ie, S{ufu,} = 0.

Besides C1., C2., and C3., in Fig. 5 we plot D(rz,uf’uy) =
R{ry} — R{ryullus} versus the polarization state parameters p and
. Consequently, from (22) if D > 0 thus 6\ °*™) < s("™N) Fig. 5
suggests that generally §LOOMD) o s(HLA) yhile 5(TOMP) > (VMM
only for a small region (which corresponds to the part of the plot that
is under the horizontal plan). This means that generally, the SRL of
the COLD-ULA is smaller than the one for the ULA.

VI. CONCLUSION

In this correspondence, we derived the deterministic CRB in a non-
matrix closed form expression for two polarized far-field time-varying
narrowband known sources observed by a COLD-ULA. Taking advan-
tage of these expressions, we deduced the SRL for the COLD-ULA
which was compared to the SRL of the ULA. We noticed that, sur-
prisingly, in the case where the signal sources are orthogonal, the SRL
of the COLD-ULA is equal to the SRL of the ULA, meaning that
it is not a function of polarization parameters. Furthermore, for non-
orthogonal signal sources, we have given three sufficient and neces-
sary conditions such that the SRL of the COLD-ULA is less than the
SRL of the ULA. By analytical expressions and numerical simulations

we have shown that the SRL of the ULA is less than the SRL of the
COLD-ULA only for few cases, meaning that generally the perfor-
mance of the COLD-ULA is better than the performance of the ULA.
Note that an interesting work could be to apply the proposed method
in the case of Gaussian sources and to compare it to [17, eq.(9)].

APPENDIX

Let us consider the following binary hypothesis test where H( and
"H represent the presence of one signal and the presence of two signals,
respectively. Consequently, following the same line as in [11], one can
formulate the hypothesis test, as a simple one-sided binary hypothesis

test as follows:
Ho :
Hy :

where Odetection denotes the SRL based on a hypothesis test such that
Sdetection = |w1 — w2|. To derive the SRL based on a hypothesis test,
we consider the GLRT [27]:

6detection =0

: 23
bdetection >0 ( )

g P(y|$detection,&1,7‘(1) Hy
L = 1 24
o O @9

where 84ctection, &1 and &g denote the maximum likelihood esti-
mates (MLE) of d4etection under H;, the MLE of ¢ under H; and
the MLE of oo under Ho, respectively, in which ¢’ denotes the
test threshold (the central spatial phase factor is implicitly assumed
unknown). From (24), one obtains

To(y) = LnLa(y) > ¢ = Lnd'. (25)
Deriving and analyzing the SRL from (25) seems to be hard and even
intractable in some cases (especially due to the derivation of Sdetection ).
Consequently, in the following we consider the asymptotic case. In [27]
it has been proved that, for a large number of snapshots, the statistic
Te(y) in (25) follows:

Ta(y) ~ {

5
5 under H
X ] (26)
X'5(p") under H
where 3 and \/ j (p") denote the central chi-square pdf and the noncen-
tral chi-square pdf both with two degrees of freedom. The noncentral

parameter p' is given by [27]
p, = éﬁetectiou (CR’B(édeteCLiOU))il . (27)

Since we consider the asymptotic case ddetection = Odetection » thus (27)
2 7
becomes 5detection =p CRB(édetection)- Consequentl}’7 (sdetection =
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v/ CRB(bdctection ) Where \/ﬁ =y represents the so-called transla-
tion factor [11] which is determined due to the probability of detection
Py and the probability of false alarm I, as follows: Iy, = Q.2 (<) and

X3
P, = Qx,g(pZ)(g) where Q,@(.) and Qx,g(pg)(.) denote the right tail

probability of 3 and )('z (p?), respectively. This conclude the proof.
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A Barankin-Type Bound on Direction Estimation Using
Acoustic Sensor Arrays

Tao Li, Joseph Tabrikian, and Arye Nehorai

Abstract—We derive a Barankin-type bound (BTB) on the mean-square
error (MSE) in estimating the directions of arrival (DOAs) of far-field
sources using acoustic sensor arrays. We consider narrowband and
wideband deterministic source signals, and scalar or vector sensors. Our
results provide an approximation to the threshold of the signal-to-noise
ratio (SNR) below which the performance of the maximum likelihood esti-
mation (MLE) degrades rapidly. For narrowband DOA estimation using
uniform linear vector-sensor arrays, we show that this threshold increases
with the distance between the sensors. As a result, for medium SNR values
the performance does not necessarily improve with this distance.

Index Terms—Acoustic sensor array, acoustic vector sensor, Barankin
bound, direction of arrival estimation, threshold SNR.

1. INTRODUCTION

The Barankin bound [1]-[4] is a useful tool in estimation
problems for predicting the threshold region of signal-to-noise
ratio (SNR) [5]-[8], below which the accuracy of the maximum
likelihood estimation (MLE) degrades rapidly. Identification of the
threshold region enables to determine the operation conditions, such
as observation time and transmission power, to obtain a desired
performance.

In the recent years, many works have been carried out for identi-
fication of the threshold region of the MLE. One approach is based
on the method of interval estimation (MIE) [9] in which the perfor-
mance of the MLE in the threshold region is approximated. However,
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On the Statistical Resolvability Of Point Sources in Subspace Interference Using a
GLRT-Based Framework

Mohammed Nabil EL KORSO, Rémy BOYER, Alexandre RENAUX, and Sylvie MARCOS

Abstract

The Statistical Resolution Limit (SRL), denoted by 4, characterizing the minimal separation to resolve two closely spaced
far-field narrowband sources, among a total number of M > 2, impinging on a linear array is derived. The two Sources
Of Interest (SOI) are corrupted by (1) the interference resulting from the M — 2 remaining sources (called here subspace
interference (SI)) and by (2) a broadband noise. Toward this end, a hypothesis test formulation is conducted. Depending
on the a priori knowledge on the SOI, on the interfering sources and on the noise variance, the (constrained) Maximum
Likelihood Estimators (MLE) of the SRL subject to 6 € R and/or in the context of the matched subspace detector
theory are derived. Finally, we show that the SRL which is the minimum separation that allows a correct resolvability
for given probabilities of false alarm and of detection can always be linked to a particular form of the Cramér-Rao Bound
(CRB), called the Interference CRB (I-CRB), which takes into account the M — 2 interfering sources. As a by product,
we give the theoretical Signal-to-Interference-plus-Noise Ratio (SINR) threshold for a given SRL and for several typical

scenarios.

Keywords:

Statistical resolution limit, SNR threshold, performance analysis, subspace interference.

1. Introduction

The context of narrowband far-field sources localiza-
tion has been widely investigated in the literature [1]. How-
ever, the ultimate performance in terms of resolution limit
have not been fully investigated. The Statistical Resolu-
tion Limit (SRL) [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12], defined
as the minimal separation between two signals in terms
of parameter of interest, is a challenging problem [13] and
an essential tool to quantify estimator performance. A
closely related problem is to derive the signal-to-noise ra-
tio threshold (SNR), i.e., the minimal SNR above which
the two signals are resolvable [14].

Among all the different approaches to characterize the
SRL, one can find three families. The first and oldest one
is based on the null spectrum [2, 3]. A second one is based
on the estimation accuracy [5, 6, 7, 8] and the last one and
maybe the most promising one is based on detection the-
ory in the context of the hypothesis test formulation. One
can find in the literature several works related to the SRL
or to the SNR threshold using an hypothesis test formula-
tion [9, 10, 11, 12, 14]. Specifically, in [11], Liu and Neho-
rai have derived the so-called statistical angular resolution
limit (i.e., the SRL) w.r.t. Direction-Of-Arrival (DOA)
using the asymptotic equivalence expression (in terms of
number snapshots) of the Generalized Likelihood Ratio
Test (GLRT). More recently, Amar and Weiss [12] have
proposed to determine the SRL of two complex sinusoids
with nearby frequencies using the Bayesian approach for
a given correct decision probability. Finally, Sharman and
Milanfar [10] have considered the resolvability of sinusoids

Preprint submitted to Elsevier Signal Processing

with nearby frequencies by deriving the theoretical SNR
threshold based on the GLRT.

In this paper, we focus our analysis on a GLR based hy-
pothesis test formulation. This choice is motivated by the
following arguments: (1) unlike the SRL based on the
mean null spectrum [2, 3], the SRL based on detection
theory is claimed to be appropriate for all high-resolution
algorithms since it is not related to a specific algorithm, (2)
it exists a relationship between the SRL based on the esti-
mation accuracy [7] (i.e., the Cramér-Rao bound (CRB))
and the SRL based on detection theory [11] (see subsec-
tions 8.4, 4.4, 5.4 and 6.4), (3) unlike the Bayesian ap-
proach, the use of the GLRT does not require any prior
knowledge on the parameter of interest, (4) since the sep-
aration term is unknown to the user, it is impossible to
design an optimal detector in the Neyman-Pearson sense
[15] but the GLRT applied to our model is Uniformly Most
Powerful invariant (UMP-invariant) test among all the in-
variant statistical tests [16], which is considered as the
strongest statement of optimality that one could expect to
obtain [17].

It is important to note that all the existing works have
been derived only for two sources of interest (SOI) and
thus the influence of the other (interfering) sources is ne-
glected. Another important point is that most of the con-
tributions have been made in the case of spectral analysis
and thus the impact of the array geometry on the resolu-
tion has not been studied in the context of statistical array
processing with complex sources.

In this work, the considered model can be described by
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two narrowband far-field closely spaced SOI, among a total
number of M > 2 sources, imbedded in a competitive envi-
ronment constituted by (1) the interference resulting from
the M — 2 remaining sources (called here subspace inter-
ference (SI)) and by (2) a broadband noise. For this gen-
eral model, we derive the theoretical signal-to-interference-
plus-noise ratio (SINR) threshold w.r.t. the SRL for linear
arrays.

The paper is organized as follows. We first begin by in-
troducing the observation model and the problem setup
in Section 2. Sections 3 to 6 are devoted to the SINR
threshold and SRL derivations depending on the assump-
tions on the SOI, on the subspace interference and on the
noise variance. Section 7 gives a summary of the main
results and compares the SINR thresholds. Furthermore,
in Section 8, numerical simulations are given to assess the
effect of the array geometry, of the aperture, of the prior
sources knowledge and the effect of the subspace interfer-
ence. Finally, Section 9 concludes this work.

2. Problem setup and assumptions

Let us consider a Linear Array (LA) with N sensors
that receives at the t** snapshot, a signal emitted by M
deterministic far-field and narrow-band sources, denoted
by {s1(t),...,sa(t)}. For the n" sensor and for the **
snapshot, the observation model is given by [1]

M
Yn(t) = $m (t) exp(jwmdn) + v (t) (1)

m=1

t=1,...,L, n=20,...,N — 1, where L stands for the
number of snapshots,

Wy = =27 sin(0,,) /v

is the parameter of interest of the m*" source which is a
function of the bearing 6,,, and of the signal wavelength
v. d, stands for the (known) distance between a reference
sensor (the first sensor herein) and the n'" sensor!. The
additive noise v, (t) is assumed to be a complex random
process. Consequently, the observation vector at the ¢
snapshot, can be expressed as

yN—1(t)]T = [01

y(t) = [yo(t) ay] 5(t)+v(t),

where v(t) = [vo(t) ... vn_1(t)]T and 8(t) = [s1(t) ...
in which the (n + 1)** entry of the steering vector a,, is
given by [an],, = exp(jwmdy,), m = 1,2,..., M. Finally,
the "vectorized” full observation vector is as follows:

y2 [y"(1) 72 y"(L)]".

IFor instance, in the case of the Uniform LA (ULA), d, = nd
where d denotes the inter-element space between two successive sen-
Sors.

Sources of interest

interference
) s 99 L
interference 1/ 7 52
® 1
interference

—r—0—0—0—¢

1% sensor n™ sensor L™ sensor

Figure 1: Two closely-spaced SOI imbedded in three interfering
sources observed by a linear array with L = 7 sensors.

2.1. Hypothesis test formulation of the SRL in subspace
interference

2.1.1. SRL in subspace interference

The aim of this work is to derive the theoretical SINR
threshold and the SRL, denoted by ¢, in the context of the
scenario depicted on Fig. 1. More precisely,

1. Two closely-spaced sources are of interest (SOT). With-
out loss of generality, we consider that these two
sources are s; and ss (such that s; # s2). So, the
SRL (i.e., the separation) is defined as & 2 Wy —wi.

2. The M —2 remaining sources, denoted by {s3,...,sm},
are viewed as an interference (also called Subspace
Interference (SI) [18]). Each pair of sources is consid-
ered widely-spaced. A sufficient condition is that the
minimal separation over all the combination of pairs
of interfering sources, denoted by A,, must satisfy
A, > 6.

3. The background broadband noise is assumed to be
a complex circular white Gaussian random process

with zero-mean and variance 2.

Consequently, the problem setup can be viewed as de-

sar(t)]T riving the theoretical SINR, threshold and the SRL for two

closely-spaced SOI imbedded in a structured interference
(the M — 2 remaining sources) and an unstructured inter-
ference (i.e., the broadband noise).

2.1.2. Hypothesis test formulation

The problem of resolving only two closely-spaced SOI
in the context of a binary hypothesis test has been already
(partially) tackled in [9, 10, 11, 12]. But in these refer-
ences, the model is restricted to only two closely-spaced



SOI. In this work, we consider a more general model de-
scribed in the previous section. This model has a rich
structure since the impact of M — 2 interfering sources is
taken into account. Consequently, the theoretical SINR
threshold and the SRL derived in this paper are appropri-
ate to the realistic situation where M > 2 sources belong
to the field of view of a LA (see Fig. 1).

Let the hypothesis H( represents the case where the two
SOI are combined into a single signal, whereas the hy-
pothesis 1 embodies the situation where the two SOI are
resolvable. Consequently, a convenient binary hypothesis
test (see [9, 10, 11, 12]) is given by

Hol
7‘[1:

Since the separation term ¢ is unknown, it is impossi-
ble to design an optimal detector in the Neyman-Pearson
sense. In this case, the Generalized Likelihood Ratio Test
(GLRT) [15] is a well-known statistic test to solve such a
problem and is given by

0 =0,

5 0. @

G(y) — maX51P1p(y§ 57 plv Hl) _ p(y; 6a pla Hl) ?il 77/
max, p(Y; po, Ho) p(y; P, Ho) 1 ; )
3
in which p(y; pg, Ho) and p(y; 9, p1, H1) denote the prob-
ability density functions (pdf) under Hy and #H;, respec-
tively, and where 7/, § and p; denote the detection thresh-
old, the Maximum Likelihood Estimate (MLE) of ¢ under
H1 and the MLE of the parameter vector p, (containing
all the unknown nuisance and/or unwanted parameters)
under H;,i = 0,1. If the statistic G(y) is greater than a
given threshold 7/, then the signals are said to be resolv-
able.

Unfortunately, closed-form expressions of 5, p, and p, are

not available (this is mainly due to the derivation of o
which is, in this case, a highly non linear and intractable
optimization problem [19]). However, since the two SOI
are closely-spaced (this assumption can be argued by the
fact that the high resolution algorithms have asymptot-
ically an infinite resolving power [20, 9, 7, 10, 11, 12]),
one can approximate model (1) into a new model which is
linear w.r.t. the parameter 0.

2.2. Linear form of the model with subspace interference

First, let us introduce the center parameter w, =
Asin [9, 10, 11, 12], using the assumption of a small angu-
lar separation of the two SOI, a first-order Taylor expan-
sion around § = 0 leads to

y= As, +6Bs_+e+w, (4)

where e = Cs, C =[A3 ... Ay, s=[s ... STM]T and
sy = 81+ 82, (5)

S_ = 89 — 81, (6)

witwso

in which s; = [s;(1) ... s;(L)]T. Furthermore, the signal e
encompasses the interference of all the sources apart from
the two closest ones (i.e., the first and the second one).
In addition, denoting I'j the L x L identity matrix, d =
[do di ... dy—1]T and a the steering vector considered

for the center parameter w. (i.e., [a], 2 exp(jwedy),
n=20,...,N —1), we define

a 0
A
A = . :IL®(1, (7)
0 al (NpyxL
B = %IL®('1,, where déan, (8)
A, = Ip®a,, form=3,...,M, (9)

where ® and ® stand for the Kronecker and the Hadamard
products, respectively. In the rest of the paper, and as
in [10, 11], the parameter w, is assumed to be known or
previously estimated. Furthermore, we consider that the
matrix C' is known or previously estimated [21]. Note
that the case of unknown w, and/or unknown C' leads to
an untractable solution of the GLRT and, consequently, is
beyond the scope of this paper.

2.3. Defintion of the SNR and the SINR

A standard measure for the point source without inter-
ference is the Signal-to-Noise Ratio defined as

2 2
_lls
SNR £ 727"*1‘2' mll” (10)
o
But a more convenient measure in case of interference
is the Signal to Interference plus Noise Ratio defined ac-
cording to

2 2
SINR EN z:m:;w (11)
sl” + o2
Obviously, we have SINR < SNR. Let INRé ”j—!z be
the Interference to Noise Ratio. Straightforward relations
between the SNR and the SINR are

SINR = L SNR, if INR = a, (12)
1+«

SINR = SNR, if INR=0, (13)

SINR SNR, if INR « 1. (14)

In this work, the theoretical SINR and SNR are derived
for a given SRL in the scenarios listed above. More pre-
cisely, relation (12) means that if the INR is fixed to the
constant « then the SINR is proportional to the SNR. Re-
lation (13) is a particular case of relation (12) and stands
for the situation where there is no subspace interference.
The last relation (14) means that the subspace interference
is dominated by the noise.



3. Case 1: known SOI, SI and noise variance

First, let us consider the scenario where the two SOI,
the SI and the noise variance are known, i.e., S1, So2, S
and o2 are known vectors. Let §; be the SRL for the
cogsidered case. Let us define the new observation vector
z=y—As; —Cs.

3.1. Binary hypothesis test

With the aforementioned framework, the hypothesis
test (2) becomes

Ho :
Hll

in which w 2 Bs_.

z=v~CN(0,0%1),

15
z = wé; +v ~ CN(wdy,o?I), (15)

3.2. Constrained MLE (CMLE) and GLRT

As 07 € R, one has to find the Constrained MLE
(CMLE) of 4;. More precisely, the constrained optimiza-
tion problem can be written according to

argr%in L(z,01) subject to 6, € R
1

where L(z,01) is the negative log-likelihood function. Ac-
cording to Appendix A.1, the CMLE is

. R{wlz
g = Muwz} (16)
[[wl]
where |w|®> = s"B”"Bs_ = ||s_||?||a||>. Using (16),

the statistic of the GLRT is then given by

z;g JH 1 A 1
G(z) = M = exp <02 (||z||2 — ||z —w61|2)> =1

p(z; HO) Ho
(17)
Plugging (16) into (17), and defining a new statistic,

denoted by T'(z), one obtains

T(z) 2 2InG(z) = % (412w + bz = 82 w]*)

20 {w!
= M ('sz+zH'w — %{sz})
o [Jw]
P2 {wl 2
= {720} (18)
[wl” %
Using the result of Appendix B, we have
T(2) ~ Xz under Hy,
Xi (A1 (Pfa, Pg)) under Hy,
where
207 o OF 214112
M (Pra, Pa) = — [wl” = o 5lls-[7llall, (19)

and where y? denotes the central distribution with one

degree of freedom. Since G(z) 22; n < T(z) 2Zé n 2

In#’, the probability of false alarm and the probability of
detection are then given by

Py, = Qxf(n)

and

Pa = Q3 (Pya.pa)) (1);
respectively, in which @2 (.) and Qxf()\l(mepd))(.) denote
the right tail of the x7 pdf and the x3(\1 (Pfa, Pa)) pdf,
respectively. In practice Ai (Pfq, Py) can be derived for a

given Py, and Py as the solution of Q;% (Pta) = Q;"{I(Al (Pra,Pa)) (Py).

3.8. Theoretical SINR derivation
Result 1. The SINR threshold with respect to the SRL &,

required to resolve two closely spaced known SOI imbedded
in M —2 known sources in a known noise variance, is given

by

2 2
81" + [Is2]l

SINR; | (20)
2 2||w]?
lIsll +5%)\1(Pfa7pd)
Result 2. The SNR threshold with respect to the SRL

61 required to resolve two closely spaced known SOI in a
known mnoise variance, is given by

|[s1]]% + [|s2]|?

SNRy = Ay (Pya, Pa)
267 |Juw]|”

n (21)

Result 3. If the SOI are orthogonal signals, i.e., s¥ sy =
stls) =0, then ||s_||? = ||s1]|*> +||s2||>. The SNR thresh-
old is given by

2X1 (Psa, Pa)

SNRy, = :
6% |lal®

(22)
The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.

8.4. Alternative expression of the non-centrality parameter

Let [6; 0?]T be the vector collecting the parameters
under #H;. The associated CRB(d;) which is derived in
appendix C.1, is given by

o2 202

CRB(6;) = - .
2[w|® s |*[la]

Consequently, (19) can be rewritten w.r.t. the CRB as

A1 (Pfa, Pa) = 82CRB™1(5y). (23)

Note that (23) is an expression where §; is the unknown
variable. This is in agreement with the formulation intro-
duced in reference [7].



4. Case 2: known SOI, unknown SI, known noise
variance

4.1. Binary hypothesis test
In the following, we consider the case where two known
SOI are imbedded in M — 2 unknown interfering sources.
In addition, the noise variance is assumed to be known.
Consequently, the observations under each hypothesis are
given by
Ho: =z éy—As+ =Cs+v~CN(Cs,o?I), (24)
Hi: z=0dw+Cs+v~CN(bw+ Cs,oI).

where 5 denotes the SRL.

4.2. Joint CMLE and GLRT

As 05 € R, one has to find jointly the CMLE of the SRL
and the MLE of interfering sources. Let us reorganize the
observation according to z = Qp+v where Q@ = [w C] and
p = [62 sT]T, then the constrained optimization problem
can be written according to

argmin L(z,p) subject to efpeR (25)
P

where e; = [1 0...0]7 and L(z,p) is the negative log-

likelihood function of the observation. According to Ap-

pendix A.2, we have

. Hpl

5y = %{wLiPC;h (26)
[[Pcwl|

Su, = C'z, (27)

8y, = Cl(z—dw), (28)

where 1 stands for the Moore-Penrose pseudo-inverse [22].
Consequently using (26), (27) and (28), one obtains

N 1

Oy, = Pcz

~ . 1 1 S?{wHPLz}

Oy, = Pcz — Pocw— 5 S
[1Pgwl|

under Hy,

29
under H;. (29)

Now, we are ready to use the statistic T(y) based on
the GLRT which is defined as follows:

o A 2 .
T(z) =2InG(z) = ;(H’UHOHQ — 183, II7)- (30)

Plugging (29) in (30) and after some calculus, one ob-
tains
v 2 R2{w" P& R2 {2
T(z) = S0 Pz} _ TS 2},
|1Pcwl| % o]l

(31)

o2

~ VH - UH . .
where ¥ = U 2z and where % = U w in which P& =

v v H v H o
UU is any orthogonal decomposition for which U U =
I [23, eq (A.4.7)]. The statistics of the random variable £
follow:

under Ho, (32)

Z3, ~ CN(082,0%I) under H,

{zm ~ CN(0,021)

. H
since U C = 0. Expressions (31) and (32) are formally
similar to the case studied in Appendix B. So, we can
conclude

o 2 d
F(z) ~ X; under Hg (33)
Xi(A2(Psa, Pg)) under Hq,
where
205 1 2
A2(Pra, Pa) = ?HPCU’H : (34)

4.3. Theoretical SINR derivation

From (34), one can state the following results:

Result 4. The SINR threshold with respect to the SRL do
required to resolve two closely spaced known SOI imbedded
i M — 2 unknown sources in a known noise variance, is
given by

sl + llsa]|*
2 2|[Pgw|?

SINRy = 5
]I + 93 2(PrarPa)

| (35)

Result 5. The SNR threshold with respect to the SRL 65
required to resolve two closely spaced known SOI with a
known noise variance is obtained for Pé =Iands=0
and thus is given by

2 2
[[s1]” + [ls2]l

SNRz = A2 (Pra: Pa) =5 i
2

B (36)

Result 6. If the SOI are orthogonal. The SNR threshold
s given by
2X2 (Psa, Pa)

SNRy, = :
63 lla|*

(37)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.

4.4. Alternative expression of the non-centrality parameter

In [24], the Interference Cramér-Rao Bound (I-CRB)
has been introduced. This bound is the CRB for the un-
known parameter [§2 02]7 and for the projected observa-
tion ¥ = U z. So, this bound integrates the subspace
interference related to (C). More precisely, this bound
takes the following form:

0.2

I.CRB(0y) = — .
2||Pgwl|?

See Appendix C.2 for the proof. Consequently, using
(34), one deduces the relationship between the I-CRB and
the non-centrality parameter

A2 (Ppa, Py) = 02T-CRB™1(8y). (38)



5. Case 3: unknown SOI, ST and known noise vari-
ance

5.1. Binary hypothesis test

In the following, we consider the case where two un-
known sources are imbedded in M — 2 unknown sources.
The noise variance is assumed to be known. Consequently,
the observations under each hypothesis are given by

Ho:
Hll

where D 2 [A C] € CNEX(M=DL "in which the unknown
vector parameter @ and g are defined by

y = Dg+v ~CN(Dg,o?I),

39
y= B0+ Dg+v ~CN(BO+ Dg,d*I), (39)

0 2 5s_,

A S+
o 2 1)
where 03 is the SRL.

5.2. Unconstrained MLE and GLRT

The unconstrained MLEs of the unknown parameters
are given by [18]:

6 = (B"P5B)"'B7Ppy, (40)
g, = (D"D)"'Dy, (41)
9n, = (D"PpD)"'D"Ppy, (42)

where P, 2 I—Pp, in which Pp denotes the orthogonal
projector onto the subspace spanned by the columns of the
matrix D.

Consequently, the MLEs of the noise are

Oy, = Ppy under H,, (43)
Dy, = P[JBD]y under Hq,

where the oblique projectors Egp and Epp are defined
as

BB P;B)'B Py, (44)
D(D"PgD) ‘D" Pg. (45)

Epp

Epp

Now, we are ready to use the statistic 7"(y) based on
the GLRT and defined as follows

A 2 (s N
T'(y) £ 2 Gly) = 5 (Ilow|* ~ 93 )?)  (46)
1
= ;yH (PJL_) - P[JBD]) Y. (47)

Using [16, eq (3.7)] and [18, eq (19)], one has Pp —
Pizp = PbEppPp = Ppy . Thus,
! 2 H
T'(y) = 5y Ppisy- (48)

Let P PLB = UU! be any orthogonal decomposition
[23] of the projector Pp g such that U"U = I and define

an auxiliary random variable § = U®y. One should note
that

§g=U"v~ CN(0,0°1) under Hy,
g=U"BO+U"v ~ CN(UHBO, 0?I) under H;.
(19)
Consequently,
T'(y) ~ {X%r under Hy, (50)
X3, (A3 (Pfq, Pg)) under Hq,

where [17] r = trace(PpL ) = rank(PpLg) = L and

o BiUURBO 242
—— 0 =2 ||Ppw|f. (51)

As(Pya; Pa) = a?/2 o

Note that the non-centrality parameter A3(Pyq, Pg) can
be numerically computed as the solution of Q;} ( Pfa) =
2L

—1
QxéLus(mePd))(P a)-

5.8. Theoretical SINR derivation

From (51), one can state the following results:

Result 7. The SINR threshold with respect to the SRL 3
required to resolve two closely spaced unknown SOI imbed-
ded in M — 2 unknown sources with a known noise vari-
ance, is given by

sl + Il
2 2[|Ppwl|®

SINRy = —
181" + 03 X PPy

[ | (52)

Result 8. The SNR threshold with respect to the SRL 63
required to resolve two closely spaced unknown SOI with a
known moise variance, is given by

2 2
[s1]” + [Iszll

SNR3 = A3 (Psq, P, . 53
PR P -
A straightforward derivation leads to
Loz _ L 201112
1Pawl|l” = 7 [ls-[I7[[bIl%, (54)
N afa N aal?
where b= a — %7%a and |[b|? = ||a]® - [254L.

Result 9. If the SOI are orthogonal. The SNR threshold
s given by
_ 2X3 (Pya, Pa)

SNR
T

(55)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.



5.4. Alternative expression of the non-centrality parameter

In the case of unknown SOI, the FIM is not invert-
ible, therefore the CRB of d3 does not exist. This arises
due to the lack of indentifiability in model (39) because of
multiplicative ambiguity in the product d3s_. To obtain
an invertible FIM, it is necessary to assume known SOI
as in case 1 and 2. Note that if, as in case 3 (and also
the following case, i.e., case 4), the vector of interest is
60 = d3s_, there is no ambiguity and it exists an unbiased
estimator (and thus the CRB) of 8. Keeping in mind this
fact, it is interesting to note that the I-CRB (as derived in
Appendix C.2) for the unknown parameters 03 w.r.t. the
interference subspace (D) and for known SOI, is given by

0.2

I.CRB(63) = ————.
2||Ppwl|?

This can be linked to the non-centrality parameter in (51)
according to

A3 (Pya; Pa) = 031-CRB ™' (83). (56)

6. Case 4: unknown SOI, SI and noise variance

6.1. Binary hypothesis test

In the following, we consider the general case where
two unknown sources are imbedded in M — 2 unknown
sources. In addition, o2 is assumed to be unknown. Let 6,4
be the SRL. The observations under each hypothesis are
given by

Ho: y=Dg+v~CN(Dg,o?I), (57)
Hi: y=BO+ Dg+v~CN(BO+ Dg,oI).
6.2. The GLRT derivation
From (57), the GLRT is given by
55 ool
Gly) =5 =25 58
W) =52 = ol P (58)

where the MLE of the noise variance under each hypothesis
is given by [25]

1
~2 ~ 2
2 — 1. 59
52 = <zl (59)
After some straightforward derivations, we obtain

- 1L
/i)HO = Pfy under Hy, (60)
Oy, = P{gp)y under Hy,

and where 6, 94, and g4, are given by (40)-(42), respec-

tively. In this case it is more convenient to define the
statistic T (y) as follows
- T'(y)
T”yélnGy NI — 1= 61
(y) = (InG(y)) Nw) (61)

where N(y) = %yHP[JjBD}y. In addition, using any or-

thogonal decomposition [23], one has P[JBD] = uU'v'f.
Consequently, N(y) = ||g]|?, in which g = U'"y. Thus,

=112
and
g=U"v~ CN(0,0%I) wunder H,,
{y UMy~ CN(0,0%I) wunder H,,
then,
{N(y) ~ X3, under Ho,
N(y) ~ x3,,(0) under Hy,

where 7’ = trace(P[Jng]) = NL—rank(P[gp)) = (N — M) L.
Furthermore, one can notice that the random variables

[|lg||? and ||g||* are independent (see Appendix D). Con-

sequently, a new statistic V(y) is described as follows

A
V(y) = (N = M)T"(y) ~ (63)
Foran—mL under Ho,
Foran—myr (M (Pga, Pg)) under Hy,

where F2L,2(N—]V[)L and F2L,2(N—M)L(>\4 (Pfa, Pd)) denote
the F central and noncentral distributions [15], respec-
tively, of 2L and 2(N — M)L degrees of freedom, in which
the non-centrality parameter is given by

208 51 1o
A (Pra, Pa) = ?HPD’U’H . (64)

Once again, note that the non-centrality parameter
A (Prq, Pg) can be computed numerically as the solution of

—1 _ -1 .
QFQL,Z(N*A[)L(PJCU‘) = QF2L,2(N—I\/I)L(>\4(Pfa,Pd))(Pd) with 2L
and 2(N — M) L degree of freedom, where Q;:L’Q(N_M)L B)

-1 . .
and QFM,Z(NiM)L(M(mepd)) (8) denote the right tail of the

pdf Fopov—aryr and Fop onv—aryz(Aa(Pras Pa)), respec-
tively, starting at .

6.5. Theoretical SINR derivation
From (64), one can state the following results:

Result 10. The SINR threshold with respect to the SRL
&4 required to resolve two closely spaced unknown SOI imbed-
ded in M — 2 unknown sources with an unknown noise
variance, is given by

2 2
[[s1]l” + llszll

2, 2 20Phwl
IslI” + 035, P rn

SINRy = [ | (65)

Result 11. The SNR threshold with respect to the SRL 4
required to resolve two closely spaced unknown SOI with an
unknown noise variance is given by

2 2
[[s1]]” + llsall

SNRy = Ay (Pja, Py) .
263 || Paw||?

(66)



As in the case 3, the SNR threshold for orthogonal SOI
is given by the following result:

Result 12. If the SOI are orthogonal. The SNR threshold
is given by

_ 20 (Pra, Pa)

SNR4,
! 52 |||

(67)

The last result means that the SNR threshold for or-
thogonal SOI is invariant to the source powers.

6.4. Alternative expression of the non-centrality parameter

As in the case 3, the I-CRB defined in Appendix C.2
for the unknown parameter [54 02]7 w.r.t. the interference
subspace (D) with known SOI can be linked to the non-
centrality parameter, given in (64), according to

As (Pfa, Pg) = 621-CRB™'(d4). (68)

7. Summary of results and discussion

The studied cases are summarized in table 1 2.
Toward the comparison of the studied cases, we formu-
late the three following propositions:

P1. First, as shown in Fig. 2, an increasing the number of
the unknown parameter increases the degree of free-
dom of the x?2 distribution used to derive A\, which

will increase the value of A and consequently,

A= A2 < As. (69)

P2. Second, considering the noise variance as unknown
parameter will produce a F' distribution to compute
the desired non-centrality parameter (see case 4). As
a consequence, the non-centrality parameter com-
puted w.r.t. x2 distribution is lower than the non-
centrality parameter computed w.r.t. F' distribution
for any Py > Py, [26], meaning that

A3 < As. (70)

P3. On the other hand, note that (C) C (D), where (C)
and (D) denote the subspace spanned by the column
of the matrices C and D, respectively. Consequently
we have Yw: w¥ Pow < w¥ Ppw and thus

IPpwl? < ||Pgwl? < [lw]®. (71)

From P1., P2. and P3. and for the same SRL (i.e.,
01 = d3 = O3 = d4), one deduces that

SINR; < SINRj < SINRj3 < SINRjy.

2In this section, Pyq, Py are dropped from A (Pfa, Pd) for sake of
simplicity.
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Figure 2: Behavior of the noncentral parameter of x2 versus n the
degree of freedom for different value of P; and for a fixed Py, = 0.01.

} Case 4
“-Case 3
8072" «%Case 2
[©Case 1 |
70- @, 7
L
60l T 7
— X e
g | Ty bt
= il 7
50 )
z
? 40 7
EES e |
30- . e -
OBy, -
20 ]
10 ‘ ‘ ‘
0 0.02 0.04 0.06 008 o

SRL

Figure 3: SINR threshold w.r.t. the SRL for the studied cases.

The same analysis can be done in the case of M = 2
(no interference), i.e.,

SNR; < SNRjy < SNRj3 < SNRy,
SNR1, < SNRg, < SNR3, < SNRy,.

In Fig. 3, we have reported the SINR threshold w.r.t.
the SRL obtained in all cases. The gap between the case 1
and the case 2 is evaluated around 10 dB and it is espe-
cially due to the projector Pé. The difference between
the case 2 and the case 3 is around 25 dB. This loss is
considerably high because it is due to the projector PE
but also to the higher degree of freedom for A3. Finally,
the gap between the case 3 and the case 4 is about only
0.5 dB and it is produced by the difference in the distri-
bution used to compute the desired A\4. In conclusion, the
difference between the studied cases is mainly due to

e the non-centrality parameter numerical value,

e the effect of the subspace interference according to
the projection onto (C) or (D).
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Figure 4: (left) SINR threshold to resolve two known/unknown
closely far-field SOI with known noise variance for an ULA where
N =10, d = 3 and M = 4 in which A, = 0.75. (right) The SINR
threshold for an ULA where N =10, d = %, for different number of
sources and A, .

8. Numerical Analysis

This section is devoted to the numerical analysis of the
SINR threshold w.r.t. the SRL. Furthermore, we have con-
sidered equal interference’s power and broadband noise’s
power (INR= 1) and thus SINR = $SNR. The number
of snapshots is equal to L = 100 where v = 0.5m and
(Pfa,Pi) = (0.01,0.99). The SRL w.r.t. the two closest
sources (the SOI) is denoted by d, where all the remain
sources are equally spaced by A,, (where A, > 9).

8.1. Effect on the source prior

The prior knowledge on the source amplitudes and
source phases is known to have a considerable effect on
the estimation accuracy [27]. One could expect the same
behavior concerning the resolution limit. From Fig. 4 (left)
one can notice the effect of the sources prior knowledge on
the SRL. Indeed, the SRL depends strongly on the prior
sources knowledge, e.g., the SINR threshold needed to re-
solve two known signal sources w.r.t. ¢ is approximatively
40 dB less than the SINR threshold needed to resolve two
unknown sources.

8.2. Effect of the subspace interference

In Fig. 4(right), we have reported the effect of addi-
tional sources (considered as a subspace interference) on
the SINR threshold. One can distinguish two cases:

1. The first one represents the scenario where A, >
6. In this case, one can notice that the additional
sources do not affect the SINR. This can be explained
by the fact that the high resolution algorithms have
asymptotically an infinite resolving power [20].

2. The second scenario is for A, > §. In this case,
one can notice the drastic effect of the interfering
sources. For example, the SINR gap between M = 4
and M = 6 scenarios is evaluated around 30 dB.

8.3. Orthogonal SOI

From an estimation point of view, it is well-known that
the estimation accuracy for orthogonal signal sources out-
performs the estimation accuracy for the non-orthogonal

75
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Figure 5: The required SINR to resolve two BPSK unknown
orthogonal/non-orthogonal closely far-field sources for an ULA where
N=10,d= 35 and M = 4.
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Figure 6: (left) The required SINR to resolve two unknown closely
sources with known noise variance for different array geometries and
same aperture which N =10, d = % and M = 4 in which A, = 1.5.
(right) The required SNR to resolve two known sources using ULA,
Type 4 and Type 5 geometries where P, = 0.01 and P; = 0.99.

signal sources [28]. One expect the same behavior con-
cerning the SINR threshold. In fact, as shown in Fig. 5,
the SINR threshold in the case of non-orthogonal Binary
Phase-Shift Keying (BPSK) signal sources is greater than
the case of orthogonal BPSK signal sources. This loss is
around 3 dB.

8.4. Analysis for nonuniform arrays

The effect of the nonuniform antenna array is studied
in the following. The linear array will be specified by their
array aperture and their sensor positions®.

e First, let us study the effect of the number of sensors
on the SRL (or, equivalently, on the minimum required
SINR to resolve two closely spaced sources). In Table 2
are listed different array geometries with 5, 6, 7 and 9
sensors. The array with 9 sensors is an ULA, whereas
the others belong to the so-called ”optimal” nonuniform
array geometries [30]. More precisely, an exhaustive search
has been done to select the minimum redundancy arrays
with 5, 6 and 7 sensors with an aperture equals to 8d
(recall that the minimum redundancy arrays minimize the

3For example, an ULA of N sensors will be represented as
An.N-1 = [0,1,..., N — 1], where the subscript N — 1 is related
to the array aperture (i.e., the distance between the first and the
last sensor is equal to (N — 1)d where d = ¥ [29].)



number of redundant lags R such that no missing lags will
be present). From Fig. 6(left) one can notice, for the same
array aperture, that the SINR threshold to resolve two
closely spaced sources is slightly sensitive to the number
of sensors. The gap for ULA of 5 sensors and the one for
9 sensors (having the same array aperture) is evaluated at
2 dB.

e Finally, let us consider the case of different LA ge-
ometries with the same number of sensors. In Table 3 are
reported different array geometries for N = 4 sensors with
different apertures. Omne can notice, from Fig. 6(right),
that the array aperture affects the SINR threshold to re-
solve two closely spaced sources around 2 dB. On the
other hand, one can notice that the SRL for arrays of
the same aperture with different array geometries are af-
fected by only 1 dB (i.e., between the so-called perfect
array Agqe and any array A} ). Meaning that, the SRL
is only slightly sensitive to the array design (for the same
array aperture).

9. Conclusion

In this paper, we have derived theoretical expressions of
the signal-to-interference-plus-noise ratio (SINR) thresh-
old w.r.t. the statistical-resolution-limit (SRL) for two
closely spaced far-field narrowband sources, among a to-
tal number of M > 2, impinging on a linear nonuniform
array. The two Sources Of Interest (SOI) are corrupted
by (1) the interference resulting from the M — 2 remain-
ing sources (called here subspace interference (SI)) and by
(2) a broadband noise. Since our approach is based on the
detection theory, these expressions provide useful informa-
tion concerning the resolution limit for a given couple of
probability of false alarm and probability of detection. In
addition, the theoretical SINR threshold and the SRL have
been analyzed with respect to the interference (resulting
from the M — 2 other sources), the array geometry and
the aperture, the prior sources knowledge or their orthog-
onality.

10. Appendix

10.1. Derivation of the CMLE for cases 1 and 2

10.1.1. MLEFEs for case 1
The negative log-likelihood function is given by

—Inp(z)

The optimization problem is given by

—NL/2

L(z,0) = —In(no?) + 07 ?%||z — wi||?.

argméin L(z,6) subject to ¢ € R.

This problem can also be solved by the Lagrange mul-
tiplier method. Let ¥ be a real Lagrange multiplier, then
the Lagrange function is given by

L(5,9) = L(z,5) + 93(6).

10

The condition ¥(6) = 0 can be rewritten according
to —j1(6 — 6*) = 0. So, the partial derivatives of the
Lagrange function are

%f; =0~ (||w||26* sz'w) —jg,
%—%(5)

since

85 = 0. By letting 2 55 L5, = 0, we have

H

wz Vo2

60 = ¥ .
2[jwl[?

Tl 72)

Setting 2%y, = 0, we have

}_

Consequently, the Lagrange multiplier is given by

H

wz Vo2

e~

3(8o) = 3{

||w]|?

P = %%{sz}.

Plugging the above expression in (72), we have

Ut} =

by using R{a} = a — jS{a}.

S

10.1.2. MLEs for case 2
The negative log-likelihood function is given by

Qpll.

—-NL/2

L(z,d) = —Inp(z) = — In(r0?) +07?|z -

The optimization problem is given by

argmin L(z,p) subject to elp € R
P
where e; = [10...0]7.
This problem can be solved by the Lagrange multiplier
method. Let ¢ be a real Lagrange multiplier, then the
Lagrange function is given by

L(p,V)

The condition J(ef'p) = 0 can be rewritten according
to —j%(e{p —el'p*) = 0. So, the partial derivatives of
the Lagrange function are

= L(z,p) + 93(e] p).

{g,’;; =02(QTQ'p" - Q"z") — je,
35 = S(efp),
since 8— = 0. By letting 8£|pO = 0, we have
py=Q'z— ;2 (Q Q! (74)

By setting a 19, = 0, we have

’19002

h=
> 0

%(E{Po) = \‘(61 QT ) —



where we have defined the real quantity h = e? (Q” Q) e;.
Consequently, the Lagrange multiplier is given by

2
Yo = %S(e?QTz).
Plugging the above expression into (74), we have
. 1 _
p=Q'z—j-(Q"Q)"eiS(e] Q).

CMLE of the SRL . The estimate of the SRL is given by
0 = el'p and thus,

(75)

i =elQ'z— jS(ef Q'2). (76)
Now, remark that R{a} = a — jS{a}, then
6 =R{eTQT2}. (77)

In addition, using the inverse of a block matrix and the
Schur complement [10], we have

ERz{wHy}
2

10.2. Statistic of the random variable

2
G llw
Let us consider a random variable y = dw + v cor-
rupted by a zero-mean white circular Gaussian noise v of

variance o2. We recall that a circular random variable

means [23] R {v} ~ N(0,%°I), S {v} ~ N(0,%I) and
ER{v}S{v}") = ES {v}R{v}") =0. So,

{'nyO ~ CN(07U2I),

Ys, ~ CN (6w, 0>T). (84)

Let u = R {wfy}. The mean of variable u is given by
[]w||?§ and its variance is

Cu=E{(R{w'y} - |lw]?)*} = B {7 {w'v}}
E{(R{w} R {v} - S {w} S {v})’}

el'Qt = twf +uflCH, (78) - . 2
—E{(ére{w} R {v} + S {w} S{v}) }
where
1 1 . : . :
{ = Twlf —wiC(C7C) 107w = Piu |2,) Obtgﬁgsequently, using the circularity of the noise, one
H H -1
o= Y C(f 0) . (80) C. = R{WTE (éR{v}éR{v}T> R{w} + 3{w}T E (%{v}%{v}T> S{w}
[PEwl? N NR
Thus (e2/2)1 (e2/11
wH P + ®{w}TE (éR{v}%‘{v}T) S{wl + 3{w}T E (S‘{v}?R{v}T) R{w}
T Ayt c
|Pcwl|
Using (77) and (81), we have (26). = Sl
MLE of the interfering sources . The estimate of the inter-
fering sources is given by 8 = Jp where J = [0(ar—2)rx1 L(amr—2)r] Let us define a new statistic as follows:
isa (M —2)L) x (M —2)L 4+ 1) selection matrix. We o[ H
h A u? R {wly}
ave 1 T(y) =+ = oz 2 (85)
5=JQ'z - jEJ(QHQ)—lelg{elTQTz}. (82) “ o gl
. 2 .
Let us define the following matrix: 'Thus, according to [15], we have T(y) ~ X1 ()‘) m
I which x? (\) denotes the non-central chi-square distribu-
A ~H o —1 cMww! Cl tion with one degree of freedom where the non-centrality
G=(C"0) I+ —m——, (83) L
||Pé}w|\2 parameter is given by
and observe the following equalities: \A E (U)Q 2602 ||w|? (86)
= = . 86
1 2
JQ' = ww + GC" = CT - Clww! PE, Cu o
|Pcwl|

1 1 1
EJ(QHQ)_lel = [u Gle = Bu= —C'w.

Plugging the two above expressions and (81) into (82),
we obtain

CT HPL HPL
§ = Clz- = 2T 0. jctwy{ 2 S~
|1Pow|f? [Pow|?
Hpl Hpl
B t. ot w'Pgz ] w'Pgz
- o Cw(IIPLwIQ “{||le||2
C C

= CT(z—wS).
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10.3. Derivation of the CRB and the I-CRB

In this appendix, we derive the CRB (Cramér-Rao
Bound) an the so-called I-CRB (Interference CRB). Let

E{((:) - @)(é — @)T} be the covariance matrix of an

unbiased estimator, é, of the deterministic parameter vec-
tor ®. The covariance inequality principle states that, un-
der quite general/weak conditions, the variance satisfies:

} > [CRB(@)]“ where

MsE(©)) = £ { (18] - ©],)

CRB(©) = FIM}(0), in which FIM denotes the Fisher
Information Matrix. The (ith, kth) element of the FIM for



the parameter vector © can be written (for a complex cir-
cular Gaussian observation model) as [23]

» L, R __, OR
{FIM(@)Lyszrace R 1@[@LR 16[‘% (87)
+2R a”,H R af" ,

ol8], ole],

where R and p denote the covariance matrix and the mean
of the observation vector model, respectively.

10.3.1. Derivation of the CRB
Let us consider the estimation of the real parameter of
interest &, where the observation model is as follows

z=0w+wv (88)

where v ~ CN(0,02I) whereas 6,w and o? are deter-
ministic parameters. Thus z ~ CN(p = dw, R = o2I).
The unknown deterministic parameter vector is defined as
© = [ 02T Using (87), the CRB w.r.t. § for the obser-
vation (88) is given by

2 op
(%)
since it is well-known that § and o2 are decoupled (diago-
nal FIM).

H op o?

CRB(6) = o =5 lwl® (89)

10.3.2. Derivation of the I-CRB

Now, let us consider the estimation of the real parame-
ter of interest §, where the observation model is corrupted
by a deterministic structured interference as follows

z=0w+ Cs+w. (90)

Let us define the orthogonal projector and its orthog-

onal decomposition according to Pg = UU" which is a
null-steering operator that nulls everything in the inter-
ference space (C) [18]. Let us defined a new observation
based on (90) as follows

A

20" =00 w t b, (91)

since U U = I, one has © U ~ CN(0,0°I) and
o H

z ~CN(p =0U w,R = 0?I). The I-CRB [24], is the

CRB for the observation (91) related to the projector Pg

where the unknown vector parameter is given by ®. Con-

sequently, using (87) and after straightforward calculus,

one obtains
2 ou
(%)
(92)

since it is well-known that ¢ and o2 are decoupled (diago-
nal FIM).

H gy,

2
g
95 :?HpéwH?

I-CRB(6) =
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10.4. Independence of ||g||* and ||g||?
Since E(g) = 0 under H, and H, one has

— ~ — ~ ' H
Cov(y,9) = E(wy") =U"" E(yy")U
~v'"v'v'" Eyy" uutUu

H
=U P[JBD]E(yyH)PPEBU

_yt <02P[LBD]PP$B + (P[lBD]e) (PPEBe>H> U

where e = BO + Dg under H; and e = Dg under H.
Note P[JBD]e = 0. And, on the other hand,

P[J;BD]PPEB = P5(PpEsp — EspPpERp)Pp
= (PpEsp — PLbEgpPpERp)Pp
= (PpEpp — PLERp)Pp = 0.

Consequently, Cov(y,y) = 0. Meaning that y and g
are uncorrelated. Thus, they are independent in the nor-
mal distribution case [25]. Consequently, it is straightfor-
ward to conclude that ||g||* and ||g||? are also independent
[16].
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Table 1: Summary of results with w = Bs_ and D = [A C].

Array type Sensor positions N | Aperture Redundant lags Missing gaps
Minimum redundancy As g [0,1,2,5,8] 5 8d R=1{1,3} G=1{}
Minimum redundancy Ag g [0,1,2,3,6,8] 6 8d R=1{1,2,3,5,6} G=1{}
Minimum redundancy Az g [0,1,2,4,5,6,8] 7 8d R=1{1,2,3,4,5,6} G=1{}

ULA Agg [0,1,2,3,4,5,6,7,8] | 9 8d R=1{1,2,3,4,5,6,7} G=1{}

Table 2:

number of sensors and with the same array aperture.

Characteristic of different array geometries with different

Array type Sensor positions | N | Aperture | Redundant lags | Missing gaps
Perfect array A4 [0,1,4,6] 4 6d R=1{} G={}
ﬁ1,6 [07172a6] 4 6d R = {1} G= {3}
Minimum redundancy Ay 5 [0,1,2,5] 4 5d R=1{1} G={}

Table 3:

array contains no redundancy lag and no gap.

Characteristic of different array geometries with the same

number of sensors and different array aperture. The so-called perfect

14
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ABSTRACT

The concept of Statistical Resolution Limit (SRL), which is defined
as the minimal separation to resolve two closely spaced signals, is
an important tool to quantify performance in parametric estimation
problems. This paper generalizes the SRL based on the Cramér-Rao
bound to multiple parameters of interest per signal and for multi-
ple signals. We first provide a fresh look at the SRL in the sense
of Smith’s criterion by using a proper change of variable formula.
Second, based on the Minkowski distances, we extend this criterion
to the important case of multiple parameters of interest per signal
and to multiple signals. The results presented herein can be applied
to any estimation problem and are not limited to source localization
problems.

Index Terms— Statistical resolution limit, performance analy-
sis, Cramér-Rao bound.

1. INTRODUCTION

Characterizing the ability of resolving closely spaced signals is an
important step to quantify estimators performance. The concept of
Statistical Resolution Limit (SRL), i.e., the minimum distance be-
tween two closely spaced signals that allows a correct resolvability,
is rising in several applications (especially in parameter estimation
problems such as radar, sonar, spectral estimation [1] etc.) There es-
sentially exist two approaches to obtain a SRL: (1) the first is based
on the estimation accuracy [2, 3] while (2) the second is based on
the detection theory [4]. In this paper we consider the SRL based
on the estimation accuracy. The Cramér-Rao Bound (CRB) does not
directly point out the best resolution that can be achieved by an un-
biased estimator. However, since it expresses a lower bound on the
covariance matrix of any unbiased estimator, it can be used to ob-
tain the SRL. We distinguish two main criteria on the SRL based on
the CRB. The first one was introduced by Lee in [2]: two signals
(for example parameterized by the Direction Of Arrivals (DOA) 61
and 62) are said to be resolvable w.r.t. the DOA if the maximum
standard deviation is less than twice the difference between 01 and
02. Assuming that the CRB is a tight bound (under mild condi-
tions), the standard deviation, 0, and og,, of an unbiased estimator
can be approximated by 1/CRB(f1) and \/CRB(02), respectively.
Consequently, the SRL Jp is defined, in Lee’s criterion sense, as

2max { \/ CRB(61), \/ CRB(6-) } . Lee [2] and Dilaveroglu [5] used
this criterion to obtain the SRL of frequency estimates. Swingler [6]

This project is funded by both the Région ile-de-France and the Digiteo
Research Park.
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used the same criterion for close frequencies in the case of complex
spaced sinusoids. However, the main problem of this criterion is
that the coupling between parameters is ignored. To overcome this
problem, Smith [3] proposed the following criterion: two signals
are resolvable w.r.t. the DOA if the difference between the DOA is
greater than the standard deviation of the DOA difference estimation
according to the CRB. Consequently, the SRL, in Smith’s criterion
sense, is defined as dy for which 9 < /CRB (dg) is achieved. This
means that, the SRL is obtained by resolving the implicit equation
82 = CRB (d). In [7], an example of study of the SRL for DOA of
discrete signals based on Smith’s criterion has been considered.

In several estimation problems, the signals are parameterized by
more than one parameter of interest per signal, for example in the
context of, near-field source localization [8] (bearing, elevation and
range), polarized source [9] (DOA and the polarization state parame-
ters) and more generally in communication applications [10]. How-
ever, Lee and Smith’s criteria were introduced only when the sig-
nal is parameterized by only one parameter (for example frequency,
DOA etc.) To the best of our knowledge, no results are avalaible
on the extension of the SRL to multiple parameters of interest per
signal. Thus, the aim of this paper is to fill this lack. We first begin
by giving a fresh look at Smith’s criterion using a proper change of
variable formula. Then we show that the extension to the multiple
parameters per signal case is not straighforward. Finally, we propose
an extension to the case of multiple parameters of interest and mul-
tiple signals using the k-norm distance. One should note that, the
SRL presented herein can be applied to any estimation problem and
is not limited to the source localization problem.

2. PROBLEM SETUP AND BACKGROUND

The observation model for M signals following the waveform de-
scribed by the functional f(.) is given by

M
x=> f(&,) +n, (1)
m=1

where n denotes the additive noise. The parameters are collected in
€=[¢T ... ¢%,]7, with a proper rearrangement of £ one can obtain
€ = [w” pT]" where w is the (M P) x 1 vector of the parameters
of interest and p denotes the vector obtained by concatenation of the
unwanted and nuisance parameters. This means that we consider P
parameters of interest for each signal. To the best of our knowledge,
the state of art [3] tackles this problem only in the case of M = 2
and P = 1. The problem addressed herein is to derive the Statistical
Resolution Limit (SRL) based on the Cramér-Rao Bound (CRB) in
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the case of P > 1 and M > 2.

First, let us consider the SRL for two impinging signals w.r.t. one
parameter of interest per signal. Consequently, the vector of the
parameters of interest is given by w = w1 wa]”, where we assume

that w1 # we. Under mild conditions, E {([E]Z - [5]1>2} >

[CRB(¢)], ; where € denotes an unbiased estimator of & and

CRB(¢) = FIM ' (), in which FIM(&) denotes the Fisher Infor-
mation Matrix for model (1) regarding to £ [11]. In the following,
for sake of simplicity, the notation CRB([£],,;) will be used instead
of the Matlab notation [CRB(E)],, , ;-

Having CRB(£), one can deduce CRB(), where £ = g(¢) =
[6 pT]7, by using the change of variable formula (see [12] p. 45)

CRB(£) = J CRB(¢) J7, 2)

where the separation is given by § = |wi — w2| and where the Ja-

cobian matrix is given by [J], ; = %. Consequently, J =
> J
T
[ho (I)} where h = sgn(w; — w2)[1 — 1]7 and sgn(w; — wa) =
‘51 :le . Using the Jacobian matrix above and (2), one obtains
. w0 CRB(L;A) CRB(UJl,WQ) X h 0
CRB(¢) = [ o 1} CRB(wz,w1)  CRB(w2) X {0 I
X X X

where CRB(w;) and CRB (w1, wp) 2 [CRB(E)] denote the CRB
1,2

on w; and the cross terms between w; and wo, reépectively. Conse-
quently,

CRB(§) 2 CRB ([5] 1) = sgn?(w1 — w)CRB(w1)+

(—sgn(w1 — w2))’>CRB(w2) — 2sgn® (w1 — w2)CRB(w1,w2)
= CRB(wl) + CRB(UJQ) — QCRB(wl,UJz). 3)

From (3) we notice that the SRL using Smith’s criterion [3] takes
into account the coupling between the parameters of interest. Con-
sequently, using Smith’s criterion, the SRL can be re-written as ¢
which resolves the following equation

6% = CRB(w ) + CRB(w2) — 2CRB (w1, w2). 4)

Finally, note that, as in [7], for the case where the parameters of in-
terest are decoupled, one obtains the SRL by resolving the following
equation 6> = CRB(w; ) + CRB(w2).

One should note that, unlike Smith’s criterion, Lee’s criterion' [2]
does not take into account the coupling between the parameters that
becomes important when the signal parameters are close. In the fol-
lowing section, we will extend the previous SRL to multiple param-
eters of interest per signal in the case of two emitting signals.

3. STATISTICAL RESOLUTION LIMIT FOR MULTIPLE
PARAMETERS OF INTEREST PER SIGNAL

Before introducing a scheme to derive the SRL for multiple pa-
rameters of interest per signal, we begin by showing that general-
izing Smith’s approach to derive the SRL for multiple parameters

Recall that the SRL based on Lee’s criterion [2] is defined as § such that
§ = 2max {\/CRB(wl), \/CRB(WQ)}‘
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Fig. 1. Localization of two point signals thanks to two parameters of
interest where & denotes the unit of measurement.

is not straightforward. For that purpose, let us consider the simple
case of M = 2 parameters, denoted wgl) and wiz), of interest for
the i*" signal. Let § = [0; 82]7 where &; = |w§1> — w£1)| and
b2 = |wi® — wi?| denote the separation w.r.t. w™® and w®), re-
spectively. Consequently

SZwaithH:{a1 0 —a O:|,

0 a2 0 —a2
where a, = sgn(w!” — W) and w = (WY W® WY WP)T.
From CRB(&), one can deduce CRB(&) by using the change of
variable formula (2), where £ = [w? pT]T and € = [ST pTE.
The Jacobian matrix is then given by J = I(_)I il Consequently,
CRB(E) H 0] [CRB(w) x][HT 0
10 I X X 0 I

Using the same method as in (4), one obtains

CRB(5;) £ CRB ([5] 1) —=CRB(w{") + CRB(w")
—2CRB(w{”, W), )
and

CRB(5;) 2 CRB (M 2) =CRB(w?) + CRB(w?)

— 2CRB(w{”, w?). ©)

From (5) and (6), we notice that the CRB on the separation w.r.t.
w® is viewed independently from the separation w.r.t. w® and
vice-versa. Consequently, deducing the SRL in the case of multiple
parameters of interest per signal using (5) and (6) can be meaning-

less. As an example, Fig. 1a shows that, thanks to the second param-

eter of interest, even if wf) is very close to wgl), the signals can still

be well resolvable. However, Fig. 1b shows that even if wil) is not
(1

too close to wy ~ as in Fig. 1a, the signals might not be resolvable.



3.1. Proposed solution

Let us assume that we have P parameters of interest per signal de-
noted by C' = {w(1>,w(2), .. ,w(P)
dressed is how can we define the SRL such that all the P parameters
of interest are taken into account? A natural idea is to consider the
distance between the set of the P parameters of interest of the first
signal, C1 = {w§1)7 w§2), o 7w§P)} and the set of the P parame-

ters of interest of the second signal, Co = {wél), wé2), cee wéP) }

Let

}. The question herein ad-

1/k
§ 2 k-norm distance(C1, C2) (Z 1) > , (7

define the SRL w.rt. the sets C; and C5 (such that C7 # C3)
where §, = wy’) fwép) . The k-norm distance(C1, Cs2) is the

so-called Minkowski distance of order k. Having CRB(&) where
¢ = [wT pT]7 in which

o= o o) o o . P DI

one can deduce CRB(£) where € = [§ p”]7. Consequently, the

. R h™ 0
Jacobian matrix is given by J = 0 I where
T
h=[g -9 92 —g2 ... gp —gr| ,
: : 25
in which g, = 5o = (p) Since |z|* = Va?* for z # 0,
one has
S\ V/E
P
) (z (w@ ) )
9p = )
<Z / (q) (q) ) \/ (p) _wgp)>2<k71)
L A ®)

Again, by using the change of variable formula (2), one obtains

h”CRB(w)h x
X I

cr() - |

Consequently, after some calculus, one obtains

CrB(9) = CRB ([¢] ) = Znggq( [CRB(¢)],, ,, +

p=1qg=1
[CRB(g)]Zp—l,qul - [CRB(@}zp,zqﬂ - [CRB(£)}2p71,2q>
- 62(1_k) (Adirect + Across) 5 (9)
where Adirect = 25:1 (512,(k_1) <CRB(w§p)) + CRB(wép)) —

2CRB(w{”, w)
ters of interest for the same parameter p and where Across =
ZP IZ q;l 5k 16k 1<CRB(w(p) §q))+CRB(wép>7wéq))_

> represents the contribution of the parame-

2CRB(w§p >,w2q))> represents the contribution of the cross terms

between parameters of interest.
Despite of the fact that the 2-norm is the most commonly used
norm, it is often more interesting to use the l-norm to solve?
62 = CRB($). Indeed, by doing this, the separation remains
linear w.r.t. the parameters. This implies that its first order
derivative is parameter independent. In fact, and as expected, if
P = 1 and considering the 1-norm distance, one notices that
g1 = 1 and consequently, using (9), one obtains, CRB(§) =
[CRB(§)], ; + [CRB(§)], , — 2[CRB(£)], , which is the same
expression as (4).

Remark 1: Let us now consider the case where P = 2, and let
us assume, for sake of simplicity, that the parameters wi 2 and w(Q)
Vp, q are decoupled. Applying (9) one obtains,

CRB(6) = 2" {5?““*1’ (CRB (@) + CRB (@”))
42D (CRB (@) + CRB <wg2>>)

4 osk gkt ( CRB (w",w®) + CRB (w{V, 52))) ] . (10)
We notice that, unlike (5) and (6), equation (10) takes into account
the effect of parameters of different nature thanks to the cross terms
CRB (wﬁl), w](?)).

Remark 2: In the case where we are interested by deriving the
SRL w.r.t. multiple physical parameters of interest having different
units of measurement, we cannot use directly formula (9). To illus-
trate how to derive the SRL in this case, we consider for instance the
problem of the localisation of two near-field sources parameterized
by two physical parameters, namely the bearing 6 in radian and the
range 7 in meter. Toward the derivation of the SRL, we have to

1. Derive the CRB w.r.t. to the physical parameters correspond-
ingto [01 0212 p” )"

2. Deduce the CRB w.r.t. to the non-physical parameters cor-

responding to [w§1) wél) w?) 2 p 71T thanks to a proper
change of variable. This change of variable is deduced from
the definition of the electric angles w( ) = —27d/\sin(6;)
and w<2) = 72(d*/\) cos®(6;)/r: where d is the distance
inter-sensor and A is the signal wavelength [13].

3. Choose k and deduce the CRB(4) where 4 is defined in (7)
using formula (9).

4. Finally, solve the implicit equation 6> = CRB(8) which pro-

vides the SRL.

In the following, this result is extended to the case of M > 2 signals
where each signal is parameterized by P parameters of interest per
signal.

4. STATISTICAL RESOLUTION LIMIT FOR MULTIPLE
SIGNALS

We begin by deriving the SRL for each couple of signals. Using the
Newton’s binomial theorem for M signals, the number of signal’s
couples is equal to W Then, the SRL will be the worst SRL,
i.e., the maximum of all the minimal distances between each cou-
ple of two closely spaced signals that allows a correct resolvability.

8(5?) exists
Owy

2However, if 3p € [1... P] such that wgp) = wép), then

only if the k-norm distance is such that k is an even number.
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From CRB(&), one can deduce CRB(g ) using the change of variable
formula (2) where £ = [wT pT] " with

ol )T

in which w® = [w WP W7 and £ = g(&) = [67 p”]T

such that § = [012 613...01a1 023 ... 8(ar—1yns)  Where &6;; =
A iy
(25:1 <5,<f‘7)> ) and 657 = }wip) —wj(m . The sepa-
ration d;; is the k-norm distance between the ‘" and the j*"
signal. Thus, the Jacobian matrix is given by J = [1;1 (I)}
in which H is a (%) X (MP) matrix given by H =
T.
[a12 a3 ... cp—1ym]” where aiy = [n], UHTIRE
which 05
6—(’;) for g =1
065 .
[nijp}q = *ngé) for g =1
0 otherwise
k—1

where - (p) = 61 k <5<”)>

HCRB(w)HT x
X I
into account only the main diagonal terms, one obtains

We have CRB(§) = { . Finally, taking

MP MP

CRB(4;;) = Z Z [aij}p [

p=1qg=1

aij], [CRB(E)],

P P
00;5 06ij
= Z Z . . ( [CRB(g)]H»JM(pfl),i+1¥1(q71) +
p=

— aw(m aw(Q)
[CRB(ﬁ)] M=)+ Mmg—1) — [CRBE)]; aripv) jvnr(g—1)
M (p—1),i+M(g—1) )

— [CRB(¢)]
62(1 k) (A(Ulct +AS:’;]O)SS> , (11)

20 20k=1)
(059

—2CRB(u}§p ) , w;p ) )) represents the contribution of the parameters

where A7) =P (CRB(w™) + CRB(w{")

and j**

XP: (519;'))’“*1 (5(517))’“*1 »

.z,

of interest for the same p and for the ith

(i) EP :
AC?‘JOSS =
p=1

signals and

QQ
™o

represents the contribution of the cross terms between parameters of
interest for the i** and j*" signals. Using (11) one can deduce the
SRL as the maximum SRL for each couple of signals, i.e.,

0 =max{d;; for i<j and i,57 < M}.

One should note that even if we derive the SRL for each couple of
signals, we are also taking into account the influence of the other
signals thanks to the use of the CRB regarding to the full vector of
parameters £. As an example, for M = 2, applying (11) one obtains
(9). And for M = 2, P = 1 and k£ = 1 one obtains the equivalent
Smith’s equation written in (4).
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5. CONCLUSION

In this paper, we extended the Statistical Resolution Limit to mul-
tiple parameters of interest per signal and multiple signals. Toward
this end, we give a fresh look at Smith’s criterion and defined an ex-
tended SRL thanks to the Minkowski distances of order k. By using
proper changes of variable formula, we obtain general results on the
SRL for multiple parameters of interest per signal and multiple sig-
nals. The results presented herein can be applied to any estimation
problem and are not limited to the source localization problems.
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ABSTRACT prove that the MSRL criterion [1] is asymptotically equivalent to a
R " iterion for Multidi ional Statistical Resoluti Uniformly Most Powerful (UMP) test among all invariant statistical
ecently, a criterion for Mulidimensional Statistical RESoIution 4o gyq (which is, in the asymptotic case, considered as the strongest

L”tT."t (L\/ISRL)levz;;Iuatloln, V‘llh'Ch IS (c:iiefl_nedlasdthe n:jl_nlmal S€Pa- sratement of optimality that one could expect to obtain [8]). Note
ration to resolve two closely spaced signais depending on Severgi,s yhjle the aforementioned equivalence is derived in the context

parameters, was empirically proposed in [1] but without a statistic. f 1-norm distance. the same conclusion can be extended for the
analysis. In this paper, we fill this lack by demonstrating that thisMSRL based on otf;df-norm distancesk( > 2 with  integer). Fi-

?"StRL f”ter'ﬁr’:/lg aSy_rfnptorlca'\I/:y (:q;lvale?tl (utpotn toa tranITlgtorna"y’ we illustrate our result in the case of a 3-D harmonic retrieval
actor) to a (Uniformly Most Powerful) test among all in- 46/ for wireless channel sounding.

variant statistical tests. This result is an extension of a previous

work on mono-dimensional SRLL¢.,when the signals only depend

on one parameter). As an illustrative example, the 3-D harmonic 2. PROBLEM SETUP AND BACKGROUND

retrieval case for wireless channel sounding is treated to show the

good agreement of the proposed resullt. Let{Q, F,y, ¥, A, Pe, £ C R*"T?} be the statistical experiment
generated by a random vectgrtaking values on the measurable

INDEX TERMS! space{)Y, A} . An observatiory (w) is the realization of the random
vectory wherew takes its value on the measurable spg@eF} .
Multidimensional statistical resolution limit, CrémRao bound, 1he distribution ofy is assumed to belong to a family of probability

. . : 2P
uniformly most powerful test, performance analysis. measureg’; onY and parameterized by the veciC R*7+<. it
is also assumed th#& is absolutely continuous w.r.t.c&finite pos-

itive measure: on ), such that the Radon-Nikodym derivative(
the likelihood functionp (y|¢) £ dPe (y) /du (y) , V&€ C R2F+Q
$§Xists. More precisely, the observation model is assumed to be struc-

1. INTRODUCTION

Characterizing the ability of resolving closely spaced signals is a
important step to quantify performance in array signal processingured as follows
The concept of Statistical Resolution Limit (SRLE.,the minimum y=7F(&)+ (&) +n, @)
distance between two closely spaced signals that allows a corregihere, from a signal processing point of vigwe RY andn € RY
resolvability, is rising in several applications (especially in paramedenote the noisy received datnd the additive noise with a known
ter estimation problems such as radar, sonar, spectral estimation [Zrobability density function (pdf). The noiseless received data are
etc.) assumed to be the sum of two signélg,,,), m = 1,2 each one

It is important to note that, in several estimation problems, themodelled from the same deterministic known wavefdi(m param-
signals are parameterized by more than one parameters of interegérized by a set of deterministic unknown vectgysC R¥+m
per signal, for example, in the context of, near-field source localy = 1,2 in which ¢; 4+ g2 = Q. The functionf(.) is assumed to
ization (bearing, elevation and range), polarized source localizatiope measurable and the model (1) is assumed to be parameter iden-
(DOA and the polarization state parameters) and more generally ififiable (.e., the Fisher information matrix considered through this
communication applications. However, the SRL has only been depaper is non singular). All the parameters are collected in-
fined/derived in the mono-dimensional case [3+4(for only one [£1T€2T}T C R?PTQ. With a proper rearrangeménaf ¢ one ob-
parameter of interest per signal.) This is way we recently have pro-". T T 2P Q
posed an intuitive extension of the SRL for the multidimensionalt@nSé = [«" p"] " wherew C R*" andp C R® denote, respec-
case [1], called the Multidimensional Statistical Resolution Limit tively, the parameter vector of interest, and the unwanted or nuisance

(MSRL). This criterion is based on the extension of the so-called®@/@meters vector. This means that we consitiparameters of in-

Smith criterion [5] {.e., based on a Craér-Rao Bound (CRB) ap- teTest for each signal. To the best of our knowledge, the result of
proach) using thé-norm distance. the literature [5] on the SRL have been only proposed in the case of

. Nevertheless, no analy5|s on tf_le MSRL (Whlch was p_roposea 2L et us note that the study where the observation are complex can be
in [1]) was done to check its behavior. Thus, the aim of this papefangled by the real model (1) by stacking the real and imaginary parts of the
is to fill this lack. First, we link the concept of the MSRL to a bi- gpservation vector.

nary hypothesis test which is a slight extension of [4].Second, we 3To avoid a complication of notatio, denote both the vector parameter

R before and after the rearrangement. In the following we will only use the
1This project is funded by regidie de France and Digiteo Research Park. vector parameter after the rearrangement.




one parameter of interest per signal. Nevertheless, the problem of Since the separation teffetection IS UNKNown, it is impossible
deriving the so-called Multidimensional Statistical Resolution Limit to design an optimal detector in the Neyman-Pearson sense. Alterna-
(MSRL) based on the Craan-Rao Bound (CRB) in the case of more tively, the Generalized Likelihood Ratio Test (GLRT) [8,11] is a well
than one parameter of interest per signal was recently studied in [1lknown approach appropriate to solve such a problem. The GLRT is
The assumptions used for the MSRL derivation are the following: expressed as:

e Al. The element of thev are of the same naturee., the

parameters of interest have the same unit measurement. If no, La(y) = MAX5 gy iection:p1 P(Y|0detection, 1, H1)
please refer to [1, Remark 2] to overcome this assumption. maxp, p(Y|po, Ho)

e A2. Each parameter of interest w.r.t. to the first sigaéf’f, _ p(ywdetecﬁomf’l’ﬂl) ;g ’ (6)
can be as close as possible to the parameter of interest w.r.t. p(Y|Po, Ho) o

to the second signa&éf’), but not equal. This is not really .

a restrictive assumptions, since in most applications, havingvheredactecction, p; andp, denote the Maximum Likelihood Esti-
two or more identical parameters of interest is a zero probamator (MLE) of dgetection Under#y, the MLE of p under?; and
bility event [9, p74]. Nevertheless, in the case where it existdhe MLE of p under,. ¢’ denotes the test threshold. We rewrite
p such thato{”) = w{", please refer to [1, Subsection 3.1] to (6) to obtain

overcome this assumption.

Hi
Under these assumptions, the intuitive MSRL criterion is defined Te(y) =Ln La(y) 2 s = Lng’, (7)
in [1] as follows: Ho

Criterion 1 The MSRL, denoted Wy for the model (1) in the case in which Ln denotes the natural logarithm.
of two signals and® parameters of interest per signal is given as the

implicit solution of the following equation 3.2. Asymptotic equivalence of the GLRT
6> = CRB(9) (2)  To find the analytical expression @i (y) in (7) is generally in-
tractable. This is mainly due to the fact that the derivation of
where , Sdetection i @ highly non linear optimization problem [12] (aside
§ = Z 5, A3) from the linear parameter model [8, 13]). Consequently, in the fol-

lowing, and as in [6], we consider the asymptotic case (in terms of
number of samples). In [11, eq (6C.1)] it has been proved that, for a
in which the so-called local SRLs are givendgy= ‘wép) — wi”) large number of snapshots, the stati§fig(y) follows a chi-squared

and where CRBJ) denotes the CRBL.r.t. § for the observation Pdf underio, and?, given by

model (1).
T ( ) X% underHo ®
oV X'3(k' (Pfa, P4)) under,

In the following the latter MSRL criterion is shown to be asymp-
totically equivalent (upon to a translator factor) to a UMP test among

all invariant statistical tests. .
wherex? andx'2(x’ (Pya, P4)) denote the central chi-square and

the noncentral chi-square pdf with one degree of freedBm.and
3. ANALYSIS OF THE MSRL P, are, respectively, the probability of false alarm and the probabil-
ity of detection w.r.t. hypothesis test (4). Whereas, assuming that
CRB(ddetection) €Xist, the the noncentral parametér Py, Py) is
Resolving two closely spaced sources, with respect to their paramgiven by [11, p.239]
ter of interest, can be formulated as a binary hypothesis test [6,7,10].

3.1. Hypothesis test formulation

Let us consider the hypothesi, which represents the case where k' (Pfa, Pi1) = 0detection (CRB(Saetection)) " - ©)
the two emitted signal sources are combined into one sigmral (
Vp € [1...P], wl? = w®), whereas the hypothest$, embod- On the other hand, one can notice that the noncentral parameter

ies the situation where the two signals are resolvabée @p €  * (Ere, Pa) can be determined exclusively by the choicé®pf and
[1...P], such that{”) # w{). Consequently, one can formu- Fa [6,8] as the solution of

late the hypothesis test as a simple one-sided binary hypothesis test 1 a1
as follows: Qx% (Pra) = QX%(K,'(Pfa,Pd))(Pd)’ (10)

{HO : 5dctcction =0 (4)

Hi: Odetection > 0 in which Q_, andQ_: are the inverse of the right tail
1

X'3(x'(Pya,Pq))
. .. 2
Wheredaetection denotes a distance between two sets containing thef thex? andx'; (' (Pra, Pa)) pdf.

parameters of interest. Let us denote these saf§ adC, where Finally, (9) and (10) leads to
C, = {w§1)7w((12),...,wé}>)}, g = 1,2. Consequentlydactection
can be defined as (Sdetection = K/(Pfay Pd) CRB(édetection) (11)

P wherey/k(Pfq, Pi) = k' (Pfa, Pa) is the so-called translation fac-
Suotection 2 Z ‘wgp) _ w@‘ ] 5 tor which is determined for a given probability of false alarm and
st probability of detection (see Fig. 1).



the noise multiway array at th&" snapshot, respectively. Whereas,

. ‘ ‘ ‘ the noiseless observation multiway array is given by [14]
"0 P,=02
8 : ‘ 2 oD 5@ 2 3)
6 : . [X(t)]k,l,m = qu(t)ej q FelWa TtplWe s (12)
» o‘\mm q
n where the so-called electrical angles are given by
Lo
w®) & ;271’ )
q K )
‘ -
0.8 0.9 W((f) ) ;\r & c0s(¢q),
) B
. | . wgs) £ cos(fy),
Fig. 1. The translator factot vs. the probability of detectioR,; and )\

Pra. One can notice that increasirigy or decreasm_gD_fa hasthe = 5ng Tq, ¢q, 04 denote delay, direction of arrival, and direction of
e_ffect _to increase the value of Fhe translator fagtofhis is expt_ected departure, of the the” multipath, respectivelydy, dr and \ are
since increasingFy or decreasing’s, leads to a more selective de- the inter-element spacings of the transmit and receive array and the
cision [8,11]. carrier wavelength, respectively, (¢) is theq*" complex amplitude
path [9]. It can be proved that the 3-D harmonic retrieval model for

Remark 1 Itis worth noting that, the hypothesis test (4) is a binary \évér:;?nss Ocsrilt?g: v[ellés]o;i\r;ghng;ollows 3 PARAFAC (PARallel FACtor)

one-sided test and that the MLE used is an unconstrained estimator.
Thus, one can deduce that the GLRT, used to derive the asymptotic

SRL, is [6, 11]: 4) the asymptotically uniformly most powerful test X(t) = Z 5q(1) (a(wgl)) o a(w((f)) o a(wff))) , (13)
among all invariant statistical tests, arid) has an asymptotic Con- =1
stant False-Alarm Rate (CFAR). This is, in the asymptotic case, con-
tsci)d(c)ak;vtsgiir?[%;he strongest statement of optimality that one could hopg, ;e a(w§">) = ejwf}’) (i-1) ando denotes the multiway array
' outer-product [1%]. After vectorization, the full noise free observa-
Finally, from (2) and (11), one can state the following result: tion vector is given by
x=[vec" (X(1)) ... ved (x(L)]".

Result 1 The asymptotic MSRL based on the empirical exterjsion
of the Smith criterion given in (2) is equivalent (upon to a trans-

lation factor) to the binary one-sided hypothesis test given in| (4).
Consequently, it is equivalent to an asymptotically uniformly most
powerful test among all invariant statistical tests.

In the same way, we defing the noisy observation vector, and
n, the noise vector, by the concatenation of the proper multiway
array’s entries.

4.2. MSRL derivation

Remark 2 Consequently, one should note that the MSRL based Ojrst e derive the CRB for the 3-D Harmonic retrieval model. Then,

the Smith criterion is exactly equal to the MSRL based on the detegye yse the change of variable formula [13, p 45] to deduce GRB

tion approach for all values Py, and Py such thats(Pra, Pa) =1 assumingi.i.d. complex circular white Gaussian noise with zero-

(cf, Fig. 1). mean and unknown variane€1, the joint pdf ofy for a given un-
known deterministic parameter vectis

4. NUMERICAL EXAMPLE r
p(y1€) = [ p(vec(¥(1)) €)
In this Section we present a numerical example of the MSRL applied t=1
to the 3-D Harmonic retrieval model for wireless channel sounding . 1 S;Tl(y—x)H(y—x) (14)
[9, 14]. First we briefly introduce the considered model, then, we (mjg)TLMK ’
numerically derive its MSRL.
The unknown parameter vector is given by

4.1. Model setup T
_ _ =l L@ LB Lo @ G Uz] 7

The observation model can be written as [9] 1 1 1 1 1 1

YOl = [XO]jim + N Oljpms t=1,...,T, where the parameters of interest arf’, w(® w", w$? (repre-
] ) senting the direction of arrival and the direction of departure of each

fork=1...K,l=1...L,m =1...M,inwhichK,LandM  goyrces). After some calculus, the Fisher information matrix of the

denote the number of acquired data samples per channel, the nupisy observationg for orthogonal known amplitudes, is given by

ber of receive antenna sensors and the number of transmit antenna

sensors, respectively(t), X (t) andN (t) denote the noisy obser- 2 {FM 0}

vation multiway array, the noiseless observation multiway array and FIM(£) 0 x (15)

o2



where,

F, =TKML(A ® G), (16)
in which
T 2
A — 2t s @)l - 0 )
0 it s2)l
and
(2K—1)(K—1)  (K—1)(L—1) (K—1)(M—1)
G = (L—1)?K—1) (2L—1§(L—1) (L—l)%]w—l)
(M—1)(K—1) (MA?(LA) (2]\471%(]Mfl)
2 2 6

(1]

(2]
(3]

(4]

Now one can apply Criterion 1. From (15), one deduces nu-

merically CRB(¢) = (FIM(£)) ™' . Then, applying the change of

variable formula [13, p 45], one obtains

2

2 2
CRB(5) = > > CRBw{) + Y CRBw", wi?).
q=1

p=1g=1

Finally, solving numerically the implicit equatiof® = CRB(¢)
gives the desired MSRL as reported in Fig. 2.

(6]

(7]

From Fig. 2 one can notice that the numerical MSRL based on
Criterion 1 is in good agreement with the MSRL derived using the

hypothesis test approach. One can notice thatPfpe= 0.37 and

Py, = 0.1 the MSRL based on Criterion 1 is exactly equal to the

(8]

MSRL based on the hypothesis test derived in the asymptotic case.

From the caseé?; = 0.49 and Py, = 0.3 and P; = 0.32 and

Py, = 0.1, one can notice the influence of the multiplicative factor

x on the MSRL.

25x10° : :
o L
2 e
o L )
%15 y
o1 e,
S
s ==MSRL based on criterion 1
1 i‘ © MSRL based on detection theory for (Pd,Pfa)=(0.37,0.1)
w4 MSRL based on detection theory for (Pd,Pfa)=(0.49,0.3)
MSRL based on detection theory for (Pd,Pfa)=(0.32,0.2)
5
%81 02 03 04

05 0.6 0.7 08 09 1
2
G

Fig. 2. MSRL vs. ¢ for L = 100: one can notice that the MSRL

El

(10]

(11]

(12]

(13]

(14]

based on the Criterion 1 is in good agreement with the MSRL based
on the hypothesis test approach (which uses an asymptotically uni-

formly most powerful test among all invariant statistical tests).

5. CONCLUSION

(18]

(16]

In this paper, we have analyzed the multidimensional statistical res-

olution limit based on the empirical extension of the Smith criterion.

More precisely, it has been demonstrated that the empirical MSRL
criterion based on the 1-norm distance is asymptotically equivalent

(upon to a translator factor) to a uniformly most powerful test which

is (in the asymptotic case) considered as the strongest statement of

optimality that one could expect to obtain.
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Abstract

number of sensors on each multi-way array.

The statistical resolution limit (SRL), which is defined as the minimal separation between parameters to allow a
correct resolvability, is an important statistical tool to quantify the ultimate performance for parametric estimation
problems. In this article, we generalize the concept of the SRL to the multidimensional SRL (MSRL) applied to the
multidimensional harmonic retrieval model. In this article, we derive the SRL for the so-called multidimensional
harmonic retrieval model using a generalization of the previously introduced SRL concepts that we call
multidimensional SRL (MSRL). We first derive the MSRL using an hypothesis test approach. This statistical test is
shown to be asymptotically an uniformly most powerful test which is the strongest optimality statement that one
could expect to obtain. Second, we link the proposed asymptotic MSRL based on the hypothesis test approach to
a new extension of the SRL based on the Cramér-Rao Bound approach. Thus, a closed-form expression of the
asymptotic MSRL is given and analyzed in the framework of the multidimensional harmonic retrieval model.
Particularly, it is proved that the optimal MSRL is obtained for equi-powered sources and/or an equi-distributed

Keywords: Statistical resolution limit, Multidimensional harmonic retrieval, Performance analysis, Hypothesis test,
Cramér-Rao bound, Parameter estimation, Multidimensional signal processing

Introduction
The multidimensional harmonic retrieval problem is an
important topic which arises in several applications [1].
The main reason is that the multidimensional harmonic
retrieval model is able to handle a large class of applica-
tions. For instance, the joint angle and carrier estimation
in surveillance radar system [2,3], the underwater acous-
tic multisource azimuth and elevation direction finding
[4], the 3-D harmonic retrieval problem for wireless
channel sounding [5,6] or the detection and localization
of multiple targets in a MIMO radar system [7,8].

One can find many estimation schemes adapted to the
multidimensional harmonic retrieval estimation pro-
blem, see, e.g., [1,2,4-7,9,10]. However, to the best of

* Correspondence: elkorso@lss.supelec.fr
Laboratoire des Signaux et Systémes (L2S), Université Paris-Sud XI (UPS),
CNRS, SUPELEC, 3 Rue Joliot Curie, Gif-Sur-Yvette 91192, France

SpringerOpen®

our knowledge, no work has been done on the resolva-
bility of such a multidimensional model.

The resolvability of closely spaced signals, in terms of
parameter of interest, for a given scenario (e.g., for a
given signal-to-noise ratio (SNR), for a given number of
snapshots and/or for a given number of sensors) is a
former and challenging problem which was recently
updated by Smith [11], Shahram and Milanfar [12], Liu
and Nehorai [13], and Amar and Weiss [14]. More pre-
cisely, the concept of statistical resolution limit (SRL), i.
e., the minimum distance between two closely spaced
signals® embedded in an additive noise that allows a cor-
rect resolvability/parameter estimation, is rising in sev-
eral applications (especially in problems such as radar,
sonar, and spectral analysis [15].)

The concept of the SRL was defined/used in several
manners [11-14,16-24], which could turn in it to a con-
fusing concept. There exist essentially three approaches

© 2011 El Korso et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.
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to define/obtain the SRL. (i) The first is based on the
concept of mean null spectrum: assuming, e.g., that two
signals are parameterized by the frequencies f; and f,,
the Cox criterion [16] states that these sources are
resolved, w.r.t. a given high-resolution estimation algo-
rithm, if the mean null spectrum at each frequency f
and f, is lower than the mean of the null spectrum at

fith

the midpoint — Another commonly used criterion,

also based on the concept of the mean null spectrum, is
the Sharman and Durrani criterion [17], which states
that two sources are resolved if the second derivative of
f—l +f 2js
2
negative. It is clear that the SRL based on the mean null
spectrum is relevant to a specific high-resolution algo-
rithm (for some applications of these criteria one can
see [16-19] and references therein.) (ii) The second
approach is based on detection theory: the main idea is
to use a hypothesis test to decide if one or two closely
spaced signals are present in the set of the observations.
Then, the challenge herein is to link the minimum
separation, between two sources (e.g., in terms of fre-
quencies) that is detectable at a given SNR, to the prob-
ability of false alarm, P¢, and/or to the probability of
detection Pq4. In this spirit, Sharman and Milanfar [12]
have considered the problem of distinguishing whether
the observed signal contains one or two frequencies at a
given SNR using the generalized likelihood ratio test
(GLRT). The authors have derived the SRL expressions
w.r.t. P, and Pq in the case of real received signals, and
unequal and unknown amplitudes and phases. In [13],
Liu and Nehorai have defined a statistical angular reso-
lution limit using the asymptotic equivalence (in terms
of number of observations) of the GLRT. The challenge
was to determine the minimum angular separation, in
the case of complex received signals, which allows to
resolve two sources knowing the direction of arrivals
(DOAs) of one of them for a given Pr, and a given Py.
Recently, Amar and Weiss [14] have proposed to deter-
mine the SRL of complex sinusoids with nearby fre-
quencies using the Bayesian approach for a given
correct decision probability. (iii) The third approach is
based on a estimation accuracy criteria independent of
the estimation algorithm. Since the Cramér-Rao Bound
(CRB) expresses a lower bound on the covariance matrix
of any unbiased estimator, then it expresses also the
ultimate estimation accuracy [25,26]. Consequently, it
could be used to describe/obtain the SRL. In this con-
text, one distinguishes two main criteria for the SRL
based on the CRB: (1) the first one was introduced by
Lee [20] and states that: two signals are said to be resol-
vable w.r.t. the frequencies if the maximum standard
deviation is less than twice the difference between fi and

the mean of the null spectrum at the midpoint
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f>. Assuming that the CRB is a tight bound (under mild/
weak conditions), the standard deviation, °f, and 9}, of

an unbiased estimator f= [f; f,|T is given by \/CRB(f;)
and ,/CRB(f,), respectively. Consequently, the SRL is
defined, in the Lee criterion 2max

{\/CRB(fl),\/CRB(fz)}. One can find some results and

applications in [20,21] where this criterion is used to
derive a matrix-based expression (i.e., without analytic
inversion of the Fisher information matrix) of the SRL
for the frequency estimates in the case of the condi-
tional and unconditional signal source models. On the
other hand, Dilaveroglu [22] has derived a closed-form
expression of the frequency resolution for the real and
complex conditional signal source models. However,
one can note that the coupling between the parameters,
CRB(fi, f5) (i.e., the CRB for the cross parameters f; and
f2), is ignored by this latter criterion. (2) To extend this,
Smith [11] has proposed the following criterion: two sig-
nals are resolvable w.r.t. the frequencies if the difference
between the frequencies, o5 is greater than the standard
deviation of the DOA difference estimation. Since, the
standard deviation can be approximated by the CRB,
then, the SRL, in the Smith criterion sense, is defined as
the limit of ¢, for which §f < ,/CRB(éf) is achieved.
This means that, the SRL is obtained by solving the fol-
lowing implicit equation

sense, as

57 = CRB(3) = CRB(f,) + CRB(f) — 2CRB(f;, o).

In [11,23], Smith has derived the SRL for two closely
spaced sources in terms of DOA, each one modeled by
one complex pole. In [24], Delmas and Abeida have
derived the SRL based on the Smith criterion for DOA
of discrete sources under QPSK, BPSK, and MSK model
assumptions. More recently, Kusuma and Goyal [27]
have derived the SRL based on the Smith criterion in
sampling estimation problems involving a powersum
series.

It is important to note that all the criteria listed before
take into account only one parameter of interest per sig-
nal. Consequently, all the criteria listed before cannot be
applied to the aforementioned the multidimensional
harmonic model. To the best of our knowledge, no
results are available on the SRL for multiple parameters
of interest per signal. The goal of this article is to fill
this lack by proposing and deriving the so-called MSRL
for the multidimensional harmonic retrieval model.

More precisely, in this article, the MSRL for multiple
parameters of interest per signal using a hypothesis test
is derived. This choice is motivated by the following
arguments: (i) the hypothesis test approach is not speci-
fic to a certain high-resolution algorithm (unlike the
mean null spectrum approach), (ii) in this article, we
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link the asymptotic MSRL based on the hypothesis test
approach to a new extension of the MSRL based on the
CRB approach. Furthermore, we show that the MSRL
based on the CRB approach is equivalent to the MSRL
based on the hypothesis test approach for a fixed couple
(Pfay Pq), and (iii) the hypothesis test is shown to be
asymptotically an uniformly most powerful test which is
the strongest statement of optimality that one could
expect to obtain [28].

The article is organized as follows. We first begin by
introducing the multidimensional harmonic model, in
section “Model setup”. Then, based on this model, we
obtain the MSRL based on the hypothesis test and on
the CRB approach. The link between theses two MSRLs
is also described in section “Determination of the MSRL
for two sources” followed by the derivation of the MSRL
closed-form expression, where, as a by product the
exact closed-form expressions of the CRB for the multi-
dimensional retrieval model is derived (note that to the
best of our knowledge, no exact closed-form expressions
of the CRB for such model is available in the literature).
Furthermore, theoretical and numerical analyses are
given in the same section. Finally, conclusions are given.

Glossary of notation

The following notations are used through the article.
Column vectors, matrices, and multi-way arrays are
represented by lower-case bold letters (a, ...), upper-case
bold letters (4, ...) and bold calligraphic letters (\A, ...),
whereas

« R and C denote the body of real and complex
values, respectively,

o RD1xDax-xDr and CP1xD2x--xDr denote the real and
complex multi-way arrays (also called tensors) body
of dimension D; x D, x ... xDj, respectively,

+ j = the complex number /—1.

+ Ig = the identity matrix of dimension Q,

» 0q,xQ, = the Q; x Q, matrix filled by zeros,

« [a]; = the ith element of the vector a,

« [A]j, i, = the i;th row and the i>th column element
of the matrix A,

o [Ali, ip,..iy = the (iy, is, ..., in)th entry of the multi-
way array A,

¢ [A];.q = the row vector containing the (g - p + 1)
elements [A];, where k = p, ..., q,

o [A] .4k = the column vector containing the (g - p +
1) elements [A];;, where i = p, ..., q,

« the derivative of vector a w.r.t. to vector b is

da dal;
defined as follows: | = | = y
ij o[bl;

ab

« AT = the transpose of the matrix A,
+ A* = the complex conjugate of the matrix A,
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L AT = (AT,

o tr {A} = the trace of the matrix A,

« det {A} = the determinant of the matrix A,

« R{a} = the real part of the complex number a,
« E{a} = the expectation of the random variable «,

1 .
o lal|? = I Zf;l [a]? denotes the normalized norm

of the vector a (in which L is the size of a),

e sgn (a) = 1if a > 0 and -1 otherwise.

+ diag(a) is the diagonal operator which forms a
diagonal matrix containing the vector a on its
diagonal,

« vec(.) is the vec-operator stacking the columns of a
matrix on top of each other,

+ O stands for the Hadamard product,

» ® stands for the Kronecker product,

+ O denotes the multi-way array outer-product
(recall that for a given multi-way arrays
A e ChixAxxxArand B ¢ CBi1xBaxxBj, the result of
the outer-product of LA and B denoted by
CA1x~~~xA1xle---xB, is given by
[C]al,m,al,bl,m,b, = [AO B]al ,,,,, apby,...by = [A]a1 ,,,,, a,[B]bl ,,,,, b,)c

Model setup
In this section, we introduce the multidimensional har-
monic retrieval model in the multi-way array form (also
known as tensor form [29]). Then, we use the PARAFAC
(PARallel FACtor) decomposition to obtain a vector
form of the observation model. This vector form will be
used to derive the closed-form expression of the MSRL.
Let us consider a multidimensional harmonic model
consisting of the superposition of two harmonics each
one of dimension P contaminated by an additive noise.
Thus, the observation model is given as follows
[8,9,26,30-32]:

YOl = (X Ol N Ol t=1, .., L and ny=0,...,N=1, (1)

where Y(t), X(t), and N (t) denote the noisy observa-
tion, the noiseless observation, and the noise multi-way
array at the ¢th snapshot, respectively. The number of
snapshots and the number of sensors on each array are
denoted by L and (Nj, ....Np), respectively. The noiseless
observation multi-way array can be written as follows”
[26,30-32]:

2 P
(X (Ol = Y s [] 4™, ©

m=1 p=1

where wﬁfl’)and $,(t) denote the mth frequency viewed
along the pth dimension or array and the mth complex
signal source, respectively. Furthermore, the signal
source is given by s, (t) = ay(t)e®"() where a,,(¢) and
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0,,(t) denote the real positive amplitude and the phase
for the mth signal source at the ¢th snapshot,

respectively.
Since,
S
[T - [a(wf,}’) ca(@?)o- - oa(wﬁi’))] ,
ny,M,...Mp
p=1

where a(.) is a Vandermonde vector defined as

. ) T
a(a)gff)) = [1 ef"’f*e) (N, — l)wff)] ]

then, the multi-way array &X' (t) follows a PARAFAC
decomposition [7,33]. Consequently, the noiseless obser-
vation multi-way array can be rewritten as follows:

2
1 2 P
(1) =3 su(t) (a(w;)) ca(@P)o---oa(wl’ ) e
m=1
First, let us vectorize the noiseless observation as fol-
lows:
vee(X (1)) = [ X000 1O, 10, ol XOlos o (X101 mor] - (4)

Thus, the full noise-free observation vector is given by
x = [vec"(X(1)) vec"(X(2))---vec"(X(L))]".

Second, and in the same way, we define y, the noisy
observation vector, and n, the noise vector, by the con-
catenation of the proper multi-way array’s entries, i.e.,

y = [vec"(P(1)) vec"(Y(2))---ve"(V(L)] =x+n. (5)

Consequently, in the following, we will consider the
observation model in (5). Furthermore, the unknown
parameter vector is given by

&= [prT]T, (6)

where @ denotes the unknown parameter vector of
interest, i.e., containing all the unknown frequencies

T T
o=@ @M,
in which
T
o) = [wgp) wgp)] . )

whereas p contains the unknown nuisance/unwanted
parameters vector, i.e., characterizing the noise covar-
iance matrix and/or amplitude and phase of each source
(e.g., in the case of a covariance noise matrix equal to
021N, ..N, and unknown deterministic amplitudes and
phases, the unknown nuisance/unwanted parameters
vector p is given by p = [o1(1) ... aa(L)py(1) ... (L) .
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In the following, we conduct a hypothesis test formu-
lation on the observation model (5) to derive our MSRL
expression in the case of two sources.

Determination of the MSRL for two sources
Hypothesis test formulation

Resolving two closely spaced sources, with respect to
their parameters of interest, can be formulated as a bin-
ary hypothesis test [12-14] (for the special case of P =
1). To determine the MSRL (i.e., P > 1), let us consider
the hypothesis H, which represents the case where the
two emitted signal sources are combined into one signal,
i.e., the two sources have the same parameters (this
hypothesis is described by vpe[1... P],wgp) = wgp)),
whereas the hypothesis 7; embodies the situation where
the two signals are resolvable (the latter hypothesis is
described by 3p € [1 ... P], such that wgp) + wgp)). Conse-
quently, one can formulate the hypothesis test, as a sim-
ple one-sided binary hypothesis test as follows:

H025=0,
{7—[1:8>0, ®)

where the parameter 0 is the so-called MSRL which
indicates us in which hypothesis our observation model
belongs. Thus, the question addressed below is how can
we define the MSRL 0 such that all the P parameters of
interest are taken into account? A natural idea is that ¢
reflects a distance between the P parameters of interest.
Let the MSRL denotes the /; norm® between two sets
containing the parameters of interest of each source
(which is the naturally used norm, since in the mono-
parameter frequency case that we extend here, the SRL
is defined as 6 = f; - f5 [13,14,34]). Meaning that, if we

denote these sets as C; and C, where

Cm={a),(nl),a),(nz),...,w£,1,))], m = 1,2, thus, 0 can be
defined as
P

(SéZ‘wgp)—a)gp)‘. 9)
p=1

First, note that the proposed MSRL describes well the
hypothesis test (8) (i.e., 6 = 0 means that the two
emitted signal sources are combined into one signal and
0 = 0 the two signals are resolvable). Second, since the
MSRL ¢ is unknown, it is impossible to design an opti-
mal detector in the Neyman-Pearson sense. Alterna-
tively, the GLRT [28,35] is a well-known approach
appropriate to solve such a problem. To conduct the
GLRT on (8), one has to express the probability density
function (pdf) of (5) w.r.t. . Assuming (without loss of

generality) that a)gl) > wgl), one can notice that & is

T
known if and only if 6 and # £ [wgl)(w(Z))T o ((,,(P) )T]
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are fixed (i.e., there is a one to one mapping between 9,
9, and ¢&). Consequently, the pdf of (5) can be described
as p(y|o6,9). Now, we are ready to conduct the GLRT for
this problem:

LG(y) _ ma-x&vlp(YhSI ﬂl/ Hl)
maX"op(Yh}Or HO)

_ P8 B H)
=T~ <
p(yl#o, Ho) Ho

(10)

’

where §, #,, and #, denote the maximum likelihood
estimates (MLE) of 0 under #,, the MLE of 9 under #H,
and the MLE of 9 under H,, respectively, and where ¢’
denotes the test threshold. From (10), one obtains

Hy
Te(y) =Ln Lo(y) S ¢ =Lng’,

Ho

(11)
in which Ln denotes the natural logarithm.

Asymptotic equivalence of the MSRL

Finding the analytical expression of Tg(y) in (11) is not
tractable. This is mainly due to the fact that the deriva-
tion of § is impossible since from (2) one obtains a mul-
timodal likelihood function [36]. Consequently, in the
following, and as in? [13], we consider the asymptotic
case (in terms of the number of snapshots). In [35, eq
(6C.1)], it has been proven that, for a large number of
snapshots, the statistic T(y) follows a chi-square pdf
under Ho and #H; given by

2 under H,,

~ Xl
Te(y) {X/%(K/(Pfa/ Pq)) under H;, 12

where xZ and x'?(k'(Pg, Py)) denote the central chi-
square and the noncentral chi-square pdf with one
degree of freedom, respectively. Py, and Py are, respec-
tively, the probability of false alarm and the probability
of detection of the test (8). In the following, CRB(J)
denotes the CRB for the parameter 6 where the
unknown vector parameter is given by [0 97]". Conse-
quently, assuming that CRB(0) exists (under H, and
H1), is well defined (see section “MSRL closed-form
expression” for the necessary® and sufficient conditions)
and is a tight bound (i.e., achievable under quite gen-
eral/weak conditions [36,37]), thus the noncentral para-
meter k'(Pg, Py) is given by [[35], p. 239]

«'(Pga, Pq) = 8*(CRB(8)) . (13)

On the other hand, one can notice that the noncentral
parameter k'(Pg,, Pgq) can be determined numerically by
the choice of Pg, and P4 [13,28] as the solution of

—1 —1
Qxf (Pra) = QX?(K'(Pfa,Pd))(Pd)' (14)
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in which Q;lzl () and Q;’%(K’(P;a,Pd))(w) are the inverse

of the right tail of the x7 and x'?(k’(Pf, Pg)) pdf start-
ing at the value . Finally, from (13) and (14) one
obtains’

8 = k(Pfa, P4)+/CRB(3),

where /k(Pfa, Pa) = k' (Pga, Pq) is the so-called transla-
tion factor [13] which is determined for a given prob-
ability of false alarm and probability of detection (see
Figure 1 for the behavior of the translation factor versus
Pg, and Py).

Result 1: The asymptotic MSRL for model (5) in the
case of P parameters of interest per signal (P > 1) is
given by J which is the solution of the following equa-
tion:

(15)

8% — Kz(Pfar Pd)(Adirect + Across) =0, (16)

where Agirece denotes the contribution of the para-
meters of interest belonging to the same dimension as
follows

P
Adirect = Y_ CRB(0”) + CRB(0) — 2CRB(0, ),
p=1

and where A, is the contribution of the cross terms
between distinct dimension given by

P P
Across = Z nggp/(CRB(wgp),wgp/)) + CRB(wgp)’wgp')) - 2CRB(wgp)'w£p’)))'
=
in which g, = sgn <w§”) — wgp)).
Proof see Appendix 1.
Remark 1: It is worth noting that the hypothesis test
(8) is a binary one-sided test and that the MLE used is

10
""”Pfa=0'1
@ P, =02 o
.‘Pfa=0.3 "
Huqua=0.4
<
S
v 4 g
W - o e
o o - B : .
0.5 0.6 0.7 0.8 0.9
P
d
Figure 1 The translation factor x versus the probability of
detection P4 and P;,. One can notice that increasing Py or
decreasing Py, has the effect to increase the value of the translation
factor k. This is expected since increasing Py or decreasing Pr, leads
to a more selective decision [28,35].
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an unconstrained estimator. Thus, one can deduce that
the GLRT, used to derive the asymptotic MSRL [13,35]:
(i) is the asymptotically uniformly most powerful test
among all invariant statistical tests, and (ii) has an
asymptotic constant false-alarm rate (CFAR). Which is,
in the asymptotic case, considered as the strongest state-
ment of optimality that one could expect to obtain [28].

o Existence of the MSRL: 1t is natural to assume that
the CRB is a non-increasing (i.e., decreasing or con-
stant) function on R w.r.t. J since it is more diffi-
cult to estimate two closely spaced signals than two
largely-spaced ones. In the same time the left hand
side of (15) is a monotonically increasing function w.
r.t.  on R*. Thus for a fixed couple (Pg, Pq), the
solution of the implicit equation given by (15) always
exists. However, theoretically, there is no assurance
that the solution of equation (15) is unique.

« Note that, in practical situation, the case where
CRB(0) is not a function of J is important since in
this case, CRB(0) is constant w.r.t. 0 and thus the
solution of (15) exists and is unique (see section
“MSRL closed-form expression”).

In the following section, we study the explicit effect of
this so-called translation factor.

The relationship between the MSRL based on the CRB
and the hypothesis test approaches

In this section, we link the asymptotic MSRL (derived
using the hypothesis test approach, see Result 1) to a
new proposed extension of the SRL based on the Smith
criterion [11]. First, we recall that the Smith criterion
defines the SRL in the case of P = 1 only. Then, we
extend this criterion to P > 1 (i.e., the case of the multi-
dimensional harmonic model). Finally, we link the
MSRL based on the hypothesis test approach (see Result
1) to the MSRL based on the CRB approach (i.e., the
extended SRL based on the Smith criterion).

The Smith criterion: Since the CRB expresses a lower
bound on the covariance matrix of any unbiased estima-
tor, then it expresses also the ultimate estimation accu-
racy. In this context, Smith proposed the following
criterion for the case of two source signals parameter-
ized each one by only one frequency [11]: two signals
are resolvable if the difference between their frequency,
8, = wgl) — wgl), is greater than the standard deviation
of the frequency difference estimation. Since, the stan-
dard deviation can be approximated by the CRB, then,
the SRL, in the Smith criterion sense, is defined as the
limit of §,m for which §,1) < /CRB(8,m) is achieved.
This means that, the SRL is the solution of the following
implicit equation
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82 = CRB(8,m).

The extension of the Smith criterion to the case of P 2
1: Based on the above framework, a straightforward
extension of the Smith criterion to the case of P > 1 for
the multidimensional harmonic model is as follows: two
multidimensional harmonic retrieval signals are resolva-
ble if the distance between C, and C,, is greater than
the standard deviation of the dcrp estimation. Conse-
quently, assuming that the CRB exists and is well
defined, the MSRL dcgp is given as the solution of the
following implicit equation

{(%RB = CRB(Scrs) 1)

s.t. Ocrp = ZI;=] |wgp) - wgp)"

Comparison and link between the MSRL based on the
CRB approach and the MSRL based on the hypothesis
test approach: The MSRL based on the hypothesis test
approach is given as the solution of

[5 = k(Pfa, Pq)+/CRB(),

st. 8= Zﬁ:l ‘wgp) — a)gp)‘ ,

whereas the MSRL based on the CRB approach is
given as the solution of (17). Consequently, one has the
following result:

Result 2: Upon to a translation factor, the asymptotic
MSRL based on the hypothesis test approach (i.e., using
the binary one-sided hypothesis test given in (8)) is equiva-
lent to the proposed MSRL based on the CRB approach (i.
e., using the extension of the Smith criterion). Conse-
quently, the criterion given in (17) is equivalent to an
asymptotically uniformly most powerful test among all
invariant statistical tests for x(Pg, Pq) = 1 (see Figure 2 for
the values of (P, Py) such that x (P, Pg) = 1).

0.8F

0.7

206

0.5+

0.4+

0.31

0'8.1 0.2 03 0.4 05 0.6 0.7 0.8

fa

Figure 2 All values of (P;,, Pq) such that «x(Pg, Pg) = 1.
AN
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The following section is dedicated to the analytical
computation of closed-form expression of the MSRL. In
section “Assumptions,” we introduce the assumptions
used to compute the MSRL in the case of a Gaussian
random noise and orthogonal waveforms. Then, we
derive non matrix closed-form expressions of the CRB
(note that to the best of our knowledge, no closed-form
expressions of the CRB for such model is available in
the literature). In “MSRL derivation” and thanks to
these expressions, the MSRL wil be deduced using (16).
Finally, the MSRL analysis is given.

MSRL closed-form expression

in section “Determination of the MSRL for two sources”
we have defined the general model of the multidimen-
sional harmonic model. To derive a closed-form expres-
sion of the MSRL, we need more assumptions on the
covariance noise matrix and/or on the signal sources.

Assumptions
+ The noise is assumed to be a complex circular
white Gaussian random process i.i.d. with zero-mean
and unknown variance o 2Iy, N,
+ We consider a multidimensional harmonic model
due to the superposition of two harmonics each of
them of dimension P > 1. Furthermore, for sake of
simplicity and clarity, the sources have been
assumed known and orthogonal (e.g., [7,38]). In
this case, the unknown parameter vector is fixed
and does not grow with the number of snapshots.
Consequently, the CRB is an achievable bound
[36].
« Each parameter of interest w.r.t. to the first signal,
wgp) p=1...P, can be as close as possible to the
parameter of interest w.r.t. to the second signal
wgp) p=1...P, but not equal. This is not really a
restrictive assumption, since in most applications,
having two or more identical parameters of interest
is a zero probability event [[9], p. 53].

Under these assumptions, the joint probability density
function of the noisy observations y for a given
unknown deterministic parameter vector ¢ is as follows:
-1 H
2 %) (y—x)

——€
(7TO'2)LN !

L
p(yl€) = [ [p(vec(V(1))I€) =

t=1

where N = ]_[5:1 Np. The multidimensional harmonic

retrieval model with known sources is considered
herein, and thus, the parameter vector is given by

- o' s
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where
T 7T
© = [(wm) (@) ] ,
in which
T
0 = [a)gp)wgp)] . (19)

CRB for the multidimensional harmonic model with
orthogonal known signal sources

The Fisher information matrix (FIM) of the noisy obser-
vations y w.r.t. a parameter vector ¢ is given by [39]

3 Inp(yl§) <alnp(y|s))H]
9E € '

FIM(§) = [E[

For a complex circular Gaussian observation model,
the (ith, kth) element of the FIM for the parameter vec-
tor ¢ is given by [34]

[FIM(&)];. =

Ly g do° im{ LSS
ot dlgl;0lg], o LB[&]; A&,
Consequently, one can state the following lemma.
Lemma 1: The FIM for the sum of two P-order har-
monic models with orthogonal known sources, has a
block diagonal structure and is given by

Fw 02P><1 ]

O1x2p X @D

FIM(E) = 2 [

where, the (2P) x (2P) matrix F,, is also a block diago-
nal matrix given by

F, = LN(A ® G), (22)
in which A = diag {||oa||?,||0%2] |3} where
am = [om(1) oem(L)]T for me{1,2}, (23
and
(2N, — 1)(Nr — 1) for k=l
R NIRRT (Y for k1

2

Proof see Appendix 2.

After some calculation and using Lemma 1, one can
state the following result.

Result 3: The closed-form expressions of the CRB for
the sum of two P-order harmonic models with orthogo-
nal known signal sources are given by

6
CRB(0W)) = ————C,,

24
LNSNR,, @4

m e {1,2},
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2
where SNR,, = ||0lmz|| denotes the SNR of the mth
o
source and where
Np(1—3Vp)+3Vp+1 1
= ”(N 1’)3\; S inwhich V- ——— .
(N, +1)(N; = 1) 1433 X7

Furthermore, the cross-terms are given by

: 0 form # m/,
CRB(wﬁf,]),wf,f/)) = —6
LNSNR,,

Cp,pr form=m'andp #p/, (25)

where

3Vp

Cppp= —
PP (Ny + 1) (N + 1)

Proof see Appendix 3.

MSRL derivation
Using the previous result, one obtains the unique solu-
tion of (16), thus, the MSRL for model (1) is given by
the following result:

Result 4: The MSRL for the sum of P-order harmonic
models with orthogonal known signal sources, is given
by

P P
6 -
= | INESNR D G— D 484G | (26)
p=1 pp'=1
b

where the so-called extended SNR is given by
SNR;SNR;

SNR; + SNR,’
Proof see Appendix 4.

ESNR =

Numerical analysis
Taking advantage of the latter result, one can analyze
the MSRL given by (26):

« First, from Figure 3 note that the numerical solu-
tion of the MSRL based on (12) is in good agree-
ment with the analytical expression of the MSRL
(23), which validate the closed-form expression given
in (23). On the other hand, one can notice that, for
P4 = 0.37 and Py, = 0.1 the MSRL based on the CRB
is exactly equal to the MSRL based on hypothesis
test approach derived in the asymptotic case. From
the case Pq = 0.49 and Pg, = 0.3 or/and Py = 0.32
and Pg, = 0.1, one can notice the influence of the
translation factor x(Pg, P4) on the MSRL.
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55X 10°
®
2,
=
15
s e
“| O Analytical MSRL based on (17)
Numerical MSRL based on (17)
1 # MSRL based on (16) with (PP )=(0.37,0.1)
o ——MSRL based on (16) with (Pd,Pfa)=(O.49,0 3)
Lo -~ MSRLbased on (16) with (PP, )= (0.32,0.2)
5 1 1 1
O'd.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
&2
Figure 3 MSRL versus o for L = 100.

+ The MSRLE is o(,/ ;) which is consistent with
ESNR
some previous results for the case P = 1 (e.g.,

[12,14,24]).

+ From (26) and for a large number of sensors N; =
N, = ... = Np = N > 1, one obtains a simple expres-
sion

\/ 12 P
s = ,
LNP+1ESNR 1 + 3P

1
NP+1

meaning that, the SRL is O( ).

« Furthermore, since P > 1, one has

(P+1) (3P+1)

]-/
P(3P+4)

and consequently, the ratio between the MSRL of a
multidimensional harmonic retrieval with P parameters
of interest, denoted by 6, and the MSRL of a multidi-
mensional harmonic retrieval with P + 1 parameters of
interest, denoted by dp, 1, is given by

8p+1 (P+1)(3P+1)
sp\ NP(B3P+4) '
meaning that the MSRL for P + 1 parameters of inter-
est is less than the one for P parameters of interest (see
Figure 4). This, can be explained by the estimation addi-
tional parameter and also by an increase of the received
noisy data thanks to the additional dimension. One
should note that this property is proved theoretically
thanks to (27) using the assumption of an equal and
large number of sensors. However, from Figure 4 we
notice that, in practice, this can be verified even for a

(27)
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Figure 4 The SRL for multidimensional harmonic retrieval with 145
orthogonal known sources for M equally powered sources, 40 a0 45 '
where P = 3, 4, 5, 6, L = 100, and the numbers of sensors are SNR2 SNR
given by N; =3, N, =5, N3 =4, N; = 4, Ns = 4, and Ng = 3. 1
Figure 5 MSRL versus SNR;, the SNR of the first source, and
SNR,, the SNR of the second source. One can notice that the
small number of sensors (e.g., in Figure 4 one has 3 < optimal distribution of the SNR (which corresponds to the lowest
< = SNR
NP < 5 for p=3 . 6). MSLR) corresponds to SNR; = SNR, = 2 rotal as predicted
« Furthermore, since by Corollary 1.

<51

4
VINPTESNR = O <0<

one can note that, the SRL is lower bounded by

4
V LNP+1ESNR’

+ One can address the problem of finding the opti-
mal distribution of power sources making the SRL
the smallest as possible (s.t. the constraint of con-
stant total source power). In this issue, one can state
the following corollary: Corollary 1: The optimal
power’s source distribution that ensures the smallest
MSRL is obtained only for the equi-powered sources
case.

Proof see Appendix 5.

This result was observed numerically for P = 1 in [12]
(see Figure 5 for the multidimensional harmonic model).
Moreover, it has been shown also by simulation for the
case P = 1 that the so-called maximum likelihood break-
down (i.e., when the mean square error of the MLE
increases rapidly) occurs at higher SNR in the case of
different power signal sources than in the case of equi-
powered signal sources [40]. The authors explained it by
the fact that one source grabs most of the total power,
then, this latter will be estimated more accurately,
whereas the second one, will take an arbitrary parameter

estimation which represents an outlier.

« In the same way, let us consider the problem of
the optimal placement of the sensors” Ny, ..,Np ,
making the minimum MSRL s.t. the constraint that
the total number of sensors is constant (i.e.,

Niotal = 21;:1 N, in which we suppose that Ny is a
multiple of P).

Corollary 2: If the total number of sensors Ny, is @
multiple of P, then an optimal placement of the sensors
that ensure the lowest MSRL is (see Figure 6 and 7)

N total

b (28)

Ni=---=Np=

Proof see Appendix 6.

Remark 3: Note that, in the case where Ny is not a
multiple of P, one expects that the optimal MSRL is
given in the case where the sensors distribution
approaches the equi-sensors distribution situation given
in corollary 3. Figure 7 confirms that (in the case of P =
3, N; = 8 and a total number of sensors N = 22). From
Figure 7, one can notice that the optimal distribution of
the number of sensors corresponds to N, = N3 = 7 and
N; = 8 which is the nearest situation to the equi-sensors
distribution.
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Figure 6 The MSRL versus N; and N, in the case of P = 3 and a
total number of sensors Ny = 21. One can notice that the
optimal distribution of the number of sensors (which corresponds
Ntotal 5

to the lowest SLR) corresponds to N7 = Np = N3 = 3

S

predicted by (28).

Conclusion

In this article, we have derived the MSRL for the multi-
dimensional harmonic retrieval model. Toward this end,
we have extended the concept of SRL to multiple para-
meters of interest per signal. First, we have used a
hypothesis test approach. The applied test is shown to
be asymptotically an uniformly most powerful test
which is the strongest statement of optimality that one
could hope to obtain. Second, we have linked the
asymptotic MSRL based on the hypothesis test approach
to a new extension of the SRL based on the Cramér-Rao
bound approach. Using the Cramér-Rao bound and a

MSRL

L L L L

3 L L L L
10 8 9 10 " 12

2 3 4 5 6

7
N2
Figure 7 The plot of the MSRL versus N, in the case of P = 3,

N, = 8 and a total number of sensors N = 22.
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proper change of variable formula, closed-form expres-
sion of the MSRL are given.

Finally, note that the concept of the MSRL can be
used to optimize, for example, the waveform and/or the
array geometry for a specific problem.

Appendix 1
The proof of Result 1
Appendix 1.1: In this appendix, we derive the MSRL
using the /; norm.
From CRB(¢) where ¢ = [of pT]T in which

w = [0oNoNoPel? .. oPP]T, one can deduce
CRB() E—gt)=[s9"] in which
? 2 [0 (@) ... (@P)T|T. Thanks to the Jacobian
matrix given by

where

T
o) _ |50
BE OII

where h = [g1g> ... gp ]* ® [1 - 1], in which

38 34 (r) @)
& = =- =sgn(w;’ —®; ) and A = [0 I].
’ ngp) awg”) ! 2 [01]

Using the change of variable formula

T

cr() = 8E) crpe) [ 28E) | |

98ls) (29)
€ €

one has
CRB(E) _ [hTCRB(w)h x] .

X I

Consequently, after some calculus, one obtains

CRB(5) £ [CRB(£)]1,1 = h"CRB(w)h
2r 2r
= Z Z [h],[h],[CRB(w)],,
e (30)

=323 085 (ICRBE)12y + [CRBE) ]y 291 — [CRB(§)15 1 — [CRB(E) ]y )

1 pet
a
= Adirect + Acrosss

where
Adirect = b CRB(w”)) + CRB(wY")) — 2CRB(, ")
and where Across(k) = Z:’; Z;:l 8y (CRB[w(l”), w(lﬂ )) + CRB[w(ZF),wgﬂ')] _ ZCRB(a)Ev),(ugp']])
Finally using (30) one obtains (16)

Appendix 1.2: In this part, we derive the MSRL using
the /x norm for a given integer k > 1. The aim of this
part is to support the endnote a, which stays that using
the /; norm computing the MSRL using the /; norm is
for the calculation convenience.

Once again, from CRB(¢), one can deduce CRB(Ek)
where Ek = g,(&) = [8(k) #1]" in which the distance
between C; and C, using the /; norm is given by d(k) 2
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‘ , 1k
k-norm distance(C,C,) = (Zp:1 5;3) and where

gL [wgl)(w(z))T,,.(w(P))T]T. The Jacobian matrix is

given by
hT
0 k
—i(g) Ao,
§ 01

where h; = [1 - 1]
38(k) _ 33(k)

8gp(k) =
P 31?”  gol

written as ./x2k. Thus, for x = 0, one has

(o))

() " (i‘ (

90
1

® [g1(k)gx(k) .. gp(k)]T, in which

and A = [0I]. Since |x|* can be

&(k) =

. % 1 (w" 7%,)21(
) (31)

! 2 B 2(e-1)
B 7(,;»))(2\@ ol )) J@ =)™ - gn(olf - oPys1Hsp

p=1

Again, using the change of variable formula (29), one
has

CRB(£,) = [hECRB(w)hk x:| |

X I

Consequently, after some calculus, one obtains

CRB(53(k)) £ [CRB(E;)]1.1
i‘izﬂ (198 () [ORB(&) 5, + [CRB(E)Lzp-1.26-1 — [CRB(E)Lzp -1 — [CRBE)-126) (32)
(P(p))z“ T Adiner (k) + Acoss (),
where
Adiea(R) = Y, 8707 (CRB(wgﬂ)) + CRB() — 2CRB(w", wgm))
and where aew- ¥, X s el o santel o) (crl of ) crel) of) - 2088000, 0)
Consequently, note that resolving analytically the
implicit equation (32) w.r.t. d(k) is intractable (aside
from some special cases). Whereas, resolving analytically
the implicit equation (30) can be tedious but feasible
(see section “MSRL closed form expression”).
Furthermore, denoting g,(1) = g,, Across(1) & Across and
Adirect(1) £ Agirect and using (32) one obtains (16).

Appendix 2
Proof of Lemma 1
From (20) one can note the well-known property that
the model signal parameters are decoupled from the
noise variance [42]. Consequently, the block-diagonal
structure in (21) is self-evident.

Now, let us prove (22). From (4), one obtains

dvec(X (1))

> —]Sm(t)(a(w(l))®a(a)(z))® @a(w(”))®--~®a(w$,f’)),
E)(urf
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where

a(of)=[o & (Np — 1)ef<NP—1)w5f)]T.

Thus,
8% =jsm ® (a(wfnl)) ® a(wgrf)) QR ® a'(w%)]) ® - ® a(wg])> )
W
where s,,, = [5,,(1) ... 5,,(L)]". Using the distributivity of

the Hermitian operator over the Kronecker product and
the mixed-product property of the Kronecker product
[43] and assuming, without loss of generality that p’ <p,
one obtains

(aiz”’ ”aj,;”" =(5.§ [ oM gad'(0P) e 8 a (ww))@m@uu(w;ﬁ))])
% (sn ® [a@h) ®a(@i) @@ a(@) @ - ®a(w$f’)]) (33)
= (s @ (" @a@) @@ (¢ (@a) @
® (a (@)a’ (mfy’;))) ®® (a (wﬂ,l)a(w&i’)) .
On the other hand, one has
a"(0M)a(@P) = N,, (34)

whereas

HoD ) () = NN *61)(1\’1: -1 (35)

Np(Np =1
ool - =D

and a’

Finally, assuming known orthogonal wavefronts [38] (i.
e, sl s, = 0) and replacing (35) and (34) into (33), one
obtains

H
ox x
me Bw,(:,’]

where @, = [o,,, (1) ... o, (L)] for m e {1, 2}: Conse-
quently, using (36), F,, can be expressed as a block diag-
onal matrix

0 form # m/,
L||am||zNw form=m'andp #p/, (36)
(2N, ~ BN~ 1)
6

Lllety|I*N form=m'andp=p,

()0
Fa)_|:012:|l (37)
where each P x P block J,,, is defined by
Jm = Lllanl’NG, (38)

where

(N1 —1)(2N1 —1) (Ny — 1)(Ny — 1) (N1 — 1)(Np — 1)

(N2 — 1)6(le1) (N271)?2N271) (szlf"(prl)
G-= 4 6 4

(No— (N1 = 1) (NaP—1)(Na—1)  (Np—1)(2Np— 1)
4 4 6

Consequently, from (37) and (38) one obtains (22).
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Appendix 3
Proof of Result 3
Using (22) one obtains

2 2
CRB() = %F_l -2 (A'ech (39)

¢ 2LN

where A71 = diag{ . In the following,

ey |12 ||0tz||2}
we give a closed-form expression of G™'. One can notice
that the matrix G has a particular structure such that it
can be rewritten as the sum of a diagonal matrix and of
a rank-one matrixx G = Q + 7y where

1 1
Q=Ediag{Nf*1,...,N,2,71} and y=E[N] 71““’[\]1771]”1'

Thanks to this particular structure, an analytical inverse
of G can easily be obtained. Indeed, using the matrix
inversion lemma

G ' =(Q+yy")!
o Qlyy'Q™!
—_ 1 —
" Ty

(40)

A straightforward calculus leads to the following
results,

1 1 1
(N]fl)z (N1+l)1(N2+1] (N1+1)1(Np+l)

Q' =36 (N1+1)A(N1+1) (N2‘+1)2 ”(N1+1).(Np+1) . (41)

1 1 1

Np+ D(N1+1) (Np+ D(N2+1)  (Np+1)
and
P
N, —1
TH-1 p
=3 . 42
y'Qly ZNp+l (42)

p=1

Consequently, replacing (41) and (42) into (40), one
obtains

Ny(1—3Vp) +3Vp+1
(N +1)(NZ = 1)
36Vp
(Np+1)(Ny +1)

for k=1,

(G i = (43)

for kI,

N, -1\
where Vp = <1 +3 211;1 Np ] ) . Finally, replacing
p +

(43) into (39) one finishes the proof.

Appendix 4
Proof of Result 4
Using Results 1 and 3, one has

P
Adirect = Z (CRB((US‘,)) + CRB ((ugﬂ)))
=1
§ ) (44)
602 ( 1 1 )ZNPU —3Vp)+3Vp+1
=22 ¥ ,
LN \[ler[]? * llee2|I? = N+ 1)(N? — 1)
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and

P P
Across = Z nggp/ (CRB(wgp), wgp )) + CRB(wgp), (,()gj )))

p=1 p'=1
p'#p ) (45)
602 < 1 1 ) Z 388y Vr
= —— + .
LN \ller 2 Tleall2 ) £ (N + ) (N + 1)

p#Y

Consequently, replacing (44) and (45) into (16), one
finishes the proof.

Appendix 5

Proof of Corollary 1

In this appendix, we minimize the MSRL under the con-
straint SNR; + SNRy = SNR a1 (Where SNRy, is a real

fixed value). Since, the term
P P ~
(2 p1 G — Zpﬁ’ﬂ 88 Cor) is independent from SNR;
p#p’

and SNR,, minimizing J is equivalent to minimize
G(SNR;, SNR;) where

-1
SNR; + SNR,

p
N -

SNRy, SNRy) = 2=~ | 3¢, - & | o SNRi+ SRy

G(SNR; 2) 2 p p%/_lgpgp oy SNRSNR,

p’

L P
6

Using the method of Lagrange multipliers, the pro-
blem is as follows:

mingNg,,sNr, G(SNRy, SNR;)
s.t.
SNR; + SNR; = SNRyoq

Thus, the Lagrange function is given by
F(SNR;, SNRy, 1) = G(SNRy, SNR;) + A(SNR; + SNR, — SNRoqal)
where A denotes the so-called Lagrange multiplier. A
simple derivation leads to,

9F(SNRy, SNR,)  —1

asNR, s 0 (46)
OF(SNRi,SNRy)  —1 .
asNR,  sag 0 (47)
w = SNR; + SNR; — SNRyyq = 0. (48)
Consequently, from (46) and (47), one obtains SNR; =
R
SNR;. Using (48), one obtains SNR; = SNR; = %

Using the constraint SNR; + SNRy = SNR,,; One
deduces corollary 1.

Appendix 6
Minimizing ¢ w.r.t. Nj, ..., Np is equivalent to minimiz-

P P >
ing the function f(N) = Zp=1 G — Zpr’;ﬁl gpgpGC,p,,
p.7p
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where N = [N; ... Np]T. However, since the numbers of
sensors on each array, Ny, ..., Np, are integers, the deri-
vation of fAN) w.r.t. N is meaningless. Consequently, let

us define the function f() exactly as f (.) where the set
of definition is R” instead of N”. Consequently,

FN)Igon = f(N),

in which Ny, ..., Np are real (continuous) variables.
Using the method of Lagrange multipliers, the pro-
blem is as follows:

where N =[N;...Np|',

mingf(N)
Z;::l Np = Ntolal

where N is a real positive constant value. Thus, the
Lagrange function is given by

A(N, 1) =f(N) +A (Zl;:l Np - Ntoml) where A denotes

the Lagrange multiplier. For a sufficient number of sen-
sors, the Lagrange function can be approximated by

P P

c P
_ Ny(1-3V)+3V+1 388V o
AN~ it ) -y e +A(ZNmeml)
p=1

NE]
= N a1 Ne Ny
b’

where V = N . A simple derivation leads to,
+
OAN.A) 3(V—1) 3V+l 3V " gy o
Ny NG NT TN SNy
[

IAN,A) 3(V—1) 3V+l 3V g
- _ Vs

_ — —— 4+ = 28 L5 =0
3Np N3 NiTNE 2Ny
p#p’

_ P
AN, 1) o
T = pXZI:Np — Niotal = 0.

This system of equations seems hard to solve. How-
ever, an obvious solution is given by N; = ... = Np =N

3V+1 V(Pv—1)+V -1, . =3P ,
and 1= Y1 _gVPv=D+ in which ¥ = 2Zps-1 88,
N N3 P’

Since, 21;:1 Ny = Niotal, thus the trivial solution is given

N total

by Ny =-.-=Np = . Consequently, if Ny, is a

multiple of P then, the solution of minimizing the func-
tion f(N) in R” coincides the solution of minimizing the
function fIN) in N*. Thus, the optimal placement mini-

N; total

mizing the MSRL is Nj = ... = Np = . This con-

clude the proof.
Endnotes

*The notion of distance and closely spaced signals used in
the following, is w.r.t. to the metric space (d, C), where d :
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C x C — R in which d and C denote a metric and the set
of the parameters of interest, respectively. "See [2-9] for
some practical examples for the multidimensional harmo-
nic retrieval model. “This study can be straightforwardly
extended to other norms. The choice of the /; is motivated
by its calculation convenience (see the derivation of Result
1 and Appendix 1). Furthermore, since the MSRL is con-
sidered to be small (this assumption can be argued by the
fact that the high-resolution algorithms have asymptoti-
cally an infinite resolving power [44]), thus all continuous
p-norms are similar to (i.e., looks like) the [; norm. More
importantly, in a finite dimensional vector space, all con-
tinuous p-norms are equivalent [[45], p. 53], thus the
choice of a specific norm is free. “Note that, due to the
specific definition of the SRL in [13] (i.e., using the same
notation as in [13], § = cos(ulu,))and the restrictive
assumption in [13] (#; and u, belong to the same plan),
the SRL as defined in [13] cannot be used in the multidi-
mensional harmonic context. “One of the necessary condi-

tions regardless the noise pdf is that wgp) o wg”). Meaning
that each parameter of interest w.r.t. to the first signal wg”)
can be as close as possible to the parameter of interest w.r.
t. to the second signal wgp), but not equal. This is not really

a restrictive assumptions, since in most applications, hav-
ing two or more identical parameters of interest is a zero
probability event [[9], p. 53]. Note that applying (15) for P
= 1 and for k(Pg, Pq) = 1, one obtains the Smith criterion
[11]. 8Where O(.) denotes the Landau notation [46]. "One
should note, that we assumed a uniform linear multi-
array, and the problem is to find the optimal distribution
of the number of sensors on each array. The more general
case, i.e., where the optimization problem considers the
non linearity of the multi-way array, is beyond the scope
of the problem addressed herein.
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STATISTICAL ANALYSIS OF ACHIEVABLE It is important to note that all the references listed before
RESOLUTION LIMITIN THE NEAR FIELD have been conducted in the spectral analysis context or for the

SOURCE L OCALIZATION CONTEXT USING far-field source localization problem. To the best of our knowl-

NONUNIEORM AND L ACUNAR ARRAY edge, no study/result is available concerning the near-field
sources localization problem. The goal of this correspondance

is to fill this lack. More precisely, we consider the context of
deriving the SRL for two complex narrow-band time-varying
closely spaced near-field sources using a binary hypothesis test
approach. Since the separation term is an unknown parameter,
it is impossible to design an optimal detector in the Neyman-
Abstract—In this correspondance, we derive the Statistical Pearson sense [13], [14]. Consequently, the GLRT is applied
Resolution Limit (SRL), characterizing the minimal parameter herein. The choice of the hypothesis test strategy is motivated
separation, to resolve two closely spaced known near-field sourcespy the following arguments{1) the SRL based on detection

impinging on nonuniform and lacunar linear arrays. Toward . . .
this goal, we conduct on the first-order Taylor expansion of the theory takes into account the statistical coupling between

observation model a Generalized Likelihood Ratio Test (GLRT) Parameters (unlike the Lee criterion [6])2) it exists a

based on a Constrained Maximum Likelihood Estimator (CMLE) relationship between the SRL based on the Smith criterion
of the SRL. More precisely, the minimum separation between [7] and the SRL based on detection theory in the asymptotic
two near-field sources, that is detectable for a given probability of ~55e [11] (in terms of snapshots). Taking advantage of this

false alarm and a given probability of detection, is derived herein. . . - -
Finally, numerical simulations are done to quantify the impact relationship, one could deduce the SRL in the Smith sense,

of the array geometry, of the signal sources power distribution and finally, (3) unlike the Bayesian approach [12], the use

Mohammed Nabil EL KORSOStudent Member, IEEE,
Rémy BOYER,Member, IEEE Alexandre RENAUX,
Member, IEEEand Sylvie MARCOS

and of the array aperture on the statistical resolution limit. of the GLRT does not require angrior knowledge on the
unknown parameter of interest [15]. Consequently, in this
INDEX TERMS correspondance we derive the SRL for two closely spaced

near-field sources that allows a correct sources resolvability
for nonuniform and lacunar linear arrays following the GLRT
strategy.

Statistical resolution limit, near-field, performance analysis.

I. INTRODUCTION

Passive sources localization by an array of sensors is an Il. PROBLEM SETUP AND ASSUMPTIONS
important topic with a large number of applications, such as
sonar, seismology, digital communications, etc. One can find

many estimation schemes adapted to the so-called near-f%‘?&lr’fleld and narrow-band sources impinging on a nonuni-

source localizationd.g.,[1]-[5]). However, to the best of our rm linear array ofNV sensors. The observation model is given
knowledge, no work has been done on the resolvability gy

Let us consider a received signal composed of two emitted

closely spaced near-field sources. 9
A common tool to characterize the resolvability between Yn(t) = Z Sm(t)eT™m 4 v, (1), 1)
two closely spaced signals is the so-called Statistical Resolu- m—1

tion Limit (SRL). The SRL [6]-[12], defined as the m|n|malt 1,....L,n=0,....N—1wherey,(t) andu, () denote

separation between two signals in terms of parameters of . . " .
P 9 P tRe noisy observed signal and the additive noise at the output

interest which allows a correct resolvability, is a challengingf the nt* sensor, respectively, whereas, (¢) denoted the
problem and an essential tool to quantify estimators perfor- " ' P Y, 5

m'" deterministic source signal. The number of snapshots is
mance. : ) . .
. - . . genoted byL andr,,, is the delay associated with the signal
The idea herein is to use the detection theory in order 10 S '

S i propagation time from the first sensor to th& sensor w.r.t.
derive/link the SRL to the probability of false alarnky, the m® source which is given by [4]
and to the probability of detectioR,. In this spirit Sharman m 9 y
and Milanfar [9] have studied the problem of distinguishing - 2 2d sind
whether the observed signal contains one or two frequencies — Tum = ym ( 1+ - —" - 1) 2)
at a given SNR using the Generalized Likelihood Ratio Test

T’m T'm
(GLRT). In [11], Liu and Nehorai defined a statistical angula‘;vherey, v, and,, € [0 ’T} denote the signal wavelength,

resolution limit using the asymptotic equivalence of the GLRhe range and the bearinig of the'™ source, respectively

(in terms of snapshots). Recently, Amar and Weiss [lgho gistance between a reference sensors (the first sensor
proposed to determine the SRL of complex sinusoids W'marein) and then'™ sensor is denoted by, (e.g.,in the

nearby frequencies using the Bayesian approach for a givel.. of Uniform Linear Array (ULA)d, — nd whered is

correct decision probability. the inter-element space between two successive sensors). It is
The authors are with Laboratoire des Signaux et8yss (L2S), Universit well known that, if the source range is inside of the so-called

Paris-Sud XI (UPS), CNRS, SUPELEC, 3 rue Joliot Curie, Gif-Sur-Yvettd-resnel region [4], [16]i.e.,
91192, France, phone: +331 6985 1763, fax: +331 6985 1{6kkorso,
remy.boyer, alexandre.renaux, marg@sss.supelec.fr. This project is funded

2
0.62 (D*v)"/? op? W =17 3
by regionile de France and Digeteo Research Park. . ( V) <rm < » ) (3)




where D is the array aperture, then the delay,, can be

approximated by .
Gly) = m%m%w
. . . \ p(y; Ho)
= o s o (). @ _ b b ) (1)
p(y; Ho) ﬁu ’

in which p,,, = =2% sin(6,,) and ,, = -* cos?(6,,,) denote
in which p(y;.) denotes the pdf of ~ CN(E {y},o°I) ,

s; = [si(1) ... si(L)]T for i = 1,2, and wherey, §, and

SK denote the detection threshold, the Maximum L|keI|hood

2
the parameters of interest. Neglecting the ter fz) the
observation model becomes

2 o Estimate (MLE) undef?, of 6, andJ,, respectively. One can
Un(t) = > sm(t)e?Pmdntrimdn) g (1) (3) note that the difficult task to derive the GLRT, is to obtain an
m=l1 analytical expressions @f, andé,, since the near-field model

Consequently, the observation vector can be expressed asiS highly nonlinear. The key idea to overcome this problem,
is to consider that a small separation [9]. This assumption

y(t) = [yo(®) ... yn—1 ()T (6) can be argued by the fact the high resolution algorithms have,
= [a(py, k1) a(p2, k2)]s(t) + v(2), (7) asymptotically, an infinite resolving power [18]. Consequently,
in the following, we show that the near-field model can be
in which v(t) = [vo(t)...vn_1(t)]T, s(t) = [s1(t) s2(t)]T linearized by considering small separation @and x.
and where

[a(pms )], g = ed(Pmdn+rmds) @) B. Linearized Near-Field Model
myhvm)in41 — .
Using parameterg,. and k.., a first-order Taylor expansion
Finally, the full observation vector can be written as of the observation model arourd,, é,.) = (0,0) leads to
Y2 My e .y o) (©) y=As; +DS+V, (12)

Throughout the rest of the correspondance, the followirff1€r€ s+ = s1 + s2 andD = [Bs_ Cs_] in which s_ =
8o — 81 (81 # 82). Denoting,d = [dy di ... dy_1]T, ®
assumptions are assumed to hold: 2 1A= 2 0 @1 N-1
. L the Kronecker productp the Hadamard product and, the
« Al The additive noise is assumed to be a compley

dent|ty matrix of dimension. x L, we have
circular white Gaussian random process (uncorrelate

both temporally and spatially) with zero-mean and known A =11 ®a(pe, ke), (13)
[9] or previously estimated [17] variance’. j

« A2. The parameterp. = 2722 and r, = =12 B= §| L @ (a(pe, ke) © d), (14)
(which represent the center parameters) are assumed to be and
known [11] or previously estimated [9]. However, in the j
following we prove that this assumption does not affect C=5lL® (a(pe,kc) ©d O d). (15)

the SRL (since the SRL is independentgfand «..).
« A3. The sources and the array geometry are known. C. Constrained MLE (CMLE) of the SRL

Since,p., k¢, s1 andss are known, observation model (12)
[1l. NEAR-FIELD STATISTICAL RESOLUTIONLIMIT can be simplified according to

A. Hypothesis test formulation 24 y—As, =D& + V. (16)

In the following, we conduct a binary hypothesis test . .
: ; As 6 € R?, one has to find the Constrained MLE (CMLE)
f I he SRL. Letthe h h '
ormulation to derive the S et the hypothesls represent d in order to use correctly the GLRT. More precisely, the

the case where the two signal sources combine into one sin ie trained optimizati bl b it ding t
signal {.e., it represents the case of two unresolvable target nstrained optimization problem can be written according to

whereas the hypothesi¥; embodies the situation where the argmax L(z,8) subject to {8} =0, (17)
two signals are resolvable [9], [11], [12]. Then, the hypothesis J
test is given by where L(z,8) = Inp(z;d,H1) is the log-likelihood function,
${.} denotes the imaginary part. The Lagrange function
Ho: 6 2 0, (10) adapted to this problem can be defined as
Hl ) 7é 07 Jf,_C)T
L£(8,9) = L(z,6) — T(5 —0") (18)

where the SRLS £ [5, 6,]7 in which 6, = py — p; andé, = 9L _ —1DT (7 D§)* — j©
ks — k1. The Generalized Likelihood Ratio Test (GLRT) is a = {gg 2 2
well known approach to solve a composite binary hypothesis a9 = 310},

test [14]. It is expressed as follows 19)



whered is the Lagrange multiplier. Setting|; = 0 one
has )
5o = (DHD)‘1 (DHZ - 20219) , (20)
where )
in which hof
F=1['2 /3 22
e (22)
and
N-1
=Y (d) (23)

Thus, note thaD’D is a real matrix. Consequently,
9%| 9, = 0 and (20), one obtains

2
Y = ﬁ%{DHz} : (24)

Plugging (24) into (20) one obtains
5 = (D"D)” R {D"z}. (25)

D. Near-field SRL derivation

and
(34)

whereQX 2(n) and Qz(x(p,,.p,))(n) denote the right tail of
the x3 andxz( (Pfa,Pd)) pdf starting fromy. Thus, the non-
centrality parameteA(Py,, P;) can also be expressed as the
solution of

Pa = Qz(x(pya,pa)) (M)

Q@ (Pfa)

whereQ > andQ CO(Pra.P) A€ the inverse of the right tail

of thex3 andXQ(A(Pfa, Pd)) pdf. Consequently, one can state
the following results:

Result 1: The relationship between the SRL and the min-
imum SNR required to resolve two non-orthogonal closely

BOPra,Pa Pa); (35)

usingspaced known near-field sources, is given by

a llsul® + llsaff”

02
[ EA
P, 7. 36
Result 2: The relationship betvveen the SRL and the mini-
mum SNR required to resolve two orthogonal (i€,s, = 0)
closely spaced known near-field sources, is given by

SNR=

— \(P;

as

In the light of the above framework, the new binary hypoth-

esis test is given by

Ho: z=Vv, (26)
Hy: z=Dd+v.
The GLRT is then expressed as,
p(Z;S,’Hl) (@7”2*7'323”2) "o,
G ) == —— = ¢ 7 7 = . 27
&= @) @
Thus,
G = - (205 +6"D"2 - 5"D"Ds) . (29)
Plugging (25) into (28), one obtains
nG(z) = HR{Z'D} (0"D) 'R{D"z}.  (29)
Let us define the new statistic
Hi
T(z) 22InG(z) = n=2Iny. (30)
Ho
According to the Appendix, one obtains
2 2
T(2) ~ xg(o) = X5 underH,, (31)
X5 ()\(Pfa, Pd)) under’Hl,

where x3 and x3 (A(Pyq4, P;)) denote the central and the
non-central chi-square distribution @f degrees of freedom,
respectively, in which

2
A(Pja, Pg) = Hj I 67F6. (32)

Moreover, the probability of false alarm and the probability of

detection are given by

Pfa = ng (77) (33)

APy, Py)
20" Fé
since||s_||* = [|s1]| +||s2[|*. W
Note thatSNR is invariant in comparison with the source
powers.

SNR = (37)

b

IV. SIMULATION RESULTS

Two complex near-field narrow-band sources belonging to
the so-called Fresnel region are impigng on a linear array (the
geometry is detailled of each scenarios). The probability of
false alarm and the probability of detection are, for example,
setted toPy, = 0.01 and Py = 0.99.

« From Result 1, one can notice that the SRL does not
depend on the parametess and «.. Furthermore, from
the Crangér-Rao bound point of view, one can easily prove
that the CRB w.r.tp; and py (or, k1 and ks), for two
known signal sources, depends only §nandj,, and
does not depend directly oy, and ps (or, k1 and ks)
themselvesi(., CRB(p;) = f(0,,0.) and CRBx;)
f'(d,,6,)). Consequently, since the estimation accuracy
depends only on the parameter separation, it is natural
to expect that the SRL does not depend gnor k..
Indeed, and as expected, from Fig. 1 one notices that the
SRLs using the exact valugs andk,. and the estimated
valuesy. and k. are the same. One concludes that the
assumptionA2 is not restrictive at all.

On the other hand we consider now, the ratioSMHR,
given in (37), over theSNR given in (36). Assuming
the same signal sources power in the orthognal and non-
orthogonal cases, one obtains

SNR _ [ls1]” + [ls2]” — 2% {sf' 51}
SNR Isll” + [|s2|*
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542'5 Type 3 ° o o o ° ° . . .
x ULA . . ° . ° ° . . .
P 415
“ TABLE |
105 DIFFERENT ARRAY GEOMETRIES WHERE® AND o DENOTE THE POSITION
: 4
b f ° 7 8,103 OF SENSORS AND MISSING SENSORRESPECTIVELY THE
INTER-ELEMENT DISTANCE ISd = 7.
Fig. 1. The required SNR to resolve two known closely spaced near-field
sources using the exact and the estimated (using the 2D-MUSIC algorithm
[5]) parametersp. and k., for an ULA of N = 7 sensors withL = 25
shapshots. The same behavior is noticed vaft. N
T ST 2
» x DType 3
i . . . 39 g [ TULA
For example, in the case of Binary Phase-Shift Keying ey
(BPSK) [19] SNR > SNRas shown in Fig. 2. The gain g9
. . . g 9
is around3 dB. The necessary and sufficient condition to £ Fg.. O
have SNR, < SNRis % {s§'s,} > 0. -
:"b _____ O T T B ’5 6 7 8
ACqunc s S O @ i x10
E45
S 4 44, - T T
2 R e e N i
DType 3
4 the orthogonal case 0 ®, ULA
© the non orthogonal case 43-? oo -
¥ 2 3 s 5 6 7 8 Ta1 9 x
5 x10° o 9 by
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0
Fig. 2. The required SNR to resolve two closely spaced BPSK near-field 39 0
sources in the case of real orthogonal signal sources and non orthogonal signal a8 8. O g
sources, for an ULA ofN = 7 sensors withL = 25 snapshots. The same ]
behavior is noticed w.r.,. S T S

¢ Fmal.ly’ we StUdy the .ImpaCt of n_onum.form array g?_ ig. 3.  The required SNR to resolve two known closely spaced near-field
omtries on the SRL. Different configurations are considpyrces for different array geometries (see Table 1) Witk 100 snapshots,
ered herein as shown in Table I; type&onfiguration were (top) for a fixed .. = 0.001, (bottom)for a fixed s, = 0.001.
the three missing sensors causes a diminution of the array
aperture; type and type3 two any configurations where
the three missing sensors do not affect the array aperture; APPENDIX

and the filled ULA configuration. From Fig. 3, one can pg aim of this appendix is to find the distribution Btz)
deduce that a loss of sensors has an important impact,Qfyjer/, and?(,. Toward this end, we first begin by deriving

the SRL if the sensors are located in the extremity of the. ovariance matrix off {DHZ} denoted byC..;m1.
array (this loss is aroun2l5 dB). However, this problem Since »{p"z}

is largely mitigated if the missing sensors do not modify

the array aperture. Nevertheless, note that it is preferable R {DHz} ~N (E {§R {DHZ}} 7Cm{on}) ,
to remove the sensors located near the origin sensers (

to maximizef; ,i € {2, 3,4} in (36)). one has,

V. CONCLUSION Cofpnz) = F {§R {Dv}n {DHV}T} =E {aﬁT} , (38)
In this correspondance, we have derived the Statis“%ere

Resolution Limit (SRL) for two closely spaced near-field time- _ u o (mH o
varying narrowband known sources observed by a linear array a=% {D } R{v} =3 {D } S{v} (39)
(possibly lacunar/nonuniform). Toward this goal, we havgq
conducted a first-order Taylor expansion of the observation T T « T ‘
model and a Generalized Likelihood Ratio Test (GLRT) based BT =% {V } "D} -9 {V }% o7} (40)
on a Constrained Maximum Likelihood Estimator (CMLE) of sjncev is a complex white Gaussian circular noise, thus
the SRL. This analysis provides useful information concerning
the behavior of the SRL and the minimum SNR required E{%{V}%{V}T} _ E{S{V}%{V}T} _ 0—21 (41)
to resolve two closely spaced near-field sources for a given 2
probability of false alarm and a given probability of detection. g
In this way, the SRL has been analyzed with respect to the
power signal sources distribution and the array aperture. E {éR {vI$ {V}T} =F {% {vi®R {V}T} =0. (42)



Thus, (38) becomes [14]
Cére{DHz}:jx(?R{D JR{D"} +3{D"}3{D"})
(43)
5 [16]
- 2-0"D. (44)
Consequently]'(z) can be written as [17]
T(z) =2"C; 'z (45)

where the Gaussian random varialdeis given by Z
% {D”z} andC; denotes the covariance matrix of the randort®!
variablez. Thus, from (45), one can notice that [19]

T(2) ~ x3(MPra, Pa)),

where x3(\(Pyq, Pa)) denotes the non-central distribution of
two degree of freedom in which the non-centrality parameter
is given by

(46)

2HSfII

APy, Py) = E{2}" C;'E{2} = - 5"Fs. (47)
Finally, one obtains
(2) x3(0) = x3 underH,
X% ()\(me Pd)) underHlv

which concludes the proof.
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Abstract—During the last decade, Multi-Input Multi-Ouput
(MIMO) radar has received an increasing interest. One can
find several estimation schemes in the literature related to the
direction of arrivals and/or direction of departures, but their
ultimate performance in terms of the Statistical Resolution Limit
(SRL) have not been fully investigated. In this correspondence, we
fill this lack. Particulary, we derive the SRL to resolve two closely
spaced targets in clutter interference using a MIMO radar with
widely separated antennas. Toward this end, we use a hypothesis
test formulation based on the Generalized Likelihood Ratio Test
(GLRT). Furthermore, we investigate the link between the SRL
and the minimum Signal-to-Noise Ratio (SNR) required to resolve
two closely spaced targets for a given probability of false alarm
and for a given probability of detection. Finally, theoretical and
numerical analysis of the SRL are given for several scenarios
(with/without clutter interference, known/unknown parameters
of interest and known/unknown noise variance).

INDEX TERMS

Statistical resolution limit, MIMO radar, performance analysis,
clutter interference.

I. INTRODUCTION

Based on the attractive Multi-Input Multi-Ouput (MIMO)
communication theory, the MIMO radar has received an in-
creasing interest [1]. The advantage of the MIMO radar is to
use multiple antennas to simultaneously transmit several non-
coherent known waveforms and to exploit multiple antennas
to receive the reflected signals (echoes).

One can find a plethora of algorithms for target localization us-
ing a MIMO radar and some related lower bounds (see [1]-[4]
and references therein). However their ultimate performance in
terms of the Statistical Resolution Limit (SRL) has not been
fully investigated. The SRL [5]-[8], defined as the minimal
separation between two signals in terms of the parameter of
interest allowing a correct source resolvability, is an essential
tool to quantify the estimator performance.

Among all the different approaches to characterize the SRL,
one can find three families. i) The first one is based on the
null spectrum [9], [10]. However, this criterion is only relevant
to a specific high-resolution algorithm. i7) The second one
is based on the estimation accuracy [5], [11], [12]. Indeed,
since the Cramér-Rao Bound (CRB) expresses a lower bound
on the covariance matrix of any unbiased estimator, then it
expresses also the ultimate estimation accuracy. Consequently,
it could be used to describe/obtain the SRL. For example,

The authors are with Laboratoire des Signaux et Systemes (L2S), Université
Paris-Sud XI (UPS), CNRS, SUPELEC, 3 rue Joliot Curie, Gif-Sur-Yvette,
91192, France, phone: +331 6985 1763, fax: +331 6985 1765, {elkorso,
remy.boyer, alexandre.renaux, marcos } @lss.supelec.fr. This project is funded
by region Ile de France and Digeteo Research Park. This work was partially
presented during the JCASSP’11 Conference.

in this context, the Smith criterion states that two signals
are resolvable if the separation (between the parameters of
interest), is less than the standard deviation of the separation
estimation [5]. 4i7) The last one is based on detection theory
using a hypothesis test formulation [7], [8], [13]. The main
idea is to decide if one or two closely spaced signals are
present in the set of the observations. Consequently, in this
context, the challenge is to link the minimum separation,
between two targets, that is detectable at a given SNR (for
a given probability of false alarm and a given probability of
detection).

Several works have been done on the SRL and most of them in
the context of spectral analysis and/or far field source local-
ization ( [5], [7]-[13] and the references therein). However,
in the MIMO radar context, to the best of our knowledge,
no results are available (expcet in [14] where one can find
the asymptotic SRL, using the Smith criterion, for the co-
located MIMO radar without clutter interference and with a
prior knowledge on the target and the radar cross-section).
The goal of this paper is to derive the SRL for two targets
imbedded in clutter interference. We consider a MIMO radar
with widely separated arrays (i.e., where the transmitter and
the receiver are far enough so that they do not share the
same angle variable [2], [4]). The cases of known/unknown
parameters of interest and known/unknown nuisance parame-
ters with/without clutter interference are studied. The strategy
adopted in this correspondence is the use of the hypothesis test
formulation (more precisely, the Generalized Likelihood Ratio
Test (GLRT)). This choice is motivated by the nice property
of the GLRT (i.e, it is an asymptotically Uniformly Most
Powerful (UMP) test among all the invariant statistical tests
[15], which is the strongest statement of optimality that one
could expect to obtain). Furthermore, in this work, it is shown
that the proposed test has the same behavior compared to the
(ideal) clairvoyant detector in the Neyman-Pearson sense.
Consequently, in this paper, we derive closed form expressions
of the SRL in known/unknown parameters of interest and
known/unknown nuisance parameters. Finally, theoretical and
numerical analysis of the SRL are given for several scenarios.

II. PROBLEM SETUP
A. Observation model

The output of a MIMO radar with widely spaced arrays
where M targets are present is modelled for the ¢-th pulse as
follows [4]:

M
Xi= Y pne® ™ lag (@F)ar@D)"S + Wy,
m=1

¢ e 0:L—1] where L, p,, and f,, denote the number of
samples per pulse period, a complex coefficient proportional
to the Radar Cross-Section (RCS) and the normalized Doppler
frequency of the m-th target, respectively. Let 7', Ny and
Ng denote the number of snapshots, the number of sensors
at the transmitter and the receiver, respectivelyl. Then, the

'In the following, the upper/sub-script calligraphic letters 7 and R denote
the transmitter and the receiver part, respectively.



known Np x T signal source matrix is defined by S =

T
[so SNT—1] where sy, = [sNt(l) sNt(T)] ,
N; € {0,..., Ny — 1}, whereas, the Ng x T noise matrix
for the /-th pulse is denoted W,. The transmitter steering
and receiver steering vectors are denoted a7 (.) and ag(.).
The i-th elements of these steering vectors are given by

ar(hl )i = 74 and lap(iil = e
where wgﬂ,r - 21/ Sln(¢m) and (UmR) — 2m Sln( m) in which

¥, is the angle of the target with respect to the transmit
array (i.e., Direction Of Departures (DOD)), where 6,,, is the
angle of the target with respect to the reception array (i.e.,
Direction Of Arrivals (DOA)), and where v is the wavelength.
The distance between a reference sensors (the first sensor
herein) and the ¢-th sensor is denoted by dET) and ng) for
the transmission and the reception arrays, respectively?.

The diversity of the MIMO radar in terms of waveform
coding allows to transmit orthogonal waveforms [2], such that,

SSH = §*87 = Ty, . After matched filtering [16], one
obtains
1
Yg = ﬁX[SH
M .
=Y ane®™lag (Wi)ar (W) + Ze,
where o, = \/T,om and where Z, = LTWZSH denotes the

noise matrix after the matched filtering. It is straightforward
to rewrite the above matrix-based expression as a vectorized
CanDecomp/Parafac [17], [18] model of dimension P = 3 ac-
cording to y = [vec(Y o) ... vec(Y 1_1)T]T = ¢+ z, where
vec denotes the vectorization operator, z = [z ...2T ||T
with z, = vec(Z,) and

Tr = Z Ay, (1)

in which ¢(f,) = [1 e*™fm g, —
(c(fm) ® aT(wﬁ,T )© aR(“’?(n ))) and where ® denotes the
Kronecker product.

einf,n(L—m]T

B. Statistic of the observations

Assuming that the noise interferences (before the matched
filtering) are complex circular Gaussian independent and
identically distributed samples with zero-mean and a co-
variance matrix o2I [1] and, thanks to the waveforms or-
thogonality, one can notice that E(z,zf) = +(S* ®
INR)E(VGC(W@)VGC(W@/)H)(ST ® INR) = O'QINTNR and
that E(z,zl) =0 for ¢ # ¢'. Thus, E(zz") = 6?I N Ny -
Consequently, the observation follows a complex circular
Gaussian distribution y ~ CN (z, 021N Ng )-

III. DETECTION APPROACH
Without loss of generality, in the remain of the paper,
we consider that the targets of interest are the first and the

ze.g., in the case of Uniform Linear Transmission Array (ULTA), dET) =

(i — 1)d7 where d is the inter-element space between two successive
transmission sensors

second one. The M —2 remaining targets consist of the clutter
interference.

A. Hypothesis test formulation

Resolving two closely spaced sources, with respect to their
parameter of interest w,(nT) and w,(,? ), can be formulated as a
binary hypothesis test (see [7], [8], [13], [19] and references
therein). The hypothesis H, represents the case where the
two emitted signal sources are combined into one signal,
whereas the hypothesis 7; embodies the situation where the
two signals are resolvable. Thus, one obtains the following

binary hypothesis test:
(5727 67) = (07 0)7

Ho :
Hi: (0r,071) # (0,0),

where the so-called Local SRLs (LSRL) are given by 07 2
wéT) - w{r) and 0 (R _ ng). Since the LSRLs

2

A

2 W
are unknown, it is impossible to design an optimal detector
in the Neyman-Pearson sense. Alternatively, the Generalized
Likelihood Ratio Test (GLRT) [15] is a well known approach

appropriate to solve such a problem The GLRT statistic
P(Y;0R,07,P1, H1) >H1
p(¥;Po,Ho) 77

(¥; Po» Ho) and p(y; or, 01, Py, H1) denote the probability
density functions of the observation under Hy and H;, re-
spectively. 7/, or, 07 and p; denote the detection threshold,
the Maximum Likelihood Estimate (MLE) of 6% and d+ under
‘H, and the MLE of the parameter vector p, (containing all
the unknown nuisance and/or unwanted parameters) under
Hi,i = 0,1, respectively.

One can easily see that the derivation of or and ST
is a nonlinear optimization problem which is analytically
intractable. Using the fact that the separation is small [7], [8],
[13], [19], [20] (this assumption can be argued by the fact that
the high resolution algorithms have asymptotically an infinite
resolution power), one can approximate the model (1) into a
model which is linear w.r.t. the unknown parameters.

is expressed as G(y) = in which

B. Linear form of the MIMO model

First, let us introduce the so-called center parameters
wET) = M and w(R) 2 % Second, as in
[71, [13], [19] we use the first order Taylor expansion of (1)
around 67 = 0 and g = 0, thus, one obtains aT(w( )) =
ar@") — iorar@D), an(@®) = al®) -
l5nan(w£R)), aT(wéT)) = ar(w (T)) Jé‘ Tar(w (T )) and
ar(wy") = ar(wi®) + fordr @ ). where ar() 2

ar() ®dr, and ax() 2 ar(.) ® dR and where © denotes
the Hadamard product, dr = [do dgT) . d%—_)ﬂ and

where dp = [d(()R) ng) d%i)l} . Thus, one can rewrite
the observation model as
y=GC¢+ Da+ z, A3)

where the (LN7Nz) x 4 matrix G is defined as G =
[0 0 o5 o, in which g, = c(f) ® ar(@) @

() _ (Thy e () -
ar(we’), 0o = c(f) ® ar(we’’) ® ar(we™’), 053 =



(T)) ®

c(f)@arw) @ arw™), and o4 = (f) @ ar(w

dR(w((;R)). The unknown 4 x 1 parameter vector is given by
ot
é: _ %(572(042 — Oq)
%(57‘(0(2 — al)
%573(57’(041 + aw)
whereas D = [gs gy) and & = [ aM}T.
Rearranging (3), one obtains
y=G(+ Da + z, 4)
where G = [92 Jo 94]7 the clutter interference D =

gy, = la1+az as aM]T and

o, ,
¢= é [5R(a2 — Oél) 57’(&2 — (11) %57357’(011 + 042)] .

C. Assumptions

Throughout the rest of the paper, the following assumptions
are assumed to hold:

A1) The parameters we ’ and we (R) (which represent the
center parameters) are assumed to be known [8] or previously
estimated [7].

A2) For sake of simplicity the Doppler frequency f; and
fo are assumed to be equal to f (possibly equal to zero).
Nevertheless, numerical simulations will show that the derived
SRL (with equal Doppler frequency assumption) has the same
behavior compared to the clairvoyant detector.

A3) Finally, the clutter interference D is known or pre-
viously estimated [21]. However, one should note that a,,
i =1...M are considered as unknown unequal deterministic
complex parameters.

One should note that the case of f; # fa, the case of
unknown wéT), the case of unknown ch and the case
of unknown clutter interference D leads to an untractable
solution of the GLRT and, consequently, is beyond the scope
of this paper.

In the following, we use the linear form of the signal model
(4). Both cases of known and unknown noise variance will be
considered.

(7)

IV. DERIVATIONS AND ANALYSIS OF THE SRL
A. Case of a known noise variance

1) Case of two targets with interference clutter: We con-
sider the case where two closely spaced targets are imbedded
into clutter interference. The noise variance is assumed to be
known. Consequently, using the linear form in (4), the binary
hypothesis test in (2) can be re-formulated as follows

Hoi
7‘[1:

Based on (5), the unconstrained MLEs of the unknown
parameters are given by [22]:

y=Da+ z ~CN(Da,d*I),

y=G¢+ Da+z~CN(G¢ + Da,o?I). ®)

(= (G"PpG)'G" Ppy, (6)
Gy, = (DHD)‘IDHy, )

where P5 21— P D, in which Pp denotes the orthogonal
projector onto the subspace spanned by the columns of the
matrix D.

Consequently, the MLEs of the noise vector are given by

{zHO —y—Dé&=PLy under Ho, ©

2y, == P[JE;'D]?J under H1,
where the oblique projectors Egp and Epg are de-
fined as Egp = G(G"PpG) 'G"Pp and Epg =
D(D"” PED) ' D" P& [23]. Now, we are ready to use the
statistic 77 (y) of the GLRT which is defined as follows

2 N N

=5 (123 1” = 1220, 17)
2

= 2v" (Po~ Pien)) v

Using [24, eq (3.7)] and [22, eq (19)], one has P; — Pigp) =
PpEapPp = Ppyg. Thus,

T'(y) 2 2InG(y) = (10)

an

2

T'(y) = —¥"Ppycy. (12)

Let P PLG = = UU" be any orthogonal decomposition [25]
of the projector P PLG such that UYU = I and define an
auxiliary random variable y = v y. One should note that

§=U"2~CN(0,0%I) under Ho,
§=U"G¢+U"2 ~CN(U"G(¢,0%T) under H,.
13)
Consequently,
3 under Hy,
T'(y)~ 1 O (14
X5, (Ak (Pfa, Pg)) under Hi,

in which Py, and Py denote the probability of false alarm and
the probability of detection, respectively, where the subscript
K stands for the case of Known noise variance, x3, and
X3, (Ak (Pfa, P4)) denote the central and the non-central chi-
square distribution with 2r degrees of freedom, respectively,
in which r = trace(Pp. ) = rank(PpLg) = LNTNg —
M + 1 [26]. The non-centrality parameter is given by

lauutice  2"G"Pp.cGe
02/2 N o? )

Ak (Pa, Pa) =

15)

Note that )\K(Pfa,Pd) can be numerically computed as

-1
the solution of Q' vy (Pfa) = QXgT,(AK(Pfa,I_Dd))(Pd.)’ where
Q2 () and Q, AK(Pfa p.))(-) denote the right tails of the
pdf X3, and the pdf X3, (Ak (Pfa, Pa)), respectively.

Result 1: The minimum SNR required to resolve two closely
spaced targets in clutter interference in the known noise
variance case is given by
trace {S S H}

A N7k (Pra; Pa)

_ N7k (Pyas Pa)

SNR -
K To? 2"G"PpicGC HUHGCHQ

(16)



2) Case of two targets without interference: The case
of two targets without interference can be deduced from the
previous result. First, note that without interference the matrix
D becomes a column vector equal to g;. Second, using [22,
eq (19)], one has

Hpl H{pl 1
G"Pp, cG=G" (P} - Pha)G (17)
H 1

—GE (P _ e G=L[®— T
< & ™ TNGN G NyNg ™)
(18)

fo2 fir fi2 .
where ® = | fi1  foo foul|, k= [f(),l fi0 f1,1] ,in

fiz fon foo

which f,, = Znt 1 (d(T)) Zn ) (d(R)) By denoting
A
K = NLT <(I) - NTlNR
one obtains:
Result 2: The relationship between the SRL (61 and o)
and the minimum SNR, required to resolve two closely spaced
sources, is then given by

KK ) and by plugging (18) into (16),

A (Pfa, Pa)

SNRy =
ST e Ke

(19)

3) Case of two targets without interference and with
symmetric arrays: By symmetric arrays we mean f,; =
fi,p = 0,¥p. The expression of the minimum SNR (required
to resolve two closely spaced targets) becomes more compact
as follows:

Result 3: The relationship between the SRL (d+ and dr)
and the minimum SNR, required to resolve two closely spaced
targets, for symmetric arrays is then given by

2NTAk (Pta, Pa)

SNRk 5 N
((5% +0%) (a2 = an)® + %03 (a2 + 1))

sym

B. Case of unknown noise variance

1) Case of two targets with interference clutter: One can
extend the latter analysis to the case of unknown noise variance
o2. The observations under each hypothesis are given by

Ho: y=Da+z~CN(Da,o’I), o¢*>>0
Hi: y=G¢(+ Da+z~CN(G¢+ Da,o?I),0? > 0.
(20)
Consequently, from (20), the GLRT is given by
55 12wl
Gy) = AO = 1-fel Q1)
123,117

where the MLE of the noise variance under each hypothesis
is given by [27]
1
A2
% T NL

After some straightforward derivations, one obtains

A2, i=0,1. (22)

2y, =y — Doy, = Pﬁy under H,

{2%1 == P[JE;D]y under H1,

where ¢, Gy, and éeyy, are given by (6), respectively. In this
case it is more convenient to define the statistic 7" (y) as
follows

~r T'(y)
T"(y) £ (InG(y)) ™" — 1= 24)
() 2 (nG(y)) v
where N(y) = 2y P[GD}y. In addition, using any or-
thogonal decomposition [25], one has P[LG p = v'vu'f,
Consequently, N(y) = 2 ||g[|?, in which § = U'"y. Thus,
=112
|yl?
and .
y=U"2~CN(0,0%I) under H,y,
y=U"2~CN(0,02I) under H;,
then,
N(y) ~ X3, under Hy,
N(y) ~ x3,,(0) under H;,
where 1’ = trace(P[JéD]) = rank(P|gp)) = LNTNr—(M+

2).

Furthermore, one can notice that the random variables ||y||?
and ||g||? are independent’. Consequently, a new statistic
V(y) can be introduced as follows

V(y) EY T—/T”(y) -~ For oy under Hg,
r For 00/ (Au (Pq, Pg)) under Hq,
(26)

where I, o, and Foy o (Au (Pfq, Pg)) denote the F central
and non-central distributions [15], respectively, with 2r and
2r' degrees of freedom, in which the non-centrality parameter
is given by

211G Ppy oG

Au(Pra, Pa) = 5

@27

o
Once again, note that the non-centrality parameter
)\U(Pfa, P,;) can be computed numerically as the solution of
—1 -1
QFz o ,( Pyo) = QF%QT,(,\U(Pfa,Pd))(Pd)’ where QFMW(J
and QFW QT/(/\\U(Pf(uPd))(.) denote the right tails of the pdf
Forom and Far 2r (A (Pra, Pa)), respectively.

Result 4: The SNR threshold with respect to the SRL (01
and 6r) required to resolve two closely spaced targets in
the presence of clutter interference and with unknown noise
variance, is given by

N7Avu (Pra, Pa)

SNRy = 5 (28)

H

2o

3Since E(y) = 0 under Ho and H;, one has
}sy 7) E(gy™) . U’HE(ng)U =

U 1 H !
U'Uu NuyvHu U P[GD] (yy )PPBGU =

vt (o?Pi: P Nu h
“Pigpy PLG"‘( [GD)€ )( P}DG‘3> Where
e GC + Do under H1 and e = Do under #Ho. Noting
1 pl

that P[GD] = 0, and P[BD] .5 = Pp(P5EsD -
EppP5Egp)P5 = (P5EBD —PDEBDPEEBD)PE =

(P5EBD — PEE}:;D)PE = 0. Consequently, Cov(y,3) = 0.
Meaning that ¥ and y are uncorrelated. Thus, they are independent in the
normal distribution case. Consequently, it is straightforward to conclude that
lg||? and ||g||? are also independent.



2) Case of two targets without interference: The case
of two targets without interference can be deduced from the
previous result. Using the same steps as in subsection A.2,
one obtains

Result 5: The relationship between the SRL (1 and r)
and the minimum SNR, required to resolve two closely spaced
targets with unknown noise variance, is then given by
_ Au (Pra, Pa)

oL K

3) Case of two targets without interference and with
symmetric arrays: Once again, since f,1 = fi, = 0,Vp,
for symmetric arrays, one has:

Result 6: The relationship between the SRL (61 and or)
and the minimum SNR, required to resolve two closely spaced

targets with unknown noise variance and for symmetric arrays
is given by

SNRy (29)

2N7 Ay (Pta, Pa)

SNRy,_,. = " " 5 — N
L ((572 + 57—) (042 — al) + (SR(ST (O[Q + 041) )

sym

C. The ideal (clairvoyant) detector

In the previous results we have derived the SRL using the
GLRT because the Neyman-Pearson test cannot be conducted
due to the fact that § is an unknown parameter. Thus, it
is interesting to compare SNRk and SNRy with the SNR
associated to the clairvoyant Neyman-Pearson test (where all
the parameter are known, i.e., o, m = 1...M and even
07 and o). Toward this aim, one can consider the new
observation vector y’ = y— (1 + az)e(f) ® aT(wg)) ®
aR(w((;R)). Thus, it can be shown that ¢y’ = GPTPC + z,
where P = [0 Is] leading to the following binary hy-
HO : y/ =z,

Hi: vy =GPT¢ +z,
test is a detection problem of a known deterministic signal
imbedded in a complex white Gaussian noise with known
variance. This is the so-called mean-shifted Gauss-Gauss de-
Ho : CN(0, %)
My : CN(E, TE)
[15], where the subscript C stands for the Clairvoyant case,
and where £ = ¢"PGPGPT¢ = ¢"®¢. On the other
hand, the detection performance are given by A¢(Pfq, Py) =
(@7 (Pra) — Q71 (Pd))z, in which ¢ denotes the so-called
deflection coefficient, whereas Q~!(.) is the inverse of the
right tail of the probability function for a Gaussian ran-
dom variable with zero mean and unit variance, whereas
Ac(Pra, Pi) = 3—‘2 [15, p. 103]. Consequently, denoting
K = 1\%‘1” one has

Result 7: The relationship between { and the minimum
SNR, required to resolve two closely spaced sources in the
optimal (clairvoyant) case, is then given by

_ Ac (Pra, Pa)
2LCHKC
The next section is devoted to the theoretical and numerical

analysis of the SRL (or equivalently their corresponding
minimal SNRs, i.e., SNRk, SNRy and SNR().

pothesis test .The latter hypothesis

tection problem such that T¢(y') ~

SNR¢ (30)

---Unknown parameter and known variance case
—Unknown parameter and unknown variance case

0.6
Clairvoyant detector

05

0.4

oR

03

0.1

; : i ——
90 30 40 50 60 70 80 90 100
SNR [dB]

Fig. 1. The LSRL versus the required SNR to resolve two closely spaced
targets for L = 4 samples per pulse period, ULA at the transmitter and at
the receiver with N = Ng = 4 and T" = 100 snapshots.

V. ANALYSIS OF THE SRL AND SIMULATIONS RESULTS
A. Effect of the prior on the noise variance and/or the SRL

Let us compare the derived SNR ) in the clairvoyant case,
i%) in the unknown parameters with known noise variance case
and ¢¢) and in the unknown parameters with unknown noise
variance case. On one hand, from (19), (29) and (30) one
obtains

SNRc¢ Ac(Pra, Pa) ¢"K¢
= where p = 31
SNRk p)\K(Pfaapd) P ¢K'¢ Gh
NR Pra, P,
and SRk _ Aw(Pra, Pa) (32)

SNRy  Au(Pfa, Pa)’

On the other hand, note that: P1) for any Py > Py,
one has AC(Pfaan) < )\K(Pfa,Pd) < /\U(mePd) [7].
P2) let us set kK9 = Q'k/\/NrNg, in which Q =
diag {%(ag —ay), %(ag —a1), %(al + ag)}. Then the Her-
mitian matrix 2 = K'— K = kok}! is a positive semi-definite
matrix. Thus, p < 1. Consequently, from (31), (32), P1 and
P2 one deduces, as expected, that for fixed Py, and Py (such
that P; > Py,) one has SNR¢ < SNRk < SNRy. In Fig. 1
we have reported the LSRL d% in the clairvoyant, the known
noise variance and the unknown noise variance cases versus
the SNR (the same conclusion are done also for the LSRL
d7). One can notice that the LSRLs derived in the cases of
known and unknown noise variance have the same behavior
as the one in the clairvoyant case. For the same SRL (i.e.,
for a fixed 7 and Jr), the gap between SNRk and SNRy is
exclusively due to the non-centrality parameters Ak (Pyq, Py)
and Auy(Pfq, Pg). This gap is approximatively equal to 1dB.
Whereas, the gap between SNRc and SNRy is due to both:
i) the ratio of the deflection coefficient Ac(Pyq, Pg) over the
non-centrality parameter Ak (Pyq, Py), and, i) the norm of 2
which reflects the value of p. This latter gap, is evaluated to
9 dB.

B. Effect of the clutter interference

In the following we consider that the targets of interest (i.e.,
the first one and the second one) are spaced by d7 and g,
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Fig. 2. (left) The minimum SNR to resolve two closely spaced targets with
known noise variance for different values of M in which Ag = Ay = 1.5.
(right) The minimum SNR to resolve two closely targets with known noise
variance for different values of M in which Ag = Ay = 0.7.

whereas, the M — 2 remain targets are equally spaced by A
and Ax.

In Fig. 2, we have reported the effect of additional sources
(considered as a clutter interference) on the SNR threshold
(i.e., the required SNR to resolve two closely spaced targets)
w.rt. oz (the same conclusion are done also for §7). One can
distinguish two cases:

1) The first one represents the scenario where Ay > 1
and Ar > Jr. In this case, one can notice that
the additional sources do not affect the minimal SNR
(Fig.2 (left)). This can be explained by the fact that
the high resolution algorithms have asymptotically an
infinite resolving power [1], [20].

2) The second scenario is for A7 > §7 and Ar > x.
In this case, one can notice the drastic effect of the
interfering sources (Fig.2 (right)). For example, the SNR
gap between M = 2 targets and M = 4 targets is
evaluated around 6 dB.

C. Effect of missing sensors

The effect of missing sensors is considered herein. Let us
consider different scenarios. In each scenario we have the same
ULA at the transmitter with N+ = 10 sensors but different
receiver arrays (from a scenario to another) having the same
array aperture. Let us denote these receiver arrays by An,,
where Ng represents the number of sensors in the receiver
arrays. In Fig. 3 we plot the LSRL for the receiver (i.e., we
focus only on dg, the case of 47 has the same behavior)
for different Ay, with Ng € {5,7,8,9,10}. This figure

SNR [dB]

Fig. 3. The LSRL versus the required SNR to resolve two closely spaced
targets for 7" = 100, L = 10, a ULA transmitter with N~ = 10 sensors and
for different Ay, of Ng € {5,7,8,9,10}.

represents qualitatively the loss due to missing sensors (but
for the same array aperture) which is, e.g., evaluated to 3dB
between Ay and Ax.

VI. CONCLUSION

In this paper, we have derived the Statistical Resolution
Limit (SRL) for two closely spaced targets using a MIMO
radar with widely separated arrays (made from possibly
nonuniform transmitter and receiver arrays) in the presence
of clutter interference. Toward this goal, we have conducted a
hypothesis test approach. Based on the Generalized Likelihood
Ratio Test (GLRT). This analysis provides useful information
concerning the behavior of the SRL and the minimum SNR
required to resolve two closely spaced targets for a given
probability of false alarm and a given probability of detection.
Finally, numerical simulations shows that the derived SRL has
the same behavior compared to the clairvoyant (ideal) detector.
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