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Cette these est consacrée a 1’'étude du modele de Hubbard unidimensionnel et & ses généralisa-
tions. Le modele de Hubbard est un modele fondamental de la physique de la matiére condensée,
décrivant des électrons en interaction sur un réseau. Il a une tres riche structure physique. Malgré
la simplicité de sa construction, le modele a été appliqué dans différents problemes comme la supra-
conductivité a haute température, le magnétisme et la transition métal-isolant. A une dimension, le
modeéle de Hubbard est un modéle intégrable tres étudié qui a servi de ‘laboratoire” pour la physique
de la matiére condensée. Récemment, les systemes intégrables quantiques d’une facon générale, et
le modele de Hubbard en particulier, sont apparus d’'une maniére surprenante dans le contexte de la
correspondance AdS/CFT. Le point de contact entre ces domaines est les équations de Bethe : celles
de nouveaux modeles intégrables et de modéles existants généralisés sont a priori significatifs dans
I'application en dualité AdS/CFT.

Dans la premiere partie de la thése, les notions de base sur 'intégrabilité quantique sont présen-
tées : formalisme de la matrice R, équation de Yang-Baxter, chaines de spin intégrables. Dans la
deuxieme partie, certaines résultats fondamentaux concernant le modele de Hubbard sont passés en
revue : la solution par I’Ansatz de Bethe coordonnée, les solutions réelles des équations de Lieb-Wu
etc. De plus, 'application dans la correspondance AdS/CFT est considérée. Cependant, on trouve
que certaines modifications du modele de Hubbard sont nécessaires pour reproduire les résultats
de cette correspondance. Cela est une des motivations principales d’étude de modeles de Hubbard
généralisés. La quatrieme partie est consacrée aux généralisations du modele de Hubbard, en se con-
centrant sur les cas supersymétriques. La chapitre cinq expose les résultats obtenus dans le cadre
de cette these sur les modeles de Hubbard généralisés, en particulier, ’Ansatz de Bethe coordonnée
ainsi que les solutions réelles des équations de Bethe obtenues dans la limite thermodynamique. Les
équations de Bethe obtenues sont différentes de celle de Lieb et Wu par des phases dont la manifesta-
tion est un signe encourageant pour l’application en AdS/CFT contexte. Les applications possibles,
notamment dans le domaine de la physique de la matiere condensée, sont également considérées.

Abstract :

This thesis is devoted to the one-dimensional integrable Hubbard model and its generalizations.
The Hubbard model is one of the fundamental models in condensed matter physics which describes
interacting electrons on the lattice. It has very rich physical structure. Inspite of its construction
simplicity it has been applied to diverse problems as high-T. superconductivity, band magnetism
and the metal-insulator transition. In one dimension the Hubbard model is an integrable model
which has been intensively studied and served as a theoretical laboratory for the condensed matter
physics. Recently, the integrable systems and in particular the Hubbard model, have surprisingly
appeared in the AdS/CFT correspondence context. The intersection point between the fields is the
Bethe equations: the ones of new integrable models and the generalizations of existing ones are
relevant in the application in AdS/CFT duality.

In the first part of the thesis, we present basis notions of the quantum integrability: the R-matrix
formalism, the Yang-Baxter equation, integrable spin chains etc. In the second part we review several
fundamental results of the one-dimensional Hubbard model: the Coordinate Bethe Ansatz solution,
real solutions of the Lieb-Wu equations etc. Moreover, applications in the AdS/CFT duality are
considered. However, it turns out that certain modifications of the integrable Hubbard model are
necessary to reproduce the correct results of the AdS/CFT context. This is one of the main motiva-



tions of the studies of generalized Hubbard models. The fourth chapter is devoted to generalizations
of the Hubbard model and we focus our attention on supersymmetric ones. The fifth chapter con-
tains the results obtained in the framework of this thesis on the supersymmetric generalizations of
the Hubbard models. Namely, the Coordinate Bethe Ansatz solution and real solutions of the Bethe
equations in the thermodynamic limit are exposed. We point out that the obtained Bethe equations
differs from the Lieb-Wu ones by phases which appearance is encouraging sign for the application
in the AdS/CFT context. We also discuss possible applications in the AdS/CFT duality and in con-
densed matter physics.

Keyswords : Integrable systems, Hubbard model, Coordinate Bethe ansatz
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Chapter 1

Introduction

The one-dimensional Hubbard model and its generalizations as the subject of this thesis are some ex-
amples of solvable models in the field of integrable systems which is a part of mathematical physics.

What are the integrable systems. One knows that the classical N body problem in three dimensions
is solvable only in the case N = 2 and is not solvable for interacting systems with N > 3. However,
certain one-dimensional systems appears to be solvable for any N, i.e. one can integrate the equations
of motions for classical systems or find the spectrum and the eigenfunctions for quantum systems.
The integrable systems are bi-dimensional models which can be solvable. The origin of the term
"integrable systems" is related to the studies of dynamical systems in the classical mechanics. In
the work of J.Liouville [6], the notions of integrable Hamiltonian systems were formulated. The
consequence of the integrability for classical systems is that there is a canonical transformation which
allows easily to solve the model.

The integrable systems started their development about eighty years ago (depending on the
counting manner) and nowadays it is a highly investigated field of mathematical physics. This part
of physics is reputed by words of B.Sutherland to be very mathematical to be physics and not enough
rigorous to be ‘real’ mathematics. However, the integrable systems serve as not only a ‘playground’
for real physical models, they provide the non-perturbative information about systems, but also they
can be used as methods applicable in other physical fields, e.g. the AdS/CFT duality. There exists a
huge amount of literature on different aspects of integrable systems starting from the classical inte-
grability of nonlinear equations, different statistical models, up to various quantum models, etc. We
provide a modest list of references on the subject: [1], [2], [3], [10], [12], [13],[14], [15] etc.

The Yang—Baxter equation. The solvable models have a similar property that being low-dimensional
systems their inner structure is related to the so-called Yang-Baxter equation, classical or quantum.

Speaking about the classical integrable systems, one always considers a theory of classical com-
pletely integrable differential equations. The latter one admits the Hamiltonian interpretation. In
other words any Hamiltonian system is related to a system of equations of motion in the case of
models with a finite number of degrees of freedom, e.g. Toda model on the lattice. Similarly, a
Hamiltonian system is related to one equation of motion in the case of field theories, e.g. KdV equa-
tion, Sine-Gordon equation, nonlinear Schrodinger equation etc. The integrability in the Liouville
sense implies the existence of independent conserverved quantities by its definition. The number
of such quantities is finite for the lattice models and countably infinite for the field theories. The
theorem formulated by J.Liouville says that there is a canonical transformation of variables which
leads to the solvability of the model. However, the explicit construction of such transformation is not
trivial. Different approaches exist in the literature in order to solve the classical models, the classical
inverse scattering method is one of the techniques which allows to calculate the conserved charges



and find the solutions of the equations of motion. The Lax pair, two operators L and M, is primary in
the method. Moreover, the involution property of the conserved charges is insured by an objet called
classical r-matrix r which satisfies the classical Yang—Baxter equation:

(112, 113) + [r12, 723) + [r13,723] = 0 (1.0.1)

More details on the classical integrability can be found in [10].

Quantum integrable systems with a finite number of degrees of freedom, namely, the spin chains
Hamiltonians, are systems with one spatial dimension and one internal degree of freedom. These
models are given by the Hamiltonian, such that we can construct the sufficient number of inde-
pendent quantities commuting with the Hamiltonian. It was found that the Hamiltonian and its
conserved charges can be deriven from an object called, the R-matrix R. The R-matrix obeys the
Yang-Baxter equation:

Raz(u1, u2)Raz(u1, uz)Ros(uz, uz) = Roz(ua, uz)Ras(u1, uz)Ria(u1, uz) (1.0.2)

The spin chains as isotropic or anisotropic Heisenberg model, the Hubbard model and their general-
izations are examples of such integrable systems. We will consider several spin chains more in details
in the next chapter.

In 1+1 dimensional quantum field theories, the integrablility, similarly to the systems with a finite
number of degrees of freedom, should be provided by a countably infinite number of charges. The
conserved charges are related to the symmetry of the model and thus, integrable field theories have
inifinite dimensional algebras behind. In the field theory, the key object is the so-called S-matrix
which incodes the interaction between asymptotic incoming and outcoming states. The integrable
quantum field theories, e.g. Affine Toda Field Theories etc, have a multiparticle S-matrix factorisable
into two-particle S-matrix, i.e. any process can be considered as consecutive interaction between two
particles. Two-particle S-matrix satisfies the braided version of the Yang-Baxter equation, e.g. [4].
The two-particle S-matrix gives the mapping of an incoming asymptotic two-particle state into an
outgoing asymptotic state: S,;(0 — 6') : V,(0) @ V,,(8') — V,(6') ® V,(0) and it satisfies

S23(01 — 62)S12(01 — 03)Sa3(02 — 63) = S12(02 — 03)S23(61 — 03)S12(61 — 62) (1.0.3)

In addition, these models have an infinite quantum group symmetry which determines the corre-
sponding two-particle S-matrix up to a factor.

The statistical models are systems on a two-dimensional lattice in equilibrium (no time dimen-
sion), such as vertex models: 6-vertex model (equiv. to XXZ spin chain), 8-vertex model (equiv. to
XYZ spin chain). They are totally described by the partition function Z whereas the latter consists
of all possible configurations of the so-called Boltzmann weights Wy of a vertex V: Z = Y [Ty Wy.
The Boltzmann weights in their turn satisfy again the Yang-Baxter equation, e.g. [2], [13].

Integrable systems with boundaries. The above mentioned models are considered under periodic
conditions for spin chains and statistical models and on the infinite line for field theories. Further-
more, there exist integrable systems with boundary conditions. In addition to the Yang—-Baxter equa-
tion there is the so-called Reflection equation which asserts the integrability, e.g. [5]. The Reflection
equation relates the boundary matrices KC* (one matrix at one boundary) and the R-matrix R, or in
other words it singles out the boundary matrices such that the system remains integrable:

Raz(ur — ua) Ky (u1) Ror (u1 + u2) Ky (u2) = Ky (u2)Raa(ur +u2) Ky (u1)Ror(uy —u2)  (1.0.4)

In this thesis we deal with periodic spin chains.
Methods in quantum integrable systems. The Yang-Baxter equation and the Reflection equation
are mathematical "restrictions" imposed on the system to be integrable, but they do not provide the
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methods how to solve the system. There are many different techniques proposed from the very be-
gining in order to obtain the solution of the systems. The pioneering paper of H.Bethe [11] in 1931 on
the resolution of the anisotropic Heisenberg spin chain on the one-dimensional periodic lattice gave
rise to the method - Coordinate Bethe ansatz. This method was highly expoited for other "toy” mod-
els as one-dimensional system of bosons with repulsive delta-function interaction by E.H.Lieb and
W.Liniger [34], similar model of particles with spin by C.N.Yang [35] and same system for fermions
by M.Gaudin [37] etc. The one-dimensional Hubbard model was firstly solved using this method
by E.H.Lieb and F.Y.Wu [48]. Another technique proposed later in 80s by L.D.Faddeev and collabo-
rators generalizes the previous method and gives more obvious relations with the R-matrix and the
Yang-Baxter equation, it is called the Algebraic Bethe Ansatz or Quantum Inverse Scattering Method
(QISM), e.g. [68]. This powerful method allows to solve a large number of spin chains, i.e. find
the spectrum and derive the so-called Bethe equations. Moreover in the frame of this method the cor-
relation functions can be calculated what is, by the way, one of the most challenging topics in the
integrable systems. Some other methods which allows to derive the Bethe equations are, for exam-
ple, Analytic Bethe ansatz (see [32]) and Separation of variables method or Functional Bethe ansatz [31].
In the thesis we will discuss in details the Coordinate Bethe ansatz and the Algebraic Bethe ansatz.

As we previously said the field of integrable systems is widely developing and it contacts with
other physical fields. The recent experimental progress in the realization of one-dimensional systems
highly stimulates the interest in Bethe ansatz integrable models of interacting bosons and multi-
component fermion. From mathematical point of view these models are solved through Bethe Ansatz
technique long ago, but this opens up an oportunity to experimental studies of such models which
exhibit new quantum effects peculiar to one-dimensional systems. Another interesting application
of integrable systems has recently found in the context of the super Yang-Mills theories and the
AdS/CFT correspondence. In this thesis we will review how the one-dimensional Hubbard model is
related to the N = 4 super Yang-Mills theory.

Hubbard model and generalizations. The Hubbard model is known in the condensed matter physics
as a model describing the electrons” behaviour in the transition and rare-earth metals. The model,
on the lattice, it consists of a electron’s hopping term on the nearest-neighbour sites and the on-
site Coulomb interaction. Despite of its simplicity of the definition, the Hubbard model exhibits
different effects relevant in condensed matter physics: metal-insulator transition, ferromagnetism,
superconductivity etc. In one dimension, the Hubbard model is integrable and, hence, theoretical
studies of non-perturbative effects are available. Due to refinement of experimental techniques, it is
not only a "toy” model, but a framework of experimental relevance for strongly correlated electron
systems.

The one-dimensional Hubbard model was solved by E.H.Lieb and FY.Wu using the Coordinate
Bethe ansatz in 1968. The Bethe equations (Lieb-Wu equations) were obtained and solved in a certain
limit allowing to calculate the ground state energy. In further developments, all solutions of the
Lieb-Wu equations in the thermodynamic limit, infinite lattice, were proposed by M.Takahashi and
some thermodynamic properties of the Hubbard model were obtained. The proof of the integrability,
the R-matrix corresponding to the Hubbard model was found much later by B.S.Shastry in 1986 and
the proof of the Yang-Baxter equation in 1995 by M.Shiroishi and M.Wadati. The Hubbard model,
therefore, entered in the paradigm of the integrable models, however being a rather special model in
comparing with basic examples as the XXX or XXZ models.

The Hubbard model as a model of strongly correlated electrons is relevant to condensed matter
physics. Its generalizations: t-], EKS, supersymmetric U, etc were widely studied in the literature.
Multiparticle generalizations of the Hubbard model, similarly as the extensions of g/(2) XXX model
to gl(n) one, were proposed by Z.Maassarani. These generalizations are important in the construc-
tion of the supersymmetric extentions of Shastry’s R-matrix which are considered in this thesis.
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Another aspect of applications of the Hubbard model is its connection with the AdS/CFT duality.
The latter is a new highly investigating topic on the conjecture of the duality between Conformal
Field Theories and String theories. The integrability methods are succesfully used in the tests of the
duality and integrable models are recognized in its studies. The Hubbard model was also obtained in
certain limit: the half-filled band limit of the Hubbard model reproduces the dilatation operator of the
N = 4 super Yang-Mills theory up to three-loop order. Several modifications in the Bethe equations
of the dilation operator appear at four-loop order. Thus, certain modifications of the Hubbard model
are needed in order to recognize the integrable model behind the A" = 4 super Yang-Mills theory in
the considered sector.

In this thesis we considered the supersymmetric extentions of Shastry’s R-matrix and associated
spin chains. We obtained the corresponding Bethe equations and found real solutions, similarly to
the Lieb-Wu approach to the Hubbard model. We compare our Bethe equations with the AdS/CFT
duality results, and we conclude that further investigations on the modifications of the Hubbard
model are needed.

Thesis plan
The work is divided into three parts:

o The second chapter (2) is devoted to the quantum integrable systems. We give an introduction
to quantum integrable systems, discussing the R-matrix formalism from "physical" and "math-
ematical” points of view. In the end of the first chapter the basic examples of integrable spin
chains are considered.

o In the third chapter (3) the one-dimensional Hubbard model is considered. The main goal of the
part is a pedagogical introduction to the Hubbard model. We review its origin in condensed
matter physics and integrability aspects. In more details we describe the Coordinate Bethe
Ansatz for the Hubbard model and real solutions of the Lieb-Wu equations. In the end of the
chapter we review certain impacts of the one-dimensional Hubbard with ' = 4 super Yang-
Mills Theory. We discuss also the importance to include a phase in the Lieb-Wu equations.

o The fourth chapter (4) deals with one-dimensional Hubbard-like models. At first we review
several important models existing in the literature related to the Hubbard model and then we
consider more in details supersymmetric extensions of the Hubbard model [123],[124].

o Inthe fifth chapter the solution via the Coordinate Bethe Ansatz of the supersymmetric Hubbard-
like models are considered, [126],[127]. Then, the obtained Bethe equations are then considered
in the thermodynamic limit. This chapter consists of the personal contribution to the subject.



Chapter 2

Quantum Integrable systems and spin
chains

In this chapter an introduction to quantum integrable systems and spin chains will be given. In
the following sections we will discuss the R-matrix formalism (R matrix, the Yang-Baxter equation,
transfer matrix, associated Hamiltonian, Hopf algebra) and give some examples of integrable spin
chains.

Quantum integrable systems are basically 1 + 1 or 2 + 0 dimensional systems, field theories or
spin chains. They share common features which single out them as whole class of models. We speak
about the integrability. The latter was firstly formulated for the classical systems with a finite num-
ber of degrees of freedom. The notion of the classical integrability was introduced in the works of
J.Liouville [6] where its definition and the theorem of integrability were formulated. The theorem
of integrability states ‘roughly” that any integrable system is solvable via the so-called "action-angle"
transformation. In other words, the model is called integrable if there exists a sufficient finite number
of independent conserved charges. The "action-angle" transformation is a canonical transformation
which allows one to construct these conserved charges. Later, the notion of the classical integrability
was extended on the 1 + 1 field theories demanding the existence of a countably infinite number of
independent conserved charges. The construction of these charges is, however, a nontrivial question.
Historically, several methods were used in order to obtain the “soliton” solutions of such nonlinear
equations as Korteweg-de Vries, Sine-Gordon, Toda, nonlinear Schrodinger etc, [8], [7]. They gave
rise to the so-called classical inverse scattering method (CISM) which became, nowadays, a well
developed branch of mathematical physics. It allows to solve a wide class of nonlinear differen-
tial equations. The Hamiltonian interpretation of the nonlinear equations in the framework of the
CISM provides an opportunity for quasiclassical quantization. The quantum theory of solitons was
constructed and it was shown that after quantization, the classical solutions - solitons appear as ele-
mentary particles in the spectrum of the Hamiltonian. More information about classical integrability
can be found, for example, in [10].

The history of the exactly solvable (integrable) quantum systems goes back to H. Bethe’s 1931 ar-
ticle [11] on the spin-1/2 Heisenberg chain in the early days of quantum theory. H.Bethe constructed
the many-body wavefunctions (Coordinate Bethe Ansatz) and reduced the problem of calculating the
spectrum of the Hamiltonian to the problem of solving a set of coupled algebraic equations (Bethe
ansatz equations). However, the integrability was not yet proven at that time. The generalization of
Bethe’s ansatz to models with spin degrees of freedom proved to be very hard, because the scattering
involves certain changes of the internal states of the scatterers. This problem was eventually solved
by C.N.Yang and M.Gaudin by means of what is nowadays called 'nested Bethe ansatz’. The con-



dition for the applicability of the nested Bethe ansatz is the consistent factorization of multi-particle
scattering processes into two-particle ones. The consistency requires the two-particle scattering ma-
trix to fulfill certain algebraic equations, the “Yang-Baxter Equation’.

The role of the Yang—Baxter equation as a defining structure of the integrable models was em-
phasized by L. D. Faddeev, E. K. Sklyanin and L. Takhtajan and other members of the St. Peters-
burg branch of the Steklov Mathematical Institute. They established a relation between quantum
many-body models solved by Bethe’s ansatz and classical integrable evolution equations. Building
on this connection, they initiated a systematic search for solutions of the Yang-Baxter equation and
developed a program for the solution of integrable models, called the "Quantum Inverse Scattering
Method” (Algebraic Bethe Ansatz). An important element of this method is the algebraization of
the construction of eigenstates of the transfer matrix. For the references, we cite several books and
lectures on the subject [12],[68].

The role of the Yang-Baxter equation goes beyond the theory of dynamical systems. It is very
important in the theory of knots and quantum groups. For an introduction to the mathematical
aspects of the Yang-Baxter equation see e.g. [15], [13].

2.1 R-matrix formalism in general

In this section we speak about the role of R-matrix in the integrable systems. At first we consider it
in the physical point of view as a tool which lies in the base of the integrability of models. Next, we
review its connection with algebras. Originally formulated as a condition for the integrability of the
model, the Yang-Baxter equation consists a hidden symmetry. This symmetry is the new concept in
mathematics, the quantum group, which unifies the framework of two-dimensional exact models.

I The Hamiltonian H of a certain quantum model with the number of degrees of freedom # is inte-
grable if there exists n independent conserved charges Q; such that they commute with the Hamilto-
nian: [H,Q;] = 0withi=1,2,...,n.

The construction of these independent conserved charges and the diagonalization of the one-
dimensional Hamiltonian were proposed by L.D.Faddeev and collaborators, as we mentioned before,
in the Algebraic Bethe Ansatz approach. In this method the crucial role is played by the R-matrix. The
R-matrix allows one to derive the Hamiltonian H and the conserved charges Q;. Below we consider
it in details.

The notations we use here are following: E¥/ is a n x n matrix with 1 at the intersection of line i and
column j and 0 elsewhere. They acts on a vector space V. Similarly, E/ is a matrix E/ which acts non-
trivially on the vector space V, of the tensor product of spaces V; ® V, ® ... ® V. The permutation
matrix P, acts non-trivially on the tensor product of two vector spaces V, ® Vj, as

Py - VoV, > V@V,
VU —=>URDV
If dim V, = dim V}, = n, then it can be represented in the matrix form as
n F
Py =Y EJE] (2.1.1)
ij=1

Now we introduce the R-matrix. It is a matrix (in more pragmatic point of view) which acts on
the tensor product of two spaces, V, ® V;, and which depends on some complex parameter u. We
will denote it by R, (). In the ‘matrix form’ it can be written as:
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Rup(u) = Y Rij(u)EJEf (2.1.2)
i,j k=1

It satisfies generally the following conditions:
1. Unitarity: Ryp(u)Rp,(—u) = p(u) I, ® I
2. Regularity: R;,(0) = Py

The most important property which it has to satisfy is the so-called Yang-Baxter equation:

Ry (11 — ) Rye () Rpe(0) = Rye(0) Ry (1) Rypy (11 — ) (2.1.3)

As the most simple example, one can verify that the permutation matrix P,; satisfies the Yang-
Baxter equation. Another example one can consider is the R-matrix of the XXX spin chain:

Rab(u) = ull, ® I, + Py (2.1.4)

This matrix is unitary, satisfies the regularity condition and the Yang—Baxter equation.

The Yang—-Baxter equation (2.1.3) can be considered as an intertwining relation for matrices R, (u),
Ry (v). It can be generalized introducing a new object called monodromy matrix Ty(u), which acts on
the tensor product of spaces V) ® Vi ® ... ® V. The space Vj is called the auxiliary space and the
remaining V, are "physical” spaces (these notions will become clear later). Thus, we define Ty(u) as

T()(I/l) = ROl(u)...RON(u) (215)
It can be easily verified using (2.1.3) that Tp(u) also satisfies the equation similar to (2.1.3):
Rool(u — U)TQ(M)T()/(U) = Tof(U)TO(U)RO()/(M — U) (216)

which is also called the RTT relations.
If one considers Ty(u) at u = 0, and using the regularity property of the R-matrix, one can see
that Tp(0) is a cyclic permutation matrix: Ty(0) = Py;...Pon such that

_fa=0, ANTH(0)
To(0)A, = {a 20, A 1To(0) (2.1.7)

If now one takes the partial trace of Ty(u) (i.e. in the space 0) denoted as T(u) = tro(To(u)), using
the Yang—Baxter equation for Ty(u) one can show that

[t(u), T(0)] =0, (2.1.8)

where we used T(u)7(v) = tro(To(u)Ty(v)) = troe(Ryy (4 — v)Roo (4 — 0)To(u) Ty (v)) and the
cyclicity of the trace trgy (AOO’ BOO’) = tro o (BOO’AOO/)-

Therefore, we see that T(u), called the transfer matrix, provides mutually commuting quantities:
T(u) = L)V u'H; such that [H;, H;] = 0. We can associate the coefficient H; with the physical Hamil-
tonian and due to (2.1.8), H; has the common basis of eigenvectors with 7(#) and all remaining H;.
Thus, the Hamiltonian H; can be written as

Hy = %Oog(r(u))) =) I (2.1.9)

u—0

11



In the case when the R-matrix satisfies the regularity property (2), the Hamiltonian can be showed
to be local. More explicitly, one has

N
Z Pi+1R},41(0)), N+1=1 (2.1.10)

where R}, ,(0) = % [Raa+1(1)]u—0. The Hamiltonian here acts on the "physical” spaces V; @ ... ® V.
The notation N + 1 = 1 means that we have the periodic boundary conditions: for 2 = N we have

Paa+1R5m+1 (0) = PN,lR?\l,l (O)

II From the mathematical point of view, the R-matrix of the system has a more deep connections
with its algebraic structure. It was shown independently by V.G.Drinfeld and M.Jimbo [16] that
the Yang-Baxter equation (2.1.3) and the RTT relations (2.1.6) are related to the Hopf algebra struc-
tures and to the deformations of universal enveloping Lie algebras. The R-matrix Rq,(u) and the
monodromy matrix Ty(u#) appear to be certain representations of some universal object called the
universal R-matrix, which verifies the Yang-Baxter equation. Below we will write some statements
of the Hopf algebra to make a more clear connection'.

At the first step we should introduce the notions of associative algebras. Thus, the associative
algebra A over a complex field C is a vector space with the multiplication operation m and the unit
operation i. The multiplication m such that m : A ® A — A is linear and associative: for any
X,Y,Z,Uec Aand a,b,c,d € C

mo(ideom)(X@Y®Z) = m(X,m(Y,Z))=m(m(X,Y),Z)=mo(m®id)(X®Y® Z)
m(@aX +bY,cZ+dU) = acm(X,Z)+bem(Y,Z) +adm(X,U) 4+ bdm(Y, U)

here o means the consecutive action of operations and id means id(A) = A.
The unit operation i : C — A4 has properties: for any X € A

o(ld®i)(X®c)=m(X®cl)=cm(X,]) =cX =m(cI® X) =mo (i®id)(c® X)

where [ is the unit element of A and c € C.

The commutative algebra is such that m(X,Y) = m(Y, X). If we also introduce the permutation
operator ¢ such that r(X ® Y) = Y ® X, the commutativity condition can be rewritten as mo o =
m’ =m.

Then one can define ‘dual’ operations: the comultiplication (or coproduct) operation A on the
algebra A such that A : A — A ® A and the counit € such that € : A — C. The comultiplication is
"coassociative" and with the counit they satisfy similar relations as m and i:

(id®A)oAA = (A®id) o AA
and

(idoe) o A(A) = (id®e)A® A= ARC = A
~CoA=(e®id)A®A=(e®id)oA(A)

1 For more details on Hopf algebras reader is referred to [17] or [13]
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For example, let A(X) = X ® I + [ ® X and then the associativity means that

(([d@A) o AX) = ([dOA(XRI+I0X) =X+ (X@I+I0X) =
—(XRIQT+IRXQDN+T0IRX =(ARid)(X®I+I18X) = (A®id) o A(X)

The algebra with a coassociative comultiplication A and a counit € satisfying previous relations is
called a coalgebra. Similarly, the cocommutative coalgebra (as commutative algebras) is a coalgebra
with the comultiplication which satisfies r o A = A° = A.

Now returning to the Hopf algebra, the latter has algebra and coalgebra structures, therefore we
can write the definition of the Hopf algebra:

The Hopf algebra A over C is a vector space such that A is an algebra and a coalgebra over C
with the operations: multiplication m, unit 7, comultiplication A and counit €. The comultiplication
A and the counit € are homomorphisms of algebras (i.e. preserves the algebraic structure). Similarly,
the multiplication m and the unit i are homomorphisms of coalgebras. The Hopf algebra has also a
bijective antimorphism, called antipod, S : A — A such that

mo (id®S)oA(A) =mo (S®id) o A(A) =ioce(A)

Futhermore one can define the almost cocommutative Hopf algebra: if there exists an invertible ele-
ment R € A® A such that forany X € A

RA(X) = A (X)R (2.1.11)
and the almost cocommutative quasitriangular Hopf algebra: if R satisfies

(id @ AR = RisRuz (2.1.12)
(A X 1d)R = R13R3 (2.1.13)

It follows from the above equations that R satisfies the Yang—Baxter equation:
R12R13R23 = RosR13Raz (2.1.14)

The object R is called the universal R-matrix and it has an immmediate connection with the R-
matrix considered above. Once one can find the universal R-matrix as the solution of the intertwining
equation (2.1.11), hence this universal R-matrix in a certain representation gives the matrix R:

Rip(uy —up) = 71 ® 2(R) (2.1.15)

the parameters u1, 1, associated with evaluation representations: 7; = p o ev;, where p is a represen-
tation of algebra A, mapping from A to End(V) (V is a vector space), and ev; is an algebra homo-
morphism, called the evaluation map, usually from the infinite A to a finite algebra. We remark that
7t1, 7 in general can be different evaluation representations.

As simple examples of the Hopf algebra we can consider the universal enveloping algebra U (sl (2))
of the Lie algebra s/(2) and the quantum deformation of the universal enveloping algebra U, (s!(2)):

A Lie algebra sI(2) in the Serre-Chevalley basis consists of the generators {e, h, f} subject to the
following commutation relations:

[he] =2, [hf]=—2f and [e,f]=h (2.1.16)
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The universal enveloping algebra U(sI(2)) can be viewed as a set of generators ¢ being powers of
the generators e, f, h: t = Y, i cijxe' W f*. The multiplication m is such that for any #', " € U(sl(2)),
it can be defined as

m(t', ") = m (Z cixefe, Y Cgfj,keihjfk> =) cijelf*
ijk ijk ijk
" /1
ijk ik
This algebra has the following Hopf structure: for any x,y € U(sl(2))

with ¢/} is defined by ¢; ;, and ¢

Ax) =x®@I1+1®x, S(x)=—x, €(x)=0

Alxy) = A(0)Aly),  S(xy) =5(y)S(x), e(xy) = e(x)e(y)
Thus one can verify that for example A is a homomorphism of the algebra such that
[A(h), Ale)] = 24(e), [A(h), A(f)] = —2A(f) and [A(e), A(f)] = A(h)

It is obvious that A° = A, hence the universal R-matrix R is trivial, i.e. it reduces to the identity
operator.

B Quantum deformation of the universal enveloping algebra U,(s/(2)) is an associative algebra
with a unit generated by {e, f, k,k~'}, subject to the following relations:

kkl=klk=1, (2.1.17)

1 2 1 9 k—k1!
kek™ =g%, kfk—' =q*f, [e,f]zif1
q-4

The U, (sl(2)) algebra in the limit 4 — 1 reduces to the universal enveloping algebra U(sl(2)) if
we represent k = ¢". We understand that 4" = I +log(q)h + 4 log(q)?h? + ... with g € C (not being
the root of unity). Then, the commutation relations rewrite as

(2.1.18)

W —h
lhe] =2, [h,f]=—2f and e, f] = qq - ;_1 (2.1.19)
The Hopf structure of U, (s!(2)) is following:
Ae)=exq "2 +q"2@e,  A(f)=foq"2+q"20f, Alg")=q"®q"
(2.1.20)
S(h) = —h, Se) =—q ", S(f)=—fq" and e(x) =0
(2.1.21)
Alxy) = Ax)A(y), S(xy) = S(y)S(x), exy) = e(x)e(y)

for any x,y € U,(sl(2)).

It is possible to verify that A,S and € are homomorphisms of algebra. In this case A’ # A and this
provides a non-trivial universal R-matrix. Its simplest representation will be considered in the next
section.

The solutions of the Yang—-Baxter equation plays a central role in the theory of quantum integrable
models. These solutions arise as the intertwiners of the quantum affine algebras U,(g), deformations
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of affine Kac-Moody algebras, e.g. see [16]. The R-matrices in the fundamental representation as
well as the universal R-matrices are found almost for all (super)algebras e.g. see [20]-[23] and [24]
(or see [25] for basic examples) and the references therein. The higher spin representations of the
R-matrix can be constructed using the fusion procedure [26]. In the next section we consider few
basic examples of the R-matrices.

2.2 Few examples of R-matrices and associated spin chain
models

In this section we will consider several examples of the R-matrices and associated with them Hamil-
tonians. Especially, we will write the explicit form of the R-matrices corresponding to the XXX spin
1/2 model, XXZ model and XX model. The latter model will be used in the construction of the
R-matrix of the Hubbard model.

XXX model. We consider the R-matrix of the XXX spin chain, already mentioned in (2.1.4). It is
a 4 x 4 matrix acting on V; ® V, which satisfies the Yang—Baxter equation, unitarity and regularity
conditions:

Rab(u) = ull, ® I, + Py (2.2.1)
and
Rab(“ - U)Rac(u)Rbc(v) = Rbc(U)Rac(u)Rab(u - U) (2-2-2)
Rup(t)Rp(—u) = (1—u?), @1, (2.2.3)
Rip(0) = Py (2.2.4)

Using the technique described in the previous section one can derive the Hamiltonian H; (2.1.10)
corresponding to this R-matrix:

N
Hi =Y (Put1), N+1=1 (2.2.5)
a=1

The Hamiltonian can be rewritten in a different form using the Pauli matrices: o7 = E? + E?,
0y = —iE? +iE?! and 05 = EY — E?? and introducing the spin operators S' = ¢;/2. Thus, the
Hamiltonian takes a more familiar physical form:

N
1
Hy=2) <susa+1 — 4> , N+1=1 (2.2.6)

a=1

Indeed, Hj is equivalent to the Hamiltonian of the Heisenberg spin chain with the nearest neigh-
bours interaction in one dimension with the coupling constants |y = J, = Jrequal2: H =} _; i (JxSF 57+
JySi S + J:57S7).

The R-matrix of the XXX model provides the integrability for this one-dimensional isotropic
Heisenberg model. Furthermore one can construct the eigenvectors and the eigenvalues of the trans-
fer matrix 7(u) via the Algebraic Bethe Ansatz. Hence, one finds the spectrum and the eigenfunctions
of the Hamiltonian H;. This method will be explained in one of the next chapters.

One of the properties of the R-matrix is that it has the gI(2) algebra symmetry: Ry, (1)A4(g) =
Agp(g)Rap(u) with ¢ € ¢I(2) and Ay(g) = ma(g) @ Iy + I, ® my(g) where 71(g) is the fundamental
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matrix representation of g/(2). From this point of view, one can generalize the R-matrix on the gl (n)
algebra demanding accordingly the gI(n) symmetry of the R-matrix.

Therefore, the ¢/(n) R-matrix has the similar form as in (2.2.1) but it is now a 12

2

X 1< matrix.

R () = ul, ® 1, + ) EJE]
ij=1

The Hamiltonian derived from this R-matrix has also the same form. It is the permutation opera-
tor as the previous one but its physical interpretation should be somehow different.

HS'™) E (Z El]EZZ'H) , N+1=1 (2.2.7)

ij=1

Before considering another examples of R-matrices, we say few words about the diagonalization
of above models. The spectrum and the eigenvector of these g/(2) and gl(n) spin chain Hamilto-
nians can be found using different techniques, such as Coordinate Bethe Ansatz, Algebraic Bethe
Ansatz. The gI(2) Hamiltonian was firstly diagonalized by H.Bethe using the so-called Coordinate
Bethe ansatz method as we already mentioned. The algebraic approach developed by L.D.Faddeev
and collaborators is applicable for any gI(n) spin chains, e.g. see [27], and for any simple Lie algebra
[28]. We will present the Algebraic Bethe Ansatz for the g/(2) spin chain in one of the next sections
on the Hubbard model 3.3.2. We remark also that the above R-matrices are constructed using the fun-
damental representation of the g/(2) and g/(n) algebras respectively. The R-matrices for higher spin
representations and thus corresponding spin chains can be constructed using other representations
of their universal R-matrices, or the fusion procedure [26]. For gI(2) case, see [29], the Hamiltonian
for any spin s is written as

N
Hy=7]) Q2(SaSat1), N+1=1 (2.2.8)
a=1

where S is a spin s matrix and Qps(x) is a polynomial function. For example, for spin s = 1 we have

Qo(x) = (x - x2>

XXZ model. This example is also one of the basic solutions of the Yang-Baxter equation. As it can
be seen from the title of the paragraph we will write the R-matrix which provides integrability for
the one-dimensional anisotropic Heisenberg model (], = |, # J.).

In this case the R-matrix is the solution of the intertwining equation (2.1.11) for the g-deformed
affine algebra U, (s/(2)). It has two parameters: g is connected with the algebraic symmetry and
u € Cis a spectral parameter. It is also a 4 x 4 matrix acting on V; ® V, which satisfies the Yang-
Baxter equation, unitarity and the regularity conditions:

Ral) = (qu— S S (EED + (- 2) T EE)+ -1 ¥ @wiIEE)  @29)
i3 U <iZj<2 9 1<iZj<2
and
Rap(1/0)Rac(1)Rpe(0) = Rpe(v)Rac (1) Rap (1/0) (22.10)
Rab(”)Rba(%) = (qu—qlu> <q—3)ﬂa®ﬂb (2.2.11)
Ry(l) = (q—il) Py (22.12)



Here the R-matrix is written in the rational form which explains the appearance of u/v in the
Yang-Baxter equation and the limit # — 1 in the regularity condition. One can pass to the trigono-
metric form using the transformation u = exp(iA) and g = exp(iy). In addition one can find the sym-
metric R-matrix performing the gauge transformation: R%; (1) = U, (¢a) Up(Pp) Rop (1)U, YUy (¢0)
with U(¢) = E! +exp(i¢)E?? and ¢, — ¢, = ilog(u). Therefore, explicitly we have the trigonometric
symmetric R-matrix (we renormalize the expression of R}, (1) by 2i):

sin(A + ) 0 0 0
0 sin(A) sin(vy) 0
S —
12(A) = 0 sin(y) sin(A) 0 (2.2.13)
0 0 0 sin(A + )
The XXZ Hamiltonian is derived from this symmetric trigonometric R-matrix using (2.1.10):
H—lN(11 23, + N N+1=1 2.2.14
1—22 030411+ 03001 +cos(7)007, 4 +2COS(’Y)/ +1= (2.2.14)
a=1

The origin of this R-matrix can be viewed as a direct solution of (2.1.11) for the fundamental rep-
resentation of the q-deformed affine algebra U, (s/(2)). Moreover, one can generalize the expression
(2.2.9) of the R-matrix to the U, (sl(n)) algebra. Thus, the gl(1) XXZ R-matrix is

n R
RE™ () = (qu— —) Y(ETE) + (u—-) Y (EED) + (- ) Y (uisDEJE])
‘7” i=1 U i<iZj<n 1 1<iZj<n
(2.2.15)

Corresponding XXZ-like ¢/(n) Hamiltonian is derived from the g/(n) R-matrix using (2.1.10):

n

N .
HS') = 21 ((9+1/9) Z{E”E”H +2 ; EJEN +(q fl/q)1<§< (~1IDEEL, ), 2216)
a= i= <i#j<n <i#j<n

N+1=1

The diagonalization of above models can be performed by the Algebraic Bethe Ansatz [30] which
is a powerful method for solving the spin chains in fundamental and any spin representation. In
general, the XXX and XXZ spin chains based on gl(n) and gl(n|m) algebras can be all treated in the
same schema of Algebraic Bethe Ansatz, e.g. see [33].

XX model. The last example of the R-matrix in this section is closely connected with the construc-
tion of Shastry’s R-matrix (the R-matrix of the Hubbard model). Here we consider only the g/(2) case,
other XX models will be treated in the next sections related to the Hubbard model and its generaliza-
tions. The model which we will obtain from the R-matrix in this example also enters in the class of
the one-dimensional anisotropic Heisenberg models, more precisely | = J,, J. = 0. The R-matrix of
the XX model satisfying the Yang—Baxter equation, unitarity and the regularity conditions is

Rap(u) = ZapPop + Zgpsinu + (Pop — ZppPap) cos u (22.17)
where P, is the permutation matrix and X, = E%lEgz + Engél.
Rub(” - U)R ( )Rbc(v) = Rbc(U)Rac(u)Rab(u - U) (2~2-18)
Ry (u )Rba( u) = cos?(u), ®1T, (2.2.19)
Ryp(0) = Py (2.2.20)
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The Hamiltonian corresponding to this R-matrix is:

N
Hi =) (Zas1Puas1), N+1=1 (2.2.21)

a=1

In terms of the Pauli matrices the Hamiltonian can be rewritten as

N
Hi=5) <a;a;+1 + agagﬂ) , N+1=1 (2.2.22)
a=1

This Hamiltonian represent a spin chain without z-direction interaction, the XX spin chain, but on
the other hand it can be transformed to the Hamiltonian of free electrons using the so-called Jordan-
Wigner transformation (see below). Thus, the Hamiltonian H; can be written as

N-1
H=Y (cZCuH +c +1ca) + "twist", (2.2.23)
a=1

where ¢, ¢t are the fermionic operators, {c;r, ¢y} = Oap. The term marked as "twist" is related to the

periodic boundary conditions of the initial Hamiltonian and the non-locality property of the Jordan-
Wigner transformation of bosons to fermions.

The Jordan-Wigner transformation is a map between the 1 x n matrices E// and anticommuting
operators. The matrices E”/ can have bosonic or fermionic gradation. In our case we want to map 2 x 2
Pauli matrices into the fermionic operators. It is a non-local mapping due to the bosonic structure of
the Pauli matrices:

N N
=0y [] &, ca=0c' [] o (2.2.24)
k=a+1 k=a+1
N N
of=co ] @=2m), oy =cf JT (1—2n) (2.2.25)
k=a+1 k=a+1

with 0* = 1(o! +i0?) and ny = cfy.

At the same time, the Jordan-Wigner transformation preserves the gradation in the sense that the
matrices E/ with the fermionic gradation are locally mapped on the anticommuting operators.

In general case, the Jordan-Wigner transformation is very important and is highly exploited in
the construction of the Hubbard model. We will give more details on it in the following chapters.

Another property one can remark is that the XX model and its R-matrix can be derived from the
XXZ model and its symmetric trigonometric R-matrix taking the limit ¢ — i (or v — 7/2in (2.2.13)).
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Chapter 3
Hubbard model

This chapter is devoted to the one-dimensional Hubbard model - integrable model. In the begining
we review its origin in condensed matter physics as a model of interacting electrons on the lattice
in three dimensions and then we restrict our consideration on the one-dimensional model. The one-
dimensional integrable Hubbard model and its R-matrix being a particular object in the hierarchy
of R-matrices are considered in the section 3.2. The Coordinate Bethe Ansatz and real solutions of
the Lieb-Wu equations are presented in the sections 3.3 and 3.4. In the end of the chapter we review
several applications of the one-dimensional Hubbard model in the AdS/CFT duality.

3.1 Origin of the Hubbard model

In condensed matter physics, at its early development much attention has been given to the theory
of correlation effects in the free electron gas which served as a model for conduction bands of metals
and alloys. However, transition and rare-earth metals have in addition to their conduction bands
also partly filled d- or f-bands. The latter gives rise to the characteristic properties of these metals.
Therefore the correlation effects of these metals are highly influenced by these d- and f- bands and it
appeared that the free gas approximation did not provide a good model for them. Thus, one required
another theory which could take into account the atomistic nature of solid. Moreover, it was found
experimentally that d-electrons exhibit behaviours characteristic of both the ordinary band model
and the atomic model.

Starting from 1963 J].Hubbard in a series of papers [39] introduced an approximate model for the
interaction of electrons in the narrow energy bands. This model is the simplest generalization beyond
the free electrons theory. It contains a minimum of necessary properties in order to get the band and
the atomic descriptions at the same time. The introduced model allows to capture many physical
features of solids.

In the following we will show how to derive the Hubbard Hamiltonian . The starting point in
order to derive the Hubbard model Hamiltonian is to consider the electrons on the lattice of ions with
the Coulomb repulsion between the electrons. We assume a static three-dimensional lattice, static is
due to the fact that the ions are much heavier than the electrons. Thus, we consider N electrons in the
periodic lattice potential Vj(x) with the Coulomb interaction V¢ (x) = ¢?/x2. Therefore, the dynamics
can be described by the Hamiltonian:

IThe description is based mostly on [55]
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H= Z( +wm0+ Y. Ve(xi —xj) (3.1.1)
1<i<j<N

This Hamiltonian as a many-body system with interactions is very difficult to solve exactly. Thus,
one needs to use some approximations in order to achieve some results. Mean field theory approach
gives the first step in the deriving of the Hubbard Hamiltonian. The main idea is to replace all
interactions to one-body average or effective interactions. More precisely the approximation is based
on adding an one-particle auxiliary potential V,(x) such that it modifies the one-particle Hamiltonian
and reduces the multi-particle interaction:

Mz

H=) h(x,pi)+ Y, U(xix) (3.1.2)

1<i<j<N

Il
—_

i

with h(x, p) = % + Vo(x) + Va(x) and U(x;, x;) = Ve(xi — xj) — 55 (Va(xi) + Va(x;)) 2

Mean field approximation means to choose appropriately V,(x) such that matrix elements of
U(x;, x;) on the eigenstates of /i(x, p) become ‘small’. The expression (3.1.2) for the moment contains
no approximations.

Now using the "second-quantification” formalism one can derive the Hamiltonian in terms of the
creation/annihilation operators CL/ » and ¢,; ». These operators create and destroy the electron in the
Wannier state® with the spin ¢ on the lattice site i and in the band «. Therefore, we can rewrite (3.1.2)
as

— 'l" By +
H= ) they UcW,+ Y. ) Uiy cu oChjCk,eCoLo (3.1.3)
w0 a ,B,7,0 lfkl

where hopping matrix elements #j; and interaction parameters U ﬁ 7’ are written as some integrals
of the operators (x, p) and U(x;, x;) respectively on the Wanmer states. Their expressions are not
important in the following and we do not write them.

We point out again that the Hamiltonian (3.1.3) is completely equivalent to (3.1.2). We can obtain
the Hubbard model taking into account several approximations:

o ﬁ'y& — uzxﬁ’y& U

1. small range of Coulomb interaction < u;; i

2. one band interation < a = 1

3. isotropic nearest neighbours approximation < #%; > = = —t, the rest is zero

Finally, the Hamiltonian (3.1.3) reduces to
H=—t), ), cloio+UY mn (3.1.4)
i

<i,j>o=1,|

with n;,, = ¢! c;, and here the symbol < i,j > means the ordered summation over the nearest
neighbours particles.

21t can be easily seen that Yi<icjen(vi+vj) = (N—-1) YN v
3Wannier states are a complete set of orthogonal functions used in solid-state physics. Its most common
definition is as follows: let ¢ (r) be the Bloch state of a single band in a crystal, then the Wannier state is

defined by ¢ (r) = ﬁ Y e~ ®Rypy (r). Here R is any lattice vector (e.g. Bravais lattice vector), N is a number
of primitive cells in the crystal, the sum on k is for all k in the Brillouin zone.
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The Hamiltonian (3.1.4) is known as the Hubbard model Hamiltonian. As one can see there are
four possible electronic configurations on the site:

e |0 > - vacuum state (no electrons),
e | 1> - electron with spin up,
e | |> - electron with spin down and

e | 1> - double occupied site.

The potential term of the Hamiltonian in this base can be represented as a diagonal matrix, it
counts how many double occupied sites are in the eigenfunction. Similarly, the kinetic term move
the electrons from one site to a nearest one on the lattice without changing the spin.

In the limit U — 0 the Hamiltonian corresponds to the free electrons model. Whereas at the half-
filling (the number of electrons N equals the number of sites in the lattice) if U — oo one can get the
Heisenberg spin chain.

The Hubbard model plays an essential role in several topics of condensed matter physics. In
spite of its more or less simple definition, the Hubbard model exhibit various phenomena including
the metal-insulator transition, ferrimagnetism, ferromagnetism, Tomonaga-Luttinger liquid, and the
superconductivity (see [38, 40, 41, 42, 47, 56, 57]). It also plays a role in the chemistry of aromatic
compounds e.g. benzene [45, 46].

There exists also a more global point of view* such that the importance of the Hubbard model
may be understood from the philosophy of "universality". It is believed that a non-trivial physical
phenomena found in a suitable idealized model can also be found in other systems in the same
"universality class" as the idealized model. A similar situation is for the Ising model for classical spin
systems which is too simple to be a realistic model of magnetic materials, for example. But it has
turned out to be extremely important and useful in developing various notions and techniques in
statistical physics of many degrees of freedom. It is expected that the universality class is often large
and rich enough to contain various realistic systems with complicated details which are ignored in
the idealized model. As for strongly interacting electron systems, the Hubbard model is regarded
as one of the most promising candidates for an idealized model to be used in the search of possible
universality classes.

However, in spite of all fascinating results discovered in the Hubbard model, few exact results
are known for the two or three-dimensional Hubbard model. Nevertheless, these models are still
actively investigated. In contrast, the one-dimensional Hubbard model has a distinctive feature: it
is integrable. In the next section we will treat the one-dimensional Hubbard model and discuss in
details its integrability.

3.2 1D Hubbard model as an integrable system

Over the years the one-dimensional Hubbard model has become very important in several topics of
condensed matter physics including the one-dimensional conductors, the high-T. superconductivity,
but also in mathematical physics. Despite of its appealing conceptual simplicity, rigorous results
for the Hubbard model are rare. The dimension of the underlying lattice is a crucial parameter.
However, there are two important theorems which are valid for an arbitrary lattice dimension, due
to Y.Nagaoka [43] and to E.H.Lieb [47]. Some simplifications occur in the limit of the infinite lattice

4mostly based on [57]
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dimension [44]. Nevertheless, exact results have been obtained only for the one-dimensional lattice.
The complete set of eigenfunctions of the Hubbard Hamiltonian is known only for this case. The
one-dimensional Hubbard model was solved by E.H.Lieb and FY.Wu [48].

The Hubbard Hamiltonian in one dimension under the periodic conditions is written as

L L
u
Hiup=—Y. Y. (c;‘,(,ciﬂﬂ + cjﬂlgci,g) + g (=2 (1 =2 ), L+1=1 (3.2.1)
i=lo=11 =1
We remark that in the literature the Hubbard Hamiltonian sometimes appears in a slightly modi-
fied form: H = — E’L:l Yo=t,| (c:r oCit1,o T c;f +1,aci,0> +Uu 2}:1 n;+n; . These Hamiltonians mutually

commute and thus have the same eigenvectors. Here we will consider the Hubbard Hamiltonian in
the form (3.2.1).

In the next subsections we present the integrability structure of the Hubbard model and its sym-
metries.

3.2.1 Shastry’s R-matrix

Shastry’s R-matrix (the R-matrix of the Hubbard model) was firstly introduced by B.S.Shastry [58]
and E.Olmedilla et al. [60] (by coupling two R-matrices of the XX model with U-interaction term).
The proof of the Yang-Baxter relation was given later by M.Shiroishi and M.Wadati [61].

Notations we use here are following: E// are gl(1]1) elementary matrices acting non-trivially on
the graded vector space V, in the tensor space V; ® ... ® Vy. The gradation is given by [EY] = [i] + [j]

) 0 for j=1
= 3.2.2
i {1 for j=2. ( )

The matrices E;/ satisfy the commutation relations:
[Ejj, Eﬂg = bup <5jkgg — (—1) D+ s, E/;f) (32.3)

with the graded commutator defined as [A, B| ¢ =AB— (—1)4liBIBA

One should also define the multiplication for the tensor productby (a @ b)(c®d) = (—1)lPlld(ac ®
bd). For example, introducing the graded permutation operator

P =Y (-)IEJE],
ij=1,2

one can verify that P, P, = I, ® I,. Thus, hereafter the multiplication is considered with the grada-
tion factor.

¢l(1]1) XX model. Before speaking about Shastry’s R-matrix it is useful to introduce the R-matrix
of gl(1]1) XX model. We have already considered g/(2) XX model and its R-matrix in previous chap-
ter (2.2.17), but in this case we should add the gradation to matrices. Hence, the R-matrix of g/(1|1)
XX model acting on the tensor product Vi ® V; is given by

Rlz()L) = X1 Ppp + X1 sin A + (P12 — 212P12) cos A (3.2.4)
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where Pj; is the graded permutation operator, X,, = E,}lEiz + Engél and A € C is the spectral
parameter.
This R-matrix obeys the graded Yang—Baxter equation, is unitary and regular :

Rab(” - U)Rac(u)Rbc(v) = Rbc(U)Rac(u)Rab(u - U) (3-2-5)
Rop()Rpa(—1t) = cos?(u)l, @1, (3.2.6)
Rub(o) = Py (3.2.7)

Furthermore one can introduce a matrix C
C=E"—E? (3.2.8)

There are several connections between C and X matrices which will be exploited in generaliza-
tions of the XX model’s R-matrix:

1
5 (Ip — CaCp) . (3.2.9)

There are some intertwining properties with R, (u):

Zub =

Rap(~1)Cy = CaRgp(u) (32.10)
Rap()CaCp = CoCyRop(u) (32.11)

In addition to the graded Yang-Baxter equation we have also the so-called decorated Yang—Baxter
equation:
Rap (u + U) CaRac (u)Rbc (Z)) = Ry (U)Rac (u)CaRab (u + U) (3.2.12)

The Hamiltonian which corresponds to this R-matrix is similar to the one in (2.2.21) and in terms
of EY super-matrices it is written as

N
Hxx = Y (-EREZ +ERER)), N+1=1 (3.2.13)
a=1

Due to the anticommuting properties of E// super-matrices we get the free electrons model Hamil-
tonian: E2! = ¢! and E!? = ¢,

N
Hyx =} (cgcm +c +1ca) , N+1=1 (3.2.14)

a=1

where ¢, ¢’ are the fermionic operators, {c}, ¢, } = 6,
This finishes the preliminary part and we are ready to consider the Hubbard model.

Hubbard model. The R-matrix of the Hubbard model is obtained by coupling the R-matrices

RIZ(/\) and R%Z(A) of two independent XX models, the coupling function is related to the constant
U of the Hubbard model under consideration. More details on this construction can be found in
[58],[55]. The R-matrix of the Hubbard model acts on the tensor product of four graded vector spaces:
Vit @ V1| ® Va1 ® Vp and it can be written in the following form

Sin()&lz)
sin(A},)

RI3 (A1, A2) = R}y (A1) Riy(A12) + tanh(h},) R}, (A1) Cri Rip(Al) Cpa (3.2.15)
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where A1 = A1 — A and A}, = A1 + A,. In the same way, b}, = h(A1) + h(A2) and the function /(A7)
is such that

sinh(2h) = —% sin(27). (3.2.16)

we point out here that our definition of the function #(A) is slightly different from the standard one:
sinh(2h) = U sin(2A).

The definition of the R-matrix (3.2.15) as a coupling of two fermionic XX models is similar to the
R-matrix of bosonic Hubbard model introduced by B.S.Shastry in [58], [59]. However, the fermionic
Hubbard model R-matrix also appears in a different form introduced in [60] or see the appendix of
[69]. These R-matrices are related by gauge transformations. Hereafter we use only the definition of
the R-matrix given in (3.2.15).

Note that the site 1 for RE is composed from the tensor product of the site 1 1 ” appearing in

the matrix RIZ by the site ”1 | ” which is in the matrix R%Z. This is obviously the same for any site we
will consider in the following. It means explicitly that the spin chain is composed as1 1,1 |,2 1,2 |
L1, L.

The R-matrix (3.2.15) is symmetric, regular and satisfies the unitary relation:
Sil’l2 /\12

29/
sin” Aj,

RIS (A1, A2) PRI (A2, A1) P} = ((cos* Asz — tanh® i, )11} (3.2.17)

where szi = PszPli2 € Vi1 ® Vi ® Vpr ® V) is the permutation operator.

Moreover, when the relation (3.2.16) holds, the R-matrix (3.2.15) satisfies the graded Yang—Baxter
equation:

RI3 (A, A2) RI3(A, A3) R (A, A3) = RI3(A2, A3) R3(A, A3) RIF(A,h0).  (32.18)

Being equipped with an R-matrix with all required properties, we can proceed to define the corre-
sponding quantum integrable system, by performing the following steps: monodromy matrix, trans-
fer matrix and the Hamiltonian.

The L-site monodromy matrix is given

Tochy..b>(A) = R}y (A,0) ... R} (,0) (3.2.19)
and its transfer matrix is the (super)trace in the auxiliary space:
t(/\) = traTlZ<b]...bL> (/\) . (3'2'20)
Then the Hubbard Hamiltonian reads
d L
H=——Int(A) =—) Hyx, L+1=1 (3.2.21)
dA A=0 x=1
with U
Hyxt1 = _<ZP)T xx+1 (ZP)J, xx+1 T 4 CTx CJ,x ’ (3.2.22)

The notation O , y11 means that the operator O acts non-trivially in the parts x T and (x 4 1) 1 only.
It acts as identity on all the sites different from x and x + 1 and also on the parts x | and (x + 1) | of
sites x and x + 1. Explicitly, one has

(2P)yxxr1 = ERE2L  + E2VER (3.2.23)
witha = T or |.

Due to the fermionic structure of E!% and E2. matrices, we can replace them directly by the

fermionic operators c,]t ¢ and ¢, x, therefore we get (3.2.1).
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3.2.2 Symmetries of the Hubbard Hamiltonian

The Hamiltonian (3.2.1) preserves the number of involved particles and therefore has a symmetry:
[H e, Y51 12 ;] = 0. In addition it was found also that Hubbard model for even L has so(4) algebra
symmetry realized in terms of the fermionic operators c,c: first su(2) Lie algebra is written as

L L 1L
(= EC%CM, €+ = ;CLC@‘/ (.= 3 ;(nu — nTi), (3.2.24)
2,0 =-2., (2.0 =-C [6.¢T1=10" (3.2.25)
and so-called y-pairing symmetry:
3 : __ |+t 1¢ L
n= Z(_l)chiciir n= Z(_l)z%icﬁz Nz = 5 Z(’%i +n4i) — 5 (3.2.26)
i=1 i=1 i=1
0" = =212, [yl =-n, ="l =14" (3.2.27)

For the odd number of sites L the 77-pairing symmetry disappears and the Hamiltonian has only
su(2) symmetry. The so(4) symmetry plays an important role in the proof of the completeness of the
Bethe ansatz solution for the Hubbard model.

Moreover in [66]° it was found that the Hamiltonian in the limit of the infinite chain L — oo has
the infinite extra symmetry Y (su(2)) & Y(su(2)). It was verified that Yangian generators (in Drin-
feld’s second realization) written in terms of the creation and annihilation operators cf,c commute
with the infinite chain Hamiltonian. The Yangian algebra ¢ can be presented by generators QJ' and
Q7" where the generators Q' form the finite Lie algebra and Q' generates the extention to the Yan-
gian algebra. These generators should satisfy the commutation relations:

[QF, Q¢ = f™™QF, [Qf, Q1] = f™*Qk (3.2.28)

where ™" - structure constants of the finite algebra. Moreover, the generators also should satisfy
certain additional closing relations. We will not write them (one can find them in [17] for example)

For the Hubbard model, the role of Qf of Y(su(2)) ® Y(su(2)) plays two su(2) symmetry gen-
erators {',¢ and {; and 57,77 and 7. In notation of [66] the Yangian generators Y (su(2)): level zero
generators are

Eo=)&, F=) 7, Hy=) M), (3.2.29)

here the sums } ; are infinite and the notations are &' = c*ic it FI' = chﬁJm and H}! = c%cT,’Jm —

CIZ'CJIH’H'
Then, the level one generators are:

B o= ) (5} - 5;1) . % y (5?%9 - 5]-0%?)

i I

o= ) (f} — Ffl) + %Z (JTP’H? - fﬁ%?) (3.2.30)

mo= T (Ml -#1) + u;} (07 — &0 7?)

50On the Yangian symmetry of the Hubbard model R-matrix see [67] and [80]
bfor more details on Yangians see [17], [64] or [65] and the references therein.
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The second Yangian generators Y (su(2)) E},F/,H] with i = 0,1 can be obtained from the previous
ones by transformation:

Cli = Cli, Cpi — c%-, u—-u

t ot

they commute with the first Yangian generators Y (su(2)).
The generators (3.2.29) and (3.2.30) satisfy the commutation relations (3.2.28) with the constants
f""k7 such as

fEFH = —fFEH =1, fHEE = —fEHE = —fHFF = fFHF = 2 and the rest is zero (3.2.31)

and they are constrained by deformed Serre relations which can be found in [66].
Thus, it can be verified that the generators E;, F;, H; and E/, H], F/ withi = 0,1 form the Y (su(2)) &
Y (su(2)) symmetry and commutes with the Hubbard Hamiltonian (3.2.1) when both boundaries are

sent to infinity, denoted by ng)b The sums Y- ; in (3.2.1) should be replaced by Y- ; with L — co.

My, T =0 for J; = E;, F, H;, Ej, H,, F/ (3.2.32)

1771

3.3 Coordinate Bethe Ansatz (CBA) solution

In 1968 the exact solution of the one-dimensional Hubbard model by the Coordinate Bethe ansatz
was presented in the work of E.H.Lieb and FY.Wu [48]. The origin of the method goes back to the
work of H.Bethe [11], the seminal articles of C.N.Yang [35] and M.Gaudin [37]. In the work [48],
E.H.Lieb and FY.Wu derived a system of non-linear equations (Bethe equations) which are often
called in the literature the Lieb-Wu equations and calculated the ground state energy of the system.
They showed also that the model at the half-filling limit is an insulator for an arbitrary positive
value of the coupling U. In other words, the half-filled model undergoes a Mott transition at the
critical coupling U = 0. The solutions of the Lieb-Wu equations parametrize the spectrum and the
eigenvectors of the Hubbard model, encoding the complete information about the model. However,
in the general case on the finite lattice they are not explicitly known.

In this section we reproduce in details some results of E.H.Lieb and F.Y.Wu using the Coordinate
Bethe ansatz method. We divide the "nested" Bethe ansatz in two parts - "levels", in the first part (level
1) we look for the eigenfunctions and the eigenvalues of the Hubbard Hamiltonian and in the second
part (level 2) we, contralily to E.H.Lieb and F.Y.Wu, use the Algebraic Bethe Ansatz approach for the
auxiliary problem and we diagonalize the transfer matrix which generates the level 2 Hamiltonians.
The Algebraic Bethe Ansatz was developed by the Leningrad school in 80-s by L.D.Faddeev and
collaborators. Lectures on the Algebraic Bethe Ansatz [68] can be a good support in its studies.

Once again, we start considering the Hubbard Hamiltonian written as
L u L
Hiw ==Y 1 (clocivne +claocic) + 3 L1 =2m)(1=2n,), L+1=1  (33.)
i=lo=1,] i=1

we obtain this Hamiltonian directly from the R-matrix formalism (3.2.21).

"Here the structure constants f""* are different from the ones corresponding to the orthogonal generators
Qg It implies several changes in the deformed Serre relations.
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Before we start the description of the Coordinate Bethe Ansatz, we give some general analysis for
the Hubbard model. We are interested in the solutions of the equation:

Huuwpn () = En(0)pn(0) (3.3.2)

where N denotes the total number of particles spin up and down, ¢ denotes the configuration of
particles’ spins (01,09, ...,0n). Moreover, we assume that there are M spin down particles.

Due to the form of the Hamiltonian there is a symmetry between particles and holes, thus using
the appropriate transformation (c; , — CZ ») we get the identity:

En(0) = Exp_n(7) (3.3.3)

with ¢ denotes a new configuration such that N’ = 2L — N and M’ = L — M. Therefore, if N > L
we have the results for N’ < L and thus we can restrict the consideration to

N<L (3.3.4)

In addition, due to the spin up and spin down symmetry, we can consider only

N

M< 2 (3.3.5)

3.3.1 CBA.Level1l

We use the Coordinate Bethe ansatz to find the eigenvalues and the eigenvectors of the Hubbard
Hamiltonian (3.3.1). The content of the model as we already know consists of the electrons spin up
and spin down: for example if w; , denotes an empty site of spin ¢ then c;r, +Wi - represent an electron
on the site i with spin ¢. Evidently, the Hubbard Hamiltonian preserves the number of particles
involved in dynamics, thus the number of electrons spin up and down are the "good" quantum
numbers to characterize the eigenfunctions.

First of all we define the reference state (pseudo-vacuum) ¢ as the empty chain: ¢ = [T, Wi W |
and

Ci,g’¢0 =0, Vio (336)

and the corresponding eigenvalue is given by:
UL
HuupPo = - Po- (3.3.7)

One excitation. Next we consider one electron excitation with any spin ¢ over the vacuum:

pilo] = Y ¥ix,olck o (3.3.8)

x€[1,L]

here the coefficients ¥|x, o] are to be determined.
We apply the Hamiltonian on this one-excitation function H 1 (0] = E¢1[c] and it transforms
to the Schrodinger equation on the coefficients ¥ [x, o] when we project it on the ¢l ;¢ vector:

¢8CX,£THHub(P1 [0'] = Eﬁbl [0'] (3.3.9)
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with ¢; defined as ¢;j¢o = 1. After some simplifications we arrive to

C(¥x 4 1,0] + Flx—1,0]) + (%(L ~2)~E)¥[x0] =0, for x#£1,L (3310)

—(¥[2,0] + ¥[L,0]) + <%(L —2)— E)‘P[l,a] =0, for x=1 (3.3.11)
—(¥[1,0] + ¥[L—1,0]) + (%(L —2)— E)Y[L, 0] =0, for x=1L (3.3.12)

The first equation gives the dynamics of one-excitation function on the chain (without boundary
conditions) whereas the second and the third ones express the periodic boundary conditions of the
model. The solution of the first equation can be given by ¥[x, ¢] = ¢/** # where k is & priori a complex
parameter to be determined. Indeed, k play the role of the particle’s momentum but it is often called
a Bethe root in the CBA context. Inserting this solution ¥[x, o] = ¢/** into the first equation we get the
energy E = —2cos(k) + U(L — 2) /4. From the second and the third equations, using the expressions
for ¥[x, o] and energy E, one gets the ordinary for condensed matter physics periodic boundary
conditions:

el =1 (3.3.13)

The real parameter k can be defined between —7 and 7 and thus k = 27in/L withn = —L/2,..,,
L/2 — 1. We see that the boundary conditions give the "quantification" of the Bethe root. The obtained
equation on k is the simplest version of the so-called Bethe equations.

Two excitations. Now we treat the case of two electrons excitation with any spin 07 and o over
the reference state. The eigenfunction writes in the form:

2 +

o] = Y ¥lx7) [l o0, (3.3.14)
i=1

x€[1,L] i

+

with some coefficients ¥ |[x, 7] to be determined. We noted & = (¢, %), x = (x1,x2) and by [T2_, Cy. o

is considered the ordered product cf , cf ..
Once again we apply the Hamiltonian (3.3.1) on this two-excitations function, Hg,[o] = E¢y 0],
and project the result on the vector [T~ C;El_,m ¢o. Thus, we get the Schrodinger equation on the coef-

ficients ¥[x,o]: forx # 1, L

2
— Y (¥x+ew, )AL+ ¥x—enT]4,) +

m=1

| O

(L-4)+U i O(x; — xm)o(07 # o) — E)‘f’[x,cﬂ =0, (3.3.15)

+A3 (

where e, is an elementary vector in CN (here N = 2) with entry 1 on the m" position and 0 elsewhere:

8The fact that there is no reversed mode e ** is connected with the fact that we have periodic boundary

conditions and somehow there is no reflections. It is not the case for the open spin chains.
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k
er = (0, ...O,i,O, ...0). Also we denoted

By = ﬁ f[ SH(x) # xn) ]E[ﬁ(xl £ x)0 () # xm £ 1), (3.3.16)

2 2
A = T IT & # xa), (3.3.17)
=1 n=I+1
S £ xy) = 1=6(x—x0)8(01 — 03) . (3.3.18)

These symbols mean that there is no particles with the same spin on the same and neighbour-
ing sites with some conditions corresponding to each symbol (exclusion principle). Otherwise, the
Schrodinger equation (3.3.15) is identically zero.

There are also the equations due to the periodic boundary conditions, which are almost similar
to (3.3.15). Let us take x; = L (or respectively x; = 1) for any k = 1,2, then we understand by
xc+1 = L+1 =1 (or respectively xy —1 = 0 = L). Thus, the Schrodinger equations with the
periodic boundary conditions are written as: for k = 1,2

—Z (X + e, T)AS + ¥[x — en, 0)A,) — (P[x + e, T]AT + ¥[x — e, 7]A,)
m=1

m#k

+A° (E

T(L-4+U i 5(x1 — xm)(01 # ) — E)‘P[x,ﬁ] —0, for x,=1,L (33.19)

I,m=1
I<m

In order to solve all these equations we use the so-called Bethe ansatz which originally was pro-
posed by H.Bethe in one of his works. The idea is that we look for the solution as a product of free
particles multiplied by certain coefficients. More precisely, let us divide the coordinate space (x1, x2)
into 2 sectors: x; < xp and x; > x2. For sector Q: x1) < Xg(2) we define ¥[x, o] as

Folx, o]l = Y (-1)Flaz(PQ, P~1)ePkx (3.3.20)
Pe6,;
here Q and P are elements of the permutation group ;. Also it is noted Pkx = Y7, kp(iyXis k/k2 are
unequal complex numbers, Bethe roots. Symbol [P] stands for the signature of the P-permutation:
for example let IT;; 11 be the permutation of the elements 7,i + 1 then we have: [PIT; 1] = [P] + 1.

One should remark that when we introduce the Bethe root ki,k; two electron’s eigenfunction ¢,
and the coefficients ¥ become indirectly dependent of these Bethe roots. Thus, we have ¢,[0] =
4)2 [5, k] and IPQ [X, ﬁ] = IPQ [X, o, k]

The last property for any & we can derive is the energy E. We consider the Schrodinger equation
(3.3.15) for x # 1, L and in the sector xq (1) << xg(2) such that all symbols A3, A*> equal 1 and there is
also no potential term. Thus we have

2
_ Zl(‘PQ[x+em,¢7] +¥olx — ey, 7)) + (E

T(L—4) - E) Yolx, o] =0,  (3321)

and inserting the ansatz (3.3.20) in this equation we get the energy:

-2 Z cos(ky,) + U(L —4)/4 (3.3.22)
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Now we start to treat separately different cases of 7. Indeed, physics depend on the spin variable
and the wavefunctions differ drastically. There are two different cases: two particles are identical
or non-identical. In both cases we will manage to find the relations between unknown coefficients

@(PQ,P7).
Explicitly, the functions ¥ [x, 0] are given by

Yial(x1,x2),7) = o(id, id)e!F1¥1HK2%2) — @o(ITy, [Ty) e kevithixa),
for identical particles: o1 = 0, and there is only 1 sector x; < x3, and

Q=id, @g(id,id)el¥1tkx2) _ @ (I, ITy, e kex1thixe)
1PQ[(-X“l/fo)/?T] - . i(k k . i (k k

Q =1Ip, @5(I1yy,id)elxitke) _ @ (id, ITy,)elkexithx),
for non-identical particles: 01 # 0, there are 2 sectors: Q = id, x1 < xp and Q = Iy, xp < x1.

1. Let us firstly consider two electrons with the same spin. In this case one can not distinguish
the particles and we have 0(1) = 0g(2). It is also evident that the wavefunction in this case should
be antisymmetric due to the anticommutation properties of c¢' operators. Therefore we can consider
only one sector and only one function ¥g[x, 0] such that ¥, , ., o[IIg1)02)X 7] = —¥g[x,7], (we

i ]
denoted IT;jx = (... 9%],. .+ X -))- It implies that :

@(PQ, P™') = @(PQ, (PITg(1)g(2)) ) (3.3.23)

where I1,, is the permutation of objects a and b.
Let us now consider the sector xg(1) < xg(2) with xg(1) = xg(z) — 1. In this case AQ(Z) = 0and

AZ)(l) = 0, all other symbols in (3.3.18) are equal to 1. Thus, equation (3.3.15) becomes

_ _ u _
- (\PQ X — eg(1), 7] + Folx + eQ(z),U]) = (E— (L +4))¥o[x,7] (3.3.24)
Using the expression for the energy E we find that ¥p[(x,x),0] = 0 and inserting the ansatz
(3.3.20) we get
®7(PQ,P~') = &5(PQIL1z, (PIg)002)) ") (3.3.25)
Combining (3.3.23) and (3.3.23) one gets
@y (I1PQ, P1) = @5(PQ, P) (3.3.26)

witha = PQ(1),b = PQ(2).
Moreover one can verify that the total eigenfunction of the Hubbard Hamiltonian is antisymmet-

ric, ¢o[(02,01), (k2, k1)] = —¢2[(01, 02), (k1, k2)]:

2
pol(02, 1), (ko k1)) =2 Y. Walx, 7, (ke k)] [k oipo =
x1<x2€[1,L] i=1
2
=2 Y @(id,id)(e** — ) Tl .0 = —¢o[(01, 02), (K1, k2)]

x1<x2€[1,L] i=1

where defined k’ - x = kox1 + k1xp and we used (3.3.20) and (3.3.25) passing from the first line to the
second one.
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2. Now let us consider two electrons with different spins, 05(1) # (). We have the continuity
condition for ¥g[x,7]: ¥g[x, 0] = ¥om,[x,0] with xgq) = xQ( 2), what leads to the following
relation between &;(PQ, P~'):

®z(PQ, P~ ') — ®x(PQITy,, (PIIg(1)q@)) ') = @o(PQIT12, P~ 1) — ®x(PQ, (PIIo(1)q()) )
(3.3.27)

Next we consider the Schrodinger equation (3.3.15) when two electrons are on the same site:
XQ(1) = XQ(2)- In this case all AF,A° equal 1 and hence the equation (3.3.15) becomes

— (IFQ [x — eq,, 7] + ¥arm, X + eq,, 7] + ¥orr, [x — eg,, 7] +
+¥o[x+ eg,, 7] ) + (Z(L —4)+U-— E> ¥o[x,7] =0
and again using the expression for the energy E we get an intermediate result:
For, [X + 4., + For, [x — e, 7] — (Yolx+ e, 7] + Folx — e, 7] + U¥o[x,7] ) = 0.

and finally

(e™rom 4 e=r0e) + U) Dy (PQ, P1) + (e~ row + ¢%r0@) dp(PQ, (PIg)g) ' =

= (e ikpa) 4 o~ tkpo() 2)Qx(PQITyp, P~ ) + (e —tkpo() 4 pkrar) - U)P#(PQII,, (PHQ(l)Q(Z))fl)
(3.3.28)

The above equation combining with (3.3.27) allows to express @x(PQI1;, (PHQ(l)Q(Z))_l) and
@;(PQITp, P71) as the functions of ®z(PQ, P~!) and ®5(PQ, (PHQ(l)Q(Z))_l). We write it in the

matrix form:
( q)E(HabPQ/ P_l) ) — (tub rab) < (PQ P_l) > (3 329)
Oy (IT,,PQ, (I1,,P) 1) ap  tay) \Pr(PQ, (I P) 1) o
witha = PQ(1),b = PQ(2) and

B 2i(Ag — Ap) B u .
tay = U= 20— Ap)’ Tap = U= 2100 = 7y)’ Ay = sink, (3.3.30)

Thus, we obtained the relations between different coefficients ®z(PQ, P~!) for any case of the
spin configuration ¢. These relations can be gathered in a compact matrix form. Let us define a
vector, for P = PQ € G,and Q' =P 1 € &,

2
=Y & (P, Q) []e (3.3.31)
Q7

i=1

where the summation is a direct sum over all types of excitations and all corresponding sectors. The
vector [T~ ? belongs to V; ® V,, where V is spanned by {e', et }° and represents one type of 2

I(TQ/(

%One can see ¢! = e! and et = ¢?, where ¢' is an elementary vector with 1 on i place and 0 the rest.
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excitations.To clarify the notation we write it explicitly:
S(P') = @y (P id)elel + Dy (P, id) eyes

(@1, (P, id) eles + iy, (P, TTia) efe} ) =

= (@(1.1) (P id), @1, (P, id), @y ) (P, TTha), @ (P i) ) " ea)
Then, all relations between the coefficients @7(PQ, P~!) can be expressed in a compact form:

B(IT1,P) = S (ky, ko) D(P) (3.3.33)

where Sg) (k1,k2) (simply denoted by Sg)

matrix form it means:

in the following) acts on elementary vectors e{'e3?. In the

y(IT12P, Q) 1 @

Py (B Q)

D4, (IT2P, Q) _ tip 12 D4, (P, Q) (3.3.34)
D, (IT2P, QIThz) "2t D11y (P, QIT12)

@) (IT2P, Q) 1 @1, (P Q)

we omitted zeros in the Sg) (k1, k>) matrix for a more clear vision.

(1)

In the case of N-particles we will see that Sé (k1, k2) matrix can be factorized and it satisfies the
Yang-Baxter equation, what is a good sign for the integrability.

We have almost finished the case of two electrons excitation, however we did not used the pe-
riodic boundary conditions in order to determine the Bethe roots ki, k. It is not hard to verify that
from the Schrodinger equation (3.3.19) the periodic boundary conditions are equivalent to

1FQCZ [X - eQ(z) L, ?] = IFQ [X, E] . (3335)

with C; = Iy being a cyclic permutation in &,.
In terms of ®(P) this yields the condition

&(PC,) = e*rald(P). (3.3.36)

If we choose P = Cgfj with j = 1,2, we can derive a system of equations on the coefficients & (id)
which is called the "auxiliary problem":

) @(id) = e MLP(id), j=1 (3.3.37)
) @(id) = el d(id), j=2 (3.3.38)
(3.3.39)

where we omitted the arguments of the S-matrices, S{g) = Sﬁ) (ka, kp)-

The solution of this simple matrix equation can be found by taking the determinant. Thus we
have different solutions: for identical particles

elhithll =1, (3.3.40)
eltl) —q (3.3.41)
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and for particles with different spins

eltkith)l — 1, (3.3.42)
SitL) _ g sin(ky) — sin(ky) —ill/2

¢ e =12 = G “eintk) 1 iu/2” " (3.343)

eb) =, 411y =1, (3.3.44)

we remind that the Bethe roots can not be equal: k1 # k».

Physical interpretation of the obtained results is following: in the first case we have two electrons
with the same spin, therefore the wavefunction ¢, is antisymmetric and their momenta k; are "quan-
tized" as for one excitation case. In the second case two electrons with different spins form also an
antisymetric wavefunction ¢,. The wavefunction is composed of the spin part in ®z[PQ, P~!] and
the coordinate part in ¥[x, 7] which could be or (symmetric, antisymmetric) or (antisymmetric, sym-
metric). If the spin part is symmetric then the coordinate part will be antisymmetric and it implies
however two electrons can not be at the same site and effectively they looks like free electrons. That is
why one of the Bethe equations in this case is similar to the free electrons "quantification". Whereas,
when the coordinate part is symmetric we see that the "quantification" is more involved comparing
to other cases.

Now we generalize the obtained results to the case of the N electrons excitation. Indeed, the
periodic boundary conditions become more complicated and it gives rise to the second level of CBA.

N excitations. Let we have the N electrons excitation with the spin configuration & = (o7, ..., 0N)
over the pseudo-vacuum:

N
Z ¥(x, o Hcilm(po, (3.3.45)
x€[1,L] i=1

the coefficients ¥[x, 7] are to be determined. We noted x = (x1, ..., xy) and by TTY, CIM it is consid-
ered the ordered product cx1 o C}NIUN.
The Schrodinger equation on the coefficients ¥|x, o] is for x # 1, L

N
— Z (Fx + ey, )AL, + ¥[x — e, 7|A,) +

m=1

N
+A3 (%(L —2N)+U Y 6(x; — x)5(07 # Om) — E)‘P[x,(ﬂ =0, (3.3.46)
I,m=1
I<m
the notations are the same as in the case N = 2.
In addition, there are the equations due to the periodicity. For any k = 1, ..., N we suppose that
xx = L or x; = 1, then we understand by xy +1 = L+1 = 1 or x, —1 = 0 = L, respectively.
Therefore, we can write the Schrodinger equations with the periodic boundary conditions in the
following form: fork =1,..., N

— Z (X + en, T]A;, + ¥[x — ey, 7]4,,) — (F]x+ e, T)AT + ¥[x — e, 0l4;)
m=1

m#k

+A3(U(L 2N) + U Z (2 — xm)3(01 # O) —E)‘f’[x,ﬁ] =0, for xp=1,L (3.347)

I,m=1
I<m
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The Bethe ansatz can be written similarly: introducing Q and P from Gy we divide the coordinate
space (x1, ..., xn) into N! sectors: for the sector Q: xg(1) < ... < xg(n) we define ¥[x, 7] as

Yolx, o] = Y (-1)Ploz(PQ, P~1)eT*x (3.3.48)
PeGy

where ki,....ky are unequal complex numbers, the Bethe roots, and Pkx = YN, kp(;)xi- The symbol
[P] stands for the signature of the P-permutation: for example [PI1; 1] = [P] + 1.
In the non-interacting case: xg(1) << ... << xg(y) We get immediately the energy:

-2 Z cos(ky,) +U(L —2N)/4 (3.3.49)

Next we consider different cases in order to find the relations between ®z(PQ, P~1): 1) two iden-
tical particles on the neighbouring sites, 2) two electrons with different spins on the same site.

1. Let among the electrons, for certain integers 1 < i,j < N, we have 0Q3) = 9Q(j)- The wave-
function in this case should be antisymmetric with respect to this particles. It implies that :

®z(PQ,P™) = &x(PQ, (PIg(;q()) ) (3.3.50)

where I1,, is the permutation of objects a and b.
Let us now consider the sector xg(1) << ... << xg() < Xg(ir1) << ... << xg(n) With xg(;) =
xQ(i+1) — 1, similarly we get

®7(PQ, P1) = &y (PQIT;i 41, (P 0(i11) ) (3.3.51)
The combination of these two relations leads to
r(I1,,PQ, P~1) = &x(PQ,PY) (3.3.52)
witha = PQ(i), b = PQ(i + 1).

2. The case of two electrons with different spins, 0 ;) # 0g(i4+1)- We have the continuity condition
for ¥olx,0]: ¥g[x, 0] = Yom,,,[x,0] with xg4 = xg(iy1), what leads to the following relation

ii+1

between the cooeficients @;(PQ, P~1):

®7(PQ, P~') — Px(PQITjit1, (P ;) 0(i41) ') = Po(PQILjis1, P~) — @5(PQ, (PIg;)03i+1)) ")
(3.3.53)

There is also a relation coming from the Schrodinger equation with xq(;y = xg(i11):

(¢ 47010 4 U1)p(PQ, P~) + (¢ 100 4 eM0150) 05 (PQ, (P i1) ™ =
= (e*rat) 4 = *r0it1) )y (PQIT;i 1, P71 + (e *rati 4 e*roisn) 4 U Py (PQIT 41, (PHQ(i)Q(iJrl))il)
(3.3.54)

We can combine it with (3.3.27) and we have the relations between the coefficients &,(PQ, P~1).
In the matrix form it is

(%?ﬁigag?ﬁig))—lo - (Zz rZi) < Z;T((QP? Z;)) )> (3.3.55)
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witha = PQ(i), b = PQ(i+ 1) and

2i(Ag — Ap) u

tap = _U—Zi(/\a — ) Tap = U—2i(hs = Ag)’ Ay = sink, (3.3.56)

All these relations can be collected in a compact matrix form if we define a vector, for P’ = PQ €
Gyand Q' = P! € By,
Z (P, Q ]‘[ e, (3.3.57)
i=1
here the summation is also a direct sum over all types of excitations and all corresponding sectors.

The vector [TY, e ' belongs to the tensor product V; ® ... ® Vi, where the space V is spanned by
{e, et} (see footnote 8) and represents one type of the N excitations. The ordering of the particles is

. Toriy .
chosen such that, for Q' = id, the vector Hi]\il e; 0 s taken as
Ny N,

N
[[fi=c®. . ®doe. . 0e (3.3.58)
i=1

with N; is the number of spin ¢ particles.
Thus, the relations between the coefficients ®7(PQ, P~!) can be expressed in a compact form:

B(1T,,P) = S'}) (ko k) B(P) (3.3.59)

where Sg}) (ka, kp) € End(V1) @ End(V2) ® ... ® End(Vy) (simply denoted by Sii) in the following) acts
non-trivially on the elementary vectors eZQ/(”)eZQ/<b) under the conditions (P’)~!(a) — (P')~'(b) = —1.

In the matrix form SS]) (kq, kp) is given by:

@ ( abPQ) 1 @D,

(1) (B Q)
Pyl Q) | _ tab  Tap D41 (P, Q) (33.60)
‘P( t)( P, QIzp) Tab tab D1, (P, QIp) o
( , ( 11D, Q) 1 (p(i,J,) (P/ Q)
hence if 0y ;) = () one has relations between @’s given by the 1st and the 4th lines, whereas if
0Q/(a) # 0 - the relations come from the 2nd and the 3rd lines.

If we take k, equal k;, we have the regularity property of the matrix 515117) (ka, kp):

S (ko ka) = Py (3.3.61)

where P, is the permutation matrix acting non-trivially on the spaces V, and V.
More generally using the definitions of t,, and 7, (3.3.56) and their property t,, + r;, = 1 one can

write the matrix Sg) (ka, kp) as

Sc(zi) (ka’ kb) = tap <kﬂl kb)Htlb + Tap (ka; kb)sz (3362)

here we explicitly noted the dependence on spectral parameters.
Thus, the action of this S-matrix can be presented also as

S (ka, ky)eGe] = efef, forany o, (3.3.63)
U (ka, kp)eSer = top(ka, kp)eSel + rap (ko kp)ele], for o # T (3.3.64)
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This matrix is unitary:
S (ka, ) S}y (Ko, ko) = Top (3.3.65)
(1)

One of the important properties of S ai (ka, kp) that it satisfies the Yang—Baxter equation:

S (k1 k) S (K, k3) S (ko ks) = S (ko ka)SEY) (K, Ka) S (K, Ko ) (3.3.66)

The last condition which ¥[x, o] should satisfy is the periodicity condition (3.3.47). One can
show that they are similar to the case N = 2 (3.3.35) and for any N are written in the form:

IFQCN [X — eQ(N)L, E] = Y/Q [X, 5] . (3367)

where Cy = Ilnj...JInyNn-1 is the cyclic permutation in Gy.
In terms of ®(P) one gets
&(PCy) = e*rvl(P). (3.3.68)
On the one hand we have PCy = IIp1)pnyIIp2)p(n)--IIp(v—1)p(n) P and we want to use the S-
matrix relations (3.3.59). It is easy to prove thata = P(1) and b = P(N) satisfy P~1(a) — P~1(b) = -1
with P = ITp)p(ny--IIp(n—1)p(v) P- Hence, this allows to use (3.3.59) and we obtain:

S(ITpayp(n) Lp) p(N) -+ T Ip(N—1)p(N) P) = 51(31()1)p(N)@(HP(Z)P(N)---HP(Nfl)P(N)P) (3.3.69)

Similarly, one can find that for a = P(i) and b = P(N) the relation P~!(a) — P~1(b) = —1is also
satisfied with now P = Ipip1ypny--IIp(n—1)p(v) P for any i = 1...N — 1. Therefore, we get

; —cM (1) (1) 2
(D(HP(l)P(N)HP(Z)P(N)"'HP(Nfl)P(N)P) - SP(l)P(N)SP(Z)P(N)"'SP(N—l)P(N)(p(P) (3.3.70)
On the other hand, when we choose P = CII:]]_j with j = 1,2,...N and use the recurrence coming
from (3.3.68) we obtain:

‘ o ‘ o . . o N= .
d(cy M) = elitd(cy ) = eitekintd(cy T = .. = ek T el d(id) . (3.3.71)
m=1
indeed, we conclude that @(C%ij ) = HZ;{ e*itnl b (id). Moreover, the following relations could be

useful later Ci\][_j(m) = mod (m+j—N,N)foranym,j=1,..,N.
Thus, combining two results we obtain again a system of equations on the coefficients & (id)
which is called the "auxiliary problem":

H].(l)gf)(id) =Nild(id), j=1,..,N

with H" =5 sl . s{st) st (33.72)

where we omitted the arguments of the S-matrices, Sg) = Slgi) (ka, kp)-
The auxiliary problem is a set of equations which represent a new eigenvalue and eigenvector

problem. These new Hamiltonians H ]-(1) can be interpreted as the particle j scatters with all the rest

particles on the ring. The spectra Aj of these new Hamiltonians H ].(1) will give the Bethe equations

Aj = eiL. The eigenvector will give new relations between the coefficients ®(id) which allows in
the end to find the eigenvector of the Hubbard model. In the next subsection we will see that these
new Hamiltonians commute and, thus, one can diagonalize only one of them. We will review also
the Algebraic Bethe Ansatz method to perform this diagonalization.
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Example of N = 3 excitations

In this subsection we give explicit details on the construction of ®(P). At first reading this description
can be skipped, reader can go directly to the next subsection.
In the case when N = 3, the Bethe ansatz is given by

Yolx ol = Y (-1)Plex(PQ, P! ]‘[elkp (3.3.73)

Pe6;

with o = (0’1, 0y, 0’3).

For any o =1, | there are 4 possible cases {(1,1,1); (1, 1,4); (1,1, 4); (1,4, }) } and only 2 basic
cases exists: {(1,1,71); (1,1, )} The rest is connected by the symmetry between the spin up and spin
down.

Case 7 = (1,1, 1): we want to find how many independent coefficients ®z(PQ, P~1) exist in the
Bethe ansatz. At first we remark that there is only one sector Q = id: x; < x; < x3, thus we have
only ®@5(P, P~!) coefficients. Secondly, one should use the relations (3.3.50):

Oz(P,P~1) = Oz(P, P~ p(;) p(j) (3.3.74)

It is possible to show using the fact that any permutation element P can be written as a product
of permutations IT;j, hence one can find using the above expression that all coefficients ®z(P,P~!) =
@5 (P, id). For N = 3, it is not hard to verify this statement.

Thus, the Bethe ansatz can be written intermediately as

3 .
Yolx, o] = Y. (-1)P@z(Pid) [T e*rox
Pe6; m=1
In the next step we will use the relations (3.3.51):
@y (IT,pP, P~ I1,y) = Dg(P,P7) (33.75)

with a = P(i), b = P(i + 1) to constrain more the coefficients @z(P, id)
By similar arguments on the structure of P one can prove that for any P using two previous
relation we get Ox(P, id) = Pg(id, id). For N = 3 we can give an example: for P = Iy,

@ (H23H12, ld) (H13H23, ld) @E(Hzg, ld) = @E(id, Zd) (3376)

where we used 1) ITy3ITi; = IT1311p; then 2) supposing that P = I'Tp3 and P(1) = 1, P(2) = 3 we use
(3.3.51): @5(Ilp1) p2)P,id) = P(P,id). And 3) similarly, let P = id and P(2) = 2, P(3) = 3 we use
again (3.3.51): @x(I1p() p3) P, id) = Pg(P,id).

Finally, we find the Bethe ansatz in this case:

¥[x, 7] = o(id, id) ( pikx _ pilTigkox _ yillskx 4 oilTipllskx 4 oillsITkx _ eiH13k.x) (3.3.77)

t J
with & = (1,1,1) and Ik = (..., ﬁj, )
Case = (1,1, ): again we want to find how many independent coefficients ®7(PQ, P~!) exist in
the Bethe ansatz. There are 36 coefficients related to 6 sectors Q and 6 permutations P. For identical
particles one should use again the relations (3.3.50):

@7(PQ, P™1) = @5(PQ, P~ Ipg(p)pq(j)) (3.3.78)
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when 0 ;) = 0gj)-
Using this relation one can prove that foro = (1,1, 1):

O57(Q, IT1n) = P5(Q,id), Pr(I13Q, IT1pIT3) = Py(I13Q, I123) (3.3.79)

and
O (IT13Q, Ix31112) = Px(I113Q, I13) (3.3.80)

thus we have for the moment 18 independant coefficients. A similar situation appears in general
case.
Moreover, we should use also the relations (3.3.52) and (3.3.55): for 0(;) = 0g(i11)

z(IT,,PQ, P™') = &z(PQ, P ™) (3.3.81)

and for o) # 0Q(i+1)
(I PQ, P1) =ty Po(PQ, P~1) + 1oy Po(PQ, P~ ' I,y), (3.3.82)
qDE(ITabPQ/ P_lnub) = rub%(PQ/ P_l) + tab(DE(PQ/ P_lnab)~ (3383)

witha = PQ(i), b = PQ(i + 1).
It can be shown that all coefficients ®7(PQ, P~1) can be generated by @z (id, id), ®z(id, ITp3) and
&5 (id, ITy3). For example:

Oy (I3l Tp, ITi3) = t13P5(I1p3, id) + 113D (1123, ITh3) (3.3.84)

it can be seen if supposing PQ = II3, P~1 = IT;5 then ITpg),po@) = Ihs and oo(1) #* 70(2)
use one of the above relations and get the result.The coefficients @z(I1y3, id) and @5 (Hzg, I13) can be
decomposed:

@(Hzg, ld) = tzg,@(l'd ld) + 1’23@5(id, H23) (3385)

with PQ = id, P! = id, IIpg(2),po(3) = T2z and 02y # 03y and
D5(I1p3, I113) = Px(id, [T13) (3.3.86)

with PQ =1id, p1= I3, HPQ(Z),PQ(S) = II3 and 0Q(2) = 0Q(3)-

Vector ®(P) and S-matrix. Here we will write explicitly the vector &(P) and the matrix Sﬁ) (ka, kp)
for N = 3. Following the definition of ®(P) given by:

Zcp (P, Q H e, 20 (3.3.87)

i=1

here the summation is a direct sum is over all types of excitations and all corresponding sectors. The

vector [T, e?Ql(i) belongs to Vi ® ... ® Vi, where V is spanned by {e', e} and represents one type of
N excitations. One can represent e = ¢! and e* = ¢? with ¢’ - elementary vector, thus [T;_; eUQ,(i) i

vector of size 8 with 1 on some place determined by oo/ (i) and 0 on the rest. For example, eIe%eg isa

vector (0,0[1,00,0[0,0)T and efese] is a vector (0,0(0,0]0,0]1,0).
Therefore, the vector @(P ) is

1S

@(P) = elegfg@(? 1) (P ld) + eIeEeé@(T 4) (P, ld) + EIE%EQ@(T,T’U (P, H23) +
eresesPir, 1) (P id) + efejei by g,y (P Ths) + eyees @,y 1) (P 1)
teieselP(,,1) (P TTs) + efeses b,y 1) (P id) =
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= (@) (B id), Dy (Bid) | iy (B ITas), By ) (Pid) |

T
Py 4,1 (P I113), Py, (P IIn) | Dp 1) (P ITs), Dy (P id))

Now we will show in the case of N = 3 how to derive the relation (3.3.59):
S(IT,,P) = S} (ke k) B(P) (3.3.88)

where Sﬁ) (ka, kp) € End(V7) ® End(V2) ® ... ® End(Vy) (simply denoted by Sﬁ) in the following) acts
non-trivially on the elementary vectors eZQI(a)eZQ,<h> with the conditions (P')~!(a) — (P")~!(b) = —1.
Here P’ and Q' are the elements of the permutation group and prime denotes that there are relations
with P and Q introduced in the Bethe ansatz: Q' = P~! and P’ = PQ. Later we will denote by P and
Q any permutation.

Firstly, we can write the relations (3.3.52) and (3.3.55) in general:

G5 (ITpP, Q) = Ly P (P, Q) + PapPo(P, QIT,p), (3.3.89)
with
A 1, if — B 0, y B
(Q,7) = 100 T YW and 7,4(Q,7) = 190 = 9Q() (3.3.90)
ta, if 0g@) # 0o rap, i o) # 00)

Then we can rewrite &(I1,;,P) as
3
IQ(m T0(a 0
& (I1,,P) Zcp TP Q) [T en™ = Y @e(I1apP, Q) (...0a%” .0, 2" ) =
m=1 7,0

- Z Fp@a(P, Q) + Pap Per(P, QILp) ) (-r2 ey 0)

then we separate the sums into two and shift the summation variable Q by QI1,;, in the second term.
Indeed, the parameters f,;, and 7, are invariant by this shift and we can write then

d(I1,P) = Z@;(P,Q)(fab(...eZQ(”)...eZQ(b)...)+?ab(...e,f@(b)...eZQ(”)...)>zsﬁ)(kmkb)@(P).
F/Q

. (Y 00(a
where the S-matrix acts on ¢,°", ¢,° as
1 T0(a To(b 2 T0(a oo . To To(a
Sc(zb)(kal kb)("-euQ( )"'ebQ( )) = tab(---eaQ< >---€bQ( )> + rab(...eaQ< )"'ebQ< )> (3.3.91)

and it shows that sz? (ka,kp) € End(V7) ® End(V,) ® End(V3) acts non-trivially only on a and b
particles. This result can be similarly done for any N.

We will give an example: ®(IT;,) = Sg) (k1, k)@ (id). Hence, in the matrix form it can be written

as
(T 1) (T, id) 1 D) (1d, id)
(T ) (HIZI ld) 1 (D(TrTri) (ld, Zd)
T 1,1y (12, I13) ta 2 P1,1,4) (i, T3)
(T d) (I1z, id) — t1 "2 (D(T D) (id, id) (3.3.92)
@ T p(Tho, Thz) | 12 t12 D41, (id, [T13) -
T 1) (o, ITp) 12 t1o P4, (id, ITho)
TiJ, (le, H13) 1 @(T,%\L)(id,ﬂm
Dy,1,1) (I, id) 1 Py, (id, id)

(1)

and we see that S;,” acts on non-trivially on the 1st and the 2nd spaces.
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3.3.2 Level 2. Algebraic Bethe ansatz method

In this section we describe a method how to diagonalize the auxiliary problem’s Hamiltonian. We
briefly recall that considering the Hubbard Hamiltonian, the periodic boundary conditions lead to
the system of equations (3.3.72). The solution of this system provide the Bethe equations for the
Hubbard model.

The idea is that, at first, one can connect H ].(1)

easy to show that all H ].(1)

to a more general object T(u) and using that it is

mutually commute for any j. Then, using a technique one can diagonalize
T(u) and find its eigenvalues and eigenvectors. This method is called Algebraic Bethe Ansatz.

(1)

The new Hamiltonians H ; are given by the expression (3.3.72):

HY _ g g1 gt o)

I JALj 742, 0N P 0 (3.3.93)

At first, we recall one of the properties of Sf}) (ki k;): SZ-(}) (ki, ki) = P,y is the permutation operator.
Now we consider the transfer matrix 7(u) defined by

(1) = Trg (s;}g (kj, 1) S, o (i1, 1) S\ (k1) 310 (ky, )81, (s, u)) (3.3.94)

where the trace is taken over some "auxiliary" space 0.

(1),

Indeed, one can see that 7(k;) is related to H;": using Tro(Poj) =1

T(kj) = Tro(RosSith o (ki1 ki)--Sip (k. k) STQ (ki K)o S o (ki1 Ky) ) =
(
]

1 1 1 1
= Tro ({2 (ki ki) SNk, k) ST (ke ). S1Y, (K1, ki) o) = HYY

Next, one can show that 7(u) commute with 7(v) for any 1 and v. One should use the property
that Sl.(].l) (ki, kj, u) = S](l1 ) (k]-, k;, —U), where we noted also the dependence on the Hubbard coupling
(1)

constant U. Hence, we can see that the Hamiltonians H j commute.

Algebraic Bethe ansatz. As we have just seen the Hamiltonians of the auxiliary problem are re-
lated to the transfer matrix 7(u) which represent the XXX spin chain with inhomogeneities. Indeed,

the matrix 582 (u,ky) plays the role of the R-matrix and the parameters k; with i = 1,.., N are in-

homogeneity parameters and u is the spectral parameter. Contrarily to the homogeneous case, the
Hamiltonian can not be obtained taking the derivation on the spectral parameter of the logarithm of

the transfer matrix in the special point. The object To(u, {k}) = S ])(u k; )S(() ])+1(”' k]-+1)...5~(()/11)\,(u, kn)
So (u,k1)...S5) (u, k1) with
SN&)(u,ki) = S(()’li)(u, ki)‘uﬁ_u

corresponds to the monodromy matrix. Sometimes it can be presented in the matrix form as

To(u, {k}) = (éEZ; g%) (3.3.95)

The entries A, B, C and D are huge 2V x 2N matrices which represent the spin chain structure. How-
ever, in general, A, B, C and D consist of some algebra generators.

40



As in the R-matrix formalism it can be easily proven that the monodromy matrix To(u, {k}) sat-
isfies the RTT relation:

Sy (11, 0)To(u, {k}) Ty (0, {k}) = T (0, {k}) To(ut, {k})Sy (11, 0) (3.3.96)

In the following we review the Algebraic Bethe Ansatz method how to diagonalize the transfer
matrix. This method is a general approach in solving the integrable models and it is applicable for a
lot of spin chains. That is why we prefer to use it in this case. At first step as in the Coordinate Bethe
ansatz we choose the reference state as the tensor product of local pseudo-vacuums:

N
Q=]]wi (3.3.97)
i=1
with w; = eiT and defined as
(1) N (lwi x
So,; (u,ki)w; = < 0 fmwi> (3.3.98)

where by * we denote the action of corresponding part of matrix SZ%) on "vacuum" w;. Here also
noted fo; = tig(k;, u).

The monodromy matrix acting on the reference state gives the following

To(u, {k})Q2 = (‘02 d(u*) Q) (3.3.99)

where again we denoted B(u)(2 = * and d(u) here is the eigenvalue of D(u) acting on the reference
state, d(u) = TN, Foi(u, k;). Hence, we see that the reference state is the eigenvector of the transfer
matrix 7(u) = A(u) + D(u) and its eigenvalue equals to

Tw)Q = (1+ ﬁfOi)Q (3.3.100)
=1

and therefore H].(l)Q = (2. Indeed, that Hf\il foi = 0 due to tij (kj, ki) = 0.
We can remark that B(u) and C(u) play the role of the excitation creation and annihilation oper-
ators. Thus, the M-excitations function is given by

(PM({MZ}) = B(ul)B(uM)Q (33101)

When the transfer matrix 7(u) acts on @p;({u;}) one should use the commutation relations be-
tween A(u) and B(v) (similarly between D(u) and B(v)) in order to let A(u) and D(u) pass through
the creation operators B(u;). Now we stop for the moment our discussion and find these commu-
tation relations. Apparently, they comes from the RTT relation for the monodromy matrix (3.3.96).
For a moment we will denote the entries of Ty(u, {k}), the elements A(u), B(u), C(u) and D(u) by

T (u), T?(u), T*(u) and T*(u) correspondingly, therefore from the RTT relation one gets
(o E§Efy -+ FoorEq Ey ) (T™" (w)EG™) (T (0) EF') = (T (@) EF') (T () E§'™) (Fow ES EY) + To g Ey)

where E,ilj is an elementary matrix on the site a.
Expanding the terms and projecting the results on the E EX one can get:

ij Foo (1, 0) ' i j i
[T (1), TV (v)] = —M(Tk](u)Tl(v) - ka(v)Tl(u)) (3.3.102)
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what is the Yangian commutation relations.
Thus, the relations we are interested in can be deduced from above:

A(1)B(o) = WB(U)A(u) + Ms(um@) (33.103)
and -
D(u)B(v) = WB(U)D(M) - MB(H)D(U) (3.3.104)

We use these commutation relations to calculate the result of 7(u) on @p({u;}). Indeed, when
A(u) and D(u) pass throught B(u;), each of them produce 2 terms. We will have one so-called
"wanted" term proportional to ®y({u;}) and plenty of other terms. The latter is called "unwanted"
terms and they should vanish due to the corresponding Bethe equations. Thus, we have

M
T(u)Pp({ui}) = Au, {u;})B(uq)...B(up)Q + 2—31 Ky (1, {u;}) B(uy)...B(thyy = u)...B(upg) Q2

(3.3.105)

We want to determine more precisely the eigenvalue of 7(u) with u = k; and this implies that

d(k;) = 0. It means that the contribution to wanted term coming from the D(k;) operator is equal to
zero. Thus, in this case due to (3.3.103) we have the eigenvalue A(u, {u;}) equals

M a; —sin(k;) — ill /4

Akj, {ui}) Ht (u;, k I—! a;—sin(ky) 1 iUi/4 (3.3.106)

where we changed the notations for the new Bethe roots u;: sin(u;) = a; 4+ ill /4.

The coefficients Ky, (kj, {u;}) can be calculated using the original arguments of the paper on the
Quantum Inverse Scattering Method by L.Faddeev and L.Takhtajan [68] or see the book of V.E. Ko-
repin, N.M. Bogoliubov, A.G. Izergin, [12]. The property that the operators B(u) and B(v) com-
mute yields the 'symmetry” between the coefficients K, (u, {u;}). Let us rewrite the eigenfunction
®p({u;}) in the form:

m({ui}) = B(um H B(ux)Q (3.3.107)
k;ém
When the operator A(k;) (or D(k;)) passes B(u;;) in @p({u;}) we get the unwanted term in the
form:

70m(k]', Mm) M
Akj)Pm({ui}) = (tOm(k]um)> B(k;) A(ttm) HB(uk)Q (3.3.108)
K
D(kj)®m({ui}) = — (W) Aty HB 1) Q (3.3.109)
k#m

In order to obtain the coefficient K, (k;, {1;}) the operator A(u,,) should pass through [ B(u)(2
without producing the unwanted terms, otherwise the unwanted term would not correspond to
Ky (kj, {u;}). Thus, we obtain

. M M
Ak ({u)) = (W)H<W) )18t 63110)
I#£m ketm
D(kj)@m({ui}) = —d(um) (W) [] < T G t) ) B(ug)Q (3.3.111)
I ’}1
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and therefore the coefficients Ky, (kj, {u;}) forany m = 1,..M

Fom (K:, 1) M 1
Km(kf'{”f}):<w>(g<ww>‘d“m U( ) G

I#£m I#m
Finally, we obtain the Bethe equations fori =1, ..., M

a; —sin(k;) +il/4  Moa;—a +ill/2

N
Eal—sm( ki) —il/4 +ra;—a —il/2

(3.3.113)

I£i

One should mention that number of excitations M is restricted by condition M < N/2 due to

"highest weight" properties of vectors @ ({u;}). Namely, at first one can easily see that SZ-(]-l) has su(2)

symmetry, e.g commute with the represented coproduct A;;(g) where g € su(2): [Sfjl), gi+g] =0

Then, one can find that [Ty (u, {k}), o + g1..- + gn] = 0. The generators of su(2) algebra can be written
asst =Y N, EP,s7 =Y N, E?lands® = YN, (E}! — E??), they acts on the tensor product of N vector
spaces. Due to the highest weight properties of the vacuum (2, one finds that s™(2 = 0. Moreover, it
can be proven that s™ @y ({u;}) = 0 using the commutation relations from [B(u),s"] = D(u) — A(u)
and the Bethe equations (3.3.113). The latter result means that @s({u;}) are the highest weight
vectors with non-negative values of s%: s3®y({u;}) = (N — 2M)®p({u;}). All eigenvectors can be
obtained by acting on ®p({u;}) with s—.

These results conclude the resolution of the level 2 auxiliary problem. Thus, we have found the
eigenvalues A; and the eigenfunctions ®y¢({u;}) of the matrix 7(k;) which is directly related to the

auxiliary Hamiltonians H ;1) = 7(kj):

HY oy ({ui}) = Alky, {u:})y({u;}) with (3.3.114)
@M({ui}) = B(ul)...B(uM)Q (33115)

under conditions (3.3.113).

The connection between ®(id) given in (3.3.72) and ®u1({u;}) can be established writing explic-
itly the operator B(u) as a matrix and associating 2 with @, _ 4 (id, id) Y, ej. For more details on
the construction of the eigenvectors see [51, 55].

Results for the Hubbard model. In this paragraph we summarize the obtained results for the
Hubbard model: the Bethe equations and the energy. The Hubbard Hamiltonian is

u L
Y (chocivre +cfiaoic) + 3 L =2m)(1=2n,), L+1=1  (33.116)
o=1,) i=1

HHub = -

M-

Il
—_

1

Its eigenvectors ¢ [0] are parametrized by the Bethe roots k; fori = 1,..., Nand 4; forI =1, ..., M,
however the energy depends only on one type of the Bethe roots and is given by

=2 Z cos(ky,) +U(L —2N)/4 (3.3.117)
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The quantifications of the Bethe roots is given by the following system of equations (the Lieb-Wu
equations):

M g, —sin(k;) —ill/4
ik;L ! ]
= 3.11
=1 ) T (3.3.118)
N . k + :u 4 M L .
e sin(ky) +itl/4 _ | RS (33.119)
e sin(k;) —ill/4 I G~ — iuy/2

forj=1,.,Nandi=1,.. M.
Indeed, the obtained results in this point do not end the resolution of the Hubbard model, but we
stop here for a moment to discuss different approaches to get the same results.

On algebraic methods for Hubbard model

As it was said in very begining, the Bethe equations for the Hubbard model were firstly derived by
E.H.Lieb and FY.Wu in 1968 using the Coordinate Bethe ansatz technique. However at that time it
was not possible to say whether the Hubbard model is integrable or not, the R-matrix formalism and
Shasty’s R-matrix have appeared later. The Algebraic Bethe ansatz was developed in 80s and it allows
to find the spectrum and the eigenfunctions of a more general object which consists the Hamiltonian.
Regardless its complexity this approach is considered to be more general than the Coordinate Bethe
ansatz due to the "algebraic foundation" behind the R-matrix. Indeed, in general RTT relations define
the commutation relations for the generators T of an Hopf algebra, then choosing the representation
of the generators T, one can construct a matrix object which consists of the Hamiltonian. Indeed, the
choice of the representation defines different models of the same "class" of models. Comparing with
the level 2 of the nested Bethe ansatz approach we used in the previous subsection, the RTT relations
in that case define the Yangian algebra. Then, we used the fundamental representation of the Yangian
algebra and constructed the generators T as a product of the R-matrices with additional parameters.

Inspite of the progress made in the resolution of various models via the Algebraic Bethe ansatz,
the Hubbard model has stayed aside until the work of M.J.Martins and P.B.Ramos [69]. Almost at
the same time a similar method using analytical ansatz was proposed by T.Deguchi and R.Yue in
[70]. In [69], the Algebraic method was used to derive the Bethe equations. Due to complexity of the
commutation relations the main difficulty is to write properly all "wanted" and "unwanted" terms in
the general case of N excitations.

3.4 Solutions of Lieb-Wu equations

The Lieb-Wu equations arise in the resolution via the Coordinate Bethe ansatz of the one-dimensional
Hubbard model. The solutions of these equations allows to calculate the eigenvectors and the values
of the spectrum. One can also give the answer on the completeness of the ansatz. However, com-
monly in the treatment of the Bethe equations, the thermodynamic limit and the string hypothesis
are used to find the solutions. In 1972 the classification of the solutions of the Lieb-Wu equations
was proposed by M.Takahashi [49], which is referred as "Takahashi’s string hypothesis". Using this
hypothesis it is possible to obtain a set of nonlinear integral equations that determines the thermo-
dynamics of the Hubbard model. Solving these equations in some limiting cases, M.Takahashi was
able to calculate the low temperature specific heat in [50].
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Further analysis of the Lieb-Wu equations was done by FWoynarovich in 80’s in [51]. He resumed
the study of the excitation spectrum of the Hubbard model, gave a detailed analysis of the charge
excitations at half-filling and he presented the explicit form of the Bethe ansatz wavefunction.

The proof of completeness of the Bethe ansatz was given in [52] and it is based on Takahashi’s
string hypothesis and the so(4) symmetry. More precisely, it was found that the eigenfunction
in the Bethe ansatz ¥ (N, Nt) is the lowest weight state of the so(4) symmetry (3.2.24),(3.2.24):
C¥(Net, Net) = 0, #¥(Net, Net) = 0. The action of the raising operators {* and 7" on ¥ (N,t, N,y)
leads to new states which are not predicted by the Lieb-Wu equations. Therefore, the combinatorics
due to the Lieb-Wu equations with Takahashi’s string hypothesis and the so(4) symmetry gives the
necessary result 4°. We remark that in the case when L is odd one can introduce some operators
which allows together with the remaining su(2) symmetry to obtain all states from those predicted
by the Bethe ansatz, seei.g. [71].

In the following sections we consider Lieb and Wu original approach to solve the Lieb-Wu equa-
tions. We suppose all Bethe roots to be real and take the thermodynamic limit L — oo, infinite lattice
with constant particle densities. In that limit the Lieb-Wu equations can be rewritten in form of in-
tegrals. At the half-filing limit when number of spin up particles equals the number of spin down
particles and is a half of the lenght of the lattice, we will write the ground state energy and the root
densities.

3.4.1 Real solutions of the Lieb-Wu equations
The Lieb-Wu equations obtained in (3.3.119) are written as
_ IMIEZZ —sin(k;) —ill/4
 yai—sin(ky) +iU/4

1_[ — sin( ])+iU/4__M a;—a;+il/2 (34.1)
i1 @i —sin(k;) — il /4 N a; —a; —il/2 -

I=1

forj=1,.,Nandi=1,.. M.
We suppose that the Bethe roots k; and a4; are reals and ordered: k1 < ky < ... < ky and a1 <
a3... < ap. In addition, k; are defined in the sector between —7 and 7t whereas 4; are not restricted.
Firstly, we define a new function 6(x) such that

2
f(x) = -2 arctan(ﬁx) (3.4.2)
here arctan is considered to be bounded by —7/2 < arctan(x) < 71/2.

This function 6(x) can be related to the log of a complex function.

1 X +ic x
z log(x — ic) =7m— 2arctan(;) (3.4.3)

with x,¢c > 0.
Now we can analyze the Lieb-Wu equations. We take the logarithm and use (3.4.3) with the
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introduced function 6(x):

, 1 —sink; —ill/4, , M M o
1. kL=2nl +Z log (" _smk +iu/4) —Zn(1j+ : ) +;9(2smk] 2a;)
N .
1 smk- —ilu/4 iu/2
2. -1 =2 71 _
];z og( a; — sink; +1U/4) 7r]l+7r+2 8 —al+zU/2)_>
N N 1 M
Y 6(2sinkj —2a )—ZH(]Z———FM;) Y 6(a; —ay)
j=1 =1
where I](, Ji are integers.
Thus, finally we get
M
kiL = 2mlj+ ) 6(2sink; — 2a;) (3.4.4)
i=1
N
Y 0(2sink; — 2a;) = 271]; — 29 —a) (3.4.5)

=i

where we introduced variables I;, J;. After redefinition we see that: i) I; is integer if M is even and
half-integer if M is odd; ii) J; is integer if N — M + 1 is even and half-integer if N — M + 1 is odd.

The integers I}, J; count different solutions for k;, a; of the logarithmic Lieb-Wu equations (3.4.4),
(3.4.5)!9 and their permitted values can be determined by the procedure introduced by C.N.Yang and
C.P.Yang in [36]. Introducing the counting functions I(k) and J(a) defined by

14 .
I(k) =k — Z;H(Zsmk—Zai), (3.4.6)
1 M
6(2sink; —2a) + - Y 0(a—a) (3.4.7)
I=1

J(a) =

Mz

1
L

Il
_

j

and evaluated in the points I(k;) = 27tI;/L and J(a;) = 27t];/ L. The crucial property of I(k) and J(a)
is that they are monotonically increasing functions of their arguments!!.

The range of I; can be found using the property that the logarithmic Lieb-Wu equations are “in-
variant’ shifting k; — k; + 27, which implies I(k + 271) — I(k) = 27t. For k defined in —7t to 77 we get
I(r) — I(—m) = 27 and finally, one gets

L L
_ < _ 4.
S <li<s (3.4.8)

A similar analysis can be performed for the second equation: namely J; < 5= lim,0(J(a)) and

Ji > % lim, o (J(a)):

J(a)|ame0 = %<Z7TN —2n(M — 1))

T(@)]as oo = %( 27N +21(M - 1))

19For detailed analysis of the Lieb-Wu equations and correspondence with the logarithmic ones reader is
refered to [54] or [55].
'We assume here that LU > 8.

46



Figure 3.1: Left. Plot of the first logarithmic Lieb-Wu equation: y = kL and y = 27l +
6(2sin(k) —2a) for L =5, N =2and M = 1, the root a = 0.7 and U = 4. The 5 curves
correspond to the values I = —3,—3,—1,1, 3 of y = 271 4 0(2sin(k) — 2a).

Figure 3.2: Right. Plot of y = sink; —aand y = § cot(l%L) for L = 5, the root a = 0.7 and
u=4.

and thus we get
N-M+1 N-M+1
— f < ]i < f

The fact that I;, J; count different solutions for kj, a; one can see from taking the most simplest
example: M = 0 which implies k;L = 27t]; and the solutions are k; = 27t1;/ L with the condition 7t <
k; < 7, thus one value of [; corresponds one value of k;. Similarly, one can consider the situation M =
1 and N = 2. There is only one possible value of J; = 0, hence there is only one real solution for a;.
Considering roots k; and ky, they are distributed between — 7 and 7t such that k1 # ky. The integers
I; take half-integer values in between —L/2 and L/2, what leads to L!/(2!(L — 2)!) solutions for all
different roots ki and k». One can justify that ploting the first equation of the logarithmic Lieb-Wu
equations (3.4.4) and taking a; as a parameter. For example, L = 5 we have [; € {—g, —%, —%, %, %}
and comparing with figure 3.1 there 5 graphical solutions for k;. Using this example we can remark
a property of the counting functions I(k) and J(a). We have 5 solutions {41, 42, ...,45} of equation
kL = 27l + 6(2sin(k) — 2a), thus the quantity 277(I(g;) — I(q;))/ L with g; > g; gives the number of
possible solutions k in the interval [g;, q;.

A similar analysis of the logarithmic Lieb-Wu equations (3.4.4),(3.4.5) can be done for M = 1 and
any number N. We can rewrite the Lieb-Wu equations (3.4.1) in the form: i) we take the product on
all j = 1,..., N of the first equation and use the second equation, then ii) we solve directly the first
equation for sink; — a1, and finally we get

(3.4.9)

M=

Il
=

m
ki = 27rf, m=0,..,L—-1 (3.4.10)
]
. u kiL. .
sink; —ay = ) cot(]7), j=1,.,N (3.4.11)
The last equation can be easily solved graphically for the variable k; as a function of a1, see figure
3.2. Considering carefully the behavior of the curves depending on paramaters U and L, there is a
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condition, namely LU > 8, should be satisfied. This condition comes from the requirement to have
the unique intersection with each branch of the cotangent.

The total momentum P = Z]-I\il k; can be determined by the integers I; and J; using the logarithmic
Lieb-Wu equations (3.4.4), (3.4.5) and the antisymmetric property 6(—x) = —0(x), thus:

M

N N
Zg+%[: 6(2sink; — 2a;) 2”21 ZHZL (34.12)
j=1 j=1li=1

_2n
L

Due to the complexity in solving the logarithmic equations in general case, next step will be to
take the thermodynamic limit.

Thermodynamic limit. We consider the thermodynamic limit L, N, M — oo such that the densi-
ties N AL/I are constant. In this limit the real roots k; and 4; become close to each other: k; —k;j 1 — 0
and az —a;_1 — 0with L — oco. It can be seen from the following: considering (3.4.4) for kjand k;_1,

one can subtract these two equations, then the absolute value is

27'(’1] ] 1|

|kj — kja| = T

—Zw2mw—a)9QmW4—mN%Q with L — oo (3.4.13)

where the second term 1 Y, 6(2 sink; — a;) — 0(2sink;_; — a;)| can be bounded by 2% which goes
to zero in the limit L — oco. The first term similarly vanishes in the limit.
Considering (3.4.5), one can develop all terms consisting 4; in series on U >> 1: for example

. 2sink;—2a;
0(2sink; — 2a;) ~ — =" then we get

27t|Ji — Ji—1] u
L 2(N/L)— (M/L)+1/L

’Ell‘ - ai,l\ = — 0, withL — o0 (3.4.14)
Therefore, the roots k; and a; become continious parameters k and a, distributed in the sectors
between —Q,Q and respectively between —B,B. Here Q is the maximal value of k such that Q < 7
and B is the maximal value of a with B < oo.
Now, we can define the root densities p(k) and c(a) such that they give the number of roots k;
and g; in a small interval dk and da.

Lo(k)dk = number of solutions k in dk

Lo(a)da = number of solutions 4 in da

and they are normalized as

Q B
/p@ﬂ:fam‘Lf@sz (3.4.15)

On the other hand, we can relate these densities to the counting functions I(k) and J(a). More
precisely, for a given set of solutions of the logarithmic Lieb-Wu equations (3.4.4), (3.4.5) to each set
{k }] 1.8 ({aitiz L. M) corresponds a set of values {I; }] 1..N (respect1ve1y {]1}1 T M)- Whereas

..........
,,,,,

.....

occupied” values in the interval Where all I;’s are defined are refered as "holes". Thus, the particle’s
distribution p(k) is for k between —Q and Q. Now, using the counting functions, by their definitions:
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i) I(k + dk) — I(k) gives the number of all possible solutions k of (3.4.4) in the interval dk and ii)
J(a +da) — J(a) gives the number of possible solutions a of (3.4.5) in the interval da, it implies that
di(k) _ d] (a)
All these introductions are necessary to transform the logarithmic Lieb-Wu equations (3.4.4),
(3.4.5) into the integral equations on the densities p(k) and ¢ (a), which now play the role of the
Bethe roots k and a. Therefore, in the continuum limit the sums can be replaced by integrals:

=270 (a) (3.4.16)

1Y Q 1M B
L];f(kj) - /_Qf(k)P(k>dk and ng(ﬂi) — /_Bf(a)a(a)da

The equations (3.4.4), (3.4.5) in the continuum limit become

k=1(k)+ /_BB 0(2sink — 2a)c(a)da (3.4.17)
[ Z 6(2sink — 2a)o(k)dk = J(a) — [ i 0(a — ' )o(a')dd (3.4.18)
then one can take the derivatives with respect to the variables k and a and obtain
1= 2mo(k) — 2 cosk /_ Z 0'(2sink — 2a)o(a)da (3.4.19)
-2 /Z 0’ (2sink — 2a)p(k)dk = 270 (a) — /z 0 (a—a')o(a)da (3.4.20)
where 6/ (x) = dzl(:) = —1+(‘§;L/Iu)2.

The energy in the thermodynamic limit writes as
Q
E= 2L / cos(k) p(k)dk + U(L — 2N) /4 (3.4.21)
-Q

Thus, we have the integral equations on the densities p(k) and ¢ (a) to be determined with their
normalizations (3.4.15). The latter means that the normalization conditions determine values of Q
and B. However, even in this case one should use some special configurations of the model in order
to get solutions. Namely, it is possible to solve these equations in the half-filled limit.

Half-filled limit and the ground state. The "half-filled band" limit is the case when particles
spin up and down fill the whole lattice and the number of spin up particles equals the number of
spin down particles:

N=L and 2M =N (3.4.22)

Moreover, there is a theorem given by E.H.Lieb in [47] which states that the ground state is unique
for the half-filled band limit and L is even. In thermodynamic limit the last condition is not important.

In the half-filled band limit it is possible to get the exact values of Q and B. We will not rigorously
prove certain statements referring to [48], however we show how to get the values. Firstly, we obtain
Q = mt. Considering the normalization relations for the densities (3.4.15) and inserting the relation
(3.4.16) one finds:

1= /Zp(k)dk - %(1(@ ~1(-Q) (34.23)
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Next, we take (3.4.18) with the values k = Q, k = —Q and perform the subtraction using the
previous results for I(Q) — I(—Q):

B
2Q =2+ /7B dao(a) (9(2 sinQ —2a) +6(2sinQ + 2a)>

Assuming that o(a) is positive and decreasing for the all values of a, the unique solution of the
above equation is Q = 7.
Now we consider the equation (3.4.20) and we integrate it over a from —oo to +-co using [ _6'(x)dx =

—27t: 0 o 5
/_Qp(k)dk - (/_oo+/_3>a(a)da (34.24)
Next using the normalization equation (3.4.15) we obtain:
N —-2M —B o
= ( /_ o /B >a(a)da (3.4.25)

The RHS is positive due to properties of o(a) and equal zero when B — oo. Thus, if B < co then
N > 2M what contradicts to the half-filled band limit and thus the only solution we have is B = co.
Hence, in the half-filled band limit Q = 7 and B = co then the equations (3.4.19), (3.4.20) become:

1 = 270(k) — 2 cosk / " 9 (2sink — 2a)0(a)da (3.4.26)
-2 /n 60’ (2sink — 2a)p(k)dk = 2o (a) — /oo 0'(a—a")o(a")da (3.4.27)

—00

Inserting p(k) of the first equation into the second we get the equation on the density o(a):

— 2/ 6’ (2sink — 2a)%dk = 2mo(a) — / 0'(a—a')o(a")da' (3.4.28)

—00

the second term in RHS of (3.4.26) produce the integral of type | fn f (sink) cos kdk which is equal
zero.
The above equation can be solved by the Fourier transform:

0(w) :/ e (s)da (3.4.29)
hence the equation becomes
00 . 7 1 00 , 0
—2/ dae“"”/ ' (2 sink—Za)Edk = 2n0(w) —/ daelw“/ 0'(a—a)o(a)da —
—00 —7T - . —00 —00
/ dkef|w\U/4+zwsink _ 27'[@'((4)) (1 + ef\w|ll/2)
—7T

iwx
e

where [ dx 5 = e~ |l
The LHS of the above equation can be identified with the Bessel function Jo(w) = 1 foﬂ cos(w sin x)dx
therefore we obtain
Jo(w)

o(w) = 2 cosh(|w|U/4)

(3.4.30)
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and the inverse Fourier transformation gives:

1y cos(wa)fo(w)
o(a) = %/o dwm (3.4.31)

and respectively p(k) can be calculated from (3.4.26):

w) cos(w sin k)

ewu o (3.4.32)

p(k) = 21+2cosk/ '(2sink — 2a)o(a)da = COSk/ dw

We substitute these results into the expression of the energy (3.4.21) and it yields the ground state
energy:

E=—2L /Z cos(k) p(k)dk + U(L — 2N) /4 = 4L/ dwm FU(L—2N)/4 (3.4.33)
} e

where J1(w) = £ [1° dx cos(w sin x) cos? x is the Bessel function of order one.

One can simplify the expressions of the densities p(k) and ¢(a) considering some limits: i) no
interaction U = 0: p(k) = 1/7,0(a) = (1/27)(1 —a?)~/2 fora < 1 and zero otherwise. The ground
state energy is equal to E = —4L /7. ii) limit U = oo: p(k) = 5, 0(a) = 0 and the ground state
energy is E = 0.

Among the solutions of the Lieb-Wu equations, however there are not only real solutions, there
exist also complex solutions which can be arranged in the so-called "string" solutions in the thermo-

dynamic limit.

3.5 Applications in the AdS/CFT duality

In this section we give a brief review of applications of the one-dimensional Hubbard model in the
AdS/CFT duality'?>. Namely, the Hubbard Hamiltonian in the half-filled band limit was identified
with the dilatation operator of the N' = 4 super Yang-Mills theory in a certain approximation, [75],
[77], and Shastry’s R-matrix plays the role of the S-matrix in a subsector of the N/ = 4 super Yang-
Mills theory, [79]. However, certain discrepancies of the Hubbard model and more complete results
on the dilatation operator in the field theory have appeared,[77], what partly motivates the studies
of generalized Hubbard models. The latter will be considered in the next chapters.

Recent developments in quantum field theories has opened new unexpected directions for the
integrable systems. Starting from the paper of J.Minahan and K.Zarembo [73], in the test of the
AdS/CFT duality the integrability has made its appearance in the N' = 4 super Yang-Mills theory.
This observation appeared to be a first hint at a very deep connection between the intergrability and
the gauge/string correspondence. We should also mention that integrable spin chains have arised
earlier in the perturbative analysis of Regge scattering in the large-N QCD where the Bethe ansatz
techniques were extensively applied, [74].

12The AdS/CFT duality - the conjecture of the correspondence between the four-dimensional conformal
field theory N = 4 super Yang-Mills and the string theory on the AdS5 x S° geometry (the abbreviation AdSs
refers to an anti-de Sitter space in five dimensions, S° refers to a five-dimensional sphere). This conjectured
duality is the prime example of a more general assumption which states that certain four-dimensional quantum
gauge theories can be alternatively described in terms of closed strings moving in a ten-dimensional curved
spacetime. The latter one was proposed by J.Maldacena in 1997 [72] and since then it became an important
subject of research in gauge and string theories.
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There is a huge amount of literature on the AdS/CFT duality which can be used as reviews on the
subject [90] - [96]. In the following we will make a brief introduction to the AdS/CFT duality and we
speak about the ' = 4 super Yang-Mills theory. The connection between the integrability and the
N = 4 super Yang-Mills theory is established through the so-called dilatation operator. The latter is
mapped to integrable spin chains in some subsectors and approxiamations. Below we review some
details on the N/ = 4 super Yang-Mills theory and the dilatation operator.

N = 4 super Yang-Mills theory. This is a maximally supersymmetric non-abelian gauge theory
like the quantum chromodynamics theory (QCD) in 3+1 dimensions with SU(N) gauge group.
The matter content of the theory includes

i) six scalar fields @, a4 =1, ..., 6.
ii) four fermionic fields ‘Pf and ‘T’f with A, A =1, ...,4 and the spinor indices o, & =1, 2.
iii) gauge fields AH with the Lorentz vector index » =0, 1, 2, 3.

The matter content is connected with the global symmetry group which is PSU(2,2[4). The
bosonic part of this symmetry group consists of SO(4,2) x SO(6) group: conformal group in four-
dimensions which includes Lorentz group SO(3, 1) as a subgroup multiplied by so-called R-symmetry
group 3. In addition, all fields are in the adjoint representation of SU(N) group. The fields transform
under the local transformations U(x) € SU(N) as W — UTWU where W denotes @, ¥/, ¥4 and
the covariant derivative D, = 9, — igA,,.

The Lagrangian of the N' = 4 super Yang-Mills theory has two free parameters: gauge group
parameter N and the coupling constant g. It writes as

L=Try (}l]:w]:w + %DVQD“DVQDQ - }lgz[@”, Db [P, D] + fermions) (3.5.1)

where we do not specify the fermionic terms and we denoted the field strength tensor as F,, =
ig™1 Dy, D).

Conformal symmetry. In the global symmetry of the N' = 4 super Yang-Mills theory there is a
conformal group. The conformal group'* consists of the all transformations which leave the met-
ric tensor g,y invariant up to a factor: g, (x') = A(x)g(x)u. In the case when the dimension of
spacetime equal two, the conformal group is an infinite group, but in this case it is composed of the
translation and rotation transformations (Lorentz subgroup) and in addition of the dilation and the
so-called special conformal transformations:

translations : X't = xt 4 gt
rotations : X' = MhxY
dilation : 't = ax?
u "
X X
. - _hH
SCF: =T —b

There are generators associated with these transformations which form the conformal algebra
so0(4,2). Together with the bosonic generators of the R-symmetry and the fermionic generators the
conformal algebra is enlarged to the psu(2,2|4) algebra.

I3R-symmetry is the symmetry transforming different supercharges in the theory into each other.
14For more details on conformal group and conformal field theories the reader is refered to [97] and the
references therein.
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Figure 3.3: Common in the literature pictures for a planar diagram (left) and a non-planar
diagram (right)

Classical fields of the theory transform under the dilation operator as D : W (x,) — a*W(ax,),
where A is the mass dimension of the field: i) Ay = 1 for the scalars ®“; ii) Ay = 3/2 for the fermions
¥, ¥ and Ag = 2 for the field strength tensor Fuy-

The super Yang-Mills theory as ordinary Yang-Mills or QCD with massless quarks is conformally
invariant on the classical level. However, the QCD and the Yang-Mills theories are no more confor-
mally invariant on the quantum level, the invariance under the dilatation transformation is broken.
The main consequence of this breaking is the non-vanishing B-function: f(g) < 0 which leads to a
running coupling constant ¢ as in the QCD. The super Yang-Mills, nevertheless, preserve the con-
formal invariance on the quantum level and has B(g) = 0, therefore the coupling constant does not
renormalize.

The conformal invariance on the quantum level implies huge constraints on the correlation func-
tions of the local operators O(x). The Lorentz invariance requires that the two-point correlation
function should be

(On(x1)Om(x1)) = fum(x1 — x2) (3.5.2)

where fn) is an arbitrary function. However, the conformal invariance constrains more:

ren ren C
(0% (x1) O3 (x1)) = s x;;ﬁ‘N(é))MM(g) (3.5.3)

Inspite of B(g) = 0, there is a renormalization due to the wavefunctions of fields and it implies
that the scaling dimensions of the operators obtain quantum corrections: A(g) = Ao + (g) where
v(g) is an anomalous part. One should remark that the dilatation operator is the generator whose
eigenvalues corresponds to the scaling dimensions:

DO™(x) = A(g)O™"(x) (3.5.4)

The renormalized operator O""(x) can mix under the renormalization: O} (x) = ZpnO%e(x),
where Zjy depends on the cutoff log A. Equivalently, the dilatation generator D can be represented
as D = Dy + 6D. The diagonal part Dy which gives the classical mass dimension and the non-
diagonal matrix 4D is such that its eigenvalues correspond to the anomalous dimensions y(g).

Planar limit. There is a limit proposed by G.’t Hooft as an alternative expansion scheme which
leads to important simplifications. Comparing with the QCD, the low energy physics such as the
quark confinement is non-perturbative with respect to the coupling constant g. However, the limit
when SU(3), the gauge group of the QCD, is replaced by SU(N) and N — co with A = ¢*N fixed,
this limit makes sense. The quantity A is known as the 't Hooft coupling. The same limit can be taken
in the N = 4 super Yang-Mills which drastically simplifies the "topology" of Feynman diagrams.
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Any Feynman diagram in the N = 4 super Yang-Mills can be thought roughly speaking as a two-
dimensional surfaces. There are diagrams which can be put on the plane and the others can be put
only on some curved surface, see figure 3.3. Hence, in the planar limit there are only planar diagrams
which contribute and, thus, it reduces the number of diagrams to consider in the perturbation theory.

Integrability in the N' = 4 super Yang-Mill theory. As we already mentioned in the begining of the
section the integrability has made its first appearance in the N/ = 4 super Yang-Mills theory in the
paper of ].Minahan and K.Zarembo [73]. They computed the one-loop anomalous dimensions of an
infinite set of single traces for all scalar operators. Thus, the so(6) spin chain Hamiltonian arised in
their calculations. Here we will consider only the su(2) sector for simplicity, what means that we
have only two complex scalar fields X and Y. They are related to previously introduced scalar fields
P": X = @° +idP° and Y = &3 + id*. Thus, the Heisenberg spin chain will appear.

We are interested in the anomalous dimensions 6D of all operators of type: O o Try[X/1Y2] as for
example Try[X X X X Y] or Try[X X X Y X] etc. The correspondence with the spin chain is following:

1. Number of sites of the spin chain L is equal |1 + J>.
2. Spin up (down) on the site i corresponds to the field X(Y) on the place i in the trace.
3. Periodicity of the spin chain is due to the cyclicity of the trace.

The matrix elements of the anomalous dimension D are determined by the renormalization
dlogZ
structure Zyny(log A): 6Dyy = dolig’xN.
The calculation of all Zy;n corresponding to different diagrams in the one-loop approximation

and in the planar limit lead to the following result:

L
6D o Y (i1 — Piit1) (3.5.5)
i=1

where P;; ;1 is the permutation operator which exchanges two spins.

Thus, the diagonalization of the anomalous part of the dilatation operator is transformed into the
diagonalization of the spin chain Hamiltonian. The latter one is the prime subject of the integrable
systems. As the result, one gets the spectrum of the Hamiltonian, the eigenfunctions and the Bethe
equations on the parameters introduced by the diagonalization procedure.

In [98] further development was done on the integrability for the psu(2,2|4) algebra with the
construction of the R-matrix corresponding to the one-loop dilatation operator. For higher loops the
dilatation operator and the corresponding spin chain Hamiltonian are still unknown. The all-loop
conjecture of the Bethe equations (assymtotic all-loop Bethe equations) was given in [99]. The basic
ingredient for these equations is the two-body scattering S-matrix, which can be constrained by the
supersymmetry up to a scalar phase.

3.5.1 Hubbard model and super Yang-Mills theory

In this subsection we speak about the correspondence between the one-dimensional Hubbard model
and the dilatation operator in the su(2) sector of the N = 4 super Yang-Mills theory. This observation
was firstly reported in [75] and here we briefly review the result.

After the works [73] and [98] where the Hamiltonians in the sector su(2) and for the whole algebra
psu(2,2|4) were derived in the one-loop approximation, the higher loop Bethe equations for the
dilatation operator were conjectured. Namely, in the su(2) sector the so-called BDS-conjecture of the
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Bethe equations for the dilatation operator up to four-loop order [76] has a very compact form:

M uk—u]-+i

erl = L, k=1,.,.M (3.5.6)
=1 Up — 1/[]' —1
j#k
where the rapidities uy = u(py) are given by
p) = 5 cot(p/2)y/1+8¢%sin”(p/2) (3.5.7)
and the energy of the spin chain Hamiltonian is
M 1¥ ;
E(g) =+ V/1+82sin?(p,/2) (35.8)
k=1

This is related to the anomalous dimensions A(g) = L+ ¢?E(g) of the operators type Try (XL ~MYM)
and all possible dispositions of X and Y. At one-loop order the above conjecture reduces to the Bethe
equations and the energy of the Heisenberg spin chains.

In [75] it was found that the BDS long-range spin chain is the strong coupling limit of the Hubbard
model. Several methods were proposed to show the correspondence. The solution for the ground
state density of the real Bethe roots and the energy in the thermodynamic limit matches the results
of Lieb-Wu. Secondly, the perturbative solutions of the Lieb-Wu equations at half filling in expan-
sion on the coulpling constant U reproduce the spectrum of the BDS spin chain and the Hubbard
Hamiltonian corresponds to BDS Hamiltonian. Here we review the first correspondence.

Considering the BDS Bethe equations (3.5.6), we assume that the Bethe roots u; are all real and
we take the logarithm:

M
pel =21l —2 Z arctan (uy — u;) (3.5.9)
1=1

In the thermodynamic limit when L — oo, the Bethe roots become closer uy;; — u;y — 0 and

one can introduce the density of the root p(u): 27tp(u) = d;(;’) where I(u) is a counting function

(I(ux) = (27t/L)Iy). Therefore, the above equation in the thermodynamic limit rewrites as

p(u) =1I(u) — 2/ du'p(u’) arctan(u’ — u) (3.5.10)
and taking the derivative on u we obtain the equation on root density p(u):
dp(u) _ © e
1 = 27tp(u) %—2/7OO T p— (3.5.11)

The term d’;—(;) can be calculated using the notations common in the super Yang-Mills theory:
x(u) such that ip(u) = log(x*(u)/x~ (u)) with x* = x(u +i/2) and x(u) = %(1 + 11— 2g2/u2>.

Hence,
W) _i(w—ispp—2g?) " =iz —2g) (3512)
du g § -

The solution for the density p(u) can be found by the Fourier transformation. In the limit g = 0,

one get the result for the Heisenberg spin chain: po(u) = m and for any g one gets:
1~ cos(wn)fo(v2gw)
plu) = 27 /o 4 cosh(w/2) (35.13)
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and the energy

(3.5.14)
1 + ew)

These result coincides up to a constant with the Lieb-Wu results (3.4.31) and (3.4.33).

The mapping between the Lieb-Wu equations and BDS equations is realized considering the k —
A-string solutions'® of the Lieb-Wu equations at the half-filling band limit. It should be, however,
noted that the Hubbard model may not be a candidate for the higher loops spin chain because of the
so-called "dressing" factor appeared in [77]:

M
Uy — u]+1 220

U —uj—i
j#k

Pl — W) f=1,.., M (3.5.15)

where 6(u, ;) is some transcendental function.

The Hubbard model gives a trivial factor § = 1 what contradicts also the explicit perturbation
calculation. This dressing phase starts to appear from the fourth order only. It is likely that a some
suitable deformation of the Hubbard model would lead to new "dressed" BDS equations.

3.5.2 Shastry’s R-matrix and the centrally extended psu(2|2) algebra

In the previous subsection we discussed the correpondence between the Hubbard Hamiltonian and
the dilatation operator in the context of the AdS/CFT duality and it was shown that it predicts the
correct result up to the fourth order in the perturbation theory. However, it is not the only correspon-
dence, Shastry’s R-matrix was found in the N =14 super Yang-Mills theory and later in the string
theory as a scattering matrix, [79],[83].

By the S-matrix in the N' = 4 super Yang-Mills theory [78] it is considered the two-body in-
teraction S-matrix which appears in the first level of the Coordinate Bethe Ansatz!®. One of its
important properties is their symmetry which often helps to construct the S-matrix. The full sym-
metry algebra of the N' = 4 super Yang-Mills theory is psu(2,2|4) algebra, however, it was found
that the S-matrix is decomposed into the tensor product of two centrally extended psu(2|2) algebras:
Spsu(2,2(4) = S0 Spsu(22) ® Spsu(2j2) Where S is a scalar function. The form of the S,,,,(22) was derived
in [79] and it can be mapped on Shastry’s R-matrix. Further developments were done in this direc-
tion and the gq-deformed R-matrix with the g-deformed Hubbard model were proposed in [82]. In
addition, the Yangian symmetry of S, (22) was discovered in [80].

In this section we will review the main steps in the derivation of the S-matrix S, (»)2) and discuss
its relation with the Hubbard model. The key point is the Hopf algebra of the centrally extended
algebra psu(2]2). One considers the fundamental representation and, thus, it allows to find the S-
matrix which commutes with the coproduct of the algebra, constrained up to a scalar function. The
obtained S-matrix satisfies the Yang—-Baxter equation. A similar approach to find the solutions of the
Yang-Baxter equation was highly investigated by G.Delius, M.Gould, Y.-Z.Zhang and collaborators,
see [21],[22] and the references therein. In other words, the importance of [79] is that the centrally
extended psu(2|2) algebra reproduces Shastry’s R-matrix.

15k — A-string solution is a type of solutions of the Lieb-Wu equations proposed by Takahashi’s string hy-
pothesis, [49].
16 An example of such S-matrix is appeared in the CBA of the Hubbard model, (3.3.62)
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Centrally extended psu(2|2) algebra. This algebra is the unique finite superalgebra!” which
admits 3 central extensions, [63]. It consists of ‘ordinary” psu(2|2) algebra and 3 central charges.
However, the Hopf structure of the centrally extended algebra is different from the psu(2|2) algebra.
The complete Hopf stucture of this algebra is discussed in [81], but here we are interested only in the
coproduct of the generators. We remark that centrally extended psu(2|2) algebra is not a quantum
algebra and it would be naturally assume the trivial coproduct for the generators as for the "ordinary’
psu(2|2) algebra: A(g) = ¢ ® [ + 1 ® g. But the central charges play an important role in the appear-
ance of the so-called "braiding" factor which modifies the coproduct. Thus, denoting any generator
of the centrally extended psu(2|2) algebra by 7, the coproduct is given by

AT =Tl+uV g (3.5.16)

where U is an abelian generator. The coefficients [J| are non-zero for fermionic part of the algebra
and the central charges.

Due to the Hopf structure there are certain conditions between the braiding factor and central
charges such that { is zero if central charges are removed.

S-matrix and Shastry’s R-matrix. In general, the derivation of the S-matrix is closely related to
the symmetry of the system. Two-particle scatering S-matrix acts on the tensor product of two mul-
tiplets, thus the symmetry of the S-matrix is related to the Hopf structure of the symmetry algebra.
Namely, the 'represented’ coproduct A12(g) = (m ® 72)A(g) similarly acts on the tensor product of
two vector spaces. If the commutator [S12, A12(g)] = 0, the S-matrix has the symmetry and in addi-
tion it satisfies the Yang-Baxter equation. Thus, one can find a S-matrix based on the algebra. One
should remark that the spectral dependence of such S-matrix usually appears when one considers
an evaluation representation of the affine algebras (see [21],[22]). Moreover, the spectral parameter
dependence of the S-matrix Si»(u, v) with affine algebra symmetry is S1p(#,v) = Si2(u — v). That
is why, in the case of centrally extended algebra, introduced "braiding" generator I/ plays a crucial
role in the Hopf structure of the considered algebra. We remark that it disappears ((/ = 0) when the
central extensions are removed and the S-matrix is a trivial one. But when the braiding generator
U is not zero, the symmetry leads to the S-matrix with two spectral without difference depedence:
Slz(u, ZJ) 7é 512(1/1 — U).
Hence, the S-matrix symmetry implies

[Slz,Alz(j)] = O, for all j (3.5.17)

where A15(J) is a 'represented” coproduct A1x(J) = (m ® m)A(J) and 7 is a four-dimensional
representation of the centrally extended psu(2|2) algebra.
The invariance with su(2) & su(2) subalgebra (bosonic part of the algebra) leads to 10 non-zero

7More details on superalgebras and particularly on g/(2|2) and its representation theory, reader is refered
to see [62],[23] and the references therein
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coefficients in the 16 x 16 matrix Sq5:

A 0 00 O O0O0O0O 0O 0 ©0 0 0 0 0 0
o 48 0 0o 48 0 0 0 0 0 O £ 0 0 -£ 0
0 0 HoOoO O 00 O0 -L 0 0 0 0 0 0 0
0 0 0 H O 00O 0 0 ©0 0 -L 0 0 0
0o &2 0 0o 4 0 0 0 0 0 0 - 0 0 £ 0
0o 0 00 O AO0O0O O 0 ©0 0 0 0 0 0
0 0 00 O 0 HO 0 -L 0 0 0 0 0 0
s, |0 0 00 0o 0 0H 0O 0 0 0 0 -L 0 0
2=lo o G o 0 00 0 -K 0 0 0 0 0 0 0
0 0 00 O OGO 0 -K 0 0 0 0 0 0
0o 0 00 O 00O 0O 0 -D 0 0 0 0 0
o § oo - 000 0 0 O D 0 0 XD-E) o0
0o 0 0G 0 00O O 0 ©0 0 -K 0 0 0
0 0 00 O O0O0G 0 0 ©0 0 0 -K 0 0
o -$ oo § oo0o0 0 0 o0 ¥D-E 0 o0 EfD 0
0o 0 00 O O0O0OO O 0 ©0 0 0 0 0 -D
(3.5.18)

These coefficients can be fixed up to a scalar function using the commutator with the fermionic
generators. Therefore, the coefficients A, B, C, ... become functions of the spectral parameters xfz
and constants g, 712. The latter ones are usual notations in gauge/string duality literature and the,y
parametrize the central charges, the braiding factor and fermionic generators of the centrally ex-
tended algebra. The table of these coefficients A, B, C, ... can be found in [79].

Relations with the Hubbard model. The S-matrix Slz(xf,xf) satisfying [S12,412(J)] = 0, for all
J, is a solution of the braided version of the graded Yang-Baxter equation. It can be, thus, called
the R-matrix using the R-matrix formalism language. It is related to the R-matrix by Ry2(x;", x5) =
P{,S12(xf, x5), where PY, is the graded permutation. This R-matrix Ry satisfies the graded Yang-
Baxter equation:

Ri2R13R23 = R3Ri3R1; with R = Rij(x,-ile) (3.5.19)

An interesting feature of this R-matrix is that it can be mapped on Shastry’s R-matrix. The map-
ping is following: the coefficients g, ;, x; are related to trigonometric functions of Shastry’s R-matrix
depending on two spectral parameters A1 »

h(Ai)

1 + isin )\i +1 20 (A;) e
— —, i 1 , . = 3.5.20
§=u i ( cos A; ) ¢ i \/&cos A ( )
There is a constraint between x;- which transforms into the condition on the coupling function of
Shastry’s R-matrix i(A):
4sinh(2h(A;)) = Usin(2A;) (3.5.21)

Here we will not write explicitly the passage between the R-matrices. We mentioned that the
R-matrix Rq2(A1, A2), e.g. [79], [82], can be related to Shastry’s R-matrix given in [69] via the transfor-
mation given in [87]. In [87] a similar observation is investigated from the string theory side.

Moreover, the Yangian symmetry was discovered for the AdS/CFT S-matrix in [80] and inves-
tigated in [88], see also [85]. In [88] an additional "hidden" symmetry was found. This fact could
possibly enlarge the Yangian symmetry of the centrally extended psu(2|2) algebra to a larger alge-
bra.

The connection between the AdS/CFT S-matrix of the centrally extended algebra and the Hub-
bard model opens new directions as well as for integrable systems and for the AdS/CFT duality
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itself. The works on the R-matrix in other atypical representations and mixing with the typical repre-
sentation have been already done in the string theory side. Indeed, these new R-matrices would be
fundamental for the integrability of new Hubbard-like models family based on these R-matrices. On
the other hand, the integrable generalizations of the Hubbard model could find a priori applications
in the AdS/CFT duality.

3.5.3 On the dressing phase in the AdS/CFT duality

As we discussed in the begining of the previous subsection, the S-matrix of the N' = 4 super Yang-
Mills theory exhibits the centrally extended psu(2(2) @ psu(2[2) symmetry: S, (22/4) = S0 Spsu(22) ®
Spsu(22)- Remarkably, the symmetry determines the S-matrix up to a scalar factor Sp. The latter
is a function of the momenta and the coupling. This factor, the dressing phase, was constructed
in [77] using different approaches. However, despite of the success in its determination, the clear
understanding of the scalar factor is still mising. The procedures in [77] do not explain why the
scalar factor should exhibit its particular structure:

So(ux, uj) = e — 180 /)
I x;“—xj’l—gz(x;r/xk’)

o206 1)) (3.5.22)

where 26 (uy, ;) is called the dressing phase. We will write it in the integral form:

20 (uy, uj) = 2ig / dtettultl/2 / dt'e 1112 (R, (2gt, 2gt") — Ry(2gt, 2gt)) (3.5.23)

where Ky(t,t') = 8¢2 [ dt"Ki (t,2gt") Et/f”_ 1KO(Zgl" ’,#') and the constituent kernels are given by the
Bessel functions.

In integrable field theories, the construction of the S-matrix can be performed by the so-called
factorized bootstrap program proposed by Al.Zamolodchikov and A.Zamolodchikov in [4]. The two-
particle S-matrix satisfies the unitarity condition, the braided Yang-Baxter equation and the crossing
symmetry. These conditions constrain the form of the S-matrix up to the CDD (Castillejo-Dalitz-
Dyson) ambiguity which can be removed imposing some additional requirements. It was shown
that the scalar factor Sp is compatible with the crossing symmetry constraint. There exists another
approach to determine the phase considering the R-matrix of the model and writing the explicit S-
matrix between physical excitations on the physical vacuum, e.g. [89].

For the AdS/CFT correspondence, the determination of the scalar factor is important in two as-
pects, [89]: firstly, it is the last missing element for the systematic construction of the spectrum of the
scaling dimension/energy on the Yang-Mills/string side. Secondly, the identification of the scalar
factors on both sides serves as a strong quantitative check of the AdS/CFT duality.

Furthermore, the dressing phase can be implemented in the all-loops Bethe equations, [77]. In
particular, it appears in the su(2) sector as it was discussed in 3.5.1. From the integrability side, the
Hubbard model describing the dilatation operator until three-loops, apparently, does not predict the
Bethe equations with the dressing phase. Thus, a suitable modification of the Hubbard model is
needed for this purpose.

In the next chapter we review several generalized Hubbard models which exist in the literature.
Most of them are related to the Hubbard model but do not include it in the limit. However, it is
desirable that the generalized model includes the Hubbard model in some limit case.
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Chapter 4
Generalized Hubbard models

The Hubbard model is a basic example of the models describing strongly correlated electrons. The
study of strongly correlated electrons on a lattice is an important tool in theoretical condensed matter
physics in general, and in the study of high-T. superconductivity in particular. On the other hand,
the integrable generalizations of the Hubbard model can be important not only for such applications,
but they form classes of integrable models sharing similar universal features.

Recent applications of the integrability, in particular of the Hubbard model, in the AdS/CFT
duality also suggest the studies of generalized integrable Hubbard models. The phase which appears
in the Bethe equations in the su(2) sector of N' = 4 super Yang-Mills leads to the discrepancy with the
Hubbard model. Several modifications of the Hubbard model are necessary in order to predict the
form of the dilation operator. Moreover, it is needless to say, that the integrability in the application
in AdS/CFT could also bring interesting results from both sides, e.g. the relations between Shastry’s
R-matrix and centrally extended psu(2|2) algebra. Thus, for that purposes it motivates our studies
of Hubbard-like models.

In the first section of this chapter we review several ‘famous’ generalized Hubbard models and re-
lated models. In the second section (4.2), we present superalgebraic extensions of Shastry’s R-matrix
and associated Hubbard-like models, [123],[124]. The last section is devoted to physical applications
of certain superalgebra extended Hubbard-like models.

4.1 On generalised Hubbard models and related models

In this section we aim to present several important models of strongly correlated electrons from
an inexhaustible list of solvable one-dimensional electronic models existing in the literature. All
models we present here are related to the Hubbard model or its strong coupling limit so-called t-J
model. Several of them share mostly the same properties or a similar integrability structure. The
main interest in these models of strongly correlated electrons is motivated by the understanding of
fundamental aspects of statistical mechanics. They are relevant to many realistic physical systems
such as high-T, superconductors. Moreover, an important feature of these models is that they are
integrable and therefore they provide a non-perturbative information concerning physical properties.
In the following, we briefly review the models:

e i) t-] model and its variants. [101],[102]
e ii) EKS model. [103],[104]

e iii) supersymmetric U models and its quantum deformation. [106],[108],[111],[110]
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e iv) Extended Hubbard models. [112]

t-J model. The t-] model is a lattice model where the occurrence of two electrons on the same
site is forbidden. This restriction corresponds to an implicitly infinite on-site Coulomb repulsion
U — oo of the Hubbard model. Similarly to the Hubbard model, there are two types of interactions
between electrons on nearest-neighbours sites: a charge interaction of strength V and a spin-exchange
interaction J. The Hamiltonian of the extended version of the t-] model has the form:

Hi_j=— ZPS<CJUCJ+1U+CH_1U ]U)PS+] Z cjgc](,/cﬁlg,cﬁlg—l— Z Vm,/c]ac]g ]+1(7,c]+1(7/ (4.1.1)

joo! jo,o’

where jruns from1toL, o =1, ..,25 + 1 - spin component of the particles and Ps is a projector on
the subspace of non-double occupied states. The matrix V, ,» reproduces the anisotropy in the charge
interactions.

In the isotropic case V,,» = V the Hamiltonian H; ; corresponds to the traditional t-] model
which was exactly solved by the Bethe-ansatz method at the supersymmetric point (V = —] = 1)
for the case S = 1/2, [101]. The anisotropic generalization of the t - ] model has been constructed in
[102] and it was shown that the model is solvable for the arbitrary spin S and special values of the

coupling J and V, ,: V, ,» = ]( (1 + €,) cosh 7y 8, + es18n=)7(1 — (SW/)) with ¢ > 0 - parameter of
anisotropy.

On the other hand, the perturbative approach to the Hubbard model in the strong limit U >> 1
leads in the second order to the t-J isotropic Hamiltonian , see for details [55]:

L Nl
H;—] == Z Z Pl/Z (C] UC]+1(7+C]+1 UC] U)P1/2 + = Z (S[x i1 ]4] )Pl/Z (412)
P o i}

with the projector Py, = [Tj—;(1 — nj4n;,), spin operators SHE S;’ = C}L,Tcm, S, = }L,U:J}T and 57 =
(”]}T — nm) /2andnj =mn+nj|.
This Hamiltonian is equivalent to the isotropic H;_j with V = —] = 1/U. At the half-filled band

limit: 7y rp = ¢Pn.rp, the first term of the t-] Hamiltonian Py » (C;F,UC]'_H,U + c;-r H,chlg) Py, = 0 and the
Hamiltonian becomes the Heisenberg spin chain:

Hyypy = - i( ]+1 1) (4.1.3)

J:1

EKS model. This lattice model as an extended Hubbard model was firstly proposed by F.H.L.Essler,
V.E.Korepin and K.Schoutens in [103] with the main motivation to study the high-T, superconduc-
tivity. It is a solvable model in one dimension which combines and extends interesting features of the
Hubbard model and the t-] model.

Similarly to the Hubbard model, there are electrons of spin up and down, created on the site j by
the fermionic operator c . The EKS Hamiltonian is

L L
Heks = — ) T +U)Y (2nj4 —1)(2n;, —1), L+1=L (4.1.4)
j=1 j=1
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with the kinetic term T

1 1
Ty = ZH (C}r,acm - CZ,ng,a) (L =njp = nyg) + 5 (nj = D) —1) = 5(njp —nj ) (nigp — e ))) +
o=1,
1 1
t ot t ot t + + +
CiACi 1Ok 4kt + €104 Ck 18k ) = €1 1Cj1CkACK L — ] 184 Ck | Cht T Zk(”m —5) (g = 5)
a=j,
(4.1.5)

where n; = n;+ +n; | and 0 is the opposite spin value of ¢, such that if ¢ =1 then ¢ =] and vice
versa.

This Hamiltonian contains the Hubbard model Coulomb interaction and t-] model interaction
terms. Moreover, the Hamiltonian Hgggs have 1(2|2) symmetry realized as spin su(2) algebra with
n-paring su(2) symmetry and 8 fermionic generators and central elements:

L L L
1
. + t - _ t _
su(2): St = 2 lcj,icf/T’ S™ = 2 1C]VTCJV¢’ - E ) E(nm — 1)
j= j= j=

L

L L
_ 1
su(2): g7 = -Zi%c}w = Zicmcmr ===
j= j=

=1

and the fermions

L
Qs = ch,tf n](T ZC]U' n]a

QU'_ZC](J'”]U'/ Qo’ Z ](7 ]0’/

with central elements: 2] 1land X = 2] 1(nj+ — 3)(n;, — 3). Note that unlike for the case of the

Hubbard model treated in previous section there is no factor of (—1)/ in the definition of 1 generators.
In addition, it can be shown that the EKS Hamiltonian is related to a graded permutation P;; of
<1(2|2) which permutes tensor product of 4 possible states (v - vacuum, cJ{v, CIU and CJ{CIU):

L L
Heks = — Y_ P +UY (2nj4 — 1) (20, — 1) (4.1.6)
j=1 j=1

The solution of the EKS model by the algebraic Bethe ansatz and thermodynamic analysis with
study of the spectrum of low-lying excitations have been obtained in [104]. Concerning the integra-
bility of the model, the R-matrix for the permutation part of the Hamiltonian is given by the Yangian
<1(2|2) R-matrix.

We remark also that the integrability paradigm go beyond and in the work of M.Gould, Y.-
Z.Zhang and collaborators [105] the R-matrices and new integrable electronic models with twisted
affine q-deformed superalgebra Uy (s!(2]2)(?)) and U, (0sp(2|2)) symmetry are proposed. The work
[105] is a continuation of derivation U, (¢) invariant represented R-matrices proposed in [21],[22] us-
ing the so-called tensor product graph (TPG) method. In the limit 4 — 1 the U,(0sp(2(|2)) model
reduces to EKS model which has a larger, #(2]2), symmetry.

Supersymmetric U model and its extensions. A new direction for new lattice models of cor-
related electrons was proposed by [106]. The main features of these models that they have the same
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4L-dimensional Hilbert space as the Hubbard model and a free parameter as a coupling constant.
However, the symmetry of the Hamiltonian is different from the Hubbard model one. The origin
for the construction of this model is the one-parameter family of inequivalent typical 4-dimensional
irreducible representations of g/(2|1) algebra. At first, we review the model and then we will speak
about the integrability and the R-matrix formalism.

Similarly to the Hubbard model, there are electrons of spin up and down, created on the site j by
the fermionic operator c » The supersymmetric U model Hamiltonian is

L L
u
Hyss = HHub(”) + E Z ( ;rU ]UC]-H UC]+1£T+hC ) + <u+2) an+
4 =1

L
+(1+| ,m)z N(cjacﬁlgJrcmgc](,)(nwJrnmg)
j=lo=
u 2 L . .
(1 + M\/m) Z T \L(Cj/U'Cj+1,U— + Cj+1,0_C]',0.)nj,(_rn].+ll(7 (417)
j=lo=

where Hppp(u) = Hpuw(U — 2u) with Hp,(U) defined in (3.3.1), n; = n;4 +n;| and 7 is the
opposite spin value of 7, e.g if o =1 then 7 =|.

This Hamiltonian Hy;ss has g/(2|1) symmetry which is closely related to the integrability of the
model. The R-matrix corresponding to this Hamiltonian can be considered as a "classical" limit
(g — 1) of the U,(gl(2|1)) invariant R-matrix in the four-dimensional representation with one free
parameter.

The solution of the supersymmetric U model using the Algebraic Bethe Ansatz and the Coordi-
nate Bethe Ansatz are presented in [108] and in [109].

An extension of the supersymmetric U model, a g-deformed version with the quantum super-
algebra U, (g!(2|1)) supersymmetry, was also proposed in [110]. Futhermore, the eight-state super-
symmetric U model of strongly correlated electrons with the Lie superalgebra g/(3|1) symmetry, and
the two-parameter (q-deformed) eight-state supersymmetric fermion model with the quantum su-
peralgebra U, (gl(3|1)) symmetry, were introduced [111].

Extended Hubbard models. We also mention [112] where a wide class of model (extended Hub-
bard models) was proposed. In this class the symmetries are adjustable and extended models in
several limits can be mapped on the EKS model or the g/(2|1) supersymmetric U model. Moreover,
so-called Polynomial R-matrix Technique (PRT) is proposed to find solutions of the Yang—Baxter

equation.
An extended electron’s model invariant under the spin-flip and which conserves the total number
of electrons and the magnetization is considered and it is written as

Hepm = — ), (t X(n ]g—i-nk(,)—i—Xn](,nkU)c]acka%—UannN—F Z ning +
<jk>(7
+7 Z C]UCkJ’C]U’C]‘7+Y Z C]TC ickiCkT—'—P Z M) N +
<jk> <jk>

oo’

Z AN, Mg Tk Y Mo
<] k> i

where the spin variable o =7, |, the sums over < j, k > - nearest neighbours on the lattice of L sites
and similarly to previous notations: n; = n; 1 + n; and 7 is the opposite spin value of 7, e.g if o =1
then & =|.
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This Extended Hubbard Hamiltonian contains 10 coefficients t, X, X, U, V, W, Y, P, Q, i such
that f is a hopping constant, U - on-site Coulomb interaction as in the ordinary Hubbard model, V is
the neighboring site charge interaction, X - the bond-charge interaction, W the exchange term, and Y
the pair-hopping term. X correlates hopping with on-site occupation number, and P and Q describe
three and four-electron interactions. Finally p is the chemical potential. Similar terms as ones with
V, W, Y are in EKS model Hamiltonian (4.1.5) and supersymmetric U model (4.1.7).

The choice of these parameters ¢, X, X etc implies the Hamiltonian symmetry. We will not con-
sider all the cases of the parameters, we just mention that there are i) su(2) ® u(1) ® u(1) symmetry,
ii) 2 different so(4) symmetries, iii) gl(2|1) supersymmetry, iv) so(5) symmetry and v) 1(2|2) symme-
try. In the cases iii) and v) the Hamiltonian Hgp)s is mapped on the EKS model and supersymmetric
U model. The case ii) for some values of parameters can be related to a model proposed by Bariev
and Alcaraz in [113].

The integrability of this model is related to so-called Polynomial R-matrix Technique (PRT) and
to the so-called generalized permutator introduced in [112]. Once for a given model the R-matrix is
known, its spectrum is obtained within the Algebraic Bethe Ansatz approach by diagonalizing the
corresponding transfer matrix. The Coordinate Bethe ansatz for the so(4) symmetric EHM Hamilto-
nian was done in the frame of the model proposed by R.Z.Bariev and F.C.Alcaraz in [113]. Due to the
form of the Hamiltonian acting as a permutator, the investigations become simplier and such kind
of similar models were already treated in [114]. The ground state and thermodynamics for certian
limits are derived in the third reference of [112].

There are certainly a lot of other models which can be related to the one-dimensional Hubbard
model that we did not mentioned above. First of all, we point out that the above mentioned integrable
models do not contain the Hubbard model as a limiting case, what can be probably explained by the
non-trivial spectral parameter dependence of Shastry’s R-matrix. However, several extensions of
Shastry’s R-matrix to the su(n) case were proposed by Z.Maassarani in [115], [116]. We will review
a slightly more general construction in the next section. Another extension of the Hubbard model
was recently appeared from the AdS/CFT context. Due to the centrally extended psu(2|2) symmetry
of the Hubbard model’s R-matrix, a g-deformation of this R-matrix was done in [82] and, thus, a g-
deformed version of the Hubbard model was obtained, which contains certain case of Alcaraz-Bariev
model, [113], and the Hubbard model in the limit 4 = 1. There are also the so-called variable range
hopping models and the one related to the Hubbard model was invetigated in [120].

4.2 R-matrix formalism for generalized Hubbard models

In this section we present in details another type of generalized Hubbard models proposed in [123],
[124]. These new models are superalgebraic extensions of the su(N) Hubbard models proposed in
[115], [116] and in the limiting case include the ordinary Hubbard model.

The idea of the construction of Hubbard-like models is to generalize Shastry’s R-matrix based on
gl(1]1) algebra on larger algerbras. It appears that the principal ingredient of this construction is the
C-matrix which was defined for the Hubbard model in (3.2.8). Generalizations of this C-matrix lead
to new XX spin chains and Hubbard-like R-matrices similar to [116]. Below we review the R-matrix
construction of generalized XX and Hubbard-like models.
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Generalized XX models. Considering the XX model based on the algebra g/(n|m) we firstly de-
fine the projectors: 7t and 7 such that

m:Vo-WCV and n+7=1I (4.2.1)
p . n4+m
=Y E" and 7= ) E" (4.2.2)
i=1 i=p+1

where V' is a graded vector space, number p is such that1 < p < n-+mand Efzj denotes the elementary
super-matrices acting in the a'" copy of End(C"™). These matrices form a representation of the
gl(n|m) algebra and satisfy the following commutation relations:

[Eéf, Eﬂg =6y (5].kEg — (_1)([i]H]'])([k]Hl])51.1E’a‘f)

with the graded commutator defined as [A, B], = AB — (—1)!AIPIBA. The gradation is defined as
usually: [1] = ... = [n] =0and [n+ 1] = ... = [n + m] = 1. One should also define the multiplication
for the tensor products by (a ® b)(c @ d) = (—1)!l (ac @ bd). We also recall the definition of graded
permutation:

Pp=Y (-D)VEJE] (4.2.3)
ij=1

Let us introduce for simplicity the sets of integers:

N={12,..,p}, N={p+1,..,n+m} (4.2.4)
Let us then define the C-matrix as
Co= Y E/— Y El €End(C"™) (4.2.5)
jeN jeN

comparing with the one for the ordinary Hubbard model (3.2.8).
The R-matrix of the generalized XX model writes as:

Rlz(u) =21 Pip+ X1 sinu + (H ®I— 212) Pip cosu (4.2.6)
where u € C is the spectral parameter, matrix X, is defined by the C-matrix as X1, = % (1 - C2>:
So=Y ¥ (E/EJ+E]E]), (4.2.7)

JEN 7eN

The generalized XX-model R-matrix (4.2.6) obeys the Yang—Baxter equation, is unitary and regu-
lar:

Rub(” - U)Rac(u)Rbc(v) = Rbc(U)Rac(u)Rab(u - U) (4-2-8)
Rop()Rpa(—1t) = cos?(u)l, @1, 4.2.9)
Rip(0) = Py (4.2.10)

The Hamiltonian which corresponds to this R-matrix is similar to the ordinary XX model in
(2.2.21) and in terms of E” super-matrices it is written as

N
Hgenxx = ): Hppr1, N+1=1 (4.2.11)
=1
Hag i1 = ZN © ((~UEJE], + (- UELE] ), 4.2.12)
JEN 7eN
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We recall that for g/(1]1) and p # 2, the above Hamiltonian describes the model of free electrons:
E2! = c!. Similarly, considering the "particle" content of this model, for ¢g/(2|1) and p = 2 as example,
the Hamiltonian is Hy1 = EJ'EL, + EJ?E2 | + h.c.. We see that E3! plays a similar role of the
fermion creation operator and the vector ¢> = E3le! corresponds to the electron particle, whereas the
particle e = E*l¢! resembles more to the vacuum state e!. We note that e® particle is related to 7
projector: 7te®> = e® and me® = 0. Similarly, e!,¢? correspond to 7 projector: e = ¢’ and 7e! = 0
for i = 1,2. In general case, we have several particles corresponding to 7 projector, in the following
we will call them 7-particles or "heavy" particles, and the particles which correspond to 7@ projector,
we will call them 7t-particles or electron-like particles. Thus, in general case, we have p 7r-particles
and n + m — p 7t-particles. However, If p < n then among 7t-particles there are n — p particles with
bosonic gradation (called hard core bosons) and m particle with fermionic gradation.

The Hamiltonian has gl(p) @ gl(n — p|m) for p < nand gl(njp —n) S gl(m —p+n) forp > n
symmetry. It can be seen from the symmetry with R-matrix:

[Rip(u),EV +E/1=0 and [Rip(u),EJ +EJ]=0 (4.2.13)

forj,j'/=1,.,pandj,7 =p+1,.,n+m

Before speaking about the Hubbard-like models, we remark that the parameter plead ton +m —1
different non-trivial models. However, it is possible to introduce one more parameter p’ such that we
split the graded vector space V = V; @ V; in four parts:

n I
= Zle E", T = Z E" and (m+0)Vo =W (4.2.14)
i=p+1
e i N "L AV =
=y B, A = Y, E" and (7' +AYV1 =V (4.2.15)
i=n+p’'+1

with p < nand p’ < m. This construction adds more different non-trivial models but we will restrict
ourself only to one parameter models.

Generalized Hubbard models. The definition of the (generalized) Hubbard R-matrix uses as
basic ingredient the R-matrix of the XX model (or its generalization), which are coupled a la Shastry,
the coupling constant being related to the potential U of the Hubbard model. The two underlying
XX models may be based on two different superalgebras gl(n|m’); and g/(n’|m’) | and depend on two
different integers p and q, [124]. Let us introduce similarly sets of integers

Ny ={12,.,p}, Ny={p+1,.,n+m} and N ={1,2,.,q9}, N ={q+1,...,n +m'}.
(4.2.16)

The projectors are defined for the spin up and spin down vector spaces V4, V| in the same way as
for the generalized XX model:

e=Y El and 7= Y El, o=t (4.2.17)
JENS 7EN
and they determine the basic ingredient of the construction - the matrices C,:
Co= Y El- Y EI (4.2.18)
JEN 7eEN,

The R-matrix of the Hubbard-like model is based on the pair (gl(n|m),p; gl(n'|m’), q) or noted

by ("Lm ; "/Lm/> and it acts on the tensor product Vi1 ® V1| @ Vo @ V)
Sin()tlz)

sin(A},)

RIT(A1,A2) = Rl (A12) RE, (A1) + tanh(l},) R],(A},) Cry RY, (A1) Cpy (4.2.19)
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where A1y = Ay — A, A, = A1 + Ay, The coupling 1}, = h(A1) + h(A;) is based on the function /(A)
such that

sinh(2h) = %sin(2)x) , (4.2.20)

we note that this definition of the coupling fuction #(A) is slightly different from the (3.2.16).

We remark that the structure of the above R-matrix is almost similar to Shastry’s R-matrix one
(3.2.15), but here R{,(A12) are the generalized XX model R-matrices (4.2.6).

The R-matrix (4.2.19) is symmetric, regular and satisfies the unitary relation. Moreover, when the
relation (4.2.20) holds, the R-matrix (4.2.19) satisfies the Yang—Baxter equation:

RIF(A1, A2) RIF(A1, A3) RIE (A2, A3) = RIE(A2, A3) RIE(A1, A3) RIS (Mg, M) (4.2.21)

Using the R-matrix formalism, one can define the corresponding quantum integrable system, by
performing the following steps: monodromy matrix, transfer matrix and Hamiltonian. The L-site
monodromy matrix is given

Tochy..b,>(A) = R}y (4,0) ... R} (A,0) (4.2.22)
and its transfer matrix is the (super)trace in the auxiliary space:
HA) = tra(Tac,..b,>(A)) - (4.2.23)

Then the generalized Hubbard Hamiltonian reads

d
ngn Hup = —— Int(A)

L
u
-y ((ZP)WCH + (ZP)} i1+ — Crx qx), L+1=1 (4224)
x=1

A o 4
with
(ZP)oyrii= Y ¥ ((_1)U}nylsgx+1+(_1)[iJE{;ngm), (4.2.25)
iGNg]‘QN[,
Cox=Y Eil .~ Y El, o=11. (4.2.26)
ieN, jEN,

In the Hamiltonian (4.2.24) we recognise two generalized XX model Hamiltonians (4.2.12) for
spin up and spin down particles. The generalized Hubbard-like model (gl(n|m), p; gl(n'|m’),q) or a

(“Lm ; ",Lm,>-model contains four different types of particles r 1, 77 1, 7t | and 7 |, each type being
“colored”: the 7t f-particles have ‘colors’ 1 1,2 1,...,p 1; the T T-particles have 'colors” (p + 1) 1
,..,n+m T, while the “colors’ for v | and 7 |-particles are 1 |,...,q J and (q+1) |,...,n +m' |
respectively.

The usual Hubbard model is the (IP ; T)—model and the bosonic Hubbard model corresponds

to (% ; %)-model. Generalizations to the superalgebra case with additional two parameters as done in

[124] will be noted (?H: ; ‘Z/IH;, ) -models with obvious notation. Hereafter, we will consider the case of
n.m n . m . . n.m
( b’ q )-models. Note that the ( nep 7 meg ) -model is equivalent to the (p i )-model. The symmetry

algebra of the <; ; ‘;‘)-model isagl(p)®gl(n—p)®gl(q) & gl(m— q) algebra.

67



4.3 Applications

In this section we consider several examples of models presented in the previous section. Con-
sidering the cases of small superalgebras, the Hamiltonians have 'multi-particle’ forms similar to
Hubbard-like models as EKS or supersymmetric U models. We suppose that they can exhibit inter-
esting properties for condensed matter physics. At first we review the Jordan-Wigner transformation
which will be useful for writting the Hubbard-like Hamiltonians in terms of fermionic generators. We
also give the eigenfunction and the spectrum for several Hamiltonian, although the solution via the
Coordinate Bethe Ansatz is provided in the next chapter. In the last part of this section we compare
our results with the ones of the AdS/CFT duality.

4.3.1 Jordan-Wigner transformation

The Jordan-Wigner transformation [125] or [55],[123] essentially consists of the construction of a

mapping B
EY ¢ gl(ZK_1|2K_1) PR {c*,c; dt d;ete: o}, 4.3.1)

where ¢, d, ¢, ... are fermionic operators.

(@)t (a)

To present this construction, let us consider K sets of fermionic operators: Cio Cig with i =
1,..,L,a=1,.. Kand ¢ =7, ] such that they satisfy the usual anticommutation relations:
+ (b b
{0, D} = Gybuder, {cf) et} =0 (4.32)
Then, let us define a matrix X i(”) (without spin for instance):
1-— n‘a) c(“)
Xi(a) _ < (a)z z(a) (4.3.3)
c; n;

with nf“) = cl(”)Jrcl(a). The components of the matrix will be denoted by Xz(i)ﬁ wherea, B = 1,2. Indeed,

the components Xl(q)l, X 1((;)2 have bosonic gradation and X 1(1)2, XZ(;)l - fermionic.

This matrix can be easily mapped on g/(1|1) or gI(2) algebra:

1) (1)
X X
I(11): E;= (EF = (T T2 434
g( | ) ( l)k’l:1’2 (Xz(,lz)l Xz(,12)2) ( )
(1) (1) (1)
X X Z:
gl2): Bi= (x(1>}1<11> ey 1’L> (4.3.5)
;217+1,L ;22

fori =1, ...,L and where Zl(”L) = Hl%:i(ngf% — Xlguz)z) is introduced in order to Ei12 commute with E,%l
fork # 1.

We see that the Jordan-Wigner transformation preserves the gradation for the superalgebra case.
It is a local transformation and comparing with the ordinary algebra case. The Jordan-Wigner trans-
formation for Lie algebra is non-local transformation. The last point is crucial when one considers a
"bosonic" model with the periodic boundary conditions. The Jordan-Wigner transformation is non
compatible with the periodic boundary conditions and it induces a twisting term on the boundaries,
see for example gI(2) XX model in (2.2).
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Moreover, if we consider the Jordan-Wigner transformation for E;],T € ¢l(1]1) and E;]/ | € 8l(2)

and these matrices commutes: [E ; 1 EM i] = 0, then the transformation is

xW, xW oz
Xi,T;lel,L,'i Xi,T;ZZ
(1) 1 @)
xV xM 70
§l(2),: Ky = (X(l) l’;’(lf) l"L;(l)lH’L’O (43.7)
1,4;2171i+1,L;) i,4;22

(a) .. . ij kI
w1t]: similarly z L - =T l( K, 011 — X} #:22) 1s introduced in order to generators E it and E;,, com-
mute.

For larger algebras as gI(2X~1|2K~1) the mapping is following:

El o (-1)x0) @ x% o .. @ x% (4.3.8)

a1B1 azpB2 agPx

where to every value i and j € [1,2X] the LHS is associated with an element {ay, a;, ... ,ax} and
{51, B2, ..., Bx} respectively with a;, B; = 1 or 2. Total grading is given by

K i—1
s = g[ai] (g(m + [ﬁ;-])) (4.3.9)
1= ]:

For example, let E;j € gl(2]2), then we associate for i = 1 the pair (a1,a2) = 11, i =2 —
(a1,40) =22,i =3 — (a,ap) =12andi =4 — (ag,a2) = 21. It means for instance that
E? = (—1)SXS) ® Xg) etc. Thus, the transformation is

(1—nS)(1—n?) —cody (1—nS)d, —ca(1—nt)

t gt C4,d + d cqt
_ cyd] nsns cyns nsd}
Eq = (1—ns)d} nffca (1— nfl)nff cad} ’ (4.3.10)
—ct(1—n?) nSd, dact nS(1—n?)

for E = (EY);j—1,.4 € 8l(2]2). The operators c, d are fermionic generators associated with XM and

AT ” )
Similarly, for the matrices E;],U with spin ¢ =1, | which commutes: [E;],T’ E’;’l $] = 0, the Jordan-

Wigner transformation is such that the fermionic generator EZT should be multiplied by Z 1,:

gT gT ??,m ??m ? ? ? ?
E. .= ) ) T4LLL ML and E. = 4 A 2 (4.3.11)
"\ Bz By By By " \R B B B

BZiuy By By By F F B B

We also remark that the mapping is not unique and it is always possible to perform the transfor-

: (a) (a)t
mations as Cip — j:cl.’a .

If we consider the algebras g/(n|m) with n # m then the Jordan-Wigner transformation of the

elements EY/ € gl(n|m) is embedded in g/(2P~!|2P~!) transformation without certain row and lines.
The parameter p defined such that 2P~ < max(n,m) < 2P~
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For example, we take ¢/(2[1) and ¢I(1|2) algebras. The Jordan-Wigner transformation is obvi-
ously embedded in g/(2|2) algebra one. Therefore, the transformation for E; € gI(2/1) is (4.3.10)

without 3rd row and 3rd line and similarly, the transformation for E; € g/(1]2) is (4.3.10) without
2nd row and 2nd line:

(1—nS)(1—n?) —cudy —ca(1—n?)
gl21):  E,= ctd! nénd nSd! , (4.3.12)
ci(l—ni)  nidy  ng(1—mnf)

gl(12):  E.= (1—ng)ds (1 —ng)nd Cady

ch(1—nf) dac; ng(1 —ng)

((1 —ng)(1—nd) (1—nf)d, —co(1— nﬁ))
) (4.3.13)

4.3.2 Examples of Hubbard-like Hamiltonians

In this subsection we consider certain examples of the Hubbard-like models based on small algebras.
Namely, we consider the models based on the g/(2|2) & gI(2) and g/(2|1) & gI(2) algebras. Then we
consider the model based on the gI(1|2) & gl(1]2) algebra, we consider different projectors 7t and 7.
In the final part we discuss the applications in the AdS/CFT context. These Hamiltonians also seem
to be interesting to condensed matter physics. The following results are taken from [126], [127].

171
and 71, are chosen to be trivial: 774 = EN, = E}l and 7y = E%z + E%g’ + E‘TM, T, = E?2. Hence,
the particle content of the model is such that we have only 7t-particles on the reference state. The

(2|2 ; 2|0> model. The following model is based on the gI(2|2) & gI(2) algebra. The projectors 71,

Hamiltonian (4.2.24) in terms of matrix Eg,a is written as

L
17 71 71
Haeposi2) 21<Z{ DIE]E x+1+ETxETx+1}+{E Ef\in +ET, ¢x+1}+
x= =2
E1511— EV )(E1 — g2 L+1=1 4.3.14
4(Tx ZTX)( Jx ¢x)/ +1= ( )
=2

where the grading is [1] = [2] = 0 and [3] = [4] = 1.
Using the Jordan-Wigner transformation, the Hamiltonian of the model can be rewritten as

L
d d d d
(C/ C+, —U) + Z (C$ x+161 x + C* xCt x+1) (nxTnx—HT My — nx-}-lT)

x=1

|
X
ay
s
<

Haipyogie) =

+
=

+ +
(dT w1y x £ dT XAt x+1)<”fc¢”§+1¢ - ”fm - ”§+1¢)

®
I
—_

_|_
agls

t + + +
(CT x+101 1t x 418t x F O 1O xpady x+1)

—_

|
A=
=

1(1 —2n§ )1 —nS)2nd,, L+1=1 (4.3.15)
x=
with
L u L
Heu(c,ct, U) Z C i1Cax € Cuxr1] + I Z:l(l —2n% )(1-2n%4). L+1=1 (4.3.16)
= =
=
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The eigenfunctions for this Hamiltonian are made of the creator operators cl,d! and CI. They
can be written in the following form and correspond to the solutions which can be found in the next
section:

(n) Ni—n Ni+N;—n
/= — —»
O N = Z Z Z Y'(%,7,2) H Cx]T 1;[ 1 dX,THCydeykTHCwm >
Zk#zz yk#yy *z#’f; Y J=Nit
= (=1)N™Nsp[A], with n=0,.., min(Ny, Np) (4.3.17)
Ni—n Ny—n n N3
and A=041.,41031,...,31,21,...,21,24,...,2]). (4.3.18)

$[A] is the eigenfunction given in (5.1.10). Remark that, in addition to the particles cJTr, dJTr and CI
(corresponding to 4 1, 3 T and 2 | resp.), we have a doublet c*d}r corresponding to 2 1. The particles
c$ and c! can be identified with a (spin up and down) electron, while d$ can be viewed as a spin 0
fermion that can form bound state with the spin up electron.

The energy of the excited state CD;Z ) Ny, N, Teads

u Ni+Ny+N3z—n
EW = J(L-2(Ni+ Ny +Ns—n))+2 ) cosky,
=1

where the parameters k; are Bethe roots defined by equations given in the next section 5.1.1 with
n=m=2

<l(2|1) @ gl(2) model. This model is based on the gI(2|1) & gl(2) algebra with the trivial choice
of the projectors 71, and 7,: 714 = Eil, 1) = Eil and 774 = E%Z +EB, 1, = Efz. Again we have only

ft-particles on the reference state. The Hamiltonian (4.2.24) in terms of matrices E;,j,a is written as

L
7 17 71 1
Mg = Zl( 23{(—1>“]E] B+ BB o+ { BB + ERER L | +
x=1 "j=
+ Z EV )(EL Eﬁzx)), L+1=1 (4.3.19)

where the grading is defined by [1] = [2] = 0 and [3] = 1.
In terms of the fermionic operators the Hamiltonian of the model becomes

L
+ + + d d d d
Honege) = ~Huuw(c,c’, —U) + 2 (CT x+161 x T C4 xCp x+1)(”¢ 1t — Mgy — 1y 1)

x=1
Loy + + +
Z (CT 24101 x4 x 1@y 2+ € (O xpady oy X+1)
x=1

L
—% Z (1-2n$)(1—n)nf, L+1=1 (4.3.20)

where Hpy,p(c, cf, U) has been given in (4.3.16). Again, the eigenfunctions for this Hamiltonian cor-
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respond to the solutions from the next sections. They have the form

Ny N, N3
e + togt +
DN, NNy = Z Z Z Y (%, y’z)HCXITHCVITd%THCZbLm >
Zk#l yk#y; xﬁ“‘; Y B B B

Ny N, N3
= (-1 Np[A], with A=(31,..,31,21,.,21,2],..,20) (4321

¢[A] has been defined in (5.1.10) and the corresponding eigenvalue reads

u Ni+Ny+Ns
E:Z(L—Z(N1+N2+N3))+2 Z cos k;
=1

with Bethe roots k; obeying the equations given in the next section 5.1.1 withn =2, m = 1.

< 112 ; 112 > -model. The nextexample we consider here is ( 11‘2 ; 11‘2 ) -model which is based on gI(1|2) &

¢l(1]2) superalgebra. The projectors 7, and 7i, are chosen such that 77, = E!! and 7, = E? + E>°.
Therefore, there are only two 77y and two 7| particles. The Hamiltonian (4.2.24) in terms of matrix

Egp € gl(1]2) is written as

L o
,Hgl(l‘z )egl(1]2) Zl ( 223{ 1] E]lx—H + E]TleT x+1} + _223{ - EfxE]jx—H + Eile¢ x+1} +
x=1 "j= =2,
+ - Y EER- Y F)) L+1=1 (4.322)
7=2,3 7=2,3

Using the Jordan-Wigner transformation (4.3.13) for EY . and Eijx matrices we obtain the Hamil-
tonian in terms of fermionic operators cy and dy , with o =7, |:

Hgl(llZ)EBgl(HZ) = _HHub( Jr - )_HHub(d d+ - )— Vint(c C+ d, dJr —U) (4.3.23)

u L
Hpgup(c, ¢t U) Z Y (chpCkite + CfpaoChe) + Iy Z (1 —2mp4) (1 —2ng )
=lo=1,| k=1
(4.3.24)
under the periodicity conditions L 4+ 1 = 1. The potential term Vint (c, ct,d, dt, u) is
+ + = + + d d d d
Vint(cf c,dd’, U) = - Z 2 ((Cxacx+1¢7 + Cx+1acxt7) (”x,anx+1,a —Nyg — nx+1,(7)
x=1lo=1,|
+ (djmdxﬂv + djc+ladﬂ7) (”i,a”fﬁl,a — Ny — ”§c+1,0))
u L d c
+ 7 Z ((1=2n5) (1= 2nd) + (1 = 20,) (1 = 2n5,)
— 2(1-niy—n T)(1 + 2”x¢”x¢) 2(1+ 2n§CTancT)(l —ny - na)
+ (14 2n5nd ) (1+ 205 nd))) (4.3.25)
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The Hamiltonian (4.3.23) can be interpreted as two periodic lines on which the electrons (de-
scribed by c, ct for the first line, and by d, d* for the second one) interact via the usual Hubbard Hami-
tonian (4.3.24), plus a term of interaction V;,; between the two lines. Thus, one gets a ‘double-row’

Hubbard Hamiltonian, and considering more involved ( -models, one can construct multileg-

p ;o
Hubbards models. In this way, we construct an almost two- d1mens1ona1 Hubbard model that is still
integrable. See [121] and the references therein for the information about ladder models.

The eigenfunctions for this Hamiltonian are made of creator operators CT’ ct UZJr and dI. They can

be written in the following form and correspond to the solutions constructed in the section 5.2.2:

©N1/N2/N3/N4 = Z Z Z Z 1f[/(-’X:‘(l), f(z), )_6(3), .7_(:\(4))
(1) 2) 7(3) x4
NONNORNCBRCNORNOBNORNO 7ﬁx](4>rxl<a>
1 + Nz + N3 + + NN _
1o, [Tee, T4, Hd 0 >= (—1)MNgA] @326)
e Y
Ny N, N3 Ny
and A=(31,.,31,34,..,31,21,..,212,..,2]). (4.3.27)

where ¢[A] is the eigenfunction given in (5.2.15). The particles c?,clr, d}r and dI correspond to 3 T,
3 1,2 1 and 2 | respectively. The particles ¢ and d. can be identified with a (spin up and down)
electrons.

The energy of the excited state @y, n, N5 N, Teads

N
E = %(L—ZN) —i-ZZcoskl with N=N;+ N, + N3+ Ny
=1

where the parameters k; are Bethe roots defined by the Bethe equations (5.2.1):

. Ni+N3 ) +sink; —ill/4 Ny
T E Az+sinkj+iu/4i11bl' for je[1,N] (4.3.28)

b N =1, arg(b;) < arg(bis1), with i€ [1,Ny, (4.3.29)
N 1 L1 N. N +N3 o g
H/\l—i—s%nk] z'll/4 B lem3 N 1”11_4[b 11_[ Al — Am z.ll/2’ (43.30)
=T /\l+81nkj+ZU/4 polie} /\l—)Lm—i—IU/Z

m#l

with 1<7; < ... < fin, < N1+ Ns, for 1€ [1, N1 + N3]

Another example which is based also on the g/(1|2) superalgebra is (1&2 ; 112>—model. Now the

projectors 77, and 7T, are chosen such that 774 = E%l +E?, ) = Eil and 4 = EP, 1) = Eiz + Ei3.
The particle content is different from the previous case: one 774, one 77 particles and two 77| particles.
The Hamiltonian (4.2.24) in terms of matrix E;) , € g/(2[2) is written as

L

3 3 3 17 71 7l
Hoapegap = Z‘i ( 21:2 {EJTxET e T (CDVEY E] x+1} - 22:3{ EJLE iy +E[LE] x-l-l} -
x= =1, 7=2,
+E Z Bl —EB)(EL - 2 E],)), L+1=1 (4.3.31)
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We use the Jordan-Wigner transformation (4.3.13) for EJ . and Eij  matrices we obtain the Hamil-
tonian in terms of fermionic operators ¢y, and dy, with o =7, |:

Ql(112)agl(12) = — Hrun(c )+ Z < Y dainy + d§+1¢dx¢> — Viu(e,c',d,d', —U) (43.32)

with

1=

V/

int

d d d d
(C C+/ d, d+/ U) = - ((C;gcx-&-la + Cjc+1acx17) (nx,trnx+1,c7 —Nyo — nx+1,17))

X

+ ;(
(

Lo=1]

xJ,dXJrU + dx+udx¢) (”§,¢”§<+1,¢ - ”fw - ”§c+1,¢))

=

+ Z ¢ Tcx+1de+1¢de+Cx+1TCdedex+1T)
=1

U & d d . d
+ ZZ(Z”xT”XT —2n,) =20 (1= 2n%,) (1 — 2n5) — 4nSyndind (1 —2n5,)))

x=1

®

(4.3.33)

We will not write the Bethe equations and the form of the eigenvectors in this case.

Comparison with AdS/CFT

The (energy) spectrum of the (usual) Hubbard model has been shown [75] to reproduce correctly the
spectrum of the dilation operator in the su(2) subsector up to three loops. The perturbation theory
is done at g — 0 on the SYM-side, while it is done at U — oo on the Hubbard’s side. Starting at
fourth loop, the corrections [77] differ with the Hubbard model. The Bethe equations (for the su(2)
subsector) read

i\" M u; = lcotan(1p))
5 u uj+i i ]2 2r]
M =T[5 o) with . 20 (4.3.34)
x(u = 3) fi;;”k—“f_l x(u) =3 1+\/—77
]

where 6(uy, u;) is the so-called dressing phase mention in (3.5.1).

In the Bethe equations of (p i )—models as we will see in the next section (5.2.13), a phase occurs,
that depends on some Bethe parameters. Unfortunately, for the present models, the Bethe parameters
involved in the phase seem not to be of the type u;. However, we believe that the present construction
could be a first step for the construction of an integrable model possessing such a dependence. In
the context of super Yang-Mills theories, one should stick to the single circle interpretation, with
electrons possessing some internal degrees of freedom. Then, to get a true su(2) model, one would
have to integrate over the internal degrees of freedom, to get an effective model.

To be more appealing, we reformulate the Bethe equations (4.3.28)-(4.3.30) with the notation and

half-filling constraints:

g Vg

N=Ni+N,+Ns+Ny=L ; Ny+N;=M (4.3.35)
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Forgetting for a while the state multiplicity, eq. (4.3.29), we also set

N4 [ 7t N3 - i
Hbz‘ — 8%924 and eN12+N3 i i — 6%913 (4.3.36)
i=1
Then, we get:
L o [T M 8V2sinki =5 j=1,...,L (4337
(=1 Uy — g\/i Sil’lk]‘ + %
L _ . L l . ) M .
m—gV2Sinki— 5 e e, [T for 1=1,.,M (4.3.38)
=1 ul—g\/ESIIlk]-f-% m=1 ul_um+1

m#l

The first equation can be used to determine the the Bethe roots k;, while the second one has to be
compared with (4.3.34).
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Chapter 5

Coordinate Bethe ansatz solution of
Hubbard-like models

In this chapter we discuss the Coordinate Bethe Ansatz solution of the generalized Hubbard models
introduced in (4.2). In the section (5.1) we present the solution of gl(n|m) & g/(2) model, [126]. We
review, then, several examples of these models based on the g1(2|2) & ¢I(2) and gI(2|1) & gI(2) alge-
bras. We write the Hamiltonians in terms of the fermionic operators. The section (5.2) is devoted to
the solution of gI(n) & gl(m) models. The thermodynamic limit of the Bethe equations and examples
of physical Hamiltonians are considered in next subsections. The results of these sections are taken
from [127]. This chapter consists of the personal contribution.

The generalizations of the Hubbard model based on the su(N) algebras, [115], [116], or model
introduced in (4.2) based on the superalgebras, were introduced several time ago. The solution of the
Hubbard model was done firstly by E.H.Lieb and FEY.Wu by the Coordinate Bethe Ansatz, then by
M.Martins and P.B.Ramos using the Algebraic Bethe Ansatz. However, the solution of these general-
ized Hubbard models, supersymmetric or not supersymmetric, was not done since the introduction!.
One of the obstacles is that the spin chain appearing in the auxiliary problem contains the permuta-
tion between particles with the same spin. Thus, the Algebraic Bethe Ansatz seems not to work in
this case. In the Coordinate Bethe Ansatz, however, it is possible to deal with this obstacle.

In the construction of the generalized Hubbard models (4.2), it was shown that one can use dif-
ferent algebras for the spin up chain and the spin down chain. Therefore, at the first step one can
consider the models based on the gl(n|m); @ gI(2), algebras. Here we explicitly show that the spin
up chain contains n + m — 1 particles and the reference state. The spin down chain is similar to the
Hubbard model, there is only one spin down particle. In this model, the auxiliary problem is simplier
than the general case due to the fact that the permutation arises only in the next level of the auxiliary
problem. Hence, we firstly consider this kind of models and we show how to use the Coordinate
Bethe Ansatz for the auxiliary problem. Next we deal with the general case of the gl(n) & gl(m)
Hubbard models with 7r-particles.

51 gl(njm) @ g/(2) model

In this section we show how to generalize the Coordinate Bethe Ansatz for the g/(n|m) & gI(2) Hub-
bard model from (4.2). This model is an example before considering more general cases, however the

IThere are papers on the solution of the su(N) generalized Hubbard models, [117], but the obtained results
seem not to be correct.
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technique we use in this case can be borrowed for subcases of the general gl(n) & gl(n) model. We
point out that here we do not have the rr-particles introduced in (4.2).

We briefy outline the strategy of the Coordinate Bethe Ansatz for the generalized gl(n|m) & gl(2)
Hubbard model. The model consists of n + m — 1 spin up and one spin down excitations on the
reference state. The first level of the Coordinate Bethe Ansatz is almost similar to the one used in
the solution of the Hubbard model (3.3.1). Apparently, the modifications arise in the structure of the
S-matrix. The auxiliary problem is presented by the Hamiltonians composed of the product of the
S-matrices. We proceed to solve the auxiliary problem using again the Coordinate Bethe Ansatz. This
method in application to the auxiliary problem of the Hubbard model is described in the lectures on
the Hubbard model by B.Sutherland in [122]. We show that it can be generalized to the auxiliary
problem of the gI(n|m) & g/(2) Hubbard model and finally we arrive to the third level of the nested
Coordinate Bethe Ansatz which is represented by the auxiliary problem, level 3. The Hamiltonian of
the latter appears to be a product of permutation operators, what can be solved easily.

In the next subsection we present the model and write the Bethe equations with the spectrum of
the Hamiltonian. Then, we present the Coordinate Bethe Ansatz in the following subsection.

5.1.1 Results for g/(n|m) @ ¢/(2) model

The Hamiltonian of the gl(n|m), @ gI(2), or (“'1'“ ; 2) Hubbard model is given by the expression

L L
u
7-lgl (njm)®gl(2 Z ZP Txx+l + (ZP ixx+l + Z Z CT xcix , L+1=1 (511)

x=1 x=1

with the notation:

n+m
(ZP)roenn = 3 (BfNEN .+ (-D)IERED,,) (5.12)
a=2
(EP) yupn = EREP +ERER,, (5.1.3)
T 11 22
Cix = B}, =) E ; Cx=E' —E’ (5.1.4)
a=2
and we use the grading givenby [1] = ...[n] =0and [n+ 1] = ..[n+m] = 1.

The Bethe equations of the model gl(n|m) @ ¢I(2) can be written down as

K isinkj—i—iam—k%

oL — (_1)K+N+1 o i=1,...N 5.1.5
=D m=1 isink; +iay — % J ( )
N jisink; + ia, + 4 K ig. —i u

(_1)N j mT 4 _ A(ﬁ(3)) H M/ m=1,..., K (5.1.6)

o . . u . .
o1 isink; +iay — 3 1y —iap — 5

I#m
. 2i7 . M 3
A =exp (BE01), )= Lo

0<M<K and 1<nl? <nl? <. <nl) <k (5.17)
where L is the number of sites considered in the Hubbard-like model, N is the total number of ¢%},¢2T,
e, entm)t "particles". K counts the total number of excitations from 21 to eM™T and finaly M
numbers the ¢37,... e ™)1 particles.
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There are Bethe parameters nl(k) , 3 < k < m+n, for each particle e, but they do not show up

in the Bethe equations. In the section (5.2.4), it is shown more precisely how all these remaining
parameters (that are quantized) appear in the Bethe ansatz construction.
The energies associated to these states are given by

u N
E= Z(L —2N) + zjzzl cos k; (5.1.8)

and their momentum reads

M-

p=Y k. (5.1.9)

\
Il
—

Let us note that the Bethe equations for gl/(n|m) & gI(2) are very close to the ones obtained for the
Hubbard model (3.3.119).

5.1.2 CBA for gl(n|m) @ g/(2) models

We solve this model via the Coordinate Bethe Ansatz. In this model we have n + m + 2 types of
different ‘particles” denoted by et 21 . e(mtmT and o4 ¢2t. We choose the vacuum as

L
11 1
$o = H exTexi .
x=1
The excitations above the vacuum state are given by

Pp[A] = Y Fx, Alegt..efN o (5.1.10)
x€[1,L]

with indices Aj € {2 1,3 1,..,(n+m) 1,2 |} corresponding to vectors et 31 e(mtm)T o2l e
assume that we have the numbers Nyp, Ni3, ..., Njqjpm, N2 of e21, &30, ., e(ntm)T o2l particles respec-
tively. The sum over x is again considered without points where two "particles" with the same spin
are on the same site. N describes the number of all excitations and goes from 1 to L. In (5.1.10), the
Telt
)

. . 1 . . . .
sites carrying vectors e; 'e;”, not associated to any excitation, have been omitted.

]
Now we assume the Bethe ansatz for ¥ (x) and follow the steps detailed in section (3.3). We divide

the coordinate space (x1, X2, .., xy) into N! sectors. For Xo1) < XQ(2) < . < XQ(N), We have

Fo(x) = Y (—1)Qlp(p, QP~1)ePkx (5.1.11)
P

where P = [P(1),P(2),.,P(N)] and Q = [Q(1),Q(2),.., Q(N)] are two permutations of the inte-
gers 1,2,.., N and Pk - Qx = Y kp(;jxg(;)- The symbol (—1)58(Q)] stands for the signature of the Q-
permutation when restricted to fermionic particles e(™*T,...e(™*™T, For instance, we have the prop-
erty (valid for any permutation Q and any permutation IT;; 1): (—1)[8(QMir1)] = (—1)kg(Q)+[AdlAin],
We recall that ¥ (x) and accordingly @ (P, QP~!) both depend on the type of excitations A.

The first level of the Coordinate Bethe Ansatz almost repeats all basic steps of the one of the Hub-
bard model, (3.3.1). The difference between both models is in the S-matrix. However, the procedure
of the derivation of the S-matrix is practically the same. We will not repeat it here. One should also
take into account that only the fermionic particles of spin up and spin down are considered in the

Hubbard model. Whereas in this case we have bosons and fermions with spin up and only bosons
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with spin down. The difference of these cases arises in the coefficients 1, and ¢, of the S-matrix. For
more details we suggest to see (3.3.1). B
We gather all the coefficients ®[P, QP~!, A] in a vector

N

N 1 — Api

d(P)= ) @[P,QP 1, Al [e; "
QA i=1

where the sum is done over all possible types A and all corresponding sectors Q. A vector [TX, e?o‘“)
represents one state of N possible excitations and belongs to V; ® ... ® Vi (where V = span{2 |;2 1

;31,41 .., (n+m) T}). The order in the vector is chosen such that, for Q = id, the vector Hfil el’.qi is

Ny Nintm Ny,

N e
=, 0.0t e. Mt g... @ (5.1.12)
=1

1

In the case of two particles (N = 2) we can introduce the S-matrix:
B (IT;,P) = S (A1 — Ay)d(P).
Here, Sﬁ) (M —Ap) = Sg) acts on elementary vectors e ® e/ as

SWei @ efs = —ph2 @M, for A, Ay=21,..,(n+m)+ orboth 2| (5.1.13)

Sié)eAl ® eA2 — t12 @Al ® eAz + 112 eAz ® eAl, (5114:)
fOI' Al(Z) =2 T/ cey (n + m) T’ Az(l) =2 \L
where 2i(Ay — o) U
A1 — A2 — i
t1p = = A= k; 1.1
12 U—|—21(/\1 _AZ), 112 U—f—ZI()\l _)\2)/ i S K; (5 5)

For an arbitrary number of excitation N we have

S(IT,P) = S (Aa — Ay) D(P),
(1)

where the matrix S ﬂi

(1)

. 1
S-matrix S ab

acts non-trivially only on V, ® V} vector spaces. It can be shown that the
satisfies the Yang-Baxter equation. In the special point A, = A, the S-matrix is propor-

tional to the permutation operator: Sg) (0) = —Pyp.

The periodic boundary condition on the function ¥ (x) writes as
‘PQc<X + eQ(l)L) = 1FQ(X) with C = IIng..JINN_1
and it leads to the auxiliary problem:

bjd(id) = el d(id), with by =5 ..Sy)s).s j=1,..,N. (5.1.16)

We already mentioned that the S-matrix satisfies the Yang-Baxter equation. Due to this, it is
possible to show that the auxiliary Hamiltonians ; mutually commute.
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Auxiliary problem, level 2

In the section (3.3) devoted to the solution of the Hubbard model we used the Algebraic Bethe Ansatz
in order to solve the auxiliary problem (3.3.72). In this case we will use the Coordinate Bethe Ansatz
to diagonalize the auxiliary Hamiltonian b;:

_ g g )
by =S}, 88

Firstly, we transform slightly the S-matrix ng) — ng) = Spp to simplify the calculations. At
this step we have n + m types of different excitations: e?',e2!,¢3T,...,e("*™  Choosing the "new"

vacuum as

(5.1.17)

Yo
=[1e" (5.1.18)
k=1
the state of K excitations of any type is written as
- K l
Y v W(x, A) [T et (5.1.19)
x€[1,N] i=1

where the sum is done over all coordinates x; without coinciding points x; = x for any i, k (exclu-
sion principle). A is a vector (Ay,.., Ax) with A; =2 1,3 1, ..., (n +m) 1 (corresponding to et 3T
..o ™1 Again, sites carrying e+ (no excitation) have been omitted in (5.1.19).

The Bethe ansatz for the coefficients ¥(x, A), in the sector xo(1) < Xgp) < - < Xg(k) Where
Q = [Q(1), ..., Q(K)] is the permutation of the integers 1,2, ..., K, is given by

K
Yo, A) =Y D4(P, QP ) [T frgy (ap(i) - (5.1.20)
P i=1

where f(a) is the one-particle solution (for any type of excitation A) with rapidity a:

r—1 i . u
:H<_,l ’”+17+4u>. (5.1.21)

A1 +ia— 3

The eigenvalue corresponding to this state ¢(A) takes the form
Aj = gj(ay)...0j(ax) (5.1.22)
where ¢;(a) is the eigenvalue of the one-particle solution

iAj+ia+ §

: 5.1.23
iAj+ia— Y ( )

oj(a) = —

How to obtain the one-particle function fy(a). The idea is similar as in the first level of the Coordinate
Bethe Ansatz. One should take the case K = 1 and apply the auxiliary Hamiltonian b; on the function
(5.1.19). The application of the whole Hamiltonian h; on the one-particle function can be calculated
recursively. We can define a recursive Hamiltonian as

Sikj---Si1jpWAl = Y H ¥, [x, 4] HeA” (5.1.24)
x€[1,N]
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There are the recursive relations between the coefficients ](k) ¥o[x, A] and H j(kfl) ¥o[x, A] which
can be found easily using the S-matrix relations (5.1.13),(5.1.14):

A](k)‘FQ[x; A] = H( )Y’Q[x A], for x#j,j—k (5.1.25)
Xn Xn Xn
A(k),{, / %_A N H(k—l)qf / i‘-A H(k—l)?r )t A
Ol 13 4] = —t B ¥l 13 A =1 A VX, K A,
(5.1.26)
: ; ;
](k) [ ,]—k A] —tj k]H( ) [ ,]—k A] rio k]H](k—l)lFQ[x/’ ],A]
(5.1.27)
xf Xm 911 xfl
~ (k = % A -z
AV, |, i~ kAl = A VX, &, ;4]
(5.1.28)

Xn

!
where the notation x/, j means that among all x = (x1, ..., xg) there is x, = j and the rest is not equal
Xn Xm
1
to j nor j — k. Similarly, the notation X, j, j — k means that among all x = (x, ..., xx) there are x,, = j

and x,, = j — k. The rest is not equal to j nor j — k.

In the case K = 1, ¥y [x; A] = fx(a), one can solve these relations and find the function fy(a). The
parameter 7 is a Bethe parameter. We point out that for all A; =2 1,...,n +m 1 there is one commun
eigenfunction. We will see in the next section that it is not the case for the gl(n) & ¢/(m) Hubbard-like
models. Thus, the recursive relations for K = 1 are

f]()— tikj klf]() ri H Y (a) (5.1.29)
A fi(a) = 1A 1f]'*k(”)_rj*k,j f Vfi(a) = 0ifii(a) (5.1.30)

by the last equality we impose that for any k the function fx(A) have the eigenvalue (7]

The second equation can be solved expressing H f]( a) and using the fact that H f] k(L) =

fi-k(Q):

- (07 + ti—k,;) fi—k(a)
Ufia) = = i = (5.1.31)
j—k,j
and k — k + 1 we obtain
~ (k) (0 +tji—k—1,j) fi-k-1(a)
AV fi(a) = - (5.1.32)

Tji k-1

Then we can insert these results in (5.1.29) and we find

(gt bk, ) fik—a(a) N (07 + ti 1) fi-x(a)

. . = ik o — Tjk,fj-k(a)
Tji—k=1, Ti—k,j
what can be solved using (5.1.15) as
) N s — 2 ) . . . .
fi—k—1 ((‘TJ + k) ti—k rﬁk,j) Vji—k—1,] isink;_ +ia— 4§
fi-k (07 +tik—1,))Tj—k, isinkj_g_1+ia+ 4
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where we introduce a Bethe root a as
isin(kj) +ia+ 4§

oila) = —
]( iSil‘l(kj) + ia — %

Thus, finally, we obtain the solution for one-excitation function fy(a):

21 ( isinkm—kia—f—% )
= H . . u
m=1

isinky 1 +ia—

with the eigenvalue ¢;(a) defined above.
We write several convinient formulae which are useful in the following description:

Vi) = oj(a)fe(a), for x#j (5.1.33)
N
A;N_l)ff(“): [T o' (a)fa) (5.1.34)
1=1,1#j

Two-particle and K-particle eigenfunction and eigenvalue. In the case K = 2 the eigenfunction is given
by the Bethe ansatz (5.1.20). The coefficients @ 5 (P, QP~!) gives the information about the scattering
of the particles.

Firstly, we impose the relation for the indentical particles: let A; = A}, then ¥g[x; A] = ¥orr, [IT;jx; A]
and it implies

®4(PIT;, QP1)
®4(P, QP
foranyi,j = 1,..., K. Furthermore, the action of the recursive Hamiltonian A ]-(k)
additional ratios between the coefficients @ z (P, QP~1).
Let us consider two non-identical particles and we want to calculate the coefficient A }k) Yo x1, xo; A]

=1 (5.1.35)

allows to determine

for any x = (x1, x2). If x1 is ‘out of reach’ of the recursive Hamiltonian, i.e. x; < j — k and x; is such
that j — k < xp < j then two-particle function is effectively like one-particle function. Hence we have

A% [x, xp; A] Zcp A(P.QP™Y) TT A ey, (aps) (5.1.36)
i=1,2

The functions H](k)fxi (ap(i)) are such that: lq](k)fx1 (ap(1y) = fu (apa)) and

H](k)sz (ap2)) = 0j(apr)) fx,(ap(2)) (5.1.37)

for x, # jand

A

k _ _
H]-( )fxz(ﬂp(z)) =04 (ap))--07 4 (ap@)) fra (Ap(2) (5.1.38)
for xo = j. o
~ (K

When the recursive Hamiltonian H ; acts on two particles, we use the relations (5.1.28):

X1 X2

N ~(k— . 7
AN (], kAl = A U‘FQ/[]—k,];A]:;dDA(P,Q’P 1—1[2H Yt (@p),
1

where Q' = QIT,.
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We assume that (5.1.36) is valable for j — k < x1,x2 < j:

AN ¥[x1, g7 A] =1 0(RQP™Y AP feo (ap) (5.139)
i=1,2

This hypothesis seems natural if we want to have the eigenvalue to be the product of the one-
particle eigenvalues, i.e. (5.1.22). We point out that the point x; = j is not included in the hypothesis
and we need to determine it separately. On the one hand, we make an assumption of the form of the

coefficient H ].(k)‘f’Q [x1, x2; A], on the other hand, we can calculate it recursively. Therefore, it leads to
the relations between the coefficients @ z (P, QP~1).

x X
Let us continue to work with the coefficient [ ].(k)‘PQ[;, j e k; A]. We can see from the above re-
lation that it can not be reduced to the form depending on H ](k) frow (ap()). Indeed, the relations on
the functions fy(a) (5.1.29) are not sufficient to write the coefficient H ](k)‘f’Q j,j — k; A] proportional
toYp < .. > Tlic12 H].(k) frow (ap(i)). Nevertheless, we can determine this coefficient from another
point. The coefficient H ;kﬂ)‘I’Q/ [ —k—1,j—k; A] with Q" = QIT, can be expanded due to (5.1.26)
as
A [ — k=1, — kAl = —tj g A Yo [ — k= 1,j =k A] = 1 A ¥ — K A
(5.1.40)
The coefficient [ ]gk) Yo lj —k—1,j — k; A] is determined by (5.1.36) with the terms @4 (P, Q'P~!) and

the initial coefficient H ](k+1)‘I’Q/[j —k—1,j —k; A] is determined by the hypothesis (5.1.39) with the

terms @ 4 (P, Q'P~1), thus we see that it is possible to satisfy the relation if we impose [ ]gkﬂ) Yoli,j—
k; A] to be

X1 X2

N _ ~ (k
AY¥(j,j— kAl = ;@A(P ,QINaP™) ,1_1[2 A fromyo (ar(o)

This relation can be compared with (5.1.39). It leads to the relations between @z (P, QP~!):

1y pylk A (k Ay (k— (k=
Y @i(P,QINP 1)(H]‘( )fj(ﬂpu))Hj( fik(ap() — H]'( 1)fjfk(aP(l))H]‘( Vfi(apm) =0  (5.1.41)
P

which can be solved expressing the ratio @ 1 (P, QP~1)/® 5 (PITyp, Q(PITy)~1):

@i(P,QPY)  iapa) — i”P +u/z2 (5.1.42)
(PA(PH]Q,Q(PHH)*l) i(lp( 1) — lep LI/2 o
The same result can be found for any K number of excitation: fori =1, ..., K
: -1 iapyy —iappy +U/2
@;(P,QP™) _ 1ap@) —1Ap(iya) (5.1.43)

D5 (PITiit1, Q(PILi1) 1) iapgy —iap(ipy) — U/2

The coefficient H]-(k) ¥o[x', j; A] is defined by similar expression. Let us suppose that xq(1) up to a
certain xg(x_,—1) are strictly less than j — k, i.e they are "spectators” and are “out of reach” of the
recursive Hamiltonian, and XQ(K—n) UP to Xg(x) = j are, thus, in the sector between j — k and j. Then,

we have
K

AN, j; A Z@A PQP A ey (ar) (5.1.44)

i=1
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where Q' is such that: Q' = QIIx_uk...IIx—1k. The product is ordered as following;:

spectators

K
Ay (k
H j()fo/( (ap ) fo (ap 1)) foK 1) (a P(K—n—l))fj(aP(K—n))fo(K,n) (aP(K—n+1))---fo(K,1)(aP(K))
(5.1.45)

The eigenvalue can be calculated considering the coefficient [ ].(Nfl)‘PQ [x; A] for x # j and the
hypothesis (5.1.39). Hence, we obtain

=

AN ¥ [x A] = A¥olx; A] = | laj(ai)‘f’Q[x; Al (5.1.46)

The periodic boundary conditions are already satisfied if we consider the coefficient H ;N_l)

¥olx', j; A] = Aj¥g[X, j; A]. Using the expressions (5.1.44) and (5.1.45) for k = N — 1 (recursive
Hamiltonian acts on the whole chain, hence there are no ‘spectators’) and skipping the calculations
we obtain

@ 4(PCk, Qp! H(Tl ap( @A (P,QP™ 1Y) (5.1.47)
where Ck is a cyclic permutation given by Cx = H k1---ITxx—1

The S-matrix. Next we gather all the coefficients ®(P, QP~!, A) in a vector
K

=Y (P, QP A) e (5.1.48)

QA i=1

. s . Aqi
where the sum is over all types of excitations and all corresponding sectors. The vector [T~ ; ¢;

belongs to V1 ® ... ® Vk (Where V = span{ezT; AT e("+m)T}) and represents one combination of K
excitations.

When we apply the Hamiltonian (5.1.16) on the excited state ¢(A), there are two types of condi-
tions imposed on the coefficients &(P): (5.1.43) and (5.1.47). From the first condition, in the case of
two "particles" (K = 2), we can introduce a S-matrix corresponding to this auxiliary problem. The
second type of conditions implies the periodicity condition. The S-matrix is defined by

B (ITyoP) = $\2 (a; — ay) B(P) (5.1.49)
with ' ' ;
Sg)(al —ay) = apPp, and agp = w. (5.1.50)
ia; —ia — 5
For an arbitrary number K of excitations we have
b(I1;P) = S\ (a; — a))B(P), (5.1.51)

(2)( ,

where p~1(j) — p~1(i) = 1 and the permutation S ii’ (a;i — aj) acts non-trivially only on the tensor

product V; ® V;. The matrix 51(]2) (a; — a;) satisfies the Yang-Baxter equation since it is the permutation
matrix.
The periodic boundary conditions on & (P) can be written in the following form:

5@

N
@) 8252 5P (id) = [[ox(am)B(id) for m=1,.,K, (5.1.52)

1m

where the S-matrix arguments were omitted for simplicity.
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Permutation problem, level 3

Thus, we arrive to the third step of nested coordinate Bethe ansatz. We briefly recall the procedure:
i) The eigenvector of the g/(n|m) & ¢I/(2) Hubbard-like Hamiltonian is given by the ansatz (5.1.10).
The periodicity conditions lead to the auxiliary problem, (5.1.2). ii) We diagonalize the auxiliary
Hamiltonian. The periodic boundary conditions, similarly, lead us to another auxiliary problem,
level 3.

Here, we have the auxiliary problem with the particle content: ez, 3t . ,e(“+m)T. The Hamilto-
nian I is represented by a cyclic permutation, thus is independent from j.

['¢p = Pii1juPyiPrjPigj o = A (5.1.53)

The eigenvalues of the cyclic permutation is set of phases depending on the size of the chain
K: exp(2imtn/K). However, one variable 7 is not enough to characterize completely the eigenvector
¢. In the section (5.2.4) we show how to solve such auxiliary problem in general case and get the
complete set of the eigenfunctions.

On this point we finish the description of the Coordinate Bethe Ansatz. The results: the Bethe
equations, the spectrum are presented in the begining of the section, (5.1.1).

52 gl(n) ® gl(m) model

In the chapter (4.2) the generalized Hubbard Hamiltonians (4.2.24) based on gl(n|m); @& gl(n'|m’);
njm , n'|m’
P/ g
rameters p and q which give the number of types of 71, particles involved in the model.

superalgebra or ( -model were obtained using the R-matrix formalism. There are two pa-

n.m
P’
write the results for the model: the Bethe equations, the energy of the Hamiltonian. Then, in the
following subsections, we describe the Coordinate Bethe ansatz method. This description is more
general than we presented in the previous section (5.1). We finish this section by considering the
thermodynamic limit of the obtained Bethe equations.

In this section we present the solution of the subcase of such models: ( )—model. At first we

njm | n'|m’
P’

function can be suggested from the ansatz of (‘; ; ?)—models with a factor correponding to the

fermions as in (5.1.11) for the (“'1'“ ; %) -models.

As for the supersymmetric ( )—models. We remark that the ansatz solution for the wave-

5.2.1 Results for g/(n) & gl(m) model

The Hamiltonian of (g ; ';) -model writes as

L u L .. ..
H=Y ¥ ¥ (ELE G +ELEL ) +5 L 0-2 L Bloa-2 ¥ ), L+1=1 (21)
x=lo= N]lgx’v x=1 jEN; jeN |

with the sets AV, A, are defined as
NT = {1,2,...,]3}, NT = {p + 1,...,11} and ./\/1 = {1,2,...,q}, Ni = {q + 1,...,m} . (5.2.2)

The derivation of the Bethe Ansatz equations of the model is based on the use of the Coordi-
nate Bethe Ansatz. The diagonalization of the Hamiltonian (5.2.1), which involves n 4+ m types of

85



particles, is done in two main steps. The Hamiltonian eigenfunctions are written as linear combina-
tions of plane waves, whose coefficients are found to be solutions of a new eigenvalue problem, the
Hamiltonian of which shows up as a chain of S-matrices. This is the first auxiliary problem.

In order to diagonalize this auxiliary Hamiltonian, the corresponding wavefunction is decom-
posed as excitations above a suitably chosen pseudo-vacuum with some coefficients. Using a recur-
sive representation of the auxiliary Hamiltonian, recursive relations between these coefficients can be
found. The resolution of these relations depend on the effective structure of the Bethe roots, since the
choice of the pseudo-vacuum breaks the symmetry between spin up and spin down particles. The
different cases are then considered.

Bethe equations. We write immediately the main result for these models (5.2.1), namely the Bethe
Ansatz Equations. The details of the computation are presented in the following.

The spectrum of the generalized ( b ‘;‘) -Hubbard model is

u

E=—
4

(L=2Nz)+2 ). cos(k) (5.2.3)

where the Bethe roots k; are parameters solution of the Bethe Ansatz equations (see below) and L is
the number of sites. To present them, we introduce integers 0 < K < N < L, Ny+,, Nyz, N, Njz > 0
such that K = N3, + N4z + N + N, 7, and sets of integers

Mz = {1,..., Ny}, Mgz ={Niz+1,..., Nz + Nyz}, (5.2.4)
M”i = {NTH+NT7T+1/---/NTH+NTﬁ+N¢n}/ (5.2.5)
Mﬁl = {NTH+NTﬁ+N¢n+1z---/K}/ (5.2.6)

A = AHT U An¢ = {El1, az,..., llNTﬂ} U {aNTH+NTﬁ+1’ aNTn+NTﬁ+2’ ey aNTn+NTﬁ+NLn} (527)

The integers a; are such that a; # a; fori € M4, j € My and
1< <a<..< AN, <N , 1< AN ANy 41 < oo < AN 4N +N <N (5.2.8)

Then, Bethe Ansatz equations are
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eh(L-Nia) = (1) N1 Min gy =1, Nip for € A, (5.2.9)

min

gikf(L_Niﬁ_Nim) = (_1)N¢n—162n’1N¢n, m| = 1, ceey N»Lﬂ' for ] € AT[\L/ (5210)

. . . u
ekl — (1) NixtNim—1 H o~ ke H lsmk"HAl"’Z

1 bw. (5.2.11)

mGMﬂi le M5 7t ZS]'nk +ZAI 4 m'eMz 7l
for je[1,N]\A
B 27ti i” L(‘“*l) .
blNaner = eMNin L= n/’ l e ./\/lfw, El?’g(bl) < arg(blﬂ) (5.2.12)
with 1<m<..< nNUT_NL(m—l) < NJﬁ,

A —ir + Y N isink; + i) u
P g e A et e S SR VI (5.2.13)
1My A — A — 5 1 isink; +idy — 7
1#m IgA
. 27 Z Tn NTnﬁ/
A=ttt [T e TT o7 1 e S eNiaFre N (5.2.14)
meMpy, leMm EM

with 1< <...< ﬁNTﬁ_NTn < NTﬁ

We have chosen e!T @ elt as the reference state at the first level of the Bethe ansatz (see next
subsection), so that all states with ¢?',...,e"" and e?/,....e™" appear as excitations ("particles") above the
reference state. N is total number of such particles.

The parameter Ny; is the number of i 1 particles for i = 2,..,n and N; is the number of j |
particles for j = 2,..., m. Ny, = 2?22 Nyjand N, = Z?:z N|; count the number of rr-particles with
spin up and spin down respectively. Nyz = Y1 Ny; counts the number of spin up 7t-particles,
while N ; = Yy ! q+1 Nyi counts the number of spin down 7-particles that are not of type m |. The
reason for this latter choice will become clear in the following. In the same way, K = Ny + Nyz +
N} + N5 is the total number of particles that are not of type m .

For given integers Ny, Nz, N|; and Nz, the phases b; and the integers n; and 7; correspond to
the different "colors" that can have particles of a given type (1 77, T 7T, | 7T or | 7T types).

The integers a; (entering in the sets A+ and A ) define the order between momenta of the 1 7
and | 7t particles. This order is preserved (up to a cyclic permutation) by the action of the Hamilto-
nian on the wavefunction.

5.2.2 CBA for gl(n) @ gl(m) models
The states corresponding to N excitations are written as
N
p[A] = Y ¥ix Al [edigo, (5.2.15)
x€[1,L] i=1

N2 Niq N> Nim

withA=(21,..,27,,..,nt,..,n1,2],..,2],..,ml], .. m]). Thesumisdoneonx = (x1,xp, ..., XN)
without points where two particles with the same spin coincide.
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We point out that the coordinate x; is associated with the type of particle in the sens that if i €
My or Mz, then x; is a coordinate of a 7ro-particle or wo-particle, respectively.
The vacuum is chosen as

L
go=]]e e (5.2.16)
k=1

Acting with the Hamiltonian (5.2.1) on the excited state, we get the eigenvalue equation for the
¥ function:

Y. (¥ix—e+0,en, AlA] + ¥x+ e — b e, A]AT) +
leEM UMy,

(E(L N U Y Y S(x = xa) — E)‘F[X,Z]A3 =0 (5.2.17)

4
le/\/t7—TT ne/\/lﬁL

where ey, is an elementary vector in CN with 1 on the m position and 0 elsewhere. The notation
¥[x — e; + 6] e,] means that, if under the Hamiltonian’s action some 7t-particle (at position x; with
some spin «;) is moved to a place already occupied by some other rr-particle with same spin, then
they exchange their places. The symbols A7, A% represent the exclusion principle for -particles: they
are equal to zero if two such particles with the same spin coincide on the same site. Explicitly, they
read:

A = 11 [T o*u#x) JI 6 #xm)dt (g #xmtl), (5.2.18)
IEMa UMz | nEM UMy IeEM UM
I#£m n>l,n#m 1#m
A = J] IT o4 #x0), (5.2.19)

leE Mz UMz n€EMaqUMz|
n>l

where
O # x0) =1 —8(x; — x). (5.2.20)

We assume the Bethe hypothesis for the general solution of ¥|x, A]. Dividing the coordinate space
(x1, x2,.., xN) into N! sectors, we write for xo(1) < XQ2) < - < XQ(N)-

¥ Al = Y dp(PQ PN, P = Prnl (5.2.21)
P'=P; Pz

where k1, ky, .., ky are unequal numbers (the Bethe roots), Q = [Q(1), Q(2), .., Q(N)] is an element of
the permutation group Gy and Pkx = Y kp(i)xi- We consider the permutation P in its factorized

form P = P,zP,Ps, where P, is a global and fixed permutation of 7t and 7 particles, while the
terms P, and Pz permute 7t and 7 particles separately.
The energy depends on the "global" P,z permutation:

Efr =2 3. cos(kp.) + %(L —2Nz). (5.2.22)

leM ﬁTUM 7l
The coefficients &(PQ, P~!) in (5.2.21) are not all independent. Indeed, using the symmetry of the

wavefunction and the application of the Hamiltonian represented in (5.2.17), it is possible to reduce
their number in several cases:
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1. For identical particles of any kind (7t or 7), the wavefunction satisfies the following symmetry
property

Prr A1 — whra A
IFQ [X, A] = lllQIYilerl [HQ(i)Q(i+1)x’ HQ(Z)Q(Z-‘rl)A] (5223)
that leads to the relation
O4(PQ, P71) = d4(PQ, (P ;)0(3i41) ") (5.2.24)

where I1,; is the permutation of objects a and b, the indices Q(i), Q(i + 1) correspond to identical
particles.

2. For particles with the same spin we also impose some kind of weak "exclusion principle" such
that the wavefunction vanishes if two particles with the same spin coincide (but the particles can differ
by their 7t or 7T type). This principle is verified for rm-particles if we use (5.2.17) with two particles at
positions xg(;) = xg(i+1) — 1 (in the sector xg(1) < .. < xg;) < Xg(i+1) K Xg(n), the notation <
means that the particles are far enough from each other). We generalize this condition to any kind of
particles. It leads to:

‘PS”"T [x, A] =0, Ag(i) Agiit1) ENTUN or NyUN| (5.2.25)

*Q) =*Q(i+1)
that is to say

Ox(PQ, P71) = —Dx(PQIT;i 41, (PIg (1) ) (5.2.26)
for any i such that Ay, Ag(i+1) € Ny UN| or NT U N¢.

3. For particles with different spins, there is no exclusion principle and they can be at the same
site. Thus, let us consider the case: xg(1) < ... < xg(;) = Xg(i+1) K Xg(n) and ask for the continuity
of the wavefunction on the boundary of the two sectors Q and QII;;:

Prn Prr A
*a x A]XQ(I‘):"Q(IH - YQH”H X A]XQU):"Q(I'H) : (5:227)
For two 7t-particles, it implies the relation, for Ag) € N 1 ) and Ag(iy1) € N 1)
@4(PQ, P™1) + @4 (PQIT;i 41, (Pl gir1) ) =
D4(PQ, (PIgi0(41)) ") + P4(PQITi4, P71 (5.2.28)
while for two 7r-particles it leads, for Ag(;) € Ny and Ag(iy1) € N(4), to
®4(PQITji41, P71) = @4 (PQ, P7). (5:2.29)

When one particle is of type 77 and the other one of type 7, we find, for Ag;) € Ny() and Ag(iiq) €
Ny

O+ (PQIT; 41, P71 = &(PQ,P71). (5.2.30)
There is another condition for 7t-particles when using (5.2.17). It is a relation on the coefficient
@4 (PQ, P~1) which one obtains in the (1 ; 1) Hubbard model for spin up and spin down interacting

electrons:

Prr — Prr — u P pp—
(?’Q’m [x —em, A] + ¥ [x + em,A]> + (Z(L —2Nz) + U~ E)¥57[x, Al +
m#QilQH»l

Prr A Prr A Prr A Prr Al —
¥y [x —eq, Al + Yol [x +eq, Al + Yol [x—eq,,, Al + ¥y [x+eq,,, Al =0
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Skipping the intermediate calculations and combining the results with (5.2.28), we can write the
conditions on ®(PQ, P~1) in a matrix form:

( ®(I1,,PQ, P~) >:<tab Vub)( ¢(PQ, P7) ) (5.2.31)
®(I1,,PQ, (IT,,P)1) Tab tan) \P(PQ, (ITP) ™) -

with a = PQ(i), b = PQ(i + 1) and

2i(Ag — Ap) —u .
by = _ Ao = sink 5.2.32
YT U2 (A = Ay) T Ut 2i(A, — Ay’ T ST (5:2.32)

These equations hold for any type of 7t-excitations (any value of Ag,,Ag,,, being 7t-particles).

4. Finally we consider the interaction between 7t and 7 particles with the same spin. Let Ag;) be
a 7t-particle, Ag(;;1) be a m-particle, with coordinates x(;) = xg(i41) — 1, thus 6 =1land é; = 0.
Using the equation (5.2.17) we derive the relation:

Yoit X+ egn) — eqisn), Al — ¥ [x + eqpy, Al = 0 (5.2.33)

that implies the following condition on @4 (PQ, P~1):

@ (Mpoapo(iv1) PQs Pty = et @4(PQ, P7Y). (5.2.34)
We rewrite now all obtained conditions (5.2.24), (5 2.26)-(5.2.31) and (5.2.34) in a more compact
form. Let us introduce, for P’ = PQ €e Gy and Q' = P! € &y,
o , AQ/
=) o4(P,Q He (5.2.35)
QA i=1

where the summation is over all types of excitations and all corresponding sectors. The vector
Ao

Hl, e; Q belongs to V1 ® ... ® Vi, where V is spanned by {eZT,e3T, A ...,emi} and rep-

resents one type of N excitations. The ordering of the particles is chosen such that, for Q" = id, the

vector Hfil elfqi is taken as in (5.2.15):

NTZ N’rn NLZ Ni“‘
N A, —_—— ——
Hei = ®2.20472.9M0.0"MRHR.. Qe ®.. QM R... @™ (5.2.36)

i=1

To clarify the notation for ®(P’), we write an example for the case N = 2:

' jt it 1 it
Z‘D]m id) ey ¢, +Z‘P]m (P id) ey'e)
=2 j=2

Y (P (P id) T+ e (P o) 7))

2<j<k<n

L (P (P id) e e+ @) (P TTha) ') )

2<j<k<m

Z Z ( (1kp) (P id) “3]1T‘32i + @ity (P, IT12) 81i ]T) (5.2.37)
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Then, all the relations can be expressed in a matrix form. For N = 2, it reads

B (IT1,P) = S (k1, ko) D(P) (5.2.38)

where Sg) (k1, k) (simply denoted by Sg)

1) for rt-particles:

in the following) acts on elementary vectors eflefz as

SS) eflefz = —efze;h, for Ay, Ay € Ny
Sty eiles = eles, for Ay € Ny, Az € Ny (5.2.39)
2) for 7t-particles:
Sg) eflefz — _efzethl for Ay, A, € NT(U
SS) eflefz = t12 efle§2 + 112 6?2654], for Al € NT(@’ Az € NHT) (5.2.40)
3) for mixed 7t and 7t-particles:
Sg) eflefz = e_ikleflefz and Sg) efzefl = eikzefzefl, for Ay e Nyy), Ar € Ny
S eftefs = e and S efoeft = et for ANy Bre Ny (5241

The parameters t1y, 1, are defined in (5.2.32) and NT( DY NT( 1) are given in (5.2.2).
The notation A € N, () means that the excitation A can be equal to any value in N, except the
value 1 1 ({) since it was chosen as the vacuum at first level.

We illustrate the explicit form of the S-matrix in the case of the (; ; g) model. One gets

S5 (ki K )epef =

—ik

t1o r12 € 6

12 tio 35
ik e e,

For an arbitrary N excitations number, we write

S(IT,P) = S\ (ka, ks) D (P), (5.2.42)
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where the matrix SS;) (ka, kp) acts non-trivially only on the V, ® V} vector space. It can be written

using permutations and projectors:

S (kake) = = ¥ (B PYN) 4 3 (e onaly e g eordly o)
= =
+ (1 1N ) Y (taldy N Py N)  (5.249)
o=1,4 o=1,1

where ¢ denote the opposite value of o and

1d5% =Y Y E'E]) and PSF =Y Y EIE), L,L'=N, N, NN, (5.2.44)
ieL jer! ieL jer!

The matrix 527) (ka, ky) satisfies the Yang—Baxter equation (4.2.21).

SO k1, k2) S (1, ks) S5 (ka, ka) = S5 (ka, k3) S (ki k3) S (k1 K2) (5.2.45)

Now we can write the periodic boundary conditions. Let Cy = Iln;...IINn—1 be a cyclic permu-
tation. The sites L + 1 and 1 being identified, we have the periodicity conditions:

o [x — equv) L, A] = ¥ [x, A] . (5.2.46)
In terms of ®(P) this yields the condition
d(PCy) = eFrld(P). (5.2.47)

If we choose P = CIZ:]]_j with j = 1,..., N, we can derive a system of equations on the coefficients
&(id) which is called the "auxiliary problem:

b B(id) = L d(id) with ;=S .s{)si)s ., j=1,.,N (5.2.48)

where we omitted the arguments of the S-matrices, 52)) = Sﬁ) (ka, kp)-

The Yang-Baxter equation for the S matrix implies that [h;, bi] = 0 for all j, k, so that the new Hamil-
tonians b; can be simultaneously diagonalized: we do it in the folowing section.

Auxiliary problem. Level 2

In order to simplify the calculations, we change the sign of the S-matrix: Sg) — —S%) = S1p. The
auxiliary problem, thus, reads
S]'Jrl,]‘...Sstlj...Sj,L]‘gb = A]gb . (5.2.49)

We use again the Coordinate Bethe ansatz. At this level we have n + m — 2 types of different excita-
tions: €21, ..., e"T, €2}, ... e™. We choose as the reference state (pseudovacuum):

o =Te™ (5.2.50)
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The eigenvectors for this auxiliary problem are given by

K
pVA] = Y ¥ H el (5.2.51)
x€[1,N] n=1
K = ZNTZ—’—ZNU—F Z NT1+ Z NJ/l/
i=p+1 i=q+1
A = ( Y2t et ont,2,.,20, ., (m=1),.,(m—1)]).
Ntz Nta N2 Nym-1)
The ansatz for ¥ (1) [x, A] = ¥o[x, A] can be written as, for xo) < Xgp) < - < Xg(xyand Q € &k,
Yolx, Al =Y @2(PQ,P7Y) T hulapy) 1 fuApw) IT Pxlapsy) [T $x(pu), (5:2.52)
P iEM gy i€EMgzy iEMyy iEMz,

where P = P;4Pz4Py Py is a factorized permutation such that Py, Pz, Pr| and Pz are the sets of
permutations in S permuting only particles of type r 1, T 1, 7w | and 7 | respectively, e.g. P4 (i) =i
fori ¢ Muand P4(j) € Maforje MywithA=mt, 71, ], | Werecall that the sets My,
Mz, My, and Mz, are defined in section 5.2.1. The eigenfunctions fy(A), gx(b), hx(a) and hy(a)
correspond to one-particle solutions. Below we will show how to derive them.

The action of the auxiliary Hamiltonian (5.2.48) on the wavefunction can be calculated using the
relations given in the previous section. We define a recursive representation of the Hamiltonian:

K
Si-kj--- S0 VAl = Y AY¥[x, AT et (5.2.53)
n=1

QxeQ

Using this definition one can write the following recursive relations between the coefficients ](k)po x, A]

(k)

for decreasing k. Non-trivial relations occur when H ;i acts on ¥g [x, A] with some coordinate x,, is
equal to j and/or j — k. One gets two sets of relations: the first one reads
*p x,,

I
t] k]H]( )IFQ[ ,],A] i k]H( )IPQ/[X ]—k,A] for pe./\/lm

H].(k)‘f’Q [x’,x{; A] = HJgk_l)qu’ X', j x_t ki Al for p e Mz,
_H]‘( )Y[Q[ ’ ;,A] for p € Mgy
"p
| —eika].(k_l)‘f’Q[x/, j:A] for p € My,
(5.2.54)

The above relations are invariant if we exchange j with j — k except the last relation which becomes:
*p Xp
A Lo , N L
AX, 6 Al = —e A V¥, j D A] for p € My
(5.2.55)
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The second set of relations is

Iq](kfl)‘fo,[ Li—k Al for A,, A, € Mug, My
-1 o . = ~(k—1 . .o
—ti ATV, — ko Al — 1 AV X — & A,

for p; € Mr{T( p2 € Mﬂi( D)

A0y, b A= TR Yol g kAL for pi € Mayqy, p2 € Marqy
I Qrr Jr]— K _gikj A](k l) [ ,] ] k; A] for p1 € M;ﬁ , P2 € MT[T
~ (k—
— ].( I)IFQ[ X, j,j =k A], for p1 € Mauyyy, p2 € My
A1

—H; )"FQ[ i, i—kA], for p; € MﬂT(L)/ p2 € Mfw(T)
—H" ¥o[x,j,j— kAl for p1 € M), p2 € Mayy

(5.2.56)

In eqgs. (5.2.54)—(5.2.56), the vector x' corresponds to the vector x without the components x, or
Xp,, Xp, and does not contain any position x, = j or j — k. The notation Q' means that the coefficient
Yo is not in the same sector as ¥. We will write later the explicit relation between Q" and Q.

The eigenfunctions fy(A), gx(b), hy(a) and hy(a) and are

x—1 i sin " / u _
fx(A):H<—,ls ¢ ““11) gt =6 ; T(a) =he(a) =6(x—a).  (5257)
4

el isinky 1 +iA —

we show how to obtain it in the following paragraphs.

g particle case. We consider that K = 1 and el is a 7ty particle (A = p+1 1,..,n 1), it yields
¥[x; A1] = fx(A). Then the recursive relations become:

f]( )=— tikj ]k 1f]( ) — - k] ] f] k(A) (5.2.58)
AN () =~ AV (A =i BTV (L) = 03fi-(A) (5.2.59)

the last equality means that for any k the function fx( ) has an eigenvalue o;.

We can solve the second equation expressing H f]( ) and using the fact that H f] K(A) =

fi-k(Q):

_ (0j +tiki)fi-k(A)
Vhi(A) = - P (5.2.60)
j=kij
we shift k — k + 1 and we obtain
R oi+tik—1;)fi—k—1(A
Tji—k-1,
Inserting these results in (5.2.58) we find
(07 + ti—k—1,j) fi—k—1(A) (0 +tix;) fi-x(A)
— / ! 17/] = tj—k,j / I LEY) — rj—k,jfj—k(/\> (5262)

Tjk-1 ik
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what can be solved using (5.2.32) as

2 .. .
fj—kfl B ((0']' + tj—k,j)tjfk,j - rj—k,j) Tji—k-1j o 1sm kjfk +id — % (5.2.63)
fi-k (07 + k1)) k; isinkj_g +iA+§ -

where we introduced a Bethe root A such that

o e k. .A g
oi(A) = —Z,S?n( 2 Ay M (5.2.64)
isin(kj) +iA — 3

Finally, we get the solution for one-excitation function fy(A):

(5.2.65)

x—1
£ =11 (—

isink, +iA + Y4
isinky.q +iA — %

with the eigenvalue cj(A) defined above.

7| particle case. Similarly we consider K = 1and e is a 77, particle (A; = q+1 |,..,m—1 ]),
it yields ¥[x; A1] = gx(b). Again from the recursive relations we obtain:

].(k)gj(b) - Hj(k—” gi-+(D) (5.2.66)
10j-1(0) = A Vgi(0) = 0j8;-4(0) (5.2.67)

In this case we can similarly solve the second equation on H ]‘(kfl) g;j(b) and rescale k — k + 1 and

using the fact that H ;kil)

gj—k(b) = gj_(b) we obtain:
0j8j—k-1(b) = &j—k(b) (5.2.68)

We see that 7; here play the role of the Bethe root, hence we identify 7; = b and finally, we get the
solution for one excitation function g, (b):

gx(b) = 0" (5.2.69)
with the eigenvalue 7;(b) = b.
7T, particle case. These two cases can be treated in the same manner. Let K = 1 and e is a 7,

particle (4; = 1o, ..., ’;I). The wavefunctions are ¥[x; A1] = hy(a) for ¢ =1 and ¥|[x; A;] = hy(a) for
0 =/. The recursive relations are trivial:

A].(k)hj(a) _ _H]gk—l)hj(a) = Ahj(a) (5.2.70)
A].(k)h]‘,k(ﬂ) = —I:I]'(kil)hjfk(a) = A]‘,kh]‘,k(a) (5271)
and
Aj(k)}—lj(a) _ _eik/-I:Ij(kfl)E],(a) = Ajhj(a) (5.2.72)
1R (a) = —e ™A Vi (a) = Aj_ihj_i(a) (5.2.73)



We remark that the equations are not coupled and can be solved easily. In both cases eigenfunc-
tions on site j and on the site j — k lead to different eigenvalues. For whole chain when k = N — 1 we
have

Aj=(-1)N" and A= -1 (5.2.74)
A] — (_1)N_1eikj(N_1)/ and A]:k = —eik]'*k (5.2.75)

Moreover, the fact that the initial Hamiltonians S; 1 ...5n;S51;..-Sj-1; commute and thus have the
common base of eigenfunctions, it implies that the one-particle solutions for 77, particles should be
independent of the index j:

hy(a) = hy(a) = 6(x — a). (5.2.76)

Although the functions / and / are identical, they will be associated to different kinds of particles
(7t 1 and 7 | respectively). Since they will lead to different Hamiltonian eigenvalues (see below
(5.2.78)), we have to distinguish them in (5.2.52).

We can remark that the Bethe roots 4; for i € M or My, corresponding to 7t and 714 particles
are already quantized on the small chain. In order to have a number of independent eigenvectors
(5.2.51), one should take the following conditions into account:

a; < ajyq for i€ M”m) (5.2.77)

that leads to the fact that in (5.2.52), P,y and P, are fixed: Pr, " Q(j) = const (see below).
Using the relations (5.2.54)—(5.2.56), we can then apply the whole product of S-matrices (5.2.49)
on the one-excitation functions. We get for x # j
N-1 ~(N—1
fe(A) =M fe(A) and AN Vg (b) = bg.(b)

agt
]
1 ie(a) = ~he(a) and AN Vio(a) = —e (o) (5278)

=

]

and for x = j

AN D) = ﬁ o {(Mf(A) and AN Vgi(b) = b1 Ng;(b)

1" i) = ()N hy(a) and AN Vhi(a) = (DN SN DRa) (279)
where u
(k) 4 il 4 U

oi(1) = —Smly) ¥ T (5.2.80)
isin(k;) +iA — 3

Now we will consider the K-excitations eigenvector (5.2.51) with the ansatz (5.2.52). There are
three different possible cases:

I) there exists a Bethe root a4; = j for some | € M4, with j being the index in (5.2.48),
II) there exists another Bethe root a,, = j for some m € M|,
III) there is no such Bethe roots.

We detail the calculations for each of these cases.
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I) There exists a Bethe root 4; = j for some | € MHT' In this first case, let us introduce a set
of integers {a; € [1, K]}ier,, such that we have Q(«;) € M. The set is ordered: a; < a;(1. We also
define a; such that x(,,) = j.

The Hamiltonian acting on the wavefunction gives the following result:

XQ(ap)
Yy (N-1) . ;
j 1FQ(X’ XQ(a)r s XQ(ay—1)r ] 7 XQ(aggr)7 s xQ(“NM))
XQ(ap)
— (_1)N717NT7T€lijTﬁ IFQCHT (x; xQ(M), ey ] ,xQ(aM),xQ(aHz),..., XQ(“1)>

= A ¥Q (% XQ(ay) s QU 1) J XQ(ay 1)+ XQlan, ) (5-2.81)

and finally we get the condition on ® 4 (PQ, P~ !):

®;(P'QCry, P! :

AP QG PT) Aj(—1)N A Nimm i (5.2.82)

®4(PQ, P~1)

In equality (5.2.82), we have introduced C,4 = Hﬁ,{,TT...HaNTjI and for P = PPy Ps4Pr), P/ =

aNT
Nyr—1
P;TTPN\LPﬁTPﬁi where P7IIT = HN;T "'Hll\IMPT[T'

If we change the sector Q — QI1,;, which means that we interchange two identical particles x,)
and x(;), the coefficient @ 5 (PQI1,,, P~!) should remain invariant:

@4 (P'QIy, P = @4(PQ, P~ ') with Q(a),Q(b) € Myt (5.2.83)

where P/ = P;TTP,r 1 P#1Pz| and P7,'L'T is such that P;TT = Pl lg(a)0m)-
The relation (5.2.82) can be simplified to:

(DA(PQ/ P_lcﬂT)
D4(PQ,P 1)

= Aj(=1)NNime=HNin (5.2.84)

with Cp = IT Il\’m AT g;’;*l. Now, taking the product of this equation by itself Ny times and changing

P — CpyP — C~72TTP N C:%"P, we obtain

‘ ot
A(—1)N MmN — 7 Nix (=1, Nig) (5.2.85)
It determines the eigenvalue of the auxiliary problem for spin up 7-particles. We also recall that the
result has to be multiplied by (—1)V~! in order to come back to the initial problem due to the sign

change done at the beginning of the section, see (5.2.49).

IT) There exists another Bethe root a,, = j for some m € M. Following the same steps as
in the first case, we obtain

@4(PQ,P1Cpy) N—Ny, ,—iki(Ny»
— A:(—1 1o ki (N 2+ Nym) 2.
@4 (PQ,P1) =D ¢ (5:2.86)

where P = Py Py PrPry, P' = PPl PriPry and Cry = H}\]M...Hgf:*l.

Finally using the same trick for the product of equations, we obtain

M

(—1)N=Nomg=ibi(NuatNim) — 2 ¥ix gy =1, N, (5.2.87)

A;
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It allows to determine the eigenvalue of the auxiliary problem for 7t | particles. Again, this result
should be multiplied by a factor (—1)N~! to come back to the initial problem.

For identical particles we have the relation:
@4 (P'QIly, P = @4(PQ,P 1), with Q(a),Q(b) € My (5.2.88)
where P/ = PnTP;wPr‘rTPm and P;Ti is such that P7/r¢ = P T1g(a)00)-
III) There is no such Bethe root. In this last case, we have rt-particles with spin up or down

distributed anywhere on the chain excluding the site j. We act with the Hamiltonian (5.2.48) on the
wavefunction (5.2.52) and we get

H].(N*”IFQ[X,A] = (=1)NatNu TT e TT (M) [T bi¥olx Al if x#j  (5.2.89)
lEMni iGMﬁT ieMﬁl

with the following conditions on the coefficients @ 5 (PQ, P~1):
1) for all PQ(7),PQ(i 4+ 1) in Mz4

@ 4(PQITiis1, (PHguqii+n) ') _ irpgu — iApgiisn) — 3 -l (5.2.90)
®;(PQ,P1) iApui) — iApgiisny + 5 TQOPQUTD

2) for all PQ(i),PQ(i + 1) in Mz we impose

@ ;7 (PQIT;i11, (PHQ(i)Q(i+1)>_1) 1 (5.2.91)

D4(PQ,P71) -
3) for all PQ(i) € Mz and PQ(i +1) € Mz
®4(PQIT; 1, P
o (po.p T = (5.2.92)
the same relation holds for all PQ(i) € Mz, PQ(i + 1) € Mz, and changing Q — QITj; 1.
4) for all PQ(i) € My and PQ(i+ 1) € Mz
Pa(PQITiis1, P7) ke,

@;(PQ,P 1) e 0 ag (Apg(it)) (52.93)

5) for all PQ(i) € My and PQ(i+ 1) € Mz
(DA(PQHii+1/ P_l) _ ik, ;

o PO, P 1) ¢ uman(Araii) (5.2.94)

6) for all PQ(i) € My and PQ(i+1) € Mz,
®4(PQIT;i41, P

— bpo; 5.2.95

7) for all PQ(i) € My and PQ(i+1) € Mz,
®4(PQIT;i41, P
= bpoy; 5.2.96
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In addition, for all PQ(i),PQ(i 4+ 1) in Mz or M5 we impose the condition for identical parti-
cles:
@4 (PQ, (PIgiqi+1) )
®A(PQ/ P_l)

The ratios (5.2.90),(5.2.92)-(5.2.96) can be calculated applying the recursive Hamiltonian A ].(k) on
the wavefunction.

=1 (5.2.97)

Scattering between particles. Two 7T 1-particles. The scattering between 77 1-particles, relation
(5.2.90), can be obtained in the same way as it was done in the section on the auxiliary problem of
the gl(n|m) & g¢I(2) Hubbard model (5.1.2). We will not repeat the derivation, but we recall briefly

the method. We assume that the coefficient [ ]-(k)‘f’Q [x; A] can be written as a product of one-particle
solutions for any x # j:

A% Al =Y @(PQ P7Y).. TT AY fi(Apg).. (5.2.98)
P ZGMﬁT

where we omitted the other particles except & f-particles. This hypothesis yields the form of the
coefficients H ].(k)
However, the relation (5.2.56) allows to calculate the later one "before” the interaction. The compati-
bility of both results leads to the relation (5.2.90).

Two 7t |-particles. In the case of 7T |-particles the similar method does not allow to obtain the ratio
between the coefficients @ ;(PQ, P~!). When one applies the similar reasoning the ratio is unde-
termined, the coefficients H ](k)
if one imposes the condition (5.2.91) one obtains the necessary multiplicity of the wavefunction in

7t |-particles sector.

Y¥o[x/, j; A] “after” the interaction where a certain 77 f-particle is on the site x = j.

¥o[x', j; A] 'before’ the interaction and ’after” are the same. However,

7t T-particle and 7t |-particle. We assume similarly that the coefficient H }k) Yolx,j—kj—k+1A]
with xo(;) = j — kand xg(;;1) = j — k + 1 being 7 T-particle and 7t |-particle can be written as

PI}WQ[X', j—kj—k+1A =Y @4(PQ,P1)..A f, «(Apos) ](k>gj_k+1(bpg(i+l))... (5.2.99)
P

we neglect other particles.

The relation (5.2.56) gives a rule how to expand this coefficient H j(k)‘IfQ X,j—kj—k+1;A] in
terms of H]‘(kfl)‘PQ X,j—kj—k+1;A] and I:Ij(kfl)‘f’Q/ [X',j,j—k+1; A] with Q" = QIT;;, 1. The first
coefficient can be calculated as a 77 | one-particle function, the /& {-particle become a 'spectator” or

Ap(k—1
A5 fi (o) = fi-k(Apgip):

A (k— _
H]‘( V¥oX,j—k j—k+1;A] =) @4(PQ, P Vi k(Apqi )H]‘(k 1)gj—k+1(bPQ(i+1))-"
b

spectator

(5.2.100)
Thus, in order to get H ]-(k) ¥olx',j—k,j—k+1; A] in the written above form, it imposes the second
coefficient “after’ the interaction to be:

~(k— .. = - oy (k— y(k—
A VY (X, jj—k+ 1A = Y @4(PQ, PY).. AV fi(Apgi) ) A
P

)8] k+1(pr(l+1 )... (5.2.101)
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On the other hand we can calculate this coefficient ‘before’ the interaction using (5.2.56):

Hj( V¥ X, j,j—k+1;A] = —t; m]H( o Ix,j,j—k+1; A —ri k+1]H( ¥y [x,j—k+1,j; Al
(5.2.102)

We see that the particle on the site j — k + 1 become a spectator and thus both coefficient can be
calculated as one-particle functions:

~r(k— . x _ ~r(k— (k-
A X, j,j— k+1;A] :Z@A(PQ’,P DB (g A g1 k1 (bpggise ) -

~ A (k— A (k—
H]( )‘PQ’[X j—k+1,j;A ZCPA PQ,P71). 'H]'(k Z)fjkarl()‘PQ(i))H]'( 2)g]'(bPQ(i+1))-~~

The coefficient ‘before’ the interaction should be compatible with the one “after” the interaction,
hence we impose that

@ (PQITi1, P~ 2 gi y11(bpgiinny) = 4(PQ P YA Vg i (bpggien) (5.2.103)

The coefficients H](kiz)g]'_k_i_l (bpg(it1)) and H](kil)g]'_k_i_l (bpg(i+1)) can be calculated using (5.2.78)
and (5.2.79). Finally, it yields the relation (5.2.92) if one changes Q — QII;;.1.

One can repeat the same method in order to obtain the other ratios (5.2.93)-(5.2.96) but we will
skip the derivation.
Auxiliary problem. Level 3
For the perodicity conditions, there are again two different subcases:
III-A) a 7t |-particle is on the j site,
III-B) a 7 T-particle is on the j site.

Each case leading to slightly different conditions, we treat them separately.

ITI-A) A 7 |-particle is on the j site. The periodic boundary condition on the coefficients
@ ;(PQ, P~1) comes from the relations

) )
Al = (—1)Na N TT e™n TT oj(A) 1 bi¥olx j ;Al, and x # j
lEM,W iEMﬁT iEMﬁL

Using the relations (5.2.90)-(5.2.97) we can calculate the coefficient ﬁ (N )‘PQ [x,j; A] and we get the
condition

@A(PQCK/ Pil) o b N

@4(PQ P T) et

We start with Q = Q| such that

with Cx = ITg...IT5 *. (5.2.104)

‘ i, for i ¢ Mj _ =P(i) e [1,KlNMz, i¢ Mj;
Quy (i) =1 T = PQ(i) = () € LKIOMn, i M
jE€ Mgz, foriec M, P7Qz (i) = P(i) e Mz, i€ Mg
(5.2.105)
and P(1) 14P(2)  P(K=Nyz) 7 P(K=Nyz+1) o B(K-1)
P(1 P(2 —Nz —Nz+ P(K-1
PQCK:HP(K)HP(K)...HP(K) ¢ HP(K) v ...HP(K) PQ. (5.2.106)



We use the relations (5.2.95), (5.2.96) and "conjugated" (5.2.92) when Q — QII;; ;1 and the coefficient
@ 7(PQCk, P~1) simplifies to:

_ 1y _ 4 P +P(2) P(K—Nz) 1+ P(K=N;7+1) P(K-1) 1
®;(PQCk,P) = ©A(HP(K)H15(K)"'H15(K) HP(K) ....Hﬁ( PQ,P7 )
Nig4+Niz 4N P(K—N,;+1 15
= (bpge) VNN @A(Hp((K) ) | i )PQ, Ly, (52107
Finally we have the equation
P(K—N, -+1 P(K— _ N—(Ny;+Niz+N| _
@A(HPEK) vt )...Hg((ﬁ) UPQ, PY) = (bpgy) N NN N g 4 (PO, P (5.2.108)

In the next step of the procedure, we introduce the vector &, (P):

. (P)=Y Y oxPQ) ] efQ'“) (5.2.109)

AeG Qce6y . iEMz,

where G = span{(q+1) |,...,(m—1) | }. Thesummationon A € G is done on A, (defined in (5.2.51))
fori € Mz, equal to all possible values in G. The particle order is chosen such that for Q" = id, the
Ny N\ (m-1)

vector [T, eZ-A" is equal to " @ . @ @ . @™ @ . @M DI The permutation Q' is
the image of Q5| when one shifts by K — N, ; the space of integers on which the permutation group
Sy, acts.

For example if 7t | particle is only 2 | particle (q = 2) and number of 77 | particles typesm —q =3
thus we have G = span{3 |,4 |,5 | } than we have

5 3, 3 3, 4
Pz (P) = ex¢+13)<¢+2ex+3@3¢ s1,30(P Id) + eX+1ex¢+23x¢+3(p3¢,3¢,4¢(P/ Id) +
3 3 4, 34 X+2
€X+13X+23X+3@3¢ 31,5.(P 1d) + €X+1ex+2ex+3 @3, 3,4, (P IT5(3) + .
4] 31 1) (PH )+ 3l 4l fe) (P HX+1)+
€x+1ex+2€x+3 31,3)4) X+1 €X+1eX+ZeX+3 31414\ X p) T e
(5.2.110)
where X = K — N 7.
The relations (5.2.91) and (5.2.97) can be gathered in o 1(P):
G5y (I P) = Pay Pz, (P) (5.2.111)

where P, is the permutation acting on the particles located at the a and b positions in & (P). The
periodicity problem can then be rewritten in the following form

by Iy I P) = (o)™ Dy (P) (5.2.112)
which can be simplified to
PP(K—NMH)P(K)~-~7DP(K—1)P(K)QS7'T¢(P) = (bP(K))NiK+Nﬁ‘1§m(P) (5.2.113)
Choosing P = C_ " with Cz| = I N T K=1, we get the following Bethe equation
(b)Y = exp (i}m Nw_%(m_l) nj) ,meE Mz, (5.2.114)
i j=1
with 1<n <. <ANG—N ) < Niz (5.2.115)
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In order to get all quantum numbers which characterize the eigenfunction and obtain the right
number of states, one should solve the permutation problem. We will take the result from the section
(5.2.4) on the solution of the permutation problem and we obtain additional sets of integers

k k k
t<n? <nf? <o<nld vy SN+ + N, k=a+2,.,m=2.  (52116)

One can remark that if we set k = m — 1 in the above condition, we recover the relation (5.2.115). This
result ends the first subcase.

III-B) A 7= f-particle is on the j site. The periodic boundary conditions on the coefficients
@ ;(PQ, P~1) can be written similarly to the previous case

@5 (PQCk,P1) N
g;(ngKP—l)) = HUI(/\PQ(K)) for Q suchthat Q(K) € Mgz;. (5.2.117)
’ 1=1

We proceed as in the case III-A, but instead we choose Q = QﬁTlemefNTﬁ. Here Q+ defined

similarly to Qz: Qz1(i) € Mz if i € Mz and Qz4(i) = i for the remaining indices. The cyclic
permutation is chosen such that all 77 and 77 down particles are moved to the begining from their
original ordering for Q = id, that is CﬁfNTFNTﬁ(i) = (i 4+ Nyz + Ntz) mod k for any i. This choice
implies in particular the following relation:

— l~ ~77( l~
PQCk = (z‘el/\—/l[ ! HP(NTnJFNTﬁ)) <iel/\—/l[-l HP(NTHJFNT?T)) (Z.EI/;I ) HP(NM+NM)> %
P(Npz+1) P(Npz+Npz—1)
% (Hp(NWNTﬁ)---Hp(NWNTﬁ) )PQ (5.2.118)
where P = P7+Qztand PQ = P; iPCﬁfNT"fNTﬁ. Here, due to the choice of Q, P;| and P, are equal to
H
. . 7l . . ; +1
identity. The symbol 1'61;1[ T Nip+Nig) denotes the ordered product of permutation: ...IT} (Niat NM)H% (NeatNi)™
A
Next, we use the relations (5.2.92), (5.2.93) and (5.2.94) to simplify the coefficient (DIIECK :
- ikg. — —ikg.
®4(PQCk, P! = ' IT ¢™ioa(Apnini)) ' IT & . [T e ™o (Apn,eniq) X
IEMﬂl leMﬁl ZEM,’IT
(1 P(Npzt1) P(Nyz+Npz—1) -1
x5 (HP(NWNW)'"HP(NTH PP ) (5.2.119)
and finally we get

ik, -1 —ikg,,
H ¢ laﬂi(AP(NTn+NTﬁ)) H b; H e’ "Tﬂi()‘P(NrﬁNm)) %
€My, €Mz, i€Mpy

- - N
(7 P(Npat1) P(Nyz+Npz—1) -1\ _ 3 ) -1
D (HP(NM oy Tan i PP ) = l|_1| 1 (Ap(ns i) ) PA(PQ P (5.2120)

Now we introduce similarly as in previous case the vector qSﬁT (P):

duP)=Y Y 2iPQ) J] efQ’(“ (5.2.121)

AcF Q'€éy,, iEMzt
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where F = span{(p+1) 1, ..., n T}.
The relations (5.2.90) and (5.2.97) can be gathered in ;1 (P):

&(I1P) = a )} Pyp®(P), with P~ '(a)—P(b) = -1 (5.2.122)

where P, is the permutation acting on the particles situated on a and b positions in dsm (P).
Therefore, the periodicity problem can be rewritten as follows:

N
XinPp(Ny+1)m PN+ N1y Pt (P) = [ To1(Am) P (P), (5.2.123)
I=1

with m = P(N;, + N;z) and

Xon= [ am [] e®oaAn) TT & T1 € ™00 (An) (5.2.124)
le My l#m iEMy, iEMz, iEM

Choosing P = C{" with Czy = IT Nt N7 we find the Bethe equations:

Nt Npz N4+ Ny

2ri ZNTfr*NTn 7.
1

N
[T ww T e®ou(n) TT 670 TT e oq ) e ™" =TTai(An)

le My l#m iEMpy, iEMz, €My 1=1
with m € MTf[ and 1< <...< ﬁNTﬁ_NTn < NTfL- (5.2.125)

The problem of the complete characterization of the eigenfunction and of state counting arises in
a similar way as in case III-A. We get additional sets of integers, taking the results from the section
(5.2.4) on the solution of the permutation problem:
(k)

k) (k) k
1< n( n .<n
ST ST S e SN,

ot Nyt < NT(P-H) “+ ...+ NTk , k= p+2,..,n—1. (52126)

Again, we recover relation (5.2.125) if we take k = n in the above condition.

5.2.3 Thermodynamic limit

The Bethe equations given in the section 5.2.1 differ from the (usual) Hubbard model’s ones by some
phases. In this section, we study our Bethe equations in more detail and find real solutions in the
thermodynamic limit L — oo and at the half-filled band limit, similarly to (3.4).
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Simplification of Bethe equations The Bethe equations (5.2.9)-(5.2.13) can be partly solved for
the Bethe roots k; with j € Ay UA| and by with ] € Mz

27 Nipg =1  myz g .
ki = "), f Any, 2.127
; L_NM< 5 +N¢n+’ or j€ Ay @ )
Mig =1, Niz and 1<I" < < LT < L—Nig
27 NWT -1 m, I .
ki = L), f Ag, 2.128
] L_NUT_Nim < 2 +N¢n+ j or j&€ Ay © )

Mmyg=1,.,N; and 1<L7<. <RT <L—Njz—Np

27i NizBNim-1 n; 1
In b, —_ —+1 , le Mgz, (5.2.129)
Niz+Nm \ 5 Nz ! "
1<m <. <ANL-Nuy SNz 1< Ifﬁ <. < Iﬁfﬁ < Nz + Nin
. . isink; + i + Y
phl = it —— 1T L for je[l,N]\A (5.2.130)
1My isink; +iA; — 7
.. . u . : u
ﬁ isink; +iAy, + 4 _ priukd M for me MﬁT (5.2.131)
1 isink; + A, — % 1EMzy A — A — %
IZA I#m
where the phases @ and ¥ are defined by
P = NJ’ﬁ—i_Nim_l_ Nw—lemw Nw-(
N 2 2 Niz) L—=Niz—Nn
Ny ij Na-Nim-y gy, Niz IJVT
+ _ )y (5.2.132)
j:1L_N¢7T_N¢m g N¢ﬁ+N¢m gNiﬁ‘f‘Nim
and
Nox—1  m N, \ I
¥y = —1)0e ( -+ "”) — + ! +
U':ZT,\L <( ) 2 Ng'n' L - Ng'f[ - 50-,\LN\Lm ]_Zl L - Ng'f[ - 50-,\LN\Lm
., NTr‘( + Nu‘r + NJ,m - Nj7—Nim-1 n; . Z\%I Ijiﬂ ., NTﬁZNTn i (5 ) 133)
2 =1 Nz + Njm j=1 Nm + Nim j=1 NTTT

withl <71 < ... < ﬁNTﬁ*NTn < N’Tﬁ-.
We recall that

A= ATL’T U Ani = {111, a,..., aNTﬂ} U {aNTﬂ+NTﬁ+1’ IZNTH+NT7T+2’ ey aNTn"'NTﬁ"'Niﬂ} (5.2.134)
where the integers a; are ordered according to the inequalities
1< <ap<..< AN, < Nand1< AN, +Npg+1 < AN, +Nypz 42 <. < AN+ Nz +Ny <N (52135)

and a; # ajfori € Myy, j € My,.

The ground state of the model is given by real values of the Bethe roots k; and A;.
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Following E.H.Lieb and FY.Wu [48] or (3.4.1), we take the logarithm of the Bethe equations
(5.2.130) and (5.2.131):

Niz A+ sink;
KL = 2m(@+ 1)+ ) 0~ ) J€MLNINA (5.2.136)
! I ; ( /4 )
N Ai + sink; Niz A — A '
Z ( u/4 ) 27(Ji+¥) +Zl9( u/2 ) 1€ Mpny (5.2.137)

=1
ZA

\\

x+i>

where ¢(x) = 2arctan(x) €] — 7, ] and we take the cut off for the logarithm as %log <x —

T —9¥(x) € [0,2].
The quantum number [; is integer or half-integer depending whether Nyz + Nz + Ny — 1 s
even or odd, similarly J; is integer (half-integer) for N}z + 1 even (odd).

Thermodynamic limit We consider the thermodynamic limit L — co where the particle densities
NU'T[ NU'T[

L’ L
) b4
ratios I and — do not vanish and depend on the particle densities.

are kept fixed (¢ =1, }). Considering the phases @ and ¥ in the thermodynamic limit the

In this limit, the real numbers k; and A; become continous variables: ki1 —kj — 0, A1 —A; =0
with L — oo. They are distributed between —Q(®) and Q(®) < 7 and —B(¥) and B(¥) < o
for some Q(®) and B(¥). In the small intervals dk and dA, the numbers of k; and A; are Lo(k)dk
and Lo(A)dA respectively, where p(k) and o(A) are density functions to be determined. They are
normalized as follows:

Q(e) N — Niz — Ni Nz
L gy P = L and / pdr = =11 (5.2.138)
The counting functions I(k) and J(A) are defined in the continuum limit as following;:
2np (B A+ sink
1) = k== —/_B(?) d/\U(/\)ﬂ(TM), (5.2.139)
Q%) A+ sink 2nY¥Y BY) o, A=A
J(A) = /_Q@) ko (k)9 i ) - - /_B(Y) (A ( T ) 2140

These functions are such that I(k;) = 27rl;/L and J(A;) = 27t];/ L.

Since I(k + dk) — I(k) counts the number of k values between k and k + dk, we have d;(kk) =

27tp(k), and similarly, d]d(;\) =270 (A).

Now taking the derivatives of (5.2.137), and considering the fact that the phases ¢ and ¥ do not
depend on the Bethe roots k or A, we get the equations on densities, which are the same as Lieb-Wu
ones in [48]:

cosk [B(¥)

1= 21p(k) + {7 74 )dAa(A)W(W) (5.2.141)
Q@) = p(k) ,(A+sinky A=A
/_ dku/419( 0/ ) = 2n0(A +/ U/Z ( 072 ) (5.2.142)

where k € [-Q(®), Q(P)], A € [-B(¥),B(¥)] and ¢ (x) = dﬁ(x)/dx =2/(1+ x?).
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Ground state. We consider the "half-filled band" limit, defined as
N—-Niz—=Nz=L and 2Nz =N — Ny —N. (5.2.143)

Using the same arguments as in 3.4.1, we obtain Q(®) = 7t and B(¥) = oo. This can be seen as
follows. Taking the normalization relations for p(k) and o(A) (5.2.138) and inserting the relations
between the counting functions and the densities, we get:

I(Q) —I(=Q) = N =Ny — Ny, J(B)—]J(—B) = Nyz (5.2.144)

Inserting the definitions of the counting functions (5.2.140) in these equations, the following condi-
tions arise: if Q — 77 then N — N4, — N, = Land if B — oo then 2Nz = N — Ny — N .

This limit allows us to find the solution for the densities p(k) and o(A) by Fourier transform:

1 > A
k [ in k
pok) = o+ K [7 4y I ) ke [ (52.146)

with zeroth order Bessel function Jy(x) = % / dw cos(xsinw).
Jo

The ground state energy is then equal:

E = E(L—2Nﬁ)+2 Y. cos(k) = u(L—ZNﬁ)+4L/ dw
0

Ji(w)Jo(w)
oy 5214

. . x [ .
with order one Bessel function J;(x) = g / dw cos(xsinw) cos? w.
0

On this point we finish the discussion of the generalized Hubbard models. We point out that the
treatment of the obtained Bethe equations (5.2.9)-(5.2.13) is not accomplished and a string hypothesis
incluiding Takahashi’s one, due to new appeared phases, is needed. From the AdS/CFT duality side,
the phases in our Bethe equations are trivial to be compared with the "dressing" factor of [77], (3.5.15).
Further modifications of the R-matrix are needed, such as the introduction of free parameters using
the twist of the underlying Hopf algebra e.g Reshetikhin twist or higher spin generalizations etc.

Finally, we think that our models can be used in condensed matter physics to define multi-leg
Hubbard models.

5.2.4 Permutation problem

In this section we review the solution of permutation problem. This solution allows to obtain all
necessary quantum number (inner level Bethe roots) in order to fully characterize the coefficients
@ ;(PQ, P71) in the ansatz (5.2.52) or the coefficients @ ;(P, QP !) in the ansatz (5.1.2). Due to the
fact that such kind of problem arises two times for different sectors of "Auxiliary problem. Level 3"
(56.2.2) and in (5.1.2), therefore we will show the solution in general case.

Let we have €27, ¢%, ... € "particles" with any spin ¢ that move ‘freely’, the Hamiltonian I being

constructed on permutations only:

['¢ = PijPijPjPigjp = A, (5.2.148)
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Note that I' is a cyclic permutation, and is independent from j.
We choose the "particle" ¢?” as the vacuum state:

K
pm—o =[]e7, A=1, (5.2.149)
and introduce the function
3 M
4>( )( =Y v(@®][]ed = 30,40, ..., ho. (5.2.150)
X i=1

It describes a state with M excitations above the vacuum state ¢;—o.
The coefficients ¥ (X) are defined in the sector 1 < xo(1) < Xgr2) < - < Xgum) < K, withQ € &y,

by
¥o(x)= Y. o®(pQpr! ]‘[ng gx(a) =a*. (5.2.151)

Pe6yp

One can verify that 4) M ( ) is an eigenfunction with the following eigenvalue
M3
A=T]a" (5.2.152)

if some conditions, which we precise below, are satisfied.
Application of the Hamiltonian gives only the periodicity condition on the coefficients &) (P, QP~

PI(PC,QPY) _ ) 1k

, C=I1hLpm..Ily_1pm- 5.2.153
3) (P, QP_l) 1M M—-1M ( )

We assume some relations on the coefficients @) (P, QP~1), but, now, the form of these relations
depend on whether the particles are identical or not. If, for a given 7, x; and x;;; correspond to
identical particles we impose

o) (Ipgiyp+ny B QPY) = o® (P, QP), (5.2.154)
while, otherwise, we set
) (ITp(i)p(i1) P, QP p(iyp(is1)) = 23(P,QP 7). (5.2.155)

As we can see, there is a sector changing in the relations above, and we proceed recursively using
the same methods as above. We introduce

Z o3 [P,Q, Al|Ag,, - Ay > (5.2.156)

where the sum is over possible types Aandall corresponding sectors Q € &y. The vector ]Aql, e Agy >
represents one state with M excitations and belongs to V; ® ... ® Vy (Where V = span{e?"’, e, ... eh 1.

Then, relations (5.2.154) and (5.2.155) can be rewritten in the following form

O (11,P) = S5V (P),  SY) =Py, (5.2.157)

a
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Therefore, the periodic boundary conditions on &(P) implied by the action of the chain of per-
mutations is written as

a

Postmee-Prim Piope P 1@ (id) = [aV1X0C) (id), m=1,.., M (5.2.158)

but here we have already only e, ... eh "particles” involved in the calculations. Thus, we arrive to
the next level of nested Coordinate Bethe ansatz, with, again, an Hamiltonian built on permutations
only, and a new chain of length M.

Using the previous considerations, we repeat the same method and we "eliminate" one by one
the "particles” €%, ... up to "1, choosing it as the vacuum state at each nested level.

We suppose that we have Mj "particles” of type €37, My of type e%,..., My of type ", so that
Mz + My + ...+ My = M. Ateachlevel k = 3,...,h — 1, we have particles ekt e ag different
types of excitations above the vacuum state built on ¢, The eigenvector ®*)(id) can be written in

the same form as in (5.2.150) and (5.2.151), with the set of Bethe roots {a§k+1)}?i"l“+"'+M” and the

coefficients @k+1) (PQP ) withP,Qe & Mys1+..+M,- These coefficients are used to write the vector
&*+1)(id) that obeys the periodicity condition:

R . k Mg+..+My .
Pt mer-Paty s My P P11 (id) = [a,(nﬂ)} dFH) (i), (5.2.159)

form=1,..., (M1 + ... + My).
Also, we find the periodicity condition of the previous level (when we pass from level k — 1 to

level k)
Mk+1+~-+Mb

- 1 &Y (5.2.160)
i=1
form=1,., (Mg +..+Mpy)and k =3,..,h — 1 with Mp = K— (M3 + ... + Mp).
At last level, we have only one type of excitations "’ on the vacuum state " ~17. Thus, using the
relation (5.2.160) for k = h — 1, we find the following Bethe equations which link the case of one type
excitation " and the previous level with two types of excitations {e" 17, ¢"7}:

[uﬁ,’f)} My 1+..+My

i

M
[a(hfl)]Mb,erMh,pLMh _ Ha](‘h)' i=1,...,My 1+ M,, (5.2.161)
j=1

together with the result for one type excitation on the vacuum

i ]
a = I i, M, (5.2.162)
1<n” <nl? < ..<nf) < My_1+My. (5.2.163)

In the same way, we can write the Bethe equations corresponding to the transition between level
with {e9717,¢97} and the previous one

Mpy_1+My
[0 Mottty - TT a0 i =1, My g 4+ My (5.2.164)

1 ]
j=1

and we can continue this recurrence up to al).
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Solutions for every set of Bethe roots ) can be computed as following. For k = 3,...,h with
M, = K— (M3 + ... + My) we have

b Mm+.. +Mb ( 1)
27ti ( )+ m= k+1):l 1 i
(k) Mj_1+..+My My +..+My, '
aj =e , j=1,..., (Mg+ ...+ My)
k k k
1<nl <nf? <<nly g <Mt My (5.2.165)

Therefore, the function is the eigenvector of the initial permutation problem (5.2.148)

M
pA) = ¥ T T eP(eQP ) Tlab, el go(20) (5.2166)
QEG )y ¥€Q PEG i=1

where we denoted exphc1tely the ‘empty sites” (with no excitation) as ¢o(20).
The coefficients ®©)(id, Q) gathered in $©)(id) are connected with the next level coefficients
@) (id, Q). To see it, we fix the value of M3 and consider vectors B which characterizes excitations
of the form
M—M; M3

= —
B = (bo, ..., b0, ..., 40, ...,40,30, ..., 30) . (5.2.167)

Then, we consider the restriction of the relation (5.2.156) to

A(3

= ZCD [id, Q, B]|Bg,, .., Bgy > (5.2.168)

restrzc

One can recognize in this term the 4),(\2 Ms (B) coefficient (here we take only first M — M3 values B):

M M3z
MM3

Z@ lid, Q, Blel™, e, ey $0(30) Z ¥ (if H eBipo(30) = ¢y 1 (B),  (5.2.169)

with y; = g71(i) fori = 1,..., M — M. In the left hand side of the equation e’ 1( ) are the operators
which create the correspondmg excitations B; on the site g7 (i) of the chain of partlcles e

Therefore, using the same ansatz as in (5.2.151) for ¥ (j) in 4>M , (B) we can identify the coeffi-
cients @) (id, Q) as

M—Ms; ‘
®id,QB)= Y. o@(EQPB) [T lap,l’ (5.2.170)
PGGM,M3 i=1

with Q' € &1, defined by Q' (i) = Q(i) fori =1,.., M — M3z and
B, =40,..,ho, i=1,.,M— Ms. (5.2.171)

In the general case, the coefficients ok (P Q) are defined by the same relations: fork = 3, ...,h — 2,
we have

M1+ +Mjy

®(d,QB = Y o VeQP B [ [T (5.2.172)

PESM 4 +.+My i=1
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where Q" € Gy, +..+M, is defined by Q' (i) = Q(i) fori = 1,..., Miyq + ... + My,
B;=(k+1)o,...,bo, i=1,.., Mg +..+ M

and there are relations similar to (5.2.154) and (5.2.155).
Atlast, when k = h — 1 we get

My_1+M,

o V(id,Q,B)= Y [T o) (5.2.173)

PEGthl"'Mh i=1
Equations of the type (5.2.170) and (5.2.172) together with relations (5.2.154) and (5.2.155) allow us to

derive all the coefficients @) (P, Q). The eigenvalue reads

M ;M ,
A, 7)) = A(HP) = [] al@ = exp <@ Zn?)) = exp (@]ﬁ(g’)\) . (5.2.174)
=1 kK 3 K

The Bethe parameters i), k > 3, ensure the correct multiplicity of eigenfunctions. Indeed, the total
number of states ¢y (73, 7%, ..., 71(9)) is

K! m+n

1 = , wh - Y M, 5.2.175
MalMl(K—pyr Vhere e 62% ‘ (5.2175)

which shows that the ansatz is complete.

Therefore, we apply these results in "Auxiliary problem. Level 3" (5.2.2).
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Chapter 6

Conclusion and outlook

The one-dimensional Hubbard model is an example of integrable spin chains. It is a less “trivial’
example than basic spin chains as XXX or XXZ and there is a lot of important results have been
obtained for this model.

In this thesis we considered the Hubbard model and its supersymmetric extensions. In details
we described the Coordinate Bethe Ansatz method in order to derive the Bethe equations for con-
sidered models. The Bethe equations in the case of our supersymmetric extended Hubbard models
are similar to the Lieb-Wu equations up to certain phases depending on inner level Bethe roots. We
reviewed the solution of the Bethe equations for the Hubbard model (Lieb-Wu equations) and for
our supersymmetric extended models in the case of real roots in the thermodynamic limit. We repro-
duced the results for the ground state energy in the half-filled band limit for these models. We found
that our phases do not contribute to the ground state energy in the half-filled band limit. The string
hypothesis for our supersymmetric extended Hubbard models can be based on the Takahashi’s one
but, however, it is needed to be enlarged due to the phases appeared in the Bethe equations.

The studies of the Hubbard model and its generalizations, were motivated by its applications in
the N = 4 super Yang-Mills theory (SYM). Although it appeared that the one-dimensional Hubbard
model is not a proper answer due to the transcendental contributions to the anomalous dimensions
(in the su(2) subsector of the theory), one may find new directions in this field by studying integrable
extensions of the one-dimensional Hubbard model.

Unfortunately, the phases appeared in the Bethe equations of our supersymmetric extended Hub-
bard models do not depend on the 1st and 2nd level Bethe roots as in the AdS/CFT context, but we
believe that our construction can be used as a first step in the construction of the integrable model
that would reproduce the expected phase. An open problem is thus to look for an amendment of the
construction to provide k-dependent phases for the AdS/CFT.

Another aspect lies in the possibility of applications to condensed matter physics, particularly
when dealing with small rank algebras. Our models can be used in condensed matter physics prob-
ably to define multi-leg Hubbard models. However, this direction still need to be exploited.

Further researches on generalized Hubbard model can be based on the introduction of free pa-
rameters in Shastry’s R-matrix. An example of this is related to the so-called Reshetikhin twist. Such
construction were already used for basic spin chains and certain generalizations of the Hubbard
model as U model. For the Hubbard model, a kind of twist is necessary to consider in order to obtain
free parameters appearing in the Bethe equations.

Another interesting question is to generalize the spin degree of freedom. The Hubbard model
and its generalizations contains particles of spin 1/2. It was also argued by Z.Maassarani that the
R-matrix corresponding to higher spins can be constructed by the fusion procedure. However, even
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in the simplest case it become difficult to operate with the R-matrix. The generalization of the spin
degree of freedom to sI(3) or sl(n) algebra seems still an open question. Probably, the construction
of the R-matrix is similar to the one of the Bariev spin chain.
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