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2 1. INTRODUCTION

1.1 Introduction

Dans cette thése nous nous intéressons, dans deux cas particuliers, a
I’émergence d’équations cinétiques décrivant 1’évolution d’un systéme ma-
croscopique correspondant & un modéle microscopique donné.

Historiquement, les premiéres dérivations d’équations cinétiques & partir
d’équations microscopiques remontent aux travaux de Ludwig Boltzmann
(1844-1906). Dans son livre sur la théorie des gaz |7] il considére des particules
se déplacant en tous sens et s’entrechoquant. Il en déduit I’équation désignée
de nos jours comme l’équation de Boltzmann (non-linéaire). Sa démarche
est simple sur le principe, il considére un ensemble d’un grand nombre de
particules, assimilées a des spheéres. Celles-ci se déplacent en ligne droite (cf.
figure 1.1.1) sauf lors de chocs au cours desquels elles changent de direction et
de vitesse (cf. figure 1.1.2). Dans un premier temps il se cantonne au cas d’un

"
@7@7@

@@ /@Q

FiG. 1.1.1 — Gaz constitué de particules assimilées & des sphéres dures.

V2
U1

Fia. 1.1.2 — Choc élastique de deux particules assimilées & des sphéres dures.
Les vitesses avant et aprés (avec des ) le choc sont indiquées.
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gaz homogéne en espace. Comme un grand nombre de particules est présent
par unité de volume (dans I’espace des phases), il peut considérer une densité
de particules f(v) dont la vitesse est proche d’une certaine vitesse v. Un bilan
sur les différents changements de vitesse lors d’un choc lui permet alors d’en
déduire une équation sur la variation de la densité f au cours du temps. Il
obtient ainsi un terme dit de collision. Il étend ensuite son raisonnement au
cas inhomogéne en espace et fait apparaitre un terme de transport.

La dérivation de ’équation de Boltzmann (non-linéaire) est d’autant plus
intéressante qu’elle présente des difficultés que ’on rencontre dans d’autres
cas de dérivation d’équations cinétiques.

1. Une difficulté est de comprendre le passage d’équations réversibles au
niveau microscopique & des équations irréversibles au niveau macrosco-
pique. Ce probléme était déja abordé par Boltzmann dans ses travaux
et n’est toujours pas complétement résolu.

2. La théorie de ’équation de Boltzmann (non-linéaire), indépendamment
de sa dérivation, est déja complexe. On peut donc s’attendre & des
difficultés en ce qui concerne d’éventuels résultats de convergence de
solutions du systéme microscopique vers une solution des équations
cinétiques correspondantes.

3. Dans certaines approches mathématiques on se contente de montrer
que la limite, par rapport & un certain paramétre, des solutions des
équations au niveau microscopique est la solution des équations ci-
nétiques correspondantes. Il faut pour étre complet contréler I’erreur
commise pour la valeur donnée par la physique de ce paramétre.

Le comportement individuel des particules considérées est bien évidement
classique puisque M. Boltzmann a réalisé ses travaux avant que la théorie
atomistique ne soit complétement établie et donc a fortior: avant I’avénement
de la physique quantique.

On voit donc déja qu’il peut-étre intéressant de dériver les équations
cinétiques en partant d’une modélisation des phénomeénes microscopiques
qui peut-étre classique ou quantique.

Nous nous intéressons dans cette thése a des dérivations de ’équation de
Boltzmann linéaire

Oppir (2, €) + 280 (2, §) = /0(575’)5(152 — €)Y (a2, &) = (2, €)) A€’
et de I’équation de Schridinger non-linéaire cubique défocalisante

iBp = —Dp+|p[*p

qui ont une théorie « simple », ce qui évite les difficultés du point 2 ci-dessus.

Plus précisément on s’intéresse & une dérivation de I’équation de Boltz-
mann linéaire & partir d’'une équation de Schrédinger avec un potentiel dé-
pendant d’un paramétre aléatoire

ihdu = —Agu+ V' (z)u
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et & une dérivation de I’équation de Schrodinger non-linéaire cubique dans
la limite de champ moyen pour des bosons.

Une autre partie de notre travail a consisté & essayer d’améliorer notre
résultat pour la dérivation de équation de Boltzmann linéaire. A cette fin
nous avons démontré une formule d’évolution des états cohérents comprimés
pour un hamiltonien quadratique valable en dimension infinie. Cette formule
n’a pas donné les résultats escomptés dans le cas que nous étudiions mais
est néanmoins intéressante en elle-méme, nous ’avons donc isolée dans un
article & part.

Le cas classique On s’intéresse dans cette thése a des dérivations d’équa-
tions cinétiques a partir de systémes microscopiques décrits par la physique
quantique, mais ce sujet a aussi beaucoup été exploré dans le cas classique.
On trouve dans l'article [11] une dérivation de I’équation de Boltzmann li-
néaire pour les fonctions de Green dans le cas d'un gaz de Lorentz. L’ar-
ticle |21] présente une revue de différents modéles microscopiques classiques
et d’équations cinétiques obtenues commes limites de ces modéles, mettant
en avant le cd6té markovien approché de I’évolution du systéme microscopique
(quelques modéles quantiques y sont aussi abordés). L’article [6] donne une
dérivation de I’équation de Boltzmann linéaire pour la densité de particules
dans le cas du modéle de Lorentz.

1.2 Equation aléatoire

On s’intéresse a ’équation de Schrédinger

. _ h
{1h8tu = -Azu+ V) (r)u (12.1)

Ut=0 = 1/)8 eL? (Rd; (C)

oll le potentiel V£ (z) dépend d’un paramétre aléatoire w parcourant un
espace de probabilité (Qp,P). Le comportement de VLL par rapport au pa-
ramétre aléatoire w peut-étre choisi de différentes fagons. Nous envisageons
deux types de champs aléatoires, les champs aléatoires gaussien et poisso-
nien. On peut aussi considérer divers comportements par rapport au petit
paramétre h.

Cas du faible couplage Le potentiel prend alors la forme V" = VhV,,
Vh jouant le role d'un paramétre de couplage.

Cas de la faible densité Le potentiel V" (z) est tel que la densité
d’obstacles soit de 'ordre de h & 1’échelle microscopique, ot h représente le
rapport entre les échelles microscopique et macroscopique. La forme précise
de V! dépend alors du cas considéré, gaussien ou poissonien.
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1.2.1 Champ aléatoire gaussien

Un choix possible pour la dépendance du potentiel par rapport a 'aléa
est celui d'un champ gaussien centré invariant par translation. Ce champ
est particuliérement intéressant de par sa simplicité. Pour qu’'un tel champ
gaussien soit bien déterminé il est nécessaire et suffisant de fixer sa fonction
de covariance

S(z,2') =EV (z)V ()]

On impose de plus la contrainte que le champ aléatoire gaussien centré soit
invariant par translation, c’est-a-dire

Y(z,2') =Gz —2').

Les conditions données par le théoréme de Minlos sur les fonctions de type po-
sitif, et donc en particulier les fonctions de covariance, suggérent de prendre G
tel que la transformée de Fourier G de G soit de la forme

G=V[,

ce que nous ferons avec de plus V réguliére (dans la classe de Schwartz).

Le cas de la limite de faible couplage d'un gaz de Fermi dans un po-
tentiel aléatoire gaussien invariant par translation est traité dans [14] (ainsi
que d’autres cas de potentiels aléatoires) et fait intervenir des techniques de
combinatoire de graphes dans sa démonstration. On s’intéresse dans cette
thése au cas bosonique. Des résultats d’Erdos et Yau, et plus récemment de
Poupaud et Vasseur, existent dans ce contexte, nous les comparerons avec
les résultats de cette thése dans la Section 1.6.1.

Dans le cas des champs aléatoires gaussiens, les hamiltoniens obtenus
dans la limite de faible couplage et dans le régime cinétique coincident.

1.2.2 Champ aléatoire poissonien

La géométrie de I’espace des configurations et les polyndémes de Charlier
sont abordés dans |1, 15|. Dans le cas d’'un champ aléatoire poissonien on
consideére I'espace des configurations I'ra défini comme ’ensemble des parties
discrétes de R?,

I'pa = {A c RY, A localement ﬁni} .

L’espace des configurations va nous servir pour décrire I’ensemble des points
ou des obstacles sont présents. On considérera donc un potentiel de la forme

Vo) = Y V(z - y)

V étant le potentiel d’interaction avec une particule et w un point de ’espace
des configurations (voir figure 1.2.1).
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F1G. 1.2.1 — Potentiel poissonien, w = {y1,y2,¥s, ...}

On veut considérer le paramétre w comme un parameétre aléatoire et avoir
une densité (uniforme) de particules par unité de volume valant un certaine
valeur p. Pour cela on construit une mesure de probabilité sur I'espace des
configurations. L’espace des configurations étant la limite projective des en-
sembles T = {A C K, A fini} pour K C R? compact. On munit 'espace des
configurations d’une mesure 7,y dite de Lebesgue-Poisson de densité p > 0,
construite d’abord sur les I'r pour K compact par la formule

o —pAMNK K
T I = € PA( )§ :pnT

n=0

ot A®™ représente la mesure sur R déduite de la mesure de Lebesgue A
sur R? et T'g est décomposé comme L, {w € T, #w =n} (#A désigne le
cardinal d’un ensemble fini A). On étend ensuite la mesure a 'espace des
configurations vu comme limite projective des ' & 'aide du théoréeme de
Kolmogorov.

Erdos et Yau ont aussi obtenu des résultats dans le cas d’un potentiel
poissonien [10].

1.2.3 Autres aléas

On pourrait aussi envisager d’autres aléas. On peut notamment se re-
porter & [17, 16| pour des généralisations de 1’aléa poissonien qui peuvent se
représenter & I'aide de I'espace de Fock.
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1.3 Point de vue de I’espace de Fock

La démarche suivie dans les travaux présentés dans cette thése est d’ex-
primer les équations dans l'espace de Fock (bosonique) et d’utiliser les outils
géométriques disponibles dans cet espace, a savoir les états cohérents (ou
les états cohérents comprimés) associés & un développement en puissances
par rapport & un petit paramétre €. On rappelle donc comment est défini
I’espace de Fock et la dépendance par rapport au petit paramétre ¢ dans la
quantification de Wick.

L’espace de Fock symétrique I'Z associé & un espace de Hilbert com-
plexe Z

+o0o n

rz=p\z

permet de décrire les états & un nombre quelconque de particules (boso-
niques) ou \/ désigne le produit tensoriel symétrique. Une fonction & variable
dans Z est qualifiée de mondome b € P, 4(Z) si

P q
— ([ ,®q }.®p h .
b(z)—<z ,bz >qu avec beﬁ(\/.&\/Z) )
On adoptera les notations suivantes pour le produit symétrique :

flvvfn:Sn(f1®®fn) pour ijZ>

pPj 4a;
AV VA, = Sghig, (A1® - ®AR)Sp 4, POUT Aj € L (\/ Z;\/Z> )

et S, est Uopérateur de symétrisation de @ Z dans /™ Z normalisé de
sorte que S, coincide avec l'identité sur \/™ Z.

Le quantifié de Wick d’un monoéme est défini par ses restrictions aux
sous-espaces & n particules

bWick‘
V*z

Y s |
= B (0) T e (B By )
qui sont des éléments de £(\/™ Z; /" P11 Z). Les polynomes sont les com-
binaisons linéaires finies de mondmes, c’est-a-dire les éléments de P(Z) =
@D, >0 Pp.q(Z) et on les quantifie par linéarité a partir des monoémes. On
note P<m = €, 4<m Ppg- Pour f € Z, Topérateur de champ @ (f) est

(la fermeture de I'opérateur essentiellement autoadjoint) v2R (f, z)"V " et
Popérateur de Weyl W (f) est défini par W (f) = e!®(/),

On peut alors définir les états cohérents

_ WP~ T (V2
E(f)=e snggs m—W<Z.€f>Q,
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ou 2 = (1,0,0,...) € T'Z. Ces états sont ceux qui se rapprochent le plus
d’états classiques car ils sont bien localisés prés du point classique f de
I’espace des phases Z. On peut les voir en dimension finie comme des gaus-
siennes, la fonction de covariance étant fixée. Une généralisation de ces états
consiste a s’autoriser & changer la covariance de la gaussienne, on aboutit
alors a la notion d’état cohérent comprimé.

1.3.1 Cas gaussien

Correspondance entre ’espace gaussien et I’espace de Fock 1l existe
un isomorphisme entre I’espace gaussien L? (Qp, P; C) associé & L?(R?%; R) et
I'espace de Fock I'L?(R%) symétrique associé¢ a L2(R?; C) (noté L?(R%)). On
obtient via cet isomorphisme la correspondance

1
ﬁi Pc(fi) - ®a(fn): < iV V[
pour des f; dans L?*(R%R). L'opérateur de champ v/2® (f) correspond a la
multiplication par ®¢ (f) via cet isomorphisme et on a V,(z) = ®g(V(z—-)).
Plus de détails sur cette correspondance seront donnés dans la section 2.3.
On peut aussi consulter [20].

Expression de I’hamiltonien dans I’espace de Fock

Sans petit paramétre [’hamiltonien correspondant dans l'espace de
Fock au cas du potentiel V,,(z) = ®¢(V(z — -)) est donc

—Ay +V20(V(z — ).

Cas de la faible densité (ou du faible couplage) L’hamiltonien
initial est envoyé sur

—Ay + V20 (V (z —)) .

1.3.2 Cas poissonien

Correspondance entre 1’espace poissonien et I’espace de Fock On
peut consulter [1, 15] et leurs références au sujet des polynémes de Charlier
sur l'espace des configurations. On peut les définir rapidement comme ci-
dessous.

Les mesures sur R% définies par

W =Y S

(yl,.”:yn)
{y17--~7yn}Cw
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pour w € I'ra avec des y; distincts et

n

=N =30 (1) (D (o0 Pt h,
k=0

permettent de définir les polynémes de Charlier qui sont, pour f € C$°(RY),
des éléments de L?(Tpa, 7))

Qo(w) = 1a Qn (f\/n) (W) = <f\/n, 1(01 — ,0>\)®n: > .

Ainsi Q1(f)(w) = Yyen, F) — [ fd(p)) et le potentiel V,(z) = 3, V(z—
y) peut s’écrire sous la forme

V, (2) = Qu(Vi(z — )(w) + / (o).

On dispose de plus d'un isomorphisme entre 'espace de Fock T'L?(R?) et
L? (T'px, pr) qui donne la correspondance

P e ()T 2Qu (1)
La relation, pour f, g € C3°(R%),

Q1(f) Qn(9"™) = Qus1(fVg ™) +Qu(n(fg)Vg " )+ Quo1(n{f, g png"" ")

montre que la multiplication par Q1 (f) dans I’espace de Poisson devient dans
I’espace de Fock 'opérateur

V2Zo0(f) +dT (%) .
Expression de I’hamiltonien dans ’espace de Fock

Cas du faible couplage On a alors une densité p = 1 et une constante
de couplage v en facteur du potentiel, d’ott le hamiltonien dans Pespace de
Fock

—AI+\/%1>(V(:U—~))+\/EdF(V(x—-)x)+x/E/VdA.

Cas de la faible densité La densité est alors p = h (et la constante
de couplage vaut 1) d’ot le hamiltonien dans 'espace de Fock

—Ax+@(I)(V(m—-))erF(V(:c—-)><)+h/Vd)\.

Les cas de faible densité et de faible couplage sont donc distincts pour
un aléa poissonien.
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1.4 Calcul semi-classique

Le calcul semi-classique permet de ramener des calculs sur des opérateurs
sur des espaces de Hilbert & des calculs sur des fonctions a valeurs scalaires.

Dans cette theése nous utilisons les quantifications de Weyl et de Wick.
Le plus simple pour comprendre ces quantifications est de regarder comment
elles se comportent sur des polyndémes en dimension 1, c’est-a-dire com-
ment passer d'un polynoéme en deux variables b dans Rz, £] & un opérateur
sur L2(R) de sorte & envoyer x sur la multiplication par x et £ sur D, = —id,.

Weyl Pour la quantification de Weyl, un mondéme z®¢P est envoyé sur
l'opérateur Q%Zv(g)xo‘_Vszﬂ, avec D, = —i0,. La quantification des
polyndémes s’en déduit par linéarité.

On utilisera aussi la quantification de Weyl avec des fonctions dans
CSO(RQd; R), une formule plus générale pour définir la quantification de Weyl

est alors ded
Weyl _ i(z—y).£ T4y Y
b /e b ( §> u(y) an)"

2 )

Wick On n’utilisera la quantification de Wick que sur des polynémes. On

peut réécrire un polynéme P(z,¢) sous la forme P(z;,z’ =) = Q(z,2)

avec z = = + t£. On peut donc quantifier plutét des polynomes en z et
z. On choisit d’envoyer un mondme z7zP sur Uopérateur (x — 0;)? (x + 9,)P.
En dimension d (finie) les mon6mes sont de la forme H;lzl Z?j z;)j , (notons

que ceci est un cas particulier de la forme (2%, A2%P) avec A € L(Z%1; Z®P)
d d
et p =225 15 4= D51 )

Liens entre les différentes quantifications Des formules permettent de
faire le lien entre les différentes quantifications et nous exploitons notamment
ces formules dans notre travail sur I’évolution d’observables de Wick par un
hamiltonien quadratique. Des formules valables pour la quantification de
Weyl en dimension finie permettent de déduire des formules valables pour la
quantification de Wick en dimension infinie.

On peut faire le lien entre la représentation de Schrodinger et la représen-
tation de Fock dans le cas de la dimension finie & ’aide de la transformation
de Bargmann

212
LY(RY) — {F, F entiére et /|F(z)|2e_2€ Adz) < —l—oo}
3d 22 _ (V2z—y)?
froBuf () =n ¥ [ e ay,
R

Le développement en série entiére de Bo. f donne alors des coefficients Fj €
\/lC C% qui définissent un vecteur de I’espace de Fock I'C?. On obtient alors
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un isomorphisme entre L2 (Rd) et TC? qui fait se correspondre les deux
définitions que nous avons données de la quantification de Wick.

On notera aussi que les états cohérents dans l’espace de Fock sont les
images de gaussiennes dans ’espace de Schrodinger via la transformation de
Bargmann.

Dimension infinie On parle de quantification en dimension infinie quand,
au lieu de quantifier des fonctions définies sur un espace de dimension finie,
on quantifie des fonctions définies sur un espace de dimension éventuelle-
ment infinie. A cette fin, il sera plus pratique (dans le cas particulier de la
dimension finie) de définir des fonctions sur C? plutét que sur RY x RY,

Un avantage de la quantification de Wick est qu’elle se généralise d’une
facon plus agréable en dimension infinie et que la méthode ci-dessus est en-
core valable, quitte & comprendre dans un premier temps le cas des mondémes
de la forme (z, f)4(g, 2)? et a quantifier (z, f) et (g, z).

1.5 Mesures semi-classiques

Les mesures semi-classiques sont 1'un des outils qui permettent (entre
autres applications) de donner un sens rigoureux au passage d’objets quan-
tiques a des objets classiques, et donc de préciser le lien entre les physiques
quantique et classique.

Dans le cas qui nous intéresse on considére au niveau quantique des états
décrits par des opérateurs positifs de classe trace normalisés et au niveau clas-
sique des mesures sur l’espace des phases. Le rapport entre les longueurs per-
tinentes aux échelles quantique et classique est décrit par un paramétre h > 0
sans dimension. Physiquement ce paramétre h a une valeur fixée petite de-
vant 1, mais mathématiquement on considére que le paramétre h parcourt
I'intervalle ]0, ho] et on s’intéresse au comportement des états lorsque h tend
vers 0.

Soit (Ph)he]o,ho] une famille d’¢tats normés sur L? (R?), c’est-a-dire p €
Ef (L%) et Tr p = 1. Une mesure pg est une mesure semi-classique associée
a (p") ¢'il existe une suite hy de ]0, ho] telle que hy, — 0 et

Vb € C° (Rff@)  lim Tr [phbw (ha, Dm)} - / bdug
’ k—+o0 Rifig
ott bW (hx, D) est la quantification de Weyl du symbole b.

On note M((p")nej0,n0)) I'ensemble des mesures semi-classiques associées
a la famille (Ph)he]o,ho]-

On pourra considérer qu’'une famille d’états quantiques dépendant d’un
paramétre h est bien associée & un état classique si ’ensemble des mesures
semi-classiques qui lui est associé est réduit & un singleton. On parle alors
de famille pure.
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L’un des points importants concernant les mesures semi-classiques est
que l'on peut dans certains cas prouver que 1’évolution d’une famille pure
par une dynamique donnée conserve le caractére pur de celle-ci. On peut
alors considérer que le systéme classique correspondant a une évolution bien
définie et qu’il est décrit par I'unique mesure semi-classique associée & la
famille & chaque instant. C’est une approche de ce type que nous utilisons
pour dériver I’équation de Boltzmann linéaire.

On peut se réferer a [12, 13, 8, 18, 2, 3] pour plus d’informations sur les
mesures semi-classiques ou les mesures de défaut.

1.6 Reésultats

1.6.1 Une dérivation de I’équation de Boltzmann linéaire

Soit d > 3. Soit G : RY — R de type positif, telle que G = |‘A/|2
avec V € S (Rd;R) et V" (z) le champ aléatoire gaussien centré invariant
par translation de covariance hG (z — z’). On considére la dynamique défi-
nie par ’équation de Schrodinger

ithowu = —Azu+V, (z)u
u—o = Yo € L? (R?)

avec un renouvellement de l'aléa. Soit « e]%, 1[ fixé et T' > 0. On découpe
I'intervalle [0, 7] en sous-intervalles de longueur At = h® et on pose N =
Nh = T/he. L’aléa est alors renouvelé dés qu’il s’écoule un temps At. Plus
précisément, étant donné un état p normé (c’est-a-dire p positif, de classe
trace et de trace 1). On définit

h -1 -
PN.at= /Q Gn oy PGy ac g dPN (@)
N

'R Y

avec A At A
LAt . N
GN At ~ = e_ZTHhva eilTHhv‘*’N—l e R Hhw
777“’]\7
et oy = (wl,...,wN) EQNzgl X - X Qp, PN:P1 X - X Pp.

Théoréme 1.6.1. Supposons la famille (p")pejo p) pure, avec M((p")) =
{uo} et po(RE x Rg*) = 1. Alors la famille (p?V,At)hE]O,ho] est pure, avec

M ((”}ﬁmt) he]o,h(ﬂ) = {ur}

ot pp = =1 avec, pourt € (0,7,

{ 81‘/”1‘/(3775) + 2£axut($7£) = f0(£7£/)5(|£|2 - |£/|2)(Mt($7£,) - Nt(l‘ag)) dg,
Ht=0 = [0 ’

et o(&,&) = 2n|V (€ — &)
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2t

C ZOZO

F1G. 1.6.1 — Déplacement d’un état cohérent (représenté pour Z = C). On
mélange deux points de vue dans ce dessin. L’état cohérent est vu comme
une gaussienne (représentation de Schrodinger) et son centre est dans C
(représentation de Bargmann).

Traduction du probléme dans le formalisme de la théorie quantique
des champs

Une approche géométrique Une fois le probléme exprimé dans les termes
de la théorie quantique des champs on peut approcher I’équation différentielle

i0p = [H, p| par iOp = [HP, p

pour un hamiltonien HP quadratique qui approche convenablement le ha-
miltonien de départ H pour des données initiales de la forme p, = po®|Q2) (Q|
et des temps suffisamment courts. On est alors ramené & plusieurs sous-
problémes :

— résoudre explicitement ’équation approchée a 'aide d’états cohérents,
(voir la figure 1.6.1) sur 'espace des phases de dimension infinie Z =
L*(R%C),

— montrer que la solution de I’équation approchée permet de retrouver
I’équation duale de I’équation de Boltzmann linéaire, au moins pour
des temps courts,

— controler la différence entre la solution de 1’équation approchée et la
solution de ’équation exacte,

— recoller les estimations pour des temps courts en utilisant I’hypothése
de renouvellement de 'aléa,

— on passe de ’équation duale de ’équation de Boltmann linéaire pour
des symboles réguliers a I’équation de Boltzmann linéaire pour des
mesures.

Sur I’hamiltonien approché L’hamiltonien s’écrit dans le cadre de la
théorie quantique des champs

D? +V2hd(V(z — ).
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Quitte & effectuer une translation on se raméne a ’hamiltonien
(Dy —dT'(Dy))” + V2hd(V)
que 'on peut approcher par I’hamiltonien
D2 —2D,.dT'(Dy,) + dI'(D2) + V2h& (V)
quitte a négliger le terme
dI'(Dy)? — dI'(D2).

Ce dernier terme est quartique et pour des temps courts doit rester négli-
geable puisque 'on part d’un état initial vide. La partie restante de I’hamil-
tonien est la quantification d’un polynome dans P<z(L?(R?)) et donne une
dynamique que ’on peut résoudre explicitement en termes d’états cohérents.

Comparaison avec les résultats de Erdés et Yau Les travaux de
Erdos et Yau [9] présentent des résultats, sur le méme probléme, qui par
certains aspect sont meilleurs et par d’autres moins bons que notre travail.
Les principales différences sont récapitulées dans le tableau 1.1.

’ Erdos, Yau 2000 \ \ Breteaux 2011 ‘
Hypothéses
Aléa + fixé renouvelé
Etat initial he/2 f (hz) exp(%) + | famille bornée pure
f,SeSs de £ (L*(RY)
Dimension + d>2 d>3
Symétrie de V' Radiale + Aucune
Point de vue
Combinatoire Géométrique
(graphes) (états cohérents)

TAB. 1.1 — Comparaison avec les résultats de Erdos et Yau [9)].

Notons aussi que la régularité demandée pour le profil V est V € S(RY)
dans les deux cas par souci de simplicité, mais cette hypothése peut étre un
peu réduite.

Comparaison avec les travaux de Poupaud et Vasseur Dans l'ar-
ticle [19] Poupaud et Vasseur proposent une autre dérivation de 1’équation
de Boltzmann linéaire.

Leurs hypothéses sur le potentiel aléatoire sont différentes de celles que
nous proposons. En effet les potentiels qu’ils considérent sont notamment
bornés presque siirement ce qui n’est pas le cas des potentiels gaussiens ou
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poissoniens (qui sont presque stirement non-bornés pour des potentiels non-
nuls). Il n’y a donc pas d’implication entre nos résultats et leurs résultats.

Néanmoins une caractéristique commune avec nos hypothéses est qu’il y
a un renouvellement de ’aléa méme si ceci est traduit d’une fagon différente
au niveau des hypothéses.

1.6.2 Une formule pour I’évolution associée & un hamiltonien
quadratique en dimension infinie

On essaie de retenir 'information importante en traduisant les équations
de départ dans ’espace de Fock et en utilisant la notion d’état cohérent. Dans
le cas de la dimension finie, les états cohérents sont des gaussiennes centrées
de covariance fixée. Une piste pour améliorer les résultats précédents est donc
de considérer des états plus généraux et donc de s’autoriser des covariances
variables. On parle alors d’états cohérents comprimés. La connaissance pré-
cise de I’évolution d’une observable de Wick par une évolution donnée par
un hamiltonien quadratique dépendant du temps peut étre intéressante. On
a donc développé des formules exactes en vue de les appliquer & la version
dans l'espace de Fock de ’équation (1.2.1).

Résultats On considére un espace de Hilbert séparable Z et les hypothéses
suivantes.

H1 Soit (ot),cp une famille & un paramétre d’opérateurs autoadjoints sur 2
définissant un systéme dynamique fortement continu wug(t, s).

H1’ On suppose que H1 est vérifiée et que de plus le systéme dynamique
préserve une partie dense D telle que, pour tout ¢» € D, uy ()%
appartient a C! (RQ; Z) nco (]RQ; D).

H2 Soit 3 dans C° (]R; sz), (B¢ définit un opérateur de Hilbert-Schmidt
C-antilinéaire par z — (Iz V (z]) B;).

Avec H1’ et H2, le flot classique associé & une famille Q¢ (2) = (z, u2) +
R <ﬁt, Z\/2> de polynémes quadratiques est la solution ¢ (¢, s) de I’équation

{i@tgp(t,()) [2] = 0:Qu(¢(t,0)[2])
¢ (0,0) = Iz

ou 0:Q¢ (2) = az+i(Iz V (2| §), en un sens faible.

L’écriture de ’équation différentielle rend le contexte plus concret mais
les hypothéses H1 et H2 suffisent a définir un systéme dynamique ¢ (¢, s). La
famille ¢ (¢, s) est composée de symplectomorphismes de (£, o) qui se décom-
posent naturellement en une partie C-linéaire et une partie C-antilinéaire :

o=L+A, Lel(Z), AA*c[,(2).
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De fagon similaire le flot quantique associé a @y est la solution U (t, s) de

icdU (1,0) = QI°*U (t,0)
U(0,00 = Iy

Les deux résultats principaux de ce chapitre traitent de I’évolution d’une
observable de Wick b"* b € P (Z), par le flot quantique, c’est-a-dire

U (0,t) bVikU (¢,0) .
(On pose (N) = /N2 41, N = (|z[>)Wick)

Théoréme 1.6.2. Supposons H1 et H2 verifiées. Soit un polynome b €
P<m (Z). Alors pour tout temps t > 0, la formule

U (0,) bV U (¢,0) = (b“’)’t)wwk + %:m (g)k /A k (b(’“ﬁ’g’“)wm ds*
k=1 t

est vérifiée en tant qu’égalité d’opérateurs continus de D((N)Y™?) dans H,
ol
— 5" = (s1,...,51) ER’i et AF = {5’“ e Rk, E?lej §t},

. -k A . .
— les polynomes bWE" sont définis récursivement par

{ b0 (2) = b(p(t0)2)

plk+DEEETE s p(R)EEE

avec Noc = —i{cop(0,s) ,QS}(Z) o ¢ (s,0) pour tout polynoéme c.

Théoréme 1.6.3. Supposons H1 et H2 verifiées. Soient m > 2 et b €
P<m (Z) un polynome. Alors, en introduisant
— le vecteur vy € ®2 Z tel que pour tous z1, zo € Z,

(21 ® z9,v¢) = (21, L" (¢,0) A(¢,0) z2) ,
— Vopérateur sur P (Z)
Alc(2) = Tr[—2A% (t,0) A (t,0) 0:0,¢ (2)]+ (vg] . D2c (2) +0%c (2) . [vy)
la formule

U (0,) ViU (t,0) = <6§At (bo o (t70))>Wick

est vérifice en tant qu’égalité d’opérateurs continus de D ((N )m/ 2) dans H.
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1.6.3 Propagation du chaos pour des systémes constitués
d’un grand nombre de bosons en dimension un avec
une interaction ponctuelle entre deux bosons.

On obtient formellement 1’équation de Schréodinger cubique défocalisante
(avec ¢ = ¢ (t,z), t € R, z € RY)
. 2
iOp = —Ap o[ e

de facon naturelle & partir de ’équation de Hartree

oo = —Ap+ (V+[ol’) ¢

en prenant comme potentiel d’interaction la “fonction” de Dirac §. On pré-
sente dans ce travail une dérivation de ’équation de Schrodinger non-linéaire
cubique défocalisante en dimension 1 d’espace.

Soit g € H?(R) on note ¢; la solution de '’équation de Schrédinger
non-linéaire

{ B = —Ap+|p)Pe
¢limg = o

Soit, pour z dans S (R), P (2) = 3 [p |2|* d\ (o1 X est la mesure de Lebesgue)
et

H. =dI. (—A) + pWick
*k 1 * *
— [ Ve @) Vac@ydo+ 5 [ at(x)a ()8 (o - p)ac () ac () dedy,
R R
ou les opérateurs de création et d’annihilation a} et a. sont proportionnels
ay/e.
Théoréme 1.6.4. Supposons que Hg00||L2(R) = 1. Pour tout polynéme b €

Ppp (L* (R)),

lim <§06®n7 eit/eﬂ,Hgn bWicke—it/eann S06®n> -b (th) ,

n—-+00
ou ne, = 1.

Posons
D<2>P
P2 (t)l2] = =% [ Z@ (o) dor2 [ 2@ o 0 da

et eAy (t) = dT'(=A) + Py ()V**. On peut alors définir le propagateur
unitaire associé a la famille As (),

{iatU2(t;3) = Ay (t)Uz2(t,s)
Us(s,s) = Irrew)
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FIG. 1.6.2 — Evolution d'un état cohérent comprimé (représenté pour Z = C).
On mélange deux points de vue dans ce dessin. L’état cohérent est vu comme
une gaussienne comprimée (représentation de Schrodinger) et son centre est
dans C (représentation de Bargmann).

Théoréme 1.6.5. [l existe ¢ > 0 dépendant seulement de g tel que l'inéga-
lité

A ) . 2
He—zt/EHEW <\Z/€7§00) O — elw(t)/EW <\£@t> U2 (t,O) Q

est vérifiée pour tout t € R, avec w (t) = %fé angHiQ(R) ds.

clt|
< et 51/8

I'L2(R)

1.7 Quelques aspects du travail présenté

Dimension et dispersion Le résultat sur ’équation de Boltzmann li-
néaire n’est valable qu’a partir de la dimension trois car les inégalités de
dispersion ne permettent de gagner suffisamment dans certaines estimations
qu’a partir de la dimension trois pour avoir 'intégrabilité de certains termes.
Il est peut-étre possible d’atteindre la dimension deux avec un peu de travail
supplémentaire.

La restriction a la dimension un dans le cas de I’équation de Schrodin-
ger non-linéaire cubique défocalisante peut étre levée quitte & modifier la
définition de l'interaction d.

Positivité et estimations a priori Un des ingrédients importants de
notre dérivation de ’équation de Boltzmann linéaire est 1'utilisation d’esti-
mations a prior: pour montrer que l'on n’a pas perdu trop de masse dans
les mesures lors de notre approximation. On utilise ensuite les propriétés de
conservation de la masse et de positivité de I’équation de Boltzmann linéaire
pour conclure.

Pas de graphes A la différence des travaux d’Erdos et Yau, on s’est at-
taché, dans la dérivation de I’équation de Boltzmann linéaire, & éviter la
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combinatoire des graphes pour essayer de garder un point de vue plus géo-
métrique sur le probléme. Néanmoins I’Ansatz que nous utilisons ne permet
pas d’atteindre des temps d’ordre 1 comme ceux obtenus par la méthode
d’Erdos et Yau.

Théorie quantique des champs et géométrie dans I’espace des phases
La théorie quantique des champs est utilisée pour bien voir intervenir la géo-
métrie dans 'espace des phases. On utilise le point de vue de [2], mais en
s'intéressant 4 deux cas qui ne rentrent pas dans le cadre retenu par les
auteurs.

D’une part, quand on n’est pas dans un cadre de limite de champ moyen
pour la dérivation de I’équation de Boltzmann linéaire, I'introduction d’un
paramétre € est alors artificielle mais permet de garder une trace de I'impor-
tance des différents termes.

D’autre part, on considére une interaction plus singuliére dans le cas de
la dérivation de I’équation de Schrodinger non-linéaire cubique défocalisante,
avec un polynéme de Wick qui n’est pas dans la classe P(L?(R)) présentée
ci-dessus, & cause de l'interaction ponctuelle.

Trotter-Kato On n’obtient pas dans notre résultat le caractére markovien
approché de ’évolution de fagon satisfaisante. Pour palier ce probléme on a
introduit un renouvellement de l’aléa de maniére artificielle. Les travaux |5,
4] traitent de fagon un peu plus sophistiquée de problémes d’interactions
définies « par morceaux ». D’autres Ansétze permettent peut-étre d’obtenir
une meilleure approximation de la solution du probléme de départ et donc
d’obtenir le caractére markovien approché de 1’évolution.

Perspectives On prévoit d’étudier le cas d'un aléa poissonien, avec le
terme supplémentaire dI'(V (z — -)) dans ’hamiltonien.

On se propose aussi d’essayer d’autres Ansétze pour tenter d’obtenir de
fagon plus satisfaisante le caractére markovien de I’évolution limite.

On envisage également d’examiner le cas de la dimension deux pour la
dérivation de I’équation de Boltzmann.
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Dérivation de ’équation de
Boltzmann linéaire pour une
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In this text the Hilbert spaces are always separable. The integer d > 1
denotes the dimension of the space RZ. Our result requires d > 3.

2.1 Model and result

2.1.1 Rescaled quantum random field

Let G : RY — R positive definite, such that G = |[V|?> with V € S (R%GR)
and V! (z), (w,2) € Qp x R?, the translation invariant centered Gaussian
random field with mean zero and covariance hG (x — z’). We consider the
Schrédinger equation

ihOuty () = Hﬁut,w (x) (2.11)
U () =tho () € L2
with the Hamiltonian
H'= A, +V (2) . (2.1.2)

Let us fix a time T and an integer N. Let t;, = kAt with At = % The
dynamics is defined piecewise in the intervals [tx_1, x| by the Hamiltonians

Hh,wk =—-A; + Vh,wk (x)

with independent random fields Vj, ., , wi € €. Thus we get, for an initial
data 1 € L2,

At _;At
— eiZTthwNe Y Hh’“’Nfl ..

GN WON ) e_i%thl ) (2.1.3)

At
' h

wT ($,LDN) = GN’%@NwO 3

with (.:)k_:_(U1,...,(,Uk-) I~ Qk) = Ql X o0 X ka Pk,‘ = Pl X o0 X ij
and L2 (QF,PF) ~ @, L% (9;,P)).

Definition 2.1.1. Let p be a normal state on £ (L2), i.e. p € L] (L2)
and Trp = 1. We define

pp = /e‘if?HWpeiiHWdP(w), (2.1.4)
Qp
h - -1
PN (@N) = G2ty POy o, (2.1.5)

p?\mt = /Q P}IZV,At(‘DN)dPN(C_UN)- (2.1.6)
N
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2.1.2 The main result

Let b be a symbol in C§° (Ri(,ig)- The measure of the observable b (hz, D)
in a normal state p is given by

Tr [bW (hz, Dy) p)

where the Weyl quantization is defined by

1 i(x—z'). x+x’
(QW)d/IRd/Rde( >fb(h 5 ,§>u(x’)dx'df.
3 =/

One can refer for example to [42] about the properties of the Weyl quanti-
zation.

Consider the dynamic given by Equations (2.1.1) and (2.1.2) with renewal
as in Equation (2.1.3), At = h®, N = N" =T/h*, «a €]3,1].

We say that a family of states (p"), h € ]0,ho] is pure if there is a
measure L on Ri‘,ig such that

WW(hx, Dy)u (z) =

o9 2d . hi W _
Vb € CS (Rm) . Jim Ty [p b (hx,Dz)} - /R ngbduo.
We refer the reader to Appendix 2.B and [26, 32, 33, 41] for general infor-
mation about semiclassical measures.

Theorem 2.1.2. Assume that (p")pejo,ng) is pure with po(RE x Rg*) =1.
Then

00 2d : h w —
Vb € (Rx,§> , }lll_)r% Tr [pN,Atb (hx, Dx)} = /bd,uT
where pr = p=7 with, fort € (0,T),

{ Dptie(,€) + 260z p1e (2, €) = [ 0(&ENS(I€” = [€/%) (pe(w, &) — pe(,€)) €',
Ht=0 = M0
(2.1.7)

and o (§,¢') = QW\V (DI

Remark 2.1.3. The meaning of measures solving the linear Boltzmann Equa-
tion (2.1.7) is specified in Part 2.2.
The result says that the family (pf; 1,) remains pure for every T' (= NAt)

as soon as (p") is pure.

The justification of the choice of the scaling in the Weyl quantization
is the following. Physically the parameter h is the quotient of the micro-
scopic scale over the macroscopic scale, either in time or in position. Thus
if we consider an observable b(X,Z) varying on a macroscopic scale, the
corresponding observable on the microscopic scale will be b (hz,§).

The scaling of the random field according to the covariance hG (z — z'), is
done on a mesoscopic scale imposed by the kinetic regime (see Section 2.3.1).
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Sketch of the Proof.  Let pr in ./\/l(p’}\,At, h €10, ho]) (the set of semiclas-
sical measures defined after extraction of subsequences, see Appendix 2.B).
We denote by B(t) the flow associated with the Boltzmann equation (2.1.7)
and BT(t) the flow associated with the dual equation, see Section 2.2 for
more details about B(t) and BT (t). For any non-negative b in C§°(RY x Rg*)
we shall prove

L. ngng* b dpr > liminf, o Tr[p%’mbw(hx, D,)] by the definition of up,

2. liminfy,_q Tr[p?vath(hx,Dx)] > ngng* (BT(T)b)duo (see the re-

mark below),
3. fRdeg* (BT(T)b) dpo = fRdXR?* b d(B(T)uo) by the definition of B(T).

Taking this for granted, it implies the lower bound

/ bduTz/ b d(B (T) uo) -
Rd X RE* Rd X RE*

Since this inequality holds for any non-negative b in C§°(RZ x Rg*) which is
dense in C% (RY x Rg*) with dual M,(RZ x Rg*), we get

:U*T|Rg><Rg* > B(T) UO’R%XR?* :

But we also have B(T)uo(R% x Rg*) = 1 from the properties of the linear

Boltzmann equation and ,uT(Rgl ng) < 1 from the properties of semiclassical
measures. So, necessarily,

pr (Rg x Rg*) -1
pr (RE < {0})) = 0
and pp = B(T)po. Thus we have the result. O
Remark 2.1.4. The step
lim inf T [p}fv,mbw (hx,Dx)} > /R - (B"(T)b) dpso

is the technical part which requires various estimates for the quantum dy-
namics of the whole system particle-random field.

To prove this result we consider first the case without renewal of the
stochastics, i.e. N = 1 for short times in Sections 2.4, 2.5, 2.6 and then glue
together the estimates obtained this way IV times for IV “big” in Section 2.7.
To simplify the problem of finding estimates for short times we approximate
the equation by a simpler one which is solved and studied in Section 2.4. In
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Section 2.5, using the solution to the approximated equation, we carry out
explicit computations which give rise to the different terms of the dual linear
Boltzmann equation. Then we control the error between the solutions of
the approximated equation and the exact equation in Section 2.6. All these
computations are done within the framework of quantum field theory. This
allows us

e to use conveniently the geometric content of coherent states,

e to keep track of the different orders of importance of the different terms
by using the Wick quantization with a parameter e.

For the reader’s convenience, we recall the correspondence between the stochas-
tic and Fock space viewpoints in Section 2.3.

Remark 2.1.5. Our initial data (ph)he]mho] are assumed to belong to ETL?E
with Tr p* = 1. We will thus make estimates for states p in EfLi, with Trp =
1 with constants independent of p.

2.2 The linear Boltzmann equation

Information on the linear Boltzmann equation can be found in [28, 29, 44].

In this part suppose that o € C“(Rg X Rg,;R) and o > 0.

2.2.1 The formal linear Boltzmann equation

Since all the objects we use are diagonal in ||, the following definitions will
be convenient.
Notation: Let 0 < r < r’ < 400 we define the Sobolev spaces

H" [r,r’] =H" (Rg X Ag [T,r’] ;R)

where Ag[r,7’] is the annulus {£, |£| €]r,7’[} in the variable £. When there
is no ambiguity we write A¢ for A¢[r,r’]. We also define L?[r,7'] = H[r,7'].

Definition 2.2.1. The collision operator Q is defined for b € L?[r,7’] by

Qb=Q.b—Q_b, (2.2.1)

with
b _ b / nN§ 2 |2 de’
Qb (1, /Rg, (r.€) o (6.€) 5 (1€ - |¢T") de

and

Qb8 =b(e.6) [ o 6.5 (1€~ ¢F)ac'

5/
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Remark 2.2.2. For a given ¢ these integrals only involve the values of o (&, |£| w)
and b (z, |¢|w) for w € ST

Definition 2.2.3. The linear Boltzmann equation is formally the equation

{atf = {r1eP}+ar
fe=0 = Jo

and its dual equation is

{Btb S {b, \g|2} Qb= 26.0,b+ Qb
bi—o = bo '

We will see in the next sections that the dual linear Boltzmann equation
is solved by a group (BT (t))ser of operators on C2 (RY x Rg*;R) and this
defines by duality a group (B(t))er of operators on M, (R% x ]Rg*; R).

2.2.2 Properties

We recall here the main properties of the dual linear Boltzmann equation.
(The arguments are the same as for the linear Boltzmann equation.)

Some standard notations and results about semigroups are given in Ap-
pendix 2.C. We begin by solving the dual linear Boltzmann equation in L?[r, 7]
in the sense of semigroups. We observe that 2£.0, generates a strongly con-
tinuous contraction semigroup on L2[r,’]. Since the operator @ is bounded
on L2[r,r'] we get that 2£.0, + Q generates a semigroup (BT (t));>0 bounded
by exp(t [|Q|lz(2p,v)) and the associated domain is D(2£.0).

Proposition 2.2.4. Let 0 < r < r' < +o00. The operator @ on H"[r,r'] is
well defined and bounded, with

1@l cezrnrryy < Cd|31<p 16%0 |0, a2[r,r -

The group of (space-)translation (e**$9), preserves H™[r,r'].
Proposition 2.2.5. Let 0 < r < v’ < +oo. The strongly continuous
group (BY(t))i>0 of infinitesimal generator 2.0, + Q preserves

1. the Sobolev spaces H"[r,r'], for n € N,

2. the set of functions with compact support,

3. the set of infinitely differentiable functions with compact support in R% x
Aglr,r'], CE(RY x Aelr,'];R),

4. the set of non-negative functions, fort > 0.



2.2 The linear Boltzmann equation 31

Proof. For (1) we use Proposition 2.2.4.
For (2) we can use the Trotter approximation

BT (1) = lim_ (2% ei@)”,

n—-+o0o

the fact that @ is “local” in (z, [£|), and that the speed of propagation of the
(space-) translations is finite when § € A¢ [r,7'].
For (3) we use (1), (2) and

Cy° (Ri X Ag [r, r'] ;R) = ﬁ H" [7“, r’] ﬂ {f, Supp f compact} .
n=0

For (4) we use both the Trotter approximation

n
BT (t) = lim (62%5'816%(‘_’)'*67% ‘)

n—-+o00

and the fact that e2n&0r preserves the non-negative functions as a transla-
tion, enQ+ preserves the non-negative functions for ¢ > 0 because ()4 does,
e n@- preserves the non-negative functions as a multiplication operator by
a positive function. O

Since C5° (R x Ag;R) C D (2£.9,) we can give the following result.
Proposition 2.2.6. For every by € C§° (Rg X Ag;R) there exists a unique
function by = BT (t) by € C* (RT; L? [r,r']) NC° (RT; D (2£.9;)) such that for
everyt € R,

Oby = 26.0.bs + Qb
bi—o = bo '

Moreover ¥Vt € R, b, € C§° (Rg X Ag;R). If by is non-negative, then ¥t > 0,
by is mon-negative.

2.2.3 The linear Boltzmann equation

Notation: For X a locally compact, Hausdorff space we denote by My(X;R)
the set of Radon measures and by C%, (X;R) the set of functions f on X such
that for all € > 0 there exists a compact Ky, such that |f ()| < e outside
of Ky, (i.e. the set of functions that vanish at infinity).

For a topological space X, locally compact and Hausdorff,

My (X;R) = (C%, (X3 R))".

Proposition 2.2.7. The semigroup (BT (t))i>0 defined on CJ(RY x Rg*;R)
can be extended to a strongly continuous group on (CO(R% x Rg*;R), I-1lo0)

and thus defines by duality a (weak* continuous) group B(t) on My(R% x
Rd*'R).
&
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Proof. Using a partition of the unity, we can extend BT (t) to C*(RZ x
Rg*;R). As BT(t) is positive, we have BT (¢)(||b[|, £ b) > 0 for all b
in C$°(RY x Rg*; R) and so

1B @) 8]l < 1Bllos -

We can thus extend continuously B7(¢) from C§°(RY x Rg*; R) to C (RZ x
]Rg*; R). O

Definition 2.2.8. The linear Boltzmann group (B(t)) is defined on My (R x
Rg*) by duality, let u € My(RZ x Rg*), then, for any ¢ € R,

Vb e O (Rgg X Rg*) . (B b) = (1, BL()b) .

2.2.4 A Trotter-type approximation

In this part we will prove a result in the spirit of the approximation of Trotter

:J\}iinoo (6A/NeB/N)N.

€A+B

Notation: For n € N and b € Cgo(Ri‘fg), set

Ny (b) := sup [|09Y]|, - (2.2.2)

la|<n
Proposition 2.2.9. Let b € C?(Rids), T > 0 and n € N. There are con-
stants Cy,,g and Cry such that for all N € N*

N T?
Nn <6T(2€8I+Q)b o (e%Qe%%fh) b> < eT(Z”‘*'C"’Q)CT,bF .

Definition 2.2.10. Let Q; € £ (L2 [r, r’]) be the operator defined by Q; =
e!202Qe1260x o (Qy = Q4+ — Q- with
Qi) = [ 7 (68)5 (15~ ) blo =2t (€ =) &) a¢
&/

We also define Q_ ; = Q)— to have consistent notations in the sequel.
Let Gg(t,tg) be the dynamical system associated with the family (Q)
in C(R; L(L?[r,7'])) given by

{&bt = Quby

. bi=Go(tto)bo.
bty =bo€ L2, ¢

Note the relation

BT (t) = Gg (t,0) €269 = 289G (0, —t) .
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Lemma 2.2.11. For anyn € N, s > 0 and b € C° (R x A¢ [r,1']), there
exist constants Cy, and Co depending on d, r and r' such that

1. Ny (@Qb) < CWN, (D),
2. No ((Q — Q1) b) < Cot (1 +2t])" Ny (),
3. Ny (€218:9:b) < (1+2[t))" N, ().

Proof. The first point is clear from the integral expression of Qb.
For the second point derive and estimate the integral formula for b (z — 2t£, &) —
b(x,§), with |a] < n,

t
0% (o = 26,9 = b2, )| < [ 1% (260,b (2 = 256,€))] ds
<2E0t (1 +26)" Ny (D) -
The last point results from (thg'azb) (z,8) =b(x+ 2t&,§). O

Definition 2.2.12. For b € C5° (RZ x A¢ [r,7']), let

M@ C NQ-QY)
Nn (Q) = 21;18 Nnb and Nn+1,n (5, Q - Qs) = i;g)) s (1 ) |8|)n./\/n+1b .

Lemma 2.2.13. Let b, b € Cy° (Rg X Ag[r, r’]), then for all t > 0,

t
e!®b — Qg (t,0)b = e (b - b) + / =99 (Q — Q,) G (s5,0) bds
0

and we have the estimate

Ny (€9h — G (t, 0)b)
< eNnON, (b — b)

+ 12 (1+ 2t)" M@ Sl[l()%]{Nn+1,n(8, Q — Qs)Nu41(Gq(s,0)) fNar1(b)
se|0,

Proof. The equality is clear once we have computed that both sides satisfy
the equation

0Dy = QAL+ (Q — Q) Gg (1,0)b.

The inequality then follows from Lemma 2.2.11. O

Proof of Proposition 2.2.9 . We fix N and forget the N’s in the notations
concerning b. We set by = BT (t)b and define b; piecewise on [0,7] by
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~ k
setting t = %, by, = (e%Qe%%a”’) bp and, for t € [tg,tp+1[, by =

e(t_t’“)Qe(t_tk)%'a’v‘Btk. Let 0, = N, (bt,C — Btk>§ we get
Q%Qe%%axgtk _ e%(%.axw)btk — e%Qe%%ﬁxgtk - Gq <z€’0> e%%axbtk
and we can then use Lemma 2.2.13 to obtain

T\" T\? T\"
Sppq < enNn@Q <1+2> 5k+< ) (1+2> eNNRQ

N N N
sup Nn-i—l,n (5 — tg, Q - Qs—tk)
Se[tk,tk+1]
sup  Npi1 (G’Q (s — tx, 0) 6%25'8%%)
SE[tk,tk+1]

2
< en M@ 5 4 (Jz\;> ex N Q0N 1
where we defined
T n
CnTp = (1 + 2) sup N1 (5,Q — Qs)

N seo,r/n

sup sup  Npi1 (GQ (s,0) e*%thkH) )
ke{0,...N—1} s€[0,T/N]

Then we get the recursive formula

2
Spyr < eNntMnQ)g 4 CnTp (;) enAnQ

so that )
T
CN,T,bF .

The only thing remaining is to observe that Cn 1 < Cry, with

Sy < T (2n+NRQ)

Crp = (1421)" sup Nyjin(s,Q — Qs) sup Npy1 (Go(s, O)e_SQQbSS)
s€[0,T] s;€[0,T]

and for a fixed T' this quantity Cr, is finite, so that we get the result.  [J

2.3 From stochastics to the Fock space

The relation between Gaussian random processes and the Fock space is
treated in [45, 38|, we recall some facts without proofs which clarify this
relation.
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\h_l/d

Figure 2.3.1: Kinetic regime.

2.3.1 Classical kinetic regime

In microscopic variable, consider a particle moving among obstacles with a
velocity v o« 1 and a distance of interaction R o 1. During a time T the
particle sweeps a volume of order vT'R4~!. In the kinetic regime it is assumed
that during a long microscopic time 7" = ¢/h with ¢ o 1 the macroscopic
time, the average particle encounters a number o< 1 obstacle.

We denote by p the density of obstacles and thus obtain p = 1/vTRY™!
h. To get this density of obstacles we need the distance between two nearest
obstacles to be of order h=1/4,

Thus we consider a Schrodinger equation of the form

10 = —ANgtp + VI (2)

that is
ihdup = —Apth + VI (2)

A translation invariant Gaussian random field of covariance G (x — '),
G = |V|? is V « W, where W,, is the spatial white noise (see Appendix 2.A)
and V describes the interaction potential. In the kinetic regime the obstacles
are spread at the mesoscopic scale h'/¢. Only the white noise W is rescaled
(and not V') according to

Vpes (Rd;R> , /90 (hl/d:v> W (z)dx = /4,0 () W, (x) dz,

i.€e.
Wh (z) = B, (h”%) .

w

Thus we get V2 = AV « W, (h¥/4.) and G" = hG. See the Appendix 2.A for

more details.
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2.3.2 General Gaussian random fields

We introduce a different viewpoint on Gaussian random fields.

Definition 2.3.1. Let (Qp, G, P) be a probability measure space. Let E be a
(real) vector space. A general random field indexed by E is a map ® from F
to the random variables on Qp, so that (almost everywhere)

Sv+w) = ¢0)+P(w), YwweE,
®(av) = a®(v), YaeR YvekFE.

Definition 2.3.2. Let Hr be a real Hilbert space. The general centered
Gaussian random field indexed by Hg is a random field & indexed by Hg
so that

1. G is the smallest o-algebra for which al the ®¢ (v), v € Hr are mea-
surable,

2. each ®¢ (v) is a centered Gaussian random variable,
3. E[®¢ (v) ®¢ (w)] = (v,w) with (-,-) the inner product on Hg.
One can refer to [45] for the following two theorems.

Theorem 2.3.3. Let ®¢ and Pf, be two general centered Gaussian random
field indexed by Hg on probability measure spaces (Qp, G,P) and (Qp, G, P')
respectively. Then there exists an isomorphism between the two probability
measure spaces so that for every v € Hg, ®q (v) corresponds to @y, (v) under
the isomorphism.

Theorem 2.3.4. Let Hg be a real Hilbert space. A general centered Gaus-
sian random field indexed by Hg exists and it is unique (in the sense of the
preceding theorem,).

Proposition 2.3.5. Let G € L' (Rd;R) NFL! (Rd; (C) positive definite, we
can choose V € L? (]Rd;R) such that

G=|V]2.

Then the Gaussian random field of mean zero and covariance ¥ (z,y) =
G (x —y) is also the random field obtained as P (1,V) where Og is the
general Gaussian random field indexed by L? (]Rd;]R).

Proof. From Bochner’s theorem we deduce that G € L* (Rd;(C) has real
positive values. Thus we can set V= \/5 Then it suffices to prove that
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the covariance function X (z,y) of ®¢ (7,V) is G (x — y).
X (z,y) = E[®g (V) @ (1 V)]
— <7‘x,yV, V>L2 (Rg;R)
1 . A A
— —i(z—y)-£
= <e v, V>
—1

VP (y—2) .

12 (rc)

Sﬂ/-\

[
Remark 2.3.6. If we replace G by G" = hG, the field Vh®¢ (V) gives the

expected covariance function.

2.3.3 Wick powers

Definition 2.3.7. Let f be a random variable with finite moments, for n €
N*, :f™ € C[X], the n-th Wick power of f is defined recursively by

% =1, Ox:f™ =n:f" L and E[:f%]=0,

where E : C[X] — C is the linear map defined by E [X"] = E[f"]. We still
denote by :f™ the random variable :f™: (f).

Remark 2.3.8. For the first terms we have
fO% =1, ofY =f-Ef, and :f% =f2-2E[f] f-E[f}]+2E[f].

2.3.4 The isomorphism with the Fock space

Definition 2.3.9. Let Hc¢ be a complex Hilbert space, V the symmetric
tensor product, the symmetric Fock space over Hc is

“+o00

T'He = @ I'vHe

n=0

where I',yHe = H%n is the Hilbert completion for the norm inherited from
the scalar product over H¢ of the algebraic symmetric n-th power of Hc,
and the sum is also the Hilbert completion of the algebraic sum. We denote
by I'rHc the algebraic sum (but with a completed tensor product) we will
eventually refer to this set as the finite particle vectors. We define the empty
state Q = (1,0,0,...) € I'Hc. The creation a* (f) and annihilation a (f)
operators are defined on I'r’H¢ by

o a*()(g"") == (n+1)3f Vv g'™,

o a(f)(g"") = n3 (f,g) g™,
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for f, g € He. The field operator ® (f) = (a* (f) +a(f))/v/2 is then es-
sentially self-adjoint for I'rHc is a dense set of analytic vectors and we still

denote by ® (f) its closure.
One can refer to [45] for the following theorem.

Theorem 2.3.10. Let Hr be a real Hilbert space and Hc its complexifica-
tion. Let ®g the general centered Gaussian random field indexed by Hr over
a probability space (Qp,G,P). The symmetric Fock space I'Hc is unitarily
equivalent to L? (Qp,P; C) under a unitary D : THe — L? (Qp,P;C) such
that

e DO =1,

e DI Hc = the closed subspace of L? (Qp,P; C) generated by

{:@¢(f1) - @c(fu):, fj € Hr},

e D\V2® (f) D™ = &g (f) for f € Hg, with g (f) seen as a multipli-
cation operator on L? (Qp,P;C),

b Dfl\/"'\/fn:\/%:(I)G'(fl)"'q)G(fn): fOTfl,..-,fneHR-

2.3.5 The expression of the dynamic in the Fock space

We will apply the results of Section 2.3.4 with Hgr = L? (RZ; R) and Hc =
L? (RZ; C) = LS and get an isomorphism

D:TL2 — L* (Qp,P) .
We set Ad{A} [B] = ABA~! and for Hilbert spaces H and H’', Tryy [A]

denotes the partial trace of an operator A on H ® H'.
Note that with the stochastic presentation

Phoar = / Pl e (@) AP (@n)
N

Ad [GN,%@N] {p} dPn(@N)

N

Ad [efi%Hh,wN} { » /Q Ad [e7 15 Hhen | {p} dP(wy) - - - } dP(wy)

N 1

A
Ad [ Hron ] { / PR_1,a0 (@N-1) dPN—l(@N—l)} dP(wn)
Q

N N—-1

I
S~ S5 — 35— 35

Ad [ Hnon ] { oy oy} dP(wn) -

N
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The last integral can be expressed using a partial trace as
/e_iAhtHh*WpeiAhtHh*“’ dP (w)
= /eiAhtH’W,ol (W) 1 (w) et Hhw qP (w)
[ ermeap@poma [ W)

The isomorphism

= Tr
L2 (Q]P’zp)

Uger =1dr2 ® D: L7 ® TL? — L2 ® L (Qp, P)
is such that
& )
UG<1—F/ e_l%Hh’w dP (w) Ucep = e—z%Hh ,
Uglpp® 1) (1| Ug—r = p© Q) (2]
with UgL , [© Hy dP (w) Ug—p = Hy. And thus
® - At ® - At
T ~i e qp ®|1) (1 / P e dP (o
Lol @payl [ e ()

=Tr [efi%Hh,o@) 1€2) <Q|ei%Hh} :
rz2

The only thing left is to compute Hy, but Uéip (Vi(2)x) Ugr = @ (V).
We get that in the Fock space formalism

N
h _ —i&tm, .
Phac = (FTL% [Ad {e z }[ ® [Q2) <QI]D [0]
with Hh = UéLFHh,wUGHF = _AJJ + \/ﬁq) (TxV)

2.3.6 Existence of the dynamic

We will show that the dynamic of the system is well defined and to do so
we will show that the Hamiltonian is essentially self-adjoint on a certain
domain. We make use of Nelson’s commutator theorem which can be found
in [43]. Since we work with a fixed h > 0 the value of h will be unimportant
we take h = 1 in this section to clarify our exposition.

Theorem 2.3.11. Let N’ be a self-adjoint operator with N' > 1. Let H be
a symmetric operator with domain D' which is a core for N'. Suppose that:

1. For some C1 >0 and all u € D',

|Hul| < Cy HN’uH ,
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2. For some Cy >0 and all uw € D',
2
‘<Hu,N’u> — <N’u,Hu>| < Oy HN’I/zuH .
Then H s essentially self-adjoint on D' and its closure is essentially
self-adjoint on any other core for N'.
Let D' := C°(RY) @218 I'rL be the domain of both
N = Id— A, + N,
H = —A,+V20(1V)
where
e —A, denotes the operator —A, ® IdFLg,

e N denotes the operator Id;2 ® N with N the number operator on FL?J
and

e & (7.V) denotes the operator defined on L?(R% IL?) ~ L? (R9) ®TL
by
2md. 72 2md. 72
LAR4TL) — LP(R%TLY)
u — P(rV)u
with [®(7.V)u|(x) := [®(7,V)][u(x)].

We still denote by N’ the closure of the essentially self-adjoint operator N’
defined on D’. Then D' is a core for this operator. We remark that N’ > T
on D’ and thus also on D (N') as D’ is a core for N'.

Proposition 2.3.12. Suppose that V belongs to H? (Rd). Then the Hamil-
tonian H satisfies the hypotheses of Theorem 2.5.11.

Proof. Let uw € D', then

I1Hull2erre < l=Azull2grrz + 21V L2

)

N 1u’

[2@T'L2
< (1 +2(V]2) HN/“HLg@FLg

which is the first estimate. We also observe that in the sense of quadratic
forms

[H,N'] =V2[®(r.V), A, + N],
= V28 (.VV) .V, + V28 (T AV) + (a* (1.V) — a (7.V))
so that
|(Hu, N'u) — <N’u,Hu>|
2
< (V2IVVI e + VEIAV | + 2V ) [V7/2

which is the second estimate. O
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2.4 An approximated equation and its solution

2.4.1 The scaling for field operators

The € parameter is an intermediate scale which allows to easily identify the
graduation in Wick powers. It will in the end be adjusted with respect to h.
Let (D.f) (y) = e=d/2f (%) and

Hy. = Ad{ld;; ® D} [Hy] = —A; ® I, + V20 (g—d/2v (x B g)) '

We now introduce some definitions and notations that will be useful to deal
with the Wick quantization and the scaled versions of our objects in the Fock
space.

2.4.2 The second quantization

The method of second quantization is exposed in the books [24, 25|, an
introduction to quantum field theory and second quantization can be found
in [31]. The series of articles [34, 35, 36, 37| uses this framework with a small
parameter to handle classical or mean field limits by developing the Hepp
method [39]. We will use the notation and framework of [22, 23] to handle
the second quantization with a small parameter. For the convenience of the
reader we expose briefly this framework. We also recall some formulae in
Appendix 2.E.1.

Most of our operators on the Fock space will arise as Wick quantizations
of polynomials.

Definition 2.4.1. Let (H, (-,)) be a complex Hilbert space (the scalar prod-
uct is C-antilinear with respect to the left variable). The symmetric tensor
product is denoted by V. The polynomials with variable in H are the finite
linear combinations of monomials @) : H — C of the form

Q) = (21,Q="7)
where p,q € N, Q € L(HY?,HV9) and (-,-) denotes the scalar product

on HY4. The set of such polynomials is denoted by P (H).
The symmetric Fock space associated to H is

+o0
T'H=EPTwH
n=0

with T',,H = H""™ the completed n-th symmetric power of H and the sum is
completed, the set of finite particle vectors I'p’H is defined as the Fock space
but with an algebraic sum.
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The Wick quantization of a polynomial is defined as the linear combina-
tion of the Wick quantizations of its monomials, and for a monomial @) we
define QW : T H — I'ys'H as the linear operator such that

ic \/m ptq [ ~
QW ) HVn - 1[p,+oo) (n) (n _ p)| € 2 (Q\/Id’}—[\/nfp> s

€ L (MY, HYmPha)

The field operators ®. (f) (f € H) are defined as the closure of the
essentially self-adjoint operators ((z, f) + (f, 2))"V* /v/2.

The Weyl operators are then defined by W (f) = exp (i®. (f)). The
empty state Q is (1,0,0,...) and the coherent states are defined as E (f) =

w(£1)e.

Proposition 2.4.2. For any Q € P (H), Q" is closable and the domain
of its closure contains

(W (f)o, pcTFH, f € H} .

Definition 2.4.3. For a self-adjoint operator A on H, the self-adjoint oper-
ator dI'; (A) is defined by

dT. (A)| =enA VI !

D(A)vn,alg
=AMy @ - @Idy+ -+ 1Ay @ --- @ Idy @ A)
and for a unitary U on H, the unitary operator I' (U) on I'H is defined by
LO)ypn =U"=U® - -@U
and thus I' (e"4) = exp (£ dI'. (4)).
2.4.3 Space translation in the fields and Fourier transform

We introduce a notation for an object X = (X1,..., Xy) with d components,
like £ € RY, Dy = (0, .., 0y,) or AT (Dy),

X2 =X+ +X32.

We would rather have a field operator with no dependence in . Then
we recall that e~*Pv = 7. and thus

T (eié‘a?.Dy) Hh,a‘r (e—iELE.Dy)

h
= D2 —2D,.dT. (D) +dT. (D,)? 4+ V20, (E—dm gV (_?;))
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where we use an e-dependent operator dI'.. After a conjugation by the
Fourier transform in both the particle and the field variables we get

Hpe = €% — dl'c (26) + dT: ()* + V2@ (fnc)
with fr.(n) = ed/2\/§f/ (—en), i.e. Hyo = QZ‘?C’“ with
Qne (2) = €2+ (=, (en? = 26m) ) + (z,02) + 2R (2, fie) -
When we neglect the quartic part (z, nz)'2 and thus get another polynomial
Qi (2) = €2+ (2, (en® — 26m) 2) + 2R (2, fn.c)
we can solve explicitly the evolution associated with the Hamiltonian
I:IZ’I)EP _ QZ%ZJ,W@'CI@ _ 5.2 1 dT. (577'2 . 25-77) + \/§<I>€ (fh,s) )

Definition 2.4.4. Let p € £1 (L2), then we define

po=Ad{e e [p@proj),  pf” = Ad{e M} [p @ proj ]
po=Ad{e e [poproj), pfP = Ad{e I} 5 @ proj ]
- Tr EAPP _ Ty PP
Pt T2 Py p rr2 Py

This definition is consistent with the previous one given for p? as pl' = p% '
h

and the dilatation acts only in the Fock space part of L2 ® FL%.

2.4.4 The approximated equation and its solution
2.4.4.1 Results
Definition 2.4.5. Let 19 € L2. We define

I iLH N ~ _;t frapp o
Upet = et theQ @ 4y and \I/prt —e e Qe Do -
We will show three results in this section.

Proposition 2.4.6. We have
~ _ “het \/§ ~
\I’Zlff,t =e " W <,L-€Zh,6,t> Q® o

with Zhet = —1 f(f e—i§(€277'2—2§-577) fh,s ds and Whet = t€2 + f(f r <Z5, fh75> ds.

We have an estimate on the size of z;.
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Proposition 2.4.7. There exists a constant Cg q depending only on G and
the dimension d such that

ht

H‘myzhvsthL% <Cga ;51/2—1'_

We also have an estimate on the error on W; when considering Wy*?.

Proposition 2.4.8. Let Ty > 0. There exists a constant Cp, g,q such that
for B < Ty,

) A ht\? _
bnee =2 < Cnea (%) 170

2.4.4.2 A transformation
First we get rid of the quadratic part (i.e. dT';).
Definition 2.4.9. Let

Upop = i L2 pitdle (en®~2¢7) U, ., and \i,zppt _ ite? gitdre(en?—2gm) gopp
IS) L) o

L€t
Proposition 2.4.10. Then U; (resp. WiPP) is solution of the equation

) - ~ Wick 5
Z€3t‘1’h,a,t = Qhﬁw \Ijh,e,t

(resp. ie@tﬁlzpft = szf’wwk\ilzpft) with the initial condition \ilh@t:g =0
X ~ ~ 2 ~

(resp. W7,y = 2) and Ona(2) = 2Rz, ) + (211202 (resp. OO, (2) =

WR(2, frea)) with fe, = €207 %) py

Proof. Indeed

is@t&/t = ie@t [6’%6261%dFE(En'2_2£‘n)\ijt}

. . Wick .
— i£6% iz dle (en®~2¢m) [23‘% (z, f) + (2, 772>'2} v,

Wick . ) -t . A
} ezég ZezEng(sn 2—2§.n) \Ijt

— [23% <z, eit(en-2—2§.n)f> + (2, m2)2
_ Qyick&,t'

And we can proceed analogously with ¥{?. O

2.4.4.3 The classical movement associated with the approximated
equation

The classical movement is the solution to the equation

iatzh,E,t = 65Qh,5,t (Zh,E,t) = fh,E,t (2 4 1)
2h,s,t =0 o
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1.€.
~ . b . t i§(52 2_92¢e )
Rhet = —1 fh,z—:,s ds = —i e'e\= e fh,s ds.
0 0

With this simpler dynamics the translation of Proposition 2.4.7 is the fol-
lowing.

Proposition 2.4.11. There exists a constant Cq 4 depending only on G and
the dimension d such that

- ht _
ol Sl < Coay) et

Proof. We compute |||n|” Zhvgthi%

t rt
o Jo JRrd

A change of variable ' = en — £ gives

is=s' (2 92
[ e

mn

(n2=28en) 12| g ()2 dypds ds’

" 2
77 b

h cs—s' o .s—s! . ~
e R [ g G+ ) dy
R

s fie (1) = €22V (~en) and G (en) e? = | i ()]
For s # s

i575/
e 5
R4

() e eare)),

s —S

- (7))

is uniformly bounded by Cge=2¥ g The squared norm |||n|” Z** Hi% is then
bounded by

d/2
llml” zhet”L2<CG g~ / / mln{<8 —s) ,1}dsd5l
< Cgle wd/QEd/Q/ desd S +2v/26
€ |s—s’|>24,s, S/G[O t] ( ) /

62 2 £ v
(w2 =26.m) 12 Ifh,a(n)|2d77‘

Ll

which is optimal when § = €. This ends the proof. O

Remark 2.4.12. The same estimate holds for z; with a similar proof.
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2.4.4.4 Resolution of the approximated solution and comparison
with the exact solution

Proposition 2.4.13. The solution to the equation

. Tapp _ Aapp,Wick F,app
Zaat\llh,e,t - Qh,a \Ilh,e,t

with initial data \if;z?t:o = is
Ok e, 2 -
L (f> Q

. ~ t ~ re
with Whet = fo R <Zh,s,8a fh,s,s> ds.

Proof. Indeed let us apply i€0; to the term on the right hand side:

) 2
icOpe 1 (‘[a) Q
1€

(QM - i€§ <\Z{ t7_\[ft> +igid (—‘f t)) eTEW <*fzt> Q
(3tw - <2tvft> +20 (ft>) gorr

since 1 (¢, [W(z + tu) — W (2)] ) — — (o, [-2S(z,u) +i®(u)| W(2)p). O

We then compare W; and ¥{.

Proposition 2.4.14. Let AV, ., = U}, _; — @Zf’gt and AQy (2) = (z,nz)?,
then

X ’L ¢ _17 chk ~Wick 3,app
AWy = —C ; e he  AQ \Ilh6 ds.
Proof. 1t suffices to remark that

ze@tA\I/t QWZCkA‘If + AQWZCk\I’app

and that the integral expression satisfies the same differential equation. [

Proposition 2.4.15. The difference A\ifh’e,t can be controlled as

x 1 [t Wik 2 I AWi
s < L [ Ja@vesigr as = [ a@vr e

‘ds.



2.5 Measure of an observable for the approximated dynamics 47

Proposition 2.4.16. Let Ty > 0. There exists a constant C7;, .4 such that
for % < To,

e ht
HAQchkE <ZZ€£t> H < CTO,G d? .

Proof. We make use of the relation valid for coherent states

<E(2h,5,t)a <AQWick) *AQWickE(gh7€7t)> _ SV;;;]% ((AQWick> *AQWick) (Ghes) .

Since

Symb <<(<z,nz>.z>ww’f)2)
= (21?4 ((2,n2) - ) (n2) {2, m2)) 4222 (el ) (1= ®?) |

using Proposition 2.4.11, we obtain that

- : 2 ht\ 4 ht\ 2 ht ht\ 2
HAQchkE (Zh’57t)H SCTO,G,d <<€> + 4e <€> ?+252 <€2> )

which gives the result for % <Tp. O

Proposition 2.4.17. Let T > 0. There exists a constant Cr, g ¢ such that
for % < Ty,

IN

e < 1 [ [50" 8 sl as

2
CTO’G’dh_l <}(L:> .

2.5 Measure of an observable at a mesoscopic scale

IN

for the approximated dynamics

2.5.1 Result

In this section we make the connection with the linear Boltzmann equation.
Let b be a symbol in Cgo(Ri‘fE) and p € L L2, Tr p = 1. The measure of
the observable b (hz, D,) in the state p is denoted by

m(b,p) = Tr [bW (ha, Dy) p]

Proposition 2.5.1. Let b be a symbol in C{°(RY x Rg*) and p € LTL2,
Trp < 1 such that the kernel of p = Ad{F,}[p] has a bounded support.
Let a € [0,1[. Introduce the symbol by = e'Re?$-9:b where Q is the collision
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operator introduced in Equation 2.2.1 with here o(§,{') = omG(e —¢) =
2|V (€ — €)|?. When h® < % < 1, the inequality

m (b, 5 ) = m (b, p) — Ea

_17d/2—1
then holds with Ey5 = C}W% (T + h+ [h (%) 1} =+ h“(d’o‘)) for some
constant Cy,, > 0 and p(d, ) > 0.

Remark 2.5.2. This result also holds with b a symbol in Cgo(Rg*; C). The
proof is the same as for Proposition 2.5.1, with the symplectic Fourier trans-
form F7 replaced by the usual Fourier transform. The special case when b (§) =
b1(|€]?) is of particular interest and the symbol b; in the previous statement
does not depend on t.

Proposition 2.5.1 is a by-product of the following stronger result.

Proposition 2.5.3. Let b, € CI(R;D(R?&)) such that for some R > 1,
Vs, Suppg bs C Br — Bp-1. Let p € ETL?C, Trp < 1 such that the kernel
of p=Ad{F,}p] has a bounded support. Then

m (b@, p?app)

.
>m (b, p) — Z/o m (ia@sbs —ih {bs,g'z} + ith%bs,pi’a”g ds — &5

Remark 2.5.4. The conservation of the support in ¢ is important and will
be provided by the properties of the dual linear Boltzmann equation in the
application of this proposition.

Proof that Proposition 2.5.8 implies Proposition 2.5.1. Since one can make
mistakes between the notations of those two propositions we use notations
with tildes, b for Proposition 2.5.1 and without tildes for Proposition 2.5.3.
Thus we want

Denote by G (t,t9) the dynamical system associated with (—2£.0, — Q—¢),
given by

Oy = (—2£.0, —Q_4)b ~
{ tUt l() g Qt)t ’ bt:G(t,to)bD.

To have a vanishing term for b in the integral we require by /. = G( %, 0)b,
so that with by, Je = G( ,—%)IN), we will get the expected result. The only
thing remaining to prove is G(0, —t) = e'Qe?&-% It is equivalent to show
that

260G (t,0) = 19,

which is clear by derivation and using that Q; = €29 Qe =129 O
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2.5.2 Expression of the measure of an observable for the ap-
proximated equation

We carry out an explicit computation using only the approximated equation.

We recall (see Proposition 2.4.13) that the solution of the approximated

equation with initial data U = 1y ® Q is (after translation and Fourier

transform)
¢
CL uh,e,t \/§
hpft ¢0 e W (~Z§z,a,t> Q

(23

with Zh,E,t = —1 fOt eii§(€2n272£'€n) fh,& ds and Wt = t§2 -+ f(; §R <Zh7575, fh"g) ds
and fp . (n) = gd/? \/EV (—en).

Definition 2.5.5. Let o (Xl,Xg) = &1.209 — x1.& (Xj = (.%'j,fj) € Riflg) be
the standard symplectic form on Riflg.
Let X' = (2/,¢') e RM %, the Weyl operators on L? are defined by

™, = (e‘i”(‘vx')>w (h, D) = e~i0CXN" (he.Dz) _ i€ ha—a'-Da)

their Fourier transform is denoted by 75 := Ad {F,} [7’1}3]

The symplectic Fourier transform F° is defined on L? (Ridg, (C) by

Fh (X) — / 6ficr(X7X’)b (X/) dX/
R2d

with dX = dX/ (2m)%.

Proposition 2.5.6. Let b be a symbol in C§° (Rffg) andp € LTL2, Trp <1,
then

eapp ///be [so ifw]+[e] —[e.pz]a Tp <§2’§1) 5 ({1752) 46, déy AP
with
W] = wf - (2.5.1)
[l = [elia+1ela (2.5.2)
Wy = 1"" Pi=12 (2.5.3)

[807px:|2 == <Z§2’ esz'snzt§1> . (254)
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Remark 2.5.7. From ei”')‘ﬁée*i”'/\ = eis)"me;{i and taking A as the spectral
parameter of dI'; (D,),

T (eiéz.Dy) Tgl—\ (e—isw.Dy) =T (eipway) 7_1/:7;
and after conjugating with the Fourier transforms, we obtain

Ad{(Fe @ TF,)T (5P) } [1h] =T (e1) 7.

Proof. As bWV (hx, D,) = [ F°b(P)7h dP, we have for p € L]

m (b, p) = / Fob(P) Tt [Tl’;p] ap.
By translating and Fourier transforming we get the expression
5 app /]:cr appF ( 2 en) } aprP.

We conclude with the Lemma 2.5.8 below. O

Lemma 2.5.8. The kernel Kp of the operator Trppz [p{PPT (eP=sm)] on Lg
18

61 WEQ
Kp(&,6) = —ihe et p(&1,&)e —legl, ([P /2e— 1552 226+ (52, ezl )
Proof. Using p @ [Q) ( fgl f& (&1, &2) [2) (2| d&1 & we get
T appr 1Py EN
FLg[ (eP=em)]
o o ¢ " WS W82 ,

= / / E(z')) (E(2%)| e "= e 7= p(&1,&2) A&y d&oT (P 7)

TLy | JRe, JRE,

and by the rules of calculus on coherent states we obtain

w€1 5 ]
Kp (61,6) = p(&&) (B (22)| (7= |B (=)
_ i o) gy e e e b et
which is the result of the Lemma. O

Definition 2.5.9. For j = {, }, —, + we define

m; = /R TPV T [T () o p 2
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where the operators .o7; p are defined by their kernels, according to the no-

tations of Equations (2.5.1), (2.5.2), (2.5.3) and (2.5.4),
ihet(y p (€1,62) = 75 (£2,6) e [w] | (2.5.5)
ihel ) ;p (&) = (£2,60) Oy’ , j = 1,2, (2.5.6)
ihad_ p (€1,&) = i0; [0l 7 (€2, 1) (2.5.7)
iha_jp (&) = i0; @]y ;75 (§2,61) , § = 1,2, (2.5.8)
ihey p (£1,82) = 10 [0, paly 7 (€2, 61) (2.5.9)

and JZ%{’} = Jy{,}’l — 527{’},2, o = M_,l + M_,Q.

The indexes {, }, — and + were chosen to recall the terms of the linear
Boltzmann equation, {, } corresponding to {52, -}, + to @4 and — to Q)_.

Proposition 2.5.10. Let b; € C1(R;C&° (RM&)), then the equality
icoym (b, py PP = m (iediby, p; ') + ih (m{7} —m_ +my)
holds.
Remark 2.5.11. Later we will put each of those terms m; in the form
mj = (cjvpi )+ A;
where A; denotes a small error term.
Proof of Proposition 2.5.10. Indeed

icoym (b, p;*?)

/// [F7ic0hb (P) + F7b (P) {0, [w] — i6h [i], + 0 [, 2o}
P.&1,&2

iwlt[el; —[v.palo

e e “H (62,61) P (€1, &) A6 dEy AP

and so it suffices to prove the following lemma. O

Lemma 2.5.12. For j={,}, —, +, the formula

iwl+[e]) —[p.palo

T [pf7r (e70) o] = ([ (P o) e (6, ) a6y e
holds.
Proof. Indeed

T 7D ()
&1 &2

://ﬁ(fl,&) E 252) I (e ‘E (Zfl)>€_iwt - A (P,&1,82) A€y A&y
// (L6 _ilelt (el Howsly o (P61, ) dé Ao
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2.5.3 Two estimates

We will need several times these estimates to get rid of the term I'(e?=<7)
and then control small errors on the operators Ap.

Proposition 2.5.13. Let o7p be a P-dependent family of operators in ,C(Lg),
Then

_ a in- ht _
(PY™"|Tx [py?? (T (&) — 1d) e/p]| < — sup (P) ’fu,;zfpuﬁ(p)
e PcR2d 13

and

Fob(P)Tr [pP (T (e=<") —1d) op| AP

2d
Ry

<Mt

—k
o Sup (P) ||%p||£(L§) :

This can be proved in two steps.

Remark 2.5.14. It suffices to prove this property with p = |¢) (1| with a )
with bounded support as any p € ETL?C, Tr p =1 can be decomposed as

p="3 N ls) (]
Jj=0
with positive A;’s and Zj Aj =1, and
Supp ) (€,¢') € Biy < Vi, Suppt; C Bus .
Lemma 2.5.15. Let «/p be a P-dependent family of operators in E(L%)
and U be a normed vector in Lg ® FL%. Then

[T [proj ¥ (I (¢77) —1d) /p || < | (T (e=7) = 1) ¥ | sl 2)

Lemma 2.5.16. There ewists a constant Cg q which depends only on G and d
such that

| (een) —1a) || < g™

Proof. The calculus rules on coherent states give

2 — ipm'c‘:ﬂ 5 f 2
= 51£1p E (e zh’&t) —F (zh@t)
_ 2(1 10 ipz.en & '3
= s%p — cos g\s e Zhetr Phet
ht\ 2
<Cga <> ;
15

where the last inequality is obtained using |1 — cost| < t?/2 and the esti-
mates on ||z|. O

| (T (€= — 1) w5,
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Proposition 2.5.17. Let &p be a P-dependent family of operators in E(Lg)
and p be a state on Lg ® FL%. Then for any integer k (with possibly infinite
quantities)

<Ji

/Rgpd Fob(P)|Tx [p&p]| AP sup H(P)’k @@PHL(LE) .

Ly p

2.5.4 The transport term my,

The result of this section is the following.

Proposition 2.5.18. Let p € L{L2, Trp < 1 and b € Cgo(Ridg) such
that Supp p(&,¢') € B% , and Suppe b C Bg for some R > 0 then

2
mey =m (= {07} 1) + Agy
with |Agy] < Carp(X +h+(5)Y3).
It is a consequence of the following more accurate result.

Proposition 2.5.19. Suppose the hypotheses of Proposition 2.5.18 are sat-
1sfied and keep the same notations. The term A1 can be decomposed as

3
Ay =D Ay,
j=1
with, for some integer k,

Lo |Apya] < 28] ()F Fobll,0 (1 +h+ [h(H) =142,
2 Agy2] < (1770l + 1 00F Fobllgy ) O (h+(5)F),

3 |Apyal < MIF7 {0, €2 s,
Remark 2.5.20. The operator &/ p is actually

Ay p= % [f'}%,@th} .

Remark 2.5.21. We can introduce a cutoff function yp € Cgo(Rg) such
that xr(Br) = {1}, XR(Rg — Bpry1) = {0} and XR(Rg) C [0,1].
This result will be proved by considering successively every error term.

These error terms Ay ;, j = 1,2, 3 are given by the following approximation
process (where we write shortly BY for BW (—hDg, €)).
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o ~a D 1.
m{,}:/Pf b(P) Tr | p7T (¢7-7) - [T};,ath]]ap

: 1
= / F7b(P)Tr | piPT (eP==1) —
P ih

[@’;, XRathH ap

o A 1 ~h
= /P}" b(P)Tr _ptpp% [TP,XRathH dP + Agya

app 1
=Tr |: PP __ i [bW,XRath]:| dP + A{7}71

2
= =T ™ {b,xne?}" AP+ YAy

j=1

- [ e oyt ap e YAy,

7=1

= [ B e [ e dar s YAy,

j=1
5
=m (= {b,&%} 1) + z; Agyy-
pu
The quantities A ; are defined by
Apyy= /P Fob(P) Tr {ﬁ?p” (T (=) — 1d) % [ﬁ;, XR@WH ap,
Aga=Tr [ﬁ?’”piz ([b, XROwx] = % {® st?}W)] ar,

Bpa= [ 7 (- {0.€2)) () Tr o (11 =T (¢1)) 7}

We will use the structure of dyw:

dpP.

—

Proposition 2.5.22. The time derivative of w is given by

t/e
Owh et = 52 h\f/ / 2571 ( )dnds.
]Rd
Proof. Differentiating w with respect to ¢,

O et = E24+R <Z£Et, In a>

=¢? +§R/Rd / e ‘255")\fh (n)|? dsei (2 =262n) qp)

which is the result once we replace fj. by its expression in terms of v,
use G' = |V|? and make a change of variable. O



2.5 Measure of an observable for the approximated dynamics 55

Lemma 2.5.23. We have, for some integer k,

o] = et g} Chpggno (B ae ().

and in particular ||[#, x rOuw x| H£<L2) < (PY*O(h).
¢
Remark 2.5.24. We use in this proposition that G € L.

Proof of Lemma 2.5.23. We split the commutator in three parts

[thoxrdwx] =[x (© - hor (© + nt (L.6) +]
with

g1 (&) =xr (S lim / /]Rd 25’7@()dnd5,

M—+oc0

Ry (u,§) := xr ()Y lim / / s(m?=26m) & G (n)dnds.
Rd

M —+00
The biggest part, in &2, gives the only relevant contribution
R h ) Weyl k
[T}}éa XR€‘2Xi| = ? {€ZU(P7X)5 XR€.2X} + <P> Oh—)(] (h2) .
One of the other parts can be estimated without using the commutator

structure
“h t t
Tp, Rl ) 5 X Rl ) 5 X
€ €

A~

<2
(L)

h
P

e

oo
LE

since

' R A ] d/2
/ cis(n?=26m) & (n)dn = emis” / G (z) PR (it ldsigns oy, e2zs dx
Rd R¢ |s|

and thus
(2 A o\ ¥/
[t = (2) o1
Rd s

Since ¢ is in C§° (Rg) we can apply the symbolic calculus

71 (6] = = {29 g ()" (<hDe.6) + 0 (12 (P

where for some integer k,

(o990} (et = o).

(L)

which concludes the proof of the lemma. O
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We can then estimate the three error terms AL},J"

Proof of 1 in Proposition 2.5.19. It is a result of Proposition 2.5.13 and

the estimate of
~h
H [Tp, XROtWh ¢ ¢ X] H
£(Lz)

of the lemma. O

Proof of 2 in Proposition 2.5.19. The second error term can be expressed
as

capp 1 (14 h.
Apya= | F7b(P) Tr[ptpp%<[7—1@7XRatwh,a,tx] - ;{TQ,XRGZ}W)} arp

2d
Rp

so that the lemma and Proposition 2.5.17 give the estimation. O

Proof of 8 in Proposition 2.5.19. It is an application of Proposition 2.5.13.
O

2.5.5 The collision terms m_ and m

Proposition 2.5.25. Let b € C°(R% x Rg*) and p € LTL2, Trp < 1 such
that for some R >0, Suppg b C Br — By /g and Supp p (§,¢') C B%. Then

m4 =m (Qﬂ;t (b) ,t) -+ Ai

and for any o € [0, 1], there are constants p = i (d, ) > 0 and Crp.Gd,0,u >
0, such that for h® < % <1,

ht
‘Ai‘ < CR,b,G,u <€ + h“) .

Definition 2.5.26. For ¢ >0, r € R and P € R??_  set

Pz ,P¢’
1 ¢
HC(T)_ mre 4 (27
(&) =2r RdG(n+€)5(n2—£'2)dn,
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Associate with these functions the operators Q)+, Qi,t defined by

Q_(h)=cb,
Q< (b) = <o,
Q / Foh za(PX) C (IL‘ 5)
for b € C3°(RY x Rg*)

Proposition 2.5.27. Ford > 3, and h® < % <1,

my = / Fob(P) Tr [p{PPT (e <) oy p| AP

m (Q+z (b)) + ZAik
with
o [Api| < BCymax{||Gl L1, 1G] } 1778l 1o,
o Ay <Cupraah’,
o [Ay 3 < TNy (b) Cag,opn for v €]0,1],
o [Asal < EF7(Qu )]l
for some v, 3 > 0 with ¢ = hP.

This result will be proved in the next paragraphs by considering suc-
cessively all the error terms. These error terms A4, j = 1,...,4 are
given by the following approximation process (where we write shortly BY

for BW(_tha 5))

me = / FOB(P)Tr [pPPT (€= oty p] AP

= /fgb (P) Tr [i)?pp%tp} dP + AiJ
. W 2
/]_-ab( ) Tr {p?pp (cipe“’(ﬁ‘)) ]ap +Y A
j=1
+ Z A:I:J
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:/]—"" (Qi’%b> (P)Tr [ anp h]dP+ZAﬂ:j

_ /_7—“" (Qi7%b> (P) Tr [;)?PPF( ipeen) 3 }dP—FZA:I:]

7=1
4
(Q:I: htb,t) —i—ZAiJ
j=1
The error terms Ay ; are thus given by
Ayg = / Fob(P)Tr [py? (T (e ") — 1d) o4 p| AP, (2.5.10)

. w
Ao = / Fob(P)Tr [;o‘;pp <£4,p - (ciypew@f)) )} dP,  (2.5.11)

w
Ay Tr | (Q:I: y Qiﬁtb) ] , (2.5.12)

N :/}“’ (Qumd) (P)Tx [pf (1 T (7)) 23| aP,  (25.13)

since ﬁé = (ei”(P"))W,

w

w
_ o ¢ io(P,")
<Qi ht ) R%df b(P) (cipe ) ar,

and the same relation holds without ¢ and

/ F7(Qu uab) (P)Tr [T (=7 #h) aP = m (Qu nibit) -
P TE
The term A4 4 can be estimated right away using Proposition 2.5.13.

2.5.5.1 Computation of the operators </} p

We recall that the operators &7, p and @/_ ; pa/_ = o/ 1 + @/_ 5 are defined
in Equations (2.5.5), (2.5.6), (2.5.7), (2.5.8), (2.5.9) by their kernels

A p(&1,82) = 1p (&) + A 2p(§2),
ih%—,j,P (5]) = ’Lat < ’Zhgt 2) ,f_]}; (52761) ) .7 = 1727

ihely p (£1,6) = 10, (@, palo 71 (E2,&1) -

Thus we need to compute 8t(%|szja .|?) and 8, [¢, pa),.-
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Lemma 2.5.28. The time derivative of %]zh,E,tP is given by

1 5 te (o2 R
o (|zh,s,tr)=h% [ [ et némasan.
2 Rd Jo

Proof. For zy = —i [y e~ bt E")fh cds with fy, . () = e¥/? \[V —en),
Lo _
&5 5 |Zt‘ = §R ztﬁtzt
R3]
and 02y = _je— it (PP —2tem) fne- A simple computation gives

i’ ( 2 ) %/ ) | e ()] ds dn

t/e .
—h%/ / 2£"G(n)dsdn
]Rd

which is the expected result. O

Lemma 2.5.29. The time derivative of [¢, pz, is given by

t/e A .
i o, pely = /Rd/ ¢ipeneis(m=261m) =i (12 =2621) 455 () dip

t/e . ; A
+ h/ / el (7 =20m) g=is(m®=26m) 45y (1) dyy
]Rd

Proof. Two analogous terms appear in this computation

, [¢7p$]2 — 0, <Zt§27 eipz-snzfl>

L3
— 262 elpx'5778t251 + atz€2 esz'enzgl .
t t t t
L2 L2

Consider the first one:
p) 52’ ipz-€N £1>
< 2% e 2 2
t
— <eii(52n'2—2£z-fﬁ)fh7a,e@"’rfﬂ/ gif(Eni2nen) g, d5>
0
- / / Pt (P =26en) it (P =2a.en) 4 | () dy
rd Jo ’
t/e
:h/ / ot pis (12 =2611) g—it (12 =262.1) g4t (n)dn.
Rd J0O

With analogous computations we get the result for the second one. O
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Proposition 2.5.30. The operators </_ ; can be expressed as

t/e ‘ .
A 1p = / / %ﬁo&e(e”("'Q—?f-">) x G (n)dsdn,
R¢ J0

t/e oy R
A_op =/ / R (e”("' ’25"7)) x o7hG (n)dsdn.
R4
Proof. From the definition of 7_ ; p in terms of their kernel, we get
1 2
ihet_ 1 p=itho [at <2 ’zf’ ) x} :

2
ihed_op=i {at (; ‘zﬂ ) x] ol

Lemma 2.5.28 yields the result.
Consider now the term o7, .

Proposition 2.5.31. The operators </ ; can be expressed as
t/e . . o .
Q(Z{Jr,l,P = / / 6_ZU(P’(2ET7’77))7A-1};L. o 6_18(774 —2§-W)G (77) dnds,
0 Rd
t/e . t (0.2 A
JZ{+727P = / / efw(P,(2g17,7]))€zs(n 725.77) o AI@G (77) dnds.
0o JRrd
Proof. Lemma 2.5.29 allows us to write
t/S . ¢ 2 . 2 ~
Ay1,p = / / eiPa it (7 =26m) o eis(n?=26m) & (n)dnds,
’ 0o Jrg
t/e ) . 5 Lt/ ~
Ay op= / / eiPene=is(n?=26n) o eit (n?=26m) (n)dnds.
0 R4

Since
it N _9;t ~ 22
62155.77 o Th e 226p§177_h ° 62165.177

~ _9;t _9;t _2;t ~
1@06 2i226m _ e 2@Ep§776 29228 OT;L)’

t/e , 4 A
Ay p= / / e=io(P(22nm) #h o e =i(2 =) (1*=261) G () dp ds
R4

t/e , . R
Sop = / / e (PR 2%0) o 246 () dnas
R

and with a change of variable we obtain the expected result.



2.5 Measure of an observable for the approximated dynamics 61

Thus we get six different terms (four for the &7 terms due to the real
parts and two for the <7, terms) with a very similar structure. In order
to avoid repeating analogous calculations several times we introduce the
following notations.

Notation: Set (by writing shortly BY for BY (—hDg, ¢))

A}(s) = 5 G(n) eMiosh o en2is(n=2¢m) g, (2.5.14)
:

Za(s) = [ CONVTHE e e dy (2.5.15)
;

= [l () W s

ﬁ?(s) — 5 Gn) ohi6 gpizis (17 —26) #hdy, (2.5.17)

Pile) = RY GO euli&%&zwﬂsn%)emsn'z dn, (2.5.18)
g

s /Rg Gt <6W&ew(R.)>W ¢ — poi (f;'72 —2¢m)’ (2.5.19)

with 6 = o (P, (—2h§n, —17)). The terms g1, po are chosen to adapt to the
cases of the terms m.
More precisely, for j = 1, 2, the previous quantities become

1

e |
A= 2/0 (1 (5) + ] (5)) ds,

t/e
A= o iy (s)ds.

We will first show that the operators ‘55 are good approximations of the
operators .o/ = g/e a; (s) ds if the parameter ( is well chosen. We use the
operators fot/ c PBj; (s) ds as an intermediate step.

Then we study the limit of the operators ‘Ké , with a distinction between
the cases m_ and m..

2.5.5.2 Estimate of the error terms A ;

Proposition 2.5.32. For d > 3, the inequality
ht A -
[Axal < ZCamax{[|Gll Gl } 1770y,

holds.
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Proof. The term A4 ; was defined in Equation (2.5.10). This inequality
follows from Propositions 2.5.13 and 2.5.33 below since s — min{1, s~%?} is
integrable on R for d > 3. O

Proposition 2.5.33. The families of operators <f (s) = 4275 (s) satisfy
I (a2 < Camae{ |Gl r, |G} min{1, s2)
Proof. By a uniform estimate of Equations (2.5.14), (2.5.17) we get
ot H < Cyll Gzt -
| @] 12y = €l

In order to obtain the part of the estimate with the dependence in s, we use
the formula

0l =, oo 0s)]

AL 1wlg=liell =1
We can then compute, for 1, ¢ € L2,
(v, 7 (5) )

:/ <1/),é(n) ei’“&ﬁ%067“22'5(’7'2*25-77)90> dn
Ré 3

n

::/; (Gl (€) emimeris(r? =20y 6)) dg
3

1

= 70), —— df
/]‘{g <¢9790u,9>§ (27r)d ’

where we defined, for 6 € Rg,
o = / e ¥nenid g=nais(1*=260) o (¢) dp
v = [ MG () 0 (€) .

We first compute

7\ d/2 i(9+#2235+#1(2h51’§—17x))2 Y
oo (€)= (5) e o ¢! (€)

S

where we used the formula

/eixnean2dn — (E)d/Q 6712/4a
a
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with a = pois and © = — (0 + p22s€ + py (2hspe — p,)) and so for a fixed 60
7\ /2
leollz < (5) " ez -

We now observe that in L!(RY; E(Lg))

H [ 16 s < @06l

L} (RGL(LE))
so that Hd)eHLl(Rg;Lg) < Cd ||GHL1 ||¢||Lg And ﬁnally

1
Kw,ﬂfﬁ (8)<p>‘ < (2n)? HWHLl(Rg;Lg) H‘PﬁﬂHLoc(Rg;Lg)

™

d/2
<CalGlipn (<) Nellpz 1912
S 3 3

and we obtain the desired result ||42/,;(8)H£(L§) < Cy||Gl 1 s~ =

2.5.5.3 Estimate of the error terms A, >

Proposition 2.5.34. Let a € ]0,1]. There are constants § = [ (d,«a) €
10,1, v = v (d, ) € ]0,1[ and C = C (e, B,v,d,G) > 0 such that, for h® <
th <1, and ( = hP,

Aol < [ ()" FoBl|CRY.

In order to prove this result we use Proposition 2.5.17 and thus control

We first give an abstract result and then show that our cases fit within this
framework.

t/e
o (5)ds — €°

0 £(12)

Proposition 2.5.35. For M, t, € such that 1 < M < é Suppose given
(A (5))s30, (B(3))s>0 and (€°)o<c<1 three families of operators in E(Lg)
(also dependent on h and P = (pg p¢)) such that for some constants Cy,
Cw.3, Capv, independent of h,e,t, P,M,(,

1. ”.!Z{(S)HL(LE) < C’,Q{min{l,s_d/Q},

2. 17 (5) = 2 (5)] (2 < Cov,hs ol
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3. rem (x,€) = Symbweyl(foM B (s)e S ds —€°) satisfies for some k =
k(d) € N,

k M F M
Sop H%rcM}ILw < Cgy (P) <c> M |

Then, for (M > 1,

L fy= o (s) dsll 12y < g% Cur
_d
2|1 fo/% ot (s) ds = [ o () dsl cuz) < 5 CorM 5,

3. depending on d,

M 9 1/2
H/o %(s)(l—e*@)dsumz SCu P ifd=3

3
< SCucllogd] ifd =1
d+2

<
Colog—g Yd

41 Jo" (o (5) = B (s) e~ dsll g2y < §Cur2h e,

5. for some integer k =k (d),

6Letht > h, ¢ = hP with § € ] %[andﬂ+a<1,andl/:
v (d, a,ﬁ) < min{(1 — «) ( ) B .1 — 28} with B(?),ﬁ) = /2,
B(4,8) =3 and B(d > 5,) = B we have

M k
< CypCape (P () e M.

e %5 ds — €S
) ¢

£(Lg)

< Ch”
(L)

s)ds — €°

with C = C (v,a, 3,Coy, Cry, Copz ).

By integration of the first assumed estimate and us-

Proofs of 1 and 2.
O

inglﬁMﬁéforQ
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Proof of 3. By integration of the first assumed estimate, using 1 —e ¢ <
(sfor(s<land1l—e % <1for(s>1,

M
/ (1 — e_<5> min {1, s_d/Q} ds
0
1 1/¢ u +o00
gg/ sds+</ 512ds—1—/ sT%ds,  ifd=3,4,
0 1 1/¢

1 +oo d
gg/ 5ds+C/ s'72 ds, ifd>5,
0 1

which brings the result. O

Proof of 4. We control ||.<7 (s) — ‘%(S)HL:(LE) using the second assump-

M 400
/ se ¢ ds < C_Q/ ue “du.
0 0

tion and use

Proof of 5. The known estimates for pseudodifferential operators give

|7 (=hDg, €)|] < Cre Y 105l e ()

|| <Ny,

< Co sup [10r| o o)

This and the third hypothesis imply the result. O

Proof of 6. We would like to choose the (h-dependent) parameters M
and ( such that the quantity

k
M=% £ ¢(d,¢) +h¢2+ <AC4> e—M

with (¢ (3,¢) = V¢, ((4,0) = ¢log¢l, {(d > 5,) = (), is small when h
tends to 0 and M not too big. We choose hM = h® and ¢ = h” with B+a <
1, a, 8 > 0 so that the previous quantity is smaller than

pA-)(5-1) 4 pBdB) 4 p1-28 | p—k(1-a+p) exp (_ (hﬁ+a_1>>

(with 5(3,6) = (/2, B(4,ﬂ) = (3~ and B(d >5,6) = (). In order to get a
small quantity it suffices to require 8 < % Then we get an error term whose
size is controlled by h¥(%5) O
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Proposition 2.5.36. The families of operators </ (s) = %g(s), B(s) =
%fj(s) and €¢ = ‘fg’g satisfy the hypotheses of Proposition 2.5.35 with

Cy = Cymax{[|G|| 11, |Gl 1}, Covz = ||| G s Cae = H(')k Gl

for some integer k.

Proof of 1. See Proposition 2.5.33. O

Proof of 2. We show the result for gfﬂl and %7;12’ the proof can be adapted
to the case of 5275 and %’% We observe that

7A—II-}’ © <6M2152f-77x) = e_uzwnhpg’fl’g*(#ﬂsn 0)

and

. . w
() D9~y

Thus we obtain the estimation

e () - (er00man)” Choeo) < halalnd
L

(£8)

Since the Weyl symbol of %)}i (s) is

1 G (n) eim&eiU(P,X)e—uzis(n'2—25-n) dn

2
Ry

we finally get
1 1 g
1 () = 5 (3)]| 12 < s !psl/R% G (1) |nl dn

and this concludes the proof. O

Proof of 3. The Weyl symbol of fOM %7;12 (s)e~¢*ds is

Weyl M
Symb/0 93:7 (s)e **ds
M

dn
0

o~ h2is(n®—=26m)—Cs

—p2i (02 —2&.m) — ¢

Ry
Weyl 1¢
= Symb ‘gﬁ’ +rem

_ G(n) epliéeio(P,X) [
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with

(z,€) G (1) et io(PX) € e~ (or®—2¢n) - CM
r r,8) = — eH1t7 totss
e lne) == [, ¢ i (17— 26m) €

The remainder term r¢ ps is in the symbol class S (1), and for k = k (d), the
operator norm HTZE/M (=hDg, OHL(H) can be controlled by
£

A 105 ercarl e, -

Thus we consider

Oercar (@O < | G (P )" gge™Man

This yields the result

Ml ¢ 1,¢ k‘MkCMA k
| #eecas—g; <) (F) e [ ot an,

¢

(L)
for some k = k (d). The same proof holds for @% (s) and ‘KE’C. O

2.5.5.4 Estimate of the error term A_3

Proposition 2.5.37. Let b € CSO(RQQ&) with Suppb C Br — By/g for
some R > 1. Lety €]0,1[. There exists a constant Cqp > 0 such that, for
all ¢ >0,

|A_ 3] < N& (b) Capy

for some integer k = k (d) big enough.

Proof. We recall that

a ¢ w
Ag=Tr [ﬁt”p (QSb—Qb) " (=hDe,¢ —dr. (n))}
so that

Aal < (@50 @u)" (hpee - ar. )

L(LEeIL2)

< CalNk <Q€b — Q—b)
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for some integer k big enough. By recalling Q¢ (b) = b and Q_ (b) = cb it
is then sufficient to prove that

|21|1§1>k 565%11_13,1%] ‘8? (CC - c) (5)‘ < Cenomt’

This is a consequence of the Lemma 2.5.38 below. O

Lemma 2.5.38. For any integer k and ~y in [0,1], there exists a positive
constant Cy  q.c such that for ¢ €10, (o]

sup  sup
lo|<k|§|€[R™1,R]

0 (¢ =) (9)] < ChanC”

Proof. With k¢, ¢, ¢ introduced in Definition 2.5.26, ¢¢ — ¢ can be expressed
as

(<=c)©= | O R0 26 doy - /R ,Glermo (Inf?> = 1¢[*) d

We express the first integral as
Gonws (-9 =€) dn= [ [ few (62 =) drd
Rd sa-1 JR,

= few* K (€7) dw
Sdfl

and fe,, (r) == %r%g (€ + V/rw) 1jo 400[ (). The partial derivative

—_

d—

Ot few(r) =5 TQ@@-Q (€4 Vrw) 1 oo (1)

\V)

has the same form as the function f¢. Then we observe that

3 (fg,w ks fﬁ’w) (m?)
— [(agjf&w) % kS — agjf§7w:| <|§|2) - [&n (f&,w * KRS — ff,w)} (|£|2> 2¢;

so that by doing successive derivations it suffices to deal only with quantities
of the form

ok (a? few* kS — 0L f&w)

which are in fact of the form 9F ( fxrS—f ) with f satisfying the hypotheses
of Proposition 2.D.2 uniformly in w so that we get the expected control, by
integration over w. O
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2.5.5.5 Estimate of the error term A, 3

Remark 2.5.39. Throughout this section we will make definitions that are
dependent on the value of % This will not be a problem as long as % <1
which will be satisfied with our choice of € = & (h) > h.

Proposition 2.5.40. Let b € Cgo(Rif%) with Suppgb C Br — By/g for
some R > 1. Let v € |0,1[. There exists a constant Cgrr > 0 such
that, for all { > 0,

Ay 3] < Nk (0) Cary

for some integer k = k (d) big enough.

Proof. We recall that

A+73 =Tr

w
pgpp <Q§_’htb _ Q%;?b) (—hDg,f —dI'. (77))]
so that

w
<Qi7htb - Q+7’16tb> (=hDg, & —dle ()

Ay 3] <

c(zzers3)

< CraNi <Q< b— Q+,mb>

+,042
for some integer k = k (d) big enough.

Thus we boil down to prove that for any integer £ > 0 there is a con-
stant Cy p.G,, > 0 such that for any ¢ > 0

Nk (QC mb— Q+7;?b> < CraNi (0) (7

+,%

But we have a convenient expression for Qi ht
e

Q% wbl@,§) =27 [ CGm)b (w — 25k € - n> i (7 = 2€) dy

d
R"I

N t
=27 G(E—n)b <a: — 2£h§ + 28h17,77) KS (77'2 — 25.77) dn
Rj

_ Clp g2
w [ et KE () dras,

with ¢, (z,&,7) = 0 for r <0, and for r > 0,

o, (x,6,7) =G (E—Vrw)b (1: - 2%& + 2%\/&), \/Fw> r4/2=1(2.5.20)
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defined for w € S¥1 and z, ¢ € R We also have a convenient expression
for Q+7ﬂb in terms of ¢,

Q_h%b(l‘,f) = ﬂ-/sd—l Pw ($7£7£'2) dw'

w

The conclusion is then given by Lemma 2.5.41. O

Lemma 2.5.41. For any v € 10, 1], uniformly in w € S,

Ni </R+ P (@, 6,7) K (r— 5'2) dr — ¢u (m,£,§'2)> < CreC7
Proof. The integral can be expressed as a convolution product

/Rr oo (2,6,7) K¢ (r— &%) dr = ((p (z,€,-) * ,5) (€2) .

Since the derivation behaves well with the difference, i.e.

020 (0w (.60 #5) (€7) = 00 (1.6,6%)) = 3 cwrg 2D €7

a/ 76’77,

(0200 07 00) (w.6) £ 1€) (62) — (0800 07 ) (,6.62)]

it suffices to apply Proposition 2.D.1. O

2.6 Comparisons of the measures of an observable
at a mesoscopic scale for the original and ap-
proximated dynamics

Proposition 2.6.1. Let b € C(‘J’O(Riflé), p€L1L2 andt >0,

m (b, p7) = Tr [V (=hDg, & — dT. (1)) ] ,
m (b, p; ") = Tr [bW (~hDg, € — dT. (n)) pi*]

Definition 2.6.2. Let b € CSO(RHQE‘;%), p € L1L2 a state, t > 0 and x €
Cg° (Rgdg) we define

m (b, p,t, x) = Tr [x (dTc (1)) 0" (—hDe, & — dT< (1)) x (dT< (n)) p¢]
m (b, p,t,x) = Tr [x (dT'c (1)) b" (=hDg, & — dT'- (n)) x (dT< (1)) p"]
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Proposition 2.6.3. Let b be a symbol in Cgo(Riflg) with positive values such
that Suppg b C Br — By/g for some R > 0, p € LTL2 with Trp < 1 and
for j =1,2, xj € C*(R}) with values in [0, 1], Xj(Bu;) = {1} for M1 = 3R
and with x2(RY — Bry1) = {0}. There is a constant Crpy, x, (which does
not depend on p) such that

m (b, pr) —m (b, (py,);7") > =€

with E26 = E26.1 + E2.6.2 + E2.6.3 and py, = X2(Dy)px2(Dy).

ht\? ht\*
Erg = CRJ?,XLXQ (h + < - > h_3/2 + <€> h~2 + 525) .

We shall prove it in three steps:
L.m (b> Pt) —m (bv pX27t7 Xl) > _82.6.1;
&261=Ch,

2.m (b7 pX27t’ Xl) — maPP (ba pX23t7 Xl) > _82.6.27

ht\? ht\*
Ea6.2 = Ch Ry <(€> h3/% (5) h2> ;

3. mP (b, pyy, t, x1) — (b, (o)) = —E2.6.3,

Er63=Ey5+Ch.

2.6.1 Step 1: Introduction of cutoffs

We will introduce cutoff functions both on the state p and the observ-
able B (—=hDg, & — dl<(n)).

Proposition 2.6.4. Letb € CSO(R?%) non-negative such that Suppg b C Br
for some R > 0, p € LTL2, Trp < 1, and, for j = 1,2, x; € C&(RY)
with values in [0,1] and x;(By;) = {1} for some M; > 0. Then there is a
constant Cp y, ., such that

m (ba Pt) Z m (b7 pxza t? Xl) - 62.6.1
with £2.6.1 = Chyy yo b and py, = x2(Dyg) © po x2(Dy).

Proof. Using the functional calculus for the self-adjoint operator dI'c (1) and
since

bz, &= A) = x2(§)b(z,§—A)x1 (A) xz2 (§)
> x2 () 87D (2,€ = M) x1 (V) X2 (€) = Chyy xa P
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holds uniformly in A, we can write

bW (—hDg,& —dL- (1))
> x2 (&) 00" (=hDg, & —dT' (1)) x1 (dT: (1)) © X2 (€) — Copyxalt-
And thus
m (b, pr) = Tr [B" (—hDyg, & — dT< (1)) py
> Tr [ (=hDg, & — dT'- () x1 (AT (1)) Pxay) — Coxaxaht

since [He, x2] = 0. O

2.6.2 Step 2: Comparison between truncated solutions

Proposition 2.6.5. Let b be a symbol in Cgo(Rifig) with positive values,
p€ LTLE, Trp<1andx € CP(RY) with values in [0,1], and x(By) = {1}
for some M > 0, then there is a constant Cqp  such that

[m (b, p, £, x) = m® (b, p, 1, x)| < Ea6.2
with 262 = Cap ((%)3 h3/2 4 (%)4 h_2>.
We will need the following number estimate.

Lemma 2.6.6. Let 1[10 € Lg be a normed vector. We have, for \ilgl’m =

~ st 2 ~a _AﬁﬁappA
Uper=¢€ lEH%ZJo ® Q or \I’EL’E’t = \Ilh{’gt = e ey 2 Q,

. tht -
e+ e, < (m QSHGHLl) .
Proof of the Lemma.  Indeed let us define v = ||(e + N5)1/2\i1§\|. Then

ie0h (12) = (W4, [®2 (i), N2) B

with fj, . = \/éedmf/ (en) since £ and dI'; () commute with N.. Using N, =
dl'e (1), we get
[ac (fae),dle (1)] = i0s [T (%) ac (fae) T (e7°%)]|,_
= ac (efne) -

The other term of the commutator can be computed analogously (but ac ()
is C-antilinear whereas a? (-) is C-linear). Introducing this relation into the
differential equation and taking the modulus, we get

oo, 62)] < 75 194

e e ] ¢

at (efne) ¥]) -
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But

e ) W[ < lenellZy (9 803

a; (efne) ¥ H <||5fh€||L2< 5(5+N)qfﬁ>

Using ||G||: = thhEHL?’ we finally get a differential inequality for the

270 < |icdy (47) | < \/2eh|| Gl p1ve -

Dividing by 2e7; and integrating in time, we obtain the expected result

h -
% <0+t 516l

since 9 = Cgv/e. O

Set

function

by = b(=hD¢,§ — dI'c (n)) x (L (1)) - (2.6.1)

We want to control the error when we consider Tr [b, p;™*] instead of Tr [b, p,]
i.e. we want to control Tr [byu,] with

u = p; — Pyt (2.6.2)
Since

ie0p, = [He, py]
10 p™ — [H., po] — [H. — H™, p#?)

the difference wu; is solution of the differential equation
iedvur = [He,ug) — [dl“E (n)? —edl. (77 ), p?pp]
= [(€ = arem)? w] + 0. (fae)
~ [are () — ear. (?) , o™ |

with initial data w,—o = 0. We thus get an integral expression for Tr [byu],

Tr [byu] = — - /t [ [(g dFa(n))z,USHds

g
+;/0tTr )Z—Sdra(n)m‘;”pﬂds
L[y e (0wl
0
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Remark 2.6.7. Let H be a Hilbert space. If A, B € L(H) and C € L1(H),
then
Te[A[B,C]) = T [[4, B) €]

Lemma 2.6.8. There exists a constant C independent of x such that for by
and u; defined by Equations (2.6.1) and (2.6.2),

L fo T [by [(€ = are ) unes) | ds| < & J5 lluncesll, ds < O,

2. %fot Tr {bx [dI‘E (n)* —edle (?), “ppH ds =0,

L[y Tr by [@c (fre) s us] dS‘ < Ct?’?ff <\@+ \/5\/?)

Proof of 1. Let us introduce x1 > x in order to handle only bounded
operators:

Tr [bx [(5 —dT. (n))?, us”
= Tr [byxa (AT (n)) [ (€ = dT (1), u |
= Tr by [x1 (dFe () (€ = T2 (1), s

=Ty :[bx, X1 (dT. (n)) (€ —dr. (77)>2] “}

= T [ (A0 () {0(0.). €7} (D, €~ T ()

h
= T | (402 (1) (260) (~hDe. € — AT (1) s
We can then estimate the initial trace by

)Tr [bx [(g — AT, ()2 u” ]
< h[x (AT (n)) (26.b) (—hDg,§ —dI'e (n))\lug@m% ||us||[,1Lg®rLg

<Ch ||U8H51L2®FL%

and a time integration brings

i‘/otTr [bx [(5 —dI. (77))27163” ds

Then we use that both p, and p;¥* have the same initial value py ® proj 2
with po = 375 Aj [Y0,5) (Yol 225 A = Trp, Aj >0, [[vho ;]| = 1 to write

Pt = ZAJ lt,) (et pPP = Z)\ (pzz;p> <90?;lj)p
J

h t
gc/ el g, s
€ Jo

9
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and then uy = 35, Nj ([We; — WP (U 5| — [WIP) (T — Uy 5) and

e, 2 <237 A || — W] < 075
J

This and the integral above yield the result. O

Proof of 2. Let x1 > X,
Tr |by [T (n)” = edT. (1) s |
= Tr [by [yt (AL (n)) (L (1) = =Lz () )

= Tr | |xa (de (1) (AT (0)” = ede () ) by
=0

since

[ (AT () (dT2 () = 2T (372) ) by | = 0.

Proof of 3. We have, with ry, = ¥, — WP,

Tr[ [® (fh ), us)] = (7] [bxa . (fh,e)] @S> + <‘i/§pp‘ [bxv . (fh,s)] |7s) -

Taking the modulus we obtain

T by [@: (fie) s usl]l < C sl || () @ @ (fe) by ¥,
-H%HF haﬁwmﬂ+0 hgmmﬂ
and we observe that
o (o T
and )
@ o) 08| < € el e+ Ny /2
and thus

h -
T by [0 (e) sl <l 216 (VE+ 5

by our number estimate. An integration then gives

3h h A
(/ﬂ e (Fne) usl] ds sctmum”<ﬁ+mgﬂmy>

which is the expected estimate. O
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2.6.3 Step 3: Release of the truncation on the symbol

Proposition 2.6.9. Let b be a symbol in C(‘)’O(Riflg) with positive values, such
that Suppe b C Br — By/g for some R > 1, p € LTL2, Trp < 1, with the
support of p in By, | and x € C(RY) with values in [0,1], x(Bsr) = {1}.
There is a constant Cry,, such that

m(lpp (b7 P, ta X) —m (b7 P?pp) Z 52.6.3
with
&263=E25+ CRrpN

ht ht\ !
e (M o)
5
Proof. We can restrict the proof to the case of p = |¢) (¢| with ) € L?
since p is trace class, then p, = |WPP)(UiPP|. We also define a positive

symbol by € C5°(R{) such that Suppby C [R™2, R?] and by(£?) > b(z,¢).
Then

m (b, poPP) — mPP (b, p, t,X)
=Tr [0 (~hDg, & —dT'- (n)) (1 = x (T (1)) A

= Tr [ (1 = X (dT ())"/* 6" (=hDg, € = dT% (n)) (1 = x (dT= ()" 7,

< [ (€ are)®)” (- v@rem) o + 0

=Tr fb¥V ((¢ = dre ()?) (1 = x (dr- (1)) 8} ((5—dre ()?) br] + 0 (h)
with WP (€) = 1. (1€]) T3P (€) and Suppby C [R72, R?]. Then we de-

compose

dj2—1

+ i) 4 h”ﬁ(dv“)) + Crpyh.

VPP =111 orar) (1) U7 + 1o a1 2m.2R) (1€]) P57
o \I]app 4 \Ijapp .

With A = Y (€~ dT% (1)) (L~ x (A0 ()b} (€ — dr- (1)?) = 0

we have the estimate
T |4 o) (o] < 2w afugy) (] + 2 a o) (o]
For the first term,
T [B1Y (6 = dre ()2) (1 = x (@re () 0 (€ —dr () ) [#52) (|
= Tr [11/2m2m (I€) B ((€ = dT2 (1)) (1= x (d- (1))
by ((5 —dTl: (n)) ) Li1/2r2r) (1€]) "I’app> <‘i’?ng
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since [¢] € [1/2R,2R], [§ — dT': (n)| < R implies |dI'. (n)| < 3Rand x (Bsr) =
{1}. For the second term,

T [B1Y (6 — dre ()2) (1 = x (@re () oY (€ —dr () ) [#5) (i |

<Tr {b‘f’ ((§ —dI. (n))'2)2 )‘i’%p> <‘i’£p”

since 1 — x (dl' (n)) < Id. Then we use the computation of the evolution of
a symbol of |¢|? in the case of the approximated equation as in Remark 2.5.2
to get that, since by = by (|¢]?) it is unchanged under the evolution, and

Ty [b? (i€ —ar. m)?)” | #7) <¢JZ§”H
<Tr [b‘fv ((f —dI’e (77))'2>2 ‘7/30,2 ® Q> <1&0,2 ® Q” + &5

<Tr [b‘fV (5‘2)2 ‘@Zao,z ® Q> <7ZJO,2 ® QH + &5
<&

since Supp b1 N Supp 1&0,2 = (. O

2.7 The derivation of the Boltzmann equation for
the model

Proposition 2.7.1. Let b € Cgo(]Ridg) with Suppg b C Br — By/r. Let p a
state and T > 0.

lim inf (m <b, ol At) —m (BY (T)b, p)> >0

for a fived oo € ]2, 1[, At = At (h) = h® and N (h) At (h) =T.

Proof. We define for k € N, At > 0, by ar = (eAthQAtf'az)k b. We begin by
looking to one step of evolution with eA!@e2A%-0x O

Lemma 2.7.2. With b, = e'Qe?$-92b and the hypotheses of Proposition 2.7.1,

m (b, PZt) —m (bat, p)

>_C (h +hT2 (AL 4 (A RT2 4+ At (At +h (B AHY2T 4 h“)) .
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Proof. We recall that pgt = pgAt/h so that with % = At, from Section 2.6,

o (o) (o ™)
=m (b7 pi) —m (bv (pXQ)i,app)

> —C (h + (ht/e)* K3/ 4 (ht/e)* h™2 4 ht/e (ht/a N ) h“))
> ¢ (h R (AL + (A R+ At (At Fh4 () AD)Y2 4 h"))

and from Part 2.5 also used with % = At we get

m (b, (pxs); ™) — m (be, pyo) > —Eo5 > —Eag

and this term will be in particular controlled if we control the previous
one. Finally from the conservation of the support in £ of the symbol by the
approximated Boltzmann equation we get

m(bt’pX2) - m(btvp) > -0 (hoo)

for x2 a cutoff function chosen so that x2 (Br) = {1}.

Thus we fix, for j = 1,2, two cutoff functions x; € Cgo(Rgl\) with values
in [0,1], x;(Bn,) = {1} for My = 3R and My = 1 and with x2(R?— Bpy1) =
{0} .

Then we can iterate this N (h) times and we get the estimation
m (b, P‘?\r(h),gm/h) —m (bn,at; p)
> _CN (h R (AL 4 (A R+ At (\/At Fht (B A 4 h“))

with NAt = T and h* < % = At < 1 for some a € ]1/2,1[. Thus we can
choose At = % = h® and thus N =Th™®. Then we get the estimate

m (b, pneat/n) —m (bn,a, p)
> —CTh™© <h + h3a73/2 + h4a72 + he (ha/Q +ha+ h(lfa)(d/Qfl) + h“))
> _CTOh—>O (1) )

for E]%, 1[. Finally it suffices to prove that

lim m (bny,atn), p) = m (br, p)

which is true since the estimates of Proposition 2.2.9 prove that, for some
constant C > 0, [|by,a¢ — byl ;2 < - O
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2.A Stochastics

We recall some results about Gaussian random fields that can be found
in [40, 45].

Definition 2.A.1. Let (Qp,G,P) be a probability space. A real-valued
random field (Vio(2))(w 2)cpxre I8 a Gaussian random field if for all finite

choices of x1,..., 2, € RY (V,(x1),...,Vu(xg)) is an R¥ valued Gaussian
random variable. To each such Gaussian process we can associate a mean
function p(z) = EV(z)] (x € RY) and a covariance function ¥ (z,z') =
EV(z)V(z")] (x, 2 € RY). A Gaussian random field is translation invariant
if its covariance function X (z,z’) only depends on the difference x — z’, i.e.
if there is a function G : R? — R such that ¥(z,2') = G(z — 2').

Definition 2.A.2. A function ¥ : R¢xR?% — R is symmetric if for all z, 2’ €
Re N(x,2') = X(2',2). It is positive definite if for all x1,...,zr € R and

all &,...,& € R,
k k
O &S (wi,w)E > 0.
i=1 j=1

A function G : R? — R is positive definite if ¥ (z,2') = G (v —2') is
positive definite.

Theorem 2.A.3. Given an arbitrary function pn : R* — R, and a symmetric,
positive definite function ¥ : R x R* — R, there exists a Gaussian random
field V (z) with mean pv and covariance X.

See [40] for a proof of Theorem 2.A.3.

Theorem 2.A.4 (Bochner ). A function G : RY — R is the Fourier
transform of a positive bounded Borel measure on R if and only if it is
continuous and positive definite.

See [45] and the references therein for Bochner’s theorem.

Theorem 2.A.5 (Minlos ). A function ¢ : S(RY) — C is the Fourier
transform

o(f) = / exp(—i(f.T)) du(T)
S'(R)

of a cylinder set measure pn on S'(RY) if and only if

2. fc(f) is continuous in the strong topology,
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3. for any f1,..., fn € S(RY) and z1,...,2, € C,

n

> zzje(fi— 1;) 2 0.

3,j=1

See [45] and the references therein for Minlos’ theorem.

Definition 2.A.6. We consider the probability space (S'(R%),u) (the o-
algebra is the one generated by the cylinder sets) where p is the measure
obtained by Minlos’ theorem with the positive definite function

c(f) = eXp<—Hfﬂ%2> '

The white noise is the random variable on (S’ (R?) , 1) with values in &’ (R?)
defined by W, = w.

Remark 2.A.7. Since HfH%Q = (f(x1),d(x1 — z2) f(x2)) we have (in a weak
sense)
E[W(xl)W(xg)] = 5(.%‘1 — 1'2) .

Proposition 2.A.8. Let G : RY — R positive definite, such that G = ]V!Q
with V€ S(R%:R). The translation invariant centered Gaussian random
field of covariance G(x — ') is V, =V « W, where W,, is the white noise.

Remark 2.A.9. Bochner’s theorem justifies the form we choose for the func-
tion G as the positivity of the Fourier transform is natural for a covariance
function.

Proof. After testing with elements in S(R?) the following calculations hold.
The mean of V x W, (z) is zero:

B[V + W, (x)] = /V(x — ) E[W, (1)) der = 0
and its covariance is
EV(z) V(z')] = E] / V(e - o0) W(an) V(e — w2) W(ey) day das)

:/V(m—xl)V(aj'—xl)dxl
=VxV(—)(x -2

and F (V %V (—-)) = |[V]?, so that we get the expected covariance. O
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2.B Semiclassical Measures

Semiclassical measures (and microlocal defect measures) have been studied
among others in |26, 32, 33, 41|. We recall here some results. The first
theorem can be found in [26].

Theorem 2.B.1. Let (uy,) be a sequence of L2 such that uy — u weakly. For
all real sequence (hy) such that hy — 0, there exist a subsequence (ug, ) of the
sequence (u) and a measure p € MJF(Ridé) such that for all b € Cgo(]Ridf),

lim (b(hg,x, Dy)ug,, , ug, ) :/ bdu.
n—+00 deg

Definition 2.B.2. The measure u above is called a semiclassical measure (or
Wigner measure) associated with the sequence (uy). If there is uniqueness of
the “limit measure” the sequence (uy) is said pure and we note {u} = M (uy).

This result holds in the case of a family of states (pn)nejo,n), 7€ Pr €
ETL:%, Trpp = 1.

Theorem 2.B.3. Let (pn)nejo,no); ho > 0 be a family of states on L2. There
exist a sequence hy, — 0 and a measure | € M+(Ridg) such that

Wb e CR(RA),  tim Tr [ (hy,, Da)pn,] :/ b dy
’ RQd

n—-+o0o
T,

Proof. We first take an arbitrary sequence (hy) such that hy — 0. Then
we can define positive numbers (A j)j x>0 and normed vectors (uy ;) of L2
such that >, Ax; = 1 and pp, = 32, Ak jluk ;) (ug, ;|- We can extract from
each sequence (uy ;) a subsequence that converges weakly to a vector u;
(luj]| < 1). A diagonal extraction enables those convergences to occur si-
multaneously. The sequence obtained this way is still denoted by (us ;).

Theorem 2.B.1 applies to each sequence (uy ;)i and yields measures j;
such that for well chosen subsequences hy,,, Ag, ; — Aj and

. w
i T [0 (b, D) o) o) = [ , b
Again we apply a diagonal extraction argument to obtain these convergences
simultaneously, and we stick with the notations uy ;, A ; for the extracted
objects. We observe that |lu;|] <1 and > A; < 1. We can thus sum these
relations to get

kEI—ir-loo Z )‘k,j Tr [bW (hkx, Dx) \uk7j> <ukn,j|] = /]R2d€ b d(z )\j,&j)
J z,

which is the expected result with p = Zj Ajlj O
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2.C General results on semigroups

Some references about semigroups of operators in Banach spaces are |30, 27,
29].
In this appendix X represents a (real or complex) Banach space.

Definition 2.C.1. A strongly continuous semigroup on X is a mapping G :
RT — £(X), such that

1. Vt,s >0, G(t+s)=G(t)G(s),G(0)=1,

2. G (+) z is continuous for all z € X.

The infinitesimal generator A of G (-) is defined by

D(A)={zeX,3 lim Ge=zl gy GWT—T

h—0+ h h—0+ h

Proposition 2.C.2. Let G be a strongly continuous semigroup on X with
infinitesimal generator (A, D (A)). Then D (A) is dense in X and A is a
closed operator.

See [27] for a proof of Proposition 2.C.2.
Notation 2.C.3. For M > 0 and w in R, we denote by G (M,w) the set of all
strongly continuous semigroups G such that

Ve >0, |G (0)]lgx) < Me'.

Theorem 2.C.4 (A perturbation result ). Let (A, D(A)) be the infinitesi-
mal generator of a strongly continuous semigroup in G(M,w) and B € L(X).
Then (A + B, D(A)) is the infinitesimal generator of a strongly continuous
semigroup in G(M,w + M ||B| 7 xy)-

See [29, 30| for a proof of Theorem 2.C.4.

Theorem 2.C.5 (Trotter ). Let Aj, j = 1,...,k be the infinitesimal
generators of continuous semigroups G € G(Mj,w;). If ﬂleD(Aj) 1s dense
i X and

WneN, [[(Gi(t) Ga(t) - Gi(t)"[l sy < Me™

and if there exists p such that ®p > w, (pI — (A1 + A2+ -+ Ag)) X is dense
i X then

Ar+Ag + -+ Ay

is the infinitesimal generator of a continuous semigroup in G (M,w).
In such a situation the semigroup G generated by A1+ Ao+ --- + Ap
satisfies

Vee X, G(t)z= lim [G1<%)G2<%) -Gy, <%>]nx

n—oo

with a uniform convergence on the bounded intervals [0, T], with T > 0.

See [29] for a proof of Theorem 2.C.5.
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2.D Lemmas about an approximate identity

For ¢ >0, and r € R, let x¢ (r) = £ 55

EEEveE

Proposition 2.D.1. Let f be a function in the Schwartz class. Then for
any v € 10,1[, a constant C > 0 exists such that

v¢ > 0,

frnt =g <max{|fll.

f/Hoo} C’,yé‘“/'

Proof. We use the formula

1
f(ro+-<r>=:f<ro>+-<rjg F' (ro + 5Cr) ds
so that we have both

|[f(ro+¢r) = f(ro)l < 2|flls >
|f (ro+¢r) = f(ro)| < ||f/||.. ¢rs

and the interpolation of those two results gives, for v € [0, 1],

|f (ro +¢r) = f (ro)| < 2max {| flloo . |[ /'] o} 7 I -

So, for v € [0, 1],
dr , -
[f (ro +¢r) = f (ro)] < max {[|flloo [ /']l o0 } C+¢
R rs + 1
which is the expected result. O

Proposition 2.D.2. Let f : R, — R continuous, vanishing on R™, such
that flg+ is in C*° (RF) and rapidly decreasing towards +00. Let 0 < ryin <
Tmax- Then, for any v €0,1], there is a constant Cy such that

Proof. We choose A and Ar such that 0 < A < Ar < rpin/2. Let fi = x1f
and fo = (1 — x1) f with x; a C* decreasing function such that

<0
LOO

OF |+ K~ f]

[rmin 7Tmax}

x1(r) = 1lifr <A/2
0ifA <r.

Then f = fi + fo and

%08 = * < x KC.
! Jg et +f28,L1H

)
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The second term is the easiest to handle since ¥ ( fa * HC) = (8,’? fg) * K¢ and
Proposition 2.D.1 can be applied to get

[(orre) et =mre] < e (7] 2] ) o

We now recall that we are only interested in 7 € [Fmin, Fmax] With 0 < ryin <
rmax wWhen evaluating aﬁ ( = /<;<). We insert another cutoff function ys €
D (R) such that
x2(r) = 0ifr < rppy — 2Ar
= lifrpm — Ar <r < rpax + Ar
0if rpax + 2A7r < 7.

Then fi*K¢ = f1*x2k¢+ f1#(1 — x2) k¢ and our hypotheses on the supports
give
Supp {fl # (1= x2) RC} C  Supp f1 + Supp (1 — x2)
C R—[rmin — A7 + A, "max + Ar] .

Since A < Ar we obtain [f1 * (1 — x2) k°] = 0 and we can restrict

ourselves to the computation of

‘ ["'mina""max]

¢
1 X 2K> .
f oo X

More precisely we want to estimate

ok *
T (fl g 0o X2u<)

since x20 = 0 and thus f; g/*gl x20 = 0. But the same considerations hold

[Tmin 77"max]

Lo

for the supports of the derivatives. Thus it is sufficient to observe that we
have the control

fi o+ OF (Xzﬁc)
RN

IA

11l 22

o 1)

Ifillzr Oy sup

T>Pmin— 247

HL°° ’

8"”/@@‘

LOO

IN

where the sup can be controlled by C( with C' only dependent on our choice
of Ar and 7y, as

20"k (r) = i*k!— (ir = O + (ir + O
= ! (7"2 +C2)k+1
Consequently
8k ¢ 5 <C
' [fl 5,;'(‘380 X2k> = fi g/Tg/ X2 } rminsrmax] || oo ‘

and this ends the proof. O
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2.E Formulae

2.E.1 Symmetric Fock space
For f, g in a complex Hilbert space H,

o ac(f) = (£, az (f) = (= )V,
o [0=(f),a= ()] =0, [aX (f) . aZ ()] =0, ac (/) af (9)) = ([.9),
o . (f) = (ac (f) +az () V2.

o W(f)=expi®. (f), W (f)W(g)=e %

E(f)=w (2f)19).

SUAW (f +9),

2.E.2 Fourier transforms

Usual Fourier transform For u € L2, v € L2,

o Fou(é) = ng e 8y (2) du,

o« Filv(@) = [pae v (), dg = dg/ (2m)"

Symplectic Fourier transform Forb ¢ L? (R?gd; (C), P = (pz,pe), 0 (P, P') =
Pe-Py — Pa-P
o FOb(P) = [poa e PPy (P)AP AP = dP/ (2m)",
z,§
o 770 F =1d.
2.E.3 Weyl quantization

o 7l = (e70X0)" (ha, D,) = 7o CXO (Do) _ it has'D2)

A g— —7 ,. /.
o P, = Furl Fol = e7iE hDeta"e)
h ~h _ ,tho(X1,X2) _h _ iho(X1,X2)h _h
[ ] TXI TXQ = e2 TX1+X2 =€ TX2TX1

~ ~ i ; ~ ~
° 7;1(1751(2 — e3 _ eth(Xl,Xg)Th 7_h

ho(X1,X2)~h
TX1+X2 2 ' X1
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Liste des symboles

[A, B] the commutator AB — BA of two operators

bittbo  the Moyal product of two symbols

{f,g} the poisson bracket O¢f.0,g — 0, f.Ocg of two functions on R?ff{
V,\/ the symmetric tensor product

Br  the closed ball of radius R

C% (X;R) the continuous function vanishing at infinity (on a locally com-
pact, Hausdorff space X)

C;°  the functions of class C* bounded, with bounded derivatives
C the field of complex numbers
D (A) the domain of an operator A

C§° (X) with X an open subset of ]Ridf: the real valued functions on X of
class C* with compact support

with X an open subset of R%: the complex valued functions on X
of class C* with compact support

A, the Laplacian operator on L2
D, = —i0,

Fu, 4 the Fourier transform,

Fu(§) = /Rd e~ 8y (z) dx

L (H1,H2) the continuous linear applications between the Hilbert spaces H
and Ho

L1 (H) the trace class operators on a Hilbert space H

87
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ET (H) the positive trace class operators on a Hilbert space H
L2 (H) the Hilbert-Schmidt operators on a Hilbert space H
2 = PELC)

L2, =L*R:xRER)

L  =IL*REC)

M, (X;R) the set of Radon measures on locally compact, Hausdorff space X

N the non-negative integers

R the field of real numbers

S%=1  the unit sphere for the euclidean norm in R?
Supp f the support of a function f

m.f  the translation f (- — z) of 2 € R? of a function f with variable in R?



Index

Ay, A, Ay, 51 M.}, Moy M, 50
g B i€ 61 M, (X;R), Radon measures, 31
T A T
Ad, 38
a* (f), a(f), creation, annihilation op- N (), 32
erator, 37 wy, 43
B (t), linear Boltzmann group, 32 [w], 49
, ¢S, c%ﬁ 56 [p];, 49
C C’ 57 [907])1‘]27 49
Q2 @y (Qp, G, P), probability space, 79

Q, Q—, Q4+, collision operator, 29
Q¢, approximated collision operator, V" () random field, 26

32
C% (X;R), continuous functions van- 0 (&, £, 29
ishing at infinity, 31 P?a Pljl\f,At (@n), /)}ﬁz At» 26
Pi bos 05, PP, T, pp 7P, 43
ax, 49
Ag.y, 53 Tryy, partial trace, 38
Ay, A_, 56
W (f), Weyl operator, 42
® (f), field operator, 38 7‘;1(7 Weyl operator, 49
. (f), field operator, 42 71, Weyl operator, 49
I'H, I',H, T'rH, Fock space, 41 bW (hz, D), Weyl quantization, 27
'), 42 . f™:, n-th Wick power, 37
dr'c (4), 42 Q"ick Wick quantization, 42
F?, symplectic Fourier transform, 49
Zt, 43
general centered Gaussian random field,
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AP, 43
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m (b, p), 47
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Chapitre 3

Termes d’ordre élevé pour

I’évolution quantique d’une
observable de Wick dans le
cadre de la méthode de Hepp

Article rédigé en anlglais, soumis pour publication.
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Higher order terms for the quantum evolution of a
Wick observable within the Hepp method

Abstract: The Hepp method is the coherent state approach to the mean
field dynamics for bosons or to the semiclassical propagation. A key point is
the asymptotic evolution of Wick observables under the evolution given by a
time-dependent quadratic hamiltonian. This article provides a complete ex-
pansion with respect to the small parameter € > 0 which makes sense within
the infinite-dimensional setting and fits with finite dimensional formulae.
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3.1 Introduction

In this article we derive two expansions with respect to a small parameter
€ of quantum evolved Wick observables under a time-dependent quadratic
Hamiltonian.

The Hepp method was introduced in [64] and then extended in [56, 57|
in order to study the mean field dynamics of many bosons systems via a
(squeezed) coherent states approach. The asymptotic analysis in the mean
field limit is done with respect to a small parameter €, where the number of
particles is of order é

Remember that the mean field dynamics is obtained as a classical Hamil-
tonian dynamics which governs the evolution of the center z(¢) of the Gaus-
sian state (squeezed coherent state). Meanwhile the covariance of this Gaus-
sian as well as the control of the remainder term is determined by the evo-
lution of a quadratic approximate Hamiltonian around z(t).

A key point in this method is the asymptotic analysis of the evolution
of a Wick quantized observable according to this quantum time-dependent
quadratic Hamiltonian.

Only a few results are clearly written about the remainder terms and
some possible expansions in powers of &, see the works of Ginibre and
Velo [58, 59]. In the finite-dimensional case, entering into the semiclassi-
cal theory, accurate results have been given by Combescure, Ralston and
Robert in [51] and Hagedorn and Joye in |61, 62, 63]. For the mean field
infinite-dimensional setting some results have been proved in [60, 55, 71] with
a different approach.

We stick here with the Hepp method with the presentation of [46] which
puts the stress on the similarities and differences between the infinite-dimen-
sional bosonic mean field problem and the finite-dimensional semiclassical
analysis. Nevertheless, in [46] the authors only considered the main order
term although some of their formulae make possible complete expansions. In
this article we derive two expansions of the quantum evolved Wick observ-
ables which are equal term by term.

Two difficulties have to be solved :

1. Unlike the time-independent finite-dimensional case, no Mehler type
explicit formula (see for example [66] or [53]) is available. A general
time-dependent Hamiltonian has no explicit dynamics.

2. In the infinite-dimensional framework the quantization of a linear sym-
plectic transformation (a Bogoliubov transformation) requires some
care. Useful references on this subject are [48] and [47]. Its realization
in the Fock space relies on a Hilbert-Schmidt condition on the antilin-
ear part connected with the Shale theorem (see [72| and [69, 52, 50]).

These things are well known but have to be considered accurately while
writing complete expansions.
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Two different methods, with apparently two different final formulae, will
be used. A first one relies on a Dyson expansion approach and provides the
successive terms as time-dependent integrals. The second one uses the exact
formulae for the finite-dimensional Weyl quantization and after having made
explicit the relationship between Wick and Weyl quantizations like in [49]
or [46], the proper limit process with respect to the dimension is carried out.

The outline of this article is the following. In Section 3.2 we recall some
facts and definitions about the Fock space and Wick quantization. We then
present our main results in Section 3.3 in Theorems 3.3.1 and 3.3.2 and illus-
trate them by a simple example. Section 3.4 and Section 3.5 are devoted to
the construction and properties of the classical and quantum evolution asso-
ciated with a symmetric quadratic Hamiltonian. Section 3.7 and Section 3.8
contain the proofs of our two expansion formulae. For the convenience of
the reader we recall some facts about real-linear symplectomorphisms and
symplectic Fourier transform in the appendices.

3.2 Wick calculus with polynomial observables

3.2.1 Definitions

We recall some definitions and results about Wick quantization. More details
can be found in [46].

In this paper (Z,(-,)) denotes a separable Hilbert space over C, the
field of complex numbers. It is also a symplectic space with respect to the
symplectic form o (z1,22) = (21, 22). We use the physicists convention
that all the scalar products over Hilbert spaces are linear with respect to the
right variable and antilinear with respect to the left variable. We denote by
S, the symmetrization operator on @™ Z (the completion for the natural
Hilbert scalar product of the algebraic tensor product @™ 9 Z) defined by

1
Sm(zl®®zm):% Z ZO‘1®"'®ZUma
‘O’EGm

where the z; are vectors in Z and &,, denotes the set of the permutations
of {1,...,m}. We will use the notation z; V---V z,, for S, (21 ® - - ® 2z ),
and zV™ for z V --- V z when the m terms of this product are equal to z.
We call monomial of order (p,q) € N? a complex-valued application defined

on Z of the form 3
b(z) = <zvq,bzv7’> ,

with b € £ (\/* Z,\/! Z) where \/" Z (or £"") denotes the Hilbert comple-
tion of the n-fold symmetric tensor product, and for two Banach spaces F
and F', the space of continuous linear applications from E to F' is denoted
by L (E,F). We then write b € P4 (Z). The total order of b is the in-
teger m = p 4+ ¢q. The finite linear combinations of monomials are called
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polynomials. The set of all polynomials of this type is denoted by P (Z).
Subsets of particular interest of P (Z) are Py, (£) and P<y, (£), the finite
linear combinations of monomials of total order equal to m and not greater
than m.

The Hilbert space

n
H = @ \/ pt
neN
is called the symmetric Fock space associated with Z, where tensor products
and sum completions are made with respect to the natural Hilbert scalar
products inherited from Z. We also consider the dense subspace Hg, of H
of states with a finite number of particles

alg n

Hin ::@\/Z,

neN

where the tensor products are completed but the sum is algebraic.
The Wick quantization of a monomial b € P4 (Z) is the operator defined
on Hgy by its action on \/" Z as an element of L(\/" Z,\/" TP 2Z),

- n!(n —p)! piq /-
pWick s = ooy () ((n ir];l)! p)! rp <b v Ivnfpz) :
where I'x denotes the identity map on the space X and for A; € L (ZVPi, ZV%),
A1V Ay = 8y 44,41 @ AaSp, +p,- The Wick quantization is extended by lin-
earity to polynomials.

We have a notion of derivative of a polynomial, first defined on the
monomials and then extended by linearity. For b € P,,(Z) and for any
given z € Z, the operator

Jokh(s) e P @ YDy 1y, )b (V0D
0L07b (z) : =R =7 <<z v IVJZ> b (z VI Z)
(3.2.1)
is an element of £ (\/k Z, \/j Z). We use the “bra” and “ket” notations of

the physicists for vectors and forms in Hilbert spaces. Then we can define
the Poisson bracket of order k of two polynomials by, bs, by

{b1,b2} %) = 950, 0Fby — 5y 08,

since, for any polynomial b, 9%b(2) is a k-form (on Z) and 9%b (z) is a k-
vector.

Remark 3.2.1. The product denoted by a dot in the definition of the Poisson
bracket is a C-bilinear duality-product between k-forms and k-vectors. As
an example consider the polynomials

b (2) = <ZV3,£1V3> <7]1v2,ZV2> and by (z) = <ZV3,§QV3> (n2, z) .
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The Poisson bracket of order 2 of b; and by is
{b1,02}®) (2) = 2 x 6 % (2Y3,&/%) (/2 V 2,€5%) (2, 2) — 0.

3.2.2 Some examples of Wick quantizations

Here is a quick review of the notations used for some useful examples of Wick
quantization. A vector of Z is denoted by £, A is a bounded operator and z is
the variable of the polynomials. In the next table, the first column describes
the polynomial and the second the corresponding Wick quantization (as an
operator on H gy ).

(z,Az) < dI'(4)
e N
(,6) = a" (9
€2 < al§)

VaR(z,6) < ()

The operator dI' (A) is the usual second quantization of an operator re-
stricted to Hy;, multiplied by a factor e. If A = Iz we obtain N the usual
number operator multiplied by a factor €. The operators a, a* and ® are
the usual annihilation, creation and field operators of quantum field theory
with an additional /¢ factor. The real and imaginary parts of a complex
number ¢ are denoted by ¢ and J¢. The field operators ® (£) are essentially
self-adjoint and this enables us to define the (e-dependent) Weyl operators

W (§) =™,

3.2.3 Calculus

Here are some calculation rules for Wick quantizations of polynomials in P (Z).
The proofs can be found in [46].

Proposition 3.2.2. For every polynomial b € P (Z),
o pWickpWick _ zn;%{m,qz} %IT 951 8§b2>Wick in My for any b €
Ppia: (£),
o bWick s closable and the domain of the closure contains
Ho = Vect{W (2) p, ¢ € Hyin, 2 € Z} ,
(we still denote by bV the closure of Vi),

° (bWiCk)* = pWick op H tin (where the bar denotes the usual conjugation

on complex numbers),

o for any zg in Z, W (gZ())* pWickyy (%zo) = (b(20 + 2))"V"* holds
on Ho where b(zo+-) € P(Z).
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3.3 Main results and a simple example

Our two hypotheses are:

H1 Let (ou),cg be a one parameter family of self-adjoint operators on Z
defining a strongly continuous dynamical system wuq (¢, ).

H1’ Assume H1 and additionally that the dynamical system preserves a
dense set D such that, for any 1 € D, uq (-, -) % belongs to C* (RQ, Z) N
C’ (R%, D).

H2 Let 3 be in C° (R; ZVQ), (B¢ defines a C-antilinear Hilbert-Schmidt op-
erator by z — (Iz V (z]) B¢).

With H1’ and H2, the classical flow associated with a family Q¢ (z) =
(z,042) + S (B, V%) of quadratic polynomials is the solution ¢ (¢, s) to the
equation
D] = 200D )
©(0,0) = Iz o
where 0:Q¢ (2) = az + i (Iz V (2| ), written in a weak sense.

Although things are better visualized by writing a differential equation,
the hypotheses H1 and H2 suffice to define the dynamical system ¢ (¢, s).
Details about this point are given in Section 3.4. Actually ¢ (¢, s) is a family
of symplectomorphisms of (Z,0) which are naturally decomposed into their
C-linear and C-antilinear parts:

o=L+A, Lel(Z), AA* €L, (2).

See Appendix 3.A for more details about symplectomorphisms and this de-
composition.
Similarly, the quantum flow associated with @ is the solution U (¢, s) to

{ie@tU(t,O) = QU (t,0)

U0.0) — I (3.3.2)

The precise meaning of the solutions to this equation is specified in Sec-
tion 3.5.

We are ready to state our two main results dealing with the evolution of a
Wick observable bWVick p ¢ P (Z), under the quantum flow, that is to say the
quantity U (0,t) bWk (¢,0). (We use the usual notation (N) = v/ N2 +1.)

Theorem 3.3.1. Assume H1 and H2. Let b € P<,, (Z) be a polynomial.
Then, for any time t > 0, the formula

S )
At

k=1
(3.3.3)
holds as an equality of continuous operators from D ((N)m/2> to 'H, where

. Wick
U (0,)0Vicky (¢,0) = (b(o)’t) +
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° §k:(51,...,5k)€R’j_ andA{?:{EkERk,Z§:1$j§t},

e the polynomaials bk e defined recursively by

{ DO () = bp(t,0)2)

b(k+1)t7§k+1 = )\sk+1 b(k)tvgk !
with X¥c = —i{cop(0,s) ,Qs}(Q) 0@ (s,0) for any polynomial c.

Theorem 3.3.2. Assume H1 and H2. Let m > 2 and b € P<,,, (2) a
polynomaal. Then introducing

o the vector v, € ®2 Z such that for all z1, z9 € Z,
(21 ® z9,v4) = (21, L* (t,0) A(t,0) 2z2) ,

e the operator on P (Z)

Ale(z) = Tr[=2A4% (£,0) A(t,0) 0:0.c (2)] 4 (v] . 02¢ (2) +0%c (2) . vy)

the formula

) Wick

U (0,8) bVik T (£,0) = (e%“ (bo(t,0)) (3.3.4)

holds as an equality of continuous operators from D ((N)m/2> to 'H.

Remark 3.3.3. The derivative 0:0,c(z) is in £ (Z) and Tr denotes the trace
on the subset of trace class operators of £ (Z).

Remark 3.3.4. For m > 2 the operators \! and A? send Py, (Z) into Pp,—2 (Z).
Remark 3.3.5. The exponential is intended in the sense

Lm/2]

=S 8 '

for a polynomial b in P<,, (Z).

Example 3.3.6. To give an idea of the behavior of these formulae we
apply them in the simplest (non trivial) possible situation, with Z = C
and Q; (2) =S (22). As ()¢ is time-independent the classical evolution equa-
tion is autonomous and thus we can write ¢ (¢,s) = ¢ (t — s) and i0,p (1) z =
0:Q (¢ (t) z) = i (t) z. The solution is ¢ (t) z = zcosht + zZsinht. We can
then compute both

t
/ bMWhsds  and Al (bog (1)) .
0
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The first one is easily computed as 92Q (z) = —i, 02Q (2) = i and, with ¢ =
bo (1),

—i{cop(=5),Q ()} = (2 +82) (cop (~9))
= [cosh (—2s) (92 + 02) c
+2sinh (—2s) 050,c| 0 ¢ (—s)

and thus
/t p(Wts gg — /t (cosh (—2s) (02 + 02) + 2sinh (—2s) 950.) ds (bo ¢ (1))
0 0
— (s 20) 02+ 02) + (1 - cosh (20) 00 ) (o 0 0)

Now we compute the second one. Since L (¢,0)z = L*(¢,0)z = zcosht
and A(t,0)z = A*(t,0)z = Zzsinht, we get vy = coshtsinht and then
obtain directly

A" = (1 —cosh (2t)) 050, + %sinh (2t) (02 +02) .

We thus obtain the same result with the two computations for the term of
order 1 in e.
Then we can show that

sk 5 1 k
/Ak bR ggk — i (AN (bop(t)

t

since

k
/k H (2sinh (—2s;) 950 + cosh (—2s;) (02 + 92)) ds"
AR
1

k
= ((1 — cosh (—2t)) 0:0, — %sinh (—2t) (82 + 33))

because

1
% [(1 — cosh (—2s)) 050, — B sinh (—2s) (63 + 8;)

= 2sinh (—2s) 930, + cosh (—2s) (83 + 3;) .

Remark 3.3.7. Since these two formulae will be proven independently and the
identification of each term of order k£ in ¢ in the expansion of the symbol is
clear, we carry out a computation only on the formal level for the convenience
of the reader to show the link between the two formulae in the general case.
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We show (formally) that
— A=)\,
ds
Then it is simple to show that

1
/ ASEN\Sk—1 ... )\sldgk _ = (At)k’
skeAk k!

as operators on P (Z) once the case k = 2 is understood:

t s1 t S2
2 / A2\ 5% = / / A2\ dsods) + / / A2 \51d s dso
52€A2 0 Jo 0 Jo

¢ ¢
:/ Asl/\51d31+/ A*2A%2dsq
0 0

— (Y%,

In this computation we have used that A° = 0 as A (0,0) = 0.
We first give A* in a more explicit way. As 92Q =i |3) and 9?°Q = —i (]
we first get

Ae=[02 (cop™).[8) + (8.2 (cop™)] o

with ¢ = ¢ (¢,0) and omitting the time dependence everywhere. Then
with ¢ = L+ A (and thus ¢! = L* — A*) and (21, Az2) = (21 ® 29, w4) We
obtain

Ac(z) = 02¢c(2). |(L*V? + A*V?) B) + ((L*V? + A*V?) B| .02¢(2)
—2({(Iz ® 9:0.¢(2)" L*) B,wa) + (wa, (Iz ® 0:0.c(2) L*) ) .

Then we compute %AS in several parts. The linear and antilinear parts
of the equation 059 (s,0) z = 0:Qs (¢ (s,0) 2) give

O0sLz = —iaLz + ((Az| V Iz)|B)
0sAz = —iaAz + ((Lz| V Iz)|5) .

We now show that dsvs = |(L*V? + A*V2) ),

0s (71 ® 29,vs) = 05 (Lz1, Azo)
= (—iaLzy, Azy) + (0, Azo V Azp)
+ (Lz1, —iaAzy) + ((Lza| V (Lz1]) | 8)
=(B:(AVA)(z1V2)) +{((LVL)(a1V 22),0)

- <21 V 2, (L*V2 n A*V“’) ﬂ> .
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And thus 0, (82. |v) + (v|.02) = 02| (L*V? 4+ A*V2) B)+{(L*V? + A*V?) B .02.
We then show that

0sTr [A*AD:0.¢ (2)] = (B, (Iz @ LOz0,c (2)) wa)+H{wa, (Iz ® 0:0,¢(2) L*) B) .

We first observe that Tr [A*Ad:0.c (z)] = (wa, (Iz ® 0:0.¢(2)) wa). A sim-
ple calculation using 0sAz = —iaAz + ((Lz| V Iz) |) shows that dswy =
(—ia® Iz)wa + (Iz ® L*) § and this immediately gives the result.

3.4 Classical evolution of a Wick polynomial under
a quadratic evolution

The adjoint of a C-antilinear operator is defined in Appendix 3.A.

Definition 3.4.1. A C-antilinear operator A on Z is said of Hilbert-Schmidt

class if HAH£‘2‘(Z) = HAA*Hlﬁ/lQ(Z) is finite, where [|-[|z, z) is the usual trace

norm for C-linear operators. The set of Hilbert-Schmidt antilinear operators
is denoted by L§ (Z).
Let X (2) = L(Z) + £ (2) with norm
1Tl xzy) = 1Ll £ezy + 1 All 2o (2)

for T'= L + A, where L and A are respectively C-linear and C-antilinear.
The space X (Z) is a Banach algebra.

Remark 3.4.2. The norm ||T'[| yz) is well defined as the decomposition T" =

L+ Ais unique (L = 1 (T —iTi) and A = L (T +iT1)).

3.4.1 Construction of the classical flow without the o term

Let 8 € C®(R;Z2Y?) and Q; = I (B, 2"?). Observe that 9:Q (t) (z) =
i (Iz V (z|) B and so (0:Q), is a continous one parameter family of X (Z),
so that the theory of ordinary differential equations in Banach algebras (see
for example [65]) asserts that there exists a unique two parameters fam-
ily ¢ (t2,t1) of elements of X' (Z) such that

{z’@tgo(t,()) = 0:Q: ¢ (t,0)
p(0,0) = Iz ’

with ¢ of C! class in both parameters such that for all 7, s and t,

gO(t,S)(,O(S,T‘) :So(tvr) .

The classical flow ¢ (t,s) is a symplectomorphism with respect to the
symplectic form o (21, z2) = $ (21, 22). It can be checked deriving

g (90 (t7 S) z1L, P (t? 5) ZQ)

with respect to t.
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3.4.2 The strongly continuous dynamical system associated
with (o)

We first state a proposition which is a direct consequence of Theorem X.70
in [70] in the unitary case. This proposition provides a set of assumptions
ensuring the existence of a strongly continuous dynamical system associated
with a family (oy), of self-adjoint operators. Other more general situations
can be considered as in [67, 68] for example.

Proposition 3.4.3. Let (a;),cg be a family of self-adjoint operators on the
Hilbert space Z satisfying the following conditions.

1. The a4 have a common domain D (from which it follows by the closed
graph theorem that ¢ (t,s) = (o — 1) (as — i)~ " is bounded).

2. For each z € Z, (t—s) ' c(t,s)z is uniformly strongly continuous
and uniformly bounded in s and t for t # s lying in any fixed compact
interval.

3. Foreachz € Z, c(t) z = lim, ~ (t — s) te(t,s)z exists uniformly fort
in each compact interval and c(t) is bounded and strongly continuous
m t.
The approximate propagator uy is defined by ug (t,s) = exp(— (t — s)ij—1)
. . k
if S <s<t <1 andug(t,r) = ug (t,s)ug (s,7).

Then for all s, t in a compact interval and any z € Z,

u(t,s)z = kEToouk (t,s) 2

exists uniformly in s and t. Further, if z € D, then u(t,s)z is in D for
all s, t and satisfies

i%u (t,s)z = oqu(t,s)z
u(s,8)z = =z

3.4.3 Construction of the classical flow with the o term

Assume H1 and H2. Let ¢ be the solution of

{z&tgb(t,O) = aZQt @(t,O)
©(0,0) = Iz ’

with Q; (2) = S <Bt7 Zv2>7 By = uq (t,0)V2 B,. What we call here the solu-

tion of

i0ip (1,0) = 0:Q1 ¢ (t,0)
{ ©(0,0) = Iz ) (3.4.1)
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with Q = (2, a4z) + S (B, 2¥?) is
(p(t,O) = Ua (t70) ogf)(t,()) :

Depending on the assumptions on (ay) it will be possible to precise if ¢
sloves Equation (3.4.1) in a usual sense (strongly, weakly, on some dense
subset...).

With the particular set of assumptions of Theorem 3.4.3 we get that for
all z1 € D and 29 € Z,

{ 10 (21, (t,0
@ (

)z2) = (az1,¢(t,0)22) +i (21 V@ (t,0) 22, 6)
0,0) = Iz

3.4.4 Composition of a Wick polynomial with the classical
evolution

The composition of a polynomial with the classical flow defines a time-
dependent polynomial.

Definition 3.4.4. We define a norm on P (Z) by
”bHP(z) = Z pr7QHq<—p
P.q

where b = Zp,qbpvq is a polynomial with byg € Ppq(Z) and pr7q||q<—p is

a shorthand for HBWIHE(VP z,/?z)- For a polynomial b in Py, (Z), we will
sometimes write [[bl|p ().

Proposition 3.4.5. Let b € P,, (2) be a polynomial, and ¢ € X (2).
Then bo ¢ € Py, (Z) and we have the estimate

oo ellp,.z) < lelzz) lbllp,.z) -

Proof. The proof is essentially the same as in Proposition 2.12 of [46]. O

3.5 Quantum evolution of a Wick polynomial

3.5.1 Without the o term
Definition 3.5.1. Let 8 € C° (R; 2?) and Q¢ (z) = S (B, 2"?). A fam-

ily U (t, s) of unitary operators on H defined for s, t real is a solution of

£

iU (,0) = Ly ¢,0)
{ U008 = I (3.5.1)

if
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1. U (t, s) is strongly continuous in H with respect to s, t with U (s, s) = I,
2. U(t,r)=U(t,s)U(s,r), r<s<t,

3. iLU (t,s)y exists for almost every ¢ (depending on s) and is equal to
Q" kU (¢, 5) y,

4 ie LU (t,s)y = —U(t,s) QV**y, y e D(N +1),0< s <.

This definition is made to fit the general framework of Theorems 4.1
and 5.1 of [67]. More precisely we may check the following theorem.

Theorem 3.5.2. Let § € C° (R; 2Y2) and Q; (2) = S (B, 2V?).
Then the quantum flow equation (3.5.1) associated to the family %Qt has
a unique solution. This solution preserves the sets D((N)k/2) for k> 2.

To establish this theorem we will use the following estimates.

Lemma 3.5.3. Let 3 € Z¥2 and Q (z) = S(B,2"%). Then, on Hysy,, and
for k> 1, QWk satisfies the estimates

ic 3
|@¥it/ew|| < S 1Bl e (N /e + 1) W) (3.5.2)
and
+i [QWiCk/s, (N/e + 1)’“] < 3"V2|B] gva (N/e + D)F . (3.5.3)
The second estimate is in the sense of quadratic forms, for all ¥ € Hy,,
1 , 1 .
+i <<€QW“"3\P, (N/e 4+ 1) xp> — <(N/5 +1)"w, gQW“k\P>>
314:
< 5 18l zve (0. (/e + ) )
Proof. The first estimate is a consequence of n+2 < 2 (n + 1) associated to
=vnm—1) @V In-2z—y(n+2)(n+1)[|6)VIymz.

For the second estimate, consider 2 <\IJ, [(1 + N/E)k,QWiCk} \If> The
first term of this commutator is

% QWick
9

ZVn

Z (n+ 1)k ( n+2)(n+1) <\1;(n) Vv (3] 7\I,(n+2)>

n

V-1 <x1/(">, 18) v \1/<”—2>>) .
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Then we deduce easily the second term and a reindexation gives the following
form for the whole commutator:

> [(n—l—l)k— ((n+2)+1)k} (n+2)(n+1)
x (<x1/<"> v (8] ,\If<”+2>> v <111<”+2>, 18) v \1/<n>>) .

Newton’s binomial formula and the inequalities Zf:_ol (];) 2k—l < 3k and
(n+1)' < (n+1)" yield

n+ 1)~ (n+2)+1)fF <3k (n+1)f ",
Using also n +2 < 2(n + 1) to control y/(n + 2) (n + 1) we obtain
i QWick
ii<\1!, [(1+N/s) , ] qf>
£

SRR CIES] L [CIE

\I,(n+2) H )

Cauchy-Schwarz’s inequality gives the claimed estimate. O

Lemma 3.5.4. Let § € ZY2 and Q(2) = S(B,2"?). Then QW is
essentially self-adjoint on Hy;, and its closure is essentially self-adjoint
on any other core for N/e + 1. Inequalities (3.5.2) and (3.5.3) still hold
onD(N/e+1).

We still denote by QWi this self-adjoint extension.

Proof. We apply the commutators Theorem X.37 of [70] with the estimates
of Lemma 3.5.3 for k = 1. O

Lemma 3.5.5. If a solution of the quantum flow equation (3.5.1) exists then
it leaves Q((N/e + 1)*) = D((N/e + 1)¥?) invariant for any integer k > 2.
In the time-independent case the estimate

10 (£ 0) Lo (e 1y072)) < exp (3V2 18] 14])
holds.

Proof. From Lemma 3.5.4, for any k > 2, D((N/e + 1)¥/?) ¢ D(QWik). We
can adapt the proof of Theorem 2 of [54] to the case of the quantization of a
continuous one parameter family of quadratic polynomials with the estimates
of Lemma 3.5.3. O
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Proof of theorem 3.5.2 . We use Theorems 4.1 and 5.1 of [67] with the
family of operators iQ (£)"V** /e (here we directly consider the self-adjoint
extension of Q}Vi* /e). We set Y = D((N/e + 1)%/2).

1. This family is stable in the sense that || H?:l e*isz(tj)WiCk/EHL(H) <1
(we actually have an equality here).

2. The space Y is admissible for this family in the sense that for each t,
(iQ}V** /e + X\)~! leaves Y invariant and

‘ (iQFetse+2) | < (a-svapap)

for RA > 3%/23].

This is true because, as we have seen in Lemma 3.5.5, (e_iSQtWiCk/‘g)seR
leaves Y invariant and, thanks to the estimate of the same lemma, we
can apply the resolvent formula

Wick -1 oo A - Wick
(iQt v /5+)\> —/ e MeT Q0 e g
0
and obtain the desired estimate.

3.Y € D(Q[V*/e) so that Q)Y /e € L(Y,H) for each ¢, and the
map t — Q" /e € L (Y, H) is continuous.

L(Y)

4. Y = D((N/e + 1)¥/?) is reflexive.

Theorems 4.1 and 5.1 of [67] thus apply and give the existence of an evolution
operator.

The preservation of the set D((N/e + 1)k/ %) comes from the application
of Lemma 3.5.5 to the solution of the time-dependent problem. To conclude
it is then enough to observe that the domains D((N}k/z) and D((N/e + l)k/2)
are the same and have equivalent norms. O

3.5.2 With the o term
Assume H1 and H2. Let U be the solution of

AWick
t

{i@tU(t,O) = 20 (t,0) (3.5.4)

~

with Qy (2) = S <Bt, Zv2>’ By = uq (t,0)*V% 8. What we call here the solu-

tion of i

i0.U (t,0) “—U (t,0) (3.5.5)
U0,0) = Iy

with Q¢ = (2, asz) + S (B, 2¥?) is
U (t,0) =T (uq (£,0)) o U (¢,0) .
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3.6 Removal of the o part

Proposition 3.6.1. Assume H1 and H2. Suppose Theorems 3.5.1 and 3.3.2
hold with a null one parameter family of self-adjoint operators on Z, and By =
uq (2, 0)”2 Br. We denote with a hat the quantities associated with this solu-

tion. Then Theorems 3.3.1 and 3.3.2 hold.

Proof. For Equation 3.3.3, we forget during the proof the (¢,0) dependency
in our notations and write
/ b(O)t,EOdgo
AP

instead of 5. Then

U p"ViRU = UT (u) 0V (u) U
U—* (b ° ua)Wick U

{ Wick
k — gk
(5) / boug " ds*
2 Ak
t

where the 5®)45" are defined recursively by

|3
[

k=0

plALEEE T Ny p(k)t,sF

{ b (z) = bog

< A~ 1@
with A¢ = —i {co ©(0,5) ,QS} o ¢ (s,0) for any polynomial c¢. Thus it
suffices to prove that
boug " = pnst

This is clear for £k = 0 as u, 0 ® = . Then we observe that
. A1 (2)
Asc:—i{cogp—l,Q} 0@

= — {c o gp’l 0 Ugq, Q}(2)

= —ifeor Q)P oy

ou;logp

where we used that 82 (z, az) = 0, 92 (z,az) = 0 and B = uq (£,0)% f;. O

We can thus restrict our proof to the case of a polynomial @Q; of the
form Q¢ (z) = S (B, 2¥?) with 8; € C° (R; £¥?) and no (o) term.
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3.7 A Dyson type expansion formula for the Wick
symbol of the evolved quantum observable

In this section we prove Theorem 3.3.1.

Proof. We first prove that the formula, for ¢ € P<,, (2),
U (0,5) (cop(0,5)" " U (s,0)

=t 2 [0 0,0) {e0 ¢ (0,0).Q0) U (0,0)do
0

holds as an equality of continuous operators from D((N )m/ %) to H, with (N) =
(N2 +1)Y2. This is a consequence of the fact that the derivative of the left
hand term as a function of s is —£U (0, s) {c o ¢ (0, s) L QYEVIR T (5,0) as
it can be seen from the relation

10y (C oy (07 J)) = -0, (C SR (Oa 0)) ~82Qa + aszaE (C R4 (07 U))

(K)t,5%

and Proposition 3.2.2. Applying the previous formula with ¢ = b we

get recursively

U (0,t) b™Wiky (¢, 0)
1

56 [y ()
Wick

K —
+ (§> / U(O,SK) <b(K)t,sK o()O(O;SK)) U(SKao) dgK )
2 sKenk

k=0

This process gives a null remainder as soon as K > m/2 as for K < |m/2],
since the polynomial bF)™ is of total order m — 2K. O

3.8 An exponential type expansion formula for the
Wick symbol of the evolved observable

In this section we prove Theorem 3.3.2.

3.8.1 Quantum evolution as a Bogoliubov implementation
Some basic facts about symplectomorphisms are recalled in Appendix 3.A.

Definition 3.8.1. A symplectomorphism T is called implementable if and
only if there exists a unitary operator U on H , called a Bogoliubov imple-
menter of T, such that

VEe Z, UW (&)U = W (T¢) .
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Proposition 3.8.2. Assume oy = 0 and H2. Let Q¢ = S (B, 2¥%), ¢ (t,s)
the associated classical evolution (see Section 3.4) and U (t,s) the associ-
ated quantum evolution (see Section 3.5). Then for all t in R, U (t,0) is a
Bogoliubov implementer of —ip (0,1) 1.

Proof. We begin with a formal computation which will be justified further.
It suffices to show that

iedy [U (0,t) W (—ig (t,0)i€) U (¢,0)] = 0.

Computing this derivative and omitting the time and —i¢p (¢,0) i§ dependen-
cies in our notations, we get with U (t,0) = U

UW {—W*QWiCkW +QWick 4 W*z’e@tW} U.

Then from Proposition 2.10 (iii) in [46], the differential formula of Weyl
operators recalled in Proposition 3.8.3 below and with f; = —ig (¢,0) i€ it
suffices to show that

Q (z + \%ft) — Q) +ic (f% (1, 0uf1) + V2R <8tft,z)>

to get the result. This equality results from the expansion of @ (z) =
3 <ﬂ, zVQ>, recalling that 0, (¢,0) & = 0:Q (¢ (t,0) &), and observing that
0:Q (z) =i ((2| VIz)|B). We now need to clarify the meaning of this com-
putation. It suffices to show that the quantity

(O, U (0,t) W (—ip (t,0)i&) U (t,0) T)

is constant for ¥, ® in D (N +1). Since this domain is preserved by the
operators U(t, s), the Weyl operators are weakly derivable on this domain
(see next proposition), and U (¢, s) is derivable on this domain, then we get
the justification of the previous formal computation. O

Proposition 3.8.3. Let z, h be vectors in Z, t be a real parameter and ¢,
be in the domain of ® (h). Then

1€

o, W (2) [z’(I) (h) + 5%<z,h> +] 1/1>

tim L (e 0+ 00) — W ()]0 <
< 1€

©, [z’(l) (h) — 2%(z,h)] W(z)¢> .
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Proof. For the first equality. The Weyl commutation relations give

S, W th) = W) = 7 (W (=2), [ F3EMWan) — 12] )

— <<p,W(z) [z‘é (h) i;%<z,h>] ¢> .

t—0

The convergence of the first term is due to the continuous one parameter
group structure of W (th). The other equality is obtained in the same way.
O

3.8.2 Action of Bogoliubov transformations on Wick symbols

A theorem due to Shale (see [72]) characterizes implementable symplecto-
morphisms. We quote here a version of this theorem fitting our needs.

Theorem 3.8.4 (Shale, 1962 ). A symplectomorphism T is implementable
if and only if the C-linear part of T*T — Id is trace class.

We can now quote the main result of this part.

Theorem 3.8.5. Let T = L + A with L C-linear and A C-antilinear, be an
implementable symplectomorphism with a Bogoliubov implementer U preserv-
ng D((N)k/2) for any integer k> 2, then for any polynomial b in P<y, (2)
with m > 2,

(3.8.1)

. c Wick
U*bchkU — (eiA[T} [b (T*)]>

as an equality of continuous operators from D((N)m/Q) to H, with (N) =
(N2 4 1)'/2, where

e the exponential is a finite expansion whose rank depends on the degree
of the polynomial b,

e the operator A[T] is defined on any polynomial ¢ by
AT c(z) = Tr[-24A*0:0.¢(2)] + (v] .0%¢c(2) + 0%c(2) . |v)

with v € ®2 Z the vector such that for all z1, z0 € Z, (21 ® 22,v) =
<Zl, LA*ZQ>.

In order to prove this result, we use intermediate steps.

1. We prove that U*bWe'y = b (T*)"V¥" in finite dimension.
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2. We use the Fourier transform and the formula

Weyl 1 _ﬁ Wick
b = 7( 72)d bxe =/?
e

to get the result in finite dimension.
3. We extend the result to infinite dimension.
3.8.2.1 Action of Bogoliubov transformations on Weyl quantiza-
tions of polynomials in finite dimension

Definition 3.8.6. In a finite-dimensional Hilbert space Z identified with C¢,
the symplectic Fourier transform is defined by

FO [f] (Z) — /2’7627ria(z,z’)f (Z/) L (dZ/)

where L denotes the Lebesgue measure, and f is any Schwartz tempered dis-
tribution. We associate with each polynomial b € P, , (Z) a Weyl observable
by

pWevl — /.7-"” z\fﬂz) (dz) . (3.8.2)

This formula has a meaning as an equality of quadratic forms on S (2)
since for any ®, ¥ in S (Z), z — (@, W(—iv2r2z)V¥) and its derivative are
continuous bounded functions and F7 [b] is made of derivatives of the delta
function.

Proposition 3.8.7. Letb € P<, (Z) withm > 2 be a polynomial on a finite-
dimensional Hilbert space Z. Let T be an implementable symplectomorphism
with implementation U preserving the domain D((N)m/2). Then

U*bWele b (T* )Weyl
as a continuous operator from D(<N>m/2) to 'H.

Proof. We compute, in the sense of quadratic forms on S (Z),
UVl /.7:‘7 fﬂTZZ) (dz)
- / FO) (T 2) W (—Nim) L (dz)

/.7-"" b(T*)] () W (—iﬂwz) L (dz)

where we made use of the relation 7% = i(T*)_l, the volume preservation
of T* in Z seen as a R-vector space and the property of composition of a
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symplectic Fourier transform by a symplectomorphism (see Appendix 3.C).
The boundedness from D((/NV >m/ %) to ‘H is deduced from the facts that the
Fourier transform of b involves only derivatives of the delta function of order
smaller or equal to m and that a derivation of the Weyl operator gives at
worse a field factor which is controlled by (N )1/ 2, O

3.8.2.2 Action of Bogoliubov transformations on Wick quantiza-
tion of polynomials in finite dimension

Proposition 3.8.8. Letb € P<,, (Z) withm > 2 be a polynomial on a finite-
dimensional Hilbert space Z. Let T be an implementable symplectomorphism
with implementation Upreserving the domain D((N)m/2). Then

) . Wick
U*bW’LCkU — (egA[T} [b (T*)]) , (383)

as a continuous operator from D((NY™?) to H, where A[T) is defined as in
Theorem 3.8.5.

Proof. We search the polynomial ¢ such that U*bWiky = Wik In finite
dimension for polynomials we can use the well known deconvolution formula

1 L2 Weyl
WVick — [ ¢« Sec/? .
(me/2)

By Proposition 3.8.7 we boil down to search for a polynomial ¢ such that

L o * —0*71 elﬁz‘z
(b*ws/z)de/)@ I

Using symplectic Fourier transform (see appendix 3.C) and its properties
with respect to convolution, composition with symplectomorphisms and Gaus-

sians, we get

2

e</2 . . e /2
Fe=[Fob(T*)] x |F s (T*)| x | F (re/2)
= eﬂgs‘(‘T*zAF_‘AF) X Fob(T™:) .

Writting T = L + A with L the C-linear and A the C-antilinear part of T
we obtain

IT*2|? — |22 = (L*2, L*2) + (A*z, A*2) + (L2, A*2) + (A*z, L*2) — (2, 2)
= (2, LL*z) + (2, AA*z) + (LA™ z,2) + (2, LA*z) — (z, 2)
= (2,2AA%z) + <U, zv2> + <22, v>
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with v € ®QZ the vector such that for all z1, z0 € Z, (21 ® 29,v) =
(21, LA*z3). By Fourier transforming again, we get

P2F7 (I = |) x| F7e = Te [-244%0:0.¢ () 4+ (0] 2¢ (2)+ 0% (2) o)

as the C-linear and C-antilinear parts behave differently under Fourier trans-
form (the C-linear part has a minus sign added, see appendix 3.C). We then
obtain the claimed result. O

3.8.2.3 Extension to infinite dimension on a ‘“cylindrical” class of
polynomials

Theorem 3.8.9. Let T be symplectomorphism of the form T = e, withc a
conjugation and p a positive, self-adjoint, Hilbert-Schmidt operator commut-
ing with c. Let (§j)j€N a Hilbert basis in which p is diagonal. Let wx be the
orthogonal projection on the finite-dimensional space Zx = Vect({éj}jSK).
Then for any polynomial b in Py, (Z) with m > 2 and any integer K

e = (0 o 1))

m
2

as continuous operators from D((N)2) to H where bg (2) = b(mkz2).

Proof. We first remark that, with Q (z) = S (cpz, 2), e @ "/ is a Bo-
goliubov implementer of T as it can be seen using Proposmon 3.8.2 and the
Hilbert-Schmidt property of p. We define pr, = p7p, Ty, = T'rr, and the oper-
ator Qr, (2)V* = S (cprz, 2)"V . We use the identification H = I'y (£;) ®

I's(Z£) and observe that on T's(Z1) ® {QZLY}, e~V /e = —iQL" /e,
For K < L we obtain on I'y (Z;) ® {Q%L}

O pWick(r, — (egA[TL] [bK (T;)}>Wick

by Proposition 3.8.8, with U, = e~QL""/e But on this domain it is the
same as

U*b[VgickU _ (egA[T] [bK (T*ﬂ)chk

with U = e~1@"""/¢. We thus get an equality on UrI's (Z1), and by con-
tinuity of the involved operators from D((N)?2) to H we get the expected
result. O

We will first show that Formula (3.8.1) apply in particular to a well
chosen class of cylindrical polynomials, and then extend it by density to
every polynomial.
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3.8.2.4 Extension to general polynomials

We split the proof of Formula (3.8.1) for general polynomials into several
lemmata and propositions.

Lemma 3.8.10. Let (§j)j€N be a Hilbert basis of Z, m, be the orthogonal
projector on Zm = Vect({§;},.,,). Let b be a polynomial in Ppq(Z) and

define by = b(mwg-). Then (l;;v()KeN is bounded and

b=w— lim g{
j—0o0

To formulate more clearly some convergence results we need some extra
definitions.

Definition 3.8.11. We define the spaces

L, (2)=L(27.27), L= @ Ly, and LZ, = @ Ly

ptg=m m/<m

corresponding to Pp 4 (Z), Pm (Z) and P<y, (Z). )
Let b = >, bpg be a polynomial, with b,, € P(Z). We note b =

(pq)e@pq pq( ) .
The norm of b = (by) € LY, (2) is 1bllzy,.2) = 2pq bpall covr 200 2) -

_ A sequence (bre) ken of elements of L<., (Z) converges weakly to bin L<y, (2)
if b, , converges weakly to by 4 for every p and q as K — +o0.

Lemma 3.8.12. Let T be an operator in X (Z), (bx)gcyn and b be poly-
nomials in Pp, (2) such that (bi)xen converges weakly to b. Then by (T)

and b(T") are in Pp, (Z) and bg (T-) converges weakly to b(T-).

Lemma 3.8.13. Let T be an operator in X (Z), (bx) ey and b be polyno-
mials in Pp, (Z) such that (bx)ken is bounded and converges weakly to b.
Then (62 [T]bK)KeN converges weakly to ez Ty,

Proof. 1t is enough to show that weak convergence is preserved by the action
of A[T]. But, for any polynomial b,

A[T]b=Tr |(-24"A® Izvi-1) bl + (0] V Izva—2)b+b(J0) V Izvp—2) ,
where Try is the partial trace on the first Z subspace on the left and any
direction on the right (so that if b € £, (Z), then Try[(—2A4* A® Izve-1)b] is
in £y |, 1 (Z)). With this formula the preservation of the weak convergence
is clear. O
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Proposition 3.8.14. Let b and (b ) ey be Wick polynomials in Pp 4 (Z)
such that w — lim EK =b. Then

ptq
2

w —lim (b — b)Viek (N2 = 0.

Proposition 3.8.15. Let b and (bx )y be Wick polynomials in Py 4 (2)

such that w — limbg = b. Let U be a unitary operator on the Fock space 'H
k k

such that, for all k > 2, (N)2 U (N)™ 2 is a bounded operator. Then

ml

w —lim U (bx Wik (N =0
with m’ = max (m,2), m =p+q.

Proposition 3.8.16. Let T be an implementable symplectomorphism with
Bogoliubov implementer U. Then for any polynomial b in P<p, (Z£), m > 2,

) e Wick
U*bchkU — <€§A[T] [b (T*)])

as continuous operators from D((N)? ) to H.

Proof. From the results 3.8.10 to 3.8.15 we deduce the result for symplec-
tomorphisms of the form T = e, with ¢ a conjugation and p a positive,
self-adjoint, Hilbert-Schmidt operator commuting with ¢. Then we observe
that the hypothesis on the form of 7' is not restrictive as, if T is of the
form we®’ with uw unitary, then, with U a Bogoliubov implementer for T,
UT (u*) is a Bogoliubov implementer for 7' and

T (u) (e%A[T] [b (T)DW'“F (w*) = (e%A[Tl b(T))

Indeed for any polynomial ¢, and operator ¢ in X (Z), T (¢) VT (p*) =
¢ (p* )V and

Al ) o =arl )
as can be checked by an explicit computation and using the fact that L = ul

and A = uA with the L, L and A, A denoting respectively the C-linear and
C-antilinear parts of T and T'. This achieves the proof. O

Wick

3.8.3 An evolution formula for the Wick symbol
We can now prove Theorem 3.3.2.

Proof. We only need to apply propositions 3.8.2 and 3.8.16 with T" = —ip (0,t) i =
L* (t,0) + A* (¢,0) (with ¢ (t,0) = L(¢,0) + A(t,0)). We remark that for
any symplectomorphism T, (—iT%)" = T~ so that (—ip (0,t)4)" = ¢ (¢,0)
and thus we get the result. O
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3.8.4 Estimates

We now give estimates for the different terms of the expansion of the symbol.

Proposition 3.8.17. Let T' = L + A be an implementable symplectomor-
phism with L C-linear and A C-antilinear. Then the operator A[T] defined
on P (2) by

AT c(z) = Tr[—2AA%0:0.c] + (v| B2¢ (2) + 8¢ (2) |v) ,

with v € ®QZ the vector such that for all z1, zo € Z, (21 ® 29,v) =
(z1, LA*23) is such that, for ¢ in Py, (Z)

[A[T] C||7>m_2(z) <2 HTHX(Z) ||A||L‘2‘(Z) ||C||7>m(z) :

Proof. We only have to remark that for any polynomial ¢ in Pp,(Z) the
following estimates hold

177 [BOz0z¢ (2)llg—1p1 < IBllzy(z) lellgey

for any trace class operator B, and

w82 (|, 5o, < llvllye 2 llell,oy

and that H’UHVQZ = HLA*Hcg(z) < 1Ll gz HA”ﬁg(z)- The same estimate
holds for 82¢(2) |v). O

We apply this result to the expression given in the theorem 3.3.2.

Proposition 3.8.18. Let (Q;), be a continuous one parameter family of
quadratic polynomials, ¢ the classical flow associated to (Q),, and A' the
operator defined in theorem 3.3.2. Then, for b in P<y, (Z)

e3M (bo (¢, 0))HP(Z)

m

1 k
< Wllpzy e (6, 0) 1%z D o7 (216 (60 az) 1A (0l g )
k=0

where A is the C-antilinear part of v.

Proof. 1t is enough to combine the propositions 3.4.5 and 3.8.17. O

Remark 3.8.19. The norm [[¢ (t,0)[ y(z) is bigger than 1 as for any symplec-
tic transformation T" = L + A with L C-linear and A C-antilinear, L*L =
Iz + A*A > Iz (see proposition 3.A.4) and thus || y(z) = [ Lllzz) = 1.
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Appendix

3.A R-linear symplectic transformations

In this part we adapt and recall some results of [69] to fit our needs.

Let (Z,(-,-)) be a separable Hilbert space over the complex numbers
field C. The scalar products is linear with respect to the right variable and
antilinear with respect to the left variable. We note Autg (Z) the group of
R-linear continuous automorphisms on Z. We define a symplectic form o
on Z by

g (Zl, Zg) =G <21, Z2> .

Definition 3.A.1. A R-linear automorphism 7T is a symplectomorphism if
it preserves the symplectic form, i.e. if

VZLZQEZ, O'(TZl,TZQ):O'(Zl,ZQ) .

We note Spg (Z) the set of symplectic transformations over the Hilbert
space Z. It is a subgroup of Autg (2).

Proposition 3.A.2. A R-linear application T : Z — Z can be written as
a sum of two applications respectively C-linear and C-antilinear in a unique
way :

T — 414 n T+ T4
2 2 ’
Definition 3.A.3. Let A be a (bounded) C-antilinear operator on the

Hilbert space Z. We define its adjoint A* as the only antilinear operator
such that

T:

V21,20 € Z, <21,A22> = <z2,A*z1) .

Let T=L+ A= 2 — Z be a R-linear application with L C-linear and A
C-antilinear. The adjoint T* of T is defined by T* = L* + A*.

Proposition 3.A.4. Let T = L + A be a R-linear automorphism with L
C-linear and A C-antilinear, then the following conditions are equivalent.

1. L+ A is a symplectomorphism.
(L* = A" (L+ A) =1Iz.

(L*4+ A" (L—A)=1Iz.

L*L —A*A =1z and L*A = A*L.
L* — A* is a symplectomorphism.

L — A is a symplectomorphism.

XS @A e

LL* — AA* = Iz and A*L = L*A.
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Proof. (1) < (2) Let T'= L + A a symplectomorphism, for all 21, 23 € Z,
S(L+ A)z1,Tz)

S ({21, L' T2) + (o1, AT20) )

S (21, (L — A*) Tz) .

o (z1,22) = (21, 20) =

Replacing z1 by iz1 we get the same relation with a real part instead of an
imaginary part and finally

(21, [(L" = A") (L + A) = Iz) 22) = 0

and this in turn implies (L* — A*) (L + A) = Iz. We can reverse the order
of these calculations in order to obtain the first equivalence.
(2) < (3) The C-linearity and antilinearity properties of L and A give

(L* — A" (L + A)i =i (L* + A*) (L — A)

so that we get the equivalent condition (3).

((2) and (3)) < (4) The sum and the difference of the equations of (2)
and (3) give (4) and the sum and difference of the equations in (4) give (2)
and (3).

(1) & (5) From (1) and (3) we know that the inverse of a symplectomor-
phism 7 = L+Ais T~! = L*— A* which is necessarily a symplectomorphism
too, and thus (1) = (5). We get (5) = (1) exchanging T and T~ !.

(1)  (6) < (7) is easily deduced from the previous equivalences. O

Proposition 3.A.5. LetT = L+ A be a symplectomorphism with L C-linear
and A C-antilinear, then L is invertible.

Proof. From Proposition 3.A.4 we get
L'L=1z+A"A>1Iz and LL*=1z+ AA*>1Iz

and thus L and L* are injective. From the injectivity of L* we get RanL =
(KerL*)*© = {0}* = 2.

It is now enough to show that the range of L is closed. Pick a vector y €
Z, there is a sequence (z,,) € ZY such that La,, — y. The relation L*L > Iz
gives |Lxy, — Lzy| > |z, — |- The left hand part of the inequality goes
to 0 for m,n — oo, so that (x,) is a Cauchy sequence and thus converges to
a limit x. By continuity of L, Lz = y and L is indeed one to one. O

Definition 3.A.6. An application ¢ from Z to Z is a conjugation if and
only if it satisfies the following conditions.

1. ¢ si R-linear.

2. 2 =1Isz.
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3. For all 21, z9 in Z, (cz1, 22) = (c29, 21).

Remark 3.A.7. It follows from the third condition in this definition that a
conjugation is antilinear.

One may define different conjugations on the same Hilbert space over C
(even for a one dimensional Hilbert space). As an example one can consider
a Hilbert basis (e;) and define the application c: ), aje; — > aje;.

Definition 3.A.8. Let ¢ be a conjugation on the Hilbert space Z. The real
and imaginary parts of a vector z € Z (with respect to the conjugation c)
are defined as
zzcz and Sz z;icz

They verify z = Rz + ¢32z. The space B := RZ = 3Z is a subspace of Z
as R-vector space, (-,-) restricted to Ef is a real scalar product and E =
Eg ®iFEg.

Let f be a R-linear application on Z, then we can define the applications
from Ef to itself

Rz =

a:ze—=Rf(2), vz Rf(iz),

B:z—Sf(z), §: 2z Sf (iz) .

Then, if a, b € Eg, then f (a+ib) = a(a) + i (a) + v (ib) + i (ib), and f
can be represented as an application on Eg x Eg by the matrix

(57)-

The following relations hold with the above sign if f is C-linear and with the

below sign if f is C-antilinear: 8 = Fy and @ = £ and f* is represented
by the matrix <g; Ig; )

We want to show a reduction result for the symplectomorphisms in the
spirit of the polar decomposition, in the case of an implementable symplec-
tomorphism (see Definition 3.8.1 and Theorem 3.8.4).

Theorem 3.A.9. Let T be an implementable symplectomorphism. Then
T = ue®
where
e u 1S5 a unitary operator,
® c is a conjugation,

e p is a Hilbert-Schmidt, self-adjoint, non-negative operator commuting
with c.
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Remark 3.A.10. The operator u is the unitary operator of the polar de-
composition L = w|L| of the C-linear part of 7. The conjugation c¢ is a
specific conjugation associated with L and will be constructed during the
proof and p = argcos |L|.

Proof. Let us write T' = L+ A with L C-linear and A C-antilinear. With L =
u|L| the polar decomposition of L we get T = u (|L| + u*A) so that it is
enough to show the two next lemmas. O

Lemma 3.A.11. Let (E,(-,-)) be a finite-dimensional Hilbert space over C.
Let f : E — E be a C-antilinear application such that

fff=1Ig  and  f=f".

Then there exists an orthonormal basis (u;) of E such that

Proof. Let us consider an arbitrary conjugation ¢y on E and the (g f a)
“matrix” of f (as a R-linear operator) on E = Eg’ ®iEy’ identified with E’ x
ER’. The matrix associated to f* is (g; _ﬂaTT) so that the relation f = f*
gives a = ol and B8 = 7. From ff* = Igp we deduce o + 32 = Id
and af = fa. We can thus diagonalize simultaneously « and 3, and so in a
convenient basis of Eg’ the matrix of f is of the form

0" 0
N 5
Aj Aj

8 .
Y Y
0 o

We can thus confine ourself to the case of a space E of complex dimension 1

and of f with a matrix of the form (% _@) with o« and (8 real numbers. We

search a normalized vector z = (%59) = () and a real A such that f(z) =
Az, i.e.

M) = (Casr) = (50 5
= VT (e ih) (R2) = Ver+ 2 (000)

so that if we choose 6 such that ¢ — 0 = 0 we get the desired result with \ =
Va2 + (2. Finally, from ff* = Ig we deduce that A = 1 and the result
follows. O
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Lemma 3.A.12. Let T = L+ A be an implementable symplectomorphism
with L C-linear self-adjoint and positive, A C-antilinear.

Then L and A commute, there exist a conjugation ¢ commuting with L
and A such that Ac is self-adjoint and non-negative and

T =e?

with p = argcosh L = argsinh (Ac) a Hilbert-Schmidt, non-negative and
self-adjoint operator commuting with c.

Proof. As AA* € L1 (Z2), AA* =3, )\3 lej) (e;], with Aj € R and >, /\? <

o0, from L? = Iz + AA* we deduce L? = > ,ujz lej) (e;| with pj = /14 )\g
and thus L =} uj lej) (e;]-
From the equivalent characterizations of a symplectomorphism we get

L? - AA* =1z and L[?>-—A*A=1I:

multiplying the first equality on the right and the second on the left by A and
computing the difference we get [LQ, A] = 0. As L is self-adjoint and positive
one can use the functional calculus and L = v/L?2 to obtain [L, A] = 0.

From [L, A] = 0, L = L* and the characterizations of a symplectomor-
phism, we also get AL = LA = L*A = A*L so that (A — A*) L = 0 and
from the invertibility of L one deduces A = A*.

The proper subspaces associated with L and ker (L — ulz), are thus
stable by the action of A (and finite-dimensional). We also remark that
on ker (L — pulz), AA* = L? — Iz = (u? — 1)1z, so that two cases are possi-
ble:

1 1
w=1,thenA=0 or > 1, then A A =1z.

V=1 2 -1
We apply Lemma 3.A.11 to the C-antilinear applications induced by the

applications A/+/p? — 1 on the Hilbert spaces ker (L — ulz). This provides
us with a Hilbert basis (e;) of Z which diagonalizes both L and A. We can

also define a conjugation ¢ (Z] aje]) = Zj aje;. This conjugation com-

mutes with L and A, and Ac is clearly a non-negative self-adjoint operator
and so is necessarily vV AA*. We finally get for every vector e; of the ba-
sis the relations Le; = pje; and Aej = Aje; with u? — )\? = 1, and thus
one can define p; = argcosh u; (p; = argsinh \; as A; > 0) and so we can
define p = argcosh L = argsinh Ac so that T = . O

3.B Relations between Weyl and Wick symbols in

finite dimension

We want to use the relation between the Weyl and Wick symbols associated
to a same Wick polynomial in finite dimension, working with Z = C" we
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have
|=|2

b= —— _bhxe <2

(me/2)"
where b is the Wick symbol and bis the Weyl symbol and b"Vick = pWeul . We
want to get rid of the convolution and for this we use the Fourier transform

1 —iz.x’
ff(x'):W/RQTe T f(x)dx
where z, 2’ € R?" =2 C". The inverse Fourier transform is then
_ 1 ir.x’
F () = i /RZT e f (2') da’ .

We can use the formulae

F(fxg)=@2m) FfFg
F [eazﬁ] (z') = %ef%

Flax)F=D,.

We then obtain with m = 2n

Fb () = (7(7257;)2)’"f [e'/'z] Fb ()
(1) @ et
= e 81 £ ()

and

_ -1 7§‘Z/|2 v
b=F e 81 Fb

e
— 05005

using the fact that
_ 2 1 . 1 )
FL |z’} F = D(Qx@ = —4x B (Op —i0¢) 3 (Op +10¢) = —40,.05 .

It is clear that if b is a polynomial in P<,, (£), then b is in this class of
polynomials, as we can see deriving the convolution product. We want to
show that the application

P<m (Z) — P<m (2)
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is a bijection. As the dimension of Z is finite, the dimension of P<,, (Z) is
finite and it is enough to show the injectivity of this application. For this
we want to justify that on the part of main degree this application is the
identity. This is obvious from the following facts:

o El

e this application is the identity on the constants.

Thus we can also consider the reverse application that we will improperly

note
b=e 3%%,

3.C Symplectic Fourier transform

Let us then consider the symplectic Fourier transform on L? ((Cd;(C) =
L? (RQd) with z = x + iy, defined by

Fo (f) (Z) — /ei27ra(z,z’)f (Z,) L (dz')

with o (z,2) = S (z,2") = S[{z,2) + (y,v) + i (x,y) —i(y,2")] and L de-
notes the Lebesgue measure. We list here some properties of the symplectic
Fourier transform.

1. Inverse.
(F) =77

2. Convolution.

Fo(frg) = FL.F

3. Composition with a symplectic transformation. Let T" be a symplecto-
morphism, then

FOU (M) (z) =F7[f](T=) .
4. Gaussians. For a > 0,

o [efal-lz} () = (E)dewﬂz\?/m

a

5. Derivation. We consider the derivations 9, = %((% —i0y) and 0z =
3 (05 + 10,) then

1 1
—;8z.20:f0(5.20><)f0 and ;20.8f:f0(20.z><)‘7:‘7.

Acknowledgement. The author would like to thank Francis Nier and Zied
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Chapitre 4

Propagation du chaos pour des
systémes constitués d’'un grand
nombre de bosons en dimension
un avec une interaction
ponctuelle entre deux bosons.
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Propagation of chaos for many-boson systems in
one dimension with a point pair-interaction.

Joint work with Zied Ammari.

Abstract: We consider the semiclassical limit of nonrelativistic quantum
many-boson systems with delta potential in one dimensional space. We
prove that time evolved coherent states behave semiclassically as squeezed
states by a Bogoliubov time-dependent affine transformation. This allows
us to obtain properties analogous to those proved by Hepp and Ginibre-
Velo (]95], [90, 91]) and also to show propagation of chaos for Schrodinger
dynamics in the mean field limit. Thus, we provide a derivation of the cubic
NLS equation in one dimension.
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4.1 Introduction

We consider a non-relativistic quantum system of N bosons moving in d-
dimensional space in the mean field scaling with a two-body point interac-
tion. The heuristic Hamiltonian of the system is given by

N
1
Hn ::Z_A‘Ti +ﬁ Z 5(1’1—1'3‘), Tiy Tj GRd. (4.1.1)
i—1 1<i<j<N

Here ¢ stands for the Dirac distribution and the Hamiltonian Hy formally
acts on the space of symmetric square-integrable functions L2(RN). This
model is widely studied in the physical literature, particulary in the one
dimension case d = 1 (see [89]). There are at least two subjects in which
such a Hamiltonian is of interest, namely in nuclear physics and in quantum
statistical mechanics. The Hamiltonian (4.1.1) indeed describes a simplified
model of stripping reaction in nuclear physics where the main motivation is
the calculation of cross-section and scattering matrix. In quantum statistical
mechanics, (4.1.1) is related to Bose gases with hard-sphere interaction and
Fermi pseudopotential (see [99]).

To the best of our knowledge there are, from a mathematical point of
view, only few results available in dimension d = 2,3. They are mainly
restricted to the three-body problem. In contrast, the one dimensional case

= 1 is quite simple. For instance, we can prove selfadjointness of Hy by
standard quadratic form technics. Consequently, the dynamic of the system
is well defined in this case and it is given by the time-dependent Schrodinger
equation

10, Ui = HNUY . (4.1.2)

Beyond the simplicity of the one dimensional case, the delta interaction in
(4.1.1) is only form-bounded with respect to the kinetic energy. This means
that the potential is quite singular. It is even not a Lebesgue measurable
function. As we will explain it later, this feature of the model motivates our
analysis.

Our goal in this paper is the justification of the chaos conservation hy-
pothesis for the quantum many-body Hamiltonian (4.1.1) in one dimension
d = 1. This well-know hypothesis finds its roots in statistical physics of
classical many-particle systems (see [94] and references therein). Roughly
speaking, we want to show that if the initial state of the system is uncorre-
lated

O = BN € LZR™)  with ol = 1,

then the evolved state, at any fixed time t, is in a certain sense asymptotically
uncorrelated, i.e.,
U~ PN when N — oo
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and ¢y solves the one particle nonlinear cubic Schrédinger equation

{ i0rp = —Ap + |l (4.13)
Plt=0 = ¥0 -

More precisely, consider the k-particle correlation functions of the state Wk

fYItc,N(xla TR YL, 7yk:)

:/ \Ijlle\l(xla ,.Tk;Z) \IJtN(yL 7yk;z) dZ' (414)
RA(N—F)

The kernel ’y};’N is symmetric with respect to any permutation over the vari-
ables (z1, -+ ,xk) or (y1,--- ,yk). Furthermore, it defines a positive trace
class operator over L?(R%) which we still denote by 7t n- The chaos con-
servation hypothesis (also called propagation of chaos)7is the property of
convergence in the trace norm of ’y}“;’N to the projector [pP%)(pPF|, i.e.,

Jim Ty — o) (]| = 0.
— 00

By duality, this convergence of correlation functions 7} n is also equivalent
to the statement:

dim (U, 4@ 1N uR) = (o, A o), (4.1.5)
— 00

for any bounded operator A : L?(R%*) — L2(R%). Here 1N=*) denotes the
identity operator acting on L?(RMN-k)),

In the recent years, mainly motivated by the study of Bose-Einstein con-
densates, there is a renewed and growing interest in the analysis of many-
body quantum dynamics in the mean field limit (see [73], [77], [78], [84], [82],
[83], [86], [87], [88], [100], [105], etc).

A statement similar to (4.1.5) was first proved in [105] for bounded po-
tentials (i.e., where ¢ in (4.1.1) is replaced by a real-valued function V' in
L>(R?) and the cubic Schrédinger equation (4.1.3) by a nonlinear Hartree
equation). Then it was extended in [78, 84] to the Coulomb potential using
the so-called BBGKY hierarchy method. This approach (named after Bo-
goliubov, Born, Green, Kirkwood, and Yvon) is based on the analysis of the
Heisenberg equation,

8t/0t = i[pta HN]v
4.1.6
{ Premo = |V (SN, (4.16)

together with the finite chain of equations obtained from (4.1.6) by taking
partial traces on k variables with 0 < k£ < N . For a general presentation
on this method and its connection to the mean field problem for classical
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particles, we refer the reader to the reviews [105, 93|. More recently, other
approaches have emerged (e.g. [75],[86],[98],[103]) and error estimates were
also derived.

One of the alternative approaches to the chaos conservation hypothesis
uses the second quantization framework (details on this notions are recalled
in Section 4.2). We consider the Hamiltonian,

2
H.=¢| Va*(x)Va(z) dr+ < a*(z)a*(y)o(x — y)a(z)a(y) dxdy,
R4 2 R2d
(4.1.7)
where a,a* are the usual creation-annihilation operator-valued distributions
in the Fock space over L?(R?). Recall that a and a* satisfy the canonical
commutation relations

[a(z),a™(y)] = 6(x —y), [a"(x),a"(y)] = 0 = [a(x), a(y)]-
A simple computation leads to the following identity

1
=H if e=—.
N, 1 N
Thus, the statement (4.1.5) on propagation of chaos can be written (up to

an unessential factor) as

e 'H

g
|L2(®IN)

ii_r% <€—ita’1Hs\Ij(l)\I, bWicke—italeE\I,(lJ\O — <¢£®ij¢§9’€>7 (e =

1
N

where bW denotes e-dependent Wick observables defined by

k
pHVick —&‘k/R%d e @) Al o, )
i=1

k
H a(y;) dxy---dxpdyy - - - dyy . (4.1.8)
j=1

Here A(x1,--+ ,Zk; 91, - , yk) denotes the distribution kernel of the bounded
operator A on L%(R*?). Therefore, the mean field limit (N — oo) for the
Hamiltonian Hy can be related to the semiclassical limit (¢ — 0) for H..
The study of the semiclassical limit for many-boson systems started with
the work of Hepp [95]. It was subsequently improved by Ginibre and Velo
[90, 91]. This analysis uses coherent states

0 612 o /2S0®n 2(md
V=g 2y " ok ¢ e L*(RY),

n=0

instead of chaos states \IION = @?N. However, a clever argument in the
work of Rodnianski and Schlein [103]| shows that propagation of chaos can
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be deduced form the semiclassical analysis with coherent states. They also
provided error estimates on the k-particle correlation functions.

In this context, our purpose in considering this problem is to weaken the
assumptions on the two-body potential. We expect that the statement (4.1.5)
holds true for the general situation where ¢ is replaced by a quadratic form
(@ which is infinitesimally form bounded with respect to —A. As one steep
forward, we look at the specific problem of delta potential in one dimension
which fits the above setting. The best available result in this direction, at
our knowledge, is the work of Ginibre and Velo [91]. However, it is only
valid for coherent states and dimension d > 3. The recent work of [9§]
apply to potentials V in L?*(R%) + L*°(R?) while the work [103] assumes
(=A + 1)Y/2-bounded potential (i.e., V(—A + 1)~'/2 is bounded operator).
Some other works are specific for the Coulomb potential (e.g., [81],[88]).
To briefly enlighten the comparison, we consider, in three dimension, the
potential

_ L
el

Then the work [103] apply for @ < 1 and [98] for a < 3/2 while V is —A-
form bounded for a < 2. So far, the Hamiltonian (4.1.1) has not been
considered to our knowledge, except in 73] where a partial result is proved
(i.e., convergence of BBGKY hirearchy is proved but not the uniqueness).

Another point of view consists of replacing the delta interaction in (4.1.1)
by a smooth scaled potential Vi(z) = NV (NPz) with 3 € (0,1). In this
case, propagation of chaos was proved (under some assumptions) in 74| for
d = 1 and in [82] for d = 3. Although, VN converges in a distribution
sense to ¢ [ V(z)dz, it is not clear how this can be related to our problem.
We remark that the case 3 = 1 is related to the Gross-Pitaevskii equation
derived in [83].

V(x)

For reader convenience we give a glimpse of our main results. Essentially,
our work is divided into three parts:
(i) Propagation of coherent states,
(ii) Propagation of chaos,
(iii) Non-autonomous abstract Schrodinger equation.
In (i) we give a semiclassical approximation of the evolved coherent states
e—ite T He U0 using the unitary propagator Us(t, s) of a time-dependent qua-
dratic Hamiltonian As(t) related to H.. It is the most technical part of
the paper where subtle points about form domains come into the play. The
main result is Theorem 4.6.1 which is actually slightly stronger than the
usual formulation of the semiclassical approximation in [95],]90, 91]. This
will be helpful to achieve part (ii). We also identify Usx(t,s) as a time-
dependent Bogoliubov transformation in Proposition 4.6.7. Once Theorem
4.6.1 is proved, the part (ii) follows from an argument in [103] which can be
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made abstract. For completeness we provide a proof for this fact (see Theo-
rem 4.2.3). In part (iii) we establish some abstract results on the existence
of unitary propagator for non-autonomous Schrédinger equations which may
have their own interest. For instance, we prove in Corollary 4.C.4 a result
which can be considered as time-dependent counterpart of the well-known
Nelson commutator theorem [101] (see Appendix 4.C). This is a key point
which allows to construct the unitary propagator Us(t, s) with crucial esti-
mates (see Proposition 4.5.5).

For the sake of clarity, we restricted ourselves in this paper to the specific
case of point interaction potential in one dimension. We hope that this will
be helpful for further improvement. We believe indeed that such simple
example sums up the principal difficulties on the problem. We also remark
that the results here can be easily extended to the case V(z) = —d(x) by
working locally in time.

Finally, we outline the content of this article. We recall the basic defini-
tions for the Fock space framework in Section 4.2 and state two of our main
results ( Theorem 4.2.3 and Proposition 4.2.4). Then we accurately introduce
the quantum dynamics of the considered many-boson system and its classical
counterpart, namely the cubic NLS equation. The study of the semiclassical
limit through Hepp’s method is carried out in Section 4.6 where we use re-
sults on the time-dependent quadratic approximation derived in Section 4.5.
In the last Section 4.7 we apply the argument of [103] to prove the chaos
propagation result.

4.2 Preliminaries and main results

Let $) be a Hilbert space. We denote by £($) the space of all linear bounded
operators on §). For a linear unbounded operator L acting on $, we denote by
D(L) ( respectively Q(L)) the operator domain (respectively form domain)
of L. Let D, denotes the differential operator —id,, on L*(R") where
(1, ,xn) € R". Let H*(R™) denotes the Sobolev spaces.

In the following we recall the second quantization framework. We denote
by L2(R"™) the space of symmetric square integrable functions, i.e.,

U, € LA(R™) iff ¥,, € L2 (R™) and W, (1, ,2n) = Up(zo,,...,Ts,) ae.,

for any permutation ¢ on the symmetric group Sym(n). We can see L2(R"?)
as a closed subspace of L?(R"?) characterized by the orthogonal projection
&, given by

Gn\pn@:la"' 73371) - Z \Ijn(xa(l)a"' 7330(71))7 vy, €L2(Rnd)'
c€Sym(n)
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The symmetric Fock space over L?(R) is defined as the Hilbert space,
(e 9]
F=@PLiR),
n=0
endowed with the inner product
o0
(U, ®) = Z/Rnd Uy (x1, yxn) Op(z1, -+, 2p) dag -+ - day,
n=0

where U = (U,,),en and & = (P,),en are two arbitrary vectors in F. The
vacuum is the vector Qo = (1,0,---) in F. We will use the notation

Ss(R") .= 6,5(R")
where S(R™) is the Schwartz space on R". A convenient subspace of F is
given by the algebraic direct sum

alg

S =P S(R").
n=0

The most common operators on F are determined by their action on the
family of vectors

n

(2, mn) = [[elzi), ¢ e LARY),
=1

®

which spans the space L2(R™) thanks to the polarization identity,

n

GnHQOz(xﬁ) = 27}TL' Z €1 En H (Zgj(pj(xi)) .
: =

i=1 g;i==%1 i=1

For example, the creation and annihilation operators a*(f) and a(f), pa-
rameterized by € > 0, are defined by

a(f)e®" = Ven (f,)p®n Y
a*(f)e®" = Veln+1) Gu( f@¢®"), Ve, fe L*(RY).

They can also by written as

olf) = VE [ T@ata)ds, @’(5)=vE [ fa)a(@)da.

where a*(x), a(x) are the canonical creation-annihilation operator-valued dis-
tributions. Recall that for any ¥ = (¥(™), oy € S, we have

[a(2)®] ™) (zy, - 2) = V(n+ DU (2 2y, 2y,

* n 1 - n— I
[a*(2) @)™ (21, ) = %25@_%)@( D@y, &4 2),
j=1



4.2 Preliminaries and main results 137

where ¢ is the Dirac distribution at the origin and #; means that the variable
xz; is omitted. The Weyl operators are given for f € L%(R?) by

)

W(f) _ e%[a*(f)-i-a(f)}
and they satisfy the Weyl commutation relations,

W(f1)W (f2) = e 310082 W (f; + ), (4.2.1)
with f1, fo € LQ(Rd).

The interaction term in the Hamiltonian (4.1.7) is a quartic Wick product
which we shall consider as a quadratic form on §. From a general point view,
this is better understood as a Wick quantization of a polynomial symbol. Let
us briefly recall this Wick quantization procedure.

Definition 4.2.1. We say that a function b : S(R%) — C is a continuous
(p, ¢)-homogenous polynomial on S(R?) iff it satisfies:
(i) b(Az) = AIAPb(z) for any A € C and z € S(RY),
(ii) there exists a (unique) continuous hermitian form £ : Sy(R%) xS, (R%P) —
C such that

b(z) = Q(2%9, 2%P).
We denote by £ the vector space spanned by all those polynomials.

The Schwartz kernel theorem ensures for any continuous (p, ¢)-homo-
genous polynomial b, the existence of a kernel b(.,.) € S'(R“P*+9)) such that

e = [ B Kb ) SR R 20 () d

in the distribution sense. The set of (p,¢)-homogenous polynomials b € &
such that the kernel b defines a bounded operator from L2(R%) into L2(R%)
will be denoted by P, ,(L*(R%)). Those classes of polynomial symbols are
studied and used in [76, 75].

Definition 4.2.2. The Wick quantization is the map which associate to each
continuous (p, ¢)-homogenous polynomial b € £, a quadratic form b"* on
S given by

<\I/, bWick(I)>

ptq

_ % /R o LK) (0l - ()W, alk) -+ (k) @) pdkdk

o0

_ Z‘g%q ”!(n—p?LQ)!
= (n —p)!

/ dx / dkdk' b(K', k) 00 (k, 2)® M PHO (K 2),
Rd(n—p) Rd(p+4q)

for any ®,¥ € S.
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We have, for example,

a*(f) = (= HV'" and a(f) = (f,2)""F.

Furthermore, for any self-adjoint operator A on L?(RY) such that S(RY) is
a core for A, the Wick quantization

AT (A) := (z, Az)ViF

defines a self-adjoint operator on F. In particular, if A is the identity we get
the e-dependent number operator

N = (z,z)WVick
We recall the standard number estimate (see, e.g., [76, Lemma 2.5|),
(0,070 | < 118l 2y Lauany INT2WI] % INPR20]|, (4.2:2)

which holds uniformly in ¢ € (0,1] for b € P, ,(L?(R%)) and any ¥, ® €
D(N™ax(P:a)/2),

In this section, we state two of our main results. Other results as Corol-
lary 4.6.5 and 4.6.6 are not less interesting, in our opinion, but they are
postponed to Section 4.6 to keep the presentation fairly simple. The rigor-
ous meaning of the Hamiltonian (4.1.7) is explained in Section 4.3, while the
existence and uniqueness of solutions for the nonlinear Schrédinger equation
(4.1.3) are recalled in Section 4.4. The first result is propagation of chaos.

Theorem 4.2.3. For any @9 € H*(R) such that ||@o||r2®) = 1 and any
b € Ppp(L3(R)), we have
lim <g06®n,€it/E"H5" bWz'ck e—it/eann S068>n> — b(

n—oo

Qot)v

where ne, = 1 and p; solves the NLS equation (4.1.8) with initial data pg.

The proof is given in Section 4.7 and follows the argument of [103]|. In
fact, we express Lp(‘?“ in terms of coherent states,

o en/2/ml 27 V2

—i6n i0 . B
0 T Tompn/2 e W(ae o) df  with e, =1/n

and then use the semiclassical propagation estimate for coherent states given
in the proposition below.

Proposition 4.2.4. For any po € H?(R) there exists ¢ > 0 depending only
on g such that

V2
1€

V2

e—it/sHEW( QOO)QO . eiw(t)/!:‘m/'(?(pt)Uz(t’ O)Qo < eceCIt\ 51/8

)

f
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holds for any t € R. Here @, solves the NLS equation (4.1.3) with the initial
condition ¢o, w(t) = %fg 2|12 ds and Us(t, s) is the unitary propagator
given by Proposition 4.5.5.

Actually, we will prove a stronger result in Section 4.6 (see Theorem
4.6.1). This part of the paper is the most technical. However, the idea behind
Proposition 4.2.4 is rather simple. In fact, we write a Taylor expansion of the
Hamiltonian H. around the classical solution ¢; and consider only the terms
of order less or equal to . Such quantity defines a time-dependent quadratic
Hamiltonian which provides an approximation for the evolution of coherent
states. If we attempt to show Proposition 4.2.4, we formally differentiate the
quantity

. . 9
V()= e’szew(t)/EW(\ngpt)Ug(t, 0).
So, we obtain
— iE@ty(t)
. 4 2 -
- eziHsew(ﬂ/ﬁW(*ZC@t) AL = Ao(t) = VEAL () — 245(1)] Uat,0),

where H, = W(gcpt)*HgW( ﬁ(pt) and Ao(t), A1(t), A2(t) are e-independent

e - -
operators. It is possible to expand H. in the form H, = Zi:o ek/2 A4 (t),
where again Ag(t) are e-independent operators, so that

¢
s ) 2
V() — V(0)Q = i51/2/ eZaerw(s)/EW(\iC%)

0
X [A3(s) + VeA4(s)]U2(5,0)Q0ds . (4.2.3)
Then, we estimate the left hand side of (4.2.3), for ¢ > 0, by

Hy(tmo W

f
< \@/Ot |[A43(s) + VeAa(s)]Ua(s,0)Q|| - ds . (4.2.4)

Hence, we get the coherent state estimate when the integrand in the right
hand side of (4.2.4) is bounded uniformly in . This holds true if we replace
the § interaction in (4.3.1) by a bounded potential V. But, in our case we
end up with the problem that Us(s,0)€ is not in the domain of As(s) +
VEeA4(s). So, we can not proceed in this way. Instead, we use a careful
decomposition by means of appropriate cutoffs (see Lemma 4.6.4) and exploit
a crucial uniform estimates derived in Lemma 4.6.3 and Proposition 4.5.5.
Other results concerning abstract non-autonoumous Schrédinger equation
are stated in Appendix 4.C. They may be considered as an improvement of
Kisynski’s work [97]. In particular, Corollary 4.C.4 is used to prove Lemma
4.6.3 and Proposition 4.5.5.
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4.3 Many-boson system

In nonrelativistic many-body theory, boson systems are described by the
second quantized Hamiltonian in the symmetric Fock space F formally given
by

2
H, = —5/ a*(z)Aa(x)dx + 6/ / a*(x)a*(y)o(x — y)a(x)a(y) dzdy .
Rd 2 Rd JRd
(4.3.1)
The rigorous meaning of formula (4.3.1) is as a quadratic form on S, which

we denote by K" obtained by Wick quantization of the classical energy
functional

h(z) = /Rd |V2(x)[* dz + P(z), where P(z) = % 9 |z(z)| dx, z € S(RY).

(4.3.2)
More explicitly, we have for ¥ € S
. 2
<\Il’ thCk)\Ij> = € Z / a{El‘Il( xI’ P 7$n) dxl e dxn
2 nn — 1 (n) 2
+ ¢ 27 U (g, 29, ,xy)| dxg---dx,.
o 2 Rd(n—1)

Moreover, in one dimensional space (i.e., d = 1) one can show the existence
of a unique self-adjoint operator bounded from below, which we denote by
H_, such that

(U, H.W) = (U, hWViky) - for any W eS.

This is proved in Proposition 4.3.3.

In all the sequel we restrict our analysis to space dimension d =1 and
consider the small parameter ¢ such that ¢ € (0, 1]. The e-independent self-
adjoint operator,

SuW = T4 " {0 T 43" A, U] = (7D (—A) +eTHNF 1) U,

n=1

with p > 0, defines the Hilbert space F% given as the linear space D(S, L/ 2)
equipped with the inner product

(U, ®) g = (Sy2W, S12) -

We denote by F* the completion of D(S,, 1/ 2) with respect to the norm
associated to the following inner product

(U, ®) pu = (S, 120, 8, 1/2®) ..
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Therefore, we have the Hilbert rigging
Fi c FcFh

Note that the form domain of the e-dependent self-adjoint operator dI'(—A)+
NH with > 0 is

Q(dI'(—A) + N*) = F4  for any € € (0,1].
Lemma 4.3.1. For any ¥, ® € S,

(@, PYIER) | < [[[AT(=A) + NP2 0]] % [[[dT(=4A) + N]V2)|.

| =

Proof. A simple computation yields for any ¥, ® € §

(v, Pchk(I) Z 2 /Rn_l\ll(")(xg,m,%:s,'“ s Tn)

x ®" (2g, 29,23, ) dra - dry . (4.3.3)
Cauchy-Schwarz inequality yields

‘ <\1j’ PWick:(P> ‘

. 1/2

an(n—1) (n) 2 !
ZE — 5 A 1\\11 (xo, o, w3, - ,xn)|* dxg - dry,
n=2 "

oo 1/2
n(n—1
X [E 527( 5 )/ |¢(”)(:c27332,a:3,~- ,xn)Qdasg--dxn] .
n=2

Rn—1
Using Lemma 4.A.1, we get for any a(n) > 0

00 _ 1/2

on(n —1) 9 om) qmy L )Ty )

< € 72\/5 a(n)(D;, v, W) 4 —5 (@ gy
n=2

B 1/2
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Hence, by choosing a(n) = 7 L__ it follows that

2e(n—1)
1 [ oo e’ 1/2
< 3 > en(D2 ¥ M) +3 " SAn(n - 1)2(T, T)
Ln=2 n=2
[ oo [e'e) 1/2
x |> en(D2 @™ M) + 3 " An(n — 1)2(2), ()
Ln=2 n=2
1
< mey, [AT(—A) + N3]U) x /(®,[dT(-A) + N3]D) .
This leads to the claimed estimate. O
Remark 4.3.2. Note that, as in Lemma 4.5.1, the estimate
Wick e
(W, PYr)| < 10l (18] (1.3.)

holds true for any ¥,® € S and € € (0, 1].

We can show that A" is associated to a self-adjoint operator by con-
sidering its restriction to each sector L2?(R™), however we will prefer the
following point of view.

Proposition 4.3.3. There exists a unique self-adjoint operator He such that
(W, WVihD) = (U, H.®) for any ¥ € F3 & € D(H.)NF3.
Moreover, e~ t/eHe preserves fi.

Proof. We first use the KLMN theorem ([102, Theorem X17]) and Lemma
4.3.1 to show that the quadratic form A"i* 4 N3 4 1 is associated to a
unique (positive) self-adjoint operator L with

Q(L) = Q(dT'(—A) + N?) = 73 .
Observe that we also have
[[dT(—A) + N3Y2W|| < ||[LY?]| for any ¥ € F3 . (4.3.5)

Next, by the Nelson commutator theorem (Theorem 4.B.2) we can prove that
the quadratic form A" is uniquely associated to a self-adjoint operator
denoted by H. with D(L) C D(H.) N F3 and deduce the invariance of F3.
Indeed, we easily check using Lemma 4.3.1 and (4.3.5) that

[, n k)| < Z ILY2W|| ||LY2®|| for any U, € F3.  (4.3.6)
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Furthermore, we have for ¥, ® € .7:_3; and A >0

(LOAL + 1)1, ViR (\L + 1)71®)
— (AL + 1), AWIR AL + 1)71®) = 0. (4.3.7)
The statements (4.3.6)-(4.3.7) with the help of Lemma 4.B.3, allow to use
Theorem 4.B.2. O

Remark 4.3.4. The same argument as in Proposition 4.3.3 shows that the
quadratic form on ]:_?; given by
G :=e'dD(=A) +e2PVick L 7N 1,

is associated to a unique (positive) self-adjoint operator which we denote by
the same symbol G.

4.4 The cubic NLS equation

The energy functional h given by (4.3.2) has the associated vector field
X:H'®R) — H'(R)

z — X(z)=—-Az+0:P(z2),

which leads to the nonlinear classical field equation
e = X(p)
= —Ap+pfe

with initial data ¢;—g = w0 € H L(R). It is well-known that the above
cubic defocusing NLS equation is globally well-posed on H*(R) for s >
0. In particular, the equation (4.4.1) admits a unique global solution on
CO(R, H™(R)) N CYH(R, H™ 2(R)) for any initial data ¢ € H™(R) when
m =1 and m = 2 (see |92] for m = 1 and [106] for m = 2). Moreover, we
have energy and mass conservations i.e.,

(4.4.1)

h(pt) = h(po) and  |[loellL2m) = llvollz2 ()
for any initial data o € H'(R) and ; solution of (4.4.1). It is not difficult
to prove the following estimates

leliomm < 2Mellem l0eellw < 2ll@llzm M@)'?,

p+2 2

) pr, o - po e L, (142)
H‘PHLP(R) < 272 HSOHLZ(R) HazSpHm(R) < 27z HSOHL2(R) h(p) T,

for p > 2 and any ¢ € H*(R). Furthermore, using Gronwall’s inequality we
show for any g € H%(R) the existence of ¢ > 0 depending only on ¢q such
that

el 2y < e [leol a2 » (4.4.3)
where ¢, is a solution of the NLS equation (4.4.1) with initial condition ¢g.
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4.5 Time-dependent quadratic dynamics

In this section we construct a time-dependent quadratic approximation for
the Schrédinger dynamics. We prove existence of a unique unitary propa-
gator for this approximation using the abstract results for non-autonomous
linear Schrodinger equation stated in the Appendix 4.C. This step will be
useful for the study of propagation of coherent states in the semiclassical
limit in section 4.6.

The polynomial P has the following Taylor expansion for any zy € H'(R)

4 ()
Plet20) = S 2L o)),

Let ¢ be a solution of the NLS equation (4.4.1) with an initial data ¢ €
H'(R). Consider the time-dependent quadratic polynomial on S(R) given

D@ p

PO = —5 ()

_ 32 2 2 2
= Re [ 3@ aafde +2 [ @) (o) do.

Let {Aa(t) }+ter be the e-independent family of quadratic forms on S defined
by

eAs(t) == dAT(=A) + Py(t)Vick, (4.5.1)
Lemma 4.5.1. For ¢y € H'(R) let
91 := 16 (poll 2 ey +1) (1) +1) and = 16%(oll 2 sy +1)E V/Ao0) + 1
The quadratic forms on S defined by
So(t) := Ay(t) + 91 N + 921, teR,

are associated to unique self-adjoint operators, still denoted by Sa(t), satis-
fying

L4 SQ(t) Z 17

o D(S2(t)Y/2) = FL forany t e R.
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Proof. The case g9 = 0 is trivial. By definition of Wick quantization we
have for ¥, ® € S,

<(I),P2(t)WiCk\If> —
222‘11 en fou loe(@1) 2 @) (21, -+ ) U (21, 1) day -+ - day,

+Z<€\/ n+1)(n+2)
Xf]Rn xla ) n) (f[[gm
+Z€\/ n+1)(n+2)

X fRn xla 7xn) <f]R gpt(x)2q)(n+2) (.’IJ, Z,T1," " ,1‘n)d$) d{I;l to dxn

Therefore, using Cauchy-Schwarz inequality, we show

(@, Py(r)Vickw)
< 2101l g || V20| ¢ [N/
T el B 1V + )20

- 1/2
x [Zn 0¢ (n—i—2)”\11(n+2)(x7x,x17'.. 7$n)”%2(Rn+1)]
+ el 7y 1V + )20

1/2
% [yt + 2100 (5,1, ) Bagn|
Now we prove, by Lemma 4.A.1, the crude estimate
’<¢,P2(t)WiCk\Ij>‘ < max(||g0t‘|%4(R), ||(,0t”%oo(R)) [2|‘N1/2(I)H X ||N1/2\I’||
+ |[(N +2)' 2@ x ||(adT(=A) + a7 N) /2 ¥||
+ |I(N +2)"2¥[ x [|(adT(=4) +071N)1/2‘1>||} :
This yields for any a > 0

(@, P )V * )| < a max(|lel[F gy |le]F oo @)
x| [d0(=A) + (™! + 3)a 1N+ 1e1]"? [|(4.5.3)
x| [AD(=A) + (@™ + 3)a"IN + a~1e1] 0|

Remark now that (4.4.2) yields
max (||t [Fa gy, 7)) < 2 (120llL2 ) + D¥*VRlpo) + 1.
Hence, for ™! = 3(|eol|r2(r) + 1)3/2, /(o) + 1 > 0, we obtain

e (@, P(t)ViR W) < 2| AD(—A) 4 die N + 921]1 /29|

x||[[e7 D (= A) 4+ D17 IN + 951]1 /20| .(4.5.4)
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Applying now the KLMN theorem (see [102, Theorem X.17]) with the help
of inequality (4.5.4) we show that

So(t) = Ag(t) + 9167 IN + 951 with 91 > (e +3)a™!, and ¥ > a1 +1,

are associated to unique self-adjoint operators Sa(t) satisfying So(t) > 1.
Furthermore, we have that the form domains of those operators are time-
independent, i.e.,

QS (t) = F1
for any t € R. O

Remark 4.5.2. The choice of ¥, Y in the previous lemma takes into ac-
count the use of KLMN'’s theorem in the proof of Lemma 4.6.3.

We consider the non-autonomous Schrédinger equation

(4.5.5)

u(t =38) =us.

{ i0u = As(t)u, teR,

Here R > ¢ — Aj(t) is considered as a norm continuous £(F7,F!)-valued
map (see Lemma 4.5.3). We show in Proposition 4.5.5 the existence of a
unique solution for any initial data us € .7-1 using Corollary 4.C.4. Moreover,
the Cauchy problem’s features allow to encode the solutions on a wunitary
propagator mapping (t,s) — Us(t, s) such that

Us(t, s)us = uy ,
satisfying Definition 4.C.1 with H = F, Hy = F+ and [ = R.
In the following two lemmas we check the assumptions in Corollary 4.C 4.

Lemma 4.5.3. For any pg € H*(R) and t € R the quadratic form As(t) de-
fines a symmetric operator on £(.7:}_, FL) and the mapping t € R +— Ay(t) €
L(FL,FL) is norm continuous.

Proof. Using (4.5.4) we show for any ¥, ® € S

(D, Ag()W)| < [(@,e LA (=A)W)| + [(®, L Py(t)Wickw)]

IN

15172®|| |51/ + 201151%®|| |52 @] (4.5.6)

290 ([ ][5 (1]

IN

where 91,19 are the parameters introduced in Lemma 4.5.1. Hence, this
allows to consider As(t) as a bounded operator in £(F1, FL). Since Aa(t) is
a symmetric quadratic form it follows that it is also symmetric as an operator
in £(F},FL).
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Now, using a similar estimate as (4.5.3) we prove norm continuity. Indeed,
we have

|<<I>7 [AZ(t) — A2(S)]\I/>| = 5—1|<q)’ [P2(t) _ P2($)]ka\1’>|
< 4 max (Ilcpt2 — G2 lr2wys |lel® - rsos|2HLoo(R)) 9] 21 (12115 -

Note that it is not difficult to prove that

max (H‘P% - ‘PguLQ(R)a H|<Pt|2 - |905|2HL°°(R)> — 0 whent—s.

This follows by (4.4.2) and the fact that ¢; € C°(R, H*(R)). O

Lemma 4.5.4. For any @y € H?(R) there exists ¢ > 0 (depending only on
©o) such that the two statements below hold true.
(i) For any ¥ € F1, we have

10T, Sa (1) W)| < eV S5(8) /2 || .
(i) For any ¥, ® € D(Sy(t)%/?), we have
(T, Ax(1)S2(1)®) — (Sa(£), Aa(£)®)| < c||Sa(8) /> W[ £ [|S2(1)"/2®]| £
Proof. (i) Let ¥ € S, we have

(W, So(t)T) = &1 9T, Po(t)Vik W)
= e U, [0 Py(1)]" " F W),

where 0, P5(t) is a continuous polynomial on S(R) given by

P (t)]z] = 2Re/ (x) ot (x)Oppi (e )dm+4Re/| 2 04 (2)0ypy () de
R
A simple computation yields

(0, (8, P ()] "* @)
1)

A

= 4Re Zné / or(@)0rpr (1) [0 (@1, -+ 2P dy - - dayy

n n n)x N
+nzoa¢< FNED) [ V)

X (/ 01 () Oppy () WO (2, wy, -+ ap) d:c) dxy - - dxy,
R
+ he.
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From (4.4.2) we get

(D] < let Ovpel L1 (w)

R7—1 z1€R

sup ‘\I’(")(azl, cee L Tp)

2

dzry - -dzy,

< ledlzzm x 10wl |2y (1 —02,)8M, M) 5 b0

Now we apply Cauchy-Schwarz inequality,

(W

[0uPa ()] @)

<4 |letll 2wy 110eptl L2 (r

(Z en yet, ‘I’(n)>L2(R”)>

[e.9]

1/2
+ 2[[pe|| oo (r) [10r e L2 () (Z e(n +2)|[0"+) (z, 2, -)H%Q(R“l))

n=0

n=0

In the same spirit as in (4.5.3), we obtain a rough inequality

(W

< max(||ed]|poow)s el L2m)) 1100t 2 (m)

[0ePa ()] @)

- 12
X <Z5(n+1)||‘1’(")||%2(w)) :

[4]](dr(=a) + N) 2

+2 [|[(dT(=A) + N + 1)/2g|?

Observe that (4.5.4) implies S; < 3.S2(t) for all t € R. Hence, we have

e (W, [0 Po()]" T )|
< 6 max(||oe|| oo (r)

< 18 max(||]| oo

et 2ry) [10ptllL2m

LA

w)s 1ol 2my) 110l 2y 1152(8)' /2%

This proves (i) since (4.4.2)-(4.4.3) ensure the existence of ¢ > 0 (depending
only on ¢g) such that

max(||ot|| oo rys 0t L2m)) 1|0t L2m) < e

(ii) If U, ® € D(So(t)%/?) the quantity

C = (U, Ay(£)Sa(H)D) — (Sa(t)T, As(t)D

c([t|+1) )

2

is well-defined since As(t) € [,(J”-i,fi) and Sy(t)D(S,(t)%/2) € D(Sz(t)'/?) =
F1. Note that N € L(F},F!). Hence, we can write

C

(U, [Sa(t) — 917N — 921] Sa(t) @) — (Sa(t)W
D1 ((So(t) W, e ' N@) —

(eTINT, Sy(t) @) .

, [S2(2)

— 2916_1]\7 — 2921] (I)>
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Observe that, for A > 0, e !N(Ae !N +1)"1F] C F! and that

s — lim e INOeTIN + 1)t =7 IV in £(FL, FL).
A—0

Therefore, we have

C =y lim (So(t)W, e INAeIN +1)71®) — (e TN 'N + 1)1, Sy()®) .

Cx

Let Ny denote e 'N(Ae7!N +1)~1. A simple computation yields

eCy = (U, Py(t)ViF Ny @) — (N, W, Py(t)Vik o)
= (U, g(t)"VFNA\D) — (N1, g(8)"V" "),

where ¢(t) is the polynomial given by

9(0l:) = e [ 2@ pr(a) do

R

A similar computation as (4.5.2) yields

C) =
Z k(n) / ) (zq, -, 2p) </ cpt(x)QQJ(”Jrz) (x,x 21, ,:L‘n)dx> dzy - --dzy,
TL:O n R
o0
—Z k(n) / <I>(”)(:B1, ) </ ()20 +2) (2, 2 2, - - - ,l’n)dl’> dry---dz,,
n=0 " R
where

K(n) = (n+2)y/(n+1)(n+2) n (n+1)(n—|—2)'

An+2)+1) (n+1)

Note that x(n) < 2(n + 2). Hence, using Cauchy-Schwarz inequality, we
show

ICy] <
0o 1/2 F oo 1/2
2|t 2y [Zm + 2>|rw<">\|%2<Rn>] [Z(n +2) |00 (@, z, ->H%2<Rn+1>]
n=0 n=0

o0 oo

1/2 1/2
1211t 2z [Zm + 2>u<1><”>u%2<w)] [Z(n +2) 8" (2, 2, ->H%2<Rn+1>] :
n=0 n=0
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Using Lemma 4.A.1, with o = %, we get

o0

S+ 2) 19D (2,2, ) Bagny

n=0
oo

> (n+2)(DF, w2 W) 4 (04 2) [ W0 L

n=0

< Z
=9 <\I/7‘S’1\I/>7

<

— N

together with an analogue estimate where W is replaced by ®. Now, we
conclude that there exists ¢ > 0 depending only on ¢ such that

nIC < el il (45.7)
This proves part (ii). O

Proposition 4.5.5. Let pg € H*(R) and As(t) given by (4.5.1). Then the
non-autonomous Cauchy problem

0 = As(t)u, teR,
u(t =$) = ug,

admits a unique unitary propagator Us(t,s) in the sense of Definition 4.C.1
with [ = R and Hy = FL. Moreover, there exists ¢ > 0 depending only on
wo such that

clt]

NUa(t, 0)l[ 71y < e

Proof. The proof immediately follows using Corollary 4.C.4 with the help of
Lemma 4.5.3-4.5.4 and the inequality

151 < Sa(t) < e25h,

which holds true using (4.5.6). O

4.6 Propagation of coherent states

In finite dimensional phase-space, coherent state analysis is a well developed
powerful tool, see for instance |79]. Here we study, using the ideas of Ginibre
and Velo in [91], the asymptotics when € — 0 of the time-evolved coherent
states

V2

e MY (22 0p0) W
ic
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for ¥ in a dense subspace G, C F defined below. We consider the following
Hilbert rigging
g+ C f C g— 9
defined via the e-independent self-adjoint operator (see Remark 4.3.4) given
by
G = tdD(=A) +e2PVick L 1IN 1,

as the completion of D(G*'/2) with the respect to the inner product
(U, ), = (G20, G*2) .
We have the continuous embedding
FicCGLCFy.

The main result of this section is Theorem 4.6.1 which describes the propa-
gation of coherent states in the semiclassical limit.

Theorem 4.6.1. For any pg € H?(R) there exists ¢ > 0 depending only on
wo such that

e_it/EHg W(\Z/ESOO)‘I/ o eiw(t)/EW(fSOt)U2(tv 0)\:[}

< eceC“|

f
holds for any t € R and ¥ € G4 where ¢ solves the NLS equation (4.4.1)

with the initial condition ¢y and w(t) = fot P(ps) ds. Here Us(t,s) is the
unitary propagator given by Proposition 4.5.5.

el® |1 lg,

To prove this theorem we need several preliminary lemmas.
Lemma 4.6.2. The following three assertions hold true.

(i) For any & € L?*(R) and k € N, the Weyl operator W (&) preserves
D(N*/2). If in addition ¢ € H'(R) then W (€) preserves also F'\ when
u= 1.

. 1 : : 3
(ii) For any £ € H'(R), we have in the sense of quadratic forms on F7 ,

2 : 2 ,
W(if)* thck W(ig) — h( + E)ka )
ie i€
(iii) Let (R 3t — @) € CY(R, L*(R)), then for any ¥ € D(N'/?) we have
in F
2 2 ic
ie@tW(\iCLpt)\If = W(\Z,Cgot) {Re(cpt,iﬁtgog + 2Re(z, i000)"" k] v

ic 2
= [—Re(got,i(?tgot>+2Re<z,i8tg0t>w ﬂ W(\ifcpt)\lf.
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Proof. (i) Let Fy be the linear space spanned by vectors ¥ € F such that
W) = ( for any n except for a finite number. It is known that for any
¢ € L*(R) and ¥ € Fy

NU := W(\fg)*zv W(‘fg)qf = (N + 2Re(z, &)Vick 4 H€H21) U .(4.6.1)

For a proof of the latter identity see [76, Lemma 2.10 (iii)]. Hence, by
Cauchy-Schwarz inequality it follows that

2
e (e

)
= (W, [N+ 2Re(z, &) + ||¢| 1] )
(W (N + €]y D))

+7§\/s(n+1) /Rn\W (/f wr xy)d:c>dy+hc

< (L llEl 2wy [V + )20 2.

Now, for k£ > 1 we show the existence of an e-independent constant Cy > 0
depending only on k and [[¢]|z2(g) such that

\[

|yNk/2W( |2 = (U, N*U) < Oy [|[(N + 1)F20|2. (4.6.2)

This is a consequence of the number operator estimate (4.2.2) and the
fact that N* is a Wick polynomial in > 0<rs<k Prs(L2(R)) (see, e.g.,|76,
Prop. 2.7 (i)]). Thus, we have proved the invariance of D(N*/2) since Fy is
a core of N¥/2,

Now the invariance of F%, u > 1, follows by Faris-Lavine Theorem 4.B.1
where we take the operator

A=V2Re(z,&)V*  and S = S, =e tdT(=A) + e *NF +1,
and remember that

W(é') _ e’b\/§R,e<Z,€>WZCk .

In fact, assuming ¢ € H'(R) we have to check assumptions (i)-(ii) of Theorem
4.B.1. For any ¥ € F _’ﬁ, we have by Wick quantization

2Re(z, &)V kW Z\/s n+1 /§ O (g, xy) da

€ e .
+Z\/;Z§(x])\p( U(ZEl,"',l‘j,"',.ﬁUn)-
n=1 j=1
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Therefore, it is easy to show

[Re(z, &) w|| Vellél Lz 17N + )2

Vellgll 2 [151¥1,

and hence we obtain that D(S,) C D(A). Let ¥ € D(S,), a standard
computation yields

<
<

V2((AU,5,9) — (S, 0, AV)) = (a(~A&T,T) — (¥,a(~A)T)

4
+ (T +DF = (DM, a (V) - hc(

6.3)

Each two terms in the same line of (4.6.3) are similar and it is enough to
estimate only one of them. We have by Cauchy-Schwarz inequality

[{a(=A5V, V)| <

g Ve(n+1) /n ) (y) </R —Ag(a:)\lf<"+1>(x,y)da;> dy

< [€llgrmy 11517702,

and for 1 <9< pu—1
(N ©)w)
g} Ve +1) (n+1)° / T (y) </R§(33)\Il(n+1)(:p,y)dg;> dy

< 28|¢]| 2 (my \|S;1/2‘I’H2 :

<

This shows for any ¥ € D(S,,),
+i(W, [A, S,)¥) < C ||S,/2 W]

Part (ii) follows by a similar argument as [76, Lemma 2.10 (iii)] and part

(iii) is a well-known formula, see [90, Lemma 3.1 (3)]. O
Set
2 , , 2
W(e) = W( L) e ia0fe ittty (L),

Lemma 4.6.3. For any o € H?(R) there exists ¢ > 0 such that the in-
equality

cecltl
WO log, 1) < €

holds for t € R uniformly in e € (0, 1].
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Proof. Observe that the subspace Dy given as the image of D(H.) N F3 by
W(iifgpo)* is dense in F. Let ¥ € D4 and ® € G4, then differentiating the
quantity (&, W(t)¥) with the help of Lemma 4.6.2 and Proposition 4.3.3,
we obtain

i€6t<‘I), W(t)\Il> .
= (@, [P(r) — Re(pr, i0spr) — 2Re(z, idypy) "I W(t) )

N V3 (4.6.4)
+<‘1>,W(¥80t) emwW/ee t/EHEHsW(E%)‘I’W

1

Let Ry, := 1, (¢7'N) and remark that s — lim, ., R, = 1. Furthermore,
we have that R, G, C F _?; since it easily holds that

1R, @[5 < v* |23, -

Therefore, since W(\/igpt)Rl}I) and W(\/igpo)\ll belong to F3, we have

. \/5 * —iw e —it/e \/i
(1) = Jim (Ry® W (=) e O e W (S 2 00)0)

= lim (R, ®, h(. + o)V W(t)w).
So, we get
i88t<(1), W(t)\lf>
= (1) + lim (R,®, [P(g1) — Re(pr, idhpr) — 2Re(z, i) V| Wi(t)w)

= lim (R,®, (eAs(t) + P3(t)Vik + PViRyYW(t) W),

V—00

=:0(t)

where we denote

Py()[e] = 2gP(p)[e] = 2Re / pi(2)2(@)|2(x)]*dz  and
R

(4) 1
P = PRE@ = g [ @) de.
A simple computation yields

(@, Py(t)"V* " 0)

=S vana [ (f

0@ Bz, ) B (2, 2, ) dx) dy

+§:W [ ([ o5 ey e ) ay.
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Using Cauchy-Schwarz inequality and Lemma 4.A.1, we obtain

Wick gy | < IEZIATEY —1 pWick -1 1P
(@, Py(t)" )| < 212 von V(@[ LPWick 911N+ 0,1]9)

x [ [ LPWick 19, LN 1 051)W), (4.6.5)

where 91,9 are the parameters in Lemma 4.5.1. Hence, O(t) extends to a
bounded operator in £(G,,G_) since A(t) and P belong to £(G4,G_).
As an immediate consequence we obtain

€0 (P, W (V) = (D, eO(L)W(t)T). (4.6.6)
Now, we consider the quadratic form A(t) on G4 given by
A(t) == O(t) + V1 "N + 1.
It is easily follows, by (4.4.2) and (4.6.5), that
(@, Py(n)"w)|
, 1/2
< i I <—s_1dF(—A) + e 1pWick L e IN 4 1921) 3|
1 pWick 1 1/2
|| (—e_ldF(—A) yemtpWick 4 g, N+1921> U||. (4.6.7)

Therefore, using (4.5.4) and (4.6.7) we show that

Eil

@) 3) Wick
Dzﬂﬁmuﬁgpwmﬂ

is form bounded by e 1dT'(=A) 4+ e 1 PWick 1 917N + 51 with a form-
bound less than 1 uniformly in € € (0,1]. Hence, by the KLMN Theorem
[102, Thm. X17|, the quadratic form A(t) is associated to a unique self-
adjoint operator which we still denote by A(t), satisfying Q(A(t)) = G4 and
A(t) > 1. Moreover, it is not difficult to show the existence of ¢, co > 0 such
that

C1 S1 < A(t) <c G (4.6.8)

uniformly in € € (0, 1] for any ¢ € R . Now, we consider the non-autonomous
Schrédinger equation

i@tut = @(t)ut, (469)

with initial data ug € Gy. Next, we prove existence and uniqueness of a
unitary propagator V(t, s) of the Cauchy problem (4.6.9). This will be done
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if we can check assumptions of Corollary 4.C.4 with G4 = Hy, A(t) = O(t)
and S(t) = A(t). Thus, we will conclude that

clt|

A2V (8,000 < e ||A(0) /2| (4.6.10)

Observe that R 5 ¢ — O(t) € £(G+,G-) is norm continuous since
(2, (O(t) — O(s)) )]
<1[@llg, 1420 Aa($)er1 p) 10l + (@, e~ (Po(t)=Po(s)) Vi W)
and an estimate similar to (4.6.5) yields
(@,e7 (Ps(t) — Ps(s)"V** )| < 2V2llr — @sllLoe ) 1@llgs (1]l -
Let us check assumption (i) of Corollary 4.C.4. We have for ¥ € G C F,
O (W, A(t)T) = O (T, Sa(t) W) + 0(T, e ' Py ()M ) .
A simple computation yields

(W, e~ L Py(t)Vick )

Z vn2(n+ 1)5/
n=1 R

= 2Re (/ 8tg0t($)\11(”)(x,y)\IJ("+1)(x,:z,y)dm) dy] .
R

n—1
So, by Cauchy-Schwarz inequality and Lemma 4.A.1, we get

0w, = Py () )|

o 1/2
< 2[[0wpe] 2 (w) [Z(” + Dl Sup “I’(n)(ﬂfa -)‘ H2L2(]R"1)]

n=1

00 1/2
X Z n26||‘1}(n+1) (‘/Ea €, )||%2(R")]

n=1

< 2v2||0kerl| 2 ey [[A(D) 202

The latter estimate with Lemma 4.5.4 (i) and (4.4.2)-(4.4.3) give us
0:(8, A P)] < UV [A )22

Now, we check assumption (ii) of Corollary 4.C.4. We follow the same lines
of the proof of Lemma 4.5.4 (ii) by replacing Sa(t) by A(t) and Ax(t) by O(t).
So, we arrive at the step where we have to estimate for ¥, ® € D(A(t)3/?)
and A > 0, the quantity

Calg(t)] = <\P75_lg(t)WickN)\(I)> — <N)\\1176—1g(t)Wick(I>> ’
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where Ny := e !N(Ae7!N +1)~! and g(¢#) is the continuous polynomial on
S(R) given by

9Bzl = Pa(t)[z] + Ps(1)[2]

Note that the part Cy[Pa(t)] involving only the symbol Pa(t) is already
bounded by (4.5.7). Thus, we need only to consider Cy[P3(t)]. A simple
computation yields

CP] = ifs(n) L ([ @ e e ¥y o) ay
i

1

S

23

n=1

w [ ([ e@e @t ) dy.

where

(n) = (n+1)yen?*(n+1) ny/en’(n+1)

\n+1)+1) (On+1)

satisfying |k(n)| < y/n?(n + 1) uniformly in € € (0,1] and XA > 0. So, using
a similar estimate as (4.6.5), we obtain

1
V2

This proves assumption (ii) of Corollary 4.C.4. Now, we check that

CALPs(D]] < —= [t ooy 1A/ [|A(D)/?]] .

W(t) =V(t,0).
In fact, for ® € G4 and ¥ € D, we have
10 (@, V(0, r)W(r)¥)

W(r+s)—W(r)

=—(O(r)V(r,0)2, W(r)¥) +1 llir(l) V(r+s,0)®, U),

W(r+s)—W(r)

and since by (4.6.4) we know that lims U exists in F, we

conclude using (4.6.6) that
O (P, V(0,r)W(r)¥) =0.

This identifies WW(t) as the unitary propagator of the non-autonomous Schrodinger
equation (4.6.9). Therefore, by (4.6.8)-(4.6.10) we get

clt| clt|

Ve W]z < [IA@) W) P||F < e

1A0) 207 < ez e ||¥]lg, |

for any ¢t € R uniformly in ¢ € (0, 1]. O
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Lemma 4.6.4. For any ¢o € H*(R) and ¥ € G, we have
IW(t)¥ — UQ(t,O)\I/H%E =2(V, (1-R,)V)—2Re(W(t)V, (1-R,)Ua(t,0)¥)

42 Im/ot OW(s)T, [0(s)Ry — Ry As(s)] Ua(s, 0)T) ds,

where Ry, = U(E_IN) with o any bounded Borel function on Ry with compact
support and here ‘

O(s) = As(s) + e 1Qs(2)Wick
with Qs(z) the continuous polynomial on S(R) given by

DB p D#®p

Qs(z) = T(@s)[2]+ o

(¢0s) 2]
Proof. We have

IW(6)W = Us(t, 0) W5

= 2|[[|% — 2Re(W(1) W, Us(t,0) W)

=2(0, (1 — R,)¥) — 2Re(W(t)V, (1 — R,)Ux(t,0)¥)

+ 2Re(V, R, U) — 2Re(W ()W, R,Us(t,0)W).
Hence to prove the lemma it is enough to show that
R 3 s — Re(W(s)¥, R, Us(s,0)¥) € CL(R) (4.6.12)

and compute its derivative. Recall that the propagator Us(s,0) € CO(R, L(F1)),
by Proposition 4.5.5 and that W(s) € C°(R, £(G.)) since it is the unitary
propagator of the Cauchy problem (4.6.9). It is easily seen that

s+— R,Us(s,0)¥

(4.6.11)

are in € CO(]R, G+ ) since R, maps continuously .7-1 into Gy. We also have
that

s—W(s)¥U € CY(R,G_) and s Us(s,0)¥ € C*(R, F1).
This proves the statement (4.6.12). Therefore, we have

2Re(¥, R, U) — 2Re(W(t)¥, R, Us(t,0)¥) =

- ilm/ i0y (W(s)W, R, Us(s,0)0) ds. (4.6.13)

The fact that W(t) is the unitary propagator of (4.6.9) with Proposition
4.5.5 yields
1eds(W(s)¥, R,Us(s,0)W¥) =
—(eO(s)W(s)¥, R, Ua(s,0)¥) + W (s)¥, RyeAa(s)Ua(s,0)¥) . (4.6.14)

Now, collecting (4.6.11), (4.6.13) and (4.6.14) we obtain the claimed identity.
g
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Proof of Theorem 4.6.1. We are now ready to prove Theorem 4.6.1.
First observe that we have

V2

—1 w \@
H VR (2 o) — O (U (1,00 | = WO~ Us(t, 0)0

f

(29

Now, using Lemma 4.6.4 one obtains for ¢ > 0 (the case ¢t < 0 is similar) the
estimate

IW()® — Ua(t,0)%|[% <2 (¥, (1 — R,)T)| + 2|(W(H)T, (1 — R,)Us(t,0)P)]
+2 /0 [(W(s)T, [O(s)R, — RyAs(s)] Us(s,0)1)| ds.

Here we consider o to be in the class C*(R,), decreasing and satisfying
o(s) =1if s <1 and o(s) =0 if s > 2. We have for v positive integer,

(U, (1-R)¥) < = Z (D2, +1)u™)
n v+1
< L(U,e7HdT(-A) + N]D) < Lw)z,.
1

Hence, we easily check with the help of Proposition 4.5.5 and Lemma 4.6.3
that

(W), (1 = R,)Usa(t,0)¥)] |Ua(t, 0) W[ 1 [[WW(E )‘PHfl

< 5
t t
< L e m H\11Hg+ <4 e WIZ,

Next, we show that there exists C' > 0 depending only on g such that

H leS( )chk < C(V€1/2+V2€).

L(FL,FL)

The latter bound follows by Cauchy-Schwarz inequality, Lemma 4.A.1 and
(4.4.2),

Pg(S) Wick

P
(@, =

R, )

2v

1/2 2 1/2
S (n+ 1)||q><n>\|iz(Rn)] [Z n?|| W) (2, 2, -)I%z(nm]

n=1 n=1

< Velleil| Lo w)

2v

1/2 2w 1/2
+ Vel @il | L (ry [Zm + 1>||w<”>|\i2(Rn>] [Z n*|| e (z, z, ->H%2<Rn>]

n=1 n=1
< 20VE| || pooqm) [[(e7N + 1)1 | £ 1971

+ 20 Vel el ooy (€™ N + 1)V2 0|5 || 9] | 21
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and a similar estimate for Pk,
(@, PV R, 0| < 12221 (0]
Hence we can check that
/ ‘ ), e LQ, (2 )WiCle,UQ(S,O)\I/>‘ ds
t
< Cwe 1 02%0) [ V)Wl Ul 0) W] s ds.
0

Now, by Lemma 4.6.3 and Proposition 4.5.5 we obtain

t t
L IV Vs, 00y s < [ e g, Vs, 000 s

t
/0 g, gy ds

ce®
< e, -

IN

A simple computation yields

As(s)R, — Ry Aa(s) = % [0(5_1N + 2) _1N } </R ol x) Wick

1%

A

We easily check that

—1 —1
O_(E N:t2>_0(6 N)

v 14

= ;HU,HLOO(M),

L(FL)

since e 1dI'(—=A) + e !N commute with e"!N. Thus, using (4.5.4) there
exists cg, ¢ > 0 such that

10V [aa(e) RIVas.00%) ds < L [ Wy 005,000y s

L ceet 2
< Lot yae,

Finally, the claimed inequality in Theorem 4.6.1 follows by collecting the
previous estimates and letting v = e~ 1/4. O

We have the following two corollaries.

Corollary 4.6.5. For any pg € H*(R) and any ¢ € L*(R) we have the
strong limit

s — lim W(== V2 o) e i (€) et i (Y2 ) = VIRl

e—0 1€

where @y solves the NLS equation (4.4.1) with initial data @q.
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Proof. 1t is enough to prove for any ¥, ® € G, the limit:

V2

lim <e‘”/5HEW<fgao> UL W(E) e W (S p0)®) = V) (0, @)
E—
(4.6.15)
Indeed, using Theorem 4.6.1, we show
i V2 . V2
(e UEHEW(;SOO)‘I%W(QG t/eHEW(;SOO)@

V2 V2
= <W<¥<Pt)U2(t7O)\II7 W(¢) W(g@t)%(t’o)@) +O0(e'%).
Therefore by Weyl commutation relations we have

W0 Ut 08, W)W 00) U, 0)9)

= (Us(t,0)W, W (&) Up(t, 0)D)eV2Re(Ew0)

Thus the limit is proved since s — lim._,o W(§) = 1. O

Recall that Fjy is the subspace of F spanned by vectors ¥ € F such that
U = 0 for any index n € N except for finite number. Note that Fy NG, is
dense in F.

Corollary 4.6.6. For any ¢ € H*(R) and any ¥,® € FoN G, and b €
Ppo(L*(R)), we have

: \/i ) ick _,—1 \/i
lim (I (% p0) 0, /51 pHVick c=i/ette /(Y2 0) @) = bipr) (¥, @)

where @y solves the NLS equation (4.4.1) with initial data pg.

Proof. Consider a (p, ¢)-homogenous polynomial b € P, ,(L?(R)). We have

\/5 it/e (1 —it/e \/é
A = (W(ESOO)\I/,et/ He pWick =it/ TW(==p0)®)

2 : ~ 2
(o DW ), T B (N £ W (L ) ).

where B, := (N + 1)79%"i*(N 4+ 1)7P. The number estimate (4.2.2) yields

i

151 < o]
L(LZ(RP),L2(R9))
uniformly in € € (0,1]. Let Ny be the positive operator given by

N; = N + 2Re(z, ) Vik + ||<Pt||%2(R) :
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By (4.6.1), we get

V2

~ . ) 2
A = <W(E@O)<NO —+ l)q\Ij’ elt/aHs B‘€ e—Zt/EHE W(\/>

) (N + 1))

Now, observe that
tim (N +1)°® = (14 gl Fagey)"® and Tim (Riy+1)7% = (14 [l }agay) 0

So, using Theorem 4.6.1 we obtain

A= (Ut ol 70 (W (Y2 ) Uatt, 00, B (2 a)la(t,000) + O(E)

= (Us(t,0)00, (Ny 4+ 1)79b(. + @)V (N, + 1) 7P Uy (¢, 0)®) + O(e'/).
We set U, = (N+1)4(Ny41)"20Us(t, 0)¥ and &, = (N+1)P(N,+1)PUs(t,0)®

and remark that we can show for ¢y # 0 and p a positive integer the following
strong limit

1
@+ et Bag)”

s — lim(N + DH(Ny +1)7F = (4.6.16)

This holds since we have by explicit computation

e ] ||
2/[leelP+1  2¢/[le]P+1—¢

for € sufficiently small and hence we can write

1(aler) + a* (@) (N + [leel? + )7 <

(N 4+ 1)(N; +1)7!
Re

= (N + DN + lled |+ 1) (alpr) + a* (@) (N + lleel 2+ 1)1 +1] 71

This proves (4.6.16) for u =1 since s — lim._,0 R: = 0. Now, we proceed by
induction on p using a commutator argument

(N + P (N + 1)~ 0D = (N PN+ 1) 7H(N + 1) (N + 1)
+ (N 4+ D)™(Ng + 1)"*[(Ny + DH, N](Ny + 1)~ w+D |

with the observation that the second term of (r.h.s.) converges strongly to
0. Therefore, we obtain

1 1
7 Us(t,0)¥ and lim @, =

lim ¥, =
e—0 (1 + ||£H%2(R))

e—0 (1 + H§||i2(R))

pUQ(t, 0)®.

It is also easy to show by explicit computation that

w — lim (N + 1)~ aWick(N +1)7P =0,
£— ’
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for any b, s € PT,S(L2(R)) such that 0 < r < p and 0 < s < ¢g. Hence, letting
e — 0, we get

lim A

e—0

(L llpol 22y H0 lim (e, (N +1)79b(0) (N +1) 72)
b(@t) <U2(t70>\11a UQ(tv O)CI)> = b(@t) <\Il7 q)> ’

since ||¢t||r2r) = |lwol|2r) and s — lime—o(N + 1)7# =1 for p > 0. O

We identify the propagator Us(t,s) as a time-dependent Bogoliubov’s
transform on the Fock representation of the Weyl commutation relations.

Proposition 4.6.7. Let oy € H?(R) and consider the propagator Us(t,0)
given in Proposition 4.5.5. For a given s € R let & € H?(R), we have

Ut ) W5 o) = w2
where (3(t,s) is the symplectic propagator on L*(R), solving the equation
{ gft(i)gsz [—A + 2|4 (2) 7] & (@) + ¢i()? (), (4.6.17)

such that B(t, s)&s = &.
Proof. Observe that if ¢y € H?(R) then the solution ¢; of the NLS equation
(4.4.1) with initial condition g satisfies ¢; € C°(R, L>°(R)). Hence, by

standard arguments the equation (4.6.17) admits a unique solution & €
CO%(R, H*(R))NCY(R, L?(R)) for any £ € H?(R). Moreover, the propagator

ﬂ(tv 5)58 = gtv

defines a symplectic transform on L?(R) for any t,s € R. This follows by
differentiating

Im(B(t, 5)&, B(t, s)n) ,

with respect to t for £, € H?(R). Furthermore, 3 satisfies the laws

B(s,5) =1, B(t.s)B(s,r) = B(t,r) for  trseR.

Now, we differentiate with respect to ¢ the quantity

Us(s, 1) W(if;g) Ua(t, s)
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in the sense of quadratic forms on F}, with & solution of (4.6.17). Hence,
using Lemma 4.6.2 (ii), we get

Oy |Ua(s, t) W(Z\\CQE&) Us(t, s)]
= Ua(s, )W ( \\aé‘t) [ ( ﬁ{t)*iAQ(t)W(i\\/Egt) —iAs(2)

(Re({t,zatft) + 7Re 2,10¢4) ka ] (t,s). (4.6.18)

Now, by [76, Lemma 2.10|, we obtain

ﬁ * Q _ Sflm P - Wick
i\/gét) A2(t)W(i\/g§t> = (t)[z + Ve )

where m(t)[z] is the continuous polynomial on S(R) given by

w(

m(t)[z] = (z, —Az) + Pa(t) 2] -
Therefore, the (r.h.s.) of (4.6.18) is null if we show that

m(t)[z + Ve&] — m(t)[2] — (eRe(&,i0:&) + 2v/ERe(z,i0:&)) = 0

This follows by straightforward computation. O

4.7 Propagation of chaos

Propagation of chaos for a many-boson system with point pair-interaction
in one dimension was studied in [73] (see also the related work [74]). Here
we prove this conservation hypothesis for such quantum system using the
method in [103]. Thus, we are led to study the asymptotics of time-evolved
Hermite states

e MenHen oM with g € H*(R), leollz2my =1,
when n — oo with ne, = 1. We denote the coherent states by

E(¢po) == W(\f%)ﬁo,

where Qg = (1,0,---) is the vacuum vector in the Fock space F. To pass
from coherent states to Hermite states we use the integral representation
proved in [103],

Y 2T ) el/2en . /n)
0

SDE?H _ o e—z@n E(ewgpo) d9, where Yn = 5*”/2 (4.7.1)
n



4.7 Propagation of chaos 165

Asymptotically, the factor v, grows as (2rn)'/* when n — oco. In the fol-

lowing we prove the chaos conservation hypothesis.

Proof of Theorem 4.2.3. 1t is known that if a sequence of positive trace-class
operators p, on L?(R) converges in the weak operator topology to p such
that lim, .o Tr[p,] = Tr[p] < oo then p, converges in the trace norm to p
(see, for instance [80]). This argument reduces the proof to the case

b(Z) = H <Z, fl> <gi¢ Z> )
=1

where f;, g; € L?(R). For shortness, we set
Eg = E(e”py) and Ej = e entlenp,
Using formula (4.7.1), we get
Fn — <906®n7 eit/aann bWick e—it/eann S06®n>

2 . / .
_ Tn / e—zn(@—@ )<Eg/, bchk Eé) dodo’ .
[0,27]2

(2m)?
It is easily seen that
(N + 1)7p67it/enH€n S06@71 — 27pefit/enH5n @6871

Therefore, we write

2
r, - 4v %12 / o—in(0-0")
(2m) [0,27]2

p p
(Ep, (N+ 1) P a(£:) ] alg) (N + 1)7F Ef) dode’ .
i=1 j=1

Now, we use the decomposition

Ha*(fl) Ha(g Z H - (pt ’ z>]
i=1 j=1

I,JCN, i€l°
x [T latg) = (g, @D ™ FOH#IOT] (fir o) 1 (950000
jeJe iel jeJ
where the sum runs over all subsets I, J of N}, := {1,---,p}. Thus, we can
write
n—blpr) =
#ITHI<2 4 o
Z Tn efi[(nf#J)Gf(nf#I)HuE . B wkE ) dode’
(271_)2 ) 0 21,0 6
1JCN, (0,2]

(4.7.2)
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where Ef := (N +1)"? E} and By, j(2) are sums of homogenous polynomials
such that

<Eé’7 BK{]’LCkE5> = H <(10t7 fz> H <g]7 90t>

el JjeJ
(Tl - 185 T bt~ 155
icle jede
We have, for 0 < #1,#J < p, by Cauchy-Schwarz inequality

(B, BN < TT Nosllzaey 1fillzeey
i€l jed

X

[Tla(r) = (il ) EG

iclc

< [T latgs) = (g5, D)) E§
F jes* F

In the following we make use of the positive self-adjoint operator
N := N + 2Re(z, o)V + ||| 1 .

Observe that we have for any 6’ € [0,27] and r > 1,

T

[Tla() = (el NEG| = |T]alfH) (N +1)PW(t)0

i=1 F i=1 F
r—1
< | TT a0V + 1) Pa(f)W ()0
i=1 F

r—1
+ [T atla(f), (N + 1)V ()
i=1

f

We easily show that

la(f )Wl < [frllz2@ vVEn IVOllgg, 71y -

Furthermore, we have

[t ¥ 11 | <,

using (4.6.2) and the fact that [a(f,), (N + 1)P] is a Wick polynomial where
we gained &, in its symbol, see [76, Proposition 2.7 (ii)]. Recall also that we
have by the number estimate (4.2.2) and (4.6.2),

r—1

[Tats)@ +1)77

=1

<C,

L(F)
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uniformly in n and 6" € [0, 27]. Therefore, we have

4P~2 .
Z : 7)712 / e—iln—#00—(n—#D0') (it Bj* B}) dody'
2 2
0<#T I <p [0,2]
< CA2en 250 . (47.3)

It still to control the terms #I = p,#J =p—1land #I =p—1,#J =p
which are similar. In fact, remark that we have

4pH2

(27)?

/ eiln=p)0—(n—p+1)0') it , Bli* Et) dfdy’ =
[0,27]2

4;% /%el(" p1)e <E Bchk it/enHe,, S039(7%17)> 4o’
™ Jo

Now, a similar estimate as (4.7.3) yields that

4P 2 . f n— oo
7712 / e—z[(n—p)Q—(n—p—H)Q} <E9/ Bchk E9> dodo’ <C %\/671 —50.
(2m) [0,27]2
Thus, we conclude that lim T, — b(p;) = 0. O
Remark 4.7.1.

1) Let ~L ,, be the k-particle correlation functions, defined by (4.1.4), associ-

ated to the states e~ /enfen Lp%zm. Then Theorem 4.2.83 implies the following
convergence in the trace norm

Jim = () - puzr) o) ey -

2) In terms of Wigner measures, introduced in [76, 15[, Theorem 4.2.3 says
that the sequence (e~™/enHen p¥™) v admits a unique (Borel probability)
Wigner measure pu; given by

1 2

o 0

Mt = o )

610%

where g0, 15 the Dirac measure on LZ(]R) at the point ¥ ;.

4.A Elementary estimate

Lemma 4.A.1. For any a > 0 and any ¥ € S;(R™), we have
/ 1O (29, 20, -+, ) Pdg - - - dayy
Rn—1

« n n
< DY WO g + SO gy (44
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Proof. Let 2',¢’ € R" ! and g € S(R™). Let us denote the Fourier transform
of g by

36 = [ gl do

We have

no_ 1 iz’ 1 A / /
90.5) = oy [ (55 [atan€rda ) ac'

Cauchy-Schwarz inequality yields

2
</
R

déy
a~l+ a2’

‘ / 360, €) déy
R

36, €))7 (a7 + agd) ey x /
R

Therefore, we get

1
0,)* da! = /
/I’gn—l |g( 7x )‘ . 471—2(27(')”_1 Rn—1

2
dg¢’

/ 360, €) de,
R

1
< A 1\12 —1 2 /‘
= 200 /Rn 1G(&1, €7 (@7 + a&f) drdg

Set g(z1, - ,an) = \W)(%, B gy ), we obtain
2

/ \I}(n)(x%m,--- )| dzg - day,
Rn—l

1 2
:ﬁ i g(n)(oam,--- )| dwg---do,

2m)~ " (n -
: (2% 8@ P (@7 + agh + o) deade”
< B0 [ 906, €0 (0 + g} +agd) derde’
<% Lo

Thus, by Plancherel’s identity we obtain

/ |\I’(")(a§2,x2,-~ ,zn)|?dxy - - - dxy,
Rn—1

-1
> 2 2 ygn) gn) & g2
< 2\/§<(D:c1 + ng)\:[l 7\1/ >L2(R”) + 2\/§|\Il ’LQ(R") .

Thanks to the symmetry of W™ it is easy to see that
<(D32E1 + D372)\Ij(n)7 \p(n)> — 2<D9231\1;(n)’ q;(n)> )

Hence, we arrive at the claimed estimate (4.A.1). O
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4.B Commutator theorems

Here we first recall an abstract regularity argument from Faris-Lavine work
|85, Theorem 2.

Theorem 4.B.1. Let A be a self-adjoint operator and let S be a positive
self-adjoint operator satisfying

e D(S) C D(A),
o +i[(AV, ST) — (ST, AW)] < ¢||SY2W||? for all ¥ € D(S).
Then Q(S) is invariant by e~ for any t € R and the inequality
HSl/Qe_itA\I/H < ec|t\ “51/2\1/"
holds true.

Next we recall the Nelson commutator theorem (see, e.g., [102, Theorem
X.36],[101]) with a useful regularity property added as a consequence of
Faris-Lavine’s Theorem 4.B.1.

Theorem 4.B.2. Let S be a self-adjoint operator on a Hilbert space H such
that S > 1. Consider a quadratic form a(.,.) with Q(a) = D(SY?) and
satisfying:

(i) |a(¥, ®)| < c1||SV29|| ||S2@]| for any ¥, @ € D(S'/?);
(i) |a(¥, SP) — a(SV, ®)| < co|SV/2W|| ||SV2®|| for any ¥, ® € D(53/2).
Then the linear operator A : D(A) — H, D(A) = {® € D(S?) : H >

U — a(W,®) continuous } associated to the quadratic form a(.,.) through
the relation

(U, A®),, = a(¥,®) for all ¥ € D(SY/?),® € D(A)
1s densely defined and satisfies:
1. D(S) C D(A) and ||A¥|| < ¢||S¥|| for any ¥ € D(S);
2. A is essentially self-adjoint on any core of S;
3. e~ preserves D(SY/?) with the inequality
HSl/Qe—itA\I/H < ecaltl ”Sl/Q\IJH
where A denotes the self-adjoint extension of A.

Proof. The point (3) follows from Theorem 4.B.1 since its assumptions:

° D(S) C D(A),
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o +i[(AU, ST) — (SU, ATV)] < c3||SV/2W||?, for any ¥ € D(S),
hold true using items 1), 2) and hypothesis (ii). O

We naturally associate to a self-adjoint operator S > 1 acting on a Hilbert
space H, a Hilbert rigging H.1 where H,; is defined as D(S'/?) endowed
with the inner product

(W, O)pq,, = (52,5 0)y,
and H_; is the completion of D(S -1/ 2) with respect to the inner product

(W, @)y, = (ST, 8712¢),,.

Assumption (ii) of Theorem 4.B.2 can be reformulated in some other slightly
different ways.

Lemma 4.B.3. Consider a self-adjoint operator S satisfying S > 1 with the
associated Hilbert rigging Ha1 defined above. Let A be a symmetric bounded
operator in L(H41,H_1), then the three following statements are equivalent,

(1) There exists ¢ > 0 such that for any ¥, ® € D(S%/?),

(ST, AD) — (AT, SO)| < ¢ [[¥||p, [[Pl]ns
(2) There exists ¢ > 0 such that for any ¥, ® € D(SY?) and X > 0,

[((AS 4+ 1)718T, ANS +1)71®) — (ANS +1)710, (AS +1)715D)|
< e[y NP2

(3) There exists ¢ > 0 such that for any ¥, ® € D(S'/?) and X > 0,

[{((AS +1)71ST, AD) — (AT, (AS + 1)7'5®)| < ¢ [[V]p, |23y, -

Proof. e (1)<(2):

Observe that if A > 0 then (AS+1)~1D(SY/?) ¢ D(S%/?). Assume (1) and let
us prove (2) for ¥, ® € D(S'/2). Using (1) with ¥ = (AS+1)"'¥ € D(S%/2)
and ® = (AS +1)~1® € D(S%/?), we obtain

(ST, AD) — <A\iJ,S<i>>‘ <cl|(AS+ 17|, x [(AS + 1) e, (4B.1)

It is easy to see that the right hand side of (4.B.1) is bounded by ¢||U||+, ,||®|[#,, -
Thus, we obtain (2). Now, to prove (2)=(1), we observe that (AS+1)D(5%/?) c
D(S/?) and use (2) with ¥y = (AS + 1)U € D(5§/2), &y = (AS + 1)@ €
D(S'/?) such that ¥, ® € D(S%/2). Therefore, we get for A > 0

(ST, AB) — (AT, S®B)| < ¢ [Trlly,., x [ @rllyq,, - (4.B.2)
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Letting A — 0 in the right hand side of (4.B.2), we obtain (2).
o (2)=(3):
Let U, ® € D(S'/2) and X > 0, we have as identity in £(H,1, H_1)

ANS +1)(AS+ 1)t =ANSAS + 1)L+ ANS + 1)1,

since AS(AS + 1)1 € £(H1) and (AS +1)~! € L(H41). Therefore, since
(AS+1)"18¥ € Hyq and (AS +1)71S® € H4, the following computation
is justified

((AS +1)718T, AD) — (AD, (AS + 1)1 5D)
= (AS+1)71ST, ANS + 1)(AS + 1) 1)
—(AAS +1)(AS + 1)1, (AS +1)"15D)
= ((AS+1)71SW, ANS + 1) 1) — (ANS + 1)1, (AS 4+ 1)7159).

So, this shows the equivalence of the statements (2) and (3). O

4.C Non-autonomous Schrodinger equation

Consider the Hilbert rigging
Hy CHCH-.

This means that H is a Hilbert space with an inner product (.,.) and H is
a dense subspace of H which is itself a Hilbert space with respect to another
inner product (.,.)%, such that

[ul|# 1:m§\|u“n+ =/ (u, u)n, Vu € Hy .

The Hilbert space H_ is defined as the completion of H with respect to the
norm

ullp_ = sup |(f, ). (4.C.1)
FeERL|Iflln, =1

This extends by continuity the inner product (.,.)3 to a sesquilinear form
on H_ x H4 satisfying

(& wnl < lullr |[€lln- Yu e Hy, VEEH-.
Furthermore, we have

b, = swp (€l (1C2)
é-EH—?HgHH, =1

Let I be a closed interval of R and let (A(t)), ¢ denote a family of self-
adjoint operators on H such that D(A(t)) N H4 is dense in H4 and A(t)
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are continuously extendable to bounded operators in L(Hy,H_). We aim
to solve the following abstract non-autonomous Schrédinger equation

{ iOu=At)u, tel (4.C.3)

u(t =0) = ug,

where ug € H4 is given and ¢ — wu(t) € H4 is the unknown. This is a
particular case of the more general topic of solving non-autonomous Cauchy
problems where —iA(t) are infinitesimal generators of Cp-semigroups (see
[104],[97]). We provide here a useful result (Theorem 4.C.2) which follows
from the work of Kato [96].

Definition 4.C.1. We say that the map
I xI>(ts)—Ults)

is a unitary propagator of the problem (4.C.3) iff:

(a) U(t, s) is unitary on H,

(b) U(t,t) =1 and U(t,s)U(s,r) =Ul(t,r) for all t,s,r € I,

(c) The map t € I +— U(t,s) belongs to C°(I,L(H4)) NCHI,L(H, H_))

and satisfies
i U(t,s)Y = A(t)U(t,s)p, V€ Hy, Vi, sel.

Here C*(I,8) denotes the space of k-continuously differentiable B-valued
functions where B is endowed with the strong operator topology.

Theorem 4.C.2. Let I be a compact interval and let Hy C H C H_ be
a Hilbert rigging with (A(t)) ; @ family of self-adjoint operators on 'H as
above satisfying:

(1) I >t— A(t) € L(H4, H-) is norm conlinuous.

(i) R > 7+ ™AW € L(Hy) is strongly continuous.

(iii) There exists a family of Hilbertian norms (||.||¢)
|[||#, such that:

te

e1 on Hy equivalent to

e >0,V € Hy |9l < et [lls and || AOp]l, < e, -

Then the non-autonomous Cauchy problem (4.C.3) admits a unique unitary
propagator U(t, s).
Moreover, the following estimate holds

Vi € Hy, UG )9l < 1 3]s

Proof. We follow the same strategy as in [96] and split the proof into three
steps. We assume, for reading convenience, that the interval I is of the
form [0,T],T > 0 however the proof works exactly in the same way for any
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compact interval. Remark also that there is no restriction if we assume that

- = 11-lo -
Propagator approximation:
Let (to,--- ,t,) be a regular partition of the interval I with
Jr .
tj==—, j=0,--+,n.
n

Consider the sequence of operator-valued step functions defined by

n—1

An(t) = AT Ly (0) + Y A(t) Lt 441(8)
j=0

for any n € N* and ¢ € I. Assumption (i) ensures that
T [|An () — AWl 1) =0,

uniformly in ¢ € I. We now construct an approximating unitary propagator
U, (t,s) as follows:

if t; <t,5<tjy then Uy,(t,s) = e (t=9AE)
ift; <s<tj1<---<t;<t<tpy then Uy(t,s) = e WAL . omillin=9)Ati) 4 C 4)

ift; <t<tj1 <--<t;<s<tpy then Uy(t,s) = et )AL pmilti=s)Alh)

forany j=0,--- ,n—1landl=1,--- ,n with j <.
By definition, the operators U, (t, s) are unitary on H for ¢, s € I and satisfy

Un(t,t) =1, Up(t,s)" = Uy(s,t). (4.C.5)
Moreover, one can first check that
Un(t,s)Up(s,r) = Uy(t,r) for r < s <t, witht,s,r el

and then extend it for any (t,s,7) € I with the help of (4.C.5). Therefore,
Un(t,s) satisfy the properties (a)-(b) of Definition 4.C.1. Again by (4.C.4)
and assumptions (i)-(ii) we have

10:Un(t, s) = An(t)Un(t,s)Y and — i0;Un(t, 8)y = Up(t,s)An(s)Y,
(4.C.6)

for any ¢ € Hy and any t,s # t;, j = 0,--- ,n. In fact, we have for ¢ € H
as identity in H_

T

e T = — iA(s) / e Ay dr, (+.C7)

0
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since this holds first for ¢y € D(A(s)) N H4 and then extends by density of
D(A(s)) N'H4+ in Hy using the uniform boundedness principal. By (4.C.7)
we have

efiTA(s)w —
f

. 1 ’ —irA(s
H FiAE - < HIAG eoe ) | [ 14000 ~ bl

and hence using assumption (ii), we show the differentiability of 7 +— eI A(s)y)
for ¢ € H4.

Convergence of the approximation:
Assumption (iii) implies that

—ispA(tn) . .. €_islA(t1)1/)HT < ecT c(s1+++8n) HwHO,

le
and
He—islA(tl) . €_iS”A(t")1/)H0 < €CT c(s1+++sn) HwHT7
for any s; > 0, j = 1,--- ,n. Hence, using the equivalence of the norms
lo = ||.|l3. and ||.||7 one shows the existence of M > 0 (M = 2T such
+
that

NUn(t, 8)|l e,y < M e~ and by duality |[Uy(¢, )|z ) < M e 50
(4C8)

Furthermore, the same argument above yields
1T (2, 5)8| | < €W/ . (4.C.9)
Using (4.C.6) we obtain for any ¢ € Hy
Op [Un (t,7)Upy (1, 8)00] = i Uy (t,7)[An(r) — A (r)|Un (1, 8)00,  (4.C.10)

for r # %,7‘ #+ % with j = 1,--- ;max(n,m). Integrating (4.C.10) we get
the identity

Un(t,s) — Uy(t,s)p =1 / Un(t,r) [An(r) — Ap (1) Upy (1, 8)3 drr .
Now (4.C.8) yields

Um(t,s) = Un(t; )l comey 1)
< M2t — s|e 5 sup || A (r) — ()|l e, 7y - (4.C.11)
rel

Therefore, for any t,s € I, the sequence U,(t,s) converges in norm to a
bounded linear operator U(t,s) € L(H4+,H-). Since U,(t,s) are norm
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bounded operators on H_ uniformly in n, it follows by (4.C.8) that they
converge strongly to an operator in L(H_) continuously extending U (t, s).
Moreover, this strong convergence yields

Jim (6, Un(t, )i = (6,U(t, /) Yoo € Py Vo € Mo
Thus, using (4.C.8), we obtain
(0,U (¢, )Yl < Me™*M|gllne_ [, -
Hence, it is easy to see by (4.C.2) that
Ut 8],y < Mell
A similar argument yields
U $)lleag < 1. (4.C.12)

Now, since U,(t,s) satisfy part (b) of Definition 4.C.1, we easily conclude
that

Ut,t)=1, U(t,r)U(r,s)=Ul(t,s), t,s,rel, (4.C.13)

by strong convergence in L£(H_). Furthermore, combining (4.C.12) and
(4.C.13) we show the unitarity of U(t,s) on H. Thus, we have proved that
U(t, s) satisty (a)-(b) of Definition 4.C.1.

For any ¢ € H., the continuity of the map I > ¢t — U,(t,s)Y € H_
follows from the definition of U, (¢, s). Now, we prove

(g, UL, )0 = (6,9 Vo € H Vo €M,

by applying an €/3 argument when writing

(0, UL, 8)¢)1 — (0, ¥)m|
<16 = @l UL )¢y + |, [UE ) = Un(t, 5)[10)nd
+ ’((bm [Un(t7 3) - 1}¢)H| + H¢ - ¢I€HH— HwHH+ 5

where ¢, — ¢ in H_ and ¢, € Hy. Therefore, by the duality (Hy) ~ H_,
we get the weak limit

w f%imU(t,s) =1,
in £L(Hy). Now, observe that when ¢ — s we can show by (4.C.8) that

lir?sup U, $)Yllr, < 1l -
—s
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So, we conclude that

limsup ||U(t, s)y — %Z’H?u

t—s
< timsup (||, + 10t 5961 By, — 2Re(w. Ut spi)w, ) =0.
This gives the continuity of I 3t — U(t, s) € H4 since we have in H,

s—=1limU(t,s) —s—%imU(t,r)U(r,s) =U(r,s).

t—r

By differentiating e~*(¢="AMG)U,, (1, 5)1) with ¢ € H, and then integrating
w.r.t. r, we get

Un(t, s)ip — e 10794y — / DA A(s) — A (1)U, s)i i

Letting m — oo in the latter identity and estimating as in (4.C.11), one
obtains

Ut s)p — e DA [y

t
<221 [1)1AG5) = A0 e i dr| 19l
Using the fact that
7i(tfs)A(s)¢ —
e .

fim = /H (1)l cgre, . ydr = 0 and Jim ©—— Y=Y — a(s)y
it holds that

lim W + iA(S)wH

t—s t— H

Thus, we obtain with the help of (4.C.13)

i0,U (s,7) = lim U(t,s)U(s, )¢ — U(s, )

t—s t—s

= A(s)U(s, )9,

for any ¥ € H, and any r,s € I. Hence we have proved the existence of a
unitary propagator U (t, s) for the non-autonomous Cauchy problem (4.C.3).

Uniqueness:

Suppose that V (¢, s) is a unitary propagator for (4.C.3). By differentiating
Un(t,r)V (r,s), 1b € Hy with respect to r we get

V(t, 8)0 — Un(t, st = i / Unn(t, 1) [ An(r) — AV (r, s
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Using a similar estimate as (4.C.11) we obtain

||V(t7 S)¢ - Un(tv S)¢H'H+

< Me™l sup ||V(r,s e
re(s,t] *

[ 1460 = At e Il

and since the r.h.s. vanishes when n — oo we conclude that V (¢, s) = U(t, s).
Finally, the uniform boundedness principle, equivalence of norms |[.||¢, ||-||#,
and the inequality (4.C.9) give us the claimed estimate,

Ve Ha, UL s)6ll < immint (U (2, )1l < 1]

O

Remark 4.C.3. [t also follows that (t,s) — U(t,s) € L(Hy) is jointly
strongly continuous.

In the following we provide a more effective formulation of the above
result (Theorem 4.C.2) which appears as a time-dependent version of the
Nelson commutator theorem (see, e.g., [101], [102] and Theorem 4.B.2).

We associate to each family of self-adjoint operators {S(t)ier, S} on H
such that S > 1, S(t) > 1 and D(S(t)'/2) = D(SY/?) for any t € I, a Hilbert
rigging H+1 defined as the completion of D(S*'/2) with respect to the inner
product

(W, @)y, = (SFV/ 2, 5% 2¢), . (4.C.14)

Corollary 4.C.4. Let I C R be a closed interval and let {S(t)ier, S} be a
family of self-adjoint operators on a Hilbert space H such that:

e S>1and S(t) >1,Vtel,

e D(S(t)'/?) = D(SY?), V¥t € I, and consider the associated Hilbert
rigging Hi1 given by (4.C.14).

Let {A(t) }ter be a family of symmetric bounded operators in L(Hi1,H—_1)
satisfying:

o tel— At) € L(H41,H_1) is norm continuous.

Assume that there exists a continuous function f : I — Ry such that for any
t € I, we have:

(i) for any ¢ € D(S(1)"/?),
00, S| < f (1) 1))
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(i) for any ®, ¥ € D(S(t)%/?),
(ST, A(t)®) — (A1), S(H)D)| < F()[|S()/*@|| ||S(2)/*®]|.

Then the non-autonomous Cauchy problem (4.C.3) admits a unique unitary
propagator U(t, s). Moreover, we have

1S (82U (L, s)]| < €211 SO |15 (5) 12|

In addition, if we have c1,ca > 0 such that ¢1.5 < S(t) < ¢S fort € I, then
there exists ¢ > 0 such that

Ut )|z, < e 7O yrer, (4.C.15)

Proof. First observe that the operator A(t) satisfies the hypothesis of Nel-
son’s commutator theorem (Theorem 4.B.2) for any ¢t € I. Hence, we con-
clude that A(t) is essentially self-adjoint on D(S(t)%/?) which is dense in
Hi1. We keep the same notation for its closure. Moreover, the unitary

group e'™A®) preserves ‘H1 and we have the estimate
15(£)Y/2em A0 ||y < el O |33, . (4.C.16)
—itA

Now, observe that ¢ — e~#4(5)y) € H_ | is weakly continuous for any 1 € H...
This holds using a 7/3-argument with the help of the estimate

(f, (e7AC) — 1)y)
< (1+ WDV 1 F = Fllpy [W]lep, + [((€4) = 1) fi, )

where f, € H is a sequence convergent to f in H_; and ¢ is near 0. Since
strong and weak continuity of the group of bounded operators e~ #4() in
L(H41) are equivalent, we conclude that assumption (ii) of Theorem 4.C.2
holds true.

By assumption (ii), we also have

Sls | < ol

Hence, by Gronwall’s inequality we have
1S(6) /2|2 < el o FOdrl|| g () 292, Vi, s € I. (4.C.17)
Now, we use Theorem 4.C.2 with the Hilbert rigging
Hy=Hy 1 CHCH_=H_
and the family of equivalent norms on H4 given by

[[1le = 115 (6) /¢l .
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Indeed, assumptions (i)-(iii) of Theorem 4.C.2 are satisfied in any compact
subinterval of I with the help of (4.C.17)-(4.C.16). Therefore, we obtain exis-
tence and uniqueness of a unitary propagator U(t, s) of the Cauchy problem
(4.C.3) in the whole interval I with the following estimate

Ut s)ile < sl mxreaws JO g5,

for any ¢, s € I and where A(t, s) stands for the interval of extremities ¢, s.
Using the multiplication law of the propagator, we obtain for any parti-
tion (to,--- ,ty) of the interval A(t,s) the inequality

U, 5)¢lle < H

"l

where A; are the subintervals [t;,¢;11]. Since f is continuous, by letting
n — 00, we get

Ut syl < €2 e S [l

Finally, the assumption ¢1.5 < S(t) < ¢S for t € I, allows to involve the
norm ||.[|,,. Thus we have

U, $)llrs

< Sl syl < <zt 1T g, < 2 LT gy,

O
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Résumé

La dérivation d’équations cinétiques consiste & obtenir, & partir d’un
modéle microscopique décrivant un systéme physique donné, des équations
d’évolution contenant les informations perti- nentes d’un point de vue ma-
croscopique sur ce systéme. Dans cette thése on s’intéresse, dans des cas
particuliers, & la dérivation d’équations cinétiques par des méthodes utili-
sant le formalisme de la théorie quantique des champs (QFT) et le calcul
semi-classique en dimension finie et infinie. Aprés une introduction générale,
on traite dans la seconde partie de la dérivation de ’équation de Boltzmann
linéaire pour une particule dans un champ aléatoire Gaussien, dans la limite
de faible densité (ou de faible couplage). On considére des données initiales
plus générales que dans les travaux de Erdos et Yau sur le méme sujet mais
on renouvelle I’aléa pour obtenir le caractére Markovien de 1’évolution. On
démontre dans la troisiéme partie une formule décrivant 1’évolution, pour un
Hamiltonien quantique quadratique dépendant du temps, d’une observable
quantifiée & 'aide de la quantification de Wick. Cette formule est valable en
dimension finie ou infinie. Enfin la quatriéme partie est un travail conjoint
avec Zied Ammari. On y considére des bosons interagissant via un potentiel
delta, dans la limite de champ moyen, en dimension un. On dérive de ce
modéle I’équation de Schrédinger non-linéaire cubique défocalisante.

Abstract

The derivation of a kinetic equation is the justification from a micro-
scopic model describing a given physical system of an evolution equation
containing the relevant information at a macroscopic scale on this system.
In this PhD thesis we study, on some particular cases, the derivation of
kinetic equations with the framework of quantum field theory (QFT) and
semiclassical calculus. After a general introduction, the second part is dedi-
cated to the derivation of the linear Boltzmann equation for a particle in a
Gaussian random field, within the low density (or weak interaction) limit.
More general initial data are considered than in the work of Erdds and Yau
on the same subject, but a renewal of the random field is used to get the
Markovian properties of the evolution. In the third part a proof is given of
a formula describing the evolution of a Wick quantized observable for a dy-
namic defined by a quadratic quantum time-dependent Hamiltonian. This
formula holds both in finite and infinite dimension. The fourth part is a joint
work with Zied Ammari devoted to the derivation of the defocusing cubic
nonlinear Schrédinger equation in dimension one, for bosons interacting via
a delta potential, within the mean field limit.



