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INTRODUCTION

0.1. Contenu du travail.
Section 1: On présente ici la majeure partie des définitions syntaxiques

nécessaires à la compréhension de ce travail.
Dans la première sous-section sont présentés les langages de termes, for-

mules et processus. La notion de formule est étendue pour s’adapter plus
aisément à la sémantique. Ces formules étendues permettant d’exprimer
des valeurs de vérité avec une grande flexibilité, sont indispensables pour
définir les types de données dans la section 3.

Dans la sous-section 2 est présenté le système de typage.La présen-
tation des règles de typage est la même que dans les références classiques
sur la réalisabilité de Krivine ([6], [7]), mais nous ajoutons aussi des règles
qui s’avérent bien pratiques pour pouvoir typer avec des formules étendues.
Bien évidemment on arrive ainsi à typer avec des formules qui n’ont pas
de signification logique. Cependant, dans la section 3 cettepossibilité est
particulièrement utile pour trouver des opérateurs de mise en mémoire.

Dans la sous-section 3, on définit les processus avec les règles de ré-
duction. En d’autres termes, on définit une machine symbolique, qui est
appelée laMachine de Krivine. Les processus sont des couples formés par
un terme (nommé leterme de t̂eteou terme actif) et une liste finie de ter-
mes (nommée lapile d’argumentsou simplement lapile). La réduction
est définie pour les processus (et non pas pour les termes). Cette réduction
est déterministe puisque, à chaque étape, il y a au plus une seule règle de
réduction applicable. En associant au couple (terme actif, pile) le terme
consistant en l’application du terme actif à la pile d’arguments, on voit que
la réduction de processus correspond à la réduction de tˆete faible.

La sous-section 4 présente une définition de substitutiondes constantes
qui est fondamentale dans la suite. Cette substitution est appeléestatique
par opposition à la substitutiondynamiquequ’on définit dans la section 4.

Section 2:On définit ici différentes notions sémantiques autour des lan-
gages de formules.

Il y a une partie commune à toutes ces sémantiques qui est lefragment
qu’interprétent les termes. Dans la première sous-section on commence
en définissant la sémantique pour les termes, les modèlesde Tarski pour
le langage du deuxième ordre et on termine avec l’arithmétique de Peano
du deuxième ordre. Dans cette sous-section, on insiste surle fait que les
modèles de Tarski qu’on utilise ne sont pas forcément pleins et on est donc
en mesure d’utiliser le théorème de complétude.

Dans la deuxième sous-section on définit les modèles booléens, lesquels
sont très proches des modèles de réalisabilité, nous d´efinissons par la suite.

Dans la sous-section 3, on présente enfin les modèles de réalisabilité.
Ces modèles sont définis à partir d’un modèle de Tarski (dit “modèle de
départ”) et un ensemble de processus clos par antiréduction qu’on dénote
⊥⊥. On énonce et démontre aussi le lemme d’adéquation adapté au langage
de formules étendues.
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Dans la théorie des modèles, le “principe de correction” (“soundness
principle”) établit que la déduction préserve la vérité. Autrement dit, c’est
la correction qui détermine que démontrer sert à connaı̂tre la vérité (dans le
sens de Tarski) dans les modèles. Le paradigme de la réalisabilité consiste
à associer à chaque formule un ensemble de programmes comme valeur de
vérité. En conséquence, l’adéquation en réalisabilité établit que démontrer
sert à réaliser.

C’est dans la sous-section 4 qu’est énoncé et prouvé le lemme d’adéqua-
tion.

Puisque l’adéquation constitue le lien entre réalisabilité et déduction,
l’introduction de nouvelles règles de typage demandera toujours de vérifier
que la nouvelle règle est adéquate. Malgré cette contrainte, il est impor-
tant de signaler que l’introduction de nouvelles règles nepeut jamais rendre
inadéquates les règles préexistantes. Grâce à cette “modularité” de l’adé-
quation, le langage de termes peut évoluer, en ajoutant de nouvelles règles
de typage tout en ayant un minimum de vérifications à faire.

Ainsi, le mécanisme pour passer de la logique intuitionniste à la logique
classique utilisé en réalisabilité de Krivine consisteà ajouter une instruc-
tion cc réalisant la loi de Peirce (laquelle implique le tiers exclu). L’ins-
truction introduite garde dans un pointeur – nommé “continuation” – la pile
courante, pour la rétablir au cas où la continuation arriverait en position ac-
tive. Le rapport entre cette instruction (très utile, surtout en programmation
système) et la loi de Peirce, fut découvert par Griffin (c.f.: [3]). Le système
de typage obtenu en ajoutant à la logique intuitionniste (qui correspond au
lambda calcul pur), une règle qui déclare cc avec le type “loi de Peirce”,
est-il adéquat? Pour répondre à cette question, il suffitde vérifier que la
nouvelle règle est adéquate et cela correspond exactement à prouver que
cc réalise son type. Voilà donc le paradigme pour ajouter des axiomes au
système de types de la réalisabilité: il suffit de trouverune instruction et de
prouver qu’elle réalise l’axiome.

La sous-section 5 explique dans quelles conditions il est possible de cons-
truire des modèles de Tarski à partir des modèles de réalisabilité. C’est
ici que l’on peut voir la forte analogie entre le forcing et laréalisabilité.
La technique du forcing, développée par Cohen, est utile pour prouver
l’existence d’un modèle de Tarski d’une certaine théorie, pourvu qu’on ad-
mette l’existence d’un modèle d’une autre théorie “de départ”. Ce genre de
preuves est utile pour répondre à la question de l’indépendance d’axiomes
dans une certaine théorie (Cohen développa le forcing pour prouver l’indé-
pendance de l’hypothèse du continu en théorie des ensembles. c.f.: [2]).
L’idée est la suivante: soitT une théorie supposée consistante. On veut
prouver qu’un certain axiomeϕ est indépendant de la théorieT ; autrement
dit: qu’on ne peut pas déduireϕ ni ¬ϕ à partir deT . On définit alors dans
T un certain ensemble d’éléments – nommés “conditions” – et, à partir de
chaque formuleψ(~y), on définit une nouvelle formuleψ∗(x,~y) (qui se lit
“x forceψ(~v)”). On peut prouver dansT que l’ensemble de formules qui
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sont forcées par une condition, est clos par déduction (adéquation du forc-
ing) et cohérent (c’est à dire qu’on ne peut pas forcer⊥). Alors, l’existence
d’un modèle deT implique aussi l’existence d’un modèle deT satisfaisant
l’ensemble des formules forcées. En particulier, si on obtient une condition
qui forceϕ, on obtient la consistance deT +ϕ. La même méthode peut
s’appliquer éventuellement à¬ϕ et montrer alors l’indépendance deϕ.

En réalisabilité on a le même genre de construction: un modèle de départ,
les termes qui jouent le rôle de l’ensemble de conditions ; une fois les termes
codés dans le modèle de départ, la formule “le termet réalise la formuleϕ”
est une formule du langage de ce modèle. Il existe alors un modèle de
l’arithmétique dans lequel tout ce qui est réalisé est vrai.

L’analogie entre le forcing et la réalisabilité va bien audelà d’une simple
ressemblance: il existe une définition de “structure de réalisabilité” dont le
forcing et la réalisabilité sont des cas particuliers.

La sixième sous-section contient de brefs commentaires ausujet de l’arith-
métique dans les modèles de réalisabilité. En particulier, on explique que,
pour pouvoir démontrer des théorèmes arithmétiques, on a besoin de re-
streindre les quantificateurs à la formule int(x) (c.f.:[6]). On trouvera
un travail en profondeur sur les modèles de l’arithmétique en réalisabilité
dans [10].

Section 3: Elle est consacrée à définir les types de données à partir des
opérateurs de mise en mémoire. Selon la définition présentée, un type de
données est une formule à une variable libre qui admet un opérateur de
mise en mémoire. La formalisation de cette définition est une généralisation
naturelle du cas des entiers, lesquels ont une représentation “canonique” par
des entiers de la forme(s)n0. Intuitivement, l’opérateur de mise en mémoire
des entiers permet d’étendre une fonction définie uniquement sur les formes
canoniques, à tout le type de données. On généralise cette idée en mettant
à la place de la formule des entiers, une formule quelconqueà une variable
libre. La définition est exprimée sémantiquement comme une condition de
réalisabilité.

La première sous-section développe les définitions tandis que les sous-
sections 2, 3, 4, 5 et 6 traitent respectivement les cas des entiers, des boolé-
ens, les produits de types de données, les listes chaı̂nées et les arbres; le
tout explicitant les opérateurs de mise en mémoire et les représentations
canoniques. On a obtenu les opérateurs de mise en mémoire par preuve.
La technique utilisée est une légère adaptation au présent contexte de celle
présentée dans [4].

Finalement, dans la sous-section 7, on démontre qu’on ne peut pas utiliser
des représentations canoniques normalisées pour les types de données ré-
cursifs. Ce théorème explique pourquoi on a choisi des représentations qui
ne sont pas normalisées dans tous les exemples avec des types récursifs.
L’origine de cette impossibilité est dans l’adoption de laréduction de tête
faible, qui ne constitue pas une stratégie normalisante enλ−calcul.
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Section 4: Cette section est consacrée à la méthode des fils. Une in-
troduction s’impose à ce sujet:Étant donné un processusP, le fil de P est
l’ensemble de tous les processus obtenus par réduction à partir deP. Dans
[7], Krivine présente une définition de modèle de réalisabilité obtenu en
prenant comme ensemble⊥⊥ le complément de la réunion de tous les fils
débutant en un processus formé par un terme (plus précis´ement: une quasi-
preuve, qui sont définies comme les termes sans continuations) et une cons-
tante de pile indexée par ce terme. Krivine appelle ce modèle le “générique
standard” et la constante de pile associée à une quasi preuve est nommée “le
boot”, car elle garde l’information du début de l’exécution. D’autant plus
que, si on introduit une instruction capable d’extraire l’indice de la cons-
tante de pile et le mettre en tant que terme dans la pile (ou en tête), on est
capable de “rebooter” l’exécution à tout moment.Évidemment, pour pou-
voir garder l’information du boot dans la constante de pile,il faut qu’aucune
instruction ne soit susceptible de modifier cette constante. C’est le cas pour
les processus qui ne contiennent pas de continuation ou même pour tous
les processus qui apparaissent au cours du fil d’une quasi-preuve (puisque
toutes les continuations introduites par cc ont la constante de pile du départ).

En regardant les démonstrations des propriétés de réalisabilité dans le
modèle générique de Krivine, on peut remarquer un raisonnement simple
et puissant qu’on peut faire dans ce modèle: Si un processusP n’appartient
pas à⊥⊥, alors il est dans un fil, ce qui veut dire qu’il y a une tête de fil qui
se réduit au processusP. Alors que dans le modèle générique de Krivine, on
peut déterminer à quel fil appartientP en se basant sur la constante de pile,
si on essaye de faire le même raisonnement dans un programmeinteractif,
on trouve deux problèmes fondamentaux:

Dès qu’une instruction d’interaction arrive en tête, la réduction devient
non déterministe et on perd la notion de fil ou bien on “ramifie” les fils qui
deviennent des arbres. Dans ce cas, la linéarité du fil étant perdue, on a
énormément affaibli l’information “P appartient à un fil”, puisque on aurait
à déterminer dans quelle branche du fil estP, ce qui revient à se deman-
der dans quelle session d’exécution, parmi toutes celles qui sont possibles,
apparaı̂tP. On abandonne donc l’idée de ramifier les fils, et on préfère
démarrer un nouveau fil une fois que l’interaction s’est produite, mais dans
ce cas il faut signaler que les continuations dans le nouveauprocessus con-
tiennent la constante de boot de l’ancien fil puisqu’elles furent calculées
dans ce fil. Pour cette raison on abandonne aussi la tentatived’identifier le
fil auquel appartientP par inspection de la constante de pile. On ne peut
donc plus utiliser le modèle de réalisabilité défini parla réunion de tous les
fils. Heureusement, rien n’empêche de prendre des modèlesde fils définis
comme le complément d’un seul fil, puis quand on redémarre l’exécution
après une interaction, on peut prendre la réunion du premier et du deuxième
fil et ainsi de suite. Ce choix donne une discussion finie surP, qui implique
uniquement les fils nécessaires à la compréhension du programme en ques-
tion.
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Le deuxième problème sera expliqué en détail dans la description de la
section 5, mais on peut en donner une idée maintenant: pour avoir des pro-
grammes qui implémentent le “garbage collector”, il est n´ecessaire d’utiliser
la définition intuitionniste du quantificateur existentiel. Ce choix étant fait,
on est amené à définir les jeux associés à certaines formules dudeuxìeme
ordre (nommées dans ce travail “LG-formules”). Comme on verra dans la
section 5, ces jeux comportent le choix par l’opposant d’un paramètre du
deuxième ordre déterminé par le choix d’une pile. Le marquage de la tête
de fil par une constante de pile devient donc impossible puisque la constante
est fournie par l’opposant. Or, cette liberté de réponse donnée à l’opposant
est indispensable pour pouvoir prouver notreMain Theoremet donc il n’est
pas question de s’en passer.

Finalement, suite à l’analyse de ces contraintes, on décide d’utiliser des
modèles de fils dont l’ensemble⊥⊥ est le complément d’une réunion finie
de fils dont l’origine est arbitraire.

Pour résumer cette discussion: Avec notre choix on perd “l’universali-
té” du modèle de fils “générique” (un seul modèle qui peut être utilisé en
étudiant n’importe quel processus formé par une quasi-preuve). On perd
aussi l’étiquette du boot dans la constante de pile ce qui conduit à ne pas
savoir directement à quel fil appartient un processus qui n’est pas dans⊥⊥.
En échange on gagne la possibilité d’étudier des fils de n’importe quel pro-
cessus, le fait d’avoir des modèles de fils adaptés à l’interaction (en parti-
culier aux jeux) et la possibilité de traiter des formules dont la spécification
algorithmique nous assure d’avoir le “garbage collector”.

Dans la première sous-section, on s’occupe de la définition des modèles
de fils et d’expliquer comment en tirer profit sur des exemplessimples et
fort utiles par la suite.

La deuxième sous-section présente la substitution dite “dynamique”. Cet-
te substitution est un sous-produit de l’utilisation des modèles de fils pour
décrire la réduction d’un processus. En effet, la substitution dynamique
est un outil essentiel pour comprendre lacomposition de stratégiesdans
des jeux de réalisabilité. Cette composition pose des problèmes difficiles
qui sont étudiés dans la section 6. Pour donner un “avant-goût” de cette
définition, nous pouvons dire que l’idée est de substituerdes termes à des
instructions, tout en gardant la maı̂trise des effets que cette substitution
comporte. Dans cette section, on montre qu’en prenant des instructions
assez restrictives (avec une règle de réduction qui n’accepte que des piles
très particulières), on peut trouver un ensemble de termes qui se substituent
à ces instructions de façon satisfaisante. On peut dire que la substitution
dynamique est un raccourci pour dénoter brièvement le résultat d’un raison-
nement compliqué qu’on utilise systématiquement.

La troisième sous-section montre comme application immédiate de la
méthode de fils, quelle est la spécification de tous les termes réalisant la loi
de Peirce, prouvant ainsi que cc est le terme le plus simple r´ealisant cette
loi et que tous les autres réalisateurs sont en quelque sorte des cc affaiblis.
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Section 5:Dans cette section sont présentés les jeux de réalisabilité. Un
peu d’histoire: Lorsque j’ai commencé ma recherche en 2004, l’interpré-
tation des formules en tant que jeux dans la réalisabilitéde Krivine était
cela exposée dans l’article [6]. Cette présentation associe des jeux aux
formules arithmétiques en forme normale prénexe. Malgr´e la définition
intuitionniste du quantificateur existentiel qui est donn´ee dans cet article
(∃xϕ := ∀X[∀x(ϕ → X) → X]), la variableX est vite remplacée par⊥
dans chaque preuve et même la règle de de réduction pour les constantes
d’interaction n’impose à l’opposant aucune contrainte dans le choix sur la
pile.

Ayant été confronté très vite au problème d’interpréter des preuves com-
me des combinateurs de stratégies, je me suis aperçu qu’ilest nécessaire
d’utiliser la forme intuitionniste de l’existentiel pour ´eviter que la pile cu-
mule des valeurs auxiliaires qui ne sont plus nécessaires.C’est parce qu’on
a besoin de faire des substitutions sûres pour étudier lescombinateurs de
stratégies, qu’il importe de ne pas avoir une pile inconnuegardant des argu-
ments qui pourraient entrer dans le calcul à tout moment. Comme on l’a vu
plus haut, si un terme réalise une formule comportant des quantificateurs
existentiels intuitionnistes, il nettoie la pile avant chaque interaction avec
l’opposant. Si, par contre, on utilise la forme classique dela formule, cette
propriété n’est plus assurée.

Peu après est créée par Krivine la définition des jeux dites “U V AU V AU V A ”;
lesquels sont associés aux formulesΠ1

1 (donc, en particulier aux formules
du premier ordre). Cette présentation est faite dans un langage – dit langage
des formules “normales” – avec une définition classique du quantificateur
existentiel, des conjonctions et des disjonctions. De plus, on ne peut pas
utiliser l’égalité de Leibniz puisqu’il s’agit d’une formule du deuxième or-
dre. Par exemple:

∃x∀y∃zϕ(x,y,z) := ∀x{∀y[∀z(ϕ(x,y,z)→⊥)→⊥]→⊥}→⊥

a les quantificateurs existentiels classiques et peut êtreinterprétée comme
un jeu dans le sens de [7]. Sa présentation intuitionniste:

∀X{∀x{∀y[∀Z∀z(ϕ(x,y,z)→ Z)→ Z]→ X}→ X}

ne peut pas être interprétée comme un jeu dans le sens de [7] puisque ce
n’est pas une formule normale. Cependant, dans la définition des jeux
donnée dans [6] il est possible de jouer avec cette formule,en remarquant
qu’un terme qui réalise la formule en version intuitionniste, réalise aussi
son homologue classique.

La définition des jeux associés aux formules générales du second or-
dre paraı̂t actuellement hors de portée. Il fallait donc trouver une façon
d’interpréter au moins les formules de deuxième ordre quisont nécessaires
pour exprimer les formes intuitionnistes des existentiels, conjonction, dis-
jonction et l’égalité de Leibniz. Le langageLG présenté dans la première
sous-section de la présente section répond bien à ces requis.
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Puisque les formules correspondant aux types de données les plus intéres-
sants ne sont pas des formules deLG, on a prévu dans la définition deLG
une place spécifique servant à la relativisation des quantificateurs. Main-
tenant, on a un cadre général qui contient les formules du premier ordre
relativisées totalement ou partiellement aux types de données, avec les con-
necteurs et les quantificateurs en forme intuitionniste.

Dans la deuxième sous-section on explique comment définirles jeux
U V AU V AU V A dans le langageLG. C’est une généralisation de la définition donnée
dans [7].

La troisième sous-section est dédiée à l’implémentation des jeuxU V AU V AU V A

dans la machine de Krivine. Cette définition est aussi une g´enéralisation
de celle qui est présentée dans [7], où la nouveauté consiste à traiter les
quantificateurs du deuxième ordre qui sont dansLG.

Dans la quatrième et dernière sous-section, le théorème principal (“Main
Theorem”), qui apparaı̂t déjà dans [6], est la connexion entre les jeux et
la réalisabilité. Plus précisément, un terme qui réalise une formule deLG,
implémente le jeuU V AU V AU V A associé à cette formule et le joueur “qui défend”
le théorème, a une stratégie gagnante pour ce jeu. De plus, si la formule
est totalement relativisée à des types de données, alorsle terme est “juge
et partie” dans le jeu. En effet, il implémente le jeu et joueune stratégie
gagnante à la place du défenseur de la formule. C’est ici, quand on prouve
ce théorème, qu’on voit à quoi servent les restrictions imposées sur les vari-
ables du deuxième ordre des formules deLG. En effet, il y a une importante
propriété de monotonie dans les valeurs de vérité qui d´ecoule de ces restric-
tions et qui est essentielle dans la preuve du Main Theorem.

Section 6: La section 6 contient plusieurs exemples et montre en action
toute la théorie exposée dans les sections précédentes.

On démarre avec les exemples les plus simples de jeux avec back-tracking.
Plus concrètement, les sous-sections 1 et 2 sont consacrées à étudier le cas
des formules∃x∀y( f (x,y) = 0) et∃x∀y( f (x,y) , 0). On caractérise ici les
termes qui réalisent ces formules comme ceux qui implémentent les jeux
associés à ces formules (dans un sens, c’est le Main Theorem, mais il est
remarquable que la réciproque soi aussi vraie pour ces formules). On mon-
tre ici aussi les “schémas de fils” qui seront utilisés par la suite et on ex-
plique que le back-tracking a une contrepartie sémantiquedans le modèle
⊥⊥G constitué par les processus qui ont une stratégie gagnante. Il y a une
distinction importante entre l’utilisation de l’égalit´e (cas def (x,y) = 0)
et de l’inégalité (cas def (x,y) , 0). Tandis que la première donne des
exécutions qui s’arrêtent sur un pointeur indiquant la position finale, la
deuxième s’arrête brutalement dès que l’opposant ne peut pas donner une
réponse satisfaisante.

Dans la sous-section 3, on explique l’effet sur les jeux de larelativisa-
tion des quantificateurs. Le résultat déjà bien connu pour les entiers (voir
[6] et [7]) est généralisé sans aucun effort particulieraux types de données:
les réalisateurs des formules relativisées jouent eux mˆemes une stratégie
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gagnante pour le défenseur de la formule – cela découle de la définition de
l’interaction –. Cependant, dans le nouveau cadre il y a deuxpossibilités
pour relativiser un quantificateur: Le relativiser à un type de données ou
de façon plus restrictive, le relativiser aux représentants canoniques. Dans
le premier cas on doit utiliser des opérateurs de mise en mémoire pour les
constantes d’interaction.

Dans la sous-section 4, on donne, au niveau des réalisateurs, des méca-
nismes pour passer de la formule relativisée aux canoniques à la formule
relativisée à tout le type de données et vice-versa. On obtient ainsi un terme
qui implémente une stratégie gagnante jouant les mêmes individus que celle
du départ.

La sous-section 5 montre une caractérisation qui généralise celle vue
dans les sous-sections 1 et 2: Tout terme qui implémente le jeu d’une
formule partiellement ou totalement relativisée à des canoniques est un
réalisateur de cette formule dans tous les modèles de réalisabilité. Autrement
dit, réaliser une de ces formules dans⊥⊥G équivaut à la réaliser dans tous
les modèles.

Finalement on s’attaque auleit motivde ce travail: l’analyse d’une preuve
comme combinateur de stratégies. Considérez les deux formules suivan-
tes: Ψ := ∃

int
x∀

int
y( f (x,y) = 0) et ϒ := ∃

int
x′∀

int
y′(g(x′,y′) = 0). On met la

formuleΨ → ϒ sous forme prénexe :

Φ′ := ∃
int
x′∀

int
y′x∃

int
y[( f (x,y)=0)→ (g(x′,y′)=0)]

À l’origine, ce problème était formulé dans la définition des jeux de [6] ;
il était donc important de travailler avec des formes prénexes et avec la
partie propositionnelle en forme équationnelle. Pour obtenir cette forme,
on considère, dans le modèle de départ, une fonctionh(x,y,x′,y′) telle que:

∀xyx′y′[(h(x,y,x′,y′) = 0)↔ (( f (x,y)=0)→ (g(x′,y′)=0))]

et on définitΦ := ∃
int
x′∀

int
y′x∃

int
y(h(x,y,x′,y′)=0) Ainsi, il est immédiat que

tout réalisateur deΦ est aussi un réalisateur deΦ′, c’est-à-dire de la forme
normale prénexe de l’implicationΨ → ϒ. On sait alors queΦ,Ψ ⊢ ϒ et
on veut étudier comment une preuve de ce théorème combinedes stratégies
gagnantes pourΦ et Ψ pour obtenir une stratégie gagnante pourϒ.

Dans la sous-section 5 on considère la formuleΦ et on étudie comment
sont les fils dans une partie. Ce jeu est bien plus complexe quecelui vu dans
les cas précédent parce qu’il y a plus de possibilités. Pour mieux décrire ce
jeu, on organise les positions jouées dans un arbre (dans lasémantique des
jeux, cette pratique est usuelle et ces arbres sont appelés“arenas”).

Finalement, dans la sous-section 6 on s’attaque à la description du com-
binateur en utilisant les schémas de fils définis dans les sous-sections 4
(pourΨ) et 5 (pourΦ) pour décrire, à l’aide de la substitution dynamique
définie dans la section 4, le comportement du combinateur obtenu par une
preuve du théorèmeΦ,Ψ ⊢ ϒ.
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0.2. La r éalisabilité de Krivine est un sujet multidisciplinaire. À par-
tir de ce que nous venons de commenter, nous pouvons énumérer les do-
maines des mathématiques et de l’informatique qui sont concernés par la
réalisabilité de Krivine. Ainsi cette théorie repose sur quatre “pattes” dont
deux relèvent de l’informatique et les deux autres de la logique.

(1) La réalisabilité est de la programmation: La machine de Krivine
constitue un modèle de programmation impérative. Cette machine
comporte un ensemble d’instructions, qui peut être enrichi à tout
moment avec une remarquable simplicité et sans effets sur la partie
du calcul déjà établie. Cet aspect de “modularité” qui est très cher
aux programmeurs.

De plus, les instructions qu’on a eu besoin d’introduire jusqu’ici
pour réaliser les axiomes des mathématiques, ont toujours un sens
clair et bien connu en programmation. Ainsi, le tiers exclu est
le “call-with-current-continuation” et fait apparaı̂tredes pointeurs
(les continuations); l’axiome de choix dépendant est l’horloge ou
bien la signature de fichiers; l’axiome de choix général est obtenu
à partir des instructions de lecture et d’écriture dans une mémoire
globale (“tas”). D’autre part, une récente découverte deKrivine et
Legrangérard montre que les formules valides sont des spécifications
de protocoles réseau (voir [9] et [10]).

La réalisabilité de Krivine est une théorie qui touche aucœur de
la programmation, établissant des liens clairs entre les axiomes des
mathématiques et la programmation impérative.

(2) La réalisabilité est de la théorie de la démonstration: Elle a un
système de typage qui permet démontrer comme on le fait en mathé-
matiques. En particulier le fait de réaliser les axiomes permet d’évi-
ter de les charger comme des hypothèses tout au long de la preuve.
La distinction entre ces deux modes de preuve paraı̂t mineure. Elle
n’est certainement pas très importante tant qu’on connaı̂t des réa-
lisateurs pour l’axiome. Prenons l’exemple de l’énoncéL’axiome
de choix implique le th́eor̀eme de Tychonoff. La distinction en-
tre une preuve de ce théorème et une preuve du théorème deTy-
chonoff dans une théorie avec axiome du choix est capitale du point
de vue de la programmation : ce n’est pas la même chose d’avoir un
programme capable de trouver un réalisateur de Tychonoff `a partir
d’un réalisateur de l’axiome de choix que d’avoir explicitement un
réalisateur de Tychonoff.

On évite aussi d’introduire la logique classique par “non-non tra-
duction” ; le style des preuves formelles dans cette théorie est ainsi
beaucoup plus proche de celui des preuves informelles en mathé-
matiques.

(3) La réalisabilité est une généralisation du forcing: Elle a des mé-
thodes de travail similaires et permet de construire des modèles de
l’analyse ou de la théorie des ensembles. On peut d’ailleurs espérer
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de trouver des nouvelles preuves d’indépendance qu’on ne pourrait
pas obtenir par forcing.

(4) La réalisabilité est de la théorie des jeux: Elle permet de spécifier
des formules comme des jeux et d’établir des liens entre lesstratégies
gagnantes du jeu associé à une formule et les réalisateurs de cette
formule. Les protocoles réseau dont on a parlé plus haut sont un cas
particulier de jeux associés à des formules, plus précisément à des
formules valides.

0.3. Contribution. Je voudrais expliciter ici les idées et les techniques qui
correspondent à mon travail personnel, par rapport à ce qui était connu au-
paravant. Ces idées ont été présentés dans l’introduction et seront développés
dans les six sections qui suivent. J’en ferai donc ici une simple énumération :

Section 1:

• L’introduction dans le langage des formules étendues et des règles
de typage pour la nouvelle flèche qu’elles comportent. Cependant,
Krivine avait déjà manipulé des valeurs de vérité qui correspondent
à des formules étendues avant que cette définition ne soitdonnée.

Section 3:

• La définition de type de données. Cependant, il faut signaler que
l’idée : “avoir un opérateur de mise en ḿemoire c’est comme avoir
un type de donńees”me fut suggérée par Krivine lors d’un entretien
de travail.

• La preuve que, pour aucun type de données, on ne peut réaliser, dans
tous les modèles de réalisabilité, qu’il contient tous les individus
(∀xϕ(x) où ϕ est un type de données). C’est une généralisation du
résultat déjà connu pour les entiers ; mais le fait de le prouver en
utilisant les opérateurs de mise en mémoire permet de le g´enéraliser
à tous les types de données.

• La preuve qu’il n’est pas possible d’utiliser des représentations ca-
noniques normalisées pour les types de données récursifs.

Section 4:

• La définition des modèles de fils.
• La propriété de réduction des opérateurs de mise en mémoire énon-

cée dans 4.5 et sa généralisation 4.9. La formulation actuelle, beau-
coup plus compacte, me fut suggérée par Krivine lors d’un entretien
de travail.

• La définition de la substitution dynamique et tout ce qui estprésenté
dans la sous-section 2 de la section 4.

• La présentation de l’exemple de la loi de Peirce. J’ignore si la
réciproque était déjà connue.

Section 5:

• La définition du langageLG, lequel est une extension du langage des
formules normales présenté par Krivine dans [7]. Toute l’adaptation
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des jeux et son implémentation au nouvel ensemble de formules;
en particulier les paramètres de∆ et son usage pour instancier les
variables du deuxième ordre dans les formules deLG.

Section 6:Dans cette section toute la présentation, les commentaires et les
schémas choisis pour représenter l’algorithme du combinateur de stratégies
correspondent à mon travail de recherche.
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1. Syntax

1.1. Languages.
We shall define aλ-calculus with instructions denoted byΛc, together with
a language of stacks denoted byΠ. While terms represents programs, a
stack represents a list ofargumentsor, in other words, anenvironmentunder
which a program can be performed. In order to build these languages, we
must begin choosing sets of constants and sets of variables:

Definition 1.1. Let us consider the three countable sets

• A set of variables forΛc-terms that we will denote asΛc-var
• A set of constants forΛc-terms that we will denote asΛc-constant
• A set of constants for stacks that we will denote asΠ-constant

TheΛc-constants will be denoted in general by capital lettersH,U , some-
times by the lowercase letterk. For definitions involvingΛc-constants, we
will represent any constant byκ. These constant are also calledinstructions

TheΛc-variables will be denoted by lowercase lettersx,y,z,v,w or a,b,c.
TheΠ-constants will be denoted asπi, wherei is an integer.
For technical reasons, we define first the set of (possibly open) stacksΠ

but we are interested only on closed stacks, which set we willdenote byΠ.
The definitions ofΛc andΠ are mutually recursive:

Definition 1.2.
<Λc-term> ::= k<Π-stack> | <Λc-constant> | <Λc-var> |

(<Λc-term>)<Λc-term> | λ<Λc-var><Λc-term>
<Π-stack> ::= <Π-constant> | <Λc-term>.<Π-stack>

Each stackπ gives, in an injective way, aΛc-term denoted bykπ. Such a
term is calleda continuation.

Intuitively, a continuationkπ is an instruction saving an environment (a
stack)π to restore it later.

As usually in Krivine’s papers, we adopt for application ofΛc-terms the
notation(t)u instead oftu.

We define the free variables ofΛc-terms and stacks as follows:

Definition 1.3. FV : Λc∪Π → Λc-var

• FV(kπ) := FV(π), whereπ is a Π-stack.
• FV(κ) := /0, whereκ is an instruction.
• FV(x) := {x}, where x is aΛc-variable.
• FV((t)u) := FV(t)∪FV(u), where t,u areΛc-terms.
• FV(λxt) := FV(t)\{x}, where x is aΛc-variable and t is aΛc-term.
• FV(πi) := /0, whereπi is a Π-constant.
• FV(t.π) := FV(t)∪FV(π), where t is aΛc-term andπ is aΠ-stack.

A Λc-term t isclosedif and only ifFV(t) = /0. A Π-stackπ is closed if and
only if FV(π) = /0. We denote the set of closedΛc-terms byΛ0

c and the set
of closed stacks byΠ.
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Thus, a closed stack is a finite sequence of closedΛc-terms ended by
a Π-constant.

Definition 1.4. We define the length of the stacksℓ : Π →N by induction as
follows:

• ℓ(πi) = 0, whereπi is a Π-constant.
• ℓ(t.π) = ℓ(π)+1, where t is a closedΛc-term.

Thereafter, we will define a languageP , which makes it possible to ex-
press mathematical properties and to typeΛc-terms. Therefor, w define first
the language of terms:

Definition 1.5. Let beV1 a countable set offirst order variablesandF a
countable set offunction symbols. For each arity k, we denote asF k the
set of all k-ary function symbols. The0-ary function symbols are called
constants.
<T -term> ::= <V1-var> | <F k-funct><T -term>.. .<T -term>︸                                    ︷︷                                    ︸

k
where k∈ N

The free variablesof terms are defined as usually. Given a termτ, we
denote byFV(τ) the set of the free variables ofτ1.

A list of termsτ1, . . . ,τk will be sometimes abbreviated as~τ.
We have at least the function symbols s,+,× for the successor, the ad-

dition and the multiplication respectively and a constant symbol 0 for the
zero.

In order to built extended formulæ we must add some sets of variables:

Definition 1.6. Let us consider the following sets of variables:

• For each arity k, lets consider a countable set of k-ary second order
variables which we will denote asV k

2 .
• For each arity k, lets consider a countable set of k-ary variables that

we will denote asEk.

Notation 1.7. We denote asV2 the set
⋃

k∈NV
k
2 containing all second order

variables and asE the set
⋃

k∈E
k. The variables belonging toE will be called

Λc-set variables. Usually we will denote second order variables by capital
letters, speciallyX,Y,W and theΛc-set variables by lowercase greek letters,
almost alwaysεi wherei is an integer. Ak-ary Λc-set variableε followed
by k terms will be called aΛc-set atom.

The useful ofΛc-set variables to describe semantics will be clear in the
following sections.

We now define the languageP of extended formulæas a second order lan-
guage with usual implication→ and another implication of an extended
formula by aΛc-set atom:

1since there is no ambiguity, we will use always the notation FV for free variables.
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Definition 1.8.
<P-fla> ::= ⊤ | <V k

2-var><T -term>.. .<T -term>︸                                    ︷︷                                    ︸
k

|

<E
h-var><T -term>.. .<T -term>︸                                    ︷︷                                    ︸

h

 <P-fla> |

<P-fla>→<P-fla> |∀<V1-var><P-fla> |

∀<V k
2-var><P-fla> where h,k∈ N

Thefree variablesof extended formulæ are defined in the usual way and
we denote the set of the free variables ofϕ byFV(ϕ). We remark that, given
an extended formulaψ := ετ1 . . .τk ϕ, FV(ψ)= {ε}∪

⋃i=k
i=1FV(τi)∪FV(ϕ).

Remark 1.9. A Λc-set atom is not aP -formula. However, the “double
negation” ofετ1 . . .τk can be written as∀X[(ετ1 . . .τk X)→ X], which is
aP -formula.

Notation 1.10.As usually in Krivine’s papers, we will denoteϕ1→(ϕ2→ϕ3)
asϕ1,ϕ2 → ϕ3. Moreover, we also define the analogous abbreviations for
the connector :

ε1~τ;ε2~σ ϕ := ε1~τ (ε2~σ ϕ)

ε~τ;ϕ1→ϕ2 := ε~τ (ϕ1→ϕ2)

The language of typesL is the sub language ofP defined without the
constructor , i.e. the language of the second order logic with the connec-
tor→ and the quantifier∀:

Definition 1.11.
<L-fla> ::= ⊤ | <V k

2-var><T -term>.. .<T -term>︸                                    ︷︷                                    ︸
k

|

<L-fla>→<L-fla> | ∀<V1-var><L-fla> |

∀<V k
2-var><L-fla> where k∈ N

The languageL of the second order logic will be used to type theΛc-
terms and to write mathematical properties, while the language of extended
formulæ will be useful from Section 2 to describe semantics.

We introduce the following abbreviations:

Definition 1.12.
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⊥ = ∀XX

where X∈V 0
2

τ1 = τ2 = ∀W(Wτ1 →Wτ2)

where W∈V 1
2 andτ1,τ2 ∈ T

¬ϕ = ϕ →⊥
ϕ1∨ ·· ·∨ϕk = ∀X((ϕ1 → X), . . . ,(ϕk → X)→ X)
ϕ1∧ ·· ·∧ϕk = ∀X((ϕ1, . . . ,ϕk → X)→ X)

∃x(ϕ1, . . . ,ϕk) = ∀X(∀x(ϕ1, . . . ,ϕk → X)→ X)
∃Y(ϕ1, . . . ,ϕk) = ∀X(∀Y(ϕ1, . . . ,ϕk → X)→ X)

where X∈V 0
2 X< FV(ϕ1, . . . ,ϕk) andϕ1, . . . ,ϕk are extended formulæ

int(x) = ∀X(∀y(Xy→ X(sy)),X0→ Xx)

where X∈ V 1
2 ands is the symbol of the successor function

∀
ψ1
x1 . . .∀

ψk
xkϕ = ∀x1 . . .∀xk(ψ1(x1), . . . ,ψk(xk)→ ϕ)

∃
ψ1
x1 . . .∃

ψk
xkϕ1, . . .ϕs = ∃x1 . . .∃xk(ψ1(x1), . . . ,ψk(xk),ϕ1, . . . ,ϕs)

whereϕ,ψ1 . . . ψk, ϕ1, . . . ,ϕs are extended formulæ and eachψi depends on xi

Hence, existential quantifiers, disjunction and conjunction are defined as
second order formulæ. The first order languageL1 is defined by:

Definition 1.13.
<L1-fla> ::= ⊤ | ⊥ | <T -term>=<T -term> |

<T -term> ,<T -term> |

<V k
2-var><T -term>.. .<T -term>︸                                    ︷︷                                    ︸

k

|

<L1-fla>→<L1-fla> | ∀<V1-var><L1-fla> |

∃<V1-var><L1-fla> | <L1-fla>∨<L1-fla> |

<L1-fla>∧<L1-fla> where k∈ N

Where the symbol, is a new predicate symbol. The formulaτ1 , τ2 is
atomic and hence different ofτ1 = τ2 →⊥.

1.2. Typing rules.
We must define the typing rules. In order to do that, we must define the

sequents. The usual declarations inλ-calculus are of the formx:ϕ, wherex
is a variable andϕ is a type (a formula). Here we will type with extended
formulæ and hence we must also admit delcarationsx ∈ ε~τ, wherex is a
variable andε~τ is aΛc-set atom.
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Definition 1.14.
<declaration> ::= <V1> : <P-fla> |

<V1-var> ∈<Λc-set atom>
<judgement> ::= <Λc-term> : <P-fla>

<typing hypothesis> ::= [] | <typing hypothesis>,<declaration>
<sequent> ::= <typing hypothesis> ⊢<judgment>

We will denote the judgements by capital greek letters, almost always
Γ,∆,Σ. For typing rules, the judgments will be considered equals at less of
permutations, i.e. the order of declarations in a judgment is not relevant.

Definition 1.15. Thefree variablesof a judgment are defined by induction:

• FV([]) = /0,
• FV(Γ, t:ϕ) = FV(Γ)

⋃
FV(ϕ),

• FV(Γ,u∈ετ1 . . .τn) = FV(Γ)
⋃
{ε}

⋃i=n
i=1FV(τi)

The substitution inΛc-terms is defined in the usual way. The substitution
of first order variables in formulæ is also defined in the usualway.

Given an extended formula, we define a substitution of a (free) second
order variable by an extended formula :

Definition 1.16. Let x1, . . . ,xk be k first order variables, X a second order
variable of arity k,ϕ and ψ arbitrary extended formulæ. We define the
substitutionϕ[ψ

/
Xx1 . . .xk

] by induction on the length ofϕ:

• if X < FV(ϕ), thenϕ[ψ
/

Xx1 . . .xk
] is ϕ,

• if ϕ is Xτ1 . . .τk, thenϕ[ψ
/

Xx1 . . .xk
] is ψ[τ1 . . .τk

/
x1 . . .xk

],
• if ϕ is ϕ1 → ϕ2, thenϕ[ψ

/
Xx1 . . .xk

] is
ϕ1[ψ

/
Xx1 . . .xk

]→ ϕ2[ψ
/

Xx1 . . .xk
],

• if ϕ is ε~τ φ1, thenϕ[ψ
/

Xx1 . . .xk
] is ε~τ ϕ1[ψ

/
Xx1 . . .xk

]

• if ϕ is ∀yχ and y< FV(ψ), thenϕ[ψ
/

Xx1 . . .xk
] is ∀y(χ[ψ

/
Xx1 . . .xk

]),
• if ϕ is ∀Yχ and Y< FV(ψ), thenϕ[ψ

/
Xx1 . . .xk

] is ∀Y(χ[ψ
/

Xx1 . . .xk
]).

The typing rules are the following:

Definition 1.17.

(ax) whereα ∈ Γ
Γ ⊢ α

(abs)
Γ, x:ϕ ⊢ t:ψ

Γ ⊢ λxt:ϕ → ψ

( i)
Γ,x∈ε~τ ⊢ t:ϕ

Γ ⊢ λxt:ε~τ ϕ

(app)
Γ ⊢ t:ϕ → ψ Γ ⊢ u:ϕ

Γ ⊢ (t)u:ψ
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( e)
Γ ⊢ x∈ε~τ Γ ⊢ t:ε~τ ϕ

Γ ⊢ (t)x:ϕ

(∀
1

i)
Γ ⊢ t:χ

x < FV(Γ)
Γ ⊢ t:∀xχ

(∀
2

i)
Γ ⊢ t:χ

X < FV(Γ)
Γ ⊢ t:∀Xχ

(∀
1

e)
Γ ⊢ t:∀xχ

with τ a term
Γ ⊢ t:χ[τ

/
x]

(∀
2

e)
Γ ⊢ t:∀Xχ

with ψ a L-formula
Γ ⊢ t:χ[ψ

/
Xx1 . . .xk

]

The definition of equality (c.f.:1.12) is called theLeibniz equality. The
classic formulation of this equality isa = b := ∀X(Xa↔ Xb), which in-
tuitively means that two individuals are equals if and only if they have the
same properties according to our language. Our asymmetric presentation
is due to the rule(∀

2
e), which allows us to prove⊢ λx(x) id :∀x∀y(x=y →

y=x):
(ax)

x : x= y⊢ ∀X(Xx→ Xy)
(∀

2
e)

x : x= y⊢ x : (Xx→ Xx),Xy→ Xx

(ax)
z : Xx⊢ z : Xz

(→)i
⊢ id : Xx→ Xx

(→)e
x : x= y⊢ (x) id : Xy→ Xx

(∀
2

i)
x : x= y⊢ (x) id : y= x

(→)e
⊢ λx(x) id : x= y→ y= x

(∀
1

i)
⊢ λx(x) id : ∀x∀y(x= y→ y= x)

where in the second line we have replacedXyby Ψ := Xy→ Xx.

1.3. Processes and reduction.

Definition 1.18. The processes are the pairs belonging toΛ0
c ×Π. A pro-

cess(t,π) is denoted by t⋆ π. We say that t is inhead positionfor the
process t⋆π and thatπ is itsargumentor environment.

We will reduce processes, rather thanΛc-terms. The reduction is defined
by a schemata of reduction rules which we callreduction system. Our reduc-
tion system is open in the sense that it is possible –whenevernecessary– to
introduce new reduction rules. This posibility will be usedto add a needed
property to the system. The following rules will be in any reduction system
and they are defined in order to compute theweak head reduction:

Definition 1.19.
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• (t)u⋆π ≻1 t ⋆u.π (push)
• λxt⋆u.π ≻1 t[u

/
x]⋆π (pop)

Remark 1.20.As in [3], we can work in Classical Logic by adding a control
instruction. Indeed, it suffices to add an instruction of Peirce’s law type.
However, this choice can not be arbitrary, because we need a kind of cohe-
rence between typing rules and semantics (soundness lemma). At this point
we introduce the needed instruction leaving the check of theadequacy for
later.

(cc)
cc:∀X∀Y[((X →Y)→ X)→ X]

We introduce also, for each stackπ, a constantkπ with the reduction
rulekπ ⋆ t.π′ ≻1 t ⋆π for all termst and stacksπ′.

Finally, we introduce for cc the reduction rule cc⋆t.π ≻1 t ⋆ kπ.π for all
termst and stacksπ.

Here we can argue that the continuationkπ is in fact an address to the
stackπ. Indeed, when we executekπ, the execution takes the first argument
in the stack and following executes this one with the stackπ as argument.

This system will be sufficient in order to work in classical arithmetics.
More details can be found in [6].

Definition 1.21. We definePl (the elements of which are calledproof-like
terms) as the set consisting of theΛ0

c-terms without continuations.

Definition 1.22. We will denote by≻ the transitive closure of the rela-
tion ≻1. Hence, the notation P0 ≻ P′ signifies that there are n processes
P1, . . . ,Pn such that P0 ≻1 P1 ≻1 · · · ≻1 pn ≻1 p′. We denote also by< the
reflexive closure of≻, i.e. P< Q if and only if P≻ Q or P= Q. Given a
process P, the thread of P is thesequenceof all process obtained from P by
reduction. It will be denoted bythP. Thesupportof thP is the set

thP := {P′ ∈ Λ0×Π | P<P′}

For instance, thP whereP= λx(x)x⋆λx(x)x.π is an infinite sequence of
constants and its support is the singleton{P}.

1.4. (static) Substitution.
Thereafter, we define the simultaneous substitution of a list of Λc-constants
andΠ-constants by a corresponding list of terms and stacks:

Definition 1.23. Given kΛc-constants H1, . . . ,Hk, k Λ0
c-terms t1 . . . tk, h Π-

constantsπ1, . . . ,πh and h stacksρ1, . . . ,ρh, consider the mapφ from con-
stants toΛc-terms and stacks defined by(Hi 7→ ti) and(πi 7→ ρi). The map
φ defines a (static2) substitution functionS : Λc

⋃
Π → Λc

⋃
Π by induction.

(1) Substitution on terms:

2This definition is independent of the reduction and defined for all terms. For this reason
we say that it is a “static” substitution, by contrast with the “dynamic” substitution we will
define later, which depends on reduction and is partially defined
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• S (Hi) := ti
• S (H) := H if H is a Λc-constant and H, Hi for all i ∈ [1..k]
• S ((u1)u2) := (S (u1))S (u2)
• S (λxu) := λx(S (u))
• S (cc) := cc
• S (kπ) := kS (π)

(2) Substitution on stacks:
• S (πi) := ρi
• S (π0) := π0 if π0 is a stack constant andπ0 , πi for all i ∈
[1..h]

• S (u.π) := S (u).S (π)
Since this function is determined byφ, this substitution can be denoted

as [t1 . . . tk,ρ1 . . .ρh
/

H1 . . .Hk,π1 . . .πh
]. . We say that{H1, . . . ,Hk,π1, . . . ,πk}

is thedomainof S and we denote it bydom(S ).

We now define a “join” (partial) operation on static substitutions and a
partial order.

Definition 1.24. Consider two static substitutionsS1,S2.
We say thatS1 andS2 are compatibleif and only if they coincide over

dom(S1)∩dom(S2).
If S1 andS2 are compatible, we denote byS1+S2 the static substi-

tution consisting in substituting simultaneously the constants ofdom(S1)
applyingS1 and the constants ofdom(S2) applyingS2. If S1 andS2 are
not compatible thenS1 + S2 is not defined.

We say thatS2 extendsS1 if and only ifS1 andS2 are compatible and
dom(S1)⊆ dom(S2). We denote this relation asS2 ⊒ S1.

The (partial) operation+ is commutative. For this reason we adopted an
additive notation. It is no difficult to prove that⊒ is a transitive relation and
thus it is a partial order.

Definition 1.25. Given a reduction system, we say that itrespects substi-
tution of constantsif and only if, for each substitution functionS and for
each instance t⋆π≻1 u⋆ρ of a reduction rule, we have thatS (t)⋆S (π)≻1
S (u)⋆S (ρ).

Typically, a reduction rule as the “signature” used in [6], does not respect
the substitution. The reason is that this instruction uses the code of the stack
to compute an integer. When we perform the substitution, thecode of the
stack will be changed and then the calculated integer also.

However, in the system necessary to work in classical arithmetics, the
substitution respects reduction:

Lemma 1.26. Given two processesτ ⋆π andσ⋆ρ satisfyingτ ⋆π ≻1 σ⋆ρ
and a substitutionS defined as in 1.23, thenS (τ) ⋆S (π) ≻1 S (σ) ⋆
S (ρ). Moreover, this reduction uses the same rules as the reduction τ ⋆
π ≻1 σ⋆ρ.
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Proof.

• For the (push) and (pop) rules, it is straightforward.
• For a given stackt.π, we have that cc⋆t.π ≻1 t ⋆ kππ. We apply

the substitution functionS before the reduction and we obtain:
S (cc) ⋆S (t.π) = cc⋆S (t).S (π). But this process reduces to
S (t)⋆kS (π).S (π) = S (t)⋆S (kπ.π).

• For a given stackt.π′, we have thatkπ ⋆ t.π′ ≻1 t ⋆ π. We apply
the substitution functionS before the reduction and we obtain:
S (kπ) ⋆S (t.π′) = kS (π) ⋆S (t).S (π′). But this process reduces
to S (t)⋆S (π).

�
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2. Semantics

2.1. Tarski models.
We expose in this subsection the basis of Tarski models. Our presentation
is adapted to the case of a second order language, but the basic ideas are the
same the reader can found in classical books of model theory.

As it was defined, the languageL has only function symbols as non log-
ical symbols. AL-structure is a tripletM= (M,D,Y ) such that:

• M is a set.
• D is a set of predicates inM, i.e.:D ⊆

⋃
k∈NMk. D must contain at

least one predicate for each arityk∈ N.
• Y is a mapf 7→ f Y from function symbols, such that for eachk-ary

symbol f , we havef Y : Mk → M.
The setM is calledthe ground set, D the second order domainandY the
interpretationof the structure.

For instance, in arithmetics, we use a 1-ary function symbols, interpreted
as the successor function, two binary function symbols+, × interpreted as
the addition and the multiplication respectively and a 0-ary function sym-
bol 0, interpreted as the zero.

Definition 2.1. Given aL-structureM= (M,D,Y ), an assignmentA is a
map x7→ xA from first order variables to M, together with a map X7→ XA

from second order variables toD such that XA is a k-ary predicate pro-
vided that X is a k-ary second order variable.

A parametricalL-term is a pair(τ,A ), whereτ is aL-term andA is an
assignment. In analogous way, a parametricalL-formula is a pair(ϕ,A ),
whereϕ is aL-formula andA is an assignment.

Example 2.2. Let us consider a model of ZF and the ordinalω with the
usual definitions of zero, successor, addition and multiplication. We will
call ω-structure ofL each structure(ω,D,Y ) whereY interprets the func-
tion symbols 0,s,+,× as the zero, successor, addition and multiplication
defined inω. We will denote alsoω asN.

Notation 2.3. Consider an assignmentA over aL-structure(M,D,Y ), h
first order variablesx1, . . . ,xh, k second order variablesX1, . . . ,Xk, h indi-
vidualsm1, . . . ,mh ∈ M andk predicatesD1, . . . ,Dk ∈ D such thatDi has
the same arity thatXi for all i ∈ [1..k]. We denote as

A [m1, . . . ,mh,D1, . . . ,Dk
/

x1, . . . ,xh,X1, . . . ,Xk
]

the assignment which coincide withA on all variables except on the
variables x1, . . . ,xh,X1, . . . ,Xk; on which it takes respectively the values
m1, . . . ,mh,D1, . . . ,Dk.

Definition 2.4. Given aL-structureM= (M,D,Y ) and an assignmentA ,
we define by induction the interpretation of the parametrical terms(τ,A ).
This one will be an element of M denoted asτM,A :

• xM,A := xA .



28 MAURICIO GUILLERMO

• ( f τ1, . . . ,τk)
M,A := f Y (τM,A

1 , . . . ,τM,A
k ).

Now, we can define satisfaction inL-structures:

Definition 2.5. Let us consider aL-structureM = (M,D,Y ). For each
parametrical formula(ϕ,A ), we define the satisfaction of(ϕ,A ) in M by
induction onϕ. We denote the satisfaction of(ϕ,A ) in M asM|=(ϕ,A ).

• M |= (Xτ1 . . .τk,A ) if and only if(τM,A1 , . . . ,τM,Ak ) ∈ XA .
• M |=(ϕ→ψ,A ) if and only ifM|=(ψ,A ) provided thatM|=(ψ,A ).
• M |= ∀xϕ if and only if for each m∈ M,M |= (ϕ,A [m

/
x]).

• M |= ∀Xϕ if and only if for all D∈D,M |= (ϕ,A [D
/

X]).

Example 2.6. Informally, one could say that parametrical formulæ allows
us to write properties about individuals and their relations. Consider an
assignmentA such thatxY is the standard integer 4 andyY is the standard
integer 7 and the formulax= y as it is defined in 1.12. For instance, suppose
thatD =

⋃
k∈NPow(Mk). Then,M |= (x= y,Y ,A ) if and only if xY and

yY are the same element ofM, which is false in our example.
Sincex= y contains only the free variablesx andy, the interpretation and

the assignment of all the other variables that are notx nor y is not relevant
for the truth ofx= y in a given model. Our semantics definition reflects this
property and hence we can write only 4= 7 instead of(x= y,Y ,A ), thus
indicating that the meaning of our formula depends only on the assignment
of two different variables, one assigned as 4 and the other as7.

More generally, the satisfaction of a formula in aL-structure depends
only on the assignment of their free variables. Using this fact, we can sim-
plify notations, thus eliminating all references to the assignmentA . Given
a formula, the values assigned to their free variables, are called theparame-
tersof the formula.

Notation 2.7. In general, we will denote the parametrical term

(τ,A [m1, . . . ,mh
/

x1, . . . ,xh
]) as(τ[m1, . . . ,mh

/
x1, . . . ,xh

],A )

and the parametrical formula

(ϕ,A [m1, . . . ,mh,D1, . . . ,Dk
/

x1, . . . ,xh,X1, . . . ,Xk
])

as
(ϕ[m1, . . . ,mh,D1, . . . ,Dk

/
x1, . . . ,xh,X1, . . . ,Xk

],A )

In particular, ifA is well known, or not relevant for satisfaction, we can
write simply:

τ[m1, . . . ,mh
/

x1, . . . ,xh
] andϕ[m1, . . . ,mh,D1, . . . ,Dk

/
x1, . . . ,xh,X1, . . . ,Xk

]

respectively, thus omitting all references toA .
Finally, if first we declareϕ=ϕ(x1, . . . ,xh,X1, . . . ,Xk) (i.e. ϕ depends only

uponx1, . . . ,xh,X1, . . . ,Xk), we can denote the parametrical formula

ϕ[m1, . . . ,mh,D1, . . . ,Dk
/

x1, . . . ,xh,X1, . . . ,Xk
]
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as
ϕ(m1, . . . ,mh,D1, . . . ,Dk)

In particular, if ϕ is a closed formula,ϕ represents itself all parametrical
formulæ(ϕ,A ) and its satisfaction can be written asM |= ϕ. For parame-
trical terms we introduce the same notation, writingτ[m1, . . . ,mh] instead
of τ[m1, . . . ,mh

/
x1, . . . ,xh

].

Definition 2.8. Thecomprehension schematais the axioms schemata

CSψ := ∃X∀x1, . . . ,xk(Xx1 . . .xk ↔ ψ(x1, . . . ,xk))

which gives one axiom for each formulaψ(x1, . . . ,xk)
AL-structureM= (M,D,Y ) is amodel of second order logic with com-

prehension schemata (later called simply “a model”)if and only ifM |= CSψ
for eachL-formulaψ.

Comprehension schemata says that each formulaψ(x1, . . . ,xk) determines
a second order predicate containing exactly allk-uplets (m1, . . . ,mk) of
individuals satisfying the parametrical formulaψ(m1, . . . ,mk). Notice that
in L we can not write the Russell’s Paradox because we have no equivalent
in L to the atomic formulax < x, which we can write in ZF language. In
consequence there is no problem to assert that each formula defines a set.

Definition 2.9. The axioms of Peano arithmetic can be given in the follo-
wing way: take forL four function symbols,s for the successor function,+
for the addition,× for the product and0 for the integer zero. The axioms
written inL are the following:

PA.1 ∀x¬(sx= 0)
PA.2 ∀x∀y(sx= sy→ x= y)
PA.3 ∀x(x+0= 0)
PA.4 ∀x∀y(x+sy= s(x+y))
PA.5 ∀x(x×0= 0)
PA.6 ∀x∀y(x×sy= (x×y)+x)
PA.7 ∀xint(x)

The axiomPA.1means that0 is not a successor of any individual, the axiom
PA.2 means that the successor is an injective function. The axiomPA.7 is
the recursion principle. AL-structure is a model of Peano arithmetic if and
only if it satisfies the axiomsPA.1 to PA.7.

Example 2.10.A ω-structure satisfying PA.1 to PA.7 will be called aω-
model of Peano second order arithmetics. A particular case is the so called
standard modelN := (N,

⋃
k∈NPow(Nk),Y )

The reader should be noticed that they are two different waysto define
Tarski models in second order logic: The first one is the so called full mo-
dels, that forces the domainD to be equals to

⋃
k∈NPow(Mk) whereM is

the ground set. The second one is the definition used in this work and it
demands only thatD contains thek-ary subsets ofM which are defined
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by some formula (to ensure the comprehension schemata). While the full
models have not a completeness theorem, the second definition admits com-
pleteness:

Theorem 2.11.Given a consistent set S ofL-forumlæ, there is a Tarski
modelM satisfying all formulæ belonging to S.

Proof. (Sketch) The most simply procedure to prove this result is tocode
the second order language on a first order language with∈ and to apply the
completeness of first order languages. Other possibility isto adapt the proof
of completeness for first order languages that uses Henkin witness. �

2.2. Boolean-valued models.
Once we define Tarski models, we assign to eachk-ary second order vari-
able ak-ary predicate of the ground setM. Let us consider an assignment
XA of a k-ary second order variableX. We can considerXA as its charac-
teristic functionXA : Mk → {0,1} from Mk to the boolean algebra{0,1},
where the sup∨, the inf∧ and the complement¬ are defined as usual:

∨ 0 1
0 0 1
1 1 1

∧ 0 1
0 0 0
1 0 1

0 1
¬ 1 0

By means of the boolean algebra operations, we can define thetruth value
of L-formulæ, which we defined in 2.1. Let us consider an assignment A

and aL-structureM = (M,D,Y ). For simplicity, we denote as||ϕ|| the
truth value of a parametrical formula(ϕ,A ):

• ||Xτ1 . . .τk|| := XA (τM,A1 , . . . ,τMA
k )

• ||ψ1 → ψ2|| := ¬||ψ1|| ∨ ||ψ2||
• ||∀xψ|| := ∧m∈M||ψ(m)||
• ||∀Xψ|| := ∧D∈D ||ψ(D)||

This definition gives the parametrical formulæ truth valuesaccording to the
Tarski modelM.

The reader should be noticed that universal quantification is treated as an
infimum of a set of truth values. A boolean algebraB such that for each
setB⊆ B, there exists inf(B) is called acomplete boolean algebra. Natu-
rally, a finite boolean algebra (as{0,1} is), is a complete boolean algebra,
but in general an infinite boolean algebra does not need to be complete.

We can generalise the semantics defined above taking any complete bool-
ean algebraB instead of{0,1}. It suffices to assign each second order
variableX as a functionXA : Mk→B. The models thus defined are called
boolean-valued models. In consequence, boolean-valued models are a gene-
ralisation of Tarski models. The reader can see [1] for more information
about these models.

2.3. Realizability models.
In this subsection we define a semantics for the languageP (i.e. the lan-

guageL enriched with the implication and theΛc-set variables. c.f.:1.8).
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The truth values of formulæ will be defined as sets of stacks. In order to de-
fine realizability, we start with a Tarski modelM=(M,D,Y ) of PA. This
modelM will be called thestart modelor ground modeland in most cases
will be chosen as the standard model of arithmetics, i.e. thelanguage has
only s,0,+,× as function symbols,(M,D,Y ) = (N,

⋃
k∈NPow(Nk),Y ),

sY is the successor function, 0Y is the natural 0 and+Y ,×Y are respec-
tively the usual addition and multiplication.

The set of truth valuesT is the setPow(Π), to which we will add a struc-
ture of boolean algebra3. The ground set isM and the interpretation isY ,
on the other hand, the assignment domain for second order variables is the
set of all functions belonging to∪k∈NT

Mk
. More precisely: anassignment

is a mapx 7→ xA from first order variables together with a mapX 7→ XA

from second order variables and a mapε 7→ εY from Λc-set variables; all
three satisfying:

• For a first order variablex, its assignmentxA belongs toM.
• For ak-ary second order variableX, its assignmentXA is a function

of domainMk and codomainT .
• For a k-ary Λc-set variableε, its assignmentεA is a function of

domainMk and codomainPow(Λc).
Since the ground setM and the interpretationY are the same that for the

start modelM, the terms of the language are interpreted as inM.
In order to define thetruth valueof a parametrical extended formula, it is

required to explain how we interpret the arrow→. To do this, we make the
following definitions:

Definition 2.12.

(1) A set of processes S is calledsaturatedif and only if it is closed by
antireduction. More explicitly, if Q is a process belongingto S and
P≻ Q; then P belongs to S.

(2) Given a saturated set⊥⊥, the orthogonal complementmap is de-
fined by()⊥⊥ : P (Π)→ P (Λc), W⊥⊥ := {t∈Λc | ∀π∈W t⋆π∈⊥⊥}.
We denote by t
⊥⊥ V the statement t∈V⊥⊥.

Remark 2.13. The orthogonal complement is a contravariant function (ac-
cording to inclusion): Indeed, if we takeP⊆ Q, we haveP⊥⊥ ⊇ Q⊥⊥

We define some notations that will be in force thereafter.

Notation 2.14. Given two setsV ⊆ Λc andW ⊆ Π, we denote byV W

the set{t.π | t∈V andπ∈W}. Similarly, if V,W⊆ Π, we denote byV→W

the setV⊥⊥
 W, i.e. {t.π | t∈V⊥⊥ andπ∈W}.

Remark 2.15. The operator is covariant on both arguments, but the
operator→ is covariant on the right argument and contravariant on the left
argument:

3Pow(Π) has a boolean algebra structure with
⋃
,
⋂

and complement, but this boolean
algebra is not interesting for our purposes.
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ConsiderP1,P2,Q1,Q2⊆Π andV1,V2⊆Λc such thatP1⊆P2,Q1⊆ Q2
andV1 ⊆ V2. By definition,V1 Q1 ⊆ V2 Q2.

Using 2.13P⊥⊥
2 ⊆P⊥⊥

1 and henceP2 →Q1 = P⊥⊥
2  Q1 ⊆P⊥⊥

1  Q2 =
P1 → Q2, thus proving the remark.

Notation 2.16. In most cases, as for the Tarski models, the interpretationY

of function symbols is well known. Then, to simplify notation, we will omit
all references toY . For the assignments on realizability models, we make
the same denotational conventions we made in 2.3

Definition 2.17. Let us consider aL-structureM= (M,D,Y ) and a satu-
rated set of processes⊥⊥. We define for each parametrical extended formu-
la (ϕ,A ) its truth value relative to⊥⊥, which we denote by||(ϕ,A )||⊥⊥.
The definition is made simultaneously for each assignmentA and by in-
duction on the formulaϕ:

• ||(⊤,A )||⊥⊥ := /0
• ||(Xτ1 . . .τk,A )||⊥⊥ := XA (τY A

1 , . . . ,τY A
k )

• ||(ετ1 . . .τk ϕ,A )||⊥⊥ := εA (τY A
1 , . . . ,τY A

k ) ||(ϕ,A )||⊥⊥
• ||(ϕ → ψ,A )||⊥⊥ := ||(ϕ,A )||⊥⊥ → ||(ψ,A )||⊥⊥
• ||(∀xϕ(x),A )||⊥⊥ :=

⋃
n∈N ||(ϕ[n

/
x],A )||⊥⊥

• ||(∀Xϕ(X),A )||⊥⊥ :=
⋃

R∈T Nk ||(ϕ[R
/

X],A )||⊥⊥

For each saturated set⊥⊥, we have an equivalence relation∼⊥⊥ between
parametrical extended formulæ such that(ϕ,A )∼⊥⊥ (ψ,A ) if and only if
their truth values are equals. We say that two parametrical extended for-
mulæ aretruth equivalentsif and only if they are equivalent for all⊥⊥.

Remark 2.18.Given a saturated set⊥⊥, the interpretation of a term depends
only on the interpretation of their function symbols and theassignment of
their variables. The truth value of an extended formula depends only on
the interpretation of their function symbols and the assignment of theirfree
variables.

Notation 2.19.We make similar denotational conventions about parameters
that we made on 2.7.

Indeed, suppose thatϕ = ϕ(x1, . . . ,xp,X1, . . . ,Xq). Since the truth value
of ϕ is determined by assignement of their free variables (c.f. 2.18), the
assignementA on other variables is not relevant. In consequence, we can
adopt the notation:

ϕ[a1, . . . ,ap,R1, . . . ,Rq
/

x1, . . . ,xp,X1, . . . ,Xq
]

or
ϕ[a1, . . . ,ap,R1, . . . ,Rq]

instead of

(ϕ,A [a1, . . . ,ap,R1, . . . ,Rq
/

x1, . . . ,xp,X1, . . . ,Xq
])

A similar notation will be used for parametrical terms. A fewtimes, we do
not want to explicite parameters, but we will also avoid the notation(ϕ,A ),
preferring to writeϕA .
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In particular, ifϕ is a closed formula,ϕ represents itself all parametrical
formulæϕA and its truth value can be written as||ϕ||.

The reader may not appreciate to introduce a lot of notationshere. How-
ever, it allows us to choose the shortest possible notation without lost of
precision, depending of the expression we want write.

Notation 2.20. We use indistinctly the notationst 
⊥⊥ ϕ[~a,~R] (readt reali-
zesϕ[~a,~R] in ⊥⊥) andt ∈ |ϕ[~a,~R]|⊥⊥ as synonyms oft ∈ (||ϕ[~a,~R]||⊥⊥)⊥⊥.
Every time the set⊥⊥ is well known, we will omit the subscript reference
to⊥⊥ in these notations.

The notationt � ϕ(~a,~R) means that for each saturated set⊥⊥, we have
t 
⊥⊥ ϕ(~a,~R). A Λc-termt such thatt � ϕ(~a,~R) is called auniversal realizer
of ϕ(~a,~R).

As we will see in subsection 2.5, in most interesting cases wehave Tarski
models associated to the choice of a saturated set⊥⊥. By extension, we will
say that saturated sets of processes aremodels.

Lemma 2.21. Consider a Tarski modelM = (M,D,A ), an extended for-
mulaϕ and a a-ary second order variable X that appears only in positive
(resp. negative) position onϕ. TakeP,Q two (T -valued) a-ary predicates
such that∀

M
x1 . . .xa (P(~x)⊆ Q(~x)).

Then, for each model⊥⊥, ||ϕ[P
/

X]|| is included (resp. includes)||ϕ[Q
/

X]||.

Proof. If X in not a free variable ofϕ, then||ϕ[P
/

X]||= ||ϕ[Q
/

X]||.
Suppose thatX is free inϕ. The proof is by induction on the formulaϕ.

• If ϕ is atomic,ϕ = X~τ for some terms~τ. Then,||ϕ[P
/

X]||= P(~τ)⊆
Q(~τ) = ||ϕ[Q

/
X]||.

• If ϕ is ε~τ ψ andX is in positive (resp. negative) position, then
X is also in positive (resp. negative) position inψ. By induction
hypothesis||ψ[P

/
X]|| is a subset (resp. includes)||ψ[Q

/
X]||. By

definition of truth values and 2.15, we have:

||ϕ[P
/

X]||= ε~τ ||ψ[P
/

X]|| ⊆ (resp.⊇) ε~τ ||ψ[Q
/

X]||= ||ϕ[Q
/

X]||

• If ϕ is ψ → χ, thenX must be in positive (resp. negative) position
in χ and in negative (resp. positive) position inψ. By induction
hypothesis, we have that||χ[P

/
X]|| is a subset of (resp. includes)

||χ[Q
/

X]|| and||ψ[P
/

X]|| includes (resp. is a subset of)||χ[Q
/

X]||.
By definition of truth values and 2.15, we have:

||ϕ[P
/

X]||= |ψ[P
/

X]| ||χ[P
/

X]|| ⊆ (resp.⊇) |ψ[Q
/

X]| ||χ[Q
/

X]||

• For first and second order quantification is a direct verification.
�

The following lemma explains a relation between the second order subs-
titution and second order parameters that justifies the similarity between the
two notations we adopted:
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Lemma 2.22.Consider an extended formulaχ, p first order variables x1, . . . ,xp
and a p-ary second order variable X. Take a Tarski modelM= (M,D,Y )
and a realizability model⊥⊥. Define a p-ary predicateP:Mp→T such that

P(a1, . . . ,ap) := ||χ[a1, . . . ,ap
/

x1, . . . ,xp
]||

Then, for each parametrical formulaϕ, we have||ϕ[χ
/

Xx1 . . .xp
]||=||ϕ[P

/
X]||.

Proof. If X < FV(ϕ), then||ϕ[χ
/

Xx1, . . . ,xp
]||= ||ϕ||= ||ϕ[P

/
X]||.

If X ∈ FV(ϕ), we prove the result by induction inϕ, simultaneously for
all assignmentA :

• Suppose thatϕ = Xτ1 . . .τp. Then,||ϕ[χ
/

Xx1 . . .xp
]||=

||χ[τ1, . . . ,τp
/

x1, . . . ,xp
]||= P(τ1, . . . ,τp) = ||Xτ1 . . .τp[P

/
X]||=

||ϕ[P
/

X]||

• Suppose thatϕ = ε~τ ψ. Then,||(ε~τ ψ)[χ
/

Xx1 . . .xp
]||=

εA (~τA ) ||ψ[χ
/

Xx1 . . .xp
]||=∗ εA (~τA ) ||ψ[P

/
X]||=

||(ε(~τA ) ψ)[P
/

X]||.
• Suppose thatϕ = ψ1 → ψ2. Similar to the case above.
• Suppose thatϕ = ∀xψ. Then,||(∀xψ)[χ

/
Xx1 . . .xp

]||=
⋃

m∈M ||ψ[χ
/

Xx1 . . .xp
][m

/
x]||=

∗ ⋃
m∈M ||ψ[m,P

/
x,X]||=

||(∀xψ)[P
/

X]||.
• Suppose thatϕ = ∀Yψ. Then,||(∀Yψ)[χ

/
Xx1 . . .xp

]||=
⋃

Q∈T Mp ||ψ[χ
/

Xx1 . . .xp
][Q

/
Y]||=

∗ ⋃
Q∈T Mp ||ψ[P,Q

/
X,Y]||=

||(∀Yψ)[P
/

X]||.
The steps in the proof where we use the induction hypothesis are signalled
with a star. In particular it might be worth noticing that in the last two places
marked with a star, we use the fact that the induction hypothesis holds for
all assignmentA . �

Definition 2.23. Let us consider a Tarski modelM= (M,D,Y ) and a reali-
zability model⊥⊥. A sequent

x1 : ϕ1, . . . ,xp : ϕp,y1 ∈ ε1~τ1, . . . ,yq ∈ εq~τq ⊢ t : ψ
is called atrue sequent in⊥⊥ if and only if, for each assignmentA and
for all terms t1, . . . , tp,u1, . . . ,uq such that ti 
 ϕA

i and uj∈E
A (~τA

j ) for all i

and j; we have that t[t1, . . . , tp,u1, . . . ,uq
/

x1, . . . ,xp,y1, . . . ,yq
]
ψA . A sequent

x1 : ϕ1, . . . ,xp : ϕp,y1 ∈ ε1~τ1, . . . ,yq ∈ εq~τq ⊢ y∈ε~τ
is called atrue sequent in⊥⊥ if and only if, for each assignmentA and
for all terms t1, . . . , tp,u1, . . . ,uq such that ti 
 ϕA

i and uj∈E
A (~τA

j ) for all i

and j; then y[t1, . . . , tp,u1, . . . ,uq
/

x1, . . . ,xp,y1, . . . ,yq
]∈εA (~τA ).

A deduction rule
Γ1, . . . ,Γk

(R)
∆

is correctif and only if, for each model

⊥⊥, if Γ1, . . . ,Γk are true in⊥⊥; then∆ is also true in⊥⊥.
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2.4. The soundness lemma.
Traditionally, thesoundness lemmaguarantees that truth is preserved by

deduction. In realizability models we have that the formulation below has
the same meaning:

Lemma 2.24.

(1) All proof-rules defined in 1.17 are correct.
(2) Consider a Tarski modelM = (M,D,Y ) and a realizability mo-

del⊥⊥. Consider a provable sequent

x1:ϕ1, . . . ,xp:ϕp,y1∈E1~τ1, . . . ,yq∈E~τq ⊢ t:ψ

and an assignmentA . Choose ti 
 ϕA
i and uj∈E

A
j
~τA
j for all i

and j. Then:

t[t1, . . . , tp,u1, . . . ,uq
/

x1, . . . ,xp,y1, . . . ,yq
] 
 ψA

(3) Consider a provable sequent⊢ t:ψ. Then, for each model⊥⊥ and
for each assignmentA , we have that t
 ψA .

Proof. We prove the statement (1). The second statement is a displayof
correctness definition while the third statement is a particularisation of the
second one. For simplicity we denote asΓ the hypothesis

x1 : ϕ1, . . . ,xp : ϕp,y1 ∈ E1~τ1, . . . ,yq ∈ Eq~τq

Consider a Tarski modelM= (M,D,Y ) and a realizability model⊥⊥. Take
an assignmentA andt1, . . . , tp,u1, . . . ,uq terms such that eachti realizesϕA

i

and eachu j belongs toEA ~τ j
A . For each termt, we adopt for brevity the

notationt ′ = t[x1, . . . ,x+ p,y1, . . . ,yq
/

x1, . . . ,xp,y1, . . . ,yq
]. We prove that each

deduction rule is correct as follows:

• For the rule (ax)
Γ ⊢ α whereα∈Γ, is immediate.

• For the rule
Γ,x : ϕ ⊢ t : ψ

(abs)
Γ ⊢ λxt : ϕ → ψ

: We must prove thatΓ⊢λxt:ϕ→ψ

is true in⊥⊥ provided thatΓ,x : ϕ ⊢ t : ψ is true in⊥⊥. Take a
term v 
 ϕA and a stackπ ∈ ||ψA ||. The processλxt′ ⋆ v.π re-
duces tot ′[v

/
x] ⋆ π. Since we have thatΓ,x : ϕ ⊢ t : ψ is true in

⊥⊥, t ′[v
/

x] ⋆π ∈ ⊥⊥. The reader should notice that, since substitu-
tion avoid capture of free variables -possibly by renaming variables-
we can assert thatx is not free int1, . . . , tp,u1, . . . ,uq,v. Hence, the
sequential substitutiont ′[v

/
x] gives the same result as the simulta-

neous substitutiont[t1, . . . , tp,v,u1, . . . ,uq
/

x1, . . . ,xp,x,y1, . . . ,yq
].

• For the rule
Γ ⊢ t : ϕ → ψ Γ ⊢ u : ϕ

(app)
Γ ⊢ (t)u : ψ

: Suppose that the se-

quentsΓ ⊢ t : ϕ → ψ andΓ ⊢ u : ϕ are true in⊥⊥. Take a stackπ ∈
||ψA ||. We must prove that(t ′)u′ ⋆π ∈ ⊥⊥. But (t ′)u′ ⋆π reduces to
t ′ ⋆u′.π, that belongs to⊥⊥ by hypothesis.
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• For the rule
Γ,x∈ε~τ ⊢ t : ψ

( i)
Γ ⊢ λxt : ε~τ ψ

: Similar to the case of the

rule (abs)

• For the rule
Γ ⊢ t:ε j~τ j ψ Γ ⊢ y∈ε~τ

( e)
Γ ⊢ (t)y:ψ

: Suppose that

Γ ⊢ t : ε j~τ j  ψ is true in⊥⊥. Then,t ′ 
 ε j~τ j  ψ. By hypothesis
u j ∈ εA

j (~τ j
A ) and hence((t)y j)

′ = (t ′)u j 
 ψA .

• For the rule
Γ ⊢ t : ψ

(∀i)
1

Γ ⊢ t : ∀xψ
wherex < FV(Γ): We must prove that

Γ ⊢ t : ∀xψ is true in⊥⊥ provided thatΓ ⊢ t : ψ is true in⊥⊥. Take
a stackπ ∈ ||ψA [m

/
x]|| for an individualm. Since the sequentΓ ⊢

t : ψ is true in⊥⊥; thent ′ 
 ψA [m
/

x] and hencet ′ ⋆π ∈ ⊥⊥.

• For the rule
Γ ⊢ t : ∀xψ

(∀e)
1

Γ ⊢ t : ψ[τ
/

x]
: Suppose thatΓ ⊢ t : ∀xψ is true in

⊥⊥ and take a stackπ ∈ ||ψA [τ
/

x]||. We have that||ψA [τ
/

x]|| =

||ψA [m
/

x]||⊆||∀xψ|| wherem= τA . Since we suppose thatΓ ⊢
t:∀xψ is true in⊥⊥, we have thatt ′ ⋆π ∈⊥⊥, thus proving the result.

• For the rule
Γ ⊢ t : ψ

(∀i)
2

Γ ⊢ t : ∀Xψ
whereX <FV(Γ): We must prove that

Γ ⊢ t : ∀Xψ is true in⊥⊥ provided thatΓ ⊢ t : ψ is true in⊥⊥. Take
a stackπ ∈ ||ψA [P

/
X]|| for a (T -valued) second order parameter

P with the arity ofX. Since the sequentΓ ⊢ t : ψ is true in⊥⊥, we
have thatt ′ 
 ψA [P

/
X] and hencet ′ ⋆π ∈ ⊥⊥.

• For the rule
Γ ⊢ t : ∀Xψ

(∀e)
2

Γ ⊢ t : ψ[χ
/

Xx1, . . . ,xk
]

: Suppose thatΓ ⊢ ∀Xψ

is true in⊥⊥. Hence,t ′ 
 ∀Xψ. On the other hand, by 2.22 we
have that||ψ[χ

/
Xx1, . . . ,xk

]||= ||ψ[P
/

X]|| for a suitable (T -valued)
predicateP. In consequencet ′ 
 ψ[χ

/
X], as we want prove.

• For the rule (cc)
Γ ⊢ cc :∀X∀Y[((X →Y)→ X)→ X] : Since cc is

a closedΛc-term, we must prove that cc
 ∀X∀Y[((X→Y)→X)→X]
Consider two predicatesX,Y, aΛc-termt such thatv
 (X→Y)→X

and a stackπ ∈ X. The process cc⋆v.π ≻ kπ.π. It suffices to prove
thatkπ 
X→Y. Take a stackρ ∈Y and aΛc-termu
X. Since the
processkπ ⋆u.ρ ≻ u⋆π that belongs to⊥⊥. The proof is finished.

�

A fundamental step in the proof above consists in proving that cc is a
universal realizer for Peirce’s Law. In general, to introduce a new typing

rule
Γ ⊢ t:Φ

, we need only to verify that

t[t1, . . . , tp,u1, . . . ,uq
/

x1, . . . ,xp,y1, . . . ,yq
] �Φ
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provided thatti 
ϕi andu j ∈ εA~τA for all i and j. This is necessary because
the Soundness Lemma holds in the new type system if and only ifeach typ-
ing rule is correct. In consequence, the problem consistingin introducing
an axiom in the typing system is in fact equivalent to the problem consis-
ting in realizing the axiom. A simple but very strong property is that the
correctness of a typing rule is independent of the other and hence, once the
correctness of a rule is proven, we can add other typing ruleswithout risk of
injury to the already established rules. This kind of modularity makes safe
and relatively simple to add instructions every time we want.

2.5. Defining Tarski models from realizability models.
We start putting, given a realizability model, a structure of boolean algebra
on a quotient overT :

Definition 2.25. Given a Tarski modelM = (M,D,Y ) and a realizability
model⊥⊥, we say that⊥⊥ is consistentif and only if there is no proof-like
terms realizing⊥ on⊥⊥.

Definition 2.26. Consider a Tarski modelM= (M,D,Y ) and a consistent
realizability model⊥⊥. We define in the setT the following relations:

• P≤Q if and only if there is a proof-likeΛc-term t such that t
P→Q

• P≃ Q if and only ifP≤ Q andQ≤ P

The relation≃ is an equivalence relation inT . We will denote asP both
the truth valueP and its equivalence class.

Definition 2.27. In the hypothesis of the definition 2.26, we define onT /≃
the following operations:

• ¬P := ||P→⊥||
• P∧Q := ||∀X((P,Q→ X)→ X)||
• P∨Q := ||∀X((P→ X),(Q→ X)→ X)||

We define also the constants⊤⊤⊤ := /0 and⊥⊥⊥ := Π

Lemma 2.28. (T /≃,⊥⊥⊥,⊤⊤⊤,¬,≤,∧,∨) constitutes aBoolean algebra.

Proof. The proof is rather long but conceptually no difficult. We will only
propose in most paradigmatic properties, the necessary terms to realize it
and we left the verification for the reader.

First, we must verify that the operations are defined in the quotient. In
other words, we must check that¬P ≃ ¬P′, P∧Q ≃ P′∧Q′ andP∨Q ≃
P′∨Q′ provided thatP≃ P′ andQ≃ Q′. To do this, it suffices to verify:

• λpλ f λx( f )(p)x
 ∀X∀X′((X → X′),¬X′ →¬X)
• λpλqλ f λg( f )λxλy(g)(p)x(q)y


∀X∀X′∀Y∀Y′((X → X′),(Y →Y′),(X∧Y)→ X′∧Y′)

• λpλqλ f λxλy(( f )x◦ p)y◦q


∀X∀X′∀Y∀Y′((X → X′),(Y →Y′),(X∨Y)→ (X′∨Y′))

After that, we must prove that≤ is transitive,∧ and∨ are respectively the
inf and the sup. For≤ is simple, for∧, we must check:
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• λ f ( f )λaλba
 ∀A∀B(A∧B→ A)
• λ f ( f )λaλbb
 ∀A∀B(A∧B→ B)
• λaλbλxλ f ( f )(a)x(b)x
 ∀A∀B∀X((X →A),(X →B),X → (A∧B))

and for∨:

• λaλ f λg( f )a
 ∀A∀B(A→ (A∨B))
• λbλ f λg(g)b
 ∀A∀B(B→ (A∨B))
• λaλbλ f ( f )ab
 ∀X∀A∀B((A→ X),(B→ X),(A∨B)→ X)

To prove the properties for the complement, we check:

• Sinceλaλ f (cc)λk( f )a◦k
 ∀X(X∨¬X) we have that
∀X(⊤⊤⊤→ X∨¬X) is realized by a proof-like term.

• λ f ( f )λaλb(b)a
 ∀X((X∧¬X)→⊥⊥⊥)

One of the distributive laws can be proved using:

• λhλv1λv2(h)λa(u)(τ)v1a(τ)v2a


∀A∀B∀C[(A∧ (B∨C))→ ((A∧B)∨ (A∧C))]

whereτ = λtλxλy(t)λ f ( f )xy
 ∀X∀Y∀Z(((X∧Y)→ Z),X,Y → Z)
andu is the term found to realize:

∀X∀A∀B((A→ X),(B→ X),(A∨B)→ X)

The other computations to prove the distributive laws are left as an exercise.
�

Thus, in the quotientT / ≃, the formulæ that are realizable by a proof-
like term have truth value⊤⊤⊤; while formulæ that are inconsistent with⊤⊤⊤
have truth value⊥⊥⊥.

Let us consider an ultrafilterU in T /≃. It represents a complete consis-
tent set of formulæ: the setLU of all L-formulæϕ such that the equivalence
class (module≃) of ||ϕ|| belongs toU . By completeness, there is a Tarski
modelM such that itsL-theory is exactlyLU (c.f.: 2.11). This remark
proves that each consistent realizability model gives a class of Tarski mo-
dels where all formulæ realized by a proof-like term are true. We will use
the locutionrealizability modelindistinctly for the saturated set of proces-
ses⊥⊥ and for any Tarski model given by an ultrafilter in the booleanalge-
braT /≃.

Remark 2.29. Consider aL-structureM = (M,D,Y ) and a consistent
realizability model⊥⊥. Then, for each parametrical first order formula
ϕ(m1, . . . ,mh,R1, . . . ,Rk):

if M |= ϕ(m1, . . . ,mh,R1, . . . ,Rk) then||ϕ(m1, . . . ,mh,R1, . . . ,Rk)|| ≃⊤⊤⊤

Remark 2.30. Let us consider aL-structureM= (M,D,Y ) and a consis-
tent realizability model⊥⊥. According to 2.28, it determines a boolean
algebraT / ≃ and, by composition with the canonical projection of≃,
we have also a mapL → T / ≃, which is a semantics overL . Is this
semantics a boolean-valued model overM ? Strictly speaking not neces-
sarily, because the universal quantifiers are not necessarily interpreted as
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infimums. More precisely,||∀xϕ(x)|| is not in general the infimum of the
set{||ϕ(n)|| | n∈ M}.

Certainly,||∀xϕ(x)|| ≤ ||ϕ(n)|| for all n∈M. However, if we consider a
truth valueP such that for each individualn∈M P ≤ ||ϕ(n)||, in general
it is not true thatP ≤ ||∀xϕ(x)||. We will see it in section 4, taking as
counter-exampleϕ(x) = int(x) and a suitable consistent realizability model.
The deep reason for that is: While to realize each instance ofϕ(n) in ⊥⊥
means that for each individualn there is a termtn that realizesϕ(n); to
realize∀xϕ(x) in ⊥⊥ means that there is one term that realizes each instance
of ϕ(n).

Remark that, if we want to define a semantics such that the∀-introduction
and elimination rules are correct, we must define||∀xϕ(x)|| as

⋃
n∈N ||ϕ(n)||

(at least of≃). Indeed: the correctness of the rule
⊢ t : ∀xϕ(x)

⊢ t : ϕ[τ
/

x]
implies

id� ||∀xϕ(x)||→
⋃

m∈M ||ϕ(m)|| because for eachm∈M, the termτ=s. . .s︸ ︷︷ ︸
n

0

is interpreted asn. Conversely, the correctness of the rule
⊢ t : ϕ(x)

⊢ t : ∀xϕ(x)
implies that id�

⋃
m∈M ||ϕ(m)|| → ||∀xϕ(x)|| (c.f.: 2.23).

2.6. Arithmetics in realizability models.
On 2.9, we have defined the Peano axioms PA1–PA7. Consider a Tarski

modelM= (M,D,Y ) such thatM |= PA1–PA6 (Peano arithmetics without
recursion principle). We can realize (uniformly on⊥⊥) the Peano axioms
PA1-PA6 (c.f. [6]). This fact can be seen as a direct consequence of 2.29,
because all formulæ PA1–PA6 arefirst order formulæ with parameters on
M which are true inM.

Remark 2.31. On the other hand, as we will easily see in 3.9, there is no
universal realizer for PA7. The reader should be aware that,if we choose
asM thestandard model(N,

⋃
k∈NPow(Nk),Y ), then all parametrical for-

mulæ(int(n))n∈N are realizable. The difference between to realize each
instance of int(x) and to realize∀xint(x) is that in the first case we can
use a different term to realize each different instance of int(x), while in
the second, a term realizing∀xint(x) is a term which realizesall instances
of int(x). This implies that we can not add PA7 to our typing system. In
fact, there are interesting realizability models built from models of Peano
arithmetics (PA7 included), which does not satisfies PA7 (c.f.: thestandard
generic modelin [7]).

However, in order to transform arithmetical theorems into programs, in
particular we must transform theorems which are proved using PA7. The
solution we adopt to this problem is to relativize (the quantifiers of) L-
formulæ to the formula int.



40 MAURICIO GUILLERMO

Lemma 2.32. Let Φ be aL-formula provable in Peano arithmetics. Then,
Φint is provable from PA1-PA6 and∀

int
x1 . . .∀

int
xk int( f x1 . . .xk) for all k-ary

function symbol used in the proof ofφ

Then, in order to realizeΦint we must realize the formulæ

∀x1 . . .∀xk int(x1), . . . , int(xk)→ int( f x1 . . .xk)

for eachk-ary function symbolf used in the proof ofΦ. This is possible
for function symbols which are interpreted as recursive functions.

Lemma 2.33. Consider a start modelM = (M,D,Y ), a k-ary function
symbol f and a realizability model⊥⊥. If f Y is a recursive function,
then the formula∀x1 . . .∀xk(int(x1), . . . , int(xk)→ int( f x1 . . .xk)) is realized
in ⊥⊥ by a proof-like term.

Proof. The proof can be founded in [6] �

A deep work about realizability models of arithmetics can befounded
in [10].
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3. Data types

In this section, we will consider realizability models where the start mo-
del is anω-model of Peano arithmetics.

3.1. Definitions and first results.

Definition 3.1. A data setis a functionE:N→ Pow(Pl) such that, for each
integer n,E(n) has at most one term and wheneverE(n) , /0 or E(m) , /0,
E(m) = E(n) implies m= n.

In other words, a data set is a way to choose –in an injective way– at most
one Pl-term for each integern.

Definition 3.2. Thedata typesare of two possible shapes:

(1) A data setE:N→ Pow(Pl).
(2) A P -formulaϕ(x) such that there is a data setEϕ:N→Pow(Pl) and

a Pl-termTϕ verifying:
• If Eϕ(n) is not empty, thenEϕ(n) = {en} for a suitablePl-term

en such that en � ϕ(n).
• Tϕ � ∀X∀x[Eϕ(x) X,ϕ(x)→ X].

Given a data typeϕ, we callTϕ a storage operatorassociated withϕ andEϕ
a canonical representationfor ϕ. Given a data setE, we define the storage
operatorTE as the identity termid and we say thatE is itself its canonical
representation. A term t represents a data of typeϕ if and only if t� ϕ(n)
for a suitable integer n and represents a data of typeE if and only if t∈ E(n)
for a suitable integer n. Given a data typeϕ(x), thescopeof ϕ is the set
Sϕ := {n∈ N | Eϕ(n) , /0}.

Intuitively, given a model, a data typeϕ(x) is a set of integers: the set
of all the integersn verifying thatϕ(n) is realized in the model by a proof-
like term. Each proof-like term realizingϕ(n) is a Λc-term representing
n as a data of typeϕ in the given model. A canonical representation of
ϕ(n) representsn in all models and has a sort of universal property: in each
model, a function defined in canonicals can be extended, by means of a
storage operator, to the whole representation of the data type.

An important property of storage operators is that it represents thecall-
by-valueof imperative languages. This is explained in the following lemma:

Lemma 3.3. Consider a data typeϕ with storage operatorTϕ and cano-
nical representationEϕ. Suppose thatφ represents a data of typeϕ for all
models (i.e.φ � ϕ(n) for an integer n). Take ahalt instruction H -this is
an instruction with no reduction rule- and a stackπ. ThenTϕ H ⋆ φ.π ≻
H ⋆en.π. In particular,Eϕ(n) , /0, i.e. n∈ Sϕ.

Proof. Consider⊥⊥ := thc
Tϕ H⋆φ.π. Since Tϕ 
 E(n) {π},ϕ(n)→{π} and

φ
ϕ(n), we can assert thatH 1 E(n) {π}. In consequence,H ⋆ en.π <
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⊥⊥ and then, it must appear in the thread of Tϕ H ⋆ φ.π, thus proving that
Tϕ H ⋆φ.π reduces toH ⋆en.π. �

Corollary 3.4. Given a data typeϕ(x), the scope Sϕ is the set

{n∈ N | there is aΛc-termφ such thatφ � ϕ(n)}

Remark 3.5. By substitution, for all termsθ and for all stacksπ, Tϕ θ ⋆
φ.π ≻ θ⋆en.π.

Corollary 3.6. If en � ϕ(m), then n= m.

Proof. By 3.3 the process Tϕ H ⋆en.π reduces toH ⋆en.π andH ⋆em.π, be-
causeen� ϕ(n) anden� ϕ(m). But, sinceH is a halt instruction, processes
H ⋆en.π andH ⋆em.π are the same. Thenen = em and hencen= m. �

Corollary 3.7. Given a data typeϕ(x), there is no term realizing in all
models simultaneouslyϕ(n) and ϕ(m) with n, m. Consequently, given a
data typeϕ(x) containing more than one data, it is impossible to realize
∀xϕ(x) in all models.

3.2. Integers.

Example 3.8. The formula int(x) := ∀X[∀y(Xy→ X sy),X0 → Xx] is a
data type. Indeed, define for all integersn the term ¯n as(s)(s) . . .(s)︸           ︷︷           ︸

n

0, the

Λc-term γ := λg g◦s, and the functionEint(n) := {n̄}. Define as storage
operator the term Tint := λ f λn(n)γ f 0̄. We check that data type definition
holds:

• We prove by induction that, for all integersn, n̄� int(n). For n=0
it is trivial. Consider a model⊥⊥ and suppose that ¯n 
 int(n). We
must prove thatn+1
 int(n+1). Take a stackρ ∈ || int(n+1)||. The
processn+1⋆ρ reduces to s⋆n̄.ρ. Since s
 int(n)→ int(n+1), we
have that s⋆n̄.ρ ∈ ⊥⊥ and hencen+1⋆ρ ∈ ⊥⊥.

• Take a model⊥⊥, a parameterX and an integern. Consider aΛc-
termφ 
 Eint(n) X, aΛc termν 
 int(n) and a stackπ ∈ X. The
process Tint ⋆φ.ν.π reduces toν⋆γ.φ.0̄.π. Define a predicateP(i) :=
{n−i} X if i ≤ n andP(i) = /0 if i > n. It is no difficult to prove
that γ 
 ∀y(P(y) → P(sy)). Moreover,φ 
 {n̄} X and 0̄.π ∈
P(n). On the other hand,ν
 ∀y(P(y)→P(sy)),P(0)→P(n). Hence
ν⋆ γ.φ.0̄.π ∈ ⊥⊥, thus proving the result.

Remark 3.9. Applying 3.7 to the particular case of integers, we can con-
clude the result stated in 2.31, more precisely that it is impossible to find a
universal realizer of the formula∀xint(x).

3.3. Booleans.



REALIZABILITY GAMES IN ARITHMETICAL FORMULÆ 43

Example 3.10.The formula Bool(x) := ∀X[X1,X0→ Xx] is a data type:
DefineEBool(0) := {λxλyy}, EBool(1) := {λxλyx} and∀x> 1, EBool(x) :=
/0. DenoteλxλyyasO andλxλyxas1. It is immediate that1 
 Bool(1) and
O 
 Bool(0). Consider the operator TBool := λ f λb(b)( f )1( f )O. TBool is a
storage operator for Bool: Take a model⊥⊥ and a truth valueX. We must
prove that TBool 
 ∀x[EBool(x) X,Bool(x)→X]

• For x = 0: Take f 
 EBool(0) X, b 
 Bool(0) andπ ∈ X. The
process TBool⋆ f .b.π reduces tob⋆ ( f )1.( f )O.π. On the other hand,
b 
 ⊤,X → X and ( f )O 
 X. Hence,b⋆ ( f )1.( f )O.π ∈ ⊥⊥ thus
proving that TBool⋆ f .b.π ∈ ⊥⊥.

• Forx= 1: Is similar to the casex= 0.
• Forx> 1: Take a termf , a termb
Bool(x) and a stackπ∈X. Since

x, 0 andx, 1, b
⊤,⊤→⊥. The process TBool⋆ f .b.π reduces to
b⋆ ( f )1.( f )O.π that belongs to⊥⊥. Hence TBool⋆ f .b.π ∈ ⊥⊥, thus
proving the result.

3.4. Products.

Theorem 3.11.Considerδ1, . . . ,δk k data types with respective canonical
representationsE1, . . . ,Ek. Then, there is an operatorTδk,...,δ1

such that
Tδk,...,δ1

� ∀X∀~x[Ek(xk); . . . ;E1(x1) X,δk(xk), . . . ,δ1(x1) → X] where~x
is the list of variables xk, . . . ,x1.

Proof. We prove the result by induction onk. Fork= 1 is a consequence of
data type definition. Suppose the result holds fork. We prove it fork+1:

Define Tδk+1,...,δ1
:= λ f λφk+1(Tδk,...,δ1

)(Tδk+1
) f φk+1. Take a model⊥⊥, a

truth valueX, k+1 integersn1, . . . ,nk+1, a termf 
 Ek+1(n1); . . . ;E1(n1) 
X, a termφk+1 
 δk+1(nk+1) and a stackρ ∈ ||δk(nk), . . . ,δ1(n1) → X||.
We must prove that the process Tδk+1,...,δ1

⋆ f .φk+1.ρ belongs to⊥⊥. By
reduction, it is sufficient to show that(Tδk,...,δ1

)(Tδk+1
) f .φk+1⋆ρ ∈ ⊥⊥. By

induction hypothesis:

Tδk,...,δ1

 Ek(nk); . . . ;E1(n1) X,δk(nk), . . . ,δ1(1)→X

Tδk+1

 Ek+1(nk+1);Ek(nk); . . . ;E1(n1) X,δk+1,Ek(nk); . . . ;E1(n1) X

Then(Tδk+1
) f φk+1
Ek(nk+1); . . . ;E1(n1) X and(Tδk,...,δ1

)(Tk+1) f φk+1


X, thus proving the result. �

Intuitively, a such operator acts as an storage operator fora kind of pro-
duct data type formed by the factorsδ1, . . . ,δk.

3.5. Lists.
We treat now the case of another recursive data type: the finite lists ele-

ments of wich are taken from a given data typeδ (called“lists of δ” and
denoted by Lδ). These lists are built from the empty list〈〉, adding elements
with a constructor(:) : δ,Lδ → Lδ. Thus, the list〈n1,n2,n3〉 can be con-
structed in a modelM if and only if δ(n1),δ(n2),δ(n3) are true inM and this
list is built byn1:n2:n3:〈〉 (using here infix notation for(:)).
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Since our models are denumerable, we can define a recursive coding for
the finite lists of individuals. We will represent in the model indistinctly
the list ofn1, . . . ,nk and its code as〈n1, . . . ,nk〉, or asn1:〈n2, . . . ,nk〉, or as
n1 : n2 : 〈n3, . . . ,nk〉 and so one.

Definition 3.12. Given a data typeδ, we define the formula

Lδ(x) := ∀X[∀y∀z(δ(y),Xz→ Xy:z),X〈〉→ Xx]

Remark 3.13. This formula means that an individualx in a model is the
(code of a) list ofδ if and only if it is in any set containing the (code of the)
empty list and closed by the constructor(:) (coded in the model), whenever
the(:) first argument is in the data typeδ. Briefly: the set of lists ofδ is the
smallest set containing the empty list and closed by addition of δ data.

Definition 3.14. Given kΛc-terms a1, . . . ,ak, the normalized list formed
by these terms is theΛc-term λ f λx( f )a1 . . .( f )akx. We denote this term
as 〈a1, . . . ,ak〉. In particular, the empty list〈〉 is λ f λxx; (already denoted
as0̄).

Lemma 3.15. Consider a data typeδ, a model⊥⊥, k individuals n1, . . . ,nk
and kΛc-terms a1, . . . ,ak such that ai 
 δ(ni) for all i ∈ [1..k].

Then,〈a1, . . . ,ak〉 
 Lδ(〈n1, . . . ,nk〉)

Proof. Choose a 1-ary predicateX, two Λc-terms f ,o and a stackπ such
that f 
 ∀y∀z(δ(y),X(z)→X(y:z)), o
X〈〉 andπ ∈X(〈n1, . . . ,nk〉) in ⊥⊥.
We have that〈a1, . . . ,ak〉⋆ f .o.π ≻ ( f )a1 . . .( f )ako⋆π.

Sinceak 
 δ(nk), we have that( f )ako 
 X(〈nk〉). Then, we have that
( f )ak−1( f )ako 
 X(〈ak−1,ak〉) and so one. By induction we can conclude
that( f )a1 . . .( f )ak 
 X(〈n1, . . . ,nk〉). Such asX andπ were chosen,π be-
longs toX(〈n1, . . . ,nk〉) and hence( f )a1 . . .( f )ak⋆π∈⊥⊥, thus proving the
result. �

The operation of adding an element at the beginning of a list is given by:

Definition 3.16. cons := λaλlλ f λx( f )a(l) f x.

Lemma 3.17.cons� ∀x∀y(δ(x),Lδ(y)→ Lδ(x:y))

Proof. Take a model⊥⊥, two individualsn and l , two Λc-termsa, t and
a stackπ such thata 
 δ(n), t 
 Lδ(l) andπ ∈ ||Lδ(n:l)||. We have that
cons⋆a.t.π ≻ λ f λx( f )a(t) f x⋆ π and hence the result is proved if we can
proveλ f λx( f )a(t) f x
 Lδ(n:l). In order to do this, take a predicateX, two
Λc-termsu,v and a stackρ such thatu
 ∀y∀z(δ(y),X(z)→X(y:z)), v
X〈〉
andρ ∈ X(n:l). The processλ f λx( f )a(t) f x⋆u.v.ρ reduces to(t)a(t)uv⋆
ρ. Since(t)uv
 X(l), we have that(t)a(t)uv
 X(n:l). Furthermore,ρ ∈
X(n:l) and then(t)a(t)uv⋆ρ∈ ⊥⊥, thus ending the proof. �

Corollary 3.18. Consider a model⊥⊥, k individuals n1, . . . ,nk and kΛc-
terms a1, . . . ,ak such that for all i∈ [1..k], we have that ai 
 δ(ni).

Then,(cons)a1 . . .(cons)ak0̄
 Lδ(〈n1, . . . ,nk〉).
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Proof. If k=0, we must verify that̄0
 Lδ(〈〉)which is true becausē0⋆ f .o.π≻
o⋆π and hence,̄0⋆ f .o.π∈⊥⊥ provided thato
X(0) andπ∈X(0). If k> 0
we can prove it by induction as a direct consequence of 3.17. This case is
left as an exercise. �

Now, we are ready to prove that, given a data typeδ, Lδ is also a data
type. To do this, we must define canonical representations for lists:

Definition 3.19. Consider a data typeδ and k individuals n1, . . . ,nk each of
them belonging to the data typeδ (i.e.: Eδ(ni) , /0 for each index i∈[1..k]).
Denote as eδ(m) the single element inEδ(m), whenever it exists.

We definethe canonical representation of the list〈n1, . . . ,nk〉 as theΛc-
term(cons)eδ(n1) . . .(cons)eδ(nk)0and we denote such a term as〈n1, . . . ,nk〉.
Hence, we defineELδ(〈n1, . . . ,nk〉) := {〈n1, . . . ,nk〉}, whenever n1, . . . ,nk
are δ data. OtherwiseELδ(〈n1, . . . ,nk〉) := /0

After that, we must propose a storage operator for Lδ and thereafter we
will prove it satisfies the definition of storage operator.

Definition 3.20. Supposeδ is a data type, defineζ := λaλgλx(g)(cons)ax.
Then, we define the storage operator forLδ as:

TLδ := λ f λl(((l)(Tδ)ζ)λy(y)0̄) f

Lemma 3.21.If δ is a data type, thenTLδ � ∀X∀x[ELδ(x) X,Lδ(x)→ X]

Proof. Consider a model⊥⊥, a predicateX, an individualx, twoΛc-termsf , l
and a stackπ such thatf 
 Eδ(x) X, l 
 Lδ(x) andπ∈X in the model⊥⊥.
We must prove that Tδ ⋆ f .l .π∈⊥⊥. Since this process reduces tol ⋆ Tδ ζ.λy(y)0̄. f .π,
it suffices to prove thatl ⋆ Tδ ζ.λy(y)0̄. f .π ∈ ⊥⊥. Let us define the predi-
cateY(z) := (ELδ(z) X) → X. Such asl was chosen,l 
 Lδ(x) and in
consequence:

l 
 ∀y∀z(δ(y),Y(z)→ Y(y:z)),Y(0)→ Y(x)

Then, it suffices to prove the followingclaim:

(1) (Tδ)ζ 
 ∀y∀z(δ(y),Y(z)→ Y(y:z))
(2) λy(y)0̄
 Y(0)
(3) f .π ∈ Y(x)

(1) Define the sequent

Γ := y∈ E(y), g:(E′(z) X)→ X, h:E′( f yz) X

whereE andE′ areΛc-set variables andf is a binary function sym-
bol. Consider the following formal proof:

Γ,z∈ E
′(z) ⊢ (cons)yz∈ E

′( f yz) Γ,z∈ E
′(z) ⊢ h:E′( f yz) X

Γ,z∈ E
′(z) ⊢ (h)(cons)yz:X

Γ ⊢ λz(h)(cons)yz: E′(z) X
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Since Γ ⊢ g:(E′(z) X)→ X denoting for simplicity the for-

mula(E′(z) X)→ X asϒ(z), we have that:

Γ ⊢ (g)λz(h)(cons)yz: X

y∈ E(y), g:ϒ(z) ⊢ λh(g)λz(h)(cons)yz: ϒ( f yz)

y∈ E(y) ⊢ λgλh(g)λz(h)(cons)yz: ϒ(z)→ ϒ( f yz)

⊢ λyλgλh(g)λz(h)(cons)yz: E(y);ϒ(z)→ ϒ( f yz)
=========================================
⊢ λyλgλh(g)λz(h)(cons)yz: ∀y∀z(E(y),ϒ(z)→ ϒ( f yz))

Now, if we assign the variableE asEδ (i.e. the set of canonicals
for the typeδ), E′ asELδ (i.e. the set of canonicals for Lδ), X asX
and we interpret the function symbolf as the constructor(:) for
lists, in the model⊥⊥ we have that:
• The truth value ofϒ(z) is Y(z)
• The sequentΓ,z∈ E

′(z) ⊢ (cons)yz∈ E
′( f yz) is true in⊥⊥

Then, by correctness of formal deduction, we can conlcude that:

λyλgλh(g)λz(h)(cons)yz
 ∀y∀z(Eδ(y),Y(z)→ Y(y:z))

on⊥⊥. Applying the storage operator forδ:

(Tδ)λyλgλh(g)λz(h)(cons)yz
 ∀y∀z(δ(y),Y(z)→ Y(y:z))

on⊥⊥. Sinceζ is an abbreviation forλyλgλh(g)λz(h)(cons)yz, we
have proven the item (1) of the claim.

(2) Take a termt ⊢ ELδ(0) X and a stackπ ∈ X. We must prove
thatλa(a)0̄⋆ t.π ∈⊥⊥, but this process reduces tot ⋆ 0̄.π ∈ ⊥⊥, thus
proving the item (2) of the claim.

(3) Sincef
ELδ(x) X andπ∈X, we have thatf .π∈ (ELδ(x) X)→X,
truth value that we abbreviate asY(x). We have proven the item (3)
of the claim.

�

3.6. Trees.
Another recursive data type are the trees. Here we will introduce the binary
trees built from a data typeδ, which we will call trees ofδ and denote
as Treeδ. These trees are built from data of typeδ, adding left and right
branches with a constructor fork : Treeδ,δ,Treeδ → Treeδ. Since we need
to talk about trees ofδ as well as about trees ofΛc-terms, we introduce now
a definition of trees built from an arbitrary set of constantsand further we
will specify the nature of elements interpreting the constants on a suitable
structure. Take a set of constantsC, the language of binary finite trees ofC
is defined as follows:

Definition 3.22.
t1, t2 ::= c | fork t1ct2
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wherefork is a 3-ary recursive constructor and c is a constant belonging
to C. We call this languagethe trees ofC and it will be denoted byTreeC

Furthermore, given a setSof elements taken from an structure, we will
talk abouttrees of Sby means of the following definition: we consider a set
of constantsC, one for each element ofS. A tree ofSis a pair(t,Y ) formed
by a treet of C and an injective interpretationY : C → S for the constants
of C. Every time there is no confusion, we will omit the interpretationY ,
writing t instead of(t,Y ).

Definition 3.23. Consider a set of constantsC, two C-structuresS1 andS2,
a set A of individuals taken fromS1 and another set B of individuals taken
fromS2. Take a functionα from A to B. Each tree of A is a tree t together
with an interpretationY for the constants of C in the set A. Thus,α◦Y is
an interpretation of C in B and hence(t,α ◦Y ) is a tree of B. We denote
this tree asα(t).

Moreover, if the set A is finite, namely A= {a1, . . . ,ak}, a tree of A can
be denoted as t[a1, . . . ,ak] and the treeα(t) as t[α(a1) . . .α(ak)

/
a1 . . .ak

] or
simply as t[α(a1), . . . ,α(ak)].

As we did for lists, if we have a denumerable modelM of arithmetics, we
can define a recursive coding for trees of individuals. In order to write sim-
pler formulæ, given three individualst1,a andt2, we adopt the parentheses
notation{[t1,a, t2}] for the code onM of fork(t1,a, t2).

By instance, the tree

(3.23.1) a7

||
||

||
||

BB
BB

BB
BB

a5

||
||

||
||

BB
BB

BB
BB

a6

a4 a1

||
||

||
||

BB
BB

BB
BB

a2 a3

is coded in the model as{[{[a4,a5,{[a2,a1,a3}] }] ,a7,a6}]

Definition 3.24. Given a data typeδ, the formulaTreeδ is defined as fol-
lows:

Treeδ(x) := ∀X[∀y∀w∀z(Xy,δ(w),Xz→X{[y,w,z}] ),∀y(δ(y)→Xy)→Xx]

Remark 3.25. The formula Treeδ(x) means that the set of trees ofδ is the
smallest set containingδ and closed by the constructor fork, provided that
the node added by fork satisfiesδ.

We have chosen here a presentation without empty tree and hence trees
have only filled leafs. This choice is as arbitrary as the one in which each
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branch is ended with the empty tree. However, this choice gives “smaller”
trees, thus giving a presentation slightly different from the one given for
lists.

In order to define a normalized representation for trees, as in the case of
lists (c.f.: 3.14), we must define trees formed by terms and represent such
a tree by a term. Given a tree of termst, we will denote the associated
normalized term ast and define it by induction on trees.

Definition 3.26. Consider twoΛc-variables f,x and t∈ TreeΛc. we define

by induction a term denoted bystf ,xt as follows:

• If t = a where a is aΛc-term, thenstf ,xt := (x)a.
• If t = fork(t1,a, t2), where t1, t2 ∈ TreeΛc and a is aΛc-term,

thenstf ,xt := ( f )stf ,xt1 astf ,xt2 .

Given t∈ TreeΛc, its normalized representation tis defined asλ f λxstf ,xt

By instance, lets considert1, . . . , t7 7 Λc-terms andu the tree of the exam-
ple 3.23.1. Hence, the normalized representation ofu[t1, . . . , t7] is:

λ f λx(( f )(( f )(x)t4)t5(( f )(x)t2)t1(x)t3)t7(x)t6

Counterpart for trees of lemma 3.15 (for lists):

Lemma 3.27.Consider a data typeδ, a model⊥⊥, k individuals a1, . . . ,ak,
u∈Tree{a1,...,ak} and kΛc-terms t1, . . . , tk such that ti 
 δ(ai) for all i ∈ [1..k].

Then, u[t1, . . . , tk] 
 Treeδ(u).

Proof. Exercise. It can be proven by induction on trees, similarly to the one
of 3.15. �

TheΛc-term that computes the fork constructor onΛc-terms can be de-
fined as:

Definition 3.28. fork := λtλaλuλ f λx(( f )(t) f x)a(u) f x.

Lemma 3.29. fork � ∀x∀y∀z(Treeδ(x),δ(y),Treeδ(z)→ Treeδ({[x,y,z}] ))

Proof. Is similar to the proof of 3.17. �

Definition 3.30. Take n1, . . . ,nk, data of typeδ (i.e.: ∀i ∈ [1..k]Eδ(ni) , /0).
Consider a tree u∈ Tree{n1,...,nk}. Denote as eni the canonical representa-
tion of ni in δ. We define the canonical representationū of u by induction
on trees:

• If u = ni , thenū := λ f λx(x)eni

• If u = fork(u1,n j ,u2) for two trees u1,u2; thenū := (fork)ū1en j ū2.

For all trees v∈ Tree{n1,...,nk}, we defineETreeδ(v) as{v̄}.

By instance, ifu is the tree represented in 3.23.1, then ¯u is the term:

((fork)((fork)ā4ea5)(fork)ā2ea1ā3)ea7ā6

whereā j is (by definition) the termλ f λx(x)ea j .



REALIZABILITY GAMES IN ARITHMETICAL FORMULÆ 49

Lemma 3.31. Take n1, . . . ,nk data of typeδ (i.e.: ∀i ∈ [1..k]Eδ(ni) , /0).
Consider a tree u∈ Tree{n1,...,nk}.

Thenū� Treeδ(u).

Proof. Similarly as in 3.18, the result is a direct consequence of 3.29 �

We prove now that Treeδ is a data type, provided thatδ is also a data type.
In order to do this, we must define a storage operator for the trees ofδ and
after that, we must prove that it is a storage operator.

Definition 3.32. Given a data typeδ and a storage operatorTδ for δ, lets
denote asς the Λc-term λ f (Tδ)λzλgλh( f )λy(g)λw(h)(fork)yzw and asρ
theΛc-termλaλb(b)λ f λx(x)a. We define a storage operator forTreeδ by

TTreeδ := λ f λt((t)ς(Tδ)ρ) f

Lemma 3.33.TTreeδ � ∀X∀x[ETreeδ(x) X,Treeδ(x)→ X]

Proof. The proof is similar to the one of 3.21. Consider a model⊥⊥, a 1-
ary second order parameterX and an individualx. Take twoΛc-terms f , t
and a stackπ such thatf 
 ETreeδ(x) X, t 
 Treeδ(x) on⊥⊥ andπ ∈ X.
We must prove that TTreeδ ⋆ f .t.π ∈ ⊥⊥. To prove this, it suffices to prove
thatt ⋆ ς.(Tδ)ρ. f .π ∈ ⊥⊥.

Let us define the predicateY(z) := (ETreeδ(z) X)→ X. Hence:

t 
 ∀y∀z∀w(Y(y),δ(z),Y({[y,z,w}] )),∀(δ(y)→ Y(y))→ Y(x)

Then, we must prove the followingclaim:

(1) ς 
 ∀y∀z∀w(Y(y),δ(z),Y({[y,z,w}] ))
(2) (Tδ)ρ 
 ∀y(δ(y)→ Y(y))
(3) f .π ∈ Y(x)

(1) Define the sequents

Γ := f : ϒ(y),z∈ E(z),g : ϒ(w),h : E′( f yzw) X

∆ := Γ,y∈ E
′(y),w∈ E

′(w)

whereE,E′ are two 1-aryΛc-set variables,f is a 3-ary function
symbol,ϒ(z) := (E′(z) X) → X andX is a 0-ary second order
variable. Let us consider the following formal proof:

∆ ⊢ (fork)yzw: E′( f yzw) ∆ ⊢ h : E′( f yzw) X

∆ ⊢ (h)(fork)yzw: X

Γ,y∈ E
′(y) ⊢ λw(h)(fork)yzw: E′(w) X

Since∆ ⊢ g : (E′(w) X)→ X we have:

Γ,y∈ E
′(y) ⊢ (g)λw(h)(fork)yzw: X

Γ ⊢ λy(g)λw(h)(fork)yzw: E′(y) X
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BecauseΓ ⊢ f : (E′(y) X)→ X we can prove:

Γ ⊢ ( f )λy(g)λw(h)(fork)yzw: X
=================================================
f : ϒ(y) ⊢ λzλgλh( f )λy(g)λw(h)(fork)yzw: E(z);ϒ(w) → ϒ( f yzw)

Let us assign the variablesE asEδ, E′ asETreeδ andX asX. In-
terpret the function symbolf as the′ fork′ constructor coded in the
model (i.e.:{[ , , }] ). Then, in⊥⊥ we have:
• The truth value ofϒ(z) is Y(z)
• The sequent∆ ⊢ (fork)yzw: E′( f yzw) is true in⊥⊥.

Then, by correctness, we have that

f : ϒ(y) ⊢ λzλgλh( f )λy(g)λw(h)(fork)yzw: E(z);ϒ(w)→ ϒ( f yzw)

is true in⊥⊥. By storage operators definition, we have that

f : ϒ(y) ⊢ (Tδ)λzλgλh( f )λy(g)λw(h)(fork)yzw: δ(z);ϒ(w)→ ϒ( f yzw)

is true in⊥⊥ and hence

λ f (Tδ)λzλgλh( f )λy(g)λw(h)(fork)yzw


∀y∀z∀w(Y(y),δ(z),Y(w)→ Y({[y,z,w}] ))

thus proving the claim item (1).
(2) Let us considerey as the canonical representation ofy as a data of

type δ and u.π ∈ Y(y), i.e.: u 
 ETreeδ(y) X and π ∈ X. Let
us consider the reductionρ ⋆ ey.u.π ≻ u⋆ λ f λx(x)ey.π. By def-
inition of ETreeδ(y), we have thatλ f λx(x)ey.π ∈ ETreeδ(y) X.
Henceu⋆ λ f λx(x)ey.π ∈ ⊥⊥, thus concluding thatρ⋆ey.u.π ∈ ⊥⊥.
By storage operators definition, the claim item (2) is proven.

(3) Such as the termf was chosen,f 
 ETreeδ(x) X and in conse-
quencef .π∈ (ETreeδ(x) X)→X, thus proving the claim item (3).

Since the claim is proven, the result is too. �

3.7. Canonical representations for recursive data types.
As the reader has certainly overviewed, the canonical representations we

chosen for positive integers, non empty lists and trees are not normalized
proof-like terms. On the other hand, canonical representations for booleans
are chosen –as usually– as normalizedλ−terms. The following theorem
proves thatit is impossible to choose normalized canonical representations
for lists. It is easily generalized to“recursive” data types. Indeed, the
reader can check that all technical tools used in this proof suffices to prove
the theorem for any recursive data type.

Theorem 3.34.Let us consider a data typeδ(x) with canonical. Then, the
canonical representations ofL δ are not all normalized proof-like terms.

Proof. By 3.3, for allφ � Lϕ(n), we have that(TLδ) idφ⋆π ≻ en⋆π, where
en is the canonical representation ofn as a data of type Lδ. Define the set
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of k-lists Lk := {λ f λx( f )t1, . . . ,( f )tkx | t1, . . . , tk ∈ Λc}. Pick a datan of
typeδ and considerdn the normalized form of the canonical representation
of n. The termlk = (cons)dn(cons)dn . . .(cons)dn︸                                   ︷︷                                   ︸

k

0 is a universal repre-

sentation of〈n, . . . ,n︸    ︷︷    ︸
k

〉 as a list ofδ and its normalized form is the term

gk = λ f λx( f )dn( f )dn . . .( f )dn︸                      ︷︷                      ︸
k

x. Let us suppose we have a normalized

canonical representation for Lδ. Then we can assert that

(3.34.2) (TLδ) id lk ≻ gk for all k

We will prove that there is ak from rich it is impossible.

Lemma 3.35. For each integer k and for allΛc−terms t,u such that u is
closed and for all variable y, if t[u

/
y] contains a k-list as a subterm, then t

or u contains a k-list as a subterm.

Proof. We prove it by induction ont. If y < FV(t), we have nothing to do.
If not, we have three cases:

• Supposet is the variabley. Thent[u
/

y] = u and we have the result.
• Supposet is an application(t1)t2. Thent[u

/
y] = (t1[u

/
y])t2[u

/
y].

Since this term is an application,l , t[u
/

y] and hencel is a subterm
of t1[u

/
y] or t2[u

/
y]. Applying the induction hypothesis, we obtain

the result.
• Supposet is an abstractionλzv. Thent[u

/
y] is the termλzv[u

/
y].

There are two possibilities:
(1) l is a subterm ofv[u

/
y]. By induction hypothesis, we obtain the

result.
(2) l = t[u

/
y] = λzv[u

/
y]. We can rename the variablez as f . The

termv[u
/

y] is in factλx( f )t1 . . .( f )tkx, wheret1, . . . , tk areΛc-
terms. Sinceu is a closed term and the substitution[u

/
y] is

effective overv (becausey ∈ FV(v)), thenu must be a closed
subterm ofv[u

/
y]. The only possible closed subterms ofv[u

/
y]

are t1, . . . , tk. Although it is possible that there are severalti
which are equals tou, we can suppose thatt1 = u without loss
of generality. In this case,t = λ f λx( f )y( f )t2, . . . ,( f )tkx, which
is itself ak-list.

�

Now, we proceed as follows. Consider a closedΛc-term p that reduces
by weak head reduction to ak-list. Each step of reduction is of the form

(λyt)u1 . . .uh ≻ t[u1
/

y]u2 . . .uh

for some termst,u1, . . . ,uh. If we know thatt[u1
/

y]u2 . . .uh contains ak-list
as a subterm, then applying 3.35, one of the termst,u1, . . . ,uh contains a



52 MAURICIO GUILLERMO

k-list as a subterm and in consequence(λyt)u1 . . .uh also contains ak-list
as a subterm. Now, we apply this property to our equation 3.34.2. For
each integerk, the term(Tδ) id lk must contain ak-list. Considerk such that
2k+5 is greater than the maximum of the lengths ofdn, id and TLδ. For
thesek, ak-list must be a subterm of TLδ, dk or id. Butk-lists are too wide
for it. �

The reason why we cannot get normalized canonical representations is
because of the use of weak head reduction. It is in fact the deep reason
for defining storage operators. If everyβ-reduction would be allowed, the
identity would always be a storage operator and canonical representations
would be normalized. But the reduction would not be sequential; so it
would be impossible to use interactive instructions which are incompati-
ble with β-reduction. Such instructions are essential for specification of
valid formulæ.
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4. The threads method

4.1. Definitions and first applications.
Take a processP and consider its thread thP (c.f.1.22). By definition, it

is a set of processes closed by reduction and hence its complement thcP is
a saturated set. More generally, given a set of processesS⊆ Λ0×Π, the
set

⋃
P∈SthP is also closed by reduction and its complement

⋂
P∈Sthc

P is a
saturated set.

Definition 4.1. We say that a model⊥⊥ is a threads modelif and only if
there is a finite set of processes S such that⊥⊥=

⋂
P∈Sthc

P.

Remark 4.2. If we allow an infinite set of threads in 4.1 definition, each
saturated set⊥⊥ is a threads model because we have⊥⊥=

⋂
P∈⊥⊥c thP.

Threads models will be used in this work to study reduction properties.
The main ideas from which this definition will be exploitableare the fol-
lowing: Suppose we can prove that a processQ does not belong to a threads
model⊥⊥=

⋂
P∈Sthc

P. Then, we know thatQ belongs to at least one thread
thP (whereP∈S). Usually the list(thP)P∈S will be inductively defined. At
each step, we will collect some information about the list ofthreads, thus
determining which threads of(thP)P∈S can containQ. This model is used
as a tool in order to study the execution of a given process; the fact that
Q<⊥⊥ means that, during the execution, some termQ′ obtained fromQ by
substitution.

The following lemma shows that no thread model is coherent:

Lemma 4.3.

(1) Consider a threadthP, the support of which is infinite. Then, for all
n∈N, the term(δ)δn –whereδ = λx(x)x– does not appear in head
position inthP.

(2) For all thread models⊥⊥ there is an integer n such that(δ)δn
⊥⊥ ⊥

Proof.

(1) If P ≻ (δ)δn⋆ ρ, then thP ends up with the processδ ⋆ δ.n.ρ and
hence its support is finite.

(2) Let us consider a threads model⊥⊥ =
⋂

P∈Sthc
P. We can split⊥⊥c

into (
⋃

P∈S1
thP)∪ (

⋃
P∈S2

thP), where

S1={P∈S | thP has a finite support}

and S2 = S\S1. SinceS is finite, S1 is also finite and then there
is an integern such that(δ)δn does not appears in head position
in

⋃
P∈S1

thP. But, applying (1) we can conclude that this term does
not appears in head position in

⋃
P∈S2

thP. In consequence, for all
stacksρ we have(δ)δn⋆ρ ∈ ⊥⊥, thus proving the result.

�
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Suppose we have a ground modelM= (M,D,Y ), and aΛ0-termt reali-

zing in all models a given formula∃
δ
xϕ(x), whereδ is a data type. Suppose

thatE is the canonical representation ofδ. Take aΛc-termh, a stackπ and
define the realizability model

⊥⊥ := {P∈ Λ0×Π | P< h⋆en.ξ.π, wheren∈M, en∈E(n) andξ∈Λ0}

In this model,h 
 ∀x[E(x),⊤ → {π}] and then, by definition of storage

operators, Tδ h
 ∀x[δ(x),⊤→ {π}]. In particular, Tδ h
 ∀
δ
x(ϕ(x)→{π}),

thus concluding that Tδ h.π ∈ ||∃
δ
xϕ(x)||. Thent ⋆Tδ h.π ∈ ⊥⊥ and hence

there is a datan of type δ –which canonical representation isen ∈ E(n)–
and aΛ0-termξ such thatt ⋆Tδ h.π ≻ h⋆en.ξ.π.

It is interesting information but in order to compose strategies, we need
more: specifically, answers to the following questions:

(1) Will Tδ h arrive many times in head position before the execution
reaches the processh⋆en.ξ.π? If it happens, can we find some in-
formation about the environment (stack) each time Tδ h arrives in
head position?

(2) Doesen depend onh or π? Notice that the model⊥⊥ does depend
on h andπ.

(3) If Tδ h arrives many times in head position, can we replace Tδ h with
some term in such a way that we can foresee the result? What are
the conditions for such a term?

For simplicity, in the following, we will answer these questions first for
the case of the data type int(x); further we will answer the same questions
for an arbitrary product of data types.

Lemma 4.4. Take an extended formula∃
int
xϕ(x). Suppose that u is aΛc-

term such that, for all termsν andξ and for all stacksπ, there is aΛc-term
hν.ξ.π and a stackρν.ξ.π verifying u⋆ν.ξ.π ≻ Tint ⋆hν.ξ.π.ν.ρν.ξ.π. Consider
a Λc-term t, a stackπ and a model⊥⊥0 satisfying⊥⊥0 ⊆ (tht⋆u.π)

c and

t 
0 ∃
int
xϕ(x).

Then, there is an integer n and twoΛc-termsν andξ such that:

(1) ν 
0 int(n)
(2) ξ 
0 ϕ(n)
(3) u⋆ν.ξ.π <⊥⊥0 and hν.ξ.π ⋆ n̄.ρν.ξ.π <⊥⊥0.

Proof. We haveu10∀
int
x(ϕ(x)→{π}) becauset 
0∀

int
x(ϕ(x)→{π})→{π}

andt ⋆u.π < ⊥⊥0. Then, by definition of realizability, there is an integern
and twoΛc-termsν andξ satisfyingν 
0 int(n), ξ 
0 ϕ(x) andu⋆ ν.ξ.π <
⊥⊥0.

Sinceu⋆ ν.ξ.π ≻ Tint ⋆hν.ξ.π.ν.ρν.ξ.π and the storage operator realizes
∀x[({x̄} {ρν.ξ.π}), int(x) → {ρν.ξ.π}], the Λc-term hν.ξ.π does not real-
izes in⊥⊥0 the extended formula{n̄} {ρν.ξ.π}. Hence,hν.ξ.π ⋆ n̄.ρν.ξ.π <
⊥⊥0. �



REALIZABILITY GAMES IN ARITHMETICAL FORMULÆ 55

The above result is valid in general for all reduction systems. However,
if we know that the reduction system preserves substitutionof constants,
we can argue by substitution to give a more precise description of thet⋆u.π
thread. First, we substitute the termsu andhν.ξ.π by instructions and the
stacksρν.ξ.π by Π-constants, thus obtaining the following result.

Lemma 4.5. Take aΠ-constantπ0, a storage operator for integersTint and
a Λc-term t. Then, for all instructions U verifying:

i. t does not contain U.
ii. for all Λc-termsν and ξ, there is a halt instruction Hν.ξ and aΠ-

constantπ′
ν.ξ verifying U⋆ν.ξ.π0 ≻ Tint ⋆Hν.ξ.ν.π′

ν.ξ.
iii. A process containing U in head position reduces only if its stack is

of the formν.ξ.π0 for two Λc-termsν andξ.
iv. t 
0 ∃

int
x⊤ where⊥⊥0 := thc

t⋆U.π0

there are three integers n,k and i≤ k such that:

(1) k is the number of times that U arrives in head position intht⋆U.π0.
(2) There are2k Λc-termsν1, . . . ,νk,ξ1, . . . ,ξk depending on U andπ0

such that the reduction of t⋆U.π0 is as follows:

(4.5.3)

t ⋆U.π0 ≻U ⋆ν1.ξ1.π0 ≻ . . .
...

...
≻U ⋆νi.ξi .π0 ≻ . . .
...

...
≻U ⋆νk.ξk.π0 ≻ Hνi .ξi

⋆ n̄.π′
νi .ξi

Proof. Take an instructionU satisfying i., ii., iii. and iv. By 4.4 there is an
integern and twoΛc-termsν andξ such thatν 
0 int(n), ξ 
0 ⊤

4 and the
processesU ⋆ ν.ξ.π0 andHν.ξ ⋆ n̄.π′

ν.ξ belongs to tht⋆U.π0. SinceHν.ξ is a

halt instruction, the processHν.ξ ⋆ n̄.π′
ν.ξ is at the end of the thread tht⋆U.π0

and hence tht⋆U.π0 is a finite thread. Definek as the number of times that
U arrives in head position. By iii., a process containingU in head position
reduces only if its stack is of the formν.ξ.π0 for two termsν andξ. Then,
there is a finite sequenceν1, . . . ,νk,ξ1, . . . ,ξk of Λc-terms such that thej-th
time thatU arrives in head position ,U has the stackν j .ξ j .π0 as argument.
SinceU ⋆ν.ξ.π0 is in the thread oft ⋆U.π0, there is an integeri between 1
andk such thatν = νi andξ = ξi . Finally, this implies thatHνi .ξi

⋆ n̄.π′
νi.ξi

is
at the end of tht⋆U.π0. �

Remark 4.6. SinceU does not use its second argument, in order to compute
the integern, the processt ⋆U.π uses only the first argument ofU . In fact
eachΛc-termν j contains the information required to computen.

A scheme as 4.5.3 containing threads will be called athreads scheme. If
we substitute the instructionU by a termu satisfying the property ii. of 4.5,

4it is true for all termsξ
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we obtain the same integern. Moreover, the termu arrives in head position
the samek times thatU in the threads scheme 4.5.3.

Remark 4.7. We will use the result 4.5 as follows:
If a term t realizes an extended formula∃

int
xϕ(x) in all model⊥⊥, thent

realizes the formula∃
int
x⊤. Hence, 4.5 is applicable for such a term.

We can generalize these properties for a product of arbitrary data types:

Lemma 4.8.Considerδ1, . . . ,δr r-data types andE1, . . . ,Er their respective

canonical representations. Take an extended formula∃
δ1
x1 . . .∃

δr
xr(ϕ1, . . . ,ϕs).

Suppose that u is aΛc-term such that, for all termsν1, . . . ,νr ,ξ1, . . . ,ξs and
for all stacksπ, there is aΛc-term h

~ν~ξ.π and a stackρ
~ν~ξ.π satisfying:

u⋆ν1 . . .νr .ξ1 . . .ξs.π ≻ Tδ1,...,δr
⋆h

~ν~ξ.π.ν1 . . .νr .ρ~ν~ξ.π
for a storage operatorTδ1...δk

defined as in 3.11. Consider aΛc-term t and

a model⊥⊥0 such that t
0 ∃
δ1
x1 . . .∃

δr
xr(ϕ1, . . . ,ϕs) and⊥⊥0 ⊆ thc

t⋆u.π.
Then, there are r integers n1, . . . ,nr , r Λc-termsν1, . . . ,νr and sΛc-terms

ξ1, . . . ,ξs such that:

(1) for all i∈[1..r] νi 
0 δ(ni)
(2) for all j∈[1..s] ξ j 
0 ϕ j(~n)

(3) u⋆ν1 . . .νr .ξ1 . . .ξs.π <⊥⊥0 and h~ν~ξ.π ⋆e(n1)
1 . . .e(nr)

r .ρ~ν~ξ.π <⊥⊥0

where we denote by e(m)
i the only one element belonging toEi(m), whenever

it exists.

Proof. The proof is almost similar to the one of 4.8. We repeat the ar-
gument: Sincet 
0 ∀~x[δ1(x1) . . .δr(xr),ϕ1(~x), . . . ,ϕs(~x)→{π}]→{π} and
t⋆u.π <⊥⊥0, thenu10 ∀~x[δ1(x1), . . . ,δr(xr),ϕ1(~x), . . . ,ϕs(~x)→{π}]. Hence,
there arer integersn1, . . . ,nr , r termsν1, . . . ,νr ands termsξ1, . . . ,ξs such
that for all i ∈ [1..r] νi 
0 δ(ni), for all j ∈ [1..s] ξ j 
0 ϕ j(~n) and u⋆
ν1 . . .νr .ξ1 . . .ξs.π <⊥⊥0. Since by hypothesisu⋆ν1 . . .νr .ξ1 . . .ξsπ≻Tδ1...δr

⋆h
~ν~ξ.π.ν1 . . .νr .ρ~ν~ξ.π,

then Tδ1...δr ⋆h~ν~ξ.π.ν1 . . .νr .ρ~ν~ξ.π <⊥⊥0. By definition, Tδ1...δr 
0E(n1); . . . ;E(nr) 

{ρ~ν~ξ.π},δ1(n1), . . . ,δr(nr)→{ρ~ν~ξ.π}; because of thath~ν~ξ.π 10E(n1); . . . ;E(nr)→

{ρ~ν~ξ.π} and in consequenceh~ν.~ξ.π ⋆ e(n1)
1 . . .e(nr)

r .ρ~ν~ξ.π < ⊥⊥0, thus proving
the result. �

Lemma 4.9. Consider aΠ-constantπ0, r data typesδ1, . . . ,δr , a storage
operator (corresponding toδ1 . . .δr ) Tδ1...δr and aΛc-term t.

Then, for all instructions U verifying:

i. t does not contain U
ii. for all terms ν1, . . . ,νr ,ξ1, . . . ,ξs, there is a halt instruction H

~nu~ξ
and a constant stackπ′

~ν~ξ
such that:

U ⋆ν1 . . .νr .ξ1 . . .ξs.π0 ≻ Tδ1...δr
⋆H~ν~ξ.ν1 . . .νr .π′

~ν~ξ
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iii. A process containing U in head position reduces only if its stack is
ν1 . . .νr .ξ1 . . .ξs.π0 for r +s suitable termsν1, . . . ,νr ,ξ1, . . . ,ξs.

iv. t 
0 ∃
δ1
x1 . . .∃

δr
xr(⊤, . . . ,⊤︸      ︷︷      ︸

s

) where⊥⊥0 := thc
t⋆U.π0

there are r+2 integers k, i ≤ k,n1, . . .nr such that:

(1) k is the number of times that U arrives in head position intht⋆U.π0

(2) There are k(r +s) Λc-terms(νi1, . . . ,νir ,ξi1, . . . ,ξis)i∈[1..k] such that
the reduction of t⋆U.π0 is as follows:

(4.9.4)
t ⋆U.π0 ≻U ⋆ν11. . .ν1r .ξ11. . .ξ1s.π0 ≻ . . .

...
...

≻U ⋆νi1 . . .νir .ξi1 . . .ξis.π0 ≻ . . .
...

...

≻U ⋆νk1 . . .νkr.ξk1 . . .ξks.π0 ≻ H
~νi .~ξi

⋆e(n1)
1 . . .e(nr )

r .π′
~νi
~ξi

Proof. By 4.8, there arer integersn1, . . . ,nr andr + s Λc-termsν1, . . . ,νr ,

ξ1, . . . ,ξs such thatH~ν~ξ ⋆ e(n1)
1 . . .e(nr )

r .π′
~ν~ξ
< ⊥⊥0. SinceH~ν~ξ is a halt ins-

truction, the processH
~ν~ξ ⋆e(n1)

1 . . .e(nr)
r .π′

~ν~ξ
is at the end of tht⋆U.π and then

tht⋆U.π0 is a finite thread. Definek as the number of times thatU arrives in
head position in this thread. SinceU reduces only with a stack of length
ℓ(π0)+k+s ended byπ0, there arekr terms(νi j )i∈[1..k] j∈[1..r] andsr terms
(ξi j )i∈[1..k], j∈[1..r] verifying 4.9.4 �

4.2. The dynamic substitution.
Let us consider a reduction system that respects substitution of constants.

The main idea around dynamic substitution is to put in a givenprocessP,
instructions having a specific behaviour which is common fora suitable
family of Λc-terms. This allows to describe the behaviour ofP when we
replace these instructions by terms in its associated family. We will distin-
guish the instructions put to realize axioms –like cc and ’quote’– of the
instructions put to be substituted –instructions likeU in 4.5 and 4.9 and
halt instructions generally denoted asH–; which will be informally called
“substitutable”. The main example of dynamic substitutionthat we will use
further is the following:

Example 4.10.Let us consider an instructionU and a stackπ such that:

(1) Given twoΛc-termsν,ξ there is a halt instructionHν,ξ and aΠ-
constantπν,ξ such thatU ⋆ν.ξ.π ≻ Tint ⋆Hν,ξ.ν.πν,ξ.

(2) U⋆ρ reduces only if the stackρ has the formν.ξ.π for some terms
ν,ξ.

Intuitively the instructionU replaces any term putting Tint in head posi-
tion and its first argument in second place in the stack. SinceU⋆ν.ξ.π ≻
Hνξ.ν.πνξ whereHνξ andπνξ are constants; if we replace the constantU by
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a termθ such thatθ ⋆ ν.ξ.π ≻ hνξ.ν.ρνξ wherehνξ is a term andρνξ is a
stack, the execution will never puthνξ in head position and will never pop
arguments fromρνξ.

For technical reasons it is desirable to define dynamic substitutions ha-
ving three parts:

• A static part, which acts as a cumulative parameter
• Theboot, which is the origin of the thread over which we will apply

the substitution
• A dynamic part, which contains the correspondence between the

instructions we dynamically replace and the terms we put instead
these instructions.

More formally, the dynamic and static parts are determined by functions
from substitutable instructions toΛc-terms. The domain of a static (resp.
dynamic) part is the set of substitutable instructions which are assigned by
the part. For instance, we will denote as:

[t,ρ
/

H1,π1
]P〈θ/U〉

the dynamic substitution with static part[t,ρ
/

H1,π1
], boot on the processP

and which replaces dynamically (in the sense we explained above)U by θ.
The static part domain is{H1,π1} and the dynamic part domain is{U}.
The formal definition is given by induction on the number of times the in-
structions belonging to the dynamic part domain arrives in head position
along thP:

Definition 4.11. Consider a stackπ. The set ofTint K−like terms according
to π is defined by:
(4.11.5)
FTint K(π) := {θ∈Λc | ∀ν,ξ ∃hνξ,ρνξ such thatθ⋆ν.ξ.π ≻ Tint ⋆hνξ.ν.ρνξ}

A substitutable instruction U is calledTintK-like if and only if:

(1) For all Λc-termsν,ξ there is a halt instruction Hν,ξ and aΠ-constant
πν,ξ such that U⋆ν.ξ.π ≻ Tint ⋆Hν,ξ.ν.πν,ξ.

(2) U⋆ρ reduces only if the stackρ has the formν.ξ.π for some terms
ν,ξ.

The setF Tint K(π) of theTint K−like instructions according toπ, is defined
as the one which elements are the substitutable instructions U satisfying:

We denote byF Tint K(π) ⊂ FTint(π) the set of T intK-like instructions.
ObviouslyF Tint K(π)⊂ FTint(π).

Definition 4.12. Consider a process P, a static substitutionS0, a stack
sequence(πi)i∈N, an instruction sequence(U i)i∈N, U i∈F Tint K(πi) and a
Λc-term sequence(θi)i∈N, θi ∈ FTint K(πi). Thus we have:

U i ⋆ν.ξ.πi ≻ Tint ⋆H i
νξ.ν.π

i
νξ and θ j ⋆ν.ξ.π j ≻ Tint ⋆h j

νξ.ν.ρ
j
νξ
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We define now thedynamic substitutionS0
P〈θi/U i〉i∈N, which is a func-

tion which transforms the threadthP into a sequence of processes. This
definition is made by induction on the number of times some instruction Ui

arrives in head position inthP:

• If no instruction Ui comes in head position in the threadthP, then
S0

P〈θi/U i〉i∈N is the static substitutionS0 + [θi/
U i]i∈N on the

threadthP.
• Suppose that P≻ Q where Q=U j ⋆ν1.ξ1.π j is the first occurrence

of an instruction Ui in head position inthP. By hypothesis on Uj ,
we have Q≻ Q′ = Tint ⋆H j

ν1ξ1
.ν1.π

j
ν1ξ1

. We split the threadthP into
the “segment” from P to Q and the threadthQ′ . In the first one, we

perform the substitutionS0+ [θi/
U i]i∈N and in thQ′ , we perform

the substitution

(S0+[hν′1ξ′1,ρν′1ξ′1
/

Hν1ξ1
,πν1ξ1

]) Q′
〈θi/U i〉i∈N

where
ν′1 := (S0+[θi/

U i]i∈N)(ν1)

ξ′1 := (S0+[θi/
U i]i∈N)(ξ1)

Remark 4.13. this definition is formally correct only in the case when the
U j ’s come in head position only a finite number of times. In the general
case, we simply observe that we can define the desired function on any
finite initial segment of thP and take the common extension.

The reader should be aware that, while substitution defined in 1.23 is
a syntactic transformation defined over all processes and independent of
reduction; dynamic substitution is defined only on a thread thP and hence it
depends upon the definition of reduction and on the “boot” processP.

Remark 4.14. This definition of dynamic substitution is clearly a partic-
ular case (suitable for our purposes in this work) of a much more general
method. It is a powerful method in order to analyse the properties of the
reduction of processes. Its drawback is that the set of available instructions
must be restricted.

According to the situation, we will use different notationsfor these subs-
titutions: In addition to the previously defined notation, we will allow us to
denote a dynamic substitution byS PD , whereS denotes the static part,P
the boot andD the dynamic part. If we are not interested to be explicit, we
can use also a letterD to represent a dynamic substitution.

The domainof a dynamic partD , which is denoted by domD , is the
set of substitutable instructions which are assigned byD . For instance,
dom(〈θi/U i〉i∈N) = {U i | i∈N}. Given two dynamic partsD1 andD2, we
say thatD1 extendsD2 (we denoteD1 ⊒ D2) if and only if dom(D2) ⊆
dom(D1) andD1,D2 coincide over dom(D2). We say thatD1 andD2 are
coherentif and only if they coincide on dom(D1)∩ dom(D2) and in this
case, we denote byD1D2 the ”union” of these two dynamic parts.
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Suppose we have a dynamic substitutionD with boot P and that thP is
a finite thread. Then, the dynamic substitutionD defines a finite increas-
ing sequence of static substitutions which is ended by a static substitution,
which we will denote asD∗. This allows us to define a notion of (partial)
“composition” in dynamic substitutions:

Definition 4.15. Let us consider two dynamic substitutionsS
P1
1 D1, S P2

2 D2
and suppose thatthP is finite. We define

S
P1
1 D1⊲S

P2
2 D2 := ((S P1

1 D1)
∗+S2)

P2D1D2

whenever(S P1
1 D1)

∗+S2 andD1D2 are defined.

This composition first performs completely the left argument S
P1
1 D1 in

thP1 to obtain(S P1
1 D1)

∗ and after that it adds to the right argument(S P1
1 D1)

∗

to the static part andD1 to the dynamic part. It will be useful to concatenate
substitutions, built from thread schemes.

4.3. Specification of Peirce’s law.
Another example of threads method application is the one which gives a

characterization for allΛc-terms realizing the Peirce’s law. Here we will
use another variant of dynamic substitution.

Lemma 4.16. Suppose that C is a universal realizer for Peirce’s Law,
i.e. C� ∀X∀Y[((X → Y) → X) → X]. Take a stackπ and suppose v is a
Λc-term such that for eachΛc-term ξ there is a halt instruction Hξ and
a stackπ′

ξ verifying v⋆ ξ.π ≻ ξ ⋆Hξ.π′
ξ. Then, there is aΛc-term ξ such

that C⋆v.π ≻ Hξ ⋆π. In particular, the thread of C⋆v.π is finite.

Proof. Take⊥⊥0 = (thC⋆v.π)
c. By hypothesisC 
0 (({π}→ ⊥)→ {π})→

{π} and hencev 10 ({π} → ⊥) → {π}. Then, there is aΛc-term ξ such
that ξ 
0 {π} → ⊥ andC ⋆ v.π ≻ v⋆ ξ.π. By reduction hypothesis inv,
v⋆ξ.π ≻ ξ⋆Hξ.π′

ξ and thenξ⋆Hξ.π′
ξ <⊥⊥0. Sinceξ 
0 {π}→⊥, we have

that Hξ 10 {π}, i.e. Hξ ⋆π ∈ thC⋆v.π. BecauseHξ is a halt instruction, the
processHξ ⋆π must be at the end of the thread thC⋆v.π. �

Theorem 4.17.Consider a reduction system that respects substitutions and
a Λc-term C. Suppose that(Hi)i∈N is a sequence of halt instructions and(πi)i∈N
a sequence ofΠ-constants such that the Hi ’s and theπi ’s does not appear
in C. Then, the following statements are equivalent:

(1) C� ∀X∀Y[((X →Y)→ X)→ X]
(2) There is an integer n, a sequence ofΛc-terms k1, . . . ,kn and an inte-

ger i≤ n such that:

C⋆H0.π0 ≻H0⋆k1.π0

k1⋆H1.π1 ≻H0⋆k2.π0

...

kn⋆Hn.πn ≻Hi ⋆π0

(4.17.6)
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Proof. First we prove that (1) implies (2). We construct by induction a
(finite) sequence of models.

Step0 Take⊥⊥0 := thc
C⋆H0.π0

. SinceC 
0 (({π0} → ⊥)→ {π0})→ {π0}

andC⋆H0.π0 <⊥⊥0, we can conclude thatH010 ({π0}→⊥)→{π0}.
In consequence, there is aΛc-term k1 such that k1 
0 {π0} → ⊥
andC⋆H0.π0 ≻ H0⋆k1.π0.

Step j As induction hypothesis, we suppose we have the following threads
scheme:

C⋆H0.π ≻H0⋆k1.π0

k1⋆H1.ρ1 ≻H0⋆k2.π0

...

k j−1⋆H j−1ρ j−1 ≻H0⋆k j .π0

(4.17.7)

Take the model⊥⊥ j :=⊥⊥ j−1∩ thc
k j⋆H j .ρ j

. Here there are two posi-
bilities:

– There is an integeri from 1 to j such thatki 
 j {π0} → ⊥. In
this caseHi 1 j {π0} becauseki ⋆Hi .ρi < ⊥⊥ j . Moreover,Hi is
a halt instruction different ofH0 and thenHi ⋆π0 ∈ thk j⋆H j .ρ j .
The construction stops and the result is proven forn= j.

– For all integersi from 1 to j, we have thatki 1 j {π0}→⊥. Be-
causeC⋆H0.π0 <⊥⊥ j andC
 j (({π0}→⊥)→{π0})→{π0},
we have thatH0 1 j ({π0} → ⊥) → {π0} . Then there is aΛc-
termk j+1 satisfyingk j+1 
 j {π0}→⊥ andH0⋆k j+1.π0 <⊥⊥ j .
Since we suppose that the termski does not realize{π0} → ⊥
in ⊥⊥ j , the processH0 ⋆ k j+1.π can only belong to thk j⋆H j .ρ j .
Hence, we have thatk j ⋆H j .ρ j ≻ H0 ⋆ k j+1.π0. We add this
thread to 4.17.7 and the construction continues.

claim: This construction process must stop.
Indeed, lets suppose that this construction process is infinite and con-

sider a termν satisfyingν⋆ξ.π0 ≻ ξ⋆Hξ.π′
ξ (c.f. 4.16. For instance, consi-

derv:=λx(x)H, whereH is a halt instruction). ApplyingC⋆H0.π0〈ν/H0〉, we
have that thC⋆H0.π0 is an infinite thread. This is a contradiction with 4.16.

We prove now that (2) implies (1). Suppose (2), consider a model ⊥⊥
and two truth valuesX andY. Take aΛc-term v and a stackρ0 such
thatv
 (X→ Y)→X in ⊥⊥ andρ0 ∈X. We must prove thatC⋆v.ρ0 ∈⊥⊥.

We proceed applying[v,ρ0
/

Ho,π0
] in the 4.17.6 first thread. Hence, there

is a Λc-term k̃1 such thatC ⋆ v.π ≻ v⋆ k̃1.π. In order to prove the result,
it suffices to prove that̃k1 
 X → Y. Consider aΛc-term h1 
 X and a
stackρ1∈Y. Once again by substitution, applying[h0,h1,ρ0,ρ1

/
H0,H1,π0,π1

]

on the second thread, we obtaink̃1 ⋆ h1.ρ1 ≻ v⋆ k̃2.π for a suitableΛc-
term k̃2. If we repeat this reasoningn times, we obtain a finite sequen-
ce k̃1, . . . , k̃n of Λc-terms such that, in order to prove the result, it suffices
to prove that̃kn 
 X→ Y. Consider aΛc-termhn and a stackρn such that
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hn 
 X andρn ∈ Y. By substitution[(hi)i∈[1..n](ρi)i∈[1..n]
/
(Hi)i∈[1..n](πi)i∈[1..n]

]

applied in the 4.17.6 last thread, we havek̃n⋆hn.ρn ≻ hi ⋆ρ0. By construc-
tion, the termhi realizes the parametric extended formulaX andρ0 ∈X and
hencek̃i ⋆ρ0 ∈ ⊥⊥. In consequencẽkn⋆hn.ρn ∈ ⊥⊥ and then, for allj from
1 to n we have that̃k j 
 X → Y. In particularv⋆ k̃1.ρ0 ∈ ⊥⊥. Since our
reasoning is valid for allv realizing(X→ Y)→X and for allρ0 belonging
toX, the result is proven. �

In particular, since cc verifies 4.17.6 forn= 1 andk1 = kπ, we can con-
clude again that the term cc realizes the Peirce’s law. We prove now that a
term realizing the Peirce’s law in all saturated models is a sort of weak cc.
We will say that aΛc-termk has thekπ-reduction propertyif and only if, for
all Λc-termst and for all stacksρ, the processk⋆ t.ρ reduces tot ⋆π.

Corollary 4.18. Consider a reduction system that preserves the substitution
of constants. Take aΛc-term C realizing the Peirce’s law and consider a
stackπ. Then, there is aΛc-term k depending on H0 such that for allΛc-
term v that puts his first argument in head position with a no-empty stack as
argument, we have the following reduction properties:

(1) C⋆v.π ≻ v⋆k[v
/

H0
].π.

(2) The term k[v
/

H0
] has the kπ-reduction property.

Proof. Applying 4.16 we have forC a threads scheme as 4.17.6. Hypothesis
aboutv means that for allΛc-termst and for all stacksρ, there is aΛc-term
h and a stackπ′ -both depending ont andρ- such thatv⋆ t.ρ ≻ t ⋆h.π′.

(1) If we take the firsti-lines of the scheme 4.17.6 and we apply the
substitutionD := [π

/
π0
]C⋆H0.π〈v/H0〉, we obtain:

(4.18.8) C⋆v.π ≻ v⋆D(ki).π
By 4.11, there is a termk[H0] such thatk[v

/
H0

] := D(ki) and we
have the result.

(2) Consider a termt and a stackρ. We proceed by substitution in the
last (n− i)+1 lines of the scheme 4.17.6. Let us considerS0 the
static substitution defined byD in the i-th 4.17.6 thread. We define
S ′ := (S0+[t,ρ

/
Hi,πi

])ki⋆Hi .πi〈v/H0〉 ApplyingS ′ to the last(n−
i)+1 threads, we obtain the result. Notice that, if we substitute the
constantsH1, . . .Hi by arbitraryΛc-terms inki [v

/
H0

], we obtain also
a term with thekπ-reduction property.

�
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5. Realizability Games

Once defined a game class namedRealisability Games, we will imple-
ment these games by means of interaction instructions. The main result
about realizability games is that a universal realizer for aformula imple-
ments the associated game of the formula. Moreover, a universally realized
formula has an associated game having a winning strategy and, in some
particular cases, such a universal realizer plays also a winning strategy.

We will proceed to generalise the definition of interaction instructions
given by Krivine in [8] and [6]. While games definition introduced in
[8] defines a game associated with eachΠ1

1-formula (in particular, to first
order formulæ), the existential quantifiers, conjunction and disjunction of
these formulæ are classically defined. The principal consequence adopt-
ing classical existential quantifiers is that programs obtained by proofs have
not garbage collector. Moreover, the game formulædefined in [8] areΠ1

1
and therefore cannot use Leibniz equality. As we will see in this section,
this particularity gives strategies the execution of whichis abruptly broken
when player has win. On the other hand, games defined in [6] uses Leibniz
equality. However, these games are defined only for prenex normal form
formulæ. In order to use intuitionistic existential quantifiers, connectors
and Leibniz equality, the main problem is to define the game associated
with some second order formulæ. Our approach consist in accepting some
second order quantification, which suffices to express our intuitionistic for-
mulæ and Leibniz equality. Since informally we can say that playing games
over formulæ consists in instantiating universal quantifiers, the problem
which appears when playing with second order formulæ is how to define
a denumerable choice set for instantiating second order quantifiers. Here
we introduce such a choice set and, because of our particularrestrictions on
second order quantification, the main theorem in realizability games is still
provable.

Remark 5.1. Consider a termτ such thatτ � ∃
int
xϕ(x) and an instruction

U ∈ F Tint K(π0), U ⋆ ν.ξ.π0 ≻ Tint ⋆Hνξ.ν.πνξ, for some constant stackπ0.
We know that there is an integern such thatτ ⋆U.π0 ≻ Hνξ ⋆ n.πνξ for
some termsν,ξ (c.f.4.5). More generally, consider someθ ∈ FTintK(π),
θ⋆ν.ξ.π ≻ Tint ⋆hνξ.ν.π. Applying [π

/
π0
]τ⋆U.π0〈θ/U〉, we obtain:

τ⋆θ.π ≻ hν′ξ′ ⋆n.ρν′ξ′

whereν′ξ′ are obtained fromν,ξ by substitution. In other words, the initial
stackπ is restored.

In our machine the only place to store intermediate results is the stack.
For this reason, we say that a program likeτ collects garbage, because it
cleans its stack before giving the result.

If we take instead of∃
int
xϕ(x) the weaker classical version of this formula:

∀x(int(x),ϕ(x)→⊥)→⊥, a term realizing this formula computes also an
integer but in general does not collect garbage.
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We define now the language we adopt for games.

5.1. The language for games.

Definition 5.2. TheLG- formulæ are defined by induction as follows:
• Consider~x = x1, . . . ,xp first order variables,δ1, . . . ,δh data types

(defined by a formula or by aΛc-set),ϕ1, . . . ,ϕr LG-formulæ and A
an atomic formula. Then the formula

Φ = ∀~x[δ1, . . . ,δh,ϕ1, . . . ,ϕr → A]

is aLG-formula. We say that such a formula is offirst kind, δ1, . . . ,δh
is itsdata types blockandϕ1, . . . ,ϕr is itshypothesis block.

• Consider~x= x1, . . . ,xp first order variables, W an a-ary second or-
der variable,~τ = τ1, . . . ,τa L-terms,δ1, . . . ,δh data types (defined
by a formula or by aΛc-set) andϕ1, . . . ,ϕr LG-formulæ of two pos-
sible form:
(1) LG-formula that does not contain the variable W.
(2) LG-first kind formula of the form:

∀~y[γ1, . . . ,γk,ψ1, . . . ,ψs→W~σ]
whereψ, . . . ,ψs does not contain W and~σ = σ1, . . . ,σa where
eachσ j is aL-term.

Then, the formula

Φ = ∀W∀~x[δ1, . . . ,δh,ϕ1, . . . ,ϕr →W~τ]
is a LG-formula. We say that such a formula is ofsecond kind,
δ1, . . . ,δh is itsdata types blockand thatϕ1, . . . ,ϕr is itshypothesis
block.

This recursive definition allows to built first and second kind formulæ
having no data types block or hypothesis block. As a particular case of ex-
tended formulæ, provided aL-structureM= (M,D,Y ) and an assignment
A , eachLG-formulaϕ together withA constitutes aparametrical formula.

Remark 5.3. An atomic formulaA is a first kindLG-formula without data
types block nor hypothesis block.

The formula int(x) = ∀X[∀y(Xy→ X sy),X0→ Xx] is not aLG-formula
because its hypothesis∀y(Xy→ X sy) hasX in the left side of the arrow.
More generally, a recursive data type is not aLG-formula. Indeed, the re-
cursive definition of a data typeδ must built from a data of typeδ and other
arguments a new data of typeδ. Then, a recursive data type is a second order
formula of the form∀X(...) that contains an hypothesis with the variableX
both on the left and right side of the arrow (as the formula∀y(Xy→ X sy)
in the type int). On the other hand, Bool(x) is aLG-formula.

We prove now that we can embed the first order languageL1 into the
language of gamesLG in such a way that:

(1) The embedding preserves truth values.
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(2) The embedding applied to eachL1-formulaΦ gives aLG-formula
logically equivalent toΦ.

Lemma 5.4.

(1) LG contains theL1 atomic formulæ.
(2) LG is closed under disjunction, conjunction and first order existen-

tial quantification, the last one relativized to data types or not.
(3) Given aLG-formula Φ, a first order variable y and a data typeδ,

each of the formulæ∀yΦ and ∀
δ
yΦ is truth equivalent to aLG-

formula.

Proof.

(1) Thefalseformula⊥ belongs toLG because∀XX is a second kindLG-
formula without data types block nor hypothesis block. Theequal-
ity formulaτ1 = τ2 is ∀X(Xτ1 → Xτ2) (c.f. 1.12) which is a second
kind LG-formula without data types block (the hypothesis formula
Xτ1 is a first kind formula containingX only in the atom).

(2) Let ϕ1,ϕ2 be twoLG-formulæ. The formulaϕ1 ∧ ϕ2 is defined
as∀X((ϕ1,ϕ2 → X)→ X), which is a second kindLG-formula.

The formulaϕ1 ∨ ϕ2 is defined as∀X((ϕ1→X),(ϕ2→X)→X),
which is a second kindLG-formula.

ConsiderΦ a LG-formula, y a first order variable andδ a data
type. Then∃yΦ is the formula∀Y[∀y(Φ → Y) → Y] (c.f.1.12),
which is a second kindLG-formula.

Similarly, ∃
δ
yΦ is ∀Y[∀y(δ(y),Φ→Y)→Y]; which is also a sec-

ond kindLG-formula.
(3) ConsiderΦ aLG-formula,γ a data type andy a first order variable.

Suppose thatΦ is a first kind formula∀~x[δ1, . . . ,δh,ϕ1, . . . ,ϕr→A].
Then,∀

γ
yΦ= ∀y[γ(y)→∀~x[δ1, . . . ,δh,ϕ1, . . . ,ϕr →A]] is truth equiv-

alent to theLG-formula∀y∀~x[γ(y),δ1, . . . ,δk,ϕ1, . . . ,ϕr → A].
Similarly, suppose thatΦ= ∀W∀~x[δ1, . . . ,δh,ϕ1, . . . ,ϕr →~τ]. Then

∀
γ
yΦ= ∀y[γ(y)→∀W∀~x[δ1, . . . ,δh,ϕ1, . . . ,ϕr →W~τ]] is truth equiv-

alent to∀W∀y∀~x[γ(y),δ1, . . . ,δh,ϕ1, . . . ,ϕr→W~τ], which is also a
LG-formula.

�

Corollary 5.5. There is a mapG : L1 → LG such that for each realizability
model(M,⊥⊥) and for eachΦ ∈ L1, we have that:

• ⊢ Φ ↔ G (Φ)
• ||Φ||= ||G (Φ)||.

Proof. We defineG by induction inL1.
• For atomicsL1-formulæA, we defineG (A) := A.
• Given threeL1-formulæϕ,ϕ1,ϕ2, we defineG (∀xϕ) := ∀xG (ϕ),

G (∃xϕ) := ∃xG (ϕ), G (ϕ1∧ϕ2) :=G (ϕ1)∧G (ϕ2) andG (ϕ1∨ϕ2) :=
G (ϕ1)∨G (ϕ2).
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• Givenϕ1,ϕ2 twoL1-formulæ. We define the embedding ofϕ1 →ϕ2
by induction on the length ofϕ2:

– ForA atomic, we defineG (ϕ1 → A) := G (ϕ1)→ A.
– G (ϕ1 →∀xψ) := ∀xG (ϕ1 → ψ).
– G (ϕ1 →∀Xψ) := ∀XG (ϕ1 → ψ) (for instance, this is the case

of ϕ1 →⊥ andϕ1 →∃xψ).

First we check by induction that for eachL1-formulaΦ, we have that||Φ||=
||G (Φ)||. For atomics and the recursive cases of∀, ∃, ∧ and∨ is a direct
application of 5.4. Taking a formulaϕ1 → A whereA is atomic we have
||G (ϕ1 → A)||= ||G (ϕ1)→ A||= |G (ϕ1)| ||A||= |ϕ1| ||A||= ||ϕ1 →
A||. For a formulaϕ1→∀xψ, we have||G (ϕ1→∀xψ)||=

⋃
n∈N ||ϕ1→ψ(n)||=

⋃
n∈N |ϕ1| ||ψ(n)||= |ϕ1| 

⋃
n∈N ||ψ(n)||||= ||ϕ1 → ∀xψ||. For a for-

mulaϕ1→∀Xψ is similar. The logical equivalence ofΦ andG (Φ) is straight-
forward. �

Notation 5.6. For aLG-formulaΦ, we denote as TΦ the storage operator
corresponding to the data types block ofΦ.

5.2. Playing with formulæ.
We define now a game inLG-formulæ.

Definition 5.7. Take aω-modelM = (N,D,Y ) of the second order arith-
metics. Given a vector~n ∈ Na, the set{~x ∈ Na | ~x ,~n} will be denoted
as D~n and the set{D~n | ~n∈Na} asDa.

Remark 5.8. By comprehension schemata,∀a∈N Da ⊆ D. Indeed, the
formulaϕn(x) := x= (s) . . .(s)︸       ︷︷       ︸

n

0→⊥ is aL-formula (without parameters)

and in consequenceϕn1(x1)∨ · · · ∨ϕna(xa) is also. Hence, for each vec-
tor~n, D~n is a second order parameter.

Definition 5.9. The game is played between two players named©∀ and©∃ ,
which play taking parametricalLG-formulæ belonging to three sets named
UUU , VVV andAAA . These sets are redefined at each step during the play and
we will denote them with a subscript which indicates the current step. We
define first a rule for eachLG-formulaΦ and each player©∃ and©∀ :

(1) Rules forΦ and©∀ :
First kind Suppose thatΦ is ∀~x[δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh → A] where

~x is x1, . . . ,xp.
©∀ must choose p individuals~n = n1, . . . ,np in such a way
that ∀i∈[1..r] M |= δi(ni). After that,Us+1Us+1Us+1 is defined asUsUsUs∪
{ϕ1(~n), . . . ,ϕh(~n)} andAs+1As+1As+1 asAsAsAs∪{A(~n)}.

Second kindSuppose thatΦ is ∀W∀~x[δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh → W~τ]
where~x is x1, . . . ,xp and W has arity a.
©∀ must choose p individuals~n= n1, . . . ,np in such a way that
∀i∈[1..r]M |= δi(ni). This choice determines the interpretation
~t of~τ in the modelM and a set D~t ∈ Da which is the only one
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that does not contain~t. After that,Us+1Us+1Us+1 is defined asUsUsUs∪
{ϕ1(D~t ,~n), . . . ,ϕh(D~t,~n)} andAs+1As+1As+1 asAsAsAs∪{D~t(~t)}.

(2) Rules forΦ and©∃ :
First kind Suppose thatΦ is ∀~x[δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh → A] where

~x is x1, . . . ,xp.
©∃ must choose p individuals~n= n1, . . . ,xp in such a way that
∀i∈[1..r] M |= δi(ni) and A(~n)∈As+1As+1As+1. After that,Vs+1Vs+1Vs+1 is de-
fined as{ϕ1(~n), . . . ,ϕh(~n)}.

Second kindSuppose thatΦ is ∀W∀~x[δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh → W~τ]
where~x is x1, . . . ,xp and W has arity a.
©∃ must choose p individuals~n= n1, . . . ,np. This choice deter-
mines the interpretation~t of~τ in the modelM and a set D~t ∈Da
which is the only one that does not contain~t. After that,Vs+1Vs+1Vs+1
is defined as{ϕ1(D~t ,~n), . . . ,ϕh(D~t ,~n)}.

The game is defined by induction on the steps:

Step 0U0U0U0 :=A0A0A0 := /0 andV0V0V0 is a finite set of parametricalLG-formulæ.
Steps+1 ©∀ plays first, choosing a formulaΦ belonging toVsVsVs and applying

the©∀ -rule that corresponds toΦ. After that,©∃ plays choosing a
formulaΨ belonging toUs+1Us+1Us+1 and applying the©∃ -rule that corres-
ponds toΨ.

The game stops once a player cannot play.

5.3. Allowing interaction to implement games.
We implement now these games usingΛc-terms and processes.

In order to implement these games, we are going to associate new truth
values toLG-formulæ. We will use these truth values as choice sets for
©∀ , hence it must be recursively enumerable. However, these new truth
values will be not compatible with soundness lemma (hence not definable
by a realizability model). The comprehension schemata is not true with this
semantics, because of the restriction on the second order parameters.

Definition 5.10. For each integer k,~n∈ Nk andπ ∈ Π, we define the truth
values:

(5.10.9) ∆π,~n
k : Nk → T such that∆π,~n

k (~m) :=

{
{π} if ~n= ~m

/0 if ~n, ~m

andφk :Nk→T , such thatφk(~m) := /0. We define the parameter sets∆k:={∆π,~n
k | π∈Π and~n∈Nk}∪

{φk} and∆ =
⋃

k∈N∆k.

Remark 5.11. Suppose thatP is a a-ary predicate,π ∈ Π and~m∈ Na.
If π ∈ P(~m), then∀

N
a

~x∆π,~m
a (~x) ⊆ P(~x) (because ona-uplets other than~m,

∆π,~m
a takes the empty value). In fact,∆a is a maximal set∆ satisfying this

property:

∀Pa-ary∀D∈∆ ∀π∈Π ∀~m∈Na(π ∈ P(~m)∩D(~m)→∀
N

a

~xD(~x)⊆ P(~x))
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Definition 5.12. For eachLG parametrical formulaΦ the parameters of
which are taken from∆, we add toΛc a new constantκΦ.

Intuitively, when a constantκΦ arrives in head position, it corresponds to
the fact that©∃ has chosen inUsUsUs the formulaΦ.

Corollary 5.13. Let χ1, . . . ,χk be parametrical formulæ,P a a-ary predi-
cate andπ ∈ P(~τ) for some andπ. Then

||χ1, . . . ,χk,→ P(~τ)|| ⊆ ||χ1, . . . ,χk → ∆π,~n
a (~τ)||

Proof. By 5.11 we have that∆π,~n
a (τY ) ⊆ P(τY ) and hence we have the

result because the formulæχi does not containX as free variable. �

The reader should be noticed that we can apply 5.13 to the hypothesis on
second kind formulæ.

Intuitively, the predicate∆π,~n
k plays the role of theD~n we defined in 5.7.

Indeed, this predicate is equivalent to⊤ in any vector~m,~n. , we must
explain why we choose a singleton and not the whole truth value ||⊥||= Π
when~m=~n. We make this choice in order to get the properties 5.11 and
5.13, which are necessary in order to prove theMain Theorem5.23.

We proceed to define, by induction, a truth value forLG ∆-parametrical
formulæ.

Definition 5.14. Given aLG-formula Φ, we denote this new truth value
as [[Φ ]] and we call it theG-valueof Φ.

• Consider a first kindLG ∆-parametrical formula

Φ = ∀~x[δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh → A]

where~x= x1, . . . ,xp. We define:

[[Φ ]] := {d1 . . .dr .Tϕ1 κϕ1(~m) . . .T
ϕh κϕh(~m).π |

~m∈Np,di∈Eδi
(mi),π∈||A(~m)||}

• Consider a second kindLG ∆-parametrical formula

Φ = ∀W∀~x[δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh →W~τ]

where~x= x1, . . . ,xp and W has arity a. We define:

[[Φ ]] := {d1 . . .dr .Tϕ1 κϕ1(P,~m) . . .T
ϕhκϕh(P,~m).π |

~m∈Np,P∈∆a,di∈Eδi
(mi),π∈P(~τ)}

In the following paragraph, we describe reduction ofκΦ constants whe-
re Φ ∈ LG is a ∆-parametrical formula. The reduction of these constants
will be not deterministic, i.e. a process with a constantκΦ in head position
has many possible successors. We will use the symbol≻≻ to denote this
reduction.

Definition 5.15.
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• First kind formulæ:
Let beΦ = ∀~x(δ1, . . . ,δr ,ϕ1, . . . ,ϕh → A) where~x = x1, . . . ,xp.

We define the reduction of all the processes of the form

κΦ ⋆d1 . . .dr .ξ1 . . .ξh.π
– ©∃ chooses~m∈ Np. This move is alegal moveif and only

if ∀i∈[1..r](di ∈ Ei(mi)) andπ ∈ ||A(~m)||. If the move~m is not
legal,©∃ has lost.

– ©∀ chooses an integer j∈ [1..h] and a stackρ. This move is a
legal answerif and only ifρ ∈ [[ϕ j(~m) ]] . If the answer( j,ρ) is
not legal,©∀ has lost.

If ©∃ plays a legal move~m and©∀ plays a legal answer( j,ρ), we
say thatκΦ ⋆ d1 . . .dh.ξ1 . . .ξh.π reduces toξ j ⋆ ρ. We denote this
reduction by

κΦ ⋆d1 . . .dh.ξ1 . . .ξh.π ≻≻ ξ j ⋆ρ
• Second kind formulæ:

Let be Φ = ∀W∀~x(δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕk → W~τ), where
~x = x1, . . .xp and W has arity a. We define the reduction of all the
processes of the form

κΦ ⋆d1 . . .dr .ξ1 . . .ξh.π
– ©∃ chooses~m∈ Np and a predicateD belonging to the do-

main∆a defined in 5.10. This move is alegal moveif and only
if ∀i∈[1..r](di∈Eδi

(mi)) andπ ∈D(~τ). If the move(~m,D) is not
legal,©∃ has lost.

– ©∀ chooses an integer j∈[1..h] and a stackρ. This move is a
legal answerif and only ifρ ∈ [[ϕi(D,~m) ]] . If the answer( j,ρ)
is not legal,©∀ has lost.

If ©∃ plays a legal move(~m,D) and©∀ plays a legal answer( j,ρ),
we say thatκΦ ⋆d1 . . .dr .ξ1 . . .ξh.π reduces toξ j ⋆ρ. We denote this
reduction by

κΦ ⋆d1 . . .dr .ξ1 . . .ξk.π ≻≻ ξ j ⋆ρ

Remark 5.16. Let beΦ a first kind formula∀~x(δ1, . . . ,δr → A). The con-
stantκΦ does not reduce because there is no hypothesis to choose for©∀ .

Remark 5.17. Consider a first kindLG parametrical formulaΦ:

Φ = ∀~x(δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh → A)
where ~x= x1, . . . ,xp. Suppose that we are reducing the process

κΦ ⋆d1 . . .dr .ξ1 . . .ξh.π
where eachdi belongs toEδi

(mi) for a suitable integermi . Then, a legal
move for©∃ must be ap-uplet(n1, . . . ,np) such that for eachi ≤ r, ni = mi .
This one is a legal move if and only ifπ ∈ [[A(~n) ]] .

In particular, if all the first order variables ofΦ are relativized to data
types (i.e. p = r), there is at most one possible move for©∃ : the p-uplet
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(m1, . . . ,mp). Moreover, thesemi are determined by their canonical repre-
sentationsd1, . . . ,dp.

Consider a second kindLG parametrical formula

Φ = ∀W∀~x(δ1(x1), . . . ,δr(xr),ϕ1, . . . ,ϕh →W~τ)

where~x = x1, . . . ,xp andW has aritya. Suppose that we are reducing the
processκΦ ⋆d1 . . .dr .ξ1 . . .ξh.π. Then, for allp-uplet of integers~n such that
for eachi ≤ r ni = mi, there is exactly one possible choice ofD ∈ ∆a such
that(~m,D) is a legal move:D := ∆π,τ

a . Hence,©∃ has always a legal move
and the predicateD is determined by the choice of~n.

Moreover, if all the first order variables ofΦ are relativized to data types
(i.e. r = p) and we are performingκΦ ⋆d1 . . .dp.ξ1 . . .ξk.π, where eachdi
belongs toEδi

(mi); then there is exactly one possible legal move for©∃ : the

p-uplet(m1, . . . ,mp) together with the second order parameter∆π,~τ
a .

In consequence:for the formulæ that are completely relativized to data
types, when a constantκΦ arrives in head position, the move of©∃ is de-
termined by the stack. In other words, this fact implies that the machine
replaces©∃ whenever the formulaΦ has all their quantifiers relativized to
data types.

Since [[Φ ]] sets are used as choice sets for player©∀ , it is important to
analyse in which conditions[[Φ ]] is empty:

Remark 5.18. Let us consider a first kindLG ∆-parametrical formula:

Φ = ∀~x[δ1(x1), . . . ,δr(xr),ϕ1(~x), . . . ,ϕs(~x)→ A(~x)]

where~x= x1, . . . ,xp. By definition, a stack belonging to[[Φ ]] is:

e1 . . .er .T
ϕ1(~m)

κϕ1(~x) . . .T
ϕs(~m)
κϕs(~m).ρ

where∀i∈[1..r] ei∈Eδi
(mi) andρ∈||A(~m)|| for a suitable vector~m∈Np. The

(parametric) atomic formulaA(~x) is of two possible shapes:

• A(~x) = ⊤. In this case||A(~m)|| = /0 for each instantiation~m and
hence [[Φ ]] = /0.

• A(~x) =W~τ whereW :Np → Pow(Π). We can define dom(A(~x)) :=
{~m∈Np | W(~τ(~m)) , /0}. In particular, sinceW must be a∆ para-
meter,W = ∆π,~n

a for somea∈N,~n∈Na andπ∈Π (cf: 5.10) and then
dom(A(~x)) = {~m∈ Np | ~n =~τ(~m)}. There is a stack belonging to
[[Φ ]] if and only if there is an instantiation~m belonging toSδ1

×
·· ·×Sδr ×N

p−r ∩dom(A(~x)) (Sδ1
is thescopeof δi –c.f.:3.2).

Let us consider a second kind parametricalLG-formula:

Φ = ∀W∀~x[δ1(x1), . . . ,δr(xr),ϕ1(W,~x), . . . ,ϕs(W,~x)→W~τ]

Consider also~m∈ Sδ1
×·· ·×Sδr

×Np−r (the scopes never are empty) and

a stackρ. Instantiating~x as ~m andW asW := ∆ρ,~τ
a wherea is theW-

arity and takinge1, . . . ,er such thatei ∈ Ei(mi) and ρ ∈ W we can built
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the stacke1 . . .er .Tϕ1(W,~m)
κϕ1(W,~m) . . .T

ϕs(W,~m)
κϕs(W,~m).ρ which belongs

to [[Φ ]] . Hence, [[Φ ]] , /0 for each second kind∆-parametrical formulaΦ.

5.4. Winning strategies and the Main Theorem.

Definition 5.19. A winning final positionis a process P= κΦ ⋆ π such
that ©∃ can move in such a way that©∀ can not answer (in chess termi-
nology “©∃ moves and wins”). We will denote by G the set of allfinal
winning positions.

More precisely, given a final winning positionκΦ ⋆π we have the follow-
ing cases:

Let us supposeΦ is a first kind formula:

Φ = ∀~x[δ1(x1), . . . ,δr(xr),ϕ1(~x), . . . ,ϕs(~x)→ A(~x)]

where~x= x1, . . . ,xp. If κΦ ⋆π is a final winning position,©∃ can play and
this implies that:

(1) π = e1 . . .er .ξ1 . . .ξs.ρ for suitable termse1, . . . ,er ,ξ1, . . . ,ξs and a
suitable stackρ (in other words,ℓ(π)≥ r +s).

(2) {~m∈Np | ∀i∈[1..r] ei∈Eδi
(mi) andρ∈||A(~m)|| } , /0

Let be~ma©∃ (legal) move such that©∀ cannot answer. Then, there are two
possibilities:

(1) There is not hypothesis block inΦ (s= 0). In this case,π ∈ [[Φ ]] .
(2) There is hypothesis block inΦ but the sets[[ϕi(~m) ]] are each empty

(c.f.:5.18)

Definition 5.20. Given a set of processes S and a process P, we say that P
has awinning strategy according toS if and only if the player©∃ can play
in such a way that P reduces to a process of S independently of the answers
of ©∀ . We denote this relation by P≻≻ S. The set{P | P≻≻ S} is denoted
by⊥⊥S.

The sets⊥⊥S are saturated because they are closed bydeterministicanti-
reduction. In other words, ifP andP′ are processes such thatP≻ P′ andP′

has a winning strategy for©∃ , thenP has also a winning strategy for©∃ .
We denote by
S the realisability relation relative to⊥⊥S and by|| ||S (or

simply by || || when it is not ambiguous) the truth value relative to⊥⊥S.
On this work, the setS that we use is alwaysG, the set of all winning

final positions. However, we can work with the general notionof winning
strategy as follows:

• Instead of our defined reduction rules, we can take other rules, par-
ticularly we can define other interaction instructions.

• Instead of our setG of winning final positions, we can take an arbi-
trary set of processesS.

Lemma 5.21.For all formulaΦ in LG, [[Φ ]] ⊆ ||Φ||G andTΦ
κΦ 
G Φ.
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Proof. We prove the result by induction onΦ.
Suppose thatΦ is a first kindLG-formula:

Φ := ∀~x(δ1(x1), . . . ,δr(xr),ϕ1(~x), . . . ,ϕh(~x)→ A(~x))

where~x= x1, . . . ,xp.
By definition

[[Φ]] = {d1 . . .dr .T
ϕ1 κϕ1(~m) . . .T

ϕh κϕh(~m).π | ~m∈Np,di ∈Eδi
(mi),π∈ ||A(~m)||}

By induction hypothesis, each Tϕi κϕi(~m) realizesϕi(~m) in ⊥⊥G and every
canonical representation of a data type realizes the data type: ifdi ∈Eδi

(mi),
thendi � δi(mi). Then, we have that[[Φ ]] ⊆ ||Φ||G

By storage operators definition, in order to prove TΦ
κΦ 
G Φ, it suffices

to prove thatκΦ 
G Φ̃, where

Φ̃ := ∀~x(Eδ1
(m1); . . . ;Eδr

(mr);ϕ1(~x), . . . ,ϕh(~x)→ A(~x))

Take a stackπ∈ ||Φ̃||G. If the formulaΦ has not hypothesis block (i.e.h=0),
then||Φ̃||G = [[Φ ]] and thenκΦ ⋆π ∈ G⊆ ⊥⊥G. If the formulaΦ has hy-
pothesis block, then there arep integers~m= m1, . . . ,mp, r canonical repre-
sentationsdi , . . . ,dr , h termsξ1, . . . ,ξh and a stackπ′ such that:

(1) For all i ∈ [1..r], di ∈ Eδi
(mi)

(2) For all j ∈ [1..h], ξ j 
G ϕ j(~m)
(3) π′ ∈ ||A(~m)||
(4) π = d1 . . .dr .ξ1 . . .ξh.π′

We assert thatκΦ ⋆π has a winning strategy: It suffices that©∃ chooses~m.
This move satisfies the conditionπ′ ∈ ||A(~m)|| by (3), then~m is a legal move
for©∃ . After that,©∀ must choose an indexj ∈ [1..h] and a stackρ ∈ [[ϕ j(~m)]] .
If it is impossible (i.e. [[ϕ j(~m) ]] is empty),κΦ ⋆π ∈ G⊆⊥⊥G, thus proving
the result. If it is possible, thenκΦ ⋆π ≻≻ ξ j ⋆ρ and this process belongs
to⊥⊥G by induction hypothesis.

Now, suppose thatΦ is a second kindLG-formula:

Φ := ∀W∀~x(δ1(x1), . . . ,δr(xr),ϕ1(W,~x), . . . ,ϕh(W,~x)→W~τ)
where~x= x1, . . . ,xp andW has aritya.

By definition

[[Φ ]] = {d1 . . .dr .Tϕ1 κϕ1(P,~m) . . .T
ϕh κϕh(P,~m).π |

~m∈ Np,P ∈ ∆a,di ∈ Eδi
(mi),π ∈ P(~τ)}

By induction hypothesis, for eachi ∈ [1..h], Tϕi κϕi(P,~m) 
G ϕi(P,~m). Fur-
thermore, every canonical representationdi ∈ Eδi

(mi) realizesδi(mi) in
⊥⊥G. In consequence,[[Φ ]] ⊆ ||Φ||G.

Again using the storage operators definition, we can prove thatκΦ 
G Φ̃
where

Φ̃ = ∀W∀~x(Eδ1
(x1); . . . ;Eδr

;ϕ1(W,~x), . . . ,ϕh(W,~x)→W~τ)

thus concluding that TΦκΦ 
G Φ
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Take a stackπ∈ ||Φ̃||G. If Φ has not hypothesis block, thenπ isd1 . . .dr .π′

where eachdi belongs toEδi
(mi) andπ′ belongs toW(~τ) for a suitable pre-

dicateW and a suitablep-uplet of integers~m. Sinceπ′ belongs to∆π′,~τ
a (~τ),

we have thatπ belongs to [[ Φ ]] and hence TΦκΦ ⋆ π ∈ G ⊆ ⊥⊥G. If Φ
has hypothesis block, then there are ana-ary predicateW, a p-uplet~m, r
canonical representationsd1, . . . ,dr , h termsξ1, . . . ,ξh and a stackπ′ such
that:

(a) For alli ∈ [1..r], di ∈ Eδi
(mi)

(b) For all j ∈ [1..h], ξ j 
G ϕ j(W,~m)
(c) π′ ∈W(~τ)
(d) π = d1 . . .dr .ξ1 . . .ξh.π′

We assert thatκΦ ⋆ d1 . . .dr .ξ1 . . .ξh.π′ has a winning strategy: Indeed, to

win ©∃ can choose the predicateP := ∆π′,~τ
a and thep-uplet~m. This move

satisfies thatπ′ ∈P(~τ) by definition and hence(~m,P) is a legal move. After
that,©∀ must choose an indexj ∈ [1..h] and a stackρ ∈ [[ϕ j(P,~m) ]] . If it
is impossible,κΦ ⋆π ∈ G ⊆ ⊥⊥G, thus proving the result. If it is possible,
thenκΦ ⋆π ≻≻ ξ j ⋆ρ. By induction hypothesis, we have that[[ϕ j(P,~m) ]] ⊆
||ϕ j(P,~m)||G. Sinceπ′ ∈W(~τ), we have||ϕ j(P,~m)||G ⊆ ||ϕ j(W,~m)||G (c.f.
5.13). In consequence,ρ ∈ ||ϕ j(W,~m)||G and thenξ j ⋆ρ ∈ ⊥⊥G. �

Definition 5.22. Let us consider aΛc-term τ and aLG parametrical for-
mula parameters of which are taken from∆. We say thatτ has a winning
strategy forΦ if and only if for each stackπ∈ [[Φ ]] we have thatτ⋆π∈⊥⊥G.

Now, we can deduce theMain Theoremabout realizability games:

Theorem 5.23. If Φ is a LG formula the parameters of which are taken
from∆, and aΛc-termτ such thatτ �Φ. Thenτ has a winning strategy for
Φ. If the formulaΦ is completely relativized to data types,τ implements a
winning strategy for the game associated withΦ.

Proof. This is a direct consequence of the lemma above, becauseπ ∈ ||Φ||G
and thenτ ⋆ π belongs to⊥⊥G. Then, there is a winning strategy for the
processτ⋆π. In particular, as we viewed in 5.17, for a formula completely
relativized to data types, this implies thatτ implements a winning strategy
for the game associated withΦ. �

As we have seen in 5.5, we can embed the first order languageL1 into
the language of gamesLG in such a way that the truth values in realizability
models are preserved. In addition, the statement of an arithmetical theorem
is anL1-formula. This formula relativized to int is provable in oursystem
of types (c.f. [6]). The term associated with this proof realizes the corres-
pondingLG-formula and therefore it implements the game associated with
the formula and plays a winning strategy for©∃ in such a game.



74 MAURICIO GUILLERMO



REALIZABILITY GAMES IN ARITHMETICAL FORMULÆ 75

6. Examples and applications

Notation 6.1. Let Φ be a parametricalLG-formula. We will denote byΦi
the i-th hypothesis ofΦ; thus, we haveΦ = ∀~x(δ1, . . . ,δh,Φ1, . . . ,Φr → A)
if Φ is a first kind formula (resp.∀W∀~x(δ1, . . . ,δh,Φ1, . . . ,Φr → A) if Φ is
a second kind formula). Hence, we will denote byΦi j the j-th hypothesis
of Φi and so on.

6.1. The formula ∃x∀y( f (x,y) = 0).
We start with an analogous result to the one of 4.4:

Lemma 6.2. Consider(M,⊥⊥0) a realizability model, a parametrical for-
mula Ψ := ∃xϕ(x), P := {π} –i.e. P is a 0-ary predicate–, andτ a Λc-
term such thatτ 
0 Ψ and⊥⊥0 ⊆ (thτ⋆κΨ1(P)

.π)
c. Then, there is an indivi-

dual m∈ M and aΛc-termξ such thatξ 
0 ϕ(m) andκΨl (P) ⋆ξ.π <⊥⊥0.

Proof. The proof is similar to the proof of 4.4 and is left as an exercise. �

Example 6.3.A first example is the game forΨ= ∃x∀y( f (x,y)=0)wheref
is a function symbol. Let us consider aω-modelM= (N,D,Y ), aΛc-term
τ such thatτ �Ψ and a stackπ.

Define the 0-ary predicateP := {π}. Then we have thatτ 
 Ψ1(P) →
P, whereΨ1(P) = ∀x(∀y( f (x,y) = 0) → P). Since [[ Ψ1(P) → P ]] =
{κΨ1(P).π}, by 5.23 the processτ⋆κΨ1(P).π has a winning strategy for©∃ .
We will explain this strategy and its intermediate reduction steps.

For brevity, denotek0 instead ofκΨ1(P). We will construct by induction
(as in 4.17) a finite sequence of threads models.

Let us define⊥⊥0 :=(thτ⋆k0.π)
c. By 6.2, there is an individualn1 and aΛc-

termξ1 such thatk0 ⋆ ξ1.π < ⊥⊥0 andξ1 
0 ∀y( f (n0,y) = 0). By 5.15,©∃
must choose an individualm1 (sinceπ ∈ P each move is a legal move)
and©∀ must answer a stack belonging to the truth value[[∀y( f (m1,y)=0)]] =
[[∀W∀y(W f(m1,y)→W0)]] = {κV f (m1,p).π

′|p∈N,V∈∆1 andπ′∈V(0)}. Con-
sider thatκV1 f (m1,p1).π1 is the answer of©∀ and for brevity write it ask1.π1.

Now, suppose we have:

τ⋆k0.π ≻k0⋆ξ1.π
ξ1⋆k1.π1 ≻k0⋆ξ2.π

...

ξ j−1⋆k j−1.π j−1 ≻k0⋆ξ j .π

(6.3.10)

and define the realizability model⊥⊥ j−1 = (thτ⋆k0.π)
c ∩

⋂ j−1
i=1 (thξi⋆ki .πi

)c.
Denote asmj the j-th move of©∃ and ask j .π j the j-th answer of©∀ .

Define the realizability model⊥⊥ j as⊥⊥ j−1∩ (thξ j⋆k j .π j
)c. Now, there

are two cases:
(1) Suppose there are two integersi andn such thatξi
 j∀y( f (n,y)=0).

In particular, for eachp ∈ N and for each predicateX ∈ D, the
termξi verifiesξi 
 j X( f (n, p))→ X(0). Let us defineX := ∆πi ,0

1 .
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Since by constructionξi⋆ki .πi <⊥⊥ j andπi ∈ ∆πi ,0
1 (0), we have that

for all p∈N, ki 1 j ∆πi ,0
1 ( f (n, p)). This implies thatM |= ∀p( f (n, p)=0).

Then ki ⋆ πi < ⊥⊥ j and this is possible only ifki ⋆ πi ∈ thξ j⋆k j .π j
,

because each other thread ends withk0 in head position. Since
ki is a halt instruction, the execution stops. IfM |= f (ni, pi) = 0,
then©∃ wins. In particular, if©∃ has played in thei-th thread, the
movemi = n, ©∃ has win. The scheme 6.2 is completed by addition
of the (last) lineξ j ⋆k j .π j ≻ ki ⋆πi .

(2) Suppose that for each integeri from 1 to j and for eachn, the term
ξi does not realize∀y( f (n,y) = 0) in ⊥⊥ j . Applying 6.2 for⊥⊥ j , we
obtain an individualnand aΛc-termξ j+1 such thatξ j+1
 j∀y( f (n,y)=
0) andk0⋆ξ j+1.π < ⊥⊥ j . Hence, for eachi ≤ j the termξ j is dif-
ferent fromξi and thenk0 ⋆ ξ j .π ∈ thξ j⋆k j .π j

. Here player©∃ must
play an individualmj+1 (all move is legal for©∃ ). ©∀ must play a
stackk j+1.π j+1 (all answer is legal for©∀ ). The lineξ j . ⋆ k j .π j ≻
k0⋆ξ j+1.π is added to the scheme 6.3.10 and the construction con-
tinues.

Sinceτ ⋆ k0.π has a winning strategy for©∃ and player©∀ has always a
legal answer in the case (2), the inductive construction above must stop and
in consequenceM |= ∃x∀y( f (x,y) = 0). On the other hand, the reduction
does not consider the moves of©∃ nor the answers of©∀ . In consequence,
there is an integeri such that, if both players plays legal moves, the execu-
tion stops always in a processki ⋆πi that “points” to thei-th played move
and thei-th played answer. Player©∃ wins if and only ifM |= f (ni, pi) = 0.
In particular, a winning strategy for©∃ consists in playing in thei-th move
an integern such thatM |= ∀y( f (n,y) = 0). Notice that there is a seman-
tic statement equivalent to the stop of execution:The process stops in the
j-th step if and only if there are two integers i and n such that1≤i< j
andξi
 j∀y( f (n,y)=0). Thus, we have described the threads when we ex-
ecute a winning strategy given by a termτ such thatτ � ∃x∀y( f (x,y) = 0).
On the other hand, the converse of 5.23 is also true for the formulaΨ –and
many other, we will treat this problem later–. Indeed: givena term that
has a winning strategy for the formula∃x∀y( f (x,y) = 0), we will see that it
realizes the formula in all realizability models.

Lemma 6.4.Suppose thatM= (N,D,Y ) is anω-model andτ is aΛc-term.
Then, the following statements are equivalent:

(1) τ �Ψ
(2) τ implements a play having a winning strategy for©∃ in the game

associated withΨ := ∃x∀y( f (x,y) = 0).

Proof.

(1)→(2) By 5.23
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(2)→(1) By hypothesisτ implements a winning strategy forΨ and this im-
plies there is an integerq a sequence of constantsk0, . . .kq, a se-
quence of stacksπ0, . . . ,πq and a sequence ofΛc-termsξ1, . . . ,ξq
such that

τ⋆k0.π0 ≻ k0⋆ξ1.π0

ξ1⋆k1.π1 ≻ k0⋆ξ2.π0

...

ξq⋆kq.πq ≻ ki ⋆πi

(6.4.11)

for an integeri ≤ q. Moreover, the winning strategy for©∃ must
play in thei-th line an individualmi such thatM |= ∀y( f (mi ,y) = 0)
because otherwise,©∀ wins playingpi such thatM |= f (ni , pi) , 0.

Consider a realizability model⊥⊥ and a 0-ary predicateP ⊆ Π.
Take aΛc-term t0 realizingΨ1(P) and a stackρ0 belonging toP.
We must prove thatτ⋆t0.ρ0∈⊥⊥.

By substitution in 6.4.11, there is aΛc-term ξ̃1 such thatτ⋆ t0.ρ0

reduces tot0⋆ ξ̃1.ρ0. Hereξ̃1 is in factξ1[t0,ρ0
/

k0,π0
].

Let us consider a winning strategy which wins on the play 6.4.11
implemented byτ and considern1, the first move proposed by©∃
according with this strategy. SinceΨ1(P) is∀x(∀y( f (x,y)=0)→P),
it suffices to prove the followingclaim:

ξ̃1 
 ∀y( f (n1,y) = 0)

Let us consider a 1-ary predicateW1 ∈ D, an individualp1, a
Λc-term t1 
 W( f (n1, p1)) and a stackπ ∈W(0) and try to prove
that ξ̃1 ⋆ t1.π1 ∈ ⊥⊥. Again by substitution on 6.4.11 we have that
ξ̃1 ⋆ t1.π1 ≻ t0 ⋆ ξ̃2.ρ0 whereξ̃2=ξ2[t0, t1,ρ0,ρ1

/
k0,k1,π0,π1

]. If we

proveξ̃2 
 (∀y( f (n2,y) = 0)) for an integern2, the claim is proven.
Considern2 the second move of©∃ .

Repeatingq times this reasoning, we obtain by substitution in
6.4.11:

τ⋆ t0.ρ0 ≻ t0⋆ ξ̃1.ρ0

ξ̃1⋆ t1.ρ1 ≻ t0⋆ ξ̃2.ρ0

...

ξ̃q⋆ tq.ρq ≻ ti ⋆ρi

(6.4.12)

SinceM |= f (ni, pi)=0, ti 
Wi( f (ni, pi)) andρi ∈Wi(0)=Wi( f (ni, pi));
the processti ⋆ ρi belongs to⊥⊥. In consequence, for allj such
that 1≤ j ≤ q, the process̃ξ j ⋆ t j .ρ j belongs to⊥⊥ and hencẽξ j 


∀y( f (n j ,y) = 0) in ⊥⊥. Taking j = 1 the claim is proven, thus prov-
ing the result.
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�

6.2. The formula ∃x∀y( f (x,y) , 0).

Example 6.5.As another example, we study the case seen in 6.3 but with,

instead of= :

Let us consider the formulaΨ := ∃x∀y( f (x,y) , 0) and an ω-model
M= (M,D,Y ). By 1.12

Ψ = ∀X(∀x(∀y f(x,y) , 0→ X)→ X)

hence by definitionΨ1(X) = ∀x(∀y f(x,y) , 0 → X). As in 6.3, we will
write k0 instead of the constantκΨ1({π}). Considerτ a Λc-term realizing
the formulaΨ. Each timek0 arrives in head position, it is with a stackξi .π
as argument. At this moment,©∃ must play an individualmi and©∀ must
answer a stackρi ∈ [[∀y( f (mi,y) , 0) ]] =

⋃
p∈N [[ f (mi, p) , 0]] . Here there

are two possibilities:

(1) M |= ∀y( f (mi ,y) , 0). In this case, the set[[ f (mi, p) , 0 ]] is empty
for each integerp and then©∀ has no legal answer. By definition
5.19, the processk0 ⋆ ξi .π is a final winning position. The game
stops and©∃ wins.

(2) M 6|= ∀y( f (mi,y) = 0). In this case the set[[ f (mi, p) , 0 ]] is Π for
a suitable integerp. Then,©∀ can play any stackρi and the game
continues.

By 5.23 the processτ ⋆ k0.π has a winning strategy for©∃ . In conse-
quenceM |= ∃x∀y( f (x,y) , 0) and©∃ can play in such a way that the ex-
ecution stops. Thei-threads other than the first are of the shapeξi ⋆ρi ≻
k0 ⋆ ξi+1.π0, whereξi ,ξi+1 are respectively thei-th and i+1-th exception
handler. If©∃ wins, the thread corresponding to the winning move is the
last thread.

Converse, suppose thatM |= Ψ. We can compute the truth value ofΨ as
follows:

Given an integernsuch thatM |= ∀y ( f (n,y), 0), the truth value of∀y( f (n,y),
0) is the empty set/0, i.e. we can replace∀y( f (n,y), 0) by⊤. Likewise, for
an integern such thatM 6|= ∀y( f (n,y) , 0), we can replace∀y( f (n,y) , 0)
by⊥.

SinceM |=Ψ, the truth value of∀x[∀y( f (n,y), 0)→X] is the set
⋃

n∈N ||∀y( f (n,y),
0)→ X||= ||⊤→ X||, because||⊤→X|| ⊇ ||⊥→X||. In consequence, the
truth value ofΨ is the set||∀X[(⊤→ X)→ X]||. Moreover, we can charac-
terize using the threads method, the terms that realizes∀X[(⊤→ X)→ X]:

Remark 6.6. The following statements are equivalents :

(1) τ � ∀X[(⊤→ X)→ X].
(2) For all Λc-termsu and for all stacksπ, there is aΛc-term ξ such

thatτ⋆u.π ≻ u⋆ξ.π.

Proof.
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(1)→(2) Let us consider⊥⊥0 := thτ⋆u.π and define the predicateP := {π}.
Sinceτ ⋆ u.π < ⊥⊥0, thenu 10 ⊤ → P, there is aΛc-term ξ such
thatu⋆ξ.π <⊥⊥ and henceτ⋆u.π ≻ u⋆ξ.π.

(2)→(1) Is left as an exercise.

�

Corollary 6.7. A Λc-termτ satisfiesτ � ∃x∀y( f (x,y) , 0), whereM |= Ψ,
if and only if, for all Λc-terms u and for all stacksπ, there is aΛc-term ξ
satisfyingτ⋆u.π ≻ u⋆ξ.π

By instance, ifM |= Ψ, then

• τ1 = λx(x)H
• τ2 = λx(x)(k0)(k1) . . .(kr)H
• τ3 = λx(x) id

(whereH is a halt instruction) realizesΨ. The first term gives a thread
scheme with only one thread. Hence, the only one winning strategy for©∃
is to play a good move the first time it plays.τ2 gives©∃ at mostr possibi-
lities to play correctly. Finally,τ3 is more complicated: The only winning
strategy is to play correctly in the first move, because ifn1 is the first move
of ©∃ andM 6|= ∀y( f (n1,y) = 0), then©∀ can answer aΠ-constantπi . Since
id⋆πi does not reduce, in this case©∃ has no more opportunities. But,
maybe©∀ is gentle and it proposes(k0) id, thus giving a new opportunity
to ©∃ . Playing the game implemented byτ1 or τ2, ©∀ cannot modify the
maximum length of the play.

6.3. Relativizing formulæ to data types.
Until now, in this section we described games where its implementation

acts as a referee. Indeed, if we analyze the execution behaviour on 6.3, we
can conclude that:

• The play length is determined by the term (the program).
• The program never plays a relevant value, but exception handlers to

continue the execution.
• The only trace of the moves played are the constants introduced

each time©∀ plays. Although this information is implicit in these
constants, if we have no instructions able to “read” it, it isnot avai-
lable for calculus.

• Once the play is ended, the players can verify which is the winner.
Nothing along the execution acts as a test to determine the winner.

Intuitively, we can imagine a play pacted inq moves between two players.
The program will choose a move (thei-th in 6.4.12), independently of the
moves played and players do not know which one. Once the play is finished,
the referee show its chosen move and players must verify which was the
winner.

Consider also the second one treated case (6.5): when we substitute=
by,.
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The reader should remark that, while the formulæ∃x∀y( f (x,y) = 0)
and ∃x∀y( f (x,y) , 0) have the same expressiveness (all formula of first
shape is equivalent to a formula of the second one and conversely), its speci-
fications are very different. The choice of, instead of= gives sessions the
length of which depends upon the moves and these sessions will be broken
whenever©∃ wins.

Reasonning by analogy with the case of∃x∀y( f (x,y) = 0), we can des-
cribe the game of∃x∀y( f (x,y) , 0) as follows:

The play between©∃ and©∀ is performed until©∃ wins, in which case
the execution is broken. In consequence, here the referee acts as a test,
because it stops the execution if and only if©∃ has win.

We will examine cases where the term acts as a referee and as a player.
More precisely, it will decide when the play is finished and itwill play in-
stead of©∃ . The relativization to a data type gives this kind of behaviour.
We will consider relativizations to naturals. But, we can doat least two pos-
sible relativizations: Relativization to the formula int(x) and relativization
to the canonical representations{x}. These two cases are essentially the
same, but the case of a relativization to the formula int(x) requires we use
storage operators for interaction constants.

In order to analyze simultaneously these two cases, we will describe the
threads scheme of a play implemented by a realizer of

Ψ̂ = ∃
{x}

x∀
{y}

y( f (x,y) = 0)

and after that, we will explain how is the thread scheme for a realizator of

Ψ = ∃
int
x∀

int
y( f (x,y) = 0)

More generally, we will study the transformationΨ 7→ Ψ̂ consisting to
replaceδ(x) by Eδ(x) –whereδ(x) is a data type– and how we can obtain a
realizator ofΨ̂ from a realizator ofΨ and conversely.

In order to study the case of̂Ψ, we must use the analogous of 4.4 for an

extended formula∃
{x}

xϕ(x).
Lemma 6.8. Let us consider an extended formulaϕ(x), a realizability mo-
del(M,⊥⊥0), a stackπ and twoΛc-terms u and h such that⊥⊥0 ⊆ (thu⋆h.π)

c

and u
0∃
{x}

xϕ(x). Then, there is an integer n and aΛc-termξ such thatξ 
0 ϕ(n)
and h⋆n.ξ.π <⊥⊥0.

Proof. Analogous to the one of 4.4 �

We have seen that a term realizingΨ̂ implements a winning strategy for
the game associated witĥΨ (c.f. 5.23). These strategies involves back-
tracking and we will describe this one, giving also a semantic condition
equivalent to the execution stop.

Example 6.9. Let us consider anω-modelM := (N,D,Y ) and aΛc-term

u � ∃
{x}

x∀
{y}

y( f (x,y) = 0). We will build recursively –as in 6.3– a finite
sequence of thread models.
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Consider a halt instruction sequence(ki)i∈N and aΠ-constant sequen-
ce(πi)i∈N.

Denote as th0 the thread thu⋆k0.π and define⊥⊥0 := (th0)
c. We can apply

6.8 to obtain an individualn1 and aΛc-termξ1 such thatξ1 
0 ∀y( f (n1,y) =
0) andk0⋆n1.ξ1.π0 ∈ th0. Henceu⋆k0.π0 ≻ k0⋆n1.ξ1.π0.

Now we proceed by induction. Suppose thatn1, . . . ,n j are integers
andξ1, . . . ,ξ j areΛc-terms such that

u⋆k0.π0 ≻ k0⋆n1.ξ1.π0

ξ1⋆ p1.k1.π1 ≻ k0⋆n2.ξ2.π0

...

ξ j−1⋆ p j−1.k j−1.π j−1 ≻ k0⋆n j .ξ j .π0

(6.9.13)

For eachl > 0, denote as thl the thread thξl⋆pl .kl .πl
and as⊥⊥ j the threads

model
⋂ j

l=0(thl)
c. Applying 6.8 with⊥⊥ j we obtain an integern j+1 and

aΛc-termξ j+1 such thatξ j+1 
 j ∀
{y}

y( f (n j+1,y) = 0) andk0⋆n j+1.ξ j+1.π0
does not belong to⊥⊥ j .

Here there are two possibilities:
(1) There is an integeri ∈ [1.. j] such thatk0 ⋆ nj+1.ξ j+1.π0 belongs

to thi−1. In this caseni = n j+1 andξi = ξ j+1 becausek0 can only be
in head position at the end of a thread. In particular, the last implies

thatξi 
 j ∀
{y}

y( f (ni,y)=0) –i.e. the formula∀X∀
{y}
y(X f(ni,y)→X0)–

. TakeX := ∆πi ,0 andy := pi ∈ N. Sinceξi ⋆ pi .ki .πi < ⊥⊥ j , thenki

does not realize∆πi ,0( f (ni , pi)). In consequenceM |= f (ni , pi) = 0
andki ⋆πi < ⊥⊥ j . The only thread belonging to(⊥⊥ j)

c such thatki
can be in head position is thj , because it must be at the end of its
thread and the other threads finishes withk0 in head position. We
add to 6.9.13 the lineξ j ⋆ p j .k j .π j ≻ ki ⋆πi and, takingj = q, we
obtain:

u⋆k0.π0 ≻ k0⋆n1.ξ1.π0

ξ1⋆ p1.k1.π1 ≻ k0⋆n2.ξ2.π0

...

ξq⋆ pq.kq.πq ≻ ki ⋆πi

(6.9.14)

And the execution stops.
(2) k0 ⋆n j+1k j+1.π0 belongs to thj . In this case we define thj+1 as the

thread ofξ j+1⋆ p j+1.k j+1.π j+1, we add to 6.9.13 the line

ξ j ⋆ pj .π j ≻ ξ j+1⋆ p j+1.k j+1.π j+1

and the execution continues.
By hypothesisu implements a winning strategy for the game associated

with the extended formulâΨ = ∃
{x}

x∀
{y}

y( f (x,y) = 0) and then, if we take a
stackπ and we denote asP the predicate{π}, the processu⋆κΨ̂1(P)

.π has a
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winning strategy for player©∃ . In consequence, if we replacek0 by κΨ̂1(P)

andπo by π in 6.9.13, we have that the recursive process described in (1)
and (2) must stop.

Lemma 6.10.Consider anω-modelM, aΛc-term u and an extended formu-

la Ψ̂ = ∃
{x}

x∀
{y}

y( f (x,y)=0). Then the following statements are equivalents:

(1) u� Ψ̂.
(2) u implements a winning strategy for©∃ in the game associated with

the extended formulâΨ.

Proof.

(1)→(2) By 5.23.
(2)→(1) The proof is almost the same the one we viewed in 6.4. However

here the length of a play depends upon the answers of©∀ . For
this reason, we can not consider the thread scheme as given. In
consequence, we give a proof slightly more complicated.

Take a realizability model⊥⊥, a predicateP ⊆ Π, a Λc-term t0
realizing Ψ̂1(P) in ⊥⊥ and a stackρ0 belonging toP. We must
prove thatu⋆ t0.ρ0 ∈⊥⊥. Trying to prove it, we will consider a play
M between©∃ and©∀ according to the strategy given byu. By
hypothesis this play must finish with©∃ winning:

Start the playM implemented byu. By substitution in the first
thread, we have thatu⋆ t0.ρ0 ≻ t0 ⋆ n1.ξ̃1.ρ0 wheren1 is the first
move played by©∃ andξ̃1 = ξ1[t0,ρ0

/
k0,π0

]. In order to prove the
result it suffices to prove the followingclaim:

ξ̃1 
 ∀
{y}

y( f (n1,y) = 0)

Take a stackp1.t1.ρ1 ∈ ||∀
{y}
y( f (n1,y) = 0)|| and addn2 to M as

its ©∃ second move. Then (by substitution in the second thread of
this play), the process̃ξ1 ⋆ p1.t1.ρ1 reduces tot0 ⋆ n2.ξ̃2.ρ0, where
ξ̃2 = ξ2[t0, t1,ρ0,ρ1

/
k0,k1,π0,π1

]. In order to prove the claim, it suf-

fices to prove that̃ξ2 
 ∀
{y}

y( f (n2,y) = 0).
We proceed to do this construction until the play is ended and©∃

wins. At this moment the thread scheme we build is:

u⋆ t0.ρ0 ≻ t0⋆n1.ξ̃1.ρ0

ξ̃1⋆ p1.t1.ρ1 ≻ t0⋆n2.ξ̃2.ρ0

...

ξ̃q⋆ pq.tq.ρq ≻ ti ⋆ρi

(6.10.15)

Furthermore, we know thatM |= f (ni , pi) = 0 because©∃ has
win. By construction, for each stepj, we tookt j 
W j( f (n j , p j))
andρ j ∈W j(0) for 1-ary predicatesW j ∈D. Thenti ⋆ρi ∈ ⊥⊥ and
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hence each̃ξ j ⋆ p j .t j .ρ j ∈ ⊥⊥; in particular for j = 1. The claim is
proved thus proving the result.

�

6.4. Relativization to data types vs. relativization to canonical repre-
sentations.
We generalize now the correspondence that we used to transform Ψ into

Ψ̂. Given aLG-formula Φ, we define the formulâΦ as the one we ob-
tain replacing each instance of a data type by the corresponding Λc-set of
canonical representations. More precisely:

Definition 6.11. We define by induction a functionΦ 7→ Φ̂ whereΦ is aLG-
formula:

• If Φ = ∀~x[δ1(x1), . . . ,δr(xr),Φ1, . . . ,Φs→ A], then:

Φ̂ = ∀~x[εδ1
(x1); . . . ;εδr (xr), Φ̂1, . . . ,Φ̂s→ A]

• If Φ = ∀W∀~x[δ1, . . . ,δr ,Φ1, . . . ,Φs→W~τ], then:

Φ̂ = ∀W∀~x[εδ1
(x1), . . . ,εδr (xr), Φ̂1, . . . , Φ̂s→W~τ]

Definition 6.12. Given aLG-formula Φ, we define two transformations
(t,Φ) 7→ t∗Φ and (t,Φ) 7→ t̂Φ over Λc×LG. These definitions are mutual-
ly recursive and defined by induction onΦ. Given a first (resp. second)
kind LG-formula Φ = ∀~x[δ1(x1), . . . ,δr(xr),Φ1, . . . ,Φs → A] (resp. Φ :=
∀W∀~x[δ1(x1) . . .δr(xr),Φ1 . . .Φs→W~τ]), then:

t∗Φ := (TΦ)λx1 . . .λxrλξ1 . . .λξs(t)x1 . . .xr ξ̂1Φ1 . . . ξ̂sΦs

t̂Φ := λx1 . . .λxrλξ1 . . .λξs(t)x1 . . .xrξ∗1Φ1
. . .ξ∗sΦs

Lemma 6.13. Let us consider aLG-formula Φ and a realizability mo-
del (M,⊥⊥), whereM is anω-model. Then:

(1) Given aΛc-termτ satisfyingτ 
Φ, we have that̂τΦ 
 Φ̂
(2) Given aΛc-termσ satisfyingσ 
 Φ̂, we have thatσ∗

Φ 
Φ.

Proof. We prove (1) and (2) by induction onΦ. Suppose thatΦ is a second
kind formula.

To prove (1), lets consider a stackπ = e1m1 . . .ermr .ξ1 . . .ξs.ρ ∈ ||Φ̂||,
whereeimi denotes the unique term belonging toεδi

(mi), whenever it ex-
ist. We must prove that̂τΦ ⋆π ∈ ⊥⊥. Reducing this process, we obtain

τ⋆e1m1 . . .ermr .ξ
∗
1Φ1

. . .ξ∗sΦs
.ρ

which belongs to⊥⊥ applying the induction hypothesis overΦ1 . . .Φs and
that canonicals realize their data type.

To prove (2), lets consider a stack

π′ = e1m1 . . .ermr .ξ1 . . .ξs.ρ′ ∈ ||εδ1
(m1); . . . ;εδr

(mr);Φ1, . . . ,Φs→W~τ||
for a individuals vector~mand a 1-ary predicateW. By reduction we obtain:

λx1 . . .λxrλξ1 . . .λξs(σ)x1 . . .xr .ξ̂1Φ1 . . . ξ̂sΦs⋆π′ ≻
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σ⋆e1m1 . . .ermr .ξ̂1Φ1 . . . ξ̂sΦs.ρ′

By induction hypothesiŝξiΦi 
 Φ̂i . Thene1m1 . . .ermr .ξ̂1Φ1 . . . ξ̂sΦs.ρ′ ∈ ||Φ̂||.

Thus, we have proved thatλx1 . . .λxrλξ1 . . .λξs(σ)x1 . . .xr .ξ̂1Φ1 . . . ξ̂sΦs reali-
zesεδ1

(m1); . . . ;εδr (mr);Φ1, . . . ,Φs → W~τ and hence –using that TΦ si a
storage operator–σ∗

Φ 
 δ1(m1), . . . ,δr(mr),Φ1, . . . ,Φs → W~τ. Since this
reasoning is valid for all~mand for allW ∈D, we have proved thatσ∗

Φ 
 Φ.
�

Remark 6.14. Given a termτ � Φ, it has a winning strategy for the game
associated withΦ. Using 6.13, we prove that̂τΦ � Φ̂ and then, this term
has a winning strategy for the game associated withΦ̂. Moreover, ifΦ is a
totally relativized formula, the strategies implemented by σ andσ̂Φ are the
same (both play the same individuals).

Example 6.15.Let us consider the formulaΨ = ∃
int
x∀

int
yf (x,y) = 0. The

soleΨ hypothesis is the formulaΨ1(X)= ∀
int
x(∀W∀

int
y(W f(x,y)→W0)→X).

Suppose thatu is aΛc-term such thatu�Ψ and take a stackπ. Denote byk
the interaction instructionκΨl ({π}).

By 5.6 the operator TΨ1 is the 1-ary storage operator for integers, Tint. By
5.23 the processu⋆TintκΨ1({π}).π has a winner strategy for©∃ . For brevity,
we will denote Tint as T.

Applying 6.13 and 6.14, the term̂uΨ implements the same winning stra-
tegy thatu, but playing the game of the formulâΨ. In consequence, the
threads of a play implemented byu are (almost5) the same that the threads
of a play implemented bŷu:

u⋆Tint k0.ρ0 ≻ k0⋆n1.ξ1.ρ0

ξ1⋆ p1.k1.ρ1 ≻ k0⋆n2.ξ2.ρ0

...

ξq⋆ pq.kq.ρq ≻ ki ⋆ρi

(6.15.16)

However, since our purpose is to compose winning strategies, we will
use other threads schemes, more adequate to compose these strategies. We
want proceed to substitute theΛc-terms Tint k by Λc-terms. In order to for-
malise this idea, we will replace Tint k0 terms byinstructionswith a suitable
and more restrictive reduction property. After that, usingdynamic substi-
tutions, we can replace these instructions byΛc-terms provided that these
terms have a behaviour analogous to the behaviour of the instructions it re-
places (c.f.: section 4). For the moment, we will present adequately threads
schemes for this formula:

5in fact, the transformationŝand ∗ adds manyη-expansions which add irrelevant
reductions.
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Example 6.16. Consider aΛc-term u realizing in all models the formu-
la Ψ = ∃

int
x∀

int
y( f (x,y)=0) and a playN implemented byu in the game

associated withΨ. Take a Tint K−like instruction (c.f. 4.11)U satisfying:
i. u does not containU .

ii. The function(ν,ξ) 7→ π′
νξ is injective onξ.

i.e. the hypothesis aboutU assumed in 4.5 and the injective condition ii.
over the map(ν,ξ) 7→ π′

νξ. We built by induction a threads scheme associ-
ated with the match:
Step0 Define th0 := thu⋆U.π0 and⊥⊥0 := thc

0. Applying 4.5, we obtain two
termsν1,ξ1 and an integern1 such that

u⋆U.π0 ≻ Hν1ξ1
⋆n1.π′

ν1ξ1

and ξ1 
0 ∀
int
y( f (n1,y) = 0). Start a match between©∃ and©∀

where©∃ proposesn1 as its first movement. Suppose that©∀ an-
swersp1.

Stepk+1 Let us consider we have the threads scheme:

u⋆U.π0 ≻ Hν1ξ1
⋆n1.π′

ν1ξ1

(ξ1)p1⋆k1.π1 ≻ Hν2ξ2
⋆n2.π′

ν2ξ2

...

(ξk)pk ⋆kk.πk ≻ Hνk+1ξk+1
⋆nk+1.π′

νk+1ξk+1

(6.16.17)

where©∃ has playedn1, . . . ,nk+1 and©∀ has answeredp1, . . . , pk+1 respec-
tively.

Define thk+1 := th(ξk+1)pk+1⋆kk+1.πk+1
and⊥⊥k+1 :=⊥⊥k∩ thc

k+1. Applying
again 4.5, we obtain two termsνk+2,ξk+2 and an integernk+2 such that:

(6.16.18) Hνk+2ξk+2
⋆nk+2.π′

νk+2ξk+2
<⊥⊥k+1

andξk+2 
k+1 ∀
int
y( f (nk+2,y) = 0). Now, there are two possibilities:

(1) Suppose that for eachi ∈ [1..k+1] ξi , ξk+2. Since(ν,ξ) 7→ π′
νξ is

injective onξ, we have that thatπ′
νiξi
, π′

νk+2ξk+2
and in consequen-

ceHνk+2ξk+2
⋆nk+2.π′

k+2 ∈ thk+2. We add to 6.16.17 the line:

(ξk+1)pk+1⋆kk+1.πk+1 ≻ Hνk+2ξk+2
⋆nk+2.π′

νk+2ξk+2

and the construction continues.
(2) Suppose that there is ani ∈ [1..k+1] such thatξk+2 = ξi . Then

we have thatξi 
k+1 ∀
int
y( f (nk+2,y) = 0), from which it follows

that(ξi)pi 
k+1 f (nk+2, pi)=0. DefiningW :=∆πi0
1 , we have that(ξi)pi 
k+1

W( f (nk+2, pi)) → W(0) from which we can deduce thatki 1k+1
W(0) and M |= f (nk+2, pi) = 0. In consequenceki ⋆πi < ⊥⊥k+1
and henceki ⋆πi ∈ thk+1 –because the other threads finish withHνiξi

in head position–. Now, from 6.16.18Hνk+2ξk+2
⋆ nk+2.π′

νk+2ξk+2

belongs to a thread thj , j ≤ k+1. Moreover, the only thread that
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may containHνk+2ξk+2
⋆ nk+2.π′

νk+2ξk+2
is the i-th thread and hence

nk+1 = ni . We conclude thatM |= f (ni , pi) = 0 and player©∃ wins
the match.

If we make a substitution putting Tint k0 instead ofU , we obtain the threads
scheme of the match, we have seen in 6.15.16:

u⋆Tint k0.π0 ≻ k0⋆n1.ξ1[Tint k0
/

U ].π0

(ξ1[Tint k0
/

U ])p1⋆k1.π1 ≻ k0⋆n2.ξ2[Tint k0
/

U ].π0

...

(ξk[Tint k0
/

U ])pk ⋆kk.πk ≻ k0⋆nk+1.ξk+1[Tint k0
/

U ].π0

...

(6.16.19)

This implies that the construction given above must stop, because if not, the
sequence of(pi)i∈N constitutes a winning strategy for©∀ playing against
the strategy implemented byu. This is impossible sinceu� ∃

int
x∀

int
y( f (x,y)=0).

We can represent this behaviour by a flux diagram:

(6.16.20)

Start

©∃ movesx := n;

©∀ answersy := p;

Test byξ

ξ
ch

o
o

se
s

th
e

em
p

ty
m

ov
e

Halt

ξ chooses a 2-uplet

6.5. Strategies as realizators.
We can generalize the result 6.10. First, we must give some definitions and
after that, we can enunciate the generalisation and prove it.

Definition 6.17. A LG-parametrical formula is saidset-relativizedif and
only if all their relativized quantifiers (if there exists) are relativized to data
sets. We can inductively define these formulæ:
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A first kindLG formula

ϕ = ∀~x[E1(x1); . . . ;Er(xr);ϕ1, . . . ,ϕs→ A]

is saidset-relativizedif and only ifE1, . . . ,Er are data sets and the hypothe-
sisϕ1, . . . ,ϕs are set-relativizedLG-formulæ.

A second kindLG-formula

ϕ = ∀W∀~x[E1(x1); . . . ;Er(xr);ϕ1, . . . ,ϕs→W~τ]
is saidset -relativizedif and only ifE1, . . . ,Er are data sets and the hypothe-
sisϕ1, . . . ,ϕs are set-relativizedLG-formulæ.

Remark 6.18.For each parametrical set-relativizedLG-formulaΦ, if [[Φ]] = /0,
then for each realizability model⊥⊥ we have that||Φ||⊥⊥ = /0.

Definition 6.19. Let us consider a static substitutionS . Given an a-ary
second order parameterA, we denote byS (A) the a-ary second order pa-
rameter defined as(S (A))(~n) := {S (π) | π ∈ A(~n)}. Given a paramet-
rical formula Φ = Φ(~R,~m), we denote asS (Φ) the parametrical formu-

la Φ(
−−−→
S (R),~m). In other words, we applyS to all theΦ parameters.

In particular, ifA is a ∆ parameter,A = ∆π,~τ
a , thenS (A) = ∆π,~τ

a and
henceS (A) is also a∆ parameter.

We prove now a technical lemma:

Lemma 6.20. Let us consider a first (resp. second) kind∆-parametrical
set-relativizedLG-formulaΦ, more precisely:

Φ := ∀~x[E1(x1); . . . ;Er(xr);Φ1(~x), . . . ,Φs(~x)→ A(~x)]

(resp.: Φ := ∀W∀~x[E1(x1); . . . ;Er(xr);Φ1(W,~x), . . . ,Φs(W,~x) → W~τ]) and
(ϒi)i∈I a set ofLG ∆-parametrical formulæ. Consider~x := ~m (resp.~x := ~m,
W := W ∈ ∆) an instantiation ofΦ. Suppose there is no parameter ofΦ
nor (ϒi)i∈I containningκΦ1(~m), . . . ,κΦs(~m). Suppose thatτ = τ[(κϒi)i∈I ] is a
Λc-term such thatτ has a winning strategy forΦ (c.f.: 5.22).

Let be (ξi)
i=s
i=1 and (ιi)i∈I Λc-terms. Consider the (static) substitution

S0 := [(ιi/κϒi )i∈I ] and a realizability model⊥⊥ such that∀i∈[1..s] ξi 


S0(Φi(~m)) (resp.: ξi 
 S0(Φi(W,~m))) and ∀i∈I ιi 
 S0(ϒi). Consider
canonical representations ei∈Ei(mi) and a stackρ0∈||A(~m)|| (resp.:ρ0∈W(~τ)).

Then:S0(τ)⋆e1 . . .er .ξ1 . . .ξs.S0(ρ0) ∈ ⊥⊥.

Proof. By hypothesis, we know thatτ⋆e1 . . .er .κΦ1(~m) . . .κΦs(~m).ρ0 ∈ ⊥⊥G.
Then this process reduces toκΣ⋆ρ1 for a suitable∆ parametricalLG-formula
Σ. Let us defineS1 := S0+[(ξi/κΦi(~m))

i=s
i=1]. ApplyingS1 we obtain:

(6.20.21) S0(τ)⋆e1 . . .er .ξ1 . . .ξsS0(ρ0)≻ S1(κΣ)⋆S1(ρ1)

We remark that, since all∆-parameters inΦ does not contain the constants
(κΦi(~m))

i=s
i=1, thenS1(ρ0)=S0(ρ0).

An interaction constant belonging toτ⋆e1 . . .er .κΦ1(~m) . . .κΦs(~m).ρ0 must
be κϒi , where i∈I or κΦi(~m), where i∈[1..s]. In consequence,Σ = ϒi
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or Σ=Φi(~m) for a suitablei. By hypothesisS1(κΣ) 
S0(Σ) and hence, it
suffices to prove thatS1(ρ1) ∈ ||S0(Σ)||. We proceed by cases:

(1) κΣ ⋆ρ1 ∈ G. In other words,©∃ can play but©∀ can not answer.
SupposeΣ is a first (resp. second) kind formula:

Σ = ∀~y[Ẽ1(y1); . . . ; Ẽr ′(yr ′);Σ1(~m,~y), . . . ,Σs′(~m,~y)→ B(~m,~y)]

(or Σ=∀U∀~y[Ẽ1(y1); . . . ; Ẽr ′(yr ′);Σ1(U,~m,~y), . . . ,Σs′(U,~m,~y)→U~σ]
if Σ is a second kind formula). Since©∃ can play, there is an in-
stantiation~y := ~p (resp.:~y := ~p andU := U ∈ ∆) such thatρ1 =
e1 . . .er ′.χ1 . . .χs′.π1, ∀i∈[1..r ′] di ∈ Ẽi(pi) andπ1∈ ||B(~m,~p)|| (resp.:
π1 ∈ U(~σ)). There are two possibilities:
(a) Σ has no hypothesis and hences′ = 0.

If Σ is of first kind, thenB(~m,~p) = V(~t) for a ∆-parameterV
that –by hypothesis– contain no constants(κΦi(~m))

i=s
i=1. Thenρ1

also contain no these constants and henceS1(ρ1) = S0(ρ1) ∈
||S0(Σ)||.
SupposeΣ is of second kind. SinceU is a ∆-parameter and
henceS0(U) is a∆-parameter andS0(π1)∈ (S0(U))(~σ), thus
concluding thatS1(ρ1) = S0(ρ1) ∈ ||S0(Σ)||.

(b) s′ , 0 but ∀ j∈[1..s′] [[Σ j(~m,~p) ]] = /0 (resp.: [[Σ j(U,~m,~p) ]] ).
We can apply 6.18, thus obtaining that∀ j∈[1..s′] ||Σ j(~m,~p)||= /0,
then ||S0(Σ j(~m,~p))||= /0 and henceχ j 
 Σ j(~m,~p)
(resp.:||Σ j(U,~m,~p)||= /0, then ||S0(Σ j(~m,~p))||= /0 and hence
χ j 
 Σ j(U,~m,~p)).
If Σ is of first kind formula, –as have done in (a)– we can
prove thatS1(π1) = S0(π1) ∈ ||S0(B(~m,~p))||, thus conclu-
ding thatS1(ρ1) ∈ ||S0(Σ)||.
If Σ is a second kind formula, we reason in an entirely similar
way than we have done in (a).

(2) κΣ ⋆ ρ1 ∈ ⊥⊥G\G. In other words,©∃ can play but whatever©∃
moves,(resp. second) kind formula.©∀ has always an answer. Sup-
pose thatΣ is a first (resp. second) kind formula:

Σ = ∀~y[E1(y1); . . . ;Er ′(yr ′);Σ1(~m,~y), . . . ,Σs′(~m,~y)→ B(~m,~y)]

(resp. Σ = ∀U∀~y[E1(y1); . . . ;Er ′(yr ′);Σ1(~m,~y), . . . ,Σs′(~m,~y)→U~σ])
Since©∃ can move, there is an instantiation~y := ~p (resp.~y := ~p
andU := U∈∆) such thatρ1 = d1 . . .dr ′.χ1 . . .χs′.π1, ei ∈ Ei(pi),
π1 ∈ ||B(~m,~p)|| (resp.π1 ∈ U(~σ)).

If Σ is a first kind formula, as we have seen in (a), we have
thatS1(π1) ∈ ||S0(B(~m,~p))||

If Σ is a second kind formula, thenS1(π1) ∈ (S1(U))(~σ).
In this case, 6.20.21 becomes:

(6.20.22)
S0(τ)⋆e1 . . .er .ξ1 . . .ξsS0(ρ0)≻S0(κΣ)⋆d1 . . .dr ′.S1(χ1) . . .S1(χs′).S1(π1)
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We must prove thatd1 . . .dr ′.S1(χ1) . . .S1(χs′).S1(π1)∈||S0(Σ)||,
it suffices to prove that∀ j∈[1..s′] S1(χ j) 
S0(Σ j(~m,~p)) (resp.:
S1(χ j) 
S0(Σ j(U,~m,~p))).

Each exception handlerχ j has a winning strategy for the hypothe-
sisΣ j because©∃ wins against all©∀ answer. Suppose

Σ j = ∀~z[E1(z1); . . . ;Er ′′(zr ′′);Σ j1, . . . ,Σ js′′ →C(~m,~p,~z)]

(resp.:Σ j = ∀V∀~z[Ē1(z1); . . . ; Ēr ′′(zr ′′);Σ j1, . . . ,Σ js′′ →V~υ]). We must
take a stackρ2 belonging to||Σ j || and prove thatχ j ⋆ρ2 ∈⊥⊥. Con-
sider~z :=~q (resp.:~z :=~q andV := V) an instantiation ofΣ j . Con-
sider canonical representationsf1, . . . , fr ′′ such that∀i∈[1..r ′′] fi ∈
Ēi(qi); γ1, . . . ,γs′′ Λc-terms such that∀i∈[1..s′′] γ
Σ ji andπ2 a stack
belonging to||C(~m,~p,~q)|| (resp.:π2 ∈ V(υ)). We must prove that

(6.20.23) S1(χ j)⋆ f1 . . . fr ′′.γ1 . . .γs′′ .S1(π2) ∈ ⊥⊥

Consider the hypothesis of this lemma. Adding the parametrical
formulæΦ1, . . . ,Φr to the initial set of(ϒi)i∈I , taking new “fresh”
constants(κΣ ji )

i=s′′
i=1 instead of(κΦi)

i=s
i=1, using the terms(γi)

i=s′′
i=1 in-

stead of the terms(ξi)
i=s
i=1 andS1 instead ofS0; the proof of 6.20.23

is reduced to the proof of the lemma these particular objects.
Since this process builts a play for the game associated withΦ

and by hypothesisτ has a winning strategy forΦ; the proof must
stop in a “base case” once the play is ended. In this case the lemma
is immediately proven.

The reader should be noticed that this proof is no other than ageneralisation
of the proof seen in 6.10. �

Corollary 6.21. Let us consider a closed (without parameters) set-relativized
LG-formula and aΛc-term τ. Thenτ has a winning strategy forΦ if and
only if τ �Φ.

6.6. A more complicated back-tracking.
At the end of this work, we will analyze an example of strategies composi-
tion. More precisely, we will obtain a winning strategy froma proof of an
implication. One of these formulæ, which will be used in the last example,
is the following:

Example 6.22.Let us consider the following formula:
Φ = ∃

int
x′∀

int
y′x∃

int
y(h(x,y,x′,y′) = 0)

whereh is a function symbol. There is a fundamental difference between
this case and the one of 6.15: Theback-trackingis more complicated. We
can describe recursively the rules of the game associated with Φ (which we
defined on 5.9), defining at each stepk the tree ofreached positions Rk. This
one contains as root the 0-uplet() –called theempty position– and it may
contain 3-uplets in the first level and 1-uplets in the secondlevel. In the
beginningR0 is defined as the tree containning only the node(). In thek-th
step, first©∃ chooses a reached position (a node)P∈ Rk. This implies that,
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in the beginning, only the empty position() is available. After that,©∃ and
©∀ proceeds according to the following discussion:

• Suppose thatP=(). In this case©∃ plays an integermand player©∀
answers two integersq andn. The treeRk+1 is defined by adding
the node(m,q,n) to the first level ofRk:

empty move

1st level

2nd level

()

Rk

(m,q,n)

• Suppose thatP= (m,q,n). In this case player©∃ plays an integer
p and we defineRk+1 by adding the nodep to the subtree having
root (m,q,n):

empty move

1st level

2nd level

()

(m0,q0,n0) (m,q,n)

p

(mj ,q j ,n j)

• Suppose thatP= p –i.e. a node in the 2nd level– which belongs to
a subtree with root(m,q,n). In this case the execution stops and©∃
wins if and only ifM |= h(m,q,n, p) = 0.

In other words,©∃ chooses a reached positionP and interacts with©∀ in
order to propose a new completion forP.

We describe now the thread scheme associated with a specific play be-
tween©∃ and©∀ , where©∃ plays according to the strategy implemented
by a termt realizing the formulaΦ. We will also find a semantic condition
determining what is the reached position chosen by©∃ at each step. Before
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that, we remember some notations aboutΦ subformulæ which we will use
later:

• Φ1(X′) := ∀
int
x′[∀

int
y′x∃

int
y(h(x′,y′,x,y) = 0)→ X′]

• Φ11(x′) := ∀
int
y′x∃

int
y(h(x′,y′,x,y) = 0)

• Φ111(x′,Y) := ∀
int
y′x[∀

int
y(h(x′,y′,x,y) = 0)→Y]

• Φ1111(x′,y′,x) := ∀
int
y(h(x′,y′,x,y) = 0)

At each stepk, we will define a set of indexesIk and for each indexi ∈ Ik,
another set of indexesJik. The setIk indexes the reached positions ofRk that
are 3-uplets(mi,qi,ni) and the setsJik indexes the reached positions ofRk
that are 4-uplets(mi,qi ,ni, pi j ) for a suitable integerpi j .

Let us consider a sequence ofΠ-constants(πi)i∈N pairwise different and
a sequence of instructions(U i)i∈N pairwise different such that:

(1) τ does not containU i for all i
(2) For all i, U i ∈ F Tint K(πi) (c.f. 4.11).
(3) Each function(ρ, ι) 7→ πi

ρι is injective onι.
We proceed by induction on steps:

Step0: Define th0 := th∗0 := thτ⋆U0.π0
, the set of reached positionsR0 :=

{()}, the realizability model⊥⊥0 := thc
0 andI0 as the empty set. We

have noJi0 sets. By 4.4 there is an integerm1 and twoΛc-terms
µ1,χ1 such thatH0

µ1χ1
⋆m1.π0

µ1χ1
< ⊥⊥0 and χ1 
0 Φ11(m1). This

implies that the 0-th thread is of the form:

τ⋆U0.π0≻H0
µ1χ1

⋆m1.π0
µ1χ1

Let us start a play between©∃ and©∀ where©∃ proposesm1 as
its first move. Player©∀ must answer two integersq1,n1

6. Defi-
ne I1:={1}, J11 := /0, the current thread th∗1 := th(χ1)q1n1⋆U1.π1

and
built according to 6.22 the reached position treeR1 by addition of
the node(m1,q1,n1) to theR0 first level.

Notice that, ifH0
µχ⋆m.π0

µχ <⊥⊥1 :=(thτ⋆U0.π0)
c∩(th∗1)

c andχ,χ1,
thenH0

µχ⋆m.π0
µχ ∈ th∗1 because from injective condition (3), we knowπ0

µχ,π0
µ1χ1

.
Stepk+1: Take⊥⊥k+1=(thτ⋆Uk+1.π0)

c∩
⋂

i∈Ik+1

[(th(χi)qi .ni⋆Ui .πi
)c∩

⋂

j∈Ji(k+1)

(thιi j ⋆ki j .πi j )
c].

Consider we have defined a current thread th∗
k+1, which is the thread

of some processPk+1. We define some clauses:
(Sk+1): If H0

µχ⋆m.π0
µχ <⊥⊥k+1 and∀i∈Ik+1 χ, χi , thenH0

µχ⋆m.π0
µχ∈ th∗k+1.

(S ′
i(k+1)): If H i

ρι⋆p.πi
ρι <⊥⊥k+1 and∀ j∈Ji(k+1) ι, ιi j , thenH i

ρι⋆p.πi
ρι∈ th∗k+1.

Suppose that(Sk+1) is true and that for alli∈Ik+1 (S ′
i(k+1)) also is

true. By 4.4, there is an integerm and twoΛc-terms µ,χ such

6In the implemented game,©∀ must choose a stack belonging to[[Φ11(m1)]] , i.e. a stack
of the formq1.n1.Tint k1.π1 whereq1,n1 are integers,π1 ∈ Y1 ∈ ∆1 andk1 abbreviates the
instructionκΦ111(m1,Y). We define here, as in 6.16, a thread scheme using substitutable
instructions in order to use dynamic substitution.
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that H0
µχ⋆m.π0

µχ < ⊥⊥k+1 andχ 
k+1 Φ11(m). Here there are two
possibilities:

First case:∀i∈Ik+1 χ , χi. By (Sk+1) H0
µχ ⋆m.π0

µχ belongs to the current
thread th∗k+1. Definei′:=maxIk+1+1 and(µi′,mi′,χi′):=(µ,m,χ).
SinceH0

µi′χi′
arrives in head position in the current thread th∗

k+1,
it corresponds to the choice by©∃ of the empty position()∈Rk+1.
We add the linePk+1 ≻ H0

µi′χi′
⋆mi′.π0

µi′χi′
as thek+1-th thread

scheme line.
After ©∃ playsmi′ as itsk+1-th move, player©∀ must answer
two integersqi′,ni′

7. Define Ik+2 := Ik+1∪ {i′}, Ji′(k+1) := /0
and∀i∈Ik+1 Ji(k+2) := Ji(k+1). Define the current thread th∗k+2
as th(χi′ )qi′ .ni′⋆U

i′ .πi′
and the treeRk+2 of reached positions by

addition of the node(mi′,qi′,ni′) to theRk+1 first level . Notice
that(Sk+2) is true and, for each integeri∈Ik+2, (S ′

i(k+2)) is true.
Second case:∃i∈Ik+1 χ = χi . Sinceχ 
k+1 Φ11(m), the term(χi)qi .ni reali-

zes∃
int
y(h(mi,qi ,ni,y) = 0) in ⊥⊥k. By definition, (χi)qi .ni ⋆

U i .πi does not belong to⊥⊥k+1. By 4.4, there is an integerp
and twoΛc-termsρ, ι such thatH i

ρι ⋆ p.πi
ρι does not belong to

⊥⊥k+1 andι 
k+1 h(mi ,qi,ni, p) = 0. DefineIk+2 := Ik+1. Still,
it remains two possibilities:

(a) ∀ j∈Ji(k+1) ι , ιi j . By (S ′
i(k+1)), H i

ρι ⋆ pi j .πi
ρι belongs

to th∗k+1. Define j ′:=maxJik+1 and(ρi j ′, pi j ′ιi j ′):=(ρ, p, ι).
We add the linePk+1 ≻ H i

ρi j ′ ιi j ′
⋆ pi j ′.πi

i j ′ as thek+1-th

thread scheme line. SinceH i
ρi j ′ ιi j ′

arrives in head posi-
tion in the current thread, it corresponds to the choice
by ©∃ of the reached position(mi ,qi,ni). After that©∃
playspi j ′ as itsk+1-th move8. DefineJi(k+2) := Ji(k+1)∪{ j ′},
the current thread th∗k+2 as thιi j ⋆ki j .πi j and the treeRk+2
from reached positions by addition of the nodepi j to the
Rk+1 second level. The reader must check that the state-
ment (Sk+2) is true and that for alli∈Ik+2, (S ′

ik+2) is
also true.

(b) ∃ j∈Ji(k+1) ι = ιi j . Sinceιi j ⋆ ki j .πi j does not belong
to ⊥⊥k+1 andιi j 
k+1 h(mi,qi ,ni, pi j ) = 0, we can con-
clude thatki j 1k+1 ∆πi j ,0(h(mi,qi,ni , pi j )). In consequen-
ceM |= h(mi,qi ,ni, pi j ) = 0 andki j ⋆πi j <⊥⊥k. Sinceki j
stops the execution,ki j ⋆ πi j must belong to the current
thread th∗k+1. The execution stops and©∃ wins. We add

7In the implemented game,©∀ plays a stackqi′ .ni′ .Tint ki′ .πi′ belonging to[[Φ11(mi′) ]] .
We remember that we built thread schemes allowing to use dynamic substitutions.

8In the implemented game,©∀ must choose a stackki j .πi j ∈ [[h(mi ,qi ,ni , pi j )=0 ]] .
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the linePk+1 ≻ ki j ⋆ πi j as thek+1-th (and last) thread
scheme line.

For eachi ∈ Ik, we say thatΦ11(mi) is the associated formulato the ex-
ception handlerχi . For eachj ∈ Jik, we say thath(mi,qi ,ni, pi j ) = 0 is the
associated formulaof the exception handlerιi j .

A flow diagram describes the behaviour of a winning strategy:

(6.22.24) Start

©∃ movesx′ := m;

©∀ answersy′ := q;

©∀ answersx := n;

Test byχ

χ
ch

o
o

se
s

th
e

em
p

ty
m

ov
e

©∃ movesy := p;

χ chooses a 3-uplet

Test byι

Halt

ι chooses a 4-uplet

ιc
h

o
o

se
s

a
3

-u
p

le
t

χ
ch

o
o

ses
a

4
-u

p
let

ιc
h

o
o

se
s

th
e

em
p

ty
m
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e

Remark 6.23. At each stepk, if there is ani∈Ik such thatχi 
k Φ11(mi),
theni is unique. Furthermore, if there is also an indexj ∈ Jik such thatιi j
kh(mi,qi ,ni, pi j )=0,
then j is unique.

Proof. Suppose that there are two integersi, i′∈Ik an integerj∈Jik and an-
other j ′∈Ji′k such thatιi j
kh(mi,qi,ni , pi j )=0 andιi′ j ′
kh(mi′,qi′,ni′, pi′ j ′)=0.
Sinceιi j ⋆ki j .πi j andιi′ j ′ ⋆ki′ j ′.πi′ j ′ does not belong to⊥⊥k, we have thatki j ⋆
πi j andki′ j ′ ⋆ πi′ j ′ neither belongs to⊥⊥k (c.f. the proof of 6.22). Hence
ki j ⋆πi j andki′ j ′ ⋆πi′ j ′ belongs to th∗k and theni = i′ and j = j ′.
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Let us suppose thatχi 
k Φ11(mi) andχi′ 
k Φ11(mi′) wherei, i′∈Ik. Sin-
ce(χi)qi.ni ⋆Tint ki .πi and(χi′)qi′.ni′ ⋆Tint ki′ .πi′ neither belongs to⊥⊥k, ap-
plying 4.4, we obtain that there are two integersp, p′ and twoΛc-termsι, ι′
such thatki ⋆ p.ι.πi and ki′ ⋆ p′.ι′.πi′ does not belong to⊥⊥k. Sinceki
andki′ are differents, at least one of them does not belong to the current
thread th∗k. Suppose thatki ⋆ p.ι.π < th∗k. Then, there is aj ∈ Jik such
that p= pi j , ι = ιi j andιi j ⋆ ki j .πi j < ⊥⊥k. By 4.4 ιi j 
k h(mi,ni ,qi, pi j )=0
and by the proof of 6.22,ki j ⋆πi j∈ th∗k. In consequenceki′ ⋆ p′.ι′.πi′ < th∗k,
from which we can conclude that(ι, p) = (ιi′ j ′, pi′ j ′) for a suitablej ′ ∈ Ji′k.
By 4.4, ιi′ j ′ 
 h(mi′,qi′,ni′, pi′ j ′) = 0 and, still by the proof of 6.22, we can
conclude thatki′ j ′ ⋆πi′ j ′ ∈ th∗k. Hencei = i′ and j = j ′. �

Corollary 6.24. At each step k we have the following equivalences:

(1) ©∃ chooses the empty position if and only if there is no exception
handler that realizes its associated formula in⊥⊥k.

(2) ©∃ chooses the position(mi ,qi,ni) if and only if in⊥⊥k the only one
exception handler realizing its associated formula isχi .

(3) ©∃ chooses the position(mi,qi,ni , pi j ) if and only ifχi andιi j both
are the sole exception handlers realizing their respectiveassociated
formulæ in⊥⊥k.

6.7. A proof as a strategy combinator.
We will analyse a proof as a strategy combinator. Lets consider two func-
tions f ,g : N2 → N and two formulæ:

Ψ := ∃
int
x∀

int
y( f (x,y)=0) and ϒ := ∃

int
x′∀

int
y′(g(x′,y′)=0)

The implicationΨ → ϒ is logically equivalent to its prenex normal form:

Φ′ := ∃
int
x′∀

int
y′x∃

int
y[( f (x,y) = 0)→ (g(x′,y′) = 0)]

In order to use our precedent results to describe strategies, we prefer to write
this formula in the following form:

Φ := ∃
int
x′∀

int
y′x∃

int
y(h(x,y,x′,y′) = 0)

whereh is a 4-ary function satisfying the property:

∀xyx′y′[h(x,y,x′,y′) = 0↔ ( f (x,y) = 0→ g(x′,y′) = 0)]

A term σ realizing the implicationΦ,Ψ → ϒ, is a combinator for win-
ning strategies: Indeed, if we consider two termst � Φ andu� Ψ. Then
(σ)tu realizesϒ and hence, it implements a winning strategy for the game
associated withϒ. We wont to describe howσ combines these termst,u so
as to obtain a winning strategy for the game associated withϒ.

Lemma 6.25.We consider the following proof-rule:

(∀
int
r)

Γ,x : int(x) ⊢ t : ϕ(x)
x < FV(Γ)

Γ ⊢ λxt : ∀
int
xϕ(x)

and the following transformation rules:
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(∀
int
l)

Π

Γ,a : ϕ(x) ⊢ t : ψ
⇒

Π′

Γ,a : ∀
int
xϕ(x),x : int(x) ⊢ t[(a)x

/
a] : ψ

(∃
int
r)

Π

Γ ⊢ t : ϕ(x)
⇒

Π′

Γ,x : int(x) ⊢ λy(y)xt : ∃
int
xϕ(x)

(∃
int
l)

Π
x < FV(Γ,ψ)

Γ,a : ϕ(x),x : int(x) ⊢ t : ψ
⇒

Π′

Γ,c : ∃
int
xϕ ⊢ (c)λxλat : ψ

Where the implication symbol⇒ means that each proofΠ of the left
sequent can be transformed into a proofΠ′ of the right sequent.

Proof.

(∀
int
r) By application of(→i) and(∀)

(∀
int
l) By substitution inΠ of a : ϕ(x) for a : ∀

int
xϕ(x),x : int(x) in the left

side and the substitution ofa by (a)x in the right side.
(∃

int
r) By addition of hypothesis toΠ, it is possible to construct a proof

Π′′ such that:
Π′′

Γ,y : ∀x(int(x),ϕ(x)→ X),x : int(x) ⊢ t : ϕ(x)
(→e)and(→i)

Γ,x : int(x) ⊢ λy(y)xt : ∀x(int(x),ϕ(x)→ X)→ X
(∀

2
i)

Γ,x : int(x) ⊢ λy(y)xt : ∃
int
xϕ(x)

(∃
int
l) By addition of hypothesis toΠ, it is possible to construct a proof

Π′′ such that:
Π′′

Γ,c : ∃
int
xϕ,a : ϕ(x),x : int(x) ⊢ t : ψ

(→i)
Γ,c : ∃

int
xϕ(x),x : int ⊢ λat : ϕ(x)→ ψ

(→i)
Γ,c : ∃

int
xϕ(x) ⊢ λxλaint(x),ϕ(x)→ ψ

(∀
2

e)and(→e)
Γ ⊢ (c)λxλat : ψ

�

Lemma 6.26.Given three functions f,g,h satisfying

M |= ∀xyx′y′[h(x,y,x′,y′) = 0↔ ( f (x,y) = 0→ g(x′,y′) = 0)]

then for each realizability model⊥⊥ and for eachΛc-termsν,φ and for all
individuals n, p,m,q:

ν 
 (h(n, p,m,q) = 0),φ 
 ( f (n, p) = 0)⇒ (ν)φ 
 g(m,q) = 0

Proof. Let us considern, p,m,q ∈ M, a termν 
 h(x,y,x′,y′) = 0 and a
termφ 
 f (n, p) = 0. We have three cases:

(1) If M |= f (n, p) , 0, then:

|h(x,y,x′,y′) = 0|= |∀X(X → X)| and| f (n, p) = 0|= |⊤→⊥|

Moreover,||g(m,q)=0|| ⊆ ||⊤→⊥|| and hence(ν)φ
g(m,q)=0.
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(2) If M |= f (n, p) = 0 andM |= g(m,q) = 0, then:

|h(n, p,m,q) = 0|= |∀X(X → X)|

and hence we have(ν)φ 
 g(m,q) = 0.
(3) If M |= f (n, p) = 0 andM |= g(m,q) , 0, then:

|h(n, p,m,q) = 0|= |⊤→⊥|

and hence we have(ν)φ 
 g(m,q) = 0.
�

Corollary 6.27.
λxλy(x)y� ∀xyx′y′[h(x,y,x′,y′) = 0→ ( f (x,y) = 0→ g(x′,y′) = 0)]

We explain now the formal proof of themodus ponensin prenex normal
form.

Lemma 6.28. Consider the formulæ F(x,y) = ( f (x,y)=0) and G(x′,y′)=
(g(x′,y′)=0), where f and g are2-ary symbols of functions.

Suppose that h is a4-ary function symbol such that:

M |= ∀xyx′y′[h(x,y,x′,y′) = 0↔ ( f (x,y) = 0→ g(x′,y′) = 0)]

Denote also as H(x,y,x′,y′) the formula h(x,y,x′,y′)=0. Then, we can de-
rive a proof for the sequent:

∃
int
x′∀

int
y′x∃

int
yH(x,y,x′,y′),∃

int
x∀

int
yF(x,y) ⊢ ∃

int
x′∀

int
y′G(x′,y′)

Proof.
(6.26)

x : H,y : F ⊢ (x)y : G
(∀

int
l)

y : int(y),x : H,y : ∀
int
yF ⊢ (x)(y)y : G

(∃
int
l)

z : ∃
int
yH,y : ∀

int
yF ⊢ (z)λyλx(x)(y)y : G

(∀
int
l)

x : int(x),z : ∀
int
x∃

int
yH,y : ∀

int
yF ⊢ (z)xλyλx(x)(y)y : G

(∃
int
l)

z : ∀
int
x∃

int
yH,u : ∃

int
x∀

int
yF ⊢ (u)λxλy(z)xλyλx(x)(y)y : G

(∀
int
l)

y′ : int(y′),z : ∀
int
y′x∃

int
yH,u : ∃

int
x∀

int
yF ⊢ (u)λxλy(z)y′xλyλx(x)(y)y : G

(∀
int
r)

z : ∀
int
y′x∃

int
yH,u : ∃

int
x∀

int
yF ⊢ λy′(u)λxλy(z)y′xλyλx(x)(y)y : ∀

int
y′G

(∃
int
r)

x′ : int(x′),z : ∀
int
y′x∃

int
yH,u : ∃

int
x∀

int
yF ⊢ λv(v)x′λy′(u)λxλy(z)y′xλyλx(x)(y)y : ∃

int
x′∀

int
y′G

(∃
int
l)

t : ∃
int
x′∀

int
y′x∃

int
yH,u : ∃

int
x∀

int
yF ⊢ (t)λx′λzλv(v)x′λy′(u)λxλy(z)y′xλyλx(x)(y)y : ∃

int
x′∀

int
y′G �

Example 6.29.Givent 
 ∃
int
x′∀

int
y′x∃

int
yH andu
 ∃

int
x∀

int
yF, by the soundness

lemma:(t)λx′λzλv(v)x′λy′(u)λxλy(z)y′xλyλx(x)(y)y
 ∃
int
x′∀

int
y′G

In order to describe the strategy implemented by the above term, we will
modify it slightly. Concretely, we add storage operators tobe able to use
4.4 and their consequences.

Let us define:
θ := λx′λzλv(v)x′η[z];
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η[z] := λy′(u)Tint ϕ[z,y′];
ϕ[z,y′] := λxλy(z)y′xTint ψ[y];
ψ[y] := λyλx(x)(y)y.

If a termv 
 ∀
int
xϕ(x), then Tint v also realizes it. Applying this fact and

the soundness lemma, we can assert thatσ := (t)θ 
 ∃int
x′∀

int
y′G and henceσ

is a program that computes a winning strategy for the game associated to
the formula∃

int
x′∀

int
y′G.

As we have seen in 6.16, using 6.16.19 the thread scheme of a play im-
plemented byσ is as follows:

σ⋆Tint k0.π0 ≻ k0⋆m1.ζ1.π0

(ζ1)q1⋆k1.π1 ≻ k0⋆m2.ζ2.π0

...

(ζr)qr ⋆kr .πr ≻ ki ⋆πi

(6.29.25)

where, we denote ask0 the interaction instructionκϒ1, ζi is thei-th excep-
tion handler andki denotesκWi(mi ,qi) for a predicateWi ∈ ∆1 chosen by
©∀ .

We start the algorithmic description ofσ determining some notations and
objects that will be in force thereafter. The description isabout a play we
will denote asG , which is played between©∃ and©∀ in the game associated
with the formulaϒ. As the game evolves, we will playM according to the
game associated withΦ. M will be played by (the strategy implemented
by) t against©∀ . Each time the empty move is chosen byt, we will start
a new thread onG and conversely, each new thread inG corresponds to
the choice of the empty move inM . Moreover, associated with thei-th
thread ofG , we will have a playN i , which will be played by (the strategy
implemented by)u against©∀ . EachN i is created when thei-th thread
of G is. EachN i evolves independently from the other(N i′)i′,i .

The description will be performed by induction on the numberof G
threads, building at each step a family of terms, integers, threads, substitu-
tions and notations. At each step, we must verify that the updated construc-
tion satisfies the properties (A) and (B) defined below. The reader should
keep in mind the notations we adopted in 6.16 and 6.22 to describe thread
schemes in the games associated withΦ andΨ. In particular, the exception
handler ofΦ associated with a first level move will be denoted asχ and the
exception handler associated with second level moves will be denoted asι.
For the exception handler ofΨ, we adopt the notationξ. The terms which
appears in thread scheme ofN i will be indexed with an upper indexi, thus
indicating they are took fromN i .

Inductive construction hypothesis for the stepi:

(6.29.26)

(A) M is a not ended play betweent and©∀ such that:
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(A.1) There arei−1 already played “first level” moves(mi′,qi′,ni′)1≤i′≤i,
the exception handler of which is denoted asχi′.
The process starting the thread corresponding to the move
(mi′,qi′,n

i′), which is (χi′)qi′n
i′ ⋆U i′.πi′, will be abbreviated

asPi′. Since all threads ofM are finite, we have also a pro-
cessRi′, which ends thPi′

.

(A.2) The“second level moves”are 4-uplets(mi′,qi′,ni′, pi′
j ′) indexed

by pairs(i′, j ′) such thatj ′∈Ji′ (c.f.: 6.22). The exception han-
dler associated with(mi′,qi′,n

i′, pi′
j ′) is denoted asιi′

j ′. The pro-

cessstartingthethreadcorrespondingtothemove(mi′,qi′,n
i′, pi′

j ′),

will be denoted asPi′
j ′ and the corresponding process ending up

thPi′
j′

in Ri′
j ′.

(A.3) For eachi′<i there is a dynamic substitutionEi′ such that(Ei′)
∗

replace all the substitutable instructions appeared in allthreads
arising before the move(mi′+1,qi′+1,n

i′+1) was played inM .
Moreover, for alli′′<i′<i we have thatEi′ ⊒ Ei′′.

(B) There arei−1 not ended plays(N i′)1≤i′<i, which are played byu
against©∀ .

(B.1) There areki′ played moves onN i′, which are 2-uplets(ni′, pi′
k′)

where 1≤k′≤ki′. The exception handler associated with(ni′, pi′
k′)

is denoted asξi′
k′ . In particular, the last played exception han-

dler ξi′

ki′ is denoted asξi′.

(B.2) For eachi′<i there is a dynamic substitutionF i′ such that
(F )∗ replace all the substitutable instructions appearing in the
(current) threads scheme ofN i′. The processes starting the
thread corresponding to the move(ni′, pi′

k′) (which isξi′
k′ ⋆ki′

j ′.π
i′
j ′),

will be abbreviated asQi′
j ′.

(B.3) Given a played position(ni′
k, p

i′
k) taken from the (current) play

N i′ (i′< i andk≤ ki′), there are two integers(m,q) such thath(m,q,ni′
k, p

i′
k)=

0.

The reader should be aware that there are some objects which will be rede-
fined during the playG . More precisely, the integersni′, ki′, the exception
handlerξi′ and the dynamic substitutions are “current objects”, whichare
determined only for each construction step.

In order to explain the interaction between these two strategies, we adopt
a graphical simultaneous representation ofM and the playsN i :
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. . .

. . .

j

k

i

M

N 1 N 2 N 3 N i−1 N i N i+1

b

b b b

b

b

b b b

b

b b

Second
level©∃

moves
First level
©∃ move

and©∀
first

answer≡
G-

positions

(mi′−1,qi′−1,ni′−1)
completions

i−1-th
first level
position

b

bc

b

b

bc

bc bc b

bc

b

b

b

bc

We take two parallel axesi, one containing dots that represents the
pairs(mi ,qi) and the other containing dots representing the first moveni

1
played byu in N i . All moves played byu are represented by dots at the
down side of the scheme, more precisely, each new move playedby u in N i

is represented by a new dot in thei-th vertical line. The last played move of
eachN i –i.e.: the current valueni– plays an important role and then it will
be represented by a white-filled dot. Finally, the second level positionspi

j

played byt in M are represented in the upper side of the scheme. More
precisely, a new movepi

j that completes the first level position(mi,qi ,ni)
will be represented as a new dot in thei-th vertical line.

In consequence, all current first level positions inM are represented by
two dots in a vertical line: the black dot over the upperi-axis and the white-
filled dot in the down side. All played completions of thei-th first level
position are in their upper side of the scheme, over thei-th vertical line.

Start the playG implemented byσ against©∀ on the game associated
with ϒ.

Step0: The processσ ⋆Tintκϒ1.π0 reduces tot ⋆ θ.Tintκϒ1.π0. Define the
processesP0 := t ⋆U0.π0. Start a playM betweent and©∀ , the
thread scheme of which has

(6.29.27) t ⋆U0.π0 ≻ H0
µ1χ1

⋆m1.π0
µ1χ1

as its first thread, whereµ1,χ1 are two suitableΛc-terms. For brevity,
lets denoteH0

1 instead ofH0
µ1χ1

andπ0
1 instead ofπ0

µ1χ1
. As we have

seen in 6.22, the integerm1 and the termχ1 are respectively the
first©∃ move and its corresponding first exception handler –at least
of substitution– played inM .

Given any twoΛc-termsµ,χ we have that

θ⋆µ.χ.Tintκϒ1.π0 ≻ Tint ⋆κϒ1.µ.η[χ].π0
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and henceθ ∈ FTintK(Tintκϒ1.π0), i.e. we can dynamically replace
U0 by θ. Applying to 6.29.27E0 := [Tint κϒ1.π0

/
π0
] P0〈θ/U0〉 (c.f.:

4.11), we obtain:

t ⋆θ.Tintκϒ1.π0 ≻ κϒ1 ⋆m1.η[E0(χ1)].π0

In consequence, the first move proposed inG by the strategy
implemented byσ is no other than the first move proposed byt
in M . The first exception handlerζ1 proposed byσ is η[E0(χ1)],
term which contains the first exception handler proposed byt, but
modified by substitution.

Since the interaction instructionκϒ1 has arrived in head posi-
tion, ©∀ must answer an integerq1 and a predicateW1 ∈ ∆1. The
execution continues reducing the processη[E0(χ1)]⋆q1.κ1.π1, where
κ1 abbreviatesκW1(g(m1,q1)) andπ1 ∈W1(0). Our scheme takes its
first dot:

M

j

k

i
b

(m1,q1)

Step i: Now we will describe thei−th thread of the playG . We suppose
we have all objects that were defined in 6.29.26 and that they satis-
fies properties A.1, A.2, A.3, B.1, B.2 and B.3. The strategyt has
just proposed itsi-th first level movemi and©∀ – playing against
the composed strategy inG– has just answeredqi . In order to do
a simplest description, as we said, we will use for each indexi′ ≤ i
three “current values”ki′,ξi′,ni′ defined respectively as the number
of moves played inN i′, the last exception handler played inN i′ and
its corresponding move. Hence,ξi′ = ξi′

ki′ andni′ = ni′

ki′ . These val-
ues will change along the play, but never we will use an “old” value
of ξi′ or ni′, except when the playG is stopped by the strategyu9.

We are examining the thread of(η[Ei−1(χi)])qi ⋆ κi .πi, where
κi = κWi(g(mi ,qi)), πi ∈ Wi(0) and Wi ∈ ∆1. The current played

moves ofM and(N i′)i′<i are represented in the following scheme:

9This assertion will be established once this discussion will ended.
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. . .

. . .

j

k

i

M

N 1 N 2 N 3 N i−1

bc

bc bc bc

bcbc

bc bc bc bc
(mi ,qi )

bc bc

bcbc

bc

bc bc

Reducing the first process of thei-th thread, we obtain:

(6.29.28) u⋆Tint ϕ[Ei−1(χi),qi ].κi .πi

In consequence,u is arrived in head position. Start a playN i im-
plemented byu against©∀ . The first thread of this play is

(6.29.29) u⋆V i .πi ≻ H
i
νi

1ξi
1
⋆ni

1.π
i
νi

1ξi
1

whereνi
1,ξ

i
1 are twoΛc-terms,ξi

1 is –at least of substitution– the
first exception handler of thei−th playN i . Moreover, the Krivine’s
integerni

1 is the first move played byu in N i . In particular, for
all i′<i ni

1 = ni′
1 but it is only true for the first moves played byu.

Then, as we defined above,ki := 1, ni := ni
1 andξi := ξi

1. We add to
our scheme the integerni just created byu:

. . .

. . .

j

k

i

M

N 1 N 2 N 3 N i−1 N i

bc

bc bc bc

bcbc

bc bc bc bc
(mi ,qi )

bc

bc

bc

bc

bc

bc bc bc

ni

For brevity, denoteH
i
νi

1ξi
1

asH
i
1 andπi

νi
1ξi

1
asπi

1.
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Since Tint ϕ ∈ FTint K(κi.πi), we can apply to 6.29.29 the substitu-
tion

(6.29.30) F
i := [κi.πi

/
πi
]Q

i
0〈Tint ϕ[Ei−1(χi),qi ]/V

i〉

to obtain:

u⋆Tint ϕ[Ei−1(χi),qi ].κi.πi ≻ϕ[Ei−1(χi),qi]⋆ni .F i(ξi).κi .πi

which reduces toEi−1(χi)⋆qi .n
i .Tint ψ[F i(ξi)].κi.πi

(6.29.31)

Remark that as it is defined,F i satisfies (B.2) in 6.29.26. Define

(6.29.32) Ei := Ei−1⊲ [κi.πi
/

πi
]Pi〈Tint ψ[F i(ξi)]/U i〉

Now, we add the thread th(χi)qin
i⋆U i .πi

to the thread scheme ofM ;

which means that we add the position(mi,qi ,ni) to the playM .
This new thread ends in a processRi that has a constantH i′ in head
position. We discuss according toRi (c.f. 6.22):
(a) Ri = H0

µi+1χi+1
⋆mi+1.π0

µi+1χi+1
. It corresponds to the fact thatt,

playing instead of©∃ , chooses inM the empty position and
proposes a new exception handlerχi+1 and a new integermi+1.
Applying Ei to the i-th thread of M , we obtain the pro-
cess κϒ1⋆mi+1.η[Ei(χi+1)].π0 and hence thei-th G-thread is
finished. The strategyσ has just proposed by means oft a new
movemi+1 and it stands for a new©∀ answer. Once thei+1-th
answer is given by©∀ the game continues according to our dis-
cution, but in the stepi+1. Our scheme is modified as follows:

. . .

. . .

j

k

i

M

N 1 N 2 N 3 N i−1 N i N i+1

bc

bc bc bc

bcbc

bc bc bc bc
(mi+1,qi+1)

bc
bc

bc

bc

bc

bc

bc bc bc

The conditions (A.1), (A.2), (A.3), (B.1) and (B.2) are satisfied.
In particular, the new substitutionF i verifies (B.2) and the new
substitutionEi verifies (A.3) because we added to the threads
two new constantsπi andU i, which are just the constants thatEi
“adds” toEi−1.
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(b) Ri = Ki′ j ′ ⋆πi′ j ′. It corresponds to the fact thatt playing instead
of ©∃ chooses inM the (complete) position(mi′,qi′,n

i′, pi′
j ′).

Since the just played position(mi ,qi,ni)was not yet completed,
we know thati′ < i. In our scheme,(mi′,qi′,ni′, pi′

j ′) is repre-
sented by the dark dots:j

k

i

. . . . . .

. . . . . .

M

N 1 N 2 N 3 N i′ N i

bc

bc bc

bc

bc

bc bc bc

bc

bc

bc

bc

bc

bc

bc

bc

bc bcbc

bc
ni′

N i-positionM -position

(mi′ ,qi′ )

pi′
j ′

Furthermore,t implements a winning strategy for the game
of Φ and hence the 4-uplet chosen byt satisfies the equa-
tion h(mi′,qi′,n

i′, pi′
j ′)=0. Such asEi was defined, we have:

Ei ⊒ Ei′+1 ⊒
10[κi′.πi′

/
πi′ j ′

]
Pi′

j′〈(F i′(ξi′))pi′
j ′/Ki′ j ′〉

whereKi′ j ′ abbreviatesK
W f (mi′ ,qi′ ,n

i′ ,pi′
j′
)
andW is a∆1-parame-

ter chosen by©∀ after ©∃ has playedpi′
j ′ in M (c.f.: 6.22).

Applying Ei to thei+1-th thread ofM , we obtain:

(Ei−1(χi))qin
i ⋆Tint ψ[F i(ξi)].κi.πi ≻ (F i′(ξi′))pi′

j ′ ⋆κi′.πi′

Let us add to the playN i′ the position(ni′, pi′
j ′). In other words,

we are takingpi′
j ′ as the©∀ -answer to the©∃ -moveni′. We must

add to the thread scheme ofN i′, the new thread th
(ξi′)pi′

j′
⋆K i′

ki′
.πi′

ki′

–whereK i′

ki′ abbreviatesK
Vg(ni′

ki′
,pi′

j′
)

andV is a ∆1-parameter.

The reader should remark that it is from now that the posi-
tion (ni′, pi′

j ′) is effectively played inN i′11 and that this new

10c.f. item (c) in this discussion and 6.29.32
11Usually in thread schemes, indexes in moves and answers corresponding to the same

position are equals. Here, it seems to be a mistake because aN i′ -move is indexed
as (ni′ , pi′

j ′), which is in fact(ni′

ki′ , p
i′
j ′). Nothing is wrong about this “discoordination”

because the indexj ′ indicates that the movepi′
j ′ is the j ′-th completion of thei′-th move

of M , while the indexki′ in ni′

ki′ is related to the moves inN i′ .
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N i′-position is associated to the 4-uplet(mi′,qi′,ni′, pi′
j ′) which

satisfiesh(mi′,qi′,ni′, pi′
j ′)=0 (thus preserving the property B.3):

j

k

i

. . . . . .

. . . . . .

M

N 1 N 2 N 3

N i′ N i

bc

bc bc

bc

bc

bc bc bc

bc

bc

bc

bc

bc

bc

bc

bc

bc bcbc

bc
ni′

(mi′ ,qi′ )

pi′
j ′

New
position
added to

N i′

Let us redefine

(6.29.33) F
i′ := F

i′
⊲ [κi′ ,πi′

/
K i′

ki′ ,πi′

ki′
]
Qi′

ki′ 〈〉

whereQi′

ki′ = (ξi′)pi′
j ′ ⋆K i′

ki′ .π
i′

ki′ Here there are two possibilities
according to the choice given by the strategy implemented byu:

(i) u chooses a position(ni′
k′′, p

i′
j ′′) played before (ξi′ only

knows about theN i′-positions played beforeξi′ was
created inN i′). Sinceu implements a winning strategy
for the game ofΨ, we have that f (ni′

k′′ , p
i′
j ′′) = 0. More-

over, by induction hypothesis,(ni′
k′′, p

i′
j ′′) has associated a

4-uplet(mi′,qi′,ni′
k′′, p

i′
j ′′), which was chosen before by the

strategy implemented byt (c.f. the item (b) of this dis-
cussion). In consequenceh(mi′,qi′,n

i′
k′′, p

i′
j ′′) = 0. How

is this choice reflected on the thread we are describing?
The thread th

(ξi′)pi′
j′
⋆ki′ .πi′

we added in (b) to the thread

scheme ofN i′ must be ended byK i′
k′′ ⋆πi′

k′′ . Such asF i′

is defined (c.f.: 6.29.33),F i′ ⊒ [κi′ ,πi′
/

K i′
k′′ ,π

i′
k′′
]. Hence

applyingF i′ to the last thread ofN i′, we obtain:

(F i′(ξi′))pi′
j ′ ⋆κi′.πi′ ≻ κi′ ⋆πi′

and then the session corresponding toG is ended in the
processκi′ ⋆πi′.
Since h(mi′,qi′,n

i′
k′′, p

i′
j ′′) = 0 and f (ni′

k′′ , p
i′
j ′′) = 0, then

g(mi′,qi′) = 0 and hence©∃ has win12.

12Of course, we know it becauseσ�ϒ. However, it is interesting to remark that, sinceσ
combines any two strategies forΦ andΨ, σ can choose a move(mi ,qi) only if it knows
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(ii) uchooses the empty position. Let us incrementki′: ki′:=ki′+1.
The strategy played byu must complete the empty move
proposing a new integerni′

ki′ and a new exception handler

ξi′

ki′ . Our scheme will be modified in the line representing

the playN i′, thus adding a new dot representing the new
ni′:

j

k

i

. . . . . .

. . . . . .

M

N 1 N 2 N 3 N i′ N i

bc

bc bc

bc

bc

bc bc bc

bc

bc

bc

bc

bc

bc

bc

bc

bc bc

bc

bc

bc

old ni′newni′

(mi′ ,qi′ )

pi′
j ′

By definition, the current valuesni′ andξi′ must be rede-
fined byni′:=ni′

ki′ andξi′:=ξi′

ki′ . The last (current) thread

of N i′ must end withH
i′

νi′ξi′ ⋆ni′.πi′

νi′ξi′ for a suitable term

νi′. Such it was defined in thei′-th step (c.f.: 6.29.30), we

have thatF i′ ⊒ [κi′.πi′
/

πi′
]Q

i′
0 〈Tint ϕ[Ei′−1(χi′),qi′]/V

i′〉Ap-

plying F i′ to this thread, we obtain that13:

(F i′(ξi′

ki′−1
))pi′

j ′ ⋆κi′.πi′ ≻ ϕ[Ei′−1(χi′),qi′]⋆ni′ .ξi′.κi′.πi′

which reduces toEi′−1(χi′)⋆qi′.n
i′.Tint ψ[F i′(ξi′)].κi′.πi′

(6.29.34)

The termEi′−1(χi′) was in head position at least in the
i′−th thread (c.f.: 6.29.29). What is the meaning inM
of the fact that inG an exception handler built byt ar-
rives many times in head position? The termEi′−1(χi′) is
thei′−thM -exception handler, modified by the dynamic
substitutionEi′−1. This exception handler only knows the
positions ofM played before it was created. It is raison-
able to think that, at this moment, all positions created

that there is a 4-uplet satisfyingh= 0, such that the first two coordinates aremi ,qi and the
last two satisfies the conditionf = 0. The programσ is built to find this 4-uplet usingt and
u.

13Remember thatki′ is just updated and hence the oldki′ becomeski′−1.



106 MAURICIO GUILLERMO

after thei′−th thread ofM was; will be forgotten by the
strategyt. Using dynamic substitutions, we can precise
this intuition:
Let us erase all dynamic substitutionsEi′′ such thati′′ > i′

and redefineEi′ by:

(6.29.35) Ei′ := Ei′−1⊲ [κi′ .πi′
/

πi′
]Pi′〈Tint ψ[F i′(ξi′)/U i′]〉

This is exactly the declaration used to defineEi′ the first
time we defined it, but now the current valueξi′ and the
dynamic substitutionF i′ are updated. Let us erase also
all the positions and the corresponding threads played af-
ter mi′ was proposed byt in M . The situation in the
scheme is modified as follows:

j

k

i

. . . . . .

. . . . . .

M

N 1 N 2 N 3 N i

bc

bc bc

bc

bc

bc bc bc

bc

bc

bc

bc

bc

bc

bc

bc

bc bc

bc

bc

bc n
i′

Erased
positions

N i′

However, not all information we erased about the posi-
tions of M are forgotten byσ (the main program we
are performing). Indeed, the new exception handlerξi′

knows all the positions played inN i′ and by construction
each position played inN i′ is associated with a 4-uplet
which was “approved” by the winning strategy imple-
mented byt (i.e. chosen byt as a (winning) complete po-
sition forM ). In consequence, the move(mi,qi ,ni, pi

j),
which was forgotten byt, is still remembered byu. More
precisely,u remember their last two coordinates, that it
can choose at any moment to close the playN i′ (and
hence the playG). The reader should remark that, while
normally only©∃ can back-track the execution, if an-
other winning strategy (likeu here) plays instead of©∀ ,
it can back-track the execution too. By instance, here it
was the strategy implemented byu that decides erase a
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part of the playM and modify the integerni′ in the posi-
tion (mi′,qi′,ni′).
Let us add the thread th

(χi′ )qi′n
i′⋆U i′ .πi′

to the thread scheme

ofM . From now on, the discussion of this case continues
according to the cases (a) and (b) treated before and the
case (c) we treat inmediately, but now takingi′ instead of
i.

(c) Ri = H i′

ρi′
j′

ιi′
j′
⋆ pi′

j ′.π
i′

ρi′
j′

ιi′
j′

for two suitable termsρi′
j ′, ιi′

j ′. It cor-

responds to the fact thatt, playing instead of©∃ , chooses the
(incomplete) position(mi′,qi′,n

i′), completes it by the movepi′
j ′

and proposes a new exception handlerιi′
j ′. For brevity, lets de-

noteH i′

ρi′
j′

ιi′
j′

asH i′
j ′ andπi′

ρi′
j′

ιi′
j′

asπi′
j ′.

By definition,Ei ⊒Ei′ ⊒ [κi′.πi′
/

πi′
]Pi′〈Tint ψ[F i′(ξi′)]/U i′〉 (c.f.:6.29.32).

On the other hand, we have that Tint ψ[F i′(ξi′)]∈FTint K(κi′.πi′).
Then, we can applyEi to the thread th(χi)qin

i⋆U i .πi
, thus obtain-

ing:

(Ei(χi))q
ini ⋆Tint ψ[F i′(ξi)].κi.πi ≻ ψ[F i′(ξi′)]⋆ pi′

j ′.Ei(ιi′
j ′).κi′.πi′

which reduces toEi′(ιi′
j ′)⋆ (F

i′(ξi′))pi′
j ′.κi′.πi′

14

(6.29.36)

The situation in the scheme is as follows:

j

k

i

. . . . . .

. . . . . .

N 1 N 2 N 3 N i′ N i

bc

bc bc

bc

bc

bc bc bc

bc

bc

bc

bc

bc

bc

bc

bc

bc

bc bcbc

bc
ni′

New
position
added to

M

M

(mi′ ,qi′ )

pi′
j ′

We add thιi′
j′
⋆Ki′ j′ .πi′ j′

to the threads scheme ofM , which corre-

sponds to the fact that inM the position(mi′,qi′,ni′, pi′
j ′) was

just played. Let us redefineEi by means of the declaration

Ei := Ei ⊲ [(F
i′(ξi′))pi′

j ′ ,κi′ .πi′
/

Ki′ j ′ ,πi′ j ′
]Pi′ j′ 〈〉
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Here, it ist that chooses a reached position and proposes a pos-
sible completion for it. This will be reflected in the thread we
have just added to the thread scheme ofM . Indeed, this thread
ends in a process, namelyRi′

j ′, which determines the following
discussion:

(i) Ri′
j ′ = H0

µi+1ξi+1
⋆mi+1.π0

µi+1ξi+1
. The discussion continues

exactly as in (a). The thread is finished and we start a
new threadi+1 and a new playN i+1.

(ii) Ri′
j ′ = Ki′′ j ′′ ⋆ πi′′ j ′′. the discussion continues as in (b).

More precisely, this is the case whent chooses a com-
plete position played before and gives the execution tou.
If the last two coordinates of this complete position are
“approved” by the exception handler of its corresponding
playN i′′, the game stops. If not, the gameM is partially
erased. It is the only one case in our discussion where the
exception handlers built fromu are used inN i .

(iii) Ri′
j ′ = H i′′

j ′′ ⋆ pi′′
j ′′.π

i′′
j ′′. This is the case wheret takes a (first

level) position(mi′′,qi′′,ni′′) played before and complete
it proposing a new integerpi′′

j ′′. We have an analogous to
the one of (c) we are analysing here.

We combine the flux diagram describing the winning strategies ofΨ (c.f.:
6.16.20) andΦ (c.f.: 6.22.24) to obtain the diagram 6.29.37, which de-
scribes “communication” between strategiesu andt communicates to give
the strategyσ. Subtermsη,ϕ andψ, which are the ”bricks” constitutingσ,
can be seen as the terms doing this communication.
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(6.29.37)

Start

©∃ movesx′ := m;

©∀ answersy′ := q;

©∀ answersx := n;

Test byχ

χ
ch

o
o

se
s

th
e

em
p

ty
m

ov
e

©∃ movesy := p;

χ chooses a 3-uplet

Test byι

Halt

ι chooses a 4-uplet

ιc
h

o
o

se
s

a
3

-u
p

le
t

χ
ch

o
o

ses
a

4
-u

p
let

Start

©∃ movesx := n;

©∀ answersy := p;

Test byξ

ξ
ch

o
o

se
s

th
e

em
p

ty
m

ov
e

Halt

ξ chooses a 2-uplet

η[χ]

ϕ[χ,q]

ιc
h

o
o

se
s

a
4

-u
p

le
t

ψ[ξ]

χ chooses a 4-uplet

ψ[ξ]

ιc
h

o
o

se
s

th
e

em
p

ty
m

ov
e
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