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INTRODUCTION

0.1. Contenu du travail.
Section 1: On présente ici la majeure partie des définitions synteesq
nécessaires a la compréhension de ce travail.

Dans la premiere sous-section sont présentés les laagigermes, for-
mules et processus. La notion de formule est étendue padapter plus
aisément a la sémantique. Ces formules étendues gamndtexprimer
des valeurs de vérité avec une grande flexibilité, sodispensables pour
définir les types de données dans la section 3.

Dans la sous-section 2 est présenté le systeme de typag@résen-
tation des regles de typage est la méme que dans lesméé classiques
sur la réalisabilité de Krivine ([6], [7]), mais nous ajous aussi des regles
qui s’avérent bien pratiques pour pouvoir typer avec danfibes étendues.
Bien évidemment on arrive ainsi a typer avec des formuteéshgpnt pas
de signification logique. Cependant, dans la section 3 pef$sibilité est
particulierement utile pour trouver des opérateurs dgeran memoire.

Dans la sous-section 3, on définit les processus avec dgssrée ré-
duction. En d’autres termes, on définit une machine symbeli qui est
appelée lavachine de Krivine Les processus sont des couples formés par
un terme (nommeé léerme de &teou terme actif et une liste finie de ter-
mes (nommeée lpile d’argumentsou simplement lgile). La réduction
est définie pour les processus (et non pas pour les termetg 1€duction
est déterministe puisque, a chaque étape, il y a au pleseule regle de
réduction applicable. En associant au couple (terme, gut#) le terme
consistant en I'application du terme actif a la pile d’argnts, on voit que
la réduction de processus correspond a la reductioatdddible.

La sous-section 4 présente une définition de substitulesnconstantes
qui est fondamentale dans la suite. Cette substitutionpgstl@estatique
par opposition a la substitutiatynamiquegu’on définit dans la section 4.

Section 2: On définit ici difféerentes notions sémantiques autos lde-
gages de formules.

Il y a une partie commune a toutes ces sémantiques qui &siglment
gu’interprétent les termes. Dans la premiere sous&ecn commence
en définissant la sémantique pour les termes, les modeldsrski pour
le langage du deuxieme ordre et on termine avec l'aritiquétde Peano
du deuxieme ordre. Dans cette sous-section, on insistke ait que les
modeles de Tarski qu’on utilise ne sont pas forcémenngplet on est donc
en mesure d'utiliser le théoreme de complétude.

Dans la deuxieme sous-section on définit les modele€baos| lesquels
sont tres proches des modeles de réalisabilité, nefilsissons par la suite.
Dans la sous-section 3, on présente enfin les modelesatisatdlité.
Ces modeles sont définis a partir d’'un modele de Targki‘(aodele de
départ”) et un ensemble de processus clos par antir@sugti'on dénote
LL. On énonce et déemontre aussi le lemme d’adéquation @dagangage

de formules étendues.
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Dans la théorie des modeles, le “principe de correctidabifndness
principle”) établit que la déduction préserve la véridutrement dit, c’est
la correction qui détermine que démontrer sert a carakd vérité (dans le
sens de Tarski) dans les modeles. Le paradigme de laakitilis consiste
a associer a chaque formule un ensemble de programmesecvat@ur de
vérité. En conséquence, I'adéquation en réalig@bgiablit que démontrer
sert a realiser.

C’est dans la sous-section 4 qu’est énonceé et prouveimked’adéqua-
tion.

Puisque l'adéquation constitue le lien entre réalist@biit déduction,
l'introduction de nouvelles regles de typage demandargtws de vérifier
gue la nouvelle regle est adéquate. Malgré cette canérail est impor-
tant de signaler que I'introduction de nouvelles reglepeg jamais rendre
inadéquates les regles préexistantes. Grace a catidularite” de I'adé-
guation, le langage de termes peut évoluer, en ajoutanbuleecties regles
de typage tout en ayant un minimum de vérifications a faire.

Ainsi, le mécanisme pour passer de la logique intuiticierdsla logique
classique utilisé en réalisabilité de Krivine consiatajouter une instruc-
tion cc réalisant la loi de Peirce (laquelle implique lagiexclu). Lins-
truction introduite garde dans un pointeur — nomme “cardtion” — la pile
courante, pour la rétablir au cas ou la continuation argit en position ac-
tive. Le rapport entre cette instruction (tres utile, sutten programmation
systeme) et la loi de Peirce, fut découvert par Griffin.(¢3]). Le systeme
de typage obtenu en ajoutant a la logique intuitionniste ¢qrrespond au
lambda calcul pur), une regle qui déclare cc avec le typedé Peirce”,
est-il adéquat? Pour répondre a cette question, il sigfivérifier que la
nouvelle regle est adéquate et cela correspond exactem@iouver que
cc réalise son type. Voila donc le paradigme pour ajouésrakiomes au
systeme de types de la réalisabilité: il suffit de trouwee instruction et de
prouver qu’elle réalise I'axiome.

La sous-section 5 explique dans quelles conditions il esgipte de cons-
truire des modeles de Tarski a partir des modeles désaddite. C'est
ici que I'on peut voir la forte analogie entre le forcing etréalisabilité.
La technique du forcing, développée par Cohen, est ubler prouver
I'existence d’un modele de Tarski d’une certaine thégaurvu qu’on ad-
mette I'existence d’'un modele d’une autre théorie “dpat€. Ce genre de
preuves est utile pour répondre a la question de I'inddpece d’axiomes
dans une certaine théorie (Cohen développa le forcing pramwver I'indé-
pendance de I'hypothése du continu en théorie des enssmbilf.: [2]).
L'idée est la suivante: soi/ une théorie supposée consistante. On veut
prouver qu’un certain axiomg est indépendant de la théorig; autrement
dit: qu’on ne peut pas déduigeni —¢ a partir de7. On définit alors dans
7 un certain ensemble d’éléments — nommes “conditiond] & partir de
chaque formulap(y), on définit une nouvelle formulg*(x,y) (qui se lit
“x force (V)”). On peut prouver dans” que I'ensemble de formules qui



REALIZABILITY GAMES IN ARITHMETICAL FORMULA 7

sont forcées par une condition, est clos par déductiogqaation du forc-
ing) et cohérent (c’est a dire qu’on ne peut pas forcerAlors, I'existence
d’'un modele de7 implique aussi I'existence d’un modele désatisfaisant
'ensemble des formules forcées. En particulier, si omesibiine condition
qui force ¢, on obtient la consistance d& + ¢. La méme méthode peut
s’appliquer éventuellement-ap et montrer alors I'indépendance ¢le

En réalisabilité on a le méme genre de construction: udatede départ,
les termes qui jouent le role de 'ensemble de conditiome;fais les termes
codés dans le modele de départ, la formule “le ternéalise la formulep”
est une formule du langage de ce modele. |l existe alors utehlaade
I'arithmétique dans lequel tout ce qui est réalisé eat. vr

L'analogie entre le forcing et la réalisabilité va biendmia d’'une simple
ressemblance: il existe une définition de “structure a@disébiliteé” dont le
forcing et la réalisabilité sont des cas particuliers.

La sixieme sous-section contient de brefs commentairegjatide I'arith-
métique dans les modeles de réalisabilité. En par@cun explique que,
pour pouvoir demontrer des théoremes arithmétiquesa besoin de re-
streindre les quantificateurs a la formule (it (c.f.:[6]). On trouvera
un travail en profondeur sur les modeles de I'arithmétign réalisabilité
dans [10].

Section 3: Elle est consacrée a définir les types de données a gesi
opérateurs de mise en mémoire. Selon la définition ptése un type de
données est une formule a une variable libre qui admet @natgur de
mise en mémoire. La formalisation de cette définition estgénéralisation
naturelle du cas des entiers, lesquels ont une représeriteginonique” par
des entiers de la form(®)"0. Intuitivement, I'opérateur de mise en mémoire
des entiers permet d’étendre une fonction définie unigundisur les formes
canoniques, a tout le type de données. On généraliteidée en mettant
a la place de la formule des entiers, une formule quelcoaguee variable
libre. La définition est exprimée sémantiguement commeeondition de
réalisabilité.

La premiere sous-section développe les définitionsisamgde les sous-
sections 2, 3, 4, 5 et 6 traitent respectivement les cas diesmes boolé-
ens, les produits de types de données, les listes clza@tées arbres; le
tout explicitant les opérateurs de mise en mémoire etdpsesentations
canonigues. On a obtenu les opérateurs de mise en ménavifgquve.
La technique utilisée est une Iégere adaptation alept&ontexte de celle
présentée dans [4].

Finalement, dans la sous-section 7, on démontre qu’onuteps utiliser
des représentations canoniques normalisées pour les tiggdonnées ré-
cursifs. Ce theoreme explique pourquoi on a choisi deesgmtations qui
ne sont pas normalisées dans tous les exemples avec desrégpesifs.
L'origine de cette impossibilité est dans I'adoption deéduction de téte
faible, qui ne constitue pas une stratégie normalisande-amalcul.
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Section 4: Cette section est consacrée a la méthode des fils. Une in-
troduction s'impose a ce sujeEtant donné un processis e fil de P est
'ensemble de tous les processus obtenus par réductiartiage P. Dans
[7], Krivine présente une définition de modele de ré&dlité obtenu en
prenant comme ensemhble le complément de la réunion de tous les fils
débutant en un processus formé par un terme (plus praeist: une quasi-
preuve, qui sont définies comme les termes sans contimsjgbune cons-
tante de pile indexée par ce terme. Krivine appelle ce hedd€générique
standard” et la constante de pile associée a une quasigestinommeée “le
boot”, car elle garde 'information du début de I'exéouti D’autant plus
gue, si on introduit une instruction capable d’extrairaedice de la cons-
tante de pile et le mettre en tant que terme dans la pile (oéteh bn est
capable de “rebooter” I'exécution a tout momeBtidemment, pour pou-
voir garder I'information du boot dans la constante de plifaut qu'aucune
instruction ne soit susceptible de modifier cette constdlitest le cas pour
les processus qui ne contiennent pas de continuation ouvenp@or tous
les processus qui apparaissent au cours du fil d’'une quaswpi(puisque
toutes les continuations introduites par cc ont la constdapile du départ).

En regardant les démonstrations des propriétés desabdité dans le
modele générique de Krivine, on peut remarquer un raisprent simple
et puissant qu’on peut faire dans ce modele: Si un procésaigppartient
pas all, alors il est dans un fil, ce qui veut dire qu'il y a une téte tgdi
se réduit au processis Alors que dans le modeéle générique de Krivine, on
peut déterminer a quel fil appartidden se basant sur la constante de pile,
si on essaye de faire le méme raisonnement dans un progranteretif,
on trouve deux problemes fondamentaux:

Des qu’une instruction d’interaction arrive en téte, éauction devient
non déterministe et on perd la notion de fil ou bien on “rarhigs fils qui
deviennent des arbres. Dans ce cas, la linéarité du fit @erdue, on a
enormément affaibli I'informationP appartient a un fil”, puisque on aurait
a déterminer dans quelle branche du fil Bste qui revient a se deman-
der dans quelle session d’exécution, parmi toutes cellesapnt possibles,
apparaitP. On abandonne donc I'idée de ramifier les fils, et on peafer
démarrer un nouveau fil une fois que l'interaction s’esdpite, mais dans
ce cas il faut signaler que les continuations dans le noupesessus con-
tiennent la constante de boot de I'ancien fil puisqu’elle®riti calculées
dans ce fil. Pour cette raison on abandonne aussi la tentiitientifier le
fil auquel appartienP par inspection de la constante de pile. On ne peut
donc plus utiliser le modele de réalisabilité défini fzaréunion de tous les
fils. Heureusement, rien n'empéche de prendre des modeléks définis
comme le complément d’'un seul fil, puis quand on redéméax@&d¢ution
apres une interaction, on peut prendre la réeunion du mrestdu deuxieme
fil et ainsi de suite. Ce choix donne une discussion finiePsgui implique
uniquement les fils nécessaires a la compréhension dugone en ques-
tion.
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Le deuxieme probleme sera expliqué en détail dans lerigeion de la
section 5, mais on peut en donner une idée maintenant: pourdes pro-
grammes qui implémentent le “garbage collector”, il estessaire d’utiliser
la définition intuitionniste du quantificateur existehti€e choix étant fait,
on est amené a définir les jeux associés a certainesufesndudeuxeme
ordre (nommeées dans ce travaiLg-formules”). Comme on verra dans la
section 5, ces jeux comportent le choix par 'opposant d'arametre du
deuxieme ordre déterminé par le choix d’une pile. Le roage de la téte
de fil par une constante de pile devient donc impossible peikgconstante
est fournie par I'opposant. Or, cette liberté de repors®ée a I'opposant
est indispensable pour pouvoir prouver ndftain Theorenet donc il n'est
pas question de s’en passer.

Finalement, suite a I'analyse de ces contraintes, orddé&tiutiliser des
modeles de fils dont I'ensemble. est le complément d’'une réunion finie
de fils dont l'origine est arbitraire.

Pour résumer cette discussion: Avec notre choix on petdhiVersali-
teé” du modele de fils “générique” (un seul modeéle quitpetne utilisé en
étudiant n'importe quel processus formé par une quasing). On perd
aussi I'etiquette du boot dans la constante de pile ce quiwit & ne pas
savoir directement a quel fil appartient un processus astrpas dans. .
En échange on gagne la possibilité d’étudier des fils oeporte quel pro-
cessus, le fait d’avoir des modeles de fils adaptés afaation (en parti-
culier aux jeux) et la possibilité de traiter des formulesida spécification
algorithmique nous assure d’avoir le “garbage collector”.

Dans la premiere sous-section, on s’occupe de la définites modeéles
de fils et d’expliquer comment en tirer profit sur des exemplegples et
fort utiles par la suite.

La deuxieéme sous-section présente la substitution ditedmique”. Cet-
te substitution est un sous-produit de l'utilisation desd&les de fils pour
décrire la réduction d’'un processus. En effet, la sulitsbih dynamique
est un outil essentiel pour comprendrectamposition de stré&giesdans
des jeux de realisabilité. Cette composition pose deblpnaes difficiles
qui sont étudiés dans la section 6. Pour donner un “avaiit-gle cette
définition, nous pouvons dire que l'idée est de substitiesrtermes a des
instructions, tout en gardant la maitrise des effets quie cibstitution
comporte. Dans cette section, on montre qu’en prenant dgésigtions
assez restrictives (avec une regle de réduction qui afstecque des piles
tres particulieres), on peut trouver un ensemble de tequese substituent
a ces instructions de facon satisfaisante. On peut dieelasubstitution
dynamique est un raccourci pour dénoter brievemensialté d’un raison-
nement compliqué qu’on utilise systématiquement.

La troisieme sous-section montre comme application idiaté de la
méthode de fils, quelle est la spécification de tous lesdsem@alisant la loi
de Peirce, prouvant ainsi que cc est le terme le plus sinaalésent cette
loi et que tous les autres réalisateurs sont en quelque destcc affaiblis.
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Section 5: Dans cette section sont présentés les jeux de réaltgatin
peu d’histoire: Lorsque j'ai commencé ma recherche en 2Diderpré-
tation des formules en tant que jeux dans la réalisahiiérivine était
cela exposée dans l'article [6]. Cette présentation @ssdes jeux aux
formules arithmétiques en forme normale prénexe. Malgrdéfinition
intuitionniste du quantificateur existentiel qui est deardans cet article
(Fxd = VX[VX(¢p — X) — X]), la variableX est vite remplacée pat
dans chaque preuve et méme la regle de de réduction pupiestantes
d’interaction n'impose a I'opposant aucune contraintesdie@ choix sur la
pile.

Ayant été confronté tres vite au probleme d’intetpré&es preuves com-
me des combinateurs de stratégies, je me suis apercuegtiiiécessaire
d’utiliser la forme intuitionniste de I'existentiel poewviter que la pile cu-
mule des valeurs auxiliaires qui ne sont plus nécessdYest parce qu’'on
a besoin de faire des substitutions sires pour étudierdetinateurs de
stratégies, qu’il importe de ne pas avoir une pile incorgarelant des argu-
ments qui pourraient entrer dans le calcul a tout momentir@e on I'a vu
plus haut, si un terme réalise une formule comportant destéicateurs
existentiels intuitionnistes, il nettoie la pile avant gha interaction avec
'opposant. Si, par contre, on utilise la forme classiquéadermule, cette
propriété n’est plus assurée.

Peu apres est créée par Krivine la définition des jeuesdi%Z ¥ &/,
lesquels sont associés aux formulés(donc, en particulier aux formules
du premier ordre). Cette présentation est faite dans atgmn— dit langage
des formules “normales” — avec une définition classique uantjficateur
existentiel, des conjonctions et des disjonctions. De,pasne peut pas
utiliser I'egalité de Leibniz puisqu’il s'agit d’'une farule du deuxieéme or-
dre. Par exemple:

IXVY3Izd(Xx,Y,2) := Vx{Vy[Vz(d(x,y,2) > L) - L] - L} — L

a les quantificateurs existentiels classiques et peuirétrgorétée comme
un jeu dans le sens de [7]. Sa présentation intuitionniste:

VX{WX{WY[VZVZ(d(X,Y,2) = Z) — Z] = X} — X}

ne peut pas étre interprétée comme un jeu dans le seng deiggue ce
n'est pas une formule normale. Cependant, dans la défindas jeux
donnée dans [6] il est possible de jouer avec cette fornemeemarquant
gu’un terme qui réalise la formule en version intuitionejgéalise aussi
son homologue classique.

La définition des jeux associés aux formules généralesetond or-
dre parait actuellement hors de portée. Il fallait domeiver une fagon
d’interpréter au moins les formules de deuxieme ordresqui nécessaires
pour exprimer les formes intuitionnistes des existentigsjonction, dis-
jonction et I'égalité de Leibniz. Le langaggs présenté dans la premiere
sous-section de la présente section répond bien a ceisreq
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Puisque les formules correspondant aux types de donrggisiteintéres-
sants ne sont pas des formules/g on a prévu dans la définition d&s
une place spécifique servant a la relativisation des dfiateurs. Main-
tenant, on a un cadre général qui contient les formulesrdmier ordre
relativisées totalement ou partiellement aux types deées, avec les con-
necteurs et les quantificateurs en forme intuitionniste.

Dans la deuxieme sous-section on explique comment déésijeux
%V of dans le langagés. C'est une généralisation de la définition donnée
dans [7].

La troisieme sous-section est dédiée a I'implémémiades jeux? ¥ of
dans la machine de Krivine. Cette définition est aussi weremlisation
de celle qui est présentée dans [7], ou la nouveautésters traiter les
guantificateurs du deuxieme ordre qui sont dags

Dans la quatrieme et derniére sous-section, le théemncipal (“Main
Theorem”), qui apparait déja dans [6], est la connexioineeles jeux et
la réalisabilité. Plus précisément, un terme quiisealine formule deg,
implémente le je ¥ o/ associé a cette formule et le joueur “qui défend”
le theoréme, a une stratégie gagnante pour ce jeu. De $llesformule
est totalement relativisée a des types de données, lalbesme est “juge
et partie” dans le jeu. En effet, il implémente le jeu et jaune stratégie
gagnante a la place du défenseur de la formule. C’estueind on prouve
ce théoreme, qu’on voit a quoi servent les restrictiomsdsées sur les vari-
ables du deuxiéme ordre des formules/de En effet, il y a une importante
propriété de monotonie dans les valeurs de vérité goodle de ces restric-
tions et qui est essentielle dans la preuve du Main Theorem.

Section 6: La section 6 contient plusieurs exemples et montre en action
toute la théorie exposée dans les sections précédentes

On démarre avec les exemples les plus simples de jeux avkditaaking.
Plus concretement, les sous-sections 1 et 2 sont coesaaé&udier le cas
des formulesIXvy(f(x,y) = 0) et Ixvy(f(x,y) # 0). On caractérise ici les
termes qui réalisent ces formules comme ceux qui impléemeres jeux
associés a ces formules (dans un sens, c’est le Main Trineonais il est
remarquable que la réciproque soi aussi vraie pour cesufes On mon-
tre ici aussi les “schémas de fils” qui seront utilisés pasuite et on ex-
plique que le back-tracking a une contrepartie sémantiguns le modele
1l constitué par les processus qui ont une stratégie gagnhnt a une
distinction importante entre |'utilisation de I'égalit(cas def(x,y) = 0)
et de l'inégalité (cas dd(x,y) # 0). Tandis que la premiere donne des
exécutions qui s'arrétent sur un pointeur indiquant laitpen finale, la
deuxieme s’arréte brutalement des que I'opposant negeudonner une
réponse satisfaisante.

Dans la sous-section 3, on explique I'effet sur les jeux deslativisa-
tion des quantificateurs. Le résultat déja bien connu perientiers (voir
[6] et [7]) est généralisé sans aucun effort particudiex types de données:
les réalisateurs des formules relativisées jouent eames une stratégie
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gagnante pour le défenseur de la formule — cela découla déefinition de
l'interaction —. Cependant, dans le nouveau cadre il y a gmssibilités
pour relativiser un quantificateur: Le relativiser a uneyge données ou
de facon plus restrictive, le relativiser aux représetst@anoniques. Dans
le premier cas on doit utiliser des opérateurs de mise anairé pour les
constantes d’interaction.

Dans la sous-section 4, on donne, au niveau des réalisatiag méca-
nismes pour passer de la formule relativisée aux canosigua formule
relativisée a tout le type de données et vice-versa. @rmttainsi un terme
gui implémente une stratégie gagnante jouant les méamlasdus que celle
du départ.

La sous-section 5 montre une caractérisation qui géséreelle vue
dans les sous-sections 1 et 2: Tout terme qui implémentededjune
formule partiellement ou totalement relativisée a desoo@ues est un
réalisateur de cette formule dans tous les modeles tisabiité. Autrement
dit, réaliser une de ces formules dahss equivaut a la réaliser dans tous
les modeles.

Finalement on s’attaque &it motivde ce travail: I'analyse d’une preuve
comme combinateur de stratégies. Considérez les demufes suivan-
tes: W = H'rﬁvm)t/(f(x,y) =0) etY:= H'rﬁ’v'")t/(g(x’,y’) =0). On met la
formuleW — Y sous forme prénexe :

;= 3%VYaV(F (xy)=0) — (9(X.y)=0)
A l'origine, ce probléme était formulé dans la définitides jeux de [6] ;
il était donc important de travailler avec des formes pr&s et avec la
partie propositionnelle en forme équationnelle. Pouenistcette forme,
on considére, dans le modele de départ, une fontiirry, X, y) telle que:

VxyXy'[(h(x,y,X,y) = 0) « ((f(x.y)=0) — (9(X,y')=0))]

et on définitd := 3'”>t<’V"§’x3'"§/(h(x,y, X,y )=0) Ainsi, il est immédiat que
tout réalisateur dé est aussi un réalisateur dg, c’est-a-dire de la forme
normale prénexe de lI'implicatio — Y. On sait alors qu&b, W - Y et
on veut étudier comment une preuve de ce théoreme cordbsistrategies
gagnantes poup et W pour obtenir une stratégie gagnante pgur

Dans la sous-section 5 on considere la fornthlet on étudie comment
sont les fils dans une partie. Ce jeu est bien plus complexeajuievu dans
les cas précédent parce qu'il y a plus de possibilitesr Roeux décrire ce
jeu, on organise les positions jouées dans un arbre (dagsriantique des
jeux, cette pratique est usuelle et ces arbres sont apjpet®gs”).

Finalement, dans la sous-section 6 on s’attaque a la géscrdu com-
binateur en utilisant les schémas de fils définis dans las-sections 4
(pourW¥) et 5 (pour®) pour décrire, a I'aide de la substitution dynamique
définie dans la section 4, le comportement du combinatel@nalpar une
preuve du théorem@, W+ Y.
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0.2. La réalisabilitée de Krivine est un sujet multidisciplinaire. A par-
tir de ce que nous venons de commenter, nous pouvons éaulegrdo-
maines des mathématiques et de I'informatique qui sontexmés par la
réalisabilité de Krivine. Ainsi cette théorie repose guatre “pattes” dont
deux relévent de l'informatique et les deux autres de |ajiog)

(1) La réalisabilité est de la programmation: La machieekdivine

constitue un modele de programmation impérative. Cetehime
comporte un ensemble d’instructions, qui peut étre enactout
moment avec une remarquable simplicité et sans effetasartie
du calcul déja établie. Cet aspect de “modularité” ctitees cher
aux programmeurs.

De plus, les instructions qu’on a eu besoin d’introduirejugi
pour réaliser les axiomes des mathématiques, ont taijousens
clair et bien connu en programmation. Ainsi, le tiers excit e
le “call-with-current-continuation” et fait apparaitoes pointeurs
(les continuations); I'axiome de choix dépendant estritbge ou
bien la signature de fichiers; I'axiome de choix généralo&senu
a partir des instructions de lecture et d’écriture dans m@moire
globale (“tas”). D’autre part, une récente découvert&deine et
Legrangérard montre que les formules valides sont desfations
de protocoles réseau (voir [9] et [10]).

La réalisabilité de Krivine est une théorie qui touchecaeur de
la programmation, établissant des liens clairs entreXesrees des
mathématiques et la programmation impérative.

(2) La réalisabilité est de la théorie de la démonstratiElle a un

systeme de typage qui permet démontrer comme on le faibdiman
matiques. En particulier le fait de réaliser les axiomesyet d’évi-
ter de les charger comme des hypothéses tout au long deuepre
La distinction entre ces deux modes de preuve parait mendtlie
n'est certainement pas trés importante tant qu’on cardes réa-
lisateurs pour I'axiome. Prenons I'exemple de I'énoht@xiome
de choix implique le thoreme de Tychonoff La distinction en-
tre une preuve de ce théoreme et une preuve du théorenmg- de
chonoff dans une théorie avec axiome du choix est capitajmht
de vue de la programmation : ce n’est pas la méme chose diavoi
programme capable de trouver un réalisateur de Tychanpériir
d’un réalisateur de I'axiome de choix que d’avoir expkaitent un
réalisateur de Tychonoff.

On évite aussi d'introduire la logique classique par “mam tra-
duction” ; le style des preuves formelles dans cette tleéest ainsi
beaucoup plus proche de celui des preuves informelles emémat
matiques.

(3) La réalisabilité est une généralisation du forcinglle a des mé-

thodes de travail similaires et permet de construire deseteedie
I'analyse ou de la théorie des ensembles. On peut d’adllespérer
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de trouver des nouvelles preuves d’indépendance qu’oueait
pas obtenir par forcing.

(4) La réalisabilité est de la théorie des jeux: Elle petriahe spécifier
des formules comme des jeux et d’établir des liens entigtlategies
gagnantes du jeu associé a une formule et les réalisatieucette
formule. Les protocoles réeseau dont on a parlé plus hauisocas
particulier de jeux associés a des formules, plus peeuest a des
formules valides.

0.3. Contribution. Je voudrais expliciter ici les idées et les techniques qui

correspondent a mon travail personnel, par rapport a icétgit connu au-

paravant. Ces idées ont &té présentés dans l'inttimaiuet seront développés

dans les six sections qui suivent. J'en ferai donc ici un@r@numeération :
Section 1:

e L'introduction dans le langage des formules étendues &tré&gles
de typage pour la nouvelle fleche qu’elles comportent. Gepet,
Krivine avait déja manipulé des valeurs de vérité qurespondent
a des formules etendues avant que cette définition necoitée.

Section 3:

e La définition de type de données. Cependant, il faut segrglie
I'idée : “avoir un opérateur de mise en@moire c’est comme avoir
un type de donges” me fut suggérée par Krivine lors d’un entretien
de travalil.

e Lapreuve que, pour aucun type de données, on ne peueredbss
tous les modeles de réalisabilité, qu'il contient toes individus
(Vxd(x) ou ¢ est un type de données). C’est une généralisation du
résultat déja connu pour les entiers ; mais le fait de teiper en
utilisant les opérateurs de mise en mémoire permet derlergliser
a tous les types de données.

e La preuve qu’il n’est pas possible d’utiliser des repréastons ca-
noniques normalisées pour les types de données récursif

Section 4:

e La définition des modeles de fils.

e La propriété de réduction des opérateurs de mise enainé@non-
cée dans 4.5 et sa généralisation 4.9. La formulatiare#let beau-
coup plus compacte, me fut suggérée par Krivine lors dhdregien
de travalil.

e La définition de la substitution dynamique et tout ce qupessenté
dans la sous-section 2 de la section 4.

e La présentation de I'exemple de la loi de Peirce. Jignarlas
réciproque était déja connue.

Section 5:

e Ladéfinition du langagég, lequel est une extension du langage des
formules normales présenté par Krivine dans [7]. Towddptation
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des jeux et son implémentation au nouvel ensemble de fesnul
en particulier les parametres deet son usage pour instancier les
variables du deuxieme ordre dans les formuleg€ge
Section 6:Dans cette section toute la présentation, les commestailes
schémas choisis pour représenter I'algorithme du coatbur de stratégies
correspondent a mon travail de recherche.
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1. Syntax

1.1. Languages.

We shall define a-calculus with instructions denoted By, together with

a language of stacks denoted By While terms represents programs, a
stack represents a list afgument®r, in other words, aenvironmentunder
which a program can be performed. In order to build theseuaggs, we
must begin choosing sets of constants and sets of variables:

Definition 1.1. Let us consider the three countable sets

e A set of variables foAc-terms that we will denote a5s.- var
e A set of constants fak.-terms that we will denote as.- const ant
e A set of constants for stacks that we will denotélagonst ant

The/\¢-constants will be denoted in general by capital letkéfld, some-
times by the lowercase lett&r For definitions involving\¢.-constants, we
will represent any constant Iy These constant are also calladtructions

The/\c-variables will be denoted by lowercase letteng z,v,wor a, b, c.

Thell-constants will be denoted a wherei is an integer.

For technical reasons, we define first the set of (possiblpogtackd1
but we are interested only on closed stacks, which set wedetlbte by.
The definitions of\¢ andl are mutually recursive:

Definition 1.2.
<Ne-term>i= K f.stack> | <A\c-constant> | <Ac-var> |
(<Ne-terms)<Ac-ternm> | A</Ac-var ><Ac-ternm>
<M-stack>:= <M-constant> | <Acternm>.<M-stack>

Each stacktgives, in an injective way, Ac-term denoted b¥,;. Such a
term is calleda continuation

Intuitively, a continuatiork;; is an instruction saving an environment (a
stack)mtto restore it later.

As usually in Krivine’s papers, we adopt for application/qfterms the
notation(t)u instead otu.

We define the free variables 8f-terms and stacks as follows:

Definition 1.3. FV : AcUT — Ac-var

FV(kn) = FV(m), whererttis all-stack.
) := 0, wherek is an instruction.
X) := {x}, where x is &\c-variable.
(tH)u) ;== FV(t) UFV(u), where tu are A\c-terms.
Axt) :=FV(t)\ {x}, where x is &\c-variable and t is &\c-term.
%) := 0, wherers is all-constant.
FV(t.) := FV(t) UFV(m), where t is a\.-term andrtis all-stack.

A N\c-term t isclosedif and only ifFV(t) = 0. ATl-stackmtis closed if and
only if FV(1) = 0. We denote the set of closag-terms byAl and the set
of closed stacks biyl.

FV(k
FV(
FV(
FV(
FV(
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Thus, a closed stack is a finite sequence of cloSgterms ended by
all-constant.

Definition 1.4. We define the length of the sta¢kd1 — N by induction as
follows:

e /(1) =0, wherery is all-constant.
e /(t.) = /(1) + 1, where t is a closed\-term.

Thereafter, we will define a languag& which makes it possible to ex-
press mathematical properties and to tygeierms. Therefor, w define first
the language of terms:

Definition 1.5. Let be?/ a countable set dirst order variablesnd ¥ a
countable set ofunction symbols For each arity k, we denote g6 the
set of all k-ary function symbols. Tleary function symbols are called

constants
<T-term>:i= <W-var> | <FXfunct><T-term>...<T-terms

g

k

where ke N
Thefree variablesof terms are defined as usually. Given a tertnhwe
denote byFV(1) the set of the free variables of.

A list of termsty, ..., Tx will be sometimes abbreviated &as

We have at least the function symbolstsx for the successor, the ad-
dition and the multiplication respectively and a constamisol O for the
zero.

In order to built extended formulae we must add some sets athias:

Definition 1.6. Let us consider the following sets of variables:

e For each arity k, lets consider a countable set of k-ary seaander
variables which we will denote aB¥.

e For each arity k, lets consider a countable set of k-ary vbles that
we will denote agX.

Notation 1.7. We denote ag% the set ycy ‘1/2" containing all second order
variables and a8 the set . €k, The variables belonging twill be called
N\c-set variables Usually we will denote second order variables by capital
letters, speciall),Y,W and the/\.-set variables by lowercase greek letters,
almost always; wherei is an integer. Ak-ary /Ac-set variablee followed

by k terms will be called a\.-set atom

The useful ofAc-set variables to describe semantics will be clear in the
following sections.

We now define the languagof extended formulas a second order lan-
guage with usual implication> and another implication of an extended
formula by a/\.-set atom:

Lsince there is no ambiguity, we will use always the notatigrfér free variables.
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Definition 1.8.
<P-fla>u= T | <Vfvar><T-term>...<7-terms |

k
<€N-var><7-term>...<7T-terms~ <P-fla> |

n'g

h
<P-fla>—<P-fla> |V<¥i-var><P-fla> |

V<Vx¥-var ><P-fla> where hke N

Thefree variableof extended formulae are defined in the usual way and
we denote the set of the free variableg dly FV(¢). We remark that, given
an extended formulg := €11 ... Tewod, FV(P) = {eJUUIEKFV(T)UFV(9).

Remark 1.9. A Ac-set atom is not aP-formula. However, the “double
negation” ofety ... T can be written agX|[(€11... Tk » X) — X], which is
a P-formula.

Notation 1.10. As usually in Krivine’s papers, we will denoga — (¢po—d3)
as¢1,$2 — d3. Moreover, we also define the analogous abbreviations for
the connectosw:

€17, €20 ~> @ 1= €1T v (€20 v )

€L 0102 1= T (01—02)

The language of types is the sub language @ defined without the
constructom, i.e. the language of the second order logic with the connec-
tor — and the quantifiey:

Definition 1.11.
<L-fla>u= T | <Wvar><7-term>...<7-terms |

k
<L-fla>—<L-fla> | V<P-var><L-fla> |

V<VX-var><r-fla> where ke N

The languagel of the second order logic will be used to type the
terms and to write mathematical properties, while the lagguof extended
formulae will be useful from Section 2 to describe semantics.

We introduce the following abbreviations:

Definition 1.12.
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1L = VXX

where Xe 12
T1=T, = YW(Wri—>Wriy)

where WV and 14,1, € T
- = ¢ L
d1V--- Vo = VX((d1— X),...,(dx = X) = X)
1A Ad = VX((¢1,..., 0k = X) = X)
IX(D1, . 0) = YX(X(P1, ..., b — X) = X)
AY(d1,...,0k) = YX(VY(d1,...,0k = X) = X)

where X 72 X¢ FV(¢1,...,¢x) andds,. .., ¢k are extended formulee
int(x) = VX(¥Yy(Xy— X(sy)),X0— XXx)

where Xe 74 andsis the symbol of the successor function

Vo V0 = VX (Wi (), Wk(X) — ©)
% T%eb1 . 0s = Ixa. I WL (X),s - WX, D1, - -, Bs)

whered, Y1 ... Y, §1,...,ds are extended formulee and eaphdepends on;X

Hence, existential quantifiers, disjunction and conjwnctre defined as
second order formulee. The first order langu#gés defined by:

Definition 1.13.
<L-fla>u= T | L | <T-term>=<T-term> |

<T-term>#<7T-term |

<VX-var><T-term>...<T-terns |

k

<L-fla>—<f-fla> | V<W-var ><g-fla> |

I<Vi-var ><g-fla> | <fg-fla>v<f-fla> |

<L-fla>A<fg-fla> where ke N

Where the symbat is a new predicate symbol. The formula+ 1, is
atomic and hence differentof =1, — L.

1.2. Typing rules.
We must define the typing rules. In order to do that, we mushdefie
sequents. The usual declarationaoalculus are of the form:¢, wherex

is a variable ang is a type (a formula). Here we will type with extended

formulae and hence we must also admit delcaratioassT, wherex is a
variable andtT is a/\c-set atom.
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Definition 1.14.

<declaration>:= <V >:<P-fla> |
<M-var > € <\ set atonm>
<j udgenent > = <Aternm>:<?P-fla>
<typi ng hypothesis>:= [ | <typing hypothesi s>, <decl arati on>
<sequent >:= <typing hypot hesi s>+ <j udgnent >

We will denote the judgements by capital greek letters, atabways
I,A,Z. For typing rules, the judgments will be considered equiless of
permutations, i.e. the order of declarations in a judgmenbi relevant.

Definition 1.15. Thefree variable®f a judgment are defined by induction:

o FV([)) =0,
o FV(I,t:0) = FV(M)UFV(d),
o FV(I,ucery...Tn) = FV(N) U{e} U=DFV(T))

The substitution iM\c-terms is defined in the usual way. The substitution
of first order variables in formulae is also defined in the ustsy.

Given an extended formula, we define a substitution of a Xfseeond
order variable by an extended formula :

Definition 1.16. Let x, ..., X be k first order variables, X a second order
variable of arity k,¢ and  arbitrary extended formulee. We define the
substitutiorq)[LP/XXl_ _.xJ by induction on the length df:

o if X ¢ FV(9), thend[W/xx, . x ] is 0,
o if ¢ is XT1... T, thend[¥/xx, . xJ iSWMTk/y  x,
o if 0 ish1— bz, thend[¥/xx, . x ] iS
¢1[qJ/XX1. Xk] - ¢2[w/Xx1. ..Xk]’
o if ¢ iseTw> @1, thend[W/xy,  x]iSETw 01[¥/xx . x
o if ¢ is Vyx and y& FV(p), thend[W /xx, .. xJ IS YYXIY/xx, ... xJ):
o if gisVYxand Y¢ FV(W), thend[W/xx, .. x ] is YYXIY/Xx ... xJ)-

The typing rules are the following:

Definition 1.17.
wherea € I

(ax) Ma

(abs) M, x¢Fty
FEAxtp — Y
I, XceT - t:¢
! [ AXLET > @
Fr-to—-uv r-ud
M= (Huy

N>

(app)
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MExcet THtETw ¢

N>
(e ME()xo
=ty
j x¢ FV(T)
M= tvxy
IM=t:x
) X ¢ FV(I)
=t VXX
M=tV
(V e]) _ with T a term
FEtx(T/y
I tVXX _
(Vv e2) with ¢ a L-formula

r l_t3X[lIJ/Xx1...xk]

The definition of equality (c.f.:1.12) is called theibniz equality The
classic formulation of this equality i = b := VX (Xa <+ Xb), which in-
tuitively means that two individuals are equals if and offilihey have the
same properties according to our language. Our asymmetgeptation

is due to the rule{vez), which allows us to prove Ax(x) id :VXvy(x=y —
y=X):
(@x) IRV
X:X=YykF VX(Xx— Xy) vZ) z: Xxkz: Xz
e
X:X=ykF X (XX— XX),Xy— XX Fid i Xx— XX

(ax)

—>)i

(—)e

X:X=ykF (X)id : Xy — Xx V'ﬁ
X:X=YyF (X)id:y=x

(—)e

. (Vi
FAX(X)id : VXVYy(X =y — Y = X)
where in the second line we have repladggby W := Xy — Xx

FAX(X)id:x=y—y=X

1.3. Processes and reduction.

Definition 1.18. The processes are the pairs belonging\{bx M. A pro-
cess(t,m) is denoted by # T We say that t is irhead positiorfor the
process & rtand thatrtis its argumenbr environment

We will reduce processes, rather thiaprterms. The reduction is defined
by a schemata of reduction rules which we eadluction systenOur reduc-
tion system is open in the sense that it is possible —-whemamgssary— to
introduce new reduction rules. This posibility will be ugecadd a needed
property to the system. The following rules will be in anyuetion system
and they are defined in order to computewWesak head reduction

Definition 1.19.
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o (t)uxTr-1 txu.TT(puUsh)
o AXtxU.TT1 t[U/X] * Tt (pop)

Remark 1.20.As in [3], we can work in Classical Logic by adding a control
instruction. Indeed, it suffices to add an instruction ofr&gs law type.
However, this choice can not be arbitrary, because we needlakcohe-
rence between typing rules and semantics (soundness lerAfrtajs point
we introduce the needed instruction leaving the check oatlexjuacy for
later.

CCUYXVY[(X —=Y) = X) = X] (cd

We introduce also, for each stack a constanky; with the reduction
rule kpxt. 10 1 t x Ttfor all termst and stackst.

Finally, we introduce for cc the reduction rule-crt 1 t x ky. 7t for all
termst and stackst

Here we can argue that the continuatigpis in fact an address to the
stackr. Indeed, when we execukg, the execution takes the first argument
in the stack and following executes this one with the staek argument.

This system will be sufficient in order to work in classicaitlametics.
More details can be found in [6].

Definition 1.21. We defindPl (the elements of which are callgaoof-like
termg as the set consisting of tie-terms without continuations.

Definition 1.22. We will denote by~ the transitive closure of the rela-
tion =-1. Hence, the notationd- P’ signifies that there are n processes
Pi,...,Pysuchthat @1 Py =1 --- =1 pn =1 p’. We denote also by the
reflexive closure of, i.e. P> Q if and only if P> Q or P= Q. Given a
process P, the thread of P is tkequencef all process obtained from P by
reduction. It will be denoted biyp. Thesupportof thp is the set

thp := {P/ eNoxI| P>P/}

For instance, thwhereP = Ax(X)x* AX(X)x.Ttis an infinite sequence of
constants and its support is the single{&.

1.4. (static) Substitution.
Thereafter, we define the simultaneous substitution ot afli&.-constants
andr1-constants by a corresponding list of terms and stacks:

Definition 1.23. Given kAc-constants Hi, .. ., H, k/\g-terms i...t, hI-

constantst, ..., T, and h stack®s,...,pn, consider the mag from con-
stants to/\.-terms and stacks defined [ — t;) and (15 — p;j). The map
@defines a (statf) substitution functior” : AcJMN — AcUJM by induction.

(1) Substitution on terms:
2This definition is independent of the reduction and definedliderms. For this reason

we say that it is a “static” substitution, by contrast witle tlynamic” substitution we will
define later, which depends on reduction and is partiallyneefi
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o Y (Hi) =t
e Y (H):=Hif His aAc-constant and Ht H; for alli € [1..K]
o 7 ((U)tp) = (S (un) (up)
o .7 (AXu) ;= AX(-¥(u))
e .7(cC):=cC
° y(kn) = ky(n)
(2) Substitution on stacks:
o () :=pi
o /(1) := Ty if T is a stack constant antly # 15 for all i €
[1..h]

o .7(um) :=.7(u)..” (M)
Since this function is determined Ipy this substitution can be denoted
as [---tPrPh/py g o om) - Wesaytha{Hy,...,Hy,m,..., Tk}
is thedomainof . and we denote it bgom(.¥).

We now define a “join” (partial) operation on static subgtdns and a
partial order.

Definition 1.24. Consider two static substitution®y, .#5.

We say that¥, and.#% are compatibleif and only if they coincide over
dOfT'(yl) N dom(yz).

If .1 and . are compatible, we denote by + .7» the static substi-
tution consisting in substituting simultaneously the ¢ants ofdom(.#)
applying.#1 and the constants aom(.#2) applying.#2. If .1 and.# are
not compatible then”, + .5 is not defined.

We say that¥, extends?; if and only if 1 and.#, are compatible and
dom(.¥1) C dom(.#2). We denote this relation ag> J.7].

The (partial) operatior- is commutative. For this reason we adopted an
additive notation. It is no difficult to prove that is a transitive relation and
thus itis a partial order.

Definition 1.25. Given a reduction system, we say thatespects substi-
tution of constantd and only if, for each substitution functio#” and for
each instanceTt-1 uxp of a reduction rule, we have that' (t) x. (1) =1
S (U)*Z(p).

Typically, a reduction rule as the “signature” used in [@&]ed not respect
the substitution. The reason is that this instruction usesotde of the stack
to compute an integer. When we perform the substitutionctite of the
stack will be changed and then the calculated integer also.

However, in the system necessary to work in classical astlos, the
substitution respects reduction:

Lemma 1.26. Given two processeasx tand o p satisfyingt x>, oxp
and a substitution” defined as in 1.23, ther?’ (1) x .~ (1) =1 . (0) x
< (p). Moreover, this reduction uses the same rules as the remtuct
-1 0xp.
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Proof.

e For the (push) and (pop) rules, it is straightforward.

e For a given stack.m, we have that cet.1t>~1 t x kgt We apply
the substitution function”” before the reduction and we obtain:
Z(ce) . (t.m) = cex.(t)..7(m). But this process reduces to
y(t)*ky(n)y(TD = y(t)*y(kn.n).

e For a given stack.’, we have thak;xt.7' =1 tx1. We apply
the substitution function” before the reduction and we obtain:
S (kn) %7 (1.70) = Ky (y %7 (1)..7 (7). But this process reduces
to .7 (t) x. ().

O
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2. Semantics

2.1. Tarski models.
We expose in this subsection the basis of Tarski models. @septation
is adapted to the case of a second order language, but tlvadees are the
same the reader can found in classical books of model theory.

As it was defined, the languagehas only function symbols as non log-
ical symbols. AL-structure is a triple®? = (M, D, /) such that:

e Mis aset.

e Dis asetof predicates M, i.e.: D C Jyen MK, D must contain at
least one predicate for each arity N.

e % isamapf — f¥ from function symbols, such that for eakfary
symbol f, we havef? : MX — M.

The setM is calledthe ground setD the second order domaend % the
interpretationof the structure.

For instance, in arithmetics, we use a 1-ary function symbioiterpreted
as the successor function, two binary function symbgls interpreted as
the addition and the multiplication respectively and a Y{anction sym-
bol O, interpreted as the zero.

Definition 2.1. Given aL-structurel® = (M, D, %), an assignment/ is a
map x— x< from first order variables to M, together with a map-X X<
from second order variables t® such that X’ is a k-ary predicate pro-
vided that X is a k-ary second order variable.

A parametricalZ-term is a pair(t, /), wheret is a L-term and</ is an
assignment. In analogous way, a parametricaformula is a pair(¢,.o/),
where¢ is a L-formula ande? is an assignment.

Example 2.2. Let us consider a model of ZF and the ordinalvith the
usual definitions of zero, successor, addition and mutpion. We will
call w-structure ofZ each structuréw, D, %) where? interprets the func-
tion symbols 0s,+, x as the zero, successor, addition and multiplication
defined inw. We will denote alsao asN.

Notation 2.3. Consider an assignment over aL-structure(M, D, %), h
first order variablexy, ..., xn, k second order variables,, ..., Xy, h indi-
vidualsmy,...,m, € M andk predicated,...,Dx € D such thatD; has
the same arity tha; for all i € [1..k]. We denote as

”Q{[ml’.“’n‘h’Dl’.“’Dk/X]_,...,Xh,Xl,...,Xk]
the assignment which coincide witk on all variables except on the
variables X1, ...,Xn, X1,...,Xk; on which it takes respectively the values
my,...,My,D1,...,Dk.
Definition 2.4. Given aL-structure® = (M, D, %) and an assignmeny,
we define by induction the interpretation of the parametrieams(t, 7).

This one will be an element of M denotedrds” :
o XHA - x|
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o (fry,... )W = fg’(r?% TE’R .

Now, we can define satisfaction ifxstructures:

Definition 2.5. Let us consider a_-structure® = (M, D, %/). For each
parametrical formula(d, 7)), we define the satisfaction 0, .<7) in N by
induction ong. We denote the satisfaction (df, /) in MasM=(, ).

o M= (XT1...Tp, ) ifand only if (137 ... 07 ) e X7,

e M= (¢ —y,«)ifand only ifM|=(y, )prowded thati|=(, o).
e M |=Vx¢ if and only if for each ne M ME= (¢, o m/x]

e M |=VX¢ if and only if for all De D, M |= (¢, [P /x]).

Example 2.6. Informally, one could say that parametrical formulee allows
us to write properties about individuals and their relagiorConsider an
assignment? such thai?” is the standard integer 4 agd is the standard
integer 7 and the formuba=y asitis defined in 1.12. For instance, suppose
that D = Uy POW(MK). Then, M |= (x =y, %, .«7) if and only if X and

y? are the same element b, which is false in our example.

Sincex =y contains only the free variabl@sandy, the interpretation and
the assignment of all the other variables that arexnair y is not relevant
for the truth ofx =y in a given model. Our semantics definition reflects this
property and hence we can write only=47 instead ofx =y, % ,.</), thus
indicating that the meaning of our formula depends only @enassignment
of two different variables, one assigned as 4 and the othér as

More generally, the satisfaction of a formula infastructure depends
only on the assignment of their free variables. Using thes, fae can sim-
plify notations, thus eliminating all references to theigiIssiente’. Given
a formula, the values assigned to their free variables,aled:theparame-
tersof the formula.

Notation 2.7. In general, we will denote the parametrical term
(T [Mu M /y xl) as(@MeM/y oy ], )
and the parametrical formula

(¢7’/Q{[m1’“"rnn’Dl’“"Dk/Xl,...,Xh,X]_,...,Xk])
as

(¢[m1,...,rrh,Dl,...,Dk/Xl’.“’thxlw.’xk],g{)
In particular, if 7 is well known, or not relevant for satisfaction, we can
write simply:

L Y P L S, . Y

respectively, thus omitting all referencesda
Finally, if first we declaréd=¢(x1, ..., X, X1, ..., X) (i.e. ¢ depends only
uponx,...,Xn, X1, ..., Xk), we can denote the parametrical formula

¢[m1,...,m1,D1,...,Dk/xljl_.jxmxl,...,xk]
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as
¢(m1,...,rrh,D1,...,Dk)

In particular, if¢ is a closed formulad represents itself all parametrical

formulee(¢,.«7) and its satisfaction can be written 8= ¢. For parame-

trical terms we introduce the same notation, writiigy, ..., my] instead
OfT[ml""’”h/xl,...,xh]-

Definition 2.8. Thecomprehension schemasithe axioms schemata

CSp = IXVXg, . XXX X 5 WK, -, %)

which gives one axiom for each formuléx;, . .., Xy)

A L-structureM = (M, D, %) is amodel of second order logic with com-
prehension schemata (later called simply “a modéghd only ift |= CSy
for eachL-formulay.

Comprehension schemata says that each forppida . . ., x¢) determines
a second order predicate containing exactlykallplets (my,...,my) of
individuals satisfying the parametrical formulgmy, ..., my). Notice that
in L we can not write the Russell’'s Paradox because we have noabejt
in L to the atomic formula ¢ x, which we can write in ZF language. In
consequence there is no problem to assert that each forrefiheesl a set.

Definition 2.9. The axioms of Peano arithmetic can be given in the follo-
wing way: take forZ four function symbolss for the successor functior,

for the addition,x for the product and for the integer zero. The axioms
written in L are the following:

PA.1 Vx—(sx=0)

PA.2 YXVYy(SX=sy— X =Y)
PA.3 ¥x(x+0=0)

PA.4 VXvy(x+ sy = s(x+Y))
PA.5 VX(x x 0= 0)

PA.6 VXVY(X x Sy = (XX Y) +X)
PA.7 V¥xint(X)

The axionmPA.1means tha® is not a successor of any individual, the axiom
PA.2 means that the successor is an injective function. The alamis
the recursion principle. AC-structure is a model of Peano arithmetic if and
only if it satisfies the axiomBA.1to PA.7.

Example 2.10.A w-structure satisfying PA.1 to PA.7 will be calledua
model of Peano second order arithmetics. A particular cadeeiso called
standard mode®t := (N, ycp POW(NK), %)

The reader should be noticed that they are two different wagkefine
Tarski models in second order logic: The first one is the sked&lll mo-
dels, that forces the domaif to be equals tQJy;; Pow(MK) whereM is
the ground set. The second one is the definition used in thik amd it
demands only tha®) contains thek-ary subsets oM which are defined
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by some formula (to ensure the comprehension schemata)le \ttilei full
models have not a completeness theorem, the second defiebmits com-
pleteness:

Theorem 2.11.Given a consistent set S af-forumlae, there is a Tarski
modelM satisfying all formulae belonging to S.

Proof. (Sketch) The most simply procedure to prove this result isce
the second order language on a first order languagesndthd to apply the
completeness of first order languages. Other possibilttyaslapt the proof
of completeness for first order languages that uses Henkiress. m|

2.2. Boolean-valued models.

Once we define Tarski models, we assign to daealy second order vari-
able ak-ary predicate of the ground skl. Let us consider an assignment
X of ak-ary second order variabk. We can consideX as its charac-
teristic functionX” : MK — {0,1} from MX to the boolean algebrg0, 1},
where the sup, the inf A and the complement are defined as usual:

vi0oj1l] |A|0]1 0T

0]0/1] |0]0]0| |= 170

1{1/1| 1/0(1
By means of the boolean algebra operations, we can defineithezalue
of L-formulae, which we defined in 2.1. Let us consider an assigimrye
and aL-structurelt = (M, D,%'). For simplicity, we denote agd|| the
truth value of a parametrical formula, .<7):

o |[XT1... 74| = X”(T?’”,...,T}?W)

o |[P1— W2|] =[] VW2l

o [[VXP]| := Amem|[W(M)||

o [[VXY[| := Apen||W(D)||
This definition gives the parametrical formulee truth valaesording to the
Tarski modebR.

The reader should be noticed that universal quantificatidreated as an
infimum of a set of truth values. A boolean alge®auch that for each
setB C B, there exists inB) is called acomplete boolean algebraNatu-
rally, a finite boolean algebra (49,1} is), is a complete boolean algebra,
but in general an infinite boolean algebra does not need tofglete.

We can generalise the semantics defined above taking anyietebpol-
ean algebraB instead of{0,1}. It suffices to assign each second order
variableX as a functiorX” : MK—3. The models thus defined are called
boolean-valued modelén consequence, boolean-valued models are a gene-
ralisation of Tarski models. The reader can see [1] for mofermation
about these models.

2.3. Realizability models.
In this subsection we define a semantics for the langua@ee. the lan-
guageL enriched with the implicatiorw and the/\.-set variables. c.f.:1.8).
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The truth values of formulae will be defined as sets of stackerder to de-
fine realizability, we start with a Tarski mod®=(M, D, %) of PA. This
modelM will be called thestart modelor ground modelnd in most cases
will be chosen as the standard model of arithmetics, i.elahguage has
only s0,+, x as function symbols(M, D, %) = (N, e PoW(N¥), ),
s” is the successor function?0is the natural 0 ane-?', x? are respec-
tively the usual addition and multiplication.

The set of truth value$ is the setPow(I1), to which we will add a struc-
ture of boolean algebfaThe ground set iM and the interpretation i€,
on the other hand, the assignment domain for second ordebles is the
set of all functions belonging mkeNﬂMk. More precisely: amssignment
is a mapx — x? from first order variables together with a mAp— X
from second order variables and a meaps €7 from Ac-set variables; all
three satisfying:

e For a first order variablg, its assignment” belongs taMl.

e For ak-ary second order variab, its assignmenX is a function
of domainM¥ and codomair?’.

e For ak-ary Ac-set variableg, its assignment? is a function of
domainM* and codomairPow(A\).

Since the ground s&1 and the interpretatio®” are the same that for the
start modebR, the terms of the language are interpreted a.in

In order to define th&uth valueof a parametrical extended formula, it is
required to explain how we interpret the arrew. To do this, we make the
following definitions:

Definition 2.12.

(1) A set of processes S is callsdturatedf and only if it is closed by
antireduction. More explicitly, if Q is a process belongitogS and
P~ Q; then P belongs to S.

(2) Given a saturated setl, the orthogonal complemenhap is de-
fined by()* : P(M) — P(Ac), W 1= {teAc | VIIEW txTie LL}.
We denote byt || V the statementdV-".

Remark 2.13. The orthogonal complement is a contravariant function (ac-
cording to inclusion): Indeed, if we take C @, we haveP- D Q-

We define some notations that will be in force thereafter.
Notation 2.14. Given two sets/ C A¢; andW C I, we denote by ~»W
the set{t.1t| te? andmieW}. Similarly, if V,\W C N, we denote byv—W
the setV--~w\W, i.e. {t.1t| teV- andmeW}.
Remark 2.15. The operator~s is covariant on both arguments, but the

operator— is covariant on the right argument and contravariant onefte |
argument:

3fPow(I'I) has a boolean algebra structure wijthy) and complement, but this boolean
algebra is not interesting for our purposes.
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ConsidelP1,IP2,Q1, Q2 C M and?;, 2 C Ac suchthatP; C IPo, Q1 C Q2
and?; C 75. By definition, 77 ~» Q1 C 7% ~» Q2.

Using 2.13Py- C IP{+ and hencdP, — Q1 = IP3- ~» Q1 C P~ Q2 =
IP1 — @2, thus proving the remark.

Notation 2.16. In most cases, as for the Tarski models, the interpretation
of function symbols is well known. Then, to simplify notatiove will omit

all references t@”. For the assignments on realizability models, we make
the same denotational conventions we made in 2.3

Definition 2.17. Let us consider a-structure® = (M, D, %) and a satu-
rated set of processeld . We define for each parametrical extended formu-
la (¢,.<7) its truth value relative tall, which we denote by(¢,.<7)|| L. .
The definition is made simultaneously for each assignmérind by in-
duction on the formul#:

(T, )| :=0 ,

(XT1... T, &) =X (7,17

(€t Tew 0,1 =7 (177, ... ) o [[(0, )| e

(¢ — W) =1[(¢, )| L — [[(W, )| L

(V%0 (%), )| 11 = Unewr 1@/, )|

o I(YXO(X), )| 1L 1= Uge e [|(O[R/x], @) 1.

For each saturated sét , we have an equivalence relatien | between
parametrical extended formulee such tifater) ~ | (Y, «7) if and only if
their truth values are equals. We say that two parametridahded for-
mulae ardruth equivalentsf and only if they are equivalent for alll.

Remark 2.18.Given a saturated set , the interpretation of a term depends
only on the interpretation of their function symbols and #ssignment of
their variables. The truth value of an extended formula ddpeonly on
the interpretation of their function symbols and the assignt of theirfree
variables

Notation 2.19. We make similar denotational conventions about parameters
that we made on 2.7.

Indeed, suppose that= ¢(xq,...,Xp, X1,...,Xq). Since the truth value
of ¢ is determined by assignement of their free variables (c.18) the
assignements on other variables is not relevant. In consequence, we can
adopt the notation:

¢[a17---7ap7Rl7'"7Rq/X17...7Xp7X17-"7Xq]
or

¢[a1,...,ap,R1,...,Rq]
instead of

(¢,~Q7[al”"’ap’R1""’Rq/Xl,...,Xp,Xl,...,XqD

A similar notation will be used for parametrical terms. A femes, we do
not want to explicite parameters, but we will also avoid th&ation(¢, <),
preferring to writep” .
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In particular, if$ is a closed formulap represents itself all parametrical
formulee¢” and its truth value can be written Bé||.

The reader may not appreciate to introduce a lot of notatiens. How-
ever, it allows us to choose the shortest possible notatitimout lost of
precision, depending of the expression we want write.

Notation 2.20. We use indistinctly the notations- ,, ¢[&, R] (readt reali-
zesd[d,R] in 1) andt € |¢[d,R]| . as synonyms df € (||d[d, R]|| )"
Every time the setll is well known, we will omit the subscript reference
to LL in these notations.

The notatiort - ¢(d,R) means that for each saturated sét we have
tr . ¢(dR). AAc-termt suchthat i- ¢(&, R) is called auniversal realizer
of ¢(&R).

As we will see in subsection 2.5, in most interesting casekave Tarski
models associated to the choice of a saturatedIseBy extension, we will
say that saturated sets of processesravdels

Lemma 2.21. Consider a Tarski modéR = (M, D, .o/), an extended for-
mula¢ and a a-ary second order variable X that appears only in pesit
(resp. negative) position ofn. TakelP, Q two (7 -valued) a-ary predicates

such that'x; ... x (P(X) C Q(X)).
Then, for each modelL, ||¢[P /x]|| is included (resp. includes)p[R/x]||.

Proof. If X in not a free variable of, then|[o[P /x| = ||6[R/x]||-
Suppose thaX is free ind. The proof is by induction on the formuda

o If ¢ is atomic ¢ = X7 for some terms. Then,||$[P /x]|| = IP(¥) C
Q(T) = 1[0[®/x]Il-

o If ¢ is€T ~ Y andX is in positive (resp. negative) position, then
X is also in positive (resp. negative) positioniyn By induction
hypothesis |y[P /x]|| is a subset (resp. include§i[R/x]||. By
definition of truth values and 2.15, we have:

161/ x]Il = €T w [[W[P/x]||  (resp.2) €€ [[W[R/x][| = [|6[®/x]]|

e If ¢ is P — X, thenX must be in positive (resp. negative) position
in X and in negative (resp. positive) positionyn By induction
hypothesis, we have théx ([P /x]|| is a subset of (resp. includes)

IX[R/x]| and||w[P /x]|| includes (resp. is a subset Of} [R/x]||.
By definition of truth values and 2.15, we have:

1617/ xII1 = (WP /x|~ [IX[P/x]Il € (resp.2) [WR/x]| ~ [IX[®/x]ll

e For first and second order quantification is a direct verificat
O
The following lemma explains a relation between the secaoddrasubs-

titution and second order parameters that justifies thdaiityi between the
two notations we adopted:
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Lemma 2.22.Consider an extended formuap first order variables x, . .. , Xp
and a p-ary second order variable X. Take a Tarski moglet (M, D, %)
and a realizability model L. Define a p-ary predicatl®:MP—.7 such that

P(ag,....ap) = [IX[38 [y xlll
Then, for each parametrical formuda we have|d[X /xx, . . xo)|I=| 0[P /%]l

Proof. If X ¢ FV(9), then[|0[X/xx,. ... xJIl = 11§11 = 1o[P/x]II.

If X € FV(), we prove the result by induction i, simultaneously for
all assignmenty:

o Suppose thap = X11...Tp. Then,[[$[X/xx .. .x ]Il =

X[ T /5y, gl = P, Tp) = X T [P /x| =
o[ /x|

e Suppose thap = €T > . Then,|| (€T ~» ljJ)[X/XXl“.Xp]H =
e (T )wI[WX/xx...xolll = €7 (T w |[W[P /x]|| =

[1(€E) ~ WP /x]].
e Suppose thap = Y1 — Yo. Similar to the case above.
o Suppose thap = vxy. Then,||(VxP)[X/xx, ... x,]l| =

Unem WX/ x5 .. xp] [M/ X = Urnem [1WIM P /x ]I =
[1(vx) [P /x]II-

o Suppose thap = vYy. Then,[[(WYW)[X/xx, . x ]Il =
Ugezwe [[WX/xx,.. xl[®/¥]II =* Ugeswe WP Q/x v]lI=

1Y) [P /x]]].

The steps in the proof where we use the induction hypothesisignalled
with a star. In particular it might be worth noticing that vetlast two places
marked with a star, we use the fact that the induction hysheolds for
all assignmenty . m|

Definition 2.23. Let us consider a Tarski mod® = (M, D, %) and a reali-
zability modelLL. A sequent
X1:¢17-"7Xp:¢p7y1 ealfla---qu esqfa'_t : LIJ

is called atrue sequent inLL if and only if, for each assignmenry and
for all terms t,...,tp, Uy, .., Ug such thatiti- ¢;7 and ye&< () for all

and j; we have thatftt - -tosU - Ua/y oy oy THY?. Asequent
X1:Q1,...,Xp Gp,Y1 € €111, ..., Yq € EqTq - YEET

is called atrue sequent inlLL if and only if, for each assignment and
for all terms ..., tp, Uy, . .., Ug such thatiti- ;7 and ye&~ (<) for all

and j; then )Ptla---7tpaula---7UQ/X1’“.’Xp’y17...’yq]€€°@7(f“@7).

M,...,I . . .
A deduction rule 2" ¥ (R) is correctif and only if, for each model

1L, ifq,....Tkare true in_LL; thenA s also true inLL.
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2.4. The soundness lemma.
Traditionally, thesoundness lemmguarantees that truth is preserved by
deduction. In realizability models we have that the fornialabelow has

the same meaning:

Lemma 2.24.

(1) All proof-rules defined in 1.17 are correct.
(2) Consider a Tarski modelk = (M, D, %) and a realizability mo-
del LL. Consider a provable sequent

and an assignmentZ. Chooseti- ¢ and qe&fﬁ% for all i
and j. Then:

t[tlv---7tp7u17'-'7UQ/X1,---7Xp7y17---7yq] I- l.IJJf

(3) Consider a provable sequentt:y. Then, for each modell and
for each assignmen¥, we have that & {7 .

Proof. We prove the statement (1). The second statement is a display
correctness definition while the third statement is a paldigsation of the
second one. For simplicity we denotelathe hypothesis

Xy 91, Xp i Op, Y1 € E1T1,...,Yq € Eqlg
Consider a Tarski mod& = (M, D, %) and a realizability modelL. Take
an assignment/ andty, ... tp, Uy, ..., Uq terms such that eactfrealizesd)i”
and eachu;j belongs toéi”fj“y. For each term, we adopt for brevity the
notationt’ =t[Xu--- X+t PY1--¥a/y - x vy ]- We prove that each
deduction rule is correct as follows:
e Forthe rule—— (@X) whereaer, is immediate.

a
Fx:o-t: g
e Fortherule (abg: We must prove thdt-Axt:¢—
FEAXt: o — @
is true in_LL provided that',x: ¢ Ht: g is true in_LL. Take a

termv - ¢ and a stackt € ||[?||. The process\xt’ x V.1t re-
duces tot'[V/y] T Since we have thdf,x: ¢ Ft: @ is true in
1L, t'[V/y]«me LL. The reader should notice that, since substitu-
tion avoid capture of free variables -possibly by renamiagables-
we can assert thatis not free inty, ... tp,us,...,Uq,v. Hence, the
sequential substitutiotiV/,] gives the same result as the simulta-
neous substitutiot{ts: - tp: Wt Ua fy ey ]

Nrt:o—yY r-u:é
e For the rule (app: Suppose that the se-
rE@u:y
quentd Ft:¢ — Y andl -u: ¢ are true inlL. Take a stackte
[|w¥||. We must prove thatt’)u' x e L. But (t')u' « Ttreduces to

t’x U .m, that belongs talL by hypothesis.
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IxeeTHt: Y o
For the rule — (~4i):  Similar to the case of the
FEAXt: €T Y
rule (abs

M-tgTj~ P I Fyeet
For the rule (wre): Suppose that
- TEyy _
[t:gTj~ PistrueinlL. Thent'r gTj w Y. By hypothesis
uj € £ (Tj) and hencé(t)y;)’ = (t')uj Y.
t:yg

re
For the ruIerH—v (Vi) wherex ¢ FV(I'): We must prove that
VX

=t:Vxyis true in LL provided that” -t : Y is true in L. Take
a stackite |[¢“[M/,]|| for an individualm. Since the sequetit-
t:is true inLL; thent’ - Y/ [M/,] and hence’ «Tte LL.

M=t vxy
For the rule— o)l Suppose that -t : vxy is true in

r/x]
1L and take a stackre W< [T/||. We have that|y<[T/,]|| =
HqJﬂ[m/)dHQWXqJH wherem = 17. Since we suppose thath

t:vxy is true in_LL, we have that’' x 1€ L, thus proving the result.
M=t:y
For the rule—————— (Vj)2 whereX ¢ FV(I"): We must prove that
M=t VXY

=t:VXyistrue in L provided thal -t : yis true in LL. Take

a stackrte ||y [P /x]|| for a (7-valued) second order parameter
IP with the arity of X. Since the sequemtt-t :  is true in L, we
have that’ - [P /x] and henceé/ xTte LL.

M=t VXY
For the rule (Ve)?: Suppose thaf F VXU
FEEUX X, xd

is true in LL. Hence,t’ - VXy. On the other hand, by 2.22 we
have that|W[X /xx,.... x|l = [[W[P/x]|| for a suitable ¢-valued)

predicatdP. In consequence I qJ[X/X], as we want prove.

For the rule—~ IXIY (X = Y) = X) = X] (€9): since cc is
a closed\¢-term, we must prove that VXYY [((X—Y)—X)—X]
Consider two predicates, Y, a/c-termt such thav - (X—Y)—X
and a stackt € X. The process cev.1 - k.7t It suffices to prove
thatk; - X — Y. Take a stack € Y and a/\c-termu I+ X. Since the
procesk;x U.p = uxTtthat belongs tall.. The proof is finished.

O

A fundamental step in the proof above consists in proving ticas a

universal realizer for Peirce’s Law. In general, to introdwa new typing

rule

Mr-t:d

, we need only to verify that

t[t1>""tp’ul""’uq/Xlr--vvayl?""yq] - ®
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provided that; I- ; andu; € €T for alli andj. This is necessary because
the Soundness Lemma holds in the new type system if and oeacH typ-
ing rule is correct. In consequence, the problem consistingtroducing
an axiom in the typing system is in fact equivalent to the fwbconsis-
ting in realizing the axiom. A simple but very strong propes that the
correctness of a typing rule is independent of the other amddy once the
correctness of arule is proven, we can add other typing wikksut risk of
injury to the already established rules. This kind of modtyanakes safe
and relatively simple to add instructions every time we want

2.5. Defining Tarski models from realizability models.
We start putting, given a realizability model, a structurbaolean algebra
on a quotient over:

Definition 2.25. Given a Tarski modelt = (M, D, %) and a realizability
model_LL, we say thatll is consistentf and only if there is no proof-like
terms realizingl on LL.

Definition 2.26. Consider a Tarski modé&k = (M, D, %) and a consistent
realizability model L. We define in the set the following relations:

e P <Qifand onlyifthere is a proof-liké.-term t such thatIP—Q
e P~QifandonlyifP <Qand@Q < IP

The relation~ is an equivalence relation itr . We will denote a¢P both
the truth valudP and its equivalence class.

Definition 2.27. In the hypothesis of the definition 2.26, we definegh~
the following operations:

o P:=||IP— L||

e PAQ:=||VX((IP,Q — X) — X)||

o PVQ:=||VX((IP— X),(Q— X)— X)||
We define also the constanis=0and L :=T1

Lemma 2.28.(7/ ~, 1, T,—,<,A,V) constitutes @oolean algebra

Proof. The proof is rather long but conceptually no difficult. We vaihly
propose in most paradigmatic properties, the necessanster realize it
and we left the verification for the reader.

First, we must verify that the operations are defined in thatigat. In
other words, we must check thatP ~ —IP", PAQ ~ P AQ" andlPV Q ~
IP" v ® provided thatP ~ IP’ andQ ~ ’. To do this, it suffices to verify:

o APAFAX(f)(p)x ik YXVX/((X — X),=X" — =X)
o ApAaA fAG(F)AXAY(9) (P)x(a)y -
YXYXWYWY! (X = X)), (Y = Y),(XAY) = X' AY)
o APAQA FAXAY((f)Xo p)yoqi-
YXVXWYWY' (X = X), (Y = Y'),(XVY) = (X' VY))
After that, we must prove that is transitive,\ andV are respectively the
inf and the sup. FoK is simple, forA, we must check:
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o Af(f)AaAbar VAVB(AAB — A)
o A f(f)AaAbbi VAVB(AAB — B)
o AaAbAXAf (f)(a)x(b)xi- YVAVBYX((X — A), (X — B),X — (AAB))

and forv:

e AaAfAg(f)ar VAVB(A— (AVB))
e A\bAfAg(g)b VAVB(B — (AVB))
e AaAbA f(f)abir YXVAVB((A— X),(B— X), (AVB) — X)

To prove the properties for the complement, we check:
e SincelaA f (co)Ak(f)aokir VX(X Vv —=X) we have that
VX(T — XV —=X) is realized by a proof-like term.
e Af(f)AaAb(b)air YX((XA—X) — 1)
One of the distributive laws can be proved using:
e AhAviAva(h)Aa(u)(T)via(t)vea -
VAVBYC[(AA (BVC)) — ((AAB)V (AAC))]

wheret = AAAY(HOA T (F)xyr YXYYVZ((XAY) — Z2),X,Y — Z)
andu is the term found to realize:

YXVAVB((A— X), (B— X), (AVB) = X)

The other computations to prove the distributive laws dteakean exercise.
o

Thus, in the quotien / ~, the formulae that are realizable by a proof-
like term have truth valud; while formulee that are inconsistent with
have truth valuel.

Let us consider an ultrafiltés in .7/ ~. It represents a complete consis-
tent set of formulee: the sét) of all L-formulae¢ such that the equivalence
class (module~) of ||¢|| belongs tdJ. By completeness, there is a Tarski
model M such that itsL-theory is exactlysy (c.f.: 2.11). This remark
proves that each consistent realizability model gives ssctd Tarski mo-
dels where all formulee realized by a proof-like term are.t\&e will use
the locutionrealizability modelindistinctly for the saturated set of proces-
sesl and for any Tarski model given by an ultrafilter in the boolasge-
bra7 / ~.

Remark 2.29. Consider aL-structure® = (M, D, %) and a consistent
realizability model LL. Then, for each parametrical first order formula

d(my,...,my, Ry, ..., Ry):
if M=¢(m,...,mMy,Ry,...,Re) then||d(my,....my,Ry,....,R)|| =T

Remark 2.30. Let us consider a&-structurel® = (M, D, %) and a consis-
tent realizability modellLL. According to 2.28, it determines a boolean
algebra.7 / ~ and, by composition with the canonical projection-ef
we have also a mag — .7/ ~, which is a semantics ovet. Is this
semantics a boolean-valued model oWef? Strictly speaking not neces-
sarily, because the universal quantifiers are not necessaerpreted as
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infimums. More precisely,
set{||6(n)|| | ne M}.
Certainly, ||[Vx¢(x)|| < ||¢(n)|| for all neM. However, if we consider a
truth valuelP such that for each individualeM IP < ||¢(n)||, in general
it is not true thatlP < ||Vx¢(x)||. We will see it in section 4, taking as
counter-examplé (x) = int(x) and a suitable consistent realizability model.
The deep reason for that is: While to realize each instandgmfin _LL
means that for each individual there is a ternt, that realizesp(n); to
realizeVx¢(x) in LL means that there is one term that realizes each instance
of o (n).
Remark that, if we want to define a semantics such thatinéroduction
and elimination rules are correct, we must defiv@d (X)|| asUncn [|9(N)]]

Vx$(X)|| is not in general the infimum of the

Ftovxd(x)
(at least of~). Indeed: the correctness of the rulm implies
id i [|VX0(X)|| = Umem || (M) || because for eaaneM, the ternt=s...s0
n
. Ft:d(X)
is interpreted as. Conversely, the correctness of the rule———
1t Vx¢(x)

implies that idi- Umpem || (M)]] — ||VXd(X)|| (c.f.: 2.23).

2.6. Arithmetics in realizability models.

On 2.9, we have defined the Peano axioms PA1-PA7. Consideski Ta
modelM = (M, D, %) such thatk |= PA1-PA6 (Peano arithmetics without
recursion principle). We can realize (uniformly an) the Peano axioms
PA1-PAG6 (c.f. [6]). This fact can be seen as a direct consacpief 2.29,
because all formulee PA1-PAG6 diest order formulae with parameters on
M which are true ink.

Remark 2.31. On the other hand, as we will easily see in 3.9, there is no
universal realizer for PA7. The reader should be aware that choose
asM the standard mode(N, Uy, PoW(NK), 2), then all parametrical for-
mulee (int(n))nen are realizable. The difference between to realize each
instance of inx) and to realizevxint(x) is that in the first case we can
use a different term to realize each different instance t{ikjn while in

the second, a term realizingint(x) is a term which realizeall instances

of int(x). This implies that we can not add PA7 to our typing system. In
fact, there are interesting realizability models builtnfranodels of Peano
arithmetics (PA7 included), which does not satisfies PAIZ: (ihe standard
generic modein [7]).

However, in order to transform arithmetical theorems intogpams, in
particular we must transform theorems which are provedguB#7. The
solution we adopt to this problem is to relativize (the qifsers of) L-
formulae to the formula int.
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Lemma 2.32. Let ® be a L-formula provable in Peano arithmetics. Then,
@'t is provable from PA1-PAG an\zl'nfq. . .vmf(kint(fxl...xk) for all k-ary
function symbol used in the proof @f

Then, in order to realize™ we must realize the formulee
VX1 .. YXint(X), . .., int(xg) — int(fXq...x)

for eachk-ary function symbolf used in the proof ofp. This is possible
for function symbols which are interpreted as recursivefioms.

Lemma 2.33. Consider a start modelk = (M, D, %), a k-ary function
symbol f and a realizability modelL. If ¥ is a recursive function,
then the formul&/x; ... Vxk(int(X1), . .., int(x) — int(fx1...x)) is realized
in Ll by a proof-like term.

Proof. The proof can be founded in [6] m|

A deep work about realizability models of arithmetics canfdxended
in [10].
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3. Data types

In this section, we will consider realizability models wbehe start mo-
del is anw-model of Peano arithmetics.

3.1. Definitions and first results.

Definition 3.1. A data sets a function&:N — Pow(Pl) such that, for each
integer n,E(N) has at most one term and wheneégn) # 0 or £(m) # 0,
E(m) = &(n) implies m=n.

In other words, a data set is a way to choose —in an injectiye-\@amost
one Pl-term for each integer

Definition 3.2. Thedata typesre of two possible shapes:

(1) A data set€:N — Pow(Pl).
(2) A P-formula¢(x) such that there is a data séf:N— Pow(Pl) and
aPltermT, verifying:
o If £¢(n) is not empty, thedy(n) = {en} for a suitablePl-term
en such that g i- ¢(n).
o Ty IF VXVX[Ep(X) w» X, d(X) = X].
Given a data type, we callTy astorage operata@ssociated witlh and &
a canonical representatidar ¢. Given a data se€, we define the storage
operatorT¢ as the identity ternd and we say tha€ is itself its canonical
representation. A termt represents a data of tgp€&and only if ti- ¢(n)
for a suitable integer n and represents a data of tgpkand only if te £(n)
for a suitable integer n. Given a data ty€x), the scopeof ¢ is the set
S :={neN | E(n) £ 0}.

Intuitively, given a model, a data typlx) is a set of integers: the set
of all the integers verifying thatd(n) is realized in the model by a proof-
like term. Each proof-like term realizing(n) is a Ac-term representing
n as a data of typ@ in the given model. A canonical representation of
¢(n) represents in all models and has a sort of universal property: in each
model, a function defined in canonicals can be extended, gnmef a
storage operator, to the whole representation of the dp&a ty

An important property of storage operators is that it repnés thecall-
by-valueof imperative languagesThis is explained in the following lemma:

Lemma 3.3. Consider a data type with storage operatoily and cano-
nical representatiorfy. Suppose thap represents a data of typge for all
models (i.e.@ - ¢(n) for an integer n). Take &alt instruction H -this is
an instruction with no reduction rule- and a staok ThenTgy H « @.1T -
H xen.Tt In particular, Ey(n) £ 0, i.e. ne S.

Proof. ConsiderLl := th%¢ Hxqre Since T - &(n) ~ {11}, ¢(n) — {r} and
@d(n), we can assert thad ¥ £(n) ~» {11}. In consequence x e,.Tt ¢
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11 and then, it must appear in the thread g@fH'x .1, thus proving that
To Hx@.mtreduces tdd xen.1u O

Corollary 3.4. Given a data typ@(x), the scope §is the set
{neN | there is a/\c-term@ such thatpi- ¢(n)}

Remark 3.5. By substitution, for all term$® and for all stackst, Ty 6%
Q.1 O%e,.TL

Corollary 3.6. If en - $(m), then n=m.

Proof. By 3.3 the processyH x en.1ireduces td1  ey,.tandH x en,. 1, be-
causes, I+ ¢ (n) andey I ¢(m). But, sinceH is a halt instruction, processes
H xe,.mtandH x ey .1tare the same. Thewm = e, and hencen = m. O

Corollary 3.7. Given a data typeb(x), there is no term realizing in all
models simultaneousty(n) and ¢(m) with n# m. Consequently, given a
data type¢(x) containing more than one data, it is impossible to realize
Vx¢(x) in all models.

3.2. Integers.

Example 3.8. The formula intx) := VX[Vy(Xy — Xsy),X0 — XX is a
data type. Indeed, define for all integershe termn as(s)(s)...(s)0, the
~—— —

n
Nc-termy = Ag gos, and the functior€in(n) := {n}. Define as storage
operator the term if; ;= AfAn(n)yf0. We check that data type definition
holds:

e We prove by induction that, for all integensn - int(n). Forn=0
it is trivial. Consider a model L and suppose thatr int(n). We
must prove thab+1 i int(n+1). Take a stack € ||int(n+1)||. The
process+1+ p reduces to sn.p. Since sr int(n)— int(n+1), we
have that $n.p € 1 and hence+1xp e 1L,

e Take a modellLL, a parameteX and an integen. Consider &\c-
term@i- Eing(N) ~» X, a¢ termv I int(n) and a stackte X. The
process i x@.v.1ireduces to +y..0.1. Define a predicat®(i) :=
{n—i} ~ Xif i <nandIP(i) = 0if i > n. Itis no difficult to prove
thaty - vy(IP(y) — IP(sy)). Moreover,@ {n} ~ X andO.rte
IP(n). On the other hand, - Vy(IP(y)—IP(sy)),IP(0)—IP(n). Hence
vxy.@.0.1te LL, thus proving the result.

Remark 3.9. Applying 3.7 to the particular case of integers, we can con-
clude the result stated in 2.31, more precisely that it isagssible to find a
universal realizer of the formubxint(x).

3.3. Booleans.
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Example 3.10.The formula Boo(x) := VX[X1,X0 — XX is a data type:
Define Egool(0) := {AXAYY}, Egool(1) := {AXAYX} andVx > 1, Egpol(X) :=

0. DenoteAxAyy asO andAxAyxas1. Itis immediate that + Bool(1) and
O I+ Bool(0). Consider the operatorggo := A fAb(b)(f)1(f)O. TgeoliS @

storage operator for Bool: Take a model and a truth valué. We must
prove that Bool IF YX[EBool(X) ~» X, Bool(x) — X]

e Forx=0: Takef I Egpol(0) » X, b+ Bool(0) andmte X. The
process Boor+ f.b.1treduces tdx (f)1.(f)O.1t On the other hand,
brT,X—Xand(f)O I X. Hencebx (f)1L.(f)0.te LL thus
proving that Bog+f.b.te LL.

e Forx=1: Is similar to the case = 0.

e Forx > 1: Take a ternf, a termb - Bool(x) and a stackieX. Since
x#0andx#1,bir T, T — L. The process doo*f.b.1ireduces to
bx (f)1.(f)0O.mthat belongs talLl. Hence Booi+f.b.1te LL, thus
proving the result.

3.4. Products.

Theorem 3.11.Considerds, ..., 0 k data types with respective canonical
representationsgy, ..., k. Then, there is an operatofs 5 such that
T35, F YXYK[Ek(X); - - -5 E1(X1) > X, (X)), .. .,d1(x1) — X] whereX

is the list of variables ..., X;.

Proof. We prove the result by induction ¢n Fork = 1 is a consequence of
data type definition. Suppose the result holdskidWe prove it fork + 1:

Define Ty, .....5 ‘= AMAQq1(Ts,,..5,) (Ta,.,) f 1. Take amodel L, a
truth valueX, k+1 integersny, ..., Nk 1, atermf - Eg1(N1);...; E1(Ng) w»
X, a term@1 - Or1(Nkr1) and a staclkp € ||dk(nk),...,01(n1) — X||.
We must prove that the procesg, T . s *f.¢1.p belongs toll. By
reduction, it is sufficient to show thals, . 5,)(Ts,,,)f- @1 xp € LL. By
induction hypothesis:

Ts...5 IF Ek(MK);...;E1(Ng) ~ X, O (Nk),...,01(1) — X

To,, Ekr1(Mkr1); Ek(MK); -3 E1(N1) > X, Bki1, Ek(NK); -+ -3 E1(N1) ~> X

Then(Ts, ., ) f@ra - Ek(Mkra); - s Ea(m)~wXand(Ts, 5 ) (Tkr1) F@ia -
X, thus proving the result. O

Intuitively, a such operator acts as an storage operata kond of pro-
duct data type formed by the factays .. ., O.

3.5. Lists.

We treat now the case of another recursive data type: the fisis ele-
ments of wich are taken from a given data typécalled“lists of &” and
denoted by k). These lists are built from the empty list adding elements
with a constructor:) : d,Ls — Ls. Thus, the list{ns,ny,n3) can be con-
structed in a modéR if and only if 8(ny),d(n2), &(ng) are true irth and this
list is built by n1:n2:n3:() (using here infix notation fof:)).
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Since our models are denumerable, we can define a recursiugydor
the finite lists of individuals. We will represent in the médadistinctly
the list ofny,...,ng and its code agny,...,Nnk), or asni:(ny,...,Ny), Or as
ny:ny:(nz,...,Nk) and so one.

Definition 3.12. Given a data typ®, we define the formula
La(x) 1= YX[7y72(3(y), X2~ Xy:2), X () = XX

Remark 3.13. This formula means that an individualin a model is the
(code of a) list o® if and only if it is in any set containing the (code of the)
empty list and closed by the construcfor(coded in the model), whenever
the(:) first argument is in the data tyg@e Briefly: the set of lists ob is the
smallest set containing the empty list and closed by addai® data.

Definition 3.14. Given kAc-terms a,...,ax the normalized list formed
by these terms is thAc-term AfAx(f)as...(f)axx. We denote this term
as(a,...,a). In particular, the empty list) is A fAxx; (already denoted
aso).

Lemma 3.15. Consider a data typé, a model L, k individuals n, ..., ng
and kAc-terms a, . .., a such that ar &(n;) for all i € [1..k].

Then;<a17 .. 7ak> I L5<<n17 SRR nk>)

Proof. Choose a 1-ary predicabe, two Ac-termsf, o0 and a stackt such
that f I Yyvz(d(y), X(z) — X(y:2)), oi- X() andtte X((ng,...,ng)) in LL.
We have thatay, ..., ax) = f.o.Tt> (f)ag... (f)agox Tt

Sinceak I+ &(nk), we have that f)axo - X((ng)). Then, we have that
(f)ax_1(f)ako - X((ak_1,8)) and so one. By induction we can conclude
that(f)az...(f)ax - X((ny,...,Nnk)). Such asX andmwere chosenit be-
longs toX((ny,...,ny)) and hencéf)a; ... (f)axx1e LL, thus proving the
result. O

The operation of adding an element at the beginning of asligivien by:
Definition 3.16. cons = AaAlIA fAx(f)a(l) fx.
Lemma 3.17. consi- YXvy(d(X),Ls(y) — Ls(Xy))

Proof. Take a modellLL, two individualsn andl, two Ac-termsa,t and

a stackrt such thata - &(n), t I Lg(l) andtte ||Lg(n:l)||. We have that
conska.t.tt- AfAX(f)a(t) fxx mand hence the result is proved if we can
proveA fAx(f)a(t) fxi Lg(n:l). In order to do this, take a predica¥e two
Nc-termsu,vand a stack such thau - YyWz(d(y), X(z) — X(y:2)), viF X()
andp € X(n:l). The procesa fAx(f)a(t) fxxu.v.p reduces tqt)a(t)uvx

p. Since(t)uvir X(I), we have thatt)a(t)uvi- X(n:l). Furthermorep €
X(n:l) and then(t)a(t)uvxp € LL, thus ending the proof. O

Corollary 3.18. Consider a modelLL, k individuals n,...,ng and KAc-
terms a, ..., a such that for all ie [1..k], we have thata+ &(n;).
Then,(consay...(congak0 - Ls((n1,...,Nk)).
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Proof. If k=0, we must verify thad - L5(()) which is true becaus®x f.o.1t>
oxTtand henced* f.o.me LL provided thab I X(0) andrme X(0). If k>0
we can prove it by induction as a direct consequence of 3.hi& dase is
left as an exercise. O

Now, we are ready to prove that, given a data tgpé 5 is also a data
type. To do this, we must define canonical representatiarisste:

Definition 3.19. Consider a data typd and k individuals g, . .., ng each of
them belonging to the data type(i.e.: £5(n;j) # 0 for each index4[1..k]).
Denote as g(m) the single element iis(m), whenever it exists.

We definghe canonical representation of the lst,...,nk) as theAc-
term(conses(ny) ... (conses(nk)0and we denote such atermas, ..., ny).
Hence, we defin€ ,((ng,...,n)) := {(n1,...,Nk) }, whenever f... ng
are d data. Otherwise ;((ny,...,Nk)) ;=0

After that, we must propose a storage operator fpahd thereafter we
will prove it satisfies the definition of storage operator.

Definition 3.20. Suppos@ is a data type, definé := AaAgAx(g)(congax.
Then, we define the storage operator fgras:

Ty == AMAM((D(Ts)OAy(y)0) f
Lemma 3.21.1f dis a data type, thefi_; i- VXVX[EL (X) w» X, Ls(X) = X]

Proof. Consider a modelL, a predicatéX, an individualx, two Ac-termsf, |

and a stackisuch thatf - E5(x) ~» X, | - L5(x) andmte Xinthe modellL.
We must prove thatgx f.l.te LL. Since this process reduced 0T5{.Ay(y)0.f.1,
it suffices to prove thdtx Tz{.Ay(y)0.f.rte LL. Let us define the predi-
cateY(z) := (E4(2) » X) — X. Such ad was chosen, I Ls(x) and in
consequence:

I - Yyvz(d(y),Y(z) — Y(y:2)),Y(0) — Y(x)
Then, it suffices to prove the followingaim:

(1) (Ts) - Vyvz(d(y),Y(2) — Y(y:2))
(2) Ay(y)0 Y(0)
(3) f.me Y(x)

(1) Define the sequent
[=ye&(y), g(&'(2) » X) = X, h:&'(fyz) ~» X

whereé and&’ are/\c-set variables and is a binary function sym-
bol. Consider the following formal proof:

M,ze &'(2)F (congyze &'(fyz) T,ze &'(2) F h:&'(fyz) »» X
[,ze & (2)F (h)(congyzX
[+ Az(h)(congyz: &'(z) » X
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Since [ g:(&(2) w X) — X denoting for simplicity the for-
X)

mula(&’(z) » X) — X asY(z), we have that:

I+ (g)Az(h)(congyz: X
y € &(y), g:Y(2) - Ah(g)Az(h)(congyz: Y(fyz)
y € £(Y) F Aghh(g)Az(h)(congyz: Y(z) — Y(fy2)
= AyAgAh(g)Az(h)(congyz: £(y); Y(z) — Y(fy2)
F AYAgAh(g)Az(h)(congyz: VWvz(E(y), Y(2) — Y(fy2))

Now, if we assign the variablé asé; (i.e. the set of canonicals
for the typed), &’ as€, (i.e. the set of canonicals fors), X asX
and we interpret the function symbélas the constructof:) for
lists, in the modellLL we have that:

e The truth value oiY(z) is Y(2)

e The sequenft,ze &'(2) F (congyze &'(fyz) is true in LL
Then, by correctness of formal deduction, we can conlcuate th

AYAgAh(g)Az(h)(congyzi YWz(Es(y), Y (2) — Y(y:2))
on LL. Applying the storage operator fér

(Ts)AYAGAh(g)Az(h)(congyzi- YyWz(d(y), Y (2) — Y(y:2))
on L. Sincel is an abbreviation fokyAgAh(g)Az(h)(congyz we
have proven the item (1) of the claim.

(2) Take a ternt - £ (0) ~ X and a stackte X. We must prove
thatAa(a)Oxt.1te LL, but this process reducestte0.mte 1L, thus
proving the item (2) of the claim.

(3) Sincefir& (X)X andme X, we have thaf. e (€ ;(X)wX) =X,
truth value that we abbreviate ¥$x). We have proven the item (3)
of the claim.

O

3.6. Trees.

Another recursive data type are the trees. Here we will thtoe the binary
trees built from a data typ®, which we will call trees ofd and denote
as Treg. These trees are built from data of typeadding left and right
branches with a constructor fork : Tggé, Tregs — Tree. Since we need
to talk about trees a¥ as well as about trees Bf-terms, we introduce now
a definition of trees built from an arbitrary set of constaantsl further we

will specify the nature of elements interpreting the contstan a suitable
structure. Take a set of constafitsthe language of binary finite trees ©f

is defined as follows:

Definition 3.22.
t1,to i=c | forkticty
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wherefork is a 3-ary recursive constructor and c is a constant belonging
to C. We call this languagthe trees o and it will be denoted byree:

Furthermore, given a s&of elements taken from an structure, we will
talk aboutirees of S0y means of the following definition: we consider a set
of constant&, one for each element & A tree ofSis a pair(t, %) formed
by a treet of C and an injective interpretatio’ : C — Sfor the constants
of C. Every time there is no confusion, we will omit the interjatein ¢,
writing t instead of(t, %).

Definition 3.23. Consider a set of constants C, two C-structu®gsandS,,
a set A of individuals taken fro@1 and another set B of individuals taken
from&,. Take a functiom from A to B. Each tree of A is a tree t together
with an interpretation?” for the constants of C in the set A. Tha; % is
an interpretation of C in B and hendg,a 0 %) is a tree of B. We denote
this tree asu(t).

Moreover, if the set A is finite, namely-A{ay, ... ,ak}, a tree of A can
be denoted asi#y, ..., aJ and the treex(t) as f@(a)..-a@) /; 5] or

simply as{a(ay),...,a(ak)].

As we did for lists, if we have a denumerable moikedf arithmetics, we
can define a recursive coding for trees of individuals. Ireotd write sim-
pler formuleae, given three individualg a andty, we adopt the parentheses

notation{[t1,a,to} for the code ok of fork(t;,a,t).
By instance, the tree

(3.23.1) as/a7\a6
N,
N,

is coded in the model &${|as, as, {[az,a1,a3} } ,a7,86}

Definition 3.24. Given a data typ®, the formulaTreeg; is defined as fol-
lows:

Treey(x) := VX[vyvwWvz(Xy, d(w), Xz— X{[y,w,z} ), Vy(d(y) — Xy) — XX

Remark 3.25. The formula Treg(x) means that the set of trees®fs the
smallest set containing and closed by the constructor fork, provided that
the node added by fork satisfids

We have chosen here a presentation without empty tree arue hiees
have only filled leafs. This choice is as arbitrary as the onehich each
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branch is ended with the empty tree. However, this choicesgismaller”
trees, thus giving a presentation slightly different frdme bne given for
lists.

In order to define a normalized representation for treeq) #sei case of
lists (c.f.: 3.14), we must define trees formed by terms apdesent such
a tree by a term. Given a tree of terimswe will denote the associated
normalized term asand define it by induction on trees.

Definition 3.26. Consider two/\.-variables f x and te Tree,_. we define
by induction a term denoted lsj(f’x as follows:
o If t =a where ais &\c-term, thensif’X = (X)a.
o If t =fork(ty,a,t2), where {,tx € Tregy, and a is a/\c-term,
thenst ™ := (f) sttfl’xasttfz’x.
Given te Tree,, its normalized representatiorig defined a f)\xsttf’x

By instance, lets consider, . .., t7 7 Ac-terms andi the tree of the exam-
ple 3.23.1. Hence, the normalized representatiantef. . . ,t7] is:

AMAX((F)((F) (X)ta)ts((F) (X)t2)ta (X)ta)t7(X)te
Counterpart for trees of lemma 3.15 (for lists):
Lemma 3.27.Consider a data typ8, a modellL, k individuals a,. .., a,

ue Tregy . ) and kAc-termst,. ..t such thatit- 8(a ) foralli € [1..K].
Then, dty,...,t] I Tregy(u).

Proof. Exercise. It can be proven by induction on trees, similarlghe one
of 3.15. O

The Ac-term that computes the fork constructor Agiterms can be de-
fined as:

Definition 3.28. fork := AtAaAuA fAX((f)(t) fx)a(u) fx.
Lemma 3.29. fork i+ VXvyVz(Trees(x),d(y), Trees(z) — Trees({[X,Y, 2} ))
Proof. Is similar to the proof of 3.17. O

Definition 3.30. Take n, ..., ny, data of type (i.e.: Vi € [1..K|E5(n;) # 0).
Consider a tree & Tregy, . n). Denote as g the canonical representa-
tion of n in 8. We define the canonical representationf u by induction
on trees:

e If u=n;, thenu:= AfAX(X)ey,
e If u=fork(ug,nj,up) for two trees y, up; thenu:= (fork)u_lenju_z.
For all trees ve Tregy, 1, We defineqree (V) as{v}.

By instance, ifuis the tree represented in 3.23.1, thes the term:

((fork)((fork)asess ) (fork)azes, az)es,ae
wherea; is (by definition) the termk fAX(x)ey; .
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Lemma 3.31. Take n,...,ng data of typed (i.e.: Vi € [1..K|E5(n;) # 0).
Consider atree «& Tregp,  n,}-
Thenu - Treegs(u).

Proof. Similarly as in 3.18, the result is a direct consequencez2 3. O

We prove now that Treds a data type, provided thais also a data type.
In order to do this, we must define a storage operator for #estofd and
after that, we must prove that it is a storage operator.

Definition 3.32. Given a data typ& and a storage operatof for 9, lets
denote ag; the Ac-term A f(Ts)AZAgAh(f)Ay(g)Aw(h)(fork)yzw and ag
the Ac-termAaib(b)A fAx(x)a. We define a storage operator forees by

Ttreg ‘= AFAL((1)C(To)p) f
Lemma 3.33. Trreg IF VXVX[ETreg (X) > X, Tregs(X) — X]

Proof. The proof is similar to the one of 3.21. Consider a made) a 1-
ary second order parametérand an individuak. Take two/\¢-termsf,t
and a stackt such thatf I Etreg(X) ~ X, t I- Tregs(x) on LL andme X.
We must prove that fleq «f.t.t€ LL. To prove this, it suffices to prove
thatt x ¢.(Tg)p.f.1te LL.

Let us define the predicat(z) ;= (Etreq;(2) »» X) — X. Hence:

ti- YyW2vw(Y(y),8(2), Y({Iy;zw})), V(3(y) = Y(y)) = V()

Then, we must prove the followingaim:

(1) ¢ YywzZvw(Y(y),8(2), Y({[y,zw}))
(2) (Ts)p = vy(d(y) — Y(y))
(3) f.me Y(x)

(1) Define the sequents
M=1f:Y(y),ze &(2),9: Y(w),h: &' (fyzw) ~» X
A:=T,ye & (y),we & (w)
where &, &’ are two 1-ary/Ac-set variables,f is a 3-ary function

symbol, Y(z) := (&/(z) » X) — X and X is a 0-ary second order
variable. Let us consider the following formal proof:

At (fork)yzw: &' (fyzw) AFh: &' (fyzw) ~» X
A (h)(fork)yzw: X
F,y e &' (y) - Aw(h)(fork)yzw: &' (w) ~w» X

SinceA Fg: (8’(w) s X) =5 X we have:

r,ye &'(y)F (g)aw(h)(fork)yzw: X
[ = Ay(g)Aw(h) (fork)yzw: &'(y) ~» X
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Becausq- L fe (8’()/) I X) X we can prove:

I = (f)Ay(g)Aw(h)(fork)yzw: X
f: Y(y) - A2A\gAh( F)Ay(g)Aw(h) (fork)yzw: &(2); Y(w) — Y{ fyzw)

Let us assign the variablé€sas&s, &' asEree, andX asX. In-
terpret the function symbdi as the fork’ constructor coded in the
model (i.e.:{[_,_,-}). Then, in_LL we have:

e The truth value oiY(z) is Y(2)

e The sequenh + (fork)yzw: &'(fyzw) is true in_LL.

Then, by correctness, we have that

f 1 Y(y) F A2Aghh( f)Ay(g)Aw(h)(fork)yzw: €(2z); Y(w) — Y{(fyzw)
is true in_LL. By storage operators definition, we have that
f 1 Y(y) F (Ts)A2AgAh(f)Ay(g)Aw(h)(fork)yzw: 8(2); Y(w) — Y{(fyzw)
is true in_LL and hence
A (Ts)AZAgAh(f)Ay(g)Aw(h)(fork)yzwir
vyW2yw(Y(y),8(2), ¥ (W) — Y({[y,zw} ))
thus proving the claim item (1).

(2) Let us considee, as the canonical representationydds a data of
type d andu.mte Y(y), i.e.: Ul Exreg(Y) »» X andme X. Let
us consider the reductiopx ey.u.7t - ux AfAx(x)ey. 7. By def-
inition of Ereg(y), we have that fAX(X)ey.Tt € Etreq(y) w X.
Henceux AfAx(x)ey.mte LL, thus concluding that«ey.u.mte LL.
By storage operators definition, the claim item (2) is proven

(3) Such as the terni was chosenf I Eree (X) » X and in conse-
quencef. e (Ereg (X) v X) — X, thus proving the claim item (3).

Since the claim is proven, the result is too. m|

3.7. Canonical representations for recursive data types.

As the reader has certainly overviewed, the canonical septations we
chosen for positive integers, non empty lists and trees ar@eormalized
proof-like terms. On the other hand, canonical represiemsfor booleans
are chosen —as usually— as normaliaederms. The following theorem
proves thatt is impossible to choose normalized canonical repressra
for lists. It is easily generalized ttrecursive” data types. Indeed, the
reader can check that all technical tools used in this proffices to prove
the theorem for any recursive data type.

Theorem 3.34.Let us consider a data typg¥x) with canonical. Then, the
canonical representations &fd are not all normalized proof-like terms.

Proof. By 3.3, for all@i- Ly (n), we have thafT, ;) id @+ 10~ e, T, where
en is the canonical representationmfs a data of type d. Define the set
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of k-lists Ly := {AFAX(f)ty,...,(F)tx | t1,...,tx € Ac}. Pick a datan of
typed and consided, the normalized form of the canonical representation
of n. The termly = (congdn(congdy...(congd,0 is a universal repre-

-

k
sentation of(n,...,n) as a list ofd and its normalized form is the term
k

Ok = AMAX(f)dn(f)dn...(f)dyX. Let us suppose we have a normalized

-

k

canonical representation fogLThen we can assert that
(3.34.2) (TLy)idl - g for all k

We will prove that there is & from rich it is impossible.

Lemma 3.35. For each integer k and for al\.—terms tu such that u is
closed and for all variable y, if[tl/y] contains a k-list as a subterm, then t
or u contains a k-list as a subterm.

Proof. We prove it by induction on. If y ¢ FV(t), we have nothing to do.
If not, we have three cases:

e Suppose is the variablgy. Thent [U/y] = uand we have the result.

e Suppose is an application(ty)tz. Thent[U/\] = (t[V/y])t2[Y/y].
Since this term is an applicatiohs t[U/y] and hencé is a subterm
of tl[U/y] ortz[U/y]. Applying the induction hypothesis, we obtain
the result.

e Supposd is an abstractionzv. Thent[V/,] is the termAzvu/,].
There are two possibilities:

(1) I is a subterm of/[U/y]. By induction hypothesis, we obtain the
result.

(2) I =t[¥/y] = AzyY/y]. We can rename the variabites f. The
term v[U/y] is in factAx(f)t1...(f)tkx, wherety, ... tx are/Ac-
terms. Sinceu is a closed term and the substitutiwy] is
effective overv (because € FV(v)), thenu must be a closed
subterm of[U/,]. The only possible closed subtermsvgf/]
arety,...,tx. Although it is possible that there are sevegal
which are equals ta, we can suppose that= u without loss
of generality. In this caseé=AfAX(f)y(f)t,..., (f)tkx, which
is itself ak-list.

O

Now, we proceed as follows. Consider a clogedterm p that reduces
by weak head reduction tolalist. Each step of reduction is of the form

(AyBug...up = t[U/\Juz. .. up

for some terms, uy, ..., us. If we know thaﬁ[ul/y] Uz...Up contains &-list
as a subterm, then applying 3.35, one of the tetrosg ..., u, contains a
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k-list as a subterm and in consequeragt)u; ... uy also contains &-list
as a subterm. Now, we apply this property to our equation.3.34or
each integek, the term(Tg) id I, must contain &-list. Consideik such that
2k +5 is greater than the maximum of the lengthsdgfid and T_,. For
thesek, ak-list must be a subterm of, T, di or id. Butk-lists are too wide
for it. m|

The reason why we cannot get normalized canonical represam is
because of the use of weak head reduction. It is in fact thp desson
for defining storage operators. If evelyreduction would be allowed, the
identity would always be a storage operator and canonigaesentations
would be normalized. But the reduction would not be seqa&nso it
would be impossible to use interactive instructions whiok iacompati-
ble with B-reduction. Such instructions are essential for specifinabf
valid formulee.
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4. The threads method

4.1. Definitions and first applications.

Take a proces® and consider its threadghc.f.1.22). By definition, it
is a set of processes closed by reduction and hence its coraptetf is
a saturated set. More generally, given a set of proceSsed\y x 1, the
setUpcsthp is also closed by reduction and its complem@pt.sthi is a
saturated set.

Definition 4.1. We say that a modell is a threads modeif and only if
there is a finite set of processes S such that= Np_sthp.

Remark 4.2. If we allow an infinite set of threads in 4.1 definition, each
saturated set !l is a threads model because we have= Npc | cths.

Threads models will be used in this work to study reductiarpprties.
The main ideas from which this definition will be exploitalaee the fol-
lowing: Suppose we can prove that a prod@ses not belong to a threads
model LL = Npcsthp. Then, we know thaf) belongs to at least one thread
thp (whereP<cS). Usually the list(thp)pes will be inductively defined. At
each step, we will collect some information about the listhwéads, thus
determining which threads @thp)pcs can contairQ. This model is used
as a tool in order to study the execution of a given processfdhbt that
Q¢ 1L means that, during the execution, some t&mobtained fronQ by
substitution.

The following lemma shows that no thread model is coherent:

Lemma 4.3.

(1) Consider a threadhp, the support of which is infinite. Then, for all
neN, the term(8)dn —whered = Ax(X)Xx— does not appear in head
position inthp.

(2) For all thread modelsLL there is an integer n such théd)dni-,; |

Proof.

(1) If P> (&)dnxp, then thp ends up with the process« d.n.p and
hence its support is finite.
(2) Let us consider a threads model = (Np.sthp. We can splitlL°©

into (Upes, the) U (Upes, the), where
S ={Pe€S| thp has a finite suppo}t

andS = S\S;. SinceSiis finite, S is also finite and then there
is an integem such that(d)dn does not appears in head position
in Upcs, the. But, applying (1) we can conclude that this term does
not appears in head position .5, thp. In consequence, for all
stacksp we have(d)dn+p € LL, thus proving the result.

O
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Suppose we have a ground motkeE (M, D, %), and a/\o-termt reali-

zing in all models a given formul36x¢(x), whered is a data type. Suppose
that€ is the canonical representation®fTake a/\c-termh, a stackitand
define the realizability model

1l :={PeNox | P>hxe.&. 1, whereneM, e,c€(n) and§co}

In this model,h  ¥X[€(X), T — {r}] and then, by definition of storage
operators, Fhir VX[d(x), T — {1t}]. In particular, h i v5><(¢(x) —{m}),

thus concluding that gh.rte ||36x¢(x)H. Thent x Tgh.te LL and hence
there is a data of type & —which canonical representationds € £(n)—
and a/\o-term¢ such that x Tsh.1t>- hxe,.&.1t

It is interesting information but in order to compose styats, we need
more: specifically, answers to the following questions:

(1) Will Tsh arrive many times in head position before the execution
reaches the processce,.¢.17? If it happens, can we find some in-
formation about the environment (stack) each tingd arrives in
head position?

(2) Doese, depend orh or 1t? Notice that the modell does depend
onhandrt

(3) If Tsharrives many times in head position, can we replagewith
some term in such a way that we can foresee the result? What are
the conditions for such a term?

For simplicity, in the following, we will answer these quiests first for
the case of the data type {rj; further we will answer the same questions
for an arbitrary product of data types.

Lemma 4.4. Take an extended formulﬁrit(d)(x). Suppose that u is Ac-
term such that, for all termg and& and for all stackgt, there is a/\c-term
hy ¢ wand a staclp, ¢ ;; verifying uxv.&. 10~ Tingxhy £ .V.py £ . Consider
a \c-term t, a stackit and a modellLo satisfying LLo C (thteum)€ and
tiko 3'r3t<¢(x).
Then, there is an integer n and tw@-termsv and¢§ such that:
(1) v irgint(n)

(2) Erod(n) ~
(3) uxv.&.m¢ Llgand h g xN.py s € Llo.

Proof. We haveu kg v'”f((d)(x) — {m}) becauseirg v'”>t<(¢(x) —{m}) = {m}
andtxu.mt¢ LlLg. Then, by definition of realizability, there is an integer
and two/\c-termsv and¢ satisfyingv I-g int(n), & o $(X) anduxv.&.1r¢
1lo.

Sinceu*V.&. T = Tingxhy g .V.py e.r @and the storage operator realizes
W({%} > {Pugh)int(X) = {py ], the Acterm h, ¢ - does not real-
izes in_LLo the extended formulén} ~ {p, ¢ 1}. Hencehy g rxN.py 5 1 ¢
1lo. O
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The above result is valid in general for all reduction systefowever,
if we know that the reduction system preserves substitutfoconstants,
we can argue by substitution to give a more precise desznijpfi thetxu.Tt
thread. First, we substitute the term&ndh, s ; by instructions and the
stacksp, ¢ ; by M-constants, thus obtaining the following resuilt.

Lemma 4.5. Take all-constantmy, a storage operator for integei&,; and
a/\c-termt. Then, for all instructions U verifying:

i. t does not contain U.

ii. for all Ac-termsv andg, there is a halt instruction g and afl-
constanlJ'lQ.E verifying Uxv.&. 1y = Tint*HV.E.V.T(/.E.

iii. A process containing U in head position reduces only if iglsis
of the formv.&.1p for two Ac-termsv andg.

iv. t o 3'xT whereLLg = thu

there are three integers k and i< k such that:

(1) kis the number of times that U arrives in head positiothiy r,.

(2) There are2k Ac-termsvy,...,Vk,&1,...,&k depending on U andy
such that the reduction ofdU .11 is as follows:

txU. gy =U%vi.&1.19 >~ ...
(4.5.3) Uiy > ...

U xv&To > Hy g *rTT(/iEi

Proof. Take an instructiot satisfying i., ii., iii. and iv. By 4.4 there is an
integern and two/\¢-termsv and§ such thaw g int(n), & o T4 and the
processed) xv.¢.1p and HV.E*I’T.T(/.E belongs to thu.r,. SinceH, s is a
halt instruction, the proceeﬁ\,f*rﬁgE is at the end of the thread:th r,
and hence #y r, is a finite thread. Defin& as the number of times that
U arrives in head position. By iii., a process containihgn head position
reduces only if its stack is of the form&.1 for two termsv and§. Then,
there is a finite sequener, ...,V &1,. ..,k Of Ac-terms such that thgth
time thatU arrives in head positiony has the stack;.¢j.1p as argument.
SinceU xVv.&.1p is in the thread of xU. 1, there is an integarbetween 1
andk such thav = vj and¢ = &;. Finally, this implies thaH,, ¢, *I‘TT()iAEi is
at the end of thy . O

Remark 4.6. SinceU does not use its second argument, in order to compute
the integem, the processxU.mtuses only the first argument bf. In fact
each/\.-termv; contains the information required to compute

A scheme as 4.5.3 containing threads will be call¢ékdreads scheméf
we substitute the instructidh by a termu satisfying the property ii. of 4.5,

4it is true for all termg,
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we obtain the same integer Moreover, the ternu arrives in head position
the same times thaU in the threads scheme 4.5.3.

Remark 4.7. We will use the result 4.5 as_fpllows:
If a termt realizes an extended formuax (x) in all model LL, thent

realizes the formula'xT. Hence, 4.5 is applicable for such a term.
We can generalize these properties for a product of arpittata types:

Lemma 4.8.Considedy, ..., r-datatypes and,, ..., &, their respective

canonical representations. Take an extended forrﬁ?ﬁdp . 36>r<r (01,...,0s).
Suppose that u is Ac-term such that, for all termey,...,vr,&1,...,¢sand
for all stacksrr, there is a\¢-term Q}E Landa staclpvz - satisfying:

UxV1...Vr.&1...&eTU=Ts 5 *hUE.n'Vl' - VrPgg
for a storage operatolls, 5 defined as in 3.11. Consider/g&-termt and

a modelLLg such that tro 3%; ... 3% (¢1,...,ds) and LLo C the,, .
Then, there are r integersin..,n;, r Ac-termsvy,..., v, and s/\¢c-terms
&1,...,&s such that:
(1) forallie[1..r] vj o 8(n;)
(2) forall je[1..9 &j Iro ¢ (1)
(n) (nr)

(3) uxvi...vr.&1.. . &sT¢ Lloand hy xef™...&™ .pyz 2 Llo

where we denote b)?r@ the only one element belonging&dm), whenever
it exists.

Proof. The proof is almost similar to the one of 4.8. We repeat the ar-

gument: Since o VX[01(X1) ... & (X ), §1(X), ..., ds(X) — {11}] — {11} and

txU.Tt¢ LLo, thenuwo VX[d1(X1),...,0r (%), $1(X),...,ds(X)—{11}]. Hence,

there are integersny,..., N, r termsvy,...,v, andstermséq,...,&s such

that for all i € [1..r] vi g &(ny), forall je[l.5&jirod;(f) and ux

Vi...Vr.€1...&s.T¢ LLo. Since by hypothesisxvy ... vr.&1... &t~ Ty, 5, *hvé.n'vl . 'Vr'pvi.n’
thenTs, 5, *h\q}g.n.vl - VrPyg o # 1lo. By definition, T, 5 ko E(N1);...; E(Nr) w»

{pvi.n}’ o1(ny),...,&(Ny) — {pvi.n}; because of thattavg.nuéo E(Ny);..; (k) —

{Pyz } and in consequende ; eg”ﬂ...eﬁ”f).pvg.ng LLo, thus proving

the result. O

Lemma 4.9. Consider all-constantmp, r data typesds,...,d, a storage
operator (corresponding td; ...9) Ts, 5 and a/\c-termt.
Then, for all instructions U verifying:

I. t does not contain U
ii. for all termsv1,...,v;,&1,...,&s, there is a halt instruction 'r?!fé

and a constant stack’UE such that:

Uxvi...vr&1...8s.To > Tp,. 5, *va.vl...\)r.Tl’GE
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iii. A process containing U in head position reduces only if iglsis
Vi...Vr.&1...8s. 1o fOr r + s suitable termsq, ..., v, &1,...,¢&s.

iv. tio3%...3%(T,...,T) wherellg:= they
S
there are r+ 2 integers ki < k,ny,...n; such that:
(1) kis the number of times that U arrives in head positiothiny -,
(2) There are kr +s) Ac-terms(vi1, ..., Vir, &i1, - - - ,Eis)ie[l_.k] such that
the reduction of «U.11 is as follows:
(4.9.4)
t*U.T[O = U *V11.-. -V1r-511~ . ~E.1$~T[O —

=U%Vj1...Vir.&i1...&is. T =~

(n1)

= U *Vk1...Vikr-€k1 - - - ks TO = H\ﬂ,fi*elnl a(nr)-ﬂ/

vigi
Proof. By 4.8, there are& integersny,...,n, andr +s Ac-termsvy, ..., vy,
£1,...,& such thaﬂ—|vg*eg"1)...egnr).n%E ¢ Llo. SinceH; is a halt ins-

&
truction, the proceslslvg *e(lnl) .. .eE”').n%E is at the end of thQy ; and then

the.u IS @ finite thread. Defink as the number of times thét arrives in
head position in this thread. Sintkreduces only with a stack of length

{(TH) +k+ s ended by, there arekr terms(vij )ic(1. kje[1.r] @ndsr terms
(&ij)ic[1.K,je[1.r) Verifying 4.9.4 O

4.2. The dynamic substitution.

Let us consider a reduction system that respects subatitaficonstants.
The main idea around dynamic substitution is to put in a gwatess,
instructions having a specific behaviour which is commondauitable
family of Ac-terms. This allows to describe the behaviouPoivhen we
replace these instructions by terms in its associated yawie will distin-
guish the instructions put to realize axioms —like cc amqabt e’— of the
instructions put to be substituted —instructions liken 4.5 and 4.9 and
halt instructions generally denoted lds-; which will be informally called
“substitutable”. The main example of dynamic substitutioat we will use
further is the following:

Example 4.10.Let us consider an instructidh and a stackt such that:

(1) Given twoAc-termsv, ¢ there is a halt instructiohi,  and arll-
constantr, ¢ such that) xv.&. 70 TinexH, V.1, .
(2) Uxp reduces only if the stacl has the formv.&.1tfor some terms
v, ¢&.
Intuitively the instructionU replaces any term putting;,[ in head posi-
tion and its first argument in second place in the stack. Sihee&. >~
Hye.v.1,s whereH,; andm; are constants; if we replace the constarity
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a term® such thatd xv.&.1t~ hys.v.p,s Wherehys is a term andpz is a
stack, the execution will never pbgg in head position and will never pop
arguments fronp,g.

For technical reasons it is desirable to define dynamic gubets ha-
ving three parts:

e A static part which acts as a cumulative parameter

e Theboot which is the origin of the thread over which we will apply
the substitution

e A dynamic part which contains the correspondence between the
instructions we dynamically replace and the terms we putats
these instructions.

More formally, the dynamic and static parts are determingdubctions
from substitutable instructions #¢-terms. The domain of a static (resp.
dynamic) part is the set of substitutable instructions Whace assigned by
the part. For instance, we will denote as:

[t7p/H1,T[1]P<e/U>

the dynamic substitution with static pdP/ H,, Ty, boot on the proces®

and which replaces dynamically (in the sense we explainedeggb) by 6.

The static part domain i§H1,1m} and the dynamic part domain {&J }.

The formal definition is given by induction on the number oféis the in-
structions belonging to the dynamic part domain arrivesaachposition
along thp:

Definition 4.11. Consider a stackt The set ofj,; K—like terms according
to 1tis defined by:

(4.11.5)

Frink () := {6 | W, & Ing, pyg such thad «v.&. 10~ Tingxhyg.v.pye }

A substitutable instruction U is calleBintK-like if and only if:

(1) Forall Ac-termsv, € there is a halt instruction G and all-constant
T, ¢ such that Uxv.&. T TinexH, V.1, .
(2) Uxp reduces only if the stagk has the fornw.§.1tfor some terms
v, €.
The set?TimK(Tr) of theT;,K—like instructions according tw, is defined
as the one which elements are the substitutable instrustibeatisfying:

We denote by7r, k() C 7r,, (1) the set of TinK-like instructions.
Obviously 1, .k (M) C Fr,, (T0.

Definition 4.12. Consider a process P, a static substitutiofp, a stack
sequenceTs)ien, an instruction sequenc@)')ien, U'€ F k() and a
Nc-term sequencéd)ien, 0' € Fr,, k (T5). Thus we have:

U'v.E.T5 - Tim*H\i,E.v.Tﬂ)E and 6/ xv.E.1 >~ Tim*h\jjz.v.p\j)E
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We define now thdynamic substitution’p P(8'/U'),_;, which is a func-
tion which transforms the threathp into a sequence of processes. This
definition is made by induction on the number of times sontauiction U’
arrives in head position ithp:
e If no instruction U comes in head position in the thre#tup, then
o P(81/U1); o is the static substitution/p + [® /yilien On the
threadthp.
e Suppose that B Q where Q=U j *xV1.§1.T7; is the first occurrence
of an instruction U in head position irthp. By hypothesis on U
we have Q- Q' = Tint*H\flEl.vl.Tr\‘,lEl. We split the threathp into
the “segment” from P to Q and the thredly . In the first one, we

perform the substitution/ + [ei/Ui]ieN and inthy, we perform
the substitution

(Fo+[MvierPuier/n . 1) O /Uiy

where V1= (0t [e?/U‘]ieN)(Vl)

&= (F+9/ulien) ()

Remark 4.13. this definition is formally correct only in the case when the
U!’s come in head position only a finite number of times. In theagel
case, we simply observe that we can define the desired functicany
finite initial segment of th and take the common extension.

The reader should be aware that, while substitution definetld3 is
a syntactic transformation defined over all processes amependent of
reduction; dynamic substitution is defined only on a thrégdnd hence it
depends upon the definition of reduction and on the “boottessP.

Remark 4.14. This definition of dynamic substitution is clearly a partic-
ular case (suitable for our purposes in this work) of a muchengzneral
method. It is a powerful method in order to analyse the pitgeeof the
reduction of processes. Its drawback is that the set ofahailinstructions
must be restricted.

According to the situation, we will use different notatidosthese subs-
titutions: In addition to the previously defined notatiorg will allow us to
denote a dynamic substitution by" 2, where.” denotes the static paR,
the boot andZ the dynamic part. If we are not interested to be explicit, we
can use also a letter to represent a dynamic substitution.

The domainof a dynamic partZ, which is denoted by do®, is the
set of substitutable instructions which are assignedzby For instance,
dom((8'/U") = {U' | ieN}. Given two dynamic part&, and 7, we
say thatZ; extends%, (we denotez; 1 %) if and only if dom(2,) C
dom(21) and %1, 7> coincide over dort,). We say that7; and %, are
coherentif and only if they coincide on dow;) Ndom(%,) and in this
case, we denote by, 7> the "union” of these two dynamic parts.
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Suppose we have a dynamic substituti@rwith boot P and that th is
a finite thread. Then, the dynamic substitutigndefines a finite increas-
ing sequence of static substitutions which is ended by & sabstitution,
which we will denote az*. This allows us to define a notion of (partial)
“composition” in dynamic substitutions:

Definition 4.15. Let us consider two dynamic substituticﬁ@%, yzpz%
and suppose thahp is finite. We define

I 52Dy = (ST + S2) 2 D Do
whenevel(Yfl@l)* + % and 21 %, are defined.

This composition first performs completely the left argumé*ffl.@l in
thp, to obtain(yfl%)* and after that it adds to the right argumeﬁfl%)*
to the static part and; to the dynamic part. It will be useful to concatenate
substitutions, built from thread schemes.

4.3. Specification of Peirce’s law.

Another example of threads method application is the onehvbives a
characterization for all\.-terms realizing the Peirce’s law. Here we will
use another variant of dynamic substitution.

Lemma 4.16. Suppose that C is a universal realizer for Peirce’s Law,
i.e. Cir VXYY [((X = Y) = X) — X]. Take a stackt and suppose v is a
Nc-term such that for eaci\c.-term & there is a halt instruction Hand

a stackn’E verifying v &.11 - E*HE.T['E. Then, there is d\c-term & such
that Cx V.t~ Hg < TU In particular, the thread of G v.mtis finite.

Proof. Take Ll g = (thcwn)©. By hypothesi€ iro ({11} — L) — {11}) —
{m} and hencev kg ({1} — L) — {m}. Then, there is d-term¢& such
that§ ro {1t} — L andCxVv.it>- vx&.1.. By reduction hypothesis i,
Vx&E.TT - E*Hz-ﬂ% and thenE*HE.n’E ¢ Llo. Sinceg o {1t} — L, we have
thatHg ko {11}, i.e. Hg x Tt € the,n. BecauseH; is a halt instruction, the
processHg x Tmust be at the end of the thread . O

Theorem 4.17.Consider a reduction system that respects substitutiods an
a/\c-term C. Suppose thélt; )iy is a sequence of haltinstructions afm);cn
a sequence dfl-constants such that the;sland theri’s does not appear
in C. Then, the following statements are equivalent:
(1) Cir YXVY[(X =Y) = X) = X]
(2) There is an integer n, a sequence'gfterms k..., ky and an inte-
ger i < n such that:

CxHp. 1o =Hgx kl.Tfo

ki xH1.1q =Hgx k>.T
(4.17.6)

knxHn. T, =Hj * T
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Proof. First we prove that (1) implies (2). We construct by inducti
(finite) sequence of models.

Step0 Take Lo := thg, - SinceCiro (({To} — L) — {To}) — {0}
andCxHo.1p ¢ L g, we can conclude thatg ko ({Th}— L) —{10}.
In consequence, there is/g-termk; such thatk; iro {TH} — L
andCx Ho.mp = Hox k1.T.

Stepj As induction hypothesis, we suppose we have the followinggitis
scheme:

CxHp.mt-Hp*ky. 19

kl*H]_.p]_ >Ho*k2.T[0
(4.17.7)

Ki—1xHj_1pj—1 ~Hox*Kj.TH

Take the modelLLj := 111 Nthj,
bilities:

— There is an integerfrom 1 to j such thak; i-j {To} — L. In
this caseH; ¥ {To} because ~Hi.pj ¢ LL;. Moreover,H; is
a halt instruction different oHo and thenH; x T € thy ., p; -
The construction stops and the result is provemfer j.

— For all integers from 1 to j, we have thak; ¥ {To} — L. Be-
causeCxHo.mo ¢ LLjandCij (({mo} — L) = {mo}) — {10},
we have thato ¥; ({To} — L) — {10} . Then there is &\
termk;;q satisfyingkj+1 IFj {To} — L andHoxKj+1.To ¢ LLj.
Since we suppose that the teripgloes not realizé o} — L
in LLj, the proces$ipxKkj.1.1t can only belong to th.w; ;-
Hence, we have thadtj « Hj.pj = HoxKj;+1.o. We add this
thread to 4.17.7 and the construction continues.

«Hj.p;- Here there are two posi-

claim: This construction process must stop.
Indeed, lets suppose that this construction process istenfamd con-
sider a termv satisfyingvx¢&.1p >~ E*Hg.n’E (c.f. 4.16. For instance, consi-

derv:=Ax(x)H, whereH is a halt instruction). Applying*Ho (v /Hy), we
have that th,H, , Is an infinite thread. This is a contradiction with 4.16.
We prove now that (2) implies (1). Suppose (2), consider aehad
and two truth valueX andY. Take a/\c.-term v and a stackpg such
thatvi- (X — YY) — Xin LL andpg € X. We must prove thaxv.pg € LL.
We proceed applying pO/Ho,Tro] in the 4.17.6 first thread. Hence, there

is aAc-term kg such thalC x V.1t~ v« ki1t In order to prove the result,

it suffices to prove thak; + X — Y. Consider a\¢.-termhy - X and a
stackp; €Y. Once again by substitution, applyiffg: M. Po.P1/py 1y 1o ]

on the second thread, we obtainx hy.p1 = vx k.1t for a suitableAc-
termk;. If we repeat this reasoning times, we obtain a finite sequen-
ceky,...,kn of Ac-terms such that, in order to prove the result, it suffices
to prove thak, - X — Y. Consider a\.-termh,, and a staclp,, such that
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h - X andpp € Y. By SUbStitUtion[(hi)ie[l“n](pi)ie[l“n]/(Hi)ie[l__n](Tl'i)ie[l__n]]

applied in the 4.17.6 last thread, we haye hn.pn = hi xpp. By construc-
tion, the termh; realizes the parametric extended formMlandpo € X and
hencek x po € LL. In consequench, x hy.pn € LL and then, for allj from
1 to n we have thak; - X — Y. In particularvxk;.pg € LL. Since our
reasoning is valid for aW realizing(X — Y) — X and for allpg belonging
to X, the result is proven. m|

In particular, since cc verifies 4.17.6 for= 1 andk; = kg, we can con-
clude again that the term cc realizes the Peirce’s law. Weepnow that a
term realizing the Peirce’s law in all saturated models israaf weak cc.
We will say that a\c-termk has theky-reduction propertyf and only if, for
all \c-termst and for all stack, the proces&xt.p reduces tdx Tt

Corollary 4.18. Consider a reduction system that preserves the substitutio
of constants. Take Ac-term C realizing the Peirce’s law and consider a
stacktt. Then, there is ad\c.-term k depending on disuch that for all/Ac-
term v that puts his first argument in head position with a npty stack as
argument, we have the following reduction properties:

(1) CHvtt- Vi k[V/p |.T
(2) The term I@’/HO] has the k-reduction property.

Proof. Applying 4.16 we have fo€ a threads scheme as 4.17.6. Hypothesis
aboutv means that for all\¢-termst and for all stackp, there is a\.-term
h and a stackt -both depending ohandp- such thawxt.p = txh.1.
(1) If we take the firsi-lines of the scheme 4.17.6 and we apply the
substitution? := [T/ |¢*Ho™(v/Hp), we obtain:

(4.18.8) CxV1t- vk Z(ki).Tt

By 4.11, there is a terri[Ho| such thak[V/y | :== Z(k) and we
have the result.

(2) Consider a termhand a staclp. We proceed by substitution in the
last(n—i) + 1 lines of the scheme 4.17.6. Let us considé&rthe
static substitution defined by in thei-th 4.17.6 thread. We define
"= (So+ [P/ k)T (v/Ho) Applying .#” to the last(n—
i)+ 1 threads, we obtain the result. Notice that, if we substitoe
constants$, ... H; by arbitrary/\c-terms ink; [V/ Ho]’ we obtain also
a term with thek-reduction property.

O
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5. Realizability Games

Once defined a game class naniehlisability Gameswe will imple-
ment these games by means of interaction instructions. Tdia result
about realizability games is that a universal realizer féoranula imple-
ments the associated game of the formula. Moreover, a wailerealized
formula has an associated game having a winning strategyiarsbme
particular cases, such a universal realizer plays also aimgrstrategy.

We will proceed to generalise the definition of interactiostructions
given by Krivine in [8] and [6]. While games definition introduced in
[8] defines a game associated with eem:}?formula (in particular, to first
order formulee), the existential quantifiers, conjunctiod disjunction of
these formulee are classically defined. The principal camnsece adopt-
ing classical existential quantifiers is that programs ioleth by proofs have
not garbage collectar Moreover, the game formulaedefined in [8] &t
and therefore cannot use Leibniz equality. As we will seehia section,
this particularity gives strategies the execution of whghbruptly broken
when player has win. On the other hand, games defined in [68]LLeieniz
equality. However, these games are defined only for prenaxaldorm
formulee. In order to use intuitionistic existential quéiets, connectors
and Leibniz equality, the main problem is to define the gans®@&ated
with some second order formulae. Our approach consist imp#dogesome
second order quantification, which suffices to express duitionistic for-
mulae and Leibniz equality. Since informally we can say thayipg games
over formulae consists in instantiating universal quamsfieghe problem
which appears when playing with second order formulee is lmdefine
a denumerable choice set for instantiating second ordertifjeas. Here
we introduce such a choice set and, because of our partresiaictions on
second order quantification, the main theorem in realigglghmes is still
provable.

Remark 5.1. Consider a ternt such thatt i- 3'%(x) and an instruction
Ue ?TimK(Tro), U xV.&.Tp = TintxHyg.V.Tg, for some constant staak.
We know that there is an integersuch thatt « U.mp = H, xN.T,¢ for
some terms,§ (c.f.4.5). More generally, consider sorfes Frinik (T0),
BxV.&. 10 Tingxhyg.v. 7L Applying [/ ™Y ™(6/U), we obtain:

Tx0.1T~ hV/E/ ‘kﬁ.pv/a/

whereVv’E’ are obtained from, & by substitution. In other words, the initial
stackrtis restored.

In our machine the only place to store intermediate resslthe stack.
For this reason, we say that a program likeollects garbage, because it
cleans its stack before giving the result.

If we take instead oﬂ'r')t@(x) the weaker classical version of this formula:
vx(int(x),p(x) — L) — L, a term realizing this formula computes also an
integer but in general does not collect garbage.
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We define now the language we adopt for games.

5.1. The language for games.

Definition 5.2. The Lg- formulee are defined by induction as follows:

e Considerx = xi,...,Xp first order variablesdy,...,%, data types
(defined by a formula or by Ac-set),¢1,...,¢r Le-formulee and A
an atomic formula. Then the formula

CD:VX[é]_,...,6h,¢1,-~-,¢r —>A]

is a Lg-formula. We say that such a formulaidio$t kind, 81, ...,y
is its data types blockndd1, ..., ¢, is itshypothesis block

e ConsideX = xq,...,Xp first order variables, W an a-ary second or-
der variable,T = 13,...,Ta L-terms,dy,...,d, data types (defined
by a formula or by a\.-set) andb, ..., ¢, Le-formulae of two pos-
sible form:
(1) Lg-formula that does not contain the variable W.
(2) Lg-first kind formula of the form:

vy[yJJ"'7yk7l‘IJ17"'7l‘IJS%W6]

wherey ..., s does not contain W and = o1, ...,0, where
eachaj is a L-term.
Then, the formula

CD:V'\sz[él,...,éh,(bl,...,d)r —)W'_f]

is a Lg-formula. We say that such a formula is sécond kind
d1,...,0n IS itsdata types blocknd that¢, . .., ¢, is itshypothesis
block.

This recursive definition allows to built first and seconddckiormulese
having no data types block or hypothesis block. As a padrotése of ex-
tended formulae, provideda-structurel® = (M, D, %) and an assignment
</ , eachLg-formula¢ together withe? constitutes gparametrical formula

Remark 5.3. An atomic formulaA is a first kind Lg-formula without data
types block nor hypothesis block.

The formula intx) = VX[Vy(Xy— X sy), X0 — XX is not aLg-formula
because its hypothesi§/(Xy — X sy) hasX in the left side of the arrow.
More generally, a recursive data type is naf@formula. Indeed, the re-
cursive definition of a data typemust built from a data of typ& and other
arguments a new data of typeThen, a recursive data type is a second order
formula of the formvX(...) that contains an hypothesis with the variakle
both on the left and right side of the arrow (as the forméXy — X sy)
in the type int). On the other hand, Bdr) is a Ls-formula.

We prove now that we can embed the first order languageto the
language of gamesg in such a way that:

(1) The embedding preserves truth values.
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(2) The embedding applied to eagh-formula ® gives aLg-formula
logically equivalent tab.

Lemma 5.4.

(1) Lg contains the£; atomic formulee.

(2) Lg is closed under disjunction, conjunction and first orderséxm-
tial quantification, the last one relativized to data typesot.

(3) Given aLg-formula®, a first order variable y and a data typk

each of the formulag’y® and vf}CD Is truth equivalent to a/g-
formula.

Proof.

(1) Thefalseformula_L belongs ta.g becaus&X X is a second kindi-
formula without data types block nor hypothesis block. €heal-
ity formulaty = 12 is VX (X117 — X12) (c.f. 1.12) which is a second
kind Lg-formula without data types block (the hypothesis formula
X171 is a first kind formula containing only in the atom).

(2) Let 1,92 be two Lg-formulee. The formulapy A ¢2 is defined
asvVX((¢1,92 — X) — X), which is a second kindg-formula.

The formula¢1 V ¢z is defined as/X((¢p1—X), (p2—X)—X),
which is a second kindg-formula.

Consider® a Lg-formula, y a first order variable and a data
type. Then3dyd is the formulavY[Vy(® — Y) — Y] (c.f.1.12),
which is a second kindg-formula.

Similarly, 3 f/qn is VY [Vy(8(y),P—Y)—Y]; which is also a sec-
ond kind Lg-formula.

(3) Considerd a Lg-formula,y a data type ang a first order variable.
Suppose tha® is a first kind formulavX[dy, ..., 0n, §1,...,or—A].
Then,V y® = Wy[y(y) — VX[81,...,3n, §1, ..., dr — A]] is truth equiv-
alent to theLg-formulavyvx[y(y), 01, . .., 0k, ¢1,...,or — A.

Similarly, suppose tha = YWVX[d1,...,0n,$1,...,¢r — T]. Then
v yd = Wy[y(y) — YWY[31, ..., 3h, b1, .., &y — WT]] is truth equiv-
alent to YWVYWX[y(y),01,...,0n,1,...,0,—WT], which is also a
L-formula.

|

Corollary 5.5. Thereisamayy : L1 — Lg such that for each realizability
model(M, L1 ) and for eachd € £;, we have that:
oD Y (D)
o [|®f] = [[Z(®)]|.
Proof. We defineZ by induction inZ;.
e For atomicsLy-formulaeA, we define? (A) := A.
e Given threeL;-formuleed, ¢1, 2, we define? (Vx¢) := Vx4 (),
G (IxP) :=3xG(9), 9 (91/92) ==Y (1) AY ($2) and¥ ($p1V §2) 1=
G(¢1) VY (¢2).
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e Givend1, ¢o two L1-formulee. We define the embeddingiaf— ¢-
by induction on the length ajf,:
— For A atomic, we defingZ(¢1 — A) :==9(¢1) — A
—9G(d1 — VXY) ==Y (b1 — ).
— 9 (p1 — YXY) := VXY (p1 — ) (for instance, this is the case
of 1 — L anddp1 — IxP).

First we check by induction that for eagh-formula®, we have thaf|®||=
|| (®)||. For atomics and the recursive case$/pH, A andV is a direct
application of 5.4. Taking a formul@; — A whereA is atomic we have
1991 —= Al = 119 (91) = All = [ (91)[ ~ ||A| = [¢1] > [|A]] = [[¢1 —
Al|. Foraformulaps — ¥xy, we have|¥ (¢1—YXY) || = Unen [[P1—=P(N) || =

Unen [91] ~ [[W(N)[] = [¢1] > Unew [[W(M]]]| = ||¢1 — Vx]|. For a for-
mulad;— VX is similar. The logical equivalence gfand¥ (®) is straight-
forward. O

Notation 5.6. For a Lg-formula®, we denote as % the storage operator
corresponding to the data types blockdaf

5.2. Playing with formulee.
We define now a game ifg-formulee.

Definition 5.7. Take aw-modelM = (N, D, %) of the second order arith-
metics. Given a vectadi € N2, the set{X € N@ | X # ri} will be denoted
as Dy and the se{Dy; | NeN?} as D,.

Remark 5.8. By comprehension schematéacN D, C D. Indeed, the
formuladn(X) :=x=(s)...(s)0— L is aL-formula (without parameters)
~——

n
and in consequenag,, (X1) V --- V ¢n,(Xa) is also. Hence, for each vec-
tor f, Dy is a second order parameter.

Definition 5.9. The game is played between two players na@ednd (9,
which play taking parametricalg-formulae belonging to three sets named
%,V and«. These sets are redefined at each step during the play and
we will denote them with a subscript which indicates the entristep. We
define first a rule for eaclig-formula® and each playeS) and(®):

(1) Rules ford and(®):
First kind Suppose tha® is VX[81(x1),- .., (X ),P1,...,dn — Al where

Xisx,...,Xp.
(¥ must choose p individual§ = ny,...,np in such a way
thatVie[1l..r] M |= &i(n;). After that,%s+1 is defined a4 U
{02(1), ..., 0n(M)} andsy1 asasU {A(M)}.

Second kindSuppose that is YWVX[d1(X1),-..,0r (X ), d1,...,0n — WT]
whereX is x, ..., Xp and W has arity a.
(®» must choose p individuals= ng,...,Nnp in such a way that
Vie[l..r] M |= &i(nj). This choice determines the interpretation
t of T in the modet® and a set p € D, which is the only one
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that does not contaifi. After that,%s.1 is defined as? U
{¢1(Dg, 1), ..., 0n(Dg, M)} and.feya asesU {D(D)}
(2) Rules ford and(3):
First kind Suppose tha® is VX[81(X1), - .., (X ),P1,...,dn — Al where
XIS X,..., Xp.
(@ must choose p individuais=ny,...,Xp in such a way that
Vie[l..r] W = 6i(n) and AN)calsya. After that, ¥s41 is de-
fined as{$1(M),...,dn(M)}.
Second kindSuppose tha® is YWVX[d1(X1),...,0r (%), d1,...,¢n — WT]

wherexXis x, ...,Xp and W has arity a.
(3 must choose p individuals= ny, ..., np. This choice deter-
mines the interpretatiobof T in the modet® and a set e D,
which is the only one that does not contéinAfter that, %1
is defined a§¢1(Dy, 1), ..., ¢n(Dy, M) }.

The game is defined by induction on the steps:

Step 0% := 2% := 0 and¥p is a finite set of parametricalg-formulee.
Steps+1 (v plays first, choosing a formul@ belonging to¥s and applying
the (v) -rule that corresponds t®. After that,3 plays choosing a
formulaW belonging to%s+1 and applying the&3) -rule that corres-
ponds ta¥.

The game stops once a player cannot play.

5.3. Allowing interaction to implement games.
We implement now these games usikgterms and processes.

In order to implement these games, we are going to asso@aterath
values toLg-formulze. We will use these truth values as choice sets for
(¥, hence it must be recursively enumerable. However, thegetmgh
values will be not compatible with soundness lemma (henteleiinable
by a realizability model). The comprehension schematatisrne with this
semantics, because of the restriction on the second ordampgers.

Definition 5.10. For each integer ki € NK andte M, we define the truth
values:

(m} ifi=m

A . gk n .
(5.10.9) A" :N“— 7 such thathy" (M) := {0 1 m

and@: Nk — .7, such thatp () := 0. We define the parameter séfs={A™" | M andAeNK}
{o} andA = Ugen Lk

Remark 5.11. Suppose thalP is a a-ary predicatejte N and m € N@,
If Tte IP(m), thenvN§A§’m(2) C IP(X) (because om-uplets other thamm,
AT™ takes the empty value). In fadk, is a maximal sef\ satisfying this
property:

ViPa-ary VIDEA W¥rel YmeNa(re IP(m) N ID(M) — ¥ XID(X) C P(X))
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Definition 5.12. For each Lg parametrical formula® the parameters of
which are taken frond, we add to/\¢ a new constante.

Intuitively, when a constants arrives in head position, it corresponds to
the fact thatd) has chosen ifs the formulad.

Corollary 5.13. LetXs,...,Xk be parametrical formuladP a a-ary predi-
cate andr € IP(T) for some andt Then

X125 X = PO S X1, Xk — AF" (D)

Proof. By 5.11 we have thaﬂg’ﬁ(Tg’) C IP(1”) and hence we have the
result because the formulgedoes not contaiX as free variable. m|

The reader should be noticed that we can apply 5.13 to thethgpis on
second kind formulee.

Intuitively, the predicatea!k’kT’ﬁ plays the role of th®; we defined in 5.7.
Indeed, this predicate is equivalenttoin any vectorm # . , we must
explain why we choose a singleton and not the whole truthejlu| = I
whenm = . We make this choice in order to get the properties 5.11 and
5.13, which are necessary in order to proveNan Theorenb.23.

We proceed to define, by induction, a truth value f@y A-parametrical
formulee.

Definition 5.14. Given a Lg-formula ®, we denote this new truth value
as [®@] and we call it theG-valueof ®.

e Consider a first kind_.g A-parametrical formula

P = VX[d1(X1),- -, O (%), P1,..., 00 — A
whereX = Xg,...,Xp. We define:
I[CD] = {dl ce dr.T¢l %¢1(m) .. .T¢h %¢h(m).T[ |
MNP, diclq (M), mel|A(M)][}
e Consider a second kindg A-parametrical formula
® = WVR[B1(X0), - -, (%), D1, -, O — WA
whereX = xg,...,Xp and W has arity a. We define:
I[CD] = {dl ... 0. T¢1 Xp1(IP,m) - - .T¢h %¢h(|p7m).T[ |
MENP, IPeAy, dic s (M), ielP(T) }
In the following paragraph, we describe reductiorsaf constants whe-
re ® € Lg is aA-parametrical formula. The reduction of these constants
will be not deterministic, i.e. a process with a constapin head position

has many possible successors. We will use the symboto denote this
reduction.

Definition 5.15.
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e First kind formulee:
Let be® = VX(d1,...,0,P1,...,0n — A) WhereX = Xq,...,Xp.
We define the reduction of all the processes of the form

%q;*d]_...dr.zl...zh.ﬂ'

— (@ choosegn € NP, This move is degal moveif and only
if Vie[1..r](di € €i(my)) andTte ||[A(M)]|. If the movam is not
legal, ® has lost.

— (¥ chooses an integerg [1..h] and a stackp. This move is a
legal answeif and only ifp € [¢;j(m)] . If the answer(j,p) is
not legal,(v) has lost.

If @ plays a legal moveh and(®) plays a legal answetj,p), we
say thatxe «di...dn.&1...&n. T reduces tcg; xp. We denote this
reduction by

wox0Oy...dn&1...&n.TT =~ Ej*p
e Second kind formulee:
Let be ® = YWVX(d1(X1),...,0 (X ), ®1,...,0x — WT), where
X=Xy,...Xp and W has arity a. We define the reduction of all the
processes of the form

%q;*d]_...dr.zl...zh.ﬂ'

— (@ choosegn € NP and a predicateD belonging to the do-
mainA, defined in 5.10. This move idegal movef and only
if Vie[1..r](die€s(my)) andrte ID(T). If the movgm, ID) is not
legal, @ has lost.

— (¥ chooses an integerej1..h] and a stackp. This move is a
legal answeif and only ifp € [¢;(ID,M)] . If the answexj,p)
is not legal,(¥ has lost.

If @ plays alegal movém,ID) and(¥) plays a legal answefj,p),
we say thakpxd;...dr.&1...En.ireduces td;j x p. We denote this
reduction by

xoxdy...dr.&q. .. E.TT=~ Ej*p

Remark 5.16. Let be® a first kind formulavX(ds,...,& — A). The con-
stantxq does not reduce because there is no hypothesis to choasg. for

Remark 5.17. Consider a first kind_g parametrical formula&:

o= Vi(él(xl),...,6r(Xr),¢1,...,¢h —>A)
where X=Xxq,...,Xp. Suppose that we are reducing the process

%CD*dl---dr-El---Eh-T[

where eaclt; belongs tos (m) for a suitable integemy. Then, a legal
move for(3 must be gp-uplet(ny,...,np) such that for each<r, nj = m.
This one is a legal move if and onlyife [A(A)] .

In particular, if all the first order variables @ are relativized to data
types (i.e. p =r), there is at most one possible move for: the p-uplet
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(my,...,mp). Moreover, thesen are determined by their canonical repre-
sentationsly, ..., dp.
Consider a second kindg parametrical formula

(0] :VVVVX(él(Xl),-~-76r(xl’)7¢17"'7¢h _>W._f)

whereX = xy,...,Xp andW has aritya. Suppose that we are reducing the
processcop+dr...dr.&1...&n.TL Then, for allp-uplet of integersi such that
for eachi <r nj = m, there is exactly one possible choicelE A, such
that (m, ID) is a legal movelD := A7". Hence,® has always a legal move
and the predicat® is determined by the choice of

Moreover, if all the first order variables df are relativized to data types
(i.e. r = p) and we are performinge xd;...dp.&1... &k T, where each;
belongs tc€ 5 (M), then there is exactly one possible legal move#pr the

p-uplet(my, ..., my) together with the second order parametgt.

In consequencefor the formulae that are completely relativized to data
types, when a constant, arrives in head position, the move @j is de-
termined by the stackin other words, this fact implies that the machine
replaces3) whenever the formul& has all their quantifiers relativized to
data types.

Since [®] sets are used as choice sets for playgrit is important to
analyse in which condition$®]| is empty:

Remark 5.18. Let us consider a first kindg A-parametrical formula:

P = VR[B1(X1),- .-, 0 (%), $1(X), ..., ds(X) = A(X)]
whereX = Xy, ..., Xp. By definition, a stack belonging tpd] is:
€... er.T¢1(m) Xy (X) - - .T¢s(m) Xos(m)-P
wherevie[1..r] €& (m) andpe||A(M)|| for a suitable vectameNP. The

(parametric) atomic formul&(X) is of two possible shapes:

e A(X) = T. In this case/|A(M)|| = 0 for each instantiatiom and
hence[®] =0.

e A(X) = WT whereW : NP — Pow(M). We can define dofi\(X)) :=
{MeNP | W(T(m)) # 0}. In particular, sincdW must be aA para-
meter,W = AT" for someachN, ieN@ andel (cf: 5.10) and then
dom(A(X)) = {me NP | i=T(m)}. There is a stack belonging to
[@] if and only if there is an instantiatiomh belonging toSs, x
-+ x S5, x NP ndom(A(X)) (S5, is thescopeof & —c.f.:3.2).

Let us consider a second kind parametricgtformula:
e = VVVVX[&L(X]_), SRR 6!’ (XI’)7 ¢1<W7 2)7 RRE ¢S<W7 2) — Wﬂ

Consider alsan € S5, x --- x S5, x NP~" (the scopes never are empty) and

a stackp. InstantiatingX asm andW asW = Aé’{f wherea is the W-
arity and takingey,...,& such thatg € &j(m) andp € W we can built



REALIZABILITY GAMES IN ARITHMETICAL FORMUL/ 71
the stacker...e. TOWM s ... TOWM 50 w.m-p which belongs
to [®@] . Hence,[®] # 0 for each second kind-parametrical formulab.

5.4. Winning strategies and the Main Theorem.

Definition 5.19. A winning final positionis a process P= xq¢ x Tt such
that 3 can move in such a way tha) can not answer (in chess termi-
nology “G3 moves and wing. We will denote by G the set of aflnal
winning positions

More precisely, given a final winning positias, x twe have the follow-
ing cases:
Let us suppos@ is a first kind formula:

= \V/X[él(X]_), .. .,6r (Xr),q)l(x)? . 7¢S(X) - A(Xﬂ

wherexX = Xg,...,Xp. If e+ Tis a final winning position(3 can play and
this implies that:

Q) m=e;...e.81...&.p for suitable termsy,...,&,&1,...,&sand a
suitable staclp (in other words/(m) > r +59).
(2) {MeNP | Vie[l.r] s (m) andpe||A(M)|| } #0
Letbema(® (legal) move such that) cannot answer. Then, there are two
possibilities:
(1) There is not hypothesis block én (s= 0). In this casefnte [®].
(2) There is hypothesis block #h but the setq ¢;(m)] are each empty
(c.f.:5.18)

Definition 5.20. Given a set of processes S and a process P, we say that P
has awinning strategy according t8 if and only if the playe5) can play

in such a way that P reduces to a process of S independentig afriiswers

of . We denote this relation by P~ S. The sefP | P -~ S} is denoted

by 1ls.

The setsl| g are saturated because they are closedédigrministicanti-
reduction. In other words, P andP’ are processes such thas P’ andP’
has a winning strategy f@g) , thenP has also a winning strategy o9 .

We denote by-s the realisability relation relative tal s and by|| ||s (or
simply by|| || when it is not ambiguous) the truth value relativeltos.

On this work, the se§ that we use is alway&, the set of all winning
final positions. However, we can work with the general notbminning
strategy as follows:

¢ Instead of our defined reduction rules, we can take othes rpkar-
ticularly we can define other interaction instructions.

¢ Instead of our seB of winning final positions, we can take an arbi-
trary set of processes

Lemma 5.21. For all formula® in £g, [®] C ||P||c andT®xe g .
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Proof. We prove the result by induction ah.
Suppose thab is a first kind Lg-formula:

D :=VX(01(X1)s-- O (X ), 91(X),...,dn(X) = A(X))

whereX = Xxq, ..., Xp.
By definition

[@] ={d1...0r. T sy, m) ... Ty, .10 | MENP,d € E5 (M), TE [|A(M)[|}

By induction hypothesis, eacH""Esq,i(m) realizes¢;(m) in LLg and every
canonical representation of a data type realizes the daga ifyd; € &5 (M),
thend; - & (m). Then, we have thaf®] C ||P||c

By storage operators definition, in order to pro® I-g ®, it suffices
to prove thate g ®, where

@ :=VR(Es,(M);.. €5 (M); 02(X), - .., On(X) — A(X))

Take a stackie ||®||g. If the formula®d has not hypothesis block (ile=0),
then||®||c = [®] and therxexTie G C Llg. If the formulad has hy-
pothesis block, then there apantegersh = my, ..., mp, r canonical repre-
sentationgl;, ..., dr, htermsgs,..., &, and a stackt such that:

(1) Foralli € [1.r], dj € E5(my)

(2) Forallj € [1..h], &j g ¢j(M)

(3) T € [|A(m)]|

(4) m=dp...dr.&1... &0
We assert thatg * TLhas a winning strategy: It suffices th@t choosesn.
This move satisfies the conditianie ||A(M)|| by (3), themmis a legal move
for 3 . After that,(¥) mustchoose anindgx [1..h] and a stack € [¢;(M)] .
If it is impossible (i.e.[$p;(M)] is empty)xe«Tte G C LLg, thus proving
the result. If it is possible, thesp x 1=~ & x p and this process belongs
to Ll g by induction hypothesis.

Now, suppose thab is a second kind_g-formula:

¢ = WV\V/X(61(X1>7 ceey 6I’(Xl’>7¢l(wax>7 s 7¢h(W72> — Wf)
whereX = xq, ..., Xp andW has aritya.
By definition

[CD] = {d]_ e dr.T¢1 %¢1(IP,ﬁ‘|) .. .T¢h %d)h(lP,l”_ﬁ)'T[ ‘

me NP IP € Ay, di € E5(my), te IP(T) }
By induction hypothesis, for eadhe [1..h], T x4, p m) - i (IP,M). Fur-
thermore, every canonical representatihre &5 (my) realizesdi(my) in
1l . In consequence®] C ||P||c.

Again using the storage operators definition, we can proaedh g @
where

® = YWYR(Es, (X0); - - -3 €5, 01 (W, %), ..., On(W, %) — WT)

thus concluding that ¥x¢ IFg @
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Take a stackie ||®||g. If @ has not hypothesis block, therisd; . .. dy .7
where eacht; belongs taCs (my) andrt belongs tdW(T) for a suitable pre-

dicate\WW and a suitablg-uplet of integersh. Sincert belongs tcAQI’T(T),
we have thatt belongs to [®] and hence Pro+xmeGC Llg. If
has hypothesis block, then there areaaary predicatéW, a p-upletm, r
canonical representations, . ..,d,, htermsé;,...,&, and a stackt such
that:

(@) Foralli € [1..r], di € E5 (M)

(b) Forallj € [1..h], &; g ¢j(W,m)

(c) M e W(T)

(d) m=d;...d.&1...&n. 10
We assert thatep xd;...dr.&1...&n. 7T has a winning strategy: Indeed, to

win (3 can choose the predicake:= Ag“ and thep-upletm. This move
satisfies thatt € IP(T) by definition and hencém, IP) is a legal move. After
that, (¥ must choose an indexe [1..h] and a staclp € [¢;(IP,m)] . Ifit

is impossiblexp x e G C 11 g, thus proving the result. If it is possible,
thenxq « T~ &+ p. By induction hypothesis, we have thp;(IP,m)] C
19;(P,M)||c. Sincer’ € W(T), we havel|¢; (P, m)]|c C ||1¢;(W,m)]|s (c.f.
5.13). In consequencp,c ||¢; (W, M)||c and therg;xp € Llg. m

Definition 5.22. Let us consider a\c-termT and a Lg parametrical for-
mula parameters of which are taken fralm We say that has a winning
strategy for® if and only if for each stacke [®] we have thatxTtie Ll g.

Now, we can deduce thdain Theorermabout realizability games:

Theorem 5.23.1f ® is a Lg formula the parameters of which are taken
fromA, and a/\c-termt such thatt - @. Thent has a winning strategy for
®. If the formula® is completely relativized to data typasimplements a
winning strategy for the game associated with

Proof. This is a direct consequence of the lemma above, becaasgbd||c
and thent x 1t belongs tolLg. Then, there is a winning strategy for the
procesg Tt In particular, as we viewed in 5.17, for a formula comphetel
relativized to data types, this implies tatmplements a winning strategy
for the game associated with O

As we have seen in 5.5, we can embed the first order langtag&o
the language of gamé&ss in such a way that the truth values in realizability
models are preserved. In addition, the statement of amaeiibal theorem
is an L;-formula. This formula relativized to int is provable in agystem
of types (c.f. [6]). The term associated with this proof isad the corres-
ponding Lg-formula and therefore it implements the game associatéd wi
the formula and plays a winning strategy far in such a game.
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6. Examples and applications

Notation 6.1. Let ® be a parametricalg-formula. We will denote byb;
thei-th hypothesis ofP; thus, we havep = VX(d1,...,0nh, P1,..., Py — A)
if ®is a first kind formula (respyWvX(d1,...,0nh, ®P1,...,®r — A) if D is
a second kind formula). Hence, we will denote ®y the j-th hypothesis
of ®; and so on.

6.1. The formula 3xvy(f(x,y) =0).
We start with an analogous result to the one of 4.4

Lemma 6.2. Consider(M, LLo) a realizability model, a parametrical for-
mulaW := 3Ix¢(x), P := {r} —i.e. IP is a O-ary predicate—, and a Ac-
term such that g W and 1Lg C (thT*%wl(",).n)C. Then, there is an indivi-
dual me M and a/\¢-term¢& such that, i-o ¢ (m) andxy, (py x&.1¢ LLo.

Proof. The proof is similar to the proof of 4.4 and is left as an exsci O

Example 6.3.Afirst example is the game f& = Ixvy( f (x,y) = 0) wheref
is a function symbol. Let us considenamodelR = (N, D, %), a/\c-term
T such thatt - W and a stachkt

Define the O-ary predicaté := {1t}. Then we have that + W1(IP) —
IP, whereW(IP) = Wx(Vy(f(x,y) = 0) — IP). Since [W1(IP) — IP] =
{2w, (p)-TT}, by 5.23 the processx xy, (py.Tthas a winning strategy fap) .
We will explain this strategy and its intermediate reducisteps.

For brevity, denoté instead obey, (). We will construct by induction

(asin 4.17) a finite sequence of threads models.

Let us definelLg := (thru,.n)¢. By 6.2, there is an individuak and a/\c-
term&, such thakox&1.11¢ LLg and&; o Vy(f(ng,y) = 0). By 5.15,5
must choose an individuaiy (sincett € IP each move is a legal move)
and(® must answer a stack belonging to the truth veldg f (m,y)=0)] =
[YWYY(W f(my,y) —=WO)] = {3 (my,p)-T0IPEN, VeA; and'eV(0)}. Con-
sider thatey, f (m,,p,)-Ta IS the answer ofy) and for brevity write it a;. 4.

Now, suppose we have:

Txko. TU-Ko* &1.TT

El* ki.Tq. >—k0*§2.T[
(6.3.10)

Ej—l*kj—l-njfl >ko*Ej.T[

and define the realizability modellj_; = (thgu,n)® N ﬂij;ll(thgi*km)c.
Denote asn; the j-th move of(3 and a;.T; the j-th answer ofy) .
Define the realizability model Lj as 1Lj_1 N (thzj*kj,nj)c. Now, there
are two cases:
(1) Suppose there are two integeendn such thag;i-Vy(f(n,y)=0).
In particular, for eachp € N and for each predicatX € D, the

termé&; verifies&; i-; X(f(n,p)) — X(0). Let us defineX := A’f’o.
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Since by constructiofxki.m; ¢ LL; andTg € AT’O(O), we have that
forall pe N, ki ¥; AT’O(f(n, p)). Thisimplies thaf® |=Vp(f(n, p)=0).
Thenkj x5 ¢ LL; and this is possible only ik x5 € th .
because each other thread ends wighin head position. Since
ki is a halt instruction, the execution stops.Mf|= f(nj, p;) = 0,
then(® wins. In particular, if3 has played in thé-th thread, the
movem; = n, 3 has win. The scheme 6.2 is completed by addition
of the (last) linegj x k;.Tt >~ ki x T.

(2) Suppose that for each integdrom 1 to j and for eachn, the term
&i does not realizey(f(n,y) =0) in LL;. Applying 6.2 forLLj, we
obtain an individuah and a\c-term&;.1 such thag 11 vy(f(n,y) =
0) andkox&j1.1t¢ LLj. Hence, for each < j the termg; is dif-
ferent from¢; and thenkgx &j.Tt € tth*kj.nj. Here player must
play an individuaimj1 (all move is legal for3)). (¥ must play a
stackkj1.1j41 (all answer is legal fo(v) ). The lineg;j. x k.1 >~
kox¢&j+1.1tis added to the scheme 6.3.10 and the construction con-
tinues.

Sincet x kg.1T has a winning strategy faB) and player(y) has always a
legal answer in the case (2), the inductive constructiovalpaust stop and

in consequenc® = IXVy(f(x,y) =0). On the other hand, the reduction
does not consider the moves@f nor the answers af) . In consequence,
there is an integdrsuch that, if both players plays legal moves, the execu-
tion stops always in a procegsx g that “points” to thei-th played move
and the-th played answer. Playés) wins if and only if® |= f(n;, p;j) = 0.

In particular, a winning strategy f@g) consists in playing in theth move

an integem such that® |= Vy(f(n,y) = 0). Notice that there is a seman-
tic statement equivalent to the stop of executidhe process stops in the
j-th step if and only if there are two integers i and n such that<j
and&ji-;vy(f(n,y)=0). Thus, we have described the threads when we ex-
ecute a winning strategy given by a tetrsuch thatr i+ IxXvy(f(x,y) = 0).

On the other hand, the converse of 5.23 is also true for theuta¥ —and
many other, we will treat this problem later—. Indeed: gieeterm that
has a winning strategy for the formulavy( f (x,y) = 0), we will see that it
realizes the formula in all realizability models.

Lemma 6.4. Suppose thal = (N, D, %) is anw-model and is a/\c-term.
Then, the following statements are equivalent:

Q) tw
(2) T implements a play having a winning strategy {or in the game
associated withV := Ixvy(f(x,y) = 0).

Proof.

(1)—(2) By 5.23
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(2)—(1) By hypothesig implements a winning strategy f& and this im-
plies there is an integer a sequence of constant, ...k;, a se-
quence of stacksp,..., Ty and a sequence @f.-termséy,...,¢q
such that

TxKo. Ty > Ko*&1.To

&1x k1. Ty = ko x€2.T
(6.4.11)

&q* K- Tlg = K x T§
for an integen < g. Moreover, the winning strategy f@g must
play in thei-th line an individuahy such that® |= Vy(f(m,y) =0)
because otherwisé&) wins playingp; such that® |= f(n;, pi) # 0.
Consider a realizability modell and a O-ary predicaté C 1.
Take a/\c-termtg realizingW1(IP) and a staclpg belonging tolP.
We must prove thatxtp.poe LL.

By substltutlon in 6.4.11, there is/&- termEl such thatr xtg.pg

reduces tdg* & 1. Po. Heref; isin fact&q] t0>pO/k0 To)-

Let us consider a winning strategy which wins on the playld.4.
implemented byt and considen;, the first move proposed %)
according with this strategy. Sin&é (IP) is VX(Vy(f(x,y) =0)—IP),
it suffices to prove the followinglaim:

&1k Vy(f(n,y) =0)

Let us consider a 1-ary predicai#; € D, an individualps, a
Nc-termty = W(f(ng, p1)) and a stackte W(0) and try to prove
Lhat&l *xt1.Th € L. Again Qy substitution on 6.4.11 we have that
&1 xt1. T = tox &2.P0 WhereEZZEZ[tO’tl’po’pl/ko,kl,T[O,T[l]- If we
proved, I (Vy(f(nz,y) = 0)) for an integemny, the claim is proven.
Considem, the second move ).

Repeatingg times this reasoning, we obtain by substitution in
6.4.11:

Txto.po > to*&1.Po

El*tl-pl >to*g2-Po
(6.4.12)

gq*tq.pq > ti % Pj
SinceM = f(ni, pi) = 0,t - Wi (f(n, pi)) andp; € W;(0) = Wi (f(ni, pi));
the process; x p; belongs tolL. In consequence, for afl such

that 1< j <q, the procesé, *tj.pj belongs tall and hencéJ I
vy(f(nj,y) =0)in LL. Takingj = 1 the claim is proven, thus prov-
ing the result.
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6.2. The formula Ixvy(f(x,y) #0).

Example 6.5.As another example, we study the case seen in 6.3 butavith
instead of= :

Let us consider the formuldl := 3Ixvy(f(x,y) # 0) and an w-model
M= (M,D,%). By 1.12

W= WX (YX(Yyf(xy) #0— X) = X)

hence by definitiotV1(X) = Vx(Vyf(x,y) # 0 — X). As in 6.3, we will
write ko instead of the constamy, (). Considert a Ac-term realizing
the formula¥. Each timekg arrives in head position, it is with a stagkrt
as argument. At this momen must play an individuai; and(y) must
answer a stacgi € [Vy(f(m,y) #0)] = Upen [ f(m, p) #0] . Here there
are two possibilities:
(1) M = Vy(f(m,y) # 0). In this case, the sdtf (m, p) # 0] is empty
for each integep and then¥) has no legal answer. By definition
5.19, the procesky x &j.1tis a final winning position. The game
stops and3) wins.
(2) M = vy(f(my,y) =0). In this case the seff(m;, p) # 0] is N for
a suitable integep. Then,(v) can play any stack; and the game
continues.

By 5.23 the process x kp.1t has a winning strategy fofs). In conse-
quenceR = 3Ixvy(f(x,y) # 0) and(@ can play in such a way that the ex-
ecution stops. Thethreads other than the first are of the sh§pep; -
ko* & 11.To, Whereg;, &1 are respectively theth andi+1-th exception
handler. If(3 wins, the thread corresponding to the winning move is the
last thread.

Converse, suppose th&t|= ¥. We can compute the truth value ¥fas
follows:

Given an integensuchthai® |=Vy (f(n,y)#0), the truth value of'y(f(n,y) #
0) is the empty seb, i.e. we can replacey( f(n,y) # 0) by T. Likewise, for
an integem such that® = Vy(f(n,y) # 0), we can replace&y(f(n,y) # 0)
by L.

SinceM = W, the truth value ofvx[Vy( f (n,y) # 0) — X]is the set e |[VY(F(N,y) #
0) — X||=||T — X||, becausé¢| T—X|| 2 || L—X||. In consequence, the
truth value of¥ is the set|vX[(T — X) — X]||. Moreover, we can charac-
terize using the threads method, the terms that rea#fiXésT — X) — X]:

Remark 6.6. The following statements are equivalents :

(1) Tk VX[(T = X) = X].
(2) For all Ac-termsu and for all stackgt, there is a/\c-term & such
thatTxu.7t = Ux&.TL

Proof.
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(1)—(2) Let us considerlLg := thy,y 5 and define the predicate := {1t}.
Sincetxu.mt¢ Llg, thenukg T — IP, there is a\.-term & such
thatux&.1t¢ 1L and hence xu.1t> u%&.Tt

(2)—(2) Is left as an exercise.

O

Corollary 6.7. A Ac-termt satisfiest - IXvy(f(x,y) # 0), whereM |= W,
if and only if, for all Ac-terms u and for all stacks, there is a\¢c-term¢
satisfyingt x U.Tt >~ u* .7t

By instance, ifik = W, then

e T = AX(X)H
o T2=Ax(X)(ko)(ky)... (kr)H
e T3 =AX(X)id

(whereH is a halt instruction) realize¥. The first term gives a thread
scheme with only one thread. Hence, the only one winningegjyafor &5

is to play a good move the first time it plays. gives(@ at mostr possibi-
lities to play correctly. Finallyrs is more complicated: The only winning
strategy is to play correctly in the first move, because if the first move
of @ andM = Vy(f(n1,y) =0), then(¥ can answer &l-constantg. Since
idx1g does not reduce, in this cag® has no more opportunities. But,
maybe() is gentle and it proposg%o) id, thus giving a new opportunity
to (3. Playing the game implemented Iy or 12, (v cannot modify the
maximum length of the play.

6.3. Relativizing formulee to data types.

Until now, in this section we described games where its immglietation
acts as a referee. Indeed, if we analyze the execution hmirasm 6.3, we
can conclude that:

e The play length is determined by the term (the program).

e The program never plays a relevant value, but exceptionlaesi
continue the execution.

e The only trace of the moves played are the constants intextiuc
each time(v) plays. Although this information is implicit in these
constants, if we have no instructions able to “read” it, indd avai-
lable for calculus.

e Once the play is ended, the players can verify which is thenain
Nothing along the execution acts as a test to determine theei

Intuitively, we can imagine a play pactedgmoves between two players.
The program will choose a move (tih in 6.4.12), independently of the
moves played and players do not know which one. Once the pfayshed,
the referee show its chosen move and players must verifyhmas the
winner.

Consider also the second one treated case (6.5): when wetsigbs

by #.
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The reader should remark that, while the formuay(f(x,y) = 0)
and Ixvy(f(x,y) # 0) have the same expressiveness (all formula of first
shape is equivalent to a formula of the second one and calygrés speci-
fications are very different. The choice pfinstead of= gives sessions the
length of which depends upon the moves and these sessideitoken
whenever wins.

Reasonning by analogy with the casedaf/y(f(x,y) = 0), we can des-
cribe the game ofixvy(f(x,y) # 0) as follows:

The play betweers and(v) is performed until3 wins, in which case
the execution is broken. In consequence, here the refetseas@ test,
because it stops the execution if and onlgif has win.

We will examine cases where the term acts as a referee andlagea. p
More precisely, it will decide when the play is finished andill play in-
stead of(3 . The relativization to a data type gives this kind of behavio
We will consider relativizations to naturals. But, we caraditeast two pos-
sible relativizations: Relativization to the formula(xt and relativization
to the canonical representatiof®}. These two cases are essentially the
same, but the case of a relativization to the formuléxintequires we use
storage operators for interaction constants.

In order to analyze simultaneously these two cases, we esitdbe the
threads scheme of a play implemented by a realizer of

- H{Xiv{%}/( f(x,y) =0)

and after that, we will explain how is the thread scheme faadizator of

int_ int

W=3xvVy(f(xy)=0)

More generally, we will study the transformatidihi— o consisting to
replaced(x) by £s(x) —whered(x) is a data type— and how we can obtain a
realizator of¥’ from a realizator ot and conversely.

In order to study the case &, we must use the analogous of 4.4 for an
extended formuléi{x)}(dn(x).

Lemma 6.8. Let us consider an extended formdigx), a realizability mo-

del (M, J_LQ), a stackitand two/\c-terms u and h such thatl o C (thynn)©

and ui-g H{X;(q)(x). Then, there is an integer n and\a-term¢ such thag, o ¢(n)
and hxn.&.t¢ L.

Proof. Analogous to the one of 4.4 O

We have seen that a term realizi@gimplements a winning strategy for
the game associated witH (c.f. 5.23). These strategies involves back-
tracking and we will describe this one, giving also a sentaotindition
equivalent to the execution stop.

Example 6.9. Let us consider an-model® := (N, D, %) and a/\c-term
u - H{Xiv{%}/(f(x,y) = 0). We will build recursively —as in 6.3— a finite
sequence of thread models.
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Consider a halt instruction sequen@de)iciy and all-constant sequen-
ce (g )ien-

Denote as ththe thread th.y, » and definelLq := (thg)®. We can apply
6.8 to obtain an individual; and a/\c-term¢& such thag 1 o Vy(f(ny,y) =
0) andkoxNy.&1.1p € thg. Henceuxko. T - KoxNy.&1.Th.

Now we proceed by induction. Suppose thai,...,n; are integers
and¢g,...,&; are/\c-terms such that

Uxko. Ty = koxN1.€1.1o

El*r)l.k]_.T[]_ > ko*ﬁz.Ez.Tl’o
(6.9.13)

Ej—l*ﬁjfl-kj—l-nj—l ~ ko*1j.&j.To
For eachl > 0, denote as {ithe thread tf),;, y,  and asllj the threads
modelﬂljzo(th)c. Applying 6.8 with LL; we obtain an integen;,; and
al\c-term¢; 1 such tha€j 1 I v{y)}/(f(njﬂ,y) =0) andko*Nj+1.§j+1.To
does not belong ta l ;.
Here there are two possibilities:

(1) There is an integer € [1..j] such thatkg* Nj+1.§j+1.To belongs
to th_. In this casen = nj 1 and; = &1 becauség can only be
in head position at the end of a thread. In particular, thieitaglies
that§; i VY ( f (ni,y) = 0) —i.e. the formularXv (X f(n;,y)—X0)—
. TakeX := A™0 andy := p; € N. Sinceg; «p;.k.15 ¢ LLj, thenk;
does not realiz&™°(f(nj, p;)). In consequenc® |= f(n, p;)) =0
andki x5 ¢ LL;. The only thread belonging taLL )¢ such thak;
can be in head position is jthbecause it must be at the end of its
thread and the other threads finishes viighn head position. We
add to 6.9.13 the lin&; x p; kj.1; - ki x5 and, takingj = g, we
obtain:

UxKko.Tp > ko*ﬁ]_.E]_.T[o

El*bl.k]_.ﬂ]_ > ko*ﬁz.Ez.T[o
(6.9.14)

Eq*bq.kq.ﬁq = ki x T§,
And the execution stops.
(2) ko*MNj11Kj11.1o belongs to th. In this case we define th; as the
thread of¢j+1x Pj1.-Kj+1.7+1, we add to 6.9.13 the line

& *Pj-TG = &jr1xPjr1-Kj+1. T 41
and the execution continues.

By hypothesisu implements a winning strategy for the game associated

with the extended formul® = H{Xﬁv{%}/(f(x, y) = 0) and then, if we take a
stackrtand we denote B the predicatg i}, the processxxg, p) Tt has a
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winning strategy for playe@® . In consequence, if we replakgby »g L(P)

andTgp by 1tin 6.9.13, we have that the recursive process described in (1
and (2) must stop.

Lemma 6_.10;Consider ar-modefR, a/Aq-term u and an extended formu-
la ® = 3%y (x,y)=0). Then the following statements are equivalents:
(1) um P
(2) uimplements a winning strategy f@ in the game associated with
the extended formulé.

Proof.

(1)—(2) By 5.23.

(2)—(2) The proof is almost the same the one we viewed in 6.4. Hewev
here the length of a play depends upon the answers)of For
this reason, we can not consider the thread scheme as given. |
consequence, we give a proof slightly more complicated.

Take a realizability model L, a predicatdP C I, a Ac-termty
realizing Ql(IP) in 1L and a stackpg belonging tolP. We must
prove thatuxtg.po € LL. Trying to prove it, we will consider a play
M between(3) and(¥) according to the strategy given by By
hypothesis this play must finish witB) winning:

Start the playM implemented by. By substitution in the first
thread, we have thatxtg.pg = toxN1.&1.p0 Wheren; is the first

move played by3) and¢; = El[to’po/ko,no]- In order to prove the
result it suffices to prove the followingaim:

&V (F(ny,y) = 0)

Take a stackp,.t1.p1 € ||v{y§/ f(n1,y) = 0)|| and addn, to M as
its @ second move. Then (by substitution in the second thread of

thls play), the procesél* P1.t1.p1 reduces tdg  ny. Eg Po, Where
Ez = Ez[to7tlvp07pl/k0 k1 T[O m)- In order to prove the claim, it suf-
fices to prove thak, I v y(f(nz y) =0).

We proceed to do this construction until the play is ended@nd
wins. At this moment the thread scheme we build is:

Uxto.po = toxN1.&1.Po

gl *Ppl1.p1 > to*ﬁzgz-po
(6.10.15)

Eq*r)q.tq.pq > i % P
Furthermore, we know tha® |= f(n;,pj) = 0 becaus&3) has

win. By construction, for each stejp we tookt; - W;(f(nj, pj))
andp; € W;(0) for 1-ary predicate®; € D. Thentjxp; € LL and
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hence eacﬁj *Pj-tj-pj € LL; in particular forj = 1. The claim is
proved thus proving the result.
O

6.4. Relativization to data types vs. relativization to canonial repre-
sentations.

‘We generalize now the correspondence that we used to tram$fdnto
W. Given aLg-formula @, we define the formul@ as the one we ob-
tain replacing each instance of a data type by the correspoind-set of
canonical representations. More precisely:

Definition 6.11. We define by induction a functian— ® whered is a Lg-
formula:

[ ] If q) == \V/X[61(X]_>,...,6r(Xr>,¢1,...,q)s—>A], then
a\) :VX[Sal(X]_);...;85r(xr),a\31,...,a\JS—>A]
o If ®=VYWVX[d,...,0,Pq,...,Ds— WT], then:
® = YWVX[es, (X1), - -, €5, (% ), P1, .. ., Ds — W]

Definition 6.12. Given a Lg-formula ®, we define two transformations
(t,®) — t§ and (t,®) — to over Ac x Lg. These definitions are mutual-
ly recursive and defined by induction @n Given a first (resp. second)
kind Lg-formula ® = VX[01(X1),...,0 (X ), P1,...,Ps — A] (resp. ® =
WV\V/X[él(Xl) " (Xr),cbl. .. Py — Wﬂ), then:

ty = (TPOAXg. . AXAEL . AEs(t)Xa .. X &1, - - - Espg

tp = )\xl...)\xr)\El...)\Es(t)xl...xré*l‘q,l...égq,s
Lemma 6.13. Let us consider aLg-formula ® and a realizability mo-
del (M, L1 ), whereM is anw-model. Then:

(1) Given a/c-termT satisfyingt I ®, we have thate I )
(2) Given a/\c-termo satisfyingo - @, we have thaby, - ®.

Proof. We prove (1) and (2) by induction ah. Suppose thab is a second
kind formula. R

To prove (1), lets consider a statk= ey, ...€m,.§1...8s.p € ||P|],
whereen, denotes the unique term belongingsi(m), whenever it ex-
ist. We must prove thaip «t€ L. Reducing this process, we obtain

Tx€im - - &m, &1, - - - Esog P

which belongs tall applying the induction hypothesis ové ... ®s and
that canonicals realize their data type.
To prove (2), lets consider a stack

T =E€m...&m.81...&s.p € ||€5,(M);. .. €5 (My); D1, ..., Ps — WT||
for a individuals vectomand a 1-ary predicaté/. By reduction we obtain:

AXL. . AXAEL. . AES(O)X1... X E10, ... Epy *TT =
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~ ~ ,
O*€1my ---m, 10, - - - Eswe-P

By induction hypothesi@iqgi - D Theneiy, . ..em, .Elq,l .. ./E\s(ps.p/ € ||CT>||.
Thus, we have proved thak; ... A A1 ... A&s(0)X1... % .Elq,l .. ./E\qus reali-
zesgs, (M);...; €5 (My); Pq,...,ds — WT and hence —using that®Tsi a
storage operatoreg, i &1(my),..., 8 (M), ®q,...,Ps — WT. Since this
reasoning is valid for alihand for allW < D, we have proved that, ~ ®.
O

Remark 6.14. Given a ternm i+ @, it has a winning strategy for the game
associated witlb. Using 6.13, we prove thaty i+ ® and then, this term
has a winning strategy for the game associated witMoreover, if® is a
totally relativized formula, the strategies implementgdbandce are the
same (both play the same individuals).

Example 6.15.Let us consider the formul® = 3'xv'yf(x,y) = 0. The
soleW hypothesis is the formukity (X ) = V'X(YWY'Y(W f(X, y)—W0)—X).
Suppose that is a/\¢-term such thati i- ¥ and take a stack. Denote byk
the interaction instructiory, ().

By 5.6 the operator ! is the 1-ary storage operator for integers;. By
5.23 the process Tint#y, ({ry)-Tthas a winner strategy f@p) . For brevity,
we will denote Ty as T.

Applying 6.13 and 6.14, the terthy implements the same winning stra-
tegy thatu, but playing the game of the formufd. In consequence, the
threads of a play implemented yare (almosy) the same that the threads
of a play implemented by:

Ux TintKo.po > Ko*MN1.€1.Po

&1* Pr-Ki.p1 > KoxT2.&2.p0
(6.15.16)

Eq*ﬁqkq-pq >~ ki % pi

However, since our purpose is to compose winning strategieswill
use other threads schemes, more adequate to compose thesgiest. \We
want proceed to substitute tiAge-terms T,k by Ac-terms. In order to for-
malise this idea, we will replacgn[ko terms byinstructionswith a suitable
and more restrictive reduction property. After that, ustlypamic substi-
tutions, we can replace these instructions’gyterms provided that these
terms have a behaviour analogous to the behaviour of theiatiins it re-
places (c.f.: section 4). For the moment, we will presentadéeely threads
schemes for this formula:

Sin fact, the transformatiorisand  adds manyn-expansions which add irrelevant
reductions.
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Example 6.16. Consider a/\.-termu realizing in all models the formu-
la W = 3%"V(f(x,y)=0) and a play( implemented byu in the game
associated with¥. Take a T,;K—like instruction (c.f. 4.11Y) satisfying:

I. udoes not contailJ.

ii. The function(v, &) — T is injective ong.
i.e. the hypothesis about assumed in 4.5 and the injective condition ii.
over the mafv,§) — T()E. We built by induction a threads scheme associ-
ated with the match:
Step0 Define th := thy,u n, and_LLg := thg. Applying 4.5, we obtain two

termsv1, &1 and an integen; such that

uxU.T = Hy, g, xM.TT,

181

and & o v'n)t/(f(nl,y) = 0). Start a match betwee@® and ®
where(3) proposes as its first movement. Suppose thiat an-
swersps.

Stepk+1 Let us consider we have the threads scheme:

uxU.1p > Hvlil*ﬁl~""vlzl

(§1)P1* ki Ty >~ HV2§2 *ﬁz‘n(/ziz
(6.16.17)

(k) Prex K- T > Huy. 18 *ﬁk+l'n()k+lzk+l
where(3) has playedh, ..., ng. 1 and(® has answeregs, ..., px.1 respec-
tively.
Define th 1 :=the, 1) pe,1xki 1.1, @Ak = LLkNthi, 1. Applying
again 4.5, we obtain two termg 2, {2 and an integeny . » such that:

(6.16.18) HVk+2§k+2 *ﬁk+2'n</k+2§k+2 ¢ Llyi1

andéy .o ki1 V"ﬂt/( f(nks2,yY) = 0). Now, there are two possibilities:

(1) Suppose that for eadke [1..k+1] & # Eki2. Since(v,&) — T(/E is
injective on¢, we have that that(néi * T(,k+2£k+2 and in consequen-
ceHy, g, *Mk2. T, 5 € the 2. We add to 6.16.17 the line:

(EkJrl)karl * K1 Teyn > HVk+2§k+2 *ﬁk+2.T()

and the construction continues.
(2) Suppose that there is are [1..k+1] such thatfx,» = &. Then

we have that; IFx. 1 virit/(f(nkﬁ,y) = 0), from which it follows

that(&;) pi Fks+1 f (Nky2, pi) = 0. DefiningW := AT we have thats; ) pi Fk+1
W(f(nk 2, pi)) — W(0) from which we can deduce thak; ¥y 1

W(0) and M |= f(nk 2, pi) =0. In consequencle xTg ¢ L1y 1

and hencd x5 € the, 1 —because the other threads finish wi) ¢,

in head position—. Now, from 6.16.]]8\,k+2§k+2*nk+2.ngk+zzk+2
belongs to a thread fhj < k+-1. Moreover, the only thread that

k28 k2
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may (:ontainH\,MEM*ﬁ|<+2.r()k+2£k+2 Is thei-th thread and hence
Nk+1 = N;. We conclude tha = f(n;, pj) = 0 and player3 wins
the match.

If we make a substitution puttingfkg instead ofJ, we obtain the threads
scheme of the match, we have seenin 6.15.16:

U TintKo.To = Ko Ty.&1[Tintko /).

(&x[Tintko /1) Py x kel > Kox M. &2[Tintko /1.1

(6.16.19) :
(E[Tintko /1) Py ki T = Ko* M 1.&xc1 [Tintko /.10

This implies that the construction given above must stopabse if not, the
sequence ofp;)ien constitutes a winning strategy fgy) playing against

the strategy implemented loy This is impossible sinceir- H"an/( f(x,y)=0).
We can represent this behaviour by a flux diagram:

(6.16.20)

< Start

A
(G movesx:=n;)

(@ answery :=p;)

& chooses the empty move

& chooses a 2-uplet

6.5. Strategies as realizators.
We can generalize the result 6.10. First, we must give sorin@tiens and
after that, we can enunciate the generalisation and prove it

Definition 6.17. A Lg-parametrical formula is saicget-relativizedf and
only if all their relativized quantifiers (if there existsjearelativized to data
sets. We can inductively define these formulee:
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A first kind L formula

¢ :V?[El(xl),,gr(Xr)’¢1,a¢s—>A]

is saidset-relativizedf and only if€1, ..., & are data sets and the hypothe-
sisd1,..., s are set-relativized g-formulee.
A second kind.g-formula

¢ = YWVR[E1(X0); .. s Er(%); D1, -, bs — WT]

is saidset -relativizedf and only if€1, . .., &, are data sets and the hypothe-
sis¢s,...,¢s are set-relativized g-formulee.

Remark 6.18. For each parametrical set-relativizet-formula®, if [P] =0,
then for each realizability modell. we have that|®|| ;, = 0.

Definition 6.19. Let us consider a static substitutia®f. Given an a-ary
second order parameték, we denote by”(A) the a-ary second order pa-
rameter defined a6 (A\))(n) := { (1) | me A(f)}. Given a paramet-
rical formula ® = ®(R m), we denote as”(®) the parametrical formu-

la CD(y(R;, m). In other words, we apply” to all the ® parameters.

In particular, ifA\ is aA parameterA = AT', then.#(A) = AT and
hence” (A) is also aA parameter.
We prove now a technical lemma:

Lemma 6.20. Let us consider a first (resp. second) kiAgparametrical
set-relativized.g-formula®, more precisely:

D :=VX[E1(X1); .- -; Er (X ); P1(X), ..., Ps(X) — A(X)]

(resp.: @ ;= YWVX[E1(X1);..-; Er (X ); PL(W,X), ..., Ps(W,X) — WT]) and
(Yi)iel a set ofLg A-parametrical formulae. Considér:= m (resp.X:=m,
W =W € A) an instantiation of®. Suppose there is no parameter®df
nor (Yi)ier containning«a, (m), - - -, %ag(m)- SUPPOSE that = T[(xy; )ier] is a
Ac-term such that has a winning strategy fob (c.f.: 5.22).

Let be (&)i=3 and (1i)icl Ac-terms. Consider the (static) substitution
20 = [(li/xv;)ie1] and a realizability modellLL such thatvie[1..5| &;
Zo(Pi(M)) (resp.: & - S (Pi(W,m))) andViel 1; - #(Yi). Consider
canonical representations@f(m) and a staclpoe||A(M) || (resp.pocW(T)).

Then: (1) xe;1...6.81...&s.70(po) € LL.

Proof. By hypothesis, we know thatxe; ... & .x¢, () - - - #aoym)-Po € LLa.
Then this process reduces4pxp; for a suitabled parametrical g-formula
2. Letus define” := S+ [(&i/#a,m))i=1)- Applying .71 we obtain:

(6.20.21) So(t)*er...e.81...8s50(Po) = S1(x3) - 71(P1)

We remark that, since all-parameters in® does not contain the constants

(ay(m)) =5 then.#1(po)=o(Po)-
An interaction constant belongingtee; ... & .xq, () - - - Xag(m)-Po MUSt
be xv;, wherei€l or xq,m), Whereic[l.g. In consequences = Y;
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or 2=®;(m) for a suitable. By hypothesis#i(xs) I (%) and hence, it
suffices to prove tha¥1(pi1) € ||-#0(%)||. We proceed by cases:

(1) xs xp1 € G. In other words(3 can play but’y) can not answer.
Suppose s a first (resp. second) kind formula:

2= vy[él(yl), cey ér’()’r’); Zl(m7y)7 L) Zs’(m7 y) — B(m7y)]

(orZ=VUW[E1(y1);...; Er(Yr); Z2(U,MY), ..., Zg(U, M Y)—UD]

if  is a second kind formula). Singe@ can play, there is an in-

stantiationy := p (resp.:y := p andU := U € A) such thatp; =

er...6.X1---Xg-Ta, Vie[1..r'] di € &(pi) andmy € ||B(M, P)|| (resp.:
™ € U(G)). There are two possibilities:

(@) Z has no hypothesis and herge= 0.

If ¥ is of first kind, thenB(m, B) = V() for a A-parameteiV
that —by hypothesis— contain no consta(msl(m))}j. Thenp;
also contain no these constants and he#gg1) = S (p1) €
1(2)]].

Supposes is of second kind. Sinc# is a A-parameter and
hence#p(U) is aA-parameter and/p(Tn) € (F(U))(0), thus
concluding that71(p1) = “(p1) € ||Z0(2)]].

(b) S #0but Vje[l..s] [Z;(MmpP)] =0 (resp.: [Z;(U,M P)]).
We can apply 6.18, thus obtaining thej<[1..S7] ||Z;(m, B)||=0,
then ||(%; (M, B))||=0 and hence; i (M, P)

(resp.:||Z; (U, M, B)|| =0, then ||.#(; (M, B))|| =
Xj F Zj(U,m, ).
If 2 is of first kind formula, —as have done in (a)- we can
prove that¥1(m) = () € ||-“(B(M,P))||, thus conclu-
ding thatyl(pl) € Hyo(Z)H
If X is a second kind formula, we reason in an entirely similar
way than we have done in (a).
(2) xs xp1 € LLg\G. In other words,(3 can play but whateve©
moves,(resp. second) kind formu(@ has always an answer. Sup-
pose that is a first (resp. second) kind formula:

2= vy[gl(yl)’ cees 8I”(yl”); Zl(m7y)7 crey Zs’<m y) — B(m7y)]

0 and hence

Since(3 can move, there is an instantiatign= p (resp. Yy :=p
andU := UeA) such thatp; = dp...dv.X1...Xg-Tu, & € &i(pPi),
my € ||B(M, )| (resp.Ty € U(3)).
If 2 is a first kind formula, as we have seen in (a), we have
that.1(m) € [|.(B(M, B))]|
If 2 is a second kind formula, the#f; () € (#1(U))(0).
In this case, 6.20.21 becomes:
(6.20.22)

Yo(r)*el. 681, Esyo(po) - yO(”Z)*dl .. dr/.yl()(l) .. -yl(xg)-yl(T[l)
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We must prove that; ...dy..#1(X1) . . . -%1(Xg)--71(T) €] |- (Z) ],
it suffices to prove thatvje[1..s] .71(X;j) F “0(Zj(M, P)) (resp.:
Z1(Xj) Ik Zo(Zj(U, M, P))).

Each exception handlg; has a winning strategy for the hypothe-
sisXj becaus€&?) wins against al(y) answer. Suppose

2y =VZE1(z1);...;&(zn); 2y, - -, Zjg — C(M, B,2)]

(resp.Zj =WVZE1(z1);...; E(Zn); Zj1,. . ., Zjsr — VU]). We must
take a staclp, belonging to|%;|| and prove thagj«p, € LL. Con-
siderZ:= g (resp.:Z:= ¢ andV := V) an instantiation o;. Con-
sider canonical representatiofis..., f,» such thatvie[1..r"] fi €
Ei(0i); Y1, - - -, Yo Ac-terms such thatie[1..s"] y-2j andmp a stack
belonging tg|C(m, B,q)|| (resp.:Tk € W(v)). We must prove that

(6.20.23) yl(Xj)* fi... fryr.. .ysl/.yl(TQ) e ll

Consider the hypothesis of this lemma. Adding the paracsdtri
formulee®, ..., ®, to the initial set of(Y;)i<|, taking new “fresh”
constantgxs; )l=5 instead of(xe,)! =5, using the termgy;)!=$" in-
stead of the term@fi)}j and.7] instead of¥); the proof of 6.20.23
is reduced to the proof of the lemma these particular ohjects

Since this process builts a play for the game associated dith
and by hypothesis has a winning strategy fab; the proof must
stop in a “base case” once the play is ended. In this casernimade
is immediately proven.

The reader should be noticed that this proof is no other tigemaralisation
of the proof seen in 6.10. |

Corollary 6.21. Let us consider a closed (without parameters) set-relzdidi
Lg-formula and aAc-termt. Thent has a winning strategy fo® if and
only if T i+ &®.

6.6. A more complicated back-tracking.

At the end of this work, we will analyze an example of straésgiomposi-
tion. More precisely, we will obtain a winning strategy frarproof of an
implication. One of these formulae, which will be used in thstlexample,
is the following:

Example 6.22.Let us consider the following formula:

® = 3%VYx3Y(h(x,y,X,y) = 0)

whereh is a function symbol. There is a fundamental difference ketw
this case and the one of 6.15: Thack-trackings more complicated. We
can describe recursively the rules of the game associatadbiwhich we
defined on 5.9), defining at each stefhne tree ofeached positions|R This
one contains as root the 0-uplgt—called theempty positior and it may
contain 3-uplets in the first level and 1-uplets in the sedewndl. In the
beginningRy is defined as the tree containning only the noddn thek-th
step, first® chooses a reached position (a node&) R¢. This implies that,
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in the beginning, only the empty positidhis available. After that® and
(v proceeds according to the following discussion:

e Suppose thd@® = (). Inthis case&?) plays an integemand playery)
answers two integerg andn. The treeRy 1 is defined by adding
the node(m, g, n) to the first level oRy:

empty move

1st level

2nd level

e Suppose thaP = (m,q,n). In this case playef plays an integer
p and we defindR 1 by adding the node to the subtree having
root (m,q,n):

empty move

1st level |(mo,qo,No) (m,q, n) (mj,qj,nj)

2nd level /\ %

e Suppose tha® = p —i.e. a node in the™ level- which belongs to
a subtree with rootm, g, n). In this case the execution stops
wins if and only iff |=h(m,q,n, p) =

In other words(5) chooses a reached positiBrand interacts witlv) in
order to propose a new completion fér

We describe now the thread scheme associated with a spdeyibe-
tween(® and(v), where(3 plays according to the strategy implemented
by a termt realizing the formulabd. We will also find a semantic condition
determining what is the reached position chose(Epwt each step. Before
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that, we remember some notations ab®wgubformulae which we will use
later:
|nt int int

o ®1(X') —VX[VV Fy(h(X,y',xy) = 0) — X']

o O13(X) :=VYx3V(N(X,y,xy) =0)

o P111(X,Y) == VY7 Y(N(X Y, X y) =0) = V]

o ®1119(X, Y, X) 1=V ( (X,y,xy) =0)
At each sterk, we will define a set of indexdg and for each indeke I,
another set of indexel. The sely indexes the reached positionsRfthat
are 3-upletgm, q;, nj) and the setsy indexes the reached positionskRyf
that are 4-upletém, g, i, pij) for a suitable integep;; .

Let us consider a sequenceldfconstantsTs )<y pairwise different and

a sequence of instructiotis' )<y pairwise different such that:

(1) T does not contaity' for all i
(2) Foralli,U' € Fr,,«(m) (c.f. 4.11).
(3) Each functior(p,1) — T, is injective on.

We proceed by induction on steps:

StepO: Define thy := thy 1= thy,yo 1, the set of reached positiof =
{()}, the realizability modelLL o := th§ andlg as the empty set. We
have noJjp sets. By 4.4 there is an integen and two/\.-terms
b, X1 such thatHO, «my.70, ¢ Llo andXy o ®11(my). This
implies that the O-th thread is of the form:

T*UOT[0>-H * Y.

HaX1 1X1

Let us start a play between) and(v) where(3) proposesm as
its first move. Playery) must answer two integeis,n:®. Defi-
nely:={1}, Ji1 := 0, the current thread {h= thy,)q,n.,.m and
built according to 6.22 the reached position tReby addition of
the node(my, g1, N1) to theRy first level.
Notice that, ifH xM.nQ, ¢ 111 := (the,uy.m) °N (thE)© andx #xa,
thenHJ M1, € th* because from injective condition (3), we knaf#Tt, , .
Stepk+1: TakeJ_LkH_ (thT*Uk+1 )M ﬂ [(thegygmsurm) 0 N (g )€
i€lei1 1€ty
Consider we have defined a current thregd thwhich is the thread
of some procesB;, 1. We define some clauses:
(Sk): If HY xM, @ Lliyq andvicles X #Xi, thenHQ, «m. Tlﬁxeth’lg+1.
(Si/(k—i—l)): If Hfl)l *b.Tl‘pl ¢ 11y andv] EJi(k+1) L #lij, thenH' L * P Tl%)letthrl
Suppose thatS. 1) is true and that for alicly 1 (5,(k+1)) also is
true. By 4.4, there is an integen and two/Ac-terms [, X such

Binthe implemented gamé&) must choose a stack belonging[t®;1(my)] , i.e. a stack
of the formd,.M1. Tintk1.Tw Whereqs, n; are integersiy € Y1 € A; andk; abbreviates the
instructionxa,,,m,v)- We define here, as in 6.16, a thread scheme using subsitutab
instructions in order to use dynamic substitution.
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that 'HSX.*mnﬁX ¢ Ly, 1 andy i1 ®11(m). Here there are two
possibilities:

First case:Viel1 X # Xi- BY (Sk+1) HY » M, belongs to the current
thread tfj, ;. Definei’:=maxli; 1+ 1 and(py, my, Xir):=(1, M, X).
SinceHg,Xi, arrives in head position in the current threagl, th
it corresponds to the choice 5y of the empty positiori) Ry 1.
We add the liné¥ 1 >~ HY,, +M.T0 as thek+1-th thread
scheme line.

After & playsmy as itsk+1-th move, playefy) must answer
two integersgy, ny’. Defineliz ==l U{i"}, Jippn) =0
andvi€li1 Jiks2) = Jiks1)- Define the current thread,th,
as thi/)qi/.ﬁi/*uym and the tredRy > of reached positions by
addition of the nodémy, gy, n’) to theRy, ; first level . Notice
that(Sk.2) is true and, for each integefly . o, (Si’(k+2)) is true.

Second casedi€lgr1 X = Xi- Sincex ki1 ®11(m), the term(x;)5;. 1 reali-
zesﬂ"ﬂt/(h(m,qi,ni,y) =0) in LLx. By definition, (xi)G.nj
U'.1; does not belong td L. 1. By 4.4, there is an integay
and two/\c-termsp, 1 such thatH), x .1, does not belong to
1l k1 andt k1 h(my, gi,ni, p) = 0. Definely, o := Iy, 1. Still,
it remains two possibilities: . .

(@) Vi€ ! #1ij. By (.Si’(k+1)), Hp + Dij- T4, belongs
to thy, ;. Definej’:=maxJi+1 and(pjj’, pijtij):=(P, P;1).
We add the lineP; 1 > HF‘,H,,”, *bij,.n::j, as thek+1-th
thread scheme line. Sindépi,ij,l”, arrives in head posi-
tion in the current thread, it corresponds to the choice
by & of the reached positiofm, g, n;). After that(3)
playsp;j: as itsk+1-th mové&. Defined; . 2) := Jix;1)U{ i},
the current thread fh, as thij*k”m and the treeRy.»
from reached positions by addition of the nqujgto the
R«.1 second level. The reader must check that the state-
ment (Sii2) is true and that for all€li.p, (Si,,) IS
also true.

(b) Jj€Jky1) ' =1lij. Sinceljj x kij.T5; does not belong
to Llyyq andiij 1 h(my, g, ni, pij) =0, we can con-
clude thakij k1 A”iiﬁo(h(mi,qi,ni, pij)). Inconsequen-
ceM = h(mi,q;,n, pij) = 0andk;j x5 ¢ LLk. Sincek;;
stops the executiorkj; » T4; must belong to the current
thread thj, ;. The execution stops ar@@ wins. We add

Inthe implemented gamé) plays a stackj, ... Tintkir. T3 belonging to[®11(my)] .
We remember that we built thread schemes allowing to userdinsubstitutions.
8n the implemented gamé&) must choose a stadl.1;; € [h(my, i, ni, pij)=0] .
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the lineR1 > kij » TG as thek+1-th (and last) thread
scheme line.

For eachi € Iy, we say thatd;1(my) is the associated formulto the ex-
ception handleg;. For eachj € Ji, we say thah(m, g;, nj, pij) = 0 isthe
associated formulaf the exception handley;.

A flow diagram describes the behaviour of a winning strategy:

(6.22.24) \Start

~
[@ movesx = m;]

[@ answers/ = q;]

[@ answers< .= n;]

@%

X chooses a 3-uplet

| chooses the empty mo

| chooses

Test by

| chooses a 4-uplet

~—18|dn-1 e sasooyo X ﬁ( X chooses the empty move

Remark 6.23. At each stefk, if there is ani€ly such thaty; g ®11(my),
theni is unique. Furthermore, if there is also an ingexJy such that;ji-h(m, i, ni, pij)=0,
thenj is unique.

Proof. Suppose that there are two integeii&|y an integerjeJix and an-
otherj’eJyy such thatjji-ch(my, gi, ni, pij)=0 andiy ji-ch(my, gir, nyr, pirjr ) =0.
Sincel;j xkij.T5; andiy s xky j. T j» does not belong tal x, we have thak;j x
T;; andkyj x Tj» neither belongs talLy (c.f. the proof of 6.22). Hence
kij = T5; andky j x T5/; belongs to thand ther =i’ andj = j'.
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Let us suppose thag -k P11(my) andyxi: Ik ®11(my) wherei,i’€ly. Sin-
ce (Xi)G;-Ni * Tint ki. 15 and(xi/)Gy .My * Tint ki . T neither belongs td Ly, ap-
plying 4.4, we obtain that there are two integprg’ and twoAc-termsi, 1’
such thatk; x p.1.7; and ki x p'.l’.T, does not belong tall,. Sincek;
andk; are differents, at least one of them does not belong to theemur
thread tfj. Suppose thak; = p.1.1t ¢ th,. Then, there is g € Ji such
that p = pij, | = 1jj andijj xkij.T5j ¢ LLx. By 4.41j Ik h(my, ni, g;, pij):O
and by the proof of 6.2%;; « 5 €th;. In consequenck, +P'.1".Ty ¢ thy,
from which we can conclude théat, p) = (1, pirjr) for a suitablej’ € .
By 4.4,1i/j + h(my,gv,ni, prjr) = 0 and, still by the proof of 6.22, we can
conclude thak; ;T € thy. Hencel =i’ andj = J'. O

Corollary 6.24. At each step k we have the following equivalences:

(1) G chooses the empty position if and only if there is no exceptio
handler that realizes its associated formulalihy.

(2) O chooses the positiamy, g, n;) if and only if in_LL the only one
exception handler realizing its associated formulgiis

(3) @ chooses the positiofim;, i, n;, pij) if and only ifx; andi;; both
are the sole exception handlers realizing their respecssociated
formulee inLLy.

6.7. A proof as a strategy combinator.
We will analyse a proof as a strategy combinator. Lets cangigo func-
tions f,g: N2 — N and two formulze:
W= Hir;t(virit/(f(x, y)=0) and Y:= Hir;t(’vm)t/(g(%,y'):O)
The implicationV — Y'is logically equivalent to its prenex normal form:
@ = 3%V YxIYI(F(xy) =0) = (9(X,y) =)
In order to use our precedent results to describe strategigsrefer to write
this formula in the following form:
o := 3% Yx3V(h(x,y,X.y) = 0)
whereh is a 4-ary function satisfying the property:

VxyxXy [h(x,y,X,Y) = 04 (f(x,y) =0—g(X,y) = 0)]

A term o realizing the implicatior®®, W — Y, is a combinator for win-
ning strategies: Indeed, if we consider two tetms® andu i+ ¥. Then
(o)tu realizesY and hence, it implements a winning strategy for the game
associated witly. We wont to describe how combines these termisu so
as to obtain a winning strategy for the game associatedYvith

Lemma 6.25. We consider the following proof-rule:
int. T>Xoint(x) Ft:é(x)

v'r) r I—A)‘(tzvln;«b(x) x&FV(T)

and the following transformation rules:
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M n’
= It . e
Ha:ox)kFt:y I',a:vxcl)(x),x:lnt(x)l—t[(a)x/a]:qJ

Cab

int n n’
(3r) = ) int
FEt:o(x)  Lx:int(x) = Ay(y)xt: 3 xd(x)

i M n’
el . xg FV(MY) = ——m
Ma:d(x),x:int(x)-t: P M,c:3 xdp (C)AXhat : P
Where the implication symbed means that each prodil of the left
seqguent can be transformed into a prétfof the right sequent.

Proof.
(V'_"rt) By application of(—i) and(V) _
(v"]t) By substitution in of a: ¢(x) for a: v'%(x),)_(: int(x) in the left
side and the substitution afby (a)x in the right side.

(Hmrt) By addition of hypothesis tdl, it is possible to construct a proof
MN” such that:

I—III
MLy x(int(x), & (x) — X),X:int(x) Ft: $(x) |
[, int(x) = Ay(y)xt : Wx(int(x), & (x) — X) — X E;.e;ano(a.)
|

_ [,X:int(x) E Ay(y)xt: Hm>t<¢(x)
(H"It) By addition of hypothesis tdl, it is possible to construct a proof

M’ such that:
I—Ill

Mc:3'%p,a: d(x),X:int(x) Ft: P
Ic: H'r;t(qn(x),i: intEAat:o(x) =g
r,c: le;t(q)(x) F AXAaint(x), ¢ (x) — W (=1)

- (V &and —e)
IE (c)AxAat :

—i)

Lemma 6.26. Given three functions, §j, h satisfying
W = VxyxXy [h(x y,X,y) = 04 (f(xy) =0—g(X,y) = 0)]

then for each realizability modell. and for each\¢-termsv, ¢ and for all
individuals np,m,q:

Vi (h(n, p,mq) = 0),¢r (f(n,p) =0) = (V)org(mag) =0
Proof. Let us considen,p,m,q € M, a termv I h(x,y,X,y) =0 and a
term@i- f(n,p) = 0. We have three cases:

(1) f M= f(n,p) 0, then:
[h(x,y,X,y) = 0] = [VX(X — X)| and| f (n,p) = 0] = | T — L
Moreover,|g(m,q) =0|| C || T — L|| and hencé¢v)pr g(m,q) =0.
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(2) If M |= f(n,p) =0 andM = g(m,q) =0, then:
Ih(n, p,m,q) = 0] = [vVX(X = X)|
and hence we havy@)@r g(m,q) =0
(3) If M = f(n,p) =0 andM |=g(m,q) # 0, then:
Ih(n,p,m,q) =0} = [T — L|
and hence we havy@)@i g(m,q) =

Corollary 6.27.
MAY(X)y i VxyXy [h(xy,X,Y) =0 — (f(x,y) =0—g(x,y) = 0)]

We explain now the formal proof of thmodus ponens prenex normal
form.

Lemma 6.28. Consider the formulaex,y) = (f(x,y)=0)and GX,y)=
(9(X,y)=0), where f and g ar@-ary symbols of functions.
Suppose that h is &ary function symbol such that:

W = VxyXy'[h(x,y,X,y) = 0 (f(x,y) = 0= g(X,y) = 0)]

Denote also as kk,y,x,y') the formula fix,y,x',y)=0. Then, we can de-
rive a proof for the sequent:
int, int int int. int int, int

IXVYxTYyH (X, Y, X, Y), IXY yF (X y) F IXVY YG(X,Y)

Proof.
(6.26)
X:H,y:FF(X)y:G in
— (/D)
yuint(y),x:H,y:V yFE(X)()y:G
it nt (3 |t)
z:3 yH,y:V yF F (2AYAX(X) (Y)Y : G (vins
I
R:int(x),2: 7 53 YH,y 7 Y @RI (Y)Y: G
int_int int_int _ NS . € |S
z:V x3 yH,u: 3 xV yF = (U)ARAY(Z)RAYAX(X) (Y)Y : G (viTS
. int int Int
v int(y),z: v/ yxa yH, U3 XY yF - (UARAY(2)Y AYAX(X) (Y)Y : G m
int int int_ int - (VI’
Z:V yx3 yH,u: 3 XY yF EAY (WARAY(2)Y RAYAX(X) ( )y:v )/G in
—m— 3 r
% int(<),2: ¥ ya WH, U 3 X7 YF F AV(VXAY (WARAY (Y ATAX(X) ()Y : 3 XY G n
Int Int int Int_ Int Int Int (Ell

t 3 yhd YH, U3 X YF - (OMAVRAY (WARYY ARy 3 XY G B

int,, int int int

Example 6.29.Givent - 3'X'V'yx3'yH andu I 3% yF, by the soundness

lemma: (1) AXAZAV(V)RAY (UARAY(2) Y AYAX(X) (Y)Y - 3 XYY G

In order to describe the strategy implemented by the aboue tee will
modify it slightly. Concretely, we add storage operatordéoable to use
4.4 and their consequences.

Let us define:

0 :=AXA2A\v(V)X'n[Z;
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N[z =AY () Tined[2Y];

0[2Y] = AAY(Z)Y X Tine WIy];

W[Y] := AYAX(X) (Y)y.

If a termv - v'%(x), then Ty v also realizes it. Applying this fact and
the soundness lemma, we can assertdhat (t)0 H'r&’v"it/G and hence
is a program that computes a winning strategy for the gameceded to
the formulaﬂ"ﬁt(’vmf/G.

As we have seen in 6.16, using 6.16.19 the thread scheme afanpl

plemented by is as follows:
0 * TintKo.Tlo > ko *M1.{1.T

(€1)0y x k1.1 > Ko *Tp.02.T
(6.29.25)

(Cr)O *Ke . TG > ki % T

where, we denote dg the interaction instructiony;, {; is thei-th excep-
tion handler andk; denotesey, m o) for a predicatéW; € Ay chosen by

®.

We start the algorithmic description ofdetermining some notations and
objects that will be in force thereafter. The descriptioal®ut a play we
will denote asg, which is played betwee@ and(y) in the game associated
with the formulaY. As the game evolves, we will playf according to the
game associated witlh. M will be played by (the strategy implemented
by) t against(v). Each time the empty move is chosentbyve will start
a new thread orG and conversely, each new threadgncorresponds to
the choice of the empty move ift/. Moreover, associated with theh
thread ofG, we will have a play\’', which will be played by (the strategy
implemented byu against® . EachA(' is created when theth thread
of G is. EachA(' evolves independently from the otf(eé?k[i/)i/ii.

The description will be performed by induction on the numbérg
threads, building at each step a family of terms, integérgaids, substitu-
tions and notations. At each step, we must verify that theatgaticonstruc-
tion satisfies the properties (A) and (B) defined below. Tiaelee should
keep in mind the notations we adopted in 6.16 and 6.22 to ibesthread
schemes in the games associated WwitandW. In particular, the exception
handler of® associated with a first level move will be denoteggasd the
exception handler associated with second level moves witldnoted as
For the exception handler &, we adopt the notatiod. The terms which
appears in thread schemeay will be indexed with an upper indéxthus
indicating they are took frorm\'.

Inductive construction hypothesis for the step

(6.29.26)

(A) M is a not ended play betweémand(¥) such that:
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(A.1) There aré—1 already played “first level” movdsn., gy, n")lgi/gi,
the exception handler of which is denotedxas
The process starting the thread corresponding to the move
(my,qv,n'), which is (xi)gn" *U".1,, will be abbreviated
asP. Since all threads of\f are finite, we have also a pro-
cessRy, which ends th, .

(A.2) The*“second level moves”are 4-upléts;, g, n'", p‘j',) indexed
by pairs(i’, j’) such thatj’eJy (c.f.: 6.22). The exception han-
dler associated withmy, gy, n', p'j’,) is denoted aﬁj',. The pro-
cess starting the thread corresponding to the rroveg; , n'’, pij/,),
will be denoted aP}ﬁ and the corresponding process ending up
thp}; in le,.

(A.3) For each’<i there is a dynamic substitutiefy such tha{ & )*
replace all the substitutable instructions appeared ithegbads
arising before the movéamy,1,0y.1,n"*1) was played i
Moreover, for alli” <i’<i we have that 3 &r.

(B) There ard—1 not ended playsﬂ\['/)lgi/d, which are played by
againsty). . o

(B.1) There aré pI?yed moves onA\", which are 2-upletsn' > p}({/)
where Kk'<k'. The exception handler associated with, p,, )
is denoted aﬁL’,. In particular, the last played exception han-
dIerEL/i, is denoted ag'.

(B.2) For eachi’<i there is a dynamic substitutioF’ such that
(Z)* replace all the substitutable instructions appearingén th

(current) threads scheme of' . _The processes_star_ting the
thread corresponding t? the mo(\ré/, p'k/,) (which iSE';é/*k'j’,-ﬁj")’
will be abbreviated a@'j,.
(B.3) Given a played p(_)/sitio(n}(', pl,) taken from the (current) play .
g\[' (i" <iandk <Kk"), there are two integefsn, q) such thah(m,q, ni, p, ) =

The reader should be aware that there are some objects whidiewede-
fined during the playG. More precisely, the integers, k', the exception
handlerf” and the dynamic substitutions are “current objects”, wkioh
determined only for each construction step.

In order to explain the interaction between these two grase we adopt

a graphical simultaneous representatiofffand the plays\(*:



Second
level 5

moves

First level

(3 move
and(®
first
answer=
g-

positions
—
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(m’—17 Qir—1, nil_ )
completions

Kk

i—1-th

first level
position

9\21 NZ N3 Ni—l Nl Ni—i—l

We take two parallel axes, one containing dots that represents the
pairs (m;,q;) and the other containing dots representing the first mr@ve
played byu in A’'. All moves played by are represented by dots at the
down side of the scheme, more precisely, each new move phayeh A’
is represented by a new dot in thth vertical line. The last played move of
eachA(! —i.e.: the current valug'— plays an important role and then it will

be represented by a white-filled dot. Finally, the secondllpvwsitionsp‘j
played byt in M are represented in the upper side of the scheme. More
precisely, a new movqa'j that completes the first level positigm, g, n')

will be represented as a new dot in ikt vertical line.

In consequence, all current first level positiongMhare represented by
two dots in a vertical line: the black dot over the uppaxis and the white-
filled dot in the down side. All played completions of théh first level
position are in their upper side of the scheme, oveir-evertical line.

Start the playG implemented byo against(y) on the game associated
with Y.

Step0: The proces® * Tint#y;.To reduces td x 6. Tint#y; .. Define the
processe®y :=t+U% 1. Start a playM betweent and (), the
thread scheme of which has

(6.29.27) txU%m = HOy * My o

asitsfirstthread, whegg, x; are two suitablé\.-terms. For brevity,
lets denoteH? instead oH_),  andrt) instead ofrt),,,. As we have
seen in 6.22, the integen, and the ternx, are respectively the
first 3 move and its corresponding first exception handler —at least
of substitution— played it/ .

Given any two/\¢-termsy, X we have that

O LX- Tint¢y; -To > Tint %%y, -L.N[X].To
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and hencé® € F1,, (Tint#v;.To), i.e. we can dynamically replace
UP by 6. Applying to 6.29.27 := [Tintvi-To /1 ] P(6/U0%) (c.f.:
4.11), we obtain:

tx 0. Tinty; - T > 2y, *Tg.N[So(X1)]-To

In consequence, the first move proposedgirby the strategy
implemented byo is no other than the first move proposed tby
in M. The first exception handl€n proposed byo is n[&p(X1)]
term which contains the first exception handler proposet, byt
modified by substitution.

Since the interaction instructiony, has arrived in head posi-
tion, (¥ must answer an integey and a predicat®; € A;. The
execution continues reducing the procgg%(x1)] 0y .#1.Tu, where
x1 abbreviatesuw, (gm,.q,)) @andma € W1(0). Our scheme takes its
first dot:

]

(my,q1)

k

Now we will describe the—th thread of the play;. We suppose
we have all objects that were defined in 6.29.26 and that thiesy-s
fies properties A.1, A.2, A.3, B.1, B.2 and B.3. The stratetpas
just proposed its-th first level movem; and(v) — playing against
the composed strategy ii— has just answereg|. In order to do
a simplest description, as we said, we will use for each index
three “current valuesk', &' n'" defined respectively as the number
of moves played im(’, the last exception handler pIayed?iﬁ" and
its corresponding move. Hend, = &, andn” = n’,. These val-
ues will change along the play, but never we will use an “olalue
of &' orn’, except when the plag is stopped by the strategy.

We are examining the thread ofn[&_1(xi)])Ti *%i.T5, where
xi = 2wi(g(m,q)) T8 € Wi (0) and W; € A;. The current played
moves of M and(ﬂ\[")ki are represented in the following scheme:

%This assertion will be established once this discussiohented.
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j
M
(m, i)
h [
G oA oAz Ao A1
Reducing the first process of th¢h thread, we obtain:
(6.29.28) U Tint @ [&i—1(Xi), G- %i- T4

In consequencay is arrived in head position. Start a play' im-
plemented by against) . The first thread of this play is

i=_ H . . L A
(62929) uxV'.T = HV'lz'l*an%'lE'l

wherevi, & are twoAc-terms,&} is —at least of substitution— the
first exception handler of thie-th play (. Moreover, the Krivine’s
integerﬁi1 is the first move played by in A('. In particular, for
alli'<i i, = ﬁg but it is only true for the first moves played ly
Then, as we defined abové,;= 1,n" := n} and&' := &|. We add to
our scheme the integelt just created by:

j

Aot a2 Al g
: - i - -
For brevity, denotéd,; si asH; andT(ﬂléil asTy.
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Since Tnt¢ € Fr,,.k («i.T5), we can apply to 6.29.29 the substitu-
tion

(6.29.30) 1= T ] B Tine O[S -1 (X0), Tl /V)
to obtain:
(6.29.31)
Uk Ting O (41 (Xi), G216 =0 [&-1(Xi), O] V.. T (&) 1. T
which reduces to&_1 (i) * 0.0 Tine W[.Z' (E)].2i.T

Remark that as it is defined?' satisfies (B.2) in 6.29.26. Define
(6.29.32) & 1= 1> AT ] Tine W[ (E)]/U1)

Now, we add the thread thyqn,ui 5 to the thread scheme off;
which means that we add the positiom;,q;,n') to the play M.
This new thread ends in a procdgghat has a constakt’ in head
position. We discuss according® (c.f. 6.22):

@ R =HJ . M1 . . It corresponds to the fact thit
playing instead of3), chooses i\ the empty position and
proposes a new exception handter; and a new integdam, 1.
Applying & to the i-th thread of M, we obtain the pro-
cess xy;*Mi;+1.N[&(Xi+1)]-To and hence théth G-thread is
finished. The strategy has just proposed by meansta new
movem; ;1 and it stands for a ne@) answer. Once thiet-1-th
answer is given byv) the game continues according to our dis-

j cution, but in the stept+1. Our scheme is modified as follows:

M

(M41,Gi+1)
L4

o At a2 s At e

The conditions (A.1), (A.2), (A.3), (B.1) and (B.2) are sétd.

In particular, the new substitutiof' verifies (B.2) and the new
substitutions] verifies (A.3) because we added to the threads
two new constants; andU', which are just the constants that
“adds” to & _.
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(b) R = Ky/jy xTi/j. It corresponds to the fact thiaplaying instead
of @ chooses iMM the (complete) positiofm,, gy, ni’, pij/,).
Since the just played positigm, gi,n') was not yet completed,
we know thati’ < i. In our scheme(my, gy, n", p‘j’,) is repre-

j sented by the dark dots:

"
N

k' At Az s A" A\

Furthermoret implements a winning strategy for the game
of ® and hence the 4-uplet chosen by satisfies the equa-
tion h(my, gy, n'", p'j’,):O. Such as§ was defined, we have:

HA

62 g 29 [ ST @) Kip)

whereKjj: abbreviateK\Wf(m, g o)
’ |/7 I j/ .
ter chosen byy after 3 has pIayedp'j/, in M (c.f.: 6.22).

Applying &; to thei+1-th thread ofM, we obtain:

andW is aA;-parame-

H
|

(100G * Ting WLZ (€)].76 = (" (€ )BT

Letus add to the plagi(" the position(n", p',). In other words,
we are taking), as the® -answer to the3 -moven’. We must

add to the thread schemeaf', the new thread B o ot
j/ ki/‘ ki/

—WhereKli(/i, abbreviateK andV is aAj-parameter.

wg(n', o)
[

The reader should remark that it is from now that the posi-

tion (n', p'j/,) is effectively played in A" 1! and that this new

10¢ . item (c) in this discussion and 6.29.32

11Usually in thread schemes, indexes in moves and answesspamding to the same
position are equals. Here, it seems to be a mistake becawgk-move is indexed
as (n', pl,), which is in fact(n:('i,, p,). Nothing is wrong about this “discoordination”
because the indeK indicates that the movp‘j’/ is the j’-th completion of thé’-th move
of M, while the index" in nf, is related to the moves in".
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Ni/-position is associated to the 4-uplet., gy, n", p‘j/,) which
_satisfieh(my, gy, n', pij/,) =0 (thus preserving the property B.3):
J

M

New
position
added to

A
k Nl NZ v Ni’ Ni

Let us redefine
(6.29.33) F' =7 %'”T“/K',,n‘k] k"

— (& )py*Kk./ n‘ki, Here there are two possibilities
accordlng to the choice given by the strategy implemented by
(i) u chooses a positiofn,, pi,) played before & only

knows about the?\("-positions played beforég” was
created if\("). Sinceu implements a winning strategy
for the game of¥, we have thatf (n;(/,,, p'j',,) =0. More-
over, by induction hypothesiénl,, p‘j',,) has associated a
4-uplet(my, g, N, pi’,,) which was chosen before by the
strategy |mplemented ky(c.f. the |tem (b) of this dis-
cussion). In consequendgmy, gy, nk,,, pj,,) = 0. How

is this choice reflected on the thread we are describing?

The thread tt}“)b“ kTt we added in (b) to the thread
il ALY

scheme of\" must be ended bit}, » T, Such asZ"
is defined (c.f.: 6.29.33)7" O [xi\ Tk /i, 7). Hence

applying.Z" to the last thread af("’, we obtain:

(ﬁl (E ))pj/*%l/ TG > xj % T/

and then the session correspondingjtes ended in the
Processy; x 1y:. _ _ _ _

Since h(my, g, N, p'j/,,) =0 and f(n},, p'j/,,) =0, then
g(my,qir) = 0 and henc&d has wirt?,

120t course, we know it becauser Y. However, itis interesting to remark that, sirce
combines any two strategies férandW¥, o can choose a movegn,q;i) only if it knows
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(i) uchooses the empty position. Let us incremént’:=k’ +1.
The strategy played blymust complete the empty move
proposmg anew mteget and a new exception handler

Our scheme will be modified in the line representing

k"
the play?\(’, thus adding a new dot representing the new
n'’:
j
CoarD
\ oy
\ ,_ﬁmuq.)_ i
\/
[ J
k' At Az A" A

By definition, the current valueré' and&’ must be rede-

fined byn' —n:(l, and&’:= k" The last (current) thread

of A(" must end WI'[I’HVi/Ei/ *7 'ﬂvi’zi’ for a suitable term
vi'. Such it was defined in’th'éth step (c.f.: 6.29.30), we
have thatZ" 3 1% /7 19 (Tint 0651 (xi ), T V") Ap-
plying .Z" to this thread, we obtain thiat

(F" (&g _))P x> B E-1(X0), Gi/]*ﬁ“-é".%v.w
which reduces to&_1 (i) *G-N . Tit WL.F (8]0 T/

The termé&;_1(Xjr) was in head position at least in the
i’—th thread (c.f.: 6.29.29). What is the meaningiif

of the fact that inG an exception handler built byar-
rives many times in head position? The tefm (/) is
thei’—th 9/ -exception handler, modified by the dynamic
substitutionsj,_4. This exception handler only knows the
positions of M played before it was created. It is raison-
able to think that, at this moment, all positions created

(6.29.34)

that there is a 4-uplet satisfyirig= 0, such that the first two coordinates aneq; and the
last two satisfies the conditidn= 0. The prograno is built to find this 4-uplet usingand
u.

13Remember thatt' is just updated and hence the &idbecomesk’ —1
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after thei’—th thread ofM was; will be forgotten by the
strategyt. Using dynamic substitutions, we can precise
this intuition:

Let us erase all dynamic substitutiofis such that” > i’
and redefine: by:

(6.29.35) Eri=8E_1> [%i/.Tﬁ//n_i/]Pi/<Tint¢[ﬁi’(ai/)/ui’]>

This is exactly the declaration used to defifjethe first
time we defined it, but now the current vaIEf'eand the
dynamic substitutionZ' are updated. Let us erase also
all the positions and the corresponding threads played af-
ter my was proposed by in M. The situation in the

scheme is modified as follows:
\§
Erased M
positions

!
N

AN G N'&

However, not all information we erased about the posi-
tions of M are forgotten byo (the main program we
are performing). Indeed, the new exception handier
knows all the positions played " and by construction
each position played im("" is associated with a 4-uplet
which was “approved” by the winning strategy imple-
mented byt (i.e. chosen by as a (winning) complete po-
sition for M). In consequence, the moves, g, n', p'j),
which was forgotten by, is still remembered by. More
precisely,u remember their last two coordinates, that it
can choose at any moment to close the pigy (and
hence the play;). The reader should remark that, while
normally only 3 can back-track the execution, if an-
other winning strategy (like here) plays instead @),

it can back-track the execution too. By instance, here it
was the strategy implemented hythat decides erase a

=~
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part of the pIayM and modify the integemi/ in the posi-
tion (my, g, ni).
Letusadd thethread&'\ U T to the thread scheme

of M. From now on, the dlscussmn of this case continues
according to the cases (a) and (b) treated before and the
case (c) we treat inmediately, but now takihmpstead of

Do
responds to the fact tha,tplaylng instead of9), chooses the
(incomplete) positioimy, g/, n ) completes it by the movp!
and proposes a new exception hand‘[erFor brevity, lets de-

noteHgi,li, asH;, andn';i,li, asrt,.
iy L

By definition, & 3 & 3 [*i-Tw /Trl Tmth[y' (€1)]/U") (c.f.:6.29.32).

On the other hand, we have thagW[.Z" (£)] € Fr, k (%i.Th).

Then, we can appl¥; to the thread th. 4 riui . thus obtain-

ing:

)R = H',, i x pJ “'p./ v for two suitable terms1;)J 1!, It cor-

(6.29.36)
(&) AN * Ting WLF" (€)].6.75 = YT (€ >]*p, S 2Ty
which reduces toé?/(lj,) (T (E ))pj, 2 i

The situation in the scheme is as follows:

P}
(m’vql ) |
n’ *—
k' ot a2 Az A A
We add th/ to the threads scheme 81, which corre-

K//Tl'I//

sponds to the fact that it/ the position(m/,qi/,n", p‘j’,) was
just played. Let us redefing by means of the declaration

& 1= &v [(FTENPp T fye e 1)
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Here, it ist that chooses a reached position and proposes a pos-
sible completion for it. This will be reflected in the threae w
have just added to the thread schem@#tfindeed, this thread
ends in a process, nameFRﬂ{',, which determines the following
dlscussmn

0] R' M+l£ *T 1. nﬂHE_H The discussion continues
exactly as in (a). The thread is finished and we start a
new thread+1 and a new play\( 1.

(i) R', = Kjnjn % Tgrjn.  the discussion continues as in (b).
More precisely, this is the case wherhooses a com-
plete position played before and gives the executian to
If the last two coordinates of this complete position are
“approved” by the exception handler of its corresponding
play Al'", the game stops. If not, the gamé is partially
erased. Itis the only one case in our discussion where the
exception handlers built fromare used im\('.

(iii) R‘j', = H}’,’,*bij/,’,.rﬂj'f,. This is the case wheteakes a (first
level) position(my, g, n" ) played before and complete
it proposing a new mtegqm‘,, We have an analogous to
the one of (c) we are analysmg here.

We combine the flux diagram describing the winning strategf& (c.f.:
6.16.20) andd (c.f.: 6.22.24) to obtain the diagram 6.29.37, which de-
scribes “communication” between strategiesndt communicates to give
the strategy. Subterms), ¢ andy, which are the "bricks” constituting,
can be seen as the terms doing this communication.
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(6.29.37)
W .""f,._é;[é'r't
4 ~ r n{x] N ——\ &
= [@ movesx ;= m;] [@ movesx .= n;] *g_
z — g 5
e T Yo @
o B (@ answers/ ;= q;} L (9 answersg/ = p;’ ﬁ
o 2 A ARt AR o
: = C—— blE —— :
o T Yo
§ GEJ L (Y answers<:=n; — Y[E] — S
D ohatetns RESUOTORS 2 o

5 2 { 3 ¢ chooses a 2-uplet
< 2 <
— 9 Test byx ®

: o [¢D]

2 X chooses a 3-upl 8

> G o)

S 7 & z(O movesy:=p) S

o o —

o o

wn e

] (@)

wn —_

QD

N

c v | chooses a 4-uplet

> ‘Halt ;
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