
HAL Id: tel-00593941
https://theses.hal.science/tel-00593941

Submitted on 18 May 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Stabilité des structures minces et sensibilité aux
imperfections par la Méthode Asymptotique Numérique

Sébastien Baguet

To cite this version:
Sébastien Baguet. Stabilité des structures minces et sensibilité aux imperfections par la Méthode
Asymptotique Numérique. Mécanique [physics.med-ph]. Université de la Méditerranée - Aix-Marseille
II, 2001. Français. �NNT : �. �tel-00593941�

https://theses.hal.science/tel-00593941
https://hal.archives-ouvertes.fr


����� ������	
� ����
�����������
�� ������������������� ��� ������	
��� ������� �
����������	
��������� ��������
��������������  ����!
��!������	
��� �����

"�#�$�%&$

')(+*-,.(+/10 2 3-4 ,.5 2�6+, 798-2�8-2
:<;>=@?BA�C>DE:FAHG�I C>J<K9LMA�DFN.K+?�APOMK9QMR STO>DFN�A�K9G�G�APK1K

U�V W+X V Y�Z V [�\�]_^F$�`�a�b�c9dfeg$
h Y.i V j-[B]&% h�k c U�$�%

'-, l m 2 3+0 l 2�2 0�m (9*10 2 3+*-2�'-*-/-5 4 n+*-2 o�2 3+0
'-79,

p�q.r�s�tvu
w xgy{z!|~}����F�

5 2�� ����� 0 (+/-, 2�� �+�1�

� 4 0 , 2&�

p��f|~z!�v�@�v�������<p�p����������������<p����v�T���<p��F�
p��F��p��vz!�)���)����|������)�����F���M�������
 ��TpP��|~�¡��|
���F��¢£ �����|�p�¤������� ����
¥������������F���&¥����


�¦ § ¨+©9ª ¨1«&§�¬&¨�ª ­&®1¯ ¨�°
± , *-3-(�².��²�³g´�µ&¶ ·

¸v����¹
º�º@»½¼&» µ&¾g¿�´_À�´�Áv´ ¼ , l m 4 8-2 3+0

¾ » ².� º�± ´�Â-²�Ã�Äg´ Äg7+'-')(+, 0 2 *-,
º@»�¼ � � ¶ ´�Ä.Å Æ_´�ÄgÄ&ÇÈÄg7+'-')(+, 0 2 *-,
±�» ¾.Ã�Ä.��¶ Äg´ ´_É-79o�4 3-790 2 *-,
±�» ².��²�³�´�µ
¶ · ´_É-79o�4 3-790 2 *-,
� » ¿�´ ± ��Äg¿�´�Â ´_É-79o�4 3-790 2 *-,









����� ������	
� ����
�����������
�� ������������������� ��� ������	
��� ������� �
����������	
��������� ��������
��������������  ����!
��!������	
��� �����

"�#�$�%&$

')(+*-,.(+/10 2 3-4 ,.5 2�6+, 798-2�8-2
:<;>=@?BA�C>DE:FAHG�I C>J<K9LMA�DFN.K+?�APOMK9QMR STO>DFN�A�K9G�G�APK1K

U�V W+X V Y�Z V [�\�]_^F$�`�a�b�c9dfeg$
h Y.i V j-[B]&% h�k c U�$�%

'-, l m 2 3+0 l 2�2 0�m (9*10 2 3+*-2�'-*-/-5 4 n+*-2 o�2 3+0
'-79,

p�q.r�s�tvu
w xgy{z!|~}����F�

5 2�� ����� 0 (+/-, 2�� �+�1�

� 4 0 , 2&�

p��f|~z!�v�@�v�������<p�p����������������<p����v�T���<p��F�
p��F��p��vz!�)���)����|������)�����F���M�������
 ��TpP��|~�¡��|
���F��¢£ �����|�p�¤������� ����
¥������������F���&¥����


�¦ § ¨+©9ª ¨1«&§�¬&¨�ª ­&®1¯ ¨�°
± , *-3-(�².��²�³g´�µ&¶ ·

¸v����¹
º�º@»½¼&» µ&¾g¿�´_À�´�Áv´ ¼ , l m 4 8-2 3+0

¾ » ².� º�± ´�Â-²�Ã�Äg´ Äg7+'-')(+, 0 2 *-,
º@»�¼ � � ¶ ´�Ä.Å Æ_´�ÄgÄ&ÇÈÄg7+'-')(+, 0 2 *-,
±�» ¾.Ã�Ä.��¶ Äg´ ´_É-79o�4 3-790 2 *-,
±�» ².��²�³�´�µ
¶ · ´_É-79o�4 3-790 2 *-,
� » ¿�´ ± ��Äg¿�´�Â ´_É-79o�4 3-790 2 *-,





����� ���	� 
 � �	� � 

� ��� ����
 � � � � � �	� 
 � �	� �

� � �





D����������
	 �������
���

������� � ��� � � � � ����� �  ! �#"  
$% � " "  &��#$%� $% �'�
�� 
" ��� (�) !  �*%$+� �%�'� �,&��%- � &��#. / 01��� � (�� � ��� " � � !#2 &� 
-  3� � $�4�� � � !�� ��5'�  &�!  $3 � ��"  %4� &6�� �- � &�� !�2 &���$3 %�  ! � � �  �'��47� &���" �+�  � $�� �� � 8�9�:  �%"  %�  � &�" �7-  
� � $�$3 ���  
;<$��  &�53� � $%4��  ���'�  
�  
2 &��� �3= � � ��&��3$%� $% �'�,! ��4�� � � � � &�" �  �# �,! ��= � � � �� ��" � � � � � � &��  
�� !
2 &� " 2 &� !," � > �� !#2 &��
! &�� :  �'�#�� 
4� &�:  �'�
2 &� 
$% �� � ��= � � �  �
��� ��!#$%� �+� 4�� ��� � ��8
0, <� � � : � � "��� <�  � (� � � (� ��3� � �<� � � " � ! ��� &?!  � �?�� <" � � 2 &�� 47 �@?�'��) "  !
A#&�$%� � � 2 &� !
�'&?��� B7� � � � � � �  ��� 
@?� � � ��� 2 &� < �
�7� 9,� � &�! � � 2 &� <�� �@+� � !  � " "  <��� ��!,"  <� � �'�  ��7� &��� <B�� &�� !  <C<D<9<E 0,A
F
G�8�H "��� <!  �!  � � � �
! � ��!,��� &��  
4�� !,��� � � &�" �<��� ��!,�7� � &�! ! �7B�� ���� !#� � ���'� � � � ��!#! ��-  #�� 
$+� � � � � !,4�� !,� � � &�:��<;�" ��� � � � ! �  <�� 
��� $�B��  &�5I� (� $%� ��! ��� � &�!�=  � � � "  !, �3�  ��� � �'� �  !,4�" &�!�B�� ��� J�2 &� !�"  !�&��� !,2 &� #"  !,� &�� �  ! �'� � � �
! &���"  
4�" � �?! � �  �'� � J�2 &� <2 &� 
4� � ! � ���� " 8
@?�
�  � � ����� � ! ! � ���  # ��$%�
> � � � � � &��� 
! � � �'�  ! !  �'�� �%4��  $%�  ��" �  &3;<K�� &�����0,�'� (� " � �32 &����< ��� � �'� �
�  
� � � : � � " 8'H "��<! &%$3 ,= � � �  #� � ��J�� ���  
 ��$+� ��! � &�:  �'��" � � ! ! �," � � ��� � � � � � :' #� � &��� �%$3 ,= � � ! � � ��B7� ��� J�� �  �,�� 
!  !�� � $%47� �  ���  !� ���� ,! � �% ! 4�� � ��� � � � � 2 &� 8 G'�
B7� ���� �( &�$3 &��� ��! � �% �'� � � � �%� � ��� � � � � � B�&��#� &�4�" � � ! � �
2 &� 
- � � ��4�� � !<;%$3 �� ��;%B��  �L�  �� � � : � � " 8
.  �! &�� !
4�� � � � � &�" � ) �  $% �'��J� ���� �" &����� : � � ��$%�3= � � $%� � � � �
�� <� (� � � (� &�� 8
M �  � �  %��� �� :') N  �$+� �3= � � �
" � (�� ���� &����7� � � �  4��  �<" �%4�� � ! � �� ���  %�'&I- &�� O 8�.  �" &���� �'�  ! !  �� � ��$% !
4�" &�!
! � ��� ) �  !��  $% � � �  $3 � � ! 8�.  3� �  ��!%� >'� "  $% �'�3;?�  $3 � � �  �3@I� � (� " M � � �  � / P� � � OQ �%9#" � � �10�� $�B7 ! /
� &��  3�7� � :'� � ��B��  �R: � &�" &6� � 4�47� � �  �%! &����  %� � � : � � "# ��47� &���" � � � � � � S �32 &�� � " !�" &��#� � ��� � $%� � > ��� 8��� &��
� � > &� &��#! � �  �'� � J�2 &� < ��"  &��,�  � &�"74�� �,� � 4�47� � �#� &I! & -  �,$I� � �'�#� � �< 5'� � S $% $3 � �#4�� � J�� � B�"  !," � � !,�� !
�'� ! � &�! ! � � ��!
2 &� <��� &�!
� :'� ��!< &� ! 87.  �! &�� !#(� &��  &�5?2 &� �K, � ��� � �?9#&�� � � �  ��'&R0�T
G'AUT
� &�" � �R� � �
4�&
4�� � � � � � 47 ��;3$%� �+- &�� OL�� �� (�) !  8
G'� �L 5'4�� � �  ���  % ��! �3:'� ! � � �R� " � � �  %�� !<� B�-  � � � = !�;I� � �  � ���'�  %� �'�
4� � $%� !��� ��  � � �'�  ���  �� � � : � � "�" � � ! 2 &�� � "�"  �= � " " � � �� ���� �"  �= � � �  �4�� � > �  ! !  ���� �$3� ��� ) �  3 V%� � �  8
.  
��� � &�B�" �  #4�� !���� �34�" &�!,.  � ��/ @?� � �
K,� &�� � �� �,�'&+0�T
G'A12 &��7��! &%� � � ��! = � � $% ����� !��  " � � � � ��!,�� ,� � � : � � "
 �L: � � � � � B�"  %� $�� � � � 8
W
��J�����-  �� �  ��!�;3� � $3� � > �� ��$3�3> � � � � � &��� 3;+X#" � :'�  ��C<� B7� � �� ! �
;I2 &���-  %��� � !
B��  �I4�" &�!#2 &�� � "7�� <47 &��#" � � $3� > � �� � 8
.  ,: � &��'� � � !�4�� � !  � �  ��$% !� 5�� &�!  !�;
$3� �3 �'� � &�� � >  
2 &����<� � ��:'� � � � $% #�� ,$3� �3� � � � � � ) �  #" &���� � � 2 &� �
�� ,$3� �I � � (�� &�! � � ! $3 
 ���� ,$3 !���� &��  ! 8'.�� � ��4�� � = � � !�� � �#47� ��� B�"  # ��� " !����  �3� �'�,2 &� ,4�" &�!,�� ,$%� � � �  8
.  
4� ��!  
B��  �+� :'� �� $�$3 � �<;�$3��= � $�� " "  ��$%� � !#� &�! ! ��;�� � &�!,"  !�- � O  &�5+�'� � " "  !#2 &���!  <! � �'�
! &�� � � ��� !
��� ��!�"  +��� ! � � $%� � !%$�O'� (�� 2 &� IB�&��  � &�Y Y ZR �32 &��
� � �34�� � � � � � 4��+;?" �?B7� ���� I( &�$3 &��I2 &��#OR� ) > �� 
� � ��! � � $�$3 � ��[�\
� ���  �'�#9#� � � O �'\
� ���  �'�#]< � O':'� ����G � � 4�(�� �� <@+� �� �#P'� � ��� ^ M � � � > ��� ��8�9_ &�53� &�! ! � �
-  �"  &������ � !<� ��� � $%� $3 � � 8
.�� OL� ! ! �'� �  �"  !<� &�� �  !
$3 $�B��  !��� �" � � 2 &�� 47 �[�. � � ` $% %K�� ^ � � �7�
G � � 4�(�� �� 
K,� &�� >' � � ! �70�(�� � ! � � �� <C
&�$%� &�" � ���7G'� $% (?W
" B7� &�� &���� ��H ! � B7 " "  �D<� " " �  � ��a
� " ) �� �@+� > � � � �  � ��� � ��! �
2 &� 
T,(��  � � OIC
� ! � O' �#2 &��� ! �,&��+S � �  
�7�  5��  4�� � � ��8�.  
�� 
! � &�� � � !#� &�B�" �  �
��� ��!#�  � �  
" � ! �  
� � &�!�$3 !,� $�� !
$3� � !  � " " � � !�[�0�� " � �� ��0�(�� � ! � � �� �'W�" � !  � P�� � ��b � � !<c a#&�$_d e �'.  � ��/ @+� � � ����� &��  � � �'@?� � �  ��G'� :' � � �� ��G � � /
4�(�� �� % �%G'� ���'� �'�
T,(�� $3� ! ��\<� � �'��\
� ���  � � ��f�� ���6 �%0�(�� � ! � � �� �
 ��=  &RT�� ^'� � ^L ���� !�H � �  � ��� &��  !
9
! ! �'� � � ! 8
.  ��  $3 � � �  � ��J��+� � &�!#"  !#$3 $�B��  !<�'&?��@?9U� :' ��2 &��7- � � �� &+"  <4�" � � ! � �<�� �� � � : � � " "  � �7� � ��! ��2 &� <"  
4� � ! � ���� "
�� 
" � W�G'@?g'��47� &��#"  &��
�'� ! 47� ��� B�� " � � �� �#"  &��#>' � � � " "  ! !  �7 �I4�� � � � � &�" �  ��X#" � :'�  � M � > �<4�� &��
!  !#��� ��!
�� 
$%� > � � �  �?! � &�!#�7� �'&�5I �
C,- � h�� �
K,� &�! ! � ��2 &��
! � � �,4�� &�� 2 &�� � 8





�����������
	��

� 
�� � ������� � � ��
�����
�� � ��� �  

�"!-§ ª ¦ ¨��

#"$ ��%�� � � �& ('*)+� 
���� ��� � � ��,-, ���.� �
, � ��/�� � � � �0��� ,-, � � ��� � ��� � ,-12� 
�� ��, 3
Y 8 Y 86�� 
4�(�� ��� $%) �� ��� 54�� $�B� $% �'�<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 Y Y
Y 8 g'869
! 47 � � !,(�� ! � � � � 2 &� ! 8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 Y 6

Y 8 g'8 Y 8U�� !#4��  $%�  � !,4�� !L8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 Y 7
Y 8 g'8 g'8U�� !#4��  $%� ) �  !#� � &��� !,� (�� � � � 2 &� ! 8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 Y 7
Y 8 g'8 6'8UC< !#� � ��! � � � � � � � ��!
 5'4�� � � $% �'� � "  !
 $�B�� � � ! ! � �'�  ! 8<8<8�8<8<8<8�8<8<8�8<8 Y 8
Y 8 g'8 7�8U�� !
 5'4�" � � � � � � ��! 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 Y 9
Y 8 g'8 :'8U�� !
��� :  " � 4�4� $% �'� !#$3�'�� � �� ! 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g'Y

Y 8 6'8QG � � B�� " � � ���� !#! � � &�� � &��  !#� " � ! � � 2 &� !
8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g g
Y 8 6'8 Y 8 0,� &�� B7 ��7� � 2 &�� " � B��  68<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g g
Y 8 6'8 g'8 G � � B�� " � � ���� <" � � 2 &�� " � B��  68�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g 6
Y 8 6'8 6'8 M � � �'� !#� � > &�" �  � !
 �,4�� � � � !#! � ��> &�" �  � !#8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g 6
Y 8 6'8 7�8 0,� � � � � � � � ! � � � � �?�� !,4�� � � � !," � $%� �  !# �
�� !,B�� = &�� � � � � � ��!38�8<8<8<8�8<8<8�8<8 g 7
Y 8 6'8 :'8<;#&� " 2 &� !# 5� $%4�"  !
! � $%4�"  !�8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g :

Y 8 7�86H ��4�&� ���  ��� !,� $�4� � =  � � � � ��!�8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=6 Z
Y 8 7�8 Y 8 G' ��! � B�� " � � ��� &�53� $�4� � =  � � � � ��!�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=6'Y
Y 8 7�8 g'8U9#��� " O�!  <�� �!  ��! � B�� " � � � 8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=6 6
Y 8 7�8 6'8UH $�4� � =  � � � � ��!# �#$%�'�� !#4�� � 4��  !
� � > ��� � �� � � !18<8<8�8<8<8�8<8<8<8�8<8<8�8<8=6 8

Y 8 :'86K�� " � �?�'&+� (�� 4�� � �  
8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=6 ?
5'�



5'� � ����������� 	�


# $ ��%�� � � ����'�
 �(��� � � , ��� � ��
*1
��� ��
�� �(���0��� ,-� ��������,-1
� 
�� � , ��3
g'8 Y 86P�� � $�&�" � � � � �+� � � �'� $3 ��! � � ���� " "  ��'&I4�� � B�" ) $% <��� ��/ " � ��� � � �  <>'� � $3� � � � 2 &� �8<8<8<8�8 7�Y

g'8 Y 8 Y 8UW�" � ! � � � � � �<��� ��/ " � ��� � � �  <� � � �'� $% ��! � � ���� " "  8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7�Y
g'8 Y 8 g'8 0,� !
�7� &��� �! � � &�� � &��  <� :' �<��� = � &��#� ��� � � � "
8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7 g

g'8 g'86W
5'�  ��! � � �+� &�5I� �'2 &� !# �I> � � ���� !,� � � � � � � ��! 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7 6
g'8 g'8 Y 8UC< ! � � � 4�� � � �+>'� � $3� � � � 2 &� � �
� � ��� $3� � � 2 &� ��� 
" �%� �'2 &� 8<8�8<8<8�8<8<8<8�8 7 :
g'8 g'8 g'8UH � � � �'�'&�� � � � �?�� ���� �
4�� �#"  <� � ���  4��
W�9<G�8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7�?

g'8 6'86W
5'�  ��! � � �+� &�53$%� � � � � � &�5I��� ��/ " � ��� � � �  !I8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7 9
g'8 6'8 Y 8UF
 $%� � 2 &� !,4�� � " � $�� ��� � �  ! 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7 9
g'8 6'8 g'8U��� �
�� 
� O'4� 
4�&�� ! ! � ���  �8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 7 �

g'8 7�86C#� ! � � � � � ! � � � � �+4�� �
� " � $% �'� !#J���� ! 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=:'Y
g'8 :'86@+� � (��'�� !#� " � ! ! � 2 &� !#�� <� � ! � " &�� � � �+�'&+4�� � B�" ) $3 
��� ��/ " � ��� � � �  �8<8�8<8<8�8<8<8<8�8=: 6

g'8 :'8 Y 8 0,� " � &�"
�� 
B�� � ��� (� ��7� � 2 &�� " � B��  68�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=: 6
g'8 :'8 g'8UT�� � � �  $% �'�<�� !,47� � �'� !
! � ��> &�" �  � ! 8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=: 7

g'8 8'86K�� " � �?�'&+� (�� 4�� � �  <8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=: :
# $ ��%�� � � ��� '�
 � � $ �������., ��1
%(� ��� � �������0��1
��� � ����� ���

6'8 Y 86H �'� � �'�'&�� � � � � 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=: �
6'8 g'86@+� � (��'�� !#�� 
4� � � &�� B�� � � � �? �
@+9
A 8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 Z

6'8 g'8 Y 8U�� !#$%� � (��'�� !#�� 
4� � � &�� B�� � � � �? �I$3� � � ��� 2 &� 8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 Z
6'8 g'8 g'8 G 4�� � � J�� � � � !
�� 
" �%@?9
A 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 Z

6'8 6'86F#� ! � " &�� � � �+�'&I4�� � B�" ) $% <��� ��/ " � ��� � � �  <>'� � $3� � � � 2 &� L8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8'Y
6'8 6'8 Y 8UP�� � $�&�" � � � � �L2 &�� �'� � � � 2 &� 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 g
6'8 6'8 g'8UC<� :  " � 4�4� $% �'� !
 �?! � � �  !18<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 g
6'8 6'8 6'8U@R8 W#8 P,8U8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 7
6'8 6'8 7�8UF
� � � 4�� � &�" � � � =��� 
" � � " >'� � � � (�$% 8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 :

6'8 7�86@+� � (��'�� <�� <� � � � � �'&�� � � � � 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 8
6'8 7�8 Y 8UW�� &��� ��'&I� � ! � �'& 8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 ?
6'8 7�8 g'8 0�� � � ) �  ��7� � � � S � 8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 9
6'8 7�8 6'8U9#4�4�" � � � � � � �18<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 �

6'8 :'869#$%� " � � � � � � � �+" ��! � " &�� � � �+;�" � � � �� ��7� � 4�4�� � 5'� $%� � � !
�� M � ��� 8<8<8�8<8<8�8<8<8<8�8=8 �
6'8 :'8 Y 8 M � � ��� � 4� 
8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8=8 �
6'8 :'8 g'8U9#4�4�" � � � � � � �18<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 ? Z

6'8 8'8QG � � &�� � &��  �� :  ����� = � &��
�� 
= � � $3 
� ��� � � � "�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 ? Y
6'8 8'8 Y 8UW�� � � � &��  <$%� � � � � �  " "  8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 ? Y
6'8 8'8 g'8U9#4�4�" � � � � � � �18<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 ? Y

6'8 ? 86W
5'�  ��! � � �+� &�5I� �'2 &� !,$�� ���  !# �I> � � ���� !,� � � � � � � ��!�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8 ? g



5'� � �

6'8 ? 8 Y 8UW�� � � � &��  <$%� � � � � �  " "  8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? 6
6'8 ? 8 g'8UF
� � � 4�� � &�" � � � =��� 
" � � " >'� � � � (�$% 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? 7
6'8 ? 8 6'8U9#4�4�" � � � � � � �18<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? 7
6'8 ? 8 7�8 G � � &�� � &��  �� :' ����� = � &��
�� 
= � � $3 
� ��� � � � "U8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? :

6'8 9'86W
5'�  ��! � � �+� &�53$3� � � � � � &�5I��� ��/ " � ��� � � �  !I8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? 8
6'8 9'8 Y 8UW�� � � � &��  �2 &�� �'� � � � 2 &� 8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? 8
6'8 9'8 g'8UC<� :  " � 4�4� $% �'�<� ! O'$%4�� � � � 2 &� <�� 
" ��" � �
�� <� � $%47� � �  $% �'�
8<8<8�8<8<8�8<8 ? ?
6'8 9'8 6'8UW�� � � � &��  <$%� � � � � �  " "  8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? 9
6'8 9'8 7�8U9#4�4�" � � � � � � �18<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ? �

6'8 �'8Q0�� �'�  <> � ��� � � "��7� � � � � � &��  ��� 
" �%@+9
A 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=9'Y
6'8 �'8 Y 8UT
� B�"  � &+� � � � 4�� � &�" � � � =�8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=9'Y
6'8 �'8 g'8 0,� �'�  <> � ��� � � "
�7� � � � � � &��  ��� 
" �%@?9
A 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=9 6

6'8 Y Z�8 K�� " � �?�'&+� (�� 4�� � �  
8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8=9 7
# ��
�� � ��, � ��
 ���0� �
%�� ��1
� � � �+%���� � � � ���

�"!-§ ª ¦ ¨�� �

� � ����1&/���� � ��3
#"$ ��%�� � � ��� '��+� � ��� � � ��
*��� ,-% ��� 
�� ,", � 
������ � ��� , 3( 
7�8 Y 86H �'� � �'�'&�� � � � � 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 � 6
7�8 g'8Q0�� $�4�� � �  $3 � �<�� 
" �%@+9
A� �I4�� � !  ���  <�� <B�� = &�� � � � � � ��!�8�8<8<8�8<8<8<8�8<8<8�8<8 � 6

7�8 g'8 Y 8 M � � B�" � $3� � � 2 &� 8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 � 6
7�8 g'8 g'8UF
� �'&�� � � � �?�� 
" ��" � ��> &� &��
�� <4�� ! 8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 � 8
7�8 g'8 6'8 0�(�� ��>' $% �'�<�� 
B�� � ��� (� I8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 � 8
7�8 g'8 7�8��#�?� " > � � � � (�$3 <47� &��,� � � :' � !  �
"  !,B�� = &�� � � � � � ��!Q8<8�8<8<8�8<8<8<8�8<8<8�8<8 � 9

7�8 6'86H ���'� � � �  &��
�� 
B�� = &�� � � � � � � 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z g
7�8 7�8Q0�� " � &�"
�� <" � � ���'� � � �  &��#4�� �#" �%@L8 9�8 A�8+8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z 6

7�8 7�8 Y 8UC<� :  " � 4�4� $% �'� !< �+! � � �  !18<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z 6
7�8 7�8 g'8U@R8 W#8 P,8U8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z 7
7�8 7�8 6'8UF
� � � 4�� � &�" � � � =��� 
" � � " >'� � � � (�$% 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z :

7�8 :'86W
5'�  ��! � � �+� &�5I� �'2 &� !# �I> � � ���� !,� � � � � � � ��! 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z 8
7�8 :'8 Y 8UW�� � � � &��  <$%� � � � � �  " "  8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z 8
7�8 :'8 g'8UF
� � � 4�� � &�" � � � =��� 
" � � " >'� � � � (�$% 8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z ?

7�8 8'86W
5'�  ��! � � �+� &�53$3� � � � � � &�5I��� ��/ " � ��� � � �  !I8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY Z 9



5'� : ����������� 	�


7�8 ? 8Q0�� &�4�" � >  �� :' �
" ��$%� � (��'�� <�� <� � � � � �'&�� � � � �+8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY Y Z
7�8 ? 8 Y 8U9#" > � � � � (�$3 _8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY Y 6
7�8 ? 8 g'8UW�5� $�4�"  !,�'&�$%� � � 2 &� ! 8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY Y 6

7�8 9'86K�� " � �?�'&+� (�� 4�� � �  � �#4� � ! 4� � � � :  !L8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY Y 9
# $ ��%�� � � ����'��(��� �(� ���0% ��� 
�� ,-� � 1
� � � ,  � �3
:'8 Y 86H �'� � �'�'&�� � � � � 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g�Y
:'8 g'8 M � � B�" ) $% �� &�> $3 � � � 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g g
:'8 6'86@+� � (��'�� <9
! O'$%4�� � � � 2 &� <A#&�$%� � � 2 &� <8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g g

:'8 6'8 Y 8UC<� :  " � 4�4� $% �'� !
 �?! � � �  !18<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g 6
:'8 6'8 g'8U@R8 W#8 P,8U8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g 7
:'8 6'8 6'8 M � � �'� !#� � > &�" �  � !# �#4�� � � � !#! � ��> &�" �  � !#�� 
" ��� � &�� B� <�� �! &�� :'��8<8<8�8<8<8<8�8QY g 7

:'8 7�86F#� ! � " &�� � � �+�'&+! O�! � ) $% 
" � ��� � � �  �� &�> $% �'� � 8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g :
:'8 7�8 Y 8 M � � ��� � 4� � �#�'� V%� &�" � � ! 8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g :
:'8 7�8 g'8UF
� ! � " &�� � � �?;�" � � � �'�  �� 8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g 8
:'8 7�8 6'8UF
� ! � " &�� � � �?;�" � � � �'�  �� 8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY g 9

:'8 :'86C
 &�53� O'4� !#�7� � $�4� � =  � � � � ��!�8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 6 Z
:'8 :'8 Y 8UC<� = � &��
�� 
= � � $3 �8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 6 Z
:'8 :'8 g'8UC<� = � &��
�7� � 4�� � ! !  &��R8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 6 :

:'8 8'86@+� � (��'�� <�� <� � � � � �'&�� � � � � 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 6 9
:'8 ? 869#4�4�" � � � � � � ��! 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 6 9

:'8 ? 8 Y 8 M � ���� � &L� O'" � ���'� � 2 &� <� :' �<��� = � &��
�7� � 4�� � ! !  &�� 8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 6 �
:'8 ? 8 g'8 M � ���� � &L� O'" � ���'� � 2 &� <� :' �<��� = � &��
�� 
= � � $% I8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 7�Y

:'8 9'86K�� " � �?�'&+� (�� 4�� � �  � �#4� � ! 4� � � � :  !L8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 7 7
# $ ��%�� � � ��� '
	 �&� �����0���0� ��� � ������
��  ���
8'8 Y 86C
 ! � � � 4�� � � � 8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 7 �

8'8 Y 8 Y 8UP�� ��� � � � ����� " � � � !38<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 7 �
8'8 Y 8 g'8U9#4�4�� � � !#�'&?P
X
F
T#F#9
A � Z 8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY 7 �

8'8 g'8QX#� >'� ��� ! � � � � �+$%�'�'&�" � � �  �8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY : Z
8'8 6'86�� !#��� :  " � 4�4� $% �'� ! 8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY :�Y

8'8 6'8 Y 8U�� !#$%�'�'&�"  !#� - � &�� � !L8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY :�Y
8'8 6'8 g'8��#�� <4�� � > � � $%$%� � � � �?� � ! �  Q8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY : 6

8'8 7�86K�� " � �?�'&+� (�� 4�� � �  <8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY : 7
# $ ��%�� � � ����'��.%�%�� � � ��� � ��
�,  ���
? 8 Y 8Q0��'2 &� <� O'" � ���'� � 2 &� �! � &�!,4��  ! ! � � �+ 5'�  � �� 18<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY :�?
? 8 g'8Q0��'2 &� <� O'" � ���'� � 2 &� � �+� � $�4��  ! ! � � �+� 5'� � "  <8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8QY : �



���

? 8 6'8 M � &�� �  �;%!  � � � � �R�� �?0_*U8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8QY 8 g
? 8 7�8Q0��'2 &� <� O'" � ���'� � 2 &� �� :' �<�� &�5I� &�:  � � &��  !#�  � � � ��> &�" � � �  !I8�8<8<8�8<8<8<8�8<8<8�8<8QY ? Z

# ��
�� � ��, � ��
 ��� 
���� ��� �  ���

� � ��� � ��� 	���	�
 � 
 �
�.
�
�� �(��,  
�.
�
�� �(���
'�
 �(����� �+� ��
�����
��.���0� ��12% ��� � � 12� 
��
��� � �.� ��
�� � ��� 
�� ����� � �  
9�8 Y 8
0�� " � &�"
�� �� � &�� B7 !#�7� � 2 &�� " � B��  8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 g
9�8 g�8#C
� �  � � � � �?�� !,4�� � � � !#! � ��> &�" �  � ! 8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 6
9�8 6�8
G &�� :'�
�� 
4�� � � � !," � $%� �  !+8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 7

�.
�
�� �(���0'��(��� ��
���,"12� 1&/�� � ,-% �����-� �0, ��� �(� ���0% ��� 
�� ,-� � 1
� � � , �

K
8 Y 8<C
� = � &��
�� 
= � � $% 8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 8
K
8 g�8<C
� = � &��
�7� � 4�� � ! !  &��_8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8<8<8�8<8<8�8<8 ?





���������	��
��
�����������������������

C
 %� � &�!��  $�4�! �
&��Q�� !�� B�-  � � � = !�4�� � � � � � � � �  !% �6�� ! � > �Q�� 3! � � &�� � &��  !��?� � �I�� 3� � ���  :'� � ��"  !
! � � &�� � &��  !�"  !�4�" &�!�� � ! � ! � � �'�  !�47� ! ! � B�"  !�4�� &���&��%4�� � ��!�$%� ��� $�&�$I8�C
 #��� !
- � &�� ! � " �  5'� ! �  ���  
�� #$%� /
� � � � � &�5+4� � = � � $3� �'� !� �
" � &�� � " � ! � � � � �R�� ��  � (���� 2 &� !��7� � 4�� � $�� ! � � � � �R�� �4�" &�!< �?4�" &�!
47 � =  � � � � �����  !
4� � $3 � �  � ���� �B��  �L�  $�4�" � ���  !�� � � � ) �  ! 8�0� 4� ����� �'� ���  " �+� � ���'&�� ��� � ) !�! � &�:' � ��;+�� !<! � � &�� � &��  !
$%� ���  !# �
� " � ��� �  !#47� &��,"  ! 2 &� " "  !," ��! � � B�� " � � �<47 &��
�� :' ��� �#&��+4�� � B�" ) $3 
4�� � $3� � �'� � " 8

H "
 ! �3��� ���I� $%47� � � � �'�347� &��%"  !%� � ���  4��  &�� !3�7� S � �  +� � 4�� B�"  +�� 34�� � : � � �3"  +� � $%47� � �  $% �'�I �
4�� $�B7 $3 � ���� <�  !
! � � &�� � &��  ! 87T�� &��  = � � ! �7�  !
� � &��� !
�� �! � � B�� " � � �<4� &�:  �'�<! � � :'� �  �
� � ) !
� � $%4�"  5� !
� � ��"  !�! � � &�� � &��  !�� 4�� � $�� ! �  !�! � �'��>'� ��� � � "  $3 � �%� � ) !�!  ��! � B�"  !�� &�5?� $�4� � =  � � � � ��! 8�W
�6 h� � �
&��� 
� $�4� � =  � � � � �34� &��# � � � � � �� �#"  4�� $�B7 $3 � �
�� #" ��! � � &�� � &��  
47� &��,&��� #: � "  &��,B��  �I� ��= � � �  &��  <;��  " "  
4�� � �'� �  I4�� �%" �?� (�� � � �  34�� &��%" �?$%S $3 +! � � &�� � &��  +! � ��!%��� = � &�� 8,0,� ��� � ) �  $3 � � �,�  " �L! � > ��� J� +2 &�� &��
��� = � &��3� 4�4�� �  $�$3 � �+� ���'�'� �Q47 &��I� : � � �3&��1 h� �3� � � � ! � � � 4�(�� 2 &� +! &��%" �L! � � &�� � &��  ? �Q� � �'&�� ! � �'�
� � ��! � ��� � � B�"  $% �'��" �I� (�� � >  3� � � � � 2 &� �2 &��  " "  �47 &���! &�4�4�� � �  ��� : � �'��! � �L h�� ���'�  $% �'� 8
C< ��  " !���� /
= � &�� !
! � � �<� � ) !
� � &�� � �'� ! 8�H " !#4� &�:  �'�<S � �  �� ���'&�� � !
4�� �<"  �4�� �'�  ! ! &�!
�� �= � B�� � � � � � � �L�� �" �3! � � &�� � &��  
� &I ��� � �  
4�� �,&��+� (��'�<� &34�� �," ����� > � � ��� � � � �?�'&3$3� � � � � � &�87X#�I!  � ��� " � � !,� � ��= � � � � � �'4�� �# 5� $�4�"  �
;3&��L��� = � &����� �= � � $3 �� &R�7� � 4�� � ! !  &�� 8
0#�  ! �<" � � ��4�&� ���  %�� %�  �� O'4� ��� ���� = � &���! &��
" �3� � �'&�� � � � �R�� 
� (�� � >  �� � � � � 2 &� <�� 54�� $�B� $% �'�<2 &� 
" � � �?!  
4�� � 47� !  <�7� � � &��'�  �<��� ��!#�  <$%� $3� � �  8

C
 &�5I> � � ���� !
� " � ! !  !
�7� � ��� " O�!  !
�� �!  ��! � B�� " � � ��� &�5I� $�4� � =  � � � � ��!
� �'�<� � ����� :  " � 4�4��  !
�'&�� � �'�
"  !,�� � ��� ) �  !#��� �  �����  ! 8�����4��  $%� ) �  < ! ��B�� ! �  
! &��,"  !,��� :' " � 4�47 $3 � � !#� ! O'$�4�� � � � 2 &� !,�� ������  "!$#
��� ��!
"  ,: � � ! � ��� >' ,�7� &��� ,B�� = &�� � � � � � ��8 ���<!  � � ���� ,�
:'&�"  �- � &���> � % �  ,;
" � � : ) �� $3 � �#�� �" � � � �'� ��� �  &��, �
�� 
" ��$3� � (��'�� <�� !#� " � $% �'� !#J���� ! 8�W
" "  �� � ��! � ! �  <;%! &�� :'�  ��;�" � � � �� <�7� &��� <$%� � (��'�� <�� <� � � � � �'&�� � � � ���
" � � :'� " &�� � � �3�� !
47� � �'� !�! � ��> &�" �  � !��� �" �<� � &�� B7 ,�7� � 2 &�� " � B��  ,�� �" �
! � � &�� � &��  , ��= � ��� � � � �%�� �" � � $�4�" � � &��� 
�� 
" � � $�4� � =  � � � � ��870
�  ! �
�  � �  <�� � ��� ) �  <$%� � (��'�� <2 &��
�%� � �
�  �  �'&� ���� ��!
�  
$%� $3� � �  8

9#� ��! � ����� � �  I� ��� " O�!  3�� 3!  ��! � B�� " � � �3 ! ��B�� ! �  3! &���" �+� � ! � " &�� � � �6�7� &��6! O�! � ) $% 3�7� � 2 &�� � � � ��!%�'� �
& ' ( )+* ,$- . ����� ��!�"  2 &� "," � � $�4�" � � &��� +�'&Q��� = � &���4�� � !  � �I��� ��!�" �?! � � &�� � &��  + ! �%&��� 3: � � � � B�"  I� ���'� /
� � � ���� " "  87X#&�� �  
"  !,� 2 &�� � � � ��!#�7� � 2 &�� " � B��  <� " � ! ! � 2 &� ! ���  <! O�! � ) $% <� &�> $% �'� ��� � � � �  �'�#&��� <� 2 &�� � � � �
! &�4�4�" � $% �'� � � �  �2 &��
� � � � � � � � � !  <"  !,4�� � � � !
�7� � 2 &�� " � B��  �! � ��> &�" �  � ! 8�0� �! � � �<�  !,4�� � � � !
! � ��> &�" �  � !
2 &��
��� �  � $%� �� �'�
" �%� (�� � >' �� � � � � 2 &� ��� 
" ��! � � &�� � &��  87H "
! &�V��
��� ���<�7� � � &��'�  �#"  &��
� : � " &�� � � �? �I= � ��� � � � �
�� %" � � $%4�" � � &��� 3�� %" � � $%47 � =  � � � � �647� &���� � ����� � � �  %"  %�� > � �3�� 3!  ��! � B�� " � � �3�� �" �+! � � &�� � &��  3� &�5L� $%/

Y



g � ��� � ���	��
 � � � �
��� ��� � � � �

47 � =  � � � � ��!# �#� B��  ��� �#4�� � � � ! � $% �'�," ��� � &�� B7 <�� #� � �'&�� � � � �+�� #" ��� (�� � >' <� � � � � 2 &� �'� � ) !�&�� � "  #4�� &��,"  
�'� $3 ��! � � ���� $% �'� 8
0� �! O�! � ) $% <� &�> $3 � � ���%��� - ;3� � ��� � &��'� �<� &�$3� � � 2 &� $% �'�
4�� �
2 &� " 2 &� !
� &��  &�� !
;�" � � � �� <�� 
$3� � (��'�� !#� ��� � � $% �'� � "  ! / � � � � � � � :' !<� " � ! ! � 2 &� !#�� 
� O'4� �� ! �  "���	� ��������� ���
8

�#�� #�� !,� � � > � ��� " � � � !,�� 
�  � �  
� � &��� #� � ! � �� 
��� ��!�" � &�� � " � ! � � � � �I�� #" ��@?� � (��'�� 
9
! O'$%4�� � � � 2 &� 
A#&�/
$3� � � 2 &� Ic @R8 9�8 A�8 e,47� &��#" ��� � ! � " &�� � � �?� &�$3� � � 2 &� ��'&+4�� � B�" ) $3 8�0, � �  <$3� � (��'�� �72 &��
�%4�� � &�:���! � �
 V%� � � � � �# ��! �#� � B�&�! �  ! !  ,;#$3� � � �  !
�  4�� � !  ! � � � &�4�"  �"  !�� ��� �  ���� !
�  � (���� 2 &� !��� �47 � � &�� B�� � � � �3� :  �
" �%$%� � (��'�� ��� !<� " � $3 � � !
J���� ! 8�A
� � �  �� � &��� �! � � ��! � � � �<��� ������� ��!#&��L� � �'�  �� � ! � " &�$3 � �<�'&�$%� � � 2 &� �
� :' �<� � $%$% <� B�-  � � � =
J���� "�" � � �'� � > � � � � � �?�� 
� � &�!,"  !#� " > � � � � (�$3 !#��� :  " � 4�4�� !#��� ��!,"  
� �'�� <�� <� � " � &�"
��$%� � ! � �?*
 �!" 78

�� !%� &�� �  !%47� � �'� !%� $%47� � � � �'� !32 &��
!  I! � � �3��� >'� >'� !%� &Q� � &�� !%�� +�  3� � � : � � "
�� 3� (�) !  I! � � �%"  !
! &�� : � �'� !�[

❈
��� � ��� " O�!  6�� L!  ��! � B�� " � � �R � :'� ! � >'�  L��� �  ! ! � �  R�� !?� " > � � � � (�$3 !?� ��� 4�� � !?;6" �1� � �'� � � &�� � � � � �� 
� � &�� B� !#�7� � 2 &�� " � B��  ��� � ��! �
2 &�� ;�" �%��� �  � � � � �?�� 
4�� � � � !#! � ��> &�" �  � !# �
;�"  &��
! &�� :'� 8

❈
��� � � &��� ��'&+4�� $�B7 $3 � �< �
�'&+4�� ! � / 4�� $�B� $% �'�<�� !#� �'2 &� !,$%� ���  !#4�� ! !  
4�� �
" ��$%� !  �� &+47� � �'�
�7� &��Q$3�'��) "  +$%� � � ��� 2 &� +� � � " � ! �  8,�� I$3�'��) "  I�  �  �'&_! � � 4�4�&��  ?! &��3&��� I= � � $�&�" � � � � �_�� ?� �'2 &� 
� � � �'� $3 ��! � � ���� " "  I4� � = � � $3� �'�  ��4��  ���Q �1� � $%4��  I"  !%��� ��/ " � ��� � � � � � !%>'� � $3� � � � 2 &� ! �, ��� � � ) > �  
&��� �" � ���� �� � $�4�� � �  $3 � �<��� ��/ " � ��� � � �  %�� �� O'47 �4�&�� ! ! � ���  �B�� ! �  �! &��
" �%�  " � � � � �R�� #����$�%$!$#	&��
' � & ����(
8

❈
�� %� � &�4�" � >' ��� !<� " >'� � � � (�$% !��� �� � � � � �'&�� � � � ���
�� ���� �  � � � � �L ���� �! &�� :'��� :  �%�  �$%�'��) "  �$3� � � /
��� 2 &� ��I� � �� h� � � &��% �L� �'� � �'�'&�� ! � � ��"  !��'� V3� &�" � � !<&��� �;3&��� 8�H "� �L�I� � �%�� �$3S $% �" � � !<�� �" �
� � ! � " &�� � � �64�� ��" �+@?� � (��'�� I9
! O'$�4�� � � � 2 &� 3A#&�$3� � � 2 &� 8�0� " �+�+47 � $�� !��� %$3 � � �  I �6� :'� �� ���  
"  !�� � $�4�� ! � � �  !�4�� � 4��  !�;+� (�� 2 &� 3�'� V%� &�" � �I ���� %��� >'� >' ��&��6� � �'�  %>'� ��� � � ",�7� � � � � � &��  3�� %" �
@L8 9�8 A�8

❈
���L$�� !  +� &Q47� � �'�I�� 3" � � " >'� � � � (�$% ?�� +��� �  � � � � �1�� !%47� � �'� !3! � ��> &�" �  � !3�L� � �I" � �'� � � ! � � �1�7� &��� 
�'� ! � &�! ! � � �%! &���"  #� � $%47� � �  $% �'��4�� � � � � &�" �  ���� ," �<@L8 9�8 A�8  ��4�� � !  ���  ,�� ,B�� = &�� � � � � � ��! 8�;#&� " 2 &� !
� � " � � � � � ! !  $% �'� !+ �Q� � ! &�" �  � �+ �34� � $3 � �  � �+�� I$%�  &�51�  � �� �I�  ?� � $%47� � �  $% �'� ��- &�! 2 &�� � " � � !
� �� 5'4�" � 2 &��< �
2 &���47� &�: � � �
!  $�B�"  �
4�� � (�� " � > � 2 &� 8

❈
C< &�5?� O'47 !��� ���� = � &�� !�� � &�� � � � !�� � ��� � ���  �  �'&�!<47� &��<" � � ��� " O�!  %�� %!  ��! � B�� " � � �
[�"  !���� = � &�� !��� 
= � � $3 < �
��� = � &�� !#�7� � 4�� � ! !  &�� 8��� &��#$3�'��� " � ! � � � � �I�  47� !  <! &��," ��= � � $�&�" � � � � �?�� <� �'2 &� 56 C�� ��� 4�/
� �  ���  <2 &���47 � $% �
�7�  � :'� ! � >' �
�� !,� $�4� � =  � � � � ��!#�7�  ��!  $�B�"  �� &I" �'� � " � ! �  ! 8

0� 
$3� $%� � �  �! � � � >'� ��� !  < �+�� &�5I4�� � � �  ! 8

���
4��  $�� ) �  #4�� � � �  ,4�� � 4�� !  ,� � &��,�7� � B7� � ��&��3� � � �,�� ," � � � �,! &���" �<! � � B�� " � � �#�� !�! � � &�� � &��  !�$%� ���  !
c � (�� 4�� � �  %Y e 8 �#�� <� � �  �'� � � �+4�� � � � � &�" � ) �  � ! �,4�� � � �  �! &��," � � ��4�&� ���  ��� !,� $%47 � =  � � � � ��!#� ��� � � � "  ! 8��� !
= � � $�&�" � � � � ��!�: � � � � � � � ���� " "  !��� !
$3�'��) "  !�$%� � � ��� 2 &� !��  �  � &�!�! � � �� ��! &�� �  ,4�� � !  � � �  !
c � (�� 4�� � �  #g e 8
M � &'��J���� � � "  &���$%� !  # �*)
&�:'�  ,�'&�$%� � � 2 &� 
 ��"  &���� � ! � " &�� � � �34�� ��" ��@+9
AQ��� ��!�"  #� � �'�  #�� ," �<� � �'� � /



�

�'&�� � � � �L�� �B�� � ��� (� !<�7� � 2 &�� " � B��  �! � � ����� � � � " " � !%c � (�� 4�� � �  -6 e 8 M � &��<� � ! &�$% � �7�  � �  �4��  $�� ) �  �4�� � � �  
4�� � !  � �  ,� � &�!
"  !�� &�� � " !�� (�� � � � 2 &� !� ��� &�$3� � � 2 &� !�2 &���� � � �  �'�,;
��� � �  #�'� ! 47� ! � � � � �%� &%��� B�&��,�� ,�  � �  
� (�) !  �� �,2 &���! � � �#;�" �<B�� !  
�� 
� � &�!�"  !#��� :  " � 4�4� $% �'� !#2 &��7= � � �," � � B�-  �#�� !,� (�� 4�� � �  !#2 &���! &�� :' � � 8

���#!  � � ���� �4�� � � �  � ! ��4�" &�� ` �
� � ��! � � � �  �� &�5<� � � � � � B�&�� � � ��!
47 � ! � ���� " "  ! 8 C
� ��!7&���4��  $%�  �
�  $�4�! �
&��R� " >'� � � � (�$% 3�� 3��� �  � � � � �6�� !<47� � �'� !�! � ��> &�" �  � ! ��B�� ! �%! &��<" � � ���'� � � �  &��%�� �B�� = &�� � � � � � �R� � � � �'�'&�� �
4�� ��� ���  �� ���"#
�� ! �% 5'47� ! �?c � (�� 4�� � �  .7'e 8�H "# ! ��� � �#� �  ���'&6� &�5R� �'2 &� !� �6> � � ���� !�� � � � � � � ��!% �
� &�5I$%� � � � � � &�5+��� ��/ " � ��� � � �  ! �7 �<� � &�4�" ��;%" �%$%� � (��'�� ��� �� � �'� � � &�� � � � �L4�� � !  � � �  ���� ��!
"  �� (�� 4�� � �  
4�� � � � �� � � 8 M &�� ! � " � � ��� " O�!  
�� #!  ��! � B�� " � � �# ! �,� B7� � ���  �c � (�� 4�� � �  :'e 8'�� 
! O�! � ) $3 #� &�> $% �'� �<! &���"  2 &� "
 " "  3�  4�� !  3 ! ��4�� � !  �'� � ��� : � � �3�7� S � �  3" &��#� &�! ! �,� �  ���'&6� &�5R� �'2 &� !� �R> � � ���� !�� � � � � � � ��!� �%� &�5
$3� � � � � � &�5?��� ��/ " � ��� � � �  ! 8
G'�3� � ! � " &�� � � ����2 &���= � � �<� 4�47 "�;%&��� ��  � (���� 2 &� �4�� � � � � &�" � ) �  �� ! ����� � � � " " �  
4�&�� !
: � " � ���  �;3" � � � �� ��7� &��L 5� $�4�"  ��'&�$%� � � 2 &� %� � � ��� $%� 2 &� %2 &����I!  � :'���� �� � = � �  ���  �� � &���� &?" � ��>
�� !#� (�� 4�� � �  !#4�� � � � �� �'� ! 8���� � �'� � > � � � � � �+$3�'�'&�" � � �  <�� <�  !#� " > � � � � (�$3 !#��� ��!�"  <� �'�� 
�� <� � " � &�"  �!" 
� � ��! ��2 &� #"  !,! 47� � � J�� � � � !,�� 
�  
� �'�� 
! � � �# ��! &�� �  
 5'4�� ! �  !<c � (�� 4�� � �  58 e 8 M � &��,J���� � �'&��� #" � � >  #4�" � �  
 ! �
� � ��! � � � �  �;��� !#� 4�4�" � � � � � � ��!
2 &��7$3 � �  � �< �+� :'� �� ���  <" ��� � B�&�! �  ! !  < �," ��J�� B�� " � � ���� 
" � � ��� " O�!  
�� <!  ��! � B�� " � � �<2 &��
�%� � �<��� :' " � 4�47�  3c � (�� 4�� � �  "? e 8

�� 
! � (�� $%�%�� 
" ��J�> &��  �Y<�� 
" ��4�� >' <! &�� : � �'�  
4� � $3 �#�7� � :'� � �#&��� 
:'&� 
�7�  ��!  $�B�"  �! &��," � � � > � ��� /
! � � � � �3�� 
�  ,$3� $%� � �  8'�� !�� � &�"  &�� !�� � � �  ! 47� ���� � �#� &�5%�'� h�� �  �'� !,� (�� 4�� � �  !, ��"  ! 4�) � (� !�� ���'� 2 &� �'�
"  !�� � �'�  !��� �"  � � &��  �4�� ! ! � B�"  ! 8'0� ,! � (�� $%��� � ��! � � � &� ,� >'� "  $% �'��&���� � � � 4�� � &�" � � � =��� !
= � ��� � � � ����� " � � � !
2 &��
� �'�
� � �<� �'� � > � �  !
� &?� �'�� # �!" 78



7 � ��� � ���	��
 � � � �
��� ��� � � � �

chapitres 1-2 chapitre 7chapitre 6chapitre 5chapitre 4chapitre 3

Détection des

Coques en
grandes rotations

Coques en
grandes rotations Coques en

grandes rotations

Coques en
grandes rotations

Suivi de
points limitespoints singuliers

Coques en
grandes rotations

Coques en
grandes rotations

Continuation de
branches d’équilibre

INTRODUCTION
Positionnement du problème, motivations

Défaut de forme

Matériau NLMatériau NL

Continuation

Continuation
Défaut de forme

Suivi

Suivi

Défaut de forme

Suivi Suivi

M.A.N.

Détection

Matériau NL

Détection

M.A.N.M.A.N.

Défaut d’épaisseur

Applications

Logiciel EVE

CONCLUSIONS

Généralités sur la stabilité des structures minces. Modèles mécaniques.

� � &��"#"!?Y������ & ,�� * � &+- 	�
 � * 
��"* ����
 � 	 * ��� ' ( (�
 � * ,$- � * ��� � � � * ��� * � * � - '�� *���� � � � � � * � 




���������
	�����
��������
�

:





� ��������� 
����

��� � B�-  � � � =
�� <�  � �  #4��  $%� ) �  
4�� � � �  
 ! �,��� &�B�"  8�C�� &��� 
4�� � � �'��� &�!��  � �  � � ��!#�7�  ! 2 &�� ! !  ��&��I� � � �
�� %" � � � �%! &���"  3��� $%� � �� I2 &��,��� &�!�� � � � �  ! !  8�C�� � &�� �  %4�� � � �
��� &�!�4�� � !  � �  � � ��!�"  !�$3�'��) "  !�$3� � � /
��� 2 &� !# �,"  !,$3� � (��'�� !,�'&�$%� � � 2 &� !
2 &��
! � �'�
;�" ��B�� !  ��� 
" � � � &��� ��� <!  ��! � B�� " � � �<� &�53� $%47 � =  � � � � ��!
2 &� 
��� &�!,$% � � � � ��!
 �
)
&�:'�  <��� ��!," �%�� &�5'� ) $% <4�� � � �  8

���3" � � � � � � � &��  3� � ���  � ��� �'��"  "4�� $�B� $% �'���� !�! � &�� � &��  !<$�� ���  !� ! �<� � ) !��� ��!  8�X#�R��� ��� $�B��  
4�� !%$%� � ��!I�� I4�" &�! �  &�� !%$%� " " �  � !I�7� � � � � � "  !I! &��3"  ?! & -  �3�� 4�&�� !%"  +��� B�&��I�'&_! � ) � "  8,H "
�� ?! � � > � � �
4�� !�� � �#�� I�'�  ! !  ��&��� 3�  :'&� 3 5'(�� &�! � � :  I�� I�  !�� � � : � &�578�X#�Q� (� � � (� � �?4�" &�� ` �%;? �Q��� >'� >' ��"  !
4�" &�!,$%� � 2 &�� � � !
 �#"  !,4�" &�!,�  4�� � !  �'� � � � = !
�'&+��� $%� � �� �2 &������ &�!#� �'� � �  ! !  8�9#� ��! � ����� ��!#&��I4��  $��  �
�  $�4�! ����� &�!#:  � � � ��!
� � $�$3 � �< ! �
���  � �
! �  ! �<��� :  " � 4�4��  �" �%� (�� � � �  ��'&04�� $�B� $% �'�<� &?� � &�� !
�'&
! � ) � "  �4�� ! ! � �� ��� � $%$% �'��" �I47 � ! � :�� � � ���  ��� ���� $�B��  &�5R� (� � � (� &�� !��I47 � $�� !<�� %�  � �� ��&��L47� � �'�
� $�4�� � � � � ��[�" ��= � � �  <!  ��! � B�� " � � �
�� !#! � � &�� � &��  !�$�� ���  !, �#� " � ��� �  !#� &�5%� $�4� � =  � � � � ��!, �," ���'� V%� &�" � �
�� 
" ��$%�'��� " � !  � 8
�� I�� &�5'� ) $% +� (�� 4�� � �  + ! �3� � ��! � � � �+� &�56$%�'��) "  !�$3� � � ��� 2 &� !?c � � � � � �'&�!3 �3�'� ! � �  � ! e��  �  � &�!

4�� &��," � � ��� " O�!  <�� 
!  ��! � B�� " � � � 8�H "���� B�&��  
4�� �,&��� 
4�� � !  �'� � � � � �?��� � � � " " �  ��� !,� 2 &�� � � � ��!,��� ��/ " � ��� � � �  !
6 CQ2 &������ � � � :  �'��"  !�� � &�� B7 !��7� � 2 &�� " � B��  ,�7� &��� ,! � � &�� � &��  #� :  �#� &%! � ��!���� = � &��
� ��� � � � " 8 9#J��3�7� � B��  ��� �
&��� �$%�'��� " � ! � � � � �R� ��� 4�� �  �� &�5+! � � &�� � &��  !
$%� ���  !< �
4�" &�!#� � � " � ! �  ��&��� �� � ��� $%� � � 2 &� ��� �� �'2 &� <� � � /
�'� $% ��! � � ���� " "  <B�� ! �  <! &��,"  <� � ���  4��<W�9<G�� ,�	 & , � * ��� � � ' )+* ��	$- � & � , !  � ��&�� � " � ! �  ��4�&�� !,"  
$3�'��) "  
!  � �� ��� � � (���;�" � � � �� <�7� &��� 
" � ���� <� � $�4�� � �  $3 � �
��� ��/ " � ��� � � �  8����%�'� ! � � � � � ! � � � � �+�'&I4�� � B�" ) $% <��� ��/
" � ��� � � �  #� � � � � �'&%4�� ��" �
$3� � (��'�� 
�� !�� " � $% �'� !�J���� !
4� � $3 � � � �� ��! &�� �  #�7� � B��  ��� �,&��� ,�  4�� � !  � � � � � � �
$3� � � � � �  " "  ��'&I4�� � B�" ) $3 <;�� � ! � &��'�  8��� <� � " � &�"
�� !#� � &�� B7 !#! � " &�� � � ��!#! �  h� � � &� 
� � � �'� � � � ���� " "  $3 � �
;3" � � � �� %�� �$3� � (��'�� !��� �4�� � �'� � � � � ��/ � � � �  � � � � �Q�� �� O'4� *��!��  "���	� �����	��� ���
8�0, ��� �! � � ��4�� !��  !
$3� � (��'�� !<2 &� ���� &�!
&�� � " � !  � � ��!
� � � ��$3� � !#� "
��� &�!<�3!  $�B�" ��� $%47� � � � �'���7�  �L 5'4�� !  � ��$%S $3 �B�� � ) :  /
$3 � � �'"  
4�� � ��� � 4� <� J��+�� 
$%�  &�5I� � $�4��  ���'�  <" � � �'� � � S �
�� 
" ��$%� � (��'�� <2 &� 
��� &�!,��� &�!�4�� � 4�� ! � ��!#�� 
$3 � � �  � �
)
&�:'�  8

����4�� � !  �'� � � � � �?�� 
" ��@?� � (��'�� <9
! O'$�4�� � � � 2 &� <A#&�$%� � � 2 &� 
=  � ��" � � B�-  �#�'&I� � � � ! � ) $3 < �#�� � ���  �
� (�� 4�� � �  3�� 3�  � �  %4��  $%� ) �  %4�� � � �  8�f�!  � � � �% 5'47� ! � !<"  !�� � ! &�" � � � !�� " � ! ! � 2 &� !� ��4�� � ��� � 4� !�= � ����� /
$3 � � � &�5R�� 3�  � �  �$3� � (��'�� ?c ��� :' " � 4�47 $3 � � !� �6! � � �  ! ��$%� � (��'�� %�� 3� � �'� � � &�� � � � ��� 8 8 8 e�$3� � !�� &�! ! �
2 &� " 2 &� !�� � ! &�" � � � !���� �%4�&�B�" � � !
- &�! 2 &�� ;
4�� � !  � ��c � " " &��  
� � � � � � � � � ! � � 2 &� 
�� !,� � &�� B7 !,�� ,� � ! � �'&��'4�� � !  
 �+� � $%4��  <�7� &��+��� = � &��
�� #= � � $3 
� ��� � � � " e 8���� � � � � �'�'&�� � � � �?�� !,�'� V%� &�" � � !�c ��� = � &��
�� #= � � $3 ��� � ���  4��

?



9 � � � � ����� � �

W�9
G��'��� ��/ " � ��� � � � � � !,$%� � � � �  " "  ! e�!  #=  � ��4�� �#� � �'�  
� � � � ! ! � �'� �� �3$% � � � � �," � � � �  � �#! &��,"  !���� &�:' � &�5
�  � $% !#� � � � �'�'&�� � !
;%� (�� 2 &� �� � � 4� 8���� � ���  � ! �
�� <��� >'� >' �
&��+� � �'�  <>'� ��� � � "
�7� � � � � � &��  ��� 
" �%@?9
A��
: � " � B�"  �2 &� "
2 &� <! � � �,"  <� � &�4�" � >  ��� !,��� ��/ " � ��� � � � � � !<2 &��� �'� �  � �< �%-  &�8



����� ������	�

�

� ������� ��� �"������� 
�� � ������� � � � �"��� �����
� ��� 
��
��
������ � � ��� ���

�  �� (�� 4�� � �  �4�� � 47� !  <&��L� � � �<�� <" � � � ��! &��#" �3! � � B�� " � � ���� !
! � � &�� � &��  !
$�� ���  ! 8
C<� ��!
&��?4��  $%�  �<�  $%4�! ��&��L� 47 � b &?(�� ! � � � � 2 &� �� 5���! &��
"  54�� $�B7 $3 � ���� !
! � � &�� � &��  !,$%� ���  !,4� � $3 �#�� <�'�  ! !  �#&��3B�� " � �+�� !,� � � : � &�53� � � " � ! � !,��� ��!#�  

��� $%� � �� I� &Q� � &�� !��'&���� � ! � ) � "  3 �3�� %$%�  &�56�  � �� �%"  !��'� V3� &�" � � !�� ��(�� �  �'�  !%;L�  
4�� � B�" ) $% �[���� ��/ " � ��� � � � � � !#> � � $%� � � � 2 &� ! ��� $%47� � � � ���  ��� !,� $�4� � =  � � � � ��! ��� � �
M &�� !�"  !<��� � � � ��!��7� � 2 &�� " � B��  3 ���� 3! � � B�� " � � �3� " � ! � � 2 &� 3! � �'��� � � � �'�'&�� �  !% ��� " " &�! � � �  !�;
" � � � �� 3�7�  5� $�4�"  !�� � � ��� $%� 2 &� !�2 &���$3 � �  � �% �R� :'� �� ���  %" �I��� �  ! ! � � �3�7� � &�� � " !�� &�$3� /
� � 2 &� !,B��  �+� ��� 4�� � ! 8 M � &��#J���� � ��"  !,�� &�5I> � � ���� !#� " � ! !  !#�� 
$3� � (��'�� !#47 � $% � � � � �<�� 
$3 �� �#&��� <� ��� " O�!  <�� <!  ��! � B�� " � � �<� &�53� $%47 � =  � � � � ��!
! � �'�#4�� � !  �'� �  !
 �
�'� ! � &�� �  ! 8

�



����������	�

������� �������

� � � ���������  ! " #�$ ! ��% �'&�( #�)�� #�� ! *������������������������������������������������+� �
� � , ��-/. ��� 0 * .���1 . * " 2 1 3�4 � .��������������������������������������������������������������+� 5
6 7 8 7 6 7:9 ; <�= > ; ?�@ ; > <A= B <C7�7�7�7�7D7�7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7E6 F
6 7 8 7 8 7:9 ; <�= > ; ?�@ G > ; <�H I J K ; <AI L H M > @ N J ; <
7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7E6 F
6 7 8 7 O 7QP�; <�R M S < I B I B I @ M S <D; T = H > @ ?/; S I B U ; <A; ?�V B > B < < B S I ; <�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7E6 W
6 7 8 7 F 7:9 ; <�; T = U @ R B I @ M S <�7�7�7�7�7�7D7�7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7E6 X
6 7 8 7 Y 7:9 ; <DK H Z ; U M = = ; ?�; S I <A?�M K ; > S ; <'7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 6

� � 5 �]\ * ( )�1 ^ 1 *  
%�� .�. * 2 4�0 * 4 2 � .� ^ ( . * 1 3�4 � ._�������������������������������������������`, ,
6 7 O 7 6 7:aAM J > V ;�K b H N J @ U @ V > ;c7�7�7�7D7�7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 8
6 7 O 7 8 7:d I B V @ U @ I H�K ;�U b H N J @ U @ V > ;e7�7D7�7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 O
6 7 O 7 O 7:f�M @ S I <�> H g J U @ ; > <�; I�= M @ S I <�< @ S g J U @ ; > <Q7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 O
6 7 O 7 F 7:a�B > B R I H > @ < B I @ M S�K ; <�= M @ S I <�U @ ?/@ I ; <�; IDK ; <�V @ h J > R B I @ M S <]7�7�7�7�7�7�7D7�7�7�7�7[8 F
6 7 O 7 Y 7:iDJ ; U N J ; <�; T ; ?/= U ; <A< @ ?�= U ; <�7�7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 Y

6 7 O 7 Y 7 B 7�f�M J I > ;�; SjR M ?/= > ; < < @ M S_7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 Y
6 7 O 7 Y 7 V 7kf�U B N J ;�; SjR M ?/= > ; < < @ M Sl7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 m
6 7 O 7 Y 7 R 7CanM N J ;�R o U @ S K > @ N J ;�; SjR M ?�= > ; < < @ M S�B T @ B U ;/7�7D7�7�7�7�7�7�7D7�7�7�7�7[8 X
6 7 O 7 Y 7 K 7kf�B S S ; B JjR o U @ S K > @ N J ;D< M J <�R L B > g ; ?�; S IA= M S R I J ; Up7�7�7�7�7D7�7�7�7�7[8 q

� � r���s !�&�4�� !�0 ��%�� .�1 #
��� 2 t � 0 * 1 " !�.l���������������������������������������������������`5 u
6 7 F 7 6 7:d ; S < @ V @ U @ I H�B J Tj@ ?/= ; > h ; R I @ M S <D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[O 6
6 7 F 7 8 7:v�S B U o < ;�K ;�< ; S < @ V @ U @ I H/7�7�7D7�7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[O O
6 7 F 7 O 7Qw ?/= ; > h ; R I @ M S <�; IA?/M K ; <�= > M = > ; <�R M x S R @ K ; S I <c7�7�7�7�7D7�7�7�7�7�7�7D7�7�7�7�7[O W

� � y ��z�1 ^ ( !p%�4p0 � ( ��1 * 2 �{���������������������������������������������������������������`5 |



��� ����� ������� ��� �
	 ����������� ����� � � �	� � �


�� 
 G3�����������
���������������
���3�������#�

��� � ! 2 &�� &��� �4�� &�� �  � ! �
� (�� � > �  , ��� � $�4��  ! ! � � �Ic J�> &��  
Y 8 Y e �  " "  �!  �� � � � � � � �  �" � ��> � � &��'� ��� "  $% �'� 8
9_4�� � � � �
�7� &��� ��  � � � � �� 
: � "  &��#�� 
" ��� (�� � >  �7�� &�534�(�� ��� $3) �� !,4� &�:  �'�
! &�� :' ��� � 87G �7" ��4�� &�� �  < ! �

F

F

F

F

� � & �"# !IY 8 Y � 	 - � '�� - '�� * ��* , � � )�� � * � � � � ,������ ' - � * )+& � � � � *� ! ( & '�� 	 * "+* - ��� ' - � * . � & , � . *� !�� � � � - * " 

! &�V3! � $3 � �<$3� ! ! � :  �� " "  �: �I! � � � � � !  �#- &�! 2 &�� ;3� &�4�� &��  8�H "�! � � > � ��� " � � !<�7� &��L4�� � B�" ) $3 ��� �� &�� �� %�'&
$3� � � � � � &�8,G �
� &Q� � � � � � � �  ��" �?47� &�� �  I ! ��$%� ���  I �3� " � ��� �  �� " "  347 &��-4�� � (�� �%B�� &�� � "  $% �'� 8,C
� ��!
�  3�� � ���  �%� � ! �
� �R4�� � "  I�� -4�� $�B7 $3 � � 8�H ",! � � > � �%� " � � !��7� &��64�(�� ��� $3) �� I�� 3! � � B�� " � � � �
4�&��  $3 � �
>'� � $3� � � � 2 &� �7� � $%4�" ) �  $% �'�<�'� ! ! �'� � �<�� 
� � &��  �� � ��! � ��� � � � � � �?�� <� &�� �� <�'&I$3� � � � � � &�8
C
� ��!7&��� �47� &�� �  �$%� ! ! � :' � ��B�� � � ��� � $%� � "  !��� &�5<4�(�� ��� $%) �� !�4� &�:  �'�
! &�� :  ��� ��[ "  !�� � $3� � &��  !

 �+� � �  � 4�� $�B7 �'�
� " � � !#2 &� 
"  
B�� � � �+!  
J�! ! &��  < �#� � $�4���c J�> &��  �Y 8 g'e 8�H "�� � �':'�  �'�
�� <�'� $% ��! � � ���� �
&��� %�  " "  3! � � &�� � &��  3 �R�  ��� � �%� � $�4��  3�� 3�  !��� &�5L4�(�� ��� $3) �� ! �
� 8  8
 �R&�� � " � ! � �'���� !�� � � � ) �  !��� 
! � � B�� " � � �� �#�� <� � ! � ! � � ���  
4�� &��#"  
$3� � � � � � &�8

� � &��"#"!+Y 8 g���� � ' - � * * ,�� . - � ,�& � )+.�* ,�� � )�� � * � � � � ,#� � '�� , * � & � � & )�� * )+* , - * -�� ' �$- '�� *%$ � & ( � � * 


��� � ��� " O�!  ��'&+4�� $�B7 $3 � �< ! �#&��+4�� � B�" ) $% <�  " � � � :  $3 � �<� � �  �'� �7 �+�  �!  ��!#2 &� <"  !#��� � � � ��!
�� 
! � � B�� " � � �<��� � � �#4�� � �'� � &�4��<"  !#� � ��! � � &�� �  &�� !#2 &� ��� 4�&�� !,&��� ��  � � � � �� ��7� � �����  !
 � :'� � � ��8�. &�! 2 &� 
" ;'�



Y g � ��� �	� � � � � ��� � ��� � � � � � � ��� � �"� ��� � � � � � � � ����� ��� � � ��
 � � � � � � � ��
 � �

"  !%� � ��! � � &�� � � � ��!%� � � �  �'�%�  " � � � :' $% �'�%$3� ! ! � :  !� �%4�� � !  �'� � �  �'�%47 &Q�� %� � ! 2 &� !%�� -4�� $�B7 $3 � � 8
9 4�� � � � ���'&R$%� $% �'��� �L" �I4�� �'�'&�� � � � �6�� �$3� � � � � � &�5L� � ) !<� � ! � ! � � �'� !��I47 � $�� !��� %� � ��! � � &�� �  3�� !
! � � &�� � &��  !#� :  �
B� � &�� � &�4I$%� � ��!#�� 
$%� � � ) �  �� �#��� ���#4�" &�!#� " � ��� �  !,2 &�� � &�4�� � � : � �'� ��" ��! � � B�� " � � �< ! �
�� :  �'&� <&��I4�� � B�" ) $% <� $�4�� � � � � � 8
��� � ! 2 &� 
"  !7�  � (���� 2 &� !
�� �4�� �'�'&�� � � � ��� �'��4� � $%� !
�7� � B��  ��� �
�� !�4�" � 2 &� !��
 �
�� !�� �'2 &� !7$%� ���  !
	 �

" ��! � � B�� " � � �
 ! �,�� :' � &� 
&��34�� � B�" ) $% <� � &�� � � " 8��� !,� �'2 &� !�$%� ���  !,! � � �,&�� � " � ! �  !,��� ��!�" �<4�" &�4�� � �#�� !
� � ��! � � &�� � � � ��!�$3�'�� � �� ! 8 9�:'� � ��! � ��� :' � �  !�! 4�� � � � "  ! � ! � &�! / $3� � � ��! �'� (� $%� ���  !,�� ��  = � � � �'� ! !  $% �'�,�� 
� � V��� � �  ! ��� � � � �  &�� !#�'&�� " � � � �  ! �7! � " � !#;%> � � � ��! ��� � !  � : � � � !
�� <! � �'� ^ � >' ��4�� 47 " � �� ! ��� &? ��� � �  <4�" � �  /
= � � $% !%� h7! (�� �  !% �Q! � �'�%"  !% 5� $�4�"  !�"  !�4�" &�!%� � &�� � � � ! 8�9�� � &�!  I�� 3" �?= � � B�"  I� 4�� � ! !  &��3�� I�  !
! � � &�� � &��  ! �7"  4�� $�B� $% �'�� ! �
" �%4�� � ��� � 4�� "  �� � &�!  ��� <� &�� �� 8�H "� ! �
4�� ��� � ��! � 2 &� �'�<� � ) !#� $�4�� � � � � �
2 &� <"  &��<� � $%47� � �  $% �'��� : � � �� �<� 4�� ) ! 4�� $�B7 $3 � ��! � � �#4�� � = � � �  $% �'��� � ���'&��7�  � ��� J��L�� <$3 � � �  
� &I47� � �'�
�� !,$%� � (��'�� !#�� ��'� $3 ��! � � ���� $% �'�<� 4�4�� � 4�� � �  ! 8
C
� ��!%�  IB�&�� ���� I��� $�B��  &�56�  ! � !3! � �'�%� � > &�" � ) �  $% �'�3$3 ��� !3 �Q" � B7� � � � � � �  8��� !%J�> &��  !32 &��

! &�� :' � �I4�� � !  � �  � �+�� !I 5'4�� � �  ���  !3� � � " � ! �  !I! &��I�� !3� O'" � ���'�  !3! � &�!3� � $�4��  ! ! � � �_� 5'� � "  6c J�> &��  
Y 8 6 eI �I! � &�!3:'� �� ?� �'�  � �� ��6c J�> &��  6Y 8 7'e 8#�� !3$3�'�� !I�� 04�� $�B7 $3 � �?� B��  �'&�!+! � �'�I�  " � � � :' $% �'�
�'� h�� �  �'� !�"  !7&���!
�� !�� &�� �  ! � �  �2 &��'��� ���� �&��� �� ���  ��� 
" �#� � $%4�"  5'� � ���'&�4�(�� ��� $3) �� 8 C
� ��!7" �  5� $%4�"  
4�� � � � �� �'�
�� 
" ��4�� &�� �  < �IB�� � � �6c J�> &��  %Y 8 g e ��� �+� &�� � � �#: � &�" &+� :'� �  �#"  4�� $�B�� >' �
 870� 4� ����� �'� �7�  
4�(�� ��� $3) �� < ! �,2 &� " 2 &� #= � � !��  � (� � � (��
[I�  � � � � �� !�4�� ) �  !,�� 
� (�� ! ! � !,�� #: � � � &��  
! � � �#�'� $% ��! � � �����  !

� � &��"#"!IY 8 6������ � � , � � * & � * ��� '�� * � - '�� * � � * � - & , ( ' � & � � * ��� � ' ��� � )�� � * � � � � ,�& � � & � * � & � � 
 � � & )�� * )+* , -
 ��� & � � 
 ��� ��� $ #$�" ��R ����� � $ !	� ��� ���  ! " 


6 7 d J > h B R ; <�= U B S ; < 7
8 7 d J > h B R ; <�R M J > V ; <DB Z ; R�J S'K @ B ?�G I > ;�I > G <�g > B S Kj= B >�> B = = M > I#"�U b H = B @ < < ; J > 7
O 7 aAL B > g ; ?/; S I�H N J @ Z B U ; S I$"�J S ;�= > ; < < @ M Sj; T I ; > S ;�J S @ h M > ?�; 7
F 7 P�B S <�I M J I�U ;�K M R J ?/; S I % M S�J I @ U @ < ; > B�@ S K @ & H > ; ?�?/; S I�U ; <nI ; > ?�; <
'�( )�* + )�+ , -�; I
'�( )�* ( . +A= M J >nK H < @ g S ; >�U ;�?�/ ?/;

= L H S M ?/G S ; 7



��� ����� � ��� 
 � �%��� � � � � � ����� � � �

� � & �"# !IY 8 7���� � � * ��� * � & )�� * )+* , -�� *�� � � � , � � * � � � ' �
� � � * � , - * � ,$*  �$� & � � 
 ��� �"��� ���  R �	� !	("� � � � ��� � �
� ! " 


� � &��"#"! Y 8 : ��� � ' - � *
)+. - & � � � 
 ' * � * $ � � )+. * � & �
� & )�� & ( * � � & � - � 
 ' * 


4�� &�� 4�� $�B� � 8
�� &���� � 4�� � � � �3;I� B�! � � B7 ��"  �$3� 5'� $�&�$ �7� � �� � > �  %" � � !��7� &��R� (��'�?c J�> &��  IY 8 :'e
47 &��
! � &�:  �#" ��:'�  <�� !,4�� ! ! � >  � ! 8


�� � O����3������� ��	 �����#�7	 ��
����

������� �  � $�� ��� � � � �?�� #" ��� (�� � >  <� � � � � 2 &� <�� 4�� $�B� $% �'�
�� !#� �'2 &� !�$%� ���  !#� � ��! ��2 &� 
"  &��#� � $�/
4�� � �  $3 � �#� 4�� ) !�"  4�� $�B� $% �'�#� � �,= � � ��" � � B�-  �#�� #B7 � &�� � &�4I�7� � � &��� !# �,�� #�  � (� � � (� ! ��� &�! ! ��B��  �
 5'4�� � � $% �'� � "  !I2 &�� � ��� " O'� � 2 &� !I� &Q�'&�$%� � � 2 &� ! 8#�� !%� � ! &�" � � � !32 &��<��� � � &�"  �'�I�� ?�  !3� � &��� !I! � �'�
� � ) !<� $%47� � � � �'� !�� � �<� " !
47 � $% � �  �'��" �3� � � " � ! � � � � �R�� %! � � &�� � &��  !�! ���  ! ��� �  ! � / ; / �'� �  3! � ��!
� � ! 2 &� %�� 
4�� $�B7 $3 � �
" � � !
�� 
"  &��#&�� � " � ! � � � � �?� � &�� � �'�  8
H " ���  ! �
4�� !
� � � ����� � � � ��) !�" � � ! � 2 &� �" � � ����� ��� $�B��  �4�" &�! �  &�� !�$�� " " �  � !
�7� � � � � � "  !
�  " � � � = !
;
�  �! & -  � �

�  � � � � ��!�� � ) !
> � ��� � � &�5<4�� � !  � � � �'��&���� � � ���� �" � � � ����� ��!
�  ���� $%� � �� �  ��B� � &�� � &�4��7� � &�� �  !�� B�� � ��� �'�
�� !�4�� � B�" ) $% !,! 4�� � � J�2 &� !�2 &���� � � � �  ! !  �'��"  !�� � ��! � � &�� �  &�� ! 8 M � � $%� !,�  !,� � � � � "  !�> � ��� � � &�57��� �347 &��
� � �  ���  &�5L�� � ����#�� Y � � Z �,! &��<"  !<� �'2 &� !3c 4�" &�!��� -: Z Z3� � = � �  ���  ! e �� ���� �� � $ �  �� !���� Y � 9 8 �<c &��� 
�  �'� � � �� <�� 
� � = � �  ���  ! e ��� � �
� ��(�� �"!�� Y � � : � ����!	��&�� Y � � 8 �,c 6 Z Z�� � = � �  ���  ! e ����!	$ !  ��+ ���  ��#��"!	�
� Y � � 9 ��� &�������$ � (" �� g Z Z Z ��! &���" ��! � � B�� " � � �<�� !,� �'2 &� ! �' �#�  " &��74�" &�!�> � ��� � � "��� � ��� ���  �� g Z Z Z ��! &��



Y 7 � ��� �	� � � � � ��� � ��� � � � � � � ��� � �"� ��� � � � � � � � ����� ��� � � ��
 � � � � � � � ��
 � �

" ��! � � B�� " � � ���� !#! � � &�� � &��  ! 8
C
� ��!�" � � 4� � b &Q(�� ! � � � � 2 &� +2 &��#! &�� � ��� �Q! � � �'� � �  ! !  � �L ! !  �'� �  " "  $% �'�I� &�56� �'2 &� !%� O'" � ���'� � 2 &� !

� (�� � >'�  !<� 5'� � "  $3 � ��� � �< " "  !<� �'�<$%� � � :���"  !
4��  $%� ) �  !<� � &��� !
� (�� � � � 2 &� !< � ��4�" &�!#>'� ��� � � "  $3 � � �
4�� � �  �2 &�� � "
= � &��
B��  �?�  � � ����� � � �  %2 &� �� �  ! �<�� <"  &��<� � &��� �2 &�� � � ����� � � &�" ��"  !<��� � � &�:' � �  !
"  !#4�" &�!
� $�47� � � � �'�  !
��� ��!,"  <��� $3� � �� ��� 
" �%! � � B�� " � � ���� !#� �'2 &� !,$�� ���  ! 8

��� ��� � ��¨+¯��&§ ¨���¦ ¨+§ ¯	� !-¯
C�� &��Q4�� � � �I�� +:'&� I(�� ! � � � � 2 &� ��"  +4�� $�B7 $3 � �+ �3" �L��� � � � �_�� +! � � B�� " � � �+:'� �  � �I"  %- � &��I� :  �

" � � ��� " O�!  #�7� &��� ,47� &�� �  4� 5'� B�"  , �%� � $�4��  ! ! � � �%� 5'� � "  ,4�&�B�" � �  , ��" � � � �%4�� ��
 � � ! #�� Y ? 7 7 �� �%� ���� 5� 
�� #! � �3� &�:'� � >' #! &���"  ,� � " � &�"7�� !�: � � � � � � � ��! 8'0, �� 5� $%4�"  #� � � ��� $%� 2 &� 
 ! ��� & - � &�� �7� ( &���4�� � !  � �,��� ��!
4��  ! 2 &� 
� � &�!�"  !,� &�:'� � >' !�� � � � � � �'�#�� 
! � � B�� " � � �
�� !,! � � &�� � &��  !�c � ��� $ ��� �"!��
�"�? ���+! #"!���Y � 8'Y ��4�� �
 5� $�4�"  e 8
;#&�� ��N  3� ��!�� 4�� ) ! ������&�#�����&�!L� � ! � &��?"  �$3S $% %4�� � B�" ) $% 3�7� &��� �$3� ��� ) �  %4�" &�!�� � $%4�" ) �  ��4�� �

&��� �$3� � (��'�� �4�&��  $% �'��� ��� " O'� � 2 &� 8��� !�� 2 &�� � � � ��!<�� �����&�#�����&�!L� � �'� � � &� �'���7� � � " "  &�� !��� <- � &� �
&��6� ` "  3� $%47� � � � �'�3 �R$3� � � ��� 2 &� 8�C< 3�  !�� � � : � &�56��� � � &�"  3"  I� � ���  4��3�� %$%� ��� $�&�$ �� %" � � �� � > �  
47� �  �'� �  " "  �4�� &��
" �
! � � B�� " � � �,�7� &��%! O�! � ) $% �� � ��!  � : � � � = 8'G'� ��� $%$% ��!  ,� &�:'� � >  � . � & , � 
 ' * & , & � � - � 
 ' *
� ����& #	����& !���Y ? 9 9 ���� #= &���47� &�� � � �'��4�&�B�" � �
2 &� 6 Z�� ��!�4�" &�!�� � � �3� � ��� "��� #� � � &�: � � �,� &�� &��3� �'� �  &���� 8
�#�3! � ) � "  ,4�" &�!�� � � �7� 4� ����� �'��" �<� � : � " &�� � � �%� ���'&�! � � �  " "  �'" � &�� � " � ! � � � � �3� �'�  ��! � :  
�� ," � � � �  ��4� � $3 �

�� �� � ��! � � &�� �  ,�� !�! � � &�� � &��  !
$�� ���  !
 �
� " � ��� �  ! �  ! !  � � �  " "  $3 � �� ��> � ���  �� � :'� "7c J�> &��  #Y 8 8 e 8 ��� � � � � � S �
�� ��  " "  !
! � � &�� � &��  !�� � ! � �� ���� ��!�"  &��� 5��  " "  � �
� � 4�4�� � ��� � ! � ! � � ���  E 47� � ��! 8 T�� &��  = � � ! � � � � �'����� ������"  &��
= � � B�"  �� 4�� � ! !  &�� �  " "  !�! � � �
� � ) !
! � &�:' � ��! & -  � �  !
;#�� !�� &�� �� !�4�� �
 h�� ���'�  $% �'���'&� !
� & 4�� $�B7 $3 � � 8
0
�  ! �
;�4�� � � � �
�� ��  
$3� $3 � �
2 &� <" �%! � � B�� " � � �<�� :'�  � �
&��I4�� � B�" ) $3 <4�� � $%� � �'� � " 8
��� � � &��� #�� �" �<! � � B�� " � � �,�� !�� �'2 &� !
$�� ���  !��<��� B�&�� �,B��  �3� 4�� ) !��  " "  #�� !
4�� &�� �  !�� &3�� !
4�" � 2 &� ! 8

0, " ��47 &��#! �  5'4�" � 2 &� �,4�� �,"  
= � � �#2 &� 
"  !��  � (���� 2 &� !,��� �  ! ! � � �  !#;�" ��4�� �'�'&�� � � � �+�7� � " � $3 � � !#! � � &�� /
� &'�  " !�$�� ���  !�;<! &�� = � �  ,� � &�� B� <c � O'" � ���'�  ! � � &�B� ! ��8 8 8 e
! � �'��� 4�4�� � &� !�4�" &�!�� � � �%2 &� ,�  " "  !
��� �  ! ! � � �  !
;I" �I4�� �'�'&�� � � � �6�� %! &�� = � �  !<$�� ���  !<4�" � �� !Ic 4�" � 2 &� ! ��8 8 8 e 8
@+� � !��  " �I47 &���� &�! ! ��� � &���! � $%4�"  $3 � �
! �  5'4�" � 2 &� �#4�� �#"  <�� > � ���� <� � $�4�"  5'� � �
�� � �  $3 � �
4�" &�!#� "  :��<�� !#� (�� � � �  !#�� <� �'2 &� ! 8

��� ��� � ��¨+¯��&§ ¨���¦ ®+§ ¨1¯	�9ª «&¬&¨1¯�ª ­����)§ ¦ �
«&¨+¯
�� !#4��  $%� ) �  !
� � &��� !
� (�� � � � 2 &� !#�  $3� �'�  �'��� &?��� B�&��<�'& ��� � ! � ) � "  ��" � � ! 2 &� �� ��# !	����� Y � Z 9 � �

� � $ ��� �"!��
�"� � Y �'Y Z �� ��� ���  ��	��! �
� � Y �'Y 7 �<� � � &�:  �'�I" �R� (�� � >  L� � � � � 2 &� ?�7� &��� ?� �'2 &� ?� O'" � ���'�  
$%� ���  �! � &�!#� � $�4��  ! ! � � �?� 5'� � "  8���� � 2 &�� � � � �?��� �����  
4�� � � ���  ��	��! �
� � � � � �#� � ) !,>'� ��� � � "  � �#�  " � � � �
" �#� � � � � � � �'�  #� � � � � 2 &� ,�� 4�� $�B7 $3 � � � " �#> � � $%� � � �  ,�� �� O'" � ���'�  <c � � O � ��� � 4�� � ! !  &�� e � "  !�4�� � 4�� � � � � !��'&
$3� � � � � � &? �,"  
4�(�� ��� $%) �� ��� 4�� $�B7 $3 � �%c ��� $�B��  ��� 
" � B� !#��� ��!#" �%! � � &�� � &��  4�� $�B��  e 8 M � &��
&��
� O'" � ���'�  �� :  ���� !#� � ���'� � � � ��!
� &�5I" � $�� �  !
�� �! &�4�4�� � �
! � $�4�"  ���! � &�!
� � $%4��  ! ! � � �?� 5'� � "  ��" � � 2 &�� � � � �
Y 7 �DS
= ; J I�I > M J Z ; >�K ; <�V @ M g > B = L @ ; </B @ S < @AN J ;/U ;jK H I B @ U�K ; <�I > B Z B J T
K b �
� � �  l; I�K ;�!�" #$ " % #$�
K B S <'& ()"  * � %

6 X X W + %�K @ < = M S @ V U ;�< J >�U ;�< @ I ;�,n; V�K ;�U B'-�.�/)0�0�0
1 . ( 2 2 3 4 ( 1 5 6
W 7 �DJ{B U M > <'= M J >jJ S_R o U @ S K > ;�@ S 7 S @ ?�; S I98 I > G < :/U M S g %D= M J >jU ; N J ; U�U b @ S ; J ; S R ;lK ; <jR M S K @ I @ M S <'B J TpU @ ?/@ I ; <'; < I

S H g U @ g ; B V U ;



��� ����� � ��� 
 � �%��� � � � � � ����� � � �

� � & �"# !3Y 8 8�� �"*#� � & � '�� � � ' ) � � ,
��
 '���* , � & )�� * � & � � � � 
 � * � � � ��� & � * ��$ ' - � � ' ,�� * ��� � * )�� * � �#� � & � '�� �
- � - & � * )+* , - * ,�& � � * � 
�� � $ ' - )�� � * , � * � � � � *�* , � �	����& � � � � 
 ' * � * � * � � � � � - & - � � ,�� )�� , � 
 � * � � ' � & � ��� *

 & � � * � . - & � * , - * , � � * � , * * � � & ,�� � � , 
���� , (�� *�� � �+)�
 - � * � * -�	 & ' - � *�
 
+)�
 - � * � ��� � � * )+* '�� & � * � � ' �
	 & ' -�� � & � '���$ * � � � � � & � � * � '���� � & ' )+* � �", ��� ' � 
 '�� ! � &#$ * � )+* - '�� *+* , � �	
 � !�� & ' � * � '���� � � ��� * � * , '
* � � * � � � $ � * � � � � � )�� - � � * ��� * � � . ��� 
 ' *
 ��	�� - ��� *�� �	� � " 


�� 	�"���  ��	� ! � � !  <! � $�4�" � J� < �#47 � $% �
�� 
� � � &�:' �#" ��4�" &�!,4� � � �  <� � � � � � � �'�  �� � � � � 2 &� ��� � c �  " "  <2 &��
� � � �  ! 47� ���I� &I4��  $%�  �
$%�'�� <�� 54�� $�B� $% �'� e

��� ���
�

� ��� ����� � !
"
# c Y 8 Y e

� � �  ! �
"  �$3�'�'&�"  ��7� f�� &���>+ �$�+"  �� �' V3� �  �'���� M � � ! ! � �L�'&?$%� � � � � � &�� "  ! �
" � � 4�� � ! !  &��� � # "  
� � O � �+�� <" �%� �'2 &� 8
����4�" &�4�� � �
�'&I�  $�4�! ��� �  ! �#;%�  � �  <� 2 &�� � � � �?2 &� 
" � � �+= � � �,� � = � �  ���  <" � � ! 2 &�� � �I4�� � "  <�� - 	 . � � � *

� � & � � � 
 ' * 4�� &��#"  4�� $�B7 $3 � �<�7� &��+� O'" � ���'�  < �?� � $%4��  ! ! � � ��8�0� � �  �� 2 &�� � � � ����� � ��! �
2 &� 
� � &��  !,"  !
� (�� � � �  !%" � ��� � � �  !3��� � �I " "  I��� � � &�"  �, ! �%B�� ! �  +! &��%" � ( O'4�� � (�) !  I� � ) !�= � � �  I2 &�� � "#���  5'� ! �  I2 &� +�� !
� � � � � � � �'�  !
�� #$3 $�B�� � �� <��� ��!�"  
� O'" � ���'�  
" � � !#�'&34�� � 4�� $�B�� >  870, " ��� $%4�" � 2 &� <2 &� #"  <� O'" � ���'�  
 ! �
" � B��  ,�� �!  ,�'� " � �  ����� ��!�" �
�'� �  � � � � ��� � �'� � "  ,47 ����� � ��" �
� � $�4��  ! ! � � ���  ���  ,�� �$3� ��� ) �  ,� � ��! � � � �  ,! &��
� � &��  
! �<" � ��> &� &��#� �  ! � / ; / �'� �  #$3S $% 
� &3��� :' � &+�� !� 5'� � � $%� � � ! 8�C�� &��347� � �'�,�� #:'&� #$%� � (�� $3� � � 2 &� �
�  
4�� � B�" ) $% ��� 4�� $�B7 $3 � �<!  
� � �'&�� �
;�&��+! � $�4�"  
4�� � B�" ) $% ��� 
: � "  &�� !,4�� � 4��  ! 8
C�� � &�� �  !
� � &��� !7� (�� � � � 2 &� !
! &�� :'� �  �'��� � 4�� �� $3 � ��[ � O'" � ���'�  �! � &�!74��  ! ! � � �� 5'�  � �� �4�� �&%�����'�� � !	�

� Y ��Y 7 � ��! 4�(�) �  <! � &�!,4��  ! ! � � �+ 5'�  � �� ��8 8 8
�#�� ,4�� � � �'�� <�� #� � � : � � "7� �'�  ��! � =
! &���"  4�� $�B� $% �'�," � ��� � � �  
�� !,� �'2 &� !�! � &�!,� (�� � >' $% �'� !#�'� :  � !

! &�� :'� �
�  !,4��  $%�  � !,� � � : � &�5I� (�� � � � 2 &� !#��� ��!#"  !#� �����  ! 6 Z�87X#�I47 &��#�  �  ��� �#"  !,��� $%!#�� � � ( & &�!
� Y � 6 7 � � ��� $ ��� �"!��
�"� � Y � 6 8 �� �*) �����"! � � � Y � 6 7 � �7� &��  &��
�� <" � &��� ��� !,4�" &�!#� � " ) B��  !#� (�� � � �  !#4�� &��
"  4�� $�B� $% �'�<�� !#� �'2 &� !#� O'" � ���'� � 2 &� !	+ 8
C
� ��!3"  !3� � � : � &�5_�� � �	( &�& !1 �+�� ���� $ ��� �"!��
�"���,"  +4�� � B�" ) $% R�� 04�� $�B7 $3 � �+�  :'�  �'�+;

� � ! � &��'�  ?! � $�&�" � � ��� $3 � �?� � � � !I� 2 &�� � � � ��!+�'� h7� �  � � �  " "  !?2 &��
�  " �  � �+"  !3� � � � !+� � $%47� ! � �'�  !+�� ?" �
m 7 aAM S S J ;�< M J <�U ;�S M ?]B S g U B @ <-,�. / ( 2 2 0 01. / + 2 2 - / + 0 6 243



Y 8 � ��� �	� � � � � ��� � ��� � � � � � � ��� � �"� ��� � � � � � � � ����� ��� � � ��
 � � � � � � � ��
 � �

! &�� = � �  �$%� O' ���� %�� �" �I� �'2 &� ��
���? ��� ! &�� : � �'�<"  !��'� �  � � � � ��!�� 5'� � "  �
� � � � � ��= � �  � � �  " "  3 ��� � �'� � "  
�  ! 4� � � � :  $3 � � 8 ) �����"! � � �I! � $%4�" � J��%�  �4�� � B�" ) $% 3 �?�� %� � ��!  � : � �'��2 &� �"  !<�  � $% !��'&L4��  $��  �
� � �'�  ��� $% � � � � �3� � ��! �#"  !��  � $% !%�7� � � �'�  +! &�4�� � �  &��%�  " � � � :' $% �'�%4� &R� $�4�� � � � � � !%!  " � �6" &�� 8�H "#�
 ��! &�� �  <� � � ��= � � $3�<"  !,� � � � !
� 2 &�� � � � ��!
! � $�4�" � J��  !
 �+&��� �!  &�"  <� 2 &�� � � � �L�'� h�� �  �'� �  " "  ��'&+('&�� � � ) $3 
� � �'�  L �����#� � &�� � $�$3 � �?� 4�47 " �  . 
 ' & - � � , � * ) �����"! � � 8<0� � �  L� 2 &�� � � � ���Q� � ���'&_&���! &�� � ) !
� $�47� � � � �'�#� � �# " "  
 ! �,�  " � � � :  $3 � �
! � $�4�"  
;�� � ! � &��'�  8�� �  �("��#���� Y � 7�? �� �+��4�� � 47� ! �#&��� #:' � ! � � �
! � $%4�" � J��  � ���%$%� � � � �%2 &��  " "  ���� ����� � ���� !
� � ! &�" � � � !<� � $�4�� � � B�"  !�;3�  &�5?� B��  � &�!�� :  ��"  !<� &�� �  !
� (�� � � �  !�c ��� $ ��� �"!��
�"����8 8 8 e# �<;%�  &�5+4�� � :' ��� �'� !<�� ��  ! � !
 5'4�� � � $% �'� � &�57�7! � &�=���� ��!
"  �� � !
�7� &��
� (�� � >' $% �'�<� 5'� � " 8

��� ��� 	 
�¨1¯�©���
&¯ ª !1ª !1ª ¦ ��
&¯�¨������+§ ¦ ��¨

)ª !�� ¨1¯�¨���� !-§ !-¯ ¯ !�
)ª ¨1¯
C
� ��!�"  #$3S $% 
�  $�4�! �'"  !,4��  $%�  � !��  ! � !, 5'4�� � � $% �'� � &�5I! � �'�,$% ��� !,! &��#�� !,� O'" � ���'�  !, �I� � $�/

4��  ! ! � � �6� 5'� � "  �4�� � � ��%$!$#  �� ��� � Y � g � � � � � ( & &�!�� Y � 6 g � ��� ����(����"� �  � Y � 6 6 � ��� � � � ���Q �#� ! �*�
$ �"#
��� Y � 6 6 �
 �*) �����"! �
� �7��� � �#"  !,� � ! &�" � � � !
! � �'�#�  4�� � � � !#��� ��! � � ����(����"� �  
��Y � 6 6 � 8
C
� ��!,! � �3� � 4�4�� � � ��� ����(����"� �  L� � $�4�� �  
"  !��  ! � !, 5'4�� � � $3 � � � &�5+�� !,� &��  &�� !,4�� � � � �� �'� !
� :  �

"  !
! � " &�� � � ��!�� (�� � � � 2 &� !
��� �����  !�4�� �
�'� :  � !  !
� 4�4�� � 5'� $3� � � � ��!��� �" � � 2 &�� � � � ���� �"���  ��	� ! � � � 4�� � $%�
"  ! 2 &� " "  !
�  " "  <�� �� ��%$!$#  �� ���1c J�> &��  %Y 8 ? e 8
T�� &��  = � � ! ��2 &� "�2 &� <! � � �#"  <�� > � �<�� 
4�� � � � ! � � �?�� !#�'� h�� �  �'�  !
� 4�4�� � 5'� $3� � � � ��!#&�� � " � ! �  ! ��� ����(	�

���"� �  ?� � ��! � � �  <2 &�� � &�� &��� <�7�  �'� �  < " "  !��� <��� ���� <�� 
B7� ��!�� � ! &�" � � � !, �+� � $%4�� � � � ! � �+� :' �
"  !,�  ! � !
 5'47� � � $3 � � � &�5<[�"  !<� (�� � >  !�� � � � � 2 &� !�� B��  � &� !�" � � !��� !<�  ! � !<! � � ��! � &�:  �'�<B��  �L4�" &�!
= � � B�"  !�2 &� 
�  %2 &� �4�� � �'� ��" �3� (�� � � �  %� " � ! ! � 2 &� 8�H "�� : � ���  %2 &� ��  !�� � � � � !<� $�4�� � � � � � !�! � �'���'&�!< ! !  �'� �  " "  $% �'�
� &'53� $%47 � =  � � � � ��!,4�� � !  �'�  !#��� ��!,"  !,� O'" � ���'�  !, 5'4�� � � $% �'� � &�578 M � &��#�  " �'�'� "7! � � 4�4�&��  <! &���"  !��  ! � !
�� ���� � � ���R ����!�� $ ��#��62 &���� � ��� � $%4�� � ���� !
� O'" � ���'�  !#&�! � ��� !�� )+& � 	�� , * ��� � * � � )+* ,�� *+ �<�� !
� O'" � ���'�  !#� ! !  $�B�" � !,4�� �#! � &��'&��  <� &3� � :' � � >  3� $ & � � � � & - * ��� � * � � )+* ,�� *78�W
�+ h� � ��� �+� � ��! � � �  <� � ! � /
$3 �'�
! &��," ��J�> &��  �Y 8 ?�2 &� 
� � &�!,"  !,47� � �'� !#� � � �  ! 47� ����� �'�
� &�5I� O'" � ���'�  !#� ! !  $�B�" � !�c $%� � ��!,4�� � = � � � !
2 &� �"  !�� O'" � ���'�  !<&�! � ��� ! e<! � �'�<� � &�!� ��/ �� ! ! � &�!��� �" �+� � &�� B7 ���8 �#�� %� &�� �  %� � &�!  �47� &��<"  !�� � � � � !
� � ��! � � � � ! ��!  " � � � ����(����"� �  
��� �  � �3;+" �+$%� &�: � � !  Lc � � �%��� " � � � �  e�� $%47� ! � � � � �6�� !%� � ���'� � � � ��!%� &�5
" � $�� �  !#" � � !
�� !,�  ! � ! 8
P�� ��� "  $% �'� ��� ����(����"� �  64�� � 4�� !  3�7� &�� � " � !  ��" �I= � � $�&�"  %� � ) !�! � $�4�"  ��� � ��� � � 4�� &����'� $% ��/

! � � ���� �I"  !I� O'" � ���'�  ! �,� � &��? �1�  � � $%$%� ����� �'�L�7�  ! � � $3 �I"  +4�" &�!I4�� � � � ! � $% �'�+47� ! ! � B�"  +"  ?�� > � �
�7� � $�4� � =  � � � � �I�� #" ��! � � &�� � &��  
� J��I�7� � - &�! �  ��" ��� � ��! � � �'�  � � 8'T
� &��  = � � ! � $3S $% 
�� !,� �' V3� �  �'� !#�� 
! � � &�� � � �
�� ," � � � �'�  
�� #2 &�� � �  �'� 4�4�" � 2 &�� !�;<" ��� (�� � >' #� � � � � 2 &� 
�'&3� O'" � ���'�  � ��� � ! ! &�� � �  � ��4�� !�� � & - � &�� !
" ��� � ! � ! � � ���  ��� �" �3! � � &�� &��  �� &&4�� $�B� $% �'� 8
H "�!  $�B�" � � ����� ����� " � � ��2 &� ��  !#� (�� � � �  !
�� �47� &�: � �  �'�
4�� !
S � �  
&�� � " � ! �  !,4�� &��#"  ��'� $3 ��! � � ���� $% �'�<�� !#� O'" � ���'�  !
 �+� � $%4��  ! ! � � �?� 5'� � "  8
�� !3� � � � � !%� $�4�� � � � � � !I � � �  +"  !3! � " &�� � � ��!3� (�� � � � 2 &� !I �3"  !I� (�� � >' !I� � � � � 2 &� !3�� !3! � � &�� &��  !

��� �  " "  !<*6� �'�3: � � � � � B�"  $% �'�+� � �?� �'$%� !%4�� �3� � &�!3;?4�� � � � �I�'&1$%� $% �'�I� �_�� I� � ) !%��� $�B��  &�!  !
� � $%4�� > �� !<�7�  ! ! � � !<! O�! � � $3� � � 2 &� !<! &��
"  4�� $�B� $% �'���� �� O'" � ���'�  !<� �'�<� � ��$% ���  ! 8����3J�> &��  3Y 8 9
� � � � 4�� � &�"  �2 &� " 2 &� !�&���!#�� 
�  !, ! ! � � ! 8�X#�3O%:'� � �,� � ) !��� � �  $3 � �
2 &� #� � &�!,"  !�� � ! &�" � � � !, 5'4�� � � $% ��/
� � &�5I! � � �#" � � >  $3 � �< ��/ �� ! ! � &�!
�� !,4�� � �'� � � � � ��!
�� 
" � - 	 . � � � *�� � & � � � 
 ' * 8



��� ����� � ��� 
 � �%��� � � � � � ����� � ���

� � & �"# !LY 8 ? � � � '�� � * � � � ( & � � - 	 )�� 
 ' * ��� *�� � �� ��� � � � ! ��� '���� * ��� � � � , � � * � � � ' ��� � )�� � * � � � � ,�& � � & � *
 �$� & � � 
 ��� � ����(����"� �  ��� � 	 	 ! " 




Y 9 � ��� �	� � � � � ��� � ��� � � � � � � ��� � �"� ��� � � � � � � � ����� ��� � � ��
 � � � � � � � ��
 � �

compression is essentially non-linear, and there is a sharp decrease in load-carrying capacity after the

peak value of load has been reached. They were able to simulate the main features of shell buckling by

means of experiments on a simple model column that was laterally restrained by a slightly non-linear

spring that represented the `stretching' behaviour of the shell; see Calladine (1983) for a modern

account. Not long afterwards Koiter (1945) developed a general non-linear theory of elastic stability,

which is capable of determining the stability of equilibrium at or near the bifurcation buckling point. He

found that cylindrical shells under axial compression exhibit unstable postbuckling, and that the

maximum load-carrying capacity is in¯uenced by the presence of initial geometric imperfections: a small

imperfection disproportionately reduces the buckling load. These concepts of `non-linearity' and

`imperfection-sensitivity' go some way towards providing an explanation for the shell-buckling paradox.

However, extensive studies based on precise measurements of geometrical imperfection in physical shells,

manufactured in various ways, have had less than complete success in predicting buckling load: see

Arbocz and Babcock (1969), Arbocz (1974) and Arbocz and Hol (1991). Therefore, it is reasonable to

claim that there must be some crucial factors involved in the mechanisms of shell buckling which have

been missing hitherto from analytical investigations.

The present paper reports on simple experiments on the self-weight buckling of some small-scale, thin,

open-top, ®xed-base silicone rubber cylindrical shells. The shells with the highest value of t=R buckled at

almost the heights predicted by the `simple classical theory'. But in general the buckling heights were

found to be proportional to �t=R�1:5, compared to �t=R�1:0 as in the classical theory. Moreover, the

Fig. 1. Distribution of buckling test data for cylinders with closed ends subjected to axial compression, from Brush and Almroth

(1975), and supplemented (see Section 6) by ranges of data from Lancaster et al. (1999) on a particular cylinder without (solid bar)

and with (open bar) deliberately introduced imperfections. The data are normalised to the predictions of the classical theory of

buckling, Eq (1).
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Fig[ 7[ Equilibrium paths of an imperfect cylindrical panel\ the imperfection amplitudes considered are 9[90\ 9[94\ and
9[0[ The fundamental equilibrium path and the bifurcated equilibrium path of the perfect structure are shown in solid
lines[

the unconservative side#\ and for the leading order asymptotic result the accuracy is within 19)
"on the conservative side#[ These errors are not large\ compared to what might have been incurred
by failing to pick the worst shape of imperfection[ For a number of design situations\ larger
imperfections can occur\ and in such circumstances it is still advisable to complement the asymptotic
analyses by full analyses of the system[ Nevertheless\ the asymptotics are still valuable in identifying
the worst shapes of imperfection\ and gaining an improved overall understanding of the behavior
of the structure[

2[4[ Example 1] Cylinder with two closely spaced modes under axial load

By slightly modifying the dimensions of the cylindrical panel of the preceding example\ one
obtains a system with two closely!spaced buckling modes[ More speci_cally\ the changes made are
such that point A in Fig[ 1 remains on the Koiter|s circle[ Thus the axisymetric mode remains at
the minimum buckling load of l0[ However point B "in Fig[ 1# moves away from Koiter|s circle\
and therefore corresponds to a mode with a higher buckling load of l1 � 0¦a\ say[ In this case
the reduced equilibrium equations for the perfect system can be written as "see Kheryrkhanan\
0884#
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routines
d’interfaçage

Modules
de calcul

Seconds membres
détection :  
suivi (forme + épaisseur)

120 lignes

1100 lignes

(II) (III)

Base de données

Routines élémentaires

M.A.N.

dont

suivi de
points limites

2700 lignes

Elément Buchter

+ calcul rigidité
matrices élémentaires

+ calcul forces internes
+ calcul contraintes

Seconds membres

 1270 lignes

détection :  
suivi : 
matériau NL : 

750 lignes
130 lignes

180 lignes

M.A.N.
détection de

points singuliers

1600 lignes

matrice tangente

50 lignes

augmentée

Total : 8225 lines supplémentaires

Code EVE original : 7100 lignes

Elément DKT

(I)

routines d’interface
pour

l’élément Buchter

105 lignes

MAN calcul de courbes d’équilibre + seconds membres : 670 lignes
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S8R5 − raccord circulaire
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