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CHAPTER 1

Introduction

La théorie des matrices aléatoires présente un ensemble d’outils mathématiques efficaces
pour l’étude de performances des systèmes de communications numériques. L’objectif
de cette thèse est de développer des résultats analytiques basés sur la théorie des matri-
ces aléatoires pour étudier les fluctuations de quelques indicateurs de performance pour
les systèmes de communications sans fil, en particulier, les sysèmes multi-antennes MIMO
(pour Multiple Input Multiple Output) et les systèmes de codage des transmissions CDMA
(pour Code Division Multiple Access). Plus précisemment, nous étudions les fluctuations
du rapport signal sur bruit (SINR, pour Signal Interference plus Noise Ratio), indice de
performance mesuré à la sortie d’un recepteur linéaire minimisant l’erreur quadratique des
symboles estimés (LMMSE pour Linear Minimum Mean Squared Error) pour les trans-
missions par la technique CDMA. Le SINR pouvant s’écrire comme une valeur prise par
une forme quadratique associée à une matrice aléatoire sur un vecteur aléatoire, son étude
analytique fait donc appel à la théorie des matrices aléatoires.

La compréhension de la loi limite des fluctuations du SINR permet de comprendre
le comportement d’autres indices de performance comme le taux d’erreur binaire et la
probabilité de dépassement. Nous nous intéressons à l’étude de ces deux indices pour un
modèle gaussien dont les corrélations mutuelles entre les émetteurs et les récepteurs sont
prises en comptes.

La loi limite de l’information mutuelle d’un canal de Rice fait l’objet de notre travail
présenté au chapitre 4) de cette thèse.

Ce chapitre introductif comprend trois parties. Dans la première, nous rappelons
brièvement les principaux résultats du premier et du second ordre de fonctionnelles spec-
trales pour quelques modèles de matrices aléatoires. La deuxième partie est dédiée au
contexte applicatif de nos travaux théoriques. Un bref aperçu des différents résultats et
contributions développés tout au long de cette thèse sont présentés dans la troisième partie.
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Introduction

1 Comportement global du spectre de grandes matrices aléa-

toires

La théorie des grandes matrices aléatoires s’intéresse, entre autres, aux propriétés macro-
scopiques du spectre des matrices aléatoires, telles que le comportement asymptotique
global du spectre, le comportement asymptotique des valeurs propres extrêmes, la loi jointe
des valeurs propres, etc.

Cette théorie a connu un grand succès dans différentes branches de la physique théorique
et des mathématiques. Une des raisons du succès de la théorie des matrices aléatoires est
sa propriété d’universalité: le comportement asymptotique du spectre est indépendant de
la distribution initiale des entrées de la matrice aléatoire en question.

Ce constat a été réalisé par Wigner en 1958 lorsqu’il a abordé l’étude spectrale des
grandes matrices aléatoires pour résoudre des problèmes de la mécanique quantique. Wigner
étudia le modèle dit du GUE (Gaussian Unitary Ensemble), et son théorème affirme que
la limite du spectre des matrices GUE, quand la taille de la matrice, tends vers l’infini, est
une loi déterministe (loi du demi-cercle).

Ce résultat a été étendu par plusieurs mathématiciens pour d’autres modèles de matri-
ces aléatoires. Citons entre autres modèles, les matrices de Wigner à entrées indépendantes
non identiquement distribuées, les matrices de Wishart, les matrices de Gram (cf [53]).

Le régime au bord du spectre corrobore ce constat d’universalité. En fait, Tracy et
Widom ( [77], 2002) ainsi que Soshnikov ( [76], 1999) ont démontré, entre autres, que
la convergence en distribution de la plus grande valeur propre d’une matrice de Wigner
converge, en un certain sens, vers la loi de Tracy-Widom.

Ces propriétés ont fait, entre autres, de la théorie des matrices aléatoires, aux yeux des
mathématiciens et des physiciens, un outil prometteur pour la résolution des problèmes
théoriques aussi bien que pratiques.

1.1 Résultats du premier ordre: Lois des Grands Nombres

Considérons une matrice aléatoire Hermitienne Yn, de dimensions n×n et soient λn,1, . . . , λn,n

ses n valeurs propres. Une des grandes questions de la théorie des matrices aléatoires est
d’étudier le comportement asymptotique de la loi spectrale

µn(dλ,w) =
1

n

n∑

j=1

δλn,j(w)(dλ).

Après les travaux de Wigner et Dyson sur les matrices de Wigner et les travaux de Marcenko
et Pastur sur les matrices de Gram, le comportement asymptotique de la mesure spectrale
a été largement étudié pour une grande classe de modèles de grandes matrices aléatoires,
citons, entre autres, [4, 11,26,31,47] et récemment [6, 35], etc.

Ces travaux ont été faits selon deux stratégies:

Existence d’une loi limite:

La première stratégie consiste à établir l’existence d’une loi limite (déterministe) ap-
proximant la loi spectrale µn de la matrice aléatoire étudiée.

2



Introduction

Marcenko et Pastur [52] ont étudié un modèle de matrice de covariance empirique, dans
lequel la matrice Yn est donnée par:

Yn = XnTnX
∗
n + An, (1.1)

où Tn (N×N diagonale), Xn ( N×n) et An (N×N hermitienne) sont indépendantes. Ils
ont montré que, quand µTn , la mesure spectrale de Tn, converge vers une loi déterministe
µT , et quand, µAn converge vaguement vers une loi A, alors, la loi spectrale µYn converge
en probabilité vers une loi déterministe PMP caratérisé par sa transformée de Stieltjes fMP

qui vérifie l’équation suivante:

fMP (z) = mA

(
z − c

∫
τµT (dτ)

1 + τfMP (z)

)
, z ∈ C

+ = {z ∈ C|ℑ(z) > 0},

avec mA la transformée de Stieltjes de la loi µAn et c est tel que N
n −−−→

n→∞
c. Ce résultat

a été généralisé dans d’autres travaux ( [4, 31, 41, 87, 89, 90]). Dans [4] par exemple, Bai
et Silverstein ont montré une convergence presque sûre sous l’hypothèse que la matrice Tn

soit diagonale et que sa loi limite soit atteinte par une convergence presque sûre.
Les modèles de matrices de Gram non centrés a suscité également beaucoup d’intérêt.

Dozier et Silverstein ont étudié le modèle information-plus-bruit suivant:

Σn = Yn + An. (1.2)

Les entrées de la matrice Yn sont supposées independantes et identiquement distribuées
(i.i.d.). La matrice An est independante de Yn et telle que la distribution empirique de
AnA

∗
n converge vers une loi limite déterministe. Dans ce cas, la convergence presque sûre

et en distribution de la mesure spectrale de la matrice ΣnΣ
∗
n a été prouvée. Cette mesure

est caractérisée par sa transformée de Stieltjes définie à partir d’une certaine équation
fonctionnelle.
Dans la même direction, Hachem et al. [34] prouvent le même résultat dans le cas où
la matrice An est déterministe pseudo-diagonale et la matrice Yn est aléatoire dont les
entrées sont indépendantes mais non identiquement distribuées (cas à profil de variance).

Existence d’approximants déterministes:

Dans le cas des matrices de Gram non centrées ΣnΣ
∗
n, avec,

Σn = Yn + An,

la convergence de la mesure spectrale de ΣnΣ
∗
n n’est pas toujours garantie vu la difficulté

de prouver l’existence d’une loi limite de AnA
∗
n pour quelques modèles. Une approche

alternative consiste à montrer l’existence d’une suite de mesures déterministes (πn)n ap-
proximant la suite µΣnΣ∗

n
. Girko, à qui revient cette approche, a remarqué que la transfor-

mée de Stieltjes de la mesure spectrale µΣnΣ∗
n

est égale à la trace normalisée de la matrice
résolvante (ΣnΣ

∗
n − zIn)−1. L’idée consiste donc à montrer que les entrées de la fonction

complexe matricielle résolvante (ΣnΣ
∗
n − zIn)−1 ont le même comportement asymptotique

que les entrées d’une fonctionnelle matricielle complexe déterministe Tn(z). Cette fonction
matricielle est caractérisée par un système de (n+N) équations couplées et vérifie:

1

n
Tr (ΣnΣ

∗
n − zIn)−1 − 1

n
TrTn(z) −−−−−−−−−−−−−→

n→∞,n/N→c∈(0,∞)
0

3



Introduction

avec In la matrice identité de taille n. En remarquant que la trace normalisée de la matrice
Tn(z) est une transformée de Stieltjes d’une mesure πn, cela montre l’existence des mesures
déterministes approximants la suite µΣnΣ∗

n
.

Girko [26] a montré ce résultat dans le cas où les entrées de Σn sont données par

Σn
ij =

σij√
n
Xn

ij + An
ij , (1.3)

avec (σn
ij)ij une famille de réels, et les Xn

ij sont des variables al’eatoires i.i.d. Les lignes et
les colonnes de la matrice An = (An

ij)ij sont supposées avoir des normes L1 finies.
Motivés par des applications aux communications numériques dans lesquelles cette condi-
tion sur les entrées de la matrice An n’est pas réalisable, Hachem et al. [35] ont montré
l’existence de cette fonctionnelle matricielle Tn pour un modèle de matrice de Gram non
centré avec profil de variance. La condition sur la matrice An suppose seulement la borni-
tude des normes euclidiennes des lignes et des colonnes.

Un cas particulier du modèle à profil de variance étudié dans [35] auquel nous nous
sommes particulièrement intéressés est donné par

Σn =
1√
n
DnXnD̃ + An,

avec Dn et D̃n sont diagonales réelles.
Dans ce cas, le système fondamental définissant la fonction matricielle Tn(z) se réduit à
un système de deux équations donné par:





δ(z)= 1
nTr

(
Dn

(
−z(IN + Dnδ̃) + An(In + D̃nδ)

−1Ã∗
n

)−1
)
,

δ̃(z)= 1
nTr

(
D̃n

(
−z(In + D̃nδ) + A∗

n(IN + Dnδ̃)
−1An

)−1
)

et la matrice Tn(z) est donnée par:

Tn(z) =
(
−z(IN + Dnδ̃) + An(In + D̃nδ)

−1Ã∗
n

)−1
.

1.2 Résultats de fluctuations: Théorème de la Limite Central (TLC)

Fluctuations de statistiques spectrales linéaires:

Un prolongement naturel de cette étape où est étudié des résultats décrivant le com-
portement asymptotique des mesures spectrales de grandes matrices aléatoires, est d’étudier
les fluctuations autour de ces limites/ approximants déterministes.
La litterature mathématique sur l’étude des fluctuations de statistiques linéaires spectrales
montre bien le caractère gaussien de ces fluctuations pour un grand nombre de modèles de
matrices aléatoires.

Les résultats type TLC pour les fonctionnelles spectrales données par:

χn(g) =
N∑

i=1

g(λn,i),

4
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avec g fonction test définie sur R, les λn,i étant les valeurs propres de la matrice aléatoire
étudiée, remontent à Arharov [2] qui a étudié les fluctuations des traces normalisées de
puissances de matrices de covariance empiriques d’entrées i.i.d. Gaussiennes (g(λn,i) = λν

n,i,
ν un entier). Ce travail a été généralisé par Jonsson [41] pour un modèle non Gaussien.
Jonsson s’est basé sur la méthode des moments et sur un argument combinatoire. Dans ces
deux travaux, la normalité asymptotique est prouvé sans fournir une expression explicite
de la variance.

Basé sur la méthode de la transformée de Stieltjes et la technique des martingales
(REFORM pour REsolvent, FORmula and Martingale), Girko [28] a fourni une expression
explicite de la variance pour ce modèle de matrices de Gram pour la fonctionnelle: g(λ) =
(λ− z)−1, avec ℑ(z) 6= 0.

Bai et Silverstein se sont intéressés dans [3], à l’étude des fluctuations du vecteur aléa-
toire

(∫
g1(λ)µYnY ∗

n
(dλ), . . . ,

∫
gk(λ)µYnY ∗

n
(dλ)

)
pour des gi appartiennent à une grande

famille de fonctions analytiques et cela pour un modèle de matrice de Gram séparable à
gauche, i.e.:

Yn =
1√
n
T1/2Xn.

Sous l’hypothèse que le moment d’ordre 4 des entrées de la matrice Xn soit égale au
moment 4 gaussien (soit 3 dans le cas réel et 2 dans le cas complexe), Bai et Silverstein
ont prouvé que ce vecteur converge faiblement vers un vecteur Gaussien dont le vecteur
des espérances et la matrices des covariances sont donnés explicitement. En plus d’un
argument de tension de la suite

(∫
g1(λ)µYnY ∗

n
(dλ), . . . ,

∫
gk(λ)µYnY ∗

n
(dλ)

)
n
, la preuve se

base essentiellement sur la méthode des martingales.
L’approche REFORM est utilisée pour étudier un cas unidimensionnel. Dans leur

travail [37], Hachem et al. ont étudié pour un modèle de matrice de Gram avec profil de
variance les fluctuations de χn(g) pour la fonctionnelle g : λ 7→ log(λ + ρ), avec ρ un réel
non-négatif. L’étude portait donc sur les fluctuations de la statistique spectrale suivante:

In(ρ) =

∫
log(λ+ ρ)µYnY ∗

n
(dλ) =

1

N
log det (YnY

∗
n + ρIN ) (1.4)

Cette statistique, très populaire dans la théorie de l’information, domaine motivant ce
travail, représente l’information mutuelle entre le vecteur émis et le vecteur reçu dans le
cadre des systèmes de transmission à entrées multiples et à sorties multiples. La matrice
Yn, qui représente le canal de transmission, est supposée à profil de variance dont les
entrées sont données par Yij =

σij(n)√
n
Xn

ij , où, (σij(n); 1 ≤ i ≤ N, 1 ≤ j ≤ n) est une suite
réelle, les Xij étant i.i.d centrées.

Pour étudier les fluctuations de In(ρ) autour de son approximant déterministe Vn(ρ)
déjà fourni par les mêmes auteurs dans [35], l’approche consiste à étudier dans un premier
temps les fluctuations de la variable In(ρ) autour de son espérance EIn(ρ). La variance
fournie comporte un terme additif proportionnelle au quatrième cumulant des Xij . La
présence d’un terme proportionnel au quatrième cumulant de la variable X11 qui est dû à
la non gaussianité de celle-ci, a été déjà mis en évidence par Khorunzhy, Khoruzhenko et
Pastur [47] ainsi que Anderson et Zeitouni [1]. Dans un deuxième temps, l’étude asymp-
totique du biais entre EIn(ρ) et son équivalent déterministe Vn(ρ) est menée.

Le cas gaussien a été traité dans [36] par des téchniques différentes, fondées sur la
nature gaussiennes des entrées. Dans ce travail, le modèle de Gram-Kronecker suivant est
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Introduction

étudié:

Yn =
1√
n
D1/2

n XnD̃
1/2
n ,

avec Dn et D̃n sont deux matrices déterministes diagonales et les entrées de la matrice
Xn sont i.i.d. gaussiennes. Dans ce travail, l’étude des fluctuations de la statistique In(ρ)
donnée par (1.4) se base sur deux outils importants dans le cas gaussien: l’inégalité de
Nash-Poincaré et la formule d’intégration par partie. L’expression de la variance dans ce
cas rejoigne l’expression trouvée dans [37] avec un biais nul.

Basés sur la méthode des répliques, Moustakas et al. [55] ont montré que la distribu-
tion asymptotique de la fonctionelle In(ρ) est gaussienne dont les paramètres (espérance
et variance) sont donnés explicitement. L’approche adoptée ici consiste à calculer les mo-
ments de la statistique en question en se basant sur la méthode des répliques et de montrer
que, asymptotiquement, seuls le premier et le second moments ne sont pas négligeables, ce
qui est caractèristique, en un certain sens, de la gaussianité.
Les résultats oubtenus, dans le cas gaussien, par la méthode des répliques se révèlent per-
tinents, mais l’incovenient majeur de cette méthode réside dans le fait que ses hyporhèses
ne sont pas justifiées de façon mathématiquement rigoureuse.

Taricco [78] a généralisé ce résultat en utilisant également la méthode des répliques
pour un modèle séparable non centré,

Yn =
1√
n
DnXnD̃n +An,

avec Xn à entrées i.i.d. gaussiennes et An une matrice déterministe.

L’étude de fluctuations pour des fonctionnelles spectrales des matrices de Wigner a
également fait l’objet de plusieurs travaux, citons, entre autres, [1, 14, 47, 74, 75]. Pastur
et Lytova [51] ont étudié les fluctuations de fonctionnelles spectrales linéaires pour des
matrices de Wigner et des matrices de covariances empiriques. Le but de leur travail est
de développer des outils permettant d’étendre la normalité asymptotique établie pour des
modèles Gaussiens au cas des modèles non Gaussiens.

Fluctuations des formes quadratiques aléatoires:

L’étude des fluctuations des formes quadratiques aléatoires a suscité également beau-
coup d’intérêt vu leur importance dans les applications (voir partie 2. pour des applications
aux communications numériques). On s’intéresse aux formes quadratiques de type:

β(ρ) = y∗ (YY∗ + ρIN )−1 y, (1.5)

où y et Y sont respectivement un vecteur et une matrice aléatoires indépendants et ρ un
réel positif.

L’étude de ces formes quadratiques a été faite suivant différentes méthodes.
Dans [81], l’étude de cette forme quadratique repose sur un traitement direct à la fois

des valeurs et des vecteurs propres de la matrice YY∗. Tse et Zeitouni ont étudié un
modèle i.i.d centré pour la forme quadratique β(ρ). Ce travail se base sur les travaux de
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Silverstein ( [66–70]) qui étudient le comportement asymptotique des vecteurs propres de
quelques matrices de Gram. En faisant la décomposition spectrale de la résolvante de la
matrice YY∗, (1.5) devient:

β(ρ) = y∗Odiag

(
1

λi + ρ

)N

i=1

O∗y

avec O la matrice unitaire des vecteurs propres de la matrice résolvanteQ(ρ) = (YY∗ + ρIN )−1,
et les λi sont les valeurs propres de YY∗.
Si on suppose que la matrice unitaire O est asymptotiquement Haar-distribuée, alors, le
processus Zn(t) défini par,

Zn(t) =
1

2n

[nt]∑

i=1

(v2
i − 1

n
)

avec vi = O∗y, vérifie la convergence suivante dans l’espace D[0, 1] des fonctions continues
à droite, ayant une limite à gauche:

(Zn(t))t∈[0,1]
D−→
(
W0

n +
η√
2
t

)

où W0
n est un pont Brownien et η une variable normale.

En prenant comme élément de D[0, 1] la fonction de répartition de la loi spectrale de YY∗,
on obtient la normalité asymptotique de la statistique β(ρ), lorsqu’elle est centrée et bien
normalisée.

Pan, Guo et Zhou [58] ont montré la normalité asymptotique de cette forme quadratique
aléatoire pour un modèle séparable à droite. L’approche utilisée consiste à conditionner par
rapport à la matrice Y et utiliser le résultat de l’article de Gotze et Tikhomirov [30] étudiant
les fluctuations d’une forme quadratique aléatoire basée sur une matrice déterministe et
déduisant la normalité asymptotique en montrant que la vitesse de convergence de la
fonction de répartition de la variable forme quadratique vers celle de la loi normale est
controlée par la norme de la plus petite valeur propre de la matrice YY∗.
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2 Matrices aléatoires et communications numériques sans fil

Systèmes à entrées multiples et à sorties multiples

Ces deux dernières décennies ont été témoins d’une renaissance dans la théorie de
l’information de Shannon notamment pour les systèmes de communications sans fil. Dans
une course pour l’amélioration des technologies de transmission de l’information, Foschini,
des Bell Labs utilisa une technique permettant d’accroître les debits de transmission par
l’emploi de plusieurs antennes à la fois à l’émission et à la réception (figure 1.1).

Antennes Emettrices Antennes Réceptrices

Y11

Yij

Figure 1.1: Représentation MIMO.

Gain en diversité

Cette technique de communication à entrées multiples et à sorties multiples appelée
MIMO pour Multiple-Input Multiple-Output, consiste à transmettre plusieurs répliques du
même signal à plusieurs récepteurs. Cela permet un gain matriciel dans le sens où chaque
récepteur reçoit plusieurs copies du même signal envoyé par des transmetteurs différents
et donc avec des atténuations différentes. Il est donc possible qu’au moins un des signaux
reçus ne soit pas atténué, ce qui rend possible une transmission de bonne qualité.

Représentation matricielle d’un système MIMO. Si l’on considère, à un instant donné
n, un signal reçu rn et le signal émis tn, le système MIMO à N émetteurs et n récepteurs
peut être décrit par le système linéaire suivant:

rn = Yntn + bn (1.6)

où Yn est la N ×n matrice modélisant le canal de transmission, dont les entrées représen-
tent les gains entre les antennes de transmission et les antennes de réception, et le N-
dimensionnel vecteur bn correspond au bruit pertubant le signal émis.
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Les multiples versions du signal qui peuvent provoquer des interférences constructives
et destructives entres elles sont, entres autres, des causes d’altération du canal de trans-
mission. Il est donc légitime de supposer que, à chaque utilisation du canal, la matrice
Yn est une réalisation d’une matrice aléatoire. Cela dit, le système (1.6) sera donc car-
actérisé par la distribution de la matrice aléatoire dont les réalisations Yn traduisent les
caractéristiques du canal. Le canal de tansmission peut connaître deux scénarios:

Régime d’évanouissement rapide: Fast fading environment.

Ce cas de figure se présente quand la réponse du canal change rapidement durant la
période de transmission. Cet évanouissement est dû, par exemple, aux réflexions du signal à
des objets proches. Dans ce cas, chaque transmission correspond à une nouvelle réalisation
du canal.

Régime d’évanouissement lent: Slow fading environment.

L’évanouissement lent d’un canal est dû aux phénomènes de masquages et d’ombrage
qui peuvent se présenter entre l’émetteur et le récepteur. Dans ce cas, le canal peut être
considéré comme constant pendant la période d’utilisation.

L’évaluation des performances des canaux MIMO se fait à travers l’étude de ses indices
de performances tels que la capacité du canal de transmission, la probabilité de dépassement
d’un seuil donné pour l’information mutuelle, le taux d’erreur en sortie d’un récepteur, le
rapport signal sur bruit..
L’étude mathématique de ces indicateurs tire profil du fait que la plupart de ces indicateurs
s’expriment comme des fonctionnelles spectrales de la matrice-canal.

2.1 Information mutuelle dans un système multi-antennes

Dans un système multi-antennes, l’information mutuelle entre le signal transmis tn et le
signal reçu rn est donnée par:

1

N
I(tn, rn|Yn) =

1

N
log det (IN + ρYnY

∗
n) (1.7)

=

∫ ∞

0
log(1 + ρz)dµYnY∗

n
(z) (1.8)

avec µYnY ∗
n

la mesure spectrale des valeurs prores de YnY
∗
n et ρ représentant le rapport

signal sur bruit donné par:

ρ =
NE||tn||2
KE||bn||2

Capacité du canal dans un régime d’évanouissement rapide

Dans le cas d’évanouissement rapide, les changements du canal se traduisent par des
réalisations indépendantes de la matrice aléatoire modélisant le canal. On s’intéresse donc
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à l’information mutuelle "moyenne" entre rn et tn. Dans ce cas, à chaque unité de temps
de transmission n on a une réalisation du canal Yn, et l’information mutuelle entre rn et
vecteur transmis tn de matrice de covariance Qn sera donc donnée par:

E log det (IN + ρYnQnY
∗
n)

où ρ représente la variance du bruit bn.
Dans ce cas, la capacité ergodique du canal qui représente le maximum de l’information

pouvant transiter à travers le canal est déterminée comme le maximum de l’information
mutuelle entre tn et rn, sous certaines contraintes sur la matrice de covariance de tn. Plus
précisemment, la capacité ergodique est donnée par:

sup
Q≥0, 1

n
TrQ≤1

E log det (IN + ρYnQnY
∗
n) .

où TrQ est la trace de la matrice Q.

Capacité du canal sous un régime d’évanouissement lent

Dans un régime d’évanouissement lent, comme la réalisation du canal peut persister
pendant que plusieurs messages peuvent être transmis, l’information mutuelle sera donnée
par:

log det (IN + ρYnQnY
∗
n) .

Dans ce cas, un indice pouvant mesurer la pertinence du choix de la réalisation du canal est
la probabilité de dépassement (outage probability). Cet indice correspond à la probabilité
que la capacité instantanée du canal de transmission soit inférieure ou égale au nombre de
bits transmis par utilisation du canal (rendement de la transmission).

Analyse mathématique de l’information mutuelle

Telatar [80] et Foschini [22] sont les premiers qui ont considéré le scenario d’une matrice-
canal Yn aléatoire. Dans leurs travaux, le modèle étudié est celui de Rayleigh: une matrice-
canal d’entrées qui s’écrivent sous la forme Yn,k = αn,kexp(jθn,k), où (αn,k)n,k est une suite
de variables aléatoires independantes (v.a.i.) suivant une loi de Rayleigh, et (θn,k)n,k est
une suite de v.a.i. distribuées selon une loi uniforme, autrement, les entrées sont com-
plexes i.i.d gaussiennes dont la partie réelle et la partie imaginaire de chaque entrée sont
indépendantes centrées et de variance 1/2. Dans ce cas, il est possible de trouver une
expression explicite de l’information mutuelle I(tn, rn|Yn) mais cette expression reste tout
de même peu exploitable vu la difficulté de pouvoir en tirer des informations sur l’influence
des paramètres du canal sur sa performance. Telatar [80] a donc procédé à la recherche
des équivalents de cette statistique en espérant qu’ils soient plus facile à calculer et à in-
terpréter.
En faisant l’hypothèse que les trajets entre chaque antenne d’émission et de réception sont
indépendants, Telatar a prouvé que la capacité théorique du canal MIMO croit linéairement
avec le minimum des nombres d’antennes à l’émission ou à la reception. la figure 1.2 con-
firme le fait que la capacité augmente avec le nombre d’antennes pour des SNR croissants.
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Figure 1.2: Capacité en fonction du SNR.

En effet, en se basant sur le fameux résultat de Marcenko-Pastur [52] sur le comporte-
ment asymptotique de la mesure spectrale des matrices de Gram, Telatar a montré que
l’information mutuelle converge, quand le nombre d’antennes d’émission et de réception
tendent vers l’infini au même rythme (N

n → c > 0), vers une quantité déterministe V (ρ, c)
qui ne dépends que du rapport signal sur bruit ρ et de la constante c. La dépendance de cet
approximant des paramètres du canal est beaucoup plus explicite et son implémentation
informatique est moins coûteuse.

Les résultats très encourageants de ces deux travaux ont motivé le développement
de plusieurs travaux applicant la théorie des matrices aléatoires pour la résolution des
problèmes de la théorie de l’information.

Dans la littérature, on trouve deux grands scénarios pour le canal de transmission:

2.2 Modèles de Rayleigh

Les modèles de Rayleigh modélisent les canaux de transmission lorsque celle ci se rend au
récepteur en passant par des réflexions et des échos. D’un point de vue mathématique, on
parle des modèles centrés dans lesquels les entrées de la matrice-canal sont modélisées par
des variables aléatoires centrées.

Modèles de Kronecker centrés
Ce sont les modèles centrés qui supposent des corrélations à l’émission et/ou à la réception
entre les antennes tout en supposant la non corrélations entre les antennes émettrices et
celles réceptrices. Ces modèles sont donnés par:

Y = D1/2XD̃1/2

Dans le but de comprendre l’impact de ces corrélations sur l’information mutuelle, ce mod-
èle a fait l’objet de plusieurs travaux , citons à titre d’exemple [16,36, 55,56,84].
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Ces travaux établissent une approximation Vn(ρ, c) de l’information mutuelle In(ρ) =
log det (IN + ρYnY

∗
n ) dans le régime asymptotique où le nombre d’antennes à l’émission et

le nombre d’antennes à la réception tendent vers l’infini au même rythme.

Considérons par exemple le travail de Hachem et al. [36]. Le modèle de Kronecker
centré Gaussien, où les matrices de corrélations Dn et D̃n sont supposées diagonales et les
entrés de X sont gaussiennes est étudié dans ce travail. Il a été prouvé que l’information
mutuelle In(ρ) admet un équivalent déterministe Vn dont l’expression est donnée par

Vn(ρ, c) = log det
(
In + ρδn(ρ)D̃n

)
+ log det

(
IN + ρδ̃n(ρ)Dn

)
− nρδn(ρ)δ̃n(ρ)

avec (δn(ρ), δ̃n(ρ)) solution du système (1.1). Il a été prouvé également que la vitesse de
convergence de EIn(ρ) vers cet approximant est inversement proportionnel au nombre de
récepteurs/ émetteurs.

Dans [16], Chuah et al. étudient le comportement asymptotique de l’information
mutuelle et de la capacité des systm̀es multi-antennes (MEA: Multiple-Element Arrays).
Deux cas ont été étudiés: le cas i.i.d sans corrélations et le cas gaussien avec corrélations.

L’étude des fluctuations de l’information mutuelle autour de son approximant déter-
ministe présente un grand intérêt pratique dans le sens où, en plus de son rôle classique
de mesurer la pertinence de l’approximant déterministe, elle permet aussi de déterminer
la probabilité de dépassement (outage probability) correspondante à la probabilité que la
capacité instantanée du canal de transmission soit inférieure ou égale au nombre de bits
transmis par utilisation canal (rendement de transmission).

Moustakas et al. [55] ont étudié les fluctuations de la variable information mutuelle
pour un canal de Rayleigh dans le cas de présence de corrélations entre les antennes. Dans
un scénario d’évanouissement lent, les auteurs ont montré la normalité asymptotique des
fluctuations de l’information mutuelle en se basant sur la méthode des répliques, et ont
montré, par simulations, que le régime asymptotique peut être atteint pour un nombre
réaliste d’antennes.

Modèles centrés généraux

Dans ce cas, on permet des corrélations entre les antennes des deux côtés en plus des
corrélations mutuelles dans chaque côté, on a donc à traiter des modèles de type:

Yn
ij =

σij(n)√
n

Xn
ij

Pour ces modèles, citons [3, 37]. Dans ces travaux, le comportement asymptotique
gaussien de l’information mutuelle est prouvé pour des modèles généraux pas forcément
gaussiens.

2.3 Modèles de Rice

Lorsque l’on suppose l’existence d’un trajet direct entre le transmetteur et le récepteur, on
dit qu’on parle de ligne de vue ( L.O.S pour Line Of Sight). On désigne ainsi la possibilté
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de voir directement le récepteur à partir du transmetteur. Lorsqu’une ligne de vue existe,
on parle généralement des modèles de Rice, ou encore des modèles Information-plus-Bruit.
Dans ce cas, on rajoute un terme déterministe décrivant le gain dû au trajet direct. Ces
modèles sont donnés sous la forme:

Σn = Yn + An.

Ce modèle a fait l’objet de plusieurs travaux. Citons, entre autres, [17,37,50], et dans
le cas gaussien, citons les travaux de Hachem et al [36], Taricco [78,79], etc.

L’information mutuelle ainsi que la capacité du canal de transmission ont fait l’objet
de plusieurs études. Les résultats mathématiques présentés dans la première section étu-
diant la fonctionnelle log det montrent que, pour la plupart de ces modèles, la distribution
de l’information mutuelle peut être caractérisée par la donnée des approximants de ses
paramètres, qui sont relativement simples à calculer et à interpréter par rapport aux vrais
paramètres.

2.4 Rapport Signal à Interférence plus Bruit

Une des techniques multi-antennes permettant d’augmenter la capacité des systèmes de
communications est l’accès multiple par division de codes CDMA (Code Division Multiple
Access). La technique CDMA est un mode d’accès multiple dans lequel chaque usager
est caractérisé par une séquence codée permettant de restituer le signal qu’il a émis ou
celui qui lui est destiné. Le système (1.6) modélise cette technique en supposant que tn

représente le vecteur des codes transmis.

Le but dans un système CDMA est de pouvoir estimer les symboles transmis à partir
du vecteur reçu. Un des estimateurs les plus populaires est l’estimateur linéaire de Wiener,
ou encore l’estimateur LMMSE, pour Linear Minimum Mean Squared Error. Supposons
qu’on cherche à estimer le premier symbol t1. L’estimateur LMMSE estime t̄1 = g∗r tel
que le vecteur g est le vecteur minimisant la quantité: E|g∗r − t1|2. La performance de
l’estimateur LMMSE est souvent évaluée en terme du Rapport Signal à Interference-Plus-
Bruit (RSIB) mesuré à la sortie du récepteur. Le RSIB est donné par:

RSIB =
|g∗y|2

E|g∗rin|2
(1.9)

avec y représente la colonne correspondante à l’utilisateur d’intérêt (le premier dans ce
cas) et rin représente le signal inutile (interférence plus bruit).

Après quelques manipulations matricielles, il est possible de montrer que le RSIB peut
s’écrire sous la forme :

RSIB = y∗ (Y1Y1
∗ + ρIN )−1

y

avec Y1 la matrice résultante en éliminant la première colonne de la matrice Y et ρ est
tel que Ebb∗ = ρIN .

Cette expression étant peu exploitable en raison de la complexité d’inverser des matrices
de taille N ×N ainsi que la difficulté d’y voir l’influence des paramètres du modèle sur le
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RSIB, il est donc important de chercher des approximants relativement simple à interpréter
et à calculer.

L’étude mathématique du RSIB s’inscrit dans le cadre de l’étude des formes quadra-
tiques aléatoires.

2.5 Taux d’Erreur et Probabilité de Dépassement

La performance de l’indice Rapport Signal à Interférence plus Bruit est étudiée à partir de
la probabilité de dépassement qui mesure le rendement de la transmission. Un autre indice
pour mesurer la qualité de la transmission de même importance que la capacité est le taux
d’erreur ou BER (pour Bit Error Rate). C’est une mesure qui s’appuie sur le ratio de bits
faux. La distribution du RSIB peut être utiliser pour prédire le BER dans un canal de
transmission. En effet, si on considère un recepteur LMMSE, il est prové que pour certains
types de modulations, le BER peut être caractérisé par la distribution du RSIB, β. Soit,

BER =
1

2π
E

∫ ∞

√
β
e−t2/2dt

où l’espérance ici est prise selon la loi de β.
Li et al. [49] ont proposé d’approximer le BER en supposant que le RSIB suit une loi
Gamma généralisée de paramètres (α, b, ξ). L’idée est de trouver des approximants des
paramètres de la loi Gamma généralisée et donc d’exprimer le BER en fonction de la
fonction génératrice des moments du RSIB. Soit,

BER =
1

π

∫ 1

π

0
M

(
− 1

2sin2φ

)
dφ.

3 Contributions de la thèse

3.1 Etude des fluctuations des formes quadratiques aléatoires

Considérons la forme quadratique aléatoire suivante:

βK(ρ) = y∗ (YKY∗
K + ρIK)y (1.10)

avec, YK est une matrice aléatoire de dimension N ×K dont les entrées sont données par
Ynk = σnk√

n
Xnk, où (σnk)nk est une suite de réels positifs et Xnk des variables aléatoires

i.i.d. centrées. Le vecteur aléatoire y est indépendant de la matrice Y.
Nous avons établi un TLC pour les formes quadratiques de la forme (1.10), dont nous

avons fourni des expressions explicites de la moyenne et de la variance. Notre approche
consiste à montrer la normalité asymptotique en se basant sur la méthode REFORM. Nous
avons mis en évidence que les fluctuations de cette forme quadratique proviennent essen-
tiellement du caractère aléatoire du vecteur y et donc le caractère aléatoire des vecteurs
propres de la matrice de Gram YY∗ n’intervient pas dans les fluctuations de la forme
quadratique.
Notons que notre résultat est d’ordre non-asymptotique, i.e. l’expression de la variance
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dépend de n. Nous pensons que l’intérêt de ce résultat est double: d’une part, nous sup-
posons peu d’hypothèses sur la suite profils de variance, ce qui rend le résultat plus général,
et d’autre part, la donnée des suites dépendant de n jouant le rôle de la variance dans le
TLC facilite son implémentation informatique et son calcul pratique.
Ce travail présenté dans le chapitre (2) fait l’objet de l’article [45] publié dans IEEE In-
formation Theory.

3.2 Contribution analytique et numérique pour le taux d’erreur et la
probabilité de dépassement

La compréhension des fluctuations du SINR permet d’étudier le comportement d’autres
indices de performances comme le taux d’erreur (BER pour Bit Error Rate) et la probabilité
de dépassement (outage probability).

IL a été prouvé que les fluctuations du SINR sont asymptotiquement gaussiennes.
Cependant, cette approximation n’est pas efficace pour l’étude du BER et de la probabilité
de dépassement vu que la loi normale permet des valeurs négatives. Li et al. [49] proposent
une approximation par la loi Gamma généralisée. La loi Gamma généralisée étant positive
et admet un moment d’ordre trois non nul, ce qui est important pour le calcul du BER et
de l’ outage probability. Cette approximation se révèle pertinente même pour les systèmes
de faibles dimensions.

Dans notre travail présenté dans le chapitre (3), nous adoptons cette approche pour
un modèle gaussien séparable. Nous calculons les trois premiers moments du SINR en
utilisant des techniques basées sur la nature gaussienne des entrées de la matrice-canal.

Ce travail a fait l’objet de l’article [45] publié dans IEEE Information Theory.

3.3 Etude des fluctuations de la fonctionnelle spectrale logdet

Le TLC pour les fonctionnelles spectrales linéaires a fait l’objet de plusieurs travaux. Notre
contribution présentée dans le chapitre (4), consiste à étabir un TLC pour la fonctionnelle

In(ρ) =
1

N

N∑

i=1

log (λn
i + ρ) , (1.11)

avec λn
i sont les valeurs propres d’une matrice de Gram ΣnΣ

∗
n. Nous considérons le modèle

matriciel non centré suivant:

Σn =
1√
n
D1/2

n XnD̃
1/2
n + An.

Les matrices Dn et D̃n sont positives, diagonales. La matrice Xn est complexe dont les
entrées sont i.i.d. centrées et réduites, et la matrice An est déterministe. Nous montrons
que la statistique In, lorsqu’elle est centrée et bien normalisée, vérifie un TLC. Pour cette
fin, nous adoptons l’approche REFORM, nous développons des outils mathématiques pour
vérifier les conditions du TLC pour les martingales (cf, Billingsley [9]). Nous montrons que
la variance dépend à la fois des valeurs et des vecteurs propres de la matrice de centrage
An.
L’intérêt applicatif de ce travail est l’étude des fluctuations de l’information mutuelle dans
le cas des modèles de Rice.
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Afin détudier les fluctuations de la variable information mutuelle autour de son ap-
proximant déterministe Vn, l’étude du comportement asymptotique du biais qui apparait
naturellement en remplaçant EIn(ρ) par Vn est nécessaire. Ce point n’est pas abordé dans
cette thèse, est en cours de réalisation.

Ce travail étudiant les fluctuations de l’information mutuelle dans le cas Rice, est en
cours de finalisation pour lequel l’essentiel des résultats mathématiques a été établi (cf.
chapitre 4), et donnera lieu à la rédaction d’un article avec W. Hachem, J. Najim et J. W.
Silverstein.
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CHAPTER 2

Central Limit Theorem for quadratic forms
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The material of this chapter is the article entitled "A Central Limit Theorem for the
SINR LMMSE Estimator Output for Large Dimensional Signals" [45] published in IEEE
Information Theory revue.

1 Introduction

The most of the schemes of multi-user and multi-access communication systems such as
Multiple Input Multiple Output (MIMO) systems and Code Division Multiple Access
(CDMA) are modeled as a linear random system:

r = Σs + n (2.1)

the N dimensional random vector r ∈ C
N represents the received signal, the K + 1 multi-

dimensional transmitted signal is given by a random vector s and satisfying Ess∗ = IK+1,
Σ is the channel matrix and n is an independent Additive White Gaussian Noise (AWGN)
with covariance matrix Enn∗ = ρIN whose variance ρ > 0 is known.
The choice of the random character of the channel matrix is justified by the random
fluctuating nature of the channel transmission. The theory of large random matrices is a
powerful mathematical tool widely used to adress problems in multidimensional wireless
communications and signal processing. This chapter examines the mathematical properties
of a quantity fundamental in analyzing the performance of the Linear Minimum Mean
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Squared Error (LMMSE) estimator for multidimensional signals in the large dimension
regime. The output Signal to Interference-Noise Ratio (SINR) associated with a given user
k is typically used as a measure for evaluating the performance of the LMMSE estimator.
Without loss of generality, we suppose that we are interested by the first user k = 0.
For user 1 and under the LMMSE estimator, The transmitted signal s0 is estimated by
ŝ0 = g∗r where the N×1 vector g minimizes the quadratic error E|ŝ0−s0|2 and maximizes
the 1’s output SINR βK given by:

βK = y∗ (YY∗ + ρIN )−1
y . (2.2)

where the N×1 vector y and the N×K matrix Y derived from the following decomposition
of the channel matrix: Σ = [y Y]. Large random matrix theory shows that, when the
dimension of the received and transmitted signals go to infinity with the same rate, the
SINR βK converges, in some sense, to an explicit deterministic quantity βK . Beyond the
convergence of the SINR, a natural practical and theoretical problem concerns the study
of the distribution of its fluctuations.

In this chapter, we consider the following statistical model:

Σ =
(
Σnk

)N,K

n=1,k=0
=

(
σnk√
K
Wnk

)N,K

n=1,k=0

(2.3)

where the complex random variables Wnk are i.i.d. with EWnk = 0, EW 2
nk = 0 and

E|Wnk|2 = 1 and where (σ2
nk; 1 ≤ n ≤ N ; 0 ≤ k ≤ K) is an array of real numbers. Due

to the fact that E|Σnk|2 =
σ2

nk
K , the array (σ2

nk) is referred to as a variance profile.
The literature. The asymptotic first order results of quadratique forms described by

the model (2.3) have been studied in various works (see, e.g. [4, 26]). Applications in the
field of wireless communications can be found in e.g. [15] in the separable case, and in [83]
in the general variance profile case.

Concerning the CLT for βK −βK , only some particular cases of the general model (2.3)
have been considered in the literature among which the i.i.d. case is studied in [81] which
is based in the result of [70] pertaining to the asymptotic behavior of the eigenvectors of
YY∗.

In this chapter, we establish a Central Limit Theorem for a large class of random
matrices Σ. We prove that there exists a sequence θ2

K = O(1) such that
√

K
θK

(βK − βK)
converges in distribution to the standard normal law N (0, 1) in the asymptotic regime.

In section 2, we recall some results concerning the asymptotic behavior of quadratic
forms. Our mean contribution, the CLT is given in section 3. In section 4, we provide
some applications in the field of wireless communications and numerical illustrations.

2 First Order Results: Deterministic Approximations of Ran-

dom Quadratic Forms

The aim of this section is to give a short outline of the existing first ordre results. These
results are given in both cases, the general case (with a general variance profile) and the
separable case which is of great importance in the applications.
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The model Consider the quadratic form (2.2):

βK = y∗ (YY∗ + ρIN )−1
y

where the sequence of matrices Σ(K) = [y(K) Y(K)] is given by

Σ(K) = (Σnk(K))N,K
n=1,k=0 =

(
σnk(K)√

K
Wnk

)N,K

n=1,k=0

.

Let us state the main assumptions:

A1 The complex random variables (Wnk; n ≥ 1, k ≥ 0) are i.i.d. with EW10 = 0,
EW 2

10 = 0, E|W10|2 = 1 and E|W10|8 <∞.

A2 There exists a real number σmax <∞ such that

sup
K≥1

max
1≤n≤N
0≤k≤K

|σnk(K)| ≤ σmax .

Let (am; 1 ≤ m ≤M) be complex numbers, then diag(am; 1 ≤ m ≤M) refers to theM×M
diagonal matrix whose diagonal elements are the am’s. If A = (aij) is a square matrix,
then diag(A) refers to the matrix diag(aii). Consider the following diagonal matrices based
on the variance profile along the columns and the rows of Σ:

Dk(K) = diag(σ2
1k(K), · · · , σ2

Nk(K)), 0 ≤ k ≤ K

D̃n(K) = diag(σ2
n1(K), · · · , σ2

nK(K)), 1 ≤ n ≤ N.
(2.4)

A3 The variance profile satisfies

lim inf
K≥1

min
0≤k≤K

1

K
TrDk(K) > 0 .

Since E|W10|2 = 1, one has E|W10|4 ≥ 1. The following is needed:

A4 At least one of the following conditions is satisfied:

E|W10|4 > 1 or lim inf
K

1

K2
Tr

(
D0(K)

K∑

k=1

Dk(K)

)
> 0 .

Remark.
If needed, one can attenuate the assumption on the eighth moment in A1. For instance,
one can adapt without difficulty the proofs of our results to the case where E|W10|4+ǫ <∞
for ε > 0. We assumed E|W10|8 < ∞ because at some places we rely on results of [37]
which are stated with the assumption on the eighth moment.
Assumption A3 is technical. It has already appeared in [35].
Assumption A4 is necessary to get a non-vanishing variance θ2

K in Theorem 4.
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2.1 Mathematical tools

Stieltjes transform and resolvent Stieltjes transforms of probability measures and
resolvent of hermitian matrices play a fundamental role in our approach. Let us begin by
the following definitions.

Definition: Stieltjes transform
Let µ be a probability measure over R. Its Stieltjes transform f is defined as

f(z) =

∫

R

µ(dλ)

λ− z
, z ∈ C/supp(µ),

where, supp(µ) refers to the support of measure µ. We shall denote by S(R+) the set of
Stieltjes transforms of probability measures with support in R

+.
The following proposition presents the main properties of the Stieltjes transforms.

Proposition 1 The following properties hold true.

1. Let z be a complex number. Let f be a Stieltjes transform of a probability measure µ,
then:
a) f is analytic over C/supp(µ), and
b) Let d(z,R+) refers to the distance of z from the set of positive real numbers R

+.
Then, if f ∈ S(R+), we have, |f(z)| ≤ 1

d(z,R+)
.

2. Let Pn and P be probability measures over R and denote by fn and f their Stieltjes
transforms. Then,

(
∀z ∈ C

+, fn(z) −−−→
n→∞

f(z)
)

=⇒ Pn
D−−−→

n→∞
P.

where D stands for the convergence in distribution.

Definition: The resolvent matrix
Let A be an N ×N hermitian matrix. The complexe matrix fonction Q(z) defined as

Q(z) = (A − zIN )−1 , z ∈ C − R

represents the resolvent of A.
The following proposition illustrates the very close link between Stieltjes transform of

the empirical distribution of the eigenvalues of a given matrix and the resolvent of this
matrix. The second item of this proposition gives an upper bound for the spectrale norms
of the resolvent matrices.

Proposition 2 Let Q(z) be the resolvent of a hermitian matrix A. Then,

1. The function fn(z) = 1
N TrQ(z) is the Stieltjes transform of the empirical distribution

of the eigenvalues of A.
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2. ||Q(z)|| ≤ 1
d(z,R+)

, for every z ∈ C − R.

The following lemma which reproduces [5, Lemma 2.7] will be used throughout this
work. It characterizes the asymptotic behavior of an important class of quadratic forms:

Lemma 2.1 Let x = [X1, . . . , XN ]t be a N × 1 vector where the Xn are centered i.i.d.
complex random variables with unit variance. Let A be a deterministic N × N complex
matrix. Then, for any p ≥ 2, there exists a constant Cp depending on p only such that

E

∣∣∣∣
1

N
x∗Ax − 1

N
Tr (A)

∣∣∣∣
p

≤ Cp

Np

((
E|X1|4Tr (AA∗)

)p/2
+ E|X1|2pTr

(
(AA∗)p/2

))
.

(2.5)

Noticing that Tr (AA∗) ≤ N‖A‖2 and that Tr
(
(AA∗)p/2

)
≤ N‖A‖p, we obtain the

simpler inequality

E

∣∣∣∣
1

N
x∗Ax − 1

N
Tr (A)

∣∣∣∣
p

≤ Cp

Np/2
‖A‖p

((
E|X1|4

)p/2
+ E|X1|2p

)
(2.6)

which is useful in case one has bounds on ‖A‖.

2.2 Deterministic approximations of random quadratic forms

Denote by QK(z) and Q̃K(z) the resolvents of Y(K)Y(K)∗ and Y(K)∗Y(K) respectively,
that is the N ×N and K ×K matrices defined by:

QK(z) = (Y(K)Y(K)∗ − zIN )−1 and Q̃K(z) = (Y(K)∗Y(K) − zIK)−1 .

It is known [26,35] that there exists a deterministic diagonal N ×N matrix function T(z)
that approximates the resolvent Q(z) in the following sense: Given a test matrix S with
bounded spectral norm, the quantity 1

K Tr S(Q(z)−T(z)) converges a.s. to zero asK → ∞.
It is also known that the approximation βK of the quadratic form βK is simply related to
T(z) (cf. Theorem 2). As we shall see, matrix T(z) also plays a fundamental role in the
second order result (Theorem 4).

In the following theorem, we recall the definition and some of the main properties of
T(z).

Theorem 1 The following hold true:

1. [35, Theorem 2.4] Let (σ2
nk(K); 1 ≤ n ≤ N ; 1 ≤ k ≤ K) be a sequence of arrays

of real numbers and consider the matrices Dk(K) and D̃n(K) defined in (2.4). The
system of N +K functional equations





tn,K(z) =
−1

z
(
1 + 1

K Tr (D̃n(K)T̃K(z))
) , 1 ≤ n ≤ N

t̃k,K(z) =
−1

z
(
1 + 1

K Tr (Dk(K)TK(z))
) , 1 ≤ k ≤ K

(2.7)
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where

TK(z) = diag(t1,K(z), . . . , tN,K(z)), T̃K(z) = diag(t̃1,K(z), . . . , t̃K,K(z))

admits a unique solution (T, T̃) among the diagonal matrices for which the tn,K ’s
and the t̃k,K ’s belong to class S. Moreover, functions tn,K(z) and t̃k,K(z) admit an
analytical continuation over C − R+ which is real and positive for z ∈ (−∞, 0).

2. [35, Theorem 2.5] Assume that Assumptions A1 and A2 hold true. Consider the
sequence of random matrices Y(K)Y(K)∗ where Y has dimensions N × K and
whose entries are given by Ynk = σnk√

K
Wnk. For every sequence SK of N×N diagonal

matrices and every sequence S̃K of K ×K diagonal matrices with

sup
K

max
(
‖SK‖, ‖S̃K‖

)
<∞ ,

the following limits hold true almost surely:

lim
K→∞

1

K
Tr SK (QK(z) − TK(z)) = 0, ∀z ∈ C − R+,

lim
K→∞

1

K
Tr S̃K

(
Q̃K(z) − T̃K(z)

)
= 0, ∀z ∈ C − R+ .

Using Theorem 1 and Lemma 2.1, we are in position to characterize the asymptotic
behavior of the quadratic form βK given by (2.2). We begin by rewriting βK as

βK =
1

K
w∗

0D
1/2
0 (YY∗ + ρIN )−1

D
1/2
0 w0 =

1

K
w∗

0D
1/2
0 Q(−ρ)D1/2

0 w0 (2.8)

where the N × 1 vector w0 is given by w0 = [W10, . . . ,WN0]
t and the diagonal matrix D0

is given by (2.4). Recall that w0 and Q are independent and that ‖D0‖ ≤ σ2
max by A2.

Furthermore, one can easily notice that ‖Q(−ρ)‖ = ‖(YY∗ + ρI)−1‖ ≤ 1/ρ.
Denote by EQ the conditional expectation with respect to Q, i.e. EQ = E( · ‖Q). From

Inequality (2.6), there exists a constant C > 0 for which

EEQ

∣∣∣∣βK − 1

K
TrD0Q(−ρ)

∣∣∣∣
4

≤ C

K2

(
N

K

)2

E‖D0Q‖4
(
(E|W10|4)2 + E|W10|8

)

≤ C

K2

(
N

K

)2(σ2
max

ρ

)4 (
(E|W10|4)2 + E|W10|8

)

= O
(

1

K2

)
.

By the Borel-Cantelli Lemma, we therefore have

βK − 1

K
Tr (D0Q(−ρ)) −−−−→

K→∞
0 a.s.

Using this result, simply apply Theorem 1–(2) with S = D0 (recall that ‖D0‖ ≤ σ2
max) to

obtain:

Theorem 2 Let βK =
1

K
Tr (D0(K)TK(−ρ)) where TK is given by Theorem 1–(1). As-

sume A1 and A2. Then
βK − βK −−−−→

K→∞
0 a.s.
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The deterministic approximation in the separable case

In the separable case σnk(K) = dn(K)d̃k(K), matrices Dk(K) and D̃n(K) are written as
Dk(K) = d̃k(K)D(K) and D̃n(K) = dn(K)D̃(K) where D(K) and D̃(K) are the diagonal
matrices

D(K) = diag(d1(K), . . . , dN (K)), D̃(K) = diag(d̃1(K), . . . , d̃K(K)) . (2.9)

and one can check that the system of N +K equations leading to TK and T̃K simplifies
into a system of two equations, and Theorem 1 takes the following form:

Proposition 3 [35, Sec. 3.2]

1. Assume σ2
nk(K) = dn(K)d̃k(K). Given ρ > 0, the system of two equations





δK(ρ) = 1
K Tr

(
D
(
ρ(IN + δ̃K(ρ)D)

)−1
)

δ̃K(ρ) = 1
K Tr

(
D̃
(
ρ(IK + δK(ρ)D̃)

)−1
) (2.10)

where D and D̃ are given by (2.9) admits a unique solution (δK(ρ), δ̃K(ρ)). Moreover,
in this case matrices T(−ρ) and T̃(−ρ) provided by Theorem 1–(1) coincide with

T(−ρ) =
1

ρ
(I + δ̃(ρ)D)−1 and T̃(−ρ) =

1

ρ
(I + δ(ρ)D̃)−1 . (2.11)

2. Assume that A1 and A2 hold true. Let matrices SK and S̃K be as in Theorem 1–(2).
Then, almost surely

1

K
Tr (SK (QK(−ρ) − TK(−ρ))) → 0, and

1

K
Tr
(
S̃K

(
Q̃K(−ρ) − T̃K(−ρ)

))
→ 0,

as K → ∞.

With these equations we can adapt the result of Theorem 2 to the separable case.
Notice that D0 = d̃0D and that δ(ρ) given by the system (2.10) coincides with 1

K Tr (DT),
hence

Proposition 4 Assume that σ2
nk(K) = dn(K)d̃k(K), and that A1 and A2 hold true.

Then
βK

d̃0

− δK(ρ) −−−−→
K→∞

0 a.s.

where δK(ρ) is given by Proposition 3–(1).
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3 Second Order Results: Central Limit Theorem for Quadratic

Forms

Our principal theoretical contribution to the study of the fluctuations of quadratic forms
is presented in this section. Our approach is based on the decomposition of the quadratic
form into a sum of martingale differences and on the use of the CLT for martingales [9].

Let us begin with some mathematical preliminaries.

3.1 Preliminaries

The following CLT for martingales is the key tool to study the asymptotic behavior of βK :

Theorem 3 [9] Let XN,K , XN−1,K , . . . , X1,K be a martingale difference sequence with
respect to the increasing filtration GN,K , . . . ,G1,K . Assume that there exists a sequence of
real positive numbers s2K such that

1

s2K

N∑

n=1

E
[
X2

n,K‖Gn+1,K

]
−−−−→
K→∞

1

(2.12)

in probability. Assume further that the Lyapunov condition holds:

∃α > 0,
1

s
2(1+α)
K

N∑

n=1

E |Xn,K |2+α −−−−→
K→∞

0 ,

(2.13)

Then s−1
K

∑N
n=1Xn,K converges in distribution to N (0, 1) as K → ∞.

Remark 1 This theorem is proved in [9], gathering Theorem 35.12 (which is expressed
under the weaker Lindeberg condition) together with the arguments of Section 27 (where it
is proved that Lyapunov’s condition implies Lindeberg’s condition).

The following inequality will be of help to check Lyapunov’s condition.

Lemma 3.1 (Burkholder’s inequality) Let Xk be a complex martingale difference se-
quence with respect to the increasing sequence of σ–fields Fk. Then for p ≥ 2, there exists
a constant Cp for which

E

∣∣∣∣∣
∑

k

Xk

∣∣∣∣∣

p

≤ Cp


E

(
∑

k

E
[
|Xk|2‖Fk−1

]
)p/2

+ E

∑

k

|Xk|p

 .

The following lemma gathers useful matrix results, whose proofs can be found in [39]:
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Lemma 3.2 Assume X = [xij ]
N
i,j=1 and Y are complex N ×N matrices. Then

1. For every i, j ≤ N , |xij | ≤ ‖X‖. In particular, ‖diag(X)‖ ≤ ‖X‖.

2. ‖XY‖ ≤ ‖X‖ ‖Y‖.

3. For ρ > 0, the resolvent (XX∗ + ρI)−1 satisfies ‖(XX∗ + ρI)−1‖ ≤ ρ−1.

4. If Y is Hermitian nonnegative, then |Tr (XY)| ≤ ‖X‖Tr (Y).

Let X = UΛV∗ be a spectral decomposition of X where Λ = diag(λ1, . . . , λn) is the
matrix of singular values of X. For a real p ≥ 1, the Schatten ℓp-norm of X is defined as

‖X‖p = (
∑
λp

i )
1/p. The following bound over the Schatten ℓp-norm of a triangular matrix

will be of help (for a proof, see [7], [57, page 278]):

Lemma 3.3 Let X = [xij ]
N
i,j=1 be a N ×N complex matrix and let X̃ = [xij1i>j ]

N
i,j=1 be

the strictly lower triangular matrix extracted from X. Then for every p ≥ 1, there exists a
constant Cp depending on p only such that

‖X̃‖p ≤ Cp‖X‖p .

The following lemma lists some properties of the resolvent Q and the deterministic ap-
proximation matrix T.

Lemma 3.4 The following facts hold true:

1. Assume A2. Consider matrices TK(−ρ) = diag(t1(−ρ), . . . , tN (−ρ)) defined by The-
orem 1–(1). Then for every 1 ≤ n ≤ N ,

1

ρ+ σ2
max

≤ tn(−ρ) ≤ 1

ρ
. (2.14)

2. Assume in addition A1 and A3. Let QK(−ρ) = (YY∗ + ρI)−1 and let matrices SK

be as in the statement of Theorem 1–(2). Then

sup
K

E |Tr SK(QK − TK)|2 <∞ . (2.15)

Proof Let us establish (2.14). The lower bound immediately follows from the represen-
tation

tn =
1

ρ+ 1
K

∑K
k=1

σ2
nk

1+ 1

K

PN
ℓ=1

σ2
ℓktℓ

(a)

≥ 1

ρ+ σ2
max

where (a) follows from A2 and tℓ(−ρ) ≥ 0. The upper bound requires an extra argument:
As proved in [35, Theorem 2.4], the tn’s are Stieltjes transforms of probability measures
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supported by R+, i.e. there exists a probability measure µn over R+ such that tn(z) =∫ µn(dt)
t−z . Thus

tn(−ρ) =

∫ ∞

0

µn(dt)

t+ ρ
≤ 1

ρ
,

and (2.14) is proved.
We now briefly justify (2.15). We have E |Tr S(Q − T)|2 = E |TrS(Q − EQ)|2 +

|TrS(EQ − T)|2. In [37, Lemma 6.3] it is stated that supK E |TrS(Q − EQ)|2 < ∞.
Furthermore, in the proof of [37, Theorem 3.3] it is shown that supK K‖EQ − T‖ < ∞,
hence |TrS(EQ − T)| ≤ K‖S(EQ−T)‖ ≤ K‖EQ−T‖‖S‖ <∞ by Lemma 3.2–(2). The
result follows.

3.2 The main results: Central Limit Theorem for quadratique forms

The main result is given in the following theorem.

Theorem 4 1. Assume that A2, A3 and A4 hold true. Let AK and ∆K be the K×K
matrices

AK =

[
1

K

1
K TrDℓDmT(−ρ)2
(
1 + 1

K TrDℓT(−ρ)
)2

]K

ℓ,m=1

and (2.16)

∆K = diag

((
1 +

1

K
TrDℓT(−ρ)

)2

; 1 ≤ ℓ ≤ K

)
,

where T is defined in Theorem 1–(1). Let gK be the K × 1 vector

gK =

[
1

K
TrD0D1T(−ρ)2, · · · , 1

K
TrD0DKT(−ρ)2

]t

.

Then the sequence of real numbers

θ2
K =

1

K
gt

K(IK − AK)−1∆−1
K gK + (E|W10|4 − 1)

1

K
TrD2

0T(−ρ)2 (2.17)

is well defined and furthermore

0 < lim inf
K

θ2
K ≤ lim sup

K
θ2
K <∞ .

2. Assume in addition A1. Then the sequence βK = y∗(YY∗ + ρI)−1y satisfies
√
K

θK

(
βK − βK

)
−−−−→
K→∞

N (0, 1)

in distribution where βK = 1
K Tr D0TK is defined in the statement of Theorem 2.

Remark 2 (On the achievability of the minimum of the variance) As E|W10|2 = 1, one
clearly has E|W10|4 − 1 ≥ 0 with equality if and only if |W10| = 1 with probability one.
Moreover, we shall prove in the sequel that lim infK

1
K D0(K)T2

K > 0. Therefore (E|W10|4−
1) 1

K Tr D2
0T

2 is nonnegative, and is zero if and only if |W10| = 1 with probability one. As
a consequence, θ2

K is minimum with respect to the distribution of the Wnk if and only if
these random variables have their values on the unit circle.
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3.3 Proof of the main theorem

The following lemma, which directly follows from [Lemma 5.2 and Proposition 5.5] [37],
states some important properties of the matrices AK defined in the statement of Theorem
4. In the remainder of this chapter, C = C(ρ, σ2

max, lim inf N
K , sup N

K ) < ∞ denotes a
positive constant whose value may change from line to line.

Lemma 3.5 Assume A2 and A3. Consider matrices AK defined by (2.16). Then the
following facts hold true:

1. Matrix IK − AK is invertible, and (IK − AK)−1 < 0.

2. Element (k, k) of the inverse satisfies
[
(IK − AK)−1

]
k,k

≥ 1 for every 1 ≤ k ≤ K.

3. The maximum row sum norm of the inverse satisfies lim supK ||(IK−AK)−1||∞ <∞.

Proof of Theorem 4–(1)

Due to Lemma 3.5–(1), θ2
K is well defined. Let us prove that lim supK θ2

K < ∞. The
first term of the right-hand side of (2.17) satisfies

1

K
gt(IK − AK)−1∆−1g ≤ ‖g‖∞‖(IK − AK)−1∆−1g‖∞

≤ ‖g‖∞||(IK − AK)−1||∞‖∆−1g‖∞ ≤ ‖g‖2
∞||(IK − AK)−1||∞ (2.18)

due to ||∆−1||∞ ≤ 1. Recall that ‖T‖ ≤ ρ−1 by Lemma 3.4–(1). Therefore, any element
of g satisfies

1

K
TrD0DkT

2 ≤ N

K
‖D0‖‖Dk‖‖T‖2 ≤ N

K

σ4
max

ρ2
(2.19)

by A2, hence supK ‖g‖ ≤ C. From Lemma 3.5–(3) and (2.18), we then obtain

lim sup
K

1

K
gt(IK − AK)−1∆−1g ≤ C. (2.20)

We can prove similarly that the second term in the right-hand side of (2.17) satisfies
supK((E|W10|4 − 1) 1

K TrD2
0T(−ρ)2) ≤ C. Hence lim supK θ2

K <∞.
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Let us prove that lim infK θ2
K > 0. We have

1

K
gt(IK − AK)−1∆−1g

(a)

≥ 1

K
gtdiag

(
(IK − AK)−1

)
∆−1g

(b)

≥ 1
(
1 + N

K
σ2
max

ρ

)2

1

K

K∑

k=1

(
1

K
TrD0DkT

2

)2

(c)

≥ 1
(
1 + N

K
σ2
max

ρ

)2

(
1

K2
Tr D0

(
K∑

k=1

Dk

)
T2

)2

(d)

≥ 1
(
1 + N

K
σ2
max

ρ

)2
(ρ+ σ2

max)
4

(
1

K2
Tr D0

K∑

k=1

Dk

)2

≥ C

(
1

K2
Tr D0

K∑

k=1

Dk

)2

,

where (a) follows from the fact that (IK − AK)−1 < 0 (Lemma 3.5–(1), and the straight-
forward inequalities ∆−1 < 0 and g < 0), (b) follows from Lemma 3.5–(2) and ‖∆‖ ≤
(1 + N

K
σ2
max

ρ )2, (c) follows from the elementary inequality n−1
∑
x2

i ≥ (n−1
∑
xi)

2, and (d)
is due to Lemma 3.4–(1). Similar derivations yield:

(E|W10|4 − 1)
1

K
TrD2

0T ≥ E|W10|4 − 1

(ρ+ σ2
max)

2

(
1

K
TrD0

)2

≥ C(E|W10|4 − 1)

by A3. Therefore, if A4 holds true, then lim infK θ2
K > 0 and Theorem 4–(1) is proved.

Proof of Theorem 4–(2)

Recall that the quadratic form βK is given by Equation (2.8). The random variable√
K

θK
(βK − βK) can therefore be decomposed as

√
K

θK
(βK − βK) =

1√
KθK

(
w∗

0D
1/2
0 QD

1/2
0 w0 − Tr (D0Q)

)
+

1√
KθK

(Tr (D0(Q − T)))

= U1,K + U2,K . (2.21)

Thanks to Lemma 3.4–(2) and to the fact that lim infK θ2
K > 0, we have EU2

K,2 < CK−1

which implies that UK,2 → 0 in probability as K → ∞. Hence, in order to conclude that

√
K

θK
(βK − βK) −−−−→

K→∞
N (0, 1) in distribution ,

it is sufficient by Slutsky’s theorem to prove that U1,K → N (0, 1) in distribution. The
remainder of the section is devoted to this point.

Remark 3 Decomposition (2.21) and the convergence to zero (in probability) of U2,K yield
the following interpretation: The fluctuations of

√
K(βK − βK) are mainly due to the
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fluctuations of vector w0. Indeed the contribution of the fluctuations1 of 1
K TrD0Q, due to

the random nature of Y, is negligible.

Denote by En the conditional expectation En[ · ] = E[ · ‖ Wn,0,Wn+1,0, . . . ,WN,0,Y]. Put

EN+1[ · ] = E[ · ‖ Y] and note that EN+1(w
∗
0D

1/2
0 QD

1/2
0 w0) = TrD0Q. With these

notations at hand, we have:

U1,K =
1

θK

N∑

n=1

(En − En+1)
w∗

0D
1/2
0 QD

1/2
0 w0√

K

△
=

1

θK

N∑

n=1

Zn,K . (2.22)

Consider the increasing sequence of σ−fields

FN,K = σ(WN,0,Y) , · · · , F1,K = σ(W1,0, · · · ,WN,0,Y) .

Then the random variable Zn,K is integrable and measurable with respect to Fn,K ; more-
over it readily satisfies En+1Zn,K = 0. In particular, the sequence (ZN,K , . . . , Z1,K) is a
martingale difference sequence with respect to (FN,K , · · · ,F1,K).

In order to prove that

U1,K =
1

θK

N∑

n=1

Zn,K −−−−→
K→∞

N (0, 1) in distribution , (2.23)

we shall apply Theorem 3 to the sum 1
θK

∑N
n=1 Zn,K and the filtration (Fn,K). The proof

is carried out into four steps:

Step 1 We first establish Lyapunov’s condition. Due to the fact that lim infK θ2
K > 0,

we only need to show that

∃ α > 0,
N∑

n=1

E|Zn,K |2+α −−−−→
K→∞

0 . (2.24)

Step 2 We prove that VK =
∑N

n=1 En+1Z
2
n,K satisfies

VK −
((

E|W10|4 − 2
)

K
Tr
(
D2

0(diag(Q))2
)

+
1

K
Tr (D0QD0Q)

)
−−−−→
K→∞

0 in probability .

(2.25)

1In fact, one may prove that the fluctuation of 1

K
TrD0(Q − T) are of order K, i.e. TrD0(Q − T)

asymptotically behaves as a Gaussian random variable. Such a speed of fluctuations already appears
in [37], when studying the fluctuations of the mutual information.

31



Central Limit Theorem for quadratic forms

Step 3 We first show that

1

K
TrD2

0(diag(Q))2 − 1

K
TrD2

0T
2 −−−−→

K→∞
0 in probability. (2.26)

In order to study the asymptotic behavior of 1
K Tr (D0QD0Q), we introduce the random

variables Uℓ = 1
K Tr (D0QDℓQ) for 0 ≤ ℓ ≤ K (the one of interest being U0). We then

prove that the Uℓ’s satisfy the following system of equations:

Uℓ =

K∑

k=1

cℓkUk +
1

K
TrD0DℓT

2 + ǫℓ, 0 ≤ ℓ ≤ K, (2.27)

where

cℓk =
1

K

1
K TrDℓDkT(−ρ)2

(
1 + 1

K TrDkT(−ρ)
)2 , 0 ≤ ℓ ≤ K, 1 ≤ k ≤ K (2.28)

and the perturbations ǫℓ satisfy E|ǫℓ| ≤ CK− 1

2 where we recall that C is independent of ℓ.

Step 4 We prove that U0 = 1
K TrD0QD0Q satisfies

U0 =
1

K
TrD2

0T
2 +

1

K
gt (I − A)−1

∆−1g + ǫ (2.29)

with E|ǫ| ≤ CK− 1

2 . This equation combined with (2.25) and (2.26) yields
∑

n En+1Z
2
n,K −

θ2
K → 0 in probability. As lim infK θ2

K > 0, this implies 1
θK

∑
n En+1Z

2
n,K → 1 in probabil-

ity, which proves (2.23) and thus ends the proof of Theorem 4.

Write B = [bij ]
N
i,j=1 = D

1/2
0 QD

1/2
0 and recall from (2.22) that Zn,K = 1√

K
(En −

En+1)w
∗
0Bw0. We have

Enw
∗
0Bw0 =

n−1∑

ℓ=1

bℓℓ +
N∑

ℓ1,ℓ2=n

W ∗
ℓ10Wℓ20bℓ1ℓ2 .

Hence

Zn,K =
1√
K

(
(
|Wn0|2 − 1

)
bnn +W ∗

n0

N∑

ℓ=n+1

Wℓ0bnℓ +Wn0

N∑

ℓ=n+1

W ∗
ℓ0bℓn

)
. (2.30)

Step 1: Validation of the Lyapunov condition Recall Assumption A1. Eq. (2.30)
yields:

|Zn,K |4 ≤ 1

K2

(
|Wn0|2 + 1

ρσ2
max

+ 2

∣∣∣∣∣Wn0

N∑

ℓ=n+1

Wℓ0bnℓ

∣∣∣∣∣

)4

≤ 23

K2



( |Wn0|2 + 1

ρσ2
max

)4

+ 24

∣∣∣∣∣Wn0

N∑

ℓ=n+1

Wℓ0bnℓ

∣∣∣∣∣

4

 (2.31)
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where we use the fact that |bnn| ≤ (ρσ2
max)

−1 (cf. Lemma 3.2–(1)) and the convexity of
x 7→ x4. Due to Assumption A1, we have:

E
(
|Wn0|2 + 1

)4 ≤ 23
(
E|Wn0|8 + 1

)
<∞ . (2.32)

Considering the second term at the right-hand side of (2.31), we write

E

∣∣∣∣∣Wn0

N∑

ℓ=n+1

Wℓ0bnℓ

∣∣∣∣∣

4

= E |Wn0|4 E

∣∣∣∣∣

N∑

ℓ=n+1

Wℓ0bnℓ

∣∣∣∣∣

4

,

(a)

≤ C


E

(
N∑

ℓ=n+1

(E|Wℓ0|2)|bnℓ|2
)2

+
N∑

ℓ=n+1

(E|Wℓ0|4)(E|bnℓ|4)


 ,

(b)

≤ C


E

(
N∑

ℓ=n+1

|bnℓ|2
)2

+
N∑

ℓ=n+1

E|bnℓ|2

 ,

where (a) follows from Lemma 3.1 (Burkholder’s inequality), the filtration being FN,K , . . . ,
Fn+1,K and (b) follows from the bound |bnℓ|4 ≤ |bnℓ|2 max |bnℓ|2 ≤ |bnℓ|2(σ2

maxρ
−1)2 (cf.

Lemma 3.2–(1)). Now, notice that

N∑

ℓ=n+1

|bnℓ|2 <
N∑

ℓ=1

|bnℓ|2 =
[
D

1/2
0 QD0QD

1/2
0

]
nn

≤ ‖D1/2
0 QD0QD

1/2
0 ‖ ≤ σ4

max

ρ2
.

This yields E|Wn0
∑N

ℓ=n+1Wℓ 0bnℓ|4 ≤ C. Gathering this result with (2.32), getting back
to (2.31), taking the expectation and summing up finally yields:

N∑

n=1

E|Zn,K |4 ≤ C

K
−−−−→
K→∞

0

which establishes Lyapunov’s condition (2.24) with α = 2.

Step 2: Proof of (2.25) Eq. (2.30) yields:

En+1Z
2
n,K =

1

K

(
(
E|W10|4 − 1

)
b2nn + En+1

(
W ∗

n0

N∑

ℓ=n+1

Wℓ0bnℓ +Wn0

N∑

ℓ=n+1

W ∗
ℓ0bℓn

)2

+2bnn

(
EW ∗

10|W10|2
) N∑

ℓ=n+1

Wℓ0bnℓ + 2bnn

(
EW10|W10|2

) N∑

ℓ=n+1

W ∗
ℓ0bℓn

)
.

Note that the second term of the right-hand side writes:

En+1

(
W ∗

n0

N∑

ℓ=n+1

Wℓ0bnℓ +Wn0

N∑

ℓ=n+1

W ∗
ℓ0bℓn

)2

= 2
N∑

ℓ1,ℓ2=n+1

Wℓ10W
∗
ℓ20bnℓ1bℓ2n .
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Therefore, VK =
∑N

n=1 En+1Z
2
n,K writes:

VK =

(
E|W10|4 − 1

)

K

N∑

n=1

b2nn +
2

K

N∑

n=1

N∑

ℓ1,ℓ2=n+1

Wℓ10W
∗
ℓ20bnℓ1bℓ2n

+
2

K
ℜ
(
(
EW ∗

10|W10|2
) N∑

n=1

bnn

N∑

ℓ=n+1

Wℓ0bnℓ

)
,

where ℜ denotes the real part of a complex number. We introduce the following notations:

R = (rij)
N
i,j=1

△
= (bij1i>j)

N
i,j=1 and ΓK =

1

K

N∑

n=1

bnn

N∑

ℓ=n+1

Wℓ0bnℓ .

Note in particular that R is the strictly lower triangular matrix extracted from D
1/2
0 QD

1/2
0 .

We can now rewrite VK as:

VK =

(
E|W10|4 − 1

)

K
Tr
(
D2

0(diag(Q))2
)

+
2

K
w∗

0RR∗w0 + 2ℜ
(
ΓKEW ∗

10|W10|2
)
. (2.33)

We now prove that the third term of the right-hand side vanishes, and find an asymptotic
equivalent for the second one. Using Lemma 3.2, we have:

EN+1|ΓK |2 =
1

K2

N∑

n,m=1

bnnbmm

N∑

ℓ=1

bnℓb
∗
mℓ1ℓ>n1ℓ>m =

1

K2
Tr (diag(B)R∗Rdiag(B))

=
1

K2
Tr
(
D

1/2
0 diag(Q)D

1/2
0 R∗RD

1/2
0 diag(Q)D

1/2
0

)

≤ 1

K2
‖D0‖2‖Q‖2Tr (R∗R) ≤ 1

K2
‖D0‖2‖Q‖2Tr (B2) ≤ 1

K2
‖D0‖4‖Q‖2Tr (Q2)

≤ 1

K
‖D0‖2‖Q‖4 ≤ 1

K

σ4
max

ρ4
−−−−→
K→∞

0 .

In particular, E|ΓK |2 → 0 and

ℜ
((

EW ∗
10|W10|2

)
ΓK

)
−−−−→
K→∞

0 in probability . (2.34)

Consider now the second term of the right-hand side of Eq. (2.33). We prove that:

1

K
w∗

0RR∗w0 −
1

K
Tr (RR∗) −−−−→

K→∞
0 in probability. (2.35)

By Lemma 2.1 (Ineq. (2.5)), we have

E

(
1

K
w∗

0RR∗w0 −
1

K
Tr (RR∗)

)2

≤ C

K2
(E|W10|4)Tr (RR∗RR∗) .

Notice that Tr (RR∗RR∗) = ‖R‖4
4 where ‖R‖4 is the Schatten ℓ4-norm of R. Using

Lemma 3.3, we have:

‖R‖4
4 ≤ C‖D1/2

0 QD
1/2
0 ‖4

4 ≤ NC‖D1/2
0 QD

1/2
0 ‖4 ≤ N

Cσ8
max

ρ4
.
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Therefore,

E

(
1

K
w∗

0RR∗w0 −
1

K
Tr (RR∗)

)2

≤ C
N

K2
−−−−→
K→∞

0

which implies (2.35). Now, due to the fact that B = B∗, we have

2

K
Tr RR∗ =

2

K

N∑

n=1

N∑

ℓ=n+1

|bnℓ|2

=
1

K

N∑

n,ℓ=1

|bnℓ|2 −
1

K

N∑

n=1

|bnn|2

=
1

K
Tr D0QD0Q − 1

K
Tr D2

0(diag(Q))2 (2.36)

Gathering (2.33–2.36), we obtain (2.25). Step 2 is proved.

Step 3: Proof of (2.26) and (2.27) We begin with some identities. Write Q(z) =
[qij(z)]

N
i,j=1 and Q̃(z) = [q̃ij(z)]

K
i,j=1. Denote by yk the column number k of Y and by ξn

the row number n of Y. Denote by Yk the matrix that remains after deleting column k
from Y and by Yn the matrix that remains after deleting row n from Y. Finally, write
Qk(z) = (YkYk∗ − zI)−1 and Q̃n(z) = (Y∗

nYn − zI)−1. The following formulas can be
established easily (see for instance [39, §0.7.3. and §0.7.4]):

qnn(−ρ) =
1

ρ(1 + ξnQ̃n(−ρ)ξ∗n)
, q̃kk(−ρ) =

1

ρ(1 + y∗
kQk(−ρ)yk)

, (2.37)

Q = Qk − Qkyky
∗
kQk

1 + y∗
kQkyk

(2.38)

Lemma 3.6 The following hold true:

1. (Rank one perturbation inequality) The resolvent Qk(−ρ) satisfies |TrA(Q − Qk)| ≤
‖A‖/ρ for any N ×N matrix A.

2. Let Assumptions A1–A3 hold. Then,

max
1≤n≤N

E(qnn(−ρ) − tn(−ρ))2 ≤ C

K
. (2.39)

The same conclusion holds true if qnn and tn are replaced with q̃kk and t̃k respectively.

Proof 1 The proof of Part 1 can be found in [37, Proof of Lemma 6.3] (see also [4, Lemma
2.6]). Let us prove Part 2. We have from Equations (2.7) and (2.37)

|qnn(−ρ) − tn(−ρ)| =
1

ρ(1 + 1
K Tr D̃nT̃)(1 + ξnQ̃nξ∗n)

∣∣∣∣ξnQ̃nξ
∗
n − 1

K
Tr D̃nT̃

∣∣∣∣

≤ 1

ρ

∣∣∣∣ξnQ̃nξ
∗
n − 1

K
Tr D̃nT̃

∣∣∣∣ .
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Hence,

E(qnn − tn)2 ≤ 2

ρ
E

(
ξnQ̃nξ

∗
n − 1

K
Tr D̃nQ̃

)2

+
2

ρK2
E

(
Tr D̃n(Q̃ − T̃)

)2
≤ C

K

by Lemma 2.1 and Lemma 3.4–(2), which proves (2.39).

We are now in position to prove (2.26). First, notice that:

E
∣∣q2nn − t2n

∣∣ = E |qnn − tn| (qnn + tn)

≤
√

E(qnn − tn)2
√

E(qnn + tn)2 ≤ 2

ρ

√
E(qnn − tn)2 . (2.40)

Now,

1

K
E
∣∣Tr D2

0(diag(Q)2 − T2)
∣∣ ≤ 1

K

N∑

n=1

σ4
0,nE

∣∣q2nn − t2n
∣∣ ≤ σ4

maxN

K
max

1≤n≤N
E
∣∣q2nn − t2n

∣∣

≤ 2σ4
maxN

ρK

√
max

1≤n≤N
E(qnn − tn)2 −−−−→

K→∞
0 ,

where the last inequality follows from (2.40) together with Lemma 3.6–(2). Convergence
(2.26) is established.

We now establish the system of equations (2.27). Our starting point is the identity

Q = T + T(T−1 − Q−1)Q = T +
ρ

K
T diag(Tr D̃1T̃, . . . ,Tr D̃N T̃)Q − TYY∗Q .

Using this identity, we develop Uℓ = 1
K TrD0QDℓQ as

Uℓ =
1

K
TrD0QDℓT +

ρ

K2
TrD0QDℓTdiag(Tr D̃1T̃, . . . ,Tr D̃N T̃)Q − 1

K
TrD0QDℓTYY∗Q

△
= X1 +X2 −X3 . (2.41)

Lemma 3.4–(2) with S = D0DℓT yields:

X1 =
1

K
TrD0DℓT

2 + ǫ1 (2.42)

where E|ǫ1| ≤
√

Eǫ21 ≤ C/K. Consider now the term X3 = 1
K

∑K
k=1 TrD0QDℓTyky

∗
kQ.

Using (2.37) and (2.38), we have

y∗
kQ =

(
1 − y∗

kQyk

1 + y∗
kQyk

)
y∗

kQk = ρ q̃kk y∗
kQk .

Hence

X3 =
ρ

K

K∑

k=1

q̃kky
∗
kQkD0QDℓTyk

=
ρ

K

K∑

k=1

t̃ky
∗
kQkD0QDℓTyk +

ρ

K

K∑

k=1

(q̃kk − t̃k)y
∗
kQkD0QDℓTyk

△
= X ′

3 + ǫ2 . (2.43)
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By Cauchy-Schwartz inequality,

E|ǫ2| ≤
ρ

K

K∑

k=1

√
E(q̃kk − t̃k)2

√
E(y∗

kQkD0QDℓTyk)2 .

We have E(y∗
kQkD0QDℓTyk)

2 ≤ σ8
maxρ

−6
E‖yk‖4 ≤ C. Using in addition Lemma 3.6–(2),

we obtain

E|ǫ2| ≤
C√
K

.

Consider X ′
3. From (2.37) and (2.38), we have Q = Qk − ρq̃kkQkyky

∗
kQk. Hence, we can

develop X ′
3 as

X ′
3 =

ρ

K

K∑

k=1

t̃ky
∗
kQkD0QkDℓTyk − ρ2

K

K∑

k=1

t̃kq̃kky
∗
kQkD0Qkyky

∗
kQkDℓTyk

△
= X4 +X5 . (2.44)

Consider X4. Notice that yk and Qk are independent. Therefore, by Lemma 2.1, we obtain

y∗
kQkD0QkDℓTyk =

1

K
TrDkQkD0QkDℓT + ǫ3 =

1

K
TrDkQD0QDℓT + ǫ3 + ǫ4

where Eǫ23 < CK−1 by Ineq. (2.6). Applying twice Lemma 3.6–(1) to
ǫ4 = 1

K (TrDkQkD0QkDℓT − TrDkQD0QDℓT) yields |ǫ4| < CK−1.

Note in addition that
∑
t̃kDk = diag(Tr D̃1T̃, . . . ,Tr D̃N T̃). Thus, we obtain

X4 =
ρ

K2
Tr

(
K∑

k=1

t̃kDk

)
QD0QDℓT + ǫ5

= X2 + ǫ5 , (2.45)

where ǫ5 = ǫ3 + ǫ4, which yields E|ǫ5| ≤ CK− 1

2 .
We now turn to X5. First introduce the following random variable:

ǫ6 = t̃kq̃kky
∗
kQkD0Qkyky

∗
kQkDℓTyk − t̃kq̃kk

(
1

K
TrDkQkD0Qk

)(
1

K
TrDkQkDℓT

)

Then

|ǫ6| ≤
1

ρ2
y∗

kQkD0Qkyk

∣∣∣∣y
∗
kQkDℓTyk − 1

K
TrDkQkDℓT

∣∣∣∣

+
1

ρ2

∣∣∣∣y
∗
kQkD0Qky

∗
k − 1

K
TrDkQkD0Qk

∣∣∣∣
1

K
TrDkQkDℓT

and one can prove that E|ǫ6| < CK− 1

2 with help of Lemma 2.1, together with Cauchy-
Schwarz inequality. In addition, we can prove with the help of Lemma 3.6 that:

t̃kq̃kk

(
1

K
TrDkQkD0Qk

)(
1

K
TrDkQkDℓT

)
= t̃2k

(
1

K
TrDkQD0Q

)(
1

K
TrDkQDℓT

)
+ ǫ7

= t̃2k

(
1

K
TrDkQD0Q

)(
1

K
TrDkDℓT

2

)
+ ǫ7 + ǫ8
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where ǫ7 and ǫ8 are random variables satisfying E|ǫ7| < CK− 1

2 by Lemma 3.6, and
maxk,ℓ E|ǫ8| ≤ maxk,ℓ

√
E|ǫ8|2 ≤ CK− 1

2 by Lemma 3.4–(2). Using the fact that ρ2t̃2k =
(1 + 1

K TrDkT)−2, we end up with

X5 = −ρ
2

K

K∑

k=1

t̃2k

(
1

K
TrDkQD0Q

)(
1

K
TrDkDℓT

2

)
+ ǫ9 = −

K∑

k=1

cℓkUk + ǫ9 (2.46)

where cℓk is given by (2.28), and where E|ǫ9| < CK− 1

2 .
Plugging Eq. (2.42)–(2.46) into (2.41), we end up with Uℓ =

∑K
k=1 cℓkUk+

1
K TrD0DℓT

2+

ǫ with E|ǫ| < CK− 1

2 . Step 3 is established.

Step 4 : Proof of (2.29) Define the following (K + 1) × 1 vectors:

u = [Uk]
K
k=0, d =

[
1

K
TrD0DkT

2

]K

k=0

, ǫ = [ǫk]
K
k=0 ,

where the Uk’s and ǫk’s are defined in (2.27). Recall the definition of the cℓk’s for 0 ≤ ℓ ≤ K
and 1 ≤ k ≤ K, define cℓ 0 = 0 for 0 ≤ ℓ ≤ K and consider the (K + 1) × (K + 1) matrix
C = [cℓk]

K
ℓ,k=0.

With these notations, System (2.27) writes

(IK+1 − C)u = d + ǫ . (2.47)

Let α = 1
K Tr D2

0T
2 and β = (1 + 1

K Tr D0T)2. We have in particular

d =

[
α
g

]
, C =

[
0 1

K gT∆−1

0 AT

]

(recall that A, ∆ and g are defined in the statement of Theorem 4).
Consider a square matrix X which first column is equal to [1, 0, . . . , 0]t, and partition X

as X =

[
1 xT

01

0 X11

]
. Recall that the inverse of X exists if and only if X−1

11 exists, and in

this case the first row [X−1]0 of X−1 is given by
[
X−1

]
0

=
[
1 − xT

01X
−1
11

]

(see for instance [39]). We now apply these results to the system (2.47). Due to (2.47), U0

can be expressed as
U0 = [(I − C)−1]0(d + ǫ) .

By Lemma 3.5–(1), (IK − AT )−1 exists hence (I − C)−1 exists,

[
(IK+1 − C)−1

]
0

=

[
1

1

K
gT∆−1(IK − AT )−1

]
,

and

U0 = α+
1

K
gT∆−1

(
I − AT

)−1
g + ǫ0 +

1

K
gT∆−1

(
I − AT

)−1
ǫ′

with ǫ′ = [ǫ1, . . . , ǫK ]T . Gathering the estimates of the previous part together with the
fact that ‖Eǫ‖∞ ≤ CK− 1

2 , we get (2.29). Step 4 is established, so is Theorem 4.
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Separable case

In the separable case, θ2
K = d̃2

0Ω
2
K where Ω2

K is given by the following corollary.

Corollary 1 Assume that A2 is satisfied and that σ2
nk = dnd̃k. Assume moreover that

min

(
lim inf

K

1

K
Tr (D(K)), lim inf

K

1

K
Tr (D̃(K))

)
> 0 (2.48)

where D and D̃ are given by (2.9). Let γ = 1
K TrD2T2 and γ̃ = 1

K Tr D̃2T̃2. Then the
sequence

Ω2
K = γ

(
ρ2γγ̃

1 − ρ2γγ̃
+
(
E|W10|4 − 1

))
(2.49)

satisfies 0 < lim infK Ω2
K ≤ lim supK Ω2

K <∞. If, in addition, A1 holds true, then:
√
K

ΩK

(
βK

d̃0

− δK

)
−−−−→
K→∞

N (0, 1)

in distribution.

Remark 4 Condition (2.48) is the counterpart of Assumption A3 in the case of a separa-
ble variance profile and suffices to establish 0 < lim infK(1−ρ2γγ̃) ≤ lim supK(1−ρ2γγ̃) < 1
(see for instance [36]), hence the fact that 0 < lim infK Ω2

K ≤ lim supK Ω2
K < ∞. The re-

mainder of the proof of Corollary 1 is postponed to Appendix 3.3.

Recall that in the separable case, Dk = d̃kD and D̃n = dnD̃. Let d̃ be the K×1 vector
d̃ = [d̃k]

K
k=1. In the separable case, Eq. (2.17) is written

θ2

d̃2
0

=
1

Kd̃2
0

gT (I − A)−1∆−1g + γ(E|W10|4 − 1) , (2.50)

where γ is defined in statement of the corollary. Here, vector g and matrix A are given by

g = γd̃0d̃ and A =

[
1

K

1
K TrDℓDmT2

(
1 + 1

K TrDℓT
)2

]K

ℓ,m=1

=
γ

K
∆−1d̃d̃T .

By the matrix inversion lemma [39], we have

1

Kd̃2
0

gT (I − A)−1∆−1g =
γ2

K
d̃T
(
∆ − γ

K
d̃d̃T

)−1
d̃

=
γ2

K
d̃T

(
∆−1 +

γ

K

1

1 − γ
K d̃T∆−1d̃

∆−1d̃d̃T∆−1

)
d̃ .

Noticing that

1

K
d̃T∆−1d̃ =

1

K

K∑

k=1

d̃2
k(

1 + 1
K TrDkT

)2 =
ρ2

K

K∑

k=1

d̃2
k t̃

2
k = ρ2γ̃ ,

we obtain
1

Kd̃2
0

gT (I − A)−1∆−1g = γ
ρ2γγ̃

1 − ρ2γγ̃
.

Plugging this equation into (2.50), we obtain (2.49).
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4 Applicative Contexts and Simulations

4.1 Applicative contexts.

The aim of this part is to present some applicative contexts in the field of wireless com-
munications where the channel is described by the models studied in this work.

• Multiple antenna transmissions with K + 1 distant sources sending their signals to-
ward an array of N antennas. The corresponding transmission model is r = Ξs + n

where Ξ = 1√
K

HP1/2, matrix H is a N × (K + 1) random matrix with complex

Gaussian elements representing the radio channel, P = diag(p0, . . . , pK) is the (de-
terministic) matrix of the powers given to the different sources, and n is the usual
AWGN satisfying Enn∗ = ρIN . Write H = [h0 · · · hK ], and assume that the
columns hk are independent, which is realistic when the sources are distant one from
another. Let Ck be the covariance matrix Ck = Ehkh

∗
k and let Ck = UkΛkUk be

a spectral decomposition of Ck where Λk = diag(λnk; 1 ≤ n ≤ N) is the matrix of
eigenvalues. Assume now that the eigenvector matrices U0, . . . ,UK are all equal (to
some matrix U, for instance), a case considered in e.g., [48] (note that sometimes
they are all identified with the Fourier N × N matrix [62]). Let Σ = U∗Ξ. Then
matrix Σ is described by the statistical model (2.3) where the Wnk are standard
Gaussian i.i.d., and σ2

nk = λnkpk. If we partition Ξ as Ξ = [x X] similarly to the
partition Σ = [y Y] above, then the SINR β at the output of the LMMSE estimator
for the first element of vector s in the transmission model r = Ξs + n is

β = x∗ (XX∗ + ρIN )−1
x = y∗ (YY∗ + ρIN )−1

y

due to the fact that U is a unitary matrix. Therefore, the problem of LMMSE
SINR convergence for this MIMO model is a particular case of the general problem
of convergence of the right-hand member of (2.2) for model (2.3).

It is also worth to say a few words about the separable case in this context. If we
assume that Λ0 = · · · = ΛK and these matrices are equal to Λ = diag(λ1, . . . , λN ),
then the model for H is the well-known Kronecker model with correlations at recep-
tion [64]. In this case,

Σ = U∗Ξ =
1√
K

U∗HP1/2 =
1√
K

Λ1/2WP1/2 (2.51)

where W is a random matrix with iid standard Gaussian elements. This model
coincides with the separable variance profile model with dn = λn and d̃k = pk.

• CDMA transmissions on flat fading channels. Here N is the spreading factor, K + 1
is the number of users, and

Σ = VP1/2 (2.52)

where V is the N × (K + 1) signature matrix assumed here to have random i.i.d.
elements with mean zero and variance N−1, and where P = diag(p0, . . . , pK) is the
users powers matrix. In this case, the variance profile is separable with dn = 1 and
d̃k = K

N pk. Note that elements of V are not Gaussian in general.
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• Cellular MC-CDMA transmissions on frequency selective channels. In the uplink
direction, the matrix Σ is written as:

Σ = [H0v0 · · · HK+1vK+1] , (2.53)

where Hk = diag(hk(exp(2ıπ(n− 1)/N); 1 ≤ n ≤ N) is the radio channel matrix of
user k (ı =

√
−1) in the discrete Fourier domain (here N is the number of frequency

bins) and V = [v0, · · · ,vK ] is the N × (K + 1) signature matrix with i.i.d. elements
as in the CDMA case above. Modeling this time the channel transfer functions as
deterministic functions, we have σ2

nk = K
N |hk(exp(2ıπ(n− 1)/N))|2.

In the downlink direction, we have

Σ = HVP1/2 (2.54)

where H = diag(h(exp(2ıπ(n − 1)/N); 1 ≤ n ≤ N) is the radio channel matrix in
the discrete Fourier domain, the N × (K + 1) signature matrix V is as above, and
P = diag(p0, . . . , pK) is the matrix of the powers given to the different users. Model
(2.54) coincides with the separable variance profile model with dn = K

N |h(exp(2ıπ(n−
1)/N))|2 and dk = pk.

4.2 Simulations and numerical results

The general (non necessarily separable) case

In this part, the accuracy of the Gaussian approximation is verified by simulation. In order
to validate the results of Theorems 2 and 4 for practical values of K, we consider the exam-
ple of a MC-CDMA transmission in the uplink direction. We recall that K is the number
of interfering users in this context. In the simulation, the discrete time channel impulse re-
sponse of user k is represented by the vector with L = 5 coefficients gk = [gk,0, . . . , gk,L−1]

t.
In the simulations, these vectors are generated pseudo-randomly according to the com-
plex multivariate Gaussian law CN (0, 1/LIL). Setting the number of frequency bins
to N , the channel matrix Hk for user k in the frequency domain (see Eq. (2.53)) is

Hk = diag(hk(exp(2ıπ(n − 1)/N); 1 ≤ n ≤ N) where hk(z) =
√

Pk
‖gk‖

∑L−1
l=0 gk,lz

−l, the
norm ‖gk‖ is the Euclidean norm of gk and Pk is the power received from user k. Con-
cerning the distribution of the user powers Pk, we assume that these are arranged into five
power classes with powers P, 2P, 4P, 8P and 16P with relative frequencies given by Table
5. The user of interest (User 0) is assumed to belong to Class 1. Finally, we assume that

Table 2.1: Power classes and relative frequencies

Class 1 2 3 4 5
Power P 2P 4P 8P 16P

Relative frequency 1/8 1/4 1/4 1/8 1/4

the number K of interfering users is set to K = N/2.
In table 4.2, we present the corresponding values of the SINR normalized MSE with respect
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to K. This table proves that the SINR normalized MSE KE
(
βK − βK

)2
/θ2

K is closed to
one for values of K as small as K = 8. We precise here that the SNR P

ρ for the user of
interest is fixed to 10dB. In the table 4.2, we fixe K = 64 and we study the evolution of

Table 2.2: SINR normalized MSE vs K (SNR = 10 dB)

K 8 16 32 64 128 256
KE(βK − βK)2/θ2

K 0.9761 0.9845 1.0464 1.0187 1.0127 0.9919

SINR normalized MSE with respect to the input SNR P
ρ .

Figure 2.1 shows the histogram of
√
K(βK − β̄K)/θK for N = 16 and N = 64. This figure

Table 2.3: SINR normalized MSE vs SNR (K = 64)

SNR 0 5 10 15 20 25 30
KE(βK − βK)2/θ2

K 1.0283 1.0294 1.0373 1.0358 1.0347 1.0348 1.0350

gives an idea of the similarity between the distribution of
√
K(βK − β̄K)/θK and N (0, 1).

More precisely, Figure 2.2 quantifies this similarity through a Quantile-Quantile plot.
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Figure 2.1: Histogram of
√
K(βK − β̄K) for N = 16 and N = 64.
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Figure 2.2: Q-Q plot for
√
K(βK − β̄K), N = 16 and N = 64; dash doted line is the 45

degree line.

The separable case

In order to test the results of Proposition 4 and Corollary 1, we consider the following
multiple antenna (MIMO) model with exponentially decaying correlation at reception:

Σ =
1√
K

Ψ1/2WP1/2

where Ψ = [am−n]
N−1
m,n=0 with 0 < a < 1 is the covariance matrix that accounts for the

correlations at the receiver side, P = diag (p0, · · · , pK) is the matrix of the powers given to
the different sources and W is a N × (K + 1) matrix with Gaussian standard iid elements.
Let Pu denote the vector containing the powers of the interfering sources. We set Pu (up
to a permutation of its elements) to:

Pu =





[4P 5P ] if K = 2
[P P 2P 4P ] if K = 4
[P P 2P 2P 2P 4P 4P 4P 8P 16P 16P 16P ] if K = 12 .

For K = 2p with 3 ≤ p ≤ 7, we assume that the powers of the interfering sources are
arranged into 5 classes as in Table 5. We set the SNR P/ρ to 10 dB and a to 0.1. We
investigate in this section the accuracy of the Gaussian approximation in terms of the
outage probability. In Fig.2.3, we compare the empirical 1% outage SINR with the one
predicted by the Central Limit Theorem. We note that the Gaussian approximation tends
to under estimate the 1% outage SINR. We also note that it has a good accuracy for small
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values of α and for enough large values of N (N ≥ 64).
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Figure 2.3: Theoretical and empirical 1% outage SINR

44



CHAPTER 3

Statistical Distribution of the SINR for the
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This chapter corresponds to the article "BER and Outage Probability Approximations
for LMMSE Detectors on Correlated MIMO Channels" published in IEEE Information
Theory Journal.

1 Introduction

In this chapter we study the statistical distribution of the Signal to Interference-plus-Noise
Ratio for the Minimum Mean Square Error receiver in MIMO wireless communications (for
systems with small dimensions). The channel model is assumed to be (receive) correlated
Rayleigh with unequal powers.

We consider the following linear model:

r = Σs + n,

where s = [s0, · · · , sK ]T is the transmitted complex vector signal with size K+1 satisfying
Ess∗ = IK+1, and Σ is the N × (K + 1) channel matrix. We assume that the matrix Σ

writes as

Σ =
1√
K

Ψ
1

2 WP
1

2 ,
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where Ψ is a N×N Hermitian nonnegative receiver correlation matrix which is assumed to
be nonrandom, P = diag (p0, · · · , pK) is the deterministic matrix of the powers allocated
to the different users and W = [w0, · · · ,wK ] (wk being the kth column) is a N × (K + 1)
complex Gaussian matrix with centered unit variance (standard) independent and identi-
cally distributed (i.i.d) entries. The engineering goal is to estimate the transmitted symbol
sk for each user. Assume that the receiver has already acquired the knowledge of the
channel matrix. For user k, the Linear Minimum Mean Squar Error LMMSE estimator
generates an output in a form g∗r where g minimizes the following mean-squared error

E |g∗r − sk|2

Without loss of generality, the first stream is assumed (k=0). It is well known that the
relevant performance measure of the LMMSE estimator is the SINR of the estimate symbol.
For our model where the matrix channel Σ is given by (3.1), the SINR of the first user is
given by:

βk =
p0

K
w∗

0Ψ
1/2

(
1

K
Ψ1/2W0P0W

∗
0Ψ

1/2 + ρIN

)−1

Ψ1/2w0

where W0 = [w1, . . . , wK ] and P0 = diag (p1, . . . , pK).
The study of the SINR allows also the study of another performance indices such that

the Bit Error Rate (BER) and the outage probability. Based on Random Matrix Theory
and on the gaussian character of the entries of the channel matrix, we derive closed-form
expressions for the first three moments. Using the generalized Gamma approximation, we
provide closed-form expressions for the BER and numerical approximations for the outage
probability.

2 Bit Error Rate and Outage Probability approximations

2.1 Generalised Gamma distribution

Recall that if a random variable X follows a generalized gamma distribution G(α, b, ξ),
where α and b are respectively referred to as the shape and scale parameters, then:

EX = αb, var(X) = αb2 and E(X − EX)3 = (ξ + 1)αb3 .

The probability density function (pdf) of the generalized Gamma distribution with param-
eters (α, b, ξ) does not have a closed form expression but its moment generating function
(MGF) writes [23]:

MGF(s) =





exp( α
ξ−1(1 − (1 − bξs)

ξ−1

ξ )) if ξ > 1,

(1 − sb)−α , s < 1
b if ξ = 1,

exp( α
1−ξ ((1 − bξs)

ξ−1

ξ − 1)) if ξ > 1.

2.2 BER approximation

Under QPSK constellations with Gray encoding and assuming that the noise at the LMMSE
output is Gaussian, the BER is given by:

BER = EQ(
√
βK)
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where Q(x) = 1√
2π

∫∞
x e−t2/2 dt and the expectation is taken over the distribution of the

SNR βK . Based on the asymptotic normality of the SNR, [81] and [61] proposed to use
the limiting BER value given by:

BER =
1√
2π

∫ ∞
√

βK

e−t2/2dt,

where βK denotes an asymptotic deterministic approximation of the first moment of βK .
It was shown however in [49] that this expression is inaccurate since a Gaussian random
variable allows negative values and has a zero third moment while the output SNR is always
positive and has a non-zero third moment for finite system dimensions. To overcome these
difficulties, Li et al. [49] approximate the BER by considering first that the SNR follows a
Gamma distribution with scale α and shape b, these parameters being tuned by equating
the first two moments of the Gamma distribution with the first two asymptotic moments
of the SNR. However, the third asymptotic moment was shown to be different from the
third moment of the Gamma distribution which only depends on the scale α and shape
b. In light of this consideration, Li et al. [49] refine this approximation and consider that
the SNR follows a generalized Gamma distribution which is adjusted by assuming that its
first three moments equate the first three asymptotic moments of the SNR. As expected,
this approximation has proved to be more accurate than the Gamma approximation, and
so will be the one considered in this paper. Next, we briefly review this technique, which
we will rely on to provide accurate approximations for the BER and outage probability.

Let E∞(βK), var∞(βK) and S∞(βK) denote respectively the deterministic approxima-
tions of the asymptotic central moments of βK . Then, the parameters ξ, α and b are
determined by solving:

E∞(βK) = αb, var∞(βK) = αb2 and S∞(βK) = (ξ + 1)αb3,

thus giving the following values:

α =
(E∞(βK))2

var∞(βK)
, β =

var∞(βK)

E∞(βK)
and ξ =

S∞(βK)E∞(βK)

(var∞(βK))2
− 1.

Using the MGF, one can evaluate the BER by using the following relation [73], that holds
for QPSK constellation:

BER =
1

π

∫ π
2

0
MGF

(
− 1

2 sin2 φ

)
dφ. (3.1)

Note that similar expressions for the BER exist for other constellations and can be derived
by plugging the following identity involving the function Q(x) [73]:

Q(x) =
1

π

∫ π
2

0
exp

(
− x2

2 sin2 θ

)
dθ

into the BER expression.
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2.3 Outage probability approximation

Only the moment generation function (MGF) has a closed form expression. Knowing the
MGF, one can compute numerically the cumulative distribution function by applying the
saddle point approximation technique [12]. Denote byK(y) = log(MGF(y)) the cumulative
generating function, by y the threshold SNR and by ty the solution of K ′(ty) = y. Let
w0 and u0 be given by: w0 = sign(ty)

√
2 (tyy −K(ty)) and u0 = ty

√
K”(ty). The saddle

point approximate of the outage probability is given by:

Pout = Φ(w0) + φ(w0)

(
1

w0
− 1

u0

)
, (3.2)

where Φ(x) =
∫ x
−∞

1√
2π
e−t2/2 dt and φ(x) = 1√

2π
e−x2/2 denote respectively the standard

normal cumulative distribution function and probability distribution function.
So far, we have presented the technique that will be used in simulations for the evalua-

tion of the BER and outage probability. This technique is heavily based on the computation
of the three first asymptotic moments of the SNR βK , an issue that is handled in the next
section.

3 Asymptotic moments

3.1 Assumptions

In the following, we assume that both K and N go to +∞, their ratio being bounded
below and above as follows:

0 < ℓ− = lim inf
K

N
≤ ℓ+ = lim sup

K

N
< +∞ .

In the sequel, the notation K → ∞ will refer to this asymptotic regime. Recall the
expression of the SINR given by (3.3).

βk =
p0

K
w∗

0Ψ
1/2

(
1

K
Ψ1/2W0P0W

∗
0Ψ

1/2 + ρIN

)−1

Ψ1/2w0

Let Ψ = UDU∗ be a spectral decomposition of Ψ. Then, βK writes:

βK =
p0

K
w∗

0UD
1

2

(
1

K
D

1

2 U∗W̃P̃W̃∗UD
1

2 + ρIN

)−1

D
1

2 U∗w0 ,

=
p0

K
z∗D

1

2

(
1

K
D

1

2 ZD̃Z∗D
1

2 + ρI

)−1

D
1

2 z,

=
p0

ρK
z∗D

1

2

(
1

Kρ
D

1

2 ZD̃Z∗D
1

2 + I

)−1

D
1

2 z

where: z = U∗w0 (resp. Z = U∗W̃) is a N ×1 vector with complex independent standard
Gaussian entries (resp. N × K matrix with independent Gaussian entries). We will fre-
quently write DK and D̃K to emphasize the dependence in K, but may drop the subscript
K as well. Assume the following mild conditions:
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Assumption A-1 There exist real numbers dmax <∞ and d̃max <∞ such that:

sup
K

‖DK‖ ≤ dmax and sup
K

‖D̃K‖ ≤ d̃max,

where ‖DK‖ and ‖D̃K‖ are the spectral norms of DK and D̃K .

Assumption A-2 The normalized traces of DK and D̃K satisfy:

inf
K

1

K
Tr(DK) > 0 and inf

K

1

K
Tr(D̃K) > 0.

3.2 Asymptotic moments computation

In this section, we provide closed form expressions for the first three asymptotic moments.
We shall first introduce some deterministic quantities that are used for the computation
of the first, second and third asymptotic moments.

Proposition 5 (cf. [36]) For every integer K and any t > 0, the system of equations in
(δ, δ̃) 




δK = 1
K TrDK

(
I + tδ̃KDK

)−1
,

δ̃K = 1
K TrD̃K

(
I + tδKD̃K

)−1
,

admits a unique solution
(
δK(t), δ̃K(t)

)
satisfying δK(t) > 0, δ̃K(t) > 0.

Let T and T̃ be the N ×N and K ×K diagonal matrices defined by:

T =
(
I + tδ̃KD

)−1
and T̃ =

(
I + tδKD̃

)−1
.

Note that in particular: δ = 1
K TrDT and δ̃ = 1

K TrD̃T̃. Define also γ and γ̃ as γ =
1
K TrD2T2 and γ̃ = 1

K TrD̃2T̃2. Finally, replace t by 1
ρ and introduce the following deter-

ministic quantities:

Ω2
K =

γ

ρ2

(
γγ̃

ρ2 − γγ̃
+ 1

)
,

νK =
2ρ3

K (ρ2 − γγ̃)3

[
TrD3T3 − γ3

ρ3
TrD̃3T̃3

]
.

As usual, the notation αK = O(βK) means that αK(βK)−1 is uniformly bounded as K →
∞. Then, the first three asymptotic moments are given by the following theorem:

Theorem 5 Assuming that the matrices D and D̃ satisfy the conditions stated in 1 and
2, then the following convergences hold true:

1. First asymptotic moment [43,45]:

δK
ρ

= O(1) and E

(
βK

p0

)
− δK

ρ
−−−−→
K→∞

0,
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2. Second asymptotic moment [43,45]:

ΩK = O(1) and KE

(
βK

p0
− E

(
βK

p0

))2

− Ω2
K −−−−→

K→∞
0,

3. Third asymptotic moment:

νK = O(1) and K2
E

(
βK

p0
− E

(
βK

p0

))3

− νK −−−−→
K→∞

0.

The two first items of the theorem are proved in [45]

4 Proof of the main theorem

In the sequel, we shall heavily rely on the results and techniques developed in [36]. In the
sequel, D and D̃ are respectively N ×N and K×K diagonal matrices which satisfy 1 and
2, Z is a N ×K matrix whose entries are i.i.d. standard complex Gaussian, X is a N ×K
matrix defined by:

X = D
1

2 ZD̃
1

2 .

We shall often write X = [x1, · · · ,xK ] where the xj ’s are X’s columns. We recall hereafter
the mathematical tools that will be of constant use in the sequel.

4.1 Notations

Define the resolvant matrix H by:

H =

(
t

K
D

1

2 ZD̃Z∗D
1

2 + IN

)−1

=

(
t

K
XX∗ + IN

)−1

.

We introduce the following intermediate quantities:

β(t) =
1

K
Tr(DH), α(t) =

1

K
Tr(DEH) and

o
β= β − α .

Matrix R̃(t) = diag (r̃1, · · · , r̃K) is a K ×K diagonal matrix defined by:

R̃(t) =
(
I + tα(t)D̃K

)−1
.

Let α̃ = 1
K Tr(D̃R̃). Then, matrix R(t) = diag (r1, · · · , rN ) is a N ×N matrix defined by:

R(t) = (I + tα̃(t)D)−1 .

4.2 Mathematical Tools

The results below, of constant use in the proof of Theorem 5, can be found in [36].
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4.2.1 Differentiation formulas

∂Hpq

∂Xij
= − t

K
[X∗H]jq Hpi = − t

K

[
x∗

jH
]
q
Hpi. (3.3)

∂Hpq

∂Xij

= − t

K
[HX]pj Hiq = − t

K
[Hxj ]pHiq (3.4)

4.2.2 Integration by parts formula for Gaussian functionals

Let Φ be a C1 complex function polynomially bounded together with its derivatives, then:

E [XijΦ(X)] = did̃jE

(
∂Φ(X)

∂Xij

)
. (3.5)

4.2.3 Poincaré-Nash inequality

Let X and Φ be as above, then:

Var(Φ(X)) ≤
N∑

i=1

K∑

j=1

did̃jE

[∣∣∣∣
∂Φ(X)

∂Xij

∣∣∣∣
2

+

∣∣∣∣
∂Φ(X)

∂Xij

∣∣∣∣
2
]
. (3.6)

4.2.4 Deterministic approximations and various estimations

Proposition 6 (cf. [36]) Let (AK) and (BK) be two sequences of respectively N ×N and
K ×K diagonal deterministic matrices whose spectral norm are uniformly bounded in K,
then the following hold true:

1

K
Tr(AR) =

1

K
Tr(AT) + O(K−2),

1

K
Tr(BR̃) =

1

K
Tr(BT̃) + O(K−2).

Proposition 7 (cf. [36]) Let (AK), (BK) and (CK) be three sequences of N ×N , K×K
and N ×N diagonal deterministic matrices whose spectral norm are uniformly bounded in
K. Consider the following functions:

Φ(X) =
1

K
Tr

(
AH

XBX∗

K

)
, Ψ(X) =

1

K
Tr

(
AHDH

XBX∗

K

)
.

Then,

1. the following estimations hold true:

var Φ(X), varΨ(X), var(β) and var

(
1

K
TrAHCH

)
are O(K−2) .
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2. the following approximations hold true:

E [Φ(X)] =
1

K
Tr
(
D̃T̃B

) 1

K
Tr (ADT) + O(K−2), (3.7)

E [Ψ(X)] =
1

1 − t2γγ̃

(
1

K2
Tr
(
D̃T̃B

)
Tr(AD2T2)− (3.8)

tγ

K2
Tr
(
D̃2T̃2B

)
Tr(ADT)

)
+ O(K−2), (3.9)

E
1

K
Tr [AHDH] =

1

1 − t2γγ̃

1

K
Tr(ADT2) + O(K−2). (3.10)

Proofs of Propositions 6 and 7 are essentially provided in [36]. In the same vein, the
following proposition will be needed.

Proposition 8 Let (AK), (BK) and (CK) be three sequences of N × N , K × K and
N ×N diagonal deterministic matrices whose spectral norm are uniformly bounded in K.
Consider the following function:

ϕ(X) =
1

K
Tr

[
CHAHAH

XBX∗

K

]
.

Then varϕ(X) = O(K−2) and var
(

1
K TrAHAHAH

)
= O(K−2) .

Proof 2 The proof mainly relies on Poincaré-Nash inequality. Using the Poincaré-Nash
inequality, we have:

var(ϕ(X)) ≤
N∑

i=1

K∑

j=1

did̃jE

∣∣∣∣
∂ϕ

∂Xij

∣∣∣∣
2

+
N∑

i=1

K∑

j=1

did̃jE

∣∣∣∣
∂ϕ

∂Xij

∣∣∣∣
2

.

We only deal with the first term of the last inequality (the second term can be handled
similarly). We have ϕ(X) = 1

K2

∑N
p,r,s,t=1

∑K
u=1 cppHprArrHrsAssHstXtuBuuX

∗
pu. After

straightforward calculations using the differentiation formula (3.3), we get that:

∂ϕ

∂Xij
= φ

(1)
ij + φ

(2)
ij + φ

(3)
ij + φ

(4)
ij ,

where:

φ
(1)
ij = − t

K3
[X∗HAHAHXBX∗CH]ji , φ

(2)
ij = − t

K3
[X∗HAHXBX∗CHAH]ji ,

φ
(3)
ij = − t

K3
[X∗HXBX∗CHAHAH]ji , φ

(4)
ij =

1

K2
[BX∗CHAHAH]ji .
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Hence,
∣∣∣ ∂ϕ
∂Xij

∣∣∣
2
≤ 4

(∣∣∣φ(1)
ij

∣∣∣
2
+
∣∣∣φ(2)

ij

∣∣∣
2
+
∣∣∣φ(3)

ij

∣∣∣
2
+
∣∣∣φ(4)

ij

∣∣∣
2
)

and

N∑

i=1

K∑

j=1

did̃jE

[∣∣∣∣
∂ϕ

∂Xij

∣∣∣∣
2
]

≤ 4t2

K6
ETr

(
DHCXBX∗HAHAHXD̃X∗HAHAHXBX∗CH

)

+
4t2

K6
ETr

(
DHAHCXBX∗HAHXD̃X∗HAHXBX∗CHAH

)

+
4t2

K6
ETr

(
DHAHAHCXBX∗HXD̃X∗HXBX∗CHAHAH

)

+
4

K4
ETr

(
DHAHAHCXBD̃BX∗CHAHAH

)
.

We only prove that the first term of the right hand side is of order K−2; the other terms
being handled similarly. Using Cauchy-Schwartz inequality, we get:

4
N∑

i=1

K∑

j=1

did̃jE
∣∣φ1

ij

∣∣2 ≤ 4t2dmax‖H‖2‖C‖2

K6
ETr

(
(HA)2 HXD̃X∗H (AH)2 (XBX∗)2

)
,

≤ 4t2

K6
dmax‖H‖2‖C‖2

(
ETr (HA)2 HXD̃X∗H (AH)2

(HA)2 HXD̃X∗H (AH)2
) 1

2 ×
(
ETr (XBX∗)4

) 1

2

≤ 4t2

K2
dmax‖H‖8‖C‖2‖A‖4

√√√√
E

1

K

(
XD̃X∗

K

)2
√

E
1

K

(
XBX∗

K

)4

,

where the first inequality follows by using the fact that |TrAB| ≤ ‖B‖Tr (A), A being
hermitian non-negative matrix and the second follows by applyig twice Cauchy-Schwartz
inequalities: Tr (AB) ≤

√
Tr (AA∗)

√
Tr (BB∗) and EXY ≤

√
EX2

√
EY 2. We end up

the proof of the first statement by using the fact that 1
K E

[
1
K Tr

(
1
K XBKX∗)n] is uniformly

bounded in K whenever BK is a sequence of diagonal matrices with uniformly bounded
spectral norm and n is a given integer.

The second statement follows from the resolvent identity:

1

K
TrAHAHAH =

1

K
TrAHAHA − t

K
TrAHAHAHXX∗.

According to the first part of the proposition,

var

(
1

K
TrAHAHAHXX∗

)
= O(K−2) .

Now, TrAHAHA = TrA2HAH and var 1
K TrA2HAH = O(K−2) by Proposition 7-1).

Hence, applying inequality var(X + Y ) ≤ var(X) + var(Y ) + 2
√

var(X)var(Y ) yields the
desired result. Proof of Proposition 8 is completed.

Remark 5 One can note that the third asymptotic moment is of order O(K−2). This
is in accordance with the asymptotic normality of the SNR, where the third moment of√
K(βK − E(βK)) will eventually vanish, as this quantity becomes closer to a Gaussian

random variable. However, its value remains significant for small dimension systems.
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We are now in position to complete the proof of Theorem 5. Using the notations of [36],
the SNR writes:

βK =
tp0

K
z∗D

1

2 H(t)D
1

2 z,

where t = 1
ρ . Hence, the third moment is given by:

E (βK − EβK)3 =
(tp0)

3

K3
E

(
z∗D

1

2 HD
1

2 z − ETrDH
)3
,

=
(tp0)

3

K3
E

(
z∗D

1

2 HD
1

2 z − TrDH + TrDH − ETrDH
)3
,

=
(tp0)

3

K3

[
E

(
z∗D

1

2 HD
1

2 z − TrDH
)3

+ 3E

(
z∗D

1

2 HD
1

2 z − TrDH
)2

× (TrDH − ETrDH) + 3E

(
z∗D

1

2 HD
1

2 z − TrDH
)

(TrDH − ETrDH)2

+E (TrDH − ETrDH)3
]
,

=
(tp0)

3

K3

[
E

(
z∗D

1

2 HD
1

2 z − TrDH
)3

+ 3E

(
z∗D

1

2 HD
1

2 z − TrDH
)2

× (TrDH − ETrDH) + E (TrDH − ETrDH)3
]

(3.11)

In order to deal with the first term of the right-hand side of (3.11), notice that if M is a
deterministic matrix and x is a standard Gaussian vector, then:

E (x∗Mx − TrM)3 = Tr(M3)E
(
|x1|2 − 1

)3

(such an identity can be easily proved by considering the spectral decomposition of M).
Hence,

E

(
z∗D

1

2 HD
1

2 z − TrDH
)3

= ETr (DH)3 E
(
|Z11|2 − 1

)3
,

= 2ETr (DHDHDH) .

The second term of the right-hand side of (3.11) is uniformly bounded in K. Indeed:

3E

(
z∗D

1

2 HD
1

2 z − Tr(DH)
)2

= 3E
(
|Z11|2 − 1

)2
TrDHDH (TrDH − ETrDH) ,

≤ 3
√

var (TrDHDH)
√

var (TrDH)

which is O(1) according to Proposition 7. It remains to deal with E (TrDH − ETrDH)3,
which can be proved to be uniformly bounded in K using concentration results for the
spectral measure of random matrices [32] (see also [49, eq.(86)-(87)], where details are
provided). Consequently, we end up with the following approximation:

K2
E (βK − EβK)3 =

(tp0)
3

K
E
(
|Z11|2 − 1

)3
ETrDHDHDH + O

(
K−1

)

which is deterministic but still depends on the distribution of the entries via the expectation
operator E. The rest of the proof is devoted to provide a deterministic approximation of
ETr (DHDHDH) depending on γ, γ̃, T and T̃.
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Note that H = I − t
K HXX∗, thus:

[HDHDH]pp = [HDHD]pp − t

[
HDHDH

XX∗

K

]

pp

,

= [HDHD]pp −
t

K

K∑

j=1

[HDHDHxj ]pXpj . (3.12)

Let us deal with the second term of (3.12). We have:

E
1

K
[HDHDHxj ]pXpj =

1

K

N∑

k=1

E

(
[HDHDH]pk XkjXpj

)
.

Using the integration by part formula (3.5), we get:

E [HDHDHxj ]pXpj =

N∑

k=1

dkd̃jδ(p− k)E [HDHDH]pk

+
N∑

k=1

dkd̃jE


Xpj

N∑

ℓ,m=1

∂ [HpℓdℓdmHℓmHmk]

∂Xkj


 ,

= dpd̃jE [HDHDH]pp −
t

K

N∑

k,ℓ,m=1

dkd̃jdmdℓE

[
Xpj [Hxj ]pHkℓHℓmHmk

]

− t

K

N∑

k,ℓ,m=1

dkd̃jdmdℓE
[
XpjHpℓ [Hxj ]ℓHkmHmk

]

− t

K

N∑

k,ℓ,m=1

dkd̃jdmdℓE
[
HpℓHℓm [Hxj ]mHkk

]
.

= dpd̃jE [HDHDH]pp −
t

K
d̃jE

[
[Hxj ]pXpjTr (DHDHDH)

]

− t

K
d̃jE

[
[HDHxj ]pXpjTr (DHDH)

]

− t

K
d̃jE

[
[HDHDHxj ]pXpjTr (DH)

]
.

Substituting in the last term 1
K TrDH =

o
β +α where

o
β= β − α, we get:

E [HDHDHxj ]pXpj = dpd̃jE [HDHDH]pp −
t

K
d̃jE

[
[Hxj ]pXpjTr (DHDHDH)

]

− t

K
d̃jE

[
[HDHxj ]pXpjTr (DHDH)

]
− td̃jE

[
[HDHDHxj ]pXpj

o
β

]

−td̃jE

[
[HDHDHxj ]pXpj

]
α.
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Therefore, we have:

(
1 + tαd̃j

)
E

[
[HDHDHxj ]pXpj

]

= dpd̃jE [HDHDH]pp −
t

K
E

[
[Hxj ]pXpj d̃jTr [DHDHDH]

]

− t

K
d̃jE

[
[HDHxj ]pXpjTr [DHDH]

]
− td̃jE

[
[HDHDHxj ]pXpj

o
β

]
.

Multiplying the right hand and the left hand sides by r̃j = 1
1+tαd̃j

, we get:

E [HDHDHxj ]pXpj = r̃jdpd̃jE [HDHDH]pp −
t

K
r̃jE

[
[Hxj ]pXpj d̃jTr [DHDHDH]

]

− t

K
d̃j r̃jE

[
[HDHxj ]pXpjTr [DHDH]

]
− td̃j r̃jE

[
[HDHDHxj ]pXpj

o
β

]
.

(3.13)

Plugging (3.13) into (3.12), we obtain:

E [HDHDH]pp = E [HDHD]pp −
K∑

j=1

t

K
r̃jdpd̃jE [HDHDH]pp

+
t2

K2

K∑

j=1

r̃jE [Hxj ]pXpj d̃jTr [DHDHDH]

+
t2

K2

K∑

j=1

d̃j r̃jE [HDHxj ]pXp,jTr [DHDH] +
t

K

K∑

j=1

d̃j r̃jE [HDHDHxj ]pXp,j

o
β,

= E [HDHD]pp − tα̃dpE [HDHDH]pp +
t2

K2
ETr(DHDHDH)

[
HXR̃D̃X∗

]
pp

+
t2

K2
ETr [DHDH]

[
HDHXD̃R̃X∗

]
pp

+
t2

K
E

o
β
[
HDHDHXD̃R̃X∗

]
pp
.

Hence,

(1 + tα̃dp)E [HDHDH]pp = E [HDHD]pp +
t2

K2
ETr [DHDHDH]

[
HXR̃D̃X∗

]
pp

+
t2

K2
ETr [DHDH]

[
HDHXD̃R̃X∗

]
pp

+
t2

K
E

o
β
[
HDHDHXD̃R̃X

∗]
pp

.

Multiplying the left and right hand sides by rp = 1
1+tα̃dp

, we get:

E [HDHDH]pp = rpE [HDHD]pp +
t2

K2
rpETr [DHDHDH]

[
HXR̃D̃X∗

]
pp

+
t2

K2
rpETr [DHDH]

[
HDHXD̃R̃X∗

]
pp

+
t2

K
rpE

o
β
[
HDHDHXD̃R̃X∗

]
pp
.

(3.14)
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Multiplying by dp, summing over p and dividing by K, we obtain:

E
1

K
Tr [DHDHDH] = E

1

K

K∑

p=1

dp [HDHDH]pp ,

=
1

K

K∑

p=1

rpdpE [HDHD]pp +
t2

K3
E Tr (DHDHDH) Tr

(
DRHXR̃D̃X∗

)

+
t2

K3
ETr (DHDH) Tr

(
DRHDHXD̃R̃X∗

)

+
t2

K2
E

o
β Tr

(
DRHDHDHXD̃R̃X∗

)
,

△
= χ1 + χ2 + χ3 + χ4, (3.15)

where:

χ1 =
1

K
ETr (DRHDHD) ,

χ2 =
t2

K
ETr (DHDHDH)

1

K
Tr

(
DRH

XD̃R̃X∗

K

)
,

χ3 =
t2

K
ETr (DHDH)

1

K
Tr

(
DRHDH

XD̃R̃X∗

K

)
,

χ4 =
t2

K
E

o
β Tr

(
DRHDHDH

XD̃R̃X∗

K

)
.

According to Proposition 7, var 1
K Tr

(
DRHDHDHX eDeRX

∗

K

)
is of order O(K−2). Simi-

larly, var(β) = O(K−2). Hence, using Cauchy-Schwartz inequality, we get the estimation
χ4 = O(K−2). It remains to work out the expressions involved in χ1, χ2 and χ3 by
removing the terms with expectation and replacing them with deterministic equivalents.

Since var 1
K Tr

(
DRHX eDeRX

∗

K

)
= O(K−2) by Proposition 7 and var( 1

K TrDHDHDH) =

O(K−2) by Proposition 8, we have:

χ2 =
t2

K
ETr (DHDHDH) E

(
1

K
Tr

[
DRH

XD̃R̃X∗

K

])
+ O(K−2),

(a)
=

t2

K
ETr (DHDHDH)

1

K
Tr
(
D̃T̃D̃R̃

) 1

K
Tr (DRDT) + O(K−2),

(b)
=

t2

K
ETr (DHDHDH) γγ̃ + O(K−2) . (3.16)
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where (a) follows from Proposition 7-2) and (b), from Proposition 6. Similar arguments
yield:

χ3 =
t2

K
ETr (DHDH) E

(
1

K
Tr

[
DRHDH

XD̃R̃X∗

K

])
+ O(K−2),

=
t2γ

(1 − t2γγ̃)2

[
1

K
Tr
(
D̃T̃D̃R̃

) 1

K
Tr
(
DRD2T2

)

− tγ
K

Tr
(
D̃2T̃2D̃R̃

) 1

K
Tr(DRDT)

]
+ O(K−2) ,

=
t2γ

(1 − t2γγ̃)2

[
γ̃

K
Tr(D3T3) − tγ2

K
Tr(D̃3T̃3)

]
+ O(K−2) (3.17)

and

χ1 =
1

1 − t2γγ̃

1

K
Tr
(
D2RDT2

)
+ O(K−2)

=
1

1 − t2γγ̃

1

K
Tr(D3T3) + O(K−2). (3.18)

Plugging (3.17), (3.16) and (3.18) into (3.15), we obtain:

1

K
ETr(DHDHDH) =

1

K(1 − t2γγ̃)3
TrD3T3 − t3γ3

K(1 − t2γγ̃)3
TrT̃3D̃3 + O(K−2).

Hence,

K2
E

(
βK

p0
− E

βK

p0

)3

=
ρ3

K (ρ2 − γγ̃)3

[
TrD3T3 − γ3

ρ3
TrD̃3T̃3

]
E

(
|Z11|2 − 1

)3
+ O

(
1

K

)
,

=
2ρ3

K (ρ2 − γγ̃)3

[
TrD3T3 − γ3

ρ3
TrD̃3T̃3

]
+ O

(
1

K

)
.

The fact that νK = 2ρ3

K(ρ2−γγ̃)3

[
TrD3T3 − γ3

ρ3 TrD̃3T̃3
]

is of order O(1) is straightforward

and its proof is omitted. Proof of Theorem 5 is completed.

5 Simulation results

In our simulations, we consider a MIMO system in the uplink direction. The base station
is equipped with N receiving antennas and detects the symbols transmitted by a particular
user in the presence of K interfering users. We assume that the correlation matrix Ψ is

given by Ψ(i, j) =
√

K
N a

|i−j| with 0 ≤ a < 1. Recall that P̃ is the matrix of the interfering

users’ powers. We set P̃ (up to a permutation of its diagonal elements) to:

P̃ =

{
diag([4P 5P ]) if K = 2
diag([P P 2P 4P ]) if K = 4

,
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Table 3.1: Power classes and relative frequencies

Class 1 2 3 4 5
Power P 2P 4P 8P 16P

Relative frequency 1/8 1/4 1/4 1/8 1/4

where P is the power of the user of interest. For K = 2p with 3 ≤ p ≤ 5, we assume
that the powers of the interfering sources are arranged into five classes as in Table 5. We
investigate the impact of the correlation coefficient a on the accuracy of the asymptotic
moments when the input SNR is set to 15dB for N = K (Fig. 3.1) and N = 2K (Fig.
3.2). In these figures, the relative error on the estimated first three moments |µ∞−µ|

µ ( µ∞
and µ denote respectively the asymptotic and empirical moment ) is depicted with respect
to the correlation coefficient a. These simulations show that when the number of antennas
is small, the asymptotic approximation of the second and third moments degrades for
large correlation coefficients (a close to one). Despite these discrepancies for a close to 1,
simulations show that the BER and the outage probability are well approximated even for
small system dimensions.

Indeed, Figure 3.3 shows the evolution of the empirical BER and the theoretical BER
predicted by (3.1) versus the input SNR for different values of a, K and N . In Figure 3.4,
the saddle point approximate of the outage probability given by (3.2) is compared with the
empirical one. In both Figures 3.3 and 3.4, 2000 channel realizations have been considered,
and in Fig. 3.4, the input SNR has been set to 15 dB. These figures show that even for
small system dimensions, the BER is well approximated for a wide range of SNR values.
For high SNR values, the proposed approximation tends to underestimate the bit error
rate. A possible reason might be that the first three moments are not sufficient to estimate
accurately the bit error rate (BER). To get a more accurate bit error rate value, one should
go beyond these moments and take into account the values of higher order moments.

The outage probability is also well approximated except for small values of the SNR
threshold that are likely to be in the tail of the asymptotic distribution.
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Figure 3.1: Absolute value of the relative error when N = K
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Figure 3.2: Absolute value of the relative error when N = 2K
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Figure 3.3: BER vs input SNR
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Figure 3.4: Outage Probability vs SNR threshold
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CHAPTER 4

A CLT for Information-Theoretic Statistics

of non-Centred Gram Random Matrices
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1 Introduction

This chapter provides a CLT for Information-Theoretic Statistics of non-centred Gram
matrices. This study is ongoing work.

The model, the statistics, and the literature

Consider a N × n random matrix Σn = (ξn
ij) where:

Σn =
1√
n
D

1

2
nXnD̃

1

2
n +An , (4.1)

where An = (an
ij) is a deterministic N × n matrix with uniformily bounded spectral norm,

Dn and D̃n are diagonal deterministic matrices with nonnegative entries, with respective
dimensions N × N and n × n; Xn = (Xij) is a N × n matrix with the entries Xij ’s
being centered, independent and identically distributed (i.i.d.) random variables with unit
variance E|Xij |2 = 1 and finite 16th moment,
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Consider the following linear statistics of the eigenvalues:

In(ρ) =
1

N
log det (ΣnΣ∗

n + ρIN ) =
1

N

N∑

i=1

log(λi + ρ)

where IN is the N × N identity matrix, ρ > 0 is a given parameter and the λi’s are the
eigenvalues of matrix ΣnΣ∗

n (Σ∗
n stands for the Hermitian adjoint of Σn). This functional,

known as the mutual information for multiple antenna radio channels, is fundamental in
wireless communication as it caracterizes the performance of a (coherent) communication
over a wireless Multiple-Input Multiple-Output (MIMO) channel with gain matrix Σn.

Channels with non-centered gain matrix Σn = n−1/2D
1/2
n XnD̃

1/2
n +An are known as Rician

channels and the deterministic matrix An accounts for a so-called line-of-sight component,
Dn and D̃n for the correlations respectively at the receiving and emitting sides.

Since the seminal work of Telatar [80], the study of the mutual information In(ρ) of
a MIMO channel (and other performance indicators) in the regime where the dimensions
of the gain matrix grow to infinity at the same pace has turned to be extremely fruitful.
However, Rician channels have been comparatively less studied from this point of view, as
their analysis is more difficult due to the presence of the deterministic matrix An. First
order results can be found in Girko [24, 25]; Dozier and Silverstein [18, 19] established
convergence results for the spectral measure; and the systematic study of the convergence
of In(ρ) for a correlated Rician channel has been undertaken by Hachem et al. in [20,35],
etc.

Fluctuations for particular linear statistics (and general classes of linear statistics) of
large random matrices have been widely studied: CLTs for Wigner matrices can be traced
back to Girko [28] (see also [29]). Results for this class of matrices have also been obtained
by Khorunzhy et al. [47], Boutet de Monvel and Khorunzhy [11], Johansson [40], Sinai
and Sochnikov [74], Soshnikov [75], Anderson and Zeitouni [1], Chatterjee [14], Lytova and
Pastur [51], etc. The case of Gram matrices has been studied in Arharov [2], Jonsson [41],
Bai and Silverstein [3], Hachem et al. [37], etc.

Fluctuation results dedicated to wireless communication applications have been devel-
oped in the centred case (An = 0) by Debbah and Müller [17] and Tulino and Verdù [85],
Hachem et al. [36] for gaussian entries and [37]. Other fluctuation results either based on
the replica method or on saddle-point analysis have been developed by Moustakas, Sen-
gupta et al. [55,63]. In the Rician case, based on the replica method, Taricco, provided an
asymptotic formula for the variance of the mutual information statistic in [78,79].

Presentation of the results

The purpose of this article is to establish a Central Limit Theorem (CLT) for In(ρ) in the
following regime

N,n→ ∞ and 0 < lim inf
N

n
≤ lim sup

N

n
<∞ , (4.2)

(simply denoted by N,n→ ∞ in the sequel) under mild assumptions for matrices Xn, An,
Dn and D̃n.
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Fundamental equations, deterministic equivalents

We collect here resuls from [35]. The following system of equations





δn(z) = 1
nTrDn

(
−z(IN + δ̃n(z)Dn) +An(In + δn(z)D̃n)−1A∗

n

)−1

δ̃n(z) = 1
nTr D̃n

(
−z(In + δn(z)D̃n) +A∗

n(IN + δ̃n(z)Dn)−1An

)−1 , z ∈ C − R
+

(4.3)
admits a unique solution (δn, δ̃n) in the class of Stieltjes transforms of nonnegative mea-
sures1 with support in R

+. Matrices Tn(z) and T̃n(z) defined by





Tn(z) =
(
−z(IN + δ̃n(z)Dn) +An(In + δnD̃n)−1A∗

n

)−1

T̃n(z) =
(
−z(In + δn(z)D̃n) +A∗

n(IN + δ̃nDn)−1An

)−1 (4.4)

are approximations of the resolvent Qn(z) = (ΣnΣ∗
n−zIN )−1 and the co-resolvent Q̃n(z) =

(Σ∗
nΣn − zIN )−1 in the sense that (

a.s.−−→ stands for the almost sure convergence):

1

N
Tr (Qn(z) − Tn(z))

a.s.−−−−−→
N,n→∞

0 ,

which readily gives a deterministic approximation of the Stieltjes transform N−1TrQn(z)
of the spectral measure of ΣnΣ∗

n in terms of Tn (and similarly for Q̃n and T̃n). Also proved
in [38] is the convergence of bilinear forms

u∗n(Qn(z) − Tn(z))vn
a.s.−−−−−→

N,n→∞
0 , (4.5)

where (un) and (vn) are sequences of N × 1 deterministic vectors with uniformily bounded
euclidian norm, which complements the picture of Tn approximating Qn.

Matrices Tn = (tij ; 1 ≤ i, j ≤ N) and T̃n = (t̃ij ; 1 ≤ i, j ≤ n) will play a fundamental
role in the sequel and enable us to express a deterministic equivalent to EIn(ρ). Define
Vn(ρ) by:

Vn(ρ) =
1

N
log det

(
ρ(IN + δ̃nDn)IN +An(In + δnD̃n)−1A∗

n

)

+
1

N
log(In + δnD̃n) − ρn

N
δnδ̃n , (4.6)

where δn and δ̃n are evaluated at z = −ρ. Then the difference E In(ρ)−Vn(ρ) goes to zero
as N,n→ ∞.

The general approach

The approach developed in this article is conceptually simple. The quantity In(ρ)−EIn(ρ)
is decomposed into a sum of increments of martingale; we then rely on a central limit
theorem for martingales, and in order to identify the variance, systematically approximate

1In fact, δn is the Stieltjes transform of a measure with total mass equal to n
−1TrDn while δ̃n is the

Stieltjes transform of a measure with total mass equal to n
−1TrD̃n.
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random quantities by their deterministic counterparts as the size of the vectors and the
matrices goes to infinity. The martingale method which is used to establish the fluctuations
of In(ρ) can be traced back to Girko’s REFORM (REsolvent, FORmula and Martingale)
method (see [28,29]) and is close to the one developed in [3].

In this study, the fact that matrix Σn is non-centered (E Σn = An) raises specific issues,
from a different nature than those addressed in close-by results [1,3,37], etc. These issues
arise from the presence in the computations of bilinear forms u∗nQn(z) vn where at least
one of the vectors un or vn is deterministic. Often, the deterministic vector is related to
the columns of matrix An, and has to be dealt with in such a way that the assumption
over the spectral norm of An is exploited. These issues are partly circumvented by the
convergence result (4.5) established in [38].

The fluctuations

In every case where the fluctuations of the mutual information have been studied, the
variance of N (In(ρ) − Vn(ρ)) always proved to take a (somehow unexpected) remarkably
simple closed-form expression (see for instance [55, 78, 85] and in a more mathematical
flavour [36, 37]). The same phenomenon again occurs for the matrix model Σn under
consideration. Drop the subscripts N,n and let

γ =
1

n
TrDTDT , γ̃ =

1

n
Tr D̃T̃ D̃T̃ , (4.7)

Let κ = E|Xij |4 − 2 and denote by

Θ2
n = − log

((
1 − 1

n
TrD

1

2TA(I + δ̃D)−1D̃(I + δ̃D)−1A∗TD
1

2

)2

− ρ2γγ̃

)

+ κ
ρ2

n2

∑

i

d2
i t

2
ii

∑

j

d̃2
j t̃

2
jj (4.8)

where di = [Dn]ii, d̃j = [D̃n]jj , and all the needed quantities are evaluated at z = −ρ. The
CLT then expresses as:

N

Θn
(In − EIn)

D−−−−−→
N,n→∞

N (0, 1) ,

where
D−→ stands for the convergence in distribution.

2 The Central Limit Theorem for In(ρ)

The indicator function of the set A will be denoted by 1A(x), its cardinality by #A. As
usual, R

+ = {x ∈ R : x ≥ 0} and C
+ = {z ∈ C : ℑ(z) > 0} and i =

√
−1; if z ∈ C, then

z̄ stands for its complex conjugate. Denote by
P−→ the convergence in probability of random

variables and by
D−→ the convergence in distribution of probability measures. Denote by

diag(ai; 1 ≤ i ≤ k) the k× k diagonal matrix whose diagonal entries are the ai’s. Element
(i, j) of matrix M will be either denoted mij or [M ]ij depending on the notational context.
if M is a n × n square matrix, diag(M) = diag(mii; 1 ≤ i ≤ n). Denote by MT the
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matrix transpose of M , by M∗ its Hermitian adjoint, by Tr (M) its trace and det(M) its
determinant (if M is square). When dealing with vectors, ‖ · ‖ will refer to the Euclidean
norm, and ‖ · ‖∞, to the max (or ℓ∞) norm. In the case of matrices, ‖ · ‖ will refer to the
spectral norm.

Recall that Σn = n−1/2D
1/2
n XnD̃

1/2
n + An; denote Dn = diag(di, 1 ≤ i ≤ N) and

D̃n = diag(d̃j , 1 ≤ j ≤ n). When no confusion can occur, we shall often drop subscripts
and superscripts n for readability.

Assumption A-1 The random variables (Xn
ij ; 1 ≤ i ≤ N, 1 ≤ j ≤ n , n ≥ 1) are

complex, independent and identically distributed. They satisfy

EXn
ij = 0, E|Xn

ij |2 = 1 and E|Xn
ij |16 <∞ .

Assumption A-2 The random variables Xij satisfy the following circularity condition,

EXp
ijX̄

q
ij = 0 for p 6= q, p, q ≥ 0, ∀i, j (4.9)

Assumption A-3 The family of deterministic N × n matrices (An, n ≥ 1) is uniformily
bounded for the spectral norm:

λmax = sup
n≥1

‖An‖ <∞ .

Assumption A-4 The families of real deterministic N ×N and n×n matrices (Dn) and
(D̃n) are diagonal with non-negative diagonal elements, and are bounded for the spectral
norm as N,n→ ∞:

dmax = sup
n≥1

‖Dn‖ <∞ and d̃max = sup
n≥1

‖D̃n‖ <∞ .

Moreover,

dmin = inf
N

1

N
TrDn > 0 and d̃min = inf

n

1

n
Tr D̃n > 0 .

We can now state the main theorem of the article.

Theorem 2.1 (The CLT) Consider the N×n matrix Σn = n−1/2D
1/2
n XnD̃

1/2
n +An and

assume that A-1, A-3 and A-4 hold true. Recall the definitions of δ̃ given by (4.3), T and
T̃ given by (4.4), and γ and γ̃ given by (4.7). Let ρ > 0. All the considered quantities are
evaluated at z = −ρ. Then:

1. the quantity

Θ2
n = − log

((
1 − 1

n
TrD

1

2TA(I + δD̃)−1D̃(I + δD̃)−1A∗TD
1

2

)2

− ρ2γγ̃

)

+ κ
ρ2

n2

∑

i

d2
i t

2
ii

∑

j

d̃2
j t̃

2
jj

is well-defined and satisfies

0 < lim inf
n

Θ2
n ≤ lim sup

n
Θ2

n < ∞

as N,n→ ∞.
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2. Consider the random variable In(ρ) = N−1 log det (ΣnΣ∗
n + ρIN ), then the following

convergence holds true:

N

Θn
(In − EIn)

D−−−−−→
N,n→∞

N (0, 1) ,

3 Controls over the varaince Θ2
n

3.1 Controls over Θ2
n

The following estimates will be usefull.

Proposition 3.1 Assume that the setting of Theorem 2.1 holds true. Then:

1. The quantities δ and δ̃, evaluated at z = −ρ, satisfy,

δmin =
dmin

ρ+ dmaxd̃max + ‖amax‖2
≤ δ ≤ l+

ρ
dmax = δmax, and

δ̃min =
d̃min

ρ+ d̃maxdmax + ‖amax‖2
≤ δ̃ ≤ d̃max

ρ
= δ̃max.

2. The quantities γ and γ̃, evaluated at z = −ρ, satisfy,

l−d2
min

ρ2
(
1 + dmaxδ̃max + ρ−1‖amax‖2

)2 ≤ γ ≤ l+

ρ2
, and

d̃
2
min

ρ2
(
1 + d̃maxδmax + ρ−1‖amax‖2

)2 ≤ γ̃ ≤ 1

ρ2
.

3. The quantities γ and γ̃, evaluated at z = −ρ, satisfy,

We are now in position to prove the first part of Theorem 2.1.

Proof 3 (Proof of Theorem 2.1-(1)) We first prove that: lim inf ∆n > 0, where,

∆n =

(
1 − ρ2

n
TrD

1

2TAΨ̃D̃Ψ̃A∗TD
1

2

)2

− ρ2γγ̃

Proof of lim inf ∆n > 0. We have,

ρΨ̃D̃ =
(
In + δD̃

)−1
D̃ =

1

δ
In − 1

δ

(
In + δD̃

)−1
≤ 1

δ
In.

Then,

1 − ρ2

n
Tr TAΨ̃D̃Ψ̃A∗TD ≥ 1 − ρ

δn
Tr TAΨ̃A∗TD.
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Moreover, we have, TAΨ̃A∗ = 1
ρIN + 1

ρTΨ−1, then we obtain,

1 − ρ2

n
Tr TAΨ̃D̃Ψ̃A∗TD ≥ 1 − 1

δn
Tr TD +

1

δn
Tr TΨ−1TD

≥ 1 − 1

δn
Tr TD +

ρ

δn
Tr T 2D +

ρδ̃

δn
Tr TDTD

= 1 − δ

δ
+

ρ

δn
Tr T 2D + ρ

δ̃

δ
γ

= ρ
δ̃

δ
γ +

ρ

δn
Tr T 2D.

On the other hand, one can prove that: 1
nTr TAΨ̃D̃Ψ̃A∗TD = 1

nTr T̃A∗ΨDΨAT̃D̃.
Then, the same kind of arguments can be used to prove that:

1 − ρ2

n
Tr TAΨ̃D̃Ψ̃A∗TD ≥ ρ

δ

δ̃
γ̃ +

ρ

δ̃n
Tr T̃ 2D̃.

We therefore have,

(
1 − ρ2

n
Tr TAΨ̃D̃Ψ̃A∗TD

)2

≥ ρ2γγ̃ + ςn.

where ςn = ρ γ
δnTr T̃ 2D̃ + ρ γ̃

δ̃n
TrT 2D + ρ

δnTr T 2D ρ

δ̃n
Tr T̃ 2D̃. Due to proposition 3.1-(1),

we can see easily that lim infn ςn > 0, which ends the proof of lim infn ∆n > 0.

Proof of lim infn Θ2
n > 0.

From facts 1
nTrS2 1

nTr S̃2 ≤ γγ̃, and E|X11|4 − 2 ≥ −1, the following inequalities are
justified,

Θ2
n = − log ∆n + ρ2 (E|X11|4 − 2)

n
TrS2 1

n
Tr S̃2

≥ − log

((
1 − ρ2

n
Tr D1/2TAΨ̃D̃Ψ̃A∗TD1/2

)2

− ρ2γγ̃

)
− ρ2γγ̃

≥ − log
(
1 − ρ2γγ̃

)
− ρ2γγ̃.

The function x → − log(1 − x) − x is increasing on [0, 1] and takes the value zero at
zero.Therefore, it is sufficient to prove that lim infn ρ

2γγ̃ is bounded away from zero to
conclude; this readily follows from the previous calculations. The lower bound is proved.

Proof of lim supn Θ2
n <∞.

The fact that ∆n is nonnegative and bounded away from zero together with the following
upper bound:

1

n
TrS2 1

n
TrS̃2 ≤ γγ̃ ≤ l+

ρ4
<∞,

can garantee the upper boundness of Θ2
n, and the proof of theorem 2.1-(1) is done.
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3.2 Notations and classical results

Denote by Y the N × n matrix n−1/2D1/2XD̃1/2; by (ηj), (aj) and (yj) the columns of
matrices Σ, A and Y . Denote by Σj , Aj , Yj and D̃j , the matrices Σ, A, Y and D̃ where
column j has been removed. The associated resolvent is Qj(z) = (ΣjΣ

∗
j − zIN )−1. Denote

by Ej the conditional expectation with respect to the σ-field Fj generated by the vectors
(yℓ, 1 ≤ ℓ ≤ j). By convention, E0 = E.

We introduce here intermediate quantities of constant use in the rest of this chapter.

b̃j(z) =
1

−z
(
1 + a∗jQjaj +

d̃j

n TrDQj

) , 1 ≤ j ≤ n , (4.10)

c̃j(z) =
1

−z
(
1 + a∗jEQjaj +

d̃j

n TrDEQ
) , 1 ≤ j ≤ n , (4.11)

ej(z) = η∗jQj(z)ηj −
(
d̃j

n
TrDQj(z) + a∗jQj(z)aj

)

=

(
y∗jQj(z)yj −

d̃j

n
TrDQj(z)

)
+ a∗jQj(z)yj + y∗jQj(z)aj . (4.12)

Using the well-known caracterization of Stieltjes transforms (see for instance [35, Propo-
sition 2.2-(2)]), one can easily prove that b̃j is the Stieltjes transform of a probability
measure. In particular |b̃j(z)| ≤ (dist(z,R+))−1 for z ∈ C − R

+. The same estimate holds
for c̃j . We also introduce the following matrix:

C(z) =

(
−z (IN + α̃D) +A

(
In + αD̃

)−1
A∗
)−1

, (4.13)

where, α = 1
nTrDEQ and α̃ = 1

nTr D̃EQ̃ .
We also remind classical identities of constant use in the sequel. The first one ex-

presses the diagonal elements of the co-resolvent; the second one is a usefull combination
of Woodbury’s identity and rank one perturbation identities.

Diagonal elements of the co-resolvent

q̃jj(z) = − 1

z(1 + η∗jQj(z)ηj)
, (4.14)

Q(z) = Qj(z) + zq̃jj(z)Qj(z)ηjη
∗
jQj(z) . (4.15)

Note that:
q̃jj = b̃j + zq̃jj b̃jej . (4.16)

A usefull consequence of (4.15) is:

η∗jQ(z) =
η∗jQj(z)

1 + η∗jQj(z)ηj
= −zq̃jj(z)η∗jQj(z) . (4.17)
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Diagonal elements of matrix T̃

Define the N ×N matrix Tj as

Tj =
(
−z(IN + δ̃D) +Aj(In−1 + δD̃j)

−1A∗
j

)−1
, (4.18)

where δ and δ̃ are defined in (4.3). Notice the difference between Tj and T ; however, Tj

naturally pops up when expressing the diagonal elements of T̃ . Indeed after simple algebra,
we obtain:

t̃jj(z) = − 1

z
(
1 + a∗jTj(z)aj +

d̃j

n TrDT (z)
) . (4.19)

We have also the following identity:

−zt̃ℓℓa∗ℓTℓb =
a∗ℓTb

1 + δ
, (4.20)

where, b is a given N × 1 vector.

3.3 Important estimates

Lemma 3.2 Let x = (x1, · · · , xn) be a n×1 vector where the xi are centered i.i.d. complex
random variables with unit variance. Denote by y = n−1/2x and let M = (mij) and
P = (pij) be a n×n deterministic complex matrices and D is a N×N diagonal nonnegative
matrix, then:

1. (Bai and Silverstein, Lemma 2.7 in [5]) For any p ≥ 2, there exists a constant Kp

for which

E|y∗My − 1

n
TrM |p ≤ Kp

np/2

((
E|x1|4

TrMM∗

n

)p/2

+ E|x1|2p Tr (MM∗)p/2

np/2

)
.

2. Let u be a deterministic n× 1 vector. Then:

E

[(
D1/2y + u)∗M(D1/2y + u) − E|y1|2 TrDM − u∗Mu

)

(
D1/2y + u)∗P (D1/2y + u) − E|y1|2 TrDP − u∗Pu

)]

= (E|y1|2)2 Tr MDPD + E|y1|2 (u∗MDPu + u∗PDMu)

+ κ
N∑

i=1

d2
iimiipii

where κ = E|y1|4 − 2(E|y1|2)2.

Remark 3.1 Using Lemma 3.2-(1), one can prove that:

E (|ej |p | yk, k 6= j) = O(n−p/2) . (4.21)

which readily implies that E|ej |p = O(n−p/2).
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Let M be a sequence of N ×N deterministic matrices with bounded spectral norm. If
p ≥ 2, then:

E|y∗1My1 −
1

N
TrM |p ≤ K

np/2
. (4.22)

Proposition 3.3 Assume that the setting of Theorem 2.1 holds true. Let un be a determin-
istic complex N × 1 vector uniformily bounded for the euclidian norm: supn≥1 ‖un‖ <∞ .
Then, for every z ∈ C − R

+, the following estimates hold true:

n∑

j=1

E|u∗nQjaj |2 ≤ K1(z) and E




n∑

j=1

Ej |u∗nQjaj |2



2

≤ K2(z) ,

where K1,2(z) <∞ do not depend on n,N .

Lemma 3.4 Control of 1
nTrD (T − EQ) in R

∗
−.

For all ρ ∈ R
∗
+, we have:

| 1
n

TrD(T − EQ)| ≤ K√
n

Lemma 3.5 Assume that the setting of Theorem 2.1 holds true. Let un and vn be deter-
ministic complex N×1 vectors uniformily bounded for the euclidian norm: supn≥1 max (‖un‖, ‖vn‖) <
∞ . Then, for every z ∈ C − R

+,

E|u∗n(Q(z) − T (z))vn|4 ≤ K(z)

n2
,

where K(z) does not depend on n,N .

Remark 3.2 Of course, the counterpart of this lemma for the co-resolvent Q̃ and matrix
T̃ holds true. In particular taking the vectors un and vn equals to the jth canonical vector
and applying Cauchy-Schwarz inequality yield the following estimate:

E|q̃jj − t̃jj |2 = O(n−1). (4.23)

Proposition 3.6 Assume that the setting of Theorem 2.1 holds true. Then the following
estimates hold

E|q̃jj − c̃j |2 = O(n−1) , (4.24)

E|q̃jj − b̃j |2 = O(n−1) , (4.25)

Lemma 3.7 The resolvents Q and the perturbed resolvent Qj satisfy:

|Tr A (Q−Qj) | ≤
‖A‖
|ℑ(z)|

for any N ×N bounded spectral norm matrix A.
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4 Decomposition of In−EIn, Cumulant term in the variance

The main tool we shall rely on to establish the Central Limit theorem is the following
Central limit theorem for martingales which can essentially be found in [9]:

Theorem 4.1 (CLT for martingales, Th. 35.12 in [9]) Let γ
(n)
1 , γ

(n)
2 , . . . , γ

(n)
n be a mar-

tingale difference sequence with respect to the increasing filtration F (n)
1 , . . . ,F (n)

n . Assume
that there exists a sequence of real positive numbers Υ2

n such that

1

Υ2
n

n∑

j=1

Ej−1γ
(n)
j

2 P−−−→
n→∞

1 . (4.26)

Assume further that the Lyapounov condition ( [9, Section 27]) holds true:

∃δ > 0,
1

Υ
2(1+δ)
n

n∑

j=1

E|γ(n)
j |2+δ −−−→

n→∞
0 .

Then Υ−1
n

∑n
j=1 γ

(n)
j converges in distribution to N (0, 1).

Remark 4.1 Note that if moreover lim infn Υ2
n > 0, it is sufficient to prove:

n∑

j=1

Ej−1γ
(n)
j

2
− Υ2

n
P−−−→

n→∞
0 , (4.27)

instead of (4.26).

4.1 Decomposition of In − EIn as a sum of increments of martingale

Denote by

Γj =
η∗jQjηj −

(
d̃j

n TrDQj + a∗jQjaj

)

1 +
d̃j

n TrDQj + a∗jQjaj

.

With this notation at hand, the decomposition of In − EIn as

In − EIn = −
n∑

j=1

(Ej − Ej−1) log(1 + Γj) (4.28)

follows verbatim from [37, Section 6.2]. Moreover, it is a matter of bookeeping to establish
the following (cf. [37, Section 6.4]):

n∑

j=1

Ej−1 [(Ej − Ej−1) log(1 + Γj)]
2 −

n∑

j=1

Ej−1(EjΓj)
2 P−−−−−→

N,n→∞
0 . (4.29)

Hence, the details are omitted. In view of Theorems 2.1-(1), 4.1 and equations (4.27),
(4.28) and (4.29), the CLT will be established if one proves that the Lyapounov condition
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and the following convergence hold true:

∃δ > 0,
1

Θ
2(1+δ)
n

n∑

j=1

E|EjΓj |2+δ −−−→
n→∞

0 , (4.30)

and
n∑

j=1

Ej−1(EjΓj)
2 − Θ2

n
P−−−−−→

N,n→∞
0 , (4.31)

where Θ2
n is defined in Theorem 2.1.

4.2 Further decomposition of In − EIn

Notice that Ej−1(EjΓj)
2 = Ej−1(Ejzb̃jej)

2. We prove hereafter that
n∑

j=1

Ej−1(Ejzb̃jej)
2 −

n∑

j=1

z2t̃2jjEj−1(Ejej)
2 P−−−−−→

N,n→∞
0 . (4.32)

Using the triangular inequality together with estimates (4.23) and (4.25) yields that E|b̃j −
t̃jj |2 = O(n−1). Now this estimate, together with (4.21), readily implies that:

E|Ej−1(Ejzb̃jej)
2 − z2t̃2jjEj−1(Ejej)

2| = O(n−3/2) ,

hence (4.32). Using the identity in Lemma 3.2-(2), we develop the quantity Ej−1(Ejej)
2:

n∑

j=1

z2t̃2jjEj−1(Ejej)
2 =

κ

n

n∑

j=1

z2t̃2jjEj−1

(
1

n

N∑

ℓℓ

(Ejq
(j)
ℓℓ )2

)
+

1

n

n∑

j=1

z2t̃2jj

(
1

n
Tr (EjQj)

2 + 2Eja
∗
j (EjQj)

2aj

)

△
=

n∑

j=1

χ1j +
n∑

j=1

χ2j (4.33)

4.3 Computation of the cumulant term of the variance:

Write,

1

n

N∑

ℓ=1

(Ej−1[Qj ]ℓℓ)
2 − 1

n

N∑

ℓ=1

(Ej−1[Qj ]ℓℓ)tℓℓ =

1

n

N∑

ℓ=1

(Ej−1[Qj ]ℓℓ)(Ej−1[Qj ]ℓℓ − Ej−1qℓℓ) +
1

n

N∑

ℓ=1

(Ej−1[Qj ]ℓℓ)(Ej−1qℓℓ − tℓℓ)

The first term is a deterministic O(n−1) by the rank one perturbation inequality. The
convergence to zero in probability of the second term can easily be handled by Lemma 3.5.
Hence,

n∑

j=1

χ1j −
κz2

n

n∑

j=1

t̃2jj

(
1

n

N∑

ℓ=1

(Ej−1[Qj ]ℓℓ)tℓℓ

)
P−−−−−→

N,n→∞
0 .

Iterating the same arguments, we can replace the remaining term Ej−1[Qj ]ℓℓ by tℓℓ and
finally obtain:

n∑

j=1

χ1j −
κz2

n2

n∑

j=1

N∑

ℓ=1

t̃2jjt
2
ℓℓ

P−−−−−→
N,n→∞

0 .
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5 Identification of the variance as Θ2
n

In this part, we handle the term
∑n

j χ2j . For this end, we shall use the result of the
following lemma which says that we can replace

∑n
j χ2j by its expectation. In the sequel,

we take z = −ρ.

Lemma 5.1 For any N × 1 vector a with bounded euclidean norm, we have,

max
j
var(a∗(EjQ)2a) ≤ K√

n
.

Moreover,

max
j
var

(
1

n
Tr (EjQ)2

)
≤ K

n
.

5.1 Study of the gaussian part of the variance

The aim of this part is to prove the following convergence:
n∑

j=1

χ2j + log (∆n)
P−−−→

n→∞
0 (4.34)

where, ∆n =
(
1 − ρ2

n Tr D
1

2TAΨ̃D̃Ψ̃A∗TD
1

2

)2
− ρ2γγ̃. The proof of this convergence will

be carried out in three steps:

1. Thanks to the rank one perturbation result, we can deal with φj = 1
nTrDEjQDQ

instead of 1
nTrDEjQjDQj . Let θkj = a∗k(EjQk)Qkak. We prove that:

E(φj) = γ + αjE(φj) +
γ

n

n∑

k=1

ρ2t̃2kkd̃kE(θkj) + εj , (4.35)

where, αj = 1
n

∑j
ℓ=1 ρ

2ψ̃2
ℓ d̃ℓa

∗
ℓTDTaℓ + γ

n

∑j
ℓ=1 ρ

2t̃2ℓℓd̃
2
ℓ and εj

P−−−→
n→∞

0

2. We introduce the intermediate quantities: ζkj = a∗k(EjQ)DQak. We then prove the
following equations:

E(ζkj) = a∗kTDTak + βkjE(φj) +
a∗kTDTak

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓE(θℓj) + εkj , (4.36)

ρ2t̃2kkd̃kE(θkj) =
d̃k(

1 + d̃kδ
)2 E(ζkj) −

d̃k(
1 + d̃kδ

)2

(
d̃ka

∗
kTak

1 + d̃kδ

)2

E(ψj) + εkj , (4.37)

where,

βkj =

j∑

l=1

ρ3ψ̃l t̃
2
ℓℓd̃

2
l a

∗
kTlala

∗
l EQlak + a∗kTDTak

ρ2

n

j∑

l=1

d̃2
l t̃

2
ℓℓ +

j∑

l=1

ρ2t̃2ℓℓd̃
2
l a

∗
l Tlaka

∗
kTal

and εkj converges in probability to zero.

3. We finally prove (4.34).
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Proof of (4.35 )

Recall that,

Q = (ΣΣ∗ + ρIN )−1 and T =
(
Ψ−1 + ρAΨ̃A∗

)−1
.

The resolvent identity expressed by: Q = T + T
(
T−1 −Q−1

)
Q gives,

Q = T +
ρ

n
(Tr D̃T̃ )TDQ+ ρTAΨ̃A∗Q− TΣΣ∗Q.

Plugging this in the expression of φj we obtain,

φj =
1

n
Tr DTDQ+ (

ρ

n
Tr D̃T̃ )

1

n
Tr DTD(EjQ)DQ

+
ρ

n
Tr DTAΨ̃A∗(EjQ)DQ− 1

n
Tr DTEj(ΣΣ∗Q)DQ

= χ1 + χ2 + χ3 + χ4.

Treatment of the term χ1.
We have : χ1 = 1

nTr (DT)2 + εn, where E|εn| = E| 1nTr DTD (Q− T) | ≤ K√
n

by lemma

(3.4).
Treatment of the term χ3. Using identity (4.15), χ3 verifies:

χ3 =
ρ

n
Tr DTAΨ̃A∗(EjQ)DQ

=
ρ

n
Tr DTAΨ̃A∗(EjQℓ)DQ− ρ2

n
Tr DTAΨ̃A∗

Ej(q̃ℓℓQℓηℓη
∗
ℓQℓ)DQ

=
ρ

n

n∑

ℓ=1

ψ̃ℓa
∗
ℓ(EjQℓ)DQDTaℓ −

ρ2

n

n∑

ℓ=1

t̃ℓℓψ̃ℓa
∗
ℓEj(Qℓηℓη

∗
ℓQℓ)DQDTaℓ + ε3,1

= X1 +X2 + ε3,1,

where ε3,1 = ρ2

n

∑n
ℓ=1 t̃ℓℓψ̃ℓa

∗
ℓEj((q̃ℓℓ − t̃ℓℓ)Qℓηℓη

∗
ℓQℓ)DQDTaℓ.

Let us dealing with term X2. We have:

X2 = −ρ
2

n

n∑

l=1

t̃ℓℓψ̃la
∗
l Ej(Qlalη

∗
l Ql)DQDTal + ε3,2

= −ρ
2

n

n∑

l=1

t̃ℓℓψ̃la
∗
l TlalEj(η

∗
l Ql)DQDTal + ε3,3

= −ρ
2

n

n∑

l=1

t̃ℓℓψ̃la
∗
l Tlala

∗
l Ej(Ql)DQDTal −

ρ2

n

j∑

ℓ=1

t̃ℓℓψ̃ℓa
∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓDTaℓ

+
ρ3

n

j∑

ℓ=1

t̃2ℓℓψ̃ℓa
∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓηℓη

∗
ℓQℓDTaℓ + ε3,3

= −ρ
2

n

n∑

ℓ=1

t̃ℓℓψ̃ℓa
∗
ℓTℓaℓa

∗
ℓEj(Qℓ)DQDTaℓ +

ρ3

n

j∑

ℓ=1

t̃2ℓℓψ̃ℓa
∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓyℓa

∗
ℓQℓDTaℓ + ε3,4

= −ρ
2

n

n∑

ℓ=1

t̃ℓℓψ̃ℓa
∗
ℓTℓaℓa

∗
ℓEj(Qℓ)DQDTaℓ + φj

ρ3

n

j∑

ℓ=1

d̃ℓt̃
2
ℓℓψ̃ℓa

∗
ℓTℓaℓa

∗
ℓTℓDTaℓ + ε3,5.
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Management of epsilons:

1. We have:

|ε3,2| = |ρ
2

n

n∑

ℓ=1

t̃ℓℓψ̃ℓa
∗
ℓEj(Qℓyℓη

∗
ℓQℓ)DQDTaℓ|

≤ KE|Ej(a
∗
ℓQℓyℓη

∗
ℓQℓ)DQDTaℓ| ≤ KE

1/2|a∗ℓQℓyℓ|2E1/2‖η∗ℓQℓ‖2 ≤ K√
n

the last inequality follows from lemma (3.2-1).

2. Thanks to lemma (3.5), we have, E|ε3,3| ≤ K√
n
.

3. We have:

|Eε3,4| = |E
(
ρ3

n

j∑

ℓ=1

t̃2ℓℓψ̃ℓa
∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓηℓη

∗
ℓQℓDTaℓ + ε3,3

)
|

≤ KE|y∗ℓ Ej(Qℓ)DQℓaℓy
∗
ℓQℓDTaℓ| + E|ε3,3| ≤

K√
n

4. Finally, we have, ε3,5 = ρ3

n

∑j
ℓ=1 t̃

2
ℓℓψ̃ℓa

∗
ℓTℓaℓ (y∗ℓ Ej(Qℓ)DQℓyℓ − φj) a

∗
ℓQℓDTaℓ + ε3,4,

and identity (4.20) together with lemma (3.2-1) guarantee that E|ε3,5| ≤ K√
n
.

Then χ3 becomes:

χ3 =
ρ

n

n∑

ℓ=1

ψ̃ℓa
∗
ℓ(EjQℓ)DQDTaℓ −

ρ2

n

n∑

ℓ=1

t̃ℓℓψ̃ℓa
∗
ℓTℓaℓa

∗
ℓEj(Qℓ)DQDTaℓ

+φj
ρ3

n

j∑

ℓ=1

d̃ℓψ̃
3
ℓa

∗
ℓTaℓa

∗
ℓTDTaℓ + εn

=
ρ

n

n∑

ℓ=1

ψ̃ℓ

(
1 − ρt̃ℓℓa

∗
ℓTℓaℓ

)
a∗ℓ(EjQℓ)DQDTaℓ + φj

ρ3

n

j∑

ℓ=1

d̃ℓψ̃
3
ℓa

∗
ℓTaℓa

∗
ℓTDTaℓ + ε3j ,

where maxj E|ε3j | ≤ K√
n
. Using identity (4.20), one can easily prove that: ρψ̃ℓ

(
1 − ρt̃ℓℓa

∗
ℓTℓaℓ

)
=

ρt̃ℓℓ. We therefore obtain,

χ3 =
1

n

n∑

ℓ=1

ρt̃ℓℓa
∗
ℓ (EjQℓ)DQDTaℓ + φj

ρ3

n

j∑

ℓ=1

d̃ℓψ̃
3
ℓa

∗
ℓTaℓa

∗
ℓTDTaℓ + ε3j .

Treatment of term χ4.
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Using identity η∗l Q = ρq̃ℓℓη
∗
l Ql, we have,

χ4 = − 1

n
Tr DTEj(ΣΣ∗Q)DQ

= − 1

n
Tr DT

n∑

ℓ=1

Ej(ηℓη
∗
ℓQ)DQ

= − 1

n
Tr DT

n∑

ℓ=1

ρt̃ℓℓEj(yℓy
∗
ℓQℓ)DQ− 1

n
Tr DT

n∑

ℓ=1

ρt̃ℓℓEj(yℓa
∗
ℓQℓ)DQ

− 1

n
Tr DT

n∑

ℓ=1

ρt̃ℓℓEj(aℓy
∗
ℓQℓ)DQ− 1

n
Tr DT

n∑

ℓ=1

ρt̃ℓℓEj(aℓa
∗
ℓQℓ)DQ+ εj

= X1 +X2 +X3 +X4 + εj ,

where maxj E|εj | ≤ K√
n
.

We begin by dealing with the first term X1. We have,

X1 = − 1

n
Tr DT

n∑

ℓ=1

ρt̃ℓℓEj(yℓy
∗
ℓQℓ)DQ

= − 1

n
Tr DT

j∑

ℓ=1

ρt̃ℓℓyℓy
∗
ℓ Ej(Qℓ)DQ− 1

n

n∑

ℓ=j+1

ρt̃ℓℓd̃ℓ
1

n
Tr DTD(EjQℓ)DQ

= U1 −
1

n
Tr DTD(EjQ)DQ

1

n

n∑

ℓ=j+1

ρt̃ℓℓd̃ℓ + ε4,2,

where, E|ε4,2| ≤ K√
n

from the rank one perturbation result.
Furthermore,

U1 = − 1

n
Tr DT

j∑

ℓ=1

ρt̃ℓℓyℓy
∗
ℓ (EjQℓ)DQℓ +

1

n
Tr DT

j∑

ℓ=1

ρ2t̃2ℓℓyℓy
∗
ℓ (EjQℓ)DQℓηℓη

∗
ℓQℓ + ε4,3

= − 1

n
Tr DTD(EjQ)DQ

1

n

j∑

ℓ=1

ρt̃ℓℓd̃ℓ +
1

n
Tr DT

j∑

ℓ=1

ρ2t̃2ℓℓyℓy
∗
ℓ (EjQℓ)DQℓηℓη

∗
ℓQℓ + ε4,4

= − 1

n
Tr DTD(EjQ)DQ

1

n

j∑

ℓ=1

ρt̃ℓℓd̃ℓ + φj
1

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ

1

n
Tr DQℓDT + ε4,5

= − 1

n
Tr DTD(EjQ)DQ

1

n

j∑

ℓ=1

ρt̃ℓℓd̃ℓ + φj
γ

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ + ε4,6,

where,

1. E|ε4,3|2 ≤ K√
n

thanks to identity (4.23),

2. Lemma (3.2-1) and the rank one perturbation result justify that: E|ε4,4|3 ≤ K
n ,
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3. The following majorations:

E| 1
n

Tr DT

j∑

l=1

ρ2t̃2ℓℓyℓy
∗
ℓ (EjQℓ)DQℓηℓa

∗
ℓQℓ| ≤

K

n1/2

E| 1
n

Tr DT

j∑

l=1

ρ2t̃2ℓℓyℓy
∗
ℓ (EjQℓ)DQℓaℓη

∗
ℓQℓ| ≤

K

n1/2
,

yield from lemma (3.2-1), and imply E|ε4,5| ≤ K
n1/2 .

4. E|ε4,6| ≤ K
n which yields from the rank one perturbation result.

Consequently,

X1 = −ρδ̃
n

Tr DTD(EjQ)DQ+ φj
γ

n

j∑

l=1

ρ2t̃2ℓℓd̃
2
ℓℓ + εj .

Treatment of X2. We have,

X2 = − 1

n
Tr DT

n∑

l=1

ρt̃ℓℓEj(yℓa
∗
ℓQℓ)DQ

= − 1

n
Tr DT

j∑

l=1

ρt̃ℓℓyℓa
∗
ℓEj(Qℓ)DQℓ +

1

n
Tr DT

j∑

l=1

ρ2t̃2ℓℓyℓa
∗
ℓEj(Qℓ)DQℓηℓη

∗
ℓQℓ + ε4,21

=
γ

n

1

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓθℓj + ε4,22,

where, E|ε4,22| ≤ K
n1/2 from,

• E| 1nTr DT
∑j

ℓ=1 ρ
2t̃2ℓℓyℓa

∗
ℓEj(Qℓ)DQℓyℓη

∗
ℓQℓ| ≤ K

n1/2 ,

• E| 1nTr DT
∑j

ℓ=1 ρ
2t̃2ℓℓyℓa

∗
ℓEj(Qℓ)DQℓaℓa

∗
ℓQℓ| ≤ K

n1/2 ,

Treatment of X3. We can apply the same arguments as previously to justify the
following computations:

X3 = − 1

n
Tr DT

j∑

ℓ=1

ρt̃ℓℓaℓy
∗
ℓ Ej(Qℓ)DQℓ +

1

n
Tr DT

j∑

ℓ=1

ρ2t̃2ℓℓaℓy
∗
ℓ EjQℓDQℓηℓη

∗
ℓQℓ + ε4,31,

where E|ε4,31| ≤ K
n1/2 . Then,

X3 = φj
1

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓa
∗
ℓQℓDTaℓ + ε4,32

= φj
1

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓa
∗
ℓTℓDTaℓ + ε4,33,
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where E|ε4,32| ≤ K√
n

and E|ε4,33| ≤ K√
n
.

On the other hand, since t̃ℓℓa∗ℓTℓDTaℓ = ψ̃ℓa
∗
ℓTDTaℓ, then, we have:

X3 = φj
1

n

j∑

ℓ=1

ρ2t̃ℓℓd̃ℓψ̃ℓa
∗
ℓTDTaℓ + ε4,33.

Consequently, χ4 verifies:

χ4 = −ρδ̃
n

Tr DTD(EjQ)DQ+ φj
1

n

(
γ

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ +

j∑

ℓ=1

ρ2t̃ℓℓd̃ℓψ̃ℓa
∗
ℓTDTaℓ

)

+
γ

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓθℓj −
1

n

n∑

l=1

ρt̃ℓℓa
∗
ℓ(EjQℓ)DQDTaℓ + ε4,

where E|ε4| ≤ K√
n
.

Result for φj. We have the following identity:

Eφj = γ +
γ

n

j∑

l=1

ρ2t̃2ℓℓd̃ℓEθℓj

+Eφj

(
1

n

j∑

l=1

ρ2ψ̃2
ℓ d̃ℓa

∗
ℓTDTaℓ +

γ

n

j∑

l=1

ρ2d̃2
ℓ t̃

2
ℓℓ

)
+ εj ,

(4.38)

where, |εj | ≤ K√
n
.

Proof of 4.36.

Let ζkj be defined for all 1 ≤ k, j ≤ n by: ζkj = a∗k(EjQ)DQak.
The identity of the resolvent gives,

Q = T +
ρ

n
(Tr D̃T̃ )TDQ+ ρTAΨ̃A∗Q− TΣΣ∗Q,

we then have,

ζkj = a∗kTDQak +
ρδ̃

n
a∗kTD(EjQ)DQak + ρa∗kTAΨ̃A∗(EjQ)DQak − a∗kTEj(ΣΣ∗Q)DQak

= χ1 + χ2 + χ3 + χ4.

Treatment of χ1. Thanks to the asymptotic behavior of the individual elements of the
resolvent Q (lemma 3.5), χ1 can be written as,

χ1 = a∗kTDQak = a∗kTDTak + εjk,1,
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where E|εjk,1|2 = E|a∗kTD(Q− T )ak|2 ≤ K
n .

Treatment of χ3. We have,

χ3 = ρa∗kTAΨ̃A∗(EjQ)DQak

=
n∑

ℓ=1

ρψ̃ℓa
∗
kTaℓa

∗
ℓ (EjQ)DQak

=
n∑

ℓ=1

ρψ̃ℓa
∗
kTaℓa

∗
ℓ (EjQℓ)DQak −

n∑

ℓ=1

ρ2ψ̃ℓa
∗
kTaℓa

∗
ℓ (Ej q̃ℓℓQℓηℓη

∗
ℓQℓ)DQak

= X1 +X2. (4.39)

Let us begin with X2. We start by substituting q̃ℓℓ by t̃ℓℓ. We have,

X2 = −
n∑

ℓ=1

ρ2t̃ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓ(EjQℓηℓη

∗
ℓQℓ)DQak + εjk,21.

Writing Qℓ(z) = (ΣΣ∗ − zIN − ηℓη
∗
ℓ )

−1 and using the inversion formula for small-rank
perturbation of a matrix [39, Section 0.7.4], we end up with:

Qℓ = Q+
Qηℓη

∗
ℓQ

1 − η∗ℓQηℓ
= Q+ (1 + η∗ℓQℓηℓ)Qηℓη

∗
ℓQ . (4.40)

Hence,

εjk,21 = −
n∑

ℓ=1

ρ2ψ̃ℓa
∗
kTaℓa

∗
ℓEj

(
(q̃ℓℓ − t̃ℓℓ)Qℓηℓη

∗
ℓQ
)
DQak

−
n∑

ℓ=1

ρ2ψ̃ℓa
∗
kTaℓa

∗
ℓ(Ej(q̃ℓℓ − t̃ℓℓ) (1 + η∗ℓQlηℓ)Qℓηℓη

∗
ℓQηℓη

∗
ℓQ)DQak

= ε1jk,21 + ε2jk,21,

and we have:

E|ε1jk,21| = E|
n∑

ℓ=1

ρ2ψ̃ℓa
∗
kTaℓa

∗
ℓ(Ej q̃ℓℓQℓηℓη

∗
ℓQ)DQak|

= E|ρ2
Ej

(
a∗kTAdiag

(
(q̃ℓℓ − t̃ℓℓ)ψ̃ℓa

∗
ℓQℓηℓ

)
Σ∗Q

)
DQak|

≤ E|max
ℓ

(
(q̃ℓℓ − t̃ℓℓ)ψ̃ℓa

∗
ℓQℓηℓ

)
‖a∗kTAΣ∗Q‖‖DQak‖|

≤ KE max
ℓ

(
(q̃ℓℓ − t̃ℓℓ)ψ̃ℓa

∗
ℓQℓηℓ

)
‖Σ∗Q‖

Consider a singular value decomposition of the matrix Σ with singular values σi. We then
have: ‖Σ∗Q‖ = maxi=1:N ‖ σi

σ2
i +ρ

‖ ≤ K. On the other hand, we have,

E max
ℓ

|q̃ℓℓ − t̃ℓℓ| = nE max
ℓ

1

n
|q̃ℓℓ − t̃ℓℓ| = n

∫

R+

P

(
max

ℓ

1

n
|q̃ℓℓ − t̃ℓℓ| ≥ x

)
dx

≤ n2

∫

R+

max
ℓ

P

(
1

n
|q̃ℓℓ − t̃ℓℓ| ≥ x

)
dx = n2

∫

R+

max
ℓ

P
(
|q̃ℓℓ − t̃ℓℓ| ≥ nx

)
dx

≤ n2

∫

R+

E|q̃ℓℓ − t̃ℓℓ|2
(nx)2

dx ≤ K

n1/2
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where the last inequality follows from lemma (3.5). We therefore have: E|ε1jk,21| ≤ K
n1/2 .

Similarely, we prove that E|ε2jk,21| ≤ K
n1/2 .

By the same kind of argument, it follows that:

X2 = −
n∑

ℓ=1

ρ2t̃ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓa

∗
ℓEj(Qℓ)DQak −

j∑

ℓ=1

ρ2t̃ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQak + εjk

= X21 +X22 + εjk

where: E|εjk| ≤ K
n1/2 .

Woodbury’s lemma (identity (4.15)) applied to the resolvent matrix on X22 with stan-
dard computations yield,

X22 = −
j∑

ℓ=1

ρ2t̃ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓak +

j∑

ℓ=1

ρ3t̃2ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓηℓη

∗
ℓQℓak + εjk

= −
j∑

ℓ=1

ρ2t̃ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓak +

j∑

ℓ=1

ρ3t̃2ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓy

∗
ℓ Ej(Qℓ)DQℓyℓa

∗
ℓQℓak + εjk

where εjk converges to zero in probability, and we have,

EX22 = Eφj

j∑

ℓ=1

ρ3t̃2ℓℓd̃ℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓa

∗
ℓEQℓak + Eεjk + Eε̃jk,

where,

ε̃jk =

j∑

ℓ=1

ρ3t̃2ℓℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓ

(
y∗ℓ Ej(Qℓ)DQℓyℓ − d̃ℓφj

)
a∗ℓQℓak

+

j∑

ℓ=1

ρ3t̃2ℓℓd̃ℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓ (φj − Eφj) a

∗
ℓQℓak + Eφj

j∑

ℓ=1

ρ3t̃2ℓℓd̃ℓψ̃ℓa
∗
kTaℓa

∗
ℓTℓaℓa

∗
ℓ (Qℓ − EQℓ) ak

= ε̃1jk + ε̃2jk + ε̃3jk

where,

E|ε̃1jk| ≤ K

j∑

ℓ=1

|a∗kTaℓ|E1/2|a∗ℓQℓak|2E1/2|y∗ℓ Ej(Qℓ)DQℓyℓ −
d̃ℓ

n
TrDQℓDQℓ|2

+K

j∑

ℓ=1

|a∗kTaℓ|E1/2|a∗ℓQℓak|2E1/2| d̃ℓ

n
TrDQℓDQℓ − d̃ℓφj |2

≤ K

n1/2

(
j∑

ℓ=1

|a∗kTaℓa
∗
ℓ |2
)1/2

(
E|a∗ℓQℓak|2

)1/2 ≤ K

n1/2
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For ε2jk, we have,

E|ε̃2jk| ≤ K

j∑

ℓ=1

|a∗kTaℓ|E1/2|φj − Eφj |2E1/2|a∗ℓQℓak|2

(a)

≤ K√
n

(
j∑

ℓ=1

|a∗kTaℓ|2
)1/2( j∑

ℓ=1

|a∗ℓQℓak|2
)1/2

≤ K√
n
,

where (a) follows from lemma (5.1). The last term ε3jk has a null expectation.

Finally, after remarking that ρt̃llψ̃la
∗
l Tlal = ψ̃l − t̃ll, plugging the expression of EX2

into (4.39) gives,

Eχ3 =
n∑

ℓ=1

ρt̃ℓℓa
∗
kTaℓa

∗
ℓE((EjQℓ)DQ)ak + E(ψj)

j∑

ℓ=1

ρ3ψ̃ℓt̃
2
ℓℓd̃ℓa

∗
ℓTℓaℓa

∗
ℓ(EQℓ)ak + εjk,

where, εjk converges to zero in probability.

Treatment of χ4. We have,

χ4 = −a∗kTEj(ΣΣ∗Q)DQak
(a)
= −

n∑

ℓ=1

ρa∗kTEj(q̃ℓℓηℓη
∗
ℓQℓ)DQak

(b)
= −

n∑

ℓ=1

ρt̃ℓℓa
∗
kTaℓa

∗
ℓEj(Qℓ)DQak −

n∑

ℓ=1

ρt̃ℓℓa
∗
kTEj(yℓy

∗
ℓQℓ)DQak

−
n∑

ℓ=1

ρt̃ℓℓa
∗
kTaℓEj(y

∗
ℓQℓ)DQak −

n∑

ℓ=1

ρt̃ℓℓa
∗
kTEj(yℓa

∗
ℓQℓ)DQak + εjk

= X1 +X2 +X3 +X4 + εjk.

where (a) follows from identity (4.17) and (b) from lemma (5.1), and εjk converges to zero.

Using Woodbury’s lemma and the rank one perturbation result (lemma (3.7)), X2

satisfies:

X2 = −
n∑

ℓ=1

ρt̃ℓℓa
∗
kTEj(yℓy

∗
ℓQℓ)DQℓak +

n∑

ℓ=1

ρ2t̃ℓℓq̃ℓℓa
∗
kTEj(yℓy

∗
ℓQℓ)DQℓηℓℓη

∗
ℓℓQℓak

= −ρδ̃
n
a∗kTD(EjQ)DQak + X̃2,
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with,

X̃2 =
n∑

ℓ=1

ρ2t̃ℓℓq̃ℓℓa
∗
kTEj(yℓy

∗
ℓQℓ)DQℓηℓℓη

∗
ℓℓQℓak

=
n∑

ℓ=1

ρ2t̃2ℓℓa
∗
kTEj(yℓy

∗
ℓQℓ)DQℓyℓy

∗
ℓQℓak + ε1jk

=

j∑

ℓ=1

ρ2t̃2ℓℓa
∗
kTyℓy

∗
ℓ Ej(Qℓ)DQℓyℓy

∗
ℓQℓak +

1

n

n∑

ℓ=j+1

ρ2t̃2ℓℓd̃ℓa
∗
kTDEj(Qℓ)DQℓyℓy

∗
ℓQℓak + ε1jk

= φj
ρ2

n

j∑

ℓ=1

t̃2ℓℓd̃
2
ℓa

∗
kTDQℓak + ε2jk

= φj a
∗
kTDTak

ρ2

n

j∑

ℓ=1

t̃2ℓℓd̃
2
ℓ + ε3jk,

εijk, for i = 1, 2, 3, can be treated using standard previous tools and we can prove that
they converge to zero in probability.

Similarely, we have,

X3 =

j∑

ℓ=1

ρ2t̃2ℓℓa
∗
kTaℓy

∗
ℓ Ej(Qℓ)DQℓyℓa

∗
ℓQℓak + ε1jk

= φj

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓa
∗
kTaℓa

∗
ℓQℓak + ε2jk,

and,

X4 =

j∑

ℓ=1

ρ2t̃2ℓℓa
∗
kTyℓa

∗
ℓEj(Qℓ)DQℓaℓy

∗
ℓQℓak + ε1jk

=
1

n

j∑

l=1

ρ2t̃2ℓℓd̃ℓa
∗
kTDQℓakθℓℓ + ε2jk

=
a∗kTDTak

n

j∑

l=1

ρ2t̃2ℓℓd̃ℓθℓℓ + ε3jk

where εijk converge to zero in probability for i = 1, 2 and 3.
We therefore obtain,

E(χ4) = −
n∑

ℓ=1

ρt̃ℓℓaℓa
∗
ℓE (Ej(Qℓ)DQ) ak − ρδ̃

n
a∗kTDE (Ej(Q)DQ) ak

+ E(φj)a
∗
kTDTak

ρ2

n

j∑

ℓ=1

t̃2ℓℓd̃
2
ℓℓ + E(φj)

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓa
∗
kTaℓa

∗
ℓE(Qℓ)ak

+
a∗kTDTak

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓE(θℓj) + εjk

86



A CLT for Information-Theoretic Statistics of non-Centred Gram Random Matrices

Consequently, E(ζkj) verifies:

E(ζkj) = a∗kTDTak +
a∗kTDTak

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓE(θℓj)

+E(φj)

(
j∑

ℓ=1

ρ3ψ̃ℓt̃
2
ℓℓd̃ℓa

∗
kTℓaℓa

∗
ℓ(EQℓ)ak +

ρ2a∗kTDTak

n

j∑

ℓ=1

t̃2ℓℓd̃
2
ℓ+

j∑

ℓ=1

ρ2t̃2ℓℓd̃ℓa
∗
kTaℓa

∗
ℓEQℓak

)
+ εkj .

(4.41)

where εjk converges to zero in probability.

Proof of (4.37)

Using Woodbury’s identity, we obtain,

ζkj = a∗k(EjQ)Qak

= a∗k(EjQk)Qkak − ρa∗k(Ej q̃kkQkη
∗
kηkQk)Qkak

−ρq̃kka
∗
k(EjQk)Qkη

∗
kηkQkak + ρ2q̃kka

∗
k(Ej q̃kkQkη

∗
kηkQk)Qkη

∗
kηkQkak

= θkj − ρt̃kka
∗
kTkakθkj − ρt̃kka

∗
kTkakθkj + ρ2t̃2kkd̃k (a∗kTkak)

2 φj + ρ2t̃2kk(a
∗
kTkak)

2θkj + ǫkj ,

where ǫkj converges to zero in probability which can be proved by using standard argu-
ments. We therefore have,

Eζkj =
(
1 − ρt̃kka

∗
kTkak

)2
Eθkj + ρ2t̃2kkd̃k(a

∗
kTkak)

2
Eφj + ǫkj ,

or again,

E(ζkj) = ρ2t̃2kk(1 + d̃kδ)
2
E(θkj) +

(
d̃

1/2
k a∗kTak

1 + d̃kδ

)2

E(φj) + ǫkj ,

(4.42)

because ρt̃kka
∗
kTkak = ρψ̃ka

∗
kTak.

Proof of (4.34)

System with unknown parametrs φj and θjk:
Introduce the following notation: ϕkj = ρ2d̃k t̃

2
kkθkj , then from equations (4.35), (4.36)

and (4.37), φj and ϕkjsatisfy the following system for all 1 ≤ j, k ≤ n:
{

E(φj) = γ + αjE(φj) + γ
n

∑n
ℓ=1 E(ϕℓj) + ǫj

E(ϕkj)=µk + βkjE(φj) + µk
1
n

∑j
ℓ=1 E(ϕℓj) + ǫkj ,
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where,

γ =
1

n
Tr (DT )2,

αj =
1

n

j∑

ℓ=1

ρ2ψ̃2
ℓ d̃ℓa

∗
ℓTDTaℓ +

γ

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
l ,

µk = ρ2ψ̃2
kd̃ka

∗
kTDTak,

βkj = ρ2ψ̃2
kd̃k

(
a∗kTDTak

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ +

j∑

ℓ=1

ρ2ψ̃ℓt̃ℓℓd̃ℓa
∗
kTaℓa

∗
ℓEQℓak − ρ2ψ̃2

kd̃k(a
∗
kTak)

2

)
.

Let,

Υj = E [φj , ϕjj , ϕj−1,j , . . . , ϕ1j ]
T ∀1 ≤ j ≤ n.

Then, we have,

Υj = ΓjΥj +Bj

with, Γj =




αj
γ
n . . . γ

n
βjj

µj

n . . .
µj

n
βj−1j

µj−1

n . . .
µj−1

n
. . . . . .
β1j

µ1

n . . . µ1

n




and Bj =




γ
µj

µj−1

.
µ1




.

We can easily solve this system because matrix Γj is rank two: Γj = UV T , where:

U =
(
u1 u2

)
=




αj
γ
n

βjj
µj

n
βj−1j

µj−1

n
. .
β1j

µ1

n




and V =
(
v1 v2

)
=




1 0
0 1
0 1
.
0 1




.

From Woodbury’s identity we have: (Ij+1 − Γj)
−1 = Ij+1 + U

(
I2 − V TU

)−1
V T .

Let us develop:

I2 − V TU =

(
1 − αj − γ

n

−∑j
k=1 βkj 1 − 1

n

∑j
k=1 µk

)

The determinant of this matrix is:

∆j = (1 − αj)

(
1 − 1

n

j∑

k=1

µk

)
− γ

n

j∑

k=1

βkj .

By developing, we obtain,

E

(
φj

ϕ̃jj

)
=

(
γ
µj

)
+ 1

∆j

(
γαj + γ2

n

∑n
k=1 βkj +

γ(1−αj)
n

∑n
k=1 µk

γβjj + µj

(
γ
n

∑n
k=1 βkj +

1−αj

n

∑j
k=1 µk

)
)

+ ǫj ,

where εj is an 2-dimensional random vector whose entries converge to zero in probability.
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We therefore have,

n∑

j=1

χ2j =
1

n

n∑

j=1

(
ρ2t̃2jj d̃

2
jE(φj) + 2Eϕ̃jj

)
+ εn

=
γ

n

n∑

j=1

ρ2t̃2jj d̃
2
j +

1

n

n∑

j=1

ρ2t̃2jj d̃
2
j

δj

(
γαj +

γ2

n

j∑

k=1

βkj +
γ(1 − αj)

n

j∑

k=1

µk

)

+
2

n

n∑

j=1

µj +
2

n

n∑

j=1

1

∆j

(
γβjj + µj

(
γ

n

j∑

k=1

βkj +
1 − αj

n

j∑

k=1

µj

))
+ εn.

Recall that:

βkj = ρ2ψ̃2
kd̃k

(
a∗kTDTak

1

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ +

j∑

ℓ=1

ρ2ψ̃ℓt̃ℓℓd̃ℓa
∗
kTaℓa

∗
ℓEQℓak + ρ2ψ̃2

kd̃k(a
∗
kTak)

2

)
.

It is now possible to replace ψ̃ℓt̃ℓℓa
∗
ℓEQℓak by a∗ℓTak in the formula of 1

n

∑n
k=1 βjj and in

1
n

∑n
j=1

1
n

∑j
k=1 βkj , and βkj becomes,

βkj = ρ2ψ̃2
kd̃k

(
a∗kTDTak

1

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ +

j∑

ℓ=1

ρ2ψ̃2
ℓ d̃ℓa

∗
kTaℓa

∗
ℓTak + ρ2ψ̃2

kd̃k(a
∗
kTak)

2

)
.

Now, we proceed to prove the following approximation:

n∑

j=1

= − log(∆n) + O(
1√
n

),

where, ∆n =
(
1 − ρ2

n TrD1/2TAΨ̃D̃Ψ̃A∗TD1/2
)2

− ρ2γγ̃.

This approximation will be carried out following two steps:

1. In the first step, we prove that:

n∑

j=1

Eχ2j =
1

n

n∑

j=1

ρ2γt̃2jj d̃
4
j + 2γβjj + 2µj(1 − αj)

∆j

2. In the second step, we prove that:

n∑

j=1

Eχ2j = − log ∆n + O(
1

n
).

3. The third step is dedicated to show that:

∆n =

(
1 − ρ2

n
TrD1/2TAΨ̃D̃Ψ̃A∗TD1/2

)2

− ρ2γγ̃.
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Proof of step 1. We start by handling the second term in the right-hand side in eqrefeq-chi3.

1

n

n∑

j=1

ρ2t̃2jj d̃
2
j

∆j

(
γαj +

γ2

n

j∑

k=1

βkj +
γ(1 − αj)

n

j∑

k=1

µk

)

=
γ

n

n∑

j=1

ρ2t̃2jj d̃
2
j

αj + γ
n

∑j
k=1 βkj +

1−αj

n

∑j
k=1 µk

(1 − αj)
(
1 − 1

n

∑j
k=1 µk

)
− γ

n

∑j
k=1 βkj

=
γ

n

n∑

j=1

ρ2t̃2jj d̃
2
j

αj

(
1 − 1

n

∑j
k=1 µj

)
+ ( 1

n

∑j
k=1 µj − 1) + 1 + γ

n

∑j
k=1 βkj

(1 − αj)
(
1 − 1

n

∑j
k=1 µk

)
− γ

n

∑j
k=1 βkj

= −γ
n

n∑

j=1

ρ2t̃2jj d̃
2
j +

γ

n

n∑

j=1

ρ2
d̃2

jj d̃
2
j

∆j

The fourth one verifies:

2

n

n∑

j=1

1

∆j

(
γβjj + µj

(
γ

n

j∑

k=1

βkj +
1 − αj

n

j∑

k=1

µj

))

=
2

n

n∑

j=1

γβjj + µj

(
γ
n

∑j
k=1 βkj +

1−αj

n

∑j
k=1 µj

)

(1 − αj)
(
1 − 1

n

∑j
k=1 µk

)
− γ

n

∑j
k=1 βkj

= − 2

n

n∑

j=1

µj

(
(1 − αj)

(
1 − 1

n

∑j
k=1 µk

)
− γ

n

∑j
k=1 βkj

)
− (1 − αj)µj − γβjj

(1 − αj)
(
1 − 1

n

∑j
k=1 µk

)
− γ

n

∑j
k=1 βkj

= − 2

n

n∑

j=1

µj +
2

n

n∑

j=1

γβjj + µj(1 − αj)

∆j

Therefore,
∑n

j=1 Eχ2j becomes:

n∑

j=1

Eχ2j =
1

n

n∑

j=1

ρ2d̃2
j t̃

2
jjγ + 2γβjj + 2µj(1 − αj)

∆j
.

and step 1) is done.
Proof of step 2. The aim of this step is to establish the following,

n∑

j=1

Eχ2j = − log ∆n + O(
1

n
).

To this end, we begin by proving that:

1

n

(
ρ2d̃2

j t̃
2
jjγ + 2γβjj + 2µj(1 − αj)

)
= − (∆j − ∆j−1) + O(

1

n2
).

Consider the following notations:

Gj =
1

n

j∑

k=1

ρ2ψ̃2
kd̃k

j∑

ℓ=1

ρ2d̃ℓψ̃
2
ℓa

∗
kTaℓa

∗
ℓTak − 1

n

j∑

k=1

ρ4ψ̃4
kd̃

2
k(a

∗
kTak)

2
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Mj =
1

n

j∑

k=1

t̃2kkd̃
2
k and Fj =

1

n

j∑

k=1

ρ2ψ̃2
kd̃ka

∗
kTDTak =

1

n

j∑

k=1

µk.

Then, 1
n

∑j
k=1 βkj becomes 1

n

∑j
k=1 βkj = Gj + ρ2MjFj .

On the other hand, we have,

αj =
1

n

j∑

ℓ=1

ρ2d̃2
ℓ ψ̃

2
ℓa

∗
ℓTDTaℓ +

γ

n

j∑

ℓ=1

ρ2d̃2
l t̃

2
ll = Fj + ρ2γMj .

Then,

∆j = (1 − Fj − ρ2γMj)(1 − Fj) − γGj − ρ2γMjFj

= (1 − Fj)
2 − ρ2γMj + ρ2γMjFj − γGj − ρ2γMjFj = (1 − Fj)

2 − ρ2γMj − γGj ,

which implies:

∆j − ∆j−1 =
(
(1 − Fj)

2 − (1 − Fj−1)
2
)
− ρ2γ(Mj −Mj−1) − γ(Gj −Gj−1)

and we have, Mj −Mj−1 = 1
n d̃

2
j t̃

2
jj and

(1 − Fj)
2 − (1 − Fj−1)

2 = (1 − Fj)
2 − (1 − Fj +

1

n
µj)

2 = − 2

n
µj(1 − Fj) −

µ2
j

n2
,

and,

Gj −Gj−1 = −ρ
2

n
ψ̃2

j d̃jµj +
ρ4

n
ψ̃2

j d̃ja
∗
jT (

j∑

ℓ=1

d̃ℓψ̃
2
ℓaℓa

∗
ℓ )Taj

+
ρ2d̃jψ̃

2
j

n
a∗jT

(
j∑

ℓ=1

ρ2ψ̃2
ℓ d̃ℓaℓa

∗
ℓ

)
Taj +

ρ2

n
ψ̃2

j (a
∗
jTaj)

2.

Then, ∆j − ∆j−1 can be written as:

∆j − ∆j−1 = − 2

n
µj(1 − Fj) −

µ2
j

n2
− ρ2 γ

n
d̃2

j t̃
2
jj +

ρ2

n
d̃jψ̃

2
jµj

−2ρ4

n
d̃jψ̃

2
jγa

∗
jT (

j∑

ℓ=1

d̃ℓψ̃
2
ℓaℓa

∗
ℓ )Taj +

ρ2

n
d̃2

j ψ̃
2
j (a

∗
jTaj)

2.

Let us now evaluate the quantity: 1
n

(
ρ2d̃2

j t̃
2
jjγ + 2γβjj + 2µj(1 − αj)

)
.

We have: αj = ργMj + Fj and

βjj =
µj

n

j∑

ℓ=1

ρ2t̃2ℓℓd̃
2
ℓ + ρ4d̃jψ̃

2
ja

∗
jT (

j∑

ℓ=1

d̃ℓψ
2
ℓaℓa

∗
ℓ )Taj + ρ2ψ̃2

j d̃
2
j (a

∗
jTaj)

2.
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We then have,

1

n

(
ρ2d̃2

j t̃
2
jjγ + 2γβjj + 2µj(1 − αj)

)

=
ρ2d̃2

j t̃
2
jjγ

n
+

2γµj

n
Mj +

2ρd̃jψ̃
2
jγ

n
a∗jT (

j∑

ℓ=1

ψ̃ℓd̃ℓaℓa
∗
ℓ )Taj +

2ρ2d̃2
j ψ̃

2
jγ

n
(a∗jTaj)

2

+
2µj

n
(1 − Fj) −

2µjγ

n
Mj + ρ2ψ̃2

j d̃
2
j (a

∗
jTaj)

2

= −(∆j − ∆j−1) −
µ2

j

n2
= −(∆j − ∆j−1) + O(

1

n2
).

Finally, we have,

n∑

j=1

Eχ2j = − 1

n

n∑

j=1

∆j − ∆j−1

∆j
+ O(

1

n
) = − log(∆n) + O(

1

n
).

Proof of Step 3.
The aim of this part is to prove that:

∆n =

(
1 − ρ2

n
TrD1/2TAΨ̃D̃Ψ̃A∗TD1/2

)2

− ρ2γγ̃.

Recall that,

Fn =
ρ2

n
TrD1/2TAΨ̃D̃Ψ̃A∗TD1/2,

Mn =
1

n

n∑

k=1

t̃2kkd̃
2
k,

Gn =
ρ4

n

n∑

k=1

d̃kψ̃
2
ka

∗
kT

(
n∑

l=1

d̃2
l ψ̃

2
l ala

∗
l

)
Tak − 1

n

n∑

k=1

ρ4d̃2
kψ̃

4
k(a

∗
kTak)

2

∆n = (1 − Fn)2 − ρ2γMn − γGn.

It remains then to prove that:

ρ2Mn +Gn = ρ2γ̃. (4.43)

We have,

ρ2Mn +Gn =
ρ2

n
Tr S̃2 +

ρ4

n

n∑

k=1

d̃kψ̃
2
ka

∗
kT

(
n∑

ℓ=1

d̃ℓψ̃
2
ℓaℓa

∗
ℓ

)
Tak − 1

n

n∑

k=1

ρ4d̃2
kψ̃

4
k(a

∗
kTak)

2

=
ρ4

n
TrTAΨ̃D̃Ψ̃A∗TAΨ̃D̃Ψ̃A∗ +

ρ2

n

n∑

k=1

d̃2
kψ̃k t̃kk − ρ3

n

n∑

k=1

d̃2
kψ̃

3
ka

∗
kTak

=
ρ4

n
TrTAΨ̃D̃Ψ̃A∗TAΨ̃D̃Ψ̃A∗ +

ρ2

n
TrD̃T̃ D̃Ψ̃ − ρ3

n
TrD̃Ψ̃D̃Ψ̃A∗TAΨ̃.

(4.44)
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On the other hand, we have:

γ̃ =
1

n
Tr D̃T̃ D̃T̃

(a)
=

1

n
Tr D̃T̃ D̃

(
Ψ̃ − ρΨ̃A∗TAΨ̃

)

=
1

n
Tr D̃T̃ D̃Ψ̃ − ρ

n
Tr D̃T̃ D̃Ψ̃A∗TAΨ̃

(b)
=

1

n
Tr D̃T̃ D̃Ψ̃ − ρ

n
Tr D̃Ψ̃D̃Ψ̃A∗TAΨ̃ +

ρ2

n
Tr D̃Ψ̃A∗TAΨ̃D̃Ψ̃A∗TAΨ̃

(4.45)

where (a) and (b) follow from Woodbury’s lemma which ensure that T̃ = Ψ̃− ρΨ̃A∗TAΨ̃.
Identities (4.44) and (4.45) imply: ρ2Mn +Gn = ρ2γ̃.

Consequently,

∆n =

(
1 − ρ2

n
TrD1/2TAΨ̃D̃Ψ̃A∗TD1/2

)2

− ρ2γγ̃.

which gives the desired result.
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CHAPTER 5

Appendices

Proof of Proposition 3.1

1. We have, δ̃ = 1
nTr D̃T̃ = 1

n

∑n
j=1

dj

ρ(1+d̃jδ+a∗
jTjaj)

≤ d̃max

ρ = δmax, and the upper

bound for δ̃ is done. On the other hand, since,

1 + d̃jδ + a∗jTjaj ≤ 1 +
d̃maxdmax

ρ
+

‖amax‖2

ρ
,

this implies that: δ̃ ≥ d̃min

ρ+d̃maxdmax+‖amax‖2
= δ̃min.

Similarly, we can prove that:

δmin =
dmin

ρ+ dmaxd̃max + ‖amax‖2
≤ δ ≤ l+

ρ
dmax = δmax.

2. We turn now to the quantities γ and γ̃. We have,

γ̃ =
1

n
Tr D̃T̃ D̃T̃

(a)
=

1

n
Tr D̃T̃ D̃Ψ̃ − ρ

n
Tr D̃T̃ D̃Ψ̃A∗TAΨ̃

=
1

n

n∑

j=1

d̃2
j ψ̃j t̃jj −

ρ

n

n∑

j=1

d̃2
j ψ̃

2
j t̃jja

∗
jTaj

=
1

n

n∑

j=1

d̃2
j ψ̃j t̃jj

{
1 − ρψ̃ja

∗
jTaj

}

(b)
=

1

n

n∑

j=1

d̃2
j (1 + d̃jδ)

ρ2
(
1 + d̃jδ + a∗jTjaj

)2 (
1 + δd̃j

)

≥ d̃2
min(1 + δ̃min)

ρ2
(
1 + δ̃max + ‖amax‖2/ρ

)2 (
1 + δmaxd̃max

)
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(a) follows from the identity: T̃ = Ψ̃ − ρΨ̃A∗TAΨ̃, and (b) from the identity
ψ̃ja

∗
jTaj = t̃jja

∗
jTjaj and the expression of t̃. On the other hand, it is clear that

γ̃ ≤ 1
ρ2 .

Analogously, denote by ai the row number i of the matrixA, and T̃i =
(
Ψ̃−1 + ρAi∗ΨiAi

)−1
,

where Ψi = diag(ψl)
N
l=1,l 6=i. Then, we have,

γ̃ =
1

n
TrDTDT

=
1

n
TrDTDΨ − ρ

n
TrDTDΨAT̃A∗Ψ

=
1

n

N∑

i=1

d2
iψitii −

ρ

n

N∑

i=1

d2
iψ

2
i tiia

iT̃ai∗

=
1

n

N∑

i=1

d2
iψitii

{
1 − ρψia

iT̃ai∗
}

(a)
=

1

n

N∑

i=1

d2
iψitii

{
1 − ρtiia

iT̃ia
i∗
}

=
1

n

N∑

i=1

d2
iψitii

1 + δi

1 + δi + aiT̃ia∗i

≥ l−d2
min(1 + δmin)

ρ2 (1 + δmax + ‖amax‖2/ρ)2
(
1 + δ̃maxd2

max

) .

where, (a) follows from the fact that tii = 1
ρ

(
1 + diδ̃ + aiT̃ia

∗i
)−1

which follows from

Woodbury’s lemma. On the other hand, one can easily see that γ ≤ l+

ρ2 .

Proof of Proposition 3.3

Note that if we replace matrix Qj by Q in the statement of Proposition 3.3, the proof is
straightforward. Indeed:

n∑

j=1

|u∗Qaj |2 = u∗QAA∗Q∗u ≤ ‖u‖2‖A‖2

d(z,R+)2
<∞ .

If z ∈ C−R
+, then so does 1+η∗jQj(z)ηj . In particular (1+η∗jQj(z)ηj)

−1 does not vanish.
Using Eq. (4.17), we obtain

1 − η∗jQηj = 1 − η∗jQjηj +
(η∗jQjηj)

2

1 + η∗jQj(z)ηj
=

1

1 + η∗jQj(z)ηj
.

Writing Qj(z) = (ΣΣ∗ − zIN − ηjη
∗
j )

−1 and using the inversion formula for small-rank
perturbation of a matrix [39, Section 0.7.4], we end up with:

Qj = Q+
Qηjη

∗
jQ

1 − η∗jQηj
= Q+ (1 + η∗jQjηj)Qηjη

∗
jQ . (5.1)
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Hence,

n∑

j=1

E|u∗QjAj |2 ≤ 2Eu2QAA∗Q∗u+ 2Eu∗QΣ diag(αj)Σ
∗Q∗u

≤ K + 2‖u‖2
E

(
‖QΣ‖2 max

j
αj

)
,

where αj = |1 + η∗jQjηj |2|η∗jQjaj |2. Considering a sigular value decomposition of Σ, with
singular values (σi), we easily obtain:

‖QΣ‖ = max
1≤i≤N

(
σi

|σ2
i − z|

)
≤ K .

As ηj is a column of Σ, we also obtain:

|η∗jQjaj | ≤ ‖aj‖ ‖η∗jQ‖ ≤ ‖a∗j‖ ‖Σ∗Q‖ ≤ K .

We finally end up with:

n∑

j=1

E|u∗Qjaj |2 ≤ K

(
1 + E

(
max

1≤j≤n
|1 + η∗jQjηj |2

)
+ 1

)

≤ K

(
1 + E

(
max

1≤j≤n
‖ηj‖4

)
+ 1

)
≤ K

(
1 + E

(
max

1≤j≤n
‖yj‖4

)
+ 1

)
.

Let χj = ‖yj‖2 −Nn−1, then:

P

(
max

j
χ2

j ≥ λ

)
≤ nP

(
χ2

1 ≥ λ
)

≤ n× Eχ2+2ε
1

λ1+ε

(a)

≤ K

nελ1+ε
,

where (a) follows from (4.22). As a consequence, we have E

(
maxj χ

2
j

)
≤ K. It remains

to notice that ‖yj‖4 ≤ 2χ2
j + 2N2n−2 to establish the first estimate.

Consider now the sum
∑

Ej |u∗Qjaj |2. Using decomposition (5.1) yields:

n∑

j=1

Ej |u∗Qjaj |2 ≤ 2
n∑

j=1

Ej |u∗Qaj |2 + 2
n∑

j=1

Ej |(1 + η∗jQjηj)u
∗Qηjη

∗
jQaj |2 .

Consider first

E




n∑

j=1

Ej |u∗Qaj |2



2

=
n∑

j1,j2=1

E
(
Ej1 |u∗Qaj1 |2Ej2 |u∗Qaj2 |2

)

≤ 2
∑

j1≤j2

E
(
Ej1 |u∗Qaj1 |2Ej2 |u∗Qaj2 |2

)

= 2
n∑

j1=1

E


Ej1 |u∗Qaj1 |2

n∑

j2=j1

Ej1 |u∗Qaj2 |2

 .
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As
∑n

j2=j1
Ej1 |u∗Qaj2 |2 is bounded by the first part of the proposition, we get:

E




n∑

j=1

Ej |u∗Qaj |2



2

≤ K
n∑

j1=1

E|u∗Qaj1 |2,

which is again uniformily bounded by the first part of the proposition. In order to prove

E




n∑

j=1

Ej |(1 + η∗jQjηj)u
∗Qηjη

∗
jQaj |2




2

≤ K <∞ ,

we use the same ideas as previously, that is develop the square and rely on the results
established in the first part of the proposition. This concludes the proof of Proposition
3.3.

Proof of lemma (3.4).

The aim of this lemma is to prove that for all ρ ∈ R
∗
+, we have :

∣∣ 1
nTrD(T(−ρ) − EQ(−ρ))

∣∣ ≤
K√
n
.
Let us firstly introduce the following deterministic matrices:

R =
(
W−1 + ρAW̃A∗

)−1
and R̃ =

(
W̃−1 + ρA∗WA

)−1
,

where,

W = diag(wi)
N
i=1 = diag


 1

ρ
(
1 +

d2
i

n TrD̃EQ̃
)




N

i=1

and,

W̃ = diag(w̃j)
n
j=1 = diag




1

ρ
(
1 +

d̃j

n TrDEQ
)




n

j=1

.

We have,

1

n
TrD (T(−ρ) − EQ(−ρ)) =

1

n
TrD (T(−ρ) − R(−ρ)) +

1

n
TrD (R(−ρ) − EQ(−ρ)) .

Then, it remains to show that:
∣∣∣∣
1

n
TrD (T(−ρ) − R(−ρ))

∣∣∣∣ ≤
K√
n

and

∣∣∣∣
1

n
TrD (R(−ρ) − EQ(−ρ))

∣∣∣∣ ≤
K√
n
.

Let us begin with 1
nTrD (R(−ρ) − EQ(−ρ)). We have:

1

n
TrD (R(−ρ) − EQ(−ρ)) =

1

n

n∑

i=1

e∗i D (R(−ρ) − EQ(−ρ)) ei.
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To prove
∣∣ 1
nTrD (R(−ρ) − EQ(−ρ))

∣∣ ≤ K√
n
, we shall prove that, for all sequences of

deterministic vectors (an)n and (bn)n such that supn max(||an||, ||bn||) < ∞, we have,
|an (EQ(−ρ) − R(−ρ)) bn| ≤ K√

n
.

We have,

a∗ (EQ − R) b = a∗E
(
R(R−1 − Q−1)Q

)
b

= a∗E
(
R
(
W−1 + ρAW̃A∗ − ΣΣ∗ − ρIN

)
Q
)
b

= a∗E
(
R
(
ρIN + (

ρ

n
TrD̃EQ̃)D + ρAW̃A∗ − ΣΣ∗ − ρIN

)
Q
)
b

= a∗E
(
R(

ρ

n
Tr(D̃EQ̃)D + ρAW̃A∗)Q

)
b− a∗RE(ΣΣ∗Q)b

= X1 +X2.

Let us begin with term X2: We have,

X2 = −a∗R
n∑

j=1

E(q̃jjηjη
∗
jQj)b

= −a∗R
n∑

j=1

E(q̃jjyjy
∗
jQj)b− a∗R

n∑

j=1

E(q̃jjaja
∗
jQj)b

−a∗R
n∑

j=1

E(q̃jjyja
∗
jQj)b− a∗R

n∑

j=1

E(q̃jjajy
∗
jQj)b

= X3 +X4 +X5 +X6.

We shall prove that X3 +X4 = −X1 + ǫ, where |ǫ1| ≤ K√
n
.

Actually, we have:

X3 = −ρa∗R
n∑

j=1

E
(
q̃jjyjy

∗
jQj

)
b

= −ρa∗R
n∑

j=1

E(q̃jj)E
(
yjy

∗
jQj

)
b− ρa∗R

n∑

j=1

E
(
(q̃jj − Eq̃jj)yjy

∗
jQj

)
b

= −ρa∗RDEQb
1

n

n∑

j=1

d̃jEq̃jj − ρa∗R
n∑

j=1

E
(
(q̃jj − Eq̃jj)yjy

∗
jQj

)
b

= −ρa∗RDEQb
1

n
TrD̃EQ̃ + ǫ1,

where,

E|ǫ1|2 ≤ K
n∑

j=1

E
1/2|q̃jj − Eq̃jj |2E1/2|y∗jQjba

∗Ryj |2

On the other hand, we have,

E|q̃jj − Eq̃jj |2 ≤ E|q̃jjEq̃jj
(
(q̃−1

jj − (1 + E(η∗jQjηj))
−1) + ((1 + E(η∗jQjηj))

−1 − Eq̃−1
jj )
)
|2

≤ KE|ej |2 ≤ K√
n
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which implies that: E|ǫ|2 ≤ K√
n
. X4 satisfies:

X4 = −ρa∗R
n∑

j=1

E(q̃jjaja
∗
jQj)b

= −ρa∗R
n∑

j=1

E(q̃jj)aja
∗
jE(Qj)b− ρa∗R

n∑

j=1

E((q̃jj − Eq̃jj)aja
∗
jQj)b

= −ρa∗RAW̃A∗
EQb+ ǫ2,

with, |ǫ2| ≤ K√
n
. We therefore have: X3 +X4 = −X1 + ǫ, with |ǫ| ≤ K√

n
.

Let us now deal with term X5. We have,

X5 = −ρa∗R
n∑

j=1

E(q̃jjyja
∗
jQj)b = 0 − ρa∗R

n∑

j=1

E
(
(q̃jj − Eq̃jj)yja

∗
jQjb

)
.

Then,

|X5| ≤
n∑

j=1

E
1/4|ρ(q̃jj − Eq̃jj)|4E1/4|a∗Ryj |4E1/4|a∗jQjb|2 ≤ K√

n
.

Similarly, we prove that |X6| ≤ K√
n
, and |a∗(EQ − R)b| ≤ K√

n
is done.

This yields, in particular, for an = bn = ei, and for all ρ ∈ R
∗
+,

∣∣∣∣
1

n
Tr (EQ(−ρ) − R(−ρ))

∣∣∣∣ ≤
∣∣∣∣∣
1

n

N∑

i=1

e∗i D (EQ(−ρ) − R(−ρ)) ei
∣∣∣∣∣ ≤

N

n

K√
n
≤ K√

n
.

(5.2)

We turn now to the term:
∣∣ 1
nTrD (R(−ρ) − T(−ρ))

∣∣. We have,

1

n
TrD (R − T) =

1

n
TrDT

(
T−1 − R−1

)
R

=
1

n
TrDT

(
ρ

(
IN + (

1

n
TrD̃T̃)D

)
+ ρAΨ̃A∗

−ρ
(
IN + (

1

n
TrD̃EQ̃)D

)
− ρAW̃A∗

)
R

=

(
1

n
TrD̃(T̃ − EQ̃)

)
ρ

n
TrDTDR

+

(
1

n
TrD(EQ − T)

)
ρ2

n
TrDTAW̃ D̃Ψ̃A∗R.

Similarly, we can prove,

1

n
TrD̃(R̃−T̃) =

ρ

n
TrD̃T̃D̃R̃

(
1

n
TrD(T − EQ)

)
+
ρ2

n
TrD̃T̃A∗WDΨAR̃

(
1

n
TrD̃(EQ̃ − T̃)

)
.
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Further, we have,

{ 1
nTrD(EQ − T)= 1

nTrD(EQ − R) + 1
nTrD(R − T)

1
nTrD̃(T̃ − EQ̃)= 1

nTrD̃(EQ̃ − R̃) + 1
nTrD̃(R̃ − T̃)

We then obtain the following linear system,

U =

( 1
nTrD(R − T)
1
nTrD̃(R̃ − T̃)

)

=

(
ρ2

n TrDTAW̃ D̃Ψ̃A∗R − ρ
nTrRDTD

− ρ
nTrD̃T̃D̃R̃

ρ2

n TrD̃T̃A∗WDΨAR̃

)
U +

( 1
nTrD(EQ − R)
1
nTrD̃(EQ̃ − R̃)

)

= MU + ǫ.

(5.2) ensures that,

|ǫ| = ||
( 1

nTrD(EQ − R)
1
nTrD̃(EQ̃ − R̃)

)
|| ≤ K√

n

Then, to obtain the desired result, it remains to show that M is invertible. This yield from
the fact that

lim inf
n

det

(
I2 −

(
ρ2

n TrDTAΨ̃D̃Ψ̃A∗T − ρ
nTr(DT)2

− ρ
nTr(D̃T̃)2 ρ2

n TrD̃T̃A∗ΨDΨAT̃

))
> 0

i.e. lim infn

((
1 − ρ2

n TrDTAΨ̃D̃Ψ̃A∗T
)(

1 − ρ2

n TrD̃T̃A∗ΨDΨAT̃
)
− ρ2γγ̃

)
≥ K > 0,

which is proved in theorem (2.1-(1)).

Proof of lemma (3.3)

We write a∗n (Q − T) bn = a∗n (Q − EQ) bn + a∗n (EQ − T) bn.
Il is proved in the pevious lemma that: |a∗n (EQ − T) bn| ≤ K√

n
. Then it remains to prove

that E|a∗(Q − EQ)b|2 ≤ K
n .

Denote by Ej(.) the conditional expectation given by Ej(.) = E(./σ(y1, . . . , yj)). Let
E0(.) = E(.). As it may be observed, a∗(Q − EQ)b can be written as:

a∗(Q − EQ)b =
n∑

j=1

a∗(Ej − Ej−1)(Q − Qj)b = −ρ
n∑

j=1

a∗(Ej − Ej−1)
(
q̃jjQjηjη

∗
jQj

)
b

(5.3)

Recall that

q̃jj =
1

ρ
(
1 +

d̃j

n x
∗
jD

1/2QjD1/2xj + y∗jQjaj + a∗jQjyj + a∗jQjaj

)

and,

b̃j =
1

ρ
(
1 +

d̃j

n TrDQj + a∗jQjaj

) .
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Since, Q−Qj = −ρq̃jjQjηjη
∗
jQj and q̃jj = b̃j − ρq̃jj b̃jej with ej = y∗jQjyj − d̃j

n TrDQj +
y∗jQjaj + a∗jQjyj , then, identity (5.3) becomes:

a∗(Q − EQ)b = −ρ
n∑

j=1

a∗(Ej − Ej−1)
(
b̃jQjηjη

∗
jQj

)
b

+ρ2
n∑

j=1

a∗(Ej − Ej−1)
(
q̃jj b̃jejQjηjη

∗
jQj

)
b = X1 +X2

We begin by the study of term X1. We have,

E|X1|2 ≤ ρ2
n∑

j=1

E

∣∣∣(Ej − Ej−1)b̃ja
∗Qjηjη

∗
jQjb

∣∣∣
2

(a)

≤ ρ2
n∑

j=1

E

∣∣∣∣∣Ej b̃j

(
y∗jQjba

∗Qjyj −
d̃j

n
Tr(DQjba

∗Qj) − a∗jQjba
∗Qjyj − y∗jQjba

∗Qjaj

)∣∣∣∣∣

2

≤ 2|ρ|2d̃4
max

|ρ|2
n∑

j=1

E

∣∣∣∣
1

n
x∗jD

1/2Qjba
∗QjD

1/2xj −
1

n
Tr(DQjba

∗Qj)

∣∣∣∣
2

+
4|ρ|2d̃2

max

|ρ|2
n∑

j=1

E

∣∣∣∣
1√
n
x∗jD

1/2Qjba
∗Qjaj

∣∣∣∣
2

≤ K

n

where (a) follows from facts:

1. The indenpence between yj and Fj−1 and the fact that EjQj = EjQj−1 imply:

Ej−1

(
b̃ja

∗Qjηjη
∗
jQjb

)
=
d̃j

n
TrD

(
Ej b̃jQjba

∗Qj

)
+ a∗j

(
Ej b̃jQjba

∗Qj

)
aj ,

2. The Fj-measurability of yj implies:

Ej

(
b̃ja

∗Qjηjη
∗
jQjb

)
= y∗j

(
Eb̃jQjba

∗Qj

)
yj

+a∗j
(
Ej b̃jQjba

∗Qj

)
aj + a∗j

(
Eb̃jQjba

∗Qj

)
yj + y∗j

(
Eb̃jQjba

∗Qj

)
aj .

Treatment of E|X2|2: We have:

X2 = ρ2
n∑

j=1

(Ej − Ej−1) b̃
2
jeja

∗Qjηjη
∗
jQjb− ρ3

n∑

j=1

(Ej − Ej−1) b̃
2
j q̃jje

2
ja

∗Qjηjη
∗
jQjb

= X3 +X4
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Let us begin with X3. We have,

X3 = ρ2
n∑

j=1

(Ej − Ej−1) b̃
2
jeja

∗Qjηjη
∗
jQjb

= ρ2
n∑

j=1

(Ej − Ej−1) b̃
2
jeja

∗Qjyy
∗
jQjb+ ρ2

n∑

j=1

(Ej − Ej−1) b̃
2
jeja

∗Qjajy
∗
jQjb

+ρ2
n∑

j=1

(Ej − Ej−1) b̃
2
jeja

∗Qjyja
∗
jQjb+ ρ2

n∑

j=1

(Ej − Ej−1) b̃
2
jeja

∗Qjaja
∗
jQjb

= X31 +X32 +X33 +X34

One can remark that all these quantities are a sum of martingale difference sequences.
Then, we have:

E|X3|2 ≤ ρ2
n∑

j=1

(∣∣∣(Ej − Ej−1) b̃
2
jeja

∗Qjyy
∗
jQjb

∣∣∣
2
+
∣∣∣(Ej − Ej−1) b̃

2
jeja

∗Qjajy
∗
jQjb

∣∣∣
2

+
∣∣∣(Ej − Ej−1) b̃

2
jeja

∗Qjyja
∗
jQjb

∣∣∣
2
+
∣∣∣(Ej − Ej−1) b̃

2
jeja

∗Qjaja
∗
jQjb

∣∣∣
2
)

Jensen’s inequality and Cauchy-Schwarz’s inequality ensure the following,

E|X31|2 ≤ K

n∑

j=1

E
1/2|ej |4E1/2|y∗jQjba

∗Qjyj |4 ≤ K

n∑

j=1

K

n

K

n
≤ K

n

E|X32|2 ≤ K
n∑

j=1

E
1/2|a∗Qjaj |4E1/4|y∗jQjb|8E1/4|ej |8 ≤ K

√
n
K

n

K

n
≤ K

n3/2

Similarly, we prove that: E|X33|2 ≤ K
n3/2 .

Treatment of the term X34.

Let us denote by Mj the matrix given by Mj = b̃2j (a
∗
jQjbaQjaj)Qj . We then have:

E|X34|2 = ρ4
n∑

j=1

E

∣∣∣(Ej − Ej−1) b̃
2
jeja

∗Qjaja
∗
jQjb

∣∣∣
2
≤ ρ4

n∑

j=1

E

∣∣∣b̃2jeja∗Qjaja
∗
jQjb

∣∣∣
2

= ρ4
n∑

j=1

E

∣∣∣∣∣b̃
2
ja

∗Qjaja
∗
jQjb

(
y∗jQjyj −

d̃j

n
TrDQj + y∗jQjaj + a∗jQjyj

)∣∣∣∣∣

2

= ρ4
n∑

j=1

E

∣∣∣∣∣η
∗
jMjηj −

d̃j

n
TrDMj + y∗jMjaj + a∗jQjyj

∣∣∣∣∣

2
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Since yj and Qj are independent, lemma (1) implies the following:

EQj

∣∣∣∣∣η
∗
jMjηj −

d̃j

n
TrDMj + y∗jMjaj + a∗jQjyj

∣∣∣∣∣

2

≤ ρ4

n

n∑

j=1

(
d̃2

j

n
Tr(diag((DMj)))

2 +
d̃2

j

n
TrDMjDMj + 2d̃ja

∗
jMjDMjaj

)

≤ K

n

n∑

j=1

E|a∗Qjaj |2 ≤ K

n
.

Therefore,

E|X34|2 = ρ4
n∑

j=1

E

∣∣∣∣∣η
∗
jMjηj −

d̃j

n
TrDMj + y∗jMjaj + a∗jQjyj

∣∣∣∣∣

2

= ρ4
n∑

j=1

EEQj

∣∣∣∣∣η
∗
jMjηj −

d̃j

n
TrDMj + y∗jMjaj + a∗jQjyj

∣∣∣∣∣

2

≤ K

n
.

Treatment of the term X4.
We have,

E|X4|2 ≤ K
n∑

j=1

E
1/2|ej |8E1/4|a∗Qjyj |8E1/4|η∗jQja|8 +K

n∑

j=1

E
1/2|ej |8E1/2|a∗jQjba

∗Qjaj |4

≤ K

n2
+

K

n3/2
≤ K

n3/2
.

This ends the proof of E|a∗(Q − EQ)b|2 ≤ K
n , then, the proof of lemma (3.3).
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