N
N

N

HAL

open science

Fluctuations de fonctionnelles spectrales de grandes
matrices aléatoires et applications aux communications

numeériques.
Malika Kharouf

» To cite this version:

Malika Kharouf. Fluctuations de fonctionnelles spectrales de grandes matrices aléatoires et appli-
cations aux communications numériques.. Mathématiques [math]. Ecole nationale supérieure des

telecommunications - ENST, 2010. Francais. NNT: . tel-00560837

HAL Id: tel-00560837
https://theses.hal.science/tel-00560837
Submitted on 30 Jan 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00560837
https://hal.archives-ouvertes.fr

7

k7

.rmwu‘:%

TELECOM
ParisTech

=TT

THESE DE DOCTORAT DE

TELECOM PARISTECH ET UNIVERSITE HASSAN II AIN CHOCK

SPECIALITE

SIGNAL ET IMAGE

PRESENTEE PAR

MALIKA KHAROUF

FLUCTUATIONS DE FONCTIONNELLES SPECTRALES DE GRANDES
MATRICES ALEATOIRES ET APPLICATIONS AUX
COMMUNICATIONS NUMERIQUES

SOUTENUE LE 19 JUIN 2010 DEVANT LE JURY COMPOSE DE

ERIC MOULINES

DRISS ABOUTAJDINE
DJALIL CHAFAI
AHMED ELKHARROUBI
WALID HACHEM
JAMAL NAJIM

PRESIDENT DU JURY
RAPPORTEUR
RAPPORTEUR
DIRECTEUR DE THESE
DIRECTEUR DE THESE
DIRECTEUR DE THESE






Remerciements

C’est avec un grand plaisir que je dédie cette page a toutes les personnes qui ont
contribuées de prés ou de loin & la réussite de ma theése.

Les premiéres personnes que je tiens & remercier sont Walid Hachem et Jamal Na-
jim, mes directeurs de thése. Je les remercie pour l'aide scientifique précieuse, pour leur
disponibilité et pour leurs conseils avisés. Qu’ils trouvent ici mes profonds remerciements
et reconnaissance.

Je suis également reconnaissante & Ahmed Elkharroubi d’avoir assuré mon encadrement
au sein du département de Mathématiques et Informatique a 1’Université Hassan II Ain
Chock.

Je tiens & exprimer mes remerciements aux membres du jury, qui ont accépté d’évaluer
mon travail de these.

Mes vifs remerciements vont & Eric Moulines d’avoir accépté de présider le jury de ma
these. Je présente également toute ma reconnaissance aux professeurs Driss Aboutajdine,
Djalil Chafai et Philippe Loubaton pour I'intérét qu’ils ont porté a& ma thése et d’en étre
les rapporteurs.

J’ai eu l'occasion de collaborer avec Jack Silverstein, je le remercie pour les discussions
trés enrichissantes et je souhaite que l'achévement de ce travail soit le debut d’une collab-
oration sans cesse grandissante. Je remercie également Abla Kammoun pour sa précieuse
collaboration.

Mes remerciements vont également a tous les membres du laboratoire LTCI/ TSI a
Télécom ParisTech ainsi qu’a tous les membres du département de Mathématiques et
Informatique de I’Université Hassan 11, faculté des sciences Ain Chock. Merci pour m’avoir
accuelli tout au long de ces trois années de thése.

Une dédicace spéciale a tous les gens que j’ai eu le plaisir de cotoyer durant ces quelques
années de thése aussi bien a Télécom ParisTech qu’a I’Université Hassan II Casablanca.
Je les remercie pour les nombreuses discussions stimulantes, pour leur soutient moral et
pour leur amitié.

Je tiens a remercier également tous mes collégues & I’Université Paris 10 Nanterre.
Enfin, je tiens & remercier ma famille pour son assistance aussi bien matérielle que morale
et pour sa patience avec moi tout au long de ces longues années d’études.






CONTENTS

1 Introduction

1

4

Comportement global du spectre de grandes matrices aléatoires . . . . . . .
1.1 Résultats du premier ordre: Lois des Grands Nombres . . . . . . ..
1.2 Résultats de fluctuations: Théoréme de la Limite Central (TLC)

Matrices aléatoires et communications numériques sans fil . . . . . . .. ..
2.1 Information mutuelle dans un systéme multi-antennes . . . . . . . .
2.2 Modeles de Rayleigh . . . . . ... .. ... ..
2.3 Modeles de Rice . . . . . . . ..
2.4 Rapport Signal a Interférence plus Bruit . . . . . .. ... ... ...
2.5 Taux d’Erreur et Probabilité de Dépassement . . . . . . . . . . . ..
Contributions de la thése . . . . . . . . .. ... ... L

3.1 Etude des fluctuations des formes quadratiques aléatoires . . . . . .

3.2 Contribution analytique et numérique pour le taux d’erreur et la
probabilité de dépassement . . . . . .. .. ... L.

3.3 Etude des fluctuations de la fonctionnelle spectrale logdet . . . . . .

Liste de publications . . . . . . . . . ...

2 Central Limit Theorem for quadratic forms

1
2

Introduction . . . . . . . ...
First Order Results: Deterministic Approximations of Random Quadratic
Forms . . . . . . . e
2.1 Mathematical tools . . . . . . . . . ... ...
2.2 Deterministic approximations of random quadratic forms. . . . . . .
Second Order Results: Central Limit Theorem for Quadratic Forms . . . . .
3.1 Preliminaries . . . . . . . . . . ... ...
3.2 The main results: Central Limit Theorem for quadratique forms

3.3 Proof of the main theorem . . . . . . . . . ... ... ... ......
Applicative Contexts and Simulations . . . . . . . . .. .. ... ... ...
4.1 Applicative contexts. . . . . . . . ...
4.2 Simulations and numerical results . . . . . . ... ... ...

iii



CONTENTS

3 Statistical Distribution of the SINR for the MMSE Receiver Correlated
MIMO Channels

1
2

5

Introduction . . . . . . . ...
Bit Error Rate and Outage Probability approximations . . . . . . . . . . ..
2.1 Generalised Gamma distribution . . . . . . ... ... .. ... ...
2.2 BER approximation . . . . . ... ... oo
2.3 Outage probability approximation . . . . ... ... ... ... ...
Asymptotic moments . . . ... ... Lo L
3.1 Assumptions . . . . .. ..
3.2 Asymptotic moments computation . . . . ... ...
Proof of the main theorem . . . . . . . . .. ... ... .. ... .......
4.1 Notations . . . . . . . . . . .
4.2 Mathematical Tools . . . . . . . ... .. ... ... ... ......

4.2.1 Differentiation formulas . . . . . . ... ... ... ... ..
4.2.2 Integration by parts formula for Gaussian functionals

4.2.3 Poincaré-Nash inequality . . . . ... ... ... ... ...
4.2.4 Deterministic approximations and various estimations . . .

Simulation results . . . . . . . . ..

4 A CLT for Information-Theoretic Statistics of non-Centred Gram Ran-
dom Matrices

1
2
3

Introduction . . . . . ..o
The Central Limit Theorem for Z,(p) . . . . . . . . . . .. ... .. .. ...
Controls over the varaince ©2 . . . . . . . . .. ... ... ...

3.1 Controls over ©2 . . . . . . . ...
3.2 Notations and classical results . . . . . . .. ... ... ... .....
3.3 Important estimates . . . . . . . . ... .. ... ...
Decomposition of Z,, — EZ,,, Cumulant term in the variance . .. .. .. ..
4.1 Decomposition of Z,, — EZ,, as a sum of increments of martingale . .
4.2 Further decomposition of Z,, —EZ,, . . . . . . . .. ... . ... ...
4.3 Computation of the cumulant term of the variance: . . . . . . . . ..
Identification of the variance as ©2 . . . . . .. ... ... ... ... ...
5.1 Study of the gaussian part of the variance . . . . . ... .. ... ..

5 Appendices

Bibliography

iv

95

104



CHAPTER 1

Introduction

La théorie des matrices aléatoires présente un ensemble d’outils mathématiques efficaces
pour l'étude de performances des systémes de communications numériques. L’objectif
de cette thése est de développer des résultats analytiques basés sur la théorie des matri-
ces aléatoires pour étudier les fluctuations de quelques indicateurs de performance pour
les systémes de communications sans fil, en particulier, les sysémes multi-antennes MIMO
(pour Multiple Input Multiple Output) et les systémes de codage des transmissions CDMA
(pour Code Division Multiple Access). Plus précisemment, nous étudions les fluctuations
du rapport signal sur bruit (SINR, pour Signal Interference plus Noise Ratio), indice de
performance mesuré & la sortie d’un recepteur linéaire minimisant I’erreur quadratique des
symboles estimés (LMMSE pour Linear Minimum Mean Squared Error) pour les trans-
missions par la technique CDMA. Le SINR pouvant s’écrire comme une valeur prise par
une forme quadratique associée & une matrice aléatoire sur un vecteur aléatoire, son étude
analytique fait donc appel a la théorie des matrices aléatoires.

La compréhension de la loi limite des fluctuations du SINR permet de comprendre
le comportement d’autres indices de performance comme le taux d’erreur binaire et la
probabilité de dépassement. Nous nous intéressons & 1’étude de ces deux indices pour un
modéle gaussien dont les corrélations mutuelles entre les émetteurs et les récepteurs sont
prises en comptes.

La loi limite de I'information mutuelle d’un canal de Rice fait I'objet de notre travail
présenté au chapitre 4) de cette thése.

Ce chapitre introductif comprend trois parties. Dans la premiére, nous rappelons
briévement les principaux résultats du premier et du second ordre de fonctionnelles spec-
trales pour quelques modéles de matrices aléatoires. La deuxiéme partie est dédiée au
contexte applicatif de nos travaux théoriques. Un bref apercu des différents résultats et
contributions développés tout au long de cette thése sont présentés dans la troisiéme partie.
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Introduction

1 Comportement global du spectre de grandes matrices aléa-
toires

La théorie des grandes matrices aléatoires s’intéresse, entre autres, aux propriétés macro-
scopiques du spectre des matrices aléatoires, telles que le comportement asymptotique
global du spectre, le comportement asymptotique des valeurs propres extrémes, la loi jointe
des valeurs propres, etc.

Cette théorie a connu un grand succes dans différentes branches de la physique théorique
et des mathématiques. Une des raisons du succés de la théorie des matrices aléatoires est
sa propriété d’universalité: le comportement asymptotique du spectre est indépendant de
la distribution initiale des entrées de la matrice aléatoire en question.

Ce constat a été réalisé par Wigner en 1958 lorsqu’il a abordé 1’étude spectrale des
grandes matrices aléatoires pour résoudre des problémes de la mécanique quantique. Wigner
étudia le modéle dit du GUE (Gaussian Unitary Ensemble), et son théoréme affirme que
la limite du spectre des matrices GUE, quand la taille de la matrice, tends vers l'infini, est
une loi déterministe (loi du demi-cercle).

Ce résultat a été étendu par plusieurs mathématiciens pour d’autres modéles de matri-
ces aléatoires. Citons entre autres modéles, les matrices de Wigner a entrées indépendantes
non identiquement distribuées, les matrices de Wishart, les matrices de Gram (cf [53]).

Le régime au bord du spectre corrobore ce constat d’universalité. En fait, Tracy et
Widom ( [77], 2002) ainsi que Soshnikov ( [76], 1999) ont démontré, entre autres, que
la convergence en distribution de la plus grande valeur propre d’'une matrice de Wigner
converge, en un certain sens, vers la loi de Tracy-Widom.

Ces propriétés ont fait, entre autres, de la théorie des matrices aléatoires, aux yeux des
mathématiciens et des physiciens, un outil prometteur pour la résolution des problémes
théoriques aussi bien que pratiques.

1.1 Reésultats du premier ordre: Lois des Grands Nombres

Considérons une matrice aléatoire Hermitienne Y,,, de dimensions nxn et soient Ay, 1,..., App
ses n valeurs propres. Une des grandes questions de la théorie des matrices aléatoires est
d’étudier le comportement asymptotique de la loi spectrale

1
pn (AN, w) = n Z 5)\n](w)(d)‘)
j=1

Aprés les travaux de Wigner et Dyson sur les matrices de Wigner et les travaux de Marcenko
et Pastur sur les matrices de Gram, le comportement asymptotique de la mesure spectrale
a été largement étudié pour une grande classe de modéles de grandes matrices aléatoires,
citons, entre autres, |4,11,26,31,47| et récemment [6,35], etc.

Ces travaux ont été faits selon deux stratégies:

Existence d’une loi limite:

La premiére stratégie consiste a établir 'existence d'une loi limite (déterministe) ap-
proximant la loi spectrale u,, de la matrice aléatoire étudiée.

2



Introduction

Marcenko et Pastur [52] ont étudié un modéle de matrice de covariance empirique, dans
lequel la matrice Y,, est donnée par:

Y, = X,T.X:+A,, (1.1)

ou T, (N x N diagonale), X,, ( N xn) et A,, (N x N hermitienne) sont indépendantes. Ils
ont montré que, quand pr,, la mesure spectrale de T,,, converge vers une loi déterministe
pr, et quand, p4, converge vaguement vers une loi A, alors, la loi spectrale uy, converge
en probabilité vers une loi déterministe Py;p caratérisé par sa transformée de Stieltjes fisp
qui vérifie I’équation suivante:

B T (dT) B o
fup(z) =my <z — C/l +TfMP(Z)> , 2€CT ={zeCIS3(z) > 0},

avec m 4 la transformée de Stieltjes de la loi g, et c est tel que % —— ¢. Ce résultat

n—o0

a été généralisé dans d’autres travaux ( [4,31,41,87,89,90]). Dans [4] par exemple, Bai
et Silverstein ont montré une convergence presque stire sous ’hypothése que la matrice T,
soit diagonale et que sa loi limite soit atteinte par une convergence presque siire.

Les modéles de matrices de Gram non centrés a suscité également beaucoup d’intérét.
Dozier et Silverstein ont étudié le modéle information-plus-bruit suivant:

S, = Y.+A, (1.2)

Les entrées de la matrice Y,, sont supposées independantes et identiquement distribuées
(ii.d.). La matrice A,, est independante de Y,, et telle que la distribution empirique de
A, A} converge vers une loi limite déterministe. Dans ce cas, la convergence presque siire
et en distribution de la mesure spectrale de la matrice 3,37 a été prouvée. Cette mesure
est caractérisée par sa transformée de Stieltjes définie a partir d’une certaine équation
fonctionnelle.

Dans la méme direction, Hachem et al. [34] prouvent le méme résultat dans le cas ou
la matrice A, est déterministe pseudo-diagonale et la matrice Y, est aléatoire dont les
entrées sont indépendantes mais non identiquement distribuées (cas a profil de variance).

Existence d’approximants déterministes:

Dans le cas des matrices de Gram non centrées 3,37 . avec,
En = Yn + Ana

la convergence de la mesure spectrale de 3,3 n’est pas toujours garantie vu la difficulté
de prouver 'existence d'une loi limite de A, A} pour quelques modéles. Une approche
alternative consiste a montrer 'existence d’une suite de mesures déterministes (7,,), ap-
proximant la suite uy, v . Girko, a qui revient cette approche, a remarqué que la transfor-
mée de Stieltjes de la mesure spectrale sy, »« est égale a la trace normalisée de la matrice
résolvante (X,%" — zln)_l. L’idée consiste donc & montrer que les entrées de la fonction
complexe matricielle résolvante (X, %) — zIn)f1 ont le méme comportement asymptotique
que les entrées d’une fonctionnelle matricielle complexe déterministe Ty, (z). Cette fonction
matricielle est caractérisée par un systéme de (n + N) équations couplées et vérifie:

1 . 1
T (8,3, = #1n) - ~TrTy(2)

n—oo,n/N—c€(0,00)

3



Introduction

avec I,, la matrice identité de taille n. En remarquant que la trace normalisée de la matrice
T, (z) est une transformée de Stieltjes d’une mesure 7, cela montre 1'existence des mesures
déterministes approximants la suite px, xx .

Girko [26] a montré ce résultat dans le cas ou les entrées de 3, sont données par

O'Z'j
NG

avec (U%)ij une famille de réels, et les X7 sont des variables al’eatoires 1.i.d. Les lignes et
les colonnes de la matrice A,, = (AZ)Z] sont supposées avoir des normes IL; finies.
Motivés par des applications aux communications numériques dans lesquelles cette condi-
tion sur les entrées de la matrice A,, n’est pas réalisable, Hachem et al. [35] ont montré
I’existence de cette fonctionnelle matricielle T, pour un modéle de matrice de Gram non
centré avec profil de variance. La condition sur la matrice A,, suppose seulement la borni-
tude des normes euclidiennes des lignes et des colonnes.

Un cas particulier du modéle a profil de variance étudié dans [35] auquel nous nous
sommes particuliérement intéressés est donné par

s = ZLX7 4 Al (1.3)

i)

B 1
- \/ﬁ
avec Dn et :f)n sont diagOnaleS réelleS.

Dans ce cas, le systéme fondamental définissant la fonction matricielle T),(z) se réduit a
un systéme de deux équations donné par:

>, D, X, D + A,

- ~ ~ -1
5(2)=1Tr (Dn (2 + Dud) + An(Ly + Do) 'A;) > ,
~ ~ ~ ~ —1
5(2)=1Tx (Dn (—Z(In +D,8) + AL(Iy + Dné)—lAn> >
et la matrice T, (2) est donnée par:
~ ~ ~ —1
To(z) = (—z(IN +D,3) + An (I + Dn5)*1A;) .

1.2 Reésultats de fluctuations: Théoréme de la Limite Central (TLC)

Fluctuations de statistiques spectrales linéaires:

Un prolongement naturel de cette étape ou est étudié des résultats décrivant le com-
portement asymptotique des mesures spectrales de grandes matrices aléatoires, est d’étudier
les fluctuations autour de ces limites/ approximants déterministes.

La litterature mathématique sur I’étude des fluctuations de statistiques linéaires spectrales
montre bien le caractére gaussien de ces fluctuations pour un grand nombre de modéles de
matrices aléatoires.

Les résultats type TLC pour les fonctionnelles spectrales données par:

N
Xn(g) = Zg()\n,i);

4



Introduction

avec g fonction test définie sur R, les A, ; étant les valeurs propres de la matrice aléatoire
étudiée, remontent & Arharov [2] qui a étudié les fluctuations des traces normalisées de
puissances de matrices de covariance empiriques d’entrées i.i.d. Gaussiennes (g(An,i) = A}, ;,
v un entier). Ce travail a été généralisé par Jonsson [41] pour un modéle non Gausswn
Jonsson s’est basé sur la méthode des moments et sur un argument combinatoire. Dans ces
deux travaux, la normalité asymptotique est prouvé sans fournir une expression explicite
de la variance.

Basé sur la méthode de la transformée de Stieltjes et la technique des martingales
(REFORM pour REsolvent, FORmula and Martingale), Girko [28] a fourni une expression
explicite de la variance pour ce modéle de matrices de Gram pour la fonctionnelle: g(\) =
(A —2)"1, avec 3(z) # 0.

Bai et Silverstein se sont intéressés dans [3], & 'étude des fluctuations du vecteur aléa-
toire ( J 91Ny, vz (dX), o 9Ny, Y d)\)) pour des g; appartiennent a une grande
famille de fonctions analythues et cela pour un modéle de matrice de Gram séparable a
gauche, i.e.:

Y, = Tl/QX
f

Sous I’hypothése que le moment d’ordre 4 des entrées de la matrice X, soit égale au
moment 4 gaussien (soit 3 dans le cas réel et 2 dans le cas complexe), Bai et Silverstein
ont prouvé que ce vecteur converge faiblement vers un vecteur Gaussien dont le vecteur
des espérances et la matrices des covariances sont donnés explicitement En plus d’un
argument de tension de la suite ( Jg1(N) 1y, v (dX), o g VY, Y d)\))n, la preuve se
base essentiellement sur la méthode des martlngales

L’approche REFORM est utilisée pour étudier un cas unidimensionnel. Dans leur
travail [37], Hachem et al. ont étudié pour un modéle de matrice de Gram avec profil de
variance les fluctuations de x,(g) pour la fonctionnelle g : X — log(\ + p), avec p un réel
non-négatif. L’étude portait donc sur les fluctuations de la statistique spectrale suivante:

1
Zo(p) = [ log(h+ phiv,ss (N) = logdet (Y. Y + pl) (1.4)

Cette statistique, trés populaire dans la théorie de 'information, domaine motivant ce
travail, représente 'information mutuelle entre le vecteur émis et le vecteur requ dans le
cadre des systémes de transmission a entrées multiples et & sorties multiples. La matrice
Y, qui représente le canal de transmission, est supposée & profil de variance dont les

entrées sont données par Y;; = U’\J;L)XZ;, ot, (045(n);1 <i < N,1 < j <n)est une suite
réelle, les X;; étant i.i.d centrées.

Pour étudier les fluctuations de Z,(p) autour de son approximant déterministe V,,(p)
déja fourni par les mémes auteurs dans [35], 'approche consiste a étudier dans un premier
temps les fluctuations de la variable Z,,(p) autour de son espérance EZ,(p). La variance
fournie comporte un terme additif proportionnelle au quatriéme cumulant des X;;. La
présence d’un terme proportionnel au quatriéme cumulant de la variable X1 qui est di a
la non gaussianité de celle-ci, a été déja mis en évidence par Khorunzhy, Khoruzhenko et
Pastur [47] ainsi que Anderson et Zeitouni [1]. Dans un deuxiéme temps, 1’étude asymp-
totique du biais entre EZ,,(p) et son équivalent déterministe V,,(p) est menée.

Le cas gaussien a été traité dans [36] par des téchniques différentes, fondées sur la
nature gaussiennes des entrées. Dans ce travail, le modeéle de Gram-Kronecker suivant est

5
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étudié: .
Y, = ﬁD}/QXnD}/Z,

avec D, et f)n sont deux matrices déterministes diagonales et les entrées de la matrice
X, sont i.i.d. gaussiennes. Dans ce travail, I'’étude des fluctuations de la statistique Z,(p)
donnée par (1.4) se base sur deux outils importants dans le cas gaussien: l'inégalité de
Nash-Poincaré et la formule d’intégration par partie. L’expression de la variance dans ce
cas rejoigne l'expression trouvée dans [37] avec un biais nul.

Basés sur la méthode des répliques, Moustakas et al. [55] ont montré que la distribu-
tion asymptotique de la fonctionelle Z,,(p) est gaussienne dont les paramétres (espérance
et variance) sont donnés explicitement. L’approche adoptée ici consiste a calculer les mo-
ments de la statistique en question en se basant sur la méthode des répliques et de montrer
que, asymptotiquement, seuls le premier et le second moments ne sont pas négligeables, ce
qui est caractéristique, en un certain sens, de la gaussianité.

Les résultats oubtenus, dans le cas gaussien, par la méthode des répliques se révélent per-
tinents, mais 'incovenient majeur de cette méthode réside dans le fait que ses hyporhéses
ne sont pas justifiées de facon mathématiquement rigoureuse.

Taricco [78| a généralisé ce résultat en utilisant également la méthode des répliques
pour un modéle séparable non centré,
1 -

Yn - %DanDn + Anv

avec X, & entrées i.i.d. gaussiennes et A, une matrice déterministe.

L’étude de fluctuations pour des fonctionnelles spectrales des matrices de Wigner a
également fait l'objet de plusieurs travaux, citons, entre autres, [1,14,47,74,75]. Pastur
et Lytova [51] ont étudié les fluctuations de fonctionnelles spectrales linéaires pour des
matrices de Wigner et des matrices de covariances empiriques. Le but de leur travail est
de développer des outils permettant d’étendre la normalité asymptotique établie pour des
modéles Gaussiens au cas des modéles non Gaussiens.

Fluctuations des formes quadratiques aléatoires:

L’étude des fluctuations des formes quadratiques aléatoires a suscité également beau-
coup d’intérét vu leur importance dans les applications (voir partie 2. pour des applications
aux communications numeériques). On s’intéresse aux formes quadratiques de type:

Blp) = y (YY" +pIy) "y, (1.5)

ol y et Y sont respectivement un vecteur et une matrice aléatoires indépendants et p un
réel positif.

L’étude de ces formes quadratiques a été faite suivant différentes méthodes.

Dans [81], I’étude de cette forme quadratique repose sur un traitement direct a la fois
des valeurs et des vecteurs propres de la matrice YY*. Tse et Zeitouni ont étudié un
modele i.i.d centré pour la forme quadratique ((p). Ce travail se base sur les travaux de
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Silverstein ( [66-70]) qui étudient le comportement asymptotique des vecteurs propres de
quelques matrices de Gram. En faisant la décomposition spectrale de la résolvante de la
matrice YY*, (1.5) devient:

1 N
= y*Odi o*
Blp) =y lag()\,ﬂ)) Y

g =1

avec O la matrice unitaire des vecteurs propres de la matrice résolvante Q(p) = (YY* + pIy)~?,
et les \; sont les valeurs propres de YY*.

Si on suppose que la matrice unitaire O est asymptotiquement Haar-distribuée, alors, le
processus Zp(t) défini par,

Zu(t) = 5= D07~ )

i=1
avec v; = O*y, vérifie la convergence suivante dans l'espace D[0, 1] des fonctions continues
a droite, ayant une limite & gauche:

(Z(®)ecpoy 2 (wz T j@t>

oit WY est un pont Brownien et 1 une variable normale.

En prenant comme élément de D[0, 1] la fonction de répartition de la loi spectrale de YY™,
on obtient la normalité asymptotique de la statistique [(p), lorsqu’elle est centrée et bien
normalisée.

Pan, Guo et Zhou [58] ont montré la normalité asymptotique de cette forme quadratique
aléatoire pour un modeéle séparable & droite. L’approche utilisée consiste & conditionner par
rapport a la matrice Y et utiliser le résultat de l’article de Gotze et Tikhomirov [30] étudiant
les fluctuations d’une forme quadratique aléatoire basée sur une matrice déterministe et
déduisant la normalité asymptotique en montrant que la vitesse de convergence de la
fonction de répartition de la variable forme quadratique vers celle de la loi normale est
controlée par la norme de la plus petite valeur propre de la matrice YY*.
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2 Matrices aléatoires et communications numériques sans fil
Systémes a entrées multiples et a sorties multiples

Ces deux derniéres décennies ont été témoins d’une renaissance dans la théorie de
Iinformation de Shannon notamment pour les systémes de communications sans fil. Dans
une course pour I’amélioration des technologies de transmission de I'information, Foschini,
des Bell Labs utilisa une technique permettant d’accroitre les debits de transmission par
I’emploi de plusieurs antennes a la fois a I’émission et a la réception (figure 1.1).

b

Yiu

Antennes Emettrices Antennes Réceptrices

Figure 1.1: Représentation MIMO.

Gain en diversité

Cette technique de communication & entrées multiples et & sorties multiples appelée
MIMO pour Multiple-Input Multiple-Output, consiste & transmettre plusieurs répliques du
méme signal & plusieurs récepteurs. Cela permet un gain matriciel dans le sens ot chaque
récepteur recoit plusieurs copies du méme signal envoyé par des transmetteurs différents
et donc avec des atténuations différentes. Il est donc possible qu’au moins un des signaux
recus ne soit pas atténué, ce qui rend possible une transmission de bonne qualité.

Représentation matricielle d’un systéme MIMO. Si I'on considére, & un instant donné
n, un signal regu r,, et le signal émis t,, le systéme MIMO & N émetteurs et n récepteurs
peut étre décrit par le systéme linéaire suivant:

r, =Y,t, +b, (1.6)

ou Y, est la N x n matrice modélisant le canal de transmission, dont les entrées représen-
tent les gains entre les antennes de transmission et les antennes de réception, et le N-
dimensionnel vecteur b,, correspond au bruit pertubant le signal émis.

8
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Les multiples versions du signal qui peuvent provoquer des interférences constructives
et destructives entres elles sont, entres autres, des causes d’altération du canal de trans-
mission. Il est donc légitime de supposer que, a chaque utilisation du canal, la matrice
Y,, est une réalisation d’'une matrice aléatoire. Cela dit, le systéme (1.6) sera donc car-
actérisé par la distribution de la matrice aléatoire dont les réalisations Y, traduisent les
caractéristiques du canal. Le canal de tansmission peut connaitre deux scénarios:

Régime d’évanouissement rapide: Fast fading environment.

Ce cas de figure se présente quand la réponse du canal change rapidement durant la
période de transmission. Cet évanouissement est di, par exemple, aux réflexions du signal &
des objets proches. Dans ce cas, chaque transmission correspond & une nouvelle réalisation
du canal.

Régime d’évanouissement lent: Slow fading environment.

L’évanouissement lent d’un canal est dii aux phénoménes de masquages et d’ombrage
qui peuvent se présenter entre I’émetteur et le récepteur. Dans ce cas, le canal peut étre
considéré comme constant pendant la période d’utilisation.

L’évaluation des performances des canaux MIMO se fait & travers I’étude de ses indices
de performances tels que la capacité du canal de transmission, la probabilité de dépassement
d’un seuil donné pour l'information mutuelle, le taux d’erreur en sortie d’un récepteur, le
rapport signal sur bruit..

L’étude mathématique de ces indicateurs tire profil du fait que la plupart de ces indicateurs
s’expriment comme des fonctionnelles spectrales de la matrice-canal.

2.1 Information mutuelle dans un systéme multi-antennes

Dans un systéme multi-antennes, I'information mutuelle entre le signal transmis t,, et le
signal recu r,, est donnée par:

1 1 \
Nl(tn,rn\Yn) = N]ogdet(IN—l—pYnYn) (1.7)
= [ los(1+ prldny, v (2) (1.8)
0

avec [ly,y; la mesure spectrale des valeurs prores de Y, Y} et p représentant le rapport

signal sur bruit donné par:
_ NE|Jta?
KE|[by|[?

Capacité du canal dans un régime d’évanouissement rapide

Dans le cas d’évanouissement rapide, les changements du canal se traduisent par des
réalisations indépendantes de la matrice aléatoire modélisant le canal. On s’intéresse donc

9
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a l'information mutuelle "moyenne" entre r,, et t,,. Dans ce cas, & chaque unité de temps
de transmission n on a une réalisation du canal Y, et I'information mutuelle entre r,, et
vecteur transmis t,, de matrice de covariance Q,, sera donc donnée par:

Elogdet (In + pY,Q,Y})

ol p représente la variance du bruit b,,.

Dans ce cas, la capacité ergodique du canal qui représente le maximum de 'information
pouvant transiter & travers le canal est déterminée comme le maximum de l'information
mutuelle entre t,, et r,, sous certaines contraintes sur la matrice de covariance de t,,. Plus
précisemment, la capacité ergodique est donnée par:

sup Elogdet (In + pY, Q.Y ).
Q>0,1TrQ<1

ou Tr@ est la trace de la matrice Q.

Capacité du canal sous un régime d’évanouissement lent

Dans un régime d’évanouissement lent, comme la réalisation du canal peut persister
pendant que plusieurs messages peuvent étre transmis, 'information mutuelle sera donnée
par:

logdet (In + pY,Q,Y}).

Dans ce cas, un indice pouvant mesurer la pertinence du choix de la réalisation du canal est
la probabilité de dépassement (outage probability). Cet indice correspond & la probabilité
que la capacité instantanée du canal de transmission soit inférieure ou égale au nombre de
bits transmis par utilisation du canal (rendement de la transmission).

Analyse mathématique de l'information mutuelle

Telatar [80] et Foschini [22] sont les premiers qui ont considéré le scenario d’une matrice-
canal Y, aléatoire. Dans leurs travaux, le modéle étudié est celui de Rayleigh: une matrice-
canal d’entrées qui s’écrivent sous la forme Y}, , = v, pexp(jbn k), ot (q k)n i €st une suite
de variables aléatoires independantes (v.a.i.) suivant une loi de Rayleigh, et (0, i )n i est
une suite de v.a.i. distribuées selon une loi uniforme, autrement, les entrées sont com-
plexes i.i.d gaussiennes dont la partie réelle et la partie imaginaire de chaque entrée sont
indépendantes centrées et de variance 1/2. Dans ce cas, il est possible de trouver une
expression explicite de I'information mutuelle I(t,,, r,|Y,) mais cette expression reste tout
de méme peu exploitable vu la difficulté de pouvoir en tirer des informations sur I'influence
des paramétres du canal sur sa performance. Telatar [80] a donc procédé a la recherche
des équivalents de cette statistique en espérant qu’ils soient plus facile a calculer et & in-
terpréter.

En faisant 'hypothése que les trajets entre chaque antenne d’émission et de réception sont
indépendants, Telatar a prouvé que la capacité théorique du canal MIMO croit linéairement
avec le minimum des nombres d’antennes a 1’émission ou a la reception. la figure 1.2 con-
firme le fait que la capacité augmente avec le nombre d’antennes pour des SNR croissants.
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Figure 1.2: Capacité en fonction du SNR.

En effet, en se basant sur le fameux résultat de Marcenko-Pastur [52] sur le comporte-
ment asymptotique de la mesure spectrale des matrices de Gram, Telatar a montré que
I'information mutuelle converge, quand le nombre d’antennes d’émission et de réception
tendent vers U'infini au méme rythme (% — ¢ > 0), vers une quantité déterministe V (p, c)
qui ne dépends que du rapport signal sur bruit p et de la constante c¢. La dépendance de cet
approximant des paramétres du canal est beaucoup plus explicite et son implémentation
informatique est moins cotiteuse.

Les résultats trés encourageants de ces deux travaux ont motivé le développement
de plusieurs travaux applicant la théorie des matrices aléatoires pour la résolution des
problémes de la théorie de 'information.

Dans la littérature, on trouve deux grands scénarios pour le canal de transmission:

2.2 Modéles de Rayleigh

Les modeéles de Rayleigh modélisent les canaux de transmission lorsque celle ci se rend au
récepteur en passant par des réflexions et des échos. D’un point de vue mathématique, on
parle des modéles centrés dans lesquels les entrées de la matrice-canal sont modélisées par
des variables aléatoires centrées.

Modéles de Kronecker centrés
Ce sont les modeéles centrés qui supposent des corrélations a I’émission et /ou a la réception
entre les antennes tout en supposant la non corrélations entre les antennes émettrices et
celles réceptrices. Ces modéles sont donnés par:

Y = D1/2Xf)1/2

Dans le but de comprendre 'impact de ces corrélations sur I'information mutuelle, ce mod-
éle a fait 'objet de plusieurs travaux , citons a titre d’exemple [16,36, 55, 56, 84].
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Ces travaux établissent une approximation V,(p,c) de l'information mutuelle Z,(p) =
logdet (In + pY,.Y,") dans le régime asymptotique o le nombre d’antennes a I’émission et
le nombre d’antennes a la réception tendent vers 'infini au méme rythme.

Considérons par exemple le travail de Hachem et al. [36]. Le modéle de Kronecker
centré Gaussien, ot les matrices de corrélations D,, et D,, sont supposées diagonales et les
entrés de X sont gaussiennes est étudié dans ce travail. Il a été prouvé que 'information
mutuelle Z,(p) admet un équivalent déterministe V,, dont ’expression est donnée par

V.,.(p,c) = log det (In + pén(p)f)n) + log det (IN + pgn(p)Dn> — npdn(p)on(p)

avec (8,(p), 0n(p)) solution du systéme (1.1). I a été prouvé également que la vitesse de
convergence de EZ, (p) vers cet approximant est inversement proportionnel au nombre de
récepteurs,/ émetteurs.

Dans [16], Chuah et al. étudient le comportement asymptotique de l'information
mutuelle et de la capacité des systies multi-antennes (MEA: Multiple-Element Arrays).
Deux cas ont été étudiés: le cas i.i.d sans corrélations et le cas gaussien avec corrélations.

L’étude des fluctuations de I'information mutuelle autour de son approximant déter-
ministe présente un grand intérét pratique dans le sens oil, en plus de son role classique
de mesurer la pertinence de ’approximant déterministe, elle permet aussi de déterminer
la probabilité de dépassement (outage probability) correspondante a la probabilité que la
capacité instantanée du canal de transmission soit inférieure ou égale au nombre de bits
transmis par utilisation canal (rendement de transmission).

Moustakas et al. [55] ont étudié les fluctuations de la variable information mutuelle
pour un canal de Rayleigh dans le cas de présence de corrélations entre les antennes. Dans
un scénario d’évanouissement lent, les auteurs ont montré la normalité asymptotique des
fluctuations de l'information mutuelle en se basant sur la méthode des répliques, et ont
montré, par simulations, que le régime asymptotique peut étre atteint pour un nombre
réaliste d’antennes.

Modéles centrés généraux

Dans ce cas, on permet des corrélations entre les antennes des deux cotés en plus des
corrélations mutuelles dans chaque c6té, on a donc a traiter des modéles de type:

o (n)
Y = Z\j/ﬁ X3

Pour ces modéles, citons [3,37]. Dans ces travaux, le comportement asymptotique
gaussien de 'information mutuelle est prouvé pour des modéles généraux pas forcément
gaussiens.

2.3 Modéles de Rice

Lorsque 'on suppose l'existence d’un trajet direct entre le transmetteur et le récepteur, on
dit qu’on parle de ligne de vue ( L.O.S pour Line Of Sight). On désigne ainsi la possibilté
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de voir directement le récepteur a partir du transmetteur. Lorsqu’une ligne de vue existe,
on parle généralement des modéles de Rice, ou encore des modéles Information-plus-Bruit.
Dans ce cas, on rajoute un terme déterministe décrivant le gain di au trajet direct. Ces
modéles sont donnés sous la forme:

Y, =Y, + A,

Ce modeéle a fait 1'objet de plusieurs travaux. Citons, entre autres, [17,37,50], et dans
le cas gaussien, citons les travaux de Hachem et al [36], Taricco |78,79], etc.

L’information mutuelle ainsi que la capacité du canal de transmission ont fait I’objet
de plusieurs études. Les résultats mathématiques présentés dans la premiére section étu-
diant la fonctionnelle log det montrent que, pour la plupart de ces modéles, la distribution
de l'information mutuelle peut étre caractérisée par la donnée des approximants de ses
paramétres, qui sont relativement simples a calculer et a interpréter par rapport aux vrais
parametres.

2.4 Rapport Signal a Interférence plus Bruit

Une des techniques multi-antennes permettant d’augmenter la capacité des systémes de
communications est 1’accés multiple par division de codes CDMA (Code Division Multiple
Access). La technique CDMA est un mode d’accés multiple dans lequel chaque usager
est caractérisé par une séquence codée permettant de restituer le signal qu’il a émis ou
celui qui lui est destiné. Le systéme (1.6) modélise cette technique en supposant que t,
représente le vecteur des codes transmis.

Le but dans un systéme CDMA est de pouvoir estimer les symboles transmis a partir
du vecteur recu. Un des estimateurs les plus populaires est I’estimateur linéaire de Wiener,
ou encore 'estimateur LMMSE, pour Linear Minimum Mean Squared Error. Supposons
qu’on cherche a estimer le premier symbol ;. L’estimateur LMMSE estime t; = g*r tel
que le vecteur g est le vecteur minimisant la quantité: E|g*r — ¢1|?. La performance de
Iestimateur LMMSE est souvent évaluée en terme du Rapport Signal & Interference-Plus-
Bruit (RSIB) mesuré a la sortie du récepteur. Le RSIB est donné par:

gy

RSIB —_
E‘g*rinp

(1.9)
avec y représente la colonne correspondante a l'utilisateur d’intérét (le premier dans ce
cas) et ry;, représente le signal inutile (interférence plus bruit).

Apreés quelques manipulations matricielles, il est possible de montrer que le RSIB peut

s’écrire sous la forme :
RSIB =y* (Y1Y1" +pIy) 'y

avec Y7 la matrice résultante en éliminant la premiére colonne de la matrice Y et p est
tel que Ebb* = ply.

Cette expression étant peu exploitable en raison de la complexité d’inverser des matrices
de taille N x N ainsi que la difficulté d’y voir I'influence des paramétres du modéle sur le
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RSIB, il est donc important de chercher des approximants relativement simple & interpréter
et a calculer.

L’étude mathématique du RSIB s’inscrit dans le cadre de 'étude des formes quadra-
tiques aléatoires.

2.5 Taux d’Erreur et Probabilité de Dépassement

La performance de I'indice Rapport Signal & Interférence plus Bruit est étudiée & partir de
la probabilité de dépassement qui mesure le rendement de la transmission. Un autre indice
pour mesurer la qualité de la transmission de méme importance que la capacité est le taux
d’erreur ou BER (pour Bit Error Rate). C’est une mesure qui s’appuie sur le ratio de bits
faux. La distribution du RSIB peut étre utiliser pour prédire le BER dans un canal de
transmission. En effet, si on considére un recepteur LMMSE, il est prové que pour certains
types de modulations, le BER peut étre caractérisé par la distribution du RSIB, 3. Soit,

BER = — E/OO /2
= — e dt
T JVB

ou l'espérance ici est prise selon la loi de .

Li et al. [49] ont proposé d’approximer le BER en supposant que le RSIB suit une loi
Gamma généralisée de parameétres («,b,€). L’idée est de trouver des approximants des
paramétres de la loi Gamma généralisée et donc d’exprimer le BER en fonction de la
fonction génératrice des moments du RSIB. Soit,

1
1 [= 1
BER = — M(|——— .
R 7r/0 ( 2sin2¢> d¢

3 Contributions de la thése

3.1 Etude des fluctuations des formes quadratiques aléatoires

Considérons la forme quadratique aléatoire suivante:

Br(p) = ¥y (YkYi+plk)y (1.10)

avec, Y i est une matrice aléatoire de dimension N x K dont les entrées sont données par
Yor = ”—\75 nk, OU (Onk)nk est une suite de réels positifs et X, des variables aléatoires
i.i.d. centrées. Le vecteur aléatoire y est indépendant de la matrice Y.

Nous avons établi un TLC pour les formes quadratiques de la forme (1.10), dont nous
avons fourni des expressions explicites de la moyenne et de la variance. Notre approche
consiste & montrer la normalité asymptotique en se basant sur la méthode REFORM. Nous
avons mis en évidence que les fluctuations de cette forme quadratique proviennent essen-
tiellement du caractére aléatoire du vecteur y et donc le caractére aléatoire des vecteurs
propres de la matrice de Gram YY* n’intervient pas dans les fluctuations de la forme
quadratique.

Notons que notre résultat est d’ordre non-asymptotique, i.e. ’expression de la variance
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dépend de n. Nous pensons que l'intérét de ce résultat est double: d’une part, nous sup-
posons peu d’hypothéses sur la suite profils de variance, ce qui rend le résultat plus général,
et d’autre part, la donnée des suites dépendant de n jouant le role de la variance dans le
TLC facilite son implémentation informatique et son calcul pratique.

Ce travail présenté dans le chapitre (2) fait 'objet de l'article [45] publié¢ dans IEEE In-
formation Theory.

3.2 Contribution analytique et numérique pour le taux d’erreur et la
probabilité de dépassement

La compréhension des fluctuations du SINR permet d’étudier le comportement d’autres
indices de performances comme le taux d’erreur (BER pour Bit Error Rate) et la probabilité
de dépassement (outage probability).

IL a été prouvé que les fluctuations du SINR sont asymptotiquement gaussiennes.
Cependant, cette approximation n’est pas efficace pour I’étude du BER et de la probabilité
de dépassement vu que la loi normale permet des valeurs négatives. Li et al. [49] proposent
une approximation par la loi Gamma généralisée. La loi Gamma généralisée étant positive
et admet un moment d’ordre trois non nul, ce qui est important pour le calcul du BER et
de I" outage probability. Cette approximation se révéle pertinente méme pour les systémes
de faibles dimensions.

Dans notre travail présenté dans le chapitre (3), nous adoptons cette approche pour
un modeéle gaussien séparable. Nous calculons les trois premiers moments du SINR en
utilisant des techniques basées sur la nature gaussienne des entrées de la matrice-canal.

Ce travail a fait 'objet de I'article [45] publié dans IEEE Information Theory.

3.3 Etude des fluctuations de la fonctionnelle spectrale logdet

Le TLC pour les fonctionnelles spectrales linéaires a fait ’objet de plusieurs travaux. Notre
contribution présentée dans le chapitre (4), consiste a étabir un TLC pour la fonctionnelle

1 N
Tn(p) = D log(\ +p), (1.11)
=1

avec A} sont les valeurs propres d’une matrice de Gram 3,,3;. Nous considérons le modéle
matriciel non centré suivant:
%, = ——DY’X,DY?+A
n - \/ﬁ n n n + -

Les matrices D,, et D,, sont positives, diagonales. La matrice X,, est complexe dont les
entrées sont i.i.d. centrées et réduites, et la matrice A,, est déterministe. Nous montrons
que la statistique Z,, lorsqu’elle est centrée et bien normalisée, vérifie un TLC. Pour cette
fin, nous adoptons ’approche REFORM, nous développons des outils mathématiques pour
vérifier les conditions du TLC pour les martingales (cf, Billingsley [9]). Nous montrons que
la variance dépend & la fois des valeurs et des vecteurs propres de la matrice de centrage
A,

L’intérét applicatif de ce travail est ’étude des fluctuations de I'information mutuelle dans
le cas des modéles de Rice.
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Afin détudier les fluctuations de la variable information mutuelle autour de son ap-
proximant déterministe V,,, ’étude du comportement asymptotique du biais qui apparait
naturellement en remplagant EZ,,(p) par V,, est nécessaire. Ce point n’est pas abordé dans
cette thése, est en cours de réalisation.

Ce travail étudiant les fluctuations de 'information mutuelle dans le cas Rice, est en
cours de finalisation pour lequel I'essentiel des résultats mathématiques a été établi (cf.
chapitre 4), et donnera lieu a la rédaction d’un article avec W. Hachem, J. Najim et J. W.
Silverstein.
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CHAPTER 2

Central Limit Theorem for quadratic forms
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The material of this chapter is the article entitled "A Central Limit Theorem for the
SINR LMMSE Estimator Output for Large Dimensional Signals" [45] published in IEEE
Information Theory revue.

1 Introduction

The most of the schemes of multi-user and multi-access communication systems such as
Multiple Input Multiple Output (MIMO) systems and Code Division Multiple Access
(CDMA) are modeled as a linear random system:

r=3s+n (2.1)

the N dimensional random vector r € CV represents the received signal, the K + 1 multi-
dimensional transmitted signal is given by a random vector s and satisfying Ess* = Ik 1,
¥ is the channel matrix and n is an independent Additive White Gaussian Noise (AWGN)
with covariance matrix Enn* = pIy whose variance p > 0 is known.

The choice of the random character of the channel matrix is justified by the random
fluctuating nature of the channel transmission. The theory of large random matrices is a
powerful mathematical tool widely used to adress problems in multidimensional wireless
communications and signal processing. This chapter examines the mathematical properties
of a quantity fundamental in analyzing the performance of the Linear Minimum Mean
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Squared Error (LMMSE) estimator for multidimensional signals in the large dimension
regime. The output Signal to Interference-Noise Ratio (SINR) associated with a given user
k is typically used as a measure for evaluating the performance of the LMMSE estimator.
Without loss of generality, we suppose that we are interested by the first user k = 0.
For user 1 and under the LMMSE estimator, The transmitted signal sy is estimated by
50 = g*r where the N x 1 vector g minimizes the quadratic error E|$y— 30]2 and maximizes
the 1’s output SINR [k given by:

B =y (YY" +pIn) "y . (2:2)

where the N x 1 vector y and the N x K matrix Y derived from the following decomposition
of the channel matrix: ¥ = [y Y|. Large random matrix theory shows that, when the
dimension of the received and transmitted signals go to infinity with the same rate, the
SINR Bx converges, in some sense, to an explicit deterministic quantity 3. Beyond the
convergence of the SINR, a natural practical and theoretical problem concerns the study
of the distribution of its fluctuations.

In this chapter, we consider the following statistical model:

N,K Onk NK
%= (E"k)nél,k:O = <\/EWnk> o (2.3)

where the complex random variables W, are i.i.d. with EW,; = 0, EWﬁk = 0 and
E[W,x|?> = 1 and where (aik; 1<n < N; 0<k<K)is an array of real numbers. Due

to the fact that E|,;|> = if(’“, the array (02,) is referred to as a variance profile.

The literature. The asymptotic first order results of quadratique forms described by
the model (2.3) have been studied in various works (see, e.g. [4,26]). Applications in the
field of wireless communications can be found in e.g. [15] in the separable case, and in [83]
in the general variance profile case.

Concerning the CLT for Bk — (B, only some particular cases of the general model (2.3)
have been considered in the literature among which the i.i.d. case is studied in [81] which
is based in the result of 70| pertaining to the asymptotic behavior of the eigenvectors of
YY*.

In this chapter, we establish a Central Limit Theorem for a large class of random
matrices 3. We prove that there exists a sequence 6% = O(1) such that 9—‘/5(&( — Bx)
converges in distribution to the standard normal law N(0, 1) in the asymptotic regime.

In section 2, we recall some results concerning the asymptotic behavior of quadratic
forms. Our mean contribution, the CLT is given in section 3. In section 4, we provide
some applications in the field of wireless communications and numerical illustrations.

2 First Order Results: Deterministic Approximations of Ran-
dom Quadratic Forms
The aim of this section is to give a short outline of the existing first ordre results. These

results are given in both cases, the general case (with a general variance profile) and the
separable case which is of great importance in the applications.
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The model Consider the quadratic form (2.2):
B =y" (YY" +pIy) 'y

where the sequence of matrices X(K) = [y(K) Y (K)] is given by

_ N.K _ ((onk(X) e
S(K) = (Bnr(K))pZy peo = < NI W"k>n17k0

Let us state the main assumptions:

A1l The complex random variables (Wy,x; n > 1, k > 0) are i.i.d. with EWj9 = 0,
EW12[) =0, E’Ww‘Z =1 and E‘Ww‘g < 00.

A2 There exists a real number oy < 00 such that

sup max, |lonk (K)| < omax -

0<k<K
Let (am;1 < m < M) be complex numbers, then diag(a,,; 1 < m < M) refers to the M x M
diagonal matrix whose diagonal elements are the a,,’s. If A = (a;;) is a square matrix,
then diag(A) refers to the matrix diag(a;;). Consider the following diagonal matrices based
on the variance profile along the columns and the rows of X:

]gk(K) = diag(o-%k(K% e 7O-JQ\HC(I{))v 0<k<K (2 4)
Du(K) = diag(o2,(K), - 02, (K)), 1<n<N. |

A3 The variance profile satisfies

1
liminf min —Tr Dy (K .
B DR 2 0

Since E|Wyg|? = 1, one has E[Wjp|* > 1. The following is needed:

A4 At least one of the following conditions is satisfied:
K
E|Wi/* >1 or liminf 2y Dy(K)» Dy(K) | >0.
K K?

Remark.
If needed, one can attenuate the assumption on the eighth moment in A1l. For instance,
one can adapt without difficulty the proofs of our results to the case where E|Wyg|*t¢ < oo
for e > 0. We assumed E|Wj0|® < oo because at some places we rely on results of [37]
which are stated with the assumption on the eighth moment.
Assumption A3 is technical. It has already appeared in [35].
Assumption A4 is necessary to get a non-vanishing variance 9%( in Theorem 4.
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2.1 Mathematical tools

Stieltjes transform and resolvent Stieltjes transforms of probability measures and
resolvent of hermitian matrices play a fundamental role in our approach. Let us begin by
the following definitions.

Definition: Stieltjes transform
Let p be a probability measure over R. Its Stieltjes transform f is defined as

1) = [ B8 = e c/suppin)

where, supp(u) refers to the support of measure p. We shall denote by S(R™) the set of
Stieltjes transforms of probability measures with support in R™.
The following proposition presents the main properties of the Stieltjes transforms.

Proposition 1 The following properties hold true.

1. Let z be a complex number. Let f be a Stieltjes transform of a probability measure p,
then:
a) f is analytic over C/supp(u), and
b) Let d(z,RT) refers to the distance of z from the set of positive real numbers RT.
Then, if f € S(RT), we have, |f(2)| < m.

2. Let P, and P be probability measures over R and denote by f, and f their Stieltjes
transforms. Then,

(vz e CH, fulz) —— f(z)) — P,-2.P

n—oo n—oo
where D stands for the convergence in distribution.

Definition: The resolvent matrix
Let A be an N x N hermitian matrix. The complexe matrix fonction Q(z) defined as

Qz)=(A—zIy)"', 2zeC—R

represents the resolvent of A.

The following proposition illustrates the very close link between Stieltjes transform of
the empirical distribution of the eigenvalues of a given matrix and the resolvent of this
matrix. The second item of this proposition gives an upper bound for the spectrale norms
of the resolvent matrices.

Proposition 2 Let Q(z) be the resolvent of a hermitian matrix A. Then,

1. The function fn(z) = % TrQ(z) is the Stieltjes transform of the empirical distribution
of the eigenvalues of A.
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Central Limit Theorem for quadratic forms

2. 1Q()]| < d(zR+ ,for every z € C — R.

The following lemma which reproduces [5, Lemma 2.7| will be used throughout this
work. It characterizes the asymptotic behavior of an important class of quadratic forms:

Lemma 2.1 Let x = [Xq,..., XpN]! be a N x 1 vector where the X,, are centered i.i.d.
complex random variables with unit variance. Let A be a deterministic N X N complex
matriz. Then, for any p > 2, there exists a constant C, depending on p only such that

r ¢
<2 ((E!X1|4Tr (AA)”? L BX [Ty ((AA*)P/Q)) .

(2.5)

1 1
E ’NX*AX - NTr (A)

Noticing that Tr (AA*) < NJ||A|? and that Tr ((AA*)P/2) < NJ||A|/?, we obtain the

simpler inequality

p
<Cp

< ol Al (EIX)" + EX ) (2.6)

’x*Ax - —Tr (A)

which is useful in case one has bounds on [|A]|.

2.2 Deterministic approximations of random quadratic forms

Denote by Qg (2) and Qx () the resolvents of Y (K)Y (K)* and Y (K)*Y (K) respectively,
that is the N x N and K x K matrices defined by:

Qx(2) = (Y(K)Y(K)* — 2Iy)"! and QK(Z) = (Y(K)'Y(K) — zIK)_1

It is known [26,35] that there exists a deterministic diagonal N x N matrix function T(z)
that approximates the resolvent Q(z) in the following sense: Given a test matrix S with
bounded spectral norm, the quantity +Tr S(Q(z)—T(z)) converges a.s. to zero as K — oc.
It is also known that the approxnnatlon By of the quadratic form B is simply related to
T(z) (cf. Theorem 2). As we shall see, matrix T(z) also plays a fundamental role in the
second order result (Theorem 4).

In the following theorem, we recall the definition and some of the main properties of
T(2).

Theorem 1 The following hold true:

1. [85, Theorem 2.4] Let (02, (K); 1 <n < N; 1<k < K) be a sequence of arrays
of real numbers and consider the matrices Di(K) and D, (K) defined in (2.4). The
system of N + K functional equations

tnx(2) = , lsmshN
2 (14 T (D (K)Ti(2)))

i 1

thr(2) = P (1 + %Tr (Dk(K)TK(Z))) kel
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where
Tk (z) = diag(t1,k(2), ..., tnK(2)), TK(Z) = diag(t1 k (2), ..., Ik K (2))

admits a unique solution (T,T) among the diagonal matrices for which the t, i ’s
and the Ty i ’s belong to class S. Moreover, functions t, i (z) and ty i (z) admit an
analytical continuation over C — Ry which is real and positive for z € (—00,0).

2. [35, Theorem 2.5] Assume that Assumptions A1 and A2 hold true. Consider the
sequence of random matrices Y (K)Y (K)* where Y has dimensions N x K and
whose entries are given by Yo = i‘/% nk. For every sequence Sk of N X N diagonal

matrices and every sequence gK of K x K diagonal matrices with
supma (IS, [Sxll) < oo,
the following limits hold true almost surely:

Jim T Sk (Quel(2) — Tk(2))

N G I - ~
Kh—I>n<><> ?Tr Sk <QK(Z) - TK(Z)) = 0, Vze C—Ry .

0, VZG(C—R+,

Using Theorem 1 and Lemma 2.1, we are in position to characterize the asymptotic
behavior of the quadratic form Bx given by (2.2). We begin by rewriting S as

1 * * - 1 *

where the N x 1 vector wy is given by wg = [Who, ..., WNo]t and the diagonal matrix Dy
is given by (2.4). Recall that wg and Q are independent and that |Dg|| < o2, by A2.
Furthermore, one can easily notice that ||Q(—p)|| = [|[(YY* + pI) || < 1/p.

Denote by Eq the conditional expectation with respect to Q, i.e. Eq = E( - ||Q). From
Inequality (2.6), there exists a constant C' > 0 for which

4 C (N
< =
= K2\ K

C [N\? Ufnax 4
2 (K) (p) ((E[Wro|")? + E[Wiol®)

o()

By the Borel-Cantelli Lemma, we therefore have

2
BEq |9k - =T DyQ(~p) ) EIDuQ (Bl + EWol*)

IN

i = 2 Tr(DoQ(—p) —— 0 s

Using this result, simply apply Theorem 1-(2) with S = Dq (recall that |Dyl| < 02,.,) to

max
obtain:

— 1
Theorem 2 Let f) = ETr (Do(K)Txr(—p)) where Tg is given by Theorem 1-(1). As-
sume A1l and A2. Then

ﬂKfBK E—— a.s.
K—o0
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The deterministic approximation in the separable case

In the separable case o, (K) = dn(K)di(K), matrices Di(K) and f)n(K) are written as

D;(K) = d(K)D(K) and D, (K) = d,,(K)D(K) where D(K) and D(K) are the diagonal

matrices

D(K) = diag(dy(K),...,dy(K)), D(K) = diag(di(K),...,dg(K)).  (2.9)

and one can check that the system of N + K equations leading to Tx and T x simplifies
into a system of two equations, and Theorem 1 takes the following form:

Proposition 3 /35, Sec. 3.2/

1. Assume 02, (K) = d,(K)dy(K). Given p > 0, the system of two equations

o) = %1 (D (ply + k(D))

~ _ 1 (2.10)
bi(p) = £Tx (D (p(lic + 3k (p)D))

where D and D are given by (2.9) admits a unique solution (dr (p), ok (p)). Moreover,
in this case matrices T(—p) and T(—p) provided by Theorem 1—(1) coincide with

T(—p) = L@ +3(D) and T(=p) = ST +5()D) " (2.11)

2. Assume that A1 and A2 hold true. Let matrices S and Sk be as in Theorem 1(2).
Then, almost surely

LT (S (Que(p) ~ Tre(=p))) — 0 and T (S (Quelp) ~ Tre(p)) ) —0,

as K — oo.

With these equations we can adapt the result of Theorem 2 to the separable case.
Notice that Dy = doD and that §(p) given by the system (2.10) coincides with +Tr (DT),
hence

Proposition 4 Assume that 0%, (K) = dp(K)dp(K), and that A1 and A2 hold true.
Then

where Ok (p) is given by Proposition 3—(1).
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3 Second Order Results: Central Limit Theorem for Quadratic
Forms

Our principal theoretical contribution to the study of the fluctuations of quadratic forms

is presented in this section. Our approach is based on the decomposition of the quadratic

form into a sum of martingale differences and on the use of the CLT for martingales [9].
Let us begin with some mathematical preliminaries.

3.1 Preliminaries

The following CLT for martingales is the key tool to study the asymptotic behavior of B

Theorem 3 [9] Let Xn k, XN-1K,--.,X1,Kk be a martingale difference sequence with
respect to the increasing filtration Gn i, ..., G1,Kk. Assume that there exists a sequence of
real positive numbers 3%( such that

N
1
= > E[X] kllGnirk] vl
K p=1
(2.12)
in probability. Assume further that the Lyapunov condition holds:
1 N
2+«
Ja > 0, WZMXMA —— 0,
Sk n=1
(2.13)

Then si ij:l X,k converges in distribution to N'(0,1) as K — oo.

Remark 1 This theorem is proved in [9], gathering Theorem 35.12 (which is expressed
under the weaker Lindeberg condition) together with the arguments of Section 27 (where it
is proved that Lyapunov’s condition implies Lindeberg’s condition).

The following inequality will be of help to check Lyapunov’s condition.

Lemma 3.1 (Burkholder’s inequality) Let Xj be a complex martingale difference se-
quence with respect to the increasing sequence of o—fields Fy. Then for p > 2, there exists
a constant C), for which

E

p p/2
<C,|E (ZE[\Xk|2|yfk_1]> +EZ|Xk\p
k k

> %
k

The following lemma gathers useful matrix results, whose proofs can be found in [39]:
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Lemma 3.2 Assume X = [azij]%-:l and Y are complex N x N matrices. Then
1. For every i,j < N, |z;;| < || X||. In particular, ||diag(X)|| < || X]].
2 XY < X] Y]]
3. For p > 0, the resolvent (XX* + pI)~! satisfies ||(XX* + pI) 7| < p~ L.

4. If Y is Hermitian nonnegative, then |Tr (XY)| < ||X||Tr (Y).

Let X = UAV* be a spectral decomposition of X where A = diag(Ay,...,A,) is the
matrix of singular values of X. For a real p > 1, the Schatten £,-norm of X is defined as

X, = (> )\f)l/p. The following bound over the Schatten £,-norm of a triangular matrix
will be of help (for a proof, see |7], [57, page 278|):

Lemma 3.3 Let X = [ﬂfz‘j]%:l be a N x N complex matriz and let X = [wij1i>j]£7j:1 be
the strictly lower triangular matriz extracted from X. Then for every p > 1, there exists a
constant Cp, depending on p only such that

Xy < CplI Xl -

The following lemma lists some properties of the resolvent Q and the deterministic ap-
proximation matrix T.

Lemma 3.4 The following facts hold true:

1. Assume A2. Consider matrices T (—p) = diag(ti(—p), ..., tn(—p)) defined by The-
orem 1—(1). Then for every 1 <n < N,

1

2.14
P+ 0hax (2.14)

<tn(—p) <

D=

2. Assume in addition A1 and A3. Let Qx(—p) = (YY*+ pI)~! and let matrices Sk
be as in the statement of Theorem 1—-(2). Then

supE|Tr Sk (Qx — Tk)|* < oo . (2.15)
K

Proof Let us establish (2.14). The lower bound immediately follows from the represen-

tation

o 1 (;) 1
n — 2 iy 2
L K Unk P + g
P+ ke TLIyN o2, max

where (a) follows from A2 and t;(—p) > 0. The upper bound requires an extra argument:
As proved in [35, Theorem 2.4|, the t,,’s are Stieltjes transforms of probability measures
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supported by R, i.e. there exists a probability measure p, over Ry such that ¢,(z) =

[ ?ﬁ‘it). Thus
%) n 1
tn(—=p) =/ pnlf) 1
o t+tp " p

)

and (2.14) is proved.

We now briefly justify (2.15). We have E|Tr S(Q — T)> = E|TrS(Q — EQ)|* +
ITr S(EQ — T)|*. In [37, Lemma 6.3] it is stated that supyx E|TrS(Q —EQ)|* < oc.
Furthermore, in the proof of [37, Theorem 3.3] it is shown that supy K||[EQ — T| < oo,
hence |[TrS(EQ — T)| < K||S(EQ — T)|| < K||[EQ — T||||S|| < oo by Lemma 3.2-(2). The
result follows.

3.2 The main results: Central Limit Theorem for quadratique forms

The main result is given in the following theorem.

Theorem 4 1. Assume that A2, A3 and A4 hold true. Let Ag and Ak be the K x K
matrices
1 +TrDD,,T(—p)?

K
Ag = [ 2] and (2.16)
K (14 £TrD(T(~p)) £m=1

Ak

1 2
diag <<1 + KTngT(—p)) 1</i< K) )
where T is defined in Theorem 1-(1). Let gx be the K x 1 vector
~ | L1vpyD T(—p)? 1 DD T(—p)* t
8K = I o1 P)s K oYK P .
Then the sequence of real numbers

1 ~ 1
0% = —gh(Ix — Ar) "Agr + (E[Wio|* - 1)?TrD(2)T(—p)2 (2.17)

K

s well defined and furthermore

0 < liminf 6% < limsup#% < oo .
K K

2. Assume in addition A1. Then the sequence B = y*(YY* + pI)~ly satisfies

K _
\9/; (Bx — Br) EN(O’ 1)

in distribution where B = %Tr DoTx is defined in the statement of Theorem 2.

Remark 2 (On the achievability of the minimum of the variance) As E|Wio|?> = 1, one
clearly has E|Wio|* — 1 > 0 with equality if and only if |Wio| = 1 with probability one.
Moreover, we shall prove in the sequel that lim inf g %DO(K)T%( > 0. Therefore (E|Whg|*—
1)%Tr D2T? is nonnegative, and is zero if and only if |[Wig| = 1 with probability one. As
a consequence, 9%( is manimum with respect to the distribution of the Wy if and only if
these random variables have their values on the unit circle.
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3.3 Proof of the main theorem

The following lemma, which directly follows from |[Lemma 5.2 and Proposition 5.5] [37],
states some important properties of the matrices A g defined in the statement of Theorem
4. In the remainder of this chapter, C = C(p,0o?2,,,lim inf%,sup %) < 00 denotes a
positive constant whose value may change from line to line.

Lemma 3.5 Assume A2 and A3. Consider matrices Ax defined by (2.16). Then the
following facts hold true:

1. Matriz I — A is invertible, and (Ix — Ag)~1 = 0.

2. Element (k, k) of the inverse satisfies [(Ix — AK)_ILCJC > 1 for every 1 <k < K.

3. The mazimum row sum norm of the inverse satisfies limsup g ||(Ix —Ax) |00 < 00.
Proof of Theorem 4—(1)

Due to Lemma 3.5—(1), 9% is well defined. Let us prove that lim sup 9% < 00. The
first term of the right-hand side of (2.17) satisfies

1 1A 1A
ggt(IK—AK) "Alg < lgllocllIx — Ag) AT gl

< lgllooll@r — Ax) Mol A glloo < llglZllIx — Ax) Mo (2:18)

due to [|A7!||s < 1. Recall that | T|| < p~! by Lemma 3.4-(1). Therefore, any element
of g satisfies

N 4
£ Tmax (2.19)

1 N
—TrDeD,T? < —||Do||||Dx||| T|? <
7 Lt DoDy T < = [[Dol[ [ D [[|T]" < 5 2

by A2, hence supg ||g|| < C. From Lemma 3.5-(3) and (2.18), we then obtain

1
limsup —g'(Ix — Ag) TA g < C. (2.20)
k K

We can prove similarly that the second term in the right-hand side of (2.17) satisfies
supg ((E[Wio[* — 1) %Tr DT (—p)?) < C. Hence limsupg 6% < oco.
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Let us prove that lim inf g 9%( > 0. We have

1 @1, _ B
Egt(IK—AK) la-lg > Egtdlag (Ix —Ag) ) A™'g
() K 2
2 %% (Il{TrDODkT2>
NUmax
(1 + FT) k=1
2
(©) 1 1 & )
? oy (e ()
(1 + FT) k=1
2
(d) 1 1 K
2 N 2 P (I(QTI“ DOZDk)
(1 5% ) (p 4 02! =
1 K ?
k=1

where (a) follows from the fact that (Ix — Ag)™! = 0 (Lemma 3.5—(1), and the straight-

forward inequalities A~! = 0 and g = 0), (b) follows from Lemma 3.5-(2) and ||A|| <
2

(14 %‘7”‘%)2, (c) follows from the elementary inequality n=! > 2? > (n™! 3 2;)?, and (d)

is due to Lemma 3.4-(1). Similar derivations yield:

E[Wi|*—1 (1 2
= (/|)+1(§|2)2 (TI"DO> 2 C(E\W1o\4 -1)

K
by A3. Therefore, if A4 holds true, then liminfx 6% > 0 and Theorem 4-(1) is proved.
Proof of Theorem 4—(2)

1
(E[Who|* — 1)ETrD(2)T

Recall that the quadratic form fg is given by Equation (2.8). The random variable
g(ﬁ i — Bx) can therefore be decomposed as

VK — 1 . 1
T = Br) = e (WD QDY Pwo = Tr (DoQ)) + == (T (Do(Q = T)))
= Uk +Usk . (2.21)

Thanks to Lemma 3.4-(2) and to the fact that liminfx 6% > 0, we have IEUIQ(’2 <CK™!
which implies that Ux 2 — 0 in probability as K — oo. Hence, in order to conclude that

E(ﬁK — Bg) —— N(0,1) in distribution ,
9[( K—oo

it is sufficient by Slutsky’s theorem to prove that Uy x — N(0,1) in distribution. The

remainder of the section is devoted to this point.

Remark 3 Decomposition (2.21) and the convergence to zero (in probability) of Us i yield
the following interpretation: The fluctuations of VK(Bx — Bg) are mainly due to the
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fluctuations of vector wo. Indeed the contribution of the fluctuations' of %Tr DyQ, due to
the random nature of Y, is negligible.

Denote by E,, the conditional expectation E,[ - | = E[ - || Wy 0, Wnt1,0,-.., Wn, Y]. Put
Eni1] - ] = E[ - || Y] and note that Ex(wiDy/*QDY/*wg) = TrDeQ. With these
notations at hand, we have:
N 1/2 1/2 N
1 woD, Dy "w A 1
Uik = 5 z:: Epnt1) \/QE 0 Z Tk - (2.22)
Consider the increasing sequence of o—fields

Fng =0Wno,Y), -, Fig=0Wi, - ,WnoY) .
Then the random variable Z,, k is integrable and measurable with respect to F,, x; more-
over it readily satisfies E,41Z,, k = 0. In particular, the sequence (Zn K, ..., Z1k) is a
martingale difference sequence with respect to (Fn g, -+, F1,K)-

In order to prove that
Uk = 0 Z Zn. K P N(O 1) in distribution , (2.23)

we shall apply Theorem 3 to the sum 6 Z Zn, i and the filtration (F,, k). The proof
is carried out into four steps:

Step 1 We first establish Lyapunov’s condition. Due to the fact that liminf g 9% > 0,
we only need to show that

N
Ja>0, > E|Zy k[ ——0. (2.24)
—00

Step 2 We prove that Vg = SV

=1 EnHZEL ;- satisfies

(E[W1o|* —2) . o, 1 . s
Vi — ?Tr (Dj(diag(Q))?*) + ETr (DoQD,Q) T~ 0 in probability .

(2.25)

'In fact, one may prove that the fluctuation of %Tr Do(Q — T) are of order K, i.e. TrDo(Q — T)
asymptotically behaves as a Gaussian random variable. Such a speed of fluctuations already appears
in [37], when studying the fluctuations of the mutual information.
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Step 3 We first show that

1 1

—TrD(diag(Q))? — —TrD3T? —— 0 in probability. (2.26)
K K K—oo

In order to study the asymptotic behavior of %Tr (DpQD,Q), we introduce the random

variables Uy = +Tr (DoQD,Q) for 0 < ¢ < K (the one of interest being Up). We then

prove that the Uy’s satisfy the following system of equations:

K
1
Uy=> col + T DoD/T? +¢, 0<(<K, (2.27)
k=1

where ) )
LTrD,D,T(—
%:i x T DD T(=p) 5, 0<U<K 1<k<K (2.28)
K (14 £TrDyT(-p))

and the perturbations ¢, satisfy Ele;| < CK =3 where we recall that C is independent of /.

Step 4 We prove that Uy = %Tr DoQD(Q satisfies

1

Uo I%

1
TrD2T? + ?gt I-A) A lg+e (2.29)
with Ele| < CK~2. This equation combined with (2.25) and (2.26) yields ), En—i-lZiK -
9%( — 0 in probability. As liminfg H% > 0, this implies i Yo Enna Zi x — 1 in probabil-
ity, which proves (2.23) and thus ends the proof of Theorem 4.
= D(l)/ZQDé/2 and recall from (2.22) that Z, x = L(En —

Write B = [%‘]%‘:1

Ep+1)wiBwg. We have

n—1 N
E,wiBwo =Y bu+ > WioWeobe, -
/=1 l1,42=n
Hence
1 al al
Zn i = i <(|Wn0!2 ~1) ban +Wio > Wiobne +Wao Y Wf%b"”) - (2:30)
K 1 t=nt1

Step 1: Validation of the Lyapunov condition Recall Assumption Al. Eq. (2.30)
yields:

4
1 [ [Wnol2+1 N
Znx " < 2 <|n;|2+2 Who Z Wiobne
p max €:n+1
4
93 Wiol2 +1\" N
S ﬁ (;ﬂ) +24 WnO Z W(Obnﬁ (231)
max e=n+1
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where we use the fact that |b,,| < (po2,.) " (cf. Lemma 3.2-(1)) and the convexity of

max
x — z*. Due to Assumption A1, we have:

E (|Waol? +1)" < 2% (E[Wnol® +1) < 00 . (2.32)

Considering the second term at the right-hand side of (2.31), we write

4 4

N N
E\Wno > Wabne| = E[Wnol'E| > Wabne|
{=n+1 f=n+1
(a) N 2 N
< C E( > (E|Wzo|2)|bné|2> + > (EIWel)(Elbnel) |
{=n+1 {=n+1
(®) al Y
< C E( > !mﬁ) + D Elbwl® |
{=n+1 l=n+1

where (a) follows from Lemma 3.1 (Burkholder’s inequality), the filtration being Fn g, . . .,
Foi1.x and (b) follows from the bound |bue|* < |bpe|® max [bpe|? < |bpel? (02,0~ 1)? (cf.
Lemma 3.2—(1)). Now, notice that

N N 4

Umx

> Ibul? < 3 bnel” = [Dy*QDoQDY| < Dy *QDo@DY | < T
f=n+1 /=1

This yields E|W, Zé\[:nﬂ Wiobne|* < C. Gathering this result with (2.32), getting back
to (2.31), taking the expectation and summing up finally yields:

al c
E|Z, k|t < =
2Bzl < 1 52 O

which establishes Lyapunov’s condition (2.24) with oo = 2.
Step 2: Proof of (2.25) Eq. (2.30) yields:

N N 2
1 * *
Eni1Zng = e ((H*3|W10|4 ~ 1) by + Enst <Wn0 2 Zﬂ Weobne + Who ZZH W£0b€n>
=N =n

N N
+2bpn (E W0 Wiol®) > Waobne + 2bnn (EWio|Wiol?) Y ngbh> .
{=n-+1 {=n+1

Note that the second term of the right-hand side writes:

N N 2 N
En+1 <W;0 Z WZObnE + WnO Z ngbﬁn> =2 Z W€10W£20bn€1 bbn .
{=n+1 f=n-+1 l1,02=n+1
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Therefore, Vi = 25:1 EnﬂZi ) Writes:

E
Vie = (E[Who|* —1) \Wlo\

N N
Z b K Z Z W£10W€20bné1 bﬁzn

n=1/4; lo=n+1
9 N N
+ E?R ((E Wfo‘wl[)‘Q) Z bnn Z WZObTM) ’
n=1 l=n+1

where R denotes the real part of a complex number. We introduce the following notations:

N N

A 1

R = (rij)_y = (bijlisj)i,,  and  Tx = EE Dnn Y Wiobne -
n=1 l=n+1

Note in particular that R is the strictly lower triangular matrix extracted from Dé/ ZQDé/ 2,
We can now rewrite Vi as:

E[Wil*t — 1 2

We now prove that the third term of the right-hand side vanishes, and find an asymptotic
equivalent for the second one. Using Lemma 3.2, we have:

Vi Tr (Dj(diag(Q))*) +

N N
1 . 1 . .
EN+1’FK|2 = ﬁ E brnbmm g bnébm£1€>n1€>m = ﬁTr (dlag(B)R Rdlag(B))
n,m=1 /=1

- iTr( 1/2d1ag(Q)Dé/QR*RD(l)/2diag(Q)D(1)/2)

K2
. 1 1

< LIDIPIQPTRER) < LIDPIQPT B < L IDolQ)PT (@)

1 1oy
< —|D 2 4 < — “max )
< CiDoPlalt < LT ——

In particular, E[Tx|> — 0 and
R ((EW;o|Wio|*) Tk) K—>O in probability . (2.34)
— 00

Consider now the second term of the right-hand side of Eq. (2.33). We prove that:

%WSRR*WQ — %Tr (RR") g~ 0 in probability. (2.35)
By Lemma 2.1 (Ineq. (2.5)), we have
1 1 e
E (KWSRR*WO - T (RR*)> < 5 (E[Wio[)Tr (RR'RR") .

Notice that Tr (RR*RR*) = ||R||] where |R||4 is the Schatten ¢4-norm of R. Using
Lemma 3.3, we have:
IR|Z < C|D, JiIt < NeD/“QDy Y|t < N pmax .
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Therefore,

1 1 > N
E <KW8RR*W0 - ETI“ (RR*)) <C— 0 o 0

which implies (2.35). Now, due to the fact that B = B*, we have

9 N
7T RR" = ?Z:: Z |bpe|?

1 :
Tr DyQD,Q — - Tr Dj(diag(Q))* (2.36)
Gathering (2.33-2.36), we obtain (2.25). Step 2 is proved.

Step 3: Proof of (2.26) and (2.27) We begin with some identities. Write Q(z) =
[qij(z)]%-:l and Q(z) = [(j,-j(z)]szl. Denote by yj the column number k& of Y and by &,
the row number n of Y. Denote by Y* the matrix that remains after deleting column k
from Y and by Y, the matrix that remains after deleting row n from Y. Finally, write
Qi(z) = (Y*Y* — 21)~! and Qu(z) = (YY, — 2I)~!. The following formulas can be
established easily (see for instance [39, §0.7.3. and §0.7.4]):

1 1

nn\—P) = ~ s Jrk(—p) = s 2.37

Gun(=P) p(1 + E,Qu(—p)EX) Gk (=) (1 +y;Qr(—=p)yr) (2:37)
o Qyryr Qe

Q=Q— 1o~ YiQuy (2.38)

Lemma 3.6 The following hold true:

1. (Rank one perturbation inequality ) The resolvent Qx(—p) satisfies |Tr A(Q — Q)| <
|A|l/p for any N x N matriz A.

2. Let Assumptions A1-A3 hold. Then,

(2.39)

N\Q

1£I}1a<XNE(q””( p)_tn(_p)) S

The same conclusion holds true if ¢n, and t,, are replaced with G, and ti, respectively.

Proof 1 The proof of Part 1 can be found in [37, Proof of Lemma 6.3] (see also [4, Lemma
2.6]). Let us prove Part 2. We have from Equations (2.7) and (2.37)

1
p(l —+ %Tl"f) T)(l + gn@ng;kz)

annﬁn TI“D T

’(Jnn(_p) - tn(—p)| = fnénf;z - %Tl" f)nri‘

IN
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Hence,

=l Q

2 ~ .1~ =\ 2 ~ o~ = \2
E(gn — tn)? < pE(gno.nsn—KTanQ> toaE(TDa@-T)) <

by Lemma 2.1 and Lemma 3.4—(2), which proves (2.39).

We are now in position to prove (2.26). First, notice that:

ElgZ, — 2] = El|gun — tal (Gon + ta)

2
é \/E(an - tn)2\/E(QTm + tn)Q S ; ]E(an - tn)Q . (240)
Now,
1 207 2 2 1 4 2 2 Th N 2
EE |TI‘ DO(dlag(Q) -T )’ < ? Z UO,nE |Q11n - tn‘ < % 11<11na<XNE ‘an - t
208 N 5
pK 121na<XNE(q”" ~tn) K—o00 0,

where the last inequality follows from (2.40) together with Lemma 3.6—(2). Convergence
(2.26) is established.
We now establish the system of equations (2.27). Our starting point is the identity

Q=T+T(T'-Q Q=T+ %T diag(Tr DT, ..., Tt DAyT)Q - TYY*Q .

Using this identity, we develop U, = %Tr DyQD/,Q as

1 . . 1
U = TrDyQD,T + %Tr DyQD,Tdiag(Tr DT, ..., TrDyT)Q - - Tr DiQD, YY" Q
L Xi+Xo— Xy, (2.41)

Lemma 3.4—(2) with S = DyD,T yields:
1
X, = ETr DoD,T? + ¢ (2.42)

where Ele;| < /Ee? < C/K. Consider now the term X3 = Zk,K:l TrDoQD,TyLy; Q.
Using (2.37) and (2.38), we have

Vi Qv . L
viQ = (1—*>y Qr = PGk Y Qr -
K 1+kaYk F F

Hence

K
PN s
X3 = K;QkkkakDOQDETYk

K K
— P T o<k 1Y
= K ;thkaDquETYk + 2 ; Gek — 1)y QrDoQD, Ty,

X5+ €. (2.43)
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By Cauchy-Schwartz inequality,

K
4 ~ g *
Eley| < 7 ; \/E(Qkk: = tk)Q\/E(kakDOQDZTYk)2

We have E(y;QDoQD,Tyy)?* < Ufilaxp*(SIEHka‘l < C. Using in addition Lemma 3.6—(2),

we obtain

E|€2| \/7

Consider X5. From (2.37) and (2.38), we have Q = Qj — p@rr Qryry;Qr. Hence, we can
develop X7 as

N\%

K K
X5 = %Z kY QrDo QD Ty}, — Z kGekY r QrDoQryryr QrDe Ty,
k=1 k=1

1>

X4+ X5 . (2.44)
Consider X4. Notice that y; and Qy are independent. Therefore, by Lemma 2.1, we obtain
N 1 1
¥ QrDoQrD( Ty = T Dy QrDoQxD(T + €3 = T D;QDoQD/T + €3 + €4

where Ee2 < CK~! by Ineq. (2.6). Applying twice Lemma 3.6-(1) to
€4 = K(TI‘ DkaDoQkDgT TI‘DkQD()QDgT) ylelds ‘64‘ < CK~ 1
Note in addition that 3" ;D) = diag(Tr DT, ..., Tr DyT). Thus, we obtain

K
X, = %Tr (; Eka> QDyQD,T + €5
= Xo+tes, (245)

where €5 = €3 + €4, which yields Eles| < CK~3
We now turn to X5. First introduce the following random variable:

7~ * * 7~ 1 1
€6 = thqrkY s QDo QLYY QD Tyr — trqik <KTY DkaDOQk> <KTr DkaDeT>

Then

1, . 1
leg| < ?kakDOQkYk V. QrD/ Ty — ETY DkaDeT‘

5 [V QrDoQryy — *Tr D;Q;DoQy

TrD D, T
% 1 QrDy

1
_|_
p?

and one can prove that El|eg| < CK~% with help of Lemma 2.1, together with Cauchy-
Schwarz inequality. In addition, we can prove with the help of Lemma 3.6 that:

- 1 1 o (1 1
tLQrk <KT1" DkaDoQk) <KTerQkDgT> =1 <KT1"DkQD0Q> <KTI“ DkQDgT> + €7

1 1
=7 (KTerQD0Q> (KTerDgT2> +er+€g
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where €7 and eg are random variables satisfying Elez| < CK —3 by Lemma 3.6, and
maxy ¢ E|eg| < maxy ¢ /Eleg|? < CK™ 2 by Lemma 3.4-(2). Using the fact that p*t; =
(1+ +TrDyT) "2, we end up with

2 K K
1
= % E 78 ( TerQDOQ> <KTr DkDZT2> + €9 = — E coUk + €9 (2.46)
=1 k=1

where ¢y is given by (2.28), and where Eleg| < CK™ 2.
Plugging Eq. (2.42)-(2.46) into (2.41), we end up with Uy = 34, cUp++Tr DoD T2+
¢ with E|e| < CK 2. Step 3 is established.

Step 4 : Proof of (2.29) Define the following (K + 1) x 1 vectors:

K
1
u = [Uljey, d = [KTT DODkTQ] ,e=[enlieg
k=0

where the Uy’s and €’s are defined in (2.27). Recall the definition of the ¢g’s for 0 < ¢ < K
and 1 < k < K, define ¢p9 = 0 for 0 < ¢ < K and consider the (K + 1) x (K + 1) matrix

C= [Cﬁk]szo-
With these notations, System (2.27) writes

(Ixky1—Clu=d+e. (2.47)

Let o = £Tr DZT? and 8 = (1 + £Tr DoT)?. We have in particular

|« 10 %gTA_1
a5 ] oo *8

(recall that A, A and g are defined in the statement of Theorem 4).

Consider a square matrix X which first column is equal to [1,0,...,0]!, and partition X
1 T

as X = [ 0 ;01 ] Recall that the inverse of X exists if and only if Xﬁl exists, and in
11

this case the first row [X ']y of X! is given by

XM= —xaXy]

(see for instance [39]). We now apply these results to the system (2.47). Due to (2.47), Uy
can be expressed as

Up=[T-C) "o(d+e) .
By Lemma 3.5-(1), (Ix — AT)~! exists hence (I — C)~! exists,

and

Uo=a+t 6" A7 (1-AT) gt cg"a™ (1-AT) ¢

with € = [e1,...,ex]T. Gathering the estimates of the previous part together with the
fact that ||Eello < CK™2, we get (2.29). Step 4 is established, so is Theorem 4.
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Separable case

In the separable case, 07 = J%Q%( where Q2 is given by the following corollary.

Corollary 1 Assume that A2 is satisfied and that O'Zk = dndy,. Assume moreover that
. e 1 o1 ~
min <hn}(1nf ETr (D(K)), hrr}{lnf ETr (D(K))) >0 (2.48)

where D and D are given by (2.9). Let v = +TrD?*T? and 7 = +Tr D2T2. Then the
sequence

2 ~
02 =~ (% + (E|Wiol* — 1)> (2.49)

satisfies 0 < liminf g Q%( < limsupy Qz < oo. If, in addition, A1 holds true, then:

i distribution.

Remark 4 Condition (2.48) is the counterpart of Assumption A3 in the case of a separa-
ble variance profile and suffices to establish 0 < liminf ¢ (1—p?v7) < limsup g (1—p77) < 1
(see for instance [36]), hence the fact that 0 < liminfx Q% < limsupg Q% < co. The re-
mainder of the proof of Corollary 1 is postponed to Appendiz 3.3.

_ Recall that in the separable case, Dy, = diD and f)n = dnﬁ. Let d be the K x 1 vector
d = [dg]E_|. In the separable case, Eq. (2.17) is written

02

T —1 A1 4
—=—g (I-A)"TA + v(E|Wl* = 1) , 2.50
7 Ka® ( ) g +7(E[Wil|" - 1) (2.50)
where v is defined in statement of the corollary. Here, vector g and matrix A are given by
K
- 1 +#TrD,D,,T? -
g=7dod and A= [K K e = %A*lddT.
(1 + FTI“DKT) £m=1
By the matrix inversion lemma [39], we have
2 -1
T —1A-1 T ar Y 35T i
sg'(1-A)"'A™lg = -d”(Aa-—Zad") d
Kt ( ) g I e
Y 5T -1, 7 1 1337 A —1
= —d | A — - —~A"dd" A d
K ( + K1-24TA-14d )
Noticing that
Lap 13 i P’ i 7252 2
—d'A7Td=— = - digtiy = ™ »
K K= (1+ KTerT) K~
we obtain )
T —1A-1 P
= I-A)"A =y—.
Kas (I-A) e

Plugging this equation into (2.50), we obtain (2.49).
39



Central Limit Theorem for quadratic forms

4 Applicative Contexts and Simulations

4.1 Applicative contexts.

The aim of this part is to present some applicative contexts in the field of wireless com-
munications where the channel is described by the models studied in this work.

e Multiple antenna transmissions with K + 1 distant sources sending their signals to-
ward an array of IV antennas. The corresponding transmission model is r = Es + n

where 2 = \/—%HPUQ, matrix H is a N x (K + 1) random matrix with complex
Gaussian elements representing the radio channel, P = diag(po, ..., px) is the (de-

terministic) matrix of the powers given to the different sources, and n is the usual
AWGN satisfying Enn* = pIy. Write H = [hy --- hg], and assume that the
columns h; are independent, which is realistic when the sources are distant one from
another. Let Cj be the covariance matrix Cy = Eh;h} and let C, = UpA, Uy, be
a spectral decomposition of C where Ay = diag(Aux; 1 < n < N) is the matrix of
eigenvalues. Assume now that the eigenvector matrices Uy, ..., Uk are all equal (to
some matrix U, for instance), a case considered in e.g., [48] (note that sometimes
they are all identified with the Fourier N x N matrix [62]). Let 3 = U*E. Then
matrix X is described by the statistical model (2.3) where the W, are standard
Gaussian i.i.d., and 02, = \pg. If we partition E as E = [x X] similarly to the
partition 3 = [y Y] above, then the SINR 3 at the output of the LMMSE estimator
for the first element of vector s in the transmission model r = Es + n is

g =x"(XX* + ,OIN)_1 x=y" (YY" + pIN)_1 y

due to the fact that U is a unitary matrix. Therefore, the problem of LMMSE
SINR convergence for this MIMO model is a particular case of the general problem
of convergence of the right-hand member of (2.2) for model (2.3).

It is also worth to say a few words about the separable case in this context. If we
assume that Ag = --- = Ax and these matrices are equal to A = diag(A1,...,An),
then the model for H is the well-known Kronecker model with correlations at recep-
tion [64]. In this case,

1 1
¥ =U'E=—UHP/? = —A'/2wpP!/? 2.51
VK VK (251)
where W is a random matrix with iid standard Gaussian elemen‘cs.~ This model
coincides with the separable variance profile model with d,, = A, and dy = py.

e CDMA transmissions on flat fading channels. Here N is the spreading factor, K + 1
is the number of users, and
¥ = VP!/2 (2.52)

where V is the N x (K + 1) signature matrix assumed here to have random i.i.d.
elements with mean zero and variance N~!, and where P = diag(po, ..., px) is the
users powers matrix. In this case, the variance profile is separable with d,, = 1 and
di, = %pk. Note that elements of V are not Gaussian in general.
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e Cellular MC-CDMA transmissions on frequency selective channels. In the uplink
direction, the matrix X is written as:

Y= [HOVQ co HK+1VK+1] s (2.53)

where Hy, = diag(hy(exp(2im(n —1)/N); 1 <n < N) is the radio channel matrix of
user k (2 = v/—1) in the discrete Fourier domain (here N is the number of frequency
bins) and V = [vq, -+ ,vg]| is the N x (K 4 1) signature matrix with i.i.d. elements
as in the CDMA case above. Modeling this time the channel transfer functions as
deterministic functions, we have o2, = %|hk(exp(227r(n —1)/N))%

In the downlink direction, we have

¥ = HVP!/? (2.54)

where H = diag(h(exp(2ir(n — 1)/N); 1 < n < N) is the radio channel matrix in
the discrete Fourier domain, the N x (K + 1) signature matrix V is as above, and
P = diag(po, - .., px) is the matrix of the powers given to the different users. Model
(2.54) coincides with the separable variance profile model with d,, = & |h(exp(2ur(n—

1)/N))[2 and dy. = py.

4.2 Simulations and numerical results
The general (non necessarily separable) case

In this part, the accuracy of the Gaussian approximation is verified by simulation. In order
to validate the results of Theorems 2 and 4 for practical values of K, we consider the exam-
ple of a MC-CDMA transmission in the uplink direction. We recall that K is the number
of interfering users in this context. In the simulation, the discrete time channel impulse re-
sponse of user k is represented by the vector with L = 5 coefficients g = [gk.0, - - - , Gk, 1—1])"
In the simulations, these vectors are generated pseudo-randomly according to the com-
plex multivariate Gaussian law CN(0,1/LIy). Setting the number of frequency bins
to N, the channel matrix Hy for user k£ in the frequency domain (see Eq. (2.53)) is

H, = diag(hg(exp(2ir(n — 1)/N);1 < n < N) where hg(z) = %Zf:ﬁl gr12~", the
norm ||gg|| is the Euclidean norm of g and Py is the power received from user k. Con-
cerning the distribution of the user powers Py, we assume that these are arranged into five
power classes with powers P,2P,4P,8P and 16 P with relative frequencies given by Table

5. The user of interest (User 0) is assumed to belong to Class 1. Finally, we assume that

Table 2.1: Power classes and relative frequencies

Class 1 2 3 4 5
Power P | 2P | 4P | 8P | 16P
Relative frequency | 1/8 | 1/4 | 1/4 | 1/8 | 1/4

the number K of interfering users is set to K = N/2.
In table 4.2, we present the corresponding values of the SINR normalized MSE with respect
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to K. This table proves that the SINR normalized MSE KE (ﬁK — BK)2 /0% is closed to
one for values of K as small as K = 8. We precise here that the SNR % for the user of
interest is fixed to 10dB. In the table 4.2, we fixe K = 64 and we study the evolution of

Table 2.2: SINR normalized MSE vs K (SNR = 10 dB)

K 8 16 32 64 128 256
KE(Br — Bx)?/0% | 0.9761 | 0.9845 | 1.0464 | 1.0187 | 1.0127 | 0.9919

SINR normalized MSE with respect to the input SNR %.
Figure 2.1 shows the histogram of K (8 — Bx)/0x for N = 16 and N = 64. This figure

Table 2.3: SINR normalized MSE vs SNR (K = 64)

SNR 0 5 10 15 20 25 30
KE(Brk — Bx)?/0% | 1.0283 | 1.0294 | 1.0373 | 1.0358 | 1.0347 | 1.0348 | 1.0350

gives an idea of the similarity between the distribution of v K (8x — fi)/0x and N(0,1).
More precisely, Figure 2.2 quantifies this similarity through a Quantile-Quantile plot.

histogram of VI "31(31\,3’” for N6 hi stogram of \/R(i‘éihq") for N=64
T T T T T T

250

250

Figure 2.1: Histogram of VK (8x — ) for N = 16 and N = 64.
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QQplot for N=16 QQplot for N=64

Normal Quantiles
o
:
.

Normal Quantiles
o
:

i i i i
-4 -2 0 2 4 -4 -2 0 2 4
Empirical Quantiles Empirical Quantiles

i i 4

Figure 2.2: Q-Q plot for VK(fx — k), N = 16 and N = 64; dash doted line is the 45
degree line.

The separable case

In order to test the results of Proposition 4 and Corollary 1, we consider the following
multiple antenna (MIMO) model with exponentially decaying correlation at reception:

1
> = pl/2wpl/2
VK

where ¥ = [am_”]%:::o with 0 < @ < 1 is the covariance matrix that accounts for the

correlations at the receiver side, P = diag (po, - - - , px) is the matrix of the powers given to
the different sources and W is a N x (K + 1) matrix with Gaussian standard iid elements.
Let Py, denote the vector containing the powers of the interfering sources. We set Py, (up
to a permutation of its elements) to:

[4P 5P] if K =2
P,={ [P P 2P 4P] if K=4
[P P 2P 2P 2P 4P 4P 4P 8P 16P 16P 16P ] if K =12.

For K = 2P with 3 < p < 7, we assume that the powers of the interfering sources are
arranged into 5 classes as in Table 5. We set the SNR P/p to 10 dB and a to 0.1. We
investigate in this section the accuracy of the Gaussian approximation in terms of the
outage probability. In Fig.2.3, we compare the empirical 1% outage SINR with the one
predicted by the Central Limit Theorem. We note that the Gaussian approximation tends
to under estimate the 1% outage SINR. We also note that it has a good accuracy for small
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values of o and for enough large values of N (N > 64).

N=16 N=32
T T T 8 T T T

T
—8— Empirical —8— Empirical
Theoretical Theoretical

6k 4

SINR in dB
°
T
SINR in dB

T T T T T
=@ Empirical
Theoretical s

7k 4

o
o o ST
] ]
£ £
x o 4T
Z 2
@ 2
oL
e
°or K
, H ; ; ; ; ; H H ; ; i i i i i i
01 0.2 03 0.4 05 06 07 08 09 1 0.1 02 03 04 05 06 0.7 0.8 0.9 1
a a

Figure 2.3: Theoretical and empirical 1% outage SINR
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CHAPTER 3

Statistical Distribution of the SINR for the

MMSE Receiver Correlated MIMO
Channels
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This chapter corresponds to the article "BER and Outage Probability Approximations
for LMMSE Detectors on Correlated MIMO Channels" published in IEEE Information
Theory Journal.

1 Introduction

In this chapter we study the statistical distribution of the Signal to Interference-plus-Noise
Ratio for the Minimum Mean Square Error receiver in MIMO wireless communications (for
systems with small dimensions). The channel model is assumed to be (receive) correlated
Rayleigh with unequal powers.

We consider the following linear model:

r=23s+n,

where s = [sg,- -, SK]T is the transmitted complex vector signal with size K + 1 satisfying
Ess* = Iy, and X is the N x (K + 1) channel matrix. We assume that the matrix X
writes as

Y= —UIWP3,

=
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where W is a N x N Hermitian nonnegative receiver correlation matrix which is assumed to
be nonrandom, P = diag (po, - - ,pk) is the deterministic matrix of the powers allocated
to the different users and W = [wy, - -+ , wg| (Wy being the kth column) isa N x (K + 1)
complex Gaussian matrix with centered unit variance (standard) independent and identi-
cally distributed (i.i.d) entries. The engineering goal is to estimate the transmitted symbol
s for each user. Assume that the receiver has already acquired the knowledge of the
channel matrix. For user k, the Linear Minimum Mean Squar Error LMMSE estimator
generates an output in a form g*r where g minimizes the following mean-squared error

E]g*r—skIQ

Without loss of generality, the first stream is assumed (k=0). It is well known that the
relevant performance measure of the LMMSE estimator is the SINR of the estimate symbol.
For our model where the matrix channel 3 is given by (3.1), the SINR of the first user is
given by:
-1
B = Zwiw'/ <Il(\111/2W0P0W3\111/2 - pIN) T 2wg
where Wy = [wy, ..., wk] and Py = diag (p1,...,pK).

The study of the SINR allows also the study of another performance indices such that
the Bit Error Rate (BER) and the outage probability. Based on Random Matrix Theory
and on the gaussian character of the entries of the channel matrix, we derive closed-form
expressions for the first three moments. Using the generalized Gamma approximation, we
provide closed-form expressions for the BER and numerical approximations for the outage
probability.

2 Bit Error Rate and Outage Probability approximations

2.1 Generalised Gamma distribution

Recall that if a random variable X follows a generalized gamma distribution G(«,b,¢),
where o and b are respectively referred to as the shape and scale parameters, then:

EX =ab, var(X)=ab’® and E(X —EX)3 = (£+1)ad®.

The probability density function (pdf) of the generalized Gamma distribution with param-
eters (o, b, &) does not have a closed form expression but its moment generating function
(MGF) writes [23]:

exp(ge (1 — (1 - bgs) T ) it € > 1,

MGF(s) =q (1—sb)™, s< ¢ if € =1,
exp(12 (1 - bgs) T — 1)) if € > L.

2.2 BER approximation

Under QPSK constellations with Gray encoding and assuming that the noise at the LMMSE
output is Gaussian, the BER is given by:

BER = EQ(v/Bxk)
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where Q(z) = ﬁ ;O e /2 dt and the expectation is taken over the distribution of the

SNR (k. Based on the asymptotic normality of the SNR, [81] and [61] proposed to use
the limiting BER value given by:

1 [ )
BER = / eV 2qt,
Ver J /B

where 3 denotes an asymptotic deterministic approximation of the first moment of Bp.
It was shown however in [49] that this expression is inaccurate since a Gaussian random
variable allows negative values and has a zero third moment while the output SNR is always
positive and has a non-zero third moment for finite system dimensions. To overcome these
difficulties, Li et al. [49] approximate the BER by considering first that the SNR follows a
Gamma distribution with scale o and shape b, these parameters being tuned by equating
the first two moments of the Gamma distribution with the first two asymptotic moments
of the SNR. However, the third asymptotic moment was shown to be different from the
third moment of the Gamma distribution which only depends on the scale @ and shape
b. In light of this consideration, Li et al. [49] refine this approximation and consider that
the SNR follows a generalized Gamma distribution which is adjusted by assuming that its
first three moments equate the first three asymptotic moments of the SNR. As expected,
this approximation has proved to be more accurate than the Gamma approximation, and
so will be the one considered in this paper. Next, we briefly review this technique, which
we will rely on to provide accurate approximations for the BER and outage probability.

Let Eoo (0K ), vare(Sr) and S (0k) denote respectively the deterministic approxima-
tions of the asymptotic central moments of Bx. Then, the parameters £, a and b are
determined by solving:

Eoo(BK) = ab, vare(Bx)=ab® and S (Bk) = (£ + 1)ab’,
thus giving the following values:

(EOO (51())2 vareo (ﬂK) . Soo (ﬁK)Eoo (BK)

R 7% R o 7% B T 70

varoo(BK) Eoe(0r) -

Using the MGF, one can evaluate the BER by using the following relation [73|, that holds
for QPSK constellation:

1 (2 1

Note that similar expressions for the BER exist for other constellations and can be derived
by plugging the following identity involving the function Q(z) |73]:

into the BER expression.
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2.3 Outage probability approximation

Only the moment generation function (MGF) has a closed form expression. Knowing the
MGPF, one can compute numerically the cumulative distribution function by applying the
saddle point approximation technique [12|. Denote by K (y) = log(MGF(y)) the cumulative
generating function, by y the threshold SNR and by t, the solution of K'( ty) = y. Let
wo and ug be given by: wy = sign(ty,)+/2 (t,y — K(t,)) and ug = t,/K"(t,). The saddle
point approximate of the outage probability is given by:

Pt = B(un) + 0(u0) (o~ ). (3.2

Wo  Uo
where ®(z) = [* -1 orsd e */2dt and ¢(z) = \/%e*"ﬁm denote respectively the standard
normal cumulative distribution function and probability distribution function.

So far, we have presented the technique that will be used in simulations for the evalua-
tion of the BER and outage probability. This technique is heavily based on the computation
of the three first asymptotic moments of the SNR, (g, an issue that is handled in the next
section.

3 Asymptotic moments

3.1 Assumptions

In the following, we assume that both K and N go to +oo, their ratio being bounded
below and above as follows:

K K
0 < ¢~ :liminfﬁ < 0f :limsupﬁ < 400.
In the sequel, the notation K — oo will refer to this asymptotic regime. Recall the
expression of the SINR given by (3.3).
-1

1 *
B = K wiwl/? <K\Ill/2W0P0WO\Ill/2+pIN) W/ 2y,

Let ¥ = UDU* be a spectral decomposition of . Then, Ox writes:
-1
PO 11 1 e 1 1,
OBk = ?WOUDQ <KD2U WPW*UD:?2 +pIN) D2U*wyg ,

_ 7,p}(Lpizpzpiea) Db
- K”? K p %

= XD <1D§zf)z*D§ + I> by
pK Kp
where: z = U*wy (resp. Z = U*W) is a N x 1 vector with complex independent standard
Gaussian entries (resp. N x K matrix with independent Gaussian entries). We will fre-
quently write D and D x to emphasize the dependence in K, but may drop the subscript
K as well. Assume the following mild conditions:
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Assumption A-1 There exist real numbers dp.x < 0o and Jmax < oo such that:

Sl}tp HDKH < dmax and S%p ||]:~)K|| < Jmaxa

where |Dg|| and |Dg| are the spectral norms of D and D .

Assumption A-2 The normalized traces of Dg and ]SK satisfy:

o1 1~
1%f ?Tr(DK) >0 and 1%f ?Tr(DK) > 0.

3.2 Asymptotic moments computation

In this section, we provide closed form expressions for the first three asymptotic moments.
We shall first introduce some deterministic quantities that are used for the computation
of the first, second and third asymptotic moments.

Proposition 5 (cf. [36]) For every integer K and any t > 0, the system of equations in
(6,9)
- -1
ok = =TrDg (I + 755KDK> ;

- - (-1
Sk = LTiDg <I+t5KDK> ,
admits a unique solution <5K(t), SK(t)> satisfying ox (t) > 0, dx () > 0.

Let T and T be the N x N and K x K diagonal matrices defined by:

T — <I+t5}<D) ' oand T— (I+t6K]5>_1.

Note that in particular: § = %TrDT and § = %Tr]s'i‘. Define also v and 4 as v =

%TrDQT2 and ¥ = %”ﬁ"f)%i‘? Finally, replace t by % and introduce the following deter-
ministic quantities:

02 = 7( W~+1),
K p2 \ p2 — 77
2P3 3m3 73 373
v = ~3{TrDT - LmD’T
K (p* —77) p

As usual, the notation ay = O(Bx) means that a (Br)~! is uniformly bounded as K —
0o. Then, the first three asymptotic moments are given by the following theorem:

Theorem 5 Assuming that the matrices D and D satisfy the conditions stated in 1 and
2, then the following convergences hold true:

1. First asymptotic moment [43, 45]:

6—K:(9(1) and E(ﬁK> —5—K—>0,
P Po p K—oo
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2. Second asymptotic moment [43,45]:

2
Qg =0(1) and KE (ﬂK -E (ﬂK» ) ——( )
Po Po K—o0

3. Third asymptotic moment:

_ om ( B Br\\*
vk =0(1) and K°E|— —E|— —vg — 0.
Po DPo K—o0

The two first items of the theorem are proved in [45]

4 Proof of the main theorem

In the sequel, we shall heavily rely on the results and techniques developed in [36]. In the
sequel, D and D are respectively N x N and K x K diagonal matrices which satisfy 1 and
2, Z is a N x K matrix whose entries are i.i.d. standard complex Gaussian, X is a N x K
matrix defined by:

X = D2ZDz .

We shall often write X = [x1,- -, xx] where the x;’s are X’s columns. We recall hereafter
the mathematical tools that will be of constant use in the sequel.

4.1 Notations
Define the resolvant matrix H by:

—1 —1
H = <;(D§Z]52*D§ +IN> — (;(XX +IN>

We introduce the following intermediate quantities:
1 1 o
B(t) = ETr(DH), at) = ETr(DIEH) and f=pf-«a.
Matrix f{(t) = diag (71, -+ ,Tx) is a K x K diagonal matrix defined by:
~ ~ -1
R(t) = (1 + ta(t)DK) .
Let & = %Tr(f)f{) Then, matrix R(t) = diag (r1,--- ,rn) is a N x N matrix defined by:

R(t) = I+ta(t)D)™ .

4.2 Mathematical Tools

The results below, of constant use in the proof of Theorem 5, can be found in [36].
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4.2.1 Differentiation formulas

~~

OH,, t

OH t t
aXiZ,] - K [HX],; Hig = K [Hx;],, Hig (3.4)

4.2.2 Integration by parts formula for Gaussian functionals

Let ® be a C' complex function polynomially bounded together with its derivatives, then:

EM@MXHz@@E(?&@). (3.5)

4.2.3 Poincaré-Nash inequality

Let X and ® be as above, then:

N K
i=1 j=1 "

2 19d(X)
+
0X

2
] . (3.6)

4.2.4 Deterministic approximations and various estimations

Proposition 6 (cf. [36]) Let (Ak) and (Bg) be two sequences of respectively N x N and
K x K diagonal deterministic matrices whose spectral norm are uniformly bounded in K,
then the following hold true:

1 1 _ 1 ~ 1 ~ _
= Tr(AR) = —Tr(AT) + O(K 2), 7 T(BR) = - Tr(BT) + O(K 2).

Proposition 7 (cf. [36]) Let (Ak), (Bk) and (Cg) be three sequences of N x N, K x K
and N x N diagonal deterministic matrices whose spectral norm are uniformly bounded in
K. Consider the following functions:

B(X) = %Tr (AHX?{X > ¥(X) = %Tr (AHDHX]?{X )

Then,
1. the following estimations hold true:
1
var ®(X), var ¥(X), var(8) and var (KTrAHCH> are O(K™?) .
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2. the following approximations hold true:

E[®(X)] = %Tr (ﬁTB) %Tr (ADT) + O(K~2), (3.7)
E[W(X)] = 1—1977 < I (DTB) Tr(AD?T?)— (3.8)

KZT (152T2B) Tr(ADT)) +OK™?), (3.9)

]E%Tr [AHDH] = 11W[1{ r(ADT?) + O(K~?). (3.10)

Proofs of Propositions 6 and 7 are essentially provided in [36]. In the same vein, the
following proposition will be needed.

Proposition 8 Let (Ak), (Bx) and (Ck) be three sequences of N x N, K x K and
N x N diagonal deterministic matrices whose spectral norm are uniformly bounded in K.
Consider the following function:

o(X) = %Tr CHAHAH DX

Then var p(X) = O(K~2) and var (+ TrAHAHAH) = O(K~2) .

Proof 2 The proof mainly relies on Poincaré-Nash inequality. Using the Poincaré-Nash
iequality, we have:

2

2 N K ~ 8(,0
+ZZdidjE'%

i=1 j=1

N K
(o)) < 323 dde |2

We only deal with the first term of the last inequality (the second term can be handled
similarly). We have p(X) = % Zgns’t:l Zle CopHpr Apr Hys Ass Hst Xt Buu X, After
straightforward calculations using the differentiation formula (3.3), we get that:

fg) o) + 00 + 0l + 0l
where:
o) = —E[X*HAHAHXBX*CH]]Z, 62 = —ﬁ[X*HAHXBX*CHAH]W
o) = -5 X'HXBX'CHAHAH],, o) = K2 [BX*CHAHAH],,
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2 2 2 2 2
Hence, | 22| §4<¢g;>) + (6@ + 69 + |4 > and
Y& o |? 4¢2 ~
SN ddiE ’ 7% < EIr (DHCXBX*HAHAHXDX*HAHAHXBX*CH)
i=1 j=1 ij

4t? ~
+ETr <DHAHCXBX*HAHXDX*HAHXBX*CHAH)

2

At _
+ BT <DHAHAHCXBX*HXDX*HXBX*CHAHAH)

4 N
+ETr (DHAHAHCXBDBX*CHAHAH) .

We only prove that the first term of the right hand side is of order K~2; the other terms
being handled similarly. Using Cauchy-Schwartz inequality, we get:

A

N K 2 2 2
7 2 At dmax | H|[*||C|| p JE S, 2 2
YN did;E o]0 < 55 ETr ((HA) HXDX*H (AH)? (XBX*) )
i=1 j=1
42
K6

(HA)? HXDX'H (AH)2> ? (ETr (XBX*)4) :

_ 2
442 1 { XDX* 1 (XBX*\*
< ﬁdmaxHH:HsHC||2H-AH4 EE ( K ) \/EK< K ) ’

where the first inequality follows by using the fact that |[TrAB| < ||B||Tr(A), A being
hermitian non-negative matriz and the second follows by applyig twice Cauchy-Schwartz
inequalities: Tr (AB) < /Tr (AA*)\/Tr (BB*) and EXY < VEX2VEY2. We end up
the proof of the first statement by using the fact that %E [%Tr (%XBKX*)n} is uniformly
bounded in K whenever Bg is a sequence of diagonal matrices with uniformly bounded
spectral norm and n is a given integer.

The second statement follows from the resolvent identity:

IN

dinax || L2 C 12 (ETr (HA)2HXDX*H (AH)?

%TrAHAHAH = %TrAHAHA — %TrAHAHAHXX*.

According to the first part of the proposition,
1
var <KTrAHAHAHXX*) =0O(K™?).

Now, TTAHAHA = TrA?HAH and var+TrA?HAH = O(K~2) by Proposition 7-1).

Hence, applying inequality var(X +Y) < var(X) + var(Y') + 2y/var(X)var(Y) yields the
desired result. Proof of Proposition 8 is completed.

Remark 5 One can note that the third asymptotic moment is of order O(K~2). This
s in accordance with the asymptotic normality of the SNR, where the third moment of
\/E(ﬁK — E(Bk)) will eventually vanish, as this quantity becomes closer to a Gaussian
random variable. However, its value remains significant for small dimension systems.

53



Statistical Distribution of the SINR for the MMSE Receiver Correlated MIMO Channels

We are now in position to complete the proof of Theorem 5. Using the notations of [36],
the SNR writes:

t
B = %Z*D%H(t)D%z,

where ¢t = %. Hence, the third moment is given by:

tpo)3 3
E(8x — Efk)® = ([7?3) E (z*D%HD%z —ETrDH) :
(tP0)” - [ iy v 3
- E (z D3HD?z — TrDH + TrDH — ETrDH) ,
(tpo)® NS 3 el 1 2
- E(z D2HD2z—TrDH> +3E<z D2HD2z—TrDH)

« ('DH — ETrDH) + 3E (z*D%HD%z - TrDH) (TrDH — ETrDH)?

+E (TrDH — ETrDH)ﬂ ,

(tpo)? R Bt 3 bl 1 2
~ - |E(+D*HD?z - 'DH)  + 3E (' D}HD%z - T'DH)
« (IrDH — ETyDH) + E (TtDH — ETrDH)?’} (3.11)

In order to deal with the first term of the right-hand side of (3.11), notice that if M is a
deterministic matrix and x is a standard Gaussian vector, then:

E (x*Mx — TTM)® = To(MP)E (j21 2 — 1)°

(such an identity can be easily proved by considering the spectral decomposition of M).
Hence,

3
E (z*D%HD%z - TrDH) — ETr (DH)’E (|Zu 2 — 1),
— 9ETr (DHDHDH).

The second term of the right-hand side of (3.11) is uniformly bounded in K. Indeed:

2
3E (z*D%HD%z - Tr(DH)) = 3E(|Zu[? - 1)’ Tr'DHDH (TrDH — ETrDH) ,

IN

3y/var (T'DHDH)/var (TrDH)

which is O(1) according to Proposition 7. It remains to deal with E (TrDH — ETrDH)?,
which can be proved to be uniformly bounded in K using concentration results for the
spectral measure of random matrices [32] (see also [49, eq.(86)-(87)], where details are
provided). Consequently, we end up with the following approximation:

(tpo)®

Z-E(1Zuf’ - 1)’ ERDHDHDH + O (K )

K°E (B — Efk)’® =

which is deterministic but still depends on the distribution of the entries via the expectation
operator E. The rest of the proof is devoted to provide a deterministic approximation of
ETr (DHDHDH) depending on ~, 4, T and T.
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Note that H=1 — —HXX>k thus:
XX*
[HDHDH|,, = [HDHD]pp—t[HDHDH ] :
pp
K
= [HDHD],, Z [HDHDHx;], X,,;. (3.12)

Let us deal with the second term of (3.12). We have:

1

N
| .
E— [HDHDHx;}, X,; = — > E (IHDHDH],;, X, X, ) -

k=1

Using the integration by part formula (3.5), we get:

E [HDHDHx;] X,; ded 6(p — k)E [HDHDH] ,

5 dZd H@mHmk]
+5 dpd;E Hye ,
Z B | Xpj emz1 0Xr;

~ t
= d,d;E[HDHDH] Z dyddn, dgE[ i (FIx;] HyogHy o
k@m 1

N
> dpd;dmdeE [Xp; Hypo [HX;], Hym Hyni
k4 m=1

Z dpdjdpmdoE [HpeHpm [Hx;), Hig] -
k4 m=1

- t -
~ dyd;E[HDHDH],, - —d,;E [[H1x;], X,,; T (DHDHDH)|
t -
—=dE [HDHXx,], X,,;Tr (DHDH)|

t - -
——dE [HDHDHXx;], X, Tr (DH)|
Substituting in the last term %TrDH =0 +a where 8= (§ — «, we get:

E[HDHDHx;] X,; = d,d,E[HDHDH] - %JjE ([F1x;], X,,;Tr (DHDHDH)|
f%d‘jﬂz [[HDij]p X, Tr (DHDH)} —td;E [[HDHDHXj]poj ﬂ]

~td;E |[HDHDHX;), X, |
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Therefore, we have:
(1+tad;) E [HDHDHx;], X,
. ¢ .
~ dyd,E[HDHDH],, - —E [[H1x;], X,,;d; T [DHDHDH]|

t ~ _ ~ ___ o
—dE [HDHx;], X,,,Tr [DHDH]| - td;E [[HDHDij]p X,; ﬁ} .

Multiplying the right hand and the left hand sides by 7; = we get:

1
1+tad;’
- - t .
E[HDHDHx], X,,; = ;d,d,E [HDHDH],,, — —7/E [[H1x;], X,,;d, T [DHDHDH]|
t ~ _ _ ~ ___ o
~—=d;7;E [[HDHx;], X,,;Tr [DHDH]| 1,7, [[HDHDij]p X, ﬁ} .
(3.13)

Plugging (3.13) into (3.12), we obtain:

K
E[HDHDH], = E[HDHD], Z E[HDHDH]

N \

+2 .
+72 Z 7 [Hx;], X,;d; Tr[DHDHDH]
j—l
2
Zd 7/E[HDHx;] X, ;Tr[DHDH] + Zd 7E[HDHDHx;] X, ; 3,
Jj=1 j 1
- t2 o
~ E[HDHD],, - tad,E[HDHDH), + —ET(DHDHDH) [HXRDX }
2

t o~ ~
+ 2 ETr [DHDH] HDHXDRX*}

pp

2 _
+ %E 3 [HDHDHXDRX*]

pp pp

Hence,

- t2 .
(1 + tad,)E[HDHDH],, = E [HDHD)],, + —ETr [DHDHDH] [HXRDX Lp
t2 — o~ t2 o ~ ~ *
+-ETr [DHDH] [HDHXDRX*] +—E 3 [HDHDHXDRX

pp pp

Multiplying the left and right hand sides by r, = we get:

_ 1

1+tady’
t2 ~

E[HDHDH] = r,E[HDHD]  + —,ETr[DHDHDH] [HXRDX*}

K pp

2 — 2 o ~ ~

ETr [DHDH] [HDHXDRX'| + %TPIE 5 [HDHDHXDRX"

pp

(3.14)

t
+—=r
K2'P pp
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Multiplying by d,, summing over p and dividing by K, we obtain:

K
1 1
E—-Tr[DHDHDH] = E_ > d,[HDHDH]
p=1
1 & 2 -
= = > rpd,E[HDHD]  + 5B Tr (DHDHDH) Tr (DRHXRDX*)
p=1
2

t ~ ~
+-—ETr (DHDH) Tr (DRHDHXDRX*)

t?2 o ~
+E BT (DRHDHDHXDRX ) ,
A
= X1 t+tX2+t X3+ X4, (3.15)
where:
1
X1 = ?ETr (DRHDHD) ,
#2 1 XDRX*
#2 1 XDRX*
2 o XDRX*
X4 = ?E 6 Tr <DRHDHDHK ) .

According to Proposition 7, var+Tr (DRHDHDH%M) is of order O(K~2). Simi-

larly, var(8) = O(K~2). Hence, using Cauchy-Schwartz inequality, we get the estimation
xa = O(K~2). Tt remains to work out the expressions involved in xi1, x2 and x3 by
removing the terms with expectation and replacing them with deterministic equivalents.

Since var+Tr (DRH%ﬁX*) = O(K~2) by Proposition 7 and var(=TrDHDHDH) =
O(K~2) by Proposition 8, we have:

XDRX*

2
1
X2 %ETr (DHDHDH)E (KTr DRH

) +O(K™?),

@ Ppmy (DHDHDH) - Tt (f)i‘f)ﬁ) L v (DRDT) + O(K?)

K K K '

2

%ETr (DHDHDH) 3 + O(K?) . (3.16)

—
S)
N

—~
o
=
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where (a) follows from Proposition 7-2) and (b), from Proposition 6. Similar arguments
yield:
XDRX*

12 1
X3 = KETr(DHDH)IE<KTr DRHDH

> +O(K™?),

B 2y 1 PPN | I

U (B2renn) L —2
2T <D T DR) ~Tr(DRDT)| + O(K ) ,

= ujZW)Q [?{Tr(D?’T?’) - W;Tr(ﬁ?’TS)] +O(K™?) (3.17)

and

1 1
= ——  —Tr (D?RDT? K2
1 1
- —  —Tr(DT? K~2). 1
=25 K r( )+ O( ) (3.18)

Plugging (3.17), (3.16) and (3.18) into (3.15), we obtain:

1 t5y° T3 2
;DT — s TrT°D? + O(K ).

1
—ETr(DHDHDH) = —————— _—
KT U R - £77)

Hence,

3 3 3 3 1
KR (ﬁK — EﬂK> = p—Ng {TrD3T3 — 73TrD3T3] E (|le|2 - 1) + 0 <> :
Po Po K (p? —v9) p K
3

2 3 o~ 1

= —r {T&"D3T3 - ’YST&"D?’TS] +O <) .
K (p* =9) p K

The fact that vg = ig, [TrD?’T3 - Z—;’Trf)?”i‘?’] is of order O(1) is straightforward

K(p* =)
and its proof is omitted. Proof of Theorem 5 is completed.

5 Simulation results

In our simulations, we consider a MIMO system in the uplink direction. The base station
is equipped with N receiving antennas and detects the symbols transmitted by a particular
user in the presence of K interfering users. We assume that the correlation matrix W is

given by ¥ (i, 5) = \/%a”*j‘ with 0 < a < 1. Recall that P is the matrix of the interfering
users’ powers. We set P (up to a permutation of its diagonal elements) to:
P diag([4P 5P]) if K =2
| diag([P P 2P 4P)]) if K=4"
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Table 3.1: Power classes and relative frequencies

Class 1 2 3 4 5
Power P | 2P | 4P | 8P | 16P
Relative frequency | 1/8 | 1/4 | 1/4 | 1/8 | 1/4

where P is the power of the user of interest. For K = 2P with 3 < p < 5, we assume
that the powers of the interfering sources are arranged into five classes as in Table 5. We
investigate the impact of the correlation coefficient a on the accuracy of the asymptotic
moments when the input SNR is set to 15dB for N = K (Fig. 3.1) and N = 2K (Fig.
3.2). In these figures, the relative error on the estimated first three moments E Sl ( foo
and p denote respectively the asymptotic and empirical moment ) is depicted with respect
to the correlation coefficient a. These simulations show that when the number of antennas
is small, the asymptotic approximation of the second and third moments degrades for
large correlation coefficients (a close to one). Despite these discrepancies for a close to 1,
simulations show that the BER and the outage probability are well approximated even for
small system dimensions.

Indeed, Figure 3.3 shows the evolution of the empirical BER and the theoretical BER
predicted by (3.1) versus the input SNR for different values of a, K and N. In Figure 3.4,
the saddle point approximate of the outage probability given by (3.2) is compared with the
empirical one. In both Figures 3.3 and 3.4, 2000 channel realizations have been considered,
and in Fig. 3.4, the input SNR has been set to 15 dB. These figures show that even for
small system dimensions, the BER is well approximated for a wide range of SNR values.
For high SNR wvalues, the proposed approximation tends to underestimate the bit error
rate. A possible reason might be that the first three moments are not sufficient to estimate
accurately the bit error rate (BER). To get a more accurate bit error rate value, one should
go beyond these moments and take into account the values of higher order moments.

The outage probability is also well approximated except for small values of the SNR
threshold that are likely to be in the tail of the asymptotic distribution.

59



Statistical Distribution of the SINR for the MMSE Receiver Correlated MIMO Channels

T
—@— N=4 K=4.
== N=8 K=8
—— N=16 K=16

12k B B . e N=32 K=32 H

Relative error of the first moment in percent

o 0.1 0.2 03 0.4 05 0.6 0.7 0.8
Correlation coefficient

(a) First moment of the SNR

25 ! ! ! ! ! . . .
—0— N=4K=4
—8— N=8 K=8
—— N=16 K=16
200 e N=32 K=32 p

Relative error of the second moment in percent

54

q

L e
>
o ; ; ; ;

0 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9

Correlation coefficient

(b) Second moment of the SNR

60
D
—0— N=4K=4
== N=8 K=8
50| : : : —t— N=16 K=16 4
=g N=32 K=32

Relative error of the third moment in percent

0 I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Correlation coefficient

(¢) Third moment of the SNR

Figure 3.1: Absolute value of the relative error when N = K

60



Statistical Distribution of the SINR for the MMSE Receiver Correlated MIMO Channels

—@— N=4 K=2
== N=8 K=4
6L : : —— N=16 K=8

== N=32 K=16

Relative error of the first moment in percent

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
Correlation coefficient

(a) First moment of the SNR

25

T
—@— N=4 K=2

- —— N=8 K=4
1= —— N=16 K=8
g + N=32 K=16
8 b ]
£
=
[=
[
£
o
€ 151 i
he)
o n
s}
(5]
Q
12}
[}
< 10t 4
k]
S
=
5}
[
2 5 kX
8
[0}
24
< | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Correlation coefficient

(b) Second moment of the SNR

70

—0— N=4K=2 D

= N=8 K=4
6o —— N=16 K=8 )

= N=32 K=16

50

40

30

20

Relative error of the third moment in percent

3 ;
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Correlation coefficient

(¢) Third moment of the SNR

Figure 3.2: Absolute value of the relative error when N = 2K

61



Statistical Distribution of the SINR for the MMSE Receiver Correlated MIMO Channels

o N=4 K=4 a=0.0 o N=4 K=4 a=0.9
10 T 10 T
Generalized Gamma| Generalized Gamma|
—@— Empirical =@ Empircal
E
x o
w 10 | = w 10
o o
k-
102 i i i i i ; i i 10 i i i i i i ; i i
0 2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
SNR SNR
(a) N=K=4anda=0 (b)) N=K=4and a=0.9
N N=4 K=2 a=0.0 o N=4 K=2 a=0.9
10 T 10 T

—H— Generalized Gammal
=@ Empirical

107 i i i i i i i i i

== Generalized Gamma|
—@— Empirical

; ; ; ; ; ; ; ; ; X

0 2 4 6 8 12 14 16 18 20

10
SNR

(c) N=2K=4and a=0

2 4 6 8 10 12 14 16 18 20
SNR

(d) N=2K =4and a=0.9

Figure 3.3: BER vs input SNR

62



Statistical Distribution of the SINR for the MMSE Receiver Correlated MIMO Channels

N=4 K=4 a=0.0 N=4 K=4 a=0.9
1 T T T : 1 T T T T T
= = Empirical == Empirical
== Generalized Gamma = Generalized Gamma
09 | 09F 2 —
08 08
07 07F

Outage Probability
o
T

Outage Probability
°
T

04F 04F
03F 03F
0.2F 0.2
01p 01k
0
-20 -15 10 20 ~15 -10
(a) N=K=4anda=0 (b)) N=K=4and a=0.9
N=4 K=2 a=0.0 N=4 K=2 a=0.9
1 T T T T T 1 T T
== Empirical = = Empirical
w— Generalized Gamma w— Generalized Gamma
09 ml 09F ul
0.8 08
o7l o7k

°
T
°
T

Outage Probability
o
T

Outage Probability
< °
T

04 04f
03f 03l
02| o2f
01f o1f
-20 -15 -10 E o 15 20 -20 -15 -10 -5 0 15 20 25

5 0 B 0 5
SNR threshold SNR threshold

(c) N=2K=4anda=0 (d) N=2K =4and a=0.9

Figure 3.4: Outage Probability vs SNR threshold

63



Statistical Distribution of the SINR for the MMSE Receiver Correlated MIMO Channels

64



CHAPTER 4

A CLT for Information-Theoretic Statistics
of non-Centred Gram Random Matrices
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1 Introduction

This chapter provides a CLT for Information-Theoretic Statistics of non-centred Gram
matrices. This study is ongoing work.

The model, the statistics, and the literature

n

Consider a N x n random matrix ¥, = (£]}) where:

1 L1
5, = \}ﬁm X, Di + A, | (A1)
where A, = (a%) is a deterministic NV x n matrix with uniformily bounded spectral norm,
D,, and [)n are diagonal deterministic matrices with nonnegative entries, with respective
dimensions N x N and n x n; X, = (Xj;) is a N X n matrix with the entries Xj;’s
being centered, independent and identically distributed (i.i.d.) random variables with unit
variance E|X;;|? = 1 and finite 16'" moment,
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Consider the following linear statistics of the eigenvalues:

N
1 1
Tn(p) = N log det (X,%;, + ply) = N Z log(A\i + p)
i=1

where I is the NV x N identity matrix, p > 0 is a given parameter and the \;’s are the
eigenvalues of matrix ¥, % (X stands for the Hermitian adjoint of 3,). This functional,
known as the mutual information for multiple antenna radio channels, is fundamental in
wireless communication as it caracterizes the performance of a (coherent) communication
over a wireless Multiple-Input Multiple-Output (MIMO) channel with gain matrix %,.
Channels with non-centered gain matrix X, = n~Y/ 2D71/ QXR[)}/ 2 + A,, are known as Rician
channels and the deterministic matrix A,, accounts for a so-called line-of-sight component,
D,, and D,, for the correlations respectively at the receiving and emitting sides.

Since the seminal work of Telatar [80], the study of the mutual information Z,(p) of
a MIMO channel (and other performance indicators) in the regime where the dimensions
of the gain matrix grow to infinity at the same pace has turned to be extremely fruitful.
However, Rician channels have been comparatively less studied from this point of view, as
their analysis is more difficult due to the presence of the deterministic matrix A,. First
order results can be found in Girko [24, 25|; Dozier and Silverstein [18, 19| established
convergence results for the spectral measure; and the systematic study of the convergence
of Z,,(p) for a correlated Rician channel has been undertaken by Hachem et al. in [20,35],
ete.

Fluctuations for particular linear statistics (and general classes of linear statistics) of
large random matrices have been widely studied: CLTs for Wigner matrices can be traced
back to Girko [28] (see also [29]). Results for this class of matrices have also been obtained
by Khorunzhy et al. [47], Boutet de Monvel and Khorunzhy [11], Johansson [40]|, Sinai
and Sochnikov |74], Soshnikov |75], Anderson and Zeitouni [1], Chatterjee [14], Lytova and
Pastur [51], etc. The case of Gram matrices has been studied in Arharov [2], Jonsson [41],
Bai and Silverstein [3|, Hachem et al. [37], etc.

Fluctuation results dedicated to wireless communication applications have been devel-
oped in the centred case (A,, = 0) by Debbah and Miiller [17] and Tulino and Verdu [85],
Hachem et al. [36] for gaussian entries and [37]. Other fluctuation results either based on
the replica method or on saddle-point analysis have been developed by Moustakas, Sen-
gupta et al. [55,63]. In the Rician case, based on the replica method, Taricco, provided an
asymptotic formula for the variance of the mutual information statistic in [78,79].

Presentation of the results
The purpose of this article is to establish a Central Limit Theorem (CLT) for Z,(p) in the
following regime
N N
N,n— oo and 0 <liminf — <limsup — < oo, (4.2)
n n
(simply denoted by N,n — oo in the sequel) under mild assumptions for matrices X, Ay,
D,, and D,,.
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Fundamental equations, deterministic equivalents

We collect here resuls from [35]. The following system of equations

zeC—R"

- N -1
6a(2) = ATrDy (=2(In + 8a(2)Da) + Al + 0(2) D) 1 A7)
~ ~ ~ -1 >
bu(z) = LTxD, (—z([n 4 6,(2)Dy) + A% (Iy + 5n(z)Dn)*1An)
. (4.3)
admits a unique solution (dy,,d,) in the class of Stieltjes transforms of nonnegative mea-

sures' with support in Rt. Matrices T}, (z) and T},(z) defined by

-

(Z) = <—Z(IN + Sn(z)Dn) + An(In + 571[)71)71‘4;) B

. ~ . 1 (4.4)
Tu(z) = (—Z(In + 6, (2) D) + A% (Iy + 5nDn)—1An)

are approximations of the resolvent Q,,(z) = (2,3 —2Ix)~" and the co-resolvent Q,(z) =
(2%, — 2zIx) ! in the sense that (%25 stands for the almost sure convergence):

1 5.

NTY (Qn(z) - Tn(z)) N,z—ioo) 0 )
which readily gives a deterministic approximation of the Stieltjes transform N~'Tr Q,(z)
of the spectral measure of ¥,,3* in terms of T}, (and similarly for @,, and T,). Also proved
in [38] is the convergence of bilinear forms

U (Qn(2) — Tn(z))vn =0, (4.5)

N,n—o0
where (uy,) and (v,) are sequences of N x 1 deterministic vectors with uniformily bounded
euclidian norm, which complements the picture of T}, approximating Q.
Matrices Tp, = (t;; ;1 < 4,7 < N) and T;, = (£;; ;1 < 4,7 < n) will play a fundamental

role in the sequel and enable us to express a deterministic equivalent to EZ,(p). Define

Va (P) by:

1 _ .
Va(p) = - log det (p(IN + 60 D) I + An(I, + 5nDn)—1A;;)

1 ~ on o=

where 4, and 8, are evaluated at z = —p. Then the difference EZ,(p) — V;,(p) goes to zero
as N,n — oo.

The general approach

The approach developed in this article is conceptually simple. The quantity Z,(p) —EZ,(p)
is decomposed into a sum of increments of martingale; we then rely on a central limit
theorem for martingales, and in order to identify the variance, systematically approximate

n fact, 0, is the Stieltjes transform of a measure with total mass equal to n~'TrD,, while Sn is the
Stieltjes transform of a measure with total mass equal to n 'TrD,,.
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random quantities by their deterministic counterparts as the size of the vectors and the
matrices goes to infinity. The martingale method which is used to establish the fluctuations
of Z,,(p) can be traced back to Girko’'s REFORM (REsolvent, FORmula and Martingale)
method (see [28,29]) and is close to the one developed in [3].

In this study, the fact that matrix ¥,, is non-centered (E X,, = A,,) raises specific issues,
from a different nature than those addressed in close-by results [1,3,37], etc. These issues
arise from the presence in the computations of bilinear forms u) @, (z) v, where at least
one of the vectors u, or v, is deterministic. Often, the deterministic vector is related to
the columns of matrix A,, and has to be dealt with in such a way that the assumption
over the spectral norm of A, is exploited. These issues are partly circumvented by the
convergence result (4.5) established in [38].

The fluctuations

In every case where the fluctuations of the mutual information have been studied, the
variance of N (Z,,(p) — Vi(p)) always proved to take a (somehow unexpected) remarkably
simple closed-form expression (see for instance [55,78,85| and in a more mathematical
flavour [36,37]). The same phenomenon again occurs for the matrix model ¥, under
consideration. Drop the subscripts IV, n and let

—Tr DTDT , 7 = —Tr DTDT , (4.7)

Let k = E|X;;|* — 2 and denote by
1 1 ~ - ~ 1\ 2
02 = —log <<1 — —Tr D2TA(I +6D)"'D(I + 5D)_1A*TD2> — p2w>
n
el deti 240

where d; = [Dy], ch = [Dn] jj» and all the needed quantities are evaluated at z = —p. The

CLT then expresses as:

N

D e
where — stands for the convergence in distribution.

2 The Central Limit Theorem for Z,(p)

The indicator function of the set .4 will be denoted by 1 4(x), its cardinality by #.A4. As
usual, R ={z €R : >0} and C" ={2 € C : §(z) >0} and i =+/—1;if 2 € C, then
Z stands for its complex conjugate. Denote by %, the convergence in probability of random
variables and by P, the convergence in distribution of probability measures. Denote by
diag(a;; 1 <i < k) the k x k diagonal matrix whose diagonal entries are the a;’s. Element
(i,7) of matrix M will be either denoted m;; or [M];; depending on the notational context.
if M is a n x n square matrix, diag(M) = diag(m;;1 < i < n). Denote by M7 the
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matrix transpose of M, by M* its Hermitian adjoint, by Tr (M) its trace and det(M) its
determinant (if M is square). When dealing with vectors, || - || will refer to the Euclidean
norm, and || - ||, to the max (or ) norm. In the case of matrices, || - || will refer to the
spectral norm.

Recall that X, = n_l/QD}lﬂXnD}/z + A,; denote D,, = diag(d;, 1 < ¢ < N) and

D,, = diag(dj, 1 < j < n). When no confusion can occur, we shall often drop subscripts
and superscripts n for readability.

Assumption A-1 The random variables (XZ ;1 <i<N,1<j<n,n>1)are
complezx, independent and identically distributed. They satisfy

EX} =0, E[X!* =1 and E|X}|"<oc.
Assumption A-2 The random variables X;; satisfy the following circularity condition,
EX%X% =0 for p#q, p,q>0, Vi j (4.9)

Assumption A-3 The family of deterministic N x n matrices (Ap,n > 1) is uniformily
bounded for the spectral norm:

Amax = sup || A || < oo .
n>1

Assumption A-4 The families of real deterministic N x N and n x n matrices (D,,) and
(D) are diagonal with non-negative diagonal elements, and are bounded for the spectral
norm as N,n — oo:

dmax:supHDnH < oo and JmaxzsupHDn” < 0.
n>1 n21

Moreover,

1 ~ 1 -
dmin =inf —=Tr D, >0 and dmin =inf —TrD, >0 .
N N nn

We can now state the main theorem of the article.

Theorem 2.1 (The CLT) Consider the N x n matriz ¥, = n_1/2D,11/2an~?,11/2 + A, and
assume that A-1, A-3 and A-4 hold true. Recall the definitions of & given by (4.3), T and
T given by (4.4), and v and 5 given by (4.7). Let p > 0. All the considered quantities are
evaluated at z = —p. Then:

1. the quantity

2
02 = —log ((1 — 1TrD%TA(I +0D)ID(I + 5D)—1A*TD%> - p2'y’~y)
n

2
P 2,2 7272
? J

is well-defined and satisfies

0 < liminfO? < limsup@®? < oo
n

n

as N,n — o0.
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2. Consider the random variable Z,,(p) = N~ logdet (X,3F + pIy), then the following
convergence holds true:

N D
(T, -EL,) —2 - N(0,1),
@n ( ) N,n—oo N(O )

3 Controls over the varaince 02

3.1 Controls over 62

The following estimates will be usefull.
Proposition 3.1 Assume that the setting of Theorem 2.1 holds true. Then:

1. The quantities & and 6, evaluated at z = —p, satisfy,

dmin l+
5min = = < o < dmax = 5max> and
p+ dmaxdmax + HCLmaXH2 p
Smin - = dmin < S < dmaX = Smax
p+ dmaxdmax + Hamax”2 p
2. The quantities v and 7, evaluated at z = —p, satisfy,
I=d2; I+
- min . < A< . and
,02 (1 + dmax(smax + piluamaxHQ) P
~2
- dmin 5 S ;3/ g p12
P2 (]— + dmaxémax + p_luamaXHQ)

3. The quantities v and 7, evaluated at z = —p, satisfy,

We are now in position to prove the first part of Theorem 2.1.

Proof 3 (Proof of Theorem 2.1-(1)) We first prove that: liminf A,, > 0, where,
2 1 ~ ~ 1 2
A, = <1 - 'OTrDzTA\IJD\IJA*TDz) — %A
n

Proof of liminf A,, > 0. We have,

- -1 ] 1 -1 1
pUD — (In n 6D) D=<L,-5 (In n 5D) < <l
Then,
2
1- 2T TAGDYA*TD > 1 — 5ﬁTr TAVA*TD.
n n

70



A CLT for Information-Theoretic Statistics of non-Centred Gram Random Matrices

Moreover, we have, TAUA* = %IN + %T\I/_l, then we obtain,

2

1——Tr TAVDWA*TD > 1—5—Tr TD+5 Tr TU'TD
n

> 1——Tr D+ L1y T2D+—5Tr TDTD
on on on
o p 9 B

= 1——+ 2T T%D + p~
T 5T

_ 90 P 2
= p57+%TrTD.

On the other hand, one can prove that: %Tr TAVDUA*TD = %Tr TA*UDUATD.
Then, the same kind of arguments can be used to prove that:

2
1-— —Tr TAVDUA*TD > pgfy + - 5 =Tr T%D.

We therefore have,
2
<1 - 7Ty TA\I/D\I/A*TD) > P27 + 6.

where ¢, = pz=TrT2D + ps- o Ty T°D + £Tr T2D £y T2D. Due to proposition 3.1-(1),
we can see easily that lim 1nfn s > 0, which ends the proof of liminf,, A,, > 0.
Proof of liminf,, ©2 > 0.
1 21m,. &2 5 4 o s
From facts -Tr S*-Tr S* < 7, and E[X11|* — 2 > —1, the following inequalities are
Justified,

E| X |*—2
@,% = —logAn—i—pz—( | 1;| )

1 -
Tr S?=Tr S?
n
2
> —log ((1 - —T D1/2TA\IJD\IIA*TD1/2> - p2w> — 0?5
> —log (1—p*v3) — p*77-

The function x — —log(l — x) — x is increasing on [0,1] and takes the value zero at
zero. Therefore, it is sufficient to prove that liminf, p?>v¥y is bounded away from zero to
conclude; this readily follows from the previous calculations. The lower bound is proved.
Proof of limsup,, ©2 < oo.
The fact that A, is nonnegative and bounded away from zero together with the following
upper bound:

1, ol = IF
=TrS"=TrS” <~y < — < o0,
n n p
can garantee the upper boundness of ©2, and the proof of theorem 2.1-(1) is done.
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3.2 Notations and classical results

Denote by Y the N x n matrix n~/2DY2X D2, by (n;), (a;) and (y;) the columns of
matrices X, A and Y. Denote by 3;, A;, Y; and Dj, the matrices 2, A, Y and D where
column j has been removed. The associated resolvent is Q;(z) = (3,7 — 21 ~) 1. Denote
by [E; the conditional expectation with respect to the o-field F; generated by the vectors
(ye, 1 < £ < j). By convention, Ey = E.

We introduce here intermediate quantities of constant use in the rest of this chapter.

. 1
bi(z) = , 1<j<n, (4.10)

— (1 +atQja; + %TrDQj)
1
¢i(z) = = , 1<j5<n, (4.11)
—2 (1+ aEQja; + 2Tr DEQ)

ej(z) = njQj(z)n; — (%TYDQJ'(Z) +a§Qj(Z)aj>

i
= <y§Qj(2)yj - g]Tr DQj(Z)) +a;Q;(2)y; +y;Qj(2)aj. (4.12)

Using the well-known caracterization of Stieltjes transforms (see for instance [35, Propo-
sition 2.2-(2)]), one can easily prove that l;j is the Stieltjes transform of a probability
measure. In particular |b;(z)] < (dist(z, R))~! for z € C — R*. The same estimate holds
for ¢;. We also introduce the following matrix:

N1 -1
C(z) = (—z (In+aD)+ A (In + aD) A*> , (4.13)
where, o = %Tr DEQ and a = %Tr DEQ .
We also remind classical identities of constant use in the sequel. The first one ex-
presses the diagonal elements of the co-resolvent; the second one is a usefull combination

of Woodbury’s identity and rank one perturbation identities.

Diagonal elements of the co-resolvent

1

Gjj(z) = T (4.14)
Qz) = Qj(2) +24;;(2)Q;(2)n;n; Q;(2) - (4.15)
Note that: B ~
gj; = bj + zq;jbje; . (4.16)
A usefull consequence of (4.15) is:
n;Q(2) = _ Qi) —2G5(2)n; Qj(2) . (4.17)

14+ nQi(2)n;
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Diagonal elements of matrix 7'

Define the N x N matrix 7; as
- - 0!
T, = (_Z(IN +6D) + A;(I_1 +6D;) Aj) , (4.18)

where § and 6 are defined in (4.3). Notice the difference between 7; and T'; however, 7;
naturally pops up when expressing the diagonal elements of T'. Indeed after simple algebra,
we obtain:

- 1
tjj(z) = — 7 . (4.19)
<1 +aiTj(2)a; + 4T DT(z))
We have also the following identity:
- a;Thb
—ztya; Teb = e (4.20)
where, b is a given N x 1 vector.
3.3 Important estimates
Lemma 3.2 Letx = (x1,--- ,xy) be a nx 1 vector where the z; are centered i.i.d. complex

random variables with unit variance. Denote by y = n~'2x and let M = (myj) and
P = (pij) be anxn deterministic complex matrices and D is a N x N diagonal nonnegative
matriz, then:

1. (Bai and Silverstein, Lemma 2.7 in [5]) For any p > 2, there exists a constant K,
for which

1 K Tr M M*\?/? Tr (M M*)P/?
Ely*My — 21 M < K2 [ (g MMV |y e MM
n np/2 n np/2

2. Let u be a deterministic n X 1 vector. Then:
E [(D1/2y +w)*M(DY2y + u) — Eyy |2 Tr DM — u*Mu)
(Dl/Qy +u)*P(DY?y + u) — Ely 2 Tt DP — u*Pu)}

= (E|ly1|*)?> Tr MDPD + E|y|> (w*MDPu + u*PDMu)

N
+rY dimips

i=1
where k = By |* — 2(Ely1]?)2.
Remark 3.1 Using Lemma 3.2-(1), one can prove that:
E (e | ye, b # 5) = O(n /%) . (4.21)

which readily implies that Ele;|P = O(n~P/?).
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Let M be a sequence of N x N deterministic matrices with bounded spectral norm. If
p > 2, then:
K

N 1
]E|y1My1—NTI'M|p S W .

(4.22)

Proposition 3.3 Assume that the setting of Theorem 2.1 holds true. Let u,, be a determin-
istic complex N x 1 vector uniformily bounded for the euclidian norm: sup,> |[u,|| < oo .
Then, for every z € C — R, the following estimates hold true:

2

Y ElupQjai* < Ki(2) and E (Y EjlupQa* | < Ka(2),
j=1 j=1

where K1 2(z) < 0o do not depend on n, N.

Lemma 3.4 Control of 1Tr D (T — EQ) in R*.
For all p € RY., we have:

L1 p(r - EQ)| <
n

S =

Lemma 3.5 Assume that the setting of Theorem 2.1 holds true. Let u, and v, be deter-
ministic complex N x1 vectors uniformily bounded for the euclidian norm: sup,,>, max (||[u,||, [|[va]]) <
oo . Then, for every z € C —R™T,

BJuy (Q(2) ~ (et < S0

where K(z) does not depend on n, N.

Remark 3.2 Of course, the counterpart of this lemma for the co-resolvent Q and matriz
T holds true. In particular taking the vectors u, and v, equals to the jth canonical vector
and applying Cauchy-Schwarz inequality yield the following estimate:

E|gj; — tj;1* = O(n™Y). (4.23)

Proposition 3.6 Assume that the setting of Theorem 2.1 holds true. Then the following
estimates hold
E|(jjj —Ej’2 = (’)(n_l) y (4.24)
Elgj; —b;[? = O™, (4.25)

Lemma 3.7 The resolvents QQ and the perturbed resolvent Q); satisfy:

1A

3(2)]

Tr A(Q - Q)| <

for any N x N bounded spectral norm matriz A.
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4 Decomposition of Z,, — EZ,,, Cumulant term in the variance

The main tool we shall rely on to establish the Central Limit theorem is the following
Central limit theorem for martingales which can essentially be found in [9]:

Theorem 4.1 (CLT for martingales, Th. 35.12 in [9]) Let 'ygn),’yén), . ’%(Zn) be a mar-

tingale difference sequence with respect to the increasing filtration .7-"1("), . ,qun). Assume
that there exists a sequence of real positive numbers Y2 such that

n—oo

1 « 2 p
Assume further that the Lyapounov condition ( [9, Section 27]) holds true:

1 - (n)2+6
n j=1

Then Yt > i 7](-”) converges in distribution to N'(0,1).
Remark 4.1 Note that if moreover liminf, Y2 > 0, it is sufficient to prove:

2
ZEJ -2 Lo, (4.27)

instead of (4.26).

4.1 Decomposition of 7, — EZ, as a sum of increments of martingale
Denote by
X d;
n;Qjnj — (#TYDQJ' + a}fQjaj)
1+ %TI‘ DQJ‘ + a;Qjaj
With this notation at hand, the decomposition of Z,, — EZ,, as

I, —EI,= - (E;—E;_1)log(1+T}) (4.28)
j=1

follows verbatim from [37, Section 6.2]. Moreover, it is a matter of bookeeping to establish
the following (cf. [37, Section 6.4]):

ZEJ 1 E;_1)log(1 ZE] (BT —2 0. (4.29)

N,n—oo

Hence, the details are omitted. In view of Theorems 2.1-(1), 4.1 and equations (4.27),
(4.28) and (4.29), the CLT will be established if one proves that the Lyapounov condition
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and the following convergence hold true:

1 245
30 > 0, @2(1+5 ZE]E T — 0, (4.30)
7j=1
P

where ©2 is defined in Theorem 2.1.

4.2 Further decomposition of 7, — EZ,
Notice that E;_1(E;T;)? = E;_1(E;zbje;)?. We prove hereafter that

N,n—o0

n n
ZEj,l(Ejzl;je] Z’Z%?JEJ 1 E ej) L 0. (4.32)
T j=1

Using the triangular inequality together with estimates (4.23) and (4.25) yields that IE|E] —

t;j|*> = O(n~'). Now this estimate, together with (4.21), readily implies that:
E|E;-1(E;2bje;)” — 2T, E-1(Eje;)’| = O(n /%) |

hence (4.32). Using the identity in Lemma 3.2-(2), we develop the quantity E;_;(E;e;)?:

N

o

J=1 J=1

n

n
Z X15 + Z X2j
j=1 j=1

1>

4.3 Computation of the cumulant term of the variance:

Write,
1Y 1Y
=2 (EBalQgle)® = — 3 (B [Qsler)ter =
=1 =1
1Y 1Y
nz i—1[Qjlee) (Ej—1[Qjler — Ej—1qu +£Z i—1(Qjlee) (Ej—1qee — ter)
=1 =1

The first term is a deterministic O(n~1) by the rank one perturbation inequality. The
convergence to zero in probability of the second term can easily be handled by Lemma 3.5.
Hence,

N
=7 i\ n I Non—00

j=1 =1
Iterating the same arguments, we can replace the remaining term E;_;[Q;]¢ by ts and

finally obtain:
n
> X1 - ZZ a;ta—’o-
j=1 j=1¢=1
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5 Identification of the variance as ©2

In this part, we handle the term Z? X2;- For this end, we shall use the result of the
following lemma which says that we can replace Z? X2; by its expectation. In the sequel,
we take z = —p.

Lemma 5.1 For any N x 1 vector a with bounded euclidean norm, we have,

max var(a”(E;Q)%a) < 7

Moreover,

s |

J

max var <711Tr (IE]Q)2> <

5.1 Study of the gaussian part of the variance

The aim of this part is to prove the following convergence:

Z X2j +10g (An) —— 0 (4.34)
where, A, = (1 — %QTr D%TA\ilﬁ\ilA*TD%) — p?~4. The proof of this convergence will

be carried out in three steps:

1. Thanks to the rank one perturbation result, we can deal with ¢; = %Tr DE;QDQ
instead of %Tr DE;Q;DQ;. Let 0y; = a}(E;Qr)Qrar. We prove that:

E(¢;) = v+ ajE(¢;) + ~ Zp 2o diE(0k;) + €, (4.35)
k 1

where, a; = 1 J _1 pQ@ZJ%dgaZTDTag + 1 e 1p de and ¢; P 0

n—oo

2. We introduce the intermediate quantities: (x; = aj(E;Q)DQay. We then prove the
following equations:

J

a;TDTa ~
E(Cej) = aiTDTa, + BiE(6;) + ka S" PR dEW) + e, (4.36)
/=1
ds d dvaiTay\

~ a a
POk E(Or) = ———E(Cry) — U ( 1’“ v 5’“) E(1);) + exj, (4.37)

(1 + dkd) (1 + dk5> + dg

where,

J 2 J J
7 72 % * * p 7 72 % *
= E pPtsdial Tiaa) EQlak—i—akTDTakZ E a2, + E P’ 2, da; Tiaga; Tay
=1 =1 =1

and £; converges in probability to zero.
3. We finally prove (4.34).
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Proof of (4.35 )
Recall that,
Q= (ST +pIy)™" and T = (974 pAba”) -
The resolvent identity expressed by: Q =T + T (T_1 — Q_l) Q gives,
Q=T+ %(Tr DT)TDQ + pTAVA*Q — TEE*Q.
Plugging this in the expression of ¢; we obtain,

1 o1
¢; = —Tr DTDQ+ (2Tx DT)=Tr DTD(E;Q)DQ
n n n

- 1
+2Tr DTAVA(E,;Q)DQ — ~Tr DTE;(S5*Q)DQ
n n
= X1+Xx2+Xx3+ X4

Treatment of the term x1.

We have : x1 = 2Tr (DT)? + ¢,,, where E|e,,| = E[2Tr DTD (Q — T)| < % by lemma
(3.4).

Treatment of the term xs. Using identity (4.15), x3 verifies:

X3 = 2Tr DTAVA*(E;Q)DQ
n
~ 2 ~
- gTr DTAVA*(E;Q,)DQ — %Tr DT AVA*E; (G2eQenen; Q) DQ

n N 2 n B B
= % > " haj(E;Q¢) DQDTay — % > tubeai B (Qenen; Qo) DQDTay + £54
=1 =1
= X7+ X9+ €3,1,

2 g ~ g *
where €31 = 2- 37| tertheai B ((Gee — tee) Qemen; Qo) DQDTay.
Let us dealing with term X5. We have:

o n
Xy = —% > turhiaf By (Quami Q) DQDTa; + €32
=1

2 n ~
- _% Z teera; Ty (0 Q1) DQDTay + €33
=1

2 n ~ 2 J
=~ fudiaf Tiaai By (Q)DQDTar — =3 fuda; TiagyE; (Qr) DQeDTa;
=1 =1

3 J -
+% > " Ebea; Toary; Bi(Qe) DQenen; QeDTay + £33
=1

n 3

J
> tutbea; Trara B (Qr) DQDTay + £ > Gbea; Toagyi B (Qe) DQuyra; QeDTay + €34
=1

2

_r

n n
=1

[

I

\
SHISY
M:s

teebeay Toapay B (Qe) DQDTay + ¢, % > detbea; Traga; T, DTag + €35
=1

~
Il
a

78



A CLT for Information-Theoretic Statistics of non-Centred Gram Random Matrices

Management of epsilons:

1. We have:
p
= |— t DQDT
les o] n§ Lortheal s (Quyeny Qo) DQDTay)
* « 1/2), 2m1/2) 5 12 — 25
< KE[E;(a;Qeyen; Qe) DQDTay| < KEY=|agQeye| “E™ =07 Qel|” <

N

the last inequality follows from lemma (3.2-1).
2. Thanks to lemma (3.5), we have, Elez 3| < %

3. We have:

3 J ~
E <p > Gbeai Toay; By (Qr) DQenen; QeDTay + 63,3) |
=1

n

IN

* " K
KE|yE; (Qr)DQrary; QeDTap| + Eles 3| < NG

. 3 j 72 7 % * *
4. Finally, we have, e35 = & 3 e20pa;Toar (y;E;(Qe) DQoeye — ¢5) ajQeDTag + €34,

and identity (4.20) together with lemma (3.2-1) guarantee that Eleg 5| < %

Then 3 becomes:

X3 = -~ wa E;Qo)DQDTay — — Z topea; Traaf By (Qe) DQDTay
"=

+¢; % Z dpbia;Taga;TDTay + ey,
=1

n_ ~ 3 J s
% wOfmmﬁ%wwﬂ&@ﬂWDﬂu+@%}:@ﬁ@ﬂmﬁHﬁw+@%
(=1 —

where max; Eleg;| < \F Using identity (4.20), one can easily prove that: P (1 — ptyaj ’]Zag)
pte. We therefore obtain,

1~ P -
== toa(E;Q)DQDT 2N dppdaiTaga: TDT .
X3 nz_zlp way(E;jQe)DQDTar + ¢; - 4—21 pja; Taga, ap + €35

Treatment of term x4.
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Using identity n;Q = pgeen; Q1, we have,

1
xa = ——Tr DTE;(2X*Q)DQ
n
1 n
= ——Tce DT Y E;(ne;Q)DQ
(=1
1 " 1 -
= — T DT Y pluB;(yey;Q)DQ — —Tr DT Y plneE;(yea; Qe) DQ
/=1 /=1
1 - 1 "
——Tv DT ) plE;(ary; Q) DQ — —Tr DT Y _ pler;(ara;Qe)DQ +¢;
/=1 /=1

= X1+ Xo+ X3+ Xy + ¢y,

where max; Ele;| < Ln
We begin by dealing with the first term X;. We have,

1 LI
X, = ——Tr DT Lol » D
1 " r ;P o0 g(yzyeQé) Q

1 . I & . -1
= T DT~ pluyeyiEB;(Qe) DQ — - > pluedy—Tr DTD(E;Qr)DQ
=1 L=j+1

1
= Uy —-Tr DTD )D tood
1= T (E;Q)DQ— KZHPM ¢+ €42,
J

where, E|eg o] < % from the rank one perturbation result.
Furthermore,

Uy = - T DT > plecyeyi (BjQe) DQy + It DT > 0Py (BiQe) DQenen; Qe + €43
=1 =1

= —*TI‘ DTD(E;Q)DQ~— Z pteedy + Tr DTZ P teyey; (BjQe) DQunen; Qe + €44
=1

1 1 - 1 m 1
= —-Tr DTD(E;Q)DQ, ; ploeds + 5 ;p ffed} Tr DQuDT + 245

1 1 & - - v .
= ——Tr DTD(E.Q)DQ~ tood A 212,d2
S (E;Q) Qn;Pez z+¢gn;P 7edy + €46,

where,

1. Elegs]? < 4= thanks to identity (4.23),

f

2. Lemma (3.2-1) and the rank one perturbation result justify that: Eleq4]3 <

K
— n
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3. The following majorations:

1 J ) * .
E|-Tr DT ) p*Hyeyi (B;Qe) DQuneaiQul < —5
=1

1 SN K
— *(R. * <
IE|nﬂ DT l§—1 P tipyeyr (B Qe) DQoagm; Q| < 2’

K
ni/2-

yield from lemma (3.2-1), and imply E|eq 5| <

4. Elegg| < % which yields from the rank one perturbation result.

Consequently,

N J
po Y 272 72
X =—-—"—Tr DTD(E.Q)D ;— t5,d i
1 T (E;Q) Q+¢gnl§lp 1wy + €

Treatment of X5. We have,

1 ~ x
Xy = —Tr DT~ ptuk;(yea;Qe) DQ
=

1 J ~ " 1 J % *
= —ETT DT Z ptoeyeayE;(Qe) DQy + ;Tl" DT Z P*toyeai i (Qe) DQemem; Qe + €421

=1 =1
71
N 272 5
= o ;_1 P typdeBe; + €422,

where, E|eg 22| < % from,

o E|LTr DTS, p*20eaE;(Qe) DQuyeni Qe| < e

° E[%Tr DT ZLI p2t~§£ygazEj(Qg)DangaZQg\ < nl%’

Treatment of X3. We can apply the same arguments as previously to justify the

following computations:

1 j s * 1 j * *
X3 = *ETT DT E ptecagy; Ei(Qe)DQy + ETT DT E P50y E;QeDQmem; Qe + €431,
=1 /=1

where Eley 31| < nl—K/2 Then,

1 7 7 %
Xs = &> rtidiajQeDTa; + 450
0=1
1 272 3
= ¢ - Z p tydea; TyDTap + €433,
=1
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where Eley 30| < % and Eleg 33| < %

On the other hand, since tNMa;f’Z}DTag = @gaZTDTag, then, we have:

1< 5 -,
Xs=¢;— Y p*tudpba;TDTay + £43.
"=

Consequently, x4 verifies:

< J J
po 1 272 72 27 5T 4
= ——Tr DTD(E;Q)D . — t5,d topd TDT
X4 —Ir (E;Q)DQ + ¢; - (’Y ;ﬂp 20y +£§_1P wdpbeay ag

J n
Y 272 7 1 Tk
- t5,dp0p; — — t E; DQODT
+”g§1p 20d04; n;lpeeaz( ;iQr)DQDTap + €4,

where Eley| < %
Result for ¢;. We have the following identity:

Pt dEOy

M)~

Ep;, = v+

+E¢; (

K
where, |g;] < N

7
n

N
Il
—

J J
S At TS AR o
=1 =1

S|

(4.38)

Proof of 4.36.
Let (x; be defined for all 1 < k,j <n by: (4 = a;(E;Q)DQay.
The identity of the resolvent gives,

Q=T+ 2(Tr DIYTDQ + pTATA*Q — TEE*Q,
n

we then have,

* 6 * * T, A% * *
i = apTDQay + %akTD(]EjQ)DQak + pap, TAVA*(E;Q)DQay, — aiTE;(XX*Q)DQay,
= X1+ Xx2+Xx3+ X4

Treatment of x1. Thanks to the asymptotic behavior of the individual elements of the
resolvent ) (lemma 3.5), x1 can be written as,

x1 = a;TDQay, = apTDTay, + € 1,
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where Eleji1|? = Ela;TD(Q — T)ay|* < %
Treatment of x3. We have,

X3 = pajTAYA*(E;Q)DQay

n
= D pea;Tana (E;Q)DQay
=1

n n
= Z pearTapa; (E;Qe) DQay, — Z p*ea;Taeas (E;GuQmen; Qe) DQak
=1 =1

Let us begin with X,. We start by substituting g by fz. We have,

n
Xo ==Y p*lurheaiTagay (B;Qenem; Qo) DQay + €21
=1

Writing Q(2) = (EX* — zIy — nen}) ™! and using the inversion formula for small-rank
perturbation of a matrix [39, Section 0.7.4], we end up with:

Qu=0Q+ ﬁ%) =Q+ (L4 n;Qeme)Qnem; Q - (4.40)
0 &Tle
Hence,
n ~
ik = — Y P eaiTagaiEy ((Gee — Ee)Qenemi Q) DQay,

=1
=" pPbearTaa; (Bj(Gee — toe) (1 + 0} Quue) Qenen Quem; Q) DQua
=1

1 2
= 21 T k21

and we have:

n
Elejpoll = EIY p*dearTaa;(EguQenem; Q) DQaxl
=1

= EIp*E; (apTAdiag ( (G — for)beaQine) Q) DQuyl
< Elmax ((d — fee)beaiQene) |10z TAZ" Q|| DQay |
< KEmax ((M - féz)lﬁzanMO 1= Q||

Consider a singular value decomposition of the matrix ¥ with singular values ;. We then
have: [|£*Q|| = max;—1.n || ==~ < K. On the other hand, we have,

O'%-‘rp
- ~ 1 . - 1 -
Emax |Ge — tee] = nEmax —|dy —te|=n [ P|max—|Gy —ty| >z |ds
l L n R+ L n
1 ~ -

< n? max P <’(jgg — toe] > £L‘> dx = n2/ max P (|q~M — toe| > nw) dx

R+ VA n R+ V4
S 7

< ng/ E|Gee — too| d <

r+  (nx)? nl/2
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where the last inequality follows from lemma (3.5). We therefore have: E\e}k,zﬂ < %
Similarely, we prove that E|e?k721] < %
By the same kind of argument, it follows that:

n J
Xy = = pluhiaiTaw; TrawaiBi(Qe) DQax — Y p*lurbai Tava; Tragy; By (Qe) DQay + £k
=1 (=1
= Xoi1 + Xoo +eji

K
172"

where: Elejg| < —

Woodbury’s lemma (identity (4.15)) applied to the resolvent matrix on Xss with stan-
dard computations yield,

J J
Xoy = =Y ptutea;Taa;Ta;Bi(Qo)DQeak + Y p*tbeaj Tasa; Toay; B (Qe) DQenem; Qeay, + €
=1 =1

J J
= - Z p*toubeaTasa; Toary; Ej(Qe) DQuay, + Z pPtobear Taga; Tray B (Qo) DQeyea; Qay, + €k
= =1

where €1, converges to zero in probability, and we have,
j ~ ~
EXo = Eg¢; Z Pty deea;Taa; TrapaiEQak + Eejy + Ejy,
(=1

where,
j ~ ~
Eik = Y P pbea;Taga; Tpay (yZEj(Qf)DQﬁyz - dequ) ayQeay,
=1

J J
+ > P dedea; Taga; Toar (65 — Boy) ajQear, + By Y pPlydytbeai Taga; Tagaj (Qe — EQy) ai
=1 =1

_ ~2 ~3
= 6]k+€]k+€]k

where,
J CZ[
Elénl < K _lagTarE"? a;Quar”E'? yiE; (Qe) DQeye — —Tr DQeDQyf?
(=1
J CZE R
+K Y lapTa BV ajQuar 2| T DQeDQ: — diy |
(=1
K (< i K
* * * 1/2
< 7 <Z |akTaga,g\2> (E\agank\Q) / < Y]
/=1
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2
For €5k We have,

j
K |aiTadBY?|¢; — Be; "B ?|a; Qax)*

E\?M <
(=1
‘ 12, . 1/2
@ K [ J K
< = a;Tayl? la}Qeay|? < —,
(S 2.l Vi

where (a) follows from lemma (5.1). The last term z-:?k has a null expectation.

Finally, after remarking that pfmﬁla?"]jal = 121 — t1, plugging the expression of EX5
into (4.39) gives,

n

j
Exs =Y _ pluajTawa;E(E;Q0)DQ)ax + E(Wy) Y | p*hilsdea; Teasal (EQu)ar + &,
=1 =1

where, €5, converges to zero in probability.

Treatment of x4. We have,

X1 = —aiTE,(S5°Q)DQay, 2 =" paiTE;(deenen; Qe) DQay,
/=1

n n
= =) ptua;Taw;Bi(Qe) DQay — Y _ pluaiTE;(yey; Qe)DQay

(=1 (=1
n n
— > pluaiTak;(y; Qo) DQax — > pleeaj TE;(yea; Q) DQax + &5,
= =

= X1+ Xo+ X3+ Xy +ejp.

where (a) follows from identity (4.17) and (b) from lemma (5.1), and €, converges to zero.

Using Woodbury’s lemma and the rank one perturbation result (lemma (3.7)), Xo
satisfies:

n n
Xy = =) pteaiTE;(yew; Q) DQuar + > p*tuedeeai TE; (yey; Qo) DQeneeniyQean
=1 =1
pd

= —a;TD(E;Q)DQax + X,
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with,
n
Xy = Y p’tudeea; TE; (yey; Qo) DQemeenjpQear
=1
n
= > P13arTE(yey; Qo) DQuyey; Qear, + )y,
=1
J T
= Z P*15ak Tyeyi Ei (Qo) DQeyey; Quay, + o Z p*t4ydeai, T DE;(Qe) DQuyey; Qear, + €y,
- (=j+1
p j
= — 2a:TD 5
" ; tedgarTDQay +
_ P’ 72
— qu akTDTak n Ztezdz + sjlﬁ
5§‘k7 for ¢ = 1,2,3, can be treated using standard previous tools and we can prove that

they converge to zero in probability.
Similarely, we have,

j
X3 = > p*0iTaiE (Qe) DQeyra; Qeay, + €y
=1

J
272 7 2
= ¢; Zp tudeayTagayQea + €5,
=1

and,
J
Xy = )P0 Tyeai B (Qe) DQeary; Qeay, + €jy,
=1

1< :
= — Z inEnga,*;TDankHM + €§k
=1

3

a;TDTay J

272 7 3
= sz tzed{ggﬁ +€]k‘
=1

where e;k converge to zero in probability for ¢ = 1,2 and 3.
We therefore obtain,

SN pd
E(xa) = =Y pluaE(E;(Q)DQ)ax — *%TDE( i (Q)DQ) ay,
/=1
pz J ~ J _
E(gbj)a}’;TDTak; Z 2,d%, + E(¢;) Z P22 dga; Taa E(Qe)a
= /=1

TDTak J
Zpgtwdﬂfﬂ 9@ + &5k

=1
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Consequently, E((x;) verifies:

atTDTay &

E(Ckj) = aTDTay+ > PPt ddE(6y;)
=1
: 3,7 72 7 % x pPajTDTay, : 2 72
+B(05) | D pPbetgdeat Toagal (EQp)ax + — > thdi+

=1 =1
j ~
Z p*thdea; Taa;EQuay | + e
=1

(4.41)

where €, converges to zero in probability.

Proof of (4.37)
Using Woodbury’s identity, we obtain,
i = ap(E;Q)Qay
= a,(E;Qr)Qrar — paj,(EjqerQunpmeQr) Qrax
—pakkar (B Qr) QrnimkQrak + pdrkas (B jdurQunimiQr) Qrmimie Qrak
= O — pteral Trarbh; — ptiwal Toarbij + p*Tagdr (af Tear)? ¢ + p* T (@l Toar)*0k; + €nj,

where €;; converges to zero in probability which can be proved by using standard argu-
ments. We therefore have,

- N ) ~ "
B¢y = (11— ptiwarTrar) Eby; + p*thpdi(a)Tear)’Ee; + exj,
or again,
. 2
~ d1/2a*Tak
E(Cy) = p°lap(1+did)’E(0y) + | 22— E(¢;) + exj,
1+ did

(4.42)

because pfkkaZ’Z}cak = pqﬁka;’;Tak.

Proof of (4.34)

System with unknown parametrs ¢; and 6;;;: 3
Introduce the following notation: ¢y; = p?dgt2,0k;, then from equations (4.35), (4.36)
and (4.37), ¢; and ¢y satisfy the following system for all 1 < j, k < n:

{ E(¢j) = v+ aE(¢)) + 2301 E(pes) + €5
E(onj)=tr + BiiB(d;) + pet S7_1 E(pe) + €xj,
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where,
1 2
v = im(prp,
n
A N .
aj = = > p*idea;TDTay + o > PPt
/=1 /=1

p = p*UpdpaiTDTay,

s (aiTDTay D g
Brj = P%;%dk( . > P%td; + Y p*Uitudiai TawfEQuay — p*idy(ajTay)? | .
/=1 /=1

Let,
T .
Y; =E[¢), 05 @j-14:--->15 VI<j<n.

Then, we have,

T; =17, + B;
Bii W 5 K
with, F] = ﬁjflj % er;l and Bj = | Hj—1
P b o M1

We can easily solve this system because matrix I'; is rank two: I'; = UVT, where:
Otj % 1 0
)
Big W 0 1
U= (ul u2) = | Bi—1; “7;1 and V = (vl U2) =|0 1

Bij B 01
From Woodbury’s identity we have: (111 — T )71 =11 +U (Iz — VTU)
Let us develop:

“lyT,

’ — e B 1= Y

The determinant of this matrix is:
1 J ’Y J
Aj=(1-ay) 1—5 1.Uk: —gZﬁkg‘-

By developing, we obtain,

¢q:@>1Wﬁ¢m¢% |
(sojj 127} * = ’Yﬁjj + pj ( Zk 1/6k] oy kzl Mk) e

where € is an 2-dimensional random vector whose entries converge to zero in probability.
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We therefore have,

n

n 1 )
Sowy = 52 (PBEEW) +2Ey5) +en
P =

2~2 d2

¥ pt 7 Y1 - o) <
= Z p*t5,d; + Z g]] ’ (’Yaj-l-nZﬂkj—i- - ’ Z,Ulc

j 1

2 2 - 1
+n;/~6g‘ + nj;Aj <7ﬂjj+ﬂj ( Zﬁm

Recall that:

- 1Y - J - . .
Br; = p*Uidi (aZTDTakn > pPtd; + Y pPditudea;TaafEQoay, + p%idk(azTak)z) :
/=1 /=1

It is now possible to replace l/;efegaZEank by ayTay, in the formula of %2221 Bj; and in
= z] 1n Zk 1 Brj, and By, becomes,

727 * 1 d 7 d 727 % * 727 *
Brj = p*hidy <akTDTakn > Ptgd; + > p*bideaTaa; Tay, + p%%;dk(akTakV) :
(=1 /=1

Now, we proceed to prove the following approximation:

n

Z = —log(A,) + O(

J=1

1
7

<~ 2
where, A,, = (1 — %Tr DI/QTA\IID\I/A*TDI/z) — p2A.

This approximation will be carried out following two steps:

1. In the first step, we prove that:

" 1 PP+ 2985 + 2p5(1 - o)
SENEESS s

J=1

2. In the second step, we prove that:

- 1
ZEXQJ' = — log An + O(E)
j=1

3. The third step is dedicated to show that:
2 o 2
A, = <1 - pTrDl/QTA\I/D\I/A*TDl/2> — A
n
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Proof of step 1. We start by handling the second term in the right-hand side in eqrefeq-chi3.

n 2t2 d2

,Z P Y% (704] ZB’W Z“’f)
_ VZ 22 2 0y + 23y By + ot S
- 7393 1 1 J —
(1—aj) (1~ fet Mk ) — 2D 25— Bkj
7% 272 72 ]<171 - 1'“J> (5 by — 1)+ L+ 1350 By

]]]

et (1—ay) (1 - % =1 /‘k) - %Zi:l B
n no 242
. Y 22 2 4 2 2%j3%5
- L Z tdj + Zp A
j=1 [yt J
The fourth one verifies:
2. 1 v 1
nZA(%’ﬁW (nzﬁkﬁ ))
j=1"7 k=1
. Lo s
2 Z”: YBij + 1y (% > ket By + % D it Mj)
IS (—ay) (1= 2 ) - 250 By
2 Z": 1 ((1 — ) <1 — > Mk) — I3 ﬁkj) — (L= a;)u; —vBj;
ni3 (1—ay) (1 - %Zi:l :“k) - %Zi::l B
2 ¢ 2~ 185 + (1 — o)
= Lt A,
j=1 7j=1

Therefore, 377 ; Exa; becomes:

n n 273272
1 = Pod5t5,7 + 29855 + 205(1 — o)
e L3 |

A.
j=1 J

and step 1) is done.
Proof of step 2. The aim of this step is to establish the following,

. 1
ZEXQJ‘ =—logA, + O(ﬁ)

To this end, we begin by proving that:

1 1
= (P + 285+ 2051 — 0y)) = = (&5 = A1) + O(5).
Consider the following notations:
o 1 o
2,7, 2 2 % * 474 32 0 % 2
d d Taga; Tap — — di (a;,T
E R E prdepparTaga;Tay — — > p"idi(af Tay)

=1 k=1
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1 - 1 50 1
M; = - Zfikdz and Fj = - g p*2dpaiTDTay, = - Zuk.
k=1 k=1 k=1

Then, % Zi:l ﬂkj becomes % Zi:l ﬂkj = Gj + p2Mij.
On the other hand, we have,

1 d 7272 % v d 7
=~ > _P*dija;TDTay + = > p*dity = F; + p*yM;.
=1 =1

Then,

Aj = (1= F—p*yM))(1 - Fj) =G — p*yM; F
= (1—F))® = p*yM; + p*yM;Fj — 7Gj — p*yM;Fy = (1 = F)? — p*yM; — G},

which implies:
Aj = Ajr = (1= Fj)? = (1= Fj1)?) = p*y(Mj = M) = (G — Gj1)

and we have, M; — M;_1 = Ld22, and

n 3 jj
2 2 2 Lo 2 "
(I=F)" —(0=-Fa) =0-F)"—-0-F+-p)" =——p(1 - Fj) - =3,
n n n
and,
p2~2~ p4~2~ J -,
Gi—Gj = —idip; + ;zpjdja;f:r’(z dp2aga})Ta;

+ sz *

a;T <Zp deagW) Ta, + 2 ¢ ( ;Taj)g.

Then, Aj — A;_1 can be written as:

2 2
2 Hi 27 p i
Aj=Aja = —op(l=F) =5 = p* d?’% —dgin

2p4 3.7 * J i * p2 2.7 *
== —diya; (Y dibfacai)Ta; + —dii3(a5Ta )’
=1

Let us now evaluate the quantity: % (pzci?f?jv + 2855 + 215 (1 — aj)).
We have: a; = pyM; + F; and

J J
:u 7 7 72 x 7 * 727 *
Bis ="~ LN pPtgd; + ptd e T dpjaga;)Ta; + p*p3d; (afTa;)’.
= =1
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We then have,

17, 272
n ( dit5iy + 27055 + 2p5(1 _O‘j)>

Py 2y, 2pd U s P}y
_ JJ . ':L:“JMj J *TZ Yedeagay)Taj + T( *Ta])

n

2u 2157y
n] (1-F) - n] M; + p*02d3 (a}Ta;)?

2
I 1
= =8 = A) = = =8 = A1) + O(=5).

Finally, we have,

Aj— A 1 1
ZEX% - ; R, HOG) = ~log(An) + O()).

Proof of Step 3.
The aim of this part is to prove that:

2 2
A, = (1 _ pTrDV?TA\I/D\I/A*TDl/2> — %A
n
Recall that,
P’ -
F, = —TrDl/QTA\IlD\IJA*TDl/2,

n

M, = Z 2,42,

4 n
P 47
n = — d T d: Tap — — d? *T
G - El kwkak <E l‘/’l alal> ak E 0 T/Jk ay, ak)

1_Fn) -p ’VMn_’YGn-

>
3
I

It remains then to prove that:
p2Mn +Gn = P2’3/‘ (4'43)
We have,

p°M, +G, = 7 Tr S? 4 p de¢kakT (Z dﬂbgagae) Tay — — Zp4d ¢k akTak)

(=1 k:l

N

n
p T DI A* Tr DI A* p *
= —TTAVDVA*TAVDUA" + — thk — d T
o - > didiiy Z dpaiTay,
P 2 B 5
= TrTA\IJD\I/A*TA\I/D\I’A* + TrDTD\I’ TrD\I/D\I/A*TA\I’.

(4.44)
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On the other hand, we have:

A B _
5 = “TeDTDTY T DTD (xp _ p\IfA*TA\I/)
n n
- ' DFDY - T DTDIATAT
n n
Ol DTDY — LTy DUDTA* TAG + 2T DIA*TAVDI A*T AT
n n n

(4.45)
where (a) and (b) follow from Woodbury’s lemma which ensure that T = W — pU A*T AW,

Identities (4.44) and (4.45) imply: p*M,, + G,, = p*7.
Consequently,

2 2
A, = (1 Py D1/2TA\DD\IIA*TD1/2> — A
n

which gives the desired result.
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CHAPTER 5

Appendices

Proof of Proposition 3.1

d d
- < Smax — nd th r
p(1+dj6+a;Tjaj) - p Omax, and the uppe

bound for ¢ is done. On the other hand, since,

1. We have, § = 1Tr DT = %Z?:l

7 maxdmax H amax || 2
1+djd +a;Tja; <1+ + ;
P 4
Lp— 3 . N amin — s .
this implies that: § > P N e Omin-
Similarly, we can prove that:
do I+
5min == = — >~ *dmax = 6max-

P + dmaxdmax + [|amax/[* ~
2. We turn now to the quantities v and 7. We have,
5 = %Tr DTDT
Y I DIEDY - LT DTDEAT A

1 2.7 Pn 72725 %
= =D dity — ) dipitaiTa,
=1 j=1

n d2(1 + d;0)
i=1p? (1 +d;6 + a;Tjaj)g (1 + 5Jj)
d2, (1 + dmin)
2 (14 B + lamasl2/) (1 G
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(a) follows from the identity: T =" — ptilA*TA\i/, and (b) from the identity
wja;Taj = tjja;f’]}aj and the expression of £. On the other hand, it is clear that

7< o

Analogously, denote by a’ the row number i of the matrix 4, and 7; = (li/_l + pAi*\IJiAi) 71,
where ! = diag(¢l)fi1,z¢i- Then, we have,

1
5 = —TrDTDT
n

1 ~
— Ty DTDV — Ty DTDUAT A* W
n n
| X p & o
= z; diiti; — " z; diy7tya Ta™
i= =

1 L
= = Z Aty {1 — PT/%alTal*}
=1

N

(@ 1 2 ZaRn
= = d itii{l_ tia'T;a' }
- o0 pliza T;a

i=1

= *Zdiwitm ———
n = 1+ 6; +a‘7;a*

— 12 )
> ! dmin(]' +5m1n)

p? (1 + 6max + HamaX||2/P)2 (1 + Smaxd?nax) .

N RN |
where, (a) follows from the fact that ¢;; = % (1 +d;6 + a“]}a*z> which follows from

Woodbury’s lemma. On the other hand, one can easily see that v < %.

Proof of Proposition 3.3

Note that if we replace matrix @Q; by @ in the statement of Proposition 3.3, the proof is
straightforward. Indeed:

. * 2 _ % * )k ||u||2H14||2

If 2 € C—R™, then so does 1+77Q;(2)n;. In particular (1 +77;Qj(z)77j)_1 does not vanish.
Using Eq. (4.17), we obtain
(;Qjm;)? 1

1—n;Qnj =1-n;Q;n; + . = * :
I P Qi) 1+ n5Q;(2)m;

Writing Q;(z) = (¥¥* — zIy — njn;‘)_l and using the inversion formula for small-rank
perturbation of a matrix [39, Section 0.7.4], we end up with:
Qn;n; Q

=Q+ (1+n;Q;n;)Qnin; Q . (5.1)
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Hence,

ZE|u*QjAj|2 < 2Bu’QAA*Q*u + 2Eu* QY diag(a;) Y Q*u
j=1

IN

K+2\uu2E(n@z\2max aj) |
J

where a; = |1+ ﬁ;anj|2’7];Qjaj’2. Considering a sigular value decomposition of 3, with
singular values (o;), we easily obtain:

1OZ|| = max ( o >§K

1<i<N \ |07 — 2|
As n; is a column of 3, we also obtain:

5 Qja;] < llaj|l [Inj @Il < lla|l I="QI < K .

We finally end up with:
n
ZE|U*Qjaj|2 < K (1 +E < max |1+ U;anﬂz) + 1)
1<j<n

=1
< K(l +E<max Hnj\|4) +1> < K<1+E<max |yyj\|4) +1> :
1<j<n 1<j<n

Let x; = HyjHZ — Nn~!, then:

]EX2+2€ (a) K

2 2 1

P(mjaxxj 2)\> < n]P’(Xl 2)\) < nx e S oare

where (a) follows from (4.22). As a consequence, we have E (man X?) < K. It remains

to notice that ||y;||* < 2X? + 2N2n~2 to establish the first estimate.
Consider now the sum Y E;|u*Q;a;|. Using decomposition (5.1) yields:

n n n
D EjlutQiai* <2 BilurQa* +2) Byl (1+miQymy)ut Qnin; Qayl” .
j=1 j=1 j=1

Consider first
2
n n
E ZE]'|U*QCL]"2 = Z E (]Ejl |U*Qaj1 |2E]'2‘U*Qaj2‘2)
j=1

J1,92=1

IN

2 Z E (Ej1|U*Qaj1|2Ej2‘U*Qaj2‘2)

J1<j2

n n
= 2 E|E;lw'Qapl* Y Ej luQay
j1:1 J2=Jj1
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As Z;LQ:jl E;, [u*Qaj,|? is bounded by the first part of the proposition, we get:

2
E (> Ejlu'Qa;*| <KD Elu*Qay %
j=1

J1=1
which is again uniformily bounded by the first part of the proposition. In order to prove

2

E [ S B0+ nQm)u QuniQa;* | <K < oo,
j=1

we use the same ideas as previously, that is develop the square and rely on the results
established in the first part of the proposition. This concludes the proof of Proposition
3.3.

Proof of lemma (3.4).

The aim of this lemma is to prove that for all p € R* , we have :‘%TrD(T(—p) - EQ(—p))! <
K

NG
Let us firstly introduce the following deterministic matrices:

R— (W' pAVVA*)_l and R = (W4 pA*WA)_l :

where,
N
. . 1
W = diag(un)Y., = diag | ——L——
p(1+$mDEQ) )
1=
and,
n
% L . 1
W = diag(w;)j_, = diag g
p(1+ 2 TDEQ)
j=1
We have,

LTV (T(—p) ~ EQ(—p)) = ~TiD (T(~p) ~ R(~p)) + ~TrD (R(~p) ~ EQ(~p))

Then, it remains to show that:

LT (T(p) - R(-p) and LD (R(-p) - EQ(—p))| <

Ells

< K
J— \/ﬁ
Let us begin with 2TrD (R(—p) — EQ(—p)). We have:

LTYD (R(~p) ~ BQ(~p)) = - > e D (R(~p) ~ EQ(~p)) er
=1
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To prove |%TrD (R(—p) —]EQ(—p))‘ < %, we shall prove that, for all sequences of

deterministic vectors (ay), and (by), such that sup, max(||a,||,||bn||) < oo, we have,
|an (EQ(=p) = R(=p)) bn| < .

We have,

a* (EQ-R)b

= «ERR-Q Q)b

— &' (R (W—l FpAWA* — T3 — ,oIN> Q) b

— &' (R (pIN + (gTrf)EQ)D L pAW AT — By — pIN> Q)
— o'E (R(%Tr(f)EQ)D + pAWA*)Q) b— o*RE(SZ* Q)b

= X1+ Xo.

Let us begin with term X5: We have,

We shall prove that X3 + Xy = — X + €, where |e1| <

Xa

Actually, we have:

X3 =

where,

= —a'R) _E(Gmm;Q))b
j=1

= —a*RZE(ijyjy;Qj)b - Q*RZE(ijaja;Qj)b
j=1 J=1

—a*RZE(ijyja;Qj)b — G*RZE(ijajy;Qj)b
j=1 J=1

K
I

—pa*R Z E (39595 Q;) b

J=1

—paR Y E(G;)E (y;4;Q;) b — pa*RY " E (G5 — By Q;) b

J=1 J=1

1 no . . n . ) .
—pa”RDEQb—~ > diEgj; — paRY E ((d5; — Edj;)yv;Q;) b

j=1 j=1

1 -
—pa*RDEQb—TrDEQ + €1,
n

n
Ele[* < K ) EY?|g;; — By *EY?|y; Q;ba* Ry, |
j=1

On the other hand, we have,

E|Gj; — Egj;”

<

<

E|q;;Eq;; (((ij_jl — 4+ EmQm) )+ (1 +Emn;Qmy)) ' —E
KElej” < \I/{ﬁ
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which implies that: E|e|> < ££. X satisfies:

vn
X4 = —pa*RZE(QijCL]‘CL;Q]‘)b
j=1
= —pa'RY_E(3j)a;aiE(Q))b — paR Y E((Gj; — Edjj)a;a; Q)b
j=1 j=1
= —pa*RAWA*EQb + €9,

with, |eg| < % We therefore have: X3+ X4 = —X; + ¢, with |¢] <
Let us now deal with term X5. We have,

K
NG

X5 = —paR Y E(Gj55505Q;)b = 0 — pa*R > E ((qj; — Edjy)y;a;Qsb) -
j=1 j=1

Then,
- ~ ~ * * K
X5 < D EYp(d5; — By ['EY*|a* Ry, ['EY*|aj Qb < NG
i=1 "
Similarly, we prove that |Xg| < %, and |a*(EQ — R)b| < % is done.

This yields, in particular, for a, = b, = ¢;, and for all p € R* ,

1

L1 (EQ(-p) - R(—p»\ < <

3=
Ells

IN

Ells

1 N
~>_eiD(EQ(—p) — R(=p)) i
=1

We turn now to the term: |%TrD (R(—p) — T(—p))|- We have,
1 1 -1 -1
~-TTD(R-T) = -TtDT(T'-R )R
n n
1 1, == ~
= —TrDT <p (IN + (TrDT)D) + pAVA*
n n
1 - - .
—p (IN + (TrDEQ)D) - pAWA*> R
n
Ry
= (~mD(T -EQ) ) 2T'DTDR
n n
2

4 (1TrD(IEQ _ T)) P T DTAWDUAR.
n n

Similarly, we can prove,

0

lTr]")(f{—T) = 2nDTDR <1TrD(T - EQ)) +E T DTA*WDVAR <1 TrD(EQ — T)
n n n

n n
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Further, we have,

1TrD(EQ — T)=2TtD(EQ — R) + 2TtTD(R - T)
{ I7D(T - EQ)=iTtD(EQ - R) + . T'D(R - T)

We then obtain the following linear system,

iTrD(R - T)
U = (3. 22 =
LT DR - T)
ETDTAWDVA*R ~ —LTrRDTD <}LTr]£)(IE9 - 1}))
—2DTDR  £TrDTA*WDUAR s TID(EQ — R)
= MU +e.

(5.2) ensures that,
= | <711TrD(IEQ—R)> | < K
€l = ~ ~ ~ N
ITTD(EQ-R)) " =~
Then, to obtain the desired result, it remains to show that M is invertible. This yield from
the fact that

. 2T DTAVDIA*T —2Tr(DT)?
liminfdet | Io — | ™ - - 9 M - >0
n —£2Tr(DT)? ETTDTA*YDVAT
ie. liminf, ((1 - %T@TA@D@A*T) (1 _ %TrﬁTA*\I/D\pAT) - p2’y’~y> > K >0,
which is proved in theorem (2.1-(1)).

Proof of lemma (3.3)

We write a (Q — T) b, = a’, (Q —EQ) b, + a; (EQ — T) b,.

Il is proved in the pevious lemma that: |a) (EQ — T)b,| < % Then it remains to prove
that Ela*(Q — EQ)b|*> < £.

Denote by E;(.) the conditional expectation given by E;(.) = E(./o(y1,...,y;)). Let
Eo(.) = E(.). As it may be observed, a*(Q — EQ)b can be written as:

a(Q-EQb = Y a"(B;—E; 1)(Q—Q)b=—p> a"(B; —E; 1) (§;Qm;nQ,) b
j=1 i=1
(5.3)
Recall that
1

d; * * * *
p (1 + W’:L‘le/szDl/ij + Y5 Qja; + a;Qyy; + anjaj)

qjj =
and,
1
p (1 + %TrDQj + a;Qjaj)
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. N - - . . i
Since, Q — Q; = —pq;; Q;n;n; Q; and ¢j; = bj — pg;;bje; with e; = y7Q,y; — FTrDQ; +
y;Qja; + a;Q,y;, then, identity (5.3) becomes:

a*(Q-EQp = —p) a*(E;—E;1) (@Qg’ﬁj?ﬁQy‘) b
j=1
+p2 Y a*(Bj — E; 1) (fjjjl;jeijnjn;Qj) b= X1+ X
j=1

We begin by the study of term X;. We have,

n

~ 2

EXGE < 0?3 B[ - By Quni Q|
2

R 2
(a) n - " % d * * * * *
< Y E[Ed (ijjba Qjy; — - Tr(DQ ba"Q;) — ajQ;ba”Q;y; — y;Qsba Qjaj)

j=1

2|p|?d} 00 1 2
< | |§n” E‘ 2;D'?Q;ba*Q;D'?z; — —~Tr(DQ;ba*Q;)
P n
4’p| dmtw * * ’ K

where (a) follows from facts:

1. The indenpence between y; and F;_; and the fact that E;Q; = E;Q,;_1 imply:

Ej1 <5ja*Qﬂ7j77}‘ij> = ~TrD (E b;Q;ba” Qy) : (Ejngjba*Qj) aj,

a5
n
2. The Fj-measurability of y; implies:

E; <13ja*anﬂ7}‘ ij> =y; (Engjba*Qj) Yj
+aj (Eijija*Qj) a; + aj; (EEJ‘QJ'Z’“*QJ) vi U5 <E5j Qb Q; ) “

Treatment of E|X5|?: We have:

n

Xy = 22 Ej 1) bleja* Qmm; Qib — p* Y (B — Bj1) b3 550" Qymym; Q b
=1
= X3 + X4
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Let us begin with X3. We have,

X3 = 22 j 1 b ;€5 QJUJUJQJ

- QZ E;_1) b jeja Q]nyQ]b—i-p Z Ej_l)l;]zeja*Qjajy;fij

7j=1

+p22 E;j_1) b jeja Q]y]aJQ]b+p2Z E;_ 1)b eja Q]a]an]
7j=1
= X3 + X32 + X33 + X34

One can remark that all these quantities are a sum of martingale difference sequences.
Then, we have:

IE|X3|2 < ,022 <‘ (E; —E;— 1)b eja Q]nyQ]b‘ } (E, —Ej,l)l;?eja*Qjajy}‘ij‘Q
7j=1

_ 2
E;_1) b Zeja ijJaJij‘ ‘ (E; —Ej71)b§eja*Qjaja§ij} )

Jensen’s inequality and Cauchy-Schwarz’s inequality ensure the following,

KK K
E|X3|? < KZE1/2ye “E2]y5Qba* Quy;l* < KZ 222

n
7=1

K

n
E|Xs|* < K> EY2|a*Qja;|'EY* |y Qib[*E!*|e;|* < K\f—— =

j=1

Similarly, we prove that: E|X33/? < HS—K/Q
Treatment of the term Xsgy.

Let us denote by M; the matrix given by M; = Eg(a;ijanaj)Qj. We then have:

n - 2 n - 2
EXu? = p'S E (Ej—Ej_l)bieja*qjaja;cgjb‘ gﬁZE‘b?eja*Qjaja;fij‘
A ~

2

. 72 % * * d; * *
= p') E|bja"Qja;a}Qsb (yjczjyj - TDQ; +yjQ;a; +anjyj>

2

n
d.
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Since y; and Q; are independent, lemma (1) implies the following:

- 2
d‘ * *
EQJ M]n] J TrDMj + y; Mja; + anjyj
P 2 d?
< Z < Tr(diag((DM;)))* + ]TrDM DM; +2d]a M;DM; a])
< = * |2 _
> HZE’CL Qjaj| § e
7=1
Therefore,

n
E[Xa> = p' ZE njMjn; — —*TyDM; + y; Mja; + a5Q;y;

d.
M;n; — J TrDMj + y;-‘Mjaj + a;fijj

= 4ZEEQJ

Treatment of the term Xjy.
We have,

<

s[=

n n
EX,* < K EBY?e;[*EY*|aQ,y; PV n; Qjal® + K Y EY?|e;[*EY?|a3Q;ba* Q;a,l*
j=1 j=1
K K K

< <
= n2+n3/2—n3/2

This ends the proof of E|a*(Q — EQ)b|? < £, then, the proof of lemma (3.3).
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