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Résumé

Dans cette thése, on étudie la controlabilité et la stabilisation de certaines équations aux
dérivées partielles dispersives.

On g’intéresse d’abord au probléme du controle interne. Grace & des méthodes d’analyse
microlocale et a 'utilisation des espaces de Bourgain, on prouve la stabilisation et la contro-
labilité en grand temps de I’équation de Schréodinger non linéaire, d’abord sur un intervalle,
puis sur des variétés de dimension 3. Dans le cas d'un intervalle, on raisonne & la régularité
L?, permettant ainsi de traiter une non-linéarité focalisante ou défocalisante. On obtient aussi
des résultats de régularité supplémentaire pour le contrdle. De plus, on prouve la controlabilité
aux trajectoires, dont on déduit une deuxiéme preuve de la controlabilité globale.

On applique ensuite ces méthodes & I'équation de Korteweg-de Vries en données pério-
diques. Pour cette équation, on donne aussi un terme d’amortissement dépendant du temps
permettant d’avoir un taux de décroissance exponentielle arbitraire.

On étudie aussi I’équation de Klein-Gordon sur des variétés compactes avec une non-
linéarité critique. Sous des hypothéses légérement plus fortes que la condition de controle
géométrique, on prouve la stabilisation et la contrélabilité en grand temps pour des données
haute fréquence. La preuve nécessite la mise en ceuvre d’une décomposition en profils sur des
variétés pour laquelle des effets géométriques doivent étre analysés.

Dans une derniére partie, on étudie le controle bilinéaire. Grace a un effet régularisant, on
établit la contrélabilité locale de 1’équation de Schrédinger sur un intervalle avec une preuve
plus simple que dans la littérature existante, permettant ainsi d’atteindre les espaces optimaux
et en temps arbitraire. La méthode est assez robuste pour étre étendue a d’autres situations : les
données radiales sur la boule, ’équation de Schrodinger non linéaire et des ondes non linéaire
sur un intervalle.

Mots-clefs : Contréle, Stabilisation, équations de Schrodinger et des ondes non linéaires,
équation de Korteweg-de Vries, analyse microlocale.



CONTROL OF NONLINEAR DISPERSIVE PARTIAL DIFFERENTIAL EQUATIONS
Abstract

In this thesis, we study the controllability and the stabilization of some dispersive partial
differential equations

We are first interested in the internal control. Thanks to some microlocal analysis methods
and the use of Bourgain spaces, we prove stabilization and control in large time for the non
linear Schrédinger equation on an interval and then on some manifolds of dimension 3. In the
case of an interval, we work at the L? regularity, which allows to deal with both focusing and
defocusing nonlinearity. We also obtain additional results about the regularity of the control.
Moreover, we prove the controllability near trajectories, from which we deduce a second proof
of global controllability.

We then apply these methods to the Korteweg-de Vries equation on a periodic domain.
For this equation, we also provide a time dependent damping term which enables an arbitrary
exponential decay rate.

We also study the Klein Gordon equation with a critical nonlinearity on some compact
manifolds. Under some assumptions slightly stronger than the geometric control condition,
we prove the stabilization and controllability in large time for high frequency data. The proof
requires the statement of a profile decomposition on manifolds for which some geometric effects
have to be analysed.

In a last part, we study the bilinear control. Thanks to a regularizing effect, we establish
the local controllability of the Schrédinger equation on an interval with a proof simpler than
in the available litterature, allowing to reach the optimal spaces and in an arbitrary time. The
method is robust enough to be extended to other situations: radial data on a ball, non linear
Schrédinger equation and non linear wave equation on an interval.

Keywords : Control, Stabilization, non linear Schrédinger and wave equation, Korteweg-de
Vries equation, Microlocal analysis.
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Dans cette thése, on s’intéresse a la controlabilité et a la stabilisation d’équations
aux dérivées partielles dispersives non linéaires. Le probléme de la controlabilité consiste
a analyser si on peut amener la solution d’une EDP d’un état initial & un état final fixé a
I’avance en agissant par l'intermédiaire d’un controle. Ce controle peut étre de plusieurs
types dont les plus communément étudiés sont :

— le controéle interne, qui consiste a rajouter un terme source localisé en espace,

— le contréle au bord, ou I'on agit sur les conditions au bord de la solution,

— le controéle bilinéaire, ot 'on rajoute un terme de potentiel.

On parle de stabilisation lorsque I’équation est modifiée sous la forme d’un terme de
retour ne dépendant que de la solution elle-méme. Le systéme est alors en boucle fermée
et on se pose la question de savoir s’il va converger vers un état stationnaire, le plus
souvent la solution nulle. Le controle et la stabilisation sont trés liés et leur étude utilise
souvent des techniques proches. Dans notre cas, la stabilisation sera aussi souvent utilisée
pour démontrer des théorémes de controle pour de grandes données.

La premiére partie de cette thése analysera le probléme du controle et de la stabili-
sation interne pour les équations de Schrédinger non linéaires sur des variétés (chapitres
2 et 3)

10+ Au + |[ul*u = xu.9,

pour I’équation de Korteweg de-Vries a donnéees périodiques (chapitre 4)
O+ O2u + udpu = Yo g

et des ondes non linéaire critique sur des variétés (chapitre 5)

Ou +u + 1’ = xug.

10



1.1.1 - Revue de résultats connus pour le contréole linéaire 11

Dans la derniére partie, correspondant au chapitre 6, relativement indépendante des
précédentes quant aux méthodes de résolution, on s’intéressera au controle bilinéaire
que l'on appliquera a I’équation de Schrédinger et des ondes linéaires et non linéaires.

1.1 Contréle interne

La majorité des résultats de cette thése concerne des équations non linéaires. Ce-
pendant, comme c’est aussi le cas pour le probléme de Cauchy, ’étude des problémes
non linéaires nécessite une bonne compréhension des propriétés de 1’équation linéaire
associée. Bien souvent, il est utile de comparer le plus possible la solution du probléme
non linéaire a celle de son analogue linéaire.

On se propose donc de passer en revue les résultats linéaires de controlabilité sur
quelques équations. Ensuite, a la section suivante, on décrira les techniques employées
dans les problémes non linéaires. On se limitera aux équations les plus classiques. On
n’évoquera pas le probléme des systémes d’équations, bien que celui-ci fasse actuellement
I’objet de nombreuses recherches. Cette présentation ne se veut pas exhaustive mais a
pour but de faire le lien avec les problémes non linéaires qui vont étre abordés dans la
these.

1.1.1 Revue de résultats connus pour le contrdle linéaire
1.1.1.1 Controlabilité et observabilité

Les problémes de controle d’EDP linéaires peuvent souvent se mettre sous la forme

{y(()% - ;(lfng te[0,7T] (1.1)

ot A est un opérateur non borné sur un espace de Hilbert H qui génére un semi-groupe
fortement continu, B est 'opérateur de controle et g est le controle a choisir. Le controle
interne correspond au cas ot B = 1, est la multiplication par la fonction indicatrice d’un
ouvert w (pour les ondes, on met I’équation sous forme de systéme et B = (0, 1,). De
plus, on est souvent amené par commodité a remplacer la fonction 1, par une fonction
réguliére a(x) =~ 1, de sorte que Popérateur B soit borné sur H.

La question de la controlabilité est de savoir si étant donné un état initial yy, et un
état final y; fixés a Pavance, on peut trouver un controle g € L%([0,7], H) tel que la
solution de (1.1) satisfasse & y(T') = y;. La méthode HUM de Jacques-Louis Lions [67]
raméne la controlabilité & zéro (ou aux trajectoires), ¢’est a dire y; = 0, & Pobtention
d’une inégalité d’observabilité pour le probléme adjoint. Plus précisément, on considére
le systéme

po= —Ar tel0,T)
{ « (1.2)

T)IZT

et on est ramené a la preuve de l'inégalité d’observabilité

T
120)|% < © / 1B ()2 dt.
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Les équations que 1'on va considérer dans cette thése sont toutes réversibles (ou au
moins I’équation adjointe aura des propriétés similaires) et on aura A* = —A et la
controlabilité a zéro impliquera la controlabilité. Ce n’est pas le cas par exemple pour
I’équation de la chaleur.

Notons aussi que dans le cas du controle interne, une inégalité d’observabilité mesure
la proportion d’énergie de la solution qui va passer par la zone w. Les deux principales
questions que l'on se pose sont alors les conditions géométriques sur w et le temps
minimal nécessaire pour avoir observabilité et donc controle. C’est donc une maniére
d’analyser comment les solutions libres se propagent dans ’espace. D’autre part, lorsque
I'inégalité d’observabilité est vérifiée, la donnée de 'observation d’une solution sur le
sous-domaine w permet de retrouver la condition initiale et donc la solution elle-méme.
[’observabilité est donc aussi une question pertinente pour elle-méme.

Les résultats de controlabilité que 'on déduit alors reflétent le mode de propagation
dans I'espace des équations considérées :

— les solutions de 1’équation des ondes se propagent le long des rayons de l'optique

géométrique, ce qui rend naturelle la condition de controle géométrique.

— les solutions de I'équation de Schrodinger se propagent a vitesse infinie selon les
rayons de l'optique géométrique. Cependant, sur certains domaines bornés, les
phénomeénes de dispersion induits par cette propagation ne sont pas encore par-
faitement compris.

— les solutions de 'équation de KdV se propagent & vitesse infinie dans une direc-
tion. Lorsqu’on les considére sur un domaine périodique, on a donc propagation
instantanée dans tout I'espace.

— L’équation de la chaleur est parabolique, et les solutions diffusent immeédiatement
dans le milieu. Cela explique que 'on n’ait pas de conditions géométriques pour
I’observation.

L’obtention d’inégalité d’observabilité est donc centrale pour les problémes linéaires.
Dans la partie de cette thése sur le controle de ’équation de Schrédinger, on montrera
des inégalités d’observabilités pour des équations de Schrodinger linéaires perturbées
par un potentiel. On prouvera aussi des inégalités d’observabilités directement sur les
systémes non linéaires, notamment pour la stabilisation. Cette approche sera précisée a
la section 1.1.2.

1.1.1.2 Quelques résultats sur des équations classiques

Dans la suite de cette section, on se propose de décrire les résultats connus pour les
équations classiques. On les énoncera parfois dans le cas d’une variété compacte pour
mieux faire le lien avec les résultats de la thése. Cependant, des résultats analogues
existent bien sir pour des ouverts bornés de R™ autant pour le controle interne que
pour le controle au bord.

Equation des ondes L’heuristique issue de la physique selon laquelle les solutions de
I’équation des ondes suivent & haute fréquence les lois de 'optique géométrique s’exprime
mathématiquement sous la forme de la propagation du front d’onde ou de la mesure
de défaut microlocal. Ce sont ces méthodes microlocales qui permettent de montrer
la controélabilité sous les hypothéses optimales de controle géométrique introduites par
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Rauch-Taylor [76] et Bardos-Lebeau-Rauch [8]. La condition nécessaire et suffisante est
alors la condition de controle géométrique.

Soit M une variété compacte. On dit quun couple (w,T'), ot w est un ouvert de M
et T' > 0, vérifie la condition de controle géométrique si toute géodésique voyageant
a vitesse 1 passe par w en un temps 0 < t < 7. On dit que w vérifie la condition de
controle géométrique s’il existe un temps 7" > 0 tel que (w,T') vérifie cette condition.

Théoréme 1 (Bardos-Lebeau-Rauch [8]). Soit M une variété compacte et (w,T) véri-
fiant la condition de controle géométrique. Alors, pour tout (vo,vi) € H' x L?, il existe
g € L*([0,T], L?) supporté dans [0,T] X w tel que ['unique solution de

{ 02v — Av g dans [0,T] x M
(v, 00)(0) = (vo, 1)

satisfasse (v, Ow)(T) = 0.

Un résultat similaire peut aussi étre obtenu pour le controle au bord avec quelques
subtilités supplémentaires liées aux rayons diffractifs (voir aussi Burq-Gérard [22]). Ces
résultats ont été initialement prouvés par 'analyse de la propagation du front d’onde.
Cependant, des preuves plus simples utilisant les mesures de défaut microlocal (voir
sous-section 1.1.2.4) de Patrick Gérard [49] et Luc Tartar [85] ont été mises aux point
par la suite. Elles ont aussi permis de comprendre plus finement le taux de décroissance
de I'équation amortie dans Lebeau [64] et d’améliorer la régularité nécessaire pour le
bord dans Burq [20].

Dans le chapitre 5 de cette thése, on utilisera ces mesures pour obtenir un résultat
de stabilisation des ondes non linéaires critiques sur des variétés compactes. Cependant,
dans le cas critique, les solutions ne sont pas proches de solutions linéaires et les théo-
rémes de propagation seront un peu différents, menant a des restrictions plus fortes sur
la géométrie.

Equation de Schrédinger Le résultat le plus général pour le contréle interne de
I'équation de Schrodinger est celui de G. Lebeau [63].

Théoréme 2 (Lebeau [63]). Soit T > 0. Soit M une variété compacte et w un ouvert
vérifiant la condition de controle géométrique. Alors, pour tout vg € HY(M), il existe
g € L*([0,T], H') supporté dans [0, T x w tel que I'unique solution de

i0v+Av = g dans [0,T] x M
v(0) = vy

satisfait v(T) = 0.

Le théoréme n’est pas écrit ainsi dans ’article mais les méthodes introduites per-
mettent d’en déduire ce résultat. On renvoie aussi & Dehman-Gérard-Lebeau [42] dans
le cadre de variétés avec une preuve plus simple par les mesures de défaut.

Cependant, on sait que la condition de controle géométrique n’est pas nécessaire. En
effet, pour le tore T", n’importe quel ouvert w non vide suffit pour avoir controlabilité.
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Théoréme 3 (Jaffard [56], Komornik [60], Burq-Zworski [28|). Le théoréme 2 est vrai
sur le tore T? avec uniquement Uhypothése que w est non vide.

Ce résultat a été démontré avec différentes méthodes. La premiére preuve est celle de
S. Jaffard [56] en dimension 2 étendue par Komornik [60] & des dimensions supérieures.
Elle utilise des méthodes d’analyse harmonique sur les séries de Fourier lacunaires et
semble donc trés spécifique au cas du tore. La preuve de Burq-Zworski [28] combine
un argument général sur le controle sur des variétés produits (qui donne d’ailleurs une
preuve simple du contrdle sur une bande du tore) et la mesure de défaut microlocal.
Elle s’étend aussi a des situations un peu différentes (le tore avec un "trou" avec w un
voisinage du "trou"). De plus, des résultats de controlabilité plus faibles peuvent étre
montrés dans certaines géométries ou seules des trajectoires instables sont évitées, voir
Burq [19].

Pour I'équation de Schrodinger non linéaire, on utilisera les méthodes microlocales
(avec une preuve par les mesures de défaut) issues du théoréme 2 pour obtenir la stabi-
lisation pour de grandes données. On montrera aussi des théorémes de controle local en
utilisant les résultats du théoréme 3 de facon perturbative.

Equation de KdV linéaire (ou équation d’Airy) L’équation de Korteweg-de Vries
linéarisée est I'équation 0y + 0,y + Opezy = 0. Son comportement peut sensiblement
varier selon les conditions aux bord que 'on impose. Sur R ou avec des conditions
périodiques, I’équation a des propriétés similaires a I’équation de Schrodinger.

Ainsi, dans le cas du controle interne sur T!, Russel et Zhang [82] ont prouvé la
controlabilité en temps arbitraire et sans hypothése sur w.

Pour a(z) € C*°(T') de moyenne 1, on introduit Popérateur A définit par Ag(z) =
a(x) (g(x) — | a(y)g(y)dy). Celui-ci sert & conserver la moyenne des solutions, ce qui
sera utile pour les applications au probléme non linéaire. Les auteurs obtiennent alors
le résultat suivant.

Théoréme 4 (Russel-Zhang [82]). Soit T > 0 et s > 0. Alors, pour toul vy, v, € H*(T")
avec [ vo = [ 1, il existe un controle g € L*([0,T], H*(T")) tel que la solution
v e C([0,T), H(T")) de l’équation

O+ Opev = Ag
v(0) = wg

vérifie v(T) = v;.

La méthode utilisée par Russel-Zhang repose sur le théoréme d’Ingham. Le chapitre 4
de la thése donne une preuve alternative de ce résultat qui est suffisamment robuste pour
étre appliquée au probléme non linéaire a grande donnée. Elle repose sur des théorémes
de propagation de la régularité et de la compacité, mettant en valeur la propagation
instantanée des solutions de KdV.

Notons que dans le cas du controle au bord, la situation est plus compliquée. Par
exemple, sur le segment [0, L] avec conditions au bord y(¢,0) = y(¢, L) = 0 et un controle
u(t) = 0,y(t, L), Rosier [77] a montré la controlabilité pour un ensemble de longueurs L
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non critiques. Il utilise alors I'effet régularisant de cette équation (avec u(t) = 0) : une
donnée initiale dans L*([0, L]) induit une solution dans L*([0,T], H'(]0, L[)). Ceci n’est
pas le cas avec des données périodiques, ce qui compliquera les choses lors de 'analyse
du probléme non linéaire. De plus, d’autres choix de contréles au bord peuvent donner
des comportements trés différents, de type parabolique, voir O. Glass et S. Guerrero
[53].

Equation de la chaleur On ne traitera pas de I’équation de la chaleur dans cette
thése. Cependant, les méthodes introduites pour I’équation de la chaleur sont aussi
utilisées dans cette thése pour prouver des résultats de prolongement unique. On cite
donc par souci de complétude le résultat linéaire principal sur ce sujet. Dans le cas
de I'’équation de la chaleur, la dissipation immédiate de la solution permet d’obtenir le
controle interne sans hypothése sur le temps de controle et la localisation de I'ouvert.

Théoréme 5 (Lebeau-Robbiano [66] et Fursikov-Imanuvilov [47]). Soient 2 un domaine
borné régulier de R"™ et w CC Q un ouvert non vide. Soient T > 0 et vy € L*(S2). Alors,
il existe un controle g € L?(]0, T[xw) tel que la solution de

ov—Av = 1,9 dans [0,7] x
v(0) = wo

satisfait v(T) = 0.

Ce résultat a été prouvé indépendamment et de deux maniéres différentes.

Dans [66], Lebeau et Robbiano utilisent des inégalités de Carleman elliptiques pour
construire le controle en une infinité d’étapes ou 'on "tue" les basses fréquences, puis
on utilise la forte dissipation de I’équation de la chaleur a haute fréquence. On renvoie
au survey de G. Lebeau et J. Le Rousseau [62] pour une présentation pédagogique de
ce résultat.

La méthode de Fursikov et Imanuvilov [47] consiste & prouver des inégalités de Car-
leman globales pour l'opérateur de la chaleur. Ces idées seront ensuite reprises par
d’autres auteurs pour les appliquer a d’autres équations comme par exemple I’équation
de Schrodinger. L’avantage des inégalités de Carleman est qu’elles sont trés robustes et
restent vraies lorsqu’on ajoute un potentiel.

Ainsi, dans 'appendice de la partie 3, on établit des inégalités de Carleman globales
pour I’équation de Schrodinger sur une variété dans le but d’obtenir des résultats de
prolongement unique. Cependant, contrairement a 1’équation de la chaleur, des condi-
tions géométriques sont nécessaires pour obtenir de telles inégalités. De méme, ce sont
aussi des inégalités de Carleman qui permettent d’obtenir des résultats de prolongement
unique pour KdV.

1.1.1.3 Régularité du controle

Lorsqu’une inégalité d’observabilité est vérifiée, la méthode HUM permet de
construire un opérateur de contrdle qui, pour chaque donnée initiale, fournit un controle
ramenant la solution & zéro. Par exemple, pour le controéle interne de ’équation des ondes
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sur une variété, la méthode HUM fournit un controle L?([0, 7], L?) si on veut controler
des données dans H' x L?. Ce controle est celui qui minimise la norme L?([0,T7], L?).
Bien sir, on peut faire une autre construction basée sur une autre norme, par exemple
controler des données H? x H' avec un controle L*([0,7], H') mais ce sera un autre
opérateur qui ne minimisera pas la méme norme. Une question naturelle que 'on peut
se poser est la régularité que I'on obtient si 'on applique l'opérateur HUM construit
sur H' x L? & une donnée plus réguliére. Cette question a d’abord été abordée dans
l'article de Dehman-Lebeau [43] en vue de I’appliquer a I’équation des ondes non li-
néaire. Ils prouvent cette propriété de préservation de la régularité de I'opérateur HUM
pour les ondes sur un domaine, pourvu que I'on rajoute une fonction de troncature en
temps. Pour le cas d’'une variété sans bord, 'opérateur HUM est en fait un opérateur
pseudo-différentiel elliptique.

Dans les chapitres 2 et 3, on applique cette idée a I’équation de Schrodinger. Prenons
par exemple Schrodinger linéaire sur T!.

Si on note S 'opérateur HUM défini par
T ) -, 02
S®y = Z/ e~ 1% g2 (1) % By dt,
0

alors, on prouve que S est inversible sur H*, s > 0. Comme S est supposé inversible
sur L?, il s’agit alors seulement d’un probléme de régularité. Pour le prouver, il suffit
juste d’appliquer un opérateur de dérivée fractionnaire sur cette expression, de faire
apparaitre un commutateur avec a(z) puis d’utiliser I'inversibilité sur L?. On obtient
méme une estimée de l'inverse de S dans H® (on note Cs si la constante dépend de
s >0)

|57 %ol < C ol e + Cull Tl e (13)

I

Lorsqu’on va appliquer cette inégalité au probléme non linéaire, on utilisera de facon
cruciale que la constante C' du terme principal est indépendante de s. On prouvera qu’un
controle local construit par perturbation sur L? préserve aussi la régularité, et ce quels
que soient s et la taille dans H*.

Pour finir, on note que S. Ervedoza et E. Zuazua [45] ont par la suite généralisé cette
préservation de la régularité du controle HUM a des opérateurs abstraits. Leur preuve
est plus simple, notamment dans le cas ou I'opérateur de controle n’est pas borné sur
I’espace de résolution. Ce phénoméne est donc trés général.

Pour conclure cette sous-section sur le controle linéaire, on note que la comparaison
du probléme non linéaire & son analogue linéaire ne permet souvent d’obtenir que des
résultats locaux, prouvés par un argument perturbatif. Cependant, il peut arriver que
le linéarisé prés d’un point d’équilibre ne soit pas controlable et qu’on obtienne tout de
méme la controélabilité locale par d’autres méthodes, par exemple
— la méthode du retour qui consiste & trouver une trajectoire qui part et qui revient
a ce point d’équilibre et qui posséde de meilleures propriétés pour le linéarisé (voir
par exemple [36] pour I’équation d’Euler ou [10])

— T'utilisation des ordres supérieurs : cela consiste a regarder les ordres supérieurs
du développement de Taylor du systéme de contrdle. Cette méthode s’est avérée
particuliérement efficace dans de nombreux exemples ot ’ensemble des données
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controlables du linéarisé était de codimension finie (voir [39, 32| pour KdV ou [13]
pour le contréle bilinéaire de Schriodinger).
On renvoie au livre de Jean-Michel Coron [40] pour une présentation des méthodes et
de nombreux exemples. Cependant, dans les situations abordées dans cette thése, le
linéarisé sera controlable et on ne fera pas appel a ces méthodes.

1.1.2 Principales méthodes utilisées
1.1.2.1 Le probléme de Cauchy et les espaces fonctionnels

Les méthodes actuelles pour résoudre des équations dispersives non linéaires utilisent
des espaces fonctionnels choisis pour améliorer les estimées sur les termes non linéaires
et faire un point fixe avec le terme de Duhamel. Le terme de Duhamel sera du type (par
exemple pour Schrédinger non linéaire)

¢
F(u) = e®ug £ @/ e =Ry 2u(s)ds. (1.4)
0

Il s’agit donc de trouver un point fixe de F' dans les espaces fonctionnels adaptés. Or, on
veut résoudre notre équation dans des espaces qui ne sont pas des algébres (par exemple
C([0,T], L?)) et ne sont pas stables par 'application u + |u|?>u. On va donc chercher la
solution dans des espaces plus restrictifs.

Dans cette thése, on utilisera deux types d’espaces : les espaces de Strichartz et les
espaces de Bourgain.

Les espaces de Strichartz Les espaces de Strichartz sont, par exemple, pour I’équa-
tion des ondes sur une variété de dimension 3 & données dans H' x L2, les espaces
LP([0,T7, L9(M)) ou les couples (p,q) vérifient les conditions d’admissibilité suivantes
(ces conditions sont imposées par les dilatations de R x R? laissant 1’équation invariante)

1 3 1

-—+-==, p>2

p oq 2
L’intérét de ces espaces est que les solutions de I’équation linéaire y appartiennent :
toute solution de

{ Ov = f on [-T,T]xM
(0(0), 0w(0)) = (uo, ua)-

vérifie
HU”LP([—T,T],L‘?(J\/[)) < O([[(uo, wr) | g1y g2 + ||fHL1([—T,T],L2))- (1.5)

On a ainsi gagné de l'intégrabilité. La solution est par exemple dans L3L® alors qu’une
fonction H! n’appartient en général pas & L® en dimension 3. Cette propriété est presque
"miraculeuse” : sachant que ’équation est réversible, cette propriété ne peut étre vraie
pour un temps fixé mais seulement presque partout. Cela refléte les propriétés dispersives
de I'équation des ondes : une donnée initiale trés concentrée va avoir tendance a s’étaler,
malgré la conservation de I’énergie.
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L’utilisation des espaces de Strichartz consiste a faire un point fixe dans un espace
Xr qui sera I'intersection de I'espace d’énergie (de type C([0,T], H®) pour Schrédinger
ou C([0,T], H*x H*~') pour les ondes) et d’un espace de Strichartz. La non-linéarité sera
estimée grace au fait que u appartient & un espace de Strichartz et Uestimée (1.5) permet
de montrer que ’on reproduit bien I’espace Xr. Prenons comme exemple les ondes sous-
critiques en dimension 3. Si u est dans X7 = C([0,T], H')NL¥([0, T, L®) x C([0, T}, L?),
la solution v = F'(u) de

{ Ov = —JulPu
(v(0), 0w(0)) = (uo,u1)

vérifie

10l s o,y rsy) < CUN w0 w) | ope + H|u|3uHL1([O,T]7L2)>

<
< O(|[(wos ui)|| graspz + T ||U||L8([0,T],L8))4

En faisant le méme type d’estimations avec une inégalité d’énergie, on obtient que F'
reproduit une certaine boule de X pour T assez petit, la petitesse ne dépendant que
de la norme des données initiales. En montrant de méme que F' est contractante, on
obtient un point fixe de F' et donc une solution.

L’exposant critique |u|%u, traité dans le chapitre 5, correspond exactement a 1'ex-
posant pour lequel le méme raisonnement ameéne & une inégalité similaire mais sans
puissance de T devant le terme non linéaire. On obtient alors une solution pour des pe-
tites données. Pour de grandes données, on écrit © = w+r avec w solution de I’équation
libre avec donnée initiales (ug,u;). On veut alors résoudre

Or = —|w+r*w+7r)

{(T(O)ﬁtr(o)) = (0,0).

Le méme type d’estimations améne a obtenir un point fixe dans X7 intersection de
I'espace d’énergie et 1'espace de Strichartz L°L'Y & la condition cette fois que T' soit
assez petit pour que Hw”Ls([O,T},Llo) le soit aussi. On a donc une solution locale, mais
cette fois le temps d’existence ne dépend pas que de I'énergie des conditions initiales
mais aussi de leur "forme". C’est pour cette raison que l'existence globale nécessite des
arguments supplémentaires (inégalités de Morawetz), méme dans le cas défocalisant.

Des inégalités de Strichartz ont été établies pour I’équation des ondes sur R? par
Ginibre-Velo [52], sur une variété par Kapitanski [57|, sur un ouvert a bord par Burg-
Lebeau-Planchon [27] et Blair-Smith-Sogge [16] (avec des restrictions sur les exposants).
Pour I’équation de Schrédinger, on dispose des inégalités de Strichartz sur RY prouvées
par Ginibre-Velo [51] et Keel-Tao [58]. Mais des pertes peuvent apparaitre dés qu’on
s’'intéresse a des domaines bornés comme des variétés compactes dans Burq-Gérard-
Tzvetkov [25] ou des domaines & bord comme dans Anton [5] et Blair-Smith-Sogge [15].

Les espaces de Bourgain L’utilisation des espaces de Bourgain consiste & inclure
dans l'espace X7 de résolution la propriété "étre proche d’une solution linéaire". Les
espaces de Bourgain pour Schrodinger en dimension 1, par exemple, mesurent ainsi une
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régularité en "opérateur de Schrodinger".

2

e = 3 [ @ (1 fim o) ar
k R

2
H“# HHb(R,Hs(Tl))

ou l'indice 7 (resp. k) est celui de la transformée de Fourier en temps (resp. espace) et
u#(t) = e " u(t). L'espace X5 est alors I'espace des restrictions a [0,7]. L’indice s
mesure une régularité de type Sobolev en espace, alors que I'indice b mesure combien
les fréquences en espace-temps de la fonction sont proches de la variété caractéristique
7 = —£? des solutions de I'équation de Schrédinger libre. C’est une sorte de régularité en
"opérateur de Schrodinger". Tls sont en ce sens plus précis que les espaces de Strichartz
puisqu’ils gardent toutes les propriétés dispersives de I’équation libre.

Les estimées multilinéaires sont en général plus difficiles & démontrer mais donnent
des résultats plus précis que les inégalités de Strichartz, spécialement sur des domaines
bornés. Par exemple, pour NLS cubique sur S?, N. Burq P. Gérard et N.Tzvetkov |25] ont
démontré des inégalités de Strichartz optimales qui permettent de résoudre 1’équation a
la régularité H'/2. Cependant, dans les articles [23, 24], ces mémes auteurs ont démontré
par les espaces de Bourgain que la régularité minimale pour que le flot soit bien posé
était HY4~ .

Cette fois, pour résoudre a la régularité H®, on résout dans l'espace X;Jb avec
un bon choix de b. Lorsque c¢’est possible, on choisit b > 1/2 de sorte que l'on ait
X3" ¢ C([0,T], H*) par 'injection de Sobolev. Le point fixe se fera avec les estimations
suivantes, pour des exposants 0 <V < 1/2 < b, b < —b' + 1 appropriés, et 1 € C3°(R)

[ot)e uol g < Clluoll g

t
HW/T) [N < ot N (1.6)
0

Xs:b

La premiére estimation est une conséquence directe de la deuxiéme définition de la norme
X*? et la deuxiéme exprime le fait que I'intégration "fait gagner" une dérivée dans les
exposants de Sobolev b. Pour conclure un point fixe avec une formule de Duhamel de
type (1.4), la partie la plus difficile consiste alors a prouver des inégalité multilinéaires
de type

[l e < €l

De telles inégalités ont été prouvées par Bourgain |17, 18| pour les tores, et Burq-Gérard-
Tzvetkov [23, 26] pour certaines variétés, telles que S?, S3 et S? x S'.

La résolution de KdV en domaine périodique utilisera aussi ces espaces. Cependant,
on ne pourra pas choisir b > 1/2 mais on sera contraint de prendre b = 1/2. En effet,
une inégalité du type |0, (uv)||yoo-1 S ||| o [|v]| vor ne peut étre vraie. On le voit en

i . . T T 9 r Lo 9 .
prenant u = e e et v = €, de sorte que €% (9, (uv)] = i(n + 1)/’ ~(FDNtgiln+1)a

o2 ~ o 1H2(b—1
et |9, (wv) e [8I(uv)]HH%_1(L2) o i

X%b de Pordre de 1, cela impose b < 1/2.

). Or, comme u et v ont des normes

oot =
XT
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Hélas, (1.6) n’est plus vraie pour b < 1/2. Bourgain introduit alors un deuxiéme
espace Y

o0

k=—00

On travaille alors dans les espaces Z;’b = X;’b N Y;’b_l/ ?. On fait alors le point fixe dans
I'espace Z%/2 et on utilise 'estimée bilinéaire, pour s > 0, et u d’intégrale nulle

102 @] msv2 < el (1.7)

Notons que le deuxiéme espace Y;’O permet d’obtenir une solution qui est bien dans
C([0,T], H®).

Précisons aussi qu’en prenant u = e™''ei"® et v = 1, on voit que I'inégalité bilinéaire
associée a (1.7) n’est plus vraie si 'on n’impose plus une moyenne nulle. Ceci n’est pas
un probléme pour I'équation libre qui conserve le volume : un changement de variable
simple permet, quitte a changer légérement 1’équation, de trouver des solutions avec des
moyennes non nulles. C’est pour cette raison que 'on choisira un terme de controle et
de stabilisation qui conserve le volume des solutions. Le théoréme de controle que 'on

trouvera sera alors entre données de méme volume.

1.1.2.2 La stabilisation pour avoir le controle

Dans le cas d’une équation linéaire, la controlabilité pour des données de norme petite
entraine la controlabilité pour toutes les données de cet espace. Ce n’est évidemment pas
le cas pour des équations non linéaires. Si ’on dispose d’un bon théoréme d’existence,
il est en général facile avec un théoréme de point fixe de déduire un controle pour des
petites données a partir d’un théoréme de controle linéaire. La difficulté principale, une
fois que l'on sait que 1’équation est bien posée, est essentiellement pour les grandes
données.

La stratégie classique que 'on va employer consiste a trouver un bon terme de sta-
bilisation qui va ramener notre systéme prés de 0. Pendant ce laps de temps, on prend
comme terme de controle le terme de stabilisation donné par I’équation stabilisée. Par
unicité, la solution avec ce controle est la méme que la solution stabilisée. On a donc
trouvé un controle qui raméne notre systéme prés de 0. En combinant cette construction
avec un théoréme local de controle a zéro, on obtient un théoréme de controlabilité a
zéro pour des données de taille arbitraire. Si, en plus, ce qui sera toujours le cas par la
suite, ’équation considérée est réversible, on obtient un théoréme de controle global en
faisant le méme raisonnement a partir de la donnée finale a controler et en inversant
le temps. Cette stratégie est illustrée par la figure 1.1 ou le terme "énergie" signifie la
norme adaptée a I’équation considérée, et ou ug et u; sont les données initiale et finale
que 'on veut controler.

La difficulté principale dans ce schéma est donc de trouver un bon terme de stabilisa-
tion. En général, on arrive & montrer la stabilisation exponentielle grace a une inégalité
d’observabilité qui montre que pendant un temps 7', on dissipe au moins une certaine
proportion de I’énergie.



1.1.2 - Principales méthodes utilisées 21

Dans le chapitre 3, on donnera aussi une méthode alternative. On cherche toujours
a trouver des controles qui vont faire tendre la solution vers 0, mais cette fois, on le fait
par des controles successifs prés de trajectoires libres. On se donne un ¢ tel que, pour
toute trajectoire libre menant un %y a un %, on puisse controler g vers tout état uy
tel que |luy — ||, < €, ot £ désigne une "énergie". Comme chaque trajectoire libre
conserve ’énergie, on peut choisir uy tel que |Jus||; < ||io||, — €, de sorte que 'énergie
diminue a chaque étape. On obtient ainsi le controle vers 0. Par réversibilité, on peut
faire de méme a partir de ’état final a atteindre. Ceci est illustré a la figure 1.2. On
a ici un peu simplifié le propos par le fait que pour NLS, I'énergie non linéaire qui
est conservée n’est pas exactement la norme H' dans laquelle on fait des estimations.
Dans ce schéma de preuve, la difficulté est donc de prouver un résultat de controle local
prés de toutes les trajectoires libres. De plus, pour que cette stratégie fonctionne, il
faut un e qui soit uniforme pour toutes les trajectoires dans une boule de H', donc a
régularité relativement faible. L’inconvénient de ces deux méthodes est que 'on obtient

énergie
A
Uo
Uy
>
t
< ><—>

stabilisation controle local

FIGURE 1.1 — Stratégie globale par stabilisation

un théoréme de controle en temps long, qui dépend de la taille de la donnée. Ceci est en
contraste avec les théorémes linéaires ou le temps nécessaire au controle ne dépend que
de I’équation et pas de la taille des données. Ceci est encore plus frappant par exemple
pour l'équation de Schrédinger ou le controle linéaire se fait en temps arbitraire alors
qu’on a besoin ici d’'un grand temps pour le probléme non linéaire. La nécessité de ce
temps long est un probléme ouvert.

1.1.2.3 La méthode de compacité-unicité

La méthode de compacité-unicité est une méthode maintenant classique en théorie du
controle pour établir des inégalités d’observabilités dans les cas linéaires ou non linéaires.
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énergie

Ug

-------------- trajectoire libre

-_

trajectoire controlée

FIGURE 1.2 — Stratégie globale par controles successifs

Dans cette thése, on utilisera cette méthode 4 de nombreuses reprises et principalement
pour atteindre deux objectifs :

— montrer des inégalités d’observabilité pour des équations linéaires et en déduire
un résultat de controélabilité par la méthode HUM. Ces équations linéaires seront
en fait les linéarisées de I’équation non linéaire prés d’une trajectoire. Le but est
alors d’obtenir un controle local prés d’'une trajectoire.

— montrer une inégalité d’observabilité sur une équation non linéaire amortie. Une
conséquence directe est alors la décroissance exponentielle de la solution.

On se propose dans cette sous-partie de décrire rapidement cette méthode sur le cas
modéle de I'équation de Schrédinger non linéaire amortie sur T* :

10 + 02u + ia® (z)u = £|ul*u.

Pour établir la décroissance exponentielle en norme L2, on doit prouver, pour des solu-
tions de norme bornée par une constante, I'inégalité :

T
2 2
wwgsc/nwmmmt
0

On raisonne par contradiction. Soit u,, une suite de solutions contredisant I’observabilité :

T
1
2 2
| Naun @) dt < 1 unalfs (1.9
0

Supposons d’abord que |[u,l|;. ne converge pas vers zéro, le cas contraire étant plus
simple puisque la solution est asymptotiquement linéaire. Comme la suite u,, est bornée,
on peut extraire une sous-suite qui converge faiblement vers une fonction u. Si on appelle
w un ouvert ou a(x) > n > 0, (1.8) établit la convergence forte vers zéro de u,, dans
L2([0,T], L*(w)). Par un argument de propagation de la compacité (voir sous-section
1.1.2.4), on établit que wu,, converge en fait fortement vers u. Ceci peut étre prouvé par
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une mesure de défaut microlocal ou un argument élémentaire (mais inspiré de I’analyse
microlocale) en dimension 1. C’est le premier argument de "propagation de I'informa-
tion". On en déduit aussi que u est solution de ’équation non linéaire.

Mais (1.8) implique u = 0 sur w. En particulier, u est C* sur w. On utilise alors un ar-
gument de propagation de la régularité pour prouver que la limite faible u est réguliére.
On conclut par un argument de prolongement unique (souvent prouvé par des inégalités
de Carleman) que u = 0, ce qui fournit une contradiction puisque cela implique que w,,
converge fortement vers zéro dans L2,

Pour résumer, la méthode raméne principalement a prouver pour des équations non
linéaires :

— un théoréme de propagation de la compacité

— un théoréme de propagation de la régularité

— un théoréme de prolongement unique.
Les deux premiéres étapes étudient le comportement haute fréquence alors que la der-
niére est essentiellement un probléme basse fréquence. Par exemple, dans le chapitre 5
sur I’équation des ondes critique, on ne parvient pas a accomplir cette troisiéme étape
et on obtient alors seulement un théoréme de stabilisation & haute fréquence.

Dans le probléme basse fréquence du prolongement unique, la non linéarité joue un
role important. On utilise alors des inégalités de Carleman que I'on décrira briévement
a la sous-section 1.1.2.6.

1.1.2.4 Théorémes de propagation et mesure de défaut microlocal

Comme on I'a vu dans la sous-section précédente, le raisonnement par compacité-
unicité nécessite de prouver un théoréme de propagation de la compacité. Notons que
dans certains cas qui ne seront pas abordés ici, cette étape est directement prouvée
par un effet régularisant de ’équation. C’est par exemple ce qui se passe pour KdV
avec certaines conditions au bord pour lesquelles une donnée L? produit une solution
L%([0,T], H') (voir [77] et [73] par exemple). Dans toutes les équations étudiées ici,
il n’y aura pas de tel effet régularisant. Cette compacité ne peut alors provenir que
d’arguments de propagation. On prouvera donc cette propagation par des arguments
microlocaux et des mesures de défaut microlocal. En dimension 1, on pourra faire un
raisonnement élémentaire mais dont les idées resteront les mémes.

Dans des géométries plus compliquées, I'outil fondamental sera les mesures de dé-
faut microlocal de Patrick Gérard [49] et Luc Tartar [85]. Elles mesurent le défaut de
convergence forte (locale) d’une suite u,, faiblement convergente vers 0 dans L?*(R?).
Ainsi, pour une telle suite, |u,|* est une suite bornée de L' et on peut donc en extraire
une sous-suite qui converge au sens faible * vers une mesure v sur R%. Cette mesure
est bien adaptée pour analyser certains défauts de convergences comme les phénoménes
de concentration (par exemple u,, = n%?y(nz)). Cependant, elle ne permet pas de bien
comprendre les phénoménes d’oscillation (par exemple u,, = ¥ (x)e™% on & € RY est
un vecteur fixe), qui sont pourtant trés importants dans les équations des ondes ou de
Schrodinger.

La mesure de défaut microlocal est une extension au niveau microlocal de ces me-
sures. C’est une mesure sur le fibré cotangent en sphéres S*RY ~ RZ x Sg’l : la variable
x est le point de l'espace et la variable ¢ va mesurer la direction d’oscillation. Plus
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précisément, on peut prouver qu’il existe une sous-suite et une mesure positive p sur
S*R? telles que pour tout A opérateur pseudo-différentiel, & noyau a support compact,
polyhomogéne d’ordre 0, on a

(At tp) o — a(z, §)du(z, §),

n—00 JgoxRd

oll a est le symbole principal de A. Ainsi, notre suite d’oscillations u, = 1(x)eme%
admet pour mesure microlocale |¢)(z)[*dx ® O¢—g,/|¢,|, exprimant le fait qu'elle oscille
beaucoup dans la direction &;. Le lien avec la mesure précédente v peut alors étre fait
en prenant comme opérateur test une fonction p(x) € C§°. On obtient alors que si la
mesure d'une suite est nulle sur S*w ot w est un ouvert de R%, alors ¢(z)u, converge
fortement vers 0 dans L? pour p(x) € C§°(w).

De plus, ces mesures se comportent bien vis-a-vis du changement de variable et
peuvent ainsi étre définies sur une variété. L’espace L? peut aussi étre remplacé par un
espace de Sobolev H*.

On pourra démontrer des théorémes de propagation de ces mesures pour des solutions
d’équations, menant a des théorémes de propagation de la compacité. Par exemple, pour
des solutions de ’équation des ondes, on peut considérer la mesure en espace-temps et
montrer qu’elle se propage selon le flot bicaractéristique. On a

Hyp =0

ot H, est le champ hamiltonien associé au symbole de I'opérateur des ondes p = 72— |§|i
ou 7 est la variable duale du temps t et |§|i est la norme induite sur 7" M par la structure
Riemannienne. Ceci exprime la propagation de I'information le long des géodésiques.

Cependant, pour I’équation de Schrodinger, le temps et ’espace jouent des roles
trés distincts et on doit considérer des opérateurs tangentiels qui ne contiennent pas de
"dérivée" en temps (c’est a dire des opérateurs qui ne dépendent pas de la variable duale
7 du temps). Cette idée a été introduite par Bardos-Masrour dans 9] et conduit a des

théorémes de propagation & "vitesse infinie". Par exemple, citons un théoréme issu de
[42]

Théoréme 6 ([42]). Soit M une variété compacte et T' > 0 arbitraire. Soit u,, faiblement
convergente vers 0 dans L>([0,T], H'(M)) et vérifiant

n—oo

u, — 0dans L*([0,T], H (w))

n—oo

{ i0puy, + Au, — 0 dans L*([0,T], H(M))

ol w satisfait la condition de controle géométrique. Alors u, converge fortement vers 0
dans L>([0,T], H'(M)).

Dans cette thése, on sera amené a montrer plusieurs variantes de ce théoréme, no-
tamment dans les espaces de Bourgain. On le montrera aussi de fagon élémentaire pour
Schrodinger et KAV en dimension 1.

Pour prouver un tel théoréme de propagation, on prouve que u vérifie ’équation de
transport H,p = 0 ou cette fois p est le symbole du Laplacien en espace. La mesure se
propage le long des géodésiques, a temps t fixe, donc de facon immédiate. Notons que
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contrairement & I’équation des ondes, il n’y a en général pas de lien entre la trace de
cette mesure au temps t, si elle existe, avec la mesure associée a u,(t) (voir Macia [69]
pour des exemples ou ce n’est pas le cas, dans un cadre semi-classique).

Notons aussi qu’il existe des variantes des mesures pour des suites u,, a valeur dans un
espace de Hilbert. Nous n’utiliserons pas ces raffinements. Cependant, dans le chapitre
5, nous utiliserons des mesures jointes : pour deux suites u,, ,, on cherche le compor-
tement de (Au,,Uy);2, c’est a dire le défaut d’othogonalité des deux suites. On a bien
dans ce cas 'existence de mesure de défaut microlocal. Cependant, pour les définir, on
doit considérer la suite U,, = (un, U,) & valeur dans C? et la limite est une matrice 2 x 2
hermitienne positive a valeur mesure. Les termes diagonaux sont les mesures respectives
de u, et w, alors que les termes croisés sont conjugués et sont bien la mesure de défaut
d’orthogonalité cherchée. Cette mesure est alors complexe et n’a plus de raison d’étre
positive. Elle vérifie en tout cas les méme propriétés de propagation que les mesures de
solutions de I’équation des ondes.

On renvoie & |21] pour une présentation plus détaillée sur les mesures.

1.1.2.5 Linéarisabilité et décomposition en profils

Dans I'étape de propagation de la compacité de la méthode de compacité-unicité,
on a une suite faiblement convergente et on veut prouver sa convergence forte. Dans le
but d’appliquer les théorémes de la section précédente, on peut alors utiliser le concept
de linéarisabilité, introduit par Patrick Gérard [50]. Il consiste, pour une équation non
linéaire, & se demander si une suite de données initiales faiblement convergente produit
des solutions non linéaires proches des solutions linéaires associées.

De facon un peu caricaturale, on peut décrire la situation de la facon suivante.

Pour le probléme haute fréquence, lorsqu’on est face a une équation sous-critique
(voir une description & la sous-section 1.1.5), le probléme non linéaire est proche du
probléme linéaire. On est alors dans le cas "linéarisable" décrit par Patrick Gérard [50] :
pour une suite de données initiales (¢, ¥,) faiblement convergente vers 0 (dans l’espace
d’énergie £ = H' x L?) et a support compact fixe, les solutions de 1'équation non
linéaire Cu, + |u[P~'u (p < 5) seront asymptotiquement proches des solutions linéaires
de Ov,, = 0 avec mémes données initiales. On aura [|un, — Vnl|poo(o.176) — 0. Dans ce

n—oo

cas, on peut utiliser les résultats linéaires connus et décrits a la section 1.1.2.4 et 1.1.1.
En pratique, cela consiste a observer que dans 'estimation du terme non linéaire, on
peut faire des estimations "douces" (c’est-a-dire un produit de normes dont certaines
sont moins fortes) dans lesquelles apparaitra un terme qui sera compact par rapport a
la topologie "ambiante". Cette analyse sera utilisée dans le chapitre 3 pour I’équation
de Schrédinger non linéaire en dimension 3. L’inégalité douce qui permet d’avoir la
linéarisabilité est, pour un petit € > 0,

[fulPul| 1, < Nl 5r-co lfull 1 -
La compacité est alors obtenue grace au terme X'~

En revanche, dans le cas critique, des grandes données initiales haute fréquence
peuvent créer des comportements non linéaires. C’est ce qui se passe par exemple pour
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I’équation des ondes quintique en dimension 3. Heureusement, on est capable de décrire
précisément quel est le défaut de linéarisabilité d’un suite faiblement convergente. C’est
la décomposition en profils de Bahouri-Gérard [6] sur R3. Le défaut de linéarisabilité
provient des suites de solutions concentrantes, c’est a dire de la forme

1 t—t, r—x,
n — 5 . 1.9
b \/_hnp( h ' hy ) (1.9)

avec h,, — 0. On les appellera ondes de concentration. Le résultat principal de [6] peut

n—oo

étre résumé ainsi.

Décomposition en profils. Toute suite u,, bornée de solutions , localisées en espace,
de I’équation non linéaire peut s’écrire, a extraction prés, comme la somme de :

— la limite faible u de u,, qui est solution de I’équation non linéaire,

— une suite de solutions linéaires,

— une somme infinie d’ondes de concentration,

— un reste arbitrairement petit.

Dans le chapitre 5 de cette thése on étendra ce résultat au cadre d'une variété
compacte. Comme on ne dispose pas de dilatation dans ce cas, on doit alors redéfinir ce
qu’est une onde de concentration et faire attention aux effets géométriques, notamment
a la reconcentration.

Notons que parfois, la régularité limite (au sens de la régularité minimale pour la-
quelle le flot non linéaire est bien posé) n’est pas nécessairement celle dictée par le
scaling, ceci pour des raisons variées : géométriques (voir [24], [87]), perturbation du
mode 0 (voir [71]), etc... Par exemple, pour le cas du controle de I’équation de Schrodin-
ger non linéaire sur T! abordé au chapitre 2, la régularité critique provenant du scaling
est H™2 mais le flot n'est Lipschitz sur aucun H~%, ¢ > 0. En ce sens, la régularité
L? peut étre vue comme critique et la propriété de linéarisabilité a ce niveau est fausse
(voir L. Molinet [71] pour une description des limites de suites faiblement convergentes).
Dans ce cas, on concluera sans utiliser la linéarisabilité, grace & de bonnes propriétés de
propagation de la compacité.

1.1.2.6 Prolongement unique et inégalités de Carleman

Comme on I’a précisé précédemment, la troisiéme étape de la méthode de compacité-
unicité, 'étape basse fréquence, consiste a prouver un théoréme de prolongement unique.
On appelle prolongement unique un théoréme du type (on prend Pexemple de Schrédin-
ger) :

Prolongement unique L’unique solution de

u = 0surw

{ 0w+ Au = at,z)u+b(t,x)u

est la solution u = 0.

Bien siir, dans chaque cas, il faut préciser la régularité des solutions u et des po-
tentiels a et b. Cependant, dans les cas étudiés, on aura effectué auparavant ’étape de
propagation de la régularité, de sorte que ceux-ci auront la régularité "suffisante".
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Dans certains cas favorables, on peut utiliser le caractére analytique des coefficients
en une ou toutes les variables. Ce ne sera pas le cas dans nos exemples otl les potentiels
dépendant de I'espace et du temps sont obtenus a partir d'une équation non linéaire.
Pour prouver ce genre de théoréme dans ces situations, on utilise des inégalités de
Carleman. Ce sont des inégalités a poids ol on fait intervenir un grand parameétre s qui
va accentuer 'influence de ce poids (). Les inégalités prennent alors la forme pour
des fonctions a support compact u (les puissances de s sont celles pour 1'opérateur de
Schrodinger P)

e Pullze > Csle™* 9ol +Cs° fle™2vl |,

Esquissons 1'idée générale pour montrer cette inégalité. Si P est notre opérateur diffé-
rentiel linéaire, on va conjuguer P par 'opérateur de multiplication e™*% pour donner
Vopérateur différentiel P, = e=*¢Pe*? (dont les coefficients seront des produits de puis-
sances de s et de dérivées de ¢). En posant v = e*fu et aprés absorption de certains
termes si s est grand, I'inégalité revient a prouver

2 2 2
1Ppullz2 > Cs[|Vullz: + Cs® ullp.

On décompose P, = P} + P; en ses parties autoadjointe et antiautoadjointe avec
P} = (P, + P})/2 et P, = (P, — P})/2. Les exposants r et i de la notation choisie
soulignent le fait que les symboles principaux de P] et P; sont reliés aux parties réelle
et imaginaire du symbole principal de P,. On a alors

||P§Du||2L2 = HR;U EQ + HP;uHiQ + ([P;, P;]u,u)Lz.

On va alors surtout utiliser ce terme de commutateur et montrer qu’il est positif au
sens des opérateurs autoadjoints pour s grand. Le but est de démontrer que les termes
dominants (en dérivabilité et en puissance de s) sont positifs. Ceci peut étre fait en
calculant explicitement le terme de commutateur par des intégrations par parties (licites
puisque u est a support compact). On extrait le terme dominant (par exemple dans notre
cas avec une puissance 3 en s pour les termes d’ordre 0 et une puissance 1 de s pour ceux
d’ordre 1). Cela nous donne alors une condition sur ¢ (dite pseudo-convexité par rapport
a 'opérateur P) pour que ce terme soit strictement positif et permette d’absorber les
termes de degré plus faible en prenant s assez grand. En pratique, on cherche a le mettre
sous une forme quadratique positive en u et ses dérivées. C’est ce qu’on fera dans cette
thése, ou les calculs explicites seront menés pour obtenir des inégalités de Carleman
pour Schrodinger a coefficients variables.

Une autre maniére de procéder est de voir ce probléme comme un probléme semi-
classique avec petit paramétre h = 1/s. Cette fagcon de prouver des inégalités de Car-
leman peut sembler plus complexe, mais elle a l'intérét de permettre une meilleure
interprétation des conditions que 1’on obtient sur .

Par commodité d’écriture, on pose P, = 115; de sorte que 15; soit autoadjoint a
symbole réel. On obtient

IPsullys = (P2 + (P +ilPy, Pol)u,u)

Or, l'opérateur du membre de droite est un opérateur semi-classique de symbole p? +
p? + h{p,,p;i}. 1l reste juste maintenant & trouver des bonnes conditions sur ¢ pour
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que ce symbole soit positif pour h assez petit et permette I'utilisation de I'inégalité de
Garding. On renvoie a Le Rousseau-Lebeau [62] ou Tataru [86] pour une présentation
de ces idées.

Quelle que soit la méthode (ce sont en fait mathématiquement les mémes, seule la
mise en ceuvre change), les conditions pour ¢ que I'on obtient dépendent de 'opérateur P
que l'on considére et de la géométrie de son symbole. De plus, dans le cas de Schrodinger
par exemple, I'anisotropie de l'opérateur complique un peu le raisonnement. Dans ce cas
précis, on prend une fonction poids

AC _ (@)

T—0)(T +1t)

o(t,x) = (
Une condition pour ¢ est alors Vi), # 0 et

Hess(¢)2(§,€) + [V - €[ >0

pour tout & € T, M et x dans le support de w.

Notons que si les conditions sur ¢ sont valables partout sauf sur un ouvert w, on
obtient I'inégalité de Carleman avec un terme d’observation en plus, ¢’est-a-dire un terme
supporté dans w dans le membre de gauche. Cela permet de trouver des ¢ effectifs qui
remplissent les conditions de pseudo-convexité. On obtient alors des inégalités du type,

en notant 0(t,z) = % 0

// [P X16°[0]? + sM0 | Vo|*] e2% < C// [s*AY03[v]” + sA0 [ V[*] e 2%,

pour v solution a support compact de Pv = 0. En faisant tendre s vers 'infini, on montre
que v est nulle sur des domaines ou @ prend des valeurs strictement plus grandes que
sur w.

Notons qu’une compréhension superficielle de cette méthode peut donner I'impres-
sion que I'on peut montrer que toute solution est nulle. Cependant, on ne pourra jamais
appliquer ce théoréme directement de facon globale sur une variété compacte puisque w
doit alors contenir les points ot le gradient de ¢ s’annule donc au moins son maximum
et son minimum. On l'appliquera alors sur des ouverts particuliers de cette variété et on
utilisera de facon cruciale que la solution est a support compact.

Précisons que d’autres versions proches des inégalités de Carleman que I'on prouve
dans cette thése existaient déja [55, 61, 88| (dont certaines qui m’ont été signalées par
le referee d’un des articles) mais pas dans la situation exacte qui permettait de conclure
facilement. Cependant, un autre intérét de cette démonstration est qu’elle étend a des
métriques variables les résultats de Mercado-Rosier-Osses [70] qui prouvent des inéga-
lités de Carleman affaiblies avec des poids faiblement pseudo-convexes. Ces inégalités
permettent d’obtenir des résultats de prolongement unique dans des cas o la condi-
tion de controle géométrique n’est pas vérifiée (par exemple une bande sur un tore) et
pourraient se révéler utiles dans d’autres situations.

Pour le moment, on ne sait pas encore trés bien quelles sont les conditions optimales
globales pour le prolongement unique. Les conditions de pseudo-convexité semblent don-
ner des conditions presque optimales pour le prolongement unique local, mais on ne sait
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pas vraiment en déduire des critéres globaux généraux. Une question naturelle est par
exemple de savoir si la condition de controle géométrique implique la propriété de pro-
longement unique pour ’équation de Schrodinger.

Apreés cette introduction générale, on se propose maintenant de détailler un peu plus
les résultats de cette thése. On a naturellement divisé la présentation selon I’équation
étudiée.

1.1.3 Controéle de I’équation de Schrodinger non linéaire

Les chapitres 2 et 3 concernent le controle interne de I’équation de Schrodinger non
linéaire sur des variétés compactes. Nous nous intéresserons principalement a 1’équation
de Schrodinger non linéaire cubique

10w+ Au = £|ul*u.

Rappelons que cette équation posséde deux énergies formellement conservées :
2 2
la masse ||ul|7. = |u|“dx
2 A : L 1 2 1 4
I’énergie non linéaire  FE(u) = 3 |Vu|*dx + 1 |u|*dzx.
M

Ces deux énergies permettent de prouver des résultats d’existence globale. L’équation
sur R? préserve aussi 'impulsion, mais cela n’a pas d’équivalent (& ma connaissance)
sur une variété.

Le chapitre 2 de cette thése étudie cette équation sur un intervalle et le chapitre 3
sur des variétés compactes de dimension 3. Les résultats sur la dimension 1 forment une
partie & part puisqu’ils sont plus forts que ce qu’on obtient en dimension supérieure,
notamment quant a la régularité et par le fait qu’on aborde la non-linéarité focalisante
et défocalisante. Les résultats du chapitre 3 peuvent aussi s’appliquer aux dimensions
inférieures mais apportent moins de nouveauté dans ces cas.

1.1.3.1 Résultats antérieurs

Les premiers résultats de controlabilité pour I’équation de Schrédinger non linéaire
sont des résultats locaux, c’est-a-dire pour des données petites, souvent prouvés par
perturbation de résultats linéaires. Citons par exemple Rosier-Zhang |79] pour des in-
tervalles puis des rectangles [81].

Le premier résultat de controlabilité de grandes données pour ’équation de Schro-
dinger non linéaire apparait dans Particle de Dehman-Gérard-Lebeau [42]. La preuve se
fait par stabilisation et suit le schéma indiqué aux sections 1.1.2.2 et 1.1.2.3. Ils prouvent
un théoréme de controlabilité globale en grand temps pour des variétés compactes de
dimension 2 sous deux hypothéses principales

— I'hypothése de controle géométrique comme celle décrite pour le probléme linéaire

(voir sous section 1.1.1)
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— le prolongement unique pour une équation de Schrédinger avec potentiel comme
décrit dans la sous-section 1.1.2.6.
Le théoréme principal qu’ils obtiennent est le suivant :

Théoréme 7 (Dehman-Gérard-Lebeau [42]). Soit P un polynome réel vérifiant P(0) =

0 et P'(r) " +o00. Soit M une variété compacte de dimension 2 el w C M un

ouvert vérifiant les conditions de controle géométrique et de prolongement unique décrits
précédemment.

Alors, pour tout Ry > 0, il existe T > 0 tel que pour tout ug, uy satisfaisant |||z <
Ry et [lurll;n < Ro, il existe un controle g € C([0,T], H') supporté dans [0,T] X w tel
que l'unique solution dans C([0,T], H') de

i+ Au— P'(|luP)u = ¢
u(0) = wuyg

satisfasse u(T) = uy.

Les auteurs utilisent les estimées de Strichartz sur des variétés compactes prouvées
par N. Burq, P. Gérard et N. Tzvetkov [25]. Cela leur permet de raisonner dans les
espaces de Sobolev, notamment pour les théorémes de propagation, ce que ’on ne pourra
pas faire dans les exemples traités dans cette thése. De plus, on est ici dans le cas
"linéarisable", c¢’est-a-dire qu’a haute fréquence, les solutions sont proches des solutions
linéaires avec mémes données initiales.

Les auteurs suivent le schéma de preuve décrit dans la sous-section 1.1.2.2 en utilisant
I’équation amortie suivante :

10+ Au — a(z)(1 — A)a(x)0u = P'(|ul*)u.

Ce terme de stabilisation permet d’avoir décroissance de I'énergie E(u) = [, [Vul?> +
P(Jul?). Le terme le plus naturel pour faire décroitre cette énergie aurait plutot été
a(z)?0pu, mais ce choix différent permet de considérer le terme de stabilisation comme
un terme source dans H' (si u est dans H', on aura seulement d;u € H~! par 'équation).

Dans le chapitre 3, on utilisera ce méme terme de stabilisation pour prouver le
méme type de résultats sur des variétés de dimension 3. Cependant, dans le chapitre 2,
on utilisera une autre équation faisant décroitre I’énergie L2

1.1.3.2 Résultats principaux de la thése

Commencons d’abord par décrire les résultats concernant la dimension 1.

Résultats en dimension 1 On étudiera le controle de ’équation de Schrédinger sur
un intervalle avec conditions périodiques, de Dirichlet ou Neumann.

Tout d’abord, une remarque simple s’impose : on peut déduire facilement des résul-
tats de controle avec conditions de Dirichlet ou Neumann & partir de résultats sur le
tore T, correspondant & des données périodiques sur R. En effet, on peut identifier le
domaine du Laplacien de Dirichlet D(—Ap) (resp D(—Ap)) sur Uintervalle [0, 7] avec
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le sous-espace fermé de H?(R/27Z) formé des solutions impaires (resp paires). On doit
juste vérifier le long de la preuve que le controle que I'on construit sur T' = R/277Z reste
impair (resp pair) si ug l'est. La préservation de la régularité prendra alors la forme : si
up € D(—A%), alors le controle g est dans C([0,T], D(—A%)) (de méme pour Ay). On
ne précisera plus cela par la suite et on raisonnera uniquement sur T'. Notons que cet
artifice fonctionne parce que 'opérateur de Schrodinger ne privilégie pas de direction.
Il ne fonctionne pas pour KdV ot il y a un sens de propagation privilégié.

La géométrie est donc ici plus simple que dans [42|. Cependant, on cherche a prou-
ver un résultat de controlabilité au niveau de régularité L2 Outre l'intérét intrinséque
d’abaisser le plus possible la régularité, on gagne surtout le fait de pouvoir utiliser la
norme L? qui est conservée par le flot de NLS. Ceci permet ainsi d’obtenir un résul-
tat valable pour une équation focalisante ou défocalisante, c¢’est-a-dire quel que soit le
signe devant la non-linéarité. Un autre avantage de raisonner a la régularité L? est que
I'équation amortie associée est plus naturelle (ici A est un réel quelconque) :

) 9 ) . 2 1
{ iOu+ Ogu +ia(z)u = Alu[*u sur [0, +oo[xT (1.10)

u(0) = up € LA(TY).

Cependant, pour raisonner a ce faible niveau de régularité, les espaces de Strichartz
utilisés dans [42] ne sont plus suffisants et on utilise les espaces de Bourgain. Ceci occa-
sionne des difficultés techniques supplémentaires. Il faut ainsi démontrer des théorémes
de propagation adaptés a ces espaces. De plus, ces espaces sont plus difficiles & manier
et, par exemple, ne sont pas stables par la multiplication par une fonction C* (ceci
exprime le fait que cette multiplication commute mal avec 'opérateur de Schrodinger).

Une autre difficulté est que les suites de solutions de ’équation de Schrédinger non
linéaire ne sont pas linéarisables (au sens de Patrick Gérard comme on en a discuté a
la section 1.1.2.3) sur L2 Par exemple, les solutions explicites de données initiales e™* :
e~ im*FDi+inT e gont pas asymptotiquement proches dans L? de la solution linéaire
em*t+inT - On raisonne alors de facon différente. Bien que les solutions haute fréquence
de I’équation non linéaire ne soient pas proches en norme L? des mémes solutions de
I’équation linéaire, elles conservent leurs propriétés de propagation de la compacité et de
la régularité. Ces propriétés de propagation s’expriment par le fait que le second membre
de I'équation de Schrédinger est autorisé a converger vers 0 dans un espace plus faible.

Le résultat principal que ’on obtient est le suivant :

Théoréme 8. Soit 1/2 < b < 5/8. Pour tout ouvert non vide w C T et Ry > 0, il
existe T > 0 et C > 0 tels que pour tous ug et uy dans L*(T') avec

luoll2 < Ry et il < Ro

il existe un controle g € C([0,T], L*) avec 191l oo j0,77,22) < € supporté dans [0,T] x w,

tel que l"unique solution u dans X%b du probleme de Cauchy

0w+ 0*u = MulPu+g sur [0,T] x T
u(0) = wuy € L*(TH)

satisfasse a u(T) = uy.
De plus, si ug, uy € H®, avec s > 0, on peut imposer g € C([0,T], H®).
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La deuxiéme partie du théoréme est un résultat de régularité du controle. Par
exemple, si ug,u; € C*(T'), on obtient un controle et donc une solution dans
C*([0,T] x M). La difficulté pour prouver cette régularité supplémentaire du controle
si u; € H? est surtout contenue dans le fait que cette régularité reste vraie quel que soit
s > 0 et sans hypothése sur la taille de ug, u; dans H*.

Comme décrit dans la sous-section 1.1.2.2, on prouve ce résultat en deux étapes :
stabilisation et controle local. Le théoréeme de stabilisation est le suivant :

Théoréme 9. On suppose a(x)*> > n > 0 sur un ouvert non vide. Alors, pour tout
Ry >0, il existe C > 0 et v > 0 tels que linégalité

lu@)l g2 < Ce |luoll ¢ >0

soit vérifiée pour toute solution u du systéeme (1.10) avec donnée initiale ug telle que
[[uoll L2 < Ro.

On le prouve en suivant la méthode de compacité-unicité. Le prolongement de la
régularité et de la compacité adapté aux espaces de Bourgain est alors montré de fagon
élémentaire mais en gardant toujours le méme principe issu de ’analyse microlocale de
faire apparaitre un commutateur. Précisons aussi que comme ’a remarqué Luc Molinet
[71], les solutions correspondant a une suite de données initiales faiblement convergente
dans L? ne convergent (méme faiblement) pas forcément vers une solution de I’équation
initiale. On ne peut affirmer que la limite faible est solution de NLS qu’au dernier
moment, aprés avoir montré la convergence forte. C’est alors seulement qu’on peut en
déduire que la limite est nulle par prolongement unique.

Le théoréme de controéle local est le suivant :

Théoréme 10. Soit w un ouvert non vide de T' et T > 0. Alors, il existe ¢ > 0 et
n > 0 tels que pour tout ug € L* avec |lug| ;. < ¢, il existe g € C([0,T],L?), avec
||9||Loo([o,T},L2) <n, a support dans |0, T[xw tel que lunique solution u dans X%b de

{z’@tqu@gu = MulPu+g (1.11)

u(z,0) = wup(x)

satisfasse u(T) = 0.
De plus, si ug € H®, avec s > 0, éventuellement avec une grande norme H?®, on peut
imposer g € C([0,T], H?).

Pour la régularité supplémentaire, on ne se préoccupe jamais de la taille H® de la
solution et le théoréme de controlabilité locale reste vrai dans H?®, s > 0, avec seulement
une hypothése de taille L2. Ce théoréme est prouvé par perturbation du contréle linéaire.
On fait le point fixe dans L2. On veut ensuite montrer que 'opérateur non linéaire de
controle local ainsi construit préserve la régularité. Les deux ingrédients essentiels sont
alors :

— Popérateur HUM linéaire préserve la régularité avec des estimations "presque"

uniformes en s (voir estimation (1.3)), comme précisé a la sous-section 1.1.1.3

— on a des estimations "douces".

2
Pl s < C s ol o + Ol s el g ] -
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La subtilité de cette estimation est que le terme qui apparait devant la norme de
grande régularité s est : une constante C' qui ne dépend pas de s et une norme dans
X%?’/s donc de l'ordre de régularité de L2. Une fois que la norme L? est bornée,
le comportement des normes H® est donc presque linéaire. Lors de I'estimation
de point fixe, on aura alors seulement besoin d'une petitesse dans L? uniforme en
s. Les termes faisant intervenir des régularités plus faibles n’ont alors pas besoin

d’étre petits.

Résultats en dimension 3 Les résultats de cette partie sont d’abord une générali-
sation des résultats de controlabilité globale en grand temps de [42] & la dimension 3.
Cependant, on le démontre de deux maniéres différentes décrites dans la sous-section
1.1.2.2 : par stabilisation puis controle local et par controle prés de trajectoires. La
premiére méthode est donc la méme que dans [42] alors que la deuxiéme n’avait, & ma
connaissance, pas été utilisée pour ce genre de problémes.

Pour obtenir ce résultat en dimension 3 avec ’équation cubique, on est contraint
d’utiliser les espaces de Bourgain. En effet, les estimations de Strichartz de Burq-Gérard-
Tzvetkov [25] ne permettent alors d’avoir un flot uniformément bien posé que sur H*
avec s > 1, manquant ainsi 'espace d’énergie. Les auteurs parviennent toutefois a
prouver existence et unicité sur H', mais pas avec un flot uniformément continu, ce
qui semble crucial pour prouver un probléme de controlabilité. Cependant, les espaces
de Bourgain permettent d’obtenir sur certaines variétés de meilleurs résultats pour le
probléme de Cauchy. En fait, en se basant sur les espaces mis au point par Bourgain,
Burq-Gérard-Tzvetkov [23] ont montré que existence d’un flot régulier sur H*, s > s,
était essentiellement équivalente a 'inégalité multilinéaire

lwrwa| oo ryxary < Cmin(Ne, No)* (| fill 2 ary 12l 2an
'L@(t) = eitAfj, j = 1, 2

pour des f; vérifiant f; = 1m€[N772Nj[(fj), c’est-a-dire oscillant a la fréquence Nj.

On sait que cette propriété est vérifiée pour les exemples suivants (1/2+ signifie tout
so>1/2):
- T3 avec so = 1/2+, voir [17]
- le tore irrationnel R? /(617 x 057 x 637) avec 0; € R, pour lequel une estimée sy = 2/3+
a récemment été obtenue dans [18|. Une preuve plus simple pour sy = 3/4+ peut aussi
étre trouvée dans le début de [18] et dans [29]
- §3 avec sy = 1/2+, voir [26]
- 8% x St avec sg = 3/4+, voir [26].

Dans tous ces exemples, on a sy < 1 et on peut alors obtenir un probléme globalement
bien posé pour I’équation défocalisante grace a la conservation de I’énergie. Dans la suite,
les résultats énoncés le seront avec certaines hypothéses sur la variété et sur 'ouvert de
controle w. Les hypothéses seront de deux sortes :

— sur la variété M. On demandera que le probléme soit réguliérement bien posé sur
H' et donc que sy < 1. On appellera cette hypothése "probléme bien posé". On
aura aussi besoin d’estimations de commutateurs que 1’on ne précisera pas dans
cette introduction mais seulement dans les chapitres concernés.

— des hypothéses sur le support du contréle w. Ce sera surtout le controle géomé-
trique et un théoréme de prolongement unique. La régularité sur les potentiels
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pourra dépendre du cas considéré. On renvoie alors & I’énoncé précis dans les
articles pour plus de précisions.

Ces propriétés seront vérifiees dans les exemples suivants :

— T3 avec w = {x € R3/(61Z x 0,7 x 037) |Fi € {1,2,3},x; €] — ¢,e[+0,Z} (c'est-
a-dire un voisinage de chaque face du "cube", volume fondamental de T?) avec
0; € R. De plus, on peut facilement étendre ce résultat a un "cube" avec des
conditions de Dirichlet ou Neumann comme on I’a fait en dimension 1.

~ 83 oll w est un voisinage de {z4 = 0} dans S* C R%.

~ 8% x St avec w = (wy x S1) U (8%x]0,¢[) ot wy est un voisinage de 1’équateur de
S2,

On obtient alors un résultat de controle global en grand temps.

Théoréme 11. Pour tout (w, M), tels que les hypothéses de probléeme bien posé, de
controle géométrique et de prolongement unique soient vérifiées, et Ry > 0, il existe
T >0 et C >0 tels que pour tous ug et uy dans H'(M) avec

ol riary < Bo et [lual gaary < Ro

il existe un controle g € C([0,T], H') avec ||g|| oo jo.11.11) < C supporté dans [0,T] x @,

tel que ["unique solution u dans X%’b du probléme de Cauchy

iu+Au = |ulPu+g on [0,T]x M
w(0) = uy € HY(M)

satisfasse a w(T) = u;.

Sous les mémes hypothéses, on prouve pour cela un théoréme de stabilisation simi-
laire & ce qu’on obtient en dimension 1, mais pour I’équation suivante (la méme que
dans [42]) avec un a(z) supporté dans w),

i0wu + Au — a(z)(1 — A)a(z)0u = (14 |u*)u. (1.12)

La deuxiéme méthode de preuve de controlabilité globale utilise le controle prés d’une
trajectoire. Celui-ci prend la forme suivante

Théoréme 12. Soit T' > 0, M et w tels que les hypothéses de "probleme bien posé”,
de controle géométrique et de prolongement unique soient vérifiées. Soit 1 > s > sg et
w € X7 une solution de

{i@tw+Awi|w]2w =g (1.13)

w(z,0) = we(x)

avec g € C([0,T), H') supporté dans [0,T] x @.

Alors, il existe ¢ > 0, tels que pour tout uy € H® avec ||ug — wol|ys < €, il existe
g1 € C([0,T], H*) supporté dans [0,T] x @ tel que 'unique solution u in X;’b de (1.13)
avec u(0) = ug et g remplacé par g1 satisfasse o u(T) = w(T).

De plus, pour tout ug € H' avec ||jug — wolly. < &, on a la méme conclusion avec
g1 € C([O,T],Hl)

On peut ainsi déduire plusieurs corollaires de ce théoréme :
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— Cela donne une seconde preuve du théoréme de controlabilité global. Il faut pour
cela suivre la deuxiéme méthode décrite dans la sous-section 1.1.2.2. Notons qu’il
est pour cela indispensable que le € ne dépende que de HU}HX;,b et pas de la solution
w elle méme.

— Pour tout temps T et avec les hypothéses du théoréme, ’ensemble des données
controlables a partir d’un état ug est un ouvert. Evidemment, pour un certain Ry, le
théoréme de controlabilité globale prouve qu’a partir d’un certain temps 7" on peut
controler toute la boule de rayon Rjy. Cependant, la controlabilité aux trajectoires
montre que si le temps est trop petit, la seule obstruction & la controlabilité est la
taille des données.

— La deuxiéme partie du théoréme sur la régularité implique immédiatement la
controlabilité "haute fréquence" prés de la trajectoire. En effet, une fois que 'on a
fixé une borne Ry dans H! pour les données initiale v et finale u,, et pour la trajec-
toire w, on peut trouver un N et £ tels que la condition 3, v |do(k) — wo(k)|* < e
(le ~ désigne la composante selon la k-iéme fonction propre), implique que g est
assez proche de wy dans H®, s < 1 (de méme pour u; et wr). Cela suffit alors
A trouver un controle H' amenant wuy a u;. Cela constitue une généralisation au
controle prés d’une trajectoire de ce qui avait été prouvé par B. Dehman et G.
Lebeau [43] pour I'équation des ondes et la trajectoire nulle. Notons que ce phéno-
meéne n’est possible que parce que I'équation est sous-critique. Il avait été prouvé
dans [43| par une analyse en fréquences.

Le théoréme de controle prés d’une trajectoire est obtenu de fagon perturbative. La

partie difficile est alors de démontrer la controlabilité d’un opérateur linéarisé prés d’une
trajectoire w :

iOr + Ar = 2w’r + w7T = 7. (1.14)

Par la méthode HUM, on est ramené a prouver une inégalité d’observabilité pour I’équa-
tion duale que 'on résout donc dans des espaces de Sobolev a régularité proche de —1.
Ensuite, on utilise la méthode de compacité-unicité. Celle-ci est rendue problématique
par la faible régularité des potentiels |w|? et w?. On y parvient tout de méme grace aux
propriétés fortes de propagation de la compacité et de la régularité.

La deuxiéme partie du théoréme, concernant la régularité du controle, se prouve
comme en dimension 1 en prouvant que le controle HUM associé a (1.14) préserve
lui aussi la régularité (comme décrit en sous-section 1.1.1.3). Si w était réguliére, il
suffirait d’appliquer un opérateur de dérivation (—A)¢/2 et d’appliquer des inégalités de
commutateurs. C’est aussi ce que I'on fait mais on doit prouver ces inégalités pour des
w dans X1, Typiquement, on doit prouver que Uopérateur [(—A)*/2, |w[?] agit de X
dans X*°. Il faut alors refaire des estimations proches de celles faites dans les preuves de
Bourgain |17] et Burq-Gérard-Tzverkov |23, 26| sur les produits dans les espaces X*°.
Ces preuves sont assez techniques et spécifiques aux variétés considérées.

Dans le cas ol on veut faire un controle prés de 0, il suffit d’appliquer les résultats
de controéle linéaire que ’on connait. Par exemple, un controéle prés de 0 sur le tore ne
nécessite pas de condition géométrique.

Théoréme 13. Si (M,w) est soit :
-(T3,un ouvert arbitraire)
(5% x S, wy x St) 0w wy est un voisinage de l'équateur S*
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(8% x S1,52x]0,¢])
Alors, on a contréle local prés de 0 et la préservation de la régularité comme au théoréme
12.

Pour le controéle global, on ne sait pas si les hypothéses géométriques que 'on a faites
sont vraiment nécessaires. Il y a cependant un cas ot on sait que le controle géométrique
est au moins nécessaire pour le théoréme de stabilisation.

Proposition 1. Soit ' une géodésique de S telle que Supp(a) NT = (0. Alors, on n’a
pas stabilisation exponentielle pour l’équation (1.12).

La proposition 1 repose sur l'utilisation des modes de concentrations sur I’équateur
cn(x1 +ix9)" et la linéarisabilité & haute fréquence.

Pour finir, le prolongement unique est démontré dans tous les exemples considérés.
On a recours pour cela a des inégalités de Carleman adaptées a 1’équation de Schrédinger.

1.1.3.3 Problémes ouverts et perspectives

De nombreux problémes restent ouverts pour le controle de I’équation de Schrodinger.

Tout d’abord, pour I’équation de Schrodinger linéaire, la détermination de la condi-
tion géométrique nécessaire et suffisante pour avoir controlabilité est un probléme lar-
gement ouvert. On sait que le controle géométrique est suffisant mais pas nécessaire. Il
est cependant nécessaire si les trajectoires sont stables. Les modes de concentrations de
Ralston [75] (ainsi que les modes explicites que 'on a utilisés sur la sphére) montrent
que l'ouvert doit nécessairement intersecter toutes les trajectoires périodiques stables.
Il s’agirait de comprendre quelles sont les trajectoires sur lesquelles des solutions hautes
fréquences sont susceptibles de s’accumuler. Ce probléme est relativement proche de la
détermination des mesures semi-classiques des suites de fonctions propres du Laplacien.
Notons que des idées nouvelles sont récemment apparues dans ce domaine et pourraient
servir pour le probléme du controle : utilisation de mesures 2-microlocales par F. Macia
|68] et Anantharaman-Macia [4] ou l'utilisation de propriété dynamiques globales comme
I'ergodicité par N. Anantharaman [3].

Le probléme non linéaire ajoute de nouvelles questions. Ainsi, pour le controle de
grandes données, les techniques employées dans cette thése ne permettent d’avoir contro-
labilité que si l’on a controle géométrique. Pour le tore, on sait prouver le controle linéaire
pour un ouvert w arbitraire mais on ne sait pas pour l'instant en déduire un résultat
non linéaire pour des grandes données. Une premiére étape pourrait étre de prouver
la controlabilité a partir d’'une bande du tore, sachant que les inégalités de Carleman
faibles que I'on obtient (ainsi que celle de [70]) permettent d’obtenir un théoréme de
prolongement unique pour cette situation.

Un autre question que 'on peut se poser est celle du prolongement unique. En dimen-
sion 3, le théoréme que I'on prouve (et ¢’est aussi le cas dans [42]) est sous ’hypothése de
prolongement unique. On parvient & prouver ce prolongement unique sur des exemples
non triviaux. Cependant, il serait bien str trés intéressant d’avoir une condition géo-
métrique plus intrinséque pour cette propriété. Par exemple, est-ce que la condition de
controle géométrique implique le prolongement unique ?
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Une autre question naturelle est de prouver le méme type de résultats pour des
ouverts & bord. Des inégalités de Strichartz pour 'équation de Schrodinger ont ainsi
été prouvées par R. Anton [5] et M. Blair, H. Smith et C. Sogge [15]|. Les problémes
sont alors de deux sortes et de difficulté croissante : le probléme du controle interne et
celui du controle au bord. Pour le premier, il faudrait donc prouver des théorémes de
propagation adaptés. Pour le deuxiéme, 'existence de solutions au probléme de Cauchy
avec données au bord non homogénes serait déja une premiére étape.

Se pose enfin la question du temps de controle. Dans tous les théorémes de contro-
labilité globale que l'on a démontrés, le temps de controle dépend de la donnée. Ce
long temps est-il nécessaire, alors que I’équation de Schriédinger se propage & vitesse
infinie 7 Si oui, de quelle maniére dépend-il de la taille de la donnée 7 Notons que pour
certaines équations paraboliques non linéaires, il a été montré qu’il ne pouvait pas y
avoir controlabilité en temps arbitraire, voir [46].

1.1.4 Controéle de I’équation de Korteweg-de Vries

Le chapitre 4, écrit en collaboration avec Lionel Rosier et Bing-Yu Zhang considére
I’équation de Korteweg-de Vries

Opu + udpu + OPu = 0

en domaine périodique. Cette équation présente une infinité de quantités conservées
mais nous n’en utiliserons que deux :

le volume [, u(t,z) dz

Pénergie [, u(t,x)* dx.

1.1.4.1 Reésultats antérieurs

Pour notre probléme précis de controéle interne en données périodiques, les résultats
antérieurs sont des résultats locaux dus & D. Russel et B-Y. Zhang [83]. En utilisant
le théoréme de controlabilité et de stabilisation de 1’équation linéarisée de [82], ils éta-
blissent la controlabilité et la stabilisation interne locale de KdV en domaine périodique.
Ils utilisent pour cela, et comme on va le faire dans le chapitre 4, les espaces de Bourgain
adaptés & KdV. L’argument est donc perturbatif.

Un résultat global a été prouvé par A. Pazoto [73| (poursuivant des résultats de G.
Perla-Menzala, C.F. Vasconcellos et E. Zuazua [74]) pour la stabilisation interne de KdV
sur un intervalle avec des conditions au bord w(t,0) = u(t, L) = d,u(t, L) = 0. 1l utilise
la méthode de compacité-unicité et est en cela aidé par le fait que les conditions au
bord induisent un effet régularisant. Pour montrer la régularité de la limite faible (argu-
ment de propagation de la régularité), il montre une inégalité d’observabilité faible pour
I’équation linéarisée. Celle-ci est établie par la méthode des multiplicateurs, toujours en
s’aidant de la régularité supplémentaire des solutions.

Notons que le controle au bord de KdV a été intensément étudié ces derniéres années.
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Il s’agit du probléme de contréle suivant

ou+ Bu+du+udyu = 0 xz€)0,L] ¢
u(t,0) = hi(t);u(t, L) = ha(t); Opu(t,L) = hg(t) t€]0,T]|

Pour le contrdle de la dérivée a droite avec hy = hy = 0, L. Rosier [77] a montré que
le linéarisé était controlable pour des longueurs L n’appartenant pas a un ensemble de
valeurs critiques. Il en déduit alors la controlabilité locale en dehors de ces longueurs.
Pour le linéarisé, il utilise la méthode de compacité-unicité pour en déduire ’observa-
bilité. La compacité est assurée par un argument de gain de régularité (une solution
de donnée uy € L? donne une solution L*([0,T], H') et la méthode des multiplicateurs.
Il faut alors vérifier I'unicité qui n’est justement pas vérifiée pour certaines longueurs
qu’il détermine explicitement. Le défaut de controlabilité n’est en ce sens pas trés fort
puisqu’il ne manque qu'un nombre fini de directions. C’est cette observation qui a per-
mis la preuve de la controlabilité locale méme pour les longueurs critiques grace a des
développements & des ordres supérieurs, voir les articles de J-M. Coron et E. Crépeau
[39], E. Cerpa [30] E. Cerpa et E. Crépeau [31].

Citons aussi pour le controle a gauche, les résultats locaux de L. Rosier [78] et O.
Glass et S. Guerrero [53] reposant sur des inégalités de Carleman. On obtient aussi des
résultat globaux si on autorise plus de controles, voir M. Chapouly [34]. On renvoie au
survey de L. Rosier et B.Y. Zhang [80] pour une présentation des résultats connus sur
le controle de KdV.

1.1.4.2 Résultats principaux de la thése

Dans un premier temps, les résultats correspondant a ce chapitre s’appliquent princi-
palement & étendre les résultats globaux que 'on a prouvés sur ’équation de Schédinger
non linéaire sur T' & KdV sur un domaine périodique. Dans un deuxiéme temps, on
cherchera un terme d’amortissement permettant d’obtenir un taux de décroissance ar-
bitraire.

Comme pour ’équation de Schrodinger non linéaire en dimension 1, on va utiliser
les espaces de Bourgain qui permettent d’avoir un probléme bien posé sur L2.

Le systéme de controle qui nous intéresse est donc le suivant
o+ udyu+ Pu=Ag, z€T,teR (1.15)

ou A est I'opérateur Ag(z) = a(z) (9(z) — [ a(y)g(y)dy) déja décrit pour la partie
linéaire, a(z) € C*°(T") étant de moyenne [a] = 5 [ a(z)dz = 1. Cet opérateur permet
de conserver le volume des solutions, ce qui est a la fois cohérent physiquement et

indispensable pour I'utilisation des espaces de Bourgain.

Le théoréme principal que 'on obtient est alors un théoréme de controle en grand
temps dans tous les espaces H®.

Théoréme 14. Soit s > 0, Ry > 0, et u € R. 1l existe un temps T" > 0 tel que si
ug, uy € H*(T) de méme moyenne [ug] = [u1] = p sont tels que

|uolls < R, [|lu1]ls < R,
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alors, on peut trouver un controle g € L*(0,T; H*(T)) tel que le systeme (1.15) admette
une solution v € C([0,T]; H*(T)) satisfaisant

u(z,0) = up(x), u(z, T) = uy(z).

On procéde par stabilisation puis contréle local. Le systéme amorti est le suivant :
O+ udyu + OPu = —AA*u, z €T, teR. (1.16)

Théoréme 15. Soient s > 0 et p € R. Il existe une constante k > 0 telle que pour tout
ug € H*(TY) avec [uo] = u, la solution correspondante u du systéeme (1.16) satisfasse a

lu(-,t) = [uollls < asulluo — [uo]llo)e™[luo — [uollls =0,

ol s, t RT — R est une fonction croissante.

La preuve de ce théoréme, pour s = 0, repose aussi sur la méthode de compacité-
unicité. Pour la propagation de la compacité, il a donc fallu établir des théorémes de
propagation de la compacité et de la régularité adaptés a I'équation de KdV et dans les
espaces de Bourgain, ce qui, & notre connaissance, n’existait pas dans la littérature. On
prouve par exemple le théoréme suivant :

Théoréme 16. Soit u € X%UQ solution de Oy + O3u + ud,u = 0 lelle que u €

C>(]0, T[xw) ot w C Tt est un ouvert non vide.

Alors, uw € C>(]0, T[xT").

Bien que le terme de stabilisation soit naturellement construit pour faire décroitre
la norme L?, on obtient aussi une décroissance exponentielle dans toutes les normes H?,
s > 0. Pour cela, on prouve d’abord que ’on a bien décroissance exponentielle des normes
H?® pour 'équation linéaire. Or, on sait déja que 'on a décroissance exponentielle dans
L?. On peut alors faire un argument perturbatif une fois que la norme L? de la solution
est suffisamment petite. On obtient alors la décroissance exponentielle en comparant la
décroissance forte induite par la partie linéaire de I’équation avec la petitesse du terme
non linéaire que ’on va absorber.

Cependant, dans le terme de stabilisation "naturel”" que 'on choisit pour le résultat
précédent, le taux de décroissance n’est a priori pas connu. On voudrait pouvoir impo-
ser ce taux de décroissance. Pour des équations linéaires, Slemrod [84] a mis au point
une méthode permettant d’obtenir un stabilisateur produisant un taux de décroissance
choisi. Ce terme de stabilisation est construit a partir d’une variante de l'opérateur
HUM. En l'utilisant sur notre équation non linéaire, on obtient alors par un argument
perturbatif un taux de décroissance exponentielle arbitraire pour des petites données.

Théoréme 17. Soient A > 0, s > 0, et u € R. Alors, il existe § > 0, C > 0 et un
opérateur linéaire Qy borné de H*(T') dans H*(T') tel que pour tout uy € H*® avec
luolls < 6 et [uog) = p, la solution du systéme

O+ udyu + O2u = —AQ\u, u(r,0) = up(x), x € T

vérifie
[u(-,t) = [uollls < Ce™[lug = [uo]lls ¢ >0.
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Ce stabilisateur ne semble pas fonctionner pour de grandes données (il ne fait a priori
méme pas décroitre la norme). Pour avoir ce type de résultat pour de grandes données,
on est amené & utiliser un terme de stabilisation dépendant du temps et combinant les
deux résultats de stabilisation précédents. On peut alors imposer un taux de décroissance
exponentielle arbitraire pour I’équation non linéaire.

Théoréme 18. Soient A > 0, s > 0, et u € R. Il existe une application régulicre @,\ de
H*(T') x R vers H*(T") périodique par rapport o la seconde variable (t € R), et telle
que pour tout uy € H*(TY) avec [ug] = p, la solution u du systéeme

Opu + udyu + Pu = —A@,\(u, t), u(+,0) = ug
satisfasse

u(-, 1) — [uol|]s < as,/\,u(HuO - [UO]Hs)e_/\tHUO — [uoll|s t>0,

0U as 0 RT — RT est une fonction croissante.

On renvoie au chapitre 4 pour 'expression explicite de ce stabilisateur. On peut
tout de méme décrire grossiérement son action. Dans un premier temps, lorsque ||u| .
est grande, on a seulement le stabilisateur habituel AA* qui permet de s’assurer de la
décroissance tant que la solution est grande. Ensuite, aprés une période de transition,
on rentre dans une phase ou le stabilisateur va osciller de fagon périodique en temps
avec une période fixée T'. Durant chaque période, on a trois étapes :

— un moment o le stabilisateur AQ, menant vers une décroissance en e~

— une courte période de transition ou il peut y avoir des pertes,

— un moment ol le stabilisateur AG* est actif, menant & une décroissance en e
On pourrait se dire qu’il est plus simple d’imposer I’amortissement AA* quand la solution
est grande et AQ\ quand elle est petite. Le probléme est qu’il y a alors une discontinuité
du stabilisateur, problématique pour la définition de la solution. Si on essaie alors de
faire une transition entre les deux amortissements, ne dépendant que de la norme de la
solution par exemple, on ne peut pas s’assurer que la solution ne va pas stagner dans
un état stable nouveau créé par cette transition.

—~Kt

1.1.4.3 Problémes ouverts et perspectives

Parmi les questions directement liées aux théorémes que 'on a prouvés, les plus

directes sont :

— dans le théoréme de controélabilité globale que I'on trouve, le temps de controlabilité
dans H® dépend de la norme H*® de la solution. Peut-on faire ce que l'on a fait
pour Schrodinger pour ne faire dépendre ce temps que de la norme L?? Bien
évidemment, il y a toujours la question générale de se demander s’il y a vraiment
un temps minimal de controle.

— Existe-t-il un terme d’amortissement indépendant du temps permettant d’obtenir
un taux de décroissance arbitraire ?

Il y a aussi beaucoup de questions ouvertes pour le controle au bord avec des grandes
données pour lequel peu de résultats existent si ’on ne s’autorise pas tous les controles.
Par exemple, pour le controle au bord avec la donnée de Neumann a droite, il n’y a pour
I'instant que des résultats locaux, qui ont déja demandé des méthodes astucieuses.



1.1.5 - Controle de ’équation des ondes non linéaire critique 41

1.1.5 Controle de I’équation des ondes non linéaire critique

Dans cette sous-section, correspondant au chapitre 5, on s’intéresse au controle et a
la stabilisation de I’équation de Klein-Gordon critique. Avant de commencer & décrire
les résultats, expliquons 'utilisation du terme "critique" qui signifie ici critique pour la
norme d’énergie (voir aussi la fin de la partie sur Strichartz de la sous-section 1.1.2.1).
Considérons I’équation des ondes non linéaire quintique sur R3, critique pour I'énergie :

O*u — Au+u’ = 0.

Cette équation admet pour quantité formellement conservée I’énergie non linéaire :

1 1
B0 =y ([ o+ [ wuf) g [l

L’équation est invariante par le scaling u — uy = %u (%, f) pour A > 0. C’est-a-dire
que si u est solution sur un intervalle [0, T, alors uy le sera aussi sur un intervalle [0, \T].
On aura alors |[(ux, 9yux)(0) || ey o1 = M 75| (w, Op) (0) || g gs—1- Cette transformation
laisse donc invariante la norme d’énergie correspondant & s = 1. Faisons maintenant
tendre A vers +o00. On distingue alors trois cas :

— Si s > 1, le cas sous-critique : le scaling a tranformé une solution sur [0,7] en
une solution sur [0, \T] de norme H® x H*~! petite. Cela semble compatible avec
Pexistence d’un flot régulier local : existence en grand temps pour des petites
données et en petit temps pour des grandes données. En effet, on arrive bien dans
ce cas a avoir un flot local régulier.

— Sis =1, le cas critique : le scaling laisse la norme d’énergie invariante et transforme
une solution sur [0, 7] en une solution en grand temps. On sent alors que cela va
étre problématique et qu’il va étre difficile d’avoir une solution en un temps ne
dépendant que de la taille en énergie de la donnée. En effet, on a vu a la sous-
section 1.1.2.1 qu’on a un temps d’existence local qui dépend de la "forme" de la
donnée initiale. On va avoir besoin d’arguments plus forts que la conservation de
I’énergie pour avoir P'existence globale (les inégalités de Morawetz).

— Si s < 1, le cas sur-critique : le scaling transforme une solution sur [0,7] en une
solution sur [0, AT"] de norme petite. L’existence d’un flot régulier pendant un
temps T pour des données bornées dans H* x H* ! impliquerait alors I’existence
d’un flot en grand temps pour des grandes données. On sent alors bien que cela
sera difficile & obtenir si la non-linéarité n’a pas de propriétés particuliéres. En
effet, on sait que le flot est mal posé dans les cas surcritiques (voir Lebeau [65] et
Christ-Colliander-Tao [35]).

Le cas de I’équation quintique est ainsi intéressant mathématiquement puisque c’est ce-
lui ou la régularité critique correspond a ’espace d’énergie ol on dispose d’une quantité
conservée positive. Dans cette thése, on étudiera cette équation sur des variétés com-
pactes. Les dilatations évoquées sur R? n’ont alors plus de sens. Cependant, on verra
que localement prés d’un point de la variété et en temps court, le comportement non
linéaire reste proche de celui de R3, notamment pour des dilatations qui ont tendance
a concentrer (A — 0 dans la description précédente). Le fait que I’équation soit critique
pour I’énergie produit alors des phénoménes mathématiques nouveaux.
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1.1.5.1 Résultats antérieurs

Revenons maintenant au probléme du contréle. Comme indiqué dans la sous-section
1.1.1.2, le probléme du controle et de la stabilisation de 1’équation des ondes linéaire
est bien compris depuis les travaux de Taylor-Rauch [76] et Bardos-Lebeau-Rauch 8] et
I'introduction de la condition de controle géométrique.

Les premiers résultats sur ’équation non linéaire sont des résultats perturbatifs et
s’appliquent a des non-linéarités légérement sur-linéaires, ou alors supposent des petites
données, voir Zuazua [89].

Pour les cas sous critiques a grandes données, le résultat le plus avancé est celui de
Dehman-Lebeau-Zuazua [44]. 1l prouve la controlabilité en grand temps pour des non
linéarités sous-critiques et défocalisantes. Le probléme est posé sur R? avec un controle
en dehors d’une boule mais la méthode peut s’étendre a d’autres géométries (avec un
théoréme de prolongement unique adapté). Les auteurs parviennent & mettre en ceuvre
la méthode de compacité-unicité. Deux éléments sont alors cruciaux dans ’argument
par contradiction :

— le résultat de linéarisabilité de P. Gérard [50] permet & haute fréquence de se ra-
mener a une suite de solutions de ’équation linéaire pour laquelle on peut prouver
la propagation de la compacité par les mesures.

— ils prouvent que la limite faible u, a priori dans I’espace d’énergie, est plus réguliére
que ce & quoi on s’attend. Ils prouvent que la non-linéarité f(u) est mieux que
LY([0,T7], L?), elle est en fait L*([0,T], H?). L’argument est général et n’utilise que
le fait que u est dans 'espace d’énergie et les espaces de Strichartz. Ensuite, cette
régularité supplémentaire du second membre permet de prouver la propagation de
la régularité (Pargument est microlocal cette fois) et donne u € C([0, 7], H'*¢). 1l
reste alors & itérer le processus pour avoir assez de régularité.

Cependant, comme l'indiquent les auteurs, ces deux étapes ne s’étendent pas a des
non-linéarités critiques.

Toujours dans le cas sous-critique, un autre résultat intéressant est celui de Dehman-
Lebeau [43] sur le controle interne de 1’équation des ondes non linéaire sous-critique sur
des domaines bornés. Grace a une analyse fine de 'opérateur HUM linéaire, les auteurs
établissent la controlabilité de données haute-fréquence et éventuellement grandes en
énergie. Le controle se fait alors en temps uniforme, celui de I'équation linéaire. Le
temps ne dépend donc plus de la taille des données. Notons que le chapitre 3, déja
évoqué, contient une extension de ces résultats a I’équation de Schrédinger.

Pour I'équation critique sur R?, P'article de Dehman-Gérard [41] fournit une solu-
tion pour combler les arguments de [44] ne fonctionnant pas pour 'équation critique.
Le premier argument qui tombe en défaut est la linéarisabilité. Les solutions non li-
néaires ayant pour données initiales une suite faiblement convergente vers 0 ne sont
plus asymptotiquement proches des solutions linéaires associées. Or, H. Bahouri et P.
Gérard [6] ont décrit trés précisément ce défaut de linéarisabilité par une décomposition
en profils, voir section 1.1.2.5. B. Dehman et P. Gérard prouvent alors que dans ce cas
précis, les profils sont nuls et la linéarisabilité est vraie. Ce premier argument a permis
aux auteurs de prouver la propagation de la compacité. Ensuite, ils ne cherchent pas
a prouver la propagation de la régularité. Ils prouvent le prolongement unique directe-
ment en utilisant 'existence de 'opérateur de scattering. Dans le chapitre 5, on suivra
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en partie la premiére étape de ce raisonnement. On sera amené & prouver l’existence
d’une décomposition en profils sur une variété, mais avec des difficultés supplémentaires
dues a ’absence des dilatations. En revanche, la deuxiéme étape ne peut pas fonctionner
puisqu’on n’a pas d’opérateur de scattering sur une variété compacte.

Toujours pour I'équation critique, on peut aussi citer 'article récent de L. Aloui,
S. Tbrahim et K. Nakanishi [2] pour R?. Ils prouvent la stabilisation globale pour un
amortissement en dehors d’une boule pour une non-linéarité quelconque, pourvu que la
solution soit globale. Leur preuve utilise des inégalités de type Morawetz. Cependant,
cette méthode ne semble pas s’appliquer a des géométries plus compliquées.

1.1.5.2 Reésultats principaux de la thése

Dans le chapitre 5, on prouve un résultat de contrélabilité haute fréquence pour
I’équation de Klein-Gordon non linéaire critique sur des variétés compactes de dimension
3. On remplace I’équation des ondes par ’équation de Klein-Gordon car la stabilisation
exponentielle n’est plus vraie pour les ondes. Cette obstruction n’est pas trés profonde
et est principalement due au fait que les constantes ne sont pas amorties pour I’équation
linéaire. Afin d’énoncer les résultats, on va introduire quelques définitions.

On dit que (21, 22,t) € M x M xR est un couple de foyers a distance ¢ si I’ensemble
ngl,xz,t = {5 € SilM‘ 6Ipx1t€ - .7}2}

des directions des géodésiques partant de x; et arrivant a x5 en un temps ¢, a une mesure
de surface positive.

On note T'toeys 'infimum des ¢t € R tels qu’il existe un couple de foyers a distance

Si M est compacte, on a nécessairement 1'fpeys > 0.

La condition que I’on imposera sera légérement plus forte que la condition de controle
géométrique :
Controle géométrique avant refocalisation On impose que (w, Tp) vérifie la condi-
tion de controle géométrique avec Ty < T'focus-

Par exemple, pour T3, il n’y a pas de refocalisation et on a donc la condition de
controle géométrique habituelle. Cependant, cette hypothése est plus forte pour la sphére
S3. Par exemple, un voisinage d’un demi-équateur est suffisant pour la condition de
controle géométrique alors que notre hypothése demande I'équateur entier.

Le résultat principal que 'on obtient est un résultat de controle haute-fréquence en

temps long.

Théoréme 19. Soit Ry > 0 et w satisfaisant la condition de controle géométrique avant
refocalisation. Alors, il existe T > 0 et 6 > 0 tels que pour tout (ug,ur) et (Ug,u1) dans
E=H"x L?, avec

[[(uo, u1)l¢ < Ro; (@0, t1)|¢ < Ro

| (w0, wr) || oy rr < 65 | (G0, @i )|l oy <6



44 CONTROLE INTERNE

il existe g € L>([0,T], L?) supporté dans [0,T] x w tel que l'unique solution forte de

{ Ou+u+ulu = g sur [0,T]x M
(u(0), 0u(0)) = (ug,u1).
satisfasse (u(T), Ou(T)) = (g, Uy)-

L’hypothése de taille est alors du type de celle qu’on trouve dans Dehman-Lebeau
|43] dans le cas sous-critique. Cependant, ils obtiennent un controle en temps uniforme,
celui du controle géométrique, alors qu’on n’a ici qu'un controle en temps long. En ce
sens, la conclusion du théoréme est plus proche de Dehman-Lebeau-Zuazua, c’est-a-dire
un temps de controle dépendant de la taille des données.

On obtient ce résultat, comme dans les exemples précédents, a partir d’un théoréme
de stabilisation et d’un théoréme de contréle local. Le théoréme de controle local se
prouve assez simplement : dans les cas critiques, il est usuel que les petites données ne
posent pas trop de probléme. La partie principale de la preuve est donc la stabilisation
a haute fréquence.

Théoréme 20. Soit Ry > 0, w satisfaisant ’hypothése de controle géométrique avant
refocalisation et a € C*°(M) avec a(x) >n > 0 pour x € w. Alors, il existe C;y >0 et
d > 0 tels que pour tout (ug,uy) dans &€, avec

||(U0,U,1>||S S R07 H(u07u1)||L2><H71 S 5,
lunique solution forte de

{ Ou 4w+ |ul*u + a(x)?0u 0 on [0,T]x M

(u(0),8pu(0)) = (uo,ua). (1.17)

vérifie E(u)(t) < Ce " E(u)(0).

Pour prouver ce théoréme, il faut encore prouver une inégalité d’observabilité et on
utilise la méthode de compacité-unicité. Le fait de supposer en plus que les données
initiales sont petites dans L? x H~! est en fait l’ingrédient qui va nous permettre de
ne pas avoir a démontrer que la limite est nulle. On ne montre ainsi qu'une inégalité
d’observabilité faible (avec un second membre dans la norme L? x H~' en plus de
I'observation) et on est ramené au probléme de la compacité. Comme on ’a précisé
auparavant, la linéarisabilité (voir section 1.1.2.5) est fausse en toute généralité et on
est amené a établir une décomposition en profils de type [6] sur une variété.

Cependant, comme les dilatations n’ont pas de vrai sens sur une variété, on définit
une onde de concentration de la maniére suivante. On a besoin de plusieurs parameétres :
— la vitesse de concentration : une suite (h,),eny de nombres strictement positifs
tendant vers 0,
— les ceeurs de concentration en espace : ¢’est une suite (2, ),eny de M convergeant
Vers T, qui va étre le lieu de concentration, '
— le profil de concentration : ¢’est un couple de fonctions (¢, ) € (H* x L?*)(T,. M).

On appelle alors données de concentration associées a [(p, ), h,z] la classe
d’équivalence, modulo la convergence dans l’espace d’énergie, des suites ayant pour
expression en coordonnées locales

h 20y () ((,0, hiﬂ) (”“" ;f) +o(l)s (1.18)
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dans un ouvert de carte Uy; =~ U C R? contenant ., et pour une fonction troncature
Uy € CP(U) telle que Yy (z) = 1 au voisinage de . (Ici, on a identifié x,, x., avec
son image dans U).

On va maintenant rajouter le paramétre de ceceur de concentration en temps : c’est
une suite t,, de [=T, T convergeant vers t., qui va étre le temps de concentration.

On appelle alors onde de concentration linéaire (amortie) associée a
[(p,1), h, z,t] une suite de solutions v, de I’équation des ondes (v, + v, = 0 (ou
I'équation Ov, + v, + a(x)dyv, = 0 dans le cas amorti) avec données initiales au temps
t, les données de concentration associées a [(p, ), h, z].

Etant donné une onde de concentration linéaire (amortie), on lui associe son onde
de concentration non linéaire (amortie) vérifiant les mémes données de Cauchy au
temps O :

{ Oy, + up + a(x)Opup + |un|u, =
(unaatun)hf:() = (Umatvn)\tzo-

Il aurait pu paraitre plus logique de la définir comme la solution ayant les mémes données
au temps t,,, ¢’est-a-dire la donnée de concentration, mais cela sera plus pratique ainsi en
vue de I'application que I'on va en faire. Le comportement de ces ondes de concentration
a été étudié par S. Tbrahim [54]. Avec ces définitions, on peut établir le théoréme de
décomposition en profils sur des variétés.

Théoréme 21. Soit (v,)nen une suite de solutions de ’équation de Klein-Gordon amor-
tie
v, + v, + a(z)Opv, = 0
(Una 6tvn)t:0 - (907” wn>

avec (pn,¥,) borné dans E. Alors, quitte o extraire, il existe une suite d’ondes
de concentration linéaires amorties (pU)), associées auzr données de concentration

[(go(j),w(j)),h(j),g(j),z(j)], telles que pour tout | € N*,

l

va(t, ) = v(t,z) + Zpﬁf)(t,x) +w(t, z),
j=1

Tim @
VI >0, nh_{{}o [ "LOO([—T,T],L6(M))OL5([—T,T],L10) P~ 0

l
(vn, )2 = SIS, 009 3 + 1] ?), 000) [ + 0(1), auand n — oo,
j=1

ot o(1) est uniforme pour t € [=T,T).

Le flot non linéaire suit alors cette décomposition, & une erreur petite prés dans la
norme énergie-Strichartz :

wllly = (1wl ooz arary T 100wl oo r2anyy + 10l sz L1oar) -

Théoréme 22. So0it T' < Ttocus/2. Soit (up)nen une suite de solutions de I’équation de
Klein-Gordon non linéaire amortie (1.17) avec données initiales, au temps 0, (on,¥n)
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bornées dans €. Si on dénote pﬁf) (resp. v la limite faible) les ondes de concentra-
tion linéaires amorties données par le Théoreme 21 et q,(f) les ondes de concentra-
tion non linéaires associées (resp. u la solution de l’équation non linéaire associée avec

(u, Op) =g = (v, Opv)1=0). Alors, on a, & extraction pres,

l

un(t, ) =u+ 3 a(tw) + wd (@) +r) (1.19)
j=1
T [Ny 22 0 (1.20)

ou wg) est le méme que dans le Théoreme 21.
Le méme théoréme reste vrai si M est la sphére S® et a =0 (équation non amortie)
sans hypothese sur le temps T

Le résultat plus précis que l'on obtient sur la sphére S? ne sera pas utilisé pour
notre preuve de la controlabilité. Cependant, il donne un exemple d’un cas ol on sait
ce qu’il se passe aprés la refocalisation (étudié dans [54]), ce qui permet d’avoir une
décomposition en grand temps.

Esquisse de preuve de la stabilisation Grace a notre hypothése de petitesse dans
la norme L? x H~!, on est ramené & prouver une inégalité d’observabilité faible pour les
solutions de ’équation non linéaire amortie. On veut prouver, pour des données bornées
en énergie par une constante, I'inégalité :

E(u)(0) < C ( / [ L ol dd )l E(u)(@)) |

La preuve se fait toujours par compacité-unicité, I'unicité étant fournie par le deuxiéme
terme de l'inégalité. On prouve la compacité en deux étapes : dans un premier temps,
on prouve la linéarisabilité et une fois cela prouvé, on sait que la solution est proche
d’une solution linéaire. On peut alors appliquer 'argument linéaire classique, sachant
que la condition de controle géométrique est vérifiée.

La principale étape est donc la preuve de la linéarisabilité. Une fois la décomposition
en profils effectuée (Théoréme 22), cela consiste a prouver que tous les profils sont nuls
et qu’il ne reste dans la décomposition que la solution de I’équation linéaire w,, et un
petit reste. L’argument est alors le suivant : on prouve que dans la décomposition en
profils non linéaires, les énergies de chaque profil se comportent de facon indépendante.
On obtient ainsi que la mesure énergie limite de la suite u, est la somme des énergies
limites de chaque élément de la décomposition (les profils et la partie linéaire). On
déduit alors de I'observabilité que la mesure énergie limite de chaque profil est nulle
sur w. L’hypothése de controle géométrique avant refocalisation et la description des
profils faite par S. Ibrahim [54] vont alors permettre de trouver, pour chaque profil, un
intervalle de temps de longueur L < T¥,.,s pendant lequel le profil ne se concentre pas
et tel que (w, L) vérifie la condition de controle géométrique habituelle. Or, pendant les
temps ot il n’y a pas de concentration, un profil non linéaire se comporte comme la
solution d’une équation d’onde linéaire. On peut donc appliquer les arguments linéaires
habituels sur ce profil particulier et montrer grace a la condition de contréle géométrique
vérifiée par (w, L) que ce profil est nul.
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Esquisse de preuve de la décomposition en profils La démonstration étant re-
lativement longue et technique, on essaie ici d’en donner seulement un apergu, quitte a
faire quelques simplifications. La preuve suit la démonstration de [6] et [48]. Cependant,
deux obstacles viennent s’ajouter : le terme d’amortissement et le fait que 'on soit sur
une variété. Le terme d’amortissement pose plutdt probléme dans la partie linéaire ou
la conservation de I’énergie aidait beaucoup. La géométrie de la variété pose surtout
probléme pour la décomposition non linéaire et a cause des possibles reconcentrations.

Commencons par la décomposition linéaire, Théoréme 21. Celle-ci se fait en deux
étapes.

La premiére consiste en la décomposition de v,, selon ses composantes h,, oscillante ot
h,, sont des suites convergeant vers 0. Grace & une méthode d’exhaustion, on décompose
v, en une somme de solutions linéaires qui oscillent toutes a des fréquences orthogonales
entre elles, dans un sens a préciser. On prouve alors que le reste est petit dans une norme
de Besov plus faible que la norme d’énergie mais qui permettra tout de méme d’avoir
une petitesse dans L>®LY grace a une inégalité de Sobolev précisée.

Ensuite, pour chaque composante oscillant & une fréquence h,, on va chercher les
points de concentration. On va encore utiliser une méthode d’exhaustion qui va en
quelque sorte "traquer" les possibles points de concentration a la vitesse h,, de ’énergie.
Chaque point de concentration produit un profil que 'on extrait. Il faut ensuite prouver
que le reste est de plus en plus petit dans L LS. On déduit alors la petitesse dans L° L'
par interpolation avec une inégalité de Strichartz.

Il reste ensuite & recombiner toutes les décompositions obtenues.

Pour la décomposition non linéaire, Théoréme 22, on veut montrer que les ondes
non linéaires associées a la décomposition linéaire précédente n’interagissent pas entre
elles. Il faut pour cela, dans I'étape de décomposition linéaire, avoir prouvé que, pour
chaque profil, les points de concentrations et les suites x,, qui convergent vers eux sont
orthogonaux, dans un sens & préciser. Ensuite, il faut prouver que deux profils non
linéaires ayant des points de concentration orthogonaux n’interagissent pas. On a alors
ici besoin de facon cruciale de la description des ondes de concentration sur des variétés
effectuée par S. Ibrahim [54]. Celui-ci prouve que si on suppose T < Tfoeus, alors les
ondes de concentrations ne vont pas se reconcentrer. Il donne alors leur comportement
précis. Prés de I'unique point et temps de concentration, I’onde de concentration non
linéaire sera proche d’une onde de concentration non linéaire sur R3, alors que dés que
I’on est loin du temps et du point de concentration, la solution est proche d’une solution
linéaire. Grace a cette description précise, on prouve que les ondes de concentrations
évoluent indépendamment. Or, le terme w!, étant petit dans L°L1°, il va étre linéarisable
et évoluera linéairement. On obtient finalement que le reste r{ dans la décomposition
est petit pour [ grand.

1.1.5.3 Problémes ouverts et perspectives

Le théoréme que 'on a prouvé est un théoréme haute fréquence et nécessite des
données petites dans une norme plus basse que la norme d’énergie. Cependant, la méme
méthode pourrait étre appliquée pour obtenir un théoréme de controlabilité globale en
grand temps et achever la stratégie de compacité-unicité. Il resterait seulement a prouver
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un théoréme de prolongement unique de la forme :

u = 0 est I'unique solution forte dans I’espace d’énergie de

Ou4u+|ufu = 0 sur [0,T] x M
Ou = 0 sur [0,7] X w.

Des théorémes de prolongements uniques permettent d’atteindre les non-linéarités cri-
tiques (voir par exemple [59]) mais avec la condition wy, = 0 au lieu de dyu, = 0. La
preuve d’un tel théoréme de prolongement unique serait donc d’un grand intérét.

L’autre question qui demeure est évidemment de se demander si ’hypothése géomé-
trique supplémentaire que 1'on a imposée sur w est vraiment nécessaire. Pour cela, il
faudrait plusieurs avancées. D’abord, il faudrait comprendre ce phénoméne de refocali-
sation pour des variétés générales. Pour la sphére, on comprend bien ce qui se passe :
les solutions de données qui se focalisent au pole sud se refocalisent au poéle nord avec le
méme profil qu’au départ (ou obtenu par une transformation linéaire simple). Or, pour
d’autres variétés, les phénomeénes de refocalisation peuvent étre bien plus complexes.
Un faisceau de géodésiques partant d’'un méme point peut se refocaliser partiellement
en un point pour un temps alors qu’une autre partie se refocalisera ailleurs et en un
autre temps. Sur ces géométries, la compréhension des solutions de I’équation des ondes
linéaires associées a des profils reste trés partielle.

Méme pour la sphére ot on comprend bien le comportement des profils linéaires, on
ne saurait pas conclure sur la nécessité de notre hypothése géométrique supplémentaire.
En effet, le comportement avant et aprés focalisation est trés lié 4 'opérateur non linéaire
de scattering sur R? (on renvoie & la remarque 5.0.1 du chapitre 5 pour une discussion
A ce sujet).

1.2 Controle bilinéaire

Le controéle bilinéaire est un domaine qui a récemment connu un fort intérét, notam-
ment pour les nombreuses applications qu’il a dans des problémes physiques concrets.
Ce sont des situations qui arrivent typiquement lorsqu’on fait agir un laser sur un sys-
téme quantique. Le systéme modéle qui nous intéressera (méme si on traitera d’autres
cas par la suite) est alors ’équation de Schrodinger

10 (t, x) + OX(t, x) = —u(t)u(x)Y(t, x). (2.21)

a laquelle on peut par exemple ajouter les conditions de Dirichlet au bord. On veut
agir sur notre systéme par un terme de potentiel u(t)u(z)w (¢, z) qui a donc un profil
fixe pu(z) dont on ne peut modifier que 'amplitude u(¢). On a ainsi beaucoup moins de
marge de manceuvre que dans le controle interne o, pour tout temps ¢, on avait le choix
d’une fonction de controle g(¢,x) définie sur un ouvert w. Ici, pour chaque temps ¢, on
n’a que le choix d’un réel u(t). Remarquons que c’est aussi la situation dans laquelle on
se trouve pour le controle au bord en dimension 1.

Pour des raisons physiques, on se limitera a des potentiels u(x) et des controles wu(t)
a valeurs réelles de sorte qu’il y ait conservation de la norme L2. On se limitera donc a
un controle dans la sphére unité S de L2.
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1.2.0.4 Résultats antérieurs et méthode générale

Un des premiers résultats significatifs concernant le controle bilinéaire n’est a vrai
dire pas trés encourageant, c’est le résultat négatif de Ball-Marsden-Slemrod |[7].

Théoréme 23. Soit X un espace de Hilbert de dimension infinie. Soit A le générateur
d’un semi-groupe continu d’opérateurs bornés sur X et B un opérateur linéaire borné
sur X. Soit xg € X. Si, pour u € L}, ([0,00[,R), z(t,u,x) désigne la solution de

loc

{r(t) = Az +u(t)Bx
z(0) = zo

alors l'ensemble S(xq) des points atteignables a partir de xo,

S(xg) :={x(t,u,x0) : t > 0,7 > 1,u € L, .([0,00,R)}

est contenu dans une réunion dénombrable de sous ensembles compacts de X. En parti-
culier, il admet un complémentaire dense dans X.

Pour un systéme conservatif comme Schrédinger avec p réel, 'ensemble atteignable
est de complémentaire dense dans S.

La preuve (pour T fixé et u borné) consiste & remarquer que si u,, converge faiblement
vers u dans L'([0,T],R), alors z,, = 2(T, u,, xg) converge fortement vers x = x (T, u, z()
dans X. Pour le vérifier, on écrit pour r, = x, — x

ra(t) :/0 (un(s) —u(s))e(t_s)ABx(s)ds—i—/O un(s)e "4 Br,(s)ds.

Le premier terme tend fortement vers 0 dans X par convergence faible de u, et on
conclut la convergence forte par le lemme de Gronwall.

On verra a la Remarque 1 ce qui fait échouer cette preuve dans le cas qui nous
intéresse et permet alors la controlabilité.

Pour le controle bilinéaire de 'équation de Schrodinger, A sera I'opérateur 192 de
Dirichlet et B T'opérateur de multiplication par un potentiel iu(x). On constate a ce
stade que si la multiplication par p agit sur ’espace dans lequel on raisonne, on ne peut
pas avoir controlabilité exacte dans cet espace. Pourtant, ce résultat négatif n’est pas
sans espoir.

Une premiére approche consiste a se dire que le résultat précédent n’empéche pas
la controlabilité approchée. Ainsi, de nombreux résultats récents vont dans cette direc-
tion, parfois avec des techniques mathématiques trés différentes. Citons par exemple le
résultat de V. Nersesyan [72| qui utilise un terme de stabilisation vers I'état fondamen-
tal et celui de T. Chambrion, P. Mason, M. Sigalotti et U. Boscain [33] qui utilise les
propriétés de controlabilité des approximations de Galerkin du systéme. Bien que ceci
soit d’un grand intérét pratique et améne a de nombreux problémes trés intéressants,
nous ne suivrons pas cette approche dans la suite de la thése.

Une deuxiéme approche, si on insiste pour avoir un contrdle exact, consiste a se
dire que le résultat négatif de Ball-Marsden-Slemrod pourrait étre di & un mauvais
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choix d’espace fonctionnnel. Le théoréme affirme que, si B est borné sur X, 'ensemble
atteignable, en un temps 7" et pour des controles bornés, est compact dans X. Mais rien
n’empéche & cet ensemble de contenir par exemple une boule dans une norme plus fine
(intersectée avec la sphére unité de X). Cependant, pour ne pas étre dans le cadre du
théoréme 23, 'opérateur B doit étre "irrégulier" pour cette topologie. Par exemple, si
on consideére un potentiel p régulier mais avec des mauvaises conditions au bord, cet
opérateur agit sur ’espace H(QO) (domaine du Laplacien de Dirichlet Ap) mais pas sur
Vespace Hiy) = D((=Ap)*/?). On pourrait donc espérer avoir controlabilité dans H,,
dont la boule unité est bien compacte dans H (20). Cependant, la difficulté est que comme
le potentiel p ne doit pas étre borné sur HE’O), on se dit que I’on va avoir du mal & avoir un
probléme de Cauchy bien posé. On est donc coincé entre deux problémes : si le potentiel
est trop régulier, le théoréeme de Ball-Marsden-Slemrod empéchera la controlabilité, s’il
n’est pas assez régulier, le probléme de Cauchy sera mal posé.

La premiére solution & ce premier probléme de régularité a été résolue par Karine
Beauchard [10] et a consisté a utiliser le théoréme de Nash-Moser (voir par exemple le
livre de Serge Alinhac et Patrick Gérard [1] pour une présentation pédagogique). Ce
théoréme permet d’obtenir un théoréme d’inversion locale lorsqu’un opérateur présente
des pertes de dérivées par rapport a son linéarisé en un point. Cependant, il nécessite
de trés longs calculs et ne fournit pas les régularités optimales. Précisons a ce stade
que le principal apport de cette thése pour ce probléme (écrit en collaboration avec
K. Beauchard) consiste & se passer de ce théoréme grace un effet régularisant : on va
prouver que le probléme de Cauchy est bien posé sur H?o) avec un choix de pu tel que

celui-ci ne soit pas borné sur H(So)~

Précisons a présent un peu plus les résultats et les méthodes qui avaient été
employées. ; désigne ici la premiére fonction propre du laplacien de Dirichlet sur

| —1/2,1/2].

Théoréme 24 (K. Beauchard [10]). Soit ¢1, ¢o € R. Il existe T > 0 et n > 0 tels que
pour tout vy, V5 dans SN H(70) (] —1/2,1/2]) satisfaisant

|0 — €@ r <ms ||tor — € n]| 1 <,

il existe w € HY(]0,T[,R) telle que la solution de

iaﬂ#(t,ﬂ?) = —%5§¢(t,$) - u(t):mp(t,a:)
U(t,—1/2) = (¢, 1/2) =0
¢<O,SL’) = ¢0<SL’)

satisfasse Y(T') = 1y.

Décrivons d’abord la méthode générale de preuve. On se placera sur un intervalle
borné avec des conditions de Dirichlet. On notera ¢y, A\g, k € N* les fonctions et valeurs
propres de 'opérateur —92,

Observons d’abord que la fonction O : u — ¥ (T') on 9 est la solution de (2.21) avec
condition initiale ¢y, est non linéaire. Donc, méme si les équations que 1'on considére
sont linéaires, le probléme de controle ne 1’est pas. La méthode consiste a regarder le
linéarisé prés de la trajectoire ¢y (¢, ) = e~ ™!y, correspondant & u = 0. Notons que
comme I’équation conserve la norme L2, 'opérateur linéarisé a nécessairement son image
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contenue dans le plan tangent de la sphére unité S de L? au point ¢ (T') et ne peut pas
étre surjectif. Or, comme on ne cherche a controler que des données dans S, on n’aura
besoin que de la surjectivité de la projection sur le plan tangent. On ne précisera plus
ce détail par la suite.

Le linéarisé prés de la solution v s’écrit dO7(0) - v = W(T') ou ¥ est solution de
1% = =020 —v(t)p(a)er, x € (0,1),t € (0,7),
0

U(t,0) =W(t1) =0, (2.22)
U(0,z) =0,

de sorte que l'on ait

o T
\II(T) = ZZ([LSOI, gpk> (/ 'U(t)elo\k_Al)tdt) e_i)\kTgOk.
0

k=1

La surjectivité (modulo la projection sur le plan tangent) de cet opérateur se rameéne

i, T
alors & un probléme de moments. Etant donné une suite dj,_1(V;) := %
Wp_1 = A\x — A1, existe-t-il une fonction v(t) telle que fOTv(t)e“’f = d;? Sous des

hypothéses de gap sur les \;, un théoréme d’Ingham fournit alors une solution & ce
probléme. On obtient typiquement

Lemme 1. Soit T > 0 et (wg)ken une suite strictement croissante de [0,400) telle que
wo =20 et
W1 — Wi — +00 quand k — 4o00.

Alors il existe une application continue

L: RxN,C) — L*(0,T),R)

d=(dp,d) + L(d)

telle que, pour tout d = (dp)reny € R x I?(N*,C), la fonction v := L(d) vérifie

T
/ v(t)e™“*dt = dy,Vk € N.
0

Donc, si on veut que le linéarisé soit surjectif de L*([0,T]) dans H{,), il faut avoir
d(Vy) € I? dés que Wy € Hi) et donc

i
k3

&)

< Kpprs oi)| < 73,k € N (2.23)

Cependant, dans les cas oul cette condition est vérifiée, la régularité de p ne sera pas
suffisante pour que la multiplication par u agisse sur I’espace de résolution (par exemple,
I'inégalité empéche que 1'on ait u € H(?’O)).

La preuve consiste alors a appliquer un théoréme d’inversion locale pour montrer
que le controle non linéaire O est localement surjectif. Dans [10], pour compenser
le manque de régularité apparent du systéme non linéaire par rapport au linéarisé,
I'inversion locale est prouvée par une variante du théoréme de Nash-Moser. Celui-ci
nécessite la construction d’inverses du linéarisé dans différents espaces et en différents
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points. La preuve est trés complexe et donne un controle dans des espaces non optimaux.
La méthode décrite dans cette thése a la sous-section suivante, permet d’éviter ces
problémes.

Pour I'instant, on a décrit la méthode de preuve quand 'hypothése (2.23) est vérifiée.
Le chapitre 6 restera dans ce cadre. Cependant, elle n’est pas vérifice dans le théoréme
24 avec p(xr) = z. Par souci de complétude, décrivons rapidement les méthodes qui
permettent de surmonter ce probléme. On référe au livre de Jean-Michel Coron [38]
pour une présentation générale de ces techniques ainsi que pour I'application précise au
probléme du controle bilinéaire.

Dans [10], K. Beauchard utilise la méthode du retour introduite par J-M. Coron. Elle
consiste a trouver une meilleure trajectoire aupreés de laquelle le linéarisé sera controlable.
1l s’agit alors de la trajectoire e 17ty o (avec u = ) ol ¢, est la premiére valeur
propre de lopérateur —9? — yz. Une inégalité du type (2.23) est alors vérifiée pour
v > 0 assez petit. Le théoréeme de controlabilité local donne alors des voisinages Vg, Vi
de 1, et e719Tp; - pour lesquels on sait amener toute donnée de V; a une donnée de
Vr. Ensuite, auteur trouve, par des transformations quasi-statiques, des controles qui
aménent un voisinage de e vers Vj et d’un sous ensemble de Vi vers un voisinage
de 1€, Finalement, on peut donc aller d'un voisinage de ¢1€'* & un voisinage de
1€, Notons que l'on a alors un contréle local en temps grand malgré la vitesse infinie
de propagation. Il a été montré par J-M. Coron [37] qu'un temps minimal est nécessaire
si on cherche en plus & contréler la position et la vitesse du puit de potentiel.

On peut aussi mentionner le résultat presque global de K. Beauchard et J-M. Coron
[13] qui est démontré grace a des résultats locaux prés de trajectoires périodiques. Il
prouve que 'on peut passer d’un voisinage d’une fonction propre a un autre.

On donne un apercu de la technique pour passer du mode propre ; au mode ¢s. On
note ¥ (t) = e"™tp; (idem pour ¥ (t)) la trajectoire libre avec u = 0. Pour 6 € [0, 1],
on remarque que les fonctions f3(t) = /1 — 0y (t) + V0is(t) sont des solutions libres
périodiques (u = 0) dans la boule unité de L?. Cela constitue donc un chemin reliant ¢,
a (o avec des solutions libres. Les auteurs parviennent alors & montrer la controlabilité
locale pres de chaque trajectoire. Par compacité, cela permet alors de passer de 1 & ¢
par des controles successifs.

Notons aussi que dans la preuve de [13], lorsque les auteurs prouvent le controle
local prés d’une trajectoire fy, 0 €]0, 1], le linéarisé n’est pas controlable : 'image est de
codimension finie et ils doivent utiliser un développement a 'ordre 2 pour récupérer les
dimensions manquantes.

On peut ici faire le lien avec le chapitre 3 de cette thése sur le contréle interne
de NLS. On obtient aussi un résultat de controlabilité globale & partir de résultats de
controlabilité prés de trajectoires. Ainsi, & chaque étape, on fait un controle prés d’une
trajectoire qui va nous faire baisser 1’énergie. Dans la méthode de Beauchard-Coron, le
paramétre 6 joue alors le role de ’énergie que 'on utilisait pour NLS.

Pour d’autres équations, le linéarisé n’est controlable que pour un temps suffisam-
ment grand. Cela arrive typiquement lorsque le gap spectral nécessaire a l'inégalité
d’Ingham est asymptotiquement minoré par une constante non nulle. C’est par exemple
le cas dans Particle [11] pour 'équation des ondes. De plus, K. Beauchard prouve que
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sur un intervalle de longueur 1 et avec un p vérifiant les conditions appropriées, on a
controlabilité locale pour T' > 2 et cette propriété est fausse pour T' < 2. Pour T' < 2,
I'ensemble atteignable est localement une sous variété non plate (et de codimension
infinie). La non-controlabilité n’est donc ici pas due & un mauvais choix d’espace fonc-
tionnel.

Pour conclure cette section, on peut préciser que dans tous ces résultats, des tech-
niques non linéaires sont venues se greffer a 'argument de perturbation reposant sur le
théoréme de Nash-Moser. L’amélioration que nous avons apportée repose surtout sur la
simplification de ’étape de perturbation du linéaire. Il est trés probable que le gain de
régularité que 'on obtient dans le chapitre 6 s’étende a ces problémes o le linéarisé
n’est pas controlable, en particulier ceux décrits précédemment.

1.2.0.5 Résultats principaux de la thése

Comme précisé dans la sous-section précédente, le résultat principal de cette thése
pour le contrdle bilinéaire, contenu dans I'article [14] écrit avec Karine Beauchard, est
la découverte d’un effet régularisant qui permet d’éviter 'utilisation du théoréme de
Nash-Moser. Pour étre plus précis, on prouve que le probléme de Cauchy est bien posé
avec un flot C! sur H 630) avec un p € H3, avec éventuellement des conditions au bord non

homogeénes. Ainsi, on peut trouver des u € H? (donc on aura un flot C') qui vérifient les
conditions (2.23) (donc le linéarisé sera inversible de L?([0,7]) dans H{)). La stratégie
est alors simplement d’appliquer le théoréme d’inversion locale classique.

La multiplication par p n’est alors plus bornée sur H(?’O), donc ce n’est pas en contra-
diction avec le théoréme de Ball-Marsden-Slemrod. Notons que si on considére la régu-
larité H(QO), la multiplication par u est bornée et ce résultat négatif s’applique. H (30) est
donc la régularité optimale.

Pour Schrédinger, on obtient alors des résultats dans les espaces optimaux et sans
restriction sur le temps. De plus, la méthode est suffisamment robuste pour qu’on I'ap-
plique a d’autres situations y compris non linéaires : cas de données radiales sur une
boule 3D, équation de Schrédinger non linéaire sur un intervalle et équation des ondes
non linéaire sur un intervalle.

Dans chaque cas, on montre que la version adaptée au probléme de 'hypothése (2.23)
est générique, et on présente des potentiels u explicites et simples qui la vérifient.

Equation de Schrédinger

1% (t, ) = —95(t, x) —u(t)p(@)p(t,z),x € (0,1),t € (0,T),
{ Y(t,0) =(t,1) =0, 8 (2.24)

On note A = =92 le Laplacien de Dirichlet et Hfy = D(A*?). Le gain de régularité
dont on a parlé & la sous-section précédente est contenu dans le lemme suivant.

Lemme 2. Soit T > 0 et f € L*((0,T),H* N HY). Alors, la fonction G : t —
f; e 45 f(s)ds appartient o C°([0,T), H(?’O)), et de plus

”GHLOO((O,T),H?O)) < a(D) Il 20,1y, 130 H2) (2.25)
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ot les constantes c1(T') sont bornées uniformément pour T borné.

L’intérét de ce lemme réside dans le fait que I'on n’a pas fait d’hypothése sur les
conditions au bord de f. La preuve, trés élémentaire, consiste a faire des intégrations
par parties nécessaires pour avoir deux termes : la dérivée troisiéme et les termes de
bord. L’estimation des termes de bord utilisera alors une sorte de moyennisation due
aux oscillations.

Notons que 'on peut obtenir la méme version du théoréme au niveau H' et obtenir
la régularité H}. On a ici décalé de deux dérivées pour le besoin des applications.

Le théoréme pour le controle linéaire est alors le suivant. C’est un controle local prés
de la trajectoire 1, = e~y correspondant & 1’état fondamental.

Théoréme 25. Soit T > 0 et p € H*((0,1),R) tel que

c *
de > 0 tel que =] < [{pepr, r)|, Yk € N*. (2.26)

Il existe 6 > 0 et une application C*
r: Vr — L*(0,7),R)

ot
Vr = {¢y € SN Hig)((0,1), C); ||y — ¢ (T)| s < 03,
telle que, I'(1(T)) = 0 et pour tout ¢y € Vyp, la solution de (2.24) avec condition initiale

¥(0) = @1 (2.27)
et avec le controle uw =T'(1f) satisfasse a Y(T) = hy.

Il y avait un théoréme similaire dans [10] mais avec une régularité et un temps non
optimaux, et surtout une preuve bien plus complexe.

Remarque 1. Il est intéressant de se demander ce qui ne fonctionne plus dans la
preuve de Ball-Marsden-Slemrod dans notre cas précis. Si on suit cette preuve, on doit
prouver que 8t u, — u dans L*([0,T)]), alors fOT e~ A (u, — u)w dr converge vers
0 dans H(30) (on garde les notations introduites juste apres l’énoncé du Théoréme 23).

—iAit

Pour simplifier, on prend p = 0 et wy = @1 de sorte que x = e ©1. On prend alors

U, = AFA et T =2 /1 de sorte que

2/m )
/ e‘“‘@/ﬁ”)u(un —ww dr = 2/7T€_2A"/7r (11, n) on
0

qui ne converge pas vers 0 dans H(?’O) vu Uhypothése (2.23) faite sur p.

En utilisant la description explicite (et le fait que le comportement est moralement
unidimensionnel), on obtient un résultat similaire pour des données radiales de la boule
en dimension 3. Le raisonnement est ici simplifié par la connaissance explicite des va-
leurs propres du Laplacien. Il est trés probable qu’un résultat semblable puisse étre
obtenu dans d’autres dimensions n < 5 (pour que H? soit une algébre) en utilisant une
asymptotique des zéros des fonctions de Bessel.

De plus, la meilleure compréhension du probléme de Cauchy nous permet d’obtenir
un théoréme avec des controles plus réguliers si les données le sont.
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Théoréme 26. Soit T > 0 et p € H°((0,1),R) tels que (2.26) soit vérifiée. Il existe
d > 0 et une application C*

L: Vr — HN0,T),R)
br = T(¥y)
ou
Vr = {¢y € SN Hy((0,1),C);i by — ¥u(T) s < 8},
tels que I'(¢1(T)) = 0 et, pour tout V¢ € Vr, la solution de (2.24), (2.27) avec contrile
u="T(¢y) satisfasse a Y(T') = 1y.

En fait, dans la preuve de ce théoréme, on prouve que la solution vérifie Ay (t) —

u(t)pp(t) € C°([0,T], Hfy)- ¢(t) est donc bien dans H([0,1]) pour tout temps mais
pas dans H, (50) (]0,1[). Les valeurs au bord de la solution peuvent d’ailleurs étre calculées

en fonction de u(t) et des valeurs au bord de p.

Bien stir, on peut poursuivre la stratégie aux ordres supérieurs pour prouver la
controlabilité locale autour de I’état fondamental
— dans H;(0, 1) avec controle dans Hg((0,7),R),

— dans H{ (0, 1) avec controle dans Hg((0,T),R), etc.

Equation de Schrédinger non linéaire La méthode s’applique aussi a des équations
non linéaires. En effet, comme on travaille avec des grandes régularités pour lesquelles
H? est une algébre, le terme non linéaire pose peu de problémes tant qu’on ne fait que
des raisonnements locaux prés de trajectoires bien définies. Commencons par I’équation
de Schrodinger non linéaire.

i2(t,x) = =54 (t,2) + [YPP0(t,2) — u(t)u(x)v(t,z),z € (0,1), € (0,T),
{ %(t,@) = g—f(%) = 0. (2.28)

Ici, le choix de conditions au bord de Neumann nous permet d’avoir sous la main une
trajectoire simple (¢yer(t, ) := € ter(t) = 0). On aurait aussi pu choisir le signe "—"
devant la non linéarité, correspondant au cas focalisant. Cela aurait juste changé un peu
le raisonnement sur le linéarisé puisqu’il peut arriver des cas ou certaines fréquences
n’oscillent plus mais sont dissipées.

On obtient alors le théoréme de controéle local suivant.
Théoréme 27. Soit T >0 et p € H*(0,1) tels que

1
de > 0 tel que ‘/0 p(x) cos(krz)dr| > mﬁk e N. (2.29)

Il existe n > 0 et une application C*
I:Vr— L*((0,T),R)

ot
Vr = {¢y € SN H*(0,1);95(0) = ¥3(1) = 0 et [y — e ||z < n}
telle que, pour tout vy € Vp, la solution de (2.28) avec condition initiale

b(0,2) =1,V € (0,1) (2.30)
et controle u:=T'(yy) est définie sur [0,T] satisfait Y(T') = 5.
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Equation des ondes non linéaire I’équivalent du lemme 2 adapté a I’équation
des ondes est aussi vérifié. Cela permet alors de prouver un théoréme de controle pour
I’équation des ondes non linéaires. On choisit une non-linéarité telle que la fonction
constante égale a 1 soit solution et telle que le linéarisé soit ’équation des ondes libre.
On obtient alors le controle local sous des hypothése sur p de type (2.29). Comme dans
l'article de K. Beauchard [11]| pour I’équation linéaire, un temps plus grand que 2 est
nécessaire pour le controle sur un intervalle de longueur 1.

1.2.0.6 Questions, problémes ouverts et perspectives

La premiére question que 'on peut se poser est la généralisation de ces théorémes
a des dimensions supérieures. Or, les situations que 'on a présentées ont toutes en
commun ’existence d’un gap spectral qui n’est pas garanti en dimensions supérieures.
L’article de K. Beauchard, Y. Chitour, D. Khateb et R. Long [12]| analyse le linéarisé
de I’équation en dimensions 2 et 3 et explore la notion de controlabilité spectrale. Les
résultats en dimension 3 semblent trop négatifs pour espérer avoir un controle sur le
systéme non linéaire. Cependant, en dimension 2, la formule de Weyl peut faire espérer
un comportement du type de celui qu’on a décrit pour ’équation des ondes avec I'exis-
tence d’un temps minimal. Le fait de comprendre la structure des données atteignables
constitue en tout cas une question intéressante (mais sans doute difficile).

Pour Péquation des ondes (linéaire on non linéaire) sur un intervalle de longueur
1, on obtient donc un résultat de controle ou le temps minimal est 2. Les résultats
de K. Beauchard [11] montrent que, au moins si on se limite & un controle local, ce
temps est optimal. L’interprétation de ce résultat n’est pas si évidente. On peut, dans
un premier temps, se dire qu’il est naturel qu’il y ait un temps minimal de contréle pour
I’équation des ondes a cause de la vitesse finie de propagation. C’est d’ailleurs le cas pour
le controle au bord de I’équation des ondes. Cependant, dans le controle bilinéaire, le
controle apparait distribué sur tout I'intervalle. D’autre part, pour le contréle interne des
ondes distribué sur tout I’espace, on n’a pas de temps minimal. Une premiére explication
que l'on pourrait donner est que d’aprés le résultat de Ball-Marsden-Slemrod [7] discuté
précédemment, on ne peut avoir controle que si le potentiel est dans un certain sens
singulier. Dans notre cas, la singularité provient alors des conditions au bord non nulles
du potentiel qui permettent d’avoir la condition (2.29). Heuristiquement, on a donc
envie de dire que, en fait, on controle "par le bord". Seule la singularité au bord que
I’on introduit par notre potentiel permet d’atteindre des données hors d’'un compact de
I’espace ot on controle.

Le temps 2 est exactement le temps de controle géométrique pour un controle au
bord a partir d'un seul coté. Notre situation semble donc proche du controle au bord des
ondes a partir d’un seul coté et fournirait une explication pour le temps minimal 2. Cette
explication parfaitement heuristique n’a absolument aucun fondement mathématique
et ne constitue qu’une tentative d’interprétation de ce temps 2. Il serait intéressant de
trouver une vraie justification géométrique de ce temps 2, par exemple par la propagation
du front d’onde.

Remarque 2. Dans le but d’homogénéiser les notations de l'introduction, nous avons
changé quelques notations par rapport aux chapitres correspondant aux articles de la
these. Voici les changements notables :
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~ dans le chapitre 4, on écrira X, 5 au lieu de X*° avec un ordre inversé des indices.
— dans le chapitre 4, la fonction de troncature ne sera pas a(x) mais g(x) et 'opé-
rateur pour le contréle ne sera pas A mais G.
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Ce chapitre est la reprise d’un article publié dans le journal ESAIM : Control, Op-
timisation and Calculus of Variations [15].

Introduction

In this article, we study the stabilization and exact controllability for the periodic
one-dimensional nonlinear Schrodinger equation (NLS).

: 2, _ 2 1
{zatu—i-@xu = Mul*u on [0,+oo[xT (0.1)

w(0) = € LA(TY)
with \ € R.

The well posedness in such a low regularity was proved by J. Bourgain [3]. The proof
uses the so called Bourgain spaces X*® to get local well posedness and the conservation
of the L? mass for global existence.

The aim of this article is to prove exact internal controllability of system (0.1) in
large time for a control supported in any small open subset of T'. We also extend these
results to |0, 7[ with Dirichlet or Neumann boundary conditions. The strategy follows

64
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the one of B. Dehman, P. Gérard and G. Lebeau |7] where exact controllability in H' is
proved for defocusing NLS on compact surfaces. Our result differs from this one because
we obtain a control at a lower regularity. This allows to consider the focusing and
defocusing equation and to use a different stabilization term, which seems more natural.
Moreover, if the Cauchy data are smoother, that is H* with s > 0, the control we build
on L? keeps that regularity, without any assumption on the size in H*. Yet, in this low
regularity, Strichartz inequality of [5] does not provide uniform well posedness, and this
forces us to use X*? spaces. These spaces are also used in the prior and independent
paper of L. Rosier and B. Y. Zhang [21| where they obtain results of local controllability
near 0 for the same problem.

The strategy is first to prove stabilization and to combine it with local exact control-
lability near 0 to get null controllability. Then, we remark that the equation obtained
by reversing time fulfills exactly the same properties and this allows to establish exact
controllability.

Let a = a(z) € L*°(T?) real valued, the stabilization system we consider is

{ i0u+ 0*u+ia*u = Aul*u on [0,7] x T! 0.2)

u(0) = wuy € LA(T).

The well posedness of this system will be proved in Section 2.2 and we can check that
it satisfies the mass decay.

()2 — [u(0)]2 = —2 / Jau(r)|2 d. (0.3)

Our theorem states that we have an exponential decay.

Theorem 2.0.1. Assume that a(x)®> > n > 0 on some nonempty open set. Then, for
every Rg > 0, there exist C' > 0 and v > 0 such that inequality

lu@)l 2 < Ce Jluoll ¢ >0

holds for every solution w of system (0.2) with initial data uy such that ||uol| ;2 < Ro.

Then, as a consequence of stabilization and local controllability near 0 established
in Section 2.3, we obtain the following result.

Theorem 2.0.2. Let 1/2 < b < 5/8. For any nonempty open set w C T and Ry > 0,
there exist T > 0 and C > 0 such that for every ug and uy in L*(T') with

[uoll 2 < Ro and  [[u]l 2 < R
there exists a control g € C([0,T], L?) with 9]l oo jo.77,22) < € supported in [0,T] x w,

such that the unique solution u in X%b to the Cauchy problem

~ 2, _ 2 1
{z@tu—i-(?xu = AMulfu+g on [0,7]xT (0.4)

w(0) = wug € LA(T)

satisfies u(T) = ;.
Moreover, if ug and uwy € H®, with s > 0, one can impose g € C([0,T], H®).
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We deduce the same results on L?*(]0, [) with the Dirichlet (respectively Neumann)
Laplacian. To accomplish this, we use the identification of D(—Ap) (resp. D(—Ax))
with the closed subspace of H?(R/27Z) of odd (resp. even) functions. We only have to
check along the proof that the control we build on T' = R/27Z remains odd (resp. even)
if ug is so. The propagation of regularity for the control takes the form : if uy € D(—A%),
then one can choose g € C([0,7], D(—A%,)) (and similarly for Ay).

The continuity in time for g is obtained with time cutoff at each stage : the stabi-
lization term is brought to 0 and the local control we build is identically zero at initial

and final time. For example, if uy and u; are assumed in C*°, it allows to impose v and
g in C=([0,T] x T").

The independence of C, v and the time of control T" on the bound R, are an open
problem. Yet, it is an interesting fact that even if we want a control in H?®, the time of
controllability only depends on the size of the data in L?. However, it is unknown whether
there is really a minimal time of controllability. This is in strong contrast with the linear
case where exact controllability occurs in arbitrary small time and the conditions are
only geometric for the open set w. For example, exact controllability is known to be
true when Geometric Control Condition is realized, see G. Lebeau [16], but also for any
open set w of T", see S. Jaffard [13] and V. Komornik [14]. N. Burq and M. Zworski
|6] also proved the equivalence with a resolvent estimate. Moreover, some recent studies
have analysed the explosion of the control cost when 7" tends to 0 : K.- D. Phung [20]
by reducing to the heat or wave equation, L. Miller [18] with resolvent estimates, G.
Tenenbaum and M. Tucsnak [23] with number theoretic arguments.

Let us now describe briefly the main arguments of the proof of Theorem 2.0.1 and
2.0.2. First, the functional spaces used are the Bourgain spaces which are especially
suited for solving dispersive equations. In our problem, we use some multilinear estimates
in X*° (see the definition in Section 2.1). The first step is the following estimate for
b > 3/8, uniformly for T < 1

||u||L4([0,T]><’]I‘1) <C HUHX;b : (0.5)

This was first proved by J. Bourgain in [3]. A simpler proof, due to N. Tzvetkov, can
be found in the book of T. Tao [22| p 104. This allows to prove multilinear estimates in
X*? as follows.

Lemma 2.0.1. For every s > 0, b,b/ > 3/8, there exists Cs independent on T' < 1 such
that for u and @ € X3, we have

IN

2
el ov < Clllens ull oo (0.6)

~1D ~ 2 ~ 112 ~
llufu — fifa] v < C (||u|\X;,b + ||u||X;,b) = @l (0.7)

This type of multilinear estimates was introduced in [3], but we refer to [4] p 107
where the estimates we need are stated during the proof of Theorem 2.1 chapter V. In
the Appendix, we recall the proof and precise some dependence in s of the estimates.

We prove the control near 0 by a perturbative argument near the one of E. Zuazua
[24]. We use the fixed point theorem of Picard to deduce our result from the linear
control. The propagation of H® regularity from the state to the control is obtained using
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this property for the linear control and a local linear behavior. The idea comes from
the work of B. Dehman and G. Lebeau [8] about the wave equation where only some
smallness on a finite number of harmonics is required. A notable fact in our case is that
no assumption of smallness is made on the H* norm. We only need the L? norm to be
small. Yet, to obtain a bound independent on s, we have to make some estimates with
constants independent on s. This will only be possible up to weaker terms, but this will
be enough to conclude.

The proof of stabilization is more intricate. In a contradiction argument, following B.
Dehman, G. Lebeau, E. Zuazua [9] and [7], we are led to prove the strong convergence
to zero in X%b of some weakly convergent sequence (u,,) of solutions to damped NLS. In
[7], the authors use some linearisability property of NLS in H'. Yet, this is false in the
L? case. Moreover, as it was seen by L. Molinet in [19], a weak limit u of solutions of
NLS is in general not necessarily solution of the same equation. So, we have to proceed
a little differently.

We first establish the strong convergence by some propagation of compactness. For
a sequence (u,) weakly convergent to 0 in X3 satisfying

Oty + Oy — 0 in X0
u, — 0 in L*([0,T] X w),

we prove that w, — 0 in L? ([0,7] x T'). As the geometric control assumption is

fulfilled, the propagation of compactness could be proved using microlocal defect measure
introduced by P. Gérard |10], adapting to X*° spaces the argument of [7] inspired by C.
Bardos and T. Masrour [1]. In dimension 1, the microlocal analysis is much simpler and
we have chosen, for the convenience of the reader, to prove it with elementary arguments
(even if the ideas are the same).

Once we know that the convergence is strong, we infer that the limit u is solution to
NLS. We use a classical unique continuation theorem to infer that it is 0.

Proposition 2.0.1. For every T > 0 and w any nonempty open set of T, the only
solution in C>([0,T] x T to the system

i0yu + 0*u = b(t,r)u on [0,T] x T*
u=0on[0,7] X w

where b(t,x) € C>([0,T] x T') is the trivial one u = 0.

This was proved by Isakov [12]| (see Corollary 6.1) using Carleman estimates.

Yet, the weak limit a priori belongs to X%b. Therefore, to apply Proposition 2.0.1,
we need u smooth enough. We prove that a solution of NLS with u € C*(]0,7] X w) is
actually smooth. The proof is an adaptation to the X*° spaces of propagation results
of microlocal regularity coming from |7]. Again, we present it in such a way that no
knowledge of microlocal analysis is necessary, even if the ideas deeply come from this
theory.

Notation Denote D" the operator defined on D’(T') by

ﬁr\u(n) = sgn(n)|n|"u(n) if n#0

= a(0) if n=0. (0.8)
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In this article, b and o' will be two constants, fixed for the rest of the article, such
that 1 > b+ 0, b > 1/2 > ¥/, and estimates (0.6) and (0.7) hold, see Lemma 2.1.3
below for the justification of these assumptions. Actually, we can check that for any
1/2 < b < 5/8, we can find a suitable constant ¢’ with the needed properties.

C will denote any absolute constant whose value could change along the article. Tt
could actually depend on s. Yet, when the dependence on s will be needed, this will be
announced and we will denote C' if it is independent on s and C otherwise.

2.1 Some properties of X*" spaces

We equip the Sobolev space H*(T!) with the norm

lull3. = D%z = [E0)* + > [kI* [ak)*.
k=0

The Bourgain space X*? is equipped with the norm

.y s 2% |2 2
er = O + 3 [ () [ ar
k

lul

2
||u#||Hb(R,HS(T1))

where () = /14 .2, u=u(t,z), t € R, 2 € T, and u#(t) = e~ u(t). 1(r, k) denotes
the Fourier transform of u with respect to the time variable (indice 7) and space variable
(indice k). u(t, k) denotes the Fourier transform in space variable.

X;’b is the associated restriction space, with the norm

lull s = inf {[]]] s | =won[0,T] x T'}.

Let us study the stability of the X*° spaces with respect to some particular operations.

Lemma 2.1.1. Let ¢ € C°(R) and u € X*° then ¢ (t)u € X*P.
If u € X3" then we have 1(t)u € X3,

Démonstration. We write

_ || —itd2
e ot

o =10 iy < Ly < Ol

We get the second result by applying the first one on any extension of u and taking the
infimum. O]

We easily get that D" (using notation (0.8)) maps any X*° into X%, In the case
of multiplication by C°°(T!) function, we have to deal with a loss in X*° regularity
compared to what we could expect. Some regularity in the index b is lost, due to the
fact that multiplication does not keep the structure in time of the harmonics. This
loss is unavoidable : take u, = ¥ (t)e”* et (where ) € C°(R) equal to 1 on [—1,1])
which is uniformly bounded in X°? for every b > 0. Yet, if we consider the operator of
multiplication by €, we get ||e™u,|| o, &~ n’. We can prove that our example is the
worst one.
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Lemma 2.1.2. Let -1 < b <1, s € R and ¢ € C°(T'). Then, if u € X5 we have
o(z)u € Xs~IUe,

Similarly, multiplication by ¢ maps X;’b mnto X;_lbl’b.

Démonstration. We first deal with the two cases b = 0 and b = 1 and we will conclude
by interpolation and duality.

For b =0, X*0 = [?(R, H*) and the result is obvious.

For b = 1, we have u € X*! if and only if

u € L*(R, H®) and i0yu + 0%u € L*(R, H®)

with the norm ,
2 2 .
[ullen = llullp2@ ms + Hz@tu + aiu”L?(R,Hs) .

Then, we have

le@uliess = lloulFammes + [[0:(ou) + 02032 o
¢ (Ilullia(R,Hs,l) + |l (100 + 020) |2 gy
S [CEA R Py

2 : 2 2
C (HUHL2(R,HH) + ||i0u + ag%UHLz(Rqu) + HuHL2(R,H5)>
< Cul

IA

IN

2
Xs1 -

Here, we have used that [p, 9?] = —2(9,0)0, — (02¢p) is a differential operator of order
1. To conclude, we prove that X*® spaces are in interpolation. For that, we consider
X*b as a weighted L2(R x Z, 1 ® §) spaces, where y is the Lebesgue measure on R and
§ is the discret measure on Z. Using the Fourier transform, we can interpret X*? as the
weighted L? space

L? (R X Zywe (1, k)t @ 6)

where w (7, k) = [k[7* (T + k2)* Here, we denote
|k|, = |k| if & # 0 and 1 otherwise. (1.9)

Then, we use the complex interpolation theorem of Stein-Weiss for weighted LP spaces
(see 2] p 114 ) :for 0 <O < 1

(XS’O,XS/’1>[ } ~ L2 <R « Z, ’kl?s(1—0)+2$’0 <7_ + k‘2>29lj, ® 5) ~ Xs(1—0)+s/0,0.
0

Since ¢ maps X*? into X*° and X*! into X* !, we conclude that for 0 < b < 1,
p maps X** = (X0, X*), into (X0, X*~h1), = X*7"" which yields the b loss of
regularity as announced.

Then, by duality, this also implies that for 0 < b < 1, p(x) maps X *t>? into X570,
As there is no assumption on s € R, we also have the result for —1 < b < 0 with a loss
—b = |b|.

To get the same result for the restriction spaces X;’b, we write the estimate for an
extension @ of u, which yields

lpull oo < Nt xomoro < Cllal] xon

Taking the infimum on all the u, we get the claimed result. 0
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We will also use (see [11] or [3])
Lemma 2.1.3. Let U € C°(R) and (b, V') satisfying

1
O<b’<§<b, b+b <1.

If we note F(t (%) fo t)dt', we have for T <1
1Fl e < CT 7 1 fll v

In the futur aim of using a boot-strap argument, we will need some continuity in T’
of the X;’b norm of a fixed function :

Lemma 2.1.4. Let 0 < b < 1 and u in X*° then the function
{ f :]0,7] — R

t— |

X3P
is continuous. Moreover, if b > 1/2, there exists Cy, such that

lim () < Gy |lu(0)

Démonstration. By reasoning on each component on the basis, we are led to prove the
result in H°(R). The most difficult case is the limit near 0. It suffices to prove that if
u € H°(R), with b > 1/2, satisfies u(0) = 0, and ¥ € C°(R) with ¥(0) = 1, then

t . b
\I/(T>UT—_)O>O m H°.

Such a function u can be written fgf with f € H’"'. Then, Lemma 2.1.3 gives the
result we want if u € H"™. Nevertheless, if we only have v € H®, ¥(X)u is uniformly
bounded. We conclude by a density argument. O]

The following lemma will be useful to control solutions on large intervals that will
be obtained by piecing together solutions on smaller ones. We state it without proof.

Lemma 2.1.5. Let 0 < b < 1. If ]ax, by[ is a finite covering of [0, 1], then there exists
a constant C' depending only of the covering such that for every u € X

xS cZy\u\Xfabb

lul

Finally, we have the following Rellich type lemma

Lemma 2.1.6. For every 6 > 0,17 >0, s, b€ R and T > 0, we have
X;‘i"’],b'i‘(s C X;—:b

with compact imbedding.

. R . . . . 492
Démonstration. Using space Fourier transform and working with v/ = e #%uy,, we

are led to prove the compact embedding H**([0,T7, l2 storm ) C Hb([O T), l2 j2¢), where

l2 ke is the discret [? space with the weight (k) . ThlS is an easy adaptatlon of Rellich’s
theorem n
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2.2 Existence of a solution to NLS with source and
damping term

Theorem 2.2.1. Let T > 0, s > 0, A € R and a € C®(T'), ¢ € C(R) taking real
values.
For every g € L*([-T,T), H®) and uy € H®, there exists a unique solution u in X3° to

{ i+ Oju +ip(t)*a(z)*u = Auf*u+gon [-T,T] x T! (2.10)

U(O) = UUGHS.
Moreover the flow map
F oo H(TY) x IA([-T,T), H(TY)) — X,
(Uo,g) = u

18 Lipschitz on every bounded subset.
The same results occur for s = 0 with the weaker assumption a € L*°(T").

Démonstration. It is strongly inspired by Bourgain’s one (see [3], [4] and [11]). First, we
notice that if g € L*([-T,T], H®), it also belongs to X;’fb/ as b’ > 0. We restrict ourself
to positive times. The solution on [T, 0] is obtained similarly. The distinction on the
case s = 0 and s > 0 for the regularity assumption on a will appear along the proof
with the following statement : with the assumptions of the Theorem, multiplication by
a maps X0 = L2([0,T], H®) into itself.

We consider the functional

t
O(u)(t) = e™ug — z/ D% [ i 0%u + X |ul* u + g] (7)dr.
0

We will apply a fixed point argument on the Banach space X;’b. Let ¢ € C§°(R) be
equal to 1 on [—1,1]. Then by construction, (see [11]) :

3 2
|[e®eugl| = 1l suqey ol -
Therefore, for T' < 1 we have
ito2
(S el 1 P
The one dimensional estimate of Lemma 2.1.3 implies
t
Joterm) [ erpmyr|  <ompl
0 X s:b
and then
t
/ ei(t—‘r)ag [—ia2g02u+/\|u|2u—l—g} (T)dT
0 X;ab
< o7t |—ia**u + A ul® u + 9| x5
1-b—b 2 2 2
< CT [ng a’ul xeo T || el ] xev 9| X;,—b’:|
—_b—b 2 _h_p
< O fullggo (L4 ulligo) + T lgllggw . (21)
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Thus
—b—b 2
9z < Cllaalye + C gl + CT Yl oo (14 ull3s)  (232)
and similarly,
~ —b—b' ~ 2 ~ 112
() = B@)] gy < OT' Y u =l o (14 ulfge +12l3g0) - (218)

These estimates imply that if 7" is chosen small enough ® is a contraction on a suitable
ball of X3".

Moreover, we have uniqueness in the class X;’b for the Duhamel equation. To get the
uniqueness in Xé’b for the Schrédinger equation itself, we prove that every solution u in
X3 of equation (2.10) in the distributional sense is also solution of the integral equation.
Let us put

¢
w(t) :e“a%uo—i/ eit-m)% = [—ip’a 2u 4 A ul? u+ g (r)dr.
0
As u € X3°, we have |u|?u € X537 and since b < 1/2, we infer

O {/t e 0% [—ia*p*u+ A lul?u + g] (r)dr
0
= ¢ [—ia®Pu + A |ulu + g] (t)
in the distributional sense which implies that w is solution of
iOyw + 02w + i’ u = Nul*u + g.

Then, r = e "% (4 — w) is solution of &y = 0 and r(0) = 0. Hence, r = 0 and u is
solution of the integral equation. Actually, the above proof also gives that the solution
u of the integral equation is also solution in the distributional sense.

We also prove propagation of regularity.

If ug € H®, with s > 0, we have an existence time 7 for the solution in X" and another
time 7T for the existence in XS’ By uniqueness in ng, the two solutions are the same

n [0,7]. If we assume T < T, we have the explosion of ||u(t,.)||,. as t tends to T
Whereas llu(t,.)|| ;2 remains bounded on this interval. Using local existence in L? and
Lemma 2.1.5, we easily get that ||u[ 0. is finite. Then, using tame estimate (2.12) on a

T

subinterval [T — ¢, T], with & small enough such that Cel=> (1 + HUHiOﬁ ) ) <1/2,
[T—e,T)
we obtain

ullysr < Clu(T =€)l + gll o
[T—e,7) T e, T
We conclude that u € X;{b, which contradicts the explosion of ||u(t,.)||,;. near T. The-
refore, the time of existence is the same for every s > 0.
Next, we use L? energy estimates to get global existence in X%b and so in X;’b. By
multiplying equation (2.10) by %, taking imaginary part and integrating, we get

t t
o) = O3 = =2 | Nae(yu(rlzdr+23 [ [ g
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lu@2 < mwm;+c[ﬂwvw;dr+4HMﬂmwwﬂmﬂh

t
2 2 2
< [u(O)[Z. + C/O [w(T) 22 d7 + Cllgll 2 -r1y,12) -
Then, by Gronwall inequality, we have

(@)} < € (1) + N9l riry o)) < (2.14)

This ensures that the L? norm remains bounded and the solution wu is global in time.
For the continuity of the flow, we use a slight modification of estimate (2.13) for two
solutions u and u

lu = all x50 < Cllu(0) = @(0)]l s + C'llg = gll o
by _ 2 ~2
+OT' Ju — | o (1+ lull%ss + Huux;,b).
Then, for 7" small enough (depending on the size of ug, ug, g and §), we get

[ =@l yro < C'llu(0) = @(0) ||z« + C'llg — 4l

s,—bl .
XT

Then, we just have to piece solutions together on small intervals. Using the control of the
X:‘;’b norm on L>([0,7], H*) and Lemma 2.1.5, we get that F' is Lipschitz on bounded
sets for arbitrary 7. O

After this point and until the end of the proof of local controllability, we will express
the dependence on s of the constants by writing them C; or C(.) if some other depen-
dence is considered. b, ', A, a and ¢ being fixed, we will not write the dependence of
constants in these variables.

The following Propositions establish a linear behavior on bounded sets of L2

Proposition 2.2.1. For every T > 0, n > 0 and s > 0, there exists C(T,n,s) such
that for every u € X3 solution of (2.10) with || > + 9] L2 (0,77,12) < M, we have the
following estimate

lull o < CTom, ) (Ilwollge + 19l 2oy ) -

Démonstration. Assume T < 1. Using (2.12), we obtain that u satisfies

—b—b 2
lll g < € (ol e + Nolaoryey ) + CT* = Nl (1 e )

With T such that C, 7" < 1/2, it yields

lellzo < € (oll s + oz ) + CT > Jul

2
oo lull o

First we use it with s = 0. As we have proved in Lemma 2.1.4 the continuity with

respect to T' of |Ju|| yo» We are in position to apply a boot-strap argument : for 707~ <
T
1

2o (lluoll 2+ 9l .2 o 7. 12y )

>, we obtain :

lellygo < € (ol o + lgll ooz - (215)
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The mass estimate (2.14) gives ||u(t)]|;» < Cne®!t < C(n). Then, we have a constant
£(n) such that (2.15) holds for every interval of length smaller than (7). Repeating
the argument on every small interval, using that X%b controls L*®(L?) and matching
solutions with Lemma 2.1.5, we get the same result for some large interval [0, 7], with
T < 1, with a constant C' dependent on 7. It expresses a local linear behavior.
Then, returning to the case s > 0 and C, T < 1/2, we have the estimate

CT' ™ ullyoo < CT0C )PP,

Then, for T' < (s, n), this can be bounded by 1/2 and we have

sz < C (ol

Ju e + 190 (o710 (2.16)

Again, piecing solutions together, we get the same result for large 7" < 1 with C' de-

pending on s and 7. The assumption 7" < 1 is removed similarly with a final constant
C(s,n,T). O

A notable consequence of this result is that NLS has a linear behavior in any H*® on
any bounded set of L2

Yet, in the last estimate, the constants strongly depend on s. We will use the more
precise estimates of the Appendix to eliminate this dependence in s, up to some weaker
terms.

Proposition 2.2.2. For every T'> 0, n > 0 , there exists C(T,n) such that for every
s > 1, we can find C(T,n,s) such that for every u € X;’b solution of (2.10) with
[woll 2 + 191l 207,22y < 71, we have

lullgze < CoT) (ol + N9l oo

+C(s,n,T) |[ul

sy o el lellggo + Clon. T) ull g vo .- (217)

Démonstration. First, we assume T" < 1. Lemma 2.1.3 gives a constant C' independant
on s such that

lullgze < C (ol + 9] aoiry e

O ([|a®Pul| g ey + 1wl

—b ) -
X7 )

Estimate (1.46) of Proposition 2.A.1 and Corollary 2.A.1 of the Appendix gives some
constant C' and C, such that

[0,T],H*

[ul x5t < C <||u0\ me T ||gHL2([O,T],HS)>
1-b—0t
AT (O llull o + C llull 10

—b—b 2
AT (Ol g g + ol gao el o Nl oo )

From the previous Proposition, we have

Jellgo < CO.T) (ol + gl o)) < Cln T



CHAPITRE 2. CONTROLABILITE ET STABILISATION GLOBALE POUR L’EQUATION DE
SCHRODINGER NON LINEAIRE SUR UN INTERVALLE 75

Actually, C(n,T) can be bounded by C(n) = C(n,1) if T' < 1.
Again, for T small enough (depending only on 7 and not on s), we have

e < C(luol
+C ||u|

o o + 19l om0 )

wrmto lull oo oo + O Jull s

Then, piecing solutions together, we finally obtain the result on a large interval [0,7]. O

Remark 2.2.1. If g = 0, the solution v € X3 of (2.10) actually satisfies

()72 — [[u(0)]I72 = —2/0 lago(7)u(r) 72 dr.

Remark 2.2.2. If a is even and u € X%b solution of (2.10) with source term g, then
tu(t, —x) is solution with source term +g(t, —x). As a conclusion, by uniqueness in
X%b, we infer that if ug and g are odd (resp. even), then u is also odd (resp. even).
This gives an existence and uniqueness theorem for Dirichlet and Neumann conditions
if a € C§°(]0,w|) (by identification it will become a € C*°(T') even).

2.3 Controllability near 0

We know (see [7], [16] or [17]) that any nonempty open set w satisfies an observability
estimate in L? in arbitrary small time 7" > 0. Namely, for any a(z) € C®(T') and
o(t) € C§°(]0, T|) real valued such that a =1 on w and ¢ = 1 on [T/3,2T/3] (we add
the cutoff in time to impose that the control g is zero at 0 and T'), there exists C' > 0
such that

dt (3.18)

2
L2

ol <0 [ Jatwretne o

for every Uy € L2.

As a consequence, using the HUM method of J-L. Lions, this implies exact controllability
in L? for the linear equation. More precisely, we can follow [7] to construct an isomor-
phism of control S from L? to L2. For every data U, in L2, there exists ®; = S~ 10,
Py = SPg such that if ® is solution of the dual equation

i@+ 92P = 0
{ (2,00 = Bo(a) (3.19)
and ¥ solution of
10U+ 020 = a*(x)p?(t)®
{ W(T) = 0 (3.20)

we have U(0) = W,

Lemma 2.3.1. S is an isomorphism of H® for every s > 0.
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Démonstration. We easily see that S maps H? into itself. So we just have to prove that
S®, € H® implies &y € H®, i.e. D’®y € L* (with notation (0.8) of the end of the
Introduction). We use the formula

T
SPg = 2/ e*itaﬂ%gﬁa%“aﬂi@() dt.
0

Then, using that S~! is continuous from L? into itself and Lemma 2.A.1 of the Appendix,
we get

T
||DS(I)0||L2 < C ||SD8(I)0||L2 <C ‘ / e—it8§a2¢2€itagDsq}O
0

L2

T
152 152
< CHDS/ 67”6“”612()026“81(1)0
0

12
+C / e—ztaac [CLQ, DS} @262“91‘(1)0
0

< CllSPol[gs + Cs [P0

L2

Hs—1 -

This yields the desired result for s € [0, 1]. We obtain it for every s > 0 by iteration.
Moreover, if we track the dependence of each constant, especially their dependence in
s, we get for s > 1

1S~ ||, < Cla,p, T) || Wo]

HHS Hs + C(aa P, SaT) ||\IIOHHS—1 . (321)

[]

Theorem 2.3.1. Let w be any nonempty open subset of T and T > 0. Then there
exist € > 0 and n > 0 such that for every ug € L* with |lugll,. < &, there exists
g € C([0,T], L?), with ||g|| oo (0.77,22) < 1> compactly supported in |0, T[xw such that the

. . . 0.b
unique solution u in Xp° of

i0pu + 0%u Aul?u + g
u(z,0) = ()

(3.22)

satisfies u(T) = 0.
Moreover, if ug € H®, with s > 0, eventually with a large H® norm, we can impose
g € C([0,T], H?).

Démonstration. We first choose a(x) € C§°(w) and ¢(t) € C§°(]0,T|) different from
zero, so that, observability estimate (3.18) occurs. We seek g under the form p?(t)a?(z)®
where @ is solution of system (3.19), as in linear control theory. The purpose is then to
choose the adequate ®4 and the system is completely determined.

Actually, we consider the two systems

i0,®+ 020 = 0
L) = o 5:29)
and
10+ 0?u = MulPu+ a>p*®
{ u(z, T) = 0. (3.24)
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Let us define the operator

L: L*T'Y) — L*TY
(I)O — L(I)OI’U,O:U(O)

We split © = v + ¥ with ¥ solution of

{i@tlll+8g\lf = d*(z)p*(t)®

W) — o (3.25)

This corresponds to the linear control, and therefore, W(0) = S®,. As for function v, it
is solution of

(3.26)

i+ v = Nulfu
o(T) = 0.

Then, u, v, ¥ belong to X and u(0) = v(0) + ¥(0), which we can write
Loy = Ky + SPy

where K& = v(0).
L®y = ug is equivalent to &y = —S 1K ®; + S~ lug. Defining the operator B : L? — L?
by

B®y = —S ' K®q + Sy,

the problem L&, = v is now to find a fixed point of B. We will prove that if |lugl| ;-
is small enough, B is a contraction (for the L? norm) and reproduces the closed set
F = Br2(0,7)N (ﬂi[ijl_l Byi(0, RJ) () Bu+(0, R;) for n small enough and for some large
R;.

We may assume 7' < 1, and fix it (actually the norm of S~! as an operator acting on
L* or H*® depends on T and even explode when T tends to 0, see [20], [18] and [23]).
In the rest of the proof, as we want a bound for 7 independent on s, we will denote C'
any constant depending only on a, ¢, b, b’ and T that are fixed. We will write C; if a
dependence on s is allowed.

Since S is an isomorphism of H®, we have

| B

e < Cs (KD

So, we are led to estimate ||K®q|| . = [[v(0)|| .-
Then, if we apply to equation (3.26) the same X" estimates (Lemma 2.1.3 and estimate
(0.6) of Lemma 2.0.1) we used in the existence Theorem 2.2.1, we get

[0 (O] g+

we + l[uoll o) - (3.27)

IN

Cv| X3t
CTl—b—b’
C H|u!2u}

IN

‘U|2’LL| stﬂ,fb/

IN

s,—b’
XT

IN

2
Cs llullor (vl

Let us first consider the L? norm and use the local linear behavior of u (see Proposition
2.2.1). We obtain that for [[¢®a®|| 2o 1,12y < C'[|Poll 2 < Cn < 1, we have

lull oo < C [0l 2
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Finally, applying (3.27) and (3.28) with s = 0, this yields
1B®oll 2 < C (ol + lluoll2) -

Choosing 7 small enough and |lug|| 2 < 7/2C, we obtain || B®||,. < n and B reproduces
the ball B, of L.
For the H® norm, we distinguish two cases : s <1 and s > 1.

For s < 1, we return to (3.28) with the new estimate in X%°.

ol < Cor? ulgge

1B®oll,. < Cs (i lulgo + ol )

Then, using Proposition 2.2.1 we have a linear behavior in H° norm when we have only
a bounded L? norm. More precisely, for [|©*a*®|| ;2.1 z2) < C |0l 2 < Cn < 1 we get

[ull xso < Cs [[Pol 47 (3.29)
and

| B

gs T [|uo HS) .

Then, for Cyn? < 1/2, B reproduces any ball in H* of radius greater than 2C5 [Jug || ;.-

As a conclusion, we have proved that if n < Ci, |Juo||» < C(n) and R > C(||uoll ),
then B reproduces F. Moreover, we can check that all the estimates are uniform for
s < 1 and so the bound on 7 is uniform.

If s > 1, we choose the R; by induction. R; is chosen as for the case s < 1 so
that B reproduces Byi(0, Ry). The crucial point will be to make some asumptions of
smallness on n that will be independent on ¢ and s. This will be possible using some
estimates uniform in s, up to some smoother terms (that could be very large). First, we
use estimate (3.21) about S~

1B

ai < Cl[K®]

gi-1 + Ci||uol

Hi
The same analysis we made for the case s < 1 yields

IK®o|| i-1 < Cican® | Dol grims < Ciman® Ric1.

Then, using the more precise multilinear estimate (1.46) of Proposition 2.A.1 of the
Appendix, we get

[0(0)]

g < C’H|u|2u|

i,—b’
X7

A\

2
< O ulfge ullgge + G oo o el e

For the term with maximal derivative, we use the refinement (2.17) of Proposition 2.2.2
and Corollary 2.A.1 of the Appendix

||l u X < C ngzaQ(IDHLQ([QTLHi) + Cy ||u Xim1h ||u||X%,b ||U||X%b + Cy ||u i
< CBollye + Ci[@oll s + Ci lull o 1wl o el oo
"’Cz ||u| X;—l,b .
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For the terms with lower derivative, we only need estimate (3.29), which yields
[[v(0)] oS C'772 ||ul Xib +C;R,_1Rn
< O ||®oll i + Cn? (CiRi—1 + CiRi—1 Rin) + C;Ri—1 Ran.

Finally, we obtain
||Bq)0| Hi S an H(I)Ol Hi + C<Z7T]7 R17 Ri—h ||U0|

If we choose Cn* < 1/2 independant on s and R; = 2C(i,n, Ry, R;—1, ||uo|| 1), we obtain
that B reproduces Byi(0, R;). The same arguments work for By (0, R;) if s > 1.

i)

Let us prove that B is contracting for L? norm. For that, we examine the systems

iO(u—a)+ 0% (u—a) = Mul|?u—|a2@) + a2p*(® — D) (3.30)
(u—a)(T) = 0 '
i0,(v—0)+ 02w —9) = AM|ul?u— |a?d)
(v—0)(T) = 0.
We obtain
|Bo— B3| | < Clw-5)O
< T | |ulPu — |1]|212HX%71,/
2 ~112 ~
< (ulldas + %o ) llu = @l gor
2 o~
< On flu—allxou - (3.31)
Considering equation (3.30), we deduce
~ 1—b—b 2 ~12 ~ 2 2 &
il < T fifal g+ O otet@ -
< (g + 3o ) llu =l g +C |20 = %o,
< O lu =l g0+ C 00— | ,.
If 7 is taken small enough (independent on s) it yields
lu = @ oo < O)cbo—c’}f)‘ " (3.32)

Combining (3.32) with (3.31) we finally get
HB@O—B&SH < o
2

@o—?}%\

2
Therefore, for n small enough (independent on s), B is a contraction of a closed set F' of

L? and has a fixed point that by construction belongs to H*®. This completes the proof
of Theorem 2.3.1. O

Remark 2.3.1. To get control for Dirichlet or Neumann condition, we have to check
that if ug s odd (resp even), then the control we built is so. Suppose that a € C>(T') is
even on T' and ug is odd (resp even). Then u(x) = —u(—x) is solution of (3.24) with ®
replaced by ®(z) = —®(—x). We have ug = 1y = L®y and therefore, B®y = dy. Since
dy has the same norm as Oy and by uniqueness of the fized point in the closed set F, we
obtain ®g = Oy and g is odd. Therefore, the control a®>©*® and u are odd. The same
argument works similarly for ug even.
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2.4 Propagation of compactness

In this section, we adapt some theorems of Dehman-Gérard-Lebeau [7] in the case
of X*" spaces.

Theorem 2.4.1. Let u, be a sequence of solutions of
such that for some 0 < b <1, we have
HunHX%b S C, HunHX;LH),—b — O and an|’X7—11+b¢—b — 0.

Moreover, we assume thatl there is a nonemply open set w such that u,, — 0 strongly in
12((0. 7], L*(w)).
Then u, — 0 strongly in L2 ([0, T], L*(T")).

loc

Démonstration. Let ¢ € C®(T') and ¥ € C§°(]0,T]) taking real values, that will be
chosen later. Set Bu = ¢(z)D~! and A = ¥(¢)B where D! is the operator defined at
the end of the Introduction in (0.8). We have A* = W(¢t)D p(x).

Denote L the Schrodinger operator L = i0; + 02. For € > 0, we denote A, = At =
U(t)B. for the regularization. We write by a classical way

Ape = (Lun, A:Un)m(}o,T[le) - (Asum Luy,, )L2(]0,T[x1r1)
([Ac, 02|t wn) — (V' () Botty, ).

But we have also

Ope = (fmA:Un)m(]o,T[le) - (Asunafn)LQ(}O,T[le)'

Using Lemma 2.1.2, we obtain

IN

|(fn7 A:un)L2(]O,T[><’]I‘1) ‘ anHX;ler,—b ||A:U,nHX%7b’b

< N fallorsnsln] oo (4.33)

Then, sup, }(fm A:un)Lz(]07T[th)‘ — 0 when n — oo. The same estimate for the other
terms gives sup, vy, . — 0 and likewise for the term (V'(¢)B:uy, uy,).
Finally, taking the supremum on ¢ tending to 0, we get

([A4, 02)tn, un) 1200 7<) — 0 when n — oco.
Then, as D~! commutes with 92, we have
[4,07] = =2 (t)(0up)0, D~ — W(t)(0;0) D"
Making the same estimates as in (4.33), we get
(\I/(t)(ﬁigp)D_lum Un)B(}O,T[le) — 0.

Moreover, —id,D~! is actually the orthogonal projection on the subspace of functions
with @(0) = 0. Using weak convergence, we easily obtain that u,(0)(¢) tends to 0 in
L*([0,T]) and so,

(U (1)(020)un(0)(t), un) L2qo/r(xm1) — 0.
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Our final result is that for any ¢ € C*(T') and ¥ € C§°(]0, T

(‘I’(t) ((%go)un, un)L2(]0,T[><’]I‘1) — 0.

Now, we remark that the functions that can be written 0, are actually all the functions
¢ that fulfill [, ¢ = 0. For example, for any x € C3°(w) and any zy € T', ¢(x) =
x(x) — x(z — xo) can be written ¢ = 0,p.

The strong convergence in L?([0,T], L?*(w)) implies

(‘I’(t)Xun,un)L2(]o,T[x1r1) — 0.

Then for any zy € T!

(U(E)x(. — zo)un, un)LQ(]O,T[XTl) — 0.

We close the proof by constructing a partition of unity of T with some functions y;(. —
z}) with x; € C§°(w) and zf € T*. O

2.5 Propagation of regularity

We write Proposition 13 of |7] with some X*° assumptions on the second term of
the equation.

Theorem 2.5.1. Let T >0,0<b< 1 andu € X;:b, r € R solution of
O+ 0Pu=fe Xy’

Moreover, we assume that there exists a nonempty open set w such that u €
L?.(J0,T[, H*(w)) for some p < 15t

loc

Then u € L2 (|0, T[, H™t*(T")).

loc
Démonstration. We first regularize : u,, = endiy = =, u and Jn = Enf with |Ju,|| e < C
T
and || fullyr— < C. Set s =71+ p.
T

We will make a proof near the one we did for propagation of compactness.
Let o € C™(T!) and ¥ € C°(]0,T[) taking real values. Set Bu = D?*~'¢(z) and
A = V(t)B (with notation (0.8) of the Introduction). If L = id; + 0%, we write

(Lttn, A"up) 200 7ix1t) — (Atn, Ly, ) 20,711
= ([A, &un, un) r2go.rixr) — (V' (£) Buy, uy)

IN

| (At fr) L2q0,7[xT)] | Ay, HX;M ”anX;—b

N

< uallgporoos ol
As we have chosen p < 17_”, we have r + 2p — 1 4+ b < r. Therefore, we obtain

|(Aun7fn)L2(]O,T[><’]T1)| < CHunH)(;;benHX;,—b <C.
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The same estimates for the other terms imply that ([A, 2], uy) r2(0,rxT?) is uniformly
bounded. Yet, we have

[A, 7] = =29 (t) D>~ (0,0)0; — T (t) D>~ (35 p)

while

(D (@ un ) 2goriery] < Clluallsllunll o < C.
Finally we can control
|(U(t) D*1(0,0) Dptin, un)| < C. (5.34)

If fe C5°(w) then

(T(t) D> f20pun, up)

(U(t)D* "t fOuup, fD*uy) + (U (t)[D¥, f]fO0ptin, Duy,)

(W(t)

(

+ (
U ()DL fOuun, DP fu,) + (U(t)D* L fO,uy,, [D?, fluy)
+(U()[D*7 Y, f1fOrthn, Duyy).

Our asumption gives fu € L2 ([0,T],H®) and fo,u € L} ([0,T], H*"'). Therefore,

loc loc

fun, =Z,fu+ [f,Z,]u is uniformly bounded in L2 ([0, T], H*) thanks to Lemma 2.A.2

loc
of Appendix and s < r + 1. Making the same reasoning for f0,u,, we obtain

((W(t)D*" fOyu, D* fuy)| < C.

Lemma 2.A.1 of the Appendix and u € L*([0,T], H") yields (and likewise for the other
term of commutator)

(W) D> f s, [D*, flun)]

IN

HDrflfaxunHm(m) | DP[D?, f]unHL2(L2)

HunHH(Hr) HunHm(Hs—Hn) <C.

IN

And finally,

we obtain

(W) D> f20,un, up)| < C.

Then, writing 0,0 = f2(z) — f?(x — ) and using (5.34),
|(W(t) D> f2(. = 20) Dyt un)| < C.

Finishing the proof as in Theorem 2.4.1 with a partition of unity, we obtain

(U (t)D* *0,u,u)| < C

/T S w(n) k(A ) dt < C

0 k=0
which achieves the proof. O

Corollary 2.5.1. Here b > 1/2 and w is any nonempty open set of T'. Let u € X%b
solution of

i0pu + 0*u = Mu|?u on [0,T] x T!
u € C*(]0, T[Xw).

Then u € C*(]0, T[xT").
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Démonstration. We have |ul>u € X~ by multilinear estimates.
By applying once Theorem 2.5.1, we get u € L? ([O,T],HHITJ)). Then we can choose

loc
to such that u(ty) € H*"'2 . We can then solve in X2 our nonlinear Schrédinger

equation with initial data u(ty). By uniqueness in X%b, we conclude that u € X;r 27,

By iteration of this process, we get that v € L*(]0,T[, H") for every » € R and u €
c>=([0,7],T). O

Corollary 2.5.2. Let w be any nonempty open set of T' and u € X%b solution of

0+ 0?u = Aul*uon [0,T] x T!
u = 0on|0,T[xXw.

Thenu=20

Démonstration. Using Corollary 2.5.1, we infer that u € C>(]0, T[xT").
Proposition 2.0.1 of unique continuation implies u = 0. O

Remark 2.5.1. We have the same conclusion for u € X%b solution of

iu+0*u = 0on[0,T] x T
u = 0on]0,T[xXw

2.6 Stabilization

Theorem 2.0.1 is a direct consequence of the following Proposition.

Proposition 2.6.1. Let a € L>®(T') taking real values such that a*(z) > n on a no-
nempty open set w of T, for some constant n > 0.
For every T > 0 and every Ry > 0, there exists a constant C' > 0 such that inequality

T
nww@scﬁnwmﬁ

holds for every solution u € X%b of the damped equation

{ i0yu + 0*u +ia*u = Aul*uwon [0,T] x T!

w(0) = wug € L2 (6.35)

and ||ugl| ;2 < Ry.
Démonstration. We argue by contradiction, we suppose the existence of a sequence (u,)

of solutions of (6.35) such that
[un (0)]l 2 < Ro

and
T 2 1 2
| Naall de < 5 ol (6.36)
0 n

Denote o, = ||uon]|;2 < Ro. Up to extraction, we can suppose that o, — av.
We will distinguich two cases : a > 0 and a = 0.
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First case : o), — a > 0

By decreasing of the L? norm, (u,) is bounded in L([0,T], L?) and therefore in X2,
Then, as X%b is a separable Hilbert we can extract a subsequence such that u,, — u
weakly in X%b for some u € X%b.

By compact embedding, as we have b < 1 and —b < 0, we can also extract a subsequence
such that we have strong convergence in X;Hb’*b.

At this stage, we have to be careful because as it was seen by L. Molinet in [19], the
weak limit w is not necessarily solution to NLS. See Remark 2.6.1 below. Thus, A|u, |*u,
is bounded in X%_b/. We can extract a subsequence such that it converges weakly in
X%fb/ to some f and strongly in X, '"""7" (here, we use b > /).

Using (6.36) and passing to the limit in the equation verified by u,, we get

{ i0u+ 0%u = fon[0,T]x T

u = 0on|0,7T] X w. (6.37)

Denote r, = u, —u and f,, = —ia*u,, + A|u,|*u, — f, we have
2.atrn + airn = fn
Moreover, because of (6.36) we have

a(x)u, — 0.
£2([0,11,L2)

and so, f, converges strongly to 0 in X, '*%7",

It also implies that u, — 0 and the same for r,.
L2([0,T],L2 (w))

We are then in position to apply Theorem 2.4.1. We infer

T — 0.
L? ([0,T],L2)

loc

Then, we can pick one ¢y € [0, T] such that r,(t) tends to 0 strongly in L? and therefore
un(tg) — u(ty) in L?. Denote v the solution of

. 2 _ 2 1
{ 0+ 0% = Ao on [0,T] x T (6.38)

U(to) = U(to)

The main problem is, at this point, we still do not know whether u = v.

Yet, we have seen in the existence Theorem 2.2.1 that the flow (even backward) is Lip-
schitz on bounded sets. Then, as we have u,(to) — v(t) and ia*u,, — 0 in L?([0,T], L?),
we get u, — v in X, Therefore, u = v and u is solution of (6.38). Corollary 2.5.2 im-
plies u = 0.

In particular, we have ||u,(0)||,> — 0 which is a contradiction to our hypothesis a > 0.

Second case : oy, — O
Let us make the change of unknown v, = u,/a,. v, is solution of the system

, 2 9 20, |2
1040, + OZv, + ia v, = A, v, | v,

and

% (6.39)

T
/ ava|2 dt <
0
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Thus, we have
[on(0)]l L2 =1 (6.40)

and v, is bounded in L>°([0,T}], L*) as the L? norm of u,, decreases.
By Duhamel formula and multilinear estimates, we obtain

—b—b' 3
[onllxge < Cllon(O)ll2 + T (Jfvnllxgo + 02 ol fas )

Then, if we take CT' % < 1/2, independant of v,, we have
3
||UnHngb S C + COZ?L HUnHX%b .

Lemma 2.1.4 states that ||v,|| o is continuous in 7. Since it is bounded near ¢t = 0 and
T

a, — 0, a classical boot strap argument gives that v, is bounded on X%b. Using Lemma
2.1.5, we conclude that it is bounded in X%b even for large T. Therefore, o |v,|?v,, tends
to 0 in X%fb, and so in XTbe’*b.

Then, we can extract a subsequence such that v, — v in X and strongly in X, """,
v is solution of

~ 2, _ 1
{z@w—i—@xv = Oon [0,7] xT (6.41)

v = 0on]0,T[xw

which implies v = 0 by Remark 2.5.1 of unique continuation.
Estimate (6.39) implies
ia*v, —
L2([0,T),L?)
and so in XTbe’*b.
Then, we can apply Theorem 2.4.1 as in the first case, to get that v, converges to 0
in L? ([0,T], L?). Take to such that v,(ty) strongly converges to 0 in L? and solve with

loc

initial data v, (fy), we obtain that v, converges to 0 in X%". This contradicts (6.40). [

Remark 2.6.1. We could have used a variant of Theorem 1 of [19] to get directly that
the weak limit can only be zero.

2.A  APPENDIX

In this Appendix, we recall some basic microlocal analysis estimates that can be
easily proved in dimension 1, without using any general theory. We also give the proof
of some multilinear Bourgain estimates.

Following notation (0.8) of the Introduction, we have

Lemma 2.A.1. Let f denote the operator of multiplication by f € C(T?!).
Then, D7, f] maps any H® into H*~"+1,
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Démonstration. We denote | |, the modification (1.9) of | | introduced in Lemma 2.1.2.
We also write sgn(0) = 1.

We have
D (fu)(n) = sen(n) |nl; > fin = kyatk
(fDru) an— Jsgu(k) [K[; (k).
And then
Dy, fluln) = > F(n— k)(sen(n) [nl} — sn(k) [k} )a(k)
1Dy, flu(n)| < Z )l = kI (1nl; ™+ R ()]

Using [n[” < C'|n — k:|22|p‘ k|2 for any p € R, we get

> Il (Z(fn— (n— k)| [k )

+ Z(Dn e Fn = k)~ k)| [ >|)2
> (Sl
X (D

We estimate (1.42) using Cauchy-Schwarz inequality, and it is the same for (1.43).
(142) < 37 (Z\n—k\f' \ﬂn—k)(n—k)r) x
n k
(Z [n— K, | F(n = k)(n — k)| [k]}" a(/<?)|2>
k
2
(zwwkw) (Z\k\?smkn?)

k k

IN

1Dy, flull;

Hs—r+1

IN

Fin = k)(n = k)| >|> (1.42)

Fln—k)n—k )|u |) (1.43)

IA

]

Corollary 2.A.1. If f € C™(T"), there exists some constant C' such thal for every
s € R, there exists Cy such that the following estimate holds

1 ful

s < Cllul

ws + Cs [lul

Hs—1-
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Démonstration. We just write D*(fu) = fD%u + [D?*, f]u. O

Lemma 2.A.2. Let f € C®(T') and p. = ¢ % with 0 < e < 1.
Then, |p-, f] is uniformly bounded as an operator from H® into H**'.

Démonstration. Tt is exactly the same as for Lemma 2.A.1 using

KL ()™ + (k)7

6—62n2 _ 6—52k2

because
9 (=€) | <o
m

We give the proof of multilinear Bourgain estimates. We also get some information
about the dependence on s of the estimates.

Proposition 2.A.1. For every s > 0, we have uniformly on T < 1

2u| gomars < C3° Julf3 . .
H|u| u| X5 3/8 C3 ||u||X%3/s ||u| XT,3/8 (1 44)

| ulu — |al*al oo < O3 (||u||§(;,3/s + \|a||§(;,3/8) =@l s (1.45)

Moreover, there exists C' > 0 such that for every s > 1, we can find Cs > 0 such that
for every T < 1

H|u|2u||X;,73/s S CHu“igs/s ||UHX;,3/8

+C |Jul

X?fl’?’/s HUHX%,S/S HUHX%:a/s . (1.46)

Démonstration. We follow closely [4] p 107. For estimates (1.44) and (1.45), it is enough
to prove

||u1U_2’LL3| X's,—3/8 < C (||u1|

Hlluallxoars [1uall xosss lusll xosss + [[uall xoss [[uzll xos/s [[usll xoars)

/s Uzl o/ [usll xo./s

Denote w = uuizus. We argue by duality. Let v € X~* 3/8,

We write U(\, k) instead of v()\ k) the Fourier transform in time and space variable. | |,
still denotes the modification (1.9) of | | defined in the proof of Lemma 2.1.2.

[ =3 a0 - 5 [ s wn o
Z//\ ’kl (A1, k)ua(Ng, ko) ()\3,/@3)’]{’_5”‘0\ k)

ki ko ks Y A1A2A3

Wherek:kl—/{?2+k3 and)\:)\l—)\2+)\3.
Observe that |k|; < 3°max(|k1];, k2|, ,|ks|)). We assume |k|; < 3° |k, and the other

possibilities will produce the other terms of the right hand side of the estimate we want
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we do not write them any more, each inequality is true if we a e same term wi
do not write them any h inequality is true if we add th term with
us and ug).

(147) <3° Y R} [ (A, k)] a2 (X, ko) |3 (As, ks)] K[, [0(A, F)]

ki ko ks ¥ ALAZAS

Denote u} the function with Fourier transform equal to @1 (), k)|. Then, using dispersive
estimate (0.5)

(1.47) < 33//(Dsu§)u_§u§D5v§
R JT1

§ § § —s,8
< C3% Dsul‘ L uz’ L u3‘ L HD v HL4
s s, 8 § § —5,8
< o3°|D ! X0,3/8 uQ’ X0,3/8 us‘ X0,3/8 ” v HXO"“"/S
< O3 |u X5,3/8 ||u2|’X0=3/8 ”u3||X0,3/8 ||U||X*S=3/8 .

Estimate (1.46) is obtained similarly using the following inequality, if for example |k;| =
maX(|k1| ) |k2| ) |k3|)a

|h—@+@ﬁ§%ﬁ+@%ﬁ”0@kﬂ@).

This is a consequence of the fundamental theorem of calculus applied to the function
(14+x+vy)°. O
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92 INTRODUCTION

3.1 Introduction

In this article, we study the internal stabilization and exact controllability for the de-
focusing nonlinear Schrodinger equation (NLS) on some compact manifolds of dimension
3.

0w+ Au = |ul’u on [0,+oo[xM (1.1)
u(0) = wug € H'(M). '

where A is the Laplace-Beltrami operator on M. The solution displays two conserved
energy : the L? energy |ul|;. and the nonlinear energy, or H' energy

1 1
E(t):E/M\wMZ/MW.

This equation arises in Nonlinear Optics where it is obtained as an asymptotic regime
of the Maxwell equations in a nonlinear medium (see e.g. Sulem-Sulem [43]). In this
context, the metric g can be interpreted as an inhomogeneity of the optical index.
A more physically relevant situation could be to consider this equation on a domain.
However, for the moment, this equation is not known to be globally well posed on an
open set of dimension 3 (see [2|, [6] for the 2D case and [1]| for the radial solutions
on a ball). A compact manifold makes a good framework to understand the effect of
geometry.

For the study of controllability, some similar results where obtained in dimension 2
in the article of B. Dehman, P. Gérard and G. Lebeau [16] where exact controllability
in H! is proved for defocusing NLS on compact surfaces. Yet, the proof is based on
Strichartz estimates which provide uniform wellposedness in dimension 3, only in H*® for
s > 1. In [11], N. Burq, P. Gérard and N. Tzvetkov managed to prove global existence
and uniqueness in H! but failed to prove uniform wellposedness, which appears of great
importance in control problems. However, for certain specific manifolds, the strategy
of X*® spaces of J. Bourgain, extended to some other manifolds by Burqg, Gérard and
Tzvetkov, succeeded in proving uniform wellposedness in H?® for some lower regularities.
So, up to our knowledge, this paper is the first one dealing with global controllability
for cubic NLS in three dimensions.

For control results, the X*? spaces have already been used in dimension 1 at L2
regularity : first L. Rosier and B. Y. Zhang [42| obtained local results and independently,
we proved global controllability in large time in [32]. We also quote the recent paper
[41] about the control of NLS on rectangles, but still with local results. The X* spaces
will also be our framework in this paper.

Under some specific assumptions that will be precised later, we prove global control-
lability in large time by two different ways, interesting for their own : by stabilization and
control near 0 or by some successive controls near some trajectories. This will provide
global controllability towards 0 and the general result will follow by reversing time. The
first strategy is very classical in control theory and has been used unnumerable times
(see for example Lee-Markus book [35] p 397 in finite dimension). The second strategy
seems less classical, at least in this framework.

Our assumptions are fulfilled in the following cases (w C M is the support of the
control) :
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- T3 with w = {x € R3/(01Z x 0,7 x 03Z) |Fi € {1,2,3},x; €] — ¢,e[+6,Z} (that is a
neighborhood of each face of the "cube", fundamental volume of T?) with 6; € R. Mo-
reover, we can easily extend this result to a cuboid with Dirichlet or Neumann boundary
conditions, see |32] or |42].

- 53 with w a neighborhood of {4, =0} in S® C R*.

- 52 x S with w = (wy x S1) U (S5%x]0, e[) where w; is a neighborhood of the equator of
s2,

Theorem 3.1.1. For any open set w C M satisfying Assumption 3.1.1, 3.1.2, 3.1.3
(see below) and Ry > 0, there exist T > 0 and C > 0 such that for every uy and uy in
HY(M) with

||U0”H1(M) <R, and ||U1HH1(M) < Ry

there exists a control g € C([0,T), H') with 9]l oo (0.7, 51y < C' supported in [0,T] x @,

such that the unique solution u in X%’b of the Cauchy problem

- — g2
{z@tu+Au = |ul*u+g on [0,T]x M (1.2)

U(O) = Ug € H1<M)

satisfies u(T) = ;.

In all the rest of the article, w will be related to a cut-off function a = a(x) € C*°(M)
(whose existence is guaranteed by Whitney Theorem), taking real values and such that

w={x e M:a(x)#0}. (1.3)
The stabilization system we consider is

{ 10+ Au — a(z)(1 — A)ta(x)du = (1+|uf*)u on [0,T] x M (1.4)

uw(0) = woe€ HY(M). '
The link with the original equation can be made by the change of variable w = e~"u. A
more physically relevant damping term would be ia(z)u as used in the one dimensional
case in [32]. Yet, the damping term in (1.4) is especially fitted to the H' energy which
is the regularity at which we solve the equation. The well posedness of system (1.4) will
be proved in Section 3.3.1 and we can check that it satisfies the energy decay

Blu(t) = B(u(0) = = [ ]| = ) ata)ond;,. (15)

Our theorem states that under some geometrical hypotheses, this yields an exponential
decay.

Theorem 3.1.2. Let M, w satisfying Assumption 3.1.1, 8.1.2, 3.1.8. Let a € C*°(M),
as in (1.3). There exists v > 0 such that for every Ry > 0, there is a constant C' > 0
such that inequality

lu@ll i < Ce luolln >0

holds for every solution w of system (1.4) with initial data ug such that ||ugl ;n < Ry.
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The independence of C' and of the time of control 7" on the bound R, are an open
problem. The fact that v is independant on the size lies on the fact that it only describes
the behavior near 0. However, it is unknown whether there is really a minimal time of
controllability. This is in strong contrast with the linear case where exact controllability
occurs in arbitrary small time and the conditions are only geometric for the open set w.
Moreover, some recent studies have analysed the explosion of the control cost when T
tends to 0 : K.- D. Phung [39] by reducing to the heat or wave equation, L. Miller [37]
with resolvent estimates, G. Tenenbaum and M. Tucsnak [44] with number theoretic
arguments.

Let us now describe our assumptions. The first two deal with classical geometrical
assumptions in control theory.

Assumption 3.1.1. Geometric control : there exists Ty > 0 such that every geodesic of
M, travelling with speed 1 and issued at t = 0, enters the set w in a time t < Tj.

This condition is known to be sufficient for linear controllability, see G. Lebeau [34].
In Section 3.10, we prove that it is necessary on S® for the nonlinear stabilization.
However, there are some geometrical situation (especially when there are some unstable
geodesics) in which it is not necessary. For example, we have linear controllability for
any open set w of T2, see S. Jaffard [26] and V. Komornik [28] (see also [14]). This also
holds for M = S% x S with w = §%x]0,¢[ or w = w; x S! where w; is a neighborhood
of the equator. In that cases, our method fails to prove global results and we can only
prove local controllability by perturbation (see Theorem 3.1.4).

Assumption 3.1.2. Unique continuation : For every T > 0, the only solution in
C>([0,T] x M) to the system

{ 10+ Au + by (t, z)u + by(t,x)u = 0 on [0,T] x M

u=0o0n[0,7T] xw (1.6)

where by (t,x) and by(t,z) € C*([0,T) x M) is the trivial one u = 0.

We do not know if there exists a link between these two assumptions. In our three
particular cases, this can be proved using Carleman estimates. There are some existing
results about this, as the one of V. Isakov [25|(for general anisotropic PDE’s), L. Bau-
douin and J.P. Puel [4] (global Carleman estimates) or A. Mercado, A. Osses and L.
Rosier [36] ( in the special case of Schrodinger with flat metric but weaker geometri-
cal assumptions ). In the case of Riemannian manifold with boundary, some Carleman
estimates were obtained by R. Triggiani and X. Xu [47] (see also an interesting discus-
sion Section 10 about the existence of convex weights). Note also that these Carleman
estimates can be used to treat directly some controllability problems, see for instance
I. Lasiecka and R. Triggiani [29], I. Lasiecka, R. Triggiani and X. Zhang [31, 30] and
R. Triggiani [46]. For the convenience of the reader, we have chosen to give a proof of
Carleman estimates on a compact manifold. It is given in the Appendix, Section 3.B.
They are quite similar to the one of [47] but simpler because without boundary terms.
We also believe that these estimates are of independant interest if the weight is weakly
convex (as in [36] but with a metric).

The last assumption is a technical assumption that ensures that the Cauchy problem
is well posed in H'. It yields a bilinear loss of sy < 1.
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Assumption 3.1.3. There exists C > 0 and 0 < so < 1 such that for any fi, fo €
L*(M) satisfying

fi= 1\/17Ae[Nj,2Nj[<fj)> J=12

one has the following bilinear estimates

||u1u2||L2([O,T]><JV[) < C'min(Ny, Na)* ”fIHL?(]M) ||f2||L2(M) (1.7)
U](t) = €ZtAfj, j = ]., 2

It is known to be true in the following examples (1/2+ means any s > 1/2) :
- T3 with so = 1/2+, see [7].
- the irrational torus R?/(0,Z x 057 x 6s7Z) with 6; € R, for which an estimate with
sop = 2/3+ has been recently obtained in [8]. An easier proof for so = 3/4+ can also be
found in the beginning of |8] and in [15].
- 53 with s = 1/2+, see [13].
- 5% x St with s = 3/4+, see [13].

It yields some trilinear estimates in Bourgain spaces (see the definition below). For
the control near a trajectory, we still have some particular assumptions that are again
fulfilled in the particular geometries described above. Our result reads as follow

Theorem 3.1.3. Let T > 0 and M, w such that Assumptions 3.1.1, 8.1.3, 3.1.4 and
3.1.5 are fulfilled (see below). Let 1 > s > sy and w € X" be a solution of

{ 0w+ Aw =+ [wfw = ¢ (1.8)

w(z,0) = wo(x)

with g € C([0,T], H') supported in [0,T] x w.

Then, there exists € > 0, such that for every ug € H® with ||ug — wo|| ;s < €, there exists
g1 € C([0,T], H®) supported in [0, T] X T such that the unique solution u in X3 of (1.8)
with u(0) = ug and g replaced by g1 fulfills u(T) = w(T).

Moreover, for any ug € H' with ||ug — wol|ys < &, the same conclusion holds with
g e C(0,T],H).

An interesting fact is that the smallness assumption only concerns the H* norm, even
if we want a control in H'. For example, as in [17], if we assume |Jug||;;; < Ro, we can
find NV € N large enough such that the smallness asumption only concerns the N first
frequencies (see Corollary 3.9.2). Of course, this result remains true in lower dimension
where it was only known for the trajectory w = 0 (see [16]).

Let us describe the new hypothesis. Assumption 3.1.4 is a unique continuation result
at weaker regularity.

Assumption 3.1.4. Unique continuation in H' : For every T > 0, the only solution

in C([0,T)], H') to the system

{ i0pu 4+ Au + by (t, z)u + ba(t,x)u = 0 on [0, 7] x M (1.9)

u=0o0n[0,T] xw

where by (t,x) and by(t,z) € L>([0,T], L?) is the trivial one u = 0.
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We do not know if it is really stronger than Assumption 3.1.2 but for the moment,
there are some example where we are able to prove Assumption 3.1.2 and not Assumption
3.1.4 using some weak Carleman estimates (see Appendix, Section 3.B). For instance,
on T3 we are able to prove Assumption 3.1.2 for w = {x € R3/Z? |z, €]0,[+Z} but not
Assumption 3.1.4. Yet, for the moment, we do not manage to deduce a controllability
result from this statement.

The other new assumption is technical and yields quadrilinear estimates for a com-
mutator

Assumption 3.1.5. There exists 0 < so < 1 so that for any ¢ € [0, 1], we can find one
constant C > 0 such that for any f1, fo, f3, f4 € L*(M) satisfying

f] = 1\/1—A€[Nj,2Nj[(fj)7 .] - 1>27374

one has the following quadrilinear estimate

sup

/ / () e uyuy ((—A)e/2u3u4 - u3(—A)€/2u4) dxdt|  (1.10)
TER |JR J M

< C(NT + N3) (m(N, -, N [ fill e any 1 f2ll zam 15l 2 I fall 2 any
ui(t) =" f;,  j=1,2,3,4

where x € C§°(R) is arbitrary and m(Ny,- - -, Ny) is the product of the smallest two
numbers among Ny, No, N3, Ny.
Moreover, the same result holds with u; replaced by w; for i in a subset of {1,2,3,4}.

For the three treated examples, we prove in Appendix, Section 3.A, that Assumption
3.1.5 holds true with the same sg as in Assumption 3.1.3. We believe that it is the case
for any manifold, but we did not manage to prove it.

As explained before, there are some examples for which we know that geometric
control assumption is not necessary. For instance, for any pair of manifolds M;, M, and
w1 C M such that w; satisfies observability estimate, w; x M, satisfies observability
estimate for the linear Schrédinger equation. We can then use this remark and the work
of S. Jaffard [26] and V. Komornik [28] for the linear equation on T" to get some local
nonlinear results . Since Theorem 3.1.3 is proved by a perturbative argument, we can
also deduce controllability near 0 from these already known linear control results.

Theorem 3.1.4. If w =0 and (M,w) is either :

-(T3,any open set)

(8% x S, wy x S') where wy is a neighborhood of the equator of S*
(8% x S1,52x]0,¢])

Then, the same conclusion as Theorem 3.1.3 s true.

Rosier and Zhang [41] simultaneoulsy obtained the same result for T3.

The proof of stabilization and of linear control with potential follows the same scheme
as [16]. In a contradiction argument, we are led to prove the strong convergence to zero
in X;’b of some weakly convergent sequence (u,,) solution to damped NLS or Schrodinger
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with potential. Since the equation is subcritical, we use some linearizability properties
of NLS in H' (see the work of P. Gérard [22] for the wave equation).

We first establish the strong convergence by some propagation of compactness. We
adapt the argument of 16| inspired by C. Bardos and T. Masrour [3|. We use microlocal
defect measures introduced by P. Gérard [21]. For a sequence (u,,) weakly convergent to
0in X3 satisfying

10, + Au, — 0 in X;_Hb’_b
a(z)u, — 0 in L2([0,T], H®),

we prove that u,, — 0 in L3 ([0, T], H®).

loc

Once we know that the convergence is strong, we infer that the limit u is solution
to NLS. We would like to use Assumption 3.1.2 or 3.1.4 of unique continuation to prove
that it is 0. However, more regularity is needed to apply them. Again, we adapt the
proof for X** spaces of propagation results of microlocal regularity coming from [16].

The rest of this article is organized as follows.
The first section states and recall some properties of the Bourgain spaces that will
be used all along the paper. The second section proves well posedness of the nonlinear
equation with source and damping term and its associated linearization near trajectories.
In section 3, we prove that the equation is linearizable, namely that at high frequency,
the nonlinear equation behaves as the linear one. Section 4 and 5 are devoted to the
propagation of regularity and compactness along the bicharacteristics which will be the
essential tools for the proofs of stabilization and controllability. The main results of
the article are proved in the last sections. The stabilization result is proved in section
6. In section 7 we prove the controllability of the linear equation that are obtained
by linearization of the nonlinear one. This permits to prove control near trajectories
in section 8. In section 9, we prove that on S3, our geometrical assumption is nearly
optimal. In the appendix section A, we prove some commutator estimates used in the
proof of the regularity result of the control constructed in section 7. The section B is
used to prove the assumption of unique continuation in our specific geometries thanks
to some Carleman estimates.
1 Some properties of X*® spaces
2 Existence of solution to NLS with source and damping term
3 Linearisation in H*
4 Propagation of compactness
5 Propagation of regularity
6 Stabilization
7 Controllability of the linear equation
8 Control near a trajectory
9 Necessity of geometric control assumption on S®
A Some commutator estimates
B Unique continuation

In this article, ¥’ will be a constant such that estimates of Lemma 3.2.1 holds. Ac-
tually, each of the trilinear estimates (with different s) that will be done will yield one
b’ < 1/2 but remains true if we choose a greater one. So we take b’ < 1/2 as the largest
of these constants. This allows to choose one b > 1/2 with 1 > b+ ¥'.
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In all the rest of the paper, C' will denote any constant whose value could change
along the article.

3.2 Some properties of X*’ spaces

Since M is compact, A has a compact resolvent and thus, the spectrum of A is
discrete. We choose e, € L*(M), k € M an orthonormal basis of eigenfunctions of —A,
associated to eigenvalues \;. Denote P} the orthogonal projector on ex. We equip the

Sobolev space H*(M) with the norm (with (z) = /1 + |z|?),

2 s 2
Hs(M) — Z oy ||Pku||L2(M) :
k

[[ul

The Bourgain space X*? is equipped with the norm

i(s,b — Z </\k:>s

k

Jul (r+ 2 Palru|

L2(R, x M)

2
- Hu# HHb(]R,HS(M))

where u = u(t,z), t € R, x € M, u¥(t) = e~"*Au(t) and ]/Dk\u(T) denotes the Fourier
transform of P,u with respect to the time variable.

X35 is the associated restriction space with the norm

[l u X = inf {[|@|| yss |@ =w on |0, T[x M }

We also write |Jul| X if the infinimum is taken on functions @ equalling v on an interval
I. The following properties of X;’b spaces are easily verified.

1. X*" and X3’ are Hilbert spaces.

2. If 51 < 59, by < by we have X2 C X*" with continuous embedding.

3. For every s; < 9, by < by and T > 0, we have X;Q’bQ C X:‘,il’bl with compact
imbedding.
4. For 0 < # < 1, the complex interpolation space (Xsl’bl,XSQ’l”)[e] is

X(1—9)81+982,(1—9)b1+9b2 .

4. can be proved with the interpolation theorem of Stein-Weiss for weighted L” spaces
(see [5] p 114).

Then, we list some additional trilinear estimates that will be used all along the paper.

Lemma 3.2.1. If Assumption 3.1.3 is fulfilled, for every r > s > sq, there exist 0 <
V < 1/2 and C > 0 such that for any u and @ € X"

Nulul| grw < Cllulliow lull g (2.11)
[[ul?@| e < Cllullewr el 1l (2.12)
[fulu = [@*d]| o < O (lullow + lallxew) lu =l xow - (2.13)

Moreover, the same estimates hold with z1Z323 replaced by any R-trilinear form on C.
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The proof of the previous lemma can be found in [9], [12] or [23]. Yet, in the Appendix,
we prove some slightly different estimates, but the proof gives an idea of how Lemma
3.2.1 is established. We also give some variants that will be used in the linearized version
of our equations.

Lemma 3.2.2. If Assumption 3.1.3 is fulfilled, for every —1 < s <1 and any so <1 <
1, there exist 0 < b < 1/2 and C > 0 such that for any v € X** and a1, ay € X2

a0l .. < Cllaa]| o

@2l 1 [lull o (2.14)

llarPul| ..o < Cllall o Naall oo llull o (2.15)

Moreover, the same estimates hold with z1Z323 replaced by any R-trilinear form on C.

Démonstration. We first prove (2.15). Estimate (2.12) of Lemma 3.2.1 implies that the
operator of multiplication by |a;|?> maps X1 into X1~ with norm ||ay || 1. ||@| xrs -
By duality, it maps X~ into X~ with the same norm. We get the same result for
—1 < s <1 by interpolation, which yields (2.15). For (2.14), we observe that estimate

lar@zul| x1,- < Cllaa]lxi lazll xer 1l xi

holds whatever the position of the conjugate operator and we conclude similarly. O

Let us study the stability of the X*® spaces with respect to some particular opera-
tions.

Lemma 3.2.3. Let ¢ € C°(R) and u € X*° then p(t)u € X*°,
If u € X3 then we have o(t)u € X3°.

Démonstration. We write

—itA

nguHXS’b = H@ @(t>u(t)||Hb(RjHa) = ||((pu)#HHb(R’Hb) S C HU/#HHI’(R,HS) S C HUHX‘J’

We get the second result by applying the first one on any extension of u and taking the
infinimum. 0

In the case of pseudodifferential operators in the space variable, we have to deal with
a loss in X*? regularity compared to what we could expect. Some regularity in the index
b is lost, due to the fact that a pseudodifferential operator does not keep the structure
in time of the harmonics.
This loss is unavoidable as we can see, for simplicity on the torus T! : we take u, =
P(t)e eIt (where 1) € CS° equal to 1 on [—1,1]) which is uniformly bounded in X°?
for every b > 0. However, if we consider the operator B of order 0 of multiplication by
e, we get ||euy, || o, ~ nb. Yet, we do not have such loss for operator of the form (—A)"
which acts from any X*? to X*~2"*. But if we do not make any further assumption on
the pseudodifferential operator, we can show that our example is the worst one :

Lemma 3.2.4. Let —1 < b < 1 and B be a pseudodifferential operator in the space
variable of order p. For any u € X*° we have Bu € X5 P~IbIb,
Similarly, B maps X3" into X;—P—\blb'
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Démonstration. We first deal with the two cases b =0 and b = 1 and we will conclude
by interpolation and duality.

For b =0, X*° = [*(R, H*) and the result is obvious.

For b = 1, we have u € X*! if and only if

u € L*(R, H®) and i0yu + Au € L*(R, H?)

with the norm

2 2 . 2
[ullxen = llullz2m me) + 10w + Aul[72g ge) -
Then, we have
1Bl s = 1Bl e sy + 100Bu + ABull} g oo
2 . 2
< C (Il e ey + 1B (00 + D) ooy
2
1B, Al 6l 3oz o))
2 . 2 2
< C (ull3aguaresy + 100+ At oy + el )
< Cllulen

Hence, B maps X*° into X* ”? and X*! into X* =11, Then, we conclude by inter-
polation that B maps X*¥ = (X0, X*'), into (X*7#0, X*570~h1), = X5777*" which
yields the b loss of regularity as announced.

By duality, this also implies that for 0 < b < 1, B* maps X *T°T%=0 into X570
As there is no assumption on s € R, we also have the result for —1 < b < 0 with a loss
—b = |b|.

To get the same result for the restriction spaces X;’b, we write the inequality for an
extension @ of u, which yields

| Bul

xgmelelb < ||Bul xa—o—tple < C HaHXSb :

Taking the infinimum on all the @, we get the claimed result. O]

We will also use the following elementary estimate (see e.g. [24] or [7]).

Lemma 3.2.5. Let (b,) satisfying
1
O<b’<§<b, b+ <1. (2.16)
If f € HY(R) and we note F(t) =V (L) fot f(t)dt', we have for T <1
HFHHb(R) < cr = HfHH—b’(R) :

In the futur aim of using a boot-strap argument, we will need some continuity in 7’
of the X’ norm of a fixed function :

Lemma 3.2.6. Let 0 < b < 1 and u in X*° then the function
{ f :]0,7T] — R

t— |

s,b
Xt

is continuous. Moreover, if b > 1/2, there exists C, such that

lim (1) < Cy [1u(0)l] .-
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Démonstration. By reasoning on each component on the basis, we are led to prove the
result in H°(R). The most difficult case is the limit near 0. It suffices to prove that if
u € H°(R), with b > 1/2, satisfies u(0) = 0, and ¥ € C{°(R) with ¥(0) = 1, then

t . b
W(T>u§)0 in H°.

Such a function u can be written f(ff with f € H®!. Then, Lemma 3.2.5 gives the
result we want if u € H"*. Nevertheless, if we only have u € H®, ¥(%)u is uniformly
bounded. We conclude by a density argument. O

The following lemma will be useful to control solutions on large intervals that will
be obtained by piecing together solutions on smaller ones. We state it without proof.

Lemma 3.2.7. Let 0 < b < 1. If ]ag, bi| is a finite covering of [0, 1], then there exists
a constant C depending only of the covering such that for every u € X*°

-
Xghy =C - I

I KXo

3.3 Existence of solution to NLS with source and dam-
ping term

3.3.1 Nonlinear equation

Let a € C*°(M) taking real values fixed.
We will prove the existence for defocusing non linearity of degree 3 : they will have the
form au + Blul*u, with a, 3 > 0.

Proposition 3.3.1. Let T'> 0 and s > 1. Assume that M satisfies Assumption 3.1.3.
Then, for every g € L*([0,T], H®) and uy € H*, there exists a unique solution u on
0,7 in X5 to the Cauchy problem

{ i+ Au— ou = Blufu = a(z)(l - A)"a(z)du+ g on [0,T] x M (3.17)

u(0) = wup € H*
Moreover the flow map

F : H*(M) x L*([0,T), H*(M)) X5

H
(u07g) = u
15 Lipschitz on every bounded subset.
Démonstration. Tt is strongly inspired by the one of Bourgain |7] and Dehman, Gérard,

Lebeau [16] for the stabilization term. The proof is mainly based on estimates of Lemma
3.2.1.

First, we establish that the operator J defined by Jv = (1+ia(z)(1 — A) ta(z))v is
an isomorphism of H* and X*? (s€ Rand -1 <b<1).
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J is an isomorphism of L? because of its decomposition in identity plus an antisel-
fadjoint part J = 1+ A. It is then an isomorphism of H® with s > 0 by ellipticity and
for every s € R by duality. Using Lemma 3.2.4, we infer that if —1 < b < 1, A maps
X*b into itself. Moreover, J~1 (considered for example acting on L*([0,T] x M)) is a
pseudodifferential operator of order 0 and satisfies J=' = 1 — AJ~!. Then, using again
Lemma 3.2.4, we get that AJ~! maps X*® into X* PI#2% and J is an isomorphism of
X0,

In the sequel of the proof, v will denote Ju. Hence, we can write system (3.17) as

O —iAv — Rov + ifBlul*u = —igon [0,T] x M
v = Ju (3.18)
v(0) = vy =Juy € H*

where Ry = —iAAJ ' +iaJ ! is a pseudo-differential operator of order 0.

First, we notice that if g € L*([0,T], H®), it also belongs to X%_b/ as b > 0.
We consider the functional

t
D(v)(t) = vy + / ellt=mA [Rov — if8 | u — ig] (T)dr.
0

We will apply a fixed point argument on the Banach space X%b. Let ¢ € C§°(R) be
equal to 1 on [—1, 1]. Then by construction, (see [24]) :

||¢(7f)€itAU0||Xs,b = ‘W”Hb(R) [[voll gs -
Thus, for 7" < 1 we have

10 0 < C e

e S C ||

Hs -

For T' < 1, the one dimensional estimate of Lemma 3.2.5 implies

t
HW/T> / CDRR(r) < CT Y F e
0

X s:b
and then
t
‘ / eilt-mA [Rov — if3 ul® u — ig] (t)dr (3.19)
0 X,;’b
< CT" """ | Ryv — Bi |u|2 u— z'gHXs,_b,
T
—b—b 2
S OTI b=b ||R01}| X;‘O + H|U| u‘ X;ﬁb/ + ||g| X;ﬁb/
—_b—b 2
< CT foll o (14 leliige) + gl v (3:20)
Thus
—b—b 2
[@(0)llz0 < C lluollye + lgll oo + CT ™ ol oo (14 ol ) (3:21)
and similarly,
~ —b—0' ~ 2 ~112
[@() = ®(B)|| gz < CT* ™ [|v = | s <1 + ol + 12 X) . (3.22)



3.3.1 - Nonlinear equation 103

These estimates imply that if 7" is chosen small enough ® is a contraction on a suitable
ball of X3, Moreover, we have uniqueness in the class X3 for the Duhamel equation
and therefore for the Schrédinger equation.

We also prove propagation of regularity.
If ug € H®, with s > 1, we have an existence time 7" for the solution in XT and another
time 7T for the existence in X sb . By uniqueness in X%b, the two solutions are the same
on [0,T]. Assume T < T'. Then, |u(t, )|l 7+ explodes as t tends to T whereas |Ju(t,.)|
remains bounded. Using local existence in H' and Lemma 3.2.7, we get that ||ul] 1. is
T

finite. Applying tame estimate (3.21) on a subinterval [T" — ¢, T, with € small enough
such that Ce!=0~Y (1 + HUH?XIZ)) < 1/2, we obtain
T

0] s+ 9]

oo < Clu(T —2)|

s,—bl
XT

Therefore, u € X:‘;’b, and this contradicts the explosion of ||u(t,.)|| ;. near T.

Next, we use energy estimates to get global existence.
First, we will consider the energy :

1 2 1 2 1 4
=5 [ vl 5o [ sy [

The energy is conserved if ¢ = 0 and a = 0. It is nonincreasing if g = 0. In general,
multiplying our equation by 0,u, we have the relation :

E(t) - E(0) — —/OtH(l—A)1/2a(x)8tu||iz—§fﬁ/0t/]\/[g&t_u
— _/tH(l_A)—l/Qa(x)&tuHiQ —§R/0t/M(J_1*g)%
= - [l - a7 awou,

—?R/ / (J ™g)iAv + Ryv — iB|ul?u — ig.
0 Jm

If 0 <t < T (for this equation, there is not global existence in negative time) and
g >0, we get

t t
E(t) < E(0)+C / IV 9|, 1Vl + / gl llul o
t 3 2
T / Nl e Nall2e + g1 aozrnn
t t
< BO)+C / 19() | VEG) + C / 192 (B(r)M
t
‘o / 190 s (B + 1912 omnn
<

t
0) + 0/0 lg(r) s [+ (BG4 1903201700 -
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Therefore

3/4 2
e B() < B(0)+ O 1+ s B ooy + llloman

So we have finally

B(t) < € (1+ BO)* + gl3aompean) + l9llhs gorm ) - (3.23)

This implies that the energy is bounded if g € L([0,T], H') and yields global existence

in X}’b for every T' > 0. The fact that the flow is locally Lipschitz follows from estimate
(3.22). O

Remark 3.3.1. If g = 0, the solution of (3.17) satisfies the energy decay

E(t) — B(0) = —/O (1= A)a(z)dul, .

This is obtained for initial data in H? by multiplying the equation by O, and can be
extended to initial data in H' by approzimation.

Remark 3.3.2. We have also proved that for any ug, g with
[woll g + 191l 2 (o.1, 1) < A the solution w of (3.17) satisfies

lull 10 < C(T, A).

Remark 3.3.3. If we look carefully at inequality (3.19), we see that we have for 0 <
e<l—0b-0V

t
/ elt=mA [Rov — i | u — iJg| (r)dr
0

Xl,b+a
—b—b'— . 2 .
< CT' 7" || Rov — i |u] U—ZJgHXl,—b’
T

—b—b'— 2
< O ol o (14 ol ) + 19l oo am) (3.24)

and we can then conclude that u is bounded in X}’bﬁ,

Remark 3.3.4. We notice that for a solution of the equation, the term of stabilization
a(z)(1—A)"ta(z)dwu belongs to L>=([0,T], H'(M)) as expected. Actually, for a solution,
this term acts as an operator of order 0. This is more visible using the equation fulfilled
by v = Ju.

Then, in the aim of obtaining controllability near trajectories, we prove an appro-
priate existence theorem.

Proposition 3.3.2. Suppose that Assumption 3.1.3 is fulfilled. Let T > 0 and w solution
in X3 of

(3.25)

0w+ Aw = £wlw+ gy on [0,T] x M
’U)(O) = Wy GHl

with g, € L*([0,T], H'). Then, for any s €]so, 1], there exists € > 0 such that for any
ug € H* and g € L*([0,T], H*) with |lug — woll g + 91 = 9ll 2o 77,5+ < € there exists a
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unique solution u in X3 of equation (3.25).
Moreover for any 1 > r > s there exists C = C(r, |w|| 416, T) > 0 such that, if ug € H"
T

and g € L*([0,T], H"), we have u € X, and

e = wllgo < € (lfao = woll e + g = 9l oo ) - (3.20)

Remark 3.3.5. In the focusing case, the existence of w is not guaranteed for any wy g,
and T, and the result we prove assumes this existence.

Remark 3.3.6. Here, we emphasize the fact that the asumption of smallness only

concerns the H® norm and not H". This is a consequence of the subcritical behavior.

Démonstration. We want to linearize the equation. If u = w +r and g = ¢g; + ¢, then

lw+r*(w+7r) = |wfw+2w?r+w?F+ 2w+ 2o+ |r)r

lw|®w + 2 |w|’ r + w*F + F(w,r).

We are looking for r solution of

{i@tr+Ar = 2wl r +w*F + F(w,r) + g, (3.27)

r(z,0) = ro(z).

We make a proof similar to Proposition 3.3.1. We only write the necessary estimates.
(2.11) and (2.12) yield

I7]

—b—b 2
wge S C(Iroll e + g llzgomymy ) + CT 7 lwlpo I

_h_}
+CT Y (ol o il o N

r,b
XT

2 b)
X3t )

st Il DIl
With 7 such that CT""Y |lw||%10 < 1/2, it yields
T

e < € (rolle + el 2oy m)

1-b—-b
+CT 7 (Jlwl s Il e 7

?Xs,b> . (3.28)
T

First, we apply this with » = s. As we have proved in Lemma 3.2.6 the continuity
with respect to 1" of ||r||ys» we are in position to apply a boot-strap argument : for
T

e+l i

I7oll sz + llgrll L2077, 12+) Small enough (depending only on [[w|[ y1.), we obtain :

kg x5t < Clrollgs + HgTHLZ([O,T],HS)‘

Repeating the argument on every small interval, using that ||r|

X3t controls L>°(H?®) and

matching solutions with Lemma 3.2.7, we get the same result for every large interval,
with a smaller constant ¢, depending only on s, T" and ||w|| 1.
T

Then, we return to the general case r > s and CT'*~Y Hw||§(1,b < 1/2. For T small
T
enough (depending only on r, € and ||w|| 1), estimate (3.28) becomes
T

17z < C (ol + 19el 22070,

Again, we obtain the desired result by piecing solutions together. O]
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3.3.2 Linear equation with rough potential

The control near trajectories will be obtained by a perturbation of control of linear
Schrodinger equation with rough potential. The equation considered are the linearization
of nonlinear equations and its dual version. We establish here the necessary estimates.

Proposition 3.3.3. Suppose Assumption 3.1.8. Let T > 0, s € [-1,1], A > 0 and
w e Xp° with lw] g0 < A.

For every ug € H* and g € X5

/
. . . . b .
there exists a unique solution u in X7 of equation

0+ Au = F2|wlPu+w*u+gon [0,T] x M (3.20)
U(O) = wug € H°. '
Moreover there exists C' = C(s, A, T) > 0 such that
[l o < € (ol s + llgll o) - (3.30)

Démonstration. We make the same arguments as above using estimates of Lemma 3.2.2.

[]

3.4 Linearisation in H*!

The following result show that any sequence of solutions with Cauchy data weakly
convergent to 0 asymptotically behave as solutions of the linear equation. These types of
results were first introduced by P. Gérard in [22| for the wave equation and are typical
of subcritical situations.

Proposition 3.4.1. Suppose Assumption 8.1.3 is fulfilled. Let (u,) € X%’b be a sequence
of solutions of

{ 100Uy + Aty — up — |up|*u, = a(z)(1 — A) ra(z)du, on [0,T] x M (4.31)
u,(0) = wuno€ HY(M) '
such that
Upog — O
HY(M)
Then

| [t — 0.
1,—b
T

Démonstration. We prove that any subsequence (still denoted u,,) admits another sub-
sequence converging to 0. The main point is the tame X;’b estimate of Lemma 3.2.1.
For one sg < s < 1 we have

2
llalPunll 1. < € llatallezo rtall o (4.32)

First, using Remark 3.3.2, we conclude that w, is bounded in X}’b, and actually by
Remark 3.3.3, u, is bounded in X};"** for some ¢ > 0. By compact embedding of X;,"*¢
into X;’b we obtain that u,, admits a subsequence converging weakly in X%’b and strongly
in X" to a function u € X3” with u(0) = 0. u,(0) strongly converges to 0 in H® and
by continuity of the nonlinear flow in H?, u,, strongly converges to 0 in X;’b. This yields

the desired result thanks to (4.32). O
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3.5 Propagation of compactness

In this section, we adapt some theorems of Dehman-Gérard-Lebeau [16] in the case
of X*" spaces. We recall that S*M denotes the cosphere bundle of the Riemannian
manifold M,

S*M={(z,§) eT"M : [¢], =1}

Proposition 3.5.1. Let r € R. Let u,, be a sequence of solutions to
10U, + Auy, = f,
such that for one 0 < b <1, we have

ltall o < Cy Nunllrossnos = 0 and | full gr-sens — 0

Then, there exists a subsequence (u,) of (u,) and a positive measure p on |0, T[xS*M
such that for every tangential (that is without time derivative) pseudodifferential operator
A= A(t,z,D,) of order 2r and of principal symbol o(A) = aq,.(t,x,§),

(A(t, Z, Da:)un’a un’)LQ(]O,T[xM) - a?r(ta Z, g) dﬂ(ta Z, 5)
10,T[xS* M

Moreover, if G¢ denotes the geodesic flow on S*M, one has for every s € R,
Gs(p) = p.

Démonstration. Existence of the measure : it is based on Garding inequality, see [21]
for an introduction.

Propagation : Denote L the operator L = i0, + A. Let ¢ = ¢(t) € C3°(]0,T]), B(z, Dy)
be a pseudodifferential operator of order 2r—1, with principal symbol by, 1, A(t, z, D,) =
©(t)B(z, D,). For € > 0, we denote A. = pB. = Ae*® for the regularization.

As A.u, and Alu, are C*°, we can write

(L, Afun)r2qoran) = (frs Altn) 20,r1x 00y and
(Acttn, Luy) r2qo,rixm) = (Actin, fr) 12qorixan)- We write by a classical way

One = (Lty, Aluy)r2qo,rxm) — (Actin, Ly, ) 22(0,17x M)
= ([Ac, Alup, un) — i(0:(Ac)tn, up).

We will strongly use Lemma 3.2.3 and 3.2.4 without citing them.

0(Ae) is of order 2r — 1 uniformly in €, then,

IN

Sllp(@t (Ag)un, un>L2(]07T[XM) C’H&t (Ag)un“X;r+1—b,b Hun HX;—H—b#—b
€

N

C”“ﬂ”){;bHuon;*Hbv*b

which tends to 0 if n — oo.
But we have also

Ope = (fm A:un)LQ(]O,T[xM) - (Aauna fn)L2(]O,T[><M)
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N

|(far Azwn) 2gorixan| < Ifall grmreeme | At ri1-s0

I e

b .
XT

Then, sup, ‘(fn, A:UTL)L2(]07T[XM)‘ — 0 when n — oo. The same estimate for the other
terms gives sup, o, . — 0.

Finally, taking the supremum on ¢ tending to 0, we get
([ B, Altig, un) r2qo,rixmy — 0 when n — oo

which means, in terms of measure
[ O oa@) b} duttn) =0,
10,T[xS* M

This is precisely the propagation along the geodesic flow. O]

Corollary 3.5.1. Let r € R. Assume that w C M satisfies Assumption 3.1.1 and

a € C°(M), as in (1.3). Let u, be a sequence bounded in X" with 0 < bV < 1/2,
weakly convergent to 0 and satisfying

, B

10Uy, + Au'n —>2O in X7 (5.33)

a(z)u, — 0in L*([0,T), H").

. Y
Then, we have u, — 0 in X"V,

Démonstration. Let (uyn, ) be any subsequence of (u,,). The asumption on b’ and compact
embedding allow us to apply Proposition 3.5.1. We can attach to (u,,) a microlocal
defect measure in L%([0,T], H") that propagates along the geodesics with infinite speed.
The second assumption of (5.33) gives a(z)p = 0. By Assumption 3.1.1, and the fact
that a is elliptic on w, we have u = 0 on 0, T[xS*M, i.e., (u,) — 0 in L?([0,T], H"),
and u,, — u in L*([0,T], H").

Then, we can pick ¢y such that wu,(ty) — 0 in H".

Using Lemma 3.2.5 and asumptions on b, we get for T < 1

Using Duhamel formula, we conclude u,, — 0 in X;lfb/.
Then, the hypothesis T' < 1 is easily removed by piecing solutions together as in Lemma
3.2.7. ]

t
/ ez(tfﬂ')Afn@‘)dT ) S C anHX,}’_b/ .
0

r,1—b
XT

3.6 Propagation of regularity

We write Proposition 13 of [16] with some X*° asumptions on the second term of
the equation.



3.3.2 - Linear equation with rough potential 109

Proposition 3.6.1. Let T >0, 0< b < 1 and u € X}°, r € R solution of
i+ Au=f e Xy

Given vy = (20,&) € T*M \ 0, we assume that there exists a zeroth order pseudo-
differential operator x(x, D), elliptic in vy such that

x(z, Dy)u € L} (0, T[, H )

loc

for some p < 174’ Then, for every v1 € I'y,, the geodesic ray starting at -y, there exists
a pseudodifferential operator V(z, D,), elliptic in v, such that

U(x, Dy)u € L3 (0, T[, H ).

loc

Corollary 3.6.1. With the notations of the Proposition, if an open set w satisfies As-
sumption 3.1.1 and a(x)u € L} (]0,T[, H*), with a € C®(M), as in (1.3), then
we L (|0, T[, H*(M).

loc

Proof : We first regularize : u, = en®u with HUnHX;b <C.Sets=r+p

Let B(x,D,) be a pseudodifferential operator of order 2s — 1 = 2r + 2p — 1, that will
be chosen later and A = A(t,z, D,) = ¢(t)B(x, D,) where ¢ € C5°(]0,T).
If L =140, + A, we write

(L, A"up) r2qorixary — (Attn, Ly, ) 1200,77x M)

= ([A, Alug, un) r2gorixar) — (99" By, un ) £2j0,71x M)

|(Aun> fn)LQ(}O,T[XI\/I)’ S ”Auon;’"vb ”anX;’_b

< ||un||X;+2f’—1+b’b ||fn||X;—b

As we have chosen p < 17_1’, we have r +2p — 14+ b < r and so

| (At fr) rzqorpan] < Cllunll ool fall - < C
Similarly
(B, ua)2goian] < Cllualls s < C.
Then,
T
([A, Afun, un) 20,1xa) =/ p(t)([B, Alun(t), un(t)) L2 (ar)dt

0

is uniformly bounded. Then, we select B by means of symplectic geometry. Take v, €
I'yy, U and V' two small conical neighborhoods, respectively of v and ~y. For every
symbol ¢(z,§), of order s, supported in U, one can find a symbol b(z, ) of order 2s — 1
such that

Hoa(2), b, O} = lela, O + 7z, )

with r(x, ) of order 2s and supported in V. We take B a pseudodifferential operator
with principal symbol b so that [B, Al is a pseudodifferential operator of principal symbol
|e(z,€)|* 4 r(z,€). Then, if we choose c(z,€) elliptic at 7y, we conclude

t
| ot e Doyt )]t < €.
0

This ends the proof of Proposition 3.6.1.
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Corollary 3.6.2. Here dim M <3 and b > 1/2. Let u € X}’b solution of

. _ 2
{Zatu—l-Au = |ul*u+won [0,T] x M (6.34)

dwu = 0on|0,T[xXw

where w satisfies Assumption 3.1.1.
Then v e C=(]0,T[xM).

Démonstration. We have u € L*>([0,T], H'), and so in L>([0,T], L°) by Sobolev em-
bedding. Then, we infer that |u|?u € L>([0,T], L*(M)).
On 10, T[xw, we have

Au = |ul*u + u.

Therefore, Au € L*([0,T], L*(w)) and uw € L*(]0,T[, H*(w)). Since H*(w) is an algebra,
we can go on the same reasonning to conclude that v € C*°(]0, T'[xw).
By applying once Corollary 3.6.1, we get u € Lfoc([O,T},HH%b). Then we can pick

to such that u(ty) € H"'z . We can then solve in X'z our nonlinear Schrédinger

equation with initial data wu(tp). By uniqueness in X%’b, we can conclude that u €

1+
Xr .

By iteration, we get that u € L*(]0,T[, H") for every r € Rand u € C*([0,T] x M). O

Corollary 3.6.3. If, in addition to Corollary 3.6.2, w satisfies Assumption 3.1.2, then
u=0.

Démonstration. Using Corollary 3.6.2, we infer that u € C*°(]0, T[x M).
Taking time derivative of equation (6.34), v = O,u satisfies

{z@tv—l—Av—I—fl v+ fov = 0 (6.35)

v = 0onl0,T[xw

for some fi, fo € C*(]0,T[xM). Assumption 3.1.2 gives v = Jyu = 0. Multiplying
(6.34) by u and integrating , we get

/ IVl + / uf* + / uf? = 0
M M M

and so u = 0. ]

Remark 3.6.1. We have the same conclusion for u € X}’b solution of

{ iOu+Au = won [0,T] x M (6.36)

Owu = 0on 0, T[Xw.

3.7 Stabilization

Theorem 3.1.2 is a consequence of the following Proposition
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Proposition 3.7.1. Let a € C*(M), as in (1.3). Under Assumptions 3.1.1, 3.1.2 and
3.1.3, for every T > 0 and every Ry > 0, there exists a constant C' > 0 such that
imequality

T
B(0) < C / 11— A V2a(2)o,ul|, dt
0

holds for every solution u of the damped equation

{ O+ Au— (1+u)u = a(z)(l —A)"a(z)0u on [0,T] x M (7.37)

u(0) = wy € H!

and ||uol| ;» < Ro.

Proof of Proposition 3.7.1 = Theorem 3.1.2. For any f € H'(M), Sobolev embeddings
yield

E(f) < C(IIf Il + 1f 17
£l < C (B2

As the energy is decreasing, if ||ug|| ;1 < Ro, we can find another Ry such that ||u(t) g <
Ry for any t > 0. For this range of values, we have

CTHEUN < If i < C (BN (7.38)

for one C' > 0 depending on Rj.

We apply Proposition 3.7.1 with this bound and obtain E(t) < Ce™ %) E(0). Then,
for t > t(Ry), we have |[u(t)|/ ;. < 1.

We take (1) the decay rate corresponding to the bound 1. Therefore, for t > t(Ry),
we get [|u(t)]| g < Ce Y WEUED) |l4y(t(Ry))|| - This yields a decay rate independant of
Ry as announced, while the coefficient C' may strongly depend on Rj. [

Remark 3.7.1. If we make the change of unknown w = e~%u, w is solution of the new
damped equation

{ 10w+ Aw — |w)Pw = a(z)(l — A)ta(z)(dw — iw) on [0,T] x M
w(O) = U c H'.

This modification is necessary because there is not exponential decay for the damped
equation (7.37) with |u*u instead of (1 + |u|*)u. We check for example that for a =1,
the solution u(t) with constant Cauchy data ug is

|uol?
O = ———-.
|U( )‘ 1+ ]u0|2t

This can be seen by working in polar coordinates u(t) = p(t)e®®® so that the solution

satisfies p + ipé = ﬁp‘g and % <p%> = 1 by taking real part. Moreover, it also proves

that the solution is global in time only on RY (this restriction remains with the non
linearity (1 + |ul*)u).
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Proof of Proposition 3.7.1. We argue by contradiction, we suppose the existence of a
sequence (uy,) of solutions of (7.37) such that

[n (0} 1 < Ro

and
/0 (1 - A)‘lﬂa(m)@tunH; dt < %E(un(O)) (7.39)

We note a,, = E(u,(0))/2. By the Sobolev embedding for the L* norm, we have a,, <
C(Rp). So, up to extraction, we can suppose that a,, — «.
We will distinguich two cases : a > 0 and o = 0.

First case : a,, — a >0
By decreasing of the energy, (u,) is bounded in L°([0,T], H') and so in X;". Then, as
X%’b is a separable Hilbert we can extract a subsequence such that w,, — u weakly in

1b o ysb 1,b 2
X" ans stro;llgly in X7 for one u € X;” and s > sg. Therefore, |u,|*u,, converges to
u|?u in X777

Using (7.39) and passing to the limit in the equation verified by u,, we get

iQu+Au = |uPu+uon[0,T] x M
dwu = 0on |0, T[xw

Using Corollary 3.6.3, we infer u = 0.

Therefore, we have, up to new extraction, u,(0) — 0 in H'. Using Proposition 3.4.1 of
linearisation, we infer that |u, |[2u, — 0 in X357

Moreover, by (7.39) we have

AL
a(z)(1 — A) " a(z)Owuy, L%[ﬁHl)

. . 1,-b
and the convergence is also in X, .

Then, estimate (7.39) also implies a(z)du, — 0.
£2((0,7],H-1)

Using equation (7.37), we obtain

— I 2 — — -1 —_—
() [ Bty =t = Pt — () (1 = 8)Ma()0n] | 0

By Sobolev embedding, u, tends to 0 in L>([0, T, L?) for any p < 6. Therefore, |u,|?u,,
converges to 0 in L>([0,T], LY) for ¢ < 2 and so in L?([0,T], H~'). Thus, we get

A—1u,
al@) Ju L2017, H-1)

Therefore, (1 — A)Y2a(x)u, = (1 — A)"Y2a(z)(1 — A)u, + (1 — A)7V2[(1 - A), a(x)]u,
converges to 0 in L*([0, 77, L?).
In conclusion, we have
Uy —0 in X5
a(z)u, — 0 in L*[0,T], H')
10, + Au,, —u, — 0 in Xilp’_b/.
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Thus, changing u, into e“u, and using that the multiplication by e is continuous on
any Xfr’b (see Lemma 3.2.3), we are in position to apply Corollary 3.5.1. Hence, as we
have 1 — b > 1/2, it yields

n(0 0.
un(0)

In particular, F(u,(0)) — 0 which is a contradiction to our hypothesis a > 0.

Second case : a,, — 0
Let us make the change of unknown v, = u, /a,. v, is solution of the system

10w, + Av, — a(z)(1 — A) a(z) 0w, = v, + a2 |v,|*v,

and
T 2 1
/ (1= A)a(z)dwy||,. dt < - (7.40)
0
For a constant depending on Ry, we still have (7.38). Therefore, we write
[t ()] 11 E(un(t))'/
W = =— - < C——77-"+~F- <C
Therefore
[ (O] 11
n O = =75 =2C >0 7.41
o)l = 0 s = € > (7.41)

Thus, we have |v,,(0)]| ;2 & 1 and v, is bounded in L>([0,T], H').
By the same estimates we made in the proof of Proposition 3.3.1, we obtain

—b—b 3
HUnHX:lr*b <C ”Un<0)||H1 +OT <||Un”)(%b + avzm anHX%b)
Then, if we take CT'~*% < 1/2, independant of v,, we have
3
lvnll x10 < C(L+ o [Jvall 1)

By a boot strap argument, we conclude that, [|v,[/y1e is uniformly bounded. Using
T

Lemma 3.2.7, we conclude that it is bounded on X for some large T and then, a2|v,,|>v,
tends to 0 in X777,
Then, we can extract a subsequence such that v, — v in X}’b where v is solution of

i+ Av = von[0,T] x M
Ow = 0on]0,T[xw

It implies v = 0 by Remark 3.6.1.
Estimate (7.40) yields that a(z)(1 — A)~'a(x)dv, converges to 0 in L*([0,T], H') and
SO in X:}J_b/.

We finish the proof as in the first case to conclude the convergence of v, to 0 in X}’b.
This contradicts (7.41). O
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3.8 Controllability of the linear equation

3.8.1 Observability estimate

Proposition 3.8.1. Assume that (M,w) satisfies Assumptions 3.1.1, 3.1.3 and 3.1.4.
Let a € C®(M), as in (1.3), taking real values. Then, for every —1 < s <1,T >0 and
A > 0, there exists C such that estimate

2 . dt

HS

||U0|

) T
WSOAHw@|

holds for every solution u(t,z) € X3 of the system

{i@m#—Au = R2w|Putw?a on [0,7] x M

u(0) = wuy € H* (8.42)

with one w satisfying HwHX%,b < A.

Démonstration. We only treat the case with 2|w|?u + w?u. The others are similar. We
argue by contradiction. Let u, € X3 be a sequence of solution to (8.42) with some
associated w,, such that
T
s =1, / llaw, |
0

a0 < A.

[, (0)] e — 0 (8.43)

and

Proposition 3.3.3 of existence yields that u,, is bounded in XQSJb and we can extract a sub-
sequence such that wu, converges strongly in X5 """ to some v € X5 (b < 1-V < 1).
Then, using Lemma 3.2.2, we infer that 2|w,|[*u,, + w?u, is bounded in X;fb/. We can
extract another subsequence such that it converges strongly in X?Hb’*b (here we use
—b< —1/2 < —b) to some ¥ € X;’*b/.

Denoting r, = u, — v and f, = 2|wn|2un + w%u‘n — W, we can apply Proposition
3.5.1 of propagation of compactness. As w satisfies geometric control and au, — 0
in L?([0,T], H*), we obtain that r,, — 0 in L2 ([0,T], H®).

r, is also bounded in X;’b and we deduce, by interpolation, that r, tends to 0 in Xls’bl
for every I CCJ0,TT.

Now, we want to prove that v = 0 using unique continuation. As w,, is bounded in
XX we can extract a subsequence such that it converges weakly to some w € X}’b. We
have to prove that u is solution of a linear Schrédinger equation with potential. But the
fact that |wy,|*u, converges weakly to |w|?*u is not guaranteed and actually uses the fact
that the regularity H' is subcritical (see the article of L. Molinet [38] where the limit of
the product is not the expected one).

We decompose

Uplwy* = wlw]* = (uy — w)|w,* + u [[w, — w* — ww—=wy,) —w(w — w,)]
= [+ I1I1+1IT+1V.



3.8.2 - Linear control 115

Term I converges strongly to 0 in stfbl because u,, — u tends to 0 in X;’b/ and w, is
bounded in X .. For term II, we use tame estimate for ¢ such that 1 — e > s,

Hu|wn o w|2‘ X%’fbl < HU’HX,}” Hwn - wail;s,b/ Hwn - w”X%,b/ .

By compact embedding, w,, —w converges, up to extraction, strongly to 0 in X;s,b/ and
Term IT converges strongly in Xfp’_b,. Terms III and IV converge weakly to 0 in XT_l’_b

and so in the distributional sense.

Finally, we conclude that the limit of u,,|w,|? is u|w|>. We obtain similarly that w3,
converges in the distributional sense to w?u. Therefore, u is solution of

i0u + Au = 2|w|*u + wa
u=0o0n[0,7] X w.

Using Corollary 3.6.1, we infer that u € L ([0, T, HS+%) and existence Proposition

loc

Py
3.3.3 yields that it actually belongs to XT+ 2 b By iteration, we obtain that u € X%’b.
Then, we can apply Assumption 3.1.4 and we have in fact v = 0.

We pick tg € [0,T] such that w,(ty) converges strongly to 0 in H*. Estimate (3.30)
of existence Proposition 3.3.3 yields strong convergence to 0 of w, in Xé’b. Therefore,
|4, (0)]] 75 tends to 0, which contradicts (8.43). O

3.8.2 Linear control

Proposition 3.8.2. Assume that (M,w) satisfies Assumptions 3.1.1, 3.1.3 and 3.1.4.
Let -1 <s<1,T>0andw € Xilp’b. For every ug € H*(M) there exists a control
g € C([0,T], H?) supported in [0,T] x W, such that the unique solution u in X;’b of the
Cauchy problem

{z'atquAu = R2w|Putw?®u+g on [0,7]x M (8.44)

w0) = uy € H* (M)

satisfies u(T) = 0.

Démonstration. We only treat the case with 2|w|*u + w?u. Let a(x) € C®(M) real
valued, as in (1.3). We apply the HUM method of J.L. Lions. We consider the system

iu+Au = 2uwlPu+w?u+g ge L*[0,7],H*) w(T)=0
i+ Av = 2w/*v —w* v(0) = vy € H™*.

These equations are well posed in X;Jb and X;S’b thanks to Proposition 3.3.3. The
equation verified by v is the dual as the one of u for the real duality (the equation is not
C linear). Then, multiplying the first system by 7, integrating and taking real part, we
get (the computation is true for w, g and vy smooth, we extend it by approximation)

T
R(ug, v0)r2 = 3‘%/ (ig,v)r2dt
0
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where (-, )2 is the complex duality on L?(M). We define the continuous map S : H~* —
H? by Svg = up with the choice

g=Av = —ia(z)(1 — A) *a(x).

This yields

%@W%hz:S%OW@O—A)%@uwzi}M—A)deﬂ;

= [ ety

Thus, S is self-adjoint and positive-definite thanks to observability estimate of Proposi-
tion 3.8.1. Tt therefore defines an isomorphism from H ™ into H®. Moreover, we notice
that the norms of S and S~' are uniformly bounded as w is bounded in X;". O

Proposition 3.8.3. Assume 0 < s <1, w =0 and (M,w) is either :
-(T3,any open set)

-(5% x S, (a neighborhood of the equator)xS*)

(5% x S',5%x (any open set of S*))

Then, the same conclusion as Proposition 3.8.2 holds.

Démonstration. By following the proof of Proposition 3.8.2, we are reduced to proving
an observability estimate

T
H%ﬁsgo/\W@w%MZJt
0

These results are already known for s =0 :

-for T3, this was first proved by S. Jaffard [26] in dimension 2 and generalized to any
dimension by V. Komornik [28].

-the others example are of the form (M; x My, wy x My) were w; satisfies observability
estimate.

We can extend them to any s, with 0 < s <1 by writing
Juoll - = ||(1 = A)*?ugl|,,. We conclude using observablility estimate in L? and
commutator estimates.
Actually, Proposition 3.8.4 of the next section proves that controllability in L? implies
controllability in H®, 0 < s < 1, with the HUM operator constructed on L2. This yields
the observability estimate in H~° and for that reason, we do not detail the previous
argument. O

3.8.3 Regularity of the control

This section is strongly inspired by the work of B. Dehman and G. Lebeau [17]. Tt
express the fact that the HUM operator constructed on a space H® propagates some
better regularity. We extend this result to the Schrodinger equation with some rough
potentials.
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Let T >0, s € [-1,1] and w € X}’b. As in the the proof of Proposition 3.8.2,
we denote S = Sy7,a 1 H° — H® the HUM operator of control associated to the
trajectory w by S®¢ = uy where

i0:®+ AP = 2\w*® — w?®
O(z,0) = Py(x) e H*

and w solution of

O+ Au = 2w|’u+ w?u+ AP
u(T) 0

where A = —ia(z)(1 — A)"*a(x).

Proposition 3.8.4. Suppose Assumptions 3.1.8 and 3.1.5 are fulfilled. Let 0 < sy <
s<1l,e=1—sand w € X}F’b, Denote S = Ssrw.a the operator defined above. We
assume that S is an isomorphism from H™% into H®. Then, S is also an isomorphism
from H=5*¢ into HT¢ = H'.

Démonstration. First, we show that S maps H5"¢ into H**.

Let &, € H*t¢. By existence Proposition 3.3.3, we have ® € X:FSJFE’I’, then A® €
L2([0,T], H**¢) and existence Proposition 3.3.3 gives again u € X" and u(0) = S®, €
Hste,

To finish, we only have to prove that S®y = ug € H*"¢ implies &5 € H ¢, As we
already know that ®; € H~*, we need to prove that (—A)¥/2®, € H~*. We use the fact
that S is an isomorphism from H~* into H*. Denote D° = (—A)%/2,

|D°@]l . < ClISD*®ollyy. < ClISDPy — DS 5. + C[| DSy

<
S C HSD€(D0 - D€U0| Hs + C ||UO|

HS

Hs+5

Let ¢ solution of

i + Ap 2lwl’p — w*e
o(x,0) = DPy(x)

and v solution of

0w+ Av = 2w]Pv +w* + Ap
u(T) 0.

So that v(0) = SD*®,. We need to estimate ||[v(0) — D°uo|| .. But r = v — Du is
solution of

{ i0r + Ar = 2w’r + w*F — 2[D, |w|?ju — [DF, w*]u + A(p — D*®) — [D*, A|®
r(T) = 0.

Then, using Proposition 3.3.3 we obtain

Iroll o < Clr]

wo < C (H[DE, w]?]ul

xg {07 @)

s,—b’
XT

+ [ Alp = D)y + D", A v )

s,—b’
XT
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Lemma 3.A.3 of the Appendix, Section 3.A gives us some estimates about the commu-
tators. For the last term, we notice that [D?, A] is a pseudodifferential operator of order
€—2s—1< —2s.

e

Irol ot + 1AG = D7) o+ 1@l o)) -

We already know that u € X5, w € X5 and ® € X*". We only have to estimate
|A(p — D) xo S Cllo = D*®|| 1210 1, 1r-+)- But d = ¢ — D*® is solution of

i0d +Ad = 2lw]*d — w?d — 2[D?, |w|]?]® + [D°, w?]d
d(z,0) = 0.

Thus, using Proposition 3.3.3, we get
lp = D@l gy < Clld] o0 < C (||[Df, |w12]cI>HX;s,_b, + ||[D7, w2]6||X;S,_b/> .

The second part of Lemma 3.A.3 of the Appendix allows us to conclude. O]

3.9 Control near a trajectory

Theorem 3.1.3 and 3.1.4 are consequences of the following Proposition.

Proposition 3.9.1. Suppose Assumptions 3.1.8 and 3.1.5 are fulfilled. Let T > 0 and
w e X%’b a controlled trajectory, i.e. solution of

0w + Aw = F|w]*w + gy on [0,T] x M

with g, € L*([0,T], H'(M)), supported in 0. Let 1 > s > sq > 0 . Assume that the HUM
operator S = Sg1w.q, defined in Subsection 3.8.3, is an isomorphism from H~° into H*.
There exists € > 0 such that for every ug € H*® with |jug — w(0)|| 5. < €, there exists
g € C([0,T], H®) supported in [0, T] X w such that the unique solution u in X}’b of

{ iOu+Au = +lulPu+yg (9.45)

u(z,0) = wup(z)

fulfills w(T) = w(T).
Moreover, we can find another ¢ > 0 depending only on T,s, w and HwHX%,b such that for
any ug € H' with |Jug — w(0)|| ;s < &, the same conclusion holds with g € C([0,T], H').

Démonstration. In the demonstration, we denote C' some constants that could actually
depend on T, ||w|| 41 and s. The final € will have the same dependence. We make the
T

proof for the defocusing case, but since there is no energy estimate, it is the same in the
other situation.

We linearize the equation as in Proposition 3.3.2. If u = w + r, then r is solution of

ior + Ar = 2|w|2r+w2F+F(w,7‘)+g—gl
r(xz,0) = 7ro(x)
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with F(w,r) = 2|r]>w 4 2@ + |r|*r. We seek g under the form g, + A® where ® is
solution of the dual linear equation and A = —ia(z)(1 — A)"*a(z), as in the linear
control. The purpose is then to choose the adequat &, and the system is completely
determined.

With ||ro||gs small enough, we are looking for a control such that r(7") = 0.

More precisely, we consider the two systems

i0:®+ AP = 2\w?® — w?d®
O(2,0) = Py(x) e H*

and

O+ Ar = 2w r 4+ w4+ F(w,r) + Ad
r(z, T) = 0.

Let us define the operator

L: H>(M) — H (M)
D, — Ldy = r(0).

We split r = v + ¥ with ¥ solution of

iV + AV = 2\w|?V + w?l + Ad
U(T) = 0.

This corresponds to the linear control, and so ¥(0) = S®. v is solution of

(9.46)

0w+ Av = 2w|*v+ w*+ F(w,r)
() = 0

Then, r, v, ¥ belong to X3 and r(0) = v(0) + ¥(0), which we can write
L(I)Q == K(I)Q + S(I)O

where K&y = v(0).
L®y = ry is equivalent to &g = —S~ K ®y+S~'rq. Defining the operator B : H™* — H~*
by

B(I)O = —S_lK(I)O + S_IT(),

the problem L®, = ry is now to find a fixed point of B near the origin of H™*. We will
prove that B is contracting on a small ball By-:(0,7) provided that ||rg| ;. is small
enough.
We may assume T < 1, and fix it for the rest of the proof (actually the norm of S!
depends on T" and even explode when 7" tends to 0, see [37] and [44]).
We have

1B®y |,y < C(|FDy|

So, we are led to estimate ||K®q|| . = [[v(0)|| .-
If we apply to equation (9.46) the estimate of Proposition 3.3.3 we get

st |70l H) .

o)l < ol
< ClF(w, )| ys-v
T
2 3
S C ”wHqu;b ||7”| X;,b + ||T| X;’b .
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Then, we use the linear behavior near a trajectory of Proposition 3.3.2. We conclude
that for
AP 1207y,5r) < ||@||X;s,b < C'|®gll 5-s < Cn (see Proposition 3.3.3) small enough,
we have

Il oo < C 1ol .
This yields

2 3
1B@o|l - < C ([1Do][77-« + [Poll7y-s + lI7o]

) -

Choosing 7 small enough and ||ro|| 5. < n/2C, we obtain ||[B®||,;-. < n and B repro-
duces the ball By-:(0,n).

If up € H', we want one g in C([0,T], H'), that is ®; € H'~25. We prove that B
reproduces By-s(0,7) N Byi-2s(0, R) for R large enough.

Proposition 3.8.4 yields that S is an isomorphism from H'~2% into H'. Then, we
have by the same arguments as above

[B®o| 120 < C (I Pol| g1 + [I70ll 1)

IN

[0 (O] Cllvll xe

< C||F(w,r)

HX;v*b/
< Clwlixpe 7]

2
oo Lo+ [ 17l o

and
Il ao < C 1 @oll o

Then,
|B®oll 12 < C (B + R + [|rol ) -
Choosing 7 such that C(n+n?) < 1/2 (it is important to notice here that this bound does

not depend on the size of ry in H') and R large enough, we obtain that B reproduces
BHfs (0, 77) ﬁ BH1*25 (0, R)

Let us prove that it is contracting for the H™° norm. For that, we examine the
systems

0 =)+ Alr = 7) = 2l —7) + 0= 7)

+F(w,r) — F(w,7) + A(® — D) (9.47)
(r=m)(T) = 0

{z’@t(v—ﬁ)+A(v—17) = 2lw|*(v —0) +w*(v —0) + F(w,r) — F(w,7)
(v—=o)(T) = 0.

We obtain
|BO—BE| < Clw= 0Ol < CIFw,r) = Flw,7)] gov
< O (g + Wllgzo + s + 1o ) lr = o
< Clp+n)|r =7 x5t < Cnllr—7| x5t (9.48)
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Considering equation (9.47), we deduce

[ =7llyse < ClF(w,r) = F(w,7)]

v +C HA(@ — 5))

L2([0,T),H*)
< Cnllr =l +C||20— G|
If n is taken small enough it yields
Ir =Pl < C[| @0 = - (9.49)

Combining (9.49) with (9.48) we finally get

HBCI)O _ B,

< cafon
H—S H—S

This yields that B is a contraction on a small ball By-s(0,7), which completes the proof
of Proposition 3.9.1. O

Corollary 3.9.1. Let T > 0 and (M,w) such that Assumptions 3.1.1, 3.1.3, 3.1.4 and
3.1.5 are fulfilled.
Then, the set of reachable states is open in H® for sg < s < 1.

In the next corollary, f(k) denotes the coordinates of a function f in the basis of
eigenfunction of M.

Corollary 3.9.2. Suppose the same assumptions as Proposition 3.9.1. Let Ey > ||wo|| 1
Then, there exist N and € such that for every ug and u; € H' with

[uoll g < Eo, Jurl[ g < Eo (9.50)
> Jda(k) — wo(k)* < e, > (k) — wr(k))* < e (9.51)
|k|<N |k|<N

we can find a control g € L>([0,T], H') supported in [0,T] X w such that the unique
solution of (9.45) with control g and u(0) = ug satisfies uw(T) = uy.

Démonstration. We build the control in two steps : the first brings the system from wug
to w(T/2) and the second from w(T'/2) to u;. Actually, the second step is the same by
reversing time and we only describe the first one.

Let sg < s < 1. We first check that the first part of the conclusion of Proposition
3.9.1 is true without Assumption 3.1.5. It gives one € > 0 such that if ||ug — wol| 5« < €
we have a control to w(7'/2) in time T'/2 with g € C([0,T/2], H'). We only check that
once Ej is chosen, we can find N and € such that assumptions (9.50) and (9.51) imply
[uo — woll . < € N

We also obtain a first proof of global controllability. The Assumptions we make are
stronger than Theorem 3.1.1 that will be proved using stabilization. However, in the
examples we treat, the Assumptions are fulfilled.

Corollary 3.9.3. Theorem 3.1.1 is true under the stronger Assumptions 3.1.1, 3.1.3
and 3.1.4.
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Démonstration. We will make successives controls near some free nonlinear trajectory

so that the energy decrease. The main argument is that the ¢ of Theorem 3.1.3 only

depends on [|wl| 1+ and if the trajectory is a free nonlinear trajectory, then the ¢ only
T

depends on |Jwp|| ;. We just have to be careful that each new free trajectory fulfills
lwl| y1e < A for one fixed constant A.
T

Fix T > 0. There exist C] such that
1/2 .
1l < 1 (BOY+VER) © Vf e HY(M),

Denote A = (4 (E(wo) + E(wo)). There exists a constant such that [|wgl/;n < A

implies |Jw]| y1o < B for w solution of
T
0w+ Aw = |w|*won [0,T] x M
w(0) = wp.
Let ¢ the constant so that Theorem 3.1.3 si true for any w with ||w|| 1, < B. We choose
T
the arrival point uy = (1 — ¢/A)wr such that
lur = wrll = e/Aljwrl < Gy (Ewr) + VE(wr)) /A ==
We have a control g supported in [0, 7] x @ such that the solution u of

i+ Au = |ulPu+gon [0,T] x M
u(0) = wy
satisfies u(T) = up. If 1 —e/A € [0, 1], we have
1 1
E(ur) == [ |(1 —¢/A)Vwr|* + —/ (1 —e/Awr|* < (1 —¢e/A)?E(wr).
2 Jm 4 Ju

Moreover, we still have

1/2
lurll s < €1 (Blur) +VElur)) < A

Then, we can reiterate this processus with the same . We construct a sequence of
solutions u,, € X[lan (nt1yr) @nd of controls g, € C([nT, (n + 1)T7, H') such that

1Oy + Auy, = |up|?up, + gy on 0T, (n+ 1)T] x M
u,(nT) = up_1(nT)

and
E(uy(nT)) < (1 —e/A)*"E(wy) < C(1 — /A" ([lwoll3: + lwolln) -
But, we have

funn D) < G (B (D) + /Bl (D))

Therefore, it can be made arbitrary small for large n. This allows to use local controlla-
bility near the trajectory 0. We obtain global controllability making the same proof in
negative time. L
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3.10 Necessity of geometric control assumption on S*

In this section, we prove that on S3, the geometric control is necessary for stabiliza-
tion to occur. The argument uses some concentration of eigenfunctions. This concentra-
tion was also used by N. Burq, P. Gérard and N. Tzvetkov [10] to prove some ill-posedness
results.

Proposition 3.10.1. Let T be a geodesic of S* and a € C*(S?) such that Supp(a)NT =
0. Then, for every Ry > 0, C' and v > 0 there exist T > 0 and uy € H(S?) with
lluol| ;1 < Ro such that

[u(T) | g2 > Ce™ lull

for u solution of equation

{ 0+ Au— (14 [uf)u = a(z)(l - A) " a(z)dwu on [0,T] x S° (10.52)

u(0) = wug € H.

Démonstration. Let T such that Ce™T < 1/2.

By changes of coordinates, we can assume that I' = {x3 = 24 = 0}. We will use the
eigenfunctions ®,, = ¢,(z; + iz3)" that concentrates on the subset {x3 = x4 = 0}. ¢,
is chosen such that ||®,|,: = Ry and so ¢, ~ n'/?>71. We have —A®, = \,®, with
An = n(n + 2). Let u, be the solution of (10.52) with u,(0) = ®,. Let v, = A=V,
be the solution of the linear equation

i0pvn + Av, —v, = 0on[0,T] x S?
v,(0) = D,

Then, r, = u,, — v, is solution of

i0rn + Ary — 1, = a(z)(1 — A)ta(x)dr, + R, on [0,T] x S3
r(0) = 0
with R, = |u,|*u, + a(z)(1 — A)~ta(z)0w,.
Proposition 3.4.1 of linearisation yields that |u,|*u, — 0 in X%’fb/.
For the other term in R,,, we use the concentration of the ®,,.
la@)(1 = 2)a@)dwal v < a@)(1 = 2) 7 a(@)3vall 2 g0 1
< Ma(@)0wnll 20,011y < A+ 1) (@) D] Lo (53

Let § > 0, such that we have 22 + 22 > § on Supp a. Hence, we have |(z1 + iz,)|> =
P4 ri=1—22—22<1-0.

(M + 1) [|a(@) Pl oo (537 < CAn + Dea(1 = )72

Since \, and ¢, are at most polynomial in n, we deduce that R, tends to 0 in X}’*b/.
By some arguments similar to the proof of the continuity of the flow map of Proposition
3.3.1, we infer that 7, tends to 0 in X).°. Then, ||u,(T)||,;: tends to R and for n large
enough, we have ||u,(T)| ;> Ro/2. O
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With a similar proof, we could show the same result on S?x St if Supp(a)N(I'x S1) =
() for some geodesic ' of S2. Yet, it does not imply geometric control.

The construction of J. V. Ralston [40] proves that actually, a necessary condition for
stabilization is that the support of a(z) intersects any stable closed geodesic (see also
the work of L. Thomann [45] where this concentration is used to prove ill-posedness).
In the case of S3, we use the geometric fact that every closed geodesic is stable.

3.A Some commutator estimates

This section is devoted to the proof of some commutator estimates used in Propo-
sition 3.8.4. More precisely, we study the action of [(—A)®/2, aja,] on X*® where a; are
rough. We first give a simple proof for T® (rational or not) and then a general one under
Assumption 3.1.5. Then, we show that this assumption is fulfilled for S® and S? x S*.
We will need an elementary lemma.

Lemma 3.A.1. If 0 < e <1, we have for any norm ||k|* — |ks|?| < |k — ks].

Démonstration. Using triangular inequality, we get ||k| — |ks||” < |k — k3|®. Then, we
are reduced to the case of R™ : we prove that for z, t € R™ we have (z +1)° — 2° < t¢,
which is an easy consequence of Minkowsky inequality for 1 < 1/e < +oc. O

3.A.1 An easier proof for T?

Lemma 3.A.2. Let M = R3/(0,Z x 0,7 x 0,Z) with (0,,0,,0.) € R3. Denote sy the
constant taken from Assumption 3.1.3. Let s > so and 0 < e < 1.

Then, there exists V' < 1/2 such that us — [A%? uyuslus maps any X*Y into X5V,
where uyuy denotes the operator of multiplication by uius with u; € X5t fori € {1,2}.
This function [AS/? ujuy] also maps X% into X5~

Moreover, the same result holds with u; replaced by w; for i in a subset of {1,2,3}.

Démonstration. We choose the norm |k| = \/(0,k.)? + (0,k,)? + (0.k)? so that
“Au(k) = [k|2ak)

By duality, it is equivalent to prove

/ [(—A)S/Q, uug)u U < C ||uq|
RxM

Using Parseval theorem and denoting k = k1 + ko + k3, T=71 + o + 73
/ [(—A)E/Z,ulug}u v
RxM
=[S @tk )@ ) (K el )k 7
T1,72,

™3 k1,k2 k3

S/ D I = ksl [ by, 72) @ (ko 7o)k, 75)0 (K, 7) |
TLT2T3 by ko kg

et |[Uall xorenr ([l o 0] x o
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Lemma 3.A.1 and k — k3 = k1 + ko yields
/ [(—A)E/Q,uluﬂu v
RxM
< C/ > (kalf + [kl N (e, 70)| @2 (Ko, 72) 1] ks, 75)] [0k, 7)]
71,72,

™3 k1,ko k3

Denoting u® the function with Fourier transform w1 (k1,71)| we obtain.
g Uy

/ (A2 uuous| < C (Ae/zuﬁ) uud o8 +/ ul (A5/2u§> ub o8
RxM RxM RxM

< Cllua
Here, we have finished the proof using the trilinear Bourgain estimate because s > s.
If we estimate this integral using the trilinear estimate at the negative level H™*, we
obtain the second result we announced. O]

xorett [ U2l xoren ([l o 10l x o

3.A.2 General proof under Assumption 3.1.5

Lemma 3.A.3. Denote sy the constant taken from Assumption 3.1.5. Let s > so and
0<e<1.

Then, there exists b' < 1/2 such that us — [(—A)*/2, uyus)us maps any X5 nto X5
where uiuy denotes the operator of multiplication by uyus with u; € Xxstet forie {1,2}.
This function [A%/?, ujus] also maps X% into X5~

Moreover, the same result holds with u; replaced by w; for i in a subset of {1,2,3}.

Démonstration. The proof follows the techniques of J. Bourgain and N. Burq, P. Gérard,
N. Tzvetkov. Here, we were inspired more precisely by [23]. We recall the notations
u# = e "Bu(t), u¥ = 1 ;g onu where N is a dyadic number and @(7) is the Fourier
transform of u with respect to the time variable. First, with some dyadic integers N;
fixed, we estimate the integral

I(Ny, .., Ny) :/ uM ) [((—A)€/2uévg) U — up® (—A)5/2U_4N} dtdx
RxM

27T Ry x M

"'1 T2 7'3 T4

x[« AR ()t (7) — A () (A 0 (1)

By nearly orthogonality in H” and partition of unity, u; = Y, ., @(t —n/2)u;(t), we are
led to the special case where the u; are supported in time in the interval |0, 1]. Select
X € C§°(R) such that x =1 on [0, 1]. Thus, estimates (1.10), applied with 7; fixed, and
Cauchy-Schwarz inequality in (7, 7o, 73, 74) gives for any b > 1/2

I M| < COV; + N5) (- N T [

L2(M)

< CO(Nf + N3) (m(Ny, - -+, Ny))™ (1.53)

XOb(RXM)
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This estimate is very satisfactory for the space regularity. Yet, for the regularity in time,
it requires b > 1/2 which is too much for our purpose. We will interpolate with some
crude estimates in space but better in time.

For the case where Nj is large, we estimate |I(Ny,-- -, N)| using Sobolev embeddings
HY4(R) C LA(R) :

N;
uj

1N, Nyl < CONG + N§) (m(Ns, -+, M) T | (1.54)

XO1/4(Rx M)
In another case where the frequency Nj is large, we will use an argument near [18|. In

that case, we can not afford a loss in the frequency Ns. We use the fact that [ul w2, A%/?]
is a pseudodifferential operator of order less than 0 (if ¢ < 1). Then,

[I(Ny, -+ Ny)| =

Ni, Na Ae/27. N3 Na
/ [y uy 7A/]u3 Uy
Rx M

< C/RH[ul(t)NluQ(t)NQ,AE/Q]IILLLQ s 2 ary a2 ary

m

/Z Haaulu2(t)HL°C(M) HUS(t)Hm(M) Hu4(t)HL2(M) dt

a=0

IA

N;
U

(1.55)

X01/4(Rx M)

4
S C' max (N17 NQ)M H ‘
j=1

where p depends on the dimension and on e.

Let us now begin the summation of the harmonics. As in [23|, we decompose each
function

u = E ug, Ux = lg<@o+a)<ar (W)
K

where K denotes the sequence of dyadic integers. Notice that

2 2 2
lalfos ~ D K lurclZ2@enn = Y lusllyos
K K

Then, we decompose the integral in sum of the following elementary integrals
[(Nla o '7N47K17 T '7K4>

_ /R Maflvl,Iﬁa;VQ,Kz [((_AE/Q),U/Ng,Kg)@N,K o UN3’K3<—A€/2)6N’K} dtdax.
X

Estimate (1.53) leads to (for every b > 1/2)
|](N17 o '7N4aK1a t '7K4)|

Nj,Kj
uj

4
ﬂM+WWWﬂWMWMMMﬁMH‘
j=1

2

We will interpolate this estimate with different inequalities. We distinguish three cases :
Ny < C(Ny+ Ny + N3) with N3 < max(Ny, Na) or max(Ny, Na) < N3, and the last case
Ny > C(Ny + Ny + N3) with C large enough. Without loss of generality, we can assume
N; > N».
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First case : Ng < IIlaX(Nl,N2> = N;and Ny < C(Nl + Ny + N3)
Estimate (1.54) gives

|I(Nla"'7N4aK17"'7K4)‘ S (N§+Nj)m(Nla7N4)3/2

Nj,Kj
u;

4
1/4
(K1 k K Ka) Y T | "
j=1
Then, for every 6 € [0, 1]

’[(va' : '7N4>K1>' ’ 'aK4)‘ < O(ng + NQE)l_G(N?f + Ni)em(Nla o '>N4>(1_9)SO+39/2

4
(K1K2K3K)b(l_9)+0/4 H ‘

j=1
We denote s(f) = (1 — 6)so + 30/2 and b(0) = b(1 — 0) + 6 /4.
[I(Ny,- -+ N Ky -o)] <0 C(NT A+ Ng) (NG 4 N m(N -, Ny

Nj,Kj
U;

2’

N
uj

4
(K Ko Ko Ky O T ‘
j=1

X0,b

By choosing some appropriate 6 and ' < 1/2 < b, we can make the serie in K convergent
if b(#) — b < 0. This yields :

N;
U

4
[I(Ny, -+, Np)| < C(NF + N5)'O(N5 + N§)Pm(Ny, -+ N @ ] \ o
j=1

2
S CN1(1—9)€—S—6NZ+08N5(6)_S—EN§(6)+0€—S H H/LL] ||X.§+57b/ ||U/3’
7j=1

X 5,0 HU4||st,b’

X s+e,b’ ||U3| X5 ||u4||X_3’b,

N\ o) O T

4 s(0)—s—e nr5(0)+0c—s

< (E) Ny N H I
7=1

The series is convergent thanks to N, < C'N; and after choosing 6 small enough such

that s(0) + 0 — s < 0 with b(f) — b’ < 0.

Second case : N7 = max(Ny, N3) < N3 and so Ny < C'Ns.
This time, Ns is a large frequency and we can not have any loss N¢ from the interpola-
tion. We proceed with the same interpolation procedure but between (1.53) and (1.55).
After summation in K and a good choice of ' < 1/2 < b and

|](N17 t '7N4)‘
2
< CNl(lfG)(80+€)+9#7375N2N2(179)sofsfsN:;s H Huj| Soted ’|U3HXSJJ’ HU4HX_S7b/
j=1
AN 2
S (ﬁ) Nl(1—9)(so+6)+9u—s—6N2(1—9)so—s—€ H HujHXS‘*‘E’b/ ||U,3| s,/ Hu4||X*5,b’ .
3 .
7j=1

We choose 6 small enough such that (1 —6)(so+¢)+0u—s—¢e < sp+60u—s<0and
b(f) — b < 0. And we conclude by the same summation as in the first case.
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Last case : Ny > C(N; + Ny + N3)
This case is trivial in the particular case of T3, S3 or S? x S! since this integral is zero
for C' large enough. In the general case, we apply the following lemma which is a variant
of Lemma 2.6 in [9].

Lemma 3.A.4. There exists C' > 0 such that, if for any j = 1,2,3, Cuy, < py,, then
for every p > 0, there exists C, > 0 such that for every w; € L*(M), j =1,2,3,4

4
/ My n iy [(—A)H g wy Teys — i (~A)iTwa] < Copi? T sl o
M .

where 11 denotes the orthogonal projection on the eigenfunction ey associated to the
etgenvalue iy

This ends the proof of the fist statement of Lemma 3.A.3. The second one is obtained
by duality. O]

3.A.3 S3% and S? x S! fulfill Assumption 3.1.5

Lemma 3.A.5. Assumption 3.1.5 holds true with any sq > 1/2 on S* and any sq > 3/4
on S* x S

Démonstration. We first treat the case of S? and follow the scheme of Proposition 3 of
[23]. We write

fi=2_ HE),

nj

where Hffj) are spherical harmonics of degree n;, and where the sum on n; bears on the
domain

N; < /14 ny(n; +2) < 2N;. (1.56)
Then, the solution u; are given by

_ ztA itn;(n; +2 )
U’j( - f] E :6 e nJ

and we have to estimate

QUf1, -+ faT) = / /33 e"Muruy [(—A) Pugtiy — uz(—A) ] dudt

= > RO _eming +2) = I(H, - HY),

nieng j=1

with €; = —1 or 1 depending on the position of conjugates and

ny ?

IHDY, - HY) = (Vng(ng +2) — V/na(ng +2) )/S HYHPH®H a dx
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We notice that [ H,, H,, H,,H,, # 0 implies ny < ny + ny +nz and ng < ny + ny + ny,
that is [ngy — n3| < ny + ng. Then, using Lemma 3.A.1 and fundamental theorem of
calculus, we have

)WM%+m—¢mm+m)g(¢mm+m—¢mm+mr

Moreover, bilinear eigenfunctions estimates (see Theorem 2 of [13] or Theorem 2.5 of
[12]) yield

[I(HL, - HyY))| < C(NF + N3)

ni

/ 7V )H(“)H Jdx
S3

< C(N; + N5)m(Ny,- -, N Wqﬂwﬁ

Using the fast decay of X at infinity, we infer

4
QU+ fur)l < CONE+ Nym(Ny, - M) S i) 3 T g
= A([r]+1) j=1
< C(Nf+NQE)m(N17 7 1/2+Sup HH n;
KeZ 7 ot

where A(k) denotes the set of (ny,- -+, ny) satistying (1.56) for j = 1,2,3,4 and

4
Zejnj(nj +2)=k.

j=1
Now, we write
{1727374} = {O{?/B?’}/? 5}
with m(Ny, - - -, Ny) = N,Ns and we split the sum on A(k) as
QUfr.+ fum)| < CONT+ N5)Im(Ny, -+, Na)* sup >~ S(a)S'(k — a)

kEZ ac?

where

ZH Noo [HD ;S Z 2%

[(a) = {(na,ny) : (1.56) holds for j = «, 7, Z en;(n; +2) =a}l,
J=ayy

I"(a") = {(ng,ns) : (1.56) holds for j = 3,9, Z enj(ng+2)=d'}.
=B,

2 n§ HLQ,

Then, we use a number theoretic result involving the ring of Gauss integers (see Lemma
3.2 of 9]).
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Lemma 3.A.6. Let 0 € {£1}. For every n > 0, there exists C, such that, given M € Z
and a positive integer N,

#{(k1, ko) €N?: N < ky < 2N,k + k3 = M} < C,N".
Noticing that nj(n; +2) = (n; + 1) — 1, we get
sup #1'(a) < C, N, sup#17(a’) < C, N,
and consequently, by the Cauchy-Schwarz inequality and the orthogonality of the Hﬁi)
> " 8(a)S'(k — a) < Cy(NalNg)"? x

a€”Z
1/2 1/2

Y 5[ VEE 0 I Wi Wil 1261 e 7

a T(a) a T'(k—a)

< Cy(NaNg)"? H 13l 2
=1

This completes the proof for S3.

For S? x S1, we adapt this argument with some slight modifications.
First, the formulae should be changed to

w(t)@y) = €1 fy = Y2 VI, (@)cny

j,Pj

where HT(LJJ‘.),pj are spherical harmonics on S? of degree n;. Estimate (1.57) becomes

‘\/ng(ng—l—l)—i-p% — \/n4(n4+2)+pi

£

< ‘\/ng(nwl) +p3 - \/n4(n4+1) +pi

e/2

2
< ‘ [\/713(723 + 1) — \/n4(n4 + 1)] + (p3 _ p4)2
< |C(ns — na)* + (ps — p4)2|5/2
< C|(m +12)* + (1 + p2)?| 7 < O + N5)

where we have used |n3 — ny| < |ny + no| and |ps — ps| < |p1| + |p2| for the integral to
be non zero. Bilinear eigenfunctions estimates for S? yield

n1,p1’? N4,P4

4
1(HD,, - HO,)| < OOV + MmN~ N T ||HE, |
=1

We finish the proof similarly, replacing the formula for I'(a) by

I'(a) = {(na,Pasny,py) : N; < \/1 +n;(n; + 2) —|—p]2. < 2N, j=a,y

and Y gjn;(n; +2) + pf] = a}.

Jj=oy
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In that case, the same number theoretic arguments yield sup, #I'(a) < C,N ™" and
finally, after Cauchy-Schwarz inequality, we obtain

4
|Q(f1a Y f4a7—)| S C’(‘]Vl8 + NQE)m(Nla T ,7N4)1/4+(1+77)/2 H ||fj||L2 .

J=1

3.B Unique continuation

3.B.1 Carleman estimates

This section is only a variant in the Riemannian setting of some results of A. Mercado,
A. Osses and L. Rosier [36]. We follow their proof very closely, sometimes line by line.
For sake of simplicity, we will assume that u is supported in a fixed compact K of
a Riemannian manifold €. Yet, the same reasonning as in [36] would allow to handle
the case of Dirichlet boundary conditions for u. We have changed the notation of the
manifold from M to €2 because the Carleman estimates will not be used on the whole
compact manifold M but only on some open set 2.

D denotes the Levi-Civita connection associated to the metric g. Then, it is torsion-free
and the Hessian of the functions are symmetrics.

,| |, Vand A denote the scalar product, the norm, the gradient and the Laplacian
with respect to the metric g. Moreover, the scalar product will be the real one : if
X=a+ibandY =c+id, X.Y =a-c—b-d+i(b-c+a-d) and | X|*?=X-X.

v, denotes the Riemannian volume form and all the integrals are defined with this (even
if it will be often omitted).

First, we list a few formulae that will be used along the proof. For any functions f, h €
C*(Q) with h compactly supported and any vector fields X, Y and Z, we have

Dz(X-Y) = (DzX) Y +X-(DzY)
Vf-Z = Dzf
(DAVf)-Y = Hess(f)(X.Y)
/(Af)hdvg = —/Vf-Vhdvg
Q Q

V(fh) = (V)h+ f(Vh)
div(fX) = fdiv(X)+X-VF.

For brevity, [[ will denote the integral over | — T, T[xQ and [/ the integral over
| = T, T[xw where w is an open subset of (.

Let U € C*(Q) real valued . We assume that ¥ satisfies the following properties
VU #0in Q\ w (2.58)
U(z) > 2/3 (|| e - (2.59)

(2.59) is technical and is easily fulfilled by replacing ¥ by ¥ + C' with C' large enough.
We distinguish two cases : strong pseudoconvexity and weak pseudoconvexity.



132 UNIQUE CONTINUATION

The case of strong pseudoconvexity can be found in Isakov[25] but with local in time
estimates, it reads

Hess(U(z))(€,6) +|VU(z)- €7 >0 Y(z,€) € TO\ Tw, (2.60)
which implies since the support is compact that
Hess(U(x))(€,6) +|VU(z)-£> > C € V(z,6) e TO\ Tw, z € K (2.61)
Weak pseudoconvexity is defined by
Hess(U(z))(€,€) + |VU(z) - £ >0 V(z,€) € TQ\ Tw. (2.62)
Set Cy = 2 || ¥|| ;e () and

AU () Ay _ 6)\\11(33)

€ (&

R s Yo M Gl v o Ty

V(t,z) €] — T, T[xQ

Denote by L(q) = i0;q + Aq the linear Schrédinger operator.

Proposition 3.B.1. Let T" > 0. Let ) be a Riemannian manifold and K a compact
subset of Q. Assume that there exists a function ¥ € C*(Q) such that (2.58), (2.59)
and (2.61) hold for some open set w C ). Then, there exist constants N\, so and C
such that for all X > Xo, all s > so and q € L*(] — T, T[, H'(2)), supported in K, with
L(q) € L*(] = T, T[x) we have

// ERNCALIRE ]Vqﬂ i (2.63)

= C// L@ e +C / / [*N16°1ql” + 520 | Vgl*] e,

Proposition 3.B.2. If in Proposition 3.B.1, we replace Assumption (2.61) by (2.62),
we obtain the same result with

// [S°A%P1q|* + sA*0 |V - Vqﬂ e (2.64)
< C// IL(q)|* e + C’// [s°X10°|q|* + sAO |Vq|2} e~ %%,

Démonstration. Using regularisation in a standard way, we are reduced to consider
q € C°(] =T, T[xQ). Denote u = e *?q and w = e *?L(q) = e ¥ L(e**u). We notice
that u and all its time derivatives vanish at t = —7T and ¢t = T'. Thus, all the integrations
by part in time do not create any boundary term. We compute

w = Pu = iu; + ispu + Au+ 25V - Vu + s(Ap)u + 52| V|*u
We decompose P = P, + P, with
Piu:=ispu+ 25V - Vu+ s(Ap)u
Pou = iuy + Au + s*|Vol*u

)l rrixay = 1 Pru+ Poull” = | Prull” + | Poul|* + 2R(Pru, Pou).
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As usual in Carleman estimates, we only use
2
2R(Pru, Pyu) < HwHL2(—T,T[><Q) :

We also decompose 2R(Pyu, Pyu) = I + Iy + I3 with
[ //(25w Y+ s(Ap)u) (=i + AT+ 82| Vl?T))
I, = 23‘8// ispru(—1uy + AT)
I3 = 2%//isg0tu(32|Vgo|2ﬂ) =0.
We first deal with I;.
I, = 2R //(25Vg0 - Vu + s(Ap)u) ((AT + s*|V|*u)

—2R // i(2sV - Vu + s(Ap)u)w,
= I +17
Set J = [[(Vy-Vu)Au = — [[Vu-V (Ve - Vu)). We have

Vu-V(Ve-Vu)) = Dva(Ve-Vu) = (DyzVy) - Vu+ Ve - (DyzVu)
= Hess(p)(Vu, Vu) + Hess(u)(Vu, V).

Actually

VQD : V‘VUP = DW,(Vu . Vﬂ) = (DW,Vu) -Vu+ Vu - (DV¢VG)
= 2R(Dy,Vu) - Vu =2RHess(u)(Vy, Va).

2RJ = —2 // Hess()(Vu, Vi) +// A |Vul®.

Expanding I}, we obtain
I = 23‘%{28J+//8(Ag0)uAﬂ+//233(Vg0-Vu)|Vg0|2ﬂ+//83(Ag0)|u|2|Vgp|2}
4sRJ — 25K // (VAp)u + ApVu) - Vu

4 / / 28 Ve’V - V]uf?) + 2 / / AUV

Where we have used V|u|* = 2R(uVu). Then, we remark that

—233%//(VA¢)U-VH = —s//(VAgp)-VMQ
= s [[ @,

Therefore,
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2 [[S@oveP =25 [ [ Vo (ToPVIuP +1uPTIVP)

We simplify

I = —453?// Hess(¢)(Vu, Vu) + 2s // Ag |Vul®

+s//(A2<p)|u|2—23//A@|Vu|2—233/ u*V - VIV|®
= s [[Hessto a0 +s [l 28 [[ (- 91Vl

Expanding 2Ra = a+a for I? and performing integration by part in ¢ for the first term,
we get

o / / 125V - Vi + s(Ap)u)y — i / / (25Vp - VI + s(Ap)T)ur

= // —i 25V - Vu+ 25V - Vug + s(App)u + s(Ap)ug|

—i // 25(Vo - Vu)uy — z// s(A)uuy.

Integration by part in x yields

—i // 25(Vo - Vu)uy = 2is //(A(p)ﬂut + 2is //(V(p - Vg ).

As a consequence

2o / / _i25(Vig, - Va)ii — is / / (Ag))|uf?
= //—i?s(cht-Vu)ﬂ—l—is/ Vi - V]ul?

= 2// sV - (uVu —uVu) = 239‘%@'/ Vi - (uVa).

L = —dsR / / Hess()(Vau, Vi) + s / / (A20)[uf?
g8 // Vo V|Vel|ul? —23§Ri/ Vo - (uV)

On the other hand, we have
Vi - VIVe]> = Dyo(Ve - Vi) = 2Dy, Ve - Vo = 2Hess(p)(Ve, V).

Finally,

We now turn to the other term I :

I, = 2?)?// ispuu(—iu; + Au) = s// 010y [ul* + 25Ri // O uAT
= -5 // Ou|ul* — 2sRi //(Vgptu + o, Vu) - Vu
= -5 // Oue|ul® — 25%//2’(Vg0t - Vu)u.
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Comnsequently, our final result is
2R(Myu, Myu) = // [—4s*Hess(p)(Vip, Vi) — sy + s(A%p)] [u]*  (2.65)

—453%/ Hess(p)(Vu, V) (2.66)

—4sR // iuVey - V. (2.67)
(2.65) and (2.66) are the main parts in |u|? and |Vu|? respectively. (2.67) is a remainder
term that will be estimated from above.

In what follows, ¢ > 0 denote small constants (used in estimates from below) and C
large ones (used for estimates from above). We observe the following indentities, that
will be used along the proof,

Vi = - NV,

Hess(p)(X,Y) = (DxVy)-Y
— ADx (VY)Y = —)\Q(DXV\I/) Y — AO(X)VT -V
= —AHess(T)(X,Y) — \O(VT - X) (VT -Y)
—OX[Hess(V)(X,Y) + )\(V\I/ X) (VU -Y)].

Firstly, we estimate term (2.67),

(2.67)] < C’s//]Vgot vu||uy<cs// Fra V0

T/\ 2 /\\I/
< Cs// e Vu|2—|—Cs// il
< C’s//9|V\II-Vu] +CsA! //|V<p\ |ul® +C’s// N203|u|?.(2.68)

Then, we estimate term (2.65) using Assumptions (2.58) and (2.62) (or (2.61)). On
(Q\w) N K, we have
—4s°Hess(p)(V, V) = 4s°M [Hess(V)(Vp, Vi) + A |V - chm
> 4ASPNN = 1) |V - Vo|* > M [VI[* > e’ [Vl
Assumption (2.59) gives ¥(z) < Cy < 3¥(z) and then, we have on (Q\w) N K
e 63)\‘11(1) 3
|spu| < CS((T2 — )y < CS((T2 — )y < Cs|Vel|”.

Moreover, on (2\w) N K we have

}SAZQO‘ < CsON < Csh \V<p|3.

Finally, for A and s large enough

// [—4s’Hess(¢)(Ve, Vi) — sy + s(A%p)] |u]* > // es* A |Vl u)?.
QN\w QN\w
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‘// [—433H655(<,0)(V<,0, V) — spu + s(A%0)] Jul’| < C’// SEN03 ul?.
The final estimate for (2.65)

(2.65) // SN Vol Juf? — // PN . (2.69)
Q\w

Now, let us estimate (2.66). We begin with the integral on w.

—4sR //w Hess(¢)(Vu,Vu) = 4sk //U OX [Hess(W)(Vu, V) + A |V - Vu\z]

> —CS)\//9|VU|2+4S// ON? |V - Vu|?
> —CS)\//9|VU|2

Now, for the integral on Q\w, we distinguish the two cases described above :

Strong pseudoconvexity : end of the proof of Proposition 3.B.1
Using assumption (2.61), we can estimate the part of (2.66) on Q\w by

—43?)%/ Hess(¢)(Vu,Vu) = 4sR // OX [Hess(W)(Vu, V) + A |V - Vuﬂ
Q\w Q\w

> 53/\// 0 |Vul®.
QN\w
The final estimate for (2.66) is

(2.66) > es /
QN\w

Putting together (2.68), (2.69) and (2.70), we get for s, A large enough

(2.65) + (2.66) + (2.67) > //Q SN Vo) [u]? — // SN0 [u|? — CsA //6 Vu|®
+53)\//Q\ 0 Vul® —Cs//9|w/-vu|
—csxl//|w|3|uy2 —Cs// 226%ul?
5//33)\493|u|2+5S)\//9|Vu|2

—C// $PN103 ul? —Cs)\/ 0 |Vu)? (2.71)

where we have used the decomposition [ fQ\w = [[ — J[, for the second inequality.
Replacing u by e~ *?q and computing Vg = e*? [Vu — sA\uV V] we have, after absorption

// [s°M\10°%|g|* + sA0 | Vq|?] e72%

< C’// [P A% ) 4+ sAO|Vul® + s°A30% | V| |ul?]

6| Vul? — Cs)\/ 6Vul. (2.70)

v

< C// [$°A160% u)® + sA0|Vul?] (2.72)
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// 3>\403|u\2+5)\/ 0| Vu

< C// [sM\160%|q|? + sA0 [ Vq|* + s*X30%| V|2 |q[*] e 2%

< C// [s°X*0°|q|* + sA\O ]Vqﬂ e Y, (2.73)
Combining (2.71), (2.72) and (2.73), we get the expected result :
// [°A\10°|g|* + sA0 | Vg|*] e 2%
< c// i0yq + Aq|” e72%% + C// [sM\160%|q|? + sA0 | Vg|*] e 7.

Weak pseudoconvexity : end of the proof of Proposition 3.B.2
Assumption (2.62) yields that for A large enough

—433‘%/ Hess(p)(Vu,Vu) > es // ON |V - Vul?
Nw QN\w

We finish the proof similarly to get

(2.65) + (2.66) + (2.67) > //Q\ e5A [Vl [uf? —c// 33)\493|u|2—03)\//9|Vu|2
55//9\ 9/\2|V\11-Vu|2—Cs//@]V\I/~Vu|2

—Cs\™! //!Vgp]?’ ]u\Q—C’s// N20%|ul?

5//33)\4«93|u|2+5s)\2 //G\V\IJ-VMQ

—c// 53)\403|u|2—6’3)\//9|Vu|2

// [M10°%|g|* + sA\20 |V - Vg[*] 72

< C// |i0hq + Aq|* e + C'// [s°X*0°|q|* + sA@ |Vq]2} e 2%,

v

and then

3.B.2 Carleman estimates with potential L>([-T,T], L?)

The following result proves that the strong pseudoconvexity allows to absorb some
potential terms in L°°([—T,T], L?). This is in contrast with the weak pseudoconvexity
which only absorbs terms in L>([—T,T] x Q).

Proposition 3.B.3. Assume dim(Q) < 3. Let V;, Vo € L>°([-T,T], L?). Then, Propo-
sition 3.B.1 holds with L replaced by L(q) = 10yq + Aq + Vig + Vag.
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Démonstration. We use the notation of Proposition 3.B.1. We write

[0+ adt e < e L@ oo+ e Vi g o

+4 Hefw(vﬂ) HiQ([O,T},LQ) :

But, by Holder inequality and Sobolev embedding, we have for s > 1

¢ H%Hima) Heiqui?(LG)
C (el 32, + 1) 1210
¢ <||€_quiQ(L2) + He_quHiQ(m)

+82)\2 HG(V\IO@iS(pQHiQ(Lz))

C <// [s°A26%|q|” + 0 |Vq”] e—m>

where we have used § > C. We get the desired result using estimate (2.63) of Proposition
3.B.1 for s large enough. O]

||€7S@V1QH;([0,T],L2)

VAN

IN

IN

Remark 3.B.1. The uniqueness results we will obtain from the former Proposition are
not optimal with respect to the reqularity of the potential. Indeed, some recent papers
(see the work of H. Koch and D. Tataru [27] or D. Dos Santos Ferreira [19]) establish
Carleman type estimates in LP which are much better than what we get. They are more
complicated and not required for our purpose. Yet, they would become necessary if we
considered nonlinearities |u|*u with o > 2.

3.B.3 Application to uniqueness

Proposition 3.B.4. Let Q, T, w, V fulfilling the same assumptions as Proposition 3.B.1.
Let g € L>=([-T,T], H'(Q)) compactly supported, solution of i0,q+ Aq+ Vig+ Vag=0
with V; € L=([~T,T], L%) .

Let D be an open subset of Q@ such that m = inf,cp {¥V(z)} > sup,e, {¥(z)} = m.
Then, g =0 on | —T,T[xD.

Remark 3.B.2. By considering the maximum of V, we see that the assumptions of
Proposition 8.B.4 can not be fulfilled on a compact manifold. Therefore, we will only
apply this result on an open set 2 of M, and the compact support of u becomes important.

Since the previous Carleman estimates hold for every time interval (with constants
depending on its length), we are reduced to the following lemma :

Lemma 3.B.1. Under assumptions of Proposition 3.B.4, there exists one n > 0 such
that ¢ =0 on | —n,n[xD.
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Démonstration. Fix X\ > Xy > 1 (the next constants could depend on A but not on s).
Let T > 1 > 0 to be chosen later. Denote \; = e*®¥ —e* and \; +¢ = e’ — M with
A1 > 0 and ¢ > 0. By definition of m and m, we have for s > 0

e <e ~er V(t,z) €] = T,T[xw

—2s

A
e BT < o2 V(t,z) €] —n,n[xD

Moreover, once \; and ¢ are fixed, there exists some constant C' such that
yPe 2Nitey < Cem2M*e/2 for ¢ > 0. Therefore, for every (t,x) €] — T,T[xQ with
x € Supp ¢ = K, we have

/\1+5/2

3

_ A+e S A +e )\1+s/2

(s T2 <O =) e ¥ @ < Ce 77 < Qe
— Cl'? _ t2

Here, the constant C' does not depend on s. Then, using Carleman estimate and ¢ >
C >0, we get

_ S)\ +e/2
J[ saperre e [[ (P vy e
|=nm[xD |-T,T[xw

Therefore,

375

)

// |q|2<06
]=nm[x

Then, to finish the proof, we just have to choose 1 such that —2= > 2’\1+5/2 that

/\:CT!/QQ and let s tend to +oo. 0

is n? <

3.B.4 Geometrical examples

We give some geometrical examples where
Proposition 3.B.4 applies. Denote ¢ € L®([-T,T|, H'(Q)) a solution of id,q + Aq +
Viq + Voq = 0 with V; € L>®([-T,T], L?). In these following cases, Assumptions 3.1.2
and 3.1.4 are fulfilled. For the convenience of the reader, we recall the problem :

Proposition 3.B.5. Let (M,w) be either
- (T3, {x € R3/(617Z x 07 x 0sZ)|Fi € {1,2,3},2; €] — €,e[+0;,Z})
- (83,0) where @ is a neighborhood of S* N {xy = 0} in S? C R
(8% x S, (wy x SY)Y U (S2x]0,¢[)) where wy is a neighborhood of the equator of S2.
For every T > 0, the only solution in C([0,T], H') to the system
{ i0;q + Aq + by (t, 2)q + ba(t,2)g =0 0n [0,T] x M (2.74)
g=0on[0,T] x & :

where by (t,x) and by(t,x) € L>=([0,T], L) is the trivial one q = 0.
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3.B4.1 M=T3

We assume ¢ = 0 on @ = {x € R3/(61Z x 0,7 x 037) |Fi € {1,2,3},x; €] — ¢,e[+6,Z}.

We define ¢ on R? by ¢(z) = q(x) if z € [0,6] x [0,05] x [0,65] and g(z) = 0 otherwise. ¢
satisfies the same Schrédinger equation on R?® with compact support K. By translation,
we can assume that 0 is the center of the rectangle.

We use the function ¥ = ||(z,y,2)||> + C. C is chosen large enough so that (2.59) is
fulfilled on K. Let 6 > 0 small. Outside of w = B(0,d), ¥ is stricly convex ( that
is strongly pseudoconvex for the flat metric inherited from R3) and VU # 0. Then,
assumptions (2.58) and (2.61) are fulfilled.

We can apply Theorem 3.B.4 with Q = R3 w = B(0,0) and D = B(0,20). As ¢ is
arbitrary, we get ¢ = 0 everywhere and so g = 0.

3.B.4.2 M=353

Lemma 3.B.2. Let S C R" be the unit sphere. Then, the function h : (xq,- -
Y Tpy1) > Tpy restricted to S™ N {x,1 < 0} has stricly positive Hessian for the metric
induced by R,

Démonstration. h defined on R"! is linear. Then, using Exercice 2.65 b) of [20], we
get Hess(h) = —hg where g is the bilinear form of the Riemannian structure. Then,
Hess(h) is positive definite if and only if A < 0. O

We assume ¢ = 0 on a neighborhood of z, = 0. Let 6 > 0 small. We choose
Q={z€ Sy <0}, D={z € 53|y €] —1+25,0[} and w = S3N{xy € [-1,—1+4[}.
We use the function ¥ = x4 + C. C is chosen large enough so that (2.59) is fulfilled on
the support of g. On Q\ w, U is stricly convex thanks to Lemma 3.B.2 and VU # 0.
Therefore, assumptions (2.58) and (2.61) are fulfilled. As the support of ¢ is compact in
2, Theorem 3.B.4 applies and we get ¢ = 0 on D. Since 0 is arbitrary, we get ¢ = 0 on
S3 N {zy < 0}. The symmetry of the problem gives ¢ = 0 on S°.

3.B.4.3 M=75%xS"!

Let w; C S? be a neighbourhood of the equator {x3 = 0} and & > 0.
We assume ¢ = 0 on (w; x S1)[J(S?*x] — €, ¢[).
The geometric situation is quite similar to the case of T2 : this is a product of manifolds
and the weight function ¥ will be the sum of two pseudoconvex weights in each coordi-
nate.
The current point = of S? will be denoted by its coordinates in R? and the current point
y of S1 = T!' = R/Z by its coordinates in R. Then, we can define ¢ on the open set
Q= {z € S%z3 < 0} xR by q(z,y) = q(x,y) if y € [0,1] and 0 otherwise. ¢ is then
compactly supported and is solution of the same Schrédinger equation.
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We choose U(x,y) = x5 + y? + C with C large enough. ¥ is definite positive eve-
rywhere and nonsingular everywhere outside of any w = {(z,y) € S* x Rlzs €
[—1,—1+ [ and y* < &} for § > 0. Then, choosing

D ={(z,y) € S* xR|zs €] —1+35,0[or y* > 35}

and applying Theorem 3.B.4 we get ¢ = 0 on D. Therefore, ¢ = 0 on S? x S*.
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Ce chapitre est la reprise d’un article écrit avec Lionel Rosier et Bing-Yu Zhang. 11
est publié dans le journal Communications in Partial Differential Equations |23].

4.1 Introduction

The well-known Korteweg-de Vries (KdV) equation can be written as
Opu + udpu + OPu = 0, (1.1)

where u = wu(z,t) denotes a real-valued function of two real variables x and ¢. The
equation was first derived by Korteweg and de Vries [20] in 1895 (or by Boussinesq [4]
in 18761) as a model for propagation of some surface water waves along a channel. The
KdV equation has been intensively studied from various aspects of both mathematics
and physics since the 1960s when solitons were discovered through solving the KdV
equation, and the inverse scattering method, a so-called nonlinear Fourier transform, was
invented to seek solitons [13, 27|. It turns out that the equation is not only a good model
for some water waves but also a very useful approximation model in nonlinear studies

1. The interested readers are refereed to a nice article of de Jager [10] for the origin of the KdV
equation.
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whenever one wishes to include and balance a weak nonlinearity and weak dispersive
effects [27]. In particular, the equation is now commonly accepted as a mathematical
model for the unidirectional propagation of small-amplitude long waves in nonlinear
dispersive systems.

In this paper, we consider the KdV equation posed on the periodic domain T :
du+udyu+Pu=0, €T, tek. (1.2)

The equation is known to possess an infinite set of conserved integral quantities, two of
which are

L(t) = /T u(w, t)dx

and

L(t) = /T W2(z, t)dz.

From the historical origins |20, 4, 27| of the KdV equation, involving the behavior
of water waves in a shallow channel, it is natural to think of I; and I, as expressing
conservation of volume (or mass) and energy, respectively. The Cauchy problem for the
equation (1.2) has been intensively studied for many years (see [45, 41, 17, 18,47, 3,19, 7|
and the references therein). The best known result so far [16] is that the Cauchy problem
is well-posed in the space H*(T) for any s > —1:

Let s > —1 and T > 0 be given. For any ug € H*(T), the equation (1.2) admits a
unique solution uw € C([0,T]; H*(T)) satisfying

u(z,0) = ug(x).

Moreover, the corresponding solution map (ug — ) is continuous from the space H*(T)

to the space C([0,T]; H*(T)).?

In this paper we will study the equation (1.2) from a control point of view with a
forcing term f = f(z,t) added to the equation as a control input :

ou+udyu+Pu=f, x€T, tecR, (1.3)

where f is assumed to be supported in a given open set w C T. The following exact
control problem and stabilization problem are fundamental in control theory.

Exact control problem : Given an initial state ug and a terminal state uy in a certain
space, can one find an appropriate control input f so that the equation (1.3) admits a
solution u which satisfies u(.,0) = vy and u(.,T) = uy ¢

Stabilization problem : Can one find a feedback control law : f = Ku so that the
resulting closed-loop system

Ou+udyu+Pu=Ku, x€T, tecR"

1s asymptotically stable as t — 400 ¢

2. If s > —1, this solution map is, in fact, analytic.
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These problems were first studied by Russell and Zhang for the KdV equation [37,
38, 39| (see also [46] for a unique continuation property of KdV). In their work, in order
to keep the mass I;(t) conserved, the control input f(x,t) is chosen to be of the form

ﬂaw=40mwxw=a@(ﬁwww14mwm%w@) (1.4)

where h is considered as a new control input, and g(z) is a given nonnegative smooth
function such that {g > 0} = w and

27[g] = /Tg(x)dx =1

For the chosen g, it is easy to see that

d
— [ u(x,t)dx = /f(a:,t)da: =0 for any t € R

for any solution u = u(z,t) of the system

Ou + ud,u + OPu = Gh; (1.5)

thus the mass of the system is indeed conserved.

The following results are due to Russell and Zhang [39].

Theorem A : Let s > 0 and T > 0 be given. There exists a 6 > 0 such that for any
ug, uy € H¥(T) with [ug] = [u1] satisfying

|uolls <6, |uslls <6,

one can find a control input h € L*(0,T; H*(T)) such that the system (1.5) admits a
solution v € C([0,T]; H*(T)) satisfying

u(z,0) = up(x), u(z, T) = uy(z).

In order to stabilize system (1.5), Russell and Zhang employed a simple feedback
control law

h(z,t) = —G*u(z,t). (1.6)

The resulting closed-loop system
o+ udyu + Pu = —GG*u, z €T, teR. (1.7)

is locally exponentially stable.

Theorem B : Let s =0 or s > 1 be given. There exist positive constants M,6 and ~y
such that if ug € H*(T) satisfies

Juo — [ualls < &, (1.8)
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then the corresponding solution u of (1.7) satisfies
lu(-,t) — [uo]lls < Me™"|ug — [uo]lls
for any t > 0.
Thus one can always find an appropriate control input h to guide the system (1.5)

from a given initial state ug to a terminal state u; so long as their amplitudes are small
and [up] = [u1]. A question arises naturally.

Question 1 : Can one still guide the system by choosing an appropriate control input
h (defined on a sufficiently long time interval) from a given initial state uy to a given
terminal state uy when ug or uy have large amplitude ?

According to Theorem B, solutions of system (1.7) issued from initial data close to
their means converge at a uniform exponential rate to their means in the space H*(T)
as t — oo.

One may ask naturally :

Question 2 : Do any solution of the closed-loop system (1.7) converge exponentially to
its mean ast — oo ?

A further question is :

Question 3 : For any given number A > 0, can we design a linear feedback control law
such that the exponential decay rate of the resulting closed-loop system is A ?

One of the main results in this paper is a positive answer to Question 1 as given
below.

Theorem 4.1.1. Let s > 0, R > 0, and p € R be given. There exists a time T > 0 such
that if ug,u; € H*(T) with [ug] = [u1] = p are such that

luolls < B, s < R,

then one can find a control input h € L*(0,T; H*(T)) such that the system (1.5) admits
a solution u € C([0,T); H*(T)) satisfying

u(z,0) = up(x), u(z, T) = uy(z).

So the system (1.5) is globally exactly controllable.

As for Question 2, we have the following affirmative answer.

Theorem 4.1.2. Let s > 0 and p € R be given. There exists a constant k > 0 such
that for any uy € H*(T) with [uo] = p, the corresponding solution w of the system (1.7)
satisfies

(- £) = [uollls < aplluo = [uollo)e™ llug — [uollls  for allt >0,

where o, : RT — RT is a nondecreasing continuous function depending on s and fu.
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Note that Theorem 4.1.1 follows from Theorem 4.1.2 and a local control result around
the state u(x) = p (similar to Theorem A) thanks to the time reversibility of the KdV
equation.

The decay rate s in Theorem 4.1.2 has an upper bound
kK <inf{—ReX: A€ o,(Ac)}
where Ag is the operator defined by
Agv = =" — v’ — GG*v

with D(Ag) = H3(T) as domain. In order to have the decay rate s arbitrarily large, a
different feedback control law is needed.

Theorem 4.1.3. Let A > 0, s > 0, and u € R be given. There exists a number § > 0
and a linear bounded operator Qy from H*(T) to H*(T) such that if one chooses the
feedback control law

h=—Q\u
in system (1.5)-(1.4), then the solution u of the resulting closed-loop system
O+ udpu + Pu = —GQyu, u(x,0) =ug(z), v €T (1.9)
satisfies
lu(,t) = [uollls < Ce™|luo — [uollls  for all t >0,

whenever ||uglls < and [up] = p, C > 0 denoting a constant independent of .

Note that this is still a local stabilization result. However, the feedback laws in
Theorems 4.1.2 and 4.1.3 may be combined into a time-varying feedback law (as in [9])
ensuring a global stabilization with an arbitrary large decay rate.

Theorem 4.1.4. Let A >0, s > 0, and p € R be given. There exists a smooth map Q)
from H*(T) x R to H*(T) which is periodic with respect to the second variable (namely
t € R), and such that for any ug € H*(T) with [ug] = p the solution u of the closed-loop
system

Opu + udpu + OPu = —GQx(u,t), u(+,0) = ug

satisfies
(- 1) = [uo]lls < asulluo — [uollls)e™|uo — [uollls  for all t >0,

where o, RY — RT is a nondecreasing continuous function depending on s, A\ and
L.

The following remarks are in order.
Remark 4.1.1.

(i) In Theorem A, the control time T is independent of the initial state ug and
the terminal state uy and can be, in fact, chosen arbitrarily small. By contrast,
in Theorem 4.1.1, the control time T depends on the size of the initial state ug
and the terminal state uy in the space L*(T). Whether the time T can be chosen
independent of the size of ug and uy is an interesting open question.
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(i1) While the decay rates k in Theorem 4.1.2 and \ in Theorem 4.1.4 are inde-
pendent of ug, the constants o, (||uo — [wolllo) or asa.(||uo — [wo]l|s) are likely not
uniformly bounded ; i.e., it may happen that

lim oy, (r) = 00 or lim oy (1) = oc0.

T—00 r—00

To prove our global controllability and stabilization results described above, we will
as usual consider first the associated linear open-loop system

U + Uppy = Gh (1.10)
and the associated linear closed-loop system
Up + Ugze = —GQy. (1.11)

Without much difficulty we can show by using a standard approach in control theory
of linear systems that the system (1.10) is exactly controllable in the space H*(T)
and that the closed-loop system (1.11) is exponentially stable in the space H*(T) with
an arbitrarily large decay rate A\. However, how to extend the linear results to the
corresponding nonlinear systems is a challenging task. Indeed, after having published
their linear results [38], Russell and Zhang had to wait for several years to extend their
results to the nonlinear systems [39] until Bourgain [3]| discovered a subtle smoothing
property of solutions of the KdV equation posed on a periodic domain T, thanks to which
he was able to show that the Cauchy problem (1.2) is well-posed in the space H*(T) for
any s > 0. This newly discovered smoothing property of the KdV equation has played a
crucial role in the proofs of Theorem A and Theorem B in [39]. By contrast, establishing
the global exact controllability and stabilizability for the nonlinear system (1.7) is even
more challenging. After all, the results presented in Theorem A and Theorem B are
essentially linear in nature ; they are more or less small perturbation of the linear results.
The global results presented in Theorem 4.1.1, Theorem 4.1.2 and Theorem 4.1.4 are
truly nonlinear and their proofs demand new tools. The needed help turns out to be
certain propagation properties of compactness and regularity for the KdV equation
which are inspired by those established by Laurent in [21] for the Schrodinger equation.
Notice that this strategy has already been successfully applied by Dehman, Lebeau, and
Zuazua [12| for the wave equation, and by Dehman, Gérard, and Lebeau [11| or Laurent
[21, 22| for the Schrédinger equation.

Note that for any solution u of the systems in consideration, the mean value [u] is
invariant. Thus it is convenient to introduce the number u := [u] = [ug], and to set

U=1u— .
Then [u] = 0 and @ solves
Ot + 02u+ (u+ )04 = Gh.
if u solves (1.5). Throughout the paper, ;1 will denote a given (real) constant, HS(T) =
{u € H¥(T); [u] = 0}, and L(T) = {u € L*(T); [u] = 0}. We shall establish exponential
stability results in Hj(T) for the equation

O+ 02u + pdyu + udyu = —Kyu
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that will imply all the results stated above.

The paper is outlined as follows.

- In Section 2, the exact controllability and stabilizability are presented for the
associated linear systems.

- In Section 3, some preliminary results in Bourgain spaces, including the propagation
of compactness and the propagation of regularity for the KdV equation, are provided.

- In Section 4, the stabilization of the KdV equation by a time invariant feedback
control law is studied.

- In Section 5, the stabilization of the KdV equation by a time-varying feedback
control law is investigated.

Finally we end our introduction with a few comments on the boundary controllability
of the KdV equation posed on a finite interval (0, L) :

Up + Up + Uy + Uppe =0, x € (0,L), t>0,
(1.12)
w(0,t) = hi(t), u(L,t) = hao(t), u.(L,t) = hs(?).

The problem was first investigated by Rosier [31] and has been intensively studied
in the past decade. (See [31, 48, 32, 30, 33, 8, 29, 34, 24, 14, 5, 28, 6, 25, 26| and
the references therein.) In contrast to control problems of other equations (parabolic
equation or hyperbolic equations for instance), the boundary control system (1.12) has
some interesting properties.

(i) If
e
LeN::{%/%;MEN*}

the linear system

Up + Uy + Ugee =0, € (0,L), t >0,

w(0,8) = hy(t), w(L,t) = ho(t), wua(L,t) = hs(t).

associated to (1.12) is not exactly controllable if h; = hy = 0. However, the
nonlinear system (1.12) is locally exactly controllable (still with h; = hy = 0)
31, 8, 5, 6].

(ii)) The system (1.12) is exactly controllable from the right (using hs as control
input with h; = hy = 0), but only null controllable from the left (using h; as a
control input with hy = hy = 0) [33, 14]. The system thus behaves like a parabolic
system if control is acted only on the left end of the spatial domain and behaves
like a hyperbolic system if control is allowed to act on the right end of the spatial
domain.
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4.2 Linear Systems

Consideration is first given to the associate linear open loop control system
O + v + pdyv = Gh, v(x,0) =v(xr), €T, teR, (2.1)
where the operator G is as defined in Section 1 and h is the applied control function.

Let A denote the operator
Aw = —w™" — [MU/

with its domain D(A) = H3(T). The operator A generates a strongly continuous group
W (t) on the space L*(T); the eigenfunctions are simply the orthonormal Fourier basis
functions in L*(T),

1

Pr(x) = mei’“, k=0+1,42 .

The corresponding eigenvalue of ¢, is

Ne = ik —ipk, k=0,+1,42,-- .
For any [ € Z, let
m(l) = #{k € Z; A\ = N}
In addition, A* = —A, G* = G and W*(—t) = W(t) for any ¢t € R. Using the gap

condition
lim |)\k+1 — /\k;| = +00

|k]—o00

and the fact that m(l) < 3 for any [ and m(l) = 1 for |/| large enough, we may deduce
from Ingham lemma that the system (2.1) is exactly controllable in H§(T) in small time
for any s > 0.

Theorem 4.2.1. [39, Theorem 2.1 and Corollary 2.1] Let s > 0 and T' > 0 be given.
There exists a bounded linear operator

& HY(T) x Hy(T) — L3(0,T; Hi(T))
such that for any vo, v, € HF(T),
T
W(T)UO + / W(T - t)G(q)(Uo, Ul))(t) dt = U1
0

and
19 (vo, v1) | 20,715y < C([[wolls + [lvalls)
where C' > 0 depends only on T and ||g]|s-

The following estimate is a direct consequence of Theorem 4.2.1.

Corollary 4.2.1. Let T' > 0 be given. There exists 6 > 0 such that

T
(AHGW@W%ﬁZﬂw%

for any ¢ € L3(T).
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Note that the arguments presented in this paper give another proof of Corollary
4.2.1.

In addition, if one chooses the following simple feedback law

h(v) = =G™v,

the resulting closed-loop system

O + v + pdyv = —GG*v, v(z,0) =vo(x), €T (2.2)
is exponentially stable.

Proposition 4.2.1. Let s > 0 be given. There exists a number £ > 0 independent of s
such that for any vo € HF(T), the corresponding solution v of (2.2) satisfies

lv( )]s < Ce™ [luolls

for any t > 0 where C' > 0 is a constant depending only on s.

Démonstration. The case s = 0 was proved in [38, Theorem 2|. We only provide the
proof for the case s = 3. The case of 0 < s < 3 follows by interpolation. The other cases
of s can be proved similarly.

Pick any vy € H3(T) and let w = dyv. Then w solves
Ow + Pw + pdyw = —GG*w, w(x,0) =wo(z), €T
where wy(z) = —vy () — pv) — GG*vo(x) belongs to L2(T). Thus
lw(-,t)llo = 9w (-, t)llo < Coe™[lwollo
for any ¢t > 0. Therefore it follows from

v+ pdyw + GG*v = —w

that
lo(-,t)|ls < Cse™lvolls

for any ¢ > 0. The proof is complete. O

Next we show that it is possible to choose an appropriate linear feedback law such
that the decay rate of the resulting closed-loop system is as large as one desires.

For given A > 0, define
1
Lo = [ e PWn)GEW (<)o dr
0

for any ¢ € H*(T). Clearly, L, is a bounded linear operator from H*(T) to H*(T).
Moreover, Ly is a self-adjoint positive operator on L(T), and so is its inverse L;l. L
is therefore an isomorphism from L3(T) onto itself. The following result claims that the
same is true on H§(T).
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Lemma 4.2.1. Ly is an isomorphism from HF(T) onto H{(T) for all s > 0.

Démonstration. Since the result is known for s = 0, and L, maps H{(T) into itself,
we only have to prove that for any v € L(T), Lyv € HS(T) implies v € HS(T), i.e.
D#v € L*(T). Using the continuity of L' on L3(T) and a commutator estimate similar
to [21, Lemma A.1], we obtain

[1D%]lo < Cl[LADv]]g

1
< C||/ W (—1)GG*W* (=) D%v drl |
0

IN

1
C||D? / eTTW (=1 GG W (—=1)v drl|o
0

1
+ / T (—) GG, DI (—r)w dr|o
0
< Cl|Lyv||s + Csl|v]|s-1-

The result follows at once for s € [0, 1]. An induction yields the result for any s > 0. O

Choose the feedback control
h = —G*L;lv.

The resulting closed-loop system reads :
O + v + pdyv = —Kyv, v(z,0) =vo(x), v €T, (2.3)
with
Ky :=GG*L".
If A =0, we define Koy = GG*.

Proposition 4.2.2. Let s > 0 and A > 0 be given. For any vy € HS(T), the system (2.3)
admits a unique solution v € C(RT; H§(T)). Moreover, there exists M = M depending
on s such that

l(., B)lls < Mye™ lvolls

for any t > 0.

Démonstration. The case s = 0 follows from [42, Theorem 2.1]. The other cases of s are
proved as for Proposition 4.2.1. O

4.3 Preliminaries

In this section we present some results which are essential to establish the exact
controllability and stabilizability of the nonlinear systems.
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4.3.1 The Bourgain space and its properties.

For given b, s € R, and a function v : T x R — R, define the quantities

lllx,., = (i / <k>28<f—k3+uk>2b]ﬁ<k,r>)2dr>2,

Htub’s = ( i (/ (k)* <T—k3+/ﬁk>b‘ﬁ(k77)‘d7)2>

k=—o00 R

where ﬁ(k‘, 7) denotes the Fourier transform of u with respect to the space variable x and
the time variable ¢ (by contrast, u(k,t) denotes the Fourier transform in space variable
z) and (-) = \/1+|-|2. Moreover, denote by D" the operator defined on D'(T') by

Dru(k) = |kIu(k) if k#£0,

— a(0) it k=0, (3:1)

The Bourgain space X, (resp. Y; ) associated to the KdV equation on T is the com-
pletion of the space S(T x R) under the norm ||u||x,, (resp. [|lully,,). Note that for any
u € Xb,sa
[ullx, . = IW(=t)ull go @ ms(r))-
For given b, s € R, let
Zys = XpsNY, 1

209

be endowed with the norm
ullz,, = llullx,, + [lully, ,
?,

For a given interval I, let X, s(I) (resp. Zy (1)) be the restriction space of X, to the
interval I with the norm

lullx, ) = inf {Hﬂ| b } % =wuon T x I}

(vesp. |ullz,.cp = inf{|[dllz,,|@=wonT" xI}).

For simplicity, we denote Xy ,(I) (resp. Z, (1)) by X5 (resp. Z},) if I = (0,T). The
following properties of the spaces X, are Z], are easily verified.
(i) Xps(I) is a Hilbert space.
(ii) D"u € Xy (1) for any u € Xy 5(I).
(iii) If by < by and s1 < s9, then Xy, 4, is continuously imbedded in the space Xj, .
(iv) For a given finite interval I, if by < by and s; < sq, then the space Xy, 5, (1) is
compactly imbedded in the space Xy, s, (1).
(v) Z,(I) C C(I; H*(T)) for any s € R.

Lemma 4.3.1. Let b,s € R and T > 0 be given. There exists a constant C' > 0 such
that

(i) for any ¢ € H*(T),

IN

W (ellxr < Cllels
W)l < Cliols;
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(“) fOT any f S Xl?—Ls;

<Ol flxr .

T
Xb,s

/Ot W(t—r7)f(r)dr

provided that b > %;
(i11) for any f € er%’s,

t
|| / W(t—1)f(r) drllr <Clflpr -
0 398 — 3,8

Démonstration. See e.g. [43] or [7]. O
Lemma 4.3.2. (Strichartz estimates) The following estimates hold :

%
1D crae Oy < C<Z(1+|l_k3+ﬂk|)§|0k,l|2> : (3:2)

k€7 k€7
lullzaesy = Cllullx, (3.3)
lullsrxory < Cllullxr - (3.4)

g?

Démonstration. (3.2) comes from [3, Proposition 7.15|. To prove (3.3), pick any u € X1o

decomposed as
u(z,t) = Z/ﬁ(k‘ﬁ)ei(k”ﬁ)dr
R

ke
Writing 7 = [+ o with [ € Z, 0 € [0,1), we have that

1
u(x,t) = / et Z u(k,l 4 o)™t g,
0

k,leZ

Using (3.2) and the Cauchy-Schwarz inequality, we obtain

1
| paerey < / 1S ks + 0)e 0| oy do

0 kicz

1
2

1
< C/ <2(1+\l—k3+uk1)§ya(k,l+a)|2> do
0

kI€Z

N[

1
< c(Z/ Z(H|z—k3+uk|)§\a(k,z+a)|2da>
kez V0 ez
< c(Z/(H|T—k3+uk\)§|i(/c,7)|2d7) .
kez YR

It remains to establish (3.4). Let 7" > 0 and u € XlTO. Pick p € N* with T' < 27p, and

3
an extension @ € X1, of u with laflx, , <2[ul[xr . Then
’ 3 3.0

lullzserxory < Nallzaxamy < P(Cllllx, ) < Cllullir -
3>

Note that C’ depends only on 7. O
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Lemma 4.3.3 (Bilinear estimates). Let s > 0, T € (0,1), and u,v € X| N
27
L*(0,T; LA(T)). Then there exist some constants § > 0 and C > 0 independent of
T and u,v such that
[wo)allzr, < CTNullxr follxg (3.5

2

The proof of Lemma 4.3.3 can be found in [3] with 6 = 1/12 (see also [7]).

To end this section, we prove a multiplication property of the Bourgain space le 5
If ¢ = (t) is any C* function, then Yu € X, for any u € X, However, if ¢ =
¢(x) € C*°(T), then ¢u may not belong to the space X}, for u € X],. Some regularity
in the index b is lost due to the fact that the multiplication by a (smooth) function of x
does not keep the structure in time of the harmonics. This loss is, in fact, unavoidable.
For instance, for k > 1, let wuj, = 9(t)e™**e/**~#0)t where 1) € C°(R) takes the value 1
on [—1,1]. The sequence {uy} is uniformly bounded in the space X, for every b > 0.
However, multiplying u;, by ¢(x) = ¢, we observe that He”wcHXlL0 ~ k.

The next lemma shows that this is the worst case.

Lemma 4.3.4. Let —1 < b <1, s € R and ¢ € C°(TY). Then, for any u € X*°,
o(x)u € Xy s_op|. Similarly, the multiplication by ¢ maps X:‘;’b into Xzfsf2|b|-

Démonstration. We first consider the case of b = 0 and b = 1. The other cases of b will
be derived later by interpolation and duality.

For b = 0, Xo, = L*(R,H*(T)) and the result is obvious. For b = 1, note that
u € X, if and only if

u € L*(R, H*(T)) and dyu + 0°u + pd,u € L*(R, H¥(T)),

and that ,
2 2 :

lullx, , = lullze@ mery) + H@tu +05u + MaquLQ(R,HS(T)) :

Thus,
5 2
||90($)U||A2X113,2 = HQOUHL?(R,HS*?(T)) + H@t(gau) + 0, (pu) + Maﬁf(@u)HLQ(R,HkQ(T))
) 2
< C (HUHLQ(R,HH(T)) + [l (O + Bu + p0av) || 2 g o2y

1,08 + 102 w3 sy

IN

9 2 2

C <||u||L2(R7H5—2(T)) + Hatu + aiu + ll’aquLQ(RJ;Is—Q(T)) + ||u||L2(R,HS(']T))>
2

< Cluly,, -

Here, we have used the fact that
[0, 05 + pd,] = =3(020)7 — 3(020) 0 — D) p — dyp

is a differential operator of order 2. To conclude, we prove that the X spaces are in
interpolation. First, using Fourier transform, X, ; may be viewed as the weighted L?
space LR, x Zy, (k)*(1 — k* + pk)?®\ ® §), where ) is the Lebesgue measure on R
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and ¢ is the discrete measure on Z. Then, we use the complex interpolation theorem of
Stein-Weiss for weighted L” spaces (see [1, p. 114]) : for 0 <0 < 1

(X073, Xl,s’) ~ L2 (R X Z, <k’>28(170)+25/0 <T — ]{33 + ,uk>29 1% & 5) ~ Xg,s(lfg)JrS/@.

(6]

Since the multiplication by ¢ maps X, into Xy s and X ; into X; 5o, we conclude that
for 0 < b < 1, it maps X = (Xo,s,Xl,s)[b] into (Xoﬂs,XLS_Q)[b] = Xp.s—2p, Which yields
the 2b loss of regularity as announced.

Then, by duality, this also implies that for 0 < b < 1, the multiplication by ¢(z) maps
X_p_syop into X_j 5. As the number s may take arbitrary values in R, we also have
the result for —1 < b < 0 with a loss of —2b = 2|b|.

To get the same result for the restriction spaces X;’b, we write the estimate for an
extension @ of u, which yields

loullsr < leilly, ., <Clly,,-

b,s—2|b|

Taking the infimum on all the u, we get the claimed result. O

4.3.2 Propagation of compactness and regularity

In this subsection, we present some properties of propagation of compactness and
regularity for the linear differential operator L = 0, + 92 + 0, associated with the KdV
equation. Those propagation properties will play a key role when studying the global
stabilizability of the KdV equation.

Proposition 4.3.1. Let T > 0 and 0 < b < b < 1 be given (with b > 0) and suppose
that u, € Xjo and f, € X7, .5, satisfy

atun + 3;9’%1 + NazurL - fn
forn =1,2,... Assume that there exists a constant C > 0 such that
||un||X€0 <C foralln > 1, (3.6)
and that

lnllxr, o+ Wallxr, o Fllnllr, = 0asn—oo.  (37)

In addition, assume that for some nonempty open set 0 C T it holds
u, — 0 strongly in L*(0,T; L*(Q)).

Then
u, — 0 strongly in L2 ((0,T); L*(T")).

loc

Démonstration. Pick ¢ € C®(T') and v € C°((0,T)) real valued and set

B = p(z)D™% and A =(t)B.
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Then
A" = () D ().
For € > 0, let A, = Ae®% = )(t)B. be a regularization of A. Then

Ope = ([A€>L]unyun)LQ(Tlx(O,T))

= ([A2, 8 + 10p]un, un) — (V' (t) Botin, ).
On the other hand,

Une = (fo, AZun) 2(m x(0,1)) + (Actin, fr) L2(12 % (0,1))

since Lu, = f, and L* = —L. By Lemma 4.3.4,

|(fmA:un)L2(T1><(O,T))‘ < ||fn||XT ||A:un||XT

Zb,—2+42b b,2—2b

< [ fallxr

—b,—2+2b

foaall . (3.8)

Consequently,
lim sup |(fu Atn) r2crix 0.1y = 0-

=00 0<e<1

Similarly, we have
lim sup ‘(Aauna fn)LQ(TIX(OaT))‘ =0

N—00 0<e<l

and
lim sup |(¢'(¢)Bouy, u,)| = 0.

=00 0<e<1

Thus

lim sup |a, =0
N—00 0<e<l

and therefore
lim sup [([Ac, 02 + pd,]un, uy)| = 0.

€)Y
n—00 )<<
In particular,
lim ([A, 82 + ,uax]u’rw un)LZ(Tlx(QT)) = 0.

n—oo

Since D=2 commutes with 0,, we have
[A, 07 + p0,] = =30(t)(02p) 02 D™ = 3 (1)(050)0: D% = ¥ (1) (D3 + pdup) D72 (3.9)
Using the same argument as in (3.8), we get

(V1) (85 + 102p) D™t ) L2(11 x (0,19 — O

However, for the second term in (3.9), the loss of regularity is too large if we use the
estimates with the same b. Using the index b instead, we have

(WO@)0:D ) < 002000 D unllxy iy

—b/,—142b"

< lunllxg Nunllxr,



160 PRELIMINARIES

which tends to 0 as n — oo, by (3.6)-(3.7). Note that —92D~? is the orthogonal pro-
jection on the subspace of functions with u(0) = 0. Using Rellich Theorem combined
to the fact that b > 0, we easily see that u,(0,¢) tends to 0 in L*(0,7T) (strongly), and
hence

(w@) (axw)ﬁ;(o, t)a un)LQ(Tlx(O,T)) — 0.
We have thus proved that for any ¢ € C*(T!) and any v € C°((0,7))

(Y () (D) tin; un) 1215 (0,7)) — 0-

Note that a function ¢ € C°°(T) can be written in the form 0,¢ for some function
¢ € C®(T) if and only if [, ¢(x)dx = 0. Thus, for any y € C5°(Q) and any z, € T',
o(z) = x(x) — x(x — o) can be written as ¢ = 9,y for some ¢ € C>(T).

Since u,, is strongly convergent to 0 in L*(0,T; L*(Q2)),

lm ((8) XU, tn) L2071 x(0,7)) = 0-

n—oo

Therefore, for any x, € T',

lim (¢()x(- — $0)Umun)L2(T1X(0,T)) =0.

The proof is then completed by constructing a partition of unity of T! involving functions
of the form ;(- — x}) with x; € C5°(Q) and x}, € T*. O
Next we investigate the propagation of regularity for the operator L = 0; + 92 + 10, .

Proposition 4.3.2. Let T >0, 0<b<1,reRand f € XTW be given. Let u € X,fr
be a solution of
o+ OPu + poyu = f.

If there exists a nonempty open set Q of T such that u € L ((0,T), H™*(Q)) for some
p with

1
0 < p < min{l — b, 5},
then w € L2 ((0,T), H(T")).

loc

Démonstration. Set s =r + p and forn =1,2, ...
1 — —_—
Uy, = en%u =: Zu, f, = Znf = Lun,.
There exists a constant C' > 0 such that

Hunﬂxgr <, anH)(be <C Vn > 1.
Pick p € C®(T!) and ¢ € C5°((0,T)) as in the proof of Proposition 4.3.1, and set
B = D*72¢p(z) and A = (t)B.
We have

(Ltn, A"up) 20 x (0,1)) + (Atin, Ltty) 2011 % (0,1))
= ([A, 8;9’ + 10U, Un) L2(T1 % (0,7)) — (4" (t) Buy, uy,)
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[(Aun, fr)2mxorn| < I Aunllxr [ fallxr, |
< “unHXgTHkH%||anbe’T

Cllunllz, | fullxr,

C

IA A

since r + 2p — 2+ 2b < r. The same estimates for the other terms imply that
|([A, 02 + p0y]tn, un) 211 20y | < C-
Note that
[A,0% 4 1,] = —36(1) D 2(9,0)02 — 3() D*2(02%0), — b(t) D> 2(3p + o)
and 2s —2+4+1=2r+2p —1 < 2r. We have
(¢ (£) D> 2(02¢0) Dutin, W) £2(T1 % (0.7)) |
< Cllo(t) D> *(920) Dt || L2075 11—+ () ||| £2 0,757 (7))
< Cllunll 220 200 (my)
<C
and
|(¢(t>D2S_2(8§§0 + ,U,amQO)Um un)LZ(’]I‘lx(O,T))‘
< C‘W(t)DQSQ(@gSO + /La;cSD)UnHB(o,T;H—T(T)) HunHLQ(O,T;H““(T))
< CllunllZ20 7.0 (my)
<C
for any n > 1. Thus
(Y (8) D*72(0y0) D1t )| < C. (3.10)
For any x € C§°(Q2),
(Y1) D> X, un)
= (Y(t) D" X gtun, XxD*un) + (Y (8)[ D2, X|XOsttn, Dt
= (Y(t)D* X 2up, D*xti) + (Y (t) D* X Oun, [x, D*Ju,)
+((t)[ D2, X|xOn, D¥uy) =: Iy + Iy + Is.

We infer from the assumptions that yu € L7 ((0,7),H*(T)) and that y0*u €
L;,.((0,T), H**(T)). Thus

XUn = :nXU + [X7 En}u
is uniformly bounded in L2 ((0,7), H*(T)) by |21, Lemma A.3] and the fact that s <

r + 1. Applying the same argument to y0?u,,, we obtain
| < C.
It follows from [21, Lemma A.1] and the fact that v € L*(0,T; H™(T)) that

bl < C D" xOunl| 2o gz 10716 DNetnll 2o 20

< Cllunllz oz ey lnll 20 msms—reogmy) < C-
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A similar bound may be obtained for |/3]. Consequently,
(W () D> X0 un, up)| < C
for any n > 1. Then, using (3.10) with 9, = x*(z) — x*(z — o) yields
(W) D> 72X (- — 20)0un, un)| < C
for any n > 1. Using a partition of unity as in the proof of Proposition 4.3.1, we obtain
() D** 05, u)| < C,

that is

[ oS W op) <

k0

The proof is thus complete. 0

Corollary 4.3.1. Let u € X1 be a solution of
L

Opu + Ou + pdyu + udyu = 0 on T x (0,7T). (3.11)

Assume that v € C™(2 x (0,T)), where Q is a nonempty open set in T. Then u €
C>(T' x (0,7)).

Démonstration. Recall that the mean value [u] is conserved. Changing p into u + [u] if
needed, we may assume that [u] = 0. We have ud,u € X”, by Lemma 4.3.3. It follows

from Proposition 4.3.2 that u € L2 _((0,T), Hz(T)). Choose to such that u(to) € Hz(T).

loc
We can then solve (3.11) in X7, with the initial data u(to). By uniqueness of the solution
272

in XlTO, we conclude that u € X7 ;. An iterated application of Proposition 4.3.2 yields
27 272
that u € L*(0,T; H"(T)) for every r € R, and hence u € C*(T! x (0,T)). O

Corollary 4.3.2. Let Q be a nonempty open set in T' and let u € ero be a solution of
3

o+ O3u+ pdyu +ud,u = 0 on T x (0,7)
u = ¢ onx(0,7)

where ¢ € R denotes some constant. Then u(x,t) =c on T x (0,7T)
Démonstration. Using Corollary 4.3.1, we infer that v € C°°(T' x (0,7)). It follows

that w = ¢ on T x (0,7) by the unique continuation property for the KdV equation (see
140, 33]). O
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4.4 Nonlinear systems

In this section, we are concerned with the stability properties of the closed loop
system
Opu + Pu + pdyu + ud,u = —Kyu, r€T, 0<t<T,
(4.1)
u(z,0) = up(x), z €T,

where A > 0 is a given number and vy € L(T).

We first check that the system is globally well-posed in the space H(T) for any
s> 0.

Theorem 4.4.1. Let A > 0 and s > 0 be given. Then for any T > 0 and any ug € H(T),
there exists a unique solution u € Zi 0 C([0,T]; L§(T)) of (4.1). Furthermore, the
27

following estimate holds
[ull zr < ar([luollo)[[uolls (4.2)
2%

where ar s : Rt — RT is a nondecreasing continuous function depending only on T and
S.

Démonstration. We shall first establish the existence and uniqueness of a solution u €
Z1 .0 L*0,T; L(T)) of (4.1) for T > 0 small enough. Then we shall show that 7" can

be taken as large as one wishes.

Let uyg € H{(T). Rewrite system (4.1) in its integral form

w(t) = W ()ug — /0 W (t — 7)(udyu)(7)dr — /0 Wt —[K(r)dr  (4.3)

where W (t) = e "@+10%)_ For given ug, define the map

L(v) = W(t)ug — /0 W(t — 7)(vov)(T)dr — /0 W(t — 7)[Kyv](T)dr.

The following estimate is needed.

Lemma 4.4.1. For any € > 0 there exists a positive constant C(e) such that
t
H/ Wt = )[Exv)(r)drl|zr < CE)TJollzr (4.4)
0 29 25

Proof of Lemma 4.4.1. Let v € Z{S. Pick an extension of v to T x R, still denoted by
27
v, and such that

lollz, , < 2l[vllz7 -
5,8

Pick any n € C*(R) with n(t) = 1 for |¢{| < 1 and n(t) = 0 for |¢| > 2. By Lemma 4.3.1,
it is clearly sufficient to prove that

(/T Kxollz_, < CT o]z, - (4.5)
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Let us first estimate ||n?(¢t/T)Kyv||x , . We have that
1

1 (¢/T) Kxollx_y < [ln*(t/T) Kyollx .. | < CT " ||n(t/T) K|l < CT[Jo]lx,

l\')
lO

where we used |43, Lemma 2.11] twice and Lemma 4.2.1. This yields also
1t/ T) Eolly-s < (/T Kl < CT ol

and (4.5) follows. The proof of Lemma 4.4.1 is complete. O

It follows then from Lemmas 4.3.1, 4.3.3 and 4.4.1 that there exist some positive
constants 0, C, Cy and C3 such that

IT@lzz < Cilluolls + CoT|[ollzr + CsT (o]l 47
5,8 5,8 5,8

,.J;
(@)
-

(
IT(v1) = T(wa)llzr < CoTlfor + sl g7 [Jor — sl zr + CsT'[Joy — vg| 47 (4.7)
3,8 5,8 5,8 5,8

for any v,vy,vy € Z1 N L*(0,T; L§(T)). Pick d = 2C [|uol|s and T > 0 such that
27

1
2CodT? + CsT'* < 3 (4.8)
Then
IT)l[zr <d
358
and )
IT(v1) — F(Uz)Hz”{S < §||U1 — |7

358

whenever HUHZT <d, H'UlHZT < d, and HU2H2T < d. Thus the map I' is a contraction
in the closed ball Ba4(0) of ZT N L*(0,T; Lz(T)) for the || - HZT norm. Its fixed point
u is the desired solution of (4 1) in the space ZT N L*(0,T; LQ(’JI‘)). It follows from

the property (v) of the Bourgain space Zg:s recalled in the previous section that u €
C([0,T7; Hy(T)) with

|[uf| oo o1 my) < Callullzr - < 2C1C4|uo|s.
5,8

Let us now pass to the global existence of the solution. Assume first that s = 0. The
solution of (4.1) satisfies

t
a2 = [lull2 — / (GL u, Gu)o(r)dr Ve >0

which yields with Gronwall lemma
[lu(, D)5 < [luol |5~ (4.9)

with C' = ||G|]?||L"||]- A standard continuation argument shows that (4.1) is globally
well-posed in L3(T). (Note that ||u(.,t)||lo < ||uo|lo when X = 0 and ¢ > 0.) Next, we
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show that (4.1) is globally well-posed in the space HZ(T). For a smooth solution u of
(4.1), let v = uy. Then

Oy + O30 + pdyv + O (uv) = — Ky, xreT, 0<t<T,
(4.10)
U(ZE,O) = Uo(l'), z €T,

where
_ K " / /

For T fulfilling (4.8), we have

lullzr < d=2Ch][uollo.
bR

The same computations as those leading to (4.6) yield

[vllz7 < Callvollo + (C1CoT uollo + C5T* ) [ull 7
2 2

and hence
lollzz < 2Ci][vollo
?7

for 0 < T < Ty(||uo|]o), where Ti(+) is a continuous nonincreasing function. Therefore,
1ollz=izzmy) < Callvllzy < Cillvollo
for 0 <T < T and C] = 2C,Cy. From the equation
agu = —Kyu —v — pud,u — ud,u,
we infer that for 0 <t < T < T}

[10ullo

IN

Crllullo + lvllo + (Cs + [Jullo)]|0xul| L

IN

1 1
Crllullo + [1ollo + Co(L + [Jullo)[ullg [|07ull

IN

1
510zullo + [[vllo + Cro(llullo + llull)-

Consequently,

[l oo o,7503(m)) < (o o) [|uol I3
for T < Ty (||uo||o). Combined to (4.9), this shows that u € C(RT; H3(T)) and that (4.2)
holds true for s = 3. A similar result can be obtained for any s € 3N*. For other values

of s, the global well-posedness follows by nonlinear interpolation [44, 2]. The proof is
complete. O

Next we prove a local exponential stability result when applying the feedback law
h = —K,\u.

Theorem 4.4.2. Let 0 < X < X\ and s > 0 be given. There exists § > 0 such that for
any ug € HE(T) with ||ugl|s < d, the corresponding solution u of (4.1) satisfies

u(, )]s < Ce ™ uol|s for allt >0

where C' > 0 is a constant independent of uyg.
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Démonstration. We proceed as in [35, 36]. System (4.1) can be rewritten in an equivalent
integral form

w(t) = W (£)uo — /0 Wy(t — 7) () (7) dr (4.11)

where W (t) = e #02+10:+K3) " At this point we need to extend some estimates in Lem-
mas 4.3.1-4.3.3 for the C%—group W, (t).

Lemma 4.4.2. Let s > 0, A > 0 and T > 0 be given. Then there exists a constant
C > 0 such that

(i) for any ¢ € Hg(T)
WA)¢llzr < Cliglls.

(ii) For any u,v € Z] _
27

t
II/ Wt = 7)(uv)o(T)d7|[z7 < Cllullzr [|v]lzr
0 28 2° 2°
Proof of Lemma 4.4.2 : An application of Duhamel formula gives

Wat)d = W(t)g — / Wt = 7)[KaWa(r)éldr. (4.12)

Using Lemma 4.4.1, this yields

IW00llsg < W @Olg +1| [ W= nWar)olarlzy
Cliglls + CT W)l

N

(i) follows at once if T" is small enough, say T' < Ty. For T' > Ty, the result follows from
an easy induction. To prove (ii), we use the identity

/tWA@—T dT—/ W(t—7) T)dT—/tW(t—T)KA (/OTWA(T—U)f(J)dU> dr

which gives with f =
||/ Wi(t — 7)(uv), (T )d7'||ZT
< / W(t = 7)(u0)a(r)dr| 11
518

+H/Otw<t—7)m (/OTWA(T—U)W) (0 )da) drllzg

t
< Cllul|gr [[v]lzr +CT”H/ Wit = 7)(uv)o(7) d7| 57
28 28 0 28

(ii) follows again if T" is small enough, say T' < Ty. For T' > Ty, the result follows from
(i) and an easy induction. [J
For given s > 0, there exists by Proposition 4.2.2 some constant C' > 0 such that

Wi (t)uolls < Ce ™ M||uglls Wt > 0.
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Pick T" > 0 such that
20 M < e N,

We seek a solution u to the integral equation (4.11) as a fixed point of the map
t
[(v) = Wi(t)up — / Wi(t — 7)(vv,) (1) dr
0

in some closed ball By(0) in the space Z1 NL*(0,T; L§(T)) for the [[v||,» norm. This
27 %75

will be done provided that ||ug||s < 6 where 4 is a small number to be determined. Fur-
thermore, to ensure the exponential stability with the claimed decay rate, the numbers
0 and M will be chosen in such a way that

lu(D)lls < e T[Juolls-

By Lemma 4.4.2, there exist some positive constants C, Cy (independent of § and M)
such that
IT@)[lzr < Cilluolls + Collv]lZr
29 28

and
[[D(v1) = D(wo)|[zr < Colfvr + val| 21 [[vr — val|zr
29 29 28

On the other hand, since Z{ _ C C([0,T]; H*(T)), we have for some constant C" > 0 and
27
all v € BM(O)

LD, < WAl + | / WA(T — t)(v0,)(7)dr],
< CeM§+ ' M2

Pick 6 = CyM?, where C, and M are chosen so that

C'
~ S Ce—)\T
4

. (C1Cy+Co)M? < M, and 2C,M <

DN | —

Then we have

ITW)lzr < M Voe Buy(0),

1
IF(v1) =Lw)llzr < gllon—vallzy Vo1, vz € Bar(0).
5,8 5,8

Therefore, I" is a contraction in By (0). Furthermore, its unique fixed point u € By (0)
fulfills
()]s = [T (@)(D)]ls < e 76

Assume now that 0 < |[|luglls < d. Changing § into ¢ := ||uglls and M into
M’ = (8'/8)2 M, we infer that ||u(T)||, < e™*7T||uo||s, and an obvious induction yields
lu(nD)|[x < eV |jugll, for any n > 0. As ZF, N LH(0,T: L3(T)) € C([0. T}; H(T))

we infer by the semigroup property that there exists some constant C’ > 0 such that
[u(@®)]ls < e uoll,

provided that ||ug||s < . The proof is complete. O
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The stability result presented in Theorem 4.4.2 was local. We extend it to a global
stability result in the following theorem.

Theorem 4.4.3. Assume A = 0 in (4.1).% There exists a k > 0 such that for any
Ry > 0, there exists a constant C' > 0 such that for any uy € L3(T) with

[[uollo < Ro,
the corresponding solution w of (4.1) (with A = 0) satisfies
u(-, t)|lo < Ce™™||uol|o for all t>0. (4.13)

Theorem 4.4.3 is a direct consequence of the following observability inequality.

Proposition 4.4.1. Let T > 0 and Ry > 0 be given. There exists a constant 3 > 1 such
that for any uo € L3(T) satisfying

llwollo < Ro,

the corresponding solution u of (4.1) satisfies
T
Jually < 5 [ Gl ). (1149
0
Indeed, if (4.14) holds, then it follows from the energy estimate
t
lu-, )15 = lluoll3 —/ |Gullg(r)dr ¥Vt >0 (4.15)
0
that
lu(- D)5 < (1= B7)luoll5-

Thus
Ju(-,mT)|l5 < (1= 371" |uoll

which gives (4.13) by the semigroup property. We obtain a constant x independent of
Ry by noticing that for ¢ > c(||ug||o), the L? norm of u(.,#) is smaller than 1, so that we
can take the x corresponding to Ry = 1. [

Now we present a proof of Proposition 4.4.1.

Proof of Proposition 2.6.1 : We prove the estimate (4.14) by contradiction. If (4.14)
is not true, then for any n > 1, (4.1) admits a solution u, € Z1 , N C([0,T]; L§(T))
27

satisfying

[un(0)llg < Ro
and
’ 2 1 2
| Gt < = o (1.16)
0 n
where ug, = u,(0). Since a,, := |lugn|l, < Ro, one can choose a subsequence of {a,},

still denoted by {a,,}, such that

lim o, = .
n—oo

3. Recall that Ko = GG*.
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There are two possible cases : (i) a > 0 and (ii) a = 0.

(i) a>0

Note that the sequence {u,} is bounded in both spaces L>(0,T; L*(T)) and X7 . By

27
Lemma 4.3.3, the sequence {0, (u?)} is bounded in the space XT o- On the other hand,
the space X , is compactly imbedded in the space X0 1 Therefore we can extract a

subsequence of {u,}, still denoted by {u,}, such that
u, — u weakly in X;O, and strongly in X()T7_1,

1
—§8m(u2) — f  weakly in XT%,O’

n

where v € X1 and f € X7, . Furthermore, since X7 1o is continuously imbedded in

LT x (0,7)) by (3.4), u% is bounded in L*(T! x (O T)). Tt follows that 0,(u?) is
bounded in
L*(0,7; H™(T)) = Xj 1.
Conducting interpolation between XT , and X7, we obtain that ,(u;) is bounded
in X7, _, = XT1 o , for 6 € [0,1]. As X7, s, is compactly imbedded in Xi B
for 0 < § < 1 we can extract a subsequence of {u,}, still denoted by {u,}, such that
18 (u?) converges to f strongly in X7, _,- It follows from (4.16) that
27

T T
/||Gun||3dtH/ Gl dt = 0,
0 0

which implies that w(z,t) = ¢(t) on w x (0,7) for some function c¢(t). Thus, letting
n — 0o, we obtain from (4.1) that

{ O+ Pu + po,u = f on T x (0,7, (4.17)

u = c(t) on w x (0,7).

Let w, =u, —u and f, = —19,(u2) — f — Kou,. Note first that

T T T T
/ ||Gwn||gdt:/ ||Gun||§dt+/ ||Gu||gdt—2/ (Guy, Gu)odt — 0 (4.18)
0 0 0 0

Since w,, — 0 weakly in X1 o0 e infer from Rellich theorem that [ g(y)w,(y,t)dy — 0

strongly in L?(0,T). Combined to (4.18), this yields

// wnxt dxdt—>0.

Thus
and
fn —_— 07 W, — 07
X7, L2(0,T5L2(3))
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where & i= {g > [lgl|--(s) /2
Applying Proposition 4.3.1 with b = % and O = 0 yields that

Wy, — 0.
L7,.((0,T);L2(T))

loc

Consequently, u? tends to v? in L} ((0,7); L}(T)) and 9,(u2) tends to d,(u?) in the

distributional sense. Therefore f = —18,(u?) and u € XT , satisfies
2

Ou+ Bu + pdyu+ 30, (u?) = 0 on T x (0,7),
u = c(t) onwx(0,7T).

The first equation gives ¢/(t) = 0 which, combined to Corollary 4.3.2, yields that u(z,t) =
¢ for some constant ¢ € R. Since [u] = 0, ¢ = 0, and wu, converges strongly to 0
in L? ((0,T),L*(T)). We can pick some time ¢, € [0,7] such that u,(ty) tends to 0

loc

strongly in L*(T). Since

to
2 2
Jan 13 = e + [ G
0
it is inferred that o, = ||u,(0)||, — 0 which is a contradiction to the assumption a > 0.

(ii) a = 0.
Note first that a,, > 0 for all n. Set v,, = u,/«, for all n > 1. Then

Qp

atUn + 32% + ,uaﬂcvn + K(]Un + ?(9%(7]721) =0
and
T 1
2
/ ||Gu,||5dt < —. (4.19)
0 n
Because of
|02 (0)[g = 1. (4.20)

the sequence {v,} is bounded in both spaces L>(0,T; L*(T)) and X7 . Indeed, ||v,(t)[lo
27

is a nonincreasing function of ¢, and the boundedness of [|v,|[xr for small values of
1o

2
T follows from an estimate similar to (4.6) (since «, is bounded). We can extract a
subsequence of {v,}, still denoted by {v,}, such that v, — v weakly in the space
X7, and strongly in the spaces X,  and X{_,. Moreover, the sequence {0, (v;)}
27 bR }

is bounded in the space X7

-1

100 and therefore ,0,(v?) tends to 0 in the space XT%,O'

Finally, fOT ||Gvl||2dt = 0. Thus, v solves

{ o+ v+ pd,v = 0 on T* x (0,7)

v o= c(t) on w x (0,7). (4.21)

We infer that v(z,t) = ¢(t) = ¢ thanks to Holmgren Theorem (see e.g. [15]), and that
¢ = 0 because of [v] = 0.
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According to (4.19)
T
| Gul e —o0
0

and so Kov, converges strongly to 01in X7, _,- Then, an application of Proposition 4.3.1

27
as in (i) shows that v, converges to 0 in L2 ((0,T),L*(T)). Thus we can pick a time

loc

to € (0,T) such that v, (ty) converges to 0 strongly in L?*(T). Since

to
ln(O)]12 = [fomto) |2 + / G2,
0

we infer from (4.19) that ||v,(0)]|, — 0 which is a contradiction to (4.20). The proof is
complete. O

Next we show that the solution u of (4.1) (with A = 0) decays exponentially in any
space H*(T).

Theorem 4.4.4. Assume that A\ = 0 in (4.1), and let & > 0 be the infimum of the
numbers k given respectively in Proposition 4.2.1 and in Theorem 4.4.3. Let s > 0
and let k' € (0,k) be given. Then there exists a nondecreasing continuous function
Qs @ RT — RT such that for any vy € HF(T), the corresponding solution w of (4.1)
satisfies

lu( )15 < asw(lluollo)e™ [luolls

for all t > 0.

Démonstration. The result for s = 0 has already been established in Theorem 4.4.3
with x" = k. Let us consider now the case s = 3. Pick any number Ry > 0 and any
ug € H3(T) with ||ug|lo < Ro. Let u denote the solution of (4.1) emanating from uq at
t =0, and let v = u;. Then v solves

O + 020 + v + 0, (ww) = —Kov, v(x,0) = vo(z), 2 € T, t > 0, (4.22)

where vy = —Koug — puly — ugulh — ug . According to (4.2) and (4.13), for any T > 0
there exists a number C' > 0 depending only on Ry and 7" such that

||U(',t)||Z[t¢+T] S C€_Ht||U0||0 for all ¢ Z 0.
1o

Thus, for any € > 0, there exists a ¢t* > 0 such that if £ > t*, one has

||u(, t>||Z[t,t+T] S €.
5.0

At this point we need an exponential stability result for the linearized system
Ow + OPw + pd,w + 0, (aw) = —Kow, w(z,0) = wy(z), 2 €T, t >0 (4.23)
where a € Z1 N L*(0,T; L§(T)) is a given function.
27

Lemma 4.4.3. Let s > 0 and a € Z] N L*(0,T; L§(T)) for all T > 0. Then for any
2’
K € (0, k) there exist T > 0, > 0 such that if

sup ||a|| jinr.nrnyr) < 3,
n>1 L.s



172 NONLINEAR SYSTEMS

then
[w(-, )]s < Ce " lwplls  forall t>0,

where C' > 0 s a constant independent of wy.

Proof of Lemma 4.4.3 : First, a proof similar to that of Theorem 4.4.1 shows that for
any T'> 0 and any s > 0, if a € Z] N L*(0,T; L§(T)), then (4.23) admits a unique
27

solution w € Z1 N L*(0,T; L§(T)) and
27

S

[wllzr < plllallzr )llwolls (4.24)
2% 2

where p: RT — R™ is a nondecreasing continuous function. Rewrite (4.23) in its integral
form

w(t) = Wo(t)wy — /0 Wo(t — 7)0,(aw)(T)dT

where Wy(t) = e 102+n04Ko0) Thus, for any T > 0, by Proposition 4.2.1, Lemma 4.4.2
and (4.24),

lw(Tlls < Cre™ flwolls + Callallzg Nwllzr

< Cre lwolls + Callallzr pulllalzz lwolls
2 2

where C > 0 is independent of T" while C'; may depend on 7. Let
Yo =w(-,nT) for n=12 ..
Then, using the semigroup property of the system (4.23),

lyns1lls < Cre™ lyalls + Callall jurrvm pllall jorosnm) lyalls

29 28

for n > 1. Choose T' > 0 large enough and $ > 0 small enough so that
Cre™™ T + Copp(B) = e T

Then
|Yns1lls < e_HITHyn”s
for any n > 1 as long as
ililf ”aHZ[%n’f,(n+1)T] <B.
Thus
ynlls < e_nH/TH?JOHS
for any n > 1, which implies that

lw(,B)lls < Ce™™ [l

for all ¢ > 0. The proof is complete. m
Choose € < (3, and then apply Lemma 4.4.3 to (4.22) to obtain

lo, H)llo < Ce™™ o (-, t) o
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for any t > t*, or
[o(-,£)llo < Cre™*||vollo

for any t > 0, where C; > 0 depends only on Rg. It then follows from the equation
8§u = —Kou — udyu — po,u — v

and Theorem 4.4.3 that
[u(-, t)lls < Ce™ lugl|3

for any ¢t > 0, where C' > 0 depends only on R,.

Thus the theorem has been proved for s = 0 and s = 3. Using the same argument
for u1 — us and a = uy + us for two different solutions u; and wuy, we obtain the Lipchitz
stability estimate needed for interpolation :

(s = u2) (- t)llo < Ce™"||(ur — u2) (-, 0)lo-

The case of 0 < s < 3 follows by interpolation. The other cases can be proved similarly.
O

4.5 Time-varying feedback law

In this section we prove that it is possible to design a smooth time-varying feedback
law ensuring a semiglobal stabilization with an arbitrary large decay rate.

Let A > 0 and s > 0 be given. According to Theorem 4.4.4, there exists a number
x > 0 and a nondecreasing function a; such that any solution u of

O+ u + pdyu + udyu = —GG*u (5.1)
emanating from uy € H{(T) at ¢ = 0 fulfills

lu(®)lls < as(l[uollo)e™[uo - (5.2)

On the other hand, it follows from Theorem 4.4.2 that for any fixed X' € (0, ), any
solution w of
o + Ou + pdyu + udyu = —Kyu (5.3)

emanating from uy € H§(T) at t = 0 fulfills
lu()lls < Coe™[[uolls (5.4)

provided that ||ug||s < ro, for some constant C and some number ry € (0,1). Pick any
function 6 € C*(R; [0, 1]) fulfilling the following properties :

0(t) =1 foro<t<1-9¢
6(t)=0 for 1 <t <2 (5.6)
O(t+2)=10(t) forallt € R (5.7)

where § € (0,1/10) is a number whose value will be specified later. Pick a function
p € C(R*;0,1]) such that

p(r)=1 for r <, p(ry=0 forr>1. (5.8)
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Let T > 0 be given. We consider the following time-varying feedback law
)GG* ul + (1= p(|[ul[)GC™u  (5.9)

Dy (= o).

K(u,t) = p(l[ull?) [0 (T)Kw+9(

= GG {p(lull) [0()

T
t
L+ 6(

K is chosen in order to have the following behavior. In a first time, when ||ul|s is large,
we only have the damping GG, in order to get sure of the decay as long as the solution is
large. Then, after a transition time, we have p(||ul|s) = 1 and we get into the oscillatory
regime. During each period of length 27", we have three steps :

- a time where the damping K is active, leading to a decay as e **;

- a short transition time of order & where there can be some loss;

- a time where the damping GG* is active, leading to a decay as e~
The expected decay is a means of the two decays as stated in the following theorem.

Kt

Theorem 4.5.1. Let A > 0 and let K = K (u,t) be as given in (5.9). Pick any X' € (0, \)
and any N" € (N/2,(N + k)/2). Then there exists a time Ty > 0 such that for T > Ty,
to € R and ug € H{(T), the unique solution of the closed-loop system

O+ O2u + pdyu + udyu = — K (u,t), u(to) = wo (5.10)

satisfies
luCs Olls < vs(lfuolls)e ™ " uol[, — for all t > o (5.11)

where 7 1s a nondecreasing continuous function.
Démonstration. First, proceeding as for Theorem 4.4.1, we check that the system (5.10)

is globally well-posed in H§(T). Next, rough estimates for ||u(.,t)||s; are established for
the times ¢ when both K, and GG* are active.

Lemma 4.5.1. Pick any pair (to,up) € R x H§(T). Then the system (5.10) admits a
unique solution u : T X [tg, +00) — R fulfilling

we 2T O L2t 1o + T LAT))  for all T > 0.

The following a priori estimates hold true

If  Julls <1, u(., t)]]s < as(1) for all t > to; (5.12)
I uolls > 1, flul )]s < as(HuoH Nuolls — for allt > to;  (5.13)
If Aluolls <R Julut)lls < Ko e™juglls  for allt > to, (5.14)

where Ky and dy denote some positive constants depending only on s and R.

Proof of Lemma 4.5.1 : Let us begin with the local existence of a solution. Pick any pair
(to,up) € R x H§(T). It may be seen that

|| K (v1,t) — K(vg,t)||s < c||vg — valls for all vy,v, € Hy(T), t e R

where ¢ denotes a positive constant independent of vy, vy and ¢. Defining the map

() () = Wt — to)uo — /t W (t — 7)(000)(r) dr — /t Wt — 1)K (u(7), 7) dr,
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we infer as in the proof of Theorem 4.4.1 that (4.6) and (4.7) hold for all v,v;,v, €
ZE‘/OS’tMT] N L2(to, to + T; L2(T)). Moreover, the involved constants only depend on 6 for
27

its L norm and not on 4. Let d = 2C4||uo||s and T > 0 be such that
~ ~ 1
2C5dT? + C5T' ¢ < 3

Then the map I'is a contraction in the closed ball B,;(0) of Z[fojﬁﬂ NL2(to, to+T; L3(T))
27
for the [[v|]_ji.+7) norm. Its fixed point is the desired solution of (5.10). Note that for
1.

1,
some constant C; > 0 we have that

1l oo to to ey < Calltll o to4m < 2C1Cal ol
758
Noticing that K(u,t) = GG*u for ||u||s > 1 and using (5.2), we infer that the solution
u of (5.10) is defined for all ¢t > t,. Moreover, (5.2) yields (5.12) and (5.13). Let
d' = 2Cy max(as(1), as([[uollo)|uol |s)-

Note that d’ depends only on R and s. Replacing T by T” satisfying

1
2C,d' T + O <3

in the application of the contraction mapping principle, we infer that the (unique)
solution u of (5.10) fulfills

HUHZ[fO*'kT’v%HHUT’] < 2C1|[u(., to + KT")|1,.

1s
This gives
|[w]| oo bkttt (k1)1 (1Y) < 2C1Cyl|ul, to + KT7)||s
and
[lu(, )]s < Ko fuolf,
for some constants K, > 0, d; > 0 depending only on s and R. O

Given )’ as in the statement of the theorem, we pick > 0 such that
K+ N

N < —28d, + (1 — 26) and  0d,— (1—20)k <0 (5.15)
Next, choose r; € (0,79) such that
(g (1)) O K 20T s < g, (5.16)

and Ty > 0 such that

(1) arg(org (1)) K el0ds=(1=20)k]T
(s (1) O Kb el40s = (1=20) (s NI T

T, (517)
e AT (5.18)

IA A

for all ' > Tp. Note that T exists by (5.15). Pick any uy € H§(T) and any time ¢, € R.
The proof rests on a series of claims.
CLAIM 1. There exists a time ¢ € [to, to + &' In(as(||uol|o)||uo||s)] such that

lut)]ls < 1. (5.19)
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Without loss of generality we may assume that ||u(to)||s > 1. Then the dynamics of
u is governed by (5.1) as long as ||u(t)||s > 1. By (5.2), we have (5.19) for some time ¢,
with
as([fuolo)e ™™ |u]s < 1.

Therefore, Claim 1 holds. O]
CLAIM 2. There exists a time to € 2ZT N [t1,t; + 3T such that
[u(t2)l]s < 1. (5.20)

From the fact that ||u(t)||o < 1 and (5.2) we have that
u(t)]]s < as(1) for all t > ;.

Pick R = a,4(1) and let K, and dg be as given in Lemma 4.5.1 for that choice of R.
Let ¢} > t; denote the first time of the form ¢} = (2k + 1)T + § with k& € Z, and let
ta = (2k 4+ 2)T. Then it follows from (5.2), (5.14) and (5.17) that

[[u(ta)]]s < KseéTdSOZS(as(1))6_H(1_26)T||u(t/1)||s <.
CLAIM 3. ||u(t)||s < 7o for all t >ty and ||u(ts+2kT)||s < e~ 2T ||u(ts)||s for all k € N.

First, we notice that the dynamics of w is governed by (5.3) (resp. by (5.1)) when
t € (ta+ 0T, ty + (1 —9)T) (resp. when t € (to + (1 4+ )Tt + (2 — 9)T)), as long as
[|w(t)||s < ro. Therefore, using (5.2), (5.4), (5.14), and (5.16) we obtain that

u(®)|]s < (&5(&5(1))K5626Td5)(CSKSQGQ(STdS)
On the other hand, by (5.18),

|U(t2)||5 < T for all t € [tQ, to + QT]

lu(ts +2T)[ls < (au(1)e " OITEZTE) (Coe X EIT KT Ju(ty)],

< P fulty)]]s

< 7.
The claim follows by an obvious induction. O

It follows from Claim 3 that for ¢t > ¢
[u(®)lls < ce 2 u(ty)]],
for some constant ¢ independent of ¢ and ug. Since
ty —to < 3T + k7" In(a(||uolo)||uol|s),

the theorem follows. O

Remark 4.5.1.

— A natural idea to combine both feedback controls would be to consider a disconti-
nuous feedback control which agrees with Kou when ||u||s is large, and with Kyu
when ||ul|s is small. The main difficulty is then to define properly what we mean by
a solution of the closed-loop system. In finite dimension, the Filippov solutions are
widely used by the control community to deal with discontinuous systems. (See [9]
for the definition of a Filippov solution.) The main advantage of the time-varying
feedback law considered here is its reqularity, which guarantees the existence and
uniqueness of “classical” solutions for the closed-loop system.
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— It would be interesting to see whether a smooth time-invariant feedback law en-
suring a semi-global exponential stabilization with an arbitrary decay rate can be
designed.

— A simpler, but less efficient, time-varying feedback law s

K (1) o= 00 )p(lul12) Ko + e(#)GG*u.
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Introduction

In this article, we study the internal stabilization and exact controllability for the
defocusing critical nonlinear Klein-Gordon equation on some compact manifolds.

{ Ou=0u—Au = —u—|u/'u on [0,+o0[xM

(u(0), 0pu(0)) = (ug,w1) € E. (0.1)
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where A is the Laplace-Beltrami operator on M and £ is the energy space H'(M) x
L?(M). The solution displays a conserved energy

B() = 5 (/M\atum/M |u|2+/M\vuy?) +é/M|uyﬁ. (0.2)

This problem was already treated in the subcritical case by B. Dehman, G. Lebeau and
E. Zuazua [11]. The problem is posed in a different geometry but their proof could easily
be transposed in our setting. Yet, their result fails to apply to the critical problem for
two main reasons, as explained in their paper :

(a) The boot-strap argument they employ to improve the regularity of solutions vani-
shing in the zone of control w so that the existing results on unique continuation apply,
does not work for this critical exponent.

(b) They can not use the linearizability results by P. Gérard [20] to deduce that the
microlocal defect measure for the nonlinear problem propagates as in the linear case.

In this paper, we propose a strategy to avoid the second difficulty at the cost of
an additional condition for the subset w. It was already performed by B. Dehman and
P. Gérard [8] in the case of R® with a flat metric. In fact, in that case, this defect of
linearisability is described by the profile decomposition of H. Bahouri and P. Gérard [2].
The purpose of this paper is to extend a part of this proof to the case of a manifold
with a variable metric. This more complicated geometry leads to extra difficulties, in
the profile decomposition and the stabilization argument. We also mention the recent
result of L. Aloui, S. Ibrahim and K. Nakanishi [1] for R?. Their method of proof is very
different and uses Morawetz-type estimates. They obtain uniform exponential decay
for a damping around spatial infinity for any nonlinearity, provided the solution exists
globally. This result is stronger than ours, but their method does not seem to apply to
the more complicated geometries we deal with.

We will need some geometrical condition to prove controllability. The first one is
the classical geometric control condition of Rauch and Taylor [33] and Bardos Lebeau
Rauch [3], while the second one is more restrictive.

Assumption 5.0.1 (Geometric Control Condition). There exists Ty > 0 such that every
geodesic travelling at speed 1 meets w in a time t < 'Tj.

Definition 5.0.1. We say that (z1,7s,t) € M? x R% is a couple of focus at distance t
if the set

Frpar i ={€ € S;M‘ expy, t€ = T2}

of directions of geodesics stemming from x1 and reaching xo in a time t, has a positive
surface measure.

We denote Toeus the infimum of the t € RY such that there exists a couple of focus
at distance t.

If M is compact, we have necessarily Toeys > 0.

Assumption 5.0.2 (Geometric control before refocusing). The open set w satisfies the
Geometric Control Condition in a time Ty < Ttocys-
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For example, for T3, there is no refocusing and the geometric assumption is the clas-
sical Geometric Control Condition. Yet, for the sphere S3, our assumption is stronger.
For example, it is fulfilled if w is a neighborhood of {z4 = 0}. We can imagine some geo-
metric situations where the Geometric Control Condition is fulfilled while our condition
is not, for example if we take only a a neighborhood of {z, = 0,23 > 0} (see Remark
5.0.1 and Figure 5.1 for S?). We do not know if the exponential decay is true in this
case.

The main result of this article is the following theorem.

Theorem 5.0.1. Let Ry > 0 and w satisfying Assumption 5.0.2. Then, there exist T > 0
and 6 > 0 such that for any (ug,uy) and (tg,@1) in H' x L?, with

H(u07u1)HH1><L2 < RO; H(amﬁl)HHleQ < Ry

(o, w)|| pos s < 6 (o, @)l 2 -1 <0

there exists g € L°°([0,T], L*) supported in [0, T| xw such that the unique strong solution
of

{Du+u+|u|4u = g on [0,T]xM
(u(0),0u(0)) = (ug,us).

satisfies (u(T'), Owu(T)) = (tg, U1).

Let us discuss the assumptions on the size. In some sense, our theorem is a high fre-
quency controllability result and expresses in a rough physical way that we can control
some "small noisy data". In the subcritical case, two similar kind of results were proved :
in Dehman Lebeau Zuazua [11] similar results were proved for the nonlinear wave equa-
tion but without the smallness assumption in L? x H~! while in Dehman Lebeau [10],
they obtain similar high frequency controllability results for the subcritical equation but
in a uniform time which is actually the time of linear controllability (see also the work
of the author [30] for the Schrodinger equation). Actually, this smallness assumption
is made necessary in our proof because we are not able to prove the following unique
continuation result.

Missing theorem. u = 0 is the unique strong solution in the energy space of

Ou+u+uf*u = 0 on [0,T]x M
Ou = 0 on [0,7] X w.

In the subcritical case, this kind of theorem can be proved with Carleman estimates
under some additional geometrical conditions and once the solution is known to be
smooth. Yet, in the critical case, we are not able to prove this propagation of regularity.
Note also that H. Koch and D. Tataru [27] managed to prove some unique continuation
result in the critical case, but in the case u = 0 on w instead of O,u = 0. In the case of R?
with flat metric and w the complementary of a ball, B. Dehman and P. Gérard |8| prove
this theorem using the existence of the scattering operator proved by K. Nakanishi [32],
which is not available on a manifold.

Moreover, as in the subcritical case, we do not know if the time of controllability
does depend on the size of the data. This is actually still an open problem for several
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nonlinear evolution equations such as nonlinear wave or Schrodinger equation (even in
the subcritical case). Note that for certain nonlinear parabolic equations, it has been
proved that we can not have controllability in arbitrary short time, see [15] or [14].

The strategy for proving Theorem 5.0.1 consists in proving a stabilization result for
a damped nonlinear Klein-Gordon equation and then, by a perturbative argument using
the linear control, to bring the solution to zero once the energy of the solution is small
enough. Namely, we prove

Theorem 5.0.2. Let Ry > 0, w satisfying Assumption 5.0.2 and a € C*°(M) satisfying
a(x) > n > 0 for all x € w. Then, there exist C,y > 0 and § > 0 such that for any
(ug, uy) i H' x L%, with

| (w0, ur) [l g1y 2 < Ro; | (wo, 1) f2s -1 < O

the unique strong solution of

{ Ou + u + |ul*u + a(x)?0su 0 on [0,T]x M (0.3)

(u(0), 9u(0)) = (uo,ua).

satisfies E(u)(t) < Ce " E(u)(0).

This theorem is false for the classical nonlinear wave equation (see subsection 5.3.1.1)
and it is why we have chosen the Klein-Gordon equation instead.

Let us now discuss the proof of Theorem 5.0.2, following B. Dehman and P. Gérard
[8] for the case of R?. We have the energy decay

B0 = E@O - [ [ la@af

So, the exponential decay is equivalent to an observability estimate for the nonlinear
damped equation. We prove it by contradiction. We are led to proving the strong conver-
gence to zero of a normalized sequence u,, of solutions contradicting observability. In
the subcritical case, the argument consisted in two steps
— to prove that the limit is zero by a unique continuation argument
— to prove that the convergence is actually strong by linearization and linear propa-
gation of compactness thanks to microlocal defect measures of P. Gérard [19] and
L. Tartar [36].
By linearization, we mean (according to the terminology of P. Gérard [20]) that we have
| wr, — vnl]| b~ 0 where v, is solution of the linear Klein-Gordon equation with same

initial data :

{ Ov, +v, = 0 on [0,7] x M
(0n(0), 0ion(0)) = (un(0), Grun(0)).

In our case, the smallness assumption in the lower regularity L% x H ! makes that the
limit is automatically zero, which allows to skip the first step. In the subcritical case,
any sequence weakly convergent to zero is linearizable. Yet, for critical nonlinearity,
there exists nonlinearizable sequences. Hopefully, in the case of R3, this defect can
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be precisely described. It is linked to the non compact action of the invariants of the
equation : the dilations and translations. More precisely, the work of H. Bahouri and
P. Geérard |2] states that any bounded sequence u,, of solutions to the nonlinear critical
wave equation can be decomposed into an infinite sum of : the weak limit of u,, a
sequence of solutions to the free wave equation and an infinite sum of profiles which are
translations-dilations of fixed nonlinear solutions. This decomposition was used by the
authors of [8] to get the expected result in R®. Therefore, we are led to make an analog
of this profile deomposition for compact manifolds. We begin by the definition of the
profiles.

Definition 5.0.2. Let o, € M and (f,9) € &.. = (H' x L*)(T,_M). Given
[(f,9),h.z] € & x (RY x M)N such that limy,(h,,x,) = (0,25) We call the asso-
ciated concentrating data the class of equivalence, modulo sequences convergent to 0 in
E, of sequence in & that take the form

I 20 () ( f. hing) (‘” ;"“"”> +o(1)e (0.4)

in some coordinate patch Uy ~ U C R? containing x, and for some Uy € C(U) such
that Uy () = 1 in a neighborhood of . (Here, we have identified x,, v~ with its image
inU).

We will prove later (Lemma 5.1.3) that this definition does not depend on the coor-
dinate charts and on Wy : two sequences defined by (0.4) in different coordinate charts
are in the same class. In what follows, we will often call concentrating data associated
to [(f,9), h,x] an arbitrary sequence in this class.

Definition 5.0.3. Let (t,) a bounded sequence in R converging to too and (fn,gn) a
concentrating data associated to [(f,g),h,z]. A damped linear concentrating wave is a
sequence v, solution of

{Dvn+vn+a(x)8tvn = 0 on RxM (0.5)

(Un(tn)7atvn(tn)) = (fnagn)'

The associated damped nonlinear concentrating wave is the sequence u, solution of

(0.6)

{ Oy, + up + a(2)0suy, + |ug|*u, = 0 on Rx M
(4 (0), yun(0)) (vn(0), Oy, (0)).

If a =0, we will only write linear or nonlinear concentrating wave.

Energy estimates yields that two representants of the same concentrating data have
the same associated concentrating wave modulo strong convergence in L (R, ). This
is not obvious for the nonlinear evolution but will be a consequence of the study of

nonlinear concentrating waves.

It can be easily seen that this kind of nonlinear solutions are not linearizable. Ac-
tually, it can be shown that this concentration phenomenon is the only obstacle to
linearizability. We begin with the linear decomposition.
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Theorem 5.0.3. Let (v,) be a sequence of solutions to the damped Klein-Gordon equa-
tion (0.5) with initial data at time t = 0 (pn, Vy,) bounded in E. Then, up to extraction,
there exist a sequence of damped linear concentrating waves (p\9)), as defined in Defini-

tion 5.0.3, associated to concentrating data -
(o), $0)), D), 200, 40)), such that for any | € N,

!
wnlt,e) = o(t,2) + 3 pP (1) +wl(t,2),  (0.7)
j=1

T [|w®
V>0, I [l e s aiezs oo 720 (08)

[
1, Be0a)l12 = S 09, 809 |5 + || (w®), w2 + 0(1), as n — o0, (0.9)

j=1

where o(1) is uniform for t € [=T,T).

The nonlinear flow map follows this decomposition up to an error term in the strong
following norm

ulll; = ”U”Loo(I,Hl(M)) + ”atuHLOO(I,LQ(M)) + HU’HL5(I,L10(M)) :

Theorem 5.0.4. Let T' < Ttoeus/2. Let u, be the sequence of solutions to damped non
linear Klein-Gordon equation (0.6) with initial data, at time 0, (@, ,) bounded in
E. Denote pg) (resp v the weak limit) the linear damped concentrating waves given by
Theorem 5.0.3 and q,(Lj) the associated nonlinear damped concentrating wave (resp u the
associated solution of the nonlinear equation with (u, yu)i—o = (v, 04)i=o). Then, up to

extraction, we have

l
un(t,2) = ut 3 g (ha) + wd(t, o) + ) (0.10)
j=1
n@omrg)M[—T,T] H—OQO (0.11)

where wg) 15 given by Theorem 5.0.5.

The same theorem remains true if M is the sphere S® and a = 0 (undamped equation)
without any assumption on the time T.

The more precise result we get for the sphere S will not be useful for the proof of
our controllability result. Yet, we have chosen to give it because it is the only case where
we are able to describe what happens when some refocusing occurs.

This profile decomposition has already been proved for the critical wave equation
on R? by H. Bahouri and P. Gerard [2] and on the exterior of a convex obstacle by
I. Gallagher and P. Gérard [17|. The same decomposition has also been performed for
the Schrodinger equation by S. Keraani [26] and quite recently for the wave maps by
Krieger and Schlag [28]. Note that such decomposition has proved to be useful in different
contexts : the understanding of the precise behavior near the threshold for well-posedness
for focusing nonlinear wave see Kenig Merle [25] and Duyckaerts Merle[13], the study
of the compactness of Strichartz estimates and maximizers for Strichartz estimates,
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(see Keraani [26]), global existence for wave maps [28]... May be our decomposition on
manifolds could be useful in one of these contexts. Let us also mention that, this kind
of decomposition appears for a long time in the context of Palais-Smale sequences for
critical elliptic equation and optimal constant for Sobolev embedding, but with a finite
number of profiles, see Brezis Coron [4], the book [12] and the references therein ...

Let us describe quickly the proof of the decomposition. The linear decomposition
of Theorem 5.0.3 is made in two steps : first, we decompose our sequence in a sum of
an infinite number of sequences oscillating at different rate hY. Then, for each part
oscillating at a fixed rate, we extract the possible concentration at certain points. We
only have to prove that this process produces a rest w! that gets smaller in the norm
L>®LS at each stage. Once the linear decomposition is established, Theorem 5.0.4 says,
roughly speaking, that the nonlinear flow map acts almost linearly on the linear decom-
position. To establish the nonlinear decomposition we have to prove that each element
of the decomposition do not interact with the others. For each element of the linear
decomposition, we are able to describe the nonlinear solution arizing from this element
as initial data. The linear rest w! is small in L>([-T,T), L°®) for [ large enough and so
the associated nonlinear solution with same initial data is very close to the linear one.
The behavior of nonlinear concentrating waves is described in [22] (see subsection 5.2.2.1
for a short review). Before the concentration, linear and nonlinear waves are very close.
For times close to the time of concentration, the nonlinear rescaled solution behaves as
if the metric was flat and is subject to the scattering of R3. After concentration, the
solution is close to a linear concentrating wave but with a new profile obtained by the
scattering operator on R3.

We finish this introduction by a discussion on the geometric conditions we imposed
to get our main theorem. For the linear wave equation, the controllability is known to
be equivalent to the so called Geometric Control Condition (Assumption 5.0.1). This
was first proved by Rauch and Taylor [33] in the case of a compact manifold and by
Bardos Lebeau Rauch [3] for boundary control (see Burq Gérard for the necessity [5]).
For the nonlinear subcritical problem, the result of [10] only requires the classical Geo-
metric Control Condition. Our assumption is stronger and we can naturally wonder if it
is really necessary. It is actually strongly linked with the critical behavior and nonlinear
concentrating waves. Removing this stronger assumption would require a better unders-
tanding of the scattering operator of the nonlinear equation on R? (see Remark 5.0.1).
However, we think that the same result could be obtained with the following weaker
assumption.

Assumption 5.0.3. w satisfies the Geometric Control Condition. Moreover, for every
couple of focus (1, xs,t) at distance t, according to Definition 5.0.1, each geodesic star-
ting from x1 in direction & such that exp, 1§ = x5 meets w in a time 0 < s < t.

Finally, we note that our theorem can easily be extended to the case of R? with a
metric flat at infinity. In this case, our stabilization term a(x) should fulfill the both
assumptions

— there exist R > 0 and p > 0 such that a(z) > p for |z| > R

— a(z) > p for © € w where w satisfies Assumption 5.0.2.

The proof would be very similar. The only difference would come from the fact that the
domain is not compact. So the profile decomposition would require the "compactness
at infinity" (see property (1.6) of |2]). Moreover, the equirepartition of the energy could
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not be made only with measures but with an explicit computation (see (3.14) of [8])

Remark 5.0.1. In order to know if our stronger Assumptions 5.0.2 or 5.0.3 are really
necessary compared to the classical Geometric Control Condition, we need to prove that
the following scenario can not happen. We take the example of S® with w a neighborhood
Of {l’4 = 0,333 > 0}

Take some data concentrating on the north pole, with a Fourier transform (on the
tangent plane) supported around a direction . The nonlinear solution will propagate
linearly as long as it does not concentrate : at time t it will be supported in an neigh-
borhood of the point x(t) where x(t) follows the geodesic stemming from the north pole
at time 0 in direction &. Then, if & 1s well chosen, it can avoid w during that time.
Yet, at time 7, the solution will concentrate again in the south pole. According to the
description of S. Ibrahim [22], in a short time, the solution will be transformed following
the nonlinear scattering operator on R3. So, at time m + ¢ the solution is close to a
linear concentrating wave but it concentrates with a new profile which is obtained with
the nonlinear scattering operator on R®. This operator is strongly nonlinear and we do
not know whether the new profile will be supported in Fourier near a new direction &;.
If it happens, the solution will then be supported near the point y(t) where y(t) follows
the geodesic stemming from the south pole at time 7 in direction &. In this situation, it
will be possible that the trajectory y(t) still avoids w. If this phenomenon happens several
times, we would have a sequence that concentrates periodically on the north and south
pole but always avoiding the region w (which in that case satisfies Geometric Control
Condition).

FIGURE 5.1 — Possible situation on the sphere

We are led to the following informal question. If S is the scattering operator on R3, is
that possible that for some data (f, g) € H'x L2 supported in Fourier near a direction &,
the Fourier transform of S(f,g) is supported near another direction & . In other words,
can the nonlinear wave operator change the direction of the light ?

The structure of the article is as follows. The first section contains some prelimina-
ries that will be used all along the article : the existence theorem for damped nonlinear
equation, the description of the main properties of concentrating waves and the use-
ful properties of the scales necessary for the linear decomposition. The second section
contains the proof of the profile decomposition of Theorem 5.0.3 and 5.0.4. It is natu-
rally divided in two steps corresponding to the linear decomposition and the nonlinear
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one. We close this section by some useful consequences of the decomposition. The third
section contains the proof of the main theorems : the control and stabilization.

Note that the main argument for the proof of stabilization is contained in the last
section 5.3 : in Proposition 5.3.1 we apply the linearization argument to get rid of the
profiles while Theorem 5.3.1 contains the proof of the weak observability estimates. We
advise the hurried reader to have a first glance at these two proofs in order to understand
the global argument.

5.0.1 Notation

For I an interval, denote

ulll; = ||U||Loo(1,H1(M)) + HatUHLoo(I,m(M)) + HUHL5(I,L10(M)) :
Moreover, when we work in local coordinate, we will need the similar norm (except for
H'! instead of H')
ulll7ers = llwll oo 1 sy + 1106ull oo r roay) + 1wl s r progsy) -
Note that the if I = R, |||u|||;,gs is invariant by the translation and scaling u +—

o (158, 55).

The energy spaces are denoted

£ = H'(M)x L*M)

Enn HY T, M) x L*(T, M)
with the respective norms
ICf 9z = ||f||2L2(M) + ||Vf||2L2(M) + ||9||i2(M)
(£, 9)“(2900 = ||Vf||i2(TmooM) + ||g||i2(TzooM)

We will denote (-, ) and (-, -),_ the associated scalar product.

When dealing with solutions of non linear wave equations on M (or on T, M),
"the unique strong solution" will mean the unique solution in the Strichartz space
Ly (R, LYY(M)) (or L} (R, L'°(T, _M))) such that (u,du) € C(R,E) (or C(R,E,..).

loc loc

All along the article, for a point x € M, we will sometime not distinguish = with
its image in a coordinate patch and will write R3 instead of T, M. M will always be
smooth, compact and the number of coordinate charts we use is always assumed to be
finite. We also assume that all the charts are relatively compact. In all the article, C' will
denote any constant, possibly depending on the manifold M and the damping function
a. We will also write < instead of < C for a constant C'.

B5 (M) denotes the Besov space on M defined by

B3 (M) = Hl[o’l[(\/ —AM)UH + sup Hl[zkzlﬁ-l[(\/ —AM)UH

L2(M)  keN

[[ul e
Hs (M)

We use the same definition for Bj  (R*) with Ay replaced by Ags which can be ex-
pressed using the Fourier transform and Littlewood-Paley decomposition. Of course,
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Bj (M) is linked with Bj_ (R®) by the expression in coordinate charts. This will be
precised in Lemma 5.2.1.

From now on, a = a(z) will always denote a smooth real valued function defined on

M.

5.1 Preliminaries

5.1.1 Existence theorem

The existence of solutions to our equation is proved using two tools : Strichartz and
Morawetz estimates. Strichartz estimates take the following form.

Proposition 5.1.1 (Strichartz and energy estimates). Let T" > 0 and (p,q) satisfying

1 3 1
—+-=z, p>2
P q 2

Then, there exists C > 0 such that any solution u of

{Dv+v+a(a:)8tv = f on [-T.T|xM
(0(0), 9u(0)) = (uo, ur).

satisfies the estimate
(v, atv)”Lw([—T,T},g) + HUHLP([—T,T],L‘?(M)) < O([[(uo, wa)lg + HfHLl([—T,T],L2))~

Démonstration. The case with a = 0 for the wave equation can be found in L.V. Ka-
pitanski [24]. To treat the case of damped Klein-Gordon, we only have to absorb the
additional terms and get the desired estimate for 7" small enough. We can then reiterate
the operation to get the result for large times. O

Then, we are going to prove global existence for the equation

(1.12)

{Du+u+\u!4u = a(x)du+g on [T, T]x M
(w(0),0u(0)) = (ug,u1) € €

with g € LY([=T,T), L*(M)) and a € C®(M).

The proof is now very classical, see for example [37| for a survey of the subject. The
critical defocusing nonlinear wave equation on R? was proved to be globally well posed by
Shatah and Struwe [35, 34] using Morawetz estimates. Later, S. Ibrahim an M. Majdoub
managed to apply this strategy in the case of variable coefficients in [23], but without
damping and forcing term. In this subsection, we extend this strategy to the case with
these additional terms. We also refer to the appendix of |2] where the computation of
Morawetz estimates on R? is made with a forcing term. We also mention the result of
N. Burq, G. Lebeau and F. Planchon [7] in the case of 3-D domains.

We only have to check that the two additional terms do not create any trouble.
Actually, the main difference is that the energy in the light cones is not decreasing, but
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it is locally "almost decreasing" (see formula (1.13)) and this will be enough to conclude
with the same type of arguments.

As usual in critial problems, the local problem is well understood thanks to Strichartz
estimates while we have to prove global existence. We only consider Shatah Struwe solu-
tions, that is satisfying Strichartz estimates and we wave uniqueness for local solutions
in this class. We assume that there is a maximal time of existence t; and we want
to prove that it is infinite . The solution considered will be limit of smooth solutions
of the nonlinear equation with smoothed initial data and nonlinearity. Therefore, the
integrations by part are licit by a limiting argument.

We need some notations. To simplify the notations, the space-time point where we
want to extend the solution will be zy = (to, z9) = (0,0). ¢ is the geodesic distance on
M to x¢ = 0 defined in a neighborhood U of 0. Denote for some small « < 3 <0

KP = {z=(t,x) €]a,B] x Ulp < |t|} backward truncated cone
MP = {z=(t,z) €[a, 8] xUlp=|t|} mantle of the truncated cone
D(t) := {z eUle<|t|} spacelike section of the cone at time ¢

In what follows, the gradient, norm, density are computed with respect to the Rieman-
nian metric on M (for example, we have |Vy| = 1). We also define

1 1
e(u)(t,z) = 3 (10wu® + [Vul*) + G lul®  local energy
E(u,D(t)) := / e(u)(t,x)dx energy at time t in the section of the cone
D(t)
1 1 1
Fluz(u, M?)) = 7 /M£ 3 10V — Vul® + G lul® do flux exiting the truncated cone

Lemma 5.1.1. Let u be a solution of equation (1.12). The function E(u, D(t)) satisfies
fora< (<0

E(u, D(B)) + Fluxz(u, M?) = // () |Opul?

—%// u@tu+§R// 9o
K7 Kf

and it has a left limit in t = 0 as a function of t.

Démonstration. The identity is obtained by multiplying the equation by 0,u to get
Ore(u) —Rdiv(0uV ,u) = a(z)|Owu|* —udsi+Rgd;u, then, we integrate over the truncated
cone K? and use Stokes formula. Denote f(t) = E(u, D(t)). Using the positivity of the
flux and Hélder inequality, we estimate

1 lmosy < F(@) +CB = ) [l sy + Clal(B = a) 1122 oy

1/2
9l (ogzey 1 s -

. 2/3 2
Using Clal (8 — ) 1f172 a5y < COB = IS a5 151l oe ga7)): we get for § —
small enough,

F(@)2 + C(8 = @) + 952 gu.5,10)| (1.13)
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This property will replace the decreasing of the energy that occurs without damping
and forcing term in all the rest of the proof. It easily implies that f has a left limit. [J

Lemma 5.1.2. For u and g a strong solution of
Ou+ [ul*u=g on [-T,0[xM

we have the estimate
/ s c (2 60+ £61") + 118) = F + Nty 1ol s

1/3
+ (I78) = F@)1 4+ Ml 1 22y 100 e paac)

9l g1 ity (100l ety + 1Vl ) + il ooy

+(B —a) sup [f(t) + f(f)1/3}>

t€a,f]

where we have used the notation f(t) = E(u, D(t)).

Démonstration. It is a consequence of Morawetz estimates. The only difference is the
presence of the forcing term g and the metric. The case of flat metric is treated in [2].

The metric leads to the same estimates with an additional term (3—a) sup f(t)+ f(t)'/3
t€[o, 0]
as treated in [23]|. Another minor difference is that in the presence of a forcing term, the

energy does not decrease and f(3)+ f(3)"/? have to be replaced by the supremum on the
interval. Note also that our estimate is made in the backward cone while the computation
is made in the future cone in these references. We leave the easy modifications to the
reader. O]

The previous estimates will be the main tools of the proof. It will be enough to prove
some non concentration property in the light cone for L>° LS, L5L and finally in energy
space. It is the object of the following three corollaries.

Corollary 5.1.1.

a—0

/ lu(a, x)|%dz — 0.
D(a)

Démonstration. We are going to use the previous Lemma 5.1.2, replacing g by g — u +
a(x)0yu and with 8 = ea, 0 < € < 1. Denote L the limit of f(¢) as ¢ tends to 0 given by
Lemma 5.1.1. So for o small enough, we have for a constant C' > 0

106t e o sy + 1Vl e sy + 1l o sy < L4+ C(LY2 + LV).

We also use

llg —u+ CL(I)ﬁtu”le(Kfj) < ||9HL1L2(K(§) +C(f — «) HuHLoop(Kg)
+O(8 — ) 95ull o gt
< HgHLlL?(Kfj)+C(ﬁ—a)(1+L1/6+L1/2)
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which tends to 0 as 3 tends to 0. This yields

lim lu(er, z)|%dz < Ce(L 4+ LY3).
a—0 D(a)

Corollary 5.1.2.

ue€ LPLY(K;).

Démonstration. Localized Strichartz estimates in cones (see Proposition 4.4 of [23]) give

5
[ull ooy < CE(u, D(s))"? + [ull75 1050y + lla@)Ow — w + gl 12 g0y
4
< CE(u,D(s))"? + [wll poo ooy (14l paprz o))
F10vull oo r2x0y + N9l pa 2 (o) -

A

A boot-strap argument and Corollary 5.1.1 give that for s sufficiently close to 0,
[ull fag12 (o) is bounded. We get the announced result by interpolation between L*L'

and L>®LS. O
Corollary 5.1.3.

E(u, D(s)) — 0.

s—0

Démonstration. Let ¢ > 0. Corollary 5.1.2 allows to fix s < 0 close to 0 so that
[wll 15 p10(x0y < €. Denote vy the solution to the linear equation

Ovs + vs + a(x)0ws =0, (v, O0)=s = (U, Optt) =
then, the difference wy = u — v, is solution of
Ow, + ws + a(z)Ows = —|ul*u, (ws, Qaw,)i—s = (0,0).
Then, for s <t < 0, linear energy estimates give
Bow,, D)2 < C a3 oy < CE

where we have set
1
%@@D@D:§/ (Vw2 + [Oyws[?] d.
D(t,ZO)

Triangular inequality yields
Eo(u, D(t)"? < Ey(v,, D(t))Y? + C&°.

Since vy is solution of the free damped linear equation, we have Eqy(vs, D(t)) P 0. This

yields the result with Ej instead of E. The final result is obtained thanks to Corollary
5.1.1. [
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We can now finish the proof of global existence.

Let € > 0 to be chosen later. By Corollary 5.1.3, E(u, D(s)) < ¢ for s close enough
to 0. By dominated convergence, for any s < 0 close to 0, there exists n > 0 so that

/( )<to—s+ e(u)(s) = E(u, D(s,m)) < 2¢

where E(u, D(s,n)) is the spacelike energy at time s of the cone centered at (ty = 7, xy =
0) (see Figure 5.2). For s close enough to 0 and s < s’ < 0, we apply estimate (1.13) in
this cone. It gives

E(u, D<S/>77))1/2 <C (E(u7 D(3777))1/2 +[s" = 5|+ ||gHL1([575/]7L2)) < Ce'/2.

In particular, [[ul| o) < Ce'/? on the truncated cone
K={(2)|px) <n—s5,s<s <0}
Therefore, choosing € small enough to apply the same proof as Corollary 5.1.2, we get
[ll g5 1o () < o0

Since ro = 0 is arbitrary, a compactness argument yields one s < 0 such that
el 15 s 0pp10(aryy < +00. Therefore, by Duhamel formula, (u(t), d;u(t)) has a limit in
£ as t tends to 0 and uw can be extended for some small ¢ > 0 using local existence
theory.

> T

x=0 n

FIGURE 5.2 — The truncated cone K

Remark 5.1.1. [t is likely that global existence can also be proved using the Kenig-Merle
argument [25] and the profile decomposition below (assuming only local ezistence) as is
done for example in [28] for the wave maps.

5.1.2 Concentration waves

In this section, we give details about concentrating waves that will be useful in the
profile decomposition. The first lemma states that Definition 5.0.2 of concentrating data
does not depend on the choice of coordinate patch and cut-off function V.

Lemma 5.1.3. Let [(f,9),h,z] € € x (R% x Mx)N such that limy,(hy, 2,) = (0, 20)
then, all the sequences defined by formula (0.4) in different coordinates charts and the
cut-off function Uy are equivalent, modulo convergence in E.
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Démonstration. It is very close to the one of S. Ibrahim [22] where the concentrating
data are given in geodesic coordinates. So, let V3, = V' be another coordinate patch and
® : V +— U the associated transition map. Without loss of generality, we can suppose
that x., is represented by 0 in U and V. We have to prove that the sequences

O(x) - @(fﬂn))

B &0y () f, hing) (M) = I (B, hing> ( i

hin

and

W2y (2)(f o DB(0), hig o D®(0)) (‘T - x”)
are equivalent in the energy space associated to M or R?® (the volume form and the
gradient are not the same but the energies are equivalent). By approximation, we can
assume (f,g) € (C5°(R?))%. We make the proof for the H! part for f, the proof being
simpler for g. We remark that the terms coming from derivatives hitting on Wy (x) tend
to 0 in L?. Therefore, we have to prove the convergence to 0 of

2

h—3

Uy (D(2)) DO(2)V f (_@(x) ;nq)(x”)) — Uy (2) DB(0)V f (D‘I)(O)x ;nD‘I)(O)mn)

L2(V)

First, we prove that the cut-off functions ¥y and Wy can be replaced by a unique W.
Let § so that B(0,d) C V. Let ¥ € C§°(B(0,9)) such that ¥ = 1 in a neighborhood
of 0 and has a support included in the set of x such that ¥y (z) = Uy (P(z)) = 1,
so that YWy = ¥ and V(Vy o &) = W. Then, on the support of 1 — ¥, we have
|®(x) — ®(z,)|| > e for some & > 0 and some n large enough. Therefore, we have

2

@ = wepwoe) Do v (FHLHE) .
3 D(z) — P(xn)\ |
< cn||vy ( LT
- f( hn ) L2(]9(2)(zn) |>)

which is 0 for n large enough since f has compact support. Making the same proof for
the other term, we are led to prove the convergence to 0 of

2

no vy Do v s (M) W) DHO)VS (D@(O)x ;npq»m)xn) .
< HDCID(hnx +2,)Vf ((D(h”x + ) = @(x”)) — DO(0)Vf (DD(0)z) 2 (1.14)
B L2 ({:|wn+hnal <5}

By the fundamental theorem of calculus, there exists z,(x) € [x,, hyx + x,] such that

q>(hnw+$n)_q)(xn)
hn,

supported, we deduce that for |z| large enough, the integral is zero. So, we are led with
the norm (1.14) with L?*(B(0,C)) instead of L*({z : |z, + h,z| < §}). We conclude by

dominated convergence. O

‘ = |D®(z,)x| > C|z| for some uniform C' > 0. As Vf is compactly

Using the previous lemma in geodesic coordinates, we get that our definition of
concentrating data is the same as Definition 1.2 of S. Ibrahim |22].
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Remark that for a concentrating data, z, — xo can not be defined invariantly on
T... M, we can only define the limit of (x,, — 2 )/h,. The change of coordinates must act
on xz, as an element of M and not 7T, M even if it converges to x... Yet, the functions
(f,g) of a concentrating data "live" on the tangent space. Moreover, the norm in energy
of a concentrating data is the one of its data.

Lemma 5.1.4. Let (uy,v,) a concentrating data associated to [(¢,v), h, x|, then, we
have

[(n; vn)lle = 1@, D), + o(1)

where V. and L*(T,. M) are computed with respect to the frozen metric.

The proof is a direct consequence of Lemma 5.1.5 and 5.1.6 below or by a direct
computation in coordinates.

The next definition is the tool that will be used to "track" the concentrations.

Definition 5.1.1. Let o € M and (f,g) € E,... Gven [(f,9),h,z] € E,. x (RE x M)N
such that limy,(hy, 2,) = (0,2s). Let (fn, gn) be a sequence bounded in E, we set

Dhn<fnagn) - (fv g)

if in some coordinate patch Uy ~ U C R? containing xo, and for some ¥y € C2(U)
such that Wy (x) =1 in a neighborhood of x,, we have

BE (Wi fos b Wirga) (0 + o) — (frg)  weakly in &, _

where we have identified Vy (fon, gn) with its representation on T, M in the local trivia-
lisation.

If this holds for one (U, ¥y), it holds for any other coordinate chart with the induced
transition map.

We denote Dj, f, — f if we only consider the first part concerning H' and D} gn —
g for the L? part convergence.

Of course, this definition depends on the core of concentration h and z. In the rest of
the paper, the rate h and z will always be implicit. When several rate of concentration
(AW 2], j € N, are used in a proof, we use the notation D,(Lj) to distinguish them.

The fact that this definition is independent of the choice of a coordinate chart can
be seen with the following lemma which will also be useful afterward.

Lemma 5.1.5. Dy, (fn, 9,) — (f,9) is equivalent to

/ Vit Vuu, — Ve f Ve
M n—oo

Tooe M

/ GnUn - gd]
M = T M

where (un,v,) is any concentrating data associated with [(¢, 1)), h, x].
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The V is computed with respect to the metric on M when the integral is over M
and with respect to the frozen metric in ., when the integral is over T, M.

Démonstration. We only compute the first term for the H' norm and assume ¢ €
C5°(R?). dw(y) denotes the Riemannian volume form at the point y, -, the scalar product
at the point y and Vj, 410, = g(hpx + 2,) 7' V.

We denote Vj, = *5= and L,y = — 2 Sy, Vo (Vv fo (20 + hnz)] - Vo p(2) dw(0).

1
L,y =h32 Vanthnz YV [ (Xn + hn)] @nthnz) Vanthea@(@) dw(z, + hpx) + o(1)
D

3
= hy / \IIV(xn + hnx)(vrn—irhnrfn) (xn + hnx) “(Tnt+ha) vmn—i-hnmSO(I) dw(xn + hnx) + 0(1)
7

1

=t [y Vi (U)ol + o)
:h;Q/Vvyfn (y) 4V, {\va(y)w (y ;nx”)l dw(y)—l—o(l):/MVan~VMun +o(1).

Therefore, L,y tends to [V f(z) - Vp(z) dw(0) if and only if [, Vs fn - Vasu, has the

same limit. O

An easy consequence of this lemma is the link with concentrating waves.

Lemma 5.1.6. Let (f,,g,) be some concentrating data associated with [(f,g),h,z],
then, we have

Dhn(.fna gn) - (f> g)

Démonstration. Lemma 5.1.3 permits to work in geodesic coordinates so that the metric

g is the identity at the point z... In this chart, we have f, (z, + h,x) = Yy(x, +
1

hnx)hn? f. So, the computation of Lemma 5.1.5 gives [ Vo f - Voopdw(0) = [}, Varfn -

Vuu, + o(1) which gives the result. O

We conclude this subsection by a definition of orthogonality that will discriminate
concentrating data.

Definition 5.1.2. We say that two sequences [Q(l),g(l),t(l)] and [ﬁ(z),g(z),z(Q)] are or-
thogonal if either

(1)
— log )h— — +00
Y %‘ 2
h(l) hS h and xoo = xé%) = Xy and in some coordinate chart around x.,, we
have
-] -t
R =

We note [h(1)7£(1)7t(1)] L [h(2)7£(2)’£(2] and (M, V) 1, (2@,t?) if Y = @ —
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This definition does not depend on the coordinate chart. This can be seen because

we have the estimate xﬁll) - xf) < ‘q)(xg)) - @(ng))‘ <C ‘xg) — xf) if ® is the

transition map.

5.1.3 Scales

In this subsection, we precise a few facts that will be useful in the first part of the
proof of linear profile decomposition which consists of the extration of the scales of
oscillation h? .

On the Hilbert space & = H'(M) x L*(M), we define the self-adjoint operator A,
by :
D(Ay) = Hy, x Hy,
Ani(u,v) = ((=A) P, (=Anr)?u)
We define similarly Ags with the flat laplacian. We denote Aga v the obvious operator
on (HY(M)(R?) x L?(R?))Y obtained by applying Az« on each "coordinate".
The following definition is taken from Gallagher-Gérard|[17].
Definition 5.1.3. Let A be a selfadjoint (unbounded) operator on a Hilbert space H.

Let (hy,) a sequence of positive numbers converging to 0. A bounded sequence (uy,) in H
is said (hy)-oscillatory with respect to A if

L0 (1.15)

n—o0

(un) is said stricly (hy)-oscillatory with respect to A if it satisfies (1.15) and

— 0.
H e—0

lim ‘1|A|Shiun

n—oo

At the contrary, (u,) is said (hy)

|

Remark that 1j;<; can easily be replaced by a well chosen function ¢ € C§°(R).
Moreover, if a sequence (u,) is stricly (h,)-oscillatory while a second sequence (v,) is
(hy)-singular, then we have the interesting property that (u,,v,),; — 0.

n—oo

singular with respect to A if we have

— 0 forall0<a<b.

H n—oo

1 b U
ﬁIA\SE n

Proposition 5.1.2. Let M = UN U, a finite covering of M with some associated local
coordinate patch ®; : U; — V; C R3. Let 1 = > Wi be an associated partition of the
unity of M with V; € C3°(U;). Let (un,v,) a bounded sequence in the M energy space
and h,, a sequence converging to 0. Then (uy,,v,) is (stricly) (hy)-oscillatory with respect
to A, if and only if all the @V, (u,,v,) are (strictly) (hy,)-oscillatory with respect to
Apa.

Démonstration. First, we remark that a sequence is (strictly) (h,)-oscillatory with res-
pect to A if and only if it is (strictly) (h2)-oscillatory with respect to A%. So we can
replace Ay and Ags by —(Ap, Ap) and —(Ags, Ags). We apply a proposition taken
from |17] that makes the link between oscillation with different operators.
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Proposition 5.1.3 (Proposition 2.2.3 of [17]). Let A : H; — Hy be a continuous linear
map between Hilbert spaces Hy, Ho. Let Ay be a selfadjoint operator on Hy, As be a
selfadjoint operator on Hy. Assume there exists C > 0 such that A(D(Ay)) C D(A,),
A*(D(A2)) C D(Ay) and for any u € D(A;), v € D(As),

[ Az Aul] < C([[Avull + [[ul]) (1.16)
[ AL A" ]| < C([[Azv] + [|o]])- (1.17)

If a bounded sequence (uy,) in Hy is (strictly) (hy)-oscillatory with respect to Ay, then
(Auy,) is (strictly) (h,)-oscillatory with respect to As.

To prove the first implication, we apply the proposition with
A(u,v) = (P Uy (u,v), -+, Pnu¥y(u,v)). We only prove the necessary estimates, the
inclusions of domains being a direct consequence of the inequalities and of the density of
smooth functions. To simplify the notation, we denote (u;, v;) = ®;,V;(u,v). The proof
of (1.16) mainly uses the equivalent definitions of the H® norm on a manifold.
HAJ?@?)(%U@')HH&ND% = [[Arsuill gragy, + HAR3%|’L§3 S HuiHH§3 + Hvi|\Hﬂ“§3
<
< Ny, + ol
Sl + 1Avull gy + lollz, + [ AwvllL,
R Py P
Let us prove (1.17) for the duality H' x L? of the scalar product. Let (f,g) =
(fi,gi)izl...]\[ € (CSO(R?)) X CSO(R‘S))N and (u,v) € OOO(M)
((u,0), ASA™(F, 9) i onyxrzony = (AAR(w,0), (f, 9)) (1 @9) < L2 3)) ¥
= Z(q’i*‘l’z‘AMU,fi H, +Z (@i Vi Apv, g) 12

i

S ZH%‘I’ Anrull g 1 fill s, +ZH%‘I’ Anvllgz I9ill sz,

S lullg, Z!IszHs +||AJVIUHH_QZ”9ZHH2

S )l e, (Z (A fis Arsgi)ll gy, 2, + H(fi;gi)HHéstD%) :

Therefore,
we get A3 A (f,0) g zz, < C (HAwf, O I 6 g)H(Héngég)N) and
3 R3

Proposition 5.1.3 implies that (strict) (h,)-oscillation of (u,) with respect to Ay im-
plies (strict) (hy)-oscillation of Aw, with respect to Ags y.

To prove the other implication, we use a quite similar operator. Denote ¢; some other
cut-off functions in C§°(V;) C C5°(R?) such that p; = 1 on Supp(®;,¥;). We define T
the bounded operator from (Hgxs x L2;)N to H}; x L%, given by

Z% il fir 9:)
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Then, we have I'o A = Id and we only have to prove that (strict) (h,)-oscillation of
(fns gn) with respect to Ags y implies (strict) (h,,)-oscillation of I'(f,, g,) with respect
to Ays. The needed estimates are quite similar and we omit them. O

Remark 5.1.2. Another way to prove Proposition 5.1.2 would have been to use the
pseudodifferential operators o(h?Ayr) as in [6].

Now, we will prove that the (h,)-oscillation is conserved by the equation, even with
a damping term.

Proposition 5.1.4. Let T > 0. Let (vn,¥n) a bounded sequence of £ that is (stricly)
(hn )-oscillatory with respect to Ayr. Let u, be the solution of

{ Oy, +u, = a(x)du, on [0,T] x M
(un(0), 0un(0)) = (on,¥n)-

Then, (un(t),Owuy,(t)) are (strictly) (hy,)-oscillatory with respect to Apr, uniformly on
[0,7].

At the contrary, if (pn, ¥n) is (hn)-singular with respect to Anr, (un(t), Opun(t)) is (hn)-
singular with respect to Ayr, uniformly on [0,T].

(1.18)

Démonstration. Let x € C§°(R) such that 0 < x(s) < 1 and x(s) =
1 for |s| < 1. The (hy,)-oscillation (resp strict oscillation) is equivalent to
lim (1 =) (B*hgA) (un, D)l g — 0

— 2
(resp JH&HX(’%—QA)(%,@%) . = 0).

vp = (1 — x)(R*h%A)u, is solution of

{ v, +v, = a(x)dw, — [x(R*h2A), a0, on [0,T] x M
(0a(0), 0w (0)) = (1 = X)(R*h3A) (n, 1hn).-

and energy estimates give

(1.19)

1(wa(®), 0vn())le < Cr[|(1 = X)(B2h5A) (0n, ) || + O || a, X(B*h5A) st | 1 g 41 1)
< Cr||(1 = X)(R*haA) (@ns )| ¢ + Cr R

where the last inequality comes from the fact that x(—h?A) is a semiclassical pseudo-
differential operator, as proved in Burq, Gérard and Tzvetkov [6], Proposition 2.1 using
the Helffer-Sjostrand formula.

Therefore, passing to the limitsup in n and using the oscillation assumption, we get
the expected result uniformly in ¢ for 0 < ¢ < T. The results for strict oscillation and
singularity are proved similarly. O

Proposition 5.1.5. There exists Cp > 0 such that for every (¢n, ¥,) bounded sequence
of & weakly convergent to 0, we have the estimate

Eo [ (e, atun)||Loo([o,T],B;m(M)ngm(M)) = CTE (e, ©n) ”B%’OO(M)XBS’OO(]W)

where u, is the solution of (1.18) .
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Démonstration. Without loss of generality and since the equation is linear, we can
assume that |/(¢n, )|l is bounded by 1. Let ¢ > 0. Let xo,x € Cg°(R) so that
1= xo+ Yooy x(27%2). We denote uf = x(272*A)u,. Using the same estimates as
in the previous lemma, we get

k), 0t @), < Cr [k 0), B )], + Cr2.
Take K large enough so that Cr27% < e for k > K so that we have .

||(uﬁ(t)’atuﬁ(t>>Hg S OT ||(90n7@bn)HB%’OO(M)XBg’w(M) +e. (120)

Then, for k < K, we use again some energy estimates for the equation verified by u*,
we get

€ (); D (@)l < Cr [ (2 (0), By (O)) [ + O [l x (=27 ANt g 1,12

Yet, for fixed k, [a, x(—272*A)] is an operator from L? into H' (for instance) and we
conclude by the Aubin-Lions Lemma that for fixed £ < K

Lim ||(uf(2), Opuls(t Hg < C’T hm H ), Opuk( ))”g (1.21)

n—oo

We get the expected result with an additional € by combining (1.20) and (1.21). O

We end this subsection by two lemma that will be useful in the nonlinear decompo-
sition. The first one is lemma 3.2 of [17].

Lemma 5.1.7. Let h, and h~n be two ~07’hogonal scales, and let (~fn) and fn be two

sequences such that such N f, (resp Vf,)) is strictly (h,) (resp hy)-oscillatory with

respect to Ags. Then, we have :
lim =0

n—od

A -

Then, we easily deduce the following result.

Lemma 5.1.8. Let hy, and R, be two orhogonal scales and v, v, be two sequences that
are strictly h,, (resp hy) oscillatory with respect to Ay (considered on the Hilbert space
H'), uniformly on [T, T]. Then, we have

y =20

[0 n | oo (1, 30
Moreover, the same result remains true if v, is a constant sequence v € H' and h,, = 1.

Démonstration. Using a partition of unity 1 = >, ¥? adapted to coordinate charts, we
have to compute

H(I)z'*\l}ivn\ljz‘@n |’L°°([—T,T},L3(R3)) .

Using Proposition 5.1.2, we infer that ®;,¥,v, is strictly (h,)-oscillatory with respect
to Ags (defined on H') and the same result holds for V (®;,¥,v,) with respect to Ags
defined on L?. We conclude by applying Lemma 5.1.7 to ®;,¥,v, and ®;,¥,;v,,. O
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5.1.4 Microlocal defect measure and energy

In this subsection, we state without proof the propagation of the measure for the
damped wave equation. We refer to [19] for the definition and to [20] Section 4 or [16]
in the specific context of the wave equation). It will be used several times in the article.

Lemma 5.1.9. [Measure for the damped equation and equicontinuity of the energy/ Let
Up, Uy be two sequences of solution to

Ouy, + up = a(x)0ptiy,

weakly convergent to 0 in E. Then, there exists a subsequence (still denoted uy,, @,) such
that for any t € [0,T] there exists a (nonnegative if u, = 4,) Radon measure u' on
S*M such that for any classical pseudodifferential operator B of order 0, we have with
a uniform convergence in t

(B(=A)?u,,(t), (—A)l/Qan(t))LQ(M) + (BOun(t), Oyt (b)) r2(ar) — - oo(B)dy(1.22)
Moreover, one can decompose

|

=S+ pl)

which satisfy the following transport equation

O+ (t) = £H g, p=(t) + a(w)pL(t).

Furthermore, if t, — t, we have the same convergence with t replaced by t,, in (1.22).

n—oo

The microlocal defect measure of a concentrating data [(¢, ), h, z] can be explicitely
computed, as follows

—+o00 . 2
e = (27) 26, (0) ® /O (1) & il cp (7€) | r2dr.

This can be easily computed, for instance, with the next lemma.

Lemma 5.1.10. Let (p,,v,) = [(©,¥),h,z] be a concentration data and
Az, D,), B(x, D,) two polyhomogeneous pseudodifferential operators of respective or-
der 0. Then

|| (A(QS, Dx)gon, B(fE, Dm)¢n) - [(AO(:BOO7 Dx)@v BO(‘rom Dx)¢)7ha @] ||H1><L2 n—>

—00

where Ay(To0, Dy) is the Fourier multiplier of homogeneous symbol ag(, &) defined on
T M

Démonstration. We only give a sketch of proof for B(x, D,),. By approximation, we
can assume that ¢ € C5°(R3\0). In local coordinates centered at x,, = 0, we have for a
o(1) small in L?

3

Blo.Dayvn =t Ble 02 [uto)ve) (55 ) |+ ot

= hn

Tr—x,

Bl D] (22 + ol1)

(NI
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where B,(y, D,) is the operator of symbol b,(y,&) = bo(hny + ©4,&/hy). Here by is
the principal symbol of B, homogeneous for large £&. We write by(h,y + ©n,&/hy) =
bo(zn, &/ ) + hyy fol(aybo)(xn + thy, &/hy)dt. The first term converges to by(0,€) by
homogeneity while the second produces a term small in L2 O

The previous lemma is made interesting when combined with the propagation of
microlocal defect measure.

Lemma 5.1.11. Let u, a sequence of solutions of Ou, + u, = a(x)dwu, weakly
convergent to 0 and p, = [(p,¥), h,z,t] a linear damped concentrating wave. We as-
sume Dp(uy, Opuy,) — 0. Then, for any classical pseudodifferential operators A(zx, D,) of
order 0, we have uniformly for t € [T, T)|

(A(_A)l/zpn(t)a (_A)l/Qun(t))Lz(M) + (Aatpn(t)v 8tun(t))LQ(M) — 0.

n—oo

In particular, we have

Vo, - Vu, + 0ppOiu, — 0in D'(] — T, T[x M).

Démonstration. We first check the property for ¢ = t,. Using Lemma 5.1.10 several
times, we are led to estimate

((_A)I/Q@m (_A)l/Qun(tn))LQ(M) + (¥n, 8tun(tn)>L2(M)

where (©ns Un) are the concen-
trating data associated with [(A(Zwo, Ds)@, B(Zoo, D)), b, z]. Then, the hypotheses
Dy (up, Oyuy,) — 0 and Lemma 5.1.5 yields the convergence to 0 for this particular case
t = t,. We conclude by equicontinuity and by the propagation of joint measures stated
in Lemma 5.1.9. 0

5.2 Profile Decomposition

5.2.1 Linear profile decomposition

The main purpose of this section is to establish Theorem 5.0.3. It is completed in
two main steps : the first one is the extraction of the scales h%j ) where we decompose v,
in an infinite sum of sequence o) which are respectively Ry )—oscillatory and the second
steps consists in decomposing each vr(f ) in an infinite sum of concentrating wave at the
rate hiY. Actually, in order to perform the nonlinear decomposition, we will need that,
in some sense, each profile of the decomposition do not interact with the other. It is
stated in this orthogonality result.

Theorem 5.0.3°. With the notation of Theorem 5.0.3, we have the additional following
properties.

If 2T < Tyoeus, we have (K™, z® ¢ty L (Y 200 t0)) for any j # k, according to
Definition 5.1.2.

If M =53 and a = 0 (undamped solutions), but with T eventually large, we have

(A% (=1)mz® t®) 4 mr) orthogonal to (AW, 2D D) for any m € Z and j # k.
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5.2.1.1 Extraction of scales

Proposition 5.2.1. Let T > 0. Let (p,,1,) a bounded sequence of £ and v, the solution
of

{ v, +v, = a(x)dw, on [-T,T]x M
(v:(0), 0v,(0)) = (P, ¥n).

Then, up to an extraction, v, can be decomposed in the following way : for any | € N*

(2.23)

l
valt,z) = o(t,z) + > _ o (t,x) + pl (¢, ),

j=1

where vg) 18 a strictly (h ) osczllatory solution of the damped linear wave equation

(2.23) on M. The scales hY) satisfy hY) — 0 and are orthogonal :

h(k)
log — e — +oo if j # k. (2.24)
Moreover, we have
nhif)lo Hpn HLOO |-T,T[LS(M)) | o 0 (2.25)

s 00 OI2 = 10, B)OI2 + D [| @, 00 1)

+ 16D, 8:p™) (1) 7 + 0 (1) (2). (2.26)

where o(1)(t) — 0 uniformly for t € [=T,T).

n—oo

Démonstration. We first make this decomposition for the initial data as done in [21] (see
also [2]). Then, using the propagation of (h,,)-oscillation proved in Proposition 5.1.4, we
extend it for all time.

More precisely, by applying the same procedure as in [21], with the operator A, we
decompose

l
(ns ) = (0, 0) + Y (D, ) + (@0, wD)
J

where (¢4, 7(1)) is (hY )) oscillatory for Ay, hY) — 0, and

lim sup |12, 2k+1[(AM)(CI>£f), \Pg))“g P~ 0. (2.27)

Moreover, we have the orthogonality property :

l
1ns )12 = 1o, )12 + 3 1|9, D)2 + [ @D, ¥D)|[2 +0(1), 7 — oo
J
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and the hY are orthogonal each other as in (2.24). Moreover, ((IJ%), ol ) is (h(J )- singular
for1 <j<I.

This decomposition for the initial data can be extended to the solution by

I
va(t, ) = v(t, x) —|—Zv”t:c )+ o (t, @),
J

where each v,gj ) is solution of

oY +v7(f) = a(@)owy on R, x M
(©9(0),809(0)) = (o, ).

Thanks to Proposition 5.1.4, each (vﬁlj)(t), 8tv£j)(t)) is strictly (h )) oscillatory and
(pg) (1), Aypld (1)) is (hg))- singular for 1 < j <. So, we easily infer for instance that
<(pg)(t),8tpg)(t)), (U,(lj)(t),atv,(lj)(t))>g e 0 uniformly on [=T,T] where (, ). is the
scalar product on £. This is also true for the product between v and vff), j # k thanks
to the orthogonality (2.24). The same convergence holds for the product with v by weak
convergence to 0 of the other terms. Then, we get

!
(0, Bn)II2 = (0, B0)12 + 3 0, A)|[2 + (|00, o) 3 + 0(1), 2 — oo,

Let us now prove estimate (2.25) of the remaining term in L°°(L°). (2.27) gives the
convergence to zero of (pi(0), 8, (0)) in Bj (M) x BS . (M). We extend this conver-
gence for all time with Proposition 5.1.5 and get

sup hm H (Ion )7 atpg)(t» HBl BY — 0.

te[() T] n—oo 2,00 %P2 o |—00

The following lemma will transfer this information in local charts.

Lemma 5.2.1. There exists C > 0 such that
= HAfHBo @ < fllsy on < ClAflgy sy
5 ”AfHB%’OO(I[@)N < HfHB%’OO(M) <C ”AfHB%’OO(]l@)N

where A is the operator described in Proposition 5.1.2 of cut-off and transition in N
local charts.

We postpone the proof of this lemma and continue the proof of the proposition.
Using this lemma, we get for every coordinate patch (U;, ®;) and ¥; € C§°(U;).

lim HCID T, pd)

n—o0

H 0
l—o00

HLOO —T,T),B3 o, (R%))

The refined Sobolev estimate, Lemma 3.5 of [2], yields for any f € H'(M)(RR?)

1 sy < (=) 235 (=) 2 < 1) 113 o



206 PROFILE DECOMPOSITION

Therefore, we have

im . o)
,}LH;O Hq)z Wipy, HLoo([_T,T},LG(RS)) o 0
and finally
Tim |l ,®
Jim I HLoo([_T,T],LG(M)) =20
This completes the proof of Proposition 5.2.1, up to the proof of Lemma 5.2.1. m

Proof of Lemma 5.2.1. We essentially use the following fact : see Lemma 3.1 of |2]. Let
fn be a sequence of L?(R3) weakly convergent to 0 and compact at infinity

lim |f(z)? dz — 0.

n—-—4o0o |z|>R R—+o00

Then, f, tends to 0 in Bgyoo(]l@) if and only if f, is h, singular for every scale h,,.

Actually, the same result holds A,;, with the same demonstration. The compactness
at infinity in R3 is only assumed to ensure

E Hl[—A7A](AR3)f"HL2 =0 for any A>0

n—-+o0o
which is obvious in the case of Aj; because of weak convergence and discret spectrum.

Using Proposition 5.1.2, we obtain that f, is (h,)-singular with respect to A, if
and only if Af, is (h,)-singular with respect to Ags. Combining both previous results,
we obtain that the two norms we consider have the same converging sequences and are
therefore equivalent. O

5.2.1.2 Description of linear concentrating waves (after S. Ibrahim)

In this subsection, we describe the assymptotic behavior of linear concentrating waves
as described in [22] of S. Ibrahim. In [22], it is stated for the linear wave equation
without damping. We give some sketch of proof when necessary to emphasize the tiny
modifications.

The following lemma yields that for times close to concentration, the linear damped
concentrating wave is close to the solution of the wave equation with flat metric and
without damping. It is Lemma 2.2 of [22|, except that there is an additional damping
term which disappears after rescaling. We do not give the proof and refer to the more
complicated nonlinear case (see estimate (2.53) ).

Lemma 5.2.2. Let v, = [(p,¥), h,x,t)] be a linear damped concentrating wave and v
solution of

{ Uwv = 0 on RxT, M (2.28)

(Uvatv>|t:0 = (¢7¢)

Denote v,, the rescaled function associated to v, that is v, = (ID*\II\/L}TU <%, %) where

(U, ®) is a coordinate chart around xo and U € C§°(U) is constant equal to 1 around
Too. Then, we have

Tim. o = vnllli,— An bt A} x it jana
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Corollary 5.2.1. With the notation of the Lemma, if t, = t, + (C + o(1))h,,, then
(Un; Ovn)y—, 18 @ concentrating data associated with [(v(C'), 0yw), h, x].

Moreover, Lemma 2.3 of S. Ibrahim [22] yields the "non reconcentration" property
for linear concentrating waves.

Lemma 5.2.3. Let v = [(¢, ¥, h, z,t)] be a linear (possibly damped) concentrating wave.
Consider the interval [—T,T] containing t, satisfying the following non-focusing pro-
perty (see Definition 5.0.1)

mes (Fy...s) =0 Vo€ M and s # 0 such that to +s € [T, T]. (2.29)
Then, if we set I'* = [~T,t, — Ah,] and I3* =|t, + Ah,,T|, we have

_>0

lirflﬂ ||Un||L°°(I%,‘AUIE§,’A7L6(M)) A—oo

hTILn||Un||L5(]711,AU[2,A’L10( My T 0.

Sketch of the proof of Lemma 5.2.3 in the damped case. To simplify the notation, we
can assume t,, = 0. In [22|, the proof is made by contradiction, assuming the existence
of a subsequence (still denoted v,) such that [|v,(sn)| sy — C > 0 and bl oo, Tt
sp — 7 # 0, using Concentration-Compactness principle of [31], we are led to prove that
the microlocal defect measure p associated to v, (t,) satisfies u({y} x S?) = 0 for any
y € M. We use the same argument for the damped equation except that in that case,
the measure u' associated to v,(t) is not solution of the exact transport equation but of
a damped transport equation (see for Lemma 5.1.9). Yet, the non focusing assumption
(2.29) still implies uf({y} x S?) =0 for all y € M and t # 0, which allows to conclude
similarly.

In the case 7 = 0, we use in local coordinates the rescaled function o,(s,y) =
V/5nUn (508, 85y + ). U, at time s = 0 is a concentrating data at scale h,/s,. We prove
lim [0 (1, )|l s (gs) = 0. Again by concentration compactness, it is enough to prove that
the microlocal defect measure u° of v, propagates along the curves of the hamiltonian
flow with constant coeflicient Hy. Since v, is solution of Uv, + v, + a(x)ow, = 0,
Uy, is solution of 0,0, + s20, + spa(s, - +1,)0:0, = 0 where [J, is a suitably rescaled
D’Alembert operator. Since the additional terms si@n + spa(sy, - +x,)0,0, converges to 0
in L'L? we can finish the proof as in Lemma 2.3 of [22| by proving that u® propagates
as if [J,, was replaced by U, that is along the hamiltonian H\.

The estimate in norm L°L'Y° is obtained by interpolation of L*°L® with another
bounded Strichartz norm. O

In the specific case of S3, Lemma 4.2 of [22] allows to describe precisely the behavior
of concentrating wave for large times, as follows.

Lemma 5.2.4. Lel p be a sequence of solutions of

{ Op, = 0 on [0,+oo[xM
(pn(O),atpn(O)) = (‘Pnawn)

where (o, Vy) is weakly convergent to (0,0) in € . Then, we have

pu(t +mx) = —pu(t, —x) + o(1)(t)
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where the o(1)(t) is small in the energy space. The same holds for solutions of Ou,, + w,.

In particular, if p 1s a concentrating wave associated with data (¢, 0, h, z,1)],
then, for any j € N, p,(t + jm,x) is a linear concentrating wave associated with

(1) (0, 9)(=1).), b, (=1)z, 1)]

In the previous lemma, —z refers to the embedding of S® into R*. Moreover, the
notation (y,%)(—.) could be written more rigorously (¢,%)(Dy1.) where DI is the
differential at the point z of the application I : x — —x defined from S® into itself.
Actually, we are identifying the tangent plane at the south pole with the one on the
north pole by the application z — —z on R*.

The fact that the result remains true for the equation Cu + v = 0 comes from
the fact that for initial data weakly convergent to zero, the solutions of [Ju = 0 and
LUv + v = 0 with same data are asymptotically close in the energy space. This can be
proved by observing that for a weakly convergent sequence of solutions w,, the Aubin-
Lions Lemma yields that u, converges strongly to 0 in L>([—T, T, L?). So r,, = u, — v,
is solution of Ur, = u, and converges strongly in &.

5.2.1.3 Extraction of times and cores of concentration

In this section, h, is a fixed sequence in R’ converging to 0. For simplicity, we will
denote it by h and wu;, for sequences of functions. The main purpose of this subsection is
the proof of the following proposition, which is the profile decomposition for h-oscillatory
sequences. It easily implies Theorem 5.0.3 when combined with Proposition 5.2.1.

Proposition 5.2.2. Let (up) be a h-oscillatory sequence of solutions to the dam-
ped Klein-Gordon equation (2.23). Then, up to extraction, there exist damped linear
concentrating waves pf, as defined in Definition 5.0.8, associated to concentrating data
[(p®), )Y b, 2®) )] such that for any | € N*, and up to a subsequence,

w(t,z) =30 p(t ) + w(t, ), (2.30)
¥T'>0, Tim ‘w,(j) ) 0 (2.31)
n— o0 Lo (=T, T[,LS(M)) l—o0

o2 = 3 OIPWON O 5w & o). as b 5 99
[ (vn, Opvn) g Zj:1 (py”, Opy,”) g+ (wy,”, wy,”) 8—1—0( ), as h — o0, (2.32)
uniformly for t € [T, 7).

Moreover, if 2T < Tyoeus, for any j # k, we have (™, t®)) 1, (29),t9) according to
Definition 5.1.2.

If M = S and a = 0 (undamped solulions), but with T eventually large,
((—=1)mz® t®) + mn) is orthogonal to (x),t9)) for any m € Z and j # k.

Remark 5.2.1. The assumptions to get the orthogonality of the cores of concentration
are related to our lack of understanding of the solutions concentrating in a point x1 where
(21, 22,t) is a couple of focus at distance t. We know that the solution reconcentrates
after a time t in the other focus x5 but we do not know precisely how : can it split into
several concentrating waves on xo with different "rate of concentration” ¢ That is to say
with some different x,, converging to xs but which are orthogonal.
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Before getting into the proof of the proposition, we state two lemmas that will be
useful in the proof. Using the notation of Definition 5.1.1, denote

6% (v) = sup {||Vgo]|ig(Tm o) , Divp, — @, up to a subsequence}
z ha

where the supremum is taken over all the sequences x in M.

If v, € L=([-T,T], H'(M)), we denote
d(v) = sup {HVgDHiz(Tz ) Dhon(tn) = @, up to a subsequence} = sup 6”(v(tp, )
zt > t
where the supremum is taken over all the sequences z = (xp) in M and t = (¢;) in
[T, T].

Lemma 5.2.5. Let W € C*(M). Then, there exists C' > 0 such that for any v, we have
the estimate

§*(Tw) < C6* ().

The proof is left to the reader.

Lemma 5.2.6. There exists C' > 0 such that for any v = (v,) a bounded strictly (hy)-
oscillatory sequence in H'(M)

T T 1/3 1544 1/6
S el < O8°() Tl

Démonstration. This lemma is already known in the case of R?® where the definition
of 0g; is the same except that D,ll is only considered in the trivial coordinate chart. It
is estimate (4.19) of |21] in the case of a l-oscillatory sequence, which can be easily
extended to (h,)- oscillatory sequence by dilation.

Let U; € C5°(U;) associated to a coordinate patch ®;. By Proposition 5.1.2, ®¥W,vj,
is still (h,)-oscillatory and we can apply the estimate on R3. We get

nE_I}rloo [ ‘I’iUhHLG(JRB) < Cogs (Pi ‘I’iﬁ)l/gn@m [RACH ||115{16(R3)

< OO (@) T (ol
Then, by definition of the convergence D, we easily get
Ra (P Vi) < C6*(Ty0).
We conclude using Lemma 5.2.5 and partition of unity. O]

Lemma 5.2.7. Let T' > 0. There exists C > 0 such that for any sequence v = (vi,) (hn)-
oscillatory, solution of the damped linear Klein-Gordon equation on M with bounded
energy, we have

T ol o zy, o) < CO@)Y* Tm[I(04(0), Byun (0))]1¢°

n—-+0o00 n—-+00
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Démonstration. Let t, be an arbitrary sequence in [—7,T]. We apply Lemma 5.2.6 to
the sequence vy, (t;) and get

ETI. T T 1/6
Jm on(tn, e < €9 <Q<th"))USHETmth(th)HHl(M)

< Cow)"? T |(vn(0), e (0))]°

by definition of 4 and by energy estimates. n

Proof of Proposition 5.2.2. It is based on the same extraction argument as [2] and [17] :
the concentration will be tracked using our tool D;, and we will extract concentrating
waves so that d(v) decreases. We conclude with Lemma 5.2.7 to estimate the L>°(LS)
norm of the remainder term.

More precisely, if §(v) = 0, Lemma 5.2.7 shows that there is nothing to be proved.

Otherwise, pick (z\",t") converging to (25, t})) and (o™, M) € &, _, such that

2 2 2 1
Ve Moty an 10Nzt ay 2 IV 2, ay > 50@)

and

DY (o, Beon) (857) — (oM, D).

h—0
The existence of the weak limit ¢)(!) (up to a subsequence) is ensured by the boundedness
in L?(R3) of dyvy, (considered in a coordinate chart) by conservation of energy.
Then, we choose pg) as the damped linear concentrating profile associated with
(M), M) b, M W] (actually, we pick one representant in the equivalence class mo-
dulo sequences converging to 0 in the energy space as in Definition 5.0.2). Remark here

that the assumption tg) € [-T,T] ensures ) e (=T, T], which will always be the case
for all the concentrating waves we consider. Then, we give a lemma that will be the
main step to the orthogonality of energies.

Lemma 5.2.8. Let w,(:) = v — pg). Then,

I, 2 @1E = [[ 6, 00| + [l 0| + o)

where the o(1) is uniform for t in bounded intervals.

Démonstration. We first compute the energy at time tg). We denote B the bilinear form
associated with the energy :

B(a,b) —/ ab+Va-Vb+ dia 0ib
M
We have to prove

1 1 1 1 1 1 1 1 1
B (k@) wi 0) = B (60, 0nti) = A 01)) = o)

By weak convergence to 0 in H' of vy, pg) and wg), we can omit the term [, a b

of B. By construction and Lemma 5.1.6, we have D" (v, dyv,) (") = (M), M)
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and DV (ptV gpil)) — = (oM, ™). Therefore, DV (", g, (1) = (0,0). Lemma

5.1.11 gives the expected result. Remark that if a = 0, this is just a consequence of the
conservation of scalar product for solution of linear wave equation. O]

We get the expansion of w; announced in Proposition 5.2.2 by induction iterating
the same process.

Let us assume that
t — l (.7) ( ) t
Uh( 717) Zj 1Pn ( ) )+w” ( {L’>

2
I B2 = iy |0 0| + [kl )|+ o), 239)

where o(1) is uniform in t as h — 0 and Where pg) is a linear damped concentrating

wave, associated with data [(o®,®) b, 2® t®] mutually orthogonal.

We argue as before : we can assume S(w®”) > 0 and we can pick
((’D(l+1)’ ,¢(l+1))’ £(1+1)’§(l+1) such that :

1
0 1) 0

Ve HLQ(TU_H)]M) | ||L2(T(l+1)M)Z§6(w ) (2.34)
DYV (wfl, o) () = (g0,

h—0

and we define pgﬂ) as a linear damped concentrating wave, associated with data

(D) D) p g (+D 1+ Again, Lemma 5.2.8 applied to wh and p(l+ ) implies

estimates (2.32) with ngl) _ wg) pgﬂ).

Let us now deal with estimate (2.31). Lemma 5.1.4 combined with energy estimates
gives for some C' > 0 only depending on 7" and a

. . . . 2
1969 s 15 sy < € |0, o[+ o)

From this and estimate (2.32), we infer

l
Z(HWHLQ T [ >M>)soy_gn0u<uh,atuh>\|§gc.
j=1

So, the series of general term (HV@U)H;(T M) + Hw(j)HiQ(T (‘)M)) converges. Using
NG NG
estimate (2.34), we get

lim §(w®) = 0.

[—0o0

Lemma 5.2.7 yields

w,(ll) — 0.

]
Loo([-T,T],L8(M) l—o0

h—0

This completes the proof of the first part of Proposition 5.2.2. Let us now deal with the
orthogonality result. We will need the following two lemmas.
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Lemma 5.2.9. Let (zV,tM) £} (2?,t?). Let vy, be an h-oscillatory sequence solution
of the damped linear wave equation such that

D3 (on, Beon) (11) = (V0 M). (2.35)

Then, there exists (¢?, 1)) such that, up to a subsequence
Dy (vn, Beon) (117) = (9, 0). (2.36)

Moreover, we have

(™), ™)

Démonstration. First, we assume z() = z?). By translation in time, we can assume
t1) = 0. The non orthogonality assumption yields, up to extraction, tf)/h =C+o(1)
with C' constant.

. (2.37)

Let (p,1) € £ arbitrary and py, the linear damped concentrating wave associated
with
[(p,%), b,z 0]. We use the equivalent definition stated in Lemma 5.1.5 : (2.35) is
equ1valent to

/ Vor(0) - Vpr(0) — Vel . Vo
M =0 JTp oM
/ 0,0 (0)2pn(0) — o
M =0 J T o M

As both vy, and p;, are solutions of the damped wave equation on M and tf) 2 0, we

have by equicontinuity (see Lemma 5.1.9).

/Vvh( ) Vpn(t 2) /8tvh )8ph( )—> ch(l)-V<,0+/ w(l)@b.
M Tooo M

n—00
Tooe M Z oo

Let v, w satistying on T, M

Owv =0, (v,00)=0 = (W, »M)
Doow = 0, (U}, 8tU))hf:O = (907 ¢)

Conservation of the scalar product yields

/ Ve . Ve + / Wy = Vou(C) - Vw(C) +/ 9 (C)Iw(C).
Ty M Tyoo M Ty M Ty M

Zoo Zoo Zoo

But according to Corollary 5.2.1, (pp, &gph)'t (2 is a concentrating data according to

[(w(C), dw(C)), h, zV]. Since the wave equation is reversible and (¢, 1)) is arbitrary, we
have proved that for any concentrating data (fy, gn) associated with [(3,1), b, 2], we
have

/ Vou(t2) -V + | Oon(t?)gn — Vu(C) - V@ + / A (C)V.
M

M =0 J Ty o M Tyoo M

Too
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This gives the result for 2\ = z{? by taking (¢, @) = (v(C), 8,v(C)) which satisfies
(2.37) by conservation of the energy.

In the general case ") f, 2 we have in a local coordinate chart and up to a
subsequence xf) = xﬁ}’ + (D + o(1))h where D € T M is a constant vector. We

remark that if a bounded sequence (fy, g5) satisfies D (fh, gh) (go 1), it also fulfills
D (fn, gn) o (¢(. + D), v(. + D)). u

We will also need the following lemma which is the analog of Lemma 3.7 of [17]. We
keep the notation of the algorithm of extraction for further use.

Lemma 5.2.10. Let {j,5'} € {1,--- , K} be such that
@(j),t(j)) L @(KJrl),z_g(KH)) and (z(j)’t(]')) 1, @(J”),z_g(j’)).

Then, D,(lKH)(w,(lKH),@w,(IKH))(tEZKH)) — 0 implies D\ )( K+ dw KH))( G )) — 0.
tgjo)— c(fo) < Troeus (see Definition 5.0.1), then
D,(lj)(pg/),ﬁtpg/))(tg)) — (0,0) for any concentrating wave pgl) associated with
(), @), B, 2 10),

Moreover, if we assume

Démonstration. The first result is a particular case of Lemma 5.2.9. The proof of the
second part is very similar to Lemma 3.7 of [17]. To simplify the notation, we can assume

by translation in time that t,(f/) = 0. We have to distinguish two cases : time and space
orthogonality.

)
ty

i — 400, we first prove

In the case of time orthogonality, that is 2

Dy (])(pgf ))( (‘)) — 0 (recall that the exponent 1 in D,’ ) means that we only consi-
der the H! part of the weak limit). Thanks to the nonfocusing assumption, Lemma
5.2.3 yields

% 0
LE(M) h—0

o)

We choose (U, @) some local chart around 29) and \I/U € C§°(U) equals to 1 around
2$). Then, H\I/Uph (t(J),.)‘ pd (19 2, —l—hx)‘

H O
L6(R3) h—0

— 0 and hz
LS(M) h—0
(here We have identified \IIUpEZj,) with its local representation in R?®). In particular
h2 Wy, ph )(t(]) T, —l—hx) — 0 and D}Z’(j)(pgj,))(tg)) — 0. Now, we want to prove more pre-
cisely DY (p7" 0,p0") (7)) — 0. Suppose DY (pl/ ,8tp”)(t(])) — (0,¢). Take s € R

e
) = t( + sh fulfills the same assumption % P +o00 and the nonfocusing

arbitrary. ¢,

property |I9)] < Toeus. S0, we Conclude snmlarly that DY (p7)) () — 0. But the

h
proof of Lemma 5.2.9 gives that Dh (ph ,thh N g)) (v, 0yw)(s) where v is solution
of

v =0, (v,00)(0) = (0,)

So, we have v(s) = 0 for any s € R, which gives 1 = 0 and DY (p/) 9,p\7))(t0)) —
(0,0).
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In the case of tgj) Ln tgj/) and space orthogonality, Lemma 5.2.9 allows us to assume
that tﬁf) = tgf ) = 0. In local coordinates, we have

(@)
-/ -/ 1 -/ -
(", 8p")(0) = h™ 2 Wy (z) (90(] b )> <%)

If 23 # 29, the conclusion is obvious. If it is not the case, take g € C°(R3). For the
first part, we have to estimate

; L) )
/3‘1’ (29 + hy)pV y+% 9(y)dy
R

which goes to 0 as h tends to 0 because g is compactly supported. The same result holds
for the second part for 8tph . n

Let us come back to the proof of the orthogonality of cores in Proposition 5.2.2.
Define :

. . K+1) (K+1
jK:maX{]E{l K}|<h axh))lh(t§l+)7x§l+))}
assuming that such an index exists.

We list a few consequences of our algorithm

DY (wyl, e ) (1) = () with o) £ 03 IS K (2.38)

h—0
’LU;LZ) = ngrl) + wngl) (239)
K+1
;L]K) _ Z p K+1) (240)
J=ik+1

The definition of pg) and Lemma 5.1.6 implies D (ph ,3tp )( )) — (oW, ). Then,
we get from (2.38) and (2.39) that D,(llﬂ)(w,(l”l), Oyw hl+1))( g+1)) (0,0). We apply this
to l+1 = jk and it gives D(KH)(wf(LjK), 8tw,(LjK))(t§LK+1)) — (0,0) thanks to the first part
of Lemma 5.2.10 and the definition of jk.

The definition f JIK
and the second part of Lemma 5.2.10 gives D}IL’(KH)( @ o Dy, )( KH)) — (0,0) for
Jk+1<I<K.

To conclude, we "apply" D;L’(IG ) to equahty (2 40) and get D1 (KD ;LjK)(thH)) —
@ E+D while we have just proved D (1wl 9,005t EZKH)) (0,0) which is a
contradiction and complete the proof of the proposmon for 2T < T'tocys-

In the case of S? and large times, the orthogonality result is a consequence of the
orthogonality in short times and the almost periodicity. Denote

JKk = max {j e{l,---K}|Im € Z s.t. (tglj) + mm, (—1)’”:5?) ya (tELKH)’ng“))} _
Then, for any jx +1 < j < K, we can find m"¥ € Z such that

69 + mWr — 00| < 7/2 < Troeus
() +mOm, (=1)™ &) Ly, (1Y 2 ),
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and we denote mUx) € Z such that (£7%) 4 mUsz (=1)m g0y y (KD R LDy
We remark that p(J) (téj) + mUr, ) is still a non zero concentrating data associated
with

(=)™ (o, ) ((—=1)™".), h, (—1)iz] thanks to Lemma 5.2.4 (note that it is at this stage
that we use M = S® and a = 0 : it is the only case where we are able to describe this
phenomenon of reconcentration). So, we are in the same situation as before, and we get
a contradition.

This completes the proof of Proposition 5.2.2. O]
Proof of Theorem 5.0.3. We only have to combine the both decompositions we made.

Denote v/, (and the rest pg) the hg) oscillatory component obtained by decomposition

(2.24) and p$® the concentrating waves obtained from decomposition (2.30) (and the

(]7])

rest w We enumerate them by the bijection o from N? into N defined by

o(jya)<olk,f)if j+a<k+pforj+a=k+pFand j<k.

For [ and A; fixed, 1 < j </, the rest can be written

witA —pﬁf)+zw“‘

Let ¢ > 0. To get the result, it suffices to prove that for [, large enough,
Hwﬁf’Al""’Al) <eforall (I, Ay, -, A) satisfying | > [ and o(j, 4;) > o(lp, 1) .

Lo (L8)

(0.9) can easily be deduced from the same orthogonality result in the both
other decomposition. In particular, it gives that the series of general term

2
> o | hm H p(j <) 8tp(j @) OH is convergent. In particular, we can find [, large en-
£

ough such that we have

o T |08, 0o 7 < e (2.41)

. n—oo
U(],O{)>U(l07 )

Moreover, for [y large enough, we have for [ > [,

lim Hpn HLOO(LG S €

n—oo

Then, for any [ > [y, one can find one B; such that for any 1 < j </, flj > By implies

<e/l.

lim Hwﬁf"ﬁf
n—o0 Loo(L8)
The rest can be decomposed by

l
w"(’LLAlv'“?Al) — pg) _|_ Zw£j7maX(AJ7Bl)) + S"gj7A17“'7Al)).
j=1

where

ng,Al,...,Al)) _ Z (wg,Aj ]Bl Z Z p]a

1§j§l,Aj<Bl J=1 A <a<B;
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Since SY41 ) ig solution of the damped wave equation, energy estimates and Sobolev
embedding give

lim HSJAI’ A

n—oo

< CTm || S A )),3tS7Sj’A1""’Al)))t:oHZ

n—oo

< Y S 66 ol

j=1 Aj<a<B

e e

where we have used almost orthogonality in the last estimate. But the sum is restricted
to some (j,«) satisfying o(j, ) > o(j, ;) > 0(lp,1) and is indeed smaller than Ce
thanks to (2.41).

(AL, A is smaller than (2 +

Combining our estimates, we get that lim ‘w
n—oo Loo(LG)

C)e for all (I, Ay,---,A) satistying [ > Iy and o(j, A;) > o(lp,1). We get the same
estimates with the L°(L'°) norm by interpolation between L>(LS) and L*(L'?). The
second norm being bounded by Strichartz estimates and the fact that w4 g

uniformly bounded in the energy space. [

We also state a few consequences of the algorithm of Theorem 5.0.3 that will be used
below. The following both lemmas use the notation and the assumptions of Theorem
5.0.3 .

Lemma 5.2.11. Let 2T < Toeys- For any | € N and 1 < 5 < [, we have, with the
notation and assumptions of Theorem 5.0.3

DY (wd, 0w (tP)) — (0,0).

Démonstration. Assume DY (w, 8w )(t( ) — (p,1). We directly use the decompo-
sition of Theorem 5.0.3 to write for L > [

L
w = 3 o)+ uld

i=l+1

In case of scale orthogonahty of K and B, for 1 —|— 1 < i < L we have directly
DY (P, 00 (1) — (0,0). Otherwise, if B B and (2@, t0)) 1, (z®,t0),
Lemma 5.2.10 gives the same result. Therefore, DY (w,(f),at (L))( (J)) (p, 7). Since
|t

n—oo

‘ — 0, we have ¢ = 0. We finish the proof as in Lemma 5.2.10.
Loo([=T,T),L) L—o0

We use the same argument for times t9 + sh$ and get ¥ =0 by the proof of Lemma
5.2.9. Remark that Lemma 5.2.9 requires that w is strictly hp G) -oscillatory, but this
can be easily avoided by decomposing w? = fo + gn with f, (h Y )) oscillatory and g,
(hgl ))—smgular. O

Lemma 5.2.12. With the notation and assumptions of Theorem 5.0.3, we have, for
any j € N

lim Hpn

oo HL5 ([=T,T],L10) < Cﬂ@o HUTL”LE’([—T,T],LN)

where C' only depends on the manifold M.
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Démonstration. We first assume 27" < Tfoeys. Actually, in the case of R3, the result
is proved using the fact that the p,(f ) are some concentration of some weak limit of a
dilation of v,. The proof for a manifold follows the same path with a little more care
due to the fact that dilation only have a local meaning.

For any € > 0, we prove

lim Hpn

n—oo

HL5 [—T,T),L10) < Cﬂ@ H’UTLHL5([7T,T},L10) + Ce.

We use the decomposition of Theorem 5.0.3 and choose [ > j large enough such that

lim Hw ’ <e.

n—~oo

L5([-T,T],L10) =
Let W be a cut off function related to local charts (U, @) such that Wy (z) = 1 around
2J_ and Wy (z) = 0 around any z’ # 27 .

For each 1 < i <, we decompose [-T.,T] = Iif U ]2? U ]gi\ according to Lemma
2.2.3.

For any i such that 2! = 27_, for A large enough, we have

7}520 Hpn HLB([} Aurd Ly = <e/l (2.42)
Moreover, Lemma 5.2.2 yields for A large enough
Tim [ = 0 s g2 g0y <€/ (2.43)

i N (@) , ,
where vg)(t,x) = \/1—_)(I>*U\IJU([E)U(1) <t o A ) on a coordinate patch and v solu-
h K3

RO R

8

tion of

G .
{( O v 0 on RXTI&M (2.44)

vD(0), 90 D(0)) = (p@, ).
Thanks to (2.42) and (2.43), the conclusion of the lemma will be obtained if we prove

HU HL5 (R,LIO(T ; M) = < 11m HU”HL"[ T,T],L10) +Ce.

We argue by duality. Take f € C5°(R x T, M) with Hf||L5/4 (®,p10/9) = L.

From now on, we work in local coordinates around 28 and we will not distinguish
a function defined on U C M with its representant in R® ~ T,; M. Denote W7 the
operator defined on functions on R, x R? by

Wig(s,y) ==\ hhg(t) + his,t] + his).

n<r’n

The definition of vg ) in local coordinates yields

/ 5(I/le[ TT]U )f — U(j)f.
RxR-

=0 JRxR3
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On the other hand

/ 3(Wj‘I’U1[fT,T]P3;)f= W Ulirn(va = Y ph= ), pa-w)| f
RxR

RxR3
i oD irs

For any 1 <7 <[, with 2 # xé{?, using again Lemma 5.2.3 and 5.2.2 and the fact that
we can choose Uy with \IJU(xOZO)) =0, we easily get

lim | Wyp) HL5 77,010y = 0-

n—oo

So for n large enough

/ ;wpgw\S0<||vnum_mm>+2e>+ i Y 0|
RxR

RxR3 : .
ol =all) ij

But fori # j, x 9 =29 using (2.42) and then (2.43), we have for A and n large enough

/ , Wj [\DUllz,{\pg)} f
RxR o

/ W [prqu f‘+25/l
RxR

+¢e/l

/ W (U 1_grpt] f‘ <
RxR3

IN

These terms are actually
’foRS Wi [‘I’Ulfi:?“’@} f’ _

2 j j ' ) o (4) th%+t{,,7tﬁl thlJr:vﬁ.,,fx;
\I/U(hnx + xn)l[ﬁﬁtiﬁm% tl 7tJJ+Ah§L]U hi, ) ht, f ’
hd,

[
i,

Since this expression is uniformly continuous in v* € L°(R, L'°(R?)), we may assume v’
in Cg°(R x R?). Then, if 22 — 0, we have
n Nn—0o0

foR?’

)

hzl

, . hi,
/ W [\IJU1IQ,_W§>} f' — O] =),
RxR3 ™ h;,
If % — the change of variable s = —th%’%jﬁtiﬂ y= shitoh g, tﬁ: o gives

; . hZL —7/2
W |:\I]U1[2,{\'Un:| f = O( h_l )
RxR3 n

If hJ = h!, the space or time orthogonality yields that the integral is zero for n large
enough.

In conclusion, for any f € C°(R x R?) with [ £l £5/ag, 109y = 1, we have proved :

f
RxR3

This gives the expected result by duality.

< Cﬁo [[vn] L3(-1,1),210) Ce

The case of S? is proved by considering subintervals of length smaller than Toeus
where the former result can be applied. O]
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5.2.2 Nonlinear profile decomposition
5.2.2.1 Behavior of nonlinear concentrating waves (after S. Ibrahim)

In this subsection, we recall the description of nonlinear concentrating waves. As
explained in the introduction, the behavior for times close to concentration is rulled by
the scattering operator on R? with a flat metric. So, we first state the existence of the
wave operator on R3, following the notation of [2]. We state it for any constant metric
on the tangent plane T, M =~ R3.

Proposition 5.2.3 (Scattering operators on R?). Let xo, € M and O, the d’Alember-
tian operator (constant) on T, M ~ R> induced by the metric on M. To every solulion

of
{ Owv = 0 on RxT, M
(v(0),00(0)) = (o, ¢) € &y

there exists a unique strong solution uy of

Oty = —|ug|*us on RxT, M
im0~ .40 — ) (1), 0.

The wave operators
Qi 2 (v,000)1=0 — (ux, Oyt )i=o

are bijective from &, onto itself.

The scattering operator S is defined as S = (Q) 1o Q_.

The analysis of nonlinear concentrating waves computed by S. Ibrahim in [22] shows
that there are three different periods to be considered : before, during and after the
time of concentration. Roughly speaking, for times close to the concentrating time, the
solution is closed to nonlinear concentrating waves on R? with flat metric and without
damping, as described in Bahouri-Gérard [2| : in the fast time h,t, it follows the scatte-
ring on R3. Before and after the time of concentration, the nonlinear concentrating wave
is "close" to some linear damped concentrating waves as defined in Table 5.2.1 below.
This is precised in the following theorem whose proof can be found in S. Ibrahim [22].
Yet, in [22], the result is stated for an equation without damping and we give a sketch
of the proof in the damped case in Section 5.2.2.2.

Theorem 5.2.1. Let v = [(p, ), h,z,1)] be a linear damped concentrating wave. We
denote by u its associated nonlinear damped concentrating wave (same data at t = 0).
There exist three linear damped concentrating waves denoted by [(¢;,0;), h, x,t)], i = 1,2
or 3 such that : for all interval [—T,T| containing t, satisfying the following non-
focusing property (see Definition 5.0.1)

mes (Fy ... s) =0 Vo e M and s # 0 such that to +s € [T, 7] (2.45)

we have
T o, — [1,40), B2l O (2.6)
T [, — (3. ). b B g — 0 (2.47)
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where, IV = [T, t, — Ah,] and I3* =]t, + Ah,, T).

Moreover, for times close to concentration ]3’/\ = [t, — Ahy, t, + Ahy), we have

VA >0, Tim |||, — w,]]] 20 =0 (2.48)

where wy(t,x) = Vy (x)Z=w (t;t”, %) on a coordinate patch and w solution of

{ Oww = —|w/*w on RxT, M
(w(0),0w(0)) = (p2,92).
where Uy corresponds to the frozen metric on T, M.

The different functions (@;,1;) are defined according to Table 5.2.1, following the
notation of Proposition 5.2.3.

(2.49)

Om% T (o) [ (potn) [ (es,0s). |

—o0o | Q710 Qi (p,9) | Qi (p,¢) (¢, %)
0 Q" (e, 0) X0) R CXD)
00 (0, ¥) Q_(p,9) | Q5 0Q (0, ¢)

TABLE 5.1 — Transformation of the profile through a focus

Remark 5.2.2. Note that the transition from the first column to the third one represents
the modification of profile due to the concentration and the concentrating functions are
modified according to the scattering operator S. To go from the first column to the second
one, we apply the operator Q1_ while we apply erl to get from the second to the third
one.

Remark 5.2.3. The behavior for times close to concentration is not written this way
in the article [22] of S. Ibrahim, but is a byproduct of its proof. We refer to the next
section which contains a sketch of the proof.

Corollary 5.2.2. A nonlinear damped concentrating wave qy, is strictly (h)-oscillatory
with respect to Ay and bounded in all Strichartz norms, uniformly on any bounded
interval.

Proof of Corollary 5.2.2. The boundedness of all Strichartz norms is a counsequence of
Duhamel formula and Strichartz estimates once the result is known in the case of L>L'°.
On the intervals I and I3* when g is closed to a linear concentrating wave, the result
follows from Proposition 5.1.4 and linear Strichartz estimates. On I2*, g, behaves like

a concentration of a nonlinear solution on T, M. The strict (h)-oscillation is obvious
and the Strichartz estimates follow from global estimates on R3. m

In the case of S3, thanks to a better knowledge of the behavior of nonlinear concen-
trating waves we can avoid assumption (2.45). This is Theorem 1.8 from [22]|. It will
allow us to perform the profile decomposition for large times.
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Theorem 5.2.2. Let v = [(p, V), h,z,t)] be a linear (not damped, that is a(x) = 0)
concentrating wave on S3. We denote by w its nonlinear associated concentrating wave
(same data at t =0). We assume that to, €]0,7[. Then, for all j € Z, we have

|

where, S =S 0A, SO =80S0---08, j times and A(p,¥)(x) = —(p,¥)(—1z).

N 0
Jtn-+jm+Ahn tn+(j+1)m—Ahp] A—-+00

tn = [$98(,), b, (~1)7z. 1)

lim
n

Moreover, the cases to, €] — 7, 0] and t,, = 0 can be deduced similarly to Theorem
5.2.1 with some changes on the concentration data in the same spirit as Table 5.2.1.

5.2.2.2 Modification of the proof of S. Ibrahim for Theorem 5.2.1 in the
case of damped equation

In this subsection, we give some sketch of proof for the behavior of nonlinear damped
concentrating waves announced in subsection 5.2.2.1. These results are proved in [22]
in the undamped case a(z) = 0 and so we only briefly emphasize the main necessary

modifications of proof. To simplify, we only treat the case fb—" — 0.
n n—-+o0o

Sketch of the proof of estimate (2.46) of Theorem 5.2.1 :Behavior before concentration.
The proof is exactly the same as Corollary 3.2 of [22]. w,, = u,, — v, is solution of

Dwy, + w, + a()0w, = —|wn + vpl*(wn 4+ v,) on  IXA x M
(Wn, Opwn =0 = (0,0).

Using Strichartz and energy estimates, we are able to use a bootstrap argument if
lim |[vp[| 15 (j1.8 710y is small enough. This can be achieved thanks to Lemma 5.2.3 and
n—o00 n o

gives the result. O]

Sketch of the proof of estimate (2.48) of Theorem 5.2.1 : Behavior close to concentration.
By definition of v,, and finite propagation speed, the main energy part of v,, is concen-
trated near z., for times close to t.. By estimate (2.46), it is also the case for wu,,.
Therefore, for times t € [t,, — Ah,, t,, + Ah,], we can neglect the energy outside of a fixed
open set and work in local coordinates. Moreover, in that case, we can use the norm
||| ;«gs instead of |||-|||; and use the fact that is is invariant by translation and scaling
up to a modification of the interval of time.

Denote 1, (resp 0,) the rescaled function associated to w, (resp v,), so that

1 ~ 4 o . -
Un(t, ) = i thfl,L7 “ikn ). We need to prove nlgl;lo [@n — wll][_5 axrs e 0 where

w is solution of

{ Oww = —|w/*w on RxR3
(waatw)hf:() = (9027152) :Q—(%?ﬂ)-

By definition of Q_, w satisfies |[(w — v, &(w — v))(¢)|| g1y 12 ——_ 0 where v is solution
of

{ O.v = 0 on RxR3
(

V,00) =0 = (©,7). (2.50)
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Moreover, it is known that Q_(p,¢) = lim U(=s)Us(s)(¢, ) where U and Uy

are the nonlinear and linear flow map. More precisely, by Lemma 3.4 of [22], we have
wa — w|[] - Ajxrs f— 0 where w, is the smooth solution of
) —00

Oewp + |wal*wy = 0 on [—A,A] xR?
(wA, 3twA)|t:—A = XA(U, atv)|t:—A-
where Y, is an appropriate family of smoothing operator. So, we are left to prove

Jn Ml — ol e =2, 0

We introduce the auxiliary family of functions @2 solution of
O,ad + h2ad +|ad)*ad = —hpa(hpx + 2,)0ad on  [—A,A] x R?
{ (@, 0l )pep = (Un,O40n)jt=A-
where we have denoted [J,, the dilation of the operator [J. So it can be written [, =
0 — > 9 (hnx + ,)0;5 + hy)V (hpx + x,) - V where V is a smooth vector field (note
that it is only defined in an open set of size O(h;;') but it is also the case for @, @ and
Uy, we omit the details). The proof is complete if we prove

T |[Jay —w*|[_y yps =0 (2.51)
and
T [y — ||y s — 0 (2.52)

We begin with (2.51). r, A = @2 — w” is solution of
Oprna + B2r, A + hpa(hnx + 2,)0imn A = |wa|*wa — [rpa + wa | (rpa + wa)
—h2wp — hpa(hpz + 1,)0wp + (O — O, )wa,
(77,05 O A ) jt=—n = (Un — XAV, O¢ (T — XAV) ) jt=—a-
A quick scaling analysis easily yields that the operator (1, +h2 +h,a(h,x+x,)0; satisfies
the same Strichartz and energy estimates as [0+ 1 + a(x)0; for some times of order A.
Moreover, following the same argument as Lemma 2.1 of [22|, we get that for fixed A

lim H—hiw/\ — hpa(hpx 4+ z,)00wp + (Op — O =0.

e ”>wAHL1([—A,A],L2)

Thanks to Lemma 5.2.2, we know that Lim [|(3, — xav, (0, — Xa0))(—A) || 1, > can

be made arbitrary small for large A. Strichartz and energy estimates give for any n > —A
raalllagxrs < 110 = x40, 0u(Tn = Xa0) (=) g1 12

+ || =hawa = hwa(hnz + 2a)Owa + (Ose — Ou)wal| g o)

5 4
Fllrnallzsqoamzio) + Irnallsgn.co) 1WAl am 2o) -

If |wall s ((_4 ,£10) 18 small enough, a bootstrap gives (2.51) on [—A,n]. We can iterate
the process by dividing [—A, A] in a finite number of intervals where the bootstrap can
be performed.

For (2.52), we observe that @ and 1, are solutions of the same equation but with
different initial data which satisfy thanks to estimate (2.46)
T@ H(ﬂﬁ - ﬂm (i)t(fbﬁ - an))(_A)Hg - n@o H(f}n - ana at({}n - ﬂn))(_A)Hg — 0.
Then, Strichartz and energy estimates allow us to use a boot strap argument on subin-

tervals I such that HﬁQHLS(I L10) is small. (2.51) allows to complete the proof. ]
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5.2.2.3 Proof of the decomposition

This subsection is devoted to the proof of Theorem 5.0.4.
Let us define the function 3 in the following way :

VweC, Aw) "= |wtw.

Proposition 5.2.4. Let 0 < 2T < Tfoeus (see Definition 5.0.1). Let pg), 1 <5<,
linear damped concentrating waves, associated with data [(@, @) B9 20) D] (we
can have hU) = 1 for one of it), which are orthogonal according to Definition 5.1.2

and such that t(ojo) € [-T,T]. Denote q; U) the associated nonlinear damped concentrating
waves (same data at t =0).

Then, we have

lim

n—oo

=0. (2.53)

LY([-T,T],L?)

l l
3 (Z q,(f’) — Zﬁ(q,(f))

Démonstration. We follow closely Lemma 4.2 of [17].

! l
b(se) tue] < ¥

LY([-T,T),L?) 1<j1,+,Js<l

H q(]k

k=1

Li([-T,1],L?)

where at least two qéj"')

inequality

ﬁ qgjk)
k=1

Then, Corollary 5.2.2 and Lemma 5.1.8 yield the result (note that L3L'® is a pair of
Strichartz norm). So now, we can assume h! = h? = h,,. By Holder and Corollary 5.2.2,
we get

are different. In the case of othogonality of scales, we use Hélder

<C ananL00 _T,T],L3) H Hq HLS( —T,T],L18) *
L\([-T.T),L%)

< CananLS/2[TT]L5)HHq HL5 ~T.T),L19)

Li([-T,1],L?)

< Canqn] L5/2([~T,T),L5) *

We apply Theorem 5.2.1 to g!. We obtain three couples (¢%,¢"), i = 1,2,3 and
split the interval [-T,7T] = U I}*. We first deal with the interval I}*. Denote

V1 = [((plawl)aha xz, t)] so that

”qnqn} L5/2(1 1AL5) = anHLs 1AL10 < C an U1 nHLs lALlo + HUl TLHLS(IlALlo)

So, combining Theorem 5.2.1 and Lemma 5.2.3 yields

hm ananL5/2 T 0-
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The same result holds for I>* and we are led with the interval I>*. In the case of
time orthogonality, say l" Al — 400, the two intervals [t} — Ah,,t. + Ah,] and

ny in
n—o00

[t2 — Ah,, t2 + Ah,] have empty intersection for fixed A and n large enough, which yields
the result by the same estimates applied to g2, once A is chosen large enough.

We can now assume, up to a translation in time, that t\ = t2. On I>* Theorem 5.2.1

S R
allows us to replace g} by w} (¢, ) = ¥}, (z)w' (%, o
1

w* is solution of a nonlinear wave equation on the tangent plane 1,1 M and similarly
for ¢2. In the first case of space orthogonality, that is 2 # z?% , the result is obvious on
the interval I>* by taking W}, and W2 with empty intersection. In the case ! = 22,

we are left with the estimate of
5\ 1/2
> ds

1/2
[ ([eeoniear) as< [ (]
12 \Jr3 [—AA] \JR3
1

This yields the result in the last case of space orthogonality by approximating w" and
w? by compactly supported functions. O

) on a coordinate patch where

1 2

wh(t, £)w?(t, x + %)

In the case of the sphere, we are able to state the same result without any restriction
on the time.

Corollary 5.2.3. Let M = S and T > 0 (eventually large). We make the same as-
sumptions as Proposition 5.2.4, except for the time T, with the additional hypothesis :
(WD (=1)mz® 1D 4 ma] is orthogonal to [AY, 2D tD)] for any m € Z and i # j. Mo-
reover, we assume a(x) =0 (undamped equation,).

Then, the same conclusion as Proposition 5.2.4 s true.

Démonstration. We build a covering of the interval [—7,7] with a finite number of
intervals of length stricly less than T’o,s = 7 so that on each of this interval I = [o, §]

and for any 1 < 7 < [, there exists at most one m® € 7 such that t((fg +mWr e I.
Moreover, one can also impose a # t((fo) + m(i)ﬂ

Therefore, o €]tl + (m? — 1)7 + Ahgf A9 4+ mOx — ALY for large fixed A and n

—— 0 for a linear

large enough. Theorem 5.2.2 yields H @ — v,(L),G (¢ — vr(l)))t:a

E n—oo
concentratlng wave
=[S S (@, @), D £ $D)]. In each interval, we are in the same situation as
in Pr0p0s1t10n 5.2.4 which ylelds the desired result. O]

Now, we are ready for the proof of the nonlinear profile decomposition. We give it
in a quite sketchy way since it is very similar to the one of |2]| or [17]. First, we obtain
it in the particular case where the linear solution is small in Strichartz norm.

Lemma 5.2.13. There exists 6; > 0 such that if
r@ ||Un||L5([—T,T],L10) <

then the conclusion of Theorem 5.0.4 is true.
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Démonstration. The proof is essentially the same as Lemma 4.3 of [2]. We have to

estimate the rest rg) solution of

Or® 4+ 9 4 a(:c)@trg) Bu) + 2221 ﬂ(qg)) -3 (u + 22:1 qﬁLj) +wd + 7‘7(11))
0z = (0,0).

We conclude as in 2] using Proposition 5.2.4 and Lemma 5.2.12 which is not immediate
on a manifold. In the case of S and a = 0 for large T', we use Corollary 5.2.3 instead of
Proposition 5.2.4 . O

Once the result is obtained when Strichartz norms are small, we divide [-7,7] in a
finite number of intervals where the Strichartz norms are small enough. This is done in
the following lemma.

Lemma 5.2.14. Let 2T < Tyoeus- Let & > 0 and ¢, be a sequence in
L5([=T,T], L*°(M)), such that

T 100y < 6

Fiz also | € N and | sequences of nonlinear concentrating wave qﬁlj), 7=1,...1L

Then, for any &' > 0, there exists L € N such that for any n € N, we have the
decomposition of [=T,T| in closed intervals 1Y

L
-7, 7] = J 1%,

i=1

such that the sequence
!
L= 4 +in
j=1

satisfies on each interval 11

!
L g0y <0

T )

n—oo

Démonstration. We first treat the case [ = 1. We divide [T, T] = I UI>AUT3A accor-
ding to Theorem 5.2.1 (one of these intervals being possibly empty). Then, a combination
of estimate (2.46) of Theorem 5.2.1 (comparison with linear concentrating wave) and
Lemma 5.2.3 (non reconcentration) gives for A large enough

fim [|g;/

n—oo

)HL5(1$*A,L10) <=4

The same result holds for I3* and we are left with the interval I2*. Once A is fixed, we
can divide [~A, A] in a finite number of intervals I()'* such that 1wl s @4 10 < 0 =6
where w is the function defined by equation (2.49) of Theorem 5.2.1. Then, we replace
each J(A by 19 obtained by translation dilation. We conclude by the approximation
(2.48) of qﬁbl) by translation dilation of w on the interval 2. O
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Note that the previous lemma also applies for large times on S® with a = 0 by doing
a first decomposition of [—T', T in a finite number of intervals of length strictly less than
Tr.

End of the proof of Theorem 5.0.4 in the general case. We choose | € N such that
H ()
Wn

each interval I$). See [2] or, in the different context of Schrédinger equation, [26] . [

< 0; and use Lemma 5.2.14 in order to be able to apply Lemma 5.2.13 on

5.2.3 Applications

5.2.3.1 Strichartz estimates and Lipschitz bounds for the nonlinear evolu-
tion group

Proposition 5.2.5. Let T" > 0 be fized. There exist a non-decreasing function, A :
[0, 00[— [0, 00], such that any solution of

4 _
{Du+u+a($)atu = ~lultu on [-T.T]xM (2.54)

(u(0), 0u(0)) = (ug,u1) €&
fulfills

lull s erm s any T 1l s e mypoon + 1l aermoean < Adll(uo, wi)lle)-

Démonstration. The proof is exactly the same as Corollary 2 of [2]. Using Strichartz
estimates, it is enough to get the result for L5L°. We argue by contradiction and
suppose that there exists a sequence u, of strong solutions of equation (2.54) satisfying

sSup H(uo,naul,n)Hg < +00, ”u”H[ﬁ([fT,T},LlO(]VI) 730 +00.
n

We apply the profile decomposition of Theorem 5.0.4 to our sequence. We get a contra-
diction by the fact that the L5([—T,T],L'°(M)) norm of a nonlinear concentrating
wave is uniformly bounded thanks to Corollary 5.2.2. This argument works for times
2T < T'tocus and can be reiterated since the nonlinear energy at times 7' can be bounded
with respect to the one at time 0 thanks to almost conservation (we can also use energy
estimates once we know wu is uniformly bounded in L°L!?). O

Lemma 5.2.15. Let Ry > 0 and T > 0. Then, there exists C' > 0 such any solution u
satisfying

Ou+u+a(z)du+ |ul*y = 0 on [-T,T]x M
(u(0),0u(0)) = (ug,u1) € E (2.55)
(w0, w)lle < Ro.

fulfills

(), Oeu(®)l] 2 < CNl(u(0), Ou(O) | 2 rn VE € [T, T].
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Démonstration. Proposition 5.2.5 yields a uniform bound for u in L*([-T,T], L'*(M))
and so for V = |ul* in L*([0,T], L3(M)). We prove uniform estimates for some solutions
of the linear equation

Ou+u+a(x)du=Vu on [-T,T]x M
{ (u(0), u(0)) = (ug,u1) € L* x H™* (2.56)

where V' satisfies ||V v_rrsoan < A(Ro)*. The product of functions in
L>([-T,T), L?) and L*([-T,T), L?) is in L*([-T,T], L) and so in L'([-T,T], H')
by Sobolev embedding. Standard estimates yields
1(w, Osu)l| oo 0,225y S Cll(w(0), 04u(0)) [l 2 gy
+C(t + HVHLl([O,t],L?’)) [ (w, atu)HLOO([O,t],LQXH*l) :
We can divide the interval [—7, 7] into a finite number of intervals [a;, a;11]i=1..;y such

that C(t + [V 11 (s 00,1 .23(0ry)) < 1/2- N depends only on Ry and T' (not on V).

Then, on each of these intervals, we have

| (u, atu)HL“([ai,aHlLLQxH—l) < 20 ||(u(ai), &fu(ai))HL?xH—l :

We obtain the expected result by iteration. The final constant C' only depends on R,
and T since it is also the case for N. O]

Corollary 5.2.4. Let Ry > 0 and T > 0. For any € > 0, there exists 6 > 0 such that
any solution w satisfying (2.55) and ||(ug, w1)|| 2 -1 < O satisfies

[(w(T), Ou(T))| 2 g1 < €

We will also need the following lemma which states the local uniform continuity of
the flow map. Note that it can be proved to be locally Lipschitz with a slightly more
complicated argument (see Corollary 2 of [17]). We will note need this for our purpose.

Lemma 5.2.16. Let u,, u, be two sequences of solutions of

Oy, + tp + |tn|*u,, = g, on [-T,T] x M
(Un, Opttn)t—=0 = (Un, Up,1) bounded in &,

with [|(Un,0 = U0, tn1 — n1)|le + 190 = Gull L2 g my.22) e 0. Then, we have

[un — an|||[—T,T] — 0.

n—oo

Démonstration. r, = u, — U, 18 solution of
{ Orp + 7 + |un*un — |Gp|*in = gn— 3o on [=T,T] x M
(rn7 atrn)tzo = (un,O - an,O» Up1 — an,l)-

Using energy and Strichartz estimates, we get
H!f’nllhfm < Cll(uno = Uno, tng = tn)lle + C llgn — gnHLl([—T,T],LQ)
4 4
+C ||T”||L5([—T,T],L10) (||un||L5([_T7T]7L10) + ”u”||L5([—T,T],L10)> .

Using Proposition 5.2.5, we can divide the interval [-7', T in a finite number of intervals
i = [ain, ais1n), 1 < i < N, such that C <||un||§5(1i,mw) + ||an||‘;5(%w)) <1/2 50
that the third term can be absorbed. We iterate this estimate N times, which gives the
result. 0
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5.2.3.2 Profile decomposition of the limit energy

For u solution of the nonlinear wave equation, we denote its nonlinear energy density

[[Ou(t, 2)[* + [Vu(t, )]* + [u(t, 2) "] + éIU(t,ﬂf)lﬁ-

DN | —

e(u)(t, ) =

For a sequence u, of solution with initial data bounded in &, the corresponding non
linear energy density is bounded in L®([-T,T], L') and so in the space of bounded
measures on [—T', T] x M. This allows to consider, up to a subsequence, its weakx limit.

The following theorem is the equivalent of Theorem 7 in [8]. It proves that the
energy limit follows the same profile decomposition as u,. It will be the crucial argument
that will allow to use microlocal defect measure on each profile and then to apply the
linearization argument.

Theorem 5.2.3. Assume 2T < Tyocys.

Let u,, be a sequence of solutions of
Oy, + Uy + [t *un = 0

with (uy, Oyuy,)(0) weakly convergent to 0 in E.

The nonlinear energy density limit of u, (up to subsequence) reads

“+oo

e(t,r) = Ze(j)(t,x) +es(t, )

J=1

where €9 is the limit energy limit density of q,(lj) (following the notation of Theorem
5.0.4) and

ey = lim lim e(w()

l—00 n—oo
where both limit are considered up to a subsequence and in the weak x sense.

In particular, ey can be written

es(tz) = / u(t, . de)
€esz
with

:u(tv x,{) = M—(Gt(a:?g)) + M-"—(G—t(xa g))

where Gy is the flow map of the vector field Hyg, on S*M, that is the Hamiltonian of
the Riemannian metric.

Moreover, e is also the limit of the linear energy density

elin(un)(t,2) = = [|Oun(t, 2)|* + [Vuu(t, 2)]?] .

N | —
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Démonstration. Proposition 5.2.5 yields [[un|| s 7 7%y < C- Then, compact embed-
ding and Lemma 5.2.15 yields ||up| o pyxary — 0 and so [[uall ps (g zyxary — 0 by

interpolation. Therefore, e is the limit of b(u,,, u,), with
b(f.g9) = 0 f(t,2)dhg(t, x) + V f(t,z) - Vg(t, )

Now, we have to compute the limit of b(uy, u,) using decomposition (0.10) of Theorem
5.0.4. We set for any [ € N

!
s =>4
j=1
and so
bt ) = b(sV, ) + b(wl, wl) + 2b(sV, w) + 2b(up, L) — b(rP rD).

n

Because of (0.11), lim converges to zero as [ tends

‘Qb Up., r,(@l)) b(ré), rg))‘
LY([~TT)x M)
0

to infinity. So, if we define e;’ = w* lim <Qb(un7 7“7(11)) — b(n(ll), n@)), we have

n—oo

— 0.
l—00

Heg’Z)HTV

Let ¢ € C3°(] — T, T[xM). For fixed [, it remains to estimate

E () 20
90 // qn] Wy, )
//}T,T[XM TT[><M

Since b(qn ,wr(l ) is bounded in L>(] =T, T, L'), we can assume, up to an error arbitrary

small, that o is supported in {t < té@)} or {t > té@} (replace ¢ by (1 — U)(t)p with
\I/(t(j)) =1 and ||V ;1(_7p small). On each interval, Theorem 5.2.1 allows to replace

qn by a linear concentrating wave. Then, We combme Lemma 5.2.11 and Lemma 5.1.11
to get the weak convergence to zero of b(sn LW ) for fixed .

Lemma 5.2.10 and the orthogonality of the cores of concentration give
DY) oIy — (0,0) for j # j and p!” a concentrating wave at rate
(R ¢ 2], Then, the same argument as before yields

D, 50
b(sV 5Dy — E el
n—oo

7j=1
So we have proved that for any [ € N
l
b(up,u,) — e= Z eV 4+ el 4 e
j=1

(0)

where e is the weak* limit of b(wn ,wy’) and el satisfies ||e”

Er

) -~ 0. eg) is the
TV l—o0
weak™ limit of a sequence of solutions of the linear wave equation weakly convergent to

0 in energy space. Therefore, it has the announced form using the link with microlocal
defect measure (see Lemma 5.1.9).

We get the final result by letting [ tend to infinity. ]
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Remark 5.2.4. The fact that |u,|® is weakly convergent to 0 is false if we consider
the limit in D' (M) time by time. For example, for a nonlinear concentrating wave with
t, = 0, the weak limit in D' (| =T, T[x M) of |u,|® is of course still zero but the weak limit
of |u,|%(t) in D'(M) is zero if t # 0 and a multiple of a Dirac function if t = 0. So the
limit in D' (M) of enj—y is not the same as the one of b(uy, uy)—o. This comes from the
fact that the limit of b(u,,u,)(t) is not equicontinuous as a function of t while it is the
case for the nonlinear energy. Yet, in the proof, we are only interested in its limit in the
space-time distributional sense which will be continuous. Actually, the discontinuity at
t =0 of the limit of b(u,, u,)(t) can be described explicitely from the scattering operator.
At the contrary, the fact that the nonlinear energy density e(t) is continuous in time
can, in this case, be seen as a consequence of the conservation of the nonlinear enerqy
of the scattering operator.

5.3 Control and stabilization

5.3.1 Weak observability estimates, stabilization
5.3.1.1 Why Klein-Gordon and not the wave ?

In this subsection, we prove that the expected observability estimate
E()(0) < C / ladyul? dtda.
[0,T]x M

does not hold for the nonlinear damped wave equation Ju+ dyu+u® = 0 (in the simpler
case a = 1), even for small data. It explains why we have chosen the Klein-Gordon
equation instead. The main point is that for small data, the nonlinear solution is close
to the linear one which has the constants (in space-time) as undamped solutions (which
is obviously false for Ou + u = 0).

We take a = 1 and initial data constant equal to (¢,0). The nonlinear wave equation
takes the form of the following ODE

{ i+u+uS = 0 on [0,7]
(u(0),a(0)) = (&,0).

Decreasing of energy yields for any ¢ > 0

1 1 1
E(t) = §u2 + 6uﬁ(zs) < E(0) = 656

and so
lu(t)| <e Vt>0.

Then, ¢ = 4 is solution of
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Therefore,

c(t) = — fot e~ (=9ud(s) ds
and la(t)| = |c(t)] < e°.

For any T" > 0, we have

Therefore, the observability estimate

T
1
T > / i(s)> > CE(0) = e
0

can not hold if ¢ is taken small enough.

5.3.1.2 Weak observability estimate

As explained in the introduction, the proof of stabilization consists in the analysis
of possible sequences contradicting an observability estimate. The first step is to prove
that such sequence is linearizable in the sense that its behavior is close to solutions of
the linear equation.

Proposition 5.3.1. Let w satisfying Assumption 5.0.2 and a € C™(M) satisfying
a(x) >n >0 for all x € w. Let T > Ty and u,, be a sequence of solutions of

{ Oty + Uy + |tn| v, + a(x)?0u, = 0 on [0,T] x M (3.57)

(Un, 8tun)t:0 - (Uo,n, ul,n) ef.
satisfying

(Uo,n, U1 n) — O weakly in &

// )0y |? dtdz — 0 (3.58)
0T]><M n—eo

Then, u,, is linearizable on [0,t] for any t < T — Ty, that is
[[wn — Un|||[0t] 000

where v, s the solution of

Ov, = 0 on [0,7T]xM
(Unvatvn)tzo = (uo,nvul,n)-

Démonstration. Denote t, = sup {s € [0,7] ‘ lim |[|u, = vallljp 4 = O} and we have to

prove t, > T —T,. If it is not the case, we can find an interval [t, —e,t, —e+ L] C [0,T]

with Ty < L < Tpoeus and 0 < 26 < L — T, (if t,. = 0, take the interval [0, L] C [0,T7]).

Then, Lemma 5.3.1 below gives that w, is linearizable on [t, — ¢,t, + ¢]. We postpone

the proof of Lemma 5.3.1 and finish the proof of the proposition. The definition of ¢,
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gives lim |[|un — vnl]jg,. . = 0 and we have proved that lim |[|u, — Oul|[,. ., ;=0
n—oo suE Nn—00 * sUx
where 7, is solution of
Dﬁn =0 ; (@ny atﬁn)t:t*fs = (un> at“n)t:t*fs-
Since the norm |[[-[|[ controls the energy norm, this easily yields lim |[[u, — vall| g, 1 =
n—00 o
0 which is a contradiction to the definition of ¢,. O

Lemma 5.3.1. With the assumptions of Proposition 5.5.1. Consider the profile decom-
position according to Theorem 5.0.4 of w, on a subinterval [to,to + L] C [0,T] with
To < L < T¥ocys-

Then, for any 0 < € < L — Ty, this decomposition does not contain any non linear
concentrating wave with t9) ¢ € [to, to + €] and w,, is linearizable on [ty,ty + €].

Démonstration. To simplify the notation, we work on the interval [0, L]. Moreover, since
a(z)0yu, tends to 0 in L'L? Lemma 5.2.16 allows to assume with the same assumptions
that wu, is solution of the nonlinear equation without damping. Proposition 5.2.5 and
Lemma 5.2.15 (with Rellich Theorem) give that wu, is bounded in L%([0,7] x M) and
convergent to 0 in L?([0, T]x M ). Therefore, u,, tends to 0 in L7([O T] x M) and so |u,|*u,
is convergent to 0 in L7/5([0,T] x M) — L¥3([0,T] x M) — H,;}(]0,I[x M). Then, if
we consider the (space-time) microlocal defect measure of u,,, the elliptic regularity and
the equation verified by u,, gives that p is supported in {72 = ¢ \i} as in the linearizable
case. So, combining this with (3.58), we get

Un — 0 in H.,.(]0, L[xw).
Using the notation of Theorem 5.2.3, this gives e = 0 on ]0, L[Xw. Since all the mea-
sures in the decomposition of e are positive, we get the same result for any nonlinear
concentrating wave in the decomposition of u,, that is

¢y — 0in Hy,(J0, L[xw)

and if ) is the microlocal defect measure of q7(lj ), we have

1Y =0in S*()0, L[xw). (3.59)

Assume that t) € [0,¢] for one j € N, so that the interval [t¥), L] has length greater
that Ty. Denote p{’ the linear concentrating wave approaching qg) in the interval I3

according to the notation of Theorem 5.2.1, so that for any t&} < t < L (here, we use
the fact that L < Tyeys), we have

a5 =[]y — 0.

} n—oo
In particular, p) is also attached to pEZ) on the time interval ]tg, L]. Since py,
solution of the linear wave equation its measure propagates along the hamiltonian ﬂow

Assumption 5.0.2 and ‘L

(J) :

> T} ensure that the geometric control condition is still

verified on the interval [t¥), L] which gives u) = 0 when combined with (3.59). That

means pﬁﬂ = 0 and so qT(L) = 0 as expected.
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Then, for the profile decomposition of w, on the interval [0, L] (here the weak limit
u is necessarily zero)

qurw PO,

we have proved that 9 ¢ €le, L]. Then Theorem 5.2.1 and L < Tyous provides a

linear concentrating wave p(j) such that lim 0s = 0 while Lemma
0,e
Y

5.2.3 give lim = 0. Moreover, the conclusion of Theorem 5.2.1 give

L5([0,e],L10)

lim ‘wg) + rg)‘ — 0. This finally yields hm [wnll 15 (0,6, £10) = O and there-

n—oo L5([0,6],£19) 10
fore
4
|[lun| U"HLl([O,a],LQ) I 0.
This gives exactly that w, is linearizable on [0, £]. O

We are now ready for the proof of some weak observability estimates. We recall the
notation F(u) for the nonlinear energy defined in (0.2).

Theorem 5.3.1. Let w satisfying Assumption 5.0.2 with Ty and a € C*®(M) satisfying
a(x) >n >0 for all x € w. Let T' > 2Ty and Ry > 0. Then, there exists C' > 0 such that
for any u solution of

Ou+u+ |ul*u + a*(x)0u = 0 on [0,T] x M
(u,0u)i=0 = (ug,uy) € € (3.60)
[(uo, ur)llg < Ro

satisfies
s =c( [ /[ L o0 e ) Ew)0)).

Démonstration. We argue by contradiction : we suppose that there exists a sequence u,,
of solutions of (3.60) such that

(/] 0 e ) B)(0) < E(w,)0).

3

Denote o, = (F(u,)(0))/2. By Sobolev embedding for the L°® norm, we have a, <
C(Ryp). So, up to extraction, we can assume that a,, — « > 0.

We will distinguish two cases : @ > 0 and o = 0.

e First case:a, — a >0
The second part of the estimate gives || (wo 5, Uin) || ;25 g1 — 0and so (ugy,, u1,) — 0
n—oo

n—oo

in H' x L2. Therefore, we are in position to apply Proposition 5.3.1 and get that wu,,
is linearizable on an interval [0, L] with L > T,. We get a contradiction to o« > 0 by
applying the following classical linear proposition, which can be easily proved using
microlocal defect measure as in Lemma 5.3.1.
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Proposition 5.3.2. Let w satisfying Assumption 5.0.2 with Ty. Let T > Ty and v, be
a sequence of solutions of

Dvn == O on [O,T] x M
(v,(0), Ovn(0)) — 0in &

satisfying

// |la(z)dyw,|* dtdz — 0
[0,T]x M n—=oo

Then, (v,(0), v, (0)) — 0 for the strong topology of H' x L. The same result holds
with Ou, replaced by Ou, + u,.

e Second case : a,, — 0
Let us make the change of unknown w,, = u, /a,. w, is solution of the system

Ow,, + a*(x)0uw, + w, + o |w,|[*w, = 0 (3.61)

and

1
// |a(x)Byw, | dtdr < =
[0,T]x M n

We have for a large constant C' > 0 depending on Ry and for all ¢ € [0, T,
1
C H(umatunﬂg < EBE(u,) <C H(umaturt)”Z
Therefore, we have
1(un(?), Oun(®))lle - vV E(un(t))
VE@a(0)) E(un(0))
[[(un(0), Qun(0))lle 1
wy(0), Oyw,, (0 = > > 0. 3.62
0 (0) Ol = 1 e > (3.62
Thus, we have ||(w,(0), 0w,(0))||c = 1 and (w,, dyw,) is bounded in L*([0,T7, ).

<C

[(wn(t), Orwn (1)) =

Applying Strichartz estimates to equation (3.61), we get for C' = C(Ry) > 0

5
||wn||L5([o7T],L10) <O+ ay, ||wn||L5([07T],L10))

Then, using a bootstrap argument, we deduce that ||wn| ;5o 7y z10) is bounded and the-

refore

Ow,, +w, — 0in L'([0,T], L?).

n—oo

Proposition 5.3.2 yields that w, converges strongly to some w solution of
Ow+w=0; dw=0onw.

We deduce as in J. Rauch and M. Taylor [33] or C. Bardos, G. Lebeau, J. Rauch [3] that
the set of such solutions is finite dimensional and admits an eigenvector w for A. By
unique continuation for second order elliptic operator, we get d;w = 0. Multiplying the
equation by w and integrating, we obtain w = 0 (note that, at this stage, the choice of
the Klein-Gordon equation instead of the wave equation is crucial to avoid the constant
solutions). We conclude that (w,(0), d;w,(0)) tends to 0 strongly in €& which gives a
contradiction to (3.62). O



5.3.2 - Controllability 235

5.3.2 Controllability
5.3.2.1 Linear control

In this section, we recall some well known results about linear control theory and
HUM method. Let (®g, ®;) € L? x H~'. We solve the system

O00+® = 0 on [0,7T]xM
{ (@,0,P)j=0 = (Po, Py). (3.63)
and
Ov+ov = a*® on [0,T]x M
{ (v, 0w)p=r = (0,0). (3.64)

The HUM operator S from L? x H~! to L? x H' is defined by
5(Po, 1) = (=0w(0), v(0)).

Lemma 5.3.2. If w satisfies the geometric control Assumption 5.0.1, then S is an
1somorphism.

Démonstration. Multiplying equation (3.64) by ®, integrating over [0,T] x M and in-
tegrating by part, we get the formula

/0 /M et = - [ 200)30)+ /Mv<o>at<5<o>=<S<q>o,q>1>,<<1>o,<b1>>

where (.,.) denotes the duality between L? x H' and L? x H~!. We get the conclu-
sion thanks to the following observability estimate which can be proved by the same
techniques used in the nonlinear problem

T
(@0, ®1)[22 -1 < / / a2
0 M

5.3.2.2 Controllability for small data

Theorem 5.3.2. Let w satisfying Assumption 5.0.1 and T > Ty. Then, there exists
§ > 0 such that for any (ug,uy) and (tg, uy) in H' x L?, with

H(U07U1)HE < 9; H(%ﬂl)”g <9é

there erxists g € L>([0,2T], L?) supported in [0,2T] x w such that the unique strong
solution of

{Du+u—|—|u!4u = g on [0,2T]x M
(u(0), 0ru(0)) = (uo, ua)-

satisfies (uw(2T'), Oyu(2T)) = (g, Uy)
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Démonstration. The proof is very similar to [11] except that the critical exponent do not
allow to use compactness argument and we use the classical Picard fixed point instead
of Schauder, as done in [9] or [29], [30] for NLS. By a compactness argument, we can
select a € C§°(w) with a(z) > n > 0 for z in @ where @ satisfies Assumption 5.0.1. Since
the equation is reversible, we can assume (g, %1) = (0,0) and take the time T instead
of 2T. We seek g of the form a?(x)® where @ is solution of the free wave equation as
in linear control theory with initial datum (®q, ®;) € L? x H~!. The purpose will be to
choose the right (®g, ®,) € L?x H! to get the expected data. We consider the solutions
of the two systems

{ O0+® = 0 on [0,7]xM
(2,0:P)=0 = (Po, P1)

and
Ou+u+|ul*y = a®*® on [0,T] x M (3.65)
(u, Opu)=r = (0,0). '
Let us define the operator
L: L?xH' — H'xL? (3.66)
(@0, (I)l) — L((I)(], (I)l) = (U, atU)hg:(). '
We split u = v + U with U solution of
O0+¥ = a*® on [0,T]x M
{ (\Ij, 0,5\1’)“:71 — (0, 0) (367)

This corresponds to the linear control, and (=0,¥, ¥);;—o = S(®o, ®1). As for function
v, it is solution of

Ov+ov = —Jul*u on [0,T]x M
{ : (3.68)

v,00)=r = (0,0).

® belongs to C([0,T],L?). So, u, v and ¥ belong to C([0,T],H') n C'([0,T], L*) N
L5([0,T7], L'). We can write

L(®g, @) = K (Do, 1) + S(Pg, D1)

where K(®g,

1) = (=0, 0)jt=0. L(Po, P1) = (—uw1,u0) is equivalent to ($g, 1) =
—STK (®g, @) + 57!

(—uy,up). Defining the operator B : L2 x H' — L? x H™! by
B(®g, ®1) = =S K(®g, 1) + S~ (—u1, up),

the problem L(®g, ®1) = (—uy,ug) is equivalent to finding a fixed point of B. We will
prove that if ||(ug, u1)]|¢ is small enough, B is a contraction and reproduces a small ball
Br of L? x H™L.

Since S is an isomorphism, we have

||B(<I)0aq)1)||L2><H—1 < C(||K(¢)07(I)1)||L2><H1 + ||(U0,U1)||g)
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So we are led to estimate || K (®o, ©1)|| 2y = || (v, 8tv)|t:0Hg. Energy estimates applied
to equation (3.68) and Hoélder inequality give

||(U7 atv>|t:0H5 < C H ’u|4uHL1([0,T],L2) < C HuHif’([O,T],LlO) :

But Strichartz estimates applied to equation (3.65) give

5
HUHLs([o,T],Lw) < C(||a2(bHL1([o,T],L2)+HUHF([O,TLLIO))
5
< C (@0, @1) s + Iull o zy.0)

Using a bootstrap argument, we get that for ||(®g, ®1);2, 51 < R small enough, we
have

[l 250,770y < C (o, @1l 21 (3.69)
We finally obtain
1B(®0, P1)ll 21 < C (1(Poy @1)lI72 551 + 1 (w0, wa)llg) -

Choosing R small enough and ||(ug, u1)|| g1y 2 < R/2C, we obtain || B(®g, ®1)|| ;2 -1 <
R and B reproduces the ball Bg. Let us now prove that B is contracting. We examine
the system

O(u— @) + (u—a) + [ultu—|@]'s = a(®—&) on [0,T]x M

{ (u—1a,0(u—10)=r = (0,0). (3.70)
Ov =)+ (v =) +[ul'u—[al'a = 0 on [0,7]x M

{ (v—=20,0((v—0))u=r = (0,0). (3.71)

We obtain similarly

|B(@o, @) = B0, @)|| = Clw=5,00 = D)ol
< Cllultu - ’a‘4ﬂHL1([O,T],L2)
< Cllu— a”LE’)([O,T],LlO) (HuHif’([O,T},LlO) + ||a||i5([0,T],L10))
< CR'[u— L5([0,T),L10) (3.72)

where we have used estimate (3.69) for the last inequality. Applying Strichartz estimates
to equation (3.70), we get

aZ(CD—Ci))‘

)

~ 4 ~ 14 ~
Ju— UHL5([O,T],L10) < C(HM u— |af*u L1([0.17.02)

||L1([0,T},L2) +

S CR4 ”U, — ﬂHL5([O,T],L10) + C H((Dm q)1> - (é()? é1)

L2xH-1

If R is taken small enough, it yields

= @ll s o 11,000) < C || (@0, @1) = (o, 1) (3.73)

[2xH-1
Combining (3.72) and (3.73), we finally obtain for R small enough

HB((I)O,Cbl) — B(®y, &1)

< CR* H(@O, o) — (éo,él)‘

L2xH-1 L2xH-1

and B is a contraction for R small enough, which completes the proof of Theorem
5.3.2. 0
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5.3.2.3 Controllability of high frequency data

This subsection is devoted to the proof of the both main theorem of the article :
Theorem 5.0.2 and 5.0.1.

Proof of Theorem 5.0.2. First, by decreasing of the energy and Sobolev embedding,
there exists some constant C(Ry) such that the assumption ||(ug,u1)|lz < Ro implies

E(u)(t) < C(Ro) and ||(u, du)(t)||s < C(Ry); V¥t > 0. (3.74)

Fix T such that Theorem 5.3.1 applies. Then, there exists ¢ > 0 such that for any
(ug, uq) satisfying

[(uo, ur)llg < C(Ro); (w0, wr)llp2sg— <6, (3.75)

we have the strong observability estimate
E(u)(0) < C’// la(z)0pul? didz.
0,T]x M

for any solution of the damped equation (0.3). That means that there exists 0 < C' such
that any solution of the damped equation satisfying (3.75) fulfills

E(u)(T) < (1 = C)E(u)(0). (3.76)
Pick N € N large enough such that (1 — C)NC(Ry) < &2/2.
Corollary 5.2.4 and (3.74) allow us to choose § small enough such that the assumption
[0, w)ll ¢ < Ro; I(wos wi)ll 21 <0
implies
|(w(nT), Ou(nT) |2 g <, 0<n<N. (3.77)

So, with that choice, we have F(u)(NT) < (1 — C)YE(u)(0). Then, by the energy
decreasing, for any ¢t > NT', we have

1(, 0pt) ()21 < 2E(u)(t) < 2B(u)(NT) < €2

Therefore, the decay estimate (3.76) is true on each interval [nT,(n+ 1)T], n € N
and we have

E(u)(nT) < (1= C)"E(u)(0)

which yields the result. O

Proof of Theorem 5.0.1. Since the equation is reversible, we can assume (g, @) = (0, 0).
By a compactness argument, we can select a € C§°(w) with a(x) > n > 0 for z in ©
where @ satisfies Assumption 5.0.2. We will first use the damping term a(z)?0;u as a
term of control. We apply Theorem 5.0.2 and Theorem 5.3.2 once the energy is small
enough. O]
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5.A Inégalités de Morawetz pour les ondes sur une
variété

On se propose dans cette section de donner une preuve des inégalités de Morawetz
sur une variété, avec un terme source. Ces inégalités se trouvent dans [23] sur une
variété mais sans terme source et dans [2| sur R® avec terme source. Cette section ne
prétend donc pas a la nouveauté. Elle présente aussi 'intérét de présenter des calculs
intrinséques sans passer par les coordonnées locales comme cela est fait dans [23]. On
veut une inégalité de type Morawetz pour une équation

4, _
{ Ou+ |ul*u = ¢g on ]0,T] x M (1.78)

(u(O),@tu(O)) = (U07U1> S

avec g € L'([0,T], L*(M)). On centre tout en ty = 0 et o = 0. On rappelle les notations
de la sous-section 5.1.1 que l'on change légérement pour raisonner dans le cone futur,
ce qui simplifie un peu I'analyse. ¢ est la fonction distance géodesique a 0 définie dans
un voisinage U C M de 0. Soit 0 < a < b < € assez petits pour définir

K!:= {z=(t,x) €[a,b] x U|p <t} cone future tronqué
M?:= {z=(t,x) €[a,b] x U|p =1t} manteau du cone tronqué
D(t) := {reUle<|t} section en espace du cone au temps t.

Dans la suite, tous les gradients, normes, densitées sont calculées par rapport a la mé-
trique Riemannienne sur M (par exemple, on a ||V| = 1 voir Lemme 5.A.2). La forme
volume do sur M? est la métrique induite par la forme volume naturelle sur R x M.

e(u)(t,x) =

E(u,D(t)) = / e(u)dx énergie au temps t dans la section du cone
D(1)

1 1
5 (|8tu|2 + ]Vu|2) + 5 |u|® énergie locale

1 1

V2 My 2

Lemma 5.A.1. La fonction E(u, D(t)) satisfait pour 0 < a <b

1
Fluz(u, M?)) = 10uVp + Vul® + g lu|® do flux d’énergie sortant du cone

E(u, D(b)) — E(u, D(a)) = Fluz(u, M?) + %//}{b g0su.

Démonstration. On obtient I'indentité en multipliant ’équation par le multiplicateur
Oyu et en prenant la partie réelle pour avoir de(u) — Rdiv(0uV u) = Rgdyu, ensuite,
on intégre sur le cone tronqué K° et on utilise la formule de Stokes (sur M?, on a la
normale sortante N = (N, N,) = \/ii(—l, V).

3%// 9o = E(u, D(b)) — E(u, D(a)) + S‘Ei —e — dwuVu - V.
Kb V2 S

Cela donne le résultat par I'identité |0,uVe + Vu|* = |dul?+|Vul>+2R0,aVu- V. O

La proposition principale de cette section est
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Proposition 5.A.1. Soit u une solution réguliere de
Ou+ |u|*u=g sur ]0,T] x M

alors, pour 0 < a < b < T petits, on a

L B S G @)+ @) 110) = S+ gl 1]

1/3
+ (178 = £@)] + 9l 2y 190l 12y )

901y (1900l o sy + 190l o ey + Nl e oy )
+C(b—a) sup [£(0) + F(1)'7

t€la,b]
ot on a noté f(t) = E(u, D(t)).
Lemma 5.A.2. Si ¢ est la distance géodesique a 0, on a
V| =1.

On définit la forme bilinéaire symétrique B, = %Hess(ng) — g. Elle vérifie pour tout
ceT, M.

|B2(€,6) < Colgl™.

Démonstration. C’est le lemme de Gauss pour la premiére égalité : en coordonnées
normales polaires, g = dr? + R(rw) O h(p ) est une métrique sur une sphére (on a bien
str ¢ = r mais on garde la notation r pour les coordonnées). Pour la deuxiéme, en
coordonnées normales centrées en 0, on a ©? = |z|%. De plus, les symboles de Christoffel
vérifient I'¥;(0) = 0 et donc en coordonnées, (Hess(f)(0));; = 95, et donc By = 0. 11
reste donc a appliquer 'inégalité des accroissements finis. O

Lemma 5.A.3. Si X = pVp = 1V(¢?), ot ¢ est la distance géodesique a 0, on a

2 2
RVu - V(X - Vau) = div (X@) - div(X)@ + |Vul* + B(Vu, Va).

Démonstration. D est la connection de Levi-Civita. On fait les calculs

2 2
X .V (@) = DX(@) = RDxVu-Vu=RHess(u)(X, Va)

RV - (X - Vu) — m%vzz-v[vw?).vu}:m%pw V() - V]

1 1
= §R§DWV(9@2) - Vu + ER§V(902) + DyaVu

= %%H@ss(gf)(Vu, Va) + %%H@ss(u)(vm V(¥?))

2
= |Vul®+ B(Vu,Va) + X -V <|V2“| ) .
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Or,

2

Ce qui donne le résultat. O

2 2 2
div <X|V2“| ) - dw(X)W;' L XV ('V“| ) .

Preuve de la Proposition 5.A.1. On multiplie 'équation par le multiplicateur Lu =
tou+ X - Vu + u.

Ratdyu = R(O}u—Au+|u|*u)tdyu = tOe—tRdiv(Vudsi) = 0;(te) —e—tRdiv(Vud,u)
1 1
= RO(OuX -Vu) — édiv(X]@ulz) + §div(X)\8tu|2

R(Auw)X -Vu = Rdiv(VuX -Va) —RVu- V(X - Va)

2 2
| > + dz’v(X)ﬂ

2

= Rdiv(VuX - Va) — div (X |V2“
—|Vul]* = RB(Vu, V)
ot on a utilisé le Lemme 5.A.3 dans la derniére égalité.

R(lu[*u) X - Vi = div (X(é|u|6)) _ div(X) <é|u|6)

R(OPu — Au+ |ul*u)u = RO, (Oun) — |Ou|* — Rdiv(aVu) + |Vul® + |u|®
En sommant les égalité, on obtient

RgLu = RO (te + duX - Vu + dyuu)

. _ 1 2 — ’vuP 1 6 =
+Rdiv | —tVud,u — §X|8tu| —VuX  -Vu+ X 5 + X(6|U| ) —uVu
1 . 2 . |V'LL|2 2 — . 1 6
—e + §dw(X)|8tu| — dw(X)T + [Vul® + B(Vu, Vi) — div(X) 6|U|

— [0l + |Vul? + |ul°
= O,P+divQ+ R
avec

P = R(te+ 0wX - Vu+ duu)

1 6
= R [[toul® + |tVu|* + 2tduX - Vu + 2t0uu] + t%

1 6
= R [[tou]” + | X - Vu|* + 2t0,uX - Vi + 2t0ut + 2uX - Vi + |uf’] + t%

1
+§R2—t [[tVul]* — |X - Vul® — [u]® — 2uX - Vi

1. 5 it X 2 1 o Jul®
= R—|L R— 2= R— [—|ul* — 2uX - t——
22€| ul” + 5 |Vl ‘ ; Vu| | + 5 [—|ul uX - Vau] + 5
|u|2 1 2 _ 3|u|2 1 9
— P R [ —2uX Vi =P — X
- RS [—]ul uX - V] 57 57 V|ul

_ Py % [—div(X[uf?) + [u2(=3 + div(X))]
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oll on a noté

o A (T
e+

P(t L —.
(t.2) = 5 1Luf* + L

X

Pour la dérivée en temps 9, P, on va garder 9,P. La dérivée en temps du deuxiéme terme
de P est un terme de divergence et va se rajouter a Q pour former (), le troisiéme se
rajoute au reste R pour former R. On obtient donc

RgLu = 0P+ div(Q)+ R

avec
R 2 uf?
Qt,z) = R —tVuatu—ﬁX\atu] —VuX -Vu+ X +X(6|u\) uVu—X(?t—
1 Vul? ul?
_ X[—§|8tu|2—|—| 2' ¥ lulf _ g lul ']—mwa
1 divX 1 diwX 1 dwX
tx) = == —-1 ol (R 2 8(—= — 1
R(t,x) |atu\(2+ 5 )—|—|Vu|(2 5 +>+|u|(6 G +1)
2
B(Vu,Vu)+ (-3 + div(X))@t%
Lemma 5.A.4. En notant X = oV, on a
, B J'(w, )
div(X) = 3+rm = 3+71j(w,r)

ot J(w,r) est la forme densité de volume en coordonnées normales ("polaires”) : x = wr,
weS? reR”t.

Démonstration. La Proposition 4.16 p 213 du livre de Gallot-Hulin-Lafontaine [18] af-
firme (aprés changement de signe)

din(X) = Sdin(V(e?) = A7) = 5(2oA0 + 274 P)
o J (w,r)
LpJ(w,r) N SOJ(cu,r)'

On peut donc maintenant avoir une estimée de la "petitesse" de R lorsque on est
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proche de 0.
1  divX 1 divX
R(t,z) = |0 ( 5T )+|W| ( 55 +>
1 divX 2
H“VG(—g— Mé +1)+B(Vu,Vﬂ)+(—3+dw(X))at%
_ 2iw,r) o i) gl g(wr)
= 7rlow*= e L e
_ : |u)?
+B(Vu, V) + rj(w, T)atQ_t
6
= Rl_‘_RZ:%_FRQ

R, est le méme reste que sur R? et a le bon signe. Ry est un reste qui est nul pour une
métrique plate et qui sera petit O(p(x)) pour des petits x.

Maintenant, on peut intégrer sur le cone tronqué K° (0 < a < b), et appliquer la
formule de Green

% [ gLu=H®) —H@)+—R [ (—P+Vp-Q)do+% | R
Kb V2w Kb

en notant,
H(t) = / P(t, 2)da.
D(t)

Mais si (t,z) € M?, on at =@ et X =tV et donc en utilisant |[Vy|? = 1.

1 t ul® ul?
P(t) = o |+ [[Vul — Ve vup] e o 1
Vul? 1 |u|?
- + —

5 6\u|6 — 8t—] —RLuVu -V

— 1 2
Ve Qi) = t|-glon+ :

Donc en sommant pour (t,x) € M2, on obtient

1 t ul?

[l

1 g 2 ) O |ul?
2
—%—%LUVU-VQO
1 2 1 R T
= o Il — Ll = | Ll
Donc
He) - Ha) — = [ Lipdo=w [ gra—w [ Rs.  (1.79)
—H(a) — — = |Lu|"do = u— —_— = : .
V2 e t Kgg K: 3 Kb ’
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Cette égalité est la méme que sur R? sauf que R, contient aussi des termes d’erreurs qui
vont étre petits si ¢ est proche de 0.

On va maintenant utiliser cette égalité pour obtenir des renseignements sur la non
concentration de u en norme LS. D’abord, on va estimer H(b). Grace au signe de |ul%,

on a
H(b) < H(a) + 1/ 1|L *d +'/ Li /R

a) + — — |Lul” do u
N V2 S t Kgg Kb ?

En utilisant le Lemme 5.A.2 de petitesse et que j(w,r) est localement borné, on a

e
K

+

|udyul w
t 12

< Cb/ 0 + [Vl + Jul +
b

a

b 2
< Ob/ / Buuf® + [V 4 Juf® + 120l Tl
a JD@) t t
< Ob(b—a)sup [E(u, D(t)) + E(u, D(t))** + E(u, D(t))"*]
t€la,b]
< Cb(b—a) sup [E(u, D(t)) + E(u, D(t))l/g}
te(a,b]

ol on a utilisé I'inégalité de Holder [[ull j2(p 4y < Ct l|ull s py)- De méme, on a
1/3
H(a) < a(E(u,D(a)) + E(u, D(a))"?).

Les autres termes sont estimés comme dans le cas de R3.

lu

1 2
/ “|Lufdo < / bl + Ve - Vul> + —do
mp t MY t

2
< C b|w~(atuw+vu)|2+%da
My

1/3
< C/ b|0uVy + Vul’ do + b (/ |u]6da)
M} M}

< C (bFluz(u, MY) + bFlux(u, Mfl’)l/g) :

ou on a utilisé linégalité de Cauchy-Schwarz, |Vy| = 1 et [, @do <
2 2 ¢
H%HL3/2(M}{) HUHLG(Mg) < Cb HUHLb‘(Mg)-

Par I'inégalité de Holder, on estime
/Kb lgLu| < Cb HgHLlLQ(Kg) (HatuHLooLQ(Kg) + HquL°°L2(Kg) + HUHLOOLG(K3)> :
De plus, I'inégalité d’énergie donne

Fluz(u, MY < |E(u,D(b))—E(u,D(a))|+/K

< |E(u, D(b)) = E(u, D(a))] + 119l 1 2 (repy 10tel] oo 22y -

|gOyul
2
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Finalement, en utilisant fD(t) lul® < @, on a pour la norme LS :

L S G @)+ @) 110~ S+ gl 10y

1/3
+ (17®) = £@] + 9l 200y 190l 12y )

+ ||9HL1L2(K3) (HatuHLOOLQ(Kg) + ||VUHLOOL2(K};) + HUHLOCLG(Kg))
O —a) sup [F()+ F(1)"7]
t€la,b]

ot on a noté f(t) = E(u, D(t)). O
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250 INTRODUCTION

6.1 Introduction

6.1.1 Main result

Following [58], we consider a quantum particle, in a 1D infinite square potential well,
subjected to an electric field. It is represented by the following Schrodinger equation

{ i22(t,x) = =54 (t, ) — u(t)u(z)(t, x), x € (0,1),¢ € (0,T), (L.1)
2ﬂ(u 0) = 1?(@ 1) =0, .

where ¢ is the wave function of the particle, u is the amplitude of the electric field and
pu € H?((0,1),R) is the dipolar moment of the particle. The system (1.1) is a bilinear
control system, in which

— the state is ¢, with ||(t)]| 20,1y = 1, Vt € (0,T),

— the control is the real valued function v : [0,7] — R.

Let us introduce some notations. The operator A is defined by

D(A) := H2N H}((0,1),C), Ayp:= L% (1.2)

dz?
Its eigenvalues and eigenvectors are
Ao o= (k)% () := V2sin(knx), Vk € N*, (1.3)
The family (¢ )ren+ is an orthonormal basis of L?((0,1),C) and
Ur(t, z) = pp(z)e” ™ vk € N*

is a solution of (1.1) with u = 0 called eigenstate, or ground state, when k = 1. We

define the spaces
H{((0,1),C) == D(A¥?),¥s > 0 (1.4)

equipped with the norm

o 1/2
WMW—@SWMWW>-
k=1

We denote by (.,.) the L?((0,1),C) scalar product

1
() = | Fa)gtaa
0
and by S the unit L?((0,1), C)-sphere. The first goal of this article is the proof of the

following result.

Theorem 1. Let T > 0 and p € H3((0,1),R) be such that

& *
de > 0 such that yE; < |{pepr, r)|, Yk € N*. (1.5)

There exists 6 > 0 and a C' map

r: Vr — L*(0,7),R)
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where
Vr = {4y € SN Hy ((0,1),C); [0y — o (T) || g3 < 6},
such that, T'(¢1(T)) = 0 and for every ¢y € Vr, the solution of (1.1) with initial
condition
¥(0) =1 (1.6)
and control u = T'(vy) satisfies (1) = 1y.

Remark 1. Thanks to the time reversibility of the system, Theorem 1 ensures the local
controllability of the system (1.1) around the ground state : for every T > 0, there exists
0 > 0 such that, for every vo,vy € SN Hy((0,1),C) with [l — 11(0)||ms + [lvoy —
U1(T)|| s < 0, there exists a control uw € L*(0,T) such that the solution of (1.1) with
initial condition ¢ (0) = vy satisfies Y(T) = ;.

Remark 2. The assumption (1.5) holds, for ezample, with u(x) = 22, because

(@01, 1) = / 222 sin(k7x) sin(mz)dr = 123,%;;21)2 Z
0

B if k= 1. (17)

But it does not hold when (upy, or) = 0, for some k € N*, or when p has a symmetry
with respect to x = 1/2. However, the assumption (1.5) holds generically with respect to
we H3((0,1),R) because

<Mg01790k> _ 4[(_1) +1]§3/7E;) - /L’(O)] - (2{?)3/0 (M@l)lu(l') COS(kZﬂ'J])dl’,Vk‘ e N*. (18)

(see Appendiz 6.A for a proof). Thus, Theorem 1 is very general.

6.1.2 A simpler proof

The local exact controllability of 1D Schrodinger equations, with bilinear control, has
already been investigated in [14, 15, 17], (see also [16] for a similar result on a 1D beam
equation). In these articles, three different models are studied. The local controllability
of the nonlinear system is proved thanks to the linearization principle :

— first, we prove the controllability of a linearized system,

— then, we prove the local controllability of the nonlinear system, by applying an

inverse mapping theorem:.

This strategy is coupled with the return method and quasi-static deformations in [14, 17]
and with power series expansions in [15, 17| (see |31, 33] by Coron for a presentation of
these technics). In these articles, the most difficult part of the proof is the application of
the inverse mapping theorem. Indeed, because of an a priori loss of regularity, we were
led to apply the Nash-Moser implicit function theorem (see, for instance [6] by Alinhac,
Gérard and [39] by Hormander), instead of the classical inverse mapping theorem. The
Nash-Moser theorem requires, in particular, the controllability of an infinite number of
linearized systems, and tame estimates on the corresponding controls. These two points
are difficult to prove and lead to long technical developments in [14, 15, 17].

In this article, we propose a simpler proof, that uses only the classical inverse map-
ping theorem (needing the controllability of only one linearized system), because we
emphasize a hidden regularizing effect (see Proposition 2).
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Therefore, the controllability result of Theorem 1 enters the classical framework of
local controllability results for nonlinear systems, proved with fixed point arguments
(see, for instance, [56] by Rosier, [29] by Cerpa and Crépeau, [59] by Russell and Zhang,
|64] by Zhang, |65] by Zuazua; this list is not exhaustive).

6.1.3 Additionnal results

The proof we developed for Theorem 1 is quite robust, thus we could apply it to
other situations : other linear PDEs and also nonlinear PDEs, that are presented in the
next subsections. This shows that the strategy proposed in this article works for a wide
range of bilinear systems.

6.1.3.1 Generalization to higher regularities

The first situation is the analogue result of Theorem 1, but with higher regularities :
we prove the local exact controllability of (1.1) in smoother spaces and with smoother
controls. Namely, we prove the following result.

Theorem 2. Let T > 0 and p € H°((0,1),R) be such that (1.5) holds. There exists
§>0 and a C* map
r: Vr — HN0,T),R)
vy o= D(dy)
where
Vr = {4y € SN Hy ((0,1), C); [0y — oo (T) || s < 6},
such that, T'(¢1(T")) = 0 and for every ¢y € Vp, the solution of (1.1), (1.6) with control
u=TI'(¢5) satisfies P(T) = 1y.

Of course, the strategy may be used to go further and prove the local exact control-
lability of (1.1) around the ground state
— in H[,(0,1) with controls in H2((0,T),R),

(0)
— in H{,(0,1) with controls in H3((0,T),R), etc.

(0)

6.1.3.2 On the 3D ball with radial data

The second situation is the analogue result of Theorem 1, but for the Schrédinger
equation posed on the three dimensional unit ball B? for radial data. In polar coordi-
nates, the Laplacian for radial data can be written

Au(r) = 0*u(r) + garu(r).

dZu(r)
r

In particular, we have A (@) = . The eigenfunctions of the Dirichlet operator

A = —A with domain D(A) := HZ2 4., N H}(B?) are ¢ = SZTL\/I%T) with eigenvalues

Ax = (km)% Thus, we study the Schrédinger equation

iG55t r) = —Av(t,r) —u(tp(r)p(t ), € (0,1), (19)
Y(t, 1) = 0. :
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The theorem we obtain is very similar to Theorem 1.

Theorem 3. Let T > 0 and p € H*(B* R) radial be such that

c
de > 0 such that =] < [{epr, )|, VE € N, (1.10)

There exists § > 0 and a C' map
r: Vr — L?(0,7),R)
where
Vr = {5 € SN Hig) 0a(B°, C); [0y = 1(T) s < 0},

such that, T'(¢1(T)) = 0 and for every vy € Vr, the solution of (1.9) with initial
condition

¥(0) =1 (1.11)
and control uw=T'(¢y) satisfies Y(T') = 1.

The analysis is very close to the 1D case since for this particular data, the Laplacian
behaves as in dimension 1. We refer to Appendix A for the proof of the genericity of
the assumption (1.10). Note that this simpler situation has also been used by Anton for
proving global existence for the nonlinear Schrodinger equation [8].

6.1.3.3 Nonlinear Schrédinger equations

The third situation concerns nonlinear Schrédinger equations. More precisely we
study the following nonlinear Schrédinger equation with Neumann boundary conditions

{ Zla(;%_if(tv J}) :a_gQT%)(t? [E) + |¢|2¢(t7 x) - u(t)ﬂ(x)¢(tv CL’), T e (0’ 1)7 le (O’ T), (1.12)
5 (t,0) = 55(t,1) = 0.
It is a nonlinear control system where
— the state is ¢, with ||¢(¢)]|12¢0.1) = 1, Vt € [0, T,
— the control is the real valued function v : [0,7] — R.
We study its local controllability around the reference trajectory

(Vrep(t, ) == e upep(t) = 0).
More precisely, we prove the following result.
Theorem 4. Let T > 0 and p € H?(0,1) be such that

1
/ p(z) cos(krz)dx| > —° __VkeN, (1.13)
0

= h that
c >0 suc a max {1, k]2

There exists n > 0 and a Ct-map
I:Vr— L*((0,T),R)
where
V= {¢y € SNH(0,1);¢7(0) = ¥}(1) = 0 and ||y — ™| 5= < n}
such that, for every 1y € Vr, the solution of (1.12) with initial condition
¥(0,2) = 1,Vz € (0,1) (1.14)
and control u = I'(y) is defined on [0,T] and satisfies (1) = 1y.
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Remark 3. The assumption (1.13) holds generically in H?(0,1). Indeed, integrations
by part give

/01 u(z) cos(krz)dz = @ ((—1)’““//(1) +1/(0) + /01 w'(x) cos(km)dx> Wk € N*.

Other versions of this result, with higher regularities may be proved : the system is
exactly controllable, locally around the reference trajectory

— in H*(0,1) with controls in H}(0,T),

— in H%(0,1) with controls in HZ(0,T), etc.
Focusing nonlinearities may also be considered.

6.1.3.4 Nonlinear wave equations

The third situation concerns nonlinear wave equations. More precisely we study the
following wave equation with Neumann boundary conditions

{ Wit = Wy + f(w, we) + u(t)p(@)(w +wy), 2z € (0,1), € (0,T), (1.15)

we(t,0) = w,(t,1) =0,

where f is an appropriate nonlinearity, that satisfies, in particular, f(1,0) = 0. It is a
nonlinear control system where

— the state is (w, wy),

— the control is the real valued function w : [0,7] — R.
We study its exact controllability, locally around the reference trajectory

(Wrep(t, ) = 1, uper(t) = 0).
More precisely, we prove the following result.

Theorem 5. Let T > 2, p € H*((0,1),R) be such that (1.13) holds and f € C*(R? R)
be such that f(1,0) =0 and V f(1,0) = 0. There exists n > 0 and a C'-map

T:Vr — L*((0,T),R)

where

Vi o= {(wy,wy) € H> x H*((0,1),R); w}(0) = w}(1) = w/(0) = w}(1) =0
and [[wy — 1| gs + |[ws|la2 < n}

such that I'(1,0) = 0 and for every (wy,wy) € Vr, the solution of (1.15) with initial
condition

(w,w)(0,2) = (1,0),Vx € (0,1) (1.16)
and control u = I'(wy,wy) is defined on [0,T] and satisfies (w,w;)(T) = (wy, wy).

Other versions of this result, with higher regularities may be proved : the system is
exactly controllable, locally around the reference trajectory

— in H* x H3(0,1) with controls in H}(0,T),

— in H® x H*(0,1) with controls in H2(0,T), etc.
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6.1.4 A brief bibliography
6.1.4.1 A previous negative result

First, let us recall an important negative controllability result, for the equation (1.1),
proved by Turinici [62]. It is a corollary of a more general result due to Ball, Marsden
and Slemrod [10].

Proposition 1. Let 1) € SN H(QO)((O, 1),C) and U[T;u,vq| be the value at time T of
the solution of (1.1) with initial condition ¥ (0) = 1. The set of attainable states from

Yo,
0 {UIT 0o T > 0, € L(0,T), R)}

has an empty interior in S N H?O)((O,l),(C). Thus (1.1) is not controllable in S N
H{,((0,1),C) with controls in L, ([0, +00),R).

Proposition 1 is a rather weak negative controllability result, because it does not
prevent from positive controllability results, in different spaces. This had already been
emphasized for the particular cases studied in [14, 15, 17], in which the reachable set is
proved to contain H (70) or H (50+). In this article, we prove that the reachable set (at least

locally, with small controls in L*((0,7),R)), coincides with SﬂH?O), (which has, indeed,
an empty interior in S N H(QO)). Therefore, sometimes, Ball, Marsden and Slemrod’s
negative result is only due to an 'unfortunate’ choice of functional spaces, that does not
allow the controllability. It may not be due to a deep non controllability (such as, for

example, when a subsystem evolves independently of the control).

6.1.4.2 Iterated Lie brackets

Now, let us quote some articles about the controllability of quantum systems.

First, the controllability of finite dimensional quantum systems (i.e. modelled by an

ordinary differential equation) is well understood. Let us consider the quantum system
dX

where X € C" is the state, Hy, H; are n % n hermitian matrices, and t — u(t) € R is
the control. The controllability of (1.17) is linked to the rank of the Lie algebra spanned
by Hy and H; (see for instance [5] by Albertini and D’Alessandro, [7] by Altafini, [27]
by Brockett, see also [3] by Agrachev and Sachkov, [33] by Coron for a more general
discussion).

In infinite dimension, there are cases where the iterated Lie brackets provide the right
intuition. For instance, it holds for the non controllability of the harmonic oscillator (see
[50] by Mirrahimi and Rouchon). However, the Lie brackets are often less powerful in
infinite dimension than in finite dimension. It is precisely the case of our system. Indeed,
let us define the operators

D(fo) :== H?>N H}0,1), folv) := —o",
D(fl) = L2(07 1)7 fl(d]) = $2¢7
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which correspond to p(z) = z2. Let us compute the iterated Lie brackets at the point
©1(z) = v/2sin(rx). Since ¢, € D(fy), we can compute

[fo, fil(p1) = —dap) — 201,
Lf1, Lo, ill(W) = 8%y = 8 f1(¢p1).

Notice that [fo, f1](¢1) does not belong to D(fy) because [fo, f1](¢1)(1) = 4271 # 0.
Thus, in order to give a sense to the Lie bracket [fo, [fo, f1]], one needs to extend the
definition of fy to functions that do not vanish at x = 0, 1. A natural choice is

fo(W) = =" +4(0)dg — ¥ (1)6) (1.18)

because, with this choice, we have

(fo(1), ) = (¥, fo()), Ve € D(fo), V4 € H*(0,1),

in the sense

- /0 () () dr = — /0 ()" ()dz — ' (1)(1) + 3/ (0)1(0).
With the definition (1.18), we get
[fo, [fo, 1]l (¥) = =8fo(¢) +4¢'(1)

But then, again, [fo,[fo, [fo, f1]]] is not well defined. Moreover, even if we could give
a sense to any iterated Lie bracket, because of the presence of Dirac masses, it would
not be clear which space the Lie algebra should generate in case of local controllability.
Therefore, the way the Lie algebra rank condition could be used directly in infinite di-
mension is not clear (see also [33] for the same discussion on other examples). This is
why we develop completely analytic methods in this article.

Finally, let us quote important articles about the controllability of PDEs, in which
positive results are proved by applying geometric control methods to the (finite dimen-
sional) Galerkin approximations of the equation. In [4] by Sarychev and Agrachev and
|60] by Shirikyan, the authors prove exact controllability results for dissipative equations.
In [30], by Boscain, Chambrion, Mason and Sigalotti, the authors prove the approximate
controllability in L?, for bilinear Schrédinger equations such as (1.1).

We also refer to the following works about the controllability of finite dimensional
quantum systems |2, 21, 22, 23, 24, 25, 26|, by Agrachev, Boscain, Chambrion, Charlot,
Gauthier, Guérin, Jauslin and Mason, [41] by Khaneja, Glaser and Brockett, [54] by
Ramakrishna, Salapaka, Dahleh, Rabitz, [61] by Sussmann and Jurdjevic, [63] by Turi-
nici and Rabitz. Let us also mention [51| by Mirrahimi, Rouchon, Turinici and [18] for
explicit feedback controls, inspired by Lyapunov technics.

6.1.4.3 Controllability results for Schrédinger and wave equations

The controllability of Schrodinger equations with distributed and boundary controls,
that act linearly on the state, is studied since a long time.
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For linear equations, the controllability is equivalent to an observability inequality
that may be proved with different technics : multiplier methods (see [37] by Fabre,
[48] by Machtyngier), microlocal analysis (see [47] by Lebeau, [28] by Burq), Carleman
estimates (see [43, 44| by Lasiecka, Triggiani, Zhang), or number theory (see [55| by
Ramdani, Takahashi, Tenenbaum and Tucsnak).

For nonlinear equations, we refer to [34] by Dehman, Gérard, Lebeau, [42| by Lange
Teismann, [45, 46] by Laurent, [57] by Rosier, Zhang.

6.1.4.4 Other results about bilinear quantum systems

The study of the controllability of Schrodinger PDEs with bilinear controls started
later.

The first result is negative and it is due to Turinici (see [62] and Proposition 1). It
is a corollary of a more general result by Ball, Marsden and Slemrod [10]. Because of
this noncontrollability result, such equations have been considered as non controllable
for a long time. However, important progress have been made in the last years and this
question is now better understood (see section 6.1.4.1). Let us also mention that this
negative result has been adapted to nonlinear Schrédinger equations in [40] by Ilner,
Lange and Teismann.

Concerning exact controllability issues, local results for 1D models have been proved
in [14, 15] by Beauchard ; almost global results have been proved in [17], by Coron and
Beauchard. In [32], Coron proved that a positive minimal time was required for the local
controllability of the 1D model (1.1) with pu(z) =2 —1/2.

Now, let us quote some approximate controllability results. In [20] Mirrahimi and
Beauchard proved the global approximate controllability, in infinite time, for a 1D mo-
del and in [49] Mirrahimi proved a similar result for equations involving a continuous
spectrum. Approximate controllability, in finite time, has been proved for particular
models by Boscain and Adami in [1], by using adiabatic theory and intersection of the
eigenvalues in the space of controls. Approximate controllability, in finite time, for more
general models, have been studied by 3 teams, with different tools : by Boscain, Cham-
brion, Mason, Sigalotti [30], with geometric control methods; by Nersesyan [53, 52| with
feedback controls and variational methods; and by Ervedoza and Puel [36] thanks to a
simplified model.

Let us emphasize that the local exact controllability result of this article and the
global approximate controllability of [53, 52] can be put together in order to get the
global exact controllability of 1D models (see [52]).

Optimal control techniques have also been investigated for Schrédinger equations
with a non linearity of Hartee type in [11, 12] by Baudouin, Kavian, Puel and in [35]
by Cances, Le Bris, Pilot. An algorithm for the computation of such optimal controls is
studied in [13] by Baudouin and Salomon.

6.1.5 Structure of this article

This article is organized as follows.
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Section 6.2 aims at proving the controllability for the linear Schréodinger equations.
The Subsections 6.2.1, 6.2.2, 6.2.3 and 6.2.4 are dedicated to the different steps of the
proof of Theorem 1, where the equation is posed on a bounded interval. The Subsection
6.2.5 is dedicated to the proof of the same result with higher regularities, i.e. Theorem
2. The Subsection 6.2.6 is dedicated to the Schrédinger equation for radial data on the
three dimensional ball, i.e. the proof of Theorem 3.

In Section 6.3, we prove Theorem 4 concerning the nonlinear Schrodinger equation
(1.12).

In Section 6.4, we prove Theorem 5 concerning the nonlinear wave equation (1.15).

Finally, in Section 6.5, we state some conclusions, open problems and perspectives.

6.1.6 Notations

Let us introduce some conventions and notations that are valid in all this article.
Unless otherwise specified, the functions considered are complex valued and, for example,
we write Hj(0,1) for H}((0,1),C). When the functions considered are real valued, we
specify it and we write, for example, L*((0,T),R). We use the spaces

h*(N*,C) := {a = (ar)pen+ € CN*;Z k*ap|* < +oo}
k=1

equipped with the norm

° 1/2
s = (Z |k’5ak|2> :

k=1

la

The same letter C' denotes a positive constant, that can change from one line to another
one. If (X, [[.][) is a normed vector space and R > 0, Bg[X] denotes the open ball
{z € X;||z|| < R} and Bg[X] denotes the closed ball {z € X;||z| < R}.

6.2 Linear Schrodinger equations

The goal of this section is the proof of controllability results for linear Schrédinger
equations, with bilinear controls.

The Subsections 6.2.1, 6.2.2, 6.2.3 and 6.2.4 are dedicated to the different steps of the
proof of Theorem 1, where the equation is posed on a bounded interval. In Subsection
6.2.1, we prove existence, uniqueness, regularity results and bounds on the solution of
the Cauchy problem (1.1), (1.6). In Subsection 6.2.2, we prove the C'-regularity of the
end-point map associated to our control problem. In Subsection 6.2.3, we prove the
controllability of the linearized system around the ground state. Finally, in Subsection
6.2.4, we deduce Theorem 1 by applying the inverse mapping theorem.

The Subsection 6.2.5 is dedicated to the proof of the same result with higher regu-
larities, i.e. Theorem 2.
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The Subsection 6.2.6 is dedicated to the Schrédinger equation for radial data on the
three dimensional ball, i.e. the proof of Theorem 3.

In all this section (except in Subsection 6.2.6), the operator A is defined by (1.2),
the spaces H{ (0,1) are defined by (1.4) and et denotes the group of isometries of
H(SO)(O, 1), Vs > 0 generated by —iA,

e Mo =Y (o, pr)e My Vo € LX(0,1). (2.19)
k=1

We use few classical results concerning trigonometric moment problems that are recalled
in Appendix B.

6.2.1 Well posedness of the Cauchy problem

This subsection is dedicated to the statement of existence, uniqueness, regularity
results, and bounds for the weak solutions of the Cauchy problem

% = P () — ft,x), z € (0,1), € Ry,
$(t,0) = P(t,1) =0, (2.20)
$(0,x) = ().

Proposition 2. Let p € H*((0,1),R), T > 0, ¢y € H(0,1), f € L*((0,T), H* N Hy)
and v € L*((0,T),R). There exists a unique weak solution of (2.20), i.e. a funclion
Y e C°([0, 17, H(?’O)) such that the following equality holds in H(:”O)(O, 1) for every t € [0,T7,

B(t) = e Mgy + i / e~ A (P p(r) + £(r))dr (2.21)

Moreover, for every R > 0, there exists C = C(T', p, R) > 0 such that, if ||u|| 20, < R,
then this weak solution satisfies

lelleoqory ) < € (Iollmg, + 1 lLzaqomy monm ) (2:22)

(0)

If f =0 then
1)l 20,1) = 1Yol £2(0,1), VE € [0, T7. (2.23)

The main difficulty of the proof of this result is that f(s) is not assumed to belong
to H3 1(0,1) (i.e. f”(s,.) may not vanish at z =0 and = = 1), and x is not assumed to
satlsfy 1/ (0) = /(1) = 0 (and thus the operator ¢ — ue does not preserve H?O)(O, 1)
because for ¢ € H?O)(O, 1), we have (up)” = 2p'¢’ at x = 0 and = = 1). The argument
for proving Proposition 2 comes from the following Lemma.

Lemma 1. Let T > 0 and f € L*((0,T), H* N H}). The function G : t v+ [} e f(s)ds
belongs to C°([0, T, H(30)), moreover

HGHLOO( O1),H3 ) S CI<T)|’fHL2((O,T),H3ﬁH(}) (2.24)

(0))

where the constants c1(T') are uniformly bounded for T lying in bounded intervals.
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Proof of Lemma 1 : By definition, we have

o0

6= [ reneeas) o

k=1
For almost every s € (0,T), f(s) € H* N H}, and we have
(f(s),00) = % f(s), k)
= fo 1" (s, x)sin(kmz)dx
) ((— VEf(s,1) —f”(s,O)) — kﬂ)g fo 1" (s, x) cos(kmz)dz.

A

Thus, we have

IG®ly,

[y (s) pnyeeds]|
L; (’fo f// s 1 zAkstH + Hfo f// s 0 zAksdsH >
Jo(f"(5), V2 cos(kmz)) “’fsds‘ .

/N

1
3

The family (v/2 cos(k7x))gen- is orthonormal in L2(0,1), thus

|t Vacosthmaensas], = (5 i), veostire) iAdeSr)l/z

1/2
< (kgltfo 1(f"(s), ﬁcos(lmx))Pds)

1/2
VE(J3 177 () 3ads)
Vi Fllz2(0.0,5%)-

Thanks to Corollary 4 (in Appendix B), we get

IG ),

<
<

< LGOI 0) o) + 157G Do) + sz
< a®lfll .m0

where ¢;(t) is uniformly bounded for ¢ lying in bounded intervals. This bound shows

that G(t) belongs to H?O)(O,l) for every t € [0,7] and that the map t € [0,7] —
G(t) € H(BO) is continuous at t = 0 (because ¢ (t) is uniformly bounded when ¢ — 0 and
| £l 22 ((0,0), 30 m3) — O when ¢ — 0, thanks to the dominated convergence theorem). The

continuity of G at any ¢ € (0,7) can be proved similarly. [J
Proof of Proposition 2 : Let u € H*((0,1),R), T > 0, ¢ € H)(0,1), f €
L*((0,T), H*N H}) and v € L*((0,T),R). We consider the map

F: C[0,T),HYy) — C°([0,T], HY)

(2 = 3
where £ := F(1) is defined by

E(t) 1= e~y + i /O o~iA(t=5) (U(S)W(SH f(s))ds,Vt e [0, 7). (2.25)
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We have assumed that f € L?((0,7), H* N H}) and u € L*(0,T), thus, for every ¢ €
C([0, T, H{})), the map (upyp + f) belongs to L*((0,T), H*N Hg) and Lemma 1 ensures

that F takes Values in C°([0,T7, H3 }). We have also used that in dimension 1, H?3 is an
algebra.

Thanks to (2.24), we get, for every t € [0, T],

3

IF @) — F() Ol —Hfo Aou(s)u(ty = ) (5)ds| .

<al(t )”Uﬂ(% - wZ)HLQ((O,t),H3ﬂH§)
< a@lull 2 llwr — )l oo (0,0, 530 m2)
< a()||lull 20,0 C (WY1 — V2l oo (0,0, 12

)

thus

[1F (1) = F(¥2)|l 2 (0m), (T, )llull 2o ll9r = ballz~omymz - (2:26)

(0))

If ||u||z2(0,r) is small enough, then F' is a contraction. Thanks to the Banach fixed point
theorem, there exists ¢ € C°([0, T, H(30)) such that F'(1) = 1. The previous arguments
show that, for this fixed point, we have

9] oo (0,1),H) S < ol s +co(T, ,“)HU”L2 0,7) M’HLO@( 0,7),

. + e (D fll 20,0y, 530mH)-

H{y))
Thus, if co(T, p)|Jul| z2(0,r) < 1/2, then, we get (2.22).

We have proved Proposition 2 when ||u||12(o.r) is small enough. If it is not the case,
one may consider 0 = Ty < T} < ... < Ty = T such that [[ul|z2(7, 1,,,) is small and
apply the previous result on [Ty, T1], ..., [Ty—1, Tv] in order to get the conclusion. Since
our constant ¢;(t) is uniform on bounded sets, we easily get that N only depends on R,
so that the constant in Proposition 2 does only depend on 7T, ; and R as claimed.

Now, let us prove that (2.23) holds when f = 0. Classical arguments allow to prove
that, when v € C°([0,7T],R), then v € C'([0,T],L?) and the first equality of (1.1)
holds in L? for every t € [0, T]. Thus, when u € C°([0,T],R), we can take the L?-scalar
product of this equation with ¢ ; and the imaginary part of the resulting equality gives

W( M- =
Thus, we have (2.23) when u € C°([0, T],R). A density argument allows to prove (2.23)
when v only belongs to L?((0,7),R). O
6.2.2 ('-regularity of the end-point map

For T > 0 we introduce the tangent space of S at 1, (7T)

Vr o= {€ € L*(0,1); R(&, (7)) = 0}
and the orthogonal projection

Pr: L*(0,1) — V.
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Proposition 2 allows to consider the map

Or: L*(0,T),R) — VpnH}(0,1)

w e Pr(T)] (2:27)

where 9 is the solution of (1.1), (1.6). The goal of this section is the proof of the following
result.

Proposition 3. Let T > 0 and u € H*((0,1),R). The map O defined by (2.27) is C*.
Moreover, for every u,v € L?((0,T),R), we have

dOr(u).v = Pr[V(T)] (2.28)
where U is the weak solution of the linearized system

)W —v(t)u(x),z € (0,1),t € (0,T),

Za — g — () (
=0, (2.29)

() ()
W (0, z) =

and 1 is the solution of (1.1),(1.6).

Proof of Proposition 3 : Let T > 0, u € H3((0,1),R) and u € L?((0,7T),R). First,
let us emphasize that the linear map v — W(T) is continuous from L?((0,7),R) to

H{,(0,1) thanks to Proposition 2.

First step : We prove that O is differentiable and that (2.28) holds. Let ¢ be the
weak solution of (1.1),(1.6), ¥ solution of (2.29) and v solution of

% = w — (u+v)()p(2), z € (0,1),t € (0,T),
Y(t,0) = ¥(t,1) =0, (2.30)
»(0, ) = 1.

Then A := QZ — 1) — VU is the weak solution of

o = A" = (utv)O)u(x)A —v(t)p¥,z € (0,1),t € (0,7),
A(t,0) = A(t,1) =0, (2.31)
A(0,z) =0.

Let us prove that

[Allcoommg,) = olv]lz2) when [|v]| L2 — 0, (2.32)

which gives the conclusion. Let R > 0 be such that ||u|| 27y < R and |[|[u+v|/ 20 < R.
Thanks to Proposition 2, there exists C; = C;(7, p, R) > 0 for j = 0, 1 such that

|Alloogoiyaz, ) < Collo®llzeqoiry gy < Calloll2¥leogo s,

< Collopdd|| 20,1y, H3nmY)
< ClHUHLQH@DHCO ([0,T),H
< CoChllollc2llen s,

1% looqo s,

(0))
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which proves (2.32).

Second step : We prove that dOr is continuous. Actually, we prove that this map is
locally Lipschitz. Let u,u € L*((0,7),R) and v € L*((0,T),R). Let ¢ be the solution
of (1.1),(1.6), ¥ solution of (2.29) and 1, ¥ solution of

= " = Ut) ), i%0 = =0 — U(t)p() ¥ — v(t)u(z)P,
B(t,0) = B(t,1) = 0, ga0> (¢, 1) =0,
0(0,2) = g1, v(0,z) =0,
We have B
[dO7(u) — dOr(w)].v = Pr[¥(T) — ¥(T)] = Pr[=(T)]

where = is the weak solution of

1B = P2 ()= — (u— W)V — vp(h — ),
=(t,0) ~Z(t,1) = 0,
2(0) = 0.

Let R > 0 be such that ||u|[r2¢0,1) < R, ||t/ z2(0,m) < R. Let us prove that
HE|’CO([0,T},H<30)) < Cllvllz2flw — allr2
where C = C(T, pt, R) > 0, which gives the conclusion. Thanks to Proposition 2, we have

Hy)) < Cof|(u — “)/“I’ +op(y — WHH ((0,T),H3NH})

)
C (Il = @ll 2 ¥l cogormy sy + a2 l1e = Dlowqorrm, )

@|m—ummwwmﬂ0ﬂmmm+wwHMu—mmmponH%mQ

1=l coqo,m,

Cs (Il = @l zellol 2 1 ¥ lcmqommy y + o2l = w2 lleogo iy, )
Collu — 2o

INCINININ

where C; = C;(T, pu, R) > 0 for j =2,...,6. O

6.2.3 Controllability of the linearized system

The goal of this section is the proof of the following result.
Proposition 4. Let T > 0 and p € H3*((0,1),R) be such that (1.5) holds. The linear
map dO7(0) : L*((0,T),R) — Vo N H(?’O) (0,1) has a continuous right inverse dOr(0)~! :
Ve 0 HE,(0,1) — L2((0,7T),R).

The proof of Proposition 4 relies on an Ingham inequality, due to Haraux (see [38]
and Appendix B).

Proof of Proposition 4 : We have dO7(0).v = ¥(T) where

Z 8t = -0~ U( ):uwla
U(t,0)=V(t,1) =0, (2.33)
v(0) =0,



264 LINEAR SCHRODINGER EQUATIONS

thus
T
k=1 0

Let Wy € Vp N Hg) (0,1). If W is the solution of (2.33) for some v € L*((0,T), R), then,

the equality W(T") = ¥, is equivalent to the trigonometric moment problem

iAgT

T
' v
/ ()M = dy_y (T) = (W, pp)e ™
0

: Wk € N*. 92.34
i, e (2:34)

Now, we apply Corollary 1 (see Appendix B) with wy := A1 — A1, Vk € N, and we get
the conclusion with

dOr(0) 1 (¥y) := L[d(V,)],

where d(V¢) = (di(Vy))ken. Indeed, for Uy € Vp N H(?’O)(O,l), the sequence d(Wy)
belongs to [2(N,C) thanks to the assumption (1.5). O

6.2.4 Proof of Theorem 1

Let T > 0 and p € H?((0,1),R) be such that (1.5) holds. Let R; > 0 and d; > 0 be
such that,

Yu € Bg,[L*((0,T),R)], the solution of (1.1), (1.6) satisfies R(x(T), ¥ (T)) > 0,
(see Proposition 2) and

Vi € S0 HY(0,1) with [y — ()|, < 61, we have R(y, vr(T)) > 0.

The spaces Bg, [L?((0,T),R)] and Vy N H(?’O)(O, 1) are Banach spaces. The map O :
Bp,[L*((0,T),R)] — Vp N H, (0,1) is C* (see Proposition 3), its differential at 0 has a
continuous right inverse dO7(0)~! : Vo N Hp, (0,1) — L*((0,T),R) (see Proposition 4).

Thanks to the inverse mapping theorem, there exists § € (0,4;) and a C' map

O7': Bs[Vr N H?O)(o, 1)] — Bg,[L*((0,T),R)]

such that @T(@}l(%)) = @fb\; for every 'l:Ef € Bs[Vrn H?O)(O, 1)].

For vy € SOH(?’O)(O, 1) with [|¢f —¢1(T)||H?0) < 6, we have ||PT77/Jf||H(30) < 6, thus we
can define

T(¢y) =: O3 [Pripy].

Thanks to the choice of Ry and 0; we know that the solution of (1.1), (1.6) with u =
I'(¢s) satisfies

Y(T) = Pr((T)) + /1 = [[Pro(T)][7.41(T)
= Pr(v) + /1= [[Propsl[7.91(T) =
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6.2.5 Generalization to higher regularities

The goal of this section is the proof of Theorem 2. The first step of the proof consists
in adapting Proposition 2.

Proposition 5. Let u € H°((0,1),R), T >0, v € H},(0,1), f € Hy((0,T), H* N Hy)
and w € H}((0,T),R). There exists a unique function ¢ € C’l([O,T],H(?’O)) such that
the equality (2.21) holds in C’l([O,T],H(?’O)). Moreover, for every R > 0 there exists

C = C(T, u, R) > 0 such that, if HuHH&(O’T) < R, then, this weak solution satisfies

lllerqom iz, < C(llvol

H<50) + ||f||H1((O,T),H3ﬂH3)>' (235)

The proof of Proposition 5 is the same as the one of Proposition 2, except that we
use the following Lemma, instead of Lemma 1.

Lemma 2. Let T > 0, ug € H> N Hpjy and f € H'((0,T), H*> N Hy) be such that
—iAug + f(0) € H(30). The function G : t — e "y, + fg e~ At=3) f(s)ds belongs to
C1([o,T], H(SU)), moreover

Gllen o1, ) < ea(T) (ollmy, + 1l orvarsmingy + 1| = iAuo + £y )

where the constants c1(T) are uniformly bounded for T lying in bounded intervals. We
also have

| —iAG(T) + (T, < ex(T) (Wuollgy, + 11l oy sy + 1| = iAuo + F(O) g ) -

Proof of Lemma 2 : We already know that G € C°([0,T], H?O)). First let us write

t
G(t) = e Mg + / e AT (t — 1)dr.
0

Since ug € Hg,y and f € H'((0,T), Hf,), we know that G € C'([0,T], Hf,) and the
following equality holds in H (20) for every t € [0, 7],

oG A —iAL —iAt / . of .
o (t) = —iAe "ug+e " f(0) + i e 5 (t —7)dr
| to o Bf
= e M —jAuy + f(0)] + / eﬂA(t*s)E(s)ds
0

(the proof of this result involves classical technics). Thanks to this expression and Lemma
1, we get

oG
E € CO([OaTL H?O))

Now, let us prove that G € C1([0,T], H(?’O)), i.e. for every t € [0, 77,

B a1

— 0 when h — 0.
)
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We have
G’(t—l—h]z—G(t) _ %(t) —  iAt [e*iAZ—Iduo T iAug — f(O)] +% tt+h efiATf(t +h— T)dT
t AT h—7)—f({t—T
—|—f06 A [—f(H f)L f(t=7) —%(t—ﬂ] dr.

(2.36)
By applying Lemma 1, we see that the H?O)(O, 1)-norm of the term on the second line of
the right hand side of (2.36) tends to zero when h — 0 because f € H'((0,T), H*NH}).
Thanks to several changes of variables, the term on the first line of the right hand side
of (2.36) may be decomposed in the following way

o—iAt [#f <u0 + iA*{f(O)) + iA(uo + iA*lf(O)ﬂ

feidtl Oh —ids (f(h _ g f(O))ds. (2.37)

The H 0)(0,1)-norm of the first term of (2.37) tends to zero when & — 0 because
uy + zA Lf(0) € H3,(0,1). The H?O)(O, 1)-norm of the second term of (2.37) also tends

(0)
to zero when h — 0 because, thanks to Lemma 1 and Cauchy-Schwarz inequality, it is

bounded by
zAs d ‘ < h f()—f(o)‘
( ) ° ", <alh) h L2((0h) H3AHY)
h’H )] g Gl
fo o L2((0,h), H3NH}) S fo T Loo((0,h), H3NHY)
of
S Cl(h)‘ O || L2((0,n), H30HE)

The estimate (2.24) of Lemma 1 gives the first inequality of Lemma 2. Moreover, by
integration by part in time, we get

t
CIAGH) = —ideiMy, — / Pt — 7)dr
0
. . tOf
= —iAe My + e F(0) — f(1) + / e‘””a(t —7)dr.
0
We get the second estimate thanks to the identity
. —i At . —zA t—7) af
—1AG(t) + f(t) = e [—iAug + f(0)] + o —(7)dr.O
0

The following statement is the appropriate adaptation of Propositon 3.

Proposition 6. Let T > 0 and p € H?((0,1),R). The map Or defined by (2.27) is C*
from Hy((0,T),R) to VN H, (0, 1).

Proof of Proposition 6 :

First step : we prove that ©r maps Hy((0,T),R) into Vp N Hiy(0,1). Let u €

Hy((0,7),R) and ¢ be the weak solution of (1.1), (1.6). Then ¢» € C'([0,T], Hg,) N
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C([0, T], Hy) and the first equality of (1.1) holds in Hf for every ¢ € [0, 7] (the proof
of this result involves classical technics). In particular, we have

[ ()| \‘

which is finite, thanks to Proposition 5.

(M),

©
(T) H because uw(T)=0

oy
ot

Second step : We prove that O : H}((0,T),R) — VrnN H(E’O) is differentiable. Let
u,v € HY((0,T),R), ¥, ¥, 1 be the weak solutions of (1.1),(1.6), (2.29), (2.30). Then,
A =1 — 1 — VU is the weak solution of (2.31). Let us prove that

IAT) g, = o([0]y) when o]y — 0.

which gives the conclusion. Let B > 0 be such that |lul[; < R and [[u + v[|g < R.
Thanks to Proposition 5, there exists C' = C(T, u, R) > 0, C; = Cy(p) > 0 such that

1AM

= IIA” M,

©
H because u(T) = v(T) =0

< CHUM‘I’HH(} (0,T),H30H5)
< CC ol ¥ e ormy
CzClHUHHl”WWHHl ((0,T),H3NH})

< CQCQH”Hm’W”Cl (0,71, H,))-

The proof of the continuity of the map dOr : H}((0,T),R) — L(H}, Vs NH 0)) involves
similar arguments. []

Remark 4. With the same kind of arguments, we could get that Ay (t) — u(t)u(t) €
Co([0, T, Hfy)). Therefore, 4(t) does not, in general, belong to H, (0,1) for t € (0,T).

The following statement is the appropriate generalization of Proposition 4.

Proposition 7. Let T > 0, p € H*((0,1),R) be such that (1.5) holds and O be defined
by (2.27). The linear map dO7(0) : Hy((0,T),R) — Vp N H,(0,1) has a continuous
right inverse dO7(0)~! : Vr N H(E’O)(O, 1) — Hy((0,7),R).

Proof of Proposition 7 : Let ¥ € Vr N H{,(0,1). If ¥ is the solution of (2.33) for
some v € H}((0,T),R, then, the equality ¥(T') = ¥, is equivalent to the trigonometric
moment problem (2.34), or equivalently

fo dt = 0

fO dt i{pepr, s01><\1jf 501> i/\lT (2.38)
T B i

Jy o) v 35 (0 e > 2

The conclusion comes from Corollary 2 (in Appendix B). O

Now, Theorem 2 may be proved exactly as Theorem 1.
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6.2.6 Case of the three dimensional ball with radial data

The goal of this section is the proof of Theorem 3. This proof is very similar to
the case of the interval and we only give the necessary modifications. The equivalent
of Lemma 1 is proved with a similar computation for f € L*((0,T), H3,,N H(lo)). More
precisely, for almost every s € (0,7'), we have

1 1
Herad = [ fee=5 [ featn= 5 [ Areae
— L vane) Ve~ [ aps2as

on

To bound the first term, we use VAf € L?((0,7T), L*(B?)?) and the fact that the
functions (Vr/v/A)ren+ form an orthonormal family of L?(B3)3 because

2
/\k B3 /\k S2

V- Vp; = —/ Pilpj = Aj0; ;.
B3 B3
For the second term, since f and ¢, are radial, we have

1 O 23/2\/m(—1)*
- [ A do =
/\z g2 f<8) on 7 )\2/2

Af(s,r=1).

We conclude as in Lemma 1 for this term since the eigenvalues are the same and Corol-
lary 4 still applies. The genericity of assumption (1.10) is detailed in the Appendix A,
Proposition 17.

Remark 5. I is very likely that the same analysis would work in any dimension n < 5,
provided that H® remains an algebra. However, this would require the analysis of the
zeros of the Bessel functions and we have chosen to present the simplest result.

6.3 Nonlinear Schrodinger equations

In this section, we study the nonlinear Schrédinger equation with Neumann boun-
dary conditions (1.12). The goal is the proof of Theorem 4

First, let us introduce the following notations, that will be valid in all the section
6.3. The operator A is defined by

D(A) = H(QO)(O, 1):={p e H*0,1);¢'(0) = ¢'(1) =0}, Ap=—¢". (3.39)
Its eigenvectors (¢r)ren and eigenvalues (A )gen are

o =1, Ao =0

op(x) == ﬂcos(k:m;) A 1= (k7r)2,Vk; c N*. (3.40)

We introduce the spaces
H{(0,1) := D(A*?),¥s > 0 (3.41)

and the notation
k, := max{k,1},Vk € N. (3.42)
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6.3.1 Well posedness of the Cauchy problem

The goal of this subsection is the proof of the following result.

Proposition 8. Let p € H*((0,1),R) and T > 0. There exists 6 > 0 such that, for
every u € Bs[L?(0,T)], there exists a unique weak solution ¢ € C°([0,T], H(QO)) of (1.12),
(1.14). Moreover, we have

1@ 202) = %0l 20y, V¢ € [0, T,

We search ¢ in the form (¢, ) = e (1 + ((t, x)), where  is a weak solution of

i%e = ="+ (114> = DA+ ) —up(1+0),
C'(t,0)='(t,1) =0, (3.43)
¢(0,z) =0.

Proposition 8 will be the consequence of the existence and uniqueness of a weak solution
¢ for (3.43) (the conservation of the L?*-norm may be proved as in the linear case). In
order to precise the definition of such a weak solution, let us introduce the operator A
defined by

D(A) == H2,(0,1), AC:= —¢" +2R(C).

Then for every ¢ € H(QO)(O, 1) and every ¢t € R, we have

e’iAtC _ Z (ax(t) + ibx (1)) wr

where

ap(t) == R, 0));  bo(t) :== S((¢, po)) — 2tR((C, ¥o)),

ou(t) i= RUC. 91)) cosly/ MO0k + D]+ 1/ 125G ) sinly/ i + 20, v €

A + 2
Ak

Remark that these formulae are only the result of the diagonalization of the matrix

bi(t) == — R((Cs ) sin[ v/ Ax (A, + 2)H+S((C, pr)) cos[v/ Ae(Ax + 2)t], VE € N*

( _ AO+ 9 % ) obtained by the decomposition in real and imaginary part. Then Pro-

position 8 is equivalent to the following statement.

Proposition 9. Let p € H*((0,1),R) and T > 0. There exists 6 > 0 such that, for
every u € Bs[L*((0,T),R)], there exists a unique weak solution of (3.43), i.e. a function

¢ € Co%0, T, H(ZO)) such that the following equality holds in H(ZO) for every t € [0,T]

() = / e A0 (114 ()2 = 11+ C(s)] = 2RC(5)] — uls)ull + C(9)] ) ds. (3.44)

The proof of Proposition 9 relies on the following Lemma.
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Lemma 3. Let T > 0 and f € L*((0,T), H?). The function G : t — [; e =40~ f(s)ds
belongs to C°(]0, T, H(QO)), moreover

Gl L= (0m).12,) < oD fllz20.1).02)

where the constants co(T') are uniformly bounded for T lying in bounded intervals.

Proof of Lemma 3 : The proof of this Lemma is similar to the one of Lemma 1. By

definition, we have
0 ¢
— ZZ (/ y,ﬂf(t,s)ds) Ok
0

where
yr(t, s) == R{F(s), or)) cos[v/ Ae(Ax + 2)(t — 5)],Vk € N,
yi(t, s) \/)\k+2% ))sin[v/ k(A + 2)(t — s)], Vk € N,
yi(t, s) = — \/)\k+2 ))sin[v/Ax(Ar +2)(t — s)], Vk € N¥,
vi(t, s) = iS((f(s), px)) cos[v/ (A + 2)(t — 5)], Yk € N,
(t’ s) = yo(t s) == —2tR((f(s), px))-
We have

2) 1/2

Let us prove that there exists a constant ¢ = ¢(t) > 0 (uniformly bounded on bounded
intervals of ¢) such that

>

k=1

4 00 t
Gl < Z( 2 [ it s)as

a=1

1/2
t 2
kf/o y,ﬁ(t,s)ds‘ > < C(t)HfHL?((O,t),H?)- (345)

(the other terms may be treated in the same way). Integrations by part give, for almost
every s € (0,7,

(f(s), or) = \/52 ((—l)kf’(s, 1) — f'(s,0) — /0 (s, z) cos(kmc)da:) ,Vk € N™.

(k)
Thus, we have, for every k € N*,
k2 [ yi(t, s)ds = ‘[Sr)gl Iy £/(s,1) cos[\/ AN + 2)(t — s)]ds

‘[ fo 1'(s,0) cos[v/A(Ax +2)(t — s)]ds
% Jo (F"(5)s pr) cos[/ Mk +2) (¢ — 5)]ds.

We get (3.45) thanks to Corollary 4, as in the proof of Lemma 1. [

Proof of Proposition 9 : We introduce the function g : C — C defined by

g(2) = [T+ 2)* = 11 + 2] (3.46)
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We have dg(0).¢ = 2R((). Let ¢g = co(T") be as in Lemma 3. Let ¢y, ¢o,c5 > 0 be such
that

19(0) ~ dg(0) ¢l < ex (I, + 1< ). V€ € D, (3.47
l9(0)—=9()=dg(0)-(C=Olu= < c2ll¢—Cllaz, max{ll€]lz, . €132 56 € {C, CHVC,C € H,
(3.48)
il < eallCls ¥ € . (3.49)
Let R > 0 be small enough so that
2 5y _ It 2 1
coerVT(R? + R®) < £ and coco VT max{R, R*} < 7 (3.50)
Let 0 > 0 be small enough so that
R 1
codes(1+ R) < £ and codcs < 1 (3.51)

Let u € L*((0,T),R) be such that ||ul|;2(,r) < d. We consider the map

F: BglC*((0,T],HE))] — BrlCO([0,T], H)]
¢ — §

where & := F({) is defined by
6(0) = =i [ (lc(s) = da0)-C(s) = el + <)) ds

For ¢ € ER[CO([O,T],HEO))], the function g¢(¢) — dg(0).¢ — up[l + (] belongs to
L*((0,T), H?), thus £ belongs to C°([0, T}, Hf,) thanks to Lemma 3. Moreover, using
(3.47), (3.49), (3.50), (3.51), we get

€l ey < cof|9(0) = dg(0)-¢ = unlt +¢

L2((0,T),H?)
< co| VT 9(¢) — dg(0)-Cll oeqo,ry.2) + el 2o [l [ + C]||L°°((07T)7H2)]
< co|VTer (R + R?) + bes(1 + R)]
< R.

Thus, F takes values in Br[C°([0, T, H(QO))]

For ¢,¢ € Br[C°([0,T], H},)], using (3.48), (3.49), (3.50), (3.51), we get

= éMWOT(w
< eol[9(0) = 9(Q) — dg(0).C = ) —un(¢ = O,
< CO[\/T@HC CHLOC((OT)HQ max{R, RQ}+503||€ <||L°°((0T)H(O))
< IC = Clmqomyan, )

Thus F' is a contraction. [J
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6.3.2 Cl-regularity of the end-point map

Let T'> 0 and § > 0 be as in Proposition 8. Let

Vp = {90 € L*(0,1); R <eiT /01 gp(x)dx) = o} ,

and Pr : L*(0,1) — Vr be the associated orthogonal projection. Then, the following
map is well defined

Or: Bs[L*((0,T),R)] — H3(0,1)

1
v — Pr(T)], (3:52)

where 9 solves (1.12), (1.14). We want to prove that the map O is C* on a neighborhood
of zero. We have seen that 1 (t) = e *(1+((t)), where ( solves (3.43). Thus, it is sufficient
to prove the following statement.

Proposition 10. Let € H*((0,1),R), T > 0, 0 be as in Proposition 9, and

Or: Bs[L*((0,T),R)] — HE (0,1)
u = (1),

where ¢ solves (3.43). There exists & € (0,0) such that the map Or is C' on
Bs[L*((0,T),R)]. Moreover, for every u € Bs/[L*((0,T),R)] and v € L*((0,T),R) we
have

dOr(u).w = £(T) (3.53)

where & solves
i% = —¢" +dg(().£ — upé —vu(l+ ),
£(1,0) = €(0,1) =0, (854
£(0,2) =0,

g is defined by (5.46) and ¢ solves (3.43).

Proof of Proposition 10 : We use the same notations ¢y, ¢y, ¢2, c3, R, d as in the proof
of Proposition 9, in particular, the relations (3.47), (3.48), (3.49), (3.50), (3.51) are
satisfied. We introduce constants ¢4, ¢5 > 0 such that

1149(C) — dg(O)}hlls < eallblls mas{lICli, - IC 3 3., B € HE), (3.55)

l9(0)=9(0)—=dg(0).C=O) |2 < e5lIC—=Clmz) max{lill, . 1€]52 56 € {6, I} VC,C € Hy,
(3.56)

Moreover, we assume that
1
coV T max{cy, cs} max{R, R*} < 1 (3.57)

(this additional assumption may change 4 into a smaller value §’).
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Let u,v € Bs[L*((0,T),R)] be such that (u + v) € Bs[L*(0,T)]. Let ¢, ¢ and ¢ be
the solutions of (3.43), (3.54) an

Z@t "+ (142 =11+ ) — (w+v)u(l+ ),
¢'(£,0) ='(t,1) =0,
C(O,x) =0.

The existence of £ may be proved in a similar way as the existence of (.

First step : Let us prove that
||C CHLOO ((0,1),HE) S 2C003||1 + CHLOO ((0,7), H(O))HUHL?- (3~58)
Thanks to Lemma 3, (3.56),(3.49), (3.57) and (3.51), we have

16 = Cllzoe 01,2, )

< alfsC ) 010)— A0} 6 — ) (o - O =1+ 0,0

< CO[\/_CSHC Cll oo o) ),HZ) y max{ R, RQ}‘HSC&HC Cllzoe (o) ),HZ))
Hillsall + iy

< 5”( - CHLOO((O,T )+COHUHL2CBH1 + Cll oo ((0,1) ).H)

which gives (3.58).

Second step : Let us prove that the linear map

L*(0,T) — HE,(0,1)
v — £(T)

is continuous. Thanks to Lemma 3, (3.55), (3.49), (3.57) and (3.51), we have

||§||Loo((o T),H

) (20))

< COH [d9(¢) = dg(O)]€ —upg —vp(L+Q)f

< o |[VTerl|gll oy ) max{ B, B2} + 6c3||f||Lm((o,T>,Hgo)>

Hlvllzzesllt + Cllzeeor).m2)

< %HfHLOO ((0,1),H2)) + Co||U||L203||1 + Cllpee ((0,7),H2))>

which gives

€1 Lo 0,1), 122 (3.59)

2y < 2ccs|[oll 21+ Cllzee o). 2

)

_ Third step : Let us prove that Or is differentiable and that (8.53) holds. Let A :=
¢ — (¢ — & We want to prove that

IAM) |12, = o([[vllz2) when [v]|2 — 0.

Let € > 0. There exists 7 > 0 such that, for every f € L>((0,T), Hf,) with [|f —

Cllzes ((0,1),H},)) < T, We have

lg(f) — g(¢) — dg(¢)-(f — C)”L (0,T),H2 )

2) <ellf = Cllror.n

(o))"
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Let us assume that v is small enough so that

2¢o¢s|| 1+ Cllze o).z, ) 0l 2 <

Then, thanks to Lemma 3 and (3.58), (3.55) and (3.49), we have

||A||L°°((O,T),H(20))
< cof}9(Q) ~ 9(0) = dg(O)-(C =€) +[dg() — da(O)].A — (-t v} —opee]| ,
< < [\/Teué = Cllzseom,m2,) + VTea(R+ R Al o 0,11,

+5C3||AHL°°((0,T),H(20)) + HUHLZ’C:%HfHLoo((o,T),H(QO))]'

Thanks to (3.57) and (3.49), we get

HA”LOO((O,T),H(QO)) < 2¢q [\/Tﬁﬂé - C”LOO((O,T),H(?O)) + ||UHL203H§||Loc((o,T),H(20)) )

which gives the conclusion, thanks to (3.58) and (3.59).

The continuity of the map dOr may be proved with similar arguments. (]

6.3.3 Controllability of the linearized system

The goal of this section is the proof of the following result.

Proposition 11. Let T > 0 and p € H?*((0,1),R) be such that (1.13) holds.
Let 6 > 0 be as in Proposition 8 and Or be defined by (3.52). The linear map
dOr(0) : L*((0,T),R) — Vr N Hf(0,1) has a continuous right inverse dOr(0)~" :
Vr N H(QO)(O, 1) — L*((0,T),R).

Proof of Proposition 11 : It is equivalent to prove that the continuous linear map
dOr(0) : L*((0,T),R) — V N H) (0,1) has a continuous right inverse, where

T {90 e L2(0, 1);@}&/01@(93)% _ 0} |

We have dO,(0).v = £(T) where ¢ is the weak solution of

1% = =&+ 2R(¢) — v(t)u(x),z € (0,1),t € (0, T),
¢(t,0)=¢ 1) =0,
£(0,z) =0.

In particular, we have

e}

&T) = 2'/0 e ATy (s) uds = iZ[ak(T) + ibi (T)]

k=0

where

ao(T) = (1, o) / o(s)ds,
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bo(T) = —2(y1, o) / (T — tyo(s)ds,

ap(T) = (u, cpk>/0 v(s) cos[\/ MM + 2)(T — s)]ds, Vk € N*,

be(T) = — A’“A: 2<M, ©) /0 v(s) sin[y/ MM + 2)(T = s)]ds, Vk € N*.

For ¢, e f/ﬂH(zo)(O, 1), the equality £(7) = &; is equivalent to the following trigonometric

moment problem

T 9
Jy v(s)ds = do(&y) = ST, a—

T i s e~V A +2)T . "
Jy w()e VIO s — dy (¢p) 1= T (Sep, 0 + iy [ 525 R0E wk) ) TR € N
fOT sv(s)ds = J(ff) = Tdy(&p).

We conclude thanks to Corollary 2 (in Appendix B). O

The proof of Theorem 4 is completed using the same arguments as in Section 6.2.4
using the inverse mapping theorem and the conservation of the L? norm.

Remark 6. With the same method, one may prove the local exact controllability of the
focusing nonlinear Schrodinger equation

{ i%—f(t,l’) = —?)277’5(?5»@ - W%(t@) - u(t)u(x)¢(t,x),x € (Ov 1)7t € (O,T),
9L(t,0) = 2£(t,1) =0,

around the reference trajectory (Yrep(t,x) = €™ uper(t) = 0). The only difference in the
proof is that we get the frequencies \/ A\i,( A\, — 2) (instead of \/ A\e(Ax + 2)) in the moment
problem. When the space domain is the interval (0, 1), then all the quantities A,(A\ —2),
for k € N*, are positive (because N\, = (km)?), thus there is no additional difficulty.
When the space domain is different, for instance (0,a) with a large, then N\, = (km/a)?,
thus a finite number of the quantities A\y(A\, — 2) are negative : we get a new moment
problem with a finite number of moments with real valued exponentials, and an infinite
number of trigonometric moments, that can be easily solved by adapting the tools used
in this article.

6.4 Nonlinear wave equations

In this section, we study the nonlinear wave equation with Neumann boundary condi-
tions (1.15). The goal is the proof of Theorem 5. In all this section, we use the notations
defined in (3.39), (3.40), (3.41), (3.42) and all the functions are real valued.

First, let us check that the Cauchy problem is well posed in H(?’O) X H(QO)(O, 1), when
u € L*(0,T). In order to write the system (1.15) in first order form, let us introduce

D(A) = H,) x H'(0,1), A — < o ) ,

(4.60)
D(B) :=L* x L*(0,1),  B:= p(x) ( Iod IOd )
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and F : R? — R? defined by F(yi,y2) := (0, f(y1,2)). The operator A generates a
C°-group of bounded operators of H2) x H'(0,1) defined by

“(0)=(50)

w(t) = ((wo, po) + (1o, po)t) %00‘1‘2 <(w0, ou) cos(V/dut) + \/L/\—kWo, oy Sin(\/A_kt)) Pk

(t) = (i, p0)0 + 3 (v Ml oa) sin(v/Net) + (i, 1) cos(vNet))

k=1

ve () we (1)
ot

the equation (1.15) may be written

08_1;\/@’ x)=AW(t,z) + FOWV) +u(t)BW(t, ),z € (0,1). (4.61)

With the notation

Proposition 12. Let u € H*(0,1), T > 0, f € C*(R? R) be such that f(1,0) =0 and
Vf(1,0) = 0. There exists & > 0 such that, for every u € Bs[L*(0,T)], there exists a

unique weak solution of (4.61), (1.16), i.e. a function W € CO([O,T],HEO’O) X H(QU)) such
that the following equality holds in H(3) X H(QO)( 1), for every t € [0,T],
¢
W(t) = AW, + / A=) <F(W(T)) +u(r)BW(T) +]—“(7)>dr. (4.62)
0

The proof of this proposition relies on the following Lemma.

Proposition 13. Let T > 0 and g € L*((0,T), H?). The function G defined by

G(t) = /Ot A5 ( g(os) )ds

belongs to C°([0, T1, H(:”O) X H(QO)). Moreover, there exists a constant co(T) > 0, uniformly
bounded for T lying in bounded intervals, such that, for every g € L*((0,T), H?),

||GHL°°( (0,7),H3) x HZ,)) < CO(T)HQHLQ((O,T),HQy (4.63)

(0)

Proof of Proposition 13 : We have, for every t € [0, 7],

/ (9(5). o) o + 3 55 sin(VRes) )

(9(s), o)eo + Z( (5), 2r) cos(vV/Ars)

Thus, there exists C' > 0 such that

oo t
1G(t )HH(O)XH<2> <C LZO */0< (s). ¢ ”mds —i—)/ ), o)ds

] |
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We get the conclusion as in the previous sections. [

Proof of Proposition 12 : Let us introduce the constants ¢y, ¢9, c3 such that

[f (w, we)|| 2 < e l|(w — 1 wt)HHgO)Xng)aV(waW) € (1,0) + Bi[Hy) x H{y),  (4.64)

I 0) = £ )
< eff(w— W, Wy~ W g, <2, max{H(w b Lw) g sz, (@ = 1, @0) ||, 2 s
V(w, wy), (0, ) € (1,0) + Bl[ ) < Higl,
(4.65)
and (3.49) holds. Let R € (0, 1) be small enough so that
\/TCOClR2 < %, \/TCOCQR < i (466)
Let 0 > 0 be small enough so that
1 R
56003 < Z_l’ (50063(]. + PL) 5 (467)

Let u € B;[L*(0,T)]. We consider the map

F: (1,0) + Bg[CO([0,T), H,) x HY))
¢

— (1,0 +§R[CO([OaT]7H( 0) X H(Qo))]
= £
where .
£(t) = *Wot [ A (PIG) + u(r)BE() )arve € 0.7
0

For ¢ = (w,w;) € (1,0) + Bgl[C°([0,T], Hy, x Hgy)], the second component of
F(¢) +uB¢ belongs to L*((0,T), H?), thus & belongs to C°([0, T, Hy, x Hf,) thanks to
Proposition 13. Moreover, thanks to (4.63), (4.64), (3.49), (4.66), and (4.67), we have,
for every t € [0, T7,

1) = (1,0l ez, < coll Fw,we) + uplw + w202
Co \/_Hf (w, wy HLOO ((0,1),H2) T HUHL20T HM[erwt]HLoo(OT) H2)>

co(VTe R? + des(R + 1))
R.

NN IN N

Thus, F takes values in (1,0) + Bg[C°([0, T}, H, x HG,)).

For ¢ = (w,w),{ = (@,1) € (1,0) + Br[C°([0,T], Hi) x HE))l, thanks to (4.65),
(3.49), (4.66) and (4.67), we have

1) = F Ol oy

collf(w, we) — f(0, W) + uplw — D + wy — Wil 20,7, 12)

o[ V|| (wywe) = F(@,00) | oe(o:ry.02) + Sesl|C = mwmwM%J
\/TC2RHC CHLOO (0,T),H3 | x H? )+5C3HC —CHLoo((o,T),HS

() Ho) (0) < H{p))
QHC ¢l Lo qo.1,

NN IN N

H{y))
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Thus F is a contraction. [

Let T > 0, p € H*(0,1), f € C3(R?,R) be such that f(1,0) =0, Vf(1,0) = 0 and
0 > 0 be as in Proposition 12. Then, the following map is well defined
: 2 3 2
Or: Bs[L*(0,T)] — Hyy x Hy, (4.68)
u — (w,w)(T)
where (w,w;) is the weak solution of (1.15), (1.16). Working as in the previous section,
one may prove the following statements.

Proposition 14. Let u € H*(0,1), T > 0, f € C*(R% R) be such that f(1,0) = 0,
Vf(1,0) =0 and 6 > 0 be as in Proposition 12. The map Or defined by (4.68) is C*.
Moreover, for everyu € Bs[L*(0,T)] and v € L*(0,T), we have dOr(u).v = (W, W,)(T),
where (W, W) is the weak solution of

Wi = Wae + g_yfl(w’ we). W+ g‘;’—y’;<w, we) Wi +u(®)u[W + Wil + v(t) (@) [w + wi],
W, (t,0) = W,(t,1) =0,
(W, W)(0,2) = 0,
(4.69)
and (w,wy) is the weak solution of (1.15), (1.16).

Proposition 15. Let T > 2, u € H*(0,1) be such that (1.18) holds and f € C3*(R? R)
be such that f(1,0) =0, Vf(1,0) = 0. The linear map dO7(0) : L*(0,T) — HEO’O) X H(QO)
has a continuous right inverse dOr(0)~! : H?o) X H(QO) — L*0,T).

The proof is the same except that the gap between the eigenvalues does not tend to
infinity and we use Corollary 3.

6.5 Conclusion, open problems, perspectives

In this article, we have proposed a method for the proof of the local exact controlla-
bility for linear and nonlinear bilinear systems. We have applied it to Schrédinger and
wave equations, showing it works for a wide range of problems. It also works on other
equations (for instance it may prove an optimal version of the controllability result pro-
ved in [16] for a 1D Beam equation).

In this article, we have presented various examples of application of the method.
However, they all have in common that the linearized system fulfills a gap condition
on the eigenvalues of the operator. This condition is not necessarily realized for the
Schrodinger equation in higher space dimensions. Even in two dimension, we do not know
any example of domain where it is true. So, one challenging question is the extension
(or the impossibility to do it) of these results to other dimensions.

6.A Genericity of the assumption on u

The goal of this section is the proof of the following result.
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Proposition 16. The set {u € H3((0,1),R); (1.5) holds} is dense in H*((0,1),R).

Proof : First, let us notice that
V= {u € H((0,1),R); p'(1) £ 1/ (0) # 0}
is a dense open subset of H3((0,1),R). Now, let us prove that the set
U = {p € V; (1, pr) #0,Vk € N}

is dense in H3((0,1),R). It is sufficient to prove that this set is dense in V. For n € N,
we introduce the set

Uy = {p € V; (1, o) #0,Vk € {1,...,n}},

with the convention Uy := V. Then the sequence (U, )nen is decreasing and

U= ﬁ Uy
n=0

Thanks to Baire Lemma, it is sufficient to check that, for every n € N, U, is dense
in U, for the H3((0,1),R)-topology. Let n € N and let u € U, — Uy, 1. Then u € V,
(por, or) # 0 for k=1,...,n and {(up1, Pnr1) = 0. Thanks to (1.7), p + ex? € U, for
every € € R such that

</VL3017%0]> .
e £ ———"""-Vje{l,..,n}
# o) { }

Thus U,,+1 is dense in U,,.

Finally, thanks to (1.8), we have
U {ue H*(0,1),R); (1.5) holds},
which gives the conclusion. [J

Proposition 17. The set {u € H? ,(B3 R);(1.10) holds} is dense in H3(B3 R).

Proof : We make the same proof. We use the formula

47T(—1)k+1

1
(o, pr) = T@u(l) - —2/ VA1) - Vg

instead of (1.8). Moreover, we can find one p(r) = r? that fulfills (1.10). O

6.B Moment problems

In this section, we recall classical results about moment problems (see, for instance
[9]). The proofs are given for sake of completeness.
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6.B.0.1 Families of vectors in Hilbert spaces

Let H be a separable Hilbert vector space over K = R or C and O := ({;);ez be a
family of vectors of H with §; # 0,Vj € Z.

Definition 1. The family © is minimal in H if, for every j € Z, & ¢
Span{&;;i € Z —{j}}.

Proposition 18. The family © is minimal in H if and only if there exists a biorthogonal
family ©" = ())jez, i.e. ©" is a family of vectors of H such that

<§Z7€;> = 5i,j>Viaj € Z. (270)

Proof of Proposition 18 : We assume © is minimal. For j € Z, let v; be the
orthogonal projection of &; over the closed vector space Span{¢;,i # j} i.e.

v; € Span{f’i,i 7é ]} and <£] - Ujafi) = O,VZ 7é ]

Let
gim ST _yicy

3T — 2]
1€ — vs
Then, the families (£;) and (&}) are biorthogonal.

Now, we assume that there exists a biorthogonal family ©' = (fj’-)jez. Let us as-

sume that there exists j € Z such that & € Span{;;i € Z — {j}}. Then (2.70) implies
(&,&;) = 1 which is a contradiction. O

Remark 7. If © is minimal, then there exists a unique biorthogonal family ©' such
that ©' C Span{&;;i € Z}. In the end of this appendiz, the expression “the’biorthogonal
family of ©, refers to this unique biorthogonal family in Span{&;;i € Z}.

Definition 2. The family © is a Riesz basis of Span© if © is the image of some ortho-
normal family by an isomorphism.

Remark 8. It is clear that, if © is a Riesz basis of Span®, then © is minimal in H.

Proposition 19. (1) If © is a Riesz basis of Span©, then its biorthogonal family ©' is
also a Riesz basis of Span©.

(2) © is a Riesz basis of Span© if and only if there exists Cy,Cy € (0,400) such
that, for every scalar sequence (c;)jecz with finite support,

o 1/2 0o o 1/2
a(Z |cj|2) <|| X e <cl<§j |cj|2> . (271)

j=—o0

(3) If © is a Riesz basis of Span© then there exists C > 0 such that, for every
f € H, we have

1/2
<Z|<f75j>l2> <7l

JEZ
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Proof of Proposition 19 :

(1) We assume © is a Riesz basis of Span©. Let H be an Hilbert space, ((;);ez be an
orthonormal family of H, V' : H — Span®© an isomorphism such that &; = V((;),Vj € Z.
Then the adjoint operator V* : Span® — 'H is also an isomorphism and we have
& = (V*)71¢), Vi € Z. Indeed, for every j, k € Z,

Oje = (& & = (V(G), Eedr = (G V7 (&)m-
Thus ©' is a Riesz basis of Span©.
(2) We assume O is a Riesz basis of Span©. Let H be an Hilbert space, ((;);ez be an

orthonormal family of H, V' : H — Span® an isomorphism such that §; = V((;),Vj € Z
and (c;)jez a scalar sequence with finite support. We have

s 00 0o o 1/2
H _2_: 6| = HV[ _2_: chj} ‘ < ||V||H _z_: Gl = IVl (_Z_: |cj|2)

oo
<Vl Y e
j=—00

and

Y

(k) =] % e =[] 3 o]
j=—00 j=—00 j=—00
thus, we have (2.71) with C, = 1/||V || and Cy = ||V]].

Now, we assume that (2.71) holds. Then the linear map V : [*(Z,K) — Span©
defined by V(¢))jez] = Z;’;foo ¢;€; is well defined and injective. Let h € Span©. There
exists (hy)nen such that hy — hin H when N — +oo and for every N € N, there
exists a sequence ¢V = (CS»N))jGZ with finite support such that hy = E;’;foo C§N)£j.

Then (hy)nen is a Cauchy sequence in H, thus, thanks to (2.71), (¢™¥)) yey is a Cauchy

sequence in [*(Z) and there exists ¢ = (¢;);ez € [*(N) such that ¢V — ¢ in (*(Z). Then,
(2.71) proves that > 72 (c; — CEN))SJ- —0in H,ie h=37"__ ¢;&. We have proved
that V' is an isomorphism, thus © is a Riesz basis of Span©.

(3) Span® is a close vector subspace of H thus we have the orthogonal decomposition

H = Span© + Span@)L and the associated orthogonal projection P : H — Span®. For

f € H, we have / /
<Z \<f7§j>|2> = (Z |<Pf,£j>|2)

JET JET
SUPFENE
JEL

= lIPflle < & I1£1.0
Remark 9. We have proved that, if © is a Riesz basis of Span©, then, for every h €
Span® there exists ¢ = (¢;)jez € 1*(Z,K) such that h = Z;‘;foo c;€;. Moreover, if © and
© are biorthogonal families, then necessarily c; = (h,}),Vj € Z. Thus, every h € Span©
can be decomposed in the following way

1
S o

o0 o0

h= Y (&&= (h&)E (2.72)

j=—00 j=—00

where the series converge in H and the coefficients ((h,&})) ez, ((h, ;) ez, belong to
2(Z,K).
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6.B.0.2 Abstract moment problems

Now, we move to the investigation of abstract moment problems : given a scalar
sequence (d;);ez is it possible to find f € H such that

(f,&) = d;,Vj € L.
Let us introduce the operator
Jo: H — [1*Z,K)
[ ({f&)jez
with domain Dg := {f € H;Jo(f) € I*(Z)}. Tt is clear that, if the family © is not

. .. AL . .
complete in H, then the operator Jg has a non trivial null space Span© . This motivates

the introduction of the operator Jg := Jo .
Span©

Proposition 20. The operator J§ : Span® — [*(Z,K) is an isomorphism if and only
if © 1s a Riesz basis of Span©.

Proof of Proposition 20 : We assume J : Span® — [*(Z,K) is an isomorphism.
Let (¢j)jez be the canonical orthonormal basis of (?(Z). Then, the family

((78)7())

is a Riesz basis of Span©. Moreover, it is the biorthogonal family to © in Span®. Thanks
to Proposition 19 (1), © is also a Riesz basis of Span®.

JET

We assume O is a Riesz basis of Span©. Thanks to the Remark 9, it is clear that
JQ : Span® — [*(Z,K) is an isomorphism. [J

6.B.0.3 Trigonometric moment problems

In this section, we recall important results on trigonometric moment problems. The
following Ingham inequality is due to Haraux [38|.

Theorem 6. Let N € N, (wy)rez be an increasing sequence of real numbers such that
Wpy1 —wg =7 > 0,VEk € Z, |]€’ > N,

wrt1 —wg = p > 0,Vk € Z,

and T > 271t/~. There exists C; = Ci(v,p, N,T),Cy = Co(~,p,N,T) € (0,+00) such
that, for every sequence (cx)rez € CZ with finite support, we have

T, +o©
Cl§ :|Ck|2</ ‘ § : Ckefzwkt
k=—00

kez 0

2
dt < CQ Z ‘Ck’2.

kEZ

Let us introduce the space
l?(N, C) = {(dk)keN € ZQ(N,C); dy € R}

Thanks to Proposition 19 and Theorem 6, we have the following statement, which is
used in the proof of Proposition 4.
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Corollary 1. Let T > 0 and (wi)ren be an increasing sequence of [0,4+00) such that
wo =0 and
Wgt1 — Wi — 400 when k — +o00.

There exists a continuous linear map

L: I*N,C) — L*(0,7),R)
d — L(d)

such that, for every d = (di)ren € I2(N,C), the function v := L(d) solves

T
/ v(t)e™*dt = dy,Vk € N.
0

Proof of Corollary 1 : We define w_; := —wy, Vk € N*. Theorem 6 ensures that
the family (e"*')ez is a Riesz basis of F':= Adhy2( 7 (Span{e™*';k € Z}). Thanks to
Proposition 20, the map

J. F — 2(Z,C)
v (fOTU(t)eiWktdt>keZ

is an isomorphism. For d = (di)ren € IZ(N,C), we define d = (dp)rez, € 1*(Z,C) by
dy == dy if k > 0 and d_j if & < 0. Now, we define L : [*(N,C) — L*((0,7T),R) by

L(d) = J~'(d). The map L takes values in real valued functions because d_; = dy, Vk €
N for every d € [?(N,C). O

Theorem 6 is also crucial in the proof of the following statement, used in the proof
of Proposition 7.

Corollary 2. Let T > 0 and (wi)ren be an increasing sequence of [0,400) such that
wo =0 and

Wigt1 — Wi — +00 when k — +00. (2.73)

There exists a continuous linear map

L: RxPN,C) — L*(0,7),R)
(d,d) —  L(d,d)

such that, for every d € R, d = (dp)ren € I2(N,C), the function v = L(a?, d) solves

[ w(t)ertdt = dy, Yk € N, (2.74)
[ to(t)dt = d. '

Proof of Corollary 2 : Let wy := —w_g, for every k € Z with k£ < 0. From Proposition
6, © := (e"“*)ez is a Riesz basis of Adhyz2( r)(Span®).

First step : We prove that the family © = {t,e™*"; k € Z} is minimal in L*(0,T).

Working by contradiction, we assume that © is not minimal in L?(0,T). Then,
necessarily

te AdhLz(QT)Span@. (275)
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With successive integrations, we get
¥ € Adheop ) (Span®), ¥j € N with j > 2.

The Stone Weierstrass theorem ensures that {1,#/; j € N, j > 2} is dense in C°([0, T}, C),
thus, it is also dense in L*(0,T). From (2.75), we deduce that Span® is dense in L?(0,T).
This is a contradiction, because, thanks to Theorem 6, for every w € R — {wy, k € Z},
the family {e™! e“**; k € Z} is minimal, i.e.

¢t ¢ Adhya ) (span@).

Second step : We conclude.

For k < 0, we define dj, := d_j. Let {é, &k € Z} be the biorthogonal family
to {t,e“*" k € Z}. From Theorem 6, there exists C' > 0 and a unique solution v €
AdhLQ(O,T) (Span@) of

T
/ v(t)e™rtdt = dy,Vk € Z
0

and it satisfies

1/2
||U||L2(O7T) < C <Z |dk|2> .

kEZ
The uniqueness guarantees that v is real valued. Let us define

T

L(d,d) :==u:=v+ (d - / tv(t)dt)§.
0

Then, u is real valued (because v and & are), u solves (2.74) and

lullz < lollz= + (1d]+ | Jg to@t]|)1€]
< lollee (14 /€N ) + [dIE 2

— ~ ~ 1/2
< (C(t+yRU) 4181 ) (107 + Suce ) 0

For the wave equation, the gap between two successive frequencies does not tend to
infinity, so we will need the following Corollary which is proved similarly.

Corollary 3. Let T' > 2. We make the same assumptions as in Corollary 2 except that
we assume
Wht1 — Wi 2 T

instead of (2.73). Then, we have the same conclusion as Corollary 2.

Corollary 4. Let (wg)ken be an increasing sequence of [0, +00) such that wy = 0 and
Wil — wi >y > 0.

There exists a nondecreasing function

C: [0,400) — R~
T —  C(T)
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such that, for every T > 0 and for every g € L*(0,T), we have

- T o\ 12
<Z ‘ / g(t)ezwktdt) ) < C(T) ||g||L2(0,T)-
k=0 0

Proof of Corollary 4 : The existence of C(T), for large T' > 2w /v+1, is a consequence
of Theorem 6 and Proposition 19 (3). Let us choose for C(T') the smallest value possible
for this constant. For T < 2w /v + 1, we choose C(T) = C(2n/y+1). Let 0 < T} < Ty <
+00, g € L*(0,T3) and g € L*(0,T3) be defined by g = g on (0,7) and 0 on (T3, T3).
By applying the inequality on g, we get C(7T}) < C(1»). O
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