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Abstract

This thesis is devoted to the study of identities which one observes at the interface
between integrable models in statistical physics and combinatorics. The story begins
with Mills, Robbins and Rumsey studying the Alternating Sign Matrices (ASM). In
1982, they came out with a compact enumeration formula.

When looking for a proof of such formula they discovered the existence of other
objects counted by the same formula: Totally Symmetric Self-Complementary Plane
Partitions (TSSCPP).

It was only some years later that Zeilberger was able to prove this equality, proving
that both objects are counted by the same formula. At the same year, Kuperberg, using
guantum integrability (a concept coming from statistical physics), gave a simpler and
more elegant proof.

In 2001, Razumov and Stroganov conjectured one intriguing relation between ASM
and the ground state of the XXZ spin model (with = %), also integrable. This
conjecture was proved by Cantini and Sportiello in 2010.

The principal goal of this manuscript is to understand the role of integrability in this
story, notably, the role played by the quantum Knizhnik-Zamolodchikov equation. Using
this equation, we prove some combinatorial conjectures. We prove a re ned version of
the equality between the number of ASM and TSSCPP conjectured in 1986 by Mills,
Robbins and Rumsey. We prove some conjectured properties of the components of the
XXZ groundstate. Finally we present new conjectures concerning the groundstate.

Keywords
Mathematical physics;
Statistical physics;
Combinatorics;
Quantum integrability;
Razumov{Stroganov;

Quantum Knizhnik{Zamolodchikov equation.






Resune court

Cette tlese est consaceea letude d'identies qu'on observea l'interface entre le domaine
des mockles inegrables en physique statistique et la combinatoire. L'histoire a commenae
quand Mills, Robbins et Rumsey etudiaient des Matricesa Signes Alternants (ASM).
En 1982, ils proposrent une formule denuneration.

Pendant qu'ils cherchaient une preuve de cette formule ils decouvrirent I'existence
d'autres objets compes par la méme formule : les Partitions Planes Totalement Synetri-
gues Auto-Compementaires (TSSCPP).

C'est seulement quelques anrees plus tard que Zeilberger fut capable de prouver cette
egalie, prouvant que les deux objets sont compes par la méme formule. La méme anree,
Kuperberg utilise I'inegrabilie quantique (notion venue de la physique statistique) pour
donner une preuve plus simple.

En 2001, Razumov et Stroganov conjectuerent une intrigante relation entre les ASM
et letat fondamental du mockele de spins XXZ (pour = %), lui aussi inegrable. Cette
conjecture aet cemontee en 2010 par Cantini et Sportiello.

L'objectif principal de ce manuscrit est de comprendre le role de l'inegrabilie dans
cette histoire, notamment le réle jote par lequation de Knizhnik-Zamolodchikov quan-
tigue. Gracea cetteequation nous avonsek capables de cemontrer plusieurs conjectures
combinatoires, dont une version ra ree de lequalie entre le hombre des TSSCPP et
des ASM propose en 1986 par Mills, Robbins et Rumsey et certains proprees des
composantes du vecteur fondamental du mocdele XXZ. Est pesenee aussi une srie de
nouvelles conjectures concernant letat fondamental.

Mots-cés

Physique mattematique ;
Physique statistique ;
Combinatoire ;
Inegrabilie quantique ;
Razumov{Stroganov;

Equation de Knizhnik{Zamolodchikov quantique.
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Resumo curto

Esta tese deriva do estudo de identidades que se observam na interface entre o domnio
dos modelos integaveis em fsica estatstica e a combinabria. A hisbria comeca com o
estudo das Matrizes de Sinal Alternante (ASM) por Mills, Robbins e Rumsey. Em 1982,
eles propuseram uma brmula para as contar.

Enquanto procuravam provar esta brmula eles descobriram a existéncia de outros
objectos contados pela mesma brmula: as Partcees Planas Totalmente Siretricas e
Auto-Complementares (TSSCPP).

Foi somente alguns anos mais tarde que Zeilberger foi capaz de provar esta igualdade,
provando que ambos 0s objectos sao contados pela mesma brmula. No mesmo ano,
Kuperberg utiliza a integrabilidade quantica (nccao vinda da fsica estatstica) para dar
uma prova mais simples e elegante.

Em 2001, Razumov e Stroganov conjecturaram uma intrigante relacao entre as ASM
e o0 estado fundamental do modelo de spins XXZ (para = %), tamtkem ele integavel.
Esta conjectura foi demonstrada em 2010 por Cantini e Sportiello.

O principal objectivo deste manuscritoe de compreender o papel da integrabilidade
nesta hisbria, nomeadamente, o papel da equacao Knizhnik-Zamolodchikov quéantica.
Gracasa qual ros fomos capazes de provar \arias conjecturas combinabrias. Entre elas
uma versao re nada da igualdade entre o rumero de TSSCPP e de ASM proposta em
1986 por Mills, Robbins e Rumsey e algumas propriedades das componentes do vector
fundamental do modelo XXZ. E tamkem apresentada uma wrie de novas conjecturas
acerca do estado fundamental.

Palavras chave
Fsica matematica;
Fsica estatstica;
Combinabria;
Integrabilidade quantica;
Razumov{Stroganov;

Equacao Knizhnik{Zamolodchikov quéantica.
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Introduction

Alternating Sign Matrices (ASM) were invented by Robbins and Rumsey in their study

of the\ -determinants" in [70], which generalise determinants in a way inpired by Dodg-
son's condensation [19]. When Mills, Robbins and Rumsey [49, 50, 70, 51] were studying
the properties of these objects, they came out with a nice compact formula for the enu-
meration of such matrices:

v 1,

Ay = 7(31+_1)! =1, 2, 7, 42, 429, :::
- (n+ )
j=0

Intrigued by this conjectural formula, they called Richard Stanley for help. That
is when another combinatorial object enters: Plane Partitions (PP), in particular two
subclasses of PP, the Descending Plane Partitions (DPP) and the Totally Symmetric Self-
Complementary Plane Partitions (TSSCPP). In [1], Andrews proved that this product
counts the total number of DPP with largest part less than or equal to n. So, if we were
able to nd an explicit bijection between DPP and ASM we would automatically prove
the enumeration formula. However, such a bijection is not known until today.

Later, Robbins discovered that there is another class of PP which are also counted
by the sequenceA,, the TSSCPP. Moreover, in article [51] the authors stated, not only
the number of TSSCPP is the same as the number of ASM, but also that there is a
doubly re ned enumeration on both sides which is equal.

In 1996, in a famous 84 pages article [80], Zeilberger proved the ASM enumeration.
Some time after, Kuperberg [44] using the partition function of the 6-Vertex model,
which is in bijection with the ASM, proved the same result in a more elegant and
shorter fashion. His proof relies on the work of Izergin [29] and Korepin [40], and it is a
consequence of the fact that the 6-Vertex model is a quantum integrable model.

The XXZ Spin Chain is an old problem of physics, and it has been studied for almost
a century. In 2000, Razumov and Stroganov [68, 76] were investigating the properties
of the XXZ groundstate (with anisotropic parameter = 1=2 and length 2n + 1),
and they encountered the following surprising result: when normalized such that the
smallest component is 1, the sum of the components of the groundstate is exacthx,.
Intrigued by this, physicists and mathematicians tried to prove this relation. At the
same month Nienhuis, de Gier and Batchelor wrote an article [3] where they present
some new conjectures and introduce a new object in the subject, th®(n) loop models,
here called Compact Loop Models (CPL).

Some time after, Razumov and Stroganov [65] noticed that the link between the two
models is deeper. The CPL con gurations can be indexed by some link patterns (we
use, generally, to designate a link pattern). The ASM are in bijection with the Fully
Packed Loop (FPL) con gurations which can be indexed by their connectivity at the

1



2 INTRODUCTION

boundary, also represented by link patterns. They discovered that when we normalize
the CPL groundstate such that the smallest component is 1, the components indexed by
a link pattern count the number of FPL whose connectivity is represented by the same
link pattern.

The latest chapter of this story was written by Cantini and Sportiello: in 2010 they
proved the Razumov{Stroganov conjecture [8]. This story can be summarized in the
following graph:

ASM
FPL

6-Vertex

1; 2; 7; 42;

CPL TSSCPP
S

A

L4
XXZ NILP

Where we represent all the main objects described here, grouped by the fact that there
is well known bijections between them. In the middle it appears the sequence which is
omnipresent in this story, A,. Remark that when we refer the NILP we refer those in
bijection with the TSSCPP.

An important lesson to learn from the result of Kuperberg is that Quantum Integrable
Models can help us to solve some di cult combinatorial problems. Furthermore, both
the CPL model (or XXZ Spin Chain) and the 6-Vertex model are integrable. Thus, it
seems that integrability can help us to clarify the connections between the corners of the
triangle.

The quantum Knizhnik{Zamolodchikov equation ( gKZ) was introduced in this con-
text by Di Francesco and Zinn-Justin (see [16]) based on Pasquier's article [60]. In
our case (level 1 andUg(sl(2))), the solutions are homogeneous polynomials, and it can
be shown to generate a vector space characterized by a vanishing condition, theheel
condition.

On the one hand, the solutions of this equation (at level 1, andg? = 3) can be iden-
ti ed with the CPL groundstate in its multivariate version. On the other hand, these
polynomials are related with Macdonald polynomials at specialized values of their pa-
rameters t3q = 1 (see [35, 12]), and they are what Lascoux calls the Kazhdan{Lusztig
polynomials [12].

It is the main purpose of this thesis to understand the role of integrability in this
story. In particular, the role played by the quantum Knizhnik{Zamolodchikov equation,
and its solutions.

This manuscript is organized as follows. In Chapter 1 we de ne the Completely
Packed Loop model (CPL), and the XXZ Spin Chain, we also de ne a multivariate
version. In order to compute the groundstate of the CPL model, we introduce the
quantum Knizhnik{Zamolodchikov equation. In Section 1.4 we give an algorithm to



construct its solutions. In Sections 1.5 and 1.6 we give two new methods to solve the
gKZ equation, using contour integral formul .

In Chapter 2, we de ne the Alternating Sign Matrices (ASM), the 6-Vertex model
and the Fully Packed Loop model. Using the fact that the 6-Vertex model is a quantum
integrable model we give an explicit formula of the partition function as a determinant
(the lzergin{Korepin determinant [29]) in Subsection 2.2.2. We state the Razumov{
Stroganov{Cantini{Sportiello theorem.

In Chapter 3 we present the last corner of the triangle: Plane Partitions and in
particular the Totally Symmetric Self Complementary Plane Partitions. We also de ne
the Non-Intersecting Lattice Paths (NILP), and present some interesting results about
them.

Chapter 4 results from the author's joint work with his supervisor [23]. In this
chapter we prove the equality of doubly re ned enumerations of ASM and TSSCPP,
stated by Mills, Robbins and Rumsey.

In 2004, Zuber [85] conjectured that the entries of the CPL groundstate, correspond-
ing to the link pattern with p nested arches (), are polynomials in p. In Chapter 5
we prove the polynomiality of these components. Furthermore, we study some proper-
ties of components indexed by the link patterns (), and (, (this corresponds to link
patterns which start with p openings). We also give a nice interpretation of the sum of
such components in terms of punctured TSSCPP. Besides, we produce perfectly random
con gurations of such plane partitions (based on the guide [63]). This chapter is based
(except the sampling of the random con guration) on the article [24], by the author and
his supervisor.

Chapter 6 is based on the joint work of the author with Philippe Nadeau [22], only
Section 6.3 is new. Its main goal is to exhibit some surprising properties of the poly-
nomials (), or equivalently, the polynomials A ) . Although we have proven some
results, almost all of the properties are conjectural.

We relegate the most technical stu to the appendices. In Appendix A we study the
dimension of the space generated by the solutions of thgkZ equation. In Appendix B
we extract some properties of the basis transformationC,. . We prove two important
anti-symmetrization formul in C. We show some examples of the cited polynomials in
Appendix D. And nally, in Appendix E we prove the technical result 6.2.
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Chapter 1

Completely Packed Loops and the
guantum

Knizhnik{Zamolodchikov
equation

In this chapter we brie y present some quantum integrable models, namely, the Com-
pletely Packed Loops and the XXZ Spin Chain Model.

The chapter is organized as follows. We describe the two models in Sections 1.1
and 1.2. In Section 1.3 we introduce a new equation which allows us to compute the
groundstate of both models (at the special point = %). In Sections 1.4, 1.5 and 1.6
we show three di erent methods' to compute the solution of such an equation. Finally,
in Section 1.7 we give an example of such a computation.

1.1 Completely Packed Loops

Loop models are an important class of two-dimensional statistical lattice models. Indeed,
they present a wide range of critical phenomena and many classical models can be
mapped into a loop model. Here we consider the Completely Packed Loops model
(CPL), also called O(n) Loop Model for historical reasons.

Take a square grid. Each face is occupied by one of the two plaquettes shown
on Figure 1.1. Naturally, we will have some closed loops, and some paths connecting

boundaries. We give a weight = q ¢ ! to each closed loop. This model is known
to be critical for j j 2 (see the lecture notes [57]).
- _J
N (

Figure 1.1: The two plaquettes forming the CPL.

We can de ne di erent boundary conditions. Here we only consider CPL on a semi-
in nite cylinder, where each row is made of 2h plaquettes which can contain the two

Actually, the third method is a slight and convenient variation of the second one.
2This model can be seen as the high temperature's limit of the O(n) model.

5
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possible drawings, as on Figure 1.2.

1 2 3 4 5 6 7 8 9 0 11 12 13 14

Figure 1.2: An example of a state in the Completely Packed Loop model, here with
n = 7. Each row is lled with plaquettes that can be of two types. The left boundary
is identi ed with the right boundary forming a cylinder. Each closed loop is given the
weight

1.1.1 Bond percolation

The con gurations of the CPL model are in bijection with the bond con gurations of a
bond percolation modef.

Consider again a square lattice. The parity of each site in the lattice is de ned such
that each site has all neighbors with opposite parity. For a semi-in nite cylinder (with
even perimeter) there are only two choices, one corresponding to the other with inverted
signs. Now, we replace each plaquette with the bond connecting its two odd sites if
allowed by the loops,i.e. if it does not intersect the loops, as we can see in gure 1.3.
We could have chosen to use the even sites instead.

S

Figure 1.3: A map between the CPL and bond percolation in the odd sub lattice is
given by the correspondence above. Here the odd sub lattice is represented by the lled
circles.

The number of loops in the CPL con guration is encoded now by the number of
clusters and cycles in the percolation con guration. Let n. be the number of clusters
that do not touch the boundaries, and n, the number of minimal cycles, the number
of loops in the CPL con gurations is equal to nc + n,. Of course this is valid for other
boundary conditions, provided that we can de ne the parity of each site.

3This appears, for example in the papers [52, 53]
4A minimal cycle is a cycle that cannot be divided into smaller cycles. It corresponds to a cluster
that does not touch the boundary in the bond percolation using even sites.
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1.1.2 Connectivity

In order to set up a transfer matrix approach we introduce a state as being the con-
nectivity of the 2n points at the bottom. For example the connectivity of the in nite
con guration 1.2 is represented by the link pattern, sometimes also called by matching,
represented on 1.4. The number of link patterns of size 2 is the Catalan number c,:

(2n)!
n!(n +1)!

~ L~ ~ 7N

1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure 1.4: Link Pattern corresponding to the connectivity in the example 1.2

. . N . P
We de ne a formal state as being a linear combination of link patterns, = ,
where the sum runs over allc, matchings and  are scalars. Then an operator is a
linear map on vector space spanned by these formal states.

Some notation

Sometimes it is convenient to represent the link patterns by other equivalent objects:

A well-formed sequence of parentheses, also called parenthesis word. If the point is
connected to the left (respectively to the right), then this is encoded by an opening
parenthesis (resp. by a closing parenthesis);

e, ()(0)

A Dyck Path, which is a path between (0;0) and (2n; 0) with steps NE (1;1) and
SE (1, 1) that never goes under the horizontal liney = 0. An opening parenthesis
corresponds to a NE step, and a closing one to a SE step;

00) . ~ N\

A Young diagram is a collection of boxes, arranged in left-justi ed rows, such that
the size of the rows is weakly decreasing from top to bottom. Matchings withn
arches are in bijection with Young diagrams such that thei®" row from the top
has no more thann i boxes. The Young diagram can be constructed as the
complement of a Dyck path, rotated 45 counterclockwise;
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A sequencea=(ai;:::;an), & f 1;:::;2ng,suchthata; 1 <ajandag 2 1
for all i. Here a; is the position of the i opening parenthesis.

00) . f 1349

We will often identify matchings under these representations, hoping that this will
not confuse the reader. When needed we will usg ( ) for the Young diagram associated
to the link pattern , (a) for the link pattern associated to the sequencea. Moreover
we will represent p nested arches around a matching by ( )p, and p small arches by
()P. Thus for example,

(0330 = (((0ONO

Given a matching , we de ne d( ) as the total number of boxes in the Young
diagram Y ( ). We also let  be the conjugate matching of , de ned by: fi;j g is an
arch in ifand only if f2n+1 j;2n+1 igis an archin . This corresponds to
a mirror symmetry of the parenthesis word, and a transposition in the Young diagram.
We also de ne a natural rotation r on matchings: i;j are linked by an arch inr( ) if
andonly ifi 1;j 1 arelinked in (where indices are taken modulo 8). These last
two notions are illustrated on Figure 1.5.

=~ N = (T 2N\ ()= o=

Figure 1.5: A matching, its conjugate, and the rotated matching.

We need additional notions related to the Young diagram representation. So letY
be a Young diagram, andu one of its boxes. Thehook lengthh(u) is the number of boxes
below u in the same column, and to its right in the same row (iqsluding the boxu itself).
We denote by Hy the product of all hook lengths, i.e. Hy = =,y h(u). The content
c(u) is given by y  x if u is located in the x!" row from the top and the y™ column from
the left; we write u = (x;y) in this case. Therim of Y consists of all boxes ofY which
are on its southeast boundary; removing the rim of a partition leaves another partition,
and repeating this operation until the partition is empty gives us the rim decomposition
of Y.

1.1.3 Transfer Matrix and Integrability

In what follows we will ignore the loops' weights. l.e. we x q= e 2173,

The transfer matrix is de ned as the addition of a new row with each plaquette
chosen randomly, see Figure 1.6.

Let y; be a parameter indexing thei™ column, called vertical spectral parameter,
and t a parameter indexing the new row, called horizontal spectral parameter. The
transfer matrix is a row of 2n plaquettes turning right or left with probability:

_gqw g 'z w oz _. e
T amw Tz qwo T R

w
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) ) U J
OO O
) C
O C

t == m
VY oYY oYYy vv ovyvovorovov

Yi Y2 Y3 Ya Y5 Y6 Y7 Y8 Yo Yio Yi1 VY12 VY13 Yi4

()

Figure 1.6: The transfer matrix T(t) is de ned as the addition of a new row at the
bottom. We choose each plaguette randomly.

In fact, we can setq di erent from e 2= 3, the price to pay is that now the sum of the
probabilities of turning left and turning right is not 1 in general.

That is, the transfer matrix for the semi-in nite cylinder (with perimeter 2 n) is
formally de ned as:

where the subscripti in R indicates the position of the plaguette, and where the trace
means that the rst and the last plaquettes are glued, as a consequence of the periodic
boundary conditions.

This R(w;z), called the R matrix, is represented graphically by a crossing of two
arrows, each arrow carrying a spectral parameter. It is the key of the integrability of
our model.

Indeed,

Lemma 1.1. The R matrix satis es the Yang{Baxter equation:
=S
And also the identity equation:
S GG

Observe that when we rotate the arrows we are, indeed, rotating also the plaquettes
in the de nition of the R matrix. Furthermore we ignore the box around the plaquette.

Proof. Let
g, = B 07X
YT ax qly
X
I:l(y = y

T gx qly
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The Yang{Baxter equation breaks down to ve equations, corresponding to di erent
connectivities:

_ _ _ Q/
by ax by, )+ byaxzay; er"'b(b(z z + ayy axz Byz = b ayzax
y mﬁ y y>/~ y tng y by><lp y yj(\

\) S 'WS ) S
ayy bz ay; = ax b by DC+ bbb + ayz ayz by + ayz bysay
y y rvc by y,\ < by y_\ ( y yJ?( by y,\D<

- O
axy bz by 7 = b by ax
y B by \fSL by y.]\/\
P ~
a)( axza. z = a-XZa ZaX
yaxzyz ) <J_ y yjej\
By t:3<za-yz>%C: b(Zayszyj%<

Now, it is enough to compare the coe cients, not forgetting the weight from the closed
loops.
The identity equation is simpler, we only need to check the following equations:

l:&ybﬁlx><><"' axybyxx><+ t&yayx><>< =0

a.wa NV =
Xy yx/\/\

It follows from the Yang{Baxter equation that:

Proposition 1.2.  The transfer matrices commute for allt and t®

So, there is an in nite family of commuting operators, justifying the name of inte-
grable system. Moreover, the eigenvectors of the Transfer Matrix do not depend on the
parametert.

Although this is a standard result, we repeat here the proof, as this is of major
importance:

Multiply on the right by the identity, using the identity equation. Now, there is a
triangle at the right, we can move the vertical line to the right, using the Yang{Baxter
equation. If we apply the Yang{Baxter equation 2n times and use the fact that we have
periodic boundary conditions we get back exactly to the same operator, but with the
lines interchangedT (t9T(t), as we can see in Figure 1.7. O
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LLLLV\»%LLMA\»HLLLT\
AP PSP

Figure 1.7: If we apply the Yang{Baxter equation consecutively we interchange both
lines.

The homogeneous case

Set nowy; =1 forall i,andt = 1q’;qpp, with0 p 1°. We obtain the new probabilities:

%: P+ (1 P~

Notice that if p=0 or p =1, the transfer matrix will only rotate the system, and all
states which are invariant by rotation are eigenvectors of the transfer matrix.

The intermediate cases O< p < 1 are more interesting. Integrability says that the
groundstate does not depend orp.

1.1.4 The Hamiltonian and the Temperley{Lieb algebra

In the homogeneous formulation, we can reformulate our model using a Hamiltonian.
This is the formalism used, for example, in [11]. It is based on the a ne Temperley{Lieb
(TL) algebra.

De nition 1.3  (The Temperley{Lieb Algebra). The TL algebra is the algebra generated
by the elementse, with i ranging from 1to L 1, obeying the relations:

&= e ee 16 = @ eq =ge ifjj ij>1  (11)
The second equation is de ned whenever it make sense.
The Temperley{Lieb algebra is a quotient of the well known Hecke algebra:

De nition 1.4  (The Hecke Algebra). The Hecke algebra is generated by the elements
g, with i betweenl and L 1, obeying the relations:

€= e  €6+6 €=6:664 64 eg =¢ge ifjj ij>1

The TL algebra can be extended adding a new element, such that - = Id, which
will play a role of rotation, e;j = g+ . Using this, we de ne a new elemente, =
eL 1 '= le . Relations (1.1) can be extended to contain this new element, the

®We can consider the case such thatp is not real, or outside [0;1], losing the interpretation as
probabilities.
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last relation being valid for jj i mod Lj > 1. We could have de nede_ without de ning
, and obtained a slightly di erent a ne TL algebra, but this version is better for our
goals.
The usual representation of the TL algebra in the link patterns can be de ned purely
graphically. Let L =2n be even. The operatore is given by the drawing:

1 i+l 2n

The ey, operator links the rst position with the last one. Furthermore the rotation

operator is: _ 1HHH ________ HHHZHL (1.2)

1234

We can easily verify that these operators satisfy all the rules of the a ne TL algebra, if
we allow for stretching the lines.

If yi =1 for all i, we can describe our model by a Hamiltonian given by the usual
formula:

H= E logT(1;:::1;t) (1.3)
dt t=1
Performing this computation we get the explicit formula,
1 X

H= —— +qHe Id
where Id is the identity operator. In what follows we simplify the de nition of the
Hamiltonian to

1 X

T on
i=1

The normalization is such that it can be re-interpreted as a stochastic process for = 1.

e: (1.4)

1.1.5 A stochastic process in the link patterns
P
We apply now the Hamiltonian to a random initial state, say = , m times
(m)=H™;

where (m) is our state after m iterations. At the end, we will almost always obtain the
stationary state given by the equation

= H ; (1.5)

where = .
This can be interpreted as a stochastic process. We start with a state, say. At
every iteration we randomly choose a positioni with probability % and we apply g to
, obtaining a new state °= g .
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LK
~ ~

o=7)

- -~

ﬁ\
o~ ﬂ'_\\ﬁ/'
k/

)

~

I
~ -

A~

e

N,

Figure 1.8: The Markov process on the link patterns. The dashed arrows correspond to
a probability % the normal arrows correspond to% and the dotted arrows correspond
to 1.

2

For n = 3, the stochastic process can be represented by the graph 1.8. This case has
one stable solution given by the node probabilities:

1 1 1
Y 7 ~ A~ 7 ~r 7
_ 2 _ 2
A~ 7 ~~ 7
. P . .
Lemma 1.5. If we start with a state = , and if we evolve the system with the
Hamiltonian H, we obtain in the limit:
!
X
lim HM™ = ,
m!l
. . . P
where is the solution of the equation = H , such that =1.
P
Observe that this equation vanishes for = 0, which is not possible if we consider

the as being probabilities.

Proof. Note that, if we start in a random state, we can arrive at a given state using

less then ”(”él) steps, for example, to obtain (), from a random state it is 5nough to
apply ~ o' " |0 € i+2j, Where the product is ordered in the following way ~ ;' & =
€0€1:::€n 1.

This means that H e is a matrix ¢, ¢, with all entries positive. By the Perron{
Frobenius theorem, there is a maximum eigenvalue, say, such that all other eigenvalues
satisfy the relation j j < r and the correspondng eigenvector is the only one with all
nonnegative entries. p

Set (m)= H™ . We easily see that the sum of probabilities (m), cannot vary.
So, we can not have an eigenvalue bigger than 1 and, at the same time, there must be
one eigenvalue which is 1. O
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1.2 The XXZ Spin Chain Model

Another interesting representation of the Temperley{Lieb algebra uses a spin space. Let
V=2 "pethe space ol spins. Furthermore de ne g as the operator that acts as
the identity on all spins except the ones in positionsi and i + 1, where it is represented
by the matrix:

0 1
0 O 0O O
Bo g 1 o§
&= %o 1 qto
0 O 0 0
or, using the Pauli matrices®:
1 q+q* qg q'
& =5 Clar > (f fa 1)"’7( 1 7)

If we sum over all L sites, considering periodic boundary conditions, we obtain the
known XXZ Spin Chain Model in 1 dimension:

This model has been heavily studied. In 1958, Orbach [59] found the exact solution
of this model (for g real and positive) based on the work of Bethe for the XXX model [6].
For more details see Baxter's book [4].

1.2.1 The quantum algebra  Uy(su(2))

The XXZ Spin Chain model can be explained using quantum algebra. Here, we will
briey introduce the quantum algebra Ug(su(2)), see [61]. Letq be a xed complex
number such that 6 0 and ¢ 6 1.

Let the operators S*, S and q S obey the relations:

(

qSZS q SEE— q 1g
y. _ qst q 257
[S7:S 1 T aqfl

Notice, that in the limit g! 1 we obtain the Lie algebrasu(2). This algebra carries
a Hopf algebra structure given by the coproduct:

( z

(q%) =q% gf¥
(S) =q% s +s o
®They are * = (1) é , V= ? Oi and %= é 01
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the antipode:

( z z
S(q %) =q°
S(S ) = q's
and the counit: (
(q5) =1
(S) =0

For a quantum spin chain of N spins (normally, we consider spinss = %), we have
the operators:

(

S 222 ... 2=
g (1.6)

q 2 4+ g2 1 q7

S = 9
where ; are the usual Pauli matrices, which act in thei™ position of the tensor product.
We can always de ne this operator for higher spin chains, by using this method to
combine Z spins and subsequently projecting onto the spins representation.
The operator

I I
. 2 .
SZ+1=2 S7 1=2 1=2 1=2
q q q q

q q!t q qt

2
S?=8S St +

generates the center of the algebra. This operator will play a role similar to the total
spin in su(2).

1.2.2 Translation between XXZ Spin Chain model and CPL

Let L = 2n. As in usual su, we can divide our vector space of dimension? into
subspaces invariant under the action of the quantized algebra. We characterize our
states by two quantum numbers, the total spin S and the spin in z, S;, which commute
with the XXZ Spin Chain Hamiltonian.

Take all con gurations with S = 0 (and, consequently, S, = 0). There are exactly
Cn states in these conditions. As insup, we can build these states by putting togethern
singlets.

Here, we build these states doing the correspondence with the link patterns at the
same time. It is a simple exercise to prove that the action ofg for all i is equivalent on
both sides.

Let w= P ~ 0. The states we are looking for correspond to the link patterns. There
we replace each arch— by a pair of spinswti+ w 1.1 For example, forn = 2, there
are two states withS=0and S; =0:

( w2 1111+ 1110+ 11T+ w 2011

AN = wAT L T LT+ w2 [T
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To check that these states belong taS = 0, it is enough to verify that S* annihilates
all states:

Let be a link pattern with arches f (I1;m1);:::(In;mp)g. S* can be seen as a sum
of rising operators at the positioni:

¥n
S*= q 2 i g P S g g
i=1
If we apply a pair of operators at positionsl; and m;, we get zero.

Moreover, it can also be checked that, for generiev and n, the link patterns written
in terms of spins are linearly independent, proving the correspondence.

De nition 1.6.  Let ” be the rotation operator that picks the last spin and moves it to
the rst position, multiplying the con guration by g °, where Z is applied to that spin.

For example,

AT L= g HLLTTIT

It can be easily checked that this operator is equivalent to the one de ned in equa-
tion (1.2), for S? = 0. Thus we identify both operators.

1.3 The quantum Knizhnik{Zamolodchikov equation

As in the homogeneous case, for the CPL with vertical spectral parameters we expect
that, if we apply the transf'gr matrix in nitely many times, the nal state will converge

spectral parameters corresponding to a Markov process.
To help us to solve this question we will introduce a tool which will give us the
solution in the caseq= €'~ 3. Notice that for generic g things are more complicated.

1.3.1 The operator S

Let the operator S; be a modi ed transfer matrix with horizontal spectral parameter v;,
see the example in Figure 1.9. There, the rotational symmetry is broken by multiplying
the horizontal spectral parameter by s when we pass from theL™ to the rst position.
In term of the R matrices this means:

R R N NN S N I NN M A A IO
AR R

y1 y2 y3 ya ¥s5 Y6 y7 ys Yo Yio VY11 Y12 VY13 Yi4

Figure 1.9: The operator S; (i = 5 in this example) is like a transfer matrix with
horizontal spectral parametery; but with the rotational symmetry broken.
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The quantum Knizhnik{Zamolodchikov equation can be written as:
Si(ysiinYisiinyan) (Y iinYiniiniyan) = ( Y1riiiisyis il yan): (1.7)

This equation was introduced by Frenkel and Reshetikhin in [25] as ag-deformation
of the Knizhnik{Zamolodchikov equations. s is a parameter of the equation, if we set
s = ?k*1) where k = 2 (technically this is the dual Coxeter number of the underlying
quantum algebra Uq(sl(2))), then | is called the level of the equation. Here we selt=1,
so forq= €? 3, equation (1.7) is only the application of the transfer matrix T (y;).

Another version of gKZ equation

In our work we do not use this equation directly. In its place we use a version introduced
by Smirnov in [72] in the study of soliton form factors for the sine-Gordon model.
We introduce again the R matrix, but tilted by 45 degrees.

ayi+1 qui|d+ Yier  Yi

% ¥ ) = gy a9 i

Yio Yi+l

Notice that this operator only depends on one parametery%l, but this formulation will
be useful for the rest. Normally, this operator is introduced multiplied by an overall
factor (yi+1=¥), but for our study we will set it equal to 1.

Consider the following system of equations for homogeneous polynomials of the

Ri(Yisyi+1) ( Yooy Yiers i ¥2n) = (Yo oo Yist s Yiciii;Yon): (1.8)

LOyuyariinyan) = (Y2511 Yon; Sy1) (1.9)
where is a constant such that 2" =1, so that 2"'s =1.

We can see that this system of equations implies equation (1.7). The converse is not
true. Our goal is to nd the minimal degree solutions for these equations ats = @°.

1.4 Finding a solution

1.4.1 Building a solution

One way of solving this equation is to use directly thegkZ system. We start with the
exchangeequation as a system, and we re-arrange it in order to obtain a triangular
system.
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Partial order

First, we introduce a partial order on the link patterns, based on the Young diagrams
representation. We say that one link pattern is smaller than the other , we write
, if and only if the corresponding Young diagrams satisfyY( ) Y( ). It can
be easily checked that and implies , as is required by the notion of
partial order.
Notice that we could use other representations to de ne this partial order. For
example:

A Dyck path is smaller than if and only if is above . More precisely, let

be the vertical coordinate of the Dyck path at x = i. if i forall i;
A sequencea = (&;:::;an) is smaller or equal to otherbif and only if & Iy for
all i.

For link patterns and parentheses words, the partial order is harder to de ne, so we
will always use one of these three representations. Note that the smallest link pattern
is ()n and the largest is ()".

The gKZ equation as a triangular system

First of all, let us study the action of € on a generic .
There are four di erent cases to consider:

If has asmall arch between andi+1, we gete = . Graphically this means:

o = -~
or, in the Dyck path representation:

& v N T N
The zigzag part is kept unchanged.

If has two arches {;i) and (i +1;k), wherej<i andi+1 <k, g will have
two arches (;k) and (i;i +1). Let us see the picture:

~

or, in the Dyck path representation,

6 NN = N

Note that ¢ deletes one box in the Young diagram.
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If hastwo arches (;j ) and (i +1;k), with i +1 <j <k , the action of ¢ can be
represented as:

G~ N = A~

~

In the Dyck path formalism, this translates into:

QIMZWW/\VWM

Notice that the operator ¢ sends to a bigger

Finally, if ~ has two arches [;i) and (k;i + 1) with k <j <i , we obtain the
symmetric case.

Notice that only in the second caseg, < . This is the central point of our method.
Let us reformulate the exchangeequation (1.8).

X ayi+1 gy s _X Yi Vi«
ay g lyis

ay. g lyi+

wheres; is the operator that exchangesy; with yi+1, i.e. sif (Vi;Vyi+1) = f (Yi+1;Vi). This
is an equate between two vectors. So, we equalize the coe cients. That can be divided
into two cases:

If does not have a little arch (;i + 1):

1y
%1—‘33" 5 =0 (1.10)
ay g “Yin

But, is a polynomial, so, after some simple manipulation we obtain that =

(ay. g lyi+1), where is a polynomial symmetric in y; and yi+1 ;

If has a little arch (i;i +1):

i = EEEANNES b B
Lo oW O Min
%
The last sum is over all ®such thate °= . Except one (the one when we delete

a box in the Young diagram), all these ©are smaller than . This allows us to
write this system in a triangular form:

1y, X
= P9 Vi g g 0 (1.11)
Yi Yi+1 =g 0
O<

where ~is the Dyck path obtained from by transforming the mountain at the
i and (i + 1) steps in avalley.



20 CHAPTER 1. CPL AND THE gKZ EQUATION

Notice that equation (1.10) gives some constraints for the components . Moreover,
equation (1.11) allows us to solve thegKZ equation starting from the smallest component
(n. Note also that the second equation transforms a polynomial with a certain degree
into another polynomial with the same degree.

The process is better visualised in terms of Young diagrams. We start with the empty
diagram Y (() n) and we construct Y ( ) adding boxes (using equation (1.11)) in such a
way that in any intermediate step we have a Young diagram¥Y (()n) Y Y( ).

So, to solve thegKZ equation it is enough to nd the polynomial . In order to
proceed, we will need the following lemma, which generalizes equation (1.10):

bemma 1.7. |If there are no arches between points in;i +1;:::;j in , then the product
| ki<k, (@ G lyy,) divides . le.
0 1
Y 1
=@ (A% d 'y)A
i ki<kz j
and is symmetric in fy;j; i1y 0.
This is proved by induction on j i only using the symmetry property and equa-
tion (1.10):
Proof. The lemma is true for j = i + 1. Assume now that it is true for | 1, by
equation (1.10)C5qyj' 1 g lyj) divides . But by symmetryin yi;::5y; 1, must
be divisible by ~ K= Y(aw g ly;).
The symmetry follows. O

Finally, using the fact that we want the solution with minimal degree, we get:

Y L Y .
On = @y gq Vi) @y g “Vis):

1 i<j n n<i<j 2n

We have chosen this normalization only for convenience. Notice that the total degree
(inall yi)is = n(n 1) and the partial degree (in eachy;)is j=n 1.
For example, the casen = 3:

~=0 (Py1 y)(Pyr Y)Yz ya)(dPya ys)(aPVa  Ye)(dPYs  Ye)

=0 8Py y2)(d'yr Ye)d'Y2 V) @PYs  Ya)(@PYs  Ys)(OPYa  Ys)

~=9 3a'y1 ys)(d'yr  Ye)(dPYs  Ye)( Y2  Ya)(PY2  Ya)(GPys  Ya)

= g (d'yr Ve Y2 Ya)aPya  ys) (GPy1 Ya)(OPYs  Ye)(GPy2  Ya)
+q 2(q'y2  ye)(d'yr  ya)(dPys  Ys)

—~= 0 (Pys Ye)(&Pyr Y2)(dPys Ya) (o2 Ye)(dPya ys)(ay1 Ya)
+q a'yr ys)(d'ys  Ye)(aPYy2  Va)
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It remains, however, a non trivial fact to prove, the consistency of our solution. l.e.
if we choose such (), the rotation equation (1.9) is well de ned, and is independent
of the order in which we add the boxes.

This can be done by checking that the A ne Temperley{Lieb algebra acts in the
same way on both sides, up to duality. For this, we compute the action of the center
of the A ne TL algebra on both representations (polynomials and link patterns). This
will x k ands. For the details of the proof see [84]. Here we will prove it using di erent
methods, see section 1.5.

Wheel condition

In what follows, we prove that the polynomials obey an interesting condition, which
allows us to characterize the vector space spanned by the .

Lemma 1.8. The homogeneous polynomials obey thewheel condition, i.e.

iy=qzy =gty =0 foralll i<j<k  2n

for all link patterns
Proof. Note that the rotation keeps intact this vanishing property, as s = of. It is easy

to check that y, obeys thewheelcondition. So, the only thing we need to check is that
the algorithm used to compute all  conserves this property. Consider the operator

ay  q 'yix
Yi Vit
applied to a which obeys the wheel condition. Furthermore, consider the triplet
j<k<I . Three cases can arise.

1 s)

If neither i nor i +1 belong to the triplet, the result is obvious.
If both belong to the triplet, the factor ( qy. g lyi+1) vanish.
If only one belongs, sayi = j, it's enough to use the original vanishing condition
inj+1<k<l.
O

Recurrence formula

By equation (1.10), vanishes aty;+1 = ¢?y; if has a little arch (i;i +1). But, if
does not have a little arch (;i + 1), by the wheelcondition, it factorizes into

i y)  ( d'vi):
j<i k>i +1
Counting the degree of we discover that it has total degree fi 1)(n 2) and partial
degree 6 2). Moreover, it obeys the wheel condition if we ignore the variablesy; and
Vi+1 . This suggests that this is a polynomial of the same kind.
The actual relation is deeper. First, we must de ne the following operator:
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De nition 1.9. Let ' ; be an operator from the link patterns of sizem to link pattern
of sizem + 1, which acts by creating a little arch between positions andi +1.
Graphically:

' .
] ~

ii+1
Lemma 1.10. We claim that the obey the following recurrence relation:
_ 0 if 2Im";
bazen = (g 002 g @)V @ a) g =000
where §; means that this variable does not appear in the polynomial.

Proof. We will not prove it directly. Using the rotation equation, we see that this
equation is equivalent to:
1

2
=( D" gD (yan BY) olyziiiiYan 1)
j=2

(9 y1=9 “ya2n

This is easy to check for = () , 1. It is enough to prove that the algorithm used
to construct the solution of gKZ preserves this property. We &8 easily that we can
construct any (o with touching neither y; nor yzq, as the factor J-ZQZ Yyan qzyj) is

symmetriciny; forl j 2n 1. O

1.4.2 A vector space

These polynomials span a vector spac¥, characterized by:

De nition 1.11.  The vector spaceV, is the set of all homogeneous multivariate poly-
nomials P (y1;:::;Y2n) with total degree = n(n 1) and partial degree ; = n 1, which
obey the wheel condition:
Ply=ceyj=cuy, 8K>J>1
The dimension of this vector space is the Catalan number,. We prove this dimen-
sion in two steps, rst we nd c, linear independent polynomials and last we prove that
all the polynomials in V,; must be linearly dependent with the former polynomials.

following bijection:
1 ifi is an opening;
1  otherwise
These specializations are useful to prove the linear independence of the polynomials

Lemma 1.12. We can evaluate thec, polynomials at the ¢, specializationsq :

(@)=(q qhrtn DA

whered( ) is the number of boxes in the Young diagrany( ) and . is oneif and
represents the same matching, zero otherwise.
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We use Lemma 1.10 to prove the above lemma.

Proof. Take the rst small archin , say (i;i +1). We have yi+1 = ¢?y;, so if does not
have a little arch at (i;i +1) (g) vanishes. Otherwise, we get

(@)=(q g H2" Y 9O «q°);

where ='; %and ="'; %and g( ) is the number of openings after the little arch.
Easily, we see thatg( ) is the number of boxes in the rst column of Y ( )

If we apply this proceduren times, we obtain a relation between (q)and o, where
0 means that there is no arches. Setting o = 1 we obtain the expected result. O

Corollary 1.13. The polynomials are linearly independent.

To complete the characterization of the spacev,, we must prove that any polynomial
in V, is linearly dependent with the polynomials , or:

Lemma 1.14. A polynomial in V, is fully characterized by its values at tt]g:n special-
izati sq, where are all possible set§ 1;:::; 2ngwith ; = 1 such that izfl i=0
and !_, | Oforallj betweenl and 2n.

In other words, if there is a polynomial independent of , there must exist a non
zero polynomial which is zero for all specializationsg . We prove in Appendix A that
such a polynomial does not exist, proving the dimension of the space. This proof is a
replica of Appendix C of [23].

1.5 Contour integral formul

This way of computing the components of is not appropriate for our aim. Inspired
by the work of Jimbo and Miwa [31], Razumov, Stroganov and Zinn-Justin proposed a
multi-integral formula for in [67]. Here, we treat the even case, see [84].

At the end of this section we will prove that our former solution is consistent, i.e. is
indeed a solution of thegKZ system.

Let b= fly;:::;bhg with 1 b <bjw 2n, be a spin con guration, where by is
the position gf the i™ spin up.

Let = b b, where  is given by the contour integral formula:

¢n
i<j Q
Yowidw TR W wi(aw g tw)

T4 4
= 20 TPy T, (aw g ly)

(1.12)

where all the variables are complex and the contours surround the poles av; = y; but
not those atw; = g 2y; for all w; and y;. In practice the use of the contour integral is



24 CHAPTER 1. CPL AND THE gKZ EQUATION

only formal and the real meaning is that we pick the residues atw; = y; but not those
atw; = q 2yj . We claim that this vector solves the gKZ equation.
In order to prove that these formul solve gKZ, we introduce a new formula:

Pn
i<j Q
Yoygdwi TR (W wi)(aw g twy)
—Q Q
i 20 T w ) T, (aw g lyy)

(1.13)

where the integral is performed around the polesw; = y;, and b are the positions of the
spins down.
Here, we prove that:

Both expressions solve theexchangeequation (1.8);
Indeed, they are the same: = |,

They satisfy the rotation equation (1.9);

They belong to the vector spaceV,;

They are exactly the same as computed by the former method.

1.5.1 The action of the gKZ equation

In this section we check the action of thegKZ equation.

P P
Proposition 1.15. Both expressions = b pband = p pbobey theexchange
equation:
Ri = s
Ri = s
Proof. Consider the rst one. The equation R;(y;;Vyi+1) = Si, can be seen as an

equation in the components . In this perspective, we distinguish four di erent cases.
If both positions i and i + 1 are occupied by a spin up,i.e. there is anl such that
bh =i andh:; =i+1, the equation (1.8) says that:

ay+1 gty
e M 0, 1.14
Qg i O (1.14)

Picking only the terms which depend ony;, yj+1, w; and wj+; and are not obviously
symmetric, we get an integral antisymmetric betweenw, and w41, proving (1.14).
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If both positions i and i + 1 are occupied by spins down, the equation (1.14) is still
valid. So, we only need to prove that ,=(qy; g lyi+1) iS Symmetric in the exchange
yi $ yi+1, which is obvious when looking at the integral formula.

at (i +1)™ position. The last two cases read:

ay+1 gty Yier Vi Yier i
S; = - + 1.15
! a qlyie ® Tay qlya P gy g lys P (1.15)
_ayier gty 1 Yier Vi Vil Vi
s o= 2 AN + 1.16
"7 gy alyw ® 9 gy qlyer Poay g lye P (1.16)

After some easy and tedious computations we check that the integrand is equal on both
sides. For this it is enough to look at the part which depends ory;, yj+1 and w;, proving
the required result.

The case is proven exactly in the same way. O

Proposition 1.16. The two expressions are the same:

Proof. The case corresponding to the spin chain with all spins up to the left and all spins

b iS a direct computation; for , noting that there are no poles at in nity, one can
perform the integral surrounding w; = q 2yj . In both computations, the result is:

Y Y
fl:ng —  fn+l;:i2ng =( q)n-z (a g lyj) @y q lYj)

1 i<j n n<i<j 2n

This is the same polynomial up to a multiplicative constant as in (), . It is easy
to see that each component of can be obtained from ¢,...,q Using the exchange
equation (1.15):

funi+lyng = f(si 1)(qYI+l q 1yi) fugiig +q fugiing (1-17)

and equivalently for .
This proves the equality p= .
Note that this also proves that | are homogeneous polynomials with total degree
= n(n 1) and partial degree ; = n 1, because, f1;...ng has these properties, and

equation (1.17) preserves all these properties. O

Notice that the |, are homogeneous polynomials with total degree = n(n 1), so
we have = g 3" . Thus the rotation equation reads:
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Proposition 1.17. Equation (1.9), translates in term of components as:

fbi;iibn 1:bn g(yz. . -(ayZn; qGY1) =
gn 4 fLb+l e 1+1g(Y15 Y25 1005 Yan) if by =2n

3n 2 gt ; (1'18)
q fhi+1;:5by 141 ;bn+1 g(yln Yo;:t aYZn) otherwise
Or, using the other integral formul :
fbyiuibn 1;b19(y2; : :(:;yZn; qeyl) =
q3n 2 fLb+1 ;b 141 g(yl; Y2;::1,Y2n) if by =2n (1.19)

q3n 4 fhy+1 i bn 1+1;m+1g(Y1;YZ; 111,Y2n) oOtherwise
Proof. The rst case of (1.18) is equivalent to the second case of (1.19) and the second
case of (1.18) is equivalent to the rst case of (1.19). So, it is only necessary to prove
either both rst cases or both second cases.

Let us perform the proof of the rst case of the equation (1.18). Noting that there
is no pole at in nity, we can invert the domain of integration of the L.h.s. in w,. We
obtain (ignoring the terms which do not depend ony;):

¢
f:::;2ng(YZ; B q6y1) = () (aw q5y1)
i=2
Do Y hwaw P Ol My w(gu cyn()

- 1.20
20 (@ ) Ty ) Chiaw @y )

Integrating the r.h.s. around the pole w; = y;, we get (again ignoring the terms which
not depend ony;):

freg(Yniinyan) = " ) (an g tw)
i=2
! Y widw YAQinzz(Wi y(ayn g 1Wi)(:::): (1.21)

ey Vinzz(Wi Y1)Vj221(QY1 a ty)

The parts (i~:) are identical in bot@ expressions. Note that there is a shift in the

integration (~ ;" in the L.h.s. and ~!_, in the r.h.s.) which compensates the shift in

it is enough to check the equality of both expressions.
The same method can be applied to the rst equation of (1.19), proving that these
integral formul solve the gKZ equation. O
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1.5.2 Space
A notable aspect is that:
Proposition 1.18. The polynomials 1 belong to the vector spacé/,,.

Proof. We saw in section 1.4.2 that the spacé/,, consists of homogeneous polynomials
with total degree = n(n 1), partial degree = n 1 which obey the wheel condition.
Everything has been proven, except the wheel condition.

Being a Cauchy integral, the expression (1.12) can be easily solved by picking all
possible combinations of the poles inside of the domain:

\2n

i<j

Q
XY g T O Y@ 9 k)

S Q5 (1.22)
Kiko:nkn i=1 ?:1 (yki yj) jgh (qyki q 1yj)
ki6kj if i6] j 6k
Consideryy = qzyj = g’y; with k >j >i . In order to have a non-vanishing result,

we need to choose the terms with@y, g lyj) and (qy g lyk) in the denominator in
the sum in expression (1.22), all other terms vanish. For this we need to choodg = i,
which impliesi =k, b j. And also, kn, = j, soj = kn by k. This implies
bh by, i.e. | m, but the two poles are distinct sol < m . Which will create a term
in the denominator (qw, q wk,)=(ay g ly;). So, there is no possible choice of
the poles that avoid both zeros,i.e. all  vanish for yy = qzyj = q'y;. O

1.5.3 Link Patterns

We saw in Section 1.2.2 that the link patterns generate the subspacé& = 0. But the
spins b live in the subspaceS? = 0 (notice that S = 0 is a subspace ofg®>* = 1), which
is larger. So, we need to prove that:

Proposition 1.19.  The vector | p(z1;:::;Z2n)blives in the subspaceS = 0, i.e. there
are some functions (z1;::7; 22n) such that:
X X
bb = ;

b

Proof. We know that the ¢ live in V,. Let be a basis ofV, characterized by
()= . . So, we have:
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for someP .
If we use the specializationq , we obtain:
X
b(dq)b= P.pb:
b b
A direct computation of (q) is quite tedious, instead we will use therotation
equation (1.9). Assume that has a little arch (1;2), thatis (q*;q2)=(q *;q). There
are four di erent cases:

The con guration b starts with two up spins, i.e. (bi;lp) =(1;2). So, there is only
one choice in (1.22):k; =1 and ko = 2. But, this case implies that there is always
aterm (gy1 g ly,) which vanishes for this specialization.

The con guration starts with two down spins, that is by > 2. So, in any case
it is not possible to avoid the term (qy1 g ly») in the numerator of (1.22). In
conclusion, it vanishes.

The con guration starts with a spin up and a spin down (in this order), that is
b =1 and b, > 2. If we perform the integration in w1 we obtain:

.....

i=3
wheref) is the positions of theit" spin up in bignoring the rst one.

The last case is whenb, = 2. Here, there are two choices (in equation (1.22)),
either k; =1 or k1 =2, as the second choice (1.22) vanishes. So, we are forced to
pick the pole wy = y1, getting:

.....

i=3

Using the rotation equation (1.2) we can get a generalized recurrence:

o1 \a
b(YL Y 10 Ly inyan)=( D' Y (@2 aqy) (a g2,
8 j:]_ j:i+2
%o ifi:i+12b
( qr? a(YLiii5Yi 1iVie2;iiiy2n)  fi2bandi+12b
(0 ¥ gyiiinyi nYieiiiya) ifi2bandi+12b
0 ifi;i+12b



1.6. A THIRD BASIS 29

where b is the spin con guration without the spins in positions i and i + 1.
Now we can compute theP.,. But we do not need the explicit result, instead notice
that the only dependence onbis in the factor ( q) 2. So, by recurrence, each arch in
will correspond to a singlet:

~=( 9+ (g T

L : P
which is exactly what \de nes" an S = 0 state. It is now clear that [Py =S
where S is some constant. Moreover” = S is only a new normalization of the
polynomials . O

Finally, we can prove that:

Proposition 1.20. The vector computed by the integral formul P p bbis the same as
computed in Section 1.4: X X
pb =
b
Broof. The proof is straightforward. In Proposition 1.19 we proved that P bbb =
" . So, this set of polynomials must solve the triangular system. As they have

the same degree, they must be the same up to a multiplicative factor. Computing the
coe cient of b= f1;:::;ng we discover that the multiplicative constant is 1. O

This leads us to the important result:

Corollary 1.21. The quantities computed in Section 1.4 solve thgKZ system.

1.6 A third basis

Although we have already two ways of computing the vectorP , hone of them
is suited for the computations we want to perform. In this section we present a third
method used in the article [17]. This basis is often cited as intermediate basis as it is a
slightly modi ed version of the one presented in the previous section and it is indexed
by link patterns.

1.6.1 A new integral formula

Leta= faj;:::;ang, wherea; @ jforalln i>1,a, 2nanda; 1.
We slightly modify the equation (1.12), obtaining:

\?n
alysiinyan)= @y g ly)
K | RV Qn v 1,
dwi o i (W wp(gw g “wy)

~

C20 T AW Y T e (oW g twg)

(1.25)
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where the integration contour surrounds the polesw; = y; but not the polesw; = q 2yi
(for all pairs i;j ).

We claim that these polynomials live in the spaceV,. Before proving that, we prove
some propositions.

Proposition 1.22. The quantities 4(y1;:::;Y2n) are indeed polynomials.

i<j

Q
S A (R A C IR .

(1.26)

~ ) < 2n vy
kikokn izt 1 aWko i) e (@ 9 1Y)
ki6kj if i6] 18Kk
ki b

To prove that this expression is a polynomial, it is enough to prove that there are no
poles after performing the sum.

We start with the computation of the residue at y,, ! Vys, with ki = r. To have
a non zero residue it is necessary thas @ and that s 6 k; for all kj. Notice that
ki aj, sothetermk; = sandr 6 k; for all j is also part of the sum. If we sum both
and compute the limit y; ! ys, we get the same expression aside of the sign coming
from the pole itself. l.e. the residue vanishes and there is no pole.

The residues atyy, ! q 2y;, with j>a; ki cancel with the rst factor i (av;

q y)- O
The second property that we need in order to proceed is the degree of the polynomial:

Proposition 1.23. The polynomials ,(y1;:::;Yy2n) are homogeneous polynomials with
total degree = n(n 1) and partial degree i = n 1

Proof. This follows directly from the integral formula, or, equivalently, from equa-
tion (1.26). O

Proposition 1.24. They all obey the wheel condition:
ajyk:qzy,-:q“yi =0 forall 1 i<j<k 2n:
Proof. We follow exactly the same steps as in Section 1.5.2. O

And nally, the main claim:

Lemma 1.25. Leta= faj;:::;a,g be a sequence such that,; >a; for all 1<i n,
a 2 landa; =1. There are exactlyc, such integrals and they span our spac¥y,.
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Proof. The proof of the rst part is straightforward, as these sequences are in bijection
with matchings.
The second part is harder. As they live inV,, we can write:

X
a(y1;:::;Y2n) = Ca;  (Y1r:i::;y2n):

Where C,. are some coe cients.
To compute C5. we only need to evaluate , at the point g, as:
X
a(dq) = Ca; Q)

=Cq(q qHnn V9

In Section 1.6.2 we compute explicitly the coe cients. Using a global order which
respects the partial order de ned in Section 1.4, this matrix C5. is triangular with ones
at the diagonal, so it can be inverted, which proves the lemma. O

1.6.2 Basis transformation

We assume that the 4 are linearly independent. So we can de ne the basis transfor-
mation in the other direction:
X

a

Note that the polynomials and 5 can be multiplied by some constant without
changing their characteristics. With our de nitions:

0(z1522) = 1(z1;22) = 1:
Calculating the coe cients Ca:
We know that these coe cients are fully determined by the ¢, points (q ). Therefore we
only need thesec, points. We will allow all a= (az;:::;an) such that a; aj+1 with
1 & 2 1foralli.
We pick a little arch in , say betweeni and i + 1. If there are no a; = i the 4(q)

is zero (see equation (1.26)). Soa must be of the form

After a tedious computation we obtain:

Y Y
a@)=(C o Y @ da’) (@ qlg)U 1 ald) (1.27)
j<i joi+2
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wherea‘z(al;"';l 1;:{'2:;i i.;"';an 2) and
k 1
k+1 k 1
Uk=qq qql =g+ 2+ i+ q K2k

is a polynomial in  of degreek.
Observe that the prefactor is exactly the same as in Lemma 1.10. So, we get:

Where " is the link pattern  without the arch (i;i +1), i.e. =" ;. The fact that
Cy,p = 1 provides an inductive method of calculation.

There is to our knowledge no direct method to computeC ;al explicitly. We shall use
an Ansatz later for some entries ofC * and con rm it by checking it at all values of the
form (q).

Graphical method

In this section we provide a graphical method to compute the coe cients C,. . This

method is a simple consequence of equation (1.28) and can be seen in article [17].
Let d; count the number ofa; = i for all j, and let be a link pattern with a little

arch (i;i +1). Equation (1.28) says that we can take out the little arch, at the same

di + di+1  1;dis2 :::don). Graphically:

f \ = Udi 1
d 1 d di+1 dis2 4 diz

wheredi = di 1+ di + disg 1.
Notice that U 1 = 0, so if we have a little arch (i;i + 1) and d; = O the coe cient
vanishes. Let us perform two examples:

e A = U N = U2 AN = URUp s = U3
01 0 1 1 1 0 O 0O 1 1 1 0 O 0 2 0 O 1 0
"N A~ =U 4 m =0
01 0 1 1 1 0 O 0O 1 1 1 0 0

where the red dashed lines mark the little arch chosen in the process.
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Triangularity of the transformation of basis

Now we pick some strictly increasing seta= (ajz;:::;ap) suchthatay 2i 1 and the
set of openings in the matching called ( 1;:::; n), in this notation, we see that the
two objects are essentially the same. We de ne a partial order: a if and only if

i @ forall i. We claim that:

Lemma 1.26. For C, to be dierent from zero, must be smaller or equal toa. If
i=a forall i, Cy =1.

Proof. In order to prove this we shall use the geometric method presented above. We
pick an arch in , going betweeni and j. If we use the geometric method of reduction,
we see that we need at leastj( i)=2 ax suchthati ax <|j , applying this in all arches
in  we see that we need a.

The statement for = a follows easily by induction, for a reduction at a small arch
of . O

So, if we x a total order which respects the partial order de ned before, C,. is a
triangular matrix with 1's on the diagonal.

The two facts together prove that the transformation is invertible, therefore the
are linearly independent.

Coe cients as polynomials of

The study of these coe cients leads to the following property:

awitha; = , j«1 +1i,andletY( ) be the Young diagram corresponding to the matching

The coe cients C, are polynomials in , more precisely:

20 if Y()* Y(a)
Cy = _1 if Y( )= Y(a) (1.29)
" Py () IFY() Y(@

whereP,. () is a polynomial of with degree .- | Y(a)j ] Y( )] 2
Moreover, we have:

Ca; ()=( 1)d(a) o )Ca; ():

We leave the proof of this lemma to Appendix B.
Observe that this lemma remains true for the coe cients C ;al, by using the triangu-
larity of C and the fact that the diagonal elements are one.
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1.6.3 The homogeneous limit

The limit y; = 1 for all i will be of central interest in this work.

We will use lower case (4 and ) to represent the limit of the polynomials in
fyi;:::;¥2n0, denoted by capital letters ( 5 and , respectively).

Using the transformation of variables:

U = Wi 1 .
1 = qvvl q 17
we obtain the formula:
[ |
a= i % ?i (U U@+ uj + uiy;),

i j>i

.....

It is obvious that all , are polynomials in  with integer coe cients. Now, to obtain
the components  we only need to know theC ;al:

= C ;al as
a
which are also polynomials in with integer coe cients.
Notice that if we let = 1 we are computing the groundstate of the CPL model
without parameters. For general we do not have a combinatorial interpretation, besides
being the solutions of thegKZ equation at level one.

1.7 An example

Even with these three methods, the computation of the groundstate of the XXZ Spin
Chain model is still not trivial. Let us see an easy example.

Consider the conguration =() () )m,andcaln=m+ +
Proposition 1.28. Fora=fl;:::;;mm+ ;:;.;m + .;m+2 + ;:..;m +2 +
P L p- 2 19
we have: I I
Y Y
a(y1;::i;yon) = U 1 U 1 G (Yuiiiiiyan);

Y Y
a= U1 U1
i [
This proposition says that it is enough to know how to compute , in order to
compute . Here we will only do the homogeneous case, the inhomogeneous case is
probably possible, although harder.
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Proof. We know tl(”bat a = Ca: , SO0 we only need to prove thatC,. is zero if

6 andCy = ", U 1Qi Ui 1.

|

Imagine that has a closing at a position between 1 anan + , this implies that
there are more than openings after positionm+ , but any opening must have at least
one a; associated and there are only entries a; larger than m + . So, we have that
the rst m+ positions are openings. There are n@ >m +2 + , so we must have
m +  closings at the end.

Imagine now that has a closing at positonm +2 + | this closing must link to
an opening beforex <m in such a way that the number ofx a<m +2 + is
greater than half of the size of the archm +2 + X. But this implies that outside
this arch there are at mostm 2 openings form +  closings which is absurd. So,

must have an opening atm +2 + . Applying the recurrence formula (1.28), we see
that the only coe cient non zerois Cy. .

The computation of the coe cient C,. is straightforward. O
CaluU. = Qi Ui 1Qi Ui 1. We compute
I I
Y  du
=u.t 2iul-a‘ (U u)@+ uj+ uy)

i Ij>i

We perform the integration in the rst m variables:

lI RV dv mY
=U. ::: 2iv-(1+ Vi) (vi vi)@d+ vj+vy))
[ i j>i
Y dw, Y
7{\_‘_(1 + W{\)m (W{\ W{\)(l + wpt W:{\W{\)

2
v 21W ¢ >

(We  vi)A+ we+ wey)
it

where we renamed the variables in a convenient way.
For what follows we need a little lemma:

r

Lemma 1.29. The anti-symmetrization of i (1+ uj+uju;) is equal to the following

formula:

X ¥ LY ¥
(1) @+u,+uu)=( DO U1 U w
2, j>i i j>i

PrOOf. |||e prOOf iS QUite elelllentary. We perforlll a tra“SforlllatiOll Of VariableSUi -
Wi 1.

q : q]_

(Wi 1)r ! i>i J !

12Y
(@ ah?
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The anti-symmetrization of this factor is quite trivial, the only di culty is to compute
the multiplicative facto(5 following a technique similar to the one used in [81] we nally
obtain the expression Ir U 1.

If we do the inverse variable transformation we get the desired result. O

Applying this formula, we obtain:

I I
=( 1)(2)+(2) — T 2iLII- 1+ ui)m (Uj Ui)2
t [ ! i
2.%(“ wo™ (W wy)?
We >t

(We  vi)A+ wg+ wey):
i;¢
6ut the integrandd's symmetric in the u; and in the wg separately, so we can replace
s (U ui) by T u; ' and analogously forw:

1 Y dy; Y
=— i ——(1+ up)"™ (U i)
Ll 20U isi
t m
———1+ w W W,
i 2 A o (W wy)

Yf ¢ 1
(We  vi)A+ wet wgyi):
it
Computing the rst  integrations, we obtain:
I I
= Y 2i\(/jvw{+'{(1+ womt Y (wWp wy):
¢ ¢ P> 1
The expected result is achieved by performing a simple computation:
I I
=X (1 o Y W(1+ we)™
2s ¢ ¢
X Y  m+
+ i i
m +
+i
This can be computed, we will omit here the details, and is equal to:
YY Yisji+k 1

. ki+j+k 2
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which is the result conjectured by Zuber in [85].

This result was proved also in [84]. In the article [18] the authors proved that these
numbers, with = 1 count the Fully Packed Loop Con gurations with  at the boundary.
After the proof of the Razumov{Stroganov theorem by Cantini and Sportiello [8], which
links the FPL to the XXZ model, both results are equivalent, see Section 2.3.
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Chapter 2
Alternating Sign Matrices and
6-Vertex model

In this chapter we introduce a second set of models: Alternating sign matrices, Fully
Packed Loops, 6-Vertex model, 2 dimensional Ice model and others. All these models
are in bijection.

Alternating Sign Matrices (ASM) were invented by Robbins and Rumsey in their
study of the \ -determinants” in [70] (cleary, this work precedes [49, 50], it only appeared
later), which generalise determinants in a way inspired by Dodgson's condensation [19].
In a series of articles, Mills, Robbins and Rumsey [49, 50, 70, 51] studied their properties.
They counted them and noticed that there are as many ASM as Totally Symmetric Self-
Complementary Plane Partitions (TSSCPP). This was the rst intriguing mystery.

This fact was proved by Zeilberger [80]. Some time after, Kuperberg [44] proved
exactly the same result but using some methods from quantum integrable system. His
proof uses the fact that the ASM are in bijection with the 6-Vertex model with Domain
Wall Boundary Conditions (DWBC). Unfortunately no bijection between TSSCPP and
ASM has been found so far.

In the latest chapter of this story, Razumov and Stroganov found that there is a
deep connection between the Fully Packed Loops (which are in bijection with the ASM)
and the XXZ Spin Chain model. This conjecture, now a theorem, will be the subject of
Section 2.3.1.

2.1 Alternating Sign Matrices

An Alternating Sign Matrix (ASM) is a square matrix made of 0s, 1s and 1s such that
if one ignores the 0s, 1s and 1s alternate on each row and column starting and ending
with one 1s. Here are all 3 3 ASM:

100 100 010 010 010 001 001
010 001 100 001 1-11 100 010
001 010 001 100 010 010 100

Thus, there are exactly 7 ASM of sizen = 3.
These matrices have been studied by Mills, Robbins and Rumsey since the early
1980s. It was then conjectured thatA,, the number of ASM of sizen, is given by:

_ Y@+

An = i (n+j)

=1; 2, 7, 42, 429 ::: (2.1)

39



40 CHAPTER 2. ASM AND 6-VERTEX MODEL

This was subsequently proved by Zeilberger in 1996 in an 84 pages article [80]. A
shorter proof was given by Kuperberg [44] in 1998. The latter is based on the equivalence
to the 6-V model.

2.2 6-Vertex Model

Let us now turn to the 6-Vertex Model. The model consists of a square grid of siza n
in which each edge is given an orientation (an arrow), such that at each vertex there
are two arrows pointing in and two arrows pointing out. This leaves 6 possible vertex
con gurations, hence the name of the model. We use here some very speci ¢ boundary
conditions (Domain Wall Boundary Conditions, DWBC): all arrows at the left and the
right boundaries are pointing in, and at the bottom and the top boundaries are pointing
out.

For example, there are 7 possible con gurations fom = 3:

The fact that there are again seven con gurations is not a coincidence. Indeed, there is
an easy bijection between ASM and 6-V con gurations with DWBC, which we describe

schematically:
A A A
| Y Y | o1 <
A v v A v Jﬁ
1 1

0 0 0 0

It is clear that this transformation associates a matrix to each 6-Vertex con guration.
It can be easily checked that the Domain Wall Boundary Condition and the properties
of the 6-Vertex model ensure that we obtain an alternating sign matrix. Conversely, one
can consistently build a 6-V con guration from an ASM starting from the xed arrows
on the boundary, continuing arrows through the 0s and reversing them through the 1.

2.2.1 Square Ice Model and a path model

There are several ways of representing the 6-Vertex Model, here we present brie y two
of them:

Square Ice Model

Take a grid n  n and in each site put an oxygen atom and in the edges the hydrogen
atoms. The Ice rule states that a hydrogen will be between two oxygens (with a covalent
bond and one hydrogen bridge), in such a way that each oxygen is connected to 2
hydrogens by covalent bonds and have two hydrogen bridges. The DWBC are here the
arti cial fact that there are hydrogens at the left and right but not at the top and
bottom. See Figure 2.1.
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The equivalence with the 6-Vertex model is obvious, an arrow pointing in corresponds
to a covalent bond, and an arrow pointing out to a hydrogen bridge.

Osculating paths

Consider a 6-Vertex con guration, and paint each edge which is occupied by a right or
an up arrow. We get a set of paths going north-east, which do not cross, although they
can share a site. See Figure 2.1.
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Figure 2.1: Three di erent representations of the same 6-Vertex con guration.

2.2.2 Partition Function

In order to solve the ASM enumeration problem, it is convenient to generalize it by
considering weighted enumerations. This amounts to computing the partition function
of the 6-Vertex model, that is the summation over 6-V con gurations with DWBC such
that to each vertex is given a statistical weight, as shown in Figure 2.2, depending on

was performed by lzergin [29], using recursion relations written by Korepin [40], and
the result is an n  n determinant (IK determinant). It is a symmetric function of

Here, we describe this procedure using the language of Quantum Integrable Systems.

The weights

We assign to each vertex a di erent weight, as shown in Figure 2.2.
Let n; (i from 1 to 6) be the number of site con gurations of each kind which appear
in some con guration, then we have:

Proposition 2.1. The quantities n; are related byn; = ny; n3 = ng; and, ns = ng+ n.

This is why we only have three di erent weights.
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? v Y ? N
|*_{§ 2 |V{§_* ﬁf{g

}

Figure 2.2: To each site con guration corresponds a statistical weight.

Proof. The rst equation is obvious from the point of view of paths: it only means that
the number of vertical lines is equal to the number of horizontal lines.

The second one is equivalent. If we replace the edges with a right arrow, instead of
left arrow, by a path, we get the desired result.

The third one is visible on the ASM side, it only means that the number of 1s is
equal to the number of 1s plus then 1s corresponding to permutation matrices. [

The patrtition function is de ned as usual:

X Y
Zh = Wi 5
con gurations  i;j
where wi; is replaced bya, b or ¢ depending on the site con guration at position (i;] ).
In order to proceed the computation of the partition function it is convenient to
replace the constant weights by weights that depend on the row and on the column:

a=qz q ‘w;
b=z w;
c= (q 1 q>Zl=2W1=2;

where w (respectively z) characterizes the column (resp. the row), known as ver-
tical (resp. horizontal) spectral parameter. Here we will usefyn+1;:::;Y2ng (resp.

a global parameter which will be eventually specialized to a cubic root of unity.
We rede ne the partition function as being:

¥n _
y, 2z, (2.2)
i=1

Zo=( )" D2t g

Some properties are evident from the de nition:

Proposition 2.2.  The partition function Z, is a polynomial of total degree = n(n 1)
and partial degree ; = n 1.

Proof. The total degree is straightforward.
For partial degree, we observe that a vertical (resp. horizontal) spectral parameter
only appears in one column (resp. row), and there is at least one. So the maximal

degree is i 1=2). Multiplying by i2” Y =2 we get the desired result. O
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Integrability

The interest of this model lies in the fact that it is a quantum integrable model. In
this section we introduce aR matrix which satis es the Yang{Baxter equation as in
Section 1.1.3. In fact, the two R matrices have some di erences: di erent normalization
and the one de ned here is invariant under reversal of every arrow. In spite of these
di erences, we will use the same name. This will allow us to identify some essential
properties of the partition function which will be enough to compute it.

Take ann n grid, x the boundaries and imagine at each site an operator that
takes as input the two arrows at the left and bottom edges and gives as a result the two

arrows at the right and top edges. This operator is normally represented by a matrix:

1
0 0O

0
a
_ 0O b c 0 _. ..
0 0 0 a

where the entries follow the orderf—1;—1;<1;<lg and a, b and c are replaced by the
values which depend orw and z. The R matrix is represented by two arrows crossing,
where the arrows point on the direction of the operation.

TheseR matrices obey the identity equation:

R(w;2)R(z;w)=(gz q *w)(qw q z)Id:

>Xx=(gz q'w)aw q 'z

Of course we could have divided the matrix bya = (qz g *w), obtaining a simpler
identity equation.

The most remarkable property of the R matrix is that it satis es the Yang{Baxter
equation:

Graphically:

R2:3(Y2: ¥3)R1:3(Y1: Y3)Ru2(Y1: Y2) = Ru2(Y1:Y2)Rus(Y1: Y3)R2:3(Y2: Ya);

where R;; means that R acts in the tensor product between thei®™ and the j vector

spacé. Graphically:
A _ N
- |

We de ne the transfer matrix of the model as:

T(z;Wq::5;Wn) = Rpo(W1; Z)Roo(W2; 2) : i Rp 1:0(Wn 15 Z)Rn:0(Wn; 2)

S A R A

W1 Wpo Wn  1Wn

where the matricesR;. o act in the tensor product on the i vector space and the auxiliary
space (horizontal space).

1We consider that each line transports a vector space associated to one spin.
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Korepin's recursion relations

In [40] Korepin proposed a way to computeZ, inductively. We should repeat here
the proof for the sake of completeness. The same proof appears also, for example,
in [84, 41, 44].

We shall construct the partition function by recursion. For this we need the following
important proposition:

This is a simple consequence of the Yang{Baxter equation.

Proof. Leti be an integer between 1 andh 1. Notice that multiplying a R matrix at the

right boundary at rows with spectral parameter y; and y;+1 is the same as multiplying
the partition function by ( qyi+1 g lyi). So we multiply the partition function by

Rii+1 (Yi;Yi+1) and divide it by (qyi+1 g 1yi):

Yi

Yi+l

_ 1 < Yi+l
(ay+1 a ly) <o

_ 1 F< Yisl
(ay+1 a tyi) ~<

L 1 Yi+1

(a1 g tyi) vi

Yi+1

Yi

The proof is similar for the vertical spectral parameters. O

When we specializeyn+1 = ¢°y1 we get the following recursion formula:
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Proposition 2.4. The partition function Z, obeys the recursion relation:
Zn(y1:::5YniYner = QY1005 Yan)

Vi
=( D" (1 VeV Yne1)Zn 1(Y2ii5¥n 1Vne1;iiniYen): (2.3)
i=2

Proof. The fact that y,+1 = @?y1 xes the rst column and rst row of a 6-Vertex
con guration implies:

1 piw
=(q @ Yi¥n+r  (Yi Yn+)(Yi  Yn+1)
i=2
1 Di\n
=(q D YiVner (Y Yn+i)(Yi Yn+1)
i=2
Zn 1YL ii5iYn 1 Yn+1iiiY2n);
where the factor comes from the xed sites.
If we rescaleZ to Z, we obtain the desired result. O

Consider nowZ, as a polynomial iny;. The last property together with the symme-
try give us the evaluation of the polynomial for n di erent points of y;. This is enough
to fully determine the polynomial (notice that the degree isn 1 as a polynomial ofy;).

The fact that Z; = 1 completes the characterization.

Izergin's formula

In [29, 30] Izergin proposed a closed formula for the partition function:

Proposition 2.5. The partition function of the 6-Vertex model is given by:

Qn
SO Yae)(@Y G tyns)
Zn(y1;:::5yon) = —8
OV o) = R T Y et Vo))
1

det :
1 on (Vi Yei)AQY 9 lynej)

(2.4)

Proof. It is a simple exercise to prove this formula. We need only to check that the
expression satis es the following:
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It is a polynomial,

It has the appropriate degree: total degree = n(n 1) and partial degree = n 1;

When yn+1 = ¢?y1 we obtain:

¥
nlyna =qeys = ( D" (1 Ve Yns1)Zn o
i=2

z

2.23 Thecase ¢°=1

Let Y, be the Young diagram with two rows of lengthn 1, two rows of lengthn 2,...,
two rows of length 1. The Schur function associated toY, is de ned as:

det; ij 2n Zi2n i+
Sy, (z1;::1;2on) = T (2.5)
det; ij 2n Z

wherel; is the length of the j™ row of Yni (n Lin Lin 2Zn 2:::;1100).
We claim that in the case q= €2~ 3, the partition function (2.4) simpli es into:

Zn(Y1; Y Ynets o2 Yan) = Sy (0 2y1ii:550 YyniQyner it ayen): (2.6)

The proof consists in checking that the Schur functionsy, satis es the properties of
the partition function Z, in the caseq?® = 1.

The Schur function is a polynomial;

The total degree is equal to the number of boxes inY,, so = n(n 1) and the
partial degree is the size of the largest row, so; = 1;

A simple computation gives ussy, = 1,

Sy, obeys the relation
. Y 2
SYnJZj = g2z = (q Zj Zk) SYn 1 {\’{\1
K6 i

where {*and [*'means that we excludez; and z;.
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The last fact is not di cult to prove. Let ( z;z;2z) be such that zx = ¢?z = q*z
for distinct i;j;k . In this case the Schur function vanishes. Indeed the three rows in
the determinant of the numerator in (2.5) corresponding to z;, z; and zx are linearly
dependent while the denominator does not vanish.

So, we have:

Y
Sy, (z1;::0:2 = &Pzt 2on) = (A %z z)sn 1(za;ini 250085000 Zon):
k6 iij
where 4t means that we omit z;.
Now set zi = 0: the Schur function has 2n 2 remaining arguments, so the full

column of length 2n 2 can be factored out and we are left with the Young diagram
Yn 1:

By comparison, we conclude thatsy 1 = Sy, ;.
If we replacey; by qy;, ford i nandy byq lyiforn<i  2nin Proposition 2.4
we obtain the same result. This proves the equality.

2.2.4 The homogeneous limit

We are now able to compute the humber of ASM.

Putyi=qforl i nandyi=q forn<i 2n. The weights are now:
a=¢q q?=q' ¢ 2.7)
b=q q? (2.8)
c=ql! q (2.9)

Notice that, in each con guration, there are an even number of sites with weightb, thus
we can replaceb with  b.
As all weights are the same, we get:

(@t Q" U A, =Za(a;z 0000 Y

=sy,(1;:::;1)
This means: ]
An =3 (Z)Syn(l;"';l)
But, sy, (1;:::;1)is the number of Semi-Standard Young Tableaux (this is a standard

result which can be found in, for example, [73]). More precisely, we have

_ Y qu)+2n,

u2Yn h(U) 1
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where u runs through all boxes in Yy, c(u) is the content of box u and h(u) its hook
length.
After a simple computation and some manipulations of factorials, we get the formula:

NS
"o (EDE

2.3 Fully Packed Loops

A Fully Packed Loop con guration (FPL) of size n is a subgraph of the square grid with
n? vertices, such that each vertex is connected to two edges. We furthermore impose the
following boundary conditions: we select alternatively every other external edge along
the boundary of the grid to be part of our FPLs. By convention, we x that the leftmost
external edge on the top boundary is part of the selected edges, which xes the entire
boundary of our FPLs. We number these external edges clockwise from 1 ton2 see
Figure 2.3.

1 2 3
4
12 r
5
11
6
10
9 8 7

Figure 2.3: A FPL con guration example. This example is in bijection with the previous
one of the 6-Vertex model, see Figure 2.1.

FPL and the 6-Vertex model

The FPL con gurations are in bijection with the 6-Vertex con gurations and, in conse-
guence, with the ASM. We distinguish an odd and an even sub-lattice (de ned by the
parity of the sum of coordinates). The bijection reads:
t Y Y
v v

X“I%
even++Jr_++
e

odd

— |
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FPL and matchings
In each FPL con guration the chosen external edges are clearly linked by paths which
such that the external edges labeled and j are linked by a pathin . Then ( )is a

matching in the sense of Section 1.1.2; for example, the con guration of Figure 2.3, has
connectivity:

L~

1234567 809101112

De nition 2.6 (A ). For any matching , we de ne A as the number of FPLsSF such
that (F)=

A result of Wieland [79] shows that the rotation on matchings leaves the numbers
A invariant, and it is then easily seen that conjugation of matchings also leaves them
invariant:

Proposition 2.7 ([79]). For any matching , we haveA = A;(yandA = A

2.3.1 The Razumov{Stroganov{Cantini{Sportiello theorem

We can easily construct the seven di erent con gurations for n = 3:

—_— — —

A A A ~ A AN AN A AN
We grouped the con gurations by their connectivity. We can see that:

A~=1 A..=1 A =1
A =2 A =2

Notice two things, rst these numbers are invariant under conjugation and rotation
of matchings, as pointed out in Proposition 2.7. Second, these numbers appear in the
solution of the Completely Packed Loop model (see Section 1.1.5).

Razumov and Stroganov noticed, in 2001, that this seems to hold in at all sizes:

Theorem 2.8 ([65]). The groundstate components of the Completely Packed Loops
model, when normalized in such a way that the smallest component &5 count the
number of Fully Packed Loop con gurations for any matching :

=A:

As a small historical remark, this story begun with the articles [68, 76]. The authors

noticed that the groundstate of the periodic XXZ chain with = % and an odd

number of sites can be normalized such a way that the smallest component is 1, has
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only non-negative integer components. Moreover, using this normalization, the biggest
component is 1 2;7;,42;429;:::, the famous sequence that counts the ASM.

Later, in the article [3] the authors studied the even case conjecturing the following
theorem:

Theorem 2.9 ([3]). Let, as before, be the component of the grounstate of the CPL
corresponding to , normalized in such a way that the smallest component i&.
Let n count the number of arches. We have three important properties:

All components are non-negative integers;
The largest component is equal tAA, 1;

The sum of all components isA,,

X
= An: (2.10)

The sum rule (2.10) was proved in the article [15] by Zinn-Justin and Di Francesco.
Of course that now, the rst and the third points are corollaries of Theorem 2.8,
which was nally proved in 2010 by Cantini and Sportiello [8].

2.3.2 Some symmetry classes

It is natural to de ne some subsets of the FPL (or ASM or 6-Vertex model), which
are invariant under some symmetries. Here we will only refer to the one that will
be needed: the subset of con gurations which are invariant with respect to vertical
symmetry (normally called Vertically Symmetric ASM).

Let AY be the number of vertically symmetric FPLs of sizen. We then have the
famous product expression:

1Y 6 22 1)
A 4j D4 2V

\% —
A2n+1 -

The original proof can be found in [45].

It is worth noticing that there are several variations of Theorems 2.8 and 2.9, which
link di erent symmetry classes on the FPL side to di erent boundary conditions on the
CPL side. Most of them are still conjectures.

For example, de ne A\2/n+1; as the number of vertically symmetric fully packed loop
con gurations of size 2n+1  2n + 1 with connectivity at the boundary represented
by the n arches link pattern (we ignore half of the FPL, since the con guration is
vertically symmetric).

Let © be the stationary state of the following Hamiltonian:

1 X1

H° =
2n 1
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which describes the CPL with open boundary conditions.
With a suitable normalization we have:

Conjecture 2.10. Let = 1. The quantities AY,,,. , which count the VSASM with
boundary connectivity solve the equation:

X \Y — X oaV
A2n+1; - H A2n+1;

We can nd this example, and others, in the articles [66, 3].
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Chapter 3
Totally Symmetric Self
Complementary Plane Partitions

3.1 Plane Partitions

Plane Partitions can be seen as a generalization of partitions (or number-partitions)
whose study was initiated by Euler and continued by Sylvester, Frobenius and others.
We describe here Plane Partitions in two di erent ways, either pictorially or as arrays
of integers.

Pictorially, a plane partition is a stack of unit cubes pushed into a corner (gravity
pushing them into the corner) and drawn in isometric perspective, as illustrated in
Figure 3.1.

RPNO NN
[N N NS |
=W o
Www

Figure 3.1: We can see a plane partition (PP) either as a stack of unit cubes pushed
into a corner (at the left) or as an array of decreasing integers (at the right).

An equivalent way of describing these objects is to form the array of heights of each
stack of cubes. In this formulation the e ect of \gravity" is that each number in the
array is less than or equal to the numbers immediately above and to the left. See, for
example, the plane partition in Figure 3.1 represented in both ways.

Plane Partitions are counted by the following generating formula, due to MacMahon
(1897) [47]:

Theorem 3.1. Let pp(n) count the number of Plane Partitions with exactlyn cubes.
The generating function for pp(n) is given by

b3 Y 1

pp(na’ =
o @)

The proof of this theorem can be found for example in Bressoud's book [7] or in
MacMahon's article [48].

53
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3.1.1 Totally Symmetric Self complementary Plane Partitions

A problem of interest is the enumeration of plane partitions that have some specic
symmetries.

The Totally Symmetric Self-Complementary Plane Partitions (TSSCPP) form one of
these symmetry classes. In the pictorial representation, they are Plane Partitions inside
a2n 2n 2n cube which are invariant under the following symmetries: all permutations
of coordinates of boxes; and taking the complement, that is putting cubes where they
are absent and vice versa, and ipping the resulting set of cubes to form again a Plane
Partition 1. In Figure 3.2 we can see an example of a TSSCPP.

Figure 3.2: An example of Totally Symmetric Self Complementary Plane Partitions
insidea8 8 8 cube.

Alternatively, they can be described as 2 2n arrays of heights. In the n = 3 case,
we have, once again, 7 possible con gurations:

666333 666433 666433 666543 666543 666553 666553
666333 666333 666433 665332 665432 655331 655431
666333 665332 664322 655331 654321 655331 654321
333000 433100 443200 533110 543210 533110 543210
333000 333000 332000 433100 432100 533110 532110
333000 332000 332000 321000 321000 311000 311000

(3.1)

and more generally we obtainA,, (the number of ASM of sizen n, see (2.1)) for any
n:

Theorem 3.2. The number of TSSCPP inside a2n 2n 2n cube is,

Y@

A, = —— =1:2,7,42,429 : ::
" (D)

YIn a more precise way, represent the small cubes by theirs cordinates (;j; k ), starting at (1 ;1;1).
Then a PP is self-complementary if and only if for all ( i;j;k ) belonging to the PP (2n i+1;2n | +
1;2n  k+1) does not belong to the PP.
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This result was conjectured by Mills, Robbins and Rumsey in the article [51], and it
was proven only much later, in a paper by Andrews in 1994 [2] proved this theorem.

So, we have two sets counted by the same numbers. A natural problem is to nd
an explicit bijection between them. Until now, the mathematical community (and the
physical too) is still looking for this correspondence.

TSSCPP as Tilings

Remark that in Figure 3.2 we can consider the cube faces as rhombi. In this perspective,
we can consider that we have a hexagonal surface of sizea 2 2n  2n, which is tiled

with three di erent rhombi: Q Q

This is valid for any plane partition, not only TSSCPP.

TSSCPP as a Dimer model

Perhaps more interesting, is the bijection between dimer con gurations and plane par-
titions.

Let T be a honeycomb lattice in a hexagonal region of sizer2 2n 2n. A dimer
con guration is a collection of edges ofT in such a way that each vertex is incident to
exactly one of these edges.

The bijection is trivial. Take a plane partition seen as a tiling. Divide the rhombus
into two equilateral triangles. Put the vertices of the grid at the center of the triangles
and put edges linking neighboring centers. A dimer corresponds to a rhombus in the

initial tiling con guration:

— NS

Figure 3.3 shows the translation of Figure 3.2 into a dimer con guration.

3.2 Non-Intersecting Lattice Paths

Plane partitions can also be represented as non-intersecting lattice paths. Before ex-
plaining how we can translate them, let us see brie y what they are.

and B = fBy;:::;Bhg be two collections of vertices, called initial and nal points,
respectively. A familly of Non-Intersecting Lattice Paths (NILP) is a set of n paths,
de ned in G, going from A to B that do not touch one another.
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Figure 3.3: A Plane Partition can be seen as a dimer model in an hexagonal grid.

n non intersecting paths, whose steps can be only North or East. See the example in
Figure 3.4.

B2

Az
Al

Figure 3.4: This is an example of a NILP. There are exactly 490 di erent NILP which
start at fA1;Axg and end atfBq;B»g.

3.2.1 The LGV formula

In [46, 27], Lindstrem, Gessel and Viennot proposed a formula to compute the number
of NILP.
We present here a simple formulation which is su cient for our purposes:

Lemma 3.3 ([46, 27]). Let G be a locally nite directed acyclic graph, U = (Ui)i2[1:n]
and V = (vj)i2p1.n] be two collections of vertices ofs. A set of non-intersecting paths is
a set of paths inG that do not share any vertex.

Let ! v y be the weight of the oriented edg& ! y, and let x be the weight of the
vertex X. Let ., be a path fromu; to vj. Let ( y;;,) be the weight of the pathj.e.
if uy = Uil xg! il xp !y the then weight is:

y ooyt
( Ui;Vj)= uj Vj!Ui Xl!Xn Vi Xk !Xk Xk+1 -
k k
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Let P(uj;v;) be the sum of the weights over all paths i from u; to v;:

X
P(ui;vj) = ( uwv);
ui;vJ- ZG

and let P(U; V) be the sum of the weights of all the sets of non-intersecting paths from
a vertex in U to a vertex in V. Assume also that paths counted by (U; V) necessarily
join the vertex u; to the vertexv; for i =1 :::n. Then
P(U;V) = det jP(ui; ;)]
If we apply the above lemma to the example in Figure 3.4, we get that all weights

are 1, soP (Aj; Bj) counts the number of paths fromA; to B;. P(fA1;A>g;fB1;B2Q) is
given by:

P(fA1;A2g;fB1; B2g) = det

» Ow oo
W N N

=490

In [75] the author illustrates a more general framework, where di erent kinds of paths
are counted using determinants and pfa ans.

Lemma 3.4 ([75]). Assumen is even. Let G be a locally nite directed acyclic graph,
U = (Ui)iz[ng @nd V = (Vi)i2p;m, With m  n, be two collections of vertices ofG.

Let v be a path fromu; to vj. Let ( ;) be the weight of the path as in
Lemma 3.3. Let P(uj;v;) be the sum of the weights over all paths i® from u; to v;.
Furthermore, let P (U; V) be the sum of the weights of all sets of non-intersecting paths
from a vertex in U to a vertex in V.

Let X

Q(ui;u;) = (P(ui; vidP(uj;v)  P(uis v )P (uj;vi))
1 k<& m

Assume also that paths counted by (U;V) necessarily preserve the orderj.e. if
ULVigs  U2iVips c-o0 Univip is a set of non-intersecting paths then, necessarilyy;, <
Vj, <:i:<Vj,. Then
P(U;V)=Pf 1 i n(Quisup)):

If nis odd, we can add an extra path going fronug to vp with weight 1 isolated from
the rest of the points inU and V, i.e. P(ug;vi) =0 if i 2 [1;n] and P (u;;vp) = O if
i 2 [1;n] and P(up;vo) =1.

Note that this is a simpli ed version, adapted to the purposes of this work.
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3.3 TSSCPP as NILP

In order to better understand the bijection between NILP and TSSCPP, it is convenient
to consider an intermediate class of objects: Non-Crossing Lattice Paths (NCLP), which
are similar to NILP except for the fact the paths are allowed to share common sites,
although they are still forbidden to cross each other.

We proceed with the description of the bijection between TSSCPP and a class of
NCLP. Each TSSCPP is de ned by a subset of numbers of the arrays of (3.1), a possible
choice is the triangle at the bottom right:

0 1 2 1 2 1 2
00 00 OO0 10 10 11 11
000 000 000 000 000 000 000

These arrays @i;; withl i nand1l j n i+1)are dened by the following
rules:

ai;j aj+1; foralli<n;

aj aij+1 forall j<n i+1;

ajg noi.

It is easy to prove that this array is enough to reconstruct the whole TSSCPP, using
the symmetries which characterize the TSSCPP. Then, we draw paths separating the
di erent numbers appearing, as explained on Figure 3.5.

P
[,
I—‘]N

o o
o
(=]
(=]
o
(=]
o -
o

o=

origin is at the upper right corner, then at each point (0; i),12f0;:::;n 1g, begins a
path which can only go upwards or to the right, and stops when it reaches the diagonal
(J; 1), in such a way that the numbers below/to the right of it are exactly those less
than n .

The bijection with the NILP is easily achieved by shifting the paths (NCLP) accord-
ing to the following rules:

The it path begins at (i; i);

The vertical steps are conserved and the horizontal steps! () are replaced with
diagonal steps &0).

An example (n = 3) is shown on Figure 3.6.
In our work we used others NILP which we will present below.
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N R R

Figure 3.6: We transform our NCLP into NILP: the starting point is now shifted to the
right, and the horizontal steps become diagonal steps.

3.4 Descending Plane Partitions

Although we did not work with Descending Plane Partitions (DPP) we present them here
because the DPP are also counted by the sequendg,. We start with two de nitions:
A Shifted Plane Partition is an array a;; of positive integers withi | i

ap;1 a2 a3z .o liloar
dpp A3 il Il A,
arr ar. |

which satisfy these three properties:
aj;j a;j +1, when both de ned;
aj;j aj+1;, when both de ned;

1 2 il r, when both de ned.

Descending Plane Partitions are Shifted Strict Plane Partitions with two more con-
ditions. Where strict means that they are strictly decreasing at the columna;;j > aj+1;
(when de ned).

Let = ;+i 1 bethe size of a row:
a; > j,forl i r;
i i 1, for1<i r.

The number of Descending Plane Partitions with no part exceedingn is A, the
number of ASM. Moreover, there is a triple re ned conjecture between the two objects.
For more details see [50, 7].
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Chapter 4
Alternating sign matrices and
totally symmetric
self-complementary plane
partitions

It is the purpose of this chapter to solve an old problem: the doubly re ned enumeration
of ASM and TSSCPP, which appeared in [51]. We follow the procedure of the author's
article [23]. In the literature there is another doubly re ned enumeration, e.g.[21, 33],
which we will not discuss here.

This chapter is organized as follows. In Section 4.1 we introduce the generating func-
tions which count ASM (de ned in Chapter 2) and TSSCPP (de ned in Chapter 3) using
two new parameters. In Section 4.2 we formulate the main theorem of the chapter: the
equality of the doubly re ned enumerations of ASM and TSSCPP. Section 4.3 contains
the proof, based on the use of integral formul . Section 4.4 contain the original terms
in which the theorem was conjectured by Mills, Robbins and Rumsey.

4.1 Generating functions

41.1 NILP

In the original formulation [51], the conjecture was in terms of totally symmetric and
self complementary plane partitions, but it is convenient for us to use a NILP language
(which is equivalent, recall Section 3.2). Anyway, in Section 4.4 we will translate the
conjecture into the language of [51].

Take the NILP de ned in Section 3.3. We add one extra step to each path, following
the rule: to the rst path we add a diagonal step; for the other paths the choice is
made such that the di erence between the nal point of two consecutive paths is odd,
as illustred in Figure 4.1.

NILP generating function

Let be a NILP, we de ne u8( ) as the number of vertical steps in the extra steps and
ut( ) as the number of vertical steps in the last steps (before the extra step) of each
path.

61
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/K( //# //# /K) /)) /// ///

Figure 4.1: To each path we add one extra step in order that two consecutive nal points
di er by an odd number. The rst step is chosen to be diagonal.

The generating function is:

X X PR
Ut (xy) = xPOyw 0= gt xiy 4.1)

n;ij
i

0;1
where U, i

last steps.

is the number of NILP of size n with i vertical extra steps and | vertical

Alternative generating functions

Let us extend the de nition of uk( ) for k > 1:

De nition 4.1. Let be a NILP, the function u¥( ) counts the number of vertical
steps in the extra step ifk = 0; otherwise it counts the number of vertical steps in the
maxf1l;t k+1g™" step of the path starting at(t; t), as shown on Figure 4.2.

2y

Figure 4.2: Let be the NILP represented here. In order to calculateu( ) and ug( )
we highlight the extra steps and the maxX1;t 3+ 1g" step of the path starting at
(t; t). Here we haveud( )=2and ud( )=4.

We can next de ne the function U/ (x):

| X |
Ui(x) = Ulxki= xun() (4.2)
k

and more complex functionsu, (X;y):

X X
Ul (x;y) = Ur']’fk;lx"yI = xUn(Oyun(): (4.3)
K
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We could generalize these even more, introducing more indices, but this is generally
enough for our purposes.
These new guantities are not independent:

Proposition 4.2.  U¥(x;y)= U¥(x;y) forall 1 ij n.

Proof. For the rst equality we introduce a function ¢ as explained on Figure 4.3.
This function interchanges the number of vertical steps in two consecutive rows leaving
invariant all the other rows. It has the important property ¢ g = Id. So, itis
straightforward from this that UY' = UY"*! | with i greater than 0.

In fact, we prove the more general result thatUs' (x:y) = UL °(x;y) for all i:i®>

i O
() =

Figure 4.3: The function g; acts in the double steps starting aty = i 1 and nishing

aty= i+1. We can group the double steps in islands, such that all the starting points

(of the double steps) are consecutive. These double steps are, necessarily, ordered in
r double vertical steps,s vertical-diagonal steps,t diagonal-vertical steps andu double
diagonal steps. Our functiong interchangess with t at each island, so that we interchange
the number of vertical steps between the two rows.

This proposition is equivalent to the one that appears in the article [51, Theorem 2],
we only use a di erent language here, see Section 4.4.

Proposition 4.3. U% . =yl forall 1<i n.

n;K;j nn k 1;
Proof. The proof follows the same structure as the former. We construct again a function
h such that h h = Id, which interchanges the number of vertical steps at the extra
steps with the number of diagonal steps at the last steps (before the extra step). This
function is obviously a bijection and it leaves invariant all the rows except the last one
and the extra one because it is applied at the top of the diagrams as can be seen on
Figure 4.4. O

7= o)) =)/

Figure 4.4: In order to satisfy the extra step rules we can only build two type of islands,
one made ofr double vertical steps ands double diagonal steps, and the other type
made oft vertical-diagonal steps andu diagonal-vertical steps. Our function h simply
interchanger with s.
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4.1.2 ASM

Each ASM, as can be easily proven, has exactly a single 1 in the rst row and in the last
row. It is natural to classify ASM according to their positions. Therefore, we count the
ASM with the rst 1 in the i position and the last 1 in the j position: Ap; .

We build the corresponding generating function:

X o
An(xy) = Ahniii X! 1yJ = (4.4)
i

We de ne also Ap;ij , which counts the ASM with the rst 1 in the i column and
the last 1 in the (n j + 1)t column:

Anii = Aniin j+1: (4.5)

We introduce the corresponding generating function:
X

An(xy) = A x' y h (4.6)
i
Some trivial symmetries
By re ecting the ASM horizontally and vertically one gets:
Aniij = Anji ;
whereas by re ecting them only horizontally one gets:
Anii = Ann i+ln j+1-

Obviously these symmetries are also valid forXy;; .

4.2 The conjecture

We now present the conjecture, formulated by Mills, Robbins and Rumsey in a slightly
di erent language (see Section 4.4 for a detailed translation), whose proof is the main
focus of the present chapter:

Theorem 4.4. The number of ASM of sizen with the 1 of the rst row in the (i +1)%
position and the 1 of the last row in the (j + 1)t position is the same as the number
of NILP (corresponding to TSSCPP, and with the extra step) withi vertical extra steps
and j vertical steps in the last step. Equivalently,

An(xy) = U (xy):
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For example, for n = 3, using the ASM given in Section 2.1 and the TSSCPP given
in Figure 4.1, we compute:

A3(xy) = Y2+ y+ xy?+ x+ xy + Xy + x?
Ut y) = y2+ xy + X2+ xy? + X%y + y + X

This is the doubly re ned enumeration. Of course, by specializing one variable, one
recovers the simple re ned enumeration,i.e. that the number of ASM of size n with
the 1 of the rst row in the (i +1)™ position is the same as the number of NILP
(corresponding to the TSSCPP and with the extra step) with i vertical extra steps:

An(x) == An(x;1) = U¥(x; 1) := U2(x):

and by specializing two variables, that the number of ASM of sizen is the same as the
number of TSSCPP of size 2:

An = An(1) = U2(1):
Corollary 4.5. The following identities hold:

An(xy) = U% (x;y) foralll i n
An(xy) = U¥ (x;y) forall2 i n

Proof. This is a simple consequence of the main theorem and Propositions 4.2 and 4.3.
O

4.3 Integral formul

4.3.1 ASM counting as an integral formula

In this section, using the partition function obtained in Section 2.2.2, we get an integral
formula for the quantity An,(X;y) and we prove that it is identical to a certain integral
formula which counts NILP.

The rst step is to modify the spectral parameters z; = q 'y, ford i n and
z, = qy; forn<i  2n. In this way, the homogeneous limit corresponds tag; = 1 for all
i. Moreover for q3 =1, the partition function Z, is symmetric in the setfzy;:::;zn Q.

The weights become
a= oz q %z
b=q'z o0z
c=(q ! q)zi1=22j1:2

where z; is the new horizontal spectral parameter andz; the new vertical one. We
changed the sign ofb, using the fact that there is an even number of sites with weightb.
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The re ned counting

The case of interest to us is when alk; = 1 except z; and zpy:

2, = 1+qt
g+t
_1+qu
Zo3n = g+ u
Using the fact that Z,(z1;:::;2zon) is @ symmetric function of its arguments, we have:
_l+qt .., _1+qu
Zn Z = W’l,---ylszn— q+u
_ _l+aqt 1+qu . ...
—Zn 1 - q-}-t’l ,1,n— q+ ,1,..
The corresponding weights take the form
1+ gx q q'
— 2 2_ 2 .
a qq+x q CIXq+X,
1+gx_ ,q q‘
— a1 -2 .
b =q qqr+x q+ x
1+ gx
- 1 :
& =(qg a) q+ x
The patrtition function Z,, becomes
r
q+t g+u X

i Ly k 1 k
a B 'aal ‘4 CuAn;ik

(D@ qy” @
Zn=( (g q) 1+qtl+qu

n n 1 n 1 X
= 3(2) 1 1 q4(n 1) th 1yk lAn'j'k ;
g+t g+ u i 3

where Ap;k is the number of ASM of sizen such that the only 1 in the rst row is in
columnj and the only 1 in the last row is in columnn Kk +1.
Or, explicitly:

(a(q 3n()n(ql):2 D" 7,27 0 Wk Ay = An(tu): (4.7)
jik
Note that if one uses insteadzy, = 1‘%‘{] one gets the same formula, but with one
index reversed

(qz(q+3;)(§115:gu»” 20 = Aa(tu): 4.8)
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Integral formula

The traditional expression for the partition function of the 6-V model is the already
mentioned IK formula. We shall not use it here. We shall only need the following facts
(true at q= €= 3):

Z1=1;
Zn(z1;:::;22n) is a polynomial of degreen 1 in each variable;
The Z, satisfy the recursion relation for alli;j =1;:::;2n

= 0z zK)Zn 2(z1;::0520008,5 000 220): (4.9)
K6 i;]

These facts were proved in Section 2.2.2. See Proposition 2.2 for the second fact.
When we use the new variables;, Proposition 2.3 becomes (4.9), recall thatg® = 1.

The strategy is now to introduce a certain integral representation of the partition
function of the 6-V model with DWBC, say zQ

ol 1O s a2
Zy=( 1) (9z g “z)

i<j
! Y odw(az g 9 1W|)Q|<mAWm w)(aw g twp)

| 2i Yi a 1(w Zi)Yi o QW g 1z)

. (4.10)

where the integration contours surround counterclockwise thez; but not the q 2z, and
to show that Z, and Z? are both polynomials of degreen 1 in each variable which
satisfy the \wheel condition" and coincide at the ¢, specializations of Lemma 1.14.

Let us rst check that Z, satis es the wheel condition. This is a direct consequence
of equation (4.9) in which one setsz, = ¢f*z. It is equally straightforward to calculate
Z, atthe c, points of the lemma. The computation goes inductively using equation (4.9)
and it is left to the reader to check that

We now show that Z2 also satis es the hypotheses of the lemma. We proceed in
steps.

Proposition 4.6.  Z? is a polynomial of degreen 1 in each variable, and total degree
n(n 1).
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Proof. By applying the residue formula to equation (4.10) we obtain

X Y
z0=( 1 ( K (qz, g ‘z,)

K =(kay;:kn) I<m
k|6 km if 16 m
ki 21 . v .
(az  a “z) (02 1 9 “z)
i<j 2i 16k
i2 i=k; and j< 2|
i2K or (i=k; and j< 1) v ; (4.11)
(z, z)
i 21
i2K or i>k j

where ( 1)3(K) is the sign of the permutation that orders the k;. It is enough to prove
that lim 7! 2 Z9 exists; the veri cation is a tedious but easy calculation (see Proposi-
tion 1.22 for a similar check).

We can now consider the leading term in each variablez; in the summation of
eg. (4.11), depending on whethei 2 K or not; in both cases we nd a degreen 1.

The total degree is straightforward. O

Proposition 4.7.  Z? satis es the wheel condition.

Proof. Using the formula (4.11), e can verify that Z0 is zero atzx = ¢’z = 'z for
all k>j>i : in fact, the ter s<r and s2k (A% g 'z;) implies that i andj 2 K.
As a consequence of the term™ _,, (0z, 0 'z¢..), we must havei = ky, andj = k
with | <m, but, in this case,j 2l 1< 2m 1 proving that Z? satis es the wheel
condition. O

Proposition 4.8. At q= €*~ 3, Z0 satis es a weaker form of recursion relation (4.9).
Let j be an integer betweerd and 2n 1. At zj4; = qZZj , we get:

Y
20152241 = Pzi) = @z  z)Z0 1(z1;::57 1:Zj+2;:00200); (4.12)
i6j;j +1

Proof. We will perform the calculation for j even.

If we look at formula (4.11) it is straightforward that all terms are zero except for
j=kmandj+1 2m 1,ie. j=km=2m 2. Using the fact that zj.1 = ¢?z, we
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can derive
0 Y 1 Y 1 1 %)
Zn yu=qz = (@2 4 °z)az a3z) @z a9 “zi)(z 9 “z)( 1)tz
i<j | k>j Jil
Y L Y dw Y 1
(@z g “z) > (@21 a7 w)
i<k 6j;j +1 | 16 m
S penWp W(aW g ‘wp)(z g 'z)
Tlem 21w z) T2 1(aw g z)
i6jj +1 i6jj +1

Y o wWn z)az qiwa)Y (z w)aw g ‘z)
wm WnoZ)(wn o ofz) | (aw g 'z)(aw  qz)

(@) lﬂ

(z #z) ii (z1 z) =~ j+1(dz 0 2)

After multiple cancellations we get the desired result, that is equation (4.12).
The formula actually holds for both parities of j; the proof for j odd is similar. [

Using the formula above, we can easily calculat&? at the ¢, points of the lemma.

Proposition 4.9. Letqg =(qgt;:::;q2") be a specialization (as in Section 1.4.2). We
have: )

Zr?(q ) =3 (2);
Proof. One can always choose two consecutive variables which arg ;) and apply

the recursion relation above:
Y

Z:z=q Yz =z =qin)= a z)z?
i6jj +1
=1 Q" '@ ahH" 'z g
The second equality uses the fact that there is the same numberof =1and = 1
Since we havez? = 1, we prove the proposition. O

We nally conclude, by applying Lemma 1.14, that
Z, =20

Starting from our new integral formula for the partition function of the 6-Vertex
model (4.10), we are now in the position to calculate

(P(g+ x)(1+ qy)" * 140X ... %Y
(@ g Hnn 1) "ogq+x'T T 1+ qy

After some tedious computations and using new variables

w1
agw gt

Ui
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we obtain:
I

Q
(y+x yx) Yodu 10 T g (Um U@+ up +oupuy) Y

20 @2 (Lru 0@+ @ y)

1+ uy);

[ j=2

where the integral contours surround counterclockwiseu; = 0 and u; = x 1 but not
1=(y 1).
To simplify our calculation we integrate with respect to u;:
| I
Y'odu @+ u)(@+ xup)

y
An(xy) = e — m 1 m mu); (4.13
(Xy) L2 @ i y) . (Um  u)@+ um + umuy); (4.13)

where the contours surround the remaining poles au; = 0 only.

4.3.2 NILP counting as an integral formula

of our NILP with a weight t; per vertical step in the i slice (betweeny =1 i and
y = i). We use the Lindstem{Gessel{Viennot formula [46, 27] (described in 3.2.1):
X
Nio(toits;:iiitn 1) = det[Pi, (4.14)
I=ri<ii<r n 1
ri 2i+1
ri+1 r; odd
where P, is the weighted sum over all possible lattice paths from i i) to (r +1;1).
Such paths counts withr i + 1 diagonal steps and 2 r vertical ones, hence:
X A r Y _
Pi;r = ti| = (1+ tku)juzi P (4.15)

0 i1<ii<i 9f ¢ 1 1=1 k=0

where the subscriptu? " stands for the coe cient of the corresponding power ofu in
the polynomial.

We can reintroduce the path beginning at (Q 0) and rewrite the equation as a contour
integral:

e g

! X .

k=0 O=ro<r 1<i<r n 1
ri+1 rj odd

i=1

where the paths of integrations are small counterclockwise circles around zero.
The last sum can be evaluated as a standard result for the sum over all Schur functions
corresponding toeven partitions (see Exercise 4.3.10 in [7]):
Q
X detlu; 1= Q¥ W,
0=ro<r 1<::<r n 1 i i(l uj ui)
ri+1 rj odd

(4.16)
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where we have relaxed the conditionrg = 0 into rg 0 and even, since this does not
a ect the integral.
The integral can thus be transformed as follows:

| | v 1
B — (1 + tyeu;) J :
2iu? 11 wu? =0 o 1 vy

- (4.17)
i=1 !

We are mainly interested in the case wherdp = t, t; = s and all the other t; equal
to 1. In this case, we rewrite the equation:

0" dy 1 i 2
= 2 217 ui2(1+ tui)(1+ sui)a(1+ ui)y
i=

Vououi
1 ujui’

(4.18)

j>i
where* means that we omit the term corresponding tous.

4.3.3 Equality between integral formul

At this point, we have two integral expressions, A, (X;Yy) in equation (4.13) and Ur?;l(x; y)
in equation (4.18) and we want to prove that they are the same. The rst step is to
integrate over u; the expression (4.18):

Uo;l(X'y): ! ! ¥ diui_(l.,. Xu;i)(1 + yui)(d + u-)i ZQQM (4.19)
n 1 i=22iu i2| 2 | | | i J(l Ujui). .

At this stage we use the following identity:
I

Z—il lei) (Uj u)(1+ uj + uin)
i I ig
| | .. Q
Yodu, , @+ up) g (U u)
— Y4, _ o i<\ 7,
| > () o2 Yi a ). (4.20)
for any ' (u) completely symmetric in (uq;u»;:::;u,) and without poles in a neigh-

borhood of zero. This was conjectured in [17] and proved in [81]. We present in Ap-
pendix C.1 an independent proof of a stronger formula that impIBs eq. (4.20).

If we shift the indices (i 1)! i, consider =1andset' (u)= i”:ll(l+ Xu;i)(1+ yu;)
we can apply the equality:

! ! ¥ dy; Y
gz ey () g uu): (4.21)
1= i<j

Udt(xy) =

Now we observe that the two integrals are the same, except for the factorﬁ%

on one side, and 1 +yu; on the other side. Unsurprisingly, we nd that it is possible to
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write both integrals as special cases of the same integral:
I I

L Yldu @+ u qudE+ xu) Y
L20 w@ru@ )

In(Xy) = (Um  u)@+ um+umuy) (4.22)

|= I<m

which takes the value of A,(x;y) if a = 0 for all | and takes the value ofU%1(x;y) if
a =yl vy)foralll.

Surprisingly, |, does not depend on theg;. We shall show by induction oni that I,
is independent ofa;, noting that it is a polynomial in & of degree at most 1.

Let us rst di erentiate |, with respect to a;:

|
A eyye Gun (L+xuy)
dalln(x’y)_ 2i (L+u1 y)
Y du L+ u+ aud+ xup) Y

21 wWaru y)

(U um)@+ w+ umuy):
m<I
As this integral has no poles atus, it vanishes.

Let us now assume by induction hypothesis thatl,, does not depend on the rst

integral does not depend ong; for all j<i we cansetalla;=:::=a 1=0.
We now di erentiate with respect to a; and analyse what happens in the integration
up to u;. We nd an expression of the type:

1
dy; Y duj 1+ y;
Ji= 5 o iR (4.23)
j
2iu =1 2y
where A; is some anti-symmetric &Jnction in the u; for all | i without any poles in
the integration domain, and = ;4 (1+ uj + uju).

To prove that this integral is always zero we shall proceed once again by induction.
The rst one, Ji, is zero because it has no poles:
I
du
Ji= Z—ilAl(xl) =0: (4.24)
Let J; 1 =0. All the poles are at 0, the A; is anti-symmetric betweenu; and u; 1, so
we can take advantage of the fact that theu; appears with the same degree ag; i in the
denominator to erase all the symmetric terms in the expression (1t 1)(1+ uj+ U; 1Uj)
and getuju? ;:
I I [ [
du; duj 1 deﬂl"‘Uj/\

i 23 i 204 i 2j
2iu ; 2iu J.:12| u

Ji = iAi; (4.25)

where the hat in *; means that the term (1+uj + u; 1u;) is omitted. The integral does
not have yet the desired form,i.e. J; 1, it is missing the term (1 + u; + u; 1U;), SO we

'Note that "; is symmetric between u; 1 and u;.
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add and subtract it:

|
dy; dui 1 duJ 1+ uJ

-2|3 2i 4
2iu 2iu ; 1112l u?

L+ u+ut 1 U uy 1) A

2iu?i32iu?‘4. 2i u_ZJ "
= ]

dU| dU| 1 dUJ 1+ UJ

2iu 2 424u 4 (=1 2i

L+ u 1)™NA

The rst term is already in the form of J; 1. The second term is almost symmetric
in u; and u; 1. Using the same method as in (4.25) we can transform (1 + u; 1) to
1+ uj + uju; 1; in this way, we recover the symmetry needed so that we can write; as
an integral in u; of some function multiplied by J; 1, which is zero. As a consequence
Ji is also zero for alli, i.e. 1,(x;y) does not depend on anya;. We conclude that

An(%y) = UTt(xy):

4.4 The original conjecture

Mills, Robbins and Rumsey conjectured this theorem by terms of TSSCPP, not NILP,
but behind the di erent formulations lies the same result. To show that, we describe
some of the content of [51] and explain the equivalence.

Recall that TSSCPP can be represented asr2 2n matrices a, as in equation (3.1).
In [51] is introduced a quantity which we shall denote by uk (a), for k ranging between
1 and n and which depends on the upper-lefin  n submatrix of a:

nxk+1
Ulr(\(a) = (Art+k 1 agt+k) + Ifacn jagn > 2n t+1g; (4.26)
t=1 t=n k+2

where] denotes cardinality, and where conventionally,a;n+1 :=2n t+1 in this equation.
Also de ned is the function:

| X
Uitk (x;riz) = xUn@ o200 (@ foralli;::i;k 2fL:ii;n+1g  (4.27)

We claim that these are our functionsu and U de ned above. To make the connection,
reexpress this function in terms of the lower-rightn  n submatrix of a:

)gn n%( 1
uﬁ(a) = (gt k  ant k1)t Ifagn+1 j acn+1 < 2n tg; (4.28)
t=n+k t=n+1
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%o k1 X2 k1 X2 f1 x2.
00 J[o—o 00 i]o -1o -1 1 11
0-0 0 0-0 0 0-0 0 0-0 0 0-0 0 0-0 0 0-0 0

Figure 4.5 We can see on this gure what the functionu3 counts. The minus signs
represent the parts: art Kk art k+1, SO they count the vertical steps, and the little
crosses representfarn+1 | an+1 < 2n  tg. If we stretch our diagrams to obtain the
NILP we recover our de nition of uK.

where we replacea;, with 2n t. What this function counts is described on Figure 4.5.
Finally, if we shift the diagrams to obtain NILP we recover our functions UX as expected.

As a nal remark, in the article [69] three functions are de ned: f,, f, and f3 and
the conjecture is stated with any two of them. In fact, f; is connected with the ug, f,
with the u} and f3 with ufl, as can be seen using the same procedure.



Chapter 5
Completely Packed Loops and
Plane Partitions

In this chapter we address a number of conjectures about the ground state of the Com-
pletely Packed Loops model, stated by Zuber in [85].

Note that thanks to the Razumov{Stroganov{Cantini{Sportiello theorem, stated
in [65] and proved in [8], they can be considered as either conjectures on the FPL
model (in which case several of them, including one to be discussed below, were proved
in [9, 10]), or on the Completely Packed Loops model, the latter point of view being
presenting here.

We shall also obtain some new results connecting the enumeration of certain classes of
Plane Partitions and Non-Intersecting Lattice Paths (NILP) with matchings of the form
( )pand (, (see Section 5.1 for an explanation of the notation), and prove a conjecture
presented in [53]. These can be thought of as a small step towards a bijection between
Totally Symmetric Self{Complementary Plane Partitions (TSSCPP) and Alternating
Sign Matrices (ASM), the latter being in trivial bijection with FPLs (as explained in 2.3),
since they provide families of equinumerous classes of TSSCPP and ASM.

The chapter is organized as follows. In Section 5.1 we present some required nota-
tions. In the second and third sections we obtain some properties of the entries of this
polynomial solution indexed by matchings of the form ( ), and (, , respectively. In
particular in each case, we describe the corresponding counting problem for NILP and
TSSCPP.

5.1 Some notation

We saw in 1.1.2 that a matching can be represented by a well-formed sequence of paren-
theses. We use the notation (), to represent p parentheses surrounding a matching

(o ‘Ii{g.f eal

p

and ()P for p successive ():
P=0 :1:Q:
0"=0Y
p
We introduce here the notation (p, which representsp successive openings. Of course,

75
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these parentheses must match with some closing parentheses, for example:

(3020)) = (((00)0))

5.2 Study of entries of the type ()

In general, the computation of the polynomials  is complicated, and there is no general
closed formula. But there are some exceptions. In this section we study the polynomials
indexed by con gurations of the type ( )p, i.e. a given con guration surrounded by
p parentheses (see Figure 5.1 for an example). In the last subsection we present some
properties of the polynomials for highp.

In all that follows, is alink pattern of size 2r, so that ( ), has size & with n = r+p.

Figure 5.1: A matching ( ), with p arches surrounding a link pattern

5.2.1 a-Basis

As explained in 1.6 we decompose our polynomials in tha-basis. In this case, we nd
that:

Lemma 5.1. We have the following decomposition

( )p(zl; 11l Zon) = C ;al Linpip+acp+ar (2150005 2Z2n); (5.1)

(za;::05220) = C;a1 apmar (210005 Zor): (5.2)

Thus, if we nd the C;a1 which satisfy the equation (5.2), these same coe cients
solve the equation (5.1).

combination of entries of the type (, , and these coe cients do not depend on the
value of p. When one inverts the transformation only these coe cients will matter,
proving the lemma. O

Proof. One checks that the triangularity forces 1...:.p:p+ a;;p+a, 10 b€ written as a linear
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5.2.2 Reduction to size r

Now, for a given link pattern  of size 2, we can calculate polynomials ( ,, for all p.
For example:

oo, =(n 1)

n 2
©00) p = —g~ (2 °n* 5n 2+3 2+6) (5.3)
_( 2(n 1),
(Ol
where = (g+ g ). These are the steps of the calculation:

For given p and r we compute theC,. for all and a of sizer;

We invert this matrix;

We calculate
n Y Y
Linpip+arp+a (2150005 2Z2n) = ( 1)(2) (az ¢ lZj) (az ¢ 1Zj)
| Q i<i p p<i<j  2n
Yodw 1 W ow)(aw g 'w) Ty (a3 g twi)
20 T oW zk) T, (aw g 1z)
i=1 p<k aj+p aj+p<k 2n

where the integration in the rst p variables is already performed;

We use the variable transformation
Wi 1

Uy = —— 5.4
| C]V\4 q 1 ( )
to calculate the limit where z; =1 for all i, and to nally get:
I I
. Y du Y p.
Luspp+aprar — s 2iy @ (Um u)@+ Uum+ uun)@+ um)*
=1 I jem v

In Appendix D we present a complete list of examples for 4.

5.2.3 Expansion for high p

Zuber conjectured the polynomial dependence irp and large p behavior of the number
of Fully Packed Loop con gurations with connectivity (), (Conjecture 6 in [85]). This
was subsequently proved in [10]. Alternatively, due to the Razumov{Stroganov theorem,
one expects the same behavior for the ground state entries of the Completely Packed
Loops model.

Itis important to notice that this work [24] appeared before the proof of the Razumov{
Stroganov conjecture and this in conjunction with [10] provided additional support to
their conjecture.

Here we generalize it to thegKZ solution for any
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Theorem 5.2.  For matchings of the type( )p, the polynomials  can be written in the
following form:

1
Op =yt Gnd;
whereY = Y ( ) is the Young diagram de ned by , jYj its number of boxes, andPy ( ;n)
is a polynomial in n and of degreejY| in each variable with integer coe cients.
In the limit of large n, the polynomials behave like
dimyY
(e iYj!
where dim Y is the dimension of the irreducible representation of the symmetric group
associated toY .

(n Y

Proof. As the basis transformation is triangular, we can write:
X

()p = Lunpp+agiiptar + C;b 1;:ppt bl;:::;p+n;
b<a
wherea is equivalent to and b < a means that the Young diagram ofb is inside of the
Young diagram of a. We denote the Young diagram corresponding taa by Y (a).

Note that, by Lemma 1.27, C ;bl are polynomials of with integer coe cients and
degree no more thanjY(a)j j Y(bj 2.

We now prove that the integral of the rst term, corresponding to the largest Young
diagram in the decomposition, is a polynomial ofn with the asymptotic behavior of the
theorem. The other terms will possess the same polynomiality property, and they will
be of lower degree imm and (noting that the power of in the non-diagonal elements
is less thanjY (a)j j Y (b)j and does not a ect our conclusion).

We want to calculate the integral

I I
T 5y @ (U u)@+ uj; +uu)@+ uj)? (5.5
i=1 g

Luupp+ag;sptar —

We replace the teeri<j (1+ uj + ujy)) with Qi<j 1+ uj) = Qi(1+ ui)' 1,
because any term withu;u; in the product is formally identical to the contribution of a
smaller diagram. We then compute

I I
Yo dy .Y
TS R LA (V)
i=1 i j>i | I
X Y  du .
= (1) .u'ai(l+ up)Ptt Lyt
g 21Uy
I I
X du; :
= 1 o 1+ uyPi !
- -y 21U :+ A i( )
:JYJ'X(l)Y nor+i 1

i+ n i+l i
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where , i+1 = & i isthe size of each row in the Young diagram and (1) is the sign
of the perrrujtatron . We obtain that the coe cients can be written,as a sum of integers

divided by (i + | i)! which divide jYj! as a consequence of ;(i + i)=]Y].
The domrnant contribution as a function of n is
X Y ni+t nois i o X Y 1
iYi 1 : =( n)Y 1 .
(1) i=1 (i+ nin i)! (n) (1) -1 (i+ nin i)!
wvidimyY
= jYj .
(n) Vi
where the last equality can be found, for example, in the fourth chapter of [26]. O

5.2.4 Sum rule

Consider stringsa of the form (ag;:::;a;), with & =2i lora =2i 2. LetL(a)be
the set of matchings whose openings on odd sites are exactly the odd elementsan
From [17], Section 3.3, we know:

Lemma 5.3. X

2L (a)

Proof. We shall compute the coe cients C,. and prove that:

1 if 2L(a);

Ca; .
0 otherwise

We presented in Section 1.6.2 a graphical method to compute them. Letifj ) be

an arch in . Let kj; j(a) be the number of elements ofa such thati a <j. We
easily see that we can remove the archiyj ) if and only if ki j(a) ! '2+1. If so, let
k= ki j(a) ] '+1 , We can replace the arch byUy.

Take an odd numberr and assume that it does not belong toa. An odd point i is
always linked to an even pointj. Two cases can arise: eithef >i orj<i . We easily
see thatki: j(a) = Ll ' Lin the rstcase and kj, i = ! ”1 in the second case. Thus we
can only remove an arch iff <i and in this case we replace it byUp =

Assume now that the odd numberr belongs toa. We do the same analysrsk.. i (a) =

L+l '+1 if j >i andkj, i(a) = “L-Lifj<i . Thus we can replace the archij ) by Ug =
if and onlyif j>i .
This completes the proof. O

It follows that, using Lemma 5.1:
X aj (o]
i< a = ( )p; (56)

a=(1;uspip+ay;iiptar)
ai=2i lor2i 2

1Observe that if a; =0, 4 =0.
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P
where o counts the openings in even si}gs, of the matching , and r? ;@ counts
the number of evena; in a, aso = r? g if 2L (a).

In (5.6), at zj =1 for all i, the l.h.s. is equal to:
| |
o dy Y .
T (Um U|)(1+ Um + U|um)(1+ um) :
=1 2iu |

Ikm r

but this is exactly
1onp+1;p+2 ;p+4 np+2r — (0 ")p+1 :
We can now state the main result of this section:

Theorem 5.4. Let o count the number of arches of opening at an even site, we have
the following result: X
(= (0ps - (5.7)
of size 2r
At =1, we get the proof of [85, Conjecture 8.i]:

X
()p = (O )psa- (5.8)

of size 2r

At p =0, we can use the rotation symmetry and obtain the already known formula:
X
o= o=

of size 2r

5.2.5 A NILP formula

We can interpret the result of the previous section in terms of the NILP. We x the p
rst paths as exempli ed in 5.2, and using the LGV formula (see Section 3.2.1), we are

call the nal locations L;.
If we only consider one path going fromi to L;:

i +i 1
p, = 2Lt 1 P :
HLi 2 L 1

we require that L; = 1. We give a weight to each vertical step.

The LGV formula tells us that the number of paths is equal to

X - +i 1
Fo = det aL1 P
P 2L 1

1=Li<:i<L H

We can use a contour integral form for the matrix entries:

ﬂ(l"‘ u)p+i 1

PiL, = 53 w2 L
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Figure 5.2: In order to apply the LGV formula we label the starting points of the paths

The p+1 red dotted lines are xed. As the paths do not intersect each otherLj+1 > L.

so, the number of NILP can be expressed by:

I " #
Y du X (1+ uk)p+k 1
Fp;l’ = L - Z det qu—LJ ‘
| | i=1 1=Lj<ii<L ¢ k H 1 k;! r
Yoduy @+ upPrt b X Y
= - 2—_'—( 2il)1 det u:;‘ ! )
| | i=1 ! Ui 1=Li<i<L Lkior
_ Ydu@r w1 Yoy
a 2i ud 1 1 u. . 1 uy

i=1
Y dui L+ u)P' M+ u) o ig (U W)
iz 21 uf' T wyy)’

i i<j

i

where the equality between the second and the third line can be found, for example, in
the fourth chapter of [7].
Applying the identity (C.11) obtained in Section C.1, we transform the formula into:

71+ u)P@+ ui)‘ (U u)@+ uj+uuy): (5.9

Fnr = J
pir 2iu 2

i=1 i<j

We recognize this integral formula:

X (o]
Fpr = ()= (07 )per -

of size 2r

There does not seem to be a simple closed formula fér,,, evenat = 1, as suggested
by the expressions of [85] for small values gb.
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5.2.6 Punctured{TSSCPP

Recall that there is a bijection between NILP and TSSCPP. As is seen on Figure 5.3,
xing the rst p+1 paths to be horizontal amounts to xing the central hexagon of size
2p. Observe in addition that the triangle which on the gure contains the paths is a
fundamental domaini.e. de nes the whole TSSCPP. ConsequentlyF ., also counts the
number of TSSCPP with weight for each yellow face (the faces containing a vertical
step of the paths) in the fundamental domain. See [13] for a similar interpretation of
partial sums in a related model in terms of punctured plane partitions.

Figure 5.3: This TSSCPP with xed central hexagon, of size P, corresponds to the
NILP of Figure 5.2 with p+ 1 xed horizontal paths. The corresponding NILP are
drawn in the fundamental domain (the triangle between the two blue dotted lines).

5.2.7 Limit shape

Let h, be the stepped surface of a punctured-TSSCPP of sizen2 2n 2n. We scale
down the surface by a factor ofn in order to have a constant size (whem varies). From
Kenyon's article [38] we know that there must be a limit shape forn tending to in nity,
which we call i. For any > 0, with probability tending to 1 as n ! 1 a uniform
random stepped surfaceh,, lies within  of f.

Thus, to see whatfi looks like it su ces to pick a random con guration from the
huge but nite set of TSSCPP with a 2p 2p 2p xed hexagon. In order to pick
a random plane partition, we de ne an aperiodic irreducible Markov chain in the set
of punctured-TSSCPP such that the stationary distribution is the uniform one. One
approach is to run the Markov chain for M steps, with M su ciently large, then the
distribution will approximate the desired distribution. Unfortunately, it is di cult to
know how large M must be such that the initialization bias becomes small.
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Another approach is called coupling from the past. It was introduced by James
Propp and David Wilson in a series of articles [62, 64, 63].

Instead of running from the present to the future, we run the Markov chain from the
distant past to the present such that when we arrive at the present the initialization bias
disappears. LetS be the space of con gurations. Letf; : S! S be the matrix which
describes the step at timet. Let F y=f 1 f > ::: f § be the composition of N
steps. If F y is the constant mapF §(X) = Y for all X, any simulation which begins
before N will convergetoY att =0. So, we only need to nd N such that F y is the
constant map.

There are some subtle points in their method, see [62, 64, 63] for a complete expla-
nation. Moreover, of course, their method does not prevent the bias from the random
number generator.

Preparing the algorithm

Let (i;j;k ) be the coordinates of the boxes on the punctured-TSSCPP. A box is called
oddifi+j + k is odd, and even otherwise. Recall that the fundamental domain is de ned
by n<j 2nandj k 2n.

Let X and Y be two TSSCPP, we say thatX Y if all boxes in the fundamental
domain of X are also in the fundamental domain ofY . There is only one maximum and
one minimum con guration, call them Xmax and Xnin respectively.

Let f; be a random map such thatifX Y thenf{(X) f¢(Y). Thus, it is enough
to ensure that F y(Xmin) = F n(Xmax), because any other con guration X will be in
betweenF N(Xmin) F N(X) F n(Xmax)-

The algorithm

We describe here, schematically, the program that we used to generate random con gu-
rations.

We run the algorithm for one stepF 1= f i, if F 1 is the constant map we stop. If
not we run for 3stepsk 3=f ; f o f 3andwe testagainifF jisthe constant map.
We repeat the process foN =7; 15, :::; 2° 1 until we get a constant map. In order
to ensure that f ; is always the same map, we keep in memory an array with the seeds
to the random number generator:

m O
Seed0] random()
repeat
begin(min; max )
for i=mto Odo
seedGeedi])
for j =1 to 2 do
step(min; max )
end for
end for
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Seedm + 1] = random()
m m+1
until min = max

where \begin" is a function which creates the minimum and the maximum con gurations,
and \step" apply f;.
The map f{(X) is de ned as follows:

Consider the set of all odd boxes in the fundamental domain;

Randomly, we distribute the boxes in two subsetsO, and O with equal proba-
bility;
If a box belongs toO. and can be added to the plane partition X, add it;

Same forO , if a box belongs toO and can be removed fromX , remove it;

Repeat the process with the even boxes.

Sample

In Figure 5.4, we see the result forn = 50 and r = 20 (remind that n = p+r). In
the middle of the con guration there is a xed hexagon (consequence of the horizontal
xed paths). We can see the formation of facets,i.e. ordered regions, and a disordered
region.

When n tends to in nity, the disordered face is limited by a boundary, what Kenyon
called frozen boundary [36]. The exterior frozen boundary seems to be a circle for small
p, which is expectable since we know that the frozen boundary of unrestricted TSSCPP
is a circle. Notice that the interior frozen boundary touches the xed hexagon and forms
a cusp for each hexagon's vertex, which is also expected.

5.3 Study of entries of the type  (

In this section we consider entries  of the polynomial solution of gKZ (in the homo-
geneous limit) which correspond to the matchings with p openings at the beginning.
Explicitly, such a matching is of the form (, , where is not a state but a sequence
which contains n closings andr = n p openings, see Figure 5.5 for an example. Equiv-
alently these are the matchings for which thep rst points are not connected to each
other.

5.3.1 Basis transformation

We are here interested in the sum of such polynomials (, . Recall that there is no
systematic way to obtain the corresponding expression in thea-basis. However, based
on some numerical experiments, the following formula can be guessed:



5.3. STUDY OF ENTRIES OF THE TYPE (p 85

Figure 5.4. A perfectly random example of a TSSCPP with a xed hexagon» 2p 2p,
with p=20 and n = 50. The con guration was sampled using coupling from the past.

mmn

p

Figure 5.5: A state (, is a state that has at leastp openings at the left.
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Lemma 5.5. The sum of the polynomial of the type (, is:
X X
G = L,2;unpasiar - (5.10)
Aj+1 >aAj

p<a; 2p+2i 1
aj+1 6 aj+1 for all a; even

The proof consists in evaluating this equality at all ¢, points of the type (q ).

Proof. It is obvious that the I.h.s. evaluated at (g ) such that can not be written as
(p Is zero.
As to the r.h.s., we integrate with respect to the rst p variables:

n Y
Lunpiar;:ian =( 1)(2) (az q 12])

i<j  2n
| I Q
oy awi i (W W('Q(qV\ﬁ q 1wj)

=1 2i Yq i (Wj Zi)Yi>bj(qV\4 q 'z)
" Y
= & (@2 qlz) 9z 9 'z)
i<i p p<i<j  2n Q
Yoodw s W wid(aw g twy) Tpiaz g twg)
i=p+l 2i h a i>p (WJ Zi) = i>a (q\M q 1Zi) ’

where fby; i by b iiisbhg = f15:0 prasiii;ang. p(q) is zero for all (g ) such
that do not have p openings at the left.
We now proceed by induction onr. If r = n  p=0 we nd that both sides are:

( DG g Hre D (5.11)

We now want to show that for all  of the type (, the r.h.s. satis es the same
recurrence as the l.h.s. Take an which has a pairing (\little arch™) ( i;i +1). Using
Lemma 1.10, we rewrite the l.h.s. as:

(n l)yl 1 2 i \?n 2 14 X "
o (@)= @ dq’) (@ glal) () (5.12)
=1 j=i+2 N

X

where the hat means that we remove the little arch from ¢ (if does not have a little
arch (i;i +1), the term is zero) and . It is obvious that any matching with n 1 arches
and p openings at the beginning is written as (” for a certain ".

We proceed similarly with the r.h.s. We pick the same vector § ). We suppose that
i is even (fori odd the reasoning is analogous).

If i 2 fajg, the expression vanishes. So we pick; = i, and asi is even we have
a+1 >1 +1. When we integrate on w; in expression (1.25), by the rules de ned in 1.6.2,
we obtain a similar formula with a reduced vector of sizen 1 that is obtained by
removal of the little arch.
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The integral formula is modi ed in the following manner:
X

aj+1 >a| j=1 j=i+2
p<a; 2p+2i 1
aj+1 6 a;+1for all aj even

X .
1;2;:5p581500 8 1(q )s
Qj+1 > 4
p<& 2p+2i 1
8;+1 678 +1for all"a; even
where (
a; i<j;
= o : (5.13)

a+1 2 otherwise

This proves the lemma. O

Now we can calculate the limitz ! 1 for all i. Using the change of variables

Wi 1
uj = —
aw g
and integrating with respect to the rst p variables, we obtain:
[ |
X _ X Y dum (1+ um)P
(p - - A a p
aj+1 >a| m=1 21 U’
p<a;j 2i 1
aj+1 6aj+1for all aj even
Y
(Unm u)@+ um+ unu):
1 I<m r

To sum over all possiblea, we can consider only the oddg; and multiply by (1+ u;),
simplifying in this way the conditions:

| |
X _ X LY dun L+ um)PA+ um)
( - . m
" aj+1 >a; m=1 21 uﬁ" P
p<a;j 2i 1
i odd
aj 0 Y
(Um u)@+ um+ unu):
1 I<m r
Wewrite b =p (a+1)=2+i:
I I
X X oY dun T+ Um)P@+ Um)
kb = 2i przm 1 Um
0 b b m=1 Um

Y
(un ud)@+ um+uny): (5.149)

1 I<m r
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The upper bound onb; was relaxed, since it only excludes zero terms.
A standard calculation gives us the formula:

X Y
ui2h Q+ 1Qm > -
0 bar b i m=1 (1 i=1 Uf)

Substituting in (5.14), we get:

[ |
X _ 0 Y duy (14 um)P(LF Um)
- ... N V
(p - 2 uﬁ\+2m 1(1 iYnll ui2

(Um  u)@+ um+ upu): (5.15)

1 Il<m r

5.3.2 NILP

Instead of xing the rst p paths to be horizontal, as in Section 5.2.5, we x them to be
vertical. We count the number of paths with a weight for each vertical step (the rst
p xed paths excluded).

We use the same method that was used for the () polynomials. In Figure 5.6 we
show one example of the NILP counted.

Consider all the paths going fromi to L;, we get:

- +i1
P., = p+2i L; 1 p .
b p+2i L; 1

Or, in a contour integral form:

ﬂ(l"‘ u)p+i l.

Pi?'—i = 2i up+2i Li



5.3. STUDY OF ENTRIES OF THE TYPE (p 89

We apply the LGV formula:

I I n #
Gz Y % X det 1+ up)Prk 1
" Sy P2k L
i=1 1=Li<ii<L k 1 kj r
[ | ; i
_ o Ydu@s uprit X JRTNL
= 57 pr2i 1 det uy Lk r
| i=1 Ui 1=Li<:<L !
o Tdu @ w1 Yo
o, 21 uf”’z' 11 y < 1 uy
| .
_ Y du (W u)P L ) i (U W)
- -~ H 4 .
=g 2 upret * @ i)

We now use the following identity (similar to the one formulated in [17] and proved
in [81]), proved in Appendix C.2:
Q
! .__I Yodu i (4 Ui+ U+ ouiyg)

i 2i+p 1 i 2
i=1 21 uli (1 j=1 Uj)

Yoam @ u) 20w u)

i 2i 4
12I uiIJrIO ji(l uj Uj)

where (ug;:::;uy) is some symmetric function. Here, (ui;:::;u) = - (1 +
ui)P(1 + uj), without poles in the integration region. We thus obtain exactly equa-
tion (5.15).

In [43], Krattenthaler gave an explicit formula for G, at = 1:

( . _
G Q{_ 1%%@ 2Z0p+2i +1IR2i)  if r is even;
HE

L e T VP p 220 1) if s oddt

(5.17)

P
Remarkably, these formul coincide with those conjectured in [53] for o at =1
(more precisely, what was conjecturedcf. their egs. (40{42), was the probability that p
conseculgve points are disconnected from each other in th®(1) loop model, that is the

ratio of (, ) by the full sum). Correcting a misprint in their eq. (42), we have
S@2(p+r)ip)
e Y 5.18
8 %1 “sepp) (518)
QP=2 QZ~ \1(L2 4k2)
2 QPZZ:l(szz S p even;
S(Lip)= | Rp 8, 02w (5.19)
e k= p odd:

L2 @+ D=2

The equality of (5.17) and (5.18) can be obtained by direct computation, treating sep-
arately the parities of p and of r.
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5.3.3 Punctured{TSSCPP

As is seen in Figure 5.7, xing the rst p paths amounts to xing a central hexagonal
star of sizep. Consequently, G,;; also counts the number of TSSCPP with weight for
each yellow face in the fundamental domain (the triangle outside the hexagonal star,
which in the gure contains the paths).

Figure 5.7: This TSSCPP with xed central hexagonal star, of sizep, corresponds to
the NILP in Figure 5.6 with p xed vertical paths.

5.3.4 Limit shape

As in the example of Section 5.2.7, we can run a coupling from the past simulation in
order to get a perfectly random con guration. See in Figure 5.8 a random con guration
with n =50 and p = 20.

In the center of the con guration there is a xed hexagonal star (consequence of the
p xed paths). As in Section 5.2.7, there is formation of facets, and the frozen boundary
seems to be a circle for smalp. The interior frozen boundary touches all sides of the
star and forms also cusps at the vertices of the star.

5.4 Further questions

5.4.1 Zuber's conjectures

In this chapter we presented the proof of [85, Conjecture 6], on the CPL side. This
conjecture states that the quantities () are polynomials of degree = d( ). In

the same article, Zuber conjectured that () o is also a polynomial in p of degree
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Figure 5.8:. A random example of a TSSCPP with a xed hexagonal star of sizep. In
this example we usep = 20 and n = 50. The con guration was picked using coupling
from the past.
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= d( )+ d( 9. The diculty here is that the basis transformation C, does not
respect the form (), ©

5.4.2 Limit shape

The punctured-TSSCPP can be seen as dimer con gurations in a honeycomb lattice
(as we saw in Chapter 3). In a series of articles [36, 38, 39, 37], Kenyon, Okounkov
and She eld proved that when we have a dimer model in a honeycomb lattice there is
always a limit shape as the sizen tends to in nity. Moreover, they reduced the problem

to nding a polynomial with certain characteristics. Unfortunately, the complexity of
the polynomial grows with the number of sides. This is work in progress.



Chapter 6

On the polynomials ( )p- SOmMe
conjectures

In Chapter 5 we proved that the quantities () ( ) are polynomials in p. Let us extend
the de nition of these quantities to the complex numbers. We de ne then the polynomial

(;t)suchthat (p)= (,,( )whenpisanonnegative integer. We make analogous
de nitions for A (t) and (t):= (1;t). In particular, we have for the constant term
A ©O=A (and (0) = ). The Razumov{Stroganov{Cantini{Sportiello theorem
then states that A (t) = (t) for any . The following proposition sums up some

properties of the polynomials.

Proposition 6.1. The polynomial (t) has degreed( ) and leading coe cient 1=H .
Furthermore, we have (t) = (t) (where is the conjugate of ), and (). (t) =
(t + ) for any nonnegative integer’

The rst part comes from Theorem 5.2, while the rest is clear whent is a nonnegative
integer and thus holds in general by polynomiality in t.

It is the goal of this chapter to exhibit some surprising properties of these polyno-
mials: the main conjectures deal with the description of real roots of the polynomials
(Conjecture 6.6), their values at negative integers between 1 n and 1 (Conjecture 6.9),
evaluations at n (Conjecture 6.12) and nally the positivity of the coe cients (Con-
jecture 6.13). It turns out that most of our conjectures admit a natural generalization
when is generic.

Notice that the proof of Theorem 6.19 involves the introduction of a new multivariate
integral.

The chapter is organized as follows: In the rst section we present some properties
of the quantities , coming from the FPL framework, which will be useful for the rest
of the chapter. In Section 6.2 we gather some conjectures about the : with =1
in Subsection 6.2.2 and with generic in Subsection 6.2.3. In Sections 6.3 and 6.4 we
prove Theorem 6.16 and 6.19 respectively. The last two sections are concerned with the
computation of the subleading term of polynomials as polynomials int and the leading
term as polynomials in

93



94 CHAPTER 6. ON THE POLYNOMIALS  (,,: SOME CONJECTURES

6.1 Notes on the FPL case

If is a matching with n arches, the polynomialA (t) admits the following expression:

X
A ()= a S(t n+1); (6.1)

in which is a link pattern (cf. Section 1.1.2), the a are the nonnegative integers
denoted bya(; ; 0,)in[78],and S (t n+1)is the polynomial given by
1Y
S (t n+1):H— (t n+1+ c(uw);
u2Y ()

the quantities H and c(u) being de ned in Section 1.1.2. If N denotes a nonnegative
integer, S (N) enumerates semistandard Young tableaux of shap¥ ( ) with entries not
larger than N : this is the hook content formulg cf. [73] for instance.

Equation (6.1) above can be derived from [78, Equation (4)] (itself based on the work
[10]) together with Conjecture 3.4 in the same paper: this conjecture and equation (6.1)
are proved in [56].

6.2 The conjectures

In this section we present several conjectures about the polynomials (t). For each
of them, we will give strong supporting evidence. We will rst give a combinatorial
construction that is essential in the statement of the conjectures. In Subsection 6.2.3 we
extend the conjectures to the polynomials (t).

6.2.1 Combinatorics

We give two rules which de ne certain integers attached to a matching . It turns out
that the two rules are equivalent, which is the content of Theorem 6.2.

Let be alink pattern, and n = j j its number of arches. We letY ( );d( ) be the
Young diagram of and its number of boxes respectively, as de ned in Section 1.1.2.
We also use the notationk =2n+1 x for x 2 [1; 2n].

Rule A: For pbetween 1 andn 1, we consider the seAb( ) of archesf a;; apg such
that a; pandp<ay< p, and the setAFFf( ) of archesfaj;a,gsuchthatp<ai< p
and p ap. Itis clear that jAb( )j + jAf}( )j is an even integer, and we can thus de ne
the integer méA)( ) by
A+ AT,

> :

For instance, let o be the matching with 8 arches represented below on the left;
we give an alternative representation on the right by folding the second half of the
points above the rst half, so that ® and x are vertically aligned. For p = 4, we get

mM( )=
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JAS( 0)i = 3;JAR( 0)j = 1, which count arches between the regions (O) and (I), and
thus mElA)( 0) =4 =2 =2. The reader will check that

mM( 0)=0;1,22211

forp=1;:::;7
©) 0 - (©) ©) O
| | 123256678
1234567884662 455H14 12345678

Rule B: Label the boxes ofY ( ) by associatingn+1 x vy tothe box (x;y). Then

using the example ¢ from rule A, we represented below theY ( o) with its labeling and

decomposition in (three) rims. For a given rim R+, denote byi and| the labels appearing
at the bottom left and top right of the rim, and by k the minimal value appearing in
the rim (so that k i;j ). We de ne the multiset B- as

fkog[fi;i L. k+1g[fj;j 1;:::k+1g;
and let B be the union of all multisets B-. Finally, we de ne mi(B)( ) to be the
multiplicity of the integer i 2f1;:::;n 1gin B .
In the case of g, the rims give the multisets f 2; 4; 3; 3g, f4;5;5g and f 6; 79. Their
union is B , = f2;3?%;4%;5%;6; 79, so that

mP( 0)=0;122211

We see here thatmlgA)( 0) = mﬁB)( o) for all p, which holds in general:

Theorem 6.2. For any matching , and any integerp such thatl p | | 1, we
havem$™( )= mP( ).

The proof of this theorem is a bit technical, but not di cult; it is given in Appendix E.

De nition 6.3  (mp( )). For any matching and any integer p, we let mp( ) be the
common value ofm,()A)( ) and mf;B)( Yifl pj j 1, and be equal to0 otherwise.
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We have then the following result:

P
Proposi_i,ion 6.4. For any matching , we have Iomp( ) d( ), and the di erence
d( ) pmp( ) is an even integer.

Proof. Rule B is more suited to prove this proposition. We will clearly get the result
if we can prove that for each rim R¢, the number of boxesr; in R; is greater or equal
than the cardinality b of the multiset B¢, and the di erence between the two quantities
is even. Therefore we X a rim R¢, and we use the notationsi;j;k from the de nition of

Rule B. We compute easilyri =2n i j 1whileb =i+j 2k+1. The dierenceis

thus (:=ry b =2(k+n 1 (i+])),which is obviously even. It is also nonnegative:
indeed, if c;  are the extreme boxes with the labels;j respectively, then the minimal
value of k is obtained if the rim consists of the boxes to the right ofc together with the

boxes belowc® At the intersection of these two sets of boxes, the value ok is equal to
i+j n+1, which shows that ; is nhonnegative and completes the proof. O

We will use this result in Section 6.2.2.

6.2.2 Thecase =1

As we have seen before, when = 1, the quantities (), have a combinatorial meaning:
they count the number of FPL with connectivity ( )p.

The rest of this section will consist of the statement of Conjectures 6.6, 6.9, 6.12
and 6.13, together with evidence in their support. The rst three conjectures are related
to values of the polynomials (t) when the argumentt is a negative integer; what these
conjectures imply is that some mysterious combinatorics occurs around these values

( p). The fourth conjecture states simply that the polynomials  (t) have positive
coe cients, and is thus slightly di erent in spirit from the other ones, though they are
clearly related.

The principal evidence in support of the conjectures, as well as the source of their
discovery, is the following result:

Fact 6.5. Conjectures 6.6, 6.9 and 6.13 are true for all matchings such that 8.
Conjecture 6.12 is true for alln 8.

The corresponding polynomials (t) were indeed computed in Mathematica for
these values of thanks to the formula

X
()= Ca()al)

a

and each conjecture was then checked from these exact expressions; note that there are
1430 matchingsj j such thatj j = 8. In Appendix D we list the polynomials  (t) for
i 4
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Real roots

The rst conjecture gives a complete description of all real roots of the polynomials
(t):
Conjecture 6.6. All the real roots of the polynomials (t) are negative integers, and
p appears with multiplicity my( ). Equivalently, we have a factorization:
0 1
iy 1
(t+p™OA Q (b);
p=1

()=

1
jd( )it
where Q (t) is a polynomial with integer coe cients and no real roots.

We must verify rst that the de nition of the multiplicities is coherent with this
conjecture. We know indeed by Theorem 5.2 that (t) has degreed( ) in t; furthermore
the degree ofQ (t) is necessarily even, since it is a real polynomial with no real roots.
This means that the sum of themy( ) should not be larger than d( ), and should be of
the same parity: this is precisely the content of Proposition 6.4.

Itis also immediately checked that the conjecture is compatible with the two stability
properties from Proposition 6.1, thatis (i) = (t)yand (). ()= (t+ ) forany
nonnegative integer . Indeed mp( ) = mp( ) is immediately seen from either one of
the rules, as ismp.~ (( )°) = mp( ).

As an example, the polynomial for the matching o of Section 6.2.1 is:

_(+1)B+ )24+ )25+ )26+ t)(7 + 1)

A (t) =
(¥ 145152000
(9t8 + 284t5 + 4355t + 39660t° + 2254362 + 757456t + 123120);

In Section 1.7, the following formula was established (which was rst proven in the
articles [18] for the FPL case, and [83] for the CPL case):

Y riis) o1

t) = .
0205() ] 1

i=1j=1

This is exactly what Conjecture 6.6 predicts in this case (the constant factor is given
by Theorem 5.2). This is perhaps easier to see with the de nition of them;( ) by rule B.
Here the Young diagram is a rectangle, and it is easily seen that each box will correspond
to a root of the polynomial, matching precisely the expression above.

There is an extension of this \rectangular® case in the article [9], the results of
which can be reformulated as a computation of the polynomials (t) when the diagram
Y( ) is formed of a rectangle together with one more line consisting of one or two
boxes, or two more lines with one box each. Then a simple rewriting of the formulas of
Theorems 3.2 and 4.2 in [9] shows that the polynomials have indeédhe form predicted
by Conjecture 6.6.

We did not actually prove that the polynomials Q (t) only have complex roots when they are of
degree 4, though we tested several values; wherQ (t) has degree 2, then from the explicit form in [9,
Theorem 3.2] one checks that it has a negative discriminant.
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In Section 6.4, we will give another piece of evidence for the conjecture, by showing
that 1isarootofA (t)as predicted, that is when there is no arch between 1 andr2in
the matching ; note though that we will not prove that we have multiplicity mq( )=1
in this case.

Values for some negative parameters

We are now interested in the values of the polynomial (t) is, when the argumentt is
specialized to a negative integer which is not a root. Note rst that although  (t) does
not have integer coe cients, we have the following:

Proposition 6.7. Let be a matching,p > 0 an integer; then ( p) is an integer.

Proof. This is standard: for d = d( ), the polynomials “fj‘ ' i =0:::d, form a basis

of the space of complex polynomials irt of degree d. Since (t) has degreed, we can
write

x t+d i

i=0
Now (p) = (), is @ nonnegative integer whenp is a nonnegative integer. Plugging
in successivelyt =0;1;2;:::;din (6.2) shows then that cy; c1;:::;cq are integers, which

in turn implies that for negative integers p we have also that ( p)is an integer. [J

So let be a matching, andp 2 [0;j j] be such that my( ) = 0. By Rule A
in Section 6.2.1, this means that there are no arches that separate the outer part of
consisting of the rst p and the last p points (denote it by ) from the inner part (denote
it by ), as shown in the picture:

p p

Here and can be naturally considered as matchings in their own right (when
properly relabeled), and we introduce the notation = in this situation. It turns
out that the following numbers play a special role in our second conjecture:

De nition 6.8 (G ). For any matching we de ne

G = (] b
By Proposition 6.7 above, theG are actually integers. For example, we can compute
easily G , with j j =4. Here we index them with Y ( ) instead of : this is well de ned

by the stability property G = G( ).

G=1 G.= 1 G =1 G, = 3
= 1 G =1 G =4 G = 9

D B = e

G = 3 G =9
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The next conjecture says that these numbers seem to appear naturally when evalu-
ating our polynomials at certain negative integers:

Conjecture 6.9. Let be a matching andp be an integer betweerd andj j 1 such that
mp( ) =0, and write = with j j = p. We then have the following factorization:

(pP=0G

Here we need to verify a certain sign compgtibility with Conjecture 6.6, which pre-
dicts that  ( p) has sign ( 1)Me whereM, = pmi( ). Now for this range of i we
have obviouslym;( ) = m;i( ) by rule A, so that ( p) has sign ( 1)% ) by Propo-
sition 6.4; but this is then (conjecturally) the sign of G (cf. Proposition 6.10 below),
which is coherent with the signs in Conjecture 6.9.

Properties of the G

Conjecture 6.9 shows that the numbersG seem to play a special role in the values of
(t) at negative integers.

Proposition 6.10.  For any matching , G = G yandG = G . Moreover, Conjec-
ture 6.6 implies that sign(G ) =( 1)d().

Proof. The rst two properties are immediately derived from the polynomial identities
(t+1)= (H(®)yand (1) = (t) respectively, given in Proposition 6.1. Then, if
all real roots of (t) are between 1 and 1 j | as predicted by Conjecture 6.6, the
sign of G must be equal to the sign of ( 1)4 ), since (t) has leading termt9( )=H
by Theorem 5.2. O

We can compute some special cases, corresponding Yd ) being a rectangle, or a
rectangle plus an extra row with just one box:

Proposition 6.11.  We haveG, g, = ( 1), while Gy , ,0, =( 1 (a+1).

This is easily proved by using the explicit formulas for such which were mentioned
in Section 6.2.2. Finally, the most striking features about these numbers are conjectural:

Conjecture 6.12. For any positive integer n, we have
X

. . X n(n 1 v 2

jiGj=A, and G =( 1)z A, (6.3)

J=n ( g j=n

e o ) AY,, 2 if nis even
"7 (1™ AYAY,, if nis odd

(6.4)
The rst equality in (6.3) is particularly interesting: it implies that the unsigned

integers jG j, when runs through all matchings of sizen, sum up to A, the total

number of FPL of sizen. Of course the verify exactly this also, but the properties
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of G we have just seen show that the sets of numbers have di erent behaviors. For
instance, the stability property G = G ) fails for  obviously, while in generalG,( ) &
G . Furthermore, 00) a 200 = a+ b 1 while G(()()) a 20b = ( l)ab'—l (a+ 1) This
raises the problem of nding a partition of FPLs of size n {or any other combinatorial
object enumerated by A,{ whose blocksfG g ; j=, verify jG j= |G j.
Remark: In fact, part of the conjecture is a consequence of Conjectures 6.6 and 6.9.
Indeed, it was proved in [24] that, as polynomials, we have:

X

joj=n
If one evaluates this fort =1 n, then two cases occur:

if n is even then we have that 1 n is a root of Ajyn (t) by Conjecture 6.6, and we
get from (6.5) that

which is consistent with AY =0 if n is even.

if n is odd, then we are in the conditions of Conjecture 6.9, which tells us that
Apn(l n)= Gyn 1A5 = Gpn 1, and from (6.5) we have
X
G = Gon 1.

Joj=n

This then proves that the second equality in (6.3) can be deduced from the rst case
in (6.4).

Positivity of the coe cients

Our last conjecture is a bit di erent from the other three ones, in that it does not deal
with values of the polynomials, but their coe cients:

Conjecture 6.13. For any , the coe cients of (t) are nonnegative.

It seems in fact to be true that the polynomials Q (t) {whose existence is predicted
by Conjecture 6.6{ also only have nonnegative coe cients.

By Theorem 5.2, we know already thatA (t) is of degreed( ) with a positive leading
coe cient, so we will be interested in the subleadingcoe cient, that is, the coe cient
of t9C) 1 We managed to compute this coe cient and prove that it is indeed positive:
this is Theorem 6.22 in Section 6.5.
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6.2.3 Generic

In this section we will give three conjectures extending Conjectures 6.6, 6.9 and 6.13.
All of these conjectures have been veried for all (;t) with j j 8. We introduce a
contour integral expression forG ( ) which allow us to prove the conjecture mimicking
Conjecture 6.12. We begin with roots:

Conjecture 6.14. Considering ( ;t) as a polynomial int with coe cients in Z[ ]=Z,
the real roots of  ( ;t) are negative integers p and with multiplicity given by mp( ):

1
jd( )it

where Q (t; ) is a polynomial in t with no real roots.

Vi
t+™OQ (& );

i=1

(;t)=

For the example ¢ of Section 6.2.1 we compute:

(ity= @FUB*+ DA+ DG+ 6+ T+ 1) o
ot 145152000
(84000 + 4406402 + 151440 2 +13200t% 2 + 523680 4 + 394360t 4

+110520° + “413670° 4 +630t* 4+182880 6+ 211656 °
+101716:% 8 +25990t% © + 3725t ©+284t°5 ©+9t6 ©):

We then have the natural generalization of the factorization conjecture:

Conjecture 6.15. Let be a matching andp be a integer betweerl andj j 1 such
that my( ) =0, sothat = with j j = p; then
(; =G () ()

Here G ( ) is naturally dened by G () := (; ] ]). For example, the values
forj j=4 are:

G=1 G = G_=°? Gg= °?

G =2 3 G_= °3 G = °3 G = 1

P o H B

G =32+ % G =32+ 4 G = 3 53% %G = 23% °
g P = P

G = 2% ° G _=372+5"%+ °

B B

TheseG ( ) present several properties:

Theorem 6.16. We haveG ( )=( 1) )g ( ), whereg is a polynomial with non-
negative integer coe cients. Furthermore, we have the sum rule:

X X
G ()= ¢ )
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By Lemma 5.1, we know that

X
(;p)= C.a a(ip) (6.6)
a
where,
. ! I dui pY
a(;p)= g a @t Ut (o w)(d+ up Uiy
I J>|
For example,
IR v
Gon = i 1+ uy) (U U@+ uj+uyy):

2
i 2iu ; i

In Section 6.3.3 we show that this contour integral counts a certain subset of TSSCPP.
Let A, be the set of linking patterns of the form (ay;:::;an), with &g =2i 1 or

G ()= a(; n)

dui

Y
sga (L)l ui) n_ (U W)@+ uj+uy)

| j>i

Thus, we can rewrite Theorem 6.16:

! ...I Y du; nY
>y @ I+ u)+ uy) (U u)@+ uj+uyy)
| j>i
_ ! ...I du; Y
= T A+u) (y u)@ uj + uju;) (6.7)
|

j>i

We prove this equality in Section 6.3.2, showing that both sides of equation (6.7)
count TSSCPP. If we assume that ( 1)% )G = jG j (which is a copsequence of Con-
jecture 6.6, see Proposition 6.10), the rst part of Conjecture 6.12: iGj= Ap, in
Conjecture 6.12 follows from Theorem 6.16. p

Yet in Section 6.3.2 we show that the conjectured sum G = ( 1)(2)(AX)2 is
now equivalent to the minus one enumeration of TSSCPP proposed in Di Francesco's
article [14].

We will show in Section 6.6 that the leading term ofg ( )is 90 ); we will actually
compute the leading term in of (;p) for various integer values of p. Another
property of these G ( ) is that

G ()=( DG ( )
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so that they are odd or even polynomials depending on the parity of . More generally,
onehas (;t)=( 1)4) ( ;t). Indeed, this is obvious for the polynomials

|
a= i uTi(l+ ui) (U ud@+ uj+uyp);
i j>i
and as the basis transformation respects this parity, this holds for (;t) as well.
Finally, introducing a  does not change the positivity:

Conjecture 6.17. The bivariate polynomial d( )!P ( ;t) has nonnegative integer coef-
cients.

6.3 Contour integral formula for G

Thegmain goal of this section is to prove Theorem 6.16. Also, we give an interpretation
for G and Gy in terms of TSSCPP.

6.3.1 Dual paths

In Section 3.3 we saw that there is a bijection between TSSCPP and a certain set of
NILP. And in Section 4.3.2 we counted those NILP with a weightt; per vertical step in
the it" slice.

Ignore the extra step, that is put to = 1. Considerthat t; = for1l i n,i.e. we
give a weight per vertical step. Equation (4.18) then becomes:

I |
Lo dy
2iu? 11

1 Y
Nio( )= u-2(1+ u)d+ up)' !

i=1 j>i

Using equality (C.11) we obtain:

Nio( )= du

Y
— (1 + y; u  u)d+ uj+ uy
T UG R T

i=1 j>i

P
which, by Lemma 5.3, is equal to ().
Consider now the NILP de ned by the following rules:

The paths start at the points Aj =(i  1;1 i)fori=1;:::;n;
The nal points are of the form E;j =(rj;0) whereO r; 2n 2;
Only horizontal and diagonal (NE) paths are allowed.

For example, whenn = 3 we have 7 NILP:

A A A A Y
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I

/'y

(a) Normal paths (b) Dual paths

Figure 6.1: The TSSCPP can be represented either by the normal NILPs or by the dual
NILPs. The number of yellow faces is either equal to the number of vertical steps on
the normal NILPs or the horizontal steps on the dual NILPs.

We claim that these NILP are in bijection with those presented in Section 3.3. More-
over, the number of horizontal steps in the rst ones is equal to the number of vertical
steps in the second ones. In fact, these paths are dual to the ones in Section 3.3, as we
can see in Figure 6.1.

For example, the 7 examples fom = 3 are (the 4" one corresponds to the one in
Figure 6.1):

where the dual NILPs are represented by the solid blue lines and the normal ones.é.
the ones de ned in Section 3.3) are represented by the red dotted lines. It is easy to see
that the vertical steps on the normal paths corresponds to the horizontal steps on the
dual paths.

6.3.2 The sum of G

Next, we use the LGV formula (Section 3.2.1) to obtain an integral formula which counts
the dual paths. Thus,

X
Nio( ) = det[Piy, |
0 ril<ii<r n 2n 2
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where Pj;, is the weighted sum over all possible paths fromi( 1;1 i) to (rj;0). Such
paths havei 1 diagonal steps andrj 2i + 2 horizontal steps, hence:

i ri+1
p. =T 2i+2 _
b ro2i+2
— r 2i+2 i
) r 2i+2
:[ ur 2i+2](1 U) i

where u" 2*2]p(u) stands for the coe cient of the corresponding power of u in the
polynomial p(u).
We can rewrite the equation as a contour integral:

! ...I Y dy,

. X L
Nio( ) = o up) detiu, "?' %] (6.8)
| | i=1 0 rm<ii<r o 2n 2
Y] dUi . X .
- . 1 fiq.

i=1 0 ri<i<r g

where we performed the transformationi! n i+landrj! 2n 2 rj. Itis easily
see that the terms coming fromr; > 2n 2 do not contribute for the contour integral.

The last sum can be evaluated by a standard result for the sum of Schur functions
(see Exercise 4.3.10 in [7]):

det[ui’] = L.
o1l w1 uju
0 ri<i<r g i >
The integral can thus be transformed into:
| | Q
A du; ; i>i (uJ Ui)
::: —— @+ u)@ up) P re= ;
i=1 2|u i2| 1 I ! YJ I(l U|UJ)
Finally, we use equation (C.11) in order to obtain
I I
— - ¥ dui n Y .
Nio= i Wﬂﬂ“ uj)@  uj) | (U u)d  uj+ouyy);

i [ j>i

which ||§ exactly P G ( ), proving Theorem 6.16.

So G is the minus one enumeration that appears in Di Francesco's article [14].
We proceed using Lemma 3.4. LeQ(u;; u;j) be the weighted number of non-intersecting
paths from (u;; u;) to any arrival point (points of the form ( k; 0)). Thus,

i1 i 1 i1 1
ri+l1 s j+1 s i+1 r j+1

X
Q(ui;uy) = (s

0 r<s
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Assume that n is even. An easy computation show thatQ(us;uij) = Q(uj;u;) =0
for all i 2 [1;n]. Thus by Lemma 3.4,

G =Pf(Q(uj;u;))=0:

Assume now thatn is odd. Ignore the rst path, and relabel all the paths u; ! u; 1.
The next equality is not hard to prove:

Q(u_.u_): X ( 1)r+s I J I J
' L res ri s j S i r

P (L I L
=30 D e or

which simpli es the pfa an in Di Francesco's article:

(i+j 1)
@ e

(A¥h41)?=Pf1 g5 n 3G )

6.3.3 Computing Ggn

Let R be the subset of dual NILPs such thatr;j i+ n is even for alli.

Proposition 6.18.  There are exactly( 1)(2)G()n dual NILPs in R. Moreover, Gyn ( )
is the weighted enumeration of dual paths irR with weight( ) for each horizontal step.

Proof. We follow the same steps as in Section 6.3.2 until equation (6.8), which in this
case is transformed in

! ...I Y dy, X

NR():= S u) ! det[u, """ ]

i=1 0 ri<ii<r p 2n 2

rn even
ri+1 rj odd
| |
Y dus ) X )
= éi“%r‘I(l upt ton dethﬁJL
iz €U 0 ri<i<r np 2n 2

rn even
ri+s1 r; odd

where we performed the transformationi! n i+landr;! 2n 2 rj. Itis easily
seen that the terms coming fromrj > 2n 2 do not contribute to the contour integral.

The last sum can be evaluated by a standard result for the sum of Schur functions
of even partitions (see Exercise 4.3.10 in [7]):

Q
X i o (U uj)
det[u]] = Q%
0 ri<ii<r n 2n 2 j i( Uj ui)
n even
ri+1 rj odd



6.4. THE FIRST ROOT 107

The integral can thus be transformed in:

| I\ Q
dui N1 U ui)
T;"‘l(l i) Q,.(l—uluj)

i=1
Finally, we use equation (C.11) in order to obtain

oy g v
Ni= ::: W(l ui) (U U@+ uj+uyp);
i 2l >

P
which is exactly Gon( ). O

A similar computation appears in Ishikawa's article [28][Conjecture 3.1]. In fact, it
can be seen that the subseR is exactly the subsetPR which appears in his article
(see [28][De nition 3.1]). Notice that the weights are di erent.

6.4 The rst root

In this section we will prove the following theorem.
Theorem 6.19. For any matching we have

: _ of ) if =(9
(; D= :
0 otherwise.
This is a special case of Conjecture 6.6 by setting = 1.
Corollary 6.20. If my( )=1, then (t +1) divides the polynomial (t).

Indeed my( ) = 1 precisely when there is no arch between 1 andr2in (cf. Rule A
in Section 6.2.1), which means that cannot be written as ( 9. For the same reason,
Theorem 6.19 is in general a special case of Conjecture 6.14.

To prove this theorem, we use the multiparameter version (z1;:::;Z2,) of the
guantities , see Chapter 1.
Recall that (z1;::7;22n) form a basis of V,,, and that Lemma 1.12 shows that a

polynomial in this space is determined by its value on these pointg] . There is a small
variation of this lemma, for the cases with a big arch (1 2n), obtained by rotation:

(@ %a:)=(q 1" H@ gH" A D Og 0D

Notice that using the lemma's variation, we obtain:

g %= Ogey 4 2

q q 1 Ca;( ): (69)
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6.4.1 The proof

By Lemma 5.1, X

()= C g a 1

a

We now introduce the following multiple integral, inspired by formula (1.25):

. z oY
a(zi;iiiizn) 1) = qu) (9z q 'z)
92 9 "2y i 5
Lo Q i w 1y
LoV dwy Tig W wo(aw g W) Yoaw g 0. (6 10)
2 g Z) T (aw g 'z) o 9z g tw
The essential property of 4(z1;:::;22n) 1)isthatifall zi =1, then we get ,( 1);
this requires the change of variableay; = qv‘;ivi ql r. If we integrate in w1, we obtain:
a1 21
a(ziii5izanj 1= (@2 q'zam) (a2 g 'z)
i=2| I 2 i<
Y awi ~ i (Wi V(\l{)(qV\ﬁ q 'w)

2 "o AW Z) Tonsa QW q 1Z)

The r.h.s. is now factorized in one term which depends orz; and z,,, but not on a,
and one which does not depend omz; and z,,, and lives in the vector spaceV, 1 (with

parameters fz;:::;zon 10). Therefore we can write 4(z1;:::;22nj 1) as a linear
combination of  (z2;:::;Z2n 1):
_ 2y 1 L X
a(ze;iizon) 1) = (az g “zzn) (221220 1) (6.11)
i=2

We then have the following lemma:
Lemma 6.21. For any a; we have®, = Cy().

Proof. First we integrate Formula (1.25) in wy:

ZY ' 1 Y 1
a(z1;::1,220) = (Az g “zzn) (@z q “z)
i=2 Q 2 i<j< 2n
Y dw; A i< (w; (\4Vi)(0|V\4 q 1Wj) a1 dzz ¢ Tw; .
i i a (Wi ZJ)Y2n>j>a (aw g 17)) -, AW g 1zon°
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We then make the substitutions z; 7! q 2 and zon 7! %
2 2 n 12‘? . Y 1
a@ %z2;izon 1) =( 1) (z 1) (az g “z)
i=2 i<j< 2n
Y %Q i< (W, V{\\g)(qu q 'w;) :

Comparing with the formula obtained for 5(z1;:::;2zonj 1), we get:

A gz q lzan
a(zi;iinzn D= MY 22T (@ %z zon 0 OP);

=2 Z; 1
which thanks to (6.11) becomes:
X (ot X 2 2
O (2220 1) = Qﬁzl Ca; (522515220 130):
i=2 |

Now the l.h.s. lives inV,, 1, so it is determined by the points (q ) (cf. Lemma 1.12 and
its variation): X X

O . O=" cy . O

This simplies to ®, () = ¢, d40): sinced( ) = d(( )), we get the expected
result. O

We can now nish the proof of the theorem. In the limit z = 1 for all i, equa-
tion (6.11) becomes X
a( 1)= &
jj=n 1
Using the lemma, and multiplying by C .}, this becomes:
X 1 X X L
Ca a( 1= C.aCa)
2 X
' (1= ()

which completes the proof.

6.5 The subleading term of the polynomials

In this section we will prove the following result:

Theorem 6.22. Given a matching of sizen, 6 (), the coe cient of td) 1 in
(t) is positive.
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This is a special case of Conjecture 6.13. We will give two proofs of this theorem,
one starting from the expression (6.1), the other based on the expression (6.6). As a
byproduct of these proofs, we will deduce two formulas concerning products of hook
lengths (Proposition 6.24).

6.5.1 First proof

We present rst Nadeau's proof. We use the expression oA (t) given by the sum in
Equation (6.1): X
A @)= a S(({t+1 n)

We need to gather the terms contributing to the coe cient of t4 ) 1. they are of
two kinds, depending on whetherS (t+1 n) has degreed( ) equaltod( )ord( ) 1.
Since , the rst case occurs only for = , while the second case occurs when
Y () is obtained from the diagram Y ( ) by removing a corner from this diagram, i.e. a
box of Y ( ) which has no box below it and no box to its right. We denote by Cor( )
the set of corners ofY ( ), and we get:

©O A 0= 2 @ ey S
1 v Gaacor() W)

Itis proved in [10] that a =1, and in [56] that a (xy) = 2n 1 ywhen (x;y) belongs
to Cor( ). We can then rewrite the previous expression as follows:
d( )@ n 1 X X n 1 X n
Q@ m, 1%y, (LN (.
u2Y( ) (xy)2Cor( ) ¥ ayyecor(y O

Now the rst and third terms cancel each other because of thehook length formula
(see [73] for instance), which is equivalent to

d ) X 1
(yyacor() 1 O)
Therefore we are left with
1 X X n
tO A ()= — o(u) + iy, (6.12)
H Ho (ay)
uz2y() (xy)2Cor( ) ’
We now wish to prove that this is positive, which is not clear since the rst term
can be negative. The idea is to remember thatA (t) = A (t) by Proposition 6.1. Now
when 7! |, the box (X;y) is sent to (y; x), all contents change signsCor( ) is sent to

Cor( ), and hook lengths are preserved. From these observations we get the alternative

expression: % »
0 Ya () = Hi o(u) + . x) .

v : (6.13)
u2Y () (xy)2cor( ) )
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Clearly in both (6.12) and (6.13) the second term is positive, sincey < n for all
boxes ;y) in Y( ) (there is at least one such box because 6 () ). Adding (6.12)
and (6.13), and dividing by 2, we obtain that the coe cient [ t9 ) 1]JA (t) is positive:

X
[td( ) 1]A (t) = (2|rj|7xy): (6.14)
(xy)2Cor( ) 0cy)

6.5.2 Second proof

By Lemma 1.27: X
a(= MO+ C; ()
<
wherea = a( ). By Theorem 5.2, we know that (t) has degreed( ). Furthermore,
sinceC. hasdegree d( ) d() 2if < , we conclude that the coe cient of
td0) Lin  (t)and 4 (t) is the same, so:
m(1+ u) (U up)@+ oy +ouigg):
i=1 i j>i

[t 1 (@) =[t90) 4

If we consider (1 +u; + ujuj) = (1+ uj)+ uju;, we notice that each time we pick
the term u;u;, we decreasey; and a by 1 and thus the integral corresponds formally to
a diagram with two boxes less, so the degree ih decreases by 2 also; these terms can
thus be ignored, which gives: |

RIS IO GRS W@ )
XTI
I =
X Y dus .
—r+d( ) 1 i A+ 1
[t ] 28H( 1) Za+l i(1+u.)
1]
i a i

t+i 1
=[t90) Y det '
a;

Expanding the binomial up to the second order, we get:

t+i 1 14+ @ DR a1
= tai | L
CT (@ )

If we compute the subleading term of the determinant we get:
(ai j)i+j a 1)

t
(ai (J)!
Xt 1 1 ifi 6 k

i k=0 aet m (ai J)(2| + ] a; 1):2 ifi=k : (615)

+terms of lower degree

[t 4 (©) =[t ']det
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We want to show that this expression is equal to the r.h.s. of (6.13). First of all, we
need to express the quantities involving hooks and contents in terms of the sequenee
Notice that the integer a; is naturally associated to the (n+1 i)th row from the top
in Y (a), the length of this row being given by (& i).

It is well known (see for instance [71, p.132]) that

= det — 6.16
Hy (a) (@ j) (6.16)
The contents in the row indexed bya; are givenbyi n;i n+1;:::;i n+(g
i 1), whichsumupto 3(a i)(2n & i+1), and therefore we get
X X q
c(u) = E(ai @n & i+1);
u2y(a) i=1
Noticing that a; 7! & 1 removes a boxin i+1 i)th row, we have:
X X 1 ifi 6 k

X T e TS 617)

B Y (i i i =
(xy)2Cor( )H Gy) k=1 @ DY@ i 1 fi=k
Here we can sum over alk, i.e. all rows, because the determinants corresponding
to rows without a corner in Y (a) have two equal rows and thus vanish.

Looking back at equation (6.15), we write
(@ DEi+j a 1)=2= (& j)a j D=2+(a j)(i 1)
Next we split each determinant in two thanks to linearity in the k™ row. Then the

expression obtained by summing the determinants corresponding to the second term is
precisely (6.17); therefore all that remains to prove is the following lemma:

Lemma 6.23.

X 1 ( 1 if i 6k
det . _ _ o
e @ DY@ i)a 1) ifi=k

!

(x Kk)ax 2n+k 1) det ; . (6.18)
kel (@ j)
Proof. We write (ax Kk)(ax 2n+k 1)= ac(ax 2n 1)+k(2n k+1) and use linearity
of the determinant with respect to row (and column) k to write the r.h.s. of (6.18) as

(
X 1 1 ifi 6 k
det ——— o
K1 (@ j) a(a 2n 1) ifi=k (
Xn o
+ q 1 1 ifj 6k (6.19)

et —— . . . :
- (@ ) j@n j+1) ifj=k
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Now we notice that we have the general identity for any variablesa; ; bj :

( (
X 1 ifiek X 1 ifj6k
det aj Y = det g; L
kel by ifi=k ., by ifj =Kk

Indeed, both correspond to the coe cient of t ! in detja; + a; bj =tj, which can be
expanded using multilinearity according either to rows or to columns. We use this in
the rstterm of (6.19) and in the |.h.s. in the lemma; putting things together, the r.h.s.
of (6.18) minus the l.h.s. is equal to:

(
X 1 1 if j 6 k
det —— , o :
e @ DY 2 )& ) ifj=Kk
For all k < n the determinants have two proportional columns (k and k + 1), while
for k = n the n column of the determinant is zero. So all these determinants are zero
and therefore so is their sum, which achieves the proof of the lemma. O

This completes the second proof of Theorem 6.22.

6.5.3 Application to hook length products

It turns out that some of the computations made to prove Theorem 6.22 have nice
applications to certain hook identities. If Y is a Young diagram, let Cor(Y) be its
corners, andHD (Y) (respectively V D(Y)) be the horizontal (resp. vertical) dominoes
which can be removed fromY, de ned as two boxes which can be removed in the same
row (resp. the same column). Then we have the following identities:

Proposition 6.24. For any Young diagram Y we have:

P
2 yay ou) _ X (y x)
HY (x;y)2Cor(Y) HY xy)
and P
2 ayo(u _ X 1 X 1
Hy hd2HD(Y)H(Y hd) vd2VD(Y)H(Y vd)

Proof. We considera, a sequence such thaly (a) = Y. The rst formula consists simply
in equating the expressions in (6.12) and (6.13).

We will seg that the second formula is a reformulation of Lemma 6.23. We already
identi ed % w2y C(u) as the r.h.s. of the lemma, so we want identify the sums on
dominoes with the |.h.s. in Lemma 6.23. We note rst that the k" determinantin (6.18)
is of the form (6.16) for the sequencea( which coincides with a exceptal’) = a, 2.
There are three dierent cases to consider: rstly, if ak) has two equal terms, the
corresponding determinant vanishes. Then, ifak) is increasing, we obtain one of the
terms in the sum over HD (Y). Finally, for a) to have distinct terms when it's not
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increasing, it is necessary and sucient that ax = ax ;+1 and ax » <ax 2. The
sequence obtained by switchingyx 2 andax 1 is then strictly increasing; if we exchange
the rows in the determinant, we will get a negative sign. It is then easy to verify that
such sequences are those obtained by removing a vertical domino fro¥h, which achieves
the proof. O

As pointed out by V. Feray [20], both formulas can in fact be deduced from the
representation theory of the symmetric group, using the properties of Jucys-Murphy
elements [32, 54].

6.6 The leading term of (;p)

We now consider ( ;t) as a polynomial in , rst with coe cients in  C[t], and then
with rational coe cients under the specializations t = p for p an integer.
We start by deriving an expression for the leading term in  of the polynomial
(;t). First we consider the leading term in  of 4( ;t) for a given sequencea. We
have
e — ! ...I Y du tY .
a(;t) = m(l+ ui) (U U@+ uj +uy;):
I J>|
It is clear that if we replace (1+ u; + uju;) by (1+ u;) we do not change the leading
term in (for the same reasons as in Section 6.5.2). Therefore this last expression has
the same leading term in as

| |
dui .
. 5 iu Ifai (1 + U i)t+| 1 (uj Ui)
i=1 | i I j>i
X A4 du .
= (1) ST i — (L up)tt !
25, iz 41U
- (1 v a o tH
25 i=1 i

10 n aj j

So we know that the degree in of 4(;t) is d(a). Because of Lemma 1.27, it is
clear that the leading term of  ( ;t) is the same as ,( )( ;t). We have thus proved:

Proposition 6.25. As a polynomial in , the leading term of (;t) is given by
D (t) 9, where fora= a( ) we have

t+i 1

D ()= det
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Now we turn to what happens whent is specialized to an integeip; by de nition the
casesp=0and p= j | correspond respectively to the polynomials ( )and G ( ).
Clearly if D (p) 6 O then the leading term of (:p)is D (p) %) by the previous
proposition, while if D (p) = 0 the leading term is necessarily of smaller degree. Our
result is the following:

Theorem 6.26. Let be a matching, andp be an integer; ifp < 0, we also assume that
is not of the form (' );,;. Then D (p) =0 ifandonlyif 1j j p 1. Furthermore,

if p 0 then D (p) counts the number of tableaux of shap& ( ) with entries
bounded byp+ j j 1 which are strictly increasing in rows and columns;

ifp j j,then( 1)4)D (p) counts the number of tableaux of shap¥( ) with
entries bounded byjpj j | which are weakly increasing in rows and columns;

f1j j p 1, then

{ if my,( ) 60, Conjecture 6.14 implies that (;p) is the zero polynomial;
{ it m()=0and = with j j = jpj, Conjecture 6.15 implies that the
leading term of  (;p) is given by( 1) )D (0) d()+d(),

Note that the condition that is not of the form ( );y is not a restriction, since in
suchacase (;p)= (;0).

Proof. We study separately the three cases:
Casep 0. The determinant D (p) is here a particular case of [42, Theorem 6.1],
which says that indeedD (p) counts tableaux of shapeY ( ) with entries bounded by
(p+jj 1) and increasing in both directions. For example, ifa( ) = f1;2;4;7g and
p=1 we get .
[
Dt1;2,47¢(1) = 1dﬁt 4 oa ] =11;
corresponding to the 11 tableaux:

[1]3]4]

Note also that the lling of the shape Y ( ) where the cell (x;y) is labeled byx+y 1
is a valid tableau becausex + y  n holds for every cell, and thereforeD (p) > 0 for
p O.

Casep | j. We use rstthe transformation
in D (p) to get:

No=( 1)k N* KT for each coe cient

_ d ) jpi+a i
D (mMm=( 1) 1‘?';,-etn a | ,
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Here the sign comes rf,rom 1) 1 =( 1)%( 1) ! for the coe cient ( i;j ), which
gives the global sign (1) & i) =( 1)4 ). We can then use [42, Theorem 6.1] in
this case also, which gives us that (1)4 )D (p) counts tableaux of shapeY ( ) with
entries between 0 andjpj j | which are weakly increasing in both directions. For the
same partition a( )= f1;2;4,7gand p= 5 we get

5+a 1 |

jD ( 9)j= 1dgt4 5 | =7,

which corresponds to the 7 tableaux

Now here alsoD (p) 6 0 because the tableau lled with zeros is valid. Forp= | |,
this is the only possible tableau and thus the leading coe cient of G ( ) is given by
D (j i)=( D).

Casej j<p< 0. We rstwantto prove that D (p) = 0 if is not of the form
( )IOJ We easily check that p;' 11 is zero unless eitheri < jp+1j andj < a s OF
i jp+ljandj  apj+r- Therefore we get a matrix which splits into two rectangular
submatrices; the determinant is zero unless these submatrices are square, which means

that jpj +1 = ap+1, and then

p+i 1 i1

D = det . det .

(P) 10 pi I Tijj jjiei & ]
=Ds¢1..o: pg(p) Da(0);

whered = ar+j r. The rst factor is 1, and the second is non-zero if and only if&
corresponds to a matching; this is excluded because would be of the form ( );,;, which
is excluded. ThereforeD (p) =0 as desired.

Now Conjecture 6.14 immediately implies that if m;;( ) 6 O, then t = p is a root of

(;t),sothat (;p) O.If my( )=0, then by Conjecture 6.15, the leading term
of (;p)isequalto the product of the leading terms of G ( )and ( ). The rstone
is given by ( 1)4) d() as proved above, while the leading term of ( )= (;0)is
given by D (0) 9, which achieves the proof. O

6.7 Further questions

6.7.1 Solving the conjectures

Since in this chapter we present several conjectures, the most immediate problem is to
solve them. We listed four conjectures in Section 6.2 which concern roots, specializations
and coe cients of the polynomials  (t). The di culty here is that existing expressions
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for the polynomials  (t) consist of certain sums of polynomials. One way to attack the
conjectures would then be to nd new expressions for the polynomials.

Another angle to attack some of the conjectures (namely conj. 6.6, 6.9 and their
counterparts 6.14, 6.15) would be to extend the approach used in the proof of Theo-
rem 6.19: one rst needs to extend the multivariate integral de nition (6.10) to any
integer p, which can easily be done. The problem is that the expressions obtained are
fairly more complicgted and intricate than in the casep= 1. This is work in progress.

We proved that G and G(» count some subclasses of NILP. Thus, we can easily
write them as a sum of determinants and as a pfa an, in the case of the sum. We believe
that these formul can help solving Conjecture 6.12.

6.7.2 Combinatorial reciprocity

The idea underlying our conjectures with the exception of Conjecture 6.13 is that there
should be a \combinatorial reciprocity theorem" ([74]) attached to these polynomials.
That is, we believe there exist yet-to-be-discovered combinatorial objects depending on
such that ( p) is equal (up to sign) to the number of these objects with sizep. The
most well-known example in the literature of such a phenomenon concerns thEhrhart
polynomial ip (t) of a lattice polytope P, which counts the number of lattice points
in tP whent is a positive integer: for sucht, Ehrhart reciprocity then tells us that
( 1)9MPis( t) counts lattice points strictly in tP (see [5] for instance).

Conjectures 6.6 and 6.9 tell us in particular for which values ofp objects counted
by jA ( p)j should exist, and moreover that such objects shouldplit for certain values
of p. As pointed out in Section 6.2.2, Conjectures 6.9 and 6.12 make it particularly
important to gure out what the numbers G = A (j j) count.

6.7.3 Consequences of the conjectures

The conjectures have interesting consequences regarding the numbeas involved in
equation (6.1), since for instance Conjecture 6.6 directly implies certain linear relations
among these numbers. Discovering what these numbes are is a step in the direction
of a new proof of the Razumov{Stroganov conjecture, in the sense that it gives an
expression forA that could be compared to the expressions for . We note also that
a conjectural expression for these numbera was given in [82], which if true would
in fact give another proof of the Razumov{Stroganov conjecture; a special case of this
expression is proven in [55].
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Appendix A

The vector space of polynomials
satisfying the wheel condition

This appendix is intended to prove that the dimension of the vector spaceVv,, de ned
in 1.4.2, is the Catalan numberc,. Moreover, the specializationsqg completely describe
the polynomials in V,,. Let us brie y re-introduce the concepts:

The spaceV, consists of all the homogeneous polynomials with r2 variables with
total degree = n(n 1) and partial degree = n 1, which obey the wheel condition:

f(iinziiinz = ozi;iize = q'zi;i) =0 forall i<j<k:

In order to prove the dimension of the space, we must prove that a polynomial in
V, is entirely determined by its values at th%following speciaéjz_ations: G1;:::;q2) for
all possible choices of { = 1g such that i2=nl i =0 and Ji=1 i Oforallj 2n
(these are just height increments of Dyck paths).

Or equivalently, if a polynomial satis es these conditions and is zero at all the spe-
cializations, then it is identically zero. For example, at n = 1 the polynomial is of degree
0i.e. a constant, and as it vanishes at £1;25) = (g ;) it is identically zero.

We now proceed by induction. We suppose that the lemma is true fom < p. Let

p be a polynomial of degree |y 1) at each variable which is zero at all specializations.
The polynomial satis es the \wheel condition" at zj+1 = 0%z, SO we can write
Y
p(Z15 00 22p)jzi 0y = 22 = Az z) p 1(z1;::5520 1Zie23 105 20p); (AL)
j8ii+1

where , 1is afunction of degreep 2 in eachz (exceptz and z.+1) which still follows

the \wheel condition". Furthermore, let |, be a specialization which has %;;zj+1) =

(g % g) and 8 ; the same specialization but without z; and z;+1 . We apply (A.1):
o(p=@ Q" '@ ghH" ! (g )=0: (A.2)

The mapping p 7! 1 is a bijection from Dyck paths with (q 1; d) at locations (i;i +1)
to all Dyck paths. Thus our induction hypothesis applies, and , 1 =0.
Therefore, one can write:

2 1
p= (zia  ofz) §; (A.3)
i=1
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where E,l) is a polynomial of degree 1 = ;= p 2atz;andzypand j=p 3atall
the other variables which follows a weak version of the \wheel condition™:
@ - ; : .
bize= 2 = ¢z =0 forall kK j+2 i+4:
This implies:
(1) — Y ;).
Pizi+2 =2z (9z Zj) p (A.4)
j2[i 1i+3]

By degree counting inz; we nd that they are identically zero.

Now, we can write
2

W= (z.2 z) @; (A.5)
i=1

where E)z) hasdegree 1= ,=p 3, 2= 2 1=p 4andalltheothers j=p 5.

Clearly, this procedure can be repeated; at step, g) has degree:

1=p r 1

2=p r 2

r=p 2r

i=p 2r 1
p=p r 1

We write y |
I(C);Zi+r+1=q22i = (qZ| Z]) g'l):

j2[i ri+2r+1]

Counting the degree inz; we conclude that g;i) = 0. So we can construct g”) :

When r 3 we obtain a polynomial of negative degree which implies that the
polynomial is identically zero.

In other words, what this lemma shows is that the vector space of polynomials of
degree at mostn 1 in each variable satisfying the wheel condition is of dimension at
most ¢,. In fact it is known to be of dimension exactly c,; the standard proof involves the

fact that it is an irreducible representation of the a ne Hecke algebra, see e.g. [34, 60].



Appendix B
Proof of Lemma 1.27

In this section we sketch the proof of Lemma 1.27 about the value o€, .

To eacha and we associate a Young diagramy (a) and Y( ), if Y(a) does not
contain Y( ), C4. =0 as explained in section 1.6.2. IfY (a) = Y ( ) we obtain, trivially,
Ca; =1. The interesting case is whenY ( ) ( Y (a).

For illustration purposes we shall use an example: leta = (1;3;5;6;7) and =
OwWN),and Y@ =(2;2,2,1;0)and Y( ) =(1;1;0;0;0) the associated Young dia-
grams. We can also represent them in the form of Dyck paths:

The Dyck paths corresponding toa = (1;3;5;6;7) is the black line (under) and =
((0(0))) is the dashed red line (above). The openings of are marked with blue little
circles and the closings with green little squares.

As shown in section 1.6.2, each link contributes by a factoiUy. If a link starts at r
and nishes at s, k is given by:
s r+1
—
Or, in a Dyck path representation, the k is given by a counting in the NE and SE steps
in the path corresponding to a, more precisely:

K = ]f NE steps betweenr and sg ]f SE steps betweerr andsg 1.
= 5 :
which is the same as counting squares of the skew Young Diagravi(a= ): those under
the opening with sign plus and those under the closing with sign minus (as in the
example). In the example we get:U;U§ = , where the U; corresponds to the arch
between positions 5 and 8.

If we ignore the individual arches, we note that the maximal exponent is precisely
the sum of all the squares (with the sign ), in the example this numberis 3 2=1.

Knowing that there is always at least one square with a minus sign, we verify that
the maximal exponent of isjY(a)j j Y( )] 2.

The second part of the lemma concerns the parity of the coe cient. This is obvious
from the fact that Ug( ) =( 1)Ug( ), so the product also has a well-de ned parity
which is equal to the sum of all squares, but this is equal to the number of squares in
Y (a= ) minus two times the number of negative squares, proving the rest of the lemma.

k=]fa suchthatr a <sg
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Appendix C
Anti-symmetrization formul

The goal of this chapter is to prove two identities (4.20) and (5.16), which allows to turn
equation of the type (4.19) into one of the type (4.13).

C.1 Proof of the identity  (4.20)

This identity was conjectured by Di Francesco and Zinn-Justin in [17] and proved by
Zeilberger [81]. Equivalently, it was proved that the integrand of the l.h.s. without

the factor ' (u), once anti-symmetrized and truncated to its negative degree part (the
positive powers of theu; cannot contribute to the integral), reduces to the integrand

of the r.h.s. without the factor ' (u). Here we prove in an independent way a much
stronger statement. Indeed, here we perform thexact anti-symmetrization of a spectral

parameter dependent generalization of the integrand.

C.1.1 The general case

Let ha(x;y) = (ax q ly)(gxy g 1) (and, obviously, hi(x;y) =(x y)(xy 1)). Let
us also de ne

1 1 1
MWD 20 w2 D hwia  hwio) ©y
1
~ ha(w; 2)hg(w; 2)”
The quantity of interest is
( © (aw g w;) :
Bn(w;z)= AS Q | Q' : C.2
n(W:2) S hawisz) T hg(wi;zi) (©2)
where AS( )(wy;:::;wyp) = 2sn( 1)j J (w (1) W (n))
We then claim that B,, can be written as:
n(n2 l)f
Bn(w;2) = Q 4% n (C3)

i N1(zi57)( Pwiw; )’

wheref, = det[f (wi;z)]ij n.

IMore precisely, the expression we anti-symmetrize is the integrand before the homogeneous limit in
which spectral parameters come in pairs f z; 1=zg.
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Again, we prove it by induction. For n =1, we obtain on both sides:
— 1 .
h1(wy; z1)hg(w1;21)

Let the equality of (C.2) and (C.3) hold at n 1. Starting from (C.2) and pushing
z, and w; out of the anti-symmetrization we can write our equation as follows:

Q ( Q )

6 (AW a4 'w) A i<k (AW 9 twy)
i ha(wj; zi)hg(wi; zn) Schiwiz) T hg(wk zi)

B1

Ba(w;2)= ()™ Q

j 20 W
where the hat overzy and W, means that the terms that include them are absent from
the anti-symmetrization. We use the hypothesis to replace the anti-symmetrization part:

(n_(n 2

Q 1 (0 n 2
( )"ia isj (AW g “wj) 9 a 2z fn 1w
j i ha(wj;zi)hg(wiszn) © i hi(zi;z)@ gPwiwg) W 20
X Q
( "
]

Bn

Q n(n 1)
ig'hhq(Wi;Wj) i6n h1(zi; zn) n( )" 1q 2 fp LW 2n

Tihi(wizdhgWisze) T g ha(ziz)@ ewiwg)

P . P
We rewrite this expression under the form ( NI, 1w 2, Gif (Wj;z) for
some functionsg;. Indeed, using the fact that f,, is a determinant, we would get
X . X X _
(D" s, GfWiz)= (D™ a1 2,00f (Wj;20) = fagn:
j i i
One can guess the form of;:
RPN o S
Qisin 1(ZJ ’Zn)n j q(Wj ,Z|)_
~ ad .
isin N1(zi32)) ~j hg(Wj;2n)

g =

One can verify this decomposition directly. Equivalently, it can be written as
X Q hi(z; Q hq(Wi ; Zi hg(wi; Q hi(z;
Aisin 1(ZJ’Zn)nj q(w; ; zi) 6l q(Wis W) ~ign 1(Z|,Zn)_

f(wy;z) = . (C4
- Tiein M(ziiZ) T hg(wj;zn) (Wi i) =1 ha(wi; ) hg(wi; zpn) ©4

or, by multiply both sides with Qi hi1(wk; z)hg(wi; z,) to obtain polynomials of wy of
degree 26 1):
X isin h1(zj; zn) Y Y Y Y
Q— — hg(wj;zi)  hi(wi;z) = hg(wi;wx)  hi(zi;z0): (C.5)
j6k j6i i6k i6n

i j6i;n
Itis enough to prove that this equation is the same in all pointswy = z; andwy = z L
In the rst case we have:
hl(zj 1 Zn) Y Y Y Y

hg(wj;z) hi(zi;z) = he(wj;zi)  hi(z;zn)
{'(ek '@i j$k j%n

hi(zj;zn) hi(zirz) = h1(z;zn) hi(zi;z);
j6in j6i j6n j86in

Nl 8in
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which is always true. In the second casev = z *:
@) ho(wj;zi)  ha(z z)= he(wi;z %) hi(z;za);  (C.6)
jgin TIVE AT ey i8i ik i6n

multiplying both sides by ziz(n Y and using the equalitieszizhl(zi 1:x) = hi(z;x) and

22hq(X; Z, hy= hq(X; zi) we obtain the same equality.
Finally we calculate gn:

Q

Q
~isn N1(z32n) Jj hg(w;;zn)

= =( " 4 c7
o ngnhl(zn;zj)thq(Wj;Zn) 1 (C.7)
P
we replace ; gf (wj;z) by gnf (Wj;zn):
X Cogh(n DE2f e f(wi oz
Ba= ()" sy 2, [ (W51 20) (C.8)
j ik N1(zi; 21 gPwiw)
_ qn(n2 1) A fn

S hi(ziz)@ Pwiwy)

C.1.2 Integral version

A special case (of direct interest to us) is when the integration region only includes the
polesw; = z 1. Let us thus consider the following integral

I I

Y dw

S (Wi2)Ba(wi2); €9

where (w;z) is an analytic function of the w in the integration region. Looking at the
expression (C.1), we note that if in the calculation of f, we pick a term with at least
one hg(wi; z;) there will be fewer than n poles and the integral will be zero. This way,
we can erase all the terms withhg(w;i; z;), and form the restricted fy:

1 1
fq = Q det :
"T@? 1"z wd) o hi(wiiz)
If we rewrite hy(wi;z) = wizj(wi + w, * z z ') we easily identify f with a Cauchy
determinant, which can be evaluated:
. 1 Cowrwt w o whzrz! oz oz
" (q 2 1)n Yi Zi2Wi (1 qzwtzg) Vi;j (Wi + Wi 1 Zj Zj 1)
_ A1 i Ra(wiswi)hi(z5zi)

(g2 1) Yi zi(1 qZWiZ) = i hi(wi;z)
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Let us now assume that

is of the form (w;z) = Q
symmetric in the w;. Then

i (W wi) (w;z) where is

[ | Y ‘
% (W; 2)Bn(w; 2)
! [ | Q
—nl Y % (w:2)Q1d (w; -Wi)g\.gwl q 1V.Vj)
i 21 i ha(wiizi) 7§ ha(w;zi)
| | nn 1y Q

= 1 Lo Y dw 3¢ i (Wi wi)ha(wi;wi)
A i 221 (W,z)~<i a quin)Qi;j ha(wi )" (C.10)

C.1.3 Homogeneous Limit

The case of interest to us is when we set all the; = 1. We can then use the same
transformation as before:

U = Wi 1
' aw gt
to deduce the d&sired equation from equation (C.10).
Call' (uyy= ;1 qui)? (wj = 11 qqti“‘ ;Zi =1). The second line becomes
I I
ntooo — (U u)@+ uj+uiu);
i 2iu i2| (q q 1)n(n+2) “ | I J 1Y)

while the expression on the third line becomes
Q
! ___' Yo duy; ' (u) ig (U ud(ui o up)(ui + Ui +uiyg)
2iu 2" (q q Ln+2) @ uwy)

In both cases, the integrals surround zero.
In the latter, one can reinterpret some factors as a Vandermonde determinant:
o)
Y@+ u)t Y 1Y

7 g W up)(ui U Ui,
i i I g

AS

and replace to obtain our nal result:
I |
Y dui’ (u) Y
Zill 7 (U U@+ uj +uiy)
i g

I I Y i1 Q ) .
_ .. dui, , (1+ uj) i (U Ui)
o1 (u) 7 Qi ;(1 )’ (C.11)

where we recall that' (u) is some analytic function in a neighborhood of zero (that is,
without poles in this domain) and symmetric in the u;.



C.2. PROOF OF THE IDENTITY (6.15) 127

C.2 Proof of the identity  (5.16)

This identity is similar to the one proved in section C.1. To prove it we will follow the
procedure of Zeilberger [81].
We recall the equality that we want to prove:

Q ! , !
A ol (Aruruu) Y g u)? . (C12)
4 2i 2 i - 2i 2 < ’ :
U Pt T ud) = U P AL g
where A is the anti-symmetrization operation on the variables uq;:::; ur, aQﬁi the sub-

script  means that we only are considering the monomials of the kind ud with
ai Oforalli.
We can directly anti-symmetrize the right term:
! Q !
i 1 1 1
Y . (1% uy) ! (UQ) 'd(uj tup Tt )
i ui2|+p 2‘€j (1 ujup) iuip j (@ uju)

where ( u; Ny = Qj>i (y; . u 1) is the Vandermonde determinant.
In what follows we shall call the two sides of equality (C.12) before the truncation

A

; (C.13)

with , Apr(ug;:iisur) and By (ug;:::;ur) respectively.
The proof will be done by induction. The rst step is to calculate the caser = 1:
A - 1
uj(l  ud) uf(l  u?)
Next, we suppose thatAp, 1(Ug;:::;Ur 1)) = Bpr 2(ug;:iiiur 1) . We have
0 Q 1

X i iej (Lt U+ uy;)
Apr(ug;iiiiu)= @ 1y 118l o

Using the hypothesis and the fact that is a linear operator, we rewrite the conjecture
as: 0 L
Q
i6j(1+ uj ,'_l'\ Uin)

p,r( 1 r) ( ) j Uj2r+p 2(1 \girUiz) p;r 1( 1 j r)
Working a little bit the expression, we obtain:
0 Q 1
Bpr = @X (1 ugui) v 1+ uj+ uiy,

Bp:
1 1 1 1 ©pir
p U )(uj u, )

2r 2 2
;U (1 iui)isj (u

This equality is a consequence of the following identity, which was pointed out in [81]:
X Qi(l U’j\ui) Y 1+ uj + ujy;

2r 2 2 1 1 1 1
u (1 iui)iej (U "+ up 7+ )y u; %)

i
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In order to prove this identity, we replace u; ! u; Yforall j:

Q
X i(lQUjUi)Y 1+ uj+uy —1-
1 U2 " (Ui +ui+ (U up)

( 1)I’ 1
j
Or, written in another form:

X (+20) i@ up)@+ wl + )

e (U ui) T+ Ui+ )

Y
=( 1" u?): (C.14)
j [
We recall how to prove this identity using the Lagrange interpolation formula:
Theorem C.1. Let P(z) be aN 1 degree polynomial inz and let be (wq;:::;wn)
di erent points. So these points de ne the polynomial that can be written by:

Zz W
Wi Wi'

X Y
P@=" PW)

j i8]
Corollary C.2. The maximal coe cient of P(z) is:

X Q P(wj) |
;o iej (W wi)
Letbe and the two roots of (1+ uj + ujz). Let P be

Y
P(2)=( +22) (1+u( +2)Q uz):

It is a polynomial of degree (2 + 1), so by the Lagrange interpolation formula, and

using the points ( uy  ;:::; Uy ;U1;:::;Ur; ;) to describe P(z), we obtain the
formula:
Vet PC w)
2( 1 r u.2 = @) J @)
CO W r (v )50 w ) e (U Fur )
+ X Q P(Uj) Q
j (u; )(U;j ) iej (Ui u) (U Uit )
. o PO
( ) (o uw)( +rut )
. o PO :
( ) i uw)( fuit )
Using P ( u)= P(y), + = and =1, we observe that the rst two

terms are identical (and identical to the l.h.s. of (C.14)), while the sum of the last two
terms simplies to 2( 1)". Thus, we get (C.14). Proving this equality.
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We can rewrite the main equality as a contour integral formula:
I I Q
Lo du g (U w)(d U1+Uiuj)(u ..... u) =
A 1 \( 11 LR | r -
;21 LIJi2l+p ‘(1 j=1 Up) 0
Yodu T+ u)' T w)
— j>i \71 oo
= — ' 0 (ug;::;up); (CA5)
2 et i i uu)
where (ujp;:::;ur) is a symmetric function in all u; without poles in the integration

region around u; = 0.
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Appendix D
Examples of o

In this section we give some results, that con rm the theorem in 5.2.3, showing explicitly
the form of the polynomials. We use =1 for simplicity. *
Forr =2:

©0) p =(P+1)

Forr =3:

+1
000 5= 5 o +7p+12)

_(p+1)(p+2)
OO p="""5

Forr = 4:

+1)(p+3
0000) » = (pl)ég)(4p3 +32p® + 155p? + 334p + 420)

_(p+1)(p+2)(p+3)
«ono » — 6

_(p+1)(p+2)

OO0 p = og (3" +17p+3)
_(p+1)(p+2)?%(p+3)

OO » = P

_(P+1)(p+2)(p+3)
©00) » = o (p*+4p+12)

+1
0O0) » = (p20 (0 + op® + 3692 + 64p + 60)

lsee (5.3) for some examples with general .
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Appendix E

Equivalence of the de nitions of
root multiplicities

We will give here a proof of Theorem 6.2, which states the integermi(A)( ) and mi(B)( )
de ned in section 6.2.1 are equal for any matching and any integeri with1 i j j 1.
This proof is borrowed from the article [22] and it was done by Nadeau.

Let be a matching with n arches; we will prove the theorem by induction on
d( ). The theorem holds if d( ) = 0; indeed this means that = () n, and clearly that
mi(A)( )= mi(B)( ) =0 for all i in this case.

We now assumed( ) > 0. Let 9be the matching obtained when the external rim
of is removed. If is represented as a parenthesis word, then®is simply obtained
by replacing the leftmost closing parenthesis of by an opening parenthesis, and the
rightmost opening parenthesis by a closing one. Let; j;k be the indices de ned in Rule
B. Then in the parenthesis word representing , the indices of the two parentheses above
are respectivelyi +1 and p 1. More precisely, admits the unique factorization:

= Oxxa) X Wy k( (alya( (E.1)
where x;, y; and w are (possibly empty) parenthesis words. We letag ;= i +1 <aj <
.i:<a;j  be the indices of the closing parentheses written above anld ¢ <:::<bj<

b = [+ 1 be the indices of opening ones.
Then by the factorization (E.1) the matching includes the arches:

(kia )0 Lagi(ii +1) and (b Rl 5([+1:p; (E2)

and moreover these are exactly the arches which are modi ed when going fromto ©

indeed, these are replaced in by

(ki R): (k+ 15k +1);

From this data we can now study the changes going from the paiA}L( );AR( ) to
the pair AF( 9;AR( 9 for any integer t between 1 andn 1. A case-by-case analysis
shows that: 8

21lift=Kk;
JAL()j = JAE( 9+ ¢ with = J2ifk<t i
" 0 otherwise;
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Figure E.1: In this example we havei = 4;j =5 and k = 2, therefore the multiset
attached to rim by Rule B is f2; 3?; 4%; 5g.

and, symmetrically:

8

21ift=Kk;
AR = AR %+ o owith (= _2ifk<t j;

" 0 otherwise:

By de nition mgA)( ) mEA)( 9 = ( ¢+ {)=2. From the explicit values above,
this can be equivalently expressed by the fact that the multiset dierence between

F1mYOmV () g and £1m1C2mEY (9 g s
fkyi;i L0 k+150; 1:.:k+1qg:

But this is exactly the multiset associated to the rim of in Rule B, so Theorem 6.2 is
proved by induction.



Annexe F

Resune en frarcais

F.1 Introduction

Les matricesa signes alternants (ASM - Alternating Sign Matrices en anglais) furent
invenees par Robbins et Rumsey dans leuretude des -ceterminants en [70], une
cereralisation des ceterminants inspie par la condensation de Dodgson [19]. Mills, Rob-
bins et Rumsey [49, 50, 70, 51]etuderent les proprets de ces objets et ils cecouvrirent
une belle formule qui les compte :

v 1,
Ap = @+t +.1)! =1; 2,7, 42, 429, :::
- (n+ )
j=0

Intrigies par cette formule conjectuee, ilsetuderent la literature. C'esta ce mo-
ment qu'un autre objet combinatoire entre en jeu : les partitions planes (PP - Plane
Partitions), et en particulier deux sous-classes, les partitions planes descendantes (DPP
- Descending Plane Partitions) et les partitions planes totalement synetriques et auto-
compementaires (TSSCPP - Totally Symmetric Self-Complementary Plane Partitions).
En 1979, Andrews [1] prouva que ce méme produit compte le nombre total de DPP
de hauteur borree par n. Donc, si onetait capable de trouver une bijection explicite
entre DPP et ASM on aurait automatiquement prouwe la formule denurreration. Mal-
heureusement, on n'a pas encore trouve une telle bijection.

Plus tard, Robbins decouvrit qu'il y a une autre sous-classe de PP qui est aussi
compke par la quenceA,, les TSSCPP. D'ailleurs, dans l'article [51] les auteurs pro-
posrent que non seulement le nombre de TSSCPP estegal au hombre de ASM, mais que
cette enuneration peut etre ra ree des deux coes, ces ra nements donnant le méme
esultat.

En 1996, dans son fameux article de 84 pages [80], Zeilberger prouva nalement la
formule denuneration des ASM. Quelques mois plus tard, Kuperberg [44], utilisant la
fonction de partition du mocelea 6 vertex qui est en bijection avec les ASM, prouva
exactement le méme esultat d'une facon plus courte etekgante. Sa preuve est baze
sur le travail d'lzergin [29] et Korepin [40], et est une conequence du fait que le moctle
a 6 vertex est un mocele quantique inegrable.

La chame de spins XXZ est cep un probeme classique en physique, et il suscite beau-
coup d'inerét depuis quasiment un secle. En 2000, Razumov et Stroganov [68, 76] in-
vestigaient les proprees de letat fondamental de ce mockle (avec paranetre anisotrope

= 1=2), quand ils trouwverent un kesultat surprenant : lorsque normali®e tel que

135
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la composante plus petite estegalea 1, la somme des composantes du vecteur fonda-
mental vaut exactement A,. Intrigies par cela, physiciens et mattematiciens ont tout
essaye pour prouver cette relation. Moins d'un mois apes, Nienhuis, de Gier et Batchelor
ecrivirent un article [3] a1 ils pesentent quelgues nouvelles conjectures et introduisent
un nouveau objet, le mocelea bouclesO(n), ici appek de moctlea boucles denses (CPL

- Compact Packed Loops).

Quelgues mois plus tard, Razumov et Stroganov [65] remargterent que le lien entre
les deux mockles est encore plus profond. Les con gurations de boucles denses sont
cecrits par des motifs d'arches (on utilise gereralement  pour cesigner tels motifs). De
l'autre cok, les ASM sont en bijection avec des con gurations de boucles compactes
(FPL - Fully Packed Loops) qui peuvent etre classiees par leur connectivie au bord
egalement repesente par des motifs d'arches. lls decouvrirent que quand on normalise
letat fondamental du CPL de manerea ce que la composante la plus petite vaille 1, les
composantes assoceesa un certain motif d'arches comptent les con gurations FPL dont
la connectivie est repesenee par le méme motif d'arches.

Le dernier chapitre de cette histoire futecrit par Cantini et Sportiello. En 2010 ils
prouwerent la conjecture de Razumov et Stroganov [8]. On esume cette histoire dans le
graphe :

ASM
FPL

6-vertex

1, 2; 7; 42; i

CPL TSSCPP
AN

A

4
XXZ NILP

Qu on repesente tous les objets principaux decrits ici, groupes par le fait qu'il y a des
bijections bien connues entre eux. Au centre, il appar&Y la £quence qui est omnipesente
en toute cette histoire, A,. Les NILP cies sont ces en bijection avec les TSSCPP.

On retient une importante lecon du esultat de Kuperberg : les moctles quantiques
inegrables peuvent nous aidera esoudre certains probemes di ciles la combinatoire.
Dailleurs, le moctle CPL (ou la chame de spins XXZ) et le moctlea 6 vertex sont
tous deux inegrables. Donc, il semble que l'inegrabilie peut jouer un réle dans la
clari cation des relations entre les coins du triangle.

Lequation de Knizhnik{Zamolodchikov quantique ( gKZ) fut introduite dans ce con-
texte par Di Francesco et Zinn-Justin (dans l'article [16]). Dans notre cas (niveau 1
et Uq(sl(2))), ces solutions sont des polyndmes homogenes, et on peut montrer qu'elles
engendrent un espace vectoriel caracerie par une condition d'annulation, lawheel con-
dition.

D'un coge, les solutions de cette equation (niveau 1, et ¢? = 3) peuvent étre iden-
tiees avec les composantes de letat fondamental du modele CPL dans la version mul-



F.2. BOUCLES DENSES ET gKZ 137

tivariables. De l'autre, ces polynémes ont un rapport avec les polyndbmes de Macdonald
specialies dans les valeurs de parametrest®q = 1 (regarder [35, 12]), et ils sont ce que
Lascoux appelle des polynémes de Kazhdan{Lusztig [12].

L'objectif principal de ce manuscrit est de comprendre le role de l'inegrabilie dans
ces guestions. Notamment, le réle jole par lequation de Knizhnik{Zamolodchikov quan-
tique et ses solutions. Ce esune suit I'organisation du manuscrit.

F.2 Le moctlea boucles denses et kquation de Knizhnik{
Zamolodchikov quantique

F.2.1 Boucles denses

Les moctles a boucles (Loop models en anglais) forment une classe tes ineressante
de mockles statistiquesa deux dimensions sur eseau. En fait, ils pesentent une large
gamme de ptenonenes critiques et plusieurs mockles classiques peuvent étre vus comme
des moctlesa boucles. On consicere ici le moctlea boucles denses (CPL - Completely
Packed Loops), aussi appek mocklea bouclesO(n) dans la literature.

Prenons un eseau care. Chaque face est occugee par une des plaquettes de la g-
ure F.1. Il y aura des boucles fernees et aussi des chemins liant les bords. On donne

un poids = g q 'a chaque boucle fermee. Ce mockle est critique pourj j 2
(cf. [57)).
. _J
N (

Figure F.1 { Les deux plaquettes qui forment le mocele CPL.

On consicere ce mockle sur un cylindre semi-in ni, a chaque ligne est compose de
2n plaquettes, comme le montre la gure F.2. Le borda gauche est identiea celuia
droite.

F.2.2 Connectivie

A chague con guration on associe un motif d'arches repesentant la connectivie au bord
inerieur. Par exemple, la connectivie de la con guration monte dans la gure F.2 est
repesent par le motif en F.3. Le nombre de motifs de taille 2n est le fameux nombre
de Catalanc;, :

(2n)!
n!(n +1)!
On ¢k nit unetat formel comme une combinaison lireaire de motifs, = P ,

al la somme parcourt tous lesc, motifs et  sont des scalaires. Un ogerateur est alors
une application lireaire dans I'espace vectoriel engende par cesetats formels.
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% (@ (@
1 2 3 4 5 6 7 8 9 0 11 12 13 14
Figure F.2 { Un exemple d'une con guration du CPL, ici avec n = 7. Chaque ligne est

compoxe de 14 plaquettes qui peuvent étre de deux types. Les bords de gauche et de
droite sont identies pour former un cylindre. A chaque boucle fermee on donne le poids

AL~ ~ (7N

1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure F.3 { Motif qui corresponda la connectivie de I'exemple F.2

Parfois, il convient de repesenter ces motifs par d'autres objets. Dans ce manuscrit on
utilise souvent des mots de parentteses, des chemins de Dyck, des diagrammes d'Young
et des quencesa = fas;:::;a,g f 1;:::;2ng,telquea 1<ajeta 2 1 pour
tout i. Voyons un exemple traduit en toutes ces repesentations :

A, 00, AN\, Hof 1349

F.2.3 La matrice R et l'inegrabilie

On consicere maintenant une version dynamique de ce mockle ai I'on ingre des lignes
de plaquettes dans le bord inkrieur.
Prenonsq= e 273 je. =1.0n cenitla matrice R :

_qw g 'z Wz . .
z% = er + m\\ = R(W;z):

al les coe cients repesentent la probabilie de choisir I'une ou l'autre plaquette. Ces
probabilies cependent de deux paranetres w et z, appeks respectivement paranetres
spectraux verticaux et horizontaux, et qui varient selon la ligne e la colonne. En choisis-

sant bien ces paranetres on peut ajuster toutes les probabiliesa un demi.
Cette matrice R est la ck de l'inegrabilie :
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Lemme F.1. La matrice R oleita lequation de Yang{Baxter :
X A _ X
y \\|—> Ty ‘T\y

eta lequation d'identie :
X > X —>
0o E L T
Cela nous permet decrire une famille in nie d'operateurs qui commutent entre eux
et de calculer analytiquement lesetats propres.

F.2.4 Le cas homogne

Quand tous les paranetres spectraux horizontaux sontegaux, notre syseme est decrit
par I'hamiltonien :

Cesekments oleissenta l'algebre de Temperley{Lieb :

&= e 66 16 =€ eg=ge ifjj imod2nj>1  (F.1)
pour i et entre 1 et 2n. On consicere aussi uneement de rotation  qui tourne les
motifs. Evidemment, 2" estegala l'identie.
Une des questions qu'on essaie de esoudre dans ce travail est de trouver=
tel que :
=H:

On peut prouver que ce vecteur existe et qu'il est unique. Par exemple, poun = 3, les
composantes de ce vecteur sont :

NN
~NIN NI

F.2.5 La chane de spins XXZ

Soitv= c2 =" I'espace de 2 spins. On e nit ¢ comme l'ogerateur :

+ql 1
R R T

i+1 T i+l 2 i
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ar X est la matrice de Pauli selonx et agissant dans li® espace. Le choix du nome;
n'est pas innocent, en fait ces ogerateurs okeissent aussia l'algebre de Temperley{Lieb.

Si I'on somme sur tous les & sites, avec des conditions aux bords periodiques, on
obtient I'hamiltonien de la chame de spins XXZ :

X 1
- q+q
H = it Ul 5 (Ff 1
i

On cherchea calculer le vecteur fondamental d'XXZ. On peut facilement voir que
les con gurations CPL sont en bijection avec les con gurations de spins ave&S = 0 et
sz=0"%

F.2.6 Léquation de Knizhnik{Zamolodchikov quantique

On introduit maintenant une equation qui nous permet de calculer letat fondamental
de la cha™me de spins XXZ, ou de manere equivalente du mockle CPL, connue comme
lequation de Knizhnik{Zamolodchikov quantique :

Lequation d'echange :

Ri(Yi;yi+1) ( YooY Yier;iihYan) = (Y1 oo Yist s Vit Yon): (F.2)

YOyuyziiinyan) = (Y25t Yen: SY1) (F.3)
a =q3" Dets= cf.

La lettre majuscule distingue cette version ai les paranetresy; sont distincts de la
version peedente al ils sont tousegauxa 1.

Notre but est maintenant de esoudre cette equation. Il y a plusieurs facons de
la esoudre. Par elg(,emple, on peut voir cette equation comme un syseme déquations
triangulaire = D. , @l estun ordre partiel et D . est un operateur. On
ne va pas cecrire cette proaadure ici, pour plus de cetails voir Ia section 1.4.

On peut normaliser les solutions de cette equation, de manerea ce qu'elles soient
des polyndémes de dege totaln(n 1). On prouve aussi que ces solutions vivent dans un
espace vectoriel de dimensiort,, correspondant au nombre de polynémes, caracerie
par une condition d'annulation, la wheel condition :

fCinyniiny = PYii Yk = glyirii) =0 pour tous k >j>i:

1Ces nombres quantiques correspondenta l'algbre quantique Uq(su(2))
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F.2.7 Des inegrales de contour

a; 1 pourtousn i>1l,a, 2neta; 1.
On introduit I'inegrale de contour :

\?n
ayuiinyan) = (ay a'ly)
i<j

' RV Qn 0 o 1,
dwi o i (W wp(gw g “wy)
2i 7 Wi Yp) T, (aw g tw)

(F.4)

a linegration est faite autour des poles w; = y; mais pas des polesy; = q 2y;.

espace vectoriel que les polyndmes . En fait il existe un changement triangulaire (et
inversible) de bases :

X

F.2.8 La limite homogne

Quand on ay; = 1 pour tout i, lesequations se simpli ent. Utilisant la transformation
de variables :

wi 1
Ui = ———
awi g
on obtient facilement la formule :
| |
a= i iy @ (i u)@+ uj+ uy))

i i

On peut maintenant calculer le vecteur . Malheureusement ces inegrales sont encore
trop di ciles et la transformation de bases C,. est compliglee.

F.3 Matricesa Signes Alternants et le mocelea 6 vertex

Dans cette section on introduit trois mockles, les Matricesa Signes Alternants (ASM),

le 6-vertex et les boucles compactes (FPL - Fully Packed Loops). Tous ces moctles sont
en bijection (voir chapitre 3). On calcule la fonction de partition du moctlea 6 vertex
gui nous permettra de compter, par exemple, les ASM. Dans la dernere sous-section on
pesente le theoeme de Razumov{Stroganov.
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F.3.1 Matricesa Signes Alternants

Une Matricea Signes Alternants est une matrice caree compose uniguement de 0 et
de 1, de manerea ce que sil'on ignore les 0, les 1 et les 1 alternent sur chaque ligne
ou chaque colonne, et que chaque ligne (et colonne) tebute et termine par un 1. Voyons
les 7 exemples du cas =3 :

100 100 010 010 010 001 001
010 001 100 001 1-11 100 010
001 010 001 100 010 010 100
Le nombre de matrices de taillen n est donre par la formule :
y 1 30+ 1)
Ap= GEDU o 2 4 409 (F.5)
=0 (N+1)!

Cette expression fut prouvee par Zeilberger [80]. Mais c'est la preuve trouwe par Kuper-
berg [44] qui nous ineresse, celle-ci utilise un autre mockle, le 6-vertex.

F.3.2 Mocalea 6 vertex

Prenons un eseau care de taillen n. A chaque aréte on associe une orientation (une
eche) telle que chague sommet a deux eches entrantes et deux eches sortantes. |l
n'y a donc que 6 con gurations possibles pour un vertex (d'as le nom du moctle). Ici,
on impose que toutes les eches dans les bords gauche et droit soient entrantes et celles
au-dessus et en dessous soient entrantes. On peut prouver qu'il y a une bijection entre les
con gurations de ce mocktle et les ASM. Voyons les sept con gurations de taillen = 3 :

F.3.3 La fonction de partition

On donnea chaque vertex un poids :

ST NS A e A

>
| {z—} | —{z— | —Az—}
qz q w zw (@t 9 zw
al w (resp. z) caracerise les colonnes (resp. les lignes). On utiliséyn+1;:::;Y2ng (resp
fyi;::1;yng) pour chaque colonne (resp. ligne).q est un paranetre global qui vaut,
normalement, €= 3,
La fonction de partition est c nie par :
" Yo, X y
Zo=( )@@t 9" y 7P W

i=1 con gurations i
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@ w;;j est le poids de la con guration de chague sommet.

Le point ineressant est que ce mockle est aussi inegrable, dans le sens que I'on peut
aussi construire une matriceR, similairea celle du moctle CPL (dans la section F.2),
gui oleit aussia lequation de Yang{Baxter. Cela nous permet de cecouvrir plusieurs
proprees de la fonction de partition :

le dege total est = n(n 1) et le dege partielest ;= n 1;

W
= D" Y (yi oy )i Yne1)Zn 1(Y2:15Yn 15 Yn+1:iiiiYan); (F.6)
i=2

Ces proprees permirenta lzergin de calculer la fonction de partition :

Qn,
LY Yn+)(AY O yne)
Zn(y1 it yan) = Q120 T2 2T i

i<j (v Yi)(Yn+i  Yn+j)
1
det
1i n (Vi Ynei)(AY O Yynsg)

pour q gereral.
Pour g = €= 3, cette formule se simpli e. En fait on obtient une fonction de Schur :

Zn (Y1 Yns Vet o5 Yon) = Sy, (A Yyas i d Yyni QYo Yan): (F.7)

Pour prouver ces deux formules il sut de prouver gu'elles ont toutes les proprees
ciees ci-dessus.

Un exemple d'application de cette formule est le calcul du nombre d'ASM. Si I'on
xe tous les poidsy;a la valeur gpour1 i nety =g !pournc<i 2n, on
obtient que la fonction de partition est d'un c6k un multiple du nombre de Matrices

Apes quelques calculs pas tes di ciles on obtient le esultat ckesie.

F.3.4 Boucles compactes

Il y a plusieurs moctles qui sont en bijection avec les ASM. Par exemple, le mocktle de
glace care, certains moctles de chemins, ... Celui qui nous ineresse particulerement est
le mocklea boucles compactes (FPL - Fully Packed Loops).
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Prenons un eseau caren n. Par chaque sommet il y a un et seulement un chemin
qui passe. Donc, ou bien les chemins commencent dans le bord et nissent au bord, au
bien ce sont des chemins fernes (ils forment des boucles). On consicere des conditions
de bords type parois de domaines (DWBC - Domain Wall Boundary Condition). De
toutes les arétes qui sont au bord, une sur deux est travergee par un chemin, de manere
alterree. Voyons, par exemple, toutes les sept con gurations poum = 3 :

L J L J
—_— Y
~AA ~ A AN AN A AN

On a groupe les con gurations par leur connectivie au bord. L'absence de croisement
entre les arches est une congquence du fait qu'en chaque sommet passe un seul un
chemin.

On e nit la quantie A comme le nombre de con gurations FPL dont la connec-
tivie est . En 1991, Wieland [79] prouva que ces quanties sont stables par e exion et
par rotation de qur connectivie

Evidemment A = A,. Remarquez que les connectivies correspondent aux mo-
tifs e nis dans la section F.2. En fait la connexion est encore plus profonde :

Treoeme F.2  (Razumov{Stroganov [65]). Les composantes de letat fondamental
du mocklesa boucles denses, normali®e de manerea ce que la composante la plus petite
vaille 1, comptent les con gurations du mocelea boucles compactes avec connectivie :

=A

Ce theoeme aet cemonte par Cantini et Sportiello en 2010 [8].

F.4 Partitions planes

F.4.1 Partitions planes totalement synetriques et auto-compémentaires

Une partition plane peut étre vue comme une greralisation des partitions. Prenons un
coin (d'une salle par exemple), et imaginons que la gravie tire vers ce coin. Une partition
plane est donc un amas de piles de cubes que subissent cette graviEvidemment, on
peut repesenter une partition plane par les hauteurs des piles.

Maintenant on limite la partition planea un grand cube 2 n 2n 2n et on consicere
des patrtitions planes symnetriques parechange d'axes. On peut encore rajouter une autre
synetrie. On ¢k nit la partition compementaire comme la partition forrmee par les cubes
qui manquent pour remplir le cube 2 2n  2n, tourre de manerea ce qu'elle oleisse
aux egles des partitions planes. Une partition plane est dite auto-compkmentaire si elle
concide avec sa partition compementaire. Une partition plane avec toutes ces symnetries
s'appelle partition plane totalement synetriqgue et auto-compkmentaire (TSSCPP de
I'anglais Totally Symmetric Self-Complementary Plane Partitions).
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Par exemple, pourn = 3, existe exactement 7 exemples :

Remarquez qu'apparat ici le nombre de ASM de taillen = 3. En fait, ce n'est pas
une concidence : on peut prouver que le nombre de TSSCPP eé#t,,. Ce cenombrement
fut prouve par Andrews en 1994 [2].

F.4.2 Chemins vales non intersectants

Les partitions planes et notamment les TSSCPP peuvent étre repesenees comme des
pavages, des con gurations de dinmeres ou certains ensembles de chemins sur eseau qui
ne se touchent pas, dit non intersectant appekes en anglais Non-Intersecting Lattice
Paths (NILP). Ces derniers sont tes importants dans notreetude, ce sont eux qui nous
permettent de calculer le nombre de TSSCPP.

Il n'est pas tes dicile de prouver que les TSSCPP de taille 2n  2n 2n sont en
bijection avec une sous classe de NILP & nis sur un eseau care et okeissant aux egles
suivantes :

il y a n chemins qui se touchent pas;

le i® chemin part de la position (i 1,1 i);

on ne permet que des pas verticaux'() et des pas diagonaux ¢) ;
les chemins s'arrétent quand ils arriventa la ligney = 0.

Voyons tous les cas possiblesa = 3 :
Al‘ .1/ A// Al) ./) 41/ .//

L'inerét de ces chemins est qu'il existe une technologie, connue comme la formule
LGV (Lindstmm{Gessel{Viennot [46, 27]), pour les compter. D'ailleurs cette formule
permet aussi des cenombrements valles s que les poids ne tependent que des arétes
et des sommets (et pas du chemin en soi).

F.5 Matricesa signes alternants et partitions planes to-
talement synetriques et auto-compémentaires

Il est connu qu'il y a autant d'ASM de taille n n que de TSSCPP de taille2 2n 2n.
En fait, d'un coke on peut ecrire la fonction de partition d'un mocelea 6 vertex, qui

compte les ASM, sous la forme d'une multi-inegrale de contour. De l'autre, on peut
utiliser la repesentation des TSSCPP comme des NILP pour trouver une multi-inegrale



146 ANNEXE F. R ESUME EN FRANCAIS

de contour utilisant la formule LGV. Ensuite, on prouve que les deux inegrales sont
egales, utilisant pour cela uneegalie propose par Di Francesco et Zinn-Justin [17] et
prouwee par Zeilberger [81] (on prouve cetteegalie dans I'annexe C.1). Dans l'article [23],
on ra ne cette pro@dure. En fait, on prouve une version doublement ra ree de legalie
entre le nombre d'ASM et de TSSCPP propoge par Mills, Robbins et Rumsey [51]. Dans
ce esurre on montre un esquisse de cette preuve.

F.5.1 Une conjecture raree
Les TSSCPP

Soit une TSSCPP de taille 7  2n 2n repesente en termes de cheminsu®( )
est & ni comme le nombre de chemins qui nissent avec un pas vertical etu"( ) est
& ni comme le nombre de chemins que debutent avec un pas vertical. Par exemple les
sept exemplesan = 3 vus dans la section ci-dessus donnentit = £2;1;0;2;1;1;@ et
u" = f2;2;1;1;0;1;@ Remarquons que ce sont les m&mes nombres qui apparaissent
mais permues.

On ¢k nit la fonction gereratrice :

X 1 n
Upt(y) = xtOy)
Par exemple,n = 3 donne : U% = x2y2 + xy?+ y+ X%y + X + xy + 1.

Les ASM

Une matricea signes alternants possde un unique 1 dans la premere ligne et un unigue
1 dans la dernere ligne. Disons que le premier 1 est dans la positionet le dernier 1 est
dans la positionj. On ¢ nit la fonction gereratrice commeetant :
X .
An(xy)=  x' ty"
ASM

Par exemple, on a la fonction suivante pourn = 3 : Ap(X;y) =1+ y+ X + xy? +
Xy + X2y + x2y2.
Regardant les deux esultats, on remarque le curieux fait suivant :

Treoeme F.3. Le nombre d'ASM de taillen n dont le 1 de la premere ligne est
dans la positioni 1 et dont le 1 de la dernere ligne est dans la positionn j estegal
au nombre de TSSCPP dont sa repesentation en termes de chemins possdalerniers
pas verticaux etj premiers pas verticaux. En termes des fonctions gereratrices :

An(X%y) = UTHxy)
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F.5.2 Esquisse de la preuve
TSSCPP compe par des inegrales

On peut compter les NILP en utilisant la formule LGV [46, 27]. Cette formule permet
l'utilisation de chemins avec des poids statistiques. On met un poidx par dernier pas
vertical et y par premier pas vertical.

On le ecrit sous la forme d'une inegrale de contour multiple. Finalement, si I'on
somme sur tous les ensembles d'arrivee possibles, on obtient la formule :

| I
Lo dy
2iu 2 11

Uj Ui

In/y. -
Un" (X Y) T ou

1 Y
2 (L xui(y + uig(1+ ui)y 2

i=1 i

@ on inegre autour de 0. La notation 4 signi e que I'on ignore le terme correspondant

a uj.

ASM compe par des inegrales

On part de la fonction de partition du mocklea 6 vertex introduite dans la section F.3.2
et on pose :

_ 1+ 0gx
Y1-0|q+x
Yi=q if2 i n 1
_ . ytq
Yn—q1+qy
yi=q?! if j > n

Avec ces paranetres, on obtient que la fonction de partition compte les ASM, en tenant

Le pas suivant consistea trouver une formule inegrale de contour qui soitegalea
Z,. Cela est aussi connu, voir section 4.3. Apes plusieurs manipulations d'inegrales, on
obtient la formule :

| | Q
2n 1) ... ¥ du 1 i<m (Um UL+ Uy + Umuy) ¥

ﬁufl 2 (A+u xX)(y+uly 1)

1+xy x)y 1+ y)

| j=2

al on inegre autour de u; =0et u; = x 1.

La preuve de Egalie

Il restea prouver que les deux inegrales sontegales. Le suite de la preuve est assez
technique, et est base sur plusieursegalies entre formules inegrales.
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F.6 Boucles denses et partitions planes

Dans le chapitre 5, on esout certaines conjectures sur letat fondamental du mocele
CPL. Dans l'article [85] Zuber avait conjectue que les composantes de letat fondamental
indexees par des motifs de la forme ()p, i.e. un certain motif  entoue de p arches,
sont polynomiales enp :

Treoeme F.4. Consicerons un motif de la forme ( ), les polyndbmes  peuvent étre
ecrits sous la forme suivante :

1
= —Py(;n
Or = Y], y(:n)
a Y = Y( ) est le diagramme d'Young c nit par , jY] est le nombre de botes de
Y, et Py(;n) est un polyndbme enn et de degejY|j en chaque variable et coe cients
entiers.
Dans la limite de grand n, ce polynbme se comporte comme :

dimyY

Yj
(Jp iYj! (N )J :

al dimY est la dimension de la repesentation ireductible du groupe synetrique assoce
ay.

Dans cette section, on esquisse la preuve de ce treoeme du coe CPL et on cemontre
une egle de somme pour les motifs de la forme (). On obtient aussi une egle de somme
pour des motifs qui commencent ave@ ouvertures, on repesente ces motifs par § .

F.6.1 Polynomialie

Pour prouver que les quanties (, sont des polynébmes, on commence par les ecrire
comme une somme des quanties 5 & nis ci-dessus dans la section F.2.8 :

X
Op()= " Cha() al)

a

Mais on sait que le coe cient C( Yo a( ) est non nul uniqguement sia  ( )p. En fait,
sia=( )pilvautl,etsia ( )p il estun ponnOme en de dege pas plus grand
quej( )pj j aj. Dailleurs, si I'on note (b), = f1,2;:::;p;p+ by, p+ bhg, on prouve que
C( ot = C: 4., On obtient, donc :

X
( )p( )= C;bl( ) (b)p( )

b

Prenant les expressions inegrales de () on conclut facilement que les  (t) sont
des polyndbmes avec le bon dege et le bon coe cient dominant. En fait, les termed
contribuent uniguement aux coe cients hon dominants.
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F.6.2 Lasomme des (),

On pose =1 pour simpli er. Soit a un motif de la forme faz;:::;ap,gaveca; =2i 1
oua =2i 2,lelemme 5.3 dit que :
X X

a= (e
a=f1l;:;p;pt+as;:ptang
aj=2i loua=2i 2

On peut alors ecrire la somme de  comme une somme d'inegrales (et simpli ant) :

I I
¥ dui p+l Y
1

i=1 j>i

Cette inegrale peut étre transformee dans une autre qui compte tous les chemins non in-
tersectant indiqles dans l'image F.4. Ces chemins peuvent étre vus comme des TSSCPP
avec un hexagone xe au milieu, comme on peut en voir dans la gure 5.3.

=]
Figure F.4 { La somme (), compte le nombre de NILP avecn + p chemins
pesenes dans cette gure ai les p+ 1 premiers chemins sont »es horizontalement.

Dans le manuscrit, on pesente aussi comment gererer des con gurations parfaite-
ment akatoires (si on consicere que le gererateur de nombres akatoires est parfait).

F.6.3 Lasomme des |,

On applique cette proedure aux composantes (, . En fait, on peut lesecrire comme une
des motifs d'arches. Comme avant on Ecrit leur somme sous la forme d'une inegrale de
contour multiple :
I I
oY dup @+ um)P(LF um)

i opt2m 1 N'm o 2
o 21 uh 1 i=1 Ui

(Um u)@+ umpm+ unu)

)1I<m r

On prouve que cela compte des chemins du mé&me genre, juste avec une petite
dierence (voir gure F.5). Comme ci-dessus, on peut cemontrer que celaequivauta
une sous-classe des TSSCPP avec uneetoile hexagonale xe au milieu, comme le montre
la gure 5.7.
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. P . .
Figure F.5 {La somme (, compte les NILP avecp chemins es verticalement,
comme le montre cette gure.

F.7 Des polyndmes () : nouvelles conjectures

Dans la section pe@dente on a proue que les quanties ()  sont polynomiales. On
peut donc c nir les polynébmes  (t) tel que  (p) = (), quand p est un entier non
regatif.

Dans cette section on pesente quelques nouvelles conjectures sur ces polynémes,
notamment sur des racines enteres de ces polynémes, et levaluation des ce polynémes
a t entier regatif. Pour simpli er, on omet les preuves et on se restreint au cas = 1.

F.7.1 D& nitions

Soit  un motif d'arches et n = j j le nombre d'arches de ce motif. On ¢ nit p =
2n+1 p. Pour pentre 1l etn 1 on consickre I'ensembIeAg’( ) des archesf a;; axg
telle quea; petp<az<p,et I‘ensembIeAE( ) I'ensemble des archeg$ a;; ayg telle
quep<ai< petp ap. On knitlaquantie my( ) comme :

AT+ IAD]

mp( )= >

Par exemple, si on consicere le motif repesent dans limage F.3 lesmp( ) valent
f1,1;1;2;1;1g, pour p= f1;2;3;4;5; 69.

Il existe une autre facon de obtenir ces nombresa partir des diagrammes d'Young,
mais cela ce n'est pas recessaire ici.

F.7.2 Les conjectures

Toutes les conjectures qui se suivent ontee con rnes pour j | 8 via des calculs en
Mathematica.

Conjecture F.5. Toutes les racines eelles des polyndmes (t) sont enteres regatives,
et p appara’t avec la multiplicie mp( ). De feconequivalente, on donne la factorisa-
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tion : 0 1
iy 1
(t) = t+p™OA Q (b);
p=1

jd( )j!
a Q (t) est un polynbme avec coe cients entiers sans racines eelles.

On a \erie que cette conjecture est colerente avec plusieurs proprees attendues et
certains cas ep calcues dans la literature. D'ailleurs on a prouwe que :

C
(p= ° S =) (F.9)

0 si n'a pas une grande archd 1;2ng

Remarquons quemy( ) = O si et seulement si  peut sécrire sous la forme = ( 9
pour 9quelconque. Dans le cas contrairemq( ) = 1.

Ensuite, on est ineresse par la valeur de  (p) quand p est un entier regatif. Il est
evident que la eponse est aussi un entier, puisque (p) est toujours entier quand p est
un entier positif.

Soit  un motif d'arches, et p 2 [0;j j] tel que mp( ) = 0. On peut donc cecouper
la con guration  de la facon suivante :

p p

a et sonttous les deux des motifs d'arches. On notera =

On e nitlesquanties G = (] ]). Ces nombres sont naturellement des entiers,
par exemple :
G=1 G =1 G_=1 Gsz 3
G =1 G =1 G =4 G = 9
D i go =
G = 3 G =9
B Eh

al on a indexe des termes par le diagramme d'YoungY ( ), car ces quanties sont stables
par inclusion. Curieusement, ces quanties jouent un réle important :

Conjecture F.6. Soit = avecj j = p. On obtient la factorisation suivante :
(P=G

Cela est en accord avec la formule (F.8).

Ces G ont des proprees remarquables. D'abord le signe desG seraitegala la
parie du nombre de botes du diagramme d'Young assocea d'apes la conjecture F.5.
Quand on somme lesG on obtiendrait encore une fois la fameuse fquenc&,. En fait,
notre conjecture va un petit peu plus loin :
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Conjecture F.7. Pour un entier positif n, on a
X X nn
iGj= A, et G =( )" AV ?
jj=n jj=n
( n(n 1) Vv 2 . ..
Gyr = ( 1)7( 2 , Adiq si n est pair;
( )"z AYAY,, sin estimpair:

En fait on a prouve que P ( 1)9)G = A, et on a prouwe aussi que la somme
G corresponda une lenuneration des TSSCPP cepetudee par Di Francesco [14]

mais pas encore prouee. |l existe donc une formule sous la forme d'un pfa en.
Finalement, on regarde les coe cients des polynémes :

Conjecture F.8. Pour tous , les coe cients de  (t) sont non regatifs.

En fait, les polyndbmesQ (t) introduits dans la conjecture F.5 semblent avoir la méme
propree de positivie.

Il estevident que le terme dominant est positif, car  (t) est toujours positif pour
t naturel. On a calcuk le terme sous-dominant et prouwe qu'il est positif. Le calcul des
termes suivants s'avere bien plus di cile avec les outils que I'on conna. En fait, toutes
les nethodes que I'on connat se basent sur des sommes de polynémes et les termesa
prendre en compte deviennent de plus en plus nombreux.

F.7.3 Questions ouvertes

Evidemment, le probkeme le plus immediat est de prouver les conjectures. Malheureuse-
ment ce n'est pas evident, parce que les formules que I'on connat consistent en des
sommes de polyndémes,a l'exception des cas les plus simples.

Une solution serait de trouver une nouvelle formulation de ces polyndbmes plus
manipulable. On a introduit une nouvelle formule inegralea plusieurs variables, sem-
blabea (F.4) pour calculer ( 1). On est capable detendre cette e nition pour tenir
comptedetousles ( p)pourl p n,maisles calculs se sont ares tes complexes.
Finalerr]gnt, on remarque l'existence d'une formule sous la forme d'un pfa en pour la
somme G . C'est un bon cebut.

Une icee pesente ici est qu'il doit y avoir une forme de theoeme de eciprocie
combinatoire [74] attactea ces polynémes. C'esta-dire que I'on pense qu'il doit exister
un objet combinatoire cependant de , non encore decouvert, tel quej ( p)j est le
nombre de tels objets de taillep,a I'image du polynéme d'Ehrhart ip(t). On cherche
donc une interpetation combinatoire des polynébmes ( p).

On sait que lesG sont des entiers, le probemeevident est de comprendre les quan-
ties G .LesG ont plusieurs proprees surprenantes. La somme degG | est la ®quence
An. Par contre, lesG sont stables par inclusion mais pas par rotationa l'instar des quan-
ties A . Il est donc naturel de chercher une interpetation combinatoire de ceseements.



Apéndice G
Resumo em portuguées

G.1 Introdwcao

Matrizes de sinal alternante (ASM - Alternating Sign Matrices em inglés) foram inven-
tadas por Robbins e Rumsey no seu estudo dos ‘determinantes”, uma generalizacao

dos determinantes inspirada na condensacao de Dodgson [19]. Mills, Robbins e Rum-
sey [49, 50, 70, 51] estudaram as propriedades desses objectos e descobriram uma bela
brmula que conta estas matrizes:

vl .,

An = 7(31+.1)! =1, 2, 7, 42 429 :::
. (n+j)!
j=0

Intrigados por esta conjectura, eles procuraram por pistas nha literatura existente.
E a esse momento que um outro objecto combinabrio entra em jogo: as partcees
planas (PP - Plane Partitions), e em especial duas subclasses, as partcees planas de-
scendentes (DPP - Descending Plane Partitions) e as partcees totalmente sinetricas
e auto-complementares (TSSCPP - Totally Symmetric Self-Complementary Plane Par-
titions). Vamos por partes, em 1979, Andrews [1] conseguiu provar que este mesmo
produto conta o rumero total de DPP com a altura limitada a n. Logo, se féssemos
capazes de descobrir uma bijecao explcita entre as DPP e as ASM teramos auto-
maticamente provado a brmula em questao. Infelizmente, tal bijecao ainda nao foi
encontrada.

Algum tempo mais tarde, Robbins descobriu que e uma outra subclasse de PP
gue tamkeme contada pela sequénciaA,, as TSSCPP. Os mesmos autores propuseram
no artigo [51], que nao apenas o rumero de TSSCPPe igual ao rumero de ASM, mas
tamkem que esta contagem pode ser re nada de ambos os lados, re namentos que dao
0 mesmo resultado.

Em 1996, num famoso artigo de 84 mginas [80], Zeilberger nalmente provou a
brmula de contagem das ASM. Alguns meses mais tarde, Kuperberg [44], utilizando
a furcao de partcao do modelo 6-\ertices que esa em bijeccao com as ASM, provou
exactamente o mesmo resultado de um modo mais conciso e elegante. Esta provae
baseada no trabalho de Izergin [29] e Korepin [40], ee uma consequéncia do facto que o
modelo 6-\erticese um modelo quéntico integavel.

A cadeia de spins XXZe a um problema chssico em fsica, e suscita um grande
interesse da comunidade desde ha quase um sculo. Em 2000, Razumov e Stroganov [68,
76] investigavam as propriedades do estado fundamental deste modelo (com parametro
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anisotopico = 1=2), quando descobriram um resultado surpreendente: quando
normalizado tal que a componente mais pequenae 1, a soma das componentes do vector
fundamentale exactamente A,. Intrigados, fsicos e matenaticos experimentaram tudo
para conseguirem provar esta relacao.

Alguns meses mais tarde, Razumov e Stroganov [65] notaram que a relacao entre
ambos os modelose ainda mais profunda. De facto, a cadeia de spins pode ser vista
como um modelo de lacetes, 0 modelo denso de lacetes (CPL - Compact Packed Loops).
Neste modelo os estados sao descritos por padrees de arcos (utiliza-se normalmente
para designar tais padrees). Por outro lado, as ASM estao em bijeaccao com as con-
guracees compactas de lacetes (FPL - Fully Packed Loops) que podem ser classi cadas
pela sua conectividade na borda igualmente representada pelos mesmos padrees de ar-
cos. Eles descobriram que quando se normaliza o estado fundamental do CPL tal que a
componente mais pequena vale 1, as componentes associadas a um certo padrao de arcos
contam as con guracees FPL cuja conectividade e representada pelo mesmo padrao de
arcos.

Oultimo captulo desta hisbria foi escrito por Cantini e Sportiello. Em 2010 eles
provaram a conjectura de Razumov e Stroganov [8]. Resumimos esta hisbria no seguinte
grafo:

ASM
FPL

6-Vertex

1, 2; 7; 42; i

CPL TSSCPP
AN

A

4
XXZ NILP

Onde representamos todos 0s objectos principais descritos aqui, reunidos pelo facto que
existe bijeacoes conhecidas entre eles. Ao centro a famposa sequéncia ominipresente em
toda esta hisbria, A,. Havarios modelos de NILP, aqui referimo-nos aos que estao em
bijecao com as TSSCPP.

Existe uma importante Icao a reter do resultado de Kuperberg: os modelos quéanticos
integaveis podem ajudar-nos a resolver certos problemas difceis de combinabria. Tanto
0 modelo CPL (ou a cadeia de spins XXZ) como o modelo 6-\ertices sao integaveis.
Logo, a integrabilidade pode ser importante na clari cacao das relacees representadas
pelo triangulo.

A equacao Knizhnik{Zamolodchikov quéantica (gKZ) foi introduzida neste contexto
por Di Francesco e Zinn-Justin no artigo [16]. No nosso caso (nvel 1 é&Jqy(sl(2))),
as soluwcoees sao poliromios homogeneos, e pode-se mostrar que eles geram um espaco
vectorial caracterizado por uma condcao de anulacao, avheel condition

Por um lado, as solwcees desta equacao (nvel 1, & = 3) podem ser identi cadas com
as componentes do estado fundamental do modelo CPL na sua versao multivaraveis.
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Por outro lado, estes poliromios estao relacionados com os poliromios de Macdonald
respeitando a relacaot3q = 1 (ver [35, 12]), e sao aquilo a que Lascoux chama de
poliromios Kazhdan{Lusztig [12].

O objectivo principal deste manuscritoe de compreender o papel da integrabilidade
nesta hisbria. Nomeadamente, o papel da equacao Knizhnik{Zamolodchikov quéantica
e suas soluees. Este resumo segue a organizecao do texto principal.

G.2 O modelo denso de lacetes e a equaao Knizhnik{
Zamolodchikov gquéntica

G.2.1 Lacetes densos

Os modelos de lacetes (Loop models em inglés) formam uma classe de modelos es-
tatsticos a duas dimensoes sobre rede bastante interessante. De facto, eles apresentam
uma larga gama de feromenos crticos e \arios modelos chssicos podem ser vistos como
modelos de lacetes. Consideramos aqui 0 modelo denso de lacetes (CPL - Completely
Packed Loops), tamkem chamado de modelo de lacete®(n) na literatura.

Tomemos uma rede quadrada. Cada facee ocupada por uma das duas plaquetas da
gura G.1. Obviamente, existem caminhos fechados (lacetes) e caminhos abertose.
unindo as bordas. Damos o peso= g ¢ ! acada lacete. Este modeloe crtico para
i J 2 (cf [57]).

- “r

Figura G.1: As duas plaquetas que formam o modelo CPL.

Consideremos este modelo num cilindro semi in nito, onde cada linhae composta
por 2n plaguetas, como mostra a gura G.2. ldenti camos a borda da esquerda com a
da direita.

G.2.2 Conectividade

A cada con gurecao associamos um padrao de arcos representando a conectividade na
borda inferior. Por exemplo, a conectividade da con guracao mostrada na gura G.2
e representada pelo padrao em G.3. O rumero de padrees de tamanha2 o famoso
rumero de Catalan cy:

(2n)!
n!(n +1)!

_ _ _ P

De nimos um estado formal como uma combinecao linear de padrees, = ,

onde a soma percorre todos o0&, padrees e sao escalares. Um operadore entao uma
aplicacao linear no espaco vectorial gerado por estes estados formais.
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1 2 3 4 5 6 7 8 9 0 11 12 13 14

Figura G.2: Um exemplo duma con gurecao do CPL, aqui comn = 7. Cada linhae
composta por 14 plaquetas que podem ser de dois tipos. As duas bordas, a da esquerda
e a da direita, sao identi cadas de maneira a formar um cilindro. A cada lacete damos
um peso .

AL~ ~ (7N

1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figura G.3: Padrao que correspondea conectividade do exemplo G.2

As vezes e conveniente representar estes padrees por outros objectos. Neste tra-
balho utilizamos frequentemente palavras de paréntesis, caminhos de Dyck, diagramas
de Young e sequéncias = fap;:::;ang f 1;:::;2ng, talquea 1<ajea 2 1
para todo i. Vejamos um exemplo traduzido em todas estas representacees:

A, 00, AN\, Hof 1349

G.2.3 A matriz R e a integrabilidade

Considere-se agora uma versao dinAmica deste modelo onde se inserem linhas de plaque-
tas na borda inferior.
Sejag= e 273 je. =1. Amatriz Re de nida da seguinte forma:

_gw g !z w oz _. e
Tz aw gz gwo T RO

onde os coe cientes representam a probabilidade de escolher uma ou outra plaqueta.
Estas probabilidades dependem de dois parametros e z, chamados respectivamente de
parametros espectrais verticais e horizontais, e que variam segundo a linha e a coluna.

Escolhendo bem estes parametros podemos ajustar todas as probabilidades a um meio.
Esta matriz Re a chave da integrabilidade:



G.2. LACETES DENSOS E gKZ 157

Lema G.1. A matriz R obedecea equacao Yanng{Baxter:
X A _ X
y \\|—> Ty ‘T\y

E a equeacao de identidade:
X > X —>
DS SR

Isto permite-nos de escrever uma famlia in nita de operadores que comutam entre
eles e de calcular analiticamente os estados poprios.

G.2.4 Caso homogneo

Quando todos os parametros espectrais horizontais sao iguais, 0 nosso sistemae descrito
pelo hamiltoniano:

onde

Estes elementos obedecemaalgebra de Temperley{Lieb:

&= e ee 16 = § eg =ge ifjj imod2nj>1 (G.1)
parai e entre 1 e . Consideremos tamkem um elemento de rotecao que roda os
padrees. Evidentemente, 2" e iguala identidade.
Uma das questees que tentamos resolver neste trabalhoe de encontrar=
tal que:
=H:

Podemos provar que este vector existe e que e unico. Por exemplo, para = 3, as
componentes deste vector sao:

NN
~NIN NI

G.2.5 A cadeia de spins XXZ

2

SejaV = C2 “" o espaco de & spins. De nimos € como o operador:

1 1
e=5 flat VT T (a9

i+1 T i+l 2
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onde Xe a matriz de Pauli segundox e agindo noi? espaco. A escolha do nome nao
e inocente, de facto estes operadores obedecem tamtemaalgebra de Temperley{Lieb.

Se somarmos em todos osrn2stios, com condcees de fronteira perbdicas, obtemos
0 hamiltoniano da cadeia de spins XXZ:

X +ql
H = xix+l+iy_y+qq(zz l)

i i+1 2 i+l

O nosso objectivoe calcular o vector fundamental de XXZ. Vemos facilmente que as
con guracees CPL estao em bijeaao com as con guracees de spins cof=0e S? =01,

G.2.6 A equaao Knizhnik{Zamolodchikov quéntica

Introduzimos agora uma equeacao que nos permite calcular o estado fundamental da
cadeia de spins XXZ, ou de maneira equivalente do modelo CPL, conhecida como a
equacao Knizhnik{Zamolodchikov quantica:

A equacao detroca:

Ri(yisyi+r) ( Yooy Yiers i Yan) = (Yo oo Yist s Yiciii;Yon): (G.2)

YOynyziinyan) = ((Y2iiiiiYanisyh) (G-3)
onde =q 3" Des= ¢f.

A letra mauscula distingue esta versao onde os parametroy; sao distintos da versao
precedente onde sao todos iguais a 1.

Queremos agora resolver esta equacao. Ha \arias maneiras de a resolver. Por

gxemplo, podemos ver esta equacao como um sistema triangular de equacees =
D. , onde e uma ordem parcial eD . e um operador. Nao vamos descrever
este procedimento aqui, para mais detalhes ver secao 1.4.

E possvel normalizar as soluwcees desta equacao, tal que sejam polinomiais de grau
total n(n 1). Ee tamkem possvel provar que estas sollicees vivem num espaco vec-
torial de dimensaoc,, correspondente ao rumero de poliromios, caracterizada por uma
condcao de anulacao, awheel condition:

fConyiiiny = Pyiiiinyk = i) =0 para todos k >j > i:

LEstes rumeros quanticos correspondemaalgebra quantica Uq(su(2))



G.3. MATRIZES DE SINAL ALTERNANTE E O MODELO 6-V ERTICES 159

G.2.7 Integrais de contorno

a; 1 paratodosn ii> 1l,a, 2nea 1.
Introduzimos o integral de contorno:

¢n

i<j
| | Q
oY dwi W wo(aw g twg)

2i T oW y) T (W g tw)

(G.4)

i
onde a integracaoe feitaa volta dos plos w; = y; mas nao dos mlosw; = q 2y

vectorial que os poliromios . De facto, existe uma transformacao triangular (e in-
versvel):

X

alyniiiyan) = Ca o (Yasiiiiyan):
a

G.2.8 O limite homogneo

Quando temosy; = 1 para todos i, as equacees simpli cam-se. Utilizando a trans-
formacao de varaveis:

Wi 1
uj = —
aw g
Obtm-se facilmente a brmula:
I [
Q= i 2iul-"“ (U u)@+ uj+ uy)

1 j>i

Pode-se agora calcular o vector . Infelizmente estes integrais sao ainda demasiado
difceis e a transformacao de baseC,. e complicada.

G.3 Matrizes de Sinal Alternante e o0 modelo 6-\ertices

Nesta secao introduzimos trés modelos, as Matrizes de Sinal Alternante (ASM), o 6-
\ertices e os lacetes compactos (FPL - Fully Packed Loops). Todos estes modelos estao
em bijeacao (ver captulo 3). Calculamos a furcao de partcao do modelo 6-\ertices que
nos permite contar, por exemplo, as ASM. Naultima subseao apresentamos o teorema
Razumov{Stroganov.

G.3.1 Matrizes de Sinal Alternante

Uma Matriz de Sinal Alternantee uma matriz quadrada composta unicamente de 0 e
de 1, tal que se ignorarmos os 0, 0s 1 e osl alternam em cada linha e cada coluna, e
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que cada linha (e coluna) comeca e termina por um 1. Vejamos os 7 exemplos do caso
n=3:

100 100 010 010 010 001 001
010 001 100 001 1-11 100 010
001 010 001 100 010 010 100
O rumero de matrizes de tamanhon ne dado pela brmula:
Y 1@+
A= GEDU o 2 a0 ang (G.5)
=0 (N+ 1)

Esta expressao foi provada por Zeilberger [80]. Mase a prova encontrada por Kuper-
berg [44] que nos interessa, esta usa um outro modelo, o 6-\ertices.

G.3.2 Modelo 6-ertices

Tomemos uma rede quadrada de tamanha n. A cada aresta associamos uma ori-
entacao (uma echa) tal que cada ‘\ertice tenha duas echas que entram e duas que
saiam. Ha apenas 6 con guracees possveis para cada \ertice (donde o nome do mod-
elo). Aqui, impomos que todas as echas nas bordas esquerda e direita entrem e as em
baixo e no topo saiam. Podemos provar que ha uma bijeaao entre as con guracees deste
modelo e as ASM. Vejamos as sete con gurecees de tamanho= 3:

G.3.3 A furcao de partcao

A cada \ertice damos o peso:

bl e
Az |zt )
az q 'w zw (@' q zw
onde w (resp. z) caracteriza as colunas (resp. as linhas). Utilizamog$yn+1;:::;Y2n0

A furcao de partcaoe de nida por:

, o X Y
Zo=( DGt g " y Wi

i=1 con guraxees i;j

onde w;; e 0 peso da con gurecao em cada \ertice.
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O interesse deste modeloe que elee integavel, no sentido em que podemos construir
uma matriz R, idénticaaquela do modelo CPL (na secao G.2), que tamlem obedece
a equacao Yang{Baxter. Isto permite-nos descobrir \arias propriedades da furcao de
partcao:

a furcao de partcaoe um poliromio homogeneo nas varaveis fyi;:::;y2ng;
ograutotale =n(n 1)e ograuparciale = n 1;
a furcao de partcaoe sinetrica nos conjuntos fyy;:::;yng €fyn+1;:::;Y2n0;

Y
=( 1" ! (Y1 Yn+i)(Yi  Yn+1)Zn 2(Y2::5Yn 1;Yn+15:005Y2n); (G.6)
i=2

Estas propriedades permitiram a Izergin de calcular a furcao de partcao:

Q
b O Yne)(@¥ d Yyneg)
~
i i Yi)(Yn+i Yn+j)
1
det
1 n (Vi Ye+p)@Y Q 1yn+j)

para g qualquer.
Para q= €= 3, esta brmula simpli ca-se. De facto obtemos uma furcao de Schur:

Zn(y1 5 Yns Vet iniYon) = Sy, (A Yyas i Yyni Qyner ;i Yan): (G.7)

Para provar estas duas brmulas basta provar que elas tém todas as propriedades
referidas em cima.

Um exemplo duma aplicacao desta brmulae o @lculo do rumero de ASM. Se xar-
mos todos osy; no valorqparal i ney=q !paran<i 2n, obtemos que a
furcao de partcaoe por um lado um nultiplo do rumero de Matrizes de Sinal Alter-

nao muito difceis obtemos o resultado desejado.

G.3.4 Lacetes compactos

Ha \arios modelos que estao em bijecao com as ASM. Por exemplo, o0 modelo de gelo
guadrado, certos modelos de caminhos, ... O que nos interessa maise o modelo compacto
de lacetes (FPL - Fully Packed Loops).

Tomemos uma rede quadradan n. Em cada \ertice la um e somente um caminho
que passa. Logo, ou bem que os caminhos comecam numa borda e terminam noutra,
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ou bem que formam caminhos fechados (ditos lacetes). Nos consideramos condcees de
fronteira do tipo \paredes de domnio" (DWBC - Domain Wall Boundary Condition). De
todas as arestas que estao na borda, uma em cada duase atravessada por um caminho,
alternadamente. Vejamos, por exemplo, todas as sete con guracees para= 3.

—_— — —

~AA ~ A AN AN A AN

Nos agrupamos as con guracees pela sua conectividade na borda. A auséncia de
cruzamentos entre os arcos e explicado pelo facto que em cada \ertice passa um D
caminho.

De nimos a quantidade A como o rumero de con gurecees FPL cuja conectividade
e . Em 1991, Wieland [79] provou que estas quantidades sao esaveis por re exao e por
rotecao da sua qgnectividade .

Obviamente A = A,. Note que as conectividades correspondem aos padrees
de nidos na secao G.2. De facto a conexaoe ainda mais profunda:

Teorema G.2 (Razumov{Stroganov [65]). As componentes do estado fundamental
do modelo denso de lacetes, normalizado tal que a menor componente valhacontam
as con guracees do modelo compacto de lacetes com conectividade

=A

Este teorema foi demonstrado por Cantini e Sportiello em 2010 [8].

G.4 Partcees planas

G.4.1 Partcoees planas totalmente sinetricas e auto-complementares

Uma partcao plana pode ser vista como una generalizacao das partcees. Tomemos
um canto (duma sala por exemplo), e imaginemos que a gravidade puxa na direcao do
canto. Uma partcao planae entao um conjunto de pilhas de cubos que submetidos a
esta gravidade. Obviamente que podemos representar uma partcao plana pela altura
das pilhas.

Limitamos agora a partcao plana num grande cubo 2 2n  2n e consideramos as
partcees planas sinetricas por troca dos eixos. Podemos ainda acrescentar uma outra
simetria. De nimos a partcao complementar como a partcao formada pelos cubos que
faltam para encher o cubo 2 2n 2n, rodado tal que obedecaas regras das partcees
planas. Uma partcao planae dita auto-complementar se ela coincide com a sua partcao
complementar. Uma partcao plana com todas estas simetrias chama-se partcao plana
totalmente sinetrica e auto-complementar (TSSCPP do inglés Totally Symmetric Self-
Complementary Plane Partitions).
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Por exemplo, paran = 3, existe exactamente 7 exemplos:

Note que aparece aqui o rumero de ASM de tamanham = 3. De facto isto haoe uma
coincidéncia: pode-se provar que o rumero de TSSCPP&\,. Este facto foi provado por
Andrews em 1994 [2].

G.4.2 Caminhos ponderados nao intersectantes

As partcees planas e nomeadamente as TSSCPP podem ser representadas por con-
guracees de mosaicos, con guracees de dmaros ou ainda certos conjuntos de caminhos
de nidos numa rede com a propriedade fundamental de nao se tocarem, ditos nao inter-
sectantes, chamadas em inglés Non-Intersecting Lattice Paths (NILP). Esteultimos sao
bastante importantes no nosso estudo, sao eles que nos permitem calcular o rumero de
TSSCPP.

Naoe muito difcil provar que as TSSCPP de tamanho 2n  2n  2n estao em bijecao
com uma subclasse de NILP de nidos huma rede quadrada e que obedecemas seguintes
regras:

Fa n caminhos que nao se tocam;

0i2 caminho parte da poscao { 1;1 i);

0 sao permitidos passos verticais"() e diagonais @0) ;
0s caminhos terminam na linhay = 0.

Vejamos todos 0s casos possveis pam = 3:
R e R D R

O interesse destes caminhose que existe uma tecnologia, conhecida como a brmula
LGV (Lindstem{Gessel{Viennot [46, 27]), para os contar. Mais, esta brmula permite
tamem a contagem ponderada desde que o0s pesos apenas dependam das arestas e dos
\ertices (e nao do caminho em si).

G.5 Matrizes de sinal alternante e partcees planas total-
mente sinetricas e auto-complementares

E sabido que ha tantas ASM de tamanhon n como TSSCPP de tamanho & 2n 2n.
De facto, por um lado podemos reescrever a furcao de partcao do modelo 6-\ertices, que
conta as ASM, sob a forma dum multi integral de contorno. Por outro lado, podemos
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utilizar a representecao das TSSCPP como NILP para encontrar um multi integral
de contorno utilizando a brmula LGV. De seguida, prova-se que os dois integrais sao
iguais, utilizando para isso uma igualdade proposta por Di Francesco e Zinn-Justin [17]
e provada por Zeilberger [81] (provada no apéndice C.1). No artigo [23], re namos este
procedimento. De facto, provamos uma versao duplamente re nada desta igualdade
entre o rumero de ASM e de TSSCPP proposta por Mills, Robbins e Rumsey [51].
Neste resumo mostramos um esquisso dessa prova.

G.5.1 Uma conjectura re nada
As TSSCPP

Seja uma TSSCPP de tamanho 22 2n 2n representada em termos de caminhos.

ul( )e de nido como o rumero de caminhos que acabam num passo vertical @"( )

e de nido como o rumero de caminhos que comecam num passo vertical. Por exemplo

0s sete exemplos an = 3 vistos na se@ao anterior daoul = £2;1:0:2:1; 1,@eu" =

f2;2;1;1;0;1;@. Note que 0s rumeros que aparecem sa0 0S mesmos, mas permutados.
De nimos a furcao geradora:

X 1 n
Upt(xy) = xOy)
Por exemplon =3 di: U2 = x?y?+ xy2+ y+ x?y + x + xy + 1.

As ASM

Uma matriz de sinal alternante tem umunico 1 na primeira linha e umunico 1 na
ultima linha. Digamos que o primeiro 1 est na poscao i e oultimo 1 esh na poscao
j . De nimos a furcao gerador como sendo:

X .
An(xy) = x' tyn ]
ASM

Por exemplo, temos a seguinte furcao para = 3: Ap(X;y) =1+ y+ X+ xy2+ xy +
X%y + x°y2,
Olhando os dois resultados, notamos o seguinte facto curioso:

Teorema G.3. O rumero de ASM de tamanhon n cujo 0 1 da primeira linha esta
na postaoi 1 e cujo ol daultima linha est na poscao n j e igual ao umero de
TSSCPP cuja sua representacao atraves de caminhos possuultimos passos verticais e
j primeiros passo verticais. Em termos das furcees geradoras:

An(Xy) = UPH(xy)
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G.5.2 Esquisso da prova
TSSCPP contadas por integrais

Podemos contar os NILP atrawes da brmula LGV [46, 27]. Esta brmula permite a
utilizacao de caminhos ponderados. Pomos um peso por cadaultimo passo vertical e
y por cada primeiro passo vertical.

Reescrevemo-la na forma dum integral de contorno nultiplo. Finalmente, se somar-
mos sobre todos os conjuntos de chegada possveis, obtemos a brmula:

! ...I Y dy

2iu? 11

Uj Uj

1n/y,. —
Up"(x;y) = T uu

Y
S ) ?

i=1 j>i

onde o integral contorna 0 0. A notacaol signi ca que ignoramos o termo correspondente

ausj.

ASM contadas por integrais

Partimos da furcao de partcao do modelo 6-\ertices introduzida na secao G.3.2 e
metemos:

_ 1+0gx
Y1-0|q+x
Yi=q if2 i n 1
_.ytq
Yn—q1+qy
yi=q?! if j > n

Com estes parametros, obtemos que a furcao de partcao conta as ASM, tendo em conta

O poximo passo consiste em encontrar uma brmula integral de contorno que seja
igual a Z,,. Isto pe conhecido, ver secao 4.3. Aps algumas manipulacees de integrais,
obtemos a brmula:

| | Q
20 1) ... Yoduy 1 T (Um u)@F um + upy) Y

C2iuP 2 @+u xyruly 1)

1+ xy x)y 1+ up)

onde integramosa volta deu; =0 e uj = x 1.

A prova da igualdade

Resta-nos provar que os dois integrais coincidem. Os passos seguintes sao bastante
ecnicos, e baseiam-se em \arias brmulas integrais.
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G.6 Lacetes densos e partcoees planas

No captulo 5, resolvemos certas conjecturas sobre os estado fundamental do modelo
CPL. No artigo [85] Zuber conjecturara que as componentes do estado fundamental
indexadas por padrees da forma ()p, i.e. um certo padrao rodeado dep arcos, sao
polinomiais em p:

Teorema G.4. Consideremos um padrao da formg )p, 0s poliromios podem ser

escritos na forma seguinte:
1
= —P ,n
Or = jv71 y(;n)
ondeY = Y( )e o diagrama de Young de nido por , jYje o numero de caixas deY,
e Py (;n)e um poliomio em n e de graujYjem cada varavel e coe cientes inteiros.

No limite n grande, este poliromio comporta-se como:

dmyY

i
(Jp iYj! (n )™

ondedim Y e a dimensao da representacao irredutvel do grupo sinetrico associado aY .

Nesta seccao, fazemos um rascunho da prova deste teorema do lado dos CPL e demon-
stramos uma regra de soma para os padrees da forma)p. Adicionalmente, obtemos
uma regra de soma para os padrees que comecam cgiraberturas, representados por

(b -

G.6.1 Polinomialidade

Para provar que as quantidades ( ), s&o polinomiais, comecamos por reescrevé-las como
a soma das quantidades 5 de nidas atas na secao G.2.8:

X
()= C(ya() al)

a

Mas sabemos que 0 coe cientec( %p;a( )€ nao negativo unicamente sea  ( )p. De
facto, sea=( )pelevale 1, esea ( )p, elee um poliromio em de grau menor
ou igual aj( )pj j a. Mais, se notarmos P)p = f1,2;:::;p;p+ by;p+ bhg, prova-se
facilmente queC, j ., = C . Obtemos, entao:

X
( )p( )= C;bl( ) (b)p( )
b

Tomando as expressees integrais deg, () conclumos faciimente que  (t) sao
poliromios com o0 bom grau e o bom coe ciente dominante. De facto, os termo$g
contribuem unicamente para os coe cientes nao dominantes.
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G.6.2 Asomados (),

Pomos =1 para simplicar. Seja a um padrao da formafas;:::;apgcoma =2i 1
oua =2i 2,0lema 5.3 diz que:
X X
a= (p
a=flip;p+as;sp+ang
aj=2i loua=2i 2

Podemos entao reescrever a soma de como uma soma de integrais (e simpli-
cando): | |

- v du p+1 Y

2 @ 7(1+ ui) (Ui u)@+ ujp + uiyp)
i=1 I j>i
Este integral pode ser transformado num outro que conta todos os caminhos nao inter-
sectantes indicados na imagem G.4. Estes caminhos pode ser vistos como TSSCPP com

um hexagono xo ao meio, como podemos ver na gura 5.3.

. P .
Figura G.4: A soma ( ), conta o rumero de NILP com n+ p caminhos presentados
nesta gura onde osp+ 1 primeiros caminhos estao xos horizontalmente.

Neste manuscrito, apresentamos tamkem como gerar uma con guracao perfeitamente
aleatria (se considerarmos que o gerador de rumeros aleabriose perfeito).

G.6.3 Asomados |,

Aplicamos o mesmo procedimentoas componentes, . Da mesma maneira, podemos
escreve-las como uma combinacao linear dos; 1.:...p:p+ a;p+ang ONdefag; 111 ang nao

sao0 necessariamente padrees de arcos. Como antes, reescrevemos a sua soma na forma
dum integral de contorno nultiplo:

! ! Y dum (1+ Um)p(],-{" Um)

i opt2m 1 N'mo 2
=1 21 Um (1 i=1 ui)l I<m r

(Um U)X+ um+ umu)
m

Prova-se que conta caminhos do mesmo gnero, apenas com uma pequena difererca
(ver gura G.5). Como atas, podemos demonstrar que isto equivale a uma subclasse de
TSSCPP com uma estrela hexagonal xa ao meio, como mostra a gura 5.7.
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. P , .
Figura G.5: A soma (, conta os NILP comp caminhos xos verticalmente, como
mostra esta gura.

G.7 Polimmios () novas conjecturas

Na secao precedente provamos que as quantidadeg ), sao polinomiais. Podemos
de nir os poliromios (t) talque (p)= (), quandope um inteiro nao negativo.

Nesta seao apresentamos algumas novas conjecturas sobre estes poliromios, nomea-
damente sobre as razes inteiras destes poliromios, e o valor delestainteiro negativo.
Para simpli car, omitimos as provas e restringimo-nos ao caso = 1.

G.7.1 Algumas de ncees

Seja um padrao de arcos & = j j o rumero de arcos do padrao em causa. De nimos
p=2n+1 p. Parapentrelen 1 consideramos o conjuntoAg’( ) dos arcosf az; axg
talquea; pep<az<p, e o conjunto AE( ) o conjunto de arcosfas;ayg tal que
p<a;<pep a. Denimos a quantidade my( ) como:
AT+ JAD]
m =
o) 5
Por exemplo, se considerarmos o padrao representado na imagem G.3wg ) valem
f1;1;1,2;1;1g, parap = f1,;2;3;4,;5; 69.
Existe uma outra maneira de obter estes rumero a partir dos diagramas de Young,
mas nao sela necessaria aqui.

G.7.2 As conjecturas

Todas as conjecturas que se seguem foram veri cadas pajaj 8 atrawes de @lculos
em Mathematica.

Conjectura G.5. Todas as razes reais dos poliromios (t) sao inteiras e negativas, e
araiz paparece com multiplicidademp( ). De modo equivalente, damos a factorizecao:
0 1
iy 1
(t+ pm™OA Q (v);
p=1

()=

jd( )it
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onde Q (t)e um poliromio com coe cientes inteiros sem razes reais.

Veri @mos que esta conjecturae coerente com \arias propriedades esperadas e certos
casos a calculados na literatura. Mais, pro\amos que:

o se =( 9

0 se nao tem um grande arcd 1;2ng

(1= (G.8)
Notemos quem:( ) = 0 se e somente se se pode escrever na forma = ( 9 para ©
gualquer. Senaom;( )= 1.

De seguida, estamos interessados no valor de (p) quando pe um inteiro negativo.
E evidente que a respostae tamkem um inteiro, pois (p)e sempre inteiro quando pe
um inteiro positivo.

Seja um padrao de arcos, 2 [0;j j] tal que mp( ) = 0. Podemos cortar a
con gurecao  da forma seguinte:

p p

onde e sao ambos padrees de arcos. Notaremos=

De nimos as quantidadesG := (] j). Estes rumeros sao naturalmente inteiros,
por exemplo:
G=1 G =1 G_=1 Gsz 3
= 1 G =1 G =4 G = 9
D i g =
G = 3 G =9
B B

onde ros indexamos os termos pelo diagrama de Youny ( ), porque sao quantidades
estwveis por inclusao. Curiosamente, esta quantidades t¢m um papel bastante impor-
tante:

Conjectura G.6. Seja = comj j= p. Obtemos a factorizecao seguinte:
(p=6G
O que esh de acordo com a brmula (G.8).
EstesG tém propriedades notveis. Primeiro, o sinal dosG seria iguala paridade
do rumero de caixas do diagrama de Young associado a segundo a conjectura G.5.

Quando somamos 0% obteramos, mais uma vez a famosa sequéncia,,. De facto, a
nossa conjectura vai um pouco mais longe:

Conjectura G.7. Para um inteiro positivo n, temos
X X n(n 1) 2
. _ nn H v
IGj=A, e G =( 1)~z A,
ji=n joi=n
( n(n 1) Vv 2 i
Gyn = ( 1)7( 2 , A sen for par;
( 1)z AYAY,, sen forimpar:
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Provamos queP ( 1)¥)G = A, e provamos tamem que a somaP G corre-
sponde a uma 1 contagem das TSSCPP a estudada por Di Francesco [14] mas ainda
nao provada. Existe entao uma brmula em forma de pfa ano.

Finalmente, olhamos para os coe cientes dos poliromios:

Conjectura G.8. Para todo , os coe cientes de (t) sao nao negativos.

De facto, os poliromios Q (t) introduzidos na conjectura G.5 parecem ter a mesma
propriedade de positividade.

E obvio que o termo dominante e positivo, porque  (t) e sempre positivo para
t natural. Calcuamos o termo sub dominante e pronamos que e positivo. O @lculo
dos termos seguintes mostrou-se bem mais difcil com as ferramentas que conhecemos.
Infelizmente todos os netodos que conhecemos baseiam-se em somas de poliromios e 0s
termos a ter em conta sao cada vez mais numerosos.

G.7.3 Questoes abertas

Obviamente, o problema mais imediatoe de resolver as conjecturas. O que nao parece ser
ficil porque as brmulas que conhecemos consistem em somas de poliromios,a excepcao
dos casos mais simples.

Uma solwcao seria de encontrar uma nova formulecao destes poliromios mais
manipublvel. Nos introduzimos uma nova formulecao integral multivaraveis, similar
a (G.4) para calcular ( 1). Somos capazes de generalizar esta de ncao para ter
em contatodosos ( p)paral p n, mas os @lculos mostraram-se demasiados
complicados ; Finalmente, notamos a existencia duma brmula na forma dum pfa ano
paraasoma G . E um bom incio.

Uma ideia presente aqui,e que deve haver uma forma de \teorema de reciprocidade
combinabria” [74] para estes poliromios. Quer dizer, ros pensamos que deve existir
um objecto combinabrio dependente de , ainda nao descoberto, tal qug ( p)je
o0 rumero de tais objectos de tamanhop, a imagem do poliomio de Ehrhart ip(t).
Procuramos entao uma interpretacao combinabria dos poliromios ( p).

Sabemos que o0& sao0 inteiros, e entao natural tentar descobrir mais sobre estes
G . Mais, o0sG témarias propriedades surpreendentes. A soma dogs je a sequéncia
An. Ao contario dos A , 0sG sao eshveis por inclusao mas nao por rotacad entao
natural procurar uma interpretacao combinabria destes elementos.
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