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1 Introduction en francais

1.1 Contexte

Dans les années 90, V. Jones and A. Wassermann ont commencé un pro-
gramme dont le but est de comprendre la théorie (unitaire) conforme des
champs du point de vue des algebres d’opérateurs (voir [46], [98]). Dans
[99], Wassermann définit et calcule la fusion de Connes des représentations
d’énergie positive irreductibles du groupe de lacets LSU(n) a niveau fixé
¢, en utilisant des champs primaires, et avec des conséquences en théorie
des sous-facteurs. Dans [87] V. Toledano Laredo prouve les regles de fu-
sion de Connes pour LSpin(2n) en utilisant des méthodes similaires. Main-
tenant, soit Diff(S') le groupe de difféomorphisme du cercle, son algebre
de Lie est Ialgebre de Witt 20 engendrée par d,, (n € Z), avec [dp, d,] =
(m—n)d+n. Elle admet une unique extension centrale appelée algebre de Vi-
rasoro Uir. Ses représentations unitaires d’énergie positive et les formules de
caracteres peuvent étre déduites de la construction ‘coset” de Goddard-Kent-
Olive (GKO), a partir de la théorie de LSU(2) et des formules de Kac-Weyl
(voir [100], [35]). Dans [66], T. Loke utilise la construction ‘coset’ pour cal-
culer la fusion de Connes pour Uir. Maintenant, ’algebre de Witt admet
deux extensions supersymétriques Uy et W, avec des extensions centrales
appelées algebres Ramond et Neveu-Schwarz, notées Uirg et Wit /». Dans ce
travail, on donne une preuve complete de la classification des représentations
unitaires d’énergie positive de Uit; /5, on calcule leur caracteres et la fusion
de Connes, avec des conséquences en théorie des sous-facteurs. On pourrait
faire de méme avec 'algebre Ramond Uiry, en utilisant des modules vertex
tordus sur l'algebre d’opérateurs vertex de l'algebre Neveu-Schwarz Uiv, o,
comme R. W. Verrill [96] et Wassermann [102] I'ont fait pour les groupes de
lacets tordus.



1.2 Apercu

Tout d’abord, on regarde les représentations unitaires projectives d’énergie
positive de 20, 5. La projectivité donne des 2-cocycles, donnant a 2, 5, une
unique extension centrale Uit . Ces représentations sont completement
réductibles et les irréductibles sont données par les représentations unitaires
de plus haut poids de Wity /: des modules de Verma V'(c, h) quotientés par
les 'vecteurs nuls’, dans le cas ‘sans fantome’.

A partir de I'algebre des fermions sur H = Fyg, on construit le champ
fermion 1(z). La localité et le lemme de Dong permettent, grace a des OPE
(operator product expansion), d’engendrer un ensemble de champs S, tel
qu’il existe une bijection V' : H — S, avec Id = V() et un champ Virasoro
L = V(w). Ensuite, on donne les axiomes de superalgebre d’opérateurs
vertex, permettant d’aller jusque la dans un cadre général (H,V, ), w), avec
H un espace préhilbertien.

Soit g une algeébre de Lie simple de dimension fini, g, 1’algébre g-boson
(une extension centrale de lalgebre de lacets Lg) et g_ Palgébre g-fermion.
On construit un module de superalgebre d’opérateur vertex a partir de g =
g+ X g_sur H = L(V),{) @ Fyg, tel que Wiy, y agit avec (¢, h) =
(3. %dim(g), %), avec g le nombre de Coxeter dual et ¢y, le nombre
de Casimir.

Soit g = sly, en utilisant le cadre des fonctions théta, on obtient la
décomposition de H = Fyg ® (L(j,¢) ® Frg) comme g-module. Les espaces
de multiplicité des composantes irréductibles sont des espaces de superen-
trelacement Homg(Hy, H); on en déduit leur caracteére comme module de
Tiry /5 qui agit avec L(cm, hy,) comme sous-module par construction ‘coset’.
L’unitarité de la série discrete s’ensuit.

On définit des polynomes irréductibles wp,(c, h) & partir de (¢, hyy ). Le
déterminant de Kac det,(c, h) de la forme sesquilinéaire sur V' (¢, h) a niveau
n est facilement interpolé comme un produit de ¢,,, en calculant les ex-
emples pour n petit. Pour le prouver, on met en lumiere des liens entre
des résultats précedents sur les caracteres et des vecteurs singuliers s (i.e.
G1/2.5 = G32.5 = 0), dont I'existence annule det,,.

Un déterminant de Kac négatif montre facilement un ‘fantome’ dans la
région entre les courbes h = hf . Maintenant, on part de la région ‘sans
fantome” h > 0, ¢ > 3/2, vers une courbe d’annulation C' d’ordre 1; ainsi,
de l'autre coté de C', il y a un ‘fantome’. Par transversalité, il reste sur



la prochaine courbe intersectant C'; et ainsi de suite sur chaque courbes, a
I’exception des ‘premieres intersections’: la série discrete. Le théoreme 1.2
s’ensuit.

Finalement, un argument de cohérence entre les caracteres des espaces de
multiplicité My et ses irréductibles (dans la série discrete par FQS), montre
MJ? sans autre irréductible que L(cy,, hy). Ainsi, M7 = L(cm, hy',) et on
obtient son caractere comme celui de My, déja connu par la construction
‘coset’. Le théoreme 1.3 s’ensuit.

Maintenant, g et ir, ;o donnent des superalgebres locales g(I) et Uity (1)
par couplage avec les fonctions lisses s’annulant en dehors de I (un intervalle
propre de S'). Par des estimées de Sobolev, 'action sur les représentations
d’énergie positive est continue. On engendre leur algebre de von Neumann,
contenue dans une algebre de fermions. Par le dévissage de Takesaki et la
construction ‘coset’, on obtient que ces algebres sont le facteur hyperfini de
type III;, dont les supercommutants sont engendrés par des chaines de com-
pression de fermions. Il y a également une dualité de Haag-Araki dans le
vide, et en dehors, un sous-facteur de Jones-Wassermann, comme défaut de
dualité.

Les fermions compressés sont des exemples de champs primaires. On les
construit en général, a partir d’applications entrelacant deux représentations
irréductibles, et a coefficients dans un espace de densités. On voit que ces ap-
plications sont complétement caractérisées, bornées et classifiées par ‘coset’,
pour deux charges particulieres «, . On obtient également leurs relations
de tressage, qui permettent de donner le terme dominant d’une sorte d’'OPE
pour les champs primaires couplés, ce qui permet d’avoir la densité de von
Neumann et l'irréductibilité des sous-facteurs.

Ainsi, on obtient des bimodules irréductibles d’algebres de von Neumann
locales, donnant un cadre pour définir la fusion de Connes. Ses regles sont une
conséquence directe de la formule de transport (expliquant l’entrelacement
pour des chaines), qui est prouvée en utilisant les relations de tressage et
la densité de von Neumann. Les regles donnent la dimension de l'espace
des champs primaires; elles montrent également que les sous-facteurs sont
d’indice fini et explicitement donné par le carré de la dimension quantique, un
caractere de ’anneau de fusion, donné comme 1'unique valeur propre positive
d’une matrice de fusion, et un produit de deux dimensions quantiques pour
LSU(2) par le théoreme de Perron-Frobenius.



1.3 Résultats principaux
Partie I: Série unitaire et caracteres pour Uit ),

Les représentations irréductible d’énergie positive de ’algebre Neveu-Schwarz
sont notées L(c, h) avec € leur vecteur cyclique. Notre propos est de donner
une preuve complete de la classification des représentations unitaires, de telle
maniere qu’on obtienne directement les caracteres de la série discrete, sans
résolution de Feigin-Fuchs [20]. L’algebre Neveu-Schwarz est définie par :

(L, Ly] = (m —n)Lyen + %(m?’ — M)Omtn

Gy, L] = (m = 5)Grqn

2
(G, Gsly = 2L, 15 + %(TQ - 411>5T+s

avecm,n€Z,r,s€L+3, L =L, Gi=G_,.
La propriété d’énergie positive signifie que L(c,h) = H = @ H,, avec
n € iN, tel que Lo = (n + k)€ swr H, et Hy = CQ (avec CQ = Q).

Lemme 1.1. Si L(c, h) est unitaire, alors ¢,h > 0
Théoreéme 1.2. La classification des représentations unitaires L(c,h) est :

(a) Série continue: ¢ > 3/2 et h > 0.

(b) Série discrete: (c,h) = (cm, hp,) avec:
3 8 ((m+2)p —mq)* — 4
= (1 — 2y e =
“ 2( m(m + 2)) v o 8m(m + 2)

et les entiersm >2, 1<p<m-—1, 1<g<m+1etp=q2.
Théoréme 1.3. Les caractéres de la série discréte sont:

ch(L(Cm; hpg))(t) = tr(thomem/24) = XNS(t).FZ;(t).t_C’"/M avec

1412 mi) ™ ()
XNS(t) = H W’ F;Z(t) — Z(t’ﬁ?q n) _ V=pg" ) et

neN* nez
m () = 2m(m +2)n — (m + 2)p + mgq]* — 4
Tea\1t) = 8m(m + 2)

10



Partie II: Fusion de Connes et sous-facteurs pour DUir/;

Soit p =214+ 1, ¢ =25+ 1et m = {+ 2, on note Hfj la. L2-complétion
de L(cpm, hy,). On définit la fusion de Connes X sur les représentations de
charge ¢, de la série discrete, comme des bimodules du facteur de type III;
hyperfini engendré par Ialgebre Neveu-Schwarz locale Uivy /5(I) (i.e. couplée
avec C°(S1)) , avec I un intervalle propre de S'.

Théoréme 1.4 (Fusion de Connes).

ny & Hf‘]l — @ H”ﬁ’j”
(@, ")€Y ex (4,5 ) o2

avec {(a,b), ={c=|a—="b|,la—b+1,..;a+b]|a+b+c<n}.

Soit M, (I) algebre de von Neumann engendrée sur Hf;, par les fonctions
bornées d’opérateurs auto-adjoints de ity 5(1).

Théoréme 1.5 (Dualité de Haag-Araki dans le vide).
Mio(1) = Mo (I°)°
avec X% le supercommutant de X .

Comme défaut de dualité de Haag-Araki hors du vide, on a:

Théoréeme 1.6 (Sous-facteurs de Jones-Wassermann).
)4 £ (71cC
M (I) C My (1 )"

C’est un sous-facteurs de profondeur fini, irréductible, de type I1I; hyperfini,
isomorphe au facteur de type III; hyperfini R, tensorisé avec le sous-facteur
de type I, :

U C® End%tl/Q(Hf )y U Endsml/z(Hg B 1y

sin?(pr/m) sin?(gm/m+2)
sin2(m/m) * sin?(w/m+2) ’

d’indice avec p=2i+1,q=2j+1, m=~0+2.

11



1.4 L’algebre Neveu-Schwarz

On commence avec 201 /5, la superalgebre de Witt du secteur (NS):

[dm7 d”] - (m - n)dm—i-n m,n € Z
['7m>'7n]+ = 2dyin m,n € Z + 3

avec d; = d_,, et 75, = 7_n; on étudie les représentations qui sont:

(a) Unitaire: m(A)* = w(A*)

(b) Projective: A +— 7(A) est linéaire et [7(A), n(B)] — n([A4, B]) € C.
(c) Energie positive : H admet une décomposition orthogonale H = €, iy H,
telle que 3D agissant sur H,, comme multiplication par n, dim(H,) < 400 ,
Hy # {0}. Ici, 3h € C tel que D = w(dy) — hI. Maintenant, la projectivité
donne des 2-cocycles et on voit que Hy(21/2,C) est de dimension 1, 2o
admet une unique extension centrale (a équivalence pres):

0— HQ(Qﬁl/Q,C) — ‘lTitl/2 — in/g — 0
Wity s, est 'algebre SuperVirasoro (du secteur NS) ou algebre Neveu-Schwarz:

(L, Ln) = (m —n) Lnyn + %(ms —M)0m1n
[va Ln] = (m - g)Gm+n
(G, Guly = 2Lm4n + %(mQ - i)5m+n

avec Ly = L_,, G, =G_,, et C =cl, c € C appelé la charge centrale.
Les représentations sont completement réductibles, les irréductibles sont déter-
minées par deux nombres ¢, h, et sont completement données par les représenta-
tions unitaires de plus haut poids de iry 5, décrites comme suit:

Les modules de Verma H = V(c, h) sont librement engendrés par: 0 # Q € H
(vecteur cyclique), CQ = 2, Ly = hQ et %itf/QQ = {0}. Maintenant,
(Q,9) = 1, 7(A)* = 7(A*) et (u,v) = (v,u) donne la forme sesquilinéaire
(,,.). V(c,h) peut admettre des ‘fantomes™ (u,u) < 0 et des ‘vecteurs
nuls> (u,u) = 0. Dans le cas ‘sans fantome’, 'ensemble des ‘vecteurs
nuls’ est K(c, h) le noyau de (.,.), le sous-module propre maximal. Soit
L(c,h) = V(e,h)/K(c, h), la représentation unitaire de plus haut poids.

Le théoreme 1.2 sera prouvé en classifiant les cas ‘sans fantome’.
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1.5 Superalgebres d’opérateurs vertex

Notre approche des superalgebres d’opérateurs vertex est librement inspirée
des références suivantes: Borcherds [11], Goddard [37], Kac [57].

On démarre en travaillant sur algebre fermion: [1,,, U]+ = Omind, ) =
Y_y (m,n € Z+ 3). Comme pour 20y /5, on construit son module de Verma
H = Fpg et la forme sesquilinéaire (.,.), qui est un produit scalaire. H
est un espace préhilbertien, I'unique représentation unitaire de plus haut
poids de l'algebre fermion. Soit la série formelle ¥(2) = > ., ¥, +%z*”*1
appelée champ fermion. On définit inductivement les opérateurs D donnant
la structure d’énergie positive (& [D,¢] = 2.4’ + 319 ) et T donnant une
dérivation ([T,%] = ¢). On calcule (¢(2)Y(w)$2, Q) = = (2] > |w]), ce qui
permet de prouver inductivement une relation d’anticommutation brievement
écrite comme: ¥ (2)Y(w) = —(w)(z). On définit cette relation dans un
cadre général comme la localité: Soit H un espace préhilbertien, et soit
A € (EndH)[[z, z']] une série formelle de la forme A(z) =3, ., A(n)z="!
avec A(n) € End(H). De tels champs A et B sont locaux si 3¢ € Z,, IN € N
tel que Ve,d € H, 3X(A, B, c,d) € (z —w) NC[z*, w*!] tel que:

(A(z)B(w)e,d) si|z| > |w]
(=1 (B(w)A(2)¢, d) si w| > |2|

X(A,B,c,d)(z,w) :{

Maintenant, en utilisant la localité et un argument de contour d’intégration,
on peut construire un champ A, B a partir de A et B, avec (A,B)(m) =

S o(—=1)PCE[A(n — p), B(m +p)l. ifn >0
> pen Crn1(A(n = p)B(m + p) — (=1)7"B(m +n — p)A(p)) if n <0

On obtient 1’ ‘operator product expansion’ (OPE) brievement écrit comme

A(z)B(w) ~ 22:01 Efff )),57;”3 ; par un autre argument de contour d’intégration:

S CE(A,B)(m+n—p) ifm>0
[A(m)a B(n)]s =
zN—l(_l)pCp

(A,B)(m+n—p) if m<0

Grace au lemme de Dong, l'opération (A, B) — A, B permet d’engendrer de
nombreux champs. Pour avoir un bon comportement, on définit un systeme
de générateurs comme:

13



{Ay,..., A} C (EndH)|[z,27Y]] avec D, T € End(H), Q € H tel que:

(a) Vi,j A; et Aj sont locaux avec N = N;; et € = ¢;; = £4,.€j;

(b) Vi [T, A;] = A}

(c) H= EBneN+% pour D, dim(H,) < oo

(d) Vi [D,A;] =2z A; + oA avec a; € N4 =2

(e) Qe Hy, | =1, et ViVmeN, A;(im)Q=DQ=TQ=0

(f) A= {A;(m),Yi Ym € Z} agit irréductiblement sur H,et < A> .Q=H
Ensuite, on engendre 'espace S, avec V' : H — § une application linéaire
de correspondance état-champ. V' (a)(z) est noté V(a, z) et V(a, 2)Q.—¢ = a.
Maintenant, {1} est un systeme de générateur, on engendre S et 'application
V avec ¢(z) = V(w%Q,z); mais (2)Y(w) ~ 2L + 2L(w), avec L(z) =
> ez Lnz "2 = 2h_0h(2) = V(w, 2) avec w = %w_%@/}_%ﬂ. Ainsi, en util-
isant '’OPE et le crochet de Lie, on trouve que D = Ly, T'= L_y, L(2) L(w) ~
Eg/j)v[)ff (221—:(5))2 + él_(lz,))a et [Li, Ln] = (m —n) Ly + ﬁm<m2
¢ =2||L_xQ> = 1, la charge centrale. Comme corollaire, Yir agit sur H =
Fns, et admet sa représentation unitaire de plus haut poids L(e, h) = L(%, 0)
comme sous-module minimal contenant €2. On appelle w € H le vecteur Vi-
rasoro, et L le champ Virasoro. On est maintenant en mesure de définir les
superalgebres d’opérateurs vertex en général: Une superalgebre d’opérateurs
vertex est donné par un quadruplet (H,V, 2, w) avec:

(a) H = Hy @ Hj un superespace préhilbertien.

(b) V: H— (EndH)|[z,27!]] une application linéaire.

(c) Q, w € H les vecteurs vide et Virasoro.

Soient S, = V(H.), S =83 ® St et A(z) =V(a,2) =, An)z"""1,
alors (H,V,Q,w) satisfait les axiomes suivant:

(1) VneN, VA€ S, An)Q =0, V(a,2)Q.—0 = a, et V(Q,2) = Id

(2) A={A(n)|A € §,n € Z} agit irréductiblement sur H, avec A.QQ = H.
(8) VAe S.,,VB € S.,, A and B sont locaux avec € = €1.€2, A, B € S;,4c,
Q) V(w,2) = 30 Loz "2 (L, Ln] = (m=1) Loy + 2L (m2 = 1)6, 4
(5) H = @%NJF% H, for Ly, dim(H,) < oo and H. = @%NJF% H,

(6) [Lo,V(a,z)] = 2V'(a,z) + a.V(a,2z) pour a € H,

(7) [L-1,V(a,2)]=V'(a,2) =V (L_y1.a,2) €S

Comme corollaires, on obtient qu’un systeme de générateurs, engendrant un
champ Virasoro L € §, avec D = Ly et T'= L_;, engendre une superalgebre
d’opérateurs vertex; les champs fermion 1) et Virasoro L, en donnent chacun
une; on a 'associativité de Borcherds: V(a, 2)V (b,w) = V(V(a,z — w)b, w).

— 1)dpnen avec
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1.6 g-superalgebre d’opérateur vertex et modules

Soit g une algebre de Lie simple de dimension N, une base (X,) bien nor-
malisée (voir remarque 5.2) telle que [X,, X;| =) I, X, avec I, € R to-
talement antisymétrique. Soit son nombre de Coxeter dual g = §>°, .(T'%,)%.

g A, B, Cy D, FEe | By | BEs | Fy | G
dim(g) | n*+2n | 2n°+n | 2n*+n [ 2n° —n | 78 | 133 | 248 | 52 | 14
g n+1 2n —1 n+1 2n—2 |12 | 18 | 30 | 9 | 4

Par exemple, g = A; = sly, dim(g) =3 et g = 2.

Soit g, lalgebre g-boson: [X¢,X°] = [X,, Xp|min + MO0 in.L, unique
extension centrale (par £) de Palgebre de lacets Lg = C*(S!, g) (voir [100] p
43). Les représentations de plus haut poids unitaires de g, sont H = L(V}, ¢),
avec ¢ € N tel que L = (Q (le niveau de H), Hy = V) une représentation
irréductible de g avec (A, 0) < ¢ et A le plus haut poids et 6 la plus haute
racine (voir [100] p 45). La catégorie €, des représentations pour ¢ fixé est
fini. Par exemple g = sly, H = L(j, /), avec V), =V} de spin j < g

On définit I’algebre g-fermion g_ et les champs fermions, composés de N
fermions; et comme pour N = 1, on engendre une superalgebre d’opérateurs
vertex, mais maintenant, elle contient des champs g-bosons (S%), dont ’algebre
associée est représentée avec L(Vj, g); et grace au contexte vertex de g_, les
champs (S®) engendrent une superalgebre d’opérateurs vertex; de la méme
maniere, on est en mesure d’en engendrer une, a partir de g, et H = L(Vj, ¢),
v/ € N. On remarque qu’a cause de I’axiome associé au vecteur vide, la struc-
ture vertex impose V) = Vj, la représentation triviale; en général, on a des
modules vertex (voir les prochains paragraphes).

Maintenant, soit g = g, x g_ lalgébre g-supersymétrique, on prouve
quelle admet H = L(V), () ® Fx.¢ comme représentations de plus haut poids
unitaires. On génere une superalgebre d’opérateurs vertex, avec un champ
Virasoro L, et également un champ SuperVirasoro GG, ce qui donne la super-
symétrie boson-fermion: soient B* = X* 4+ S* les champ bosons de niveau
d =0+ g, alors B*(2)G(w) ~ d2 22 ot ¢2(2)G(w) ~ d’lBa( )

(z—w)? (z—w) "
Finallement, & partir de H* = L(Vj,{)®Fxg, on définit un module vertex
(HM VA) sur (H°,V,Q,w), et on prouve que Pir, agit unitairement sur H A

et admet L(c, h) comme sous-module minimal contenant le vecteur cyclique

A _§_£39 —
Q% avec ¢ = 5 - 2 dim(g), h =

Z‘f&i\g) et cy, le nombre de Casimir de V).
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1.7 Le cadre de Goddard-Kent-Olive

On prend g = sl. Soit H une représentation unitaire projective d’énergie
(@]

positive de l'algeébre de lacets Lg. Soit ch(H)(t,z) = tr(t?o212%3) le ca-

ractere de H. Lg agit sur Fyg, et par l'identité du triple produit de Ja-

cobi Zkezt2k2 =Tl (1 + "22)(1 + t""2271)(1 — ¢"), on prouve que

oL

ch(Fy s)(t; 2) =t ws()0(t, 2) avee xws(t) = [Ten () et 0(t,2) =

Zkezm . Ensuite, solent H = L(j, (), et les fonctions théta 6,,,,(t, z) =

> heraz tmkzzmk, alors par les formules de Kac-Weyl pour Lg: ch(L(j,¢)) =

2m

02"’“1;1*2:2:?72‘1’“2 (see [49], [56] or [100] p 62). Maintenant, en adaptant la

preuve dans [54] p 122, on obtient la formule produit: 0(t,2).0,,,(t,2) =
m m{m m my 2

Zogqiz(ngrm(znez tapq(n))eq,m+2<ta z) avec 0‘%(”) el w o

8m(m+2)
Mais Lg agit sur L(j, {)®@F§ ¢ & niveau £+2; on en déduit: ch(L(j,()@Fzg) =
Zl<q<m}+1 Em ch(L(k, 0+2)), Fi(t) =t 0 ng(t) Y, cp(t*at™ — %),

p=27+1, ¢q=2k+1et m = {+2; et la décomposition du produit tensoriel:
L(j,0) ®.7:]gvs = Pi<o<mis M7 @ L(k, £ +2) avec M7 'espace de multiplicité.
P=q[2]

Cadre GKO general Soit h une x-superalgebre de Lie agissant unitairement
sur une somme directe finie H = @ M; ® H; avec H; irréductible et M;
I’espace de mulitiplicité. On voit que M; est I'espace préhilbertien des super-
entrelacements Homg(H;, H). Maintenant, si 0 est une x-superalgebre de Lie
agissant sur H et H; comme représentations unitaires, projectives, d’énergie
positive, et dont la différence (7(D) — > m;(D)) supercommute avec b, alors,
idem sur M;, avec pour cocycle, la différence des deux autres. Ensuite, en
prenant h = g et 0 = Wy, on trouve cym = dlm(g)(l — %) -
= Cp, car m = £+ 2, g = 2 et dim(g) = 3. Main-

3 8
5(1 B m(m+2)) -
tenant, le caractére d’'un iry p-module H est : ch(H)(t) = tr(t**~ =), ainsi:

(M) (8) = =5 s (6)- T (1), Tin(t) = 2, (£ =107 s (1) =
n—1/2 m 2m(m+2)n—(m+2)p+mgql®—4 m m+2)p—mq|?—4

[Len 1+1t—t" et Ypg(n) = Pl )smgmiQ))er 2 - Alors, hyy = =L wmé)]

est la plus petite valeur propre de Lo sur M soit (p/,¢') = (m p,m+2—q),

pQ’
alors ch(Mm) ~ ¢~ 31 xys(t).t"ra (1t —t"2" ) Ainsi, ch(Mm).t35 ~ "1, et

le h:-espace propre de Ly est de dimension 1, donc L(cp,, by ) est un Uity o-

sous- module de M}, et ch(L(cm, hyy)) < ch(M;y). Finalement, comme M3

pa’
est unitaire, il en est de méme pour L(c,,, hl!) dans la série discrete.

pq
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1.8 La formule du déterminant de Kac

A partir de (¢, hp,), on définit Ay, Ve € C. Soit @p,(c,h) = (b — k),
Opg(c,h) = (b — hg )(h — hi)) sip # q; ¢pg € Cle,h] et est irreductible.
Soit V,,(c, h) le n-espace propre de D = Ly — hl et d(n) sa dimension. Soit
M, (c, h) la matrice de (.,.) sur V,,(c, h) et det,(c, h) = det(M,(c, h)).

Par exemple, My(c, h) = (£2,Q) = (1), M%(c, h) = (G_%Q,G_%Q) = (2h),
Ml(C, ]’L) = (L_lg,L_lg) = (Qh), et M%(C, h) =

(G_%L_lQ,G_%L_lQ) (G_%L_lQ,G_%Q) [ 2h+ 4h? 4h
(G7%Q,G7%L,1Q) (G,gQ,G,%Q) o 4h 2h + %C
Maintenant, dets (ci, h) = 8h[h? — (5 — %*)h + ¢/6] = 8h(h — hi3)(h — hi}),
alors, det%(c, h) = 8h(h — h{s)(h — h§;) = 8¢11(c, h).¢13(c, h) Ve € C. Ainsi,
d’autres exemples permettent d’intérpoler la formule du déterminant de Kac:

det,(c,h) = A, [ (h—=hg)™ ™ =4, [ ¢ (c,h)
0<pq/2<n 0<pq/2<n
p=q[2] p<q, p=q[2]
avec A, > 0 indépendant de ¢ et h. Pour la démontrer, on utilise des
vecteurs singuliers s € V(¢ h), i.e. Lo.s = (h+ n)s avec n > 0 son
niveau, et Qﬁtfm.s = 0. Ceci est équivalent a G/3.5 = G3/2.5 = 0, ainsi, on
trouve facilement les singuliers (mG_gjo—(m+2)L_1G_12)Q € V3s9(cm, hi),
G_l/gQ c ‘/1/2(0, hil)? ou (L2_1 — %h§2L_2 — G_g/QG_l/Q)Q S ‘/2(07 th)
Maintenant, ch(V (c, h)) = t"~2ixns(t) et les vecteurs singuliers engendrent
K(c, h). Ainsi, V(c, h) a un vecteur singulier de niveau minimal n € 1N ssi

ch(L(c, h)) ~ th=zixng(t)(1 — "),
mais grace a la construction ‘coset’:
ch(L(cm, h)) < ch(M) ~ t~ 3 xns(t) . (1 — t% —t72")

Donc V (¢, hyy,) admet un vecteur singulier s de niveau n' < min(pq/2,p'q'/2),
et pour n > n’, det, s’annule en (cm,h;’;) avec m, un entier suffisamment

grand. Alors il s’annule sur une infinité de zéros de l'irréductible ¢,,, donc

pq divise det,,. Mais au niveau n, s engendre un sous-espace de dimension

d(n —n'), ainsi d,,(¢, h) = [Jo<pqgja<n(h — h;q)d(nquﬂ) divise det,,.

p=q[2]
Finalement, un argument de cardinalité montre d,, et det, avec le méme

degré en h. Le résultat s’ensuit.
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1.9 Le critere d’unitarité de Friedan-Qiu-Shenker

Le critere de FQS a été découvert pour Uir, par Friedan, Qiu et Shenker
[25], mais des mathématiciens estimaient leur preuve trop rapide, et alors,
FQS [28] et Langlands [64] publierent en méme temps une preuve complete.
Au début de notre travail sur ity , on avait décidé d’adapter la preuve de
Langlands, mais on a trouvé une erreure dans son papier ([64] lemma 7b p
148: p=2,g=1, m =2, h;}]:g,M:éloup:él,q:l,m:?), h%:%’
M = 13 correspondent au cas (B), mais (p,q) # (1,1) et m # ¢+p— 1. En
fait, on a besoin de distinguer entre g # 1 et ¢ = 1, pas entre (p,q) # (1,1)
et ¢ = (1,1)). Ensuite, on a découvert que Sauvageot avait déja publié une
telle adaptation, mais sans correction ([82] lemma 2 (ii) p 648). On a alors
choisi d’adapter la méthode de FQS.

On cherche une condition nécessaire sur (¢, h) pour que V (¢, h) n’ait pas
de ‘fantome’. Tout d’abord, si V' (¢, h) n’admet pas de ‘fantome’ alors ¢, h > 0
(facile). Maintenant, le déterminant de Kac ne s’annule pas dans la région
h >0, ¢ > 3/2, et pour (¢, h) large, on prouve que la forme (.,.) est positive.
Ainsi, par continuité, si h > 0 et ¢ > 3/2, V(c, h) n’admet pas de ‘fantome’.
Maintenant, dans la région 0 < ¢ < 3/2, h > 0, le critere FQS dit que V (¢, h)
admet des ‘fantomes’ si (c, h) n’appartient pas a (cm, hyy), avec des entiers
m>2 1<p<m-—1, 1 <qg<m+1etp=q2,ie., exactement la
série discrete donnée par la construction ‘coset’ ! Pour démontrer ce résultat,
on exploite I’ensemble des zéros des déterminants de Kac, constitué par des
courbes Cy, d’équation h = h; avec 0 # p = q[2]. Tout d’abord, on se
limite a C}_, le sous-ensemble ouvert de Cp,, entre ¢ = 3/2 et sa premiere
intersection au niveau pg/2. Soit p'q’ > pq, Cpy est une premiere intersectrice
de C}, si au niveau p'q’'/2, elle est la premiere a intersecter C, en partant
de ¢ = 3/2. On voit que ces premieres intersections constituent exactement
la série discrete. Maintenant, pour chaque région ouverte entre les courbes
C,,> on peut trouver n avec det, négatif. Cela signifie que V(c,h) y admet
un ‘fantome’; on peut donc éliminer ces régions. Donc maintenant, il reste
a éliminer les intervalles de C]  entre les points de la série discrete. On
commence depuis la région ’sans-fantome‘ h > 0, ¢ > 3/2 et on se dirige vers
un tel intervalle. Sur le chemin, on rencontre une courbe d’annulation (bien
choisie) d’ordre 1: donc de l'autre c6té il y a un ‘fantéme’. On continue le
long de cette courbe avec notre ‘fantome’, jusqu’a un point d’intersection.
Maintenant, puisque les intersections sont transverses, on peut distinguer
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entre les vecteurs ‘nuls’ de la premiere et la deuxieme courbe, et ainsi, notre
‘fantome’ continue d’exister sur l'autre courbe. En répétant ce principe, on
peut aller jusqu’a l'intervalle, sans perdre le ‘fantome’. Le critere FQS et le
théoreme 1.2 s’ensuivent.

1.10 L’argument de Wassermann

On montre que l'espace de multiplicité par la construction ‘coset’, est une
représentation irréductible de I'algebre Neveu-Schwarz, ce qui donne directe-
ment (comme dans [100] p 72 pour Vir) les caracteres de la série discrete,
sans résolution de Feigin-Fuchs [20]: Comme corollaire de la preuve du
critere FQS, aux niveaux < M = max(pq/2,p'q'/2), il existe seulement deux
vecteurs singuliers s et s’, aux niveaux pq/2 et p'q'/2. Ainsi, ch(L(cm, hjy)) ~
thia—em/2y ng(t) (1 — P92 — 7'4/2) | comme pour D'espace de multiplicité M,
et alors, ch(M) —ch(L(cm, hi)) = xns(t).t=m/24o(t"sa ). Maintenant, on
sait que L(cp, hjy) est un sous-module de M7; si M7 admet un autre sous-
module irréductible, par le critere FQS, il est de la forme L(c,,, h"); mais
par le lemme: hj, + M > m?/8 et h™ < m(2_2), on obtient par cohérence
sur les caractere, la contradiction: %2 < M + hy, < By < m("gfz). Ainsi,
M7 = L(c(m), hy') et ch(L(cm, hyy)) = ch(M]7), mais la construction ‘coset’
a déja donné les caracteres des espaces de multiplicité. Le théoreme 1.3

s’ensuit.
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1.11 Algebres de von Neumann locales

Pour ’algebre de lacets Lg et I'algebre Virasoro Ui, on peut travailler avec
les groupes correspondant: LG et Diff(S!). Pour l'algébre Neveu-Schwarz,
il n’y a pas de groupe correspondant aux supergenerateurs (G,, et ainsi on
a besoin de travailler avec des opérateurs non bornés. A partir de I'algebre
g-supersymetrique g, on construit une superalgebre de Lie locale g(I) (avec
I un intervalle propre de S'), en couplant avec les fonctions lisses s’annulant
en dehors de I. De la méme maniere, on définit la superalgebre de Lie lo-
cale Neveu-Schwarz Uivy»(I). Grace aux estimés de Sobolev, ces algebres
locales (contenant des opérateurs non bornés) sont représentées contintiment
sur la complétion Ly-lisse de leurs représentations d’énergie positive. Main-
tenant, on définit les algebres de von Neumann par ces algebres locales,
comme les algebres de von Neumann engendrées par les fonctions bornées
de leurs opérateurs auto-adjoints; ce sont des algebres de von Neumann
Zy-graduées. Ensuite, g agit sur un espace de Fock de fermions réels et
complexes, qui se décompose en toutes ses représentations d’énergie posi-
tive (avec multiplicités), et par construction ‘coset’, on peut faire de méme
avec Uiry/p. Ainsi, on voit que les précédentes algebres de von Neumann
sont incluses avec espérance conditionnelle dans une grande algebre de von
Neumann M(I), engendrée par des fermions couplés réels et complexes, qui
est (par [99] et une construction doublante) le facteur hyperfini de type I11;.
Maintenant, ’action modulaire est ergodique, ainsi, par dévissage de Take-
saki N (1) = m(Wiryo(I))” est également le facteur hyperfini de type IIIy, et
par définition du type III, il en est de méme pour chaque sous-représentations,
donc en particulier pour m;(Bity2(1))”, avec 7; une représentation d’énergie
positive irréductible générique. On en déduit 1’équivalence locale, ie, les
représentations de la séries discrete sont unitairement équivalentes quand on
se restreint a Uity j»(/); on en déduit également la dualité de Haag-Araki:

7o (Vity o (1€))* = mo(Vivy j2(1))”

avec X" le supercommutant de X, & partir de la dualité de Haag-Araki connue
pour M(I), car le vecteur vide de Hy est invariant par 'opérateur modulaire
A de M(I). En dehors du vide, on a un sous-facteur de Jones-Wassermann:

T (%itl/g(j))// C 71—z'(mitl/Z(IC»h

comme défaut de dualité de Haag-Araki.
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1.12 Champs primaires

Soit py la projection sur la représentation vide Hy. Par la relation de Jones
poM(I)po = N(I)py, I'algebre mo(Vivyjo(I))” est engendré par des produits
de fermions réels et complexes compressés: pot1(f1)pi, Vo (f2)Diy--Un(fr)po,
avec p; la projection sur H; C H et f, localisé en I. Les p;o(f)p; sont des
opérateurs bornés (super)entrelacant 'action de Uity »(/¢) entre les représen-
tations H; et H;. On veut interpréter ces compressions comme des champs
primaires couplés. On définit un champ primaire par un opérateur linéaire:

%ZHj@F;M—)Hi

qui super-entrelace I'action de Uity o; avec H;, H; dans la série discrete de
Wiy, (k est appelé la charge de qbfj), et F3 , une représentation ordinaire de
iy avec la base (vi)icz+ 2, (wj)jez+lfTo, et:
(a) Ly.vi = —(i 4+ pt+ An)vigy
(b) Gs.U; = Wigs
(€) Lnw; = =(j + p+ (A = 3)n)wjn
(d) Gty = —(j + i+ (20 — D)8y,
avec A =1—hy, p=hj —h;, 0 =0,1.
Soit I'espace des densités {f(0)e?(df)*|f € C*°(S')} ol un recouvrement
fini de Diff(S') agit par reparamétrisation § — p=1(0) (si u € Q). Ainsi,
son algebre de Lie agit aussi, donc c’est un Uir-module annulant le centre.
Finalement, une construction équivalente avec des superdensités donne un
modele de F' %, comme ity o-module.
Ce champ primaire est équivalent a deux opérateurs vertex généralisés

7.(2) (appelé la partie ordinaire) et 6;(z) = [G_1/2, ¢;(2)] (appelé la par-
tie super), et on prouve que pour i,j, k et o fixés, de tels opérateurs sont
completement caractérisés par quelques conditions de compatibilité, donc
I'espace des champs primaires associés est au plus de dimension un. No-
tons que o = 0 donne ¢fj avec des modes entiers et ¢ = 1, avec des modes
demi-entiers. Pour la charge o = (1/2,1/2), on construit ces opérateurs de
la maniere suivante (une adaptation d’une idée de Loke pour Uit [66], sim-
plifié par A. Wassermann): on commence avec la construction ‘coset’” GKO
Fie@H! = @ HY, @ HS™, on prend le champ primaire vertex de LSU(2) de
niveau ¢ et spin 1/2: I ® qﬁl/u(z,v) : Frg @ Hf — Frg ® HY, avec v € Vi
(la représentation vectorielle de SU(2)). Soit py la projection sur le bloc

1j
HY, @ H:2. Par relations de compatibilité et unicité, py (I @ ¢-/** =
o AR patibilité et unicité, py (I @ ¢~ (z,v))py =
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1
C.2"¢G,0(2) @ b " (2,v), avec C' une constante éventuellement nulle et

r € Q. Maintenant, I ® gzﬁl/”( v) = Pl ® (bl/%(z,v))pj/, donc au
moins un terme est non nul. Plus précisement, on prouve par un argument
d’irréductibilité que Vj’, 3i" avec un terme non-nul, et ainsi ¢ ;. (2) est
non-nul. Notons que les simples relations de localité entre les fermions non-
compressés couplés concentrés sur des intervalles disjoints (ie (f)w(g) =
—1(g9)¥(f)), admettent un équivalent un peu plus compliqué aprés la com-
pression: les relations de tressage. Maintenant, en utilisant la méme idée que
Tsuchiya-Nakanishi [92], on déduit les relations de tressage pour ity o: sa
matrice de tressage est la matrice de tressage pour LSU(2) de niveau ¢, fois
la transposée de I'inverse de la matrice de tressage pour LSU(2) de niveau
¢+ 2 (c’est prouvé par la contribution d’une transformation de jauge inverse
de I’équation de Knizhnik-Zamolodchikov pour le tressage de LSU(2)). On
obtient alors des coefficients non nuls:

g{]]’(z) ]j’k‘k”( ) Z,UT‘T (ﬁ“ Lyl ( )¢$’éf’k‘k”(2) avec Lhyp 7£ 0.
Maintenant si ¢

G = 0 avec qbl/ 2t gb# ® non nuls, alors la relation de
tressage de ¢, avec son adjoint est nulle, mais produit quelques termes non-
nuls ¢, par le précédent argument d’irréductibilité: contradiction. Ainsi,
on voit que ¢g ;. est non nul ssi gbl/% tgbl/Q 2 sont non nuls, ie, 7/ =14+1/2
et j/ = 7+ 1/2 (& quelques condltlons de bord pres). Maintenant, pour la

charge = (0,1) et le tressage avec «, on fait de méme, 51 partir de champ

fermion Neveu-Schwarz ¢ (u, z) ® I commutant avec I ® ’g(v, w).

Ensuite, par un argument de convolution, le tressage fonctlonne également
avec deux champs primaires couplés concentrés sur des intervalles disjoints.
On déduit également que les algebres de von Neumann 7o (Uiry /2(1))” sont en-
gendrées par des chaines de champs primaires. Cette nouvelle caractérisation
est essentielle pour prouver la densité de von Neumann: si I est un intervalle
propre de S! et I;, I, sont des intervalles obtenus en enlevant un point de I
alors, (Wil )"V i (ie] 99)" = mi(Viry2(1))". Par équivalence locale, on a
seulement besoin de le prouver dans le vide; dans lequel I'algebre locale sur I
est engendrée par des chaines concentrées en I. Par linéarité, le contexte L2
et une sorte d’OPE, on peut séparer en produit de chaines sur I; et I. En-
suite, la densité de von Neumann implique 'irréductibilité du sous-facteur de
Jones-Wassermann: 7;(Bivy2(1))? N 7;(Bivy 2(1))* = C, ce qui signifie que
les représentations H; sont des Uity /2(1 ) @ Viry /Q(I ¢)-modules irréductibles.
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1.13 Fusion de Connes et sous-facteurs

Par ce qui précede, les représentations de la série discrete sont des bimo-
dules irréductibles sur l'algebre de von Neumann M = mo(Wity5(1))”. On
définit un produit tensoriel relatif appelé fusion de Connes X, en utilisant
des fonctions 4-points: Soit Hom_(Ho, H;) ® Hompm—(Hy, H;), un M-M
bimodule Zs-gradué, on définit un produit scalaire par:

(21 @ Y1, T2 @ o) = (—1) 071 T072)002 (g5 454, 0, Q)

La L2-complétion est toujours un M-M bimodule Z,-gradué, appelé la fusion
de Connes entre H; et H; et noté H; X H;. La fusion est associative. On
obtient I'anneau de fusion pour @ et K. L’outil clé pour calculer la fusion est
la formule de transport qui montre explicitement comment les chaines de la
représentation vide, se transforment en chailnes sur d’autre représentations
par les relations d’entrelacement. Grace aux relations de tressage connues
pour la charge «, on sait prouver la formule de transport suivante:

T (G0a-0a0) = Y AkGji.ag;  avec A, > 0.

avec ag; un champ primaire couplé de charge o (et partie ordinaire, donc
paire) de Wity /, entre H; et H) concentré en I, ajj, = a;j, et m;j : Hy — H;
I'équivalence locale. Maintenant, a,o € Hom_(Hy, H,), donc:

laao ® ylI* = (afotaoy*y<2, Q) = (y*mj(atota0)yS, ) = 37 Aellaw;y Q.

Ainsi, en utilisant le fait que a,0M est dense dans Hom_(Hy, H,) (par
densité de von Neumann), une polarisation et 'irréductibilité des bimodules,
on obtient une application unitaire entre H, X H; et @, (o) Hy, avec k €
(v, j) ssi @ # 0. On obtient les regles de fusion avec a:

Ho W Hj = @ke(ayj) H,.

Maintenant, idem avec les relations de tressages entre des champs primaires
de charge « et (3, on obtient une formule de transport partielle et des regles
de fusion partielles avec (:

Hs ¥ Hj < @Bpe s,y He
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Mais, les regles de fusion avec a permettent de calculer un caractere de
"anneau de fusion appelé la dimension quantique (par le théoreme de Perron-
Frobenius). Une maniere simple de calculer les dimensions quantiques est de
voir que 'anneau de fusion pour 'algebre Neveu-Schwarz a charge ¢, est le
produit tensoriel des anneaux de fusion pour I’algebre de lacets aux niveaux ¢
et {42 (avec m = £+ 2), modulo un automorphisme de période deux. Ainsi,
les dimensions quantiques pour l'algebre Neveu-Schwarz sont des produits
de deux dimensions quantiques de 'algebre de lacets (correspondant a la
construction ‘coset’):

2 sin((2i+1)7w/(£+2)) sin((2j+1)m/((+4

AHE) = dCH) () = St st
Les dimensions quantiques montrent que les regles partielles avec § sont en
fait exactes. Ensuite, on voit que les regles de fusion pour « et 8 permettent
de calculer toutes les autres. Finalement, les sous-facteurs (de type III; hy-
perfini) de Jones-Wassermann sont isomorphes & des sous-facteurs de type II;
hyperfini, tensorisés par le facteur de type III; hyperfini, par H. Wenzl [103]
et S. Popa [77]. Ces derniers sous-facteurs sont irréductibles, de profondeur
fini et d’indices finis, donnés par le carré des dimensions quantiques.
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2 Introduction in english

2.1 Background

In the 90’s, V. Jones and A. Wassermann started a program whose goal is to
understand the unitary conformal field theory from the point of view of oper-
ator algebras (see [46], [98]). In [99], Wassermann defines and computes the
Connes fusion of the irreducible positive energy representations of the loop
group LSU(n) at fixed level ¢, using primary fields, and with consequences
in the theory of subfactors. In [87] V. Toledano Laredo proves the Connes
fusion rules for LSpin(2n) using similar methods. Now, let Diff(S') be the
diffeomorphism group on the circle, its Lie algebra is the Witt algebra 20
generated by d,, (n € Z), with [d,,,d,] = (m — n)d,4. It admits a unique
central extension called the Virasoro algebra Qit. Its unitary positive en-
ergy representation theory and the character formulas can be deduced by a
so-called Goddard-Kent-Olive (GKO) coset construction from the theory of
LSU(2) and the Kac-Weyl formulas (see [100], [35], [100]). In [66], T. Loke
uses the coset construction to compute the Connes fusion for Uit. Now, the
Witt algebra admits two supersymmetric extensions 2y and 20, /» with cen-
tral extensions called the Ramond and the Neveu-Schwarz algebras, noted
Yirg and YViry . In this work, we give a complete proof of the classification
of the unitary positive energy representations of Ui/, we compute their
character and the Connes fusion, with consequences in subfactors theory.
Note that we could do the same for the Ramond algebra Ui, using twisted
vertex module over the vertex operator algebra of the Neveu-Schwarz alge-
bra Wity 5, as R. W. Verrill [96] and Wassermann [102] do for twisted loop
groups.
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2.2 Overview

First, we look unitary, projective, positive energy representations of 2, /5.
The projectivity gives 2-cocycles, so that 20,/ admits a unique central ex-
tension Vit /p. Such representations are completely reducible, and the irre-
ducibles are given by the unitary highest weight representations of ity :
Verma modules V' (¢, h) quotiented by null vectors, in no-ghost cases.

From the fermion algebra on H = Fyg, we build the fermion field ¢(z).
Locality and Dong’s lemma permit, via OPE, to generate a set of fields S, so
that thereisa 1 — 1 map V : H — S, with Id = V() and a Virasoro field
L =V (w). Then, we give vertex operator superalgebra’s axioms, permitting
to come so far, in a general framework (H,V,Q,w), with H prehilbert.

Let g a simple finite-dimensional Lie algebra, g, the g-boson algebra
(central extension of the loop algebra Lg) and g_ the g-fermion algebra.
We build a module vertex operator superalgebra from g =g, x g_ on H =
L(Vx, 0) ® FRg, so that Dty 5 acts on with (¢, h) = (- %dim(g), %),
with g the dual Coxeter number and cy, the Casimir number.

Let g = sl,, using theta functions framework, we obtain the decompo-
sition of H = Frg ® (L(j,0) @ Frg) as g-module. The multiplicity spaces
of irreducible components Hj, are superintertwiners space Homg(Hy, H); we
deduce their character as module of 20, 5, which acts on with L(c, h;’;) as
submodule by GKO construction. The unitarity of the discrete series follows.

We define irreducible polynomial ¢,q(c, h) from (¢, hyy). The Kac de-
terminant det,(c, h) of the sesquilinear form on V(c, h) at level n is easily
interpolate, as a product of ¢,,, computing the first examples. To prove it,
we enlight links between previous characters results and singular vectors s
(i.e. Gij2.8 = G3/5.5 = 0), whose the existence vanishes det,,.

A negative Kac determinant shows easily a ghost on the region between
the curves h = hy . Now, we go from the no-ghost region A > 0, ¢ > 3/2
to an order 1 vanishing curve C; then, on the other side, there is a ghost.
By transversality, it pass on the curve intersecting C' next. And so on each
curves, excepting ‘first intersections’”: discrete series. Theorem 2.2 follows.

Finally, a coherence argument between the characters of the multiplicity
spaces My and its irreducibles (on discrete series by FQS), shows My, with-
out others irreducibles that L(c,, h%). So, M) = L(cm, hy',) and we obtain
the character of L(cpy,h;!,) as the character of M7, ever known by GKO
construction. Theorem 2.3 follows.
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Now, g and ity /» give local superalgebras g(I) and Ui, /»(1) by smearing
with the smooth functions vanishing outside of I a proper interval of S!.
By Sobolev estimates, the action on the positive energy representations is
continuous. We generate their von Neumann algebra, included in an algebra
of fermions. By Takesaki devissage and coset construction, we obtain that
these algebras are the hyperfinite III; factor, whose the supercommutants
are generated by chains of compressed fermions. Also, there is Haag-Araki
duality on the vacuum, and outside, a Jones-Wassermann subfactor as a
failure of duality.

The compressed fermions are examples of primary fields. We construct
them in general from maps intertwining two irreducible representations, deal-
ing with spaces of densities. We see that these maps are completely char-
acterized, bounded and classified by coset for two particular charges a, (3.
We obtain also their braiding relations, which allow to give the leading term
of a kind of OPE for smeared primary fields, which permit, to have the von
Neumann density and the irreducibility of the subfactors.

Then, we obtain irreducible bimodules of local von Neumann algebras,
giving the framework to define the Connes fusion. Its rules are a direct
consequence of the transport formula (explaining the intertwining for chains),
which is proved by the braiding relations and the von Neumann density. The
rules give the dimension of the space of primary fields, they show also that
the subfactors are finite index, explicitly given by the square of the quantum
dimension, a fusion ring character given as unique positive eigenvalue of
a fusion matrix, and a product of two quantum dimensions of LSU(2) by
Perron-Frobenius theorem.
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2.3 Main results
Part I: Unitary series and characters for ‘Uit

The irreducible positive energy representations of the Neveu-Schwarz algebra
Wity s, are denoted L(c, h) with  its cyclic vector. Our purpose is to give
a complete proof of the classification of unitary representations, in such a
way that we obtain directly the characters of the discrete series, without
Feigin-Fuchs resolution [20]. The Neveu-Schwarz algebra is defined by:

(L, L) = (m —n)Lnyn + %(mg = M)0min
[Grv Ln] = (m - %)Gr+n
(G, Gsly = 2L, 15 + %(TQ - 411>5T+s

withm,n€Z,r,s€Z+3, Ly =L, Gi=G_,.
Positive energy means that L(c,h) = H = @ H,, with n € 3N, such that
Lo = (n+ h)§ on H, and Hy = CQ (with CQ = Q).

Lemma 2.1. If L(c, h) is unitary, then ¢,h > 0
Theorem 2.2. The classification of unitary representations L(c, h) is:
(a) Continuous series: ¢ > 3/2 and h > 0.

(b) Discrete series: (¢, h) = (¢, h2") with:

Pq)

Cm =

3 8 m ((m+2)p—mq)*>—4
5(1 ~ m(m+ 2)) and - hyy = 8m(m + 2)

with integersm > 2, 1<p<m-—1, 1<g<m+1 andp = q[2].
Theorem 2.3. The characters of the discrete series are:

h(L(cm, h))(t) = tr(tho= /20y = x oy (£) T (t).t/** with

1412 m m
XNS(t) = H _—, F;’Z‘](t) — Z(t’ypq(n) — t’yqu TL)) and

1—tn
neN* nez
m () = 2m(m +2)n — (m + 2)p + mgq]® — 4
Toa\1t) = 8m(m + 2)
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Part 1I: Connes fusion and subfactors for Uit /»

Let p=2i4+1,q=2j+ 1 and m = ¢ + 2, we note Hfj the L2-completion of
L(cm, by ). We define the Connes fusion X on the discrete series representa-
tions of charge c¢,,, as bimodules of the hyperfinite III;-factor generated by
the local Neveu-Schwarz algebra it »(I), with I a proper interval of S*.

Theorem 2.4. (Connes fusion)

"

14 L _ 4
H'Lj & H,L‘/j/ - @ H,Z://

(iuv j//)e<i,7;/>g>< <j7jl>e+2

J

with (a,b), ={c=la—"b|,la—=bl+1,..,a+b|a+b+c<n}.

Let /\/lfj(] ) be the von Neumann algebra generated on Hf;, by the bounded
function of the self-adjoint operators of Wity 5(1).

Theorem 2.5. (Haag-Araki duality on the vacuum)
Mgo(—,) - -/\/léo(fc)h
with XY be the supercommutant of X.
As a failure of Haag-Araki duality out of the vacuum, we have:
Theorem 2.6. (Jones-Wassermann subfactor)
)4 { (71cC
M (I) € My (1 )"

It’s a finite depth, irreducible, hyperfinite III;-subfactor, isomorphic to the
hyperfinite I, -factor Ry tensor the II-subfactor :

(JC @ Bndgi, ,,(H)™)" € (| Endsgur, , (H;)™ )"

sin?(pr/m) sin?(qm/(m+2))
sin?(mw/m) * sin?(mw/(m+2)) ’

of index with p=2i+1,q=27+1, m=/(+2.
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2.4 The Neveu-Schwarz algebra
We start with 20/, the Witt superalgebra of sector (NS):

[dm7 d”] - (m - n)dm—i-n m,n € Z
['7m>'7n]+ = 2dyin m,n € Z + 3

together with d; = d_,, and ~},, = v_,,; we study representations which are:
(a) Unitary: m(A)* = w(A*)

(b) Projective: A — w(A) is linear and [r(A), 7(B)] — 7([A, B]) € C.

(c) Positive energy : H admits an orthogonal decomposition H = @, . 1y H,
such that 3D acting on H,, as multiplication by n, Hy # {0}, dim(H,,) < +o0
Here, 3h € C such that D = w(dy) — hl.

Now, the projectivity gives the 2-cocycles and we see that Hy(201/2,C) is
1-dimensional, 20,/ admits a unique central extension up to equivalence:

0— HQ(Qﬁl/Q,C) — ‘lTitl/2 — in/g — 0
Wiy, is the SuperVirasoro (of sector NS) or Neveu-Schwarz algebra:

(L, Ln) = (m —n) Lnyn + %(ms —M)0m1n
[va Ln] = (m - g)Gm+n
(G, Guly = 2Lm4n + %(mQ - i)5m+n

with L} = L_,, G, = G_,, and C = cI, ¢ € C called the central charge.
The representations are completely reducible, the irreducibles are determined
by the two numbers ¢, h, and are completely given by unitary highest weight
representations of Uity /p, described as follows: The Verma modules H =
V(c,h) are freely generated by: 0 # Q € H (cyclic vector), CQ = ¢Q ,
L2 = h§) and ‘Z]itfﬂQ = {0}. Now, (2,Q) = 1, n(A)* = 7(A4*) and
(u,v) = (v,u) give the sesquilinear form (.,.). V(c,h) can admit ghost:
(u,u) < 0, and null vectors: (u,u) = 0 . In no ghost case, the set of null
vectors is K (c, h) the kernel of (.,.), the maximal proper submodule.

Let L(¢,h) = V(c,h)/K(c, h), the unitary highest weight representations.
The theorem 2.2 will be proved classifying no ghost cases.
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2.5 Vertex operators superalgebras

Our approch of vertex operators superalgebras is freely inspired by the follow-
ings references: Borcherds [11], Goddard [37], Kac [57]. We start by working
on the femion algebra: [tm, ¥n]t = Ominl and ¢% =v_, (m,n € Z+3).
As for 20, /5, we build its Verma module H = Fyg and the sesquilinear form
(.,.), which is a scalar product. H is a prehilbert space, the unique unitary
highest weight representation of the fermion algebra. Let the formal power se-
ries ¥(2) = >, cp Uy 1 27"~ called fermion field. We inductively defined op-
erators D giving positive energy structure (< [D,¢] = 2.4+ 31 ) and T giv-
ing derivation ([T',%] = ¢'). We compute (¢(2)i(w)Q,Q) = = (|z| > |w|),
which permits to prove inductively an anticommutation relation shortly writ-
ten as: ¥(2)Y(w) = —¢(w)(z). We define this relation in a general frame-
work as locality: Let H prehilbert space, and let A € (EndH)[[z, 27"]] formal
power series of the form A(z) = Y, A(n)z7""' with A(n) € End(H) .
Such fields A and B are local if d¢ € Z,, 9N € N such that Ve,d € H,
IX (A, B,c,d) € (z — w) NC[z*!, w*!] such that:

(A(z)B(w)c,d) if |z]| > |w|

X(A,B,c,d)(z,w) = { (=1)5(B(w)A(2)c,d) if |w| > |2|

Now, using locality and a contour integration argument, we can explicitly

construct a field A, B from A and B, with (A4,B)(m) =
S o (=1)PCP[A(n —p), B(m +p)]. ifn>0

2 pen Cpn 1 (A(n = p)B(m +p) = (=1)*™"B(m +n —p)A(p)) ifn <0

We obtain the operator product expansion (OPE) shortly written as
A(z)B(w) ~ 2711\/:—01 Efff)),gff; and by an other contour integration argument:

21]9\[:_01 CP(A,B)(m+n—p) if m>0
[A(m), B(n)]e =
ZNfl(_l)pCp

(A,B)(m+n—p) ifm<0

Thanks to Dong’s lemma, the operation (A, B) — A, B permits to generate
many fields. To have a good behaviour, we define a system of generators as:
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{Aq,..., A} C (EndH)|[z,27Y]] with D, T € End(H), Q € H such that:
(a) Vi,j A; and A; are local with N = N;; and € = ¢;; = €;;.€5;
(b) Vi [T, A;] = A}
(c) H=6p, €N+l forD dim(H,) < oo
(d) Vi [D, A —zA’—i—alA with a; € N+ =
(e) Qe Hy, | =1, and ViVm e N, A;,(m)Q=DQ=TQ =0
(f) A= {A;(m),Yi Ym € Z} acts irreducibly on H, so that < A > .Q=H
Hence, we generate a space S, with V : H — § a state-field correspondence
linear map. V(a)(z) is noted V(a, z) and V (a, 2)Q.— = a.
Now, {1} is a system of generator, we generate S and the map V with ¢(z) =
V (119, 2); but, ¥(2)y(w) ~ L4 (w), with L(z) = 37, Lz ™" =
2¢ 2@/}( ) =V(w,2) withw = 27,0 3@/1 1Q Then, using OPE and Lie bracket,

we find that D = Ly, T = L4, L(z )L(w) ~ EC/Q) 7+ (QL(w)z + (Z(w)), and
[Lin, Ln) = (m — 1)Ly + 5m(m? — 1)8,4, with ¢ = 2||L_,Q|> = 1, the
central charge. As corollary, Uit acts on H = Fyg, and admits its unitary
highest weight representation L(c,h) = L(3,0) as minimal submodule con-
taining 2. We call w € H the Virasoro vector, and L the Virasoro field.

We are now able to define vertex operators superalgebras in general.

A vertex operator superalgebra is an (H,V, ), w) with:

(a) H = Hy @ Hj a prehilbert superspace.

(b) V: H — (EndH)|[z,27!]] a linear map.

(c) Q, w € H the vacuum and Virasoro vectors.

Let S. =V(H.), § =8 &St and A(z) =V (a,2) = >, A(n)z"""1,

then (H,V,Q,w) satisfies the followings axioms:

(1) VneN, VA€ S, An)Q =0, V(a,2)Q.—0 = a, and V(Q, 2) = Id

(2) A={A(n)|A € §,n € Z} acts irreducibly on H, so that A.QQ = H.

(B8) VAe S.,,VB € S.,, Aand B are local with ¢ = ¢1.69, A, B € S, 4,
(4) V(w,2) = s Lnz ™2, [Lony Ln] = (m—=n) Ly 1+ Z2Lm(m2 = 1)6,, 1
(5) H = @%NJF% H, for Ly, dim(H,) < oo and H. = @n€N+% H,

(6) [Lo,V(a,z)] = 2V'(a,z)+a.V(a,z) for a € H,

(7) [L-1,V(a,2)]=V'(a,2) =V (L_y1.a,2) €S

As corollaries, we have that a system of generators, generating a Virasoro
field L € S, with D = Ly and T'= L_;, generates a vertex operator superal-
gebra; the fermion field 1) and the Virasoro field L generate one, each; and
we prove the Borcherds associativity: V(a, 2)V (b, w) =V (V (a, z — w)b, w).

32



2.6 Vertex g-superalgebras and modules

Let g be a simple Lie algebra of dimension NV, a basis (X, ), well normalized
(see remark 5.2), such that [X,, Xp] = i) I'¢, X, with ', € R totally
antisymmetric. Let its dual coxeter number g = § 3, (I'5.)*:

g A B, Cy, D, Eg | B | Es | Fy | Go
dim(g) [ n*+2n | 2n* +n | 2n°+n | 2n® —n | 78 | 133 | 248 | 52 | 14
g n—+1 2n —1 n+1 2n—2 |12 | 18 | 30 | 9 | 4

For example, g = Ay = sly, dim(g) = 3 and g = 2.
Let g, the g-boson algebra: [X2 X°] = [X,, Xp|min + MO0 in.L, unique
central extension (by L) of the loop algebra Lg = C>(S',g) (see [100] p
43). The unitary highest weight representations of g, are H = L(Vj, (), with
¢ € N such that £ = ¢ (the level of H), Hy = V) irreducible representation
of g such that (A, 0) < ¢ with A the highest weight and 6 the highest root
(see [100] p 45). The category é; of representations for fixed ¢ is finite. For
example g = sly, H = L(j, (), with V), = Vj representations of spin j < g.

We define the g-fermion algebra g_ and the fermion fields, composed by
N fermions; and as for N = 1, we generate a vertex operator superalgebra,
but now, it contains g-boson fields (5%) whose related algebra is represented
with L(Vj, g); and thanks to g_vertex background, the fields (S%) generate a
vertex operator superalgebra; by this way, we are able to generate one, from
g, and H = L(Vp,¢), V¢ € N. Remark that because of the vacuum axiom,
the vertex structure need to take V) = Vj trivial representation; in general,
we have vertex modules (see further).

Now, let g = g, X g_ the g-supersymmetric algebra; we prove it ad-
mits H = L(V),{) ® Fyg as unitary highest weight representations. We
generate a vertex operator superalgebra, with a Virasoro field L, and also a

SuperVirasoro field G, which gives the supersymmetry boson-fermion: Let
B* = X* + 5% boson fields of level d = ¢ + g, then:

BG(Z>G(U)) ~ d% (fi(;u))z and ¢a(Z>G(w) ~ d_% (B::(Z)); '

Finally, from H* = L(Vy, () ® Fxg, we define the vertex module (H*, V?*)
over (H°,V,Q,w), and we prove that ’Iﬁt% acts unitarily on H* and admits

L(c, h) as minimal submodule containing the cyclic vector Q*, with

1
=32. e;fggdz’m(g), h = % and cy, the Casimir number of V.
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2.7 Goddard-Kent-Olive framework

We take g = sl,. Let H an irreducible unitary, projective, positive en-
ergy representation of the loop algebra Lg. We define the character of H
as: ch(H)(t,z) = tr(tto=s12%). Lg acts on Frg, and by Jacobi’s triple
product identity »°, ., {2k 2k = [Len(1+ 22)(1 4+ t"2271)(1 — "), we

7L*1
prove that ch(F§s)(t,2) = 1 Fxns(DO(t, 2) with xws(®) = [Ty (C152)
and 0(t,z) = > cs t2¥ 2k Hence, let H = L(j,¢), and the theta functions

Onn(t,2) = D jen 1z ™k zmk then applying the Weyl-Kac formula to Lg:
ch(L(j, 0)) = BrLo2i2ini? (see [49] [56] or [100] p 62). Now, adapting

the proof in [54] p 122, we obtain the product formula: 6(t,2).0, (¢, z) =

m . m(m n—(m my 2
Zogq<2<n21+2>(znez tapq(n))eq,m+2(ta z) with O‘%(”) e Dot
p=q

8m(m+2)
Now, Lg acts on L(j, () @ Fyg at level £ +2; we deduce: ch(L(j, () ® Fyg) =
Zlﬁqﬁﬁ-}&-l F;;Ch([’(kv g—f_ 2))a F;Z(t) = til/wXNS(t) Znez(tag?q(m - ta,p’q(n)%
p=q

p=2j+1, ¢g=2k+1 and m = ¢+ 2; and the tensor product decomposition:
L(j,0) ® Fyg = Prcocmir M7 @ L(k, £ 4 2) with M the multiplicity space.
p=q[2]

General GKO framework: Let h be Lie x-superalgebra acting unitarily on
a finite direct sum H = @@ M; ® H; with H; irreducible and M; the mul-
tiplicity space. =~ We see that M; is the inner product space of superin-
tertwiners Homy(H;, H). Now, if 0 is a Lie x-superalgebra acting on H
and H; as unitary, projective, positive energy representations, whose dif-
ference (m(D) — > m;(D)) supercommutes with b, then, so is on M;, with

cocycle, the difference of the others. Then, taking h = g and 2 = 20, o,
_ dim(g) 292 _ 3 8 _.
we find ca = “5E(1 = i) = 2(1 — o) = Cm, because

m = {+2 g = 2 and dim(g) = 3. Now, the character of a Wity o-

module H is : ch(H)(t) = tr(t2=%), then: ch(M™)(t) =t~ 5 xns(t).I7(¢)

. m m m n n—1/2 m
with [ (t) = Enez<t7pq( ) g ))7 xws(®) = TLen 1+1t_tn and yp(n) =

[2m(m+2)n—(m+2)p+mq]2—4 _ ym _ [(m+2)p—mg]?—4
8m(m+2)p ! : Hence’ h = th - 8m€m+g)

value of Lo on M7 let (p',q') = (m — p,m + 2 — q), then:

ch(M™) ~ =3 xns(t).t"ra (1 — % —t737).
Hence, ch(Mg;).t% ~ thva and the hp.-eigenspace of Ly is one-dimensional,
80 L(cm, hyy) is a Uity jp-submodule of M7, and ch(L(cp, hyy)) < ch(M7).

pq) prq’
Finally, because M)} is unitary, so is for L(cp,, ) on the discrete series.

is the lowest eigen-
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2.8 Kac determinant formula

From (¢, by, ), we define ks, Ve € C. Let ¢p,(c, h) = (h — hy,),

©pq(c,h) = (b — hg )(h — hg,) if p # q, then ¢, € Cle, h] is irreducible.
Let V, (¢, h) the n-eigenspace of D = Ly — hl and d(n) its dimension.

Let M,(c,h) the matrix of (.,.) on V,,(¢, h) and det, (¢, h) = det(M,(c, h)).
For example, My(c,h) = (2,Q) = (1), M%(C, h) = (G_%Q, G_%Q) = (2h),
Ml(C, ]’L) = (L_lg,L_lg) = (Qh), and M%(C, h) =

(G_%L_lQ,G_%L_lﬂ) (G_%L_lQ,G_%Q) [ 2h+ 4h? 4h
(G_%Q,G_%L_lﬁ) (G_%Q,G_%Q) o 4h 2h + %C
Now, det%(cm, h) = 8h[h* — (3 — %)h + ¢/6] = 8h(h — A7) (h — hj}), then,
dets(c, h) = 8h(h — his)(h — h§;) = 8¢ui(c, h).pis(c, h) Ve e C.
Hence, others examples permits to interpolate the Kac determinant formula:

det,(c,h) = A, H (h— hgq)d(nquﬂ) = A, H sz((]nqu/Z) (c,h)
0<pgq/2<n 0<pgq/2<n
p=q(2] p<q, p=q(2]
with A, > 0 independent of ¢ and h.
To prove it, we will use singular vectors s € V(c, h), i.e. Lo.s = (h+n)s with
n > 0 its level, and Q]itf/g.s = 0. This is equivalent to G/2.5 = G3/2.5 = 0,
and so we easily find (mG_z/2 — (m + 2)L_1G_1/2)$2 € V/o(cm, hT),
Gfl/QQ € ‘/1/2(6, hil)’ OI‘C(L2_1 — %h%gL_Q — G,3/2G,1/2)Q S ‘/Q(C, h;z)
Now, ch(V(c,h)) = t" 21y ys(t) and the singular vectors generate K(c, h).
So, V(c, h) admits a singular vector of minimal level n € iN if and only if

ch(L(c, h)) ~ th=zixns(t)(1 — 7).
Now, thanks to GKO coset construction:
Ch(L(Cmy B)) < ch(M) ~ =% g (t).t750.(1 — 5 — 3"

S0 V (¢, hyy,) admits a singular vector s at level n’ < min(pq/2,p'q'/2) and
for n > n', det, vanishes at (¢, hy:) for m sufficiently large integer. Then
it vanishes at infinite many zeros of the irreducible ¢,,, which so ¢,, di-
vides det,,. But s generates a subspace of dimension d(n — n') at level n,
so dy(e,h) = [lo<pasocn(h — h;q)d(”*pq/m divides det,. Finally, a cardinality

p=q[2
argument shows d,, and det,,, with the same degree in h. The result follows.
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2.9 Friedan-Qiu-Shenker unitarity criterion

The FQS criterion was discovered for Uir by Friedan, Qiu and Shenker [25],
but mathematicians estimated their proof too light, and then, in the same
time, FQS [28] and Langlands [64] published a complete proof. At the be-
ginning of our research on Yir, /5, we decided to adapt the way of Langlands,
but we find a mistake in this paper ([64] lemma 7b p 148: p = 2, ¢ = 1,
m =2, h;}]:g,Mzélorp:él,q:l,m:S, hgfz:%,le?)yieldcase
(B), but (p,q) # (1,1) and m % g+ p — 1. In fact, we need to distinguish
between ¢ # 1 and ¢ = 1, but not between (p,q) # (1,1) and ¢ = (1,1)).
Next, we discovered that Sauvageot has ever published such an adaptation,
without correction ([82] lemma 2 (ii) p 648). Then, we chose the way of FQS:

We are looking for a necessary condition on (c,h) for V(c, h) has no
ghost. First of all, if V(¢, h) admits no ghost then ¢,h > 0 (easy). Now,
Kac determinant doesn’t vanish on the region h > 0, ¢ > 3/2, and for (¢, h)
large, we prove that the form (.,.) is positive. So by continuity, if ~ > 0 and
¢ > 3/2, V(c, h) admits no ghost. Now, on the region 0 < ¢ < 3/2, h >0,
the FQS criterion says that V' (¢, h) admits ghosts if (¢, h) does not belong to
(¢, hpy), with integers m > 2, 1<p<m—1, 1 <g<m+1andp = ¢[2],
ie, exactly the discrete series given by GKO construction ! To prove this
result, we exploit the zero set of Kac determinants, constitutes by curves C,
of equation h = hs, with 0 # p = ¢[2]. First of all, we restrict to Cj,, the
open subset of C,,,, between ¢ = 3/2 and its first intersection at level pg/2.
Let p'q" > pq, Cpy is a first intersector of €7 if at level p'q’/2, it is the first to
intersect C}, starting from ¢ = 3/2. We see that all these first intersections
constitutes exactly the discrete series. Now, for each open region between
the curves C},, we can find n with det,, negative on. This significate that
V(c, h) admits ghost on, and so we can eliminate these regions. Hence now,
we have to eliminate the intervals on C’I’,q between the points of the discrete
series. We start from the no-ghost region h > 0, ¢ > 3/2 and we go towards
such an interval. On the way, we encounter a (well choosen) curve vanishing
to order 1; so on the other side, there is a ghost. We continue along the area
of this curve with our ghost, up to an intersection point. Now, because the
intersections are transversals, we can distinguish null vectors from the first
curve to the second, and so our ghost continues to be a ghost on the other
curve. Repeating this principle, we can go to the interval, without losing the
ghost. Then, FQS criterion and theorem 2.2 follow.
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2.10 Wassermann’s argument

We show that the multiplicity space of the coset construction, is an irreducible
representation of the Neveu-Schwarz algebra, which (as in [100] p 72 for Uir)
gives directly the characters on the discrete series without the Feigin-Fuchs
resolution [20]:

As a corollary of FQS criterion’s proof, at levels < M = maz(pq/2,0'q'/2),
there exists only two singular vectors s and s, at levels pg/2 and p'q’ /2.
Hence, ch(L(cyp, him)) ~ thri=em/2y () (1 — t79/2 — 7'4/2) - as for the multi-
plicity space My, and so ch(My)—ch(L(cnm, b)) = Xng(t).t=em/2o(thpatM),

Now, we know that L(c,, hp,) is a submodule of M7; if M7 admits an other

irreducible submodule, by FQS criterion, it is of the form L(c,, h); but
through the lemma: A" + M > m?/8 and A} < mm=2) " we obtain, by co-

q rs = T8
herence on the characters, the contradiction: %2 <M+hy <h < m(m-2)

Then, MJ» = L(c(m), hy,) and ch(L(cp, hyy)) = ch(M]y), but the characters
of the multiplicity spaces are ever known by GKO. The theorem 2.3 follows.
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2.11 Local von Neumann algebras

For the loop algebra Lg and the Virasoro algebra Uir, we can work with
the cooresponding groups: LG and Diff(S!). For the Neveu-Schwarz algebra,
there is no group corresponding to the supergenerators Gz,., and so we need to
work with unbounded operators. From the g-supersymmetric algebra g, we
build a local Lie superalgebra g(I), with I a proper interval of S, by smearing
with the smooth functions vanishing outside of I. In the same way, we define
the local Neveu-Schwarz Lie superalgebra Uiv, /o(1). Thanks to Sobolev esti-
mates, these local algebras (containing unbounded operators) are represented
continuously on the Lp-smooth completion of their positive energy represen-
tation. Now, we define the von Neumann algebras generated by these local
algebras as the von Neumann algebra generated by the bounded functions of
our self-adjoint operators; they are Zs-graded von Neumann algebras. Now,
g acts on a complex and real fermionic Fock space which decomposes into all
its irreducible positive energy representations (with multiplicity spaces), and
by coset construction we can do the same with ir, ;. Then, we see that the
previous von Neumann algebras are included with conditional expectation in
a big von Neumann algebra M(I) generated by smeared real and complex
fermions, which is known (by [99] and a doubling construction) to be the
hyperfinite I1I; factor; now, the modular action is ergodic, so by Takesaki
devissage, N'(I) = m(Biry/2(1))” is also the hyperfinite III; factor, and by the
definition of type III, so is for every subrepresentations, so in particular for
7 (Vv 2(1))", with 7; a generic irreducible positive energy representation.
We deduce local equivalence, ie, the discrete series representations are unitary
equivalent when they are restricted to Uivy /»(1); we deduce also Haag-Araki
duality:

o (it ;o (19))! = 70 (Vi o(1))"

with X% the supercommutant of X, from the known Haag-Araki duality of
M(I), because the vacuum vector of Hy is invariant by the modular operator
A of M(I). Outside of the vacuum, we have a Jones-Wassermann subfactor:

i (Bivy o (1)) C m;(Vivy j2(1°))"

as a failure of Haag-Araki duality.
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2.12 Primary fields

Let py be the projection on the vacuum representation Hy. The Jones relation
poM(I)po = N (I)py, implies that mo(Bivy/o(I))" is generated by products of
compressed real and complex fermions: powy (f1)pi, ¥2(f2)Pig---n(fn)po, with
p;i the projection on H; C H and f; localized in I. The p;3(f)p; are bounded
operators intertwining the action of Uiv,o(/¢) between the representations
H; and H;. We want to interpret these compressions as smeared primary
fields. We define a primary field as a linear operator:

%:Hj®fiu_>Hi

that superintertwines the action of Uiv, so; with H;, Hjon the discrete series
of Wiry /5 (K is called the charge of gzﬁfj), and F3 , an ordinary representation
of Wit /» with base (vi>i€Z+%a (wj)jekaa, and:

(a) Lpvi = —(i + 4+ An)vigy

(b) Gs.v; = wiys

(€) Lnw; ==+ p+ (A= 3)n)wjn

(d) Gswj = —(j+ p+ (2A = 1)5)vj4s

with A=1—hy, p=h; —h;, 0 =0,1.

Let the space of densities {f(0)e™?(d0)* f € C>(S')} where a finite
covering of Diff(S') acts by reparametrisation  — p~*(0) (if © € Q). Then
its Lie algebra acts on too, so that it’s a Uir-module vanishing the center.
Finally, an equivalent construction with superdensities gives a model for F¥
as Yiry o-module.

This primary field is equivalent to general vertex operators ¢};(z) (called
the ordinary part) and 6};(z) = [G_1/2,¢};(2)] (called the super part), and
we prove that for i,j,k and o fixed, such operators are completeley char-
acterized by some compatibility conditions, so the space of primary fields
associated is at most one dimensional. Note that ¢ = 0 gives gbfj integer
moded and ¢ = 1, half-integer moded. For charge oo = (1/2,1/2), we build
these operators in the following way (an adaptation of an idea of Loke for
PYir [66], simplify by A. Wassermann): we start from the GKO coset con-
struction Fyg @ Hf = @ HY ® HS™, we take the vertex primary field of
LSU(2) of level £ and spin 1/2: I ® ¢gj/2’£(z,v) : Frs © Hf — FRg ® HY,
with v € Vi, (the vector representation of SU(2)). Let py be the pro-
jection on the block Hf, ® Hfi”. By compatibility relations and unicity,
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1/2, 142 . .
pir(I @y~ (2,0))pyr = C.2"¢5,0(2) @ i ~(2,v), with C a constant possi-

bly zero and r € Q. Now, I ® (bl/”( v) =3 (I ® (]51/%(2, v))pj, so at
least one is non-zero. More prec1sely, we prove by an 1rredu01bility argument
that Vj’, 3i' with a non-zero term, and so ¢§;;,(z) non-zero. Note that the
simple locality relations between non-compressed smeared fermions concen-
trated on disjoint intervals ( ie ¥(f)¥(g9) = —¢¥(g9)¥(f)), admit a bit more
complicated equivalent after compression: the braiding relations.

Now using the same idea as Tsuchiya-Nakanishi [92], we deduce the braid-
ing relations for Wity jo: its braiding matrix is the braiding matrix for LSU(2)
at level ¢, times the transposed of the inverse of the braiding matrix for
LSU(2) at level £+2 (it’s proved by the contribution of the inverse of a gauge
transformation of the Knizhnik-Zamolodchikov equation for the braiding of
LSU(2)). Then, we obtain non-zero coefficients:

?%jj'(z)(b]]'kk'( ) Z Forr! ¢u 'rr! ( )(brr’kk:’( ) with Moyt % 0.

. 1 - .
Now if ¢f,,,, = 0 and <;§1/ L a d i 2 non- zero, then, the braiding relation of
o8 /g with its adjoint is zero, but produced some non-zero terms ¢5,,,, by the

previous irreducibility argument, contradiction. Then, we see that ¢g, ;. is

non-zero iff gb}j/% nd ¢1/2 2 are non-zero, ie, i’ = i+1/2and 7' = j£1/2 (up
to some boundary restrlctlons). Now, for charge 5 = (0,1) and the braiding
with «, we do the same, from the Neveu-Schwarz fermion field ¢ (u,z) ® I
commuting with  ® qﬁ%’g(v, w).

Next, by a convolution argument, the braiding runs also with two smeared
primary fields concentrate on disjoint intervals. We deduce also that the von
Neumann algebras 7o (it 2(/))” are generated by chains of primary fields.
This new characterization is essential to prove the so-called von Neumann
density: if I is a proper interval of St and I;, I, are the intervals obtained
by removing a point of I then, m(mwfl/?)” Y ﬂz(’lht{?ﬂ)” = m;(Yiryyo(1))".
By local equivalence, we only need to prove it on the vacuum, on which the
local algebra on I as generated by chains concentred on /. By linearity, the
L?-context, and a kind of OPE, we can separate into products of chains on I;
and I5. Next the von Neumann density implies the irreducibility of the Jones-
Wassermann subfactor: 7; (Uit o(1))*Nm;(Biry 2(1€))* = C, which significate
that the representations H; are irreducibles ity o(1) @ By /2(1¢)-modules.
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2.13 Connes fusion and subfactors

Then, the discrete series representations are irreducibles bimodules over the
local von Neumann algebra M = my(Uir/2(1))”. We define a relative tensor
product called Connes fusion X using a 4-points functions:

Consider the Z,-graded M-M bimodule Hom_ y(Ho, H;)@Homam—(Ho, H;),
we define a pre-inner product on by:

(21 @ Y1, T2 @ o) = (—1) Om1T072)002 (g5, 454, 0, Q)

The L2-completion is also a Zs-graded M-M bimodule, called the Connes
fusion between H; and H; and noted H; X H;. The fusion is associative.

We obtain a fusion ring for @& and XK. The key tool to compute this
fusion is the transport formula which gives explicitly how the chains on the
vacuum representation, transform into chains on any representations through
the intertwining relations. Thanks to the braiding relations known at charge
a, we are able to prove the transport formula:

ﬂj(@oa.aao) = Z /\kdjk.akj with )\k > 0.

with ax; a charge a (ordinary part, so even) smeared primary field of Uit ,
between H; and Hj, concentrated on I, a;;, = s and 7; : Hy — Hj the local
equivalence. Now, a9 € Hom_(Hy, H,), so:

laao @ ylI* = (ah0aaoy*yS2, Q) = (4" 7 (ahaa0)yS Q) = 3 Axllar;y|.

Then using the fact that a,0M is dense in Hom_p(Hy, Hy) (by von Neu-
mann density), a polarization and the irreduibility of the bimodules, we
obtain a unitary map between H, X H; and @y, ;) Hi, With k € (o, j) iff
¢y is a non-zero primary field. We obtain the fusion rule with a:

Ho® Hy = @iy Hi

Now, idem, with the braiding relations between charge o and  primary
fields, we obtain a partial transport formula and partial fusion rules with :

Hy W Hj < @yes.5) H-
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But, the fusion rules with « permit to compute a character of the fusion
ring called the quantum dimension (by Perron-Frobenius theorem). An easy
way to comptute the quantum dimensions is to see that the fusion ring for the
Neveu-Schwarz algebra at charge ¢, is the tensor product of the fusion rings
for the loop algebra at level ¢ and ¢ + 2 (with m = ¢ + 2), modulo a period
two automorphism. Then the quantum dimensions for the Neveu-Schwarz
algebra is a product of the two (coset corresponding) quantum dimensions
for the loop algebra:

+2 sin((2i4+1)w/(£+2)) sin((2j+1)7/(¢+4
d(Hfj) - d(Hf).d(Hf ) = (s(m(ﬂ/)(zi(z)) = i(mj(w/zzﬁ)) 2

Then the quantum dimensions show that these partial rules with ( are
the exact ones. Next, we see that the rules for & and § permit to compute all
fusion rules. Finally, the Jones-Wassermann III;-subfactors are isomorphic
to II;-subfactors tensor the hyperfinite III;-factor, by H. Wenzl [103] and S.
Popa [77]. These last subfactors are irreducibles, finite depth and finite index
given by the square of the quantum dimensions.
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Part 1
Unitary series and characters
for the Neveu-Schwarz algebra
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3 The Neveu-Schwarz algebra

3.1 Witt superalgebras and representations

Definition 3.1. A Lie superalgebra is a Zo-graded vector space 0 = 05 &P 01,
together with a graded Lie bracket [.,.] : 0 X0 — 0, such that [.,.] is a bilinear
map with [0;,9;] C 0,4,, and for homogeneous elements
Xeov,Yeo,Zco,

o [X,Y]=—(-1)"[Y, X]
o (D)X Y, 2]+ (D)"Y [Z, X]| + (=1)”[Z,[X, Y]] = 0

Definition 3.2. The Witt algebra 20 is the Lie x-algebra of vector fields on
the circle, generated by d,, = iew”d% (neZ).

Remark 3.3. 20 admits two supersymmetrics extensions, Wy the Ramond
sector (R) and 2045 the Neveu-Schwarz sector (NS) ((see [55], [42] chap 9).

Here, we trait only the (NS) sector.

Definition 3.4. Let 0 = 20,5 the Witt superalgebra with:

together with the x-structure, d, = d_,, and 7y, = V_m, and
the super-structure: 05 = 2 = P, ., Cd,, 01 = @meZH/z Cym

Now we investigate representations 7 of 2, /o, which are :
Definition 3.5. Let H be a prehilbert space.
(a) Unitary: m(A)* = n(A*)
(b) Projective: A — mw(A) is linear and [w(A), m(B)] — n([A4, B]) € C.

(c) Positive energy : H admits an orthogonal decomposition H = @, .1 H,
2

such that, 3D acting on H, as multiplication by n, Hy # {0} and
dim(H,) < +o0o. Here, 3h € C such that D = n(dy) — hl.
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3.2 Investigation

Definition 3.6. Let b : 210 X W,y /o — C be the bilinear map defined by
[7(A), n(B)] — w([A, B]) = b(A,B)I (b is a 2-cocycle)

Definition 3.7. Let f : 20,/, — C be a x-linear form.
of = (A, B) — f(|A, B]) is a 2-coboundary.

Remark 3.8. A— 7(A) + f(A)I define also a projective, unitary, positive
energy representation, where b(A, B) becomes b(A, B) — f([A, B)).

Proposition 3.9. (SuperVirasoro extension) 20,5 has a unique central ex-
tension, up to equivalent, i.e. Hy(21/2,C) is 1-dimensional. This extension
admits the basis (Ly)nez, (Gm)mezs 1, C central, with LY = L_,,, G, = G_,,
C =cl, c € C called the central charge; and relations:

[Lm, L ] n) m+n + %(m3

(m
{vaL ] ( - 2) mérn L
[Grm G ] = 2Lpmin + §(m2 - Z)5m+n

— m) 5m+n

Proof.

Let L,, = m(d,) and G, = 7(7ys,) then:
[Lim, L) = (m —n)Lpyn + b(dy, dy) I
(G L] = (m = 3)Grin + 0(Ym, du) 1
(G, Gl = 2Lmn + b(Ym, yn) 1

In particular:

[Lo, L) = —nL, + b(dy, d,)I
[Lo, Gn] = —nGn + b(do, '711)]
[Lh L_l] = 2L0 + b(dl, d_l)I

We choose :
fld,) = —nflb(do, d,)

f(ym) = —=m~1b(do, Ym)

£(do) = Lb(d, d_y)
Then, after adjustment by f:

[Lo, L) = —nL,
[LO> Gn] = _nGn
[Ll, L,l] == 2L0
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Now D = Ly — hl and if v € Hy, Dv = kv, then:
DL,v = L,Dv+ [D, L,Jv = kL,v + [ Lo, LyJv = (k —n)L,v
So, L, : Hy — Hy_,, (={0}ifn > k).
Similary, G,, : H, — Hy_,,, then:

[Lma Ln] - (m - n)Lm—i-n : Hm—i—n—l—k - Hk
[Gma Ln] - (m - %)Gern : Hm+n+k - Hk
[Gma Gn]Jr - 2Lm+n : Hm+n+k - Hk

But b(dmy dn>]7 b(’)/ma dn)la b(/}/ma’yn)] : Hm-‘,—n—}—k — Hm+n+k7 50!

b(dm, dpn) = A(M)dmin
d,) = B(m)dmin =0 because 0 ¢ Z +1/2>m+n

b(’yma /Yn) - C(m)5m+n

Now, on 20 = 05, b(A, B) = —b(B, A), so,
and Jacobi identity implies b([A, B], C')+b(]
for d,d,,d,, with k+n+m =20

m) = —A(—m) and A(0) = 0,
C1, A)+b([C, A], B) = 0, then,

(n—m)A(k) + (m —k)A(n) + (k —n)A(m) =0

Now, with £ = 1 and m = —n—1, (n—1)A(n+1) = (n+2)A(n)—(2n+1)A(1).
Then A(n) is completely determined by the knowledge of A(1) and A(2), and
so, the solutions are a 2-dimensional space.

Now, n and n? are solutions, so A(n) = a.n + b.n3 .

Finally, because [L1, L_1] = 2Ly, A(1) =0 and a + b = 0, we obtain:

A(n) =b(n® —n) = %(n‘3 —mn), c € C the central charge.

Process 3.9.

[[Av B]+7 C] = [AJ [Bu C]]Jr + [B7 [A7 C]]Jr then:

[[GT7 Gs]+7 LTL] - [GT7 [GS7 Ln]]+ + [GS7 [GT'a Ln]]—i—

= [2Lyys, Ln] =[Gy, (s — %n)Gn-i-S]-&- + (G, (r — %n)Gn-i-r]-i-
=2(r+s—mn)Lyysin — 5r+8+n§(n3 —n)

= (5 - %n)<2Lr+s+n + C(T)(ST‘-S-s-i-n) - (T - %n) 2Lr+s+n + 0(5)57"4-5—1-71)
Then taking r +s+n =0, £(n* —n) + (s — 3n)C(r) + (r — 3n)C(s) = 0.

Finally, with n = 2s and r = —3s, C(s) = £(s* — ). O
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Definition 3.10. The central extension of L1 /o is called Wity o, the Super-
Virasoro algebra (on sector NS), also called Neveu-Schwarz algebra.

Theorem 3.11. (Complete reducibility)

(a) If H is a unitary, projective, positive energy representation of 201 s,
then any non-zero vector v in the lowest energy subspace Hy generates
an irreducible submodule.

(b) H is an orthogonal direct sum of irreducibles such representations.

Proof. (a) Let K be the minimal 20, /,-submodule containing v.
Clearly, since L,v = G,v = 0 for m,n > 0 and Lyv = hv, we see that K is
spanned by all products R.v with :

1
R:G,jﬁ...G,le,ia...L,il, 0<ip < ... <y, §§j1<<jg

But then, Ky = Cv. Let K’ be a submodule of K, and let p be the orthogonal
projection onto K'. By unitarity, p commutes with the action of 20,2, and

hence with D. Thus p leaves Ky = Cv invariant, so pv = 0 or v.
But pRv = Rpv, hence K’ = 0 or K and K is irreducible.

(b) Take the irreducible module M; generated by a vector of lowest energy.
Now (changing h into h' = h+m if necessary),we repeat this process for M-,
to get My, M3, ... The positive energy assumption shows that H = &M; [

Theorem 3.12. (Uniqueness) If H and H' are irreducibles with ¢ = ¢’ and
h =k, then they are unitarily equivalents as 201 /2-modules.

Proof. Hy = Cu and H| = Cu’ with u, v unitary.

Let U : H— H', Au— Av', we want to prove that U*U = UU* = Id.

Let Au € H,,, Bu € H,,:

If n # m, for example, n < m, then B*Au € H,,_,, =0 and

(Au, Bu) = (B*Au,u) = 0 = (Au/, Bu').

If n =m, then D = B*A is a constant energy operator, so in CLy & CC.
Now, (Lou,u) = h = (Lou/,v') iff h = b’ and (Cu,u) = c = (Cu', ) iff c = (.
Finally, (v, w) = (Uv, Uw) Yv,w € H and (v',w") = (U*', U*w') Yo', w' € H’
iff h="h"and c="C.

So, U*U = UU* = Id, ie, H and H' are unitarily equivalents. H
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Definition 3.13. Yiv, ), = Vit ,@Viv] , ©Vir], with Vir}, = CLe@CC

Vie!, = P CL, ®CG, Vir;, = P CL, & CG,

m,n>0 m,n<0

Remark 3.14. This decomposition pass to the universal envelopping :
U(DBiy ) = U(DTi,) - U(Bir) ) - U(Din] )

Remark 3.15. We see that an irreducible, unitary, projective, positive en-
ergy representation of 2y /5 is exactly given by a unitary highest weight rep-
resentation of Uity sy (see the following section).

3.3 Unitary highest weight representations

Definition 3.16. Let the Verma module H = V (c, h) be the Uity o-module
freely generated by followings conditions:

(a) Q€ H, called the cyclic vector (2 #0).
(b) LiQ2=0Q, CQA=cQ2 (h,ceR)
() it = {0}

Lemma 3.17. Z/{(‘,Uitl_/z)Q = H and a set of generators is given by:
G—js...G_j L, ...L;)Q, 0<iy<...<i,, 2<ji<...<js

Proof. 1t’s clear. O]

Lemma 3.18. V(c, h) admits a canonical sesquilinear form (.,.),
completely defined by:

(a) (2,Q)=1

(b) 7(A)* = (A7)

(c) (u,v) = (v,u) Yu,v € H (in particular (u,u) = (u,u) € R).

Proof. Tt’s clear. 0

Definition 3.19. u € V(c¢, h) is a ghost if (u,u) < 0.
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Lemma 3.20. If V(c, h) admits no ghost then ¢,h > 0

Proof. Since L,L_,Q) = L_, L, —{— 2nhQ + c"(" _I)Q

we have (L_,Q, L_,Q) = 2nh + "¢ > 0.
Now, taking n first equal to 1 and then very large, we obtain the lemma. []

Definition 3.21. Let K(c,h) = ker(.,.) ={x € V(c,h); (z,y) =0 Vy}
the mazimal proper submodule of V(c,h), and L(c,h) = V(c,h)/K(c,h),
irreducible highest weight representation of Uity o, with (.,.) well-defined on.

Definition 3.22. u € V(¢ h) is a null vector if (u,u) = 0.
Lemma 3.23. On no ghost case, the set of null vectors is K(c, h).

Proof. Let x be a null vector, and y € V (e, h).
By assumption Yo, 3 € C, (ozx + By, ax + By) >

0. We develop it, with

a = (y,y) and B = —(z,y), we obtain : |(z,y)*(y,vy) < (=,
z) = (y,
S

)(y,y)* =
)= 0 SO taklng
[

So if y is not a null vector then (z,y) = 0. Else (,

Y
a=1and 3 = —(z,y), we obtain 2|(z,y)|*> <0 and so (z,y) =

Corollary 3.24. L(c, h) is a unitary highest weight representation.

Proof. Without ghost, (.,.) is a scalar product on L(c, h). O

Remark 3.25. Theorem 2.2 will be proved classifying no ghost cases.
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4 Vertex operators superalgebras

We give a progressive introduction to vertex operators superalgebras struc-
ture.

We start with the fermion algebra as example.

We work on to obtain, at the end of the section, natural vertex axioms.

4.1 Investigation on fermion algebra

Definition 4.1. Let the fermion algebra (of sector NS), generated by (wn)nGZJr%,
and I central, with the relations:

[Yms Unls = Ominl and Y =1y
Definition 4.2. (Verma module) Let H = Fyg freely generated by:
(a) Q€ H is called the vacuum vector , 2 # 0.
(b) ¥ =0Ym >0
(c) IN=0Q

Lemma 4.3. A set of generators of H is given by:
Vomy oo Vo, myp < ...<m, reN miEN—i—%

Proof. 1t’s clear. m
Lemma 4.4. H admits the sesquilinear form (.,.) completely defined by :
(a) (2,9Q)=1

(b) (u,v) = (v,u) Vu,v e H

(©) (Wntt,v) = (uyoouv) Vv € H e m()* = m(155)

(.,.) is a scalar product and H is a prehilbert space.

Proof. 1t’s clear. O
Remark 4.5. H is an irreducible representation of the fermion algebra.

It 1s its unique unitary highest weight representation.
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Remark 4.6. ¢2 = L[, ¥4 =0 if n £ 0

Definition 4.7. (Operator D) Let D € End(H) inductively defined by :
(a) D=0

(b) Dy_ppa =t¢_p,Da+mip_,a  VYmeN+ L andVaec H

Lemma 4.8. D decomposes H into @neNJr% H, with D¢ = n&
V¢ € H,, dim(H,) < oo and H, L H,, if n#m

Proof. Let a =9 _,, ...9Y_p,,§2 be a generic element of the base of H,
then D.a = (> m;)a. O

Remark 4.9. [D,¢,,] = —ma,, and Q2 € Hy, 50 ¥y, : Hypony — Hy.
Definition 4.10. (Operator T') Let T € End(H) inductively defined by :
(a) TQ=0

(b) TY_pma=tv_pTa+ (m—3)_ma VmeN+1 andVa e H
Remark 4.11. [T, ¢,] = —(m — 3)thm_1.

Definition 4.12. Let ¢¥(2) =), wn+%.z_”_1 the fermion operator.
Remark 4.13. ¢ € (EndH)|[z,27']] is a formal power series.

Lemma 4.14. (Relations with v, D and T')

(a) [¢m+%7 1“-1— =2z"
(b) [D.¢] = 24 + 3¢
(c) [T\¢] =

Proof. [¢m+%7w(z)]+ = Z[¢m+%a¢n+%]+-z_n_l =2z"
(D, 9(2)] = 22(=n = 5)¥ni1-27" " = 24 (2) + 539(2)
T,0()] = (=2 = Son— iy = () 0
Remark 4.15. (.,.) induces (¢(21)..40(2,)c, d) € C[[2F, ..., 2], Ve, d € H.,

Lemma 4.16. (¥(2)Q,Q) =0 and (Y(2)p(w)Q,Q) = = if [z] > |w] .

w
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Proof. ($(2)2,9) = Y05 (10, 12,Q).2 "1 =0

(WP Q) = T penW 19,6,y 0) 2 !

= Zm,nEZ(¢m—%Q7 w—n—%Q)'zinilwim = ZREN(w—n—%Q7 ¢_n_%Q>.anflwn
=27 Y pen(3)" = =5 i [2] > ] O

zZ—w

Lemma 4.17. Ve,d € H, (¥(z)c,d) € Clz, z71].

Proof. ((2)_,_se.d) = (e, d).2™"" = ((2)e ¥, 1)
(w(z)c7 w—n—%d) = (C7 d)zn - (¢(Z)77Z)n+%07 d)
Then, the result follows by lemma 4.16 and induction. O]

Proposition 4.18. Ve,d € H, 3X(c,d) € (z — w)'C[z*!, wtl] such that:

[ @) d) if |4 >
X, d)(zw) = { —((w)b()e,d) if ] > |2]

Proof. ((z2)(w)ip_,_1c,d) = (¥(2)e, d)w™ " =((w)e, d)z" "+ () (w)e, P, 4 1 d)

(W) (w)e, v, _1d) = (P(w)e, d)z" = (Y(2)c, d)w™ + (P(2)Y (W), 1¢,d)
Then, the result follows by lemma 4.16, 4.17, symmetry and induction. [J

4.2 General framework

Definition 4.19. Let H prehilbert and A € (EndH)|[z, 2] a formal power
series defined as A(z) =3, ., A(n)z™""1 with A(n) € End(H).

Definition 4.20. Let A, B € (EndH)|[z,27]]
A and B are local if 3¢ € Zy, AN € N such that Ve, d € H:
3X (A, B,c,d) € (z — w)"NC[z*, w*!] such that:

(A(2)B(w)e,d) if |z| > |w]

X(A, B, c,d)(z,w) = { (=1)5(B(w)A(2)c,d) if |w| > |2|

Example 4.21. 1) is local with itself, with N =1 and ¢ = 1

XY -YX ife=0

Notation 4.22. [X,Y]. = { XY +YX ife—1

Remark 4.23. Let n € N, then, (z —w)" =37 CP(=1)PwP2"" and,
(Z o U))_n — { ZpeN C;I;)—&—n—lwpzipin Zf |Z| > |’LU|

(=D)" 2 pen Cprna 20" if Jw] > [2|
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Proposition 4.24. Let A, B local and c¢,d € H then:
X(A,B,c,d)(z,w) =Y, .7 Xn(A, B, c,d)(w)(z —w) ",
Xn(A, B,c,d)(w) = (A, B(w)c,d),

Ap,B(w) =3, 7 (AyB)(m)w ™" and (A,B)(m) =

{ > o(=1)PCE[A(n — p), B(m +p)]. ifn >0

2 pen Cpn1(A(n —p) B(m +p) = (=1)""B(m +n —p)A(p)) ifn <0

Proof. X (A, B,c,d) € C[z*, w*!, (2 — w)™!], we develop it around z = w:
X (4, Byeyd)(211) = X XA B, d) (w)(z — w) !

with X, (A, B, ¢,d)(w) = 5= ¢ (2 — w)"X (A, B, ¢,d)(z, w)dz.

By contour integration argument (§, = f|z\:R>|w| - f|z|:7,<|w|), we obtain:

X, (A B,c,d)(w) = L(le ol fz‘ r<|w|)(z—w)"X(A,B,c, d)(z,w)dz

27

Qm = R>\w\(z w)"(A(z)B(w)c, d)dz—! 27” f|z‘27<|w|(Z—w)”(B(w)A(z)c,d)dz
= 551 2gezp=0 o= rspu) Ch(= 1P 2" PP (Aq) B(w)e, d)z~"" dz

— (=1 fpo e CB(=1)P2" P (B(w) A(g)e, d)2~7dz)

= (> (=1)PwPCP[A(n — p), B(w)].c,d), with n € N.

p=0

Xon(A, B, e, d)(w) = 555 3 gezpen( o psju) Cpin12" 0P (Alg) B(w)e, d)z " dz
= (=1) f|z\ —rctw) Cpin—1 (1) w7 P27 (B(w) A(q)c, d)z7971dz)
(ZPGN ptn— l(pr<_n - p)B(w> - (_1)E+nw_n_pB(w)A(p))c, d) O]

Definition 4.25. Let the operation (A, B) — A, B as for proposition 4.24.
Formula 4.26. The formula of (A,B)(m) on proposition 4.24.

Corollary 4.27. (Operator product expansion) Let A, B local, and ¢,d € H:

(A(z)B(w)c,d) ~ ( %c, d) mnear z=w
Proof. X(A,B,c,d)(z,w) =", ,(A.B)(w)ec,d)(z — w)™*
€ (z —w)NC[z*, wt!], so A, B :Ofor—n—1< —Nien> N. O
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Remark 4.28. We write OPE as: A(2)B(w) ~ SN/ gfff))ﬁz.

Yoo Ck (z —w)kw™ % ifm >0
Soken(DFCE_ (2 = w)Fw™ ™ ifm <0

Proposition 4.30. (Lie bracket ) Let A, B local, with € € Zs then:

Remark 4.29. 2™ = {

S CE(AB)(m+n—p) ifm >0
[A(m), B(n)]. =
21]9\:01( )pCII; me1(ApB)(m +n—p) if m <0

Proof. ¥e,d € H, ([A(m), B(n)l.c,d) =
ﬁ(f f‘z|:R>|w| —fﬁz‘:K'w')zmw”X(A,B,c, d)(z, w)dzdw

By contour integration argument ( [ ﬁz|:R>|w| — [ f\z|=r<|w| =4 4.)

([A(m) B( ) eC d 2mi §0 27rz fw <Zp 0 Ef f))P+1C d)dZdw

We suppose m > 0, then by previous remark, ([A(m), B(n)].c,d) =

n m m— Ap
- 271rz fyw 2}rz 3§ Do Chw k(zg o —(z( wi)il)kc d)dzdw
- 27rz fO ;7\/ 0 wner PCh (A B)( )C, d)dw

1 n+—m-— r—

= 27rz fo reZp=0 w * P 10717)1("41?3)(7“)07 d)dw
= (Z;V:ol CP(A,B)(m+n —p)c,d) (wetake C? =01ifp >m ).
Similary for m < 0..., and the result follows. O
Formula 4.31. The formula of [A(m), B(n)]. on proposition 4.30.

Definition 4.32. (Operator D) Let D € End(H) decomposing H into
EBneN+1 H,, with D =n& V¢ € H,, dim(H,) < oo and H, L H,, if n # m.

Notation 4.33. Let A'(z) = LA(z) = ,(—n)A(n — 1)z,

Definition 4.34. A € (EndH)|[z, z27!]] is graded if:
Ja € 3N such that [D, A(z)] = zA'(z) + aA(z)

Lemma 4.35. A is graded with a <=
An): Hy — Hyniao1 YN €Z,Ym € %N

o4



Proof. [D,A(z)] = zA'(2) + aA(z) = >, (@ — 1 —n)A(n)z~"!

<~ [D,A(n)]=(a—1—-n)A(n) VneZ

< Vn € Z,Ym € 3N,V € H,

DAn)¢ = An)DE+ [D, A(n)|¢ = (m —n+a—1)A(n)¢

< A(n): Hpn — Hynia1 Yn €Z,¥m € %N. O

Lemma 4.36. Let A, B local and graded with o and 3 then:
(D, A,B(2)] = 2(A,B) (2) + (o« + 6 —n—1)A,B(z).

Proof. A(n): Hy — Hy—pga—1 and B(n) : Hy, — Hypypip
Now, by formula 4.26, A,B(n) : Hy, — Hpono(atp—p—1)-1
The result follows by the previous lemma. O]

Lemma 4.37. Let A, B € (EndH)|[z, 2], graded with o and (3, then:
A and B are local <= de € Zy, AN € N such that Ve, d € H:
(z —w)N(A(z)B(w)c,d) = (=1)%(z — w)N (B(w)A(2)c,d) as formal series.

Proof. (=) True by definition.

(<) Let c€ Hy,, d € H,

An)c€e Hy_piq1=0forn>p+a—1,

B(m)c € Hy_ppip—1=0form>p+04—1,

A(n)B(m)c, B(m)A(n)c € Hy_(min)+a+p—2, d € Hy and H, L Hy if ¢ # 7.

Let S={(m,n) €Z*m+n=p—q+a+p—-2m<p+p3—1}
and 8" = {(m,n) €Z* m+n=p—q+a+p-2n<p+a-—1}

(z —w)V(A(2) B(w)ec,d) = Z CE (A(n) B(m)e, )z~ 1kyy=m=1+N=k
S,k=0

N
(z—w)V(B(w)A(2)e,d) = (=1)7 Y CR(B(m)A(n)e,d)z""1Fp=m 1N
5’ k=0
But, SN S is a finite subset of Z2, so the formal series is a polynom:
P(A, B, c,d) € C[z*, w*!]; now, using remark 4.23, and the fact that
A(n)c=0forn >p+a—1and B(m)c=0 for m >p+ [ — 1, then:

(A(z)B(w)c,d) if |z| > |w|

(z,w) " P(A, B, c,d)(z,w) = { (=D (B(w)A(2)e, d) if |w| > |2]
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Remark 4.38. (associativity) (A,B),C = A,(B,C) = A,B,,C

Lemma 4.39. Let Ay,..., Ar graded, A; and A; local with N = N;; € N.
Then, Ve, d € H:

[z = 2)™9(Ai(z1)... Ar(zr)e, d) € L2 .. 25
i<j
Proof. 1t is exactly as the previous lemma:
We can put each A;(z;) on the first place by commutations.
We obtain equalities between R series with support S;UT', with T" the support
due to [, (2 — 2;)™¥ (finite), and as the previous lemma:
SZ' = {(ml, ...,TTLR) c ZR;m1 +...+mp= K, m; < k’l}
So, ) S; is a finite subset of Z® and the result follows. O

Lemma 4.40. (Dong’s lemma) Let A, B, C' graded and pairwise local, then
A, B and C are local.

Proof. Let Q(z1, 22, 23) = [[,;(2 — %), by lemma 4.39, Vd, e € H:
Q.(A(21)B(22)C(23)d, ¢) = Q.(=1)"7%2(C(23) A(21) B(22)d, €) € Cl27, 257", 237']

Now, we divide this polynom by @), we fix zo and we develop around z; = 2.
Then 3N € N such that Vn € Z if P, is the coefficient of (2; — 25)™""! then
S, = (20 — 23)N P, € C[z5, 2571].

Now, on one hand S,, = (22 — 23)" (A,,B(22)C(23)d, ¢) and on the other hand
Sp = (—1)%(22 — 23)V(C(23)AnB(22)d, €), with € = &1 + &.

Then, the result follows by lemmas 4.36 and 4.37. [

Proof’s corollary 4.41. If in addition, A and C are local with 1 € Zsy ,
and, B and C, local with €5, then, A,B and C' are local with € = €1 + &5.

Lemma 4.42. If A and B are local with ¢ € Zy, so is A" and B

Proof. (= —w)(A(2) B(w)e, d) = (—1)°(z — w)¥(B(w) A(2)c, d)
Then, applying diz and the lemma 4.37, the result follows. O]

Definition 4.43. (Operator T) Let T € End(H).
Lemma 4.44. Let A, B local such that [T, Al = A" and [T, B] = B'.
Then, [T, A,B] = (A,B) = A,B+ A,B" and [T,A’] = A”
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Proof. (z—w)N([T, A(z)B(w)]c,d) = (z—w)N ((A'(2) B(w)+ A(2) B'(w))c, d)

=(z—w)N Y, (A B+ A,B')(w)e,d)(z —w)™™'  on one hand
(z = w)V (L + L)X, ez AnB(w)(z —w) ™ 'c,d)  on the other hand

= (2 = w)"[(3 ez (—n — DAB(w)(z — w)™" ¢, d) +
(Xnez(AnB) (w)(z —w)™""le, d) + (Zne (0 + ) B(w)(z —w)™" ¢, d)]
(z = w)™ 32, ez ((An )’(w)c d)(z —w)™""

By identification: [T, A, B] = (A,B)' = A/, B+ A,B’
Now, [T Al = A" = [T, A(n)] = —nA(n — 1) so [T,A'] = A" O

Lemma 4.45. Let Q € H; A, B local with A(m)Q = B(m)Q2 =0 Vm € N,
then A'\(m)Q = A, B(m)Q =0 VYm € N,Vn € Z.

Proof. A'(m)=—-—mA(m —1),s0 A/(m)Q2=0Vm eN
On the formula 4.26 ;, A(n — p)Q2 = B(m + p)Q2 = A(p)Q2 = 0 because
n—p,m+p,p €N, then, A,B(m)Q=0Vm e N,Vn € Z. ]

4.3 System of generators

Definition 4.46. Let H prehilbert space; {Ay,..., A} C (EndH)[[z, 2]
is a system of generators if 3D, T € End(H), Q € H such that:

(a) Vi,j A; and A; are local with N = N;j and € = €;; = €4;.€5;
(b) Vi [T, Ai] = A

(c) D decomposes H = @n€N+1 H,, with D =n& V¢ € Hy,, dim(H,) < oo,
H, 1 H, if n# m and Vi Aj; is graded with o; € N + =2

(d) Q€ Hy, | =1, and Vi Vm € N, A(m)Q = DQ =TQ =0

(e) A={A;(m),Yi Ym € Z} acts irreducibly on H, so that H is
the minimal space containing 2 and stable by the action of A

Definition 4.47. Let S C (EndH)[[z, 27|, the minimal subset containing
Id, Aq,..., A, stable by the operations:

(A, B) — (A,B) (Yn € Z) A Al

)
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Let S. = {A € S | A is local with itself with € € Zy}, so that S = S5 II St.
Let S =lin< S, > and S = 55 & 7.

Remark 4.48. All is well defined by previous lemmas.

Lemma 4.49. VA, B € S, they are local, A,B €S and [T,A|=A" €S
Proof. By previous lemmas and linearizing Dong’s lemma. O]
Lemma 4.50. Let E € S, and F € S, then:

(a) E,FeS. o,

(b) E and F are local with ¢ = £1.€5

Proof. (a) E and F' are local with an ¢ € Zs.

We use the corollary 4.41 with A=F, B=F,C =FEwith A=F, B=F,
C = F and finally with A= F, B=F, C' = E,F. Then we see that E, F is
local with itself with ¢’ =& + e 469+ =€) + €9, 50, E, F € S, 1c,

(b) By induction:

Base case: Vi,j A; € S, Aj € S,; and are local with ¢ = g;; = €4.65; by
definition 4.46.

Inductive step: We suppose the property for £ € S,,, F € S., and G € &,,.
We prove it for £, F and G:

E and G are local with ¢ = ¢;.e3

F and G are local with € = gq.63

Now, E.F € S, 1c,, G € S, and by corollary 4.41 with A = E, B = F,
C =G, E,F and G are local with e = e1.63 + 9.3 = (g1 + £2).€3

The following lemma completes the proof. ]

Lemma 4.51. Ac S. = A' € S.

Proof. By lemma 4.42, if A and B are local with € € Z,, so is A" and B.
The result follows by taking B = A and then B = A’ ]

Definition 4.52. (well defined by lemma 4.45)

R: § — H
A — a:=A(2)Q:=0

linear.
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Examples 4.53.

(a) R(Id)=9Q, R(A)=A(-1)Q

(b) R(A") = A(—2)Q=T.R(A)

(c) R(A,B) = A(n)R(B) (by formula 4.26)

(d) R(A,Id) = A(n)Q

Lemma 4.54. A is graded with o <= R(A) € H,

Proof. By lemma 4.35 and 4.36, inductions and linear combinations.

State-Field correspondence:
Lemma 4.55. (Existence) Va € H, A € S such that R(A) =

P?“OOf. R((Ail)ml (Al2)m2(Alk)mk[d) = Ail (ml)R((Alz)mz(Alk)mkld)
Now, the action of the A;(m) on Q generates H by definition 4.46.

Lemma 4.56. Let A € S, then A(2)Q) = e*TR(A).

Q=3 nA(=n —1)Q2",
b) € C[z]

Proof. Let Fa(z) = A(z
Then, VbEH (Fa(2),
= (1 Fa(2),0) = (A'(2)Q,

Now, 4 (F4(z),b) b)
— (1 AR)QD) = (TAR)b) = (TFa(2)2,b
But, Fa(0) = R(A) so we see that: (Fa(2),b) = (eTR(A),b) Vb e H

Finally, Fa(z) = T R(A)
Lemma 4.57. (Unicity) R(A)= R(B) = A=B.

Proof. Let C = A — B, then R(C') = R(A) — R(B) =0

and Fo(z) = e#TR(C) =0

Now, Ve € H, 3F € S such that R(E) =

Then Vf € H, AN € N dJe € Zy such that :

(2 = )N (C(E@)R f) = (—1F(z — w) (B@)C(2)2, f)
Now, (E(w)C(2)Q, f) = (E(w)Fe(z), f) = 0 = (C(2) E(w)®, f)
So, (C(:)E()92, Do = (C(2)e, f) = 0 Ve, f € H

Finally, C =0and A= B
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Now, we can well defined:

Definition 4.58. (State-Field correspondence map)

Ve H — S i
i V(a) inear.
Vae H R(V(a)) =

such that : ( VAeS V(R(A))

a
A

Notation 4.59. V(a)(z) is noted V(a, 2) and A(z) = V(R(A), )
Examples 4.60.

(2) V(0,2) =0, V(Qz)=1Id

(b) V'(a,2) = V(T.a, 2)

(c) (AuB)(z) = V(A(n)R(B), 2)

Definition 4.61. Let H. = P H, so that H = Hj & Hj.

neN+35
Lemma 4.62. R(S.) = H. (¢ € Zy)

Proof. Base step: by definition 4.46 and lemma 4.54,
Vi Al € 85“. and R(Al) € Hai with oy € N + %
Inductive step: by lemma 4.50

Corollary 4.63. (Relation with T and D) Let a € H,, we have that:
(a) [T,V(a,2)]=V'(a,2) =V (T.a,2) €S
(b) [D,V(a,z)] =2V'(a,z) +a.V(a,z) (¢S in general)

4.4 Application to fermion algebra
H = fNSa w(’z) = ZnGZ wnJr%Z_n_l with [’l/}m7wn]+ = 6m+n[d

Proposition 4.64. {1} is a system of generator.
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Proof. 1 is local with itself with N =1 and e =1 = 1.1 (see definition 4.46)
We have construct D and T' (p 51 ), Q € Hy, ||| =1, DQ=TQ = 0.

IT,0(2)] = ¥/(2), [D, $(2)] = 24/(2) + L(=) and L € N+ 1

Finally, {¢,,n € 3N} acts irreducibly on H O]

Corollary 4.65. {1} generates an S with a state-field correspondence with:
R() = ¥_1Q and ¥(z) = V(1_, 0, 2)

Lemma 4.66. (OPE) (2)i(w) ~ -4

zZ—w

Proof.  ,(w) = V(Q/JnJr%w_%Q,w) =0ifn>1(here N=1)
Now, for0<n<N-—-1lien=0:

Vi 1 Q= (Y1, ¥ 1]y =9 191)Q = Q, 50 Yoip(w) = Id O

Remark 4.67. (Next operator) w_%@/)_%Q =0, so Y_1¥ = 0; and the next
operator of the expansion is 2L(w) = Y_s(w) =23, 5 Lpz™"?
Now, R(L) = lw%w%Q, then L(w) = V(%Tkg?ﬂf%Q,w)

2

Remark 4.68. L(n) = L,y so, Lo = L_1Q =0 by lemma 4.45.

Lemma 4.69. (OPE) (z)L(w) ~ 12¢p(w) _ 1/2¢'(w)

(z—w)? (z—w)

2

Now, 19 st 1Q = —¢p_sQ=R()) , ¥s 3¢ 1 Q=9 1 Q=R(y) 0O

Lemma 4.70. (Lie bracket) [Ly,n] = —(n+ im)tmin

Proof. ¢, L(w) = 1V(¢n+%¢%¢7%9,w) =0ifn>2(here N =2)

Proof. By lemma 4.50, ) and L are local with € = 0, and by formula 4.31:
[p(m), L(n +1)] = —3Co0¢'(m +n+1) + 3Cho(m+n+1—1)

= (m+n+1)¢p(m+n)+ sm(m+n) = (m+ 3 + in)i(m+n)

We have computed for m > 0, we find the same result for m < 0.

Now, ¥(m) = U1 and L(n+ 1) = L,, so the result follows. O

Lemma 4.71. D=Ly and T = L_;
P?“OOf. [L07wn] = _nwn = [Da wn] ) [Lflawn] = _(n - %)wnfl = [Ta wn]

So, by irreducibility and Schur’s lemma, Ly — DandL_, —T € CId
NOW, L()Q =DQ = L_lﬁ =T0 = O, then, D= LO and T = L_1 ]
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Corollary 4.72. VYa € H,:
(@) [L-1,V(a,2)] =V'(a,z) =V (L_1.a,2) € S
(b) [Lo,V(a,2)] =2V'(a,z)+s.V(a,z)

Remark 4.73. VA € S, A" = (LyA), so, by Dong’s lemma, we finally don’t
need here to A — A’ for the construction of S.

Lemma 4.74. (OPE) L(z)L(w) ~ 214 4 20 L)

(z—w) z—w)2 (z—w)

Proof.  L,L(w) =V (L(n)L(—1)Q,w) =V (L,-1L_2Q,w) =0if n > 4.
Then, here, N =4, so, for 0 <n < N — 1:

(a) V(L_1L_2Q,w) = L'(w)
(b) LoL_2Q =2L_5Q =2R(L) because L_5{2 € Hy
(c) LiL 20 = %Lll/)_g%b_%Q = %[Ll,w_g]w_%ﬂ = l@DE%Q =0

2

(d) Lol _5Q) € Hy = CQ, S0, Lol 50 = KQ with K = ||L_QQ||2

Notation 4.75. ¢ := 2||L_,Q|?, the central charge.
(here ¢ = %(w%z/}f%Q,w%w%Q) =1

0 if k#£0
Id if k=0

Lemma 4.77. (Lie bracket) [Lu, Ly] = (m —n)Lpin + 5m(m?® — 1)0p1s.

Proof. By lemma 4.50, L € S5, and by formula 4.31:

If m+1>0, then: [L(m+1),L(n+1)] =

CO L L(m+n+2)+2C, Lim+n+2—1)+£C3  Id(m +n 2—3)
= —(m+n+2Lim+n+2)+2(m+1)Lim+n+1)+ 22"V

= (m—n)L(m+n+1)+ Sm(m* — 1)8,4y

We find the same result for m +1 <0 ]
Remark 4.78. L} =L_,,

Proof. [_pn, L] = [Lim,¥n]" = —(n + %m)@/)_m_n = [Y_pn, L], then the
result follows by irreducibility, Schur’s lemma and grading. n

Notation 4.76. Let 6, = {
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Remark 4.79. The (L,) generate a Virasoro algebra Uir.

Corollary 4.80. Uit acts on H = Fyg, and admits L(c,h) = L(%,O)
as minimal submodule containing €.

Definition 4.81. Let call L the Virasoro operator,
and w = R(L) = %wfg@k%@; the Virasoro vector.

4.5 Vertex operator superalgebra

Definition 4.82. A vertex operator superalgebra is an (H,V,Q,w) with:
(a) H = Hg® Hy a prehilbert superspace.

(b) V: H — (EndH)|[[z,27"]] a linear map.

(c) Q, w e H the vacuum and Virasoro vectors.

Let S. =V(H.), S =8 & S1 and A(z) =V(a,2) = >, An)z""71,
then (H,V,Q,w) satisfies the followings axioms:

1. (vacuum azioms): YA € S and ¥Yn € N, A(n)Q2 =0,
Vi(a,2)Q.—0 = a and V (2, 2) = Id

2. (irreducibility axiom): Let A= {A(n)|A € S,n € Z} then,
A acts irreducibly on H, so that A.QQ = H

3. (locality axiom): YA € S.,, VB € S.,, A and B are local
(see definition 4.20 and lemma 4.37), with € = €1.69 and A, B € S; |1,

4. (Virasoro aziom): V(w,z) = L(z) =Y., . Lnz~""2 Virasoro operator
(Lol =L 1Q=0 and w = L _59). Let c = 2||w|* the central charge:
(L, Ln) = (m — 1) Ly + 5m(m® — 1)0pm4n

5. (Lo azioms) Lo decomposes H into @neNJr% H,, with dim(H,) < oo,
H, L Hy, ifn#m, H. =@, ., Hn, Q € Hy, w € Hy, and
Va € H,, [Lo,V(a,2)] = 2.V'(a,z) + a.V(a, 2)

6. (L_y axioms): [L_1,V(a,2)] =V'(a,z) =V(L_1.a,z) € S
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Corollary 4.83. A system of generators, generating a Virasoro operator
LesS, withD=LyandT = L_, generates a vertex operator superalgebra.

Corollary 4.84. The fermion operator 1 generates a vertex operator super-
algebra , with Virasoro vector w = %1/1_%1#_%9.

Remark 4.85. The Virasoro operator L alone, generates the minimal vertex
operator (super)algebra.

Remark 4.86. Let A(z) =V (a, z) and B(w) =V (b,w); the formula 4.26 is
general, so similary, by vacuum axioms, A,B(w) =V (A(n)b, w).

Proposition 4.87. (Borcherds associativity) AN € N such that Ve, d € H:
(’Z o U))N(V(a, Z)V(ba U))C, d) = (Z o ’LU)N(V(V(G, 2 w)b7 U))C, d)

Proof. To simplify the proof, we don’t write:
"3N € N such that Ve,d € H (z —w)™( . ¢,d)”, but it is implicit.

Via,2)V(b,w) = A(z)B(w) = A, B(w)(z —w)™" 1

= V(3 An)b(z —w)™" " w)
V(V(a,z —w)b,w). O
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5 Vertex g-superalgebras and modules

5.1 Preliminaries
5.1.1 Simple Lie algebra g

Let g be a simple Lie algebra of dimension N, a basis (X,)
with [X,, X, =), ¢, X, with I', € R totally antisymmetric.

Lemma 5.1. Let C = >, X2, then [g,C] =0

Proof. 1t suffices to prove [X,,C] = 0 for each X,.
[XG,C] = Zb[Xav XbZ] = Zb([Xm Xb]Xb + Xb[Xav Xb]) - iZb,o PZbXCXb+
i3 e D Xp Xe =103, (Do +Th) XX, =0 by antisymmetry. O

Remark 5.2. C is a multiple of the Casimar of g. We suppose to have well
normalized the basis such that C is exactly the Casimir.

Corollary 5.3. By Schur’s lemma, C acts as multiplicative constant ¢y on
each irreducible representation V.

Example 5.4. g is simple, it acts irreducibly on V = g with ad.
Lemma 5.5. > T T = ¢,

a,c ™ ac’

Proof. (5, ad,)(Xs) = cgXp = 32, [ X, [Xas Xi]
= 1'2 Za,c,d Fcclb'FZch = Z Fb Fchd’

a,c,d ~ ac*

Then, Y, . T2 T = dpcy O

a,c ™ ac

Definition 5.6. g = %’ is called the dual Coxeter number.

Example 5.7. g = A; = sly, dim(g) =3

[E,F)=H, [H,E] =2E, [H,F] = —2F, with Casimir EF + FE + L H?
We choose the basis: X1 = %E(E —F), Xy = %i(E—i- F), X3 = ‘/751-[,
with relations: [ X1, Xs] = iVv2Xs, (X3, X4 = iV2Xo, [Xo, X3] = iv2X,
C=>,X2=EF+FE+;H? and g = %Za’b(Fbe)Q =2

Table (see [54] p 111)

4] An Bn Cn Dn EG E7 Eg F4 G2
dim(g) | n*+2n | 2n*+n | 2n°+n | 2n° —n | 78 | 133 | 248 | 52 | 14
g n+1 2n —1 n+1 2n—2 |12 ] 18 | 30 | 9 | 4
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5.1.2 Loop algebra Lg

Definition 5.8. Let Lg = C>(S', g) the loop algebra of g.
It’s an infinite dimensional Lie x-algebra, admitting the X = X e
as basis, with n € Z and (X,) the base of g; so:

[X%7Xz} = [XaaXb]ern and (Xi)* = Xéin

Proposition 5.9. (Boson cocycle) Lg has a unique central extension, up to
equivalent, i.e. Hy(Lg, C) is 1-dimensional. Hy(Lg,C) is 1-dimensional. Let
L the central element and g, = Lg ® CL called g-boson algebra, then:

[X;;L’ Xz] = [Xau Xb]m+n + m5a55m+n.£
Proof. See [100] p 43. =

Theorem 5.10. The unitary highest weight representations of g are
H = L(V), ) with:

(a) ¢ € N such that LQ = Q) (the level of H ).

(b) Ho =V, irreducible representation of g such that:
(A, 0) < € with X the highest weight and 6 the highest root.

Proof. See [100] p 45. O

Remark 5.11. Let 6, the category of such representations for { fized.
6, is a finite set and 6 C 611

Remark 5.12. The irreducible unitary projective positive energy represen-
tations of Lg are given by the unitary highest weight representation of g, .

Example 5.13. We take g = sly, then H = L(j, () with:
e LO=1/Q, (€N

o Hy="V; with j € %N the spin and 5 < é, such that
CQ = cy,Q with C =3 (X{)? the Casimir and cy, = 2j° + 2j
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5.2 g-vertex operator superalgebras
5.2.1 g-fermion

Definition 5.14. Let g_ be the g-fermion algebra, generated by (%) with
ac€{l,..,N}, N=dim(g), m€Z+ % and relations:

[ fna ¢Z]+ = 5ab(5m+n and (ngn)* = wa—m

Remark 5.15. As for the fermion algebra of section 4.1, we generate the
Verma module H = Fyg, and the sesquilinear form (.,.) which is a scalar
product; w(Y2)* = w((Y2)*), Frg is a prehilbert space, an irreducible repre-
sentation of g_ and its unique unitary highest weight representation.

Definition 5.16. Let ¥*(2) = > ., wer%.z_”_l the fermion operators.

Remark 5.17. ¢%(2)y?(w) ~ Leb

(z—w)

Remark 5.18. As for the single fermion operator v, of section 4.4,
{v*,a € {1,...., N}} generates a vertex operator superalgebra with:

dim(g)

1 a a 2
w:§Z¢7%¢7%Q and ¢ = 2|lw|* = —

Definition 5.19. Let S¢(z) = V(s¢,2) = >,z Sez™" ! with:
§¢ = _% Za,b FZb@/)a_%Wi%Q € H; C Hp
Lemma 5.20. (OPE and Lie bracket)

12 Tt (w)

(2 —w)

P (2)S°(w) ~ and [ SP] = 1ZF Can = [S2, 0]

Proof. ¢Z+;-SC =0ifn>1and ¢¢.sc=1i), 90, Q. ]
2 2 2

Remark 5.21. [S%, 1% =0

Lemma 5.22. (S%)*=S°

Proof. [(Sp)* ¥2,,] = [, S = —i 3. Toie o = [S%, 902,
The result follows by irreducibility, Schur’s lemma and grading. [
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Remark 5.23. (Jacobi) [ X, [Xp, Xc]] = [[Xa, Xb), Xe] + [Xb, [Xa, X]]
& Tl = aTal e + Telh) & 2 (ToTe + Tt + Tale) =0
Notation 5.24. [5¢,S%] :=4)  T¢,5¢

c™ ab

Lemma 5.25. (OPE and Lie bracket)

Sa, Sb g
’ ](w) + g-Oab

(z —w) (z —w)

S%(2)S (w) ~ [

2

and [S%, S0 =[S, S*|(m+n) + €mdubmin  (with {=g€EN)

Proof. Sffsc =0ifn>2 and:

(a) Sgsc = _% Za,b Fébsgtb“_%wﬁéﬂ

(Z Za,b,e Ffzbrilad)i%wli%ﬁ +1 Za,b,e ngrzb¢i%wi%9)
(2 Za,b,e(rgbl—ge + FZeFZe)¢i%¢E%Q

=iy, Fgc%i Za,b ngwf%d’b,%fz =iy  1Gs = (54, 5(=1)

(b) Sil ‘= _%i Za,b,e szfzawgw’iéﬁ = % Za,b FZbFZb = g.0cd

i
2
i
2

Corollary 5.26. (S%) is the basis of a g-boson algebra.
It admits L(Vy, g) as minimal submodule of Fr containing
(with Vo = C the trivial representation of g).

Lemma 5.27. Y (5%,)?Q = 4gw

Proof. 32.(S21)*Q = =5 X ape TapS2a9? 9,0

= 1 D upede Daaleath® 100 00 00 Q= § 30, T[S0, 0 19", 10
= — 15 Lapea(Ze (ol + Tl + oot 197 192197, 0)

T D abee FZQFEG;Z)C_%@[;E%Q = 4dgw [

Lemma 5.28. (OPE and Lie bracket)
5% (w)

(z —w)?

Sz)L(w) ~ and [Lp, Si] = —nS%

m-+n
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Proof. S%.w =0 forn >3 and:
(a) Sg.w': ﬁ 2 S5(8%1)* = é 2 ([55, 8241822 + 5%, [Sg, S%4]€)
= ﬁ Zb,c(rgb + FZC>5515519 =0
(b) S5 = & T0,(155, 5%,]8" 0 + S [55. 5" 19)
= ﬁ Zb,c FZbeSLQ = ﬁ Zb,c IG0pel =0
() Stw =4, 25,57, 5%,]5%, Q2 + 5,57, 52,]9)
(2€+szCI‘ngCSb Q) =205 0 =590 ()

Corollary 5.29. (S%) generate a vertex operator (super)algebra with
w= J(S%1)22 as Virasoro vector.

5.2.2 g-boson

Definition 5.30. Let X%(z) =Y. _, X2z~""! the boson operators
with [X%, Xb] = [X* X ) min + MOapOmin-L

Corollary 5.31. The g-boson algebra g, generates a vertex operator
(super)algebm on H = L(Vy,g), and also on H = L(Vy,{) for any ¢ € N,
with w = (” Z (X2,)2Q as Virasoro vector; and:

Xa(Z)Xb<w) ~ [Xava](w) + g'éab

(z —w) (z —w)?
a X(w) o .
Xz)L(w) ~ G—w)p and  [Lp, X§] = —nX?
Proof. By the previous work on (S%) and (x). O

B 92 tdim(g)
Lemma 5.32. ¢ = 2[jw[]* = =%

Proof. 4(0+ g)*||w|* = 32, ,((X21)*Q, (X2))*Q) = 3=, ,(Q, (X7)*(X2,)*Q)
= ap(EL, XPX0 X, X2 )0 + XPIXE, X2, ]X0,0)
= (Zabcirgb(Q XfXnglﬂ)) + 20 Za(QinlX%Q)

= (D apeal— DG TE(Q, X1 X9,Q) + 20°dim(g))

= (2g4dim(g) + 20*dim(g)) = 2¢dim(g)({ + g) O
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Remark 5.33. By vacuum aziom of vertex operator superalgebra, X§€2 =0,
then, the representation Hy = V) of g is necessary the trivial one Vj.

At section 5.3, we see that general L(Vy,l) admits the structure of vertex
module over L(Vy, ().

5.2.3 g-supersyminetry

By lemma 5.20, the g-boson algebra g, acts on the g-fermion algebra g,
then, we can build their semi-direct product:

Definition 5.34. Let g =g, X g_ the g-supersymmetric algebra.

Proposition 5.35. The unitary highest weight representations (irreducible)
of g are H = L(V\,0) ® Frg (see [52]).

Proof. Let H be such a representation of g, then, g_ acts on, but it admits
a unique irreducible representation: Frg, so H = M @ Frg, with M a
multiplicity space. Now, g4 acts on H and on Fyg (corollary 5.26 ), and
the difference commutes with g_; but g_ acts irreducibly on Fyg, so, the
commutant of g_ is End(M) ® C by Schur’s lemma. So, g, acts on M,
and this action is necessarily irreducible. Finally, by unitary highest weight
context, I\ such that M = L(V), ). O

Remark 5.36. Using the previous notations, g4 acts on L(Vy,l) @ Frg as
B = X2+ S22, bosons of level d =1 + g.

Corollary 5.37. From (y%(z)) and (B*(z)), we generate S®(z) and X* =
B® — 5% a vertex operator superalgebra on H = L(Vp,{) ® Frg with the
Virasoro vector:

1 a a 1 a \2 .
W= §;¢3¢%Q+ TS ;(X_l) Q and:

¢ 2l = dim(g) | (dim(g) _3 [+ 39
2 l+g 2 (+g

dim(g)

Definition 5.38. (SuperVirasoro operator)
Let 7 = Za P, X490, T = %Za Y5 Q and 7= (£ + 9)7%(71 + 72).
2 2

Let G(Z) - V<T7 Z) = ZnEZ GTL—%Zinil = ZnEZ-‘r% an—n—%
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Proposition 5.39. (Supersymmetry boson-fermion)

BG(Z)G(w) ~ d%M and wa(z)G(w) - d_% (f‘zu;}))

(z —w)?

Gy, By = —ndél/)a and  [Gp, V%] = 4" B®

m+n m+n

Proof. wZ+lTi =0 forn>2 and:
2
(a) 1/]%7‘1 = Xﬁlg

(b) 1/1%7'2 = %(Sng - Zb WiéWéSgQ) = %(Sng - iZb,c ngﬂ/ﬂi%wiég)
= 5°.0Q

(C) ¢%T1 = ang = 0.
Ser,, X1, =0 forn > 2 and:
(@) Sgm =2, qu/}li%XﬁlQ = iZb,c ngwi%XLQ

(b) Sim =35>, 531#11%5319 =301, F2b¢iésglg +3, Wi%SSSLQ)
- %(Z Zb,c Fﬁbwi%Sﬁlﬁ +1 Zb’c szwi%Silg)
= %Zb,c(rgb + Fgc)d)ilSilQ =0

(c) X§m = Zb @bb_%XgXLQ = izb,c FZM/’Z:%X&Q = =507
(d) XgTQ = X%Tg = S%Tl =0

(e) X{m =y*,Q

(£) Si72 = 530, S008 , 80,0 = 350, Doy 2.0 + 35, v, S157,9)
= %(Zb,e,d ngrgc¢i%9 + QWI_%Q) = QQ/JG_%Q

Remark 5.40. G;, = G_,, (as lemma 5.22)
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Lemma 5.41. (OPE and Lie bracket)

G'(w) N 2G(w)

(z—w) (z2—w)?

L(z)G(w) ~

and G, Lyn] = (m — %n)Gern

Proof. L(n)t = L, 17 =0 for n >3 and:
(a) L_i7 = R(G’") (see L_; axioms and definition 4.52)
(b) Lot = 3R(G) (see Lo axioms)

(c) Li(m +7m2) =2, L1y?, ( X %531)Q=Za¢f%L1(Xf1+%531)9
= ¢a_§( 15“)9

O
Remark 5.42. HA> B]Jra C] = [A> [B> C]Jr] [ ) [Aa C]+]
= [Av [Bv CH+ [ ) [Av CH+
Lemma 5.43. (OPE and Lie bracket)
2c 2L(w) c 1
~ 3 d my, Un|+ = 2Lm nT5 2 - 6m n
G(Z)G(U)) (z—w)3+(z—w) an [G 7G ]—i— + +3(m 4) +
Proof. By supersymmetry:
(@) [[Gm,Gyl+, BY] = —2rBy iy = 2L 4n, BY]
(b) [[Gm? G ]+7,¢a] = (7" + (m + TL)) ?Tz—&-n—&-r = [2Lm+n7¢g]
Then, [[Gm, Gnl+ — 2Lmsn, B = [[Gm, G|+ — 2Lm4n, ¥ =0
Now, (B%), (¢%) act irreducibly on H, so by Schur’s lemma:
[Gm, Gn}Jr - 2Lm+n = km,nI
Now, among the G,,7, G T is the only to give a constant term and:
Gyr = (0+9)7 5, Gyue (X2, + 352,)0
=(L+g) "D (XP+ Sa)( 4+ %Sil)Q
= ((+ g)~'dim(g)({ + 39)2 = 0.
Finally, by formulas 4.26 and 4.31, k., = £(m® — 1)0m4n- O
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Summary 5.44.

L(2)E(w) ~ 22 4 2 Vi
G’ (w §G(w)
L(Z)G(w) ~ (Z_(w)) + é_w)2
Zc L(w
G(2)G(w) ~ i + 22
and:
[Lm, Ln] = {m — n)Lm+n + 1—'32(m3 — m)6m+n

(
[Gma GTL]+ = 2Lmin + %(m2 - i)aern

3 (+1
Ly= Loy Giy=Gop, ande=3- = +3ggdz‘m(g)

the SuperVirasoro algebra of sector (NS), or Neveu-Schwarz algebra ity ;.

Corollary 5.45. Tiv1 acts unitarily on H = L(Vy,0) @ Frg and admits
L(c,0) as minimal submodule containing Q0 (see definition 3.21 ).

5.3 Vertex modules

Remark 5.46. If ¢ = 0, then A\ = 0 and L(Vy,0) = C trivial, and what we
will show is ever proved by the previous section. So, we suppose £ € N* fized.

5.3.1 Summary

Let H = L(Vp, () ® Fyg, the vacuum representation of the g-supersymmetric

algebra g, with 7 : g — End(H).

We have construct the vertex operator superalgebra (H,Q,w, V') with

V : H — (EndH)|[z, 2] the state-field correspondance map.

S = V(H) is generated by (V (¥ ,9Q))a, (V(X%,Q))s, and V (L), pairwise

2

local, with the operations, (A, B) — A, B and linear combinations.

We write V(1,4 2) = Znezﬂwer;)
2 2

V(X2,Q,2) =3 (X))t and V(LQ, 2) = (L) (= Idy).

—n—1
Z )
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5.3.2 Modules

Let H» = L(Vy,l) ® Fyg a unitary highest weight representation of g and
g — End(H")

Remark 5.47. H? is itself the minimal subspace containing Q* and stable
by the action of g: Q2 is the cyclic vector of H*.
On the vacuum representation, §2 is called the vacuum vector.

Lemma 5.48. (3, ., 7™ (¥2, 1)z ), (3,2 ™ X))y and 7(L) are
pairwise local (definition 4.20).

Proof. Let A, B € g[[z,27Y]]; m and 7 are faithful representations of g.
Then, as formal power series, with N € N and ¢ € Zs:

(2 —w)N7(A(2))m(B(w))e, d)

= (=1)*(z —w)N(7(B(w))7(A(2))e,d) Ve,d e H if and only if

(z — )((())(())G,f)

= (=1)°(z = w)V (N (B(w))7N(A(2))e, f) Ve, f € H

We generate inductively an operator D decomposing H* into € H, by:
DO = 0, Dy®,, € = e, Dé +mye, & DX, € = X DE+nXP £ € € H,
clearly well defined; but, 92, : H’\ — H’\ and X! : HA — H”\ so, by

—m p—n?

lemmas 4.35, 4.36, 4.37, the result follows n

Lemma 5.49. D = [ — (Z+g) ,

with cy, the Casimir number of Vy (see corollary 5.3)

Proof. [Lo, %] = [D,v¥?] and [Lo, X?|] = [D, X2, so, by irreducibility and
Schur’s lemma, Ly — D € Cldys. Now, DQ* = 0 and LyQ* = hQ* # 0 in

general. Now, writing explicitly L with formula 4.26, we obtain:
204 g) Lo = > (X§)20* = C.O0* = ¢, [
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Theorem 5.50. Q]it% acts unitarily on H* = L(Vy, () @ Fy 4
and admits L(c, h) as minimal submodule containing 2,

. Z—i—l . c
with ¢ =3 - £+3ggdzm(g) and h = %.

Proof. We generate S* from generators of previous lemma, with the opera-
tions (A, B) — A, B (now available) and linear combinations. The formula
4.26 is independant of the choice between the faithful representations m and
7. So, we identify S and S*, which gives the isomorphism i : S — S*; we
compose it with the state-field correspondence map V : H — S to give:

VY. H — (EndHM|[z,27Y]
@ —  i(V(a) @

Then, ZnEZ WA(¢Z+£)Z_n_1 = VA(wa,lga Z)a
2 2
ez THXD) 2 = VMXP,Q,2) and (L) = VA(LQ, 2)
Now, V(a),V(b) = V(V(a,n)b) Va,b € H, so, by construction:

V@) VA(b) = VA(V(a,n)b)  (2)

Then, VMw,2) = Y. L,z 2, VAN1,2) = ZGmféz_m_l, L* = L_, and
Gr, = G_,,, with (L,), (Gy,) verifying superVirasoro relations.  (3) ]

Remark 5.51. [L,,, %] = —(n+ tm)y2 .. and [Ly,, X2 = —nX%,.,, so:

m-+n m-+n’

f I ioto )= ()t "
(Lo, V*a,2)] = 2.(VN(a,2) +1V*a,z) (a€ H,)

Remark 5.52. VX(Q, 2) = Idy» because ™ and ™ are at same level . (5)
Definition 5.53. By (1)...(5), (H*, V?) is called a vertex module of (H,V,Q,w).

We now apply the theorem 5.50 to GKO construction with g = sls.

75



6 Goddard-Kent-Olive framework

6.1 Characters of Lg-modules

In this section, we take g = sl,. Let H a unitary, projective and positive
energy representation of the loop algebra Lg (see section 5.1.2).

Remark 6.1. Thanks to g — Lg: X, — X§, g acts on H,
and by the previous work, the Virasoro algebra *Uir acts on too:
[Lin, Ln) = (m — 1) Lyyin + Sm(m? — 1)ty (n € Z, C central).

Definition 6.2. A character of H as Lg-module is definied by:
ch(H)(t, z) = tr(tho—312%3)

Lemma 6.3. (Jacobi’s triple product identity)

Sk = [T+ 21+ (1 — 1)

keZ neN*
Proof. See [100] p 62. O
Remark 6.4. At the section 5.2.1, Lg acts on Fyg, with mzy (X3) = S§.

Proposition 6.5.  ch(Fy¢)(t,2) =t~/ Oyns(t)0(t, 2)  with

ws®) = [TCSEED) and ot,2) = S ade 2

1—1tn
neN~* keZ
Proof. C' acts as multiplicative constant Cra . = dimT(g) = %, 0, —3; = —1/16

[ 77Z}b] - ZZ F bwm—i-n? SO [ngwg] - 0 [Sg7¢ ] = @%2“ [Sg7wg] = _qull
Let gpn - n7 gpn 2770711 nv gpn ¢1 _Z¢2 then, [SS'NP}OQ] =0, [S(?)’asorlz] = 90711

and [S3,p2] = —p?. Now, if M = PDP™! then, tr(M) = tr(D) and
tr(zM) = tr(z"”), but, adgs acts diagonally on g with basis (¢},),
[Lo, ] = —myt , and SgQ = 0, so, it suffices to associate:

"3 to 90?1n+%’ "3z to gpl_nJr%, and "~ 227" to 902_n+% to find:

ch(Fs)(t,2) =tV T A+ 7 25) (1 + "7 22)(1 + 477227

neN*

The result follows by the Jacobi’s triple product identity. O]
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Definition 6.6. Let m e N*, n € Z, t,z € C with ||t|| < 1.
Let the theta functions:

Qn’m(t, Z) — Z tkaka

kes-+Z

Theorem 6.7. Let H = L(j,(), irreducible representation of Lsly, then

ch(r(j,0) = Bt~ a e

Proof. An application of the Weyl-Kac character formula to Lsl,
(see [49], [56] or [100] p 62). O

Proposition 6.8. (Product formula)
0(t,2) bpm(t,2) = > (O t%™)0, mia(t, 2)
0<g<2(m+2) NEZ

p=q|2]

[2m(m + 2)n — (m + 2)p + mq]?
8m(m + 2)

with oy (n) =

Proof. We adapt the proof in [51] or [54] p 122, to the super case:
O(t, 2).Opn(t, 2) = D t2Frmi? hesmh
o,k
Let k =i, k' = 52 44’ where 4, i’ € Z; we define s, s by:
e (m+2)s=k—-2k=i-2'-2
o (m+2)s' =k+mk' = (m+2)(k +s)
Now, p+2(i — 2i') =2(m+2)n+ ¢ with 0 < ¢ < 2(m+2), p =¢[2], then:

2y —
:n—(m+ Jp = mg and s =n'+—2

— "€ Z (with n' =n+i").
Sm(m +2) om+2) n,n (with n' = n+i')

This gives a bijection between pairs (k, k') and triples (g, s, s').
Now, 3k% +mk? = £(ms 4 25')? + m(s — ') = tm(m + 2)s* + (m + 2)s”
and tm(m + 2)s*> = m(m + 2)(n — —(";nt(zgf;;;q)z =" (n) O
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Remark 6.9. By section 5.2.3, Lg acts on Fyg® L(j,{) as unitary, projec-
tive, positive energy representation of level £ + 2 (see definition 5.36).

Corollary 6.10. Letp=2j+1,¢q=2k+1 and m ={+ 2, then:

ch(Fig @ L(j,0) = > Fp.ch(L(k,(+2))
1<g<m+1
P=q[2]
with — F(t) =ty ys(t) Z(ta;”,q(n) — 90 ())
nez

We apply theorem 6.7, propositions 6.5 and

Proof. Lg acts on H as (I ® X + X ® I), then:
ch(FRg @ L(j,0)) = ch(Frg).ch(L(j,£)); now by proposition 6.8:

0(t,2).(Opum (£, 2) = Opm(t,2)) = > (Ot — "0, 1 1ot 2)

0<g<2(m+2) NEZ
p=q[2]

Butform+2§q’<2(m+2),q’:2(m+2)—qwith1§q§m+2.

Now by symmetry, Oy(142)—gm+2 = 0—gm+2, and Fp b(m+2)—g —Fo because

Oy mya)—q(n) = & o(=n — 1). Finally, F§ = F77 ., =0 because
ayo(n) =a™ o(—n)and oy, o(n) =a™,  ,(—n—1); theresult follows. [

Corollary 6.11. (Tensor product decomposition)

Fis®L(j,0)= @ My Lk, (+2)
1<g<m+1
p=q[2]

with My the multiplicity space.

Proof. By complete reducibility and remark 6.9, Fy ¢ ® L(j, £) is a direct sum
of irreducibles of type L(k, ¢ + 2); the result follows by corollary 6.10. [

Corollary 6.12. As g =g, X g_ representations, we obtain;
Fis®@ (LG, 0@ Fhs) = P M, Lk, +2)® F5y)

1<g<m+1
p=q[2]

Proof. Recall proposition 5.35 and remark 5.36.
Next, the characters of g-modules are defined as for g -modules. m
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6.2 Coset construction
6.2.1 General framework

Let b be a Lie x-superalgebra acting unitarily on an inner product space H,
a direct sum of irreducibles of finitely many isomorphic type H;:

H=@M ®H; with M; the multiplicity space.

Remark 6.13. h acts on H as 7(X) = > I @ m(X).

Definition 6.14. Let K; = Homy(H;, H),
space of homomorphisms that supercommute with b (graded intertwinners).

Recall 6.15. Homy(H;, H;) = 6;;C, Endy(H) = @ End(M;) @ C.
Lemma 6.16. K; admits a natural inner product.

Proof. If S,T € K, then T*S € Endy(H;) = C, and so, (S,T) =T*S
defines the inner product. n

Lemma 6.17. p: @ K; ® H; — H such that:  p(> & @mn;) => &(mi),
1 a unitary isomorphism of h-modules.

Proof. Let Y- m; ®mn; € H and &; : n; — m; @ n;, then &; € K,
because h acts on H as > I ® m;; and so, p is surjective.

Now, (p(>_& @ m), p(3_& @ ny)) = (&), §5(ny)) =
(&) my) = (&5, &) (mimg) = Q2 & @mi, 2 & @) O

Remark 6.18. An operator A on H which supercommutes with b, acts by
definition, on each K; by an A;, and, identifying M; and K;;, A=Y A;®1I

Let 9 be a Lie x-superalgebra acting as 7(D) on H, and as m;(D) on H;.

Corollary 6.19. If VD € 2, (D) = n(D) — > I ® m;(D) supercommutes
with by, then ® acts on M; as o;(D) with o(D) =Y 0,(D)® I.

Definition 6.20. Let BF(Dl, DQ) = [WF(Dl), WF(D2>] — 7TF[D1, DQ]

Remark 6.21. If F is unitary, projective and positive enerqy (see definition
3.5), the cocycle bg is defined by Br(Dy, Dy) = bp(D1, Dy)Ip.
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Proposition 6.22. If in addition to corollary 6.19, w and m; are unitary,
projective, positive energy representations, then, so is o;, and the cocycle of
0 on M; s the difference of the cocycles on H and on H;.

Proof. m=> (I ®m+0;,®1I)and By => (I ® By, + By, @ I).
6.2.2 Application
We apply the previous result to corollary 6.12 with f = g and 9 = 20, ».

Convention 6.23. To have a graded Lie bracket coherent with tensor prod-
uct, we need to introduce the following convention: let A, B be superalgebras,
then, the product on A ® B is defined as follows:

(a®@b).(c@d) = (=1 ®Cac@bd with e(b) , e(c) € Zy
Lemma 6.24. Let t be a Lie superalgebra, then, by the previous convention:
XRI4+IX,YRI+IY].=[X,Y].l+I®[X,Y].

Corollary 6.25. The Witt superalgebra 20, /2 acts on the multiplicity space
My as unitary, projective and positive energy representation, with central
charge,

dim(g)

My = Ty (1-

2g° 3 8

(£+g)(£+2g)) - §<1_ m(m+2)>

m="{+2, g=2 and dim(g) = 3.

Proof. MWy yp actsas Y IR X on @ Mn@(L(k, (+2)@Fyg), as XTI +I®X
on Fre ® (L(j,0) @ Fyrg)), it’s projective thanks to lemma 6.24, unitary,
positive energy, and their difference supercommutes with g by proposition
5.39. Now by proposition 6.22:

CMpz = CFe @ (L(jORFSg) — (CL(k;,z+2)®ffvs))

3 f+ig ;. /¢ .
Cre A crge ern — (Cogera) T ere ) = 5 - irdim(g) — ga-dim(g)
]
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Remark 6.26. Let g C g @ g be the diagonal inclusion, then the previous
construction is equivalent to the Kac-Todorov one [52]: the coset action of
Biv ) is given by LI — L and GI¥9 — G9. There exists also an manner
to write this action only with ordinary loop algebra, due to Goddard, Kent,
Olive [35] (used and discussed in section 10.7).

6.3 Character of the multiplicity space
Definition 6.27. Biv,o-module’s character is ch(H)(t) = tr(tho—51).

Corollary 6.28. (Character of the multiplicity space)

_c(m)

Ch(M™)(t) = 5 xns(£).T7 () with

14+ z571—1/2

T () = SR — 0% () = [ ———— and
nez neN*
2m(m +2)n — (m + 2)p + mgq]* — 4

Tpal1) = Sm(m + 2)

Proof. 1t follows by corollaries 6.10, 6.11, and, 77" (n) = ap(n) — s + . O

Lemma 6.29. The lowest eigenvalue of Ly on My is:

[(m +2)p —mq]* — 4
8m(m + 2)

h=h" =

Proof. xns(t) ~1+t2 and min{ype(n), v, (n),n € Z} = ~v7(0) = by, O

—pq
Lemma 6.30. Let (p',q') = (m —p,m+2—q), then:

v
p g

(M%) ~ t~ 3% xys(t).th (1 —t% —¢"2")

Proof. 47,,(0) = 75(0) + B, 77, (1) = 752(0) + B and, 455(0), 17 (0),

7™, (—1) are the three lowest numbers of {72(n),v™,,(n),n € Z}. O

Corollary 6.31. L(c,,, h

vg) 18 a Uity jp-submodule of My

Proof. ch(M;Z).tCTTZ ~ t"pa then, the hpe-eigenspace of Lo is one-dimensional;

L(c(m), hy) is the minimal Yir, p-submodule of M? containing it. O
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Corollary 6.32. ch(L(cy, h™)) < ch(M™) ~ thi= % yys(t) (1 — 5 — 5

Theorem 6.33. (Unitarity sufficient condition)
Let integers m > 2, 1<p<m-—1, 1<q¢<m+1 and p = q[2], then:
L(cm, hyy) is a unitary highest weight representation of Uity s

Proof. Recall definitions 3.5 and 3.21.
My is unitary; so is its ivy p-submodule L(cp, hyy). O

Remark 6.34. FQS criterion proves this is all its discrete series.
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7 Kac determinant formula

7.1 Preliminaries

Let ¢, h € C, recall section 3.3 for definitions of Verma module V(c, h),
sesquilinear form (.,.) and maximal proper submodule K (c, h).

m m+2)p—mq|®—4
Let (C, h) = (cm7 h’pq) = (§(1 - m(rfb-i-?))’ { —g’ﬂz?m-‘rg)] )

Lemma 7.1. hyy +hiy = ]‘%672( —2¢,/3) + @ and hy . hiy =
= [2(p—q)? (1 2cm/3)(pq—p—q—1)].[2( —q)*—(1-2¢/3)(pg+p+q+1)]

Then, solving the system of the lemma, we can define h¢,, Ve € C.

Definition 7.2. ¢,,(c,h) = (h — h$,) and
Lemma 7.3. ¢, € Clc, h| is irreducible.

Definition 7.4. Let V,(c, h) the n-eigenspace of D = Lo — hld generated by
the vectors G_j, ... G_j L4, ... L_ S0 such that ) i, + ) js=n,
with 0 <iy <...<lq, l <1 <...<Jjg; let d(n) its dimension.

Remark 7.5. d(n) < oo, d(n) =0 for n <0.

Clearly (Vi.(c, h), Vi (c, h)) 0ifn#n" and V(c,h) = @ Vu(c, h).
Definition 7.6. Let M, (c,h) the matriz of (.,.) on V,(c, h)

and det,(c, h) = det(M,(c, h))

Examples 7.7. My(c,h) = (2,Q) = (1), M, (¢, h) = (G_%Q,G_%Q) = (2h),
M (c,h) = (L_19Q,L_19Q) = (2h), and, Ms(c h) =

(G_%L_lQ,G_%L_lﬂ) (G_%L_1Q,G_%Q) B 2h + 4h? 4h
(Gng,GféLflﬂ) (Gfgﬂ,Gfgﬂ) - 4h 2h + %C

pq’

Remark 7.8. dety (¢, h) = 8h[h? — (3 — )b+ ¢/6] = 8h(h— i) (h— b)),
then, dets(c, h) = 8h(h — hiz)(h — h§;) = 8pun(c, h).pis(c,h) VeeC

Theorem 7.9. (Kac determinant formula)

detoc) = Ay [ (h—h) o = A, T[  olo/2(cn)
0<pq/2<n 0<pq/2<n
p=q[2| p<q, p=q[2]

with A, > 0 independent of ¢ and h.
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7.2 Singulars vectors and characters

Definition 7.10. A vector s € V(c, h) is singular if:

(a) Lo.s=(h+n)s withn >0 (its level)

(b) Qﬁtf/z.s =0 (recall definition 3.13)

Remark 7.11. Let n > 0, s € V,,(c, h) is singular iff Gy/2.5 = G3/2.5 = 0

Examples 7.12. (mG_3/ — (m + 2)L_1G_1,2)Q € V3)5(cp, hi3),
G109 € Vipa(e,h5y), (L2, — §h§2L—2 — G_32G_12)Q2 € Va(c, h3y)

Definition 7.13. K,(c,h) = ker(M,(c,h)) = {z € V,(c,h); (z,y) = 0 Yy}
Proposition 7.14. The singular vectors generate K(c, h).

Proof. They clearly generate a subspace of K(c,h). Now, let v € K,(c, h),
then Qﬁtfﬂ.v is of level < n and 3n’ such that (Q]itf/z)”/“.v = {0} and

(%itfﬂ)”/.v # {0} and contains a singular vector generating v. O

Definition 7.15. Let V*(c, h) the minimal Uiry jo-submodule of V (c, h)
containing s and V,*(c,h) = V*(c, h) NV, (c, h).

Lemma 7.16. Let s singular of level ', then dim(V,*(¢c,h)) = d(n —n').
Proof. D.(A.s) =nA.s <= D.(AQ) = (n—n')AQ O
Lemma 7.17. ch(V(c, h)) = th=31 xns(t)

Proof. ch(V(c,h)) = tr(tto=s1) = th=s ZmE%N d(m)t™

n—1 1
s (t) = e (F57) = e (140" 2) (1 + 0" +¢% + )

Identifying ¢"~ 2 to G, _ 1, q" to Ly, the coefficient of ¢ is exactly d(m). [
Corollary 7.18. ch(V*(c, h)) = t"th=3ixng(t), with n the level of s.

(
Remark 7.19. dim(L

ch(L(c,h)) = ch(V (e, h Yoo ch(Ve(e,h) + >, o ch(VeN VY — L

(
7350, h)) = dim(V, (¢, h)) — dim(K,(c, h)), then,
h)

Corollary 7.20. V(c, h) admits a singular vector s of minimal level n if and
only if ch(L(c, ) ~ "~ Fixs(t) (1 — t7)
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7.3 Proof of the theorem
Proposition 7.21. For a fized c, det, is polynomial in h of degree

M= > dn—pg/2)
0<pq/2<n
p=q[2]

Proof. 1t’s clear that only the product of the diagonal entries of M, (h, c¢) gives
a non-zero contribution to the highest power of h (and that its coefficient is
> 0 and independent of ¢); and that M is the sum of possibles Y m; + > n;
such that >~ im; + > jn; =n withi € N+ 3, j € N, m; € {0,1}, n; € N.
Let m,(p,q) be the number of such partitions of n, in which p/2 appears
exactly ¢ times; then, M = ZO<pq/2§n q-mu(p, q).

Now, if p = 0[2], the number of such partitions in which p/2 appears > ¢
times is d(n — pq/2); so, my(p,q) = d(n — pg/2) — d(n — p(q +1)/2).

If p = 1[2], then, m,(p,q) = 0if ¢ > 1 and m,(p,1) = d(n — p/2) —
My p/a(p, 1); s0, by induction, m,(p,1) = 3 (=1)7"'d(n — pq/2),

where d(0) =1 and d(k) =0 if £ < 0. Now:

M= 3" qgmi(p,9)+ > ma(p,1)

0<pgq/2<n 0<p/2<n
p=0[2] p=1[2]
= Y q(dn—pg/2)—d(n—plg+1)/2)+ D> O _(=1)""d(n—pg/2))
0<pgq/2<n 0<p/2<n @
p=0[2] p=1[2]
= Y dn—pg/2)+ Y (=1)*d(n—pq/2)
0<pg/2<n 0<pg/2<n
p=0(2] p=1[2]

Finally, the (p,q) term with ¢ = 1[2] of the first sum, vanishes with the
(p',q") = (¢q,p) term of the second, so the result follows. ]

Lemma 7.22. Ift — A(t) is a polynomial mapping into d x d matrices and
dim(kerA(to)) = k, then (t — to)* divides det(A(t)).

Proof. Take a basis v; such that A(tg)v; =0fori=1...k.
Thus, (t—to) divides A(t)v; fori = 1...k, and (t—t)* divides det(A(t)). O
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Lemma 7.23. Consider det,(c,h) as polynomial in h for ¢ fized. If n’ is
minimal such that det,, vanishes at h = hg, then (h— ho)d("_”,) divides det,,.

Proof. Clearly V(c, hy) admits a singular vector s of level n’.
Now, V.%(c, ho) is d(n — n') dimensional, and is contained in ker(M,(c, hy)).
So, the result follows by previous lemma. O

Lemma 7.24. det, vanishes at h,, for 0 < pq/2 <n, p = q[2].

pg’

Proof. Let m > 2 integer, 1l <p<m—1,1<¢<m+1, p=q2]
Thanks to GKO construction, we have corollary 6.32:

’ 7

ch(L(cp, h)) < ch(MI) ~ ¢ 3 g (t) "5i.(1 — % —¢72")

So, V(¢m, hp,) admits a singular vector at level < min(pq/2,p'q'/2) by corol-
lary 7.20, and then, dim(ker(M,(cm,hy;))) > 0 for n > pq/2. Hence, det,
vanishes at hy; for m sufficiently large integer. But then, det,, vanishes at
infinite many zeros of the irreducible ¢,,, which so, divides det,,. O

Proof of the theorem 7.9 By lemma 7.23 and 7.24, det,, is divisible by

dy(e,h) = Tlo<paso<n(h — h;q)d(”*pq/” since the Ay are distincts for generic c.
p=q[2

Now, by proposition 7.21, det,, and d, have the same degree M, and the
coefficient of A™ is > 0 and independent of ¢, h. So, the result follows. O
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8 Friedan-Qiu-Shenker unitarity criterion

8.1 Introduction

Recall section 3.3 for definitions of Verma module V (¢, h), sesquilinear form
(.,.) and ghost. The goal of this section is to give a proof of the FQS theorem
for the Neveu-Schwarz algebra, in a parallel way that [28] give for the Virasoro
algebra, expoiting Kac determinant formula:

det,( = A, H (h — he,)Xnra/2)

0<pg/2<n
p=q(2]
with A, > 0 independent of ¢ and h.

Lemma 8.1. If V(c, h) admits no ghost then ¢,h > 0

Proof. Since L,L_,Q) = L_, L, + thQ + c”(";—l)Q,

we have (L_,Q, L_,Q) = 2nh + " =1 >0,
Now, taking n first equal to 1 and then very large, we obtain the lemma. [J

Proposition 8.2. If h > 0 and ¢ > 3/2 then V(c, h) admits no ghost.
Now, it suffices to classify no ghost cases for h > 0 and 0 < ¢ < 3/2.
Lemma 8.3. m — ¢, is an inscreasing bijection from [2,4o00[ to [0,3/2].

The FQS theorem gives as necessary condition exactly the same discrete
series that GKO construction gives as sufficient condition (theorem 6.33):

Theorem 8.4. (FQS unitary criterion)
Let h >0 and 0 < ¢ < 3/2; V(c, h) admits ghost if (¢, h) does not belong to:

3 8 _[(m+2)p—mg]* —4

:m:—l——’ h:hm—
= 2( m(m—i—?)) P 8m(m + 2)

with integers m >2, 1<p<m-—1, 1<g<m+1 andp = q[2].

Remark 8.5. Combining theorem 6.33 and lemma 8.1, we see that hy, > 0
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8.2 Proof of proposition 8.2

Proof. By continuity, it suffices to treat the region R = {h >0, ¢ > 3/2}.
Now, we see that (c, h,) € R, so by Kac determinant formula (theorem 7.9),
det,(c, h) is nowhere zero on R. So, it suffices to prove that the form is
positive for one pair (¢, h) € R.

If o = (ar,....;ar; b1, ..., 0py), let n(a) = a; + > bj, r(a) =11 + 72
Let uq = Ayf2, with A, the product of L_,, and G, in the following order:
if n <mthen L_,, or G_,, is before L_,, or G_,,; example: G,1/2L2_1G,5/QQ.
(uq) form a basis of V(c, h).
Now, thanks to this order, we easily prove by induction on n(a) + n(3) that:

[ el @ (1 +0(1)) withe, >0 ifa=4
(Uasug) = o(Rr(@+r(8)/2) if o £ 3
So, Vn € %N and Yu € V,,(¢c,h), u = Zn(a):n Aalle and:

_ 1 _
(u,u) = Zﬂj Dot 15) = 3 Wl ) + 5 ;Rdwxua,uﬁ) >0

for h sufficiently large and independent of w.
Then, the form is positive for h large, and so is V(c¢, h) € R by continuity. [

8.3 Proof of theorem 8.4
Definition 8.6. Let Cyy be the curve h = hy, with 0 # p = q[2].

Remark 8.7. C,, intersects the line c = 3/2 at h = (-0 _ ViMoo (h7).-

8
For 0 < ¢ < 2, we see the curve as (Cp, h%) with m € [2,400[.

1 if g<p+1

Definition 8.8. Let k = { 0 if ¢>p+1

Proposition 8.9. When the curve C,, first appears at level n = pq/2, if
q = 1, it intersects no other vanishing curves, else, its first intersection
moving forward ¢ = 3/2 is with Cy_oyypir, at M =D+ q— 2+ K.

Proof. Let (p',q") # (p,q) with p'q’ < pq, then the intersection points
Cpy N Cpy are given by [(m + 2)p — mgq]? = [(m + 2)p’ — mq']?, with two
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solutions my and m_ such that [(p — q) = (p — ¢')m+ = 2(Fp' — p).

Now, if [(p — )j:(p—q)}—()then()— (p+p) —2or (p,q) = (¢, ¢),

__Fr'-p S E
contradiction; hence, mi = 2(;; q)i(p 7 and — o = 2(pip, 1).

If g =1, we see that q - > 0= p/q’ > pq, contradiction.

Else, ¢ # 1; let (p — q) j: (p —¢) = —2s with s € Z*.

The goal is to find the biggest m € [2,4+00] among the following solutions,
parametered by s € Z*, k € Z, with p'q’ < pq:

e Wy d)=(q—s+kp+ts+k) ander:Z%k—s

e (0, ¢d)=(p+s+kq—s+k)and m_ = —E=*

s

But, at fixed s and k, my —m_ = “qTHk, and p+q+2k =p/, +p_ >0, so,
if s > 0, we choose m,, and if s < 0, we choose m_.

Let s >0, k€Zand (p/,¢)=(q—s+kp+s+k). pd <pg=k<s.
The biggest m is given by s = 1 and £ = 0. Now, (q—l)(p+1)>pq if
q>p-+1,s0we take k = —1 in this case and so (p/,¢') = (¢ — 2+ Kk, p + k),
atm=p+qg—2+ k.

Let s <0,k €Zand (p,¢)=(p+s+k,gq—s+k). p¢d <pg=k < —s.
Now if—% =m > p+q—2,then k > —s(p+q—1) > —s, contradlctlon. O

Definition 8.10. For g =1, let C}, be all of Cpy for m > 2, ie, 0 < ¢ < 8
else, define C,, to be the part of Cpy for which m >p+q—2+ k.

|

2
level pg/2. The first step of the proof of theorem 8.4 is to eliminate all on

0<c< %, except the curves C, .

C}, is the open subset of €, between ¢ = 3 and its first intersection at

Definition 8.11. Letn € %N:

3
S.= |J {lehn) [0<e<, hyy <h<hg orh<hp}
0<pq/2<n
p<q, p=q[2]

Lemma 8.12. lim, .S, is all0 < c¢ < % of the plane.

_ h3/2 (r— q)2 O

Proof. limyg/aoo(Cprq—2) = 3/2 and lim._3/2(hs,) = S
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Definition 8.13. Let p'q’ > pq; Cyy is a first intersector of C,,
P'q /2, it’s the first starting from ¢ = 3/2.

if at level

q’

Proposition 8.14. The first intersectors on C,,, are Cq 11k pr14k, k > K,
atm=p+q+k—1

Proof. We take the same structure that proof of proposition 8.9.
(P,¢d)=(q—1+k,p+1+k) corresponds to s =1 and k > k < p'q’ > pq.
Now, let (u,v) =(q— +k,p+s+K)or (p+s+k,q—5+E),

if m' = ’%w or —k/s_,sl >m and uwv < p/'¢/, then, ¥’ =k and s’ = 1.

S0, Cy—11kpr1+k first intersects C) . Now, if m’ > m — 1 and s" # 1, then,
uv > p'q’; so, there is no other first intersector. H

Lemma 8.15. The discrete series of theorem 8.4 consists exactly of these
first intersections Fpq, on all the C},,.

Proof. m =p+q+k —1 with k£ > &, so, the set of such m is N>,.
Now, let m > 2 fixed, then, p+¢<m+1—«

But, hp, = hiy ) my2—q» SO We obtain the discrete series:
Integers m >2, 1<p<m-—1, 1<q¢<m+1andp=q[2. ]

Remark 8.16. We can write the series without redondancy as:
m>2, 1<p<qg—1<mandp=q[2.

Definition 8.17. Let R1; = {0 < ¢ < 3/2,h < 0};

forp# 1, let Ryp = Ry be the open region bounded by C),, C1, and C},_, ,;
for q # 1, Ry, the open region bounded by C), ., C, 1 and Cp 5, ..
Lemma 8.18. No wvanishing curves at level n = pq/2 intersect R,,.

Proof. A vanishing curve which did intersect R,,, would have to intersect its
boundary. This does not happen by proposition 8.14. O

Lemma 8.19. S, — S,_1/2 = Upejo=n Rpg U Cy,
p=q[2]

Proof. Siy = Ry UCY, Cpy—C,, C Sy 12 and lemma 8.18. O

Lemma 8.20. All S, is eliminated, except C, , pq/2 < n.
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Proof. By previous lemma, S;, = (Jpg/2cn Rpg U Cpy.-
p=q(2]
Now, we see that, for p # ¢, R, is between C,, and C,; R, is under C,,, and

for p'q’ < pq with (p,q") # (p,q), Ry is necessarily over Cp and Cyyy, or
under them. So (recall section 7.1), ¢,,(c,h) < 0 and pyy(c,h) > 0 on R,,,
and d(0) = 1; then, det,,/2(c,h) < 0 and V (¢, h) admits ghosts on R,,. O

Now, given lemma 8.12 and 8.20, we have to eliminate the intervals on

C,> between the points of the discrete series.

Definition 8.21. Let I, be the open subset of C’;,q between F), ;-1 and
FE, ok for k> k; and Ly, beyond F,y.

Lemma 8.22. (], = Ukz%0 Lok U Fpgre.

The goal is to eliminate the open subset Iy, k > k.
Recall that when Cpyy = Cy_14k pr1+k first appears at level n' = p'q’/2, there
is a ghost on R,y ; we will show that this ghost continue to exist on I,q.

Proposition 8.23. At level n' = p'q’ /2, the first k — k+ 1 successives inter-
sections on Cyg are with C) ;5 (k < j < k) at its first intersection
Fp+k—j,q+k—j,j7 with m = p+q+ 2k —7—1

Proof. Let (p",¢") = (¢ —s+kK,p+s+K).
If p"q" < p'q’ and, 214 :,k —= or —k/;SI >m=p+q+k—1, (ie, with j = k),
then s’ = 1; now, by proposition 8.9, the first is with j = k. O

Lemma 8.24. Let M; be an d-dimensional polynomial matriz with det(M;)
vanishing to first order at t = 0; then, the null space is 1-dimensional.

Proof. Let ay(t),...,aq(t) be the eigenvalues of M;; they are analytic in ¢.
Now, det(M;) =[] as(t) = [[(a + a}t+...), vanishing to first order at ¢t = 0,
so, there exists a unique 7 such that o = 0, and dimker M, = 1. O

Corollary 8.25. Let (¢, h) € C,y,, not on an intersection at level pq/2, then,
the null space of Vyq2(c, h) is 1-dimensional.

Lemma 8.26. Let (¢, h) = Fpqi, then, detyqy_pg)/2(c,h+ pg/2) # 0.
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Proof. 1f this determinant were zero, then (¢, h+ pq) would be on a vanishing
curve C, of level < %(p’q’ —pq): hii +pq/2 = Ry, and wv < p'q’ — pq.
Then, we find (u,v) or (v,u) = (ms" —p,(m+ 2)s’ + q), with s’ € Z*.
So now, uv < p'q' —pq is equivalent to ((1+s")m—p)((1—5")(m+2)—¢q) > 0,
but 1 <p<mand1l<¢g<m+2,so, s =0, contradiction. O

To read the followings proposition and its proof, recall section 7.12.
It’s strictly parallel that in [28] for the Virasoro algebra.

Proposition 8.27. For j = K, ...,k there s an open neighborhood Uy y; of
Foihjgrk—j; = Fy_1_jp+1-j; and a nowhere zero analytic function v;(c, h)
defined on Uy y; with values in Vi (c, h), with n’ = p'q'/2, such that:

vi(c,h) € Ky(c,h) © (¢, h) € Cpy

Proof. Write p" =p+k—7,¢"=q+k—jand n” =p"¢"/2 <n/.

Let U = U, y; be aneighborhood of F1 4 ; 4+k—;,;, small enough that it inter-
sects no vanishing curves but Cy, and Cpryr at level n’. Choose coordinates
(z,y) in U, real analytic in (c, h), such that Cpryr is given by x = 0 and Cy
by y = 0. This is possible because the intersection is transversal. At level
n”, x = 0 is the only vanishing curve in U. K,~(0,y) is one dimensional and
form a line bundle over the vanishing curve x = 0 near y = 0. Let v} (0,y)
be a nowhere zero analytic section of this line bundle, and let v(z,y) be an
analytic function on U with values in V,»(z,y), which extends this section.

Let V'(x,y) = Vy(x,y) of dimension d(n’ — n”). For y # 0, the order of
vanishing of det,/(x,y) at = 0 is also d(n’ — n”). Therefore, for y # 0,
V"(0,y) = K(0,y). Let V'(x,y) such that V,, = V" & V' and we write:

[ 2Q(z,y) zR(z,y)
My (2, y) = ( vR(z,y)t  S(z,y) )

with @, S symmetric and 3 blocks divisible by = because V" (0,y) C K,/ (0,y).

The key point now, is that (0, 0) is non-degenerate.
To see this, first note that vj(0,y) is singular, M, (0,y)v7(0,y) = 0 and
Lovj(0,y) = (h +p"q"/2)vj(0,y); recall that (0,y) = (¢, h) € Cpryn.
Now, since all is analytic, Vo, 5 € V" (z,y):

(@, ) = (A (z,y), Bvj(w,y)) = ([BY, AJo",0") + (B0, A70")
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= ([B*, AJQ, Q) (0" V") + o(z) = cte.x(A.Q, B.Q) + o(z),
with  the cyclic vector of V(e,h+p"q"/2); so:

Qz,y) = M(p’q’—p”q”)/2(07 h+ p”q”/?) + x.M'(x, ?J)

Since (0,0) = Fprqrj, lemma 8.26 gives det(Q(0,0)) # 0; so, Q(x,y) is non-
degenerate on all U (we can replace U by a small neighborhood of (0,0)).

_ -1
Let W = ( (1) ? ) and make the change of basis:

' _ ([ Q@y) 0
M, — W'M, W = ( 0 T(z,y) >
Let V"'(z,y) be the new complement of V”(x, y), on which T'(z,y) defined the
inner product. The order of vanishing argument implies that det(T'(z,y)) is
non-zero for y # 0 and vanishes to first order at y = 0. The one dimensional
null space of T'(x,0) is K,y(x,0) for z # 0. At x = y = 0, the one dimensional
null space of 7'(0,0) and V" (0, 0), span the d(n’-n”)+1 dimensional K,,(0,0).
By the same argument which gave vj(z,y), we can choose a nowhere zero
analytic function v;(z,y) on U, with values in V"(z,y) such that v;(x,0)
is in the null space of T'(x,0) and therefore in K,/ (z,0). Since T(z,y) is
non-degenerate for y # 0, v;(z,0) is not in K,/ (z,y) if y # 0 O

Definition 8.28. Let Jyqyj, K < j < k, be the open interval on Cpyy between
Foik—jgri—j; and Fpik i 1 g+k—j—1,4, and let Jyqy. be the open interval on
Cpy lying between ¢ = 3/2 and Fy iy gik—rr-

Definition 8.29. Let W y;, K < j < k be a neighborhood of a point of Jyy;,
which intersects no other vanishing curves on level n’, such that: :
Jp’q’j C Up’q’jfl U Wp’q’j U Up/qu ’ij > KR, and & 7é Up’q’n N I/Vplql,€ C Rp’q’

Lemma 8.30. For each j, k < j < k, there is a nowhere zero analytic
function w;(c,h) on Wyy; with values in Vi (c, h), such that w;i(c, h) is in
K,y (e, h) if and only if (¢, h) is on Jyyj, and:

W, — { fivi on Wyg; N Upq; .
’ givj—1 on Wygj NUpgj1 (§ # k)

where f;, g; are nonzero function.
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Proof. K,/(c,h) is trivial on Wy, except on Jyy;, where dim(K,,) = 1. O
Lemma 8.31. I, is eliminated on level n' = (¢ — 1+ k)(p+ 1+ k)/2.

Proof. By proposition 8.2, M, (c,h) is positive on h > 0, ¢ > 3/2.

Now, at level n’, we can go from this sector to W, without crossing a
vanishing curve, so, (wg,w,) > 0 before crossing Cp,. But it vanishes to
first order on C)y, so, after crossing it, w,, becomes a ghost. Now, by lemma

8.30 and induction, so is for v, Wyi1, Vi1, ... up to vg(c, h) € Lpgk N Up gk
Finally, vy(c, h) continues to be a ghost on all I, because I, cross no
other vanishing curve on level n/'. O]

Lemmas 8.12, 8.20, 8.22 and 8.31 imply theorem 8.4 and theorem 2.2.
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9 Wassermann’s argument

We need to recall sections 6.3 and 7.12; by lemma 8.15 the discrete series
are the intersections of €}, and Cyy at m = p+q+k — 1, k > &, with
. d)=(g—1+kp+1l+k)=(m—pm+2—q)ie hyy=hn_, .o .

Let M = max(pq/2,p'q'/2). This section will prove theorem 2.3, thanks to
an argument that A. Wassermann uses for the Virasoso case in [100].

Lemma 9.1. At level < M, we find only two singular vectors s and s’
at level pq/2 and p'q' /2.

Proof. We can suppose p'q’ > pq; by proof of proposition 8.27:

{0} if n<pgq/2
) Cs if n=pq/2
Kn(cm7 hpq) - Vrf(cma hg}]) if pQ/Q <n< p/q//2

Vi(em, b)) @ Cs' if n=p'q' /2
Then, by proposition 7.14, the result follows. O
Corollary 9.2. ch(L(cm, hi)) ~ Xns(t).t"pacm/24(1 — pra/2 — p'd'/2)
Proof. By section 7.12 and lemma 9.1. [
Lemma 9.3. b7t + M > m?/8
Proof. hy, + M = maz(y™, ,(0),7™, ,(=1)).

q

m 22— m z—2m(m+2))2—4 .
7q(0) = 8m(mj;2)7 Vopa(=1) = : Sm((m—:—2))) , with = (m + 2)p + mq.

If 4™ (0) > m?/8, it’s ok.
Else, Swféﬁrm <m?/8< 2 <m*+2m? +4 < (m+1)*
m _ [2mm42)—z]?—4 _ [2m(m42)—(m+D*2—4 o mii2md _ 2
Soa ,y—p,q(_l) - 8m(m+;c) > B 8m(m712) = 8m(m+2) m /8 O

Theorem 9.4. The multiplicity space M}y is exactly L(cp,, hy!,).

Proof. By corollary 6.31, L(cm, hy',) is a Biry p-submodule of MJ2; if M
admits another irreducible submodule (of central charge ¢,,), then, by theo-
rem 8.4, it is on the discrete series, of the form L(c,,, h"). Now, by lemma

6.30 and corollary 9.2: ch(M2) — ch(L(cp, b)) = xns(t).t7cm/2o(t"wat M),

m m. m _ [(m+2)r—ms]?—4 (m?2-2)2—4 _ m(m—2)

So we need hjy > M + hy; but, by = sm(mT;) < glm(m—i-Q) = 2=,
2 _

So, by lemma 9.3, " < M + hjt < b < m("g 2 contradiction. ]
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Theorem 9.5. The characters of the discrete series are:

h(L(Cm, BID) () = Xns(£).T ()£~ with

1+tn71/2 . n
wwsl®) = TT 22 ooy = S50 — ) and

1—¢n
neN* nez
m () = 2m(m +2)n — (m + 2)p + mgq]* — 4
Tea1t) = 8m(m + 2)

Proof. ch(L(cm, hyy)) = ch(M;y;), the result follows by corollary 6.28. O

Remark 9.6. (Tensor product decomposition)

Fis®L(j,0)= @ Llcwm hj) @ Lk, £ +2)
tsazmn
withp=2j4+1,q=2k+1, m=/0+2 and g = sl,.
We then recover a result due to Frenkel in [22]:
Corollary 9.7. FJ ¢ = L(0,2) ® L(1,2) as Lg-module.
Proof. Tt suffices to take j = £ = 0, and to see that c; = h?, = h3; =0. [

Corollary 9.8. (Duality)Let H be an irreducible positive enerqy represem-
tation of the loop superalgebra g ® g, let A be the operator algebra generated
by the modes of the coset operators L,, and G,, let B be the operator algebra
generated by the modes of the diagonal loop superalgebra g. Then, A and B
are each other algebraic graded commutant (see [100]).

Definition 9.9. (Vertex algebra supercommutant or centralizer algebra )

Let V' be a vertexr superalgebra and W a vertex sub-superalgebra, then, the
vertex algebra supercommutant of W is the vertex superalgebra corresponding
to the vectors v € V' such that the modes of the corresponding field supercom-

mute with the modes of fields for vectors of W (see [57]).

Corollary 9.10. (Vertex superalgebra duality) In the vertexr superalgebra
generated by g ® @, the vertex superalgebras generated by the Neveu-Schwarz
coset and the diagonal loop superalgebra, are each others supercommutants.
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Part 11
Connes fusion and subfactors
for the Neveu-Schwarz algebra
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10 Local von Neumann algebras

10.1 Recall on von Neumann algebras

Let H be an Hilbert space and A a unital x-algebra of bounded operators.

Definition 10.1. The commutant A’ of A is the set of b € B(H) such that,
Va € A, then [a,b] :=ab—ba =0

Definition 10.2. The weak operator topology closure A of A is the set of
a € B(H) such that 3a,, € A with (a,n,&) — (an,§), ¥n,& € H.

Recall 10.3. (Bicommutant theorem) Let M be a unital x-algebra, then:
M'=M = M=M

Definition 10.4. Such a M wverifying one of these equivalents properties is
called a von Neumann algebra.

Definition 10.5. A factor is a von Neumann algebra M with MNM' = C.

Recall 10.6. (Murray and von Neumann theorem) The set of all the factors
on H is a standard borelian space X and every von Neumann algebra M
decompose into a direct integral of factors: M = ffj M dpi,

Recall 10.7. (Murray and von Neumann’s classification of factors)

Let M C B(H) be a factor. We shall consider H as a representation of M’.
Thus subrepresentations of H correspond to projections in M. If p,q € M
are projections, then pH and qH are unitarily equivalent as representations
of M iff there is a partial isometry u € M between pH and qH ; thus u*u = p
and uu* = q. We can immediately distinguish three mutually exclusive cases.
1. H has an irreducible subrepresentation.

II.  H has no irreducible subrepresentation, but has a subrepresentation not
equivalent to any proper subrepresentation of itself.

III. H has no irreducible subrepresentation and every subrepresentation is
equivalent to some proper subrepresentation of itself.

We shall call M a factor of type I, II or III acording to the above cases.

Recall 10.8. The type I and II corresponds to factors admitting non-trivial
trace, with only integer values on the projectors for the type I (M,(C) or
B(H)), and non-integer values for the type II (factors generated by ICC
groups for example). On the type 11, the values are only 0 or co.
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Recall 10.9. (Tomita-Takesaki theory) We suppose the ezistence of a vector
Q (called vacuum vector) such that M and M'Q are dense in H (ie Q is
cyclic and separating). Let S : H — H the closure of the antilinear map:
* 1 282 — x*Q. Then, S admits the polar decomposition S = JAE with J
antilinear unitary, and Az positve; so that IMJ = M', A*MNA™ = M

and o} (z) = A%z A~" gives the one parameter modular group action.

Recall 10.10. (Radon-Nikodym theorem) Let Q' be another vacuum vec-
tor, then there exists a Radon-Nikodym map u, € U(M), define such that
Uy = w0t (ug) and o () = w0 (z)ur. Then, modulo Int(M), o is in-
dependant of the choice of Q, ie, there exist an intrinsic 6 : R — Out(M) =
Aut(M)/Int(M). On type I or II the modular action is internal, and so §

trivial. 1t’s non-trivial for type I11.

Definition 10.11. We can then define two invariants of M, T'(M) = ker(0)
and S(M) = Sp(0) = Sp(Lq) \ {0} called the Connes spectrum of M.

Recall 10.12. (see [17]) Let M be a type III factor, then S(M) = {1}, \%
or R, and then, M 1is called a IIly, III\ or III, factor (with0 <\ <1 ).

Recall 10.13. Let M # C be a von Neumann algebra on (H,Q) then it’s a
IIL factor if and only if the modular action (i.e. the action of R on M wvia
o) is ergodic (i.e. it fives only the scalar operators).

10.2 Zs-graded von Neumann algebras

Definition 10.14. A Zy-graded von Neumann algebra (M, T) is a von Neu-
mann algebra M given with a period two automorphism T € Aut(M) and
72 =1. NowVz € M, z = zo+x, withzg = 3(z+7(x)) and 21 = L (z—7(x))
called the even and the odd part of x. Then T(xy) = xo and T(x1) = —x;.

Hence M = My ® My; ifa e M., and b e M., then a.b € M. 4.,.

Definition 10.15. A Zsy-graded Hilbert space is an Hilbert space given with
a period two unitary operator: w € U(H) and u? = I, so that H = Hy ® Hy,
with Hy and Hy the eigenspaces of u for the eigenvalues 1 and —1. Let pg
and py the corresponding projection, then u = py — p1 = 2py — 1.

Remark 10.16. Let M be a von Neumann algebra on H with Q its cyclic,
separating vector. Then a period two automorphism T of M gives a period
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two unitary operator u of H by u : 2Q — 7(x)Q. Conversely, a period two
unitary operator u of H with u.Q = Q gives 7 € Aut(M) by 7(x) = uzu.

Definition 10.17. Let x € B(H), then, 7(x) = uxu defined a period two
automorphism on B(H). Then as for definition 10.14, v = x¢ + 1.
We see that xg = porpo + prxp1 and x1 = p1Tpy + PoTpP:-

Definition 10.18. (Supercommutator)
Let [x,y]; = [0, yo| + [wo, y1] + [1, Y0] + [T1, 1]+

Remark 10.19. A projection p is even, then, Vo € B(H), [z,p], = [z, p].
In particular [z,I]; = [x,I] = 0.

Definition 10.20. The supercommutant A% of A is the set of b € B(H) such
that, Ya € A, then [a,b], = 0.

Definition 10.21. Let kK = py + ip, the Klein transformation.

Remark 10.22. s is unitary, K~ ' = k* = py — ip; and kK* = u.

Remark 10.23. uzrgu = xg, uriu = —x1, Kxogk* = g, KT1K* = —iux

Lemma 10.24. Let A be a von Neumann algebra Zo-graded for T, then:
Ab = g Ak

Proof. Let a € A and x € B(H) such that [z,a] = 0.

By the relations of the remarks 10.23:

If = is even, then [kxKk*,al, = [z,a] = 0.

If a is even, then [kzK*,al, = K[z, K*ak|k* = K[z, a]k* = 0.

Else, [kxr*,al, = [—iTx,a]; = —i(uza + auzr) = —iuf[z,a] =0

Then, kA'k* C A% idem, k* A% C A’; the result follows. ]
Corollary 10.25. A" is unitary equivalent to A’

Proof. k is a unitary operator. ]

Lemma 10.26. Let (A, T) be a Zy-graded von Neumann algebra then:
A# = A

Proof. A% = k(kA'r*) k* = kr(A”)Kk*K*, because a von Neumann algebra is
generated by its projections, and a projection is even, so commute with x.

Then A* = udu = 7(A) = A. O
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10.3 Global analysis

The generic discrete series representation L(cy,, by, )

finite level vectors, we note Hy its L?-completion.

is a prehilbert space of

Definition 10.27. Let s € R, we define the Sobolev norms ||.||(s) as follows:

1€lls) = 11 + Lo)*¢|l - V€ € L(cm, hyy)
Remark 10.28. ((1+ Lo)*¢, &) = [§]12,
Proposition 10.29. (Sobolev estimate) 3k, k. > 0 such that V§ € L(cm, hyy):
(@) IILnlls) < Fn(L + [n)) P12 541y

(0) 11G-Ells) < k(L4 )2 €l 5172

Proof. (a) See Goodman-Wallach [40] (proposition 2.1 p 307).

()2Ly = GoG, +G Gy Then, 2(Lo€, €) = (G,€, Gr) + (G, G1€). So,
IG&|)? < l<;1||L(1)/25||2 for any 7. Now, it suffices to show the result for an
eigenvector of Lg: Lo = pu&. We can take r < p (otherwise G,.& = 0).
1G&)12 = [|(1+ Lo)*Gré | < (1+p—r)*[| G2 < (14 p—r)2 k|| Lo *¢|1? <

S 1 —r)2s s
(14 p =)= kapll€]? < SR klE)12 o < (L4 7D R I€)2, 0 O

Remark 10.30. Thanks to L, = [Gy—1/2, G1/2]+, we obtain directly the es-
timate || Ln&||s) < k(1 + |n])2H[€]| 511y without Goodman-Wallach result.

Definition 10.31. Let H}* be the ||.||s-completion of L(cp, hy,) and:
Hyy = [\ Hy?
s>0
with the usual Fréchet topology from the norms ||.||s

Corollary 10.32. L(c,,, hg}]) extends to a continuous representation of Uity s
on H.
Prq

Definition 10.33. Let d = —i the unbounded operator of L*(S'), let F be
the subspace of finite Fourier series as a dense domain of d. Let s € R and
| fll¢s) == II(L +18])°.f|l1 a Sobolev norm on F. Let Fy be the completion of
F relative to ||.||s). Idem for ¢?/?F.
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Definition 10.34. Let Ly = > a,L, and G, = Y b.G, such that f(0) =
S ane™, h(z) = b.e" and f € F and h € e/2F.
Notation 10.35. Let (f,h)r := 5 [7 f(0)h(0)d6, with f.h € F

Lemma 10.36. (Lie bracket relation)

[Ly.Ln] = Lapyn—sam) + 5((d —d)(f), h)r
[Gf7 Lh] = Gd(f)hféfd(h))
Gy, Grls = 2L + S((d* = 1)(f), h)r

The %-structure: L} = Ly, G}, = Gj,.
Proof. Direct by computation from proposition 3.9. n

Proposition 10.37. (Sobolev estimate)
3k > 0 such that V& € H™ and f € F, h € ¢/?F:

(a) |Lgllcs) < Kl flqsi3/2) 1€l s+1)
(b) 1GrEll sy < kPN si+1/2) 1€l s11/2)

Proof. 1t’s immediate from proposition 10.29. m
Recall 10.38. (., F; = C=(S").

Corollary 10.39. The operators Ly and G}, act continuously on Hy,, with
f € C®(SY) and h € ?¥/2C=(S).

Recall 10.40. Let T be an operator on a Hilbert space H. A subspace D(T)
of H is called a domain of T if T.D(T) C H. Then let I'(T') = {(z,T.x),x €
D(T)} be the graph of T. The operator T is closed if its graph T'(T) is closed
in H x H. An operator T is an extension of T if D(T) C T(T), we write
T C T. The operator T is closable if it admits a closed extension; let T
be the smallest one. Then, T is closable iff T'(T) is the graph of a linear
operator (not always true). If T is densely defined, then its adjoint T* is
closed because its graph is an orthogonal. From now, every domain is dense
i H. The operator T is symmetric or formally self-adjoint if T C T7,

essentially self-adjoint if T = T*, and self-adjoint if T = T*.
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Recall 10.41. (Glimm-Jaffe-Nelson commutator theorem [81] X.5)

Let D be a diagonalizable, positve, compact resolving operator and X formally
self-adjoint, with common dense domain. If (D + I)7'X, X(D + I)™! and
(D+1)"Y2[D, X|(D+1)~Y2 are bounded, then X is essentially self-adjoint.

Lemma 10.42. Let f, h € C*(S') and real, then, L; and G}, act on H,, as
essentially self-adjoint operators.

Proof. The function f is real, so f = f, then, by the x-structure and the
unitarity of the action, Ly is formally self-adjoint. Now, L, is positive and
by Sobolev estimate: ||(Lo + I)7'Ls&|| = ||Le&ll—1) < Ell€ll0) = K], so
(Lo + I)"*L; is bounded. Now, || Ln|| < k||n|i = k||(Lo + I)n||, so taking
€ = (Lo + I, we find ||Ls(Lo + I)~'€|| < k||¢]. Finally, [Lo, L;] = Ly with
h(z) = —zf'(z), so combining the two previous tips with & = (Lo + I)*/2n,
we find (Lo + I)~Y2[Lo, Ly](Lo + I)~*/? bounded too. We can do the same
with Gj, because [[€||(s+1/2) < |€|ls41)- Then, the result follows by recall
10.41. [

Remark 10.43. This result was already known for Diff(S') and hence the
L¢. On the other hand ch = Ly + kId, so the essential self-adjointness
follows by Nelson’s theorem.:

Recall 10.44. (Nelson’s theorem [72]) Let H be an Hilbert space, A and B
be formally self-adjoint operator acting on a dense subspace D C H, such
that ABE = BAE V¢ € D, and A% + B? essentially self-adjoint, then A, B
are essentially self-adjoint, and their bounded function commute on H.
Remark that we have the same result for supercommutation introducing k.

Recall 10.45. Let T be a self-adjoint operator with D(T) dense in H. There
exist a finite measure space (Y, 1), a unitary operator U : H — L*(Y, ) and a
real function f, finite up to a null set on'Y', such that, if My is the operator of
multiplication by f, with domain D(Mjy), thenv € D(T) <= Uv € D(My),
and ¥g € D(My), UTU*g = fg. Let h be a borelian function bounded on R.
The bounded operator h(T') on H is defined by h(T') = U*My)U.

10.4 Definition of local von Neumann algebras

Definition 10.46. (Dizmier) Let H be an Hilbert space. An unbounded self-
adjoint operator T is affiliated to a von Neumann algebra M if it satisfy one
of the followings equivalent properties:
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(a) M contains all the spectral projection of T'.

(b) M contains every bounded functions of T

(c) Yu € M unitary, uD(T) = D(T) and uT& = Tué, V& € D(T).
We note T'n M.

Remark 10.47. By lemma 10.26, if (M, T) is a Zs-graded von Neumann
algebra, we can add:

(¢’) Yu € M* unitary, uD(T) = D(T), uT¢ = (—=1)794Tug, V¢ € D(T).

Definition 10.48. Let I be a proper interval of S*.
We define C°(S') as the algebra of smooth functions vanishing out of I.

Definition 10.49. Let Uity /5(1) be the local Neveu-Schwarz Lie superalge-
bra, generated by Ly, G with f € C°(SY), and C' central.

Lemma 10.50. (Locality) Uivy/o(1) and Viryo(1¢) supercommaute.

Proof. By lemma 10.36, the computation of the brackets involve product of
functions in C°(S!) and C%2(S'), but C(SY).C2(St) = {0}. O

Definition 10.51. Let pg be the projection on the space generated by the
vectors of integer level, py =1 — pgy, u = po — p1 and 7(x) = uzu.

Definition 10.52. Let the von Neumann algebra N7 (I) be the minimal
von Neumann subalgebra of B(H,?) such that the self-adjoint operators of
Bivyo(1) (i.e Ly, Gy with f € C°(S') real), are affiliated to it. See definition
10.46 for equivalent definitions. (NJ7(I),T) is a Zy-graded von Neumann
algebra.

Corollary 10.53. (Jones-Wassermann subfactor) N7 (I) C Nya(I¢)

Proof. Wiy 5(I) and Vivyjo(/¢) supercommute, then, by lemma 10.42 and
Nelson’s theorem, Gy and G, supercommute for f and g concentrated on [/
and I¢. So is for the von Neumann algebra they generate. O

Theorem 10.54. (Reeh-Schlieder theorem) Letv € H, be a non-null vector
of finite level, then, Njw(I).v is dense in H}2 (i.e. v is a cyclic vector).

Proof. Tt’s a general principle of local algebra, see [99] p 502. O]
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10.5 Real and complex fermions

Recall 10.55. (The complex Clifford algebra, see [99]) Let H be a complex
Hilbert space, the complex Clifford algebra CUff(H) is the unital *-algebra
generated by a complex linear map f — a(f) f € H satisfying:

[a(f),alg)ly =0 and [a(f),a(9) ]+ = (f,9)

The complex Clifford algebra as a natural irreducible representation m on the
fermionic Fock space F(H) = AH = @, , A"H (with A°H = CQ and § the
vacuum vector), given by w(a(f))w = f Aw bounded. Let c(f) = a(f)+a(f)*
satisfying [c(f), c(g)]+ = 2Re(f,g) and generating the real Clifford algebra.
Warning, c is only R-linear. We have the correspondence a(f) = 3(c(f) —

ic(if)). Now if P is a projector on H, we can define a new irreducible

representation wp of the complex Clifford algebra by wp(a(f)) = 5(c(f) —
ic(Zf)), where T is the multiplication by i on PH and by —i on (I — P)H,
ie, T =iP —i(l — P) =i(2P — I). We know that mp and m¢g are unitary
equivalent if P—Q is an Hilbert-Schmidt operator. Now, a unitaryu € U(H)
is implemented in wp if mp(a(u.f)) = Unp(a(f))U* with U unitary, unique
up to a phase. But wp(a(u.f)) = mo(a(f)) with @ = w*Pu. Then, u is

implemented in wp if [P,u| is Hilbert-Schmidt.

Recall 10.56. More generally, taking a real Hilbert space H, we have the
real Clifford algebra: [c(f),c(9)le = 2(f,9), f,g € H. Then, we define a
complex structure T with I? = —Id. We obtain the complex Hilbert space
Hz and then we can define the complex Clifford algebra by: A(f) = %(c(f) —
ic(Zf)), acting irreducibly on the fermionic Fock space Fr = AHz. Now, the
quantisation condition is: uw € O(H) is implemented in Fr if [u,Z] is Hilbert-
Schmidt. This quantisation due to Segal can be deduce form the condition on
the complex case, using the doubling construction described below.

Example 10.57. (The Neveu-Schwarz real fermions)

Let the real Hilbert space of anti-periodic functions Hys = {f : R — R|f(0+
2m) = —f(0)} with basis, {cos(rf),sin(rf)|r € Z + 1/2}, let the complex
structure I defined by Zcos(rf) = sin(rf) and Zsin(rf) = —cos(rf). Then
we obtain the operators c(f) acting irreducibly on the fermionic Fock space
we call Fns. Then, we define 1, = c(cos(nf))+ic(sin(nh)). Now, ¥f =,
and [Ym, Ynly = Omanld. The fermionic Fock space can be identified with the
wrreducible positive energy representation already studied.
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Recall 10.58. (The doubling construction) This is a precise mathematical
version of the following physicists slogan: “a complex fermion s equivalent
to two real fermions 7. We start with a real Hilbert space H and we take
H ®iH (as a real Hilbert space, 1H 1is the same as H). Let v = £ & in,
we define a real Clifford algebra by c(v) = c(§) + c(in), acting irreducibly
on F(H) ® F(iH). Then we define a(v) = 3(c(v) —ic(iv)) satisfying the
complex Clifford relation on the complex Hilbert space H & 1H. The operator
Z on H extends naturally into a unitary operator on H & iH. Now, because
I? = —Id, it has the form T = i(2P — I), with P an orthogonal projection.
Then the action of the operator a(v) on F(H)® F(iH) can be identified with
the representation wp above, by the unique unitary sending 2 ® 2 to €.

Example 10.59. We apply to the previous example: in this case, Hyg @
iHys = {f : R — C|f(0 +2r) = —f(0)}. But then the multiplication with
e?/? gives an identification with L*(S*,C). This construction was already use
on [87].

Recall 10.60. (The local algebra for complex fermions) Let V' be a complex
finite dimensional complex vector space and H = L*(S', V), let P be the pro-
jection on the Hardy space H*(S', V') (the space of function without negative
Fourier coefficient). Let I be a proper interval of S* and M(I) be the von
Neumann algebra generated by wp( CLff(L*(I,V))), then:

(a) (Haag-Araki duality) ~M(I)F = M(I¢)
(b) (Covariance) uy—1 : f — \/¢'. fop defines a unitary action of o € Diff(S")

on H; this action is implemented in wp.
(¢) The modular action on M(I) is oi(x) = wp(pr)xmp(pr)*, with ¢y €
Diff(SY) the Mobius flow fixing the end point of I. For example, if I is

the upper half-circle, then 0I = {—1,4+1} and p(z) = %

(d) The modular action is ergodic (ie it fizes only the scalar operators), so
that M(I) is a I1I; factor (the hyperfinite one).

Remark 10.61. By the doubling construction, Diff(S') acts on Hys by:

(o)L f =@M f o
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and the action is quantised. We verify directly that He := Hys®1Hys admits
the orthogonal basis e, = €™ with r € Z + 1/2, that T = (2P — I)i, with
P the Hardy projection (on the positive modes r > 0). Now, the Lie algebra
of Diff(S') is the Witt algebra. The infinitesimal version of the previous
action is dye, = —(r + n/2)e,.,: the action of the Witt algebra on the
1/2-density (see below or [54] p 4). This infinitesimal action of the Witt
algebra is implemented on the Fock space Fc = Fns® Fng into the Virasoro

derivation on the real fermions: [Ly,,.] = —(r +n/2),1, (consistent with
section 4.4). Let SU(1,1) be the group of g = ( % g ) with |a]* —|8]* = 1.
By the Mobius transformation: g(z) = Cﬁiig’ SU(1,1) is injected in Diff(S'),

and its Lie algebra 1s generated by d_q,dy,dy. Now, we can see directly that
SU(1,1) is quantised, because it acts unitarily and commutes with P:

70 () = ke Flg(2))
Using |3z + a| = (Bz + a)Y?(B2 + a)'/?, for k> 0:

— az k21/2
m(g) Tt = % € PHc

Now, the quantised action of SU(1, 1) fizes the vacuum vector of the fermionic
Fock space, because L_1, Lo, L1 vanish on the vacuum vector.
Note that the Lie algebra of the modular action is generated by Ly — L_1.

Recall 10.62. (Takesaki devissage [89]) Let M C B(H) be a von Neumann
algebra, Q € H cyclic for M and M', A\®, J the corresponding modular
operators (AN*MA~ = M and JMJ = M'). If N C M is a von Neumann
subalgebra such that A*NA~" = N (conditional expectation), then:

(a) A" and J restrict to the modular automorphism group A% and conju-
gation operator Jy of N for €2 on the closure Hy of NSQ.

(b) NENAT" = N and JyNJ, = N' on H;.

(c) If p is the projection onto Hy, then pMp = Np and
N ={x € M | xp=pz} (the Jones relations [45])

(d) HH=H <— M =N
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(e) The modular group fizes the center. In fact A"z A~ = x and JxJ =
x* forx e Z(M)=MnM.

Definition 10.63. Let Mys(I) be the von Neumann algebra generated by
the real Neveu-Schwarz vy with f localised on I.

Lemma 10.64. (Reeh-Schlieder theorem) Let v € Fng be a non-null vector
of finite level, then, Mygs(I).v is dense in Fyg (i.e. v is a cyclic vector).

Proof. 1t’s a general principle of local algebra, see [99]. O

Recall 10.65. A von Neumann algebra M is hyperfinite iff it is injective,
ie M C B(H) with conditional expectation (see [17]).

Proposition 10.66. The local algebra Mys(I) satisfy Haag-Araki duality,
covariance for Diff(S"), and the modular action is geometric and ergodic. In
particular, Mys(I) is the hyperfinite III; factor

Proof. The covariance is shown in remark 10.61. Then, Mys(I) is stable
by the modular action of M(I). Now, mp(Mnys(I)) C M(I) C B(Hc) with
conditional expectation, so mp(Myg(I)) is hyperfinite. Next by Takesaki
devissage the modular action of mp(Myg(1)) is ergodic, so it’s the hyperfinite
ITT; factor. Now, by definition of the type III, every subrepresentations are
equivalents, but one copy of Fyg is a subrepresentation. So Myg(I) is the
hyperfinite III; factor. Finally, the Haag-Araki duality for Myg(/) comes
from the Haag-Araki duality for M([), the Reeh-Schlieder theorem and the
Takesaki devissage. [

10.6 Properties of local algebras deducable by devis-
sage from loop superalgebras

In this section we will deduce a few partial results on the local von Neumann

algebra of Neveu-Schwarz, using devissage from the loop superalgebras, but

it’s not enough. In the next section, we will prove more general definitive

result by devissage from real and complex fermions (in particular this will
imply all the result proved here).

Remark 10.67. Fyo = Frs.
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Lemma 10.68. Let Ny, Ny be von Neumann algebra, with modular action

o and oi2, then, the modular action on NY®N, is oi2®% = il @ oi%
Proof. By KMS uniqueness (see [99] p 493). O

Definition 10.69. Let L(j,0) @ Fyrg be the irreducible representation of the
g-supersymmetric algebra g. Let the local von Neumann algebra ./\/'f(f) gen-
erated by 7(g) @ 73 s(g) and 1 ® z, with g € L;G and x € M} 4(1).

Proposition 10.70. ./\/’f([) = Wf(LIG) Q@ MSo(I).

Proof. m3%4(g) supercommutes with M$4(I¢), so by the Haag-Araki duality
Thg(9) € MRg(I). We deduce that N(I) is generated by 7f(g) ® 1 and
1 ® x. The result follows. O

Theorem 10.71. Combining the work of A. Wassermann [99] on local loop
group and the previous work on Neveu-Schwarz fermions, we obtain

(a) (Local eqm’valence) For every representations HY, there is a unique -
isomorphism 75« N§(I) — N{(I) coming from 75(B}) — m5(B}) =
U.nf(Bg).U* cmd m5(Ye) > wh(2) = Unf(y2).U*, with U : Hf — H}

unitary.

(b) (Covariance) o €Diff(S') acts unitarily on Hf with Wf(gp)B?wf(gp)* =
Bjopr and wi(@)Yymi()" = Vg goprs with @ = \/(¢71)', a kind of
Radon-Nikodym correction (which preserves the group action) to be

compatible with the Lie structure, ie be unitary on L*(S')g.

(¢) The modular action on N(I) is oi(x) = mh(pe)xml(p:)*, with ¢; €
Diff(SY) the Mobius flow fiving the end point of I. For example, if I is

the upper half-circle, then 0I = {—1,4+1} and ¢i(z) = %

(d) ./\ff I) is the hyperfinite I1I; factor.

(f) Nj(I
(9) Nj(I)* NN = C (irreducibility of the subfactor)

J

NI )¢ (Jones-Wassermann subfactor)

(1)

(e) NE(I) = NY(I9)® (Haag-Araki duality)
(1) C
()N
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Lemma 10.72. The operators Gy and L;, act continuously on Hﬁ, the Lg-
smooth completion of L(j,0) ® Frg.

Proof. H§ decompose into some irreducible smooth representations of the
discrete series (] ), the result follows by corollary 10.39 O

Notation 10.73. Let p=27+1, ¢ =2k+1 and m = £+ 2, then, from now,
we can note Hy, as Hgk. It will be a more conveniant notation for the fusion
rules computations

Recall 10.74. (Kac-Todorov coset construction) (see section 6.2 or [52])

HO® 7—(5 - @lsqg[n“ ka ® Hi“, and

p=q[2]
m(Gy) @ I+ 1@ H(Gy) = Y [nh(Gp) @ I + 1 @ (Gy)

Lemma 10.75. We write some usefull relations on Hﬁ:

(a) [V}, V)4 = dap(f, PR

(b) (B}, Byl = [B*, B’ n + (€ + 2)dap(d(f), )r

(¢) (G, Byl = = (€ +2)"295 4

(d) Gy ¥5)s = (0 +2)12Bg,,
Proof. Direct by computation from section 5. O

Let m be a positive energy representation of the loop superalgebra g.
We know, it is always of the form H ® Fyg, where H is a positive energy
representation o of LG (non necessarily irreducible). The Clifford algebra
acts on the second factor and the loop group acts by tensor product. We
have already seen that the von Neumann algebra m(g;)” is naturally a tensor
product of von Neumann algebras (proposition 10.70). On the other hand, we
have the operators m(Ly), 7(Gy), given by the Sugawara construction (first
sections) and 7(¢) with ¢ €Diff(S'). The Ly gives a projective representation
of the Witt algebra, so exponentiate them give the element of Diff(S'). The
action of Diff(S!) is also given by a tensor product of representation. The
following property will be fundamental.
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Theorem 10.76. 7(p) € n(g;)” and w(L¢), 7(Gy) are affilated to w(g;)", if
@ and f are concentrate on I°.

Remark 10.77. We will prove it for Diff(S'), and so for the Ly, in general,
but for Gy, only for the vacuum representation (general proof on the next
section).

Proof. For the vacuum representation, it’s an immediate consequence of the
Haag-Araki duality. Now, we can restrict to 7 irreducible. For Diff(S'),
because we have Haag-Araki duality on Fyg, it’s sufficient to prove that
o(Diff;(SY))” € o(L;G)". By local equivalence, there exists a unitary U in-
tertwining o and the vacuum representation oy. By Haag duality and covari-
ance oo(Difff(SY))” C oo(L;G)". Then, Uoy(¢)U* C o(L;G)" C o(LG)'.
On the other hand, o(p) € o(L;G). So, T = a(o ) Uaoo(p)U* € o(L;-G)'.
But, T' € o(L;G)" by covariance relation. Now, by irreducibility o(L;G)" N
0(L;G) = C, so T is a constant. The result follows. O

Theorem 10.78. Haag-Araki duality holds for the Neveu-Schwarz algebra.

Proof. Let Ky be the vacuum representation Il of g @ g. The operators
Ly and Gy of the coset construction act on Ky. We will prove that if f
is concentrate on the interval I, G is affiliated with (g7 @ g7)”. Then,
because [Gy,,Gp,|+ = Ly, s, + constant, Ly is also affiliated. By Haag-Araki
duality, it suffices to prove that the operators Gy supercommutes with the
bosons (elememt of the loop algebra) and the fermions, concentrate on I°¢.
Let A = Gy and let B be either the bosonic operator or the fermionic operator
conjugate by the Klein transformation. They are formally self-adjoint for f
real. By relation 10.75, they commute formally. By the Sobolev estimates
and the Glimm-Jaffe-Nelson theorem, A% + B2 is essentially self-adjoint. So
Nelson’s theorem imply the commutation in term of bounded function.
Now, by the coset construction, and the Reeh-Schlieder theorem, the
bounded functions of the Gy and L; applied on the vacuum vector of K
generate the vacuum positive energy representation of the Neveu-Schwarz
algebra. The Haag-Araki duality follows by Takesaki devissage. O

Lemma 10.79. (Covariance) Let ¢ € Diff(S'), then wl(o)mh(Gs)ml()* =
T5(Gp.pop1), with B =1/a, and o = \/(¢=') and f € C=(S').

111



Proof. m§(@)[Gr, Bilmi (o) = —(0+2)7 202 0 ampop-ty =

— (27205 o) athop1y = [Gopoe1 T (9) Brmi(9)7]

Idem, 75(0)[G, ¥l m5(0)" = [Gp.pop1, T (0) Vi (0) ]

Then, by irreducibility, 7(0)G s75(0)* — G rop-1 is a constant operator;
it’s also an odd operator, so it’s zero. O

Corollary 10.80. By the coset construction, the covariance relation runs
also on the discrete series representations of the Neveu-Schwarz algebra.

10.7 Local algebras and fermions

In [99], the representation of LSU(2) at level 1 are constructed using two
complex fermions. This corresponds to the complex Clifford algebra con-
struction on A(L?(S!,C?)) = Fr2. The level ¢ representations are obtained
taking Fgf . Then, the level ¢ representations of the corresponding loop su-
peralgebra are realized on the tensor product of this Fock space and the
space Frg, of three fermions. As vertex superalgebra, the vertex superalge-
bra of the loop superalgebra defines a vertex sub-superalgebra of the vertex
superalgebra of fg’f ® Frg-

Let H={f:R - R |f(z+27) = —f(x)}. Let F\g = A(H ® V), then,
]—"}éls@‘/? = .7-"]‘\?{9 ® ]-"]‘\% Now, considering the diagonal inclusion g C g & g,
Ho(gdgoHRg=H®[(gbg)ogl=H®|[(g®g)/g]. Then, we easily
seen that in the Kac-Todorov construction described before:

Fis © (Fis ® L(i,0)) = @ Llcm, hyy) @ (FRs ® L(5,€ + 2)),
we can simplify by a factor Fy 4 to obtain the following GKO construction:
Fis @ L(i,0) = @ L(cm, hyy) @ L(5, £ +2)),

preserving the coset action of the Neveu-Schwarz algebra. It’s also true
replacing L(7,¢) by a (non necessarily irreducible) positive energy represen-
tation H of level ¢. Then the coset action of the Neveu-Schwarz algebra on
Frg @ H is described by (see also [35] p114):

(a) Lt = L™ — L§

(b) Go4(2) = 3Gz 32 = B(7ye,, 2)
with ® the module-vertex operator on Fyg ® H (see section 5.3), and
Toko = (2(0 4 2) (£ + 4))7Y2 (01 — 273), with 7y, Ty as in definition 5.38.

112



Note that: ®(¢m — 273, 2) = [3°, ((r(2) ® Xi(2) — I @ Pr(2)Sk(2))]
=[5 (0 (2) @ Xn(2) — 3 225, THT @ i(2)1;(2)n(2))]
= [0, (Ur(2) @ Xp(2) = 20v21 @ 91 (2)ha(2)3(2)).

Now, fg)f is a level ¢ representation of the loop algebra (containing all the
irreducibles). We apply the previous GKO construction on J—"g’f ® Frg- Let
N(I) = M(1)®* @ M$4(I) be the local von Neumann algebra generated by
the corresponding real and complex fermions. Let 7y, be the coset represen-
tation of Viry/, on. Now, as previously, my,(Uiry/2(I)) supercommutes with
N (I°¢), then by Haag-Araki duality mg,(Uivi/2(1))” C N(I). Now, Ty, is a
direct sum of all the irreducible positive energy representation m; (with mul-
tiplicities) of the Neveu-Schwarz algebra. As previously (see lemma 10.79),
Tako(Tit12(1))” is stable under the modular action of N'(I). So we can apply
the Takesaki devissage. We deduce that g, (ity/2(1))” is the hyperfinite
I1I; factor. By the property of the type III, every subrepresentations of g,
are equivalents; in particular all the m;(Uivy/2(/))” are the hyperfinite III;-
factor, and are equivalents to mo (it 2(1))": it’s the local equivalence for the
Neveu-Schwarz algebra. Finally, let {2 be the vacuum vector of Fg’f ® Frgs
then clearly 7y, (it )2(1))"(2 is dense (Reeh-Schlieder theorem) on the vac-
uum representation of Uiry, tensor its corresponding multiplicity M. Let
P be the projection on, then P commutes with the modular operators (be-
cause the vacuum vector is invariant) and with the Klein operator x. But by
Takeaki devissage PN (I)P = 7 1,(Bity o (1)) P = 750 (B, 12 (1))"].

So kJPN(I)PJk* = PcJN(I)Jk*P = PN(I)"P = PN(I°)P
= [ng M0 (Vi jo(1€))"] = [75 M0 (Viry2(1))7]. The Haag-Araki duality for the
Neveu-Schwarz algebra follows.

Corollary 10.81. (Generalized Haag-Araki duality)
ngo(mitl/g([))” = ngo(mitl/z)” N N(I)

Corollary 10.82. 7(Wity5(1))" is generated by chains of compressed fermions
concentrate in 1.

Proof. Immediate from Jones relation: poN (I)po = Tgro(Bitiy2(1)) " po. O

Now because 7y, contains all the irreducible positive energy representa-
tions m; of charge ¢, , we deduce that:
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Corollary 10.83. Let w be the direct sum of all the ;.
To simplify we note m = my @ ... ® m,. Then A := w(DBivyo(I))"
T 0 S S
={T = . | T supercommutes with B} with B = { :
0 T, Sp1 e Sun

such that S;; is a chain of compressed fermions p;¢(f)p; concentrate on 1¢}

By definition A" = B. Now, let ¢; the projection on 7;, then ¢; € A%, so,

Corollary 10.84. 7;(Uit; 5(1¢))" is generated by chains of compressed fermions
concentrated in 1.

Remark 10.85. In the next section, we will see by unicity that the compres-
sion of complex fermions give a primary fields of charge o = (1/2,1/2), and
the compression of a real fermions give primary fields of charge = (0,1).

Remark 10.86. We will see that the supercommutation relation on the vac-
uum (Haag-Araki duality) is replaced by braiding relations of primary fields.
As consequence, we directly see that m;(Uivio(1))* and ;(Vivy o(1€))* do
not necessarily supercommute if © # 0. Then, the formulation of the local
von Neumann algebra, generated by chains of primary fields (with braiding),
shows explicitly the failure of Haag-Araki duality outside of the vacuum.
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11 Primary fields

11.1 Primary fields for LSU(2)

This section is an overview of the primary field theory of LSU(2), for a more
detailed exposition see [99] and [91].
Let V be a representation of G = SU(2) or g = sl,.

Definition 11.1. Let A\, u € C, we define the ordinary representations of
Lg x Vit as Vy ,,, generated by (v;), ve V and i € Z, and:

(a) Lnpv; =—(i+ p+n\)vig,
(b) Xpvi = (X)) (X €g)

Definition 11.2. Let L¢ and L§ be irreducible representation of Lg, of level
¢ and spin i and j. We define a primary field as a linear operator:

¢:L§®V>\7M—>Lf
that intertwines the action of Lg x Uiv. We call V' the charge of ¢.

Recall 11.3. Let h! = % the lowest eigenvalue of Ly on LY (see theorem

5.50). The eigenspace is the sly-module V;.

Definition 11.4. For w € Yy, let ¢(w) : L} — L

Lemma 11.5. Let X € Lg x Vix, then [ X, ¢p(w)] = ¢(X.v)

Proof. As for the proof of lemma 11.31. [
Lemma 11.6. ¢ non-null implies that p = h§ — ht.

Lemma 11.7. (Gradation) ¢(vn).(L§)s+h§ C (L§)s—nnt

Definition 11.8. Let h =1 — X be the conformal dimension of ¢,
and N\ = 1—/\+,u:h+h§—hf ; we define:

$(v,2) = 3,z S(n)2 "5 (vEV).
Lemma 11.9. (Compatibility condition)
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(a) [Ln, ¢(v,2)] = 2"[z 2 + (n + 1)h]o(v, 2)
(b) [Xim, o(v,2)] = 2mp(X .0, 2)
Proof. Direct from the definition. O

Lemma 11.10. If 5(2, v) satisfy the compatibility condition, then, it gives a
primary fields for LSU(2).

Proof. It’s an easy verification. m

Proposition 11.11. (Initial term) A primary field ¢ : L? @ Y — LE with
every parameters fized, is completly determined by its initial term:

G0 V; @V =V,
Proof. Idem, by intertwining relation; see [99] p 513 for details. [

Proposition 11.12. (Unicity) If V. = Vj, is irreducible, the space of such
primary field is at most one-dimensional.

Proof. ¢g is an intertwining operator, ie, ¢g € Homy(V; ® Vi, V;) the multi-
plicity space at V; of V; @ Vi, = V|;_i ® V}j_kj41 D ... ® Vj1i (Clebsch-Gordan),
so at most one-dimensional. O

Remark 11.13. As for Uivy /o (see remark 11.39), with (A, B)(z) formula,
we define inductively the Lg-module LY from ¢.

Corollary 11.14. p = hf — h{ and 1 — X\ = h = hj_.
sy ke ke _ pt 0 pt
Definition 11.15. We note ¢ as ¢}, A as Aj; = hi — hi + hy,.
We call ¢ a primary field of spin k; in our work, we just need to consider
primary fields of spin 1/2 and 1:

Proposition 11.16. Up to a multiplication by a rational power of z:
(a) The compression of complezx fermions gives primary fields of spin 1/2.
(b) The compression of real fermions gives primary fields of spin 1.

Proof. We just check the compatibility condition. The calculation can also
be made on the vertex algebra of the fermions. See also [99] p 515. O]
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Definition 11.17. We note gbff be the primary field from L? to L, of spin
k. It’s defined up to a multiplicative constant and is possibly null.

Recall 11.18. (Constructible primary fields of spin 1/2 or 1, see [99]).
(a) gbff is non-null iff j=1+1/2 andi+j+1/2 <4
E . . . . . . .
(b) gbzlj is non-null iff j=i—1,4, ori+1andi+j+ 1</
with the restriction that: 0 < i,5 < {/2

Proposition 11.19. Every primary fields fff(w) : L§ — L of spin k =
1/2 or 1, are constructibles as compressions of complex and real fermions.

respectively.

Proof. For spin 1/2 primary fields see [99] p 515.

Now, for spin 1: note that at level £ = 2, there are only 0, 1/2 and 1 as
possible spins. But, the real Neveu-Schwarz fermions Fy ¢ equals to L3 @ L3,
and the real Ramond fermions F}, equals to L? J9» s LSU(2) module (see
corollary 9.7 and [35] p116). Then, compressions of the fermion field ¥(z, v),
with v € V] = g on Frg or Fg give the spin 1 primary fields at level 2, by
unicity and compatibility condition.

Now, L} ® LY = Lff_% o Lff_e,;lﬂ D...0 Lﬁiﬁ:, so:

(a) ¢X+2(v) is the compression of ¢ (v) @I : [P @ L!_ | — L2 ® L¢ .

1,0—1

(b) #1531 (v) is the compression of ¢y (v) ® I : L3 ® Lf — L3 @ LE.

(¢) ¢X5%(v) is the compression of ¢y (v) @ [ : [2® Lf — L2 ® L.

0

The result follows. ]

Corollary 11.20. The primary fields of spin k = 1/2 or 1 are bounded
and identifying the L*-completion of Vy,, with L*(S*,V},), we obtain ¢(f) for
fe LS Vi), with: [|¢(f)I| < K| fl2-

Recall 11.21. (Braiding relations)

In [91] and [99], the braiding relations of spin 1/2 primary fields are given
by reduced 4-point functions f : C — W, with W finite dimensional. We
give an overview of this theory:

1 1
Let Fj(z,w) = (gf),ﬁf(u, z).(/ﬁ;f(v,w)Qi, O), then by gradation it equals:
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Zmzo(éb%f(% m).qﬁ%f(v, —m)Qy, Q)2 Awm A = () AwA

with f;(¢) = Zmzo(gzﬁ%f(u,m). ]%f(v, —m)Q;, Q)™ and ( = w/z. The func-
tion f; are holomorphic for |(| < 1. Now, gbéj and gbj%f are non-zero field, ie
Homg(V; @ Vi)2, Vi) and Homg(V;®@ V)2, V}) are 1-dimensional space. Then,
the set of possible such j generate the space W = Homg(Vl/g ®@VipeV, Vi).
Then, we consider the vector f;(¢) as a vector in W. Let fj = N f;, (with
No=(2+7——i—3/4)/(+2)), called the reduced four points func-
tions. f;(z) is defined on {z : |z| < 1,z & [0,1[}. It satisfy the Knizhnik-
Zamolodchikov ordinary differential equation, equivalent to the hypergeomet-
ric equation of Gauss:

f’(z) = A(z)f(z), with A(z) = 5 + 192

with P, Q € End(W). It’s proved in [99] section 19, the existence of a
holomorphic gauge transformation g : C\[1, co[— GL(W) with g(0) = I such
that: g~ 'Ag—g~'g' = P/z. The solution of the ODE is then f(z) = g(2)2"T,
with T an eigenvector of P. So, up to a power of z, the solutions f](z) are
just the columns of g(z) (in the spectral base of P). Now, let rj(z) = f;(z™)
on{z:|z| > 1,z & [1,00[}, then r; satisfy clearly the equation:

r'(2) = B(2)r(z), with B(z) = &£ + ;<

The function r; and f; extend to holomorphic functions on C\[0,00[. It’s
proved in [99], that the solutions of these two equations are related by a
transport matriz ¢ = (¢;;) with ¢;j # 0, so that:

fi(2) = X cjm fn(271)
We then obtain, up to an analytic continuation, the following equality:
1y 1, 1y 1,
((blig <u7 Z). 321 (Ua w)Qi’ Qk) = Z ij((blzm(v’ w)' n21z<u7 z)Qi7 Qk)
This relation extends to any finite energy vectors:
3¢ 3¢ 3¢ 3t
(¢kj (u, 2). i (v, w)n, &) = 3 cjm(Ppn (v, 0).05,(u, 2)n,€)

This analysis runs idem for braiding relations between spin 1/2 and spin 1
primary fields, then:
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Theorem 11.22. (Braiding relations)
Let (ky, ko) = (1/2,1/2), (1,1/2) or (1/2,1); v; € Vi, and vy € V4,.

stle(vlv Z)‘ﬁkﬂ(v?v ) 2 /Lr(z)kﬂ(?}% )(bfllf(vlv Z) with Mo 7£ 0
To simplify, we don’t write the dependence of . on the other coefficients.

Remark 11.23. The way to write the braiding relations is a simplification.
In fact, the left side is defined for |z| < |w|, and the right side for |z| > |w|,
but each sides admit the same rational extension out of z = w. The braiding
relations generalise the locality of vertex operator (see definition 4.19).

Remark 11.24. To prove that all the coefficients are non-null for (ky, ko) =
(1,1), we should solve Dotsenko-Fateev equations (see [87]).

Recall 11.25. (Localised braiding relation) Let f € L*(I,Vk,) and g €
L3(J, Vi,), with I, J be two disjoint proper intervals of S'. Using an ar-
gument of convolution (as [99] p 516), we can write the following localised
braiding relations:

05 (NG (9) = X 1t (cag) b (e—af) with pr # 0
with eq = €%, a = hi + hj, — hi — hl and (k1, ks) as previously.
Recall 11.26. (Contragrediant braiding) Let the previous ODE:

P2) = A=), with Az) = £+ 2

and the previous gauge relation: g~*Ag — g~'g' = P/z.

In the same way, we can choose h(z) with h(0) = I and hAh™" — W'h™1 =
—P/z. This corresponds to take —A(z)" instead of A(z). But then (hg) =
[P, hg|/z, which admits only the constant solutions, but h(0)g(0) = I, so
h(z) = g(2)~t. Then, the columns of (g(z)~')! are the fundamental solutions
of K'(2) = —A(2)'k(z). The transport matriz of this equation is just the
transposed of the inverse of the original one, ie (¢™1)".

119



11.2 Primary fields for Uit

Definition 11.27. Let A\, p € C, 0 = 0,1, we define the ordinary represen-
tations of Uity e as F3 ,, with base (vi)iemg, (Wj)j€Z+PTU, and:

(@) Lpvi=—0+p+ v,

(b) Gsv; = wiys

(€) Lnwj=—(j +pu+ A= 3)n)wjsn
(d) Gowy = —(j+ o+ (20— 1)s)uyes

Remark 11.28. Let the space of densities { f(0)e™?(d0)*|f € C>=(SY)} where
a finite covering of Diff(S') acts by reparametrisation 0 — p=1(0) (if u € Q).
Then its Lie algebra acts on too, so that it’s a *Bir-module vanishing the center
(see [54]). Finally, an equivalent construction with superdensities gives a

model for FY , as Vi, p-module (see [43] ).

Definition 11.29. Let L;; and Ly, on the unitary discrete series of Uiry .
We define a primary field as a linear operator:

6: Ly © FF,— L,
that superintertwines the action of Uity ;.

Definition 11.30. Forv € F3 ,, let ¢(v) : Ly

m
¢ qu

Lemma 11.31. Let X € ity o, then [ X, ¢(v)], = ¢(X.v)

Proof. We can suppose X to be homogeneous for the Z,-gradation 7. Now,
¢ superintertwines the action of Yiry: ¢.[ X @ +1® X]| = (—1)%%X.¢
Let {@v e Ly, @ FF ,, then ¢.[X @ [+ 1 ® X]|(§ ®v) = [¢p(v)X + ¢(Xv)]§

)

and X.¢(€ ® v) = Xo(v)¢, then [X, ¢(v)], = ¢(X.v). O
Lemma 11.32. ¢ non-null implies that = hy,, — hp.
Lemma 11.33. (Gradation)

(a) ¢(Un)~(Lz7q/)s+h;'}q, C (LZ?;)s—n+h%

(b) ¢(wT).(L;7q/)s+h;7q, C (L%)s—mh;;g
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Definition 11.34. Let h =1 — X be the conformal dimension of ¢,
and A =1—A+p=h+hy, —hy ;we define:

pg 7

¢(2) = Xnezsz d(vp)z" 2 and  0(z) = D d(w,)z 124

&(2) is called the ordinary part and 6(z) = [G_1/2,¢(2)], the super part of
the primary field.

Lemma 11.35. (Covariance relations).

(2) [Ln, d(2)] = ["H1 L + h(n +1)2"](2)

(b) [Gu-1/2,0(2)] = 2"0(2)

() [Ln,0(2)] = [z + (h+1/2)(n + 1)2"]0(2)

(d) [Gnory2,0(2)]1 = [z" & + 2hn.2""]2)

Proof. Direct from the definition. 0
Lemma 11.36. (Compatibility condition)

(a) [Ln,0(2)] = ["' L + (n+1)z"(1 = N)]o(2)

(b) [Gr,¢(2)] = 272G 1y, 6(2)]

Proof. Immediate. 0

Lemma 11.37. If g(z) satisfy the compatibility condition, then, it gives a
primary fields for the Neveu-Schwarz algebra, with 0(z) = [G_1/2, #(2)] as
super part.

Proof. 1t’s an easy verification. O]

Proposition 11.38. (Initial term) The space of primary fields ¢ : Ly, ®
S — Ly with every parameter fized, is al most one-dimensional.

Proof. Let Q and € be the cyclic vectors of the positive energy representa-
tions and v € F3 ,. Then, by the intertwining relations, (¢(v)n,§) is com-
pletly determined by the initial term (¢(v)Q2, Q). Next (¢(v)Q,€) is non-
zero for v in a subspace of F3 , of at most dimension one (lemma 11.33). [J
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Remark 11.39. Using a slightly modified (A,,B)(z) formula (see proposition
4.24), we can inductively generate many fields from a given field .
For example we find:

(Lat)(2) = [0 Cria(=2) L ]th(2) = $(2) [0 Crya (=2)" 7" Ly

We can also write a formula for G,. Now, we see that:

(Lo®)(2) = [Lo, ¢(2)] = 2[L1,0(2)] = ho(2)

It’s easy to see that using this machinery from ¢(z) we generate the unitary
Yivy jp-module L(h,cy). Then, by FQS criterion, h = hy,... We note the
elements ®(a, z) with a € Ly n, ¢(2) = ®(Q,0,2) and if P(z) = P(a, 2)
then (L,)(z) = ®(Ly.a,z). We do the same with G,. We call ® a general
vertex operator, it generalizes the vertex operator of the section /4 , it admits
many properties, but we don’t need to enter into details.

Corollary 11.40. = hy,, — hye and 1 — X =h = hy ..

i s

Definition 11.41. We note ¢ as ¢, %", A as A? 57 = b, o — b+ by

pap’q’ 7 pap’q’

Definition 11.42. With p” =2k + 1 and ¢" = 2K + 1, we call ¢ a primary
field of charge (k,k').

Note that the charge and the spaces between which the field acts fixes
A and g, but o can be 0 or 1. Now, 0 = 0 or 1 corresponds to ¢(z) with
integers or half-integers modes respectively. On our work, we only need to
consider primary fields of charge a = (1/2,1/2) and § = (0, 1):

Proposition 11.43. Up to a multiplication by a rational power of z:
(a) The compression of complex fermions gives primary fields of charge c.
(b) The compression of real fermions gives primary fields of charge 3.

Proof. We just check the compatibility condition using the explicit formula
of GKO for G,. The calculation can also be made on the vertex algebra of
the fermions. O
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11.3 Constructible primary fields and braiding for Uit

_ p=2+1 p' =2j+1 p'=2k+1
Lemma 11.44. Let m=(+2. and { P37 7=2% L r/=27 ]

he = hi 4+ hit? — (i — 7)?
(a)

2

(b) Akﬁ Ap”q”m Alg’£/+2 CkK

pap’q’ vJ it'jy’

with 8, = 3[(i — )2 — (j — §)2 + (k — K)?]

K22 ]]

Proof. by = et maot _ Wlondotiint | e e pe2 g 30
Next, (b) is immediate by (a). O
Notation 11.45. We note h;, , Lf,, ¢t and ALYL, instead of h, L,

v Vv

qu pgm
pap’q’ and qupq ’

Definition 11.46. A non-zero primary field of charge o = (1/2,1/2) or
B = (0,1) is called constructible if it’s a compression fermions.

Theorem 11.47. (Constructible primary fields)
(1)¢%4.s is constructible iff:

i+ +1/2<landj+j +1/2<{(+2

(a) Ifo=0:i=i+t1/2 and j' = j £ 1/2,

(b)) [fo=1:7=i+1/2 and j' = j F1/2.

(2) 62 1jj 18 constructible iff:
i+7<landj+j+1<0+42
(a) Ifc=0:47=4diandj =j+1.
(b)) Ifo=1:7=iandj =j

with the restriction that 0 <i,i' < /2 and 0 < j, 7' < ({+2)/2.
This section is devoted to prove the theorem.

Remark 11.48. If we ignore o, we see that the dimension of the spaces of
constructible primary fields are 0, 1 or 2-dimensional, and it’s correspond to
the fusion rules obtained below.
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Remark 11.49. The dimension of the space of all the primary fields (non
necessarily construcible as above) have been calculated by Iohara and Koga
[43], using the action on the singular vectors of F3 .- Their result shows that
in the previous cases, every primary fields are constructibles.

Corollary 11.50. Let ¢ of charge o or [3, then ¢ # 0 iff ¢ constructible.
Recall 11.51. (GKO construction ) (see section 9)

Frs@Li=@ L, ® Lﬁ”
and Fryg = L3 ® L3 as Lg-module.

Corollary 11.52. (Braiding relations)
Let (71772> = (Oé,Oé), (ﬁaa) or (aaﬁ)"

B ()T (W) = X 1w G ()G (2) with 100 0.

To simplify, we don’t write the dependence of ... on the other coefficients.

proof of theorem 11.47 and corollary 11.52

This proof is an adaptation of the proof of Loke [66] for Di.
I thank A. Wassermann to have simplified it.

Let Hf, Hfj, be the L?-completion of Lﬁ and ng,.

1
Let ®(v, z) = I®¢%€(v, z) : Fye®H; — FRe@H]. By the coset construction:
Fis ® Hj = @ Hj, @ H)'* and FY s ® Hf = @ Hjy @ H;"?

Let py, p; be the projection on Hf, @ H5™ and H, ® Hf,”.
Let n € HS,, £ € H fj/ be non-zero fixed Lg-eigenvectors.
Let ¢(v, 2) : Hf,” — H"? defined by: Vi € H™ and V¢ € Hf,%,

(pi’q)(va Z)pj"(f ® 5/)7 n ® 77/) = ((b(’l}, Z>'§/7 77,)
Now, by compatibility condition for LSU(2):
[(X(n),®(v,2)] = 2"®(X.v,2) and [L,, ®(v, 2)] = 2"[z£ + (n+ 1)h§/2]@(v, 2)

Now, X (n) and L, commute with py, p; and 2" with s € Q, then, by easy
manipulation we see that, up to multiply by a rational power of z:
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[X(n), (v, 2)] = 2"(¢(X.v, 2)) and
L 6(0,2)] = 272 + (1 D210, )

By compatibility and uniqueness theorem, Js € Q such that z°¢(v, z) is
the spin 1/2 and level ¢ + 2 primary field ¢€+2( z) (up to a multiplicative
constant) of LSU(2). The power s can be compute using lemma 11.44. It
follows that py®(v,z)p; = gb“z(v 2) ® p(z). Now, hﬁyl = hf — Bt
follows that up to multiply by a rational power of z: ° ’ ’

Lo plz)] = 27z + (n -+ DA Jo(2)

We verify also, using the explicit formula for G, that:

[G1y2, p(2)] = 272G, p(2)]
Finally, by compatibility condition and uniqueness, Js’ € Q such that 2% p(z),

is the charge (1/2,1/2) primary field 2222” (2) of Vir /» between Hfj, and HY,

(up to a multiplicative constant). Finally by lemma 11.44:

1 / 11
Pl ® ¢Z (v, 2)]py = C.z”Cir ¢ (v, 2) @ 2270 (2)

it jj
the value of ¢ follows using characterization: integer and half-integer moded.

Now, the constant C' is possibly zero. So, we will prove it’s non-zero for
the annonced constructible fields:

If it exists j' such that, ®(v,z)p; = 0 Vv, then, Yu € ng, ® Lﬁer,
® (v, z)u = 0, but, by commutation relation with I ® ¢(z,r) and X (n)® I, it
follows by irreducibility that u # 0 is cyclic and ®(v, 2)u’ = 0Vu' € Fy S®L§.
Then, ®(v, z) = 0 contradiction. So, Vj', ®(v, z)p; # 0, so it exists ¢’ such
that py®(v, z)p; # 0. By the beginning of the proof, a necessary condition

1
for ¢’ is that qﬁf,f,” is a non-zero primary field of LSU(2). We will prove that

11
. e . . N
this condition is also sufficient. For now, we know that for this ', ¢ 2]], is a
Nnon-zero primary ﬁeld of Yiry s.

1
B such that:

Now, Vi’ let p“ ; J, a multiple (possibly zero) of ¢2, i
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) £+2
(v, 2) = Bij(v,2) = > piiy(2) @ ¢ (v, 2)
NOW (Q) (u z)@jk(v, w)ij/kk/ X Q'/k/ QJ] 7z X Q )
, 11 Lot 442
= Z(Pffjj (2)P; e (W) gjoar s Qygriar ) (D75 (s )¢2’k’ (v, w)Qyrr, Qjrir)

We can write it as a relation between reduced 4-point function:
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F(¢) = 22 fir(Qhyyr (€)

We return in the context of recall 11.21 and 11.26: F}; and f; are holomorphic
function from C\[0,c0[ to W. Let vy € W such that g({)vy = ¢" f;:(C).
We apply the gauge transformation g(¢{)~! on the previous equality:

9(QO) ' F5(¢) = > ¢ wyehy(€)

It follows that h;; is holomorphic on C\[0, co[, we get a formula for it:

hiy (€) = C.¢"" (g(C) ' F5(C), vyr)

with C a non-zero constant.

This formula gives exactly the duality for braiding discovered by Tsuchlya—
Nakanishi [92]. Then by recall 11.26, the braiding matrix for the PZ 2] i ( ) is
the product of the braiding matrix for LSU(2) at spin 1/2 and level ¢, times
the transposed of the inverse of the braiding matrix for LSU(2) at spin
1/2 and level ¢ + 2. All the coefficients are non-zero. Now, suppose that

354 . 5.4 5442 .
Py (2) =0, with ¢27 and ¢3%, "~ constructible then:
E 11y 11, 11,
0= pu 34" ( )pjﬁu’ (U}) = Z )\kk/pz?i’gkk’ (IU)p]ikQ/“/(Z)

with all braiding coefficients non-zero. But as we see previously by irre-
ducibility, the right side admits at least a non-zero term, contradiction.

For the braiding between charge (0,1) and charge (1/2,1/2) primary
fields, we do the same starting with the Neveu-Schwarz fermion field ¢ (u, 2)®

1
I commuting with  ® ¢fj€(v, w). We find also that every possible braiding
coefficients are non-zero. The result follows. End of the proof.

Remark 11.53. As a consequence of remark 11.24, we know that such a
braiding exists for (yv1,72) = (5,0), but we don’t know if every coefficients
M GTE MON-NULL.

Proposition 11.54. The primary fields of charge o or  are bounded and
identifying the L*-completion of Y, with L*(S")e”/? @ L2(S')e(=10/2 e
obtain ¢(f) for f € L*(SY)e?/2, 0(g) for g € L*(S")e'=2)0/2 with:

lo(HI < Kllfllz and  [16(g)] < K'llg]l2
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Proof. The primary fields of charge a or  are constructibles, and the com-
pressions of fermions are bounded operators. O

Corollary 11.55. (Localised braiding relation) Let f € L2(SY)e?/? and
g € LA(SY)e ™2 with I, J be two disjoint proper intervals of S*. Using an
argument of convolution (as [99] p 516), we can write the following localised
braiding relations:

S (D)8 (9) = 3 w97t (€29) D70 (Ex ) with piyer # 0.

with ey = e, X\ = hi, + hi, — hﬁj, — ht,, and (y1,72) as previously.

11.4 Application to irreducibility

Definition 11.56. Let M, N C B(H) be von Neumann algebra, then,
MV N is the von Neumann algebra generated by M and N

Notation 11.57. We simply note gbfj(f) for primary field of charge k for
Wity o, the charge ¢, is fized and i = 0 significate i = (0,0).

Proposition 11.58. The chains of constructible primary fields of the form.:
¢811(f1)¢?112(f2) ?T,m(fr)ﬁo(fm) with o = (%a %) and f; on I.

are bounded operators and generate the von Neumann algebra N (I).
Proof. By corollary 10.84 and proposition 11.43. O

Remark 11.59. Let o, be the geometric modular action described on recall
10.60. Let wl’-“j(f) be a bounded primary field of charge k concentrated on
a proper interval J. Let oy (v5i(f)) = mi(p) s (f)mi(pd)” = ¥i(ue.f) by
the covariance relations. Then, o,(Y5(f)) s a primary field concentrated on
oe(J) — {1} (whent — oo ).

Recall 11.60. (Cancellation theorem) If a unitary representation of a con-
nected semisimple non-compact group with finite center has no fized vectors,
then its matriz coefficients vanish at co. We can find a proof on Zimmer’s
book [105]. For example, G = SU(1,1) ~ SL(2,R) (non-compact) is imple-
mented on the irreducible positive energy representations H of Uity o, which
give a unitary representation of a central cyclic extension G of G, whose Lie
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algebra is generated by L_1, Ly and Ly. But if £ € H, Lo& = 0 implies
immediatly that H = Hy and £ = Q (up to a multiplicative constant). So G
admits no fized vectors outside of the vacuum. But the modular operators Uy
go to oo when t — oo. Then, their matrix coefficients vanish at oo. In our
case, we can prove the cancellation theorem directly, because H decomposes
into a direct sum of irreducible positive energy representation of G and each
summands is a discrete series representation of G, so can be realized as a
subrepresentation of L*(G), and then has matrixz coefficient tending to zero
at 0o (see Pukanszky [79]).

Proposition 11.61. (Generically non-zero) Let a = ¢%,(f) and b = ¢§.,(g)
with f, g on proper intervals. Then, (baf), ) is non-zero in general.

Proof. Let a = ¢2,(f) # 0 and Ry be the quantized rotation action: Ry =
e'lo? (see remark 10.61). Let by = Rja*Ry. We suppose that (bga), Q) = 0
for | — 61| < ¢ with 6; fixed and ¢ > 0. Then (Rja*Ryaf2,Q2) = 0. But
Lo$2 = 0 on the vacuum representation. Then, Rp$2 = Q2 and (Rpaf2,af2) = 0.
Now, by positive energy of the representation af) = ZRE%N &, (coming from
the orthogonal decomposition for L) and [|af||? = > [|&.]|*. Now, with
z = €2 (RgaQ,ad) = >, 2"l = f(2), let g(z) = f(e "/22).
Then, g extends to a continuous function on the closed unit disc, holomorphic
in the interior and vanishing on the unit circle near {1}. By the Schwarz
reflection principle and the Cayley transfrom, g must vanishes identically in
z. So, (Roaf,af)) = ||af2|]* = 0. Then a) = 0, so a*aQ = 0. But Q is
a separating vector on the von Neumann algebra, so a*a = 0, and a = 0,
contradiction. O

Proposition 11.62. (Leading term in OPE of primary fields)

Let I be a proper interval of St, and I, I be subintervals be subintervals
obtained by removing a point. Let a,, and b, be non-zero primary fields of
charge «, localised in Iy and Iy respectively, then oy(ay,b,,) =" Idy, (up to
a multiplicative constant).

Proof. We adapt to Wity /,, a proof of A. Wassermann [| for LSU(2).
Without a loose of generality, we can take {1} € I N I,. Let a and b be

generic primary fields of charge o concentrate on I and I respectively.
(1)We first prove that o0y(agabao) —* C non-zero constant:

llot(agabao)|| is clearly bounded, then by the weak compacity of the unit
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ball, it exists a sequence t, such that oy, (apabag) —* 7. By the remark
11.59, 0y, (boaGao) is concentrated on J, with (J, = {1}. We obtain that
T supercommutes with \/ N&(J¢). By Araki-Haag duality, (\/ N&(J))* =
NN&G() = NG({1}) = C. Then T € CId. Now, (01, (agaba0)$2, ) =
(@0abaof2, Q) because mo(Uy )2 = Q (see remark 10.61). Now (agaba0$2,Q2) =k
generically non-zero (proposition 11.61) and 7' = kId. Now, k is independant
on the sequence (t,), so 0t(apabao) —* k.Id # 0.

(2) We now prove that o;(ayaba0) —* 0 if v # 0.

Idem, it exists a sequence t,, such that X,, = o0y, (a@yabao) —" T. Let &
be a finite energy vector in H,, then (X,,&) = (m,(U,)ayaba0f), &) =
((my(Ut,)n, &) — 0 when ¢,, — oo by the cancellation theorem (recall 11.60)Then,
TQ =0, so T*T2 = 0. But §2 is a separating vector on the von Neumann
algebra, so T*T = 0 and T" = 0. Now, the 0 is independent of the choice of
the sequence, then: o¢(a,qba0) =" 0.

(3) We prove that if a,,, # 0, then o,(a,,b,,) —* C’ non-zero constant:
Idem, it exists a sequence such that oy, (a,,b,,) —" R. Now, let y,0 =
Tyux Targ--- a0 De a chain between v and 0 with the minimal number of
primary fields of charge «, concentrate on a proper closed K interval out
of {1}. Then for ¢ sufficiently large, we can apply the braiding formulas on
oi(ayubu)yvo. We obtain necessarily oy(ay,bum)yvo = Z#O A, oi(ayabao) +
Aot (@pabao), with X # 0, A, a linear sum of non-minimal chains between
v and 7 (note that in general, there are many ways to go between 0 and v
minimally, but by the structure of the braiding rules, only the way chosen
for y,0 can appear at the end). Now, by (1) and (2), the previous equality
(with ¢t = t,,) weakly converge to Ry,o = Ay,0C = ACy,0 with AC' a non-
zero constant. Now, R € NY(K¢), then Ry,o = y,0m0(R) = ACy,0. Now
o1(Yy0) is also a minimal chain of charge « between v and 0, concentrate
on a proper closed interval out of {1}, so 0¢(y,0)m0(R) = C'o¢(ypo) with C’
a non-zero constant. Then o4(y,0)*0(Yvo)m0(R) = C'o(Yo)*0t(Yuo). But
t(Y00) 0t(Yuo) = 0t(YsoYvo) —w k.Id # 0 as for (1). So mo(R) =C"'=R. O

Proposition 11.63. (von Neumann density) Let I be a proper interval of
St and I, I, be subintervals such that I = I U I,.

NE(I) VN (1) = NE(D).

Proof. By the local equivalence for Uiry/, (see section 10.7), we only need
to prove the result on the vacuum. By proposition 11.58 we only need to
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work with chains. Consider the chain ¢§; (f1)¢5,,(f2)...0% . (fr)d5o(fre1) €
N&(ID), with fi, € L3(SY). Now, fi = f,gl) + f,§2), with f,gi) concentrated on
I;. Now, a primary field qﬁf]( f) is linear in f, so, we can develop the chain
into a sum of chains of primary filed localized exclusively on I; or I,. Next,
applying the braiding relations, we can obtain a linear combination of chains,
on which the primary field localized on [; and I, are separated; generically

of the form:

065, (91)85,5,(g2) 0% ;. (9s-1)855.,, (hsi1) 055 (he) 5 0(Prs1)

with g, and hj concentrate on I; and I respectively. Now, if j, = 0, then,
the previous chain is a product a.b with a € N} (1) and b € N} (1).

Else, if j; # 0, using the previous proposition step by step, we see that the
chain is the weak limit of chains with 0 on the middle, the result follows. [J

Lemma 11.64. (Covering lemma) Let (I,) be a covering of S* by open
proper intervals. Then ivy o(Sh) is the linear span of the Vivyjo(1,). And
SO \/7r(‘17it1/2([n))” = W(mitl/g(gl))” = B(H)

Proof. With a partition of the unity. O

Theorem 11.65. Let I be a proper interval of S*, then, the Jones- Wassermann
subfactor Nj;(I) € Nj(I)* is irreducible, i.e. Nj5(I)* NN (1°) = C.

Proof. Let I, I, be two proper subintervals of I obtained by removing a
point. Let Jl = I, Jg = Il U I¢ and J3 =71°U ]2. Let M :./\/;l;(j) \/./\/;l;(lc),
then N5 (1), N (1°), Nfi(I1) and N;(I;) € M. By von Neumann density,
.A/Z;(JQ) :./\/;l;(ll) \/Ml;(lc> C ./\/l, and idem ./\/;l;(Jg) C M Let Kl, KQ, Kg
be open subintervals of J;, J, and J3 such that K; U Ky, U K3 = S!. Now,
N (K1)VNJ(Ky) VN (Ks) € M, but Nj;(K1)VN};(K,)VN};(Ks) = B(H};)
by covering lemma. So M = B(H,;) and C = M* = NE(I)* NN (19" O
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12 Connes fusion and subfactors

12.1 Recall on subfactors

See the book [47] for a complete introduction to subfactors.

Definition 12.1. Let M and N be von Neumann algebra, then, an inclusion
N C M is called a subfactor.

Recall 12.2. A factor M of type II admits a canonical trace tr. The image
of tr on the subset of projection of M 1is [0,1] or [0, co].
Then, M is said to be a factor of type II; or Il,.

Recall 12.3. (Basic construction) Let the subfactor N C M, with M and
N II factors. Let tr be the trace on M, then, it admit the following inner
product: (z,y) := tr(zy*). Let H = L*(M,tr) and L*(N,tr) be the L*-
completions of M and N'. Let ey be the orthogonal projection of L*(M,tr)
onto L*(N,tr).

Let (M,en) = (MU {en})" C B(H). It admit a trace called trpq ey -

The tower N C M C (M, epr) is called the basic construction.

Recall 12.4. (Index of subfactors) Let the previous subfactor N C M.
Then we can define its index [M : NJ = (trpm e (en)) ™ € [1, 00].
The index admits another definition as the von Neumann dimension (see

[47]) of the N-module H = L*(M, tr), ie [M : N| = dimy(H).
Recall 12.5. (Jones’ theorem, see [45]) Every possible index of 11, -subfactors:
{4cos*(Z)|m = 3,4, ...} U [4, 0]

In the continuation of the basic construction, we can build a graph from a
subfactor, called its principal graph. If the subfactor admits a finite index
then the square of the morm of the matriz of its principal graph is exactly
the index. Now, this matrix admits only integers values, and a theorem of
Kronecker said that the norm of an integer valued matriz is in {2cos(”-)|m =
3,4,...} U [2,00]. Finally, it’s proved that every possible such norms are

realized from subfactors.

Definition 12.6. A subfactor of finite index M C N is said to be irreducible
if either of the following equivalent conditions are satisfied:

(a) L*(M) is irreducible as an N -M-bimodule.
(b) The relative commutant N' N M is C.
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12.2 Bimodules and Connes fusion

Definition 12.7. If M, N are Z,-graded von Neumann algebra, a Zy-graded
Hilbert space H is said to be a M-N -bimodule if:

(a) H is a left M-module.
(b) H is a right N'-module.

(¢) the action of M and N supercommute; i.e.,
VmeM,neN, € H, (m&)n=(—1)2""m.(En).

Definition 12.8. Let Q2 € Hy be a vacuum vector, then Hy is a M-M
bimodule, because by Tomita-Takesaki theory, JMJ = M’, by lemma 10.24,
MF = kM'k* ~ M ~ M. Now, y*a* = (xy)* and M is the opposite
algebra: ax b = b.a. Then z.(£.y) = x(kJy*J&*)E gives the bimodule action.

Definition 12.9. (Intertwinning operators) Let X, Y be Zy-graded M-M
bimodules, X = Hom_pa(Hgy, X) and Y = Hompa_(Hy,Y') be the space of
bounded operators that superintertwin the left (resp. the right) action of M.

Lemma 12.10. Consider the algebraic tensor product X ® Y, we define a
pre-inner product by:

(1 @ Y1, T2 @ yp) = (—1) @™m0 (5015910, Q)
Proof. As for [99] p 525-526. O

Definition 12.11. The L?*-completion is called the Connes fusion between
X and Y, and noted X XY, naturally a Zs-graded M-M bimodule.

Lemma 12.12. There are canonical unitary isomorphism
HXX~X~XKXH,.

Proof. If Y = Hy, the unitary X X Hy — X is given by z ® y — xy€2, and
the unitary Hy X X — X is given by y ®  +— (—1)%"%zyQ. ]

Lemma 12.13. X can be seen as a dense subspace of X via x < xf).
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Proof. X = X.my(M(I€)), so by Reeh-Schlieder X2 is dense in X Hy.
Now, XY Hy = [mx (M(I°))X].[mo(M(I)).Ho] = mx (M(I).M(I))XH,
= Tx((M(°).M(I))iin)XHy. But, because M(I¢) and M(I) supercom-
mute, the x-algebra generated by M(I¢).M(I) is exactly its linear span,
then, 7x ((M(I¢).M(I));,) is weakly dense in 7wx (M (1¢).M(I))". So, by von
Neumann density X' Hy is dense in @ B(H;)XHy = X, with X =@ H;. O

Lemma 12.14. (Hilbert space continuity lemma)

The natural map X ® Y — X XY extends canonically to continuous maps
X®Y— XRY and X QY — XRY. In fact |z; @ yi? < |zar]| 3 v
and [|lz; @ yil|* < llyayf || 22 |2:0°

Proof. As for [99] p 526. O
Lemma 12.15. X is associative.

Proof. As for [99] p 527. O

12.3 Connes fusion with H, on Uit

Remark 12.16. Note that the primary fields ¢ we consider are always the
ordinary part and so even operators. In fact, we only need to consider even
intertwiner operators because each odd intertwiner operator is the product of
an even one and an odd operator on the vacuum local von Neumann algebra.

Definition 12.17. Let (i,7) == {k | ¢}; #0 }.

Recall that the primary field of charge o = (1/2,1/2) are bounded. Let
the graph G, with vertices {i} and an edge between i and j if j € («a,1) ;
then, a is a weak generator in the sense that the graph G, is connected. Let
I be a non-trivial interval of S', and let f and g be L?-functions localized in
I and I° respectively. Recall that every possible braiding at charge v admits
non-null coefficients, ie; ¢f ()¢5 (w) = > Mg (w)ef.(2) with Ay # 0iff [ €
(@, i) N {a, k). Then, by the standard convolution argument: ¢f;(f)¢5,(g9) =
Yoo (erg)on.(énf) with e; the phase correction. We note apn = @8, (f),
bao = ¢%y(g) called the principal part. We define the non-principal parts
a;; and b;; such that they incorporate the phase correction in the braiding

relations. Next, if a;; = h

%:(h) then aj; = ¢5;(h), so we note a;; = a

*x .
ij ije

Corollary 12.18. (Braiding relations)
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bijajk = Z vya;big with v, 7& 0 Zﬁl c <Oé, Z> N <Oé7 ]{7>
Corollary 12.19. (Abelian braiding) If #({a,i) N {a,k)) =1 then:
bijajk = Vaijbjk with v 7é 0

Lemma 12.20. The set of vectors of the form n = (n;) with, n; = m;(x)b;;€,
€ (a,j), v € M(I° and & € H;, spans a dense subspace of @ H,.

Proof. By Reeh-Schlieder, choosing a non-null vector v; € Fj, m;(M(I%))v;
is dense in H;. Now, by intertwining, b;;7;(M(I)) = m;(M(I))b;;. Then, if
b;jv; = 0, then, b;; vanishes on a dense subspace, and so by continuity, b;; = 0,
contradiction. So, b;;v; # 0. Now, clearly, the set of vector p = (p;), with p; =
mi(x)bijm;i(y)v;, € M(I°) and y € M(I), is a subset of the set of the lemma.
Now, by intertwining p; = m;(z)m;(y)b;v;. Let 7 = @7 and w = (w;), with
w; = bjv; # 0. Then, the set of p is exactly m#(M(I¢).M(I)).w. Next,
because M(I¢) and M(I) commute, the linear span of 7(M(I¢).M(I)) is
weakly dense in m(M(I¢).M(I))" = @ B(H;) by von Neumann density. So,
the set spans a dense subspace of (p B(H;))w = @ H; because w; # 0. O

Remark 12.21. Qj.Qj; € HomM(I«)(HZ,HZ) = WZ(M<IC))/
In particular, apq.ano € To(M(I)) by Haag-Araki duality.

Definition 12.22. Let |i| be the less number of edges from i to 0 in the
connected graph G,

Theorem 12.23. (Transport formula)
Ti(Goa-0a0) = Z jaj.a;;  with A; > 0.
Jj&(asi)
Proof. We prove by induction on |i|. We suppose that:
7i(A0a-0a0) = Zjaa@ Nag.aj  and  7(boa-bao) = Zjaa’i) A;Eij.bji
(1) Polarizing the second identity, we get:
i (Doa-blg) = > jeloi) Ny b,
Now, with 2 € M(I°) and bj; = m;(x)bsm;(x)*, we get:
75 (boa- T (2)baoTo (2)*) = D je (o) )\gl_)ij.ﬂj(x).bjmi(x)*
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Now, m;(mo(x)*) = m;(z)*, so you can simplify by m;(x)*:

7Ti(60a~7ra(x)ba0) = Zje(a,i) )\;[_)ZJ’YT](.T)bﬂ
(2) Next, by (1) and the braiding relations, ik (boaT o (2)bao)ari =
Wi(bOaWa(ﬂﬁ)bao)_dikaki = Z]‘ 2175 )‘;‘Vl,usbijdjlalsﬂ-s(x)bsi-
Let y = @ipmk(boaTa (272)bao) ari = af; T (bloTa(2*x)bao)ar; clearly a positive
operator, then, V¢ € H;, (y&,£) > 0. Then, with n, = 7,(2)bs€, we obtain:
z )\;'Vl,us<als7757 aljnj) Z 0
(3) We now show that this inequality is linear in 7:
Let 7 = Y 0" with " = (n%), 0% = ws(z,;)bsi&, v, € M(I) and &, € H;.
Idem, Y = (y,4) with y., = a7, (b5oma (2521 )bao)aix, 18 a positive operator-
valued matrix, so that 3 (y.&,&:) > 0, which is exactly the inequality
> A;-Vlus(alsﬁs, a;;7;) > 0, and the linearity follows.
(4) Next, by lemma 12.20, the set of such 7 span a dense subspace of @@ H;,
then, by linearity and continuity, the inequality runs Vn € €@ H;.
In particular, taking all but one 7; equal to zero, we obtain Vn; € H;:
Nty 22 villagmy | = 0
(5) Now, restarting from Y = (m(2,)*Y 1 (2,)) with z, € M(I), we obtain:

Nipi Yo vllpdl> >0 V() € @ H,

Choosing all but one p; equal to zero, we have Nvjpu; > 0, and so vy > 0.
(6) Let Z = (2,4), with 2,4 = b5;m;(ah@a0) T (z52:)bji, and x, € M(I°).

Z is a positive operator-valued matrix, so by the same process, induction
and intertwining, we get:

> Mvipts (aisns, aygny) = (m5(akaa0)ng, 1j)
Since it’s true for all n, € @ H, all the term with s # j are null:
(mj(atoaa0)nj, my) = 32 Aevipej(aumy, aiyn;)
But, we know that v;1; > 0, then, by induction hypothesis;
Wj(@oaaao) = ZAldﬂalj, with Al >0

The result follows because « is a weak generator and j € {(«, ). O
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Corollary 12.24. (Connes fusion for charge o)
H,RH;= @ H;

J€(a,i)

Proof. Let Xy C Homre)(Ho, Ha), be the linear span of intertwiners z =
Ta(h)ago, with h € M(I) and a,o a primary field localised in I. Since
Q) = (ma(h)aaomo(h)*)me(h)Q with h unitary, and m,(h)aseme(h)* also a
primary field, it follows by the Reeh-Schlieder theorem (and by the fact that
the unitary operators generate the von Neumann algebra) that Ay€ is dense
in XyHy. Now, using the von Neumann density in the same way that for
the lemma 12.13, XOQ is also dense in H,. Let z = Y 7o (hM)ay € X,
zy = > m(h )a]: and y € Y = Homp)(Ho, H;). By the transport
formula: (z*zy*yQ, Q) = (y*mi(z*x)yQ, Q) = 3 \j||lz;:yQ||>. Now, polarising
this identity, we get an isometry U of the closure of Xy ® YV in H, X H; into
@D H,, sending z®y to P )\;/ QI‘jin. By the Hilbert space continuity lemma,
Xo® Y is dense in H, X H;. Now, each aj can be non-zero, so by the unicity
of the decomposition into irreducible, U is surjective and then a unitary
operator. O

Corollary 12.25. (Commutativity for charge «)
H,XH,=H;XH,
Proof. We prove in the same way that H; X H, =

j€la, z)

12.4 Connes fusion with Hg
Recall that 3 = (0,1) and ¢ 4 is non-zero.

()b (w) = 3 Ny (w) i (2) with A # 0 iff 1 € (3,4) N (o, k)

Remark 12.26. We proceed as previously: this braiding pass to the local
primary field, we make principal and non-principal part incorporating the
phase correction. Now, [ is not a weak generator, so, to prove a transport
formula, we prove by induction on |i| that i0ChCpo = > Ncaiaq, with ag
a chain of even primary field of charge o localised on I, (c;;) even primary
fields of charge B localised on I¢, and A, > 0 iff | € (5,1). The proof uses the
same arguments with positive operators... then by intertwining we obtain the
following partial transport formula, and next, a partial fusion rules:
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Corollary 12.27. (Transport formula)
772'(50,611&0) = Z )\jéij-cji with >\j Z 0.
JE(Bi)
Corollary 12.28. (partial Connes fusion for [3)
Hy®H < P H,
J€(B,1)
12.5 The fusion ring

We define the fusion ring (7, ®,X) generated as the Z-module, by the dis-
crete series of Wity , at fixed charge ¢, with m = £ + 2

Lemma 12.29. (closure under fusion)
(a) Each H; is contains in some H-".
(b) The H;’s are closed under Connes fusion.
(¢) H; X H; = @ mf;H,, with m}; € N

Proof. (a) Direct because « is a weak generator.

(b) Since H; C HZ™ and H; C H™ for some m,n, we have H; X H; C
HXm+n which is, by induction, a direct sum of some H;. Now, by Schur’s
lemma any subrepresentations of a direct sum of irreducibles, is a direct sum
of irreducibles; then, so is for H; X H;.

(¢) By induction, H®"+" admits only finite multiplicities. O

Definition 12.30. (Quantum dimension) A quantum dimension is an ap-
plication d : T,, — R U {00}, which is additive and multiplicative for & and
X, and positive (possibly infinite) on the base (H;).

Recall 12.31. On a fusion ring, finite as Z-module, the quantum dimension
d is finite if VA € T,,, 3B € T,, such that Hy < AX B. If so, B is unique
and called the dual of A, noted A*.

Remark 12.32. Hy < H, X H,,. Then, HY is self-dual and d(H,) finite.

Corollary 12.33. The quantum dimension is finite on the fusion ring.
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Proof. Because H, is a weak generator, Vi, H; < H?” for some n, then
d(H;) < d(H,)" finite. m

Recall 12.34. (Frobenius reciprocity) If nA < BX C' then nC < B*X A.

Recall 12.35. (Perron-Frobenius theorem) An irreducible matriz with posi-
tive entries admits one and only one positive eigenvalues. The corresponding
eigenspace is generated by a single vector v = (v;), with v; > 0.

Corollary 12.36. A quantum dimension on T, with d(Hy) = 1 is uniquely
determined, and given by the fusion matriz of H, = H}.

Proof. Ho B (32 d(Hj)H;) = 32 ng;d(Hj) Hy = 32 d(32 g, Hj) Hy

= > A3 mgy Hj) Hy, = 3 d(Ho Hy ) Hy, = d(Ho) (32 d(Hi) Hy).

Note that n’;j = n!, is immediate from Frobenius reciprocity and H, self-
dual. Next, « is a weak generator, so the fusion matrix M,, is irreducible.
The result follows with the Perron-Frobenius theorem, with v; = d(H;). O

12.6 The fusion ring and index of subfactor.
Definition 12.37. Let (a,b), = {c = |a—b|, |a—b|+1, ...,a+b | a+b+c < n}.
Corollary 12.38. (Connes fusion rules for o and 3)

4 4 l
(CL) Ha X Hi’j’ B @ Hi"j”

(Zwv j”)6<%,i/>g><<%,j’>g+2
¢ ¢ ¢
(b) Hi{RH, < ay) Hf i
(@, 3" €0, ) ex (1,3 ) o2
Proof. Immediate from theorem 11.47 and sections 12.3, 12.4. m
Recall 12.39. (Connes fusion rules for Lg at level ¢ [99])
¢ ¢ ¢
H/RH =  H
k€<i’j>l
Recall 12.40. (Quantum dimension [99])
d(Hg) _ sin(pm/m)

sin(m/m)
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with m =+ 2 and p = dim(V;) = 2i + 1.

Definition 12.41. Let (Ry,®,X) be the fusion ring generated as Z-module
by discrete series of LSU(2) at level £.

Remark 12.42. H;Z and H™

m—pmta—q ar€ the same representation of Vivy
because hy, and h

m
m—p,m+2—q"*

Definition 12.43. Let 7., be a formal associative fusion ring, generated by
(H2) (or (H{;) with the other notation), with every H) distinct (in particular

H;’; #F H o iag), using the fusion rules of corollary 12.38.

Proposition 12.44. The ring 7, is isomorphic to Ry ®z Ryyo.

Proof. Let the bijecti~on ¢ : T, — Ry @z Resp with gp(f]f;) = (H{, H}).

The fusion matrix of H’ is clearly equ~al to the fusion matrix of (H¢ Jor H f722)_

Then, by Perron-Frobenius theorem, HY; and (H, HY) has the same quantum

dimension. Now, d(Hj).d(H};) < > d(Hf,.), and d(H§, HY).d(H}, HY,) =

S d(H, Hf,,). So, by positivity, the previous inequality is an equality and:
7l e _
AR A, = @

HE, .,

(,L'//7 j//)€<07i/>£><<17j/>£+2 lej
So, the fusion rules for ]:If; is also the same that for (H{, H{). Now, by

associativity, the fusion rules for H £ and H é give all the fusion rules.
The result follows. O

Corollary 12.45. 7, is isomorphic to the subring of (R¢ ®z Ris2) ® Q
genenated by Y{(HY, HY) + (HE_,HYyy )i or to (Ry @ Reva)/(HE HY) —
2 2

(Hﬁ_i,Hﬁﬁﬁ,)). In particular, the fusion is commutative.
2 2
Proof. Immediate. ]

Theorem 12.46. (Connes fusion for Uity ;)

4 £ _ 4
HZ] & Hi/jl - @ H‘II Y11

)
(iuv j”)€<i7i/>€>< <j7jl>2+2

Proof. Immediate. m
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Remark 12.47. H{, < (H.)®, so that Hf; is self-dual.

Theorem 12.48. (Quantum dimension for Uity y)

0y _ ¢ 0+2y _ sin(pr/m) sin(qm/(m+2))
d(Hz]) - d(Hl)d<H] ) — sin(w/m) ° sin(w/(m+2))
withm=0+4+2,p=21+1 and ¢ =25+ 1.
Proof. Immediate. O

Theorem 12.49. (Jones- Wassermann subfactor)
! (Bityo(1))" C s (Biey o (19))°

It’s a finite depth, irreducible, hyperfinite II1,-subfactor, isomorphic to the
hyperfinite 111, -factor R, tensor the Il -subfactor :

(\UCT® Ends, ,(H)™)" < () Endsgi, , ()X )" of index d(Hf))?.

Proof. 1t’s finite depth because there is only finitely many irreducible positive
energy representations of charge c,,. Next, the hyperfinite III;-subfactor
and the irreducibility has already been proven before. The higher relative
commutants can be calculated using the method of H. Wenzl [103]. The rest
follows from the work of S. Popa [77]. O
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Résumé: L’algebre Neveu-Schwarz Uir; /2 est une extension supersymétrique
et centrale de 20, I’algebre de Lie des champs de vecteurs polynomiaux sur S'.
Soit g une algebre de Lie simple compacte de dimension N, alors, Uiry /o émerge
du module vertex de I’algébre supersymétrique g. Par la construction GKO avec
g = sly, chaque espace de multiplicité est une représentation unitaire de la série
discrete de Wiry /9, ¢a donne leur caractére; qui permettent de prouver la formule du
déterminant de Kac; on exploite ses courbes d’annulation pour prouver le critere
FQS, qui permet par un argument de Wasserman, de montrer que chaque espace
de multiplicité est irréductible, et constituent exactement la série discrete; leur
caractere s’ensuit.

Par la suite, les algebres de von Neumann des algebres Neveu-Schwarz lo-
cales Wir; /5(1) sont isomorphes au facteur hyperfini de type IIl;, par le dévissage
de Takesaki depuis les fermions; et leurs supercommutants sont engendrés par des
chaines de champs primaires: indispensable pour prouver l'irréductibilité des sous-
facteurs de Jones-Wassermann. Les relations de tressage (déduites par construc-
tion ‘coset’) et la formule de transport permettent de calculer la fusion de Connes
de la série discrete vue comme des bimodules, les formules d’indices s’ensuivent.
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