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����������
� - - - - - - ��
�-5 +����
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���3
, ./◦+ �� >�◦8 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - .�G

.�-. �����
����� ���
� ��� �����
�� �������� ���� �� ���� �������� �� �27B
�� ��� �����
�� ����
��� , /5◦+ �� ./◦+ - - - - - - - - - - - - - - - - - - - .5=

.�-� #
�1�� �&��������� �� �27B �� �272 ����
��� , /5◦+ �� ./◦+ - - - - - .5�

.�-� #
�1�� �&��������� �� �27B �� �272 ����
��� , /5◦8 - - - - - - - - - - .5>

.�-5 L�
���� ��
������� , /5◦+4 �������� , =�> ��−1 2�27B34 =>� ��−1 2�
�����
# �� �2723 �� ��G ��−1 2�
����� I �� �2723 - - - - - - - - - - - - - - .5>

.�-/ *����
�� ����������� BA7 ������� , /5◦+4 ./◦+ �� /5◦8 - - - - - - - - .5G
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������� �� ��� ������ �� �����
���
� �� ��������� �&�������� ��� ����� ���
�������-
$��
 ��������� ��� ���� '����� ��6 ������ ��������� �� �&�������%
� ��� �� �
�:� ��
� ��
��
� ���� �� ��6���� ��6 ��������� ��
����� ��
� 2��!5�◦83 �T ���
 ������� �������
.=� �-�−1 2 ����
 �� ��- ���/3-

��� ���
	
�	 �����	

$� �
��� ������������� �� )���� ��� ���������� �&��
�����- @� ��
���� ��� ��
�((
�(�� �� ���
���������� ������� �� ���������� ���� �&��
 ��� �&��� ��� ��������� ��
����
���6 ������� ��������� ���� '�
�� ������� �� ������- ��� ������� ���������
 ���
������ , �&������� (������4 ����� ����� ����
��� ��
 )���� ��!������� �� ∼ ��� 0�4 ��
������ ����� �� ������ �������� ����
��� �� �M�� ��
� ��
 F�
�(�
 ��
� ���!�/� 0�
�� ��� ��� ����
��� ������������ ��
 ������� ��
� /�� 0�- ��� ������� �� �������
 ��
 ��
���(��� ��������� ����� �� �����
�:�
� ��
 ������������� �� ��
 ����(� ��
 ��� ������-
$�� ��
�����4 ���� �&�;�� ��� ����� ���� ��� ��������� �&��
4 ������
��� �� ���������
�
�C���� ��� ��� ���������� , �&���
�������
 ��4 ��
'���4 , �� �����
 ���
� ��6 ��

����
������ �� F�� ��
 D����- �� ������%�� ��
��� ��6 ��
����� �� ����(�
 �� ������-

$�� ��
����� ������ �� 
M�� �
%� ����
���� ���� �&�������
� 
������' �� �&�������%
�
�� )����- B&��� ��
�4 ���
 ����
����� �� 
�
�������� �����
� @F �� ������� (��%
� ��
����;�(� �� �� ��
������%
� �� ���
 ������� ��'
�
��(�4 �?�� '�����4 ����
���� ��(��!
1���������� �� 
�'
����������� 
������' �� �&�������%
�- B&���
� ��
�4 ��� ���?�����
�� 
�
�������� �����
� ������� �&�������
� �� ��
'��� �� �� �� ����;�
4 �
���� ����� ��
����!�;�� �� ��

� 2���
 ��H�
� �� ��- .GG/3-

B� ����4 ��� ��
����� ������� ����
 �� 
M�� �� ��
��6 �� ������������ ���
 ���
�
�
���
��
�� �� ��� ���
����4 ��
� >� 0�4 �, �T �� �����
���
� ��� �� ���� �����- $�
������� �������� �(������� ���� �� �
������%
�4 �� ��� (��%
� �� '�
������ �� ���(��
�������� �����
 �� �M�� ��� 2�-(- �
�C� �� ��-4 ����3 �� ��
� 5�◦+ 2E
�U�� �� ��-4 ���/ P
*�� �� ��- ���/3-

��! "��	����� #$�� �
������ ����� �� ���
������� �� ������ 
�� ����������� �� �� #��������

	����4 ����� ���� ������ �� �� ���
 ���� ��� ��;�
����� ��������4 �� �6���� �� ���!
���(� ���
� �� 
�
�������� 2
���������� �� �� '�
������ ��� 
������63 �� �� ������ ���
���4 ����!�?��4 , �&�
�(��� ��� ��������� ������6�� �� ��� ��
�����- ���6!�� ��N���� ��

�� �
���'�
� �� 
�
��������4 �� ��� �
�� ��� ��
������� �� �����
���
� ���� �� ��������4
, �&�
�(��� �� �� �
������� �� �&�������%
� �� )����- <�1�4 �� �
������� ��N�� ��
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��� ���34 ����� ��� ��
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 #�
��� ��3- $� 
�
��������4 �� ������4 �� �����
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��� &
��	�	 "� �
 %������� "� ������'����� � � � � � � � � � � � � � � � � 

��� (����
����� ����� �� �
�����	��� ��%�
����� �� �
 	
��)�� � � � � � � �*

)(-(% /	� ��� ���.����� ��	�������� ������.�� ��� 3��	
4 	������
���
 �
����� �	� ��������
 ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( %$

)(-() /	� ��� ���.����� ����	�������� ��
.	���� �� ��� ���	�����
���.������� ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( %'

)(-(- �
��
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��� ������� "#�	�

��� ����	���� �'
��+� � � � � � � � � � � � � � � � � � ��

)(5(% #	��� �
 	��������
 �� �
 .������
 ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( )-
)(5() 6	��	���
 �� �
�
��
���. 	��� �	 �	��� �
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8��� ������ �� ���
 ��� ��
����
�������� (���
���� �� �&�������%
� �� )����- 8���
������ ���������� ���
 ������� �&�������� ���
����� ���� ��
��� �� �����
� ��� ��!
'�
������� ��
 �� �����
���
� �� ��
 ��� ���������� ��� ���������- 	�
%� ����
 
������
�&�������� ������� �&��������� �� �&�������� ���
����� ���
(���� �&��� �������%
� ���!
�����
�4 ���� ��

��� ������� �� ��� �������� �� �����:�
� �&�������� �&�T ��� ���� ��

�
��������- <������4 ���� �
������
��� ��� ����
������� ���
� �� 
�
�������� ��'
�!

��(� ���
����� �� ��� ��������� �� ���
� �;��� ��
 ��� �����
�� ����
���- <�1�4 ����
��

��� ������� �� ��� �������� �&�� �����
� �� �����
���
� �� �&��������� ��� ����!
�����-

$�� �����
�� ��������
�� ���� ���������� �� ���6 ����������� � �&��� ��

������ ,
�&�������� ���
����� �� �� ����%�� ��� ������ (���
������� ��!���, �� / μ� 2�� ��!
��W, �� ���� ��−13 �� ��� �����
���
�� ��� �������%
�� P �&���
� ��

������ , �&����!
���� �����
� 
�N�����4 ��� ������ ��!��W, �� / μ�- B��� �� ���
� �� ����� ��%��4 ����
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&%  ������ ����
��
�� �����
(	�

���� ����
������ , �&�������� ���
����� �� )���� 2�������� �
������������ , �&�������
�
���
���
������� �����3- $&����
����� �������A��*+4 ��� ����
�� ���
� .� �� .5��
��−1 2. �� ! �μ�34 ��� ����� , �&����
������ �� ����� ���������� 2���
 +������ �-�3-
E���
�������4 �&�������
� ���
���
������� ����� 2<)$3 ��� 
������ ���
 ��� �
�������
����
���
�� , �������� ���
���
�4 �&��� �� ��� ��
 )���� �T �&<)$ ��� 
������ �����&,
∼ /�� 0�4 ���� ∼ . μ��
 2*�(�
 S����4 ������������� �
����3- ��*+ ��
��� ����� ��
�����
 ��� (
���� ��
��� �� �� (���� �&��������� �����&, /�� 0�-

B��� �� �����4 ���� ��

��� , ���� ��

��������� ��� �����
�� ���
������ ����
!
��� �� 
��������� �������� �������� �� �
���'�
� �� 
�
�������� �� �� �����
�������
��'
�
��(�-

��� "�����
� #� ����	%��� #� ���
�������

$&��������� �� 
�
�������� ���� ��
 ��� �������%
� ��������
� ��� ������ ��


��������� �� �&�������� �� �
���'�
� 
������' ���� ��

���%�� ��� �&�6�
��� �� �� ����%
�
�������� �

μ
dIν

dτν
= Iν − Sν 2�-.3

�T μV ��� θ ���� θ �&��(�� �&�������� 2��(�� ���
� �� ��
���� , �� ������ �&��
 �������
��
�� �� ��(�� �� �����3- Sν ��� �� '������� ���
�� , �� '
������� ν- Iν ��� �&��������� ��

�
�������� , �� '
������� ν- τν ��� �&��������
 ������� , �� '
������� ν �� �&�6�
���
�� '������� �� ���U����� �&����
����� kν �� �� ���U����� �� ��;����� dν �� �� '�W��
�������� �

τν =

∞∫
z

(kν + dν)dz 2�-�3

�T z ��

������ , �&��������- B��� �� ��� �� �&�������� ���
�����4 ���� �������
��� ��
��
�� dν ����� ��� ������� �� ��;����� ��� ��(��(����� ��6 ���(���
� �&���� �������!

���-

$� �������� '�
����� �� ����� �������� ��� ������ ��
 �&�������� �-� ���
 �� 
�
��!
������ ��
�(� ���� �� �?�� ���� ��� �&�6� ��� H 2��

��������� , μ > �3

Iνe
−τ/μ = Iν(τ1)e

−τ1/μ +
1

μ

τ1∫
τ

Sν(τ
′)e−τ ′/μdτ ′ 2�-�3

���� τ �� τ1 ��1��� ����� ��
 ��  �(- �-.
B��� �� ��� �� �&�������� ���
�����4 Sν ��� �(��� , �� '������� �� #����0 Bν

�4 �, �T
�&�������%
� ��� , �&<)$- #��
 �&����� �� �&�������� ���
����� �&��� �������%
� ���!
�����
� ��������� ��� ��
'��� 2����%��� �����
�����34 �� �� ���'��� ���(��6 2����%���

��� ����
��� �	 7����8 � �� ��
�	 ������
	 #

B(ν, T )dν =
2hc2ν3

(exp(hcν/kT ) − 1)
dν $3�,&

.5
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������ 
���� ������ 	�
����������� �� ��,�
� τ = 0 ���������$

� ��""�	 $� �&
	"���!��� �	 �� ��,�
� τ1 % �
 ����
�� ���
��	� 	������'��� �� % �� ��
���$ ��
����
���
��	�� ��
�	����

(������34 �&�������� �-� ���� ���� ?�
� 
���
��� �

Iν(μ, 0) = Bν(τ1)e
−τ1/μ +

1

μ

τ1∫
0

Bν(τ)e−τ/μdτ 2�-/3

�T �&�� ������� �&��������� �� 
�
�������� ���� �� ���� �� �&�������%
� 2τ V �3 ��� �
�
���
�� ��� �������� �&�������%
� �
���
��������� , �� ����� �&��
 .Aμ- $�� ��������
τ �� τ1 ���� ��1���� ����� ��
 ��  �(- �-.4 �T τ1 ��� �&��������
 ������� �� ������ ��
�� ��
'���- Bν2τ13 ��� �&��������� ����� ��
 �� ��
'��� �� �� ���'��� ���(��6- $� �
����

��
�� �� �
���� �� �&�������� �-/ ��

������ , �&�������� �� �� ��
'��� �� �� ���'���
���(��6 �ν2τ13 �������� �� '�W�� �6����������� 2e−τ1/μ3 ��
 ����� �&�������%
� �����
�&�� �������
� �� ������- ����� �������� ��� �&������ ���� �������� ��� �&��(�� �&����!
���� ��� ����
���� 2�� ���� ��� �� ����� �&��
 .Aμ �
���
��� ��� ����
�����3- $� ������
��
�� �� �
���� �� �&�������� �-/ '��� 
�'�
���� , �� ����
������� �� �&�������� ���
�����
Bν(τ)dτ �� ������ ������ ��������
���� �������� �6��������������� ��
 �&��������

�&�������%
� ������ ��!������ �� ������� �&����4 ��

��������� , ��� ������� τ - *�!
��
����� ��� ���� ����� ��������4 �� N�6 ��'
�
��(� ���
����� �
������� ��� �������
��������
����� �� 
�N���� ��
 �� ��
'��� ��� ��(��(� ��
 �� ��
�� ��� (���
������� �
%�
'����� ������� ��� �&����������� �� �� ��
'��� ��� �
���� �� .-

��� &������ #� �� %
����
� #� �
��������
�

B��� �� �
������4 ������� ��� ��������� �T ���� ������ ��� ������� ��'
�
��(��
����
��� ��
 ��� ���
������ ����!����� ������� J

�� ��� ����� �&���
����
� �� �������� ����� ��� ���������� ���������� ��� �����
�� (
������ �� �� �
���������� 2Tν = e−τ/μ3 , �
���
� �&�������%
� ���� �� ��
������ μ

�����������
� $��
�	 ε&� 	�
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��� ����� �

WF (z, μ) =
d

dz
e−τ/μ =

dTν

dz
= −e−τ/μ

μ

dτ

dz
2�-=3

����� �&�������%
� ��� �������� ?�
� , �&�������
� �
�
��������� dp/p = dlnp =
−dz/H 4 �� '������� ����� ���� ?�
� 
���
��� �� �
������ ����� �

WF (p, μ) =
d

dlnp
e−τ/μ =

dTν

dlnp
2�-�3

����� '������� ������� ��� ��6���� �, �T �� �
���������� ����(� �� ���� 
���������-
$&�������� �-/ �� 
�
�������� ���
����� ���� ��
 ��� �������%
� ������� �

Iν(μ, 0) = Bν(τ1)e
−τ1/μ +

∞∫
0

Bν(p)WF (p)dlnp 2�->3

+� �� '������� �� #����0 Bν(p) ��
�� ��� ���� �� �
������4 �����
� , �� ��
������ ��
WF (p)4 ���
� �� ������ �T WF (p) ��� ��6����� ��� �(������� �� ������ ��� ����
����
�� ���� , �&��������� I(μ, 0)- <���� ����� ��� ��� �
�1�� �� �����
���
� �
��������
������� �� '�
��� ��
������� �� �����
���
� ���� �� �
������4 ��� ��
������� �� Bν(p)
���� �(������� ����
������ �� �� ��� �
�'�
���� �&�������
 �� ��6���� �� �� �������� ��
������������ CF = Bν(p)WF (p)4 ���� ���
��
�� ���
 ��1��
 �� ������ �� ��6����
�� ����
������� , �&�������� Iν(μ, 0) �� ��
��� �� �&�������%
�- B��� �� ��� �

Iν(μ, 0) = Bν(τ1)e
−τ1/μ +

∞∫
0

CF (p)dlnp 2�-G3

�� ������ �� ������� �� CF (p) ����� ����  � ��	!�����" �������� ����� #
����� ��  � ��������� ��  $	�������� ����!��% &� 	�������  $��������	 �$���
���� �� ������ �� ��� ����� �� ����  �� �� �� ����� '������ (%)%)�" � ���
���� ������ � �� ������ ��*	����� ������� ��  $�������+�� !�� ���� # ���
����	������� ��*	������%
8��� ������ ���������� ���
 ������ ���
�6������� ��
��� �� �����
� �� ������ ��
��6���� �� �� '������� �� ����
�������-

$�
���� �&�������� ��(�����4 �&������� ������� �� ���� ����� dτν V −kνdz V
−σνn(z)dz4 �T σν ��� �� ������� �U���� �&����
����� ��� ��������� �� n(z) ���
 �������-
<� ��������� �&�������
� �
�
��������� �� �� ��� ��� (�H ��
'����4 �� ������� � dτν = σνH

kT
dp

���� H �&������� �� ������
4 k �� ��������� �� ����H���� �� T �� �����
���
�- +� ��
(�H � ��� �����
���
� ��������� ���� �&�������� �� ��� �� ���U����� �&����
����� ���
����������� �� �� �
������ ���
� �&������� ��(����� ������
����� ���� �� �
������ ���
��� τν = σνH

kT
p- B��� �� ���4 �� '������� ����� ������� �

WF (p) = p
σνH

μkT
e−

σνH
μkT =

τν

μ
e−τν/μ 2�-.�3

<��� ��

������ ���
� , �� '������� �� ������� 2�� ��� ��
�������
 �� �� '������� �����3-
����� '������� ��� 
��
������� ��
 ��  �(- �-�-

.=



+'. ��������
�� ����� 
� ��/�������� 
�5����	3� �� 
� ���
��� &,

���� ���� �������� 
� ��	�
	�� �� "
��"�" $� �
 ����	��� $� 2!
�"
� $���� 
������"
	�,��
"��	 �� ��,�
� $&�3 ���,���	 �� �
�����"��	 	!��"�'�� �����,�� �&
�	�	�$� �
 ���� �
��� ���,
�	 4	��
���$�� ��	 	���� '�� μ = 1 ������ θ5�� ����� $� ,���� ������$����
��� % �
 ����
���� (��� μ = 0.5� �

����	��� ���$� ��� 
�	�	�$� ���� ���,���

<� ��
����� ����� '�������4 ���� ��
��� ��&���� ������� ��� ��6���� ���
 τ = μ-
�$	������� ������!�� �������� �������� ����� ��  � �	���� ��  $�������+��
�����	� ���� τ = μ% ��� ������� ����	�� ��,������� �� ������ τ = μ ��	,
������� ��� ������ 	��������	 ���  � ������	 ��� 	 ��	�" ����  ��� 	�������
��� ���	��	� ����������  ����� ������ �� e−τ/μ� ���  �� ������� ���	�������%
��� ������� ����	�� ��,������ �� �� ������ ��	������� ��� ������	 ����� ��,
�������� �� ���� ��� ���� � 	��������	% ��  ������ �-��!�� ��  � �������� ��
.������ ���� ������� ��� 	���  � �� �������%

���� ��� �� '�
�� 
����� �&��� '������� ����� ������
�������� ���� ��N������
��
 �� �
�1� �� �����
���
� �� �� �
������4 �� '������� �� ������� ��������� ���
���
�6������� �� WF (P ) �� �� ����%�� ��� �
��������� ��
����
��������-

8��� ��

��� ���� ��� #�
���� �� �� ���4 �&����
����� ��� '�������� �� ����
�������
���� ��� ����
���� ��� �
�1�� �� �����
���
� �� �&���������-

8��� ����� ���
����� ��� �� ��
�� �&������� ���� �&�6�������
- �� ��
�� τ(ν) ��
��
���� �� '
�������4 �� ������ ��� ���U������ �&����
����� �� �� ����%
� �
������4 ��
�� ��
�� �� ��
�������
 �&��� �������� , �&���
�- 8��� ������ ���
 , �� +������ ��������
������� �� �
�������� ��� ����
������� ���
� 
�
�������� �� ����%
�4 �� ���� '���������
��
 �&��'
�
��(�-

��� '��������
� ����� �� ���
������� ��%���
��� �� �� ����(��

$�� ����
������ ���
� �� 
�
�������� �� �� ����%
� ���� ���
���� (
R�� , �� ����
��
��������� ��� �� ��
� ��� ��������� ���- 8��� ���� ��������
��� �� �����
 ��� 
��������
������ ���
 ����
���
� ��� ��������� ����
���� ��
 ��� �����
�� ��'
�
��(�� ���
������
�� �&�������%
� �� )����-

.�



&-  ������ ����
��
�� �����
(	�

$�� ������� ��'
�
��(�� ������� �6����
 ��� ����� 
����������� �� ���
��������� ���
���������- ��� �� ���� ��� ����H ���
(������� ���
 �6����
 ��� �
��������� �����
�������
���� ��� ������4 ��� ��� ���� �
������������ ���� ��� �������� ������� �� ���
�������-

$�� ��������� �� ������� �������
 ��� ��
����� ����� �� ���
����� �� �� 
�������
�� ����� ������� �����
 �&�� ���� , �� ���
� 2��

��������� ���� , ��� �
�������� ���
�!
��������� ��
�4 ���� 
������������ ��
�4 �� ��� �
�������� ���
�����!
�������3 �� ����!
���� �� ����
���� �� ������ ���� ��� ���
(��� ���� ������1���- $�� ��������� �������
���� ���
 ���
� ����� �� ���
����� �� �� 
������� ����1�� ��
 �� �����(� �&���
(��
���� �� 
�
�������� ������� ��� �&�;����� ��
 �&����
������
� �� �&����
������ ���
� ��
����� �����
���� �� 
�
�������� �� �� ������ �������
� �� �� ��������- ��� �
����!
����� ���� 
�(��� ��
 ��� 
%(��� �� ��������� ����
������ ��
 �� ��
����� ���������- <�
�����������4 ��� ��������� ����
���� �� �������� ��� 
��������� �� '�
���� �� ��!
��' ������6� �� 
���� ����
%��� ��� �� ������(���� �
%� ��������� �� �����
� �� ��
��
���
- <���� ����� ��� ������ �������� � ��� ��
����
� ������ �� ���� ��� ���
(���
�� 
������� �� �� ���
����� �������4 �� ����' �� 
���� ��� ��
����
������� �� �� ����%
�
����
���-

$�� ����
�� �&���� � ��� ����� �� ���
����� ���������
� ���� (���
������� ����
��
���
� /� �� /��� ��−1 �� ���6 ��� �
��������� �� 
������� ���� ����
�� ���
� . �� ���
��−1-

�2�2� /�� �
� �������
� ���������
� ���
���
� ��� �����) �����	���� ������

	�� ���������

)
��� ��������� ����������� �� ��� ����
���� ���� �&�������%
� �� )���� � 824 72

�� �9- B��� �� ��� �� �94 ��� 
%(��� �� ��������� ��� �
��������� �&���
(�� �&����������
������� ����� �������� ����
���
���� ����%�� �� ������ �������
� ��
������- ���

%(��� �� ��������� ���� �������
�� , ������ ��� �
��������� �� ���
����� ! 
������� ���
��������� ���
��������� ������
�� 2������ ��

���%���4 ���
 +������ �-�-�3-

	 �&������4 82 �� 72 �� ����%���� ��� �� ������ �������
� ��
������4 �� �� ��!
�
����� ���� ��� ����
�(�
 ���� �� 
�
�������� ����
������- 9
4 ��
���� �� ������� ���
����H ������4 ��� ���������� ������ ��
 ��� ��������� ���� , �&�
�(��� �� �� �����
���� �� ���

����
������� �����
������ �� �� ������������� ��� �������� �� ���
(�- B�� ����
������
�������� ��
 ��������� ���� ���
� ����
����- @� ������ �������
� ������ ���� ����
�:�
�
�� ���
� �� ���������� ���
� ��������� 2�-(- 72!724 72!8234 ���
� ��� �������� �� ��
����� 272!7�34 �� ���
� ���6 ������ 27�!	
3- B��� �� ��� �� )����4 ��� ����
������
�������� ��
 ���������� ��� ���� �������� ���� ��� ��������� � /2 , /2" /2 , 02" /2 ,
.04 �� .04 , .04-

$�� ���������� ���
� ���6 ��������� �
���� ��� ������ ��
(�� ������� �����
 ���
����
�� �&���� ��� �
��������� �� 
������� ��
� �� �� ���
�����!
������� ��� ���������
�������������- $�� ��
(��
� �� ��� ������ ���� ����
������ 2�������
� ��H����� �� ��−1

�� ����3 , ����� �� �� ��
�� �&��� ���������4 ��� �&�6�%�� ��� .�−12 �- <� �;��4 ��
��
(��
 �&��� 
��� �����
��� ��� ����
������ �
���
��������� , �� ��
�� �� ��� �� �&����
�&���
(��4 ��� ��� ���� �� ��� �(��� , �� ��
�� �&��� ��������� 2���
 +������ �-�-53-
$� �
�'�����
 �&��� ����� ����� �&����
����� ��(����� �
���
������������� ���� ��

��	 ����
	 �����	 	�
 
	��� � �� �
���	��	 ��
 �� 
	��
��� ν ) f/c �' f 	�
 �� �
���	��	 	� ; 	
 c
�� ��
	��	 �	 �� �����
	�

.>



+'. ��������
�� ����� 
� ��/�������� 
�5����	3� �� 
� ���
��� &0

����
� �� ��������� ��
 ������� �� ������ �� �� ����
� �� ��
�����
�� �� ���������-
$&����
����� ������ ���� �� �
����� ��� �������� ��� ��������� ��� 
���
��� ��
��������� 2����� ��� ��
�����
�� ���� ��� �?���4 ����� ���������� ��

������ �� ��

�
�� �� �������3-


���  � ����� ������� � �� .�1'"  $���������� ������� ��� ��  �����
�� /2,/2 ������ ��� ��	!������ ���	������� # 233 ��−1" ��  � �� /2,.04

������ ����� 243 �� 433 ��−1% 5����� �� 673 ��−1" �� ����  �� �����������
�� /2,.04 �� /2,02 ���� ��� ��������	 �������� �" �� ��,�� # �� 443 ��−1"
/2,02 ������%

$&�������%
� �� )���� �
������ ��� ������ ������6� �� �� �����!�������� ��� ��!
������� ����
���� ���� ���
���������- 8��� ���
��
��� ���� �� ������� �������� �� ���
��� ��������� ���
��������� ������
�� �� ���� (���
������� ��� 
������
� �
���
�����
��� ��

��������� , �� �����
� ��� ��������� ������� �� )���� 27�84 �272 ---3- 8���
�� �
����
��� ��� �� ��� ��� 
������
� ��
���
����� 2���� ��� ������� �&���
��� �
����!
���6 ���� ���� ��;�
����3 �� 
����� �� �� (
���� ������6��� ��� ������6 �&���
(�� ��

������� 2����� �&��� �� ��� ��
 �6����� ���
 �2743-

�2�2� /�� �
� �������
� 	��;�������
� �������
� �� �
� �����
��� �;�������
�

$�� �����
�� �&�������� �� ��� ��������� ���� ���� ������6�� ��� ���6 ��� ���������
����������� �� '��� �� ���
 ����
� �� ����� �� ���
����� ��� ��� ���� ����� �� ���
������ �� ����
� �&������ �� �� ��������-

*���
����� ��&��� �������� ���
�������� �
���
���� �� ����%�� ��� �� ���M��
2�924 �7434 ��� �
��������� �� 
������� ���� ���� ����
�����- 9
4 �� �� �������� ���
�4
�� �
���
�� ���� ?�
� ���
���� �� �� ������ �������
� ��� �
��-

$�� �
��������� ���
����������� 2��� ��

��������� �� �����(� �&�� ���� �� ����
�
��������� ν ′′ , �� ���� ν ′3 �� 
������������� 2�����(� �&�� ���� �� ����
� ��������� J ′′

, �� ���� J ′3 ���� ������1���4 �����!�� ��� ���� �������������4 �� ��� ����� ���������
, ��� ������ �� 
�������!���
����� ��� '�
���� �� �������� �� 
���� 
�������������
����
��� �����
 �� �� '
������� �� ���
�����-

+� �� �������� �
������ �� ������ �������
� �
����� ����� ��� �6� �
��������4 ���
�
��� 
%(��� �� �
�������� ��
����� ���� ������ ��� ΔvV�4 ±.4 ±�4 --- �� ΔJV±.- $� 
%(��
�� ��������� ��� ΔJ �������� �&�6������� �&��� �
����� # 2ΔJV!.34 ���������� �� 
����
�(������� �������� �� �&�������� ��
� ��� ����
�� �&���� ��'�
���
� , �� '
������� ��
���
�����- $� �
����� ��

��������� , ΔJ = +1 ��� ������� �� �
����� *4 ���� ���
���������� �� 
���� �&�������� ��
� ��� ����
�� �&���� ������- $� ����� 
��������� ���
��� ����� ��
���%��-

B��� �� ��� ��� ������ ��
����������
��4 �&���!,!��
� ����� ��6 �
��������� ��

�������!���
����� �&��� �������� ���� �� ������ �������
� ��� ��
����������
� , �&�6�
�
�������4 ��� 
%(��� �� ��������� ��� �
��������� ��
����� ���� ������ ��� ΔvV�4 ±.4
±�4 --- �� ΔJ V �4 ±.- <� ���� ��� �
������ # �� *4 ��� �
����� I ��

���������
, ΔJV�4 ��� ������� �� ������ �� �� '
������� �� ���
�����- $�  �(- �-� ������
� ���

�<��� �	� ��� �������
�� ���� �� ��

	����� � ���!	 
	����
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+1  ������ ����
��
�� �����
(	�


%(��� �� ���������- $� �
����� I ��� ���� ������� ��� ��� �
������ # �� *4 �� �&���
(���
������� ����� �
����� ��� ��� �������� �� ���� '��������� ��
 ��� �����
�� ����
���-
�� �
�� �� ����� ��� ����
�� ���
 �&����
�%�� ����� �&������
� ��  �(- �-54 ����� ��
�� ���� �� ������� 7�)*	84 ����
��� �� ����� ν5 ����
�� , ��G ��−1 2����� �����
���� ��
� , ����
����
 �&��������� �� ����� �������� ���� �&�������%
� �� )����4 ���

#�
��� ���3- 9� ����
� ���4 ���� �� ���4 �� �
����� I ��� �
%� ��
���� �� '
������� ��

��� 
���� ��

��������� , ��;�
���� ����
�� ���������� �� 
������� ���� �
%� �
�����
��� ���� ��� ���
��4 J ����� ������(� ��
� �� �� �
��������-

���� ���� ����
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���� ���� ������� ��������� 
� �	 �	�
� ν5 
� ��	�������� ��2�2� ���� $� �
 �
�� $� $������
)6+7
8 ����� (���	��� �	 ��	����	� ���
	�,� $�� �
��� �� ����	��� $�� ��"���� $&��$� ��"−1�� 
,��
��� ��
��!�� (� 9 �	 7� ��� ��	����	�� ���	 $������ �� �"−1:�"������� × �"−2� % �
 	�"���
	���
$� �/� ;� 8�	��� '�� �
 "�������� ������	��� ����	�
�� $� 267 � '�� ,
�	 ��< �"−1 �� ���"�	 �
� $�
�����$�� ��� �
��� $� �
 ��
��!� 9�

B�� ����(������ ���� �&����
���� �� �����
� ������� ?�
� ������ ��
 ��� ����!
(������ �� ����� �������� ���� ��� ��������- �� ���� ��� �;��� �� ������������
���������� ����� �� �����
��� ���
 �&�
�
�(%�� �� 13� ���
 12� 2���
 �� #�
��� �F
���
 ��� �6������ �� �����
�� ��� �������� �� 7�8 �� �2723- $�� ���������� ��
���
����� ����(��� ���
� �� '
�������-

8��� ������ �� ���
 ��&�� �6���� ��� 
%(��� �� ��������� ��� 
�(������ �� ������������
��� ��;�
����� 
���� �&�������� �� �&����
����� �� ���
� �� �
��������� 
�������������4
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� ��/�������� 
�5����	3� �� 
� ���
��� +&

���
�����������4 �� �� ���
����� ! 
�������- $&����
����� �������A��*+ ��
��� �&��!
��
��
 ��� ������ ��
����� 
������������� �� .� �� ��� ��−1 �� �� ���
����� ! 
�������
���
� ��� �� .5�� ��−1- #��
 ����
�
���
 ��� �����
�� �� �� �����
� ��� ����������� ���
��������� �� �� �����
���
� �� �&�������%
�4 �� '��� ����
���
� ������� ��� ����������
��� 
���� ��
����-

�2�2� <��
����� �
� ���
�

$&��������� 2�� '�
��3 �&��� 
��� ������ �� �� �
��������� �&����
����� �� �&��������
�&�� ������4 �� ���� �� �&����
������ ���
� �� ����� �����
���� �������� �� �� ���M�� ��
�� ��������- $� �
��������� �� �
�������� ���
� ��� ������6 �&���
(�� <n 2������ ����3
�� <m 2������ ���3 ������ �� ������ �������
� ������� , �� �������� �� �� ����
�
�� ��������� ���� �&���� �&���
(�� <n- 	 �&�������
� ���
���
�������4 �� ��� ��������
�� ����
����
 �� ����
� �� ��������� ���� �&���� (v, J)- #��
 �� ����
� ���������
v �����4 �� ����
� �� ��������� ��(����� ���
 ��� J �
������� �����&, �������
� ��
��6���� ��� ������ �� �� �����
���
� �� ������- $�� ���������� ���� ��� �
������
# �� * ���� ���
� ��6������ 2���
  �(- �-53- 	�!���, �� �� ��6����4 �� ����
� ��
��������� ���
�:� ���� J �
������� �� ��� ���������� ��� 
���� ���
������� �(�������-

�2�2� 6���
 �
� ���
�

@�� ���
� ��
����
������� ��� 
���� �����
���� ��� ���
 '�
��- $�� 
���� �����
����
�&����
������� ������ ����� ��� 
���� ��1������ 1���4 �� �� �?�� ���
 ��� 
���������
��1��� �� ��������
- )
��� ������%��� ���� , �&�
�(��� �� �&���
(�������� ��� 
����-

����������
�
�� �����
�

$� �
����
 ��� �&���
(�������� ����
�� ��� 
����- �� �
���� ��� �
�(��� ���� �� �
������
�&����
������ �� 7�������
( �������� ��6 ���
(��� ��� ����� �������6 �� 1���6 �� �
��!
������ � ΔE.Δt ≥ �4 �T Δt ��� �� ��
�� �� ��� �� �&���� �������
� �� ΔE �&��������� ��
���
(�� �� ��� ����- 	����4 �� ���� �&� ��� ���
(�� ��
'�������� ��1��� ��� �� �� ��
�� ��
��� �� ��� ���� ��� ��1���- ���� ����� �� �&��� ������ �� ���4 ���� ��� ������6 �&���
(��
���� ���� �� ����� ������- ����� �������� ���� ?�
� 
���
��� �� '
������� � Δν.Δt ∼ c
�T �&���
(�������� �� �� 
��� Δν 2�� ��−13 ��

������ , �� (���� �� '
�������� ��

�������� ��� � �� ���� �� �
��������� �&����
�(�
 ���� �� ��������- 9� ������� ���
�
�� ��
(��
 ����
���� �� 
��� ��� ���� �� ��−1 � Δν ∼ 1/cΔt- $� �
�1� �� �� 
��� ����
���
� �� �
�1� ��
���H���4 �� ��
(��
 , ��!������
 ��� ���� ��
(��
 ����
���� �� �
����!
����- $&���
(�������� ����
�� ���� �&��'
�
��(� ��� (���
������� ��(��(����� ������ ���
���
�� ������ �&���
(�������� �� ��������� �� ������ ��'�
���
� �� �� ��
(��
 �&��� 
���
�����
���- #�
 �6�����4 ���
 ��� �
�������� ���������
� ��
� .��� ��−14 �&���
(��������
����
�� ���� ?�
� �� �&�
�
� �� .�−7 ��−1- B��� �� �
������ �&���
(�������� ������������
� �� �;�� ���� ��
���-

�����������	 ����	 �������	� ����	�	�
 ���	��	 
����
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��
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�	 $	� �������	����−3& 	
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�������� ���
� ��� ��������� �� ��� ������ �� �����
(�H����4 �� 
 � �� �����(� �&���
(�� ��� �� �
����� �� �� ����� �
%� ���
�- $�� ����������
��������� �� �
�������� �&�� ������ �&���
(�� , �� ���
�- B��� ��� ���������� ��
������
��� �������%
�� ��������
��4 �� ����� �� ��������� ��� ���� ���� ���
� ��� �� ��
�� ��
��� �&��� �
�������� ����
����- $�� ���������� ����������� �� �
�������� ����� �� 
��������
�� ����� �� ��� �&�� ������4 �� ����� ����� �� �
������ �&����
������ �� 7�������
(4 ��
�&������ �� ���
(�������� �� �� 
���- $� 
���
������ �����
��� �� �&��������� ��� ������
��
 ��� 
������� �������
� , ����� �� �&���
(�������� ����
�� ��� ��� ��
���H���4 �� ���
����� ��
 �� 
������� �

I(ν) =
K

2π

Δνc

(ν − ν0)2 + (Δνc)2/4
2�-..3

�T K �&��������� �����
��� ����(
�� ��
 ����� �� 
���4 Δνc ��� �� ��
(��
 ������ , ��!
������
 �� �� 
��� �� ν0 ��� ����
�- ����� ��
(��
 �� ��������� ������ �� �� �
������ ��
�� �� �����
���
� 2��
 ����� '��� ��
��
 �� ����
� �� ����������3 �� �&�6�
��� ����� �

ΔνL(p, T ) = ΔνL(p0, T0)
P

P0

( T

T0

)n

2�-.�3

�T P0 �� T0 ���� ��� �����
���
�� �� 
�'�
����- $&������ n ��� ������
� ��
��������
��'�
���
 , � �� ������ �� �� �
�������� �� �� �� �������� �������
��- 	����4 , ��� ���!
��
���
� ������4 ΔνL ��� �
���
��������� , �� �
������ P 4 �� ��� ������� , �� ��1������
�� ���U����� �&���
(�������� ������������ � γ = ΔνL/P - $&���
(�������� ������������
������ ��� ����
�� ���������� �� 
������� �� 
����������� ��� �� �� '
������� �� ��!
�
�����- $�� ����� �� ������� �&�������%
�� ��������
�� 2E<�+	4 7�)*	83 �������
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 �� �� ���U����� �&���
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� �� �G= L �� ��� �
������
�� . �������%
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�����- ��
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���4 �� �
�1� ������� �� �� 
��� ��� ����� ��
 �� ����
������� �� �������
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 ��� �?�� �������� �
�������� �������
� ��
����� �� �
�������
� ���
� ������
���������4 ��
������ ������ ��
� �� ������ �� �&���
�� �&�� ����(����-

$&�;�� B�����
! �H��� �� ��
����
��� ��
 �� '��� ��� ν!ν0 V ν0
vz

c
4 �T vz ��� �� �������

���� �� ��
������ �� ������ ����
�� �� ����- �� �6���� ���� �� ���
(�������� �� �� 
���
��� ��(����� ���� �� ������� ��� ��
�������4 �� ���� ���� �� �����
���
�- $� �
�1� ��
�&��������� �� �� 
��� ��� ����� ��
 �

I(ν) = K
2
√

ln2

πΔνD
exp

( − 4ln2(ν − ν0)
2/Δν2

D

)
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ΔνD =
ν

c

(
8 ln2 kN0

T

M

) 1
2

= 7.16 × 10−7
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M
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2
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 �� �74 , ��� L ��� �� �-� × .�−3 , .��� ��−1 2(����
�����
��� �� ��*+3 �� ���� �-= × .�−3 , ���� ��−1-

B��� �� �����
� ��� ���4 �&���
(�������� ��� , �� '��� ������������ �� B�����
- 	����4 ��
'�
�� �� �� 
��� �
������ ��� ����
������� ��� �� �
�1� �� $�
���H �� ��� ����
�������
��� , �&�;�� B�����
- $� �
�1� B�����
 ��� ���� ����� �����
 �� ����
� �� �� 
���4
������ ��� �� �
�1� $�
���H��� �
������ ��� ����� ���� ��������- $� �
�1� ��������� ���
�� 
������ ��� ������ �
�1� �� F��(� �� ��� �� ����������� ��� '�������� (��������� ��
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���H�����-

I(ν) =

∫
ν′

G(ν)L(ν − ν ′)dν ′ 2�-./3
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�� ����� ��  � ���� ��� �����	 ���  � ���8 
��� ��" ������ !��  �� �� ��
���� �����	�� ���  � ���8 ������9���%


���  �� �������+��� � ��	������" ��� ���� ����	� # ��*	������ � �������"
��	������� �� ���8 ���� ���  ���� ���� ��� ��� ������ ��������� # �����
� ������ ������  �����9����� ��  �������  �� �� �� ����� 
��� �� 	�����
�������	 ���  �� ������ ��������� # ����� � ������%

8��� ����� �� �����&, �
����� �� ����
�� ��� 
�(�� �� ��������4 �&��������� �� �� '�
��
�� ��� 
����- B��� �� ������� ��������4 ���� ������ �
������
 ������� �� ��� ��������
�� �����
� �� �����
���
� ��������
���� �� ��� ���������� ��� ��������� , ��
��
 ���

���� �&��������A�&����
����-

��� ������� #$���		�
� ��������� 
�	��)�

�2�2� -��
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� �����	���� �� 
� ��������

#
����� �&�6����� �&��� ������ �������
���� �� (�H �
�������� ��� �����
���
�
TA ��������� �� ��� �
������ ���������4 ������ ����� ��!������ �� �� ��
'��� �� �����
�!
��
� TS- �������
��� ��� �� (�H ����%�� ��� ����� 
��� �����
���- 8��� ���� ����
������
��� �� ��� �� �&�������� ���
����� �� �� ��;����� ��� ��(��(��- B&��
%� �&��- �-/4 ����
����� �&�������� ���
(���� �� ����� ������ ��� ���� �

Iν(μ, 0) = Bν(TS)e−τ1/μ+Bν(TA)[1−e−τ1/μ] = Bν(TA)−[Bν(TA)−Bν(TS)]e−τ1/μ 2�-.�3

<� �&������� �&������� ��������
���� 2τ1V�34 �ν2μ4 �3V�ν2)s34 �� �� ���� �&��������
���
����� �� �� ��
'���- #
%� �� �� 
���4 τ1 �=� �� �ν2μ4 �3 < �ν2)s3 �� )A < )B4 ���
�
�� 
��� ��� ��� �� ����
�����- Iν(μ, 0) ��(����� ���������� �� TA > TS4 ���� �� ���4 ��

��� �����
��� ��� ��� �� ��������- <� 
�������4 �� TA < TS4 ���
� �&��������� �������4
�� �� 
��� �����
��� ��� ��� �� ����
�����- <� �� TA = TS4 �� 
��� �����
�:�-

'�  � �� ��� ��� ����!������ �����" � ���  � ������� ����  � ���� ��	8���
��� ������� �� ���������� ��� ������������  � #  � ������	% <� �;��4 �� ��
������� ��� '����� �� ���( �� �� ��(�� �� �����4 �
%� ��� �� ��������� ���� ��������

��



+%  ������ ����
��
�� �����
(	�

���� ��	�  !	���� " #	�� ������$����� �� 	��������� 
	�� ��� ������ 	�
����������
�������
� $� 	�"���
	��� +A 5 /� ; 
� $����� $&��� ����
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����� ������ ����
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������� �
�� ����
�����4 ���
� ��� ��������� �� �������� ��� ���� ��� ���
�� �� �����
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������ �&���
� ����� ����
���� , �&������� ��6����� �� �� 
���- '�  � �� ���
��� ����!������ 	����" � ���  � ���� �������� ��  � ���������� ��  $����
����  � ���� �$��� � �� ������������  � #  � ������	" ���� # ��� �������� ��
��������� �� ��  �,��% $� ����
 �� �� 
��� �&������� ! �� ��� ����
� ! ��
 �� ������
������� ������ , ����� '
������� �� ��� ����
����� �� �����
���
� ���
� �� ��
'��� ��
�� ������ �&�;������ ���� �&��������� �
%� �� ����
� �� �� 
��� 2�� ��
'��� �&��� ���
�������3- +����� ��� ����� �� �� 
���4 �T �� ������� �U���� �&����
����� ��� ��������� ���
����
� '�����4 �������� ���
����
 ��� ����
������� �� �� ��
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8��� ������ �� ���
 �&�6����� �&��� ������ ��������
���� �� �����
���
�
���������4 ���� ���� �� 
������4 �&�������%
� �&��� ��� ������
��- 8��� ������ ������!
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� ���� �&�������� ��
 �&���������
�� �� 
���-

�������
��� ��� '
������� �� '����� ������� ��������
���� 2νc34 ���
� �� ��� ��������
�&����
��
 �&�������%
� �
�'����4 �, �T τc 	 μ- B��� �� ���4 �&�������� �� ��
��� ���
����� ��� �νc V �νc(Tc) �T Tc ��� �� �����
���
� �� ������ τc 	 μ- ����� ��������
��������� �� ��������� �� �����
� ����
��- +� �&������� ��������
���� ��� �
%� '�����
�� ��� �� ����%�� ����%�� ��� ��
'���4 ���
� �� �����
���
� �� ��������� ��
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��� ���������� ��� ���
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������� ���

�������� �&������� ��������
���� ��� ���� ������ � ν �= νc- B��� �� ���4 �&�������� ������
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������ ���� ������ ������� ����� '
������� �� ��
��� ���� �� ���
 �� ��
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�����
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������ �&��� �������� ���� ������ �� ���
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� ������� �&�������� �� ������ ����� �� �� '�
�� �� �
�1�
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�- +� �� ������� ������ ����� �� ����� , τ14 τ2 �� τ34 ���
� ��� �����
���
��
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����������� , ��� ������6 ���� ���� '������ ��� ����� �� ���������- B��� �� ���4
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������� �� ����
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�
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���� $� "������� $� 1���"�	��� $� �
 ����
�� $� +�	
��  

����� " %	��	���� 	��� �	 
	��� 
�	�� 
� ��	�����
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�4 �� '��� ��� �� ������ �&�������� τ ∼ μ 2z23 ���� �����
���� ���� ��� ����� �T τ ∼ 1 2z13- $� ������ ��� ��� τ = μ ��� ���� ���� ���� �� ��������-
+� ���� 
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� ��� �&������ ���� ������ ��
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 θ ���� ��
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−∞

Bν(T )e−τsdτs 2�-.>3

�� ����(
��� ��
 ���� �� ������ �������4 �T s ����� �� �������� �� ���( �� �� ��(�� ��
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�����4 �� ����(
����� �� �� ����������� �� �� ��
'���4 �����
�
�� ��
����
� ����
�� �� ���������-

X <�����
 �� ����� �������%
�4 ��� ����������4 �� ��� 
M�� �� ���� ��� ���
�� ��
�������� ����
�� �� ������� ���
 )���� �� ���
 �� ��(�������%
� �� +���
��-

$� �
����� �� ����� ��%�� ��
�� ��
 �� ������ �����- $&�������' �� ��� �
����� ��� ��
����
����
4 , ��
��
 ��� �����
�� ��
�(���
�� ��
 ��*+4 ��� �
�1�� ��
�����6 �&���������
��� ��������� �
���� �� �&�������%
� �� )���� ! �2724 �2744 �2764 �73�274 �3784
�4724 �6764 7�84 7�38 �� �92 ! ���� �� ��
������%
� �� �� ����� �������%
�- <�
��������� �������
� ����
�������4 �&�� �� ����
� �� �������� ��� ��
������� �������������
�� ��� �
�1�� ��
�����6 �� �&����
������ ��6 ��������� ��������� � //◦+4 ./◦+4 /=◦84
>�◦8 �� >�◦8- 8��� ����� �� , �� +������ �-/ ��&�� ����� ������������� �� �����:�
� ��
�
�1� �� �����
���
� ���
 ����
����
 ��� �
�1�� �&��������� ��� ���������- "&�� ����
���� �� �
����
 ����� ����
�� ��� �
�1�� ���
������ , ��� ���������4 �� �
����� ��
�
�������� ���� �� #�
��� ��- $�� ����
����� ��� �
�1�� �&��������� ��
��� �
�������� ����
�� #�
��� ���- 	� ���
� �� �� ��%��4 �&�� �(������� �
������� ��
 �� ����
�������� ���

����
�� ����������� 13�A12� �� 158A148 ���� �� 7�84 ����� ��� BA7 ���� �� �272 P
��� ������ ��
��� �
�������� ���� �� ��
��� �F-

��� �
�1�� ��
�����6 ��
��� ������� �������� ��
 ��� �����������
� �� ���� �
%� ��!
��
����� ���
 ����
����
� �� �
������� ��������
���� ����� ��� �� ������ ������6�
��� �� ��
���� ���� �&�������%
� �� )����-
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8��� ����� �� ���� �� #�
��� � ��� �� 
������� ���
(���� , �� ����
� �&����
����� �������� �� ����
������� �� �������
� ������6 �� �&�������%
�- $� ����
���!
���� 
������� �� ������ ������ ��� ������ ��
 �� '������� �� ����
������� 2CF =
Bν(T (z))WF (z, ν)3- $� 
�(��� �� ����
������� ��6����� ��� ������ ����
�� �� ������
�T �&��������
 ������� ��� �
���� �� .- 8��� ������ ���
 �� ������ ���� ����� ��
���4
������� , ��
��
 ��� �����
�� ��'
�
��(�� ���
������ �� ��� �������� �� �����
� �� �
�1�
���
����� �� �&�������%
� �� )����- B��� �� +������ 5-. ���� ������ ���
�
� �� �
��!
���� �&����
���� �� �� �����
���
�4 ������� ���� ���
�
��� �� ���%�� �&����
���� ����
�� +������ 5-� �� ��1�4 ���� ��������
��� ���� ��� +������� 5-� �� /4 ��� 
�������� �������
, /=◦+4 .�◦+4 /=◦84 >�◦8 �� >�◦8-

��� 1������� #� �$��)��	�
� #� �� �����������

8��� ����� �� ���� �� #�
��� � ��� �&��������� ��� ������ �&�� �����
� ��'
�
��(�
���
����� ������ , �� '��� �� �� �����
���
� ��������
���� �� �� �&��������� ���
��������� ������� ���� �� 
�(��� �����
��� �������
�� 2<�- �-/3- #��
 ��� ����
������
�� ����
4 ���� ����� �

Iν(μ, 0) = Bν(T, τ1)e
−τ1/μ +

∞∫
0

Bν(T (z))WF (z, ν)dz 25-.3
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���� WF (z, μ) = − d
dz

e−τ/μ = −dTrν

dz
�T Trν ��� �� �
���������� , �� '
������� ν-

Tr = exp(− ∫ s

0
kqn ds) �T n ��� �� ������� ��������
���� ������4 q �&��������� ��

�����������4 s �� �������� �� ���( �� �� ��(�� �� ����� �� k �� ���U����� �&����
�����-
$� �
����
 ��
�� �� �
���� ��

������ , �&�������� ���
����� �� �� ��
'��� ��������

��
 �&�������%
� �� �� ������ ��

������ , �&�������� �� ������ ������4 �������� ��

��� ������� ����
���
��-

�� ��� �
�'�
���� �&�������
 �� �
������ 2z = −H × lnp3 �� ���� �� �&�������� ��

�&������� ��� ���
���%������� ���� , �� ������� �� ���� , �� �
������-

#��
 ��� ����
������ �� �����4 �&<�- 5-. ������� � �

Iν = −
ln(ptang)∫
−∞

Bν(T )WF (lnp, ν)dlnp = −
ln(ptan)∫
−∞

Bν(T )
∂

∂lnp

[
Tr − Tr2(ptang)

Tr

]
dlnp

25-�3
�T ptang ��� �� �
������ �� ����� ���(���- <� ��'
�
��(� ���
����� ��
�� �� ��������4
Bν(T ) ������ '�
������ �� �� �����
���
�- $� �
���������� Trν ������ �
������������
�� �� �������� �&����
���� �� ���( �� �� ��(�� �� ����� �� '��������� �� �� �����
���
�-

+� �� ����
������� ���� �&�������� �&�� ������� ����
���� ��� ������4 �� ������ �T
τ ∼ 1 �� ���( �� �� ��(�� �� ����� 2���� τ ∼ μ ���
 ��� ����
������ �� ����
3 ����
?�
� ������1� �� �� �����
���
� , �� ������ ���� ?�
� ����
����� , ��
��
 �� �� ����
�
�� �&��������� �� �� ����� �&�������� �� �&����
����- �� '��� ���� ������
 ��� ��������
���� �&��������� ��� ����
����� �������������� �� �� ����� �&�������� �������� ���

�&����
���� �� �� �����
���
�4 ���� , ��
��
 �� ����
�� �� ����4 ���� , ��
��
 �&��� ���
�
����� �����
���-

B��� �� ��� �� �&�������%
� �� )����4 �� �������� �������� ��� �� �������- $&����!
����� �� ����� �������� � ��� ����
����� ���� �� ��
������%
� �� ���6 ����%
�� � ,
��
��
 ��� 
���� 
������������� �� ��'
�
��(� �
���� ��
�(���
��� ��
 ��*+ 2 ����
 ��
��-4 ���/34 �� �� ���� (
R�� ��6 ������� �� �&����
����� 7�
(���AE��+ , .�◦+ 28��!
���� �� ��-4 ���/3- $�� 
���� ��
����� 
������������� �� �74 ���� �������� ��
 ��  #.4

�B��
 τptang 	
 Tr(ptang) = e−τptang 
	��	�
��	�	�
 �������
� 	
 �� 

���������� ��
 �� ����	 �	 ����	
�� ���	�� �� ����
 
���	�
� ����
	���
� ����	 �	 ���� �	 �� ����	 �	 ����	 �	�
 :

	 ��
�
	 ���� �� ��
�	 #

Iν =

τptang∫
0

(
Bν(T )e−τ + Bν(T )e−(2τptang−τ)

)
dτ

=

τptang∫
0

(
Bν(T )Tr + Bν(T )

Tr(ptang)2

Tr

)
dτ

=

τptang∫
0

Bν(T )(−dTr) + Bν(T )d
[Tr(ptang)2

Tr

]

= −
τptang∫
0

Bν(T )d
[
Tr − Tr(ptang)2

Tr

]

= −
ln(ptang)∫
−∞

Bν(T )
∂

∂lnp

[
Tr − Tr2(ptang)

Tr

]
dlnp
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� ��������	�� %)

����� ���� '�
���� ���� �� 
�(��� �!�� ���
 2.5�!>� 0�34 ��� ��� ������ ���
� ��� ���6

�(���� �T �� �����
���
� ���� ?�
� ����
�� ��
 ��*+ 2���
� /�� �� /� ���
 �� ���
�
/ �� �-/ ���
3- <� ����
������ �� �����
���
� ���
� ��� ���6 
�(����4 �� ��� �������� ��
����
����
� �&��������� �� �������-  ����
 �� ��- 2���/3 ���������� ����� ��� '
������
�����
� �� �74 ������ 2.-=±�-/3×.�−2- B&���
� ��
�4 �&����
����� E��+ � ��
��� ��
����
�
 �� ���� , .�◦+ �� ����
������� �� �74 �� .5� 0� �����&, �� ��
'���- 8������ ��
��- 2���/3 ���������� ��� '
������ �����
� ��������� ���� �� ��
������%
� �(��� , .-5.
× .�−2 ���� ��� �

��
 ��'�
���
� , / Q4 �� ��� ��� �� ����
� ���� �� �����
 ������� ��

 ����
 �� ��- 2���/3-

	� ����� �� �� ��%��4 �&�� ������� �� �����
 �&��������� �� �74 ������� ���
�����
�� �� ��*+ 2.-= Q34 ��
 �� �����4 ���� ����� ������ �&�������
 �� �����
 �� ��
����
� 
������� �� ���� 2.-5. Q3 �� '��� �� �� �������
� �
�������- B��� ����� �� �����
�� ������
��4 �&��� ����� ��
��%
� �����
 ��� ��� �������� ���� �� ����
�������� ���
�
�1�� �� �����
���
�-

<���� ����� ��� �&��������� �� �74 ��� ������ ���� �� ��
������%
�4 �������!
������� �� �� ������������ �� �
�1� �� �����
���
� ���� ����� 
�(���4 �&��� ���
����� �&�������� �� ����� �������� ��� ���� ��
��� �� ����
����
 �� �����
���
�- ��
����� ��� ��	� ���  � ν4 ����  � ������� < ��� �����	� # 2)34 ��−1 ������
�� ���������,���������% $� �
����� I �� ����� ����� ��� ����������� ������� ��
����� �� ����
 2, �� 
��������� �� ��*+4 �� ������ τ ∼ . ��� ������� ��
� �-/ ���
34
�� ���� �� ������ ∼ �-. ���
 �� ����� �� ����� 2���
 +������ /-.-�34 ���� ��� ���
�
��� �������� , �� ��
������ �&��������� �� �74- <� 
�������4 ���� ��� �������� ��6
��
������� �� �����
���
� ��
 ���� �� ����� ���� �&���� �� �� '������� �� #����0- $�� 
����

������������� �� �74 2������� ���� ��  #.4 �� ��������
����34 ����� , �����4 �
��������
��� '����� ��������� �����
� , �� ν44 ��
 ���� ��

��������� , ��� �
��������� ����
�����-
<� �;��4 �� ������� Y�� 
����Y ��� �� '�
�� ���
���
���� 
�(���%
�4 �� �� ����%��
��� �� ������ �������
� ��
������ �� �� ���
��� ���� ��� �
������
 �&�������� ��
��'
�
��(�- 9
 �� ���� �� ���
����� '���������� ν4 �
��� �� �
���
�� �� �� �� �
�� ���
�
�� ������ �������
� ��� ���� ����
�(�
 ���� �� 
�
��������- B��� �� ��� ��� 
��������4
�� '�
�� ����
�'�(� ��'�
�� �� �������� �� ������ �� '����� ������ �������
� P �&��� (
R��
, ��� �;�� ��� ��� 
���� ��
����� 
������������� ���� ��������- $�� 
���� 
������������� ��
�744 ��� ���� ����� �������� ��� �� ν44 ���� ����������� ������ ���� �� ��
������%
�4
�� ���� ���� ��������� ��6 ��
������� �� �&��������� �� ������� ��� �� �&��� �� ν4- ���

���� 
������������� ��� ��� ��������� ��
  ����
 �� ��- 2���/3 ���
 ����
����
 �&����!
����� �� �74 ��&��� �
������ �(��� , .-= Q- $� ν4 �� �74 � ��� �������� ��
 ���������
�� ��- 2.G>G4 .GG.3 �� ��������� �� ��H�
� 2.GG/3 ���
 ����
����
 �� �����
���
�
, ��
��
 ��� �����
�� ��
�(���
�� ��
 F�
�(�
A�*�+- 8��� ��������� �(������� �����
����� �&�������� ���
 ����
����
 �� �����
���
� , ��
��
 ��� �����
�� ������ ��
 ��*+-

$�  �(- 5-. 
��
������ �� �����
� ��
�(���
� ���� ��� ����� ����
 ��
 ��  #5 ��
��*+4 ��
 ������ �� ��������� �
%� ��������� �� ����� ν4 �� �74 ���
� .��� �� .5��
��−1 ���� �� �
����� I , .��/ ��−1 �� �&�������� �� �&������� �73B , ..// ��−1-

B� '�W�� (���
���4 �� ��� �������� �&�������
 ���6 ���
����� ��;�
����� ���
 ����
��

�� ��
��%�
� ��
����� �
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� ���4 �&��� �
������������ �� �
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 ��� ����� ������������
��� �������- ���4 �� '�W�� ������1��4 ��� ���%��� .4 �4 --- � ��

��������� ,
��� �
�1�� ���
������ .4 �4 --- � ��;�
����- $&������(� �� ����� ������� ��� ��
����������4 ��������� ���� ���� 
��������� ������
 '���������� ��
���� �&�� �������
������������� �������
� �����
�� ������� ��� ��������� ��;�
����� �� '��
�������
���� ��� ��'�
������ ��
������ ���������-

X ��������� � ����� ������� ������� �� ��(�
����� ��� ��
��� �&����
��
 ���
��
��%�
�� , ��
��
 �� �&��������� ����
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���
� � �
��
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����� �� ���
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������ �� �&�������%
� ��
)���� �� ������� �� �����
� ��� ��� �����
� �� �����
� ����
��- @�� ������������
�� ���� ��� �����
�� ��

�� �� �� �������� ���
� �� �����
� ������� �� ����
��
���
�:�� �� ���������� �� �
�1� �� �����
���
� ������� 2���� �� ����� ����
����
������� ��� ����
������ ����������3- �� ������� �
�1� ���
����� ������ �� ��
���
��
� ����� �
�1� �&���
�� �&��� �������� ���
�����- $� �
������� ��� 
�����
�����&, ������������ �����%�� �� χ24 �� �
�1� ���
����� � ���
� �����
(� ��
�
�� �
�1� ��������-

B��� ���
� �����4 ���� ��������� �������
� �����
�� ������������� � �� �����
� ��
����
 2������� �� ����� ��
������%
�3 �� �������
� �����
�� �� ����� ������� ������
��� �������� ��;�
���� ���� �� ��
������%
� �� �� �������%
� �1� �� 
������
 ,
�� �����
���
� , ��� ��;�
���� ������6- $� ������� ��
���� ��� ���
� 
�����������
��U���� , ����
� �� ����� ��
 �� '��� 
��
����
� �� ����6 �������� ���� ��� �����
��
������������� 2�����&, ��� ��H����3 �� ����1��� �� �
�1� �� �����
���
� �&���
�� Y,
�� ����Y- $� ������� �&����
���� ��� ���
� ���� ����6 ������� ��
 ���� ����� ������

5=



%'+ �
3��
���� ��
�6���
�� �� 
� ��������	�� %,

���� ���� �	� ����
	���	���� 
� �	 
����
� 
������� ��� "�$���� .� �� ��� � �������
���$��	 % $�� ���#�� 	!��"�'��� .� �� ��� � $�H����	�� I� 
�����	!"� '�� 	���	 ��"�	� $�� �
�
�
"�	��� �!���'��� $� �&�����,
	��� �	 $� �&
	"���!��� $� +�	
� ���"�	 $� �
������ ��� ��	����	��
�� ���	�� $� �&
	"���!���� �� ����	�� �
����� �� ���� ����!� $�� $������ �����,��� ���������$ %
�� ���#� $� 	�"���
	��� ����	���� ��� ����
	���	���� 
� �	 
����
� 
����������� I� ����
#� $� 	�"���
	��� 
 ������ ��	 $���� �� ��	��� $� �&��,������� �&
�����	!"� '�� �����$ �&�'�
	���
$� 	�
�����	 �
$�
	�� �
����� �� ����	�� '�� ��	 ��"�
�� 
� ����	�� �����,�� I�� "���"��
	��� 
�
���� $�� "���$��� �
���� $� �
 $��	
��� ��	�� ��� ����	��� �
������ �	 �����,�� ���"�	 $&��	����
�� ���	�� �� ���,�
� ���#� $� 	�"���
	���� 2� ���#� $� 	�"���
	��� ���	 ��""� ���#� �� ��	���
$&��� ���,���� �	��
	���� �� ��������� ��	 ����	� G��'�&% "���"��
	��� $� χ2�

��������������� �� �� ����
������� �� ���� ��� �����
�� ��� ��
������� �� ����
����
�
�� �
�1� �� �����
���
� ��
 �������
� ������6-

$&����
���� �� �� �����
���
� , ��
��
 �� �� 
������� ��� �� �
���%�� Y���
����Y4 �&���!,!��
� ��� �&��� ��
�4 �� �����
���
� �� ���� ?�
� ������� ��
�������� ��
�&�������� �� �
���'�
� ��� ��� ��� ������
�4 �� ��� �&���
� ��
�4 �� ��(%
�� ����1�������
��� ������� ���
�:���� �� '�
��� ����1������� �� �� ��������- �&���!,!��
� ��� ����
���
� ���4 �� �
��� �����
��4 ��� ��� ���������� ����

��� �&��� '
������� , ��� ���
�
�� �&�� �����
� , �&���
�4 (��%
� ��� ������������ ��
 �� �
�1� �� �����
���
� ��������
�� ��� ����
������ �� ���� ��� ���������� 2�����(� ��
����� �� �
�1� ���
����� ��������
�� ����������� �� �&����(��
 ���� �� ����� �� �
�1� �������3-

8��� ������ ���
 ���� �� +������ �������� �� ���� �������� �&��(�
����� �&����
����-

��� ���
������ #$��)��	�
� #� �� �����������

�2�2� ,
����	���� �
 ���������
�


$� ������� �&����
���� ��� ���� ��������� ��� ��� ����
���� ������
� ����
�����
2�����
����� �����
 ����
����3- B��� �� �
����
 �����4 ���� ������ �� ��������
 ��� �
��!

5�



%- �
3��
���� ��
�6���
�� �� �����6��
���

�����4 ���� ���� ��

��� ���� �
��������� �� ���� �������� �� ���%�� ��������
���� ���
���� ��������� ���
 �������
 ��� �����
�� �
���������� ��� ���������� ��� �������-

$�� ��������� �� ���� ���� ��� ��������� 5-. �� 5-�- $&��������� Iν(μ, 0) ��� ��������
��
 ����(
����� ����
���� �� �&�������� �� �
���'�
�- $&�������%
� ��� �������� �� N
������� �&�(��� ��������
 �� ��2�3 ���
� ��� �
������� pmax �� pmin 2, �� ��
'��� �� ��
���� �� �&�������%
� 
�������������34 �T �� �����
���
� ��� �������� ��������� ����
������ ������- $� �
�1� �� �����
���
� ��� ���� ��1�� ��
 N ������6 ��������
�����-
<� ��������� ��� �� �
���������� �� ������ pmax ��� �(��� , .4 �� 
������� 2��- 5-�3 ��

���
�� �

Iνi
=

N∑
j=1

B(νi, T (zj))ΔTr(j) 25-�3

�T ΔTr(j) ��� �� ����(����� �� �� �
���������� Tr �� ���( �� �� ������ j- #��
 ����
��

�� �
�1� �� �����
���
�4 �&�������� 5-� ��� �����
���� � �� ������ ������ �&�� �
�1�
������� �� �����
���
� T0(z) �

ΔIi =
N∑

j=1

∂Ii

∂Tj

ΔTj 25-53

�T ∂Ii/∂Tj ��� �� �����
 �� �� '������� ��
���� �� �&��������� , �� '
������� νi ��
 
����
�
, �� �����
���
� T ���� �� ������ j- $�� ��
��
������� ���������� �� �
�1� �� 
�'�
����
���� ������� ��
 �

ΔTj = T (zj) − T0(zj) 25-/3

ΔIi = I(νi) − I0(νi) 25-=3

���� I0(νi) �� 
������� �������� ���� T0(zj)- ΔIi 
��
������ �� ��;�
���� ���
� �� �����
�
����
�� �� �� �����
� ������� ���
 �� ����
� �&���� i- $�� ��������� T (z) �� �&��- 5-54
���
 ��� ����
�� I(νi)4 ���� ������ �&�� �
���%�� ��� ����- B� ��(%
�� ����1�������
�� I(νi) 2������� ��
 �� �
���3 ������� �� �
����
� ��
 ��� ����1������� ����
������
�� �
�1� T (z)-

<� ��1������� �� ���
��� Kij 4 ������� kernel 2�� ��
�� �� '
��W���3 �

Kij =
ΔIi

ΔTj
=

∂B(νi, T (zj))

∂Tj
ΔTr(νi, zj) 25-�3

�

I(νi) =
N∑

j=1

B(νi, T0(zj) + ΔTj)ΔTr(j)

=
N∑

j=1

[
B(νi, T0(zj)) +

∂B(νi, T )
∂T

ΔTj

]
ΔTr(j)

= I0(νi) +
N∑

j=1

∂B(νi, T )
∂T

ΔTr(j)ΔTj

I(νi) − I0(νi) = ΔI =
N∑

j=1

∂I(νi)
∂T

ΔTj

5>



%'+ �
3��
���� ��
�6���
�� �� 
� ��������	�� %0

�T B(νi, T (zj)) ��� �� �����
 �� �� '������� �� #����0 , �� '
������� νi �� �� �����
���
�
T (zj) �� �� ������ j4 �� Tr(νi, zj) ��� �� �
���������� �� �� ������ j , �� '
������� νi-
$&�������� 5-5 �� 
���
�� �

ΔI = KΔT 25->3

$� �
�1� T (z) ��� ������ ��
 �&��(�
����� �� ���������� �� ��;�
���� ����
������ 2χ23
���
� �&��������� ����
�� �� �&��������� �������� 2ΔI3- @�� ����
����� ��� ��������� ��
 ��
�
�1� T (z)4 �1� ��&�� �&����(�� ��� �� �
�1� ������� T0- $� ������� �&����
���� ������
�
����
����� ����� ���
� ���
 �������� 2���
 ���
��� �� ��- .GG>3 �

ΔT = αSKT C−1ΔI 25-G3

����
C = αKSKT + E 25-.�3

�� ���
��� Sij = exp[−(zi − zj)
2/2L2] ��� ��� ���
��� (��������� �� ��

������� �T L

��� �� ���(���
 �� ��

�������4 �6�
���� �� �������� �� ������
- ����� ���
��� ��
���
�� 1��
�
 �� �������� T (z) ��
����������4 �&���!,!��
� ��� �� �����
���
� )2Hj3 ����
���
���� ������ ������ j ��� ��

���� ���� ��� �����
���
�� ��� ������� ����
���
�� ��
��'�
���
�� ��
 ��� ������
 ��� ���� L �������� �� ������
- E ��� �� ���
��� ��� �

��
�
�� ����
�4 �&��� ��� ���
��� ��

� �×� 2�T n ��� �� ����
� �� ������ �� �����
�3- <�
��������� ��� ��� ����
�� �&�

��
 ���� ����

����� �&�� ����� , �� ���
� �� �����
�4
E ���� ?�
� �
��� ����� ���(����� ���� Eii �(�� �� ��

� �� �� 
������� ����������� ��
�
��� 28<+*4 8���� <��������� +����
�� *��������3 ���
 �� '
������� νi- $� ��
��%�
�
α ��� �� ������
� ��� ����
M�� �&���
� ���
� �� �
�1� �� �����
���
� �������� �� �� �
�1�
������� T0(z)- #��� �� ��
��%�
� ��� �����4 �� ����� �� �������� ��� ����
���� , �&���
��

�� T0(z)- $� �����
 �� ��
��%�
� α ��� ������� �� ����� ��
�� ��� ��� �
���� �� �������
��� ���
���� ������� ���� �&<�- 5-.� ������ �������
��-

$�� ��

�� �&�

��
 ����� �� �
��� ���� ������� ��
 �&�������� �������� �

σTj
=

√∑
i

(Rij)2Eii 25-..3

�T Rij = SKT C−1-

$�� �����
�� , ����
��
 ���� ������� ��� ��
����� �� �������
� �����
��4 ���� ��
���4 �� 8<+* �;����' ��� �� 8<+* �&�� �����
� ����������4 ������ ��
 �� 
����� ��

� ��
����
� �� �����
�� ��
�����-

����� �&�������� �� �
���'�
� 
������' ��� ��� ������
�4 �� �
������� �� ������ ��
T (z) ��� 
����� �������
� '��� ���� �� ���
�� �� ������ ���
�����4 �� �������� �����
 ��
T (z) ����� �
�1� �������4 �����&, �� ��� �� �
������� �����(�� ��� ����� �����
(����-
8��� ��������� ��� �� �������� � �����
(� �� ��
�1��� ��� �&���
�!�
�� 
��� ���
�

��	 E�B( 	�
 	�
��� ��
 �������
��� �	 �����	�
� ��	�

	� �	 ��	����	 $�������� �	 ��
�� ���
 �
3�F+ /& 	
 �	� ��	�

	� �	 ����
�
�
	�
 �	 61(B $��
�� ���
 � %F4 /&� E�!�� 	
 ��� $344F�& ���
��	�

	� ��
��� �� ��"�� ���
 	�
 	�
��� �	 E�B(�

�

rms =

√∑
(Iobs − Icalc)2

N
$,�%3&

�' Iobs 	�
 ����
	���
� ��	�

��	 ���	
��	� Icalc ����
	���
� �������	 	
 E �	 ����
	 �	 ����
� ��	�

��!�

5G



)1 �
3��
���� ��
�6���
�� �� �����6��
���

��� �����
�� ����
��� �� ��������� �� ��
�� ���� �&��� ���
����� , ��� ���
�- B��� ��
�
������4 �
��� ���
������ ��U����-

$� ����� ����
���� �� �&����
���� ��� �� ������ �� 0�
��� K 2<�- 5-�3 �

Kij =
ΔIi

ΔT (zj)
=

∂B(νi, T (zj))

∂Tj
ΔTr(νi, zj) 25-.�3

$�� 0�
���� ���� 
��������� , ������ ���
����� ���� �� ������� �
�1� �� �����!

���
�- $� ���
��� K ��� ��� ��
�� �� '������� �� ����
������� 2���
������ ����
�� #�
��� �4 +������ �-�34 �� �� �&��� ��&���� ����� ������ �� �� ��
���� �� �� '���!
���� �� #����0 ��
 
����
� , �� �����
���
�4 �� ���� �� �� '������� �� #����0 ����!�?��-

$&��(�
����� �&����
����4 ��
�� ��
 �
��� ��H�
� ��  �
�
�� ��4 ���� ����
��
 ��!
����������� �� �����
� �� ����
 �� �������
� �����
�� �� ����� �1� �&����
��
 ���
����
����� '�
�� ��
 �� �
�1� ���
����� , �������
� ���������- �� ���� �
���
� �� ������
�����&, .. �����
�� ��
�����- <�1�4 ���� ���������� �� �����(� ��
����� �� �
�1� ��
�����
���
� ��� ���� ��� ������� �� ������
4 �� ��� ��

������ ����
�� , �� 
���������
��
������ ��� ����
������� �� �����- 9� �� ���� ��������
 �� �����(� ���� '�����4 ��
 ����

������
��� , ��
� ��� ��� ������ �� �����
���
� ���� ������������ ��
 ��� ������
 ���
��� ���� '����� ��� �� 
��������� ��� ����
�������-

$� ������ �� �� ���
��� K '��� ����
����
 �� ���%�� ��������
���� �� )���� 2���

+������ 5-�-�3 ���� �� �
�1� �� �����
���
� ������� ��� ��
��� �� �������
 B(νi, zj)
���� ������ ������- �� '��� �(������� ����
����
 �� �
���������� ��� ��
�� �&��� ����!
���� , �&���
� �� ��� ������ �� �� '
�������- $� �
���������� ������ ��� ���U������
�&����
����� ��� ����
����� �������� , ��
��
 ��� 1����
� �����
���������� ����� ���
����� �� ������� ����� E<�+	 �� 7�)*	8 2���
 ���� ����34 �� ������ �(�������
��� ���������� �� ������ ����
���� 2
���
��� ���� �� ���%�� ��������
����3- #��

�������
 ��� �����
��4 �� ���� � ���� �(������� ������ �&�� ���%�� �����
��������� ���

���� 2���
 +������ 5-�-�3- <�1�4 ��� �����
�� �
���������� ������� ����
 ������ �� ��
'������� �&����
���� �� ��*+ ���
 ������
 ?�
� �����
�� ��6 �������-

�2�2� =����
 �����	
�����


$&��(�
����� ���� �
���
� �� ������ �����&, G= ������64 ���
 ��� ����
�����4 ����
�������� �&�������%
� �� �. ������6 �� .5/� ���
 2� 0�3 , �-. μ��
4 ��

��������� , ��
������� �&�(��� ��������
 �� ln(p) 2�T p ��� �� �
������3- "����&, .= ��������� �������
?�
� �������� ���� �� ���%��- B��� �� �
������4 �� ���� �� �� ����
������� ��
������ ��
��������� �� �744 �� ���� '��� �����
� ������ �� �73B �� �272 ��
 ��� ���6 ��������
����%���� ��� ������ �&�������� ��� �� ����
������ , �� ����� ν4- $� ���%�� �����
�(������� ������ �� �&��������� �� 82 �� 72 ��� �;������ �� ����� ���������
� �� ����
�&������� �� ������
- @� �
�1� �� �����
���
� ������� ��� ����� �� ���
�� �� �&��(�
�����-
$�� ���������� �� ������ �������� �� �� �����
���
� ���� ����
������ ���
 ������
������ ��������
����- 	1� ��� �&��(�
����� ������� ��� �����
�� ��� �������� ?�
�

��� ����
��� ������
	�� ��
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���� ��
�6���
�� �� 
� ��������	�� )&

�����
�� ��6 ����
�������4 �� '��� 
���
�
 ��� ��������� �� ������ �����
� ����
�� ��
�����4 ����� ��� �� ����� �&��
 21/μ3 ����� �� �����
� �� ����
 ��� �������-

�2�2� =����
 �	
�������	���


#��
 ����
��
 �� �����
���
�4 ���� ��������� �� (���� �����
��� .�./ ! .��> ��−1

��� ������ ��� ����� ��
��� �� �� �
����� # �� �� �
����� I �� �� ν4 �� �74- 8���
�&��������� ��� �� �
����� * ��
 �&��'�
������ ��� 
��������� ���� ����� �� �� �
�����
#- <� �;��4 ��� �
������ # �� * ���� ��������� �
���
����� �� ��
� �� �&���
� �� ��
�
����� I4 ���
� ���������� ���� ���� ������������ �� ����� ������� ��� ������6 �����!

�����- B&���
� ��
�4 ���� �� (���� �����
��� , ����
��
 ��� (
���� �� ���� �� ����� ��
������ ��� �����- $&����
����� �����
�� ��� ���� ����� ������ ��������� �� ��� ����
����-

$�� �����
�� �
���������� ���� �������� ��6 ��������� �� ������ �&��
 ��� �����
��
����
��� , ��
��
 �&�� ���� �� �
���'�
� 
������' 
��� ��
 
���- 	 ��
��
 ��� 1����
�
�����
���������� �� ������ �������� 2��� ����� ��� ���������4 ������6 �&���
(��4
����!��
(��
� ��������������� �� ���������� ��� 
���� , �G= L34 ����� �� �� ���� ��
������� E<�+	 ���� 2"��������!7����� �� ��- ���/34 �� ���� ����
���� �&��������� ��
�&���
(�������� �� ������ 
��� �����
��� ���� ������ ������ �� ���%��- $&��������

������� �� ������ ������ ��� �������� ���� �� ��� �������� ��'�
���
 �� �(�� ��6
����!��
(��
� ��� 
���� �� ������ ������ �� ������ ��� 
���� �
������� , ± �/ ��−1 ��
�� '
������� �� ��������� �� �
�1� �� F��(�-

$&������� �� ��������� ��� �����
�� ���� �(������� ?�
� ����
��
��- �� ���� �
���
�� ������ ��� ������ �&����
����� �������� ��
 ���������� �� 82!824 82!�744 82!72 ��
�74!�74 2���
 #�
��� �4 +������ �-�-.3- $�� ���U������ �&����
����� ��� ��� ��������
, ��
��
 �� 
������� '��
���� ��
 	- ��

��C 2���� �AACCC-���
�-0�-�0A ���

!
��CA�
�(
���A3 ����� ��
 ��� �
����6 �� ��

��C ��  
������� 2.>>=�4 .G>=�4 .G>�3
�� ��

��C �� )��( 2.GG�3- �� '��� �� ����4 ����
 ������ �� �&������� ��� ��
����� ��� ���
, �&�
�(��� �� �&�������� �� ��������� ��!���, �� =�� ��−1 �� ��� ��� ���� ��
���� ��

��� ������- <� ���� ������ ��
 ��� 
�������� �� �&����
����� 7�
(���AB�+* 2B������
���(�
A+����
�� *��������
4 )����0� �� ��- ���/34 �&��������
 ������� ��� ��
����� ���
�������� ���
�:�
� ��������� ���� �&�������� �� ��
���� ����� p0.14 �����&�� ������
. ���
- 	�!������ �� �� ������4 �&������� ��� ��
����� ���
�:� ���� �&�������� �������
�&������� �� ������
 �� �
������ ��������
����- $&������� �� ��������� ��� ������� ��
�����
��� �� ��������� ���
� ��� ���������� �� �� ν4 �� �74 ��� �����
�� �������� ����
��� �����
�� ����
���- ��� �����
�� �
���������� ���� �������� ��
 �� ������� ��
����
2���
  �(- 5-�4 2�33- $&������� ��� ��
����� ��

��������� , ��� ����� ������������
�� ��������� ��� ������� ����
��
�� ���� �� ���%�� ��������
���� ���
 �;�����

�&����
���� �� �
�1� �� �����
���
�- 8��� ��������� ��� �&������� ��� ��
����� ��
��
��� ���� �� (���� �����
��� �������� ���
 �&����
����- 8��
� ���%�� �� ��
������
�����
��� ��� ��
����� ��� ����� ���� �� )���� 5-.- @�� '��� ������� ������ ���
��������4 �� 
������� ������
�������� ����� ��� �������� ��
 �&�������� �� �
���'�
�
25-.3 �� 25-�34 ���� ��������� ���� �� '������� �&����
���- B��� ���
� ���4 �����
���� ��������� ��� �����
�� ��������4 ����� '������� �� ����������� ��� �� '������� ��
7�����( 2���
 +������ �-�4 ���� �� ��� �� ��(� �3- $� ���
��� E ��� ����
�����
, ��
��
 �&�� 1����
 ������� �� �����
 �� �&��������� �� �
��� 28<+*3 ���
 ������

/.



)+ �
3��
���� ��
�6���
�� �� �����6��
���

������� �$���� ������	
���−1) �� �����

.� �-���.
��� �-���
=�� �-���
.��� �-��
.=�� �-��


��� ���� 2�
��� 
� �	��	���� ������	�� 
� ����	���� 
�� 	������� 
� ���	� ����� 3) ��
34)) �
−1

����
� �&���� '��
�� ��
 �&������ ��*+-

B��� �� +������ �������� ���� ���
�
��� ������� ���� ������������� ��� �����
��
��� ��
��
��� , �&����
���� ��� �
�1�� �� �����
���
�-

��� 2���������	 	�� ��	 
�	��)���
�	 �����	��	

<���� ����� �� 
��������� ��� ����� '����64 �� ������(� ��� ��;�
��� ���
 ��� ��!
��
������ �� ��'
�
��(� �������� 2 #.3 �� �� ��'
�
��(� ��
�� 2 #� ��  #534 �� ���
��;�
���� ������� �������1���� �� �� ������� ����
��(���� �� 
��������� �����
��� 
�!
�����- B� ���� ��� ����
������ �����
����� �� ��� ��
'�
������ �� �� ����� ������� ���
����� �&������ ��*+ , �����������
 �� ��
���� ����
� �� �
�� �&����
������� ��� ���
������ �� �������' ���� ��1��- $�� ����� '����6 ���� ���
� �
������ ��;�
������ ���!
���� ��� ���-  ����
 �� ��- 2���53 ����� ��� ����
��� �
��������� ��� ���� '����6 ��
 ��
������ �� )����-

#��
 ��� ����
����� �� �� �����
���
� ���� �� ��
������%
�4 ���� ��������� ��� ��!
������� �&����
������� , ���( ����� �&����(
����� ��������� Y���!��'
�
�� $���
����������� ����(
�����Y 2Y��*$���8)Y3- ��� ����
������� ��
������� �&����
��

�� �����
���
� �� ��� ���������� ��� �������� ��������� , ��� �?�� �������� ��

��� �����
�� ���� ��
�(���
�� ������������� ��
 ��� ���6 ����� '����6  #� ��  #5- 	�
���
� �&��� �� ��� ���������4 �� �����4 ������ ���
� .�� ��� �� .>� ��� 0� �� )����
2���� ���
� > �� = � ����� �� ��
%� �� ����� �&���
���� �� ���� �
����4 ���
  ����
 ��
��- ���534 ��
��� �&����
 ��� 
��������� ��
������ ��
 �&�������%
� �� )���� �� �&�
�
�
�&��� ������� �� ������
- $�� ��������� �&����
������� ��� ���� , ��� �������� ���� �
�!
����- $� ����� �&����(
����� �� ��� �����
�� ��� �� ���� ���( �
�(
������� 2∼ . ��� ��

�����
�34 �� ��� ��
��� �&������
 �� �������
� 
��������� �����
��� 2�-/ ��−13- $�� �����
'����6 ���� ����������� ��
����������
����� , �� ��
'��� �� '�W�� , �� ��� ������ ��6��
��  #� �� ��  #5 ����� ��� �������� ��
������%
� �� �&�������%
� �� )���� 2���
  �(-
5-�34 �&������(� �
������� �� ��� ����
������� �������� �� ���
 ����� 
��������� ��������
��
 
����
� , ��� ����
������ �� ����
 ��� ����� ��� ��
(� (���� �&���������-

����� �������� �&����
������� ��� 
������� �� ���6 ����� � ��� ��

����� �� ��������

�����%
��� ���� �� �
����
 ����� ��� �����
�� , ����� �������� �����
 �� .�/ 0�4
����4 ���� �� ������ �����4 �� ��

���� ��� ����
�� �����
 �� ��/ 0�4 ���
 �����
�
�&��'�
������ �� ��������- �� 
 � �� 
�����
����� ��� ��������
� ��
 ����
�� �� Q �� ��
��

���� �� '�W�� , ����
 ������ �� �&����
������ �� ������(�-

/�
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���� ����  !	���� " +��5������ 
� ��������	���� 	� ��
�� ' ���! ��
�� 
�����!�	���� ����
$� ���,�� +0 % ��◦8� �
 ����
�� $� +�	
� ��	 ��!�"
	���� �� ��
����  
����� " #��������	����

� �	 
���������� 
�� ������ 
� �+6 �� �+1 	� ����� 
� �� ���� 
�������	����� 2!
'�� �����
���$� ��� 
�	�	�$� $�H����	��

$� )���� 5-� ����� ������ ��� ��������� �&����
������� ��*$���8) ��� ���� �
�!
(
������ ������� �� ������� ��������-

I���� ���� ��� ��������4 ���� ��������� �(������� ��� ����
������� ��
�(���
��� ��
����
 , ��� 
��������� �����
��� �� �-/ ��−1 �� , ��� ��������� �����
����� , ������
��� ����
������� �� �����4 �1� �� �����
 ��� ������6 ���� ��� ��� ���6 ������ ��
 ���
������- <� �;��4 �� �������� �&�������%
� �
���
��� �� ���
� �&��� ����
������ �� ����

��� ���� '����� ��� ����� �
���
��� ������� ��� ����
������ �� ����� �� �� 
�
��������4
��� ��� ����� ����
�� ��
 �� ������ ������� ���� ���
�4 �
������ ���
� �� ������� ����
�
�'����� ��� ���� �� ��� ��� ������-

$�� ����
����� �� �����
���
� ���� �� ��
������%
� �� �� �������%
� ���� �;�������
���������� , ��
��
 ��� �����
�� ��
�(���
�� ��
 ��  #5 ��
 ��� ����������� �� ����� ν4

�� �������-

�2�2� �� ���
����� �
� �	
���
�

"&�;����� ��� ���������� ��� �����
�� �� ��������� ��� ����
'��� (
������� 
�������
��
 )���
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��� �� �����������
 ��� �����
�� ��
�� ��
�������� �� ������
� �� �����
�� ����
��� ������ �� ����� �� �� �������- �� ��� ��������
�&�;�����
 ��� ���������� �� �
����� �� ������ ��� ��
��%�
�� ����� �� ����4 �� ��
���4
��� ���������4 ��� ���(������4 ��� ��(��� �&�������� ���
 ��� ����
������� �� ����
 �� ���
��������� ���
 ��� ������4 ����� ��� �� 
��������� �����
���- �� ��� ������� �������� ��
��
����
 ��� �����
�� ������������ �1� �&������
 �� �������
 
����
� ��(���!,!�
���-

#��
 ������ ����
���� �� �� �����
���
�4 �� �������� ��
 �����������
 ���� ���
�����
�� �� ����� ��
�(���
�� ������� ��� �������� Y��*$���8)Y 2�� ��
��� �� ���
�������� ������3 ���� ��� ��(��� �� ����� ����
���� ���
� � 0� �� =�� 0�- B��� ����
��� ���4 �� ��
�1� ��� �� �������� , �������� ��� �����
�� ��� ��� ������ ��
�� ��� �&��
�����
� , �&���
� �1� ��� �� 
��������� �������� ���� ����(%�� ���� �� ���������- "�

�(�
�� ������� ������� ��� ��(��� �� ����� ���� ����
������ �� ���( ��� ���������- +���
���
� ��������� ��(������� �� '�W�� ��������4 �� ���� �� ���4 �&�;����� ��� ��
�����
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5� <	�� 344, %+◦B 53+ .���� 344F -◦E
5+ 2	�� 344, *3◦E 53, .���� 344F +4◦E
5F B	�
� 344- 34◦E 53- 2	�� 344F %-◦E
5%4 .���� 344G --◦E 53F @�
� 344F 34◦B
5%, @�� 344G +3◦B 	
 -4◦E 53* C�
�� 344F +4◦B
5%- .���� 344G -G◦B 5+- C�H
 344F 4◦E
5%G .���� 344G ,-◦E 5+I <	�� 344F %,◦B
5%I J�
� 344G G4◦E 	
 +4◦E 5,3 @�
� 344* K

53% <	�� 344G %-◦E 5,+ @�� 344* K
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��	$���
�� �� ���
� . !�" ��−1 ��	��� �� �����
� �
������� I�
������"� ��	 ���,��� ���� $� �&
�'����	��� $�� $������ $� ���,�� +0 �	 ��� ����	��� 
� ��"�� ��	 �	�
���$��� ��� �����	
	� ������	�� $
�� �� "
������	 ���	��	 ��� ��� ����	��� $�� ���,��� +�� +@� +.��
+.<� 
���� '�� +� ���� ��'��� $&
�	��� 	���� $&�����,
	���� ��	 �	� ��
������

�� �����
�� ��
 �
������ �� �� 0�4 �� ��� �� ��
��� �&������
 �� .� , .. �����
��
��
����� ���
� ∼ .�� �� /�� 0�- +��� ��� ��(��� �� ����� �� 
�(
������ ��
 �������
����
�� �&��� ���(����� �� 0����%�
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������%
� ��� �
�1�� ���
������ �� �&�������%
�

/G



*1 ���<
� �� ��������	�� 
�6����� � ���	
����

���� 	��� :������ �	������ ' 3;6)/ 3;86�(8 �� 36)8�(8 �
−1 ���������
	�� 	�� ��������
�������� ' 84◦� �	�/ 36◦� ��� �� 84◦* ���� ��� 	�
�	� ������ ������ ��������	��	 ��� 1������
���������$
�	 
�� �"������� �
$��� ��� 
�	��� 	�
�	� ������ ��������	��	 ���� $�� �"������� 
� ��"��
���� ������� ���"�		
�	 $� ��� $�H�������� % �
��� 
�	�	�$�� �
������ % .@�<�0< �"−1 �% �
��!�� �	
.�<@�0< �"−1 �% $���	��� =�#� ��� 	���	� ��������	��	 ��� 1������ �
������ % .�@� �"−1� ��� 
�	�	�$��
���	 $������ $
�� �!
'�� �
� 
�� ��,�
�� $�� "
��"
 $�� 1�������

���-

=�



)'& )*◦ 2 &.◦ �� )*◦= *&

���� 	��� ����
	���	���� 
���� ������	���� 	� ��
�� �������
��� ��	����� �� ��,�
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��� �O ���������� ��
�
��� �� �� 
����� 
�� ���
��� ?�
� �� �?�� �
�
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���� ��� �
�(��� ���� �&����
����� �� 
�
�������� �����
� ��

��� ��
����� �� �� �������- $&�������%
� �&��� ����� ������������ �&�������%
� ���4
�&�������������� 
 ��� �� ���� ����
����4 �� �� ����;�(� ��
�������
���� �� ���� �����-
$&�������� �� �� ��
�������� ��� ���
� ����
����� ��
 �� ������ ����
���
� �� �� ������
�
�������� ��� ��
�����- B��� �� ����� ��
������%
� �� �� ����� �������%
�4 �� 
�'
��!
��������� ��� �
������������ ����� ��
 ��� ��
�����4 �744 �272 �� �2764 ���
� ��� ��

�'
����������� ��
 ��� 
���� 
������������� �� 7�8 ������ ���� �� �������%
� ����!

=G
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����������� ��� �
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�� ��- .GG.3- B��� �&�������%
� ��
�4 �&�������������� ������� �� �� ����;�(� �� �� ��
�!
�����%
� ��� ���� ����� �U����- 	 �
%� ����� ��������4 ����� ��
 �6����� , >�◦84
��� ��
��� �� �� ��
������%
� �� �
���� ���� �� ���� �����
�4 �� ����;�(� �����
� ��� ���
���
� ��� ��� ��
����� �� �
�
���
��
�� 
�'
��������� 
������������ �&�������%
�- $&�;��
��� �?�� �������� ��
 �&������������ ��� ��
����� ��� , �� �������� �&��
 �� �M�� ��
�
2�M�� �&����
4 ���
 #�
��� �4 +������ .-�34 ��(������� ����� �� 
�'
����������� 
������' -

$&��(��������� �� �� �����
���
� �� �� ��
�������� �� �� �� �������%
� ��
� ���
������ ��������� ��
� ��� ���� , �� �������� �&��
 �� �M�� ��
� ��� ���
�:�� ��� ����
��!
���� ����������� ��� ������� ����
���
��4 �� ���� ��� ��(��������� �� �� �����
���
�-
	 �
%� ����� �������� ��
�4 �&�������� �� �� ��
�������� ��

������ , �� H��� �T �� ����'!
'�(� ����������� ��� �� ���� �U����- 	�!������4 �� ������� ��������
���� �&��� ��� ����H
������ ���
 ���
�:��
 ��� ��(��������� ��(��1������ �� �� �����
���
�4 �� ��!�������4
�� ������� ��� �
�� ������ �� �� ����
������ ��� ����� �U����-
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*�� ��������	� "#��+��
��� "�
 ���7�
 "#
'��"
��� � � � � � � � � � � � � *�

*�� &�")�� 
�	�
�������� �� 
������
������� � � � � � � � � � � � � � � *,

*�� 8'
��+
����
 �����
��
 � � � � � � � � � � � � � � � � � � � � � � � � � � *,

$� �����
� ��'
�
��(� ���
����� �&��� ����%��4 
���� �� ������ �&����
�����4 ����

�����(��
 �U�������� ��
 �� ����������� �� �&�������%
�- $&��'�
������ ����������
, ��
��
 �� ��� ������ �� �� �� ��������� �� �������6 �������� , �� ����
��������
�� �� ����
������� ��
������ ��� ���������� �� ��� (�H- $� ����������� �� ��� �&������

��� ��'�
������� ������ �� �������
� '�����
� � �� 
����
� ��(���!,!�
��� ��� ����
��4 ��
��(
� �� ����
�������� ��� ��(����
�� �����
���� ��� ��;�
���� ������������4 �� ����
����
��� ��(����
�� �����
���� ����
���� ��
 �� (
������ �� �����
���
� ��������
���� ��
�� �
������ �&���
�� ���
��� �&������� ����� ��� ���(�� �� ��� ��
�����-

$�� ����
������� �� ����� ��
������� �&������
 ��� �������
� 
��������� ��
������ ��
�� ���(���
 �� ������ ������� ���� �&�������%
� ��������� �� ������(� ���
 �6�
��
�
�� �&��'�
������ ��
 ��� ��������� �
���� �
�������� ��� ��(����
�� ��� ��������-

����� ���
 �&����
���� �� �
�1� ���
����� ���� ���������4 ����� ���� ��� ��������4
��� ���6 �
��� �� (�����
�� 2����� �� ����
3 �1� �&�6�
��
� �� ��6���� �&��'�
������
��
������ ��
 �&��������� ��� ������������-

$�� �
�1�� ��
�����6 �� �����
���
� ��� ���� ����� ������� ��
 ����
���� 2���

#�
��� ��34 ���� �������������� ���
 ����
��
 ��� �
�1�� ��
�����6 �&��������� ���
��������� �
���� �� �&�������%
� �� )����- 8��� ���� ����
������ ��� , �2724 �2744
�2764 �73�274 �3784 �4724 �6764 7�84 7�38 �� �92- B��� ����� ��
���4 ����
������ ��������
 ��� ����
����� ��� �
�1�� �&��������� �� ��� ��������� , /5◦+4 ./◦+4
/5◦84 �G◦8- B��� �� �
����
 �����4 ���� ���
�
��� �&��(�
����� �&����
����4 �� ���%��
�����
��������� �� ��� ����
������� ���������- #���4 ���� ��������
��� ��� ����
����� ���
��;�
���� �
�1�� �� ��� �����
��� ��6 ��;�
����� ���������- <�1�4 ���� ���
��
��� ���
����
����� ��� �
�1�� ��
�����6 �&������� ��� ��
�����-

B��� �� #�
��� �� +������ 5-.4 ���� ����� ���
�� �������4 , ��
��
 �� �� ��������
�� �&�������� �� �
���'�
� �� 
�
�������� ��������� ��6 (�����
��� ����
 �� �����4 ��

�/
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����� �������� �� �����
� �� �&��'�
������ ��
 �� �
�1� ��
����� �� �����
���
�- $�� <�-
5-. �� 5-� ���� �(������� �������� ���
 �����
� �&��������� ��� ������������4 ���� ���

��������� ���-

#��
 ��� ����
������ �� ����
4 ���� ����� �

Iν(μ, 0) = Bν(T, τ1)e
−τ1/μ +

∞∫
0

Bν(T (z))WF (z, ν)dz 2�-.3

���� WF (z, μ) = − d
dz

e−τ/μ = −dTrν

dz
�T Trν ��� �� �
���������� , �� '
������� ν-

Tr = exp(− ∫ s

0
kqn ds) �T n ��� �� ������� ��������
���� ������4 q �&��������� ��

�����������4 s �� �������� �� ���( �� �� ��(�� �� ����� �� k �� ���U����� �&����
�����-
#��
 ��� ����
������ �� �����4 ���� ����� �

Iν = −
ln(ptang)∫
−∞

Bν(T )WF (lnp, ν)dlnp = −
ln(ptan)∫
−∞

Bν(T )
∂

∂lnp

[
Tr − Tr2(ptang)

Tr

]
dlnp

2�-�3
�T ptang ��� �� �
������ �� ����� ���(���- <� ��'
�
��(� ���
����� ��
�� �� ��������4
Bν(T ) ������ '�
������ �� �� �����
���
�- $� �
���������� Trν ������ �
������������
�� �� �������� �&����
���� �� ���( �� �� ��(�� �� ����� �� '��������� �� �� �����
���
�-

8��� ����������� ���������� �� ����
������� ��
������ �� �� �����
���
� 2�� ����
Bν(T )34 �� , ��
��
 ��� �����
�� ����
���4 �� ��� ���� �������� �� 
������
 , �&���������
��� ������������ 2������� ���� �� ��
�� �� �
���������� Tr34 , ��
��
 ��� ����
�� ��
Iν -

6�� ���
������ #$��)��	�
� #�	 ��
7�	 #$��
�#����

#��
 �����
� ��� �
�1�� �&��������� ���� ��������� �� ��(�
����� �&����
���� ����
��
 �� ������� �&����
���� ������
� ����
�����- �����!��4 ��
�� ��
 �
��� ��H�
� ��
'�
�
�� ��4 ���� �� ������� �&����
���� ���
��� ��
 ���
��� �� ��- 2.GG>3 �� �(������ ��
��- 2.GGG3 �� ��� ���� ��
 ��� �?��� �
������� ��� ���6 �� �&����
���� �� �� �����
���
�4
�T ���� �� ���4 �� �����
���
� ��� 
�������� ��
 �� ��(�
����� �� �&���������-

$&�������� 5 �� �� #�
��� �� ������� �

ΔIi =

N∑
j=1

∂Ii

∂lnqj
Δlnqj 2�-�3

�T i 
��
������ �&������ ��
 ��� '
�������� �� j ����� ��
 ��� ������6 ��������
�����- $��
��(�
������ �&����
���� ��� ���������� ��������� (���
������� �� ��2qj34 ����M� ��� qj

���
 �����
 �� �����
(�
 �������������� ��
� ��� �����
� ��(������ �� ��
�� ��� �&����!
����� ���� ��
��
 �� �������
� �
�
�� �� (
�����
 �� ���( �&�� �?�� �
�1� ��
�����-

$� ���
��� ��� 0�
���� �
��� ���
� �� '�
��

Kij =
∂Ii

∂lnqj
2�-53

�=
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���� ��
�6���
�� ��� ���<
� ����������� ,,

��
ΔI = KΔlnq 2�-/3

#��
 ����
��
 �&��������� �&��� ��������4 ���� �����

lnq1 = lnq0 + αSKTC−1ΔI 2�-=3

�T q0 ��� �&��������� �� ���
�� �� q1 ��� �&��������� �� ��
��� �� �� �
���%
� ���
�����-
#������
� ���
������ ���� ��������
�� ���� �� ���
��4 �� �
�1� �&��������� ������ ��
��
��� �� �&���
����� �
��������4 ���
 ����
�
 ��� ����� �����
(���� �� �� ��������- S ���
��1��� �6�������� �� �� �?�� ����%
� ��� ���� �� ��
��� �� � Sij = exp[−(zi−zj)

2/2L2]
��� �� ���
��� �� ��

������� ���� �� ��
��%�
� L4 �6�
��� �� �������� �� ������
4 ���
����
M�� �� �����(� ��
����� �� �
�1� ����
��- ����� ���
��� (��������� ��
��� �� 1��
�

�� �������� ��2�j3 ��
����������4 �-�- �&��������� ����
��� ���� ������ ������ j ���
��

���� ���� ��� ���������� ��� ���
�� ������� ��
 ��� �������� ��� ���� L �������� ��
������
-

$� ���
��� C � �� �?�� '�
�� ��� ����� �� �&����
���� �� �� �����
���
�4 �� ���
������ ��!�������-

$&��(�
����� ���� �
���
� �� ������ ������������� �������
� �����
�� �� ����� ��
�� �����
� �� ����
- �� ���� ����
��
 ������������� ��� �
�1�� ��
�����6 �� � ����
�����-
<� ������ a4 b �� c4 ��� ����
�����4 ��2�3 �� �&����
���� a ��� ����� ��
 �&�������� 2����
��� ��������� �������
�� ��� �&���������� ���
 ��� ����
����� b �� c3 �

lnqn+1 = lnqn + αSaK
T
a C−1ΔI 2�-�3

�T �&������ n ≥ 0 '��� 
�'�
���� �� ����
� �� �&���
�����4 ���� q0 �� �
�1� �������4 q14 ��
�
�1� �� ��
��� �� �&���
����� .4 ���- $� ���
��� C ��� �� �?�� ���
 ��� �
��� ����
�����
�� ���� �

C = αKaSaK
T
a + βKbSbK

T
b + γKcScK

T
c + E 2�->3

$�� ��
��%�
�� α4 β4 γ ���� ��� ������
�� ��� ����
M���� �&���
� ���
� ��� �
�1�� �&����!
����� ����
��� �� ���
� �
�1�� �������6 
�������'�- #��� ��� ������
�� ���� ������ �� �����
��� �
�1�� ����
��� ��� �� ����������� �� �&����(��
 �� ���
 �
�1�� �������6-

����� ���
 �&����
���� �� �
�1� ���
�����4 �� '��� �;�����
 �������
� ���
������
����� ��� ��� �
�1�� ��
�����6 ��� ����
����� ����� �����
(�4 �
��� , ����
� ���
������
��U���� (���
�������- $� �
�1� ��
����� �&��������� ��� ���������� ������ ��
 �&�6!
������������ �� lnqN �T N ��� �� ����
� ����� �&���
������-

B��� �� �
������4 �&�� ��� ����
����� ��� ������
� �� �
��� �&��
�����4 ����
����
���� �&��(�
����� ��
 ��� ������ �����
��6 ���� �� ��������� ���
� ��� ������ ��

���� ���������
��- �� ��� ���
� ����
���� �� ������
 ��� (����� �����
���� 
�����������
��
����� �1� �� �� ��� ����
 ��� ��������� �� ���� �� ���6 ��������� ���� �� �?��
(���� �����
���-
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 ��
 ��� �
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 �� �
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 �� ������
��� ��

�� �&�

��
 ��
 ��� �
�1�� ���
������4 ���� ���� ������ �����
�� �� ���
���
�� ��- 2.GG>3 �� �&�

��
 ��
 �� ��(�
����� �� �&��������� �� �&����
���� a ���� �

σlnqa(j) =

√∑
i

(Raij
)2Eii 2�-G3
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���� Raij
= SaK

T
a C−1 �T �� ���
��� C ��� ��1��� ��
 �&�������� �->- $�� ��������� ����

�������
�� ���
 ��� ����
����� b �� c-

6�� &
#(�� ���
	�������� �� 	�����
	�
�����

#��
 ��� �� ���� ������ �������
 ��� �����
�� �����
����� ��6 �����
�� ����
���4
�� '��� ��&�� ������ ������ ��� ��
��%�
�� ��
������ �� �&�������%
� �� )���� �� ���

���� �����
���� ��� ��������� ����
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Abstract

Limb spectra recorded by the Composite InfraRed Spectrometer (CIRS) on Cassini provide information on abundance vertical profiles of C2H2,
C2H4, C2H6, CH3C2H, C3H8, C4H2, C6H6 and HCN, along with the temperature profiles in Titan’s atmosphere. We analyzed two sets of spectra,
one at 15◦ S (Tb flyby) and the other one at 80◦ N (T3 flyby). The spectral range 600–1400 cm−1, recorded at a resolution of 0.5 cm−1, was used
to determine molecular abundances and temperatures in the stratosphere in the altitude range 100–460 km for Tb and 170–495 km for T3. Both
temperature profiles show a well defined stratopause, at around 310 km (0.07 mbar) and 183 K at 13◦ S, and 380 km (0.01 mbar) with 207 K at
80◦ N. Near the north pole, stratospheric temperatures are colder and mesospheric temperatures are warmer than near the equator. C2H2, C2H6,
C3H8 and HCN display vertical mixing ratio profiles that increase with height at 15◦ S and 80◦ N, consistent with their formation in the upper
atmosphere, diffusion downwards and condensation in the lower stratosphere, as expected from photochemical models. The CH3C2H and C4H2
mixing ratios also increase with height at 15◦ S. But near the north pole, their profiles present an unexpected minimum around 300 km, observed
for the first time thanks to the high vertical resolution of the CIRS limb data. C2H4 is the only molecule having a vertical abundance profile that
decreases with height at 15◦ S. At 80◦ N, it also displays a minimum of its mixing ratio around the 0.1-mbar level. For C6H6, an upper limit
of 1.1 ppb (in the 0.3–10 mbar range) is derived at 15◦ S, whereas a constant mixing ratio profile of 3+3

−1.5 ppb is inferred near the north pole.
At 15◦ S, the vertical profile of HCN exhibits a steeper gradient than other molecules, which suggests that a sink for this molecule exists in the
stratosphere, possibly due to haze formation. All molecules display a more or less pronounced enrichment towards the north pole, probably due,
in part, to subsidence of air at the north (winter) pole that brings air enriched in photochemical compounds from the upper atmosphere to lower
levels.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Titan; Abundances, atmosphere; Infrared observations

1. Introduction

Titan’s atmosphere shows a complex photochemistry initi-
ated by the dissociation of its two most abundant components,
nitrogen and methane. This chemistry leads to the formation

* Corresponding author. Fax: +33 1 45 07 79 59.
E-mail address: sandrine.vinatier@obspm.fr (S. Vinatier).

of hydrocarbons and nitriles and produces a thick haze respon-
sible for the orange color of the satellite. Many organic com-
pounds were detected for the first time by the Voyager 1 infrared
spectrometer IRIS (Hanel et al., 1981) in the infrared region
200–1500 cm−1. Latitudinal temperature variations were found
(Flasar et al., 1981) and most molecular abundances presented
a strong enrichment at high northern latitudes (Coustenis and
Bézard, 1995). Vertical distributions of temperature and profiles

0019-1035/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.icarus.2006.10.031

.=�



&*.

Temperature and abundance vertical profiles in Titan 121

of hydrocarbons and nitriles (C2H2, C4H2, C2H6, CH3C2H,
HCN, HC3N and C2N2) could only be inferred near the north
pole from a particular set of Voyager 1 data that included limb
spectra covering the altitude range 100–300 km, albeit with a
low vertical resolution (∼200 km) (Coustenis et al., 1991). De-
spite the large error bars due to the low signal-to-noise ratio,
most profiles displayed an increase with height, in agreement
with photochemical models that predict that compounds are
formed in the upper atmosphere, and are transported to lower
levels by eddy diffusion and dynamical effects (e.g., a circu-
lation cell). Heterodyne ground-based observations in the mil-
limeter range nicely complement the infrared data and permit
the retrieval of disk-averaged vertical profiles of CO, HCN,
HC3N and CH3CN (Hidayat et al., 1997; Marten et al., 2002;
Gurwell, 2004). Two seasons after Voyager, in 1997, the Short
Wavelength Spectrometer (SWS) of the Infrared Space Obser-
vatory (ISO) recorded spectra of Titan in the range 7–30 μm,
which provided disk-averaged abundances and allowed for
the first detection of water vapor and tentatively of benzene
(Coustenis et al., 1998, 2003).

Currently, the Composite InfraRed Spectrometer (CIRS)
on the Cassini spacecraft records spectra between 7 μm and
1 mm at a resolution up to 0.5 cm−1. Cassini will fly over
Titan 44 times during the nominal mission, and CIRS will per-
form about 18 dedicated limb geometry observations of its at-
mosphere at high spectral resolution. The main advantage of
this geometry is that, in the optically thin limit, the emission
originates mostly from the region around the tangent height
along the line of sight. Vertical profiles can then be retrieved
from limb-viewing observations at different altitudes. The an-
gular resolution available with the CIRS limb sequences is
much better than with Voyager and allows the retrieval of pro-
files with a good vertical resolution, typically a scale height.
The second advantage is the increase of the path length com-
pared to nadir observations, which improves the detectability
of trace species. CIRS also provides high spatial resolution
nadir observations that cover all of Titan’s disk to study lat-
itudinal and longitudinal variations of temperature (Flasar et
al., 2005) and of molecular abundances (Flasar et al., 2005;
Teanby et al., 2006; Coustenis et al., 2006).

One-dimensional models (Yung et al., 1984; Toublanc et al.,
1995; Lara et al., 1996; Wilson and Atreya, 2004) have been
developed to investigate the photochemistry of Titan. Up to
now, these models have been mostly constrained by Voyager-
derived abundances (relating to the lower stratosphere) and
disk-averaged vertical profiles of nitriles derived from ground-
based millimetric observations. Being produced in the upper
atmosphere and transported downwards to their condensation
sink, the hydrocarbons and nitrile mixing ratios are predicted to
increase with height in the stratosphere and mesosphere. Their
vertical profiles depend on the various chemical sources and
sinks but also critically on the vertical transport parametrized
as an eddy diffusion coefficient. Recent General Circulation
Models that couple photochemistry and transport of chemical
compounds (Lebonnois et al., 2001; Hourdin et al., 2004) are
able to reproduce the enrichment observed in many species at
high northern latitudes. These studies show that both the latitu-

dinal and vertical gradient of the chemical species also strongly
depend on the atmospheric dynamics. Determination of the ver-
tical abundance profiles by CIRS is thus expected to provide
valuable information not only on the chemical processes but
also on the stratospheric circulation.

In this paper, we focus on the first two long-integration limb
observations recorded by CIRS during the Tb flyby on 13 De-
cember 2004 and during the T3 flyby on 15 February 2005.
Details of these observations are given in Section 2. The re-
trieval algorithm and the radiative transfer model are presented
in Section 3. The temperature retrievals from the Tb and T3
data are described in Section 4. Section 5 presents the technique
used to retrieve the abundance profiles and the results obtained
for all the hydrocarbons and for HCN. Finally, in Section 6,
our results are compared with previous work and photochemi-
cal models.

2. Observations

CIRS is a Fourier transform spectrometer that incorporates
3 focal planes, which cover all together the range 7 μm–1 mm.
Focal plane 1 (FP1), with a 3.9-mrad circular field of view
(2.5 mrad at FWHM), records spectra in the far-infrared be-
tween 10 and 600 cm−1 (17–1000 μm). Two other focal planes
cover the mid-infrared region: the 600–1100 cm−1 spectral
range (9–17 μm) with Focal Plane 3 (FP3) and the 1100–
1400 cm−1 range (7–9 μm) with Focal Plane 4 (FP4). The
two latter focal planes consist of two parallel linear arrays each
composed of ten detectors, with a field of view of 0.273 mrad
per detector. This configuration is particularly suitable for limb
observations, as the arrays are positioned along a Titan radius,
so that each detector has a line of sight probing a particular
level (at the tangent height) in Titan’s atmosphere. Levels in the
lower stratosphere, optically thick in a limb-viewing geometry,
can be sounded by nadir observations. More details about CIRS
are given in Kunde et al. (1996) and Flasar et al. (2004).

2.1. Tb selection (15◦ S)

The Tb flyby occurred on 13 December 2004. During this
flyby, FP3 and FP4 recorded limb spectra with a spectral res-
olution of 0.5 cm−1 at a latitude of 15◦ S. The mean vertical
resolution of the observations, limited by the pixel angular size,
is about 33 km. Although lines of sight range from 205 to
980 km, we have decided for our inversions, to keep only the
spectra below 500 km, because at higher levels non-LTE effects
can appear (Coustenis et al., 1989) and the signal becomes too
weak. For both FP3 and FP4, the tangent altitudes are distrib-
uted non-uniformly with height: they are grouped, as expected,
around the targeted altitudes of sight (each group of averaged
spectra is recorded by the same detector) with a separation of
∼35 km between each set of spectra. We therefore averaged the
individual spectra (∼27) recorded by each detector. We used
eight selections of FP3 spectra at mean nominal altitudes of
212, 248, 284, 320, 355, 391, 427 and 463 km. Similarly for
FP4, the altitudes of the averaged spectra are 205, 240, 276,
312, 348, 384, 420 and 456 km.
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Table 1
Characteristics of the averaged spectra used for the inversions of Tb and T3 data

Lat. Long. Spectral resolution Emission angle Altitude (km) Number of averaged spectra

Tb selection (averaged limb spectra)
FP3 15◦ S 260◦ E 0.5 cm−1 – 212, 248, 284, 320, 355, 391, 427, 463 26, 27, 26, 27, 26, 27, 26, 27
FP4 13◦ S 260◦ E 0.5 cm−1 – 205, 240, 276, 312, 348, 384, 420, 456 26, 27, 26, 27, 26, 27, 26, 27

Tb selection (averaged nadir spectra)
FP1 13◦ S 139◦E 15.5 cm−1 22◦ – 43
FP3 12◦ S 13◦E 0.5 cm−1 37◦ – 80
FP4 9◦ S 29◦E 0.5 cm−1 36◦ – 80

T3 selection (averaged limb spectra)
FP3 79◦ N 81◦E 0.5 cm−1 – 172, 205, 254, 310, 365, 421, 462, 501 30, 30, 44, 40, 45, 37, 49, 69
FP4 82 ◦ N 88◦E 0.5 cm−1 – 172, 205, 255, 310, 365, 420, 462, 501 28, 29, 42, 40, 43, 36, 49, 68

FP3 and FP4 selections of nadir spectra at latitudes between
8◦ and 20◦ S, recorded on 13 December 2004 were also used,
with emission angles between 30 and 40◦. The averaged FP3
nadir spectrum, composed of 80 spectra, has a mean latitude of
12◦ S and a mean emission angle of 37◦. The averaged nadir
FP4 spectrum is also composed of 80 spectra and has a mean
latitude of 9◦ S with a mean emission angle of 36◦.

We also used FP1 nadir spectra in order to retrieve infor-
mation on the temperature around the tropopause (∼100 mbar,
∼48 km). The averaged FP1 nadir spectrum is composed of 43
spectra at a spectral resolution of 15.5 cm−1, a mean latitude of
13◦ S and a mean emission angle of 22◦. Table 1 summarizes
the characteristics of the selected Tb observations.

2.2. T3 selection (80◦ N)

The T3 flyby, on 15 February 2005, was the second flyby in
which limb spectra at the highest spectral resolution (0.5 cm−1)
were recorded. In contrast to the Tb observations, the latitudes
probed here are situated near the north pole, at 80◦ N.

About 44 spectra were acquired per detector, which yields
an improved signal-to-noise ratio compared to the Tb ones.
The vertical resolution of the observations was approximately
50 km. Despite lines of sight that span the range 90 to 1187 km,
in this work we will only focus on spectra corresponding to
altitudes between 130 and 500 km. Below the 130-km level,
emission bands are optically thick and give redundant informa-
tion; at levels higher than 500 km, the signal is still detectable
but some non-LTE effects may appear especially in the ν4 band
of methane.

T3 limb spectra are distributed roughly homogeneously in
height, so that we averaged spectra in adjacent 40-km bins,
which yields between 30 and 69 spectra per bin (Table 1).
Spectra that were particularly noisy or presented an abnormal
variation of their continuum were removed from our selections.
The nominal altitudes of the averages of FP3 and FP4 spectra
are almost the same and equal to 172, 205, 254, 310, 365, 421,
462 and 501 km.

We did not use nadir observations in our analysis of T3 data
because no nadir spectra were acquired at latitudes higher than
75◦ N. This is quite close to 80◦ N, but at these very high lat-
itudes, the meridional variation of temperature (and probably

abundance) seems to be significant in a 5◦ range (Flasar et al.,
2005). Moreover, with the orbits of the spacecraft that still are
very close to Titan’s orbiting plane, emission angles near the
north pole are very high, so that such observations do not ef-
fectively probe levels below those probed by the limb viewing
geometry. The characteristics of the T3 averaged spectra are
summarized in Table 1.

3. Retrieval algorithm and radiative transfer model

As emission intensities of molecular bands depend on both
temperature and abundance, the temperature profile must be
known as a first step before retrieving any information on abun-
dances. Temperature is deduced from the emission of the ν4
methane (CH4) band centered at 1305 cm−1 (7.7 μm) in the
FP4 range. A stratospheric abundance of 1.6% was used in our
model, as inferred from CIRS data (Flasar et al., 2005). This
abundance was assumed to be constant over the disk in the
whole stratosphere.

We retrieved the temperature profile from limb and nadir
spectra by using a constrained linear inversion method de-
scribed in Conrath et al. (1998). The algorithm minimizes the
quadratic difference (χ2) between measured and calculated
spectra over a specified spectral range with the additional con-
straint that the solution profile lies close to the reference one.
Starting from an initial guess profile T0, an approximate solu-
tion T1 is derived from the equation:

(1)Tn = Tn−1 + αSKT C−1�I,

with n = 1, where �I is the difference vector between observed
and calculated intensities, K is the kernel matrix with Kij equal
to the derivative of the ith intensity with respect to the tem-
perature at grid level j , S is a normalized two-point Gaussian
correlation matrix (with a correlation length L in scale heights)
that provides a vertical filtering of the solution. Matrix C is
equal to:

(2)C = αKSKT + E,

where E is a diagonal matrix with Eii equal to the square of the
noise equivalent spectral radiance (NESR) at the ith spectral
point and α is a scalar parameter that controls the emphasis
placed on the proximity of the solution T1 and the reference
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profile T0 (lower α values correspond to stronger filtering of
the solution). We set this parameter so that the traces of the two
matrices summed in Eq. (2) are similar.

The non-linearity of the problem requires an iterative process
in which Tn+1 is obtained from Eq. (1) after updating the ref-
erence profile to Tn and recalculating the kernel matrix for
profile Tn. We used 3 iterations, a number we found sufficient to
ensure convergence, as the χ2 no longer significantly decreases
afterwards.

The spectral interval used in the ν4 methane band is 1215–
1309 cm−1, which covers the Q- and P -branches. In addition,
to constrain temperatures around the tropopause, the spectral
range 40–110 cm−1, recorded by FP1, was used in the analysis
of the Tb flyby (see below).

Mixing ratio profiles were derived from limb and nadir spec-
tra by using the same inversion method as described above
but by replacing the temperature by the logarithm of the mole
fraction of the absorber. Presently, the algorithm can retrieve
vertical profiles of up to 3 different absorbers (a, b and c)
from a given spectral region. As for temperature, the log(q) of
absorber a (similar formulas apply for absorbers b and c) is it-
eratively obtained from:

(3)log(qn+1) = log(qn) + αSaK
T
a C−1�I

with

(4)C = αKaSaK
T
a + βKbSbK

T
b + γKcScK

T
c + E.

The inversion kernels then represent the derivative of the ith
intensity with respect to the logarithm of the mole fraction at
grid level j .

Synthetic spectra and inversion kernels are computed from
a line-by-line radiative transfer program. The atmospheric grid
consists of 70 levels equally spaced in log(p) between 1457
and 0.9 × 10−3 mbar. Collision-induced opacity from N2–N2,
N2–CH4, N2–H2 and CH4–CH4 was included in the model. Ab-
sorption coefficients were calculated from subroutines provided
by A. Borysow (http://www.astro.ku.dk/~aborysow/programs/)
and based on the works of Borysow and Frommhold (1986b,
1986a, 1987) and Borysow and Tang (1993). We considered
molecular opacities from CH4, CH3D, C2H6, C2H2, C2H4,
C3H8, CH3C2H, C4H2, C6H6, HCN, H3CN and CO2 lines.
Spectroscopic parameters were extracted from the Geisa 2003
database (Jacquinet-Husson et al., 2005) with the exception of
HCN, C4H2, CH3C2H and C6H6.

For HCN, we used the more complete linelist in HITRAN
2004 (Rothman et al., 2005), which includes the H13CN and
HC15N isotopes and updated line intensities (typically 15%
higher than in Geisa). We multiplied the Lorenz broadening co-
efficients by 1.106 that is the ratio of the N2- to air-broadening
halfwidths in the ν1 band (Rinsland et al., 2003) and used the
temperature exponent in this paper. The CH3C2H line parame-
ters were provided by G. Graner (personal communication),
based on constants of Pekkala et al. (1991) for the frequency
calculations and Blanquet et al. (1992) for intensities of indi-
vidual lines. We generated a linelist for the ν8 fundamental and
ν8+ν9−ν9 hot band of C4H2 using molecular constants of Arié
and Johns (1992) and band intensities of Koops et al. (1984).

For these two molecules, we assumed a Lorentz halfwidth of
0.1 cm−1 atm−1 at 296 K that varies as T−0.75. For C6H6,
we used a linelist provided by M. Dang-Nhu (private com-
munication) and generated from the molecular constants and
band strength compiled in Dang-Nhu and Plíva (1989). The
Lorentz halfwidths were taken as 0.13–0.0005 × J , based on
N2-broadened measurements in the ν14 band for J = 17 and the
J -dependence of self-broadened values (Waschull et al., 1998).
We included haze opacity assuming solely absorption and no
scattering, and with a gray spectral variation in each spectral
range considered for the retrievals.

4. Temperature retrieval

In the ν4 band of methane, a continuum emission from the
stratospheric haze is visible between the CH4 multiplets, es-
pecially in limb spectra. Based on the DISR/Huygens results
(Tomasko et al., 2005), the haze optical depth is assumed to de-
crease slowly with height, and vary as p0.1, up to the 1-mbar
level. Above this level, the haze opacity decreases with alti-
tude with the pressure scale height. The integrated haze opacity
(down to the surface) was adjusted in order to fit the emission
between the CH4 multiplets in the low frequency wing of the
P -branch. We derived τ ∼ 0.0075 at the 1-mbar level for both
selections. A correlation length (as defined in Section 3) of 1
scale height was applied for the retrieval of the temperature pro-
files at both latitudes.

4.1. Tb temperature profile

The Tb profile was derived from both nadir and limb spec-
tra. First, we retrieved temperatures near the tropopause using
an averaged FP1 nadir spectrum between 40 and 110 cm−1

(at a resolution of 15.5 cm−1), and assuming that the contin-
uum opacity originates from collision-induced absorption only
(no haze opacity included in this spectral range). Levels probed
here cover pressures between 74 mbar (52 km) and 170 mbar
(39 km). Then, we used this inverted vertical temperature pro-
file as a first guess to retrieve the temperature profile in the
stratosphere with nadir and limb FP4 spectra. The whole spec-
tral range 1215–1309 cm−1 was used at a sampling of 0.5 cm−1.

Fig. 1 shows some examples of fits of the ν4 methane band
for the nadir and 3 limb spectra at 235, 270 and 306 km (these
altitudes differ from the nominal ones given in Table 1 because
they take into account an altitude correction, see below).

An important point to take into account for inversions of
limb spectra is the pointing error of CIRS, which can be up
to 2 mrad (Flasar et al., 2004). This pointing error implies a
shift in altitude of the limb spectra compared to the nominal
altitude given in the database and it must be first determined
before analyzing the data. Note that, even if the pointing error
is null, a “correction” in height allows us to correct for errors
in the pressure grid that result from assumptions in the tem-
perature profile at levels deeper than the height range of our
retrieval. As a consequence, different temperature profiles that
model the same observation and that fit correctly the observed
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Fig. 1. Fits of the ν4 CH4 band observed at 13◦ S (Tb flyby) between 1275 and
1315 cm−1 for the averaged nadir spectrum (upper panel), and 3 limb spectra at
235, 270 and 306 km (altitudes taken account the altitude correction). Observed
spectra are in dot-dashed line and calculated spectra in solid line. The retrieved
temperature profile corresponds to the best fit (in a least square sense) of the
whole set of limb and nadir spectra.

spectra can yield or not a correction in height compared to the
tangent height given in the data.

The altitudes given in the database did not yield satisfac-
tory fits of the limb spectra. The set of limb spectra actually
allows us to estimate this correction in height, as the relative
intensity of the Q- and P - (or R-) branches and the shape of
the Q-branch itself are very sensitive to the altitude. We ran
the inversion procedure with different shifts in height (the same
for each average spectrum, the pointing error being the same
for all detectors as their relative positions are fixed) and re-
tained the value that minimizes the residuals of the fits. We
obtained an altitude shift of about +30 km with an uncertainty
of ±7 km (this correction is taken into account in Fig. 1). This
shift was also applied to the FP3 spectra used to retrieve abun-
dance profiles, as they were recorded simultaneously with the
FP4 spectra. Fig. 2 shows the comparison between the ν4 CH4

band spectra calculated with shifts of 30 km (solid line), 15 km
(dashed line), and 45 km (dotted line) using the temperature
profile shown in Fig. 4 to illustrate the sensitivity to this shift in
height.

Fig. 3 shows the inversion kernels for the Tb spectral set
(left), calculated at 1305 cm−1 (Q-branch) and at 1253 cm−1

(a multiplet in the P -branch). The peak in the kernel func-
tion indicates the level of maximum temperature information.
At 1305 cm−1, the nadir FP4 average probes pressure levels
between 0.8 and 0.024 mbar (195 and 251 km) at half maxi-
mum of the kernels. At 1253 cm−1, where the line opacity is

Fig. 2. Spectra of the ν4 band of CH4 calculated at three tangent altitudes (235,
270 and 306 km) with different altitude shifts. In each case, the temperature
profile corresponds to the best fit (in a least square sense) of the whole set of
limb and nadir spectra recorded at 13◦ S. Spectra calculated with a shift of
30 km (solid lines) provide the best fit of the observed spectra (Fig. 1). Shifts of
45 km (dotted lines) and 15 km (dashed lines) disagree with the observations.

smaller, it probes at deeper levels, in the 3.4–0.2 mbar region
(134–260 km) with a maximum at 0.7 mbar (202 km). Limb
spectra probe pressures between 0.3 and 0.002 mbar (241 and
490 km), taking into account the shift in altitude.

4.2. T3 temperature profile

The T3 profile was retrieved only from limb spectra. We
used the same procedure as for Tb to determine the best alti-
tude shift to fit the data and inferred a value of about −5 km
compared to nominal altitudes in the CIRS database. The er-
ror on this shift is approximately ±7 km. Limb spectra probe
pressure levels between 0.9 mbar (170 km) and 0.002 mbar
(495 km). Below 170 km, emission features are optically thick
even in the P - and R-branches. As a result, for lines of sight
at deeper levels, the region of maximum information (and max-
imum contribution to the emission) is not located around the
tangent point, but closer to the spacecraft along the ray path
and thus at a higher altitude. Since Cassini orbits are presently
nearly in Titan’s orbital plane, such limb observations acquired
near 80◦ N actually probe lower latitudes (down to 65◦ N, see
below).

For targeted latitudes close to the equator (as is the case
for Tb), the probed latitude does not vary significantly even
for optically thick lines of sight, whereas the longitude does.
Temperature and abundance present small longitudinal varia-
tions (Flasar et al., 2005; Teanby et al., 2006) but large latitudi-
nal variations, especially towards high latitudes. Therefore, the
abundances or temperatures deduced from optically thick emis-
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Fig. 3. Kernels calculated at 1305 cm−1 (solid line) and 1253 cm−1 (dashed line) at 13◦ S (Tb, left) and 80◦ N (T3, right). The altitudes corresponding to the peaks
of the kernels at 1305 cm−1 are indicated.

sion bands at high latitudes must be interpreted carefully as they
do not originate from the nominal latitude of the pointing (but
from lower latitudes).

Moreover, it is worth noting that even for relatively transpar-
ent spectral intervals, it is possible in principle for the maximum
emission to originate from locations along the ray path other
than the tangent point. The contribution from a given point is
essentially proportional to the Planck radiance and the gradi-
ent of the transmittance along the ray path. Since the Planck
radiance in this spectral region is a very strong function of the
temperature, strong temperature gradients along the ray path
can potentially influence the location of maximum emission.
Then, for observations near the north pole that have ray paths
that cross several latitudes, the optically thin spectral intervals
may actually probe latitudes somewhat different than expected
by the geometry of observation. It is not possible to evaluate
this effect as we do not know the temperature gradients along
the ray path.

Fig. 3 shows the kernels of the T3 inverted temperature pro-
file at 1305 cm−1 (Q-branch) and 1253 cm−1 (P -branch). Note
that the two deepest kernels at 1305 cm−1 are optically thick,
whereas the kernels calculated at 1253 cm−1 for the same selec-
tions present optically thin contributions. We therefore decided
to keep these two spectra in the retrieval process, while being
aware that part of the information given by the two deepest
points of the T3 vertical profile (see Fig. 4) originates from lat-
itudes less than 80◦ N (down to 65◦ N as calculated from the
geometry of the ray path).

4.3. Results

The Tb and T3 retrieved temperature profiles are shown
in Fig. 4 (Tb profile: solid line; T3 profile: dot-dashed line).
Areas without information are indicated as dotted lines. Error
bars are given at pressures that correspond to the kernel max-
ima at 1305 cm−1. These error bars are the quadratic sum of

Fig. 4. Retrieved thermal profiles at 13◦ S (Tb, solid line) and 80◦ N (T3, dashed
line). Dotted parts of the profiles represent areas without information, and tem-
perature profiles are then set equal to the input guess profile. The altitude scale
refers to the Tb profile.

an error due to the noise and an error due to the shift uncer-
tainty (±7 km). Error bars due to noise are calculated from the
correlation matrices in the inversion algorithm, based on the
NESR (noise equivalent spectral radiance) of the spectra esti-
mated from deep space spectra. However, the rms of the resid-
uals of the fits are always significantly larger than the NESRs,
which means that either the actual NESR in the Titan spectra is
higher than expected or that model uncertainties are larger than
the noise level. In any case, we conservatively considered the
residuals as a better indicator of the uncertainty level and mul-
tiplied the temperature uncertainty generated by the retrieval
algorithm by the ratio rms/NESR. We also evaluated errors on
the retrieved temperature profiles caused by the uncertainty of
7 km on the shift value. Two inversions with a shift differing by
±7 km from the nominal one were done, and the retrieved tem-
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perature profiles then yielded the uncertainties due to the shift
error.

We did not account for the uncertainty on the methane abun-
dance (1.6 ± 0.5 × 10−2; Flasar et al., 2005) used in the tem-
perature retrieval. Instead we ran a test to evaluate its effect
on the derived temperature and abundance profiles. We used
the stratospheric value measured by the GCMS aboard Huy-
gens (1.41 ± 0.07 × 10−2; Niemann et al., 2005) to retrieve a
temperature profile at 13◦ S. After having adjusted the altitude
correction (lower by about 5 km compared to that correspond-
ing to a mole fraction of 1.6%), we obtained a profile that is
warmer than the nominal one at all altitudes by less than 1 K.
The retrieved abundance profiles are then systematically lower,
with a difference of at most 15%. The effect is thus relatively
small, generally within the error bars from the other sources,
and systematic rather than random.

Each of the two temperature profiles presents a well defined
stratopause. For Tb, near the equator, it is situated at 0.07 mbar
(312 km) with a temperature of 183 K. Near the north pole (T3),
it is situated higher at a pressure of 0.01 mbar (383 km) with a
larger temperature of ∼207 K. The stratosphere near the north
pole is colder and the mesosphere is warmer than at 13◦ S.

5. Abundance profiles retrieval

These retrieved temperature profiles were then incorporated
in the atmospheric model in order to derive molecular abun-
dances. We retrieved abundance profiles from specific intervals
in which the emission is dominated by one or two absorbers.
For each spectral range studied, in order to obtain the best fit of
the continuum, mainly due to haze emission, the haze absorp-
tion profile was systematically retrieved simultaneously with
the gas profiles.

One of the input parameters in the algorithm is the corre-
lation length (L) of the solution that provides a smoothing of
the inverted profile (see Section 3). Large values of this pa-
rameter yield smoother, non-oscillating profiles, but the resid-

uals between calculated and observed spectra then tend to be
larger. We first ran the retrieval algorithm with a smoothing of
about one scale height (comparable with the spatial resolution
of the observations), but the inverted abundance profiles always
presented strong oscillations, the reality of which can be ques-
tioned. Increasing of the width of the smoothing function up
to 3 scale heights considerably reduces these oscillations and
does not degrade significantly the fit, as illustrated in Fig. 5.
The intensity profiles in the Q-branches of C2H2 and HCN cal-
culated for L = 1 and L = 3 are indeed very close. The L = 1
profile reduces the discrepancy compared to L = 3 with the ob-
servations by at most half of the 1-σ error bar (defined as the
rms value of the residuals over the whole spectral range used).
The L = 3 profile agrees with all data points within the 2-σ
error level, which we regard as satisfactory given that system-
atic modeling errors may be present (e.g., due to inaccuracies
in the spectroscopic data). Therefore we applied a smoothing
of 3 scale heights to most of the molecules except for methy-
lacetylene and diacetylene for the T3 inversion, as discussed in
Section 5.3.

We estimated error bars for each abundance profile. The
propagation of the noise level in the inverted profile was cal-
culated from the covariance matrix of the solution retrieved
using the NESR as the measurement error. As explained in
Section 4.3, the error due to noise was finally scaled by the
factor rms/NESR. Another error source is the temperature un-
certainty that also affects the retrieved abundance profiles. For
each molecule, we performed inversions using the minimum
and maximum temperature profiles (defined by the temperature
errors, see Fig. 4) in order to quantify this uncertainty.

The last error taken into account arises from the uncertainty
in our determination of the altitude correction (see Section 4.1)
that amounts to about 7 km. Abundance profiles were succes-
sively retrieved shifting the tangent point altitudes by +7 km
and −7 km and using the temperature profiles inverted with the
corresponding viewing altitudes. This uncertainty generates the

Fig. 5. Plot of the spectral intensity profile recorded at 15◦ S (diamonds with error bars) in the C2H2 Q-branch at 729.25 cm−1 (left) and HCN Q-branch at
712.25 cm−1 (right). It is compared with intensity profiles calculated with a smoothing of one scale height (L = 1, dashed line) and L = 3 scale heights (solid line).
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Fig. 6. Comparison between observed spectra (dot-dashed line) and calcu-
lated spectra at 15◦ S, for the nadir and 4 limb spectra at 242, 314, 385 and
457 km (altitudes corrected for the pointing error). The HCN Q-branch is visi-
ble at 713 cm−1, the C2H2 Q-branch at 729 cm−1 and the C3H8 Q-branch at
748 cm−1, overlapping with a C2H2 line.

biggest error on the abundances compared to those due to noise
or temperature effects. As these three error bars are indepen-
dent at a given level, they were added quadratically. Final error
bars are presented on all abundance profiles at levels where the
inversion kernels reach their maxima.

5.1. Acetylene and hydrogen cyanide mixing ratio profiles

Acetylene (C2H2) shows one of the strongest emission fea-
tures of the mid-infrared spectrum at 729 cm−1, where its
ν5 Q-branch is located. Inversions of its vertical distribution
were done using the interval 705–740 cm−1 that includes the
Q-branch and most of the P -branch of C2H2. This range also
includes the HCN ν2 Q-branch at 713 cm−1, which was re-
trieved simultaneously with the C2H2 band (Fig. 6). We did
calculations for isotopic abundances corresponding to 12C/13C
equal to the terrestrial value (Hidayat et al., 1997) and 15N/14N
equal to 4.5 times the terrestrial value (Marten et al., 2002).

Tb inversions of the HCN and C2H2 profiles were performed
combining a nadir averaged spectrum and 7 averaged limb spec-
tra. The inversion kernels give the dependence of the emitted
intensity upon the logarithm of the mixing ratio as a function of
altitude, and thus represent the information content of the spec-
tra. These functions are presented for the Q-branch of C2H2

in Fig. 7 for Tb (left) and T3 (right). At 729.25 cm−1 (C2H2
Q-branch), the nadir spectrum probes levels (given by the full
width of the kernel at half maximum) from 5 mbar (120 km)
to 0.36 mbar (230 km) with a maximum at 2.3 mbar (151 km).
Information at higher levels is provided by the limb spectra be-
tween 0.29 mbar (241 km) and 0.004 mbar (459 km), where
the limb kernel maxima are located. At higher altitudes, the
signal-to-noise ratio is too weak to infer any information on
the abundance. The nadir emission of the HCN Q-branch at
713 cm−1 probes levels between 11 mbar (92 km) and 1.2 mbar
(177 km) with a maximum at 6.3 mbar (113 km). HCN limb
kernels have their maxima at the same levels as those of C2H2
(Fig. 7).

We deduced the T3 inverted vertical profiles of C2H2 and
HCN from 8 limb spectra that probe between 168 and 500 km
(Fig. 7, right panels). No information at lower altitudes is avail-
able, because spectra with lines-of-sight deeper than 168 km
yield optically thick emission bands of C2H2 and HCN. Their
emission then originates from higher altitudes than the tangent
points. As can be seen in Fig. 7, the T3 kernels are all optically
thin except for the deepest level (168 km) that presents two
components. The optically thick one probes around 0.3 mbar
(215 km) and is representative of the emission at a latitude
of ∼69◦ N (because of the observation geometry, see Sec-
tion 4.2). An optically thin contribution, due to the wings of
individual lines in the Q-branch, probes the tangent altitude
(168 km; 0.95 mbar). This optically thin emission then mostly
comes from ∼80◦ N. This deepest spectrum, that partly probed
∼80◦ N, was then included in the dataset used for inversion.

Fig. 6 shows the fit of the C2H2 and HCN features for several
altitudes at 15◦ S. The corresponding retrieved mixing ratio pro-
files are plotted in Fig. 15. It is noteworthy that HCN presents
a steeper gradient than C2H2 at these equatorial latitudes. Near
the north pole, both mixing ratios are enhanced and their verti-
cal profiles show similar gradients.

5.2. Ethane mixing ratio profiles

The ν9 ethane (C2H6) emission band is centered at 822 cm−1

and extends from 790 to 860 cm−1 approximately. Inversions
were done using the 803–840 cm−1 interval.

We retrieved the Tb mixing ratio profile from one nadir aver-
aged spectrum and 6 averaged limb spectra. The nadir spectrum
probes levels between 12 mbar (92 km) and 0.24 mbar (251 km)
with a maximum of its kernel at 3.4 mbar (135 km). Limb spec-
tra probe levels from 0.29 mbar (241 km) up to 0.007 mbar
(427 km).

For T3, the C2H6 abundance profile was retrieved from 8
limb spectra. The kernels for the two deepest spectra, with
tangent point altitudes of 166 and 200 km, show an optically
thin part probing levels very close to the tangent point. But
they also show an optically thick contribution, as their kernels
clearly present a second shallower maximum around 0.1 mbar,
higher than their tangent point altitude (Fig. 7). As explained
above, because of the geometry of the observation, the optically
thick emission comes from a closer distance along the line-of-
sight, and therefore more equatorward latitudes: ∼65◦ N for
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Fig. 7. Upper panels: normalized inversion kernels of C2H2 at 729.25 cm−1 (solid gray line) and HCN at 712.25 cm−1 (dashed line) at 15◦ S (Tb, left) and 80◦ N
(T3, right). Lower panels: normalized inversion kernels of C2H6 at 819.75 cm−1 (solid gray line) and C3H8 at 748 cm−1 (dashed line) at 15◦ S (left) and 80◦ N
(right).

the 166 km spectrum and ∼68◦ N for that at 200 km. Despite
this fact, we used these two spectra to invert the mixing ratio
profile because they contain important information at the lati-
tude of 80◦ N. Fig. 8 presents spectral fits in the region of the
C2H6 band. The retrieved vertical abundance profile is plotted
in Fig. 15 for Tb (left) and for T3 (right). Note that the C2H6

mixing ratios do not show a significant enhancement between
15◦ S and 80◦ N.

5.3. Methylacetylene and diacetylene mixing ratio profiles

The diacetylene (C4H2) ν8 Q-branch is located at 628 cm−1

and the methylacetylene (CH3C2H) ν9 emission band is located
around 633 cm−1. As these emission bands overlap, the mixing
ratio profiles of the two molecules were retrieved simultane-
ously.

For Tb, one nadir and 7 limb averaged spectra were used.
At 628 cm−1, the nadir spectrum probes the 9.6–0.2 mbar pres-
sure range (98–260 km range) with a maximum at 2.3 mbar
(151 km). At 633 cm−1, slightly deeper levels are probed for
an emission maximum at 4.2 mbar (127 km) with information
extending from 14 to 0.6 mbar (86 to 210 km). For both mole-

cules, limb spectra probe the range 0.29–0.004 mbar (241 and
495 km), as shown in Fig. 9.

For the T3 inversion, we used 8 averaged limb spectra prob-
ing between 1 and 0.002 mbar (166 km up to 495 km). The
inversion kernels for all spectra peak at the tangent altitudes, be-
cause the bands are mostly optically thin. Therefore, the mixing
ratio retrieved at all altitudes refer to a latitude range centered at
80◦ N (typically 70–90◦ N). The signal-to-noise ratio of C4H2
is still acceptable above 495 km, but we have chosen not to
consider higher levels because of possible departure from LTE
that could induce some error on the retrieved abundance pro-
file. The signal-to-noise ratio of CH3C2H becomes poor around
450 km. Fits of observed spectra are presented in Fig. 10 and
the corresponding retrieved mixing ratio profiles are shown in
Fig. 15. The T3 C4H2 and CH3C2H profiles present an un-
expected behavior as their mixing ratios decrease with height
up to ∼0.1 mbar and then increase above. This minimum is
necessary to reproduce the observed intensity as a function of
altitude. Fig. 11 gives the intensity profile at 628 cm−1 as a
function of pressure level. It shows that a constant profile (dot-
ted line) without this minimum does not reproduce the C4H2
band intensities. Profiles retrieved with L = 3 or L = 2 are more
effective at fitting the intensity profile, but the discrepancy with
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Fig. 8. Comparison of the observed C2H6 emission band at 80◦ N (dot-dashed
line) with the spectra (solid gray line) calculated at 166, 200, 249, 360 and
457 km (taking into account the altitude correction).

the observed spectra at 314 and 360 km still largely exceeds
the noise level. A profile retrieved with a correlation length of
1.2 scale heights (comparable to the vertical resolution of the
observations, ∼50 km) allows us to reproduce the whole in-
tensity profile within the noise level. It is thus clear that this
marked abundance minimum at 0.1 mbar found for both C4H2
and CH3C2H is real (see discussion in Section 6).

5.4. Propane mixing ratio profiles

In the CIRS spectra, propane (C3H8) appears through its ν21
Q-branch located at 748 cm−1 superposed on top of a C2H2
line. The spectral range 737–763 cm−1 was used to retrieve
the C3H8 mixing ratio profile. It is situated in the R-branch
of C2H2, so that the retrieved profiles of acetylene (shown
in Fig. 15) were used in the atmospheric model to invert the
propane mixing ratio profiles.

For Tb, the nadir spectrum gives relevant information on the
abundance of C3H8 from 14 mbar to 0.6 mbar (86–203 km)
with a maximum of its kernel that occurs at 2.8 mbar (143 km).
The C3H8 Q-branch is visible on 4 limb spectra that probe be-
tween 0.29 (241 km) and 0.07 mbar (312 km). No information
can be obtained at higher levels as the signal-to-noise ratio is
too low.

For T3, we used 4 limb spectra to retrieve the abundance
profile. Emission at 748 cm−1 is essentially optically thin, so

that the contribution to the emission peaks at the altitude of
the observations and the C3H8 abundance pertains to a latitude
region centered at 80◦ N for all altitudes.

Fits of the C3H8 band are shown in Fig. 6 and the corre-
sponding vertical profiles are displayed in Fig. 15. The propane
profile does not appear to vary significantly between the two
latitudes.

5.5. Ethylene mixing ratio profiles

Ethylene (C2H4) has its ν7 Q-branch at 948 cm−1. Inver-
sions of C2H4 abundances were done using the 917–953 cm−1

spectral range. Unfortunately, the signal-to-noise ratio in this
spectral region is quite poor for both Tb and T3 spectra.

The set of spectra used for Tb inversion includes the nadir
spectrum that probes the 1.6–12 mbar range (162–92 km) with a
maximum of contribution to the emission at 5.2 mbar (120 km).
We used one limb spectrum to deduce information on C2H4

abundances around 0.29 mbar (242 km); higher limb spectra
display a too low signal-to-noise ratio. Fits of the C2H4 emis-
sion band are displayed in Fig. 12. As shown in Fig. 15, the re-
trieved vertical profile decreases with altitude between 10 mbar
and 0.1 mbar, a feature unique among all molecules investi-
gated at 15◦ S. Fig. 12 also shows models that have a constant
vertical mixing ratio profile of C2H4 equal to 2.6× 10−7 (solid
gray line). The fits of the nadir spectrum with the constant-
with-height or the decreasing-with-height C2H4 profile have
the same reduced χ2 (χ2/n with n = 71). In contrast, the re-
duced χ2 of the fit of the limb spectrum at 242 km with the
constant vertical profile is equal to 1.25 times that correspond-
ing to the C2H4 profile plotted in Fig. 15, a difference that is
quite significant statistically. The spectrum calculated at nadir
is similar to that corresponding to a decreasing-with-height pro-
file, whereas, at 242 km, it produces a C2H4 emission feature
well above the noise level. In other words, if the abundance was
constant with height, C2H4 would be detectable on the limb
spectrum at 242 km, which is clearly not the case. Therefore,
the decrease of ethylene with altitude seems real.

No values are given below the 15-mbar level because nadir
observations do not probe deeper, and C2H4 does not necessar-
ily condense in Titan’s atmosphere.

The T3 inversion was done with 6 limb spectra that have tan-
gent points from 0.95 to 0.007 mbar (166 and 416 km). As in the
case of C2H6 (see above), the 2 deepest limb spectra are asso-
ciated with inversion kernels that show secondary maxima. The
lowest one is located at the tangent point altitude and the second
one is situated around the 0.1-mbar level. Again, because of the
geometry of high-latitude observations, this optically thick part
of the emission originates from lower latitudes. For the limb
spectrum at 166 km, information from this optically thick part
pertains to latitudes around 65◦ N, and for the limb spectrum at
200 km, to latitudes around ∼68◦ N. We have chosen to keep
these two spectra for the inversion because the optically thin
part of the emission is not negligible. Fits of C2H4 are plot-
ted in Fig. 13 for 166, 249, 305 and 416 km. The retrieved
C2H4 profile decreases with altitude between 1 and 0.1 mbar
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Fig. 9. Upper panels: normalized inversion kernels of C4H2 at 628 cm−1 (solid gray line) and CH3C2H at 633.25 cm−1 (dashed line) at 15◦ S (Tb, left) and 80◦ N
(T3, right). Lower panels: normalized inversion kernels of C2H4 at 949.5 cm−1 (solid gray line) at 15◦ S (left) and 80◦ N (right) and C6H6 at 674 cm−1 (dashed
line) at 80◦ N (right).

and increases at higher levels (Fig. 15); it presents a minimum
at altitudes comparable to those of C4H2 and CH3C2H.

5.6. Benzene mixing ratio profiles

Benzene (C6H6) is detected through the Q-branch of the ν4
band at 674 cm−1. This emission does not appear in the Tb
spectra, so that only an upper limit can be determined at 15◦ S.
For T3, the band is visible in 4 limb spectra, allowing us to
infer a vertical abundance profile. This C6H6 band is situated
in the R-branch of the HC3N band centered at 663 cm−1, and
not very far from the CO2 ν2 band at 667 cm−1. The HC3N
band is not visible at 15◦ S, but very strong near the north pole
due to the large enhancement of HC3N at high latitudes (Flasar
et al., 2005; Teanby et al., 2006). CO2 shows a clear emission
feature on both Tb and T3 spectra. Therefore, the abundance of
HC3N and CO2 were first retrieved before analyzing the C6H6
emission. Vertical profiles of CO2 are presented in de Kok et al.
(2006).

For Tb, we inferred an upper limit of the C6H6 mixing ratio
of 1.1 ppb at the 3-σ level, in the 1–10 mbar range (from the
nadir spectrum) and also at 0.3 mbar (from the deepest limb
spectrum).

We retrieved the T3 vertical abundance profile from limb
spectra in the range 670–690 cm−1 that probe 0.95 to 0.046
mbar (168 and 307 km). This band is optically thin at all lev-
els (Fig. 9). Fits of observed spectra are presented in Fig. 14.
The retrieved mixing ratio profile, shown in Fig. 15, is mainly
constant with altitude in the region where information is acces-
sible, and seems to be enhanced compared to 15◦ S, given the
upper limit obtained for Tb.

6. Discussion

The present analysis shows that limb observations by CIRS
provide a very powerful means of deducing information on the
mixing ratio profiles of trace constituents in Titan’s atmosphere.
The profiles obtained here are compared with previous observa-
tions from Voyager, ISO and ground-based telescopes as well as
compared to models.

6.1. Temperature profiles

The vertical temperature profile we retrieved for Tb is es-
sentially the same as that shown in Flasar et al. (2005) as a
first analysis of the same dataset. The two temperature profiles
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Fig. 10. Comparison of the observed C4H2 and CH3C2H emission bands (dot-dashed line) with the calculated spectra (solid gray line) at 15◦ S (a) and 80◦ N (b),
for different altitudes and the nadir at 15◦ S.

Fig. 11. Plot of the observed intensity recorded at 80◦ N (diamonds with error
bars) at the peak of the C4H2 Q-branch at 628 cm−1. This profile is com-
pared with the intensities calculated with a constant mixing ratio profile (dotted
line), and profiles retrieved with a smoothing of L = 3 (dashed line), L = 2
(dot-dashed line) and L = 1.2 (solid line) scale heights.

Fig. 12. Comparison of the C2H4 emission bands observed at 15◦ S (dot-dashed
line) for the nadir and 242 km, with a calculated spectrum corresponding to the
retrieved C2H4 profile plotted in Fig. 15 (solid black line) and a calculated
spectrum modeled with a constant mixing ratio profile equal to 2.6 × 10−7

(solid gray line). For the nadir, the two calculated spectra are very close to each
other whereas they strongly differ at 242 km.
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Fig. 13. Fit of the observed C2H4 emission bands (dot-dashed line) by the cal-
culated spectra (solid gray line) at 80◦ N, for viewing altitudes of 166, 249, 305
and 416 km.

derived in the present study at 13◦ S and 80◦ N show well
defined stratopauses. Near the north pole, the stratosphere is
colder and the mesosphere warmer than near the equator. Ti-
tan’s north winter solstice occurred in October 2002, so that
the CIRS data we analyzed were recorded during the begin-
ning of winter in the northern hemisphere. Flasar et al. (2005)
found that stratospheric temperatures are maximum near the
equator and steeply decrease towards high northern latitudes
(much more than towards the south). The 1-mbar temperature
thus varies from ∼170 K at 0◦ to ∼150 K at 60◦ N. At the same
pressure level, we infer a temperature of 149+1.7

−0.7 K at 80◦ N.
It is not straightforward to conclude that the temperature re-
mains constant at latitudes polewards of 60◦ N. Because of the
geometry of the observations, a large part of the information in
the Q-branch originates from latitudes ∼66◦ N as it is optically
thick at this pressure level, whereas in the weaker multiplets of
the P - and R-branches that are optically thin, information orig-
inates from around 80◦ N (mostly 70–90◦ N).

These particularly low temperatures in the stratosphere may
be explained by high northern latitudes lying in the polar night,
and by both the lack of solar heating and enhanced thermal
cooling due to the thicker haze (Bézard et al., 1995). On the
other hand, the high mesospheric temperatures likely result
from dynamical effects. Titan General Circulation Models pre-
dict that during winter in the northern hemisphere, a circula-

Fig. 14. Fit of the observed C6H6 emission bands at 674 cm−1 (dot-dashed
line) by the calculated spectra (solid gray line) at 80◦ N, for viewing altitudes
of 166, 200, 249 and 305 km. Other features in this spectral region are due to
HC3N (663 cm−1) and CO2 (667 cm−1). The misfit around 664 cm−1 is likely
due to a missing hot band of HC3N in the spectroscopic database.

tion cell is upwelling over the south pole and subsiding over
the north pole (Hourdin et al., 1995; Lebonnois et al., 2001;
Luz et al., 2003; Hourdin et al., 2004). The north pole sub-
sidence can generate a heating of the mesosphere by adia-
batic compression of the atmosphere. Moreover, as mentioned
by Teanby et al. (2006) who inferred the same pattern in the
temperature profiles from low to high northern latitudes, at-
mospheric levels above 300 km at the north pole are under
constant sunlight, which could add a warming effect.

6.2. Mixing ratio profiles: comparison with previous
observations

Most of the vertical mixing ratio profiles of the molecules
studied here show a more or less significant enhancement to-
ward the north pole.

The acetylene mixing ratio shows a limited enrichment
(about 50%) at the north pole. The mixing ratio we derive at
2 mbar for the 15◦ S-spectrum is in very good agreement with
that retrieved from CIRS nadir spectra by Flasar et al. (2005)
and Coustenis et al. (2006). At both latitudes, the mixing ra-
tio is essentially constant with height in the region 0.02–2 mbar
(3–4× 10−6 at 15◦ S and 5–6× 10−6 at 80◦ N). Above this re-
gion, C2H2 increases significantly with height at least at 80◦ N
where information is accessible. The vertical profile obtained
for Tb can be compared with the profile retrieved by ISO in
the same wavenumber range (Coustenis et al., 2003) with the
caveat in mind that the ISO profile corresponds to a disk av-
erage, in contrast to CIRS data that are spatially resolved. The
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Fig. 15. Retrieved abundance profiles of HCN, C2H2, C2H6, C4H2, CH3C2H, C3H8, C2H4 and C6H6 at 15◦ S (left panel) and 80◦ N (right panel). Error bars are
given at levels of kernel maxima, solid lines correspond to levels where emission bands give information, except for the CH3C2H plotted in dot-dashed line for a
better readibility.

comparison with our Tb profile is still meaningful since the disk
average is more heavily weighted toward equatorial latitudes
and because C2H2 does not show marked latitudinal variations
(Flasar et al., 2005). The derived ISO profile has a much steeper
gradient than ours with in addition larger mixing ratios at all al-
titudes (4.5× 10−6 at 2 mbar and 9.5× 10−6 at 0.2 mbar). This
discrepancy is not understood. From a selection of nadir spec-
tra at 15◦ S, Coustenis et al. (2006) also found that a profile
with a vertical gradient much less steep than the ISO profile is
required to fit the whole C2H2 band.

Voyager data provided a vertically-resolved profile of C2H2

at a latitude of 70◦ N (Coustenis et al., 1991). Our profile at
80◦ N agrees with the Voyager profile above the 0.1 mbar-level,
but is larger by a factor of about 2.5 at 1 mbar.

At 80◦ N, we can also compare the abundance at the lowest
level of our profile (1 mbar) with results obtained by Coustenis

et al. (2006). Note however that they retrieved abundances from
nadir data exclusively, which probe Titan’s stratosphere only up
to about 68◦ N. In addition, at high northern latitudes, informa-
tion on the temperature from the ν4 methane band is limited to
above the ∼2-mbar level and, below, the inverted profile blend
smoothly with the initial guess profile used in the retrieval al-
gorithm. On the other hand, the contribution functions of the
absorbers, assumed to be constant-with-height above the con-
densation level, peak around 5 mbar, so that the derived mixing
ratios are strongly affected by temperature uncertainties. To
assess this error source, Coustenis et al. tested two types of
retrieved temperature profiles. The initial guess profile, in the
first case (“warm”), is that retrieved by Flasar et al. (2005) at
15◦ S (similar to our Tb profile in Fig. 4), and in the second
case (“cold”) it is the one we obtained at 80◦ N (Fig. 4), which
exhibits much colder temperatures below 2–3 mbar. These two
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acceptable temperature profiles yield different abundances for
the same molecule, the cold case leading to a larger abundance
(see Coustenis et al., 2006, for more details).

The C2H2 mixing ratio we retrieved at 80◦ N at 1 mbar is
in agreement with Coustenis et al.’s results at 68◦ N based on
either their warm or cold temperature profile.

The slope of the HCN mixing ratio profile differs dramati-
cally at the north pole compared to the equator, with a much
steeper gradient at 15◦ S. The enrichment toward the north pole
is particularly noticeable below the 0.05-mbar level. Marten
et al. (2002) retrieved the vertical distribution of HCN from
millimeter observations at the IRAM 30-m telescope. Their
disk-averaged HCN vertical profile has a change in the mix-
ing ratio gradient (dq/dz) around 180 km that we do not infer
with CIRS limb data. Our retrieved vertical distribution at 15◦ S
is very close to the Marten et al. (2002) profile below 300 km
but we obtain larger HCN abundances at higher altitudes (about
twice larger at 400 km). Above 300 km, our HCN profile is ac-
tually intermediate between those of Marten et al. (2002) and
Tanguy et al. (1990), also derived from ground-based millime-
ter observations. At pressures probed by nadir spectra (around
6 mbar), we obtain abundance that is consistent with Coustenis
et al. (2006). We are also in good agreement with Teanby et
al. (2006) who modeled the CIRS nadir spectra with a scaled
Marten et al. profile rather than with a profile that is constant
with height. The steep gradient shown by the Tb vertical dis-
tribution will be discussed in Section 6.4. At 80◦ N, the HCN
mixing ratio we obtained at 1 mbar is in agreement with the
Coustenis et al. (2006) value they obtained at 68◦ N assuming
a cold temperature profile below the 2–3 mbar level.

Like acetylene, the ethane profile does not vary between
the Tb and T3 latitudes. At 1 mbar, the mixing ratio is en-
hanced by ∼80% at 80◦ N, while above the 0.4-mbar level,
it is similar at the two latitudes. Coustenis and Bézard (1995)
showed that this molecule did not vary significantly with lat-
itude at the time of the Voyager encounter. This result was
confirmed by CIRS nadir observations (Flasar et al., 2005;
Coustenis et al., 2006), and the C2H6 abundance retrieved here
at 15◦ S (1.4 × 10−5 at 3 mbar) is consistent with their re-
sults. Moreover, the C2H6 mixing ratio found in our analysis at
80◦ N agrees with the moderate equator-to-pole gradient found
by Coustenis et al. (2006).

Within error bars, propane does not show an enrichment to-
ward the north pole. A C3H8 mixing ratio of 5 × 10−7 was
deduced from Voyager data near the 1-mbar level at 70◦ N, in
good agreement with our retrieved profile at 80◦ N. The mix-
ing ratio at 15◦ S at the level probed by nadir measurements
(3.5 mbar) is consistent with those inferred from CIRS nadir
spectra (Flasar et al., 2005; Coustenis et al., 2006), ISO data
(Coustenis et al., 2003) and high resolution ground-based ob-
servations (6.2 ± 1.2 × 10−7; Roe et al., 2003). At 80◦ N, the
abundance we retrieved (3–9×10−7 at 1 mbar) also agrees with
that Coustenis et al. (2006) derived from nadir spectra at 68◦ N.

Methylacetylene and diacetylene have mixing ratio profiles
that increase with altitude at 15◦ S, with a steeper gradient for
C4H2. The mixing ratio obtained in this work at ∼2.3 mbar
(constrained by the nadir spectrum) for C4H2 is consistent with

the ISO value whereas, for CH3C2H, we infer an abundance
higher than the ISO one. Mixing ratios obtained here are very
close to those deduced from CIRS nadir spectra (Flasar et al.,
2005; Coustenis et al., 2006). The T3 vertical profiles of these
two molecules are highly unexpected as they show a minimum
around 0.1 mbar that could not be inferred from Voyager data
at 70◦ N, because of the low vertical resolution of the spectra
(200 km) (Coustenis et al., 1991). The mixing ratios of about
5 × 10−8 for CH3C2H and C4H2 we have found at the 1-mbar
level are respectively 1.7 and 2.5 times larger than those de-
rived by Coustenis et al. (2006) at 68◦ N. These differences
likely originate from the use of constant-with-height mixing ra-
tio profiles in the Coustenis et al. analysis of nadir spectra.

Benzene is not visible at 15◦ S but shows a clear signature
near the north pole on several limb spectra. We have derived the
first vertical profile of C6H6. The profile we obtained at 80◦ N
is constant with altitude within error bars. Our mixing ratio at
1 mbar is similar to that inferred by Coustenis et al. (2006) at
68◦ N. At 15◦ S, the upper limit we inferred is consistent with
the mole fraction suggested by ISO observations (4 × 10−10;
Coustenis et al., 2003).

Ethylene exhibits a large increase (∼10 times) of its mix-
ing ratio profile between 15◦ S and 80◦ N. The most striking
feature is the decrease of its mixing ratio with altitude at both
latitudes at levels lower than the 0.1-mbar level. This decrease is
not predicted by one-dimensional photochemical models unless
a surfacial source is arbitrarily added, as in Lara et al. (1996).
The mixing ratio at 4 mbar that we derived at 15◦ S is about
50% larger than that determined by Coustenis et al. (2006) and
Flasar et al. (2005). This discrepancy likely results from the dif-
ference in the C2H4 vertical profiles; Coustenis et al. assumed a
constant-with-height mixing ratio profile whereas we retrieved
a profile that strongly decreases with height. At 80◦ N, the abun-
dance we infer at 1 mbar is about 3.5 times larger than their
value at 68◦ N, considering their abundance retrieved with a
cold temperature profile.

Vervack et al. (2004) published a reanalysis of the Voyager
1 UVS solar occultations at latitudes of 4◦ N (ingress) and
16◦ S (egress). Density profile information was derived for N2,
CH4, C2H2, C2H4, HCN and HC3N down to 500 km, an alti-
tude close to the uppermost altitude probed at 15◦ S with CIRS
limb observations. Relative to N2, the C2H2 and C2H4 mix-
ing ratios at 500 km were determined to be 2–6 × 10−6 and
1–3×10−6, respectively. For HCN only an upper limit could be
set (1.5 × 10−4) due to confusion with HC3N opacity beyond
130 nm at the UVS resolution. This upper limit is consistent
with the HCN mixing ratio we infer at 15◦ S (2–3 × 10−6 at
450 km). The UVS value for C2H2 is in excellent agreement
with ours at 450 km (4 × 10−6). Finally, Vervack et al.’s C2H4

mixing ratio at 500 km is about 2 orders of magnitude larger
than the CIRS value at 240 km. If this is confirmed, this would
indicate that, following its decrease from 120 to 240 km, the
C2H4 mixing ratio starts to increase upwards above some level
below 500 km.
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acceptable temperature profiles yield different abundances for
the same molecule, the cold case leading to a larger abundance
(see Coustenis et al., 2006, for more details).

The C2H2 mixing ratio we retrieved at 80◦ N at 1 mbar is
in agreement with Coustenis et al.’s results at 68◦ N based on
either their warm or cold temperature profile.

The slope of the HCN mixing ratio profile differs dramati-
cally at the north pole compared to the equator, with a much
steeper gradient at 15◦ S. The enrichment toward the north pole
is particularly noticeable below the 0.05-mbar level. Marten
et al. (2002) retrieved the vertical distribution of HCN from
millimeter observations at the IRAM 30-m telescope. Their
disk-averaged HCN vertical profile has a change in the mix-
ing ratio gradient (dq/dz) around 180 km that we do not infer
with CIRS limb data. Our retrieved vertical distribution at 15◦ S
is very close to the Marten et al. (2002) profile below 300 km
but we obtain larger HCN abundances at higher altitudes (about
twice larger at 400 km). Above 300 km, our HCN profile is ac-
tually intermediate between those of Marten et al. (2002) and
Tanguy et al. (1990), also derived from ground-based millime-
ter observations. At pressures probed by nadir spectra (around
6 mbar), we obtain abundance that is consistent with Coustenis
et al. (2006). We are also in good agreement with Teanby et
al. (2006) who modeled the CIRS nadir spectra with a scaled
Marten et al. profile rather than with a profile that is constant
with height. The steep gradient shown by the Tb vertical dis-
tribution will be discussed in Section 6.4. At 80◦ N, the HCN
mixing ratio we obtained at 1 mbar is in agreement with the
Coustenis et al. (2006) value they obtained at 68◦ N assuming
a cold temperature profile below the 2–3 mbar level.

Like acetylene, the ethane profile does not vary between
the Tb and T3 latitudes. At 1 mbar, the mixing ratio is en-
hanced by ∼80% at 80◦ N, while above the 0.4-mbar level,
it is similar at the two latitudes. Coustenis and Bézard (1995)
showed that this molecule did not vary significantly with lat-
itude at the time of the Voyager encounter. This result was
confirmed by CIRS nadir observations (Flasar et al., 2005;
Coustenis et al., 2006), and the C2H6 abundance retrieved here
at 15◦ S (1.4 × 10−5 at 3 mbar) is consistent with their re-
sults. Moreover, the C2H6 mixing ratio found in our analysis at
80◦ N agrees with the moderate equator-to-pole gradient found
by Coustenis et al. (2006).

Within error bars, propane does not show an enrichment to-
ward the north pole. A C3H8 mixing ratio of 5 × 10−7 was
deduced from Voyager data near the 1-mbar level at 70◦ N, in
good agreement with our retrieved profile at 80◦ N. The mix-
ing ratio at 15◦ S at the level probed by nadir measurements
(3.5 mbar) is consistent with those inferred from CIRS nadir
spectra (Flasar et al., 2005; Coustenis et al., 2006), ISO data
(Coustenis et al., 2003) and high resolution ground-based ob-
servations (6.2 ± 1.2 × 10−7; Roe et al., 2003). At 80◦ N, the
abundance we retrieved (3–9×10−7 at 1 mbar) also agrees with
that Coustenis et al. (2006) derived from nadir spectra at 68◦ N.

Methylacetylene and diacetylene have mixing ratio profiles
that increase with altitude at 15◦ S, with a steeper gradient for
C4H2. The mixing ratio obtained in this work at ∼2.3 mbar
(constrained by the nadir spectrum) for C4H2 is consistent with

the ISO value whereas, for CH3C2H, we infer an abundance
higher than the ISO one. Mixing ratios obtained here are very
close to those deduced from CIRS nadir spectra (Flasar et al.,
2005; Coustenis et al., 2006). The T3 vertical profiles of these
two molecules are highly unexpected as they show a minimum
around 0.1 mbar that could not be inferred from Voyager data
at 70◦ N, because of the low vertical resolution of the spectra
(200 km) (Coustenis et al., 1991). The mixing ratios of about
5 × 10−8 for CH3C2H and C4H2 we have found at the 1-mbar
level are respectively 1.7 and 2.5 times larger than those de-
rived by Coustenis et al. (2006) at 68◦ N. These differences
likely originate from the use of constant-with-height mixing ra-
tio profiles in the Coustenis et al. analysis of nadir spectra.

Benzene is not visible at 15◦ S but shows a clear signature
near the north pole on several limb spectra. We have derived the
first vertical profile of C6H6. The profile we obtained at 80◦ N
is constant with altitude within error bars. Our mixing ratio at
1 mbar is similar to that inferred by Coustenis et al. (2006) at
68◦ N. At 15◦ S, the upper limit we inferred is consistent with
the mole fraction suggested by ISO observations (4 × 10−10;
Coustenis et al., 2003).

Ethylene exhibits a large increase (∼10 times) of its mix-
ing ratio profile between 15◦ S and 80◦ N. The most striking
feature is the decrease of its mixing ratio with altitude at both
latitudes at levels lower than the 0.1-mbar level. This decrease is
not predicted by one-dimensional photochemical models unless
a surfacial source is arbitrarily added, as in Lara et al. (1996).
The mixing ratio at 4 mbar that we derived at 15◦ S is about
50% larger than that determined by Coustenis et al. (2006) and
Flasar et al. (2005). This discrepancy likely results from the dif-
ference in the C2H4 vertical profiles; Coustenis et al. assumed a
constant-with-height mixing ratio profile whereas we retrieved
a profile that strongly decreases with height. At 80◦ N, the abun-
dance we infer at 1 mbar is about 3.5 times larger than their
value at 68◦ N, considering their abundance retrieved with a
cold temperature profile.

Vervack et al. (2004) published a reanalysis of the Voyager
1 UVS solar occultations at latitudes of 4◦ N (ingress) and
16◦ S (egress). Density profile information was derived for N2,
CH4, C2H2, C2H4, HCN and HC3N down to 500 km, an alti-
tude close to the uppermost altitude probed at 15◦ S with CIRS
limb observations. Relative to N2, the C2H2 and C2H4 mix-
ing ratios at 500 km were determined to be 2–6 × 10−6 and
1–3×10−6, respectively. For HCN only an upper limit could be
set (1.5 × 10−4) due to confusion with HC3N opacity beyond
130 nm at the UVS resolution. This upper limit is consistent
with the HCN mixing ratio we infer at 15◦ S (2–3 × 10−6 at
450 km). The UVS value for C2H2 is in excellent agreement
with ours at 450 km (4 × 10−6). Finally, Vervack et al.’s C2H4

mixing ratio at 500 km is about 2 orders of magnitude larger
than the CIRS value at 240 km. If this is confirmed, this would
indicate that, following its decrease from 120 to 240 km, the
C2H4 mixing ratio starts to increase upwards above some level
below 500 km.
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6.3. Mixing ratio profiles: Comparison with photochemical
models

Most of the molecules studied here exhibit a general increase
of their mixing ratio with altitude in the stratosphere. This re-
sult is predicted by photochemical models, because these trace
components are formed in the upper atmosphere, are trans-
ported downward and are lost by condensation in the lower
stratosphere (50–100 km) (Yung et al., 1984; Toublanc et al.,
1995; Lara et al., 1996; Wilson and Atreya, 2004). The only
exception near the equator is C2H4 that decreases with height
in the stratosphere (below 300 km). This behavior can be ex-
plained by 1-D photochemical models only if a large source
exists in the lower stratosphere (Yung et al., 1984) or if a large
flux from the surface is added (Lara et al., 1996), which seems
unlikely. The decrease with height may be related to the fact that
the C2H4 mixing ratio measured in the lower stratosphere does
not exceed the value at the cold trap (about 1.2 × 10−6 accord-
ing to our temperature profile at 13◦ S), a feature unique among
the detected species. The C2H4 profile could then result from
a photochemical sink in the upper stratosphere, combined with
advection in the lower stratosphere and troposphere through the
return branch of the Hadley cell, which brings enriched air from
the high northern latitudes (Crespin et al., 2005).

Molecules present different slopes in their vertical distribu-
tions at a given latitude. Generally, 1-D photochemical models
have problems to reproduce simultaneously the vertical profiles
of all detected species. In this regard, the most recent model of
Wilson and Atreya (2004) does overall a good job although sig-
nificant discrepancies remain (besides the case of C2H4 men-
tioned above). Their C2H2 profiles increase by a factor of 5 be-
tween 150 and 450 km while we observe only a ∼30% change
at 15◦ S. Our HCN mixing ratio at the same latitude is 3 times
lower thanWilson and Atreya’s nominal model at 110 km while
the two agree at 450 km. The observed propane profile is also
about 3 times larger than in the nominal photochemical model.
The CH3C2H we infer is much less steep than modeled. While
the two agree around 130 km, the photochemical profile is more
than an order of magnitude larger than observed at 400 km. The
ethane mixing ratio profile we infer agrees reasonably well with
their model. The upper limit we inferred for the C6H6 mixing
ratio at 15◦ S is consistent with their predicted abundance pro-
file that exhibits slightly lower values at comparable pressures.
Our upper limit is also consistent with the benzene vertical pro-
file of Lebonnois (2005).

While some discrepancies are likely due to unknowns in the
chemical schemes, others probably result from large-scale dy-
namical effects not included in one-dimensional models.

As the vertical profile of a given compound depends on the
various chemical sources and sinks as well as on eddy mixing
and advection by the general circulation, our observations shed
new light on these processes.

6.4. A sink for HCN in the stratosphere?

Some chemical species, formed in the upper atmosphere
and chemically stable at lower levels, can be used as tracers

of the atmospheric circulation and mixing. The case of C2H6
and HCN is particularly interesting. Both species are thought
to be largely formed above 600 km and transported to lower
altitudes where their chemical time constants are longer than
the eddy diffusion time (Wilson and Atreya, 2004). However,
their vertical profiles in the stratosphere and lower mesosphere
are not similar, as one would then expect. The gradient in the
ethane mole fraction (dq/dz) at 15◦ S is about 2 × 10−8 km−1

in the range 250–450 km, increasing to about 7 × 10−8 km−1

from 150 to 250 km. In contrast, the HCN gradient decreases
with altitude from about 1.5 × 10−8 km−1 around 400 km to
4×10−9 km−1 around 200 km (Fig. 15). Uncertainties of these
values do not exceed a factor of two. These significant differ-
ences suggest that at least one of the two species may be not
chemically inert in the region probed by CIRS. In the frame-
work of a one-dimensional model (e.g., Wilson and Atreya,
2004), the continuity equation for the concentration gradient
dq/dz can be written as:

(5)(1 + z/R)2Kndq/dz = P,

where K is the eddy mixing coefficient, n the atmospheric num-
ber density, R the planetary radius, and P the net production
rate of the species above altitude z (normalized to the surface).

Assuming that the ethane profile at 15◦ S represents planet-
averaged conditions, Eq. (5) can be used to derive a profile
for K assuming that P is known from photochemistry. We
used the ethane production rate P = 1.6 × 109 cm−2 s−1 from
Wilson and Atreya (2004) (also consistent with Lara et al.,
1996) and determined K(z) so that the C2H6 profile calculated
from Eq. (5) agrees with the measured one within uncertain-
ties. The vertical integration is done upwards starting from the
condensation level defined as where dq/dz given by Eq. (5)
is equal to the gradient corresponding to the saturation law.
Fig. 16 shows the derived K profile and associated C2H6 pro-
file. Our K profile is similar to that ofWilson and Atreya (2004)
in the range 100–200 km and about twice larger at and above
300 km.

Using this same K profile, HCN profiles generated with con-
stant production rates clearly do not reproduce the observations
(Fig. 16). This problem was initially noted by Lara et al. (1996)
who could not fit simultaneously the HCN and C2 hydrocarbon
profiles. The lower part of the profile, above the condensation
level, requires a production rate as low as ∼3 × 107 cm−2 s−1

while the profile around 400 km seems to indicate a produc-
tion rate at least 10 times larger. To reproduce the HCN profile,
it is then necessary to assume that the integrated net produc-
tion rate strongly decreases with depth, meaning that a large
fraction of the HCN is chemically lost in the 100–450 km re-
gion. We accordingly introduced a loss term, constant between
200 and 400 km (23 cm−2 s−1) and that decreases to zero at
145 and 455 km. In this model, which yields the HCN profile
shown as a solid line in Fig. 16, the integrated production rate
is 3.1×107 cm−2 s−1 below 145 km and 6.2×108 cm−2 s−1 at
455 km. For comparison, the HCN production rate calculated
by Wilson and Atreya (2004), in agreement with Yung et al.
(1984), is 2 × 108 cm−2 s−1 while the source of N in all forms
produced by N2 dissociation is 5.6× 108 cm−2 s−1.
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Fig. 16. C2H6 and HCN vertical profiles calculated from the continu-
ity-diffusion equation. The C2H6 profile corresponds to a net production rate
of 1.6× 109 cm−2 s−1 and the eddy mixing profile shown here (dot-diamonds
line). HCN profiles calculated with the same eddy mixing profile and net pro-
duction rate of 3 × 107 (dashed line) and 3 × 108 cm−2 s−1 (dot-dashed line)
are shown. The HCN profile shown in solid line incorporates a chemical sink
in the stratosphere (see text). Data points retrieved at 15◦ S are indicated for
comparison.

Our simple model suggests that most of the N produced
from N2 dissociation ends up as HCN in the upper atmosphere
(>500 km) and that most of this HCN is then chemically lost
in the lower atmosphere (150–450 km) above the condensation
level at ∼90 km. A possible sink for HCN in the stratosphere
is haze formation, through HCN polymerization or copolymer-
ization with hydrocarbons, as initially suggested by McKay
(1996). Investigating the chemical pathways to haze formation,
Wilson and Atreya (2004) predict a production peaking around
140–300 km with aromatic molecules being the main contrib-
utor and HCN polymerization playing a significant role. How-
ever, the various processes investigated by these authors do not
lead to the large loss rate we suggest for HCN. To fit simultane-
ously the HCN and C2 hydrocarbon profiles, Lara et al. (1999)
introduced a loss term for HCN due to incorporation into the
haze through polymerization or sticking. They concluded that a
loss rate of 3–5 × 108 cm−2 s−1 allowed them to reproduce the
observations, a value close to what we infer.

Despite the limits of our simple one-dimensional model we
suggest that the difference in the HCN and C2H6 vertical gradi-
ents points to the existence of an important sink for HCN in the
stratosphere. This sink, not predicted by existing photochem-
ical models, might be haze formation as proposed by McKay
(1996) and Lara et al. (1999). However, the large loss rate we
infer, a few 108 cm−2 s−1, cannot presently be reproduced by
the pathways that have been investigated up to now (Wilson and
Atreya, 2004). Other pathways for haze formation clearly need
to be explored through laboratory studies.

6.5. South-to-north enrichment

The north polar enhancement of most of the trace species
can probably be explained by dynamical effects. Titan Gen-
eral Circulation Models predict that air generally upwells near

the summer pole and descends near the winter pole, as a sin-
gle stratospheric circulation cell (see Lebonnois et al., 2001;
Hourdin et al., 2004). Therefore the subsidence at the north
pole brings air enriched in molecules formed at high altitudes
to lower levels in the stratosphere and mesosphere. The vertical
gradient is controlled by chemistry as well as dynamics. Molec-
ular profiles that have a small vertical gradient near the equator
(C2H2 or C2H6) do not show a high enhancement near the north
pole because subsidence does not affect very much their pro-
files. In contrast, HCN shows a strong increase of its mole frac-
tion between the 1 and 0.1-mbar levels, by more than an order of
magnitude between 110 and 450 km. Hourdin et al. (2004) sug-
gested that the latitudinal abundance contrast that differs from
one molecule to another is mostly connected to their condensa-
tion level (the higher the condensation, the larger the latitudinal
gradient). As a result, Hourdin et al. (2004) predict an enrich-
ment of the 50–70◦ N region relative to the 0–30◦ N of a factor
of 3 for C2H2 (at 150 km) and 6 for HCN (at 107 km) at the time
of the Cassini observations analyzed here. We observe factors
of 2 and 20 for these two molecules respectively between 15◦ S
and 80◦ N, in qualitative agreement with the model.

The marked minimum of C4H2, CH3C2H and C2H4 around
0.1 mbar observed at the north pole but not at 15◦ S seems
very hard to explain by dynamical effects only. Lebonnois et
al.’s (2001) model predicts a drop in the C4H2 and CH3C2H
abundances near 390 km due to photochemical destruction.
However, this drop, visible at low latitudes, occurs significantly
higher than in our retrieved profiles (∼300 km) and vanishes
at the north pole as a result of subsidence, which is at odds
with our findings. It is worth noting that these three molecules
have very short chemical lifetimes (between 0.04 and 1.5 years,
according to Wilson and Atreya, 2004) compared to other com-
pounds mentioned in this study that display at least 40 times
longer chemical lifetimes (except C6H6). These molecules are
chemically reactive on a timescale lower or comparable to the
dynamical ones (Lebonnois et al., 2001). This suggests that an
unknown sink, specific to high winter latitudes, exists for these
three molecules. A possibility is the formation of the multiple
haze layers seen between 200 and 500 km in Cassini images of
the north polar hood (Porco et al., 2005).

To better understand the atmospheric circulation and pho-
tochemistry in Titan, it is clearly important to retrieve abun-
dance profiles from limb observations at other latitudes. Such
information on a fine grid in latitude would provide strong con-
straints on the extension of the Hadley cell(s) and of the putative
polar vortex as well as on the latitudinal mixing by waves.
Twenty CIRS limb observations dedicated to composition mea-
surements have been planned over the nominal Cassini tour.
Also, during FP1 far-infrared limb composition sequences, FP3
and FP4 limb spectra are recorded simultaneously, providing
as a by-product additional coverage in the mid-infrared range.
From the T18 flyby of Titan in September 2006, the inclination
of the orbits will start to increase, offering better visibility of
the polar regions. This will allow lines-of-sight in polar limb-
viewing geometry to extend over a more restricted range of
latitudes compared to the present situation. It is particularly im-
portant to specify, with a good resolution, the composition and
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temperature structure near the winter pole as it appears to vary
rapidly with latitude. Also nadir observations of polar regions
should allow us to probe deeper in the stratosphere than with
the present orbit geometry (our analysis of T3 data is limited to
pressure levels less than 1 mbar). Finally, significant variations
in composition are predicted to occur over the 4-year nomi-
nal mission (Hourdin et al., 2004) and the changes that will
be monitored by CIRS limb measurements will add other tight
constraints on Titan’s general circulation. An extended mission
beyond 2008, covering the transition period after equinox, will
bring valuable information on the evolution of the circulation
regime, particularly in the polar vortex.
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Abstract

We report the detection of H13CN and HC15N in mid-infrared spectra recorded by the Composite Infrared Spectrometer (CIRS) aboard Cassini,
along with the determination of the 12C/13C and 14N/15N isotopic ratios. We analyzed two sets of limb spectra recorded near 13–15◦ S (Tb flyby)
and 83◦ N (T4 flyby) at 0.5 cm−1 resolution. The spectral range 1210–1310 cm−1 was used to retrieve the temperature profile in the range
145–490 km at 13◦ S and 165–300 km at 83◦ N. These two temperature profiles were then incorporated in the atmospheric model to retrieve
the abundance profile of H12C14N, H13CN and HC15N from their bands at 713, 706 and 711 cm−1, respectively. The HCN abundance profile
was retrieved in the range 90–460 km at 15◦ S and 165–305 km at 83◦ N. There is no evidence for vertical variations of the isotopic ratios.
Constraining the isotopic abundance profiles to be proportional to the HCN one, we find 12C/13C = 89+22

−18 at 15◦ S, and 68+16
−12 at 83◦ N, two

values that are statistically consistent. A combination of these results yields a 12C/13C value equal to 75±12. This global result, as well as the 15◦
S one, envelop the value in Titan’s methane (82.3± 1) [Niemann, H.B., and 17 colleagues, 2005. Nature 438, 779–784] measured at 10◦ S and is
slightly lower than the terrestrial inorganic standard value (89). The 14N/15N isotopic ratio is found equal to 56+16

−13 at 15◦ S and 56+10
−9 at 83◦ N.

Combining the two values yields 14N/15N = 56 ± 8, which corresponds to an enrichment in 15N of about 4.9 compared with the terrestrial ratio.
These results agree with the values obtained from previous ground-based millimeter observations [Hidayat, T., Marten, A., Bézard, B., Gautier, D.,
Owen, T., Matthews, H.E., Paubert, G., 1997. Icarus 126, 170–182; Marten, A., Hidayat, T., Biraud, Y., Moreno, R., 2002. Icarus 158, 532–544].
The 15N/14N ratio found in HCN is ∼3 times higher than in N2 [Niemann, H.B., and 17 colleagues, 2005. Nature 438, 779–784], which implies
a large fractionation process in the HCN photochemistry.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Titan; Abundances, atmosphere; Infrared observations

1. Introduction

The complex chemistry of Titan’s atmosphere was first re-
vealed by Voyager 1 in 1980. It is initiated by the ultraviolet
and electron dissociation of its two major constituents, CH4 and
N2, and leads to a suite of hydrocarbons and nitriles. The most
abundant nitrile in Titan is HCN (hydrogen cyanide). A verti-
cal profile of this molecule was first determined from Voyager 1
limb data at 70◦ N with a vertical resolution of about 200 km
(Coustenis et al., 1991). HCN was also detected from Earth
through millimeter observations, and the most recent studies of
this molecule were done by Hidayat et al. (1997), Marten et al.

* Corresponding author. Fax: +33 1 45 34 76 83.
E-mail address: sandrine.vinatier@obspm.fr (S. Vinatier).

(2002) and Gurwell (2004), who provided disk-averaged verti-
cal mixing ratio profiles.

Millimeter observations allowed the authors to estimate the
12C/13C and 14N/15N isotopic ratio in HCN. The spread in the
ground-based 12C/13C ratio deduced by Hidayat et al. (1997)
and Gurwell (2004) (see Table 1) is large enough to encom-
pass the terrestrial inorganic standard reference value (equal to
89; Fegley, 1995). In situ measurements realized by the Huy-
gens/GCMS and the Cassini/INMS instruments yield compara-
ble 12C/13C isotopic ratios in CH4 that are slightly lower than
the terrestrial value (Niemann et al., 2005; Waite et al., 2005;
see Table 1). Consequently, the 13C/12C isotopic ratio in HCN
does not seem to be strongly enriched compared to CH4. As
HCN is formed from the dissociation of N2 and CH4, the lat-
ter being the main reservoir of carbon in Titan’s atmosphere,

0019-1035/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.icarus.2007.06.001
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Table 1
The Earth 12C/13C ratio is equal to 89 and the 14N/15N ratio is equal to 272 (Fegley, 1995). Isotopic ratios obtained from ground-based millimeter observations, as
well as from CIRS infrared spectra are derived in HCN, whereas GCMS and INMS in situ measurements yield isotopic ratios in CH4 and N2

Observation 12C/13C 14N/15N Altitude Reference

Ground-based
millimeter
observations

70–120 – Below 200 km Hidayat et al. (1997)
132 ± 25, 108 ± 20 94 ± 13, 72 ± 9 Below 300 km Gurwell (2004)
– 60.5–70 Below 350 km Marten et al. (2002)

In situ
Huygens/GCMS

82.3 ± 1 – 18.2–6.14 km Niemann et al. (2005)
– 183 ± 5 40.9–35.9 km

In situ
Cassini/INMS

95.6 ± 0.1 172–215 1200 km (in situ) Waite et al. (2005)
81 168–211 0 km (estimation)

Infrared
Cassini/CIRS

89+22
−18 (15◦ S) 56+16

−13 (15◦ S) 150–350 km This study

68+16
−12 (83◦ N) 56+10

−9 (83◦ N) 165–300 km

these results imply that carbon does not undergo significant
fractionation in the HCN formation process. Moreover, both
the relatively short lifetime of methane in Titan’s atmosphere
(∼100 Myr; Yung et al., 1984; Wilson and Atreya, 2004) and
the small enrichment of the 13C/12C ratio compared with the
15N/14N ratio in N2 suggest a continuous or periodic replenish-
ment of CH4 on Titan at a rate higher than the escape rate.

Marten et al. (2002), using ground-based millimeter obser-
vations, showed that the 15N/14N ratio in HCN is enhanced by
a factor lying in the range 3.9–4.5 compared to the terrestrial
value [(14N/15N)⊕ = 272; Fegley, 1995]. Gurwell (2004) also
evaluated the HC14N/HC15N ratio and concluded that 15N was
enriched by a factor of 2.9–3.8 times the Earth value (see Ta-
ble 1). The nitrogen isotopic ratio was also determined from
in situ data recorded by the GCMS. Niemann et al. (2005) re-
trieved a 14N/15N ratio in N2 equal to 183 ± 5, lower than
the terrestrial value by a factor ∼1.5. Waite et al. (2005), us-
ing Cassini/INMS in situ measurements at 1200 km, estimated
this same isotopic ratio, and derived results in agreement with
the GCMS one (see Table 1). Therefore, the 15N/14N ratio in N2

(the main reservoir of nitrogen in Titan) is about 3 times lower
than measured in HCN. This implies that a fractionation process
exists in the HCN chemistry and favors the HC15N isotope.
From the 15N/14N isotopic ratio derived in HCN (4.5 times the
terrestrial value), Lunine et al. (1999) estimated that the prim-
itive atmosphere of Titan was 20 to 100 times more massive
than today. Using 15N/14N = 1.5× (15N/14N)⊕, Niemann et al.
(2005) re-evaluated the mass of the primitive atmosphere to be
between 2 and 10 times today’s value while Waite et al. (2005)
conclude that Titan’s atmosphere was at least 50% denser in
the past. Most of this primitive atmosphere was thus lost by at-
mospheric escape over geological times (Lunine et al., 1999).

We report here the detection of H13CN and HC15N in the
thermal infrared region from spectra recorded by the infrared
spectrometer Cassini/CIRS, which allows for a new determina-
tion of the 14N/15N and 12C/13C ratios in HCN. We analyze
spectra recorded at 13–15◦ S and 83◦ N and we investigate
the vertical and latitudinal variations of these isotopic ratios.
Section 2 presents the observational datasets. Principles of the
HCN, HC15N and H13CNmixing ratio profile retrievals, as well
as the results, are given in Section 3 and a discussion is pre-
sented in Section 4.

2. Observations

CIRS incorporates 3 focal planes, which cover all together
the range 7 μm–1 mm. Focal Plane 1 (FP1), with a 3.9-mrad
circular field of view (2.5 mrad at FWHM), records spectra
in the far-infrared between 10 and 600 cm−1 (17–1000 μm).
The mid-infrared region is covered by Focal Plane 3 (FP3) and
Focal Plane 4 (FP4), which measure the spectral ranges 600–
1100 cm−1 (9 to 17 μm) and 1100–1500 cm−1 (7 to 9 μm),
respectively. FP3 and FP4 consist of two parallel linear arrays
each composed of ten detectors, with a field of view of 0.273
mrad per detector. This configuration is particularly suitable for
limb observations, as the arrays are positioned along a Titan ra-
dius, so that each detector has a line of sight probing a particular
level (at the tangent height) in Titan’s atmosphere. Levels in the
lower stratosphere, optically thick in a limb-viewing geometry,
can be sounded by nadir observations, albeit with a lower ver-
tical resolution. More details about CIRS are given in Kunde et
al. (1996) and Flasar et al. (2004).

2.1. The 15◦ S selection (Tb flyby)

The first set of limb spectra that we used in this study was
acquired during the Tb flyby, on 13 December 2004, with long
integration limb observations performed at 0.5 cm−1 resolution
by FP3 and FP4 over latitudes of 15◦ S and 13◦ S, respectively.
The mean vertical resolution of the observations, limited by the
pixel angular size, is about 33 km. We averaged the individ-
ual spectra (∼27) recorded by each detector. Eight selections of
FP3 spectra were used at mean nominal altitudes of 212, 248,
284, 320, 355, 391, 427 and 463 km; for FP4, the altitudes of
the averaged spectra were 205, 240, 276, 312, 348, 384, 420
and 456 km.

We also used selections of 80 nadir spectra recorded by FP3
and FP4 at mean latitudes of 12◦ S and 9◦ S, respectively, with
a mean emission angle of 37◦.

These selections are described in more detail in Vinatier
et al. (2007).

2.2. The 83◦ N selection (T4 flyby)

The second set of limb spectra we analyzed here was ac-
quired during the T4 flyby, on 1 April 2005, over a latitude of
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83◦ N at a resolution of 0.5 cm−1. In contrast to the Tb ob-
servations, the vertical resolution of the T4 observations was
approximately 10 km. T4 limb spectra are distributed roughly
homogeneously in height, so that we averaged spectra in adja-
cent 20-km bins, which yields an averaged value of 10 spectra
per bin. The nominal altitudes of the FP3 and FP4 spectral aver-
ages are almost the same and equal to 159, 178, 201, 218, 239,
260, 281 and 298 km.

We did not use nadir observations in our analysis of T4 data
for two reasons. The first one is that no nadir spectra were
recorded at latitudes above 75◦ N, and that, at these very high
latitudes, the meridional variation of temperature (and proba-
bly abundance) seems to be significant in a 5◦ range (Flasar
et al., 2005). The second reason is connected to the high values
of emission angles near the north pole (orbits of the spacecraft
were still very close to Titan’s orbiting plane), so that such ob-
servations do not effectively probe levels below those probed
by the limb viewing geometry.

3. HCN, H13CN and HC15N mixing ratio retrievals

Emission band intensity depends on both temperature and
molecular abundances. Therefore, the determination of the ver-
tical abundance profile requires the knowledge of the tempera-
ture profile as a first step.

3.1. Temperature profile retrieval

The vertical temperature profile is determined by using the
ν4 methane (CH4) emission band at 1305 cm−1 (7.7 μm) at
several altitudes, and by assuming that the CH4 abundance is
constant in the whole stratosphere and equal to 1.41%, as in-
ferred from the GCMS data (Niemann et al., 2005). We use
a constrained linear inversion algorithm combining both nadir
and limb spectra as described in Vinatier et al. (2007). The prin-
ciple of the temperature retrieval consists in the modification
of an initial temperature profile by the algorithm to minimize
the quadratic difference (χ2) between measured and calculated
spectra while not moving too far from the reference profile. The
new calculated temperature profile is then used as a first guess
of a new iteration process. After 3 iterations, the convergence is
ensured, as the χ2 no longer significantly decreases afterwards.
The spectral interval used in the ν4 CH4 band is 1215–1309
cm−1, which covers the Q- and P -branches. CH4 spectro-
scopic parameters are extracted from the Geisa 2003 database
(Jacquinet-Husson et al., 2005). Collision-induced opacity from
N2–N2, N2–CH4, N2–H2 and CH4–CH4 are included in the
model.

A vertical filtering of the solution is applied and character-
ized by a correlation length equal to 1 scale height at both lati-
tudes. Parts of the temperature profiles that are not constrained
by data blend smoothly in with the initial guess profile used in
the retrieval algorithm. The radiative transfer model and the re-
trieval algorithm are described in more detail in Vinatier et al.
(2007).

In the ν4 CH4 band, a continuum emission from the strato-
spheric haze is visible between the CH4 multiplets, especially

Fig. 1. Temperature profiles retrieved at 13◦ S (Tb, solid black line) and 83◦ N
(T4, dot-dashed line). Parts of the T4 profile in dotted lines are equal to the
initial temperature profile given as input of the inversion algorithm; at 13◦ S
the initial guess profile is that deduced from HASI data (Fulchignoni et al.,
2005) (solid gray line). The altitude scale refers to the 15◦ S profile.

in limb spectra. We used the same haze model based on the
DISR/Huygens results (Tomasko et al., 2005) as described in
Vinatier et al. (2007), i.e., the haze optical depth is assumed to
decrease slowly with height, varying as p0.1, up to the 1-mbar
level. Above this level, the haze opacity decreases with alti-
tude with the pressure scale height. We adjusted the integrated
haze opacity (down to the surface) in order to fit the emission
between the CH4 multiplets in the low frequency wing of the
P-branch.

We used the temperature profile deduced from HASI data
(Fulchignoni et al., 2005) as an initial guess in the retrieval of
our temperature profile at 13◦ S. At 83◦ N, our initial thermal
profile was equal to the temperature profile retrieved at 80◦ N
by Vinatier et al. (2007). Because no data were available at this
latitude above the 0.01-mbar level (300 km), the stratopause in
the retrieved thermal profile is not constrained.

The retrieved temperature profiles are plotted in Fig. 1. The
13◦ S profile (solid black line) displays information between
3 mbar (145 km) and 0.002 mbar (490 km), and at 83◦ N, it is
constrained between 1 mbar (165 km) and 0.05 mbar (300 km).
Error bars are given at pressures that correspond to the maxima
of the inversion kernels at 1305 cm−1. These error bars are the
quadratic sum of an error due to noise and another one due to
limb altitude uncertainties (see below for more details). Error
bars due to noise are calculated from the correlation matrices in
the inversion algorithm, based on the noise equivalent spectral
radiance (NESR) of the spectra, which is estimated from deep
space spectra. As the rms of the residuals of the fits are always
systematically larger than the NESR, we scaled this error by the
factor rms/NESR (see Vinatier et al., 2007 for more details).
We did not take into account the uncertainty of the methane
abundance (1.41±0.07×10−2; Niemann et al., 2005), because
it has a very small effect, within the error arising from the other
sources.

In our temperature retrieval, we applied a correction in
height that results from both the pointing error of CIRS and
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assumptions in the temperature profile at deeper levels that are
not constrained by CIRS data. We were able to determine this
correction by fitting the P - and Q-branches of the ν4 CH4 band,
as the shape of the Q-branch and also the relative intensity of
the P - (or R-) and Q-branches are very sensitive to the view-
ing altitude. The method used here is the same as in Vinatier
et al. (2007). For the Tb profile (13◦ S), we found a correc-
tion of +30± 7 km compared to nominal data. For T4 (83◦ N),
the correction was +5 ± 7 km. The altitudes indicated in the
figures of this paper take account of this altitude shift. More
details about this altitude correction and its effect are given in
Vinatier et al. (2007).

Another important point concerns the retrieval of the tem-
perature profile at 83◦ N. The Q-branch is optically thick on
several averaged limb spectra and the deepest level probed is
around 0.13 mbar (250 km), whereas the P -branch is optically
thin down to the 1-mbar level (164 km). As a result, and par-
ticularly for the Q-branch, the region of maximum information
is not located around the tangent point, but closer to the space-
craft along the ray path and therefore at higher altitude. Since
Cassini orbits were nearly in Titan’s orbital plane during the two
flybys studied here, such limb observations acquired near 83◦ N
probed lower latitudes (down to 69◦ N, as calculated from the
geometry of the ray path). As a consequence, the temperature
profile below 250 km is a “composite” profile that includes in-
formation from the Q-branch originating from latitudes less
than 83◦ N, and information from the P -branch related to the
latitudes at the tangent points (i.e., 83◦ N). This problem is
much less pronounced for targeted latitudes close to the equator
(which is the case for Tb) because the limb observation geom-
etry is different: the probed latitude does not vary significantly
(even for optically thick lines of sight), whereas the longi-
tude does. Previous studies showed that temperature and abun-
dance present small longitudinal variations (Flasar et al., 2005;
Teanby et al., 2006; Coustenis et al., 2007) but large latitudinal
variations, especially towards high latitudes.

3.2. Mixing ratio profile retrieval

The retrieved thermal profile is then used to model observed
spectra in the range 700–730 cm−1, which includes the emis-
sion bands of H12C14N (713 cm−1), H13CN (706 cm−1), and
HC15N (711 cm−1). Mixing ratio profiles were derived from
limb and nadir spectra by using the same inversion method as
for temperature (described above), but by replacing the tem-
perature by the logarithm of the mixing ratio of the absorbers
studied [see also Vinatier et al. (2007) for more details concern-
ing the method]. Up to three vertical profiles can be retrieved at
the same time by the algorithm. To reproduce satisfactorily the
continuum between molecular emission bands, we always re-
trieve the haze vertical opacity profile simultaneously with the
mixing ratio profiles of the molecules we consider. We treat the
haze opacity as solely absorption with no scattering, and as-
sume a gray variation in each spectral range considered for the
retrievals.

Synthetic spectra and inversion kernels are computed from a
line-by-line radiative transfer program. Collision-induced opac-

Fig. 2. Comparison of the observed spectra (dotted line with diamonds) with
calculated spectra that include the HCN isotope emission bands (solid line) and
synthetic spectra without the isotope emissions (solid gray line) for nadir and 4
limb spectra at 15◦ S. Mixing ratio profiles of HCN used here is displayed in
Fig. 6, the isotopic vertical mixing ratio profiles are proportional to the HCN
one with the ratios 12C/13C = 89 and 14N/15N = 56. Detections of H13CN
at 706 cm−1 and HC15N at 711 cm−1 are clear on the nadir and several limb
spectra. Error bars equal to the rms of the residuals are indicated for each spec-
trum (top right).

ity from N2–N2, N2–CH4, N2–H2 and CH4–CH4 was included
in the model. HCN spectroscopic parameters were extracted
from HITRAN 2004 (Rothman et al., 2005), which includes
the H13CN and HC15N isotopes. We assume that these two iso-
topes follows the same saturation law as HCN in the lower part
of the stratosphere. In the spectral range studied here (700–
730 cm−1), C2H2 also displays many strong emission features
from its ν5 band (with its Q-branch at 729 cm−1). Its spectro-
scopic parameters were extracted from the Geisa 2003 database
(Jacquinet-Husson et al., 2005). Therefore, we first retrieved the
mixing ratio profiles of C2H2 at both latitudes and incorporated
them in the atmospheric models used to retrieve the mixing ra-
tio profile of HCN and its two isotopes.

A vertical filtering of the solution is applied with a correla-
tion length equal to 3 scale heights at 15◦ S and 4 scale heights
at 83◦ N for HCN and its 2 isotopes. This choice avoids the
presence of strong oscillations on the retrieved vertical abun-
dance profiles that appear with lower vertical filtering (e.g., of
about 1 scale height). Arguments for this choice are detailed
in Vinatier et al. (2007). The main point is that this large fil-
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Fig. 3. Comparison of the observed spectra (dotted line with diamonds) with
calculated spectra that include H13CN and HC15N emission bands (solid line)
and synthetic spectra without the isotope emissions (solid gray line), at 83◦ N,
for 5 limb spectra. Mixing ratio profiles of HCN used here is displayed in Fig. 6,
the isotopic vertical mixing ratio profiles are proportional to the HCN one with
the ratios 12C/13C = 68 and 14N/15N = 56. H13CN and HC15N are well de-
tectable on several limb spectra. Error bars equal to the rms of the residuals are
indicated for each spectrum (top right).

tering does not significantly degrade the fits beyond the noise
level.

3.3. Results

Figs. 2 and 3 show some fits of the observed spectra at 15◦ S
and 83◦ N in the spectral range 701–718 cm−1. Comparisons
of observed spectra with spectra calculated without the HCN
isotope emission bands (solid gray line) and synthetic spectra
including them (solid black lines) clearly validate the detection
of H13CN and HC15N in the nadir and several limb spectra.
Note that the altitudes are corrected by the same altitude shift
as deduced from the ν4 CH4 band (see above).

3.3.1. The H12C14N retrieved vertical profile
The inversion kernels of HCN are plotted in Figs. 4 and 5,

at 15◦ S and 83◦ N, respectively. The inversion kernels give
the dependence of the emitted intensity upon the logarithm of
the mixing ratio as a function of altitude and thus represent
the information content of the spectra. In each figure, the HCN
inversion kernels calculated at 712.25 cm−1 (dashed line) are

Fig. 4. Normalized inversion kernels of HC15N at 711.25 cm−1 (left panel,
solid gray line) and H13CN at 706 cm−1 (right panel, solid gray line) at 15◦ S,
compared in both cases with the H12C14N normalized kernels at 712.25 cm−1

(dashed line). Altitudes are given where kernels reach their maxima. The corre-
sponding HCN vertical mixing ratio profile is plotted in Fig. 6. The correspond-
ing H13CN an HC15N retrieved vertical profiles are proportional to the HCN
one with 12C/13C = 89 and 14N/15N = 56.

Fig. 5. Normalized inversion kernels of HC15N at 711.25 cm−1 (left panel,
solid gray line) and H13CN at 706 cm−1 (right panel, solid gray line) at 83◦ N,
compared in both cases with the HCN normalized kernels at 712.25 cm−1

(dashed line). Altitudes are given at kernel maxima of H13CN and HC15N.
The corresponding HCN vertical mixing ratio profile is plotted in Fig. 6. The
corresponding H13CN an HC15N retrieved vertical profiles are proportional to
the HCN one with 12C/13C = 68 and 14N/15N = 56.

plotted in both panels for comparison with the H13CN kernels
at 706 cm−1 (right panel, solid gray line) and HC15N kernels
at 711.25 cm−1 (left panel, solid gray line) calculated with
isotope abundance profiles proportional to the HCN one (see
Section 3.3.2).

At 15◦ S, we used both nadir and limb spectra to retrieve
the abundance profile of HCN and its isotopes. At 712.25 cm−1

(HCN Q-branch), the nadir spectrum probes levels (given by
the full width of the kernels at half maximum) between 14 mbar
(87 km) and 0.7 mbar (206 km) with a maximum at 3 mbar
(37 km). To retrieve the HCN profile, we used 7 limb spectra
that probe levels between 0.3 mbar (244 km) and 0.004 mbar
(462 km).
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Fig. 6. Retrieved mixing ratio profiles of HCN at 15◦ S and 83◦ N. Parts where
the temperature profile is not constrained are displayed as dotted lines. Error
bars (correlated between levels through the filtering of the solution) are plotted
at levels where kernels reach their maxima (see Figs. 4 and 5). The altitude
scale refers to the Tb profile.

At 83◦ N, HCN was inverted from 8 limb spectra probing
levels between 0.95 mbar (165 km) and 0.05 mbar (305 km).
Its emission is optically thin on all limb spectra. Note that the
temperature profile at 83◦ N probes a large latitude range (be-
tween 69◦ N and 83◦ N) below the 250 km level (0.13 mbar),
which may introduce some uncertainties on the abundance pro-
file below this level.

Fig. 6 gives the vertical profiles of HCN retrieved at 15◦ S
and 83◦ N. Error bars for HCN are given at levels where its
kernels are maximal. Note that the errors are correlated over
∼3 scale heights due to the filtering of the solution. These er-
rors are the quadratic sum of an error due to noise, temperature
uncertainties, and uncertainties in the altitude correction (see
Section 3.1) equal to about ±7 km. Uncertainties due to noise
are calculated in the same way as for the temperature profile,
and we also multiplied this error by the factor rms/NESR. The
error due to temperature uncertainties is estimated by retrieving
extreme abundance profiles that use the minimum and maxi-
mum temperature profiles (defined by the temperature errors,
see Fig. 1). The estimation of errors due to the altitude correc-
tion is performed by retrieving the abundance profile succes-
sively with the +7 km and −7 km shift while using the inverted
temperature profile with the corresponding viewing altitudes.

3.3.2. Isotopic ratio vertical variations
We investigated the vertical variation of the H13CN and

HC15N mixing ratio and found that vertical profiles propor-
tional to the HCN one yield good fits of the data. The results
of this analysis concerning 15N/14N are given in Fig. 7, which
displays the comparison between two 15N/14N isotopic ratio
vertical distributions calculated at 15◦ S. The first one, in solid
black line, is deduced from HCN and HC15N vertical mixing
ratio profiles retrieved with a correlation length equal to 3 scale
heights (L = 3). The second one, in dotted–dashed line, is de-
duced from the same retrieved HCN vertical abundance profile
but with a HC15N mixing ratio profile proportional to the HCN

Fig. 7. Vertical distribution of the 15N/14N isotopic ratio at 15◦ S. The solid
black line corresponds to the isotopic ratio deduced from the vertical abun-
dance profile of HCN displayed in Fig. 6 and a HC15N profile retrieved with a
correlation length equal to 3 scale heights. Error bars are plotted at the HC15N
kernel maxima. The gray envelope corresponds to the error deduced for the
nadir viewing. The dot–dashed line presents the isotopic ratio calculated using
the same HCN abundance profile and a HC15N profile proportional to the HCN
one. The dashed lines represent the error envelope of this constant-with-height
isotopic ratio.

one (i.e., L = ∞), which yields to a constant 15N/14N ratio with
height. Taken at face value, the isotopic ratio profile retrieved
with L = 3 would suggest an increase of the 15N/14N ratio by a
factor of 1.7 between 200 and 300 km. However, the error bars
are rather large and the two retrieved isotopic ratio profiles with
L = 3 and L = ∞ yield similar fits of the data and almost the
same reduced χ2 (χ2/n with n = 35, the number of indepen-
dent spectral points used for the retrieval) for all spectra. As an
example, the reduced χ2 of the fit of the nadir spectrumwith the
scaled HC15N profile is equal to 1.018 times that correspond-
ing to the L = 3 profile, and for the limb spectrum at 284 km
(where profiles differ the most), the reduced χ2 for the scaled
profile is equal to 1.027 times that for the L = 3 vertical profile.
Thus, the vertical gradient in the 15N/14N ratio, retrieved with a
relatively small correlation length is not statistically significant.
Similar tests were made for the vertical isotopic ratio profile of
13C/12C at 15◦ S, and the two isotopic ratios at 83◦ N, and we
found that isotope vertical profiles proportional to the H12C14N
one gave very satisfactory fits of data (with a reduced χ2 always
lower than 1.021 times the one corresponding to the spectral fits
with isotopic profiles retrieved with L = 3 or 4).

Additionally, we made several tests to investigate the vertical
variations of the isotopic ratios. We tested different vertical gra-
dients for the isotope vertical profiles (keeping the same HCN
profile as displayed in Fig. 6). Considering the signal-to-noise
ratio, we were not able to constrain any possible increase with
height of the 15N/14N and 13C/12C isotopic ratios, but we could
derive a 3-σ upper limit of their decrease with height. The
15N/14N vertical variation is not constrained at 15◦ S, but at
83◦ N, we found that it cannot decrease by more than a factor
of 4 between 170 and 300 km. Concerning the 13C/12C isotopic
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Fig. 8. Mean values of the 13C/12C and 15N/14N isotopic ratios (dashed lines)
at 15◦ S (black) and 83◦ N (gray) relative to the Earth isotopic ratios. The 1-σ
error envelopes are indicated as solid lines. The altitude scale refers to the 15◦ S
profile.

ratio, we conclude that it cannot decrease by more than a fac-
tor of 2.5 between 150 and 250 km at 15◦ S, and a factor of 2
between 170 and 300 km at 83◦ N.

As no vertical variation of these isotopic ratios is evidenced
by the observations, we forced the retrieved vertical profiles of
H13CN and HC15N to be proportional to the HCN one in the
retrieval process.

3.3.3. The 12C/13C isotopic ratio
The inversion kernels corresponding to the retrieved H13CN

mixing ratio profile (proportional to the HCN one) are plotted
in Figs. 4 and 5, at 15◦ S and 83◦ N, respectively. At 15◦ S, like
for the HCN inversion, we used both nadir and limb spectra to
retrieve the abundance profile of this isotope. The nadir emis-
sion of H13CN at 706 cm−1 probes levels in the 5–0.20 mbar
range (122–265 km) with a maximum at 1 mbar (188 km). The
highest part of the H13CN mixing ratio profile is constrained by
the emission from 3 limb spectra that probe the 0.3–0.07 mbar
range (244–315 km); at higher levels, the signal-to-noise ratio
becomes too weak (see Fig. 2 at 350 km).

At 83◦ N, H13CN was inverted from 8 limb spectra probing
levels between 0.95 mbar (165 km) and 0.05 mbar (305 km).
Their emissions are optically thin on all limb spectra.

Fig. 8 displays the 13C/12C isotopic ratios at 15◦ S (black)
and 83◦ N (gray) relative to the Earth value (dotted lines) along
with the corresponding 1-σ error envelopes (solid line). These
error envelopes include uncertainties due to noise, uncertainties
on temperature and altitude correction. At 15◦ S, 13C/12C =
(1+0.3

−0.2) × [13C/12C]⊕ and at 83◦ N, 13C/12C = (1.3 ± 0.3) ×
[13C/12C]⊕.

3.3.4. The 14N/15N isotopic ratio
Figs. 4 and 5 display the kernels corresponding to the HC15N

mixing ratio profile (proportional to the HCN one) at 15◦ S
and 83◦ N, respectively. The HC15N mixing ratio profile is de-

duced by using the nadir and 4 limb spectra that probe up to
0.04 mbar (357 km). At 711.25 cm−1 the nadir emission probes
levels comparable to those of the H13CN.

At 83◦ N, HC15N was inverted from 8 limb spectra probing
levels between 0.95 mbar (165 km) and 0.05 mbar (305 km).

The deduced 15N/14N isotopic ratios at 15◦ S and 83◦ N,
in Earth value units, are presented in Fig. 8. At both latitudes,
the central value of 15N/14N (dashed lines) is equal to 4.9 times
the Earth ratio, but with differences in error bars and altitude
ranges. At 15◦ S, 15N/14N = (4.9+1.5

−1.0) × [15N/14N]⊕ and at

83◦ N it is equal to 4.9+0.9
−0.7 times the Earth isotopic ratio.

4. Discussion

4.1. Temperature profile and HCN vertical mixing ratio profile

As described in Section 3.1, the first guess used in the re-
trieval process is the HASI temperature profile, which differs
from that used in Vinatier et al. (2007). Also, we used a methane
abundance of 1.41% as inferred from the GCMS aboard Huy-
gens, whereas Vinatier et al. (2007) chose 1.6% as inferred from
CIRS (Flasar et al., 2005). Concerning the temperature profile
at 83◦ N, it can be compared with the thermal profile retrieved
at 80◦ N by Vinatier et al. (2007) from another set of limb spec-
tra recorded earlier in the Cassini mission (during the T3 flyby).
The profile retrieved here is generally in very good agreement
with their profile in the range where there is information (0.05–
1 mbar), except near the 1-mbar level where the temperature
in this study is lower by 9 K than what was found from the
T3 flyby. The HCN vertical profile we found in this study at
15◦ S is an update of the vertical profile found by Vinatier et al.
(2007), with slight differences due to the temperature profile in
the atmospheric model.

At 83◦ N, the HCN vertical mixing ratio is in agreement with
the one derived in our previous work at 80◦ N (Vinatier et al.,
2007), despite the difference in the methane abundance (and
thus in the temperature profile) between the two investigations.

We can compare the vertical HCN profile retrieved at 15◦ S
with the profile deduced from ground-based millimeter ob-
servations (disk-averaged), which are more heavily weighted
towards low latitudes. Our HCN profile is very close to the
Hidayat et al. (1997) profile below 200 km, but becomes larger
at higher levels (by almost a factor of 2 at 300 km). On the other
hand, it is very close to the Marten et al. (2002) profile below
400 km, and larger at higher altitudes.

4.2. The 12C/13C isotopic ratio

We have investigated the vertical variations of the 13C/12C
isotopic ratio at 15◦ S and 83◦ N and conclude that it does not
decrease by more than a factor of 2.5 in the 150–250 km range
at 15◦ S, and a factor of 2 in the 170–300 km range at 83◦ N.
We therefore constrained the retrieved H13CN vertical profiles
to be proportional to the HCN one, which yields good fits of the
data within noise level.

At 15◦ S, we found that the 12C/13C ratio is equal 89+22
−18 (i.e.,

[13C/12C]15◦ S = (1+0.3
−0.2)×[13C/12C]⊕). At 83◦ N, the retrieved
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12C/13C isotopic ratio is equal to 68+16
−12 (which corresponds to

[13C/12C]83◦ N = (1.3 ± 0.3) × [13C/12C]⊕). The two determi-
nations are thus consistent within error bars. If we combine
the two values, we obtain 12C/13C = 75 ± 12. Our results ob-
tained near the equator can be compared with the disk-averaged
H12CN/H13CN isotopic ratio obtained from ground-based mil-
limeter observations (as most of the information originates from
equatorial regions). Hidayat et al. (1997), from their analysis
of the (4–3) HC13N rotational line at 345.34 GHz recorded at
the JCMT (Mauna Kea, Hawaii), found that for altitudes below
200 km the 12C/13C ratio lies between 70 and 120, in agree-
ment with our results (63–87). Gurwell (2004) also determined
the 12C/13C isotopic ratio in HCN from the same rotational line
observed at the Submillimeter Array. He inferred two differ-
ent results, depending on the temperature profile used in the
radiative transfer model. Assuming the Coustenis and Bézard
(1995) temperature profile, he retrieved 12C/13C = 132 ± 25,
while using Lellouch’s (1990) thermal profile leads to 12C/13C
= 108 ± 20. The latter value agrees with our result. However,
it should be noticed that the analysis of the ground-based disk-
averaged observations assume that the HCN profile does not
vary with latitude, which is not true from Voyager and Cassini
observations. The analysis of ground based millimeter observa-
tions could probably be improved by considering a latitudinal
gradient in the HCN distribution.

The 12C/13C isotopic ratio was also determined in situ by
the GCMS instrument during the Huygens descent in Titan’s
atmosphere on 14 January 2005. From the methane measure-
ments, Niemann et al. (2005) found a 12C/13C isotopic ratio
equal to 82.3 ± 1 between 18 and 6 km around 10◦ S. Waite
et al. (2005), from their study of the Cassini/INMS in situ data
at 1200 km derived 12CH4/13CH4 = 95.6 ± 0.1, which leads to
an estimated value equal to 81 at the surface, in agreement with
the GCMS results. The range of the carbon isotopic ratio found
in HCN in this study (between 100 and 350 km) envelops the
in situ results relative to CH4 (the main reservoir of carbon in
Titan’s atmosphere). As a consequence, it does not appear that
carbon undergoes significant fractionation in the HCN forma-
tion process.

4.3. The 14N/15N isotopic ratio

The vertical variations of the 15N/14N isotopic ratio were
explored at both latitudes. At 15◦ S, because of the poor signal-
to-noise ratio, they cannot be constrained, whereas at 83◦ N,
we set an upper limit of a factor of 4 on its vertical decrease
between 170 and 300 km. We then forced the retrieved HC15N
profiles to be proportional to the HCN one, which allows a good
reproduction of the data within noise level.

At 15◦ S, we retrieved a 14N/15N isotopic ratio equal
to 56+16

−13 (i.e., [15N/14N]15◦ S = (4.9+1.5
−1.0) × [15N/14N]⊕),

and at 83◦ N, we retrieved 14N/15N equal to 56+10
−9 (i.e.,

[15N/14N]83◦ N = (4.9+0.9
−0.7) × [15N/14N]⊕). Therefore no lat-

itudinal variations are observed between 15◦ S and 83◦ N. If
we combine these two results, we obtain 14N/15N = 56± 8.

This value can be compared with the 14N/15N isotopic
ratio deduced from ground-based millimeter observations.

Marten et al. (2002) studied HCN (at 88.6 GHz) and HC15N
(258.16 GHz) among other nitriles and deduced a value for
the HC14N/HC15N ratio in the range 60–70. In this study, we
obtain an averaged value that lies between 48 and 64, which
is in agreement with Marten et al.’s results. Gurwell (2004)
also retrieved the HC14N/HC15N isotopic ratio from millime-
ter observations assuming two different temperature profiles.
He derived 14N/15N = 94 ± 13 with the Coustenis and Bézard
(1995) thermal profile and 14N/15N = 72 ± 9 with that from
Lellouch (1990). Our results agree with Gurwell’s second re-
sult within error bars.

The 14N/15N isotopic ratio was also determined by the Huy-
gens/GCMS instrument from N2 measurements. Niemann et al.
(2005) deduced an isotopic ratio equal to 183 ± 5 (between
36 and 41 km), which corresponds to an enrichment of 15N
compared to 14N equal to about 1.5 times the terrestrial value.
14N/15N was also derived from in situ Cassini/INMS measure-
ments at 1200 km by Waite et al. (2005) who found a value in
the range 172–215, corresponding to an estimated value at the
surface in the range 168–211, encompassing the GCMS val-
ues. The 15N enrichment in HCN is thus higher than in N2 by
a factor of about 3 (considering the GCMS results). As N2 is
the main reservoir of nitrogen in Titan’s atmosphere, the higher
15N/14N ratio in HCN, a product of the coupled photochemistry
of N2 and CH4, implies that fractionation processes occur in Ti-
tan’s atmosphere, which favor HC15N compared to HC14N.

As a first step, HCN formation involves the dissociation of
N2 by extreme UV photons and by electrons. Nitrogen atoms
in the ground state (4sN) then react with CH3 radicals, a di-
rect product of methane photolysis, to form HCN (e.g., Wilson
and Atreya, 2004). Reaction of methane with N+ ions, formed
from electron impact and photoionization of N2, provides an-
other pathway for HCN production. HCN is then diffused to
the lower atmosphere and eventually lost by condensation.
Incorporation in the photochemical haze has also been pro-
posed as an important loss mechanism for HCN (McKay, 1996;
Lara et al., 1999).

Fractionation mechanisms may operate at these different
steps. The first one, photodissociation of N2, may actually be
quite efficient. Dissociation of N2 occurs at wavelengths lower
than 100 nm, mostly by a predissociation mechanism, in which
a transition occurs to Rydberg and valence states. These states
have a long enough lifetime to exhibit vibrational and rota-
tional structure and thus relatively narrow absorption lines (e.g.,
Haverd et al., 2005; Lewis et al., 2005; Stark et al., 2005). The
isotopic shift of the 14N15N and 15N15N vibration bands rela-
tive to the 14N2 bands can reach a few tens of cm−1 (Sprengers
et al., 2003; Lewis et al., 2005), larger than the linewidth. For
continuum irradiation from the Sun, wavelengths correspond-
ing to 14N2 line absorption are more rapidly attenuated than
those corresponding to the less abundant isotopes. The latter
can then undergo photodissociation at levels deeper than 14N2

that is self-shielded. This process can potentially increase the
15N/14N atom ratio but precise line-by-line calculations, taking
into account the solar spectrum, are needed to assess its frac-
tionation effect in Titan.
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Fractionation might also occur in the formation reactions
themselves (i.e., mostly 4sN + CH3 according to Wilson and
Atreya, 2004) but, to our knowledge, such effects were inves-
tigated neither through laboratory measurements nor ab initio
calculations. HCN condensation in the lower stratosphere is
expected to deplete the heavy isotope in the gas phase as com-
pared with the solid due to isotopic effects similar to those ob-
served for H2O on Earth. This loss mechanism cannot therefore
explain the observed enrichment in (gaseous) HC15N. Photoly-
sis is only a minor loss process in Titan’s atmosphere as most of
the CN radicals are recycled back to HCN. According to Waite
et al. (2005), the isotopic fractionation induced by the HCN
photodissociation is not sufficient to account for the observed
enrichment in HC15N. Finally, a possibility is the formation of
the photochemical haze if it is a significant loss process for
HCN as advocated by McKay (1996), Lara et al. (1999) and
Vinatier et al. (2007). Unfortunately, here again, the appropri-
ate laboratory measurements are missing.

5. Conclusions

High-spatial resolution and vertically-resolved data recorded
by CIRS allowed us to detect HC15N and H13CN in the in-
frared range and to retrieve the 14N/15N and 12C/13C isotopic
ratios. The vertical variations of the 15N/14N ratio cannot be
constrained at 15◦ S, while at 83◦ N an upper limit of its de-
crease between 170 and 300 km was set to a factor of 4. As
concerns 13C/12C, its decrease with height at 15◦ S cannot ex-
ceed a factor of 2.5 between 150 and 250 km, and a factor
of 2 between 170 and 300 km at 83◦ N. Assuming no verti-
cal variations, the 12C/13C ratios inferred at 15◦ S and 83◦ N
agree within error bars (89+22

−18 at 15◦ S and 68+16
−12 at 83◦ N).

The 14N/15N ratio was found equal to 56+16
−13 at 15◦ S and

56+10
−9 at 83◦ N, i.e., enriched by a factor of 4.9 compared to

the Earth. The isotopic ratio values that we obtained here from
Cassini/CIRS infrared spectra confirm values derived from pre-
vious ground-based millimeter observations. The range in the
12C/13C ratio we derived here in HCN encompasses the car-
bon isotopic ratio in CH4 deduced in situ from Huygens/GCMS
data (82.3 ± 1). We find a enrichment of 15N in HCN that is
higher by a factor of about 3 than that in N2 obtained from
in situ measurements, implying the existence of fractionation
processes in the HCN photochemistry. Simulations as well as
laboratory experiments will be necessary to identify and quan-
tify these processes. Moreover, until the end of Cassini mission,
CIRS will extend its coverage over all Titan’s surface, which
will permit us to improve the accuracy of these isotopic ratios
both latitudinally and vertically.
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Titan’s Atmospheric Temperatures,
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Temperatures obtained from early Cassini infrared observations of Titan show a
stratopause at an altitude of 310 kilometers (and 186 kelvin at 15-S). Stratospheric
temperatures are coldest in the winter northern hemisphere, with zonal winds
reaching 160 meters per second. The concentrations of several stratospheric organic
compounds are enhanced at mid- and high northern latitudes, and the strong zonal
winds may inhibit mixing between these latitudes and the rest of Titan. Above the
south pole, temperatures in the stratosphere are 4 to 5 kelvin cooler than at the
equator. The stratospheric mole fractions of methane and carbon monoxide are (1.6 T
0.5) � 10j2 and (4.5 T 1.5) � 10j5, respectively.

Unlike other moons in the solar system, Titan

has a substantial atmosphere and offers an in-

teresting comparison with Earth and the other

planets. Its pressure at the surface is 1.5 times

Earth_s, but its temperature is much colder, 90

to 94 K (1–3). Like Earth, Titan_s atmosphere

is primarily N
2
, but CH

4
(not O

2
) is the next–

most abundant constituent. Dissociation of CH
4

and N
2
by ultraviolet sunlight and energetic

electron impact leads to a rich mixture of or-

ganic compounds (4–6). Titan_s winter polar

atmosphere may be analogous to the terrestrial

Antarctic ozone hole but with different chem-

istry. Infrared observations from the Voyager

spacecraft indicated cold stratospheric tem-

peratures, strong circumpolar winds, and an

enhanced concentration of several organic com-

pounds in the north-polar region, which was

coming out of winter in 1980 to 1981 (7–9).

This enhanced concentration suggests that the

winter polar atmosphere was isolated from

that at low latitudes. Titan has a 16-day period

and rotates slowly, like Venus. Both have at-

mospheres that rotate globally much faster

than their surfaces. Unlike Venus, however,

Titan has a large seasonal modulation in its

stratospheric temperatures and winds (2, 7).

Here we summarize results from early

Cassini orbiter observations of Titan by the

Composite Infrared Spectrometer (CIRS). The

observations were made on 2 July 2004 (flyby

T0), shortly after Cassini was inserted into

orbit around Saturn, and on 13 December 2004

(flyby TB). CIRS consists of two Fourier-

transform spectrometers, which together mea-

sure thermal emission from 10 to 1400 cmj1

(wavelengths 1 mm to 7 mm) at an apodized

spectral resolution selected between 0.5 and

15.5 cmj1 (10, 11). The far-infrared interfer-

ometer (10 to 600 cmj1) has a 4-mrad field of

view on the sky. The mid-infrared interferom-

eter consists of two 1 � 10 arrays of 0.3-mrad

pixels, which together span 600 to 1400 cmj1.

Like Earth, Titan has a well-defined strato-

sphere. It has been well characterized at

altitudes up to È225 km by Voyager radio-

occultation and infrared observations (1, 7, 8)

and also by the Infrared Space Observatory

(12). Titan stellar occultations have been used

to probe the mesosphere at altitudes of 300

to 500 km (13, 14). In this region, the re-

trieved temperature profiles show great vari-

ability, possibly because of the influence of

vertically propagating waves. The accuracy

of the retrieved temperatures decreases at al-

titudes below È300 km because of the un-

certain contribution of aerosol absorption to

the signal. None of these observations defined

the stratopause, which is the maximum in the

temperature profile separating the mesosphere

from the underlying stratosphere. The strato-

pause temperature and its location are deter-

mined by the vertical variation of aerosol

heating, infrared cooling to space by C
2
H
6
,

and, to a lesser extent, heating of CH
4
in its

near-infrared bands (15). At these altitudes,

CH
4
is well mixed, but the aerosols tend to de-

crease with altitude and C
2
H
6
increases slowly

with altitude (6). The spatial resolution of the

mid-infrared detector arrays allowed CIRS to

observe Titan_s atmosphere on the limb, where

the line of sight extends through the atmo-

sphere to deep space. In this mode, the altitude

coverage and vertical resolution was deter-

mined by the array pixels (11). Figure 1A shows

that vertical profiles up to the 0.01-mbar

level (410 km) are feasible. At 15-S, a well-

defined stratopause is evident near 0.07 mbar

(310 km) with a temperature of 186 K.

CIRS mapped stratospheric temperatures

over much of Titan (Fig. 1, B and C) in the

second half of 2004, with its mid-infrared ar-

rays in the nadir-viewing mode. This corre-

sponded to early southern summer (solstice

was in October 2002). The warmest temper-

atures were near the equator. Temperatures

were moderately colder at high southern lati-

tudes (by 4 to 5 K near 1 mbar), but they were

coldest at high latitudes in the north, where it

was winter. The thermal wind equation re-

lates the variation of zonally averaged tem-

peratures with latitude to the variation of the

mean zonal winds along cylinders parallel to

Titan_s rotation axis (16). The derived zonal

winds (Fig. 1D) were weakest at high southern

latitudes and increased northward. The maxi-

mum winds were at low and mid- northern

latitudes, reaching 160 m sj1 between 20-
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and 40-N. The zonal winds at the 10-mbar

level in Fig. 1D, which are not known, were

set to zero. The errors from this assignment

should not materially affect the displayed

winds where they were strong, at low latitudes

and in the north. The largest relative errors are

likely to be at high southern latitudes, where

the derived winds were smallest (16).

The CIRS observations, taken with earlier

studies, indicate that the strongest zonal winds

migrate seasonally in the stratosphere. Voyager

infrared observations, taken in 1980 shortly af-

ter the northern spring equinox, indicated that

the strongest winds were at mid- and high

northern latitudes, and also at high southern

latitudes (8). Subsequent stellar-occultation

central-flash data provided information on the

winds on the 0.25-mbar isobar in the upper

stratosphere. An occultation of Sgr 28 in 1989,

during northern summer, showed a strong jet

(175 m sj1) centered at 65-S (13, 17). A more

complex wind structure was observed in De-

cember 2001, a few months before northern

winter solstice; a 220-m sj1 jet was centered

near 60-N, and a somewhat weaker jet had a

maximum near 20-S, with strong winds extend-
ing to 60-S (18). The CIRS data indicate that

the southern-hemispheric winds have weakened

and the strongest northern-hemispheric winds

have migrated toward the equator (Fig. 1D).

This is not a simple hemispheric reflection of

the high-latitude jet observed during the Sgr

28 occultation, which occurred approximate-

ly one-half–Titan year earlier (13).

The lower temperatures at the south pole

of Titan during early summer are in marked

contrast to the south-polar warming seen in

Saturn_s stratosphere (19). A radiative expla-

nation by itself is not straightforward, because

the radiative relaxation time in Titan_s upper
stratosphere is so short (È1 year, compared

with Saturn_s orbital period of 29.5 years).

Time-dependent radiative models of Titan,

which assume opacities that are uniform in lat-

itude, predict that the south pole near 1 mbar

is 16 to 17 K warmer than the equator at the

current season (20). Instead, it is 4 to 5 K

colder. The gaseous opacity in the stratosphere

Fig. 1. Temperatures and zonal winds in Titan’s atmosphere. (A) Vertical
temperature profile near 15-S, retrieved from a combination of nadir- and
limb-viewing spectra (16). The dashed portions of the curve represent the
regions where temperatures are not well constrained by the spectra and
are more influenced by the Voyager radio-occultation profiles (1) and ra-
diative mesospheric models (15) used as the initial estimate. (B) Temper-
atures (K) on the 1.8-mbar isobar, obtained from nadir-viewing spectra
at 3-cmj1 resolution. The map is a combination of observations taken on
2 July 2004, which were primarily in the southern hemisphere at longi-
tudes centered near 0-, and observations on 13 December 2004, which
were in both hemispheres at longitudes centered near 146-W. The hori-
zontal resolution is 5- of great-circle arc. The temperature errors from
instrument noise are 0.2 K at most locations, increasing to È0.4 K at high

northern latitudes, where there are fewer data. (C) Meridional cross section
of stratospheric temperatures (K) averaged over available longitudes [see
(B) for horizontal coverage], with latitude as the horizontal coordinate and
pressure as the vertical coordinate (altitude is indicated on the right). The
errors in zonal-mean temperature from noise range from 0.03 to 0.1 K. (D)
Zonal winds (m sj1), calculated from the temperatures in (C) using the
thermal wind equation for a thick atmosphere (16). Positive numbers in-
dicate eastward velocities. Winds at the 10-mbar level have been set equal
to zero. At low latitudes within the parabola, this boundary condition is
insufficient for calculating the winds, and they have been omitted (16).
At 15- latitude, the noise in temperatures propagates into errors of 6 and
9 m sj1 at the 5- and 0.5-mbar levels, respectively; at higher latitudes
the error decreases roughly as 1/tan (latitude).
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could be heterogeneously distributed so that it

cools less at low latitudes than at high lati-

tudes, whereas fewer aerosols at the south pole

could lead to less solar heating there (21).

The colder south pole may also be a man-

ifestation of a lagged stratospheric cross-

equatorial circulation (8). Although the radiative

relaxation time is short compared with season-

al time scales, temperatures and zonal winds

are coupled because of the thermal wind equa-

tion. The need to transport axial angular

momentum from the hemisphere going into

summer, where meridional temperature gradi-

ents are weakening, to that going into winter,

where the gradients are strengthening, adds

an inertia to the system that causes a phase

lag of about one full season. It may be that the

circulation is transporting angular momentum

northward in early southern summer, with an

attendant upwelling at high southern latitudes

and adiabatic cooling. The vertical velocities

required are small, about 0.05 cm sj1 (16).

Two-dimensional coupled radiative-dynamical

models with parameterized eddy mixing, which

simulate the transport of radiatively active gas-

eous constituents and aerosols, have been de-

veloped to predict Titan_s seasonal behavior.

Although these models have been tuned to re-

produce the stratospheric temperatures observed

by Voyager reasonably well, they fail to ac-

count for the cooler south-polar temperatures

observed now, instead predicting temperatures

È10 K warmer than at the equator (22).

Titan_s atmosphere is rich in organics:

hydrocarbons and nitriles (figs. S1 to S3).

Hydrocarbons form from the photolytic and

catalytic dissociation of CH
4
. Nitriles are

created by dissociation of N
2
from ultraviolet

sunlight and impacts by energetic electrons

from photoionization and the magnetosphere,

followed by reactions with hydrocarbon radi-

cals (4–6). Voyager 1 infrared data (9), which

were obtained during Titan_s early northern

spring, showed that the concentrations of ni-

triles (HCN, HC
3
N, and C

2
N
2
) and the more

photochemically active hydrocarbons (C
2
H
4
,

C
3
H
4,
and C

4
H
2
) were enhanced at high north-

ern latitudes by factors of 10 to 100, compared

with the concentrations at low latitudes. The

CIRS observations in early northern winter

show an enhancement of several of the same

constituents at northern latitudes (Fig. 2), but

by a smaller amount. Indeed, C
2
H
4
now shows

not an enhancement, but a twofold depletion

at high northern latitudes. If the Voyager re-

sults are typical, then one can expect a build-up

of the relative concentrations of these organ-

ic compounds through the winter into early

spring. Numerical simulations suggest that the

enhancement of these species is associated

with an axisymmetric meridional circulation

that subsides in the polar region during win-

ter and early spring (22, 23). Most of the en-

hanced species have larger mixing ratios at

higher altitudes, where they are photochemi-

cally formed. Subsidence brings these enriched

parcels of atmosphere down to the levels of

the observed emission, È1 to 10 mbar (9).

Subsidence also brings the species into winter

shadow, where they are shielded from further

photodissociation (24). For the enhancements

to persist at high northern latitudes, lateral mix-

ing with the atmosphere at other latitudes must

be inhibited, compared with the transport by

the meridional circulation.

Titan_s strong circumpolar winds (Fig. 1D)

may facilitate this isolation, which is also a

critical ingredient of the terrestrial Antarctic

polar vortex during winter (25). There, the

concentrations of species such as CH
4
and HF

imply strong descent from the mesosphere

well into the stratosphere, and these gases

have sharp gradients across the polar vortex

(26). Indeed, the whole process leading to the

ozone hole within the vortex—the cold polar

temperatures leading to the formation of strato-

spheric clouds, which denitrify the polar atmo-

sphere by heterogeneous chemistry, liberating

gaseous Cl
2
; its photodissociation in the spring

into Cl, which in turn irreversibly destroys O
3
—

requires the polar air to be isolated from the

warmer, lower-latitude air that contains reac-

tive nitrogen compounds (25). Planetary waves,

which normally efficiently mix air masses, are

unable to penetrate the polar vortex until later

in spring, when polar temperatures rise and

the circumpolar winds weaken. Planetary-scale

waves on Titan have not been well character-

ized yet. The CIRS observations indicate that

any thermal contrasts associated with waves

are small at present. The maximum zonal vari-

ation in temperature observed in the available

coverage shown in Fig. 1B is G1 to 1.5 K.

In the southern hemisphere, where it was

summer, the hydrocarbons and nitriles were

more uniformly distributed with latitude (Fig. 2).

The numerical simulations (23) attribute such

flat structure to rising motions in the summer

hemisphere, bringing material impoverished in

the trace organics from altitudes below their

condensation level in the lower stratosphere.

An interesting result pertains to C
2
H
4
. Recent

analysis of Keck broad-band filter observations

acquired from 1999 to 2002 suggests that C
2
H
4

was 12 to 20 times as abundant in the south-

polar region as at the equator (27). The CIRS

data show little enhancement at the south pole.

The relevant C
2
H
4
photolysis rate Efrom (28),

adapted for full illumination and l 9 160 nm^
is 2 � 10j7 s–1, or a 60-day lifetime for an

individual molecule. Although a 12- to 20-fold

enhancement in C
2
H
4
could be removed in 150

to 180 days photochemically, it is not clear

what caused the enhancement reported from

the Keck data, because the period of ob-

servation was already middle to late spring in

the southern hemisphere, a period when rising

motions are predicted (23), and the diurnally

averaged solar illumination changes slowly.

CH
4
is a condensable gas in Titan_s tropo-

sphere. Analysis of Voyager_s far-infrared and

radio-occultation data indicate that its mole

fraction near the surface ranges from 0.06 at

low latitudes to 0.02 at high latitudes (3). The

lifetime of CH
4
in Titan_s atmosphere is only

4 � 107 years (29), and it requires a surface or

interior source if the current inventory is typi-

cal of Titan_s long-term history. The distribu-

tion of stratospheric CH
4
is probably uniform

(17). Analyses of Voyager_s infrared observa-

tions (in the n
4
band of CH

4
near 1300 cm–1)

and radio-occultation soundings led to esti-

mates of the CH
4
stratospheric mole fraction

in the range 0.005 to 0.045 (table S1). Part

of this uncertainty resulted because the CH
4

n
4
-band line-formation region is near 1 mbar,

where Voyager radio-occultation data have large

Fig. 2. Meridional distribution of several hydro-
carbons and nitriles, retrieved from the spectral
regions displayed in fig. S3, but at a resolution
of 3 cm–1 (16). The vertical distribution of the
gases was assumed to be uniform above the
condensation level in the lower stratosphere.
The temperature profile in Fig. 1A was used as
an initial estimate, and the stratospheric tem-
peratures were retrieved at different latitudes
from radiances in the n4 band of CH4. The er-
rors indicated include those from noise in the
spectral region containing the emission lines of
the individual molecules, as well as from noise
in the retrieved stratospheric temperatures.
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errors. Uncertainties in the argon abundance

and the cold-trapping constraint applied in the

tropopause region also contributed to the errors

in the estimated CH
4
mole fraction. The use

of the pure rotational lines of CH
4
in the far-

infrared (fig. S2B) eliminates many of these

ambiguities. The line-formation region is in

the stratosphere between 3 and 20 mbar (140 to

80 km altitude), which mostly lies between the

two regions accessible to direct-temperature

sounding, the upper troposphere and tropopause

region between 500 and 50 mbar (20 to 60 km),

and the upper stratosphere between 5 and

0.5 mbar (130 to 230 km). Nevertheless, in-

terpolation between the two altitude ranges

constrains the temperatures sufficiently to make

an improved determination of the stratospheric

CH
4
abundance. The optically thick n

4
band is

not too sensitive to the CH
4
abundance, but is

more sensitive to the stratospheric temper-

atures, because it is on the Wien tail of the

Planck function. The rotational lines are almost

optically thin, and therefore they are more sen-

sitive to the stratospheric CH
4
abundance but

less sensitive to temperature, because they lie

at wave numbers below those at the peak emis-

sion (fig. S1) (30). Figure S4 illustrates fits for

synthetic spectra with different CH
4
mole frac-

tions. The best fit in a least-squares sense to

all the rotational lines corresponds to a mole

fraction of (1.6 T 0.5) � 10j2. This is compa-

rable to the mole fraction determined at 1000-

to 1200-km altitude from remote-sensing and

in situ measurements (table S1), indicating that

CH
4
is fairly well mixed up to these altitudes.

In addition to containing CH
4
, the far-

infrared contains rotational lines of stratospher-

ic emission from CO and HCN (fig. S2A).

The rotational line-formation region of CO is

similar to that of CH
4
. We find from a least-

squares fit of all the lines observed in indepen-

dent selections of spectra from the T0 and TB

flybys that the CO mole fraction is (4.5 T 1.5)�
10j5, assuming that it is uniform with altitude

(31). This is consistent with the determination

E(5.0 T 1.0)� 10j5^ by Gurwell and Muhleman

(32), and marginally consistent with what

Hidayat et al. (33) inferred below the 1-mbar

level from disk-averaged heterodyne millime-

ter observations E(2.5 T 0.5) � 10j5^. Within

the errors, it is also consistent with the tropo-

spheric value E(3.2 T 1.0)� 10j5^ derived from
5-mm spectra (34), although one cannot rule out

that the stratosphere has a higher concentration.

One might expect the mole fractions of CO in

the stratosphere and troposphere to be more or

less equal, because CO does not condense at

the temperatures and abundances observed, and

the time constant for photochemical adjustment

under current conditions is È109 years (4).
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R E P O R T

The Cassini UVIS Stellar Probe of the
Titan Atmosphere

Donald E. Shemansky,1* A. Ian F. Stewart,2 Robert A. West,3 Larry W. Esposito,2 Janet T. Hallett,1 Xianming Liu1

The Cassini Ultraviolet Imaging Spectrometer (UVIS) observed the extinction of
photons from two stars by the atmosphere of Titan during the Titan flyby. Six
species were identified and measured: methane, acetylene, ethylene, ethane,
diacetylene, and hydrogen cyanide. The observations cover altitudes from 450 to
1600 kilometers above the surface. A mesopause is inferred from extraction of the
temperature structure of methane, located at 615 km with a temperature minimum
of 114 kelvin. The asymptotic kinetic temperature at the top of the atmosphere
determined from this experiment is 151 kelvin. The higher order hydrocarbons and
hydrogen cyanide peak sharply in abundance and are undetectable below altitudes
ranging from 750 to 600 km, leaving methane as the only identifiable carbonaceous
molecule in this experiment below 600 km.

On 13 December 2004, the Cassini UVIS

observed the occultation of two stars, Shaula

(l Sco) and Spica (a Vir) near the end of the

second Titan flyby (labeled T
B
). Both mea-

surements of atmospheric transmission were

obtained in egress: Spica was in the northern

hemisphere over a range of latitudes and

Shaula at a southern latitude, –36- (fig. S1).
Observations were made with the extreme

ultraviolet (EUV) and the far ultraviolet

(FUV) UVIS channels (1). Data from Spica

were compromised by spacecraft pointing drift

but provide useful comparative atmospheric

structural information at lower altitudes (2).

The spectral range of the FUV observations

(110 nm to 190 nm) is effective for the

identification and determination of the hydro-

carbon species abundances. These complement

and extend solar occultation results from

Voyager 1 and 2 in 1980 to 1981 (3, 4) into

the range 900 to 1200 km for CH
4
. Our data
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