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Abstract 

 

 

 

 
In 2004, at SPring-8, Toru Hara proposed a new concept of undulator with a short period and a 

high field: the Cryogenic Permanent Magnet Undulator (CPMU). The purpose of this concept is to 
cool Nd2Fe14B magnets at 150 K. This cooling allows magnets which have a higher remanence to be 
used, up to 40% higher than that of the magnets traditionally used in undulators. 

In order to assess the technological possibility of producing such undulator, a 2 m long undulator 
with a 18 mm period has been proposed at the ESRF. This piece of work presents the design and the 
construction of this CPMU at the ESRF. First a magnetic model of the CPMU is introduced; it is based 
on measurements of the magnetization curve at cryogenic temperature performed at the Louis Néel 
Laboratory. This model forecasts an increase of the peak field of 8% and of the field integral of 0.2 
Gm at around 150 K. A unique magnetic measurement bench has been developed at the ESRF. This 
bench allows both the in vacuum local field and field integral to be measured. Its design and 
construction are presented. Finally we have reviewed the measurements at room and cryogenic 
temperature. These measurements are in agreement with the magnetic model. 
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1. Introduction 

Historically, scientists have widely used light and especially X-rays in many research areas, in 
order to probe materials and undercover their fundamental properties. Tubes were the traditional 
devices used to produce these X-rays until the discovery of the Synchrotron Radiation (SR). SR, i.e. 
the electromagnetic radiation emitted by relativistic electrons in a magnetic field, has deeply modified 
the production of X-rays. 

��������	��

In 1898 Liénard and Wiechert first introduced the theory of SR and derived the energy loss 
expression of an electron in a circularly motion due to SR [1]. The practical observation of SR came 
50 years later with the availability of the first ultra relativistic electron beams [2]. After World War II, 
particles accelerators underwent an intense development; SR was observed on a practical level in 1947 
on the first electron synchrotron ever built, the 70 MeV electron synchrotron at the General Electric 
Company laboratory [3]. 

At that time, accelerators aimed at producing high energy particles for nuclear physics and high 
energy physics. Nevertheless it was quickly envisioned that the intense light produced in electron 
synchrotrons could have interesting aspects in physics [4]. Although the accelerators weren’t dedicated 
to the SR, scientists first used the SR emitted in Bending Magnets (BM) for experiments. 

Due to the increasing number of SR users, the so-called 2nd generation of SR facilities, i.e. 
accelerators facilities dedicated to the production of SR with BM, were built in the late seventies. In 
these facilities, the electron beam was stored for a few hours in a storage ring at its nominal energy. 
Users installed in dedicated labs located a few tens of meters away from the BM, collected the SR 
emitted on a continuous basis. Finally the 3rd generation of SR facilities were built in the late eighties. 
The locations around the world of the principal 2nd (CHESS, HASYLAB, SSRC) and 3rd generation 
(ESRF, SOLEIL, DIAMOND, SPring-8, APS…) SR sources are displayed in Figure 1.1 [5]. The 
electrons energy in SR sources varies from 1 GeV to 8 GeV. 

 

Figure 1.1: Location of the SR facilities already in operation or planned around the world, picture from 
SOLEIL website (http://www.synchrotron-soleil.fr/portal/page/portal/Soleil/Liens). 
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The third generation of SR sources combines: 

1. High current electron beam with small emittance (small size and divergence). Such an electron 
beam is necessary to produce a punctual and intense SR. The electron current stored in the 
storage ring is a few hundred of mA and the emittance is kept around the nanometer rad. 

2. The usage of Insertion Devices (IDs) in order to produce very intense SR. IDs are magnetic 
assemblies which produce a periodic magnetic field. The field is perpendicular to the direction 
of the electron motion and drives the electrons in an oscillatory motion. Compared to BMs, 
the SR flux emitted in IDs is higher by 2 or 3 order of magnitude. IDs are installed in the so 
called straight sections, i.e. portions of storage ring free of magnets necessary to focus and 
drive the beam along the storage ring. 

The European Synchrotron Radiation Facility (ESRF) belongs to the 3rd generation of SR sources. 
The ESRF accelerator complex is composed of a linac, a booster and the storage ring. Electron beam is 
first accelerated in the linac at 200 MeV. Electron beam is then transferred to the booster where it is 
accelerated at 6 GeV, its nominal energy. Finally electron beam is injected into the storage ring where 
it is stored at its nominal energy. The ESRF accelerator complex is schematically represented in 
Figure 1.2. It has been in operation since 1992. Table 1.1 lists the main parameters of the ESRF.  

 

Figure 1.2: Schematic representation of the ESRF complex accelerator and the beamlines where users 
are installed to collect the SR. 
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Table 1.1: Main parameters of the electron beam in the ESRF storage ring. 

 Emittance 
[nm rad] 

RMS beam size 
(even/odd cells) 

[mm] 

RMS beam divergence  
(even/odd cells) 

[mrad] 

Vertical 0.04 7.9/8.3 3.2/3 

Horizontal 4 402/59 10.7/90 


	�	���	���������	�������
	���	��

The SR emitted by ultra relativistic electrons which experience an oscillatory motion in an ID has 
been studied since the early years following the observation of SR at the General Electric Company 
laboratory [6], [7]. The SR emitted in any ID falls into two distinct regimes, the undulator or the 
wiggler regime. The wiggler regime is characterized by its broad spectrum; it extends from the 
infrared to the X-ray region. On the other side, in the undulator regime the spectrum reduces to a series 
of peaks with amplitude exceeding the wiggler regime by 2 orders of magnitude. This is the result of 
an interference process which occurs in the undulator regime. 

IDs are naturally called wigglers or undulators according to the properties of the SR emitted. 
Undulators are short period and medium field devices while wigglers are long period and high field 
devices. ID technology has undergone substantial development since the early eighties together with 
the commercial availability of high performance magnets made of Samarium-Cobalt (SmCo5, 
Sm2Co17) and more recently the Neodymium-Iron-Boron (Nd2Fe14B) magnets. Table 1.2 resumes the 
main properties of the undulators and wigglers installed at the ESRF. 

Table 1.2: Main parameters of insertion devices installed at the ESRF. 

 Period Peak field Energy range 

Undulator <40 mm <1 T 1-100 keV 

Wiggler >70 mm >1 T 1-150 keV 

At the ESRF, and at the current stage of undulator technology, users are provided with a very 
intense photon flux at an energy level as high as 100 keV. Wigglers are used to produce intense 
photon flux with higher energy; they extend the spectrum up to 150 keV. As a result short period and 
high field undulators are necessary in order to extend the undulator spectrum to such a high energy 
level. In 2004, a new type of short period high field undulator was proposed at SPring-8, the 
Cryogenic Permanent Magnet Undulator (CPMU) [8]. It consists of operating an undulator based on 
Neodymium-Iron-Boron magnets cooled at cryogenic temperature. This technology allows the 
selection of Nd2Fe14B magnets the remanence of which might be by 40% higher with respect to 
standard Nd2Fe14B magnets used in conventional undulators. At the ESRF a full scale CPMU 
prototype has been build in order to investigate the technological difficulties inherent to 2 m long 
cooled devices and to validate the CPMU concept. This thesis reviews the design and the construction 
of the CPMU at the ESRF. 

The chapter 2 is dedicated to the technology of insertion devices. The SR properties of wigglers 
and undulators are reviewed. The technological solutions to build, measure and correct IDs are 
presented. 

The CPMU concept is introduced in the chapter 3 and the CPMU design is detailed. Emphasis is 
placed on the CPMU magnetostatic model and the thermal model. The selection of the temperature at 
which one cools the magnetic assembly is done according to the magnetostatic model. Then, the 
thermo-mechanical effects on the magnetic assembly are discussed. 
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The undulator is assembled and corrected first in air at room temperature in order to facilitate its 
production. In the chapter 4, we discuss the methodology used at the ESRF and present the field 
integral and the RMS phase error after correction. 

Nevertheless it is planned to operate the CPMU at cryogenic temperature, consequently additional 
errors may appear at cryogenic temperature. A magnetic bench compatible with low temperature 
operation is therefore needed in order to validate the correction done at ambient temperature. This will 
be covered in the last chapter. Emphasis is given to the magnetic bench developed at the ESRF in 
order to perform measurements at cryogenic temperature. Finally magnetic measurements are 
compared to the theoretical model. 
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2. Properties and use of Insertion devices 

In 3rd generation sources, insertion devices are installed on straight sections in order to deliver an 
intense radiation to users installed on beamlines. In this chapter we describe the SR properties of an 
insertion device. The technology to design, measure and correct an insertion device is also introduced. 
Most common IDs installed at the ESRF are described. First we will review the general physical 
quantities of electromagnetic radiation. 

2.1. Synchrotron radiation 

In this subchapter we will briefly review the electromagnetic field which an accelerated single 
relativistic electron produces. Afterwards we derive from the electromagnetic field the physical 
quantities of SR. 

2.1.1. Origin of the Synchrotron radiation  

Here we consider a source that produces electromagnetic field. The source radiates when the 
produced electromagnetic field carries an irreversible flow of energy away from the source, “to 
infinity”. One deduces from a basic consideration of the Poynting vector that a source shall emit an 
electromagnetic field falling off like�� ��  in order to emit radiation. An accelerated electron emits such 
an electromagnetic field [9]. More generally we call Synchrotron Radiation (SR) the radiation 
produced by an ultra relativistic charge accelerated in a magnetic field. 

Electromagnetic field emitted by an ultra relativistic electron 

Here we consider an ultra relativistic electron and a stationary observer, the electron and the 
observer are represented in Figure 2.1. We note �� � � �  the electron position at time��  and 	
 � � � �  the unit 
vector which points toward the fixed observer located at the fixed position �
� . �  is the distance 
between the fixed observer and the electron,   is the angle between the unit vector 	
 � � � �  and the 
electron velocity �� � � � � . 

 

Figure 2.1: Electron and observer time. 

The electron emits an electromagnetic field that propagates at the speed of light. Thus, the 
observer sees at time�� , the electromagnetic field emitted at the earlier time�� . This time �  is the so 
called retarded time. The relation between the observer time and the retarded time is: 

 � � � �
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� � �� � � � �

�
 (2.1) 

( )tb
�

c
( )tr

� R
�

( )tn
�

q

����� ��	�
��

�����

�����
�����
���� t

�
�

�



 

15 

The expression obtained for the electromagnetic field at the observer position and time is known 
as the Liénard-Wiechert field [9]: 

 
�
� � �
� � � � � �
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The subscript “��� ” in equation (2.3) states that the expression in bracket is computed at the 
retarded time � , this being the time at which the field was emitted. Consequently the computation of 
the electromagnetic field at the observer time and location � �
� � � �  requires knowledge of the electron 
position and velocity at the retarded time � . Actually the retarded position and the velocity can be 
determined only in rare physical cases. Computing these values is the main difficulty of the Liénard-
Wiechert field computation. 

The electric and the magnetic fields are perpendicular to each other. Moreover the electric field is 
the sum of two different contributions: 

·  �
� �  is the radiated field or the acceleration field. This contribution vanishes for constant 
velocity. The synchrotron radiation arises from this contribution as it decays as 1/D. Any ultra 
relativistic charged particle emits radiation whenever this particle is deflected, accelerated or 
decelerated. 

·  �
� �  is the velocity field or the Coulomb field. The field decays as 1/D2. Thus, the radiated 
power associated to this contribution stays in the electron vicinity. Because of the dependence order 
with respect to D, we ignore this contribution for large distances and we only consider the radiated 
field �
� � . 

Equation (2.1) is useful to characterize some properties of SR emitted by ultra relativistic 
electrons. The ratio between the observer time and the retarded time is: 

 
)�
)�

� � � 	
� � � � * �� � � � � � � � +,-   (2.4) 

According to equations (2.3) and (2.4), the maximum field is radiated when: 

 
)�
)�

. /  (2.5) 

This maximum is achieved for small q, when the electron velocity points towards the observer. 
For an ultra relativistic electron, the time ratio then reduces to: 

 
)�
)�

�
�
0

*1
�
$# �  #2 (2.6) 

$�is the ratio of the electron energy �  to its energy at rest 3 ! � #: 

 $ �
�

3 ! � # � 4
�

� � � # (2.7) 

According to equation (2.6), the radiated field is maximal as far as the angle   is small compared 
to� � $� . For instance, at the ESRF the energy electron is 6 GeV, we obtain $ � ��5�0� and 
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� � � � 678 * �/ 9: . The cone aperture is then a few thousandths of radians. Finally a deflected ultra 
relativistic electron emits a highly collimated radiation in a forward direction; the radiation is emitted 
in a narrow cone the aperture angle of which is approximately�� $� . 

Laboratory frame and small angle approximation 

In the following sections, we discuss the synchrotron radiation emitted in different insertion 
devices. First we will introduce the notations used to describe in the laboratory frame the electron 
motion and the direction of the SR emission, then we will detail the approximations made to compute 
the synchrotron radiation in insertion devices. 

We will restrict our discussion to the “far field approximation” so that we ignore the velocity field. 
In the far field approximation we have: 

·  The magnetic and the electric field are perpendicular to the direction of observation. 

·  The observation direction 	
 �  is independent of � . 

The electron motion in the laboratory frame is displayed in Figure 2.2. We assume that the 
observer direction and the electron velocity make a small angle with the ;<  axis which is called the 
longitudinal axis. ;=  is defined as the axis in the horizontal plane which is perpendicular to the 
longitudinal axis ;<  � ;= > ;< � . Finally we define the ;?  axis in the vertical plane so that the 
laboratory frame ;=?<  is direct. 

 

Figure 2.2: Electron motion in the laboratory frame. In the laboratory frame we note � @A� @B� @C�  the 
dimensions of any 3D object. 

We note � @A� @B� @C�  the dimensions of any object in the laboratory frame. In the small angle 
approximation, the unit vector 	
 �  and the electron velocity ��  are written as follows: 

 

	
� D E A�  B� � �
 A

# �  B
#

0
F 

(2.8) 

�� D E� A� � B� � �
� � $#� A

# � $#� B
#

0$# �F 

 A and  B are respectively the angle between 	
 �  and axis <� measured in the Oxs and the Ozs planes. 

O

Observer P located at infinity

xz

s

Ls

Lz

Lx
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Electron trajectory 

x

z

s

n
�

qz

qx

( )�r
�

x: horizontal axis
z: vertical axis
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2.1.2. SR characterization 

Hereafter we will present some useful notions, the spectral angular flux, polarization and 
brilliance. These characterize the synchrotron radiation emitted by an electron beam. The spectral 
angular flux quantifies the available amount of energy in a given direction. Since the electromagnetic 
field is a vector quantity, the SR interaction with a material may depend on the electromagnetic field 
orientation which is characterized by its polarization. Finally one will introduce the brilliance; this is 
the density function of photons in phase space. 

We first derive the SR properties assuming a mono energetic filament electron beam. Mono 
energetic filament electron beam is an ideal beam where: 

·  All the electrons have the same energy and travel along the same trajectory. 

·  Electrons have random longitudinal positions. 

The first condition ensures that two different electrons would emit similar field while the second 
one cancels any interference process between the electric fields which are emitted by different 
electrons. 

However a mono energetic filament beam is an approximation, an ideal beam. Real beams in 
storage rings have a finite size, a divergence and an energy spread; beams are said to be thick. Thus 
electrons in storage ring have neither the same trajectory nor the same energy. The properties of 
synchrotron radiation which thick electron beam emits, is overviewed the sub-section “Thick beam 
with energy spread”. 

Angular spectral flux 

Here we consider a filament mono energetic electron beam with intensity�G. The total energy per 
unit solid angle radiated in the direction 	
 �  is for each electron: 

 
)H
)I

� 	
� � � JK3
L . M

" N! � O � #��
� � �
� � � � �
#

PM�

9 M�

)� & (2.9) 

The electric field �
� � �
� � Q� �in the spectral domain is the Fourier transform of the electric 
field��
� � �
� � � � . In the far field approximation one has: 

 �
� � �
� �Q� �
�

0�
O �
�
PM

9 M

� �
� � � � �=R� KQ�� )� � �
K�

0N! ��
�=R SK

Q
�

	
� * �
� TU

� � 	
� �Q�  (2.10) 

With: 

 U

� � 	
� �Q� �
Q
0�

O � 	
� � �� � �=R VKQE� �
	
� * ��

�
FW

PM

9 M

)�  (2.11) 

Using the Parseval theorem, we can compute the radiated energy per unit solid angle with the 
electric field in the spectral domain. The radiated energy per unit solid angle is then: 

 
)H
)I

� 	
� � �
� #

� � N! �
O �U

� � 	
� �Q� �

#
PM�

!

)Q  (2.12) 

For a filament electron beam, we define the power generated per solid angle in the observer 
direction as the product of the energy radiated per unit angle multiplied by the total number of 
electrons per second�GX�: 

 
)Y
)I

� 	
� � �
Z[ G
0��

O �U

� � 	
� �Q� �
#

PM�

!

)Q  (2.13) 
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Z is the fine constant structure � Z � � # � 0N! [� � \ �X�65� �  and h the Planck’s constant. Finally 
the power per unit solid angle and per unit frequency is: 

 
) #Y

)I)Q
� 	
� �Q� �

Z[ G
0��

�U

� � 	
� �Q� �
#
 (2.14) 

For the radiation being emitted in photons with energy� � [QX0� , and a photon flux �] , the 
photons carry the power: 

 Y � ]  (2.15) 

Finally we deduce from (2.14) and (2.15), the number of photons per second per solid angle per 
relative frequency bandwidth emitted in the direction�	
 � : 

 
) #]

) ^ )Q Q�
� 	
� �Q� �

ZG
�

�U

� � 	
� �Q� �
#
 (2.16) 

This quantity is usually called the angular spectral flux and is proportional to the squared vector 

field U

� � 	
 � � Q� . The spectral flux 
_`

_a a�
� Q�  represents the number of photons emitted per second per 

relative frequency bandwidth: 

 
)]

)Q Q�
� Q� �

ZG
�

O O �U

� �  A�  B�Q� �
#
)  A)  B

PM

9 M
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 (2.17) 

The electromagnetic field is a vector quantity. Its interaction with a material might depend on the 
electric field orientation that is characterized by its polarization. We discuss now the polarization of an 
electromagnetic field. 

Polarization 

Any electromagnetic field may be broken up into a sum of monochromatic plane waves [10]. Thus 
we will first review the different polarization state of a planar monochromatic wave. We will consider 
a monochromatic electromagnetic wave with an angular frequency Q�and wave vector b
�  parallel to the 
observer direction. The electric field is contained in the plane perpendicular to the wave vector. The 
electric field describes a closed curve in the plane. The geometrical shape of the closed curve and the 
sense of the field rotation in the plane define the polarization state of the field. Generally the field 
extremity describes an ellipse in the wave plane; the polarization is elliptical. In some cases the ellipse 
is reduced to a circle/line, the wave has a circular/linear polarization. The polarization states are 
represented in Figure 2.3. 

 

Figure 2.3: Different polarization states. 

We can split up the wave polarization into two vectors. These two vectors form a polarization 
basis. The most commonly used bases are listed in Table 2.1. All these bases are made up of two 
orthogonal unit vectors. 
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Table 2.1: Principal polarization bases. 

Vertical and horizontal 
polarization Crossed linear polarization Right and left handed circular 

polarization  

� c
�A�c
�B�  

� c
�de �c
�9 de �  

c
� f de �
c
�A f c
�B

g0
 

� c
� � � c
�h�  

c
� �
h

�
c
�A f Kc
�B

g0
 

If c
�  represents a polarization vector, the spectral angular flux associated with this polarization 
state is defined as: 

 
) #]

) ^ )Q Q�
� 	
� �Q�c
� � �

ZG
�

�U

� � 	
� �Q� *c
� i �
#
 (2.18) 

c
� i  is the c
�  complex conjugate. One could choose any of the three bases listed in Table 2.1 in order 
to compute the flux Gj  with polarization unit vector c
� . For instance we note GA�� GB�  the flux with 
horizontal (vertical) polarization. Similarly we note Gde, G9de , G�  and Gh the fluxes with crossed linear 
polarization and right and left handed circular polarization. 

Stokes developed a polarization characterization based on the measurement of intensity in the 
three polarization basis. One defines the Stokes parameters as [11]: 

 

<! � GA � GB 
<k � GA � GB 

<# � Gde � G9 de 
<% � G� � Gh 

(2.19) 

The first Stokes parameter is positive and measures the total intensity. The others measure the 
balance of the intensity measured in the three bases introduced above. The Stokes parameters <k � <#� <% 
vary from -1 to 1 and are not independent. For a fully polarized light, they satisfy the relation: 

 <!
# � <k

# � <#
# � <%

# (2.20) 

We define the polarization rates Gk � G#� G% as the Stokes parameters normalized to the total intensity. 

 Gk � <k <!�  G# � <# <!�  G% � <% <!�  (2.21) 

The equality in equation (2.20) is broken whenever the wave is partially depolarized. For instance, 
the natural light is fully depolarized. Its polarized fluxes GA, GB, Gde, G9de , G�  and Gh are equal 
consequently the Stokes parameters <k � <#� <% are equal to zero. It is then useful to define the 
polarization degree R as: 

 R � 4
<k

# � <#
# � <%

#

<!
#  (2.22) 

Its value varies from 0 to 1. The polarization of the synchrotron radiation emitted in the different 
insertion devices is discussed in section 2.2. 

Spectral brilliance 

The spectral brilliance or the brilliance l � <� m�� m�n� Q� c
� �  of a SR source is the phase space density 
of the photon flux. It measures the number of photons with the frequency Q and the polarization 
state c
�  at the position m� � � =� ?�  which propagates in the direction m�n � �  A�  B� . The brilliance unit is 
the number of photons per second, per 0.1% spectral bandwidth, per unit solid angle and per unit 
source size. 
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The brilliance is invariant in any ideal optical photon beam transport system such as a drift space 
or a lens free of geometrical aberrations; it is a fundamental property of SR source. 

By definition any information about the SR emitted in a source is contained in this quantity so that 
one derives any other SR quantity from the brilliance. For instance the spectral angular 

flux 
_o`

_^_a a�
� m�n� Q� c
� �  is related to the brilliance according to: 

 
) #]

)I )Q Q�
� m� n�Q�c
� � � O O l � <�m� �m� n�Q�c
� �

PM

9 M

) #m�

PM

9 M

 (2.23) 

K. J. Kim first introduced a general definition of the brilliance from the electric �
� � m�� Q�  field by 
means of the Wigner distribution function [12], [13]. P. Elleaume showed that with such definition, 
the brilliance is expressed in terms of the dimensionless vector U

�  [14]: 
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(2.24) 

Thick beam with energy spread 

In the storage ring, electrons are grouped in bunches [15]. It can be demonstrated from the 
equation of electron motion in a storage ring that the longitudinal motion of an electron beam is 
decoupled from the transverse one. We will therefore describe the longitudinal and the transversal 
beam distribution independently. 

Longitudinal positions of electrons in a bunch are uncorrelated and follow a Gaussian distribution 
with an RMS length uC [16]. We first assume a mono energetic filament beam but with a Gaussian 
longitudinal distribution. It can be demonstrated that electrons emit an incoherent electric field with 
the wavelength v if one has [14]: 

 uC w
v

0�
x yz� { ' � � �  (2.25) 

{ '  is the number of electrons per bunch. At the ESRF, the spectrum range extends from 0.1 eV to 
100 keV. This corresponds to a wavelength smaller than a millimetre. Since the electron bunch length 
is in the order of a few millimetres, one may ignore the interference process in SR emitted by thick 
electron beams. 

In the transverse plane, a thick electron beam has a finite size. Furthermore electrons do not have 
the same energy. We note $ the energy of an electron and $!  the average energy; the relative energy 
deviation |  is: 

 | �
$ � $!

$!
 (2.26) 

Because of the finite beam size and the energy deviation, electrons may have different trajectories 
and velocities so that different electrons in thick beam emit different �
� � �
� � Q� . A description of 
transverse beam distribution is required to properly compute the SR properties of a thick beam; one 
then uses a density function } � ~
� � ~
� n� <� |� �. This function describes at the position�<, the electron 
distribution in phase space ~
� � � =� ?� � ~
� p � � � A� � B� , the density function depends also on the energy 
deviation | . For a thick beam, one derives any quantity • ( � introduced previously (the electric field, 
the angular flux, the flux, the brilliance…) from the filament beam quantity�• . • ( � is the convolution 
product between •  and the density function } � ~
� � ~
� n� <� |� € 
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• ( � m� �m� n�Q�c
� � � O • E� m� � ~
� � � � � | � � � m� n� ~
� n� � � � | � �<�

Q
� � � | � # � c
� F

� � � � | � d} � ~
� �~
� n�<� | � ) #~
� ) #~
�n)|  
(2.27) 

In conclusion, the vector field U

� � 	
 � � Q�  is of primary interest and a powerful parameter. Indeed 
knowledge of this is sufficient to characterize the SR emitted by a filament electron beam. It is clear 
from equation (2.18) that the vector field U

� � 	
 � � Q�  contains the polarization state and the spectral flux 
information. Moreover the vector field also contains both the near and the far field information [14]. 
Dealing with thick beam requires the additional use of the electron beam density function. 

2.2. Synchrotron radiation emitted in ID 

Hereafter we will look at the properties of radiation which is emitted by an electron beam 
throughout an insertion device. The SR properties are derived from the vector field U

� � 	
 � � Q� . The 
inspiration for this section mainly comes from the lecture given by P. Elleaume and R. P. Walker in 
[14], [17], [18] and [19]. 

Ultra relativistic electron beam emits SR whenever one bends its trajectory. A constant magnetic 
field is the most simple field geometry used to deflect an ultra relativistic electron beam trajectory; this 
constant field is produced by using a bending magnet. By combining short bending magnets of 
opposite polarity, one drives the electron into an oscillating trajectory perpendicular to the magnetic 
field. As a result, the synchrotron radiation emitted from each bending magnet accumulates along the 
average electron velocity, providing therefore a very high spectral flux. This is the basis of insertion 
devices; IDs are periodic magnetic devices and produce a periodic magnetic field. In addition, an 
interference process between the SR emitted in each ID period may further increase the spectral flux; 
where the interference process is predominant one calls the IDs undulators. The other devices are 
called wigglers. One should mention that the interference process only concerns the SR emitted by 
each single electron in the different ID periods; the SR emitted by several electrons is incoherent.  

First we describe the SR emitted in bending magnets and wigglers where we ignore the 
interference process. Finally we will review the SR emitted in undulators. 

2.2.1. Bending magnet and wiggler radiation 

Bending magnet radiation 

We assume that the bending magnet produces a vertical magnetic field �
� � /� � ! � / �  and the electron 
velocity parallel to the magnetic field is null. The electron motion is a circle in the horizontal plane. 
We analyse the bending magnet radiation emitted around the retarded time � � /  in a direction 
perpendicular to the acceleration. The observation direction makes an angle  B with the horizontal 
plane � ;� =�� <� � . The electron position at the retarded time � � /  defines the origin O. Considering the 
small angle approximation exposed in section 2.1.1, one has: 

 	
� � E/ �  B� � �
 B

#

0
F 

(2.28) 
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With }  the radius curvature and Q!  the angular frequency of the circular motion: 

 } �
3�$
��

� Q! �
�
}

 (2.29) 

One computes the dimensionless vector U

� � UA� UB�  by inserting equation (2.28) in equation (2.11): 
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UA � K

Q
Q�

g6
0�

$� � � $# B
#� • # %� � q�  

(2.30) 

UB �
Q
Q�

g6
0�

$# B‚ � � $# B
#• k %� � q�  

• # %�  and • k %�  are the Bessel modified functions, the subscripts 0 6�  and � 6�  indicate the order of 
the Bessel functions. Q�  is the so called critical frequency defined as: 

 Q� �
6� $%

0}
� q �

Q}
6�

1
�
$# �  B

#2
% #�

 (2.31) 

The critical frequency Q�  shares in two equal parts the spectral radiated power. A critical 
wavelength v�  and a critical energy  �  are associated to the critical frequency. Their expressions are in 
practical units: 

 v� ƒ	3 „ �
� 7…8

� ƒ†„� #ƒ‡�ˆ „
  � ƒb�ˆ „ � / 788‰� ƒ†„� #ƒ‡�ˆ „ (2.32) 

The spectral angular flux is: 
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) ^ )Q Q�
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� �Q� �

ZG
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� ŠUAŠ# � ŠUBŠ#�  (2.33) 

Figure 2.4 displays the angular distribution of UA�# and UB�# as a function of the normalized 
vertical angle. UA�# � UB�#�  is maximum (null) on the axis, thus the BM on axis radiation is 
horizontally polarized. UB�# is maximum off axis. At a wide angle, both UB�# and UA�# decrease to 0, 
the intensity radiation tends to zero. The opening angle of the radiation decreases with the photon 
energy. 
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Figure 2.4: Angular distribution of the horizontal UA�# and vertical UB�# polarized radiation as a 
function of the normalized vertical angle for several photon energies. The electron energy is 6 GeV 
and � ! � /7…�†. 

In equation (2.30) UA is imaginary while UB is real; there is a 90° phase shift between the vertical 
and the horizontal field components. The electromagnetic field observed outside the orbit plane 
exhibits a circularly polarized component. The polarization rates Gk � G# and G% are: 

 Gk �
ŠUAŠ# � ŠUBŠ#

ŠUAŠ# � ŠUBŠ#
 G# � /  G% � f

0ŠUAŠ� ŠUBŠ
ŠUAŠ# � ŠUBŠ#

 (2.34) 
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Wiggler radiation 

The wiggler is a periodic magnetic assembly. It produces a strong magnetic field and has therefore 
a rather long period. Typical wigglers designed at the ESRF have a period larger than 80 mm; they 
produce magnetic field with peak field amplitude higher than 0.7 T. Wigglers period number varies 
from 5 to 20. We assume the field to be: 

 �
� 1/ � � � ! -‹z 1
0�
v!

<2� / 2 (2.35) 

Interference in wigglers is negligible. Hence we assimilate the wiggler as being the sequence of 
0{  bending magnets with opposite polarity, one behind the other; {  is the number of periods. Since 
we ignore the interference, the photon emission from a wiggler is simply the sum of the intensities 
emitted in each bending magnet. This leads to an emission increase of 0{  compared to standard 
bending magnets. Figure 2.5 compares the spectral flux emitted in a bending magnet and in a wiggler. 

 

Figure 2.5: Spectral photon flux generated by a 200 mA, 6 GeV electron beam for a 0.85 T bending 
magnet and a 0.8 T wiggler with 20 periods. The wiggler period is 80 mm. 

The opposite polarities of the two bending magnets destroy the circularly polarized component of 
the wiggler radiation. In addition an observer located off-axis would collect the wiggler radiation with 
a natural depolarized component. The polarization rates Gk � G# and G% are: 

 Gk �
ŠUAŠ# � ŠUBŠ#

ŠUAŠ# � ŠUBŠ#
 G# � G% � /  (2.36) 

Off axis UB is not null while UA decreases, Gk  is different to 1. Off axis the wiggler radiation is 
naturally and partially depolarized. At a wide angle both UAand UB are asymptotically equal, the 
radiation is fully depolarized. 

The on axis brilliance of wiggler radiation generated by a thick electron beam can be estimated 
as [19]: 
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 (2.37) 

Where @ is the wiggler length, uB, uB
p (uA, uA

p) are the vertical (horizontal) RMS electron beam size 

and divergence. Œ
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electron beam in a bending magnet with field � ! . u‘
p is the RMS standard deviation of angular 

divergence of the bending magnet radiation. It can be shown that at photon energies close to the 
critical energy, one may express u‘

p as [18]: 

 u‘
p �

/ 7‰8‰
$

1
Q
Q�

2
9 ! 7d#e

 (2.38) 

’  is the amplitude of the sinusoidal motion of the electron in the horizontal plane: 

 ’ �
v! •
0�$

 (2.39) 

2.2.2. Undulator radiation 

Here we focus on undulator radiation emitted in the direction 	
 � . An undulator produces a 
transverse and periodic magnetic field �
� � � A� <� � � B� <� � / � � along its longitudinal axis�<�. v!  is its period 
length and {  its number of periods. In the small angle approximation one has: 
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At any undulator period an electron is deflected and emits an electromagnetic wave at 
frequency�Q. In the following period this electromagnetic wave will interfere with a newly emitted 
wave at frequency Q. Whenever the phase advance between both waves is an integer multiple of 0� , 
the interference is constructive otherwise it is partially destructive. This is the interference condition. 
As a result, the vector field and the spectral angular flux are made up of a series of harmonics with 
frequency equal to a multiple integer of Qk , the fundamental frequency. A radiation emitted at the 
fundamental frequency�Qk , has a 0�  phase advance from one period to the next. The fundamental 
frequency Qk  depends on the observation direction �  A�  B� : 

 Qk �  A�  B� �
� �� $#

v! � � � • A
# 0� � • B

# 0 �� $#�  A
# �  B

#� �
 (2.42) 

In practical units, the photon energy at the fundamental frequency is: 

  �  A�  B� ƒb�ˆ „ � • 7�•…
� #ƒ‡�ˆ „

v! ƒ33 „� � � • A
# 0� � • B

# 0 �� $#�  A
# �  B

#� �
 (2.43) 

�  is the electron beam energy. • A and • B are the deflection parameters. They are dimensionless 
and defined as: 

 • – � —
0$#

v!
O � –
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!
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One computes the dimensionless vector U

� �  A�  B� Q�  by inserting equation (2.40) into equation 
(2.11). The periodicity of the magnetic field and consequently that of the electron velocity, allows the 
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split of U

� �  A�  B� Q�  into an integral over each undulator period. When the origin of the laboratory is 
located in the middle of the undulator, one may write U

� �  A�  B� Q�  as follows [14]: 

 U

� �  A�  B�Q� � { U

�˜ ™
�  A�  B�Q�

-‹z� �{ � › › k� � �

{ -‹z� � � › › k� � �
 (2.45) 

With: 
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The vector U

� �  A�  B� Q�  is the product of two terms: 

·  The first term U

�˜ ™
�  A�  B� Q�  represents the flux produced in one period. U

�˜ ™

 is the vector field 

U

�  with the integral in equation (2.11) being limited to a single period of the insertion device. The 
vector field U

�˜ ™

 is emitted in the observer direction at the frequency�Q. Usually this term varies 
smoothly with the frequency. 

·  The 
•žŸ�  ¡ � a a ¢� � �

¡ •žŸ �   � a a ¢� � �
 term is called the interference term. Figure 2.6 represents the interference 

term for 50 periods. This term is responsible for the harmonic peak series. For each peak, the 
amplitude is proportional to the squared number of periods. This is the signature of the interference 
process. 
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Figure 2.6: Graph of the 
•žŸ�  ¡ � a a ¢� � �

¡ •žŸ �   � a a ¢� � �
 term as a function of Q Qk�  for 50 periods. 

The spectral angular flux defined in equation (2.16) is for a filament beam [17]: 
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For the on axis resonant frequency Q � 	Q k � /�/ �  angles, the spectral flux 
£` ¤

_a a�
 is [17]: 
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 (2.48) 

On odd harmonics of the undulator radiation emitted by a thick electron beam, the on axis 
brilliance can be approximated as [17]: 

 l D

) ] ¥
)Q Q�

� §#¨ ©¨ ©ª¨ «¨ «ª
 (2.49) 

Where ̈ ©, ¨ ©ª  (¨ « , ¨ «ª ) are the horizontal (vertical) RMS photon beam size and divergences in 
the middle of the undulator. They are approximated as a function of the RMS electron beam sizes uB, 
uBp, uA and uAp as follows [17]: 
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Where @ is the length of the undulator and v is the wavelength associated to Q. 

Planar undulator 

The planar undulator produces a vertical sinusoidal magnetic field along the electron beam path. 
We assume the field to be: 

 �
� 1/ � � � ! <K	1
0�
v!

<2� / 2 (2.51) 

The electron undulates along the x axis. We derive the electron velocity � A, � B from the Lorentz 
force: 

 � A �
• B

$
+,- 1

0�
v!

<2 � B � /  • B �
� � ! v!

0�3 � # (2.52) 

One deduces from equations above a practical interpretation of the deflection parameter • B: • B $�  
represents the amplitude of the horizontal velocity. In practical units one has: 

 • B � / 7/•6� � ! ƒ†„v! ƒ33 „ (2.53) 

Figure 2.7 and Figure 2.8 show the electric field and the radiation spectrum for two different�• B. 
On the axis, the positive and negatives pulses of the electric field �
� � �
� � � � , are equidistant. As a result 
the on axis spectrum doesn’t contain even harmonics. The on axis spectral angular flux vanishes for 
even harmonics. For small value • B  �  the electric field is nearly sinusoidal. The radiation spectrum 
reduces to the fundamental frequency. On the other side for large deflection parameter • B, the electric 
field is made of a periodic sharp peak. Thus the spectrum contains high harmonics. 
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                Time × c [nm] Photon energy [keV] 

Figure 2.7: Horizontal electric field emitted by a single electron and spectral angular flux produced by 
a filament beam (I = 200 mA, E = 6 GeV) in a periodic magnetic field with • � /76 . Calculation 
computed using B2E [10]. 

  
                  Time × c [nm] Photon energy [keV] 

Figure 2.8: Horizontal electric field emitted by a single electron and spectral angular flux produced by 
a filament beam (I = 200 mA, E = 6 GeV) in a periodic magnetic field with • � 6 . Calculation 
computed using B2E [10]. 

The electric field has no vertical component for an observer located in the horizontal plane (z=0), 
the SR is then horizontally polarized. Actually an observer in any direction sees a linear polarized 
light. However the plane of polarization depends on the emission direction and the harmonic number. 
Such a planar magnetic field cannot produce circularly polarized light [20]. 

Ellipsoidal undulator 

A periodic magnetic field, which combines horizontal and vertical components, is sufficient to 
produce an elliptical polarization. Indeed the horizontal component introduces a vertical acceleration. 
This acceleration produces a vertical field component even when the observer is on the axis. The 
magnetic field is: 

 �
� � 1� A! -‹z 1
0�
v!

<� ®2� � B! -‹z 1
0�
v!

<2� / 2 (2.54) 

The deflection parameter • A and • B are: 

 • A �
� � A! v!

0�3 � #� • B �
� � B! v!

0�3 � #� (2.55) 

Like a planar undulator, the on axis spectral angular flux vanishes for even harmonics. For a 
filament electron beam, the spectral angular flux is maximal on the axis. The filament beam radiates 
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SR on the axis with elliptical polarization. The polarization rates of any odd harmonic can be 
expressed as: 

 Gk �
� � A! � B!� �

#
� �

� � A! � B!� �
#

� �
�����G# �

0� � A! � B!� � +,- ®

� � A! � B!� �
#

� �
���G% �

0� � A! � B!� � -‹z ®

� � A! � B!� �
#

� �
 (2.56) 

The polarization is purely circular � Gk � G# � / � �when the vertical and horizontal components have 
the same amplitude with a � 0�  phase. Electrons then have a helicoidal motion in the undulator and 
their longitudinal velocity � C is constant. With a constant velocity, only one frequency can fulfill the 
interference condition introduced above. Finally the spectrum of a purely circular polarized radiation 
is reduced to only one harmonic. This offers poor energy tunability for the users. Consequently, in 
practice, we choose to use an elliptical polarization rather than a purely circular one, so that the 
spectrum contains a broader range of harmonics. We create the elliptical polarization by using vertical 
and horizontal magnetic field components that do not have the same amplitude. 

We have overviewed the SR emitted by an ultra relativistic electron beam in three different 
magnetic devices, the bending magnet, wiggler and undulator. In addition, we showed we can choose 
the polarization state thanks to the selection of the field geometry and the observation direction. Now 
we come to the selection of the most appropriate ID according to its usage. Depending on their 
research field, scientists are interested in photons within a specific energy spectrum. One would 
naturally design the device which produces the highest brilliance in this energy range. Figure 2.9 
compares the brilliance produced by a typical wiggler and a typical undulator. One observes that the 
undulator brilliance decreases rapidly at high photon energy. On the other side the wiggler brilliance is 
rather flat on a large photon energy range. Finally wigglers are necessary to produce high energy 
photons with high brilliance. 
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Figure 2.9: Brilliance achievable at the ESRF with standard wiggler and undulator computed with 
SRW. One varies the undulator magnetic gap in order to tune the photon energy. Computation dome 
using SRW [21]; the beam parameters are those of the ESRF even straight section, listed in Table 2.2 
presented in section 2.3.1. 

2.3. Magnetic properties of ID 

We will then introduce the magnetic quantities that fully characterize the radiation properties, as 
well as the effect on the electron beam. These quantities are of primary interest for the realization and 
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the optimization of a real insertion device. An ID has to fulfil two requirements in order to be installed 
on the storage ring. It should produce radiation of the highest intensity for the users without disturbing 
the electron beam dynamics in the storage ring. The RMS phase error is used to quantify the effect of 
magnetic errors on the radiation intensity. It is only relevant for undulators in which interference is 
predominant. On the other side, the perturbations, which an insertion device induces, are mainly 
related to its field integrals. We will now review these two magnetic quantities. 

2.3.1. Field integrals 

Magnets in the storage ring drive and focus the electron beam. The reference particle experiences 
a closed trajectory, which is called the closed orbit [16]. Electrons, which deviate from the closed 
orbit, oscillate in the transverse plane around the reference particle. The transverse oscillations are the 
so called betatron oscillation. The transverse position of an electron in a storage ring free of magnetic 
errors is [16]: 

 
=� <� � ¯ A‚ � ° A� <� +,- EO

�
� ° A� <�

)< � | AF 
(2.57) 

?� <� � ¯ B‚ � ° B� <� +,- EO
�

� ° B� <�
)< � | BF 

� ° A � � ° B�  is the horizontal (vertical) beta function (not to be confused with the transverse electron 
velocities � A and � B). The constants ¯ A, ¯ B, | A and | B are defined by the initial position of the 
electron. The horizontal (vertical) tune ±A � ±B�  is the number of horizontal (vertical) betatron 
oscillation per turn: 

 ±– �
�

0�
²

)<
� ° –� <�

 K� =�? (2.58) 

Insertion devices and user instrumentation are aligned with respect to the closed orbit. An installed 
insertion device which might disrupt the electron beam dynamics would displace the electron beam 
closed orbit; electrons then oscillate around the perturbed closed orbit. As a result this would misalign 
the radiation axis of any installed insertion device. Therefore, any insertion device which disturbs the 
closed orbit would disrupt every single user of the synchrotron facility. 

�	������	�����������������	��

The net angle  �  A�  B�  and position offset ³ � ³ A� ³ B�  of an electron recorded between the entrance 
and the exit as it crosses an undulator is deduced from the Lorentz equation. To the first order in� � $� , 
the net angle and the position offset are given by: 
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Where G� � � GA� GB� �and ¶� � � ¶A� ¶B�  are the first and the second field integral along�<: 

 G– � O � –� <�
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)<n K� =�? (2.60) 

The angle and the position offset are respectively proportional to the first field integral and the 
second field integral. IDs with non zero on axis field integrals disturb the closed orbit. Practically, one 
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can tolerate the fact that a “perturbing” ID causes an angle and a position offset smaller than 10% of 
the beam size and divergence [15]. Such limits lead to the following relations [22]: 

 

��GA ·
$3�
‰�

-‹z� � ±B� 4
NB

� ° B
 ¶A ·

$3�
‰�

-‹z� � ±B� ‚ � ° BNB 

(2.61) 
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-‹z� � ±A� 4
NA

� ° A
 ¶B ·

$3�
‰�

-‹z� � ±A� ‚ � ° ANA 

NA � NB�  is the horizontal (vertical) emittance of the electron beam. � ° A � � ° B�  is the horizontal 
(vertical) beta function in the middle of straight section. Table 2.2 lists the value of the transverse 
emittances, the tunes and the beta function in the middle of the straight sections. 

Table 2.2: Horizontal and vertical emittances, tunes and beta functions in the middle of the straight 
sections at the ESRF. 

 Even straight 
section 

Odd straight 
section 

Horizontal emittance NA / Vertical emittance NB [m rad] 3.9 10-9/2.5 10-11 

Horizontal tune ±A / Vertical tune ±B 0.44/0.39 

Horizontal beta � ° A��/ Vertical beta function � ° B� [m] 0.5/2.73 35.2/2.52 

The electron beam parameters at the ESRF lead to the following upper limits for the field 
integrals: 

 ¸
 A · 0�¹�’)
GB · / 7� �‡3

Œ ¸
³ A � • �¹3

¶B · � 7…�‡3 #
Œ ¸

 B · / 7‰�¹�’)
GA · / 7� �‡3 ����

Œ ¸
³ B � � 7‰��¹3 ����
¶A · / 76�‡3 #

Œ (2.62) 
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The magnetic field in the undulator gap or in the aperture of storage ring magnets is given by 
solving the Maxwell’s equation in vacuum: 

 º

� * �
� � /  º

� � �
� � /  (2.63) 

Since we solve the same Maxwell’s equation to compute the magnetic field in an ID gap or in the 
aperture of a conventional magnet, we may apply the harmonic analysis widely used in accelerator 
magnet technology to IDs [23]. Because of the cylindrical geometry of magnet apertures, one usually 
expresses G� using the following Fourier expansion in a cylindrical basis � ��  � : 

 

G� � » b� ¼9 k � � ¯ ¼+,- � b � � � ½ -‹z� b � �

M

¼• k

 

(2.64) 
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¯ ½  and � ½  are the constant coefficients known respectively as the skew and the normal 
multipoles. The development becomes in the Cartesian system (x, z, s): 
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In other words, equations (2.64) and (2.65) state that, whatever the coordinate system used, the 
insertion device integral might be split up into a sum of usual multipole components used to focus and 
drive the beam in the accelerator. As a result, one could investigate the disruption that an insertion 
device induces on the beam dynamics by breaking it up into the sum of its multipole components and 
computing the effect of each component. Table 2.3 lists the usual multipole components used to focus 
and drive the beam in the accelerator [23]. 

Table 2.3: Integral field components for 2D multipoles up to sextupole. 

Multipole of order k Skew lenses Normal lenses 

Dipole k=1 
GA � � ¯ k  GA � /  

GB � /  GB � � k  

Quadrupole k=2 
GA � � 0¯ #= GA � 0� #? 

GB � 0¯ #? GB � 0� #=�

Sextupole k=3 
GA � � 6¯ %� =# � ?#�  GA � 8� %?= 

GB � 8¯ %?= GB � 6� %� =# � ?#�  

Every multipole component must be corrected in order to cancel the undulator effect on the beam 
dynamics. The process done to correct any multipole component of the field integral is called 
“multipole shimming”. 

An efficient multipole correction is based on a well known property of the Maxwell equations. It 
can be demonstrated that the field integral G�� GA� GB�  in an undulator gap or in an aperture of an 
accelerator magnet, satisfies the 2D Maxwell’s equation in vacuum [10]: 

 ��
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ÀGB

À?
� /  ��

ÀGA

À?
�

ÀGB

À=
� / � (2.66) 

Equation (2.66) is equivalent to the Cauchy condition. Consequently the first field integral may be 
represented in vacuum with an analytical function of a complex variable [22]. One defines an 
analytical function GÁ� q� �of the complex variable q � = � K? : 

 GÁ� q� � GA� =�Â� � KGB� =�Â�  (2.67) 

In vacuum the complex integral GÁ� is continuously derivable and admits a Taylor series expansion. 
The Taylor series around the insertion device axis is: 
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The field integral representations using either the multipole expansion or the Taylor series are 
equivalent. Therefore one relates the multipole components ̄ ¥  and � ¥  to the successive complex field 
integral derivatives GÁ� ¥ � � / � : 

 

¯ ¥ � �
�

� 	 � � � Ã
Ä SGÁ� ¥9 k� � / � T � �

�
� 	 � � � Ã

) ¥9 k

)= ¥9 k GA� / �  

(2.69) 
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According to equation (2.69), the multipole components ̄ ¥  and � ¥  vanish whenever we cancel 
the successive x-derivatives of GA and GB. The Cauchy integral formula provides a powerful tool to 
cancel the GA and GB derivatives. Indeed the complex field integral GÁ satisfies the Cauchy integral 
formula, over any contour delimiting a region free of magnetic source. Thus for any complex 
variable q inside the contour Æ, one has: 

 ��GÁ� ¥ � � q� �
	 Ã

0K�
²

GÁ� Ç�
� Ç � q� ¥Pk )Ç

Æ

 (2.70) 

For a field integral equal to zero on the contour Æ, the field integral is null within the surface 
bounded by the contour Æ. An efficient multipole shimming then consists of cancelling the field 
integral along a particular contour. This process is exposed in detail in section 2.4.4. 

2.3.2. Phase error 

Besides disturbing the electron dynamics in the storage ring, magnetic errors in undulators cause a 
reduction in the SR intensity. 

The on axis electric field emitted in a perfect planar undulator is displayed in Figure 2.10. This is a 
series of peaks equally spaced; †– refers the successive times when an observer located on the axis and 
at infinite receives the 0{  peaks of the electric field. The corresponding spectrum is represented in 
Figure 2.11, it contains numerous harmonics. Magnetic errors in the undulator shift the times †–, 
change the fundamental frequency of the undulator radiation and introduce destructive interference. As 
a result errors reduce the radiation intensity on the harmonics of the X-ray spectrum. 

 

Figure 2.10: The on axis electric field emitted by a single 6 GeV electron propagating through an ideal 
(black curve) planar undulator � • � �7……� v! � 0/�33� { � �… � . It is a series of peaks equally 
spaced. Errors in the magnetic field shown in Figure 2.12 cause a shift of the electric field peaks. 
Computation made using B2E. 
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Figure 2.11: The on axis spectrum produced by a filament electron beam (I = 200 mA, E = 6 GeV) for 
an ideal undulator � • � �7……� v! � 0/�33� { � �… �  and for an undulator with localized amplitude 
errors shown in Figure 2.12. Computation made using B2E. 

RMS Phase error 

In order to study the impact of magnetic error on undulator spectrum, one uses the phase ] – 
instead of the time delay †–7 The phase ] – measures the slippage of one optical wavelength between 
the electron and the light [24]. The phase ] – is defined as: 
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Where � C is the longitudinal velocity of electrons and Qk  the fundamental frequency of the 
undulator radiation. As one assumes the magnetic field of a real planar undulator with magnetic errors 
is to be written as: 

 � B � � � B! -‹z 1
0�
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<2 � | � B� <�  | � B� <�  �  (2.72) 

|� B� <�  represents the magnetic field error. The longitudinal velocity � C is: 
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With: 
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| A� <�  is the normalized integral of the magnetic field error |� B� <� ; it measures the angle error 
which introduces the magnetic field error |� B� <�  at the position s. The phase ] – defined in (2.71) then 
becomes: 

 ] – � K� � �| ] – (2.75) 
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|] – is the phase error; it describes the deviation of one optical wavelength � vk � � Q� k �  from the 
ideal slippage due to errors. A magnetic field error |� B� <�  contributes twice to the phase error |] –. 
Magnetic errors introduce some modulation |� B� <�  in the undulator field; the effect of the modulation 
is contained in the sinus term in (2.76). In general this term is dominant on-axis. In addition electrons 

may experience a trajectory with angle errors. The squared term � | A� <� �
#
 in (2.76) resumes the effects 

of angle errors on the phase error, meaning that a small phase error requires a straightforward electron 
trajectory within the undulator. 

For randomly distributed phase errors, the reduction of flux and brilliance on the spectrum 
harmonic 	  is given by G¥ � u�  [25]: 

 G¥ � u� � �=R� � 	 #u#�  (2.77) 

Where u, the so called RMS phase error, is the RMS value of the 0{  phase errors |] –: 
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We consider hereafter some typical magnetic errors on periodic magnetic field. As plotted on the 
left graph in Figure 2.12, we assume a linear magnetic field amplitude variation, i.e. a taper, and some 
localized variations. In both cases the maximum variation of the field amplitude is 0.5%. The phase 
error |] – of the electric field, which a 6 GeV electron would emit throughout the different magnetic 
fields, is also displayed. The RMS phase error achieved with the tapered field is 3 times higher than 
the RMS phase error induced by localized peak field errors. Magnetic errors, which spread over a 
large number of periods, have a greater impact on the RMS phase error than the localized magnetic 
errors. 

  

Figure 2.12: Magnetic fields deviation (left plot) of a periodic field � • � �7……� v! � 0/33� { � �… �  
and associated phase error (right plot). The black curve corresponds to a linear decrease of the peak 
field along the length (tapered undulator); the red curve corresponds to localized field errors. In each 
case the maximum variation of the field amplitude is 0.5%. The computation is done using B2E. 

The 5th and 7th harmonics of the on axis spectral flux, achieved with the different magnetic errors, 
are displayed in Figure 2.13. Compared to zero field error, the on axis spectral flux with the 6.8° phase 
error is already reduced by nearly 35% on the 5th harmonic. Therefore an undulator with such a high 
RMS phase error can’t produce high energy photons. The spectral flux with the 2.2° phase error is 
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only reduced by nearly 10% on the 7th harmonic. Consequently 2° is acceptable RMS phase error 
value to produce a high energy undulator.  

  

Figure 2.13: Impact of the different magnetic errors shown in Figure 2.12 on the 5th harmonic (left 
plot) and the 7th harmonic of the spectral flux (right plot). Computation done with B2E assuming a 
6 GeV filament beam (I=200 mA, E=6 GeV). 

According to the photon energy range the scientists are interested in, they select specific 
harmonics in the undulator radiation spectrum. Since the reduction of the radiation intensity increases 
with the harmonic number and the RMS phase error, one understands that an undulator with a RMS 
phase error of 6° is well suited for scientists working with the first harmonics of the undulator 
radiation spectrum. On the other hand, it is necessary to lower the maximum value of the RMS phase 
error u½ÈA to 2.5° as the undulator is dedicated to scientists working with high order harmonics. The 
process done to reduce the RMS phase error is called the phase or spectrum shimming. This process 
allows the correction of the magnetic errors which have the heaviest weight on the RMS phase error. 

To sum up, an insertion device allows the production of intense radiation. In addition, we can 
choose the polarization state thanks to the selection of the field geometry. However, in practice the 
device has some magnetic errors. Errors in the undulator field are corrected in order to: 

·  Minimize the undulator field integrals at any gap value. Field integrals must be kept below the 
upper limits given in equation (2.62) in order to avoid large beam dynamics perturbations. 

·  Keep the RMS phase error u below a maximum value u½ÈA in order to provide the users with 
a very intense photon flux. Regarding the use of the undulator, u½ÈA is fixed between 2° and 6°. 

Table 2.4 summarizes the maximum value admitted at the ESRF for the first field integral, the 
second field integral and the RMS phase error.  

Table 2.4: Maximum value admitted at the ESRF for the first field integral, the second field integral 
and the RMS phase error. 

Horizontal first field 
integral GA 

Vertical first field 
integral GB 

Horizontal double 
field integral ¶É 

Vertical double field 
integral ¶B 

RMS 
phase 
error 

0.1 Gm 0.4 Gm 0.3 Gm2/ 1.5 µm 1.8 Gm2/ 9 µm  2°-6° 
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2.4. Technology 

In this sub chapter, we review the different existing technological solutions to produce IDs. Since 
most IDs are made of permanent magnets, an emphasis is placed on permanent magnet material. We 
also present the numerical method used at the ESRF to design an insertion device. Finally the 
magnetic measurement benches and the magnetic correction techniques are exposed. This subchapter 
is mainly inspired by the lecture given by J. Chavanne [22]. 

2.4.1. Permanent magnets 

Fundamental magnetism  

One characterizes ferromagnetic material with a spontaneous magnetization and a Curie 
temperature. The spontaneous magnetization is the magnetization which a ferromagnetic material 
exhibits naturally without any magnetic source. The Curie temperature is the temperature threshold 
above which a ferromagnetic material no longer exhibits a spontaneous magnetization. Only few 
elements exhibit ferromagnetic properties at ambient temperature. The magnetic elements are mainly 
the transition Metals (M) such as Fe, Ni and Co and the Rare earth elements (R) also called the 
lanthanides. 

The magnetic properties of a material arise from the electronic structure of the elements of which 
it is constituted. The magnetic electrons in transition metals are located on the 3d electronic shell in 
the atomic structure. The spin moments of the 3d electrons govern the 3d magnetism. In metals such 
electrons provide a high magnetization (up to 2.16 T for the Fe at ambient temperature) and a high 
Curie temperature. The magnetic electrons are itinerant and are very sensitive to the surrounding 
electric field. One can show that it leads to a low magnetic anisotropy. 

The magnetic electrons involved in the rare earth magnetism populate the 4f level. Electrons on 
the 4f level are localized, giving rise to high magnetocrystalline anisotropy. The magnetic ordering 
temperature of R elements is below room temperature, except for Gd whose Curie temperature is 
293 K. The spin and the orbital moments of 4f electrons contribute to the total magnetic moments of R 
elements. The spin-orbit interaction, which forces the parallel alignment of the spin and orbital 
moments of the 4f electrons, dominates the 4f magnetism. For light R elements (Pr, Nd and Sm), the 
coupling between moments is anti parallel whereas it is parallel for heavy R elements (Gd to Tm). 

M-rich R-M compounds 

The magnetic properties of M and R elements are complementary so that one may associate their 
properties in R-M compounds. On one side, the large M-M interactions in the R-M compounds may 
provide the R-M compounds with a high Curie temperature, above room temperature. On the other 
side, the R-M interactions allow the large magnetocrystalline anisotropy, which characterizes the R 
ions, to be maintained at room temperature and above. 

The large R-M interaction arises from a subtle mechanism called the “hybridization” which 
involves the M-3d electrons and the R-5d electrons. The hybridization is directly at the origin of the 
coupling between the spin moments of M-3d and R-4f electrons. The coupling is systematically anti 
parallel. 

The anti parallel coupling in R-M interactions together with the spin-orbit coupling in R ions 
causes a ferromagnetic coupling of R and M total moments for light R elements whereas the coupling 
between R and M total moments is antiferromagnetic for heavy R elements [26]. Depending on the 
crystallographic structure of the R-M compound, only Nd, Pr and Sm ions are potentially interesting to 
develop high performance magnets based on R-M compounds. 
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From compounds to magnets 

High-performance modern magnets are based on M-rich R-M compounds. As explained above 
they necessarily combine a high spontaneous magnetization and a strong magnetic anisotropy at room 
temperature [26]. As detailed above the M-M and the R-M interactions provide the large 
magnetization at ambient temperature while the ordering of R and M ions in uniaxial crystal provides 
the necessary anisotropy. Only few R-M alloys exhibit all the required properties for the production of 
high performance magnet. These are the SmCo alloys (SmCo5 and Sm2Co17) and the ternary alloy 
Nd2Fe14B [27].  

The crystallographic structure of SmCo alloys and Nd2Fe14B are sketched in Figure 2.14 and 
Figure 2.15. The easy axis of SmCo alloys is oriented along the c-axis. In order to produce Sm2Co17 
one substitutes some Sm with Co in the Sm2Co17 crystal. Depending on the Sm substitution with Co in 
the Sm network, the Sm2Co17 structure is rombohedral or a hexagonal. The crystallographic structure 
of Nd2Fe14B is complex. At ambient temperature, the easy axis of Nd2Fe14B crystals is oriented along 
the c-axis. 

Hexagonal structure of the SmCo5 phase 
Subsition of Co for Sm in the SmCo5 

in order to produce Sm2Co17 

 

Figure 2.14: Structure of the SmCo5 and Sm2Co17 phases. The black arrows locate the substitution in 
the Sm network. 
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Figure 2.15: Structure of the Nd2Fe14B phase, picture from Okayama university web page 
(http://www.magnet.okayama-u.ac.jp/magword/neomax/index.html). 

The large anisotropy of R-M alloys is not sufficient to ensure that magnets based on these alloys 
have a large coercive field. Indeed magnetization reversal might occur in magnet defects. It is then 
necessary to develop special microstructures in magnet in order to avoid the propagation of the 
magnetization reversal in the whole magnet volume. This is the art of the permanent magnets 
manufacturing process. 

�	����	�������	�������������������	���

The most common technology used to manufacture magnets is the powder metallurgy. This 
process allows the production of magnets with a high coercive field and high remanence. Figure 2.16 
details this process. 

The magnets produced by powder metallurgy may be seen as an assembly of independent grains. 
The grain axes are distributed around the macroscopic easy axis according to a Gaussian distribution. 
The Gaussian distribution variance is a few degrees. The grain size is typically a few tens of microns. 
In the thermally demagnetized state, the grains are divided into several uniformly magnetized 
domains. The magnetization direction alternates from one domain to the next. The region between 
domains in which the magnetization reverses is called a Bloch wall. In a wall the magnetization 
direction rotates progressively. After the magnet has been saturated, local demagnetization takes 
places on local defect in the magnet microstructure. The development of a coercive magnet requires 
the prevention of the creation and growth of domains (nucleation) with reversed magnetization in the 
magnet. The growth of reversed magnetization walls might be blocked on some defects present in 
grains (pinning process). The magnet coercive process is identified as the process which limits the 
magnetization reversal. The Sm2Co17 coercive process is the pinning process. The nucleation is the 
mechanism involved in the coercive process of the SmCo5 and Nd2Fe14B. 

c 
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Figure 2.16: Production steps of rare-earth magnets, picture from Vacuumschmelze catalogue. 

Table 2.5 lists the main permanent magnet parameters at ambient temperature produced by powder 
metallurgy. Nd2Fe14B magnets hold the strongest remanent field Br and offer the largest remanent field 
selection compared to SmCo magnets. All of them present relative permeabilities�¹ �Ê  and�¹ �Ë  closed 
to unity. Their relative variation of the coercive field is negative. 

Table 2.5: Remanent field, relative permeability, coercive field of the different R-M magnets at 
ambient temperature. 

Alloy B r [T] ¹ � Ê ¹ � Ë U� ¾ƒb¯ 3� „ Curie 
temperature[°C] 

Ì U� ¾ U� ¾Í Ì †�ƒ• 9 k„ 

SmCo5 0.9-1.01 1.05 1.15 1500-2400 750 -0.002 

Sm2Co17 
1.04-
1.12 

1.05-
1.08  800-2000 800 -0.002/-0.005 

Nd2Fe14B 1.0-1.4 1.04-
1.06 

1.15-
1.17 1000-3000 310-370 -0.005 

Magnets manufactured by powder metallurgy may exhibit magnetization inhomogeneities inside 
their volume. These magnetic errors are sources of field errors in insertion devices. The procedure 
used to characterize the magnet errors is discussed in section 4.1. 
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2.4.2. Insertion device technology 

Current coils and permanent magnets are the two available sources of magnetic field. Additionally 
soft iron might be used to drive and concentrate the magnetic field. The most commonly used 
technology to build insertion devices is based on permanent magnet material. Current coil technology 
is dedicated to the production of long/ low field devices [28] or superconducting wigglers [29]. 

Permanent magnet undulator 

Figure 2.18 presents various periodic permanent magnet arrangements to produce planar vertical 
field. K. Halbach [30] first proposed to build a pure permanent magnet undulator (PPM) with two 
parallel arrays of permanent magnets. The magnetization rotation from one block to the next by 90° 
allows a sinusoidal magnetic field with a period v!  to be built along the longitudinal axis. To increase 
the peak field along the axis, one may use soft iron poles with horizontally magnetized blocks (hybrid 
undulator). Both devices produce linear polarized radiation. Almost all undulators (more than 95%) 
installed at the ESRF use these designs. 

 

Figure 2.17: Halbach pure permanent magnet (PPM) undulator type (left) and hybrid undulator (right). 
Both devices produce planar vertical field. 

The crossed undulator [31], [32] and the elliptical multipole wiggler [33] have been the first 
undulators used to produce light with circularly polarization. They consist of a superposition of two 
distinctive devices, one horizontally and one vertically polarized. In this scheme, magnet arrays on the 
lateral sides of the storage ring vacuum chamber are needed. The lateral size of the vacuum chamber 
limits then the minimum gaps of crossed undulators. 

At the end of the eighties, P. Elleaume proposed the HELIOS design [34]. It was the first compact 
design with two parallel arrays of permanent magnets; this makes the production of both horizontal 
and vertical magnetic fields possible. The upper array produces the horizontal magnetic field 
component while the lower one produces the vertical magnetic field component. Moreover the 
longitudinal translation of the upper girder sets the phase between both magnetic field components. 
The HELIOS undulator is drawn in Figure 2.18. We note )  the longitudinal shift of the upper girder 
with respect to the lower girder, � A!  � � B! �  is the horizontal (vertical) field amplitude on the HELIOS 
axis. The on axis horizontal and vertical magnetic field in an HELIOS may be written as: 

 � A � � A! +,- V
0�
v!

� < � ) � W � B � � B! +,- 1
0�
v!

<2 (2.79) 

��% &'�
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As ) � / , the phase between horizontal and vertical magnetic field is null, the polarization is 
linear. The field amplitudes do not depend on the longitudinal shift. Thus, the polarization of the 
radiation is changed independently of the radiation energy. 

 

Figure 2.18 : The HELIOS and APPLE-II permanent magnet undulators. The translation of one array 
(HELIOS) or two arrays (APPLE-II) allows the production of both vertical and horizontal magnetic 
fields. 

More recently the APPLE-II design has been proposed to produce ellipsoidal magnetic fields with 
higher peak fields [35]. The APPLE-II consists of two pairs of magnet arrays as shown in  
Figure 2.18. One pair of magnet arrays can move longitudinally, the top left and the bottom right 
magnet array. The other set of magnet arrays is fixed. Each set creates a magnetic field whose 
horizontal (vertical) amplitude is�� A!  � � B! � . The longitudinal shift between the movable and fixed 
arrays causes a phase between the magnetic fields created by each set. If we note )  the longitudinal 
shift between fixed and movable arrays, the field created by the four magnet arrays is [20]: 

 �
� � 1� 0� A! -‹z 1
�)
v!

2+,- 1
0�<
v!

�
�)
v!

2�0� B! +,- 1
�)
v!

2-‹z 1
0�<
v!

�
�)
v!

22 (2.80) 

The phase between the horizontal and the vertical field component is always equal to � 0� . The 
polarization then is almost always elliptical. It is linear as � A � /  or � B � / , meaning respectively  
) � /� or�) � v ! 0� . The polarization may also be circular as:� 

 ) �
v!

�
ÎÏz 9 k E

� B!

� A!
F (2.81) 

Since the field amplitude of � A�and � B depends on the longitudinal shift ) , the polarization of the 
radiation cannot be adjusted independently of the radiation energy. Therefore setting up the 
polarization without modifying the radiation energy implies to tune the gap of the APPLE-II 
accordingly. 

Helical undulators present a broader variation of the peak field off axis, compared to the planar 
ones. This may have a strong impact on beam dynamics [36]. In order to limit this, helical undulators 
with 6 magnet arrays have been built. In this case the upper and lower central arrays generate a vertical 
field while the outer four arrays generate a horizontal field. The longitudinal shift between the four 
outer arrays and the central ones set the phase between the horizontal and the vertical component of 
the magnetic field. 

Opening and closing the gap change the magnetic peak field and so forth the deflection parameter. 
To do so, the undulator is mounted on a mechanical support. Such mechanical supports are specially 
designed to keep the arrays parallel despite the large magnetic attraction between them. Assuming a 

&��*�) +�����**

���������� ����
�!�����
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planar undulator with a sinusoidal field with a peak field � B! , length @ and width H , the force between 
the two girders is [22]: 

 Ð �
�

� ¹ !
� B™

# @H (2.82) 

The magnetic forces between arrays can reach a few 105N. Figure 2.19 presents a PPM mechanical 
support developed at the ESRF. 

 

Figure 2.19: Standard mechanical support developed at the ESRF. 

Electromagnet undulator 

Usually the ElectroMagnetic undulators (EM) are made of Copper coils that drive the field in soft 
iron poles. This technology is similar to the one used to build accelerator magnets such as quadrupoles 
and sextupoles. It does not require a mechanical support which allows a variable gap. Indeed the 
current in coils sets the peak field. For a given gap and short period, the peak field � ÑÒ of an EM 
undulator is usually smaller than�� ÓÓÒ, the peak produced by a PPM undulator. Assuming a 2D model 
of both PPM and EM undulators, their peak field ratio is [22]: 

 
� ÑÒ

� ÓÓÒ
D / 7�� ¹ !

v! ¶
� �

 (2.83) 

Where � �  is the magnet remanent field and ¶ the density current. Getting the same peak field as 
the one of a PPM design with a 35 mm period made of Nd2Fe14B magnets with�� � � �70�† , requires 
current density in the coils to be 244 A/mm2. Such a current density is far beyond the maximum 
current density achievable at room temperature (20 A/mm2). Consequently at room temperature, the 
EM undulators are limited to long periods, low field devices. Superconducting coils handle such 
current density so that one designs superconducting wigglers; the achievable peak field might be as 
high as 10 T [37]. One interest of the EM is the production of elliptically polarized light with a fast 
switching of the polarization state by using an AC current. 

2.4.3. Field computation 

Magnetic field computation allows the magnetic design optimization of an insertion device. The 
numerical simulation and the magnetic optimization of an insertion device are generally performed in 

Mechanical supportMagnetic assembly
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two steps. One first designs the periodic part to ensure that the insertion device provides the required 
peak field amplitude with the smallest magnet volume. Generally, the magnetic field periodicity and 
symmetry ensures a zero field integral. However the symmetry is broken at the extremity. Thus some 
field integrals may be generated at the extremity. The undulator extremity is designed to minimize 
them. We first review the integral method used to compute the magnetic fields of insertion devices. 
Planar designs (PPM and hybrid) are then given as a magnetic calculation illustration. 

Integral method 

The Finite Element Method (FEM) has been successfully implemented to solve a large number of 
physical problems. Within the FEM software, the undulator geometry is meshed in order to compute 
the magnetic field on each node of the meshes. In particular the geometry needs to be meshed to 
infinity in order to compute the insertion device field integral. An accurate FEM computation would 
result in a large number of nodes. An alternative approach, the integral method is well suited to solve 
magnetostatic problems with opened geometries. 

A volume ̂  uniformly magnetized according to Ô

�  with an arbitrary shape produces a magnetic 
field �
�  at a point Y� =� ?� <�  that can be written as: 

 �
� � Y� � Õ� ˆ �Y� Ô

�  (2.84) 

The field integral G�� =� ?� � can also be expressed in the matrix form: 

 G�� Y� � ‡ � ˆ �Y� Ô

�  (2.85) 

Õ and ‡  are 6 � 6  matrix which depends on the volume geometry and its relative position with the 
point P. The expressions of Õ and�‡ have been derived analytically for general shapes such as 
rectangles [10] and general polyhedrons [38]. The integral method approach consists then of dividing 
any magnet or soft material into {  small volumes so that the magnetization in each small magnet is 
considered to be uniform. With the integral method, the magnetic field �
� � Y�  and the field integral 
G�� =� ?�  is simply the sum of the fields or the field integrals that each single volume produces: 

 �
� � Y� � » Õ� ˆ –�Y� Ô

�–

¡

–• k

 G�� Y� � » ‡� ˆ –�Y� Ô

�–

¡

–• k

 (2.86) 

The problem now is to determine the magnetization in each small volume ˆ –. In any material, the 
magnetization depends on the local magnetic field U

�  through the material property Ô

� � U

� � : 

 Ô

� � U

� � � Ô

� ! � ÖU

�  (2.87)) 

Ô

� !  is the material remanent magnetization and Ö the material susceptibility possibly dependant on 
U

� . Finally the magnetic field U

�–�in the centre K of each small volume ˆ – must be first computed in 
order to find out the magnetization�Ô

�–� U

�–� . The magnetic field U

�–� in the centre K originates from the 
magnetization Ô

�¾� U

�¾�  of all small volumes ˆ¾ and its expression is: 

 U

�– � » Õ–¾� ˆ¾�K�

¡

¾• k

Ô

�¾� U

�¾� � » Õ–¾� ˆ¾�K�

¡

¾• k

SÔ

� ! ¾� ÖU

�¾T (2.88) 

Õ–¾� ˆ¾� K� Ô

�¾� U

�¾�  represents the volume ˆ¾ contribution to the magnetic field U

�– at the position K. 
The magnetization determination in each small volume ̂ – implies solving the {  following equations: 

 Ô

�– � Ô

� ! – � ÖU

�– � Ô

� ! ×
� Ö» � | –¼G%� Õ–¼� ˆ ¼�K� �

9 k
¡

¼• k

" » Õ–¾� ˆ¾�K�

¡

¾• k

Ô

� ! ¾& (2.89) 

The matrix G% is the 6 � 6  unity matrix and | –¼ the Kronecher symbol. Actually one builds for {  

volumes a 6{ � 6{  matrix � | –¼G%�Õ –¼� ˆ ¼� K� �
9k

SØ Õ–¾� ˆ¾� K�¡
¾•k Ô

� ! ¾T called the interaction matrix. 
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The magnetization determination in the magnetic source volume reduces to the inversion of the 
interaction matrix. However, whenever the geometry is divided in a few hundred small volumes, the 
interaction matrix becomes too large and ill conditioned to allow a direct inversion. The so called 
computer code RADIA [39], which is based on this integral approach, implements an iterative 
procedure to determine the magnetization inside each small volume. The iteration stops when the 
magnetization Ô

�– is stable in each small volume to a specified precision. RADIA is used for the design 
of insertion devices at the ESRF. 

We now present an example of PPM and hybrid design of a planar undulator with an 18 mm 
period. We name PPM18 (HYB18) the PPM (hybrid) design. The permanent magnet is made of 
Nd2Fe14B material. The soft material considered for the HYB18 design is a low carbon steel.  
Figure 2.20 displays the magnetization curves used to describe the Nd2Fe14B magnets and the low 
carbon steel XC06. 

Figure 2.20: Description in RADIA of the pole (low carbon steel XC06, left plot) and magnet 
(Nd2Fe14B, right plot) material. The permanent magnet is made of Nd2Fe14B material with a 1.17 T 
remanence and a susceptibility of 0.06 (0.15) parallel (perpendicular) to the easy axis.  

Periodic part design 

The Halbach PPM and the hybrid undulators are the most commonly used insertion devices, thus 
we will use their design process as an example. The design of the periodic part of ID aims to obtain 
the highest on axis amplitude � ! . Another constraint is to target constant field amplitude along the 
transverse horizontal axis, in order to minimize effect on the beam dynamics [40]. Designing the 
periodic part of such devices means optimizing their geometrical parameters. Figure 2.21 compares the 
peak field attainable with PPM18 and HYB18 designs as a function of the magnet volume per period. 
For each magnet volume, the geometries are optimized to produce the highest field. As the magnet 
volume increases, the PPM18 peak field reaches a limit while the HYB18 peak field still increases. 
Consequently the main constraint in designing PPM18 is to minimize the magnet volume (it limits the 
cost and size of the device). On the other side designing HYB18 geometry means producing the 
highest field for a given magnet volume. 
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Magnet volume ̂ v!�   

Figure 2.21: Comparison between peak fields reachable with a hybrid undulator (red curve) and a 
PPM undulator (black curve). Magnet dimension: � 0x ˆ 0v !� � x ˆ 0v !� � v! �� �  for the PPM design. 
Magnet dimension for the hybrid design�� g/7�6�ˆ �g/708…�̂ 870� . 

Figure 2.22 represents 1/8th of a PPM period on the left side, as well as 2 PPM periods on the right 
side. It can be observed that by applying relevant symmetries on the elementary geometry (the 1/8th of 
the PPM period), one can build the whole periodic part of the PPM undulator. Thus, the magnetic field 
of the periodic part might be computed from this elementary geometry, allowing a fast computation of 
the magnetic field. Concerning the parameters to adjust in order to optimize the design, here the 
magnet thickness @C is constant and equals� v! �� . Therefore the only free parameters left are the 
magnet width @A and height�@B7  

 

Figure 2.22: 1/8th period of PPM18 undulator (left) designed with RADIA. The parameters to be 
optimized are the height and width of magnets. Symmetries are applied on the 1/8th period to build the 
periodic part with RADIA (right). The gap is fixed at 6 mm. 

Figure 2.23 represents the variation of the PPM18 on axis field amplitude as a function of the 
magnet width and height. The width has a stronger impact on the magnetic performance than the 
height. Indeed widening the magnets from /7‰v!  to 0v!  increases the field amplitude by more than 
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20%. On the other hand the same height enlargement only increases the field amplitude by less than 
5%. Moreover greater magnet width ensures better field homogeneity. The on axis field amplitude 
reaches a limit when the magnet height is larger than 0v! . However the field amplitude decreases by 
less than 3% as the magnet width is reduced from 0v!  to�v! . Such width reduction leads to a much 
more compact design with a negligible reduction in the on axis field amplitude. This leads to the usual 
selection of a magnet width somewhere between v!  and�0v! . We use similar considerations to set the 
magnet height. 

  

Figure 2.23: Variation of the PPM18 on axis field amplitude (left plot) and off axis (right plot) for 
different heights and widths. The computations are performed with RADIA. 

Figure 2.24 represents the elementary geometry and a full period of the hybrid undulator HYB18 
with 18 mm period. Designing a hybrid undulator is more complex than designing a PPM since we 
need to optimize more parameters. The parameters to be optimized are�� @A½ � @B½ � @C½ �  and 

S@AÙ� @BÙ� @CÙT, which are the respective dimensions of magnets and poles. 

 

Figure 2.24: 1/8th period (left) and a full period (right) of a HYB18 designed with RADIA. 
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A hybrid design is optimized in a similar way as for a PPM design. Table 2.6 presents the chosen 
dimensions of pole and magnet for the HY18 design. The optimization of the geometrical parameters 
(height, width and thickness of magnet and pole) leads to hybrid design with narrow pole. We will 
now detail the variation of the magnetic peak field with the different geometrical parameters. 

Table 2.6: Geometrical parameters of pole and magnet. 

 Magnet Pole 

Width Lx [mm] 50 32 
Height Lz [mm] 30 24 

Thickness Ls [mm] 6.2 2.8 

Figure 2.25 represents the variation of on axis peak field amplitude as a function of the magnet 
width and height. The field amplitude increases with magnet volume and becomes almost constant as 
the magnet transverse dimension exceeds the pole transverse dimension. It is a common practice to 
choose the magnet dimension which allies small size and high peak field. 

 

Figure 2.25: On axis peak field variation with the magnet width @A½  and height @B½ . The inserts label 
the contour lines of the on axis peak field (black lines). The computations are performed with RADIA. 
Magnet dimension is � @A½ � @B½ � 870�33 � , the pole dimension�� 60�33��0��33� 07…�33 � . The 
undulator gap is closed at 6 mm.  

Figure 2.26 displays the on axis peak field as a function of the pole width and height. The peak 
field is almost constant as the pole width (height) is smaller than 50 mm (30 mm). Indeed, for smaller 
pole dimension, the peak field varies from 0.8 T to 0.840 T meaning an optimization of 5%. We 
choose the pole height (24 mm) which maximizes the peak field. The design pole width (32 mm) is 
much larger than the width (18 mm) which maximizes the peak field. Indeed it is necessary to select a 
wide pole in order to get constant off axis field amplitude. With this design the peak field is equal to 
0.832 T, meaning a peak field difference with the maximum achievable less than 1%. 
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Figure 2.26: On axis peak field variation with the pole width @AÙ and height @BÙ. The inserts label the 
contour lines of the on axis peak field (black lines). The computations are performed with RADIA. 

Pole dimension S@AÙ� @BÙ� 07…�33T. Magnet dimension � ‰/�33��6/�33� 07…�33 � . The undulator 

gap is closed at 6 mm.  

Figure 2.27 displays the off axis field homogeneity along the horizontal axis as a function of the 
magnet volume. The field homogeneity increases with the magnet width. The field is nearly constant 
off axis over 10 mm with a 50 mm magnet width. 

 

Figure 2.27: Field homogeneity along the horizontal axis as a function of magnet width. The 
computations are performed with RADIA. 

The on axis magnetic field is not a pure sinusoidal and contains higher harmonics. Its 
decomposition in Fourier series is: 
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M
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 (2.90) 

� ¥  is the amplitude of the nth magnetic field harmonic. As the magnetic field is made of several 
harmonics, the deflection parameter becomes [41]: 

 • A � —» 1
� v! � ¥

	 0�3 � #2
#M

¥• k

�� (2.91) 

Because of the � 	�  term in brackets, high harmonics have a reduced impact on deflection 
parameter. The presence of high harmonics change the deflection parameter • A; this causes a shift of 
the fundamental harmonic in the X-ray spectrum. Therefore the thickness of magnets and poles should 
be optimized in order to maximize the first harmonic of the magnetic field while keeping the higher 
order harmonic as small as possible. This is a particularity of the HYB18 design. Actually the 
magnetic field of PPM undulator also contains several harmonics. However the v! ��  PPM structure 
ensures that high order harmonics have rather low amplitude [42]. Figure 2.28 displays the variation of 
the peak field and the first harmonic as a function of the magnet thickness. Concerning the maximum 
peak field (first harmonic) is achieved for a magnet width equal to 6.5 mm (6.2 mm). 

 

Figure 2.28: Variation of the on axis peak field and first harmonic with the pole and magnet thickness. 
The computations are performed with RADIA. 

The main advantage of the hybrid design is the higher peak field that can be achieved for a given 
gap and a given period. Figure 2.29 presents the variation of the field amplitude with respect to Ú v!� , 
the ratio of the gap over the period assuming PPM and hybrid design with a 18 mm period. For small 
Ú v!� , the field diverges from pure sinusoid and the higher peak field arises from higher harmonics. As 
far as peak field is concerned, hybrid design is clearly advantageous for small Ú v!� . Thus devices 
with a small gap or a large period are designed with poles made of soft material. 
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Figure 2.29: Peak field and first harmonic variation for a 18 mm period undulator. PPM and HYB 
designs are considered. The computations are performed with RADIA. 

Field termination 

In an undulator, the symmetry of the periodic part ensures a zero field integral G�. However at its 
extremities the symmetry is broken and a field integral G� may be produced. The field integral depends 
on the magnetic gap and on the permeability of magnetic materials used. If one considers an insertion 
device made of magnetic material with zero susceptibility, its extremity design is rather simple and is 
a pure geometrical problem. On the other hand, designing extremity with materials, which have non 
zero susceptibility, is a full 3D magnetostatic problem. 

At the ESRF, insertion devices are generally designed in such a way that both extremities generate 
a field integral with opposite signs. Such an insertion device has a zero field integral and is said to be 
antisymmetrical. In the meantime it produces a double field integral��¶�. As a result, a design with low 
integral at each extremity is necessary to ensure small values for both �G� and �¶� at any gap. The field 
integral generated at the extremities can be broken up into three contributions: 

 G� � �G�_ÛÜ¥ � G�jÙ � G�–¥( (2.92) 

G�_ÛÜ¥ � G�jÙ �  is the field integral produced by the lower (upper) magnetic array assuming the upper 
(lower) girder is removed. Because of the material relative permeability, each magnetic array modifies 
the magnetization of the other one at a small gap value. As a result the field integral may differ from 
the sum of the upper and the lower girder. This difference G�–¥( is called the interaction. The interaction 
is rather low for PPM design and may be large for hybrid design. The interaction tends to be zero at 
large gap values. 

Both G�_ÛÜ¥  and G�jÙ  are sensitive to the magnet position and magnetization. This offers some tools 
to correct them. On the other side the interaction is almost insensitive to magnets position and 
magnetization so there is no easy way to correct it efficiently. Additionally the interaction has a 
specific dependence on ID gap which is often difficult to correct with conventional methods 
(shimming). Optimum design of termination is therefore needed to minimize the interaction variation 
with the gap. 

Several PPM terminations have been developed at the ESRF [22], [43]. Figure 2.30 represents two 
of them. The most complicated PPM termination uses magnets whose magnetization has an angle with 
the horizontal axis in the range of 30°-45°. The adjustable parameters are the end magnet width and 
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the magnetization angle. Such end field structures have been specifically designed to segment the 
undulators without significant loss on the spectral flux. Indeed if one considers two PPMs with an air 
gap in between, this type of end structure is also optimized to minimize the phase advance variation 
with the gap from one PPM to the other. Instead of assembling several meters long PPM, one builds 
smaller undulators that are phased together. The PPM segmentation also eases the design of the 
mechanical support. The other structure represented in Figure 2.30 uses two magnet blocks, one 
horizontally magnetized and the other one vertically magnetized. The vertically magnetized end 
magnet has its longitudinal dimension which is equal to one half of standard magnets used in the 
periodic part. The thickness of the end magnet with the horizontal magnetization is 
approximately�6v! 0/� . Thanks to this end structure we obtain a small variation of the field integral 
with the gap. This has mostly been used for PPM in-vacuum undulators. In-vacuum undulators are 
discussed in section 3.1.1. 

  

Figure 2.30: PPM design terminations. The left PPM termination design uses magnets with tilted 
magnetization. The right PPM termination design uses two magnets with vertical or horizontal 
magnetization. 

Designing a hybrid end field termination is more complex than for a PPM. The hybrid termination 
optimization minimizes only the field integral variation. Figure 2.31 represents the hybrid end 
structure and is designed with two narrow magnets (magnet A and B) and one thin pole. The 
parameters to play with, in order to minimize the field integral, are the air gaps and the thickness of the 
end pole and magnets. The dimensions of pole and magnets are listed in Table 2.7. 

 

Figure 2.31: HYB18 design termination. The hybrid termination is made of two narrow magnets (A 
and B) and one pole. The pole is placed in an air gap between ends magnet. 
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Table 2.7: Air gaps and thickness of end magnets and pole for HYB18 termination. 

Ls (mag. A/ mag. B/ pole) 4.75 mm / 2 mm/ 1.85 mm 

Air gap between mag. A and pole 2.7 mm 

Air gap between pole and mag. B 3.75 mm 

Figure 2.32 represents the field integral achieved per extremity with both designs described above. 
The interaction and the field integral per girder achieved with the PPM18 design are rather low, less 
than 2 Gcm. Hence the field integral per extremity is also low. The hybrid extremity optimization 
keeps the field integral below 10 Gcm. The field per extremity is maintained at any gap below the 
maximum tolerated value reported in equation (2.59). However, in practice, magnetic correction on 
both girders may lower the field integral to a smaller value. Now we will introduce the magnetic 
measurement and correction. 

Figure 2.32: Field integral variation with the magnetic gap per extremity for the PPM18 (left plot) and 
the HYB18 (right plot). 

2.4.4. Magnetic field measurement and correction 

The field integrals and the RMS phase error characterize the effect of magnetic errors on the 
closed orbit and on the spectral flux. Hence measurement of both magnetic quantities is necessary to 
characterize magnetic errors. We detail hereafter the different measurement benches to perform field 
integral and local field measurement. 

Field integrals measurement 

The field integral measurement benches are based on the magnetic flux measurement that a closed 
loop intercepts [22], [44]. The wire used for the loop is a conductor. As a magnetic flux variation 
through loop surface induces a voltage at the loop extremities, the loop is moved within the magnetic 
source. Finally the created voltage is then integrated. Two loop geometries are used at the ESRF to 
measure the field integral: 

·  The rotating coil. 

·  The stretch wire. 

Figure 2.33 represents the rotating coil geometry which is used to measure the undulator field 
integrals. The geometry is a large rectangular coil along the longitudinal axis. Practically speaking, the 
rotating coil is built using a multiturn wire which is stretched between two synchronized rotation 
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stages. The coil can be rotated around its longitudinal and translated along its own vertical and 
horizontal axis. In order to measure the second field integral, the coil is twisted so that its cross section 
is no longer rectangular. Later on, we express the magnetic flux through the different coil geometries. 

 

Figure 2.33: Rotating coil geometries used in order to measure the first and second field integral. Coil 
rotation measures locally vertical and horizontal field integral while a coil translation measures the 
integral variation. 

The rectangular section of the rotating coil intercepts the magnetic flux centred on the 
position � =! � ?! � . The coil orientation allows the selection of the first field integral component to be 
measured. When the coil is in the vertical (horizontal) plane, the magnetic flux ÝÉ (ÝÞ) collected by 
the coil, is given by: 
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N is the number of turns and 2a is the width of the coil. In practice the rotating coil length is much 
longer than the undulator length in order to intercept the entire undulator field produced along the 
longitudinal direction, including its edge field. At the ESRF the coil is 4m (3-4 mm) long (width). 
Since the undulator length does not exceed 2 m, one replaces �@ (�@) with �à  (-à ) in equation 
(2.93). We write the flux intercepted by the coil as follows: 
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The horizontal (vertical) magnetic flux is proportional to the horizontal (vertical) first field 
integral component averaged over the coil width. 

When the rotating coil is twisted, the magnetic flux which it is intercepted becomes [22]: 

 
ÝÉ� =! �?! � � 0’{ 1áGA� =! �?! � â#È �

�
@

�á¶A� =! �?! � â#È2 
(2.96) 

ÝÞ� =! �?! � � 0Ï { 1áGB� =! �?! � â#ã �
�
ä
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It is well known that the magnetic flux variation is measurable whereas the magnetic flux itself is 
not. As the coil is moved from position 1 to position 2 between the time �k  and � #, the variation of the 
magnetic flux ÌÝ  is given by the Lentz law: 

 Ì Ý � Ý# � Ýk � � � O ˆ)�

(#

(k

 (2.97) 

ˆ  is the voltage at the edges of the coil, Ýk  (Ý#) is the flux through the coil at 
position 1 (position 2). The coil is rotated around the position � =! � ?! �  to perform local field integral 
measurement whereas it is translated in order to measure the variation of the field integral. 

Figure 2.34 represents the stretch wire geometry that we use to measure the undulator field 
integrals. The stretched wire is a closed loop whose return is in a region with a negligible magnetic 
field. The stretch wire is displaced around � =! � ?! � �in order to intercept the magnetic flux centred on 
this position. Similarly to the rotating coil geometry, the stretch wire has a sufficient length in order to 
measure the entire undulator field produced along the longitudinal direction. Consequently we set to 
fà  the boundaries of the longitudinal integration. 

 

Figure 2.34: Stretch wire displacement used to measure the first and second field integral. The stretch 
wire displacement measures the component orthogonal to the plane that the stretch wire displacement 
defines. 

Depending on the displacement applied to the extremity of wire, one measures either the first or 
the second field integral. In order to measure the first field integral, the stretch wire swaps a 
rectangular area. The direction of the displacement sets the component to be measured; a horizontal 
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(vertical) translation measures the vertical (horizontal) integral field component. The integrated 
voltage that corresponds to the displacement 0’  is then: 

 O ˆ � � � )�

(o

(¢

� 0’{ áGA� =! �?! � â#È O ˆ � � � )�

(o

(¢

� 0’{ áGB� =! �?! � â#È (2.98) 

The stretch wire displacement measures directly the local integral field around�� =! � ?! � . The 
stretch wire also measures the double field integral when it swaps a triangular area. To do so, one 
extremity is moved from f’� around � =! � ?! �  whereas the other extremity stays at the fixed 
position�� =! � ?! � . The integrated voltage which corresponds to the triangular area is: 
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The stretch wire is typically displaced over 1 mm to perform field integral measurement. The 
position error of the stepper motor is usually around 1 mm. The area swept by the stretch wire, is 
precisely known. Measuring with a similar accuracy the area of the rotating coil is difficult, it is 
therefore not easy to derive the absolute field integral with a rotating coil. Therefore the rotating coil is 
best suited to measure magnetic devices with zero field integral such as an undulator; whereas the 
stretch wire is also used to measure the absolute field integral of bending magnets or quadrupoles for 
which an accurate absolute measurement is required. 

Figure 2.35 represents the field integral of a 32 mm period PPM undulator measured with rotating 
coil. 

 

Figure 2.35: Horizontal (black line) and vertical (red line) field integral of a 32 mm period PPM 
measured with rotating coil before any correction. The undulator gap is closed at 10 mm. 

Local field measurement  

We compute the RMS phase error from the local measurements of the magnetic field all along the 
undulator longitudinal axis. The phase error depends on the magnetic field geometry. Thus the probe 
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position must be known very precisely to accurately map the field geometry. In addition the magnetic 
measurement needs to be reliable to ensure reproducible phase error measurement. Obviously the 
sensor used shall be small enough to permit local measurement; the active area of the Hall probes has 
a 0.23 mm diameter. 

Figure 2.36 represents a typical bench used at the ESRF to perform local magnetic measurement 
[22], [44]. A linear motor drives the probe longitudinally. The linear encoder reads the longitudinal 
position with 1mm accuracy. The magnetic probe is a semiconductor material such as InAs or GaAs. 

 

Figure 2.36: Typical Hall probe bench developed at the ESRF. 

A permanent current of several mA is driven through the semiconductor. A Hall effect occurs in 
the semiconductor when it goes through the undulator magnetic field. The voltage ˆ åÈhh�created 
between the semi conductor extremities is then [44]: 

 ˆ åÈhh � }G� Z� B � $� C� A � �µ� � #� �  (2.100) 

Where Z is the Hall voltage coefficient and $ the planar Hall effect. These coefficients relate the 
voltage to the undulator field. The Hall voltage coefficient Z is the main Hall contribution. This 
coefficient is not a constant; it depends mainly on the temperature and the field amplitude. In practice 
Hall voltage coefficient is calibrated in a uniform magnetic field. The other ones are corrected with the 
undulator itself [44]. Indeed higher order Hall parameters introduce some artificial harmonics such as 
even harmonics into the undulator field. Higher order parameters are corrected in order to cancel such 
harmonics. 

A voltmeter records the Hall voltage on-the-fly to shorten the measuring time. With a typical 
speed of 30 mm/s, a 2 m long undulator is measured in less than 2 min. For undulators with period 
larger than 20 mm, 1 mm is a typical sampling distance. For smaller period undulators, the sampling 
distance is lowered to 0.5 mm. 

Because of a voltage noise, the Hall probe bench is not suitable for integral measurements. 
Usually one corrects the local magnetic field measured with the Hall probe bench so that its integral 
equals integral field measurement. Finally both benches are necessary to perform an accurate magnetic 
measurement. Figure 2.37 represents the on axis magnetic field along a 32 mm period PPM, it has 
been measured with the Hall probe bench. The three field components are represented in Figure 2.37. 
In a perfect planar undulator the horizontal and the longitudinal field would be null along the 
undulator axis. Magnetic errors, off axis measurement and Hall probe misalignment explain the finite 
value of both components. The accuracy of Hall probe bench is a few G. Now we will introduce the 
magnetic corrections which are also called shimming. 

!����	�����	

&����	��	�


	����	



 

57 

 

Figure 2.37: On axis magnetic field of a 32 mm period PPM undulator, the gap is closed at 10 mm. 
The vertical (red curve), horizontal (blue curve) and longitudinal (black) field components are 
measured. 

2.4.5. Magnetic field shimming 

The magnetic error correction process is called the shimming. In an undulator, there are two 
categories of shimming, the multipole and the phase error shimming. The multipole shimming is the 
process to correct field integral errors. The phase error shimming consists in minimizing errors which 
cause a finite phase error. 

�������	����������

The multipole shimming minimizes the vertical and the horizontal variation of the field integral 
and corrects any multipole component. The correction of the undulator field integral is carried out in 
two steps. First the multipole shimming is separately applied to each girder. Afterwards girders are 
brought together to build the undulator. The final stage of the field correction consists then in lowering 
the interaction field integral. The multipole shimming on each girder takes advantage of the field 
integral property [22]. The methodology used at the ESRF is inspired by this process. This is detailed 
in chapter 4.2. Some of the other methodologies used in synchrotron radiation sources will be 
overviewed. 

If one considers each single girder, one could apply the Cauchy integral formula on the closed 
contour Æ represented in Figure 2.38. Knowing the field integral on the contour Æ is sufficient to 
compute the field integral at any point in the surface bounded by the contour Æ. We consider that the 
points A and D are located at infinity and the radius of the half circle is also infinite. As a result the 
field integral is null on the half circle and measuring the field integral along the line A-D is sufficient 
to compute the field integral at any point z located in the half plane above the line A-D. Finally if 
GB � /  over the line AD, both GA and GB are null for any point located in the half plane above the line 
A-D. Since the field integral is already negligible between A-B and C-D, one can limit the horizontal 
range over which we measure the field integral to the segment B-C. As a conclusion ensuring GB � /  
over the segment B-C, implies a null field integral in the half plane above the line A-D; any multipole 
content is equal to zero in the half plane. 

-1.0

-0.5

0.0

0.5

1.0
M

ag
ne

tic
 fi

el
d 

[ T
 ]

2.01.51.00.50.0
Longitudinal position s [ m ]

Gap=10mm
 Bx

 Bz

 Bs



 

58 

 

Figure 2.38: Schematic view of the rectangular contour on which the Cauchy integral formula is 
applied on the field integral which the lower undulator girder produces. 

Practically two types of correction are applied to the field integral. One either displaces magnets 
and poles or one places some thin pieces of iron at the surface of the magnets. Any pole or magnet 
displacement (rotation or translation) is called a mechanical shim. The thin piece of iron is a magnetic 
shim. The iron piece is placed in the undulator gap, on the surface of a magnet or a pole. The magnetic 
flux, which enters the gap, is then partially short-cut. The magnetic shims always reduce the value of 
the magnetic field [25]. In addition, when several magnetic shims are closed together, their magnetic 
signatures do not add linearly. For these reasons, one prefers to use the mechanical shim.  

 

Figure 2.39: Examples of magnetic (thin piece made of iron) and mechanical (magnet displacement) 
shims applied during a multipole shimming. 

Figure 2.40 represents the signature of a mechanical shim. It is observed that a vertical 
(horizontal) translation of a magnet with vertical magnetization causes a vertical (horizontal) dipole. 
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The field integral presents some sharp peaks. The rotation of a magnet pole with horizontal 
magnetization causes a smoother field integral. The dipole generated by the rotation is rather flat. 

  

Figure 2.40: Field integral signature of a mechanical shim for a single girder of a PPM with 32 mm 
period. On the left plot a magnet with vertical magnetization is horizontally (black curve) and 
vertically translated (red curve). On the right plot a magnet with longitudinal magnetization is rotated 
with a 2 mrad (4 mrad) angle around the vertical (horizontal) axis. The field integrals are measured 
with the rotating coil at a vertical distance of 5 mm above the magnets surface. 

Figure 2.41 displays the signature of a magnetic shim. The field integral is localized and centred 
on the shim position. This may be used to correct some localized errors. 

 

Figure 2.41: Field integral signature of a magnetic shim for a single girder of a PPM with 32 mm 
period. Magnetic shim is placed on a magnet with vertical magnetization at x=0 mm (blue curves) and 
x=10 mm (black curves). The shim dimension is Lx=10 mm, Lz=0.3 mm and Ls=16 mm. The field 
integrals are measured at a vertical distance of 5 mm above the magnets surface. 
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The phase shimming consists of ensuring an �  increase of the phase ] – from one undulator period 
to the next. To do so one delays or advances the electron from one undulator period to the next by 
increasing or decreasing the magnetic field along the undulator. Magnetic and mechanical shims are 
then used to decrease or increase locally the peak field. According to (2.76), the local field variation 
|� B due to phase shimming should not introduce field integral variation. Indeed any field integral 
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variation | A associated to the local field variation |� B, would further increase the phase error. As a 
result in order to perform an efficient shimming, one displaces independently magnets with horizontal 
magnetization or one displaces simultaneously two magnets with vertical magnetization but with 
opposite polarity. One may also place magnetic shims along the undulator axis at the surface of 
magnets with longitudinal magnetization. Magnetic and mechanical phase shimming applied on a 
PPM undulator are represented in Figure 2.42. 

 

Figure 2.42: Examples of magnetic (thin piece made of iron) and mechanical (magnet displacement) 
shims applied used to perform phase error shimming. 

The signature of a mechanical and a magnetic shim are displayed in Figure 2.43. Similarly to 
multipole shimming, magnetic shim always reduces the value of the magnetic field and possible 
interaction between magnetic shims may introduce a non linear effect. Therefore mechanical shims are 
also preferred during the phase shimming. Magnetic/ mechanical shimming changes locally the field 
amplitude without changing the undulator field integral. 

 

Figure 2.43: Signature of a magnetic (red curve) and a mechanical shim (black curve) on the PPM18 
on-axis peak field. The undulator gap is closed at 10 mm. The signatures have been computed with 
RADIA. The undulator gap is closed at 6 mm. 
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We have reviewed the fundamental properties of the synchrotron radiation emitted by electrons in 
undulators and wigglers: electric field, brilliance, spectral angular flux and polarization. It appeared 
that undulators are a source of more brilliant synchrotron radiation than the wigglers, but the latest 
ones are still used for dedicated purpose, such as high energy photon production. Nowadays most 
insertion devices are made using permanent magnets, Nd2Fe14B or SmCo (SmCo5, Sm2Co17). Some 
designing and measurement solutions for these insertion devices have been introduced. Having 
covered the foundation of the existing technology, we will now focus on a particular insertion device 
development: the Cryogenic Permanent Magnet Undulator (CPMU). This is a short period high field 
undulator which aims at producing high energy photons; it may replace advantageously the existing 
short period high field undulator. 
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3. Design of a CPMU 

This chapter covers the design of a cryogenic permanent magnet undulator (CPMU). It consists of 
operating an undulator based on Nd2Fe14B magnets cooled at cryogenic temperature. First we will 
expand on the interest of producing such a type of insertion device. A CPMU realization underlies the 
use of a cryogenic system and the development of a magnetic measurement bench compatible with 
low temperature operation; these points will be discussed. We will review the numerical model built to 
predict the undulator peak field and field integral at cryogenic performance. This RADIA model is 
based on experimental measurements of Nd2Fe14B magnets. The simple thermal model developed to 
determine the CPMU thermal budget is reviewed. Finally, we will look at the consequences of the 
cooling on the mechanical structure. At this point we will detail the magnetic errors induced by a 
thermal gradient along the undulator. 

3.1. Need for a CPMU and design consideration 

3.1.1. Short period/high field undulator 

Scientific users are interested in insertion devices which produce the highest flux and brilliance 
achievable. According to equation (2.43), the photon energy at the fundamental harmonic of the 
undulator radiation is inversely proportional to the undulator period as long as the deflection parameter 
is kept constant. Thus a small period/high field undulator produces high energy photons. This is the 
major motivation to produce small period/high field undulators. Moreover shortening the undulator 
period enhances the flux since it also increases the number of periods per unit length. In parallel to ID 
development, an increase of the beam current from 200 mA to 300 mA is under preparation [45]. This 
would improve the flux from any device installed at the ESRF. We will first review the present status 
of short period/high field undulators. The future perspectives in the development of short period/high 
field undulators will be discussed [46] and the CPMU concept is introduced. 

Present status  

The technological difficulty is to reduce the period length and to increase the peak field 
simultaneously. We use smaller magnets to shorten the period length, but at a given gap they produce 
a lower magnetic field. Closing the gap further is then an immediate solution to compensate for the 
reduction in period length. Thus the minimum gap achievable is one of the limitation factors. The 
technological progress made on the vacuum chamber such as the availability of Non Evaporable 
Getter (NEG) coated chambers has made possible the reduction of the minimum gap from 20 mm 
down to 10 mm for in air undulator. Another major step in the gap reduction has been made with the 
development, first in Germany in the 80s [47], [48] and then massively in Japan in the mid 90s, of the 
in-vacuum undulator [49], [50], [51], [52]. As shown in Figure 3.1, the magnetic assembly is no longer 
in the air but enclosed in the vacuum chamber wherein the electron beam is stored. With such an 
undulator, the lowest gap is achieved when closing further the gap reduces the beam lifetime [49]. 
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Figure 3.1: In-vacuum undulator. The magnetic assembly is enclosed in the vacuum chamber wherein 
the electron beam is stored. Picture from ESRF [53]. 

Many constraints had to be taken into account in order to realize such a device: 

·  As the electron beam circulates in the storage ring, an image current propagates 
simultaneously in the opposite direction at the surface of the vacuum chamber. It is necessary to 
ensure the continuous flow of the current image along the storage ring in order to prevent the 
electron beam from instabilities [54]. In an in-vacuum undulator the thin Cu-Ni foil is used for this 
purpose [49]. It consists in a 50 µm thick Cu foil with a 10 µm thick Nickel coating on one face. 
The Nickel coated side is facing the magnet array and provides an adequate magnetic attraction to 
keep the foil in position. The uncoated Cu side is facing the electron beam and allows the 
development of image current with limited heating due to the high conductivity of Cu. 

·  We should also ensure smooth geometrical variation between the vacuum chamber and the 
undulator girder in order to avoid instabilities [54]. One then uses the so-called RF fingers to 
smoothly connect the in vacuum chamber and the girders for any gap value [49], [53]. They are 
generally made of Copper and are equipped with cooling channel in order to damp the heat brought 
by the electron beam. 

·  Precautions have to be taken to guaranty the high vacuum compatibility. The surface of the 
magnets is Nickel coated to lower the surface desorption rate. Heavy chemical species such as 
hydrocarbons are avoided. In addition, a residual gas analysis validates the high vacuum 
compatibility, before any in-vacuum undulator installation. Finally, once the undulator has been 
installed on the straight section, the magnetic assembly is baked up to 400 K to evaporate and pump 
the residual water. After baking, the pressure is around or below 10-10 mbar. 

·  Finally, we use magnets with a strong resistance to demagnetization induced by radiation 
damage since partial magnet demagnetization would degrade the undulator field quality. Indeed, 
demagnetization has been observed in different synchrotron radiation sources, ESRF [55] and APS 
[56]. In the specific case of an in-vacuum undulator, two distinctive phenomena might be involved 
in the demagnetization. Both of them linked to an electron collision, either directly between the 
electron and the magnet, or between a particle emitted during a former collision between the 
electron and another piece of the storage ring (RF finger, vacuum chamber and so on). 
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Several studies have been done about the radiation damage in rare earth magnets [57], [58], [59], 
[60], [61], [62]. Although the process involved in the demagnetization is not clearly understood, 
studies point out that:  

·  Sm2Co17 presents a higher resistance to radiation damage compared to all grades of Nd2Fe14B. 
·  For any material, the hardness to irradiation increases with the coercive field. 

Finally, as far as resistance to radiation damage and hardness at high temperature are concerned, 
Sm2Co17 is the safest candidate to build in-vacuum undulators at ambient temperature. Moreover for a 
small ratio gap over period, the HYB design produces a higher peak field than the PPM design. Indeed 
compared to hybrid technology, the gap of a PPM undulator with the same period has to be reduced by 
about 1.2 mm to produce the same peak field [63]. For these reasons, at the ESRF, the latest in-
vacuum undulator designs are based on hybrid technology with Sm2Co17 magnets. Typically the 
smallest gap achievable there is 6 mm. However the remanent field is limited to 1.05 T. In addition 
one should mention that the in-vacuum undulator at SPring-8 uses Nd2Fe14B magnets with a gap of 8 
mm. At SPring-8 they use an additional thermal treatment to enhance magnet resistance to 
demagnetization [58]. 

As far as gap reduction is concerned, the in-vacuum undulator is the ultimate ID. In order to further 
reduce the undulator period, magnetic material with higher remanence is required. 

SCU 

Superconducting materials are natural candidates to produce small period undulators with a high 
peak field. A SuperConducting Undulator (SCU) should operate at temperatures below 4 K. As with 
any superconducting device, great care should be given to the thermal budget to prevent any quench. 
Although this technology is promising, there are nowadays a number of technological challenges to 
solve. In particular magnetic measurement benches have to be developed to perform magnetic 
measurements at such a low temperature. Following the development of the High Temperature 
SuperConductor (HTSC), a first design using HTSC has been proposed by T. Tanaka [64]. 

CPMU 

Nd2Fe14B magnetic properties at low temperature open new perspectives in the realization of small 
period undulators. Indeed, cooling Nd2Fe14B material increases their intrinsic coercive field so much 
that their hardness to radiation damage is comparable to Sm2Co17 [65]. Consequently Nd2Fe14B grades 
with higher remanence than SmCo are then available for small period undulators. For example, 
Nd2Fe14B magnets with remanence above 1.25 T at ambient temperature could be used. Moreover 
cooling improves the remanence down to a limited temperature where a reversible Spin Reorientation 
Transition (SRT) occurs [66], as discussed in section 3.2.1. Below this temperature threshold, this 
reversible effect macroscopically leads to a remanence reduction. This easy axis orientation occurs 
below 150 K and depends on the composition of the Nd2Fe14B alloy. 

Such a Nd2Fe14B based in-vacuum undulator operating at cryogenic temperature, typically around 
150 K, is called a cryogenic permanent magnet undulator CPMU. A CPMU project was first proposed 
at SPring-8 [8], [67]. It is a 60 cm long PPM with 15 mm period. The purpose of this device is not for 
it to be installed in the storage ring. This small undulator is more dedicated to the study of the 
magnetic performance at cryogenic temperature in laboratory. An alternative project has been 
proposed at the ESRF [68]. This CPMU is planned to be operated in real conditions, on the 
synchrotron facility. We review hereafter the ESRF CPMU project. 

3.1.2. CPMU technological consideration 

The aim of the CPMU project at the ESRF is the full scale realization of a short period high field 
undulator with cooled Nd2Fe14B magnets and its installation on a straight section in the ESRF storage 
ring. The CPMU has to fulfil the same requirements as standard in-vacuum undulators, i.e. high 
vacuum compatibility and reliable operation. A cryogenic system cools and maintains the magnetic 



 

65 

assembly at cryogenic temperature; it should also be reliable for daily operation. These considerations 
are detailed in this section. 

Selection of Nd2Fe14B material 

Radiation damage on permanent magnets has been studied intensively since 2000 within the 
framework of collaboration between SPring-8 and the Pohang Accelerator Laboratory [58], [65]. They 
have investigated the increase of the resistance to radiation damage at cryogenic temperature with 
different Nd2Fe14B magnet grades. The magnets used are commercially available products from 
Hitachi (NEOMAX27VH, NEOMAX35EH and NEOMAX50BH). The coercive field and the 
remanence of these Nd2Fe14B magnets, measured at ambient temperature and at 150 K, are displayed 
in Figure 3.2. Those of other Nd2Fe14B magnets produced by Hitachi and Vacuumshmelze are also 
reported and compared. 

It has been shown that at 140 K, NEOMAX50BH magnet exhibits a strong resistance to radiation 
damage, similar to those of Sm2Co17. At 140 K the coercive field U� ¾is around 3800 kA/m. The 
authors report also that special treatment such as annealing and magnets stabilization in a reverse field 
may further increase their resistance. Actually the NEOMAX50BH magnet is one of the grades with 
the highest remanence and thus with the lowest coercive field at ambient temperature. Finally, as far as 
radiation damage is concerned, any Nd2Fe14B grade is suitable for CPMU operation. 

So far, Nickel coating and magnetic assembly baking ensure the high vacuum conditioning. 
Anyway progress has been made at the ESRF since the start of the current work; an in-vacuum 
undulator working at ambient temperature has been successfully installed without baking [69]. 
However for a first step, it has been decided to bake the undulator. Therefore Nd2Fe14B magnets with a 
coercive field U� ¾ higher than 2000 kA/m are required to avoid demagnetization during baking at 
120°C (393 K). Nd2Fe14B magnets with the highest remanence at ambient temperature exhibit a 
coercive field clearly below this limit. As a result magnets such as NEOMAX50BH are not suitable 
for an in-vacuum undulator. As a consequence high vacuum conditioning compatible with high 
remanence and low coercive field magnet is necessary to take full advantage of the CPMU concept.  

For the CPMU project at the ESRF we eventually selected a Nd2Fe14B grade whose intrinsic 
coercive field U� ¾ is slightly above 2000 kA/m. The Nd2Fe14B magnet is a NEOREM product, the 

495t magnet; at 300 K the intrinsic coercive field U� ¾ is 2150 kA/m and the remanence is 1.18 T. 
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Coerive field U� ¾ [kA/m] 

Figure 3.2: Remanence and coercive field of several commercially available Nd2Fe14B magnet grades 
produced by Neorem (black cube), Hitachi (red cube) and Vacuumschmelze (blue cube). 

HYB18 the CPMU magnetic assembly 

The primary purpose of a CPMU is the development of a short period high field undulator by 
means of an in-vacuum undulator. For such a device the gap is closed down to 6 mm; this leads to a 
small gap to period ratio. In section 2.4.3 PPM and HYB structure have been compared to this ratio. 
With a HYB structure, one reaches a higher peak field for a small ratio so this structure is the best 
candidate to produce a short period high field undulator. 

The undulator has been magnetically designed to get a deflection parameter equal to 1.5 at 150 K. 
This leads to the HYB18 design already presented in section 2.4.3. The geometrical parameters of the 
HYB18 and the value of the peak field at ambient temperature are summarized in Table 3.1. 

Table 3.1: Period, length, dimension of poles and magnets and the peak field at ambient temperature 
of the HYB18. 

Period Length Number of 
periods 

Pole dimension 
(Lx, Lz, Ls) 

Magnet 
dimension 
(Lx, Lz, Ls) 

Peak field at 
300 K K 

18 mm 1965 mm 108 (32 mm, 24 mm, 
2.8 mm) 

(50 mm, 30mm, 
6.2 mm) 0.832 T 1.5 

As with any undulator, the HYB18 CPMU was assembled, measured and corrected so that its field 
integrals and RMS phase error sit within the tolerances specified in Table 2.4. However it is planned 
to operate at cryogenic temperature, the CPMU project therefore involved the development of a 
magnetic measurement bench compatible with cryogenic operation to measure the field integrals and 
the phase errors at cryogenic temperature. Moreover the local and integral field measurements at 
cryogenic temperature would: 

·  Validate the non linear magnetostatic model built with RADIA. The peak field and field 
integral measurements would validate the numerical model. 

$45

$46

$47

$4/

$4$

+
���


��
�0


8
"9

5,,,6,,,7,,,/,,,$,,,

6:&

5,0&

5/0&

66&
6/+&

7;)&
75�& 75<&

7/�&

5,0&�

75�&

/=<&

=65&�

==>"�

>>;"�

>::"�

��������!���������/,?���/;7@�� ��������!���������$ /,?���7;7@�

<+�AA%)�&%��B�

C��%+D

#�$,�E

#�7,�E

>,,,

C����%

"F/;7@

"F/;7@

"F$5,@

"F/;7@

"F$5,@

495T

/=<&

495T



 

67 

·  Validate at cryogenic temperature the correction done at ambient temperature. Indeed one may 
ask if the shimming done at ambient temperature, is still valid at cryogenic temperature or if any 
further magnetic errors, growing with decreasing temperature, would need correction at cryogenic 
temperature. 

·  Measure the peak field increase at low temperature. Above the SRT temperature, an increase 
of undulator peak field is expected since the magnet remanence increases while temperature 
decreases. 

In order to figure out the performance one may achieve with such CPMU, one plots in Figure 3.3 
the computed spectra through 1 mm × 1 mm slit located at 30 m from the undulators produced by a 
CPMU undulator based on Nd2Fe14B magnets with high remanence (Br = 1.58 T) and a standard in-
vacuum undulator; the deflection parameter equals 1.5. The electron beam parameters used for the 
computation are listed in Table 3.2. The standard in-vacuum undulator is based on Sm2Co17 magnets 
and is designed with a 20 mm period. The use of Nd2Fe14B magnets with high remanence allows to 
decrease the undulator period down to 17 mm. Magnetic designs are based on the hybrid technology 
with soft iron poles made of low carbon steel. Lowering the undulator period shifts the fundamental 
harmonic of the X-ray spectrum to higher energy. In order to further reduce the undulator period, one 
rather uses poles made of Vanadium Permendur since it has a higher saturation magnetization (2.35 T) 
than low carbon steel (2.1 T). 

 

Figure 3.3: Photon flux through a 1 mm × 1 mm slit located at 30 m from a CPMU undulator (red 
curve) and a standard in-vacuum undulator with Sm2Co17 (black curve). The photon flux is computed 
with SRW, the characteristics of the electron beam are given in Table 3.2. 
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Table 3.2: Beam parameters used for the computation of the spectrum through a slim slit. 

Beam current [mA] 200 

Energy spread 10-4 

Horizontal emittance [nm rad] 3.9 

Vertical emittance [nm rad] 0.025 

Horizontal Beta function [m] 0.5 

Vertical beta function [m] 2.73 

 

The cooling system 

A cooling system is necessary to cool the CPMU to cryogenic temperature. In addition, the 
cryogenic system must prevent any temperature gradient along the magnetic assembly as it might 
induce additional magnetic errors. 

The CPMU operates at higher temperature than the SRT which is above 100 K. According to the 
thermal budget discussed in section 3.3, at temperature higher than 100 K, the thermal budget is kept 
below 200 W. Extracting such thermal power at this temperature is not a technological issue. Several 
cooling solutions, namely Gifford-McMahon (GM) cryocooler and circulation cooling system, are 
already available from companies [70], [71]. In the Gifford-McMahon cryocooler, helium gases 
enclosed in a volume called the cold finger experiences a thermodynamic cycle, the isobaric-
isothermal Ericsson cycle. The cycle is theoretically reversible and the cooling power varies from 5 W 
to 200 W in the temperature range 30 K-300 K [72]. The heat is extracted locally at the cold finger. If 
one uses the GM cryocooler to cool the 2 m long undulator, one may need several cryocoolers 
disposed along the undulator to avoid a temperature gradient along the magnetic assembly. The other 
cooling technology is based on a circulation of a cryogenic fluid which flows through refrigerant 
channels. Such a cryogenic system is suitable with long device cooling. Circulation cooling system 
allows the use of refrigerant channels similar to those used in standard in-vacuum undulators. Only 
few changes are required on standard in-vacuum refrigerant channels to be compatible with a CPMU 
operation. Actually such a circulation cooling system has been developed at the ESRF to cool 
monochromators. More than 20 units are now in daily operation at the ESRF. It has been chosen as the 
CPMU cooling system. Their main advantages are their low coolant cost and the little needed 
maintenance. The main drawback is the lack of flexibility. The cooling system temperature is fixed 
around 80 K. In particular, one couldn’t simply connect the refrigerant channels to the cooling system 
to operate the CPMU at higher temperature than 100 K. It is necessary to control the thermal flux 
between the magnetic assembly and the cooling system. An additional heating system is also required 
if one would change the CPMU temperature. The calibration of the thermal flux between magnetic 
assembly and the cooling system is detailed in sub chapter 3.3. 

Figure 3.4 represents schematically the cooling system developed at the ESRF. The cooling 
system is made of two liquid nitrogen (LN2) circuits and one heat exchanger between both circuits: 

·  The inner LN2 closed loop. 

·  The LN2 bath at atmospheric pressure. 
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Figure 3.4: Schematic description of the LN2 cooling system. The cooling is made of two LN2 circuits, 
the inner loop and the sub cooler. Picture from MESSER [71]. 

The inner LN2 closed loop is connected to the refrigerant channels. The heat is transferred from 
the magnetic assembly to the LN2 in the refrigerants channels in order to cool and maintain the 
magnetic assembly at the temperature Tcpmu. T1 and T2 are the LN2 temperature at the CPMU entrance 
and output. A pump forces the LN2 circulation in the closed loop. Once the inner loop is full, the LN2 

consumption is very low. In a normal operation, one may need to refill the loop to compensate the 
possible internal losses. 

The LN2 bath at atmospheric pressure is called the subcooler; the LN2 is at 77 K in the subcooler. 
The heat exchanger between LN2 circuits is immersed in the LN2 bath. Finally the subcooler sets T1, 
the LN2 temperature in the closed loop at the CPMU entrance around 80 K and absorbs the thermal 
flux coming from the closed loop. This heat transfer between both circuits consumes some LN2 in the 
subcooler. The subcooler is refilled to compensate for this LN2 consumption. 

If one considers )Õ )��  the rate of thermal heat that enters in the CPMU, the LN2 flows through 
the cooling pipes and transports the thermal power )Õ )��  away from the CPMU. The thermal flux 
absorbed in the refrigerant channels increases the LN2 temperature from T1 to T2. The thermal power 
is: 

 Õ� � 3æO çÙ)†

èo

è¢

 (3.1) 

Where 3æ is the mass flow and çÙ the nitrogen calorific mass. The nitrogen should not boil in the 
closed loop otherwise it may create vibrations in the CPMU. As the boiling temperature increases with 
pressure, the liquid is pressurized to keep T2 below the boiling temperature. The vessel with the 
pressure control and the heating system set the pressure in the inner loop between 3 bar and 13 bar. At 
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13 bar the boiling temperature equals 108 K. The mass flow and the pressure in the inner loop limit the 
maximum cooling power to 2 kW. The maximum cooling power exceeds largely the one required for 
the CPMU. 

3.2. Numerical magnetostatic model of the CPMU 

Some magnetization curves of the Nd2Fe14B magnet dedicated to the CPMU project, i.e. the 495t 
NEOREM magnet, have been measured at low temperature in order to determine the coercive field 
and the peak field increase. We have also created with RADIA, a CPMU nonlinear model based on 
such experimental magnetization curves. This model determines the temperature at which the 
undulator would produce the highest on axis peak field. The field integrals have also been 
investigated. Both results will be presented in the following section. 

In addition, the Nd2Fe14B exhibits an easy axis reorientation; it introduces some singularities on 
the Nd2Fe14B magnetization curve. First we will introduce them by considering a single crystal. We 
will then present the magnetization curves measured on real Nd2Fe14B samples. Finally we will 
discuss the CPMU numerical model. 

3.2.1. Magnetic properties of the Nd2Fe14B compound 

Qualitative description at the microscopic level 

The magnetic properties of the Nd2Fe14B compound result from the contribution of Fe and Nd 
magnetism [73]. In particular a competition exists between Fe and Nd magnetocrystalline 
anisotropy [74]. The Fe anisotropy favours the alignment of the Fe moments along the uniaxial 
crystallographic c-axis of the tetragonal phase (see Figure 2.15). The anisotropy of the Nd ions 
depends on several Crystalline Electric Field (CEF) terms. The 2nd order terms which are dominant at 
high temperature then force the alignment of the Nd moments along the c-axis, in accordance with the 
Fe anisotropy. The 4th order terms favour a canted configuration of the Nd moments with respect to the 
c-axis. These terms become dominant at low temperature and are at the origin of the SRT occurring at 
135 K. below the SRT, the Nd moments depart from the c-axis orientation. The competition between 
the Fe anisotropy and the Nd-Fe coupling determines the orientation of the Fe moments. The Nd-Fe 
exchange interaction is largely dominant and the Fe moments are almost aligned with the average Nd 
moment orientation. 

Phenomenological analysis 

This section is mainly inspired from the P. Tenaud’s PhD thesis [75]. At a macroscopic level, it 
can be shown that the introduction of the magnetocrystalline potential energy � é¥  is sufficient to 
schematically describe the Nd2Fe14B magnetic properties presented above. The energy � é¥  depends 
only on the global magnetization orientation and is defined as: 

 � é¥ �  � � • k -‹z#�  � � • # -‹zd�  �  (3.2) 

The anisotropy constants • k  and • # are respectively the 2nd and the 4th order terms,   is the angle 
between the magnetization and the c-axis of the tetragonal structure. To this order of approximation, 
one should note that any rotation of the crystal magnetization around the c-axis keeps the energy � é¥  
invariant. The anisotropy constants • k  and • # depend on the crystal temperature [75], as displayed in 
Figure 3.5. 
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Figure 3.5: Spontaneous magnetization (black curve) and anisotropy constants K1 (blue curve) and K2 
(red curve) of Nd2Fe14B crystal. Data sourced in [75]. 

By definition, the easy magnetization axis minimizes the magneto crystalline energy � é¥ . Thus the 
easy axis orientation  '  vanishes )� é¥ )� : 

 
)
) 

� é¥ � -‹z� 0 � � • k � 0• # -‹z#�  � �  (3.3) 

The angle  '  of the easy axis with respect to the c-axis depends on the value of the anisotropy 
constants • k  and • #. At ambient temperature the anisotropy constants • k  and • # are positive. One can 
easily deduce from equation (3.3) that  ' � / ; the easy axis is along c-axis. The Nd2Fe14B crystal has 
a strong axial magneto crystalline anisotropy at this temperature. 

At low temperature • k ê /� and�• # ë / , a non null angle  '  minimizes the equation (3.2); the easy 
axis makes an angle  '  with respect to the c-axis. The easy axis departs from the c-axis .Since the 
rotation of the magnetization around the c-axis keeps the energy constant; the easy axis then describes 
a cone around the c-axis. One has: 

  ì � -‹z9 k " 4 �
• k

0• #
& (3.4) 

In this phenomenological approach, the easy axis re-orientates itself as  ì  becomes non null. The 
SRT then occurs with the cancellation of the • k  anisotropy constant. In addition, the 
magnetocrystalline anisotropy provides an energy barrier at the origin of the coercivity. The coercive 
field U

� � ¾ is the necessary field to apply in order to reverse the Nd2Fe14B single crystal magnetization. 
The coercive field depends on the direction along which one applies the magnetic field. The 
magnetization curve of a Nd2Fe14B single crystal is described hereafter. 

Theoretical hysteresis cycle for a Nd2Fe14B single crystal 

We will compute the ideal hysteresis cycle of a Nd2Fe14B single crystal according to the Stoner 
and Wolfharth model [26]. In this model the mechanism involved in the magnetization reversal is a 
uniform moment rotation. Although the coercive field obtained with this model is much higher than 
the ones of real magnets, it can illustrate the perspective of cooling down Nd2Fe14B magnets and the 
limitation that the SRT brings. Cooling Nd2Fe14B magnets largely increases the magnet coercive field 
whereas the SRT leads to a reduction of the magnetization along the magnet easy axis. 
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As shown in Figure 3.6, one applies a magnetic field U on the Nd2Fe14B single crystal; the c-axis 
and the magnetic field U have an angle  j . We note  å  the angle between the spontaneous 
magnetization ÔC and the magnetic field U. The angle   between the spontaneous magnetization ÔC 
and the c-axis equals: 

  � �  å �  j  (3.5) 

We neglect the dipolar energy and the shape anisotropy of the single crystal. The single crystal 
energy in the magnetic field U is: 

 � �  å �U� � � ¹ ! ÔCU �µ<�  å � � • k <K	#�  å �  j � � • # <K	d�  å �  j �  (3.6) 

The first term is the Zeeman energy. This interaction, which couples the magnetic field with the 
spontaneous magnetization, tends to align the magnetization with the magnetic field. The two last 
terms express the potential energy of the magneto crystalline anisotropy. 

 

Figure 3.6: The Nd2Fe14B easy axis is aligned along the c-axis at temperature above the SRT threshold 
(left plot). Below this threshold the easy axis is distributed along a cone (right plot). The c-axis is the 
cone axis.  

As one applies the magnetic field U on the crystal; its spontaneous magnetization orientates itself 
with an angle  å  in order to minimize its energy�� �  å � U� . The magnetization ÔŠŠ measured along U 
is: 

 ÔŠŠ� ÔC�µ<��  å �  (3.7) 

The variation of the Nd2Fe14B crystal energy � �  å � U�  with the magnetization orientation is 
displayed in Figure 3.7.a), the crystal is at ambient temperature. The magnetization orientation  å  
minimizes the crystal energy � �  å � U� . The magnetic field U is applied with an angle of � /18 with 
respect to the c-axis; it causes a non null susceptibility. As a result the magnetization orientation  å  
varies with the magnetic field U and the spontaneous magnetization is perfectly aligned with U 

when í U

� í ë î U

� � ¾î . 

As U becomes negative,  å � �  is the stable state. However the magneto crystalline anisotropy 
provides an energy barrier and the crystal stays in an unstable balance such that  å ê � 0�  as long as 

the magnetic field magnitude is lower than the coercive field magnitude í U

� í ê î U

� � ¾î . 

The calculated magnetization ÔŠŠ along U at ambient temperature is displayed in Figure 3.7.b). 
The magnetization curve is rectangular as the magnetic field is applied along the c-axis. Whenever the 
magnetic field is applied with an angle  j , the susceptibility is finite and the magnetization curve is no 
longer rectangular. The amplitude of the coercive field varies with the angle  j . 
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a) Magnetization orientation  ��   b) Magnetic field µ0 H [T] 

Figure 3.7: The left plot displays the Nd2Fe14B energy variation with the magnetization orientation at 
temperature 300 K as we apply a magnetic field�U in the crystal vicinity with an angle of � /18 with 
respect to the c-axis. The magnetization orientation  å  is numerically computed from equation (3.6). 
The magnetization ÔŠŠ is displayed in the right plot as the magnetic field is applied along the c axis 
(red curve). The black curve corresponds to a magnetic field applied with an angle equal to � /18. The 
magnetization ÔŠŠ is computed using equation (3.7). 

At a temperature below the SRT, the easy axis makes an angle  '  with respect to the c-axis;  '  is 
given by equation (3.4). The combination of the Zeeman energy and the magnetocrystalline anisotropy 
leads to the existence of 4 energy minima. Figure 3.8.a) displays the energy at 25 K, the orientation  j  
is a local maximum. 

This small energy bump does not lead to the existence of a coercive process since the 
magnetization may freely rotate around the c-axis. For instance at��U � / , the spontaneous 
magnetization is oriented along an easy axis. As a result the two angles  k �  j �  '  and  
 # �  j �  ' � minimize the energy; the magnetization “turns” along the easy cone in order to align 
along  j �  '  or  j �  ' . No energy is needed in order to flip the magnetization from  k  to� #. In 
addition a small susceptibility appears since the easy axis and the magnetic field are not collinear. 

The balance between  k  and  # is broken whenever the magnetic field is applied with a non null 
angle with the c-axis. The magnetization orientates along the easy axis which minimizes the crystal 
energy. Thus the magnetization is aligned along  k  when the magnetic field is oriented positively 
along the vertical axis. The magnetization is directed along  # whenever the field is directed towards 
the negative�?. 

Figure 3.8.b) displays the magnetization curve at 25 K. No step is observed on the magnetization 
curve as long as the magnetic field U is applied along the c-axis. As the magnetic field U is applied 
with and angle  j  with respect to the c-axis, one observes a drop in the crystal magnetization curve at 
U � / . This originates from the flip of the magnetization orientation from  k  to  #. The magnetization 
jump amounts to: 

 Ì Ô � 0ÔC<K	�  ' � <K	�  � �  (3.8) 

 

10

5

0

-5

C
ry

st
al

 e
ne

rg
y 

[ M
J/

m3  ]

-1.0 -0.5 0.0 0.5 1.0
q / p  [ ]

H = Hc
j

Hc
j
 < H < 0

H = 0

H > 0

T=300K , qu= p/18
2.0

1.5

1.0

0.5

0.0
-5 0 5

qu=p/18

qu=0 T=300K 








































































































































































































































