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1 In tro duction

Ce tra v ail de th � ese a eu p our but l' � etude de la stabilit � e de pro�ls de c ho cs sous div erses

appro ximations. Le cadre global de cette analyse est l' � etude des solutions de syst � emes de

lois de conserv ation, qui r � egissen t quan tit � e de ph � enom � enes ph ysiques, comme la m � ecanique

des milieux con tin us, et fon t in terv enir �a la fois le temps et des v ariables d'espace. On

consid � erera par la suite des lois mono dimensionnelles, c'est �a dire �a une seule v ariable

d'espace. Etan t donn � e un t yp e d'appro ximation, on s'in t � eresse � a une classe particuli � ere de

solutions, celle des ondes progressiv es relian t deux � etats de l'espace am bian t satisfaisan t

�a une condition de c ho c, solutions � egalemen t app el � ees pr o�ls de cho c . Celles-ci pr � esen ten t

l'a v an tage d' ^ etre solutions d' � equations di� � eren tielles ordinaires, c'est �a dire �a une seule

v ariable, p our lesquelles on disp ose de nom breux outils math � ematiques, d � ev elopp � es lors

de l' � etude des syst � emes dynamiques : les pro�ls p euv en t ^ etre vus comme des orbites

h � et � ero clines de tels syst � emes.

Une fois l'existence de ces pro�ls assur � ee se p ose la question de leur stabilit � e : si la donn � ee

initiale est une p erturbation de pro�l, la solution du syst � eme de lois de conserv ation

consid � er � e v a-t-elle rester pro c he du pro�l c hoisi ?

2 Appro ximations

Soit un syst � eme de lois de conserv ation du premier ordre

u

t

+ f ( u )

x

= 0 ; t � 0 ; x 2 R ; (1)

o � u f : U � R

d

! R

d

, d � 1, U ouv ert con v exe, est une fonction de classe C

1

. On

supp ose que (1) est strictemen t h yp erb olique, c'est �a dire que la di� � eren tielle de f est

diagonalisable �a v aleurs propres distinctes dans R p our tous les p oin ts u 2 U , ce qui

p ermet d'assurer que le probl � eme (1) a v ec condition initiale est bien p os � e.

Dans ce m � emoire, on s'in t � eresse � a deux appro ximations en v ariables con tin ues, celles par

relaxation semi-lin � eaire et par di�usion-disp ersion, et � a deux appro ximations en v ariables

discr � etes, les sc h � emas de Lax-W endro� et de Lax-F riedric hs mo di� � e. Cep endan t, com-

men� cons par d � ecrire l'appro ximation par viscosit � e, car elle a de m ultiples liens a v ec celles

� etudi � ees par la suite.

2.1 Viscosit � e

Quand on consid � ere un syst � eme du t yp e (1), l'appro ximation \naturelle" consiste �a ra-

jouter des termes de di�usion, que l'on prend g � en � eralemen t sous forme conserv ativ e, com-

p ortan t une d � eriv � ee seconde en \u" dans le mem bre de droite, et � a m ultiplier par un p etit

param � etre � , ce qui donne

u

t

+ f ( u )

x

= � ( B ( u ) u

x

)

x

: (2)

Ce t yp e d'appro ximation est dit p ar visc osit � e (nous l'abr � egerons en (V)) et la matrice

B ( u ) est app el � ee matrice de viscosit � e et est supp os � ee � a co e�cien ts r � eguliers. C. Dafermos,

dans ([16], P aragraphe 4.4, pages 54-55), indique que la terminologie \viscosit � e" pro vien t
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de la dynamique des milieux con tin us, 
uides ou mat � eriaux � elastiques (ci-dessous une

traduction) :

\ les lois r � egissan t les mat � eriaux thermo � elastiques sous des conditions adia-

batiques son t des syst � emes h yp erb oliques du premier ordre alors que celles

corresp ondan t aux mat � eriaux thermo visco � elastiques, qui conduisen t la c ha-

leur, impliquen t des � equations du second ordre en x et des termes di�usifs.

P ar nature, tout mat � eriau a une r � eaction visqueuse et conduit la c haleur, � a un

certain niv eau. Cataloguer un certain mat � eriau comme � etan t non conducteur

et � elastique v eut seulemen t dire que la viscosit � e et la conductivit � e thermique

son t consid � er � es comme n � egligeables, bien que non compl � etem en t absen ts. P ar

cons � equen t, la th � eorie de la thermo � elasticit � e adiabatique n'a un sens ph ysique

qu'en tan t que cas limite de thermo visco elasticit � e, la viscosit � e et la conducti-

vit � e thermique tendan t v ers 0."

Le passage � a la limite lorsque � tend v ers 0 fait partie des probl � emes ouv erts [16]. L'exemple

acad � emique est celui d'une viscosit � e \scalaire", c'est � a dire celle qui consiste � a consid � erer

une matrice B de la forme B ( u ) = aI

n

o � u a est un scalaire.

Malheureusemen t, la mo d � elisation des syst � emes ph ysiques fait le plus souv en t in terv enir

des matrices de viscosit � e non in v ersibles, comme dans le cas de la dynamique des gaz �a

cause de la loi de conserv ation de la masse.

M ^ eme si ce n'est pas tr � es r � ealiste, l'h yp oth � ese standard dans le con texte de ce m � emoire

dans le cas de la viscosit � e est celle de stricte p ar ab olicit � e

H.V.1 les v aleurs propres (complexes) de la matrice de viscosit � e B ( u ) son t de partie

r � eelle strictemen t p ositiv e p our tout u 2 U .

2.2 Relaxation semi-lin � eaire

La premi � ere des appro ximations � etudi � ee (P artie I, Chapitres 1, 2 et 3) est la relaxation

semi-lin � eaire, que nous d � esignerons d � esormais par (RSL) , qui s' � ecrit sous la forme :

u

t

+ v

x

= 0 ; (3)

v

t

+ a

2

u

x

=

1

�

( f ( u ) � v ) ; (4)

o � u a d � esigne la vitesse de r elaxation et � est le temps de r elaxation . Elle a � et � e form ul � ee

par S. Jin et Z. Xin [42 ] dans le but d'obtenir des sc h � emas n um � eriques stables. Le p etit

param � etre � repr � esen te ici le temps de relaxation. En e�et, la limite formelle du syst � eme

(3) quand � tend v ers 0 donne le syst � eme de lois de conserv ation de d � epart (1) et la loi

dite d' � equilibr e lo c al v = f ( u ). Les ph � enom � enes de relaxation son t pr � esen ts dans un grand

nom bre de domaines de la ph ysique tels la th � eorie cin � etique des gaz monoatomiques,

la m � ecanique du con tin u, les ph � enom � enes d' � elasticit � e a v ec m � emoire .. . Un m � emoire tr � es

complet sur la relaxation a � et � e publi � e par Natalini [66 ]. A l'ordre 1 en � , un d � ev elopp emen t

�a la Chapman-Ensk og [11] donne

u

t

+ f ( u )

x

= � ( a

2

� d f ( u )

2

) u

xx

+ O ( �

2

) : (5)
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M ^ eme si ce d � ev elopp emen t asymptotique est formel et donc n'est pas n � ecessairemen t

v alide, on demande que sa viscosit � e soit p ositiv e (H.V.1) en supp osan t remplie la c ondition

sous-c ar act � eristique

H.RSL � (d f ( u )) < a ;

� repr � esen tan t le ra y on sp ectral. Cette condition, adapt � ee au cas pr � esen t par S. Jin et Z.

Xin [42], a � et � e d � ev elopp � ee par T.-P . Liu [54] dans le cadre de la relaxation g � en � erale et est

tout �a fait essen tielle dans l'analyse.

2.3 Di�usion-disp ersion

La deuxi � eme appro ximation ab ord � ee (P aragraphe 4) est celle dite par di�usion-disp ersion

(DD) p our une loi de conserv ation scalaire a v ec 
ux non-con v exe, c'est � a dire que le signe

de f

00

n'est pas constan t. On in tro duit un terme d'ordre 3 dans le mem bre de droite de

(2), ce qui donne

u

t

+ f ( u )

x

= � ( B ( u ) u

x

)

x

+ �

2

( C ( u ) u

xx

+ D ( u )( u

x

)

2

)

x

: (6)

2.4 Sc h � emas de Lax-W endro� et de Lax-F riedric hs mo di� � e

On s'in t � eresse ensuite � a des appro ximations discr � etes : en consid � eran t un maillage uniforme

de pas h en espace et de pas k en temps, les sc h � emas de Lax-W endro� (L W) et de Lax-

F riedric hs mo di� � e (LFM) (P artie I I I, Chapitres 2 et 1) s' � ecriv en t sous forme conserv ativ e

u

n +1

j

= u

n

j

�

k

h

( g

k =h

( u

n

j

; u

n

j +1

) � g

k =h

( u

n

j � 1

; u

n

j

)) ; (7)

a v ec

g

k =h

LF M

( a; b ) =

f ( a ) + f ( b )

2

+ D ( a � b ) ;

g

k =h

LW

( a; b ) =

f ( a ) + f ( b )

2

�

k

2 h

�

d f

�

a + b

2

�

( f ( b ) � f ( a ))

�

;

D � etan t un nom bre scalaire p ositif.

Ces deux sc h � emas son t �a trois p oin ts, consistan ts ( g

LF M ;LW

( a; a ) = f ( a )), mais d'ordres

di� � eren ts : (LFM) est d'ordre 1 et (L W) d'ordre 2. La condition standard assuran t la

stabilit � e lin � eaire des � etats constan ts est dite de Cour ant-F rie drichs-L ewy, CFL , et s' � ecrit,

dans le cas de (L W),

H.L W

k

h

� (d f ( u )) < 1 ; 8 u 2 U ,

et, dans le cas de (LFM),

H.LFM.1 sup

u 2U

� (d f ( u )) < 2 D <

h

k

.

On p eut se r � ef � erer au livre de E. Go dlewski et P .-A. Ra viart [33].
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3 Pro�ls de c ho cs

Les pro�ls de c ho cs son t des ondes progressiv es, solutions des syst � emes appro c h � es, relian t

des � etats donn � es �a une certaine vitesse. L'in t � er ^ et p ort � e �a ces pro�ls de c ho cs est d ^ u au

fait qu'ils ne d � ep enden t que d'une v ariable, et satisfon t par cons � equen t des � equations a

priori plus simples qu'une quelconque solution.

3.1 Cho cs

Commen� cons par quelques d � e�nitions :

D � e�nition 3.1 Un cho c est un triplet ( u

�

; u

+

; s ) 2 R

d

� R

d

� R qui v � eri�e la c ondition

de R ankine-Hugoniot :

[ f ( u )] = s [ u ] ; (8)

o � u [ f ( u )] := f ( u

+

) � f ( u

�

) d � esigne le saut de G �a tra v ers le c ho c ( u

�

; u

+

; s ).

Les v ecteurs u

�

et u

+

son t les � etats extr ^ emes et s est la vitesse du c ho c.

Dans la suite, � etan t donn � e un c ho c ( u

�

; u

+

; s ), on c hangera l'h yp oth � ese de stricte h yp er-

b olicit � e globale en h yp oth � ese de stricte hyp erb olicit � e aux � etats extr ^ emes :

K 1 le syst � eme (1) est strictement hyp erb olique aux � etats u

�

et u

+

, c'est �a dir e que les

di� � er entiel les d f ( u

�

) et d f ( u

+

) sont diagonalisables � a valeurs pr opr es r � eel les et distinctes.

De plus, on fera l'h yp oth � ese de c ho c non-caract � eristique :

K 2 s 62 � (d f ( u

�

)) ,

o � u � repr � esen te le sp ectre.

3.2 Cho cs admissibles

Un c ho c est dit admissible s'il r � ep ond �a des crit � eres qui p ermetten t de le c hoisir comme

solution \ph ysique". Il existe plusieurs notions d'admissibilit � e : celle de Lax s'exprime

au mo y en d'in � egalit � es sur les v aleurs propres de d f ( u

�

), celle de Liu fait in terv enir les

courb es de c ho c, celle d'en tropie a p our expression une in � egalit � e sur des paires en tropie-


ux d'en tropie [74, 16 ]. Il est �a noter que ces conditions on t � et � e d � ev elopp � ees p our des

c ho cs de faible amplitude, dits faibles et qu'elles ne se recoup en t pas n � ecessairemen t (v oir

[16]). Elles ne s'appliquen t pas forc � emen t dans le cas de c ho cs forts. En particulier, dans

ce cas, seule la condition de Lax est directemen t math � ematique m en t applicable, et elle

sera evisag � ee p our toutes les appro ximations ab ord � ees, sauf p our la loi de conserv ation

scalaire appro c h � ee par di�usion-disp ersion, p our laquelle seron t � etudi � es les c ho cs forts dits

non-classiques [37], c'est � a dire les c ho cs qui v � eri�en t une condition d'en tropie, mais pas la

condition d'Oleinik (nom donn � e � a la condition de Liu p our une loi scalaire). Il est � a noter

que si la condition d'Oleinik est v � eri� � ee, toutes les in � egalit � es d'en tropie son t satisfaites.

In v ersemen t, si toutes les in � egalit � es d'en tropie son t v � eri� � ees, la condition d'Oleinik est
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remplie. En rev anc he, on ne p eut a priori pas retrouv er celle-ci � a partir d'une seule in � egalit � e

d'en tropie, sauf dans le cas de 
ux con v exes. Dans notre � etude, nous nous b ornerons aux

c ho cs non-classiques qui ne satisfon t pas la condition de Lax.

Un autre t yp e de condition d'admissibilit � e rep ose sur la notion d'existence de pro�ls de

c ho cs, que nous d � etaillons dans le paragraphe suiv an t.

3.3 Pro�ls de c ho cs

Dans la suite, on consid � ere des c ho cs ( u

�

; u

+

; s ) d' amplitude quelconque .

Les pro�ls de c ho cs son t des ondes progressiv es des syst � emes appro c h � es consid � er � es : dans le

cas d'appro ximations con tin ues, ce son t des solutions d' � equations di� � eren tielles ordinaires,

obten ues en consid � eran t des solutions r � eguli � eres de la forme u ( x; t ) = �u ( � ), a v ec � :=

( x � st ) =� , qui tenden t v ers u

+

(resp. u

�

) quand � tend v ers + 1 (resp. v ers �1 ). En

in t � egran t ces � equations en tre �1 et � et en tre � et + 1 , on obtien t les propri � et � es suiv an tes

p our les trois appro ximations con tin ues � ev o qu � ees dans le paragraphe pr � ec � eden t :

(V) le pro�l �u v � eri�e

� ( B ( � u )) � u

0

= f ( � u ) � s �u � c; (9)

a v ec c := f ( u

+

) � su

+

= f ( u

�

) � su

�

(on reconna ^ �t ici la condition de Rankine-Hugoniot

(8)) et on fait l'h yp oth � ese suppl � emen taire que les � etats u

+

et u

�

son t strictemen t h y-

p erb oliques au sens des syst � emes dynamiques :

H.V.2 les matrices B ( u

�

)

� 1

(d f ( u

�

) � sI

d

) on t des v aleurs propres de partie r � eelle non

n ulle ;

(RSL)

�

U = ( � u ; �v )

T

est solution de

��

2

�u

0

= f ( � u ) � s �u � c; (10)

�v = s �u + c; (11)

o � u � :=

p

a

2

� s

2

est bien d � e�ni gr^ ace �a l'h yp oth � ese (H.RSL) ; on mo di�e l � eg � eremen t

la condition sous-caract � eristique (H.RSL) [52 ] :

H.RSL' a > max ( � (d f ( u

+

)) ; � (d f ( u

�

)) ; j s j ) ;

(DD) l' � equation di� � eren tielle r � egissan t �u est la suiv an te

f ( � u ( � )) � s �u = �B ( � u ) � u

0

+ �

2

C ( � u ) � u

00

+ c; (12)

et on supp ose de plus, a�n que (12) reste toujours d'ordre 2, que

H.DD.1 C : U � ! R ne s'ann ule pas,

Sous l'h yp oth � ese suppl � emen taire

H.DD.2 B ( u

�

) > 0,

qui s'apparen te �a la condition de parab olicit � e (H.V.1), ( u

�

; u

+

; s ) est un c ho c non-

classique ne v � eri�an t pas la condition de Lax si et seulemen t si on fait l'h yp oth � ese

H.DD.3 f

0

( u

�

) � s et C : U ! R son t de m ^ eme signe (par exemple p ositifs).
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L' � etude des pro�ls de viscosit � e a � et � e men � ee par Ma jda et P ego [61] � a l'aide de tec hniques

pro v enan t des syst � emes dynamiques et l'existence a � et � e mon tr � ee p our des c ho cs de faible

amplitude sous des h yp oth � eses de non-lin � earit � e [20 , 65 , 34 ]. L'existence des pro�ls de

relaxation semi-lin � eaire d � ecoule des cas plus complexes cit � es pr � ec � edemm en t, comme on

p eut le v oir en comparan t (10) � a (9) a v ec comme matrice de viscosit � e scalaire �

2

I

d

. En ce

qui concerne l'appro ximation par di�usion-disp ersion, l'existence des pro�ls a � et � e � etudi � ee

p our l' � equation de Kortew eg-deV ries-Burgers mo di� � ee [37 , 40].

L'existence de pro�ls de c ho cs, notammen t visqueux, fournit une nouv elle condition d'ad-

missibilit � e et justi�e l' � etude de c ho cs qui ne satisfon t pas �a la condition de Lax : dans

la suite, nous nous in t � eresserons ainsi �a des c ho cs sous-compressifs et surcompressifs,

nomm � es ainsi par r � ef � erence aux c ho cs de Lax, qui son t � egalemen t app el � es compressifs,

car, en dynamique des gaz parfaits, la pression augmen te � a tra v ers de tels c ho cs.

Un c ho c est dit sous-c ompr essif si les caract � eristiques tra v ersen t le c ho c sans p erdre d'in-

formation [71]. Notammen t, dans le cas de l'appro ximation par di�usion-disp ersion, l'h y-

p oth � ese (H.DD.3) implique que les seuls c ho cs consid � er � es son t sous-compressifs. Quand il

s'agit d'un c ho c de Lax, d + 1 caract � eristiques ren tren t dans le c ho c, et d � 1 ressorten t

[16, 74 ]. Dans le cas d'un c ho c surcompressif de degr � e $ , a v ec $ � 1, il y a d + $ + 1

caract � eristiques en tran tes et d � $ � 1 caract � eristiques sortan tes [21, 54 , 56] et une famille

�a $ + 1 param � etres de pro�ls.

Ces trois conditions se r � esumen t par

K 3

a

+

p

< s < a

�

q

a

�

q � 1

< s < a

+

p +1

;

ave c $ = p � q 2 f� 1 ; : : : ; d � 1 g ,

o � u ( a

�

1

; : : : ; a

�

d

) d � esignen t les v aleurs propres de d f ( u

�

) rang � ees dans l'ordre croissan t.

Une in terpr � etation graphique est donn � ee par la �gure 2.1 page 119.

Pla� cons-nous � a pr � esen t dans le cas d'une appro ximation discr � ete. On d � e�nit l'analogue de

la v ariable � par z := ( x � st ) =h , le pas d'espace h � etan t analogue au p etit param � etre � .

Or, au p oin t ( n; j ) 2 N � Z , z

n

j

v aut j � � n , a v ec � := k s=h la vitesse discr � ete du c ho c. Si

� est rationnel, z appartien t � a Q , sinon x appartien t � a R . Notons �

�

le domaine de z . Un

pro�l de c ho c � v : �

�

! U � R

d

est une fonction de z qui satisfait l' � equation fonctionnelle

�v ( z � � ) = � v ( z ) �

k

h

( g

k =h

( � v ( z ) ; �v ( z + 1)) � g

k =h

( � v ( z � 1) ; �v ( z ))) ; (13)

lim

z ! + 1

�v ( z ) = u

+

et lim

z !�1

�v ( z ) = u

�

:

La question de l'existence de pro�ls discrets a fait l'ob jet de nom breuses � etudes [41, 62 , 64 ].

Si on consid � ere des c ho cs stationnaires, c'est �a dire de vitesse n ulle, l' � equation (13) est

une r � ecurrence d'ordre 2. P our des vitesses discr � etes rationnelles, en it � eran t le sc h � ema, on

p eut se ramener �a un c ho c stationnaire, mais au prix de l'augmen tation signi�cativ e du

nom bre de p oin ts du sc h � ema... En�n, le probl � eme de l'existence p our � irrationnel reste

largemen t ouv ert �a ce jour [72], bien que T.-P . Liu et S.-H. Y u [57, 58 ] aien t trouv � e une

condition diophan tienne sous laquelle ils on t prouv � e que de tels pro�ls existen t. L' � etude

des pro�ls semi-discrets repr � esen te une appro c he in term � edi aire en tre pro�ls con tin us et
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pro�ls discrets. Leur existence a � et � e prouv � ee dans le cas de sc h � emas � a trois p oin ts par S.

Benzoni et P . Huot [3].

Dans la partie I I I, qui concerne les appro ximations discr � etes, ne seron t consid � er � es que des

pro�ls de c ho cs stationnaires. Dans ce cas, la v ariable z dans l' � equation (13) p eut ^ etre

consid � er � ee comme en ti � ere et on note le pro�l comme une suite �v = ( � v

j

)

j 2 Z

. L' � equation de

pro�l se ram � ene alors �a

g

k =h

( � v

j

; �v

j +1

) = c (14)

a v ec c = f ( u

+

) = f ( u

�

).

3.4 Stabilit � e

P our toutes les appro ximations que nous allons ab order, on fera l'h yp oth � ese suiv an te

K 4 il existe un pr o�l de cho c, not � e

�

U p our (RSL), �u p our (DD) (r esp. �v = ( � v

j

)

j 2 Z

p our

les sch � emas), r eliant les � etats u

�

et u

+

�a la vitesse s (r esp. � a la vitesse nul le).

Dans la suite, on note L l'op � erateur \d' � ev olution", c'est � a dire celui d � e�ni par

� dans le cas d'une appro ximation con tin ue :

u

t

= L ( u; u

x

; u

xx

; : : : ) ;

� dans le cas d'une appro ximation discr � ete :

u

n +1

j

= u

n

j

+ ( L ( u

n

))

j

:

La stabilit � e sp ectrale des pro�ls de c ho cs est le premier \niv eau" de stabilit � e : on lin � earise

L au v oisinage du pro�l de c ho c c hoisi et on � etudie le sp ectre de l'op � erateur obten u, que

l'on note L .

D � e�nition 3.2 Lorsqu'il s'agit d'une appro ximation con tin ue (resp. discr � ete), on dit

qu'un pro�l de c ho c est sp e ctr alement stable si le sp ectre de l'op � erateur lin � earis � e as-

so ci � e L n'a pas de sp ectre dans le demi-plan 
 := f � 2 C = Re ( � ) > 0 g (resp. dans

O := f � 2 C = j � + 1 j > 1 g ).

Il est imp ortan t, dans ce con texte, d'analyser la nature du sp ectre : on in tro duit la notion

de sp e ctr e essentiel , don t on p eut trouv er di� � eren tes d � e�nitions dans la litt � erature. Ici,

on s'in t � eresse �a celle donn � ee par Henry [38 ] dans le cadre de des � equations parab oliques

semi-lin � eaires

D � e�nition 3.3 le sp ectre essen tiel, not � e �

1

ess

( M ), d'un op � erateur M sur un espace de

Hilb ert H est le compl � em en taire de l'union de l'ensem bl e r � esolv an t de M et des v aleurs

propres isol � ees de m ultiplici t � e �nie de M ,

et � a celle in tro duite par M. Sc hec h ter [70]

D � e�nition 3.4 le sp ectre essen tiel, not � e �

2

ess

( M ), est l'in tersection du sp ectre de tous les

op � erateurs M + K , a v ec K op � erateur compact.
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On a alors le th � eor � eme suiv an t

Th � eor � eme 3.1

si M est un op � er ateur ferm � e, �

2

ess

( M ) est le c ompl � ementair e de l'ensemble des c omplexes

� tels que l'op � er ateur M � � soit F r e dholm d'indic e 0 .

La d � e�nition 3.3 est celle utilis � ee par R. Gardner et K. Zum brun [24 ] et v aut par sa

compr � ehension in tuitiv e ; la d � e�nition 3.1 est, quan t � a elle, plus pr � ecise. Sa mise en �uvre

rep ose sur la th � eorie de la dic hotomie exp onen tielle, d � ev elopp � ee par Copp el [14]. Ces

deux d � e�nitions ne co • �nciden t a priori que dans le cas auto-adjoin t ; dans le cas d'un

op � erateur quelconque ferm � e sur un espace de Hilb ert, �

2

ess

( M ) est inclus dans �

1

ess

( M )

et �

2

ess

( M ) con tien t le b ord de �

1

ess

( M ) [39]. A l'aide de la transform � ee de F ourier, on

� etudie le sp ectre des op � erateurs limites de M quand la v ariable d'espace tend v ers �1

p our d � elimiter le sp ectre essen tiel de M : on \raccorde" le comp ortemen t des solutions

de M � � en tre �1 et + 1 . En dehors du sp ectre essen tiel ne restera comme sp ectre que

les v aleurs propres isol � ees. On notera que cette d � e�nition s'applique aussi bien au cas des

appro ximations con tin ues qu'aux appro ximations discr � etes. Dans les cas trait � es ci-apr � es,

on d � emon tre que, sous les h yp oth � eses standard, le sp ectre essen tiel de l'op � erateur lin � earis � e

L se trouv e dans le demi-plan stable, c'est � a dire f � 2 C = Re ( � ) � 0 g , (resp. dans le disque

f � 2 C = j � + 1 j � 1 g ) ce qui p ermet de ramener l' � etude de la stabilit � e sp ectrale � a l' � etude

des v aleurs propres dans le demi-plan 
 (resp. O ).

4 F onction d'Ev ans [18 ]

La premi � ere � etap e, classique dans l'analyse des ondes progressiv es, consiste �a c hanger de

rep � ere galil � een en faisan t un c hangemen t de v ariable x $ x � st p our se ramener �a un

c ho c stationnaire.

4.1 Syst � eme dynamique asso ci � e

Une fois d � e�ni et d � elimit � e le sp ectre essen tiel de l'op � erateur lin � earis � e L , que nous note-

rons dor � ena v an t �

ess

( L ), on � etudie aux solutions de l' � equation aux v aleurs propres L � �

a v ec � appartenan t au compl � em en taire de �

ess

( L ), C n �

ess

( L ). A cette �n, on r � ecrit le

syst � eme Lv = �v comme un syst � eme du premier ordre �a 2 d � equations. Dans le cas d'une

appro ximation con tin ue, on obtien t une � equation di� � eren tielle ordinaire, qu'on note

W

0

= A ( � ; x ) W ; x 2 R ; (15)

W � etan t un v ecteur don t les comp osan tes son t v et � ev en tuellem e n t des d � eriv � ees successiv es

de v , t ypiquemen t W = v p our la relaxation semi-lin � eaire, W = ( v ; v

0

)

T

p our la viscosit � e,

W = ( v ; v

0

; v

00

)

T

p our l'appro ximation a v ec di�usion et disp ersion. P our les appro xima-

tions (V) et (DD), les h yp oth � eses (H.V.1) et (H.DD.1) garan tissan t la non-d � eg � en � erescence

des � equations r � egissan t les pro�ls assure que le syst � eme (15) est bien d � e�ni. Le cas de

(RSL) ne p ose pas de probl � eme puisque l'h yp oth � ese d'in v ersibili t � e de la matrice de di�u-

sion d � ecoule de (H.RSL').
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Dans le cas d'une appro ximation discr � ete, on obtien t un syst � eme dynamique discret du

premier ordre

W

j +1

= A

j

( � ) W

j

; j 2 Z ; (16)

o � u les comp osan tes de W

j

son t des com binaisons lin � eaires de v

j

et v

j � 1

. Dans le cas du

sc h � ema (LFM), l'h yp oth � ese CFL (H.LFM.1) assure que le syst � eme (16) est bien d � e�ni.

En rev anc he, il faut une h yp oth � ese suppl � emen taire p our le sc h � ema (L W) :

H.DIS p our tout j 2 Z , d f ( � v

j

) est in v ersible.

4.2 Comp ortemen t des solutions aux limites

L' � etude des solutions n � ecessite les d � e�nitions suiv an tes :

D � e�nitions 4.1

1. l'esp ac e stable S

+

( � ) de (15) quand x tend vers + 1 est l'esp ac e ve ctoriel des solu-

tions tendant exp onentiel leme nt vers 0 quand x tend vers + 1 ,

2. l'esp ac e instable U

�

( � ) de (15) quand x tend vers �1 est l'esp ac e ve ctoriel des

solutions tendant exp onentiel le ment vers 0 quand x tend vers �1 .

Ces d � e�nitions son t tr � es ais � emen t transp osables au cas discret. Quand � n'appartien t pas

au sp ectre essen tiel, � est v aleur propre de L : H

1

! L

2

si et seulemen t si les espaces

S

+

( � ) et U

�

( � ) on t une in tersection non n ulle. En prenan t le d � eterminan t d'une base de

l'espace S

+

( � ) et de l'espace U

�

( � ), on d � e�nit une fonction � d � ep endan t de � et de la

v ariable d'espace, analytique en � sur C n �

ess

( L ) et qui s'ann ule en � si et seulemen t si

� est une v aleur propre de L .

Dans le cas d'une appro ximation con tin ue, on m ultiplie � par une fonction g de x telle

que g � � soit un W ronskien de (16).

Notation On app elle fonction d'Evans , [18], not � ee D : � 7! D ( � ) la fonction g � �.

Dans le cas d'une appro ximation discr � ete, on constate que �( �; j + 1) = det ( A

j

( � ))�( �; j )

et que par cons � equen t, si la matrice A est toujours in v ersible, l'ann ulation de � p our un

certain couple ( �; j

0

) 2 C n �

ess

( L ) � Z en tra ^ �ne l'ann ulation de � en tous p oin ts de

f � g � Z .

Notation On app elle fonction d'Evans , not � ee D : ( �; j ) 7! D ( �; j ), le d � eterminan t �.

De plus, on s'ap er� coit que, comme les op � erateurs d' � ev olution de d � epart � etaien t �a v aleurs

r � eelles, si � est r � eel, le syst � eme dynamique asso ci � e �a l'op � erateur lin � earis � e est �a v aleurs

r � eelles : par cons � equen t, p our � r � eel, on p eut c hoisir la fonction d'Ev ans de telle sorte

qu'elle soit �a v aleurs dans R .

L'id � ee d'une condition n � ecessaire de stabilit � e, d � ev elopp � ee tout d'ab ord par J. Ev ans [19]

puis reprise dans de nom breux con textes [80, 24 , 4 , 2 , 89 , 73 ] vien t de la constatation

pr � ec � eden te : si l'op � erateur lin � earis � e L n'a pas de v aleur propre le long de l'axe r � eel, la

fonction d'Ev ans doit a v oir le m ^ eme signe au v oisinage de l'origine � = 0 et au v oisinage

de + 1 . P ar cons � equen t, gr^ ace au th � eor � eme des v aleurs in term � ediaires, le pro duit des signes

de la fonction d'Ev ans au v oisinage de � = 0 et de l'in�ni doit ^ etre p ositif. R � ecemm en t,
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le lien en tre le comp ortemen t de la fonction d'Ev ans en � = 0 et le syst � eme dynamique

r � egissan t les pro�ls de c ho cs et le syst � eme h yp erb olique sous-jacen t a � et � e d � emon tr � e par

R. Gardner et K. Zum brun [24].

4.3 Signe de la fonction d'Ev ans � a l'origine

Le premier probl � eme qui se p ose est celui du calcul de D en � = 0, puisque D n'est pas

d � e�nie a priori en ce p oin t. On rem � edie � a cette di�cult � e en prolongean t par con tin uit � e.

Cep endan t, p our une appro ximation con tin ue, quelle que soit la nature du c ho c, comme

tous les translat � es du pro�l son t encore des pro�ls, la d � eriv � ee du pro�l appartien t au no y au

de L , c'est � a dire que D s'ann ule en � = 0. A�n de p ouv oir � etudier le signe de D pr � es de

0, R. Gardner et K. Zum brun [24] on t prouv � e le \lemme de l' � ecart" (Gap Lemma), par

lequel on p eut prolonger analytiquement la fonction d'Ev ans D �a un v oisinage de 0, et

gr^ ace auquel on p eut en visager le calcul des d � eriv � ees successiv es de D en 0. Ce r � esultat a

� et � e � egalemen t obten u par Kapitula et Sandstede [45 ].

Dans le cas des appro ximations discr � etes, si le c ho c est sous-compressif le no y au de L

p eut ^ etre de dimension n ulle. En rev anc he, d � es lors que le c ho c est compressif, D (0) est

n ul et la dimension du no y au de L est sup � erieure �a 1. Il faut alors prolonger la fonction

d'Ev ans analytiquemen t � a un v oisinage V de � = 0. Dans les cas de (L W) et (LFM), la

matrice du syst � eme dynamique discret (16) est diagonalisable dans R au v oisinage de 0

et on prolonge le d � eterminan t colonne par colonne.

Remarque 4.1 Pour toutes les appr oximations, il faut souligner le fait que, p our des

cho cs sur c ompr essifs de de gr � e $ , il y a en g � en � er al une famil le � a $ + 1 p ar am � etr es de pr o�ls

et, p ar c ons � equent, c omme le noyau de L est de dimension $ au moins, les $ pr emi � er es

d � eriv � ees de la fonction d'Evans s'annulent. Il faut donc c alculer la $ + 1 - � eme d � eriv � ee.

Cep endant, un simple c alcul p ar r � ecurr enc e montr e que seules les d � eriv � ees pr emi � er es des

� el � ements d'une b ase du noyau de L app ar aissent dans l'expr ession de c ette ( $ + 1 )- � eme

d � eriv � ee.

4.4 Signe de la fonction d'Ev ans �a l'in�ni

P our la relaxation semi-lin � eaire et la di�usion-disp ersion, on a utilis � e l'appro c he homoto-

pique d � ecrite par S. Benzoni, D. Serre et K. Zum brun p our les syst � emes de d lois de conser-

v ation a v ec viscosit � e [4], qui consiste �a relier par une com binaison con v exe l'op � erateur

lin � earis � e L �a un op � erateur tr � es simple don t on p eut calculer la fonction d'Ev ans p our

� r � eel grand : on prend L

0

:= ( u; v )

T

7! M � ( u

0

; v

0

)

T

, a v ec M une matrice de M

d

( R )

constan te p our (RSL), et L

0

:= v 7! �

0

v

000

, a v ec �

0

2 R

+ �

p our (DD).

On d � e�nit ainsi une famille d'op � erateurs ( L

�

)

� 2 [0 ; 1]

par

� 2 [0 ; 1] 7! L

�

:= � L + (1 � � ) L

0

:

Ay an t v � eri� � e que le sp ectre essen tiel des op � erateurs L

�

est inclus dans C n 
 et que le

syst � eme dynamique asso ci � e est bien d � e�ni, on note ( � ; � ) 7!

~

D ( � ; � ) la fonction d'Ev ans

� etendue. Il faut ensuite mon trer qu'il existe � 2 R

+ �

tel que la fonction d'Ev ans � etendue
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ne s'ann ule pas sur [0 ; 1] � ]� ; + 1 [ : ainsi, en calculan t le signe de

~

D (0 ; � ) p our � > �, on

obtien t le signe de

~

D (1 ; + 1 ), c'est � a dire celui de D (+ 1 ).

Le calcul p our le sc h � ema de Lax-W endro� a n � ecessit � e une m � etho de radicalemen t di� � eren te :

on a utilis � e une v ersion discr � ete simpli� � ee d'une prop osition d � emon tr � ee par K. Zum brun et

P . Ho w ard ([88 ], Prop osition 3.1) qui p ermet d'exprimer les solutions du syst � eme discret

(16) sous la forme W ( �; j ) = � ( � )

j

V ( �; j ), a v ec � ( � ) une v aleur propre de A

+

( � ) (resp.

de A

�

( � )) et V ( �; j ) tendan t v ers V ( � ) un v ecteur propre asso ci � e � a � ( � ) de A

+

( � ) (resp.

de A

�

( � )) quand j tend v ers + 1 (resp. v ers �1 ).

4.5 Limite de la fonction d'Ev ans quand la vitesse de relaxation devien t in�nie

La similarit � e des r � ecen ts r � esultats de stabilit � e sp ectrale obten us p our la viscosit � e par

R. Gardner et K. Zum brun [24] et S. Benzoni, D. Serre et K. Zum brun [4] et p our la

relaxation semi-lin � eaire [30 ] inciten t �a p enser qu'il existe un lien en tre la limite de la

fonction d'Ev ans p our la relaxation semi-lin � eaire quand la vitesse de relaxation a devien t

in�nie �a s �x � e et la fonction d'Ev ans p our un pro�l de viscosit � e scalaire �

2

. En e�et, le

syst � eme dynamique asso ci � e �a l'op � erateur lin � earis � e autour d'un tel pro�l, mo y ennan t un

c hangemen t � el � emen taire, est clairemen t la limite de celui asso ci � e au pro�l ( � u; s �u + c )

T

, a v ec

c = f ( u

+

) � su

+

= f ( u

�

) � su

�

, p our la relaxation semi-lin � eaire. Les tec hniques de dic hoto-

mie exp onen tielle d � ev elopp � ees par Copp el [14 ], outre leur utilit � e dans la d � etermination du

sp ectre essen tiel, p ermetten t de construire sim ultan � em en t les fonctions d'Ev ans asso ci � ees

aux � equations p our la v aleur propre � des deux syst � emes dynamiques, et de trouv er des

estimations de la di� � erence de ces fonctions en 1 =�

2

lo cales en � (P artie I I, Chapitre

3). L'application du th � eor � eme de Rouc h � e p ermet ensuite de mon trer que, p our � assez

grand, il existe p our c haque z � ero de la fonction d'Ev ans de viscosit � e un v oisinage dans

lequel se trouv e un z � ero de la fonction d'Ev ans p our la relaxation semi-lin � eaire de m ^ eme

m ultiplic it � e.

5 Conditions de stabilit � e

On pr � esen te ici des conditions de stabilit � e sp ectrale obten ues gr^ ace � a la m � etho de utilisan t

la fonction d'Ev ans d � ev elopp � ee par R. Gardner et K. Zum brun [24 ].

On note d � esormais ( r

�

1

; : : : ; r

�

d

) une base de v ecteurs propres de d f ( u

�

) asso ci � es aux v a-

leurs propres ( a

�

1

; : : : ; a

�

d

) et ( s

�

1

; : : : ; s

�

d

) une base de v ecteurs propres de B ( u

�

)

� 1

d f ( u

�

).

5.1 Viscosit � e

En ce qui concerne (V), R. Gardner et K. Zum brun on t mon tr � e, p our d = 2, le th � eor � eme

suiv an t

Th � eor � eme 5.1 ([24], Th � eor � eme 3.7, pp 831-836)

On supp ose v � eri� � ees les hyp oth � eses (H.V.1-2) et (K1-4). A lors, si le pr o�l �u est sp e ctr a-

lement stable, on a
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� si le cho c est sous-c ompr essif ( $ = � 1 ) et det( r

�

1

; r

+

2

) 6= 0 :

� � det( s

+

1

; r

+

2

) � det( r

�

1

; s

�

2

) � det( r

�

1

; r

+

2

) � 0 ;

ave c

� :=

Z

+ 1

�1

e

�

R

x

0

tr( B ( � u )

� 1

d f ( � u ))

det( � u

0

; B ( � u )

� 1

( � u � u

�

)) ;

o � u u

�

est le seul p oint de R

2

tel que u

�

2 ( u

�

+ R r

�

1

) \ ( u

+

+ R r

+

2

) et s

�

2

et s

+

1

sont

orient � es c omme la limite de �u

0

en (r esp e ctivement) �1 ;

� si le cho c est de typ e L ax ( $ = 0 ) et p = 2 :

det( r

�

1

; [ u ]) � det( r

�

1

; s

�

2

) � 0

o � u s

�

2

est orient � e c omme �u

0

en �1 ;

� si le cho c est sur c ompr essif de de gr � e 1 ( $ = 1 ) et �u

�

est une famil le de pr o�ls :

det

��

Z

+ 1

�1

�u

�

�

; [ u ]

�

� det( s

�

1

; s

�

2

) � 0 (17)

o � u s

�

1

et s

�

2

sont orient � es c omme (r esp e ctivement) �u

0

et �u

�

en �1 .

Plus pr � ecis � ement, si c es quantit � es sont p ositives, l'op � er ateur L a un nombr e p air de mo des

instables et un nombr e imp air sinon.

S. Benzoni, D. Serre et K. Zum brun [4] on t � etendu la m � etho de au cas des syst � emes d � d

et ils on t mon tr � e la condition p our des cho cs de L ax extr ^ emes , condition que R. Gardner

et K. Zum brun a v aien t conjectur � ee dans [24], en utilisan t les h yp oth � eses suppl � emen taires

H.V.3 il existe " > 0 tel que

8 y 2 R ; Re ( � ( iy d f ( u

�

) � y

2

B ( u

�

))) � � "y

2

;

app el � ee c ondition de stabilit � e de Majda-Pe go [61 ] et

H.V.4 dans le v oisinage des � etats constan ts u

�

, le syst � eme de lois de conserv ation (1)

est compatible a v ec une in � egalit � e d' � energie de la forme

E ( u )

t

+ F ( u; u

x

)

x

+ ! k u

x

k

2

� 0 ;

a v ec D

2

E ( u

�

) > 0

d

et ! > 0.

Cette condition s' � enonce

Th � eor � eme 5.2 ([4], Th � eor � eme 2, page 33)

En supp osant (H.V.1-H.V.4) et (K1-4) satisfaites ave c $ = 0 et p = d , une c ondition

n � ec essair e de stabilit � e sp e ctr ale du pr o�l �u est

det( r

�

1

; : : : ; r

�

d � 1

; s

�

d

) � det ( r

�

1

; : : : ; r

�

d � 1

; [ u ]) � 0 : (18)
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5.2 Relaxation semi-lin � eaire

Dans le Chapitre 1, P artie I I, on d � ev elopp e p our l'appro ximation par relaxation semi-

lin � eaire des conditions similaires � a celles pr � esen t � ees ci-dessus. In t � eressons-nous au syt � eme

obten u en lin � earisan t (10) au v oisinage de

�

U = ( � u; 0)

T

don t on a supp os � e l'existence par

(K4) :

�

0

=

1

�

2

(d f ( � u ) � sI

d

) �; : (19)

Notons S

+

(resp. U

�

) le sous-espace stable en + 1 (resp. instable en �1 ) de (19) a v ec

les notations du paragraphe 4.2 pr � ec � eden t. Les h yp oth � eses sur la nature du c ho c (K2-3)

impliquen t que la dimension de S

+

est p et que celle de U

�

est d � q + 1 : par cons � equen t,

la dimension de l'in tersection de S

+

et de U

�

est sup � erieure �a $ + 1 et �a 1, puisque la

d � eriv � ee du pro�l est toujours solution de (19). On c hoisit une base de solutions de S

+

(resp. de U

�

) sous la forme ( �

1

; : : : ; �

p � 1

; �u

0

), (resp. ( � u

0

; �

q +1

; : : : ; �

d

)) de sorte que, en

r � eordonnan t correctemen t les v aleurs propres de d f ( u

�

) � sI

d

, on ait les comp ortemen ts

suiv an ts

lim

x ! + 1

e

( s � a

+

m

) x=�

2

�

m

( x ) = r

+

m

; m 2 f 1 ; : : : ; p � 1 g ; (20)

lim

x ! + 1

e

( s � a

+

p

) x=�

2

�u

0

= r

+

p

; (21)

lim

x !�1

e

( s � a

�

q

) x=�

2

�u

0

= r

�

q

; (22)

lim

x !�1

e

( s � a

�

m

) x=�

2

�

m

( x ) = r

�

m

; m 2 f q + 1 ; : : : ; d g : (23)

Si le c ho c est sous-compressif, on fait l'h yp oth � ese suppl � emen taire

K 5 ( r

�

1

; : : : ; r

�

p � 1

; r

+

p

; : : : ; r

+

d

) est une b ase de R

d

.

On � ecrit le saut de u dans cette base :

[ u ] = �

�

1

r

�

1

+ : : : + �

�

p � 1

r

�

p � 1

+ �

+

p

r

+

p

+ : : : + �

+

d

r

+

d

et on d � e�nit le p oin t

u

�

:= u

�

+ �

�

1

r

�

1

+ : : : + �

�

p � 1

r

�

p � 1

= u

+

� �

+

p

r

+

p

+ : : : + �

+

d

r

+

d

:

Remarque 5.1 Cette c ondition et la d � e�nition de u

�

sont les g � en � er alisations de l'hy-

p oth � ese suppl � ementair e faite dans le th � eor � eme 5.1 p our les cho cs sous-c ompr essifs et du

p oint u

�

cit � e.

Si le c ho c est surcompressif, quitte �a r � eordonner une nouv elle fois les v aleurs propres de

d f ( u

�

) � sI

d

, on note

 

m

:= �

p � m

= �

p + m +1

; m 2 f 1 ; : : : ; $ g ;

de sorte que ( � u

0

;  

1

; : : : ;  

$

) est une base de S

+

\ U

�

. On obtien t alors les conditions

n � ecessaires suiv an tes
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Th � eor � eme 5.3 (P artie I I, Th � eor � emes 1.3.1, 1.3.2, 1.3.3,1.9.1)

Supp osons (H.RSL') et (K1-4) satisfaites. A lors, si le pr o�l

�

U est sp e ctr alement stable,

les in � egalit � es suivantes ont lieu :

� si le cho c est sous-c ompr essif ( $ = � 1 ) et (K5) est satisfaite :

� � det( r

�

1

; : : : ; r

�

p � 1

; r

+

p

; : : : ; r

+

d

) � det( r

+

1

; : : : ; r

+

d

) � 0

ave c

� :=

1

�

2

Z

+ 1

�1

e

�

R

�

0

tr (d f ( � u )) =�

2

det( �

1

; : : : ; �

p � 2

; ( � u � u

�

) ; �u

0

; �

p +1

; : : : ; �

d

);

� si le cho c est de typ e L ax ( $ = 0 ) :

det( �

1

; : : : ; �

p � 1

; �u

0

; �

p +1

; : : : ; �

d

) � det

�

r

�

1

; : : : ; r

�

p � $ � 1

; [ u ] ; r

+

p

; : : : ; r

+

d

�

� det( r

�

1

; : : : ; r

�

d

) � det ( r

+

1

; : : : ; r

+

d

) � 0 :

� si le cho c est sur c ompr essif ( $ � 1 ) :

det( �

1

; : : : ; �

p � 1

; �u

0

;  

1

; : : : ;  

$

; �

p + $ +1

; �

d

)

� det

�

r

�

1

; : : : ; r

�

p � $ � 1

;

R

R

 

$

; : : : ;

R

R

 

1

; [ u ] ; r

+

p

; : : : ; r

+

d

�

� det( r

�

1

; : : : ; r

�

d

) � det( r

+

1

; : : : ; r

+

d

) � 0 :

Remarquons que, dans le cas d'un d -c ho c de Lax, en faisan t tendre x v ers + 1 et en utili-

san t le comp ortemen t des solutions ( � ) d � ecrit en (20)-(23), on obtien t la m ^ eme condition

que (18) obten ue par S. Benzoni, D. Serre et K. Zum brun [4] en prenan t une matrice de

viscosit � e scalaire B = �

2

I

d

: si le pro�l

�

U est stable, alors

det ( r

�

1

; : : : ; r

�

d � 1

; [ u ]) � det( r

�

1

; : : : ; r

�

d

) � 0 :

L'in terpr � etation g � eom � etrique est la suiv an te : le segmen t [ u

�

; u

+

] et r

�

d

doiv en t se trouv er

dans le m ^ eme demi-espace par rapp ort �a l'h yp erplan engendr � e par ( r

�

1

; : : : ; r

�

d � 1

) (v oir la

�gure 1.1 page 31 p our le cas d = 3).

5.3 Illustration dans le cas d = 2

H. F reist • uhler et K. Zum brun [23] on t exhib � e des pro�ls ne satisfaisan t pas la condition

(17) dans le cas de c ho cs surcompressifs, c'est � a dire des pro�ls instables.

Dans le m ^ eme esprit, E. Lorin et moi a v ons r � e
 � ec hi �a l'existence de pro�ls dans le cas

d'un c ho c de Lax extr ^ eme, plus pr � ecis � emen t d'un 2-c ho c. La m � etho de utilis � ee (P artie I I,

Chapitre 2) est la suiv an te : a y an t analys � e les caract � eristiques que doit a v oir un pro�l

instable gr^ ace � a la repr � esen tation g � eom � etrique de la condition su�san te d'instabilit � e (v oir

�gure 2.1 page 57), on c hoisit un tel pro�l et on construit un syst � eme dynamique don t

il est solution, ce qui donne un 
ux f et un syst � eme de lois de conserv ation. On sim ule

ensuite l'instabilit � e � a l'aide d'un sc h � ema de splitting : les r � esultats obten us (v oir �gure 1)

mon tren t l'explosion de la solution quand on a donn � e comme condition initiale le pro�l

a v ec une p erturbation.
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Fig. 1: Explosion de la solution obten ue par un sc h � ema de splitting

5.4 Di�usion-disp ersion

La condition trouv � ee dans le Chapitre 4, P artie I I, a � et � e d � ev elopp � ee ind � ep endammen t de

celle de K. Zum brun [87]. Les seuls c ho cs consid � er � es � etan t des c ho cs sous-compressifs (h y-

p oth � ese H.DD.3), on a la condition n � ecessaire de stabilit � e suiv an te, en supp osan t (H.DD.1-

3) et (K1-2) et (K4) satisfaites :

Z

+ 1

�1

exp

�

�

Z

0

t

b ( s )

c ( s )

d s

�

�u

0

( t )( � u ( t ) � u

�

)d t > 0 :

Ce r � esultat se rappro c he de ceux cit � es plus haut p our des c ho cs sous-compressifs, la

particularit � e � etan t ici le p oin t u

�

qui est en fait le p oin t u

�

, car on est dans le cas scalaire.

5.5 Sc h � ema de Lax-W endro�

On ne consid � ere ici que des pro�ls de c ho cs stationnaires. On lin � earise l' � equation de pro�l

(14) au v oisinage du pro�l �v et on la r � ecrit comme un syst � eme dynamique du premier

ordre

'

j +1

= � d f ( � v

j +1

)

� 1

�

I

d

� d f

�

�v

j +1

+ � v

j

2

��

� 1

�

I

d

+ d f

�

�v

j

+ � v

j � 1

2

��

d f ( � v

j

) '

j

=: N

j

'

j

:

D'apr � es la condition CFL (H.L W) et la condition (H.DIS), ce syst � eme est bien d � e�ni et,

comme les v aleurs propres de la matrice N

j

tenden t v ers ( � (1 + a ) = (1 � a )), o � u a d � esigne

une v aleur propre de d f ( u

�

), l'espace stable S

+

est de dimension p et l'espace instable

U

�

de dimension d � q + 1, sous l'h yp oth � ese (K3) concernan t la nature du c ho c. P ar

cons � equen t, on p eut d � e�nir une base ( �

1

; : : : ; �

p

) de S

+

et une base ( �

q

; : : : ; �

d

) de U

�

telles que l'on ait :

p our m 2 f 1 ; : : : ; p g

�

m

j

� !

j ! + 1

0 ;

lim

j ! + 1

�

m

j

j �

m

j

j

= r

+

m

;
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et p our m 2 f q ; : : : ; d g

�

m

j

� !

j !�1

0 ;

lim

j !�1

�

m

j

j �

m

j

j

= r

�

m

:

Au con traire du cas des appro ximations con tin ues, p our un c ho c sous-compressif, cette

in tersection p eut- ^ etre n ulle. Ceci tien t au fait que dans le cas discret, seules les translations

de param � etres en tiers des pro�ls son t encore des pro�ls, con trairemen t au cas con tin u o � u il

y a automatiquemen t une famille � a un param � etre de pro�ls d � es qu'on a prouv � e l'existence

d'un pro�l. En rev anc he, d � es que le c ho c est compressif ( $ � 0), l'in tersection de S

+

et

de U

�

est au moins de dimension 1. On app elle (  

0

; : : : ;  

$

) une base de l'in tersection

de S

+

et de U

�

tels que, quitte � a r � eordonner les v aleurs propres de d f ( u

�

),

 

m

= �

p � m

= �

q + m

; m 2 f 0 ; : : : ; $ g :

La condition n � ecessaire de stabilit � e sp ectrale trouv � ee par les tec hniques de fonction d'Ev ans

est la suiv an te

Th � eor � eme 5.4

si les hyp oth � eses (K1-4), (H.L W) et (H.DIS) sont satisfaites, si �v est sp e ctr alement stable,

il existe J 2 N tel que, p our tout j � J , l'in � egalit � e suivante soit v � eri� � ee

( � 1)

$ � 1+ j ( d + $ � 1)

� det( �

1

j

; : : : ; �

p

j

; �

q + $ +1

j

; : : : ; �

d

j

) � �

$

(�

0

j

; : : : ; �

$

j

)

� det( r

+

1

; : : : ; r

+

d

) � det( r

�

1

; : : : ; r

�

d

) > 0 ; (24)

o � u �

m

j

= ( I

d

� N

j

)

� 1

P

l 2 Z

 

m

l

, m 2 f 0 ; : : : ; $ g et �

$

est une forme lin � eair e d � e�nie p ar

�

$

( ~ e

0

; : : : ; ~ e

$

) := det( r

;

1

: : : ; r

�

q � 1

; ~ e

0

; : : : ; ~ e

$

; r

+

p +1

; : : : ; r

+

d

) :

Le signe de cette in � egalit � e ne d � ep end en fait pas du c hoix du p oin t j � J consid � er � e car

on a l'iden tit � e

D ( �; j + 1) = ( � 1)

d

D ( �; j )

p our j assez grand. De plus, la con v ergence rapide du pro�l �v v ers ses � etats extr ^ emes

implique que la condition (24) est calculable en pratique p our des v aleurs de j raisonnables.

Une condition similaire a � et � e d � emon tr � ee dans le cas des d -c ho cs de Lax p our le sc h � ema de

Go duno v par M. Bultelle, M. Grassin et D. Serre [9].

6 F onction de Green p our le sc h � ema de Lax-F riedric hs mo di� � e

D � ecriv ons tout d'ab ord le r^ ole des fonctions de Green dans l' � etude de la stabilit � e des

pro�ls visqueux r � ealis � ee par K. Zum brun et P . Ho w ard dans [88].

Sous les h yp oth � eses (K1-4), (H.V.1) et (H.V.3), on s'in t � eresse au probl � eme d' � ev olution

lin � earis � e au v oisinage d'un pro�l de c ho c visqueux �u

@

t

v � Lv = ~v ; 8 t > 0 ; 8 x 2 R ; (25)

v ( x; t ) � !

x !�1

0 ; 8 t > 0 ; (26)

v ( � ; 0) = v

0

; (27)
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o � u ~v et v

0

son t donn � ees et l'op � erateur L est d � e�ni par

Lv := ( � (d f ( � u ) � d B ( � u ) � u

x

) v )

x

+ ( B ( � u ) v

x

)

x

(28)

On p eut obtenir des estimations tr � es pr � ecises des solutions de (25)-(26)-(27) au mo y en de

la fonction de Green, not � ee G : ( x; t ; y ) 7! G ( x; t ; y ), c'est �a dire la solution matriciell e

du probl � eme homog � ene a v ec comme donn � ee initiale une masse de Dirac �

y

en un p oin t y

�x � e :

@

t

G � LG = 0 ; 8 t > 0 ; 8 x 2 R ;

G ( x; t ; y ) � !

x !�1

0 ; 8 t > 0 ;

G ( � ; 0; y ) = �

y

I

d

;

gr^ ace � a la form ule

v ( x; t ) =

Z

R

G ( x; t ; y ) v

0

( y )d y +

Z

R

Z

t

0

G ( x; t � s ; y ) ~ v ( y ; s )d y : (29)

Cette m � etho de p ermet de con tourner la di�cult � e li � ee au fait que la v aleur propre 0 fait par-

tie du sp ectre essen tiel, ce qui rend inapplicables les tec hniques classiques de semi-group es.

Dans le cas scalaire, D. Sattinger [69] � evite cette di�cult � e � a l'aide de normes � a p oids, qui

p ermetten t de \d � ecoller" le sp ectre essen tiel de l'axe imaginaire. T. Kapitula [44] a mon tr � e

que cette tec hnique s'applique � egalemen t p our les syst � emes dans le cas de c ho cs totalemen t

compressifs. Dans [88], K. Zum brun et P . Ho w ard consid � eren t tous les t yp es de c ho cs en

in tro duisan t de nouv elles m � etho des p onctuelles de semi-group es, qui s'apparen ten t plut^ ot

aux tec hniques de transformation de F ourier utilis � ees par Y. Zeng [85 , 59 ]. Les estimations

ainsi obten ues sur la fonction de Green, et plus particuli � erem en t le d � ecoupage de cette

derni � ere en termes \excit � e" (excited), \disp ersif "(scattering) et \r � esiduel" (residual), p er-

metten t de comprendre le comp ortemen t des solutions � el � emen taires du probl � eme lin � earis � e,

et p our des p erturbations faibles, du probl � eme non-lin � eaire. K. Zum brun et P . Ho w ard

en d � eduisen t une condition n � ecessaire et su�san te de stabilit � e s'expriman t � a l'aide d'une

fonction d'Ev ans.

L'outil utilis � e p our � etudier la fonction de Green est la transform � ee de Laplace, d � e�nie par

v 7!

�

� 7!

Z

+ 1

0

e

� �s

v ( s )d s

�

:

La transform � ee de la fonction de Green par rapp ort � a la v ariable de temps t , not � ee ( x ; y ) 7!

G

�

( x ; y ) est solution du probl � eme suiv an t � a y �x � e :

( L � � ) G

�

= � �

y

I

d

;

G

�

( x ; y ) � !

x !�1

0 :

On r � ecrit l' � equation aux v aleurs propres Lv = �v de L comme un syst � eme dynamique

du premier ordre de la forme (15). En � etudian t les syst � emes limites quand x tend v ers

�1 , et plus pr � ecis � emen t les solutions tendan t v ers 0 quand x tend v ers + 1 ou �1 , on

p eut construire la fonction d'Ev ans D : � 7! D ( � ), qui est analytique dans le demi-plan


. Comme le pr � ecise le paragraphe 4.3, la v aleur propre 0 est toujours dans le sp ectre
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essen tiel, du fait de l'in v ariance par translation, et le prolongemen t par con tin uit � e de la

fonction d'Ev ans s'ann ule donc en ce p oin t.

On � ecrit ensuite G

�

au p oin t ( x ; y ) comme une matrice don t les colonnes repr � esen ten t

une base de l'espace stable (en x ) en + 1 (resp. instable (en x ) en �1 ) du syst � eme

dynamique (15) quand x > y (resp. x < y ). La con tin uit � e de G

�

en x = y induit des

conditions de compatibilit � e sous la forme d'un syst � eme lin � eaire don t le d � eterminan t est la

fonction d'Ev ans en � . P ar cons � equen t, � 7! G

�

est m � eromorphe sur 
 priv � e des z � eros de

D et on p eut calculer des estimations de G

�

.

On utilise ensuite la transformation de Laplace in v erse

G ( x; t ; y ) =

1

2 �

Z




e

�t

G

�

( x ; y )d �; (30)

en v eillan t � a c hoisir des con tours p ermettan t d'obtenir des estimations de G : on distingue

des cas selon que t est grand, p etit ou du m ^ eme ordre que at , o � u a est une v aleur propre

de d f ( u

�

) et on prend des c hemins d'in t � egration, d � ep endan t de x , y et t , qui p ermetten t

de calculer des � equiv alen ts de G exprim � ee comme une in t � egrale de la forme (30), gr^ ace � a

la m � etho de des p oin ts-selles de Riemann [6].

Dans le cas des couc hes-limites, E. Grenier et F. Rousset on t utilis � e ce t yp e d'estimations

a v ec la construction it � erativ e de fonctions de Green p our obtenir un th � eor � eme de con v er-

gence de la m � etho de de viscosit � e sous des conditions sp ectrales [36 ]. F. Rousset a mon tr � e

un th � eor � eme similaire dans le con texte des c ho cs compressifs ( $ � 0) [68].

Le dernier c hapitre de ce m � emoire est consacr � e � a l'obten tion d'estimations du m ^ eme genre

que celles obten ues par K. Zum brun et P . Ho w ard [88] dans le cas des pro�ls de c ho cs

discrets p our le sc h � ema de Lax-F riedric hs mo di� � e. P our les raisons qui son t donn � ees dans

le paragraphe 3.4 pr � ec � eden t, on ne consid � ere que des c ho cs stationnaires. On s'in t � eresse

au probl � eme lin � earis � e autour d'un pro�l

u

n +1

� u

n

� Lu

n

= ~u

n

; 8 n � 0 ; (31)

u

n

j

� !

j !�1

0 ; 8 n � 1 ; (32)

u

0

= u ; (33)

o � u ~u = ( ~ u

n

j

)

j 2 Z ;n 2 N

et u = ( u

j

)

j 2 Z

son t donn � ees. Le fonction de Green discr � ete asso ci � ee,

que l'on note ( G ( j; n ; l ))

j 2 Z ;n 2 N ; l 2 Z

, est une suite de matrices carr � ees de taille d qui son t

solutions du probl � eme suiv an t, � a l 2 Z �x � e :

G ( j; n + 1; l ) � G ( j; n ; l ) � LG ( j; n ; l ) = 0 ; 8 n � 0 ; 8 j 2 Z ; (34)

G ( j; n ; l ) � !

j !�1

0 ; 8 n � 1 ; (35)

G ( j; 0; l ) = �

j l

I

d

; j 2 Z ; (36)

o � u � d � esigne le sym b ole de Kronec k er.

La solution formelle de (31)-(32)-(33) est donn � ee par

u

n

j

=

+ 1

X

l = �1

G ( j; n ; l ) u

l

+

n � 1

X

�n =0

+ 1

X

l = �1

G ( j; n � �n ; l ) ~ u

�n

l

; j 2 Z ; n 2 N :

P our � eviter les v aleurs propres instables de l'op � erateur L (v oir paragraphe 3.4), on supp ose

que
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H.LFM.2 L n'a pas de v aleur propre dans O . Plus pr � ecis � emen t, L n'a pas de sp ectre

dans f �; j � + 1 j � 1 g , � a part � ev en tuellem en t � = 0.

En e�et, dans le cas compressif $ � 0, 0 est n � ecessairemen t une v aleur propre de L

(paragraphe 4.3 pr � ec � eden t). A�n de sa v oir quel r^ ole joue � = 0, on utilise la fonction

d'Ev ans, et plus particuli � ereme n t, comme ses $ premi � eres d � eriv � ees s'ann ulen t (Remarque

4.1), on supp ose

H.LFM.3

@

$ +1

D

@ �

$ +1

(0 ; j ) 6= 0.

L'ob jectif du dernier c hapitre de ce m � emoire est de prouv er le th � eor � eme suiv an t

Th � eor � eme 6.1

En supp osant (H.LFM.1-3) et (K1-4) satisfaites, la fonction de Gr e en du pr obl � eme lin � earis � e

(31)-(32)-(33) a le c omp ortement suivant

for ~ e 2 R

d

;

G ( j; n ; l ) � ~ e = �

h j j j <k n min ( j a

�

q

j ;q 2f 1 ;::: ;d g )

R

0

( l ; j ) � ~ e

+

X

q =j a

�

q

> 0

1

p

n

O

 

exp

 

�

�

hj � k a

�

q

n

�

2

M h

2

n

!!

r

�

q

+ O

�

e

� �n

exp

�

�

( l � j )

2

M n

��

; l ; j 2 Z ;

�

j

G ( j; n ; l ) � ~ e = �

h j j j <k n min ( j a

�

q

j ;q 2f 1 ;::: ;d g )

�

j

R

0

( l ; j ) � ~ e

+

X

q =j a

�

q

> 0

1

n

O

 

exp

 

�

�

hj � k a

�

q

n

�

2

M h

2

n

!!

r

�

q

+ O

�

e

� �n

exp

�

�

( l � j )

2

M n

��

; l ; j 2 Z ;

o � u

� h est le p as d'exp ac e et k le p as de temps,

� �

j

G ( j; � ; � ) d � esigne G ( j; � ; � ) � G ( j � 1 � ; � ) ,

� la notation q =j a

�

q

> 0 c orr esp ond aux indic es q 2 f 1 ; : : : ; d g tels que j et a

sign ( j )

q

sont

de m ^ eme signe,

� le terme excit � e R

0

( l ; j ) est une pr oje ction sur le noyau de L ,

� toutes les c onstantes sont b orn � ees lo c alement en l et uniform � ement en n et en j et les

c onstantes M et � sont p ositives.

Ces estimations son t analogues �a celles obten ues par K. Zum brun et P . Ho w ard p our les

pro�ls visqueux [88], bien que notre analyse soit limit � ee au cas o � u l est b orn � ee, alors que

la leur consid � ere aussi le cas o � u y (qui corresp ond �a l ) n'est pas b orn � e. La signi�cation

ph ysique de ce r � esultat est la suiv an te : tout d'ab ord, la masse de Dirac initiale se divise en

ondes qui se propagen t selon les caract � eristiques en tran tes et sortan tes. Celles p ort � ees par

les caract � eristiques sortan tes, c'est � a dire les v ecteurs propres corresp ondan t aux v aleurs

propres n � egativ es (resp. p ositiv es) de d f ( u

�

) (resp. d f ( u

+

)) si la masse de Dirac � etait �a

gauc he (resp. � a droite) du c ho c prennen t la forme de Gaussiennes qui s' � eloignen t du c ho c et

don t l'amplitude dimin ue � a cause de la viscosit � e. Les autres v on t v ers le c ho c, et, � a c haque
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fois qu'une onde attein t le c ho c, des ondes son t � emises sur les caract � eristiques sortan tes :

ce son t � egalemen t des Gaussiennes qui s'amortissen t. De plus, d � es que la premi � ere onde

attein t le c ho c, il y a in teraction et une onde stationnaire, li � ee au no y au de L , appara ^ �t.

En�n, il y a un terme de d � ecroissance rapide en temps. La propagation des ondes sortan tes

sous forme de Gaussiennes est compatible a v ec la conserv ation de la masse dans `

1

.

On � enonce � egalemen t un th � eor � eme analogue au th � eor � eme 6.1 dans le cas des couc hes-

limites, car les deux d � emonstrations son t pro c hes.

La �gure 2 repr � esen te, p our un 3-c ho c de Lax, les comp osan tes de la fonction de Green
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Fig. 2: Repr � esen tation de G ( j; n ; 39) sur la base ( r

�

1

; r

�

2

; r

�

3

)

appliqu � ee successiv emen t � a r

�

1

, r

�

2

, r

�

3

dans la base des v ecteurs propres ( r

�

1

; r

�

2

; r

�

3

) de

d f ( u

�

) dans le cas o � u l est p ositif. On v oit les ondes se propager v ers la gauc he dans un

premier temps (toutes les v aleurs propres de d f ( u

+

) son t n � egativ es). Une onde stationnaire

appara ^ �t d � es que la premi � ere onde a attein t le c ho c, et deux ondes son t � emises v ers la

gauc he selon r

�

1

et r

�

2

(d f ( u

�

) a deux v aleurs propres n � egativ es et une v aleur propre

p ositiv e). On ne v oit malheureusemen t pas les autres � emissions d'ondes, car celles-ci son t

amorties par la viscosit � e.

La d � emonstration du th � eor � eme rep ose sur la transformation de Laplace discr � ete d � e�nie

par

v = ( v

n

)

n 2 N

7!

 

� 2 D 7! ^v ( � ) :=

X

n 2 N

e

� �n

v

n

!

; (37)

o � u D est une partie de C c hoisie de fa� con �a ce que la somme con v erge. En particulier,

comme (37) est i 2 � p � erio dique en � , D p eut ^ etre c hoisi comme � etan t inclus dans la bande

S := f � 2 C = � � � Im ( � ) � � g . Etan t donn � e l 2 Z , la transform � ee de Laplace de G ( � ; � ; l )
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par rapp ort �a n , not � ee G

�

( j ; l ) est solution du probl � eme

( L

s

� e

�

+ 1) G

�

( j ; l ) = � �

lj

I

d

; j 2 Z ; (38)

G

�

( j ; l ) � !

j !�1

0 : (39)

Comme dans le cas con tin u, on r � ecrit l' � equation aux v aleurs propres

( L

s

� e

�

+ 1) v = 0

comme un syst � eme dynamique du premier ordre de la forme

V

j

= A

j

( � ) V

j � 1

; V

j

=

�

v

j

v

j +1

� v

j

�

2 C

2 d

; j 2 Z : (40)

On � ecrit ensuite G

�

( � ; l ) sous forme de com binaisons lin � eaires bien c hoisies de solutions du

syst � eme (40) forman t une base de S

+

( � ) (resp. de U

�

( � )) p our j � l (resp. p our j � l ), ce

qui p ermet d' � etablir que, comme la fonction d'Ev ans D ( �; l ) est li � ee au d � enominateur de

G

�

( � ; l ), G

�

( � ; l ) est m � eromorphe dans 
 [ V p our un c ho c compressif ( $ � 0), a v ec � = 0

p^ ole d'ordre 1, et holomorphe dans 
 p our un c ho c sous-compressif : on obtien t ainsi des

estimations en � sur G

�

p our l b orn � e. Comme le prolongemen t de D ( � ; l ) ne s'ann ule pas

sur le segmen t [ � i� ; i� ] sauf � ev en tuellem en t en 0, on prolonge � 7! G

�

( � ; l ) � a une bande

de largeur � �a gauc he de l'axe imaginaire. On calcule la transform � ee in v erse de G

�

par la

form ule

G ( j; n ; l ) =

1

2 i�

Z




e

�n

G

�

( l ; j )d �;

o � u 
 est a priori un c hemin se trouv an t dans 
. Mais gr^ ace au prolongemen t de � 7! G

�

( � ; l )

et � a la form ule de Cauc h y , on p eut c hoisir des con tours qui tra v ersen t � ev en tuellem en t l'axe

des imaginaires. Il faut prendre un soin tr � es particulier � a la v aleur � = 0 qui p eut ^ etre un

p^ ole de � 7! G

�

( � ; l ) : un r � esidu stationnaire p eut appara ^ �tre. Cette tec hnique p eut ^ etre

appliqu � ee au sc h � ema de Lax-W endro�, mais les calculs son t plus compliqu � es.



Deuxi � eme partie

APPR O XIMA TIONS EN V ARIABLE D'ESP A CE CONTINUE :

RELAXA TION SEMI-LIN

�

EAIRE, DIFFUSION-DISPERSION



1. RELAXA TION SEMI-LIN

�

EAIRE : CONDITION N

�

ECESSAIRE DE

ST ABILIT

�

E SPECTRALE

L'article suiv an t a � et � e publi � e sous le titre \Linear Stabilit y of Sho c k Pro�les for Systems of

Conserv ation La ws with Semi-linear Relaxation" dans la revue Ph ysica D., 148 :289{316,

2001. Le r � esultat sur la condition de stabilit � e p our les c ho cs de Lax a v ait � et � e obten ue de

fa� con ind � ep endan te par Kevin Zum brun [87].

1.1 In tro duction

Let n � 1 and consider the n � n h yp erb olic system of conserv ation la ws

u

t

+ f ( u )

x

= 0 ; x 2 R ; t � 0 ; (1)

where f is a smo oth 
ux. Relaxation appro ximations of (1) in v olv e in tro ducing lo w er-order

terms and adjoining closure la ws in order to mo del viscosit y , memory and other e�ects.

The time lag is referred to as the relaxation time. The relaxation phenomena app ear

in v arious ph ysical mo dels suc h as the kinetic theory of monatomic gases, con tin uum

mec hanics, elasticit y with memory , phase and m ultiphase transitions. Whitham [81] w as

the �rst to in tro duce a mathematical form ulation of relaxation problems. A fundamen tal

pap er b y Liu [52] giv es the �rst prop erties and results for the general quasilinear 2 � 2

systems. Chen and Liu [13] together with Lev ermore [12] started the rigorous study of

the limits of zero relaxation time for w eak solution. Initial-b oundary v alue problems for

the general relaxation w ere in v estigated b y Y ong [82, 83]. F urther details can b e found in

Natalini's monograph [66].

The semi-linear relaxation appro ximation is obtained b y in tro ducing a sti� source term

in (1) :

(

u

t

+ v

x

= 0 ;

v

t

+ a

2

u

x

=

1

�

( f ( u ) � v ) ;

(2)

where � is the (p ositiv e) relaxation parameter and a is a p ositiv e constan t. T aking the

formal limit of (2) as � tends to 0, one reco v ers the lo c al e quilibrium

v = f ( u )

and the e quilibrium system , whic h is in fact the original system (1). P erforming an

asymptotic Chapman-Ensk og t yp e expansion [52 ] of (2), one �nds formally

u

t

+ f ( u )

x

= � (( a

2

� d f ( u )

2

) u

x

)

x

+ O ( �

2

) : (3)
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T o ensure stabilit y , (3) m ust b e dissipativ e, that is the viscosit y m ust b e p ositiv e. So the

classical assumption, kno wn as the sub char acteristic c ondition [42] is

a > � (d f ( u )) ; 8 u; (4)

where � denotes the sp ectral radius. This condition is equiv alen t to the c haracteristics of

the equilibrium system (1) b eing sub c haracteristic to the c haracteristics � a of (2). This

mo del w as in tro duced b y Jin and Xin [42 ] in order to obtain non-oscillatory sc hemes for

systems of conserv ation la ws. Assuming (4) together with conditions from [17], Serre [75]

pro v ed that, as � tends to 0, the solutions of (2) con v erge to an en trop y solution of (1).

The con v ergence rate [51 ] and the BV framew ork [5] ha v e also b een in v estigated in the

scalar case ( n = 1).

W e consider a non-c haracteristic discon tin uit y ( u

�

; u

+

; s ) of system (1) of arbitr ary str ength

satisfying the Rankine-Hugoniot condition. T o guaran tee the existence of a sho c k pro-

�le

�

U

�

= ( � u

�

; �v

�

)

T

for (2) asymptotically connecting the end states ( u

�

; f ( u

�

))

T

and

( u

+

; f ( u

+

))

T

with sp eed s , w e m ust assume s is sub c haracteristic [52]. Our sub c haracter-

istic condition th us reads

a > max ( � (d f ( u

�

)) ; � (d f ( u

+

)) ; j s j ) :

W e also assume that (1) is strictly h yp erb olic at the end states u

�

.

The linearized system ab out

�

U can b e expressed as

U

t

= L

�

( @

x

;

�

U

�

( x )) U: (5)

The sub c haracteristic condition and the assumption of non-c haracteristic sho c ks imply

that the essen tial sp ectrum lies in the left half-plane, so that the restriction of the sp ectrum

of L

�

to the righ t half-plane consists only of isolated eigen v alues of �nite m ultiplic it y . Let

� b e suc h an eigen v alue. Since L

�

is a conjugate of (1 =� ) L

1

(see 1.3.1), a p erturbation

leads to an exp onen tial ampli�cation of U of order exp(Re ( � ) t=� ). So, if Re ( � ) is p ositiv e,

the sho c k is not observ able after a small time of order � . W e th us sa y that a sho c k pro�le is

linearly stable if the sp ectrum of the di�eren tial op erator asso ciated with the linearized

system lies in the left half of the complex plane. Our aim is to obtain necessary conditions

for linear stabilit y of Lax, undercompressiv e and o v ercompressiv e sho c k pro�les b y means

of an Ev ans function [18] as in [24 , 4 ]. This tec hnique has also b een dev elop ed for semi-

discrete sho c k pro�les b y Benzoni-Ga v age [2].

W e pro ceed as follo ws : noting that the linearized system ab out

�

U

�

is v ery simply link ed

to the linearized system ab out

�

U

1

, w e set � = 1 and denote

�

U :=

�

U

1

. W e then c hange to

a stationary sho c k using a mo ving frame and w e denote b y M the di�eren tial op erator

asso ciated with the linearized system. This standard tric k simpli�es the computations

b y allo wing us to compare the eigen v alues of d f ( u

�

) to 0 rather than to the sp eed s .

Computational di�culties still arise from the c hange of v ariable in (5), unlik e the viscous

case.

W e rewrite the eigen v alue equation M � = �� , whic h is a �rst order ODE, in terms of a

linear dynamical system with v ariable co e�cien ts

�

0

= A ( x; � ) �: (6)

Using W ronskians of solutions of (6), w e then construct an analytic function D ( � ) on

Re( � ) > 0 (see [24]) whose zeros corresp ond to unstable eigen v alues of M (see [43 ]).
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Since M has real co e�cien ts, D is real-v alued on R

+

. A necessary condition for stabilit y

is therefore that D ( � ) has the same sign near � = 0 and near � = + 1 . A t � = 0, w e

note that

�

U

0

is a solution of �

0

= A ( x; 0) � whic h deca ys at �1 , so that D (0) = 0 and the

sign of D ( � ) for small � is go v erned b y that of D

0

(0). Since the essen tial sp ectrum of the

linearized op erator M in tersects the imaginary axis, w e m ust use the Gap Lemma [24 ] to

de�ne an analytic con tin uation of D to a neigh b orho o d of � = 0. Th us D

0

(0) mak es sense

and turns out to b e computable. F or large real � , w e use a homotop y metho d giv en b y

Benzoni-Ga v age, Serre and Zum brun [4] to do the calculation.

Our main theorem giv es necessary conditions for the stabilit y of Lax, undercompressiv e

and o v ercompressiv e sho c k pro�les in n � n systems. These conditions are similar to the

ones that Gardner and Zum brun obtained for viscous pro�les with n = 2 and to the ones

they conjectured for general n . These conjectures w ere later pro v ed b y Benzoni-Ga v age,

Serre and Zum brun.

Necessary conditions for linear stabilit y , as w ell as the study of D

0

(0), are v aluable steps

in the searc h for non-linear stabilit y , as it has already b een studied for viscous appro xi-

mations b y Zum brun and Ho w ard [88].

This pap er is organized as follo ws : Section 2 is dev oted to the assumptions and the

prop erties of sho c k pro�les. In Section 3, w e state our main results. W e pro v e that w e

can apply the Gap Lemma in Section 4. Finally , w e dev ote Sections 5, 6, 7 to the pro ofs

of the theorems w e stated in Section 3.

1.2 Bac kground

1.2.1 Assumptions

Let ( u

�

; u

+

; s ) b e a discon tin uit y for (1) satisfying the Rankine-Hugoniot condition

f ( u

+

) � f ( u

�

) = s ( u

+

� u

�

) : (7)

Our �rst h yp othesis is the sub char acteristic c ondition

H 1 a > max ( � (d f ( u

�

)) ; � (d f ( u

+

)) ; j s j ) :

F ollo wing [24], w e also assume that

H 2 system (1) is strictly hyp erb olic at u

�

, i.e. , A

�

:= d f ( u

�

) has distinct r e al eigen-

values �

�

1

< : : : < �

�

n

,

and

H 3 the disc ontinuity is non-char acteristic : s 62 � ( A

�

) ,

where � denotes the sp ectrum.

As far as the nature of the discon tin uit y is concerned, w e are going at �rst to assume

that, giv en j 2 f 1 ; : : : ; n g , ( u

�

; u

+

; s ) is a Lax j -sho c k :
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H 4 the eigenvalues of A

�

satisfy the fol lowing ine qualities

�

+

j

< s < �

+

j +1

;

�

�

j � 1

< s < �

�

j

:

This condition means that there are n + 1 c haracteristics en tering the sho c k and n � 1

outgoing ones. F or further details, see [74].

s
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+
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�
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�
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�

�

� �
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��1
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n

�

�
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�

�

��
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+

j

Undercompressiv e sho c k

H 4

�

s

H

H

H

HHH
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�

+

1

A
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A
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�
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�

+

2

C

C

C
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�

+
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�

�

�

�
��

��:

�

�

n

P

P

P

PP

P

PPi

�

�

1

B

B

B

B

B
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�

�

j � 1

�

�

�

��

�

��1

�

+

n

�

�

�

�

�

��

�

+

j +2

Ov ercompressiv e sho c k

H 4

��

When w e in v estigate undercompressiv e sho c ks, w e will use instead :

H 4

�

there is an in teger j 2 f 2 ; : : : ; n g suc h that

�

+

j � 1

< s < �

+

j

;

�

�

j � 1

< s < �

�

j

:

W e only consider here undercompressiv e sho c ks of degree n , that is those with n incoming

and n outgoing c haracteristics (see [71 ]).

When w e consider o v ercompressiv e sho c ks, w e will use instead :

H 4

��

the eigen v alues of A

�

satisfy the follo wing inequalities for some j 2 f 1 ; : : : ; n � 1 g :

�

+

j +1

< s < �

+

j +2

;

�

�

j � 1

< s < �

�

j

:

These inequalities express the fact that all n + 2 c haracteristics en ter the sho c k and that

there are n � 2 outgoing ones, i.e., these sho c ks are o v ercompressiv e of degree n + 2.

F urther information ab out this t yp e of sho c k can b e found in [74], [54], [56 ].

Remark 1.2.1 The hyp otheses (H4) , (H4

�

) and (H4

��

) c omplete the non-char acteristic

assumption (H3) .

1.2.2 Sho c k pro�les

A sho c k pro�le

�

U

�

= ( � u

�

; �v

�

)

T

: � = x � st 7! ( � u

�

( � ) ; �v

�

( � ))

T

for ( u

�

; u

+

; s ) is a tra v eling

w a v e of (2) asymptotically connecting U

�

:= ( u

�

; v

�

)

T

and U

+

:= ( u

+

; v

+

)

T

with sp eed
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s . This pro�le ob eys

� s �u

0

�

+ � v

0

�

= 0 ; (8a)

� s �v

0

�

+ a

2

�u

0

�

=

1

�

( f ( � u

�

) � �v

�

) ; (8b)

lim

x !�1

�u

�

( � ) = u

�

; lim

x !�1

�v

�

( � ) = v

�

: (8c)

In tegrating (8a) from �1 to � , w e �nd that

�v

�

( � ) � v

�

= s ( � u

�

( � ) � u

�

) :

Substituting in (8b), w e obtain the ODE

( a

2

� s

2

) � u

0

�

=

f ( � u

�

) � s ( � u

�

� u

�

) � v

�

�

:

So if u

�

is a stationary p oin t of this equation, then v

�

= f ( u

�

).

Similarly , in tegrating from � to + 1 , w e obtain v

+

= f ( u

+

). Moreo v er, as s [ u ] = [ v ] = [ f ],

w e ha v e that f ( u

+

) � su

+

= f ( u

�

) � su

�

=:

�

f (one reco v ers the Rankine-Hugoniot

condition (7)). W e can de�ne � :=

p

a

2

� s

2

b ecause of the sub c haracteristic condition

(H1) . Consequen tly , the sho c k pro�le

�

U

�

satis�es

8

>

>

>

<

>

>

>

:

�u

0

�

=

1

� �

2

( f ( � u

�

) �

�

f � s �u

�

) ;

�v

�

= s �u

�

+

�

f ;

lim

� !�1

�u

�

( � ) = u

�

; lim

� !�1

�v

�

( � ) = f ( u

�

) :

(9)

The end states u

�

are h yp erb olic in the ODE sense. Indeed, a > j s j b ecause of (H1) and

the eigen v alues of A

�

:= A

�

� sI

n

are non-zero b ecause of (H2) . Consequen tly , �

� 2

A

�

has non-zero, distinct, real eigen v alues.

W e mak e the standard assumption :

H 5 Ther e exists a pr o�le

�

U for (10) asymptotic al ly c onne cting U

�

and U

+

with sp e e d s .

Since system (9) is decoupled, w e see that there is a one-to-one corresp ondence for a

giv en sho c k b et w een the semi-linear relaxation pro�les and the viscous pro�les with scalar

viscosit y B = �

2

I

n

. The existence of these pro�les, whic h are hetero clinic orbits of

a v ector �eld, has b een studied using dynamical system tec hniques (see [61 ]) and w as

pro v ed for all w eak Lax sho c ks under some nonlinearit y assumption, for instance the

E-criterion of Liu and Hsiao [20, 65, 34 ]. A qualitativ e analysis for larger strengths is

p ossible with top ological argumen ts (see [26, 76 ]). A m uc h �ner analysis is a v ailable in

the undercompressiv e case (see [22, 71 ]). Finally , o v ercompressiv e sho c ks admit a larger

set of pro�les as can b e seen in the cubic mo del

u

t

+ ( j u j

2

u )

x

= 0 ;

u : R � R

+

� ! R

2

studied b y Liu and F reistuhler [53 , 21 ]. F urther references can b e found in Dafermos' b o ok

[16]. Though scalar viscosit y is not exactly the case that app ears in most in teresting

ph ysical mo dels (lik e gas dynamics), w e exp ect that most observ able sho c ks admit a

viscous pro�le with B = I

n

and therefore a relaxation pro�le.
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Remark 1.2.2 Note that

�

U : � 7!

�

U

�

( � =� ) do es not dep end on � sinc e

�

U := ( � u; �v )

T

satis�es

8

>

<

>

:

�

2

�u

0

= f ( � u ) �

�

f � s �u;

�v = s �u +

�

f ;

lim

� !�1

�u ( � ) = u

�

; lim

� !�1

�v ( � ) = f ( u

�

) :

(10)

Mor e over, taking � = 1 in system (9), we �nd system (10).

1.2.3 Asymptotic b eha vior of

�

U

Let

�

U b e a solution of (10). There is only one negativ e eigen v alue of A

+

, that w e denote

a

+

p

, suc h that

lim

x ! + 1

e

� a

+

p

x=�

2

�u

0

( x ) 6= 0 ;

and w e set a

+

k

< 0 for all k 2 f 1 ; : : : ; p g . In other w ords, at x = + 1 , a

+

p

=�

2

is the deca y

rate of �u , whic h is tangen t to an eigen v ector r

+

p

of A

+

asso ciated with a

+

p

.

No w let ( r

+

1

; : : : ; r

+

p

) a basis of T W

s

( u

+

) consisting of eigen v ectors of A

+

asso ciated with

the eigen v alues f a

+

k

g

k 2f 1 ;::: ;p g

. W e stress the fact that the eigen v alues ( a

+

k

)

k 2f 1 ;::: ;p g

are

not ordered in increasing order to co v er all the cases of deca ying rate of �u . Similarly , w e

denote b y a

�

q

the p ositiv e eigen v alue of A

�

suc h that

lim

x !�1

e

� a

�

q

x=�

2

�u

0

( x ) 6= 0 ;

and a

�

k

> 0 for all k 2 f q ; : : : ; n g . A t x = �1 , �u is tangen t to an eigen v ector r

�

q

of A

�

asso ciated with a

�

q

. W e also let ( r

�

q

; : : : ; r

�

n

) a basis of T W

u

( u

�

) consisting of eigen v ectors

of A

�

asso ciated with the eigen v alues f a

�

k

g

k 2f q ;::: ;n g

. W e then consider the ODE

'

0

=

1

�

2

(d f ( � u ) � sI

n

) ': (11)

The dimension of the stable (resp ectiv ely unstable) subspace at x = + 1 (resp. x = �1 )

is p (resp. n � q + 1). Let ( '

+

k

)

k 2f 1 ;::: ;p g

b e a basis of the subspace of solutions of (11)

whic h are exp onen tially deca ying as x tends to + 1 suc h that

lim

x ! + 1

e

� a

+

k

x=�

2

'

+

k

( x ) = r

+

k

; k 2 f 1 ; : : : ; p g :

Also, let ( '

�

k

)

k 2f q ;::: ;n g

a basis of the solutions of equation (11) whic h are exp onen tially

deca ying to 0 as x tends to �1 suc h that

lim

x !�1

e

� a

�

k

x=�

2

'

�

k

( x ) = r

�

k

; k 2 f q ; : : : ; n g :

A suitable normalisation of the v ectors r

+

p

and r

�

q

allo ws us to c ho ose '

+

p

= '

�

q

= �u

0

.

In the case of an under c ompr essive sho c k, w e mak e for con v enience an additional h y-

p othesis. Considering eigen v ectors ( r

+

k

)

k 2f j;::: ;n g

asso ciated with the p ositiv e eigen v alues

( a

+

k

)

k 2f j;::: ;n g

of A

+

and eigen v ectors ( r

�

k

)

k 2f 1 ;::: ;j � 1 g

asso ciated with the negativ e eigen v al-

ues ( a

�

k

)

k 2f 1 ;::: ;j � 1 g

of A

�

, w e assume an additional nondegeneracy condition holds :

H 6 ( r

�

1

; : : : ; r

�

j � 1

; r

+

j

; : : : ; r

+

n

) is a b asis of R

n

.
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W riting [ u ] in this basis as [ u ] = �

�

1

r

�

1

+ : : : + �

�

j � 1

r

�

j � 1

+ �

+

j

r

+

j

+ : : : + �

+

n

r

+

n

; w e de�ne u

�

as b eing the only p oin t in R

n

suc h that

u

�

=

�

u

�

+ �

�

1

r

�

1

+ : : : + �

�

j � 1

r

�

j � 1

;

u

+

� �

+

j

r

+

j

� : : : � �

+

n

r

+

n

:

F or an over c ompr essive sho c k of degree n + 2, w e ha v e p = j + 1 and q = j , so w e set

'

+

j +1

= '

�

j

= �u

0

. Moreo v er, as w e assumed the existence of a pro�le, there is generically

a one-parameter ( � ) family , ( x; � ) 7!

�

U ( x; � ) of tra v eling w a v es connecting U

�

: indeed,

U

�

is repulsiv e and U

+

attractiv e. Let U

0

b e a p oin t of

�

U . W e study the tra v eling

w a v e ab out this p oin t and w e solv e the ODE with this initial condition. W e th us obtain

a sho c k pro�le whic h is close to

�

U , considering the limits at + 1 and �1 . Moreo v er,

@

�

�

U :=

�

U

�

satis�es the equation @

x

�

U

�

= A ( x; 0)

�

U

�

. Since in most cases �u

0

and �u

�

ha v e

the same deca y rate at x = �1 , there is a linear com bination

�

�u

+

= �u

�

� m

+

�u

0

, m

+

2 R ,

(resp ectiv ely

�

�u

�

= �u

�

� m

�

�u

0

, m

�

2 R ) whose deca y rate at x = + 1 is smaller (resp.

larger) than the deca y rate of �u

0

. Consequen tly , w e denote b y a

+

j

(resp ectiv ely a

�

j +1

) the

only negativ e (resp. p ositiv e) eigen v alue of A

+

(resp. A

�

) suc h that

lim

x ! + 1

e

� a

+

j

x=�

2

�

�u

+

( x ) 6= 0 ;

�

resp. lim

x !�1

e

� a

�

j +1

x=�

2

�

�u

�

6= 0 ;

�

asso ciated with an eigen v ector r

+

j

(resp. r

�

j +1

) of A

+

(resp. A

�

) orien ted as

�

�u

+

at x = + 1

(resp. as

�

�u

�

at x = �1 ). W e set '

+

j

:=

�

�u

+

and '

�

j +1

:=

�

�u

�

.

1.3 Main results

1.3.1 Linear stabilit y

Let us linearize system (2) ab out

�

U

�

:

(

u

t

+ v

x

= 0 ;

v

t

+ a

2

u

x

=

1

�

(d f ( � u

�

) u � v ) ;

that is

�

u

v

�

t

= �

�

0

n

I

n

a

2

I

n

0

n

� �

u

v

�

x

+

1

�

�

0

n

0

n

d f ( � u

�

) � I

n

� �

u

v

�

=: L

�

( @

x

;

�

U

�

( x ))

�

u

v

�

:

The pro�le

�

U

�

of (2) is linearly stable if the di�eren tial op erator L

�

has no sp ectrum in

the righ t half-plane. Let P

�

b e suc h that P

�

( U ) = U ( � =� ) for all functions U . Note that

L

�

� P

�

= �

� 1

P

�

� L

1

(see remark 1.2.2). As w e are only in terested in the real part of the

sp ectrum of L

�

, w e set � = 1 and study the sp ectrum of L

1

.
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1.3.2 Necessary conditions for linear stabilit y

Our main result is :

Theorem 1.3.1

Assume (H1)-(H5) . F or a L ax sho ck, the function x 7! sgn ( '

+

1

( x ) ^ : : : ^ '

+

j � 1

( x ) ^

�u

0

( x ) ^ '

�

j +1

( x ) ^ : : : ^ '

�

n

( x )) is c onstant. F urthermor e, if

�

U is stable, then ne c essarily

( '

+

1

^ : : : ^ '

+

j � 1

^ �u

0

^ '

�

j +1

^ : : : ^ '

�

n

) � ( r

�

1

^ : : : r

�

j � 1

^ [ u ] ^ r

+

j +1

^ : : : ^ r

+

n

)

� ( r

�

1

^ : : : ^ r

�

n

) � ( r

+

1

^ : : : ^ r

+

n

) � 0 : (12)

Remark 1.3.1 In the c ase of extr eme L ax sho cks, we obtain c omputable formulae b e c ause

we c an e asily determine the sign of the �rst term by taking the limit at + 1 for n -sho cks

and at �1 for 1 -sho cks.

F or a L ax n -sho ck, r

�

n

b eing oriente d as �u

0

( �1 ) , a ne c essary c ondition is

( r

�

1

^ : : : ^ r

�

n � 1

^ [ u ]) � ( r

�

1

^ : : : ^ r

�

n

) � 0 : (13)

F or a L ax 1 -sho ck, r

+

1

b eing oriente d as �u

0

(+ 1 ) , a ne c essary c ondition is

([ u ] ^ r

+

2

^ : : : ^ r

+

n

) � ( r

+

1

^ : : : ^ r

+

n

) � 0 : (14)

These conditions are the same as the ones Gardner and Zum brun [24 ] obtained in the 2 � 2

case and conjectured for larger n ; these conditions w ere later v eri�ed b y Benzoni-Ga v age,

Serre and Zum brun [4]. Condition (13) can b e in terpreted as follo ws :

let � = span f r

�

1

; : : : ; r

�

n � 1

g . The h yp erplane � divides R

n

in to t w o halv es. If the pro�le

�

U is linearly stable, then the segmen t [ u

�

; u

+

] and r

�

n

, whic h is tangen t to �u at �1 , are

in the same half-space of R

n

.

u

�

�

u

+

�

�

�

�

�

�

�

�

�
��

r

�

3

X

X

X

X

X

X Xz

r

�

1

�

�

�

��	

r

�

2

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

X

X

X

X

X

X

X

X

X

X

X

X X

�

J

J

JĴ

r

+

3

�

R

�u

Fig. 1.1: Lax 3-sho c k satisfying Condition (13) for n = 3
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Theorem 1.3.2

F or under c ompr essive sho cks, substituting (H4

�

) for (H4) and making the additional

assumption (H6 ) , a ne c essary c ondition for line ar stability of

�

U is

( � 1)

n � j

� � � ( r

�

1

^ : : : ^ r

�

j � 1

^ r

+

j

^ : : : ^ r

+

n

) � ( r

�

1

^ : : : ^ r

�

n

) � ( r

+

1

^ : : : ^ r

+

n

) � 0 ; (15)

with

� :=

1

a

2

� s

2

Z

+ 1

�1

exp

�

�

Z

y

0

tr(d f ( � u ( � )))

a

2

� s

2

d �

�

'

+

1

( y ) ^ : : : ^ '

+

j � 2

( y ) ^ �u

0

( y )

^ '

�

j +1

( y ) ^ : : : ^ '

�

n

( y ) ^ ( � u ( y ) � u

�

)d y ;

Remark 1.3.2 The c onstant � is c al le d a Melnik o v in tegral (se e [24], p.832).

Theorem 1.3.3

F or an over c ompr essive sho ck, substituting (H4

��

) for (H4 ) , the function x 7! sgn ( '

+

1

( x ) ^

: : : ^ '

+

j � 1

( x ) ^ �u

0

( x ) ^ �u

�

( x ) ^ '

�

j +2

( x ) ^ : : : ^ '

�

n

( x )) is c onstant. F urthermor e, a ne c essary

c ondition for

�

U to b e stable is

( '

+

1

^ : : : ^ '

+

j � 1

^ �u

0

^ �u

�

^ '

�

j +2

^ : : : ^ '

�

n

) � ( r

�

1

^ : : : ^ r

�

j � 1

^

�

Z

+ 1

�1

�u

�

( x )d x + m

+

u

+

� m

�

u

�

� ( m

+

� m

�

) � u (0)

�

^ [ u ]

^ r

+

j +2

^ : : : ^ r

+

n

�

� ( r

�

1

^ : : : ^ r

�

n

) � ( r

+

1

^ : : : ^ r

+

n

) � 0 : (16)

Remark 1.3.3 F r eist • uhler and Zumbrun pr o duc e d examples of unstable visc ous sho ck pr o-

�les in [23].

Note that correctly orien ting the eigen v ectors that do not app ear an ev en n um b er of times

in the form ulae (12), (15), (16) is crucial ! Here, these orien tations are giv en b y our c hoices

of the solutions '

�

of (11) (Subsection 1.2.3).

1.4 Prelimin ari es

1.4.1 Stationary sho c ks

Recall that w e ha v e set � = 1. W e c hange co ordinates to � = x � st in the ev olution

system (2) so that the sho c k b ecomes steady . Let ~u ( � ; t ) := u ( x; t ) and ~v ( � ; t ) := v ( x; t ).

System (2) is equiv alen t to

�

~u

t

� s ~u

�

+ ~ v

�

= 0 ;

~v

t

� s ~v

�

+ a

2

~u

�

= f ( ~ u ) � ~v ;

that is,

�

~u

t

+

~

~v

�

= 0 ;

~

~v

t

+ s ~u

t

+ �

2

~u

�

� s

~

~v

�

=

~

f ( ~ u ) �

~

~v ;

(17)
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where

~

~v = ~ v � s ~u �

�

f and

~

f ( ~ u ) = f ( ~ u ) � s ~u �

�

f . Com bining the t w o equations of system

(17), w e ha v e

�

~u

t

+

~

~v

�

= 0 ;

~

~v

t

+ �

2

~u

�

� 2 s

~

~v

�

=

~

f ( ~ u ) �

~

~v :

(18)

Remark 1.4.1 1. Sinc e ( a

�

k

)

k 2f 1 ;::: ;n g

ar e the eigenvalues of d

~

f ( u

�

) , the sub char acter-

istic c ondition (H1) c an b e written

8 k 2 f 1 ; : : : ; n g ; j a

�

k

+ s j < a and j s j < a :

2. The change in v induc es a change for the pr o�le :

~

�v ( � ) = 0 ; 8 � :

F rom no w on, w e drop tildes and rename � to x . W e shall no w consider the follo wing

system

�

u

t

+ v

x

= 0 ;

v

t

+ �

2

u

x

� 2 sv

x

= f ( u ) � v ;

(19)

the pro�le of whic h is no w

�

U = ( � u ; 0)

T

. Linearizing (19) along

�

U , w e obtain

�

u

t

+ v

x

= 0 ;

v

t

+ �

2

u

x

� 2 sv

x

= d f ( � u ) u � v ;

that is

�

u

v

�

t

= �

�

0

n

I

n

�

2

I

n

� 2 sI

n

� �

u

v

�

x

+

�

0

n

0

n

d f ( � u ) � I

n

� �

u

v

�

=: M

�

u

v

�

:

The (un b ounded) op erator M : D ( M ) � L

2

( R ; R

2 n

) ! L

2

( R ; R

2 n

) is densely de�ned in

L

2

( R ; R

2 n

). Its domain D ( M ) is H

1

( R ; R

2 n

).

1.4.2 The essen tial sp ectrum of M

In order to b e able to construct an analytic Ev ans function in the op en righ t half-plane,

w e m ust c hec k that the sp ectrum of M in the righ t half-plane consists only of eigen v alues

[24]. W e c ho ose here the de�nition of essen tial sp ectrum used b y Gardner and Zum brun

(see [38 ]) : the essen tial sp ectrum of M , �

ess

( M ), is the complemen t ary set of the union

of the resolv en t of M and of the set of isolated eigen v alues of M of �nite m ultipli cit y . It

is w ell kno wn that the essen tial sp ectrum is link ed to the sp ectrum of the limit op erators

[38, 63 ]. Let M

�

b e the limits of M at x = �1 , that is

M

�

�

u

v

�

= �

�

0

n

I

n

�

2

I

n

� 2 sI

n

� �

u

v

�

x

+

�

0

n

0

n

A

�

� I

n

� �

u

v

�

:

Note that, since f is smo oth and �u tends to its limits at an exp onen tial rate, the con-

v ergence of M to w ards M

�

is exp onen tial to o. As the co e�cien ts of M

�

are constan t,
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�

ess

( M

�

) is equal to the sp ectrum � ( M

�

) of M

�

and can b e computed b y F ourier trans-

form. A complex n um b er � is in � ( M

�

) if and only if

9 � 2 R ; det

�

� i�

�

0

n

I

n

�

2

I

n

� 2 sI

n

�

+

�

0

n

0

n

A

�

� I

n

��

= 0 ;

that is

� ( M

�

) = f � 2 C = 9 � 2 R ; det

�

� ( � + 1) � i 2 s� �I

n

+ i� A

�

+ �

2

�

2

I

n

�

= 0 g :

W e b egin with a crucial tec hnical result

Lemma 1.4.1

� ( M

�

) � f Re( � ) < 0 g [ f 0 g :

Pro of

Let � 2 �

ess

( M

�

). There is � 2 R suc h that

det

�

� ( � + 1) � i 2 s� �I

n

+ i� A

�

+ �

2

�

2

I

n

�

= 0 : (20)

The matrices A

�

are diagonalizable b ecause of (H2) , so

det

�

� ( � + 1) � i 2 s� �I

n

+ i� A

�

+ �

2

�

2

I

n

�

=

n

Y

k =1

�

�

2

�

2

� i (2 s� � a

�

k

) � + � ( � + 1)

�

:

Equation (20) implies that there is k 2 f 1 ; : : : ; n g suc h that

�

� �

2

�

2

+ i (2 s� � a

k

) � � � ( � + 1) = 0 : (21)

Assume Re ( � ) � 0.

W e split (21) in to real and imaginary parts :

�

2

�

2

+ 2 s� � + Re( � )(Re( � ) + 1) � �

2

= 0 ; (21a)

(2 s Re( � ) � a

k

) � = (2Re( � ) + 1) � : (21b)

If Re ( � ) = 0, then

�

2

�

2

+ 2 s� � � �

2

= 0 ;

� a

k

� = � ;

that is

�

( �

2

� 2 sa

k

� a

2

k

) �

2

= 0 ;

� a

k

� = � :

But �

2

� 2 sa

k

� a

2

k

= a

2

� ( s + a

k

)

2

is p ositiv e b ecause of (H1) . So � = 0 and � = 0 since

the sho c k is non-c haracteristic (H3) and

Re( � ) = 0 ) � = 0 :

�

F or notational con v enience, w e drop the � sup erscript.
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Th us the essen tial sp ectrum of M

�

only in tersects the imaginary axis at � = 0.

No w assume Re( � ) > 0. The �rst necessary condition for the existence of a real ro ot � is

that (21a) has a non-negativ e discriminan t, that is

a

2

�

2

� �

2

Re( � )(Re( � ) + 1) : (22)

Assume that (21) holds and 2 s Re( � ) = a

k

. Then (2Re( � ) + 1) � = 0. But

�

� = 0 ) Re( � )(Re( � ) + 1) � 0 ; b ecause of (22) ;

2Re( � ) + 1 = 0 ) Re( � ) = � 1 = 2 ;

con tradicting the assumption Re ( � ) > 0. Therefore 2 s Re( � ) 6= a

k

and (21b) implies that

� =

(2Re( � ) + 1) �

2 s Re( � ) � a

k

:

Substituting in (21a), w e obtain

P (Re ( � )) �

2

= Re( � )(Re( � ) + 1)(2 s Re ( � ) � a

k

)

2

; (23)

where P (Re( � )) = (2 s Re( � ) � a

k

)

2

� 2 s (2Re ( � ) + 1)(2 s Re ( � ) � a

k

) � �

2

(2Re( � ) + 1)

2

.

Since Re( � )(Re( � ) + 1)(2 s Re ( � ) � a

k

)

2

> 0, equation (23) sho ws that P (Re( � )) m ust b e

p ositiv e. But the p olynomial P can b e rewritten as

P (Re( � )) = � 4 a

2

(Re( � ) � b

�

)(Re( � ) � b

+

) ;

with

b

�

= �

1

2

�

s + a

k

2 a

:

Since w e ha v e j s + a

k

j < a b ecause of (H1) , the ro ots b

�

of P are negativ e. Hence

Re( � ) > 0 lies outside the ro ots b

�

and consequen tly P (Re ( � )) is negativ e.

So there is a con tradiction : equation (20) has no solution � in O := f Re( � ) � 0 g n f 0 g

and the essen tial sp ectrum of M

�

only in tersects the imaginary axis at � = 0.

Remark 1.4.2 The c onstant states u

�

ar e L

2

-line arly stable and the n curves (Re ( � ) ; Im ( � ))

lie in C n O and c an b e p ar ametrize d with r esp e ct to � .

If ! is an y op en connected set in C n ( � ( M

+

) [ � ( M

�

)) , either ! \ � ( M ) = ! , or ! \

�

ess

( M ) = ; (see [38], Lemma 2, App endix, pp.136-142). But, Lemma 1.6.1 pro vides a

priori estimates and a p ositiv e � suc h that when � > � the bilinear form (( u; v )

T

; �) 7!

(( M � � )( u; v )

T

j �), where ( �j� ) denotes the scalar pro duct in L

2

, is con tin uous and co erciv e.

Th us, b y the Lax-Migram Theorem, the op erator M � � is in v ertible. Considering the

connected comp onen t of C n ( � ( M

+

) [ � ( M

�

)) con taining (0 ; + 1 ), w e are in the second

case and �

ess

( M ) \ O = ; :

Theorem 1.4.1

The di�er ential op er ator M has no essential sp e ctrum in f Re ( � ) � 0 g n f 0 g .

In conclusion, the only p ossible unstable mo des of M are isolated eigen v alues of �nite

m ultiplic iti es with non-negativ e real part. Since 0 is in the essen tial sp ectrum of M and

is also an eigen v alue of M , the case � = 0 is the most di�cult, and w e th us need to use

the \Gap Lemma" (see [24]).
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1.4.3 Eigen v alue equation of M

The eigen v alue equation asso ciated with the di�eren tial op erator M is

M � = ��;

that is

�

�

0

n

I

n

�

2

I

n

� 2 sI

n

�

�

0

= �� �

�

0

n

0

n

d f ( � u ) � I

n

�

�:

It is equiv alen t to the �rst-order ODE with v ariable co e�cien ts

�

0

=

1

�

2

�

d f ( � u ) � 2 s�I

n

� ( � + 1) I

n

� ��

2

I

n

0

n

�

� =: A ( x; � ) �: (24)

The matrix A is clearly analytic in � and C

1

in x b ecause f is smo oth. Since d f ( � u ( x )) � !

x !�1

A

�

; the matrices A ( x; � ) admit limits A

�

( � ) at x = �1 . F rom no w on, w e consider equa-

tion (24) at x = + 1 and at x = �1 .

Lemma 1.4.2

L et � 2 C b e such that Re( � ) > 0 or � = 0 . Then the fol lowing statements hold :

1. The matrix A

�

( � ) is diagonalizable.

2. The stable and unstable eigensp ac es of A

�

( � ) , S

�

( � ) and U

�

( � ) , ar e n -dimensional.

Pro of :

Let � b e an eigen v alue of A

�

( � ) and ( X ; Y )

T

an asso ciated eigen v ector. W e rewrite the

eigen v alue equation A

�

( � )( X ; Y )

T

= � ( X ; Y )

T

as

�
�

A

�

� (2 s� + �

2

� ) I

n

�

X = ( � + 1) Y ;

� �X = �Y :

(25)

1. Tw o cases arise :

� First c ase: � = 0 :

Clearly , � = 0 is an eigen v alue of A

�

(0), of m ultipli ci t y n and the asso ciated

eigenspace is generated b y ( r

�

k

; a

�

k

r

�

k

)

T

k 2f 1 ;::: ;n g

. The matrix A

�

(0) m ust also

ha v e the a

�

k

=�

2

as eigen v alues. By (H2)-(H3) , these are distinct and non-

zero with asso ciated eigen v ectors ( r

�

k

; 0)

T

k 2f 1 ;::: ;n g

. Th us the matrix A

�

(0) is

diagonalizable.

� Se c ond c ase: Re ( � ) > 0 :

System (25) can b e rewritten as

�

� �X = �Y ;

�

�

2

�

2

I

n

+ � (2 s�I

n

� A

�

) � � ( � + 1) I

n

�

Y = 0 :

Pro jecting on the eigenspaces of A

�

, w e obtain, for some k with 1 � k � n ,

�

2

�

2

+ (2 s� � a

�

k

) � � � ( � + 1) = 0 : (26)
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Let us sho w that the eigen v alues of A

�

are all of m ultiplici t y 1. If (26) has

a double ro ot, then the imaginary part of the discriminan t of (26) is equal

to 0, i.e., 4 � (2 s

2

Re( � ) � sa

�

k

+ �

2

(2Re( � ) + 1)) = 0 : But �

2

= a

2

� s

2

, so

4 � (2 a

2

Re( � ) � sa

�

k

+ �

2

) = 0 ; i.e., either � = 0 or 2 a

2

Re( � ) � sa

�

k

+ �

2

= 0 :

If � = 0, the discriminan t of (26) is a p ositiv e real n um b er, so necessarily

2 a

2

Re ( � ) � sa

�

k

+ �

2

= 0 : But Re( � ) > 0, so �

2

< sa

�

k

, meaning that a

2

� s

2

<

sa

�

k

. Consequen tly , a

2

< s ( s + a

�

k

). But (H1) implies that j s j < a and

j s + a

�

k

j < a . So there is a con tradiction and (26) has no double ro ot. Besides,

if there are t w o in tegers k

1

and k

2

in f 1 ; : : : ; n g suc h that

�

�

2

�

2

+ (2 s� � a

�

k

1

) � � � ( � + 1) = 0 ;

�

2

�

2

+ (2 s� � a

�

k

2

) � � � ( � + 1) = 0 ;

one �nds that a

�

k

1

necessarily equals a

�

k

2

since � cannot v anish b ecause � 6= 0.

So A

�

( � ) has only simple eigen v alues and is diagonalizable for Re ( � ) > 0.

Consequen tly , for Re ( � ) > 0, w e c ho ose eigen v ectors asso ciated with � to b e

0

@

r

�

k

�

�

�

r

�

k

1

A

:

2. W e pro v ed in Section 1.4.2 that equation (26) has no purely imaginary solutions.

Therefore, b ecause of the con tin uit y of ro ots in � , the n um b er of eigen v alues of A

�

( � )

with p ositiv e (resp ectiv ely negativ e) real part is constan t and so are the dimensions

of the stable and unstable eigenspaces. Whenev er � is real and p ositiv e, w e note

that the co e�cien ts of (26) are real and that the pro duct of its ro ots is negativ e.

So these ro ots are real and of opp osite signs. It follo ws that the dimension of b oth

the stable and unstable eigenspaces is n .

1.5 Construction of an Ev ans function

An Ev ans function D asso ciated with the di�eren tial op erator M is a W ronskian of solu-

tions of (24) suc h that the zeros of D in the op en righ t half-plane corresp ond to unstable

eigen v alues of M . W e de�ne suc h a function and sho w it is analytic in Re ( � ) > 0. In

order to construct an Ev ans function whic h is analytic in f �= Re( � ) > 0 g [ f 0 g , w e apply

R. Gardner and K. Zum brun's Gap L emma [24]. It allo ws to extend a W ronskian of solu-

tions of (24), analytic in the op en righ t-half plane, to a neigh b orho o d of 0. W e recall the

h yp otheses of the Gap Lemma and sho w they are satis�ed in our case :

� h-1 : Consisten t splitting

The asymptotic matric es A

�

( � ) ar e b oth hyp erb olic for Re( � ) > 0 ; the dimension of

the stable (r esp e ctively unstable) subsp ac e of A

+

( � ) (r esp. A

�

( � ) ) is the same for

al l such � .

This is Lemma 1.4.2.

� h-2 : Exp onen tial deca y

A ( x; � ) = A

�

( � ) + O ( e

� 
 j x j

) as x ! �1 for some 
 > 0 uniformly for � in c omp act
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sets.

As the sho c k is non-c haracteristic b y (H3) , this h yp othesis is satis�ed b ecause w e

assumed that the rest p oin ts u

�

are strictly h yp erb olic for (PDE) system (1) b y

(H2) and for (ODE) system (24), b ecause of (H3) .

� h-3 : Geometric separation

The eigenvalues and the sp e ctr al pr oje ction op er ators asso ciate d with the stable

eigensp ac e S

�

( � ) and the unstable eigensp ac e U

�

( � ) of A

�

( � ) extend analytic al ly

to a simply c onne cte d domain 
 c ontaining O = f Re ( � ) > 0 g [ f 0 g .

Equation (26) admits t w o distinct solutions at � = 0. Consequen tly , these solutions

admit analytic con tin uations and so do the asso ciated sp ectral pro jectors around

� = 0 (b ecause of the explicit form ulae for the eigen v ectors). W e then can �nd suc h

analytic con tin uations in a simply connected domain con taining the righ t half-plane.

Moreo v er, S

�

( � ) � U

�

( � ) equals to C

2 n

.

� h-4 : Gap condition

Let us de�ne the sp ectral gap �

�

( � ) of A

�

( � ) as

�

�

( � ) := min f Re ( �

�

( � )) ; �

�

( � ) 2 � ( A

�

( � )

j U

�

( � )

) g

� max f Re( �

�

( � )) ; �

�

( � ) 2 � ( A

�

( � )

j S

�

( � )

) g :

The sp e ctr al gap must b e lar ger than the de c ay r ate for al l � 2 
 :

�

�

( � ) > � 
 :

This h yp othesis is satis�ed b ecause �

�

k

( � ) is analytic in � , so �

�

( � ) � 0 > � 
 when

Re( � ) > 0. Moreo v er, as � (0) = 0, �

�

( � ) remains larger than � 
 in a neigh b orho o d

of the origin.

W e no w consider a di�eren tial equation in the subspace �

n

( C

2 n

) of the exterior algebra :

�

0

= A

[ n ]

( � ; � ) � ; (27)

where

A

[ n ]

( :; � )( V

1

^ : : : ^ V

n

) := A ( :; � ) V

1

^ V

2

^ : : : ^ V

n

+ : : : + V

1

^ : : : ^ A ( :; � ) V

n

;

for V

j

2 C

2 n

; j 2 f 1 ; : : : ; n g :

F or Re( � ) > 0, w e de�ne c

+

( � ) (resp ectiv ely c

�

( � )) as the (simple) smallest (resp. largest)

eigen v alue of A

+

[ n ]

( � ) = lim

x ! + 1

A

[ n ]

( x; � ) (resp. A

�

[ n ]

( � ) = lim

x !�1

A

[ n ]

( x; � )), that is

c

+

( � ) =

X

� ( � ) 2 � ( A

+

( � )) \f �= Re ( � ) < 0 g

� ( � ) ;

0

@

resp. c

�

( � ) =

X

� ( � ) 2 � ( A

�

( � )) \f �= Re ( � ) > 0 g

� ( � ) :

1

A

Let �

+

( � ) (resp ectiv ely �

�

( � )) b e an eigen v ector of A

[ n ]

asso ciated with c

+

( � ) (resp.

c

�

( � )) : �

+

( � ) and �

�

( � ) b elong to �

n

( C

2 n

).
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Theorem 1.5.1 (Gap Lemma [24 ])

L et A ( x; � ) b e C

1

in x and analytic in � and assume that (h-1)-(h-4) hold for some simply

c onne cte d domain 
 c ontaining Re ( � ) > 0 and a neighb orho o d of � = 0 . Then c

+

and

c

�

c an b e extende d analytic al ly to 
 . F urthermor e, when � 2 
 , ther e exist solutions

�

�

( x; � ) 2 �

n

( C

2 n

) of e quation (27) dep ending analytic al ly on � . These solutions ar e

uniquely determine d by

a) �

�

( x; � ) 2 �

n

( C

2 n

) ,

b) �

+

( x; � ) exp ( � c

+

( � ) x ) c onver ges to �

+

( � ) as x ! + 1 ,

c) �

�

( x; � ) exp( � c

�

( � ) x ) c onver ges to �

�

( � ) as x ! �1 .

Final ly, �

�

( x; � ) ar e analytic in � for al l � in 
 .

The k ey argumen t of the pro of is the analytic extension to 
 with resp ect to � of the sets

of eigen v alues of A

+

( � ) with negativ e real part and of eigen v alues of A

�

( � ) with p ositiv e

real part.

W e de�ne

D ( � ) = �

+

(0 ; � ) ^ �

�

(0 ; � ) = exp

�

�

Z

x

0

tr( A ( s; � ))d s

�

�

+

( x; � ) ^ �

�

( x; � )

for � 2 
. According to the Gap Lemma, D is analytic in � 2 
 and D is scalar-

v alued, once w e iden tify �

2 n

( C

2 n

) to C , whic h amoun ts to considering D as a W ronskian

of solutions of (24). As A ( � ; � ) is real for real � , w e can set on �

�

( x; � ) to b e real, whic h

forces D to b e real also. Since M has only eigen v alues in the op en righ t half-plane, w e

deriv e a necessary condition for linear stabilit y of

�

U from the fact that D m ust ha v e the

same sign in a neigh b orho o d of � = 0 and at � = + 1 for p ositiv e real � . But, at � = 0,

�

U

0

is a solution of �

0

= A ( x; 0) � whic h deca ys at x = �1 , so D v anishes at � = 0. The

Gap Lemma allo ws us to compute D

0

(0) whic h has the same sign as D ab out � = 0. Our

necessary condition th us reads

D

0

(0) � D (+ 1 ) � 0 :

1.6 Lax sho c ks

Applying the Gap Lemma (Theorem 1.5.1), w e study the sign of our Ev ans function D in

a neigh b orho o d of � = 0 b y computing D

0

(0). Then w e compute the sign of D for large

real � .

1.6.1 Sign of D ab out � = 0

By [24 ], the b eha vior ab out � = 0 of the eigen v alues and eigen v ectors of A

�

( � ) whic h

v anish at � = 0 is kno wn to b e

� � �

�

a

�

k

:
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The asso ciated eigen v ector tends to

�

r

�

k

a

�

k

r

�

k

�

:

Ab out � = 0, the asymptotic b eha viors in x of the eigen v alues and eigen v ectors of A ( x; � )

are summarized in T ables 1 and 2.

at x = �1 : a

�

1

; : : : ; a

�

j � 1

< 0 and 0 < a

�

j

; : : : ; a

�

n

�

�

1

(0) =

a

�

1

�

2

::: �

�

j � 1

(0) =

a

�

j � 1

�

2

�

�

j

� �

�

a

�

j

::: �

�

n

� �

�

a

�

n

V

�

1

(0) =

�

r

�

1

0

�

::: V

�

j � 1

(0) =

�

r

�

j � 1

0

�

V

�

j

(0) =

�

r

�

j

a

�

j

r

�

j

�

::: V

�

n

(0) =

�

r

�

n

a

�

n

r

�

n

�

�

�

n +1

� �

�

a

�

1

::: �

�

n + j � 1

� �

�

a

�

j � 1

�

�

n + j

(0) =

a

�

j

�

2

::: �

�

2 n

(0) =

a

�

n

�

2

V

�

n +1

(0) =

�

r

�

1

a

�

1

r

�

1

�

::: V

�

n + j � 1

(0) =

�

r

�

j � 1

a

�

j � 1

r

�

j � 1

�

V

�

n + j

(0) =

�

r

�

j

0

�

::: V

�

2 n

(0) =

�

r

�

n

0

�

T ab. 1: Asymptotic b eha vior at x = �1

at x = + 1 : a

+

1

; : : : ; a

+

j

< 0 and 0 < a

+

j +1

; : : : ; a

+

n

�

+

1

(0) =

a

+

1

�

2

::: �

+

j

(0) =

a

+

j

�

2

�

+

j +1

� �

�

a

+

j +1

::: �

+

n

� �

�

a

+

n

V

+

1

(0) =

�

r

+

1

0

�

::: V

+

j

(0) =

�

r

+

j

0

�

V

+

j +1

(0) =

�

r

+

j +1

a

+

j +1

r

+

j +1

�

::: V

+

n

(0) =

�

r

+

n

a

+

n

r

+

n

�

�

+

n +1

� �

�

a

+

1

::: �

+

n + j

� �

�

a

+

j

�

+

n + j +1

(0) =

a

+

j +1

�

2

::: �

+

2 n

(0) =

a

+

n

�

2

V

+

n +1

(0) =

�

r

+

1

a

+

1

r

+

1

�

::: V

+

n + j

(0) =

�

r

+

j

a

+

j

r

+

j

�

V

+

n + j +1

(0) =

�

r

+

j +1

0

�

::: V

+

2 n

(0) =

�

r

+

n

0

�

T ab. 2: Asymptotic b eha vior at x = + 1 .

W e then apply the Gap Lemma : there are 2 n functions �

1

, : : : , �

2 n

of ( x; � ), dep ending

analytically on � , whic h satisfy the equation

�

0

= A ( x; � ) �

and whose asymptotic b eha vior in x is

�

1

( x; � ) =

x ! + 1

e

�

+

1

( � ) x

�

V

+

1

( � ) + O

�

e

� 
 j x j

��

;

.

.

.

�

n

( x; � ) =

x ! + 1

e

�

+

n

( � ) x

�

V

+

n

( � ) + O

�

e

� 
 j x j

��

;

�

n +1

( x; � ) =

x !�1

e

�

�

n +1

( � ) x

�

V

�

n +1

( � ) + O

�

e

� 
 j x j

��

;

.

.

.

�

2 n

( x; � ) =

x !�1

e

�

�

2 n

( � ) x

�

V

�

2 n

( � ) + O

�

e

� 
 j x j

��

:

(28)
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W e are no w able to giv e an explicit form ula for the Ev ans function ab out � = 0 :

D ( � ) := e

�

R

x

0

tr( A ( � ;� )) d �

�

1

( x; � ) ^ : : : ^ �

2 n

( x; � ) :

Since

�

U satis�es

�

U

00

= A ( � ; 0)

�

U

0

, w e c ho ose, at � = 0,

�

n + j

( � ; 0) :=

�

U

0

=

�

�u

0

0

�

;

referring to the asymptotic b eha vior of the eigenfunctions � giv en b y (28). Similarly , w e

c ho ose

�

j

( � ; 0) :=

�

U

0

=

�

�u

0

0

�

:

Consequen tly , D (0) v anishes since

�

U

0

app ears t wice in the w edge pro duct. Thanks to

the Gap Lemma, w e kno w that D is analytic in a neigh b orho o d of � = 0 so that w e

can compute sgn ( D

0

(0)). Moreo v er, w e kno w that A ( � ; 0) is a real-v alued matrix, so

exp

�

�

R

x

0

tr( A ( � ; 0))d �

�

is p ositiv e. So

sgn ( D

0

(0)) = sgn

��

�

1

( x; 0) ^ : : : ^ �

j � 1

( x; 0) ^

@ �

j

@ �

( x; 0) ^ �

j +1

( x; 0) ^ : : :

^ �

2 n

( x; 0) + �

1

( x; 0) ^ : : : ^ �

n + j � 1

( x; 0) ^

@ �

n + j

@ �

( x; 0) ^ �

n + j +1

( x; 0)

^ : : : ^ �

2 n

( x; 0)))

= ( � 1)

n � j

sgn ( �

1

( x; 0) ^ : : : ^ �

n + j � 1

( x; 0) ^ �

n + j +1

( x; 0) ^ : : :

^ �

2 n

( x; 0) ^

�

@ �

n + j

@ �

�

@ �

j

@ �

�

( x; 0) :

�

(29)

Let �

k

( � ; 0) =

�

u

k

v

k

�

for some k 2 f 1 ; : : : ; n g : Since

A ( x; 0) =

1

�

2

�

d f ( � u ( x )) � I

n

0

n

0

n

�

;

w e ha v e v

0

k

= 0 and consequen tly v

k

= 0 for k 2 f 1 ; : : : ; j g [ f n + j; : : : ; 2 n g , b ecause

of the asymptotic b eha vior of v

k

(28). Besides, for j + 1 � k � n , v

k

= a

+

k

r

+

k

, and for

n + 1 � k � n + j � 1, v

k

= a

�

k � n

r

�

k � n

b ecause of the limits giv en b y (28).

Let z

k

=

@ �

k

@ �

�

�

�

�

� =0

=

�

w

k

t

k

�

, k 2 f j; n + j g .

As �

k

and system (24) dep end analytically on � , z

k

is a solution of

z

0

= A ( � ; 0) z �

1

�

2

�

2 sI

n

I

n

�

2

I

n

0

n

�

� ( � ; 0) :

Consequen tly , t

0

k

= � �u

0

. In tegrating from x to + 1 , w e �nd t

j

= u

+

� �u and in tegrating

from �1 to x , w e obtain t

n + j

= u

�

� �u . Consequen tly ,

t

n + j

� t

j

= � [ u ] :
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Th us

sgn ( D

0

(0)) = ( � 1)

n � j

sgn

� �

u

1

0

�

^ : : : ^

�

u

j

0

�

^

�

u

j +1

a

+

j +1

r

+

j +1

�

^ : : :

^

�

u

n

a

+

n

r

+

n

�

^

�

u

n +1

a

�

1

r

�

1

�

^ : : : ^

�

u

n + j � 1

a

�

j � 1

r

�

j � 1

�

^

�

u

n + j +1

0

�

^ : : :

^

�

u

2 n

0

�

^

�

w

n + j

� w

j

� [ u ]

��

= ( � 1)

n � j +( n � 1)( n � j )

sgn (( u

1

^ : : : ^ u

j

^ u

n + j +1

^ : : : ^ u

2 n

)

� ( a

+

j +1

r

+

j +1

^ : : : ^ a

+

n

r

+

n

^ a

�

1

r

�

1

^ : : : ^ a

�

j � 1

r

�

j � 1

^ � [ u ])

�

= ( � 1)

n ( n � j )+1+ j ( n � j )

sgn (( u

1

^ : : : ^ u

j

^ u

n + j +1

^ : : : ^ u

2 n

)

�

n

Y

k = j +1

a

+

k

�

j � 1

Y

k =1

a

�

k

� ( r

�

1

^ : : : ^ r

�

j � 1

^ [ u ] ^ r

+

j +1

^ : : : ^ r

+

n

)

!

Since sgn ( D

0

(0)) do es not dep end on x , w e �nd that

sgn ( D

0

(0)) = ( � 1)

n

� sgn ( u

1

^ : : : ^ u

j � 1

^ �u

0

^ u

n + j +1

^ : : : ^ u

2 n

)

� sgn( r

�

1

^ : : : ^ r

�

j � 1

^ [ u ] ^ r

+

j +1

^ : : : ^ r

+

n

) :

But u

k

, k 2 f 1 ; : : : ; j g [ f n + j; : : : ; n g are the solutions of �

2

'

0

= d f ( � u ) ' suc h that

u

j

= u

n + j

= �u

0

;

lim

x ! + 1

e

� a

+

k

x=�

2

u

k

( x ) = r

+

k

; k 2 f 1 ; : : : ; j g ;

lim

x !�1

e

� a

�

k

x=�

2

u

k

( x ) = r

�

k

; k 2 f n + j; : : : ; 2 n g ;

Th us u

k

= '

+

k

for k 2 f 1 ; : : : ; j g and u

k

= '

�

k � n

for k 2 f n + j; : : : ; 2 n g .

So,

sgn ( D

0

(0)) = ( � 1)

n

� sgn ( '

+

1

^ : : : ^ '

+

j � 1

^ �u

0

^ '

�

j +1

^ : : : ^ '

�

n

)

� sgn( r

�

1

^ : : : ^ r

�

j � 1

^ [ u ] ^ r

+

j +1

^ : : : ^ r

+

n

) : (30)

1.6.2 Large j � j b eha vior

F rom no w on, w e only consider p ositiv e real � .

Theorem 1.6.1

Ther e is a p ositive r e al � such that

8 � > � ; sgn ( D ( � )) = ( � 1)

n

� sgn ( r

+

1

^ : : : ^ r

+

n

) � sgn( r

�

1

^ : : : ^ r

�

n

) :

Pro of

W e are going to use a homotop y metho d [4] to join M and the op erator M

0

, de�ned b y

M

0

�

u

v

�

:=

�

0

n

� I

n

� �

2

I

n

� 2 sI

n

� �

u

v

�

x

:
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Let � b e in [0 ; 1] and M

�

b e the follo wing op erator :

M

�

�

u

v

�

:= � M

�

u

v

�

+ (1 � � ) M

0

�

u

v

�

=

�

0

n

0

n

� d f ( � u ) � � I

n

� �

u

v

�

+

�

0

n

� I

n

� �

2

I

n

2 sI

n

� �

u

v

�

x

:

The op erator M

�

: D ( M

�

) � L

2

( R ; R

2 n

) ! L

2

( R ; R

2 n

) is densely de�ned in L

2

( R ; R

2 n

).

Its domain D ( M

�

) is H

1

( R ; R

2 n

). In order to de�ne a con tin uation of the Ev ans function

to the v ariables ( � ; � ) w e need to describ e the b eha vior of M

�

at � = + 1 .

Lemma 1.6.1

Ther e exists � > 0 such that

8 � > � ; 8 � 2 [0 ; 1] ; � is not an eigenvalue of M

�

:

Pro of

Let � b e an eigen v alue of M

�

and ( u; v )

T

b e an asso ciated eigenfunction in the domain

D ( M

�

) = H

1

( R ; R

2 n

), that is

M

�

�

u

v

�

= �

�

u

v

�

: (31)

Then w e ha v e the follo wing system :

�u = � v

0

; (31.a)

�v = � d f ( � u ) u � � v � �

2

u

0

+ 2 sv

0

: (31.b)

T aking the scalar pro duct ( �j� ) of (31.a) and u in L

2

( R

n

; R

2 n

), w e obtain

� ( u j u ) = � ( v

0

j u ) = ( v j u

0

) :

F urthermore, taking the scalar pro duct of (31.b) and v , w e obtain

( � + � )( v j v ) + �

2

( v j u

0

) = � (d f ( � u ) u j v ) :

So

��

2

k u k

2

L

2

+ � k v k

2

L

2

� ��

2

k u k

2

L

2

+ ( � + � ) k v k

2

L

2

� k d f ( � u ) k

1

k u k

L

2
k v k

L

2
:

Th us,

��

2

�

k u k

L

2
�

k d f ( � u ) k

1

k v k

L

2

2 ��

2

�

2

+

�

� �

k d f ( � u ) k

2

1

4 ��

2

�

k v k

2

L

2

� 0 :

It follo ws that k u k

L

2
= k v k

L

2
= 0 for � > k d f ( � u ) k

1

= 2 � =: �.

Corollary 1.6.1

Ther e exists � > 0 such that

8 � > � ; 8 � 2 [0 ; 1] ; M

�

� � is invertible.
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Pro of

The essen tial sp ectrum of M

�

is con tained in the domain f �; Re ( � ) < 0 g [ f 0 g since the

co e�cien ts of M

�

satisfy the same h yp otheses as the ones of M (Theorem 1.4.1). So, in

the op en righ t half-plane, the sp ectrum of M

�

consists only of eigen v alues. Consequen tly ,

(� ; + 1 ) lies in the resolv en t set of M

�

.

Let us no w study the dynamical system

�

0

= A ( � ; x; � ) �;

whic h w e deriv e from system (31) as w e did previously for system (24) and where

A ( � ; x; � ) :=

1

�

2

�

� d f ( � u ) � 2 s�I

n

� ( � + � ) I

n

� ��

2

I

n

0

n

�

:

Let � b e an eigen v alue of A

�

( � ; � ) = lim

x !�1

A ( x; � ; � ) and ( X ; Y )

T

an asso ciated eigen-

v ector. Then

A

�

( � ; � )

�

X

Y

�

= �

�

X

Y

�

m

�

( �

2

�

2

I

n

+ � (2 s�I

n

� � A

�

) � � ( � + � ) I

n

) Y = 0 ;

� �X = � Y :

The eigen v alues are the ro ots of the n equations

�

2

�

2

+ (2 s� � � a

�

k

) � � � ( � + � ) = 0 ; k 2 f 1 ; : : : ; n g : (32)

The co e�cien ts are real and the pro ducts of the ro ots are negativ e, so eac h equation has

t w o real, distinct ro ots of opp osite sign. Moreo v er, since w e assumed that the eigen v alues

of A

�

are real and distinct b y (H2) , the eigen v alues of A

�

( � ; � ) are simple and A

�

is

diagonalizable. Let 1 � k � n and � b e a ro ot of (32) with asso ciated eigen v ector

( r

�

k

; � �r

�

k

=� )

T

. W e note that taking � = 1, the eigen v ectors k eep the same orien tation

as � ! 0. Ha ving c hosen some bases �

+

1

( � ) ; : : : ; �

+

n

( � ) of S

+

( � ) and �

�

n +1

( � ) ; : : : ; �

�

2 n

( � )

of U

�

( � ) dep ending con tin uously on � , w e can extend these bases con tin uously in ( � ; � ).

W e then de�ne

~

D ( � ; � ) =

~

�

+

1

( � ; � ) ^ : : : ^

~

�

+

n

( � ; � ) ^

~

�

�

n +1

( � ; � ) ^ : : : ^

~

�

�

2 n

( � ; � ) :

W e m ust no w study the sign of

~

D in ( f � = 1 g � [0 ; �

0

]) [ ([0 ; 1] � f � = �

0

g ), with �

0

> �.

As

~

D do es not v anish along [0 ; 1] � (� ; + 1 ), its sign is constan t and

sgn( D (+ 1 )) = sgn(

~

D (1 ; + 1 )) = sgn(

~

D (0 ; + 1 )) = sgn(

~

D (0 ; �

0

)) :
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-

6

�

�

� �

0

#

M

1

= M

 M

�

#

M

0

Let us study the case � = 0. The eigen v alues of A

�

(0 ; � ) are �

�

= �= ( a + s ) b oth with

m ultiplic it y n . By (H3) , w e kno w that �

�

> 0 and �

+

< 0 : the eigenspace asso ciated with

�

�

(resp ectiv ely �

+

) is the unstable (resp. stable) subspace of A

�

(0 ; � ) (resp. A

+

(0 ; � )).

So, for k 2 f 1 ; : : : ; n g ,

�

k

(0 ; x; � ) = e

( �

+

) x

0

@

r

+

k

�

�

�

+

r

+

k

1

A

and

�

n + k

(0 ; x; � ) = e

( �

�

) x

0

@

r

�

k

�

�

�

�

r

�

k

1

A

:

But f ( r

+

1

; � �r

+

1

=�

+

)

T

; : : : ; ( r

+

n

; � �r

+

n

=�

+

)

T

g and f ( r

�

1

; � �r

�

1

=�

�

)

T

; : : : ; ( r

�

n

; � �r

�

n

=�

�

)

T

g

ha v e the same orien tation as f V

+

1

( � ) ; : : : ; V

+

n

( � ) g and f V

�

n +1

( � ) ; : : : ; V

�

2 n

( � ) g resp ectiv ely ,

b ecause these bases ha v e b een c hosen con tin uously with resp ect to � . W e th us obtain

~

D (0 ; + 1 ) =

�

�

�

�

�

�

�

�

r

+

1

: : : r

+

n

r

�

1

: : : r

�

n

�

�

0

r

+

1

�

+

: : : �

�

0

r

+

n

�

+

�

�

0

r

�

1

�

�

: : : �

�

0

r

�

n

�

�

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

I

n

0

n

�

�

0

�

+

I

n

I

n

�

�

�

�

�

�

�

�

�

�

�

�

�

�

r

+

1

: : : r

+

n

r

�

1

: : : r

�

n

0 : : : 0 �

�

0

( �

�

� �

+

)

�

�

�

+

r

�

1

: : : �

�

0

( �

�

� �

+

)

�

�

�

+

r

�

n

�

�

�

�

�

�

�

�

= �

n

0

�

�

�

� �

+

�

�

�

+

�

n

� ( r

+

1

^ : : : ^ r

+

n

) � ( r

�

1

^ : : : ^ r

�

n

) ;

that is,

sgn ( D (+ 1 )) sgn (

~

D (0 ; + 1 )) = ( � 1)

n

( r

+

1

^ : : : ^ r

+

n

) � ( r

�

1

^ : : : ^ r

�

n

) : (33)

In conclusion, using (30) and (33) and k eeping in mind that the bases do not t wist along

the real axis from � = 0 to � = �

0

at � = 1, w e obtain

( '

+

1

^ : : : ^ '

+

j � 1

^ �u

0

^ '

�

j +1

^ : : : ^ '

�

n

) � ( r

�

1

^ : : : r

�

j � 1

^ [ u ] ^ r

+

j +1

^ : : : ^ r

+

n

)

� ( r

�

1

^ : : : ^ r

�

n

) � ( r

+

1

^ : : : ^ r

+

n

) � 0 : (34)
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Remark 1.6.1 Note that this pr o of do es not dep end on the natur e of the disc ontinuity

( u

�

; u

+

; s ) . Conse quently, The or em 1.6.1 also holds for under c ompr essive and over c om-

pr essive sho cks.

1.7 Undercompressiv e sho c ks

In outline, the pro ofs of Theorems 1.3.1 and 1.3.2 in the Lax and undercompressiv e cases

are the same : the computations ab out � = 0 in the undercompressiv e case are more

complicated than in the Lax case, but the b eha vior for large j � j is the same.

Ab out � = 0, the asymptotic b eha viors in x of the eigen v alues and eigen v ectors of A ( x; � )

are giv en in T ables 3 and 4.

at x = �1 : a

�

1

; : : : ; a

�

j � 1

< 0 and 0 < a

�

j

; : : : ; a

�

n

�

�

1

(0) =

a

�

1

�

2

::: �

�

j � 1

(0) =

a

�

j � 1

�

2

�

�

j

� �

�

a

�

j

::: �

�

n

� �

�

a

�

n

V

�

1

(0) =

�

r

�

1

0

�

::: V

�

j � 1

(0) =

�

r

�

j � 1

0

�

V

�

j

(0) =

�

r

�

j

a

�

j

r

�

j

�

::: V

�

n

(0) =

�

r

�

n

a

�

n

r

�

n

�

�

�

n +1

� �

�

a

�

1

::: �

�

n + j � 1

� �

�

a

�

j � 1

�

�

n + j

(0) =

a

�

j

�

2

::: �

�

2 n

(0) =

a

�

n

�

2

V

�

n +1

(0) =

�

r

�

1

a

�

1

r

�

1

�

::: V

�

n + j � 1

(0) =

�

r

�

j � 1

a

�

j � 1

r

�

j � 1

�

V

�

n + j

(0) =

�

r

�

j

0

�

::: V

�

2 n

(0) =

�

r

�

n

0

�

T ab. 3: Asymptotic b eha vior at x = �1

at x = + 1 : a

+

1

; : : : ; a

+

j � 1

< 0 and 0 < a

+

j

; : : : ; a

+

n

�

+

1

(0) =

a

+

1

�

2

::: �

+

j � 1

(0) =

a

+

j � 1

�

2

�

+

j

� �

�

a

+

j

::: �

+

n

� �

�

a

+

n

V

+

1

(0) =

�

r

+

1

0

�

::: V

+

j � 1

(0) =

�

r

+

j � 1

0

�

V

+

j

(0) =

�

r

+

j

a

+

j

r

+

j

�

::: V

+

n

(0) =

�

r

+

n

a

+

n

r

+

n

�

�

+

n +1

� �

�

a

+

1

::: �

+

n + j � 1

� �

�

a

+

j � 1

�

+

n + j

(0) =

a

+

j

�

2

::: �

+

2 n

(0) =

a

+

n

�

2

V

+

n +1

(0) =

�

r

+

1

a

+

1

r

+

1

�

::: V

+

n + j � 1

(0) =

�

r

+

j � 1

a

+

j � 1

r

+

j � 1

�

V

+

n + j

(0) =

�

r

+

j

0

�

::: V

+

2 n

(0) =

�

r

+

n

0

�

T ab. 4: Asymptotic b eha vior at x = + 1

W e then apply the gap lemma : there are 2 n functions �

1

, �

2

, : : : , �

2 n

of ( x; � ), dep ending

analytically on � , whic h satisfy the equation

�

0

= A ( x; � ) �
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and whose asymptotic b eha vior in x is

�

1

( x; � ) =

x ! + 1

e

�

+

1

( � ) x

�

V

+

1

( � ) + O

�

e

� 
 j x j

��

;

.

.

.

�

n

( x; � ) =

x ! + 1

e

�

+

n

( � ) x

�

V

+

n

( � ) + O

�

e

� 
 j x j

��

;

�

n +1

( x; � ) =

x !�1

e

�

�

n +1

( � ) x

�

V

�

n +1

( � ) + O

�

e

� 
 j x j

��

;

.

.

.

�

2 n

( x; � ) =

x !�1

e

�

�

2 n

( � ) x

�

V

�

2 n

( � ) + O

�

e

� 
 j x j

��

:

Let D ( � ) := e

�

R

x

0

tr ( A ( s;� ) )d s

�

1

( x; � ) ^ : : : ^ �

2 n

( x; � ) :

Using the same kind of argumen ts as w e did in the Lax case, w e c ho ose

�

j � 1

( � ; 0) = �

n + j

( � ; 0) =

�

�u

0

�v

0

�

;

where

�

n + j

( x; � ) e

� �

�

n + j

� !

( x;� ) ! ( �1 ; 0)

�

r

�

j

0

�

;

�

j � 1

( x; � ) e

� �

+

j � 1

( � ) x

� !

( x;� ) ! (+ 1 ; 0)

�

r

+

j � 1

0

�

;

so r

�

j

has the same orien tation as �u

0

at x = �1 and r

+

j � 1

as �u

0

at x = + 1 .

Using the computations w e previously carried out, w e obtain

sgn ( D

0

(0)) = ( � 1)

n � j

sgn

�

�

1

^ : : : ^ �

n + j � 1

^ �

n + j +1

^ : : : ^

�

@ �

n + j

@ �

�

@ �

j � 1

@ �

�

�

�

�

�

� =0

�

:

Since v

0

k

= 0 at � = 0, w e �nd v

k

= 0 for k 2 f 1 ; : : : ; j � 1 g [ f n + j; : : : ; 2 n g , v

k

= a

+

k

r

+

k

for k 2 f j; : : : ; n g , and v

k

= a

�

k � n

r

�

k � n

for k 2 f n + 1 ; : : : ; n + j � 1 g .

Let �

k

=

�

u

k

v

k

�

and z

k

=

@ �

k

@ �

�

�

�

�

� =0

=

�

w

k

t

k

�

, k 2 f j � 1 ; n + j g .

As in the Lax case, t

0

k

= � �u

0

. So, in tegrating from x to + 1 , w e obtain t

j � 1

= u

+

� �u and

in tegrating from �1 to x , w e �nd t

n + j

= u

�

� �u . W e then ha v e

z

n + j

� z

j � 1

=

�

w

n + j

� w

j � 1

� [ u ]

�

:

Recall that [ u ] = �

�

1

r

�

1

+ : : : + �

�

j � 1

r

�

j � 1

+ �

+

j

r

+

j

+ : : : + �

+

n

r

+

n

; and that u

�

is the only p oin t

in R

n

suc h that

u

�

=

�

u

�

+ �

�

1

r

�

1

+ : : : + �

�

j � 1

r

�

j � 1

;

u

+

� �

+

j

r

+

j

� : : : � �

+

n

r

+

n

:
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Let �

k

= �

k

=a

k

. Then,

sgn ( D

0

(0)) = ( � 1)

n � j

sgn

��

u

1

0

�

^ : : : ^

�

u

j � 1

0

�

^

�

u

j

a

+

j

r

+

j

�

^ : : :

^

�

u

n

a

+

n

r

+

n

�

^

�

u

n +1

a

�

1

r

�

1

�

^ : : : ^

�

u

n + j � 1

a

�

j � 1

r

�

j � 1

�

^

�

u

n + j +1

0

�

^ : : : ^

�

u

2 n

0

�

^

�

w

n + j

� w

j � 1

� [ u ]

� �

:

So, p erforming elemen tary matrix manipulations,

sgn ( D

0

(0)) = ( � 1)

n ( n � j +1)+ n � j +( j � 1)( n � j + 1)

sgn

��

u

1

0

�

^ : : : ^

�

u

j � 1

0

�

^

�

u

n + j +1

0

�

^ : : : ^

�

u

2 n

0

�

^

�

w

n + j

� w

j � 1

� [ u ]

�

^

�

u

n +1

a

�

1

r

�

1

�

^ : : : ^

�

u

n + j � 1

a

�

j � 1

r

�

j � 1

�

^

�

u

j

a

+

j

r

+

j

�

^ : : : ^

�

u

n

a

+

n

r

+

n

��

:

Therefore,

sgn( D

0

(0)) = � sgn

��

u

1

0

�

^ : : : ^

�

u

j � 1

0

�

^

�

u

n + j +1

0

�

^ : : : ^

�

u

2 n

0

�

^

�

w

n + j

� w

j � 1

+ �

+

j

u

j

+ : : : + �

+

n

u

n

+ �

�

1

u

n +1

+ : : : + �

�

j � 1

u

n + j � 1

0

�

^

�

u

n +1

a

�

1

r

�

1

�

^ : : : ^

�

u

n + j � 1

a

�

j � 1

r

�

j � 1

�

^

�

u

j

a

+

j

r

+

j

�

^ : : : ^

�

u

n

a

+

n

r

+

n

� �

:

Finally ,

sgn ( D

0

(0)) = � sgn

�n

�

u

1

^ : : : ^ u

j � 1

^ u

n + j +1

^ : : : ^ u

2 n

^ ( w

n + j

� w

j � 1

+ �

+

j

u

j

+ : : : + �

+

n

u

n

+ �

�

1

u

n +1

+ : : : + �

�

j � 1

u

n + j � 1

)

�

o

�

n

Y

k = j

a

+

k

�

j � 1

Y

k =1

a

�

k

� ( r

�

1

^ : : : ^ r

�

j � 1

^ r

+

j

^ : : : ^ r

+

n

) :

!

Let ~w

n + j

= w

n + j

+ �

�

1

u

n +1

+ : : : + �

�

j � 1

u

n + j � 1

and ~w

j � 1

= w

j � 1

� �

+

j

u

j

� : : : � �

+

n

u

n

:

Since, for m 2 f j � 1 ; n + j g , k 2 f 1 ; : : : ; 2 n g ,

�

�

2

w

0

m

= d f ( � u ) w

m

� t

m

� 2 su

m

� v

m

;

�

2

u

0

k

= d f ( � u ) u

k

� v

k

;

w e ha v e

�

2

~w

0

n + j

= d f ( � u ) w

n + j

+ u

�

� �u � 2 su

n + j

� v

n + j

+ �

�

1

d f ( � u ) u

n +1

� �

�

1

v

n +1

+ : : : + �

�

j � 1

d f ( � u ) u

n + j � 1

� �

�

j � 1

v

n + j � 1

= d f ( � u ) ~ w

n + j

� 2 su

n + j

+ u

�

+ �

�

1

a

�

1

r

�

1

+ : : : + �

�

j � 1

a

�

j � 1

r

�

j � 1

= d f ( � u ) ~ w

n + j

� 2 su

n + j

+ u

�

� �u;
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b ecause v

n + j

= 0, v

n + k

= a

�

k

r

�

k

for k 2 f 1 ; : : : ; n g , and t

n + j

= u

�

� �u . In the same w a y ,

�

2

~w

0

j � 1

= d f ( � u ) ~ w

j � 1

� 2 su

j � 1

+ u

�

� �u ;

for v

j � 1

= v

n + j

= 0, v

2

= a

+

2

r

+

2

and t

j � 1

= u

+

� �u . But, ha ving c hosen �

j � 1

= �

n + j

=

( � u

0

; �v

0

)

T

, u

n + j

= u

j � 1

= �u

0

. So ~w

j � 1

and ~w

n + j

b oth solv e

�

2

~w

0

= d f ( � u ) ~ w � 2 s �u

0

+ u

�

� �u :

Moreo v er, w

n + j

( x; 0) � !

x !�1

0, for �

n + j

( x; 0) � !

x !�1

0 and the con v ergence is uniform for �

in compact sets. In the same w a y , w

j � 1

( x; 0) � !

x ! + 1

0. In addition, for k 2 f j; : : : ; n g , u

k

is b ounded at x = + 1 b ecause u

k

( x; � ) � !

( x;� ) ! (+ 1 ; 0)

r

+

k

. Similarly , for k 2 f 1 ; : : : ; j � 1 g ,

u

n + k

is b ounded at x = �1 b ecause u

n + k

( x; � ) � !

( x;� ) ! ( �1 ; 0)

r

�

k

.

Let � := u

1

^ : : : ^ �u

0

^ u

n + j +1

^ : : : ^ u

2 n

.

�

2

(� ^ ~w

n + j

)

0

= (d f ( � u ) u

1

) ^ : : : ^ �u

0

^ u

n + j +1

^ : : : ^ u

2 n

^ ~w

n + j

+ : : :

+ u

1

^ : : : ^ �u

0

^ u

n + j +1

^ : : : ^ u

2 n

^ (d f ( � u ) ~ w

n + j

� 2 s �u

0

� u

�

+ � u )

= tr(d f ( � u ))(� ^ ~w

n + j

) � � ^ ( u

�

� �u ) :

Applying Duhamel's principle from �1 to 0 and giv en that � ^ ~w

n + j

is b ounded at �1 ,

(� ^ ~w

n + j

) j

x =0

= lim

y !�1

�

exp

�

Z

0

y

tr(d f ( � u ( � )))

�

2

d �

�

(�( y ) ^ ~w

n + j

( y ))

+

1

�

2

Z

0

y

exp

�

Z

0

t

tr(d f ( � u ( � )))

�

2

d �

�

(�( t ) ^ ( � u ( t ) � u

�

))d t

�

:

Moreo v er,

j �( y ) j �

y !�1

exp

0

@

X

k 2f 1 ;::: ;n gnf j � 1 g

a

�

k

y =�

2

1

A

b ecause, for k 2 f 1 ; : : : ; j � 2 g , k u

1

^ : : : ^ u

j � 2

k � exp (( a

�

1

+ : : : + a

�

j � 2

) y =�

2

), for

k 2 f j + 1 ; : : : ; n g , j u

n + k

j � exp( a

�

k

y =�

2

) and j �u

0

j � exp ( a

�

j

=�

2

). Moreo v er, as A ( x; � ) � !

A

�

( � ) + O ( e

� 
 j x j

) when x ! �1 for some 
 > 0 uniformly for � in compact sets, w e

obtain

exp

�

Z

0

y

tr(d f ( � u ( � )))

�

2

d �

�

�

y !�1

C exp

�

�

P

n

k =1

a

�

k

�

2

y

�

;

where C is a constan t. Finally , as ~w

n + j

is b ounded in �1 , w e ha v e

g ( y ) = exp

�

Z

0

y

tr(d f ( � u ( � )))

�

2

d �

�

(�( y ) ^ ~w

n + j

( y )) �

y !�1

C exp

 

�

a

�

j � 1

�

2

y

!

:

But a

�

j � 1

< 0, so g ( y ) � !

y !�1

0 : Then

(� ^ ~w

n + j

) j

x =0

=

1

�

2

Z

0

�1

exp

�

�

Z

y

0

tr(d f ( � u ( � )))

�

2

d �

�

(�( y ) ^ ( � u ( y ) � u

�

)) d y :
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In the same w a y ,

(� ^ ~w

j � 1

) j

x =0

= �

1

�

2

Z

+ 1

0

exp

�

�

Z

y

0

tr(d f ( � u ( � )))

�

2

d �

�

(�( y ) ^ ( � u ( y ) � u

�

)) d y :

In addition, (� ^ ( ~ w

n + j

� ~w

j � 1

)) j

x =0

= (� ^ ~w

n + j

) j

x =0

� (� ^ ~w

j � 1

) j

x =0

, sgn

�

Q

j � 1

k =1

a

k

�

=

( � 1)

j � 1

and u

n + j

= �u

0

.

W e th us obtain

sgn ( D

0

(0)) = ( � 1)

j

sgn( r

�

1

^ : : : ^ r

�

j

^ r

+

j +1

^ : : : ^ r

+

n

) � sgn (�) ;

with

� :=

1

�

2

Z

+ 1

�1

exp

�

�

Z

y

0

tr(d f ( � u ( � )))

�

2

d �

�

u

1

( y ) ^ : : : ^ u

j � 2

( y ) ^ �u

0

( y ) ^ u

n + j +1

( y )

^ : : : ^ u

2 n

( y ) ^ ( � u ( y ) � u

�

)d y :

Using the notations w e in tro duced in subsection 1.2.3, w e rewrite � as

� :=

1

a

2

� s

2

Z

+ 1

�1

exp

�

�

Z

y

0

tr(d f ( � u ( � )))

a

2

� s

2

d �

�

'

+

1

( y ) ^ : : : ^ '

+

j � 2

( y ) ^ �u

0

( y )

^ '

�

j +1

( y ) ^ : : : ^ '

�

n

( y ) ^ ( � u ( y ) � u

�

)d y :

As the pro of of Theorem 1.6.1 do es not dep end on the nature of the sho c k, w e can apply

it to the undercompressiv e case and get :

sgn ( D (+ 1 )) = ( � 1)

n

sgn ( r

+

1

^ : : : ^ r

+

n

) � sgn ( r

�

1

^ : : : ^ r

�

n

) :

1.8 Ov ercompressiv e sho c ks

Ab out � = 0, the asymptotic b eha vior in x of the eigen v alues and asso ciated eigen v ectors

of A ( x; � ) is summarized in T ables 5 and 6.

at x = �1 : a

�

1

; : : : ; a

�

j � 1

< 0 and 0 < a

�

j

; : : : ; a

�

n

�

�

1

(0) =

a

�

1

�

2

::: �

�

j � 1

(0) =

a

�

j � 1

�

2

�

�

j

� �

�

a

�

j

::: �

�

n

� �

�

a

�

n

V

�

1

(0) =

�

r

�

1

0

�

::: V

�

j � 1

(0) =

�

r

�

j � 1

0

�

V

�

j

(0) =

�

r

�

j

a

�

j

r

�

j

�

::: V

�

n

(0) =

�

r

�

n

a

�

n

r

�

n

�

�

�

n +1

� �

�

a

�

1

::: �

�

n + j � 1

� �

�

a

�

j � 1

�

�

n + j

(0) =

a

�

j

�

2

::: �

�

2 n

(0) =

a

�

n

�

2

V

�

n +1

(0) =

�

r

�

1

a

�

1

r

�

1

�

::: V

�

n + j � 1

(0) =

�

r

�

j � 1

a

�

j � 1

r

�

j � 1

�

V

�

n + j

(0) =

�

r

�

j

0

�

::: V

�

2 n

(0) =

�

r

�

n

0

�

T ab. 5: Asymptotic b eha vior at x = �1

There are 2 n functions �

1

, : : : , �

2 n

of ( x; � ), analytic in � , whic h are solutions of the

equation

�

0

= A ( x; � ) �;
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at x = + 1 : a

+

1

; : : : ; a

+

j +1

< 0 and 0 < a

+

j +2

; : : : ; a

+

n

�

+

1

(0) =

a

+

1

�

2

::: �

+

j +1

(0) =

a

+

j +1

�

2

�

+

j +2

� �

�

a

+

j +2

::: �

+

n

� �

�

a

+

n

V

+

1

(0) =

�

r

+

1

0

�

::: V

+

j +1

(0) =

�

r

+

j +1

0

�

V

+

j +2

(0) =

�

r

+

j +2

a

+

j +2

r

+

j +2

�

::: V

+

n

(0) =

�

r

+

n

a

+

n

r

+

n

�

�

+

n +1

� �

�

a

+

1

::: �

+

n + j +1

� �

�

a

+

j +1

�

+

n + j +2

(0) =

a

+

j +2

�

2

::: �

+

2 n

(0) =

a

+

n

�

2

V

+

n +1

(0) =

�

r

+

1

a

+

1

r

+

1

�

::: V

+

n + j +1

(0) =

�

r

+

j +1

a

+

j +1

r

+

j +1

�

V

+

n + j +2

(0) =

�

r

+

j +2

0

�

::: V

+

2 n

(0) =

�

r

+

n

0

�

T ab. 6: Asymptotic b eha vior at x = + 1 .

and whose asymptotic b eha vior in x is

�

1

( x; � ) =

x ! + 1

e

�

+

1

( � ) x

�

V

+

1

( � ) + O

�

e

� 
 j x j

��

;

.

.

.

�

n

( x; � ) =

x ! + 1

e

�

+

n

( � ) x

�

V

+

n

( � ) + O

�

e

� 
 j x j

��

;

�

n +1

( x; � ) =

x !�1

e

�

�

n +1

( � ) x

�

V

�

n +1

( � ) + O

�

e

� 
 j x j

��

;

.

.

.

�

2 n

( x; � ) =

x !�1

e

�

�

2 n

( � ) x

�

V

�

2 n

( � ) + O

�

e

� 
 j x j

��

:

(35)

As b efore, w e c ho ose

�

j +1

( � ; 0) = �

n + j

( � ; 0) =

�

�u

0

�v

0

�

; �

j

( � ; 0) =

�

�u

+

and �

n + j +1

( � ; 0) =

�

�u

�

;

noting that r

+

j

m ust ha v e the same orien tation as

�

�u

+

at x = + 1 and r

+

j +1

as �u

0

at

x = + 1 .

Then, recalling the expressions of D (0) and D

0

(0) that w e found in the previous cases,

w e obtain D (0) = D

0

(0) = 0, since linear com binations of �u

�

and �u

0

app ear t wice in the

form ula of D

0

(0) (29). It follo ws that w e m ust compute D

00

(0).

sgn ( D

00

(0)) = sgn

� �

�

1

^ : : : ^ �

j � 1

^

@ �

j

@ �

^

@ �

j +1

@ �

^ �

j +2

^ : : : ^ �

2 n

+ �

1

^ : : : ^ �

j � 1

^

@ �

j

@ �

^ �

j +1

^ : : : ^ �

n + j � 1

^

@ �

n + j

@ �

^ �

n + j +1

^ : : : ^ �

2 n

+ �

1

^ : : : ^ �

j

^

@ �

j +1

@ �

^ �

j +2

^ : : : ^ �

n + j

^

@ �

n + j +1

@ �

^ �

n + j +2

^ : : : ^ �

2 n

+ �

1

^ : : : ^ �

n + j � 1

^

@ �

n + j

@ �

^

@ �

n + j +1

@ �

^ �

n + j +2

^ : : : ^ �

2 n

��

= sgn

�

�

1

^ : : : ^ �

j � 1

^

�

@ �

j

@ �

�

@ �

n + j +1

@ �

�

^

�

@ �

j +1

@ �

�

@ �

n + j

@ �

�

^ �

j +2

^ : : : ^ �

2 n

) :

But, using the previous computations and again writing z

j

for ( w

j

; t

j

)

T

, w e �nd

t

n + j

� t

j +1

= � [ u ]
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and

t

0

n + j +1

= � �u

�

+ m

�

�u

0

, t

0

j

= � �u

�

+ m

+

�u

0

:

In tegrating from �1 to 0 and recalling that t

2 n

( �1 ) = 0, w e get

t

n + j +1

(0) = �

Z

0

�1

�u

�

( x )d x + m

�

( � u (0) � u

�

) :

Similarly , w e �nd

t

j

(0) =

Z

+ 1

0

�u

�

( x )d x � m

+

( u

+

� �u (0)) :

Th us

( t

j

� t

n + j +1

) j

x =0

=

Z

+ 1

�1

�u

�

( x )d x + m

+

u

+

� m

�

u

�

� ( m

+

� m

�

) � u (0) :

Using the asymptotic b eha vior of �

k

, k 2 f 1 ; : : : ; 2 n g , w e obtain

sgn( D

00

(0)) = sgn

� �

u

1

0

�

^ : : : ^

�

u

j � 1

0

�

^

�

w

j

� w

n + j +1

t

j

� t

n + j +1

�

^

�

w

j +1

� w

n + j

[ u ]

�

^

�

r

+

j +2

a

+

j +2

r

+

j +2

�

^ : : : ^

�

r

+

n

a

+

n

r

+

n

�

^

�

r

+

1

a

�

1

r

�

1

�

^ : : : ^

�

r

�

j � 1

a

�

j � 1

r

�

j � 1

�

^

�

u

n + j

0

�

^ : : : ^

�

u

2 n

0

� �

:

P erforming elemen tary manipulations, w e �nd

sgn ( D

00

(0)) = ( � 1)

n

sgn ( u

1

^ : : : ^ u

j � 1

^ u

n + j

: : : ^ u

2 n

)

� sgn

�

r

�

1

^ : : : ^ r

�

j � 1

^ (( t

j

� t

n + j +1

) j

x =0

) ^ [ u ] ^ r

+

j +2

: : : ^ r

+

n

�

:

Using the notations w e set in Subsection 1.2.3, w e obtain

sgn ( D

00

(0)) = ( � 1)

n

sgn ( '

+

1

^ : : : ^ '

+

j � 1

^ �u

0

^ �u

�

^ '

�

j +2

^ : : : ^ '

�

n

) � sgn ( r

�

1

^ : : : ^ r

�

j � 1

^

�

Z

+ 1

�1

�u

�

( x )d x + m

+

u

+

� m

�

u

�

� ( m

+

� m

�

) � u (0)

�

^ [ u ] ^ r

+

j +2

^ : : : ^ r

+

n

) :

The computation of the sign of D at � = + 1 is the same as in the Lax case so w e can

apply Theorem 1.6.1 and therefore

sgn ( D (+ 1 )) = ( � 1)

n

sgn ( r

+

1

^ : : : ^ r

+

n

) � sgn ( r

�

1

^ : : : ^ r

�

n

) :
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1.9 Remarque : am � elioration du th � eor � eme sur les c ho cs surcompressifs

On p eut � etendre le r � esultat du th � eor � eme 1.3.3 aux c ho cs surcompressifs de degr � e sup � erieur

�a 1 qui son t d � e�nis par les in � egalit � es

(H 4

���

) �

+

j + p

< s < �

+

j + p +1

;

�

�

j + q � 1

< s < �

�

j + q

;

o � u p � q =: $ est le degr � e de surcompressivit � e. On a alors en g � en � eral une famille � a $ + 1

param � etres de pro�ls et on p eut d � e�nir, quitte �a r � eordonner correctemen t les v aleurs

propres de d f ( u

�

), une base ( �

1

: : : ; �

p � 1

; �u

0

) (resp. ( � u

0

; �

q +1

; : : : ; �

n

)) de l'espace stable

en + 1 not � e S

+

(resp. de l'espace instable en �1 not � e U

�

) de l'EDO (11) et don t le

comp ortemen t asymptotique est le suiv an t

lim

x ! + 1

e

( s � a

+

m

) x=�

2

�

m

( x ) = r

+

m

; m 2 f 1 ; : : : ; p � 1 g ;

lim

x ! + 1

e

( s � a

+

p

) x=�

2

�u

0

= r

+

p

;

lim

x !�1

e

( s � a

�

q

) x=�

2

�u

0

= r

�

q

;

lim

x !�1

e

( s � a

�

m

) x=�

2

�

m

( x ) = r

�

m

; m 2 f q + 1 ; : : : ; n g :

Quitte � a faire des com binaisons lin � eaires, on imp ose

�

p � m

= �

p + m +1

=:  

m

; m 2 f 1 ; : : : ; $ g :

On p eut alors � enoncer le th � eor � eme

Th � eor � eme 1.9.1

Supp osons satisfaites les hyp oth � eses ( H1 - 3 )-( H4

���

)-( H5 ) ave c $ � 1 . A lors si le pr o�l �u

est sp e ctr alement stable, l'in � egalit � e suivante est v � eri� � ee

det ( �

1

; : : : ; �

p � 1

; �u

0

;  

1

; : : : ;  

$

; �

p + $ +1

; �

n

)

� det

�

r

�

1

; : : : ; r

�

p � $ � 1

;

R

R

 

$

; : : : ;

R

R

 

1

; [ u ] ; r

+

p

; : : : ; r

+

n

�

� det( r

�

1

; : : : ; r

�

n

) � det ( r

+

1

; : : : ; r

+

n

) � 0 :

La d � emonstration est tr � es pro c he de celle du cas $ = 1 d � ev elopp � ee dans cet article. En

e�et, la d � etermination du signe de la fonction d'Ev ans � a l'in�ni se fait comme dans le cas

de c ho cs de Lax (paragraphe 1.6.2). P our le calcul en � = 0, il faut cep endan t app orter

quelques pr � ecisions : comme l'in tersection de S

+

et de U

�

est de dimension $ + 1, on

constate que les $ premi � eres d � eriv � ees de la fonction d'Ev ans s'ann ulen t et il faut calculer

la ( $ + 1)- � eme. Mais ce calcul n'est en fait pas b eaucoup plus compliqu � e que dans le cas

$ = 1 car une r � ecurrence simple [4 ] mon tre que seules les d � eriv � ees premi � eres des fonctions

forman t une base de l'in tersection de l'espace stable en + 1 et de l'espace instable en �1

du syst � eme dynamique (24) in terviennen t dans l'expression de la ( $ + 1)- � eme d � eriv � ee de

la fonction d'Ev ans. On p ourra se r � ef � erer �a [86] et aux calculs men � es dans le cas discret

p our les sc h � emas de Lax-W endro� et de Lax-F riedric hs mo di� � e (P artie I I I, c hapitres 1 et

2 de ce m � emoire).



2. RELAXA TION SEMI-LIN

�

EAIRE : EXEMPLE DE PR OFIL DE

CHOC DE LAX SPECTRALEMENT INST ABLE

Cet article a � et � e � ecrit en collab oration a v ec Emman uel Lorin, do ctoran t au Cen tre de

Math � ematiques et de Leurs Applications, ENS Cac han et a fait l'ob jet d'une pr � epublication

au CMLA.

2.1 In tro duction

Recen tly , a tec hnique using Ev ans functions has b een dev elop ed to study the sp ectral

stabilit y of sho c k pro�les of arbitr ary str ength under v arious appro ximations : giv en a

system of conserv ation la ws

u

t

+ f ( u )

x

= 0 ; (1)

u : R � R

+

� ! R

n

; n � 2 ;

f : U � R

n

� ! R

n

; f smo oth ;

if there exists a sho c k pro�le for a giv en metho d of appro ximation, one ma y b e able to de-

riv e a su�cien t condition of sp ectral instabilit y of this sho c k pro�le. These computations

w ere carried out for the viscous appro ximation [24, 4], the semi-discrete sho c k pro�les

[2], for the semi-linear relaxation [30] and for general quasilinear relaxation systems, for

general real viscosit y and for com bustion [86]. The semi-linear relaxation appro ximation

w as dev elop ed b y Jin and Xin [42] in order to obtain stable relaxation sc hemes with a

sti� source term :

u

t

+ v

x

= 0 ;

v

t

+ a

2

u

x

=

1

"

( f ( u ) � v ) ;

(2)

where a 2 R

+

�

is the r elaxation sp e e d and " 2 R

+

�

is the time lag . T aking the formal limit

" ! 0 in (2) leads to the original system of conserv ation la ws (1) and to the so-called

lo cal equilibrium v = f ( u ). Since the Chapman-Ensk og expansion [52] of (2) of order 1

reads

u

t

+ f ( u )

x

= " (( a

2

� d f ( u )) u

x

)

x

+ O ( "

2

) ; (3)

the so-called sub char acteristic c ondition [52 ]

a > � (d f ( u )) ; 8 u 2 U ;

where � denotes the sp ectral radius, implies the p ositivit y of the viscosit y in (3) and th us

the stabilit y .
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Let us consider no w t w o states u

�

and u

+

in R

n

where (1) is strictly h yp erb olic and a

real n um b er � suc h that the Rankine-Hugoniot condition is satis�ed, that is

f ( u

+

) � f ( u

�

) = � ( u

+

� u

�

) :

W e assume that the discon tin uit y ( u

�

; u

+

; � ) satis�es the Lax sho c k admissibilit y criterion

(see [74, 16]), that is w e assume that there are n + 1 c haracteristics that en ter the sho c k and

n � 1 ones that outgo. This assumption can b e expressed as inequalities on the eigen v alues

of d f ( u

�

). A sho c k pro�le ( � u; �v )

T

of (2) is a tra v eling w a v e, namely a solution regular of

the single v ariable � := ( x � � t ) =" suc h that ( � u ( � ) ; �v ( � ))

T

= ( u ( x; t ) ; v ( x; t ))

T

. Substituting

in (2), w e note that �u satis�es the same ODE system as the viscous sho c k pro�les for a

scalar viscosit y ( a

2

� �

2

) I

n

. Brin [8] used a su�cien t Ev ans function condition dev elop ed

b y Ho w ard and Zum brun [88] to test n umerically the stabilit y of viscous sho c k pro�les.

F reist • uhler and Zum brun [23] pro duced examples of unstable viscous o v ercompressiv e

sho c k pro�les through the study of a similar condition [24 ]. W e aim here to construct an

unstable Lax sho c k pro�le for the semi-linear appro ximation b y using a su�cien t condition

of instabilit y that w as obtained in [87 ] and [30] through the study of an Ev ans function

D whic h is a W ronskian of a dynamical system link ed to the eigen v alue equation of the

linearized op erator L of semi-relaxation ab out the sho c k pro�le ( � u ; �v )

T

. More sp eci�cally ,

w e construct D so that its zeros in the righ t-half plane corresp ond to unstable eigen v alues

of L . In the n umerical sim ulation of this instabilit y , the di�cult y comes from the fact

that the relaxation system constitutes, when " is n umerically \small", a sti� source term

system. The notion of sti�ness for a ph ysical system c haracterizes systems for whic h

there are at least t w o \v ery di�eren t" ph ysical (time, space) scales, etc... In ph ysics a lot

of these systems o ccur : for example, in a turbulence problem, di�eren t ph ysical scales

app ear and the small scales phenomena in
uence the large scales phenomena. A go o d

reference for the description of suc h systems is [7]. Usually , it is, n umerically , v ery hard

to approac h accurately the solutions of suc h systems and then to tak e in to accoun t all

the ph ysical phenomena. Nev ertheless, w e will see that it is p ossible to appro ximate

correctly the relaxation system for some v alues of " with a splitting metho d. This last

one is a tec hnique, dev elop ed b y Strang [79], to solv e inhomogeneous partial di�eren tial

systems. A detailed study of this metho d is p erformed in [78]. After the presen tation

of the n umerical splitting sc heme, w e will fo cus on the calculus of the Ev ans function.

As seen b efore, the reason wh y the pro�le is unstable comes from the cancellation of the

Ev ans function for � > 0. T o this aim, man y approac hes are p ossible, but w e will use an

e�ectiv e metho d from Brin [8] whic h a v oids the problems caused b y the sti�ness of the

dynamical system that app ears.

W e dev ote Section 2 to the in tro duction of the su�cien t condition of sp ectral instabilit y

that w e are going to apply . In Section 3, c ho osing arbitrarily t w o states u

�

and u

+

of

R

2

, w e construct a smo oth function �u : R ! R

2

, suc h that ( � u; 0)

T

is a sp ectrally unstable

stationary Lax sho c k pro�le for the semi-linear relaxation appro ximation, asymptotically

connecting u

�

and u

+

, of a 2 � 2 system of conserv ation la ws, to sho w that the asso ciated

ev olution problem linearized ab out �u is actually n umerically unstable. Next, Section 4

tac kles the problem of sim ulating the b eha vior of the unstable pro�le determined in Section

3. Although w e ha v e not reac hed a de�nite conclusion on the n umerical computation of

the Ev ans function, w e presen t our curren t w ork in the app endix of this pap er.
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2.2 Su�cien t condition of sp ectral instabili t y

Consider a system of t w o conserv ation la ws

u

t

+ f ( u )

x

= 0 ; (4)

u = ( u

1

; u

2

)

T

: R � R

+

! R

2

;

f = ( f

1

; f

2

)

T

2 C

1

( R

2

; R

2

) ;

of (4) via the semi-linear relaxation :

u

t

+ v

x

= 0 ; (5)

v

t

+ a

2

u

x

=

1

"

( f ( u ) � v ) ; (6)

v = ( v

1

; v

2

)

T

: R � R

+

! R

2

;

a 2 R

+

�

; " 2 R

+

�

:

2.2.1 Assumptions

Consider a discon tin uit y ( u

�

; u

+

; � ) satisfying the Rankine-Hugoniot condition (H0) as-

so ciated with (4) :

f ( u

+

) � f ( u

�

) = � ( u

+

� u

�

) ;

that is

f ( u

+

) � � u

+

= f ( u

�

) � � u

�

=:

�

f :

Moreo v er, w e assume that ( u

�

; u

+

; � ) satis�es the follo wing conditions :

(H1) the 
ux f is strictly h yp erb olic at u

�

, that is d f ( u

�

) has t w o distinct real eigen v alues

a

�

; b

�

and w e note r

�

; s

�

some asso ciated eigen v ectors,

(H2) a > max ( j a

�

j ; j b

�

j ; j � j ) (sub c haracteristic condition),

(H3) a

�

; b

�

6= � , i 2 f 1 ; 2 g (non-c haracteristic discon tin uit y),

(H4) ( u

�

; u

+

; � ) is a Lax 2-sho c k, that is

a

�

< � < b

�

;

a

+

< b

+

< � :

2.2.2 Sho c k pro�les

A sho c k pro�le

�

U := ( � u; �v )

T

: � := ( x � � t ) =" 7! ( � u ( � ) ; �v ( � ))

T

connecting ( u

�

; v

�

)

T

and

( u

+

; v

+

)

T

at the sp eed � for (5)-(6) satis�es the follo wing ODE system

( a

2

� �

2

) � u

0

=

1

"

( f ( � u ) �

�

f � � �u ) ; (7)

�v = � �u +

�

f ; (8)

lim

� !�1

�u ( � ) = u

�

; (9)

lim

� !�1

�v ( � ) = f ( u

�

) : (10)
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Remark 2.2.1 It is imp ortant to note that visc ous pr o�les of visc osity ( a

2

� �

2

) I

2

c on-

ne cting u

�

and u

+

at the sp e e d � also satisfy (7)-(9).

Linearizing system (5)-(6) ab out

�

U , w e obtain

u

t

+ v

x

= 0 ;

v

t

+ a

2

u

x

=

1

"

(d f ( � u ) u � v ) ;

that w e rewrite as

�

u

v

�

t

= L ( @

x

; �u ( x ))

�

u

v

�

:

De�nition 2.2.1 The pro�le

�

U of (2) is sp e ctr al ly stable if the di�eren tial op erator L has

no sp ectrum in the righ t half-plane.

A su�cien t condition of sp ectral instabilit y [30] of ( � u ; �v )

T

is

det( r

�

; ( u

+

� u

�

)) � det ( r

�

; s

�

) < 0 ; (11)

where s

�

is orien ted as �u

0

at � = �1 , or, equiv alen tly , the segmen t [ u

�

; u

+

] and the

tangen t v ector of �u at � = �1 are on b oth sides of the line u

�

+ R r

�

(Figure 2.1).

u

�

�

u

�

+ R r

�

-

r

�

u

+

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H
H

�

�

�

�

�

�

�
��

s

�

�

�u

Fig. 2.1: Lax 2-sho c k satisfying Condition (11)

Remark 2.2.2 Ther e is a symmetric c ondition for a L ax 1 -sho ck.
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2.2.3 Sk etc h of the metho d of getting (11)

Let us describ e brie
y the w a y (11) w as obtained.

The �rst step is to c hange the co ordinates to obtain a stationary sho c k, and a time lag "

equal to 1 :

x $

x � � t

( a

2

� �

2

) "

; t $

t

( a

2

� �

2

) "

:

W e c hange the 
ux f to f �

�

f . Note that assumption (H2) c hanges to

(H2)' max ( j a

�

+ � j ; j b

�

+ � j )

and �v = 0.

The second step is to c hec k that the sp ectrum of the op erator L in the op en righ t half-

plane consists only of isolated eigen v alues [14, 24 ].

The third step is to rewrite the eigen v alue equation L U = � U as a �rst-order system :

�

u

v

�

0

=

1

a

2

� �

2

�

d f ( � u ) � 2 � �I

2

� ( � + 1) I

2

� � ( a

2

� �

2

) I

2

0

2

� �

u

v

�

=: A ( �; x )

�

u

v

�

: (12)

A crucial p oin t is to pro v e that

S ( � ) := f U 2 L

2

( R ; R

2

) =U solv es (12) and U � !

+ 1

0 g

and

U ( � ) := f U 2 L

2

( R ; R

2

) =U solv es (12) and U � !

�1

0 g

are b oth 2-dimensional for � with p ositiv e real part. W e then construct a basis B

S ( � )

(resp.

B

U ( � )

) of S ( � ) (resp. of U ( � )). T aking the determinan t of the elemen ts of B

S ( � )

[ B

U ( � )

at

the p oin t x , w e obtain a function of ( �; x ) that v anishes at the p oin ts � that are eigen-

v alues of L . T aking the pro duct of this function and of x 7! exp(

R

x

0

tr( A ( � ; y ))d y ), w e

obtain an Ev ans function � 7! D ( � ), dep ending only of � , that is actually a W ronskian

of (12).

Note that, as the co e�cien ts of A ( �; x ) are real for real � , D can b e c hosen to b e real on

R .

Conse quently, the interme diate value the or em implies that if the signs of D in a neigh-

b orho o d of 0 and in a neighb orho o d of + 1 ar e not the same, D ne c essarily vanishes at a

r e al p oint.

Note ho w ev er that

�

U

0

solv es U

0

= A (0 ; x ) U , so that D v anishes at � = 0.

The fourth step is to apply the Gap Lemma [24], that allo ws to extend D to a neigh b or-

ho o d of � = 0, so that w e can compute the deriv ativ e of D at 0.

The �fth step is to compute e�ectiv ely the sign of D

0

(0) through the study of the asymp-

totic b eha vior of the solutions of (12) in a neigh b orho o d of � = 0.

The last step is to compute the sign of D (+ 1 ) b y using a homotop y metho d that w as

in tro duced in [4].

F or details, w e refer to [30] for the general case of a Lax p -sho c k and to [32] for the case

of an extreme Lax sho c k.
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2.3 Construction of an example of sp ectrally unstable pro�le

Let us no w assume that a 
ux f satisfying (H0-4) exists : w e will �nd it explicitly in the

next subsections. W e consider a stationary sho c k (i.e � = 0) b y taking an appropriate

co ordinate frame. W e set on the relaxation sp eed a to b e equal to 1. Moreo v er, c hanging

the 
ux, w e set (

�

f

1

;

�

f

2

)

T

= (0 ; 0)

T

. Considering (8), w e see at once that, since w e c hanged

� to 0 and

�

f to (0 ; 0)

T

, w e ha v e

�v ( � ) =

�

0

0

�

; 8 � 2 R :

2.3.1 Construction of a suitable function

Let us b egin with the construction of a function that b eha v es as suggested b y condition

(11).

Let us p oin t out at �rst that the follo wing c hoices are made out of sak e of simplicit y . W e

c ho ose u

�

= (0 ; 0)

T

and u

+

= (1 ; � 1)

T

. In order to ensure that d f ( u

�

) has a v ery simple

expression, w e also c ho ose r

�

= (1 ; 0)

T

and s

�

= (1 ; 1)

T

. Indeed, w e ha v e

d f ( u

�

) =

�

a

�

b

�

� a

�

0 b

�

�

:

Condition (11) is ob viously satis�ed here. Let �u = ( � u

1

; �u

2

)

T

and �v = ( � v

1

; �v

2

)

T

. T o b e able

to construct a pro�le connecting u

�

and u

+

, w e need to mak e some remarks ab out u

1

and

u

2

:

1. since s

�

is tangen t to �u , �u

0

1

( � ) �

� !�1

�u

0

2

( � ), that is �u

1

( � ) �

� !�1

�u

2

( � ) ; th us �u

2

m ust

b e increasing then decreasing since it connects 0 and � 1 (Figure 2.3),

2. since � u

1

connects 0 and 1, and to a v oid p oin ts where f

1

and f

2

v anish sim ultaneously ,

w e set on �u

1

to b e increasing,

3. expanding �u

0

1

( � ) in a neigh b orho o d of �1 , w e �nd

�u

0

1

= a

�

�u

1

+ ( b

�

� a

�

) � u

2

+ O ( j �u j

2

);

since a

�

< 0 and since w e w an t �u

1

to b e increasing, ( b

�

� a

�

) � u

2

needs to b e larger

than a

�

�u

1

as t tends to �1 . Moreo v er, as �u

1

( � ) � �u

2

( � ) as � ! �1 , since b

�

is

p ositiv e, �u

0

1

( � ) and �u

1

( � ) are p ositiv e in a neigh b orho o d of �1 .

Let us no w c ho ose an explicit function � u : since lim

� !�1

�u

1

( � ) = 0 and lim

� ! + 1

�u

1

( � ) = 1,

let

�u

1

( � ) =

tanh( � ) + 1

2

=

e

2 �

e

2 �

+ 1

; � 2 R ;

(see Figure 2.2). T o �nd �u

2

, let us add a p erturbation to

� 7! �

tanh( � ) + 1

2

= �

e

2 �

e

2 �

+ 1

:
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Fig. 2.2: First comp onen t of �u

Noting that � 7! 1 � tanh

2

( � ) tends to 0 as t tends to �1 , w e c ho ose

�u

2

( � ) = �

tanh( � ) + 1

2

+

1 � tanh

2

( � )

2

=

e

2 �

(1 � e

2 �

)

( e

2 �

+ 1)

2

;

so that �u

1

( � ) � �u

2

( � ) as � ! �1 (see Figure 2.3).
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Fig. 2.3: Second comp onen t of �u

2.3.2 Construction of a 
ux

Once w e ha v e built an appropriate function �u , w e m ust searc h for a 
ux f suc h that �u b e

a stationary pro�le of (2), that is, recalling (7), suc h that

�u

0

= f ( � u ) and f satis�es (H0)-(H4).
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W e note that, for � 2 R ,

�u

1

( � ) =

e

2 �

e

2 �

+ 1

;

�u

0

1

( � ) =

2 e

2 �

( e

2 �

+ 1)

2

;

�u

2

( � ) =

e

2 �

(1 � e

2 �

)

( e

2 �

+ 1)

2

;

�u

0

2

( � ) =

2 e

2 �

(1 � 3 e

2 �

)

( e

2 �

+ 1)

3

:

Consequen tly , searc hing f

1

in the form f

1

( u

1

; u

2

) = P

1

( u

1

) + Q

1

( u

2

), with P

1

a p olynomial

of the fourth degree and Q

1

a p olynomial of the second degree, w e �nd that necessarily

P

1

�

e

2 �

e

2 �

+ 1

�

+ Q

1

�

e

2 �

(1 � e

2 �

)

( e

2 �

+ 1)

2

�

=

2 e

2 �

( e

2 �

+ 1)

2

:

using a sym b olic computing soft w are (MuP ad, Maple), w e obtain a linear system of 5

equations with 5 unkno wns of range 3, that is

P

1

( X ) = � 4 �X

4

+ 4 �X

3

� ( � + 2 � � 2) X

2

+ � X ;

Q

1

( Y ) = �Y

2

+ (2 � � ) Y ;

with � , � in R .

Similarly , if f

2

( u

1

; u

2

) = P

2

( u

1

) + Q

2

( u

2

), w e obtain

P

2

( X ) = � 4 
 X

4

+ 4( 
 + 2) X

3

� ( 
 + 2 � + 6) X

2

+ � X ;

Q

2

( Y ) = 
 Y

2

+ (2 � � ) Y :

with � , 
 in R .

Since @

u

1

f

2

(0 ; 0) = 0, � = 0. Let us compute d f at u

�

and u

+

:

d f ( u

�

) =

�

� 2 � �

0 2

�

;

d f ( u

+

) =

�

� 6 � � 3 � + 4 � 2 � � � + 2

� 6 
 + 12 � 2 
 + 2

�

:

Since the sho c k is a Lax 2-sho c k (H4), � = a

�

m ust b e negativ e. Moreo v er, as � u

0

1

( � ) = �u

0

2

( � )

tends to � 1 = 3 as � tends to + 1 , (1 ; � 3)

T

is an eigen v ector of d f ( u

+

) asso ciated with

� 2, for all � < 0, 
 , � 2 R . The other eigen v alue of d f ( u

+

), b

+

= � 6 � � 3 � � 2 
 + 6

m ust b e negativ e (H4). Let us c ho ose � = 
 = 3 = 2 and � = � 1 = 2. Th us a

+

= � 5 = 2, so

d f ( u

+

) is diagonalizable and satis�es (H4).

In conclusion, the 
ux of the 2 � 2 system w e are going to study n umerically is

f

1

( u

1

; u

2

) = � 6 u

4

1

+ 6 u

3

1

+

1

2

u

2

1

�

a

2

u

1

+

3

2

u

2

2

+

5

2

u

2

;

f

2

( u

1

; u

2

) = � 6 u

4

1

+ 14 u

3

1

�

15

2

u

2

1

+

3

2

u

2

2

+ 2 u

2

;
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the deriv ativ es at u

�

are

d f ( u

�

) =

 

�

7

2

�

1

2

3 � 1

!

and d f ( u

+

) =

 

�

1

2

5

2

0 2

!

;

and the asso ciated eigen v alues and eigen v ectors are

a

�

= �

1

2

r

�

=

�

1

0

�

b

�

= 2 s

�

=

�

1

1

�

a

+

= �

5

2

r

+

=

�

1

� 2

�

b

+

= � 2 s

+

=

�

1

� 3

�

2.4 Numerical sim ulations

2.4.1 Numerical Analysis

In this section, w e sim ulate the instabilit y of the pro�le that w e ha v e determined ab o v e.

In [47], Lattanzio and Serre consider a second order MUSCL discrete appro ximation of

2 coupled with a second-order TVD Runge-Kutta splitting sc heme. They pro v e the con-

v ergence of the n umerical solutions to w ards an en trop y solution of 1. Because of the

sti�ness of the system when " is small, a particular atten tion will b e paid to approac h

accurately (2). It is, indeed, necessary to c hec k that the blo w up of the n umerical results

is not due to the sti�ness of the source term. T o this end, ad ho c tec hniques exist. F or

example [49] constitutes a go o d approac h for this kind of systems. Here, w e suggest a

simple but e�ectiv e metho d : for small enough time and space steps the system is ac-

curately appro ximated b y a splitting metho d (see 4.1.2) with implicitation of the source

term. Some studies ha v e b een p erformed to observ e the b eha vior of an unstable pro�le.

F or example, in [9] M. Bultelle, M. Grassin and D. Serre pro v e the existence of an un-

stable strong stationary pro�le for the Go duno v sc heme and sim ulate its b eha vior. As in

their w ork it has b een necessary to p erturb the pro�le to observ e \quic kly" the instabilit y .

Sti� source terms

The di�cult y to appro ximate the previous system is due to the source term:

1

"

( f ( u ) � v ) :

Indeed, since no sc heme can accurately approac h (2) for v ery small " , w e cannot observ e

v ery accuratly the relaxation to the equilibrium de�ned as :

Z ( S ) = f ( u ; v ) j f ( u ) � v = 0 g :

W e will sa y that a source term is sti� when there is an extremel y large range of (coupled

or not) spatial and temp oral mo des. This notion can not b e mathematically de�ned, so
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to w ell-understand what a sti� problem is, w e giv e a simple example :

�

u

t

+ au

x

= �

1

"

u;

u ( x; 0) = u

0

( x ) = 1 l

[ 
 ; 0]

( x ) :

(13)

Here 
 is a real constan t suc h that there exists

�

k 2 Z

�

�

suc h that

�

k � x � 
 < (

�

k + 1)� x

and a; " 2 R

�

+

. The exact solution of (13) is u ( x; t ) = u

0

( x � at ) e

� t="

. The aim is no w

to compare the exact solution of (13) with those calculated with a splitting metho d. W e

recall that the principle of a splitting metho d to solv e :

u

t

+ f ( u )

x

= S ( u ) ; (14)

is the follo wing : w e solv e (14) in, at least, t w o steps :

8

<

:

V

t

+ f ( V )

x

= 0 = L

f

( V ) ; t 2 ] t

n

; t

n

�

[ ;

V

t

� S ( V ) = 0 = L

S

( V ) ; t 2 [ t

n

�

; t

n +1

] ;

(15)

where L

f

et L

S

are resp ectiv ely the con v ection and the source op erator. Here, w e c ho ose

the simplest splitting metho d. So, �nally what is solv ed is : V

n +1

= ( L

n

f

L

n

S

) V

n

, where L

n

f

and L

n

S

are appro ximations of L

f

and L

S

. The Strang splitting w ould consist in taking as

an appro ximation V

n +1

= ( L

n= 2

f

L

n

S

L

n= 2

f

) V

n

. W e can pro v e that the solution of (15) tends

to the solution of (14) [50]. Here, the con v ection op erator is approac hed b y an explicit

up wind sc heme, and the source op erator b y an explicit Euler sc heme. Then, for a linear

equation the splitting sc heme simply reads : setting � = (1 � � )(1 �

� t

�

) and � = � (1 �

� t

�

)

:

u

n +1

j

= �u

n

j

+ � u

n

j � 1

:

So, w e solv e this equation using a F ourier transform :

^u

n

( � ) = ( � + � e

i (� x ) �

)

n

^u

0

( � ) ;

that giv es :

^u

n

( � ) =

X

k =0 ;n

C

k

n

�

k

�

n � k

e

� i (� x ) � ( n � k )

^u

0

( � ) :

No w using the in v erse F ourier transform yields :

u

n

( x ) =

 

X

k =0 ;n

C

k

n

�

k

�

n � k

�

k � x

!

� u

0

( x ) :

Assuming no w that 
 is v ery "large", w e �nally ha v e :

u

n

( x ) =

X

k 2 [

x

� x

;n ]

C

k

n

�

k

�

n � k

:
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Kno wing the v alues of � and � , w e obtain, with � = a

� t

� x

:

u

n

( x ) =

�

1 �

� t

"

�

n

X

k 2 [

x

� x

;n ]

C

k

n

�

k

(1 � � )

n � k

: (16)

Finally the cen tral p oin t is that when

� t

"

� 1 w e get :

�

1 �

� t

"

�

n

� e

�

n � t

"

: (17)

The equiv alence (17) represen ts the cen tral p oin t of the previous calculus. Indeed, it sho ws

that ev en if � t and � x are v ery small, the splitting can not appro ximate accurately (13)

when " tends to zero. So in this case w e can talk ab out sti� sour c e term problem. W e

can add that in equation (16) the di�usion of the n umerical solution app ears clearly :

X

k 2 [

x

� x

;n ]

C

k

n

�

k

(1 � � )

n � k

:

Remark 2.4.1 The numeric al di�usion is then e qual to 0 and the err or j u

n

� u ( n � t ) j is

e qual to j

�

1 �

� t

�

�

n

� e

�

n � t

�

j , when � = 1 .

In conclusion, when

� t

"

� 1 is not satis�ed, the n umerical sc heme do es not approac h cor-

rectly the system, and the n umerical solution is then incorrect; this in v olv es, for example,

some wrong propagation sp eeds and then some spurious solutions. It is the main problem

that is observ ed in this kind of relaxation problem.

Nev ertheless, in our case this di�cult y can b e a v oided b y considering not to o small " .

Indeed, the result of sp ectral instabilit y is indep enden t of the v alue of " and then can b e

c hosen as wished. F urthermore, since the di�usion of the sc heme stabilizes the n umerical

solution, the risk is to stabilize the unstable pro�le. W e will see that it do es not happ en.

The n umerical sc heme

The sc heme that w e are going to use is then a splitting sc heme whic h is a go o d approac h

for this system when " is not to o small.

1. The appro ximation of the �rst step of (15) , L

n

f

, is based on the VFF C (\V olume Finis

�a Flux Caract � eristiques") metho d [25]. This sc heme can b e written for t 2 ] t

n

; t

n

�

[

in an explicit form as :

V

n

�

j

= V

n

j

�

� t

n

� x

j

( f

n

�

j +1 = 2

� f

n

�

j � 1 = 2

) :

W e set U

n

j +1 = 2

= U ( V

n

j

; V

n

j +1

). With these notations w e ha v e :

f

n

�

j +1 = 2

=

f ( V

n

�

j

) + f ( V

n

�

j +1

)

2

� U

n

j +1 = 2

 

f ( V

n

�

j +1

) � f ( V

n

�

j

)

2

!

;

where the matrix U is the sign matrix of the jacobian matrix d f .
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2. In the second step w e approac h L

S

with :

V

n +1

j

= V

n �

j

+ � t

n

S ( V

n +1

j

) :

In [60] w e ha v e studied this system in detail and observ ed that for

� t

"

o v er 10

� 1

this

(splitting) sc heme is stable, but is a little di�usiv e.

Numerical results

W e ha v e sim ulated the instabilit y of the pro�le found in the �rst part, taking " =

1

9

,

and " =

1

100

. As men tioned in Subsection 2.4.1, it is imp ortan t to set on

� t

"

to b e small

enough to sim ulate the exp onen tial b eha vior of the solution. The v alue of this ratio has

b een tak en equal to 10

� 2

in the t w o cases. F uthermore to a v oid a to o \large" di�usion

due to the grid, � x has b een set on to b e 10

� 2

. Finally in the t w o studied cases the

CFL n um b er has b een c hosen equal to 0 : 5. A t this CFL n um b er the di�usion remains

imp ortan t but not enough to stabilize the pro�le. The results are presen ted as follo ws :

in a �rst step, w e giv e a represen tation of the solution of system (2) with our unp erturb ed

pro�le, as initial data. Note that without p ertubation, the pro�le remains steady and

stable, at least when the sim ulated time is not to o large. Afterw ards the n umerical p er-

turbations destabilize the pro�le. In a second step, the initial pro�le has b een p erturb ed.

W e will see that this p ertubation in v olv es a destabilization of the pro�le. A t �rst, w e

dra w the initial pro�les of u

1

, u

2

.

First case : a = 3 and " =

1

9

W e ha v e sim ulated the phenomenon with " =

1

9

. The

follo wing graphs sho w the sho c k pro�le in the phase space ( u; v ) at three di�eren t times.

The last one represen ts the comp onen ts of the pro�le with resp ect to time and space

v ariables. W e can observ e that, as exp ected, the pro�le b ecomes unstable when the time

gro ws. Note that at this time the unp erturbated pro�le has not blo wn up.

Second case : a = 10 and " =

1

100

In that con�guration, the CFL n um b er is equal to 0.3.

As in the previous paragraph w e sho w the pro�le in the phase space, and its comp onen ts

with resp ect to time and space.

2.5 Conclusion

In this pap er w e ha v e exhibited an unstable strong sho c k pro�le satifying the Lax sho c k

condition. W e p oin t out that the existence of suc h a sp ectrally unstable Lax sho c k pro�le

emphasizes the fact that the Lax sho c k condition for a strong sho c k do es not ensure

stabilit y . Since our system is not a ph ysical one the next step w ould b e to discuss the use of

the Lax condition for strong sho c k pro�les in ph ysical con texts. Besides, an impro v em en t

of the calculation of the Ev ans function w ould b e necessary to ev aluate precisely the rate

of blo wing up with resp ect to time.
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2.6 App endi x : Numerical determination of the Ev ans function

The Ev ans function is the W ronskian of a linear dynamical system dep ending of a pa-

rameter � . W e refer to [32] for the construction of the Ev ans function for the semi-linear

relaxation. Using the notations of Subsection 2.2.3 w e ha v e to solv e :

W

0

= A ( � ; x ) W : (18)

Then, w e describ e the general b eha vior of the solutions of the unstable (resp. stable)

manifold through the w edge pro duct of a basis ( W

�

1

; W

�

2

) (resp. ( W

+

1

; W

+

2

)) of these

spaces :

W

�

( �; x ) = f W

�

1

( �; x ) ; W

�

2

( �; x ) g ;

W

+

( �; x ) = f W

+

1

( �; x ) ; W

+

2

( �; x ) g :

The Ev ans function is giv en b y

D ( � ) = W

+

( �; x ) ^ W

�

( �; x ) : (19)

Remark 2.6.1 The e asiest way to determine D ( � ) would b e to c ompute explicitly the

determinant det ( W

�

i

) after having c ompute d W

i

using (18) and evaluate d it at x = 0 .

Nevertheless we have observe d that such a dir e ct appr o ach using an explicit Euler metho d

to p erform the c omputation of W

�

1 ; 2

fails.

It is p ossible to discretize (18) with a Runge Kutta metho d to obtain more precise results.

Another idea to circum v en t this di�cult y is to use a tec hnique dev elop ed b y L. Brin [8]

: w e compute W

+

and W

�

using a dynamical system obtained from (18) . Indeed, there

exists a matrix A 2 M

6

( R ) suc h that

�

( W

1

^ W

2

)

0

= A ( W

1

^ W

2

) ;

W ( �1 ) = 0 :

(20)

Note that W

�

b oth solv e

�

( W

�

)

0

( x ) = AW

�

( x ) ;

W

�

= 0 :

(21)

W e conclude using (19). The adv an tage of suc h a tec hnique is to a v oid solving a sti�

dynamical system. Numerically system (21) is solv ed using a Runge-Kutta metho d of

order 4 (describ ed in [15 ], p106), whic h is robust and precise. Here is the v alue of the

matrix A :

A =

0

B

B

B

B

B

B

B

@

@

1

f

1

+ @

2

f

2

a

2

0 �

� +1

a

2

� +1

a

2

0 0

0

@

1

f

1

a

2

0

@

2

f

1

a

2

0 0

� � 0

@

1

f

1

a

2

0

@

2

f

1

a

2

�

� +1

a

2

�

@

1

f

2

a

2

0

@

2

f

2

a

2

0

� +1

a

2

0 0

@

1

f

2

a

2

0

@

2

f

2

a

2

0

0 0 � � � 0 0 :

1

C

C

C

C

C

C

C

A

:

The results w e obtained n umerically with a Runge Kutta metho d of order 4 coupled with

the Brin's metho d sho w a function whic h v anishes v ery close to zero. Unfortunately , at

the momen t w e are not able to pro v e n umericall y that the Ev ans function v anishes for a

p ositiv e � .
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3. RELAXA TION SEMI-LIN

�

EAIRE : LIEN ENTRE LA VISCOSIT

�

E

ET LA RELAXA TION SEMI-LIN

�

EAIRE

3.1 In tro duction

Soit un syst � eme h yp erb olique de n lois de conserv ation, n � 2,

u

t

+ f ( u )

x

= 0 ; x 2 R ; t � 0 ; (1)

f 2 C

1

( R

n

; R

n

) : (2)

On v eut appro c her les solutions de (1) au mo y en de la relaxation semi-lin � eaire

u

t

+ v

x

= 0 ; (3)

v

t

+ a

2

u

x

=

1

�

( f ( u ) � v ) ; (4)

o � u a est une constan te p ositiv e et � repr � esen te le temps de relaxation. Cette appro xima-

tion a � et � e in tro duite par Jin et Xin [42 ] p our obtenir des sc h � emas n um � eriques stables.

In tro duisons la notation suiv an te

�

u

v

�

t

= �

�

v

a

2

u

�

x

+

1

�

�

0

f ( u ) � v

�

=: L

r

�

u

v

�

:

Soit ( u

�

; u

+

; s ) une discon tin uit � e de (1) v � eri�an t la condition de Rankine-Hugoniot

H 1 f ( u

+

) � f ( u

�

) = s ( u

+

� u

�

);

on supp ose (1) strictemen t h yp erb olique aux p oin ts u

�

et u

+

, c'est � a dire

H 2 les di� � er entiel les d f ( u

�

) sont diagonalisables �a valeurs pr opr es simples et r � eel les.

Un pro�l de c ho c relian t ( u

�

; v

�

)

T

et ( u

+

; v

+

)

T

�a la vitesse s est une onde progressiv e

�

U : � = ( x � st ) =� 7! ( � u ( � ) ; �v ( � ))

T

qui v � eri�e

( a

2

� s

2

) � u

0

= f ( � u ) � s �u �

�

f ; (5)

�v = s �u +

�

f ; (6)

lim

� !�1

�u ( � ) = u

�

; lim

� !�1

�v ( � ) = f ( u

�

) ;

�

f := f ( u

�

) � su

�

: (7)

La condition sous-caract � eristique n � ecessaire � a l'existence de pro�ls de c ho cs a � et � e form ul � ee

dans le cadre de la relaxation g � en � erale par Liu [52 ] et s' � enonce comme suit dans le cas

semi-lin � eaire
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H 3 la c ondition sous-c ar act � eristique est v � eri� � ee aux � etats u

�

a > max ( � (d f ( u

�

)) ; j s j ) ; (8)

o � u � d � esigne le ra y on sp ectral.

L'existence de pro�ls de c ho cs requiert des h yp oth � eses suppl � emen taires sur le triplet

( u

�

; u

+

; s ) : les plus fr � equemm en t rencon tr � ees son t l'h yp oth � ese de c ho c de Lax, celle de

c ho c sous-compressif ou de c ho c surcompressif [16 ], qui s'exprimen t comme in � egalit � es sur

d f ( u

�

). On supp ose que

H 4 il existe un pr o�l de cho c satisfaisant (5)-(6)-(7).

Lin � earisons l'op � erateur L

r

au v oisinage de ( � u; �v )

T

et notons L

r

l'op � erateur ainsi obten u.

On dit qu'un pro�l de c ho c est sp e ctr alement stable si l'op � erateur L

r

n'a pas de sp ectre

dans le demi-plan f Re( � ) > 0 g .

On v eut � etudier le cas o � u a devien t grand, � a s �x � e , et plus pr � ecis � emen t la limite du sp ectre

de l'op � erateur L

r

.

Ramenons-nous tout d'ab ord au cas d'un c ho c stationnaire et d'un temps de relaxation

� egal � a 1. Appliquons le c hangemen t de v ariables suiv an t � a (3)-(4) :

~x =

x � st

� ( a

2

� s

2

)

;

~

t =

t

� ( a

2

� s

2

)

:

Notons ~ u ( ~ x;

~

t ) := u ( x; t ), ~ v ( ~ x;

~

t ) := u ( x; t ). Sac han t, d'apr � es la condition sous-caract � eristique

(H8), que a > j s j , on p eut d � e�nir � :=

p

a

2

� s

2

. Le syst � eme (3)-(4) devien t alors

� s ~u

~x

+ ~ u

~

t

+ ~ v

~x

= 0 ;

� s ~v

~x

+ ~ v

~

t

+ a

2

~u

~

t

= �

2

( f ( ~ u ) � ~v ) :

En in tro duisan t

~

~v := ~ v � s ~u �

�

f et

~

f ( u ) := f ( u ) � su �

�

f , on ab outit �a

~u

~

t

+

~

~v

~x

= 0 ;

~

~v

~

t

+ �

2

~u

~x

� 2 s

~

~v

~x

= �

2

(

~

f ( ~ u ) �

~

~v ) :

P our simpli�er, on supprime d � esormais la notation ~ (tilde).

On s'in t � eresse dor � ena v an t au syst � eme

u

t

+ v

x

= 0 ; (9)

v

t

+ �

2

u

x

� 2 sv

x

= �

2

( f ( u ) � v ) : (10)

Le nouv eau syst � eme dynamique r � egissan t les pro�ls de c ho cs asso ci � es est

�u

0

= f ( � u ) ; (11)

�v = 0 ; (12)

lim

� !�1

�u ( � ) = u

�

(13)

et on s'in t � eresse dor � ena v an t au cas o � u � tend v ers + 1 .

En faisan t un d � ev elopp emen t de Chapman-Ensk og en 1 =�

2

de (9)-(10), on obtien t (for-

mellem e n t)

u

t

+ f ( u )

x

= u

xx

+ O

�

1

�

2

�

: (14)
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On remarque que (14) est une appro ximation par viscosit � e de matrice de viscosit � e B ( u ) :=

I

n

mo y ennan t le c hangemen t d' � ec helle e�ectu � e en 1 =� . De plus, les pro�ls �u

v

de c ho c

stationnaire relian t u

�

�a u

+

son t solutions de

�u

0

v

= f ( � u

v

) ;

�u � !

�1

u

�

:

On obtien t le m ^ eme syst � eme d'EDO que p our les pro�ls stationnaires de (9)-(10), a v ec

�v = 0.

Lin � earisons main tenan t (9)-(10) autour d'un pro�l ( � u ; 0) :

u

t

+ v

x

= 0 ; (15)

v

t

+ �

2

u

x

� 2 sv

x

= �

2

( A ( x ) u � v ) : (16)

c'est � a dire

�

u

v

�

t

=

�

0

n

� I

n

� �

2

I

n

2 sI

n

� �

u

v

�

x

+

�

0

n

0

n

�

2

A ( x ) � �

2

I

n

� �

u

v

�

=: L

r

( � )

�

u

v

�

;

a v ec A ( x ) := d f ( � u ( x )). En lin � earisan t l'appro ximation par viscosit � e autour du m ^ eme pro�l

�u , on obtien t

u

t

= � ( A ( x ) u )

x

+ u

xx

=: L

v

u:

D'apr � es les r � esultats exp os � es dans [24, 30 ], le sp ectre essen tiel des op � erateurs L

v

et L

r

( � )

est situ � e dans f � 2 C = Re ( � ) < 0 g [ f 0 g . L' � etude du sp ectre de ces op � erateurs dans


 := f Re ( � ) > 0 g se r � esume alors �a la rec herc he de v aleurs propres. On consid � ere le

syst � eme dynamique d � eriv � e de l' � equation aux v aleurs propres de l'op � erateur L

v

: soit � 2 C ,

Re( � ) > 0, une v aleur propre de L

v

et ( u; v )

T

2 H

1

( R ; R

2 n

) une fonction propre asso ci � ee ;

alors, en notan t v = A ( x ) u � u

0

, on obtien t

�

u

v

�

0

=

�

A ( x ) � I

n

� �I

n

0

n

� �

u

v

�

=: A

v

( x; � )

�

u

v

�

: (17)

De fa� con similaire, on asso cie � a l' � equation aux v aleurs propres de L

r

( � ) le syst � eme dyna-

mique du premier ordre suiv an t :

�

u

v

�

0

=

0

@

A ( x ) �

2 s�

�

2

I

n

�

�

1 +

�

�

2

�

I

n

� �I

n

0

n

1

A

�

u

v

�

=: A

r

( � ; �; x )

�

u

v

�

: (18)

On remarque ais � emen t que

lim

� ! + 1

A

r

( � ; � ; � ) = A

v

( � ; � ) ;

et que, plus pr � ecis � emen t,

A

r

( � ; � ; � ) = A

v

( � ; � ) +

1

�

2

�

� 2 s� � �I

n

0

n

0

n

�

=: A

v

( � ; � ) +

�

�

2

B : (19)

D'apr � es les tra v aux de Gardner et Zum brun [24] et Benzoni, Serre et Zum brun [4], on

construit alors une fonction d'Ev ans D

v

: � 7! D

v

( � ) asso ci � ee �a L

v

, analytique dans 
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comme un W ronskien de 2 n solutions de (18), don t les n premi � eres formen t une base de

l'espace des solutions tendan t v ers 0 en + 1 et les n derni � eres une base de l'espace des

solutions tendan t v ers 0 en �1 . P arall � elemen t, en suiv an t la construction donn � ee dans

[30], on d � e�nit une fonction d'Ev ans D

r

: ( � ; � ) 7! D

r

( � ; � ) similaire p our l'op � erateur

L

r

( � ). D'apr � es sa d � e�nition, la fonction d'Ev ans D

v

(resp. D

r

( � ; � ) s'ann ule en � si et

seulemen t si � est une v aleur propre de L

v

(resp. de L

r

( � )).

3.2 R � esultat

Le but de cette note est de mon trer la prop osition suiv an te

Prop osition 3.2.1

Soit � 2 
 . On supp ose les hyp oth � eses (H1-4) satisfaites. Pour � 2 V , ave c V un voisinage

de + 1 , on a

j D

r

( � ; � ) � D

v

( � ) j �

C

�

2

; (20)

ave c C une c onstante ind � ep endante de � et lo c alement b orn � ee en � .

Remarque 3.2.1 L a similarit � e des r � esultats de c onditions n � ec essair es de stabilit � e sp e c-

tr ale donn � es p our l'appr oximation p ar visc osit � e p ar Gar dner et Zumbrun [24 ] et p ar Ben-

zoni, Serr e et Zumbrun [4] et p our la r elaxation semi-lin � eair e [30] donnaient l'intuition

d'un tel r � esultat.

On en tire le corollaire suiv an t, gr^ ace �a l'application du th � eor � eme de Rouc h � e :

Corollaire 3.2.1

Soient 
 un chemin ferm � e de 
 .On supp ose 
 d'indic e 0 p ar r app ort � a tout p oint ext � erieur

�a 
 et d'indic e 1 ou 0 p our tout p oint dans 
 n 
 . On app el le 


1

l'ensemble des p oints tel

que l'indic e de 
 p ar r app ort � a c es p oints soit 1 .

On supp ose que D

v

n 'a p as de z � er os sur 
 .

Soit C




:= sup

� 2 


f C > 0 ; tel que (20) soit v � eri� � ee g :

A lors, p our

� >

s

C




inf




j D

v

j

;

D

r

( � ; � ) et D

v

ont le m ^ eme nom bre de z � eros a v ec la m ^ eme m ultiplic it � e dans la r � egion 


1

.

D'apr � es le corollaire, on p eut suivre les v aleurs propres instables de l'op � erateur de re-

laxation semi-lin � eaire lin � earis � e a v ec leur m ultiplic it � e, quand la vitesse de relaxation a

devien t tr � es grande (v oir �gure 3.1) : leurs limites son t les v aleurs propres de l'op � erateur

de viscosit � e, comme le laissait pr � ev oir le d � ev elopp emen t formel de Chapman-Ensk og (14).
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t 7! 
 ( t )

Re ( � )

Im ( � )


 �




1




Z � eros de D

v

Z � eros de D

r

Fig. 3.1: Z � eros de D

v

et de D

r

3.3 Preuv e de la prop osition

P our ab order la construction de la fonction d'Ev ans, on � etudie tout d'ab ord le comp orte-

men t asymptotique des solutions des syst � emes dynamiques (18) et (17).

Notons

A

v ; �

( � ) := lim

x !�1

A

v

( x; � )

et

A

r ; �

( � ; � ) := lim

x !�1

A

r

( � ; �; x ) :

Du fait de l'h yp oth � ese de stricte h yp erb olicit � e de (1) aux � etats u

�

, les v aleurs propres

de d f ( u

�

) son t r � eelles et distinctes : notons-les ( a

�

i

)

i 2f 1 ;::: ;n g

. Ainsi, le p olyn^ ome ca-

ract � eristique de A

v ; �

( � ) se d � ecomp ose en

P

v ; �

( � ) :=

n

Y

i =1

( �

2

� a

�

i

� � � )

et ses racines son t

�

v ; �

";i

=

a

�

i

+ "

p

( a

�

i

)

2

+ 4 �

2

; " = � 1 ; i 2 f 1 ; : : : ; n g :
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En prenan t � r � eel et tr � es grand et en faisan t un d � ev elopp emen t asymptotique en � , on

note que �

v ; �

";i

et " on t le m ^ eme signe. Gr^ ace au th � eor � eme de con tin uit � e de l'ensem ble

des solutions par rapp ort au param � etre � , on en conclut que A

v ; �

( � ) a exactemen t n

v aleurs propres de partie r � eelle strictemen t p ositiv e et n v aleurs propres de partie r � eelle

strictemen t n � egativ e p our � 2 
. Classons-les de la fa� con suiv an te

Re ( �

v ; �

1

( � )) � : : : � Re( �

v ; �

n

( � )) < 0 < Re( �

v ; �

n +1

( � )) � : : : � Re( �

v ; �

2 n

( � )) :

Le p olyn^ ome caract � eristique de A

r ; �

( � ; � ) s' � ecrit

P

r ; �

( � ) :=

n

Y

i =1

�

�

2

�

�

a

�

i

�

2 s�

�

2

�

� � �

�

1 +

�

�

2

��

et ses racines son t

�

r ; �

";i

=

a

�

i

� 2 s�=�

2

+ "

p

( a

�

i

)

2

+ 4 � + 4 �a

�

i

( a

�

i

� � �

2

s ) =�

4

2

; " = � 1 ; i 2 f 1 ; : : : ; n g :

Les matrices A

r ; �

et A

v ; �

n'on t pas de v aleur propre de partie r � eelle n ulle p our tout �

tel que Re( � ) > 0 et leurs sous-espaces propres stables et instables son t de dimension n

[24, 30 ]. En faisan t un d � ev elopp emen t asymptotique de �

r ; �

";i

en 1 =�

2

, on obtien t alors

�

r ; �

";i

= �

v ; �

";i

�

�s

�

2

 

2 � "

a

�

i

p

(( a

�

i

)

2

+ 4 � )

!

+ o

�

j � j

�

2

�

; i 2 f 1 ; : : : ; n g ; " = � 1 : (21)

On note (( x; � ) 7! �

1

( x; � ) ; : : : ; ( x; � ) 7! �

n

( x; � )) (resp. (( x; � ) 7! �

n +1

( x; � ) ; : : : ; ( x; � ) 7!

�

2 n

( x; � ))) une base des solutions du syst � eme dynamique

�

0

= A

v

( x; � )� (22)

tendan t v ers 0 quand x tend v ers + 1 (resp. quand x tend v ers �1 ) et telles que

j �

j

( x; � ) j �

x ! + 1

exp (Re( �

v ; +

j

( � )) x ) ; 8 j 2 f 1 ; : : : ; n g ;

j �

n + j

( x; � ) j �

x !�1

exp (Re( �

v ; �

j

( � )) x ) ; 8 j 2 f n + 1 ; : : : ; 2 n g :

On app elle B

v

la famille (�

j

)

j 2f 1 ;::: ; 2 n g

.

De m ^ eme, il existe un v oisinage V de + 1 p our lequel, p our tout � 2 V , on p eut d � e�nir

une base (	

1

( � ; x; � ) ; : : : ; 	

n

( � ; x; � )) (resp. (	

n +1

( � ; x; � ) ; : : : ; 	

2 n

( � ; x; � ))) de solutions

de

	

0

= A

r

( x; � )	 (23)

tendan t v ers 0 quand x tend v ers + 1 (resp. quand x tend v ers �1 ) et don t les � el � emen ts

se comp orten t comme suit :

j 	

j

( � ; x; � ) j �

x ! + 1

exp(Re ( �

r ; +

j

( � ; � )) x ) ; 8 j 2 f 1 ; : : : ; n g ;

j 	

n + j

( � ; x; � ) j �

x !�1

exp(Re ( �

r ; �

j

( � ; � )) x ) ; 8 j 2 f n + 1 ; : : : ; 2 n g :

Le d � ev elopp emen t asymptotique (21) des v aleurs propres �

r

p ermet d'asso cier le m ^ eme

ordre aux � et aux 	. On app elle B

r

la famille (	

j

)

1 � j � 2 n

.
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On d � e�nit la fonction d'Ev ans D

v

( � ) comme le d � eterminan t des (�

j

(0 ; � ))

j 2f 1 ;::: ; 2 n g

prises

en x = 0 et D

r

( � ; � ) comme le d � eterminan t des (	

j

( � ; 0 ; � ))

j 2f 1 ;::: ; 2 n g

.

Etudions main tenan t la di� � erence �

j

( x; � ) � 	

j

( � ; x; � ) =: '

j

( � ; x; � ), a v ec 1 � j � n .

On se restrein t � a l'in terv alle R

+

.

Lemme 3.3.1

Soient j 2 f 1 ; : : : ; n g , � 2 
 . A lors il existe un voisinage W de + 1 tel que, p our � 2 W ,

on a

j '

j

( � ; 0 ; � ) j � 2

j � j

�

2

k B k

�

v

( � )

sup

x 2 [0 ; + 1 [

j �

j

( x; � ) j ; (24)

o � u �

v

est une c onstante ne d � ep endant que de � .

Preuv e du lemme

D'apr � es Copp el [14 ] et gr^ ace au fait que ni A

v ; +

( � ) ni A

r ; +

( � ) n'on t de v aleurs propres

imaginaires pures, le syst � eme (22) admet une dic hotomie exp onen tielle sur la demi-droite

R

+

, c'est �a dire qu'il existe une pro jection P

v

( � ), des co e�cien ts C

v

( � ) > 0, �

v

( � ) > 0

tels que

j X ( x; � ) P

v

( � ) X ( y ; � )

� 1

j � C

v

( � ) e

� �

v

( � )( x � y )

; x � y � 0 ;

j X ( x; � )( I

n

� P

v

( � )) X ( y ; � )

� 1

j � C

v

( � ) e

� �

v

( � )( y � x )

; y � x � 0 ;

o � u X repr � esen te la matrice r � esolv an te de (22). En appliquan t la Prop osition 1, Section

4 (pp 34) dans [14 ], p our A

r

� ecrit comme p erturbation de A

v

(19), on mon tre que le

syst � eme dynamique (18) admet � egalemen t une dic hotomie exp onen tielle. On obtien t donc

les in � egalit � es suiv an tes :

j Y ( � ; x; � ) P

r

( � ; � ) Y ( � ; y ; � )

� 1

j � C

r

( � ; � ) e

� �

r

( � ;� )( x � y )

; x � y � 0 ;

j Y ( � ; x; � )( I

n

� P

r

( � ; � )) Y ( � ; y ; � )

� 1

j � C

r

( � ; � ) e

� �

r

( � ;� )( y � x )

; y � x � 0 ;

a v ec P

r

( � ; � ) une pro jection, C

r

( � ; � ) et �

r

( � ; � ) deux constan tes p ositiv es. En suiv an t

pas �a pas la d � emonstration de la Prop osition 1 (pp 28{34 de [14 ]), on obtien t :

C

r

( � ; � ) = C

v

( � ) +

5

2

j � j C

v

( � )

3

�

2

+ o

�

1

�

3

�

; (25)

�

r

( � ; � ) = �

v

( � )

�

1 �

j � j C

v

( � )

�

2

�

+ o

�

1

�

3

�

: (26)

En r � e � ecriv an t A

v

comme

A

v

= A

r

+

�

�

2

B ;

on constate que la di� � erence '

j

est solution de l' � equation di� � eren tielle

'

0

= A

r

' +

�

�

2

B �

j

;

et on p eut par cons � equen t l'exprimer comme

'

j

( � ; x; � ) =

�

�

2

�

Z

x

0

Y ( � ; x; � ) P

r

( � ; � ) Y ( � ; y ; � )

� 1

B �

j

( y ; � )d y

�

Z

+ 1

x

Y ( � ; x; � )( I

n

� P

r

( � ; � )) Y ( � ; y ; � )

� 1

B �

j

( y ; � )d y

�

;
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d'o � u, gr^ ace � a (25) et (26), on tire la ma joration

j '

j

( � ; x; � ) j � 2

j � j

�

2

k B k

�

v

( � )

j �

j

( � ; � ) j

L

1

x

([0 ; + 1 ])

:

2

On fait le m ^ eme raisonnemen t p our les solutions tendan t v ers 0 en �1 , corresp ondan t

aux indices j 2 f n + 1 ; : : : ; 2 n g dans les bases B

v

et B

r

.

Ainsi, en d � ev eloppan t D

r

( � ; � ) en utilisan t sa m ultili n � earit � e et le lemm e 3.3.1, on obtien t

D

r

( � ; � ) = det(	

1

( � ; 0 ; � ) ; : : : ; 	

2 n

( � ; 0 ; � ))

= det(�

1

(0 ; � ) ; : : : ; �

2 n

(0 ; � ))

+

2 n

X

j =1

det (�

1

(0 ; � ) ; : : : ; �

j � 1

(0 ; � ) ; '

j

( � ; 0 ; � ) ; �

j +1

(0 ; � ) ; : : : ; �

2 n

(0 ; � )) + O

�

1

�

4

�

;

d'o � u

j D

r

( � ; � ) � D

v

( � ) j �

C

�

2

;

a v ec C une constan te ind � ep endan te de � et lo calemen t b orn � ee en � .



4. DIFFUSION-DISPERSION

Les calculs pr � esen t � es ici on t � et � e faits de mani � ere ind � ep endan te par Kevin Zum brun [87].

4.1 In tro duction

On consid � ere la loi de conserv ation scalaire mono dimensionnelle

u

t

+ f ( u )

x

= 0 ; (1)

u : R � R

+

� ! R ;

o � u f est une fonction r � eguli � ere de R dans R non con v exe, c'est �a dire que f

00

n'a pas un

signe constan t.

On � etudie le mo d � ele disp ersif-di�usif

u

t

+ f ( u )

x

= " ( B ( u ) u

x

)

x

+ "

2

( C ( u ) u

xx

+ D ( u )( u

x

)

2

)

x

: (2)

Soit ( u

�

; u

+

; s ) un c ho c du syst � eme (1) satisfaisan t aux conditions habituelles, c'est � a dire

la condition de Rankine-Hugoniot

H 1 f ( u

+

) � f ( u

�

) = s ( u

+

� u

�

) ,

et l'h yp oth � ese de c ho c non caract � eristique

H 2 les d � eriv � ees f

0

( u

�

) sont di� � er entes de s .

De plus, on supp ose v � eri� � ee la condition suiv an te

H 3 B ( u

�

) > 0

qui s'apparen te � a la condition de parab olicit � e rencon tr � ee quand on a a�aire � a une appro xi-

mation par viscosit � e pure (cas o � u C et D son t n ulles).

A�n de s � electionner les c ho cs admissibles, on in tro duit la notion de couples en tropie-
ux

d'en tropie : une fonction � est une en tropie de (1) de 
ux q asso ci � e si p our toute solution

u r � eguli � ere de (1), l' � egalit � e suiv an te est v � eri� � ee

� ( u )

t

+ q ( u )

x

= 0 : (3)

Dans le cas o � u f est con v exe et o � u u est la solution

u ( x; t ) = u

�

; x > st;

= u

+

; x < st;
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une seule in � egalit � e d'en tropie de la forme

� ( u )

t

+ q ( u )

x

� 0 (4)

a v ec � strictemen t con v exe su�t � a s � electionner une unique solution au probl � eme de Cauc h y

[48]. Cette condition est � equiv alen te � a celle d'Oleinik

f ( u ) � f ( u

�

)

u � u

�

� s �

f ( u

+

) � f ( u )

u

+

� u

; (5)

p our tout u compris en tre u

�

et u

+

.

P our les 
ux f non-con v exes, alors que la condition d'Oleinik s � electionne les c ho cs admis-

sibles, une seule in � egalit � e d'en tropie est insu�san te � a d � eterminer des c ho cs ph ysiquemen t

admissibles [37].

Soit � une en tropie strictemen t con v exe, de 
ux asso ci � e q . Un c ho c de (1) de 
ux non-

con v exe f est dit non-classique s'il v � eri�e une in � egalit � e d'en tropie (4) mais pas la condition

d'Oleinik. De plus, on imp ose ici que les c ho cs ne satisfassen t pas la condition de Lax.

On s'in t � eresse aux pr o�ls de cho c de (2) �u : � = ( x � st ) =" ! �u ( � ) qui son t des ondes

progressiv es relian t u

�

�a u

+

et satisfaisan t

f ( � u )

0

� s �u

0

= ( B ( � u ) � u

0

)

0

+ ( C ( � u ) � u

00

)

0

+ ( D ( � u )( � u

0

)

2

)

0

; (6)

lim

� !�1

�u ( � ) = u

�

;

Dor � ena v an t, p our assurer que (6) reste du troisi � eme ordre, on supp osera de plus que

H 4 C ne s'annule p as.

En in t � egran t (6) en tre �1 et � (resp. en tre � et + 1 ), on obtien t

f ( � u ( � )) � s �u ( � ) = B ( � u ( � )) � u

0

( � ) + D ( � u ( � ))( � u

0

)

2

( � ) + C ( � u ( � )) � u

00

( � ) + j: (7)

Les conditions aux limites impliquen t que j = f ( u

+

) � su

+

= f ( u

�

) � su

�

.

On reform ule main tenan t (7) comme un syst � eme (non-lin � eaire) du premier ordre

8

<

:

�u

0

= � v ;

�v

0

=

f ( � u ) � s �u � B ( � u ) � v � D ( � u ) � v

2

� j

C ( � u )

;

don t les p oin ts d' � equilibre v � eri�en t

�

v

�

= 0 ;

f ( u

�

) � su

�

= j:

Prenons comme notation

�

�u

0

�v

0

�

=: F

�

�u

�v

�

: (8)

Les p oin ts U

�

:= ( u

�

; 0)

T

son t donc des p oin ts d' � equilibre et la di� � eren tielle de F aux

p oin ts U

�

s' � ecrit

d F

�

u

�

0

�

=

0

@

0 1

f

0

( u

�

) � s

C ( u

�

)

�

B ( u

�

)

C ( u

�

)

1

A

:

Examinons les cas o � u ( f

0

( u

�

) � s ) =C ( u

�

) < 0 et ( f

0

( u

�

) � s )( f

0

( u

+

) � s ) < 0 :
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� cas o � u ( f

0

( u

�

) � s ) =C ( u

�

) < 0 :

les v aleurs propres de d F ( U

�

) son t toutes les quatre de m ^ eme signe ou de partie r � eelle

de m ^ eme signe. Les p oin ts U

�

son t donc ou bien tous les deux attracteurs ou bien tous

les deux r � epulsifs : il n'y a pas d'orbite h � et � ero cline en tre u

�

et u

+

;

� cas o � u ( f

0

( u

�

) � s )( f

0

( u

+

) � s ) < 0 :

supp osons C ( u

�

) > 0. Alors soit la condition de Lax est v � eri� � ee soit on a f

0

( u

�

) < s <

f

0

( u

+

). Or, dans ce cas, d F ( U

�

) a deux v aleurs propres de m ^ eme partie r � eelle ou r � eelles

de m ^ eme signe � egal �a l'opp os � e de B ( u

�

), qui est p ositif d'apr � es (H3) : le p oin t U

�

est

attracteur et il n'y a pas d'orbite h � et � ero cline en tre u

�

et u

+

. De m ^ eme , si C ( U

�

) < 0,

on trouv e que U

+

est r � epulsif.

Ainsi, on doit n � ecessairemen t supp oser que les in � egalit � es suiv an tes son t v � eri� � ees

f

0

( u

�

) � s

C ( u

�

)

> 0 ;

qui son t � equiv alen tes ici au fait que U

�

son t des p oin ts-selles de F .

Etan t donn � e que C ne s'ann ule pas et donc garde le m ^ eme signe, f

0

( u

�

) � s et C ( u

�

)

doiv en t ^ etre de m ^ eme signe. En fait, en faisan t le c hangemen t de v ariable x en � x , on se

rend compte que les deux cas ( f

0

( u

�

) � s > 0 ; C ( u

�

) > 0) et ( f

0

( u

�

) � s < 0 ; C ( u

�

) < 0)

son t � equiv alen ts. D � esormais, on supp ose que

H 5 les p oints ( u

�

; 0)

T

sont des p oints-sel les de F et que f

0

( u

�

) � s et C sont p ositifs.

Les c ho cs satisfaisan t cette condition son t sous-compressifs, c'est �a dire que deux ca-

ract � eristiques ren tren t dans le c ho cs et deux en ressorten t [71 ]. Supp osons que le c ho c

v � eri�e une in � egalit � e d'en tropie (4), a�n que ( u

�

; u

+

; s ) soit un c ho c non-classique. En�n

on fait l'h yp oth � ese

H 6 il existe un pr o�l de cho c �u qui joint asymptotiquement les � etats u

�

et u

+

.

Ces pro�ls de c ho cs dans le cas du mo d � ele Kortew eg-deV ries-Burgers mo di� � e

u

t

+ ( u

3

)

x

= "u

xx

+ � u

xxx

; (9)

on t � et � e � etudi � es par D. Jacobs, B. McKinney et M. Shearer [40 ] et par B. Ha y es et P .

LeFlo c h [37], plus pr � ecis � emen t p our � > 0 et "=

p

� �x � e.

Soit u ( x; t ) = ~u ( � ; � ) a v ec � = ( x � st ) =" et � = t=" . L' � equation (2) devien t

~u

t

+ ( f

0

( ~ u ) � s ) ~ u

�

= ( B ( ~ u ) ~ u

�

)

�

+ ( C ( ~ u ) ~ u

� �

+ D ( ~ u ) ~ u

2

�

)

�

:

En notan t

~

f : u 7! f ( u ) � su � j et en omettan t les tildes p our simpli�er les notations, on

c hange le c ho c en un c ho c stationnaire, tout en n'oublian t pas que s est un param � etre, et

on ram � ene le p etit param � etre " �a 1. Le syst � eme que l'on consid � ere est main tenan t

u

t

+ ( f ( u ))

x

= ( B ( u ) u

x

)

x

+ ( C ( u ) u

xx

+ D ( u )( u

x

)

2

)

x

: (10)

Lin � earisons le syst � eme (10) au v oisinage du pro�l �u . Soit u = �u + v , alors v est solution

de

v

t

= � ( a ( x ) v )

x

+ ( b ( x ) v

x

)

x

+ ( c ( x ) v

xx

)

x

=: M v ; (11)
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a v ec

a ( x ) = f

0

( � u ( x )) � B

0

( � u ( x )) � u

0

( x ) � C

0

( � u ( x )) � u

00

( x ) � D

0

( � u ( x ))( � u

0

( x ))

2

;

b ( x ) = B ( � u ( x )) + 2 D ( � u ( x )) � u

0

( x ) ;

c ( x ) = C ( � u ( x )) :

On dit que le pro�l �u est sp e ctr alement stable si M n'a pas de sp ectre dans le demi-plan

f Re ( � ) > 0 g . On a le r � esultat suiv an t

Prop osition 4.1.1

Si le pr o�l �u est sp e ctalement stable, alors

sgn

�

Z

+ 1

�1

exp

�

�

Z

0

t

b ( s )

c ( s )

d s

�

�u

0

( t )( � u ( t ) � u

�

)d t

�

> 0 :

P our trouv er cette condition n � ecessaire de stabilit � e sp ectrale, on v a utiliser les tec hniques

de fonction d'Ev ans, d � ev elopp � ees notammen t par R. Gardner et K. Zum brun [24] : apr � es

a v oir mon tr � e que le sp ectre de M dans f Re ( � ) > 0 g n'est constitu � e que de v aleurs propres,

on v a transformer l' � equation aux v aleurs propres en � 2 C en syst � eme dynamique du

premier ordre. On d � e�nit une fonction d'Ev ans D comme un W ronskien de ce syst � eme

dynamique ne d � ep endan t que de � , analytique dans le demi-plan droit ouv ert et s'ann ulan t

si et seulemen t si � est une v aleur propre de M . De plus, elle est r � eelle p our des v aleurs

de � r � eelles. P ar cons � equen t, si D ne s'ann ule pas sur R , elle a n � ecessairemen t le m ^ eme

signe au v oisinage de 0 et de + 1 . L' � etude en 0 se r � ev � ele compliqu � ee car la d � eriv � ee du

pro�l est une fonction propre de M p our la v aleur propre 0 du fait de l'in v ariance par

translation. Cep endan t, gr^ ace au lemm e de l' � ecart (Gap Lemma) de R. Gardner et K.

Zum brun [24 ], on p eut prolonger analytiquemen t D �a un v oisinage de � = 0, et par

cons � equen t d � eterminer le signe de D au v oisinage de 0. En ce qui concerne le signe de D

en + 1 , on utilise une m � etho de homotopique due �a S. Benzoni, D. Serre et K. Zum brun

[4].

4.2 D � emonstration de la prop osition

On commence par � etudier le sp ectre de M dans le demi-plan droit ouv ert.

4.2.1 Sp ectre essen tiel de M

On consid � ere le sp e ctr e essentiel de M par rapp ort � a L

2

( R ), not � e �

ess

( M ), que l'on d � e�nit

par :

�

ess

( M ) = C n f �= M � � est un op � erateur de F redholm d'index 0 g :

En e�et, le sp ectre de l'op � erateur M dans le compl � em en taire de �

ess

( M ) n'est constitu � e

que de v aleurs propres [39 ] et, de plus, �

ess

( M ) est d � elimit � e par le sp ectre des op � erateurs

limites de M , qui son t donn � es par

M

�

v := � a

�

v

x

+ b

�

v

xx

+ c

�

v

xxx

;
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a v ec

a ( x ) � !

x !�1

a

�

:= f

0

( u

�

) ;

b ( x ) � !

x !�1

b

�

:= B ( u

�

) ;

c ( x ) � !

x !�1

c

�

:= C ( u

�

) :

Le sp ectre de M

�

, qui son t �a co e�cien ts constan ts, est ais � emen t calculable gr^ ace �a la

transform � ee de F ourier. On a le r � esultat suiv an t :

Prop osition 4.2.1

L e sp e ctr e essentiel de M et 
 := f �= Re ( � ) � 0 g n f 0 g ont une interse ction vide.

D � emonstration

P our v une solution de v

t

= M

�

v , la transform � ee de F ourier de v satisfait

^v

t

= � ( ia

�

� a

�

+ b

�

�

2

+ ic

�

�

3

) ^ v ;

d'o � u

� ( M

�

) = [

� 2 R

f � 2 C = ia

�

� a

�

+ b

�

�

2

+ ic

�

�

3

+ � = 0 g :

Soit � 2 �

ess

( M

�

). Alors il existe � 2 R tel que

ia

�

� a

�

+ b

�

�

2

+ ic

�

�

3

+ � = 0 : (12)

En consid � eran t la partie r � eelle de (12), on constate que, n � ecessairemen t, Re ( � ) � 0 et que

Re( � ) = 0 si et seulemen t si � = 0. Or, � = 0 implique que � = 0. Donc le sp ectre de M

�

est inclus dans C n 
.

L' � equation aux v aleurs propres de M s' � ecrit, p our � une v aleur propre et ' une fonction

propre asso ci � ee,

�' = � a

0

' + ( b � a

0

) '

0

+ ( b + c

0

) '

00

+ c'

000

: (13)

En notan t � = ( '

0

; '

00

; '

000

)

T

, on r � ecrit (13) comme un syst � eme dynamique du premier

ordre � a co e�cien ts v ariables

�

0

=

0

B

B

@

0 1 0

0 0 1

� + a

0

c

a � b

0

c

�

b + c

0

c

1

C

C

A

� =: A ( � ; x ) �: (14)

Les matrices A son t analytiques en � et r � eguli � eres en x , et leurs limites en x en �1

s' � ecriv en t

A

�

( � ) =

0

B

B

@

0 1 0

0 0 1

�

c

�

a

�

c

�

�

b

�

c

�

1

C

C

A

:

Lemme 4.2.1

Si � est de p artie r � eel le strictement p ositive, les matric es A

�

( � ) ont deux valeurs pr opr es

de p artie r � eel le n � egative, que l'on noter a �

�

1

( � ) et �

�

2

( � ) , et une valeur pr opr e r � eel le

p ositive, que l'on noter a �

�

3

( � ) .
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Preuv e

Comme A

�

son t des matrices de F rob enius, on sait que leurs p olyn^ omes caract � eristiques

son t

P

�

�

( � ) = c

�

�

3

+ b

�

�

2

� a

�

� � �

et que le v ecteur propre asso ci � e � a une v aleur propre � s' � ecrit (1 ; �; �

2

)

T

. Supp osons � r � eel

et p ositif et notons �

�

1

( � ), �

�

2

( � ) et �

�

3

( � ) les racines de P

�

�

. Au moins l'une de ces racines

est r � eelle. On omet momen tan � em e n t la notation � par souci de simplici t � e. Il y a en fait

deux cas :

Cas 1 : Il y a une racine r � eelle n � egativ e que nous app elons �

1

. Alors, comme �=c est

p ositif gr^ ace �a (H5), le pro duit �

2

�

3

est n � egatif et on note �

2

la racine n � egativ e et �

3

la racine p ositiv e.

Cas 2 : Il y a une racine r � eelle p ositiv e que nous app elons �

3

. Alors �

1

�

2

est p ositif.

Cas 2.1 : Si �

1

et �

2

son t r � eelles, elles on t m ^ eme signe. Mais �

1

+ �

2

+ �

3

= � b=c ,

donc si �

1

et �

2

son t p ositiv es, il y a con tradiction. Les racines �

1

et �

2

son t donc

n � egativ es.

Cas 2.2 : Si �

1

et �

2

ne son t pas r � eelles, elles son t conjugu � ees et on t donc la m ^ eme partie

r � eelle. Comme �

1

+ �

2

+ �

3

= 2Re( �

1

) + �

3

= � b=c , on en conclut que Re( �

1

) < 0.

P ar cons � equen t, il y a toujours deux v aleurs propres ( �

1

; �

2

) de partie r � eelle n � egativ e et

une racine r � eelle p ositiv e ( �

3

) . P ar con tin uit � e de l'ensem bl e des racines de P par rapp ort

au param � etre � , on en conclut que si � 2 
, P

�

a exactemen t deux racines de partie r � eelle

n � egativ e et une racine r � eelle p ositiv e.

2

Soit � 2 
. Comme P

�

n'a pas de racine dans i R , l'espace stable (resp. instable) de A

�

( � ),

S

�

( � ) (resp. S

�

( � )), c'est �a dire l'espace caract � eristique asso ci � e aux v aleurs propres de

A

�

de partie r � eelle n � egativ e (resp. de partie r � eelle p ositiv e) est de dimension 2 (resp. de

dimension 1). En appliquan t les r � esultats de [67 ], on obtien t

ind( A ( :; � )) = dim ( U

�

( � )) � dim ( U

+

( � )) = 0 :

En conclusion, p our � 2 C n 
, M

�

� � est un op � erateur de F redholm d'indice 0.

2

4.2.2 D � e�nition de la fonction d'Ev ans

Caract � erisons tout d'ab ord l'espace des solutions de (14) tendan t v ers 0 quand x tend

v ers �1 , espace dit instable en �1 .

D'apr � es le lemm e 4.2.1, on sait que �

�

3

( � ) est simple. Il y a donc une unique solution W

au syst � eme Z

0

= A

�

( � ) Z telle que

1. W ( �; x ) �

x !�1

exp( �

�

3

( � ) x ) V

�

3

( � ) a v ec V

�

3

( � ) un v ecteur propre de A

�

( � ) asso ci � e

�a �

�

3

( � ),

2. � 7! V

�

3

( � ) est analytique en � sur 0 = f Re ( � ) > 0 g .
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en x = �1 : a

�

> 0

�

�

1

(0) = m

�

1

�

�

2

( � ) � �

�

a

�

�

�

2

(0) = m

�

2

V

�

1

(0) =

0

@

1

m

�

1

( m

�

1

)

2

1

A

V

�

2

(0) =

0

@

1

0

0

1

A

V

�

3

(0) =

0

@

1

m

�

2

( m

�

2

)

2

1

A

T ab. 1: Comp ortemen t asymptotique quand x ! �1 et � ! 0

De plus, V

�

3

(

�

� ) est un v ecteur propre de A

�

( � ) asso ci � e �a �

�

3

( � ) car

A

�

( � ) V

�

3

(

�

� ) = A

�

( � ) V

�

3

(

�

� ) = �

�

3

( �; � ) V

�

3

(

�

� ) :

P ar cons � equen t, p our des � r � eels p ositifs, on p eut toujours c hoisir un v ecteur propre

V

�

3

( � ), asso ci � e �a �

�

3

( � ), dans R

3

.

Caract � erisons main tenan t l'espace stable en + 1 , c'est � a dire l'espace des solutions de (14)

tendan t v ers 0 en + 1 . P our cela, on � etudie le syst � eme

( X ^ Y )

0

= A

+

[2]

( � )( X ^ Y ) := ( A

+

( � ) X ) ^ Y + X ^ ( A

+

( � ) Y )

de la m ^ eme fa� con, car A

+

[2]

a une unique v aleur propre de plus p etite partie r � eelle, �

+

[2]

( � ) =

�

+

1

( � ) + �

+

2

( � ). P ar cons � equen t, il y a une unique solution � ( �; x ) 2 �

2

( C

3

) telle que

� ( �; x ) �

x ! + 1

e

�

+

( � ) x

�

+

( � ) ;

a v ec �

+

( � ) un v ecteur propre de A

+

[2]

asso ci � e � a �

+

[2]

( � ), �

+

( � ) analytique sur 0 . Consid � erons

un nom bre � r � eel p ositif. Comme �

+

1

( � ) et �

+

2

( � ) son t r � eelles ou conjugu � ees, �

+

[2]

( � ) est

r � eelle et n � egativ e. On p eut donc c hoisir �

+

( � ) �a comp osan tes r � eelles p our � r � eel.

On d � e�nit la fonction d'Ev ans comme

D ( � ) := g ( x )( � ( �; x ) ^ W ( �; x )) ;

a v ec g telle que D ne d � ep ende que de � . La fonction D est analytique sur 0 , s'ann ule si et

seulemen t si � est v aleur propre de M du fait que le sp ectre essen tiel de M � etan t con ten u

dans C n 
 (Prop osition 4.2.1), et p eut ^ etre c hoisie � a v aleurs r � eelles si � est r � eel.

Remarque 4.2.1 Si M n 'a p as de valeur pr opr e sur R

+ �

, alors n � ec essair ement D ne

s'annule p as sur R

+ �

et el le a le m ^ eme signe au voisinage de 0 et de + 1 .

4.3 Etude de la fonction d'Ev ans au v oisinage de 0

En � = 0, les v aleurs propres de A

�

(0) son t f 0 ; m

�

1

; m

�

2

g , a v ec c

�

( m

�

k

)

2

+ b

�

m

�

k

� a

�

=

0, p our k 2 f 1 ; 2 g . On c hoisit de prendre Re( m

�

1

) < 0 et Re ( m

�

2

) > 0. Soit V

�

k

un

v ecteur propre de A

�

(0) asso ci � e � a la v aleur propre �

�

k

, p our k 2 f 1 ; 2 g . Le comp ortemen t

asymptotique de V

�

k

et de �

�

k

au v oisinage de � est r � esum � e dans les tableaux 1 et 2. Gr^ ace
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en x = + 1 : a

+

> 0

�

+

1

(0) = m

+

1

�

+

2

( � ) � �

�

a

+

�

+

2

(0) = m

+

2

V

+

1

(0) =

0

@

1

m

+

1

( m

+

1

)

2

1

A

V

+

2

(0) =

0

@

1

0

0

1

A

V

+

3

(0) =

0

@

1

m

+

2

( m

+

2

)

2

1

A

T ab. 2: Comp ortemen t asymptotique quand x ! + 1 et � ! 0

au Gap Lemma [24], on d � e�nit trois fonctions �

1

, �

2

, �

3

, d � ep endan t de � (analytiquemen t)

et de x , solutions de (14) et qui se comp orten t de la fa� con suiv an te

�

1

( �; x ) =

x ! + 1

exp( �

+

1

( � ) x )

�

V

+

1

( � ) + O

�

e

� 
 j x j

��

; (15)

�

2

( �; x ) =

x ! + 1

exp( �

+

2

( � ) x )

�

V

+

2

( � ) + O

�

e

� 
 j x j

��

; (16)

�

3

( �; x ) =

x !�1

exp( �

�

3

( � ) x )

�

V

�

3

( � ) + O

�

e

� 
 j x j

��

; (17)

a v ec 
 une constan te p ositiv e. Gr^ ace au Gap Lemma [24 ], on prolonge la fonction d'Ev ans

D �a un v oisinage V de � = 0, et on l' � ecrit comme

D : 
 [ V � ! C

� 7! D ( � ) = exp

�

�

Z

x

0

tr ( A ( � ; s ))d s

�

det ( �

1

( �; x ) ; �

2

( �; x ) ; �

3

( �; x ))

= g ( x ) det( �

1

( �; x ) ; �

2

( �; x ) ; �

3

( �; x ))

a v ec

g : x 7! exp

�

�

Z

x

0

b ( s )

c ( s )

d s

�

:

P ar ailleurs, on remarque que

0

@

�u

00

�u

000

�u

0000

1

A

= A ( x; 0)

0

@

�u

0

�u

00

�u

000

1

A

;

et, comme �u

( d )

d � ecro ^ �t exp onen tiellem en t v ers 0 en �1 p our d 2 N , on c hoisit donc, en

� = 0,

�

1

(0 ; � ) = �

3

(0 ; � ) =

0

@

�u

0

�u

00

�u

000

1

A

;

d'apr � es le comp ortemen t d � ecrit en (15) et (17). De plus, on orien te V

+

1

(0) comme la

limite de ( � u

0

; �u

00

; �u

000

)

T

quand x tend v ers + 1 . Comme l'in tersection de S

+

(0) et de U

�

(0)

con tien t �

1

, D s'ann ule en 0. Or, on v eut � etudier le signe de D au v oisinage de 0 (v oir

Remarque 4.2.1), et il nous faut par cons � equen t calculer la d � eriv � ee de D en � = 0 au

mo y en des tec hniques d � ev elopp � ees dans [24, 4 ] :

D

0

(0) = g � det

�

@ �

1

@ �

�

�

�

�

� =0

; �

2

; �

3

�

+

�

�

1

; �

2

;

@ �

3

@ �

�

�

�

�

� =0

�

= g �

�

�

1

; �

2

;

�

@ �

3

@ �

�

@ �

1

@ �

�

�

�

�

�

� =0

�

:
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Notons z

k

:= @ �

k

=@ � p our k 2 f 1 ; 3 g . Les d � eriv � ees z

k

, k 2 f 1 ; 3 g , son t solutions de

z

0

= A ( �; x ) z +

0

@

0 0 0

0 0 0

c

� 1

0 0

1

A

�

1

; (18)

P ar ailleurs, en notan t �

k

= ( u

k

; u

0

k

; u

00

k

)

T

, k 2 f 1 ; 2 ; 3 g , a v ec u

k

solution de M u

k

= 0, on

a

( cu

00

k

)

0

+ ( bu

0

k

)

0

� ( au

k

)

0

= 0 : (19)

On in t � egre (19) en tre �1 et x et on obtien t

c ( x ) u

00

k

( x ) + b ( x ) u

0

k

( x ) � a ( x ) u

k

( x ) + M

k

= 0 ;

a v ec M

k

une constan te. Gr^ ace �a (15) et (17), on trouv e M

1

= M

3

= 0. Comme u

2

tend

v ers a

+

quand x tend v ers + 1 , M

2

= a

+

. P ar cons � equen t, on r � ecrit main tenan t �

k

comme

�

1

= �

3

=

0

B

@

1 0 0

0 1 0

a

c

�

b

c

1

1

C

A

0

@

�u

0

�u

00

0

1

A

=: B

0

@

�u

0

�u

00

0

1

A

;

�

2

= B

0

@

u

2

u

0

2

0

1

A

+

0

B

B

@

0

0

�

a

+

c

1

C

C

A

:

Notons � a pr � esen t z

k

= ( p

k

; p

0

k

; p

00

k

)

T

, p our k 2 f 1 ; 3 g . De m ^ eme que p our u

k

, p

k

est solution

de

( cp

00

k

)

0

+ ( bp

0

k

)

0

� ( ap

k

)

0

� �u

0

= 0 : (20)

P our k = 1 (resp. p our k = 3), on in t � egre (20) en tre x et + 1 (resp. �1 et x ) et on

trouv e

c ( x ) p

00

1

( x ) + b ( x ) p

0

1

( x ) � a ( x ) p

1

( x ) � ( � u ( x ) � u

+

) = 0

(resp.

c ( x ) p

00

3

( x ) + b ( x ) p

0

3

( x ) � a ( x ) p

3

( x ) � ( � u ( x ) � u

�

) = 0 :

�

En reform ulan t ces � equations en terme de z

k

, on obtien t

z

1

= B

0

@

p

1

p

0

1

0

1

A

+

0

B

B

@

0

0

�u � u

+

c

1

C

C

A

;

z

3

= B

0

@

p

3

p

0

3

0

1

A

+

0

B

B

@

0

0

�u � u

�

c

1

C

C

A

:
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On in tro duit ces expressions dans D

0

et on trouv e

D

0

(0) = g � det

0

B

B

@

B

0

@

�u

0

�u

00

0

1

A

; B

0

B

B

@

u

2

u

0

2

�

a

+

c

1

C

C

A

; B

0

B

B

@

p

3

� p

1

p

0

3

� p

0

1

[ u ]

c

1

C

C

A

1

C

C

A

= g �

�

�

�

�

�

�

�

�

�u

0

u

2

p

3

� p

1

�u

00

u

0

2

p

0

3

� p

0

1

0 �

a

+

c

[ u ]

c

�

�

�

�

�

�

�

�

; (car det ( B ) = 1) ;

=

g

c

�

�

�

�

�

�u

0

[ u ] u

2

+ a

+

( p

3

� p

1

)

�u

00

[ u ] u

0

2

+ a

+

( p

0

3

� p

0

1

)

�

�

�

�

a v ec [ u ] := u

+

� u

�

.

En notan t ~z

3

= a

+

( p

3

; p

0

3

)

T

, ~z

1

= a

+

( p

1

; p

0

1

)

T

� [ u ]( u

2

; u

0

2

)

T

et

~

�

1

= ( � u

0

; �u

00

)

T

, on obtien t

D

0

(0) = c

� 1

det(

~

�

1

; ( ~ z

3

� ~z

1

)) :

Comme

~

�

1

tend v ers 0 quand x tend v ers �1 et que ~z

3

tend v ers 0 quand x tend v ers

�1 , on a

det(

~

�

1

( x ) ; ~z

3

( x )) � !

x !�1

0 : (21)

De plus, ( u

2

; v

2

)

T

tend v ers (1 ; 0)

T

quand x tend v ers + 1 , donc ~z

1

est b orn � e sur R

+

et

det(

~

�

1

; ~z

1

) � !

x ! + 1

0 : (22)

Sac han t que

�

p

0

3

p

00

3

�

= G

�

p

3

p

0

3

�

+

0

@

0

�u � u

�

c

1

A

;

a v ec

G :=

 

0 1

a

c

�

b

c

!

on trouv e

~z

0

3

= G ~z

3

+

0

@

0

a

+

c

( � u � u

�

)

1

A

:

De m ^ eme, comme

�

p

0

1

p

00

1

�

= G

�

p

1

p

0

1

�

+

0

@

0

�u � u

+

c

1

A

et

�

u

0

2

u

00

2

�

= G

�

u

2

u

0

2

�

+

0

@

0

�

a

+

c

1

A

;
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on obtien t

~z

0

1

= G ~z

1

+

0

@

0

a

+

c

( � u � u

�

)

1

A

:

Donc ~z

1

et ~z

3

satisfon t � a l' � equation di� � eren tielle

~z

0

= G ~z +

0

@

0

a

+

c

( � u � u

�

)

1

A

:

La fonction d � e�nie par � := det(

~

�

1

; ~z

3

) satisfait

�

0

= det( G

~

�

1

; ~z

3

) + det (

~

�

1

; G ~z

3

) + det

0

@

~

�

1

;

0

@

0

a

+

c

( � u � u

�

)

1

A

1

A

= tr( G )� +

a

+

c

�u

0

( � u � u

�

)

= �

b

c

� +

a

+

c

�u

0

( � u � u

�

) :

En utilisan t (21), on applique le princip e de Duhamel de �1 �a 0 :

�(0) = lim

y !�1

�

exp

�

Z

0

y

�

b ( s )

c ( s )

d s

�

det(

~

�

1

( y ) ; ~z

3

( y ))

+

Z

0

y

exp

�

�

Z

0

t

b ( s )

c ( s )

d s

�

�u

0

( t )( � u ( t ) � u

�

)d t

�

:

Mais, � etan t donn � e que l'espace instable en �1 est de dimension 2, on a

j

~

�

1

( y ) j �

y !�1

e

m

�

2

y

et

exp

�

Z

0

y

�

b ( s )

c ( s )

d s

�

�

y !�1

exp( � ( m

�

1

+ m

�

2

) y ) :

P ar cons � equen t,

exp

�

Z

0

y

�

b ( s )

c ( s )

d s

�

~

�

1

( y ) ^ ~z

3

( y ) � !

y !�1

0 :

En conclusion,

�(0) =

Z

0

�1

exp

�

�

Z

0

t

b ( s )

c ( s )

d s

�

�u

0

( t )( � u ( t ) � u

�

)d t:

De m ^ eme,

det(

~

�

1

; ~z

1

)(0) =

Z

0

�1

exp

�

�

Z

0

t

b ( s )

c ( s )

d s

�

�u

0

( t )( � u ( t ) � u

�

)d t:

Le signe de D

0

(0) et donc de D au v oisinage de � = 0 est donn � e par

sgn ( D

0

(0)) = sgn

�

Z

+ 1

�1

exp

�

�

Z

0

t

b ( s )

c ( s )

d s

�

�u

0

( t )( � u ( t ) � u

�

)d t

�

:

Remarque 4.3.1 L'int � egr ale pr � esente dans l'expr ession est une int � egr ale de Melnikov

[24].
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4.4 Etude du signe de la fonction d'Ev ans au v oisinage de + 1

Etan t donn � e l'orien tation des v ecteurs propres de A

�

( � ) c hoisie au v oisinage de � = 0, on

a le th � eor � eme suiv an t

Prop osition 4.4.1

Il existe � p ositif tel que p our tout � > � , la fonction d'Evans D soit toujours p ositive.

Preuv e

On v a utiliser la m � etho de d'homotopie d � ev elopp � ee par S. Benzoni, D. Serre et K. Zum brun

dans [4].

P our � 2 [0 ; 1], on d � e�nit l'op � erateur M

�

v := � ( a

�

( x ) v )

x

+ ( b

�

( x ) v

x

)

x

+ ( c

�

( x ) v

xx

)

x

, a v ec

a

�

: x 7! � a ( x ) ;

b

�

: x 7! � b ( x ) ;

c

�

: x 7! � c ( x ) + (1 � � ) c

0

; c

0

�x � e :

Prouv ons tout d'ab ord que, p our � assez grand, on a le lemme suiv an t

Lemme 4.4.1

Il existe � > 0 tel que 8 � 2 ]� ; + 1 [ , 8 � 2 [0 ; 1] , M

�

� � n 'a p as de valeur pr opr e.

Preuv e

On ne consid � ere dans cette preuv e que des nom bres � r � eels p ositifs. Raisonnons par

l'absurde :

soit � 2 R

+

�

une v aleur propre de M

�

et v une fonction propre r � eelle asso ci � ee, qui satisfon t

� ( a

�

v )

x

+ ( b

�

v

x

)

x

+ ( c

�

v

xx

)

x

= �v : (23)

Le pro duit scalaire dans L

2

( R ) de (23) et de v suivi d'une in t � egration par parties donne

� ( v ; v ) = � ( av ; v

0

) � � ( bv

0

; v

0

) � � ( cv

00

; v

0

)

= � �

Z

+ 1

�1

a

0

v

2

2

� �

Z

+ 1

�1

bv

0

2

+ �

Z

+ 1

�1

c

0

v

0

2

2

�













a

0

2













1

k v k

2

+













c

0

2

� b













1

k v

0

k

2

:

De plus, comme k v

0

k

2

� k v kk v

00

k , on a

� k v k

2

�













a

0

2













1

k v k

2

+













a

0

2

� b













1

k v kk v

00

k : (24)

En prenan t cette fois-ci le pro duit scalaire dans L

2

de (23) et de v

0

et en in t � egran t par

parties, on trouv e

0 = �

Z

+ 1

�1

av v

00

� �

Z

+ 1

�1

bv

0

v

00

� �

Z

+ 1

�1

cv

00

2

� (1 � � ) c

0

Z

+ 1

�1

v

00

2

;
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qui en tra ^ �ne

c

0

k v

00

k

2

� � �

Z

+ 1

�1

av

0

2

+ �

Z

+ 1

�1

a

0

v

2

2

+ �

Z

+ 1

�1

b

0

v

0

2

2

�













b

0

2

� a













1

k v

0

k

2

+













a

0

2













1

k v k

2

�













b

0

2

� a













1

k v kk v

00

k +













a

0

2













1

k v k

2

:

La v ariable h = k v

00

k = k v k satisfait � a l'in � equation

c

0

h

2

�













b

0

2

� a













1

h +













a

0

2













1

;

c'est � a dire que h , qui est p ositif, est inf � erieur � a h

0

, a v ec h

0

la solution p ositiv e de

c

0

h

2

0

�













b

0

2

� a













1

h

0

�













a

0

2













1

= 0 :

Donc (24) implique

� k v k

2

�













a

0

2













1

k v k

2

+













c

0

2

� b













1

h

0

k v k

2

;

et on c hoisit � =













a

0

2













1

+













c

0

2

� b













1

h

0

.

2

D � e�nissons �a pr � esen t une fonction d'Ev ans � etendue � a la bande R

+

� [0 ; 1].

Soit � 2 
. Le syst � eme dynamique asso ci � e �a l' � equation aux v aleurs propres (24) est

similaire � a celui qu'on a � etudi � e pr � ec � edemm en t (14) :

W

0

=

0

B

B

@

0 1 0

0 0 1

� + � a

0

� c + (1 � � ) c

0

�

a � b

0

� c + (1 � � ) c

0

� �

b + c

0

� c + (1 � � ) c

0

1

C

C

A

W =: A ( �; � ; x ) W : (25)

De m ^ eme que lors de l' � etude des v aleurs propres et v ecteurs propres de A

�

( � ), on trouv e

que A

�

( �; � ) a toujours deux v aleurs propres de partie r � eelle n � egativ e, que l'on app elle

�

�

1

( �; � ) et �

�

2

( �; � ), et une v aleur propre r � eelle p ositiv e, not � ee �

�

3

( �; � ). On fait la m ^ eme

� etude des espaces stables et instables qu'au paragraphe 4.2.2 :

1. comme �

�

3

( �; � ) est simple, il y a une unique solution W au syst � eme Z

0

= A

�

( �; � ) Z

telle que

W ( �; � ; x ) �

x !�1

exp ( �

�

3

( �; � ) x ) V

�

3

( �; � )

a v ec V

�

3

( �; � ) un v ecteur propre de A

�

( �; � ) asso ci � e �a �

�

3

( �; � ) et � 7! V

�

3

( �; � ) est

analytique en � sur 0 [ V a v ec les notations des paragraphes 4.2.2 et 4.3 et p eut

^ etre c hoisi r � eel p our � r � eel,
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2. comme A

+

[2]

a une unique v aleur propre de plus p etite partie r � eelle, �

+

[2]

( �; � ) =

�

+

1

( �; � ) + �

+

2

( �; � ), il y a une unique solution � ( �; � ) 2 �

2

( C

3

) telle que

� ( �; � ; x ) �

x ! + 1

e

�

+

( �;� ) x

�

+

( �; � ) ;

a v ec �

+

( �; � ) un v ecteur propre, analytique en � sur 0 [ V , de A

+

[2]

asso ci � e � a �

+

[2]

( �; � ),

et qui p eut ^ etre c hoisi � a v aleurs r � eelles p our � r � eel.

On d � e�nit � a pr � esen t une fonction d'Ev ans � etendue

~

D ( �; � ) := ~ g ( x )( � ( �; � ; x ) ^ W ( �; � ; x )) ;

a v ec ~g c hoisie de telle sorte que

~

D ne d � ep ende pas de x .

Comme M

�

n'a pas de v aleurs propres dans la bande [0 ; 1] � ]� ; + 1 [ (lemme 4.4.1), on

obtien t

sgn ( D (+ 1 )) = sgn (

~

D (1 ; + 1 )) = sgn (

~

D (0 ; + 1 )) = sgn (

~

D (0 ; � )) ; with � > � :

P ar ailleurs, comme W ( �; 0 ; x ) = exp ( x

3

p

�=c

0

) V

�

3

(0 ; � ) et � ( x; 0 ; � ) = exp( � x

3

p

�=c

0

) �

�

(0 ; � ),

on a sgn (

~

D (0 ; � )) = sgn ( �

+

(0 ; � ) ^ V

�

3

(0 ; � )), p our � > �.

On c hoisit � a pr � esen t les v ecteurs

0

@

1

Re ( �

+

1

( �; � ))

Re ( �

+

1

( �; � )

2

)

1

A

et

0

@

0

1

�

+

2

( �; � )

1

A

comme base holomorphe de S

+

( �; � ) par rapp ort �a � . Mais, comme, �

+

1

( �; � ) et �

+

2

( �; � )

son t les racines de P

�;�

( � ) = ( � � �

+

3

( �; � )), on note �

+

k

2

= ��

k

+ � , k 2 f 1 ; 2 g , o � u P

�;�

est

le p olyn^ ome caract � eristique de A

�

( �; � ) et les nom bres � et � d � ep enden t de �

+

3

( �; � ), a

+

,

b

+

, c

+

, c

0

, � et � .

P ar cons � equen t, on obtien t

sgn (

~

D ( �; � )) = sgn

0

@

det

0

@

1 0 1

Re ( �

+

1

) 1 �

�

3

Re ( �

+

1

2

) �

+

1

+ �

+

2

( �

�

3

)

2

1

A

1

A

:

Nous a v ons c hoisi les bases de v ecteurs propres de A

�

( � ) con tin ^ umen t par rapp ort �a �

le long de l'axe r � eel de fa� con �a ce que l'orien tation de ces bases ne soit pas mo dif� � ee. Or,

p our � = 0, on a �

+

1

( �; 0) = j

3

r

�

c

0

, �

+

2

( �; 0) = j

2
3

r

�

c

0

et �

�

3

( �; 0) =

3

r

�

c

0

. On en conclut

donc

sgn (

~

D ( �; 0)) = sgn

0

B

B

B

B

@

det

0

B

B

B

B

@

1 0 1

�

1

2

3

r

�

c

0

1

3

r

�

c

0

�

1

2

2 = 3

r

�

c

0

�

3

r

�

c

0

2 = 3

r

�

c

0

1

C

C

C

C

A

1

C

C

C

C

A

= 3

2 = 3

r

�

c

0

:

P ar homotopie, la fonction d'Ev ans D ( � ) est donc strictemen t p ositiv e p our � > �.

2
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1. CONDITION N

�

ECESSAIRE DE ST ABILIT

�

E SPECTRALE DE

PR OFILS ST A TIONNAIRES DU SCH

�

EMA DE LAX-WENDR OFF

L'article suiv an t a fait l'ob jet d'une pr � epublication � a l'U.M.P .A.

1.1 In tro duction

W e consider a mono dimensional system of conserv ation la ws

u

t

+ f ( u )

x

= 0 ; x 2 R ; t � 0 (1)

u : R � R

+

; f : U ! R

d

; d � 1

where U is an op en set of R

d

and f is a smo oth 
ux. Cho osing a regular mesh of R

consisting of cells ( j h; ( j + 1) h ] of size h , with j 2 Z and a time step k , one obtains

the Lax-W endro� sc heme through a T a ylor expansion of a (smo oth) solution u of (1),

neglecting the terms of order strictly larger than 2. Consequen tly , the L W sc heme is a

second-order sc heme whic h reads, for n 2 N and j 2 Z ,

u

n +1

j

= u

n

j

�

�

2

�

f

n

j +1

� f

n

j � 1

�

+

�

2

2

�

A

n

j +1 = 2

( f

n

j +1

� f

n

j

) � A

n

j � 1 = 2

( f

n

j

� f

n

j � 1

)

�

; (2)

:= L ( u

n

)

j

where u

n

j

= u ( j h; nk ), � = k =h , f

n

j

= f ( u

n

j

) and A

n

j +1 = 2

= d f (( u

n

j +1

+ u

n

j

) = 2).

1.1.1 Assumptions

First of all, w e assume that

H 1 the strict Couran t-F riedric hs-Lewy c ondition is satis�e d

� sup

u 2U

� (d f ( u )) < 1 ; (3)

where � denotes the sp ectral radius. The CFL condition is equiv alen t to the fact that the

constan t states are stable under `

2

-p erturbations, but it do es not necessarily imply the

nonlinear stabilit y . F rom no w on, w e consider that � is �xed and, in order to simplify the

notations, w e rename � f in f . W e will need the conserv ativ e form of the L W sc heme :

one can rewrite the iteration as

u

n +1

k

= u

n

k

� ( g ( u

n

k

; u

n

k +1

) � g ( u

n

k � 1

; u

n

k

)) ; (4)
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for k 2 Z , n 2 N , g b eing the n umerical 
ux de�ned as

g ( a; b ) =

1

2

( f ( a ) + f ( b )) �

1

2

d f

�

a + b

2

�

( f ( b ) � f ( a )) :

The n umerical 
ux g is consisten t, that is g ( a; a ) = f ( a ), 8 a 2 R

n

.

Let ( u

+

; u

�

) b e a stationary discon tin uit y of (1) satisfying the Rankine-Hugoniot condition

H 2 f ( u

+

) = f ( u

�

) .

F ollo wing [24, 4, 30 ], w e assume that

H 3 system (1) is strictly hyp erb olic at u

�

, that is, A

�

:= d f ( u

�

) has distinct r e al eigen-

values, that we denote by �

�

1

< : : : < �

�

d

and we denote by r

�

1

; : : : ; r

�

d

some asso ciate d

eigenve ctors,

and

H 4 the disc ontinuity is non-char acteristic : 0 62 � ( A

�

) .

Let us no w assume that

H 5 the eigenvalues of A

�

satisfy

�

+

p

< 0 < �

�

q

;

�

�

q � 1

< 0 < �

+

p +1

;

with � := p � q 2 f� 1 ; : : : ; d � 1 g :

If � = � 1, the sho c k ( u

�

; u

+

) is under c ompr essive , that is d c haracteristics en ter the

sho c k, and d outgo from it [71 ]. If � = 0, w e are dealing with a L ax-sho ck ( d + 1 en tering

c haracteristics, d � 1 outgoing ones) [74 , 16 ]. If � � 1, the sho c k is called over c ompr essive

( d + � en tering c haracteristics, d � � outgoing ones) [56, 54 , 21 ].

1.1.2 Discrete stationary sho c k pro�les

A stationary discrete sho c k pro�le is a sequence ( v

j

)

j 2 Z

satisfying

v

j

= L ( v )

j

; 8 j 2 Z ; (5)

lim

j !�1

v

j

= v

�

; lim

j ! + 1

v

j

= v

+

; (6)

the con v ergence to the end states b eing geometric.

The existence of discrete sho c k pro�les for �rst-order sc hemes w as studied b y Jennings

[41], Ma jda and Ralston [62 ] and Liu and Xin [55]. In the case of the L W sc heme, the

existence of a one-parameter family of w eak stationary sho c k pro�les w as sho wn in the

scalar case [77]. This result w as extended to nonstationary sho c ks with rational sp eeds

under a w eakness assumption to systems of conserv ation la ws b y Y u [84]. The existence

of sho c k pro�les for irrational sp eed remains to da y a widely op en �eld [72], although Liu
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and Y u form ulated a diophan tine condition [57, 58 ].

W e will no w study a discrete stationary sho c k pro�le � v of the lax-W endro� sc heme, noting

that, in the particular case of the L W sc heme, the sequence �v

0

that is de�ned b y

�v

0

j

= u

�

; j � 0 ;

= u

+

; j � 1

is a discrete stationary sho c k pro�le of (2), thanks to the Rankine Hugoniot condition

(H2).

W e are in terested in the notion of sp e ctr al stability of the discrete pro�le �v , that is, w e

sa y that �v is sp e ctr al ly stable if the linearized sc heme ab out �v has no sp ectrum outside

the closed unit-ball cen tered at 0.

Let us linearize the L W sc heme ab out �v :

w

n +1

j

= w

n

j

�

1

2

�

(( I

d

� A

j +1 = 2

) A

j +1

w

n

j +1

+ ( I

d

+ A

j +1 = 2

) A

j

w

n

j

)

� (( I

d

� A

j � 1 = 2

) A

j

w

n

j

+ ( I

d

+ A

j � 1 = 2

) A

j � 1

w

n

j � 1

)

�

(7)

=: ( Lw

n

)

j

;

where

A

j

:= d f ( � v

j

)

A

j +1 = 2

:= d f

�

�v

j +1

+ � v

j

2

�

:

T o ensure that the eigena vlue equation asso ciated with (7) nev er degenerates to a �rst-

order system, ( I

d

� A

j +1 = 2

) A

j +1

and ( I

d

+ A

j � 1 = 2

) A

j � 1

m ust b e in v ertible for all j 2 Z .

The CFL condition (H1) implies that I

d

� A

j � 1 = 2

is alw a ys in v ertible. W e then need the

follo wing additional h yp othesis

H 6 for al l j 2 Z , A

j

is invertible.

Thanks to the Cauc h y-Sc h w arz inequalit y , it is straigh tforw ard to sho w that the op erator

L : `

2

( Z ) ! `

2

( Z ) is con tin uous. The eigen v alue equation L� = � asso ciated with � = 1

is equiv alen t to

G

j

�

�

j

�

j +1

�

= G

j � 1

�

�

j � 1

�

j

�

; (8)

where

G

j

:= d g ( � v

j

; �v

j +1

) =

�

( I

d

+ A

j +1 = 2

) A

j

( I

d

� A

j +1 = 2

) A

j +1

�

:

So, considering the solutions � that tend to 0 at + 1 or �1 , w e �nd that

�

j +1

= A

� 1

j

( I

d

+ A

j +1 = 2

)

� 1

( I

d

� A

j +1 = 2

) A

j +1

�

j

: (9)

Assumption (H5) implies that the stable subspace at j = + 1 (resp. the unstable subspace

at j = �1 ) of (9), that is the v ector space of solutions tending to 0 as j tends to + 1

(resp. as j tends to �1 ) is p -dimensional (resp. d � q + 1-dimensional). W e no w de�ne
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some notations. There exist �

1

; : : : ; �

d

suc h that w e ha v e :

for m 2 f 1 ; : : : ; p g ,

�

m

j

� !

j ! + 1

0 ;

lim

j ! + 1

�

m

j

j �

m

j

j

= r

+

m

;

and, for m 2 f q ; : : : ; d g ,

�

m

j

� !

j !�1

0 ;

lim

j !�1

�

m

j

j �

m

j

j

= r

�

m

:

1.1.3 Main result

The aim of this pap er is to pro v e the follo wing theorem

Theorem 1.1.1

Assuming (H1-7) ar e satis�e d, a ne c essary c ondition of sp e ctr al stability of �v is that ther e

exists a lar ge enough J 2 N such that, for al l j � J , the fol lowing ine quality holds

( � 1)

� � 1+ j ( d + � � 1)

� det( �

1

j

; : : : ; �

p

j

; �

q + � +1

j

; : : : ; �

d

j

) � �

�

(�

0

j

; : : : ; �

�

j

)

� det( r

+

1

; : : : ; r

+

d

) � det( r

�

1

; : : : ; r

�

d

) > 0 ;

the notations b eing those of Pr op osition 1.3.1.

The pro duct of the left-side of this inequalit y is in fact the sp ectral stabilit y index of �v ,

that is, if it is p ositiv e, the linearized op erator L has an ev en n um b er of eigen v alues in

(1 ; + 1 ) and if it is negativ e, there is an o dd n um b er of eigen v alues in (1 ; + 1 ). The

Theorem can also b e reform ulated as a su�cien t condition of sp ectral instabilit y .

These conditions are similar to the ones obtained for con tin uous appro ximations, suc h as

viscosit y [24, 4 ], semi-linear relaxation [30] and for the semi-discrete approac h [2].

W e no w giv e a sk etc h of the pro of of this theorem, that relies mostly on the Ev ans function

metho d that w as dev elop ed b y Alexander, Gardner and Jones [1], Gardner and Zum brun

[24], Serre and Zum brun [89 ] in the m ulti-dim ensional case. The notion of discrete Ev ans

function w as in tro duced for the Lax-F riedric hs sc heme b y Serre [73], who used a similar

metho d for the Go duno v sc heme with Bultelle and Grassin [9].

In Section 2, w e sho w that the essen tial sp ectrum of L lies in f �= j � j < 1 g [ f 1 g , that is

the only sp ectrum outside the unit-disc consists of eigen v alues, so that our study of the

sp ectral stabilit y of L reduces to the eigen v alues of L of mo dulus larger than 1. W e also

rewrite the eigen v alue equation Lw = �w as a �rst-order dynamical system

W

j +1

= A

j

( � ) W

j

(10)

and pro v e that the stable and unstable subspaces of (10) are d -dimensional, thanks to the

geometric dic hotom y (App endix, Section 5), that is parallel to the exp onen tial dic hotom y

dev elop ed b y Copp el [14]. W e then turn to the construction of the Ev ans function D ( �; j ),
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that w e de�ne as the determinan t of the elemen ts of a basis of the stable subspace at

j = + 1 of (10) and a basis of the unstable subspace at j = �1 . Th us, D v anishes at

p oin ts � that are eigen v alues of L , the c hoice of the p oin t j 2 Z b eing unimp ortan t, since

D ( �; j + 1) = s

j

D ( �; j ) where s nev er v anishes. Besides, D is analytic with resp ect to �

outside the closed unit-disc and can b e c hosen real-v alued for real � . Consequen tly , if there

is no eigen v alue in (1 ; + 1 ), D m ust ha v e the same sign near � = 1 and in a neigh b orho o d

of � = + 1 . In Section 3, w e dev elop the computation of D in a neigh b orho o d of � = 1.

A t �rst, w e de�ne D (1 ; j ) b y con tin uit y . Generically , in the undercompressiv e case, under

the additional assumption

H 7 the set ( r

�

1

; : : : ; r

�

p

; r

+

p +1

; : : : ; r

+

d

) is a b asis of R

d

,

the Ev ans function do es not v anish at � = 1, so the computation of D (1 ; j ) is straigh tfor-

w ard. Ho w ev er, in the compressiv e case, D (1 ; j ) v anishes for all j 2 Z . This situation is

similar to the one w e ha v e in the con tin uous case, where � = 0 is alw a ys an eigen v alue of

the linearized op erator, b ecause of the translation in v ariance : the deriv ativ e of the pro�le

is alw a ys, ev en in the undercompressiv e case, an eigenfunction asso ciated with � = 0.

In order to deriv e D with resp ect to � in a neigh b orho o d of � = 1, w e use the fact that D

can b e extended analytically with resp ect to � . W e compute the sign of D near � = + 1

in Section 4 thanks to a lemma that allo ws to describ e the solutions of (10) in the form

( � ( � )

j

V ( �; j ))

j

, where � ( � ) is an eigen v alue of lim

j !�1

A

j

( � ) and V ( �; j ) tends to an

eigen v ector asso ciated with � ( � ) when j tends to �1 .

1.2 De�nition of the Ev ans function

A t �rst, w e need to pro v e that, outside the closed unit-ball, the sp ectrum of L consists

only of eigen v alues. W e de�ne the essen tial sp ectrum �

ess

of L as

�

ess

( L ) := C n f � 2 C =L � � is a F redholm op erator with index 0 g :

Prop osition 1.2.1

The op er ator L has no essential sp e ctrum in f � 2 C ; j � j � 1 g n f 1 g =: O .

Pro of

Let � 2 O . Let us rewrite the eigen v alue equation Lw = �w as a discrete dynamical

system : denoting W

j

= ( w

j

; w

j +1

)

T

2 C

2 n

, w e obtain

W

j +1

=

�

0 I

d

A

� 1

j +1

M

j

A

j � 1

A

� 1

j +1

( I

d

� A

j +1 = 2

)

� 1

(2(1 � � ) I

d

� ( A

j � 1 = 2

+ A

j +1 = 2

) A

j

)

�

W

j

=: A

j

( � ) W

j

;

(11)

where

M

j

:= ( I

d

� A

j +1 = 2

)

� 1

( I

d

+ A

j � 1 = 2

) : (12)
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Remarks 1.2.1

1. Note that, thanks to Hyp otheses (H1) and (H6), sinc e

det( A

j

( � )) = ( � 1)

d

det ( A

j +1

)

� 1

det ( M

j

) det( A

j � 1

) (13)

A

j

( � ) is invertible for every j 2 Z .

2. F or a lar ge enough j , we have sgn (det( A

j +1

( � ))) = ( � 1)

d

sgn (det( A

j

( � ))) .

3. The de�nition of a stationary sho ck pr o�le implies that ther e exists ! 2 (0 ; 1) such

that

j A

j

( � ) � A

�

( � ) j =

j !�1

O ( !

j

) : (14)

T o study the b eha viors of the solutions W of (11), w e need the follo wing lemm a

Lemma 1.2.1

1. The limit-matric es A

�

( � ) := lim

j !�1

A

j

( � ) have no eigenvalue of mo dulus 1 .

2. Mor e over, the stable and unstable subsp ac es of A

�

( � ) ar e d -dimensional.

Pro of

1. Let � 2 C and ( �; ( X ; Y )

T

) b e an eigen v alue and an asso ciated eigen v ector of A

�

( � ).

Then,

A

�

( � )

�

X

Y

�

= �

�

X

Y

�

,

�

Y = �X ;

�

�

2

� 2( A

�

)

� 1

( I

d

� A

�

)

� 1

((1 � � ) I

d

� ( A

�

)

2

) � � M

�

�

Y = 0 :

�

(15)

Pro jecting (15) on the eigen v ectors of A

�

, w e obtain, for at least some m suc h that

1 � m � d ,

a

�

m

(1 � a

�

m

) �

2

� 2(1 � � � ( a

�

m

)

2

) � � a

�

m

(1 + a

�

m

) = 0 : (16)

Let us recall that, thanks to (H1), w e ha v e j a

�

m

j < 1. If there exists � 2 R suc h that,

for some m 2 f 1 ; : : : ; d g � = e

i�

, then (16) implies, dropping the subscripts m , �

for notational con v enience,

a (1 � a ) e

i�

+ 2(1 � � � a

2

) � a (1 + a ) e

� i�

= 0 ;

that is

� = 1 � a

2

(1 � cos( � )) � ia sin ( � ) :

Consequen tly ,

j � j

2

= 1 � a

2

(1 � a

2

) sin

4

�

�

2

�

;

so that j � j � 1 and

j � j = 1 , sin( � ) = 0 ;

that is j � j = 1 if and only if � = 1, b ecause of the CFL condition (H1). So if � 2 O ,

A

�

( � ) are h yp erb olic.



1. Condition n � ecessaire de stabilit � e sp ectrale de pro�ls stationnaires du sc h � ema de Lax-W endro� 100

2. Let � 2 (1 ; + 1 ). Solving (16), w e obtain the expressions of the eigen v alues � of

A

�

( � ) :

� =

1 � a

2

� � + "�

r

1 �

2(1 � a

2

)

�

+

1 � a

2

�

2

a (1 � a )

; with " = � 1 ;

that is, as � tends to + 1 ,

� =

( " � 1)( � � 1 + a

2

) +

"a

2

(1 � a

2

)

2 �

a (1 � a )

+ o

�

1

�

�

: (17)

In conclusion, as � ! + 1 ,

j � j �

j a j (1 + a )

2 �

< 1 or j � j �

2 �

j a j (1 � a )

> 1 ; (18)

that is A

�

( � ) ha v e exactly n eigen v alues of mo dulus larger than 1 and n eigen v alues

of mo dulus smaller than 1. Since � 7! A

�

( � ) are con tin uous, the con tin uit y of the

set of eigen v alues with resp ect to � implies that the stable and unstable subspaces

of A

�

( � ) are d -dimensional for all � 2 O .

2

Since the sp ectra of A

�

( � ) do not in tersect the unit-circle (Lemma 1.2.1), w e can apply

Theorem 1.5.1 : the dynamical systems W

j +1

= A

+

W

j

(resp. W

j +1

= A

�

W

j

) has a

geometric dic hotom y on N of pro jection P

+

(resp. � N of pro jection Q

�

). Kno wing that

( A

j

( � ))

j

tend to A

�

( � ) as j tends to �1 , w e use Theorem 1.5.2 and Lemma 1.5.1, so

that (11) has a geometric dic hotom y on N of pro jection P ( � ), whose range and k ernel are

d -dimensional since k er ( P ( � )) = k er ( P

+

). Similarly , (11) has also a geometric dic hotom y

on � N of pro jection Q ( � ), whose range and k ernel are also d -dimensional. Let

E ( � ) :=

�

( W

j

)

j 2 N

= ( W

j

)

j 2 N

solv es (11) and W

j

� !

x ! + 1

0

�

; (19)

E

0

( � ) := f W

0

; ( W

j

)

j 2 N

2 E g ;

F ( � ) :=

�

( W

j

)

j 2� N

= ( W

j

)

j 2� N

solv es (11) and W

j

� !

x !�1

0

�

(20)

and

F

0

( � ) := f W

0

; ( W

j

)

j

2 F g :

It is clear that if the in tersection of E

0

and F

0

is not zero, � is an eigen v alue of L . Assume

no w that

E

0

\ F

0

= f 0 g :

Ob viously ,

R( P ( � )) � E

0
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and similarly ,

k er ( Q ( � )) � F

0

:

Since R( P ( � )) and k er ( Q ( � )) are d -dimensional, w e obtain

R( P ( � )) � k er ( Q ( � )) = C

2 n

:

W e then apply Theorem 1.5.3 and conclude that (11) has a geometric dic hotom y on

Z . Consequen tly , Prop osition 1.5.4 implies that the equation ( L � � ) w = f , where

f 2 `

2

( Z ) has a unique solution w 2 `

2

( Z ) and f 7! w is linear and con tin uous, so that

�

ess

( L ) \ O = ; :

2

Let 
 := f � 2 C = j � j > 1 g and � 2 
. Since the stable subspace at j = + 1 and the

unstable subspace at j = �1 are d -dimensional, there exist B

E ( � )

and B

F ( � )

that are

bases resp ectiv ely of E ( � ) (see (19)) and F ( � ) (see (20)). These bases can b e c hosen

to b e analytical with resp ect to � . W e de�ne the Ev ans function D ( �; j ) at the p oin t

( �; j ) 2 
 � Z as the determinan t of all the elemen ts of b oth B

E ( � )

and B

F ( � )

tak en at

some p oin t j 2 Z . As all the columns of the determinan t are solutions of (11), it is

straigh tforw ard to see that

D ( �; j + 1) = det( A

j

( � )) D ( �; j ) ; (21)

so that if D ( �; � ) v anishes for some j

0

, it v anishes for all j 2 Z , since det( A

j

( � )) nev er

v anishes (see Remark 1.2.1).

Remark 1.2.2 Note that this de�nition is slightly di�er ent fr om the de�nition that is

usual ly taken in the c ontinuous c ase [24, 4, 30], in which the Evans function is actu-

al ly a Wr onskian of the dynamic al system asso ciate d with the eigenvalue e quation of the

line arize d op er ator, so that this Evans function do es not dep end on the c ontinuous sp ac e

variable unlike ours.

Since L has only p oin t sp ectrum in 
 (Prop osition 1.2.1), the v ery de�nition of D implies

that it v anishes at p oin ts � where E ( � ) and F ( � ) ha v e a non-zero in tersection, that is

when � is an eigen v alue of the linearized op erator L . The con v erse is also true, so that

the zeros of D ( � ; j ) c haracterize the p oin t sp ectrum of L in 
. Note that, for � 2 R , the

matrix A

j

( � ) is real-v alued. So w e can set on D to b e also real-v alued. Our goal is no w

to compute the signs of D near � = 1 and in a neigh b orho o d of � = + 1 , so that, thanks

to the in termediate v alue theorem, if �v is sp ectrally stable, or equiv alen tly , if L has no

eigen v alue in (1 ; + 1 ), w e ha v e, for j 2 Z ,

sgn

� 2V

( D ( �; j )) = sgn ( D (+ 1 ; j )) ; (22)

where V is a neigh b orho o d of � = 1. The tec hnique that w e are going to use to compute

the sign of D at � = + 1 requires that w e w ork with large j (Remarks 1.2.1). Note that,

thanks to Remarks 1.2.1, if (22) holds for a large enough j , it holds for all j

0

� j . In

practice, since the con v ergence of the pro�le is geometric, the \large enough" j ma y b e

quite reasonable : for example, for the pro�le v

0

, w e ha v e j = 2.



1. Condition n � ecessaire de stabilit � e sp ectrale de pro�ls stationnaires du sc h � ema de Lax-W endro� 102

1.3 Study of the Ev ans function near � = 1

W e note that for � = 1, the solutions of (16) are 1 and �

�

m

:= � (1 + a

�

m

) = (1 � a

�

m

) and

that, since the function x 7! � (1 + x ) = (1 � x ) is decreasing on ( � 1 ; 1), the eigen v alues of

the limit-m atrice s A

�

(1) whic h are not equal to 1 are distinct. F rom no w on, w e c ho ose

to denote the eigen v ectors of A

�

( � ) asso ciated with �

�

m

( � ) b y

V

�

m

( � ) =

�

r

�

m

�

�

m

( � ) r

�

m

�

; m 2 f 1 ; : : : ; d g ; (23)

V

�

d + m

( � ) =

�

r

�

m

�

�

d + m

( � ) r

�

m

�

; m 2 f 1 ; : : : ; d g : (24)

Let � b e suc h that j � j > 1 and � b e a solution of (16). The complex n um b er ~� := � � 1

is a solution of

(1 � a

�

m

) ~ �

2

+ 2

�

1 +

� � 1

a

�

m

�

~� + 2

�

� � 1

a

�

m

�

= 0 : (25)

So the b eha vior of the eigen v alues of A

�

( � ) as � tends to 1 is kno wn to b e

� � 1 �

� ! 1

�

� � 1

a

�

m

or � !

� ! 1

�

�

k

:

The asymptotic b eha vior in j of the eigen v alues and eigen v ectors of A

j

( � ) ab out � = 1 is

summarized in T ables 1 and 2.

at j = �1 : a

�

1

; : : : ; a

�

q

< 0 and 0 < a

�

q +1

< : : : < a

�

p

�

�

1

(1) = �

�

1

�

�

q � 1

(1) = �

�

q � 1

�

�

q

� 1 � �

� � 1

a

�

q

�

�

d

� 1 � �

� � 1

a

�

d

V

�

1

(1) =

�

r

�

1

�

�

1

r

�

1

�

V

�

q � 1

(1) =

�

r

�

q � 1

�

�

q � 1

r

�

q � 1

�

V

�

q

(1) =

�

r

�

q

r

�

q

�

V

�

d

(1) =

�

r

�

d

r

�

d

�

�

�

d +1

� 1 � �

� � 1

a

�

1

�

�

d + q � 1

� 1 � �

� � 1

a

�

q � 1

�

�

d + q

(1) = �

�

q

�

�

2 d

(1) = �

�

d

V

�

n +1

(1) =

�

r

�

1

r

�

1

�

V

�

d + q � 1

(1) =

�

r

�

q � 1

r

�

q � 1

�

V

�

d + q

(1) =

�

r

�

q

�

�

q

r

�

q

�

V

�

2 d

(1) =

�

( r

�

d

�

�

d

r

�

d

�

T ab. 1: Asymptotic b eha vior at j = �1

Consider � 2 O . Let (�

j

k

( � ))

k 2 Z

= B

E ( � )

, j 2 f 1 ; : : : ; n g , b e a basis of the subspace E ( � )

at j = + 1 : a

+

1

< : : : < a

+

p

< 0 < a

+

p +1

< : : : < a

+

d

�

+

1

(1) = �

+

1

�

+

p

(1) = �

+

p

�

+

p +1

� 1 � �

� � 1

a

+

p +1

�

+

d

� 1 � �

� � 1

a

+

d

V

+

1

(1) =

�

r

+

1

�

+

1

r

+

1

�

V

+

p

(1) =

�

r

+

p

�

+

p

r

+

p

�

V

+

p +1

(1) =

�

r

+

p +1

r

+

p +1

�

V

+

d

(1) =

�

r

+

d

r

d

�

�

+

d +1

� 1 � �

� � 1

a

+

1

�

+

d + p

� 1 � �

� � 1

a

+

p

�

+

d + p +1

(1) = �

+

p +1

�

+

2 d

(1) = �

+

d

V

+

d +1

(1) =

�

r

+

1

r

+

1

�

V

+

d + p

(1) =

�

r

+

p

r

+

p

�

V

+

d + p +1

(1) =

�

r

+

p +1

�

+

p +1

r

+

p +1

�

V

+

2 d

(1) =

�

r

+

d

�

+

d

r

+

d

�

T ab. 2: Asymptotic b eha vior at j = + 1 .
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de�ned b y (19) and (�

j

k

( � ))

k 2 Z

= B

F ( � )

, j 2 f n + 1 ; : : : ; 2 n g , b e a basis of the subspace

F ( � ) de�ned b y (20). W e can de�ne explicitly D as

D ( �; j ) := det(�

1

k

; : : : ; �

n

k

; �

n +1

k

; : : : ; �

2 n

k

) ; 8 � 2 
 ; j 2 Z :

Since the limit-m atrice s A

�

( � ) are diagonalizable, the b eha viors of the sequences � in a

neigh b orho o d of � = 1 are kno wn to b e

�

m

j

( � ) =

j ! + 1

( �

+

m

( � ))

j

( V

+

m

( � ) + O

�




j

�

) ; for m 2 f 1 ; : : : ; d g ; (26)

�

m

j

( � ) =

j !�1

( �

�

j

( � ))

j

( V

�

j

( � ) + O

�




� j

�

) ; for m 2 f d + 1 ; : : : ; 2 d g ; (27)

where j 
 j < 1 ;

so that w e can extend D ( � ; j ) to a neigh b orho o d V of � = 1 analytically .

Let us at �rst compute D (1).

When � = 1, the solutions of (11) that tend to 0 as j tends to + 1 (resp. to �1 )

are f (�

m

(1)) ; m 2 �

+

g , with �

+

:= f 1 ; : : : ; p g (resp. f (�

m

(1)) ; m 2 �

�

g , with �

�

:=

f d + q ; : : : ; 2 d g ). Denoting �

m

j

(1) =: ( �

m

j

; �

m

j +1

)

T

for m 2 �

+

and �

m

j

(1) =: ( �

m � d

j

; �

m � d

j +1

)

T

for m 2 �

�

, w e obtain from the conserv ativ e form (7)

( I

d

� A

j +1 = 2

) A

j +1

�

m

j +1

+ ( I

d

+ A

j +1 = 2

) A

j

�

m

j

= ( I

d

� A

j � 1 = 2

) A

j

�

m

j

+ ( I

d

+ A

j � 1 = 2

) A

j � 1

�

m

j � 1

:

(28)

Since �

m

tends to 0 as j tends to + 1 (resp. to �1 ) if m 2 �

+

(resp. if m 2 �

�

), taking

the limit to w ards + 1 (resp. �1 ) of (28) implies

�

m

j +1

= � A

� 1

j +1

M

j

A

j

�

m

j

=: N

j

�

m

j

; 8 j 2 Z ; (29)

M

j

ha ving b een de�ned b y (12).

Besides, according to T ables 1 and 2 and to (26)-(27), if m 62 �, �

m

(1) is constan t and

w e set

�

p +1

j

:=

�

r

+

p +1

r

+

p +1

�

; : : : ; �

d

j

:=

�

r

+

d

r

+

d

�

; �

d +1

j

:=

�

r

�

1

r

�

p +1

�

; : : : ; �

d + q � 1

j

:=

�

r

�

q � 1

r

�

q � 1

�

:

Th us, for j 2 Z , w e ha v e

D (1 ; j ) = det

�

�

1

j

: : : �

p

j

r

+

p +1

: : : r

+

d

r

�

1

: : : r

�

q � 1

�

q

j

: : : �

d

j

N

j

�

1

j

: : : N

j

�

p

j

r

+

p +1

: : : r

+

d

r

�

1

: : : r

�

q � 1

N

j

�

q

j

: : : N

j

�

d

j

�

= det

�

�

1

j

: : : �

p

j

r

+

p +1

: : : r

+

d

0 : : : 0 ( I

d

� N

j

) r

+

p +1

: : : ( I

d

� N

j

) r

+

d

r

�

1

: : : r

�

q � 1

�

d + q

j

: : : �

2 d

j

( I

d

� N

j

) r

�

1

: : : ( I

d

� N

j

) r

�

q � 1

0 : : : 0

�

: (30)

Thanks to (30), w e note that the rank of the matrix M ( �; j ) := (�

1

j

( � ) ; : : : ; �

2 d

j

( � ))

is d � � � 1, so that if p � q , that is if the sho c k is compressiv e, this determinan t is

ob viously equal to 0, whic h means that 1 is necessarily an eigen v alue of L . Ho w ev er, note

that, con trary to the con tin uous case where the deriv ativ e of the sho c k pro�le is alw a ys an

eigenfunction of the linearized op erator asso ciated with the eigen v alue 0, that corresp onds

to 1 in the discrete setting, there is no reason that the sho c k pro�le should b e link ed to
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the k ernel of L � 1.

If p � q , since the k ernel of M ( �; j ) is � + 1-dimensional, w e can set, without loss of

generalit y ,

�

p � m

= �

q + m

=:  

m

; for 0 � m � � :

Since the discrete dynamical system (11) is real-v alued for real � , w e can set on the Ev ans

function to b e real for real v alues of � � 1. So, for some j 2 Z , the sign of D ( �; j ) near

� = 1 is giv en b y the sign of @

� +1

D =@ �

� +1

(1 ; j ) that w e compute b elo w :

Prop osition 1.3.1

L et � � 0 , m 2 f 0 ; : : : ; � g and j 2 Z . Then

@

m

D

@ �

m

(1 ; j ) = 0

and

@

� +1

D

@ �

� +1

(1 ; j ) = ( � 1)

d � p

det( �

1

j

; : : : ; �

p � � � 1

j

;  

�

j

; : : : ;  

0

j

�

q + � +1

j

; : : : ; �

d

j

) det( I

d

� N

j

)�

�

(�

0

j

; : : : ; �

�

j

) ;

(31)

wher e

�

�

:= C

� + 1

� ! C

( ~ e

0

; : : : ; ~ e

�

) 7! det( r

�

1

; : : : ; r

�

q � 1

; ~ e

0

; : : : ; ~ e

�

; r

+

p +1

; : : : ; r

+

d

) ;

�

m

j

:= 2(( I

d

� A

j +1 = 2

) A

j +1

+ ( I

d

+ A

j � 1 = 2

) A

j

)

� 1

X

l 2 Z

 

m

l

;

N

j

b eing de�ne d by (29).

Pro of

The case � = � 1 can b e treated straigh tforw ardly from (30) b y manipulating the columns

of the determinan t.

If � � 0, w e obtain, through a classical computation [24, 2, 30 , 89 ],

@

� +1

D

@ �

� +1

(1 ; j ) = det

 

�

1

j

(1) ; : : : ; �

d + q � 1

j

(1) ;

 

@ �

d + q

j

@ �

�

@ �

p

j

@ �

!

(1) ; : : : ;

 

@ �

d + q + �

j

@ �

�

@ �

p � �

j

@ �

!

(1) ; �

d + q + � +1

j

(1) ; : : : ; �

2 d

j

(1)

!

:

The sequences � 7! A

j

( � ) and � 7! �

m

j

( � ) are analytic in 
 [ V , so denoting

Z

m

j

:=

@ �

m

j

@ �

(1) ; for m 2 f p � � ; : : : ; p g [ f q ; : : : q + � g

and

�

z

m

j

z

m

j +1

�

:= Z

m

j

; for m 2 f p � � ; : : : ; p g [ f q ; : : : q + � g ;

the deriv ativ es z

p � m

and z

q + m

, m 2 f 0 ; : : : ; � g , satisfy the same recurrence equation

 

m

j

+ ( I

d

� A

j +1 = 2

) A

j +1

z

j +1

+ ( I

d

+ A

j +1 = 2

) A

j

z

j

= ( I

d

� A

j � 1 = 2

) A

j

z

j

+ ( I

d

+ A

j � 1 = 2

) A

j � 1

z

j � 1

;

(32)
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that w e obtain b y deriving the eigen v alue equation corresp onding to (7) with resp ect to

the eigen v alue � and taking � = 1. Since, for m 2 f 0 ; : : : ; � g , z

p � m

j

! 0 as j ! + 1 , b y

taking the sum of (32) from l = j + 1 to + 1 , w e get

z

p � m

j +1

= N

j

z

p � m

j

� 2 A

� 1

j +1

( I

d

+ A

j +1 = 2

)

� 1

+ 1

X

l = j +1

 

m

l

: (33)

Similarly , since z

q + m

j

! 0 as j ! �1 , w e obtain

z

q + m

j +1

= N

j

z

q + m

j

+ 2 A

� 1

j +1

( I

d

+ A

j +1 = 2

)

� 1

j

X

l = �1

 

m

l

: (34)

So, com bining (33) and (34), w e ha v e

z

p � m

j +1

� z

d + q + m

j +1

= N

j

( z

p � m

j

� z

d + q + m

j

) + 2 A

� 1

j +1

( I

d

� A

j +1 = 2

)

� 1

�

m

; for 0 � m � � :

Consequen tly , p erforming some elemen tary matrix manipulations, w e get the exp ected

result.

2

1.4 Study of the Ev ans function at � = + 1

A t �rst, note that, since the linearized op erator L is con tin uous, its sp ectrum is b ounded

b y its norm, so that there exists � suc h that L has no real eigen v alue larger than �, and

D ( �; j ) do es not v anish for � > �.

Let us no w compute the sign of D for large real � .

Theorem 1.4.1

Ther e exists j

0

2 N such that, for � > � and j � j

0

, the sign of D ( �; j ) is given by

sgn( D ( �; j )) = ( � 1)

j ( dp + q � 1)+ d + q � 1

sgn(det( r

+

1

; : : : ; r

+

d

) � det( r

�

1

; : : : ; r

�

d

)) : (35)

Remark 1.4.1 Note that, r e c al ling the link b etwe en D ( �; j + 1) and D ( �; j ) given by

(21)-(13) and the fact that (H1) implies that det( M

j

) > 0 for al l j 2 Z , we know that

sgn ( D ( �; j + 1)) = ( � 1)

d

sgn (det( A

j +1

)) sgn (det ( A

j � 1

)) sgn ( D ( �; j )) :

Pro of

T o b e able to compute the sign of D ( �; j ) for large real � , w e need to describ e precisely

the b eha vior of the elemen ts � of the base B

E ( � )

and B

F ( � )

(see Section 1.3 for notations)

at � = + 1 and w e need also to b e sure their b eha viors matc h those w e describ ed near

� = 1 b y (26)-(27).

W e use a discrete (simpli�ed) approac h of Zum brun and Ho w ard's Prop osition 3.1 [88].
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Lemma 1.4.1

L et l 2 Z , V ( � ) b e an eigenve ctor of A

+

( � ) (r esp. of A

�

( � ) ) asso ciate d with � ( � ) that

never vanishes. Assuming that � , V ar e analytic and that

(K+) ther e exists ! 2 (0 ; 1) , that do es not dep end on � , such that j �

� 1

( � )( A

j

( � ) �

A

+

( � )) j = O ( !

j

) as j tends to + 1

(r esp.

(K-) ther e exists � 2 (1 ; + 1 ) , that do es not dep end on � , such that j � ( � )( A

� 1

j

( � ) �

( A

+

( � ))

� 1

) j = O ( �

j

) as j tends to �1 ),

ther e exists a solution W ( �; j ) of W

j

= A

j

( � ) W

j � 1

; such that

W ( �; j ) = V ( �; j ) �

j

( � ) ; (36)

wher e V ( �; j ) is analytic with r esp e ct to � and satis�es

8 m � 0 ; 8 j � l ;

@

m

V

@ �

m

( �; j ) =

@

m

V

@ �

m

( � ) + O ( !

j

) ; (37)

(r esp.

8 m � 0 ; 8 j � l ;

@

m

V

@ �

m

( �; j ) =

@

m

V

@ �

m

( � ) + O ( �

j

) :

�

(38)

This lemma is pro v ed in [29].

Assumptions (K+) and (K-) are satis�ed p oin t wise with resp ect to � (see 14).

Moreo v er, note that, for � 2 (1 ; + 1 ), Assumption (K+) is satis�ed for ( �

+

m

( � ))

m 2f 1 ;::: ;d g

b ecause, for m 2 f 1 ; : : : ; d g , � 7! ( �

+

m

( � )) is b ounded on (1 ; + 1 ), since �

+

m

( � ) tends to 0

as � tends to + 1 (see (18)).

Similarly , Assumption (K-) is satis�ed for ( �

�

m

( � ))

m 2f d +1 ;:::; 2 d g

b ecause ( �

�

m

( � ))

� 1

tends to

0 as � tends to + 1 (see (18)).

Next, w e pro v e that the eigen v alues of A

�

( � ) are simple for large enough � , so that for

suc h large � 's the set ( W

m

( �; � ))

m 2f 1 ;::: ;d g

(resp. ( W

m

( �; � ))

m 2f d +1 ;::: ; 2 d g

) that w e obtain b y

using Lemma 1.4.1 with all the eigen v alues and asso ciated eigenfunctions of A

+

( � ) (resp.

of A

�

( � )) is indeed a basis of E ( � ) (resp. a basis of F ( � )).

Lemma 1.4.2

Ther e exists � > 1 such that, for � > � , the char acteristic p olynomials �

�

of A

�

( � ) have

no double r o ot.

Pro of

Thanks to (16), w e can express the c haracteristic p olynomials of A

�

( � ) as

�

�

( � ) =

d

Y

m =1

~�

�

m

( � ) ;

with

~�

�

m

( � ) := �

2

�

2(1 � � � ( a

�

m

)

2

)

a

�

m

(1 � a

�

m

)

� �

a

�

m

(1 + a

�

m

)

a

�

m

(1 � a

�

m

)

; m 2 f 1 ; : : : ; d g :

Let �

1

> 1 b e suc h that �

�

has a double ro ot �

0

. Then either
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(C1) there is an in teger m

0

2 f 1 ; : : : ; d g suc h that

~�

�

m

0

( �

0

) = 0 ;

or

(C2) there are t w o di�eren t in tegers m

1

, m

2

in f 1 ; : : : ; d g suc h that ~�

�

m

1

( �

0

) = 0 and

~�

�

m

2

( �

0

) = 0.

Assume that (C1) is satis�ed.

If �

0

is a double ro ot of ~�

�

m

0

, the discriminan t of ~�

�

m

0

v anishes. Since the discriminan t of

~�

�

m

0

is � := (1 � �

1

� ( a

�

m

0

)

2

)

2

+ ( a

�

m

0

)

2

(1 � ( a

�

m

0

)

2

), the fact that �

1

is real implies that

(C1) is imp ossible.

Assume no w that (C2) is satis�ed.

Let us drop momen taril y the sup erscript � . By computing ~�

m

1

� ~�

m

2

, w e obtain

(1 � a

m

1

� a

m

2

) �

2

0

� 2( a

m

1

+ a

m

2

) �

0

� 1 � a

m

1

� a

m

2

= 0 ;

that is,

�

2

0

� 1 � a

m

1

( �

0

� 1)

2

� a

m

2

( �

0

� 1)

2

= 0 :

If �

0

= 1, w e pro v ed that necessarily �

1

= 1 (see the pro of of Prop osition 1.2.1), and since

w e assumed �

1

> 1, this case is imp ossible. So w e are left with

(1 � a

m

1

� a

m

2

) �

0

+ 1 + a

m

1

+ a

m

2

= 0 : (39)

If a

m

1

+ a

m

2

= 1, (39) b ecomes 2 = 0 so for all �

1

> 1, � has no double ro ot.

Else, if a

m

1

+ a

m

2

6= 1, w e obtain

�

0

= �

1 + a

m

1

+ a

m

2

1 � a

m

1

� a

m

2

;

so, plugging the v alue of �

0

in ~�

m

1

( �

0

) = 0, w e get

�

1

=

1

2

 

a

m

1

(1 + a

m

1

) � a

m

1

(1 � a

m

1

)

�

1 + a

m

1

+ a

m

2

1 � a

m

1

� a

m

2

�

2

� 2(1 � a

2

m

1

)

1 + a

m

1

+ a

m

2

1 � a

m

1

� a

m

2

!

:

F or � > �

1

, �

�

has no double ro ot.

2

Let � > max f � ; �

1

g . Denoting b y �

m

( �; j ) := W

m

( �; j ), m 2 f 1 ; : : : ; d g (resp. m 2 f d +

1 ; : : : ; 2 d g ) obtained b y Lemma 1.4.1 for the eigen v alue �

+

m

and the asso ciated eigen v ector

V

+

m

(resp. for the eigen v alue �

�

m

and the asso ciated eigen v ector V

�

m

), the order of the

elemen ts of the bases B

E ( � )

and B

F ( � )

is k ept and w e can con tin uously follo w these elemen ts

with resp ect to � . So, for � > � and j 2 Z , w e ha v e

�

m

j

( � ) =

�

�

+

m

( � )

�

j

V

m

( �; j ) ; for m 2 f 1 ; : : : ; d g ;

�

m

j

( � ) =

�

�

�

m

( � )

�

j

V

m

( �; j ) ; for m 2 f d + 1 ; : : : ; 2 d g
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and the Ev ans function can b e expressed as

D ( �; j ) =

 

d

Y

m =1

�

+

m

( � )

2 d

Y

m = d +1

�

�

m

( � )

!

j

det

�

V

1

( �; j ) ; : : : ; V

2 d

( �; j )

�

:

Thanks to the asymptotic dev elopmen t (17) of the eigen v alues of A

�

( � ) for large real � 's,

w e see at once that

�

+

m

( � ) �

� ! + 1

a

+

m

(1 + a

+

m

)

2 �

; m 2 f 1 ; : : : ; d g ; (40)

�

�

d + m

( � ) �

� ! + 1

� 2 �

a

�

m

(1 � a

+

m

)

; m 2 f 1 ; : : : ; d g ; : (41)

Thanks to (40)-(41) and using (H1) and (H5), w e get

sgn

 

d

Y

m =1

�

+

m

( � )

2 d

Y

m = d +1

�

�

m

( � )

!

= ( � 1)

d

sgn

 

d

Y

m =1

a

+

m

(1 + a

+

m

)

a

�

m

(1 + a

�

m

)

!

= ( � 1)

d

sgn

 

d

Y

m =1

a

+

m

a

�

m

!

= ( � 1)

d + p + q � 1

: (42)

Moreo v er, recalling the b eha viors of V

m

giv en b y (37)-(38) and the form ulae (23)-(24) w e

c hose for the eigen v ectors of A

�

( � ), w e ha v e

V

m

( �; j ) =

�

r

+

m

�

+

m

( � ) r

+

m

�

+ O ( !

j

) ; m 2 f 1 ; : : : ; d g ; (43)

V

d + m

( �; j ) =

�

r

�

m

�

�

d + m

( � ) r

�

m

�

+ O ( �

j

) ; m 2 f 1 ; : : : ; d g : (44)

Using (43)-(44) and denoting the determinan t det

�

V

1

( �; j ) ; : : : ; V

2 d

( �; j )

�

b y D ( �; j ), w e

obtain

D ( �; j ) = �

d j

det

��

r

+

1

�

+

1

( � ) r

+

1

�

+ O ( !

j

) ; : : : ;

�

r

+

d

�

+

d

( � ) r

+

d

�

+ O ( !

j

) ;

�

�

� j

r

�

1

�

� j

�

�

d +1

( � ) r

�

1

�

+ O (1) ; : : : ;

�

�

� j

r

�

d

�

� j

�

�

2 d

( � ) r

�

d

�

+ O (1)

�

= �

d j

�

K

1

( �; j ) + !

j

K

2

( �; j )

�

;

where

K

1

( �; j ) = det

��

r

+

1

�

+

1

( � ) r

+

1

�

; : : : ;

�

r

+

d

�

+

d

( � ) r

+

d

�

;

�

�

� j

r

�

1

�

� j

�

�

d +1

( � ) r

�

1

�

+ O (1) ; : : : ;

�

�

� j

r

�

d

�

� j

�

�

2 d

( � ) r

�

d

�

+ O (1)

�

;

and K

2

( �; j ) is the remaining term. Let us no w set on � to b e of the form

�

j

= �

(1+ � ) j

;
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with � a p ositiv e constan t. Note that, since, thanks to (40), w e kno w that

�

+

m

( �

j

) = o (1) ;

so that K

1

( �

j

; j ) can b e rewritten as

K

1

( �

j

; j ) = det

�

I

d

0

B

+

I

d

�

det

�

r

+

1

: : : r

+

d

�

� j

r

�

1

+ O (1) : : : �

� j

r

�

d

+ O (1)

0 : : : 0 �

� j

�

�

d +1

( �

j

) r

�

1

+ O (1) : : : �

� j

�

�

2 d

( �

j

) r

�

d

+ O (1)

�

;

where B

+

:= diag ( �

+

1

( � ) ; : : : ; �

+

d

( � )). So, using the b eha viors of �

�

m

( �

j

) giv en b y (41), w e

ha v e

K

1

( �

j

; j ) = det ( r

+

1

; : : : ; r

+

d

) � det( �

�

d +1

( �

j

) r

�

1

+ O (1) ; : : : ; �

�

2 d

( �

j

) r

�

d

+ O (1))

=

 

2 d

Y

m = d +1

�

�

m

( �

j

)

!

det( r

+

1

; : : : ; r

+

d

) � det

�

r

�

1

+ O

�

1

�

(1+ � ) j

�

; : : : ; r

�

d

+ O

�

1

�

(1+ � ) j

��

=

 

2 d

Y

m = d +1

�

�

m

( �

j

)

!

det( r

+

1

; : : : ; r

+

d

) �

�

det ( r

�

1

; : : : ; r

�

d

) + O

�

1

�

(1+ � ) j

��

:

So, c ho osing j to b e large enough and recalling that ( r

+

m

)

m 2f 1 ;::: ;d g

and ( r

�

m

)

m 2f 1 ;::: ;d g

are

bases, w e see that K

1

( �

j

; j ) do es not v anish and that its sign is giv en b y

sgn ( K

1

( �

j

; j )) = ( � 1)

d + q � 1

sgn (det ( r

+

1

; : : : ; r

+

d

)) � sgn (det( r

�

1

; : : : ; r

�

d

)) : (45)

Moreo v er, w e c ho ose the constan t � suc h that

!

j

�

� d j

�

d

j

� !

j ! + 1

0 ;

that is, � is suc h that

! �

d�

< 1 :

Consequen tly , since K

1

( �

j

; j ) do es not v anish and the Ev ans function has the same sign

for all � > �, w e gather(42) and (45) and w e obtain the exp ected result.

2
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1.5 App endix : Geometric dic hotom y

W e consider the discrete dynamical system

x

j +1

= A

j

x

j

; j 2 I � Z ; ( A

j

) 2 M

d

( R ) ; (46)

and its fundamen tal matrix ( X

j

) suc h that X

0

= I

d

.

De�nition F ollo wing [14], w e sa y that (46) has a ge ometric dichotomy on I if there

exist a pro jection P , some constan ts K > 0 and � > 0 suc h that

j X

j

P X

� 1

k

j � K e

� � ( j � k )

; k ; j 2 I ; k � j; (47)

j X

j

( I

d

� P ) X

� 1

k

j � K e

� � ( k � j )

; k ; j 2 I ; j � k : (48)

Theorem 1.5.1 (Constan t matrices)

Consider the dynamic al system

x

j +1

= Ax

j

; j 2 N (49)

and assume that the sp e ctrum of A do es not interse ct the unit-cir cle. Then (49) has a

ge ometric dichotomy on N and the r ange of its pr oje ction P is the unstable sp ac e of A .

Pro of

Let P denote the pro jection on the stable subspace of A of n ullspace the unstable subspace

of A . If there exist some constan ts L; M > 0 suc h that

j X

j

P X

� 1

k

j � Le

� � ( j � k )

; 0 � k � j;

j X

j

( I

d

� P ) X

� 1

k

j � M e

� 
 ( k � j )

; 0 � j � k ;

where � := � ln(max fj � j ; � 2 � ( A ) ; j � j < 1 g ) and 
 := ln (min fj � j ; � 2 � ( A ) ; j � j > 1 g ).

T aking K := max ( L; M ) and � := min ( � ; 
 ), w e conclude that (46) has a geometric

dic hotom y on N .

2

F ollo wing Copp el's w ork in the con tin uous case, w e state the follo wing theorem

Theorem 1.5.2 (P erturb ed system)

Consider the fol lowing p erturb e d system

y

j +1

= ( A

j

+ B

j

) y

j

; j 2 N ; (50)

wher e ( A

j

) and ( B

j

) ar e not ne c essarily c onstant. We assume that (46) has a ge ometric

dichotomy on N , with the notations taken in (47)-(48).

If the se quenc e ( B

j

) satis�es

k B k = sup

j 2 N

j B

j

j <

4 sinh ( � )

(2 K + 1)

2

; (51)

then (50) has a ge ometric dichotomy on N of pr oje ction Q such that k er ( Q ) = k er ( P ) .
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Pro of

De�ne

T : Y 2 `

1

( N ) 7! T Y suc h that 8 j 2 N ;

( T Y )

j

:= X

j

P +

j

X

k =1

X

j

P X

� 1

k

B

k � 1

Y

k � 1

�

+ 1

X

k = j +1

X

j

( I

d

� P ) X

� 1

k

B

k � 1

Y

k � 1

:(52)

F or some j 2 N , w e th us obtain

j ( T Y )

j

j � K e

� �j

+ k Y k

X

j 2 N

K e

� � j j � k j

;

� K

�

1 + k B kk Y k

�

1 + e

� �

1 � e

� �

��

;

that is the sequence T Y is b ounded. Similarly , if Y and

~

Y are b ounded sequences of n � n

matrices,

k T Y � T

~

Y k � k B k K

�

1 + e

� �

1 � e

� �

�

k Y �

~

Y k :

So, applying the �xed p oin t theorem, if w e assume that � := k B k K (1 + e

� �

) = (1 � e

� �

) < 1,

w e conclude that T has a unique �xed p oin t ( Y

1

j

)

j 2 N

. Since T Y

1

= Y

1

, w e ha v e, for some

j 2 N ,

Y

1

j

= X

j

P +

j

X

k =1

X

j

P X

� 1

k

B

k � 1

Y

1

k � 1

�

+ 1

X

k = j +1

X

j

( I

d

� P ) X

� 1

k

B

k � 1

Y

1

k � 1

; (53)

so that

Y

1

j +1

= A

j

X

j

P +

j

X

k =1

A

j

X

j

P X

� 1

k

B

k � 1

Y

1

k � 1

+ X

j +1

P X

� 1

j +1

B

j

Y

1

j

�

+ 1

X

k = j +1

A

j

X

j

( I

d

� P ) X

� 1

k

B

k � 1

Y

1

k � 1

+ X

j +1

( I

d

� P ) P X

� 1

j +1

B

j

Y

1

j

= A

j

Y

1

j

+ B

j

Y

1

j

;

that is Y

1

solv es (50). Since P

2

= P , Y

1

P is also a �xed p oin t of T , so Y

1

P = Y

1

and, in

particular, if Q = Y

1

0

, QP = Q . Besides, since P ( I

d

� P ) = 0, w e �nd for some j; k 2 N

X

j

P X

� 1

k

Y

1

k

= X

j

P +

k

X

l =1

X

j

P X

� 1

l

B

l � 1

Y

1

l � 1

; (54)

and, consequen tly , using (53) and (54), w e obtain

Y

1

j

= X

j

P X

� 1

k

Y

1

k

+

j

X

l = k +1

X

j

P X

� 1

l

B

l � 1

Y

1

l � 1

�

+ 1

X

l = j +1

X

j

( I

d

� P ) X

� 1

l

B

l � 1

Y

1

l � 1

: (55)

T aking k = j = 0 in (54), P Q = P , so that Y

1

Q = Y

1

, since Y

1

Q is a �xed p oin t of T .

Consequen tly , Q

2

= Q and Q is a pro jection.
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Let ( Y

j

) b e the resolv an t matrix of (50) suc h that Y

0

= I

d

. Since Y

1

0

= Q and Y

1

solv es

(50), Y

1

= Y Q . Let Y

2

= Y ( I

d

� Q ) so that Y = Y

1

+ Y

2

. Using the v ariation of

constan ts form ula on (50), w e �nd for some j 2 N

Y

2

j

= X

j

( I

d

� Q ) +

j

X

l =1

X

j

X

� 1

l

Y

2

l � 1

:

Since ( I

d

� P )( I

d

� Q ) = I

d

� Q , w e obtain similarly as in (55),

Y

2

j

= X

j

( I

d

� P ) X

� 1

k

Y

2

k

+

j

X

l =1

X

j

P X

� 1

l

B

l � 1

Y

2

l � 1

�

k

X

l = j +1

X

j

( I

d

� P ) X

� 1

l

B

l � 1

Y

2

l � 1

: (56)

In conclusion, for some � 2 R

n

, w e ha v e

for j � k � 0 ; j Y

1

j

� j � K e

� � ( j � k )

j Y

1

k

� j + �

�

1 � e

� �

1 + e

� �

�

+ 1

X

l = k +1

e

� � j l � j j

j Y

1

l � 1

� j ;

for k � j � 0 ; j Y

2

j

� j � K e

� � ( k � j )

j Y

2

k

� j + �

�

1 � e

� �

1 + e

� �

�

k

X

l =1

e

� � j l � j j

j Y

2

l � 1

� j :

Lemma 1.5.1

L et ( y

j

)

j 2 N

b e a b ounde d se quenc e which satis�es

y

j

� K e

� �j

+ �

�

1 � e

� �

1 + e

� �

�

+ 1

X

k =1

e

� � j k � j j

y

k � 1

; 8 j 2 N : (57)

Then ther e exist � > 0 and r 2 (0 ; 1) such that

y

j

� �r

j

; 8 j 2 N :

Pro of

Let us at �rst solv e the follo wing recurrence

z

j

= K e

� �j

+ �

�

1 � e

� �

1 + e

� �

�

+ 1

X

k =1

e

� � j k � j j

z

k � 1

; 8 j 2 N : (58)

P erforming elemen tary computations on (58), w e �nd

z

j +1

� 2 cosh ( � ) z

j

+

�

1 + 4 � sinh

2

�

�

2

��

z

j � 1

= 0 : (59)

Since the discriminan t of the c haracteristic p olynomial of (59) is

� = 16 sinh

2

( �= 2)(cosh

2

( �= 2) � � )

is p ositiv e, the solutions of (58) are linear com binations of ( r

j

�

)

j

, where

r

�

= cosh ( � ) � sinh( �= 2)

q

cosh

2

( �= 2) � � :
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Moreo v er, the sum and the pro duct of r

+

and r

�

are p ositiv e, so r

+

and r

�

are also p ositiv e.

W e are searc hing a b ounded solution of (58), so, as r

+

> 1, w e ha v e to determine whether

r

�

< 1. But

r

�

� 1 =

2 sinh( �= 2)( � � 1)

sinh( �= 2) +

q

cosh

2

( �= 2) � �

< 0 :

Th us

z

j

= �K r

j

; 8 j 2 N ; (60)

where r := r

�

. Plugging (60) in (58), w e �nd

� =

1

1 � �

e

� �

(1 � e

� �

)

(1 + e

� �

)(1 � r e

� �

)

: (61)

If ( y

j

) is a solution of (58) and M = sup

j

y

j

, for some j 2 N w e obtain

x

j

� K e

� �j

+ �

1 � e

� �

1 + e

� �

+ 1

X

k =1

e

� � j j � k j

y

k � 1

� K + � M ;

so that, taking the suprem um on j ,

M �

K

1 � �

:

Let L � K = (1 � � ). W e �nd that for some j 2 N ,

K e

� �j

+ �

1 � e

� �

1 + e

� �

+ 1

X

k =1

Le

� � j j � k j

� K + L� � L:

Let us sho w no w the existence of ( z

j

) suc h that

8 j 2 N ; y

j

� z

j

� L: (62)

De�ne, for all j 2 N , z

0

j

= y

j

and for all n � 1, j 2 N ,

z

n

j

= K e

� �j

+ �

1 � e

� �

1 + e

� �

+ 1

X

k =1

e

� � j j � k j

z

n � 1

k � 1

:

Let p � q and j 2 N .

j z

q

j

� z

p

j

j � �

1 � e

� �

1 + e

� �

+ 1

X

k =1

e

� � j j � k j

j z

q � 1

k � 1

� z

p � 1

k � 1

� � sup

k

j z

q � 1

k

� z

p � 1

k

j

Consequen tly ,

sup

k

j z

q

k

� z

p

k

j � �

p

j z

q � p

k

� y

k

j � 2 L�

q

: (63)

Since � < 1, taking the limit as q ! + 1 in (63), w e �nd that ( z

n

) is a Cauc h y sequence

of `

1

( N ), so ( z

n

) con v erges. Since the �xed p oin t is unique, z

n

! z . So, since z satis�es

(60) and (62),

8 j 2 N ; y

j

� �K r

j

: (64)



1. Condition n � ecessaire de stabilit � e sp ectrale de pro�ls stationnaires du sc h � ema de Lax-W endro� 114

Let l 2 N and apply (64) to ( y

0

j

)

0 � j � l

, de�ned b y y

0

j

= y

l � j

, 0 � j � l :

y

0

j

� K e

� � ( l � j )

+ �

1 � e

� �

1 + e

� �

+ 1

X

k =1

e

� � j l � j � k j

x

l � k � 1

;

so that

y

0

j

� �K r

l � j

:

2

W e pro v ed that, for all � 2 R

n

,

j Y

1

j

� j � �K r

j � k

j Y

1

k

� j ; j � k � 0 ; (65)

j Y

2

j

� j � �K r

k � j

j Y

2

k

� j ; k � j � 0 : (66)

T o conclude, w e need to pro v e that ( Y

j

QY

� 1

j

) is b ounded.

Using (53), w e obtain

X

j

( I

d

� P ) X

� 1

j

Y

1

j

= �

+ 1

X

k = j +1

X

j

( I

d

� P ) X

� 1

k

B

k � 1

Y

1

k � 1

;

so that, using (47) and (65),

j X

j

( I

d

� P ) X

� 1

j

Y

1

j

� j �

+ 1

X

k = j +1

K e

� � ( k � j )

k B k �r

k � j

j Y

1

j

j

� k B k �K

2

e

� �

1 � r e

� �

j Y

1

j

j : (67)

Similarly , using (56), w e obtain

X

j

P X

� 1

j

Y

2

j

=

j

X

k =1

X

j

P X

� 1

k

B

k � 1

Y

2

k � 1

;

and, using (48) and (66),

j X

j

P X

� 1

j

Y

2

j

� j �

j

X

k =1

K e

� � ( j � k )

k B k �r

j � k

j Y

2

j

� j

� k B k �K

2

e

� �

1 � r e

� �

j Y

2

j

� j : (68)

Let

� :=

K

2

k B k �

1 � r e

� �

= K ( � � 1) :

Since r e

� �

< 1, (67) and (68) imply that, for all j 2 N ,

j X

j

( I

d

� P ) X

� 1

j

Y

1

j

� j � � j Y

1

j

� j ; (69)

j X

j

( I

d

� P ) X

� 1

j

Y

2

j

� j � � j Y

2

j

j � j : (70)



1. Condition n � ecessaire de stabilit � e sp ectrale de pro�ls stationnaires du sc h � ema de Lax-W endro� 115

Moreo v er, since

Y

j

QY

� 1

j

� X

j

P X

� 1

j

= X

j

( I

d

� P ) X

� 1

j

Y

j

QY

� 1

j

� X

j

P X

� 1

j

Y

j

( I

d

� Q ) Y

� 1

j

;

c hanging � to Y

� 1

j

� in (69) and (70), w e obtain

j X

j

P X

� 1

j

Y

1

j

Y

� 1

j

� j � � j Y

1

j

Y

� 1

j

� j ; (71)

j X

j

P X

� 1

j

Y

2

j

Y

� 1

j

� j � � j Y

2

j

Y

� 1

j

� j ; (72)

so that

j Y

j

QY

� 1

j

� X

j

P X

� 1

j

j � � ( j Y

j

QY

� 1

j

j + j Y

j

( I

d

� Q ) Y

� 1

j

)

and

j Y

j

QY

� 1

j

j � � ( j Y

j

QY

� 1

j

j + j Y

j

( I

d

� Q ) Y

� 1

j

) + K :

Moreo v er, as Y

j

QY

� 1

j

� X

j

P X

� 1

j

= Y

j

( I

d

� Q ) Y

� 1

j

� X

j

( I

d

� P ) X

� 1

j

, w e get

j Y

j

( I

d

� Q ) Y

� 1

j

j � � ( j Y

j

QY

� 1

j

j + j Y

j

( I

d

� Q ) Y

� 1

j

) + K :

So

j Y

j

QY

� 1

j

j + j Y

j

( I

d

� Q ) Y

� 1

j

j � 2 � ( j Y

j

QY

� 1

j

j + j Y

j

( I

d

� Q ) Y

� 1

j

j ) + 2 K :

If � < 1 = 2,

j Y

j

QY

� 1

j

j �

K

1 � 2 �

; (73)

j Y

j

( I

d

� Q ) Y

� 1

j

j �

K

1 � 2 �

: (74)

Replacing � with Y

� 1

k

in (65) and (66), w e obtain

j Y

1

j

� j �

�K

2

1 � 2 �

r

j � k

; j � k � 0 ; (75)

j Y

2

j

� j �

�K

2

1 � 2 �

r

k � j

; k � j � 0 : (76)

The condition � < 1 = 2 is satis�ed if � < 8 K = (2 K + 1)

2

, that is if k B k < 4 sinh( � ) = (2 K +

1)

2

.

2

Lemma 1.5.2

If (46) has a ge ometric dichotomy on f N ; N + 1 ; ::: g , that is (46) satis�es (47) and (48),

then (46) has also a ge ometric dichotomy on N .

Pro of

Let 0 � k � N � j . Then, since

X

j

P X

� 1

k

= X

j

P X

� 1

N

X

N

P X

� 1

k

; (77)

using (47), w e get

j X

j

P X

� 1

k

j � K e

� � ( j � N )

j X

N

P X

� 1

k

j :
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Let L := e

�N

max j X

N

P X

� 1

k

j ; k 2 f 0 ; : : : ; N . It follo ws that

j X

j

P X

� 1

k

j � K Le

� �N

e

� � ( j � N )

� K Le

� � ( j � k )

: (78)

Let 0 � j � N � k . Using (48) and de�ning L

0

:= e

� �N

max j X

j

P X

� 1

N

j ; j 2 f 0 ; : : : ; N g ,

w e obtain

j X

j

P X

� 1

k

j � K L

0

e

� �N

e

� � ( k � N )

� K L

0

e

� � ( k � j )

: (79)

Let 0 � k ; j � N . Using (77), w e obtain

j X

P

j

X

� 1

k

j � LL

0

e

� 2 �N

� LL

0

e

� � ( j � k )

:

2

Theorem 1.5.3 (Extension)

Assume that (46) has a ge ometric dichotomy on N of pr oje ction P and a ge ometric di-

chotomy on � N of pr oje ction Q and that R( P ) � k er ( Q ) = R

n

. Then (46) has a ge ometric

dichotomy on Z of pr oje ction R satisfying R( R ) = R( P ) and k er ( R ) = k er ( Q ) .

Pro of

Since w e assumed R( P ) � k er ( Q ) = R

n

, there exists a unique pro jection R on R( P ) and

whose k ernel is k er ( Q ). It implies that

P R = R; RP = P ; (80)

QR = Q; RQ = R: (81)

Without loss of generalit y , w e assume that the dic hotom y co e�cien ts � and K are the

same on N and � N .

Since R � P = R ( I

d

� P ), if j; k 2 N ,

j X

j

( R � P ) X

� 1

k

j � j X

j

R j K e

� �k

� j K

2

e

� � ( j + k )

j R j ;

so that

j X

j

RX

� 1

k

j � j X

j

P X

� 1

k

j + j K

2

e

� � ( j + k )

j R j :

If j � k � 0, since (47) is satis�ed,

j X

j

RX

� 1

k

j � K e

� � ( j � k )

(1 + e

� 2 �k

K j R j )

� K (1 + K j R j ) e

� � ( j � k )

:

Similarly , if k � j � 0,

j X

j

( I

d

� R ) X

� 1

k

j � j X

j

( I

d

� P ) X

� 1

k

j + j X

j

( P � R ) X

� 1

k

j

� K (1 + K j R j ) e

� � ( k � j )

:

If j; k � 0, since ( I

d

� Q ) R = R � Q ,

j X

j

( R � Q ) X

� 1

k

j � K

2

j R j e

� ( j + k )

:

So, if k � j � 0,

X

j

RX

� 1

k

j � K (1 + K j R j ) e

� � ( j � k )

;
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and if j � k � 0,

X

j

( I

d

� R ) X

� 1

k

j � K (1 + K j R j ) e

� � ( k � j )

:

If j � 0 � k , since X

j

RX

� 1

k

= X

j

RRX

� 1

k

,

j X

j

RX

� 1

k

� K (1 + K j R j ) e

� �j

K (1 + K j R j ) e

�k

;

that is

j X

j

RX

� 1

k

� ( K (1 + K j R j ))

2

e

� � ( j � k )

:

Similarly , if k � 0 � j ,

j X

j

( I

d

� R ) X

� 1

k

� ( K (1 + K j R j ))

2

e

� � ( k � j )

:

2

Prop osition 1.5.4 (Inhomogeneous systems)

Consider

x

j +1

= A

j

x

j

+ t

j

; j 2 Z (82)

wher e ( t

j

)

j 2 Z

2 `

2

( Z ) and the homo gene ous system x

j +1

= A

j

x

j

has a ge ometric dichotomy

on Z of pr oje ction R . Then (82) has a unique solution

x

j

=

j

X

k = �1

X

j

RX

� 1

k

f

k � 1

�

+ 1

X

k = j +1

X

j

( I

d

� R ) X

� 1

k

f

k � 1

:

Mor e over, f 7! x is line ar and c ontinuous.

This prop ert y is in fact pro v ed in the pro of of Theorem 1.5.2, using the v ariation of

constan ts form ula, and using (47) and 48), w e get

j x

j

j � k f k

`

2

( Z )

j

0

@

v

u

u

t

j

X

k = �1

j X

j

RX

� 1

k

j

2

+

v

u

u

t

+ 1

X

k = j +1

j X

j

( I

d

� R ) X

� 1

k

j

2

1

A

� k f k K

1 + e

� �

p

1 � e

� 2 �

:



2. ESTIMA TIONS DE LA F ONCTION DE GREEN DU SCH

�

EMA DE

LAX-FRIEDRICHS MODIFI

�

E

2.1 In tro duction

W e consider at �rst the case of discrete sho c k pro�les : let d � 1 and consider the

one-dimensional d � d system of conserv ation la ws

u

t

+ f ( u )

x

= 0 ; t � 0 ; x 2 R ; (1)

u : R � R

+

� ! U ; U an op en set of R

d

; (2)

f : U � R

d

� ! R

d

smo oth,

with an initial datum

u ( x; 0) = u

0

( x ) ; x 2 R : (3)

W e are in terested here in the appro ximation of (1) b y means of the mo di�e d L ax-F rie drichs

scheme (MLF). W e consider a uniform mesh of R consisting of cells M

j

:= ( j h; ( j + 1) h ]

of size h , j 2 Z . W e denote b y x

j

:= ( j � 1 = 2) h the cen ter of M

j

. The time step is k and

w e set t

n

= nk , n 2 N . Let L b e the (nonlinear) ev olution op erator asso ciated with the

MLF sc heme

( L u )

j

= u

j

�

k

h

( F ( u

j

; u

j +1

) � F ( u

j � 1

; u

j

)) ; j 2 Z ; (4)

where the n umerical 
ux F is

F ( u; v ) =

f ( u ) + f ( v )

2

+ D ( u � v ) ; (5)

with D a scalar constan t.

The n umerical problem asso ciated with (1)-(3) is

u

n +1

= L ( u

n

) ; n � 1 ; (6)

u

0

j

=

1

j M

j

j

Z

M

j

u

0

( x )d x; j 2 Z : (7)

Let us no w mak e the standard assumptions. Let ( u

�

; u

+

) b e a stationary sho c k of (1) of

arbitr ary str ength , that satis�es the follo wing h yp otheses (H1)-(H5):

� the Rankine-Hugoniot condition is satis�ed:

H 1 f ( u

+

) = f ( u

�

) ,

� system (1) is strictly h yp erb olic at the p oin ts u

�

:
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H 2 d f ( u

�

) is diagonalizable and its eigenvalues ar e r e al and simple; we denote

them by a

�

1

< : : : < a

�

d

and by ( r

�

q

)

q 2f 1 ;::: ;d

some asso ciate d eigenve ctors,

� the sho c k is non-c haracteristic :

H 3 0 62 � (d f ( u

�

)) , wher e � denotes the sp e ctrum,

� there are at least d c haracteristics en tering the sho c k, that is, the eigen v alues of

d f ( u

�

) satisfy the follo wing inequalities :

H 4

a

+

p

+

< 0 < a

�

p

�

;

a

�

p

�

� 1

< 0 < a

+

p

+

+1

;

with p

+

= p

�

+ $ , $ 2 f� 1 ; : : : ; d � 1 g .

This last condition implies that there are d + $ + 1 c haracteristics en tering the sho c k and

d � $ � 1 outgoing ones. The case p

+

= p

�

� 1 corresp onds to an undercompressiv e sho c k

[71]. When p

+

� p

�

, the sho c k is said to b e compressiv e, in reference to the case of gas

dynamics [74, 16 ], where the pressure increases through suc h a sho c k. More precisely , if

$ = 0, the sho c k is said to b e of Lax -t yp e and if $ � 1, the sho c k is o v ercompressiv e of

degree $ [53, 56 ].

H

H

H

H
HH

HHY
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Fig. 2.1: Compressivit y of the sho c k

Our last standard assumption is that the w ell-kno wn CFL condition is satis�ed

H 5 sup

u 2U

� (d f ( u )) < 2 D <

h

k

,

where � denotes the sp ectral radius.

W e are in terested here in stationary discrete sho c k pro�les of the MLF sc heme, that is,

�xed p oin ts of the op erator L that connect the end states u

�

and u

+

. The existence of

stationary discrete sho c k pro�les has b een studied for quite a long time ([41 , 62 , 64 ]).

When the sp eed of the sho c k is not zero, ho w ev er, the searc h for discrete sho c k pro�les
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is m uc h more di�cult : in the case of rational sp eeds, w e need to iterate the op erator

L to c hange to a stationary sho c k, but the iterated op erator is m uc h more complicated

than the original one; Liu and Y u [57, 58 ] dev elop ed a Diophan tine condition under whic h

they pro v ed the existence of discrete sho c k pro�les for w eak sho c ks. The case of irrational

sp eeds remains op en [72]. Let us assume no w the existence of a stationary discrete sho c k

pro�le for the MLF sc heme :

H 6 ther e exists a se quenc e �u

s

= ( � u

s

j

)

j 2 Z

that satis�es

L ( � u

s

) = �u

s

;

�u

s

j

� !

j !�1

u

�

:

Let us no w linearize L ab out �u

s

u

n +1

j

= u

n

j

�

�

F

j +1

u

n

j +1

� F

j � 1

u

n

j � 1

2

� D ( u

n

j +1

� 2 u

n

j

+ u

n

j � 1

)

�

=: ( L

s

u

n

)

j

; j 2 Z ; (8)

where

F

j

:=

k

h

d f ( � u

s

j

) ; 8 j 2 Z ;

D :=

k D

h

:

In the follo wing, w e denote

F

�

:=

k

h

d f ( u

�

) ;

a

�

q

:=

k

h

a

�

q

; q 2 f 1 ; : : : ; d g :

Note that ( a

�

q

)

q 2f 1 ;::: ;n g

are the eigen v alues of F

�

and that ( r

�

q

)

q 2f 1 ;::: ;n g

are asso ciated

eigen v ectors.

The n umerical linearized problem that w e are in terested in is

u

n +1

� L

s

u

n

= ~u

n

; 8 n � 0 ; (9)

u

n

j

� !

j !�1

0 ; 8 n � 0 ; (10)

u

0

= u ; (11)

where ~u and u are giv en sequences.

A w a y to describ e the solutions of (9)-(10)-(11) is b y using the Green's function, that is a

sequence ( G ( n; l ; j ))

n 2 N ;l 2 Z ;j 2 Z

of d � d matrices that solv es the follo wing problem, l b eing

giv en in Z ,

G ( n + 1 ; l ; j ) � L

s

G ( n; l ; j ) = 0 ; 8 n � 0 ; j 2 Z ; (12)

G ( n; l ; j ) � !

j !�1

0 ; 8 n � 1 ; (13)

G (0 ; l ; j ) = �

lj

I

d

; j 2 Z ; (14)
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where � is the Kronec k er sym b ol. Indeed, the formal solution of (9)-(10)-(11) is giv en b y

u

n

j

=

+ 1

X

l = �1

G ( n; l ; j ) u

l

+

n � 1

X

�n =0

+ 1

X

l = �1

G ( n � �n; l ; j ) ~ u

�n

l

; for j 2 Z ; n � 1 :

The aim of this pap er is to �nd estimates of G , in order to b e able to b etter understand

its b eha vior, in the same w a y as Zum brun and Ho w ard [88] did in the case of (con tin uous)

viscous sho c k pro�les.

The op erator L

s

is said to b e sp ectrally stable if L has no eigen v alue outside the op en

unit disc, since suc h eigen v alues are unstable mo des of L

s

[43 ]. Consequen tly , to a v oid

instabilit y , w e assume that

H 7 the op er ator L

s

has no eigenvalue of mo dulus lar ger or e qual to 1 other than 1 .

Indeed, in the compressiv e case ( $ � 0), 1 is an eigen v alue of L

s

and m ust b e dealt with

v ery carefully (see [72, 9, 73 ]). An analogous role is pla y ed b y the eigen v alue 0 in the

con tin uous case : ev ery translation of the sho c k pro�le is also a sho c k pro�le, so that

the deriv ativ e of the pro�le is alw a ys an eigenfunction of the linearized op erator for the

eigen v alue 0 [88]. In the discrete case, ho w ev er, the translation in v ariance parameter is

an in teger and there is no suc h generalit y . That is the reason wh y w e m ust study the

op erator L

s

� 1 v ery precisely . T o in v estigate the role of 1, w e use an Ev ans function,

that is a function D ( j; � ) whic h is a de�ned for j � j > 1 b y a determinan t of 2 d solutions

of

( L

s

� � ) v = 0 : (15)

The main feature of the Ev ans function is that it v anishes at p oin ts � that are eigen v alues

of L

s

. More precisely , considering a basis v

1

( �; j ) ; : : : ; v

d

( �; j ) (resp. v

j +1

( �; j ) ; : : : ; v

2 d

( �; j ))

of the solutions of (15) that decrease exp onen tially to w ards 0 as j tends to + 1 (resp. to

�1 ), w e de�ne, for j � j > 1 and j 2 Z ,

D ( �; j ) = det

�

v

1

( �; j ) : : : v

d

( �; j ) v

d +1

( �; j ) : : : v

2 d

( �; j )

� v

1

( �; j ) : : : � v

d

( �; j ) � v

d +1

( �; j ) : : : � v

2 d

( �; j )

�

;

where � v

j

= v

j

� v

j � 1

. Up to a pro duct factor dep ending only on j , D is a W ronskian of

(15). Besides, D is holomorphic with resp ect to � in j � j > 1.

In the con tin uous setting, the Gap Lemma [24] allo ws to extend D to a neigh b orho o d of

the origin. Thanks to this tec hnique, necessary conditions of sp ectral stabilit y ha v e b een

obtained for v arious appro ximations, suc h as Gardner and Zum brun's [24 ] and Benzoni,

Serre and Zum brun's [4] for the viscous case, Serre's for the Lax-F riedric hs sc heme [73 ],

Bultelle, Grassin and Serre's for the Go duno v sc heme [9], Benzoni's for the semi-discrete

pro�les [2 ], Go dillon's for the semi-linear relaxation [30 ]. Zum brun and Serre link ed, in

the m ulti-dim ensional setting, the Ev ans function and the Lopatinski condition [89].

Here, the study of ( v

q

)

q 2f 1 ;::: ; 2 d g

in a neigh b orho o d of � = 1 sho ws that D necessarily

v anishes at � = 1 if the sho c k is compressiv e ( $ � 0). F urthermore, if $ > 0, the $ �rst

deriv ativ es of D with resp ect to � necessarily v anish at � = 1. Consequen tly , w e assume

that the sho c k is minimall y degenerated, that is,

H 8

@

$ +1

D

@ �

$ +1

( � ; j ) do es not vanish at � = 1 for al l j 2 Z .



2. Estimations de la fonction de Green du sc h � ema de Lax-F riedric hs mo di� � e 122

Note that Hyp othesis (H7) can b e reform ulated equiv alen tly as

H 7 if $ � 0 (r esp. if $ = � 1 ), the Evans function D ( �; � ) do es not vanish in f � 2

C = j � j � 1 g n f 1 g (r esp. j � j � 1 ).

The aim of this pap er is to pro v e the follo wing theorem

Theorem 2.1.1 (Green's function of a sho c k pro�le)

Assuming (H1-7), the Gr e en 's function of the line arize d pr oblem (9)-(10)-(11) b ehaves as

fol lows :

for ~ e 2 R

d

;

G ( n; l ; j ) � ~ e = �

j j j <n min ( j a

�

q

j ;q 2f 1 ;::: ;d g )

R

0

( l ; j ) � ~ e +

X

q =j a

�

q

> 0

1

p

n

O

 

exp

 

�

�

j � a

�

q

n

�

2

M n

!!

r

�

q

+ O

�

e

� 
 n

exp

�

�

( l � j )

2

M n

��

; l ; j 2 Z ;

�

j

G ( n; l ; j ) � ~ e = �

j j j <n min ( j a

�

q

j ;q 2f 1 ;::: ;d g )

�

j

R

0

( l ; j ) � ~ e +

X

q =j a

�

q

> 0

1

n

O

 

exp

 

�

�

j � a

�

q

n

�

2

M n

! !

r

�

q

+ O

�

e

� 
 n

exp

�

�

( l � j )

2

M n

��

; l ; j 2 Z ;

wher e

� the notation �

j

G ( � ; � ; j ) r efers to G ( � ; � ; j ) � G ( � ; � ; j � 1) ,

� the notation q =j a

�

q

> 0 addr esses the indic es q 2 f 1 ; : : : ; d g such that j and the

eigenvalues a

sign ( j )

q

have the same sign,

� the r esidual term R

0

( l ; j ) is a pr oje ction on the eigensp ac e of L

s

asso ciate d with the

eigenvalue 1 (se e e quation 58),

� al l the c onstants ar e lo c al ly b ounde d on l and uniformly b ounde d on n and j , and

the c onstants M and 
 ar e p ositive.

This result is analogous to the ones pro v ed b y Zum brun and Ho w ard [88] in the case of

viscous sho c k pro�les, although they do not set on y (the con tin uous analogue of our dis-

crete v ariable l ) to b e b ounded. A t �rst, the Dirac mass splits in to w a v es that propagate

along the outgoing c haracteristics and w a v es that propagate along the en tering c harac-

teristics. The w a v es that are carried b y the outgoing c haracteristics, that is eigen v ectors

corresp onding to negativ e (resp ectiv ely p ositiv e) eigen v alues if the Dirac mass w as on the

left-hand (resp. righ t-hand) side of the sho c k, tak e the shap e of mo ving Gaussians that

are damp ed b y the n umerical viscosit y . Their asymptotic sp eeds are the corresp onding

eigen v alues of the deriv ativ es of the 
ux at the end states m ultiplied b y the ratio k =h . The

w a v es propagating along the en tering c haracteristics mo v e to w ards the sho c k, and when

eac h w a v e corresp onding to a di�eren t c haracteristic reac hes the p osition of the sho c k

( j = 0), similar outgoing w a v es as describ ed ab o v e are emitted. F urthermore, if the sho c k
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is compressiv e, as so on as the �rst en tering w a v es has reac hed the sho c k, a stationary

residual w a v e that is strongly related to the k ernel of L

s

� 1 ma y app ear, dep ending on

the p osition of the Dirac mass as initial datum. There is also a fast-time deca ying term.

Note that the fact that the outgoing w a v es are Gaussian-shap ed is compatible with the

`

1

conserv ation of the mass.

W e giv e in Section 2.5 a n umerical illustration of Theorem 2.1.1 : w e treat the case of a

Lax 3-sho c k for the 3 � 3 system of gas dynamics in conserv ativ e v ariables. W e include

graphics displa ying the three comp onen ts of the Green's function in the canonical basis

(see Figure 2.12) and in the basis of the eigen v ectors of d f ( u

�

) (see Figure 2.14), in order

to sho w the di�eren t sp eeds and directions of the w a v es that app ear when the Dirac mass

splits. W e also compute an eigenfunction of L

s

� 1 (see Figures 2.13 and 2.15) in order to

compare it with the residual w a v e R

0

. The ev olution of the Green's function is compared

to the theoretical Gaussians in mo vies that are a v ailable at

http://www .um pa .en s-l yon .f r/~ pgo dil lo .

Let us no w giv e a few hin ts of the pro of of Theorem 2.1.1. F ollo wing the w ork of Zum brun

and Ho w ard for viscous sho c k pro�les [88], the main to ol that w e are going to use is the

Laplace transform of a sequence that w e de�ne b y

v = ( v

n

)

n 2 N

7!

 

� 2 D 7! ^v ( � ) :=

X

n 2 N

e

� �n

v

n

!

; (16)

where D is a subset of C suitably c hosen to ensure the con v ergence of the sum. In

particular, since (16) is i 2 � p erio dic in � , w e set on D to lie in the strip S := f � 2

C = � � � Im ( � ) � � g . Giv en l 2 Z , the Laplace transform of the Green's function

G ( � ; l ; � ) with resp ect to time, that w e denote b y G

�

( l ; � ) satis�es the follo wing problem

( L

s

� e

�

) G

�

( l ; j ) = � �

lj

I

d

; j 2 Z ; (17)

G

�

( l ; j ) � !

j !�1

0 : (18)

In Section 2.2, rewriting the homogeneous equation

( L

s

� e

�

) v = 0 ;

as a �rst-order dynamical system

V

j

= A

j

( � ) V

j � 1

; V

j

=

�

v

j

v

j +1

� v

j

�

2 C

2 d

; j 2 Z ; (19)

w e study the limit systems of (19) as j tends to �1 , and more sp eci�cally the b eha vior

of the solutions decreasing to 0 at �1 : it allo ws us to construct the Ev ans function

D ( �; j ), (w e tak e hereafter the v ariable � , that is link ed to the v ariable � , that w e used in

(15), through e

�

= � ) as an analytic function in the op en righ t half-plane and to extend

it to a neigh b orho o d of � = 0. In Section 2.3, w e express G

�

as a sum of suitably c hosen

solutions of (19), so that w e are able to establish that G

�

is meromorphic (if the sho c k

is compressiv e) with � = 0 as its only p ole in a carefully c hosen neigh b orho o d of 0 and

th us to �nd b ounds of G

�

for small and medium v alues of � . W e do not ha v e to consider
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large v alues of � since, the sc heme ha ving a �nite propagation sp eed, G ( n; l ; j ) v anishes

for n + 1 � j l � j j .

In Section 2.4, w e use the in v erse Laplace transform to get b ounds of G :

G ( n; l ; j ) =

1

2 i�

Z

�

e

�n

G

�

( l ; j )d �; (20)

where � is a path of S that lies a priori in the op en righ t half-plane. But thanks to the

Cauc h y form ula, this path can b e c hanged to b etter suit the b eha vior of G

�

: w e c ho ose

mo ving con tours, that dep end on n , l , and j , and that ma y partly lie in the left half-plane,

as in the w ork of Zum brun and Ho w ard [88]. W e tak e a particular care to deal with the

compressiv e sho c ks, since in these cases the Laplace transform of G has a p ole (of �nite

order) at the origin : the c hoice of con tours ma y then yield a stationary residual term,

whic h is a pro jection on the eigenspace asso ciated with the eigen v alue 1 of L

s

, as stated

in Theorem 2.1.1.

A similar tec hnique can b e applied to the Lax-W endro� sc heme, but the computations

are rather more complicated.

Let us no w consider the b oundary la y er setting : let a d � d system of conserv ation la ws

on the half-line R

+

with initial datum b e

u

t

+ f ( u )

x

= 0 ; x � 0 (21)

u ( x; 0) = u

0

( x ) ; x � 0 : (22)

W e are still considering the MLF sc heme, but no w w e consider a mesh of R

+

that consists

of cells M

j

= ( j h; ( j + 1) h ] of size h , j 2 N , x

j

= ( j � 1 = 2) h b eing the cen ter of M

j

.

W e denote b y k the time step and t

n

= nk , n 2 N . The nonlinear ev olution op erator

asso ciated with the MLF sc heme is still denoted b y L (see (4) and (5)).

W e assume as usual that d f ( u ) is symmetriz able, that is

K 1 ther e exist smo oth matric es P , b eing invertible, and D , b eing diagonal, such that

d f ( u ) = P ( u ) D ( u ) P ( u )

� 1

.

Boundary conditions at x = 0 are needed : c ho osing Neuman's condition leads to small

b oundary la y ers of size h and Diric hlet's condition to large b oundary la y ers of size 1. Here

w e consider Diric hlet's b oundary conditions : the n umerical problem b ecomes

u

n +1

= L ( u

n

) ; u = ( u

j

)

j 2 N

; (23)

u

0

j

=

1

j M

j

j

Z

M

j

u

0

( x )d x; j � 1 ; (24)

u

n

0

= 0 ; n 2 N ; (25)

where L is once again the MLF (nonlinear) op erator.

W e also assume that the b oundary is non-c haracteristic, that is,

K 2 the value 0 is never an eigenvalue of d f ( u ) ,

and that the CFL condition is satis�ed along the b oundary la y er pro�le
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K 3 sup

u 2U

� (d f ( u )) < 2 D <

k

h

,

� denoting the sp ectral radius.

Under a smallness assumption, Chainais-Hillairet and Grenier [10] pro v ed the con v ergence

of the n umerical solutions to the solutions of (21)-(22) with b oundary conditions

u (0 ; t ) 2 C

num

;

where C

num

is the set of v ectors w suc h that there exists a solution v = ( v

j

)

j 2 N

to

F ( w + v

j

; u + v

j +1

) = f ( w ) ; v

0

= w ; v

+ 1

= 0 ; (26)

F b eing the n umerical 
ux of L . This result is similar to the one obtained for the Go duno v

sc heme b y Gisclon and Serre [28]. This condition is analogous to setting on the solution

to b e zero on the en tering c haracteristics when the 
ux is linear.

This situation is the discrete analogue of the non-viscous limit of

u

"

t

+ f ( u

"

)

x

� "u

"

xx

= 0 ;

u

"

(0) = 0 ;

as " tends to 0, the n umerical viscosit y of the MLF sc heme b eing D h . Indeed, as pro v ed

in [27], under sp eci�c assumptions, the solutions u

"

tend to solutions of

u

t

+ f ( u )

x

= 0 ;

u (0 ; t ) 2 C

v is

;

where C

v is

is the subset of R

d

consisting of v ectors w that satisfy

@

x

f ( v + w ) = @

xx

v for x > 0 ; v � !

x !�1

0 ; v (0) = � w :

The stabilit y of these solutions has b een pro v ed under a smallness assumption b y Grenier

and Gu � es [35 ] and under some sp ectral assumptions b y Grenier and Rousset [36].

W e assume here the existence of a b oundary la y er pro�le, that is

K 4 ther e exists a se quenc e �u

bl

= ( � u

bl

j

)

j 2 N

that satis�es

L ( � u

bl

) = �u

bl

;

�u

bl

� !

j ! + 1

u

+

;

�u

0

= 0 ;

wher e u

+

b elongs to C

num

.

Similarly as in the sho c k pro�le setting, w e assume that

K 5 the eigenvalues of d f ( u

+

) ar e distinct.
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Next, w e linearize the op erator L ab out �u

bl

and, denoting b y L

bl

the linearized op erator,

w e study

u

n +1

� L

bl

u

n

= ~u

n

; 8 n � 0 ; (27)

u

n

j

� !

j ! + 1

0 ; 8 n � 0 ; (28)

u

0

= u ; (29)

u

n

0

= 0 ; 8 n � 0 ; (30)

where ~u and u are giv en sequences. The Green's function of L

bl

is de�ned similarly as

the one of L

s

and satis�es the follo wing problem, l b eing giv en in N ,

G ( n + 1 ; l ; j ) � L

bl

G ( n; l ; j ) = 0 ; (31)

G ( n; l ; j ) � !

j ! + 1

0 ; (32)

G (0 ; l ; j ) = �

lj

I

d

; (33)

G ( n; l ; 0) = 0 : (34)

Similarly as in the case of sho c k pro�les, the formal solution of (27)-(28)-(29)-(30 ) is giv en

b y

u

n

j

=

+ 1

X

l =0

G ( n; l ; j ) u

l

+

n � 1

X

�n =0

+ 1

X

l =0

G ( n � �n; l ; j ) ~ u

�n

l

; for j 2 Z ; n � 1 :

Our aim is to obtain analogous estimates as the ones Grenier and Rousset found in the

con tin uous viscous case [36]. The construction of the Ev ans function D in the case of

n umerical b oundary la y ers is m uc h lik e what w e describ ed for the sho c k pro�les, the main

di�erence b eing that w e need ( v

1

( �; j ) ; : : : ; v

d

( �; j )) (resp. ( v

d +1

( �; j ) ; : : : ; v

2 d

( �; j ))) a

basis of the space of solutions of

( L

bl

� � ) v = 0

satisfying v

q

( �; 0) = 0 for q 2 f 1 ; : : : ; d g (resp. v

q

( �; j ) tends to 0 as j tends to + 1 )

instead of the condition at j = �1 that w e used in the sho c k pro�le setting. F or j � j > 1,

w e de�ne the Ev ans function as

D ( �; j ) = det

�

v

1

( �; j ) : : : v

d

( �; j ) v

d +1

( �; j ) : : : v

2 d

( �; j )

� v

1

( �; j ) : : : � v

d

( �; j ) � v

d +1

( �; j ) : : : � v

2 d

( �; j )

�

:

As in the case of sho c k pro�les, the zero es of D ( � ; j ) corresp ond to unstable eigen v alues

of L

bl

. Since the eigen v alues of mo dulus larger than 1 induce instabilit y , w e assume that

there are none in j � j > 1 and extending D to a neigh b orho o d of the circle j � j = 1, w e also

assume that 1 is not an eigen v alue of L

bl

, that is

K 6 the Evans function do es not vanish outside the op en unit-disc, that is

D ( �; j ) 6= 0 ; 8 j 2 N ; 8 �; j � j � 1 :

P erforming the same kind of analysis as in the case of sho c k pro�les, w e obtain the

follo wing theorem



2. Estimations de la fonction de Green du sc h � ema de Lax-F riedric hs mo di� � e 127

Theorem 2.1.2 (Green's function of a pure b oundary la y er)

Assuming (K1-5), the Gr e en 's function of (27)-(28)-(29)-(30) b ehaves as fol lows :

given ~ e 2 R

d

; we have 8 l ; j 2 N ;

G ( n; l ; j ) � ~ e =

X

q =a

q

> 0

1

p

n

O

 

exp

 

�

( j � a

q

n )

2

M n

! !

r

q

+ O

�

e

� 
 n

exp

�

�

( l � j )

2

M n

��

;

and

�

j

G ( n; l ; j ) � ~ e =

X

q =a

q

> 0

1

n

O

 

exp

 

�

( j � a

q

n )

2

M n

!!

r

q

+ O

�

e

� 
 n

exp

�

�

( l � j )

2

M n

��

;

wher e

� we denote by a

1

< : : : < a

d

the eigenvalues of ( k =h )d f ( u

+

) and by ( r

q

)

q 2f 1 ;::: ;d g

some

asso ciate d eigenve ctors,

� the notation q =a

q

> 0 addr esses the indic es q 2 f 1 ; : : : ; d g such that a

q

is p ositive,

� al l the c onstants ar e lo c al ly b ounde d with r esp e ct to l and uniformly b ounde d with

r esp e ct to n; j and M ; 
 ar e p ositive.

This result is analogous to the one obtained in the viscous case dev elop ed in Section 4 of

[36]. Ph ysically , Theorem 2.1.2 states that the Dirac mass splits up on b oth the outgoing

and en tering c haracteristics. Along eac h outgoing c haracteristic, a Gaussian-shap ed w a v e

en ters the domain with an asymptotic sp eed that is equal to the eigen v alue of d f ( u

+

)

corresp onding to the considered c haracteristic m ultipli ed b y the ratio k =h . These w a v es

are damp ed b y the n umerical viscosit y . Eac h time a w a v e that is carried b y an en tering

c haracteristic reac hes the b oundary , new w a v es b eha ving as describ ed ab o v e lea v e the

b oundary to en ter the domain.

W e do not giv e the pro of of Theorem 2.1.2 hereafter, since it is v ery close to the one of

the sho c k w a v e setting. Note ho w ev er that the main di�erences app ear in the statemen t

of the problems and that once they ha v e b een linearized ab out resp ectiv ely a sho c k pro�le

and a b oundary la y er, they are remark ably similar.

Finding b ounds on the Green's function is a v aluable step in the searc h for nonlinear

stabilit y as it w as pro v ed b y Grenier and Rousset in [36] for the viscous b oundary la y ers.

2.2 Construction of an Ev ans function

F rom no w on, w e only consider the case of the sho c k pro�les and consequen tly , w e rename

the linearized op erator L

s

in L . W e aim here to construct a basis of the spaces consisting

of solutions v of the equation

( L � e

�

) v = 0

that decrease to 0 as j tends to �1 .

Noting � v

j � 1

:= v

j

� v

j � 1

for an y sequence ( v

j

)

j 2 Z

and rewriting (17) with no righ t-hand

term as a �rst-order recurrence on V

j

:= ( v

j

; � v

j

)

T

, w e get

V

j

= A

j

( � ) V

j � 1

; j 2 Z : (35)
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where

A

j

( � ) =

0

@

I

d

I

d

�

F

j +1

2

� D I

d

�

� 1

�

1 � e

�

+

F

j � 1

� F

j +1

2

� �

F

j +1

2

� D I

d

�

� 1

�

(1 � e

�

� D ) I

d

�

F

j +1

2

�

1

A

2.2.1 Asymptotic b eha vior of the solutions of the homogeneous recurrence

Let us no w study the asymptotic b eha viors of the solutions of (35). As j tends to �1 ,

the sequence of matrices ( A

j

( � )) tends to

A

�

( � ) :=

0

@

I

d

I

d

( e

�

� 1)

�

D I

d

�

F

�

2

�

� 1

�

D I

d

�

F

�

2

�

� 1

�

e

�

� 1 + D +

F

�

2

�

1

A

:

Using the strict h yp erb olicit y of (1) at the end states u

�

, w e obtain the follo wing form ula

of the c haracteristic p olynomial of A

�

( � )

�

�

( �; � ) :=

d

Y

q =1

( �

2

+ 2(2 D � a

�

q

)

� 1

(1 � 2 D � e

�

) � + (2 D � a

�

q

)

� 1

(2 D + a

�

q

)) : (36)

Th us, the eigen v alues of A

�

( � ) are

�

�

";q

( � ) =

1

(2 D � a

�

q

)

�

2 D + e

�

� 1 + "

q

( e

�

� 1)

2

+ 4 D ( e

�

� 1) + ( a

�

q

)

2

�

; " = � 1 ;

for q 2 f 1 ; : : : ; d g and

R

�

q ;"

( � ) =

�

r

�

q

( �

�

";q

( � ) � 1) r

�

q

�

are asso ciated eigen v ectors. The eigenelemen ts �

�

";q

and R

�

";q

asso ciated with a

�

q

are holo-

morphic if � 2 C n ( �1 ; �], with

� := min

q 2f 1 ;::: ;d g

ln

0

@

1 � 2 D

0

@

1 �

s

1 �

( a

�

q

)

2

4 D

2

1

A

1

A

: (37)

W e denote b y

E

�

q

:=

�

� 2 C = 9 � 2 R =e

�

= 1 � 2 D (1 � cos( � )) � ia

�

q

sin( � )

	

the set of complex p oin ts � suc h that the mo dulus of a solution � of (36) is 1. Note that,

since 2 D < 1 and j a

�

q

j < 1, ( �1 ; �] and E

�

q

lie in the left half-plane. Besides, E

�

q

only

in tersects the imaginary axis at � = 0. F rom no w on, E will denote the biggest of the E

a

,

i.e E

max ( a

�

q

)

. Let 
 b e the (op en) connected comp onen t of S n ( E [ ( �1 ; �]) con taining

+ 1 and consider � 2 
 (see Figure 2.2).

Lemma 2.2.1

L et � 2 
 . The matric es A

�

( � ) have d eigenvalues of mo dulus strictly lar ger than 1 and

d eigenvalues of mo dulus strictly less than 1 .
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�

� �

Re( � )

Im ( � )

E

S

�




Fig. 2.2: Sp ectrum of L in the complex plane

Pro of

W e drop temp orarily the sup erscript � for the sak e of simplicit y : a

q

denotes an y eigen-

v alue of F

�

.

Dev eloping �

";q

in a neigh b orho o d of � = 0, w e obtain

�

� sgn( a

q

) ;q

= 1 �

�

a

q

�

1

2 a

q

�

1 �

2 D + a

q

a

2

q

�

�

2

+ O ( j � j

3

) (38)

and

�

sgn ( a

q

) ;q

=

2 D + a

q

2 D � a

q

+ O ( j � j ) :

W e see at once that, for small real � , w e ha v e

j �

sgn ( a

q

) ;q

j > 1 , ( � > 0 and a

q

< 0) :

Consequen tly , since q 2 f 1 ; : : : ; d g , there are d eigen v alues of mo dulus larger than 1 and

d eigen v alues of mo dulus less than 1 for small p ositiv e � . Since the de�nitions of E and


 imply that there are no eigen v alue of mo dulus 1 if � 2 
, the holomorph y of the set of

solutions of the c haracteristic p olynomial of A ( � ) outside ( �1 ; �] allo ws us to conclude

that A ( � ) has d eigen v alues of mo dulus larger than 1 and d eigen v alues of mo dulus less

than 1.

The matrices A

+

( � ) and A

�

( � ) ha v e no eigen v alue of mo dulus 1 in 
 b ecause of the

de�nition of E . By Theorem 6.1 in the app endix of [31 ], A

+

( � ) (resp. A

�

( � )) has an
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exp onen tial dic hotom y on N (resp. � N ). Since ( A

j

( � ))

j 2 Z

tends to A

�

( � ) as j tends

to �1 exp onen tially , w e can apply Theorem 6.2 ([31], App endix) and ( A

j

( � ))

j

has an

exp onen tial dic hotom y on N (resp. � N ) of pro jection P ( � ) (resp. Q ( � )) and k er ( P ( � ))

(resp. k er ( Q ( � ))) and R ( P ( � )) (resp. R ( Q ( � ))) are d -dimensional (Lemma 2.2.1). Let

E ( � ) := f ( V

j

)

j 2 Z

=V

j +1

= A

j

( � ) V

j

and V

j

� !

j ! + 1

0 g ; (39)

E

0

( � ) := f V

0

= ( V

j

)

j 2 Z

2 E ( � ) g ;

F ( � ) := f ( V

j

)

j 2 Z

=V

j +1

= A

j

( � ) V

j

and V

j

� !

j !�1

0 g (40)

and

F

0

( � ) := f V

0

= ( V

j

)

j 2 Z

2 F ( � ) g :

If E

0

( � ) \ F

0

( � ) 6= f 0 g , e

�

is an eigen v alue of L . Otherwise, w e ha v e

R ( P ( � )) � k er ( Q ( � )) = C

2 d

:

Consequen tly , using Theorem 6.3 ([31], App endix), w e conclude that the dynamical sys-

tem 35 has an exp onen tial dic hotom y on Z if and only if e

�

is not an eigen v alue of L , for

all � 2 
 (see Figure 2.2). F urthermore, if w e consider a basis B

E ( � )

(resp. B

F ( � )

) of E ( � )

(resp. F ( � )) consisting of d eigenfunctions of (35) geometrically decreasing to w ards 0 at

+ 1 (resp. �1 ), w e conclude at once that the set B

E ( � )

[ B

F ( � )

is a basis of the whole

space of solutions of (35) if and only if e

�

is not an eigen v alue of L . Th us w e can de�ne an

Ev ans function ( �; j ) 7! D ( �; j ) as a determinan t of the elemen ts of B

E ( � )

[ B

F ( � )

tak en

at the p oin t j 2 Z . A most in teresting feature of D ( � ; j ) is its v anishing at the p oin ts �

suc h that e

�

is an eigen v alue of L . Moreo v er, the function D is analytic on 
.

2.2.2 Extension to a neigh b orho o d of � = 0

Besides, for � 2 D (0 ; � ) with � su�cien tly small, the asymptotic b eha viors of the eigenele-

men ts of A

�

( � ) are giv en in T ables 1 and 2 where

�

�

q

:=

2 D + a

�

q

2 D � a

�

q

:

Th us, in a neigh b orho o d of � = 0, the matrices A

�

( � ) are diagonalizable, b ecause the

strict h yp erb olicit y assumption (H2) implies that the �

�

";q

are distinct. Consequen tly , w e

can easily c ho ose (�

q

( �; j ))

q 2f 1 ;::: ;d g

(resp. (�

q

( �; j ))

q 2f d +1 ;::: ; 2 d g

) a basis of solutions of

(35) whic h deca y to w ards 0 as j tends to + 1 (resp. �1 ), whic h dep end analytically on

� for � 2 D (0 ; � ) and that can b e extended analytically to a neigh b orho o d of � = 0 suc h

that their b eha viors are as follo ws

�

q

( �; j ) =

j ! + 1 ;� ! 0

( �

+

q

( � ))

j

( R

+

q

( � ) + O ( !

� j

)) ; for q 2 f 1 ; : : : ; d g ;

�

q

( �; j ) =

j !�1 ;� ! 0

( �

�

q

( � ))

j

( R

�

q

( � ) + O ( !

j

)) ; for q 2 f d + 1 ; : : : ; 2 d g ;

(41)
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a

�

1

< : : : < a

�

p

�

� 1

< 0 and 0 < a

�

p

�

< : : : < a

�

d

�

�

1

( � ) = �

�

1

+ O ( j � j ) �

�

d +1

( � ) = 1 �

�

a

�

1

+ O ( j � j

2

)

R

�

1

( � ) =

�

r

�

1

( �

�

1

� 1) r

�

1

�

+ O

�

j � j

j � j

�

R

�

d +1

( � ) =

 

r

�

1

�

�

a

�

1

r

�

1

!

+ O

�

j � j

j � j

2

�

.

.

.

.

.

.

�

�

p

�

� 1

( � ) = �

�

p

�

� 1

+ O ( j � j ) �

�

d + p

�

� 1

( � ) = 1 �

�

a

�

p

�

� 1

r

�

p

�

� 1

+ O ( j � j

2

)

R

�

p

�

� 1

( � ) =

�

r

�

1

( �

�

p

�

� 1

� 1) r

�

p

�

� 1

�

+ O

�

j � j

j � j

�

R

�

d + p

�

� 1

( � ) =

 

r

�

p

�

� 1

�

�

a

�

p

�

� 1

r

�

p

�

� 1

!

+ O

�

j � j

j � j

2

�

�

�

p

�

( � ) = 1 �

�

a

�

p

�

+ O ( j � j

2

) �

�

d + p

�

( � ) = �

�

p

�

+ O ( j � j )

R

�

p

�

( � ) =

 

r

�

p

�

�

�

a

�

p

�

r

�

p

�

!

+ O

�

j � j

j � j

2

�

R

�

d + p

�

( � ) =

 

r

�

p

�

( �

�

p

�

� 1) r

�

p

�

!

+ O

�

j � j

j � j

�

.

.

.

.

.

.

�

�

d

( � ) = 1 �

�

a

�

d

+ O ( j � j

2

) �

�

2 d

( � ) = �

�

d

+ O ( j � j )

R

�

d

( � ) =

 

r

�

d

�

�

a

�

d

r

�

d

!

+ O

�

j � j

j � j

2

�

R

�

2 d

( � ) =

�

r

�

d

( �

�

d

� 1) r

�

d

�

+ O

�

j � j

j � j

�

T ab. 1: Asymptotic b eha vior as j ! �1 and � ! 0

with ! > 1. Consequen tly , the Ev ans function D can also b e analytically extended with

resp ect to � to a neigh b orho o d of � = 0 b ecause of (41), so that it can b e expressed

explicitly in D (0 ; � ) as the follo wing determinan t

D ( �; l ) = det

�

�

1

( �; l ) ; : : : ; �

d

( �; l ) ; �

d +1

( �; l ) ; : : : ; �

2 d

( �; l )

�

:

Rewriting the linearized sc heme (8) in the conserv ativ e form, w e ha v e

( e

�

� 1) v

j

+

�

F

j

2

+ D I

d

�

v

j

+

�

F

j +1

2

� D I

d

�

v

j +1

=

�

F

j � 1

2

+ D I

d

�

v

j � 1

+

�

F

j

2

� D I

d

�

v

j

:

(42)

Th us, at � = 0, if ( v

j

)

j 2 Z

decreases to w ards 0 as j tends to �1 , taking the limit of the

righ t mem b er of (42) at j = �1 , w e get

v

j +1

� v

j

= ((2 D I

d

� F

j +1

)

� 1

(2 D I

d

+ F

j

) � I

d

) v

j

=: M

j

v

j

: (43)

Denoting generically � = (�

I

; �

I I

)

T

, with �

I

; �

I I

2 C

d

, w e then apply (43) to �

I

q

(0 ; � )

for q 2 f 1 ; : : : ; p

+

g [ f d + p

�

; : : : ; 2 d g , according to T ables 1 and 2 and to (41). Besides, if

� = 0, � = 1 is an eigen v alue of m ultiplici t y d of A

�

( � ), that is �

p +1

(0 ; � ) ; : : : ; �

d + p � 1

(0 ; � )

are constan t and w e can set

�

p

+

+1

(0 ; j ) =

�

r

+

p

+

+1

0

�

; : : : ; �

d

(0 ; j ) =

�

r

+

d

0

�

;

�

d +1

(0 ; j ) =

�

r

�

1

0

�

; : : : ; �

d + p

�

� 1

(0 ; j ) =

�

r

�

p

�

� 1

0

�

:

(44)
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a

+

1

< : : : < a

+

p

+

< 0 and 0 < a

+

p

+

+1

< : : : < a

+

d

�

+

1

( � ) = �

+

1

+ O ( j � j ) �

+

d +1

( � ) = 1 �

�

a

+

1

+ O ( j � j

2

)

R

+

1

( � ) =

�

r

+

1

( �

+

1

� 1) r

+

1

�

+ O

�

j � j

j � j

�

R

+

d +1

( � ) =

 

r

+

1

�

�

a

+

1

r

+

1

!

+ O

�

j � j

j � j

2

�

.

.

.

.

.

.

�

+

p

+

( � ) = �

+

p

+

+ O ( j � j ) �

+

d + p

+

( � ) = 1 �

�

a

+

p

+

r

+

p

+

+ O ( j � j

2

)

R

+

p

+

( � ) =

�

r

+

1

( �

+

p

+

� 1) r

+

p

+

�

+ O

�

j � j

j � j

�

R

+

d + p

+

( � ) =

 

r

+

p

+

�

�

a

+

p

+

r

+

p

+

!

+ O

�

j � j

j � j

2

�

�

+

p

+

+1

( � ) = 1 �

�

a

+

p

+

+1

+ O ( j � j

2

) �

+

d + p

+

+1

( � ) = �

+

p

+

+1

+ O ( j � j )

R

+

p

+

+1

( � ) =

 

r

+

p

+

+1

�

�

a

+

p

+

+1

r

+

p

+

+1

!

+ O

�

j � j

j � j

2

�

R

+

d + p

+

+1

( � ) =

 

r

+

p

+

+1

( �

+

p

+

+1

� 1) r

+

p

+

+1

!

+ O

�

j � j

j � j

�

.

.

.

.

.

.

�

+

d

( � ) = 1 �

�

a

+

d

+ O ( j � j

2

) �

+

2 d

( � ) = �

+

d

+ O ( j � j )

R

+

d

( � ) =

 

r

+

d

�

�

a

+

d

r

+

d

!

+ O

�

j � j

j � j

2

�

R

+

2 d

( � ) =

�

r

+

d

( �

+

d

� 1) r

+

d

�

+ O

�

j � j

j � j

�

T ab. 2: Asymptotic b eha vior as j ! + 1 and � ! 0

Th us

D (0 ; j ) = det

"

�

I

1

(0 ; j ) : : : �

I

p

+

(0 ; j ) r

+

p

+

+1

: : : r

+

d

r

�

1

: : : r

�

p

�

� 1

�

I

d + p

�

(0 ; j ) : : : �

I

2 d

(0 ; j )

M

j

�

I

1

(0 ; j ) : : : M

j

�

I

p

+

(0 ; j ) 0 : : : 0 0 : : : 0 M

j

�

I

d + p

�

(0 ; j ) : : : M

j

�

I

2 d

(0 ; j )

#

(45)

W e can see at once that the k ernel of the matrix inside the determinan t (45) is $ + 1-

dimensional, whic h means that 1 is necessarily an eigen v alue of L if the sho c k ( u

�

; u

+

) is

compressiv e. Moreo v er, for $ � 0, without loss of generalit y , w e can set

�

I

p

+

� m

(0 ; � ) = �

I

d + p

�

+ m

(0 ; � ) =: 	

m

( j ) ; for m 2 f 0 ; : : : ; $ g : (46)

Remark 2.2.1 If the disc ontinuity is under c ompr essive, D ( �; � ) do es not ne c essarily van-

ish at � = 0 , c ontr ary to the c ontinuous c ase. Inde e d, the discr ete derivative of a sho ck

pr o�le of L do es not b elong, in gener al, to the kernel of L � 1 .

Prop osition 2.2.1

F or m 2 f 0 ; : : : ; $ g , the m -th derivative of the Evans function vanishes at � = 0 and its

( $ + 1 )-th derivative is

@

$ +1

D

@ �

$ +1

(0 ; j ) = ( � 1)

p

+

det( M

j

) W ( j ) �

$

j

( S

0

; : : : ; S

q

) ; 8 j 2 Z ; (47)
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wher e

W ( j ) := det (�

I

1

(0 ; j ) ; : : : ; �

I

p

+

� $ � 1

(0 ; j ) ; 	

0

( j ) ; : : : ; 	

$

( j ) ; �

I

d + p

�

+ $ +1

(0 ; j ) ; : : : ; �

I

2 d

(0 ; j )) ;

�

$

j

:= C

$ +1

� ! C

( ~ e

0

; : : : ; ~ e

$

) 7! det ( r

�

1

; : : : ; r

p

�

� 1

; 2( F

j

+ F

j +1

)

� 1

~ e

0

; : : : ; 2( F

j

+ F

j +1

)

� 1

~ e

$

; r

+

p

+

+1

; : : : ; r

+

d

)

and

S

m

:=

X

j 2 Z

	

m

( j ) ; 8 m 2 f 0 ; : : : ; $ g :

Pro of

The computation in the case $ = � 1 is straigh tforw ard from (45).

Consider no w the case $ � 0.

W e see at once that, since the rank of the matrix inside the determinan t (45) id d � $ � 1,

at least t w o iden tical columns app ear in the m -th deriv ativ e of the Ev ans function at

� = 0 for m 2 f 0 ; : : : ; $ + 1 g , so it v anishes.

Using the recurrence principle, a classical computation [24, 2, 30 , 89 ] giv es

@

$ +1

D

@ �

$ +1

(0 ; j ) = det [�

1

(0 ; j ) ; : : : ; �

d + p

�

� 1

(0 ; j ) ;

�

@ �

d + p

�

@ �

�

@ �

p

+

@ �

�

(0 ; j ) ; : : : ;

�

@ �

d + p

�

+ $

@ �

�

@ �

p

+

� $

@ �

�

(0 ; j ) ;

�

d + p

�

+ $ +1

(0 ; j ) ; : : : ; �

2 d

(0 ; j )]

(48)

Since � 7! �

p

+

� m

( �; � ) and � 7! �

d + p

�

+ m

( �; � ) are analytic in 
 [ D (0 ; � ) for m 2

f 0 ; : : : ; $ g , z

p

+

� m

( � ) := ( @ �

I

p

+

� m

=@ � )(0 ; � ) and z

d + p

�

+ m

( � ) := ( @ �

I

d + p

�

+ m

=@ � )(0 ; � ) satisfy

the same discrete dynamical system, whic h is obtained b y deriving (42) with resp ect to

� and taking � = 0 :

	

m

( j )+

�

F

j

2

+ D I

d

�

z ( j )+

�

F

j +1

2

� D I

d

�

z ( j +1) =

�

F

j � 1

2

+ D I

d

�

z ( j � 1)+

�

F

j

2

� D I

d

�

z ( j ) :

(49)

noting ho w ev er that z

p

+

� m

+ ( j ) tends to 0 as j tends to + 1 and z

d + p

�

+ m

( j ) tends to 0

as j tends to �1 . Th us, making the sum from j to + 1 , w e get

� z

p

+

� m

( j ) = M

j

z

p

+

� m

( j ) � C

� 1

j

+ 1

X

l = j +1

	

m

( l ) (50)

and similarly

� z

d + p

�

+ m

( j ) = M

j

z

d + p

�

+ m

( j ) + C

� 1

j

j

X

l = �1

	

m

( l ) : (51)
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Plugging (44), (43), (50) and (51) in the expression (48) of @

$ +1

D =@ �

$ +1

, w e get, p er-

forming elemen tary matrix manipulations,

@

$ +1

D

@ �

$ +1

(0 ; j ) = det

�

�

I

1

(0 ; j ) : : : �

I

p

+

� $ � 1

(0 ; j ) 	

p

+

� $

( j ) : : : 	

0

( j )

0 : : : 0 0 : : : 0

r

+

p

+

+1

: : : r

+

d

r

�

1

: : : r

�

p

�

� 1

� M

j

r

+

p

+

+1

: : : � M

j

r

+

d

� M

j

r

�

1

: : : � M

j

r

+

p

�

� 1

z

d + p

�
( j ) � z

p

+
( j ) : : : z

d + p

�

+ $

( j ) � z

p

+

� $

( j )

�

D I

d

�

F

j +1

2

�

� 1

P

l 2 Z

	

0

( l ) : : :

�

D I

d

�

F

j +1

2

�

� 1

P

l 2 Z

	

$

( l )

�

I

d + p

�

+ $ +1

(0 ; j ) : : : �

I

2 d

(0 ; j )

0 : : : 0

�

:

Changing the order of the columns in the determinan t, w e obtain a blo c k determinan t

and the claimed equalit y .

Remark 2.2.2 Note that this expr ession is analo gous to the expr ession one �nds in the

c ontinuous c ase [24, 4, 30].

Since the Ev ans function is analytic in a neigh b orho o d of � = 0, Assumption 8 implies

the existence of a p ositiv e � suc h that

the Evans function D ( � ; j ) do es not vanish in D (0 ; � ) n f 0 g : (52)

The con tin uit y of the Ev ans function in 
 and Assumption 7 imply that there exists a

p ositiv e � suc h that

D ( � ; j ) do es not vanish in f � 2 C = Re ( � ) � � � ; j Im ( � ) j � � g : (53)

W e c ho ose a small enough � so that f Re ( � ) = � � g in tersects @ D (0 ; � ) outside E (see

Figure 2.3). W e th us de�ne the region




0

:= 
 \ f � 2 C = � � � Re ( � ) � 1 ; j Im ( � ) j � � g

in whic h D is analytic and do es not v anish.

2.3 Estimates on G

�

Let � 2 


0

n f 0 g , l 2 Z and ~ e 2 C

d

. The Green's function j 7! G

�

( l ; j ) : ~ e of (9) is the

solution of

( L � e

�

) G

�

( l ; j ) : ~ e = �

lj

~ e; j 2 Z ; (54)

G

�

( l ; j ) � !

j !�1

0 ;
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�

� �

�

� �

Re( � )

Im ( � )




0

E

S

Fig. 2.3: De�nition of 


0

where � is the Kronec k er sym b ol. W e w an t to compute estimates on

�

G

�

( l ; j )

�

j

G

�

( l ; j )

�

where �

j

G

�

( � ; j ) := G

�

( � ; j ) � G

�

( � ; j � 1).

Since G

�

( l ; � ) tends to 0 as j tends to �1 , w e w an t to express G

�

( l ; j ) at j � l (resp. at

j � l ) in an appropriate basis of the v ector space of solutions of L � � = 0 that tends to

0 as j tends to + 1 (resp. as j tends to �1 ).

Prop osition 2.3.1

F or 


0

n f 0 g , ` 2 N , l 2 f� `; : : : ; ` g , and ~ e 2 C

d

, G

�

( l ; � ) : ~ e satis�es

�

G

�

( l ; j ) : ~ e

�

j

G

�

( l ; j ) : ~ e

�

=

d

X

q =1

( �

q

( �; l ) : ~ e ) W

q

( �; j ) ; j � l ; (55)

=

2 d

X

q = d +1

( �

q

( �; l ) : ~ e ) W

q

( �; j ) ; j � l : (56)

wher e ( W

q

( �; � ))

q 2f 1 ;::: ;d g

(r esp. ( W

q

( �; � ))

q 2f d +1 ;::: ; 2 d g

) is an analytic b asis of E ( � ) (se e

(39)) (r esp. a b asis of F ( � ) (se e (40))), such that W

q

( �; j ) = V

q

( �; j ) �

j

q

( � ) (se e L emma

2.3.1 for notations), �

q

( �; l ) : R

d

! R is a line ar form which is holomorphic in D (0 ; � )

if $ = � 1 or if q 2 f 1 ; : : : ; 2 d g n (�

+

[ �

�

) , with �

+

:= f p

+

� $ ; : : : ; p

+

g and �

�

:=

f d + p

�

; : : : ; d + p

�

+ $ g ; and mer omorphic with a p ole of or der 1 at � = 0 otherwise,

such that

jj �

q

( �; l ) jj �

C ( ` )

j � j

; q 2 � [ �

�

; $ � 0 : (57)
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Mor e over, with the notations of Pr op osition 2.2.1, the r esidual term R

0

( l ; j ) that app e ars

in The or em 2.1.1 is the r esidue of G

�

at � = 0 and, for l ; j 2 Z , it is given by the formula

R

0

( l ; j ) : C

d

� ! C

d

(58)

~ e 7! �

$ � 0

$

X

m =0

�

$

l

( S

0

; : : : ; S

m � 1

; ~ e; S

m +1

; : : : ; S

$

)

�

$

l

( S

0

; : : : ; S

$

)

	

m

( j ) ;

Pro of

Let us �nd an appropriate basis of the v ector spaces E ( � ) and F ( � ). In order to �nd a

basis of E ( � ) that matc hes the b eha vior of the solutions w e considered in Section 2.2 at

� = 0, w e pro v e the follo wing lemma

Lemma 2.3.1

L et l 2 Z , V ( � ) b e an eigenve ctor of A

+

( � ) asso ciate d with � ( � ) that never vanishes.

Assuming that � , V ar e analytic and that ther e exists ! 2 (0 ; 1) such that j �

� 1

( � )( A

j

( � ) �

A

+

( � )) j = O ( !

j

) as j tends to + 1 , ther e exists a solution W ( �; j ) of

W

j

= A

j

( � ) W

j � 1

;

such that W ( �; j ) = V ( �; j ) �

j

( � ) , wher e V ( �; j ) is analytic with r esp e ct to � and satis�es

8 m � 0 ; 8 j � l ;

@

m

V

@ �

m

( �; j ) =

@

m

V

@ �

m

( � ) + O ( !

j

) : (59)

Remark 2.3.1 This lemma is a simpli�e d (discr ete) version of Zumbrun and Howar d's

Pr op osition 3.1 [88].

Pro of

W e set l = 0. Let W

j

= V

j

�

j

( � ) b e a solution of W

j

= A

j

( � ) W

j � 1

. The sequence ( V

j

)

j

satis�es the recurrence

V

j

= �

� 1

( � ) A

j

( � ) V

j � 1

that w e rewrite as

V

j

= �

� 1

( � ) A

+

( � ) V

j � 1

+ �

� 1

( � )( A

j

( � ) � A

+

) V

j � 1

: (60)

W e searc h a sequence ( V ( �; j ))

j

suc h that V ( �; j ) ! V ( � ) as j tends to + 1 .

In a neigh b orho o d of a �xed �

0

, w e de�ne the pro jection P ( � ) (resp. Q ( � )) on the direct

sum of the eigenspaces asso ciated with the eigen v alues of A

+

( � ) of mo dulus strictly smaller

than j � ( � ) j (resp. larger or equal to j � ( � ) j ) suc h that P ( � ) and Q ( � ) are compleme n tary .

The pro jections P ( � ) and Q ( � ) are analytic in a neigh b orho o d of �

0

b y classical matrix

p erturbation theory [46]. W e also ha v e the follo wing estimates

j �

� j

( � )( A

+

( � ))

j

P ( � ) j � �

j

; 8 j 2 N ; (61)

j �

� j

( � )( A

+

( � ))

j

Q ( � ) j � 1 ; 8 j 2 N ; (62)

where � 2 (0 ; 1) is de�ned b y � = min fj ~�=� ( � ) j ; ~� 2 � ( A

+

( � )) and ~� < � ( � ) g : Let J 2 Z .

W e de�ne the map T on `

1

( f J ; : : : ; + 1g ) b y

( T V )

j

= V ( � ) +

j

X

l = J

�

j � l

( � )( A

+

( � ))

j � l

P ( � ) �

� 1

( � )( A

l � 1

( � ) � A

+

( � )) V

l � 1

�

+ 1

X

l = j +1

�

j � l

( � )( A

+

( � ))

j � l

Q ( � ) �

� 1

( � )( A

l � 1

( � ) � A

+

( � )) V

l � 1

:
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Let V

1

and V

2

b e t w o sequences. By using (61) and (62), w e ha v e

j T V

1

� T V

2

j

j

�

j

X

l = J

�

j � l

!

l � 1

j V

1

� V

2

j

1

+

+ 1

X

l = j +1

!

l � 1

j V

1

� V

2

j

1

�

 

j

X

l = J

�

j � l

!

l � 1

+

+ 1

X

j +1

!

l � 1

!

j V

1

� V

2

j

1

� C !

J

j V

1

� V

2

j

1

;

where C is a p ositiv e constan t that do es not dep end on j .

By c ho osing a large enough J , w e can set

C !

J

�

1

2

;

so that the map T is a con traction of `

1

( f J ; : : : ; + 1g ). Iterating T on V

0

= 0, w e obtain

a solution V 2 `

1

( f J ; : : : ; + 1g ) of the equation T V = V . Computing V

j +1

sho ws that

V is a b ounded solution of T V = V if and only if V is a b ounded solution of (60). W e

conclude b y noting that T preserv es analyticit y in � .

2

A similar result holds for the eigen v alues and eigen v ectors of A

�

( � ).

Next, w e pro v e that, if � (see (53)) is small enough, the eigen v alues of A

�

( � ) remain

simple for all � 2 


0

n f 0 g , so that, considering the set of sequences ( W

q

( �; � ))

q 2f 1 ;::: ;d g

(resp. ( W

q

( �; � ))

q 2f d +1 ;::: ; 2 d g

) giv en b y Lemma 2.3.1 for eac h eigen v alue of A

+

( � ) (resp. of

A

�

( � )) of mo dulus strictly smaller than 1 (resp. of mo dulus strictly larger than 1), w e

obtain a basis of E ( � ) (resp. of F ( � )).

Lemma 2.3.2

L et � 2 


0

n f 0 g . The char acteristic p olynomial �

�

( � ; � ) of A

�

( � ) has no double r o ot.

Pro of Recalling the expression of �

�

giv en b y (36), w e rewrite it as �

�

= (2 D +

a )

� d

Q

q 2f 1 ;::: ;d g

�

�

q

, with

�

�

q

:= (2 D + a

�

q

) �

2

+ 2(1 � 2 D � e

�

) � + 2 D � a

�

q

= 0 :

F or the sak e of simplicit y , w e drop the sup erscript � .

Let � b e a ro ot of � with a strictly larger than 1 m ultiplic it y . W e m ust consider t w o cases

:

c ase 1 : there exists q 2 f 1 ; : : : ; d g suc h that � is a double ro ot of �

q

,

c ase 2 : there exist q

1

, q

2

in f 1 ; : : : ; d g , q

1

6= q

2

, suc h that � is a ro ot of b oth �

q

1

and �

q

2

.

Let us deal at �rst with case 1 :

if � is a double ro ot of �

q

, then the discriminan t of �

q

v anishes, that is

(1 � 2 D � e

�

)

2

= 4 D

2

� a

2

q

;
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whic h is equiv alen t to

(1 � e

�

)

2

� 4 D (1 � e

�

) + a

2

q

= 0 : (63)

Denoting s := 1 � e

�

and splitting (63) in to real and imaginary parts, w e obtain the

follo wing system

Re ( s )

2

� Im ( s )

2

� 4 D Re( s ) + a

2

q

= 0 ; (64)

(Re( s ) � 2 D )Im( s ) = 0 ; (65)

so that, considering (65), either Im ( s ) = 0 and Re( s ) = 2 D �

p

4 D

2

� a

2

q

, that is � � �

(see 37), and � do es not b elong to 


0

, or Im ( s ) 6= 0 and Re( s ) = 2 D : plugging the v alue

of Re ( s ) in (64), w e get Im ( s ) = � a

q

, that is e

�

= 1 � 2 D � a

q

. Using the CFL condition

(H5), w e sho w that the mo dulus of e

�

is strictly less than 1 :

j e

�

j

2

� 1 = (1 � 2 D )

2

+ a

2

q

� 1

= 4 D

2

� 4 D + a

2

q

< 8 D

2

� 4 D

< 0 :

Consequen tly , c ho osing a small enough � , � do es not b elong to 


0

.

Secondly , w e consider case 2 :

if � solv es b oth �

q

1

= 0 and �

q

2

= 0, it also solv es the equation �

q

1

� �

q

2

= 0 :

( a

q

1

� a

q

2

) �

2

+ ( a

q

2

� a

q

1

) = 0 :

Since the eigen v alues of d f ( u

�

) are real and simple (H2), � necessarily satis�es �

2

� 1 = 0.

But, b y de�nition, 


0

do es not con tain an y � suc h that the mo dulus of corresp onding

eigen v alues of A

�

( � ) is 1.

2

Let l 2 Z . Comparing the b eha viors of ( W

q

) (see 59) and of the sequences (�

q

) that w ere

de�ned in Subsection 2.2.2 (see (41)), and reordering the indices appropriately , w e can

tak e

�

q

( �; j ) =

� ! 0

W

q

( �; j ) ; j � l ; q 2 f 1 ; : : : ; d g ;

�

q

( �; j ) =

� ! 0

W

q

( �; j ) ; j � l ; q 2 f d + 1 ; : : : ; 2 d g :

F rom no w on, w e only k eep the \�" notation.

Let l 2 f� `; : : : ; ` g , j 2 Z and ~ e 2 C

d

. Kno wing that G

�

( l ; j ) : ~ e solv es (54), that is

G

�

( l ; j ) : ~ e satis�es

�

D I

d

+

F

j � 1

2

�

G

�

( l ; j � 1) : ~ e +(1 � 2 D � e

�

) G

�

( l ; j ) : ~ e +

�

D I

d

�

F

j +1

2

�

G

�

( l ; j +1) : ~ e = �

j l

~ e; j; l 2 Z ;

(66)

w e searc h G

�

( l ; j ) : ~ e of (66) in the form

G

�

( l ; j ) : ~ e =

d

X

q =1

�

q

( �; l )�

I

q

( �; j ) ; if j � l ;

=

2 d

X

q = d +1

�

q

( �; l )�

I

q

( �; j ) ; if j � l ;

(67)
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where �

q

( �; l ) 2 C .

T aking (66) at j = l , w e ha v e :

d

X

q =1

�

q

( �; l )�

I

q

( �; l ) =

2 d

X

q = d +1

�

q

( �; l )�

I

q

( �; l ) ; (68)

d

X

q =1

�

q

( �; l )�

I I

q

( �; l ) =

2 d

X

q = d +1

�

q

( �; l )�

I I

q

( �; l ) + C

� 1

l

~ e: (69)

Let G ( �; l ) := (�

1

( �; l ) ; : : : ; �

2 d

( �; l )). Its determinan t is D ( �; l ) (see (45)). The assump-

tion (H8) giv es

jD ( �; l )

� 1

j �

C ( l )

j � j

$ +1

; (70)

lo cally in � and in l , that is, if $ = � 1, G ( � ; l )

� 1

is holomorphic in 


0

; otherwise, G ( �; l )

� 1

is meromorphic for � 2 


0

, � = 0 b eing a p ole of order at most $ + 1 b ecause of

(H8). Consequen tly , the linear forms ( �

q

( �; l )) are also holomorphic in 


0

if $ = � 1 and

meromorphic with a p ole at � = 0 if $ � 0.

Let us no w examine the b eha vior of G ( �; l ) and of ( �

q

( �; l )) as � tends to 0 when $ � 0

to determine the order of the p ole.

Let � 2 


0

n f 0 g . W e ha v e

( �

1

( �; l ) ; : : : ; �

d

( �; l ) ; � �

d +1

( �; l ) ; : : : ; � �

2 d

( �; l ))

T

= G ( �; l )

� 1

(0 ; C

� 1

l

~ e )

T

: (71)

Denote b y com ( G )( �; l ) the comatrix of G ( �; l ). F or � 2 


0

, w e ha v e

G ( �; l ) com ( G )

T

( �; l ) = D ( �; l ) I

d

: (72)

Applying Leibniz's form ula and recalling (H8), the $ -th deriv ativ e of (72) reads

$

X

m =0

�

$

m

�

@

$ � m

G

@ �

$ � m

( �; l )

@

m

com ( G )

T

@ �

m

( �; l ) =

@

$

D

@ �

$

( �; l ) I

2 d

=

� ! 0

�

@

$ +1

D

@ �

$ +1

(0 ; l ) + o ( j � j ) : (73)

Let com ( G )( �; l ) =: (( � 1)

q + q

0

g

q q

0

( �; l ))

1 � q ;q

0

� 2 d

. The co e�cien t g

q q

0

( �; l ) is a determinan t

of order 2 d � 1 that w e obtain b y remo ving the q -th line and the q

0

-th column of det( G ( �; l )).

Consequen tly , ( g

q q

0

( �; l )) are p olynomial in the co e�cien ts of G ( �; l ) so that ( g

q q

0

( �; l ))

tend to �nite limits as � tends to 0.

If m 2 f 0 ; : : : ; $ � 1 g , a similar computation as the one carried out in Subsection 2.2.1

yields

@

m

g

q q

0

@ �

m

(0 ; l ) = 0 ; 8 q ; q

0

2 f 1 ; : : : ; 2 d g :

So (73) reduces to

� G

� 1

( �; l ) � !

� ! 0

@

$

com ( G )

T

@ �

$

(0 ; l )

@

$ +1

D

@ �

$ +1

(0 ; l )

: (74)
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Moreo v er, taking the deriv ativ e of com ( G ( �; l )) a step further, if q

0

2 f 1 ; : : : ; 2 d g n (�

+

[

�

�

), with �

+

:= f p

+

� $ ; : : : ; p

+

g and �

�

:= f d + p

�

; : : : ; d + p

�

+ $ g , w e ha v e

@

$

g

q q

0

@ �

$

(0 ; l ) = 0

b ecause of our c hoice (46) of 	 (see the computation of the ( $ + 1)-th deriv ativ e of D at

� = 0 in Subsection 2.2.1 for details).

Th us, on the one hand, for q 2 f 1 ; : : : ; 2 d g n (�

+

[ �

�

), w e get

lim

� ! 0

��

q

( �; l ) = 0 ;

that is �

q

( � ; l ) is in fact holomorphic in 


0

for q 2 f 1 ; : : : ; 2 d g n (�

+

[ �

�

).

On the other hand, for q 2 �

�

, w e obtain

lim

� ! 0

��

q

( �; l ) = �

@

$

b

D

q

(0 ; l )

@ �

$

@

$ +1

D (0 ; l )

@ �

$ +1

;

where

b

D

q

( �; j ) := det

�

�

1

(0 ; l ) ; : : : ; �

q � 1

(0 ; l ) ;

�

0

C

� 1

l

~ e

�

; �

q +1

(0 ; l ) ; : : : ; �

2 d

(0 ; l )

�

:

The same computation as for the ( $ + 1)-th deriv ativ e of D yields, for q 2 �

�

, m 2

f 0 ; : : : ; $ g ,

@

$

b

D

q

@ �

$

(0 ; l ) = � ( � 1)

p

�

+1

det( M

l

) W ( l ) �

$

l

( S

0

; : : : ; S

m � 1

; ~ e ; S

m +1

; : : : ; S

$

) ;

so that, recalling the expression (47) of ( @

$ +1

D ( �; l ) =@ �

$ +1

), w e �nally get the equalit y

lim

� ! 0

��

d + p

�

+ m

( �; l ) = lim

� ! 0

��

p

+

� m

( �; l ) =

�

$

l

( S

0

; : : : ; S

m � 1

; ~ e; S

m +1

; : : : ; S

$

)

�

$

l

( S

0

; : : : ; S

$

)

; 8 m 2 f 0 ; : : : ; $ g :

(75)

So the order of the p ole of �

q

( �; l ), for q 2 f 1 ; : : : ; 2 d g , is 1 and (57) is pro v ed.

Gathering (74) and (75), w e ha v e

lim

� ! 0

�G

�

( l ; j ) : ~ e =

$

X

m =0

�

�

$

l

( S

0

; : : : ; S

m � 1

; ~ e; S

m +1

; : : : ; S

$

)

�

$

l

( S

0

; : : : ; S

$

)

�

	

m

( j ) = R

0

( l ; j ) ; 8 j 2 Z :

F urthermore, a straigh tforw ard computation sho ws that the linear mapping u = ( u

l

) 7!

P

l 2 Z

R

0

( l ; � ) u

l

is a pro jection on the k ernel of L � 1.
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2.4 Pro of of Theorem 2.1.1

W e w an t to compute estimates on the Green's function of (9) b y using an in v erse Laplace

transform

G ( n; l ; j ) =

1

2 i�

Z

�

e

�n

G

�

( l ; j )d �: (76)

Recall that G solv es

G ( n + 1 ; l ; j ) � L G ( n; l ; j ) = 0 ; for n � 1 (77)

G (0 ; l ; j ) = �

lj

I

d

; (78)

so, since L is a second-order recurrence op erator, the sp eed of propagation is �nite (see

Figure 2.4)

n = 0

n = 1

n = 2

n = 3

l l + 1 l + 3l + 2l � 3 l � 2 l � 1

j

G ( n; l ; j ) = 0G ( n; l ; j ) = 0

Fig. 2.4: Propagation

and

G ( n; l ; j ) = 0 for j l � j j � n + 1 :

Since w e assumed that the only p ole of G

�

in f �= Re( � ) � � 2 � g is at � = 0, the initial

path of in tegration in the form ula of the in v erse Laplace transform can b e an y segmen t

� := [ s � i� ; s + i� ] with s > 0. Ho w ev er, thanks to the Cauc h y form ula, w e can c hange

this path to b etter suit the b eha vior of G

�

, noting that if the p ole � = 0 is inside the

area enclosed in the closed path � [ S

l

[ �

0

[ S

u

, where �

0

is the new path of in tegration

and S

l

and S

u

are the lo w er (resp. upp er) segmen t that is enclosed in f Im ( � ) = � � g

(resp. f Im ( � ) = � g ) that app ears when w e mo dify � as in Figure 2.5, the residue of G

�

at � = 0, R

0

(see Subsection 2.3.1), will app ear in the form ula (76).

Remark 2.4.1 Sinc e the orientations of S

l

and S

u

ar e opp osite and � 7! e

�n

G

�

( l ; j ) is

i 2 � -p erio dic, the inte gr als along S

u

and S

l

c omp ensate e ach other. Ther efor e, we wil l no

longer mention them.

Let us no w treat the case of medium ( l � j )

2

=n

2

.
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residue

at � = 0

�

� �

Re( � )

Im ( � )

s

�

0

�

S

l

S

u

Fig. 2.5: P ath of in tegration � and �

0

Prop osition 2.4.1

Ther e exists a p ositive c onstant � such that, for al l ` 2 N , ther e exist C ( ` ) > 0 and

� ( ` ) > 0 so that for al l l 2 f� `; : : : ; ` g ; j 2 Z and n 2 N satisfying

� � n

2

� ( l � j )

2

� n

2

;

the fol lowing estimate holds













G ( n; l ; j )

�

j

G ( n; l ; j )













� C ( ` ) exp

�

� � ( ` )

( l � j )

2

n

�

: (79)

Pro of

In the follo wing, C ( ` ) will denote a generic constan t dep ending on ` . Let ` 2 N , l 2

f� `; : : : ; ` g and j 2 Z . Let

�

m

:= 
 ( ` )( l � j )

2

= ( � n )

2

:

W e will in tegrate on �

1

:= �

�

1

[ �

m

1

[ �

+

1

(see Figure 2.6), where, assuming that � is so

small that 


1

do es not in tersect E ,

�

�

1

:= f � = � � + iy ; � � � y � � � � �

m

g ;

�

m

1

= fj Im ( � ) j = �

m

� Re ( � ) ; � � � Re ( � ) � �

m

g ;

�

+

1

:= f � = � � + iy ; � + �

m

� y � � g :

W e ha v e here

G ( n; l ; j ) =

1

2 i�

" 

Z

�

�

1

+

Z

�

m

1

+

Z

�

+

1

!

e

�n

G

�

( l ; j )d �

#

= I

�

1

+ I

m

1

+ I

+

1

: (80)
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Im ( � )

�

m

1

�� �

�

� �

�

+

1

�

�

1

s

Re( � )�

m




�

2

Fig. 2.6: P ath of in tegration �

1

Using Prop osition 2.3.1, w e get at once

j I

�

1

j �

1

2 �

e

� � n

C ( ` )

Z

�

�

1

1

j � j

j d � j ;

so, since j � j � � on �

�

1

, and j �

�

1

j � � ,

j I

�

1

j + j I

+

1

j �

C ( ` )

�

e

� � n

: (81)

W e consider no w I

m

1

. Since Re( � ) � �

m

and j � j � �

m

p

2 � 
 ( ` ) � , w e obtain, b y applying

Prop osition 2.3.1,

j I

m

1

j � C ( ` ) e

�

m

n � 
 ( ` ) j l � j j

Z

�

m

1

1

j � j

j d � j

� C ( ` )

p

2

�

j �

m

1

j e

�

m

n � 
 ( ` ) j l � j j

So, since j �

m

1

j � 2

p

2( �

m

+ � ) � 2

p

2( 
 ( ` ) =� + � ) � C and �j l � j j � �

( l � j )

2

n

, w e ha v e

j I

m

1

j � C ( ` )

p

2

�

exp

�


 ( ` )(1 � � )

( l � j )

2

� n

�

:

Since w e can alw a ys assume that � < 1, w e tak e � 2 (1 ; 1 =� ).

The b ounds on �

j

G ( n; l ; j ) are obtained through the same computations.
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W e no w ha v e to consider the case of small ( l � j )

2

=n

2

, that is ( l � j )

2

� � � n

2

.

Remark 2.4.2 Note that in this c ase, the fol lowing ine quality holds

e

� � n

� e

� � n= 2

e

� � ( l � j )

2

= (2 � � n )

:

� Case j l � j j � `

Let us consider at �rst the case of b ounded n : w e in tegrate G

�

along �

2

:= �

�

2

[

�

m

2

[ �

+

2

(see Figure 2.7), where

�

�

2

:= f � = � � + iy ; � � � y � � � � � g ;

�

m

2

= fj Im ( � ) j = � � Re ( � ) ; � � � Re ( � ) � � g ;

�

+

2

:= f � = � � + iy ; � + � � y � � g :

Re( � )�� �

Im ( � )

�

� �

�

+

2

�

�

2

�

m

2

s

Fig. 2.7: P ath of in tegration �

2

Using the same notations as in (80), w e get at once, similarly as in (81),

j I

�

2

j + j I

+

2

j �

C ( ` )

�

:

Since �

m

2

� D (0 ; � ) n D (0 ; � =

p

2), w e apply Prop osition 2.3.1 and w e get

j I

m

2

j � C ( ` )

p

2

�

� C ( ` ) e

� � n

;
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�

� �

Re ( � )

Im ( � )

�

0

� �

�

s

Fig. 2.8: P ath of in tegration �

0

b ecause n is b ounded. The claimed estimate follo ws from Remark 2.4.2.

Let us deal no w with the case of large n : w e in tegrate G

�

along �

0

(see Figure 2.8).

De�ne no w �

0

:= f � = � � + iy = � � � y � � g .

W e th us obtain

j G ( n; l ; j ) � R

0

( l ; j ) j �

C ( ` )

2 �

Z

�

� �

e

� � n

d y � C ( ` ) e

� � n

:

W e conclude b y using once again Remark 2.4.2.

The computations are the same for the b ounds on �

j

G ( n; l ; j )

� Case j j j > ` � j l j

Thanks to Prop osition 2.3.1, w e kno w that

Z

�

G

�

( l ; j )d � =

d

X

q =1

Z

�

�

q

( �; l )�

q

( �; j ) ; 8 j � l (82)

=

2 d

X

q = d +1

Z

�

�

q

( �; l )�

q

( �; j ) ; 8 l � j (83)

for � 2 D (0 ; � ), so that w e need only estimate eac h of the k �

q

( �; l )�

q

( �; j ) k for

q 2 f 1 ; : : : ; d g (resp. q 2 f d + 1 ; : : : ; 2 d g ) as j tends to + 1 (resp. �1 ).

F or the sak e of simplicit y , let us no w drop the sup erscript � : from no w on, �

q

( � )

and R

q

( � ) will denote an eigen v alue and an asso ciated eigen v ector of A

�

( � ), and

a ( �

q

) and r ( �

q

) will b e the corresp onding eigen v alue and eigen v ectors of F

�

(see

T ables 1 and 2).
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There are t w o cases dep ending on the limit of �

q

as � tends to 0 (see T ables 1 and

2) :

{ Case ja ( �

q

) < 0

Recalling T ables 1 and 2, w e see at once that, in this case, the index q b elongs

to f 1 ; : : : ; p

+

g [ f d + p

�

; : : : ; 2 d g . Thanks to Prop osition 2.3.1, w e kno w that

the corresp onding � 7! �

q

( �; l )�

q

( �; j ) is analytic for q 2 f 1 ; : : : ; p

+

� $ � 1 g [

f d + p

�

+ $ + 1 ; : : : ; 2 d g and meromorphic in D (0 ; � ), � = 0 b eing its only

p ole for q 2 �

+

[ �

�

, so that

k �

q

( �; l )�

q

( �; j ) k �

C ( ` )

j � j

j � ( � ) j

j

; 8 � 2 D (0 ; � ) n f 0 g :

Consequen tly , in the follo wing, whenev er the path of in tegration go es to the

left-hand side of the p oin t � = 0, a residue app ears for q 2 �

+

[ �

�

.

The mo dulus of the asso ciated eigen v alue j �

q

(0) j

j

is strictly less than 1, that

is, c ho osing � > 0, if w e tak e � to b e small enough, w e ha v e, for � 2 D (0 ; � ),

j ln( j �

q

( � ) j ) � � � j j j :

Let us consider at �rst the case n � j j =a j : this arti�cial c hoice of b ound is

explained b y the b ounds app earing in the case of j a > 0. Let " b e suc h that

that 0 < " < min ( � j a j ; � ) = 2, so that our path of in tegration

�

3

:= �

�

3

[ �

m

3

[ �

+

3

;

with �

m

3

:= fj Im ( � ) j = " � Re( � ) ; � � � Re ( � ) � " g , is suc h that �

m

3

in tersects

f Re( � ) = � � inside D (0 ; � ) (see Figure 2.9).

Using once again the notations of (80), w e obtain

j I

�

3

j + j I

+

3

j � C ( ` ) e

� � n

:

Noting that j � j � "=

p

2 for � 2 �

3

, w e obtain

j G ( n; l ; j ) j � C ( ` ) e

"n � � j j j

� C ( ` ) e

� � j a j n= 2

:

No residue app ears since � = 0 remains on the left-hand side of �

3

. W e �nd

the righ t estimate using Remark 2.4.2.

Let us consider no w the case n > j j =a j . W e in tegrate along �

0

(see Figure

2.8). Noting that k �

q

( �; l )�

q

( �; j ) k � C ( ` ) e

� � j j j

� C ( ` ), it is the same com-

putation as in the case of j l � j j � ` and large n : a residue app ears in the

terms corresp onding to q 2 �

+

[ �

�

. W e conclude again b y using Remark 2.4.2.

{ Case ja ( �

q

) > 0

Referring to T ables 1 and 2, w e kno w that �

q

( � ) tends to 1 as � tends to 0, so

that the index q in the in tegral (82) b elongs to f p

+

+ 1 ; : : : ; d g [ f d + 1 ; : : : ; d +

p

�

� 1 g : Prop osition 2.3.1 implies that the corresp onding � 7! �

q

( �; l ) is

holomorphic in D (0 ; � ), so that

k �

q

( �; l ) k � C ( ` ) :
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Re( � )�� � "

Im ( � )

�

� �

�

+

3

�

m

3

�

�

3

s

Fig. 2.9: P ath of in tegration �

3

Let us no w drop the subscript q and note a := a ( �

q

) and r := r ( �

q

). W e deriv e

an expansion of ln( j � ( � ) j ) = ln( � ( � ) � ( � ) ) = 2 from the expansion (38) :

ln ( j � ( � ) j ) = �

Re ( � )

a

+

�

2 a

(Re ( � )

2

� Im ( � )

2

) + o ( j � j

2

) ; (84)

where

� :=

2 D

a

2

� 1 :

Note that � > 0 b ecause a

2

< j a j < 2 D < 1 (H5). De�ne

� :=

j

a

� n

�

j

a

:

F ollo wing the metho d of [88], let us c hange the initial path of in tegration � to

�

4

:= �

�

4

[ H

�

0

[ �

+

4

, H

�

0

b eing the p ortion con tained in Re( � ) � � � of the

h yp erb ola

� Re( � ) +

�

2

(Re( � )

2

� Im ( � )

2

) = � �

0

+

�

2

�

2

0

; (85)

that in tersects the real axis at

�

0

:= � ; if j � j � �;

:= �; if � > �;

:= � �; if � � > � ;
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where � is c hosen small enough to ensure that H

�

in tersects �

0

inside D (0 ; � )

(see Figures 2.10, 2.11). These c hoices are carefully explained in [88].

W e ha v e the follo wing expansion for � 2 H

�

0

Re( � ) = �

0

�

�

2

Im ( � )

2

+ O ( j Im ( � ) j

3

) ; (86)

that leads to

C

1

( j �

0

j + j Im ( � ) j ) � j � j � C

2

( j �

0

j + j Im ( � ) j ) ; (87)

where C

1

and C

2

are some p ositiv e constan ts. Using (87), w e ha v e for m 2

N n f 0 g

j � j

m

� C ( j �

0

j

m

+ j Im ( � ) j

m

) : (88)

Recall that, if � is negativ e, that is, if j =a < n , the path H

�

0

lies in the left half-

plane. But here, w e are dealing with � 7! � ( �; l )�( �; j ) that are holomorphic

in D (0 ; � ), so that no residue app ears.

Using the notations of (80) for � ( �; l )�( �; j ) instead of G

�

( l ; j ), w e obtain at

once

j I

�

4

j + j I

+

4

j � C ( ` ) e

� � n

:

Let us no w fo cus on the in tegration along H

�

0

. Remem b ering the b eha viors

(41) of the solutions of (35) in D (0 ; � ), w e can write

j I

m

4

j � C ( ` )

Z

H

�

0

e

Re( � ) n

j � ( � ) j

j

j R ( � ) jj d � j + O

 

Z

H

�

0

e

Re ( � ) n

j � ( � ) j

j

!

�j j j

j d � j

!

� C ( ` )

Z

H

�

0

e

' ( n;j;� )

�

�

�

�

�

 

r

�

�

a

r

!

+ O

�

j � j

j � j

2

�

�

�

�

�

�

j d � j + !

�j j j

O

 

Z

H

�

0

e

' ( n;j;� )

j d � j

!

= J

1

+ J

2

; (89)

where

' ( n; j; � ) := Re ( � ) n + j ln( j � ( � ) j ) :

Note that j d � j � C

4

, for some p ositiv e C

4

and that, since j � j � � , w e ha v e

(1 � �� )

j

a

� n � (1 + �� )

j

a

: (90)

� Case j � j � � (see Figure 2.10)

Using (86), w e get

' ( n; j; � ) = n (Re( � ) � � ) + n� �

j

a

�

� �

�

2

�

2

�

+ O ( j � j

3

)

= �

�

2

n Im ( � )

2

�

�

j

a

� n

�

2

2 �

j

a

+

j

a

O ( j � j

3

) :
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� �

H

�

�

1

p

n

Im ( � )

� Re ( � )

�

� �

�

+

4 a

�

�

4 a

�

s

Fig. 2.10: P ath of in tegration �

4 a

Thanks to (88), w e obtain

' ( n; j; � ) �

j

a

�

�

�

2

�

2

+ O ( j � j

3

)

�

�

j

a

�

�

2

Im ( � )

2

+ O ( j Im ( � )

3

j )

�

� �

j

a

�

2

M

�

j

a

Im ( � )

2

M

0

; (91)

for some p ositiv e M , M

0

. Let us no w denote b y

�

� :=

j

a

� n

n

the v ariable w e exp ect to app ear b y comparison with the con tin uous case

that is treated in [88] for the sho c k w a v e setting and in [36] for the pure

b oundary la y er one. Cho osing � to b e small enough, (90) implies that

there exists c > 0 suc h that

j

�

� j � c�: (92)
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Since j � j � � , w e ha v e

j

a

�

2

M

=

�

j

a

� n

�

2

M �

2

j

a

=

�

j

a

� n

�

2

M �

2

n

0

B

@

1 + O

0

B

@

j

a

� n

n

1

C

A

1

C

A

= n

�

�

2

M �

2

+ nO (

�

�

3

)

� n

�

�

2

M

00

; (93)

where M

00

is a p ositiv e constan t.

Let us deal at �rst with the second term J

2

of (89).

W e get at once

J

2

� C ( ` ) !

�j j j

Z

H

�

0

e

' ( n;l;j )

j d � j :

The b ounds giv en in (90) imply that there exists a p ositiv e 
 suc h that

!

�j j j

� C e

� 
 n

; (94)

so that (91) and (93) imply

J

2

� C ( ` ) e

� 
 n

e

� n

�

�

2

= M

00

:

Remark 2.4.3 Note that (94) is satis�e d in the two c ases on � we c on-

sider.

Let us no w deal with the �rst term J

1

of (89), w e in tegrate the term of

order 0 with resp ect to � .

Z

H

�

0

e

' ( n;j;� )

j d � j � e

� n

�

�

2

= M

00

Z

H

�

0

exp

�

�

j

a

y

2

M

0

�

d y

� e

� n

�

�

2

= M

00

s

aM

0

j

Z

+ 1

�1

e

� y

2

d y

Using (90), w e ha v e

p

n

r

a

j

� C

4

;

where C

4

is a p ositiv e constan t that do es not dep end on n nor on j . In

conclusion, w e get

Z

H

�

0

e

' ( n;j;� )

j d � j =

1

p

n

O

�

e

� n

�

�

2

= M

00

�

:

Using (88) for m 2 f 1 ; 2 g , (91) and (93), w e ha v e

Z

H

�

0

j � j

m

e

' ( n;j;� )

j d � j � e

� n

�

�

2

= M

00

Z

+ 1

�1

C

5

( j

�

� j

m

+ j y j

m

) e

� j y

2

= ( aM

0

)

d y

� C

6

�

j

�

� j

m

e

� n

�

�

2

= M

00

+ e

� n

�

�

2

= M

00

Z

+ 1

�1

j y j

m

e

� j y

2

= ( aM

0

)

d y

�

;
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where C

5

and C

6

are p ositiv e constan ts.

Using the w ell-kno wn inequalit y

j X j e

� X

2

� e

� X

2

= 2

;

w e �nally get

Z

H

�

0

j � j

m

e

' ( n;j;� )

j d � j =

1

n

O

�

e

� n

�

�

2

= M

00

�

:

In the next case, w e only dev elop the estimates of ' ( n; l ; j ), since the

remaining computations are exactly the same as in the case w e just con-

sidered.

� Case j � j > �

W e only treat here the case � > � (see Figure 2.11) b ecause the case � < � �

is completely similar.

�� �

Im ( � )

Re ( � )

�

� �

��

H

�

�

+

4 b

�

�

4 b

s

Fig. 2.11: P ath of in tegration �

4 b
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Using the expansion (86) and (88), w e obtain

' ( n; j; � ) = n (Re( � ) � � ) +

�

n �

j

a

�

� +

j

a

�

2

�

2

+ O ( j � j

3

)

= � n

�

2

Im ( � )

2

+

j

a

O ( j Im ( � ) j

3

) �

j

a

�

�

2

�

2

+ O ( �

3

)

�

� � n

Im ( � )

2

M

0

�

j

a

�

2

M

� � n

Im ( � )

2

M

0

� n

�

�

2

M

00

W e get the claimed estimates through the same computations as in the

previous case.
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2.5 Numerical sim ulations

W e sho w here some n umerical sim ulations that w e obtained b y considering a Lax 3-sho c k

for the 3 � 3 system of gas dynamics

�

t

+ ( �v )

x

= 0 ;

( �v )

t

+

�

�v

2

+ ( 
 � 1) �e

�

x

= 0 ;

�

1

2

�v

2

+ �e

�

t

+

�

v

�

1

2

�v

2

+ 
 �e

� �

x

= 0 ;

where � is the densit y of the gas, v its v elo cit y and e its in ternal energy . W e tak e here

the la w of pressure of the p erfect gases :

P ( �; e ) = ( 
 � 1) �e:

The adiabatic constan t 
 is larger than 1; ph ysically , 
 is equal to 5 = 3 for monatomic

gases and 7 = 5 for diatomic gases. T aking the same notations as in [9 ], w e ha v e

u =

0

B

@

�

�v

1

2

�v

2

+ �e

1

C

A

; f ( u ) =

0

B

B

@

�v

�v

2

+ ( 
 � 1) �e

v

�

1

2

�v

2

+ 
 �e

�

1

C

C

A

:

Let u

�

=

�

�

�

; �

�

v

�

;

1

2

�

�

( v

�

)

2

+ �

�

e

�

�

T

and u

+

=

�

�

+

; �

+

v

+

;

1

2

�

+

( v

+

)

2

+ �

+

e

+

�

T

t w o

states of R

3

satisfying the Rankine-Hugoniot condition (H1) with n ull sp eed

�

+

v

+

� �

�

v

�

= 0 ; (95)

�

+

( v

+

)

2

+ ( 
 � 1) �

+

e

+

� �

�

( v

�

)

2

� ( 
 � 1) �

�

e

�

= 0 ; (96)

v

+

�

1

2

�

+

( v

+

)

2

+ 
 �

+

e

+

�

� v

�

�

1

2

�

�

( v

�

)

2

+ 
 �

�

e

�

�

= 0 : (97)

In order to b e able to apply the mo di�ed Lax-F riedric hs sc heme to the system u

t

+ f ( u )

x

=

0, w e c hange to the conserv ativ e v ariables

R = �; V = �v ; E =

1

2

�v

2

+ �e;

and

U =

0

@

R

V

E

1

A

; F ( U ) = f ( u ) =

0

B

B

B

B

@

V

3 � 


2

V

2

R

+ ( 
 � 1) E

V

R

�


 E �


 � 1

2

V

2

R

�

1

C

C

C

C

A

:

W e get at once

d F ( U ) =

0

B

B

B

B

@

0 1 0


 � 3

2

V

2

R

2

(3 � 
 )

V

R


 � 1

V

R

�

( 
 � 1)

V

2

R

2

� 


E

R

�




E

R

� 3

( 
 � 1)

2

V

2

R

2




V

R

1

C

C

C

C

A

:
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The eigen v alues of d F ( U ) are

a

1

( U ) =

V

R

� c ( U ) ; a

2

( U ) =

V

R

; a

3

( U ) =

V

R

+ c ( U ) ;

where c ( U ) is the sound sp eed and is giv en b y

c ( U ) =

s


 ( 
 � 1)

�

E

R

�

V

2

2 R

2

�

:

W e c ho ose as asso ciated eigen v ectors

r

1

( U ) =

0

B

B

@

R

V � Rc ( U )

(1 � 
 )

2

V

2

R

+ 
 E � V c ( U )

1

C

C

A

; r

2

( U ) =

0

B

B

@

R

V

V

2

2 R

1

C

C

A

; r

3

( U ) =

0

B

B

@

R

V + R c ( U )

(1 � 
 )

2

V

2

R

+ 
 E + V c ( U )

1

C

C

A

:

The stationary discon tin uit y ( U

�

; U

+

) is a Lax 3-sho c k, that is (H4) is satis�ed with

p

+

= p

�

= 3, so that

V

+

+ R

+

c

+

< 0 < V

�

+ R

�

c

�

; (98)

V

�

< 0 ; (99)

where c

�

:= c ( U

�

). Consequen tly , plugging (98) and (99) in (95), (96), (97), w e can

completely de�ne the end states U

�

b y three parameters ( R

�

; r := R

�

=R

+

; V

�

) in the

follo wing w a y

R

�

; R

+

= r R

�

;

V

�

; V

+

= V

�

;

E

�

=




2

+ 
 ( r � 2) + r + 1

2 
 ( 
 � 1)

�

( V

�

)

2

R

�

�

; E

+

=

r 
 ( r � 1) + r + 1 + 
 ( 
 � 1)

2 
 ( 
 � 1)

�

( V

�

)

2

R

�

�

;

where

1 < r <


 + 1


 � 1

(see [9] for details).

Referring to T able 1 and to (41), w e see at once that �

I

6

= 	, and that 	( j ) = ( �

�

3

)

j

( r

�

3

+

O ( !

�j j j

)) as j tends to �1 .

The algorithm is the follo wing :

1. W e c ho ose the size N of the mesh.

2. W e set the v alues of R

�

, r and V

�

and compute U

�

.

3. Ha ving computed the eigen v alues of d F ( U

�

), w e set D = 1 : 1 � max ( j a

�

i

j ; i 2 f 1 ; 2 ; 3 g )

and � = 0 : 9 = (2 � D ) so that (H5) is satis�ed.

4. W e compute n umerically a pro�le b y iterating the Lax-F riedric hs sc heme in conser-

v ativ e co ordinates on the step sequence U

j

= U

�

if j � 0 and U

j

= U

�

if j � 1 :

the con v ergence is quite fast [41].
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5. W e solv e n umerically (9) with ~v = 0 and v

0

j

= �

j l

, for l 2 f� N = 2 ; : : : ; N = 2 g .

Let us consider the cases l � 0 and l � 0 :

Case l � 0 in accordance with Theorem 2.1.1, in Figure 2.12, three w a v es propagate to w ards

the sho c k with sp eeds a

+

1

, a

+

2

, a

+

3

since the three of them are negativ e. When the

fastest one reac hes the sho c k, i.e. the one corresp onding to a

+

1

, a residue app ears

(see Figure 2.13), and outgoing w a v es are emitted on the left side with sp eeds a

�

1

and a

�

2

along the eigen v ectors r

�

1

and r

�

2

. W e cannot see clearly in Figure 2.12 the

w a v es that are emitted b y the w a v es that are carried b y r

+

1

and r

+

2

b ecause they

are damp ed b y the n umerical viscosit y and, b esides, the scale of the residue is large

and the w a v es are all the more damp ed. No w a v e outgo es on the righ t since the

eigen v alues a

+

1

, a

+

2

, a

+

3

are all negativ e.

Case l � 0 Since all the eigen v alues of d f ( u

+

) are negativ e, no w a v e propagates to the righ t :

all the w a v es are in the left side of the mesh. Th us, since all the w a v es propagate

along r

�

1

, r

�

2

and r

�

3

, w e c hose the three of them as a basis for the computations

w e sho w in Figure 2.14. W e see that a single w a v e propagates along the en tering

c haracteristic with sp eed a

�

3

> 0 un til it reac hes the sho c k; then, a stationary residue

app ears (see Figure 2.15 for the pro jection on eac h v ector of the basis ( r

�

1

; r

�

2

; r

�

3

)

of the eigenspace asso ciated with 1), along with t w o w a v es propagating to the left

with sp eeds a

�

1

< 0 and a

�

2

< 0.

In order to compare the n umerical results to our exp ectations a time step at a time, w e

resume our study with

6. W e compute the residue up to a m ultiplic ativ e constan t b y iterating the linearized

sc heme (8) from � 3 N = 4 to N = 2 on the initial data 	( � 3 N = 4) = ( �

�

3

)

� 3 N = 4

r

�

3

.

7. W e compute the Gaussians through the form ula giv en in Theorem 2.1.1.

Mo vies displa ying the ev olution of the Green's function with resp ect to time are a v ailable

at

http://www.ump a.ens-lyon.fr/ � p go dil lo/ .


























