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B(A,Z, def) =
(
− a1 + J δ̄2 − 1

2
K ε̄2 +

1

2
M δ̄4

)
A

+
(
a2 +

9

4

J2

Q
δ̄2
)
A2/3Bsurf + a3 A

1/3 Bcurv

+c1 Z
2 A−1/3 BCoul − c2 Z

2 A1/3 Br(def) − c5 Z
2 Bw(def)

−c3 Z
2

A
− c4 Z

3
√

2
+ EWig,

Q ���WD[S
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BCoul
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Bsurf

L'I92
Bcurv
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EWig(A,Z) = −10MeV · exp(−42|I|/10).
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I + 3
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Q
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1 + 9
4

J
Q
A−1/3Bsurf

,
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K

[
− 2a2A

−1/3f(def) + Lδ̄2 + C1Z
2A−4/3g(def)

]
,

Q������ �#S
XY)9*-aA �*��8a;��*AI[�!�
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c1 =
3

5

e2

r0
,

c2 =
c21

336

(
1

J
+

18

K

)
,

c3 =
5

2
c1

(
b

r0

)
,

c4 =
5

4
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(
3

2π

)2/3

,
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(
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Q

)
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a2 = 20.69MeV

K = 240.0MeV

L = 100.0MeV

r0 = 1.18 fm

J = 36.8MeV

Q = 17.0MeV

e2 = 1.440MeV · fm
b = 1.0 fm
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B(Z,N, def) = avol (1 − κvolI
2) A

+ asurf (1 − κsurfI
2) A2/3 Bsurf(def)

+ acur (1 − κcurI
2) A1/3 Bcur(def)

+
3

5

e2Z2

rch
0 A1/3

BCoul(def) − C4
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A
− Econgr,
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∑
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∑
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δρq

∫
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h̄2

2m
τ +B1ρ

2 +B2(ρ
2
n + ρ2

p) +B3ρ τ +B4(ρn τn + ρp τp)

−B5(~∇ρ)2 − B6

[
(~∇ρn)2 + (~∇ρp)

2
]
+ ρα[B7ρ

2 +B8(ρ
2
n + ρ2

p)]

−B9

[
~J · ~∇ρ + ~Jn · ~∇ρn + ~Jp · ~∇ρp

]
+ ECoul(~r) ,
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8fq

{
−
[
∆ ~Wq + ~∇(div ~Wq)

]
+

1

fq

[
~Wq ∆fq + ( ~Wq · ~∇)~∇fq

+(~∇fq×rot ~Wq) + 2(~∇fq · ~∇) ~Wq

]
− 1

f 2
q

[
(~∇fq)

2 ~Wq + (~∇fq · ~Wq)~∇fq − 2 (
2m

h̄2 )2 ~W 3
q

]

− 1

3ρq

[
(~∇ρq · ~∇) ~Wq + div ~Wq

~∇ρq −
1

fq

(
(~∇fq · ~∇ρq) ~Wq + (~∇fq · ~Wq)~∇ρq

)]}
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ρ(r) → c

r6
where r → ∞
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[
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]3/2
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Vs =
e2Z1Z2

d
+KΨ(s),

Q�V9���#� S
���( #H+�!L'��I9*A2  #I=�!)9* HqL'�5���o '&+�!)9* 29"5 #6+:�*A�u78 �29*A: .F�vV 0 � .F�#� 0��B���!)-�5)9*lI+*A� *;�M���M*A�o '&�6qL'"5L'7\*g�!*A"5�
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Ψ(s)
���Y6qL'"5L'78*A�!*A"5���;*;2cH[$}78*fL'I+�C v&u�5)9*T&� #:�:� �B��I9O *A/e0qLv�!�� #I9� �





Ψ(s) = −0.1353 +
5∑

i=1

cn

n+1
(2.5 − s)n+1, for 0 < s < 2.5 fm,

Ψ(s) = −0.1331 exp
(

2.75−s
0.7176

)
, for s > 2.5 fm.

Q�V9��� �#S

��*A"5*
s
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cn
Lv"5*TO#��m#*;I�H[$��

c0 = −0.1886, c1 = −0.2628, c2 = −0.15216, c3 = −0.04562,

c4 = 0.069136, c5 = −0.011454
� XY)9*=6qL'"5L'7\*g�!*A"

K
��I}*A/��oQ�V9���#� S 29* �qI9*A2�L'�

K = 4πγ
R1R2

R1 +R2

Q�V9���iE[S
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L'I92

R2
2+* �
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(R1R2)/(R1+R2)
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Vnuc(d ) ≈ Ṽnuc(d ) = V0 e
−α (d−d0)2 ,

Q�V9���fVeS
XY)9*}29���M�bLvI9a;*

d0
� �5)9*}29*A6+�!)

V0
L'I92 �!)+*�&�L':�:�J1 '�

α
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A1
�
A2

LvI92��5)9*>"5*A2909a;*A2����5 #�M69��I9�
Ii =

(Ai − 2Zi)/Ai
 '&o�!L'"5O'*A��L'I92�69"5 ��M*;aA�5��:�*TI10+a;:�*A�G:�*fLv2
09�Y�5 8�5)9*=&� ':�:� i�B��I9O 6qL'"5L'78*A�!"M���;Lv�!�� #I

Q��M*;*-_o��O9��V9�W�[S
d0(A1, A2) = r0(A

1/3
1 +A

1/3
2 ) + b ,

Q�V9��� �#S

V0(A1, A2, I1, I2) = v0

[
1 + κ (I1 + I2)

]
A

1/3
1 · A1/3

2

A
1/3
1 + A

1/3
2

,
Q�V9���i�[S

α = α0 (I1 + I2) + α1.
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Ṽ (d ) = Ṽnuc(d ) +
Z1 Z2 e
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d
,
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∫
V1(r − r′) ρ2(r

′) d3r′,
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V = V0/(1 + exp([r − Rp]/ap))
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Rp = 1.25A1/3 fm
�

ap = 0.65 fm
�
V0 = −50MeV

��XY)9*�Ie09aA:�*fLv"-29*AI9�5���w$����>6qL'"5L'7\*g�!*A"5���A*;2RL'�
ρ = ρ0/(1 +

exp([r − Rd]/ad))
�
Rd = [1.12A1/3 − 0.86A−1/3] fm

�
ad = 0.54 fm

�
ρ0 = 0.170 fm−3 �
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An(r − R)n−1 ln
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])
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1/3
proj + A

1/3
tar ) fm

�
A1 = 33.

�
A2 = 2.0

�
A3 = 3.0

�
A4 = A5 = 0.0

�
a = 0.61 fm
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L�29���~*A"5*;I+a;*  '& �~Lv�j78 #��� � ≈ 5MeV
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s > 0
&�7 Q��M*;*T_o��O9�[V9���iL[S �����W*v�o&� #"�I9 '�l�5 � -:�L'"MO#*B29*AI9�5���w$� im#*A"5:�L'69���

�!)9*
)9*;��O#)[�% '&4&�09�5�� #I HqL'"M"5��*;"5�8�5*A*;7 "!Lv�5)9*;"\"5*;L':����M�!��a}�!)9*A"5*'��� &> #I��5)9*� '�5)9*;"\)qL'I92 �U�!)9*
 im#*;"M:�L'6  '&T�5)9* 29*AI9�5���!��*A�} '&>�!)9*�a; #:�:���2+��I9O��� #I+�%HN*Aa; #78*;�}:�L'"5O'*
&� #"

s ≈ 0
&�7 �5)9*;I �!)+*

�5092+29*;I\L'6969"M �+��7�L �!�� 'I 09�5*A2P&� #"
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z− L������C���Y '&(�!)9*T&� #"M7  '&oL'I�*;:�:���6+�5*
x2

a2
+
y2

b2
= 1 ,

Q��+�WE'VeS
�B���5)����5�d)qL':�&jL���*;�

a
L'I92

b
LvI92 �5)qLv�8�!)9���8*A:�:���69�M*����P�!)9*
�!L'78*}&� #"�Lv:�:

z
� �wI��5)9*�6N #:�L'"

a; 1 #"52+��IqLv�5*;�U�5)9*=L'HN im'*=*A/e0qLv�!�� #I�"5*fLv29�

ρ2 =
a2b2

b2 cos2(ϕ) + a2 sin2(ϕ)
.

Q��+�WE[�#S
� I9*>afL'I���I[�!"M �2+09a;*TI9 i���!)9*>29*g&� #"57\Lv�!�� #I}6qL'"5L'78*A�!*A"

η
29* �qI9*A2�L'�

η =
b2 − a2

a2 + b2
,

Q��+�WE#�[S
�B)9��ab)���� "5*A:�Lv�5*;2R�5 ��!)+*%I9 #I1J1L�����L':����w$� '&Y�5)9*%29"M #6 � �wI� #"M29*;"n�5 �Z'*A*;6p�!)9*��!L'78*\m' #:�0978*
a; #I+�5*;"�mvLv�!�� #I a; 'I929���5�� #I  '&T�!)+*�29"M #6 L'�\&� '"\�!)+*�L�����Lv:�a;L'�5*pQ��+���i�[S �l* Lv�5�50+7\*��5)qLv�\�!)9*
�509"�&�L'a;*> '&u�!)9*>*A:�:���69�5*PQ��+�WE'VeS ���Y��I92+*;6t*;I929*AI[�4 #I

η
�9� � *'�

πρ2
s = πab ,

Q��+�WE[?#S
�B)9*;"M*

ρ2
s

���BO#��m#*AI�*v�WO+��H[$c*A/t�uQ��+�@�1� Sg�^XY)9*>)qLv:�&oL���*;�B '&o�5)9*>29"5 '6�aA"5 #�M���M*;ag�!�� 'I�Lv�BO'��m#*AI
zL'"5*T�5)9*;"M*A&� #"M*= v&u�5)9*T&� #"57

a = ρs(z)

(
1 − η

1 + η

)1/4

,

b = ρs(z)

(
1 + η

1 − η

)1/4

.
Q��+�WE#r[S

_o��I9L':�:�$ �GLv& �5*;">* ��69:� #���5��I9O}�!)+*\aA #I9�M�!L'I[��Jem' #:�0+7\*8a; #I+29���5�� #I Q������i�#S��G�!)9*8�5/e0qL'"M*� '& �!)9*829��� �
�bL'I+a;*T&�"5 #7 L'I
L'"5H9���!"5L'"M$\�509"�&�L'a;*=6t #��I[�

(z, ϕ)
�5 d�5)9*

z− L������C���YO#��m#*AI
H[$

ρ̃2
s(z, ϕ) = ρ2

s(z)

√
1 − η2

1 + η cos(2ϕ)
.

Q��+�WE#D[S
XY)9���C6qL'"5L'78*A�!*A"

η
a;L'I�����I�O#*AI9*;"5L': ��29*A6N*AI92� #I

z
H90��4��I��5)9*=&� ':�:� i�B��I9O �l*nL'�5�M0978*=�5)qLv�����

���
z− ��I929*;6t*;I+29*;I[�f�

� ����� � � � �#! � - , ! 
 (���) (*- �

_q #"BLdmvL'I+���5)+��I9OdI9*AabZ�69L'"!L'78*A�5*;" �
B = 0

*;/e�A�uQ��+�F��� ���+�WE#D[Sl2+*;�5aA"5��HN*-L86+09"5*=*;:�:���6+�5 #��2��B���5)
�!)9*T&� #:�:� i�B��I+O 7�Lv��I})qL':�&uL���*;���

A = R0/
√
c

(
1 − η

1 + η

)1/4

,

B = R0/
√
c

(
1 + η

1 − η

)1/4

,

C = R0 c .
Q��+� V �[S
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_o��O'09"5*T���@� �oXu"5L'I9�M&� '"57\Lv�!�� #I�&�"5 '7x�5)9*
(c, h)

�5 
(β2, β4)

aA � #"M29��I9Lv�!*A�U #H+�!L'��I9*A2%&� #"l�5)9*>_ �
6qL'"5L'7\*g�!"M���fL �!�� 'I% '&u*;/����+���nL'I+2
���FD+��_u��O#09"M*T���U�!L'Z'*AI�&�"M #7

�
*A&���.W?�� 0

�wI��5)9*T�!"5L'29���5�� #I9L':
(β, γ)

6qL'"5L'7\*g�!"M���fL �!�� 'I��!)9*A�5*=L���*;��L'"M*=* ��69"5*A�5�5*A2 L'�

A = R(β, γ) [1 − k cos(γ − π/3)] ,

B = R(β, γ) [1 − k cos(γ + π/3)] ,

C = R(β, γ) [1 + k cos(γ)] ,
Q��+� V9� S

�B)9*;"M*
k =

√
5
4π
β
L'I92

R(β, γ) = R0/{[1 − k cos(γ − π/3)] [1 − k cos(γ + π/3)] [1 + k cos(γ)]}1/3 Q��+� Ve�#S
XY)9*4�5"!L'I9��&� #"57\Lv�5�� #I9��Ht*A�w� *;*;I}�5)9*ja; 1 #"M29��IqL �!*;� {c, η} L'I92 {β, γ} L'"5*��5)9 i�BI<Q�Ht '�!)\�ULf$1�bS��Ic_o��O#�;���+�WEPL'I92��+� VP"5*A�56t*;aA�5��m'*;:�$'��XY)9*Ta;:� #�5*A2� imvL':��U��I}_u��O9���+� VPa; #"M"5*;�M6N 'I92}�! P�!)9*4�5)qL'6t*;�
�B���5)%a; #I+�M�bLvIe�l29*A&� '"57\Lv�!�� #I

β2
�B)+��ab)%a;L'I% 1a;a;0+" &� #"�69"5 ':�Lv�5*

(γ ∈ (0+ 2
3
nπ , π

3
+ 2

3
nπ))

L'�
�l*A:�:GL'�Y&� #"Y 'H9:�Lv�5*j�5)9L'6N*A�

(γ ∈ (π
3

+ 2
3
nπ , 2π

3
+ 2

3
nπ)

�9�B)9*;"M*
(n = 1, 2, 3...)

�
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_o��O'09"5*T���FE �^X("!LvI9�M&� #"M7�L �!�� 'I�&�"5 #7x�!)9*
(β, γ)

�! 
(c, η)

aA � '"529��IqLv�!*A�U��I%�5)9*>6909"M*T*;:�:���69�M #��2qL':
afL'�M*
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 0

 0.5

 1

 0.6  0.8  1  1.2  1.4  1.6

η 
= 

(b
2 -a

2 )/(
a2 +b

2 )

c

γ=0

γ=π/3

γ=2π/3

γ=π

γ=4π/3

γ=5π/3

β=0.2 β=0.4 β=0.6 β=0.8

_o��O'09"5*T���WV%�^X("!LvI9�M&� #"M7�L �!�� 'I�&�"5 #7x�!)9*
(c, η)

�! 
(β, γ)

aA � '"529��IqLv�!*A�U��I%�5)9*>6909"M*T*;:�:���69�M #��2qL':
afL'�M*
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Ht #7 H9L'"529*A2 0+"!L'I9��097 Ie09aA:�*A09�%L'I+2 I9 v�\�M #78*c�5"!L'I+�509"5L'I9��0+7 *;:�*;78*;I[�!�
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� �N��L')9I LvI92�_l�NK1�5"!L'�M�57\L'I9I
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 '& �5)9*nIe09aA:�*fLv" �q�M�5�� 'I�69"M �aA*;�5���UL'��O#��m'*;I�H[$�,^�~��*;���5I9*;" �~LvI92�)9*A"4a; ':�:�LvHN #"5Lv�! '" � �~_q"5���5ab)
Q ��Lv�!09"M* �qm# ': �G�fV[E �q6~�~�vE#D[Sg� % $�L'IqLv:� #O'$��B���!)
Ldab)qL'"5O'*;2�:���/e09��2}2+"5 #6��!)9*g$
* ��69:�L'��I9*;2c�!)+���
69"5 1a;*A�5�4L'�Y�!)9*="5*A�509:��4 '&u�!)9*=a; '7\6t*A�5���!�� #I} '&u�!)9*=:� #I+O8"5L'I9O#*-kl #0+:� #7 H�"5*A6909:��5�� 'I
Ht*A�w� *;*AI
69"5 v�! #I9���!*AI929��I+O-�! =�!*;L'" �5)9*4Ie09aA:�*; 'I9�UL'69L'"M�lL'I92��5)9*4�M09"M&�Lva;*4�5*;I9�M�� #I8&� #"5aA*��!"�$1��I9O=�! nZv*;*A6
�!)9*4I10+a;:�*A #I9�l�5 #O#*g�!)9*A"l:���Z'*C�!)9*��509"�&�L'a;*j v&(Ln:���/10+��2829"5 #6~�^XY)9��� �5��7869:�*���29*fL-�lL'�U2+*Am#*A:� #6t*;2
:�Lv�5*;"CH[$ �=� %  #)9"jLvI92 �+�tsn� � )9*;*A:�*A"4��I��!)9*A��"B&�L'78 #09�C6qL'6t*;" �u(P�4�#��Q�(*%$+P���M����1C+P�PQM���&%$�
dK���M�Z��+ ��I '^)e$1�M��afLv:

�
*Am1��*g� Q m# #:��j�v� �~6 ��Ve�'�[S ��XY)+���469L'6N*A"4)qLv�jHN*A*;I��5)9* "M*A&�*;"M*;I9aA* 6t #��I[�

&� #"U�!)+*=I+* �1�4O'*;I9*A"!Lv�5�� #I9�Y v&oIe09aA:�*fLv"C6+)e$1�M��a;���M�5�B�  #"MZ1��I9Od #I�I10+a;:�*;L'"��q�5�M�� #I~�
K���I9aA*4�!)9Lv�YH9"M*fL'Z[�!)+"5 #09O')}* ��69:�LvIqLv�!�� #I� v&.�!)9*jIe09aA:�*;L'" �q�M�5�� 'I}69)9*;I+ #7\*AI9 #I}H[$%�
*;��� �

I9*;"CL'I+2
_q"M���5ab)%� *>)qLfm#*=I9 d29 #09H��Y�!)qLv�l�!)9���Y69"5 1a;*A�5�B���Y29*g�!*A"578��I9*A2}7�L'��I9:�$8H[$%�5)9*>�M�!"M #I9O
�5)9 '"M�P"5L'I9O#*}L �5�!"5L'aA�5�� #I+�-Ht*A�w� *;*AI`�5)9*%I9*A��O#)eHt #09"5��I9O�Ie09aA:�*A #I9�dL'I92�:� #I9O
"!L'I9O'*ckl #09:� #7 H
"5*A6909:��M�� #I\ '&.69"M '�! 'I9�l��I�L'I%Lv�! #78��aYIe09aA:�*A09�;��s4���l*4Z1I+ � *gm#*AI%&�"5 #7 �!)+* �q"M�M�U2+*;�5aA"5��6+�!�� #I9�
 '&G�!)9*>:���/e09��2�29"5 #6}��29*fLP��I}I10+a;:�*;L'"Y69)[$1�5��a;�Y�!)qL �U�!)9*Tm' #:�0978*4�5*;"57x�B)9��ab)c���U�!)9*T29 '7\��IqL'I[�
a; #I+�M�!���!09*AI[�d '&B�!)9*cLfm#*A"!L'O'* ��:���/10+��2 29"M #6�*;I+*;"5Ov$ &� #"n�5)9*%Ie09a;:�*;09�d '&CO#��m#*AI�7�L'�M�

A
29 1*;�

I9 '�Pab)9L'I9O#*��B���!)�L
29*A&� #"M7�L �!�� 'I � � IR�5)9*% '�5)9*;" )9L'I92 �!)+*%�509"�&�L'a;*bJ1*;I+*;"5Ov$ a; 'Ie�5"5��H90+�!�� #I
29*;6t*;I+29�����!"M #I9O#:�$% #Ic�!)9*TIe09aA:�*;L'"B�509"�&�L'a;*=L'"M*fL �B)9��ab)����BLP&�09I9ag�!�� #I} '&(�!)9*>Ie09a;:�*fL'"B�M)qL'6t*'�
XY)9*�a; #786N*g�!���!�� 'IT '&+�5)9* 6t #�M���!��m#*�kl #0+:� #7 H-L'I92>�!)+* I9*AO[Lv�5��m#*��M09"M&�L'aA* J1*AI9*;"MO'$=a; #I[�5"5��H+0+�!�� #I9�
O#��m'*;�nL'� L�aA #I9�M*;/e09*;I+a;*�L'IR*AI9*;"MO#*A�5��a;L': H9L'"5"M��*;">�B)9��ab) afL'IRHN*8�!09I9I+*;:�:�*;2 H[$��!)+*�Ie09a;:�*;09�
 #I����!�B�ULf$c�! �q�5�M�� #I~�CK�09787�L'"M���A��I9O%����&u�!)9*-�509"�&�L'a;*n,(3�*;I9*A"5O'$���I9a;"M*fL'�M*;��&�Lv�M�!*A"C�5)9*;I
�!)9*
kl #09:� #7 Hc*;I9*A"5O'$%29*;aA"5*fLv�5*;� �N���W*v�^��&

2Esurf ≥ ECoul,
Q��+� V[E[S

�!)9*AI��50+ab) L\HqLv"5"5��*;"B* �����M�!�A�B�wI9�5*A"M�!��I9O\�5)9*=* ��69:���a;����* ��69"5*A�5�5�� #I9�C&� #"
Esurf

L'I92
ECoul

L'�C��I
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Bsurf
�
BCoul

� *-"M*A�B"5���!*j�5)9*>a; #I92+���!�� #I�Q����WV[E#SUL'�

asurfA
2/3 · 2

5
α2 ≥ aCoul

Z2

A1/3
· α

2

5
,

Q��+� V#VeS
�B)9*;"M*

α
���l�5)9*TO#:� #HqL':t29*A&� '"57\Lv�!�� #I�6qLv"!L'78*A�5*;"U29* �qI9*A2�L':�"5*;L'2+$\He$%*;/��GQ�E����fV[Sg� XY)9*=L'Ht im#*
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��I[�! �!)+*=78 #"M*Ta; #I[m#*AI9��*AI[��&� #"M7
2BsurfA

BCoulZ2
≥ 1.
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MeV/c2
�#L�69L'"M�5��a;:�*

�B)9��ab)��ULv�=&� #0+I92RL}aA #0969:�*8 v&l$#*;L'"5�=:�L �!*;">LvI92��B)+��ab)R���TZeI9 i�BI<�! 12qLf$�L'�>�!)+*
π− 78*;�M #I �XY)9*>&� #"57  '&u�5)9*>7\*A�5 #Ic6t '�!*AI[�!��Lv:~�B)9��ab) ��09Z Lf�UL86N '�M�!0+:�Lv�5*;2c���Y '&(�!)+*>&� '"57	�

VY uk(r) = G
1

r
e−

mπc
h̄

r,
Q��+� V[r[S

�B)9*;"M*
G
���u�!)9*YaA #0969:���I9OTaA #I9�M�!L'I[��L'I92P�B)9*A"5*Y�!)9*Yab)9L'"!L'ag�!*A"5�����!��aY:�*;I+O'�!)P '&��5)9���^��Ie�5*;"5L'aA�5�� #I

���U�5)9*
π− 7\*A�5 #I�kl #786+�! #I}�lLfm#*n:�*;I9Ov�!)

(
λ

2π

)

π
=

h̄

mπc

Q��+� V[D[S
�B)9��ab)p���  '&B�!)9*} '"529*A"P '&=�#�WV�&�7 �B���5)pL 69�� #IR7�L'�M�P '&

mπ ≈ 139
�
*�� �^LvI92��!)9*A"5*A&� '"5* �

��I92+*;*;2 �q '&um'*;"�$c�5)9 #"��C"!L'I9O'*'�
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�
*A&���.W?'� 0��

ρ(~r1) = ρ0

∫

V

d3r2 g ( |~r1 − ~r2| ),
Q��+�F� �[S

�B)9*;"M*
ρ0
���U�5)9*>09I9��&� #"57 29*;I9�M���w$}2+���M�5"5��H90+�!�� #I} '&(�!)9*>ab)qLv"5O#*> #"U�5)9*>I10+a;:�*;L'"B7�L �5�!*A"

ρ0(~r) =




ρ0 = 3A/4πR3

0,
&� #"

r ≤ R0

0,
&� '"

r > R0

�B)9��ab)��!L �!��� �q*;�Y�5)9*>I10+a;:�*A #I1J1Ie097nHN*A"CaA #I9�M*;"MmvLv�5�� #I�a; 'I929���5�� #I
∫

V

ρ0(~r ) d3r = N(Z ).
Q��+�F��� S

XY)9*>&� #:�29��I9On&�09I+aA�!�� #Ic��Ic*;/��(Q��+�@� �[SlI9*;*A29�B�! dHN*>I9 '"57\L':����;*;2
∫

V

g ( |~r1 − ~r2| ) d3r2 = 1.
Q��+�F�#�#S

XY)9* &� ':�29��I9OU&�09I9ag�!�� 'I
g ( |~r1−~r2| )

afL'I=HN*�ab)9 #�M*;I �5 �Ht*  v&+�!)+*�&� #"M7  '&9�5)9* ��09Z Li�lLC&�0+I9aA�5�� #I
Q��+� V[r[S �B���!)�L �B��2+�5)
69L'"!L'78*A�5*;"

a
Q� '&(�!)+*= '"529*A"C v&u�5)9*>69�� #I
kl #786+�5 #I}�ULfm#*A:�*AI9O'�!)qS

g ( |~r1 − ~r2| ) =
1

4πa3

e−|~r1−~r2|/a

|~r1 − ~r2|/a
.

Q��+�F�'E[S

XY)9*l&�09I+aA�!�� #I
g ( |~r1−~r2| )

�M)9 #09:�2nI9 '�uHt*l78���50+I929*;"M�M�5 � 12-)+*;"5*��! j"M*;69"M*;�M*;I[� �!)+*l��I[�5*;"!LvaA�!�� #I
6N v�!*;I[�5��L':q '&N�w�l nI10+a;:�*A #I9� ��H90��l"5Lv�!)9*A"^�!)9*B&�L'aA���!)9Lv� L'I���Ie�5*;"5L'aA�5�� #Id '& �9I9���5*nQ��5)9 '"M� S^"!LvI9O#*
HN*g�w�l*A*;I��!)9*TaA #I9�M�5���509*;I[�!�B '&uL'I

N− 69L'"M�5��a;:�*T�M$1�M�5*;7 �B��:�:NO#*;I9*A"!Lv�5*>LP29*;I9�M���w$}2+���M�5"5��H90+�!�� #I
�B���5)�Ld29���N09�M*-�M09"M&�L'aA*=�B)+*;"5*=�!)9���B�509"�&�L'a;*-29���N09�5*AI9*;�M�4�M)9 #09:�2
Ht*- v&o�!)+*- #"M29*;"B '&l�=&�7	��L'�
�!)9���Y���Y #H��bL'��I9*;2}�!)+"5 #09O')��5)9*>29* �qI+���!�� #I�Q����@� �#Sg�

� ����� � � ,�
 ��, � � � , $&� "%$&!#(��

�4Lfm1��I9Od*A�M�bLvH9:����5)9*A2��5)9*>ab)qL'"5O'*-29���M�5"5��H+0+�!�� #I%��I}�5)9*>I10+a;:�*A09�C��I}�!)9*T&� #"M7  '&o*;/��(Q����@� �#S �!)9*
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Vc(~r1) = e
∫

V

d3r2
ρ(~r2)

|~r1 − ~r2|
.

Q��+�F�vVeS

_q #"U�w�l d&�09I9ag�!�� #I9�
f
L'I92

g
�5)9*T&� #:�:� i�B��I9O *A/e0qLv�!�� #Ic���U&�09: �q:�:�*;2��

∫

V

d3r2f(~r1 − ~r2)g(~r1 − ~r2) =

∞∫

−∞

d3kf(~k)g(~k)ei~k·(~r1−~r3).
Q��+�F�#�#S
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XY)e09����"5*A69:�Lva;��I+O
g(~r2 − ~r3)

1
|~r1−~r2|

He$��!)9*A��"B_q #09"M��*;" �!"!LvI9�M&� #"M7\�U� *=)qLfm#*

Vc(~r1) =
4πeρ0

(2π)
3
2

∫

V

d3r3

∞∫

−∞

d3k
1

k2
g(k)ei~k·(~r1−~r3),

Q��+�F�'�[S

�B)9*;"M*=�5)9*=_q #09"5��*;"l�5"!L'I+�M&� #"M7  '&(�!)9* ��09Z Lf�ULP&�09I9ag�!�� #Ic '&o*A/��(Q��+�F�'E[Sl���Y '&u�5)9*T&� #"57

g(k) =
1

2π

1

(1 + a2k2)
.

Q��+�F�#?#S

3409*��5 ��!)+*\&�L'ag�n�!)9Lv�n�5)9*�&�09I9ag�!�� #I
g
29*A6N*AI929�  #I+:�$� #IR�5)9*�I+ #"57  '& ~k � *%a;L'I�6N*A"M&� #"M7��787\*A29��L �!*;:�$d�!)9*T�M*;a; 'I92���Ie�5*;O#"5Lv�!�� #IcL'I92�"5*g�B"5���!*>L'Ht im#*=* ��69"5*A�5�M�� #I
L'�

Vc(~r1) = 4(2π)
1
2 eρ0

∫

V

d3r3
1

|~r1 − ~r3|

∞∫

0

dk
g(k)

k
sin(k|~r1 − ~r3|).

Q��+�F�'r[S

�wI9�5*A"M�5��I9O>�!)9*C_q #09"M��*A"o�!"5L'I9�M&� '"57� '&t�!)+*���0+ZvLf�lL>&�0+I9aA�5�� #I8O#��m'*;IdH[$P�!)9*B*A/t�tQ��+�F�#?#Su�!)+*��9IqL':
* ��69"M*;�5�M�� #I
���Y '&(�!)+*>&� '"57

Vc(~r1) =
4(2π)

1
2 eρ0

(2π)
3
2

∫

V

d3r3
1

|~r1 − ~r3|

×
∞∫

0

dk
1

(1 + a2k2)

1

k
sin(k|~r1 − ~r3|).

Q��+�F�'D[S

� �M��I9OP�!)+*="M*;:�Lv�!�� #I

sin(x) =
eix − e−ix

2i
,

Q��+�W���[S
�l*>�!"5L'I9��&� #"57x�!)9*>:�Lv�M�B* ��69"M*;�M�5�� 'I
�! P�5)9*T&� #"57

Vc(~r1) =
2

π
eρ0

∫

V

d3r3
1

|~r1 − ~r3|
×

∞∫

0

dk
ei~k·(~r1−~r3)

2ik(k2 + 1
a2 )

=

eρ0

πi

∫

V

d3r3
1

|~r1 − ~r3|
×

+∞∫

−∞

dk
ei~k·(~r1−~r3)

a2k(k2 + 1
a2 )

.
Q��+�W�+� S

� �M��I9Od�!)9*="5*A�5��2909*;��7\*g�!)9 12c�! 86N*A"M&� #"M7 �!)9*=:�L'���C��I[�!*AO#"!L':.��I��5)9*=a; #7869:�* �c69:�L'I9*T�l*-a; #78*
�! P�!)+*>&� ':�:� i�B��I9O "5*A:�Lv�5�� #I �

Vc(~r1) = Vc(~r1; sharp) + 4Vc(~r1),
Q��+�W�[�#S

�B)9*;"M*
Vc(~r1; sharp)

���j�!)+*82+ #7\��IqL'I[�j�5*;"57 ��I �!)+*�kl '09:� #7nH 6N '�5*;I[�!��L': aA #7\��I9O%&�"5 '7 �!)+*
09I9��&� #"57 2+*;I9�M���w$c29���M�!"M��H90��!�� 'IcL'I92 4Vc(~r1)

���Y�5)9*-aA #"5"M*;ag�!�� 'I��B)9��ab)� #"M��O#��I9�l&�"M #7 �!)+*-29��& �
&�09�5*AI9*;�M�4 '&(�!)+*=ab)9L'"5O#*>29���M�5"5��H+0+�!�� #I �
]
�+6+:���aA���5:�$8�!)9���Y* ��69"5*A�5�M�� #I9�C:� 1 #Ze�Y:���Z'*

Vc(~r1; sharp) = ρ0e
∫

V

d3r2
1

|~r1 − ~r2|
Q��+�W�#E[S
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L'I92

∆Vc(~r1) = −ρ0e
∫

V

d3r2
1

|~r1 − ~r2|
e−

|~r1−~r2|

a .
Q��+�W�'VeS

s4696+:�$1��I9O\�!)9* �=L'0+�5��J � ���!"M #O#"!Lv29�5Z[$��5)9*; '"5*;7 L':�:� i�B��I9Od&� #"B�!)9*na; #I[m#*A"5�M�� #I� '& �5)9*nm' #:�0978*
��I[�!*AO#"!Lv:. '&^LdO#��m'*;Ic&�09I9ag�!�� 'I

f(|~r1 − ~r2|)
 m'*;"B�!)9*>�B)9 #:�*>�56qL'aA*n��Ie�5 8L8�M09"M&�L'aA*-��I[�!*;O'"!L':. '&

�!)9*T&�09I+aA�!�� #I
F (|~r1 − ~r2|)

 im#*A"C�5)9*>a; #"M"5*;�M6N 'I929��I+O8�M09"M&�Lva;*>��I}�!)+*=O'*;I9*A"!L': &� #"M7
∫

V

d3r2 f(|~r1 − ~r2|) =
∮

S

(d~S2 · ~r12)F (|~r1 − ~r2|)
Q��+�W�[�#S

�l*\�!"!LvI9�M&� #"M7 �!)9*A�5*��w�  ��I[�5*;O#"5L':��\Q����F�#E#S=L'I+2 Q��+�W�'VeS4�5 ��!)9*\7\ '"5*8a; #I[m#*AI9��*AI[� &� #"57 Q &� #"
Ie097\*A"5��afL': ��I[�!*;O'"!Lv�5�� #I}H[$}*v�WO9� �>L'09�M��J�,.*;O'*;I929"M*-/e0qLv29"!Lv�509"5*fS��q���W*v�

Vc(~r1; sharp) = −ρ0e

2

∮

S

[d~S2 · (~r1 − ~r2)]
1

|~r1 − ~r2|

∆Vc(~r1) = +
ρ0e

a

∮

S

[d~S2 · (~r1 − ~r2)]

(
|~r1 − ~r2|

a

)−3

×
[
1 −

(
1 +

|~r1 − ~r2|
a

)
e−

| ~r1− ~r2|

a

]
.

Q��+�W�#�[S

_q #"=L
�56+)9*;"M��afLv:�Ie09aA:�*A09�n29*A�5aA"5��Ht*;2RHe$��5)9*\"5L'29��09�
R0

�!)+*\��Ie�5*;O#"5L':��\Q��+�F�'�[SjafL'I<HN*8*fL'�M��:�$
*AmvL':�0qLv�!*A2�L'IqL':�$1�5��a;L':�:�$#�

� ������� � ,�
 ��, � � � ".�'� � �

% $=L'IqLv:� #O'$��B���5)>�5)9*�69"5*gm��� #09�G�50+H9�5*AaA�!�� #I  #I+*�a;L'I=29*;"M��m#*��!)+* * �+6+"5*;�M�5�� #I9�G&� #".�!)9*lkl #09:� #7 H
*;I9*A"5O'$c v&o29*g&� #"578*;2cIe09aA:�*;0+�;��XY)9���Y*AI9*;"MO'$c���Y29* �qI9*A2�L'� .W?'�20

Ec =
1

2

∫

V

∫

V

d3r1 d
3r2

1

|~r1 − ~r2|
ρ(~r1) ρ(~r2).

Q��+�W�[?#S

�wI9�5*A"M�5��I9Od&� #:�2+*;2c29*;I+�5���w$�Q��+�F� �[S �5 d�5)9*=L'Ht m'*T�l*=O#*A�

Ec =
ρ0

2

2

∫

V

∫

V

d3r1 d
3r2

1

|~r1 − ~r2|

×
∫

V

∫

V

d3r3 d
3r4 g(|~r1 − ~r3|) g(|~r2 − ~r4|) .

Q��+�W�#r[S

_q09"M�5)9*;"Ua;L':�aA09:�L �!�� 'I9���B��:�:�Ht*j:�*;L'2%:���Z'*���I��5)9*TafL'�M*j '&G�!)+*>kl #09:� #7 H%6t '�!*AI[�!��Lv:NO#*AI9*;"5L':����;��I9O
*;/�� Q��+�@�'�#S &� #"U�!)+"5*;*T&�09I+aA�!�� #I9�

f
�
g
�
h
� *-)qLfm'*=�5)qLv�

∫

V

∫

V

d3r1 d
3r2 f(|~r1 − ~r2|) g(|~r1 − ~r3|) h(|~r2 − ~r4|) =

= (2π)
3
2

∫

∞

d3k f(~k) g(−~k) h(~k) ei~k·(~r3−~r4).
Q��+�W�#D[S
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Ec = 4π
ρ0

2

2

∫

V

∫

V

d3r1 d
3r2

∞∫

−∞

d3k
1

k2
g2(k) ei~k·(~r1−~r2).

Q��+�F? �[S

s�& �5*;"B6N*A"M&� #"M7\��I9On�5)9*>��I[�!*AO#"!L':~ m'*;"
k
�l*=a; '7\*j�5 d�5)9*T&� #:�:� i�B��I9On&� '"57 09:�L

Ec =
(4π)2

2
ρ0

2
∫

V

∫

V

d3r1d
3r2

|~r1 − ~r2|

∞∫

0

dk
g2(k)

k
sin(k|~r1 − ~r2|).

Q��+�F?�� S

s4696+:�$1��I9O �q"M�M�B�!)+*-_q #0+"5��*A"l�!"5L'I9��&� #"57  v&u�5)9*T&�09I9aA�5�� #I
g
L'�BO#��m#*;I���I}*A/��oQ��+�F�#?#S � *=)9Lim'*

Ec =
ρ0

2

(2π)

1

i

∫

V

∫

V

d3r1d
3r2

|~r1 − ~r2|

+∞∫

−∞

dk
ei~k|~r1−~r2|

k(1 + a2k2)2
.

Q��+�F?#�#S

XY)9*c"5*A�5��2+09097 �5)9*; '"5*;7 H9"5��I9O#� 09�P�5 ��!)9*c�5��7\��:�L'">aA #I9a;:�09�5�� #IpL'�PHt*A&� #"M*�Q��M*;*cs4696t*;I+29� � �
�5*AaA�!�� #I�sn�F�����iS��9IqLv7\*A:�$

Ec = Ec(sharp) + 4Ec,
Q��+�F?'E[S

�B)9*;"M*
Ec(sharp)

���Y�!)9*=6qL'"��� v& �!)9*nkl #09:� #7 H�*;I9*A"5O'$cO'*;I9*A"!Lv�5*;2�H[$c�!)9*=09I9��&� #"57 29*;I9�M���w$
29�����!"M��H90+�5�� #IT�B)9*A"5*;L'� 4Ec

�':���Zv*�Ht*A&� '"5* �v���G�!)9*�I9*AO[Lv�!��m#*�a; #"M"5*AaA�!�� #I-&�"M #7 �!)+* �M09"M&�L'aA*lab)qLv"5O#*

Ec(sharp) =
ρ0

2

12

∫

V

∫

V

d3r1 d
3r2

1

|~r1 − ~r2|
,

Q��+�F?vVeS

∆Ec =
−ρ0

2

2

∫

V

∫

V

d3r1 d
3r2

1

|~r1 − ~r2|
e−|~r1−~r2|/a

(
1 +

1

2

|~r1 − ~r2|
a

)
.
Q��+�F?#�#S

Xu"5L'I9��&� #"578��I9O=29 #0+H9:�*Bm# #:�0978*���Ie�5*;O#"5L':q��I[�5 -�w�  �509"�&�L'a;*� #I9*A� � *TL'"5*C:�*g& � �B���!)8�!)9*C* ��69"M*;� �
�5�� #I9�Y�B)9��ab)
L'"M*T*fL'�M��*;"Y�5 8aA #78690+�!*TIe0978*;"M��a;L':�:�$

Ec(sharp) = −ρ2
0

12

∮

S

∮

S

[d~S1 · (~r1 − ~r2)] [d~S2 · (~r1 − ~r2)]

|~r1 − ~r2|
,

Q��+�F?'�[S

∆Ec =
ρ2

0

2a

∮

S

∮

S

[d~S1 · (~r1 − ~r2)] [d~S2 · (~r1 − ~r2)]

|~r1 − ~r2|/a4

Q��+�F?#?#S

×
[
2
|~r1 − ~r2|

a
− 5 +

(
5 + 3

|~r1 − ~r2|
a

+
1

2

|~r1 − ~r2|2
a2

)
e

−|~r1−~r2|
a

]
.
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Ie09aA:�*A #I1J1Ie09aA:�*; 'I ��Ie�5*;"5L'aA�5�� #I9�nHN*AafL'78*c7\ #"M*}L'I92
7\ '"5*d6N*A"M&� #"M7�LvIe�;���wI �iD#�#�
K1�!"M0+�!��I9�5Z[$�69"M #6t #�5*A2 L
I+*A���lLf$< v&Y*AmvL':�0qLv�!��I9O}�5)+*;:�:�*g�~*AaA�!�
.F?vr 0l�B)9��ab)pO[Lfm#*cL�I9*g� ��7\6t*A�509�-�5 ��!)9*}7\L'a;"M #�5aA #69��a J178��aA"5 #�Ma; #69��a8L'6969"M [L'ab)���L�78*A�!)+ �2
�B)9��ab)�69:�Li$'*;2<L}69"5*A29 #78��IqL'I[�T"M #:�*n��I �!)9*A�5*dZe��I92� '& afLv:�a;0+:�Lv�5�� #I9�C&� #"T�5*gm#*A"!L':^29*AafL'2+*;�;�ds
29"!Lf�BHqLvabZ< '& �!)9*�K1�5"50+�5��I9�MZe$��M)9*;:�: J1aA #"5"M*;aA�5�� #I�78*A�5)9 �2��B)9��ab)<a; #I+�5�����!*A2 ��I��!)9*d&�L'ag�-�5)qLv�
�!)9*B6qLv"M�!��a;:�*YI10+7 HN*A"^�UL'�� #I+:�$ aA #I9�M*;"Mm'*;2% 'I8�5)9*CLim'*;"5L'O#*B�UL'��aA09"5*A2�/e09���5*B"5*;aA*;I[�!:�$ .W?'D 0�H[$
Lj�578 � v�!)9��I9O469"M �aA*;290+"5*Y��IP69L'"M�5��a;:�* Ie097nHN*A"^�56qL'aA*=Q� #"o"!Lv�5)9*;" ��I

N1/3 �569L'a;* �e�5 THN*l69"5*Aa;���M*iS
�B)9��ab)�aA #I9�M*;"Mm'*;� �5)9*%6qL'"��!��a;:�*8Ie097 Ht*;"-69"5*Aa;���M*;:�$#���
0+ab)�69"5 #O'"5*;�M�n�lL'�PL':��5 �7\L'29*\��I��!)9*
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�!"5L'29���5�� #I9L': %YkYK8L'6969"M [L'ab) �^XY)+*��M)9*;:�:NLvI92\69L'��"M��I9OTaA #"5"M*;aA�5�� #I+���5 =�5)9*4Lfm'*;"!LvO#*�:���/e09��282+"5 #6
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l2
�B)9��ab)R29*A*;6t*;I ���!�=HN v�5�! '7 &� #"T�!)9*\6N*A"5��69)9*;"5L':^Ie09a;:�*; #I+�;�cXoLvZ1��I9O���I[�! 

L'a;aA #09I[��L':��M P�!)9*>�56+��I1J1 '"5H9���Ya; #0+69:���I9O ∼ ~l · ~s  #I9*T��I9�509"M*;�CL':��5 P�!)9*>aA #"5"M*;aA�C�M)9*;:�: �M�5"509ag�!09"M* '&��!)9*d�5��I9O#:�* J16qLv"M�!��a;:�*n*;I+*;"5Ov$�:�*Am'*;:��;�8,GLv�!*A"��.�!)9*d78 #"5*P"M*fL':������!��a �R 1 �2+��J+K+L �+ 'I�6t '�5*;I[�!��L':
.Wr�� 0.�ULv�469"M #6N '�5*;2��B)9��ab)�Lv& �!*A"B7�L'I[$c��7\69"M im#*;78*;I[�5�C)9L'��Ht*;*AI��50+a;a;*A�5��&�09:�:�$�L'6969:���*;2�09I[�!��:
I9 i�>�

K���I9aA*\�5)9*�78*fL'IeJ��q*;:�2<�M��I9O':�* Je6qL'"M�5��aA:�*P6t '�!*AIe�5��L':��M)9 #09:�2Ra; '"5"5*A�56t #I92�Lv6969"5 ����7\Lv�5*;:�$
�! �5)9*j29*AI9�5���w$�29���M�5"5��H+0+�!�� #I� '&GIe09aA:�*A #I9�U� *jafL'I}O'*;I9*A"!Lv�5*T���!� �5)qLv6N*jH[$\�!)9*jaA #I[m# #:�0+�!�� #I% '&
�!)9*�Ie09a;:�*fL'"�29*;I+�5���w$d�B���!)\�5)9* ��0+ZvLf�lL J1:���Z'*B&�09I9ag�!�� #I8�B)+��ab)%a;L'I�Ht*4aA #I9�5��29*;"M*;2%)+*;"5*4L'���!)9*
�569��I���I+29*;6t*;I92+*;I[�j�w�  J1Ht �2+$���Ie�5*;"5L'aA�5�� #I Q���I[�5*;"!LvaA�!�� #I�Ht*A�w� *;*AI �w�l }��I �qI9���!*;�M��7\L':~m' #:�0978*
*;:�*;78*;I[�!�B '&oLPI10+a;:�*;L'"B29"5 '6�S

V (r12) = − V0

4πλ3

e−|~r1−~r2|/λ

|~r1 − ~r2|/λ
, r12 = |~r1 − ~r2|.

Q��+�F?'r[S

�wI  #"M29*;" �5  #H+�!L'��I �5)9*ca;*;I[�5"!L':U69L'"M�d '&C�!)+*}�5��I+O#:�*bJ16qL'"��!��aA:�*86N v�!*;I[�5��L':��l*}&� #:�2 �!)9*
29*;I+�5���w$c2+���M�5"5��H90+�!�� #I�Q��+�@� �[S �B���5)c�5)9* ��09Z Lf�ULd��I[�!*A"!L'ag�!�� #I<Q��+�F?'r[S �.Q��M*;*=*'� O9�

�
*g&���.W?'� 0�S

Vsp (~r1) =
∫

V

d3r2 V (r12)
ρ (~r2)

ρ0
.

Q��+�F?'D[S

� �M��I9O}�!)+*d_� '09"5��*;"4�5"!L'I9��&� #"57  '&���09Z Lf�UL}&�09I9ag�!�� 'I
g(k)

L'�T��I *A/t��Q��+�F�#?#S��N�l*d"5*g�B"5���!* �!)+*
L'Ht m'*>��I[�!*AO#"!L': L'�Y&� #:�:� �B�
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 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 r'V

Vsp (~r1) = − V0

(2π)3/2

∫

V

d3r3

∞∫

−∞

d3k
g(k)

1 + λ2k2
ei~k·(~r1−~r3).

Q��+�Wr��[S

'u*A"M&� #"M7\��I9O8�5)9*=�5*;aA #I92 ��Ie�5*;O#"5L':. im#*A"��!)+*nL'I+O#:�*A�
θ
L'I92

ϕ
��I
78 #78*;I[�!097 J1�M6qL'a;*>� *na; '7\*

�! P�!)+*=* ��69"5*A�5�5�� #I
&� '"U�!)9*>6t '�!*AIe�5��L':��

Vsp (~r1) = −
(

2

π

)1/2

V0

∫

V

d3r3
|~r1 − ~r3|

∞∫

0

dk k
g(k)

1 + λ2k2
sin(k |~r1 − ~r3|).

Q��+�Wr+� S

�wI9�5*A"M�5��I9O��!)9*}* ��69:���a;���P_� '09"5��*;"n�5"!L'I9��&� #"57 Q��+�F�#?#S-��I��!)9*c69:�L'a;*} '&C�!)+*c&�0+I9aA�5�� #I
g(k)

�^� *
 #H+�!L'��I �qIqL':�:�$pL'I�* ��69"5*A�5�M�� #I��B)+��ab) ���8a; 'Iem'*;I9��*;I[�%&� #"d�!)+*���I[�5*;O#"5Lv�!�� #I H[$`�!)9*
"5*A�5��2+09*;�
7\*g�!)9 12c��I}�!)+*=aA #7869:�* �}69:�L'I9*

Vsp (~r1) = − V0

4π2i

∫

V

d3r3
|~r1 − ~r3|

∞∫

−∞

dk k
eik|~r1−~r3|

(1 + λ2k2) (1 + a2k2)
.

Q��+�Wr[�#S

�wI O'*;I9*A"!L':��C� *�L'�5�M097\*��5)qLv�}�5)9* "!L'I+O#*
λ
 '&=�!)+* ��09Z Li�lL���I[�!*A"!L'ag�!�� #I ���%�M:���O#)[�!:�$

29���N*;"M*;I[��&�"5 #7��5)9*C"!L'I9O'*
a
 '&~�5)9*C&� ':�29��I9OT&�09I9aA�5�� #Id '&~�!)9*B�!Lv7\*B�w$16N*C09�5*A2��! =O#*AI9*;"5Lv�!*B�!)9*

29*;I+�5���w$c2+���M�5"5��H90+�!�� #I%��Ic�5)9*>*;/��(Q����@� �#Sg�
s�& �!*A"}L'IqLv:�$e�!��afL':C��I[�!*AO#"!L �!�� 'I���I �!)9*�aA #7869:�* ��6+:�L'I9*
�l*� 'H9�5*A"Mm#* �5)qLv�%�5)9*��5��I9O#:�* J

6qL'"��!��aA:�*j6t '�5*;I[�!��L': ���U�5)9*>�5097� v&u�w�  8�5*;"M7\� �9IqL'78*;:�$

Vsp (~r1) = V (~r1; sharp) + ∆V (~r1),
Q��+�Wr#E[S

�B)9*;"M*=�5)9* ��(*%$��� �`	��M+*�M�N�c 6N '�5*;I[�!��L': ��I929*;6t*;I+29*;I[�� #I}�!)9*>29*AI9�5���w$c29���N09�5*AI9*;�M�
a
���BI9 i�

V (~r1; sharp) = − V0

4πλ3

∫

V

e−|~r1−~r2|/λ

|~r1 − ~r2|/λ
d3r2,

Q��+�Wr'VeS

L'I92c�!)9*>aA #"5"M*;aA�5�� #IcHt*;��I9O8LP&�0+I9aA�5�� #Ic '&uHN v�!)}�!)9*>29���~0+�5*;I+*;�5�C6qL'"5L'78*A�!*A"5�
λ
L'I+2

a
"5*fLv29�

∆V (~r1) = − a2

a2 − λ2
V (~r1; sharp) −

V0

4π(a2 − λ2)

∫

V

e−|~r1−~r2|/a

|~r1 − ~r2|
d3r2.

Q��+�Wr[�#S

kl #I[m#*A"M�!��I9Od�!)9*=L'Ht im#*=�56qLv�5��L':N��I[�!*AO#"!Lv:��Y��I[�5 8�M09"M&�Lva;*>��I[�!*AO#"!Lv:��YL'�BHt*A&� #"M*T�l*> #H+�!L'��I

V (~r1; sharp) =
V0

4πλ3

∮

S

(
d~S2 · ~r12

)( |~r1 − ~r2|
λ

)−3[
1 −

(
1 +

|~r1 − ~r2|
λ

)
e

|~r1−~r2|

λ

] Q��+�Wr#�[S

L'I92

∆V (~r1) = − a2

a2 − λ2
V (~r1; sharp) +

V0

4π(a2 − λ2)

∮

S

(
d~S2 · ~r12

)( |~r1 − ~r2|
a

)−3 ×
[
1 −

(
1 +

|~r1 − ~r2|
a

)
e

|~r1−~r2|

a

]
.

Q��+�Wr[?#S
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_q #"BLP�569)9*A"5��afL': Ie09aA:�*A09�C�B���!)c"!Lv29��09�
R0

�5)9*>* ��69"5*A�5�M�� #IRQ��+�Wr#�[Sla;L'IcHN*>*gm'Lv:�0qLv�5*;2�L'IqLv:�$e�!���
afL':�:�$ .F?v� 0(L'I92c���Y*A/e0qL':.�! 

Vsph(r1; sharp) =





−V0

[
1 −

(
1 + R0

λ

)
e−R0/λ sinh(r1/λ)

(r1/λ)

] &� #"
r1 ≤ R0

−V0

[
R0

λ
cosh(R0

λ
) − sinh(R0

λ
)
]

e−r1/λ

(r1/λ)

&� #"
r1 ≥ R0

�
Q��+�Wr#r[S

�B)9��:�*8Q��+�Wr[?#S

∆Vsph(r1) = − a2

(a2 − λ2)
Vsph(r1; sharp)

+





a2V0

(λ2−a2)

[
1 −

(
1 + R0

a

)
e−R0/a sinh(r1/a)

(r1/a)

] &� '"
r1 ≤ R0

a2V0

(λ2−a2)

[
R0

a
cosh(R0

a
) − sinh(R0

a
)
]

e−r1/a

(r1/a)

&� '"
r1 ≥ R0

�
Q��+�Wr#D[S

XY)9*d�569:����5�5��I9O\ '&�&� #:�29*A2 /e0qL'I[�!���!��*A�j:���Z'*dkl '09:� #7nH�L'I92�Ie09a;:�*fL'"j6t '�5*;I[�!��L': L'�j� *;:�:^L'�
�!)9*BaA #"5"M*;�56t #I92+��I9OT&� #:�29*;2d*;I+*;"5O'��*;����Ie�5 ��(*%$�-� L'I92 	$� �a���,�&	 aA #786N #I+*;I[�����^7\Lv�!)+*;7\Lv�!��afL':�:�$
�M�5"5��ag� �eH90+���+Lv���lL'��29*;78 #I9���!"5Lv�!*A2���I

�
*A&�� .W?'�20���I+ '��"5*fLv:�:�$nI9*;aA*;�M�!L'"�$��M��I9aA*B�5)9*C*A�N*;aA�  '&N�!)9*

29*;I+�5���w$n29���N09�M*;I9*A�5�^afLvI HN*l69"!L'ag�!��afL':�:�$>78 �abZv*;2P096PH[$nL ���M+e���M��%$�
���=%$�Y�Z��+  '&q�5)9*U29���~0+�5*;I+*;�5�
6qL'"5L'7\*g�!*A"

λ
 v&u�5)9* ��(*%$��� �`	��M+*�M�N�Y a; 'Ie�5"5��H90+�!�� #I �^�wI�L'2929���!�� 'I��9L'�B�M)9 i�BI���I

�
*A&���.W?'� 0��9�!)9*

	$� �a�`�,� �`	��M+*�M�N�Y a; #"M"5*AaA�!�� #I%�M*;*;78�l�5 nmvL'"M$dm#*A"M$��5:� i�B:�$P�B���!)\�!)9*jIe09aA:�*;L'"l29*g&� #"57\Lv�5�� #I �u_q #"
�!)9*A�5*
"5*fLv�5 #I9�8�!)9*
a; #"M"5*AaA�!�� #I9�d�l*A"5*
I9 R:� #I9O#*A"80+�5*;2���I �5)9*c&� #"57 O#��m#*AI�H[$`*;/e�;�4Q��+�W�'VeS �
Q��+�F?#�#S �GQ����Fr[?'Sl��Ic:�Lv�5*;"Ua;L':�aA09:�L �!�� 'I9� . r[� 0��

XY)9*>�569��I1J1 #"MH9��� a; #786t #I9*;I[�B '&G�5)9*4�! v�bL':N�5��I+O#:�*bJ16qL'"��!��aA:�*C7\*;L'I1J��9*;:�2���I[�!*A"!L'ag�!�� 'I%afL'I
HN*>H90+��:��U09�5��I9OP�!)9*>a;*AI[�!"!Lv:.6qL'"M�C '&(�!)+*=6t '�5*;I[�!��L':

Vsp
��I}�!)+*=���bL'I+2qL'"52c�lLi$

Vs.o. = i λq

(
h̄

2Mc

)2

~∇Vsp ·
[
~σ × ~∇

]
, q = {n, p}, Q����FD��#S

�B)9*;"M*
~σ
2+*;I9 '�5*;�B�!)9*Tm'*;aA�5 #"C '&

2 × 2
'uL'09:��~7�Lv�5"5��a;*;�

(σx, σy, σz)
�

�R*-09�5*A2��!)9*-&� #:�:� �B��I9Od6qL'"5L'7\*g�!"M���fL �!�� 'Ic&� '"C�5)9* 29*A6+�!)�69L'"!L'78*A�5*;"� '&^a;*AI[�!"!Lv:o6qL'"��j '&o�!)9*
�5��I9O#:�*bJ16qL'"��!��a;:�*�6N v�!*;I[�5��L':��l&� #"Y69"M '�! #I+��LvI92
I+*;0+�5"5 #I9� . r[�20��

V p
0 = Vs + Va δ̄,

V n
0 = Vs − Va δ̄,

Q��+�WD+� S
�B)9*;"M*

δ̄ =

(
I +

3

8

c1
Q

Z2

A5/3

)/(
1 +

9

4

J

Q

1

A1/3

)
, I = (N − Z)/A,

λp = 6.0

(
A

240

)
+ 28.0,

Q��+�WD[�#S

λn = 4.5

(
A

240

)
+ 31.5
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 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 r#�

a; 'I9�M�!L'I[� m'Lv:�09* 09I9���
λ 0.8 [fm]

a 0.7 [fm]

Vs 52.5 [MeV ]

Va 48.7 [MeV ]

J 35.0 [MeV ]

Q 25.0 [MeV ]

c1
3
5

e2

r0
[MeV ]

M 938.9 [MeV/c2]

r0 1.16 [fm]

XoLvH ���+����kl #I9���bL'I[�!�C09�M*;2���I}�!)9* ��09Z Lf�lL Je&� #:�29��I9OP6+"5 1a;*;2+09"5*
sU�Y�!)9*>*AI92
 v&u '09"Y29���Ma;09�M�5�� #Ic '&u&� ':�29*A2}6N '�5*;I[�!��L':��l:�*A�U09�Ba; #786qL'"M*j��I�_o��O9�+�����#�j�5)9*>�5)qLv6N*
 '&=�!)9* ��09Z Lf�ULiJe&� #:�2+*;2 6N v�!*;I[�5��L':4�B���!) �5)9*�a; #"M"5*;�M6N 'I929��I+O �< 1 �29�wJ+K+L��� #I 6t '�!*AI[�!��Lv:4&� #"
�569)+*;"5��afL': 240 '^0 �`s4�P� *
a;L'I��M*;*���I��!)9*�L'Ht im#*��qO#09"M*
Ht '�5)����5)9* ��09Z Lf�UL J[&� #:�29*A2 Q��+�Wr#�[S
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_o��O'09"5*Y�����#� � kl #786qL'"M���M #I  '&��!)+*Y�569)9*A"5��afL': ��0+ZvLf�lL Je&� #:�29*;2
Q��5 #:���2 :���I9*fSuL'I92 �< � 129�wJ+K+L��� #I
Q�2qLv�5)9*A2n:���I9*iS~6t '�5*;I[�!��L':��. '& 240 '^0-&� #"G69"M '�! 'I9� Q��B���5)9 #0+�.�5)9*lkl #09:� '7 H>a; #I[�!"M��H90��!�� 'I�S^Q�:��W) � �;�FS
L'I92c&� #"YI9*A0+�!"M #I9�-Q�"A�W) � �;�FSg� � ��Kc6t '�!*AI[�!��Lv: 6qL'"5L'7\*g�!*A"5�BL'"M*>�!L'Z'*AI�&�"M #7

�
*A&���. r#E 0

L'I92 �< � 129�wJ+K+L��� #I �B���!) kl)9*A6909"5I+ m � �
69L'"!L'78*A�5*;"M� .Wr'E20���aA*;I[�!"5L':j6t '�!*AIe�5��L':��%L'"M* L':�7\ #���
��29*AI[�!��a;L': �Cs�78��I9 '"C2+���N*;"5*AI9a;*n '& ≈ 0.5

�
*�� �����t)9 i�l*gm#*;" �G #H9�5*A"Mm'*;2���I��5)9* 29*A6+�!)+�j '&^�!)+*
69"5 v�! #I�L'I92�I9*A0+�!"M #I�� *;:�:��A�
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 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 r[?
� ����� � � 
 � ( � ( � � ,�� 
 ��
 "�
.) �#� ( � � " �'� � �

s4:��!*;"MIqLv�5��m#*A:�$}�5 ��!)9*-:���/10+��2�2+"5 #6 Lv6969"5 #L'ab)� #I9*-afL'I * ��69"5*A�5�j�!)+* Lfm#*A"!L'O#*nI10+a;:�*;L'"j*AI9*;"MO'$
H[$}�!)9*>29 #0+H9:�*j&� #:�29��I+O ��I[�!*AO#"!Lv: .F?v� 0GL'�

Eavr =
1

2

∫

V

∫

V

d3r1 d
3r2 V (r12) ρ(~r1) ρ(~r2)/ρ

2
0,

Q��+�WD#E[S

�B)9*;"M*
V (r12)

���YO#��m'*;IcH[$c*;/��(Q��+�F?'r[S �
XY)9*\�M09H9�M*;/e09*;I[�d7\Lv�!)+*;7\Lv�!��afL':u69"5 1a;*A2909"5*8���T6+"!L'ag�!��a;L':�:�$���29*;I[�5��afLv: �! c�!)9*d #I9*869"M* �

�5*AIe�5*;2c��I\�!)9*j*;L'"5:���*A" �M*;aA�5�� #I+���qL'I+2��l*j�B��:�:��5��7\6+:�$dO#��m#*j)9*A"5*4�5)9* �qI9L':~* �+6+"5*;�M�5�� #I9�U&� #"��!)9*
Ie09a;:�*fL'"Y&� #:�29*;2c*;I+*;"5O'��*;�

Eavr(sharp)
LvI92 4Eavr

.W?'� 0��qIqL'78*;:�$��

Eavr(sharp) = − V0

8πλ3

∫

V

∫

V

d3r1 d
3r2

e−|~r1−~r2|/λ

|~r1 − ~r2|/λ
Q��+�WD'VeS

L'I92

4Eavr = −a
2(a2 − 2λ2)

(a2 − λ2)2
Eavr(sharp)

+
V0

8π(a2 − λ2)2

∫

V

∫

V

d3~r1d
3~r2

[
λ2

|~r1 − ~r2|
− (a2 − λ2)

2a

]
e−|~r1−~r2|/λ.

Q��+�WD[�#S

XY)9* �w�  }:�L'���j*;/e0qL �!�� 'I9���t&� #"4�!)+*PLfm#*;"5L'O#* Ie09aA:�*;L'"j*;I+*;"5Ov$�L'"M*nmvL':���2
&� #"C�!)9*&��09Z Li�lL�&� #:�2 �
��I9O�&�09I9ag�!�� 'IRO#��m#*;I�*v�WO+�
H[$<*;/��YQ��+�@?vr[Sg��s�& �5*;"-�5"!L'I+�M&� #"M7�Lv�5�� #I�H[$R78*fLvI9�n '&l�!)9* �=L'0+�5��J
� �M�!"M #O#"5L'29�5Z[$}�5)9*; #"M*;7 � *=afL'Ic"5*g�B"5���!*T�!)9*=L'Ht im#*>��I}�5)9*T&� #:�:� �B��I9On&� #"M7��

Eavr(sharp) =
V0

8πλ3

∮

S

∮

S

[d~S1 · (~r1 − ~r2)][d~S2 · (~r1 − ~r2)]

(|~r1 − ~r2|/λ)4

×
[
|~r1 − ~r2|

λ
− 2 +

(
2 +

|~r1 − ~r2|
λ

)
e−|~r1−~r2|/λ

] Q��+�WD#�[S

L'I92

4Eavr = −a
2(a2 − 2λ2)

(a2 − λ2)2
Eavr(sharp)

− V0

8πa(a2 − λ2)2

∮

S

∮

S

[d~S1 · (~r1 − ~r2)][d~S2 · (~r1 − ~r2)]

(|~r1 − ~r2|a)4

[
(3a3 − 5λ2) + (2λ2 − a2)

|~r1 − ~r2|
a

]

+
V0

8πa(a2 − λ2)2

∮

S

∮

S

[d~S1 · (~r1 − ~r2)][d~S2 · (~r1 − ~r2)]

(|~r1 − ~r2|a)4

×
[
(5λ2 − 3a2) + (3λ2 − 2a2)

|~r1 − ~r2|
a

− 1

2
(a2 − λ2)

|~r1 − ~r2|2
a2

]
e−|~r−1−~r2|/a.

Q����FD[?'S



������� ������� 
 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 r#r
� ����� � ��,�� 
.��
	" 
.) �#� (*� � ".�'���*� � !�$	� 
 ! � �'��� " $ � ��, $&,*" ��".� 
 $&� ,*" 
 � "��

- !�$ � 
.!#-�$ � ! � 
�$&!#,*".-

�wI%�!)9���l�M*;aA�5�� #I\�l*4�lL'I[�U�5 afL'"M"M$\ #0+� �!)9*j�M��78��:�L'"^�M�5092+$�L'�U�����lL'�U29 #I+*j��I%�M*;ag�!�� 'I}En09�M��I9O
�!)9*
K�Z[$1"578*}*;I+*;"5Ov$ &�09I9ag�!�� 'IqL': E [ρ]

�! #O'*A�!)+*;" �B���5)��!)9*}XY)9 '7�L'�wJ�_q*;"M7\�lL'6969"M �����7�Lv�5�� #I~�
�wIp #"529*A"n�! ���Iem'*;���!��O#Lv�!*��5)9*}"5*A�56t #I9�M*� v&C�5)9*%Ie09aA:�*fLv"P*;I9*A"5O'$<&� #"n�!)+*}"5*;:�Lv�!��m#*%ab)9L'I9O#*} '&
I9*;0��!"5 'I m#*A"5�M09��69"M '�! 'I 29*AI9�5���w$`29*A&� #"M7�L �!�� 'I9�n� *�"5*AafL':�:l�!)+*�&� #:�29��I+O J169"M �aA*;2909"M*cL':�"M*fL'2�$
09�5*A2���Ic�5)9*>69"5*gm1�� #09�B�M*;aA�5�� #I+�;� K���I+a;*j�!)+*>�5 '�bLv: Ie09a;:�*fL'"B29*AI9�5���w$

ρ(~r) = ρn(~r) + ρp(~r)
Q��+�WD#r[S

���n�5)9*%�M097  '&C69"M '�! 'IpL'I92�I9*A0+�!"M #I�29*;I+�5���5��*A�P #I9*%a;L'I�"5*g�B"5���5*��!)+*}* ��69"5*A�5�M�� #I�Q����FD#E#S-L'�
&� #:�:� i�B�

Enuc(def(p), def(n)) =
1

2

∫

V

∫

V

d3r1 d
3r2 V (r12) {ρp(~r1) + ρn(~r1)} {ρp(~r2) + ρn(~r2)}/ρ2

0.

Q����FD#D#S
�B)qLv�C���Y*A/e09��mvL':�*;I[�Y�! 

Enuc(def(p), def(n)) =
1

2

∫

Vp

∫

Vp

d3r1 d
3r2 V (r12) ρp(~r1) ρp(~r2)/ρ

2
0

+
1

2

∫

Vn

∫

Vn

d3r1 d
3r2 V (r12) ρn(~r1) ρn(~r2)/ρ

2
0

+
1

2

∫

Vp

∫

Vn

d3r1 d
3r2 V (r12) ρn(~r1) ρp(~r2)/ρ

2
0

+
1

2

∫

Vp

∫

Vn

d3r1 d
3r2 V (r12) ρp(~r1) ρn(~r2)/ρ

2
0.

Q�������� �[S

K���I+a;*Y�!)9*Y* ��69"5*A�5�5�� #I9���B"5���5�!*AId��IP�!)9*B:�L'�M� �w�  =:���I+*;��L'"M*Y�M$17\78*A�5"5��aU�B���!)d"M*;�56t*;ag���! T�!)9*B��I �
�!*A"5ab)qL'I+O#* �5)9*lI9*A0+�!"M #I9�(�B���!)-69"5 v�! #I9� �v� *la;L'In"M*A�B"5���!*��!)9*lL'Ht m'*l*A/109Lv�!�� #I-��I-�5)9*�&� ':�:� i�B��I9O
&� #"57	�

Enuc(def(p), def(n)) =
1

2

∫

Vp

∫

Vp

d3r1 d
3r2 V (r12) ρp(~r1) ρp(~r2)/ρ

2
0

+
1

2

∫

Vn

∫

Vn

d3r1 d
3r2 V (r12) ρn(~r1) ρn(~r2)/ρ

2
0

+
∫

Vp

∫

Vn

d3r1 d
3r2 V (r12) ρn(~r1) ρp(~r2)/ρ

2
0.

Q���������� S

�R*Ya;L'I8Lv�5�5"5��H90+�!*BLvIP #H[m��� #09�^69)[$1�5��afL':q��I[�!*;"M69"5*g�bLv�5�� #I �5 j�!)9*Y�5)9"5*A*BL'HN im'*B�5*;"M7\� �uXY)9*��q"M�M�
L'I92��M*;aA #I92��!*A"57h29*A�5a;"M��Ht*n"M*;�56t*;ag�!��m#*;:�$
�5)9*n��I[�!*;"5L'aA�5�� #I�*;I+*;"5Ov$� '& 69"5 '�5 #I9�4L'I92�I9*A0+�!"M #I9�
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 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 r#D

Q�L'78 #I9O �5)9*;78�5*A:�m'*;�bS �9�B)9��:�*4�!)+*>�5)9��"M2%�!*A"57 aA #"5"M*;�M6N #I+29�Y�! P�!)9*T��I[�!*;"5L'aA�5�� #I}Ht*A�w� *;*AI�69"M �
�! #I+�YL'I92}I9*A0+�!"M #I9�A� ,.*g�Y09�UI9 v�!��aA*��5)qLv�U�5)9*j��I[�5*;O#"5Lv�!�� #I�:���78���!�^��I%*;/��GQ��+�����+� S�L'"5* � ��*;2}&� #"
�!)9*8�w�l �q"5���-�5*;"578�-�5 ��5)9*�6+"5 '�5 #I L'I+2RI9*A0+�!"M #I 29���M�!"M��H90��!�� 'I<Lv:� #I9*d�B)9*A"5*fLv�n��I��!)9*8:�Lv�M�
�!*A"57 �5)9*P��I[�!*AO#"!L �!�� 'I��B���5)�"M*;�M6N*AaA�>�! 

r1
L'I92

r2
"M09I� m'*;"T�!)+*8I+*;0+�5"5 #I Q

Vn
SjL'I92�69"5 v�! #I

Q
Vp
Sl29�����!"M��H90+�5�� #I+�l"5*A�56t*;ag�!��m'*;:�$#��XY)9*>a; #"M"5*;�M6N 'I929��I+Od�5)9"5*A*Tm# #:�097\*4��I[�!*AO#"!L':��YL'"M*T��29*AIe�5��a;L':

�B���5)9��Id�!)9*C��I[�5*;O#"5Lv�!�� #IP:���7\���!�o�5 =�5)9 #�5*CO#��m#*;I\H[$d*;/e�;�~Q��+�WD'VeS  #"�Q��+�FD'�[SBQ
q
29*AI9 '�!��I9O=69"5 '�5 #I9�

 #"YI9*A0+�!"M #I9�bS

Eq q′(sharp) =
V0

8πλ3

ρ
(q)
0 ρ

(q′)
0

ρ2
0

∮

Sq

∮

Sq′

[d~S1 · (~r1 − ~r2)][d~S2 · (~r1 − ~r2)]

(|~r1 − ~r2|/λ)4

×
[
|~r1 − ~r2|

λ
− 2 +

(
2 +

|~r1 − ~r2|
λ

)
e−|~r1−~r2|/λ

] Q��������#�#S

L'I92

4Eq q′ =
ρ

(q)
0 ρ

(q′)
0

ρ2
0

{
− a2(a2 − 2λ2)

(a2 − λ2)2
Eq q′(sharp) +

− V0

8πa(a2 − λ2)2

∮

Sq

∮

Sq′

[d~S1 · (~r1 − ~r2)][d~S2 · (~r1 − ~r2)]

(|~r1 − ~r2|a)4

[
(3a3 − 5λ2) + (2λ2 − a2)

|~r1 − ~r2|
a

]

+
V0

8πa(a2 − λ2)2

∮

Sq

∮

Sq′

[d~S1 · (~r1 − ~r2)][d~S2 · (~r1 − ~r2)]

(|~r1 − ~r2|a)4

×
[
(5λ2 − 3a2) + (3λ2 − 2a2)

|~r1 − ~r2|
a

− 1

2
(a2 − λ2)

|~r1 − ~r2|2
a2

]
e−|~r−1−~r2|/a

}
,

Q��+�����#E[S

�B)9*;"M*
ρ

(q)
0 = 3Nq/4πR

3
0

���(�!)9*l09I9��&� '"57�29*AI9�5���w$ 29���M�!"M��H90��!�� 'I- '&�6+"5 '�5 #I9�  #"uI9*;0��!"5 'I9�BQ��B���!)
ρ

(p)
0 + ρ

(n)
0 = ρ0

S ��s��
V0
�l*=L'2+7\���BLv& �!*A"B3jLfm1���CL'I92 ������Q��M*;*

�
*g&���.W?'� 0�S �!)qLv�

V0 =
2(a2 − λ2)2asurf [1 − κsurf((N − Z)/A)2]

(3a5 − 5a3λ2 + 2λ5) πr2
0

,
Q��������vVeS

�B)9*;"M*
a
�
λ
L'"M*�O#��m#*;IR��I�XoL'H~�o�+�����B)9*A"5*;L'�

asurf
L'I+2

κsurf
L'"M*\�5)9*%,G3 �M09"M&�L'aA* J1*AI9*;"MO'$

a; #I+�M�bLvIe�5��:������!*;2}��I}XoLvH �t�����-_u��IqL':�:�$ �1*A/��(Q��+�����+� Sla;L'IcHN*j�B"M���M�!*;Ic��Ic�5)9*>a; #786qL'ag�U&� #"M7 L'�

Enuc(def(p), def(n)) = Epp + Enn + 2Epn.
Q��������#�#S

'^:�*fLv�5*TI9 '�5*T�!)qLv�U��Ic #"52+*;"U�! PHt*Ta; 'I9�5���M�!*AI[�C�B���!)}�B)qLv�B���BL'�5�M0978*;2}&� #"U�!)+*TI10+a;:�*;L'"U&� #:�29*;2
69"5 v�! #IRL'I92RI+*;0+�5"5 #I 6t '�5*;I[�!��L':�� �G� *%Lv:��5 �09�M*�)9*A"5*\�5)9*��5L'78*\"5L'29��0+�

R0
L'I92��!)9*\�509"�&�L'a;*

29���N09�M*;I9*A�5�
λ
&� #"YHN v�!)}�!)9*A�5*=29�����!"M��H90+�5�� #I+�;�

XY)9*�LvHN im#*d29���5aA09�5�M*;2 ��09Z Lf�lL Je&� #:�29��I9O}6+"5*;�Ma;"M��6+�5�� #I &� #"j�5)9*8Lim'*;"5L'O#*8*;I9*A"5O'$ �u���T09I �
&� #"M�509IqLv�5*;:�$\I+ '�YL'H+:�*��5 O#��m#*4"M*;:���L'H9:�*B69"5*A29��ag�!�� 'I9�l '&.,(3 �w$16t* �q�M�5�� 'I}HqL'"5"M��*A"5�;�os 29���~*A"5*;I[�
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Ĵz = l̂z + ŝz
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nρ

(ρ)ψnz(z)
eiΛφ

√
2π

χΣ(σ),
Q��+���'���[S
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�B)9*;"M*

ψnz(z ) = Nnz (βz)
1/2e−ζ2/2Hnz(ζ), Nnz =

√
1√

π 2nznz!
,

ψΛ
nρ

(ρ ) = N Λ
nρ
β⊥

√
2 ηΛ/2LΛ

nρ
(η), N Λ

nρ
=

√√√√ nρ!

(nρ + Λ) !
.

Q������#�'� S

XY)9*=�5��I+O#:�*bJ16qL'"��!��aA:�*�*;I9*A"5O#��*;�Y '&u�!)9���B�4L'78��:��! #I9��L'I\L'"5*>O#��m#*;I
L'�

Eα = ( 2nρ + |Λ | + 1) h̄ω⊥ + (nz +
1

2
) h̄ωz, α = {nρ , nz,Λ,Σ}

Q��+���'� �#S
XY)9*�aA #"5"M*;�M6N #I+29��I9O
*;��O#*;I9���bLv�5*;�- '&YL'I[$<L�����Lv:�:�$��M$1787\*g�!"5��ad�5��I+O#:�*bJ16qL'"��!��aA:�* 6t '�5*;I[�!��L':^afL'I
HN*>* �+69L'I929*A2���I}�5)9*>HqL'�5���Y '&(�!)9���C)~�W 9�^6t '�5*;I[�!��L':

Φi(~R, σ, q) = χqi(q)

∑

α

Ci
αφα(~R, σ),

Q��+���'�iE[S

�B)9*;"M*
Ci

α

L'"M*T��IcO#*;I+*;"!Lv:.a; #7869:�* �}aA �*��\aA��*AIe�5�;���wIc�!)9*-K�ab)9" ��2+��I9O#*A"B*;/e0qLv�5�� #I

HΦi(~R, σ, q) ≡ [Tkin + Vsp + Vs.o. + VCoul δp q] = eiΦi(~R, σ, q), q = {p, n} Q��+���#�fV[S
&� #"}�B)9��ab) �!)+*<�M*A�
 '& *A��O#*AI9�5 #:�0+�!�� #I9�

Φi(~R, σ, q)
���c* ��69"5*A�5�M*;2�H[$ �!)9*��M*;"5��*;��* ��6qL'I+�5�� 'I

Q��+���#�iE#S �B)+*;"5*��!)9*�a; 1* �8aA��*;I[�5�
Ci

α

6+:�Lf$T�!)9*�"5 ':�*� '&9*A��O#*AI[m#*;ag�! #"M�  '&��!)9* �4L'78��:��! #I+��L'Ij7\Lv�5"5� �
Hαβ

�B���!)caA #"5"M*;�56t #I92+��I9Od*;��O#*;I[mvL':�09*
ei

∑

β

Hαβ C
i
β = ei C

i
α.

Q������#�i�#S

XY)9*=7�Lv�5"5���%*A:�*;78*;I[�5�
Hαβ

 v&u�5)9*=L�����L': *g�~*AaA�5��m#*=��L'7\��:��5 #I9��LvI

Hαβ =
〈
α
∣∣∣− ~∇ · h̄2

2m∗
q

~∇ + V (q)
sp + V (q)

s.o.

∣∣∣ β
〉
.

Q������#�f�[S

afL'I�Ht*>�B"M���M�!*;Ic* �+6+:���aA���5:�$�L'�
〈
α
∣∣∣− ~∇ · h̄2

2m∗
q

~∇
∣∣∣β
〉

=
∑

σ

∫
d3R

h̄2

2m∗
q(ρ, z)

~∇φ∗
α(~R, σ) · ~∇φβ(~R, σ)

〈
α
∣∣∣V (q)

sp

∣∣∣β
〉

= δΛ,Λ′δΣ,Σ′NnzNn′
z
NΛ

nρ
NΛ′

n′
ρ

∞∫

0

dηηΛe−η

×
∞∫

−∞

e−ζ2

dζHnz(ζ)Hn′
z
(ζ)LΛ

nρ
(η)LΛ′

n′
ρ
(η)V (q)

sp (ρ, z)(η, ζ) ,

Q������#�i?#S
�B)9*;"M*4�!)+*4:�*g& �lO'"!L'29��*;I[�  #6N*A"!Lv�5 #"�����ab)9 #�5*AI%�! -HN*4L'aA�5��I9O%Q�L'���!)9*�)9*;"M7\���!��LvI8aA #I��M09O#Lv�!*fS� #I
�!)9*B:�*A& �f�(XY)9*B* ��69:���aA���^* �+6+"5*;�M�5�� #I9�^&� #"^7\Lv�!"M� �-*;:�*;78*;I[�!�^ '&t�!)+*Y�569��I1J1 #"MH9���^6t '�5*;I[�!��L':��B��:�:1HN*
29*;"M��m'*;2%�B���5)\�5)9*409�M*j '& �5)9*47\Lv�5"5� �P*;:�*A7\*AI[�!�l v& �!)9*�a;*AIe�5"!L':N6N v�!*;I[�5��L':���Id�!)+*4&� #"M�5)9a; '7\��I9O
�5*AaA�!�� #I9�A�
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� � � ��� � ,*".( � !#(�� � ( � ! � $&,*".!#(*" - � � � � $ � !�� -

,.*A�C09�B29* �9I9*=�5)9*T&� #:�:� i�B��I9O  '6N*A"!Lv�5�� #I��

ŷ = K̂π̂−1
y ,

Q������#�fr[S
�B)9*;"M*

π̂−1
y

2+*;I9 '�5*;�c)9*A"5* �!)9*���Iem'*;"M�5*� '&>�!)9*�"5*g�q*;ag�!�� #I  #6N*A"!Lv�5�� #I �B���!) "5*A�56t*;ag���5 ��!)9*
xOz− 69:�L'I9* �9�B)9��:�* K̂ ���U�5)9*T�!��78* Je"5*Am'*;"M�!L':  '6N*A"!Lv�5�� #I%�B)9��ab)
a;L'I�HN*>29* �qI9*;2�L'�

K̂ = K̂0 e
−iπŝy

Q������#�fD[S
�B���5)

K̂0
HN*A��I9O`�!)9*�a; '7\69:�* � aA #I��M09O[L �!�� 'I  '6N*A"!Lv�5 #";� �<*<a;L'I ��7\78*;29��Lv�!*A:�$ I9 '�5*��5)qLv�

�!)9*=�!��7\*bJ1"5*gm#*;"M�!L':G #6t*;"5Lv�!�� #Ica; #I[�!L'��I9�B�!)+*n"5 v�bLv�5�� #Ic #6t*;"5Lv�!�� #IcHe$
L'I�L'I9O#:�*
π
L'"M #09I92��!)9*

�
y− L������ � ��I}�!)9*>�56+��I��56qL'aA*'��,.*A� h Ht*=LP�5��I+O#:�*bJ16qL'"��!��aA:�*4�4L'78��:��! #I9��L'I� '6N*A"!Lv�5 #";�^� &

ĥ|µ〉 = εµ|µ〉
Q������ � �[S

L'I92
ŷĥŷ−1 = ĥ,

Q������ �1� S
�!)9*AI
���B���U�5"509*T�!)9Lv�

ŷ|µ〉 = |µ〉. Q��+��� �#�#S
� �l* ��69:���a;���5:�$P78*fLvI9���5)qLv����&N�!)9*�*;��O#*;I9���bLv�5*;�  '&~�5)9*4�M��I9O#:�* J169L'"M�5��a;:�*Y�4Lv7\��:��! 'I9��L'IdLv"5*C��I[mvL'"5���
L'I[�B�B���!)c"M*;�56t*;ag���5 P�!)9���Y�M$17\78*A�5"M$cLvI92

|µ〉 =
∑

α

Cµ
α |α〉,

Q��+���i�'E[S

�!)9*AI
�5)9*-aA �*��8a;��*AI[�!�4 v&o�!)+*-29*gm#*A:� #6978*;I[�
Cµ

α

Lv"5*>"5*;L':G��Ic�!)9*>) �  9�UHqLv�5���A�U_q #"Y�!)+*-29*AI9�5���w$
29�����!"M��H90+�5�� #I} '"U�!)9*T�! v�bL': 78*fLvI1J��q*A:�2}6t '�!*AIe�5��L':

V
�5)9���Y��7\6+:�$\"5*;�M6N*AaA�5��m#*A:�$��

ρ(x, y, z) = ρ(x,−y, z) Q������ � VeS

V (x, y, z) = V (x,−y, z) Q��+��� �#�'S
,G*g�%09�\a; #I+�5��2+*;"���I�78 #"5*�29*g�bL'��:B�5)9*�a;L'�5*
 '&>LRI+ #IqL�����Lv:Y6N '�5*;I[�!��L': � �<*�a;L'I �q"M�M�

��I[�!"M �2+09a;*��!)9* �5*A�  '&9�!)+"5*;*l #6N*A"!Lv�5 #"5�(a; 'I9I9*;ag�!*A2d�B���!)=�!)9* "5 '�!Lv�!�� #I-H[$nL'I9O#:�*
π
�B���!)-"5*A�56t*;aA�

�! %�5)9*
i− L������dQ {i := x, y, z} SCL'aA�5��I9O��5 #O#*g�!)9*A"4�B���5)��!)9*P69L'"5���w$
 '6N*A"!Lv�5 #" P̂ Q��B���!)�69L'"5���w$

*;��O#*;I[mvL':�0+*;�B*;/e0qL': �5 
π = ±1

SYL'�
π̂i ≡ P̂ R̂i(π).

Q��+���i�'�[S
XY)9*-L'aA�5�� #I} '&(�!)+*;�5*= #6t*;"5Lv�! #"M�Y #I
L'I�L'"5H9���!"5L'"M$��56qLv�5��L':N&�09I9aA�5�� #I

ψ(x, y, z)
O#��m'*;�

π̂xψ(x, y, z) = P̂ R̂x(π)ψ(x, y, z) = P̂ψ(x,−y,−z) = ψ(−x, y, z),
π̂yψ(x, y, z) = P̂ R̂y(π)ψ(x, y, z) = P̂ψ(−x, y,−z) = ψ(x,−y, z),
π̂zψ(x, y, z) = P̂ R̂z(π)ψ(x, y, z) = P̂ψ(−x,−y, z) = ψ(x, y,−z). Q��+���i�#?#S
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 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 D#�

,.*A�d09�PI9 i� "5*;78*;7nHN*A"n�!)qL � �!)9*}"M '�bL �!�� 'I�L'"5 '09I92��!)9*
i− L������PH[$ �!)+*cL'I9O#:�* π afL':�:�*A2 ���

�M�
"$+�%$�c�����  '6N*A"!Lv�5�� #Ic���YO'*;I9*A"!Lv�5*;2�He$��!)9*> #6t*;"5Lv�! #"

R̂i(π) = e−iπĵi/h̄, ĵi = l̂i + ŝi,
Q������ �vr[S

�B)9*;"M*
l̂i
LvI92

ŝi
L'"M*U"5*A�56t*;ag�!��m'*;:�$-�5)9*l��J1a; #786t #I9*;I[�5�o '&9�5)9*U #"MH9���!L':1L'I9O#0+:�L'"(7\ '7\*AIe�5097 L'I92

�569��I  #6t*;"5Lv�! #"M�;�uXY)9*YL'ag�!�� 'In '&
R̂z

 'IPL'IPL'"MH9���5"!L'"�$>*;��O#*;I+&�0+I9aA�5�� #I
ϕ(~r; s)

 '&q�!)+*l78*fL'I1J �q*;:�2
�4L'78��:��! #I+��L'I

ĥ

R̂z(π)ϕ(~r; s) = r ϕ(~r; s)
Q��+���i�'D[S

$1��*;:�29���5)9*n*A��O#*AI[m'Lv:�09*A�
r = ±i � �R* "M*;a;L':�:.�!)9Lv�4&� #"B�!)+*n�56+��I�&�09I+aA�!�� #I9� χs,ms

"5*;6+"5*;�M*;I[�!*A2
H[$ |+〉 L'I92 |−〉 � *-)qLfm'*=�5)qLv�

ŝx|+〉 =
1

2
h̄ |−〉, ŝx|−〉 =

1

2
h̄ |+〉,

ŝy|+〉 =
1

2
h̄(+i) |−〉, ŝy|−〉 =

1

2
h̄(−i) |+〉,

ŝz|+〉 =
1

2
h̄ |+〉, ŝz|−〉 = −1

2
h̄ |−〉, Q��+���fE��[S

�B)9*;"M*
|+〉 =


 1

0


 , |−〉 =


 0

1


 .

Q������iE�� S

� � ���nL':��5 
��I9���!"50+aA�!��m#*d�! �2+*;78 #I9�M�5"!Lv�5*8�5)9*%LvaA�!�� #IR v&U�!)9*\"5 '�!Lv�!�� #I� #6N*A"!Lv�5 #"5� {e−iπŝi}  #I�!)9*>�M69��Ic&�09I9ag�!�� 'I9� |+〉 L'I92 |−〉 �qIqL'78*;:�$

e−iπŝx/h̄ |+〉 =
{
Î − i

π

2
σ̂x −

1

2

(
π

2

)2

σ2
x +

1

6
i
(
π

2

)3

σ̂3
x +

1

24

(
π

2

)4

σ̂4
x + . . .

} ∣∣∣∣+
〉 Q������iE#�#S

�� '�5��I9O �5)qLv�
(σ̂i)

2n = Î
�GQ
i = 1, 2, 3, . . .

SUL'I92�"5*A #"52+*;"5��I9OP�!)9*T�5*;"578�Y��I}�5)9*=L'HN im'*-Lv�
[{

1 − 1

2

(
π

2

)2

+
1

24

(
π

2

)4

+ . . .
}
− iσ̂x

{
π

2
− 1

6

(
π

2

)3

− 1

120

(
π

2

)5}] ∣∣∣∣+
〉

=

{
cos (

π

2
) − iσ̂x sin (

π

2
)
}∣∣∣∣+

〉
= −iσ̂x|+〉 = −i|−〉 Q��+���iE#E[S

�l*= #H+�!L'��I}* ��69:���a;���5:�$8�!)qL �

e−iπŝx/h̄ |+〉 = (−i)|−〉, e−iπŝx/h̄ |−〉 = (−i)|+〉,
e−iπŝy/h̄ |+〉 = (+1)|−〉, e−iπŝy/h̄ |−〉 = (−1)|+〉,
e−iπŝz/h̄ |+〉 = (−i)|+〉, e−iπŝz/h̄ |−〉 = (+i)|−〉. Q��+���iE'VeS

kl #:�:�*;ag�!��I+O��!)9*�69"5 '6N*A"M�!��*;��Q��+���i�#?#S��4Q������iE �[S��4Q��+���iE'V[S L'I92 L'2978���5�5��I9O
�!)qLv��� ��I O'*;I9*A"!L':��lL
�5��I9O#:�*bJ16qL'"��!��a;:�*��ULfm'*C&�09I+aA�!�� #I

ϕ(~r; s)
��� �!)9*B69"M �2+09aA�� '&t�!)+*C�M6qLv�5��L':qLvI92\�M69��IdaA #7\6t #I9*AI[�!���

ϕ(~r; s) = ψ(~r)χs,ms

���!)9*T6qLv"5���w$\ #6t*;"5Lv�! #"
P̂
7\Li$\Ht*T"5*A�B"M���M�!*;I}��I%�!*A"578�Y '&G�!)9*T #6t*;"5Lv�! '"5�

π̂i
L'�

P̂ = −π̂xπ̂yπ̂z,
Q������iE#�#S
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�B)9*;"M*fL'� �q�!)9*>� Je�5��O'IqLv�!0+"5*T #6t*;"5Lv�! #"
Ŝz

���YO#��m#*AI�H[$

Ŝz ≡ R̂z(π) = iπ̂xπ̂y.
Q������iE'�[S

XY)9*=:�Lv�M�!*;"UL'aA�5��I9Od #I�L'I
L'"5H+���!"5L'"M$8�lLim'*=&�0+I9aA�5�� #I
ϕ(~r; s)

Sz ϕ(~r; s) = q ϕ(~r; s)
Q������iE#?#S

O#��m'*;�j�5)9* *;��O#*;I[mvL':�09*;�
q = ±i �n]
�+L'78��I9��I9O��!)+* a; #787 0+�!Lv�!�� #I�6+"5 #6t*;"��!��*A�j '& L'Ht im#*P��I[�5"5 �2909aA*;2� '6N*A"!Lv�5 #"5�U� *-aA #I9aA:�0929*> #I}�5)9*T&� #:�:� �B��I9O 69"M #6t*;"M�5��*A���

[P̂ , Ŝz] = 0,

[π̂i, π̂j] 6= 0, {i = x, y, z},
π̂2

i = −I. Q��+���fE#r[S
,.*A�T09�TI+ � ��I[m'*;�M�5��O[L �!*-�5)9*Pa; 'I9�5*A/10+*;I9aA*;�= '&��!)9* aA #7 H9��I9*;2 ��$17\78*A�5"5��*A�

ŷP̂
LvI92

ŷŜz
�=� &

�!)9*l #6N*A"!Lv�5 #"
ŷ = K̂π̂−1

y

LvaA�!�(&� #:�:� i�B��I9OY�!)+*U6qL'"M���w$= #6t*;"!L �! #"
P̂
 #"u�5)9*l�bJ1�5��O#IqLv�509"5*  #6N*A"!Lv�5 #"

Ŝz
�!)+*;I\&� '"��5)9*C29*;I9�M���w$\L'I928&� #"^�!)9*B�! v�bL':q�M��I9O#:�* J169L'"M�5��a;:�*U6t '�!*AIe�5��L':9� *4)9Lim'*��5)9*C&� ':�:� i�B��I9O

69"5 '6N*A"M�!��*;� �

• &� #"U�5)9*> #6t*;"!L �!�� 'I
ŷP̂

ρ(x, y, z) = ρ(−x, y,−z),
V (x, y, z) = V (−x, y,−z), Q������iE'D[S

• L'I+2�&� #"U�5)9*> #6t*;"!L �!�� 'I
ŷŜz

Q�6qLv"5���w$��M$1787\*g�!"M$
P̂
H9"5 'Z'*;IqS��

ρ(x, y, z) = ρ(−x, y, z),
V (x, y, z) = V (−x, y, z). Q��+���fV �#S

�wI}�!)9*Ta;L'�5*> '&G�!)+*T�M$17\78*A�5"M$ Q��+���iE#D[S� #I9*Ta; 'I9a;:�0929*;�YH[$%m1��"M�!0+*T '&G�!)9*TaA #7\7n0+�bLv�5�� #I�"509:�*;�
Q��+���iE#r#Sj�5)qLv�=Ht '�!)</109L'I[�!097 Ie097 Ht*;"M�

π
L'I92

q
a;L'IRHt*809�5*A2<�! 
��29*AI[�!��& $��!)9*8*;��O#*;I9���bLv�5*;�

 '& �5)9*P�4Lv7\��:��! 'I9��L'I
ĥ
�CXY)9*;I
�!)9*P��L'78��:��5 #I9��L'I%7\Lv�!"M� �����Ca; '7\6t #�5*A2� '&^V\/e0qL'�5��J129��L'O# #IqLv:

H9:� 1abZe�Ua; '"5"5*A�56t #I929��I9On�5 n�!)9*�&� #09"l6t #�M�5��H+:�*Ca; #7 H+��IqLv�5�� #I+�  '&G/e0qLvIe�5097 Ie097nHN*A"5� {π, q} L'���
{1, 1} � {1,−1} � {−1, 1} � {−1,−1} ��XY)9�������CI9 '���!)9* a;L'�5*-�B)9*;I��5)9*n6qLv"5���w$���$�7878*A�!"�$����H9"5 'Z'*;IpLv�n��I<* ��69"M*;�5�M�� #I Q��+���fV �[S �o)9 i� *Am#*A"�� �5)9*%� Je�5��O'IqLv�!0+"5*\L'I92

ŷ
��$�7878*A�!"M��*A�nL'"M*����!��:�:
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Vh.o.(x, y, z) =
1

2
mω2

xx
2 +

1

2
mω2

yy
2 +

1

2
mω2

zz
2,
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09�M0qL':�:�$�L'�

E(nx, ny, nz) = h̄ωx

(
nx +

1

2

)
+ h̄ωy

(
ny +

1

2

)
+ h̄ωz

(
nz +

1

2
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|nx, ny, nz,Σ〉 ≡ Ψnx(x)Ψny(y)Ψnz(z)χ (Σ) =

√
axayazHnx Hny Hnz χ (Σ) e

− 1
2

[
(axx)2+(ayy)2)+(azz)2

]

.
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ai ≡
√
Mωi

h̄

Q������fV'VeS
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{x, y, z} −→ {ξ, η, ζ} �~Q i = {1, 2, 3} S���Ic�5)9*T&� #:�:� i�B��I9On�lLf$��

ξ ≡ a1x, η ≡ a2y, ζ ≡ a3z.
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h̄ω0 = h̄(ωx ωy ωz)
1/3 ≈ 41

A1/3
MeV
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�B)9��ab) aA #"5"M*;�M6N #I+29�T"5 #0+O#)9:�$}�5 ��!)+* *;I9*A"5O#*g�!��afL':u�56qL'aA��I9O�HN*g�w�l*A*;I�7�Lv��I��M)9*;:�:�����I
�5)9* )qLv" �
7\ 'I9��aP #�Ma;��:�:�L �! #"j�M6N*AaA�5"5097��}�� i� *Am'*;"��u�!)9*87�L �!"5��� *A:�*;78*;I[�5�-29*g�!*A"578��I9*A2��B���!)9��I<LcO#��m#*;I



������� ������� 
 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 D#D

HqL'�M��� �M)9 #09:�2P*;�5�M*;I[�!��L':�:�$=I9 '� 2+*;6t*;I92d�5��O#I9� �qafL'I[�5:�$= #I �!)+*U6qL'"��!��aA09:�Lv"(mvL':�09*;�  v&q�!)9*U��I[m# #:�m#*;2
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Hn+1(x) = 2xHn(x) − 2nHn−1(x),
Q��+���;Ve?#S

d

dx
Hn(x) = 2nHn−1,

Q������fV#r[S
�B)9*;"M*

H0(x) = 1
�
H1(x) = 2x

�
�
09:��!��6+:�$1��I9OnHN '�5)c�5��2+*;�B '& * �N�(Q��+���fVe?#S�He$

Hn′(x)
�l*>O#*g�

Hn+1(x)Hn′(x) = 2xHn(x)Hn′(x) − 2nHn−1(x)Hn′(x).
Q��+���;V[D[S
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HnHn′ =

√
n′ + 1

n
Hn−1Hn′+1 +

√
n′

n
Hn−1Hn′−1 −

√
n− 1

n
Hn−2Hn′ .
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〈n′
x, n

′
y, n

′
z,Σ

′|Tkin|nx, ny, nz,Σ〉 = δΣ′Σ ×
{
δnxn′

x
δnyn′

y
h̄ωz

[1
2
(nz +

1

2
)δnzn′

z
− 1

4

√
nz(nz − 1) δnz−2,n′

z

−1

4

√
n′

z(n
′
z − 1) δnz ,n′

z−2

]
+ cycl.

}
.
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〈n′
x, n

′
y, n

′
z,Σ

′|Vsp|nx, ny, nz,Σ〉 = δΣ′Σ 〈n′
x, n

′
y, n

′
z|Vsp|nx, ny, nz〉,
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〈n′
x, n

′
y, n

′
z|Vsp|nx, ny, nz〉 =
∞∫

−∞

dξe−ξ2

Hn′
x
(ξ)Hnx(ξ)

∞∫

−∞

dηe−η2

Hn′
y
(η)Hny(η)

×
∞∫

−∞

dζe−ζ2

Hn′
z
(ζ)Hnz(ξ)V (ξ, η, ζ).
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〈n′
x, n

′
y, n

′
z|Vsp|nx, ny, nz〉 =

√
n′

z + 1

nz
〈n′

x, n
′
y, n

′
z + 1|Vsp|nx, ny, nz − 1〉

+

√
n′

z

nz
〈n′

x, n
′
y, n

′
z − 1|Vsp|nx, ny, nz − 1〉

−
√
nz − 1

nz
〈n′

x, n
′
y, n

′
z|Vsp|nx, ny, nz − 2〉. Q��+���i�'E[S
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x− 29��"M*;aA�5�� #I Q V (x, y, z) =

V (−x, y, z) SlL'I+2c�5)e09���q��&.&� #"l�!)+*THqL'�5���U�M�!Lv�!*A��� (n′
x + nx)
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Ω = Λ + Σ
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Ω
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V q
sp

�
(q = {p, n}) �!)+"5 #09O')

V s.o.
q (~r ) = i λq

(
h̄

2Mc

)2

~∇V (q)
sp ·

[
~σ × ~∇

]
,
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�B)9*;"M*��!)+*�6qL'"5L'78*A�!*A"5�
λq

�o29*AI9 '�5��I9O��!)9*8�M�5"5*;I+O'�!)  v&U�!)9*\�569��I1J1 #"MH9���=aA #0969:���I9O
L'"5*8O#��m#*;I
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~σ
���%�!)+*�m'*;aA�5 #"

(σx, σy, σz) '&dQ
2 × 2

S 'uL'09:��Y7�Lv�5"5��a;*;�A��_u��IqL':�:�$ �^"5*;a;L':�: �!)qLv�d�5)9���d6t '�!*AIe�5��L':ULv& �!*A"8 'Hem1�� #09�8L':�O'*;H9"5L'��a
�!"5L'I9�M&� '"57\Lv�!�� #I9�ja;L'I<Ht*P�B"5���5�!*AIRLv�>�5)9*da; #7nH9��IqL �!�� 'I  '&l6+"5 12909aA�5�-��I[m# #:�m���I9O}�569Lv�!��L':^L'I92
�569��I
 '6N*A"!Lv�5 #"5�Y��Ic�5)9*T&� #:�:� i�B��I9O=&� #"57	�

Vs.o. = − iκ
h̄

[
σ̂x

(
∂y
∂Vsp

∂z
− ∂z

∂Vsp

∂y

)
+ σ̂y

(
∂z
∂Vsp

∂x
− ∂x

∂Vsp

∂z

)
+ σ̂z

(
∂x
∂Vsp

∂y
− ∂y

∂Vsp

∂z

)]
.
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Vsp
� s4�dL�aA #I9�5*A/e09*;I9aA* ���!)9*

7�L �!"5���%*A:�*A7\*AIe�5�B '&
Vs.o.

L'"5*> '&(�!)9*T&� #:�:� i�B��I+On&� #"57	�

〈n′
x, n

′
y, n

′
z|Vs.o.|nx, ny, nz〉 = − iκ

h̄

{

〈n′
x, n

′
y, n

′
z

∣∣∣∣σ̂x

(
∂y
∂Vsp

∂z
− ∂z

∂Vsp

∂y

)∣∣∣∣nx, ny, nz〉

+ 〈n′
x, n

′
y, n

′
z

∣∣∣∣σ̂y

(
∂z
∂Vsp

∂x
− ∂x

∂Vsp

∂z

)∣∣∣∣nx, ny, nz〉

+ 〈n′
x, n

′
y, n

′
z

∣∣∣∣σ̂z

(
∂x
∂Vsp

∂y
− ∂y

∂Vsp

∂z

)∣∣∣∣nx, ny, nz〉
} Q������ �v�[S
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_q #"=&�0+"M�!)+*;"-L'6969:���afL �!�� 'I9�>���=���=a; #I[m'*;I9��*;I[� �! 
* ��69"M*;�5�-�!)9*\�569��IR #6t*;"5Lv�! #"M� {σ̂x, σ̂y, σ̂z}
��I

�!*A"578�C v&u�5)9*> #6N*A"!Lv�5 #"5� {σ̂+, σ̂−, σ̂0}
29* �qI9*;2�L'�

σ̂+ = (σ̂x + iσ̂y),

σ̂− = (σ̂x − iσ̂y),

σ̂0 = σ̂z,
Q������ �'?#S

�B)9��ab)
L'ag�� 'Ic�5)9*>�569��I
69L'"M�B '&(�!)+*=O'*;I9*A"!L': �lLfm#*>&�09I9aA�5�� #Ic��Ic�5)9*T&� #:�:� i�B��I9On�lLf$��

σ̂+| ↓〉 = | ↑〉, σ̂+| ↑〉 = 0,

σ̂−| ↑〉 = | ↓〉, σ̂−| ↓〉 = 0.
Q��+��� �'r[S
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Ψni
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x− 2+��"5*AaA�5�� #I�L'�

dΨnx(axx)

dx
= Nnx

√
ax

(
aH ′

nx−1(axx) − a2
xxHnx(axx)

)
e−

1
2
a2

xx2

= ax

[√
nx

2
Ψnx−1

(
x
)
−
√
nx + 1

2
Ψnx+1

(
x
) ] Q������ �vD[S
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〈n′
x, n

′
y, n

′
z,Σ

′|Vs.o.|nx, ny, nz,Σ〉 =
1

2
κ
[
〈Σ′|σ+|Σ〉B− + 〈Σ′|σ−|Σ〉B+ + 2〈Σ′|σz|Σ〉Bz

]
,

�B)9*;"M*

B± ≡ Bx ∓By,
Q������i� �[S

Bx =
1

2

(
1 − (−1)n′

y+ny

)
ayaz ×

[
−
√
n′

z(ny + 1)〈n′
x, n

′
y, n

′
z − 1, |Vsp|nx, ny + 1, nz〉

−
√
ny(n′

z + 1)〈n′
x, n

′
y, n

′
z + 1, |Vsp|nx, ny − 1, nz〉

+
√
n′

y(nz + 1)〈n′
x, n

′
y − 1, n′

z, |Vsp|nx, ny, nz + 1〉
+
√
nz(n′

y + 1)〈n′
x, n

′
y + 1, n′

z, |Vsp|nx, ny, nz − 1〉
]
,
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By =
1

2

(
1 + (−1)n′

y+ny

)
axaz ×

[
−
√
n′

x(nz + 1)〈n′
x − 1, n′

y, n
′
z, |Vsp|nx, ny, nz + 1〉

−
√
nz(n′

x + 1)〈n′
x + 1, n′

y, n
′
z, |Vsp|nx, ny, nz − 1〉 Q��+���f�+� S

+
√
n′

z(nx + 1)〈n′
x, n

′
y, n

′
z − 1, |Vsp|nx + 1, ny, nz〉

+
√
nx(n′

z + 1)〈n′
x, n

′
y, n

′
z + 1, |Vsp|nx − 1, ny, nz〉

]
,

Bz =
1

2

(
1 − (−1)n′

y+ny

)
axay ×

[
−
√
n′

y(nx + 1)〈n′
x, n

′
y − 1, n′

z, |Vsp|nx + 1, ny, nz〉
−
√
nx(n′

y + 1)〈n′
x, n

′
y + 1, n′

z, |Vsp|nx − 1, ny, nz〉
+
√
n′

x(ny + 1)〈n′
x − 1, n′

y, n
′
z, |Vsp|nx, ny + 1, nz〉

+
√
ny(n′

x + 1)〈n′
x + 1, n′

y, n
′
z, |Vsp|nx, ny − 1, nz〉

]
.
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nx, ny, nz
afL'I9I+ '�8HN*

29*A�5*;"M7\��I9*;2�H[$�"5*;aA09"5�M�� #I~��XY)9*8Ie097 Ht*;"= '&U�M09ab) *;:�*;78*;I[�!�>7\L'Z'*A�- 'I9:�$�L}&�*A��6N*A"5a;*AI[�n '&
�!)9*\�! '�!L':����w$#�cXY)9*}"5*A�M�n '&Y�!)9*� '��Je29��L'O' #IqL':^7\Lv�!"M� ��*A:�*;78*;I[�5� L'"M*�29*g�!*;"M7\��I9*;2R��I �M09a;aA*;� �
�5��m#* �(6qL'"5L':�:�*;:(:���I9*;�j�5 c�5)9*d7�Lv��I 29��L'O# #IqLv:o '&��!)9*d7\Lv�!"M� �N� sC& �!*;"T�5)9*da; #78690+�!Lv�!�� #I  '&��!)9*
Lfm#*;"5L'O#*bJ16N v�!*;I[�5��L':�7\Lv�!"M� ��*A:�*;78*;I[�5�-� *�)qLfm#*\�! �2+ 
�!)+*��!Lv7\*d&� #"T�!)9*\�569��I1J1 #"MH9���=6t '�!*AI �
�!��L':^�B���!)<�!)9*%)+*;:�6R '&Y�!)9*�"5*;:�Lv�!�� #I�Q��+���i���[S ���C*;"5*%L':��M %�o�M #7\*�7�Lv�5"5����*;:�*;78*;I[�!� 7n09�M�nHN*
afL':�a;09:�Lv�!*A2�I10+7\*A"5��a;L':�:�$#�d� �=���=L':��5 �6N #�M�5��H9:�* �5 
a;L':�aA09:�Lv�5* �!)9*A7�6909"M*;:�$�"M*;aA09"5�M��m#*A:�$�09I+29*;"
�!)9*TaA #I929���!�� #I%�!)qL �U�l* �q"M�M�CafLv:�a;0+:�Lv�5*jL &�*A��I9*;aA*;�M�!L'"�$�L'2929���!�� 'IqL':t7�Lv�5"5���%*A:�*;78*;I[�5�Y '&G�!)9*
a;*AIe�5"!L':.6t '�5*;I[�!��L':~&� #"l�B)+��ab)

nx + ny + nz = Nmax + 1
�GQ �B)9*;"M*

Nmax
2+*;I9 '�5*;�Y�!)+*=aA0+��Je '�

a; #I+29���5�� #Id"5*g&�*;"M"5��I+O=�5 -�!)+*�Ie097 Ht*;"� '&~) �W +� 7�Lv��Id�5)9*A:�:�� 09�M*;2%��IP�!)9*�* ��6qL'I9�M�� #I\ '&~�5)9*B�! '�!L':
�ULfm'*-&�09I9ag�!�� #I�Sg��� �C���U�5)9*;I
a; #I[m'*;I9��*;I[�4�5 86+0+�B�!)9*=HqL'�M���B�M�!Lv�!*A�nQ��+���fV[E[STQ� #7\���!��I9On�!)+*-�M69��I
σ
/e0qLvIe�5097 Ie097 Ht*;"!SU��I}�!)9*T&� #:�:� i�B��I+O  #"52+*;"��



������� ������� 
 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 ���'V

|0, 0, 0〉, |0, 0, 1〉, |0, 0, 〉, . . .

|0, 1, 0〉, |0, 1, 1〉, |0, 1, 〉, . . .

|1, 0, 0〉, |1, 0, 1〉, |1, 0, 〉, . . .

|1, 1, 0〉, |1, 1, 1〉, |1, 1, 〉, . . .

. . . . . .

. . . . . .

. . . . . .

� � � ��� 	 !�� � ����� �*�'� -&(�� - � � � � $&�&� � ��, � �'� $&!�� - ,�� $	�.��� � ,�� � (*-&!#-

�wI��!)+�����M*;ag�!�� 'I��Y #I��5)9*�HqL'�M���8 '&
�
*A&�� .Wr'V20 �Y� * L'"M*�O# #��I9O��! ��Iem'*;���!��O#Lv�!*��!)9*
)qL'"578 #I9��a

 #�5aA��:�:�Lv�5 #"-H9L'�5���PL'I92 �5)9*}a; #"M"5*A�56t #I929��I9O��!"5L'I9�M&� '"57\Lv�!�� #IR69"M #6t*;"M�5��*A�n�B���5)�"5*;�M6N*AaA�P�5 ��!)9*
�!��7\*bJ1"5*gm#*;"M�!L':> #6t*;"5Lv�!�� #I �xXY)9���c #6t*;"5Lv�!�� #I �!09"MI9�� #0+���! `HN*�09�5*g&�09:T�B)9*;I��!)9*�69)[$1�5��a;L':
 #6t*;"!L �! #"M��)qLfm'*PL8� *;:�:u29* �qI9*A2 �M$17\78*A�5"M$}�B���!)�"M*;�M6N*AaA�j�5 \�!��7\*bJ1"5*gm#*A"5�!Lv: ��� � *'�U�B)9*AI��!)9*g$
�!Lv�5����& $%�!)9*>aA #I929���!�� 'I

K̂ÔK̂−1 = ±Ô. Q������i�#�#S
XY)9*>�!��78* Je"5*Am'*;"M�!L':  '6N*A"!Lv�5 #"=Q�29*A6N*AI929*AIe�� #Ic�!)9*>�M��O#Ica; 'Iem'*;I[�!�� #I�SU���Y2+* �qI9*A2�L'�

K̂ ≡ ηi σ̂yK̂0
Q������i�'E[S

s4Ht im#* �
η = ±1

�
σy

���d�!)9*��5*Aa; #I92 'uL'09:��C7\Lv�5"5� ��L'I92
K̂0

���8�5)9*
aA #7869:�* �`a; #I��M0+O[Lv�!�� #I
 #6t*;"!L �! #"A�
XY)9*>�!��78* Je"5*Am'*;"M�!L':  '6N*A"!Lv�5 #"

K̂
)qLv�B�5)9*T&� #:�:� i�B��I9O-69"5 #6t*;"��!��*;���

• s�Ie�5� J1:���I9*;L'"��
K̂c = c∗K̂

�
c ∈ �k

• � I9���!L'"M$�� K̂K̂† = K̂†K̂ = I
�

• _q #"U�w�  �Lv"5H9���!"!Lv"M$8m#*;ag�! #"M�
u
�
v
� 〈 u|K̂|v 〉 = 〈 v|K̂+|u 〉∗ �

• K̂2 = +I
� ��&o��$����!*A7hL'�B*Am#*AI�Ie097 Ht*;"B '&(&�*;"M7\�� #I9� �

• K̂2 = −I � ��&u�M$1�M�5*;7hL'�B 1292cIe097 Ht*;"B '&(&�*;"578�� 'I9�;�
XY)9*>�w�l ��q"5���C69"5 #6t*;"��!��*;�Y29* �qI9*>�!)9*T�!��7\*bJ1"5*gm#*A"5�!Lv:  #6t*;"!L �! #"BL'�BHt*;��I9O8L'I[�!� Je09I9���!L'"M$'�

���������	��

�����
�������	���

� &
ĥ
���^LT�M��I9O#:�* J169L'"M�5��a;:�*l��L'78��:��5 #I9��L'I- v& Lj��$����!*A7�L'I92

K̂ ĥ K̂−1 = ĥ
�#�!)9*AI8�5)9*Y*;��O#*;I9���bLv�5*;�

 '&(�!)9���B�4L'78��:��! #I9��L'I��M69:����Y��I[�5 d�w�  8O#"5 #0+69��� {µ}, {µ̃} ��Ic�M09ab)�L �lLi$}�5)qLv�

ĥ|µ〉 = εµ|µ〉,
ĥ|µ̃〉 = εµ|µ̃〉,



������� ������� 
 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 ���[�

�B)9*;"M* |µ̃〉 = K̂|µ〉 ���Y #"��!)9 'O# #IqL':N�! |µ〉 �

�R*^a;L'I>afL':�a;09:�Lv�!*o�5)9*�L'ag�!�� 'IT '&e�!)9*^ #6t*;"5Lv�! '"
K̂
 'I>�5)9*^*;��O#*;I+�M�bL �!*;�. v&1�5)9*

z− a; '7\6t #I9*AIe� '&(�!)9*>�56+��IRQ��!)+*=�M��O#Ic '&
η
��I}�!)9*>29* �qI9���5�� #I�Q��+���i�#E[Sl���Yab)9 #�5*AI�09�M0qL':�:�$�L'� −1

Sg�

K̂|+〉 = +|−〉, |+〉 =


 1

0


 , |−〉 =


 0

1




K̂|−〉 = −|+〉 Q��+���i�'VeS
�wI��5)9*>7\ '�M�BO#*AI9*;"5L': &� #"57 Q��B���!)c69)qL'�M*=&�LvaA�! '"

η = +1
S � *>afL'Ic�B"5���!*

K̂ |j, jz〉 = (−1)j+jz |j,−jz〉
Q������i�#�#S

,G*g��09�}"5*A7\��I92 �!)9*�29* �qI9���!�� 'I Q��+���fV[E#S\ '&=�!)9* )qLv"578 #I9��a� #�5aA��:�:�Lv�! '"\HqLv�5���%�B���!) L'I
L'2929���!�� #IqL':N69)qL'�M*>&�LvaA�! '"

(+i)ny

|b〉 ≡ (+i)ny |nx, ny, nz〉 |sz〉,
Q������i�'�[S

�B)9��ab) )qLv�%�!)9* Lv2+mvL'I[�bL'O#*��5)qLv�%�5)9* 7\Lv�!"M� �`*;:�*;78*;I[�!�} v&nLvI L'"5H9���!"5L'"M$`6t '�!*AIe�5��L':C�B)9��ab)
��� � 69L'"M�5:�$ � ��$�7878*A�!"M��aP�B���5)<"M*;�M6N*AaA�=�! 

z− L������}Q�� � *'� � V (x, y, z) = V (x,−y, z) S>L'"M*8"M*fL':��XY��78* J1"M*Am'*;"5�M*;2 ) �  9�C�M�!Lv�!*nL'a;aA #"529��I9O\�5 \�5)9*n29* �qI9���!�� 'I�Q������i�'E[SYL'I92��5)9*n69"M #6t*;"M�w$ Q������i�vVeS
���Y '&(�!)+*>&� ':�:� i�B��I9On&� #"M7��

|b̃〉 ≡ (−i)ny |nx, ny, nz〉 | − sz〉
Q������i�#?#S

�� '�5* �~�5)qLv�j�5)9* {|b〉}− H9L'�5���j���jaA #786N #�M*;2  '&�*A���5)9*;"j6+09"5*A:�$�"M*fL':u #"j690+"5*;:�$���7�LvO#��IqLv"M$}*A:�* �7\*AI[�!�;��X( �5��7\6+:���& $P�5)9*jI9 v�bLv�5�� #I��e� *j�B��:�:t��I\�!)9*4&� ':�:� i�B��I9O-0+�5*j�!)+*j�M$17 Ht #: |n〉 ��I9�M�5*fL'2} '&
|nx, ny, nz〉

�
� I+*=a;L'I
L':��M 8*;L'�5��:�$\ab)9*;abZ}�5)9*T&� #:�:� �B��I9O 69"M #6t*;"M�w$��

K̂|b〉 = +|b̃〉
K̂|b̃〉 = −|b〉

�� i� � ���bL'"��!��I+O�&�"5 #7��5)9* |b〉− HqLv�5���jL'I92 L'6+69:�$1��I+O\�!)+*n&� #:�:� i�B��I9Od�!"5L'I9�M&� '"57\Lv�!�� #I�� *Pa; '7\*�! P�!)+*=I+*A� |t〉− HqL'�5���BL'a;aA #"52+��I9OP�! �

|t+〉 ≡
1√
2
(i|b〉 − |b̃〉)

|t−〉 ≡
1√
2
(|b〉 − i |b̃〉) Q��+���f�#r[S

XY)9*-L'aA�5�� #I} '&(�!)+*>�5��78* J1"M*Am'*;"5�5L':. #6t*;"5Lv�! #"Y 'Ic�5)9*>I9*A� HqL'�M���B�M�!Lv�!*A�C���U�!)9*T&� #:�:� i�B��I+O%�
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 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 ���#�

K̂|t+〉 = +|t−〉
K̂|t−〉 = −|t+〉

� �M��I9O%�5)9*d"5*;�M09:��5�T '&��!)9*dLvaA�!�� #I  '&��!)+*�'uL'09:��o7\Lv�!"M��a;*A� σi
 #I �!)+*P) �W +�n�M�!Lv�!*A�\Q��+���i�#�[SY�l*

afL'I���I[m'*;�M�5��O[L �!*T��7878*;29��Lv�!*A:�$d�!)9*A��"BL'ag�!�� #I} #Ic�!)9* |t〉− H9L'�5�����

σx|t+〉 = (−1)ny |t−〉
σx|t−〉 = (−1)ny |t+〉

σy|t+〉 = (−1)ny+1|t+〉
Q������i�'D[S

σy|t−〉 = (−1)ny |t−〉

σz|t+〉 = (+i)|t−〉
σz|t−〉 = (−i)|t+〉

,G*g��09�^I9 i� aA #I9�5��29*;"�L'Id #6t*;"5Lv�! '"
Ô
�!)qL ����� �M09696t #�5*A2\�5 =Ht*Y6909"M*;:�$ �569Lv�!��L': �#���W*v�o29 1*;�

I9 '�=L'ag�> #I��569��I�a; 1 #"529��IqLv�5*;�;�nXY)9*d6909"56t #�M*8 v& �5)9���TaA #I9�5��29*;"5Lv�!�� #I ���j�5 }O#��m'*P�!)9*PO#*AI9*;"5L':
69"5*A�5aA"5��6��!�� 'I��5 
aA #I9���!"50+aA�=�!)9*d7\Lv�!"M� �� '& �5)9���> #6t*;"5Lv�! '"T��I �!)9*

t− HqL'�M���-,.*A�=09�> #"52+*;"T�!)9*
|b〉− HqL'�M���B:���Z'* � {|b〉} = {|b〉, |b̃〉} XY)9���BHqL'�M���Y���Y #"M�5)9 #I9 #"M7�Lv:N�B)9��ab)
78*fL'I+�B�5)qLv�

〈b′|b̃〉 = 〈b̃′|b〉 = 0

〈b′|Ô|b̃〉 = 〈b̃′|Ô|b〉 = 0
Q��+��� ? �[S

XY)9*B:�Lv�M�!*;"ua; #78*;�u&�"5 #7 �!)9*Y '"M�!)+ #I9 #"M7�L':����w$> '&��5)9*U�56+��Id*;��O#*;I+&�0+I9aA�5�� #I9�YQ�"5*A7\��I92n�5)qLv�
|b〉 )qL'�Y�M69��I � 096 � 69"M ��M*;ag�!�� 'I
LvI92 |b̃〉 )9L'�B�569��I � 29 i�BI � 69"M ��M*;ag�!�� #I�Sg�

〈b′|Ô|b〉 = i−n′
y+ny〈n′|Ô|n〉

〈b̃′|Ô|b̃〉 = i+n′
y−ny〈n′|Ô|n〉 Q��+���i?�� S

% $%�5)9*>29* �qI+���!�� #I9�=Q��+���f�#�[S�� Q��+���i�[?'SlL'I92RQ��+���i�#r#S��!)9���Y"5*A�509:���a;L'IcHN*>*;L'�5��:�$\O#*;I9*A"!L':����A*;2}&� #"
�!)9*

t− HqL'�M��� �qIqL'78*;:�$��

〈t+|Ô|t+〉 =
1

2
(〈b′|Ô|b〉 + 〈b̃′|Ô|b̃〉)

=
1

2
[i−ny′+ny + iny′−ny ]〈n′|Ô|n〉

=
1

2
iny′−ny [1 + (−1)−(ny′−ny)]〈n′|Ô|n〉 Q��+���i?#�#S
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�wI[�!"5 12909aA��I9OP�5)9*T&�09I9aA�5�� #Ic '&oL'I���I[�!*AO#*;"
n

F (n) =
1

2
in[1 + (−1)n],

Q������ ?vE[S

�!)9*=L'Ht im#*>7\Lv�!"M� ��*;:�*A7\*AI[�!�B '&(�!)9*> #6t*;"5Lv�! #"
Ô
a;L'I�HN*j�B"M���5�5*;I���I%�5)9*>a; #786qL'ag�B&� #"57

〈t′+|Ô|t+〉 = F (n′
y − ny)〈n′|Ô|n〉

〈t′+|Ô|t−〉 = F (n′
y − ny + 1)〈n′|Ô|n〉

〈t′−|Ô|t+〉 = F (n′
y − ny − 1)〈n′|Ô|n〉 Q��+���i?vVeS

〈t′−|Ô|t−〉 = F (n′
y − ny)〈n′|Ô|n〉

�4Lfm1��I9O\afL':�a;09:�Lv�!*A2��5)9*n7\Lv�!"M� �%*;:�*A7\*AI[�!�4 v&^L'I�L'"5H9���!"5L'"M$}�M6qLv�5��L':��q:� 1afL':. #6t*;"5Lv�! '"
Ô
�

:�*g� 09�&�qIqL':�:�$�29*g�!*;"M7\��I9*\�5)9*�7\Lv�5"5� ��*A:�*A7\*AIe�5�n '&CL
7\���+*A2R #6t*;"5Lv�! '"- '&Y�5)9*\�w$16t*
Ôσ̂i

��I
�!)9*8��J1H9L'�5�����G�B)9��ab)<���>�!)9*869"5 12909ag�n v&BL�6+09"5*A:�$��569Lv�!��L':�L'I92R6+09"5*A:�$��56+��I� #6N*A"!Lv�5 #";��XY)9���
�B��:�: HN*>�!)+*-29��"5*AaA�C�M�5*;6��5 8�5)9*-aA #I9���!"50+aA�!�� #I� '& �!)+*-�M69��I1Je #"5H9���B6N v�!*;I[�5��L': 7\Lv�5"5� �%*;:�*;78*;I[�!�
�B���5)9��I��5)9���jH9L'�5���;�nK1�bL'"��!��I9O%&�"5 #7h�!)+*P69"5*gm��� #09�T"M*;�50+:��!� � �l*P�lL'I[�T�! c* �1�5*;I92��!)9*A7 �5 %�!)9*
afL'�M*- v&^L'I� #6t*;"!L �! #"B '&(�!)9���Y&� #"57	�

Ôσi
� � )qLv�C���C 'Hem1�� #09�5:�$}78*fL'I[�C)9*;"M*-���Y�!)qLv�C��I��M09ab) L

7\����*;2  #6t*;"5Lv�! #"
Ô
L'ag�!�T #I+:�$� #I��!)+*P�56qL �!��Lv:u6qLv"M�T '&��5)9* HqL'�M���TLvI92

σi
 #I9:�$� #I��5)9*P�56+��I1J

29*;6t*;I+29*;I[�=6qL'"��f�jXY)e09� � �!)9* 7\Lv�5"5� �
*A:�*;78*;I[�5�4�56+:����4��I[�! \�w�l }29���~*A"5*AIe�j6qL'"M�5�;� �T*;*A69��I+O%��I
7\��I92}"5*A:�Lv�5�� #I+�>Q��+��� ? �#SUL'I92RQ��+��� ?#�#S����B���Y*;L'�M$��! d #H+�!L'��I}�!)9Lv�

〈t′+|Ôσx|t+〉 = F (n′
y + ny + 1)〈n′|Ô|n〉

〈t′+|Ôσx|t−〉 = F (n′
y + ny)〈n′|Ô|n〉

〈t′−|Ôσx|t+〉 = F (n′
y + ny)〈n′|Ô|n〉

〈t′−|Ôσx|t−〉 = F (n′
y + ny − 1)〈n′|Ô|n〉

〈t′+|Ôσy|t+〉 = F (n′
y + ny + 2)〈n′|Ô|n〉

〈t′+|Ôσy|t−〉 = F (n′
y + ny + 1)〈n′|Ô|n〉

〈t′−|Ôσy|t+〉 = F (n′
y + ny + 1)〈n′|Ô|n〉 Q��+���i?#�#S

〈t′−|Ôσy|t−〉 = F (n′
y + ny)〈n′|Ô|n〉

〈t′+|Ôσz|t+〉 = iF (n′
y − ny + 1)〈n′|Ô|n〉

〈t′+|Ôσz|t−〉 = iF (n′
y − ny + 2)〈n′|Ô|n〉

〈t′−|Ôσz|t+〉 = iF (n′
y − ny)〈n′|Ô|n〉

〈t′−|Ôσz|t−〉 = iF (n′
y − ny + 1)〈n′|Ô|n〉

XY)9* L'Ht im#*
69"5*A�5*;I[�5*;2 �!"5L'I9�M&� '"57\Lv�!�� #Ip*;/��TQ��+���f�#r[SP '&j�!)+*� #"M��O#��IqL':U) �  9� HqL'�M����O'��m#*AI H[$
*;/��YQ��+���fV[E[Sj�! ��!)9* |t±〉−

HqL'�M���=���=�!)9*\�M�bLv"M�!��I9O�6t #��Ie�=�! � #H+�bLv��I��!)9*%7\Lv�5"5� � *;:�*A7\*AI[�!�n v&



������� ������� 
 � �&��� ��	 ����� � � � � � � � � � ��� ������� ����� 	 ���#r

L'I�L'"MH9���5"!L'"�$
�M��I9O':�* Je6qL'"M�5��aA:�*-�4L'78��:��! #I9��L'Ic��786N '�5��I+O\�!)+* �!��78* Je"5*Am'*;"M�!L':u�M$17\78*A�5"M$��B)9��ab)
���=O#*;I+*;"!Lv:�:�$�&�09:��q:�:�*A2��G* ��a;*A6+�n&� #">�!)+* QM��%$+*���&	 �("5 '�!Lv�!��I9Oc6N '�5*;I[�!��L':��T�B)9��ab) H9"M*fL'Z����;�%XY)9*
�!��7\*bJ1"5*gm#*;"M�!L':(�M$1787\*g�!"�$
�����t '&^aA #09"5�M* �.Lv:��5 \H9"5 'Z'*;I�&� '"� 1292�69"M '�! 'I�L'I92 �v #"C �292�I9*;0+�5"5 #I
Ie097 Ht*;"5�A��XY)9*}7�L �!"5����*;:�*;78*;I[�!�  v&Y�!)9*c��L'7\��:��5 #I9��LvI���IR�!)+*%I9*A� |t±〉−

HqL'�5���PL'"M*�*fLv�5��:�$
29*;"M��m'*;2�He$%�509787\��I9OP096RQ��B���!)%�!)+*="M��O#)[�B69)9L'�5*T&�L'ag�! #"!S �!)9*>L'6+69"5 #6+"5��L �!*T7\Lv�!"M� �\*;:�*;78*;I[�!�
afL':�a;09:�Lv�!*A2%��I\�!)9*T #"M��O#��IqL':q) �  9�^HqLv�5���TQ��+���fV[E[S � % $8m1��"M�509*j '&G�5)9*j69"M #6N*A"M�w$ Q��+��� ?#�#S �1�5)9*4&�09:�:
7�L �!"5���  v&N�5)9*Y7\*;L'I1J��9*;:�28��L'7\��:��5 #I9��LvI-��I �!)9*Y�!"5L'I9��&� #"578*;2 |t±〉− HqL'�5���^���^�M)9 i�BI\�Mab)9*;7\Lv� ���a;L':�:�$�Ht*;:� �>�

|t+〉 |t−〉
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

〈H〉αβ
�

� 〈H〉∗αβ




|t+〉

|t−〉
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V (x, y, z) = V (−x,−y, z). Q������ ?v�[S
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q = (−1)nx+ny Σ/|Σ| , Q��+���i?#?#S
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q = 1
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q = −1
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|bodd ↑〉 |beven ↓〉 |bodd ↓〉 |beven ↑〉



Vcent + Vs.o.;3 Vs.o.1 + Vs.o.;2
� �

Vs.o.1 − Vs.o.;2 Vcent − Vs.o.;3
� �

� �
Vcent + Vs.o.;3 Vs.o.,1 + Vs.o.;2

� �
Vs.o.;1 − Vs.o.;2 Vcent − Vs.o.;3




|bodd ↑〉

|beven ↓〉

|bodd ↓〉

|beven ↑〉
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Vcentr = Vkin + Vsp + VCoul δpq
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Ĥ = T̂ + V̂ =
N∑

i=1

t̂i +
1
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N∑

i=1

(t̂i + Ûi) +
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N∑

i=1

Ûi
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= Ĥ0 + Ĥ1
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i=1
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t̂i + Ũi
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|φj〉 = Ej|φj〉

Q ?��WE[S
&� #"T�B)9��ab)�� *�afLvI �qI+2<�!)+*8�M #:�0��!�� 'I�&� '"j�!)9*��YJ1Ht 12+$��lLim'*\&�09I+aA�!�� #I |φj〉

��I��!)+*d&� '"57  '&
�!)9*T�5*;I9�M #"B69"5 12909ag�

|φj〉 = |ϕ1(1)〉 ⊗ |ϕ2(2)〉 ⊗ . . .⊗ |ϕN(N)〉, Q ?�� VeS
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ĥ|ϕν〉 = (t̂ + Ũ)|ϕν〉 = εν|ϕν〉.
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.

.
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|δφ0〉 = δcsja
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s aj|φ0〉, j ≤ αN , s > αN , δcsj ∈ IC.
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αβ

〈α|t̂|β〉 〈φ0|a+
αaβ a

+
s aj|φ0〉 +

1
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∑

αβγδ

〈αβ|v̂|γδ〉 〈φ0|a+
αa

+
β aδaγa

+
s aj|φ0 〉 = 0.
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β aδ aγ a
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s aj|φ0〉 =
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〈 j|t̂|s〉 +
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[〈 jk|v̂|sk〉 − 〈 jk|v̂|ks〉] = 0.
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∑
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Q�?����i�#SUL'�

〈~r1|t̂+ Û |m〉 = 〈~r1|t̂|m〉 + 〈~r1| Û |m〉 = εm〈~r1|m〉 Q�?����iD[S
∫
d3r2 〈~r1|t̂|~r2〉 〈~r2|m〉 +

∑

k

〈~r1|k〉 〈 k|U |m〉 = εm〈~r1|m〉 Q�?��F� �[S

− h̄2

2m
~∇2

r1
ϕm(~r1) +

∑

k

N∑

l=1

ϕk(~r1)[〈 kl|v̂|ml〉 〈 kl|v̂|lm〉] = εmϕm(~r1)
Q�?��F��� S

− h̄2

2m
~∇2

r1
ϕm(~r1) +

N∑

i=1

∫
d3r2

∫
d3r3

[∑

k

ϕk(~r1)ϕ
∗
k(~r3)ϕ

∗
l (~r2)v(|~r3 − ~r2|)ϕm(~r3)ϕl(~r2)

−
∑

k

ϕk(~r1)ϕ
∗
k(~r3)ϕ

∗
l (~r2)v(|~r3 − ~r2|)ϕl(~r3)ϕm(~r2)

]
= εmϕm(~r1)

Q�?��F�#�#S

− h̄2

2m
~∇2

r1
ϕm(~r1) +

[ N∑

l=1

∫
d3r2ϕ

∗
l (~r2)v(|~r1 − ~r2|)ϕl(~r2)

]
ϕm(~r1) −

N∑

l=1

∫
d3r2ϕ

∗
l (~r2)v(|~r1 − ~r2|)ϕl(~r1)ϕm(~r2)

]
= εmϕm(~r1)

Q�?��F�'E[S

,.*A�C09�B29* �9I9*
UH(~r1) =

N∑

l=1

∫
d3r2 ϕ

∗
l (~r2)v(|~r1 − ~r2|)ϕl(~r2)

Q�?��F�vVeS
L'I92

UF (~r1, ~r2) =
N∑

l=1

ϕ∗
l (~r2)v(|~r1 − ~r2|)ϕl(~r1)

Q�?��F�#�#S
�B)9��ab)�L':�:� i�B�40+�j�! }"5*g�B"5���!* �!)+*d�4_ *;/e0qL �!�� 'I`Q ?��F�'E[S���I��!)+*Pa; 1 #"529��IqLv�5*n�569L'a;*d��I��5)9*n&� #:��
:� i�B��I+O &� #"57	�

− h̄2

2m
~∇2

r1
ϕm(~r1) + UH(~r1)ϕm(~r1) −

∫
UF (~r1, ~r2)ϕm(~r2) d

3r2 = εmϕm(~r1),
Q�?��F�'�[S
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�B)9*;"M*��!)+*�:� 1afL':B6qLv"M�
UH(~r1)

���8afL':�:�*A2 �!)+* �4L'"��!"M*;*�6t '�5*;I[�!��L':CL'I92 �!)+*�I9 #IeJ1:� 1afL':B6qLv"M�
UF (~r1, ~r2)

�!)9*�_� 1abZ�6N v�!*;I[�5��L':��}XY)9*�:�Lv�5�5*;"=)qL'�n���!�= #"5��O#��I���I<�!)+*%L'I[�!���M$1787\*g�!"5���fLv�5�� #I� '&
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U(~r1, ~r1
′ ) =

N∑

l=1

∫
ϕ∗

l (~r2)v(|~r1 − ~r2|)ϕl(~r2) d
3r2δ(~r1, ~r1

′ )

−
N∑

l=1

N∑

k=1

ϕ∗
l (~r2)v(|~r1 − ~r2|)ϕk(~r2) d

3r2 · ϕ∗
k(~r1

′ )ϕl(~r1).
Q�?��F�#?#S

�T*;*;6+��I9Od��Ic78��I92%�5)qLv�
∫
ϕ∗

k(~r1
′ )ϕm(~r1

′ ) d3r1
′ = δkm

Q�?��F�'r[S
�l*="5*g�B"5���!*8Q ?1�@�'E#SUL'�

− h̄2

2m
~∇2

r1
ϕm(~r1) +

∫
U(~r1, ~r1

′ )ϕm(~r1
′ ) d3r1

′ = εmϕm(~r1).
Q�?��F�'D[S

XY)9* 6t '�!*AIe�5��L':
U(~r1, ~r1

′ )
�B)9��ab) L'696t*fLv"5�%��I *;/��>Q ?1�@�'D#S\���\��I929*A6N*AI929*AIe�� #I �5)9* �5��I9O#:�* J
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|ϕl(~r2)|2v(~r1, ~r2 )

�B)+*;"5*;L'�n�5)9*\* ��ab)qL'I9O#* Q�_q �abZ�ST6qL'"��naA #I[�bL'��I9�=�5)9*���I[�!*;O'"!L':� '& �!)9*8�!*;"M7
ϕ∗

l (~r2)ϕk(~r2)v(~r1, ~r2 )
��� &Y�!)+*��M�!Lv�!*A�

l
L'I92

k
L'"M*8m'*;"M$<29���~*A"5*;I[�-�! �*;L'ab)  '�5)9*;"=�!)9*AIR�!)9*

69"5 12909ag�
ϕ∗

l (~r2)ϕk(~r2)
�B��:�:Uab)9L'I9O#*c���5�d�5��O'Ip&�"M*;/e09*AIe�5:�$p��Ip�5)9*c"5*AO#�� #I��B)9*A"5*

v(~r1, ~r2 )
���

*;�M�5*;I[�5��L':�:�$ I+ #I1J1�A*;"5 �B)9��ab) 7\L'Zv*;���lL'�dL a; #I+�5*;/e09*AI9a;* �U�!)9��� �!*A"57 �M09H9���bL'I[�!��L':�:�$ �M7�L':�:�*A"
L'�>a; #786qL'"M*;2��! }�!)+*82+��"5*AaA�>�!*A"57 �B)+*;"5* |ϕl(~r2)|2

a; #I[�!"M��H90��!*;�>7\L�����7\L':�:�$#�=XY)9���T&�L'ag�=��7 �
69:���*;�j�5)qLv�>�!)9*8* ��ab)qLvI9O#*�69L'"M�> '& �!)9*86t '�!*AIe�5��L':o���>09�509L':�:�$��57\L':�: a; #786qL'"M*;2 �! c�!)+*\29��"5*AaA�
a; #I[�5"5��H+0+�!�� #I<Q�I9 '�CLv:��lLi$1��� �q29*;6t*;I92+��I9Od #Ic�!)9*T&� #"M7  '&(�!)+*=��I[�!*;"5L'aA�5�� #IqSg�

XY)9*-*AI9*;"MO'$} '&(�!)+*=O'"5 #09I+2
���bLv�5*=���YO#��m'*;I
L'�

EHF = 〈φ0|Ĥ|φ0〉 =
N∑

j=1

〈 j|t̂|j〉 +
1

2

N∑

j,k=1

(〈 jk|v̂|jk〉 − 〈 jk|v̂|kj〉) =

N∑

j=1

εj −
1

2

N∑

j,k=1

(〈 jk|v̂|jk〉 − 〈 jk|v̂|kj〉) =

N∑

j=1

〈 j|t̂+ 1

2
Û |j〉 =

N∑

j=1

(
εj −

1

2
〈 j|Û |j〉

) Q�?��WE��[S

� 	 � ��� � � ���+*�� 
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.� �
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L'6969"M �+��7�L �!�� 'I �
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E
���YO#��m'*;I�H[$

E(N,Z; def) = ELDM(N,Z; def) + δEshell(N,Z; def) + δEpair(N,Z; def)
Q�?��WE+� S

�!)qL �^��� �[He$-�!)9*Y�M097� '&NLj:���/e09��2eJ129"5 '6-�w$16N*B*AI9*;"MO'$
ELDM

�eLj�M)9*;:�:9a; '"5"5*AaA�5�� #IP*AI9*;"MO'$
δEshellL'I92
LP6qL'��"M��I9OP*AI9*;"MO'$

δEpair
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ẽ(n)dn =
∞∑

n=1

{
1

2
[1 + erf(ũn)] − 1
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• XY)9*>29���~*A"5*AI9a;*A�C v&oH9��I929��I9O *;I+*;"5O'��*;�B '&(I9*A��O#)eHt #09"M��I9OP*gm#*;IeJ1*Am'*;I L'I+2�*gm#*AI1J1 1292
Ie0 �
a;:�*;�^��I929��a;Lv�!* L�:� � *;">�M*;6qL'"5Lv�!�� #I�*;I9*A"5O'$� v& �5)9*d �292�mvL':�*AI9a;*P69L'"M�5��a;:�*dL'�>a; #786qL'"M*;2
�! P�5)9*>*Am#*AI�Ie09aA:�*; 'I��

• XY)9*�:�L'"MO#*c*;I9*A"5O'$ O[L'6 Ht*A�w� *;*AI �!)9*
O#"5 #0+I92 �M�!Lv�!*�L'I92��5)9* �9"5�M��* ��a;���!*A2 �M�bL �!*� v&
*Am'*;I1Je*Am#*AI Ie09a;:�*;� �

• XY)9*}78 #78*;I[�!�n '&C��I9*A"M�!��L
�B)9��ab)p� *;:�:U"5*A69"5 12909aA*%�!)9*}"M '�bL �!�� 'IqL':��56t*;ag�!"!L  '&�Lv�5 #78��a
Ie09a;:�*;�."M*;/e09��"M*T�!)9*>��I+a;:�0+�5�� 'I} '&u�5)9*>6qL'��"5��I+O ��I[�!*A"!L'ag�!�� #I9�;�

�wI��569���!*P '& �509ab)�m#*A"M$ "M��ab)�* ��6t*;"M��78*;I[�bL':o*Am1��29*AI9a;*d '&��!)+*P6qL'��"M��I9O�a; #"M"5*;:�Lv�!�� #I9����I�Lv�5 #7\��a
Ie09a;:�*;�o���4�����t��I�&�L'aA���~I9 '��*fLv�M$��! %* ���5"!L'ag�T6909"M*n6qLv��"5��I9O8*A�N*;aA�5�j&�"5 #7 �5)9* 78� �1�!0+"5*= '&^ '�5)9*;"
a; #:�:�*AaA�!��m#* �9�5)9 '"M��L'I92c:� 'I9Od"!L'I9O'*Ta; #"M"5*;:�Lv�!�� #I9�l�B)+��ab)���I+�q0+*;I9aA*=�5)9*>* ��6N*A"5��7\*AIe�!L': "M*;�50+:��!�A�

XY)9*>7\*g�!)9 12} #"5��O#��I9L':�:�$P��I[�!"M �2+09a;*A2�H[$�%lL'"529*A*;I��tkl 1 #6t*;"YLvI92
K�ab)9"5��*A�N*;"-Q %UkYK9S .Wr#? 0
&� #"��5"5*fL �!��I+O 6qL'��"5��I+ORa; '"5"5*A:�Lv�5�� #I+����I��5 #:���21J1���bLv�5*�69)[$1�5��a;�c)qL'��HN*A*;I L'2qL'6��!*;2 �5 Ie09a;:�*fL'"
69)[$1�5��aA��H[$ %l*A:�$#L'*Am . r#r 0��

XY)9���U��I[�!*;"5L'aA�5�� #I����l v&u�M)9 #"��Y"!L'I+O#*TL'I92\�!)9*T���bLv�5*;�U '& �*%$�N���&	 Ie09a;:�*; #I+�YL'"5*4ab)qL'"!LvaA�!*A" �
���A*;2�He$��!)9*T�!��7\*bJ1"5*gm#*A"5�!Lv: �!"!LvI9�M&� #"M7�L �!�� 'I

|α̃〉 = K̂|α〉, Q ?�� V9� S
�B)9*;"M* |α〉 = |j,m〉, |α̃〉 = |j,−m〉 �B)9��:�* j LvI92 m

Ht*;��I+O`"M*;�M6N*AaA�!��m#*A:�$ �5)9* �! '�!L':
L'I9O#0+:�L'"U78 #78*;I[�!0+7 /e0qL'I[�!0+7 Ie097 Ht*;"B '&uLPI10+a;:�*A #I
L'I92c���5�U69"5 ��M*;aA�5�� #Ic #I}�5)9*>/109L'I[�!���;L��
�!�� #I�L���*;�;��XY)9*\�M*A�- '&U�M��I9O':�* Je6qL'"M�5��aA:�* :�*Am#*A:��=L'"M #09I92��!)9*\_q*;"M7\�^�M09"M&�L'aA*�L �~*AaA�!*A2RH[$ �!)+���
��I[�!*A"!L'ag�!�� #I}���B09�M0qL':�:�$�"M*A&�*A"5*;2��! 8L �*%$�N�X�N+�"k���N+�	���� �

,G*g�U09� a; #I+�5��2+*;"��!)9*
j− �M)9*;:�:N��I�L=I10+a;:�*A09�;��XY)9*��5*g�U '&./e0qLvIe�5097�Ie097 Ht*;"5� ab)qL'"5L'aA�5*;" �

���A��I9O �5)9���Y�M)9*;:�:.��� |µ〉 �
(j,m) =⇒ µ

|µ〉 = c+µ |0〉 = |j,m〉 = c+jm|0〉
Q ?�� Ve�#S

L'I92c�!)9*T�5��78* J1"M*Am#*A"5�M*;2��M�bL �!*

|µ̄〉 = (−1)j+m|j,−m〉 = (−1)j+mc+j−m|0〉.
Q ?�� V[E[S

K�09696t #�5*\�!)qLv�=�!)+*���I[�5*;"!LvaA�!�� #I���I L�7 09:��!� J[&�*;"578�� 'I �M$1�M�5*;7 :�*fLv29�-�5 
�!)+*��5a;Lv�5�5*;"M��I9O
 '& �5)9*n6qLv"M�!��a;:�*;�;�B�wI9���!��L':�:�$ �+ 'I9:�$}�5)9*n:� � *;���j���bLv�5*;�jHt*;:� � �!)9*n_�*A"578�G�509"�&�L'a;*nL'"5*= �aAa;096+��*;2
L'I92 �!)9*� '�5)9*;"M��L'"M*�*;786+�w$#� � )9*;I �!)9*���I[�5*;"!LvaA�!�� #I ���c�M�B���!ab)9*A2  #I �j*fL'ab)�:�*gm#*;:>)qLv��L
a;*A"M�bLv��I�69"5 #H9L'H9��:����w$
 '&UHt*;��I9Oc �aAa;096+��*;2< #">*;786+�w$#��,.*A�

uν
Ht*d�!)9*d69"M #HqL'H9��:����w$ L'7869:����!092+*

�!)qL �}�!)9* �M��I9O#:�* J169L'"M�5��a;:�*����bLv�5*
eν

���}*;786+�w$ L'I92
vν
Je�!)qL �%�!)9���}�M�!Lv�!* ���} �aAa;0969��*;2 Q��B���!)

vν + uν = 1
Sg�=XY)9*P�lLim'*8&�0+I9aA�5�� #I aA #"5"M*;�56t #I92+��I9O%�5 c�5)9���4�5���50qLv�5�� #I�a;L'I�HN* �B"M���M�!*;I�L'�>L
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�� ��� ��� � � � � � � ���&	 ��� ��� � � � � ��� � ��� � � � ��� � � 	 � ���

:���I9*fL'"GaA #7 H9��IqLv�!�� #I> '&9�5)9*�mvL'aA09097 �M�!Lv�!*  '&9�5)9* &�*A"578�� #I>�M$1���!*;7 |0〉 L'I+2-�!)+*l�M�!Lv�!*� 1a;a;0+69��*A2H[$}�!)9*>6qL'��" |ν, ν̄〉 = c+ν c
+
ν̄ |0〉

|φν〉 = uν|0〉 + vν c
+
ν c

+
ν̄ |0〉, Q ?�� V#VeS

�B)9*;"M*
cν

�
c+ν

L'"M*\"M*;�M6N*AaA�!��m#*A:�$ �!)+*\LvI9I9��)+��:�L �!�� 'I L'I92�a;"M*fLv�5�� #I� #6t*;"5Lv�! #"M�> '&YL}&�*;"M7\�� #I ��I
�M�!Lv�!* |ν〉 &� #"��B)9��ab)}�5)9*TL'I[�!��a; #787 0+�!Lv�! '"�"M*;:�Lv�!�� #I {cν, c+ν′} = {c+ν , cν′} = δνν′

)9 ':�29�A� s4�BL
a; #I+�5*;/e09*AI9a;* �(� *PafLvI * ��6N*AaA�T�5)qLv�4�5)9* �! v�bL':G�ULfm'* &�09I9aA�5�� #I  v&^�!)9* *gm#*AI<��$����!*A7  '&

Nwind&�*;"M7\�� #I9�Ya; 'Ie�!L'��I+*;2c��I}�!)+* �*%$�N�X�N+�"k���N+�	���� a;L'I
Ht*T�B"5���5�!*AI�L'�

|φ〉 =
∏

ν∈Nwind

(uν + vν c
+
ν c

+
ν̃ )|0〉, Q ?�� Ve�#S

�B)9*;"M*T��� afL'I}Ht*j�M)9 i�BIc�5)qLv� �!)9*TLv7\69:����50929*;�
uν

�
vν
 v&.�!)9*j6+"5 #HqLvH9��:����w$P�!)9Lv�l�5)9*j�M�!Lv�!*

ν
���

*;���!)9*A"Y �aAa;0969��*;2� #"Y*;786+�w$ �9&�09:��q:N�!)9*>I9 #"M7�Lv:����;Lv�!�� #I�aA #I929���!�� #I

〈φ|φ〉 = 1 if and only if u2
ν + v2

ν = 1, ν = 1, . . . , Nwind.
Q�?�� V[�[S

K���I+a;*B�������^* ��6N*A"5��7\*AIe�!L':�:�$nZeI9 i�BI8�!)qLv���5)9*BO#"5 #0+I92\���bLv�5*B '&~*gm#*AI1J1*Am'*;I}Ie09aA:�*;��Lv:��lLi$1��)qLfm#*
L'I�L'I+O#09:�Lv"=78 #78*;I[�!0+7�*;/e0qL':��! 
�;*;"M %�o� *%a; 'I9a;:�0929*d�!)qLv�-�!)9*\�5a;Lv�5�5*;"5��I9O�a;L'09�M*;2�H[$��!)9*
6qL'��" ��Ie�5*;"5L'aA�5�� #I\I9*Am'*;"UH9"M*fL'Ze�YL-6qL'��" �eH90+�U"5Lv�!)+*;"l�MafLv�M�!*A"5�U #I+*46qL'��"jQ

α, ᾱ
S^�! PL'I+ '�!)9*A"l6qLv��"

Q
β, β̄

S �B)9��ab)
��7\6+:���*A� �5)qLv�B�!)9*>6qLv��"5��I9OP��L'7\��:��5 #I9��LvI�afLvI
Ht*T�B"5���M�!*AI���I}�!)9*T&� #"M7

Ĥpair =
∑

αβ

Gαβ c
+
β c

+
β̄
cᾱcα,

Q�?�� Ve?#S

�B)9*;"M*
Gαβ = 〈ββ̄|v̂|αᾱ〉 ���=�5)9*\L'6969"M #69"5��Lv�!*d6qLv��"5��I9Oc7�L �!"5��� *A:�*;78*;I[�5�- '&l�!)9*d�w�l J1HN 12+$��I[�!*A"!L'ag�!�� #I �
kl #7\69L'"5��I9O�I9 i���!)9*%L'HN im'*}* ��69"5*A�5�M�� #I��B���5)R�!)+*%O#*;I+*;"!Lv:U* ��69"M*;�5�M�� #I�&� #"=�!)9*\�w�l J

HN 12+$c��L'78��:��5 #I9��L'I
Ĥ(2) =

1

2

∑

αβγδ

〈αβ|v̂|γδ〉 c+α c+β cδcγ
Q�?�� V[r[S

�l*=O#*g�
〈αβ|v̂|γδ〉 = Gαβδβ̃α

δ
γ̃δ
.

� ������&�"M*;/e09*AIe�5:�$�L'�M�50978*;2 �5)qLv���!)9*�7\Lv�!"M� � *A:�*;78*;I[�5�
Gαβ

Lv"5*��M�bL �!*���I929*A6N*AI929*AIe���-���W*v�
Gαβ ≡ Gpair

��XY)+* �4L'78��:��! #I+��L'I Q�?��WV[?#Sn�!)9*AI a; #"M"5*;�M6N 'I929�\�5 R�!)+*��5 J1afL':�:�*A2 �#��+e���P��� �
�*%$�N�X�N+�" ��I[�5*;"!LvaA�!�� #I9�BHt*A�w� *;*;I�I10+a;:�*A #I9�� '&o�5)9*-�5L'78*-ab)qLv"5O#*=�M�!Lv�!*

q
L'I92
��Ic�!��78*T"5*gm#*A"5�5*A2

�M�!Lv�!*A�;�
XY)9*Tm'Lv:�09*A�Y '&G�!)9*>a; 1* �8aA��*;I[�5�

uν
LvI92

vν
L'"M*T�M�!��:�:t09I9ZeI9 i�BI ���wIc #"529*A"U�! d29*g�!*;"M7\��I9*

�!)9*A��"UmvL':�09*;�Y� *=0+�5*>�!)9*TmvL'"5��Lv�!�� #IqL':t78*A�!)+ �2%�5 \78��I9��7\���;*B�!)9*>*AI9*;"MO'$} '&(�!)9*>��$����!*A7

δ
(
〈φ|Ĥpair|φ〉uν ,vν

)
= 0,

Q ?�� V[D[S
�B)9*;"M*PI9 i�

uν
�
vν
L'"M*-�!)+*nmvL'"5��Lv�!�� #IqL':.6qLv"!L'78*A�5*;"5�A�TXY)9* 09I+69:�*;L'�!L'I[�j&�*;Lv�!0+"5*  '&^�5)9* %YkYK

�ULfm'*c&�0+I9aA�5�� #I Q�?�� Ve�#ST���-�5)qLv�P���naA #I[�bL'��I9�n�5*;"578�naA #"5"M*;�M6N #I+29��I9O��5 �29���~*A"5*;I[�PIe097nHN*A"5�  '&



������� ��������
�� ��� ��� � � � � � � ���&	 ��� ��� � � � � ��� � ��� � � � ��� � � 	 � �#�

6qL'"��!��aA:�*A�;��s4�dL'Ip* �9Lv7\69:�* �^:�*A�P09� �B"M���5*%* ��69:���a;���!:�$��5)9���-&�09I9aA�5�� #I &� '"-�!)+*}�5��7869:�*;�M� afL'�M* �
�B)9*;"M*- 'I9:�$\�w�l 8Ie09a;:�*; #I��5��I9O#:�*bJ16qL'"��!��a;:�*��M�!Lv�!*A��Lv"5*=Lfm'Lv��:�LvH9:�* �

|φ〉2 = (uα + vαc
+
α c

+
ᾱ )(uβ + vβc

+
β c

+
β̄
)|0〉 =

(uαuβ)|0〉 + (uαvβc
+
β c

+
β̄

+ uβvαc
+
α c

+
ᾱ )|0〉 − vαvβc

+
α c

+
β c

+
ᾱ c

+
β̄
|0〉. Q ?��F� �[S

_q"5 #7 �!)9*8L'Ht im#*d�l*dafLvI<�M*;*d�!)qLv� |φ〉2 aA #I[�bL'��I9�T�!)9"M*;*P�w$16N*d '&l�M�bL �!*;� �> #I9*d�;*A"5 J169L'"M�5��a;:�*�M�!Lv�!* ���w�  `�w�  J16qLv"M�!��a;:�*��M�!Lv�!*A�
LvI92  #I9*�&� #09"wJ16qL'"��!��a;:�*��M�bL �!*'��_� '"}Lv�! '7\��a�Ie09a;:�*;�T '& �
I9*;0��!"5 'I9�TL'I92 !R69"5 '�5 #I9�C�l* )9Lim'*n�! �6N #���!09:�Lv�!*>�!)9Lv�j��I
�!)+* %YkYK�78*A�5)9 �2��!)9*nI10+7 HN*A"4 '&
6qL'"��!��aA:�*A�nQ�!RL'I92 �jSB7 09�M���tLv�4:�*fL'��� ��Ht*na; 'I9�5*A"Mm#*A2  #I
�5)9* Lfm'*;"!LvO#* �N� � *'�U�B���5)��5)9*n69L'"M�5��a;:�*
Ie097 Ht*;"B #6t*;"!L �! #"

N̂ =
∑

ν∈Nwind

(c+ν cν + c+ν̃ cν̃)
Q�?��F��� S

�l*=�5)+ #09:�2c)qLfm'*

〈φ|N̂ |φ〉 = Nwind.
Q�?��F�#�#S

XY)9*�mvL'"M��Lv�5�� #I9L':969"M��I9aA��69:�*=Q ?�� V[D[So�B���5)\�5)9*jL'Ht im#*Ca; #I+�M�!"5L'��I[� afL'I�HN*C"5*g�B"5���M�!*AI���Id�!)+*�&� #"M7

δ
(
〈φ|Ĥpair − λ N̂ |φ〉uν ,vν

)
= 0

Q ?��F�'E[S
�B)9��ab)
:�*;L'29�-Q�&� #"BLda; 'I9�M�!L'I[�46qLv��"5��I9OP7\Lv�!"M� �}*A:�*A7\*AIe�

Gαβ = Gpair
SU�! P�5)9*-�M*A�� '&ua; #096+:�*;2

%YkYK}*;/e0qLv�5�� #I9�B '&(�!)+*>&� '"57	�




Nwind =
∑

ν∈Nwind

2v2
ν =

∑
ν∈Nwind

{
1 − eν−λ√

(eν−λ)2+∆2

}
,

2
Gpair

=
∑

ν∈Nwind

1√
(eν−λ)2+∆2

,

Q�?��F�vVeS

�B)9*;"M*

∆ = Gpair

∑

ν∈Nwind

uν vν.
Q�?��F�#�#S

XY)9*= �aAa;096qL �!�� 'I}69"5 #H9L'H9��:����5��*;�lL'696t*fL'"M��I9OP��Ic*;/��uQ ?�� Ve�#SlLv"5*>O#��m'*;I�H[$

v2
ν =

1

2

{
1 − eν − λ√

(eν − λ)2 + ∆2

}
.

Q�?��F�'�[S

XY)9* 6qLv��"5��I9OdO[L'6
∆
LvI92��!)+* ,GL'O#"5L'I9O#*=7 09:��!��6+:���*A"

λ
�B)9��ab)�)9L'���5)9*n78*fL'I+��I9O8 '& �5)9* %YkYK

_q*;"578� *AI9*;"MO'$cL'"M*=O'��m#*AI
H[$%�5)9*>�5 #:�0+�!�� #I9�U v&u�5)9*=L'HN im'* ��a; #0+69:�*A2 %UkYK�*;/e0qL �!�� 'I9�;�
XoL'Ze��I9O\��I[�! \L'a;aA #09I[���5)9*>6qL'��"5��I+O8aA #"5"M*;:�Lv�!�� #I9�����!)9*>O#"M #09I921Je�M�bL �!*=*;I9*A"5O'$c '&u�!)9*>Ie0 �

a;:�*;09�B���YO'��m#*AI��B���!)9��I%�!)9*&%YkYK}78 �29*A:.L'�

E(BCS)
g.s. = min [〈φ|Ĥpair − λN̂ |φ〉]. Q ?��F�#?#S

 #"Y* ��69:���aA���!:�$�H[$

E(BCS)
g.s. =

∑

ν∈Nwind

2eνv
2
ν −

∆2

Gpair
−Gpair

∑

ν∈Nwind

v4
ν .

Q�?��F�'r[S
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� ����� � ��(*! ��!#" � ) ,*�&��� ) $ !#,*"

XY)9*C�5*;aA #I928�w$�6t*B '&N7\��a;"5 '�5a; '69��aU�M��I9O':�* Je6qL'"M�5��aA:�*laA #"5"M*;ag�!�� 'I��[�!)9*B6qL'��"5��I9Oja; '"5"5*AaA�5�� #I��1L'"M���M*;�
&�"5 #7 �5)9 #"���J1"5L'I9O#*8��I[�5*;"!LvaA�!�� #I� '&UaA #"5"M*;:�Lv�!*A2<6qLv��"5�> '&lIe09a;:�*; #I9�=78 m1��I9Oc��I��!��78* Je"5*Am'*;"M�5*;2
 #"5H+���!�d29*A�5aA"5��Ht*;2 ��I��!)+*
69"M*Am1�� '09�d�5*;ag�!�� #I ��XY)+���d���P�!)+*
78 #�M�d��7\6t #"��bL'I[�dL'I+2�"5*A:�Lv�5��m'*;:�$
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3

-1953

-1953

-1
95

3

-1953

-1
95

0

-1950

-1950

-1950

-1950

-1950

-1950

-1
94

7

-1947

-1947

-1947

-1947
-1947 -1947 -1947

-1947

-1947

-1
94

4

-1
94

4

-1944

-1944

-1944

-1944

-1944

-1
94

1

-1941

-1941

-1941 -1
94

1

-1938

-1938
-1938

-1938

-1935-1935

-1935

0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
-0.25

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

0.25

    E_tot

Hs160Hs268
108

-1958.0
-1957.0
-1956.0
-1955.0
-1954.0
-1953.0
-1952.0
-1951.0
-1950.0
-1949.0
-1948.0
-1947.0
-1946.0
-1945.0
-1944.0
-1943.0
-1942.0
-1941.0
-1940.0
-1939.0
-1938.0
-1937.0
-1936.0
-1935.0

E [MeV]

 c

  h

 a=5-2c, B=h(3c-1)

_o��O'09"5*nr+�@� ��X( '�bLv:oIe09a;:�*fL'"4*;I9*A"5O'$�L'�TL�&�09I9ag�!�� #I  '&^�!)+*P*;:� 'I9O[Lv�5�� #I
6qL'"!Lv7\*g�!*;"
c
L'I+2��!)9*

I9*;abZ}69L'"!L'78*A�5*;"
h
&� '"U�w�l \L'aA�5��I9��29*;� 232 XY)
L'I92 240 '^0�LvI92}�!)9*>)9*;Lime$c*A:�*;78*;I[� 268 ���
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-1910.00

-1910.00

-1910.00

-1908.00

-1908.00

-1908.00

-1
90

8.
00

-1908.00

-1906.00

-1906.00

-1906.00

-1906.00

-1906.00

-1906.00-1
90

6.
00

-1906.00

-1904.00

-1904.00

-1904.00

-1904.00 -1904.00

-1904.00
-1904.00

-1902.00

-1902.00

-1902.00

-1
90

2.
00

-1902.00 -1902.00

-1902.00

-1900.00

-1900.00

-1900.00 -1900.00

-1898.00

-1898.00

-1898.00

-1896.00

-1896.00
-1894.00

-1894.00
-1892.00

-1892.00
-1890.00

-1890.00-1888.00
-1888.00

1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70
-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

                 E_tot

X154X266
112

-1910.0
-1909.0
-1908.0
-1907.0
-1906.0
-1905.0
-1904.0
-1903.0
-1902.0
-1901.0
-1900.0
-1899.0
-1898.0
-1897.0
-1896.0
-1895.0
-1894.0
-1893.0
-1892.0
-1891.0
-1890.0
-1889.0
-1888.0
-1887.0

E [MeV]

 c

   
 h

a=5-2c, B=h(3c-1)

-2
12

2

-2122

-2122

-2
12

2

-2122

-2
11

9

-2119

-2119

-2
11

9

-2119

-2
11

9

-2
11

6

-2116

-2116
-2116

-2116
-2116

-2116

-2116

-2116
-2116

-2
11

3

-2
11

3

-2113

-2113

-2113

-2113

-2113

-2
11

3

-2113

-2113
-2110

-2110

-2110

-2110

-2110

-2
11

0 -2110

-2110
-2107 -2107

-2107

-2107
-2107

-2107

-2104
-2104

-2104

-2101
-2101

-2101

0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
-0.25

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

    E_tot

X184X298
114

-2124.0
-2123.0
-2122.0
-2121.0
-2120.0
-2119.0
-2118.0
-2117.0
-2116.0
-2115.0
-2114.0
-2113.0
-2112.0
-2111.0
-2110.0
-2109.0
-2108.0
-2107.0
-2106.0
-2105.0
-2104.0
-2103.0
-2102.0
-2101.0

E [MeV]

 c

  h

 a=5-2c, B=h(3c-1)

-1864.00

-1864.00

-1864.00

-1862.00

-1
86

2.
00

-1862.00

-1862.00

-1862.00 -1862.00

-1862.00

-1860.00

-1860.00

-1860.00

-1860.00

-1860.00
-1860.00

-1860.00

-1858.00

-1858.00
-1858.00

-1858.00

-1858.00
-1858.00

-1858.00

-1856.00

-1856.00

-1856.00

-1856.00
-1856.00

-1854.00

-1854.00

-1854.00

-1852.00

-1852.00
-1850.00

-1850.00
-1848.00

-1848.00
-1846.00

-1846.00
-1844.00-1842.00

1.00 1.10 1.20 1.30 1.40 1.50 1.60
-0.25

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

      E_tot

X150X266
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-1864.0
-1863.0
-1862.0
-1861.0
-1860.0
-1859.0
-1858.0
-1857.0
-1856.0
-1855.0
-1854.0
-1853.0
-1852.0
-1851.0
-1850.0
-1849.0
-1848.0
-1847.0
-1846.0
-1845.0
-1844.0
-1843.0
-1842.0
-1841.0

E [MeV]

 c

   
 h

a=5-2c, B=h(3c-1)

_o��O'09"5*8r+�WE �>XY)9*\�5 '�bLv: J1*AI9*;"MO'$�:�L'I929�MafL'6t*8&� '">�5)9"5*A*\�M096t*;"�Je)9*fLfme$�*;:�*A7\*AI[�!��� 266
112X

� 298
114X

�
L'I92 266

116X
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-1942.00

-1942.00
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00-1942.00
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94
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00

-1940.00

-1940.00

-1940.00
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-1
94
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00
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93

8.
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8.
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-1938.00

-1938.00

-1938.00

-1938.00

-1938.00
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93
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00

-1936.00

-1936.00

-1936.00
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9
3
6
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0
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-1
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4.
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-1934.00
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2.
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0

-1932.00

-1930.00

-1
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-1
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-1926.00

-1924.00

-1922.00
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-0.15

-0.10

-0.05

0.00
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0.10
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     E_tot

X158X270
112

-1944.0
-1943.0
-1942.0
-1941.0
-1940.0
-1939.0
-1938.0
-1937.0
-1936.0
-1935.0
-1934.0
-1933.0
-1932.0
-1931.0
-1930.0
-1929.0
-1928.0
-1927.0
-1926.0
-1925.0
-1924.0
-1923.0
-1922.0
-1921.0

E [MeV]

 c

  
  
h

a=5-2c, B=h(3c-1)

-1
99

0.
00

-1990.00

-1
98

8.
00

-1988.00

-1988.00

-1988.00

-1
98

8.
00-1988.00

-1
98

6.
00

-1986.00

-1986.00

-1986.00

-1
98

6.
00

-1986.00

-1986.00

-1
98

4.
00

-1984.00

-1984.00

-1984.00

-1984.00

-1984.00

-1984.00

-1
98

4.
00

-1984.00

-1
98

4.
00

-1
98

2.
00

-1982.00

-1
98

2.
00

-1982.00

-1
9
8
2
.0

0

-1982.00
-1982.00

-1982.00

-1
98
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00

-1980.00

-1
98
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00

-1980.00

-1980.00

-1980.00-1
9
7
8
.0

0 -1978.00

-1
978.00

-1978.00

-1
97

6.
00

-1976.00

-1976.00

-1974.00

-1974.00

-1974.00

-1972.00

-1970.00

-1968.00

1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70
-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15
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     E_tot

X164X276
112

-1990.0
-1989.0
-1988.0
-1987.0
-1986.0
-1985.0
-1984.0
-1983.0
-1982.0
-1981.0
-1980.0
-1979.0
-1978.0
-1977.0
-1976.0
-1975.0
-1974.0
-1973.0
-1972.0
-1971.0
-1970.0
-1969.0
-1968.0
-1967.0

E [MeV]

 c

  
  
h

a=5-2c, B=h(3c-1)

_o��O#09"5*jr+�WV �^Xu '�!L':.Ie09a;:�*fL'"Y*AI9*;"MO'$}&� #"U�w�  \*A:�*A7\*AIe�5� 270
112X

LvI92 276
112X

� 	 � � ��� 
 * �
"�
 * � 
�� � ��� ��
 � ��� � ��" � ��� 
 � ����
�( �
�wI �5*AaA�!�� #I��+�F�8� * )qLfm#*P��Ie�5"5 12909aA*;2��!)+* 7\ 129� �q*;2�m#*;"M�5�� #I  '&^�!)+*P_ ���M)qL'6t* 6qL'"5L'7\*g�!"M���fL �
�!�� #IP�B)9��ab)8&� #"�L>:� #I9OT�!��7\*U�lL'���!)9*�L':��!*;"MIqLv�5��m#*U&� '"��5)9*B�5)qLv6N*C29* �9I9���5�� #I9��H[$P�!)+*C�M69)9*A"5��a;L':
)qL'"M7\ #I+��a;�A� �R*8L':��5 �29���Ma;09�M�5*;2��!)9*\,G3x*AI9*;"MO'$�L'�T&�09I9ag�!�� #I< v&l�!)+*8I+*;abZ�6qL'"5L'7\*g�!*A"

a
��I

*;/��uQ��+�F��� SU���bLv�5��I9Od�!)qL �C&� '"�Ld:�Lv"5O#*T"5L'I9O#*= '& ���!�YmvL':�0+*>�5)9*=,G3 *;I+*;"5Ov$[Je:�L'I92+�5afLv6N*A�4"5*A7�Lv��I
69"!LvaA�!��afL':�:�$P0+I9ab)qL'I9O'*;2%�! -�B���!)+��I�� ��� J�E�� �=Zv*�� �9��Lfm���I9O I9 i� �5)9*jL'H+��:����w$P '&G29*A�5aA"5��H+��I9O=�!)9*
�5)9*A:�:qLvI92P6qL'��"5��I+Oj*;I9*A"5O'$na; #I[�5"5��H+0+�!�� #I9�o� *U�l '09:�2d:���Z'*��! TafLv"5"M$n #0+��Lj�M��78��:�Lv"(��I[m#*;���!��O[Lv�!�� #I
L'I92�* �+L'78��I9*j�5)9*>��I+�909*;I9aA*> '&u�5)9*>I9*;abZ}69L'"!L'78*A�5*;"

a
 #I}�!)9*T�! v�bL': Ie09aA:�*;L'"B*;I9*A"5O'$'�

L
Eg.s.

Q��
*��>S
Emax

I

Q��
*��>S
Emin

II

Q��
*��>S
Emax

II

Q �
*��TS
�#� � �b�ir+�'�#�FD �!�ir��#���@� �!�ir+�����@? �b�ir �[���F�
��� � �b�ir+�i����� �!�ir��[�1�FD �!�ir+�����FD �b�ir �+�#�WD
E+� � �b�ir+�i����� �!�ir��[�1�@� �!�ir+�����FD �b� ?vD#D+�WD
V9� � �b�ir+�'�#�Fr �!�ir��'V+�@� �!�ir+�#�'��� �b� ?vD#r+�W�
��� � �b�ir+�'�#�@? �!�ir��'V+�@? �!�ir+�����@? I9 '�B* �����M�!��I9O

XoLvH �#r+���p_o���5�5�� #I1J1H9L'"5"M��*;"G���bLv�5�� #IqLv"M$=6N '��I[�!�u '& 240 '^0dL'�o&�09I9ag�!�� #I  '&q�5)9*UI9*AabZn6qL'"5L'78*A�!*A" a �

K1�!092�$���I9O�XuL'H �Cr+�����l*< #H9�5*A"Mm'*<�!)9Lv�
&� '"c�5)9*�:� i�l*A�M��mvL':�09*A�
 v& 6qL'"5L'78*A�!*A"
a
�T� � *'�

a = 1.0
LvI92

a = 2.0
�U�!)9*
�5*;aA #I92 �!Lv2929:�*�6t #��I[��L'I92��5)9* ���:�N� 6N '��I[�\&�"M #7 �!)9*
HqL'"M"5��*A"

:���*}*;I9*A"5O#*g�!��a;L':�:�$R:� i�l*A"d�5)qL'Ip&� #"P�!)9*c)9��O#)9*A"
a− mvL':�0+*;�;�`XY)9���8"M*fL'�M #I9��I9O<�M)9 i�B�8�5)qLv�d&� #"m#*A"M$ *A:� #I+O[Lv�!*A2RIe09aA:�*fLv"n�5)9L'6N*A� a;:� #�5*8�! ��5)9*��Ma;���5�5�� #I aA #I �qO#0+"!Lv�5�� #IRL
"5*;L'�5 'IqL'H9:�*�ab)9 #��a;*

 '&>�!)9* I+*;abZ 6qL'"5L'78*A�!*A"%���
a ≈ 1.0

� �C '�!��a;* L':��5 �5)qLv�}�!)+* )9*;��O#)[�} '&>�!)9* �9"5�M�cH9L'"5"M��*;"
���8/e09���5*���I+�5*;I+�5���5��m'*��5 <�!)+���86qL'"!Lv7\*g�!*;"A� ,G��Z'*g�B���5* �U�!)9*
O#"5 '09I92����bLv�5*�L'I+2 �!)+*����M #78*;"5��a
7\��I9��7n097�L'"5*469"!L'ag�!��afL':�:�$d09IqL �~*AaA�!*A2
H[$\�!)9*T6qLv"M�!��a;09:�L'"�ab)9 #��aA*T '&.�!)+*

a− mvL':�09*'���C � *Am'*;" �&� #"
a = 5.0

HN '�5)P�!)9*A�5*B7\��I9��7\L�O' T�5:���O#)[�!:�$n096dH[$dL'6+69"5 ����7\Lv�!*A:�$
0.5−1.2

�
*��n�#s �5��7\��:�L'"
HN*A)qLfm1�� #09"d���8 'H9�5*A"Mm#*A2 L':��5 &� #"P '�5)9*;"d��I[m'*;�M�5��O[L �!*;2 �UL'ag�!��I+��29*}Ie09aA:�*;�B�M09ab) L'� 236,238 �  #"
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232 XY) � K�09787�Lv"5���A��I9O �e� *=afL'Ica; 'I9a;:�0929*j�!)9Lv� �q�M��I9aA*j�!)9*T�! v�bL':N*;I9*A"5O'$}:�L'I929�MafL'6t*;�CL'"M*T #I9:�$
�l*;L'Ze:�$�29*A6N*AI929*;I[�P 'I��5)9*�6qLv"M�!��a;09:�L'"Tab)9 #��a;*8 '&U�5)9*

a− mvL':�0+*8&� #"=Lc�B��29*8"!L'I+O#*\ v& {c, h}29*A&� '"57\Lv�!�� #I9���N�l*869"5 '6N #�M* �! c:�*g�T�!)9*P69L'"!L'78*A�5*;"
a
ab)qL'I9O#*d:���I9*;L'"5:�$�Lv�-L%&�09I+aA�!�� #I  '&��!)9*

*;:� #I9O[Lv�5�� #I
c

a = 5 − 2c.
Q�r+���iS

K�09ab)RL}�5"5*;Lv�!78*;I[�= '&��!)9���T29*A&� #"M7�L �!�� 'I�29*;O'"5*;*8 '&�&�"5*A*;29 #7 L':�:� �B�j�5 c7\��I9��78���A*=�5)9*P�! '�!L':
*;I9*A"5O'$� '&��!)9* 7\L'��I�7\��I9��7\L8L'I92��!L'2+29:�* 6t #��Ie�5�4�B)9��ab)��GL'�j� *P)qLfm#*8L':�"M*fL'2�$�I9 v�!��aA*;2��GLv"5*
�!)9*d���bLv�5�� #IqLv"M$�6t #��Ie�5�T '&��!)9*dIe09a;:�*fL'">6qL �!) �! ��q�5�M�� #I~� � &la; #0+"5�5* �(�5)9*d7\ '�M�=L'696+"5 #69"M��Lv�5*
�!"M*fLv�57\*AIe�j '&^�!)9* L'HN im'* 69"5 'H9:�*A7 �  #09:�2�HN*-�! %aA #I9�5��29*;"

a
Lv�4�!)9* �9& �!)��~L'2929���!�� #IqL':G29*g&� #" �

7�L �!�� 'I�69L'"!L'78*A�5*;"Y�! d�!)+*=&� #0+"�J129��7\*AI9�5�� #IqL':N29*A&� '"57\Lv�!�� #Ic�56qL'aA*-6+"5 #6t #�5*A2���I
�M*;aA�5�� #I��+�F���
XY)9��� ��)+ � *Am'*;" �9����I9 '�lL-aA"509aA��L':�6t #��I[�� '& �5)9���^�  #"5Zd�5��I9a;*C�l*4L'"5*C��I[�5*;"5*A�M�5*;2%78 #�M�5:�$P��I\�5)qLv�
6qL'"��� v&o�!)+*=�B)9 ':�*>*;I9*A"5O'$#J1:�L'I929�MafL'6t*>�B)9��ab)
���Ba;:� #�5*T�! d�!)+*nLfm#*A"!L'O'*=�lLf$��5 �9�5�5�� #I���I}�!)9*
29*A&� '"57\Lv�!�� #I}�56qLva;*'�

� 	�� � ��� $�� ) � � ��� � ��
�* � � 
 ��� 
 ( 
���� ��� � ����� � �
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&�09:�:�$�29*;�Ma;"5��HN* �5)9* 69)[$1�5��afL':o"5*fLv:����w$� '&��5)9*PIe09a;:�*fL'" �9�5�5�� #I��B)9��ab)����j7 09ab)�78 #"5*-a; #7869:�* �N�
� )qLv�P� *}�UL'I[�d�! �69"M #6t #�5*})9*A"5*c��� ����I &�L'ag� � L�&�L'�M�P�lLf$� '&��5*fLv"5ab)9��I9O �!)9*c*;I+*;"5Ov$�:�L'I+2 �
�5a;L'6N*>&� #"Y�!)+*-Lv6969"5 ����7\Lv�5*=6t #�M���!�� #I9�U v&o�!)+*-*AI9*;"MO#*A�5��afLv:.�M�bL �!�� 'IqL'"M$%6N #��I[�!���q���W*v���5)9*>7�Lv��I
7\��I9��7\LcL'I92��5L'2929:�*;����I9 v�n�bLvZ1��I9O��5 � �7n09ab)�afL'"M*% #I �B)qL �P���=�!)9*%69Lv�!) &� #:�:� i� *;2RH[$<�!)9*
Ie09a;:�*;09�=HN*g�w�l*A*;IR�5)9*;�M*\6t #��Ie�5�;�dXY)9*8:�*;L'�M��J�L'aA�5�� #I 78*A�5)9 12�6+"5 #6t #�5*A2<)+*;"5*829 1*;�>I9 '�>�!L'Z'*
��I[�! �L'a;aA #09I[�4�5)9*n7\L'�M��6qLv"!L'78*A�5*;"5�4L'�5�M �aA��Lv�5*;2��B���!)�L\O#��m#*AI�29*A&� '"57\Lv�!�� #Ic29*;O#"M*;*  v& &�"5*A* �
29 #7hL'I+2��!)9*A"5*g&� #"5*=29*;:���m'*;"5�� #I9:�$cL\aA"50929*nL'6969"M �+��7�L �!�� 'I� v&�L878 #"M*-"M*fL':����M�5��a �92+$1IqL'78��a;L':
�q�5�M�� #IeJ16qLv�5)��5"5*fL �!78*;I[� �qLvI92
�M*;"�m#*;���5 #:�*;:�$%L'�CL � O'09��29*bJ1:���I9* � ��Ic�5)9*>*;I9*A"5O'$%:�L'I92+�5afLv6N*v�

,G*g�=09�T��7\L'O#��I9* L��w�  J129��7\*AI9�5�� #IqL':u�M�!Lv�!��aP6qLv�!) �5 ��9�5�5�� #I
h(c)

�B)9��ab)�aA #"5"M*;�56t #I92+�
�! n�5)9*j:�*fL'����J�L'ag�!�� #I\�5"!L��M*AaA�! '"M$\��I��5)9* {c, h}− 29*A&� '"57\Lv�!�� #I�69:�L'I9*��!Lv�5���M& $1��I9O-�5)9*ja; 'I929���5�� #I

csc.∫

cg.s.

(
Vpot (c, h (c)) − Vpot (g.s.)

)√

1 +
dh(c)

dc
dc = min,

Q�r+�F�#S

�B)9*;"M*
cg.s.

L'I92
csc.
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Vpot (c, h (c))
���U�5)9*T�! '�!L': 6t '�!*AIe�5��L':~*;I9*A"5O'$'�

XY)9*n�w�  }29��78*;I9�M�� #I9L':.6qLv�5)��! �9�5�5�� #I�a;L'I��!)+*;I Ht* L'696+"5 ����7\Lv�!*A2�H[$
�5)9*-&� ':�:� i�B��I9O
* ��69"M*;�5�M�� #I �

h(c) =
[
hgs +

(hsc − hgs)(c− cgs)

csc − cgs

]
+

N∑

i=1

ai sin
(
iπ

c− cgs

csc − cgs

)
,

Q�r+�WE[S
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ai
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arg(c)=(hsc-heq)*(c-ceq)/(csc-ceq)

h(c) aver.
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Etot = Emacr({cp, hp, αp, ηp}, {cn, hn, αn, ηn}) + δEmicr({cp, hp, αp, ηp}, {cn, hn, αn, ηn})
.
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cn = cp
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hn = hp
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αp = αn = 0
L'I92

ηp = ηn = 0
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{cp, hp}
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∫
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∞∫
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E = bvol A
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S

R2dΩ

∞∫

0

(η − bvol ρ)dr
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+
∫

S

2RdΩ

∞∫

0

(η − bvol ρ)(r −R)dr
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∫
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∞∫

0

(η − bvol ρ)(r −R)2dr
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E = bvol A+ 4πR2 I0 + 8πR (I1 − I0R) + 4π (I2 − 2RI1 +R2I0)
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I0 =
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0

(η − bvol ρ)dr

I1 =

∞∫

0

(η − bvol ρ)rdr

I2 =

∞∫

0

(η − bvol ρ)r
2dr.
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Ĥϕν = [T̂ + V (~r)]φν = εν ϕν.
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ρ(~r, ~r ′) =
N∑

j=1

ϕ∗
j(~r

′)ϕj(~r ).
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C(~r, ~r ′; β) =<~r | Ĉβ |~r ′>=
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′) e−β εj ,
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1
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2πi
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eβλ C(~r, ~r
′
; β)

β
dβ

X�kdS E�� \

=
∑
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ρ(~r) =
N∑

ν=1

|φν(~r)|2 = ρ(~r, ~r)

∣∣∣∣
r=r′

τ(~r) =
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|∇φν(~r)|2 = ∇r · ∇r′ ρ(~r, ~r)
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∫
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C(~r, ~r ′; β) = CTF (~r, ~r ′; β)(1 + h̄χ1 + h̄2χ2 + . . .)
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∫ ∫
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Résumé

Dans ce travail de thèse des ingrédients essentiels pour la description théorique de la
dynamique des réactions de fusion et fission nucléaires sont étudiés, tel que le poten-
tiel d’interaction entre noyaux cible et projectile pour le processus de fusion et l’énergie
de déformation dans un espace multidimensionel pour la fission. Nous avons évalué en
particulier l’importance de la différence des distributions de densités protons et neu-
trons. Pour le processus de fusion, le potentiel d’interaction entre les noyaux peut être
déterminé à travers des densités obtenues d’une façon auto-consistante par des calculs
variationnels semi-classiques à partir d’une interaction nucléon-nucléon effective de type
Skyrme. Les barrières de fusion ainsi obtenues permettent d’évaluer des sections effi-
caces de fusion dans le cadre du formalisme de Langevin. Pour le processus de fission
il est essentiel de tenir compte de la grande richesse de formes nucléaires qui apparais-
sent tout au long du chemin de fission de l’état fondamental jusqu’au point de scission.
Nous montrons qu’une paramétrisation tenant compte de l’élongation, ainsi que de la
possible constriction, asymétrie gauche–droite et non-axialité du noyau, est effectivement
capable dans le cadre de notre approche macroscopique-microscopique de donner une de-
scription précise de ce phénomène. On peut ainsi enrichir l’expression de l’énergie de
type goutte liquide par un terme qui décrit la variation de l’énergie de liaison nucléaire
due aux différentes déformations des distributions protons et neutrons. La réduction des
hauteurs des barrières de fission qui en résulte est seulement de l’ordre du MeV, mais il
peut facilement en résulter un changement de la section efficace de fission d’un ordre de
grandeur et ainsi jouer une rôle capital pour la stabilité des noyaux super-lourds ou des
noyaux exotiques.

Abstract

This thesis work is centred on some essential ingredients of a theoretical description of
the reaction dynamics of the nuclear fusion and fission process, such as the interaction
potential between projectile and target nuclei for fusion and the deformation energy land-
scape in a multidimensional space for the fission process. We have in particular evaluated
the importance of the difference between the neutron and proton density distributions on
these two precesses. The fusion potential between the two interacting nuclei is obtained
through the nucleon densities, determined in a self-consistent way through semiclassical
density variational calculations for a given effective nucleon-nucleon effective interaction
of the Skyrme type. These fusion barriers can then be used in a Langevin formalism to
evaluation fusion cross sections. For the fission process it turns out to be essential to allow
for the large variety of shapes which appear between the nuclear ground state and the the
scission configuration. We show that a shape parametrisation taking into account elon-
gation, as well as possible neck formation, left-right asymmetry and non-axiality allows,
indeed, for a precise description of this phenomena in the framework of the macroscopic-
microscopic approach. We are thus able to enrich the expression of the liquid-drop type
energy through a term which describes the variation of the nuclear energy due to a defor-
mation difference between the proton and neutron distribution. The resulting reduction
of the fission barriers is only of the order of an MeV but this can easily cause an change
in the fission cross section by an order of magnitude and thus play an capital role for the
stability of super-heavy of exotic nuclei.
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