N

N

Sur la théorie et approximation numérique de
problemes hyperboliques non linéaires
Abdallah Chalabi

» To cite this version:

Abdallah Chalabi. Sur la théorie et 'approximation numérique de problémes hyperboliques non
linéaires. Modélisation et simulation. Université Mentouri Constantine, 1990. tel-00338805

HAL Id: tel-00338805
https://theses.hal.science/tel-00338805
Submitted on 14 Nov 2008

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00338805
https://hal.archives-ouvertes.fr

Tu13%
THESE

présentée a

I'UNIVERSITE DE CONSTANTINE

pour obtenir le titre de

DOCTEUR ES-SCIENCES MATHEMATIQUES

par

Abdallah CHALABI

SUR LA THEORIE ET L'APPROXIMATION NUMERIQUE
DE PROBLE!MES HYPERBOLIQUES NON LINEAIRES

Soutenue le 20 juin 1990 devant le jury:

Monsieur M.A. MOUSSAOQUI Président

Messieurs T. GALLOUET Rapporteurs
J.F. VILA

Messieurs M. AMARA Examinateurs
A. BENDALI

These préparée au sein du laboratoire de modélisation et calcul (LMC)
Institut IMAG - Université Joseph Fourier - Grenoble






Remerciements

Je tiens a exprimer ma profonde gratitude a I'égard de M. T. Gallouét pour avoir
dirigé cette thése avec beaucoup de compétence et de gentillesse. Ses qualités
scientifiques et humaines ont été décisives dans l'aboutissement de ce travail.

Je suis reconnaissant @ M. M. A. Moussaoui pour I'honneur qu'il me fdit en
présidant ce jury.

Mes sincéres remerciements vont a M. J. P. Vila pour m’avoir accordé avec une
rare gentillesse de longs et fructueux entretiens. J'ai beaucoup appris auprés de lui,
grdce a sa grande connaissance du sujet.

MM. M. Amara et A. Bendali ont bien voulu examiner cette thése et faire partie de
ce jury. Je tiens a les remercier trés sincérement.

Ce travail a été réalisé au sein de I'équipe EDP (IMAG - Grenoble) dont Jje remercie
vivement tous les membres a travers son responsable M. P. Witomski, pour toute
I'aide dont j'ai bénificié le long de la prépar;ation de cette thése.

Je remercie M. J. Della Dora, directeur du laboratoire LMC pour m’avoir accueilli
dans ce laboratoire.

C’est avec grand plaisir que j'associe a ces remerciements C. Bernier, a l'origine de
I'agréable ambiance qui a toujours régné au bureau 66 et S. Champier, pour son
soutien moral.

Je suis particuliérement sensible a la sympathie que m’ont témoignée mes amis de
Grenoble dont A. Guerchaoui, A. Jamad et H. Tebbikh.

Merci enfin a tous ceux qui ont participé a la réalisation matérielle de cette thése et

plus particuliérement M. D. Iglesias.






TABLE DES MATIERES

Chapitre 0. Introduction générale.

Premiére Partie: Lois de conservation scalaires.

Chapitre 1. Quelques préliminaires sur les lois de conservation scalaires.

1. Solution faible.

2. Solution entropique.

3. Existence et unicité de la solution entropique.
4. Résolution du probléme de Riemann.

5. Schémas numériques.

Références.

Chapitre I1. On a class of implicit and explicit schemes of Van-Leer type

for scalar conservation laws.

1. Statement of the problem.
2. Preliminaries.
3. Approximation by second order explicit schemes.
4. Approximation by second order implicit schemes.
5. Numerical experiments.

Références.



Chapitre II1. Stable upwind schemes for hyperbolic conservation laws

with source terms.

1. Preliminaries.

2. First order upwind schemes.

3. Second order upwind schemes.
4. Time continuous schemes.

References.

Chapitre IV. Analyse de schémas décentrés pour des lois de conservation

bidimensionnelles non homogénes.

1. Introduction.
2. Schémas d'ordre 1.
3. Schémas d'ordre 2.

Références.

Deuxiéme Partie: Systémes hyperboliques non linéaires.

Chapitre V. Quelques généralités sur les systémes hyperboliques non linéaires.

1. Quelques généralités.
2. Probléme de Riemann.

3. Schémas aux differences pour les systémes hyperboliques.

Références



Chapitre VI. An analysis of some hyperbolic problems related

to the shallow water model.

1. The Cauchy 2x2 problem.

2. The Riemann problem.

3. The Lagrangian representation.

4. A nonreflecting boundary condition.
5. The two dimensions case.

References.

Chapitre VII. Eclatement d’opérateur, méthode a pas fractionnaires

et condition d'entropie pour les systémes hyperboliques non linéaires.

1. Position du probléeme.
2. Méthodes conservatives.
3. Méthodes non conservatives.

Références.

Chapitre VIII. Analyse numérique du probléme des ondes longues

en eau peu profonde.

1. Existence de la solution.
2. Unicité de la solution.

3. Probléme approché et schéma de résolution.

Références.



Chapitre IX. Sur la résolution du probléme des ondes longues

dans un fluide parfait.

1. Formulation du probléme.
2. Existence et unicité de la solution.

3. Exemple de conditions aux limites maximales positives.

Références.

Bibliographie générale.



CHAPITRE 0

Introduction générale






De nombreux problémes d'origines diverses sont modelisés par des lois de conservation
hyperboliques non linéaires, citons notamment le probléme de la dynamique des gaz (Chorin et
Marsden [15], Smoller [64] ...); le modele de 1'élasticité non linéaire (dynamique des cibles)
(Keyfitz [35], Le Roux [42] ); le systeme de Saint—Venant régissant 1'écoulement de l'eau peu
profonde (Le Roux [46], Vila [72] ); la simulation des réservoirs de pétrole (Gallouét [25], Wagner
[771 ); les pipe-lines (Luskin [49] ); certains probleémes issus de la biologie (Rascle [57] ) ... etc.

L'étude mathématique des lois de conservation hyperboliques a connu ces dix derniéres années un
progrés considérable tant sur le plan théorique que numérique, en effet sur le plan théorique
I'introduction de la compacité par compensation (Diperna [21], Rascle [57], Tartar [69] ) a été d'un
grand intérét dans la démonstration de résultats d'existence de solutions entropiques pour les
systemes hyperboliques non lin€aires, a partir des solutions visqueuses (Diperna [21] ), sans

passer par le schéma de Glimm [27].

Sur le plan de la résolution numérique des lois de conservation scalaires, de nouveaux types de
schémas aux differences tels que les schémas TVD (2 Variation Totale Décroissante ) quasi d'ordre
deux ( Harten [30], Vila [72] ) ont été développés. Ces schémas ont I'avantage de ne pas osciller
aux voisinages des chocs contrairement au schéma d'ordre deux de Lax—Wendroff, mais ils sont
précis seulement & l'ordre un aux voisinages des extremas de la solution. Pour tenter de remedier 2
cet inconvénient, on a développé récemment les schémas type ENO ( Essentiellement Non
Oscillants) ( Chakravarthy et alii [8] ). En raison de la non linéarité des equations, des
discontinuités peuvent apparaitre dans les solutions aprés un temps fini. A cause de la viscosité
numeérique qu'ils développent, les schémas du premier ordre simulent mal les chocs (discontinuités)

en les étalant trop. D'ou I'importance des schémas d'ordre deux pour le calcul des chocs.

Des schémas type Godunov basés sur l'utilisation d'un solveur approché du probléme de Riemann
ont €1€ €laborés pour la résolution numérique des systémes de lois de conservation hyperboliques

(Harten et alii [34], Vila [73]).



D'autres travaux sur différents problémes liés aux lois de conservation hyperboliques ont €té
réalisés récemment, on peut citer par exemple les travaux de Dubois et Le Floch[22], Le Roux
[42], et Vila [72], sur le probléme des conditions aux limites; les travaux de Le Floch et Raviart
[40] , sur le pobleme de Riemann généralisé. Le traitement numérique des problémes ayant un
terme source a fait I'objet des travaux de Le Roux [43], Roe [59] et Van-Leer [71]. Des problémes

hyperboliques sous forme non conservative ont €t€ étudiés dans Le Floch [39].

Malgré les progres enregistrés ces derniéres années, la théorie des problémes hyperboliques non
linéaires est encore " pauvre " et beaucoup de questions restent ouvertes notamment en ce qui

concerne:

— L'unicité de la solution entropique dans le cas des systémes hyperboliques non linéaires.
— La convergence des schémas multidimensionnels du second ordre (méme dans le cas scalaire).
—La convergence des schémas unidimensionnels d'ordre un pour les systémes.

— La résolution du probléme de Riemann multidimensionnel.

Le theme de cette thése est l'analyse théorique et numérique de problémes hyperboliques non
linéaires. Le travail présenté se compose de deux parties: La premiére est composée des quatre
premiers chapitres sur les lois de conservation scalaires, tandis que la deuxi®me partie est consacrée
a I'étude de quelques problemes liés au systeme de Saint—Venant et elle est composée des cinq

derniers chapitres.

On donne dans le premier chapitre des préliminaires sur les lois de conservation scalaires en
rappelant un résultat théorique d'existence et d'unicité de la solution entropique dii & Kruzkov [36]
ainsi que quelques propriétés des schémas numériques notamment les schémas TVD (a Variation

Totale Décroissante) (Harten [30]).

Au chapitre II, On propose une classe de schémas TVD quasi d'ordre deux de type Van-Leer, pow



d'ordre deux de type Van-Leer, pour des lois de conservation scalaires du type:

€9 u, +f(u), =0

avec f=f +f, . £;'20 et f,'<0.
Les schémas construits sont basés sur I'approximation affine par mailles du flux et ils sont de types
explicites et implicites. On étudie la convergence de la solution approchée obtenue vers la solution
entropique du probléme continu. Un exemple numérique portant sur la résolution du probléme de
Cauchy associ€ a I'équation de Buckley-Leverett est donné 2 la fin de ce chapitre. Cette étude
trouve sa motivation dans les problémes de simulation des réservoirs de pétrole o des schémas de

ce type sont utilisés.

L'étude de schémas numériques pour des lois de conservation monodimensionnelles ayant un terme

source est faite dans le chapitre III. Les équations traitées sont de la forme:

2) u, + f(u), = q(u, x)

Le terme source dans les lois de conservation non homogenes est dii a des effets géometriques
(problémes axisymétriques ou cylindriques, domaine a section variable...) ou a des effets
physiques (forces extérieures, reste de la masse ou de I'énergie lors d'un bilan ...). Des schémas
pécis a l'ordre un, sont construits avec une donnée stationnaire par mailles. Sous la méme condition
CFL que dans le cas homogene, ces schémas sont précis a l'ordre deux pour les solutions
stationnaires. Des schémas quasi d'ordre deux, sont construits 2 l'aide de la méthode de Van-Leer,
en uilisant des approximations affines par mailles. Les schémas proposés sont explicites,
implicites—explicites ou continus en temps (semi-discrets). Ces schémas ne sont pas TVD (2
Variation Totale Décroissante) a cause de la présence du terme source, mais ils sont localement

TVB (& Variation Totale Bornée). Des résultats de convergence de la solution approchée vers la



solution entropique sont établis. Nous terminons ce chapitre par des exemples numériques.

Au chapitre IV, nous abordons I'analyse de schémas numériques pour des lois de conservation

bidimensionnelles non homogénes du type:

3 u, + £(u), + g, = q(u, X, )

on  f=f +f,, f;'20 et £,'<0 ; g=g +g, g'20cet g’ <0

On y présente des schémas explicites et implicites—explicites d'ordre un et quasi d'ordre deux en
espace (c.a.d.un schéma obtenu par une discrétisation en temps par le schéma d'Euler implicite ou
explicite d'un schéma "quasi" d'ordre deux continu en temps) pour lesquels on étudie la stabilité et
la convergence de la solution approchée vers la solution entropique du probléme continu. Pour
étudier des schémas quasi d'ordre deux, les techniques utilisées dans le cas monnodimensionnel ne
sont plus applicables au cas bidimensionnel a cause de l'inexistence de schémas bidimensionnels
TVD d'ordre deux comme le suggeére un résultat de Goodman-Le Veque [29]. Des résultats

numériques sont présentés a la fin de ce chapitre.

Dans le chapitre V, on donne des préliminaires sur les syst¢mes hyperboliques non linéaires.On y
rappelle quelques notions relatives aux solutions faibles entropiques ainsi que la résolution du
probléme de Riemann dans le cas des systémes. Nous terminons ce chapitre avec un bref rappel

des schémas type Godunov pour la résolution numérique.

Une analyse "théorique” de quelques problémes relatifs au modele de 1'eau peu profonde est faite
au chapitre V1. Le systeme d'équations du modele de I'eau peu profonde en dimension un d'espace

s'écrit:

h +q,= 0
i

qt+(q2/h+gh2/2)x=0



ou h représente la hauteur d'eau et q le débit.
On étudie en particulier le probléme de Riemann associé i ce systeme ainsi que le probléme des
conditions aux limites dans le cas d'une résolution dans un demi intervalle. Nous abordons aussi la

symétrisation du probléme bidimensionnel associé.

Le chapitre VII est consacré i 1'étude de la méthode 3 pas fractionnaires associée a 1' éclatement
d'un systémes hyperbolique non linéaire. Grace 2 la symétrisation du systéme en utilisant les
variables entropiques, nous caractérisons les éclatements admissibles (consistants avec la condition
d'entropie du systéme) dans les cas conservatifs et non conservatifs. Nous montrons dans le cas
conservatif, la convergence de la solution approchée vers une solution entropique du systéme de

départ.

Dans le chapitre VIII, on présente une étude du probléme visqueux associé au systéme de

Saint-Venant suivant:

u-vAu+gh +C/D u2+v2u—fv=fl
) vt—vAv+ghy+C/D\/ u2+v2v+fu=f2

h,—Vv'Ah +div(hU) =1,

Ou les inconnues sont la vitesse (u,v) et la profondeur h .

On a €tabli I'existence de la solution dans un espace fonctionnel approprié, en utilisant la méthode
de Faedo-Galerkine et un résultat de compacité. L'unicité de la solution est démontrée grace a
l'inégalité de Gronwall.

La discrétisation du probléme est faite A I'aide d'une méthode d'éléments finis. Un exemple

numérique est donné a la fin de ce chapitre .

Le chapitre IX est consacré a la démonstration de I'existence et l'unicité de la solution du probléme

des ondes longues dans un fluide parfait dans le cas d'un écoulement lent modelisé par:



ut+aux+buy+ghx+C/D\/ u2+v2u—fv=fl
©) vt+avx+bvy+ghy+C/D\/ u2+v2v+fu=f2

ht+ahx+bhy+g(ux+vy)+ozh=ag

On a procédé par linéarisation des termes convectifs, la force de frottement étant conservée non
linéaire. L'existence et 'unicité de la solution du probléme obtenu ont été prouvées a l'aide d'une

méthode de monotonie.
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PREMIERE PARTIE

Lois de conservation scalaires






CHAPITRE I

Quelques préliminaires sur les lois de conservations scalaires






1- Solution faible
Soit xeR,t€[0, T]; fe® (R, R)

On cherche u: R x [0, TI—R tel que
(1.1) u +f(u), =q,x) pour(x,t)e R x]0,T[

(1.2) u (x,0) = ug(x) xeR, u, donnée

Méme si la donnée Up est trés réguliere, la solution de (1.1)—(1.2) ne I'est pas forcément.
L'apparition de discontinuités de u apres un temps fini est liée 3 1a non linéarité de I'équation ( 1.1).
D'ou la nécessité d'introduire des solutions faibles au sens suivant :

finition [ .1

Soit u e L*(R x]0,T[), u est solution faible de (1.1), (1.2) si

(1.3) J[ ( uo + f(u)d)x) dx dt + fuo(x)¢(x,0) dx = —J J q(u, x)¢ dx dt
R 10,T[ R R 10, T[

pour toute fonction-test ¢ e CI(R x [0,TD), & support compact dans R x [0,T].

Soit I" une ligne "réguliere" de discontinuité de u, donnée sous la forme: x = E®) . Soit E'=51a

vitesse du déplacement de la discontinuité. On a la relation de Rankine-Hugoniot suivante:

(1.4) C [u] = [f(u)]

ou [A] désigne le saut de A le long de cette discontinuité ( pour un €noncé plus précis cf Smoller

[8D.



2 - Solution entropique

Le probleme (1.1)—(1.2) peut admettre plusieurs solutions faibles, pour séléctionner la "bonne”
solution physique, on est amené i introduire une condition supplémentaire appelée condition
d'entropie .

Définition 1.2

Soitn,FeCl(R, R). Le couple (1, F) est un couple entropie—flux d'entropie de (1.1) si

1) 1 est convexe

DMN'Wf(w)=F@) VYueR

Définition-1.3

Soitu e L*(Rx]0,T[), u est solution entropique de (1.1)—(1.2) si

1) u est solution faible

2)V.(n, F) couple entropie—flux d'entropie, on a :

(2.1) (n(u)¢, + F(u)o,) dx dt +JJ n'(w) q(u, x)p dx dt >0
R™I0.T[ - R710. T(

pour toute fonction-test pe ‘GI(IR x JO,T]) non négative et & support compact dans R x O, T[.
3-Existen nicité luti ropi

3.1-Existence de la solution entropique

Soit M.(R) I'ensemble des mesures bornées sur R c. a. d. M (R) =[€, (R



On définit sur M.(R) la norme suivante :
He MR); il =sup {<p,0>; ¢< €, (R),lgll =1

M.(R) est un espace de Banach .

En utilisant I'espace M (R), on va définir l'espace des fonctions 2 variation totale bornée et qu'on

notera BV,

BV(R) = { ue thc(lR) ;u'e ML(R) ) ; 1a dérivation est prise au sens des distributions.

Soit ue BV alors TV(u) = Ilu'll M

A noter que si ue WH(R) = {ue LY(R) ; u'e LI(R) } alors ue BV(R) et llu'l M= IR,
WHICLINBV et Wl est un fermé de LINBV muni de la norme lullid gy = lalle+ o'l g,

Soit A une subdivision de R : ...< X1 SX<x,, <.

On asi ue BV(R),

lla'll y4y = sup Al {.’. lu(x;) — u(x;_pI)

<u,0>=-|u¢dx, VoeC\(R)

R

v'e M (R) © 3 C > 0 vérifiant

1| uo'dx < Cllgll_

R



La plus petite constante C est llu'll M

On peut montrer que BV(R)CL>(R).

héoréme 3.1 ([2
Si uoeLI (R)NBV(R) ,f e €%° (R) ez q=0 ; alors il existe u solution entropique du probléme
(1.1)«12).De plus u €L>(Rx]O,T[)N€ ([0,T]; LI(R)) , (u(t) tend vers u(0) dans L!quand t tend
vers 0) et Vi u(.t)eBV. Avec les estimations :
8) W llyrx oy < Mol gy

i) TV(u(.,.t)) <TV(u,) Vre[0,T]
i) 3 C >0, tel que J lu(x,t)) —u(x,;,)ldx <C Ity — I TV(y) V t, 4 €[0, T]

R

On note u(x,t) = S(t)uo(x)

On peut montrer que S(t) se prolonge par densité en une application :

S() : L = L! contractante , i.e: Il S(ug — S@vg I g, < lug — vl

3.2-Unicité de la solution entropique

Théoreme 3.2 (Kruzkov [4])

Soit (uy, vy)e (L'(R)NBV(R))? ,fe €% (R) et =0 ; soit u une solution entropique de

(1.1)H1.2) et v une solution entropique de(1.1) et de u(x,0)=vy(x). On pose

M = Max { [f(s)/ ; se[-A , A] } avec A =Max{ [luy/l; Ry, I/l R))



Alors ,ona Wie]o, T/ et YVacRona

a a+Mt

f Ma(x,t) — v(x,t) | dx < | uy(x) — Vo(x) Idx

-a -a-Mt

Théoréme 3.3 (Kruzkov [4])

Si dans les hypothéses dy théoréme 3.2, q #0 , avec

i)qeCl(R, R)
ii) q est une fonction Lipschitzienne en y (resp. en x) uniformément par rapport a x (resp. par
rapporta u).

iii) (0, .) est bornée .

Alors on a le méme résuliar que dans le théoréme 32 gvec

a a+Mt

J lagx,t) - v(x,t) | dx < e lug(x) = vy(x) | dx

-a —-a-Mt

Ou acest la constante de Lipschitz de q par rapport g u.

4-Résolution du probléme de Riemann

Soit le probléme de Riemann :

4.1) u+fQ) =0 pour (xt)e Rx]0,T[
u, pourx<0
4.2) u(x,0) = {ud pour x >0



Soit fe €2 (R), si on suppose que f est strictement convexe i.e. " > 0, le probleme de Riemann

admet pour solution entropique :

1) Si u,=uy,ona la solution constante u(x,t) = U, =uy.

i) Si u,>uy,o0na la solution (onde de choc):

u, pourx <0Gt
u(x,t) ={ g

u; pourx> ot
avec
f(ug) ~f(uy)
[0 e —

1i1) Si u,<uy ona la solution (onde de détente):

u, six<f ‘(ug)t
u(x,t) = {v(€), E=x/t,vesttel que f'(v(®) =& si f'ut<x <f'(upt
uy six2f'(upt -

Si f est linéaire on a une discontinuité de contact. Si f est ni convexe ni concave, la situation devient

plus complexe (voir par cxcmpie LeRoux [7]).

On s'intéresse 2 l'approximation numérique de la solution entropique du probléme (1.1) - (1.2) .

5.1-Schémas de tvpe differences finies

Soit h le pas d'espace et k le pas de temps, reli€ a h par le nombre fixé r = k/h

On pose A = (h, k)



- n
.1 u, x,t) = Y pour (x,t) € IJ- xJ,

avec I xJ, =](j—1/2)h,(j+1/2)h[x](n—l/2)k,(n+1/2)k[ Vje Zetn < N = E(T/k)+1
ol E désigne la fonction partie entiére.
On pose :

(5.2) u?=—}ll-fu0(x)dx Vie Z
L
i

On posera x;=jh , j+12=0+1/2h , t =nk , the12 = (n+1/2)k

5.2-Schémas explicites

Définition’5 1
1 e .
Un schéma explicite associé 2 (1.1) est dit conservatif 2 2p+1 points (pe N donné) s'il s'écrit sous
la forme
1
(5.3) g =l o (g, - g 1n)
avec

n n n
Bi+12 =8 (W _pyps s Uj,p)

La fonction g s'appelle le flux numeérique .

Définition 5.2

Le schéma (5.3) est dit consistant si

(5.4) g(uy, ..., u) =f(u)

Soit A =(Ax,At); u(x)= u}" pour x;Sx <x; )



: =0
On pose : uA(x,t)—uj pour X; ;p <X<Xy;n et b1 <t<tp

Définition 5.3

Le schéma (5.3) est

1-L=stable s'il existe une constante C, ne dépendant pas de h et k telle que

Hu (., t)] <C Vt<T.
A )L”(IR) 1

2- BV stable s'il existe une constante C, ne dépendant pas de h et k telle que

TV(uy(,t))SC, Vt<T.

3-L"Dsi Hu (L 1)l <l Vi<T.

si . u,( )L,,([R) Yol = gy ‘
4-TVD si TV(@,(.t))STV(,) Vt<T.
Définition 5.4

On dira que le schéma (5.3) est consistant avec la condition d'entropie si V (7, F) couple

d'entropie—flux d'entropie il existe G € C!(R 2k, R) tel que

(5.5) ™) =N} +1 (G, = GLyp) <0
avec

G;Lm = G(u;’_‘w1 , ""ujip )
et

G(u,...,u)=F(u)



5.3-Théore nvergence:

Théoréme LI(Lax-Wendroff [67)-

Soit le schéma explicite:

(5.6) T =H O, ur)

conservatif consistant et yne Suite (Ak= (4x A L)) avec A X — 0 (donc A & — 0 car r est fixé),

telle que

1) I, 1l < C(T,

(i) u, »uqu p.p.
A
Alors u esr solution Jaible de (1.1 )—(1.2). Si de plus le Schéma est entropique, alors u est g

solution entropique de (1.1 )~(]12 ).

Théoréme 5.2-

Si on suppose que le schéma (5.3) est el que
1- Conservatif consistant .

2- Flux numérique localement Lipschitzien .

3- L=stable erBY stable i.e.

3C et C, deux constantes telles que

I St <C Vi<ST; (VA
UA( )L”(IR) 1 ( )

TV(u(.t)sC,  VisT;(va)

Alors il existe une suite (4,) relle que (8x) =0 quand k — oo et



o r1
u A —u quand k — e dans L"(J0,T[; L, )

et u est solution faible de (1.1)-(12).

Si de plus le schéma est entropique, alors
u, —>u dansL™(J0,T[; L, ) quand A — 0.

et u est la solution entropique de (1.1)—(1.2).

5.4-_Schémas TVD;

Le schéma (5.3) est TVD (2 Variation Totale Décroissante) si

TV(@u™!) < TV@") Vne N.

Si on écrit le schéma (5.3) sous forme incrémentale :

n+l _ n n n

avec

AJ(u;l
n n
n f(uj) - giap
D. 1n=T
+1R2 A n
+uj

La viscosité numérique du schéma est donnée par

Q}Lin = Ctjl+1/2 + D?+1/2
Théoréme 5.3 (caractérisation des schémas TVD)
Le schéma (5.7) est TVD si (er seulement si dans le cas des schémas a trois points c.a.d.p = I dans

la définition 5.1)

On peut construire des schémas TVD quasi d'ordre deux en utilisant soit la technique de

l'antidiffusion corrigée [1], soit la méthode de Van-Leer [9].
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A1-STATEMENT OF THE PROBLEM ;
We consider the numerical solution of the following problem:Find a bounded u satisfying the
quasi-linear equation:

ou 9
(1.1) —+—f(u)=0
ot ox
for (x,) e Rx]0,T[; T>0 and
(1.2) u(x, 0)=1u; (x)

with fe CY(R) and uge L=(R)nBV,_ (R)
where BVIOC(IR) denotes the space of the locally bounded variation functons.
We seek a weak solution to the problem (1.1)-(1.2),i.e. a bounded function u e L>=(Rx]0, TD

satisfying : ‘

od . 9d
(1.3) (u— +f(u)=—)dxdt + | uy(x)o(x,0)dx =0
ot ox
RIO.T[ R
for all test functions ¢e C=(Rx]Jeo, T[) with compact support in [Rx]0, T[.
The solution to ( 1.1)-(1.2) is not necessarily unique and the physical one is characterized by the
following entropy condition:

J 3% %

(1.4) (M(u)— +F(u)—)dxdt =0
ot ox

RI0.T[

for all pe C=(IRxR*) with compact support in RxR* and ¢ 20, where n is the entropy function
and F the entropy flux associated with the entropy function .

Usually, when we deal with the numerical solution to the problem (1.1)-( 1.2),we ass;ume that the
solution u is constant or affine in each cell of the grid. However some physical. problems like
reservoirs simulation use as data the flux f(u) instead of the solution u.Because of this the proposed
schemes are based on the affine approximation of the flux f(u). The constructed explicit and implicit
schemes are TVD second order accurate and the approximate solution given by these schemes
converges towards the entropy solution of (1.1)-(1.2).The studied schemes can be presented as
corrected upwind schemes .

2-PRELIMINARIES:

Let h be the spatial grid size and k be the time grid size related to h by the fixed positive number r
through



k
iy
A weak solution u to the problem (1.1)-(1.2) is approximated by a function uy, defined on Rx]0, T
by
(2.1)

up (x,t) = u}' for (x,t)e IJ.xJn
with

XJ,F](]"%)h , (]'+%)h[ X ](n-%)k , (n+-21—)k[ Vie Z, Yne N

such that n<N =[T/k] +1; where [o] denotes the ;i integer part of c.

The initial condition (1.2) is projected into the space of piecewise constant functions by :
2.2) 0_ )dx VieZ
. u = ™ uy(x JE
5
the studied schemes are written in conservation form
(2.3) =16 -G »
i+ 7 i3
where G e CI(R2R) and is given by :
2.4) G 1=G(ul p, ul,; Ut e WD)
J —
g 2
G is the numerical flux , with the consistency condition :
(2.5) G, ..,u;uy, .. ¢ ) =f(u)

the scheme (2.4) contains the explicit and implicit cases .

bound on the tota] variation of the solution .
The total variation , TV (™) is defined by :

2.6) n+l) Z ,un+1 n+1

an important class of difference schemes is those Whlch are Total Varaton Dimecm: ek o~ /mr rrs

1



is :

(2.7) TV@™) < TV@E")
we recall some useful properties of the TVD character.Let A= Vjs1~ Vj.in the explicit case the
scheme (2.3) may be written in an incremental form:
ntl _ n _ n n n
(2.8) U = Ct‘ iA"'uj'l + D.+ LA«a-uJ'
i3 3
sufficient conditions for the scheme (2.8) to be TVD are (see[3]):
2.9) 0<C", ,0<D",, C",+D" <1
i+t = + = i+t = J+ =
2 2 2 2
the incremental form of the implicit scheme is :
n +1 n+1 n+l1 n+l
(2.10) uj = +C™) LU DT A
¥ 5 7

itis shown in [3] that sufficient conditions for the scheme (2.10) to be TVD are :

(2.11) e < C< C"! <0 and e <C<D™ <0
o [
2 2
where C is a constant .

Let f be the flux of the scalar conservation law, we suppose that

f=fi+f,  suchthat £;"20 and ;<0
this decomposition exists always for a general f.

The general form of the proposed schemes in explicit or implicit cases is :

n+1 n
(2.12) U=y - rA+Gj- 1
2

To get second order accuracy in space and first order in time we take :

(2.13) Gj- =g | +58 =8,

| -

where



g = fl(uj_l) + fz(uj)
J- —

2
is an upwind numerical flux associated with the decomposition of f,
and
. (A a a }
cMm{lSi'jl , -F'fi(“j +1)—fi(uj)l , Tlfi(uj)—fi(uj_l)l
(2.149) S = . A
g if o=sgn(8; P=senlti(u;,)~fiu)l=sgnlf(w)~f(u, ]
0 elsewhere
where

3 _fi(uj+1) 'fi(uj-l)
L 2h
i=1,2anda isa positive constant depending on the type of limitations suchthat:0<a<2.

If the flux f is convex , the upwind flux associated with the decomposition of f, coincides with the
E.-O.numerical flux.

To obtain second order accuracy in space and in time , the numerical flux is taken to be :

h h gk
(2.15) Gj_ IREE 781507 38, = [ ()8, + B8, ]
2 2

€ = -1 in the implicit scheme and ¢ = +1in the explicit scheme .

From the formula (2.14) , there exists ® j+1/2 and Bi Jj- 1/2 such that

0<a ;) Sa and 0<B L Sa
i.j+? ld"z—
fi(u,, )-f(u) f.(u)-f,(u. })
J+17 NV Y IR (A A R BY
(2.16) 8”:(1“ ) M =B“ l-—h___
I.J*-z- 1.J~?

Remark 2.2;

The correction of the slope & is given by (2.14) or by (2.16) once t and B are known .

The following proposition shows that there is arelation between the second order accuracy and the
choice of ctand B .



Proposition 2,1
foa=1+ 0O(h) and B=1+ O(h) in (2.16) ; then the scheme (2.12) H2.13) is second order
accurate in space; and the scheme (2.12)42.15) is second order accurate in space and in time.

Proof:
Since for a=B=1, the scheme (2.12)-(2.13) is second order accurate in space (by a Taylor
expansion). It suffices to check that :

OM)I fuj41)-f(w;) ] = O(h2)
we have :
O£y - ] = O 1 Ui 1- )
= O(h)hf G121
- = O(h?)
hence the scheme (2.12)-(2.13) is second order accurate in space .With similar step we show that
the scheme (2.12)-(2.15) is second order in space and in time .

3-APPROXIMATION OF (1.1)-( 1.2) BY SECOND ORDER EXPLICIT SCHEMES:
In this section ,we consider explicit schemes of the form :

n+l _ n_ n
3.1) U =u-r A+GJ. 1
2

the numerical flux G is defined accordin g to the order of accuracy .

3.1 - SECOND ORDER ACCURACY IN SPACE -

To get a second order accurate scheme in space and first order in time ; we take the numerical flux

given by :

h n h n
(3.2) G" 1 = gf‘ 1*'7?51.1'-1' 782.1

ryo o3

where g is an upwind flux associated with the decomposition of f . The correction is made separately
through f and fy;i.e.:

—
T



8,5 %"‘: 1 [0 1y ()] = %[5’ D1, )]
2 3- ) 11'2_
n a n n n a n n n
%2770, 1 B HE)) = R
Sha E - 2_

with OSai,k,Bi,kSI ;i=1,2 , and ke Q.

This scheme contains as a particular case the approximation of conservation laws with
decreasing or increasing flux as in the case of the reservoir simulation problems .
The scheme (3.2) is written as :

+1 n
. .(33) u" = - Cj’j 18,0 +D'f+ 1 A
2
with
( A f,(u"))
a a 1V55-1
C L =+=p -2 M
j i 2 1,i- l_ 2 1,j- i A u?
G4 ] i TrTn
' A £,(u])
a . n a n J
D" 1 =(1->P (txa r
. . n
J+ = 2.]*'? 2,j+ E A uj

and we choose

n n
. A+f1(uj_]) . A+f2(uj )
v =T— Vo =T ~
- 1._]- ? A+uj_1 2.]*? A+Uj

since f) is an increasing function and f, is a decreasing function then vy 20and v, <0.

Proposition 3.1:
Suppose that the CFL condition :

(3.5) v=r(sup If, ()1 + sup £, (x) 1) <2/ (2+a)

is satisfied , then the scheme (3.3) is TVD and



Proof:
From (3.4) and using 0 <a<2

and

we now show :

we deduce :

d n n
c12(1-7a 1)v
J'E’ 1,1-5

>2--a n
> \Y

2 L =
20

a n
D' 2-(0-5B v
= 2+ — 2

2

_a n

2 ~( JA
ZJ+—2‘
20
cC' , +D" | <1
i+ = =
2 2

Using C and D given in (3.4) we.get :

n

n
C" ,+D" | =v R

a n n n
1+7(B T )V

j+E- J‘!"';— 1,j+? 2.j+‘ ? 1,)+-2— 1d+ ? 1,"4___;_
2+a n

s(=)v o

1*7
where

n n n

V’ 1=V \Y R

J+; 1j+ — 2._;+—2—

The CFL condidon (3.5) yields



C' | +D" , €1
j+ T j*+ 7
to show (3.6) , it suffices to prove that under (3.5) we get

C"1+D“151

J‘z— J

+ —
2

the use of expressions C and D gives

n n n a n n n n n
C", +D 1=V -V 1t B -« DV *> B e A
i o e — i - - 2.+ — 2,4+ —
i3 *3 Li- 3 Zi+ 3 Lis 1y 7 Lj-— 2,J+; J* 7t 3
<(2«!—;1)
S(——)v
2

where conditon (3.5) leads to

< 2
v"2 a
we thus obtain

Nu™i_ <. waeN.

We note that for a=1; the CFL condition becomes :

<
IN
(W)

and for a=2 ;wé have

<
IN

Using proposition 3.1 and applying Helly ' s theorem ,we show that there exists a subsequence
{ug,} of (u,) ; which converges towards a weak solution of (1.1)-(1.2).

To prove that the whole family (u

p) converges towards the entropy solution of (1.1)-(1.2) , we
slightly modify the definiton of §

givenin (2.14) , as follows:
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S a a a-1
[0‘ Mm{l& 1, Tlfi(ujﬂ)-fi(uj)l , Tlfi(uj)—fi(uj-l)l , ch

Lj
3.7 5 = , A
(3.7 Lj l if 0'=sgn(8i'j)=sgn[fi(uj+l)—fi(uj)]=sgn[fi(uj)—fi(uj_1)]

0 elsewhere
wherei=1,2:¢>0 and ae] 0,1] .

Before stating the convergence of the whole family (u,) towards the entropy solution of the problem
(1.1)-(1.2) , we recall a result of VILA [107].

Theorem 3.1 [10):

Let us consider the Jollowing prediction-correction scheme:

—n+1
(3.8) U =ui-ra
. 3
(3.9) sy N Ll
: i T + i 1
2

If we suppose that :
(i) the scheme (3.8) is consistent with the conservation law (1.1) and its associated
entropy condition [10].

() @\ 1Set) Y jeZ; lim e(h) = 0 when b tends t0 0,
rz
Then if the approximate solution uy, construcred by (3.1) is bounded in BVAL™: uy converges
towards u in Ly, and u is the entropy solution of (1.1)-(12) .
Theorem 3.2:
Ler upe L™( R )hBV,oC(/R ) ; then under the CFL condirion (3.5) , the approximate solution uy,
constructed by (2.1)-(3.1)-(3.2)-(3.7) converges towards the entropy solution of the problem

(1.1)-(12).

Lroof:

We write the scheme (3.1) in prediction-correction form as the following :

~n+l

(3.10) Uj = u? -r [(fl(uj")-fl (ujt-ll ))+(f2(11;,1 )‘fz(u;l))]



n+l = =
(3.11) uj = Uj - A+aj- i
with
_n+tl rh =n n

(3.3)-(3.9) is TVD and from formula (3.7) we have :
+1
|§n1I$rcha ;€>0, 12a>0.
J- 7 |
Then by theorem 3.1, the approximate solution U;, converges towards the entropy solution of the
problem (1.1)~( 1.2) as h tends to zero

3.2-SECOND ORDER ACCURACY IN SPACE AND IN TIME :

n+ — k
(3.12) G, =G", - TR @S+ D s, ]
J‘z— J'E'
in incremental form ,the new scheme will be :
(3.13) i =uloCt A, uly +D" 1A u?
iy )
with :
n 1 n n
(C:i_v”_ l[1+7 g L(I-vl ) - ——al l(l-vl'j_l)]
2
(3.14) J 2 , 2 ) )
D' | =-v, [1-= A-v, D5 (1-v,)]
j+— 2 2 J+zi 2+ 2.j+ — )

@ and B are given by (2.16)
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Proposition 32

Under the CFL condition :

| 1
(B.15) v =r [suplf, (x)] + suplf, (x|} <—[(1+ —;) + /(1+%)2+ 2a ]

the sup is taken over the set {x;x < g/l . }
the scheme (3.13 )-(3.14) is TVD and

(3.16) W] oo < Jf w0 Vie N

Proof -

From (3.14) we have

2
- C' 20 for veZ -1
J- 7 a
therefore using (3.15) we get
¢ 20
ury
similarly we obtain
D", 20
J—
2
to prove the TVD character, we have to show :
C*,+D", <1
= e
2 2
using (3.14) we get

hence the scheme (3.13)-(3.14)is TVD. .

Similarly we can prove that if (3.15) holds, then we have:
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c', +D" ; <1
Pz i3
hence
™ <™, vaeN
Remark 3.1;

In this case the constant a must satisfy 2 >a and for a=1 the CFL condition becomes:

Vv'17-3
v <

-2

using propositon 3.2 and with the same step in the proof of theorem 3.2, we prove :

Theoremn 3.3:
Ler upe L=(IR )nBVIOC( R), if the CFL condition (3.15) holds, then the approximate family {, U}

obrained by the scheme (2.1)-(3.7)-(3.13 )-(3.14) converges towards the entropy solution of the
problem (1.1)-(12) as h tends 1o zero . '

4-APPROXIMATION OF (1.1)-(1.2) BY SECOND ORDER IMPLICIT SCHEMES:
Next we consider the approximation of the problem (1.1)-(1.2) by the followin g implicit scheme

n+l n n+l
4.1 U =uer A+Gj- 1

2

4.1-SECOND ORDER ACCURACY IN SPACE:
In the case of second order accuracy in space and first order in time the numerical flux is given by :

' h n+1 h n+1

3 n+1 = N+l - - —
4.2) Gj_i gj'i+ 2 8l.‘j-l 2 52J
2 2

asin §3, g is the upwind flux and § is given by (2.14) .

The scheme (4.2) can be written :

n+l n+l n+l

n+l _ n n+1
4.3) y = C‘ 1 A+uj_1 +D. 1 A+uj
J-? J"'?
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with
1
( Cn+1 _ 1 n+1 1 n+t rA.,.fl(ujn; )
T =0+5B 7% ) a1
b7 T Mg A
(4.4) )
n+l
1 n+1 1 n+1 rA f2(u )
Dn+11 =(1- B“ +_a“ + b
j+ = 2 2,J+—l- 2 2,j+ — A I.I!H‘1
2 2 2 +)
and (o, B) given (2.16) (at the time step (n+1)) .
Let us set
( A f@h
v 1 = A n+l
J 1.}' 7 +Uj_1
rA+f2(u’j’+l)
v o1 = A n+l
L 2‘”5 +Uj

since f; is an increasing functon and f, is a decreasing function then

\Y 120 and v 150

1,j- — P
I3 ZJ+2

Proposition 4.1;

The implicit scheme (4.3)-(4.4) is unconditionally TVD and

a1 < udi Vne N

Proof;
According to lemma3.2 [3] ,to prove the TVD character (4.3)-(4.4) it suffices to show that there
exists ¢ > 0 such that :

c2C" 20 and  c2D"! 20
= s
2 2

from (4.4) we have :
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1 n+1 1 n+1
C*l =(1+ =B ->=a | )v
5 25102 L v 14
2 vj’— 'J'? J‘-
1 n+t
$(1+7[31. l)vl' )
J-E J'?
<3
_7\’
1 n+1 1 n+1
D] =-(1- 5 B LYy e v
J- E 2,j+ E 2.j+ _— 2,J+ E
<-a 1 n+1 )
S - + = \"%
2 2.J+-1- 2'j+i
2
<3
..7\’

hence there exists c=3/2 v which satisfies the required condition .Fom the third section we have

C"1 20 and D™ >0

ey 7
then the scheme (4.3)-(4.4)is TVD.
(4.3) gives :
n_ +1 n+]1 n+l  ~n+l  n+l _mn+l  n+l
u = (1+Cf1 1 +D~+1 ) u; C™) ul D'+1 U
rzo 3 37 iy
thus :
n +1 n+l n+l n+l | n+l n+l , n+l
- — + — - — + —
ry I3 3 3
hence

b < rum)
To prove the convergence towards the entropy solution we can use similar technics as in §2 (use of
Ch®), however when the flux f is convex we can make use of OSHER technics for the time

continuous schemes , to get an enwopy inequality ,that is

“j+l

WG | -f(w)]dw <0

J"'?
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with 1 an entropy function and G the numerical flux given in (4.2) . In the last inequality we
dropped the superscript n+l onuand G .

In practice it suffices to get this inequality for :

2
W
nw) = 5
then the entropy inequality becomes:
Ui+l
[G | -f(w)]dw <0
* 7
\IJ'
Lemmad4.1:
Ler
Y41
(4.5) I= [G ;| -f(w)]ldw
3
Uj 2
and
A f (u)
£ == i=12
Lj+ — A u.
2 +

then there existes Wil berween U; and Uiig Such that :

1 1 '
46  I=ppfu G- s@uid-a  Df -1 f )
s Lj+ 0 L+ ~ 2,j+ 7 2j+

2 2

proof:
by integration by parts of (4.5) we get
Yj+1
1 1 , 1 2 1 2
I= (4,u) (G.+ 17 (fCu)+£(u;, )+ 5 £ (w){(-—z-A+uj) -(w- 5 (u+u;, )7} dw
. J 2 .
J
since for all w between u; and u;, ; we have

1 2 1 2
(-2—A+uj) -(w - 5 (u+u;,))" 20

then by the mean theorem there existes u;,, , between u; and u;, ; such that

Ujy1 Yjel

1 2 1 2 , 1 5 1 2
f"(w)((-fA+uj) -(w-7 (uj+uj+l)) }dw=f" (u ) {(?A+uj) -(w--—z—(uj+uj+l)) }dw
=
2
uj uj
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1 ' 3
= ?f, (u_ 1) (A+uj)
j+t =
2
and since
h h
Gj+l = fl(uj) + fz(uj+1) + - 81'1. "5 82.j+1
1 1
= fl(uj) + f2(uj-f-1) * 2 . 1 [fl(uj+1) - fl(uj)] Ty B 1 [fz(uj.,.l) - fz(uj)]
1,J+ —_— 2'J+ —_—
2 2
hence

1 1
1= AL - o )+ N + yay,) - () + ACHY)

1 1
+(A+uj)2(Toc 1 f ‘ 1‘7‘3 1 f . 1)+$f"(u. 1)(A+Uj)3
l.J+§- 1.j+7 2‘}4.7 2,1-1--2— J+? .
then
1, 3 1 2
TRl 0w sewite e iaep e
J 2 15+ -2— 1'.]""? 2.]'*‘{ va"'E
Proposition 4.2:
Let ¥= supf(x)

Xl < [fug/f,,
then the scheme (4.3 )-(4.4) defined by

A-t-fl("ljd) %
4.7 a =Max{ 0,Min{ 1, — s I m——Au. })
Lj+ L A f (u) £
J‘*‘E + 1 J Lj+ E
, Af( )
2
4.8) B, =Max{OMin(1, — " 1, ¥ .
2j+ — A f (u) £y
2 +24) 2.+ 7
satisfies the inequaliry
Yj+1
(4.9) (G | -fw)]dw <0
=
l.lj 2
Proof:

Itis clear from (4.7) that if A +U;<0 then I<0 .Inthe following let us consider the case where
A,u;>0 .we will distinguish two cases
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a) ifocl’j+1/2 = B2J+1/2= 0, then we can check that

Y+1
I= | [f@)+ ) fw)dw <0
Y
b) if al,.H_l/z >0 or B2’1+1/2 >0 ,we have

1
ISy ) @A) = y@uy

"2

ol =

1 3.1
S 5(Au) ['gf' (Uj+i) -3
2
from the definition of Y we get 1<0.
Such a schemie is TVD and satisfies the entropy condition .It is second order accurate in smooth

regions outside of £'=0 ,i=1,2.

Remark 4.1 ;
The scheme may be defined by giving a;and o, B, and B, , @, and ByorBianda,.

From the second order accuracy preserving property stated in section 2 ,we observe that the choice
of c in (4.7) and (4.8) preserves the second order accuracy of the used schemes .

We will make use of the following result due to VILA .

Theorem 4.1[10]:

If the numerical flux G is consistent with the conservative form of (1.1) and satisfies the condition
Yiel
n"WIG | -f(w)ldw <0
I+ 0
Y
where 1) is an entropy function.

Then the limit solution u of the implicit scheme:

15-"” =u -TA GM}
i -
"2

is the entropy solution of (1.1)-(12) .
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Now we state a convergence result for our implicit scheme

Theorem 4.2 :
Ler upeL=(IR )nBVIo o IR) ; then under the hypothesis of proposition 4.2 , the approximate family

{ u,} obrained by the scheme (43)-(4.4) converges towards the entropy solution of (1.1)~(12 )ash
tends to zero .

The convergence of the family {u,} towards a weak solution of (1.1(-(1.2) is insured by
propositiond.1 , and the convergence towards the entropy solution of (1.1)-(1.2) is a consequence
of proposition 4.2 and theorem 4.1 .

4.2-SECOND ORDER ACCURACY IN SPACE AND IN TIME:

The new scheme will take the form :
n+ !
n+l n 2
4.10) U= U - rA+G' 1
7
with
. 1 .
n+ — 1 n+1 , 1 n+l
(4.11) G *=g"! k@D 8, ) + £ )8, ]
= =
2 2
this scheme can be Wwritten as
4.12 n+tl _ n _ Cn+l A n+] + Dn+l A un+1
(4.12) S Y=y o 1A% LAY
2 2

with

1 1 ’
1

(Cﬁ =V U+5B 1(1"'1.1')'70‘1, 1 (-]
“ 13) J J- 7 1j- T 1,5- 7 J- 7

1 1
D™ =-v, [1-—8 (T-v, J+—=a (1-v,)]
J*% 2, 2 244% 2,417 7 2 Z}.*% 2

in (4.13) we omitted the subscript ( n+1) for o,Bandv.

v N+l — £ 1. N+l
Vig=fHeT) V2, = Ry
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the scheme (4.12)-(4.13) is TVD if the coeffecients C and D given in (4.13),are positive.
To have

C*1 20
Iz
it suffices that
1 1
125 -B Ay 1)"75 Vv
Lji- =  1j — Lj- — Lj- —
2 2 2 2

this condition holds, if we choose o and B so that

(4.14)

similar conditions can be obtained to get:

we can proove the following:

Proposition 4.3
if a=1+0(h) and B=1+0(h) the condition (4.14) holds in the smoothness regions and the second
order is preserved too .

To prove the entropy character of the scheme (4.10)-(4.11) ,we will write it in the following form:

(4.15) =l rA g™l e a™]
J 7 J 7
with
gn+; = fl(u;ﬂl-l ) + f2(u;l+l )
j-—
2
and
1 n+l n+l
1 v n+l oo N+l
SRR I EACHBENIEY AT e
J-—-
2

g is a numerical flux of an E-scheme ; it is then proved [7] that for all entopy flux F associated
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with the entopy T, we have :
Yt

4.16) -n'(uj) A+ g |+ A+H(uj) = , n"(w) [g. 1° f(w)] dw <0
J- 7 J*+ 5

with

H(uj) = F(UJ-) + T!'(llj) [ g 1- f(uj)]
- —

2
using (4.15) we write

M @ - ul) =-rn'@*)a, g’ + A, 2™
5 5
since 7 is convex we have
N - @) syt @ - ul)
then
Ui
NG - @ +ra Ha™ )= | nogw) [g 1-fw)ldw +n'@™)a o™
. : j+ 5 | J )
thus
4.17) Ny - n@?) +r AHW™) s ) 4, 2™}

J-—

2

if we add in the definition of § the argument ch®, we prove that the right side of (4.17) converges
towards zero as h tends to zero . Then the solution given by the scheme (4.12)-(4.13) satisfies the
entropy condition at the limit . ‘

We thus have the following :

Theorem 4.3:
LerupeL=(R)nBV,, (R) , then under the hypothesis of proposition 4.2 , the family {. u,) given by

the implicit scheme (4.12 )-(4.13) converges towards the entropy solution of the problem (1.1)-(1.2 )
as h tends to zero.

nversion f lar f the nonlinear i ion : .
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If the flux f is an increasing function,then the implicit scheme (4.12)-(4.13) may be written :

W(u)jn-l-l + q>(u)jn,rwl =0
where
Y™ = o f @ - £ @)

rh n+1
Oy == A 8+

Poposition 4.3:

Y is inversible
Proof:

It suffices that there exists C > O such that -

Iy '@w o> Cliwlee ¥ we I

we have

V'(u)w = Wi+T f(uj)wj -T f'(uj_l)wj_1
let

Yy'(u)w=>b
with

bj = WJ (1+ aj) - aj_le_l
and 3=r f'(uj) >0 ; 3 is bounded since II ujll” < constant
thus

bj +ay Wi =W (1+ aj)

hence

1
ijz(l+—)+2aj2wj2(1+e)22(l+aj)2wj2
j j

€ J

2
a:

(1+€) sup <1

(l+aj

;. Ve>0
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we get

€ €
Tbi2(—) % W e Iy @w il 2 (— ) liwil_
j &+l 1 €+1 1

v (uN*+ly 4o (uNy g NeN

S-NUMERICAL EXPERIMENTS :

We compute the solution to the cauchy problem , associated with the Buckeley_Leverett equation
with a Riemann data :

3 4’ -
(5.1 ot &4u2+(1-u)2
1 if 3h>x>0
“(X’O)‘{o if 1>x>3n

where h is the spatiat step .The exact solution contains a shoc and a rarefaction part and it is given by

1 if x<3h
(52 ux,)={v(E if 3h<x< f(u)t + 3h
0 if x>f(u)t+3h
with i
E= LISh »and v satisfies: f(v(E)) =& , U= \/TE
in this example f = f,',since f 20,

1) We compute the solution at the time t = 0.24 , using the explicit schemes (3.1)-(3.2) and
(3.1)-(3.12) , we compare this computed solution with the one given by the first order scheme and
the one given by the exact solution (FIG.5.1) .We observe that in this explicit second order accuracy
in space ,the first order and the second order accuracy in time give the same solution .

2)The computed solution at the time t = 0.24 | by the implicit schemes (4.1)-(4.2) and
(4.1)-(4.11) is presented in FIG.5.2,the non linearity is treated using the following iterative technic:
We apply Newton method 1o the operator y to get the iteradon:
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h N
53 Ny @ et s —r—A 5 -y @y

this iteration is made inside every step of time , u" denotes the value of u at the time n At,ulN
denotes the value of u at the Nt iteration ; we recall that

\V(u)n+l p+l +r [f (ujn-t-l) ( n+1)]

In this implicit scheme there is a difference between the first order and the second order accuracy in
time .

RESULTS FOR t=024

()

functions u
(@] o

PN

1 1

o
r
1

©
L

o
o

: 05 06 07 05 0.9 10
spclial coordinate x

o
o

FIGS.1.  Explicit schemes. DT = 0.003 » C.F.L.number = 0.6, . exact solution ,

/ computed solution by first order scheme ,~ second order in space first order in time , .7 second
- . . /
order in space and in rime .
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RESULTS FOR t=0.24

)

©
~
1

tions u(x
o o
o o
~L 1

o
I

func
Q >
Z P

o o
o o :
S T S T

0.2 0.3 0.4 05 05 07 08 0.9 1o
spatial coordingts x

o
o
o

FIG5.2.  Implicit schemes. DT = 0.008 , CF L.uumber = 1 .6, . exact solution

»/ computed solution by first order scheme , ; second order in space first order in time , / second
7 .

order in space and in time .

Acknowledgment . The authors are grateful to professor Thierry Gallouet for proposing the subject
of this study and for a number of stimulating discussions . -
REFERENCES

(1]D.L. BOOK ,J.P. BORIS and K. HAIN , Flux-Corrected~Transporr Il :Generalisation of the
method , J. of Comp. Phys.,18 (1975) , pp. 248-283

(2] B. ENGQUIST and S. OSHER , Stable and entropy condition sarisfying approximations for
Iransonic flow calculations , Math. Comp., 34 (1980), pp.45-75

[3] A. HARTEN, On a class of high resolution total-variation-stable finite difference schemes
SIAM J. of Numer. Anal. 21, 1 (1984) , pp.1-23



26

[4] A. Y. LE ROUX , Convergence of an accurate scheme for first order quasi-linear equations ,
R.A.LR.O. Analyse Numérique 15,2 (1981), pp. 151-170

[5] A. MAJDA and S. OSHER ,Numerical viscosity and the entropy condition ,
Comm. Pure Appl. Math . 32 (1979), pp. 797-834

[6] M.S.MOCK , Some higher order difference schemes enforcing an entropy inequality ,
Michigan Math. J. 25 (1978) , pp. 325-344

[7] S. OSHER and S. CHAKRAVARTHY , High resolution schemes and the entropy condition ,
SIAM J. Numer. Anal. 21,5 (1984), pp. 955-984

[8] S. OSHER , Convergence of generalized MUSCL schemes , SIAM J. Numer. Anal. 22 , 5
(1985) , pp. 947-961.

[9] B. VAN-LEER , Towards the ultimate conservative scheme -5 , J.of Comput. Phys. 32,1,
(1979),pp.101-136

[10] J.P. VILA , Sur la théorie et I'approximation numérique des problémes hyperboliques nor
linéaire - Applications aux équations de Saint-Venant et a la modélisation des avalanches
de neige dense, Thesis - Paris 6 - (1986)

[11]J.P. VILA , high order schemes and entropy cndition for nonlinear hyperbolic systems of
conservation laws , To appear in Math. of Comp .

[12] J.P. VILA , P1-methods for the approximation of the conservation laws , To appear in SIAM
J. Numer. Anal..



CHAPITRE III

Stable upwind schemes for hyperbolic conservation laws

with source terms

Travail soumis pour publication

Annoncé dans la note CRAS | t. 307, Série 1, (1988), pp. 129-132.
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conservation laws with source terms
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Abstract. A class of stable upwind schemes for the numerical solution of nonhomogeneous
hyperbolic conservation laws is given. Explicit and implicit-explicit schemes of first and second
order accuracy are studied. Stationnary solutions are used as data in the first order case . Because
of the effect of the source term, the constructed schemes are not TVD (Total Variation Decreasing),
but they are locally TVB (Total Variation Bounded).The convergence of the numerical solution

towards the entropy solution is proved.

O-Introduction. Most problems of technological interest are nonhomogeneous, or
multidimensional, or both. The source term in the nonhomogeneous problems is due to physical
effects (exterior forces, release of mass or energy ...) or to geometrical effects (axisymmetric or
cylindric problems, area with variable section ...).The theoretical study of the scalar
nonhomogeneous conservation law is made in Kruskov [6], where the existence and the
uniqueness of the solution are proved.The case of nonhomogeneous hyperbolic systems is studied
by Liu [8],who used the solution of a Riemann problem with stationnary data to prove a global
existence result together with the asymptotic behaviour of the solutions.Other theoretical results for
particular nonhomogeneous hyperbolic systems based on estimations of the Riemann invariants
can be found in Luskin-Temple [9], Nishida [11], and Vila [23]. A different approach can be
found in the paper of Schonbek [15] which uses the theory of compensated compactness to obtain
an existence result for some conservation laws with singular source terms.

Schemes of first order accuracy have been proposed for the numerical solution of conservation
laws with source terms.These schemes are based on the splitting method as in Sod [16] and
Toro[20] or on the solution of a generalized Riemann problem with stationnary data
Glimm-Marshall-Plohr [4], Roe [14], and Van-Leer [22]. A numerical integration along the
characteristic curves is used by Marshall [10]. First and second order accurate schemes for
numerical solution of inhomogeneous equations are proposed in Glaister [5] and Roe [14]. the
solution of the inhomogeneous equations does not possess the TVD property because of the effect
of the source term which increases the total variation. Recently Sweby [17] proposed a method
based on the transformation of the dependent variable to reduce the nonhomogeneous scalar



conservation law to a homogeneous one which does possess the TVD property. The study of the
convergence of the numerical solution is made by Le Roux [7] in the case of upwind schemes with
constant piecewise data.

The purpose of this paper is the study of the convergence of the numerical solution given by
explicit or implicit-explicit first order accurate schemes with stationnary data. Explicit second order
accurate schemes are also studied.

This paper is built as follows:

Section 1 is devoted to preliminaries related to the nonhomogeneous scalar conservation laws. In
§2, we construct and study first order accurate explicit and implicit—explicit schemes with a
stationnary data.Section 3 concerns the second order accurate upwind schemes where the
convergence of the numerical solution towards the entropy solution is proved. This section may be
seen as extension of the study made in [2] .In section 4 we give a study of a time continuous
scheme.

1-Preliminari
We consider the numerical solution of the following problem:Find a bounded u satisfying the
nonhomogeneous scalar conservation law :

(1.1) u, + (f(w)), = q(u , x)

for (x,t) eR x]0,T[; T>0 and

(1.2) u (x,0) = ug(x)
with uy € BV, .(R) "L=(R),fe C!(R) and f=f;+f, such that f;'20 and f,'<0;

q € CI(R xR ), the functions q and g/f are assumed to satisfy the Lipschitz condition in u
uniformly with respect to x , and in x uniformly with respect to u. d, and d, are the Lipschitz

constants of q and g/f’; q(0,.) = 0.

We seek a weak solution to the cauchy problem (1.1)—«(1.2),i.e. a function u € L*(R x]0,T[)
satisfying:

(1.3) ( u(t)l + f(u)cbx) dx dt + uo(x)q)(x,O) dx =- q(u,x)o(x,t ) dx dt

R 10,T[ R R 10,T[

for all test functions ¢ € CY(R x [0,T[), with compact supportin R x [0,T[.



Letne C%(R), be a strictly convex function, whose entropy flux is F i.e.

(1.4) Nwf@)=F@) , YVueR

The solution of (1.1)<(1.2) is not necessarily unique and the physical one is characterized by the
following entropy condition:

(1.5) J (n@¢, + Fu)p,) dx dt 2 - N'(W)q(u,x)0(x,t ) dx dt
R 10,T[ R 10,T[

for all positive test functions ¢ € CI(R x 10,T[), with compact supportin R x ]0,T].
We observe that in the nonhomogeneous case, the characteristic curves are not straight lines along
which the solution u is not necessarily constant .

Let h be the spatial size and k be the time grid size related to h by the fixed positive number r
through :
r=k/h

A weak solution u of (1.1)~(1.2) is approximated by a function u;, defined on R x ]0,T[ by :
(1.6) u, (x,t) = u;-‘ for (x,) € I x J,

with
Ij x Jp =1G-1/2)h,(j+1/2)h[ x 1(n-1/2)k,(n+1/2)k[ Vje Zetn <N = E(T/k)+1

where E denotes the integer part function .
The initial condition (1.2) is projected into the space of piecewise constant functions by :

(1.7) u?=Tll-Juo(x)dx VieZ

J;

2—First I ind st
To take into account the nonhomogeneous character in the numerical solution of (1.1)«1.2), we
construct a first order upwind scheme, using a piecewise stationnary data. The use of the idea of



stationnary solutions as data in the nonhomogeneous problems, was first proposed by Liu [8] and
then used by Van-Leer [22], Glimm-Marshall-Plohr [4] and Roe [14] .

Outside the shock and sonic points, the stationnary equation associated with (1.1) gives :
.1 u, = q(u,x)/f(u)

Let us assume that the initial values form a piecewise linear distribution :

(2.2) u'(x) = u}' + (x- xj)q(u}',xj)/f'(u;‘) for x €I
where X; = jh.
Let
a(u,x) = 1/2q(u,x)/f'(u)
and
(2.3)” a = 1/2q(u} . x)/f' (u])

we particularly need the initial boundary values inside cell j :

24

We will consider the explicit upwind scheme :

2.5) W =l o r A L)) + fu]p O] + K Q@] X)

where

Ab=b, - b;.

We observe that if f is convex, the Engquist-Osher numerical flux is of the preceding form with
some convenient f; and f, .
Using (2.4) we get the explicit scheme :

(2.6) =l - r A [0 +hd] ) + £~ hap] + k q(uj, x)

We can also consider the following implicit—explicit scheme :



Q.7 T =ul - T A, IO +hal )+ H - h )] + kg, x))

We first study the convergence of the explicit scheme (2.6).

Proposition 2.1

There exist positive constants Cp,Cy, Cy such that under the CFL condition :

(2.8) r [sup [fy'(x)] + suplf,'(x)/] <1 , A={xeR, x| <e2TmMCe+ds2)/10// )
xeA xeA

the family given by the explicit scheme (2.6) satisfies

™I < (1+Cyh) ™I

Z i) —u™ I (14Ch) T f,; —uli+C T h?

2.9) $ i+

lji<) lji<I+1
n+1 n n n n
L ljieT ljl<J+1

Proof
Let us denote:

1 =TIA, £ +hd VA T, +hal )]

Vij-12 =T[8 £i(ug, +ha OIA (u 3

and

n
Vy e =T [8, £ —h &l )IIA (0] - h a))]

wchaveVIZOandVZSOSince fl'ZO and fz'SO.

The explicit scheme (2.6) may be written:

n+l n n n n n n n
= - .+ - . X X
y; (1 vl.j_”2 + Vz,j+1/2 ) u; VIJ_”2 Uiy V2j+1/2 U,y + k q(uJ xJ)
, i) BE V] o h h
+ VT Vo) b TV )+ Vz, 12 h g,
Let

Co=rd; +324,



The first inequality of (2.9) may be proved by induction, since if we assume that

la? Il < (1+ Coh)™ @ Il

Then by the CFL condition (2.8) we have

n n

_ >
1=V ptVajnp 20

Using (2.8) and the hypothesis on the functions q and g/f' we obtain

n
u.

n+1 n n n
Iuj I<(1-v lu; 1l—v'. i1

n n n n n
C+ .
1172 + v2.j+l/2 ) Iuj | vl.j—1/2 i 254112 o, ,+kd,; |uJ I+ 3/2hd, il

d, and d, are constants of the functions q and g/f'.
Thus

a1, <(1+Ch)llutll,, VneN

To prove the second inequality of (2.9) we have

n

n n
= Vijr T V24an) (

n+l _n+l n n n n n n n
= . . =u.j)+ P | — . . ~— U.
(1 Uiy = U ) Vl,j—l n (uJ “J—l) v2d+3 n (uJ 2 Y +1)

i+1 7 Y
n n n n n n .n n n n
+ (= Vyp~ Vo) D@ adt vy h@ -2 )+, e h (aj,5- 8j41)
n n
+ k[ Q(u;".,.l » xj+1) - q(U;I s xj+l) + q(uj s xj+l) - Q(Uj ’ XJ)]

hence

Sl -uis B ol -di+32hd, T olf-ufl+ 312d, (2J +3) b’

; J . J+1
4] lji<I+1 jl<I+1
+kd; T, —ufl+d; 2T+ hk
Lil<J
Then ,
1 1 n
Ty —uT 1S (1+Ch) 2 W, —ujl+CJh
ljisy ljlsI+1
with

C1=Max(3/2d2+rdl,15/2d2+3rdl)



with the same step we have :

Wl v AW v A o} +rh (q@lx) - q(0.x,)
J J 111/2 + 17 21+112 + q q
n
Vigipha, 8 1*"2.j+1/2hA+ %

hence
Tl -ulls I oW} -u? 14 CTh
ljl<J ljl<T+1
where
C,=3rd, +6d,
heor 2

Letuye L™( R)NBV,, (R), then under the CFL condition (2.8 ) ; the family (uy) constructed from

the explicit scheme (2.6), contains a subsequence ( uy, 2'» which converges in L{o o Rx]0,T[) towards
a weak solution u of the problem (1.1)~(12), as h tends to zero .

Proof
We will use proposition 2.1 to show that (up, ) is bounded in L=(R x ]O,T[)ﬂBVloc(IR x]0,TD .
From the first inequality of (2.9) we get

Hu™ i < (1+ CohyR a1l Vne N

we have n <N, then
(1+Cph"< (1+Coh)N |, N=E(T/k)+ 1

< e 2GTh , r=k/h
Since u,€ L=(R), then (u;, ) is bounded in L™(R x ]O,T[) .

We choose R > 0 and set QR =]-R, R[ x 10,T[, J = E(R/h), where E denotes the integer part

function.
From the second inequality of {2.9) we have :

n+l n+1 0
Zlu y; IsM, X luJ+l ujI+Ml(R, T/r)
Ijl<J ljlsJ+n+1

with



M0=62C4T/r(R+T/r+1) and M1=M0—1

using (1.7) we obtain

1
n+l n+l
Ijl}ijluj+l —u ISMy+ | ug(x+h) —ug(x) I dx + M(R, T/r)
IxIS2R+Th

since uy € BV, (R) then there exists a constant M(R, T/r ) depending only on Q such that

AT

1 U 1< M(R, Thr)
lji<]

Hence

L Zhj,-ulk S2M(R,T/)T

n<N lji<J
Then uy is of locally bounded variation in the x coordinate .
Making use of the third inequality of (2.9) we obtain

n+1
2 E " -y Ih<2M(RT/)TA+2Cofr TRy
ljis] n<N

Then uy, is of locally bounded variation in the time coordinate.

This completes the proof that (uy, ) is bounded in L(R x 10,TDNBV, (R x JO,TD) .

Following Le Roux [7] and Sweby [18], by making use of the Helly 's theorem we éan extract

from uy, a subsequence uy, , which is Cauchy in L!( Q,) . By a diagonal process we can show that
h h;, y

there exists a subsequence of u, which converges in Lfoc(IR x ]0,T]) towards a weak solution u of

(1.1)—(1.2).

The result of theorem 2.1 can be made more precise by using a result of Tadmor [19], if we
suppose that

(2.10) r [sup If, /(X)) + suplfy(x)]] 112, A={xeR, /x| SeZTrG* 42/, }

xeA xeA



Theorem 2.2
Letuye L™( R)/')BVIOC( R), then under the CFL condition (2.10) ,the family ( u) constructed from

the explicit scheme (2.6) converges in L;:,c( Rx]0,T[) towards the entropy solution u of the
problem (1.1)«1.2), as h tends to zero .

Proof
It was proved in theorem 2.1 that there exists a subsequence (uhszhiCh converges towards a weak

solution u of (1.1)«(1.2). Let us now prove that u satisfies the entropy condition (1.5). To do this
we write the explicit scheme (2.6) in the form:

an+l n
(2.11.a) i =y -r A+ gi1n
1_ a4
(2.11.b) ut =g kA 08— 678 1+ kgl x)
with

811/2 f,(u _1)+f2(u )
s 1 = [0} RE ERDES ACHD)(CEN

f24- 12 = [ £(0] —h &} ) - £,u] ))/(~ha)
The scheme (2.11.a) is monotone (under the CFL condition (2.8)), then using a result of Tadmor

[19], under the more restrictive CFL condition (2.10) there exists a numerical entropy flux F.in

associated with } such that

2.12) @) -n( d)+rA, B, <0

From (2.12) and the convexity of | we obtain

(2.13) ( n+l) n(u ) 4T A+F;1/2 n (un+1) ( ;H»l _ﬁ;l+l)

Multiplying (2.13) by ¢J.h ( q)j = ¢(xj, nk) ) and taking the sum over j and n ,we get
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n+1 n n n S| n+l  an+l ‘n
(2.14) fjh (ﬂ(uj )—ﬂ(uj ) ¢j +nzj k A.,. (1:?_1/2 ) ¢j < f; hn (uj ) ( uy Y )¢J
We denote by A (resp. B) the left hand side (resp.the right hand side) of the inequality (2.14). By

discrete integrat{on by parts we obtain

n+l n n

A=-Zkhm@™) (9 -6 VK- hkF,, (0., -0 )h
nj n,j

Hence

A=— J J [nuy (& 0) @, D), + Fpuy(x, D) @,,(x, 1), Jdx dt

R10,T(

Making use of Lebesgue 's theorem we prove that

J f [Ny, (x, D) @, (x, V), +F,(u,(x, 1) (¢,(x, 1), ] dx dt —"{ J M@)o, + F(w)o,] dx dt

R710,T[ R 10.T[

Let

bl =k 1p 8o — £ 8 )

We have
B=B,+B,
with
B,=Z-ho, n(u"+1)A+bJ_
n,j
and

Bz-Zkhq) n ) gl x)) -

n,j

Using discrete integration by parts we obtain

n

B,=Z ho bl A, (M@, N+Zh (A, 0 )b, ,n'],)
n,j nj

Let
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K =172 (I} Il o +UEy I, 5yl avec Ivil, , = sup v(x)l

xeA

The function ¢ has a compact support, then

IB,/<Th K¢l Im"(ull_, £ k = A, u;' I+rhKIM'@)ll ZkZ 1A, ¢Tl |
n<N  Jji<y n j ’

Since (uy, ) is bounded in LBV, _and ne CX(R), we get

loc
limB, <0

Again, with Lebesgue's theorem, we have

limB, = N'(w)qu,x)d(x,t ) dx dt
R™10,T[
Then, at the limit we get
J J’ M(u)¢, + Fu), ] dx dt > —J J N'(w)qé dx dt
R 10.T[ R 10.T[

Then u satisfies the entropy condition.
The uniqueness of the entropy solution of (1.1)—(1.2) ensures that the whole family u; converges
towards the entropy solution u .

Remark 2.1:
We observe that the explicit scheme (2.6) is a second order accurate scheme for the stationnary

solutions,that is the approximation of the stationary solutions by the scheme :

(2.15) VhA, (£, +hdl )+ —ha) )] =qQu)x)

is second order accurate .
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Remark 2.2:
The CEL condition (2.8) is the same as in the case of the upwind scheme for the homogeneous
equation with piecewise constant data .

Remark 2.3:

If we consider the entropy function of Kruskov n(u) = lu -kl (k € R), using a result of

Crandall-Majda [3], then under the CFL condition (2.8) there exists a numerical entropy flux Fj_ 12

associated with 1 such that :
an+1 n
this numerical entropy flux is

Fj—1/2=f1 (uj_lvk)+f2(ujvk)—f1 (uj_l/\k)—fz(uj/\k)

where: avb=max (a,b) and aAb=min(a,b).
Let us now return to the study of the implicit-explicit scheme (2.7) in the case where q = q(u).

Lemma 2.1 .
Let C, M, K be three positive constants and let the family (a;l)clR, such that

i)ZaJ(.)<+oo
j
ii)0<a;'<M,Vnen\|;Vjez
n+l1 n n+l n+l
iii) '2 o <C .2 a + (@, +a,,) K
Iji<J Iji€I+1

n
Then the serie X o, converges and we have

J
n+

1 n
2% SCZ%
j j

Proof

n
By induction, if we assume that the serie z o, converges, then using ii) and iii) we get
i
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n+1 n
Za <CXa +2MK
li<T J . )
IS, )

n+l n+1 n+1
Then the serie @, converges, hence a_; , and @, ; tend to zero, when J tends to e .

j
From iii), we obtain
n+l

To, scza;'
j i

P iti 2.2
There exist positive constants Cp, C;, C, such that the family given by the implicit—explicit
scheme (2.7) satisfies :

[ ™ < (14 Cgh) ™I
z iy —ul*! 1< (1+ C ) ; I,y — uf

(2.16) 1
IEJIu;”l—u I<C2(1+C2h)Zlu —u 1+ C T hilu Il
Proof
Now we denote
n
Vi =TA £ +hd YA @ (“*‘+ha;‘_1)]
and

n
Ve =T[4, B =hd)H)A, W ~hal)]

We write the implicit—explicit scheme (2.7) in the form:

n

n+1 n n+l n n+1 n+l n
u; u + (- V1J1/2 2J+l,2)u Vlj-llzuj-l -Vz.j+1/2uj+l +kq(uj,xj)
n n h h
+ ViV ,+1/2)ha +V Lj-172 8 Vo172 a,

Using the hypothesis on the functions q and g/f' we obtain

) i <l 1+ v S vy o ek d) D 32 ddph I

2,j+1/2

n
(1+ V1, 12~ V24112
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where
d =rmax ( |If1'llw . lf2'llw )

d, and d, are the Lipschitz constants of the functions q and g/f'.

Thus

Nu™li_<(1+Coh)lull, VneN
where

Co=rd; +3/2dd,

To prove the second inequality of (2.16) we have

n+1 o n+l “ n+1 n+l1
Y1~ =Au; + (- "1 st Y2 ,+1/2 )BT )V BT - v2 o3 BY50)
n
n
+ = Viman~ Vz,j+1/2 Yh(A, a) + v1 ph (A, d )+ Vz e B@, ay1)
+k|[ Q(u;.l ) - q(uj )]
hence
n+1 n n+1 n n+1
(14 V) o1~ Voo ) A TS AT T4V, IA+uJ vy A5

+1/2hdd, (1A, u I+1A, u I +1A u,,l)+rhd; IAu |

+ j+l
Thus

- Isa+Ch) T —ull+dIA W 1+dA, ur |
159 1jIsT+1

Then by Lemma 2.1 we have

n+1 n+l n n
J J

Where
= 3/2dd,+rd,

To prove the third inequality of (2.16) we write the scheme (2.7) on the form
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n+l  n _ “ utl n
U ===V p 00 V21+1/2A+ ; +Th(Q(u )—q(0))
n n
Vij-12 h A, a.l-l 2.j+1/2 h A+ g

With the same step in the proof of the third inequality of (2.16) we obtain

1
Lt -ufl=2d I | ;‘*1 u;.‘j} l+hdd, Z Iuf-u;l+3rThd "Il
i<y ljl<I+1 jl<J+1 :

Then using the first and the second inequalities of (2.16) we get

2! -l 1<C, (1+ Gh) T o} =y 1+ C,Th a1l
i<y ljl<T+1

With
C,=Max(2d, 2dC +dd,,3rd,)

In this implicit-explicit case the hypothesis uje L=(R)NBV, .(R) is not sufficient to prove the

convergence, we need uye L(R)NBV(R).

Theorem 2.3

Let uye L™(R)NBV(R), then the approximate solution uy, constructed from the implicit—explicit

scheme (2.7), contains a subsequence (u,) which converges inconditionnaly in LI':,C( IRx]O,T[ )

towards a weak solution u of the problem (1.1 J12), as h tends to zero .

Proof
Making use of proposition 2.2. we prove that (up, ) is bounded in L=(R x ]JO,TDNBV(R x ]0,T[)

and by the Helly 's theorem, like in the explicit case, we show the existence of a subscqucnce of

(u}, ), which converges in Lloc(lR x ]JO,T[) towards a weak solution u of (1.1)—(1.2).

Without any suplementary condition, the result of theorem 2.3 can be made more precise :
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Theorem 2.4
Let upe L™( R)NBV(R), then the approximate solution u, constructed from the implicit—explicit

scheme (2.7), converges inconditionnaly in L;,c( Rx]0,T[) towards the entropy solution u of the
problem (1.1)<(1.2), as h tends to zero .

Proof
It was proved in theorem (2.3) the existence of a subsequence of uy, which converges towards a

weak solution u of (1.1)~(1.2). To prove that u is the entropy solution, we rewrite the scheme
(2.7) in the form :

an+l _ +1
(2.17) @ =ul-rA, gy
(2.18) o = @ kA I A - £, 2 il + K72 q( )
where

grj”ilfz =f (u'J”l1 )+ f2(u;”'l )
£ = LT + hal ) - £, /b))

£y 1 =[5 -hd) - £(ul* ))/(-ha)

Let 1 be a convex entropy for (1.1) and F the associated entropy to M. The scheme (2.17) is a
monotone, then it is an E-scheme i.e.

(2.19) sgn (U1 = ;) [ g~ EW] <O
Thus
Uj+1
(2.20) n" w)l givin — f(w)]dw <0
Y

Using a result of Vila [24], there exists an entropy numerical flux F; defined by :
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(2.21) Fj_l/g = F(uj) + Tl'(uj)[ &an— f(uj)]
and we have:
(2.22) @) -n(l) +ra, By, <0

The end of the proof is exactly the same as the proof of theorem 2.1.

Remark 2.4:

We did not take the source term in implicit form for two reasons. The first one is that the explicit
form is enough to get an inconditionnally stable scheme; the second one is, the existence of u™*1
requires in that case more hypothesis on q.

3-Second order upwind schemes,
3.1-Second order accuracy in space,

To construct quasi second order accurate scheme, as in [21] we assume that the initial values form a
piecewise linear distribution

n
3.1 u” (x)=u}1+ (x—xj) 8j , Xi1p <X<Xp

where
oMin{ B1, W, ~w’th , Wl Vb, Ch }

(32) 9, if o= sgn(8 ) = sgn(u = U ) = sgn(u u )

0 elsewhere

with C>0; O<a<1 and
AN
(3.3) 8, = (uf,,— u? )/(2h)
. n n
From (3.2) there exist P and Bj_l 1 Such that

n n
OSaj+l/2$1and0sBj_1/251
and

n n n
(3.4) 8 = o,y —uwh=PB_ @ -ul)h
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We will need the initial boundary values inside cell j :

n n n
u.,,,_=Uu +h/29d.
(3.5) §j+1/2, i) j

n
n N

The quasi second order accurate (in space) scheme may be written

(3.6) = oA, [0, )+ B0, ) ]+ k@], X))

Proposition 3.1

Under the CFL condition :

(3.7) v=r[sup [f,(x)) + suplfy ()] S12, A= {xeR, /x| e+l }
x€A x€A

The family (u™ ) given by the explicit scheme (3.6) satisfies

™, < (1+Cgh) Iha™l_

2
™ o™ <a+Ch) T W, -ull+CJh

1 1 1 1
(3.8) 1<) » ! ljl<I+1 we

n+l n n n n

MWt < A

L ‘Z hy; LHLES ‘ Z Iy uj_1|+Cthllu I,
lji<T lj1<I+1
Proof
We write the scheme (3.6) in the form
n+1 n n n n n n n n

(3.9) y o= a- Vign t Vajan ) u + V12 Yo ~ Vajenz Yt +k q(uj ,xj)

n n 8“ n 8“ n 81'1
+ (= Vyiap Vo) W28 +Vy 5 1 p W20 +YVsp h2 o,
where
n
v

ap =T IA, £+ b2 8 VA, + 128 )

= (8, G0 -2 8 VAW -2 8 )

Vai+in

Using (3.4) and the CFL condition (3.7), the scheme (3.9) gives
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™I, < (1=32v) I+ 32 v lu™ll_+rhd, Iu"I|_
Then
™Ml < (1+Cgh) ™l
With

C0=rdl

To prove the second inequality of (3.8) we write

n
+ v o

n n n n n
u Li+i2 T2 J+1/2 ) (uj. Ui ~ j) 112 (G —U_) =V, 432 Wisa— Ujp)

n+l _ n+l n

n n n
+ Vg p ~ Vanp ) B2 (Sj 5 )+ "1 12 0/2 (8 8 D "2 j+32 12 (5 -9,
+KLQQ, 5 %)~ g, x,) + @, x,,,) - g, X))

By addition over [jl < J, we get

n+l n+1 n n n n n
é;lu"“ u; | <| Ejluﬁ,1 u I+ Vl _I-12 u_y - u_J_ll—sz*_:;/2 lu},, — uf,!
n n n
+v, 1,-1-1/2 h/2(5 85 ) * Vasuap W28y, -8, +kd, £ Wl —ull+d,2I+ 1) hk
1jI<J+1
By (3.4), we obtain
n+l n+1 n n
n n
ljl<I+1

Using the CFL condition (3.7) we get .

zlu;x:-ll ™lie B lu;‘+l—u’,'l+kdl b Iu+1 u |+d,(2J+ 1) hk

lji<J E ljtsI+1 ljl<T+1

Then
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) -uI<sCh) I, -+ CI R
lji<I lji<T+1
with
C,=3rd,

The second inequality of (3.8) can be proved by writing

My A A W +Th 0
U Y =-Vian +uj-1 AERY) “ +r (Q(u X —q( X;))

n
SV h2A, 8 4, ap 28,8

From (3.4) and the CFL (3.7) we obtain

I -ul s ool l4rd; @I+ Dh ",

Iji<T ljl<I+1
Hence
T ool T o} -ul, 1+ CTh I
. J J . J J had
i<y ljiJ+1
where
Theorem 3.1

Let uye L™(R JNBV,, (R), then under the CFL condition (3.7), the approximate solution (uy)

constructed from the explicit scheme (3.6), converges in L;loc( Rx]0,T[) towards the entropy
solution u of the problem (1.1)—(1.2), as h tends to zero .

EI'QQ!

Exactly the same as the proof of theorem 2.1, by making use of Proposition 3.1, we prove that

(u, ) is bounded in L=(R x J0,TDNBV,,.(R x ]0,TD), using the compact injection of L”NBV,,. in
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Llioc » we can show that there exists a subsequence of (u,) which converges in Lfoc(IR x JO,TD

towards a weak solution u of (1.1)—(1.2).
To prove that u is the entropy solution, let

8?-1/2 = fl(u?-l )+ fz(u? )
g n n n
J -1/2 = k/2 [fl J-112 J 1 f2 J+1/2 8j+l]
with

f1111—1/2_[f(u 1+h/28 l) f(ll 1)]/(h/28 )
frzlj.,. 2= [fz(u —h/28) fz(uj )]/(—h/zaj)

we write the scheme (3.6) in the form:

an+l
(3.10) 6 =ul-rA, g,
n+l an+l n+l n
3.11) U= - A+ bj_l/2 +k q(uj ,xj)

As in the proof of theorem 2.2, there exists a numerical entropy flux F 172 associated with the

entropy function 1 such that

(3.12) @) -n( u)+rA Fl <0

From (3.12) and the convexity of 1} we obtain

n+l  an+l
)

(3.13) N -n@) +r4, B, <o) @ -

Using (3.2) we have

n+l a
B),1<Ch

Multiplying (3.13) by ¢jh and taking the sum over j and n, exactly like in the proof of theorem 2.2
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we get at the limit

(3.14) J J (), + Fw)o,] dx dt > -J J M'(u)qf dx dt

R 10.T( R 10.T(

Then u satisfies the entropy condition.
The uniqueness of the entropy solution of (1.1)~(1.2) ensures that the whole family u;, converges

towards the entropy solution u .

3.2-Second order accuracy in space and in time.

The second order in time may be achieved by advancing the cell boundary values, to be used in the
flux function, to the intermediate time level 12 = " +1/2 k .Using (3.5) we get the advanced
boundary values:

(3.15) {u;'_:il/z%_ - u!j‘”/2 ~1/2 [ f(d] 172~ ) — f(d; 12,4+ )1+k/2 q(ur.', x.)

2
ujn:il/é,'l' = ?—l/2+ rlz[f(u+1/2,_) f(u 1,2+)]+k/2q(u X)

The full scheme is :

G109 e M A PR AT RN CAREED
with

(3.17) ‘5"”’2 (n:llg 1:11,/22+ 2

P .. 3.2

The scheme (3.16) is second order accurate (in space and in time).

Proof

We compute the truncation error of the scheme (3.16) in the regions where (u,)" # 0, using (3.2),

we have

n n 2
8] =(ux)) +O(h)
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Substituting in (3.5), we get
W, = U +h/2 (@, )] + O(’)
n

U2 = U — W2 (@ )] + (O(h)
and

Uy, = Ul +h2 (), + O
=u ~ 02 (u, )] + K2 (@) ~h K2 (u,, )] + O(h’)
(3.15) gives

Wy = o)+ 02 (0, ) - 12 [ £} ) + b2 £ )G, ) + b8 (I

— ) + W2 07 ), )} =078 £ M, )P 1+ K2 g, %) + O )
Making use of (1.1), we obtain
s =l +h/2 @ + K2 0 ) + O’ )

and

Wl e = W =2 @O + K2 ()] + O

By (3.17), we have

2 =0 k2 ) + O®)

By éubstituting in the scheme (3.16), we obtain the truncation error

R = ()] + k2 (u,) +1/h [h f(uf)(u)+ h k/2 £(u)(u,)] + 172 £'(u) h () k (@)]]
- qQ'x) + K12 ()N} + Oh®)

Using (1.1) and its differential with respect to t, we get
Ry = (@) + f)(,) - q’x) + Oh®) = Oh”)

Then the scheme (3.16) is second order accurate.
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Pr iti 3.3
Under the CFL condition :

(3.18) v=r [sup f, (x)] + suplfy(x))] S(VI3-3)i2, A = (xe R, jx] <2 *5T7(2 + 18 d/ju’s)
xeA xeA

The family (u") given by the explicit scheme (3.16) satisfies

r

™1l < (1+Cgh) ™,

Tl -t I <+Ch) T luf, —ufl+Cy h?

A

(3.19)

lji<J ljt<T+1
T -l 1<(1+ Cph) I f—ufy 1+ CAN
L lji<T lji<I+1
Proof
Let

n
v, =1 [f(u'} ps) - f(Ul}_l )] /(u?+1/2.— - urj‘—1/2.+ )

(3.15) gives us

n+1/2 n n n n n
Wi = Y- Vil2 Wap = i) + K2 00 )
Using (3.5) we obtain

=]

n n
W = +h/28 - v, 2§+ k2 q(uf, x)

n n
Wi = 05— 028 -V W28+ k2 (4], x)

[~ (™

Lo

We let
n+1/2 n+1/2 n+1/2 n+1/2 n+1/2
v, =rifi0hp ) -, N/~ Yip,-)
and

n+1/2 n+1/2 +172 n+1/2 +1/2
Vz'j =T [fz(uj+l/2'+) - fz(lf:’l_l/z'+ )] /(lﬁ.*‘l/z'.’. - j_l,z'... )

From (3.16) we get
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n+1 n+1/2 n+1/2 u1'1-1»1/2 n+1/2 n+1/2 n+1/2

- v
Y u-v i Wap-—Yhp -V, i (U =¥, ) k@™ x)

The scheme (3.16) takes the form

12
(200wt =ulov Wl 2 5’.'_ V28—, ~h28 +v. h23 )
n+1/2 n n n+1/2
_\:2'j (ujﬂ—h/225j+1 h/28.|+1 u;‘+h/28 +v h/28 ) + kq(u;" %, x;)
n+1/2 n+1/2
=V, K20 x) —q(U}‘_l, x;_1)] —v2j k/2 [q(ug,y, X;,p) — QU] x)]
Using (3.4) we write
(3.21) u;l = u}l - C;-IIZ Dn+1/z A, u +k Q(Un+l/2 X; )
n+l1/2
~Vy; k2 [ q( ' X)) — q(u 1 X )] = Vai k/2 [q(u+1, i) = q(u x;)]
with
n+1/2 n n n
. Clip=vy; [O+12B ,0-v)- 120 1n 1=V, )]
: n+l/2
Dtjl+1/2="'2.j l/2[3»4/2(1'“’ 1)+1/2°‘+1/2(1+" )]
From (3.22) we have

n+1/2 n n

J—
Using (3.18) we get

Ciip 20
Similarly we obtain

D’

12 20
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To prove the second inequality of (3.19), let us first show that

C1j‘+1/2 + Dtjl+1/2 <12

Using (3.22) we get

Cipp + Dinp S12V +3/2v

where v is given in (3.18).The CFL condition (3.18) then gives
Cinn* Diap <
Similarly we can prove the first inequality of (3.19) by showing that
Clin + Djup 172
To achieve the proof of the second inequality of (3.19), it suffices to show that

T kg, xjp ) - a(y] 2 xN<€Ch I, -ul+CkhJ
lji< 1jI<T+1

To do this, using (3.5) and (3.15), we have

n n n
W2 =+ b2 8 —120E ) h ) + K2 q(} . x;)

Hence

2 1R ot 1S (L m2 v+ kA dy) Tup, - [+ k/Ad h]

Similar inequality may be found for : 1/2| L}Tilfgz . J’"’]lg L

The result is obtained by making use of (3.17).
The third inequalty can be proved directly from (3.20) as in the proof of theorem 3.1.
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Using proposition 3.3 as in theorem 3.1, we prove:

Theorem 3.2
Letuye L*™( IR)f)BVIoc( R), then under the CFL condition (2.10), the approximate solution (uy)

constructed from the explicit scheme (3.16) converges in Ll'f,c( Rx]0,T[) towards the entropy
solution u of the problem (1.1)—(1.2), as h tends to zero .

Proof
By making use of proposition 3.3, we get (up,) bounded in L™(R x 10, TDNBV,.(R x ]0,T[), using
the compact injection of L°°ﬂBV1oc in L'I‘oc » we can show that there exists a subsequence of (u)

which converges in Lfoc(lR x ]0,T[) towards a weak solution u of (1.1)—(1.2).

Following the same step as in the proof of theorem 3.1, we get that u is the entropy solution of the
problem (1.1)—(1.2).

4 -Tij ' |
We consider a semi—discrete, method of lines approximation to the problem (1.1)—<(1.2) in the
case q = q(u).

Let: I=[G-1/2h,(+1/2h[

We define the step function u, for each t>0, as :
“4.1) u(x, ) =ut) for xe L
The initial data is discretized via the L2 — projection :

(4.2) u(0) = -11;- Juo(x) d&x VjeZ

I;

Using the notations of the section 3.1, we define, for t fixed :

4.3) u(x)=u+(x-x) 8, , X 1p <X <Xjup

where
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Min{ 5] , | /h, | o-1
c { i uj+1—“j/h ’ llj—llj_llfh,Ch }

(4.4) ; if 6= sgn(3, ) = sgn(u;, ;- u) = sgn(v;— ;)

0 elsewhere

with C>0; O<a<1 and

A
4.5) 8j = (uj+1 - uj_l)/ (2h)
From (4.4) there exists LRy and Bj—l n such that

OSaj+1/2Sl and 0.<.[3j_1/2.<_1

and

(4.6) 8] = (X.j+1/2 (uj+1 - UJ)/h = Bj—lﬂ (u_] - uj—l)/h

We will need the boundary values inside cell j .

@7 {u,-+1/z.- SU Y,

The second order accurate semi—discrete scheme may be written

du. 1
(4.8) -d—ti + A, [H@p )+ B, 1= 00;)

By writing the scheme (4.8) in the incremental form, we get :

du.
J
2 & * Cran A, 9~ Diap 8, 4= 0)
with
(4.10) { Ciap=Vipp 1+ 128 p- 120 )
Dj+1/‘2 = _v2,j+ll2 (1- 172 Bj+1l2 + 112 aj+l/2 )
where

n n n n n
Vi p = U8, 00, + 28 VA, (uT, + 128, )]

n

Vo = U (8, 05— 12 8 WA, @] ~h/28))]
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Lemma 4.1
The coefficients C;_;,, and D, , 1, given in (4.10) satisfy

(4.11) Ciip 20 , Djyyp 20

Proof
Cip2Vvyjp 1-122 % ip)
212v

20

1,j-172

Similarly we show that Dj +a1n20.

Proposition 4.1
If uye LY(R)N L= (R) and e, + If,'ll, < d (d: positive constant), then the initial value problem

associated with (4.8) admits a unique solution Ue ‘Bl([O,T[, 11(2)).

Proof
Let us write (4.8) in the form:

du
= = 6U)

1
where U = (uj) and G(U)j ==t Al fl(uj_m'_ )— fz(uj-1/2,+ )]+ q(uj )
Using (4.7) and the boundness of the derivatives f,'and f,', we show that the function G is

globally Lipschitz in 11, then the initial problem associated with (4.8) admits a global solution
Ue €([0, T[; 11(2) ).

Remark 4.2:

The scheme (4.8) is second order accurate .

P .. .2
There exist two constants m and M such that the solution of (4.8) satisfies:

mSuJ(t)SM VieZ Vi<T
Proof

Let us consider the following problem
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dv. 1

j

(4.12) {BY 1 A h0p ) RV 1= a0
v;(0) = sup, u,(0)

The solution of (4.9) is constant in space, then the problem (4.9) may be written

dvj
4.13) x - 9v)
vj(O) = sup,, up(O)

(4.10) admits a unique solution Ve €1([0, T[). The uniqueness of the solution ensures that

vj(t) =v(t) VjeZ

uj(t) # vj(t) VieZ,Vie[0, T[
Then

uj(t) < vj(t) =v(t) VjeZ,Vte[0, T[

Hence the result, else
Let ty=InfA;A={t; 3jeZ ,suchthatuj(t)=vj(t) }
By proposition 4.1, (u)e 11, then u; tends to 0 as j tends to oo.

Then ajer,suchthatuj(t0)=ma§uj(to)=vj(lo)

and
Vi#i uj(to) < Vj(to) =v(tp)
Writing (4.8) and (4.10) at the point j, and t = t,, we get
du. d

V.
(69— (tg) = = UM [8_£,(5 09 + A, £, (1))

By construction we have
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VieZ u. (to) u. (to)

Then, using the monotony of f; and f,, we obtain

dujy Ay
& W<
Hence
VijeZ,V te[0, T[, uj(t) < vj(t) = v(t)
Then
sup; uj(t) < sup,_ IO’T[v(t) =M
By similar proof, we get
mf u. (t) mfl [OT[v(t) =m
Let
: 1 if A+ Y ®=20
Siv12 (0 = )
-1 if A*uj <0 -
We define:
V@)n=XI ujﬂ(t ) -uj(t )I= 2 (u; +l(t )—u. (t ) s Siv2(t)
j
Pr .ys 3

The scheme (4.8) is TVB i.e. there exists a positive constant K (independant of h ) such that for
each0<t<T (0 <T <T)we have :

V(u)(t) SK(T)

Proof
The scheme (4.8) admits a regular solution U = (uj) such that ue €o, TD, Vj.
Let



32

Vi) = T () — ) s,1p()

lji<y

V/(t) is a Lipschitzian function, then it is derivable a.e. and integrable of its derivative.We have

Vi) = T @,'(t) - /@) s;,p0)  ae.
lji<y

Using (4.11) we obtain

Vit)=— £ A_[Cpyp A, 0 ~Diuyp b, uj-q)] s (t) ae.
ljI<T

By discrete integration by parts, we have

Vi) = ]<§] [Cis12 A0~ Djiap Avu 1A, s @ )+ Z]A+ q(u;) 85,1 )
—-— J —

-[Crap Ay - DJ+3/2 Ay sy @)+ [Cpypduy —DyypAuglsap t)
Again, (4.11) gives

vVit)= X [Cit12 8,1~ Djuap Au 1A s, M)+ Z A, q(¥) sy )
-J<j<I-1 i<y
duy,,; du

-3
+—3 Spap(t) = AW50) Spap®) = —g Sap®) - qu_p) S_yp(t)

Using (4.13) and the result of proposition 4.1, we get

Vi) <d, Vyt)+d
where

du
d=2 Ilall‘_° +2d, Il

By integration, we get

t

V(t) £ V(0) +d, J Viy)dy +d T
0
Gronwall inequality gives

Vi) S(VLO) +d T)expdT) VIsT.
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Then we get

Viu, (.,t))<K Vi<T.

Taking the limit as J tends to e, we obtain

V(u, (.,t) <K Vi<T.

heor 4.1

If uoeLln L>=N BV, then the approximate solution u, constructed from the scheme (4.9)

converges in L4 towards the entropy solution u of the problem (1.1)—(1.2) as h tends to zero .

Proof
By use of proposition 4.2, the family (uy, ) is bounded in L™ N BV, then there exists a subsequence

(which we denote by (u;,)) which converges towards a weak solution u of the problem (1.1)—(1.2)

as h tends to zero.
To show that u is the entropy solution, we write the scheme (4.8) in the form

du,
(4.14) -d-t-‘ +1hA, g n+A, b p=q)
where
8i1p = f1(u; ) +£,(u;)
and
b 1 =12¢;1p8 -5 8;)
with

fivan =1 (v, +h/2 5j_1) - fl(uj_,)]/(hlz SH)
f)ian = [0 - W2 8) — f,(u))/-hi2 §,)

By extension of the method used in [12], to the non homogeneous case, we get

Let n(w) be a convex entropy, with entropy flux F(w). We multiply (4.14) by h n'(uj) . This

gives us
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d 1 - ' A
4.15) h a () =-n W) A, g 1p— hn (uj) A, b_ip+hm () q(y; )
We add to both sides of (4.15) the quantity
(4.16) A, (M@l gy - f(u;) D+ A, F(u)= A F, (uj)
We obtain

d
h[ @) + Uh A, Fa@)] = (8, 'W)) g1~ A, (W) @) ~ Flup)

4.17)
~hn'(w) A, by 1p + B (W) 4;)
We have
Uj+1 ~Uj+1
(4.18) A, F(uj) =J F'(w) dw = n'(w) f(w) dw
uj "y
Ui+l
=A, @) )] - | (W) fw) dw
"y
and also
uﬁl
(4.19) @A, n'(uj)) givn= J gi+1n2 n"(w) dw
Y

Substituting (4.18) and (4.19) into (4.17), we get
u; 1

It
d
(4200 h[gn)+ 1A, F,@)]= J N"(W) [ g1 — fW) 1dw = h ') A, by 1y

Yj
+hn'(u) q(y;)

Since the numerical flux g; , , satisfies
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Uje1
J N"(W) [ g1 — f(W) ] dw <0
Y

Then

d
(4.21) h{g @) +1/hA F, ()] <- hn'(w) A, b, +hn' () q(y;)

Let ¢ be a test function such that ¢ 20, ¢ € CI(Rx 10, T[) with compact support in R x ]0, TJ[,
and let

0(x, 1) = 0(Gh, ) = 0,0, for (x, t) €1G-1h, [ x [0, T[
(9,05 D), = @0 ~ 6, (O, for (x, 1) €1G-1)h, [ x [0, T[

By multiplication of (4.21) by ¢j(t), then summing and integrating by parts, we get

T

(4.22) [Ny, (x, 1) @, (x, 1), + Fo(u,(x, 1)) (¢,(x, V), Tdx dt 2- J B(t)dt
R™10,T( 0
where
B(t) =B,(t) + By(t)
with

B(t)-z ho,n'(wpa, b,

B,(t) =j2 h ¢j n' (uj) q(uj )

Using discrete integration by parts we obtain

BiO=E hoy, by A, (V@) +Zh (4,0) by W)

K=172 (I} ll_ + 1f 1)

The function ¢ has a compact svpport, then
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IB,(t) < Ch® K Igll, Im"w)Il 214, ;1 + C h* K In'@)ll Z 14, ¢;!
j j

Since (uj, ) is bounded in L*~BV and ne C*(R), we get

1im IB,(t)I <0

gh(x, t) = gj—lfz(t) ’ for (xa t) € ](j_l)h’ jh[ X [07 T[

Making use of Lebesgue 's theorem we prove that

[Nn(uy, %, D) (9, (x, 1), + Fou,(x, 1) (0,(x, ), ] dx dt -’J J [M(u)¢, + F(u)o,] dx dt
RJ0,T( R 10,T(

To do this, from (4.16) we have:

N'(up)[ g, — f(uy) 16, tends 10 0, as h tends to 0, since 1'(uy)9, is bounded and both g, and

f(u,) converge to f(u) in Lfoc (R x]0, T]) as h tends to zero.

and

lim By(t) = J J N'(u)q(u)o(x,t ) dx dt

R"10,T(
Then, at the limit we get
(4.23) J (Nn(u)o, + F(u)p,) dx dt 2 'J J n'(u)q(w)d(x,t ) dx dt.
R™10.T[ R")0.T(

The uniqueness of the entropy solution ensures that the whole family (u,) converges towards the

entropy solution u of the problem (1.1)<(1.2).
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5-N ical iment

We compute the solution of the Cauchy problem associated with the inhomogeneous Burgers

equation :

6.1 ut+(u2/2)x+au=0 , a>0
y for x< X

5.2) u(x, 0) = {
u for x> Xm

The characteristic form of (5.1) is

du . dx
(5.3) a-t' =—a if E{ =u

Along the characteristic lines, we have
.49 u(x, t) = f(x - Ju dt ye along x - Ju dt = const.

Equations (5.3) and (5.4) indicate that in the smooth region of the flow, an initial condition will
propagate along characteristic curves with slope 1/u, its value decreasing exponentially due to the
source term.

The solution of (5.1)—(5.2) is a rarefaction wave if u<u.Ifu < u,, the solution is a shock wave
with velocity

(5.4) 6=12 (@ +u)e™

We compute the solution of (5.1)—(5.2), at the times t = 10 At, t = 20 At, t = 30 At for : uy =3,

u, = 0., using the quasi-second order accurate explicit scheme (3.16) and its associated first order

scheme, with Ax = Ay = 0.1 and At = 0.01.
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Results at t =20 At
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AXE DES X AXE DES X
Figure 5.1: First order scheme, a =0.01 Figure 52: Quasi—second order scheme, a =
Results at t =30 At
4.0 4.0
3.6+ 3.6
D3 .24 D324
W W, ]
QZ.B— 02 8 -
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o .
(2-C 20
— . — 7
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> >
1.24 1.2
0.8+ 0.8
LI S S S R SN BN SR SR SN S S S S S s ey e | Oo"16],)5"7'0'5'1"0175'TjT
0.0 0.25 05 0.75 1.0 : -2 ~ :
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Figure 5.3: First order scheme, a = 1. Figure5.4: Quasi-second order scheme, a =
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Results at t =20 At
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] : i-second order scheme, a = 1.
Figure 5.5: First order scheme, a = 1. Figure 5.6: Quasi-sec

Results at t=10 At
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Figure 5.7: First order scheme, a = 0.01 Figure 5.8: Quasi-second order scheme, a = 0.01



40
Références
[1] CHALABI A., Convergence de schémas décentrés pour des lois de conservation
non-homogeénes , C.R. Acad. Sci. Paris, t. 307 , Série I, (1988) , pp. 129-132.

[2] CHALABI A. and VILA J.P., On a class of implicit and explicit schemes of Van—Leer type for
scalar conservation laws , Math. Model. Numer. Anal. , vol. 23, (1989) , pp. 261-282.

[3] CRANDALL M.G. and MAJDA A., Monotone difference approximations for scalar
conservation laws, Math. Comp. , 34, 149, (1980), pp. 1-21.

[4] GLIMM J., MARSHALL G. and PLOHR B., A generalized Riemann problem for
quasi—one—dimensional gas flows, Adv. Appl. Math. , 5, (1984) , pp. 1-30 .

[5] GLAISTER P., Second order difference schemes for hyperbolic conservation laws with source
erms, University of Reading, Department of Mathematics, Numerical Analysis Report 6/87.

[6] KRUZKOV S.N., First order quasi-linear equations in several independant variables, Math.
U.S.S.R. Sb., 10, (1970) , pp. 217-243.

[7]1 LE ROUX A.Y., Approximation de quelques problémes hyperboliques non linéaires, These
d'état , Rennes (1979). ' |

[8] LIU T.P., Quasilinear hyperbolic systems, Comm. Math. Phys., 68 , (1979) , pp. 141-172.

[9] LUSKIN M. and TEMPLE J.B.,The existence of a global weak solution to nonlinear
waterhammer problem, Comm. Pure Appl. Math. , 35, (1982), pp. 697-735.

[10] MARSHALL G. and MENENDEZ A.N., Numerical treatment of non conservative fonﬁs of
the equations of shallow water theory, J. Comp. Phys., 44 , (1981), pp. 167-188.

[11] NISHIDA T., Non linear hyperbolic equations and related topics in fluid dynamics,
Publications Mathématiques d'Orsay, 78. 02 .

[12] OSHER S., Riemann solvers, the entropy condition, and difference approximations, SIAM J.
Numer. Anal., 21, (1984), pp. 217-235 .



41

[13] OSHER S. and CHAKRAVARTHY S., High resolution schemes and the entropy condition ,
SIAM J. Numer. Anal,, 21, (1984), pp. 955-984.

[14] ROE P.L., Upwind differencing schemes for hyperbolic conservation laws with source terms,
Proc. Nonlinear Hyperbolic Problems, Eds. C. Carasso, P.A. Raviart, D. Serre, Springer
Lecture Notes in Mathematics 1270, (1986).

[15] SCHONBEK M.E., Existence of solutions to singular conservation laws , SIAM J. Math.
Anal, 15, 6, (1984) , pp. 1125 1139 .

[16] SOD G.A., A numerical study of a converging shock , J. Fluid Mech., 83, (1977), Pp.
785-794.

[17] SWEBY P.K.,"TVD" Schemes for inhomogeneous conservation laws, Second Intenational
Conference on Hyperbolic Problems, RWTH Aachen (1988).

[18] SWEBY P.K. and M.J. BAINES, On convergence of Roe scheme for the general non-linear
scalar wave equation, J. of Comp. Phys., 56, 1, (1984) , pp. 135-148.

[19] TADMOR E., Numerical viscosity and the entropy condition for conservative difference
schemes, Math. Comp., 43, (1984), pp. 369-382 .

[20] TORO E.F., Roe’s method in gas dynamical problems associated with the combustion of high
energy solids in a closed tube. Cranfield Inst. of Tech. Rept, COA NFP86/18 (1986).

[21] VAN-LEER B., Towards the ultimate conservative difference scheme. V A second order
sequel to godunov 's method, J. Comp. Phys. , 32, (1979), pp. 101-136 .

[22] VAN-LEER B., On the relationship between the upwind differencing schemes of Godumv,
Engquist-Osher, and Roe , SIAM 1. Sci. Stat. Comput., 5, (1984) , pp. 1-20.

[23] VILA J.P., On the existence and the smoothness of solutions for fluid flow equations with
Jfriction and slope source term, Internal Report of Ecole Polytechnique, n® 133, (1985) .

[24] VILA J.P., High-order schemes and entropy condition for nonlinear hyperbolic systems of
conservation laws, Math. of Comp., 50, 181, (1988) , pp. 53 -73.






CHAPITRE IV

Analyse de schémas décentrés pour des lois de conservation

bidimensionnelle non homogénes

Travail soumis pour publication

Annoncé dans la note CRAS » t. 309, Série 1, (1989), pp. 395-398.






Analyse de schémas décentrés pour des lois
de conservation bidimensionnelles non homogénes

A. CHALABI
Tour IRMA, Laboratoire TIM3 — Institut IMAG, BP 53X, 38041 Grenoble Cedex, France

Résumé. On présente dans cette étude, une analyse de la stabilité et de la convergence de schémas
décentrés pour des lois de conservation bidimensionnelles ayant un terme source. Les schémas
proposés sont précis a l'ordre un et deux.

An analysis of upwind schemes for inhomogeneous
two dimensionnal conservation laws

Absract. This paper deals with the study of the stability and the convergence of upwind schemes,
for two dimensionnal conservation laws with source terms. The proposed schemes are first and
second order accurate.

0- INTRODUCTION:

Beaucoup de problémes d'intérét technologique sont modélisés par des lois de conservation non
homogenes et multidimensionnelles. Le terme source est di a des effets physiques ou
géométriques. Le caractére multidimensionnel est trés courant dans les problemes pratiques
(dynamique des gaz, simulation des réservoirs de pétrole...etc). D'odl I'intérét de la résolution
numérique des équations quasi-linéaires de la forme:

u, +f(w), +g)y, = qu,x,y)

L'étude théorique de ce type d'équations est faite dans [10] ; ou des résultats d'existence et
d'unicité de la solution entropique (physique) sont établis . ’
L'étude de la convergence de schémas monotones (d'ordre un) pour des lois de conservation
bidimensionnelles est faite dans ([5], [11], [14]). Des schémas quasi d'ordre deux ont été proposés
dans [10].

Le plan du papier se présente comme suit: On rappelle dans §1 quelques préliminaires relatifs 2 la
solution entropique. Le paragraphe 2 porte sur I'étude de la convergence des schémas implicite et
explicite du premier ordre. L'étude de la stabilité du schéma quasi d'ordre deux en espace est faite
au paragraphe 3. Au §4 on présente des résultats numériques.



1-QUELQUES PRELIMINAIRES:

Soit T>0,fe CI(R), ge CI(R) ,qe CI(R?), la fonction q est supposée Lipschitzienne par
rapport aux trois variables u, x ety ; d, étant la constante de Lipschitz ; q(0, .,.) =0.

On s'intéresse a 1'approximation par des schémas aux différences finies du probléme de Cauchy:
(1.1) u, + f(u), +g),=q, x,y) pour(xyt)e lex 10,T [

(1.2) u (x,y,0) = uy(x, y)

On se propose d'approcher une solution faible de (1.1), (1.2) i.e. ue L*°(R2 x]0,T[) satisfaisant &

(1.3) J J (o, +f@)g, + gWo, ) dx dy dt + J uy(%,y)0(x,y,0) dx dy
R 10,T[ R
= -J J q(u,x,y)o(x,y,t ) dx dy dt
R™10,T[ '

pour toute fonction-test ¢ € C1(R2 x [0,T[), & support compact dans R? x [0,T[.

Soit n(u) =lu—cl; ceR, on pose

(1.4) F(u) = sgn(u — c)(f(w) - (c))
(1.5) G(u) = sgn(u - c)(g(u) — g(c))
avec

+1 sir>0
sgn(r)={0 sir=0

-1 sir<0

L'unique solution physique (entropique) de (1.1)—(1.2) est la solution faible caractérisée par

(1.6) J J (M(w)¢, + Fu)o, + G(u)¢, )dxdydt 2 J J sgn(u — c)q(u,x,y)e(x,y.t )dxdydt
R10,T[ R"10,T(

pour toute fonction-test ¢ C!(R2 x ]0,T[) positive et a support compact dans R2x 10,T[ et V ceR.
On utilise la décomposition suivante du flux f :

f=f1-i-f2 avecfl'ZO et f2'S0

g=g +g avecg,'20 et g,'<0



2-SCHEMAS D'ORDRE UN,

Soient h et 1les pas d'espace suivant les directions x et y et soit k le pas de temps relié 4 h et 1 par
les nombres fixés r = k/h et s = k/1 . On pose

2.1) ug (x,0) = u; 5 pour (x,y,t) € Q. xJ,

avec Qi,j =](i-1/2)h, i+ 1/2)h [ x]1G-1/2)1, ( + 1/2)1 [et] =](n-1/2)k, (n+ 1/2)k [

V(ij)eZ? et nSN=E(T/k)+1,ob E désigne la fonction partie entiére.8 = (h2 + 12)1/2
On pose:

(2.2) D= 1

.. 2
i Rl uo(x’}') dx dy V(Gje /4

Qi._]

Soit x; =ih,y;=jl ; A, .a = B8, A

+i 4= +j 35T g+ ~ &

On considere le schéma décentré explicite :
(2.3) ﬁ;zrl =u;-r A, If) (u’i'_l'j ) + fz(u'i”j N-sA, . (g, (v, ;) + g}

2.4) Cou = d rkad, XL y))

PROPOSITION 2.1. Sous la condition CFL:
(25) r [suplfy(x)| + suplfy'(x)/] + s [sup/g,(x)| + sup|g,'(x)]] <1 ,A = {x, /x| < 1o}
xXeA X€A XeEA xeA

Le schéma (2.3) est TVD au sens suivant:

an+1 an+1 an+1 an+] n n n n
"J 10_] l.} l'.]

et LD au sens suivant:

@.7) W™, <™, VneN



D rd I I .

( cf. [5] par exemple).

THEOREME 2.1:

Si upe LI(R? )NL=( R?)NBV,, ( R?), alors sous la condition CFL (2.5), la solution approchée us

construite a partir du schéma explicite (2.3)—2.4), converge dans Llic( R? x ]0,T[) vers la solution

entropique du probléme (1.1)~(1.2), lorsque 6 tend vers zéro.

Dé trati

Comme dans le chapitre III, on commence par montrer que la suite (ug) est bornée dans

L=(R2x]0, T[ )NBV, ( R%]0, T[). Pour cela on écrit le schéma (2.3)~(2.4) sous la forme:

loc

n

+1 _ _ n n n n
W ==V g (B =) ~ Vo Mg — i) —Bygo (M- Ui1)

n
n n n
= Ko ije1r2 Wiger — Uj5) +k Q. X, ;)

n n
Vl.i-l/Z,j =T [A+,i fl(u!i‘—l.j )]/[A+.i (UI;_l_j )) v2,i+l/2;j =T [A+.i f2(u!i1,j )]/[A+,i (uril'j )]

Myipan =T I8, @@ VA @] By =T 1A, &G0V, | @)

Utilisant les mémes techniques que dans le cas d'une seule variable d'espace, on obtient sous la
condition CFL (2.5), I'inegalité:

il <1 +kd)) il

On en déduit que la suite (ug) est bornée dans L=(R>]0, T[ ) .

D'autre part, en utilisant les mémes techniques que dans le cas unidimensionnel ([2]),on a

Dolu-diins T -uyilekdy Iolup,-udl1+917kd, 1h

i+l,j = iy i+l = i+1,j
<L i< i<I+1,lj1<)+1 lISLlji<)



n+1 n+1 n n n n
HISLI<T liI<I+1,ljI<J+1 lil<L,ljI<T

d'ot la suite (up) est bornée dans BV, ( R2x]0, TD.

. . . 4 .
On peut donc extraire de (ug), une sous suite qui converge dans Lloc(lex]O, T[), vers u solution

faible de (1.1)—(1.2). Il reste & montrer que u vérifie la condition d'entropie (1.6). Le schéma (2.3)
est monotone, donc d'aprés un résultat de Crandall-Majda [5], il existe un vecteur flux numérique

d'entropie (F,_, L G; 172 ) défini par :

F?—I/Z.j = fl(u’i’_l‘j ve)+f, (u’i"j ve) —fl(ui"_l’j AC)— f2(u’i"j AC)

et
G} 12 = gl(u’i”j_l ve)+g, (u’i',j ve)— gl(u;:j_1 AC)— gz(uli"j AC)
tels que
an+l
1‘](u;",j )—1‘](u2j )+TA, F';_m' jrsA, Gri‘,j—1/2 <0
d'ou

1 A~
N N+ A, By 454 Gy, snal) -n@t)

Le second membre de cette inégalité s'écrit

n+1 an+l | n+l1 an+l n+l  an+l n+l  an+l
Tl(ui,j )—n(ui’j )‘[(lui'j ‘Cl-hﬁ’j -CI)/(U;'J' _ui.j )](ui,j —ui,j )

Apres multiplication par (h 1 ¢(ih, jl, nk)) et intégration par parties discréte, on obtient 2 la limite,
I'inégalité d'entropie (1.6). Donc u est la solution entropique de (1.1)—(1.2) et toute la suite (ug)

converge vers u, en vertu de l'unicité de la solution entropique de (1.1)«(1.2).
On considére maintenant le schéma implicite-explicite dans le cas oti q = q(u):
@8)  ufil=dl-rA 00 )+ B -5 4, [g,Wl ) + gl ] +k q(d;)

i,) i-1,j 1,j-

Sans aucune condition du type CFL on peut montrer le résultat suivant:



THEOREME 2.2

Si uye LI(R? )NL=( R?)NBV ,( R?), alors la solution approchée ug construite & partir du schéma
implicite—explicite (2.8), converge inconditionnellement dans L,fc( R? x ]O,T[) vers la solution
entropique du probléme (1.1)«(1.2), lorsque & tend vers zéro.

Dé (rati

En écrivant le schéma (3.8) sous forme incrémentale, on obtient

n+1 n+l n+1 n+l
2.9) {ui,j = Cnx 12, Bsi Yicy,j ¥ Diiergzj 8450,
: +1 n+1 n+1 n+1
Cn21_]—1/2A+J 1,j-1 +D213+1/2 A+, +kq(u1j)
avec
n+1 n+l
n+1
Cn Li-1/2§ = Yii-12j D112 =" Vairn,
+1 n+l n+l n+1
C:; Lj-12 = Hl Aj-172 > D2 aj-12 = u2 1,j-1/2
Ou

n+l n+l

Vit =TI HOEL VAL (BTD) o Vi, =T IA,; BT VA, (61

n+l

My =T A, g GRS OVA, () uz,m,z riA,; gl VA, ()]

De (2.9), on obtient

(2.10) ™! l_<@+ck)Iu"ll_, , c=d,:Laconstante de Lipschitz de q.
d'ou

2Td
.11) Ii_<Ci®l_ , avec C=e '

La suite (ug) est donc bornée dans L=(R?x]0, T[ ).

D'autre part, on a

T ™l oy <1+ 4, k)zlu

ur. 11
l+1,J 1,j i+1,j " Tij
1Jj



d'ou

n
= Iumd o1l <e

De méme on obﬁent

n+1 n+1 n
}.‘,IulJ+l Ih <(1+d1k)2|u”+1 th
1) 1)
d'ou
2Td
n n 1 0

1,)

On déduit de ce qui précéde que la suite (ug) est bornée dans BV, ( R2x]0, T[). Donc, on peut

extraire de (ug), une sous suite qui converge dans Lllj;c(lex]O, T[) vers u solution faible de

(1.1)(1.2). Pour montrer que u est la solution entropique, on pose

=1 L) + £, )

1 1
g?j—l/Z gl(ul_]-] ) + g2(un+ )
et
n+l n +l
V;j =sgn(y; o)

(2.8) et les inégalités suivantes suivantes
f“ +1 n+l f“ 1 n+l
8,5 [E0n; = H© - HEW, 1S IA,; (5 - £©) - S v, |

n+l
A, L 2 - 810 - gDy, 1<ia,, FCARPEFNORFACN R
donnent

W —cl-Ifj—cl+r A, (W) + 5T - £, - fz(c))\v ) 1
+58,, 1@ + g0} ) - £, - g, 1<k qu W



Aprés multiplication par (h 1 ¢(ih, jl, (n+1)k)) et intégration par parties discréte, on obtient a la
limite, I'inégalité d'entropie (1.6). Donc u est la solution entropique de (1.1)—(1.2) et toute la suite

(ug) converge vers u, en vertu de l'unicité de la solution entropique de (1.1)—~(1.2).

3-SCHEMAS D'ORDRE DEUX:

D'aprés un résultat de Goodman-Le Veque [9], il ne peut y avoir de schémas explicites TVD
bidimensionnels d'ordre deux méme dans les cas sans second membre. Nous pensons que ce
résultat peut €tre généralis€ au cas des schémas continus en temps (ou Euler explicite sur un schéma
continu en temps) d'ordre deux, mais faute de démonstration, nous allons nous limiter a 1'étude de
la L™—stabilité.

Pour construire un schéma précis 2 I'ordre deux en espace (i.e. un schéma d'Euler explicite sur un
schéma continu en temps d'ordre deux), on procéde comme dans Van-Leer [15], en étendant au
cas bidimensionnel la méthode. On pose :

(3.1) w'xy) =+ x-x) A+ -y B, pour (y)e
.avec

. AN n n n n .

(3.2) a. = s o n N n n. _ n n
ij sio=sgn (&;) = sgn (U, ;- u;;) = sgn (U — Yy )
0 sinon
et
(3.3) ‘aa':d = (uril+l.j - ux;_l.j )/(2h)
de méme
o Min {IJl‘)ﬂ IR o B A o/
ig ' Miger T M T gL
(3.4) B:; = si 0 = sgn (b';'j ) = sgn (u’;'j+l - u'i‘_j) = sgn (u’i"j - d;'j_l )
0 sinon



A
(3.5) Bl = (= M2D)

L)

On utilisera les valeurs aux interfaces:

n _.n n
3.6) {“i s, = Yy h2a;
n n n
Ui i, j = Uy B2 4]
et
n _.n n
3.7) {“i 12+ = U~ V2 b
n n n
Ui, jrip- = Up+ U2 b,

Le schéma d'ordre deux en espace s'écrit

(3.8) { uin;l = -t A, W, )+ By, ]

+s A_,,,j[gl(u: 1/2- )+ gz(uﬁ -1/2,+ ) +k Q(u?,j, X; »Y;j )

En utilisant les techniqués utilisées dans le cas d'une seule variable d'espace ( Chalabi [2]),0on a
le résultat de stabilité suivant:

THEQREME 3.1

Si uyeL=( IR?), alors sous la condition CFL

(3.9) 1 [suplfy'(x)] + suplfy(x)|] + 5 [sup|g,"(x)] + sup|g,’(x)|] S2/3 ; A = {x, jx] <2 T4 1o}
xeA xeA xeA xeA ’

il existe une constante C > 0, telle que la famille (") construite a partir du schéma explicite (3.8)
Vérifie:
(3.10) e jl,<C 1),

Par construction on a :
n n
n n n . : n -— n .
8= Oy Wi~ Ui V=B, (W5 - )b
n

n n n n = A I
Bij = Aijernn Wige — WA =8, (= )

ou chacun des nombres o , B, A et § est un réel positif inférieur ou égalal.
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Par application, dans (3.8), du théor®me des accroissements finis, aux fonctions f,, f,, g, et g, le

schéma (3.8) s'écrit sous la forme incrémentale suivante :

n+1 _.n n n
(3 11) { Ui'j - ui'j - C;l.i-1/2,j A+,i ui—l,j + Dl’i+1/21 A+ 1“1,3

n n n
- GZ.i,j—I/Z A+,j Ui * D2,i,j+l/2 A.,.'j ui,j +k q(ui,j’ X; »Yj )

Avec
Clinzg = Vi 112 1 +172 B -1 - 1/2 °‘1 1/21)
D= "2,1+1/2.J (1-1/2 B+1/2 +172 °‘l+1/2 )
Chisin =Hyspn A +128, , —112 x” )
D12 =~ p’;.i,j—l/2 (1-1/2 5 i t12 7‘1 +12)
et

Vrll.i—l/2_| rlA, fal, +h2al VA, G, +h2al )]
;’M,zj =T[4, R - W2 a)UIA, ; (- h2a]))]
“11, 1 =TIA, gy (g + 200 DOVIA, (o +h/2b]; )]
l»lz.i,jﬂ p=TlA,; gz(“i'j -h2 bi'j NWIA, (Ui'j -h/2 Oilj )]

Utilisant (3.11), le schéma (3.8) s'écrit

n+l n n n n
3 12){ui.j = (I‘C?,i-l/z S PLin2j Cﬁ,i.j-l/z“Dz.i,jﬂ/z) Ut C?,i—l/2.j Uil

n n n n n
+Dj 12 Yy t C%.i,j-l/Z Uiy Do Wiga kAl p x;0y5)

Sous la condition CFL (3.9) on obtient donc

(3.13) ™l <(1+ck)™lIl, , c=d,:Laconstante de Lipschitz de q.
d'ou

(3.14) I I < (1 +ck)® N
or

n<[Tk]+1<2Tk
donc
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2T
(3.15) " I_<CICI_ , avec C=e "%

Remar 1:
Du théoréme 3.1 on a la L*-stabilité, mais ce résultat reste insuffisant pour prouver la convergence
a cause des non linéarités.

Remarque 3.2;
Certains problémes pratiques, comme celui de la simulation des reservoirs de pétrole, sont
modelisés par des lois bidimensionnelles de 1a forme :

(3.11) u + (fu, x, ), + (2(u, x, y)), = q(u, x, y)

ot le flux est fonction de la solution u et des variables x et y . Ce type d'equations est trés peu
étudié numériquement .

4-RESULTATS NUMERIQUES:
On résout numériquement le probléme de Cauchy avec une donnée de Riemann:

u+@u’2), +@/2),=bu, 1<a<2

(4.1) 1 si
_ y>x

u(x,y,0) = 1 siy<x
dans le carré [0, 1] x [0, 1].
Pour b = 0, la solution exacte de (4.1) est (cf [6] ) constituée d'une discontinuité de contact
stationnaire si a = 1 et d'une onde de choc stationnaire si a > 1. Les fonctions f(u)=au?2etg(u)=
u?/2 sont décomposées selon le procédé dEngquist—Osher [7].
On présente dans les différents figures les courbes des isovaleurs de la solution. On constate sur les
différentes figures la meilleure précision du schéma de Van-Leer (quasi d'ordre 2) par rapport au
schéma du premier ordre. On présente quelques tests pour différents valeurs des parametres a et b.

Comme conditions aux limites, On a pris des flux nuls aux bords.
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Exemple4.1:
On résout le probleme (4.1) a t = 20At, avecAt=0.01,Ax=Ay=O.1,a=1.25,b=0.01.’
1.0 - ///
S ’///
. /
0.
0.0 Tl|lAlIl|llll|llll|
0.0 0.25 0.5 0.75 1.0
AXE DES X

Figure 4.1: Courbes des isovaleurs obtenues par le schéma d'ordre un.

O-Orllllllllllll;llfnlll
0.0 0.25 0.5 0.75 1.0

Figure 4.2: Courbes des isovaleurs obtenues par le schéma quasi d'ordre deux.
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Exemple 4.2:
On résout le probleme (4.1) a t = 10At, avec At = 0.01, Ax = Ay =0.1,a=1.75,b=0.01.

rrTrrrr1rrr T
0.0 0.25 0.75 1

0.5
) AXE DES X
Figure 4.3: Courbes des isovaleurs obtenues par le schéma d'ordre un.

O.O||1|]||l||r|11|111|1
0.0 0.25 0.75 1.0

0.5
AXE DES X |
Figure 4 4: Courbes des isovaleurs obtenues par le schéma quasi d'ordre deux.



Exemple4.3:
On résout le probleme (4.1) a t = 10At, avec At = 0.02, Ax =Ay=0.1,a=175,b=0.1.

1.0
0.9
0.8
> 0.7
(0.6
L.I_l —
M0 .5
L0 . 4
>< -
(0.3
0.2
0.1
0.0
. 0. . .

AR

1.0 7/
0.9
0.8
> 0.7
N0.67
l_L__‘ -
(0.5
Ll0.4-
>< -
<( 0.3
0.2
O.1j
0.0 SN S e E S S B N S S L L L
0.0 0 0.75 1.0

.25 0.5
AXE DES X
Figure 4.6: Courbes des isovaleurs obtenues par le schéma quasi d'ordre deux.
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Exemple 4.4:
On résout le probleme (4.1) a t = 10At, avec At = 0.02, Ax = Ay=0.1,a=1,b=0.0l.

1.0 ’
0 o] /
0.8
> 0.7- ’
N0.6- |
L‘_' -
O0.5
0.4+
>< -
<(0.34
0.2
0.14
OO 1 LR LR L | L | L
0.0 0.25 0.5 0.75 1.0

O.Ounlt|1|lr||ll|||l|lj
0.0 0.25 0.75 1.

0.5
AXE DES X
Eigure 4.8 Courbes des isovaleurs obtenues par le schéma quasi d'ordre deux.

(@)
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DEUXIEME PARTIE

Systémes hyperboliques non linéaires






CHAPITRE V

Quelques généralités sur les systémes hyperboliques non linéaires






1-Quelques généralités

On considere le systéme des lois de conservation

(1.1) u,+ (), =0
u:Q=RxR,_ - RN
f: RN RN, réguliére
1.1-Hyperbolicité

Le systtme (1.1) est dit hyperbolique si la matrice Jacobienne A(u) = f'(u) a pour tout u toutes ses

valeurs propres réelles, Strictement hyperbolique si de plus ses valeurs propres sont distinctes pour

toutu. On a alors :

Y u kl(u) < lz(u) <...< ).N(u)

On notera respectivement L(u) et r;(u) (i = 1,..., N) les vecteurs propres a gauche et 3 droite de

A(u).

1.2-Invariants de Riemann

Une fonction w(u) est appelée k—invariant de Riemann au sens de Lax si

(1.2) gradw(u) .1, (u) =0 Vu

1.3-Champs linéairement dégénérés et champs vraiment non linéaires

La valeur propre A, est dite linéairement dégénérée si
(1.3) grad lx(u). rw=0 Vu

ie. Xx est un k-invariant de Riemann; c'est en particulier le cas si A est une matrice constante (ie.

le systéme est linéaire).



Elle est vraiment non linéaire si

1.4 grad A (u).r,(w)#0 Vu

1.4-Courbes caractéristiques
Soit u(x, t) une solution réguliére de (1.1); on définit la k—courbe caractéristique , x¥issue de

(xo, ty) par:

(1.5) (X* (85 %0, 1)), = A (u (XK (t5 %, t),1)

Proposition 1.1
Si w est un j-invariant de Riemann pour chaque j#, alors w est constant le long d’une k-courbe
caractéristque.

Pour la démonstration cf Smoller [6].

Le systeme (1.1) étant non linéaire, des k—courbes caractéristiques issues des points différents a

t = t,, peuvent se rencontrer rendant ainsi impossible l'existence de solutions régulieres. D'oi la

nécessité d'introduire des solutions faibles .
1.5-Solution faible

u est solution faible si et seulement si

(1.6) . (uod t f(u)q)x) dx dt + | uy(x)¢(x,0) dx =0

R"10.T( R
pour toute fonction-test ¢ € C}(R x [0,T[), 2 support compact dans R x [0, TT[.

Soit I" une ligne de discontinuité réguliére de u, donnée sous la forme: x = x(t) . Soit x'(t) =0 la

vitesse du déplacement de la discontinuité. Par une intégration par parties de (1.6) on obtient la

relation de Rankine-Hugoniot suivante:

(1.7) o [u] = [f(u)]



avec [VI=v (@) +0,t )=vx(®)-0,t)

2-Soluti tropi
Il n'y a généralement pas unicité des solutions faibles du probléme de Cauchy associé a (1.1). Pour

déterminer la "bonne" solution faible (au sens physique) on dispose de deux critéres:

2.1-Critére 1; Conditions de choc de Lax

Ce critére est basé sur la théorie des caractéristiques. Si u est une solution faible, discontinue le

long d'une courbe x = x(t), et de classe C! en dehors de cette courbe. On dira que I'on a une

discontinuité admissible s'il existe k, te] que

2.1 ?\k(u(x+0, t)<o=x'(t) < }.k(u(x—O, t))
et ’ :
2.2) lk_l(u(x—O, t))<o< }\k+1(u(x+0, t))

s'il y a une double‘ égalité en (2.1), alors on a une k—discontinuité de contact. Si (2.1) est une

double inégalité stricte, alors on a un k—choc. Nous définirons au paragraphe suivant ce qu'on

appelle une k-détente.
2.2-Critere 2: Condition d'entropie de Lax

ition 2.1

Soit (1, F)e CI(IRN x R ). Le couple (1, F) est un couple entropie-flux d'entropie pour le

systeme (1.1) si
1) n est convexe

2) grad n(u) . f'(u) = grad F(u)



La condition d'entropie de Lax est la suivante: si (M, F) est un couple d'entropie—flux d'entropie

pour le systeme (1.1) , alors les solutions faibles admissibles de (1.1) sont celles qui vérifient :

2.3) M), + (F(u)), <0 au sens des distributions

Définition 2.2
Une solution u de (1.1) est dite solution entropique, si l'inégalité (2.3) est vérifiée pour tout couple

d'entropie—flux d'entropie (1 , F) associé au systeme (1.1).

Remargue 2 1

Les solutions réguliéres vérifient I'égalité : M), + (F(u), =0 .

Remgrgggé,é

Soit u une solution de (1.1) réguliere hors d'une courbe de discontinuité x = x(t), si
la(x+0,t)—u(x—0,)ll est petit, alors u vérifie les conditions de choc de Lax 2.1) et (2.2) si et

seulement si u vérifie la condition d'entropie de Lax (2.3).

3-_Probléme de Riemann
La résolution du probléme de Riemann est d'un grand intérét car il est a la base de la plupart des

schémas numériques.

On considere le probléme de Cauchy :

u, + (f(w), = 0

3.1 six<0

Ug
u(x,0) = uy(x) ={u

q Six>0

ol u, et u, sont deux vecteurs quelconques de RN. Les valeurs propres sont supposées réelles

distinctes, chacune d'elles étant soit vraiment non linéaire, soit linéairement dégénérée.

D'apres Lax[3], la solution faible vérifiant les conditions de choc et d'entropie est du type :



(3.2) ux,n=u) , E=xtk.

Elle est formée d'une succession d'états constants reliant u, a uy:

Ug=Up, Uy 5y U0 = Uy
Chaque état u, ,, étant relié a u, par une k—détente ou un k—choc si A est vraiment non linéaire et

par une k—discontinuité de contact si lK est linéairement dégénérée.

Soit a un vecteur de RN, étudions I'ensemble des états (vecteurs) b de RN que l'on peut relier a a

par une onde de I'un des trois types suivants

i) k—détente:

C'est une solution u de (3.1), de la forme (3.2), C! par morceaux, continue et passant par le point a

pour§=§0.

Reportons (3.2) dans (3.1), on obtient

1 :
T8I+ fE) u'E€) =0

D'ou deux cas
—ouu'(§) =0 : u est (localement) constant

—ou il existe k tel que £ = A @) etu' )/ r (u(®))

De ce demier cas, on déduit que si w est un invariant de Riemann, on a

grad w(u(§)) . u'(§) =0
D'ou

(3.3) w(u(&)) = constante , pour tout k-invariant de Riemann w .

Par ailleurs (voir Lax [3]) on peut normaliser I, par



grad A, (u(®)) . i (u(€)) = 1

(si Ll est vraiment non linéaire ce qu' on suppose ici)

On a alors

6 {u‘(i) 1 T (u(&))
u@€y)=a

On définit alors:

Of (@ = {b=u®), 2, u vérifiant (3.3) - (3.4) sur (& E1)

C'est I'ensemble des états b pouvant étre reliés 4 a par une k—détente (a étant 2 gauche de b dans le

plan (x,t) car £>&;) .

Remarque 3.1

Vbe Of(a),ona A (b) 2L (a).

On définit de maniére analogue

Oj(a)={b=u®),E<E , uverifiant (3.3)~(3.4) sur [£, £] )

(a est A droite de b dans le plan<{x,t) ).
Vbe Of(a) ,ona A(b)<A(a)
Ona: Ok(a )= Ol; (a) v Og(a)

Dans RN, Ok (a ) est une courbe, appelée courbe de k-détente .

i) k-choc:

C'est une droite d'equation : x/t=0.



Si on considere I'ensemble de Rankine-Hugoniot défini par:

(3.5) RH.(a)={beRN/ 3 o eRvérifiant : f(a) - f(b) = o (b-a) }

On définit :
C]g((a) ={be IRN/ >o0e R, vérifiant: { (l) fa) - 1(b) = °. b-a) }
(ii) }.k(b) <0< A.k(a) et 7\.k_1 @Q)<o< ).k+l(b)
C'est I'ensemble des états b pouvant étre reliés a a (a étant & gauche de b dans le plan (x,t ) par un
k-choc .

Demémeona:
(i) f(a) —f(b) = o (b—12a)

Cg(a)= {(be IRN/BGG fR,vériﬁant:{ }
(ii) lk(a) <0< )\k(b) et )\k_l(b) <0< lk+l(a)

C'est I'ensemble des états b pouvant étre reliés a a par un k-choc (a €tant a droite de b dans le plan

x,0).
N
Dans R , C: (a) est une courbe appelée courbe de k—choc 2 gauche et Cg(a) courbe de k—choc a

droite .

Remargue 3.2:

Les k—courbes caractéristiques issues des états situés 2 gauche et a droite du k—choc le rencontrent .

iii) k—discontinuité de contact
Clest le cas ou A, est_linéairement dégénéré . Dans ce cas il ne peut y avoir ni k—détente, ni

k—choc. La courbe solution est donnée par

56 {u'(g) =h(&) r,(u(E)) , h: fonction scalaire arbitraire

uy =a

La courbe de discontinuité est une droite d'‘équation: x/t=0
La relation de Rankine-Hugoniot est vérifiée au passage de cette droite et pour tout k-invariant de

Riemann w on a

3.7 w(u(&)) = constante .

En particulier



(3.8) ‘ )\.k(u(é)) = constante = A, (a) =0 = A, (b)
On définit
D.Ck(@a)= { b=u(€), u vérifiant (3.6), (3.7) et (3.8) }

C'est I'ensemble des états b pouvant étre reliés 2 a par une discontinuité de contact ; a se trouvant 2

droite ou & gauche de b, dans le plan (x,t) .

Dans IRN, c'est une courbe appelée courbe de k-discontinuité de contact .

4 - Schémas aux differences pour les systémes hyperboliques

Nous nous limitons dans ce paragraphe aux schémas type Godunov. S'inspirant des techniques
développées par Godunov [1], Harten—Lax—Van-Leer [2] ont introduit une classe plus générale de
schémas type Godunov. Ces schémas utilisent un solveur approch€ du probléme de Riemann ( et

non la solution exacte de ce probléme comme dans le schéma de Godunov ).

4.1- Schémas type Godunov
Définition 4.1

On appelle solveur approché du probléme de Riemann, une approximation notée u,, de la solution

de ce probleme qui vérifie :

1) La consistance du solveur approché avec la forme intégrale du systéme i.e.

4.1 J ua(X/k;ug,ud)dx=h/2(ug+ud)—kf(ud)+kf(ug)
“-h2

pour k < max LI <h/2
cu

ii) On dira que le solveur approché est consistant avec la forme intégrale de la condition d'entropie

n, + F, < 0 associée a (1.1) si
h2

4.2) n (u, (k5 1y, u4)) dx = k/2 (N(u,) +M(uy)) -k (Fluy ) -Fluy))

-h/2



ot h = pas d'espace et k = pas de temps .

finition 4.2
Soit u,(x/t, U,, Uy ) un solveur approché de Riemann. Le schéma type Godunov associé est défini

par:
hf2 0

4.3) T =1m | u(xk; uliouD)dx+Vh | u(xk; o, u?, ) dx
0 -h/2
4.2- Solveur R
On sait que le probléme de Riemann pour un probléme hyperbolique linéaire se résout de maniére
particuliérement simple. Pour avoir un schéma de type Godunov, Roe[5] définit une classe de
solveurs "linéaires" caractérisés par le résultat suivant:
Théoréme 4.1
On définit un solveur approché du probléme de Riemann, comme €érant la solution exacte du

probléme de Riemann linéaire:

u+A (ug, ug)u, =0

u, si x<0

u(x,0)={ &

uy; six>0

4.9
Alors si A vérifie

@) A(u,v‘)(u—v)=f(u)—f(v)\7’u,ve[Rn

(ii) A est strictement hyperbolique
(iil) A continu par rapport 2 u et v

4.5)

Le solveur ainsi défini est un solveur approché au sens de la définition 4.1 et le Sux numérique

associé s'écrir
4.6) gu,v) =122 (fu)+f(v))-121A (u, V)l (u-v)
ou

/A/ est la marrice de valeurs propres /}‘1 | associées aux vecteurs propres r;
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0- Introduction.

We consider in this study the shallow water model, that is the hyperbolic quasilinear system of
equations governing the flow of an ideal incompressible fluid, in a gravitational field, with free
surface and when the depth of the fluid is small. The equations discontinuities arise when bore or

hydraulic jumps are present.

Different studies of this problem were given in (121, [31, [4], [5], [11], [16]). The hyperbolic
character of the model was used in [11] and [16].

The aim of this paper is to apply some general results to the model of shallow water for which the
hyperbolic nature is assumed.

Since the problem is a nonlinear hyperbolic system, solutions with shocks may occur after a finite

time, these solutions are meangful in physics.

In the first three sections we give an analysis of the three possible formulation of the model
together with the study of the associated Rieman problem.

In the fourth sectiéh, we deal with the problem of the rionreﬂecting boundary condition for the
shallow water problem, for which we have made use of a result of Hedstrém [9] }

The fifth section is concerned with the uniqueness of the regular solution for the two dimensional
case.

The system of the shallow Qater model has several "good" propreties, since it is strictly
hyperbolic, every characteristic field is genuinely nonlinear, the Riemann invariants are convex, the

invariant regions are bounded, the system admits a strict convex entropy function.



1- Formulation in (u, h)
1.1- The Cauchy Problem.

In the case of one space variable, the system of equations of the shallow water is

(1.1) {“t+(“2/2+gh)x=0

h+(tu) =0

where u is the velocity, h is the depth of the water, g is the acceleration of the gravity. h may be

assumed positive for all the time.

The quasilinear form of (1.1) is
(1.2) U,+AU) U, =0
with
u=@n' . AU=[; §
h u

Lemma 1.1
The system (1.1) admits as an entropy the function
(13) Nu, h)=1/2 (hu? +gh?)

which is strictly convexfor gh>u?; h,g>0.

Proof
Multiplying the first equation of (1.1) by (h u) and the second equation of (1.1) by (u%2), we
get
h@’2),+hu@%2), +hugh =0
9 {u2/2 h,+u¥2 @h), =0
Hence

(hu’2),+@2uh), +hugh, =0
Multiplying the second equation of (1.1) by (g h) and adding it to the last one, we obtain

(hu¥2+gh¥2) + @ W2 +guh®), =0



It is easy to check that the matrix n)".A is symmetric (A is the matrix of (1.2) ).
We have

von-l ]

and
2
n,,.A=[22uh u +gh]
u"+gh 2gh
Then M".A is symmetric .

To prove the strict convexity, we have

(1.5) <n".(@b), (ab)'>=ha’+gb’+2abu ,V (@ b)ecR
>2 lal Ibl /'gh -2 Ial Ibl Iu
22 lal bl (/gh - lul)
20 if /' gh—lu>0.

and from (1.5), we get
<M".(a,b)',(@b)'>>0 ifa%0orb=0and /gh > ul

Then 7 is strictly convex .

The entropy flux F is given by
(1.6) F(u,h)=v’2h+gh’u
Theorem 1.1

Let(u, h,) (€ > 0 ) be a solution of the parabolic system :

(), + (W2 +gh ), =eAu

(1.7)
(h),+ (u h ), =eAh
with
ue(x, 0) = ¢(x)
(1.8)
h_(x, 0) = y(x)



If we assume that (u, h;) remains bounded in (L*(R x R* ))? (when € — 0 ) and converges a.e. to

(u, h), then (u, h) is a solution of (1.1) with the initial conditions

(19) {u(x, 0) = ¢(x)

h(x, 0) = y(x)
and

(1.10) (M(u, b)), + (F(u, b)), <0 if ul<gh, ae Ve>O0.
N and F are the entropy function and the entropy flux defined in Lemma 1.1 .

Proof [10]

By taking the limit in the sense of distributions of (1.7) as € — 0, we deduce (1.1).Multiplying
17D byn (ug, hy) and using the strict convexity of 1, we obtain the inequality (1.10) by taking
the limit as; e—0.

The system (1.1) is a particular case of the isentropic gas dynamics for a polytropic gas:

1-1
(1.11) u + @R+K/(F-Dp ) =0,k>0, 1<y<3

P)+@p),=
The system (1.1) correspondstop =h , k=/g and § =2
The eigenvalues of (1.1) are:

A =u-Vgh , A,=u+gh

The corresponding right vectors are:
r,=(-g,vgh) , r,=(g.vgh)

It is easy to check that:
r..VA20 ; i=1,2.



Therefore the system (1.1) is genuinely nonlinear [10]. The Riemann invariants are given by

z=u-2gh , w=u+2gh

The Rankine-Hugoniot relations are
(1.12) o [U] =[ f(U)]

If(U_,U + ) 1s a shock, then using (1.12) we obtain

(1.13) (u,~u)?=2g(h, —h)? (h,+h)!

— The rarefaction curves

They are defined by
(1.14) F(U)={@h ; h20, u-2/gh=uy-2/gh,
(1.15) CT(Up)={@h); h20, i+2/gh=uy+2 /ehy)

r1(U0) (resp. I',(U,) ) represents the states U = (u, h ) which can be linked to Up= (ub, h,) by

an 1-rarefaction (resp. 2-rarefaction).

— The shock curves

They are solutions of the Rankine-Hugoniot equations (1.13), then we define

(1.16) SI(UO)={(u,h);h>0,h=hg+1/(4g)[(u—ug)2—(u—ug)/(u—ug)2+8ghg]}

(L17)  5,(Up)= {(@,h),h>0, h=hy+ /(4 g)[w-u,)*+ (u-uy)/ -y )2 +8gh,])

S,(Uy) (resp. S,(Uy)) represents the states U = (u, h ) which can be linked to Uy = (up, hy) by an
1-shock (resp. 2-shock) .



heorem 1.2
IfTV(¢, y) < e and z;, = sup z(¢(x), Y(x)) < w, = inf w(d(x), Y(x)), then tere exists a weak
solution (u(x, t), h(x, t)) of the Cauchy problem (1.1)<(1.8). (TV = Total variation).

Proof

This result is a consequence of a general result of Diperna [6].

Remark 1.1

If we assume that ¢ = 0 and ¥ 2 a > 0, then the conditions of the theorem 1.2 are satisfied and

hence the existence of the solution for the Cauchy problem follows .

1.2—- The: Riemann Problem.

We consider the Cauchy problem :

(1.18) ,{“t+(“2/2+gh)x=0
h +(tu) =0
with
u, for x<0
u(x, 0) ={ur for x>0
(1.19) h, for x<0
h(x, 0) ={hr for x>0

A solution of this problem was given in Leroux [11]. In that paper u is expressed in fonction of h.
In our study we follow the same step, but we consider h as a function of u.

This problem has a weak solution composed of two waves for which the speeds are :

c,=u-+gh , c,=u+ gh
in between them there is a constant state U_= (u_, h) .

In the area where the solution is regular, we suppose that :

h =H(u)



Substituting in (1.18), we obtain:

u+uu +gH(@u =0
(1.18)" {‘ x* 8 X

u +uu, + (H(u)/(H W) u, =0

For consistency we require :

g H'(w) = H(u)/(H'(u))

which implies:
(1.20) VgH@u) =+ /H
If we take the positive sign in (1.20) and integrate the obtained equation we get

(1.21) o 2V gH -2 gHy=u
where H;, = H(0) .
Using (1.20) the first equation of (1.18)" becomes :

(1.22) u+@u+vgH)u =0

if we use (1.21) andset C= /g H,, equation (1.22) may be written as

(1.23) u+(C+32u)u =0

if we take the negative sign in (1.20) we obtain the equation

(1.29) ut+(—C+3/2u)ux=0

Let us now consider the equation (1.23) of the faster wave; (1.23) is of the form

u, + (f(w), =0
where f is a strict convex function; therefore a continuous solution of (1.23) exists if

uSq



For the second equation we have the condition
T usuy
We define the two family of curves: ¥,(U,) and X,(U,)
2,(Uy) (resp. X,(Uy)) represents the states which can be linked to Uyby an 1-wave (shock or
rarefaction) (resp. 2-wave (shock or rarefaction)) issueing from Uy
2,(Up={U;h>0,Uel (U, if u <uy, UeS Uy si u>uyy}
2,(Up={U;h>0,Uel,U, if u <uy, UeS,(Up) si u>uyy )

The solution of the Riemann problem (1.18)—(1.19) is composed of 1-wave and 2-wave separeted
by a constant state U = (u_, h_), determined by

Uc =2,(Up) N Xy(Ug)
The nature of the waves linking U} to U , and U to Uy, is given by the nature of the curve

linking U to U in 2,(U} ), and U to Uy in 3,(Up)

2—- Formulation _in (h, @
2.1-Some_propreties.

The system (1.1) may be written

h,+q,=0
2.1 {

q +(g*m+gh’2) =0

where h (= 0 ) is the depth of the water and q (= u h ) is the flux. We can check easily that the
system (2.1) is strictly hyperbolic if h > 0.
The eigenvalues of the system (2.1) are:

A, =u-Vgh , A,=u+gh

The corresponding right vectors are:

r,=(1,u-gh) , r,=(1,u+gh)



The two fields defined by the two eigenvalues are genuinely nonlinear.

The Riemann invariants of (2.1) are

z=u-2gh , w=u+2./gh
The function
2.2) n(h, @) =g h’2 +q¥2 h)

is an gntropy function for the system (2.1). M is strictly convex for h > 0. The associated entropy
flux is defined by

2.3) F(h,q)=ghq+¢’/2h)

As in §1.1, the rarefaction curves are given by (1.14), (1.15) and the shock curves by

(1.16),(1.17).

2.1.1-Lax'shock Conditions.

LetUp = (hy, q;) (resp. Uy = (hg, qg)) be the value of U on the left (resp. on the right ) of a shock
whose speed is . The Lax'shock conditions are

1 for an 1-shock

{KI(UL) >0> XI(UR)
)

o <A,(Ug)
for a 2—shock

{Kz(UL) >0 >1,(Up)
AM@Up<o

(2.4)

Proposition 2.1[16]
If (U, Ug) is a shock satisfying the Rankine-Hugoniot relations, then we have
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() {(Ur, Up) is an 1-shock satisfying the Lax'shock conditions} < {Ugre S;(Uy) and h; <hg }
(i) {(Up, Ug)isa 2-shock satisfying the Lax'shock conditions } <> {Uge S,(Up) and h; > hg }

2.1.2-Lax'entropy condition.

The Lax's enropy condition for a shock gives

(2.5) o[M@U)] 2 [F(U)] , for all convex entropy 1 for the system

Proposition 2,2[16]
Let (U, Ug) be a shock whose speed is 6. Then

% (UD) >0 > 1, (Ug) {XZ(UL) >0 > A, (Ug)
or

o] 2 [FU)] <
' MU <o

o< XZ(UR)

for the entropy m given by (2.2) .

2.2- The Ri n_Pr .
We consider the Cauchy problem :

h,+q,=0
2.6) { ) )
q,+(q7/h+gh"2), =0
with ’
o h; for x <0
- *, )_{hT for x>0
@7 0 q, for x<0
alx, )—{qr for x>0

The solution of the Riemann problem (2.6)—(2.7) is composed of an 1-wave and a 2-wave
separeted by a constant state U = (u, h ), determined by
%,(Up) and X,(Ug) were defined in §1.2..

The nature of the waves linking U; to U, and U to Ug is given by the nature of the curve
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linking U; to Ug in 2;(Up), and Ug to Uy in 3,(Up)

2.3- i i f i f

In the plane (h, g), the regions defined by

QG’B={U=(h,q) su+2/gh <o, u-2/gh >B )

are invariant for the solution of the Riemann problem: that is if (U, Ug) e Q, g then the solution
U/t, U, Up) e Q.p V() e RxR*

Qa’B is bounded in the plane (h, g), this leads to get stability results in L™, for the Godunov type

schemes (Leroux [11]).

The advantages of the formulation in (g, h) are:

1) The equations of (2.1) have a physical sense.

ii) The entropy given in (2.2) is strictly convex without any suplementary condition.
iii) The invariants regions defined in §2.3 are bounded. .

iv) The system of conservation laws (2.1) may be extended to the tow dimensionnal case.

3~ The Lagrang.i-gn formulation.
3.1- The P-system.
The system (1.1) may be written as a P-system, if we introduce the Lagrangian coordinates
defined by

X= X(x,.’t)
where X is the solution of the differential equation:

X, =uX(x,1),1)
with

x

ds
X(x,0) = 2/g[ )

X0
Then from (1.1) we obtain
v=2/(gh)
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and

v,—ux =0
3.1 {

u, + (v"2)X =0

for h > 0, p(v) = v2 satisfies:
PV)<0,p"v)>0
The system (3.1) is genuinely nonlinear in RxR, .

The eigenvalues of the system (3.1) are:
M=-vV-p®) A=+V/-pM  with pv)=-2v"

The corresponding right vectors are:
n=(1,-p®) , I,=(-1,+p™))
The two fields defined by the two eigenvalues are genuinely nonlinear.

The Riemann invariants of (3.1) are

v v

z=u—[~/—p'@)dy s w=u+l[\/—p'(y)dy

— The rarefaction curves

They are defined by

(3.4) I"I(UO)={(V,u);v>0,u=u0—2\/2/v+2 2/vg )
3.5) I"2(U0)={(v,u);v>0,u=u0+2\/2/v—2 /2/vq }

I',(Up) (resp. I',(Uy) ) represents the states U = (v, u) which can be linked to Uy = (v, uy) by

an lrarefaction (reen 2—rarefaction)
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— The shock curves

They are solutions of the Rankine-Hugoniot equations for (3.1) , then we define

(3.6) S;(Uyp) ={(v,u);v>0,u= ug—(v—vg WAL, +VI(v vg) )

3.7 S,(Ug) ={(v,u);v>0,u =+ (v-v, )\/(v+vg)/(v vg) )

S 1(Up) (resp. Sz(UO)) represents the states U = (v, u ) which can be linked to Up= (vg» up) by an
I-shock (resp. 2—shock) . '

(3.1) admits as an entropy the function

(3.8) N, u) =u?2 + /v

In our problem, it is assumed that v > 0, hence m is strictly convex. The entropy flux is given by

F(v, u) = u/(v?)

3.2- The Riemann problem.

We consider the follﬁwing Cauchy problem

V,—uy =0
(3.9)
{ut + (v'2)X =0
with
v, for X<0
VX, 0) = {vr for X>0
(3.10)

y, for X <0
. ulX, O)_{ur for X>0

Using the shock conditions of Lax, we define the two family of curves: 2,(Uy and 2,(Uy
ZI(UO) (resp. ZQ(UO)) represents the states which can be linked to U,by an 1-wave (shock or
rarefaction) (resp. 2-wave (shock or rarefaction)) issueing from U,
Z,(Up={U;v>0,Uel(Uy if v<v,, Ue S (Uy) si v>v, )
2,(Uy = {(U;v>0,Uel,(U,) if V<vy, UeS,(Uy) si v>v, )
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The solution of the Riemann problem (3.9)—(3.10) is composed of 1-wave and 2—-wave separeted
by a constant state U = (v, u_), determined by

Uc =Z,(Up) N 2,(Ug)
The nature of the waves linking U} to Uc, and U, to Uy, is given by the nature of the curve

linking U to U in 2,(U)), and U to Uy in 3,(Up)

4- A_nonreflecting boundary condition.
The choice of the boundary condition at the open boundary (liquid boundary) is a hard problem,
especially in the nonlinear hyperbolic case.
In the paper [7], Engquist and Majda give nonreflecting boundary conditions for linear hyperbolic
systems. In this section we use a result of Hedstrdm [9] (which holds in the nonlinear case) to get a

nonreflecting boundary condition for the shallow water problem in the one dimensionnal case.

Let us consider systems in the form

@.1) {Ut'f" (f(u)), =0 for(x,)e Q

u(x, 0) = ¢(x)
with Q= {(x,)eR%;x>0,t>0)

Let 1,,..., 1 be the left eigenvectors corresponding to the positive eigenvalues of A(u), we have
the following result of Hedstrom [9].

Theorem 4.1

The condition atx =0

(42)  Lu=0 , 1<ism

gives no waves coming into 2 from the boundary x = 0 if there are only simple waves going out.

If a shock of strength € leaves Q , this condition produces an incoming wave of strength O( e).

" Let us consider again the system (1.1), the matrix A of the system has only one negative
eigenvalue A, = u — (gh)/2 if we suppose that lul < (gh)!/?, then we need only one boundary

condition at x =0, to get a well posed problem .
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heor 4.2
The boundary condition at x = 0
4.3) u+2/gh=uy+2 /gh,
gives no waves coming into the domain x > ( from the boundary x = 0, if there are only simple
waves going out. If a shock of strength € leaves the domain x > 0, condition (4.3) produces an

incoming wave of strength O(£3).

Proof
Using the result of Hedstrém [9], it suffices to check that
“43) = L.(u, h)'=0

where l2 is the left eigenvector of A related to the positive eigenvalue 7\2 =u+ (gh)l/2 . Indeed
=0,V g/h) =grad,,; (u+2./gh)
hence
43)= u+2V/ gh) =0
e»"(u+2\/gh)=(uo+2,/gho‘)

where u, and h0 are the initial conditions

Remark 4.1

w(u,h) = u + 2(gh)!2 is the 2-Riemann invariant for the system (1.1) .

5~ w imensionnal probl

The "complete” system of the shallow water flow in conservative form is

pt+((P/h)2+gh2/2)x+(pq/h)y=0
(5-1) q+(pgh )x+((q/h)2+gh2/2)y=0
h+p,+q,=0

where (p, q) is the flow vector given by
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p=uh , g=vh h : the depth of the fluid, (u, v) : the velocity vector
It is easy to check that the system (5.1) is strictly hyperbolic for h # 0, and it admits as a convex

entropy the function:
(5.2) (P, g, h) = g h/2 +p™/2 h) + g2 h)

In the area where the solution is regular, the system (5.1) may be written in the quasilinear form:

(5.3) U, +A,(U)U, + A2(1J)Uy =0
with
u 0 g v 00
U=(,v,h) , A1=[O u Oj' , A2={0 \% gJ
h 0 u 0 h v
Lemma 5.1
The system (5.1) is symmetrizable
Proof
The matrix

h 0 0
Ao(u,v,h)=|:0 h o}

0 0 g
is symmetric, positive definite for h > 0.

The matrices AgA,, AgA, are symmetric since

uh 0 gh vh 0 O
A0A1=[O uh O] s AO'A2=[0 vh ghil
gh 0 ug 0 gh vg

Therefore the system (5.2) is symmetrizable, hence using a result of Bardos [1], we prove:

heorem

There exists at most one uniformly Lipschitz solution of the Cauchy problem related to (5.3) .
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