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Résumeé

Nous simulons numériquement les équations de Boussinesdgoanvection de Rayleigh-
Bénard en récipient cylindrique. Dans la premiére partier pm rapport d’aspect d’environ
1.5, le nombre de Prandtl 1 et parois verticales isolantes transition d’'un écoulement sta-
tionnaire axisymétrique vers des écoulements non-staiogs est étudiée, par moyens de si-
mulations non-linéaires, analyse de stabilité linéaith@orie de bifurcations. Pour un nombre
de Rayleigh d’environ 25000, I'état axisymétrique deviarstable vers les ondes azimutales
stationnaires ou progressives. Les ondes stationnaintdégrement instables vers les ondes
progressives. Ce scénario est identifie comme une bifurcdoHopf dans un systéme avec
une symétri€(2). Dans la deuxiéme partie nous étudions le phénomeéne desteroe d’états
stables pour le rapport d’aspect 2, le nombre de Prandtltdéseparois verticales soit par-
faitement isolantes, soit parfaitement conductrices.dsaht varier le nombre de Rayleigh et
les conditions initiales, nous obtenons une grande vadiétéotifs convectifs pour le méme
nombre de Rayleigh. Nous donnons un diagramme de bifurcagio¥liminaire, montrant les
branches stables. Les résultats pour les parois vertipalégitement isolantes sont en bon ac-
cord avec les expériences.

Summary

We simulate the Boussinesq equations for Rayleigh-Bénardection in a cylindrical con-
tainer. In the first part, for aspect ratios near 1.5, Pramgthber 1 and insulating sidewalls, the
transition from an axisymmetric stationary flow to time-degdent flows is studied using non-
linear simulations, linear stability analysis and bifuroca theory. At a Rayleigh number near
25000, the axisymmetric flow becomes unstable to standitrgqueelling azimuthal waves. The
standing waves are slightly unstable to travelling wavdsis Ecenario is identified as a Hopf
bifurcation in a system witld(2) symmetry. In the second part of the study we investigate the
phenomenon of coexisting stable states, using the aspgc2rdrandtl number 6.7 and either
perfectly insulating or perfectly conducting sidewallarying Rayleigh number and initial con-
ditions, we obtain various convective patterns for the s&ageigh number. We show also a
preliminary bifurcation diagram containing stable braeshThe results for perfectly insulating
sidewalls are in good agreement with experiments.
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Resumé

0.1 Instabilité de Rayleigh—Bénard

0.1.1 Mouvements convectifs

Linstabilité de Rayleigh—-Bénard apparait si une couche dddlaonfinée horizontalement,
chauffée par le bas et refroidie par le haut, est soumiseamglkle gravité. Un gradient vertical
de densité est alors créé, avec le fluide le plus lourd en hingt telle situation correspond a un
équilibre de forces qui peut étre stable ou instable — siy’'oriroduit une perturbation, elle sera
dissipée ou provoquera une évolution du systeme vers ua étdt. La situation ou le fluide
reste au repos est appelée état conductif. L'équilibredesrfacteurs stabilisant et déstabilisant
dans cette situation est décrit par le nombre de Rayleigh

3
Ra= %AT

oud est I'épaisseur de la couche du fluidesa diffusivité thermiquey sa viscosité cinématique,
y le coefficient d’expansion thermiqu&T la différence de températures entre les plaques et
I'accélération gravitationnelle. Lord Rayleigh (1916) auvé que, pour une couche de fluide
entre deux plaques infinies, les mouvements convectifsrajggant au-dessus du nombre cri-
tiqueRa, = 1708. Pour les systémes d’extension finie, le nombre de Rewézitique dépend
du rapport de forme hauteur sur largeur.

Au-dessus du nombre de Rayleigh critigue, des écoulement&ciifs apparaissent : le
fluide chaud et léger monte, se refroidit en montant, puisedévroid, donc lourd, et re-
descend. Ce cycle est a l'origine des rouleaux représentddalfigure 1. Une grande variété
d’écoulements convectifs a été observée : rouleaux cafsettoits ou courbés, paralleles ou
concentriques, formes spirales ou cibles ainsi que desicamsbns plus complexes.

cold

Figure 1: Représentation schématique des rouleaux cofsvecine partie du fluide chaude et
|légére monte, poussée par la poussée d’Archiméde, sediefpoés de la surface supérieure
froide et redescend.

11
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L'écoulement qui apparait au seuil de la convection estesaiappelé écoulement primaire.
Si 'on augmente le nombre de Rayleigh, cet écoulement pedtgea stabilité en faveur d’'un
ecoulement secondaire. Cette transition est régie nonrsentepar le nombre de Rayleigh,
mais aussi par le nombre de Prandtl, défini comme le rapptre Enviscosité cinématique et
le coefficient de diffusion thermique du fluide

V
Pr=—.
K

Dans notre projet, nous avons étudié la convection de R&y8i@nard dans un récipient
cylindrique avec un petit rapport de formie= rayon/hauteurentre 15 et 20. Dans la cavité
cylindrique, il est naturel de représenter la dépendanseld@mps physiques en fonction de la
direction azimutal® en utilisant la décomposition de Fourier

f(r,2.6) = f(r,z)exp(ime).

A cause de l'influence des parois verticales, il arrive satigeie, dans la forme du motif con-
vectif, seul un mode eXpmB) est visiblement dominant. Le nombre d’'onde correspondant
est alors utilisé pour décrire la périodicité spatiale detlacture de I'écoulement.

Plusieurs études, théoriques, expérimentales et nunestigiécoulements convectifs dans
des boites cylindriques ont été effectuées (8 1.2.3 and)1Reux d’entre elles sont a I'origine
de notre projet. Dans la premiére, Wanschura, Kuhimann & R&86) ont étudié la stabilité
linéaire d’écoulements primaires axisymétriques peue 1. Pour 145<T < 1.57 ils ont
observé une bifurcation oscillatoire vers un état instatére caractérisé par le nombre d’onde
azimutalm= 3 oum= 4. Selon la théorie de la bifurcation de Hopf dans des systeawmec
symeétries, le nouvel écoulement devrait avoir la forme d&mazimutales, soit stationnaires,
soit progressives. L'étude étant linéaire, il n’était pasgble de vérifier laquelle de ces deux
solutions possibles devait succéder a I'écoulement axdgygue. Puisque les écoulements
oscillatoires ne sont pas tres courants dans la convecting des petites boites cylindriques,
nous avons décidé d’étudier cette transition suggérée pastturaet al. (1996) a I'aide de
calculs d’analyse linéaire, de simulations non linéaitedeecomparaisons avec les scénarios
théoriques (voir chapitre 5).

La deuxieme partie de notre projet a été inspirée par I'éaxgpe&rimentale de Hof, Lucas
& Mullin (1999). Ces derniers ont utilisé un récipient cylimglie de rapport de forme = 2,
rempli avec de I'eauRr = 6.7). En faisant varier le nombre de Rayleigh suivant diffézent
séquences, ils ont réussi a obtenir plusieurs états stpblasle méme nombre de Rayleigh
final. PourRa= 14200, ils ont observé cinq types d’écoulements statioasai deux, trois
et quatre rouleaux paralleles, un matiercedesvec trois zones radiales de fluide descendant
ou montant et méme un état axisymétrique. Le phénoméne destaee d’'un grand nombre
d’états stables est bien connu pour la convection dans &®lgs boites cylindriques, mais
moins bien décrit pour les cylindres avec pefitsDans le but de reproduire et compléter les
résultats de Hoét al. (1999), nous avons lancé plusieurs séries de simulatiomsRyo= 6.7,

Ir = 2.0, en faisant varier le nombre de Rayleigh et les conditioitigli@s. Nous avons utilisé
deux types de conditions thermiques aux parois latérales parfaitement isolantes (chapitre
6) soit parfaitement conductrices (7).

0.2 Equations

Nous considérons un fluide confiné dans un cylindre de prefordiet de rayorR (figure 2).
La viscosité cinématique du fluide estla densitép, la diffusivité thermiquex et le coefficient
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Z TO—%

AT
To+ >

Figure 2: Géométrie de la cavité et systéme de coordonnées.

d’expansion thermique (a pression constaptéya plaque haute est maintenue a la température
To — AT /2 et la plaque basse® +AT /2. En utilisant les unitég?/k, d, k/d et vk /ygd®
pour adimensionner le temps, la distance, la vitesse efripdeature, nous obtenons la forme
adimensionnée des équations de Navier—Stokes sous IHggmtle Boussinesq suivantes :

Prri(ou+(u-0)u) = —Op+Au+he, (1a)
d%h+(u-0)h = Rau-+Ah (1b)
O-u = 0. (1c)

La température adimensionn&evaut alorsT = To— z+ h, ot Ty est la températuréy adi-
mensionnée e une déviation adimensionnée de la température par rappqntddil linéaire
vertical. Les nombreRaet Pr sont définis comme auparavant.

Nous avons utilisé des conditions aux bords réalistes, ammtpénétration et non-
glissement sur toutes les parois :

u=0 pour z=+1/2 ou r=T. (2)

Nous asupposons que les plaques verticales sont maint@nmestempérature constante, donc
h=0pourz=+1/2. Les parois verticales sont soit parfaitement isolamtesco,h = 0 pour

r = (condition de Neumann), soit parfaitement conductricescth = 0 enr =T (condition

de Dirichlet).

Un outil important dans une étude de stabilité est I'analys&aire. Si(U,H) est une
solution convergée des equations (1), nous pouvons examsanstabilité en veérifiant si des
petites perturbations autour de cet état meurent ou giserttisfaisant évoluer le systeme vers
un autre type d’écoulement. Si nous dénotons la perturbpto(u, h) et négligeons les termes
non linéaires d’ordréu, h)?, nous obtenons les équations linéarisées pdur u,H + h) :

Prri(@u+(U-D)u+(u-0)U) = —DOp+Au+he (3a)
oh+(U-O)h+(u-0)H = Ray+Ah (3b)
O-u = 0. (3¢c)

Les conditions aux limites sont les mémes que pour les éngation linéaires (1).
L'évolution linéaire peut étre représentée sous la forme

(2)-+(2)
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Une solution générale de ce probléme est une évolution expietie

(E)(t):eLt(E)(t:O). (5)

Si 'on décompose le champ initigu,h)(t = 0) dans la base des vecteurs propgese
I'opérateurL

(ﬁ)(t:0)=lzci<ﬂ, La = Aig, (6)
I’évolution (5) devient
( lrjl ) (t) = ZGMCNH- (7)

Sila solution(U, H) est stable, chaque perturbation doit décroitre, alorsésias ont une partie
réelle négative. Au moment de la bifurcation, la partieleédlune valeur propré. devient
positive et, aprés un temps suffisamment long, seul un mooké,sgui est proportionnel au
vecteur propre critiqu@.. La forme spatiale du vecteur peut fournir une informatian la
structure de la nouvelle solution, qui, dans le cas de kation supercritique, sera la somme de
la solution de base et du vecteur propre critique, modifieédgsaeffets non linéaires.

Dans le cas ou la valeur propre critique est compl&xe,o +iw, I'évolution temporelle du
vecteur propre critique est

HF = € (PReogwt) — ¢ sin(wt)) (8a)
g = e (¢Fsin(wt) + ¢ cogut)). (8b)

(E)(t):e'-t(lﬁ)(tzo). ©)

L’écoulement va donc osciller entre la formpBetq (§ 2.3.3).

Deux types de symétrie jouent un r6le important dans la dyopagrdu systéme. Le premier
type est la symétrie de réflexion par rapport au plan mézkaf. Cette symétrie est brisée lors
du déclenchement de la convection, ce qui implique que, pbaque solution, il existe une
autre solution, qui peut étre obtenue par la transformation

Uy Uy
W lrez—| “ |re 2.
uz —Uz
h “h

Le systéme posséde aussi la symédig) — il est invariant vis-a-vis de réflexions par rap-
port a chaque plan contenant I'ake= O et rotations autour de cette axe. Cette symétrie est
brisée lors du passage d’'un écoulement axisymétrique verstiucture non axisymétrique.
La bifurcation de Hopf en présence de cette symétrie a &éraent étudiée théoriguement
(8 2.4.3). Le probleme peut étre découplé pour chaque monoeitat exgime). Ensuite, pour
chaque nombre d’'ond®, le probleme peut étre découplé en deux sous-problemes

A

Gr (r,z) cogmB), Ug(r,z)sin(mB), Uy(r,z)cogmB), h(r,z)cogmo), (10a)
et
Gr (r,2) Sin(mB), U (r,z) cogmB), Uy(r,2)sin(mB), h(r,z)sin(md). (10b)
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Ceci nous donne une espace a quatre dimensions : par exemyldée ghamgh, nous avons

hR(r,z) cogme), (11a)
h'(r,z) cogmB), (11b)
hR(r,2) sin(mB), (11c)
h'(r,2) sin(m@). (11d)

Les vecteurs propres trouvés dans les deux sous-espacenpétre combinés de facon a
donner de nouveaux vecteurs propres, correspondant a l& weeur propre, mais avec des
formes spatiales différentes (2.4.4).

0.3 Intégration numérique

Nous avons intégré les équations numeériguement, en pnojiete champs sur les séries de
Fourier dans la direction azimutale et sur les polyndmes deb@hev dans les directions ra-
diale et verticale. Nous avons utilisé un schéma mixte eitpliet implicite. Le découplage
de la vitesse et de la pression et I'imposition de la divecgemulle ont été implémentés par
la méthode de la matrice d’influence. Pour intégrer les égpumtinéarisées, les mémes méth-
odes ont été utilisées. En plus, la méthode d’Arnoldi-Kvydoété implémentée pour extraire
plusieurs valeurs et vecteurs propres, réels et compléxies.description détaillée des méth-
odes numériques utilisées se trouve dans le chapitre 3.

0.4 Validation du code

Plusieurs tests ont été effectués sur le programme de gionylafin de vérifier le choix de
résolution spatiale et du pas de temps (voir chapitre 4). résgltats ont été aussi comparés
avec quelques cas-test, obtenus auparavant.

0.5 Ondes stationnaires et progressives

0.5.1 Analyse linéaire

Nous avons souhaité effectuer une étude approfondie pppal@ametreBr =1 et 145<T <
1.57, ou Wanschureat al. (1996) ont observé une bifurcation oscillatoire. Nous @aoom-
menceé par I'analyse linéaire. Nous avons calculé la salution linéaire axisymétrique, qui
comprenait un rouleau toroidal. Nous avons ensuite intfégréquations d’évolution linéarisées
autour de cette solution. Cette procédure a été répétée hmieyrs rapports de forme dans
la zone d’intérét et plusieurs nombres de Rayleigh autouRag prévu par Wanschuret al.
(1996). Nous avons obtenu les valeurs propres les pludfisiggnies (avec la plus grande par-
tie réelle) et leurs vecteurs propres (8 5.1.2). Nous aveétsrohing les seuils de bifurcation
de HopfRay, les fréquences critiques et les nombres d’onde azimutatespondants. Ces
valeurs, dépendantes du rapport de forme, étaient en aaeecdes observations de Wanschura
(tableau 5.1).

Alors que les vecteurs propres existent dans un espacer@ giraensions (sinus, cosinus,
partie réelle et partie imaginaire), nous avons utiliséesaant un des deux sous-espaces invari-
ants (10a) ou (10b) du probléme. En conséquence, les fopagalss des vecteurs propres que
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()

Figure 3: Vecteurs propres polir= 1.47,Ra= 25000 (champs de températureza 0): (a)
partie réelle du vecteur proprdg)(partie imaginaire du vecteur propre;d) superposition des
deux champs viaR(r,z) cogm(8 — B8p)) + hl (r,2) sin(m(6 4 6)), avecmBy égal a : €) 0, (d)
/4, (e) /2, (f) 31/4, (g) 0.921t

nous avons obtenus ont trois axes de symétrie de réflexioni cegespond aux ondes station-
naires. Pourtant, a partir d’'un vecteur propre complexayties états peuvent étre obtenus qui
appartiennent au complémentaire de cette espace. Parlexemp composantk du vecteur
propre est

hR(r,2) cogmB) +ih' (r,2) cogmB),

de nouveaux vecteurs (parties réelles ou imaginaires)gne@re générés par
C (hR(r,2) coym(8 — Bo)) + ' (r,2) sin(m(8 + 6))) , (12)

(§ 2.4.4 et 5.1.2). Les figures &,() montrenthR(r, z) cogme) ethl (r,z) cogmb), et les figures

3 (c-g) —les formes créées par (12) pour quelg@ed.es ondes progressives tournantes a droite
proviennent denBp = O (C), les ondes progressives tournantes a gauclmadge- 11/2 () et les
ondes stationnaires defy = +11/4 (d,f) (deux différentes phases temporelles). Langi
est donc similaire a celui utilisé en figure 7. Un vecteur pepgui ne correspond ni aux ondes
stationnaires ni aux ondes progressives, est montré sguiefB ¢). Toutes ces visualisations
représentent la tranche= 0. Si nous faisons la coupe en= 0.3 du champ présenté sur la
figure 3€), nous retrouvons la forme montrée par Wanschatral. (1996). Néanmoins, nous
soulignons que les autres vecteurs propres de la figure galdment valables. Une analyse
non linéaire, comme celle présentée en-dessous, est aigegssur déterminer si I'écoulement
non linéaire final prendra la forme d’ondes stationnaireprogressives.

0.5.2 Simulation non linéaire des états instationnaires

Au-dessus du nombre de Rayleigh critigRe.,, I'état axisymétrique légerement perturbé
évolue dans nos simulations vers un écoulement instatientradimensionnel (8 5.2.1). La
figure 4 présente cet état; les contours du champ de tempeesatot visualisés pour six instants
durant une période d’oscillations. L'allure des champslg&irente des vecteurs propres corre-
spondants car les états non linéaires sont dominés pardétaase axisymétrique. La structure
comprend six extrema qui pulsent en créant une oscillatitre eleux formes triangulaires de
phases opposées (figureat 4,d). Les extrema étant fixes, nous identifions cet état comme
une onde stationnaire. A chaque instant, I'écoulementgatiant par rapport a une rotation
de6 = 2m/3.
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Figure 4. Ondes stationnaires &a= 26000: contours de température paus 0, T /6,

2T/6, ..., 5T /6.
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Figure 5. Taux de croissance en fonction du nombre de Rayldigine continue : taux de
croissancely .3 du vecteur propren = 3 (ondes stationnaires ou progressives) obtenu a partir
de I'évolution linéaire autour de I'état axisymeétrique. €&ar: taux de croissanggw_.Tw des
ondes progressives évoluant vers les ondes stationnaben(s par simulation non linéaire).
Ligne pointillée : approximation linéaire.

L'onde stationnaire existe pendant un temps si long qujsdiet sembler stable. Pourtant,
au cours de I'évolution temporelle, une petite imperfectimisant la symétrie de réflexion
apparait, grandit et finalement cause une transition vex®ode progressive. Le temps de vie
des ondes stationnaires diminue si I'on augmente le nonmdRRayleigh. Nous avons mesuré
le taux de croissance exponentielle de la perturbation@uéspond aux ondes progressives en
vérifiant le rapport entre les coefficients symétriques¢dxas axes de symétrie de réflexion)
et antisymétrigues. Ces taux de croissance, proportioangismbre de Rayleigh, sont affichés
sur la figure 5. Sur la méme figure, nous montrons les taux desarace du vecteur propre, qui
correspondent a I'évolution a partir de I'écoulement axiéyrique vers une onde stationnaire
ou progressive et qui sont plus grands que les taux de cnoissde I'évolution a partir des
ondes stationnaires vers les ondes progressives.

Une fois que la symétrie de réflexion de I'onde stationnastebeisée, le motif avec les
six extrema pulsants évolue vers une structure avec traismsis tournants — une onde pro-
gressive (figure 5.9). La symétrie par rotation d& 2 est conservée. Cet état est la forme
finale de I'évolution temporelle. La raison pour laquelleigs@vons observeé d’abord des ondes
stationnaires était que nos conditions initiales possédda symétrie de réflexion et que nos
procédures numériques introduisaient des perturbateymétriques a un taux trés faible. Sile
nombre de Rayleigh est diminué, les ondes progressivegpkjasqu'aRa= Ra.

Nous avons fait des simulations pour plusieurs valeurs dpaid de forme, dans la plage
1.45<T < 1.53; pour chaque valeur, nous avons réussi a obtenir les @tdgsnnaires et
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Figure 6: Onde progressive tournante a gauchRa&a 26000 : iso-contours de température
pourt=0,T/6, 2T /6,..., 5T /6.
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Figure 7: Diagramme de phase illustrant la stabilité deesmthtionnaires (SW) ou des ondes
progressives droites (TW+) ou gauches (TW-). Gauche : les®sthtionnaires sont stables;
droite : les ondes progressives sont stables. L'origineespond a la solution axisymétrique
et les axes aux amplitudes des ondes progressives towsradi®ite ou gauche. Les ondes
stationnaires peuvent étre construites comme une suspates deux ondes progressives.

progressives. Le méme scénario existe pabBX I' < 1.57, mais avec le nombre d’'onde
azimutalm = 4 au lieu dem= 3. Nous avons calculé les amplitudes et fréquences d’ondes
observées (8 5.2.3). L'amplitude et la fréquence augmeatest le nombre de Rayleigh. Si

le nombre de Rayleigh est diminué jusquRa.», I'amplitude tombe a zéro et la fréquence
s’approche de la valeur de la fréquence critique issue adwldiahéaire.

L'évolution non linéaire, pres du point de bifurcation degflopeut étre décrite par les
equations d’amplitude de la forme normale correspondait2.§). Quand la solution ax-
isymétrique perd sa stabilité, de nouvelles solutionsseais: ondes progressives tournantes
a gauche, ondes progressives tournantes a droite et odiesisaires. La stabilité de ces so-
lutions dépend des coefficients de la forme normale. Si$ocse nouvelles solutions existent
pourRa> Rac, alors deux scénarios sont possibles : soit les ondesrstaires sont stables
et les ondes progressives droites et gauches sont instablesinverse (figure 7). A l'aide
des taux de croissance, amplitudes et fréquences trouwgés, avons déterminé les valeurs
numeériques des coefficients de la forme normale (§ 5.2.4).

0.5.3 Conclusion

Nous avons utilisé des simulations non linéaires et desilsatte stabilité linéaire dans le but
de mieux comprendre le comportement de la convection de ighylBénard dans la zone de
parametres #5< T < 1.57,Pr =1, étudiée pour la premiére fois par Wanschetral. (1996).
Dans ce régime, I'état convectif primaire perd sa stabifi$éa-vis d’une perturbation de mode
azimutalm = 3 oum= 4, via une bifurcation de Hopf, ou I'espace propre a quaimedisions.
Nous avons calculé les vecteurs propres et expliqué le rapptre eux et les formes montrées
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par Wanschurat al.(1996). La théorie prévoit que, au moment de la bifurcatemdpf, deux
branches devraient étre créées, correspondant aux oatlearshires et progressives, et que, au
maximum, une de ces nouvelles branches est stable. Dangmdat®ns non linéaires, nous
avons observeé des ondes stationnaires qui existent lopgtetqui ceédent finalement la place
aux ondes progressives. Nous avons expliqué ce comportemeanontrant que le taux de
transition des ondes stationnaires vers les ondes progrestout en étant positif, est petit. En
I'absence d’'une longue intégration temporelle et de celyses, il aurait été possible de con-
clure prématurément que les ondes stationnaires étagdést Ceci souligne I'importance du
calcul des taux de croissance (en plus des simulations méailes) et I'utilisation des scénarios
de bifurcations décrits auparavant pour interpréter l&npménes physiques.

0.6 Motifs convectifs — parois isolantes

0.6.1 Simulation de I'expérience

La deuxieme partie de nos études a été inspirée par I'expéride Hofet al. (1999), qui ont
obtenu, en changeant le nombre de Rayleigh suivant dife@@mins, plusieurs structures
convectives stables pour la méme configuration de parasné&reontrdle. Notre but a été de
simuler et peut-étre compléter leur étude. En accord avecpl@rameétres, nous avons choisi
le nombre de PrandB®r = 6.7 et le rapport de form& = 1. Quant aux parois verticales, qui,
dans I'expérience de Hddt al. (1999), étaient d’'une mauvaise conductivité, nous les @von
supposees parfaitement isolantes dans la premiére sésendétions. Nous avons ensuite
utilisé une intégration temporelle en faisant varier a cledgncement le nombre de Rayleigh et
les conditions initiales et nous avons observé vers qudf amtmptotique le systéme évoluait.
Ce protocole nous a permis d’obtenir plusieurs motifs cotifgepour le méme nombre de
Rayleigh. La figure 8 présente les résultats obtenus pouatessisolantes; pour chaque motif,
le diagramme indique la zone dRaou I'écoulement de ce type existe, et le nouvel état vers
lequel le systeme évolue, si la solution convergée esséélcomme condition initiale au-dela
de cette zone. Les visualisations des conditions initialdisées et des motifs finaux obtenus
se trouvent sur la figure 9.

0.6.2 Initialisation avec I'état conductif perturbée

Nous avons commencé les simulations en initialisant lemplsaavec la solution conductive,
légerement perturbée (cf figuresd, La perturbation évolue alors vers un écoulement corfyecti
dont la forme dépend du nombre de Rayleigh. FRai< 1900, la perturbation initiale diminue
vers zéro, en donnant naissance a I'état conductif. Radienviron 2000, I'état final, que nous
avons appel@izza est un motif invariant par la symétrigy, avec quatre parties distinctes, qui
ressemble a des parts de pizza. Chaque section a soit une zammgecdans son centre et
une zone froide le long de la paroi, soit I'inverse (figurd®)9, Pour 3000< Ra< 10000, la
perturbation initiale évolue vers quatre rouleaux quaslfies (figure 9¢) et pour 100006<
Ra < 20000 vers trois rouleaux quasi paralleles (figurd)9,Les rouleaux deviennent plus
courbés quand le nombre de Rayleigh croit. Enfin, goaur 23000, I'état final est composé
de trois zones radiales de fluide froid, nommé par Hof (199a%f mercedegfigure 9.e).
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Figure 8: Diagramme résumant les résultats pour les paoiigrites : tempeérature mgxr =
0.3,0,z=0) en fonction du nombre de Rayleigh pour tous les états coffivettibles trouvés.
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Figure 9: Motifs convectifs trouvés pour les parois vetgsaisolantes : visualisation de la
températureh) dans le plan médian= 0. Les parties foncées correspondent au fluide plus
chaud (montant) et les zones claires au fluide plus froidcg@tegant).

0.6.3 Trois rouleaux

Ayant obtenu les solutions en forme de trois rouleaux dasgfi@ de simulations précédente,
nous avons repris la solution convergéRa— 14200, et nous I'avons fourni au code comme
champ initial pour un autre nombre de Rayleigh. En-dessows®dilde convection, la vitesse
tend vers zéro et la structure de I'écoulement, avant deadijpe, change pour prendre la
forme d’un dip6le. PourRa= 2000, les trois rouleaux évoluent vers un écoulement dgtélde
(figure 9f). EntreRa= 5000 etRa= 33000, les trois rouleaux sont stables, sauf pour 26000
Ra< 25000, ou le rouleau central est déplacé par rapport au thacentral (figure 93). Nous
avons conclu I'existence d’une bifurcation dans cette 4éigare 6.6). Dans I'expérience, cela
a donné finalement deux rouleaux pé&a= 21000, mais nous n’avons pas observé une telle
transition.

0.6.4 Quatre rouleaux

Ayant utilisé une structure a quatre rouleaux comme cantlitiitiale, nous avons obtenu quatre
rouleaux stables pour 3080Ra< 20000. PouRa> 25000, la structure évolue vers une croix
(figure 9,h), qui est probablement transitoire.

0.6.5 Evolution de I'écoulement de type pizza

Dans cette série de simulations, nous avons utilisé commditaan initiale I'état pizza obtenu
auparavant &a= 2000. Pour 5006 Ra< 29000 ce motif évolue vers une autre structure.
En Ra= 5000 I'état final est I'état & quatre rouleaux, p&ei= 10000 trois rouleaux, pour
Ra= 14200 un état axisymétrique comprenant un rouleau tor¢figate 9,i), et pour 15006
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Ra< 29000, deux rouleaux (figure |9, Pendant I'évolution vers les deux rouleaux, le systéme
passe par une suite d’états intermédiaires (8 6.5).

0.6.6 Deux rouleaux

L'écoulement avec deux rouleaux, utilisé comme conditidtiale pour les simulations pour
des nombres de Rayleigh variés, garde sa forme pour 180&< 29000. PouRa= 5000,

il évolue vers la solution a trois rouleaux et, p&a= 2000, vers I'état pizza. Ra= 29000,
les contours des rouleaux vibrent légérement.

0.6.7 Etats axisymétriques

Le motif axisymétrique (obtenuRa= 14 200) utilisé comme condition initiale donne aussi des
motifs axisymétriques pour une grande plage de nombres deifag000< Ra< 33000. Ceci
est en accord partiel avec I'expérience, ou Ebél. (1999) ont trouve cet écoulement instable
vers une forme tournante poRa> 23000 . ARa= 2000, I'état axisymétrique comprend deux
rouleaux toroidaux concentriques (figuré),

0.6.8 Evolution de la forme de type mercedes

Nous avons lancé une série de simulations initialiséeslaveotif mercedes (figure 8). Pour
chaque nombre de Rayleigh utilisé dans I'intervalle 580Ra < 29000, I'écoulement garde sa
forme et, pouRa= 2000, il évolue vers I'état axisymétrique avec deux tores.

0.6.9 Evolution de I'état dipble

L'état dipble, observé Ra= 2000, n’est pas stable pour des nombres de Rayleigh plusggrand
Fourni comme condition initiale, il évolue vers trois roalx pourRaentre 5000 et 29000, a
I'exception de 10000. ARa= 10000 I'état final, que nous avons nomi@e, a un rouleau
semi-circulaire et un rouleau toroidal (figurel)9, Au cours de I'évolution vers I'état a trois
rouleaux ou le CO, une structure transitalipble souriantapparait (figure 9n).

0.6.10 Perturbation en forme de dipole

Finalement, nous avons initialisé les simulations avewoldement transitoire de dipdle, qui
apparait en-dessous du seuil de convection avant que legemeunts convectifs s’arrétent.
L'amplitude du champ que nous avons utilisé est déja trétepee qui nous amene a considérer
cet état comme une perturbation a la solution conductividpliue comme un état convergé.
Ceci est différent de la premiére série de simulations seaépar la forme de la perturbation
— au début, nous avons perturbé la solution triviale avec @lamge arbitraire de modes, alors
gu’ici la perturbation utilisée a été observée pendantliéion du systéme. Pour ces deux
types de conditions initiales, les motifs finaux sont défés. La perturbation en forme de
dipble évolue vers un dipdleRa= 2000 et vers trois rouleauxRRa—= 10000. Pour 1000&
Ra< 15000, I'état final est un rouleau en forme de lettre S quite@drdroite, avec une période
tres grande (de I'ordre de dix temps de diffusion thermigertical) (figure 9n). PourRa=
16000, le systéme évolue vers un dipble souriant stable.nHodur 20000< Ra < 29000,
guelques motifs intermédiaires apparaissent avant Figi@tde trois rouleaux.
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0.6.11 Remarques

Nous avons observé une coexistence de plusieurs typesutbéoents convectifs pour un nom-
bre de Rayleigh donné. Pour les bas nombres de Rayleigh, ded’de 2000, nous avons déja
trouvé trois motifs : dipble, deux rouleaux toroidaux etzpiz Pour les nombres de Rayleigh
plus élevés, les états que nous avons observés comme étaessur un grande intervalle de
Rasont : deux, trois et quatre rouleaux paralléles, mercedesmuleau toroidal. Ces résultats
sont en bon accord avec I'expérience de kfidl. (1999), qui ont observé les cing mémes types
d’écoulement pour cette plage de nombres de Rayleigh.

Dans le chapitre 6, nous donnons plus d’'informations sutrbassitions entre les états,
les motifs intermédiaires et I'énergie des écoulementemi@és. Nous présentons aussi un
diagramme quantitatif des plages d’existence des motiisles en fonction du nombre de
Rayleigh.

0.7 Motifs convectifs — parois conductrices

0.7.1 Initialisation avec I'état conductif perturbé

Ayant obtenu de nombreux motifs convectifs pour le modéede des parois verticales isolantes,
nous avons utilisé la méme procédure pour un cylindre avepamis d’'une conductivité par-
faite (condition aux limites de type Dirichlet). Comme damg&s précédent, nous avons com-
mence les simulations en initialisant les champs aved kétaductif perturbé, en faisant varier
le nombre de Rayleigh. Ensuite, nous utilisons les solutiomsergées pour initialiser les nou-
veaux lancements du code pour d’autRes La figure 10 présente, d’'une fagcon schématique,
les plages de stabilité des motifs obtenus, et les étatdesgaels évolue le systeme, s'il est
initialisé avec un motif instable pour un nombre de Rayleighreé. Les motifs sont visualisés
sur la figure 11.

PourRa= 1900 etRa= 2000, la perturbation initiale (figure 14), évolue vers un écoule-
ment dipble (figure 11). Pour 1900 et 2000, I'état final est I'étahblier — un motif qui
ressemble au motif pizza, sauf que les deux parties froelesj@ignent au centre (figure X3,
PourRa= 2700 etRa= 4000, le systeme a évolué vers la solution a trois rouleaguréilld)
et, pour 6000< Ra< 15000, vers celle a quatre rouleaux (figuregd1 Les différences entre
ces rouleaux paralleles et ceux obtenus pour les paro@iss sont visibles seulement pres des
parois car ici la déviation du profil linéaire doit étre nuslar les bords. PolRa= 20000 nous
avons obtenu un moti, avec trois bandes de fluide montant selon les rayons, erefdiume
lettre Y (figure 11f). Cet état ressemble au motif mercedes obtenu auparavaat] p@ssede
seulement une et non pas trois axes de symétrie de réflexaur.RRa= 25000, le systéme a
converge vers I'état en forme d’étoile avec six rayons deéehaud (figure 113y). Finalement,
pour Ra> 30000, nous avons obtenu un état que nous avons agaélici en raison de sa
ressemblance avec son esquisse des proportions pour laarmin (figure 11y). Tous ces
écoulements sont stationnaires.

0.7.2 Trois rouleaux

Nous avons utilisé I'état a trois rouleaux convergRa—= 4000 comme état initial pour des
nombres de Rayleigh différents. Ceci nous a donné les éconterae forme de trois rouleaux
pour 3000< Ra< 29,000, a I'exception de 25000, ou le systeme a évolué vers drueaux.
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Figure 11: Motifs convectifs trouvés pour les parois cortidees : visualisation de la tempéra-
ture () dans le plan médian= 0.
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Néanmoins, nous avons réussi a obtenir trois rouleauxestggnurRa= 25000 en initialisant
le systéme avec trois rouleaux convergétaa= 20 000.

0.7.3 Quatre rouleaux

Les écoulements en forme de quatre rouleaux, utilisés cooomeition initiale, gardent leur
structure pour une grande plage de nombres de Rayleighs®a0< 35000. PouRa= 2000
I’écoulement initial évolue vers le motif de dipble et, pda= 40000, la structure de quatre
rouleaux existe, mais les bords des rouleaux vibrent |@égeéng avec une période= 0.026.

0.7.4 Evolution de I'état dipble

Quand nous utilisons le motif dipble (convergéRa= 2000) comme condition initiale pour
les nombres de Rayleigh plus éleveés, I'écoulement évoluetuais rouleaux pouRa= 5000
et quatre rouleaux pour 10080Ra< 20000. PouRa= 25000, nous avons obtenu le motif
Y. PourRa= 30000 le dipble évolue vers trois rouleaux; nous savonsegaéix simulations
précédentes que cette forme est instable pour ce nombre didResgt que le systeme devrait
évoluer vers I'état étoile.

0.7.5 Evolution de I'état sablier

Dans les simulations initialisées avec I'état sablier yepgé erRa= 2100), nous avons obtenu :
un sablier stable Ra= 2000; quatre rouleaux pour 5080Ra < 20000; et une étoile de six
rayons aRa= 250000 et 30000. PouRa= 35000, le dipdle initial a évolué vers un état
instationnaire, oscillant entre un écoulement en formeetteel X penchée a droite et & gauche
(figure 7.5, chapitre 7) avec une périotle= 3.05.

0.7.6 Evolution de I'état étoile

Nous avons obtenu les écoulements en forme d’étoile ealisdint les simulations avec I'état
étoile obtenu &Ra= 25000. Ce motif est stable pour 10080Ra< 30000. En-dessous de
cette plage, la structure initiale évolue vers un tiste (figure 11j) aRa= 5000 et état sablier
aRa=2000. Pour ces deux nombres de Rayleigh, un état axisymeétrigusitoire apparait.

0.7.7 Evolution de I'état da Vinci

L'état da Vinci (figure 11h), utilisé comme condition initiale, est stable seulemenirfRa>
30000. PouRa= 25000 cette structure évolue lentement, probablementwergétoile de cing
rayons. Pour les nombres de Rayleigh plus bas, I'écoulemgiatl ievolue vers : une étoile a
Ra= 20000, une croix entre 14200 et 10000 (figurej} driste a 5000 et sablier a 2000.

0.7.8 Evolution de I'état Y

Ayant obtenu I'écoulement Y 8a= 20000, nous l'avons utilisé comme condition initiale.
Nous I'avons trouvé stable pour 20080Ra < 30000. PoulRa= 14200, le systeme évolue
vers trois rouleaux. Pour les nombres de Rayleigh plus bas, ampns obtenu I'état triste pour
10000 et 5000 et sablier pour 2000. Les états triste et Y semgsdent; il est donc possible que
ce soit le méme type d’écoulement.
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0.7.9 Remarques

Nous avons réussi a obtenir plusieurs types d’écoulemttites: a bas nombres de Rayleigh,
ce sont les états dipdle et sablier, a hauts nomfRagse sont les états trois et quatre rouleaux, da
Vinci, étoile, Y et croix. Ceci est différent des résultatsestus avec les conditions adiabatiques.
Dans le chapitre 7, nous donnons un graphe d’énergie deteéuents obtenus (figure 7.9) et
un diagramme gquantitatif des plages d’existence des nsifides en fonction du nombre de
Rayleigh.

0.8 Conclusion

Nous avons présenté les résultats de nos simulations néairls d’écoulements convectifs
pour deux configurations différentes. Dans la premiereeganbus avons étudié les écoule-
ments convectifs pour les rapports de formé5I< I < 1.57, le nombre de Prandflr = 1 et
les parois isolantes. Nous avons réalisé une analyserindaistabilité d’états axisymétriques.
Les nombres de Rayleigh et les fréquences critiques tromvé®a accord avec les résultats de
Wanschurat al. (1996). Nous avons montré une procédure pour obtenir lrabkedes valeurs
et vecteurs propres les plus importants. Notre représentatend en compte les symétries du
systeme : les vecteurs propres qui correspondent a la méea ymopre peuvent avoir des
formes spatiales différentes, avec ou sans lignes nodAlesi nous avons expliqué et com-
plété les résultats de Wanschetaal. (1996).

La théorie de la bifurcation de Hopf dans un systéme avec sigm@(2) prévoit que
I’évolution non linéaire devrait mener vers des ondes atahes, soit stationnaires, soit pro-
gressives. Nous avons veérifié que les ondes progressivestsdiies. En plus, nous avons
réussi a observer des ondes stationnaires instables. Nons é@voqué les études théoriques
de Golubitsky & Stewart (1985) et Knobloch (1986) de la liation de Hopf en présence de
symétrieO(2) et nous avons déterminé les valeurs des coefficients derteefoormale décrite
par ces auteurs.

Dans la seconde partie de notre projet, nous avons réaliségepts simulations pour le
rapport de formd = 2 et le nombre de Prandfr = 6.7. Ces paramétres ont été utilisés au-
paravant par Hof, Lucas & Mullin (1999), qui ont observé expéntalement plusieurs motifs
convectifs différents pour un méme nombre de Rayleigh. Adpies les parois verticales dans
I'expérience sont plut6t bien isolantes, nous avons atdisux types de conditions aux limites,
en les supposant soit parfaitement isolantes, soit panf@iht conductrices.

Pour les deux types de conditions, nous avons réussi a optesieurs états stables coexis-
tants, méme a bas nombres de Rayleigh. Nous avons décritdanityme des motifs convectifs
et présenté les diagrammes des états stables coexistantemportement du systéeme dépend
fortement des conditions aux limites thermiques. Pour E®ip parfaitement isolantes que
nous avons obtenu un trés bon accord avec les motifs expéeme

Le but de notre projet était de trouver plusieurs états etabCeci accompli, nos résultats
fournissent une trés bonne base pour la réalisation d’'ugratiame de bifurcations complet,
contenant les états stables et instables.



Chapter 1
Rayleigh—Bénard instability

This chapter contains a basic introduction to convectigtainilities. We give a brief sketch
of the main results for Rayleigh—Bénard convection in cylicalrcontainers and we focus on
phenomena reported by Hof, Lucas & Mullin (1999) and WansahiKiuhlmann & Rath (1996).

These two studies define the two sets of control parametetsaain our simulations.

1.1 Rayleigh—Bénard instability

1.1.1 Instability

An instability occurs in a dynamical system when a slightymdration to a solution does not
die, but grows, causing an evolution of the whole system tdszanother solution. As in the
real world, slight perturbations always exist, the stablatson is that observed experimentally.
Usually the stability of a given solution depends on sevewaltrol parameters. This is the case
of Rayleigh—Bénard convection, where the stability of the ftmacture is determined by the
properties of the fluid and its container.

1.1.2 Rayleigh—Bénard convection

Rayleigh—Bénard instability occurs when a fluid layer is heditem below and cooled from
above. A vertical temperature gradient is then createdh woper layers heavier than lower lay-
ers. The situation in which the fluid remains motionless asdiensity stratified, is called the
conductive state. This state can become unstable in therpre®f gravity. If the balance be-
tween the stabilising and destabilising forces is favolerédthe latter, the onset of convection
Is observed. Hot zones begin to ascend and then are cooledyaapproach the upper plate;
cold zones descend, and are heated. Such cycles are atgimeadiconvective motions, which
take the form of rolls (see figure 1.1). A rich variety of coctree flows has been reported:
convective rolls, straight or curved, can be parallel orcamtric, forming targets, spirals, and
more complex combinations.

The Rayleigh—Bénard problem is one of several widely-studiecvective systems, in
which a density variation in the presence of gravity engenflaid motions. A similar prob-
lem is Bénard—Marangoni convection, where the rigid uppatedk replaced by a free surface;
surface tension must be then taken into account. In comreati mixtures the instability is
driven by a concentration gradient, either with or withce presence of a temperature gra-
dient. In natural convection, the instability occurs in aityawith differentially heated lateral
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cold

Figure 1.1: Schematic representation of convective roitg:fluid ascends, lifted by buoyancy
forces, it becomes colder and heavier at the upper coldeyréand then starts to descend.

walls. We should mention here also forced convection, whedlow influencing the temper-
ature field is engendered mainly by forces other than bugydfnally, more complex models
are investigated in industrial research.

Convection is an important phenomenon in nature; its congmrgbn is necessary in un-
derstanding the dynamics of such large-scale systems aatrit@sphere, the oceans or the
interiors of stars and planets (Busse, 1978; Getling, 199%&cis, 2004). At smaller scales,
the interest in studying convection comes from multiplel@agions, such as designing heating
systems of buildings, controlling crystal growth or consting cooling systems for electronic
devices. Another motivation for studying Rayleigh—Bénandvextion comes from the fact that
this is a classic pattern-forming system. Formation ofgratt and their dynamics are a com-
mon challenge occurring in many nonlinear problems, nog anfluid mechanics, but also in
condensed-matter physics, chemistry and biology. Aspettabserved in different systems can
be very similar, there exist attempts to find unifying cortedp.g. Cross & Hohenberg, 1993);
results for one particular configuration can then elucidagedynamics of another system or
contribute to a generalising theory.

1.1.3 Rayleigh number and convection onset

Lord Rayleigh (1916) showed that the balance between effeetsirable and unfavourable to
convection onset can be described by a dimensionless nuaatledthe Rayleigh numbeFor
a fluid layer of depthd, thermal diffusivityk, kinematic viscosityw and thermal expansion co-
efficient (at constant pressung)confined between two parallel plates of temperature diffee
AT, this number is defined by
3
Ra= M AT
KV
whereg is gravitational acceleration. Lord Rayleigh found analgilly that for plates of infinite
extent, convection occurs above the critical nunf®ag, = 1708. For finite systems, the critical
Rayleigh number and the convective flow structure dependefotim of the lateral boundaries.

1.1.4 Secondary flows and Prandtl number

The flow which appears at the convection onset is often edeto as the primary flow. As
the Rayleigh number is increased, this flow can lose its #fgld a secondary flow. This
transition is governed not only by the Rayleigh number andainar form, but also by the
Prandtl numbeydefined as the ratio of the kinematic viscosity to the théuiflusivity of the
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fluid

The Prandtl number varies widely: it is of order of £dor liquid metals, 1 for gases and up to
10° for oils. An extensive study of the stability of parallel Iin function of their horizontal
wavenumber, Rayleigh number and Prandtl number was caraebdyoBusse and co-workers
(Busse, 1978). The stability zone in the three-dimensioaadpeter spadeaPr-k (wherek is
the wavenumber of the rolls) is therefore called Baesse balloon

1.1.5 Higher Rayleigh numbers

As the Rayleigh number is increased, the convective pattsgneme more complicated and
more irregular, their symmetries and periodicities beingcessively broken. If we continue
to increaseRa, spatio-temporal chaos appears and finally, the flow becaduonbslent. In the
present work we focus on lower Rayleigh numbers; the desmnigf turbulent regimes is a
separate branch in fluid dynamics research.

1.1.6 Investigation tools
Experiments

Since Bénard’s experiments in the beginning of the twentetftury (Bénard, 1901), there
has been constant progress in experimental techniquewsjrad researchers to vary largely the
Prandtl number, to work with quasi-Boussinesq fluids, andoseove the patterns not only in
fluids but also in gases (Croquette, 1989). The experimemad® either two-dimensional

views of patterns (shadowgraphy technique) or approximaltecity fields (Particle Image Ve-

locimetry), and usually also the Nusselt number, which messthe global heat transport. A
great variety of convective patterns has been observedcily for large rectangular, cylin-

drical and annular containers (Koschmieder, 1993; Crogug®89; Bodenscha#t al.,, 2000).

Theoretical approaches

Theoretical analysis of convective instabilities, withr@gy mathematical tools, could be per-
formed only for the simplest cases because of the complexitiye problem — the laws gov-
erning the system are described by partial differentialbéiqus, which are, in general, three-
dimensional, nonlinear and time-dependent. There are somenon simplifications: one of
them is treating the fluid as incompressible and using the 8pesq approximation. The latter
assumes that the fluid properties do not vary with tempezatxcept for the density, which
varies linearly in the buoyancy term. Sometimes free-dhipridary conditions are used, which
substantially facilitates calculations (Rosenblat, 1982)nvective patterns are also modelled
by several kinds of amplitude equations, with simpler nuedirities and vertical dependence
maximally reduced (Manneville, 1990).

Linear analysis is a useful method in stability problemss dtinciple is to add a small
perturbation to a given base solution, linearise the eqoatfretaining only terms linear in the
perturbation), and checking whether the perturbation growdecreases. If the perturbation
decreases, then the base solution is stable. If, increasoogtrol parameter, we cross a limit
above which the base solution is unstable, the initial pkétiion grows, evolving into a form
called the critical eigenvector. However, as this forrmaltoes not take into account nonlinear
effects, linear analysis does not provide quantitativaltesoncerning the new stable solution.



30 CHAPTER 1. RAYLEIGH-BENARD INSTABILITY

The structure of the critical eigenvector can, at best (@dhse of a supercritical bifurcation),
give an idea of the symmetry of the new stable solution, wigdhe sum of the base solution
and the eigenvector, modified by nonlinear effects.

Numerical simulations

A new chapter in investigating convective instabilitiegée with the appearance of comput-
ers. At first, numerical computations were used in the lagjest of theoretical analysis, or to
perform linear analysis for perturbations with differerew@numbers, then slightly nonlinear or
simplified models were studied numerically. Finally, fasirease of computer performance and
development of numerical methods made feasible threerdiioeal, nonlinear, high-resolution
simulations of the governing equations.

The incompressibility and Boussinesq approaches are witkelgt in simulations. This lim-
its the possible range of investigations; incompressiladaers work only for flow velocities far
below the speed of sound and the Boussinesq approximatidedgiate only for small temper-
ature gradients. There are also approaches with free-glipdary conditions (Siggers, 2003),
but contrary to the incompressibility and Boussinesq appra&on, these models usually give
rather unrealistic results (see Wanschetral,, 1996).

Several methods for numerical integration of the govermiqgations are in use. In the fi-
nite difference method, discrete analogs of derivativescatculated using local values. This
method, the simplest in implementation, is still used in sgnodels (Leong, 2002). Finite vol-
ume methods, where the equations are integrated over tootumes corresponding to grid-
points, have good local conservation properties and arefthre used even at high Rayleigh
numbers, where turbulent regimes appear. Finite elemetttatds, with their solid mathemati-
cal foundations and a great deal of generality, are appezetizy engineers, as they are suitable
for complicated geometries. They are widely used, but ratlkpensive numerically. Finally
spectral methods, based on projecting unknown quantitiesedes of functions, are the most
precise for a fixed number of points, but convenient only forpte geometries. In our simula-
tions we used a spectral code; we describe the projectidimefyiin 8 3.1.

1.2 Cylindrical system

1.2.1 Features of the system

In the present work we focus on convective flows in cylindrimantainers with aspect ratios

I = radius/heightbetween 15 and 20 and with lateral boundaries that are either perfectly con-
ducting or insulating. The advantage of cylindrical conégis in comparison with finite rectan-
gular boxes is the azimuthal symmetry, which permits us ettgonometric basis functions;
The system is invariant under rotation around the vertiga, avhich influences the symme-
try of the flow patterns. The disadvantage of the cylindrggadmetry is the singularity at the
cylinder axis.

1.2.2 Azimuthal wavenumber

As the azimuthal direction is periodic, a Fourier decomiasiis a convenient representation :

~

f(r,z,8) = S f(r,z)exp(imB). Because of the influence of the form of lateral boundaries on
the flow geometry, for small aspect ratios there is often amlg Fourier mode eXpn0) visi-
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bly dominating in a given convective pattern. The corresiyog wavenumber is then used to
describe the periodicity of the flow structure.

1.2.3 Large aspect ratios

A summary covering the developments since the mid 1980sdiovective systems with large
aspect ratiol{l > 1) can be found in Bodenschatz, Pesch & Ahlers (2000). In soadhmaths

a great variety of patterns was reported: “Pan Am” patteamshes with several centres of
curvature, see Ahlers, Cannell & Steinberg, 1985), stragpghallel rolls (Croquette, 1989; Cro-
guette, Le Gal & Pocheau, 1986), concentric rolls (targets, Koschmieder & Pallas, 1974;
Croquette, Mory & Schosseler, 1983), one- and several- anotating spirals (Plapp, Egolf,
Bodenschatz & Pesch, 1998), targets with dislocated ce@tag(ette, 1989), hexagonal cells
(Ciliberto, Pampaloni & Pérez-Garcia, 1988) and spirakde€haos (Morriet al, 1993). A
large overview on convective phenomena observed expetaihehefore this time can also be
found in Koschmieder (1993).

1.2.4 Small aspect ratios

We focus on cylinders with moderate aspect rdtie- 1. The flow structure then depends
strongly on system geometry. For this regime, the stabilftthe conductive state was well
established in the 1970s—-1980s by Charlson & Sani (1970)k StMuller (1975), Buell &
Catton (1983). Critical Rayleigh numbdRs. are about 2000 for ~ 1, increasing steeply for
lower " and decreasing asymptotically towailg. = 1708 forll — co.

Convective state stability

Charlson & Sani (1970) estimated by a numerical variaticeainique the onset of axisymmet-
ric convection in cylinders of aspect ratios between 0.5&ndith insulating and conducting
sidewalls. They found the critical Rayleigh numbelRa{ = 2545 for" = 1, decreasing for
higherl") and the corresponding number of rolls. They then genedlisis analysis (Charl-
son & Sani, 1971), including non-axisymmetric modes andliptang Ra. and corresponding
critical azimuthal wavenumbers.

Stork & Muller (1975) observed experimentally convectiatprns in annuli and cylinders
of aspect ratio @ < T < 3.2, varying the sidewall insulation. Their critical Rayleighmbers
were in good agreement with those predicted by Charlson anid Sa

Rosenblat (1982) investigated convective instabilitiemerically for free-slip boundary
conditions, using a severely truncated expansion in a smuatiber of eigenmodes. He de-
scribed non-axisymmetric motions existing just above pfweaspect ratios between 0.5 and
2.0.

Finally, Buell & Catton (1983) described how the onset of catiem is influenced by the
ratio of the fluid conductivity to that of the wall, by perfoimg linear analysis for the aspect
ratio range O< I' < 4. They determined the critical Rayleigh number and azimuwthaenum-
ber as a function of both aspect ratio and sidewall condiigtihus completing the results of
the previous investigations, which considered eithergmelyf insulating or perfectly conducting
walls. The flow succeeding the conductive state is threeedgional over large ranges of aspect
ratios, contrary to the expectations of Koschmieder (1993)
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r Ray W m
147 24928 +4254 3

150 24536 +£4226 3
157 23011 44547 4

Table 1.1: Critical Rayleigh numbeRa:,, frequencies and wavenumbers found by Wanschura,
Kuhlmann & Rath (1996) foPr = 1 and different aspect ratios.

Secondary flows

The stability of the first convective state, depending orhlastpect ratio and Prandtl number,
has been investigated mainly for situations in which thenpriy flow is axisymmetric. Charlson
& Sani (1975) attempted to predict numerically the stapiit the primary axisymmetric flow,
but the resolution available at that time was inadequatkddask. Muller, Neumann & Weber
(1984) investigated convective flows experimentally arebtbtically for aspect ratios.D<

' <10. Forl =1 and Prantl numbers@ and 67, they observed that the axisymetric primary
flow was stable up tRa~ 10R&..

Hardin & Sani (1993) calculated weakly nonlinear solutiomthe Boussinesq equations for
several moderate and small aspect ratios. They found achtfan from the axisymmetric state
towards a mode with azimuthal wavenumbet= 2 forI' = 1, Pr = 6.7 andRa., = 2430.

A very complete numerical study of secondary convectivéainiities for moderate aspect
ratio cylinders and adiabatic sidewalls was performed bypsthura, Kuhimann & Rath (1996).
They focused on aspect ratio®6 I' < 1.57, where the primary flow is axisymmetric. They
calculated the nonlinear two-dimensional solutions anadacted linear analysis for Prandtl
numbers M2 and 1. They thus founBa, and the azimuthal wavenumbers of corresponding
critical eigenvectors.

Touihri, Ben Hadid & Henry (1999) numerically investigatée tstability of the conductive
state for aspect ratids= 0.5 andl" = 1. They described the main critical modes and established
a diagram of primary bifurcations, including unstable lotzes. Fol™ = 1 they also found a
secondary bifurcation poifRa, at which the axisymmetric flow becomes unstable towards a
two-roll flow and calculate®Rax, for 0 < Pr < 1.

Hopf bifurcation

Wanschurat al.(1996), in their study, predicted the flows succeeding tiragmy axisymmetric
state to be steady, except over a narrow aspect ratio radgec” < 1.57 atPr = 1. For this
configuration they found a Hopf bifurcation. The correspagceigenvectors had azimuthal
wavenumbersn= 3 andm = 4 (see table 1.1). Thus the secondary flows should be osciflat
and according to the theory of Hopf bifurcation in systemthwhis symmetry, should have the
form of either standing or travelling waves. As the study Waesar, it was not possible to verify
which of these two solutions succeeds the axisymmetric flow.

Multiplicity of convective states

Far above the convection threshold, a description in whidiz one stable state exists, with its
form depending only on Rayleigh number, is insufficient. Bdincers with small aspect ratios
this was shown by the experimental study carried out by Ho€ds & Mullin (1999). Varying
the Rayleigh number through different sequences of valeedixed parameters = 2.0 and
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Pr =6.7, they obtained several different stable patterns forahneesfinal Rayleigh number. For
14200 they observed two, three and four parallel rolls, arted@es” pattern with three spokes
of ascending or descending fluid and even an axisymmetti. Skhey also reported a transition
from an axisymmetric steady state towards azimuthal waves.

More recently, convective patterns were investigated byigdiid Feudel (2000), who used
a spectral simulation. For aspect rafic= 4, they found stability ranges of several patterns:
parallel rolls, target and spirals. The stability zones bashmon sections — depending on the
initial conditions, different stable flows were observedha&t same Rayleigh number.

Leong (2002) used a finite difference method to simulate ecinve flows for Prandtl num-
ber 7 in cylinders of aspect ratios 2 and 4 and adiabaticdktells. He observed several steady
patterns: parallel rolls, three-spoke flow and axisymroetiate, all of which were stable in the
range 6250< Ra< 37500. He also calculated the heat transfer for each pattern

1.3 Motivation

The first part of our numerical study of Rayleigh—Bénard cotisaocvas stimulated by the re-
sults of Wanschura 5 Oscillatory states are common in biflaiy convection and in rotating
convection, but not as much so in ordinary Rayleigh—Bénargexdion, particularly in small
aspect ratios. We wished to study in detail this configuratiowhich an instance of time-
periodic Rayleigh—Bénard convection was suggested. Hendeawe simulated numerically
the loss of stability of the first convective axisymmetridusion undergoing an oscillatory bi-
furcation for 145<T < 1.57 andPr = 1. In chapter 5 we describe the results of linear stability
analysis and nonlinear simulations, which identify thensg® in terms of bifurcation theory in
systems with symmetries.

We wished also to explore the multiplicity of stable stategarted by Hofet al. (1999).
This phenomenon is known in other hydrodynamic systems aharge cylinders, but rarely
reported for Rayleigh-Bénard convection in cylinders of draapect ratio. We ran a series
of nonlinear simulations for Prandtl numbler = 6.7, aspect ratid = 2.0 and two types of
thermal boundary conditions. Chapter 6 presents the resuliserfectly insulating sidewalls
and chapter 7 for perfectly conducting sidewalls.

The methods used in our study are described in the threearisaphich follow. In chapter
2 we present the nonlinear equations governing the systehwanexplain the principles of
linear analysis. We define also the symmetries charaatgritie problem and introduce and
derive an appropriate representation describing linedrramlinear dynamics of the system.
Chapter 3 describes the most important aspects of the nuaherathods used for integrating
the differential equations. This comprises discretisatiospace and time, imposing boundary
conditions and finding the leading eigenvectors and eigaasdor linearised equations. We
also give some details concerning the optimisation of tree@nd post-processing of the re-
sults. The choice of the simulation parameters and someedesits performed on the code are
discussed in chapter 4.
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Chapter 2

Governing equations

This chapter introduces the nonlinear Boussinesq equagioverning the system and explains
the principles of linear analysis. The symmetries of thebfmm are defined. An appropriate
representation of eigenvectors, taking into accounQf® symmetry, is derived. The theory
of Hopf bifurcation in systems with symmetries is evokeatiag that this bifurcation should

lead either to standing or to travelling waves.

2.1 Navier-Stokes equations

We consider a fluid confined in a cylinder of depltland radiuRR (figure 2.1). The aspect ratio
is defined a§ = R/d. The fluid has kinematic viscosity, densityp, thermal diffusivityk and
thermal expansion coefficient (at constant pressur&he top and bottom temperatures of the
cylinder are kept constant, & — AT /2 andTp + AT /2, respectively. Using the unit¥ /K, d,
k/d andvk /ygd® for time, distance, velocity and temperature, we obtair\theier—Stokes and
Boussinesq dimensionless equations governing the system

Prri(du+(u-0)u) = —Op+Au+he, (2.1a)
oth+ (u-0)h = Rauy+Ah (2.1b)
O-u = 0. (2.1c)

The dimensionless temperatureTis= ToRa/AT — zRa+ h, whereh denotes the dimensionless
temperature deviation from the basic vertical profile. Thgl&gh numbeRaand the Prandtl

To+5

Figure 2.1: Geometry and coordinate system.
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numberPr are defined by

AT gyd3

KV

Ra , (2.2)

Pr

i<

(2.3)

2.2 Boundary conditions

We used realistic boundary conditions for the velocityjwib penetration and no slip on the
horizontal plates and sidewalls

u=0 for z=+1/2 or r=T. (2.4)

We assume that perfectly conducting horizontal plates taminthe temperature constant
(Dirichlet condition forh)

h=0 for z=+1/2. (2.5)

As for sidewalls, we assume them either also perfectly cotgly so that a linear vertical
temperature profile is maintained within them and

h=0 for r=T, (2.6)
or perfectly insulating (Neumann condition)
och=0 for r=rT. (2.7)

(The code has also a possibility we have not explored, ofngithese two conditions in order
to represent sidewalls with finite values of conductivit;, h+ pnedrh = 0.)

2.3 Linear analysis

2.3.1 Linearised equations

Understanding convective phenomena is aided by meanseairlsimulation. When we have a
converged stationary solutigiy,H) to the equations (2.1), we can examine its linear stability,
i.e. verify whether slight perturbations to it die or leacetmlution towards another state. If we
denote the perturbation iy, h) and neglect the nonlinear terms of orderh)?, we obtain the
set of linearised equations foU +u,H + h)

Prri(@u+ (U-D)u+(u-0)U) = —Op+Au+he (2.8a)
dh+(U-O)h+(u-O)H = Ray-+Ah (2.8b)
O-u = 0. (2.8¢c)

Equations (2.8) with the same boundary conditions as theseritbed in 8§ 2.2 can be then
integrated in time in the same way as the nonlinear equatib .
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2.3.2 Power method

The linear evolution problem (2.8) can be abbreviated by

(3)4(3)

A general solution to this equation is an exponential evofut

u u
(h)m:é(h)azm. (2.10)
We can decompose the initial conditiom h)(t = 0) in the basis of eigenvectors bf
u
(h)t=0=-5an (2.11)
|
whereq are eigenvectors ard eigenvalues ot
Lo =A@, (2.12)
so that
g = ilg. (2.13)

The evolution equation (2.10) then becomes
( N ) )= e, (2.14)
|

If the solution(U,H) is stable, every perturbation to it should decrease, soyeveshould
be negative. A transition from parameters for which the tmfuis stable to parameters for
which (U, H) is unstable corresponds to changing the sign of one of tlemeddues to positive.
Then every component @1, h) dies, according to (2.14), except for the critical eigetveq;
corresponding to the positive eigenvalue Therefore, after a long time evolution, we have
(u,h)(t) O @, and (2.10) becomes

< E ) (t+At) = ehedt ( E ) (®). (2.15)

If the eigenvalué\. is real, we can calculate its value by taking the norm of theaign above
()]

Iog (2.16)

[G)el

This is the principle of th@ower methodWe do not find the eigenvalues and eigenvectots of
by a direct diagonalisation method for several reasonst,Fire do not have the explicit form
of the matrix. L, which describes the whole sequence of operations negdssagolving the
differential equation, could be obtained \i&1,0,0,0,...), thenL(0,1,0,0,...), etc; but the
cost of this procedure in terms of computer time and storam@lchbe too great. Furthermore,
direct diagonalisation of the resulting matrix would alsofar too costly.
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2.3.3 Complex eigenvalues

The time evolution operatdr, a real matrix, can have either real eigenvalues or compmlax c
jugate pairs of eigenvalugs= o +iw. The time evolution for a corresponding eigenvector

o=@ +ig is :
et (R +ig) = O ((R1ig), (2.17)

or, after decoupling real and imaginary parts,

Hgt = e (PRcogwt) — ¢ sin(wt)) (2.184a)
ey = €™ (¢fsin(wt) + ¢ cogut)). (2.18b)

According to (2.18a), evolution from the eigenvect, after a timet = 311/2w, leads tog,
while evolution fromq', after a timet = 11/2w, leads togR (both scaled by™). If the time
evolution operator has a complex critical eigenvalue, nparturbatiorfu, h), after sufficiently
long time, will be a linear combination gf andg growing in time like exggot), and oscillating
betweenp® andg with frequencyw.

2.4 Symmetries

2.4.1 Symmetries of Boussinesq equations

Symmetries play an important role in the possible transg#tiondergone by this system. The
Boussinesq equations (2.1) with boundary conditions desdrin § 2.2, have @, symmetry,
meaning that they are invariant under reflection with resfgethe horizontal midplane. They
have alsdD(2) symmetry, being invariant under reflections with respeemery plane contain-
ing thez axis and to rotations about this axis.

2.4.2 7, symmetry and inverse patterns

The conductive solution also has bdlti2) andZ; symmetry. However, the reflection sym-
metry with respect to the horizontal midplane is broken lgyfihst bifurcation to a convective
state. At this moment two solutions appear. For an axisymowblution with flow ascending
at the axis, there exists a corresponding axisymmetridisalin which the flow descends at
the axis; a flow composed of two counter-rotating parallésroan have either hot ascending
or cold descending fluid on the diameter. For every solutiof2tl), an inverse solution can be
deduced using the transformation

Uy Uy

Yo (r,0,2) — Uo (r,0,—2).
V4 —Uz

h —h

We can then refer to patterns and their inverse equivalbats distinction between these two
groups is not always feasible — for example, inverting adiral state will give the same pattern
rotated aboutt. As for a given solution its inverse pattern can be deducetthenaatically, we
did not seek inverse equivalents of each pattern found, $siiraed its existence. In further
discussion we will not distinguish between these two fasili
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2.4.3 0O(2) symmetry

If the first convective state consists of axisymmetric cative rolls, then its remaining sym-
metries are reflection and rotation @) which together comprise the symmetry groD2).
The O(2) symmetry is broken by secondary bifurcations with azimiuiteenumbem # 0.
Bifurcations in the presence @¥(2) symmetry were studied and classified during the 1980s
by a large number of researchers, e.g. Bajaj (1982); Gokyb&sStewart (1985); Knobloch
(1986); van Gils & Mallet-Paret (1986); Kuznetsov (1998);ullet & looss (1990). We give a
brief summary of their results.

If the critical eigenvalue is real, then the resulting befation is a circle pitchfork, leading
to a “circle” of steady states parametrised by phase. Eaddgtstate is reflection symmetric
in 6 (about some valu@p). If reflection symmetry is broken by a subsequent bifumgtihe
scenario is that of a drift pitchfork, leading to slow motigdrift”) along the circle.

A complex eigenvalue, like that found by Wanschetaal. (1996) in the region of #5 <
I <157,Ra> 23000, atr = 1, leads to a Hopf bifurcation which engenders three noatine
branches: standing waves, counterclockwise travellingesigand clockwise travelling waves.
The standing waves are reflection-symmetri {mgain about some valg), while the travel-
ling waves break this symmetry. One of the aims of our study twaletermine which of these
types of waves is realised by our physical system.

2.4.4 Representations of complex eigenvectors 2) symmetry

The linear problem (2.8) for perturbatiofis, h) about an axisymmetric convective stété H)
can be divided into decoupled subproblems, each corregmptada single azimuthal wavenum-
berm. The problem for wavenumben can in turn be divided into two identical decoupled
subproblems, corresponding to fields of the form

~

Gy (r,z) cogmB), Ug(r,z)sin(mB), Uy(r,z)cogmB), h(r,z)cogmo), (2.19a)
and
Gr (r,2) Sin(mB), g (r,z) cogmB), Oy(r,2)sin(mB), h(r,z)sin(md). (2.19b)

The first set describes fields symmetric and the second -yamtistric about th® = 0 plane
(the ug is treated differently, because the antisymmetry of the vettorég). For simplicity,
we will represent each of these types of vector fields by itgErature componetir,z) and
leave the dependence 8rand ont to be written explicitly. We may write the linear evolution
problem (2.9) restricted to fields with trigonometric degence om0 such as (2.19a)-(2.19b)
as

och = Limh. (2.20)

Areal eigenvalue breaking azimuthal symmetry irCd&) symmetric situation is associated
with a two-dimensional eigenspace, consisting of lineanlomations of vectors of type (2.19a)
and (2.19b). Since

o h(r, ) cogmB) + Bh(r, z) sin(mB) = Ch(r,z) cogm(6 — By)), (2.21a)
where
C=,/024PB2, mBp= atar(B/a), (2.21b)

all real eigenvectors hawa nodal lines and reflection symmetry about sobge If we take
C 0O v/Ra—Ray and add (2.21a) to the basic axisymmetric state, we obta&ridincle” of
steady states resulting from a circle pitchfork descrilvegl2.4.
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A complex eigenvalue in th®(2) symmetric situation is associated with a four-dimensional
eigenspace. Within each eigenvector class (2.19a) an®@HlR.1he eigenspace is two-
dimensional, spanned by two linearly independent eiggovetR andh', which are trans-

formed byL, as
< (R u —w) [
()= (6 0 (R ) 222

In (2.22),hR can be replaced by any linear combinatiorhBfandh', but oncehR is selected,
the choice oh' follows from (2.22). Although the components of equatior2@) are the real
and imaginary parts of the complex equation

L(AR+iA") = (n+iw) (AR +ih'), (2.23)

the customary designation bR andh' as the real and the imaginary part of the eigenvector is

arbitrary, as reflected by the fact that an eigenvector canuigplied by any complex number.
To form eigenvectors of the full cylindrical problem belang to the four-dimensional

eigenspace, each bR andh' is multiplied by a trigonometric function. This yields as asis

for the four-dimensional eigenspace:

hR(r,z) cogmd), (2.24a)
h'(r,z) cogmB), (2.24b)
hR(r,z) sin(m@), (2.24c)
h'(r,2) sin(m@). (2.24d)

One choice for a complex eigenvector pair is (2.24a)-(2.2ihce
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Each offR(r, z) cogmB) andh' (r,z) cogmB) hasm nodal lines anan axes of reflection symme-
try, including® = 0. More generally, the trigonometric dependence can bentaken (2.21a),
with the same trigonometric dependence for eachfoéndh', to form a complex conjugate
eigenvector pair each of whose membersinasdal lines anan axes of reflection symmetry,
including® = Bp. The evolution in time under (2.20) for a field with an init@ndition of this
formis

h(r,8,zt) = ae" [AR(r,2) cogwt) — ' (r, 2) sin(wt)] cogm(8 — Bp)). (2.26)

The subspace of fields with azimuthal dependencénad@s— 6o)) is invariant under linearised
time evolution. (There also exists an invariant subspaceuthe nonlinear time evolution,
which includes harmonics cem(6 — 6p)), with the samam axes of reflection symmetry.) If
we takepu = 0 anda [0 /Ra— Rax in (2.26), and add this to the basic axisymmetric solution,
then we obtain to first order the standing wave solution noeetl in §2.4.

Any combination of (2.24a)-(2.24d) is also a member of a dempigenvector pair. The
calculation

~ [ ahR(r,2) cogmB) + Bh' (r, 2) sin(md)
m< ah' (r,2) cogmB) — BhR(r, 2) sin(m) >

_( K —W CxﬁR(rjz) COS(mG)—H?,H (1, 2) sin(m@)
= ( w M > ( GF]'(I’,Z) COirnB) —BﬁR(r,z) Sln(me) ) ) (2.27)
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when compared with (2.22), shows that the two componentsefv/ector in (2.27) form a
complex conjugate pair of eigenvectors for the full cyliedt problem, as in (2.22). Because
hR(r,z) andnl (r, z) have different functional forms ifr, z), these vectors, unlike those of (2.21a),
cannot be combined into a single trigonometric function.itie of the two components of
(2.27) has nodal lines or reflection symmetry about any d&ksth a andf3 are non-zero. The
evolution in time under (2.20) for a field whose initial cotnain is the first component of (2.27)
is:

h(r,0,zt) = e[hR(r, 2) (a0 cogmB) cog ut) — Bsin(me) sin(at))
+h' (r,2) (o cogmB) sin(wt)) + Bsin(mB) cogwt ))]. (2.28)

If B=+a, then (2.28) becomes
h(r,8,zt) = e"a[hR(r,z) cogmB + wt) + h' (r, Z) sin(mB + wt)], (2.29)

wheret or 8 may be replaced bft —tp) or (6 — 6p). If we takep= 0 anda O /Ra— Ra; in
(2.29) and add the basic axisymmetric solution, then weinpiafirst order, the expression for
clockwise(mB + wt) or counterclockwisémd — wt) travelling waves mentioned in §2.4.

2.5 Amplitude equations and normal form

The linearised evolution treated in the previous sectiamgs any combinations of (2.24a)—
(2.24d). The mathematical analysis of Hopf bifurcation lie presence oD(2) symmetry
carried out by e.g. Bajaj (1982); Golubitsky & Stewart (1988&)obloch (1986); van Gils &
Mallet-Paret (1986); Kuznetsov (1998) describes the efitincluding generic nonlinear terms
compatible with the symmetries. Following the formulatafrthese authors, we decompose the
field into a sum of clockwise and counterclockwise travelimaves with complex amplitudes
{_ =p_€9 andl, = p,.€?, respectively. The four variables., ¢. form another description
of the four-dimensional space described in the previousmseclhe nonlinear evolution df.
near the bifurcation can be described by the following atugé equations or normal form:

o= (priorall- P b P+ 2-1%) L (2.30a)
o = (ptiwtal P+b(T 2 +12-7) . (2.30b)

Separating (2.30) into equations for real amplitudeésand phaseg.. leads to

pr = (u+ap®+b(p2+p2))ps (2.31a)
p- = (nt+api+b(pi+p2))p- (2.31b)
@ = w+ap® +bi(pl+p2) (2.31¢)
0. = —w—api —bi(p? +p?). (2.31d)

Periodic solutions to (2.31) must be either standing orelteng waves. Solutions to (2.31)
and their properties are given in Table 2.1. This table shinasboth standing and travelling
wave solutions exist fau > 0 if b, anda, + 2b; are both negative. A positive growth rate from
a solution indicates instability. Thus, the stability oétbolutions depends on the signapf if
a; > 0, then standing waves are stable and travelling waveshlastnd vice versa fa, < O.
Figure 2.2 shows phase portraits for the amplituges p_ ), for the cases in which all three
branches co-exist and either the standing or the traveNeges are stable.
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name solution growth rates frequencies
Base state p+=p-=0 M, M

Counterclockwise wavep = , /B—r“, p-=0 -2y, —%u w— %u
Clockwise wave p_ = ,/B—r“, pr=0 -2 —%u — <w— %u)
Standing wave Pr=p =505 —2M ok + (oo— gi—gg"r@

Table 2.1: Solutions to (2.31) and their properties.

Elo\%f/ E.\%s/

A A

T™W +

©)

Figure 2.2: Phase diagram illustrating stability of staigdwaves (left) or travelling waves
(right). The axes represent amplitudes of counterclookwaisd clockwise travelling waves.
andp_. Standing waves can be constructed as an equal superpasitioe two.



Chapter 3

Numerical integration

In this chapter a rough description of the code is given. Tigerdhm was implemented by

Tuckerman in the 1980s and a detailed description of allrtegles used can be found in
(Tuckerman, 1989). The task undertaken at the beginningisfproject was optimising the

program for a vector platform, building in the Arnoldi prakeee, finding resolutions appropri-

ate for three-dimensional cases, and developing postpsogeand visualisation tools. We also
improved the user interface and created basic documemtatio

3.1 Spectral discretisation — Galerkin projection

3.1.1 Galerkin decomposition

We used a pseudospectral method to integrate the equaBottti€¢b & Orszag, 1977). This is
based on representing every field as a truncated sum of dumsctiisually polynomials or oth-
ers having known derivatives and good numerical properiies technique is called Galerkin
projection and the basis functions are often referred tqastsal modes. The vectors of co-
efficients coming from spectral projection belong to whatadled spectral spacewhile the
vector of values of fields evaluated on the gridpoints belmnghysical space A method is
pseudospectral if a part of the calculation is performedenghysical space. This is the case
of our method — we evaluate the linear (diffusive) terms iacdal space and the nonlinear
(advective) terms in physical space (the latter is lessmsige than calculating the convolution
of the spectral coefficients).

3.1.2 Fourier series inB

In the azimuthal direction a Fourier series is used, whigpjgropriate for representing periodic
fields. For any fieldf (8), this projection gives the approximation

M
f(0) ~ fre™®, (3.1)
(6) WZ_M m

where the coefficientf, are complex. The properties of the Fourier transform of bfueation
f(0) require that

fm — f\_m.

Thus we use onlyn > 0. A property of Fourier representation, very useful froma ttumerical
point of view, is that the differentiation formula consistsly of multiplication byim in the

43
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spectral space . o
9 fe™ =imfem®,

which means that every opera@ijfis a diagonal matrix.

3.1.3 Chebyshev polynomials iz

We used Chebyshev polynomials for decomposition of the figldbe vertical direction. A
Chebyshev polynomial of orddris defined by the formula

Tk(x) = cogkarccogx)), (3.2)

which can be transformed, using trigonometric identitie®) a recursive explicit polynomial

form. Chebyshev polynomials have a number of desirable appation properties (Press
et al, 1997). They form an orthogonal basis on the inteffval, 1], with the scalar product

defined discretely as a sum of products of values in the cailmc points; and continuously as
an integral ovef—1, 1] with a weight(1—x?)~1/2. If we want to approximate a functiof(x)

by
K
f(x)~ > cT(X), (3.3)
K=0
the coefficientss of the expansion can be calculated by invertirg;) = 3 cTk(Xj). Using
an expansion in Chebyshev polynomials implies using Chelyabication points, which are

more densely spaced near the boundarigsnd 1. Two types of collocation grids can be used:
the zeros or the extrema of the highest polynonfiglboth sets oK + 1 points. The zeros are

given by the formula
k1
X = cos(%) ., k=0,... K,

and called Gauss-Radau quadrature, while the extremagl €&adless-Lobatto collocation points,

are T[k
Xy = cos<?> , k=0,...,K.

In addition, if we know the coefficient of the expansion of (x), we can calculate the coef-
ficientsc, of its derivativef’(x).

We used a Gauss-Lobatto grid, which includes the boundanipdince after nondimen-
sionalising we have e [—0.5,0.5], the Chebyshev representation for the vertical directikega
the form

K
f2~ Y fk(22). (3.4)
k=0

3.1.4 Chebyshev polynomials im

We also used Chebyshev polynomials and a Gauss-Lobattongtie iradial directiom. Asr
varies from O td", our approximation formula is

K
f(r) ~ k; fiTe(r/T) (3.5)

and we are interested only in the positive parts of the Chedwpblynomials. However, when
coupling the trigonometric representatiorBimvith the Chebyshev polynomials ma problem
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of singularity at the vertical axis can appear, due to gluimg partf(r,8) with f(r,0+ 11).
These terms should match smoothly, having the same valdegegivatives. Also, at =0, the
function should have the same values for evgry(r = 0,8) = const A representation which
does not contain the singular components can be createdrbgucing parity restrictions for
the Chebyshev and Fourier functions (Tuckerman, 1989) aBtialds and the vertical velocity
are then approximated by the formula

M J K
f(r,0,2) = Z z Z fj mkTj(r/T) T(22) €M (3.6)
- sz k=0

and for the fieldsu; andug the same representation is used, except that the conditiom
oddis required. In the code, less strict parity rules are usesiigng only that the first three
derivatives off are continuous at the cylinder axis.

3.2 Time discretisation

In order to discretise the time dependence, we use a mixedisgiicit second-order scheme.
The nonlinear (advective) terms and buoyancy tég&nare calculated in physical space and
integrated via the Adams—Bashforth explicit formula, whiie linear (diffusive) terms are cal-
culated in spectral space and integrated via the implicibiGidicolson scheme. Both formulas
approximate the problem

df

over a time intervalt,t + At] — [t",t"*], evaluating the value gf at the midpoint™*1/2 with
second-order precision. The Crank—Nicolson method apprabes equation (3.7) as

fn+1_ fn

_1— n n+1
o —2(9 +g™) (3.8)

and Adams—Bashforth as
frl 0 3 1,

A 29 39 (3-9)

Applying these formulas to the equations (2.1a)-(2.1b)pl&in the following time-stepping
scheme

I At At
<ﬁ — ?A) utt L atpttt = [-3(u"-O)u"+ (u™t.0)un Y]

I At At n n—1
(ﬁ+ ZA)U += [(3n"—h""")e,] (3.10a)
(-

(]1— Azt ) 3L — Et 3(un . D) h" 4 (un—l‘ D) hn—l)
At

+Ra— (ut+u) + (I[+ > A) h".  (3.10b)

wherel is the identity operator.
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3.3 Influence matrix

3.3.1 Tau method

The equations (3.10), together with (2.1c) are linear amdxearepresented in the spectral space
in a matrix form. However, they do not take into account tharmtary conditions. Consider a
function f (x) approximated by any spectral series of basis functigns

f(x) = io faTn(x).

For a boundary point, we can express a boundary conditibx,) = f, by

N
fb — fnTn (Xb) .
2,

Note thatb indexes the boundary points, varying from 1Bo We can then replace one row
of the linear operator by the values given by this condittbns sacrificing the accuracy of the
solution. This can be done for the last spectral componeigh are also the least signifi-
cant. This procedure, called th&u method gives us a solution which satisfies the boundary
conditions.

3.3.2 Velocity—pressure decoupling

In equation (3.10a), velocity and pressure are coupledrdardo decouple these fields, we can
apply to both sides of the equation the divergence opefatgr This operator commutes with
the laplacian operatd, and therefore terms - u appear, for example

I At I At
D.(E_EA)U_ <ﬁ_7A>D.u.
These terms can then be dropped because of the incompligsseitpiation] - u = 0 stated in
(2.1c). In this way we obtain a Poisson equation for the press

Ap =rhs, (3.11)

whererhs denotes all the terms remaining in the right-hand side, whie to be evaluated at
timest" andt" L,

3.3.3 Influence matrix

Now the difficulty lies in the boundary conditions for the gsare. These are defined indirectly:
we must find the pressure field for which the velocity field \wiélve null divergence(- u = 0)
on the boundaries. This cannot be done by the tau method, sseva discrete equivalent of
the Green functions method for solving Poisson equatiotis maundary conditions, called the
influence matrixnethod. We give here only a rough description of this complecedure.

The influence matrix method is based on two principles: thigueness of the solution
to a Poisson equation with boundary conditions and the dposition of the solution into a
homogeneous and particular part. Let us write the pregsase

p=p"+p°,
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wherepM denotes the homogeneous pressure, i.e. a solution to thedeagquation
Ap™ =0. (3.12)

The pressurg® is a particular solution to (3.11), time dependent, withpger(zero) boundary
conditions. We assume that the velocity can then also besepted as a sum of two terms,
obtained withp" and p®, respectively,

(u,p) = (u,p) + (u,p)". (3.13)

The boundary conditions are still defined indirectly for tremogeneous pressup?, which
should ensure that

O.uP+0-u" =0. (3.14)
Zero boundary conditions fgp” permit us to solve (3.11) for the particular solutiam p)®,

after which (3.14) becomes
O.u" =—-0-uP, (3.15)

H P
Didey( ‘; ) = —Didey( :) , (3.16)

where Divgqy denotes an operator returning the value of the divergenaeoafthe boundaries.
We construct the homogeneous solutjanp)" in the following way. For each d8 bound-

ary pointsx,, we find a pressure solutiqmg' , Which satisfies (3.12) and is zero at each boundary

pointxy except for the poinky, i.e.

or

pH (%) = Bp - (3.17)

We then solve the equations for the veIoait}'/ as follows. Let, = (up, pp)". ForB boundary
points, we obtairB solutionsV,, each satisfying (3.17) for a different value laf We can
represent the homogeneous solutianp)™ as a weighted sum of functioivg

H

_ c |, (3.18)

with vectorC containing the weights. The boundary condition (3.16) thecomes

Vil ... Ve P

=D
(influence matrix)
Theinfluence matrixs defined to be the product of the operator gjivand the matrix contain-

ing the entire set of vectohd,. Denoting the influence matrix by, we can rewrite (3.19) in a
more compact form

P
DC— —Didey( ‘; ) . (3.20)
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The coefficient€ can then be obtained by inverting the influence matrix

P
C= —DlDiVde( : ) : (3.21)

As the vectors/, and the matrixD are time-independent, we calculate them and invert the
influence matrix once at the beginning of the simulation. nfhéuring each time step, after
calculating the particular solution terfn, p)?, we can find the coefficients from (3.21) and
then the homogeneous term from (3.18).

Storing all of theB functionsV,, during the entire simulation is expensive, as each of them
has dimension equal to the number of gridpoints in the wholernae. We can, however, calcu-
late them in a preprocessing step, and store BnfY, as, according to the definition pt' the
coefficientsC are the values op' at the boundaries,. As these values are the same for the
total pressure (sincep” = 0 at the boundaries), we can solve the original problem jZamd
(3.10) and obtain directly the complete soluti@n p), instead of calculating the homogeneous
part.

We summarise the procedure. We calculate once, in the dagirthe set oB homogeneous
solutionsVy,. We then construct the influence matrix, containing therdeece of velocity for
eachv, at each boundary point; we calcul@e! and abandol, andD. During every timestep,
we calculate the particular solutign, p)® on the boundaries, its divergence at the boundaries,
the coefficient€ and finally the whole solutiofu, p) with the pressure given 1.

In the pseudospectral code we used, each Fourier mogedecoupled from the other
Fourier modes, which makes the size of the influence matagaeable. Many other manipula-
tions are performed before implementing the code. The infleenatrix is not invertible, and so
must be regularised. The matrices representing diffexkogierations, which are used at each
time iteration, can be reduced to block matrices or bandeticea in order to use optimised
multiplication algorithms. All the procedures and methoded by the code are described in
detail in Tuckerman (1989).

3.3.4 Tau correction

Acting on the equations with the operatat-), described in 8 3.3.2, propagates the inaccuracy
in the last coefficient resulting from the tau method. Losihg last mode, we lose also its
derivatives, which contain lower frequencies. This cau l@ahigh oscillations in the physical
solution and, in some cases, influence the results signifjcé@anutoet al., 1988). In order

to improve the accuracy of the tau method, a remedy, calleththcorrection can be applied.

In this method the trace of the derivatives of the droppedueacies is kept in the equations,
and, once the solution is obtained, the necessary comesti@pplied to it. In the code, the tau
correction is implemented, together with the boundary @@, in the influence matrix.

3.4 Linear simulation

3.4.1 Power method

The power method, described in §2.3.2, is not appropriatesitoations where the critical
eigenvalues are complex, or degenerate, or too close toatiaeh In addition it gives only one
eigenvalue. However, since in linear simulation about aesyamxmetric state there is no cou-
pling between Fourier frequencies in the azimuthal dioegtevery mode evolves separately,
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and for each of them we obtain one eigenvector. We identiéydtitical eigenvector by de-
termining which eigenvalue first becomes positive as the &glylnumber is increased. This
type of calculation is inexpensive numerically: there iscoopling of Fourier frequencies, so
the simulation also can run separately for each mode. Foll saisect ratios, we expect the
critical eigenvector to have small wavenumber and so tleene ineed to check a large number
of azimuthal modes. In addition, when perturbing about thedactive statéU,H) = 0, all
terms containind) andH disappear. This is why the stability of the conductive stateld be
examined numerically already in the 1980s, while the seapnihstabilities are still subject to
investigation.

3.4.2 Arnoldi—Krylov method

An indirect diagonalisation method which does not have s of the power method is
the Arnoldi—Krylov procedure, which extracts the leading real or complex e@eers (those
of largest real part) and corresponding eigenvectors. VEgpacess the results of integrating
(2.8) by anArnoldi decompositioms follows. A small number of fields

(B (3) (2 (Dwan. e

obtained respectively at times 0, 2T, 3T,... KT, are calculated and orthonormalised to one
another to generate a set of vectorswo, vs, ... vk which form a basis for th&-dimensional
Krylov space The action of the operator on the Krylov space is represenyea Hessenberg
matrix, whose elements an(e/j,e'-Tvk>. This small matrix is directly diagonalised. Its eigen-
values approximate eigenvalukof e-T, while its eigenvectors consist of coefficients of the
vectorsvj, to be combined and normalised to form approximate eigeowe@ of eT. The
accuracy of these approximate eigenpairs is measured bgsigue||e- @ — Ag|| in the case

of real eigenvalues or by the residyas!@? — ARG —A@)||, ||e"@ — AR + A @F)|| in the
case of complex eigenvalues. If the desired eigenvalues $afficiently small residues, they
are accepted; otherwise we continue integration of (2e)acing (3.22) by

(B)m()en () (Don o

and so on, until the residue is below the acceptance ctiterio

3.4.3 Calculating the base state

Before simulating the linearised equations, we must knowsteady base sta{@&,H) about
which to perturb. To calculate a non-trivial base solutiae, run a nonlinear simulation, in
which the fields evolve in time towards a stationary flow. Asorder to reproduce the re-
sults of Wanschurat al. (1996), we needed an axisymmetric base state, we run thenaanl
simulations using only the axisymmetric Fourier mouhes O.

3.5 Code vectorisation

We optimised the code for a vector supercomputer NEC SX-8.pFimciple of vector architec-
ture is performing operations rather on a group (vector)atédnstead of every separate piece
of data. For each such global operatiomipelineis first constructed, i.e. the operations to be
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before after
performance in MFLOPS 35 516
vectorisation ratioin% 32 95
time in seconds CPU per 100 iterations 11 0.7

Table 3.1: Performance of the code before and after optiiarséfor a resolutionN, = 15,
NZ - 9,Ne - 9).

performed are defined and the input and output data vectergrapared. Then the computa-
tion is started and, after an initialisation time, once pecpssor tick a calculated piece of data
leaves the pipeline. For long vectors, where the time toameeghe pipeline is much smaller

than the time to use it, we then obtain approximately one d¢et@mperation per processor

clock tick. This is much more efficient than computations imoa-vector processor, where an
equivalent operation takes several ticks. In contrastyesealar (non-vectorised) operation is
much slower on a vector platform, as the clock frequency ohsuprocessor is relatively low.

Vectorisation of a source code is supposed to be done by timgiEy, which looks for
sequences where the same operation is to be performed ayeaal@ount of data. Usually the
loops are well vectorised if the data is to be accessed séglgrone piece after another or
with a skip, but problems arise when the same piece of datebis accessed more than once. A
memory access conflict can then appear, which inhibits efftorectorisation. Such problems
must be solved manually, by changing, if possible, the ocofleperations inside the loop.

Another problem is overly aggressive optimisation and aesation. Aggressive optimi-
sation is a problem of every compiler since, in order to aregé the execution, the compiler
makes some assumptions on the data, reorganises it andeshtéregorder of operations. If
some of the assumptions are false, the program can retusrré@at results. On a vector plat-
form an analogous problem is vectorisation, for which falseumptions can lead to side effects
and influence the results. In addition, incorrect optinisatnd vectorisation can slow down
the program instead of accelerating it. For these reas@sdmpilation options of optimisa-
tion/vectorisation should be carefully chosen.

We optimised the simulation code in the following way. Fingt ran the code compiled
without any optimisation (debug mode). We considered tHddiebtained as a correct solu-
tion. Then we tried various optimisation and vectorisabptions for each source file, checking
whether it changed the results. While comparing the resu#igplerated a certain error, recall-
ing that for a finite precision computation, every changerdeo of operations, even permitted
mathematically and necessary for good optimisation, cdnde slight differences: numerically
we often have+ (b+c) # (a+b) +c.

The next step was using a profiling tool (PsuitePerf on the ISXE This provided perfor-
mance statistics for every subroutine: CPU time, degreeabwsation, memory conflicts, call
count and others. This permitted us to find the most expessiveutines. If these were called
many times and not well vectorised, we tried changing th@ragation degree, or, if this was
not feasible, we tried reorganising the loop order. Forddath operations, like matrix multi-
plication or fast Fourier transforms, we replaced the aagsubroutines by versions optimised
for the vector platform.

All these methods permitted us to accelerate the code byterfatabout 15. On the NEC
SX-5, for a resolution 3% 39 x 17 we achieve over 15 iterations per CPU second. The per-
formance of the code is then 1.4 GFLOPS (giga floating-pop®rations per second). The
characteristics of the code before and after optimisingeitgiven at the table 3.1. The perfor-
mance grows with the resolution, as the ratio of vector dpmra is 99%.
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During the optimisation manipulations, we strove to keep ¢bde portable, introducing
preprocessor directives for the machine-dependent fratgad code. We also compiled the
program under a PC, without seeking to optimise it. While it wapossible to run three-
dimensional nonlinear simulations on a PC computer (becatithe higher azimuthal resolu-
tion required) we were able to use a PC Athlon 2000+ for rugtimear simulations.

3.6 Program output

During each simulation, we saved, over short time intentals value o at two fixed points
inside the cylinder. This permitted us to quickly check wWisgtthe solution was converged.
Another quantity systematically saved was the total enetgfyned here as

1 /(u,u) (h/h)
E:@( o +H)‘ (3.24)

We calculated and saved its values separately for each #mahmode. We also saved several
spectral fieldgu, h) for different time instants, and thus kept a complete trddbetime evo-
lution of the system. This permitted us to perform post-pesing statistics, visualise the fields
and reuse them as initial conditions for other runs.

3.7 Visualisation

Our post-processing program transformed the binary filek gpectral fields into files in a
given visualisation format (AVS/Tecplot/VTK). In this doment we show mainly the visuali-
sations of the fieldh in the midplane of the cylinder. Dark areas indicate hot saaed bright
areas indicate cold zones, which correspond to ascendimhgl@scending flow, respectively,
and therefore gives an idea of the shape of convective rolls.
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Chapter 4

Code validation

In order to establish that the code works correctly, we paréal several tests, verifying spectral
and temporal convergence and reproducing some resulsdglpublished. We present a few
of these tests, especially those which justify the choicesblution.

4.1 Choice of resolution

Choosing a sufficient spatial resolution is not an easy taste # depends on the pattern and we
do not knowa priori how the initial field will evolve. We should avoid deforminiget grid too
much, i.e. the three dimensions of a grid cell should be apmrately the same (except possibly
at the boundaries, where higher resolution is needed). ©mwtter hand, large resolution is
computationally expensive, so reducing the grid size indirgction can be an important and
necessary optimisation. A general rule we followed was fig@ grid compromising between
these two requirements and adding a certain security maogis dimensions.

The number of gridpoints is determined by the highest ordéuractions used for the ap-
proximation. According to (3.6), a combinatidh x Ng x N, means the number of gridpoints
(Nr +1) x 2(Ng+1) x (Nz+1). The Chebyshev collocation points are not regularly spaseed,
we will always have non-square elements in the plane; however, for a cylinder of a given
aspect ratid- = R/d, we should have approximately

NF/NZ - r
As for the azimuthal direction we havéNy + 1) points on the circumference, this gives

Therefore, fol” ~ 1.5, a non-deformed mes¥} x Ny x N; would be, for example, 1535x 10
or 30x 70x 20. We were especially interested in reducing the rsgioN,.

If the grid is too deformed or the resolution is insufficiethi fields start oscillating in time
and the evolution diverges. An example of this behaviourivisrgon figure 4.1, where time
evolution of a spectral modey o1 is displayed for different resolutions. As we increase the
resolution, numerical oscillations disappear, but thaltegan still depend quantitatively on the
resolution. Figure 4.2 shows such dependence for a situatiorhich the spatial convergence
in thez direction has been attained — for slight changes of reswidkie values differ only about
0.1%.

While watching the evolution of one quantity can already iresponfidence in the resolution
used, there exists a more appropriate test for spectralaions. We can choose a direction,
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Figure 4.1: Evolution of temperaturerat 0.7, z= 0.3, 6 = 0 for different spatial resolutions
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Figure 4.3: Resolution 28 35x 9 for " = 1.47 : maxima of spectral coefficients as a function
of one direction, for: 4) r, (b) 6, (c) z

and monitor the maximal spectral coefficients for every spémode in this direction, e.g. for

we would look at(hy)max= max{h jm,0 < j <N;,0 <m< 2Ny} for everyk € [0,N;]. These
should descend exponentially as increased. We show two examples of such a spectrum:
figure 4.3 shows a distribution for an obviously insufficieegolution in the direction — there

is a Gaussian peak at the high-frequencies area; the nurhpemts in the vertical direction
seems also insufficient. Figure 4.4 shows an example of aggsadution — in all directions the
coefficients decrease exponentially.

In order to choose our resolution we did a series of runs atreerdigh Rayleigh num-
ber, with the same configuration and a timestepI®~4, varying onlyN; x Ng x N,, and we
compared the evolution of several quantities, like temjpeeaand velocity at certain points
in physical space, several spectral coefficients and tla ¢éoiergy. We decided that a good
compromise between the accuracy and efficiency would be:

o forl ~ 1.5:35x39x 17
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o forF =2: 39x 59x 19.

When we had any doubts concerning the resulting pattern, me sanulation with more refined
mesh. However, each such test only confirmed the resultgebitavith the previous resolution.

4.2 Choice of timestep

The choice of the timesteft depends on Rayleigh number and on the evolution of the system.
For higher Rayleigh numbers and abrupt transitions, a sntatiestep is required. For slowly
evolving fields, the number of iterations necessary for eagpegnce becomes too great, unless
we use largeAt. We chose the initial timesteps as a function of Rayleigh remaind if the
evolution slowed down, we continued the simulation with meréased\t. The timesteps we
used varied fron\t = 2 x 10~4 for Ra= 30000 toAt = 8 x 10~ for Ra= 2000. We refined it

in case of any doubt, especially when any oscillations agoka

4.3 Choice of parameters for linear runs

After integrating the axisymmetric version of the nonlineequations (2.1) at a given
Rayleigh number to create the nonlinear axisymmetric smiull,H ), we integrated the non-
axisymmetric linearised equations (2.8) to evolueh) from an arbitrary initial condition. As
there is no coupling between the Fourier modes in theserlseshequations, the resolution
in the azimuthal direction can be coarser than the resolutio andz. In addition, for small
aspect ratio (herg =~ 1.5), we can expect the leading eigenvectors to lie in loweyfeacies.
Therefore we usually used no more than ten azimuthal modgste=4.5 shows the real part of
the leading eigenvalue as a function of timestep, for sitiana for three different—z resolu-
tions: 23x 17, 35x 19 and 44 29. There is no visible difference between the results fetwo
higher resolutions. There is, however, a visible influerfadeestep. We chose a small timestep
At =104, Itis also possible to obtain more precise eigenvalueRibkardson extrapolation
for At — 0. The spatial resolution we used wWas= 47,N, = 29 for each azimuthal mode. To
construct the Krylov space (3.22) and approximate eigespae useXK = 10 vectors, a time
interval of T = 100\t = 102, and an acceptance criterion of 0

4.4 Convergence criteria

In nonlinear simulation, we can define a state as stable i ionger evolves in time, or, for

a time-dependent state, if its amplitude and frequency dewave. We monitored the flow

structure, its energy and the evolution of the azimuthadeig) at two arbitrarily chosen points

and we qualified a state as stable if the observed quantiieead change more than about
0.1% and seemed to saturate. We were especially careful alagsifging as stable a state we
gualified already as transitional for another Rayleigh numW& cannot, however, completely
exclude the possibility that a long-lasting transitiortaks was interpreted as stable.

4.5 Testcases

One of the tests we performed was an analysis of linear #jabfl the conductive state for
perfectly insulating sidewalls. Figure 4.6 shows the $itgbimits of the trivial solution to
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Figure 4.5: Dependence of leading eigenvalue on the tipdstehree different resolutions.

perturbations with azimuthal wavenumbens= 0, 1, and 2. These results, obtained with the
linearised version of the code, agree very closely with ¢hpresented by Wanschuea al.
(1996). In the range.0 < T < 1.57, the primary instability is axisymmetric; immediately
below and above this range of aspect ratio, the first instgslto an eigenvector with azimuthal
wavenumbem= 1.

The code was validated and used previously, on platforms Ceéyand C98. The results
obtained with the nonlinear axisymmetric version are dbsedrin several publications (Tuck-
erman & Barkley, 2000; Barkley & Tuckerman, 1989). The nonaxisietric nonlinear version
was validated by Nore & Tuckerman (1999, 2000) by compaitweg¢sults obtained with those
of Touihri et al. (1999).
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Figure 4.6: Test case: linear stability of the conductietesfor insulating sidewalls.
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Chapter 5

Standing and travelling waves

This chapter presents the results of our simulations foctigurationPr =1, 145<T <
1.57, for which Wanschuret al. (1996) reported an oscillatory bifurcation. We reproduitesir
results, conducting a linear analysis, and completed theoohstructing and visualising rep-
resentative eigenvectors associated with a complex catgugjgenpair in a®(2)-symmetric
configuration. We then investigated nonlinear regimes d@stwed unstable standing waves
and stable travelling waves.

5.1 Oscillatory bifurcation of the axisymmetric state — li-
near analysis

5.1.1 Steady axisymmetric state

We reproduced the primary flow fétr = 1, ' = 1.47 andRa= 1950, parameters for which,
according to Wanschuet al. (1996) and figure 4.6, the conductive state is unstable ordy1
Isymmetric perturbations. In a fully three-dimensionahsiation, starting the evolution from
an arbitrary non-axisymmetric perturbation about the catide state, we obtained an axisym-
metric flow consisting of one toroidal roll. We used this stas the initial condition for higher
Rayleigh numbers. According to the calculations of Wansabual. (1996), the axisymmetric
state first bifurcates towards a flow with azimuthal wavenemf= 3 for 1L.45<T < 1.53 and
with wavenumbem =4 for 1.53<T < 1.57. The critical Rayleigh numbeRa., at which this
loss of stability occurs are given in table 5.1.

5.1.2 Eigenvalues and eigenvectors

Using the methods described in 8 3.4.2, we integrated thkeitemo equations (2.8) linearised
about axisymmetric solutions for aspect ratio45l< I' < 1.57 and several different Rayleigh
numbers. The leading eigenpairs calculatedRar= 24000, = 1.57 are given in Table 5.2.
For these parameter values, the critical eigenvectorsimm@der of decreasing growth rate):
two conjugate pairs with azimuthal wavelengtins= 4 andm = 3, a real eigenvector with
m= 1, and another conjugate pair with= 5.

Figure 5.1 represents the dependence of the leading eigesvan Rayleigh number for as-
pectratiod” = 1.47 andl = 1.57, along with the azimuthal wavenumbers of the correspandi
eigenvectorsRa; was calculated by determining the zero crossing(®a), the growth rate of
the leading eigenvalue (that of largest real part), by limg@rpolation. (Critical Rayleigh num-
bers calculated by introducing perturbations into nordim@mulations at various values Rf,

61



62 CHAPTER 5. STANDING AND TRAVELLING WAVES

r present study Wanschuedal.(1996) error
Ra: 24738 24928 0.76%
147 w2 42.33 42.54 0.48%
Me2 3 3
Rax 22849 23011 0.70%
1.57 e 45.26 45.47 0.45%
M2 4 4

Table 5.1: The parameters of the oscillatory bifurcatiomsnfl by linear analysis: critical
Rayleigh numberfag, critical frequencieso:, and azimuthal wavenumbers of critical eigen-
vectors for two aspect ratios.

and fitting the initial evolution to an exponential to cakte growth or decay rategRa) gave
similar results.) We then calculates,; = w(Ra:2), also by linear interpolation. The values we
obtained for two aspect ratids= 1.47 andl" = 1.57, and the corresponding values published
by Wanschurat al. (1996) are those given in Table 5.1. The critical wavenumbes the same,
and the errors iRRax and inwp are less than 1%. In what follows, we will focus on the- 3
instability, since the behaviour and the mechanism ohtke4 transition are similar; the aspect
ratio isl” = 1.47 unless otherwise specified.

We summarise here the differences between our numericaloshetnd that of Wanschura
et al. (1996). We linearised a timestepping code in order to, ieatffcarry out the power
method (supplemented by an Arnoldi decomposition) on thpoeantial expLAt) of the Ja-
cobian. Wanschurat al. (1996) constructed the Jacobian matriand used inverse iteration
to compute its eigenvalues. Our calculation was restrittteshe of the two identical decou-
pled subproblems, corresponding to only one of the invasabspaces of the form (2.19a) or
(2.19b). As a result, the complex eigenfunctions we showaliet5.2 are all in the eigenspace
corresponding to standing waves, with three axes of refledymmetry. Basis vectors for the
remainder of the four-dimensional eigenspace can be foyndthting the eigenvectors of table
5.2, i.e. multiplying by sifimf) instead of coend). Wanschuraet al. (1996), in contrast, used
the travelling wave form as an initial condition or invarigubspace, as we show below.

In figure 5.2, we show representative elements of the eigeespssociated with the
m = 3 complex eigenvector @&Ra= 25000. Figures 5.2(b) show hR(r,z) cogmB) and
h' (r,z) cogmB), while figures 5.2¢-g) are generated via

C (hR(r,2) cogm(8 — Bo)) + h' (r,2) sin(m(8 + 6))) , (5.1)

a form equivalent to (2.28) after translation @find oft. Clockwise travelling waves ensue
for mBp = O (c), counterclockwise travelling waves faly = 11/2 (€), and standing waves at
different temporal phases fomy = +11/4 (d,f). Thus, the anglenfg is similar to that used in
figure 2.2. An eigenvector which corresponds to neitheelfeng nor standing waves is shown
in figure 5.2 §§). These are all depicted on the slice 0; when we plot the field of figure 5.8
atz= 0.3, we recover the form shown by Wanschetaal. (1996). We emphasize, however,
that the other fields depicted in figure 5.2 are all equallydvalgenvectors. In particular, a
nonlinear analysis, such as the simulations presenteavbeloequired to determine whether
the resulting nonlinear flow near onset is a travelling oeaging wave.
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eigenvector visualisation

eigenvalue . . wavenumber error
real part =+ imaginary part
0.86+46.3i \ 4 10710
0.24+416i 3 2x 10710
-0.81 1 6x 1010
—4.40+ 45.9i 5 9x 10797

Table 5.2: ForRa= 24000, = 1.57: eigenvalues, visualization of corresponding eigenvec
tors, azimuthal wavenumber and residual error. The visedlfield is the temperature at the
midplane; for complex conjugate eigenpairs the real andjinzay parts of the eigenvector are
depicted. Solid (dashed) contours indicate positive (tnegjavalues oh.
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Figure 5.1: Leading eigenvalues as a function of Rayleighbemfor aspect ratid = 1.47:
(a) real part, b) imaginary part and for aspect rafio= 1.57: (C) real part, ) imaginary part.
Vertical thin dashed line mark®a,.
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(€) ()

Figure 5.2: Eigenvectors for=1.47,Ra= 25000 (temperature field contourszat 0): (a) real
part of the critical eigenvectorb) imaginary part of the critical eigenvectoc;¢) superposition
of the two fields viehR(r,z) cogm(8 — 8g)) + h' (r,2) sin(m(8 + Bg)), with m8g of (c) 0, (d) 11/4,
(e) /2, (f) 3r/4, (g) 0.92rL

5.2 Nonlinear simulation of time-dependent states

5.2.1 Weakly unstable standing waves

Above the critical Rayleigh numbdRa,, a slightly perturbed axisymmetric state evolved in
our simulations towards a three-dimensional time-depeinstate, presented, for= 1.47, in
figures 5.3 and 5.4. Figure 5.3 shows temperature contoutsimidplane at six regularly
spaced instants in time within one oscillation period. Intcast to the eigenvectors depicted
previously, figure 5.3 displays full nonlinear temperatisetls, which are dominated by a large
axisymmetric component. There are six pulsing extremageaering oscillation between two
triangular structures of opposite phases (figurea&8d 5.3). Figure 5.4 shows the temper-
ature dependence on the anf@léor fixed radius and height at different times. Six fixed nodes
identify this state as a standing wave with azimuthal wagtle 21/3. At each instant, the flow
is invariant under rotation il by 2rt/3. In addition, this flow is also symmetric with respect to
three different axes of reflection.

The standing wave state persists for such a long time thaigittnseem stable. However,
a small reflection-symmetry breaking imperfection devslthat eventually leads to the transi-
tion to travelling waves. Figure 5.5 shows the temperateqgeddence on the anddefor the
same parameters as figure 5.4, but at a later time. The bgeakneflection symmetry can be
observed when the amplitude of the standing wave is smake standing waves can be sta-
bilised by imposing reflection symmetry. When we did this,\aba thresholdRa3 ~ 27000,
we discovered a new (unstable) standing-wave solutiopladied in figure 5.7 foRa= 30 000.

In order to study the transition from standing to travellimgves, we monitored the growth
of antisymmetric components. When the standing wave is daithinant, the amplitude of
the antisymmetric components behaves in time (keoswt + B) exp(pswotw t), Wherepswtw
is the growth rate from standing waves to travelling wavdse growth ratgisw_.tw, Shown on
figure 5.6 as a function dia, is about two thirds ofip_.3, the growth rate from the axisymmetric
state to airm = 3 flow (denoted in the previous sections jpy The observed lifetime of the
standing waves decreases as the Rayleigh number is incresisesl the growth rat@sw..tw
increases.
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Figure 5.3: Standing wavesfat= 1.47,Ra= 26 000: temperature contoursat 0, T /6, 2T /6,
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Figure 5.4: Standing waveslat= 1.47,Ra= 26 000: temperature vers@st(r,z) = (0.7,0.3)
at five successive times.
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Figure 5.5: Standing waves Ra= 26000 after a time integration sufficiently long to see the
beginning of breaking of reflection symmetry. Temperat@esus at (r,z) = (0.7,0.3) at five
successive times.
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Figure 5.6: Growth rates as a function of Rayleigh numberidSwie: growth rateyy .3 of

m = 3 eigenvector (either standing or travelling waves) from éixisymmetric solution (from
linear evolution). Squares: growth ratgy_.tw of travelling waves from standing waves (from
nonlinear simulation) with linear fit as dashed line.
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Figure 5.7: Oscillatory solution obtained Ba= 30000 by imposing reflection symmetry:
temperature contours b= 0, T /6, 2T /6, ...
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Figure 5.8: Travelling waves &a= 26 000: temperature vers@sangle, for(r,z) = (0.7,0.3),
at four different instants during one oscillation peribd

Figure 5.9: Counterclockwise travelling waveR& = 26 000: temperature contourstat O,
T/6,2T/6,...

5.2.2 Stable travelling waves

After the pattern has evolved sufficiently from the standivaye state, the fixed antinodes
abruptly begin to rotate about the cylinder axis. The sismg spots change into three rotating
spots, as the standing waves become travelling waves wétlsdme azimuthal wavelength.
Figures 5.8 and 5.9 depict the temperature profiles and ocontd the travelling waves. The
travelling waves, like the standing waves, have three4fotdtional symmetry, but do not have
reflection symmetry.

Travelling waves are the final state of the time evolutione Téason for which we obtained
standing waves before travelling waves in our simulatienghat our initial conditions were
reflection symmetric and our numerical procedures intredarttisymmetric perturbations at a
low rate. When the Rayleigh number is decreased, travellingesvaersist untiRareaches
Rawo.

We conducted simulations for several value§ af the range 45<T < 1.53 and observed
weakly unstable standing waves and stable travelling wkreall of them. The same scenario
also occurs for B3 < T < 1.57, but with azimuthal wavenumbger= 4 instead ofn= 3.

5.2.3 Amplitudes and frequencies

We calculated the enerdy of both types of waves by first defining a norm whose square is

1 ((uu (hh
ﬁa( Pr " Ra )’ (-2)

where(,) denotes spatial integration; (5.2) is one of many possittgces for this system. We
then simulated the nonlinear evolution equations and ttkedl(u, h) as the difference between
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Figure 5.10: Dependence of energy &nd frequencyly) on Rayleigh number for standing and
travelling waves. Vertical dashed line indicates the caitRayleigh numbeRa, for onset of
the waves.

the three-dimensional and the axisymmetric solution. Wendé& to be the integral of (5.2)
over one oscillation period.

The energie&sy, E:w and frequenciesxsy, txw as a function oRaare shown in figure 5.10.
The energies and frequencies for the two types of waves aie ¢jose. The frequenayyg .3
obtained from linear stability analysis is also reprodufredh figure 5.1 6) for comparison.
For both types of waves, the frequencies near the thresheld@se to the Hopf frequency and
the energy satisfids [0 (Ra— Raz). These are hallmarks of a supercritical Hopf bifurcation.

5.2.4 Normal form coefficients

Using the growth rates, amplitudes and frequencies of #uedgtg and travelling waves that

we have presented in sections 5.1.2 and 5.2.3, it is podsildlalculate the coefficients of the

normal form (2.31) for our particular case. The bifurcatparametep = pp_.3 and frequency

w = wy_.3 vary linearly withRa— Ra, while the other coefficients, by, a;, b; are constants.
From the data in figure 5.&/), we extract the fits

Ra— Rax»
_3=1498 ——=, 5.3a
Ho—3 Rae (5.3a)
Ra—R
o3 = 423342121 ~o_ &2 (5.3b)
Ra:
From the data in figure 5.10 we extract the fits
— Ra— Ray
E p— 2 pr— 2 :_Ll: ,2 7 -4
tw = A = P b 0.203 “Rep (5.4a)
— Ra— Ray
Eqy=A2 —p? +p2 =2 P __ 38 "&2 5.4b
bi Ra— Ra»
= Wp_3— — U=4233+16.26 ———=, 5.4
W = 003 = - 1 + Row (5.4c)
aj + 2b Ra— Raz
= Wp_3— =4233+17.29 ———. 5.4d
Wsw= 03—~ W + Row (5.4d)

Equations (5.4) are used to determine the nonlinear caaifEias:

by = —735, (5.5a)
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a, = 8386, (5.5b)
b = 243, (5.5¢)
a =117 (5.5d)

An additional equation is provided by the data in figure 5.6véhg the growth ratisw_tw
from standing to travelling waves:

2a, Ra— Rax»
= =1023 ——=, 5.6
Hon—tw = o 2 Rag (5:6)
and provides a second determinatiorapf
a = _FWW __7gg (5.7)

Al
which differs by 6% from (5.5b).

5.3 Conclusion

We have used both nonlinear simulations and linear stahifiaillysis to elucidate the behaviour
of Rayleigh—Bénard convection in the parameter region4b £ I' < 1.57,Pr = 1 first studied
by Wanschurat al. (1996). In this regime, the primary axisymmetric conveetsiate loses
stability to anm = 3 or m= 4 perturbation via a Hopf bifurcation whose critical eigeaise is
four-dimensional. We calculated representative eigaove@nd explained how these relate to
those computed by Wanschuwetal. (1996). The bifurcation scenario guarantees that branches
of standing waves and of travelling waves are created atithechtion, but that at most one of
these branches is stable. Our nonlinear simulations shémegdlived standing waves which
were eventually succeeded by travelling waves, both as pirngressed and as the Rayleigh
number was increased. We explained this by showing thatatteeof transition from standing
waves to travelling waves, while positive, is neverthelsall. In the absence of long-time in-
tegration and of these analyses, it would be easy to contthadléhe standing waves were stable.
This underlines the importance of calculating growth rateaddition to carrying out nonlinear
simulations, and of using established bifurcation scesano interpret physical phenomena.

We have not sought to determine the limits of the range ofghemomenon, in aspect ratio
and Prandtl number. As these ranges were given by Wansehatg1996) only forPr =1, a
future direction would be to determine the whole zone in tammeter space where the Hopf
bifurcation occurs.
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Chapter 6

Convective patterns — insulating sidewalls

The second part of our study was inspired by the results ofdiail. (1999), who observed

coexistence of several stable states for one configurafioardrol parameters. In our simula-
tions we matched their Prandtl number and aspect ratio aditus kinds of thermal boundary
conditions. This chapter presents the convective patte@enebtained for perfectly insulating

sidewalls and the next chapter those for perfectly condgcsidewalls. For both cases we
obtained a wide variety of coexisting steady and time-ddpetflows.

6.1 Simulation of the experiment

Hof, Lucas & Mullin (1999) in their experiment produced agamumber of convective patterns
by increasing and decreasing the Rayleigh number in a varfetays. We run nonlinear simu-
lations for their configuration of control parameters, aiftécent thermal boundary conditions.
While in the experiment the cylinder sidewalls were well iasng, we used either perfectly
insulating or perfectly conducting sidewalls. In this cteapve describe the results we obtained
for the first case. Matching the parameters of Etiodl. (1999), we set the Prandtl number tG 6
(that of water) and the aspect ratio to 2. We have performedjaence of simulations, varying
the initial state and the Rayleigh number, in order to find shargtotic state for each config-
uration. Rather than filling in the whole table of combinasai Rayleigh numbers and initial
conditions, we attempted to probe this space, concergratiparticular on obtaining patterns
resembling those of Hoét al. (1999) atRa= 14200, for which they observed five different
steady patterns. The flows we obtain can be used in the fusuagbasis for constructing the
complete bifurcation diagrams. Unlike in the experimerg,did not seek inverse patterns for
the reasons given in §2.4.2.

In order to qualify a solution as stable, we watched its m@dr evolution as explained
in 84.4. The field visualised throughout this and the nexptérais the temperature deviation
from the basic vertical profile, referred to elsewhere jgseanperature, as for fixethey differ
only by a constant. The horizontal cuts are done in the migpldark (bright) areas indicate
hot (cold) zones. The time is expressed in dimensionlegs ahthe vertical thermal diffusion
time [t] = d?/«.

We initialised the simulations with slightly perturbed duowctive solution. This can be seen
as corresponding to a sudden jump of heating power in an iexpetal setup, where previously
a fluid was maintained below the convection threshold. Sumhlations gave us different pat-
terns, depending on Rayleigh number. Once we obtained ttedse sonvective flows, we used
them as initial states at other Rayleigh numbers. This isnagamparable to an experimental
situation in which, once a pattern is stabilised, the heggtiower is changed abruptly. The pat-
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Figure 6.1: Schematic diagram of stability ranges and itians between convective patterns
as a function of Rayleigh number fbr= 2, Pr = 6.7 and insulating sidewalls.

terns we observed and the transitions between them aralskan the sections which follow.
In order to orient the reader, we anticipate these resutlgpagsent on figure 6.1 a simplified
diagram of the stable patterns we observed for differentéglylnumbers. A more quantitative
summarising diagram can be found in §6.11, where we presenatiue of the temperature at
one point as a function dkafor all stable patterns found (figure 6.28).

6.2 Evolution from perturbed conductive state

In the first series of simulations, we initialised the fieldshwhe conductive solution slightly
perturbed by an arbitrary non-physical perturbation 8atig the boundary conditions (pre-
sented on figure 6.2). We run a series of simulations for Rayleigh numbers betvi&&9 and
23000. Depending on the Rayleigh number, this state evalvesrtls different flows shown on
figure 6.2 b-e).

ForRa< 1900, the initial perturbation decays to zero, resultinthenconductive state. For
Ranear 2000, the final state is a pattern with symme&sywhich we will call thepizza state
(shown on figure 6.2y). This state has four well-separated sections, resempimces of a
pizza. Each section has either a hot round spot in the ceittiealder area along the sidewall,
or a cold round spot in the centre with warmer area at the sitlew

For Rabetween 3000 and 20000, the system evolves towards statepavallel or rather
quasi-parallel rolls (see figure 62d): below 10000 the final state is a four-roll pattern and
for 10000 and above, the final solution is a three-roll st&ieally, for Ra~ 23000, the final
pattern consists of three radial spokes of cold descendiity flamed by Hof (1997) mercedes
pattern (figure 6.2g). For all these patterns, the roll boundaries become manesduas the
Rayleigh number is increased.

6.3 Three-roll patterns

In the second series of simulations, we used as the initradition the three-roll state previously
converged aRa= 14200. Below the critical Rayleigh number this pattern ded¢ay=ero via
an intermediatelipole patternand forRa= 2000 the three rolls transform into a stable dipole
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QDR

(a) perturbation 10) pizza €) fourrolls  (d) threerolls € mercedes

Figure 6.2: Initial perturbationa] and convective patterns obtained from perturbed conekicti
state at different Rayleigh numbers) pizza atRa= 2400, €) four rolls atRa= 5000, ¢) three
rolls at Ra= 12000, €) mercedes aRa= 24000. Visualisation of the temperature in the
cylinder's midplane, dark: hot/ascending, bright: coédending fluid.

(@ (b) (©)

Figure 6.3: Evolution of the convective patterrRe= 2000 for a simulation initialised with a
three-roll pattern (stabilised previouslyRa—= 10000): @)t =0, (b)t =8, (c) t = 32.

state, as shown on figure 6.3. The dipole patteymgsembles am = 1 azimuthal mode.

For Ra= 5000 and above, up tRa= 33000, the three-roll state remains stable, with the
rolls more curved for higher Rayleigh numbers (see figure. 64N exception is the range
betweerRa= 20000 andRa= 25000, where the band of colder fluid between the central roll
and the left roll moves slightly towards the centre as the &gkl number is increased (see
figure 6.5). This is similar to the results of Hef al. (1999). They observed the same tendency
and found that the leftmost roll vanishes eventuallfRat= 21000, where the flow forms a
two-roll pattern. We did not obtain two rolls in our simulatis, nevertheless we did observe
a different evolution of the system. Figure 62§ ¢lisplays the temperature at one arbitrarily
chosen point as a function of Rayleigh number. We can seedh20000< Ra< 25000 this
guantity deviates from the general profile. Figure ®)adisplays the dependence on Rayleigh
number of the total energy of the system defined in (3.24) hénzbne of interest the energy
deviates slightly from the profile; therefore we can alreealyclude that a bifurcation is present.
In the experiment this evolution yielded a two-roll pattammd, during our further analysis of
two-roll states, we found that their energy indeed appreacthat of shifting three rolls.

BB B

(a) Ra=5000 @) Ra=10000 €)Ra=25000 () Ra= 33000

Figure 6.4: Three-roll patterns converged at different Bigyl numbers.
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(a) Ra= 21200 p) Ra= 23000

Figure 6.5: Three-roll pattern with the central roll movitggthe right, obtained for Rayleigh
numbers between 20000 and 25000.
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Figure 6.6: Dependence of the three-roll patterns on Rayleignber: &) temperature at =
0.3,z=0.25,6 = 0; (b) energy.

6.4 Evolution from four-rolls

We used a four-roll pattern converged R& = 3000 as initial condition for simulations at
14200< Ra< 20000. The newly evolved patterns are also of the four-anthify, and, as
in the case of three rolls, they are more curved as the Rayteigtber is increased (see figure
6.7).

We used the four-roll state converged Ra= 20000 as initial condition at Rayleigh num-
bers 25000 and 29000. This time the geometry of the patteangds, as displayed on figure
6.8 — the four-roll pattern turns into@oss patterrwith four spokes of descending cold fluid.
The cross flow does not saturate, but still slightly evolwes;suspect that it is rather a tran-
sitional than an asymptotic state. This would be in agre¢méh Hof (2003), who observed
that the cross pattern is a long-lasting transient stat@hlesto a mercedes pattern.

(8) Ra=4000 {) Ra=9000 €)Ra=20000

Figure 6.7: Four-roll pattern for different Rayleigh numder
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Figure 6.8: Evolution of the four-roll pattern towards (pably transitional) cross pattern at
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@t=0 b)t=16 ©t=48 dt=8

Figure 6.9: Evolution from pizza patternRa= 5000.

6.5 Evolution from pizza pattern

We used the pizza pattern evolvedRat= 2000 as an initial condition for a series of simulations
at several Rayleigh numbers between 5000 and 29000. In thge réne pizza pattern is not
stable. FoRa= 5000 it changes into four rolls (see evolution on figure 6rf2) for Ra= 10000
into three rolls (figure 6.10). FdRa= 14200 the initial pizza flow evolves intotarus pattern

— an axisymmetric state with one toroidal roll, passing befitirough an intermediateight
pattern This evolution is displayed on figure 6.11. The transitlozight pattern was also
observed by Hof (2003).

ForRa> 15000 the pizza state, after passing through a series olugttiansitional patterns,
becomes eventually a two-roll flow. Figure 6.12 displaysdhelution of the system fdrRa=
16000, where we describe the intermediate stateiangle mosaidb), eye(d) andimperfect
eight (f). Figure 6.13 presents the system behaviouRar= 29000, where the intermediate
patterns between pizza and two rolls areradius elongated-stgd) andsix-radius star(e).

QoYY

@t=0 b)t=16 ©t=48 d)t=6.4 ©t=24

Figure 6.10: Evolution from pizza patterniRa= 10000.
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Y.

@t=0 b)t =4 ©t=8

Figure 6.11: Evolution of convective patternR&= 14200: from initial pizza through eight
towards final torus pattern.
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@t=0 (b)t =0.44 ©t=1 dt=16
©t=2 ) t=2.6 @t=32 h)t=42

Figure 6.12: Evolution of convective patternRe= 16000 from initial pizza through a series
of intermediate states towards the final two-roll pattern.
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Figure 6.13: Evolution of convective patternRa= 29000 from initial pizza through a series
of intermediate states towards the final two-roll pattern.
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(a) Ra=14000 p) Ra= 25000

Figure 6.14: Two-roll pattern at different Rayleigh numbers
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(8) Ra=2000 {)Ra=5000 €)Ra=10000 ¢)Ra= 31000

Figure 6.15: Axisymmetric patterns at different Rayleigiminers.

6.6 Evolution from two rolls

Another initial condition we used was the two-roll statenwerged previously &Ra= 15000.
For Ra= 2000 it leads to the pizza pattern, and Ra= 5000 a three-roll state. For 100680
Ra< 29000, we found the two roll pattern stable. Ra= 29000 the roll boundaries start
oscillating slightly. Figure 6.14 presents two-roll flowsuilisations for different Rayleigh
numbers.

6.7 Axisymmetric flows

The axisymmetric pattern, obtainedRé& = 14200 and used as initial condition, also leads to
axisymmetric patterns for a wide range of Rayleigh numbeB)20Ra < 33000 (see figure
6.15). ForRa= 2000 there are two concentric toroidal rolls instead of oRleis is in partial
agreement with Hof (1997), who found toroidal flow stableRar> 3500, but unstable towards
travelling waves foRa > 23000. It cannot be excluded that the time of the simulatias @0
short, but the pattern seems to converge towards a statifloar, although in an oscillatory
way. All axisymmetric patterns we observed were truly twaehsional, with no azimuthal
velocity.

6.8 Evolution from mercedes pattern

We ran a series of simulations using as the initial conditim mercedes pattern evolved at
Ra= 23000. For every Rayleigh number in the range 560Ra < 29000 this gave stable
mercedes patterns and fea= 2000 it evolves to a two-roll axisymmetric pattern. Figurkeb
displays the final patterns for different Rayleigh numbers.
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Figure 6.16: Mercedes patterns at different Rayleigh number
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Figure 6.17: Evolution of dipole pattern @a= 5000.

6.9 Evolution from dipole pattern

Another initial condition we used was the dipole patternvawged from three rolls éRa=
2000. For Rayleigh numbers between 5000 and 29000, with ttepé&rn of 10000, the flow
evolves towards a three-roll pattern.

The evolution of the flow aRa= 5000 is presented on figures 6.17 and 6.18. At this
Rayleigh number the system passes through a long-lastiagnetiarydipole smile statéfi-
gure 6.17¢). The lifetime of the intermediate pattern is of order 10.

The flow patterns appearing f&a= 10000 are depicted on figure 6.19. An intermediate
dipole smile state appears algw),(with lifetime of about 2. The final solution is@O pattern
(c), composed of one curved and one circular roll. It looks &karee-roll pattern with the ends
of two neighbouring rolls joined together, but its energkigher than that of the three-roll state
at the sam®a

At higher Rayleigh numbers, where the asymptotic soluticagisin three-roll flow, transi-
tional patterns also appear (figure 6.20). The final pattarashown on figure 6.21, with the
initial dipole pattern for comparison. The initial pattesnientation does not seem to predeter-
mine the direction of the rolls of the final pattern.

Figure 6.22 depicts the energy as a function of Rayleigh numBer comparison, the
energy of three-roll states from 86.3 is also displayed.yTdre in perfect agreement with the
sole exception oRa= 10000: the energy of the CO state is higher.
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Figure 6.18: Evolution from the dipole patternRe= 5000: @) energy, b) vertical velocity at
one point. A long-lasting transient state is visible betmee 3 andt = 12.
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@t=0 Ot=16  (©t=104

Figure 6.19: Evolution of dipole pattern through dipole kmnto final CO pattern aRa=
10000.

Figure 6.20: Transitional patterns observed during eumiurom dipole into three-roll pattern:
(2) Ra= 14200t =0.8; (b) Ra= 20200t = 0.4.

(@) (b) (©) (d) (€)

Figure 6.21: Initial dipole stateaj and final patterns for Rayleigh numbersb) (14200,
(c) 16000, ¢) 20000, €) 29000.
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Figure 6.22: Squares: energy of the flow evolved from diptdéesas a function of Rayleigh
number; crosses: energy of the flow evolved from three-taties(for comparison). ARa=
10000 the dipole pattern evolves into a CO pattern.
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Figure 6.23: Rotating S patternlRa= 12500 at six different times.

6.10 Dipole-shaped perturbation

Finally we used as the initial condition the conductive estaith a small perturbation. This
protocol resembled that used in 8 6.2 in that the amplitude weay small; the difference was
the shape of the initial perturbation. In 86.2, we startezldimulations with an unrealistic,
arbitrary sum of modes (figure 6 &), Here we used the transient dipole form, which appears for
a three-roll state below the threshokia= 1200) before the convective motions die completely
(a pattern similar to that depicted on 6B, We consider this initial condition as a perturbation
to the conductive state rather than a converged pattertl, the dields already have very small
values, but it can be regarded also as a transient strucioserved during the evolution of the
system, and thus reachable experimentally.

As in the case of initialisation with a well converged dipglattern, forRa= 2000 the
simulation gives a stable dipole and fea= 5000 three rolls. However, for higher Rayleigh
numbers, the dynamics is different. The dipole-shapedigeation, used as initial condition at
10000< Ra< 15000, gives at first a transitional dipole smile and theroals rotating roll
in the shape of the letter S, which we will refer to astating S pattern A visualisation of
this time-dependent state at different times is displayefigure 6.23 and the evolution of the
temperature at two points is plotted in figure 6.24. The roaits very slow: one period is of
the order of ten, and the frequency grows with the RayleighbmemFigure 6.25 shows the
dependence of the frequency and energy of this type of flow gtelRgn number.

The evolution of the dipole patternBa= 16 000 is shown on figure 6.26. It passes through
an intermediarthree-part dipole patteriefore finally becoming a dipole-smile pattern. This
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Figure 6.24: Evolution of vertical velocity in time for rdilag S pattern at two points of the
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Figure 6.25: Frequency and energy of the rotating S pattemnfanction of Rayleigh number.
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Figure 6.26: Evolution from dipole-shaped perturbatioto ia stable dipole smile pattern at
Ra= 16000.
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Figure 6.27: Energy of all stable patterns obtainedfer 2, Pr = 6.7 and insulating sidewalls
as a function of Rayleigh number.

pattern, observed for 5000 Ra< 15000 as a transient pattern, seems to be stable for this
Rayleigh number.

For 20000< Ra< 29000, the dipole pattern transforms at first into a trams#l pattern,
similar to dipole smile, then into an S roll and finally it beces a stable three-roll flow. The
transition occurs without any oscillatory evolution ané #nergy of the final state fits the al-
ready observed dependence between three-roll pattergyesied Rayleigh number.

6.11 Summary diagram

The energy of all stable patterns described above, as adaraitRayleigh number, is depicted
on figure 6.27. The energy depends not only on the Rayleigh agrbt also on the type of the
convective pattern, but the values for different patternsined at the same Rayleigh number
are very close. For every type of flow the energy grows withRagleigh number, faster close
to the convection threshold and slower for higRex

Figure 6.28 shows summary diagram with all the stable patBaund. The plotted value
is the maximum of temperature deviatibrover8, maxh(r = 0.3,0,z= 0), as a function of
Rayleigh number (this guarantees the diagram to be indepentithe azimuthal phase). Well
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Figure 6.28: Summary diagram: temperature gigk = 0.3,6, z= 0) as a function of Rayleigh
number for all stable convective patterns found.

separated curves are visible for three, four and two péaralls, mercedes structure and toroidal
roll. In a shorter stability interval there exists the raigtS pattern. The curve for three rolls is
interrupted betweeRa= 20000 andRa= 25000: a branch detaches where the pattern, instead
of converging, slightly shifts in the direction perpendauto the rolls. At Rayleigh number
Ra= 2000 there exist three stable patterns, different fromelaizserved for higher Rayleigh
numbers: dipole, pizza and two tori.

We have successfully simulated numerically all of the sggzatterns obtained experimen-
tally by Hof. For the same Rayleigh numbiea= 14200 we observed the five stable steady
solutions they reported: a toroidal roll; two, three andrfparallel rolls; and a three-spoke
(“mercedes”) pattern. Additionally, we obtained the rvtgtS structure.
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Chapter 7

Convective patterns — conducting sidewalls

We continue the description of the results we obtained innoumerical simulations of the ex-
periment of Hofet al. (1999) at” = 2 andPr = 6.7. The only difference from the configuration
used in the previous chapter is that the cylinder sidewaisaasumed to be perfectly conduct-
ing, i.e. we apply homogeneous Dirichlet boundary condgio

7.1 Start from perturbed conductive state

We proceeded in the same way as described in chapter 6 fotamenwith perfectly conduct-
ing sidewalls. This is less close to the parameters of theraxent Hofet al. (1999), as the
sidewalls of their convective cell were made of well insugtmaterial. A simplified diagram
organising all the results is shown on figure 7.1. As before,imtialised the first series of
simulations with a perturbed conductive solution at vasi®ayleigh numbers between 1900
and 40000. The initial perturbation and final states arelaysgal on figure 7.2. FdRa= 1900
and 2000 the final state is of dipole form. For 2X0BRa< 2500, instead of the pizza pattern
observed for the insulating case, we foundhamirglasspattern of the samB, symmetry, but
with the elongated cold spots touching each other at theeefbrRa= 2700 and 4000 we
obtained three rolls and for 60@0Ra< 15000 four rolls, which differ from the analogous pat-
terns described in the previous chapter only at the sideyadl the deviation from conductive
profile must be zero at the boundaries. Rar= 20000 we observed 4 pattern (figure 7.23)
with three bands of hot fluid in the shape of the letter Y. ltimsikr to the previously observed
mercedes pattern, but has only one and not three symmey BgeRa—= 25000 we obtained
a state in the form of a six-armed star, presented on figurgh)..Eor Ra= 30000 and above,
up to 40000, we obtained a pattern we call da Vinci, becaugs semblance with the sketch
of human body proportions (figures 7ig). All these flows were stationary.

7.2 Three rolls

In this series of simulations we used as initial conditiorni@e-roll pattern, previously con-
verged aRa= 4000. We then obtained stable three roll patterns for a vadge of Rayleigh
numbers 3008 Ra< 29000, except for 25000. The rolls become curved as the Rygnyheim-
ber is increased (see figure 7.3). In order to obtain a stéadg-roll pattern aRa= 25000, we
must use the three-roll state obtainedRat= 20000 as initial condition. If we follow our usual
protocol and begin with the three-roll state obtainedRat= 4000, the flow evolves instead,
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Figure 7.1: Schematic diagram of stability ranges and itians between convective patterns
as a function of Rayleigh number f6r= 2, Pr = 6.7 and conducting sidewalls.
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Figure 7.2: Arbitrary perturbation used for initialisingmalations @) and final patterns at var-
ious Rayleigh numbersby dipole atRa= 2000, €) hourglass aRa= 2100, ) three rolls at
Ra= 4000, €) four rolls atRa= 6000, ) four rolls atRa= 15000, ¢) Y at Ra= 20000, f)
star atRa= 25000, () da Vinci atRa= 30000, {) da Vinci atRa= 40000.
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Figure 7.3: Stable three-roll patterns at different Raylegigmbers.
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(a) Ra=5000 ) Ra=20000 ¢)Ra= 35000
Figure 7.4: Stable four-roll patterns at different Raylemgimbers.

probably towards a two-roll state. This occurs onlyRat= 25000; for 24000 and 26000 we
obtained three stable rolls.

7.3 Fourrolls

Every four-roll pattern we used as initial condition retdrits structure within a large range of
Rayleigh numbers 5008 Ra< 35000 (see figure 7.4). F&a= 2000 the initial four-roll flow
evolves into an hourglass pattern (like that on figuredj.a2nd atRa= 40000 it remains a four-
roll pattern, but with the roll boundaries vibrating slightvith an oscillation period = 0.026.

7.4 Evolution from dipole pattern

When we used the dipole pattern stabilisedRat= 2000 as an initial condition at higher
Rayleigh numbers, the flow evolved into three rolls Ra= 5000 and four rolls for 10 00&
Ra < 20000. ForRa= 25000 we obtained a Y pattern (like that of figure g2, For
Ra= 30000 the dipole flow evolves towards a three-roll state. A&skwow from previous
simulations (8 7.2), the three-roll flow is unstable at thiylRgh number and this evolution
should lead to a star pattern.

7.5 Evolution from hourglass pattern

For simulations initialised with the hourglass patternn{erged previously @Ra= 2100) we
obtained: a stable hourglass patternRar= 2000; four-roll flow for 5000< Ra< 20000; and

a six-armed star foRa= 25000 and 30000. FdRa> 35000 a time-dependent state appears,
which oscillates between a left-tilted and right-tiltedletter shape passing via intermediate
star-like patterns (see figure 7.5). The oscillation peisod = 3.05.
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Figure 7.5: Oscillatory pattern &a= 35000.
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Figure 7.6: Convective patterns evolved from star flow) gtar atRa= 20000, p) star at
Ra= 10000, ¢) sadman aRa= 5000, () transient two tori aRa= 2000.

7.6 Evolution from star pattern

In order to obtain patterns in the form of a six-armed star,used as initial condition the
star flow converged @a= 25000. Several final convective structures obtained fdewdint
Rayleigh numbers are presented on figure 7.6. The star flowimerstable for 10008 Ra<
30000 (figure 7.6a-b). Below this range the initial pattern evolved intcssadman pattern
(figure 7.6 c) atRa= 5000 and an hourglass patterira= 2000. For botiRa= 2000 andRa=
5000, axisymmetric transient patterns appear. Ra+= 2000 the transient state is composed
of two concentric toroidal rolls, and its lifetime is aboui. Figure 7.7 shows the evolution of
the energy during the transition from the initial star flolrdugh a long-lasting axisymmetric
state into the asymptotic hourglass pattern. In the regibare/the axisymmetric state exists,
the energy remains relatively constant.

0.022
0.02 |
0.018 -
0.016 |-
0.014 -
E 0.012
0.01 |+
0.008 -
0.006
0.004
0.002

0 5 10 15 20 25 30 35 40 45
t

Figure 7.7: Evolution of the system initialised with stattpen atRa= 2000: energy as a
function of time. Betweeh= 5 andt = 35 a long-lasting transient axisymmetric pattern exists.
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Figure 7.8: Cross pattern evolvedrRé= 10000 from da Vinci flow.

7.7 Evolution from da Vinci pattern

The da Vinci pattern (figure 7.9, used as initial condition, was stable only a> 30000.
For Ra= 25000 this structure evolves slowly towards a possiblylstéitee-armed star. For
lower Rayleigh numbers the initial star flow evolves into: arsitRa= 20000, a cross at
14200 and 10000 (figure 7.8), sadman at 5000 and hourglag§@t 2

7.8 Evolution from Y pattern

Having obtained the Y pattern Ra= 20000 we reused it as initial condition. We found stable
Y flows for Rayleigh numbers 20060 Ra< 30000. FolRa= 14200 the evolution led to three
rolls. For lower Rayleigh numbers we obtained sadman pat@ifRa—= 10000 andRa= 5000
and hourglass @&a= 2000. Since there is a resemblance between the sadman artteMpa
these may be related, in the same way as straight three tdttsvar Rayleigh numbers are
connected to curved four rolls at higher Rayleigh numbers.

7.9 Summary diagram

Figure 7.9 shows the energy of all stable patterns found focidet thermal boundary condi-
tion. As in the case of insulating sidewalls, the energy ddpgrimarily on Rayleigh number,
with a slight variation between types of convective patern

The bifurcation diagram is shown on figure 7.10. The maximditemperature deviation
max h(r = 0.3,08,z=0,) is plotted as a function of Rayleigh number, for all stableqrat
found. For higher Rayleigh numbers, several patterns restalsle on large intervals &ta
three rolls, four rolls and star. Patterns da Vinci, Y andssravere observed in smaller ranges.
For lower Rayleigh numbers we observed only two stable petetipole and hourglass.
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Figure 7.9: Energy of all stable patterns obtained for catidg sidewalls al =2 andPr =6.7
as a function of Rayleigh number.
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Conclusion

We have presented the results of our three-dimensionallaions of convective flows for
two different configurations. In the first part, we studiedneective flows for aspect ratios
1.45<T < 1.57, Prandtl numbePr = 1 and insulating sidewalls. We conducted linear analysis
of axisymmetric states. The critical Rayleigh numbers, dswies and azimuthal wavenum-
bers of the eigenvectors found were in agreement with thdtsesf Wanschurat al. (1996).
We gave a prescription for obtaining a set of leading eigeap&Ve showed a presentation of
the eigenvectors which takes into account the symmetridseo$ystem: the eigenvectors cor-
responding to the same eigenvalue can take different §fiatas, with, or without nodal lines.
Thus we explained and completed the results of Wansatuah (1996).

The theory of Hopf bifurcation in a®(2) symmetry system predicts that the nonlinear
evolution should lead to either standing or travelling wavelowever, this is not possible to
determine, using only linear analysis, which (if either)tioése two solutions is stable. Our
nonlinear simulations answered this question: traveNuages are the solution finally chosen
by the system. Additionally, we succeeded in observingabiststanding waves. We evoked
the results of Golubitsky & Stewart (1985) and Knobloch @P&r Hopf bifurcation in the
presence 0D(2) symmetry and we estimated the coefficients of the normal figseribing the
dynamics of the waves.

In the second part of our project we performed simulationth \espect ratid = 2 and
Prandtl numbePr = 6.7. Thus we matched the configuration of Hof, Lucas & Mullin 429,
who observed experimentally several different convegiatterns at the same Rayleigh number.
While their sidewalls were well insulating, we ran the sintiias for both perfectly conducting
and perfectly insulating sidewalls.

For both types of boundary conditions we found multiple Eadolutions for the same
Rayleigh number. We preserved the nomenclature of Hof (188dgave names to some novel
patterns. We presented summary diagrams organising thplicated dependencies between
the coexisting stable solutions.

Our simulations confirm the fact that, even for cylinders o aspect ratio, the form of
the convective flow depends not only on Rayleigh number, laat ah the initial condition of
time evolution. Furthermore, we observed this even for Rglgleumber as low as 2000, where
we found up to three stable patterns.

We showed the existence of several long-lasting transtates for example in the case
of initialisation with a dipole pattern and conducting bdanes, for which the dipole smile
state persisted for some time, with relatively constantggndefore transforming into the final
three-roll flow. We believe classifying patterns as traosdl is important for further study.

The behaviour of the system is influenced by the boundaryitiond. Both the existence
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and shape of the pattern are affected. For higher Rayleigtbertsrand perfectly insulating
boundary conditions, among the patterns we obtain are: ttwee and four rolls, torus, mer-
cedes and dipole smile. When we change the sidewalls to plgréenducting, only three and
four rolls can be observed. The axisymmetric state disap@aal the mercedes state is replaced
by the Y flow, thus losing its three-fold reflection symme®n the other hand, for conductive
sidewalls, new cross and da Vinci flows appear. The otheeipestt such as two rolls or dipole
smile, may or may not also exist for conducting sidewalls.loter Rayleigh numbers, insu-
lating boundaries yield dipole, pizza and axisymmetri¢gras. For conducting boundaries the
dipole flow also exists, but the pizza pattern is replaceddaydgilass and an axisymmetric pat-
tern appears only as a transient state. In general, it sémhswitching to perfectly conducting
sidewalls makes some of the patterns lose their symmefries transition could be elucidated
by performing a study in which intermediate values of sidea@nductivity would be used, and
checking how the flow symmetry changes.

The results of our simulations for insulating sidewalls sre good agreement with the
experiment of Hokt al. (1999) — it was for the insulating case that we succeededtairubg
all five steady patterns obtained experimentally byRar= 14200. Now we plan to conduct a
guantitative comparison with experimental Nusselt nursber

There are some disagreements between our observationeeartbtet al. (1999) experi-
ments. Among the major ones is the fact that they suggesteeibtence of oscillatory flows
aboveRa= 20000. In contrast, although we found several time-deparstates, most patterns
we observed above this threshold were steady.

An important part of our work was optimising and parametigsine spectral code that was
not previously run in such high Rayleigh number regimes. Wadthe spectral resolutions and
timesteps giving satisfying results and developed postgssing tools. However, we believe
that a further reduction of resolution is possible, leadiago be optimistic about using the code
in the future for larger aspect ratios.

Despite the great variety of flows we have obtained, we arfedar an exhaustive study even
for this specific configuration of control parameters. Itéswlikely that other stable solutions
exist which we did not observe because they were topoldgitad far from any of our initial
conditions. We also found many transitional patterns thaukl be studied more carefully in
the future. There is still much work to be done in classifythg patterns and determining
their exact stability limits. Many zones of the summary dags, especially the areas where
new solutions appear, should be completed in the future dyhamics of almost every pattern
found could be an object of a separate study.

Close to the threshold (&a= 2000), for both types of boundary conditions, we observed
different stable patterns, but none of them seem to be stalbiggher Rayleigh number; con-
versely none of the patterns observed at higkecould be observed &a= 2000. We plan to
study the Rayleigh number range over which the Rapatterns cease to be observed, in order
to see whether this transformation is smooth or abrupt amdthe new branches are created.

A study of time-dependent states is an aspect still openttoduesearch. We observed
several new time-dependent flows, but we believe that weaarsfdm describing all existing
unsteady solutions in the range of Rayleigh numbers sindil&ecept for the rotating S pattern
which exists folRa~ 15000, we observed oscillations mainly ab&ee= 30000. It would also
be interesting to reproduce the pulsing pattern found bydtaf. (1999) atRa= 33000, = 2,

Pr =6.7, in order to determine whether this state, evolving fromsyametric flow, is a result
of a Hopf bifurcation similar to that we described in chagier

At this stage of our investigation, we have surveyed theousrflows which can be obtained
from different initial conditions, following closely thexperimental protocols. In the near fu-
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ture, we plan to add Newton’s method to the code. This praegdunstead of time stepping,
solves the governing equations for steady states (see M&uckerman, 1995). The initial
fields converge then rapidly towards the closest solutiegardless of its stability. We would
then conduct linear analysis to determine the stabilithgleach branch of steady states. In
contrast, the time-stepping procedure we used lets usafidle dynamics known from the ex-
perimental scenario, including transitions between teadt and time-dependent states. The
patterns we obtained constitute a good preliminary sureey$ing a steady state solver and
constructing a complete bifurcation diagram.

Recently, convection in small cylinders has received lesgast than large containers. In
our three-dimensional direct numerical simulations ofvemtive regimes, we observed rich
dynamics and a great variety of stable flows; we also rep@t@de novel patterns. We hope
that our results convince the reader that this chapter ofduyshamical research is not yet
thoroughly written.
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